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Metoauyeckue peKOMEHAAIMW JJIs MPOBEACHUS MPAKTUYECKUX pPadboT 1o
yuebHo  guctummae EH.01  DneMeHThl  BhICHIEH — MaTeMaTUKH IS
cnennasibHOCTH 09.02.03  «IIporpaMmupoBaHrue B KOMIIBIOTEPHBIX CHCTEMAX),
MpEHA3HAYCHBl ISl 3aKpEIUICHUST 3HAHUM MO0 HM3ydyaeMoMy Marepuailsy u
GbOpMHpPOBAHUIO yMEHHUH, a TaKKe JUIsi MPOBEPKH YCBOCHHUS TEOPETHUECKOTO

Marcpuajia 1 YMGHI/Iﬁ peuIaTsb pa3/INYHbIC MATCMATUYCCKUC 3a/1a9H.
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O6nacTb NpMMeHeHNA MeTOAUYECKUX YKa3aHUi

MeToaunyeckne ykasaHuA oA BbINOJIHEHMA NPAKTUYECKMX paboT aBaatoTcA
YacTbl0  NPMMEPHOM  OCHOBHOM  npodeccMoHanbHOM  0bpa3oBaTE/IbHOM
nporpammbl B cooTtBeTctBMM ¢ PIOC no cneumnanbHoctn CMO 09.02.03
«MporpammupoBaHue B KOMNbIOTEPHbIX CUCTEMAX»
Lenm n 3agaum meToamuyecKux yKasaHUi ANA BbINONIHEHUA MNPAKTUYECKUX

pa6or:
B pe3ynbraTe ocBoeHUS y4eOHON NUCIIUTIIMHBI 00yYatOIIUNACS JODKCH YMETh!

- BBIIIOJIHATB OIICPpAIUN HAA MAaTpUIIaMH U pCIIaTb CUCTCMBI JIMHEHHBIX ypaBHCHHﬁ;

- p€lIaTh 3aJa4u, UCIIOJIb3YA YPaBHCHUA IIPAMBIX M KPHUBLIX BTOPOT'O ITOPAAKA HaA
IITTIOCKOCTH,

- IPUMEHSTH METOJIbI TU(PPEpEeHITNATBHOTO U MHTETPAIbHOTO UCYUCIICHMUS;

- pemiath nuddepeHuanbHbIe YpaBHEHUS;

- I0JIb30BATHCS MOHATUSIMU TEOPUU KOMILJIEKCHBIX YHCEIL.

B pe3ynbTaTe ocBoeHUs y4eOHOU JUCHUTLIMHBI 00YUYaOIIUICS T0JKEH 3HATH.

- OCHOBBI MAaTeMaTHYE€CKOI0 aHau3a, TMHEUHON anreOphbl U aHATUTUIECKOM
T€OMETPHH;

- OCHOBBI AU PepeHITnaIbHOr0 U UHTETPATbHOTO UCUUCIICHUS;

- OCHOBBI TEOPUU KOMILUIEKCHBIX YHCEIL.

®opMupyeMble KOMIIETEHIIMU

OK 1. [ToHuMaTh CyIIHOCTh ¥ COLMATBHYIO 3HAYMMOCTh CBOCH OyayIiiei
npodeccuu, NposiBIATh K HEW yCTOMUMBBIA HHTEPEC.

OK 2.0pranu3oBbIBaTh COOCTBEHHYIO J€ATE€IbHOCTh, BBIOUPATh TUMIOBBIE METObI
Y CIIOCOOBI BBHIMOTHEHUS MPO(eCcCUOHATBHBIX 33]1a4, OLEHUBATh X
3(PEKTUBHOCTh U KA4E€CTBO.

OK 3. [IpuHumaTh penieHus B CTaHAAPTHBIX U HECTAHIAPTHBIX CUTYAIUsX U HECTU
3a HUX OTBETCTBEHHOCTb.

OK 4. Ocy1iiecTBiaTh MOUCK U UCIIONIB30BaTh HHMOpMaIuio 1 3PGHEKTUBHOTO
BBITIOJIHEHUS TPOPECCUOHAIBHBIX 337124, MTPO(PECCHOHATIBEHOTO U JIMYHOCTHOTO
pa3BUTHS.

OK 5. Vcnonb3oBaTh HHGOPMAITMOHHO — KOMMYHHUKKAIIMOHHBIE TEXHOJIOTHH B
npodeCcCUOHANILHON JeSATEIbHOCTH.

OK 6. PaboTaTh B KOJJIEKTHBE 1 KOMaHJI€, OOIIATLCS ¢ KOJJIETaMH,
PYKOBOJICTBOM, TOTPEOUTEISIMHU.

OK 7. bpatb Ha ce0st OTBETCTBEHHOCTD 3a padOTy WIEHOB KOMaH/IbI
OnoTUMHEHHBIX) 32 PE3YJIBTAT BBHIITOJIHEHHOTO 3a/1aHMS.

OK 8. CamocTosITeTbHO ONPEAEIISATh 33/1a4i MTPOGEeCCUOHAIBHOTO U JIMYHOCTHOTO
Pa3BUTHS, 3aHUMATHCS CaMOOOpa30BaHUEM, OCO3HAHHO TJIAHUPOBATH MOBHIIICHHUE
KBaJIU(DUKAIIAH.



OK 9. OpueHTHpOBaTHCS B YCIOBUSIXCMEHBI TEXHOJIOTUM B Ipo(eccuoHaIbHON
NEATEIIbHOCTH.

[1K 1.1 BemomasaTe pa3zpaboTky crienudukauii OT1eIbHBIX KOMIIOHEHT.

[1K 1.2 OcyuiecTBisITh pa3pabOTKy KOJa IPOrpaMMHOTO MPOyKTa HA OCHOBE

TOTOBBIX CIIeNU(UKAIIANA Ha YPOBHE MOTYJIS.

[1K 2.4 Peanu3oBBIBaTh METOJIBI M TEXHOJIOTHH 3aIUTH MHGOPMAIHH B 6a3ax

JIAaHHBIX.

[1K 3.4 OcymiecTBiIsSTh pa3pabOTKy TECTOBBI HAOOPOB U TECTOBBIX CIICHAPUEB

1.3. PekomeHAyemoe KO/IMYECTBO 4aCcoB Ha OcCBOeHue paboueir nporpammbl

yuyebHoOiIt gucumnauHbI:

MaKCMMa/ibHOM yyebHOM Harpy3ku obyyatouerocs 226 4aca, B TOM Yucie:
0b6a3aTeNbHOMN ayaAUTOPHOM y4ebHOM Harpy3Kkun obyyatroweroca 1524acos;
npakTnyeckme pabotbl 60 Yacos
camocToaTenbHOM paboTbl obyyatouleroca 74 yaca.



NEPEYEHb NMPAKTUYECKUX PABOT

1 PeweHne cuctem ypaBHeHM no ¢popmynam Kpamepa. PeweHue cuctem
ypaBHeHUM metoaom lNaycca

2 PeweHne maTpuuHbix ypasHeHui, C/TAY MaTpUYHbIM METOL0M.

3 dnemeHTbl BEKTOPHOM anrebpbl

4 MNpamaa nuHuA

5 Kpusble BTOpOro nopAagka

6 Mpepen ¢yHKUMM. HenpepblBHOCTb GYHKUMKU. TOYKK pa3pbiBa

7 HaxoxaeHne npon3BOAHbIX CIOXHbIX PYHKLUN. [eOMETPUUYECKNI CMbICN
npounssogHou. AndpdepeHumnan GyHKUNM

8 NccnepoBaHue GyHKLUUM C NOMOLLLbIO MPOM3BOAHOM U NOCTPOEHMe rpadmKa
no pesyanbTaTam UccnefoBaHuUA

9 HaxoxaeHune yacTHbIX Npon3BoAHbIX. NonHbIM anddepeHunan

10 IKcTpemym GYHKLNM ABYX NEPEMEHHbIX

11 BblumncneHne HeonpeaeneHHbIX MHTErpanos

12 NHTerpnpoBaHuMe paumoHanbHbIX gpoben

13 NHTerpnpoBaHme TPUrOHOMETPUYECKUX PYHKLINIM U MPPALMOHANBHbIX
GYHKUUM

14 BbluncneHue onpeaeneHHbIX MHTErpanos

15 Bbluncnenme naowanen nnockmx euryp

16 MpunbankeHHoe BblYMCAEHNE ONpeaeneHHbIX UHTErpanos

17 BbluncneHme ABOMHbIX MHTErPANOB B 4EKAPTOBOM CUCTEME KOOPAUHAT

18 BbluncneHme ABOMHbIX MHTErPasioB B MONAPHOM CUCTEME KOOPAUHAT




19 Bbluncnenme nnowagen n obvemos

20 | AndodepeHuymanbHble ypaBHEHUA C Pa3aeNAOWMMNCA NEPEMEHHbIMMN

21 | OgHopogHble guddepeHumanbHble ypaBHEHUA NEPBOro NOpsaAKa

22 JInHenHble gudpdepeHymanbHble ypaBHEHMA NEPBOro nopsgKa. YpaBHeHMe
bepHynu.

23 | AndodepeHumanbHbie ypaBHEHNA BTOPOro nopagKa. JInHelHble 0a4HOPOAHbIE
anddepeHumanbHble ypaBHEHMA BTOPOro NopsaaKa

24 | InHeNHble HeogHOPOAHblEe anddepeHUManbHble YypaBHEHMA BTOPOro
nopaakKa

25 UccnegoBaHme YMCNOBbIX PAAOB HA CXOAMMOCTb

26 Ob6nacTb CXOAMMOCTM CTENEHHOTO pAaa

27 | PaznoxeHune GyHKLMIA B CTENEHHOWN PAS,

28 | OeicTBuA Hag KOMNAEKCHbIMKW Yncnamm B anrebpanyeckomn popme

29 | [encteumA Hag KOMNAEKCHbIMW YANCAAaMN B TPUTOHOMETPUYEcKon dopme

30 | PeweHune ypaBHEHMN HA MHOXECTBE KOMMJIEKCHbIX YMCEN




MpakTnueckana pabora Ne 1.

Tema «PelwweHue cMCTEM IMHEMHDbIX ypaBHEHUM no dopmynam Kpamepa m
metoaom lFaycca»

Llenb: HayunTbCA BbIYUCATL ONPELAENTENIN BTOPOTO U TPETLEro NOpAALKA, pewaTb
CUCTEMbI IMHENHbIX YpaBHEHNN meToaoM Kpamepa n meTtogom laycca.

Bpems sbinosnHeHna 90 MUHYT

MartepuanbHoe obecneueHue
1.TeopeTnyeckune ceengeHmA

2.3apaHue

3.JIuctA4

4.KanbKynatopbl

MopAaaoK BbinoNHeHUA paboTbl
1.3yunTb 3agaHmne

2. N3yunTb TeopeTnyecKkne ceeseHun

3. BbinonHuTte ¥ 0opopmMmuUTb paboTy
4.MloKa3aTb pe3ynbTaTbl NpenogasaTento
JdomawHee 3apgaHue

1.MoarotoBUTL OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Xopa pabortbi

TeopeTnyeckue ceepeHus

Onpenenenue. MaTpuued pasMepa MxN, rae M- 4UCIO CTPOK, N- YHUCIO
CTOJIOIIOB, Ha3bIBA€TCS TaOJMIlA YHUCEN, PACIOJOXKEHHBIX B OMNPEICICHHOM
nopsiAke. OTH YWCIa Ha3bIBAIOTCS JJIEMEHTAMHM MATpullbl. MecTo KaxIIoro
DJIEeMEHTa OJHO3HAYHO OIpEAeNIeTcss HOMEPOM CTPOKHM U CTOJOIa, Ha
NEePEeCeYCHUH KOTOPBIX OH HAXOAMUTCA. DJIEMEHThl MaTpUIbl 0003HAYAIOTCS &jj, I/Ie
I- HOMEp CTPOKH, a |- HOMep CTOJIOIIA.

a,; dp a,
A= ay Ay Aon
aml am3 amn

Buabl maTpun

Martpuiia MOXeT COCTOATh KaK M3 OJHOW CTPOKHU, TaK U U3 OJHOTO CTOJOIIA.
Boo011ie roBopsi, MaTpHila MOXKET COCTOSATH JakKe U3 OJTHOTO DJIEMEHTA.
Onpenesenue. Ecnu yucio cTosiOIOB MaTpuilbl paBHO YHUCIY CTPOK (M=n), TO
MaTpHIa Ha3bIBAECTCS KBAJAPATHOM.
Onpenenenue. Matpuna Buja:




HA3bIBACTCS eIUHUYHON MAaTPULICH.
Omnpenenaenue. Eciu ampn = @nm , TO MaTpUIA HA3bIBACTC CUMMETPUYECKOM.

215
[Tpumep. 1 3 6 |- cuMMeTpHUYECKas MaTpula
5 6 4
a, 0 0
Omnpenenenne. Ksagparnas MaTpuiia Buia 0 an .. o | HaspiBaeTCs
0 O a

AMATOHAJIBHON MaTPULIECH.

JeiicTBHsI ¢ MATPpULIAMU

Ci0:xeHHe U BBIYMTAHME MAaTPUIl CBOJUTCA K COOTBETCTBYIOIIMM OTIEpaIysIM Hal
ux s1eMeHTaMHi. CaMbIM TJIaBHBIM CBOMCTBOM 3THUX OIEpaIvid SIBJSETCS TO, YTO
OHH OHnpedeieHbl MOIbKO 0J1 MAmpuly 00UHAK08020 pazmepa. Takum oopa3zoM,
BO3MOKHO OINPEACIUTh ONICPALIMU CII0KEHUS U BBIYUTAHUS MATPHIL;

CymMmoii (pa3HOCTBIO) MaTpUll SBJISETCS MATpPUIA, DJIEMEHTAMH KOTOpPOM
SIBJISIIOTCS. COOTBETCTBEHHO CyMMa (pa3HOCTh) 2JIEMEHTOB HUCXOAHBIX MATPHII.

Cij=aj*t bij

C=A+B=B+A.

Omneparusi yMHOKeHus (JeJieHHs1) MaTPUIIbI JIFOOOTO pa3Mepa Ha TMPOU3BOJILHOE
YHUCJIO CBOJUTCS K YMHOXEHHUIO (JIETICHUIO) KaKIIOTO dJIeMEHTa MaTPHIIbl HAa 3TO
YUCJIO.

oa,, oa, .. oa,
oa, Od, .. 0d,,
od =
oa, oa,, .. 04,

o (A+B) =0A *+ aB

A(otp) = oA £ BA

IIpumep. lansl maTpuisl A = , HaiiTu 2A + B.

W N
[\ \S]
w ~ W

w

1
Y
[\ RN B OS]
B~ o0 B~



2 4 6 3.7 10
2A=14 2 8|, 2A+B=[9 9 16].
6 4 6 7 6 10

IIpousBenenuem matpuil A-B = C; Ha3zbIBaeTCs MaTpuIla, SJIEMEHTHI KOTOPOH

MOTYT OBITh BBIYHCICHBI [0 CISAYIOUIUM GopMyTaM: ¢, = Y a, b,
k=1

W3 npuBEEHHOTO ONpENEIeHUs BUAHO, YTO ONEPALUSA YMHOKEHUS MATPHLI
OIpeJeNIeHa TONBbKO JJI1 MaTPUL, YHCJIO CTOJIOOB NEPBO U3 KOTOPHIX PABHO
YHCJIYy CTPOK BTOPOHM.

Omnpenenenue. Marpuny B Ha3pIBaloT TPAHCIIOHMPOBAHHOM MaTpULEh A, a
nepexoz oT A k B TpaHCIIOHMPOBaHHEM, €CIIH 2JIEMEHTHI KaX 101 CTPOKHU
MaTpHUlbl A 3amKcaTh B TOM K€ HOPSAKE B CTOIOLBI MaTpHIlbl B.

a,  ap a, a, a4y A
a a a a a
_ 21 22 2n _ T— 12 22 m2
A= ; B=A X
aml am2 amn aln a2n amn

IPYTHUMH CIIOBaMH, Dji = &j.

1 0 3 1 -1
Ilpumep. Jlanel matpunisl A =2 4 1|,B=(3|,C=| 2 | u uucio a = 2.
1 -4 2 2 1
Haiitu ATB+aC.
1 2 1 1 2 1 1 1-1+2-3+1-2 9
AT=|0 4 —4|; AB=[0 4 —-4|-[3]|=|0-1+4-3-4-2|= 4 |;
2 31 2 2 3-1+1-3+2-2 10
-2 9 -2 7
aC=|4|; AB+aC=|4 |+ 4 |=]|8
2 10 2 12

1 12 1-4 1-1) (2
AB=|4]-2 4 1)=|4-2 4.4 4-1|=|8 16
3 6

1
Ipumep. Haiitn npoussenenne matpun A = |4 | uB= (2 4 1).
3
1
4
3-2 3-4 3-1 3



1
BA=(2 4 1)-|4|=21+44+13=2+16+3=21.
3

Ipumep. Haiitn npoussenenne matpuir A=(1 2), B = (i 2)

AB= (1 2)-@ 2J=(3+10 4+12)= (13 16).

OHpeHeJII/ITe.]IeM BTOPOIro mopsaaKka Ha3bIBACTCs 4YHCJIO, KOTOPOC IIOCTABJIICHO B

a, b
COOTBETCTBHE TAOIMUIIHI KOADPUITMEHTOB

a, )

M0 CJIEAYIOIIEMY MPaBUITy: NMTPOU3BEICHUE 0 IIABHOM AUAaroHaau Oepercs
CO 3HAKOM IUTIOC, IO APYTOM TUAroHaln CO 3HAKOM MHUHYC.

a, b
: "= a1b2 — a2b1

a, b,

Hl!I/IMeul BBIYHCJIIUTD OIIPCACIINTCIIb BTOPOTO ITOPAJdKa

2 4

1) =2.2-3-4=4-12=-38
32
-1 -2

2) 3 1‘=—1-1—3-(—2)=—1+6=5

OHpeI[eJII/ITeJIeM TPETHETO MOPHAAKA HA3bIBACTCA YHUCIIO, KOTOPOC ITOCTABJICHO B
COOTBETCTBHE TAOIHIIBI KOA(DPHUIIMEHTOB 1O CIISAYIOIIEMY MPaBUIIY:

a b ¢

a, b, c,|=ab,c;,+a,b,c,+a,bc,—ab,c,—ab,c,—a,bc,

a; by ¢
3T0 OHpeI[eJIeHI/IC OHpeJ:[eJII/ITeJISI HarJis1IIHO MOXHO Hpe):[CTaBI/ITB

CJICAYIOIIM 00pa3oMm:




910 IIpaBuJjia Ha3bIBAIOT CIIC ((HpaBI/IJIO TPCYTOJIbHHUKA)
HQI/IMeQ Breraucnaurts OIIPCACIINTCIIb TPCTHCTO IMOPAIKA

3 2 1
2 4 5/=3-4-3+2-2-1+1-2-5-1-4-1-2-2-3-3-2-5=
1 2 3
=36+4+10-4-12-30=4
Cucremoi TMHENHBIX aJire0pandecKuX YpaBHEeHUM, COIepKalllel m ypaBHEHUN

N n HCU3BCCTHBIX, HA3bIBACTCA CUCTEMA BHUAA:

a11x1 + a12x2 + -4 alnxn = bl
a21x1 + azzxz e R aann = bz

Am1X1 + AmaXy + 0 App Xy = by
rne gucna aij, 1 = I,m, | =1,n Ha3pIBaroTCS KOG PHUINESHTAMH CUCTEMBI, yucia bj —

CBOOOMHBIMU uieHaMHu. [loiexar HaxoXKACHUIO YKCIIA X;,.
3neck A — maTpuna Ko3(pPUIHEHTOB CUCTEMBI, Ha3bIBAEMast OCHOBHOU MAMpuyel.

a11 alz XX aln
a21 a22 XL aZn
A=
Am1i Amz - Amn
X1
X2
X = — 6exmop — cmonbey u3 Heu36ecmHblx X;
xn
by
b,
B = — gexmop — cmonbey u3 c60000HbIX YNeHOE b;
by,

[IpousBenenune matpuiy A * X ompeneneHo, Tak Kak B MaTpuie A CTOJOIOB
CTOJIBKO €, CKOJIbKO CTPOK B MaTpuiie X (7 mTyK).

Pacwupennoti Matpuieil cHCTeMbl Ha3bIBaeTcd MaTpuna A CHCTEMBI,
JIOTIOJTHEHHASI CTOJIOIOM CBOOOHBIX YJICHOB

a;; Qi ... Qin by
= | axy az .. a, by
A=

Am1 Am2 - Amn bm

Pewenuem cucmemovl Ha3bIBACTCS 1 3HAYEHUN HEU3BECTHBIX X1 = C1, X2 = C2 ,

., Xn = Cy, IPU TIOJICTAHOBKE KOTOPHIX BCE YPAaBHEHHUSI CUCTEMBI OOpaIalOTCs B

BEPHBIMH paBEHCTBA. Bcskoe pelnieHne CHUCTEMBI MOXKHO 3amucarh B BHIE
MaTpUIbI-CTONIOLA



Cucrema ypaBHEHHI HA3bIBACTCSI COBMECMHOIL, €CIIA OHA UMEET XOTs Obl OJTHO
pelIeHue, U Heco8MecCmuMoil, €Clii OHa HE UMEET HU OJTHOTO PELICHUSI.

CoBMecTHasi cUCTEMa Ha3bIBACTCS  ONPeOenéHHOU, €CIM OHa  HMMEET
CAMHCTBEHHOE pEUICHUE, U HeonpeOdeléHHOU, €Cli OHa HhMeeT Oojiee OJHOTrO
pemienusi. B mocnemHeM cnydae Kaxkaoe €€ pelleHHWE Has3bIBACTCS YACHMHbIM
peusenuem cucteMbl. COBOKYITHOCTh BCEX YACTHBIX PEIICHUN HA3BIBACTCS 0OWUM
peuieHueMm.

Pewumsv cucmemy — 3T0 3HAYUT BBISICHUTH, COBMECTHA OHA WJIM HECOBMECTHA.
Ecnu cucrema coBmecTHa, HallTH €€ o011iee perieHue.

JIBe cucTtembl HA3bIBAIOTCS IKGUBANeHMHbIMYU (PABHOCWIBHBIMH), €CIIM OHHU
MMEIOT OJJHO M TO e ofiee pemeHue. J[pyrumu cioBamMH, CHCTEMBI
SKBUBAJICHTHBI, €CIIM KaK10€ PEUICHUE OJHOM U3 HUX SBJISETCA PELICHUEM JAPYTOM,
1 Ha0OOpOT.

OKBHUBAJICHTHBIE CHCTEMBbI IOJIyYalOTCS, B YAaCTHOCTH, NPHU I1EMEHMAPHbIX
npeobpa3oeanusx CHUCTEMbl MPU YCIOBUHM, YTO MPEOOpPA30BAHMS BBITIOJIHSIOTCS
JIMIIb HAJl CTPOKAMH MaTpPHIIbI.

Cucrema JIMHEWHBIX YPABHEHUM HA3bIBAETCS 0OHOPOOHO, €CIIA BCE CBOOOTHBIC

YJICHBI PaBHBI HYJIIO:
A11X1 + Q% + o+ aypnx, =0

A1 X1 + AmaXy + - ApnXy, =0
OpnHOpomHas cucTeMa Beeraa COBMECTHA, TaK Kak X1 = X2 = ... = x, = 0 sBmsercs
pElIEHUEM CUCTEMBI. ITO PEIICHUE HA3BIBACTCS H)1e6bIM WU MPUBUATLHBIM.

le_x2=0

Ilpumep 4.3. Pemintsb cucremy {x +3x, =7
1 2 =

Pemenue: A= |i _31| =7+0, A |g _31| =7, A,=

7
3HaAYUT, x1=;=1, x2=7=2

Ipasuino Kpamepa
Teopema. Cucmema u3z N ypaguenuti ¢ N HeU38eCMHLIMU

a, x, +a,x, +..+a, x, =b

Ay X, +apX, +...+a, x, =b,

a,x, +a,x,+..+a, x =b,
8 csy4yae, ecau onpedesaumesnb MAmMpPuUubl CUCMEMbl HE PaseH Hy:k, umeem
eo0uUHCmBeHHoe peuwieHue U 3mo peweHue Haxooumcs rno hopmysnam:

xi = Ai/A, 20e



A=det A, a Ai—onpedenumens mampuysl, noay4yaemol uz Mmampuuysl cucmemesl
3ameHoli cmonbya J cmonbuyom ce0b600HbIX YsieHo8 by
CyTb memoOda laycca 3aKkno4aeTcs B Noc/aeaoBaTe/IbHOM UCKIOYEHUN
HEW3BECTHbIX.

PaccmoTpum cuctemy NMHENHbIX YpaBHEHUN:

a, x, +a,x, +..+a,x, =b
Ay X, + X, +...4a, x, =b,

a, x, +a,,x,+..+a,x, =b

m2 mn”"n m

Paszgenum obe yactm 1-ro ypaBHeHUs Ha a1 # 0, 3aTem:
1) YMHOXMM Ha @21 U Bbl4TEM U3 BTOPOrO YPaBHEHUA
2) YMHOMM Ha az1 U BblYTEM U3 TPETbErO YPAaBHEHMUA U T.4,.

MNonyynm:
X, +d,x, +..+d, x, =d,
¥y + %+t dyyx, = d, , roediy=a/a1, j=2, 3, .., n+l.
d,x,+d, ,+.+d, x, =d,

dij= ajj— aidsj i=2,3,..,n, j=2,3..,n+l.

[lanee nosTopAem 3T Ke [AeNCTBUA O1A BTOPOro ypaBHEHUA CUCTEMbI, NOTOM —
ANA TPeTbero u T.4,.

K anieMeHTapHbBIM peoOpa30BaHUSAM OTHOCATCS:

1) IlpubaBnenue Kk 00€UM YACTSAM OJHOIO YPaBHEHHUS COOTBETCTBYIOIIMX YacCTEH
JIPYroro, yMHO>KEHHBIX Ha OJTHO U TO K€ YUCJIO, HE PABHOE HYJIIO.

2) IlepecTtaHoBKa ypaBHEHUI MECTaMHU.

3) YnaneHue U3 CUCTEMbl YPaBHEHHM, SIBISIFOIINXCS TOXKICCTBAMH ISl BCEX X.

3amaHus 11 IPOBEACHUS NMPAKTHYECKON padoThI

1.BpIunCcIIUThG onpeaeanTeId BTOPOro MopsIKa:

—~ 2+ JASR | L
1) A: Kl KZ ’ 2)A= 3 5 ) 3)A: 905 Kl.646
Kike S 3.k, 6 (05)° a2

2.BBIYUCTUTE OMPEETUTENN TPETHETO TOPSIKA:
-1 3k, 2 3k, 4 -5 1 -2 k; -k,
DA=12 8 «k,|, )A=8 Tk,-2 -2, 3)A=3 x -5
1 1 2 2 -1 8 2 K, 5



3.Pemmmts cucremy ypaBHenuii Metoniom Kpamepa, cienarb mpoBepKy:

2X+y+3z=17, 2X—y+22=3, X-y+z=12, 2X—Yy+3z=-4,
1.2x+3y+2z2=1  25X+y+2z=-4, 33X+2y+4z=06, 49x+3y+3z=1],
3X+2y+1z=6. AX+y+4z=-3. 9X+y+2z=3. X—2y+2z=-7.
3Xx-2y+4z=12, |[8x+3y—-6z=-4, [4x+y-3z=9, 2X+3y+4z =33,
543X+4y—-22=6, 6X+y—-2=2, TiX+y—-2=-2, 8.47x—5y =24,
2X—y—-2=-9. 4x+y—3z=-5. 8x+3y—-6z=12. 4x +11z = 30.
2X+3y+4z=12, X+4y—27=6, 3X—2y+4z =21, 3x—-2y -5z =5,
947Xx-5y+1z=-33, 10:5y+4z=-20, 1193x+4y—-22=9, 12:2x+3y—-4z =12,
4x+z=-1. 3X—-2y+5z2=-22. 2x—-y—-1z=10. X—-2y+3z=-1
4x+y+4z =19, 2X—y+22=0, 2X—-Yy+22=28, 2X—y—3z=-9,
1352x—y+2z=11 14:4x+y+4z=6, 154Xx+y+2z=11 16:x+5y+z=20,
X+Yy+2z=8. X+Yy+2z=4. 4X+y+4z=22. 3x+4y+2z =15,
2x—-y—-32=0, —-3X+5y+6z=-8, 3X+Yy+z=-4, X-y+z=-11
1753x+4y+2z2=1 18:3Xx+y+z=-4, 19.-3x+5y+62=36, 20:5x+Yy+2z=38,
X+5y+z=-3. X—4y -2z =-9. Xx—4y -2z =19. X+2y+4z=16.
3X-y+z2=9, 2X+3y+z =4, 2X+3y+z=12, X—-2y+3z=14,
2145X+y+22=11 222x+y+32=0, 2342x+Yy+3z=16, 24:2x+3y—-4z=-16,
X+2y+4z=19. 3X+2y+z=1. 3X+2y+z=8. 3Xx—2y-5z=-8.
3X+4y—-2z =11 X+5y—-6z=-15 4X —y =6,
25:2X—-y—17=4, 263X+ y+4z =13, 2753x+2y+5z2=-14,
3x—-2y+4z =11. 2X—-3y+2z2=09. Xx—3y+4z =-19.
5x+2y -4z =-16, X+4y—-z=-9, 7X+4y—-12=13
284 x+3z =-6, 29:4X—-y+52=-2, 3043x+2y+32=3,
2X—-3y+2=09. 3y—7z=-6. 2x—-3y+1z=-10.
Bapuanm | «, k, | Bapuanm | «x, K, Bapuanm K, K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
3) 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2




7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KOHTpOJ]LHbIe BOIIPOCHI:

1. Yro Ha3bIBaeTCS ONPEAECTUTEIIEM MATPULIBI?

2. Kax BBIYHMCIUTD ONPEIETUTENb BTOPOTO MOPsaKa?
3. Kakue crnocoObl BBIYMCIEHUS ONPEEIUTENS TPETHETO MOPsJIKa BaM
U3BECTHBI?
4. Tlepeuucnute CBOWCTBA OMPEAEIUTENCH.
5. Copmynupyiite Teopemy Kpamepa.
6.Anroput™M npuMeHeHHs Metoza ["aycca.

OTBeThI
BapuaH 1 3amanue 2 3a7aHue BapuaH 1 3amanue 2 3a/aHue
T T
2 3 1 2 3 1] 2 3 2 3
1. 6 - | -84|-220| 12 16. | - | 63| - [-89| -100 | 10
18 7 1 24 9
0 6 4
2. -63| - |-63| -68 | 55 17. | - |-65| 68 |-72 | -68 | 45
24 4
4 0
3. 6 - - | 237 | 26 18. | - | 4 - |-52| 232 | 60
18 | 10 2 1 1 11
0 4 0 6
4, -71|-20|-45| -68 | 63 19. |1 |-79| 14 -68 | 59
6 0
5. - - |1-94| 121 | 18 20. | - |14 | - |-64| -220 | 90
21 | 18 2 5 1] 6 |11
4| 9 0 0 6




6. - | - |-52|-20| 402 | 14 21. 1 O | - |12 |-21| 8092 | 85
4 | 37 8 5 92
0] 3 5
7. |4] - |141-19| 130 |-23 22. | 2| - |76 |-24| 2500 | 9
0122 0 8 930
9 2
8. - 116 | - - |-220| 28 23. | 4|23 |20 |-16| 1308 | -85
3| 2 |37]13 6 5|11 4
0 2 | 8
9. |4 |-87|39 |27 | -68 |-65 24. 13 |-83|26| 9 | -68 | -9
8 6 2 8
10. | 4 |-85| 33 | 18 | -68 | -35 25. | 0| - |12 |-20| 1062 | 90
0 2 60 8
0
11. | 1| - | 14 |-24| 250 | -68 26. | - | 15| - | - | -220 | 17
0/30 0 0 218 2410 2
4 0 4 | 2
12. | - | - |-52]-36| 130 | 91 27. | 2| - | 76 |-18| 1308 | 27
2 | 22 8 0| 22
0] 3 7
13. | 3|15 |20 | -8 | 452 | -27 28. |1 22| - |-73|1212 | 12
9|6 | 4 419 11 3
6
14. | 1|63 | 26 | 31 |-100 | 45 29. | 8| - | - [-29| 4028 | -
6 8 03714 12
910 5
15. |4 | - | 76 |-26| 402 | -15 30. | 3| 65|33 |46 | -100 | 55
0|37 8 0 2
7
BapUAHT 1 2 3 5
-12,36,24,- -60,0,240,-




A 12,36,24,12 | -6,12,18,2 12 8,-8,28,4 300
X, ¥,z 13,21 -2,3,-1/3 3,-2,1 -1, 35 05 (0,-3,5
BapHaHT 6 7 8 9 10
A -1,-1,-6,-5 [ 1,3,-6,-1 -261, - 61,- 96,96,0,-480
1827, 122,244,61
1305, -261
X,¥,z |1,6,5 3,-6,-1 7,51 -2,4,1 1,0,-5
BAapUAHT 11 12 13 14 15
A -60,- 58,174,116,0 | -6,-6,6,-24 |6,0,12,6 -6,-6,-12,-24
300,60,-60
X, ¥,z |5-1,1 3,2,0 1,-1,4 0,21 1,2,4
BapUaHT 16 17 18 19 20
A |44, -44,-44,44 - | -49,49,- | 49,-109,- 27,0,270,-27
44,176,44 | 44 245,294 651,782
X, ¥,z |-1,4,1 1,-1,1 -1,5, -6 -109/49, -93/7, | 0, 10, -1
782/49
BapHUaHT 21 22 23 24 25
A 27,9,- 12,-12,24,0 |12,- -58,-58,116,- |-60,-180,-
60,156 12,36,60 174 60,-60
X, ¥,z |1/3,- -1,2,0 -1,3,5 1,-2,3 3,1,1
20/9,52/9
BapHUaHT 26 27 28 29 30
A 104,208,- 99,-99,198,- | 67,-150,- |92,-92,-184, |102,0,306,-
104, 208 297 329,-84 0 102
X, Y,2 |2,-1,2 -1, 2, -3 -150/67, -1,-2,0
-329/67, 0,3,-1

-84/67




IIpakTnuyeckas padora Ne 2
Tema Pemenue maTpu4uHbix ypaBHeHuil, CJIAY mMarpuuHbIM MeTOAOM.
Ieab: HAyYUTHCS BEIYHCIATH MHHOPBI, AITeOpandecKue TOMOJTHCHHMS,
ONPENIEeNUTENIM YETBEPTOrO MOPSIKOB , HAXOAUTH OOpATHBIE MATPHUIIBI ,pEIIaTh
npocreimue MaTpuunble ypaBHeHust, CJIAY MaTpuyHbIM METOJOM .
Bpems sbinosnHeHna 90 MUHYT
MartepuanbHoe obecneueHue
1.TeopeTnueckue ceegeHuns
2.3apaHue
3.JlInctA4
4.KanbKynatopol
MopAapoK BbinoNHeHUA paboTbi
1.M3yunTb 3apaHue
2. N3yunTb TeopeTnyecKkmne ceeseHusn
3. BeinonHuTb 1 odopmuTb paboty
4.MMokas3aTb pe3ynbTaTbl NpenoaasaTento
[domawHee 3apaHue
1.NMoAroToBUTbL OTBETLI HA KOHTPOJ/IbHbIE BOMPOCHI
Xoa padoTbi
Teopernueckne cBeieHU
Munopom HEKOTOPOTO IEMEHTA @jj ONPENEIUTEN n-20 TOPAIKA HA3bIBACTCS
ompenenurenb n — 1-ro TOpsiAKa, TMOJYYEHHBIH M3 HMCXOJHOTO MyTEM
BBIUEPKUBAHUS CTPOKM M CTOJOIA, HA TIEPECEYEHUU KOTOPBIX HAXOIUTCS
BbIOpaHHBIN A51eMeHT. O003HavaeTcs mijj.
11 Q12 Q13
Tax eciu A= |Gz1 Q2  Qz3|,momqy = [

az; azs]
)
asz1 Qs dss

a a13|
as; Qss

My, = |
32 az1 dzs

Anzedopauueckum Oononinenuem >IEMEHTA ajj ONPEIACIUTENS Ha3bIBACTCS €TI0
MHUHOP, B3ATBIA CO 3HAKOM «IUTFOC», €CIIM CyMMa | + ] — 4€THOEe 4YHCII0, U CO
3HAKOM «MHHYC», €CJIM 3Ta cyMMa HeuéTHast. O6o3HagaeTcs Ajj: Ajj= (-1)' "1 * m;;
Tak, A11 = +m11, Azp = -mz,

Ceouicmseo («PaznokeHue oOmpeAesuTeNsl MO 3JIEMEHTaM HEKOTOPOro psjiay).
OnpenenuTenb paBeH CyMMe IPOU3BEACHUN SJEMEHTOB HEKOTOPOro psija Ha
COOTBETCTBYIOIIME UM ajreOpandeckue JOMOJTHECHHUS.
[IpowmtrocTpupyeM U OJHOBPEMEHHO JIOKaXKEM CBOMCTBO 7 Ha TIpUMeEpe
omnpenenurens 3-ero nopsaka. B atom ciyuyae cBoOMCTBO 7 03HAYAET, UTO

a1 Q12 Q43

A= (A21 Qz2 Q3| =aqaq, ¥ Aj1 +aqp * Ay + a3 ¥ Aq3

a3y dzz QAz3
B camom nene, nmeem
Qz2 dz3

Ay * Ay +ay x Ay a3 % A3 == aqq *
11 * A11 12 * A12 13 * A13 1% g, aas




a1 dzs a1 Ay
— + a3 **
Az ds3 asz; dzp
Ay3031) + A13(Az103; — Ap2031) =
= 011022033 — Q11033033 — 012021033 T A120,303; + Q13021437 — A13A77031
=A

| = ay1(a2033 — Ap3033) — A1(az1a33 —

CBOMCTBO COZEPKUT B ceO€ CIIOCOO BHIYUCIICHUS ONPEACTUTENEH BEICOKUX
MOPSIJIKOB.
IIpuMmep Beruucioure onpeaenuTes MaTPULBI

3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenue: /{5 pa3noxeHus onpeneauTesiss 0ObIYHO BIOUPAIOT TOT Psif, I/I€ €CTh
HYJIEBBIE 3JIEMEHTBHI, T.K. COOTBETCTBYIOIIIME UM ClIaraéMbl€ B pa3yI0KEHUU OyAyT
PaBHBI HYJIIO.

T 5 7 8 5 7 8 5 7 8
0532=3*5 3 2|+1x|5 3 21+0x[7 0 1 —
1 -1 7 4 -1 7 4 -1 7 4 -1 7 4

5 7 8

1|7 0 1|=3 (7 *3 %4+ (1) *0*2+5%7x*1-(-1)*3 =
5 3 2

1-77%2-5x0%x4)+ G5 *3 x4+ (=1)*72+5%7+x
8-(-1)*3*8-5x7%4-5x7%2)-(5*x0*x2+7x*1x%5+
73 x8-5*x0x8-3x1x5-7x%7x%2)=122

Cesoticmeo . CymMa TIpOU3BEICHUN AJIEMEHTOB KaKoro- JIN0O psA/la OMpeIeTuTes
Ha anredpanyeckue JIOMOJIHEHHS COOTBETCTBYIOIIMX 3JIEMEHTOB IMapaljieIbHOTO
psija paBHa HYJIIO.

Tak, Harpumep, andsr + apAx»n + a13A,3 =0
HaxoxkaeHue o0paTHOM MAaTPHIUbI.

a1 A1z - Qp

a21 a22 ann azn
[IycTh A — KkBagpaTHasi MaTpuLa n-ro nopsaka A =

An1 Anz - Opm

KBagpaTHas maTtpuiia A Ha3bIBA€TCA HEGbIPOHCOCHHOI, €CIIA ONIPEACIUTENb A
= det A He paBen Hymo: A = det A = 0. B mpotuBHOM caydae (A = 0) matpuiia A
HA3bIBACTCS 8bIPOHCOCHHOU.
Marpuueii, coro3noit Kk mampuye A, Ha3pIBa€TCS MaTpUIla
Ay Ay Ay

A*: A12 A22 Anz
Al A2n Ann

n



rae Ajj — anredpandeckoe JONOJHEHHE JJIEMEHTA aij JaHHOM MaTpuubl A (OHO
ONpefensieTcss TaKk Jke, Kak U airebpamveckoe JOMOJHEHHWE JJIEMEHTa
OMPEICIIUTEIA ).
Marpuna A Ha3eIBaeTCs 00pammuoii MaTpuIe A, €CIIH BBIIOIHACTCS YCIOBUE
A*Al=Al*A=E,
rae E — equnuunas mMatpuna TOro e mopsjaka, uTo ¥ Matpuua A. Marpuma A
MMEET TE K€ pa3Mephbl, UTO U MaTpuLa A.
OoOparHas maTpuua.
Teopema Bcsaxas negvipodicoennas mampuya umeem oo6pammyio.
. A* . Ajp Az Az
e TRyl LR
13 423 A3z

OTMmeTuM ceoticmea 0OpaTHOW MATPULIBI:
1. det (A1) =1/detA;
2. (A*B)yt=B1t* A"l
3. (AYT=(AD)L.

Hpumep Haiitu A, ecn A= ( 2 3)

-1 1

Pemenwne: 1) Haxomum det A: detA = _21 :i =24+3=5%#0

2) Haxomum A™: Aj1=1,An =-3, Ap=-(-1)=1, App = 2,

nosromy A* = (} _23)

1 -3
3) Haxomum A A71 = g(} _23) _ (1/5 : /5)
/5 /5

IIpoBepka:
. (2 3y (1/5 =3/5\_(2/5+3/5 —6/5+6/5
A*Al_(—1 1)*<1/5 2/5)_(—1/5+1/5 3/5+2/5)

(3 )=

Ipumep OnpenenuThb, NPpU KaKUX 3HAYCHUAX O CYIICCTBYET MaTpuIla, oOpaTHas
JTaHHOM

1 -2 2
A= (a 3 O)
2 1 1

Pemenue: Bceskas HeBBIpOXKIEHHAs Marpuila wuMeeT oOpaTHyro. Hainém
ONpEIeIUTENb MATPULIBI A

1 -2 2
AM=|la 3 0/=3-0+ 20-12-0+ 20 = 40-9
2 1 1

Ecmu 40 -9 =0, 1.€. a = 9/4, 10 AA = 0, T.e. MaTpuIla A HEBBIPOXKIAECHHAS, HMEET
oOpaTHyo.
IMpumep [Tokazate, uro MaTpuia A siBisieTcst oOpaTHo 115 B, ecnu



1 1 1 3 -3 1
A= (1 2 3>,B = (—3 5 —2>
1 3 6 1 -2 1

Pewmenne: Haliném nponssenenne matun A u B:

1 1 1 3 -3 1
A*B=<1 2 3)*(—3 5 —2)
1 3 6 1 -2 1
3—-3+1 -3+5-2 1-2+1 1 0 0
=<3—6+3 —-3+10-6 1—4+3>==(0 1 0>=E
3—-94+6 —-3+15-12 1-6+6 0 0 1
Amnanornyno B * A = E. CnenoBaTtenpHO, MaTpuIia A siBisieTcst oOpaTHoi 11 B.

[IycTh naHa cucrema n JMHEHMHBIX YPABHEHUN C 7 HEU3BECTHBIMU
11X, + A%y + -+ A1 Xy = by
Ay1X1 + AppXy + -+ AypXy, = by
Ap1X1 + ApaXa + o AppXy = by
WK B MaTpuuHO#l popme A * X = B.
OcHoOBHas MaTpula A TakOM CUCTEMBI KBagpaTHas. OnpenenuTens STON MaTPULIbI

all nan aln
A=

pi - Qpp
HAa3bIBAaCTCsI onpedenumernem cucmemol. ECIN OMPECIUTENb CUCTEMBI OTIIHYCH OT

HYJISI, TO CUCTEMa HAa3bIBACTCS HEGbIPOIHCOEHHOU.

Haiiném pelieHne JaHHOW CUCTeMBbl ypaBHEHMH B citydae A # 0.

VMHOxMB 00€ yacT ypasHeHus A * X = B cnesa Ha Marpuny A, nonmyunm Al
*A*X=A1*B. Iockombky A * A=EuE* X=X, 10 X=A1*B,
OTtbickanue pemieHus: cuctembl 1Mo Gopmysne (4.1) Ha3BIBAIOT MampuyHviM
cnocoboM penieHus! CUCTEMBI.

3aaHus I BHINOJHEHHUS NMPAKTHYECKO padoThI

3ananmue 1
2 11 x 1 -2 1 «k,
Jlanbl onpenenurenu: 1) A = 1 23 2) A= -2 3 Kk, 2
pea : = &, 21 : =l 3 o 4l
-2 1 3 -3 1 2 3 4

1) Haiiti MUHOpPBI 1 adredpandecKue TOMOJHCHHUS dJIEMEHTOB dj;, d, i

2) BBIUUCIINTE ONPEICITUTEIHN, PA3JIOKUB UX IO AJIEMEHTaM a) i-0# CTpoKH, 0)
J-ro cronbia

Bapuant K, K, I j Bapuanr K, K, I j




1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2
14 -4 -1 1 2 29 -2 5 2 1
15 -1 5 3 1 30 -5 -1 1 3
kK, -2 -1
3aganme 2. Jlana matpuna A=|2 1 2 |. Haiitu
—x,
a)A™' unposepums, umo A-At= A" -A=E
6)A+ A"
Bapuanm K, K, Bapuanm Ky K,
1 3 -2 16 4 -1
2 4 1 17 5 1
3 3 -4 18 2 0
4 2 1 19 -2 1




) 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
3aganmue 3
1. PemuTh cucTteMbl ypaBHEHHM ¢ MOMOIIBIO 0OpaTHOW MaTpPHUIIBI
(MaTpUYHBIM METOIOM).
2X+Yy+3z2=17, 2X—y+2z=3, X-y+z=12,
1.142x+3y+z=1, 12X+ y+22 =4, 1.34X+2y+4z =6,
3X+2y+2=6. 4X+y+4z=-3. SX+y+2z=3.
2X—y+3z=-4, 3X—-2y+4z=12, 8X+3y—-6z=-4,
144x+3y+3z=1], 1.543x+4y -2z =6, 164X+y—2=2,
X—-2y+2z=-1. 2X—-y—-7=-9. 4x+y—-3z=-5.
4x+y—-3z=9, 2X+3y+4z =33, 2X+3y+4z=12,
17iX+y—-z2=-2, 1.847x -5y =24, 1.947Xx-5y+z=-33,
8x+3y -6z =12. 4x +11z = 39. 4X+z=-1.
X+4y—2=6, 3Xx—2y+4z =21, 3x—2y-5z=5,
1.10<5y +4z =-20, 1.11:3x+4y -2z =09, 1.1242x+3y -4z =12,
3X—-2y+52 =-22. 2x—-y-1z=10. X—2y+3z=-1.




4x+y+4z =19, 2x—Yy+2z=0, 2X—Yy+22 =28,
1.1342x—-y+2z =11, 1.14:<4x+y+4z =6, 1.154x+y+2z =11,
X+y+2z=8. X+y+2z=A4. AX+Yy+4z =22.
2x—-y—-3z=-9, 2X—-Yy—-3z=0, —-3X+5y+6z=-8,
1.164x+5y+2z =20, 1.17<3x+4y+2z =1, 1.18:.3x+y+2z=-4,
3X+4y+2z=15. X+5y+z=-3. X—4y -2z =-9.
3X+Yy+2z=-4, X-y+z=-11 3X—-y+2z2=09,
1.19.-3x+5y +62 =36, 1.2045X+y+ 2z =8, 1.2145x+y+2z =11,
X—4y—-2z=19. X+2y+4z=16. X+2y+4z=19.
2X+3y+1z =4, 2X+3y+1z=12, X—2y+3z=14,
1.22.:2x+y+3z =0, 1.23.42x+y+3z =16, 1.2412x+3y -4z =-16,
3X+2y+z=1 3X+2y+z=8. 3X—-2y—-5z =-8.
3X+4y—-2z=11, X+5y -6z =-15, 4x —y = -6,
1.25:2x-y—-1z7=4, 1.26:3x+Yy+4z =13, 1.27:3x+2y+5z =-14,
3x-2y+4z=11. 2x-3y+z=09. X—-3y+4z=-19.
5x+2y -4z =-16, X+4y—z=-9, TX+4y—-2z2=13
1.284x+3z=-6, 1.29:4x—-y+5z=-2, 1.3043x+2y+3z=3,
2x—-3y+2=09. 3y—-7z=-6. 2x -3y +z=-10.
OTBeThI
3aganue 1
BapHaHT Mi3 sz Ai3 Azj A BApHAHT Mi3 sz Aig Azj A
1. -72 | 52 | 72 | 52 | 58 16. | -33 | 15 | 33 | -15 | 24
50 | -30 | -50 | 30 | 160 -25 | 65 | 25 | -65 | 175
2. 9 15 | 9 | -15 | 18 17. | -27 | 26 | -27 | 26 | 14
-15 | 55 | -15 | -55 | 145 50 | -15 | -50 | -15 | 160
3. 14 | -88 | -14 | 88 82 18. | -19 5 -19 | 5 47
50 | -40 | 50 | 40 | 180 -12 | 60 | -12 | -60 | 120
4, -19 1 6 | -19 | 6 26 19. | 15 | -33 | -15 | 33 | 42
-19 | 10 | 19 | 10 | 115 2 | <15 2 15 | 55




S. 7 10 | -7 | -10 | 70 20. | -72 | 24 | 72 | 24 | 89

-11 | 75 | -11 | 75 | 170 50 | 10 | -50 | 10 | 130

6. 36 | 54 | -36 | 54 | -90 21. | 35 | 25 | -35 | 25 -

200

3) S) -5 5 | 100 15 | 15 | -15 | 15 | 115

7. 93 | 6 | 93 | -6 | -72 22. | 74 | -10 | -74 | 10 -

106

50 | 10 | 50 | 10 | 85 10 | 40 | -10 | -40 | 100

8. 46 | -58 | -46 | 58 | -20 23. | 44| 6 | 44| -6 | -86

-8 |-30 | 8 | 30 | 250 -33 | 10 | -33 | 10 | 80

9. -61 | -35 | 61 | 35 | 58 24. | 27 | -73 | -27 | -713 | 50

-15 | 55 | 15 | -55 | -5 50 | -15 | 50 | -15 | 25

10. | 27 | -30 | -27 | 30 | 54 25. | 258 | -5 - 5 -

258 239

50 | 55 | -5- | -55 | 10 50 | 20 | -50 | -20 | 120

11. | -39 | -78 | -39 | -78 | - 26. | -54 | -54 | 54 | 54 | 27

129

40 | O 40 0 | 100 -30 | -30 | 30 | -30 | 190

12. | 21 | 12 | -21 | -12 | -30 27. | -34 | 6 | -34 | -6 | -58

7 -5 | -7 5 | 100 -33 | 10 | -33 | 10 | 90

13. | 40 | O 40 0 | -20 28. | -13 | - 13 - | 110
115 115

-10 | 10 | 10 | 10 | 60 -11 | -35 | 11 | -35 | 135

14. | -39 | -19 | -39 | -19 | 200 29. | -21 | -15 | 21 | 15 -

186

50 | -25 | -50 | -25 | -25 5 35 | -5 | -35 | 115

15. | -84 | -10 | -34 | 10 - 30. | -39 | -42 | -39 | 42 | 222




154

35

110

3aganue 2

0 6 -3
—1[-2 15 -s]
3

1 -12 7

9 -3
15 -8
-3 7

—2 7 -4

14 13 —3]
-13 -1 5

-11 3
5 -2
12 -2

1
(5

~12 —12 3
—1[ 2 5 —2]
=]

11 14 -2

11 -3

7 -4

-3 5

13

-8 —-10 3 -2 -7 3

b=

15

Ll =
—e,

16

2 7 -3
1
E[_E 19 —lD]

-1 -10 B

9 -3
23 -12

-1 9

18

4

-6 -9 3
-2 11 -6
-3 -6 6

20

|

2 |-

18 15 -3
[—2 3 —2]

~17 -6 4

22

LTI )

-11

12 -3
-1 0
10 3

23

d

|~

-10 —-11 3 -6 -9 3

1
2

L5}

1

26

0 6 -3
31[—2 19 —m]

1 -14 8

27

10 11 -3
—1[—2 -1 0
-9 -9 3

L

|

28

4

-14 -13 3

-3

30

~19 -6 4

-2 -7 3




KoHTpoJibHBIE BOIPOCHI

ONOOOTh WD =

Yo Ha3bIBAETCSI MUHOPOM?

Yrto Ha3bIBaeTCS ANreOpanyecKuM JIOMOJIHEHUEM 3JIEMEHTA MATPULIbI?
Kak pa3ioxuTh onpeaenuTens o 3JEMEHTaM CTOJIONA HITU CTPOKHU?
Kakast MaTpuiia Ha3pIBa€TCsl HEBBIPOXKIAECHHON?

TpaHCITIOHMpPOBaHHAS MATPULLA.

Kakas matpuiia Ha3bIBaeTcsi 0OpaTHOM 1O OTHOLIEHUIO K JAaHHON?
KakoB nops/10x BEIUMCIEHUS 00OpaTHOW MaTpUILIbI?

AJNTOpUTM pELIEHUs MPOCTEUIIET0 MATPUYHOTO YPABHEHHUS




IIpakTnueckast padora Ne 3 mo reme
«JJIeMeHTBI BeKTOPHO aJiredpbn»

HCJII)Z HpOBepHTI) 3HaHHWA 1 YMCHHUS 110 HAXOXKICHUIO: KOOPpAHWHAT BCKTOPA,
onepalmﬁ HaJl BCKTOpaMH, MOAYJIA BEKTOpPA U CKAJLIPHOI'O ITPOU3BCACHMA,
BCKTOPHOI'O IPOU3BCACHNA, CMCIHIAHHOI'O ITPON3BCACHMUS.

Bpema BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneueHue
1.TeopeTnyeckmne ceepeHumA
2.3agaHue
3.JIuctA4
4.KanbKynatopol
MopAaaoK BbinoNHeHUA paboTbl
1.13y4nTb 3apaHue
2. N3yunTb TEOpPETUYECKME CBEAEHUA
3. BoinonHutb 1 opopmutb paboty
4.ToKasaTb pe3ynbTaTbl NpenogaBaTento
AomalwHee 3agaHue
1.MoAroToBUTb OTBETbI HA KOHTPO/IbHbIE BONPOCHI
Xop, pabortbi
TeopeTtuyeckue csegeHun

BekTOpHOE npou3BeaeHMUE BEKTOPOB.

Onpejiesienne. BeKTOPHBIM NPOM3BeIeHUEM BEKTOPOB GU b HA3bIBACTCH

BEKTOP ¢, YAOBJIETBOPSIOINMI CIAEAYIOMINM yCIOBUSIM:

1) || :|§|~‘5‘sin @, TIIe @ - YroJl MEXK/y BEKTOPaMHU dH b , sinp>0; 0<p<r

2) BEKTOpP ¢ OPTOrOHAJIEH BEKTOpaM G 1 b

3) @, b u ¢ 06pas3yloT NpaByIO TPOIKY BekTOpoB. OO03HAUAETCS: ¢ = dxb



WM ¢ =[a,b].
axh
CBoiicTBa BEKTOPHOT0 MPON3BeAeHUsT BEKTOPOB:
1) bxa=-axb; :
— — — E} — .
2) szb:O,ecm/IéHb nm =0 wm b =0; @
3) (ma)xb = ax(mb)=m(axb);
b=a
1[

4) ax(b+ ¢)=axb+ ax ¢,

5) Ecnu 3amasHbl BeKTOPBI G (Xa, Ya, Za) ¥ b (Xb, Yo, Zb) B JJEKAPTOBOIL

HpHMOYFOHBHOﬁ CUCTEMC KOOPpAHUHAT C CAMHUYHBIMH BCKTOPAMHA ;,j,k , TO

i ]k
ixb=lx, v, z,

Xy Yy Zp

[

6) FCOMCTpI/I‘leCKHM CMBICJIOM BCKTOPHOI'O IIPOU3BCACHUA BEKTOPOB ABJIACTCA

n0WA0bL NAPALIEN0ZPAMMA, TIOCTPOSHHOTO HAa BEKTOpaxX aH b .

7) MexaHu4YeCKUi CMBICIT BEKTOPHOTO ITpou3BeieHus . [IycTh Touka A

TBEPJIOTO TeJla 3aKperieHa, a B ero Touke B mpunoxena cuna F. Torna
BO3HUKAET BpaulaTeabHblii MOMEHT M (MoMeHT cuiibl). [1o onpenenenuro
MOMEHT CUJIbl OTHOCHMTENILHO TOYKU A HaxoauTcs 1o Gpopmyse M = ABxF -
BEKTOPHOE TIPOM3BE/IEHNE BEKTOPOB AB U F

IpuioxeHuss BEKTOPHOI'O NMPOU3BEICHUSI BEKTOPOB.

Ycemanoenenue konnuneapnocmu 6exmopos:

Ecim a || b, To axb=0 (m Hao6opor ), T.€. :

PGk

. _ i} a i} .

axb=|a: o a. =l'|~f.=}-—r=—y=ﬁ—21:rﬁ||h.
by b, b e by :

Haxooscoenue nﬂomaOu napauijienozpamma u mpeylojibHuKa.



CornacHo OIMpCACICHHUIO BEKTOPHOI'O ITPOMU3BCACHUA BECKTOPOB 4 H b

axb :|é|-‘5‘singo , T.e. Smap.= ‘éxﬁ‘ ¥ 3HAYMT, STpeyr.=1/2*‘éx5‘

Ilpumep. Haiiti BEKTOPHOE IIPOM3BEIEHUE BEKTOPOB @ =2 +5/ + k1

b=i+2]-3k.
a=(2,51; »p=(@1,2,-3)
- s
I SET W A -
axb=2 5 1|=i - +k =-17i +7j -k .
2 -3 1 - 2
1 2 -3

IIpumep. Beruucauts mionaab TpeyroibHUKa ¢ BepmuHamu  A(2, 2, 2),

B4, 0, 3), C(0, 1, 0).

AC = (0-21-2:0-2) = (-2-1-2)

D

AB=(4-2,0-23-2)=(2,-21)
ik
ACxAB=|-2 -1 —2=7"" A-57% At ! [(~1—4)— j(=2+4)+
X = |— —_ — =1 — =I(—1— — —
2 12 172 -2 /
2 -2 1
+k(4+2)=-5 -2 +6k.
‘ACX AB‘ =25+ 4+36 =/65. S, :@(ezﬁ).

Hpumep. Haiitu nomane napauienorpamma, HOCTPOCHHOIO Ha BEKTOPax
d+3b; 3a+b,ecnu |d= ‘5‘ =1; a’b=30"
(G+3b)x(3d+b)=3Gxd+dxb+9bxd+3bxb=-bxa+9bxd=8bxa
S =8ba|sin30° = 4 (en?).
Cmewmannoe npouszeedenue 6eKmopoe.

—

Omnpenenenue. CMemIaHHBIM TMPOM3BeeHMEM BEKTOPOB d , b U ¢

HAa3bIBACTCA YHCJIO, PABHOC CKAJAPHOMY IIPOU3BCACHHUIO BCKTOPA a Ha BCKTOD,

PaBHBIi BEKTOPHOMY NTPOM3BEICHUIO BEKTOPOB b H ¢ .



O6o3navaercst g-b-é¢w (a, b ,¢).

CwMmelianHOEe TPOU3BEACHUE d-b-¢ IO MOJYJII0O PaBHO O0OBbEMY MapajuielienuIea,

IIOCTPOCHHOTIO Ha BEKTOpax a, b U ¢, T.e. V :‘é-b -6‘

Ceolicmea cmeuanHozo npou33e0euu;l:

1.CmenranHoe Mpor3BEAEHUE PABHO HYJIIO, €CIIN: a) XOTh OJIMH U3 BEKTOPOB
paBeH HyJ10; 0) ABa U3 BEKTOPOB KOJUIMHEAPHBIE; B) BEKTOPHI KOMIUIAHAPHBI.

2 (ax 5) -C=4a- (5 xC)=C- (5 x d) CMEIIaHHOE IPOM3BECHUE HE MEHSETCS MpHU

IUKJINYECKON IIEPeCTaHOBKE BEKTOPOB,;
3 (@xb)-C=a-(bxC) cmemanHoe mNpPOU3BEACHHUE HE MEHSIETCA IIpH

IICPCCTAHOBKC 3HAKOB BCKTOPHOI'O U CKAJLIPHOI'O YMHOXKCHUA.
4 (@,b,)=(b,¢,d) = (,d,b) =~(b,a,c) = ~(¢,b,d) = —(a,é,b)
5 (Ad, + ui,.b,¢) = A(G,,b,) + u(d,.b,c)

6. O0BeM TpeyrobHON MTUPaMU/Ibl, 00pa30BaHHOMN BEKTOpaMHU G, b U ¢, paBEeH

é\(a,z?,a]

X0 4
7.Ecmut d =(x,¥,2), b =(x,,0,.2,), € =(x;,)5,2,),T0(@,b,6)=x, », z,

X3 Vi3 Z3
g, abc =-acb =—bac=cha - cmemaHHOe mNpOM3BEJEHHE MEHSAET 3HAK Ha
MPOTHBOTIONOKHBI ~TIPU  MepeMEHe  MeCT JIIOOBIX JBYX  BEKTOPOB-
COMHOKHTEIEH
9. Ecnu abc >0, 1o 4,b,¢ - mpaBas Tpoiika

Ipumep. [oxkazate, uro Touku A(5; 7; 2), B(3; 1; -1), C(9; 4; -4), D(1; 5; 0)
JIE’)KAT B OJTHOM INIOCKOCTH.

AB = (-2:-63])
Harinem koopiMHATBI BEKTOPOB: AC = (4,-3;-2)

AD = (—4;-22)

Haitnem cmemanHOe NpOU3BEACHHUE TTOJIYYEHHBIX BEKTOPOB:

2 -6 1] |2 =6 1| o -6 1
AB-AC-AD=|4 -3 -2=[0 -15 0|=/0 -15 0|=0
4 -2 2/ 10 10 0o |0 10 0

Takum 00pa3oM, TOJYUYEHHBIC BBIINIE BEKTOPHI KOMIUIAHAPHBI, CJI€I0BATEIHHO
touku A, B, C u D nexart B 0qHOI IIIOCKOCTH.



IIpumep. Haiitu 06beM nupamMuibl U JJIMHY BBICOTHI, OMYIIEHHON Ha rpanb BCD,
eciu BepiuHbl nMmerot koopauHaTel A(0; 0; 1), B(2; 3; 5), C(6; 2; 3), D(3; 7; 2).

BA = (-2;-3;-4)
Haitnem koopiMHATBI BEKTOPOB: BD = (1;4;-3)
BC = (4;-1;-2)
—2 -3 —4 |
=—=|1 4 —3/=—(-2(-8-3)+3(-2+12)—4(-1-16)) =
OO0beM MUpaMuU/IbI 6 |4 1 _, 6( ( )32 +12) ~ A )

= é(zz +30+ 68) = 20(e0”)

Jlmst HaXOXACHWS JUIMHBI BBICOTHI THPAMHUABl HaWIeM CHadajia IUIOIIajlb
ocaoBauus BCD.

- —

i j ok
BDxBC=|l 4 -3|=i(-8-3)—j(=2+12)+k(-1-16)=—-11i —=10] —17k.
4 -1 -2

‘E)xfc‘ =112 £10% 177 =/121+100+ 289 =~/510

Soen = /510/2 (exr?)

S, h J
Tx vz S 3V 120 4510
3 S J510 17

3agaHunA NpPaKTUYECKou paboTbl

3amanus
1. ITo koopaunatam Touek A, B u C s yka3aHHBIX BEKTOPOB HAUTH:

a) Koopaunatel BekTopoB a=AB,b=BC, c=AC,d =BA, p=CA

b) Monyns BekTopa i =3d+6—d

c) CkansipHOE NMPOU3BEICHUE BEKTOPOB a U D;

d) Ipoekmwmro BekTopa ¢ Ha BekTop d;

e) Koopauuatel Touku M, Jesieit OTpe30K P B OTHOIICHUH &



Koopaunarsl

a

BapuanTo: Koopaunarel | KoopanHartbl Touku C p
TOYKH A TOuku B o i

1. (-2.1.3) (3.-6.2) (-5.-3.-1) 1 3
2. (1.3.6) (-3.4.-5) (1.-7.2) 1 2
3. (7.2.1) (5.1.-2) (-3.4.5) 2 1
4, (3.5.4) (-2.7.-5) (6.-2.1) 3 2
5. (5.3.2) (2.-5.1) (-7.4.-3) 2 3
6. (11,1, 2) (-3, 3, 4) (-4,-2,7) 1 2
1. (9.5.3) (-3.2.1) (4. -7.4) 3 1
8. (7.2.1) (3.-5.6) (-4, 3. -4) 3 2
9. (1,2,3) (-5, 3,-1) (-6, 4, 5) 2 1
10. (-2.5.1) (3.2.-7) (4.-3.2) 4 1
11. (3.1.2) (-4, 3.-1) (2.3.4) 2 1
12. (3.-1.2) (-2.4.1) (4.-5.-1) 1 3
13. (4.5.1) (1.3.1) (-3.-6.7) 3 4
14. (1.-3.1) (-2.-4.3) (0.-2.3) 2 3
15. (5.7.-2) (-3.1.3) (1.-4.6) 4 3
16. (-1.4.3) (3.2.-4) (-2.-7.1) 1 3
17. (5.4.1) (-3.5.2) (2.-1.3) 3 1
18. (2.-1. 4) (-3.0.-2) (4.5, -3) 2 1
19. (-1.1.2) (2. -3.-5) (-6. 3. -1) 1 2
20. (1.3.4) (-2.5.0) (3.-2. -4) 2 3
21. (1.-1.1) (-5.-3.1) (2.-1.0) 3 2
22. (3.1.2) (-7.-2.-4) (-4.0.3) 2 1
23. (-3.0.1) (2.7.-3) (-4.3.5) 1 3
24. (5.1.2) (-2.1.-3) (4,.-3.5) 2 3
25. (0.2.-3) (4, -3.-2) (-5.-4.0) 1 2
26. (3.-1.2) (-2.3.1) (4. -5. -3) 3 4
27. (5.3.1) (-1.2.-3) (3.-4.2) 1 2
28. (3.1.-3) (-2.4.1) (1.-2.5) 3 4
29. (6.1.-3) (-3.2.1) (-1.-3.4) 4 3
30. (4.2.3) (-3.1.-8) (2.-4.5) 3 2

3aganue 2

1. Jlaubl BexTOpHI @, b 1 ¢. HeoOxoaumo:
a) BBIYHMCIUTH CMEIIAHHOE MTPOU3BEICHUE TPEX BEKTOPOB;
0) HaliTU MOAYJIb BEKTOPHOT'O MPOU3BEACHMUS;

B) BBIUMCIIUTDH CKAJISIPHOE MPOU3BEICHUE JIBYX BEKTOPOB;
I') IPOBEPUTH, OyIyT JIU KOJTMHEAPHBI UM OPTOTOHAJIBHEI JIBa BEKTOPA;
1) IPOBEPUTH, OYAYT JIU KOMIIAHAPHBI TPU BEKTOPA.

Bapua | Bextopsl Cwmemanno | Moayn
HT e b
IIPOU3BENE | BEKTOP

Ckansip
HOE e

MPOU3BE

apHBbI
158105

Komnmua

Komrmanapu
OCTh
BEKTOPOB




HHE H hi IepIieH

I.K

MPOU3B
BEKTOP
ell.

OB
a=2i-3j+k, | a,3b,c 3a,2¢ b,—4c a,c a,2b,3c
b= j+4k,
c=51+2j-3k
a=3i+4j+k, | 5a,2b,c 4b,2c a,c b,c 2a,—3b,c
b=i-2j+7k,
c=-3i—-6j+21k
a=2i—-4j-2k,| a,2b,3c 3a,-76 | —2a,cC a,c 3a,2b,3c
b=7i+3]j,
c=3i+5j-7k
a=-7i+2k, a,—2b,—7c¢c 4bh,3c 2a,—7c¢C b,c 2a,4b,3c
b=2i-6j+4k,
c=i—j+2k
a=-4i+2j-k,| a, 6b,3c a,2b a,—4c a,b a,6b,3c
b=3i+5j -2k,
c=j+5k
a=3i-2j+k, | a,—-3b, 2¢c 5a,3c —2a,4b a,c 5a,4b,3c
b=2j-3k,
c=-3i+2j-k
a=i—j+3k, 7a,—4b,2c | 3a, 5¢ 2b,4c b,c 7a,2b,5¢c
b =2i+3j -5k,
c=T7Ti+2]+4k
a=4i+2j-3k,| 2a,3b, c 4a,3b b,—4c a,c 2a,3b,—4c
b=2i+k,
c=-12i-6j+9k




a =—i+5k,
b=-31+2j+2k
c=-2i—-4j+k

3a,—4b,2c

7a,—3c

2b,3a

6,C

7a,2b,—3c

10

a=6i—-4j+6k,
b=9i-6j+09Kk,
c=i-8k

2a,—4b,3c

3b,—9c

3a,-5¢

a,b

3a,—4b,—9c

11

a=>51-3]+4k,
b=2i-4j-2k,
c=3i+5j-7k

a,—4b,2c¢

—2b,4c

—-3a,6¢C

b,c

a,—2b,6¢

12

a=-4i+3j-7K
b=4i+6j— 2k
C=6i+9j-3k

, —2a,b,—2c

4h,7¢c

5a,—3b

b,c

—2a,4b,7¢c

13

a=5i+2] 2K
b = 7i — 5k,
c=2i+3j—2k

, 2a,4b,—-5c¢

—3b,11c

8a,—6¢c

8a,—3b11c

14

a=—4i—-6j+2k
b=2i+3j-Kk,
c=-i+5j-3k

, 58,7b,2¢

—4b11a

3a,—7¢

a,b

3a,7b,—2c

15

a=—4i+2j-3k
b =-3]+5k,
C=6i+6j—4k

, 5a,—b,3c

—7a,4c

33,9b

3a,—9b,4c

16

a=-3i+8]j,
b=2i+3j-2k,
c=8i+12j -8k

4a,—6b,5¢C

—7a,9¢c

3b,—8c

b,c

4a,—6b,9cC

17

a=2i—4j- 2k,
b =—9i + 2k,

7a,5b,—c

c=3i+5)-7k

—5a,4b

3b,—8c

7a,5b,—c




18

a=9-3j+Kk,
b=3i-15] + 21K
c=i-5j+k

2a,—7b,3¢c

—6a,4c

5b,7a

b,c

2a,—7b,4c

19

a=-2i+4)-3K
b=5i+j—2k,
c=Ti+4j-k

, a,—6b,2¢c

—8b,5¢

—9a,7c

a,b

a,—6b,5¢c

20

a=-9i+4]-5K
b=i-2j+4K,
C=-5i+10] -2

ok 2a,7b,5¢

—6b,7¢c

9a,4c

b,c

—2a,7b,4c

21

a=2i-7j+5k,
b=-i+3]-6Kk,
c=3i+2j—4k

—3a,6b,—c

5b, 3¢

7a,—4b

b,c

7a,—4b,3c

22

a=T7i—4]-5k,
b=i-11j+ 3k,
c=5i+5j+3k

3a,—7b,2c

2b,6¢

—4a,—-5c¢c

—4a,2b,6¢C

23

a=4i-6j-2Kk,
b=-2i+3j+k,
c=3i-5j+7k

6a,3b,8¢c

—7b,6a

—ba, 4c

a,b

—54a,3b,4c

24

a=3i—]+2k,
b=—i+5j—4k,
C=6i—2]j+4k

4a,—7h,—2cC

6a,—4c

—2a,5b

6a,—7b,—2c

25

a=-3i— -5k,
b=2i—4]+8k,
c=3i+7j-k

2a,—b,3c

—9a,4c

Bb,—6¢

b,c

2a,5b,—6¢

26

a=-3i+2j+7k
b =1i-5k,

C=6i+4j—k

, —2a,b,7¢

5a,—2c

3b,c

—2a,3b,7¢C




27 a=3i—j+5k, | —3a,4b,—5c | 6b,3c a,4c b,c —3a,4b,-5c
b=2i-4j+6k,
c=i-2j+3k
28 a=4i-5j-4k,| a,7b,—2c -5a,4b | 8¢,—3a a,c —3a,4b,8¢c
b=>5i-j,
c=2i+4j-3k
29 a=-9i+ 4k, 3a,—5b,—4c | 6b,2c —2a,8c b,c 3a,6b,—4c
b=2i-4]j+6k,
c=3i-6j+9k
30 a=5-6j-k, | 5a3b,—-4c 4b,a 7a,—2c | a,b 5a,4b,—-2c
b=4i+8j-7k,
c=3j-4k
OTtBeTbI
Koopauna | Koopauna | Koopauna | Koopaunat | I'pan | OtBet | OTBe
ThI ThI ThI bl b T
Bapuan a)
T BEPIUMHBI | BEPUIMHBI | BEPUIMHBI | BEPLIMHBI a) 0)
A B C i
1 A@B,4,5 | B(1,2,1) | C(-2,-3, | D(3, -6, - V2114 |42
6) 3) ACD
2 A(-7,-5, | B(-2,5,- | C(3, -2, D(l, 2, 2) V1350 | 82/3
6) 3) 4) BCD
3 A(1,3,1) |B(-1,4,6) | C(-2, -3, D@3,4,-4) |ACD | {891 |3
4) 2
4 AR2,4,1) |B(-3,-2, |C(@3,5,-2) |D(4,2,-3) |ABD | /395 |25/3
4)




5 |A(5,-3,- [B(1,4,6) |C(3,2,-2) | D(8,-2,4) |ACD | Jezr [304/
4) 2 3
6 |AB, 4,2 |B(-2,3,- |C@4,-3,6)|D(6,-53) |ABD |8J/26 |40
5)
7 |A(4,6, |B@3,-51) |C@2,6,-4) |D(2 4,-5) |ACD |Joa |70/3
3)
8 |A(7,58) |B(-4,-5, |C(2,-3,5) |D(5,1,-4) |BCD |5Ja6 |202/
3) 3
9 |A@B,-2,6)|B(-6,-2, |C(1,1,-4) |D®,6,-7) |ABD | Ja050 |52
3)
10 |A(5,-4,- |B(7,3,-1) | C(6,-2,0) | D(3,2,-7) |BCD | viazz |42
3) 2
11 |A(3,-5,- |B(-4,2,3) | C(1,5,7) |D(-2-4,5) | ACD | Jeese | 202/
2) 2 |3
12 |A(7,4,9) |B(,-2,- |C(-5,-3, |D(1,-3,4) |ABD |3/131 |50
3) 0)
4  |A(4,-7,- | B(-4,-5, [C(2,-3,3)|D(3,2,1) |BCD |2J60 |148/
3) 7) 3
14 | A(-4,-5,- |B3,1,2) |C(5,7,-6) | D(6,-1,5) |ACD | 34809 |110
3)
15 |A(5,2,4) |B(-3,5- |C(1,-5,8) | D9, -3,5) |ABD | 24299 | 286/
7) 3
16 | A(-6,4,5) | B(5,-7,3) | C4,2,-8) | D(2,8,-3) |ACD | 104117 | 150
17 |A(,3,6) |B(-3,-4, |C(5,-6,8) |D(4,0,-3) |BCD | 2294 | 332/
4) 3
18 |A(5, -4,4) |B(-4,-6, |[C(@3,2,-7) |D(6,2,-9) | ABD | 64115 |82/3
5)
19 |A(-7,-6,- |B(5,1,-3) | C(8,-4,0) | D(3,4,-7) |BCD | yi58 | 86/3

5)




18 | A(5,-4,4) | B(-4,-6, |C(3,2,-7) |D(6,2,-9) |ABD | 64115 |82/3
5)
19 |A(-7,-6,- |B(5,1,-3) | C(8,-4,0) ID(3,4,-7) |BCD | 158 |86/3
5) 2
20 |A(7,-1,- |B(1,7,8) |C(3,7,9) |D(-3,-5,2) | ACD | 5957 | 124/
2) 3
21 |AG,2,7) |B(7,-6,- |C(-7,-6, |D(l,-5,2) |ABD |.3194 |76
9) 3)
22 | A(-2,-5,- |B(-6,-7, |C(4,-5,1) |D(2,1,4) |BCD | 1802 |226/
1) 9) 3
23 | A(-6,-3,- |B(5,1,7) |C(3,5,-1) | D(4,-2,9) | ACD | 24101 | 4/3
5) 2
24 | A(7,4,2) |B(-5,3,- |C(,-573) |D(7,-9,1) | ABD | 11161 | 186
9)
25 |A(-8,2,7)|B(3,-59) | C(2,4,-6) | D(4,6,-5) | ACD | 24146 | 296/
3
26 |A®4,3,1) |B(2,7,5) |C(-4,-2, |D(2,-3,-5) | ACD | 74/34 |80/3
4)
27 | A(-9,-7, |B(-4,3,- |C(5,-4,2) |[D(3,4,4) |BCD |+1346 |120
4) 1)
28 | A@B,53) |B(-3,2,8) |C(-3,-2, |D(7,8,-2) |ACD |s5y11 |26/3
6)
29 |A@4,2,3) |B(-5-4, |C(5,7,-4)|D(6,4,-7) |ABD | V3086 | 178/
2) 3
30 |A(4,-2,- |B(2,5,7) |C(6,3,-1) |D(6,-4,1) |ACD | Jes41 |116
3) 2

OT1BeThI
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72519424 900

10v2997 33
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14. 0 0 682 29. 0 0 -144
15. -1170 56+/638 567 30. 11940 4/9933 28
KoHTpoJibHbIE BONIPOCHI

Urto Ha3bIBaeTCSI BEKTOPOM?

Kakune BEKTOpbI Ha3bIBAKOTCS KOJUIMHEAPHBIMU?

Uro Ha3bIBaeTCS KOOpAUHATAMU BEKTOpA?

Kak HaiiT KOOpJIMHATHI BEKTOPA, 3aJaHHOTO JIBYMsI TOUKaMu?

Kak HaiiTh IJIMHY BEKTOpPa, 3aJJaHHOIO0 CBOMMHU KOOpAUHATAMHU?

3anummre GopMyIibl IeJIeHUs OTPE3Ka B JAHHOM OTHOIIECHUHU.

Kak HaliTu ckansipHOE MPOU3BEIEHNE BEKTOPOB?

Kak HaliTM BEKTOPHOE IPOU3BENCHUE BEKTOPOB?

Kak HaliTn cMelnanHoe NPOU3BEACHUE BEKTOPOB?
IpakTnueckasi padora Ne 4 «IIpsimast JTMHUSD)

CoNORODE

Heiab: Hay4dUTHCA COCTABISITH YPABHEHUE NPSIMBIX, HAXOAUTH YTOJ MEKIY
IIPSAMBIMHU, BBIIIOJIHATh IIOCTPOEHUS.

Bpems sbinosnHeHna 90 MUHYT

MarepuanbHoe obecneueHue
1.TeopeTnyeckue ceeaeHmn

2.3agaHue

3.JluctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA paboTbl
1.M3y4ynTb 3apaHue

2. U3yunTb TEOpeETUYECKME CBeaeHUA

3. BoinonHuTb 1 opopMuTb paboTy
4.MokasaTb pe3ynbTaTbl NpenogasaTesnto
[JomalwHee 3apaHue

1.MoarotoBUTb OTBETHI HA KOHTPOIbHbIE BOMPOCHI
Xopa pabortbi

Teopernveckue cBeeHUs

YpaBHeHHe NPSIMOM HA MJIOCKOCTH.

Onpenenenue. Jlro0as mpsiMas Ha TJIOCKOCTH MOXKET OBITh 3ajlaHa ypaBHECHHEM
nepBoro nopsaka Ax + By + C = 0, npuuem noctosiHHbie A, B He paBHBI HYJIIO
OIHOBpeMeHHO, T.e. A2 + B? # 0. DT0 ypaBHEHHE IEPBOrO IOPSIKA HA3bIBAOT
00IIMM ypaBHEHHEM MPSMOH.
B 3aBucumocTu ot 3HaueHU NOCTOAHHBIX A,B 11 C BO3MOXKHBI CIIEAYIOIINE
YaCTHBIE CITyYau:
- C=0,A#0,B=#0—npsmas npoxoauT 4epe3 Hauaao KOOPJAUHAT



- A=0,B#0,C=0{By+ C =0} npsamas napamuieiabHa ocu Ox
B=0,A#0,C#0{Ax+ C =0} — npsamas napamureiapHa ocu Oy

- B=C=0, A#0—npsamas conagaer ¢ ocsto Oy

- A=C=0,B #0-npsamas copnamaer ¢ ocsto Ox
YpaBHeHuUe MPsAMOI MOKET OBITh MPEACTABICHO B PA3IMYHOM BHJIC B
3aBUCUMOCTH OT KaKuX — JIMOO 3aJJaHHBIX HAYaJIbHBIX YCIOBUH.

YpaBHeHHe NPAMOI M0 TOYKE U BEKTOPY HOPMAJIH.

Omnpenenenue. B nexkapToBOoil NpSIMOYTONBHOM CHUCTEME KOOPAMHAT BEKTOpP C
KoMrnoHeHTaMu (A, B) neprnieHauKkyIsipeH mpsMon , 3aJJaHHOM ypaBHeHUEM AX +
By +C=0.

Ilpumep. Hailitu ypaBHeHue mnpsiMol, mnpoxojsmied depe3d Touky A(l, 2)

NepIeHANKYISIPHO BekTopy 7 (3, -1).
CocraBum nipu A = 3 u B = -1 ypaBHenue npsmon: 3x —y + C=0. [l

HaxoxaeHus kKodpdunnenta C noacTaBUM B MOTYUYECHHOE BBIPAXKECHUE
KOOpJIMHATHI 33ITAHHON TOYKH A.

[Toxyuaem: 3 — 2 + C =0, cnenoBarensuo C = -1.
Htoro: nckomoe ypasaernue: 3x —y —1 = 0.

YpaBHeHue NPSAMOH, NPOXOAsILIei Yepe3 ABe TOUYKH.
[TycTh Ha MIOCKOCTH 3aaHbl ABe TOUKH M1(X1, Y1) 1 Ma(X2, Y2), TOTIa ypaBHEHHE
IPAMOM, TPOXOJAIIEH YEPE3 3TU TOUKHU:

X_X1: Y-V

Xy =% Yo = Y1

Ecnu kakoii- 1100 13 3HaMeHaTesell paBeH HYIIO, CIEAYET NPUPABHATH HYJIIO
COOTBETCTBYIOIIUN YHCIIUTEND.

3anMCcaHHOE BBILIEC YPABHEHHUE MPSIMOM YIIPOLIAETCA:

vy =22 (v ox)
Xy, =X

€CIIN X1 # X2 U X = X1, €CIINX1 = X2.

Hpob6n Y270 = K yaspiBaetcs YIJIOBBIM KO3((PUIHEHTOM IIPSIMON.
Xy =X

IIpumep. Haiitu ypaBHeHue npsimoii, mpoxoasieit uepe3 Touku A(1, 2) u B(3, 4).
[IpumeHsist 3anMCaHHYO BbIIIe (YOPMYITy, MOTydaeM:

4-2
-2= x-1
y 3¢ D
y—2=x-1

x—y+1=0



YpaBHeHue NIPAMOM MO0 TOYKE U YIJI0BOMY KOI(puuueHry.

Ecnu o6mmiee ypaBaenue npsamoit Ax + By + C = 0 npuBecTH K BUAY:

4 C A_v. _C_ .
y:_Ex_E 1 0003HAYUTH _EZK’ _E:b’ m.e. Y =Kkx+Db, TO IOJIy4YE€HHOE

YPaBHEHHE HA3bIBACTCS YPABHEHHEM MPSIMOM € YIJIOBBIM KOG PHUIIHEHTOM
YpaBHeHHe NPSAMOM 110 TOYKE M HANIPABJIAKILEMY BEKTOPY.

[Io aHanorMm ¢ MyHKTOM, PacCMAaTPUBAIOIIMM YPABHEHUE MPSIMOM YEPE3 BEKTOP
HOpPMaJIM MO>XHO BBECTH 3aJJaHHUE MPAMOUN 4epe3 TOUKY M HAIPaBJISIOIINI BEKTOP
MIPSIMOM.

Onpenenenne. Kaxaplii HeHyJIEBOM BeKTOp d (01, O2), KOMIIOHEHTBI KOTOPOIO

YAOBJIETBOPSIOT ycioBUIO Aoir + Boz = 0 HasbIBaeTCsl HaNpaBIIOIIMM BEKTOPOM
npsmorr Ax + By + C=0.

Ipumep. Haiitu ypaBHeHHME NpsMOi C HampaBisonmM BekTopoM a (1, -1) u
npoxonsien yepe3 Touky A(l, 2).

VYpaBHeHue uckomoil npsmoin Oyaem uckarb B Buzge: AX + By + C = 0. B
COOTBETCTBHUM C OIpeAeNeHuEM, KOIPPUIMEHTb JOKHBI  yJIOBJIETBOPSTH
ycioBusaMm: 1-A + (-1)-B=0, T.e. A=B.

Torna ypaBHenue npsimoii umeet Bua: AX + Ay + C =0, umu X +y + C/A =0.

npu x = 1, y =2 nonyuaem C/A = -3, T.e. HICKOMO€ ypaBHEHUE:

x+ty-3=0
YpaBHeHue IPAMOI B OTpe3Kax

Ecnu B o6miem ypaBaenuu npsimoit Ax + By + C =0 C # 0, To, pa3nenus Ha —

A B
C, nojyuyuM: — —x——y =1 WIH
C C

Y
—+==1,r1€
3 A
a:—g, bz—g
A B

['eomeTpudeckuii cMbICT KOAPOUITUEHTOB B TOM, YTO KOI(PPUIIUESHT a SBIACTCS
KOOPJMHATON TOYKH IMepeceueHus NpsMoii ¢ ocbio OX, a b — KOOpAUHATON TOYKH
nepeceyeHust npsimoit ¢ ocbo Oy.

IIpumep. 3agano oOuiee ypaBHeHue npsimoit x —y + 1 = 0. Haiftu ypaBHeHue
JTOM IPSAMOM B OTPE3KaAX.



C=1, -1%:1, a=-1, b=1.

HopMmasibHoOe ypaBHeHHE IPSAMOM.

Eciun o00e wactm ypaBHenus Ax + By + C = 0 paszmenuTs Ha 4YuUCIO

1
M =1t————, KOTOPOC HA3bIBACTCS HOPMUPYIOLIEM MHOKHUTEJIEM, TO IIOJIYUYUM

NA* + B?
XCOS@ + ysing - p = 0 — HopmanbHOE ypaBHEHME NPAMONA.

3HaK £ HOPMHUPYIOIIETO MHOKUTENS HaJI0 BBIOMpATh Tak, 4ToObI p-C < 0.
p — JUITMHA MEPIEHANUKYJIISPA, OMYLIEHHOTO U3 Hayala KOOpAMHAT Ha MPsAMYIo, a ¢ -
yroJ, 00pa30BaHHBIA STUM NEPIECHINKYISIPOM C MOJIOKHUTEIBbHBIM HaIlPaBICHUEM
ocu Ox.
IIpumep. Jlano oOmee ypaBHeHue mpsimoil 12x — Sy — 65 = 0. TpeOyercs

HaIACaTh PA3JIUYHBIE TUIIBI YPABHEHUHN ITOU MPSIMOM.

12 5
X — y —
o . 65 65
YPAaBHCHHUC 3TOU IIPAMOH B OTPC3KAX:

2=
(65/12) (-13)

YpaBHEHUE 3TOU MPSAMOH C yIIIOBBIM KO3 DULIMEHTOM: (IeIUM Ha 5)

12 65 12

y s x—?:?x—B.
HOPMAaJIbHOE YPaBHEHUE MPSMON:
= ! -1 Ex—iy—5=0; cose = 12/13; singp =-5/13; p =5.

122+ (=5 13 137 13

CrnenyeTr OTMETUTh, UTO HE KaXAYIO MPSMYIO MOKHO MPEJCTaBUTh YPaBHEHUEM
B OTpE3Kax, HAapUMED, NpsAMbIC, MAapaUICNIbHBIE OCAM WM IPOXOIAIIUE Yepes
Hayajo KOOpJWHAT.
IIpumep. Ilpsimas oTcexkaer Ha KOOPAWHATHBIX OCSAX PAaBHBIE MOJIOKUTEIBHbBIC
orpe3ku. CoOCTaBUTh YypaBHEHHWE NPSAMOM, €CIM IUIONIaAb TPEYrOJbHUKA,
00pa30BaHHOIO TUMH OTPE3KAaMH PaBHA 8 cM?,
Y

VYpaBHeHHE IPSIMOM UMEET BUI: £+Z =1,a=b=1; ab/l2=8; a=4; -4
a

a = -4 He MOAXOAUT MO YCIOBHUIO 3aauHu.

Hroro: %+%:1 wmx +y—4=0.

IIpumep. CocTaBuTh ypaBHEHHE MpPSAMOi, mpoxonsiei yepe3 Touky A(-2, -3) u

Ha4daJI0O KOOpAKWHAT.



X% _V=n

Xo =X Vo=

YpaBHeHUE IPSIMON UMEET BU/I; ,Tnex1= y1=0; Xo=-2;y,=-3.

0 _y00 X _ Y. 390
—2-0 -3-0" -2 -3

Yros Mexay NPSIMbIMH HA TJIOCKOCTH.
Onpenenenne. Eciu 3amanbl qse npsimbie Y = KiX + by, Yy = KoX + by, TO ocTpsrii
YrOJI MEKIY STHMHU IPAMBIMU OYIET ONPEaeIAThCS KaK

kz _kl

too =
S ik k,

JIBe npsiMble MapaJuieJibHbI, ecin K1 = Ko.

JIBe mpsiMble MepneHIuKyJIsIpHbL, ecan K1 = -1/ko.

Teopema. IIpsuvie Ax + By + C = 0 u Aixx + By + C1 = 0 napannenvusi, koeoa
nponopyuoHaibhsl Koagguyuenmol A1 = AA, B1 = AB. Eciu ewe u C1 = AC, mo
npsmule Co8nadarom.

KoopauHaThl TOYKHU TMepecedyeHHsl ABYX NPAMBIX HAXOAATCS KAaK pelieHue
CHCTEeMBbI IBYX YPaBHEHHIA.

YpaBHeHue NPSIMOH, NPOXOAsIIIEil Yepe3 JAHHYI0O TOYKY MePIeHINKYJISIPHO
TAHHOU NMPSAMON.

Omnpenenenue. [Ipsmasi, npoxoasmas yepe3 Touky Mi(X1, y1) U
HEPIICHIUKYIIIpHAs K IpsMoi y = KX + D mpezcTaBiiseTcss ypaBHEHUEM:

y=n =—%(x—xl)
Paccrosinue oT TOYKHM 10 PSIMOM.
Ecnu 3a0ana mouxa M(xo, yo), mo paccmosanue oo npsmou Ax + By + C =0
|Ax0 + By, + C|
NV

[Mpumep. Onpeaenuts yroa Mexay npsMeiMu: Y = -3X + 7; Yy = 2xX + 1.

onpeoensemcs Kaxk d =

2-(3)|_

) =1; ¢ =mnl/4.

Ki=-3; ko=2 tg(p=‘
IIpumep. Ilokazats, yto mpsimpie 3x — Sy + 7 =0 u 10x + 6y — 3 =0
HePIICHNKYJISIPHBI.

Haxomum: k; = 3/5, ko, = -5/3, kik; = -1, crmenoBarenbHO, NpsSMBIC
HePIICHANKYJISIPHBI.



Ipumep. Jausr Bepmmubl Tpeyroabuuka A(0; 1), B(6; 5), C(12; -1). Haiitu
ypaBHEHHE BBICOTHI, POBEACHHOMN 13 BepiuHbl C.

Haxoaum ypaBHeHue ctopoHsl AB: 2_8 = )5/—_11; % = yT—l ; 4X = 6y — 6;

2X -3y +3=0; y:§x+1.
Hckomoe ypaBHeHUE BBICOTHI uMeeT Bua: AX + By + C=0wmm y = kKX + b.

k= —% . Tormay = —%x +b. T.x. BBICcOTa MpoxoauT uepe3 Touky C, To ee
3 —
KOOPJIMHATHI YJIOBJIETBOPSAIOT TaHHOMY YPAaBHEHHIO: —1 = —512 +b,0TKyna b = 17.

Uroro: y = —%x+17 .
Otser: 3X + 2y — 34 = 0.
3ajaHuA K IPpaKTHYECKO# padore

1. lans! Bepmnabl Tpeyroasauka ABC: 4(x,,y,) B(x,,y,) Clx,,y,) HaiTn:

a) ypaBHEHUE CTOPOHBI AB;

0) ypaBHeHue BbicoThl CH;

B) YpaBHEHHE Menuanbl AM;

r) ypaBHeHue ouccexktpucsl BC;

1) Touky N nepeceuenus: Meauanbl AM u BoicoThl CH;

€) ypaBHEHUE NMPSIMOH, Tpoxoasiiei yepe3 BepiinHy C napaijieabHO CTOPOHE
AB;

K)yros Mmexay npsimeivu AB u AC.

Bapuantbl | 4 (xl , yl) B (xz , yz) C(x3 , y3)

1 A(-2,4) [B(3,1) |C(10,7)

2 A(-3,-2) |B(14,4) [C(6,9)

3 A(1,7) | B(-3,- |C(11,-3)
1)

4 A(1,0) | B(-1,4)[C,5)




5 A(L-2) [B7 1) [CB7)
6 A(-2,-3) |B(1,6) |C(6, 1)
7 A(-4,2) | B(-6, |C(6,2)
6)
8 A(4,-3) [B(7,3) |C(1,10)
9 A@ - |B@®,2) [C3,8)
4),
10 A(-3,-3) |B(5-7) |C(7,7)
11 A(L,-6) | B3, |C(3,3)
4)
12 A(-4,2) |B(8,-6) |C(2,6)
13 A(52) | B(,- |C(5,7)
4)
14 A4, -4) |B(6,2) |C(1,8)
15 A(-3,8) |B(-6,2) | C(0,5)
16 A(6,-9) |B(10,- |C (-4, 1)
1)
17 A@ 1) |[B@3,-1)|C@,-3)
18 A (-4, 2) |B(6,-4) |C@4,10)
19 A(3,-1) |B(11,3) [C(-6,2)
20 A(-7,-2) |B(-7, 4 |C(5,-5)
21 A(-1,-4) [B(9, 6) |C(-5,4)
22 A(10,-2) |B(4,-5) |C(-3,1)
23 A(-3,-1) |[B(4,-5) |C (8, 1)
24 A(-2,-6) | B(-3,5) |C(4,0)
25 A(-7,-2) | B(3,-8) | C (-4, 6)




26 A(0,2) |B(-7,- |C(3,2)
4)

27 A(7,0) |B(1,4) |C(-8,-4)

28 A(,-3) |B(0,7) |C(-24)

29 A(-51) |B(8,-2) |C(1,4)

30 A(2,5 |[B(-3,1) | C(0,4)

KOHTpOHLHLIe BOIIPOCHI

3anumuTe ypaBHEHHsI OCEN KOOPIUHAT.

OO6riee ypaBHEHUE MPSMO.

VYcnoBue napajuiesIbHOCTU U NEPIIEHAUKYJIIPHOCTH MPSMBIX.
3anuIInTe ypaBHEHUS NPSIMBIX, TapAJLIEIbHBIX OCSAM KOOPAUHAT.
Cdhopmynupyiite ycioBue napamieabHOCTH NPSIMBIX.
Cdhopmynupyiite yciioBue NeprneHANKYISPHOCTH NPSIMBbIX.

Kak HailTH yron Mexmy npsMbIMH?

Kak HaiiTh paccTosHUE MEXKIY NPSIMBIMHU?

NGk~ owdE

JlonosiHUTEIbHBIE 3aIaHUS
2. Pemiuth cieayromue 3a1aum

2.1. Haiftn ypaBHEeHUE NPSMOM, IPOXOAILIEH Yepe3 TOUKY MEPECECUCHHUS
npsamMbeiXx 3x -2y -7=0 ux+ 3y -6 =0 u orcekaromieit Ha 0cu abCIUCC OTPE30K,
paBHbI 3. Omeem X =3

2.2. Haiiti poekiuto Touku A(-8, 12) Ha npsiMyto, TPOXOIAIILYIO Yepes
touku B(2, -3) u

C(-5,1). Omsem A (—12,5)

2.3. Jausbl aBe BepiuHbl TpeyroiabHuka ABC: A(-4, 4), B(4, -12) u Touka
M(4, 2) nepeceuenus ero Beicot. Haiitu Bepiuuny C. Omeem:C (8,4)

2.4 HaiiTn ypaBHEHUE NPSAMOIA, OTCEKAIOIIEH Ha OCU OPAUHAT OTPE30K,
PaBHBIN 2, ¥ TPOXOASILEH NapaiebHO NPAMOH 2y - X = 3. Omeem :X—2y +4=0

2.5. HaliTu ypaBHEeHHE NPSMOM, poxo el yepe3 Touky A(2, -3) 1 TOuKy
nepecevyeHus NpsAMbIX 2X -y =5ux+y=1. Omeem:x =2



2.6. Jlokazatk, uto ueTbipexyroyibHuKk ABCD - Tpanenus, ecnu A(3, 6), B(5,
2), C(-1, -3), D(5,5).

2.7. 3anucatb ypaBHEHUE PSIMOM, poxoasiei yepe3 Touky A(3, 1)
nepneHauKysapHo K npsimoit BC, ecmu B(2, 5), C(1, 0). Omeem :x+5y—-8=0

2.8. Haiitn ypaBHEHUE MPSMO#i, IPOX0IAIICH depe3 Touky A(-2, 1)
napaurensHo npsamoir MN, eciim M(-3, -2), N(1, 6). Omsem :2x—y+5=0

2.9. HaiiTu TOUYKy, CUMMETpUYHYIO Touke M(2, -1) OTHOCHTENBHO NPAMOK X -
2y +3 =0. Omeem :l\/l{—g;?j

2.10. Haiitu Touky O niepeceueHus nuaroHasnei yerbipexyroibaruka ABCD,

ecrmu A(-1, -3), B(3, 5), C(5,2), D(3, -5). Omeem :Mo(s; %)

2.11. Yepe3s Touky nepeceueHus npsmbix 6x - 4y +5=0, 2x+ 5y + 8 =0
IIPOBECTH MPSAMYIO, IAPATUIEIBHYIO OCH a0CHUCC. Omeem:y = -1

2.12. I3BectHbI ypaBHeHUs cTopoHbl AB Tpeyronbarnka ABC 4x +y =12,
ero BeicoT BH 5x - 4y = 12 u AMX + y = 6. HaiiTu ypaBHEeHUSs BYX IPYTUX
ctopoH TpeyrojbHuka ABC. Omesem :7x—7y—-16=0; 4x+5y—-28=0

2.13. Jlansl aBe BepuuHbl TpeyroabHuka ABC: A(-6, 2), B(2, -2) u Touka
nepecedenus ero BeicoT H(1,2). Haittu koopaunatel Touku M nepecedeHust
ctoponbl AC u BeicoTbl BH. Omeem :M (Egj

17 17

2.14. Haiitn ypaBHeHMs BbICOT TpeyronbHuka ABC, mpoxoasmmux yepes
BepmnHbl A u B, eciu A(-4, 2), B(3, -5), C(5, 0).

Omeem : 71X +5y+2=0; 9x+2y—-28=0

2.15. BeluucauTh KOOPAUHATHI TOUKU NIEPECECUEHUS TIEPIIEHANKYISPOB,
IIPOBEJICHHBIX YE€PE3 CEPEAUHBI CTOPOH TPEYTOJIBbHUKA, BEPIIMHAMU KOTOPOTO

crryar Toukn A(2, 3), B(0, -3), C(6,3). Omeem:M (3;-3

2.16. CocTaBuTh ypaBHEHHE BBICOTHI, IPOBECHHON YEPE3 BEPIINHY A
tpeyronbHrka ABC, 3Has ypaBHeHus ero ctopoH: AB -2x -y -3 =0, AC -x + 5y
-7=0,BC-3x-2y+ 13=0. Omeem:2x+3y-7=0;



2.17. Jlan TpeyronbpHuk ¢ BepmmHamMu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
ypaBHEHUE W BBIUUCIUTH JJIMHY €r0 MEANaHbI, TPOBEACHHON 13 BepmrHbI C.

Omeem:2x+y+2=0; d =ﬂz13,1

V17
2.18. CocTaBuTh ypaBHEHHE NPSIMO, MPOXOASIIECH Yepe3 HayaJlo KOOPAUHAT

U TOYKY TepecedeHus NpsaMbIx 2X + 5y -8 =0u 2x + 3y +4 =0.
Omeem :6x+11y =0,

2.19. Haiitu ypaBHEHHS TIEPIICHIUKYJISIPOB K mipsimoit 3x + Sy - 15 =0,

MPOBEJICHHBIX YEPEe3 TOUKH MEPECCUCHUS JAHHOM MPSIMOU C OCAMU KOOPAUHAT.
Omeem :5X—3y —25=0; 5x+3y+9=0;

2.20. Jlanbl ypaBHEHUSI CTOPOH YEThIPEXYroyibHUKA: X -y =0, X + 3y =0, X -
y-4=0,3x+y-12=0. Haiitu ypaBHeHuUs €ro 1uaroHaineni. Omeem:y =0; x=3

2.21. CocraButh ypaBHeHus Mmeauanbl CM u BeicoThl CK TpeyrosyibHHKa
ABC, eciiu A(4, 6), B(-4, 0), C(-1, -4).
Omeem :TXx—y+3=0-CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) npoBecTu npsiMyro: a) OTCEKAIOIIYI0 paBHbIE
OTPE3KH Ha OCSIX KOOpAuHAT; 0) mapamienbHyo ocu OX; B) HapaJuIeIbHYIO OCH
Oy. Omeem:x+y—-7=0;, y=2; x=5

2.23. 3anucath ypaBHEHUE NPSIMO, Tpoxoasien yepe3 Touky A(-2, 3) u
cocTasJisironielt ¢ ocsto Ox yrodi: a) 45°, 6) 90°, B) 0°.
Omeem::X—y+5=0-CM; x+2=0; y—3=0

2.24. Kakyro opauHaTy umeet Touka C, jiexkainas Ha OJJHOM IPSMOU ¢
toukamMu A(- 6, -6) u B(3, -1) u nmeromras abcruccy, paBHYIO 3? Omsem:y =9

2.25. Yepes TOUKy mepecedeHus npsMbix 2X - Sy -1 =0ux+4y-7=0
MIPOBECTH MPAMYIO, JEJSIIYI0 OTPE30K Mexay Toukamu A(4, -3) u B(-1, 2) B
oTHOIICHUH = 2 /3. Omeem:2x—y—-5=0;

2.26. VI3BecTHBI ypaBHEHHUS JIBYX CTOPOH pomba 2x -5y - 1 =0 u 2x - S5y - 34
=0 u ypaBHEHUE OTHOM U3 ero auaroHasie x + 3y - 6 = 0. Haiitu ypaBHeHue
BTOPOM AUAroHanu. Omeem :3X—Yy —23=0,

2.27. Haiitu Touky E nepeceuenus MenuaH TpeyrojibHUKa, BEPIIMHAMUA
koToporo sistores Touku A(3,1), B(7, 5) u C(5, -3). Omeem :E(3]1)



2.28. 3anucaTh ypaBHEHUS MIPSMBIX, MPOXOAsIIUX yepe3 Touky A(-1, 1) oz
yriaoM 45° k npaMoit 2x + 3y = 6. Omeem:x—5y+6=0; 5x+y+4=0

2.29. Jlanbl ypaBHEHUd BbICOT TpeyroiabHuka ABC 2x -3y +1=0,x+2y + 1
= 0 1 KoopAuHAaTHI ero BepmuHbl A(2, 3). Haittu ypaBaenus cropon AB u AC
TPCYTrOJIbHUKA. Omeem :2X—Yy—-1=0—-AB; 3x+2y-12=0-AC

2.30. /Janbl ypaBHEHHUS IBYX CTOPOH Mapaienorpamma x -2y =0, x-y-1=
0 u Touka nepeceyenus ero quaronaneid M(3, -1). Halitu ypaBHeHUs 1BYX Jpyrux
CTOPOH. Omgem:Xx—y—7=0; x—2y-10=0

IIpakTnueckas padora Ne 5 o reme
«KpuBble BTOPOro mopsiaKa»

Heasn: [IpoBepuTh ypOBEHb YCBOCHHS MaTepHraia 0 COCTABICHUIO YPABHEHUI
KPHUBBIX BTOPOTO TOpsiIKa (OKPY>KHOCTH, DIUIUIICA, TapaboJIibl, TUTIEPOOIIHI .

Bpema BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceegeHuA

2.3apaHue

3.JluctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA paboTbl
1.M3y4ynTb 3apaHue

2. I3yunTb TeopeTHnyeckme ceegeHuaA

3. BoinonHuTb 1 opopMuTb paboTy
4.[loKa3aTb pe3ynbTaTbl NpenogasaTesio
AomawHee 3apaHue

1.MMoarotoBUTbL OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Xoa padoTbi

Teopernveckue cBeaeHUs

Kpusasi BTOporo nopsiika Mos;ker ObITh 321aHA YPaBHEHUEM

Ax?+2Bxy + Cy? + 2Dx + 2Ey + F = 0.



CymiecTByeT cuctemMa KoOopArHAT (He 00s13aTeNbHO JEeKapTOBa MIPSIMOYTOJIbHAS ),
B KOTOPOH JaHHOE YpaBHEHUE MOXKET ObITh PEACTABICHO B OHOM U3 BUJIOB,
MIPUBEJICHHBIX HUXKE.

2 2

1) % + “Z—z =1 - ypaBHEHHE FJLUTUIICA.

2 2

X
2) =S+ Z—z =—1 - ypaBHEHHUE “MHUMOTO” AJUTUTICA.
a
x2 y2
3) —5- o7 =1 - ypaHeHue THITePOOITHIL.
a

4) a?x? — c?y? = 0 — ypaBHEHHeE JBYX N1€PECEKAIONIMXCS MPSAMBIX.
5) y? = 2pX — ypaBHeHHE apaboJIbL.
6) y?—a? =0 — ypaBHEHHE JBYX NApPaJICIbHBIX MPAMBIX.
7) y? + a? = 0 — ypaBHEHHE ABYX “MHUMBIX " NAPAJUIENBHBIX IPSAMBIX.
8) y? =0 — napa cOBIaJarOIMX MIPAMBIX.
9) (x—a)?+ (y — b)? = R? - ypaBHEeHHE OKPYKHOCTH.
OKpy:KHOCTB.

Omnpenenenue. OkpyarcHOCMbIO HA3BIBAETCS MHOKECTBO TOUYEK INIOCKOCTH,
paBHOYAAJICHHBIX OT JAHHON TOYKH (yenmpa).
B oxpyxnoctH (X —a)? + (Y — b)?2 = R? (1) uentp umeer koopauHatsl (a; b).
IIpumep. Haiitu koopAMHATBI LEHTpA U PATUYC OKPYKHOCTHU, €CIIA €€

YPaBHEHHUE 3aJ1aHO B BUJIE:
2x2+2y? - 8x+5y-4=0,

JIns Hax oK IeHUS KOOPAMHAT LIEHTPA U PAINyCca OKPYKHOCTH JaHHOE
ypaBHEHHE HEO0X0 MO TIprBecTH K BUay (1)1 3TOT0O BBIICIMM ITOJTHBIC
KBaJpaThl:

X2+y2—4x+25y-2=0

X2 —4x+4 -4 +y*+25y+25/16 -25/16 -2 =0
(Xx—2)>+ (y +5/4)2-25/16-6=0
(X —2)% + (y + 5/4)? = 121/16
Otcrona Haxogum O(2; -5/4); R =11/4.
DJLIINIIC

OnpeneﬂeHI/Ie. Onauncom HA3BIBACTCS MHOMKECTBO TOYEK IIJIOCKOCTH, CyMMa
paCCTOﬂHI/Iﬁ KOTOPBIX OO0 ABYX JaHHBIX TOYCK, HA3BIBACMbBIX gbOKyC(lMU, CCTb
BCJIMYMHA ITOCTOAHHAA, paBHAA 2a.

YPaBHCHI/Ie OJIJIUIICA UMCCT BUA:



2

-

2
+b2

QN| =

Omnpenenenue. PoKycaMu Ha3bIBAIOTCS TAKWE JBE TOYKU, CyMMa PACCTOSHHUM OT

KOTOPBIX J0 JF000M TOYKH DJIIMIICA €CTh IOCTOSHHAS BEIUYMHA.

aa

2 d X

ENE

F1, F2 — dokycer. F; =(c; 0); Fu(-c; 0)

C — IMOJIOBUHA PACCTOSIHHS MEXIy (DOKycaMu;

a — OoJIbIIIas MOJTYOCh;

b — manas moayocs.

Doxycroe paccmosnHue u noIyocu dIUNCA CEA3aHbl coomHoutenuem a2 = b? + ¢2,

I[OKaSaTe.HI)CTBO: B ClIy4dac, CCJIM TOYKa M HaxoauTCs Ha IICPCCCUCHUU

SJUIMAIICA C BEPTUKAIBLHON OCBIO, 1 + I, = 24/b° +¢? (o teopeme Iludaropa). B
cilydyae, €ciii Touka M HaxoAWTCs Ha MEPEeCeUCHUM DIUIUICA ¢ TOPU3OHTAIBHOMN
OChIO, I'1 + ', =a—C + a + C. T.x. no onpenenennro cymma i + r, — IOCTOAHHAsA
BEJINYMHA, TO , IPUPABHUBAS, OJIyYaEM:

a?=b? + c?

ra+r;=2a.

Onpenenenne. dopma syIUIICA ONPEACTIACTCS XapaKTEPUCTUKOH, KOTOpas
SIBIIICTCSL OTHOIIICHHWEM (OKYCHOTO pPAcCTOSIHHS K OOJIBINCH OCH M Ha3bIBaeTCs
IKCHEHTPUCHTETOM.

e=c/la. Txk.c<atoe<lI.

IIpumep. CoctaBUTh ypaBHEHHE NPSIMOU, MPOXOAsAIIeH uepe3 JieBbld (HOKyC U

2 2

X
HWXHIOKO BECPUIMHY JJIJIMIICA, 3aIdHHOT'O YPABHCHUCM: E + Y =1

16
1) Koopaunate! HuxHeil Bepmmsss: X = 0; y? = 16; y = -4,

2) Koopaunarsl nesoro ¢okyca: ¢>=a?—-b?=25-16=9; c=3; F»(-3;0).



3) YpaBHEeHHE IPSIMOM, IPOXOASINEH Yepe3 ABE TOUKH:

- 4
x—0 _y+4 X :y+4; 4x=-3y-12; 4x+3y+12=0

~3-0 0+4 -3 4

Ipumep. CocTaBuTh ypaBHEHHUE dyumnIica, eciim ero ¢okychl F1(0; 0), Fa(1; 1),

OombIast Och paBHa 2.

2 2

X
VYpaBHEHME dIUIMIICA UMEET BUA: — + ;;_2 =1. Paccrosinue Mexnay pokycamu:
a

2¢ = J(1-0)* +(1-0)> =+/2, TakuM 06pazom, a2 — b? = c? = %

10 yCIIOBHIO 2a = 2, cueyoBatenbHo a =1, b = va® —¢? =/1-1/2=+2/2.

2 2

Hroro: )lc_2+y_ =1

1/2

I'mnep6oaa.

Onpenenenue. I'mnep00s10ii Ha3pIBaGTCS MHOXXECTBO TOYEK IUIOCKOCTH, JIJISt
KOTOPBIX MOJYJb Pa3HOCTH PACCTOSHHHA OT JBYX JAHHBIX TOUYEK, HA3BIBACMBIX
(¢oxycamMu eCTh BeJIMUYMHA TOCTOSHHAS, paBHAs 2a, MEHbBIIIAs PACCTOSHUS MEXKTY
dbokycamu.

[To onpenenenuto Ir—rl=2a. Fy, Fo— doxycel runepbonsl. F1F, = 2c.




2
— y_z =1 KaHOHHMYeCKOe YpaBHeHHe runmepoo.abl.
b

['umepbona cUMMeETpUYHA OTHOCHTENBHO CEPEAMHBI OTpe3Ka, COCTUHSIOLIETO
(OKYyCBHI M1 OTHOCUTENBHO OCEN KOOPAMHAT.

Och 2a Ha3bIBaeTCH AeHCTBUTENbHON 0CHI0 TUNEPO0JIbI.

Ochb 2b Ha3pIBaeTcss MHUMOH OCHIO TUTIEPOOJTBI.

2¢ — poKyCHOe paccTosiHHE

DokycHoe paccmosnue u noayocu 2unepboivl C843aHbl COOMHOULEHUEM

c=a?+ Db

['unepOoiia UMeeT JBE aCUMIITOTHI, YPABHEHUS! KOTOPBIX y =+ —x.

Q| o>

C
OTHOIIEHHE e = — >1 Ha3bIBACTCI IKCHCHTPUCHUTETOM FI/Il'Iep6OJ'IBI, ra¢ ¢ —
a

MOJIOBUHA PAaCCTOSAHHUS MEXIy (okycamu, a — JACHCTBUTENbHAas MOJIYOCh.

IIpumep. Haiitu ypaBHEeHHE ruriepO0Ibl, BEPIIUHBI U (POKYChl KOTOPOM HAXOASITCS

2 2

X
B COOTBETCTBYIOIIMX BEpUIMHAX U (POKyCax 3IUIUICa e y? =1.

Jlnst snnumnca: ¢ = a2 — b2,

Jlns runep6ounsl: ¢ = a2 + b2,

B

o R}
[

X
YpaBHeHUE THTIEPOOJIBI: Y

&

IMpumep. CocTaBuTh ypaBHEHUE TUTIEPOOIIBI, €CITH €€ IKCIICHTPUCUTET PaBEH 2, a

2 2

X
DOKYCBI COBIIATAIOT ¢ (HOKYCAMHE HIUTHIICA C yPABHEHHEM —— +2— = |
25

9



Haxoaum pokycHoe paccrosinue ¢2 = 25 — 9 = 16.
Jlns runepboinsl: 2= a2+ b?2=16, e=c/a=2;c=2a; c>=4a’ a’=4;
b2=16 -4=12.

2 2

Uroro: XT —i}—z =1 - KICKOMOE ypaBHEHHUE TUTIEPOOJIBI.

ITapa0o.a.

IIapa6oJ10ii Ha3bIBAETCS MHOKECTBO TOYEK IUIOCKOCTH, Ka)aas M3 KOTOPBIX
HAXOJIUTCSl HA OJIMHAKOBOM PACCTOSIHMM OT JAHHOW TOYKHU, Ha3bIiBaeMoil (hokycom,
¥ OT JAHHOU MPSMOM, HA3bIBAEMOW JUPEKTPHUCON U HE TIPOXOIAIIEH depe3 POoKycC.

PacnionoxxuMm Hayvaso KOOpOIHHAT ITOCCPCANHC MCIKIY (bOKYCOM )51 HHpGKTpHCOﬁ.

Al

p/2

Bemnuuna p (paccTtosiHue oT ((okyca 0 JUPEKTPUCH) HA3bIBACTCS
napamMeTpoM mnapadosibl. BeiBeseM KaHOHUYECKOE YPAaBHEHUE MapadoIIbl.
W3 reomerpuueckux cootHomenunii: AM = MF; AM =X + p/2;
MF? = y2 + (X — p/2)?
(X +p/2)? =y* + (x — p/2)?
X2 +Xp + p?l4 = y? + X% — xp + pl4

y% = 2px
YpaBHEHUE TUPEKTPHUCHL: X = -p/2.
Ipumep. Ha napaGone y> = 8X HaWTH TOYKY, PAcCTOSHME KOTOPOH OT

JUPEKTPUCHI PABHO 4.



W3 ypaBHEHHUs 1apaboIIbl MOTyvYaem, 9To p = 4.
I = X + p/2 = 4; cnenoBaTenbHO:
X=2; y?=16; y=+4. Hckomsle Touku: M1(2; 4), Mz(2; -4).

Ipumep. Jlana napaGona y?> = 6x. COCTaBUTh ypaBHEHHE €€ IMPEKTPHUCH U
HalTH ee GoKyc.

CpaBHUBas JaHHOE YpaBHEHHE C KAaHOHMYECKUM YypaBHEHHUEM MapaboJIbl,

BUJIUM, 4TO 2P=6, p = 3. Tak kak ypaBHEHHUE JUPEKTPHUCHl UMEET YPABHEHUE X =

— g, a Gokyc — KOOpAMHAThI g u 0, TO I paccMaTpUBAEMOro ciiydasl IOJy4HM
3 3
YPaBHEHHE TUPEKTPUCHI X = — - U ¢doxkyc F (5; 0).

Omeem: x = —%, F G, 0).

3aaHusA NPaKTHYECKON padoThI
1. CocTaBuTh KAHOHHYECKUE YPABHEHUS:

a) auurica; 0) runep6oJibl; B) mapadoibl (A, B - Touku, gexaniie Ha
KpuBOH, F - Gokyc, a - GornpIras (IefcTBUTENBHAS) TOIYOCh, D - Manas (MHIMAas)
MOJIyOCh, € - AKCIIEHTPUCHUTET, y=*KX - ypaBHEHUs] aCUMMOTOT runepoosl, D -
JTMPEKTPUCA KPUBOH, 2C - (POKYCHOE paCCTOSHUE).

Bapuanr DJLIHIIC I'mnep06oJ1a ITapaboaa
1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4
2. b=2,F(442,0) a=7,¢e=A85/7 D:x=5
3. A(3,0), B2, +5/2) |k=3/4,e=5/4 D:y=-2

4, e=~21/5, A(-5,0) | A(420,3), B(4+/6,3./2) |D:y=1

5. 2a=22,e=+57/11 |k=2/3,2¢c=10:13 ock cummetpuu OX u
AQ27,9).

6. b=415,e=410/25 | k=3/4,2a=16 och cummeTpun OX U
A(4, -8).

7. a=4,F=(3,0) b = 2,f10, F(-11, 0) D:x=-2




8. b=4,F=(90) a=5,e=7/5 D:x=6
9. A0, 3), B({14/3 | k= -21/10,e=11/10 D:y=-
1)
10. e="7/8, A(8,0) A3, -+3/5), B(413/5 D:y=4
,6)

11. 2a=24,e= 2206 |k=.2/3,2c=10 ocb cummerpun OX u
A7, 7).

12. |b=2,e=1529/2¢ |k=12/13,2a=26 ock cummerpun OX u
A(-5, 15).

13. a=06,F(-4,0) b=3,F(7,0) D:x=-7

14 b=7,F(5,0) a=11,e=12/11 D: x=10.

15. A(-.17/3, 1/3), k=1/2,e= 5/2 D:y=-1

B(+/21/2, 1/2);

16. | c=3/5,A(0,8) A(+6,0),B(-242, 1) |D:y=9

17. 2a=22,=10/11 | k= .11/5,2c=12 ock cummetpun OX u
A(-7,5).

18. b=35,e=12/13 k=1/3,2a=6 ocb cummeTpun Oy u
A(-9, 6).

19. | a=9,F(7,0) b =6, F(12, 0) D:x = -1/4

20.  |b=5, F(-10, 0) a=9,¢=4/3 D:x =12

21. | A(0,-2), B(+15/2, |k=2410/2, £=11/9 D:y=5

1)




22.  |e=2/3,A(-6,0) A(+2,0),B(+20/3,2) |D:y=1

23. 2a=50,g=23/5 k= .23/14,2¢ =30 ock cummerpun Oy u
A4, 1).

24, b=2.15,6=7/8 k=5/6,2a=12 ocb cummeTpun Oy u
A(-2, 3/2).

25. | a=13, F(-5,0) b = 44, F(-7, 0) D: x = -3/8

26.  |b=7,F(13,0) b =4, F(-11, 0) D: x = 13

27. A(-3,0), B(1, k=.2/3,e=15/3 D:y=4

J15/5)

28. e=5/6,A00, +11) | A(32/3,1),B(3,0) |D:y=-3

29. 2a=30,£=17/15 |k=17/3,2c=18 ock cummerpun Oy u
A(4, -10)

30 b=22,e=7/9 k=.2/2,2a=12 ock cummerpun Oy

u A(-45, 15).

2. 3anucatb ypaBHeHHE OKPY:KHOCTH, MPOXOAsiIIeH Yepe3 YKa3aHHbIE TOUYKH U

HMellell HeHTP B TOYKe A.

2.1. Bepmunsl runep6onst 12x2 - 13y? = 156, A(0, -2).

2.2. Bepmunsl runep6oist 4x2 — 9y? = 36, A(0, 4).

2.3. ®okycel runepboist 24y? — 25x2 = 600, A(0, -8).

2.4.0(0, 0), A - BepmmHa mapabonsl y2 = 3(X - 4).

2.5. ®okycsl smurca 9x2 + 25y% = 1, A(0, 6).

2.6. Jlesnlii pokyc rumepbonsl 3x? — 4y? = 12, A(0, -3).

2.7. ®okycel aumnca 3X? + 4y? = 12, A - ero BepXHsis BEpLIUHA.




2.8. Bepmmny rumep6onnsr  x? - 16y” = 64, A(0, -2).

2.9. ®oxkycel runepdoast 4x% - 5y% = 80, A(0, -4).

2.10.

2.11

2.12.
2.13.
2.14.
2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

0O(0, 0), A - Bepmmna mapabonsl  y? = - (x +5)/2.

. TIpassii pokyc ammunca 33x? + 49y? = 1617, A(1, 7).

JleBb1it Qoxyc runep6onst 3x% - 5y% = 30, A(0, 6).

doxycel mnca 16x% - 41y? = 656, A - ero HUKXHsAS BEpIIHHA.
Bepumny runep6onst 2X% - 9y? = 18, A(0, 4).

doxycel runep6onsl 5x2 - 11y? = 55, A(0, 5).

B(1, 4), A - BepiunHa napa6onsl y2 = (x - 4)/3.

JleBbii Qoxyc ammmnca 3x? + 7y? = 21, A(-1, -3).

JleBy1o Bepmuny runep6oins 5x2 — 9y? = 45, A(0, -6).

doxycel smmnca 24x% — 25y% = 600, A - ero BepxHss BEPIIUHA.
[IpaByro BepmmHy rumep6oist 3X? - 16y? - 48, A(1, 3).

JleBblit Qpoxyc runep6onsl 7x% - 9y? = 63, A(-1, -2).

B(2, -5), A - Bepmmna mapa6oinsr x° = -2(y + 1).

[Ipasslii Goxyc smammnca X2 + 4y? = 12, A(2, -7).

[IpaByro BepmmHy runep6omnst 40X? - 81y? = 3240, A(-2, 5).
doxycel smmmnca X2 + 10y? = 90, A - ero HUXHsAS BEpILIMHA.
[IpaByro BepiuHy runep0osl 3X? - 25y? = 75, A(-5, -2).
doxycel runep6onst 4x2 - 5y? = 20, A(0, -6).

B(3, 4), A - Bepmmna napabonsl y2 = (x + 7)/4.

JleBbit poxyc smmnca 13x? + 49y? = 837, A(L, 8).

IIpasbiii hoxyc runepbonsl S7X2 - 64y? = 3648, A(2, 8).
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2. 3anumuTe KAaHOHMYECKOE YpaBHEHUE TUIEepOOIb.



3. 3anuuuTe KAHOHUYECKOE YpaBHEHHE MapaOoJIbl.
4. Yto Ha3bIBACTCS IKCUETPUCUTETOM BJUIHIICA?
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IIpakTHyeckas padora Ne 6 mo reme
« IIpenen ¢pynkumnu. HempepoiBHocTh pyHkunu. Touku paspeiBa»

Heas: [IpoBepuTh yMEHUS U HABBIKU CTYJICHTOB B BIYMCIICHUH MPEJIEIIOB,
PACKpBITUS HEONPEACICHHOCTEM.

Bpemsa BbinonHeHUA 90 MUHYT

MarepuanbHoe obecneueHue
1.TeopeTnyeckune ceeneHmA

2.3agaHue

3.JIuctA4

4.KanbKynatopbl

MopAaaoK BbinoNHeHUA paboTbl
1.3yunTb 3agaHmne

2. I3yunTb TeopeTnyeckme ceeeHunA

3. BoinonHuTtb 1 opopmutb paboty
4.MoKa3aTb pe3ynbTaTbl NpenogasaTento
JdomawHee 3apgaHue

1.MoarotoBUTL OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Xoa padoTbi

Teopernueckne nMoJI0KeHUs
[lepemenHas 1 mipeiea — 3T0 OCHOBHBIE TTOHATHS MaTEMAaTUYECKOTO aHaJIu3a.

JlocTaToOuHO HAMOMHUTB, YTO KJIFOYEBBIM CJIOBOM B OINPEACICHUAX TaAKUX
M3BECTHBIX CO IIKOJIbI MOHSATHUM KaK MPOW3BOIHAS U MHTErPaJI SIBJIICTCS CJIOBO
npenen.

IIpeaea pyHkumMu B TOUYKeE.

y f(x)

0 a-Aaa+A X




[Tycts ¢pynkuus f(X) onpenerneHa B HEKOTOPOH OKPECTHOCTH TOYKH X = a (T.€. B
caMoil TouKke X = a PyHKIUS MOKET ObITh M HE OIpeIeIeHa)

Onpenenenne. Uncno A Ha3biBaeTcs nmpeaeaoM ¢pynkinuu f(X) npu x—a, eciu
115t mroooro €>0 cymiecTByeT Takoe unciio A>0, 9To 1l BCeX X TaKHUX, YTO
0< |x-al <A Bepuo Hepasencreo |f(x) - Al<e.

To >xe onpeneneHne MOKeET ObITh 3aIIKCAaHO B IPYTOM BUJIE:
Ecmma-A<Xx<a+A, X#a, 1o BepHO HepaBeHCTBO A - € < f(X) <A +¢.

3anuce npenena GyHKIHUA B TOUKE: lim f(x) = 4
Onpenenenune, Eciu f(X) — A; ipu X — a TOJIBKO TIpH X < @, TO lim f(x)=4, -

Ha3biBaeTcs mpeaesioM yHkiuu f(X) B Touke X = a caeBa, a eciu f(X) — Az ipu X

—> a TOJBKO IpHu X > a, TO lim0 f(x) = 4, Ha3pIBaeTcs mpeneaom dynkiuu f(X) B
xX—a+

TOYKE X = a clpaBa.

f(

[TpuBeneHHOE BBIIIE OMPEEICHUE OTHOCUTCS K ciydaro, korna dynkmus f(X)
HE OIpEJENIEHa B CaMOM TOYKE X = a, HO OIPEAEIIEHa B HEKOTOPOM CKOJIb YIOJHO
MaJIOW OKPECTHOCTH 3TOU TOUKHU.

Ilpenenst A1 u A, Ha3bIBAIOTCA TaKXKE OJAHOCTOPOHHUMH IpeaeamMu
¢yukuun f(X) B Touke X = a. Takke ToBOpAT, YTO A — KOHEUYHBIH mpees
¢dyukmun f(X).

IIpenen pyHkuuM nNpyu CTpeMJICHUN APryMeHTa K 0€CKOHEYHOCTH.

Onpenenenne. Yncino A HaswiBaetcst mpenesom dyrkiuu f(X) mpu x—o0, eciu
11st moboro yucia €0 cymecTByeT Takoe yuciao M>0, 4yTo s Bcex X, |x|>M
BBITIOJTHSIETCSI HEPABEHCTBO



|A—f(x)|<£

[MIpu sTom mpenmonaraercs, 4to ¢yHkus f(X) ompeneneHa B OKpeCTHOCTH
OECKOHEYHOCTH.
3anuchIBAOT: lim f(x) = A.

X—>00

AHaJIOTUYHO MOYKHO ONpeACIUTDb Ipeaeabl lim f(x)=A O r06oro x>M u
lim f(x)= A4 pusa moooro x<M.

OcHoBHBIE TEOPEMbI 0 TIpeacJaiax.

Teopema 1. limC=C, rae C = const.

xX—a
Crenyronige TeopeMbl CIPABEIIUBLI IIPH MPEAoIokeHnd, uto Gynkuuu f(X) u
g(X) MEIOT KOHCYHBIC MPEACIIBI TPH X—>a.

Teopema 2. liin(f(x) *+ g(x)) =lim f(x)£lim g(x)
Teopema 3. lim[ f(x)- g(x)] = lim f(x)-lim g(x)
CaeacrBue. limC- f(x) = C-lim f(x)

lim £ (x)
Teopema 4. lim 2 8 = 2 oy P lim g(x) # 0

Teopema 5. Eciu f(X)>0 66auzu mouxu x = a u lim f(x)= A, mo A>0,

Amnanorudno onpenensercs 3Hak npezena npu f(X) <0, f(x) > 0, f(x) < 0.

Teopema 6. Eciu g(X) <f(X) <u(X) 6bauzu mouku x = a u lim g(x) = limu(x) = 4, mo

U lim=4.

x—a

Omnpenenenne. Oynknus f(X) Ha3pIBacTCS OrpaHUYEHHOI BOJIHM3M TOYKH X = a,
ecIM CyIIecTByeT Takoe uncio M>0, uto | f(X)| <M BO1m31 ToukH X = a.

Teopema 7. Eciu ¢pynxyus f(X) umeem xoneunwiii npeden npu x—»a, mo ona
ocpaHudena 60U3U MOUKU X = d.

BeckoHeyHO manbie GyHKLUUK.
Onpenenenne. Oynkuus f(X) Ha3pIBacTCS 0€CKOHEYHO MAaJIOH MMPU X—>a, I7e a

MOKET OBITh YHCJIOM WX OJHOM M3 BEJIMUMH 00, +00 UJIN -00, €CIIH lim f(x) = 0.
xX—a

CgoiicTBa 0€CKOHEYHO MAJIBLIX QYHKIIHIA:



1) Cymma (QUKCHPOBAHHOTO YHCIa OCCKOHEUHO MaJbIX (YHKIUH MPU X—>a TOXKE
OecKOHEYHO Manast PyHKIUA MPH X—>a.

2) TlpousBeneHne (GUKCHPOBAHHOTO 4YHCIAa OCCKOHEYHO MajbIX (YHKIMHA TpU
X—>a ToXe OECKOHEUHO Majasi GyHKIUS [IPU X—>a.

3) IlpomsBeneHne OECKOHEYHO Maslol (QYHKIUU Ha (YHKIHIO, OTPAHHYCHHYIO
BOJIM3U TOYKH X = a ABJIAETCS OECKOHEUHO MaJIoN (yHKIMEH Mpu X—>a.

4) YactHOoe OT JeCHHS OECKOHCYHO Masio (PYHKIMH Ha (QYHKIUIO, MpEAeIT
KOTOPOU HE paBEeH HYJIIO €CTh BeJIMUMHA OECKOHEUHO MaJasl.

beckoHeuHo 0oJibIINE (PYHKIUM U UX CBA3Db C 0€CKOHEYHO MAJIBIMU.

Onpenenenue. yHKIMA Ha3bIBACTCSI 0€CKOHEYHO OO0JIBIION MPHU X—>a, TIIE a

— YHCJIO WM OJHA M3 BEIIMYUH 00, +00 MM -00, €CIIH lim f(x) = 4, TIe A — YHUCIO
xX—a

WJIX OJHA W3 BEJIMYWH 00, +00 I -0,

CBs13b 0€CKOHEYHO OOJIBIINX U OECKOHEUHO MalbIX (PYHKIMN OCYILIECTBISETCS B
COOTBETCTBHHU CO CJIEAYIOIIEH TEOPEMOM.

Teopema. Ecau f(X)—>0 npu x—a (eciu x—»0 ) u ne odpawaemcst 6 Hob, MO

IIpumep. Haiitn npenen lim t,g ox
=0 8in 7x

Tak kak tg5X ~ 5x wm sSin7X ~ 7X mpu x — 0, TO, 3aMeHUB (YHKIHH

9KBHUBAJICHTHBIMHA 6CCKOHCLIHO MaJIbIMH, HOJ'Iy‘-II/IMZ
. tg5x . 5x 5
lim g =lim—=—=
-0gm7x 0 7x 7

3

ITpumep. Havitu npenen lim———.
P P P x>071 —COS X

2 3
Tax kaK 1 — COSX = 2sin’ > ~ 2 fj npu x—0, To lim —>—— = limx—2
2 2 x-0]—=cosx x—=0 L x>0
2

Hpumep. Haiitu ipeaen lim 'tgx

x>0 g1n x x>0 x

. X
:hm—zzoo.

Ecim o u B - OeckoHeUuHO Maible MpU X—a, IpudeM [ - OECKOHEYHO Majas
Oonee BBICOKOrO TOpsAJKa, 4eM o, To Y = o + [ - OeckoHE4YHO Majas,
HKBUBAJIEHTHass . OJTO MOXHO J0Ka3aTh  CJICAYIOUIMM  PaBEHCTBOM

lim1=lim(1+£}=l.

X—a a X—a a

Toraa roBopsT, 4ToO O - INIaBHASl YaCTh OECKOHEYHO Majol (DyHKIUH Y.



IMpumep. Pynkius x> +x — 6eckoHeYHO Majas npu Xx—0, X — IJaBHAs 4acTh

51oi Gpynknun. YToOkI MOKA3aTh 3T0, 3alMIIEM O = X2, B = X, TOoraa

2 2

. X . X+ X
lim— =0, lim
x—0 X x—0 X

=Iing(x+1):1.

HeKOTOPLIe 3aMeuaTe/JIbHbIC IIPEACIIbI.

P(x)

IlepBblii 3amMeyaTe/IbHBIN Ipeaet. limQ(—x, rae P(X) = apx" + aix™! +.. . +a,
X—>0 X

Q(X) = box™ + biXm-1 +...+bm - MHOrOUIEHEI.

a a a a
x"(ay + L+ 1) g +—+..+—
P(x) _ X x" _ nem X x"
X b b b b
o) x"(by + 4.+ ) by +—L+.. 4+
m m
X X X X
a a
dy+— 4.+ 4
lim X e
e bl bm
by+—+..+—2= 0
X x"

0, npu n<m
. P
Hroro: lim P _ a—o, npu n=m
=2 O(x) | b,
o, npu n>m

sin x
=1

Bropoii 3aMeuaTebHbIN Npeae. lim

x>0 x

X—>0 x

. . . Y
Tperuii 3aMeyaTeJbHBIN Mpeael. hm[l + —j =e

YacTo ecnu HEMOCPEACTBEHHOE HAXO0XKICHUE TTpeielia Kako — 1ub0 QyHKIMH
MPEACTABIIAETCS CIOKHBIM, TO MOXHO ITyTeM ITpeoOpa3oBaHus (PyHKIIMU CBECTH
3aJa4y K HaXO0XIECHUIO 3aMEUYaTeNbHbIX MTPENEIIOB.

KpOMe TPEX, U3JI0OKCHHLIX BBILIC, IPCACIOB MOKHO 3allMCaTb CICAYIOIMHC

ITOJIC3HBIC HA ITPAKTHUKC COOTHOIICHMA:
. In(l+x) _ a* -1 (I+x)" -1 _

li 1; lim =lIna; Im—=m
x—0 X x—0 X x—0 X

Hpumep. Haiitu npenemn.

. lgmx . mx m
lim &M i 2 22

=0sinnx 0 px R

Ipumep. Haiitu npenen.



lim 1gx—1g%, _ lim sin(x —x,) ~ im sin(x —x,) lim 1 1 1 1

=% x—X, % (X—X,)COSXCOSX, ¥ X—X, % COSXCOSX, cos’x, cos’x,

Ipumep. Haiitu npenen.

2 .
) ——sin(7 /4 —x) ]
sinx—cosx .. J2 . —sin(z/4—x) 1
im ——— = lim = lim =—
x—>r/4 72'_4x x—orl/4 7[_4x x—>r/4 2\/5(7[/4—)(:) 2\/5

Ipumep. Haiitn npenen.

yv=r/2-x
COSX

lim “lx=z/2-y i S0 /2=y) . siny 1
xo7/2 g —2x y—0 2y y—0 h%
T=2x=m—m+2y

Hpumep. Haiitu nipenern.

y=x-1

x+3 x+3 y+4 y 4
iml 23] chim FTHA) S Lotiml 2EA ] Chim1e ] im|1e 2] -
y o
4z z 4
={Z=Z}=lim[l+lj {nm(nln — e
4 Z—>00 Z Z—>00 Z
x> —6X+8

IMpumep. Haiitu ipenen  lim——.
pumep e x>2 x* —8X +12

JI1st HaX 0K ICHHSI TOTO TIpeJielia Pa3IoKUM Ha MHOXKHTEIIN YUCIIUTEIb U
3HaMEHAaTeJb IAHHOU JIPOOH.

X2 —6X +8=0; X2 —-8x +12=0;
D=36-32=4; D =64 - 48 = 16;

X1 =(6+ 2)/2 =4, X1 = (8 + 4)/2 = 6;

Xo=(6-2)2=2; X2 =(8-4)2=2;

Torma lim (x=2)(x=4) _ lim X_g
X_

2
=2 (X—2)(X—6) -2 4

V14 x4x2 —J1-x+x2
X2 —X

Hpumep. Haiitu npenen. Iing JOMHOXXHUM YHUCIIUTEIb U
X—>

3HaAaMCHATCJIb l]pO6I/I Ha COIIPSAKECHHOC BBIPA’XXCHUC!

. 1+ X+ X2 -1+ x—x> . 2X _
lim =lim =
D0y (X =D+ X+ X% +V1=X+%X2) O x(X—D(V1+ X+ X* +y1—x+x?)




2 —
~1-(1+1)

Ipumep. Haiitn npenen.

2_
im0 e st 6= (- 2)x—3)}=lim

(x-2)(x-3) _3-2_1
=3 x* -9 =3 (x=3)(x+3) 3+3 6

3 2 _
IHpumep. Haiitn npenen lim al ?x =6
Wi x"=3x+2

Pa3noxum yuciuTenb 1 3HaMEHATeIb Ha MHOKHUTEIIN.
X2-3x+2=(x-1)(x-2)
X3 —6x2+ 11x — 6 = (X — 1)(x — 2)(x — 3), T.K.

x3—6x2+11x—-6 x-1

x3 — x? X2 —5x+6
- 5x2 + 11x
- 5x% + 5x
6X - 6
6x - 6
0
X2 —5Xx+6=(X-2)(x-23)
Torna lim (=D =2(x=3) __,
ol (x=1)(x=2)
Hpumep. Haiitu npenen.
2sin 2a+2h cos% —2sin(a + h)
lim sin(a +2h) — 2512n(a +h)+sina ~lim 2 22 lim 2sin(a + hz(cosh— 1) _
h—0 h h—0 h h—0 h
a— 1 2
= 2limsin(a +h)-1im25m—(h2/2) =2sina-(~1/2)=—sina
h—0 h—0 4(h / 2)

3ajaHusA NPaKTHYECKO padoThI

1.HajiTn yka3aHHbIe MpeaeJibl.

2 3 2
. —-Sx+6 ) -t 42

1.1. tm r;{—xomeem:E 1.2. lim il j il omeem 1
=2xt —12x+ 20 8 =0 x4
 b+x-xt o o2xt—x-—1

1.3.

- omeem — — A4, ———— omeem . —
¥=a3 o x? Y 27 ¥l 3yt —x -7



2x? —7x+4 omeem . nem 124 x— x* omeem:uem

15 bm—=——= 1.6. tim —= =
#=2 x® —Sx 46 pewenus ¥23 xF _07  pewenus
o 3Rt 4rx-1 . oxt—dx-3
1.7. % omeem:E 1.8. xg—x omeem:E
¥l et ] 9 Foml s Py 4
p _ 7
1.9. lm w om@em:—ﬂ 1.10. tlim w omeem 1
Ll O e o 3 ¥=3 Dyt —hr =3
I R
111 im0 omeem:2 112 fm 225 omgemi-1
=iyt +x-6 5 =l oz 41
16 C 4xf 11x-3
1.13. :— omeem:§ 1.14. ;{2—:{ omeem:E
= xt ta -2l 9 Ll S 4
I I 2 _
1.15. tim M omeem:1 1.16. lm w omeem:g
R Axt -Tx+3 5 ¥ 3x +8x +4 4
2 _ T 4.
1.17. lm w omeem:§ 1.18. tim % omeem:0
E=l Tt b2 5 E=llyt p Dy 2
2 - 2_ omeem Hem
1.19. lim w omeem 1 1.20. lm w
F==l Dt L T 1] ¥ o 2 peuleHusl
2 _ 2 - omeem Hem
1.21. lim E‘Zﬂonwem:—1 1.22. lin M
=3 oy 3y — 10 7 e N e L | peuterHus
= Sxt 4 1lx -2 . xt-5x-14
1.23. xﬂ il om@em:—g 1.24. XE—X omeem:g
=1 Iyt —x—10 11 ¥=27 Dxt Gy — 35 19
2 _hr— 2 omeem Hem
1.25. lin womgem:% 1.26. lm w
Fd 2xt —3x—35 17 w3 xt —fx— 27 peuwenus
2 e 4 -
1.27. fm 222730 em:d 1.28. fin 25 F1178 em: ]
=i Dt +11x 40 3 ¥ 5 L 25x 4+ 8 23
T . 3 B
1.29. lim 3?:22—?:40 omeem:g 1.30. tin w omeem:Z
Ll R 5 Fo3 s L 10x 4+ 3 8

2. HaiiTu yka3aHHbIe npeeJibl

2t +11x+15 o 2x%45x—-10  omeem.nem
2.1. lin xj—x omeemti 2.2. lim %
¥==d Sxt +5x-12 13 w1 =1 peuterus
3 2 .
. —3x+2 . Ex*+2x+1 omeem . Hem
2.3, tim =222 gem:0 2.4, fp 2 TS

=1 x3 —dx+3 =1 I3 —8 peuterus



4 _ 2 3. omeem .Hem
25. fm XX I om0 2.6 lim 2% 271
¥l ¥ +1 ¥—=1 =1 peuteHu:
4 _ 2 omeem Hem
2.7. XE—M omeem . — 2.8. lim gx;?x
=3 5x" 431 -3 23 =2 x4 dx+4 peuierus
‘-1 . 2xt+7x-4
2.9. z,x—omeem:—Z 2.10. lim XE—X omeem . — —
¥l gt A+ 2 e A e | 16
2 _ 32 _
2.11. lim WOmeem:— 2.12. lim w omeem . —
=5 0xt +11x+5 =l -2 2
2 —2x+1 -8
2.13. ————— omsem:0 2.14. lim ————  omeem:—12
=l 2xt =TTx+5 =2 axt =9x+10
2 _ 3 — omeem .Hem
2.15. fim X T2 em X 216w I
¥ x4 42 Bl p¥ et =] pEUeHUs
3 A2 4 o2
217, T em:Y 218 4m 2E H em:3
=0 3xt +Tx =Looxt -1
2 — 1 omeem ‘Hem 2
2.19. fim 2% 2771 220, m 250 gem: - 2L
¥33 xi_§x4 6 peueHus =St 4125 75
2 _ 3
221t * 2 em: 1L 2.22. by S omeem:6
D | 48 ¥l o —1}.’4
. X 4+3x-28 o 32 +11x410
2.23. lim il - il omeem E' 2.24. lim xj—x omeem 0
¥—d = dx =l ot hr4 14
x4 =4 . xi 4 x
2.25. lim ————— omeem . 2.26. limn — omeem 0
A 3t +x - 10 11 =04x® —5x+1
o 2xt-11x-6 fpx-24
2.27. lim J;—x omeemtE 2.28. lin x3—x omeem 0
¥f Apt — Dx 412 6 ¥=-6 Dp® 4 155+ 18
o =2x-4 P64
2.29. lim Z—x omeem:—E 2.30. lim f— omeem . —
=2t —11x+18 7 W g Wiy 4 29

3. HaiiTu ykazaHHbIe npeaebl
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KOHTpOJILHbIe BOIIPOCHI

1. JlaiiTe onpenenenus npesena PyHKIIUN B TOUKE.
2. Kakue TUIbl HeONPEeIEICHHOCTEH BaM U3BECTHBI?

0
3. Kak u36aBuThCs 0 HEONPEAETECHHOCTH 0 ?
C
4.Yemy paBHO 3HaueHHE npeaena GyHKIMH MPU HEOMPEIETICHHOCTH 0 ?

0
5.Yemy paBHO 3HaUeHUE Tpeena GyHKINN IPU HEOTIPEACTIEHHOCTH — ?
c

6. 3anmucaTh 3aMeYaTeIbHbIC IIpCacikbl.

IpakTnueckasi padora Ne 6 mo reme
«IIpenen pynkuun. HenpepsiBHOCTD pyHKIUM. ToukH pa3pbiBa»

Heab: Hay4UTHCS BBIYMCIATH MPEAEIIbl,UCCIEN0BaTh QYHKIUIO HA
HENPEPBIBHOCTh, KIACCU(PUIIMPOBATH TOUKU Pa3pbiBa, CTPOUTH I'paduKu
GyHKLIMA.

Teopernueckne nMoJI0KeHUs

HenpepbiBHOCTH QYHKIMHU U €€ Pa3pPbIBbI.

Onpenenenne. Dynkius f(X), onpeneneHHas B OKpeCTHOCTH HEKOTOPOH TOUKH
X0, HA3bIBACTCSI HEMPEPBIBHOM B TOUKeE Xo, €CITU Tpeie] GYyHKIIMU U €€ 3HaYCHUE
B 3TOW TOUYKE PaBHBI, T.€.

lim f(x) = f(x,)
ToT ke (pakT MOKHO 3amucarh uHaue: lim f(x) = f(lim x)

Omnpenenenne. Eciu pynkuus f(X) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOYKU
X0, HO HE SBIACTCS HENPEPBIBHOW B CaMOW TOYKE Xo, TO OHA Ha3bIBACTCA
pa3pbIBHOM (DyHKIIHMEH, a TOUKa Xo — TOYKOM pa3phIBa.

[Tpumep HenpepbIBHOM (PYHKITUU:



f(Xo0)+e
f(xo)
f(Xo)-¢ /
|
0| Xo-A Xg XotA X

[Tpumep pa3priBHON HYyHKIUU:

f(Xo)t+e
f(Xo)
f(Xo)-S

x
[ A W I I S
X

CaolicTBa HeNpPePbIBHBIX (PYHKIUI.

1) Cymma, pa3HOCTh W TIPOU3BEJCHUE HEMPEPHIBHBIX B TOYKE Xo QYHKIUNA —
ecTh QyHKIIUS, HETIPEPHIBHASI B TOUKE Xo.

()

2) YacTHOE OBYX HENPEPBIBHBIX (QYyHKLIUN 0 €CTh HenpepbIBHAsA (DYHKIUS
g

HpH ycJioBHH, 4TO §(X) HE paBHA HYJIIO B TOUKE Xo.

3) Cyniepnio3uiivs HEMIPEPHIBHBIX (PYHKIIUN — €CTh HEMpPEephIBHAS (DYHKIIHSL.
OTO CBOWCTBO MOKET OBITH 3aITUCAHO CIEAYIOMINM 00pa3oM:

Ecmu u = f(x), v = g(X) — HenpepbIBHBbIE QYHKIIMH B TOYKE X = Xg, TO QYHKIHS
v = g(f(x)) — Toxe HenpepbiBHAsT QYHKIIHS B 3TOM TOUKE.

Touku pa3pbiBa U UX KJIaCCH(PUKALMS.

Paccmotpum HekoTopyio ¢yHkmuto f(X), HempephIBHYIO B OKPECTHOCTH TOYKH
X0, 32 HUCKJIIIOYEHHEM MOXET ObITh caMoi 3Tod Touku. M3 omnpeneneHus TOYKU
paspbiBa QYHKIMH CIEIYET, YTO X = Xo SIBJSICTCS TOUKOW pa3pbhiBa, €Cli (PyHKITUS

HE OIpeJieJIeHa B OTOW TOUYKE, UJIU HE SIBIISIETCS B HEHM HEIIPEPBIBHOM.



Crnenyer OTMETUTH TaKkKe, 4YTO HEMPEPHIBHOCTh (GYHKIIUUA MOXKET ObITh
oHOCTOpOHHEH. [TosicHUM 3TO cleayIomUM 00pa3oM.

Ecnu onHocTOpoHHMHM mpenen (CM. BBILIE) lim f(x)=f(x,) , TO byHKUIHA

Ha3bIBACTCA HCHpepBIBHOﬁ CIIpaBa.

—
Xi

Eciu onmHocTopoHHUMET Tmipenen (CM. BBIIIR) lim0 f(x)=f(x,) , TO (QYHKIHSI

Ha3bIBACTCs HETIPEPHIBHOM CIIEBa.
Omnpenenenne. Touka Xy Ha3pIBaeTcs TOYKO# paspbiBa pyHkiun f(X), ecmm f(x)
HE OIpe/ieieHa B TOUKE Xo UJIM HE SIBJSIETCS HEMPEPHIBHOM B ATOW TOUKE.
Omnpenenenue. Touka Xo Ha3pIBa€TCs TOYKOM paspbiBa 1- ro poaa, eciu B 3TOU
touke ¢yHkiwms f(X) uMeeT koHeUHBIE, HO HE paBHBIC JAPYT APYTY JEBBIA U MPABbIA
Ipeebl.
lim f(x)# lim f(x)

X=Xy +0 x—x,—0
JI1st BBITIOJIHEHUS YCIIOBUM STOTO ONpeNesieHusi He TpeOyeTcs, 4ToObl (pyHKIHS
ObLIa oIpenesieHa B TOUKE X = Xg, JOCTATOYHO TOr'0, YTO OHA OIpe/elieHa cieBa U
crpaBa OT Hee.

W3 ompenenennus MOXHO caeiaTh BBIBOJ, YTO B TOYKE paspbiBa 1 — ro pojaa
(GYHKIIUS MOXET HMETh TOJBKO KOHEUYHBIH CKa4oK. B HEKOTOPBIX YacCTHBIX
CIy4dasix TOUKY pa3pbiBa 1 — ro poja elie MHOTJa Ha3bIBAOT YCTPAHUMOM TOUYKOU
pa3pbiBa, HO MOAPOOHEE 00 ITOM MOTOBOPUM HUXKE.

Omnpenenenue. Touka Xo Ha3bIBAETCA TOYKOM pa3pbiBa 2 — 1o poja, €Clid B dTOU
touke QyHnkus f(X) He uMeeT XOTst OBl OTHOTO U3 OJHOCTOPOHHHX MPEICIIOB WK
XOTsI ObI OJTUH U3 HUX OECKOHEUEH.

IMpumep. Oyuxius dupuxie (dupuxie Ilerep N'ycraB(1805-1859) — Hemerkuit

MaTeMaTHK, 4ieH- koppecnonaeHT [letepoyprckoit AH 1837r)

I, x— payuonanvnoe yucno

f(X)={

0, X —UppayuoHajibHoe YUClo

HE SIBJISIETCSI HETIPEPHIBHOM B JIFOOOM TOYKE Xo.



IMpumep. Oynkuus f(X) = 1 umeer B Touxe xo = 0 TOukKy pa3psiBa 2 — ro poja,
X

T.K. lim f(x)=+o0; lim f(x)=—0.

-10

sin x

Ipumep. f(x) =

X
qDYHKHI/IH HC OIIPCACIICHA B TOYKC X = O, HO MMEET B HEH KOHEUYHBIN npeacia

lim f(x) =1, T.. B TOUKE X = 0 dbyHKIMA UMeeT TOUKy pa3pbiBa 1 — ro poaa. 1o —

yCTpaHUMasi TOYKa pa3phiBa, T.K. €CIU JOONPEAeTUTh (YHKIIHIO:

sin x
—, npu x#0

S)=9 x
I, npu x=0

['padux >ToM DyHKIMH:

e S - WA
Vo WV

IMpumep. f(X) = iz{l’ npu x>0

|x| -1, nmpu x<0



D

-1
Ota QyHKIMS Takke o003HavaeTcs Sign(X) — 3Hak X. B Touke X = 0 GyHKIUSA HE
ompeneneHa. T.K. JIEBBIH W TpaBblid TpeAenbl (YHKIUW pa3IddHbl, TO TOYKA
paspeiBa — 1 — ro poga. Ecnu moonpenenuts ¢GyHKIHIO B Touke X = 0, MTOJT0XKUB
f(0) = 1, To Pynkuus Oynmer HempepbiBHA crpaBa, eciu moyoxuth f(0) = -1, To
GyHKIUS OyneT HempephIBHOW ClieBa, ecii MoyIokuTh f(X) paBHOE KakoMmy- JIMOO
quCciy, OTIMYHOMY OT 1 wiu —1, To ¢pyHKIMs He OyAeT HelmpepblBHA HU CJIeBa, HU
crpaBa, HO BO BCEX Cllydasix TeM He MeHee OynaeT uMeTh B Touke X = () pa3psiB 1 —
ro pona. B atom mpumepe Touka paspsiBa 1 — ro poja He SBISIETCS YCTPaHUMOM.
Taxum obpazom, aJst TOTO, YTOOBI TOUKA pa3pbiBa 1 — ro ponaa Opuia
YCTPaHUMOM, HEOOX0IUMO, YTOOBI OTHOCTOPOHHHUE TIPE/IETIbI CIIpaBa U CJIeBa
OBLIIM KOHEYHBI ¥ paBHBL, @ (YHKIMA OblIa OBl B 3TOM TOYKE HE ONpe/eieHa.
IIpumep. VccnenoBarh Ha HENPEPHIBHOCTh (DYHKIMIO M OMPEACIUTH THIT TOUYEK

Ppa3pbiBa, CCJIU OHU CCThb.

x+4, x<-1
f(x)=4x"+2, —-1<x<1

2x, x2>1
lim f(x)=3 lim f(x)=3
lim f(x)=3 lim /(x)=2
B TOYKE X = -1 (pyHKIIMS HEMpephIBHA B TOUKe X = | Touka paspbiBa 1 —ro

pona

&




IIpumep. VcciienoBaTs Ha HENPEPHIBHOCTD (PYHKIMIO U OMIPEACIUTD THI TOUYEK

pas3pbiBa, €CJIA OHU €CTh.

cosx, X<0
f(x)={x*+1, 0<x<1
X, x>1
Jim, 1(9=2 fim, 1 =2
Ji, £09=1 fim, 0 =1

B Touke X = 0 QyHKIMS HETpephIBHA, B TOUKE X = | Touka pa3psiBa 1 —ro poaa

~_ .

-m /2 0 1 X




4.4.10. T abmrnia 9% PHEATSHTHEIX 060K 0HEYHO MATBIX.

SOeck ME C DoMOLIRE paccMoTpedHex B 4.4.7 npegencs cocTaBuM TabNHUY SKEHEBATEHTHER
EM dyurmui o BRImmueM CIeIVECIHE W2 HIX BEIPAXEHNA IIA CIABHEE dacTedl (0HH DoO9EpKHVTEL.

SHEHBANEHTHOCTE TpHX—) Tnaemas yacte opu x—0
l.sinx ~x 1. sin x = x+oix)
2.1-cosx~xi2 2. 1-cosx =xz£+o(x2):>cos x= 1—x2f2+0(x2)
Jtgx~x 3 tgx =xtolx)
4. arcsinx ~x 4. arcsin x =x+oix)
3. arctegx ~x 9. arctg x =xto(x)
f.a-loxlnae-l-x 6.a—1=xln atolx)=a" = 1+xln atolx)

e —1 =x+o(x) )= &" = 1+ x +o(x)

T log, (1) ~x logae; In(1+x) ~ x 7 logs (1+x) =x logaetofx); In{1+x) = x+oix)

8. (1)1 ~ax 2. (14" - 1= axtolx)= (1) =1 + axtolx)

9 shx-~x 9. shx =x+oix)

10, chx - 1~ x%2 10, chx - I=x¥2 o= chx = 1 +2724gid) |
1g5x

Hpumep. Haiitu nipexen lim—
=0 81n 7x

Tak kak tg5X ~ 5Xx wm sSin7X ~ 7X mpu X — 0, TO, 3aMeHUB (YHKIMH

SKBUBAJICHTHLIMHA OCCKOHEUHO MaJIbIMH, ITOJITYUYHNM:

lim 8% _ jim 2X 2
x—0 §1n 7x x>0 Tx
3
ITpumep. Havitu npenen lim————.
P P P x-01—CcoS X
2 3 3
_ .2 X X . X . X .
Tak kak 1 — COSX = 2sin’ = ~2| = | mpu x—0, T0 lim ———— =lim — =1im2x =0,
2 2 x—0 1 —COSX x—0 X x—0
2
IIpumep. Haiitu npenen lim—— = limi2 =0
x—0 SIn x x—0 X



3agaHus NpaKkTHYeCcKoil padoThl

Bana}me 1.Haiitu MpCaciibl, HCIIOJIB3Y 9KBUBAJICHTHLIC OCCKOHEYHO MaJlbie

(GyHKLIHH.

2
2.1 tim 2U5E) >

rl g 5yt 5

23 ]J.msin?x

omeem .
x—=0 ﬁgzx

25 fim arcigbx
02 3y
sth Dx

2.7. lm

=0 arofe2x

omeem .

ax _
2.9, fim &1
=0 ngx

omeem .

2.11. lim cos3x—cosx omeem:.—2

=0 2:,:3

2.13. lim arcig3x omeem .—

T Inf 14 22) 2
3x
2.15. lim E_ ! omeem . —
=0 o 2x
2.17. tim Sm(;—_'_z} omeem:i
=1 37 48 12
3 —
2.19. lim Rl omeem .48
=4 fg(x—r_'].)
3
2.21. tim M omeem 2
¥—=0 2}{
. S Sx
2.23. lin —— =" omeem :—
=0 n{14+2x) 2
Sx _
2.25. lin ® ! omeem:E
=0 fedx 2
2.27. lim sn(x—3) omeem : —

A s 27

meem .——

2.2. lin M omgemi§

¥—=0 ﬁggx
I
2.4. lim f—l omeem . —
=0 0 4 27 % 9
. Arcsin 3x
2.6. im —— =" omeem:—
x—=0 2:,[— 2

28, fip 2U+3x)

_ omeem ' —
w0 ain 2x 2

2.10. lim sm(z—%) omeem 1

=3 xt _ Sx 46

2.12. tm ﬂ omeem:g

¥—0 4?:2
2.14. lim w omeem :é
=0 felhx 5

¥—=-2 xg — 4

2.16. lim M omeem:—%

2.18. lLm w omeemi1
#=0 pody

290 cosax —cosdzx

. him omeem .2

=0 31’2

2.22. lim arcigdx omeem:g

¥—=0 fgzx
2.24. lim arcsin 8x omeem:2
=0 fedx
2.26. fin PLTAR

_ gem . —
w20 o 2x 2

2.28. tim BEF)

N



2.29. tim 1~ cosdz omeem 1

w1 21’2

3ananme 2. NccnenoBath nanHble (GYHKIMHA HA HETIPEPHIBHOCTh U TOCTPOUTH UX

rpaduKu.
X+4,x< -1,
2.1, f(x)={x*+2,-1<x<1,
2X, X >1.
X+2,x<-1
2.3. f(x)=¢x""-1<x<1
-X+3,x>1
—-2(x+1),x<-1
25. f(X)={(x+1°%-1<x<0
X, x>0
x*+1,x<1
2.7. f(x)=42x1<x<3
X+2,Xx>3
V1-Xx,x<0
2.9. f(x)=40,0<x<2
X—2,X>2
sinx,x<0
2.11. f(x)={x0<x<2
0,x>2
x=1,x<0
23.13. f(x)={x*,0<x<?2
2X,X>2
-xXx<0
2.15. f(x)={x>+10<x<2
X+1,x>2

2.30. lim In(1+ 57) omeem:g

w0 o A

X+1,x<0
2.2. f(X)={(x+1D)?*0<x<2
—X+4,X>2

—-X,X<0
24. f(x)=4-(x-1)*0<x<2
X—=3,Xx=>2

-X,X<0
2.6. f(x)={x*0<x<2
X+1,x>2

X—3,x<0
2.8. f(x)={x+10<x<4
3+X,X>4

2x3,x<0
2.10. f(x)={x,0<x<1
2+ X, X>1

T

2
2.12. f(x)= O,%<X<7z

COSX,X <

2, X>71w

Xx+1,x<0
214, f(x)=4x*-1,0<x<1
-X,x=>1

X+3,X<0
2.16. f(x)=4{10<x<2

x2—2x>2



Xx=-1x<0 -X+1x<-1
2.17. f(x)=1sinx0<x<~x 2.18. f(x)=4x*?+1-1<x<2
x>z 2X, X > 2
1, x<0 —X+2,X<-2
2.19. f(x)=420<x<2 2.20. f(x)=4x*-2<x<1
X+3,x>2 2,x>1
3X+4,x<-1 X, x<1
221, f(x)=4x?-2-1<x<2 2.22. f(x)=4(x-2)*1<x<3
X, X>2 -X+6,x>3
x-1x<1 X3 x< -1
2.23. f(X)=4x*+21<x<2 2.24. f(x)={x-1-1<x<3
—2X,X>2 —X+5Xx>3
X, X <=2 X+3,x<0
2.25. f(X)=1-x+1-2<x<1 2.26. f(x)=4-x*+40<x<2
x> -1,x>1 X—2,X>2
2.27. f(x)=4x*-1-1<x<2 2.28. f(x)=4{cosx,0<x<rx
2X, X > 2 1-x,x>x
2,x<-1 -X,x<0
2.29. f(X)=<1-x,-1<x<1 2.30. f(x)=4x*0<x<2
Inx,x>1 X+4,X>2

3ananme 3. UccnenoBath nanHbie (YHKIIMA HA HETIPEPHIBHOCT B YKa3aHHBIX
TOYKaX

1
31 f(0=2""+1 x=3 x,=4

1

3.2. f(x)=52-1 x,=3, x,=4

&&f@ﬁli; X, =2, X, =3

-5
3.4. f(x :X—, X, =—2, X, =-3
(=" x=-2x%



1
3.5. f(x)=4%* +2,

X, =3, X, =2

1
3.6. f(x)=9%*, x,=0, x,=2

1

3.7. f(x)=2*5 +1,

X, =5 X,=4

1
3.8. f(x)=5**-1 x,=3, x,=4

1
3.9. f(X)=6*3+3, x, =3, X,=4

1
3.10. f(x)=75*+1, x =5, x, =4

3.11.

3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

4.22.

X—3

f(xX)=—>, % =-5 x,=-4

) x+4 " 2
X+5

f(X)=E, X =3, X, =2
2

f(x)=5*2%, x =3 Xx,=4
2z

f(x)=4*1-3, x =1 x,=2
5

f(x)=2*-1, x,=0, x,=1
A

f(x)=8*2-1, x,=2, X,=3
4

f(x)=5**+1 x,=2, x,=3
3X

f(X):m, X1=5! X2:4
2X

f(x)=X2_1, X =1 Xx,=2

3

f(x)=2%2 +1,

3

f(x)=4%2 +2,

2

f(x) =31 -2,

X, =-2, X, =-1

X =2, X, =3

X =-1 x,=0



3

3.23. f(x)=5**+1, x,=-5, x, =—4

3.24. f(x)=%, X, =-2, X,=-1

3.25. f(x)=§;+;1, X, =3, X, =—2

3.26. f(x):);—:rg, X, =3, X, =4

4

3.27. f(x)=3"*+1, x,=1, x,=2

3.28. f(x)=X4—J:(5, X, =5, X, =—4

2

3.29. f(x)=6%*, x =3 x,=4

3.30. f(x):%, X, =2, X, =3

KoHTpoJsibHBbIE BOIPOCHI
1.Kakue BeTnyrHbI Ha3bIBAIOT OECKOHEYHO MAJIBIMU OJTHOTO MOPSIAKA MAJIOCTH?
2. Kakue BenmnuuHbI HA3bIBAIOT YKBUBAJIECHTHBIMHA OECKOHEYHO MAJIBIMU ?

3. Kakas pyHKIMs Ha3bIBa€TCA HEMIPEPHIBHOM B TOUYKE?
4.CKOJBKO U3BECTHO BaM TOYEK pa3pbiBa PyHKIUHU, KaKUE?



IIpakTHyeckas padora Ne 7 mo reme
«HaxoxaeHue npou3BOAHOMN CJI0KHOM PyHKIUH. ['eoMeTpUYeCKUl CMBICI
npousBoaHou. Jludpdepenuuan pynkuum»

Heab: HAYYUTHCS HAXOXIUTH MPOU3BOIHBIC MIEMEHTAPHBIX U CIOKHBIX
GbyHKITUH.

Bpems sbinosHeHna 90 MUHYT

MartepuanbHoe obecneueHue
1.TeopeTnyeckme ceeneHmA

2.3apaHue

3./InctA4

4.KanbKynatopol

MopaaoK BbinoNIHEHUA PA6OTDI
1.U3yunTb 3agaHme

2. N3yunTb TeopeTnyecKkmne ceeseHusn

3. BoinonHuTb 1 0dopMuTb paboTy
4.Mokas3aTb pe3ynbTaTbl NpenoaasaTento
AomawHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/1IbHbIE BOMPOChI
Xoa paéoTbi

KpaTkue TeopeTrnueckue cBeJeHUsl.

Ilpouszeoonan pynkyuu, ee cecomempuueckuii U uudecKuii CMolci.

Omnpenenenue. [IpousBoanoii pyukmu f(X) B Touke X = Xo Ha3bIBACTCS MPEEI
OTHOIICHUS MTPUPAIEHUS (PYHKIUU B 3TOM TOUKE K MPUPAIICHUIO apTyMEHTa, €CIIN
OH CYILIECTBYET.

Ax—0

ooy = e S FAD) = f(X)
JS'(x) = lim ™




Af

[Tycte f(X) ompenernena Ha HekoTopoMm mpoMexyTtke (a, D). Torma tgﬂ=E—

TaHIeHC yIJIa HakJioHa cekyied MP k rpaduky QyHKINH.

. Af . .
AIlmoA— = f'(X,) =tga =K — reoMeTpHYeCKHH CMBICJI IPOU3BOTHOH
X—> X

TJIe O - YroJI HaKJIOHa KacateabHOH K rpaduky ¢pynkmnuu f(X) B Touke (Xo, f(Xo)).
K —yrnoBoii koapunmrent kacateabHOM.

VYron MCIKAY KPUBBIMHU MOIKCT OBITH OIIPCACIICH KaK YIoJ MCXKAY KaCaTCIIbHbIMU,
IMPOBCACHHBIMHU K 3THUM KPHUBLIM B KaKoii- 1100 TOYKe.

YpaBHeHHe KacaTeJIbHON K KPUBOH y —y, = f'(x,)(x—x,)

YpaBHeHHe HOPMAJIM K KPUBOH y—y, =— (x—x,)-

L

S(x)
daxTHuecku Mpou3BoAHAs (YHKIIUU MOKA3BIBAECT KaK U3MEHSAETCS (DYHKIIHS IPU

W3MEHEHUH MIEPEMEHHOM.

duznyeckmii cMbIca npou3BoaHoil pynkuun f(t), rue t- Bpems, a f(t)- 3akon

JBUKEHUA (MI3MEHEHUS] KOOPJUHAT) — MCHOBEHHAA CKOPOCMb

osurcenusa. CoOTBETCTBEHHO, BTOpasi MPOU3BOAHAS (PYHKIIUU- CKOPOCTh

WU3MEHEHUS CKOPOCTH, T.€. YCKOPEHUe.

OcHnognule npasuna ouggepenyuposanusi.

O6o03naunm f(x) = u, g(X) = v- pyskum, quddepeHmrpyeMbie B TOUKE X.
1) (uztv)'=u’#v’

2) (Uv)'=uv’+u’v
3)(%) SUVTVU v %0
v

2 M
\%

IIpon3BoaHbLIE OCHOBHLIX DJIEMEHTAPHLIX (DVHKIINI.

!

1)C' =0; 9) (sinx) =cosx
2)(x™)’ = mx™1; 10) (cos x), = —sinx
3) ({5 = 11) (1g2) =—

2\/; cos” x



1 1 : 1
4) (;j == 12) (ctgx) =
5) (e"x )! =e" 13) (arcsinx)! 1
1-x?
! , 1
6) (“X) =a’ Ina 14) (arccosx) =— :
I-x
| ' 1
7)(inx) =— 15) (arctgx) = -
X 1+x
' 1 '
8) (|Oga X) ~YiIna 16) (arcctgx) T

Ilpou3zeoonan cnoixcnou pynkyuu.

Ilyemo y = f(X); u = g(xX), npuuem obracme 3nauenutl Gynkyuu U 6xooum 6

obnacmu onpeoenenus pynxyuu T,
Tozoa y'=f'(u)-u’
Jozapugpmuueckoe oughpgpepenyuposanue.

In x, npu x> 0
PaccmoTpum QyHKImIO Y = In|x| = In(-x), npu x<0

Torza (Inlx1y= £, 1. (nx) =35 n-y = =L,

X

’ !
) X
YuuThIBas MOJYyYEHHBIN PE3YyJIbTAT, MOKHO 3aIIMCATh (1n| f (x)|) )]

f(x)

!
X o o
OTHoMICHHE % Ha3bIBaeTCs Jorapupmudeckoi npousBoaHoii Gynkiuu f(X).
X
Cnioco6 Jorapugmudeckoro auddepeHIUPoOBaHUs COCTOUT B TOM, YTO CHadasia
HAXOAAT JIOTApU(PMUYCCKYIO TPOW3BOIHYIO (YHKIIUH, a 3aTeM IPOHU3BOJIHYIO
camoil pyHk1uu 1o Gopmyiie

f'(x) = ([ f ()] £ (x)

Cnoco6 morapudpmuueckoro nuddepeHnupoBanus yA00HO TPUMEHSITh IS
HAXOXKJIEHUSI MTPOU3BOHBIX CJIOXKHBIX, OCOOCHHO TMOKA3aTEeNbHBIX (YHKIIUHA, IS
KOTOPBIX HEMOCPEJICTBEHHOE BBIYUCIICHHE MPOU3BOJAHON C MCIOJb30BAaHUEM
npaBui i epeHIpOBaHUs PEACTABISETCS TPYIOEMKHIM.



Ilpou3eoonan nokazamenvHo- cmeneHHol QYHKYUU.

DyHKIMS Ha3bIBAETCA MTOKA3aTeNbHON, €CIM He3aBUCUMasl IepeMeHHas BXOJIUT B
noKa3aTeib CTENEHH, U CTENICHHOM, €ClIi TIepeMeHHas sSBJseTcsl ocHoBaHueM. Eciu
K€ ¥ OCHOBAHME U MOKA3aTeNb CTETIEHHU 3aBUCST OT NIEPEMEHHOM, TO TaKas
byskus OyAeT mokazaTeabHO — CTENIEHHOM.

[Tycte U = f(x) (f(X)>0)u v
TOYKE X.

g(X) — pyHkIHMM, UMErONIUE TTPOU3BOTHBIC B

Haiinem npousBoanyto Gpynkiuu Y = UY. Jlorapudmupysi, noaydnm:

Iny = vinu
R PR
y u

’
u

v :uv(v—+v’lnuj
u

!
(uv) =wu " u' +u'v'Inu

IIpumep. Haiitn npon3BogHy0 QyHKIHHA f(x) = (x° +3x)"**",

[To mory4eHHO# BBIIIE POpMyJIe TIOTYYaeM: u = x° +3X; V= XCOSX;
[TpousBoaHbBIC 3TUX QYHKIUN: 1’ =2x+3; V' =cosx—xsinx;
OKOHYATEINBHO:

f'(x) = xcosx-(x* +3x) - (2x+3) + (x* +3x)" " (cosx — xsin x) In(x” + 3x)

o . 1
IIpumep. Haiith npousBomHy0 QYHKIUHM Y =COSXSin X + Ecos2 x .CHauana

1 . 1 2
npeoOpa3zyeM JaHHYIO PYHKLHUIO: y = S sin 2x + cos’x

y' = %ZCOS 2X + % 2cos x(—sin x) = cos2x —sin xcosx. Ilpumep. Hautu npousBogHyrO

2 x?

X e
GyHkmum y = ——.
x°+1

. (2xe’“2 +x22xe” YxZ +1)— (2)c)xze’“2 B 2x’e” +2x%e" +2xe" +2x%e” —2x'e”
(x* +1)° (x* +1)°
B 2xe" (x* +1+x%)
(x> +1)°




3ananue 1.Hautu npounsBoaubie GyHKIMIA

B1 Y=x>-5x%+11, Y=x?ctgx

V- 3GTTE

Y=e~*Inx, Y=(cosx — 1)2*

B2 Y=2x3-x*+1, Y=xtgx

Y=artgx’ Y=3 /—xz —3

4x

Y=ln—, Y=(sinx — 2)3*
x+1

B3 Y=7x3+3x%-2, Y=xarctgx

xX+5 1

Y=—, Y=
Inx (2x+11)5

Y=sin3(4x? + g - 1)
Y=(5x + 4)**
B4 Y=-3x3+5x*-81, Y=2xsinx

Y=—"1y=x2 -3

sinx

_ X v= __ 923\3x
Y=cos —Y (tgx —3)

B5 Y=7x°-3x%+32 Y=x3arcsinx

_ 2 _COSX
(3-6x)¢’ 3x

Y=In (x — x% — 6)
Y=(cosx + 4)*
B6 Y=-x>+3x3-11, Y=3xctgx

Y=aT‘CCOSX- Y: m

3x

Y=e3%" In2x

Y=(7x + 6)%*

B16 Y=x>-5x?+1, Y=x’ctgx

V-G TS

Y=e " Inx, Y=(x — 1)2*
B17 V=2x3-x*+17, Y=x’tgx

VS 373

4x

Y=In—=— , Y=(Inx + 8)**
x+1

B18 Y=7x3+3x%-2, Y=xarctgx

x+5 1

Y: =
(2x+11)°

Inx’
Y=sin3(4x? + g - 1)
Y=(Inx — 2)%*

B19Y=-3x3+5x*-81, Y=2xsinx

Y=—1 v=\x2 =3

~sinx’
Y=cos =, Y=(Inx + 9)5%
x+1

B20 V=7x%-3x%*+3,Y=x3arcsinx

_ 2 _COSX
(3-6x)¢’ 3x

Y=In (x — x? — 6)
Y=(tgx + 2)*
B21 V=-x>+3x3-11,Y=3x%ctgx

Y=arccosx’ Y: m

3x
Y=e3*" In2x
Y=(tgx — 6)**



B7 V=3x*-6x%+19, Y=x3sinx

tgx L Y= V2x3 —

=e‘lenx, Y=(3x + 1)%*

B8 Y=-4X5+9X?-12, Y=x3tgx

Y=/3x + 6

arcctgx
6x '’

Y=

y=2"""Inx, Y=(sinx — 4)*

B9 V=5x*-2x3+65,Y=x2arcsinx

__ > _32 _
= Y=Vx 5

Y=32%"In Y=(cosx + 1)2*

B10 Y=-2x5-3x>+19, Y=x’ctgx

Y=mxtgx Y=Yx3+5

Y=e2* Inx, Y=(3x — 1)*

B11 Y=8x*-6X>+1,Y=2x3arccosx

tgx ,_ 9

Y=t T (6x—5)*

Y=4"%"Inx, Y=(9x + 3)**

B12 Y=3X?+11x3-87,Y=3x3ctgx

CcoSXx _ -3
2x ' (4x+9)5

Y=

Y=56"Inx, Y=(cosx — 2)3*

B13 Y=x>+9X2-51, Y=x?arcsinx

Y=—"_v=3/8x3 — 3

cosx

Y=e2* Inx, Y=(8x — 2)*

B22 Y=3x*6x%*+1, Y=x3sinx

tgx Y=2x3 —

=e‘x2lnx,Y=(tgx + 3)5*

B23 Y=-4X®+9X2-12,Y=x3tgx

Y=3x + 6

arcctgx
6x

Y=

Y=2"""Inx, Y=(cosx + 3)®*

B24 Y=5x*-2x3+65, Y=x?arcsinx

__ > _32 _
= Y=Vx 5

Y=32"Inx, Y=(sinx + 2)*

B25 V=-2x5-3x2+1, Y=x?ctgx

Y=“”’;fg" Y=Yx3+5

Y=e2%" Inx, Y=(sinx — 1)3*

B26 Y=8x*-6X>+1, Y=2x3arccosx

tgx ,_ 9

Y=r T (6x—5)*

Y=4"%"Inx, Y=(sinx + 5)**

B27 Y=3X?+11x3-87, Y=3x3ctgx

CcoSXx _ -3
2x ' (4x+9)5

Y=

Y=56"Inx, Y=(sinx — 2)%*

B28 Y=x>+9X2-51, Y=x?arcsinx

y=—" y=1/8x3 — 3

cosx

Y=e2*" Inx,Y=(cosx + 6)6*



B14 Y=3x"-9X3+11, Y=5x3tgx

=2 y-37x5 6

arcsinx’

Y=e3 Inx, Y=(tgx — 3)%*

B15 Y=x°-8X2+16, Y=4xctgx

_actgx , 9

Y 3x ' (2x—15)6

Y=62"Inx, Y=(lnx + 2)6*

B29 Y=3x7-9X3+11, Y=5x3tgx

V=2 y=YZx =6

arcsinx’

Y=e3%’Inx, Y=(sinx + 2)3*

B30 Y=x>-8X?+16, Y=4x’ctgx

_actgx , 9

Y 3x ' (2x—15)6

Y=62%"Inx,Y=(sinx — 6)*

2.Haiitn mipon3BoaHBIC QYHKIIHH.

a — OPSIAKOBBIH HOMEP B J)KypHaJe

a+6

a
ly=ax’——+4X
Xa

3.y =tg“ (X + a) - arccosax’

—ax+a 2.y:2’{/(ax2 —3ax+5)° -

a

(x+a)™

4.y =arcsin“ ax-log,(x —a)
*ctgax® 6.y =ctg2ax-arctgv/x*

_lg(ax? — 2ax +3a)

S5.y=a™"
2 —
7y= Vax 3?x+5a 8.y
e*X

KouTpoJsbHBIE BONIPOCHI

arcctg®ax

1.ChopMynupoBTh onpeiesieHre nporu3BOAHOM, mpaBuia AudepeHImpoBaHus.

2.3HaTh TaONUIly TPOU3BOIHBIX JIEMEHTAPHBIX (DYHKIIMMA.

3.ChopmynupoBaTh IpaBUIIO HAXOXKICHHS TIPOU3BOIHOMN CIOKHOU (PYHKITUH.



IIpakTHyeckas padbora Ne 8 mo reme
«HUccaenoBanuss PyHKUUM M OCTPOEHUE rpadpura

Leab: HAyYUTHCS HCCIEAOBATh (DYHKITUIO U TI0 Pe3yJIbTaTaM HCCIICIOBAHUS
CTPOUTH Tpaduk.

Bpemsa BbinonHeHUA 90 MUHYT

MarepuanbHoe obecneueHue

1.TeopeTnyeckue ceegeHmn

2.3agaHue

3./InctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA paboTbl

1.13yunTb 3agaHue

2. U3yunTb TEOpETUYECKME CBEAEHNA

3. BoinonHuTb 1 0popMuTb paboTy

4.MMokasaTb pe3ynbTaTbl NpenoaasaTento

JomalwHee 3apgaHue

1.MoarotoBUTb OTBETHI HA KOHTPO/IbHbIE BOMPOCHI
TeopeTnyeckue ceegeHuA.

Cxema uccneoosanusn ynkyuii

1) OGnacth cyriecTBOBaHUS (YHKITHH.
DTO TMOHSATHE BKJIIOYaeT B ceOs M 00JacTh 3HAYCHHH M 00JacTh ONpPEACIICHUS
byHKIMH.

2) Toukwu paspsiBa. (Eciu onu umerorcs).

3) MuTtepBaybl BO3pacTaHus U yObIBAHHUS.

4) Touku MakCHMyMa U MHHHMYyMa.

5) MakcuMajabHOe M MHUHHUMAajJbHOE 3HA4YCHHE (YHKIMM Ha ee¢ o0jacTu

OTIpe/IeTICHUSI.

6) OO6yacTH BBIMTYKIOCTH U BOTHYTOCTH.

7) Touku neperu6a.(Eciu onn nmerores).

8) Acumnrotsl.(Eciu oHu nMerorcs).

9) Iloctpoenue rpaduka.

IMpumep. UccnenoBats GyHKINIO y =

Tk MOCTPOUTH €€ TpaduK.

Haxoaum obnacth cymiectBoBaHusl (yHKIMU. OYEBUIHO, UYTO 001ACHbIO

onpedenenust GyHKIMHU ABJsIeTCs: ooacth (-o0; -1) U (-1; 1) U (1; ).

B cBoro ouepenb, BUAHO, 4TO TipsiMble X = 1, x = -1 gBasgwoTCA
BEPMUKAIbHBIMU ACUMNIMOMAMU KPUBOM.

Obnacmvio 3nauenuti TaHHOW QYHKIIMU SBJISIETCS MHTEPBAT (-00; o).
Touxamu paspviéa PyHKINN ABISIOTCA TOYKA X = 1, x = -1,



Haxomum kpumuueckue mouxu.
Haiinem npousBoaHy0 GyHKIMH )’ = S GtV S5 S S Mt S SN S5
g " -1’ @)’ (-1

Kputnueckue Touku: X = 0; X =-4/3; X =3; x=-1; x=1.

Haxomum mnpomexyTku e6o3pacmanusi u yowvieanus GyHKuuu. s 3toro
oTpeieNsieM 3HaKH MPOU3BOTHON (BYHKITUH HA TIPOMEKYTKAX.
-0 < X < -4/3, Y’ >0, QyHKIHUA BO3pacTaeT
-3 <x<-1, y' <0, dyskuus yObiBaeT

-1 <x <0, y' <0, ¢ynkuus yObiBaeT

0<x<1, y' <0, ¢ynkuus yobiBaet

1<Xx< 43, y' <0, ¢ynkuus yObBaeT

J3 <X < oo, y'>0, QyHKIUSA BO3pacTaeT

BujiHo, 4TO TOuka X = - +/3 sABIfeTcs TOYKOM Mmakcumyma, a Touka X = /3
SIBIISICTCS. TOYKOW MUHUMyma. 3Ha4eHUSI PYHKIMHA B ITHX TOYKAX paBHBI

COOTBETCTBEHHO 3+/3 /2 1 -3+/3 /2.

Haiinem BTOpYyI0 POM3BOAHYIO (PYHKIIUU
,(4x —ex)(xt =) - (x* = 3x%)x(xP - 1) (4x® —6x)(x* —2x* +1) — (x* —=3x*)(4x° —4x) _
) (-1 ) (x* -1)* -
C4x7 —8x +4x° —6x° +12x° —6x—4x” +4x7 +12x° —12x°
(x* =1)°

B 2x° +4x° —6x _ 2x(x* +2x* =3) B 2x(x* +3)(x* —1) B 2x(x* +3)
e e e

Onpenenum BBIMTYKJIOCTh U BOTHYTOCTb KPUBOM Ha MPOMEXYTKAaX.
-0 < X < -+3, y" <0, KpuBas BeITyKIass -+/3 <X < -1,
y'" <0, KpuBas BbIITyKJIas
-1<x<0, Yy">0, kxpuBasg Boruytas 0<X<1,
y'" <0, KpuBas BbITyKJIas
1<Xx<+3, y’">0, kpubas BoTHyTas +/3 <X < o0,
y'" >0, xpuBas BOTHyTas

HaxonuMm npomexyTku eospacmanus W yovieanus (PpyHkuuu. s storo
oTpesensieM 3HaKU MPOU3BOTHON (DYHKIIMK Ha MPOMEXKYTKaX.
-0 < X < -+/3, Y’ >0, GpyHKIMSA BO3pacTaeT
-3 <x<-1, y' <0, dbyHkuus yobiBaeT

-1 <x<0, y' <0, dbyHKuMsS yObIBaET
0<x<1, y' <0, ¢pyHkuus yobiBaer
1<X <43, y' <0, ¢ynkuus yobBaeT

J3 <X <o, y'>0, QyHKus Bo3pacTaet



BuiHO, 9TO TOUKA X = -+/3 SABJIAETCSA TOUKOH MaKcuMyma, a TOUKa X = /3
SABJIAETCS TOUKOH MunHuMyma. 3HaueHNs GYHKIUN B STUX TOYKAX PABHBI
COOTBETCTBEHHO 3+/3 /2 1 -3+/3 /2.

[Ipo BepTUKaNbHBIE acumnmomuyl OBLIO YK€ CKa3aHOo BbIlIe. Tenepps HallaemM
2

. X . 1
HAKJIOHHble acumMnmomol. k = lim — = lim =1
x—o x© — 1] X—>0 1
)C2
) x3 (X3 =x®+x
b =Ilim — —X |=lim 5 =
x—o| X< — X—>0 X =1
1
= lim— =lim—%*—-=0
X—0© X _1 X»ool 1
X2

I/ITOFO, YPaBHCHHC HAKJIOHHOM aCUMITOTHI — y=X

Crpoum epagpux HpyHKIMH:

3apanme 1.MccnenoBaTh GyHKUIHMIO MO MPEATIOKEHHONW CXEME U MIOCTPOUTD €€
rpaduk:

1. Haiitu obmacts onpeneneHus: GyHKIIUU.

2. UccnenoBaTh HAa YETHOCTh U HEYETHOCTb.

3. UccnenoBaTh Ha MEPUOAUYHOCTD.

4. HaliTu cTallMOHapHBIE Y KPUTHYECKHUE TOYKH IEPBOTO POJIA.

5. Haiitu mpoMexyTKu BO3pacTaHus U yObIBaHUS (PYHKITUU, IKCTPEMYM.



6. Haiitu ctanmoHapHble M KPUTHYECKUE TOYKH BTOPOTO poja.

7. HaiiTi mpoMeXyTKH BBITYKJIOCTH (PYHKIIMH, TOUYKU TIEpeTuoa.

8. HaliTu acuMnToThl (BEpTUKAJIbHBIE, TOPU30HTAIBHBIE, HAKIIOHHBIE).

9. Haiitu Touku nepeceueHus rpadguka GyHKIMHU C OCSIMUA KOOPIUHAT.

10.Haiit 1OTIOTHUTEIBHEBIE TOUKH.

11. Ilo pe3ynbTaTam ucciieq0BaHUs MOCTPOUTH Tpadpuk QyHKIIUH.

— 2 _ 2. :XZ—ZX—S
Bl.a)y=x%(2-x); 0)y —
B2.a)y=xv1 —x;

_ x?42x-8
6) Y= x+3
B3.a) y=x-arctgx ;
_ x?-3x-10
0)y=—3

8 _ x%43x—10
B4.a)y - 0)y= —

_ 1
BS.a)y= "

_ x?—4x-12
6) Y= x+3

X2 X% +4x—12
B6.a) y o 0)y= —
B7 X 6 _ x2—x—20

-a) y 2+16’ )y x+2
fi x%+x—20
B8.a) y=e+; 0)y= —

B16. a) y= X* - 12X% .9x+1;

X3
O)y=xz+1

1.1 . ;
B17. a)y=3" t2% -2x-1; 6)y=x —z

[y

2 vz 1 X2
B18.a)y=3" ~* " *3. 6)y=x7-3

B19. a)y=—X% + 3X% +0x;

xX%-1
0)y=3x +5

B20.a) y=x°-20x ; 6)y=1-

x2-1
X

B21. a)y=x*+15x%-x-250 6)y=

X

X249

B22. a)y=x+2; 0y

B23. a) y=x%-4x ; 0)y= 3x+§+5



2_2x-15 2_oy—8
BY.a) y =" O)y=——7— B2a)y=3xx*;  6Gy-—071
B10.a) y=2x-x% B25. a)y = 2/3x>2x=1; 6) y=—
6 _ x2+2x-15 *
) y x—1
5 —2x _ 2_o4. _ 1—x?
B11. a)y:l—s —31% +4 : 6) y:ﬁ B26. a) Yy 2X°-X 5 6) y
B12. azyz -x% 4+3x%-2 : B27. a) y = 2%x2-8 ; 6) y = x2x—1
X3
O)y=xz-1
3 _ - . _ X 1
Bl3.a)y=x"-12x+6: 6)y=—— B2 a)y=x"8xM43; 6)y=-—
B14. a)y=X?+ 9x? + 24x + 12 _ 3 _ x243x-10
B29. a) y =—; 0)y —
X3
0)y=6x-+ 18
S it~ -3 _ . 2 oo
BIS. al};— ez B30.a) y =xv4 — x; 6) y== xi); 8
O)y=x7-1

KoHTpoJsbHBIE BOIIPOCHI:

1.YTo Takoe obsacth onpeaeacHus QyHKIumu?

2.Kakue QpyHKIIMU Ha3bIBAIOTCS YETHBIMU , HEUETHBIMU, OOIIIET0 BUaa?
3.Buael TOuek pas3phbiBa.

4.Yto Takoe HyIH PYHKITUU?

5.Kak onpenenuTh NPpOMEKYTKH BBITYKIOCTH?

6.Buabl acuMITor.

IIpakTnueckas padora 9 mo reme
«Haxo:kaenne 4acTHbIX Npou3BoaAHbIX. [loanblii nuddepenunann»

[{ens: mpoBepUTh yMEHUE HAXOJIUTh U CTPOUTH 00JIACTh OMPECIICHHS CII0KHON
(GyHKITUU, HAXOIUTh YaCTHBIEC POU3BOIHBIC.

Bpemsa BbinonHeHna 90 MUHYT



MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceengeHmA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA paboTbl

1.3yuntb 3agaHune

2. I3yunTb TeopeTnyeckme ceeseHunsa

3. BoinonHuTtb 1 opopmutb paboty
4.MoKa3aTb pe3ynbTaTbl NpenogasaTesnto
AdomawHee 3apgaHue

1.MoarotoBUTbL OTBETbI HA KOHTPOJIbHbIE BOMPOCHI
TeopeTnyeckue ceegeHun

Xoa paéoTbi

Onpenenenue PyHKIUM ABYX NepeMeHHbIX

Ecnu xaxnoit nape ( X;y) 3HaU€HUI JBYX HE3aBUCUMBIX JIPYT OT JIpyra
MIEPEMEHHBIX BEJIMYMH X U Y U3 HEKOTOPOTO MHOXKeCcTBa D COOTBETCTBYET
CIMHCTBEHHOE 3HAYCHUE BEJIMYMUHBI, TO TOBOPST, YTO Z €CTh QYHKIIUS JBYX
HE3aBUCUMBIX MTIEPEMEHHBIX X U Y, ONIPEICIICHHAs] Ha MHOXeCTBe D.
Oo6o3Hauaercs: z=f(x;y) unu z=z(x;y).

Hampumep, S=ab, S=S(a;b)- dynkumu nByx nepemenssix; V=abc, V=V(a,b.c) —
GYyHKIUS TpeX MepeMeHHBIX;

Cnoco0b1 3a1anns GyHKIMH HECKOJBKHUX MepeMeHHbIX

UtoO0sI 3a1aTh QYHKIMIO IBYX (TpEX) MEPEMEHHBIX, HY’)KHO yYKa3aTh CIOCo0, ¢
MOMOIIBI0 KOTOPOTO JJIs1 KaXK/I0M Mapkl (TPOMKHN) 3HAYEHU apTyMEHTOB MOKHO
HaWTH COOTBETCTBYIOIIEE 3HaUeHne PpyHkimu. Hanbomnee yacto pyHKIMS 3a1aeTcs
AHATMTHYECKH - 3TO SIBHOE 3aaHe (PYHKITUU WIIH HESIBHOE 3aJ]aHUE

YacTHble NPOM3BO/IHBbIE EPBOT0 MOPAIKA

[Tycts ¢yHkmus nByx nepeMeHHbIXx z = f(X, y) ompeneineHa B HEKOTOPOH
OKpecTHOCTH Touku M(x, y) eBkiugoBa mnpoctpanctBa E2. YacTtHas
npousBoaHas PyHkIMU z = f(X, y) MO apryMeHTy X SIBISETCS OOBIKHOBEHHOM
MPOU3BOJAHON (PYHKIIMU OAHOW MEPEMEHHOM X MpH (PUKCUPOBAHHOM 3HAYCHUU
nepeMeHHOM y 1 0003HaYaeTcst Kak

dz af , ,
Ei Es Zrs f.t'



AHQJIOTHYHBIM 00pa30M ONpeaesieTcs YacTHas mpou3BoHas ¢yHkimu (X, y)
0 IEPEMEHHOH y B Touke M, o003Hauaemas Kak

8z df
d oy v

DyHKIMS, UMEIOIAast YaCTHBIC MMPOU3BOAHBIC, HAa3bIBaCTCS MU(PGEpEHITUPYEMOA.

CoBepIIeHHO aHAJIOTMYHO OMNPENEISIOTCS YacTHbIE MPOU3BOJHBIC (DYHKIIHMA
Tpex W Ooljiee mnepeMeHHbIX. YacTHas NPOU3BOAHAS (YHKIMH HECKOJIbKHX
MEPEMEHHBIX XapaKTEPU3YyET CKOPOCTh €€ M3MEHEHHUS IO JTAHHON KOOpANHATe
py PUKCUPOBAHHBIX 3HAUCHUAX APYTHX KOOPJIUHAT.

z=2xy" +3x+5v-7

Ipumep: — (byHKIMS JBYX IEPEMEHHBIX.
puMEDp y yX IIep

R P _
Nuorga wcnonb3yroT 3amnuch Jlxy)=2x"y" +32x+5y -7

3aJlaHus, I71€ BMECTO OYKBBI Z UCHOJIb3yeTcs OykBa .

Taxxe BCTPCUAIOTCA

HaiiTn JaCTHbIC MMpoOU3BOJAHLIC nmepBoro | BTOpPOro nmopsiika
dyHKIMHA z=2x%" +3x 45y -7

Cuavasia HaliieM 4aCTHBIE IPOU3BOAHBIE IEPBOTO MTopsiAka. VX nBe.

O003HaYeHUA:

8|8

¥ U
ez

— qacCTHaiA IIPOU3BOAHAs I10 «HKC»

. =
=
Y U Y qacTHasd IIPOU3BOJHAA 110 «HUI'PCK»

r
Haunem ¢ “r. Korga Mbl HAXOAUM YaCTHYI) NPOHM3BOIHYI0 IO «HMKC», TO
nepeMeHHasi ¥ CYHTAETCS KOHCTAHTOM (MMOCTOSIHHBIM YHCJIOM).

il 23 4 = 3 2 4 {2
Z, =(2x°y +3x +5y =T, = 2 (X7, 3070, (5, — (7, =
i4)
=29y 224345 +0-0=4n’ +121
KoMmeHTapun K BBIITOJTHEHHBIM JEUCTBUSIM:

(1) IlepBoe, uTo MBI JefaeM NpPU HAXOXJACHUU YACTHOW MPOU3BOJHOU —
3aKJII04aeM BCK QYHKIIMIO B CKOOKHU IO/ IITPUX € MOJACTPOYHBIM UHAEKCOM.

(2) Ucnonb3yem mpaBuia auddepeHIIMpoBaHUsS vy =uldyt (Cu)'=Cu"

Jlns mpocToro nmpumepa, Kak 3TOT, 00a MpaBuiia BIOJHE MOXKHO NMPUMEHUThH Ha
oxHoM mare. OOpaTuTe BHUMAHUE Ha IIEPBOE CllaraeMoe: Tak Kak » CUMTaeTCH
KOHCTAHTOM, a JTI00YI0 KOHCTAHTY MOKHO BbIHECTH 32 3HAK NMPOU3BOJTHOM,

3 3
TO ¥ MBI BEIHOCHM 3a CKOOKHU. TO €CTh B TaHHOU CUTyally » HHYEM HE JIyUIIe
OoObIYHOTO umcia. Temepp MOCMOTPUM Ha TPEThE Claraemoe 2 . 3peck,



HA000pOT, BBIHOCUTH Hedero. Tak Kak @ KOHCTaHTa, TO 2 _ Toke KOHCTaHTAa,
Y B 3TOM CMBICJIE OHA HUYEM HE JIYUIII€ IMOCIEIHETO CIAraeMOro — «CEMEpPKM».

r_ Hal -1
(3) crionb3yem TabnudHble mpon3BoaHble =) =0 y (F)=»x"

f
(4) Teneps °». Korma Mbl HAXOAMM YACTHYIO NPOM3BOJHYIO N0 «HIPEK»,
TO MIEPpEMEHHAas X CYHUTAETCHA KOHCTAHTOM (IIOCTOHHHI)IM ‘II/ICJIOM).
t 2.3 4 rl:l:I FERETY L3 t rl:j:I
z,=(2xy +3x +5y -1, =2x7 (), +3x7 ), + 50, - (), =
=22 3P 4045 1-0=6x"y" +5

(1) HUcnonszyem Te ke mnpaBwia auddepeHInpoBaHUs (V) =u'tV

(CuY=Cu' X
) . IepBoOM  CjlaracMOM BBbIHOCHMM KOHCTAHTY 3a 3HakK

o 4
IMPOU3BOAHON, BO BTOPOM CJIaraCMOM HHYCTO BBIHCCTH HCIIb34 IIOCKOJIBKY Sx
YK€ KOHCTAaHTaA.

(2) Hcnonb3zyem Ta0IHILy POU3BOIHBIM AIIEMEHTAPHBIX
¢yHkuuii. MpIC/IeHHO MOMeHsieM B TalJjMue Bce «MKChbD» Ha «Mrpekm». B

r_ Byt »-1
YaCTHOCTH, UCITIOJIb3yEMbIE HAMU (DOPMYJIBI BBITJIAAT TAK: ©Y=0y O =
I/ITaK, YAaCTHBIC IIPONU3BOAHLIC IICPBOI0 IOPAAKA HaﬁﬂeHBI

HOI[BG,Z[CM HUTOr', UYCM JKC OTIIMYACTCA HAXOXKICHNUC YaCTHBIX ITPOU3BOAHBIX OT
HaXO0XJICHUA «OOBITHBIX IMPOU3BOAHBIX q)YHKI_II/II/I OHHOﬁ HepeMCHHOﬁI

1) Korna MbI HAXO0UM YaCTHYIO MPOU3BOAHYIO Zx
, IepeMeHHasi » CYMTAETCHA KOHCTAHTOI.

=
2) Korna MbI HAXO0/UM YaCTHYIO MPOM3BOAHYIO ¥
, IepeMeHHAasi ¥ CYUTAETCH KOHCTAHTOM.

3) MpaBmima u TAGJMIA TPOU3BOIHBIX 3JIeMEHTAPHBIX (QYHKIMIi
cnpaBelJIMBBI M PUMEHUMBI J1J151 JII000i mepemenHoi (%, ¥ Jub0 KaKoii-
HUOYIb APYroii), M0 KOTOPOii Beaercs AuddepeHiupoBanue.

[ITar Bropoi. Haxomum dYacTHbIE NPOU3BOIHBIE BTOPOro mnopsaka. Mx
YETBIPE.

O003HaYCHHUA:
Az
L 3
Lo WA dx — BTOpas IIPON3BOTHAS o KHUKC»
Fz
# =7
=
» WA ay — BTOpAS MIPOU3BOTHAS o CHTPEK»
Fz
"
=
W 1501051 Sy — cMewanHas TIPON3BOTHAS «HUKC o UTPEK»
Pz

i

=
" U Yor _ cmeutarnraA MPoru3BOJHAA «UI'PCK IO UKCH»



B moHsTHM BTOpOW NMPOM3BOJHOM HET HUYETO CIIOKHOTO. ['OBOPSA MPOCTHIM
SI36IKOM, BTOPasi IPOM3BOJAHAS — 3TO MPOU3BOAHAS OT NEPBOM NMPOU3BOAHOM.

YacTHrle ITPOU3BOAHEBIC IICPBOTO ImopsaKa:
=dxy +12x°

r

I

r_ a2 3
z,=6x"y +5

Cuayana Haﬁ,Z[CM CMCIIAHHBIC IMPOU3BOOHBIC:
20, = (1), = (4x +12x7), = 4x(™), +(122°), = 4x 3" +0 = 12n)/

Zr

Kak Buamre, Bc€ mpocro: OepeM YACTHYIO MPOU3BOIHYIO “* U
audepeHIupyeMm ee elie pa3, HoO B JaHHOM CITydae — YK€ M0 «UTPEK».

AHAJIOTUYHO:
20 = (20), = (62" + 5, = 65 (x"), + (5), = 6" - 2x +0=12xy"

B MNPAKTUYICCKUX IIPpUMEpPax MOKHO OPUMCHTHPOBATHLCHA Ha CJCAYIOllee
PaBEHCTBO.

fo_
T = I

Taxum O6p2130M, gepe3 CMCUIAHHBIC ITPOU3BOAHBIC BTOPOI'0 IOPAAKA OYCHB
YI[O6HO HpOBepI/ITB, a HpaBI/IJ'IBHO JIMU MBI HAIIJIX YaCTHBLIC HpOI/ISBOI[Hble

IICPBOIO IIOPAAKA.

Haxonum BTOPYIO IPOU3BOJIHYIO MO KHAKCH.

r_ 3
Huxakux usobperenuii, 6epem * = Azy’ +12x

elle pas:
zy = (200 = (4xy +1227), =4y* (D) +12(2°), = 4y° 1412 3x% = 4)° + 36x7

u 1uddepeHuupyeM e€ 1o «UKc»

AHAJIOTUYHO:
2y, = (2}, = (6x"y" +5), =6x" (™), +(5), = 62" - 2y +0=12x"y

=
Crnemxyer OTMETUTh, YTO TNpPH  HAxXOXKIGHWH % »  HYXHO

IIPOSIBUTH HOBBIIIEHHOE BHUMAaHUE, TAK KaK HUKAKUX YYyJIECHBIX PAaBEHCTB IS
UX MPOBEPKHU HE CYIIECTBYET.

HpI/IMepBI HaXO0XICHUA YaCTHBIX IMPOU3BOAHBIX IepBOIoO ImopsaKa.
IIpumep 1. z = z° - 2zy + 2°.

Pemenne. Juddepenuupyem pynkuuto z = f(X, y) cHavana mo X, mojaras y
(UKCUPOBAHHOW BEJIUYMHOMN, MOTOM MOBTOPSIEM 3Ty K€ MPOUEAYpPY, MEHSS
poiu X 1 y. [lonyyaem

r:':}z_q 5 iz )
r_jm—..ﬂ‘.':- i, a-cly»lx.



iz ¥ Oz T
Tpumep 2. 2 = arctgay, 5 = 700 3y =~ T3 (G

Ilpumep 3. u = ye¥* + In(z2? — 2y + 2).

Pemenne. YacTHbie NpPOU3BOJAHBIE 3TOM (PYHKIMH TpeX MEPEMEHHBIX
BBIPAXKAIOTCA CIEAYIOUMMH (HOPMYIaMHU:

u 2 i ) 2
—= = (1 + yz)e¥* - ~—

dr  22-2y+2' 3y £ —2y+7
du 4 v 1
—— -'Ev .
gz Y 2 -2y +z

3ajaHus NPaKTU4eCKO padoThI

1. HaiiTu u mocTpouTh 001aCTh ONPEACIICHUS CI0KHON (DYHKIIUH.
2. BpIuuciauTh NpOU3BOJIHYIO CJIOKHON (QYHKIIUU.

B1 1.z=arcsin(1-x>-y?) B16 1.z=|n§

= X = =
2.a) z= lnxx,x e, y=1 2.a)2=(x? +y2)x2—y2

6) u=x>-y*+3z%, x=1/2,y=1/2,2=1/2 6)u=x\/§—(z+y)\/§, x=1y=1,7=-2
B2 1.z=In(y-Inx) B17 1.z=Iny-Incosx
2.a) z=,/xy Ini, x=1, y=2 2.a)z= xsiny+x?, x=3,y=m/2
B)u=3x%/2- 6)u=,/xy — V4 — 22 x=1,y=1,2=0

v2/2+22%,x=2/3,y=2,2=2/3

B3 1.z=/Inx + Iny B18. 1.z=Insinx-,/y

1
2.a)z=xV—"e V"1 u
) xy 2.a)z=arcsm; - Inv, u=0, v=1

—v3/9.\3 3 y= = =
6)u=x>/2-y*/2+82° x=2,y=2,2=3/2 6)u=(x>+y?*+22)*2, x=0,y=-3,2=4

B19. 1.z=In(y?/4-x%/9-1)
2.a)z=Iny/x2 + y2+1/y,x=y=1/v/2

6)u=2/x+3/2y-
\6/4z,x=2/3,y=3/2,2=1/2

B4lz= [\/y—x+2

2.a)z=sin1/xe’,x=m/2,y=1

6)u=3/2x*+3y2-22?,
x=2,y=1/3,2=3/2



B5 1.z=a rcsin%2 B20. 1.z=a rcsin%

2.a)z=a rcg(xz-y2)+1/\/x_y 2.a)z=Inyvx x=1,y=3/5
6)u-£ _ yz 6)u=3/x+4/y-
Ty xHy 1/\/gx,x=1,y=2,z=1/\/g
B6 1.z=arcos(2x-y) B21. 1.2=1+,/1 — (x — y)2
y
2.a)z=arccos>+e V™, x=2,y=1 2.a)z=cos(1/y)-1/+/xy, x=11/2,
y=2/m

6)u=\/7x2-%-6\/722,

— 2 — — —
x=1,y=2/3,2=1/36 6)u=x,/y-yz2,x=2,y=1,2=-1
B7 1.Z=\/In(2 — x — y), B22. 1.z=In(x*+y)

y _,x? -1 y=
2.a)z=tgl/x.ex,x=1/m,y=0 2.a)z=e* \/x? — y%, x=1,y=0

—eind veI et 7—
6)u= 2,/x + y+y.arctgz, 6)u=sin——, x=2,y=m,z=1

x=1,y=1/3,2=1//6

B8 1.z=In" B23. 1.2=V1 — x2+,/1 — y2

2.a)z=(x2 + y2)¥’ =¥’ 2.a)z=yIn(x*-y?), x=2,y=1

6)u=x3/16+y?/9-

6)u=x./y-(z+y\Wx, x=1,y=1,z=-2
Ju=x/y-(z+) Y 2/8,x=2.y=1/2,2=1/3

B9. 1.z=Iny-Incosx B24 1.Z=\/ln(2 —x=Y),

2.a)z= xsiny+x?, x=3,y=1/2

6)u=,/xy — V4 — z2,x=1,y=1,2=0

Yy
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1//6

B10. 1.z=Insinx-,/y B25 1.z=arcos(2x-y)
2.a)z=arcsin— - Inv, u=0, v=1 2.a)z=arccos§+e‘/@, x=2,y=1
v
6)u=(x>+y2+z%)*?, x=0,y=-3,2=4 6)u=\/§x2-%-6\/§zz,

x=1,y=2/3,2=1//6



B11. 1.z=In(y?/4-x*/9-1) B26 1.z=arcsin’-
y

2. =| 2 2 1 =y=1 2
a)z=Iny/x? + y*+1/yx=y=1/V2 2.a)z=arcg(x*-y?)+1/,/xy

6)u=2/x+3/2y-
6)u=£— Y
\6/4z,x=2/3,y=3/2,2=1/2 Yy xty

_ Y
B12. 1.z—arcsmx B27 1.7= f\/; X 42

2.3)z=Inyvx ,x=1,y=3/5

2.a)z=sin1/xeY,x=m/2,y=1
6)u=3/x+4/y-

6)u=3/2x>+3y2-27?,
1/v6x,x=1,y=2,2=1/\/6 ) y

x=2,y=1/3,2=3/2

B13. 1.z=1+,/1 — (x — ¥)? B28 1.z=,/Inx + Iny
= - = = yi,x:e,y:l
2.a)z=cos(1/y)-1//xy, x=1/2, 2.a)z=x "
y=2/m
6)u=x3/2-
6)u=x,/y-yz?,x=2,y=1,2=-1 V3/2+823 x=2,y=2,2=3/2
B14. 1.z=In(x?+y) B2 9.z=In(y-Inx)
_,x2 2 _ A2 y= - = Y = =
2.a)z=e* /x? — y?,x=1,y=0 2.2) z=,/xy Inx, x=1, y=2
6)u=siné, x=2,y=m,z=1 B)u=3x%/2-
v2/2+222,x=2/3,y=2,2=2/3
B15. 1.z=V1 — x2+,/1 — 2 B30 1.z=arcsin(1-x2-y?)
2.z=yIn(x%-y?), x=2,y=1 2.a) z=VInx % x=e, y=1
u=x3/16+y2/9_22/81)(=21y=1/212=1/3 6) U=X2'y2+322,

x=1/2,y=1/2,2=1/2

KoHTpoJibHBIE BONIPOCHI:

1.ChopmynupoBath ornpeaeneHne GyHKINHU C TBYMS TEPEMEHHBIMHU.



2.Yto Ha3bIBaeTcs 00JaCThIO ONpeAeaeHus QyHKIUN HECKOIbKUX
MEepEMEHHBIX ?

3.ChopmynupoBaTh IPABUIO HAXOXKICHHS POU3BOIHON (PYHKIIMHA HECKOIBKUX
MEPEMEHHBIX.

4.Yto Taxoe nmosHbi quddeperuan GyHKINN HECKOIbKUX MEPEMEHHBIX ?

IIpakTnueckas padora 10 mo reme «IIrecTpeMyM (PyHKIUH ABYX
NepeMeHHbIX»

Heanb: npoBepuTh yMEHHUE HCCIICTOBATH (DYHKIIUIO HA SKCTPEMYM.
Bpema BbinonHeHUAa 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceeneHuA
2.3agaHue

3.JIuctA4

4.KanbKynatopbl

MopAaaoK BbinoNHeHUsA paboTbl



1.M3yunTb 3agaHue

2. I3yunTb TeopeTnyeckme ceeseHunsa

3. BoinonHuTtb 1 opopmMuTb paboTy

4.MloKa3aTb pe3ynbTaTbl NpenogasaTesnto
AomaliHee 3apaHue

1.MoarotoBUTbL OTBETbI HA KOHTPOJ/IbHbIE BOMPOCHI
Xopa pab6ortbi

TeopeTnyeckue ceegeHusn

Haxonnm yactHbie mpon3BOIHBIE BTOPOTO Nopsaaka. X gersipe.

O003HAYECHUSA:
Az
L 2
Lo 150107 dx — BTOpas IIPOM3BOTHAS o KHUKC»
Fz
rr =7
=
» WA ay — BTOpAs MIPOU3BOTHAS 1o CHATPEK»
Fz
"
=
w 150107 Sy — cMewanHas TIPON3BOTHAS «HUKC o UTPEK»
2z

i

Z
* U Yox _ cmewarnrnas 1pon3BoaHas «UIpek 1o UKC»

B nonsTtum BTOpOﬁ HpOI/I3BOIIHOI>'I HCT HHUYCTO CJIOXHOIO. FOBOpSI IMPOCTBIM
S3BIKOM, BTOPasi IPOU3BOJIHAA — I3TO MPpOU3BOJAHAs OT HepBOﬁ HpOH3BOIlHOﬁ.

YacTHble IIPOU3BOIHEIE IIEPBOTO IOpsaKa:
3
P =dxf +12x
z),= 6x°y" 45
Cnauasa HailieM CMEIIaHHbIE TPOU3BOIHbIE:
20, = (1), = (4x +12x7), = 4x(™), +(122°), = 4x 3" +0 = 12n)/

Zr

Kak Bugute, BCc€ mpocTto: OepeM YacTHYH MPOM3BOJIHYIO “* H
muddepeHurpyem ee ele pa3, Ho B JAHHOM CIIydae — YK€ 10 «UTPEK».

AHAJIOTUYHO:
20 = (20), = (62" + 5, = 65 (x"), + (5), = 6" - 2x +0=12xy"

B npakTuyeckux mpumepax MOKHO OPMEHTHPOBATHLCH Ha cJeaylollee
PaBeHCTBO:

fo_
T = I

Takum oOpa3zoM, yepe3 CMeIIaHHbIE MPOU3BOJHBIE BTOPOrO MOPSAIKA OUYEHb
yA00HO TMPOBEPUTh, a MPABUIBHO JH Mbl HAlUIM YaCTHbIE MPOU3BOJIHBIC
MIEPBOTO NOPSAIKA.

Haxoaum BTOpYIO NPOU3BOIHYIO IO «HKCH.

o 3
Huxakux usobperenuii, 6epem * = 4/ +2x nuddepeHupyeM eé 1o «MKC»



elle pa3s:
Zh = (20 = (dx” +12x7)0 =4y (0L +120x7) = 4y” - 1+12.3%° = 4y” +36%°

AHaJIOrM4HO:
2y, = (2}, = (6x"y" +5), =6x° (™), +(5), = 62 - 2y +0=12x"y

rr zﬂ'
CJIeI[ €T OTMCTUTD, UTO IIPHU HAXOXKICHUN Z“, * HYXHO
s

MPOSIBUTH HOBBIIIECHHOE BHUMAHUE, TAK KAK HUKAKUX YYyJICCHBIX PABEHCTB JJIf
UX MPOBEPKHU HE CYIIECTBYET.

Anzopumm uccnedosanusn GynKyuu 08yx nepemMeHHbIX Ha IKCMPEMYM

®Oynkmus z = f(X,y) mmeer MmakcumyM B Touke Mo(Xo;Yo), ecu f(Xo;Yo) > f(x;y) ms
BCEX TOYEK (X;y), JOCTATOYHO OJM3KHUX K TOUKE (Xo;Y0) ¥ OTIUYHBIX OT HEE.
®dynkuus z = f(X,y) ummeer MuHEMYM B Touke Mo(Xo;Yo), eciu f(Xo;Yo) < f(X;y) mis
BCEX TOYEK (X;y), JOCTATOYHO OJIM3KUX K TOUKE (Xo;Y0) U OTIUYHBIX OT HEE.
MakcumMyMm U MUHUMYM (DYHKITMM Ha3bIBAIOTCS IKCTPeMyYMaMu (PYHKIMH.
HccnenoBanrie PyHKIUU ABYX MEPEMEHHBIX HA IKCTPEMYM MPOBOJIST 110
CIEYIOIIECH CXEME.

1. Haxonsar yactHbie nmpousBoaubie dz/dx u dz/dy.

2. Pemarot cucteMy ypaBHEHUN:

% _o
&
%_g
o

U TaKUM 00pa30M HAXOAAT KPUTHUECKUE TOUYKHU (PYHKITUH.
3. HaxoasT yacTHbIE NPOU3BOJAHBIE BTOPOTO MOPSIKA:

'z A%z Az
Ay oyt

4. BBIYUCHSIOT 3HAYEHUS] 3THUX YACTHBIX MPOU3BOJHBIX BTOPOTO MOPSAKA B KaXKI0H

W3 HalJCHHBIX B I1.2 KPUTHYCCKUX TOUKaX M(Xo;Yo).

ac(Z2) a2z} o[22
o ), Sy ), ¥ ),

5. JlenaroTr BBIBOJ O HAJTMYUU DKCTPEMYMOB:

a) ecmu AC —B2>0u A <0, 10 B Touke M nmeercs MakCUMyM;

6) ecmu AC —B?>0uA >0, 10 B Touke M MMeeTCss MUHUMYM;

B) eciiu AC — B? <0, To 5KCTpeMyMa HET;

r) eciu AC — B? = 0, To BOIpOC 0 HAJUYMU SKCTPEMYMA OCTAETCH OTKPHITHIM;


http://math.semestr.ru/math/derivatives.php

IIpumepsl ucciaegoBaHus PYHKIHUU IBYX NEPEMEHHbIX HA IKCTPEMYM.
IMpumep Nel. MccnenoBaTh Ha SKCTpeMyM (DYHKITHIO
z=13 +3xy 2 —-15x-12 y.

Pemenue.
1) Halimem yacTHbIC IPOXU3BOIHBIE:

= =32 +3y* —15,
&

oz
—=6xy—12y,
oy

2) Toraa cucrtema JJisi OTBICKAHUS CTAllMOHAPHBIX TOYEK UMEET BU/T
2
12 +y —-5=0

xy—2=0

PemiuB cucteMy, IMOJy4YHM YETHIPE CTAIMOHAPHBIE TOUKH:

P1(1,2), P2(2,1), P3(-1,-2), P4(-2,-1). Haiimem npou3BoAHbIE 2-TO TOPAIKA
2

072 6x-427 _6x-8,

o2 oy By

¥ COCTaBMM AUCKpUMHUHAHT AAB-C? 1151 Kax 10l CTalMOHAPHOM TOYKH.
1) dns touxu P1(1,2) A=36-144<0, B P1(1,2) sxcTpeMyMa HeET.

2) dns toukn Py(-1,-2), A =144 — 36 >0, A>0, B P2(2,1)dyHKIHS MeeT
MUHUMYM, Zmin = -28

3) s Touku P3(-1,-2), A = 36-144 <0, B P3(-1,-2) skcTpeMyma HeT.

4) ns touxu Pa(-2,-1), A=144 — 36 >0, A<O B P4(-2,-1) byHKIIMS HMeeT
MaKCUMYM Zmax=28

Z _6y=C

IMpumep Ne2. Haiitn HauGoJIbIIee 1 HAUMEHbIIEE 3HaUeHUs (PyHKIUHK Z = X +
4Xy —y? — 6X — 2y B TPEYTrOJbHUKE, OTPAHMYEHHOM OCSMHU KOOPAMHAT M IIPAMOM
2Xx+3y—-6=0.

Pewenue.

HaitneM kpuTHUYeCKHE TOUKHU JTOKAIBHOTO SKCTPEMYMa BHYTPH YKa3aHHOU
o0nacT ¥ 3HaYeHus JaHHoU pyHkumu z = f(X,y) B 3THX Toukax. Tak

oz & L oy

S "X Y—6 o =4x—-2y—2
KakK ox , , TO CUCTEMA IJIs1 OTBICKaHUA
KpI/ITI/IIIeCKI/IX TOYECK UMECT BU

x+2y-3=10 x=1

2x-y-1=0 ~ |¥y=1
Touka Py(1;1) Haxoautcst BHyTpH obnactu, mpuueMm z(Po) = -4. Uccaenyem
dbyHkuuo z Ha rpanuie oomactu. Ha otpeske OA4 umeem : y=0, z = f(x;0) nim

g1(X)=x? — 6x, rae x€[03] ; 21=2X-6; 2”1(3)=0; 91(3)=f(3;0)=-9. Ha
otpeske OB umeem: x=0. z=1(0;y) umu z=g»(y)=-y>-2y,



e YEO2L £:(0N=-2y-2% g:(-D=0 —1e]0:2] , ..

y :2_21: z :f[x;2—ng
AB nmeem 3 3 WA
38

19 ,
Z = =——x“"+6x— ) =——x4+6
33( ) 9 8: HeIE[{};B’]; 33( ) 9

T
27
r - =n
.EE[IQJ

() Az2)- 8
83\ 19 19°19 19
Haiinem 3navenus Gpyukuuu z B Toukax O, 4 u B. z(0) = f(0,0) = 0; z(A) =
f(3;0) =-9, z(B) = (0;2) = -8.
27 20

f(0:0)., £(02), f3:0)., f( 7). SN

CpaBHuBas 3HaYCHUS 19°19
MPUXOJUM K BBIBOIY:

HauOosbiiee 3HayeHue zmax=0 B 1. O(0,0);

HauMeHbIIee 3HaueHue zmin=-9 B T. A(3,0).

3ananue 1.HaiiTu YacTHbIE MIPOU3BOAHbIC BTOPOIr0 MOPSIAKA

Bl z=x’y*-4x-5y B16 z=x3-y>-3xy

B2 z=y2-x*+xy-2x-6y B17  z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x’+y’+xy-3x-6y

B4 z=y\x-y’-x+6y B19.  z=xy*(1-x-y)

B5 z=e*/?(x+y?) B20. z=x3+y3-15xy

B6 z=x3-y3>-3xy B21. z=3-2x2-xy-y?

B7 z=0,5xy+(47-x-y)(x/3+y/4) B22.  z=y*-xy-2

B8  z=x’+y’+xy-3x-6y B23.  z=x’+2xy-y’+4x

B9  z=xy*(1-x-y) B24  z=2x%*+2xy-y%/2-4x



B10 z=x3+y3-15xy

B11l z=x’+y’+xy-4x-5y

B12 z=y’-x’+xy-2x-6y

B13  z=xy(1-x-y)

B14  z=y\/x-y?-y+6y

B15  z=e*/?(x+y?)

B25

B26.

B27.

B28.

B29

B30.

z=x2+xy-2
z=y?-2xy-x*+4y+1
z=1-2xy+2x>
2=4x+2y+4x>+y*+6
z=x*+2xy-10

7=x%+2xy-y*-4x

3ananue 2.UccienoBath 3a1aHHYI0 QYHKIHUIO HA IKCTPEMYM

Bl. z=12+2xy-x?

B2. z=5x>-3xy+y*+4

B3. z=4x*+9y%-4x-6y+3

B4. z=x%-2xy-y*+4x+1
B5. z=y?+2xy-x>-4y
B6. z=x%+3y?+x-y

B7. z=x%y

B8. z=4-2x>-y?

B9. z=x%/2-xy

B10. z=1+xy?

B11. z=4-2y*+x?

B12. z=y?+2xy-x>-4y

B13. z=x’-xy

B16.

B17.

B18.

B19.

B20.

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

z=x*+2xy-10
2=4x+2y+4x%+y%+6
z=1-2xy+2x>
Z=X24+2XY-y2+2Xx+2y
z=y2-2xy-x*+4y+1
z=x%+xy-2
2=2x%+2xy-y?/2-4x
Z=X2+2xy-y*+4X
2=3-2x2-xy-y?
z=y?-xy-2
Z=X>+y?+xy-4x-5y
z=y?-x2+xy-2x-6y

Z=X2+y?+xy-3x-6Y



B14. z=xy(4-x-y) B29. z=x3-y3-3xy
B15. z=x+2xy-y2-4x B30. z= x3+y3-15xy

KOHTpOJILHbIe BOIIPOCHI

1.ChopmynupoBaTh aITOPUTM HAXOKICHUS IKCTpeMyMa (PYHKIIMA HECKOIbKUX
EPEMEHHBIX

IIpakTnueckas padora Ne 11 mo reme
«Bbluuc/IeHrEe HeoTpeleJIeHHBIX HHTErPaJIoB»

]_le.]'IL: IMPOBCPUTL YMCHHUC HAXOAUTHb HCOIIPCACIICHHBIC MHTCTPAJIbl UCITOJIb3Y s

MCTOAbI HCIIOCPCACTBCHHOI'O HHTCIPUPOBAHNA, HHTCI'PUPOBAHNC HOI[CTaHOBKOﬁ u
I10 9aCTsM.

Bpems BbinosiHeHnA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceegeHuA
2.3agaHue

3./IuctA4



4.KanbKynatopol

MopAaaoK BbinoNHeHUA paboTbl

1.U3yunTb 3agaHune

2. U3yunTb TEOpETUYECKME CBEAEHMA

3. BoinonHuTtb 1 opopmutb paboty

4.MMoKas3aTb pe3ynbTaTbl NpenoaasaTento
AdomawHee 3apgaHue

1.MoarotoBUTbL OTBETbI HA KOHTPOJIbHbIE BOMPOCHI
Xopa pabortbi

Teopernueckue cBeieHUs

f(z)
Onpenenenne Ilyctp -- (hyHKIIMS, 3a7]aHHasl HA O0BEMHEHUU UHTEPBAJIOB

f(z)

BelecTBeHHOM ocu. Habop Bcex mepBooOpa3HbIX JJIs Ha3bIBACTCS

f(=) J f(z)dz

HeonpeoenénHbIM UHMe2Paiom OT 1 0003HavaeTcs . Onepanus

(=)

HAXOKJEHUSI HEONPEEIEHHOTO HHTErpaa 1o 3aJJaHHON (PyHKIUN
HA3bIBACTCS UHMezpuposanuem 3Ton GyHKINNA, HAUTH HeONpeaeNEHHbIN HHTETpa

f(z)

O3HAYaeT npouHmezpuposamsy NaHHyo QpyHkuo. OyHKIUsA , 3alMCaHHas
MOCJIE€ 3HaKa MHTEerpasia (Wid, KaK 4acTo TOBOPST, 700 3HAKOM UHTErpasa),
Ha3bIBACTCS noObiHmezpaivHou yukyuet. COrIacHO JOKA3aHHBIM BHIIIIE

f(z)

TeopeMam O BUJIE IEPBOOOPA3HBIX, HEONPEEAEHHBIN UHTETPAN OT PYHKIUU

Flz)+C F(z)
COCTOUT U3 (PyHKIHI BUAA , T1e -- Kakas-11u00 (hUKCUpOBaHHAS

f(z)

nepBooOpazHas st ,a C -- BeJINUMHA, ITIOCTOSIHHAS Ha KAXKJIOM U3

f(z)

HETEePECEKAIONINXCSI MHTEPBAJIOB, HA KOTOPBIX 3ajJaHa (YyHKITUS . [ToaTomy
MO>KHO HaIMCaTh TaKyl0 GOpMyIIy:

ff{:] dz — F(z) + C.

Tabanua MHTErpasoB 3J1eMEeHTAPHBIX (PYHKIUI

1 _[D'afx:=C_ 11 _[chxafx:=shx+€l

2 [tax=x+C 12

dx
=—-cthx+¢C
‘rshzx )



3 320 13 dx

tg =X i C =thx+C

J'x o+ 1 (m#—l)_ Ichz
4 1. .dc 14 1 e X

I;a&:_f?_]ﬂhhc J'x2+a2afx:—jx2+a2—a—arctgz+c
5 .. & 15 1y pxe

-2 =_1In +C
Iﬂiﬂ&: ]na+c- IxE_aE St x +a
J'exaf):=€x+c
6 _[smxd:c=—|:osx+(?_ 16 J‘L=ar.35m£+6=—arccos£+c
az_xz it i

7 _[c:osxdr=sinx+€_ 17 e +x? +al+C

T
x2+of
8 | af;c: =-ctgx +C 18 I x2+adr=§m'x2+cx +%]n‘x+ﬂ,|'x2+a‘

9 dx 19 2
I 5 =tgx +C _l'xn'az—xzafr=£xl'a2—x2+a—arcsm £+C’

2 2 s

10 _[shxdx=chx+€l 20 ,[ dx i

Sin X

J- d ’!gx+?rf2

tgx
2

+C

COsX 2

<

3aMeHa mepeMeHHOI B HeonpeaeJIéHHOM HHTerpaJe
(MHTErpUpOBaHMeE MOACTAHOBKOI).

Iycts [flx)de = F(x)+C Toraa [ £ (e(x)pe'(x)dbe = F(£(x)) + € 3nech t(X) -
muddepeHnrpyemasi MOHOTOHHAST (DYHKITHSL.
[Ipu pemennu 3a1ay 3aMeHy IEPEMEHHOM MOYKHO BBITIOTHUTH IBYMsSI
CIIOCOOaMHU.
1. Ecnu B mombIHTErpaibHOM PYHKITUU yIa&TCs cpa3y 3aMETUTh 00a

comuoxutens, u f(t(X)), u (x) 10 3amena MIEPEMEHHOU OCYIIECTBIISICTCS

£ (x)dx = d

O/IBEIEHIEM MHOXKHTES (x) no 3Hak auddepenimana: u

3a71a4a CBOJIMTCS K BBIYMCIICHUIO UHTErpaia Jf L) Hanpuwmep,



S X —sm oxde . divosx) _

Jrg e = [ % - - |
COS X COSX cosX  (3a7a4a CBeJICHA K BBIUUCICHUIO

ot

£ rnet=cosx) ~ ~In|eosx|+C (aHAJIOTMYHO HAXOJUTCS MHTETPA OT
ctgx). | ™ cosxdx = [¢™ dsin x = (3a1a4a CBE/IeHa K BBIMUCIEHNIO | e'dt ,
raet=sinx) =€~ +C B Goee CIOKHBIX 331a4aX OMEPALS 10BEICHUS
noJ 3HaK auddepeHana MoKeT BBITIOIHIATHCS HECKOJIBKO pas:
Iea.fccth x? arcctgﬂxi La&: _

1+x (caMoe HEMPUATHOE B MOABIHTEIPATBHOM

(YHKIINY - TIATas CTENICHb aPKKOTAHTCHCA 101 3HAKOM 3KCIIOHCHTBI; €CITH
nainbliie He Hanaéres nuddepeHnnan 3Toln GyHKINUU, TO HHTETpall,
BO3MOYKHO, B35Th BOOOIIIE HE YJacTCs; B TO K€ BPeMs CIICTYIOIIHiA
MHOKHUTEND (arcctg? X?) - mpousBogHas (C TOYHOCTBIO 10 ITOCTOSHHOTO
MHOYKUTEJIS) CTETIEHHON (YHKIIMU; 3aTEM CJIEAYIOT IPOU3BOIHBIE (OIISITh C
TOYHOCTBIO JI0 TOCTOSHHBIX MHOKUTEIEH) (QYHKIMI arcctg X2 U X 10 CBOUM

aprymMeHTam)
1 5.4 1 1 5.4 1
= —_[em':tg * arn:n:tg4 x? (Zxeh) = —_[em':tg * arn:n:tg4 x? dx? =
2 1+x4 2 1+ x4
2
1 5.4 — 1 2
=- —_[ear':':tg * arcct34 .:vn2 — | = ——_[em':tgj * art:t:tg4 xzaf arcctz xz =
2 ]_+ x4 2

5.2 5.2 1 52
=_%I€&rcctg x (5ar|:|::tg4 xzdarcctgxzjl =_%I€&rcctg x (darcctgj .:I:E:I =_ﬁ€a.rcctg x5 4

2. 3aMeHy MepeMEHHONW MOYKHO OCYIIECTBISATh (DOPMaTbHBIM CBEICHUEM

SitL X
MO/BIHTErPATBHOTO BHIPAKEHHS K HOBOI epemennoit. Tak, B J€ 95 *% yyeer

CMBICJI MIEPEHTH K MepeMeHHOM (cIeaTh MoACTaHOBKY) t = Sin X. Bripakaem Bce
MHOKHUTEM MOJABIHTETPATLHOTO BBIPAYKEHUS Yepe3 MEPEMEHHYIO t:

. ot .
x=arcsmr;¢ix=—2;cosx=w{l—sm2x=«Jr1—r2 .
1-1 . B pesyibrate [€  Cosxdx =

=_[et 1- £ —‘ﬂz =_[etd£=et+(?=

1-1 (BO3BpaIliaeMcsi K KICXOIHOM TTEpEMEHHOMN )

_ _gihx

=e 7 +C Jlpyrue npuMepst:
dx

Idx—50+

3

Vx-5) [TonprHTErpanbHas GYHKIUS COACPIKUT JIBa MHOKUTES, HA
OJIMH M3 KOTOPBIX HE SBISETCS MPOU3BOJIHOM IPYTOT0, TOITOMY MOJABOIUTH UX
noz 3Hak auddepennunana 6ecnosne3Ho. [lonbiTaeMcs BBECTH HOBYIO IEPEMEHHYIO,



6.1:—5;

e x-5=£¢-

Iﬂfx—5(1+3{a’x—5) x =25 +5 dv=66de| _

TaKy1o, lITO6I:.I KOPHH U3BJICKIINCH:
68 dt tdt (£5 +1-Dde _

=§ =f
£il+e4) J'1t2+1 / £+l

—E[J'tﬂ - ] (¢ —arctg £)+ C = 6/x =5 - arctg§fx -5 )+ C

#+1 PaccMmoTpum

Jola® - x dx (uaTerpan Nel9 u3 Tadu.). 3nech NOABIHTErpAIbHAS PYHKIUS
COCTOWT U3 €IUHCTBEHHOT'O MHOKUTEJSI; MOXKHO OIISITh MOMBITATHCS CAETATh
TaKyIO 3aMEHY IMepeMEHHON, 4TOObI KOpeHb U3BNEKCA. CTPYKTypa MOAKOPEHHOTO
BBIPAKEHUS ITOJCKA3BIBAET DTy 3aMEHy: X= @sin # (yqp x = acosi e >0);

‘Jﬁ X =5 £ dx = acos £dE . .
a’ —x“de = =g [ocos” £ df
.[ ‘\Ilﬂ'.z - x* =a\|'1—sinz.¢=fz|:osx 'r .
. MnTerpan cBéncs k

WHTETpaly OT KBaJpara KocuHyca. [Ipn MHTerpupoBaHnM YETHBIX CTEIICHEN

.2 2
CHHYCa ¥ KOCHUHYCa YacTO MPUMEHSIOTCS OPMYJIbI, BRIpaXKAIOIIMe 5t~ £y Cos £

g 1-cos2f 2 1+cos2s
s " f=—cog" = ——m—
yepe3 KOCHHYC JBOMHOTO yTJa: 2 2, [TosToMy

3J1+c052r

2
az_[cosz.t'd.r=a tf.t——Udt+_[cosEﬁﬁIl ; [r+ _[cosE.t d,Er]

) X
s £ = —, CcosE=

a’ e

2 2
@y Lanoe|v =g+ Lon 22|+ 0= (£ +sin foost)+ € =
2 2 2 2 2

2

P oox 1
?arcsm—+—xm,|'a2 —.:vr,2 +

a2

[Ipumepsr: 1.

r=x+w'x2+U,;r—x=f\|'x2+w,;(r—x)2 =x? +u

2F 2F

=r2+”’;¢ﬁ=r2+”‘d¢
2t g2

f 2 2
S R
[+

ﬂ&: IE_ Iz_
I—dr=r2—2£x+x2=x2+u;x= Il;u'x2+w,=.t— * =]n|r|+C=]n‘x+w,|'x2+c¢




x 1 2 +a) —(x - 1 1 1
| s ol .[(x e = aj‘ﬁ=gf[ - ]dx=

2 "x“-a 2a” x® - a” (x +a)(x —a) x-a x+ta
1 Id(x—a) Id(x+a) []n|:r, Al |aeaes _i]nx—a, p
s X—d x+a 2 e |x+a

Humezpuposanue no uacmsm.

WHTErprUpOBaHUE 110 YaCTSAM - IIPUEM, KOTOPBIH MPUMEHSIETCS TIOYTH TaK JKe
9acTo, Kak U 3aMeHa nepeMenHoi. [Tycts U(X) u V(X) - yHKIINN, ©MEIOIIHe
HETPEPhIBHBIC YAaCTHBIC MPOU3BOAHbIC. Torna o dpopmyie quddepeHIIupoBaHUS

= udv =dur)

npousseneHus d(UV) = u-dv + v-du “v R Haxonum

HGOHpCIICJIéHHBIC HHTCT'paJibl OJIA 00eux yacTeu 3Toro PaBCHCTBA (HpI/I 3TOM
_[d(uv} =nuy+ C').

Iu-:fv mv—lv-du

Orta (hopmyna u Ha3zbIBaeTcsa (pOpMyJIOil HHTETPUPOBAHUS MO YacTsaM. HacTto
€€ 3aMMChIBAIOT B pou3BoAHbIX (dV = v’-dX , du = u’-dx):

Iu-v’afr mv—fv-u’dr

[Ipumepsr:
i = x, dv = sin xdx;
J'xsin xdx = _ =x(—cosx) —I(—cosxjaﬁr =-xcosx+snx+C
du = v =‘|‘sm xdx = —cosx
=lnx; dr =dx; e
_[]nxd:c= & =xh1x—_[x—=x]nx—_[afr=xh1x—x+c
= p=x x
x

cDOpMy.]'Ia HHTeIpHpOBaHHﬂ 110 qacTiaMm MOXCT HpHMeHﬂTBCﬂ
HGOI[HOKpaTHO. HpI/I HaJIM4UH He6OJ'H)HIOFO OIIbITa B HpOCTBIX I/IHTeraJ'IaX
HET HeO6XOI[I/IMOCTI/I BBIIITUCHIBAThH HpOMe)KYTOqHBIC BBIKJIaKHU (U = .. dV =
_[u'.:fv

...), MOKHO Cpa3y IpUMEHSTh (HOpMYyJITy, PECTABUB HHTETPAJ B BUJIE
J'exxEdr = j'x3 (e™dx) = Ix3dex - x'e* —J'exd.:c3 = x°e* —J'exBxde: = x'e® - BJ'xE (e¥dx) =
= xe* - BJ'xzdex = x’e* 3(.1: e —Iexdxzj = x e® —3(1:2 * —J'exExdr) =

3

~3xte® + 6]‘xd€x = xle® - 3xte* + bixe™ - J'exa&:] = x'e® - 3x’e® +6xe” - 6J'exafx: =

x'e* - 3xle® + 6xe® - Ge® +C=ex(x3—3x2+6x—6}+tf.

[IpuBenEnHbie MpUMeEpHI MOKA3BIBAIOT, AJI1 KaKUX (GYHKIHUNA HaJI0 MPUMEHSITh
(MJIM TOMBITATHCSI MPUMEHUTD) (DOPMYJTy HHTETPUPOBAHUS 110 YACTSIM:



I/IHTeraJIBI BHIA IPH(xj'cosax'tﬁ:’ _[PH(x)'smax'dr ’ J'PH (x)a™ o d . TIe Pn(X) _

MHOrowieH N-oif crenenu. Tak, aas [ By ) cosax dx oo
1#=F,(x).dv =cosemelx du=(P,(x)Vebx =Pp,_ (x)ex, v = (sin ex) /&t W

IPH (x) cosexde = P (x) (s m:]lfa—lfa_[PH_l (27 sin aoe e . B pesyubrare MbI

TIOJTYYHJIA UHTETPAJ TOTO K€ THUTIA C MHOTOWICHOM CTETICHU Ha €IMHUITY MEHBIIIE.
[Toce N-kpaTHOTO MMPUMEHEHUS (POPMYIIBI CTETICHh MHOTOWICHA YMEHBIITUTCS J10
HYJISI, T.€. MHOTOUICH MTPEBPATUTCS B TIOCTOSTHHYIO, U MHTETPAJ CBEAETCA K
TaOJIUIHOMY.

HTerpassl [ Balx) £(x) e e ). TPAHCLEHICHTHAS (QYHKIIHS,
UMEIOIast IPOOHO-PAMOHATIBHYIO HITH IPOOHO-UPPALMOHATBHYIO IPOU3BOIHYHO
(In x, arctg x, arcctg X, arcsin x, arcos Xx). B atom ciy4ae umMeeT CMBbICI B3STh U =

f(x), dv = Pn(X)dX, mist Toro, 4TOOBI B HHTETpaJIe [rdu yuacTBoBaja He f(X), a eé
npowusBoaHas. [Tpumep:

i = arcsin x, v = xdx, 5 5
. x . x“dx
Ix'arcsmx'dx: = x x? |=Z_arcsin x -

I X = sin £, dx—cosm{r
vty 2 2

1-x2 w'rl x? =cost

2 4 2 :
=X aresin x—ljsm2m=x—arcsﬁ1 X —lI(l—DOS 2E)dt =X arcsin x 1 -2 2 +C =
2 2 2 4 2 4 o

x? £ sin foostk x? ) arcsmx+x 1- x*

= —acsnx - —+t———+€ = —arcsin x — +

4 2 4 4

J71st HeKOTOPBIX (DYHKIMI MPUMEHSAETCS MPUEM “‘CBEJICHUS UHTErpasia K
camomy ce6e”. C moMOILbI0 HHTETPUPOBAHMS MO YaCTAM (BO3MOXKHO,
HEOJHOKPATHOTO) MHTETpajl BhIPAXKAeTCs Yepe3 TaKOW K€ MHTErpall; B pe3ysbTare
MTOJTYy4aeTCsl YpaBHEHUE OTHOCUTEBHO 3TOI0 MHTETPalia, pemas KOTopoe,
HaxoJuM 3HaueHue uHrerpana. [Ilpumepsr:

(2 __ 12
o F=|va® —x“dx "
Haittu I (ato nnterpan Nel9 u3 tada. 10.3.Heonpene e HHbIX
HHTErPAJIOB; B IPEAbIYIIEM Naparpade Mbl BEIYUCIHIA TOT HHTETpa ¢
ITOMOIIBI0 TPUTOHOMETPUYECKON OACTAHOBKH * = asin ¢ ).

u='\.|ﬂ2—x2;dv = dx, 7
2 2 x“dx 2 2

I=I at —xidc = dx =x+a’ - xt | —m— = xnja —x° - | ————dx=
dz _ﬁ;v = x ﬂz_xz ﬂz_xg
a - X

= Xt (a, —x} a —xrx—x +
7= [ e |




. x
—}r+|as2 arcsin —

—xa - x* - x? dx +a® = x+Ja® - x*
SR — :

R nezvnkTaTe nms MCKOMOIO HHTCTpaJIa MbI IOJIYYUIIN YPABHCHHC
2

X
I=x+a®- -F+a® arcem —
/3
1
.X
28 = xw,n'az —x? +a® arcsin —+ €
pemias  KOTOpPOE, MOJIydaeM “ (xoHcTanta C

MMOABUJIACH BCJICACTBUC TOI'O, YTO HHTCTPAJIbI IB npaBoﬁ U JICBOM YacTIx

VNARHEHUS ONMNneneneHkl ¢ TOYHOCTBIO 0 MPOU3BOJIBHOW MOCTOSHHOW) WU
| )
T 3 . & . X C

If=—xva* - x° +—acsimn —+ —
P 2

(KoHCTaHTa nepeobo3HaueHa uepe3 C).

CBenmeHue WHTETpasia K camMoOMy cede — caMbIii mpocToif cmocod

Ie‘“ cos edr
HaAaxXOXmeHnud 4YacTo BCTpC‘-IaIOH_[I/IXCH I/IHTeraJ'IOB BHUJA "
ax -
( ). Hanpuwmep,
= coshx, dv = e dx
I=J'eﬂx|:os.-_’:x'afx= B e cosbx+b_|'e"xsmbx'dr=
= —psin bxde v =e™ ia .
i =sin b, dv = e dx Pl

ax
=_  coshx +E e—sin hx - EIE” coshe de | =
=hooshede. v =e® fa i

ax ax 2

e . i)
= coshe+ smbx——zf
i ct tt
. Utak, mocne IBYKpaTHOTO HHTerpHpORaHHﬁ
o qacTaMm W(“TVLTEHEQ ypaBHeHI/Ie OTHOCHUTCIILHO
ax ax
& .
F=—rcoshx + smfm——zf
o tt tt
, pelicHue KOTOPOT'O
ax
& .
f= E—I:acosbx +bsin bx |+ C
s +h

[Ipy HaXOXACHWM 3TH WHTETPAIIOB HE NMPHUHIMITHAIBHO, TOJOXKHM JIN
MBI U = €0S bX, dv = e dX wim u = e, dv = cos bx dx; BaxkHO TONBKO TIpH
BTOPOM TNPUMEHEHUU (DOPMYJIBI MHTETPUPOBAHUS TIO YACTSAM 3arOHSATH ITOJ
3HaK auddepeHimana (QyHKIUIO TOro € THMA, YTO W TpPU TEPBOM
(mokazaTenbHyI0 UM TPUTOHOMETPUIECKYIO).

Emé onun Bug Gpopmyii, KOTOpble OOBIYHO MOTYYAIOTCS C MOMOIIbIO
MHTErPUPOBAHUS IO YACTSAM, U UCIOJIb3YIOTCS JAJI1 HAXO0XKIEHUS HHTETPAJIOB -
PeKyppeHTHbIe COOTHOmeHus. Eciy noapiHTerpanbHas (GyHKIMS 3aBUCUT
OT HEKOTOPOTro napameTpa N, ¥ MOJy4eHO COOTHOILIEHUE, KOTOPOE BBIPAXKaeT
MHTErpaj yepe3 aHAJIOTMYHbIA MHTErpaj ¢ MEHbBIIMM 3Hau€HUEeM N, TO 3TO
COOTHOIIIEHHE W HAa3bIBAECTCA PEKYPPEHTHBIM cooTHOoUIeHUEM. [Ipumepsi:

= Icos" x dx I
pelICTaBUM TIOJBIHTETPATbHYIO (YHKIHIO B BHUIC



- n-2 2 n-2 : -3 _
cos® oy = cos® % yopogd x = COS x'(1-sn* x)=cos X — SN X Cos X X

MHTErpall OT IMEPBOrO CJIAraéMOro aHaJOIMYE€H HCXOJHOMY C 3HA4CHUEM
rapaMeTpa N Ha JABE €IWHUIIBI MEHBIIE; K HHTETPAILy OT BTOPOT'O CIIaraéMoro
MpUMEHUM (HOPMYITY UHTETPUPOBAHUS MO YACTSIM:

= zin x; dv = cos® % x sin xefx

_[n:os x = Icos x o - Ismxcos 2 xsin xdb = a-1 =
cost T x
= cosxde, v =— ] ;
-
-l -1 : r-1
. 1
=IH_2 —Smx[—y]+l[—y]|:05x-dr=I'H_2 +S]I‘1 JSEOSl x_ 1J-E05xﬂ-dx:=
"- "- "= nm-
sin x cost -1 x 1 ﬁ 1 )' SIX cu:usu_l x n-1 St X EOSH_I x
=f, _~ + -— T + =f, I = _ e —
L n-1 -1 n= a-1"% 2 n-l e n n- n
T A =_|-|:osx'dm=sinx+(?
eIephb, 3Has ,
1+ 2 1 in 2
Iy —Icos x o = Iﬂdx =—[x+sm x] C
2 , MBI MOXKCM BBIIIUCATDH
_ : 3-1 . 2
I3=Ic053x'dx=3 11,1+smx|:cls x=gsmx+smxms X, e
3 3 3 3 :
4 4 -1 snxcost Tx 31 sin x cos- x
f4=J'|::-::-s x dx = I+ =2 [2x+sin 2x )+ —— " "+
4 4 4 4 4 :
: 5-1 - 4
a-1 4 11 . .
15=Icoij'dr= I L x=—'—(25mx+smxcoszx:|+w+c
3 4 a3 4 u

T.1.

3amanus npakTu4yeckoi padorbl Halith HeonpenenéHHble HHTETpabl

1.
L1 [x*(3x-+1) dx L11. [ 4x(4x+2) dx 1.21. [3Jx(2-3x) dx
2 3 7 3 4 6
12 [-2Vx(a-axfox 112 [X G 1.20, [ 2K T g
X X
1 4 1
3,y qyb 4 g b 4 3,7
Y R — Y R 1.23, Ide
X X
IR 2 3 2 A
4 _y7 _y3 4 _y5 4 y3 3[,2 4[5
La Xy g [ 120 [,



5 2 3 2
15.1\/X_+\/:—_2\/;dx

161 dx

V3—=x?

3
1.7.j1+xzdx

1
1.8.‘f(eX +2x—4% 4+3x2 de;

19J‘Zcos x+5
cos? x

1.10.[2%/?—6003de

dx

2.1.j V3

9x* -3

1
2.2. dx
J.\/sz +3

1
2.3. -[9x2 O

9
2.4, j mdx

1
2.5. dx
I \3-9x?

1
2.6. j7x2 — X

3
2.7. j N dx

1
2.8. -[SXZ O

1
2.9. ISXZ —

1.15. j

1.16. j

3
dx
VA—-4x?

1.17. —dx
25+ x>

2
1.18.j(g+8ex +5°— x_3jdx;
X

2 J—
1.19_J‘de
cos? X

1.20.I%sin X +‘{/7dx

2.

2.11.j

1
dx
VB5x? +3

2.12. j

1
dx
VA-TX2

V5 dx
N3—4x?

2.13.j

2.14.]

1
dx
V2x% -9

1
2.15. dx
I 2x% +7

2.16. j

1
dx
V3x3+1

1
2.17. J.3X2 X

V2 dx
N7 —2x2

V14
5 X
2X° =7

2.18. j

2.19.

3i/?+2\/x_—i/§dx
X

1.25. j

2 dx
V1-x?

1.26. j

3 dx
VX2 +4
2
127, P

1.8, IZsm X+3 I

sin® x

2
1.29_‘[de

cos? X

1.30.[(1— x)(2—\/§)1x

1 dx
-2

dx
Ax? +3

1
dx
VAx? +3

1
dx
V3-4x?

1 dx
-3

2
v dx

2
dx
\V4x? -3

1
dx
247

1 dx
-9



1 1 1
2.10. dx 2.20. dx 2.30. dx
I\/3—5x2 I8><2 +9 I\/9—8x2
3.
dx dx In"(x-7)
3.1. 3.11. 3.21. dx
J (2x+1)/In?(2x +1) J (L—x)/In*1—x) J (x=7)
3 5
32| dx 312, JIn*(Lex) g 3.22.jIn (x=8) 4,
(x+15/In?(x 1) (L+x) (x-8)
6
33, dx 3.13. j V'” (2~ 1 3.23. In°(x+9) g,
(1-xR/In?(1-x) (x+9)
3
3.4. j"'n 1-x) 3.14. o 324] 3X+5)dx
(x+1R/In (x+1) +5)
5 2 3
3.5.]"In L) g 3.15.]"'” 6+%) 4, 3.25. j (Bxr1)
(1+x) (6+x) (3x+1)
7 3
3.6, IV'” LX) 4 3.16. [V (x+4) o 326 [ &
(1+x) (x+4) (x+1)In?(x+1)
JIn®(1+x) dx dx
3.7. dx 3.17. 3.27.
I (1+X) ‘[(x+2)\/ln (x+2) I(x—B)In4(x—3)
3 7
3.8, j"'” 1+30) 4 3.18.j—V'”(1+X)dx 3.28. [ %
(1+3x) (L+x) (x+3)In*(x +3)
3.9. IV'” B+x) 3.19.['”3(1_X)dx 3.29. | dx
(3+x) (1-x) T (x=4)In°(x-4)
3/In*(x~5) In®(x-5) dx
3.10. | o9 dx 3.20. | (-5) dx 3'3O'I(x+5)ln3(x+5)
4
. COS X sin 3x
4.1.|sin* 2x - cos 2xdx 4.11. | ———=dx | ————dx
I J(sinx—4) cos’ 3x
. . sin 5x cos4x
4.2._[cos 2X-sin 2xdx 4.12I

\/COS5X

sin 4x



4.3.j5in3 4x - cos 4xdx

cost
sin 2x

44—

45[§m§5dx
cos” 3X

46J- smx

Y/cos X

sm X

47J.COS X

4BJ—E§§4x
3—-sin x

49.[ smx
COSX+

sin X

410j—————dx

3/cosx+1

51 J- arctg 3x
1+9x?

52 J-w/arctg X

53 J-w/arctg X

54J. arcsm

VJ1-x?
55 I\/arccos X

———X

1+x

56, Iarccos 3x

V1-9x2

57 Iarccos X

V1-9x?

4.13.]3\/005 2X -sin 2xdx

4.14.Isin3 5X - c0s 5xdx

cosSx

Vsin? 5x
4.16.J‘\/cos7x -sin 7 xdx

415[

4.17..|'\/cos3 2X -sin 2xdx

c036x
sin 6x

4.18.[——

sm 4x

cosBx

420]Sln

511j§395%d 5.20.

6
5.12.1 arccos’ 3x dx
1+9x°

arcsin® 2x

V1—4x?

513[

arcsin® X

Gox

514j

arccos4x dx 23.

V1-16x2

arccos’ X

i

515]

516j

arcctg’5x

5'17'I 1+ 25x2

4.23. | /cos® 2x -sin 2xdx
¥

sin 5x
cos* 5x

424j

4.25-[ sin 4x I

cos? 4x

4.26.Isin6 3x - cos 3xdx

4.27.J.sin4 8x - cos 8xdx

4.28.'[sin5 4x - cos 4xdx

sin 2x

Ycos* 2x

4'30,[ COS6X i

Vsin® 6x

429j

dx
1+ X )\/arctgx

521]

dx
522'[ (1+ x? Jarctg®x
523[J

arcsm X

594, I./arcthx

5 95 I«/arccosZ ix

V1—4x?

5.26.
'[\/1 25X )arcsin5x

arctg®3x

dx
1+9x2

521]



58, Iarctg 2X
1+ 4x°

59, J-arcsm 2x

V1—4x?

arccos® 2x

V1—4x?

5.10. j

61j7x +4

62J'1 2X

63J~ 2X+1
5x2 +1

64j~ X+3

Nrvie

71'[ sin xdx
1+ cos? x

7.2.'[3 (1+2x ) dx

arcsin® 5x

NJ1-25x2

5.18. j

5.19. | Y

il+x Erctg X

5.20. -
il+x Erctg X

6.
x-1
6.11.jmdx

6.12. 2X+3de

X-3
<5.13.j1_4)(2 d

614]5X 2 ix

1-2x

V3x2+2

2x3

Jax

3x+4

6.15. j

6.16]

617j dx

5x+2

Nl

6.18. j

3X+2

V2x7 —

6.20. j

7.

7.11..[sin2 X - COS Xdx

7.12.§/(7-3x) dx

arccos’® 7x

V1—49x?
520, J-,/arctg X

5.12j

arctg*8x

dx
1+64x2

5.30. j

621J~2X+3 dx

X-3
6.22.[4)(2+ d

3x1

623j dx

2X+5

V5x2 +

625_|.2X ‘;x

6.24. j

2x-1

dx
V5 —-3x?

3x3

Ny

32x

6.26. j

6.27. j

628j

X+4

629I

6.30. j

X-5 dx
V4 -9x?

7.21.J‘x2 sin x3dx

7.22.[{/(1—4x) dx



7.3.j;dx

(@-ax)

7.4.[ (8x+5) dx

75. ~ X ax

V14 X2
7.6._[8m Jx ix
Jx
7.7._fx35in 3x*dx
7.8.j4ds'n 2X_4x
1-cos2x

7.9.](2x3 +1)4 x2dx

7.10.[ %x
X

l.j X C0S 6X dx

2.[ xsin (x—5)dx
3.Iarcsin 3x dx

4.'[ arctg 8xdx

5.j xsin (x —2)dx
6.J‘ arcsin 8x dx
7.J‘ xsin (x +3)dx

8.] xcos (x +4)dx

9.j arccos 7x dx

7.13. j 1 o«

(2+5x)

7.14.[ 2(3x - 5) dx

2
7.5, ~ X dx

N2+ X8

7.16. [ x* cos(4 — x* pix

7.17.jx2 sin 2x%dx
7.18.[ (2 +1) x*dx
7.19.‘|'e’9’xz*1 - xdx

7.20. (%)dx

8.
ll.fxcos(x—?)dx
12.[In (x+12)dx

13.[ (x—4)e* dx
14..[xe’6X dx

15.I arctg 7xdx

1.16.I arcsin 5x dx
1.17 fIn(x—7)dx

1.18.'[xcos (x +6)dx

1.19.f arctg % dx

7.24.3(5x - 8)'dx

3
X
——0X

N2-x*

7.26. [ x* cos(x* +5}ix

sin 3x i

2+ Cc0S3X

7.28.] (3" - 1) x*dx

7.29.‘|'eX3+1 - x2dx

e3x
7.30. j (m)dx

1.21.J. arctggdx

22..|' arcsin X dx

5
23.] arccos 2x dx
1.24.[In(2x ~1)dx

1.25.Iln (2x +3)dx

1.26. j arccosi dx
5
1.27.j arctgfdx
4

1.28.J.arcsin;dx

1.29.[ arctg 6xdx



10.[In (2x—4)dx 1.20. In(x + 8)dx 1.30.Iarccos§dx

2. Haiimu unmezpan I (rx +x)e“* dx, TI€ K — HOPAAKOBBIA HOMEDP B JKypHAIIE
3. Haiimu unmezpan J' (kx—4)sinkxdx, TIe K — HOPSAKOBBIA HOMEDP B KypHAIIC

KOHTpOJILHbIe BOIIPOCHI:

1. TaGnua HHTETPAIOB .

2. B gem cyTh MeToa 106aBOoYHOTO KO3 duinmenTa?
3.MeTo/ TOICTAaHOBKH.

4.MeTto UHTETPUPOBAHUS IO YACTSIM.

IIpakTnyeckas padora Nel2 o reme
«MHTerprpoBaHue palMOHAJIBLHBIX APO0ein»
Heuanb: npoBepUTh YMEHHUE UHTETPUPOBATH PAIIMOHAJIBHBIE APOOH
Bpemsa BbinonHeHUa 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceeneHmA

2.3agaHue

3.JIuctA4

4.KanbKynatopbl

MopAaaoK BbinoNHeHUA paboTbl
1.M3yunTb 33agaHue

2. U3yunTb TEeOpeTUYECKME CBeaeHUA

3. BoinonHuTtb 1 odopmuTb paboty
4.MoKasaTb pe3ynbTaTbl NpenoaasaTento
JomawHee 3apaHue

1.MoarotoBUTb OTBETHI HA KOHTPO/IbHbIE BOMPOCHI
Teopernveckue cBeaeHU

Panmnonanbubie Apoou. IIpocreiiime pannoHajJdbHbIe APO0H M UX
HHTErpupoOBaHue



Jlasnieko He BcsKasi dIeMeHTapHas (QyHKIUS UMEET MHTErpajl, BhIPAXKAIOIINNCS B
aJIeMEHTapHbIX (QyHKIUAX. [loaToMy OYeHb Ba)KHO BBLICTUTh TaKHE KJIACCHI
GYHKIUI , WHTErpaibl KOTOPBIX BBIPAXKAIOTCA Yepe3 dJeMEHTapHble (YyHKIIUU.
[TpocTeitimmM 13 3TUX KIACCOB ABJIAETCS KIJIACC PAllMOHATIBHBIX (PYHKIIHIA.

Besikyio paniMoHaigbHYI0 (YHKIMIO MOKHO TMPEJICTAaBUTh B BHUJAE PaIlMOHAIBHON
Ipo0Owu, T. €. B BUJIC OTHOLICHUS ABYX MHOTOUJICHOB:

Q(X) _ BX" +Bx" " +..+B,

f(x) AX"+AX"T+.+A

He orpannumBas OOIIHOCTH pacCyXaeHUs, OyaeM Tmpenamnojaratb, 4To OTH
MHOTOWICHBI HE UMEIOT OOIIHUX KOPHEH.

Ecan creneHp 4uCIUTENISI HUXKE CTCIICHU 3HaAaMCHATCIIsI, TO ,ZIpO6I> Ha3bIBACTCA
HpaBHHBHOﬁ, B IIPOTHBHOM CJIy4ac IIpO6I> Ha3bIBACTCA HeraBHHBHOﬁ.

Ecnu npo0b HenpaBuiibHas, TO, pa3AeiuB YUCIUTENb Ha 3HAMEHATENb (110 MPaBUILY
JIeJI€HUs] MHOTOYJIEHOB), MOXHO MpPEACTaBUTh JAHHYIO JpoOb B BHUJE CYMMBbI
MHOTOWIEHA U HEKOTOPOU MPaBUIILHOM JIpoOu:

Q) _
f(x)

F(x) .
f(x)’

M (x) +

31ech M(X)-MHOTO4JIEH, a @- npaBUJIbHAs APOOb.

(x)
Ilpumep. 1lyctb nana HeMpaBUIIbHAS pallMOHATIbHAS APOOh

x*—3
X% +2x+1

PaznenuB umcnuTens Ha 3HaMEHarenb (MO TPaBUIY JACJICHUS MHOTOWICHOB),

IIOJIyYuM

4_

2x 3 % _ox4+3_ 24x+6 _
X +2x+1 X +2Xx+1

Tak Kak WHTErpUPOBAHWE MHOTOWICHOB HE TMPEIACTABISIET 3aTPyAHEHUN, TO
OCHOBHAsI TPYAHOCTb MTPU MHTETPUPOBAHUH PALIMOHAIBHBIX APOOEi 3aKiII04aeTcs B
WHTErPUPOBAHUU NIPABUIIBHBIX PALIMOHATIBHBIX JPOOEH.

Onpenenenue. [IpaBuibHbIE paliuoHaIbHBIE APOOU BUIA

). A

X—a

(2). ﬁ (K-11es10€ MOI0KHUTETBHOE YUCIIO > 2
X—a

(3) _Ax+B  (KOpPHH 3HAMEHATENs KOMIUIEKCHBIE, T.€. P° , _ ).
X% + px+q 4



4) Ax + B (K-11e710€  TOJIOKUTEITBHOE YHCIO >2 ;KOPHU 3HAMEHATEIsI
(x?% + px+ q)*

KOMILUIEKCHBIE), Ha3bIBAIOTCA MpocTenmmmu apoosmu (1),(2),(3) u (4) tunos.

NuterpupoBanue npocreimmx apoodeit tuna (1),(2) u (3) He cocTaBiseT OOJIbIION
TPYIHOCTH, TIO3TOMY MBI TPHUBEIEM WX HMHTCTPUPOBAHHE O€3 KaKUX-JTH00
JOTIOJTHUTETHHBIX TTOSICHEHUH:

A
) Iradx=Aln|x—a|+C

A kdx:AJ‘(x—a)"‘dx:A(X_a)_kﬂ+C: A —+C
(x—a) -k+1 (1-k)(x—a)

(2)

A Ap
—(2x+p)+(B-—)
) |8 g2 2 xR BEP g @ Ry &
X"+ pX+q X"+ pX+q 27 X+ px+q 2 7YX+ px+q

Ap 2X+P

=§In|x2+px+q|+( ——)j o : :§In|x2+px+q|+ il arctg

Py P 49-p 4q-p’
() +a-")

bosee ClOXHBIX BBIYMCICHHN TpeOyeT MHTETPUPOBAHKUE MPOCTEHIINX Apodeit (4)

+C

THIIA. HYCTB HaM JaH MHTCrpall TaKOro TUIia:

Ax+B
(4) J.(xz + px+q)"dx

[Tpousseaem mpeoOpa3oBaHUS:

A ) Ap
Ax+B S @B A o A dx
j 2 kdx:j 2 k dx:—j B kdx+(B——)J.—2 k
(X“+ px+q) (X“+ px+q) 27 (X“+px+Q) 2 (X" + px+Q)

[TepBoIit nHTErpa OepeTcs MOACTaHOBKOM X’ + px+q=t,(2x+ p)dx=dt:

t—1k+1

2X+p dt ., 1
dx=|[—=|t*dt=—r+C= C
Jorrpergr el S g

BTtopoii unterpan- o603HaunM ero uepes ly-3anuiieM B BUE

| :I dx :J‘ dx :J‘ dt
CIOC ) T Py o Py T @ m)E
2 4

rmojaras



2

+£=t,dx=dt,q—|o—=m2
2 4

(HO IMPCAIIOJIOKCHNIO KOPHHM 3HAMCHATCIII KOMIUICKCHBIC, a CJICOJOBATCIILHO,
2
q—pT>O). Jlanee mocTymnaeM CiaeayronuM 00pa3oM:
(t* +m?) —t* 1 dt 1 t?
J dt=— I 2 2yk—1 __2J 2 2k
(t* + m?)* (t°+m?) m-J (t°+m°)

_j(t 2 imA)k

[IpeoOpazyeM uHTEerpa:

j t?dt ‘J t-tdt _Ejtd(t2+m2)__ 1 jtd( 1 )
@+m?)* (2 +md)* 20 @ +md 2k-1)7 (2 +m?)<

WuTerpupys no yactsim, OyJ1eM UMeTh

J-tzdt 1 1 f dt ..

+m’)*  2(k-1) 5 +m’)t (2 +m2)?

[ToncTaBiisst 3TO BbIpaXk€HUE B paBEHCTBO (1), momydnm

dt

=y

_1 dt 1 1 t - dt B
B I(t2+m2)“+m2 2(k—1)[(t2+m2)k’1 I(t +m )“]

_ t N 2k —3 J‘ dt
2m?(k =D (t* +m?)**  2m*(k =1)J (t*> +m?)* "~

B mpaBoil yacTu COONEPKUTCSA MHTETpaji TOro K€ Tuia, 4yro |, , HO Iokasareib

CTENIEHU 3HAMEHATeNsl MOJABIHTErpajbHOM (yHKUMM Ha eauHuny Huxke (K-1)

;TAKUM 00pa3om, Mbl Beipazuiu |, yepe3 1, . [Ipomomkas uaTH Tem Ke MyTem,

JIOMJIEM 10 U3BECTHOI'O MHTErpana:

dt 1 t
|, =|——="—arctg—+C
! It2+m2 m e

[ToacraBnsisi 3areM BClOQYy BMeCTO t MU M uX 3HAYEHUS, MOJYYUM BBIPAKEHHE
uHTerpana (4) depes x ¥ 3a7anHbie yucna A, B, p,g.

BeiBOI

Bun npocrefimmx apobeii ompenessiercs KopHsmu 3Hamenatens f(X). 3mech
BO3MOYKHBI CIICIYIOLIUE CITyYau.

1.Cnyyaii.



KOpHI/I 3HAMCHATCIIA ,Z[GﬁCTBI/ITGJIBHI)I H pa3JIM4HEIL, T. €.
F(x)=(x-a)(x-b)...(x-d).
F(x)

B sTom ciydae npoOb 00 pasnaraeTcsi Ha mpocTeiime apodu 1tuna:
X

F(x) A B D
= + +...
f(x) x—-a x-b x—d,

Hu Torga

[ E®qo[ Agxr [ - dx+.| 2 dx=Aln|x-a|+BIn|xb|+..+Din|x~d|+C
f(x) X—a Xx—b x—d

2. Cnyyaii.

KOpHI/I 3HaMCHAaTCJIA ﬂCﬁCTBHTCHBHBIC, IMPpUYCM HEKOTOPBIC N3 HUX KPATHLIC!

f(X) = (x—a)“(x—b)”...(x—d)°.

F(x) .
B sTom ciydae npoOb 00 paznaraeTcs Ha nmpocTeiime Ipoou 1u 2 TUTIOB.
X
Ilpumep 1.
2
T T ] CoT T P L WAL
(x+2)°(x-2) (x+1)* 37 (x+D)° 97x+1 97x-2 2(x+D)° 3(x+) 9 9 6(x+)° 9 x+1
3. Cnyyaii.

Cpenn KopHEH 3HAMEHATelNsl €CTh KOMIUIGKCHBIC HEMOBTOPSIONIUECs(T.C.
pa3nuYHbIe):

f(X) = (X* + px+0)...(x* +Ix+s)(x—a)*...(x—d)°.

F(x)

B stoMm cityuae ):[po6bm paznaraeTcsi Ha npocTeimue 1podu 1,2 u 3 Tumnos.
X

Ilpumep 2. TpeOyeTcst BBIUUCIUTH UHTErPajl

xdx o
J' Pa3noxum noapIHTErpaibHy 0 Ipo0b Ha MPOCTEUIIINE:

(x> +1)(x-1)

X _Ax+B+ C
(xX*+D(x-1) x*+1 x-1

CnenmoBarteibHO,
X =(AX+B)(x—-1)+C(x* +1) .

[Monarast x=1, nonyuum 1=2C, C= S; nonaras x=0, noiayuum 0= -B+C, B=1/2.



[TpupaBuuBas koddpdummentsl npu x>, momyuum 0=A+C, otkyna A= - S. Takum
o0Opazom ,

xdx xdx 1, dx 1, dx
I(x +D(x-1) 2% 1 __I J

= = |5+ =
X*+1 2x°+1 27x-1
_ Ly | X* +1] +1arctgx+—ln | x—-1|+C
4 2 2
4. Cny4ail.
Cpenu KOpHEl 3HaMEHAaTes €CTh KOMIUICKCHBIE KPaTHBIE:
f(X) = (X*+ px+q)*“...(x* +Ix+8)" (x—a)*...(x—d)°.
F(x) y
B sTOoM ciyuae pasznoxkenue apoou m6yﬂeT COJIepKaTh U MpocTeiiue apodu 4

THIIA.

Ilpumep 3. TpeOyeTrcs BRIUUCIUTH HHTETPATT

J- x* +4x3 +11x° +12x +8
(x? +2x+3)*(x+1)

Pemenue. Paznaraem 1po6s Ha nmpocTeitime:

X' +4x° +11x° +12x+8  AX+B . Cx+D  E
(x* +2x+3)%(x+1) (X*+2x+3)% x*+2x+3 x+1’

OTKyJa
X* +4x° +11x% +12X +8 = (AX + B)(X +1) + (Cx + D)(X* + 2x +3)(x +1) + E(X* + 2x +3)°.

KoMOuHupyst ykazaHHBIE BBIIIE METOJIbI ONpeAesieHust KodPPUIMeHToB, HaX0qUM
A=1,B=-1, C=0, D=0, E=I.

Takum 00pazom, noxyyaem

4 3 2
j-x +4x° +11x +12x+8 +In|x+1|+C

J- J- dx X+2 V2
(X +2x+3?)(x+1) (x? +2x+3)

X+ - ——arcth—Jrl
x+1 20 +2x+3) 4 V2

N3 Bcero W3I0XKEHHOTO CJEMyeT, YTO HHTErpajd oOT J00i parroHambHON
GyHKIIMA MOXKET OBITh BBIPAKEH 4Yepe3 dJeMEeHTapHble (YHKIHH B KOHEYHOM
BUJIE, a UMEHHO:

1)uepes norapudmbl- B caydasx IpoCTEHIIIX qpodel 1 Tuma;

2)4epe3 panroHaIbHbIe (YHKIIMU- B ClIydae MPOCTEHIINX ApoOeit 2 Trma

3)uepe3 gorapumMbl M apKTAaHTCHCHI- B CIy4ae MPOCTEHIINX Apodeii 3 Tuma

4)gyepe3 panMoHaIbHbIC (DYHKIIMH U apKTAHTEHCHI- B CIy4ae MPOCTEHUIINX JPOOeCi
4 Tuna.



3ajanns NpakTU4YECKO padoTshl (110 BLIOOPY)

3amanul.
e
2] e axsio
st axit
S P

dx
5 9%
I2x2—2x+7

dx
6.f— 2
I2x2 —11x+2

dx
7%
-[2x2+x+2
dx
8| —————
~[3x2—12x+3

dx
9| ——M—
12x2—2x+5

dx

1o.j 2x% —3x -2

3aganue 2

dx
11.
J.2x2 +3X

dx
12| —
J8—2x—x2

dx
13"[ 5x—x2—6

dx
14| —
J. x? +4x+ 25

dx

15| ——
-[ 2x% —8x+30

dx
16| ——
'[3x2 —9X+6

dx
17| ———
I2x2 —6Xx+1

dx
18| ———
I 2x% —3x+2

dx
19| —
Il— 2x —3x2

dx
20| ——
I2x2 +3X+6

X—6
a)f (x+1)(x+2)(x+3)

x3—6x2+13x—6
) f (x+2)(x—2)3
X3+4x%+4x+2
)f (1+x)2 (X2 +x+1)

B1

a)f 3x—4

x3+6x2+13x+9
V[

B2 (x+1)(x+2)3

dx
21| —
-[xz —5X+6

dx
2| —MM
I 2X —3—4x?

dx
23| ——
J.3x2 —8x-3

24. #’)‘Hli
5
26.!#
5x°—=10x+ 25
27.f m
8 exre
29.j3x+gx+l
30.f S_Zdﬁ

x3+6x%+13x+8

6) f X(x+2)3
X3 +4x%+3x+2
)f(1+x)2(x2+1)

B 16 dx

a)f 4x—3

X(x—2)(x—3)

3 +6x2+14x+10
) [

B17 (x+1)(x+2)3




)f 2x34+7x%+7x—1 )f 2x3+4x%+2x—1
(2+X)2(X*+2x+2) (14x)2 (X2 +2x+2)

5x—2 6x—1
ey romes L N e Demen ™
B3 )fx3—6x2+11x—10 B 18 6) fX3+6X2+11X+7d
(x+2)(x—2)3 (x+1)(x+2)3
)f x3+6x2+9x+6 f2X3+11x2+16x+10
(X+1)2(X*+x+1) ) (2+x)2 (X2 +2x+3)
7x 10x+3
a)f (x—3)(x—42)(x—5) dx a)f (x—6)(x—7)(x—8)
23 +6x2+7x+6 X3 +6x2+10x+10
B4 6) | s ¢ B19 N errorese
3x3+6x%+5x—1 x3+9x%+21x421
)f A+X)2(X%+2) )f (34+x)2(x2+3)
Ox+2 —5x—6
a)f x=5)(x—6)(x—7) dx a)f (x+3)(x+4)(x+5)

x3—6x2+13x—7

B5 6) [————dx B 20 6) [—————

x3—6x%+13x—8

dx

(x+1)(x—2)3 X(x—2)3
x3+6x% +8X+8 X3+5x2+12x+4
) f (2+x)2(x2+4-) 6) f (24x)2(x2+4)
—4x—5 —7x—8
a)f (x+2)(x+3)(x+4) dx a)f (x+5)(x+6)(x+7)
x3—6x%+10x—10 x3—6x%+14x—8
B6 ) f (x+1)(x=2)3 d B21 6) f (x+1)(x—2)3 d
f 2x3—4x®—6x—12 ) —-3x3+13x%-13x+11
) (—1+x)2(x2+4x+5) (=2+x)2(x2=x+1)
—6x—7 —9x—10
a)f (x+4)(x+5)(x+6) dx a)f x+7)(x+8)(x+9)
x3 +x+2
87 6) f3x3+9x2+10x+2 B 22 6) [ (X+2)X3

(x—1)(x+1)3
x3+2x24+10x
) f (1+x)2(x2—x+1)

3x3+464+x
) f (—14+x)2(x2+9)



B8

B9

B 10

B 11

B 12

B 13

a)f —8x—9

(x+6)(x+7)(x+8)

2x3+6x%+7x+4
V[

(x+2)(x+1)3

) f 4x34+24x%4+20x—28
(B+x)2(x%+x+1)

)f —-10x—-11
(x+8)(x+9)(x+10)

2x3+6x%+7x
) [ d

(x—2)(+12)3

3 +x+1
6) [ —

X +x+1)(x2+1)

a)f —12x-13

(x+10)(x+11)(x+12)

) f B+6x2+4x+24
(x—2)(x+2)3

) f 2X3 +4x% +2x+2
(x+1+x2) (Z+x+2)

)f —14x—15
(x+8)(x+9)(x+10)

x3+6x2+18x—4
V[

(x—=2)(x+2)3

) f 4x3+4+3x
(1+x3) (2 +x+1)

)f —13x-5

(x+3)(x—2)(x+1)

x3—6x2+14x—4
V[

(x+2)(x—2)3

2x3+1—x
8) [ =

6) J

(x“+1)(x2—x+1)

a)f —-9x—1

(x—3)(x+4)(x—5)

2x3—6x%+7x—4
(x=2)(x—1)3

B 23

B 24

B 25

B 26

B 27

B 28

6

)f —-11x—-12
x+9)(x+10)(x+11)

2x3 +x+1
) f (x+1)x3

) f 2x343x%+3x+2
(1+x*) (6 +x+1)

)f —13x—14
a X+9)(x+10)(x+11)

2x3+6x%+5x
) f(x+2)(x+1)3

)f 3 +4x® +4x+2
(1+x)20% 4x+1)

—15x—16
)f x+7)(x+8)(x+9)

) f 2x3+6x%4+5x+4
(x=2)(x+1)3

x3+x+3
8)[—

(1+x) (X2 +x+1)

a)f —11x-3

X(x+1)(x—2)

B+6x2+14x+4
) f (x=2)(x+2)3

) f 3x3+4x%+6x
QC+x*) (2 +x+1)

a)f —7x+1

(x—6)(x+7)(x—8)

) f x3+6x2+10x+12
(x=2)(x+2)3

X +x2+1
8) [ —

6) [

(1+x7)(x%2—x+1)

—3x+5
A e

x3+6x2+15x+2
(x=2)(x+2)3



e)

a)[

x34x+1

(1+x*) (P +x+1)

—5x+3
x—9)(x—2)(x—11)

x346x%—10x+52

B 14 6) [ Do X B 29
X3+2x2+x+1
6)f(1+x2)(x2+x+1)
—x+7
a)f (x+1)(x+2)(x+3)
x3+6x%+4x+24
B 15 6) [ DD B 30
2x3+2x% +2x+1
6) X +x+1)(x2+1)
3aganue 3
2X° +3x—-4 2X% +x+1
5 J- 2x+6 I J- 2x+1
3XT+x+1 12, 3x° —2x-3
3 I 22X—1 dx J~ 4x+8
3X° -2x+6 13, ° 4x* +6x-13
" J~ 2xdx « ,[ 25x+1 dx
2X° +X+5 14.° X° —4x+1
5. J~ 2x+5 ix J- 2xdx dx
X“+XxX-2 15. ° 2X°+2X+5
6. J~ 3X 2 J‘ . x—3 dx
5x° —3x+2 16. ° X° —5x+4
7 J' X+4 J. 22X—:|. dx
—-6X— 8 17.° 2X° +8x—-6
8. .[ x+4 J : 2-X
7x+1 18.° 4X° +16x-12
9. I 5X 2 _[ 22X 1
2x° —5x+2 19,7 3X° —6x+9
J‘ 4X 1 J- 2x-1 de
4x? —4x+5 20.7 3+ X—2X

3anmanue 4

2x3+2x+1
6)f 2 2_
xX“+1) (x4 —x+1)

a)f x+9

x—1)(x+2)(x—1) dx

2x3 —6x2 +7x
)f(x+2)(x 1)3

4+x
o) J 2+x%) (2 +x+2) dx
a)f 8x+1

(x=4)(x=5)(x—6)

x3—6x2+13x—6
) f (x+2)(x—=2)3

33 +7x%+12x+6

o) OF +x+3) (X2 +2x+3)

3x*+x— 1
3x+1

I 4X 2
2x2+x 4
2X+3

3x2+2x 7

M e
Sz

N P

W v

W P o i
stzxjx2+5
Jx23+5x 1
M
2o V5 v 2xe10
w50 xi7

NG +5x 1
2X+1
5x2 +2x+10

5x2—x+7



1.

j 3x? +20x+9 y
(x? +4x+3)(x+5)

12
> J.(xz —2x—3)(x—2)CIX

4.

o

8.

9.

J- 43x — 67 «

(xz—x 12)(x-1)

I “+8x° +9x -7
(X% +x-2)(x+3)

J. 8 dx;
(x? +6x+5)(x+3)
J. Xfx—l dx;
J- 2X+ 22
(x? —2x+10)(x+2)
J- 5x% +17x + 36
(x? +6x+13)(x +1)

_[ 6x* +6x 6
(x? +x—2)(x+1)

dx;

37X — 85

10. J. dx;

(x? +2x-3)(x—4)
3agaHue 4
1.[ 3x+13
(x? +2x+5)(x-1)

J- 2x% +2x+20
(x? +2x+5)(x-1)

36
> -[ (x? —2x+10)(x+2)

4 _[ 4% +3x+17
(x? +2x+5)(x-1)

5-I4X_X2 -12

dx;
x®+8

dx;

dx;

dx ;

dx;

dx ;

+3x 24

- J.x —x-2)(x- S)dx'
3x?-15

12 'I(xz +5x+6)(x—1)dX

X2 —19x+6
13 'I(xz +5x+6)(x—1) X

6x*
H 'I(xz +3x+2)(x—1)dX
2x* —26
' 'I(x2+4x+3)(x+5) g
. J- 2x* +12x—6
(x? +8x+15)(x +1)

7x? —17x

L I(x —2x-3)(x-2)
3x* —17x+2

' J.(x +5x+6)(x—1)

19-[ 3X+1
ix—ix 1

20 . _[ X+2

iX + X2 ’dx

6Xx+8

RGO

Xx?+3x—6

2 'j(xz +6x+13)(x+11) §

dx ; 13j

Ox — 9
2 _4x+13)(x +1)

4x + 2
1.14. jm

NG —13x+40

15.
J.x —4x+13)(x+1) X

4x-10

1o 'I(xz —2x+10)(x+2) X

17 J~ 2x? —3X 3 X
(x? —2x+5)(x-1)

dx;

4x?
21. d
Ix2—2x+1)(x+1) X

99 ,[ +2x 1

53, I 2x —5x+1

xix —2x+1i

24Jx+3x2

x+1
X% —3Xx+2

2> J.xix +2x+1i

23, j7x —10 4«

x3+8

x? —5x + 40

2 J x+2)(x —2x+10)CIX

26.[ X+ 2

xix —2x+1i ax

x* +23
27 'I(x2 rox+13)(x 1)




4x* +38
dx ; 28.
(x? —4x+13)(x +1) X I(x+2)(x2—2x+1o) X

2X2 +TX+7 19x — x? _34
8'-|‘(x2+2x+5)(x ' 18I

8 2x2 +4x +20 5X +13

9'-[(x2+6x+13)(x+1)dX; 19'I (x+1)(x? - 4x+13) X 29'I (x+1)(x2+6x+13)dX

4x% +x+10 4x* +7x+5 _ 3x° +2x+1
10. IW 20 I(x—l)(x2+2x+5) ax; 30- I

KoHTpoJibHBbIE BONPOCHI:

Kak BbII€IUTh TOJIHBIN KBaJApaT U3 KBaJAPAaTHOTO TPEXWICHA?

Chopmynupyiite cBOMCTBA HEOMPEIEICHHOTO HHTETpaIa.

3anuimTe TabIHIly OCHOBHBIX HEOIIPEAECICHHBIX HHTETPAJIOB.

Pacckaxute 06 MHTErpUPOBAHUH C UCIIOIb30BAHUEM IOABEACHUS MO 3HAK

muddepennuana.

Kakas npoOp Ha3bpIBaeTCs parioHaIbHON?

Kakas npo6p Ha3bpiBaeTcs npaBuiibHON? Kak pa3nokuTh NpaBUIbHYIO IpO0Oh

Ha CYMMY 3JIEMEHTApHBIX po0eii?

7. Kakas 1po0b Ha3bpIBaeTCs HenpaBUIIbHON? Kak pa3noxuth HenpaBUIbHYIO
IpoOb Ha CyMMY 3JIEMEHTapHBIX ApoOei?

8. 3amuimuTe YeThIpe OCHOBHBIX THIA MPOCTEHIINX APOOEH U pACCKAKHUTE 00
UX UHTETPUPOBAHUHU.

9.Pacckaxkute 0 MeTo/Ie HEOIpeNEeICHHbIX KO3 PUIIUEHT

W

o o



IIpakTnueckas padora Ne 13 mo reme

«HTerpUpoBaHre TPUTOHOMETPUYECKHUX QYHKIMI U MPPANMOHAIBHBIX

BbIPaKEHUID»

Heab: npoBepUTh YMEHUE HAXOAUThH HEOMPEACICHHBIE HHTETPAJIbI
TPUTOHOMETPUUECKUX (PYHKIMI ¥ UPPAITMOHAIBHBIX BBIPAKCHUM.

Bpemsa BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceegeHuA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopAaaoK BbinoNHEHUA paboTbl
1.M3y4ynTb 3apaHue

2. I3yunTb TeopeTnyeckme ceeseHunA

3. BoinonHuTb 1 odopMuTb paboTy
4.MloKa3aTb pe3ynbTaTbl NpenogasaTesnto
OomawiHee 3apaHue

1.MMoarotoBUTbL OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
TeopeTunyeckue csegeHus.

NuTerpupoBanne TPUroHOMETPUYECKUX PYyHKIUI

Hnmeepan suoa '[ R(sin x, cos x)dx .

3necb R — o0o3HaueHne HEKOTOPOW parMOHAIBHON
IIEPEMEHHBIX SINX 1 COSX.

byHKIMA  OT



X
HHTeraHbI O9TOI'0 BHJA BBIYHUCIAIOTCA C INOMOIIBIO IIOACTAHOBKH ¢ =tg§ . OTta

MOJICTAHOBKA TMO3BOJIIET MpeoOpa3oBaTh TPUTOHOMETPUYECKYIO (YHKIHIO B
palMOHAIBLHYIO.
x
2tg —
g 2 2t

sin x = =1 = cosx =
X

2 X
l_tg E_I_tz

2 X 1+¢2°

l+1tg

Torma x=_2arctgt, dx = 2dt2 ;
1+¢

Hnmeepan suoa '[ R(sin x,cos x)dx, ecau @pyHkyusa R sensemca neuemmoii

omuocumenbHo COSX.

HecmoTpss Ha BO3MOXKHOCTH BBIUMCJICHHSI TAaKOTO HMHTErpaja ¢ MOMOIIBIO
YHUBEPCATHHOW TPUTOHOMETPUUYECKOW TOJCTAHOBKH, palliOHAIIbHEE MPUMCHUTH
MOJICTAaHOBKY t = SINX.

Hnmeepan suoa '[ R(sin x,cos x)dx, ecau ¢pynxkyusa R saensemcs newemnoii

omuocumenvHo SInX.

[To anamorum ¢ pacCMOTPEHHBIM BHIIIIE CIydaeM JeIaeTcs MOJACTaHOBKa t =
COSX.
Unmeepan suoa _[ R(sin x,cos x)dx , eclu gyuxyusi R uemnas omunocumenvro SINX u

COSX.
Jlst mpeoOpazoBanus GyHKIUUA R B pallMOHaIBHYIO UCIIOJIB3YETCS MOJCTAaHOBKA
t = tgx.

Hnmeepan npoussederusi CUHYCO8 U KOCUHYCO8
PA3JIUYHBbIX APCYMEHMOE.
B 3aBuCUMOCTH OT THIA TPOU3BEACHUS TPUMEHSITCSI OJIHA U3 TpeX GOPMYII:
sin(m + n)x N sin(m — n)x}

Jcos mx cosnxdx = J% [cos(m +n)x +cos(m — n)x]dx = %[
m+n m-—n

Isin mx cos nxdx = J.l [sin(m +n)x + sin(m — n)x]dx = l[— cos(m+n)x _ cos(m = n)x}
2 2 m+n m—n
. . 1 1| sin(m+n) sin(m-—n)
Ism mx sin nxdx = J.— [— cos(m +n)x + cos(m — n)x]dx =—| - +
2 2 m+n m—n

HNuTerpupoBanre nppauoOHAIBHBIX BBIPAXKECHUN

1) J.R(u,\/mz—uz)du;
2) J.R(u,\/m2+u2)du;
3) J.R(u,\/uz—mz)du;

Tpuzonomempuueckas noocmanoeKa.
Teopema: Murerpan Buaa J' R(u,Nm* —u*)du TIOICTAHOBKOW u = msint WA



u =mcost CBOAUTCS K MHTErpajy OT palMOHaIbHOW (PYHKIIMH OTHOCHTEILHO Sint
U COSt.

[Tpumep:
=asint; 2
J-«/az _lde=1tT¢ = J\/az —a’sin’® tacostdt = J-az cos’ tdt = a—J(l +c0s2¢t)dt =
dx = acostdt 2

2 2 2 2 2
a a” . a’t a° . a .X X
=7+Tsm2t+C=7+75mtcost+c=?arcsm—+5\/a2 -x*+C.

a
Teopema: Hnterpan Buaa jR(u,\/szruZ)du ITOJCTAHOBKON u = mitgt WIIH

u = mctgt CBOJUTCS K UHTETPATY OT PAlMOHAIBHON (DYHKIIUKM OTHOCHUTENBHO Sint u
cost.

[Ipumep:
x =atgt;dx = dt; ) .
J- dx B & cos’ ¢ _J~ acostdt _J- cos’tdr 1 J~(1—sm2 Hdsint _
wiJa? 12 2l 4 cos’ta*tgta Y a*sin‘t a* sin® ¢
cost’
= ! + ! +C =<sint = /1 @ X = (a2+x2)3/2+ a2+x2+C
3a*sin’t a'sint a’+x>  Ja? 42 3a'x’ a*x '

Teopema: HMuterpan Buaa j R(u,Nu® —m*)du TOJICTaHOBKOM u:L 1581051

sin ¢

1 . i
u =—— CBOJUTCS K WHTErpajgy OT palMOHAIBHOW (PYHKIIMM OTHOCHTENIBbHO Sint

cost
Im COSt.
[Tpumep:
2 2sint .
dx x=——dx=———d; 2sint costdt 1 .
J—/ = cost cos” t :I =—|ctg'tdt =
x(x? —4)"? 5 cos’r-2-2°1g°t 32
Vx© —4 =2tgt;
1 2 1 1 2 1 2 1 3 1 ( 1 j
=—\ctg’t —1|dt =——|ctg td(ctgt)—— | ctg“tdt = ——ctg’t —— —1\|dt =
321% (sinzt j 33 et td(etgn) — 1 fete 96 ¢ " 323 sin2y

1 1

- +
12(x* =4)*?  16Jx> -4

1 1 t
=——ctg't+—ctgt+—+C=

2
cigt = =
% 27973 { e e _4}

+ Larccos% +C.
3 X

+

Humeepan suoa jR(x, 1l ax+3 de 20e N- HamypanbHoe YUCTO.
cxX +



ax+b
C noMoIIbI0 IOJICTAHOBKY y =t (pyHKUUA pallMOHATU3UPYETCS.
cx+

!

ax+b:t,,; Lt —b; dx:(r —det;
ex+d a—ct" a—ct"
Torza jR(x s de IR(’ b ,t](f _bjdt:jr(t)dt.
cx+d a—ct" a-—ct"

[Tpumep.

— — _ 2
={4/—12x:t; e dx} = 21 di _ijdzz

J‘ dx
VI-2x —41-2x 4(m) 2 -1

—2I[t+—jdt——2jtdt—2jtt—ldt:—t2 —2](1+t1—1jdz=—z2 ~2t—2Inft—1|+C=

= _J1-2x-241-2x —2ln‘4«/1—2x —1‘+C.

Ecnu B coctaB uppanuoHaabHON (YHKIIMH BXOJAT KOPHH Pa3IMYHBIX
CTEIEHEN, TO B KAUECTBE HOBOW NMEPEMEHHON PAIMOHAIBHO B3ATh KOPEHb CTENEHU,
paBHOM HauMMEHbUIEMY OOIEMY KpaTHOMY CTENEeHEHl KOpHEW, BXOIALIUX B
BBIPAKECHUE.

[IpousnmrocTpupyeM 3TO Ha pUMEPE.

[Tpumep.

I\/_+\/_ x-1=¢ x—1=t12; ~ (l‘4+t3)l2t“dt_12J-t3+12 g
(-1 +¥x ) dx = 12¢"dr, (P (1+1%) £ +1

=12(jt +1dz+j J=12U(z T jdz j(

dtz =612 +12t —6In(s> +1)—12arctgt+ C = 63/x -1 +12%/x -1 —6In(Yx -1 +1) -
+t

jdtj—l2jtdt—l2f tdi +12jdz—

—12arctgNx—1+C.

Memoo neonpeodenennvix KoIhpguyuenmoe.

PaCCMOTpI/IM HHTCTPAJIbI CJICAYIOHNIUX TPCX THUIIOB!:

P(x)dx [ 2
| —————=; I1.| P(x)Vax~ + bx + cdx; 1.
j Vax® +bx+c I I

riae P(X) — MHOTOUJICH, N — HATYpalbHOE YHCIIO.

dx
(x—a)"Vax® +bx+c ,

[Tpuuem wunTerpansl Il u Il TumoB moryT OBITH JETKO NPUBENCHBI K BUAY
uHrterpana | tuna.

Jlanee penmaeTcs creayroliee npeoopa3oBaHue:



P(x)dx 2 dx
—————=0(x)Vax" +bx+c + A | ——;
'[\/ax2+bx+c J.\laszrbx+c

B 3TOM BbIpakeHUH Q(X)- HEKOTOPBII MHOTOYICH, CTEMEHb KOTOPOIO HHUXKE
crerieHu MHOTrowIeHa P(X), a A - HeKOTOpas MOCTOSIHHAS BEJIMYMHA.

JUIs HaxOXJACHHUS HEONPEISICHHBIX Kod(pdunueHToB MHOrowieHa Q(X),
CTEIIeHb KOTOPOTO HUXKe creneHn MHorowieHa P(X), nuddeperuupyror ode yactu
MOJIyYEHHOTO BBIPOXKEHHS, 3aT€M YMHOXKAlOT Ha Jax* +bx+c n, CpaBHUBAA
KO3(phUIIMEHTHI TIPU OJIMHAKOBBIX CTEMECHSAX X, ONMPEACISIOT A U KOI(PDUIIMEHTHI
mHorowieHa Q(X).

JlaHHBIA METOJ BBITOJAHO MPUMEHSITh, €CIIM CTENEeHb MHOrowieHa P(X)
OombIIe eMMHUIBI. B MPOTUBHOM cllydae MOXHO YCHEIIHO UCIOJIb30BaTh METO/IbI
WHTETPUPOBAHUSL PAIMOHAIIBHBIX JIpOOEH, PacCCMOTPEHHBIE BBINIE, T.K. JIMHEHHAs
GyHKIUS SIBISIETCS] IPOU3BOIHOM TTOJIKOPEHHOTO BBIPAKECHHUSI.

[Tpumep.

3x =7x* +1 2 dx
dx=(Ax* +Bx+CO)Vx* —2x+5+A .
J-\/x —2x+5 '[\/xz—2x+5

Teneppr npoauddepeHpyeM TMOJYYEHHOE BBIPAXKEHUE, YMHOXHM Ha
Vax® +bx+c ¥ crpynnupyeM Ko3QpUIIHEHTBI IPU OJNHAKOBBIX CTEMCHSIX X.

3x? —7x* +1 /— Ax* +Bx+C A
Vx? =2x+5 ~ Ay BT =2 NES —2x+5( 1)_'_\/)c2—2x+5
(2Ax + B)(x> —2x+5)+(Ax* + Bx+C)(x — 1) + 1 =3x" = 7x” +1
2Ax° —4A4x* +10Ax + Bx> —=2Bx+5B+ Ax’ + Bx> + Cx — Ax> —Bx—C+ A1 =3x" —=7x* +1
34x> —(54-2B)x> +(104—-3B+C)x+5B—C+A=3x" —=7x" +1

A=1 A=1
5SA-2B =17 B=-1
104-3B+C=0 C=-13
SB-C+Ar=1 A=—

3x* —7x* +1
HTOFOJ.\/% = (x> —x—13)Vx* =2x+5 7J-

=(x* —x—13)Vx* —2x+5-TIn(x—1+x* =2x+5) + C.
[Tpumep.

Jx=1)° +4

J(4x —6x)Vx” +3dx J(4x \_/% +3)d = (Ax” + Bx* + Cx + D)V x? +3+XJ
x° 43

=BAx> +2Bx+ O)Wx* +3 +

dx
Vx*+3
4x* —6x° +12x> —18x (Ax3+Bx2+Cx+D)x+ A
Vxt+3 Vx?+3 vx? +3
Ax* —6x° +12x° —18x = (BAx” +2Bx+ C)(x* +3) + Ax* + Bx’ + Cx*> + Dx + A
4x* —6x° +12x* —18x =3Ax* +2Bx* + Cx* +9A4x* + 6Bx+3C + Ax* + Bx +Cx*> + Dx + A
4x* —6x° +12x7 —18x =4Ax* +3Bx’ + (2C +94)x*> + (6B+ D)x +3C + A




A=1, B=-2; C=3/2;, D=-6; L=-9/2;
I(4x —6x)Wx? + dx—(x - 2x? + x 6j\/x +3—Eln‘x+\/x + ‘+C

[Tpumep.

1
X =—:
dx v’ vidv vidy 5 dv
S - = (dv+ BW1—v? +a[ 2
J)f\/ﬁ dx:—dv J.v 1 _q Jm Jm

2
v v2

—A\/l—— (Av+B)v A
\/1— J1- \/1 v

—Vvi=A—Av' — Av* —Bv+A
Vv =22A4v  —Bv+ A+ A
A=1/2; B=0;, A=-1/2;
J~ vidv 1-v? 1 ) 1 +x?=1
——arcsiny = —
N 2 2 2 2

X

—arcsin lj +C
X

BTopoii criocod peleHus Toro e caMoro ImpuMepa.

x X = ydx = d; 2 sinzcos*t
— cos“ tsint
X VX 1 /xz—lztgt; -tgt

cos’ ¢t

1\/x——}

= I%(l+c052t)dt =%t+%sm2t ={sin2t 2sintcost =2-—

X X
2_
:l[arccosl+ x2 1]+C.
2 X X

C yderoM TOro, 4ro (QyHKIMH arcsSin um arcCoS CBsA3aHbl COOTHOIICHHUEM

.1 =m 1
arcsm—:z—arccos— , a4 IOCTOsiHHAasA UHTerpupoBanusi C — MPOM3BOJBHOE YHCIIO,
X X

OTBETHI, OJIyYCHHBIC PA3TUYHBIMU METOJAaMH, COBITA/IAf0T.

Kak BWAHO, Mpu HMHTErPUPOBAHUU HPPAIUOHAIBHBIX (DYHKIIMA BO3MOMXKHO
MPUMEHSATh Pa3IMYHbIE PACCMOTPEHHBIE BBIIIE MpUEMbl. BpiOop MeTona
WHTETPUPOBAHUS OOYCIIABIMBAETCS B OCHOBHOM HAWOOJBIINM  YJ00CTBOM,
OUYEBHUJIHOCTHIO TPUMEHEHUS TOTO WJIM HHOTO METOJa, a TaKXe CI0XHOCTBHIO
BBIYHCIICHUN 1 TTPeoOpa30BaHuU.

[Tpumep.
J X =sint; J J
I—imz dx = costdt, :ICOSZ t:I tz =tgt+C = +C.
(1-x7) cos’ t cos” ¢ 1—x2

cost =1 —x?

Heckonbko npumepoe unmezpanos, He GbIPANCAIOUWUXCA Uepe3
IneMeHmapHsle pynKuuu.



K TakuM umHTErpajsaM OTHOCHUTCS MHTErpasl BUJA fR(x,,/P(x))dx, rae P(x)-

MHOI'OYJICH CTCIICHHU BBIIIC BTOpOﬁ. OTH HHTCTPAJIbI Ha3bIBAIOTCA
JJIJIHNIITHICCKUMU.

Ecnu crenenpr MHorousneHa P(X) Bhlllie 4eTBEPTOM, TO MHTErpall HA3bIBACTCS
YIALTPAUIHNTHYECKUM.

Ecan BceTaku HHTCTPAJI TAKOIO BHAA BBIPAKACTCA UYCPC3 IJICMCHTAPHBIC
(I)YHKI_II/II/I, TO OH Ha3bIBACTCA NMCEBAOIJNIUIITHYICCKUM.

He MoryT OBbITh BBIpaXE€HBI 4Yepe3 AJIeMEHTapHble (YHKIUH CIIETyIOIIne
WHTETPaJIbl:

1) J'e’xzdx - uHterpan Ilyaccona ( Cumeon [lenu Ilyaccon — ¢panuysckuit
mateMatuk (1781-1840))

2) [sinx’dx; [cosx’dx - wumterpaner ®pemens (Kam Oriocren ®penens —

¢paniry3ckuii yaensii (1788-1827) - Teopust BOIHOBOM ONTHKH U JP.)

3) J. ld—x - UHTETPAJIbHBIN Jlorapudm
nx

4) J' %dx - IPUBOJUTCS K MHTETPATILHOMY JIOTapupmy

sin x o
5) J. dx - MHTETPaJbHBIN CHHYC
X

COSX o
6)] dx - UHTETPAIBHBIN KOCHHYC
X

3ajaHus NPaKTUYeCKO padoThI

3amanue 1.Haiitu uHTErpasibl

dx 3 2
J T B 16 [X34/2 = X% dx
B1 [ cosxcos3x dx [ cos8xsin5x dx

B2 fX+3/X2+6\/de B17 f 1 ﬂdx

x(1—3§/i) (2=X)2 4 2+X

[ sin2xsin6x dx
j sinxsin5x dx



B3 [ B 18 [—=

1+V%3 JX=1)3(x-2)
fsin7x dx JSiHSXdX
COSX
VXdx &
B4 fx—3\/x_2 519 f3¢(X—1)3(X+1)
[ sin?xcos® xdx
j dx
1 — sinx
f‘/7 dx B 20 —&
1+VX (1-X) [ (1-%?)
B5 [ sin*2x dx
J dx
cos*x
VXdx dx
f1—3\/Y B2l IX(1+3\/X_)
B6 [ cos®2x dx [ sin2xsin6x dx
B 7 f VX+2dx B 22 f dx
X x11 /(1+x4)
[ dx j sin3x dx
3+5cosx 2 + cos3x
Xdx dx
B8 | Nres B 23 1] R
[ dx [(cosx + 5)* sinxdx
5—3cosx
Xdx 5 372
B9 fm B 24 X4/ (1 +X*)2dx
f ctgx dx
[ sin*3x dx sinx
(VX+1+1)dx _dx
B 10 f Nees W) B 25 fxzw
j cosx dx [ dx
1 + cosx St
B11 f(x Ddx B 26 [Vx (1 +/x)3 dx

sin3x dx
fcos3xdx fZ + cos3x



B 12 X331+ X% dx B 27 [ x4 — 4 %% dx

dx
fcoschosSX dx fcoszx(Ztgx+1)
X dx
B 13 fde B 28 f\/ﬁ
[ sin?xcos® xdx Jcos6xcos4x dx
dx VX+1 +1)dx
B 14 —_— (VX+1 +1)dx
/ (x-1)3(x-2) B 2. / Vi+X+1
J d
fCOS4X dx IZtL-:lX
COos“X
dx X-1)dx
B 15 [—— B 30. [
(1-%) | (1-¥2) Vet
f cosx dx
f .4 V2sinx+3
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KOHTpOJIbHLIe BOIIPOCHI:

1.CpopmynupoBath npaBuiia HaX0XKJIEHUSI HTHTETPAJIOB UPPaLIMOHATbHBIX
BBIPAKEHU.

2. CchopmynupoBaTh paBUia HAXOXKACHUS UHTETPATIOB TPUTOHOMETPUUYECKUX.

IIpakTnueckas padora Ne 14 o reme
«BbIyuc/IeHUEe ONPeAeIeHHBIX HHTEIPAJI0B)»
[{enb: mpoOBEPUTH YMEHUE BBIYUCIIEHUS ONIPEACICHHBIX HHTETPAJIOB .

Bpemsa BbinonHeHnUa 90 MUHYT



MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceengeHmA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA paboTbl
1.3yuntb 3agaHune

2. I3yunTb TeopeTnyeckme ceeseHunsa

3. BoinonHuTe ¥ 0popmMuUTb paboTy
4.MoKasaTb pe3ynbTaTbl NpenogasaTesnto
AdomawHee 3apgaHue

1.MoarotoBUTbL OTBETbI HA KOHTPOJ/IbHbIE BOMPOCHI
Teopernveckue cBeaeHUs

Onpeoenennslii unmezpai.

[Tycts Ha oTpeske [a, b] 3agana HenpepriBHas dynkms f(X).

O6o3HaunmM M u M HammeHbliee U HamOoJblIee 3HAYCHHE (DYHKIIMM Ha
otpeske [a, b]
Pazo6nem oTpe3ok [a, b] Ha yacTu (He 00sA3aTEILHO OAUHAKOBLIC) N TOYKAMHU.
Xo< X1 <X2<...<Xjp
Torma X1 — Xo = AX1, X2 — X1 = AX2, ... ,Xn— Xn-1 = AXp;
Ha kaxaoM W3 TONy4YeHHBIX OTPE3KOB HaHJAeM HaWMCEHbIeE W HawOOJIbIIee
3HaueHUEe (QYHKIIUH.

[Xo, X1] = M1, M1, [X1, X2] =& My, My; ... [Xn-1, Xn] = Mp, Mp.

CocTaBuUM CyMMBI:



Sn = MAX + MaAX + ... +MpAXn = > m Ax,

i=l1
Sn=MiAX + MaAXz + ... + MpAX, = > M Ax,
i=1
CymMMa S Ha3bIBaeTCAd HHKHel MHTerpajibHON CyMMOii, a cymma S — BepxHeii
HHTErpajJbHOM CYyMMOIA.
T.K.miSMi,TognSSn, a m(b—a)SEnSSnSM(b—a)

BHyTpH Ka)I0r0 OTpe3Ka BhIOEPEM HEKOTOPYIO TOUKY &.
Xo<er <Xz, Xp<e< Xy, ... ,Xp1<¢€<Xp.

Haiinem 3HaueHuss (DYHKIIMH B 3THX TOYKAaX M COCTaBUM BBIpaKE€HHE, KOTOPOE
Ha3bIBACTCSl MHTErPaIbHOl cymmoii s Gynkiun f(X) Ha oTpeske [a, b].

Sn = fen)AX: + F(E2)AXs + ... + fE)AXe = 3 £()Ax,

Torna MoxHO 3anucats: Midx; <f(g)Axi <M;Ax;

CrnenoBartenbHO, im,Axi < Z f(g)Ax, < Zn:M Ax,

i=1 i=1 i=1

S, <8, <8,

['eomeTpuyeckn 93TO TPENCTABISACTCA CIEIYIOMUM o0pa3oM: rpaduk
¢yukuun f(X) orpaHudeH cBepXy OINHCAHHON JIOMAHOW JMHUEH, a CHH3Y —
BIIMCAHHOU JIOMAHOM.

O0o3HaunM MaxAxX; — HauOONBIIUK OTPe30K pa3dueHus, a minAdx; —
HauMeHbImi. Eciim maxAxi— 0, To 4mciao oTpe3koB pa3OueHus otpeska [a, D]
CTPEMHTCS K OECKOHEYHOCTH.

Ecou S = ;f(gi)Axi , TO ma)l(ggﬁQ;f(S,-)Axi =S.

Onpenenenne: Ecnu mpu mo0ObIx pa3oueHUsIX oTpe3ka [a, b] Takux, uro maxAx—

0O u mpou3BONLHOM BBIOOpE TOYEK & HMHTErpajbHas cymma S, =Y f(g,)Ax,
i=1

CTPEMUTCS K Ipeeny S, KOTOPBIN Ha3bIBAETCS ONpeaeIeHHpIM nHTerpaiom ot f(X)
Ha oTpeske [a, b].

b
O6o3HaueHwHe : I f(x)dx.

a — HIOKHHU TIpejiet, b — BepXHui npesen, X — IepeMeHHas HHTerpupoBanus, [a, b]
— OTPE30K UHTETPUPOBAHHUS.



Omnpenenenne: Ecim ma  dysxkoum  f(X)  cymectByer  mpexen

n

b
lim Z f(e)Ax, = '[ f(x)dx, TO GyHKIUS HA3bIBACTCSI MHTErPUPYEMON Ha OTpE3Ke

max Ax; >0 <
i=1

[a, b].

max Ax; -0 <

n b
Taxke BEpHBI YTBEPKICHHS. lim Zmlel. = I f(x)dx
i=1 a

lim iMl.Axi = [ f(x)dx

max Ax; —>0 <
1

Teopema: Eciu ¢ynkmus f(X) HempepsiBHa Ha oTpeske [a, D], To ona
UHTErpUpyeMa Ha 3TOM OTpE3Ke.

CBolicTBa OIIpCACIICHHOI'O MHTCI'paJia.

1) j.Af(x)dx = Aj. f(x)dx;
2) [(fi(x)% fo (e = [ f(r)det [ f(x)dx
3) j. f(x)dx=0

b b
4) Ecnm f(X) < o(X) Ha otpeske [a, b] a<b, TOI f(x)dx < J-(p(x)dx
5) Jlns npou3BOJIBHBIX YUCeN &, b, C crpaBeyInBO paBEHCTBO:
b c b
[ fGodx = [ f(dx+ [ f(x)ax

Pa3yMeeTc>1, 9TO PAaBCHCTBO BLIIIOJHACTCA, CCIHN CYHMICCTBYCT K&)KI[I)Iﬁ nu3
BXOOJAIIMX B HCTO MHTCTPAJIOB.

6) j F(x)dx = —j F(x)dx

Bovtuucnenue onpeOeJlermozo unmezpana.

b
[lycts B umHTErpaie J f(x)dx HIKHUR mpemen a = CONSt, a Bepxuuii mpemen b

HU3MCHSCTCA. O‘-IGBI/II[HO, qTO C€CJIHN U3MCHACTCs BerHI/Iﬁ npcaci, ToO UBMCHACTCA U
SHAYCHUC MHTCIpalia.

O603HaYNM j f(dt = d(x). Haitnem npowusBomnyto ¢yHkimu D(x) mo

IIEPEMEHHOMY BEPXHEMY MPEAEIY X.



d ¢ B
— j f(0dt = f(x)

AHanOrMyHyr0 TEOpEMY MOXKHO JI0Ka3aThb MJIs Ciy4yas IEpPEeMEHHOIro
HWDKHETO Tpeena.

Teopema: Jlns Bcskoin ¢yukiuu f(X), HempepsiBHON Ha oTpeske [a, D],
CYIIECTBYET Ha O3TOM OTpe3ke TiepBooOpa3Has, a 3HAYUT, CYIICCTBYET
HEOMpeIeNICHHBIA HHTETPaJL.

Teopema: (Teopema HeroToHa — JleitOHmIa)

Ecmn ¢ynkmus F(X) — kakasg- 1mbo mepBooOpasHasi OT HEMPEephIBHOU
byukiuu f(X), To

ifUMX=F®)—F@)

ATO BBIPAXKEHHUE U3BECTHO N0/ HazBaHueM (popmyiisl HeroTona — JleliOuuiia.

b
Wnorna npumensior obosznauenue F(b) — F(a) = F(X)| .

a

®opmyna Heiotona — JleitOHuna npencraBiasier coOod oO0mMi MOAXO0M K
HaXOXKJIECHUIO OTIPEICTICHHBIX HHTETPAJIOB.

Uto KacaeTcs MPUEMOB BBIYHUCICHHUS OIPEACICHHBIX WHTErPAjoOB, TO OHH
MPAKTUIECKA HUYEM HE OTJIMYAIOTCS OT BCEX TEX MPHEMOB W METOJOB, KOTOPHIE
OBLIIM pacCCMOTPEHBI BhIIIE MPU HAXOXKJIECHUU HEONPEICTICHHBIX HHTETPAJIOB.

TouHO Tak ke MPUMEHSIOTCSI METObI TTOJICTAHOBKH (3aMEHBI MTEPEMEHHOM ),
METO/I UHTETPUPOBAHUSI TI0 YACTSM, T€ K€ MPHUEMbl HaXOXKJIEHUS TEPBOOOPA3HBIX
JUISL TPUTOHOMETPUYECKUX, HUPPALMOHATIBHBIX W TPAHCICHACHTHBIX (YHKIIUM.
OCc0OEHHOCTBIO SABJISIETCS] TOJIBKO TO, YTO MPH MPUMEHEHUU ITHUX MPHUEMOB HAJO
pacnpocTpaHsITh MPeoOpa3oBaHUE HE TOJBKO Ha MOJBIHTETPAIbHYIO (PYHKIHIO, HO
U Ha TIpelesbl MHTCTPUPOBAHMS. 3aMEHSS TEPEMCHHYIO HHTCTPUPOBAHUS, HE
3a0BITh U3MEHUTHh COOTBETCTBEHHO TPE/ICIbl MHTETPUPOBAHUS.

3amena nepemeHHblX.

b
ITycTs 3amaH wHTErpaj J' f(x)dx , tne f(X) — HempepbiBHas (YHKIUS Ha

otpeske [a, b].
BBeieM HOBYIO IEPEMEHHYIO B COOTBETCTBUU C (hopmytoit X = @(t).
Torpa ecnu

1) o) =a, ¢(B)=b
2) o(t) u ¢'(t) HenpepbIBHBI Ha OTpe3ke [a, ]
3) f(o(t)) onpenencua Ha otpeske [, B], TO

b B
[ @dx = flo@)e ()t

B p
Torma [ fle(0]¢'())dt = Flo(t)]| = Fle(B)]1— Fle(e)] = F(b)~ F(a)



[Tpumep.

n/2 n/2 n/2

! =sint;
J. l—xzdx:{x }: j\/l—sinztcostdt: J.cosztdt:% I(l+cos2t)dt:
0 0 0

0 oa=0;p=m/2

1[ 1 . j’”z T 1. i
=—|t+—sin2¢ =—+4+—sinT=—.
2 2 o 4 4 4

IIpn 3aMeHe MEPEMEHHON B ONPEACIEHHOM HHTErpajie CleayeT IOMHUTh O
TOM, 4TO BBOIUMAas (QyHKIHUs (B pacCMOTPEHHOM IpuMepe 3To (yHKIus Sin)

J0JDKHA OBITh HENpPEphIBHA HAa OTPE3KE MHTErpUpOBaHUS. B mpoTMBHOM ciyuae
dbopmasibHOE TprUMEeHeHUE (GOPMYJIbI TPUBOAMT K adcypay.

[Ipumep.

n n
J.dx:x |=m , C JIpYroil CTOPOHBL, €CIM INPHUMEHUTh TPUTOHOMETPHYECKYIO
0 0

IIOJICTAaHOBKY,

Tt dx : dx ¢ dt
dez'[ — 3 :'[ 5 3 :{tgx:t}:J. 2:
0 ysin” x+cos” x ¢y cos” x(1+1g7°x) o 1+1

T.e. nBa cmoco0a HaxOXJEHUS MHTETpalia Jal0T Pa3IMYHbIE PE3yJbTaThl. IJTO
MPOU3OIILJIO M3-3a TOTO, YTO HE ObUT YUTEH TOT (PaKT, UTO BBEJCHHAS NIEpeMEHHAs
tgX mMmeeT Ha OTpe3Ke MHTErpUpoBaHUsS pasphiB (B Touke X = m/2). [loaTomy B
JAHHOM CJIy4yae Takas TMOJICTAHOBKA HeMpUMEHHMMa. [Ipu 3amMeHe mepeMeHHON B
OTIPEJICTICHHOM WMHTETpaJie CIIEAyeT BHUMATEIBHO CICIUTH 3a BBITTOJIHCHHEM
TIEPEUYNCIICHHBIX BBIIIC YCIOBHUH.

HNuTerpupoBanue no 4acrsim.

Ecnu ¢pynkmmu U = @(X) u V = y(X) HenpepbIBHBI Ha oTpe3ke [a, b], a Taxxke
HETIPEPHIBHBI Ha 3TOM OTPE3KEe HX MPOM3BOAHBIC, TO CIpaBeminBa (opmyia

HHTCTPUPOBAHUA 110 YACTAM!
b b

Iudv = uv|b — jvdu.

BriBog oaTOl  dopMynel  aOCOJIOTHO AaHAJIOTHYEH BBIBOAY (HOPMYJIBI
WHTETPUPOBAHUS TIO YaCTSIM JJIsl HEOIPEACIICHHOTO HWHTETpana, KOTOPbIA ObLI
BeChMa MOJPOOHO PACCMOTPEH BBIIIE, ITOITOMY 3/1€Ch MPUBOJUTH €r0 HET CMBICIIA.

3amaHus npakTu4ecKo padoTbl BBIUMCINTE ONPEAECICHHBIN HHTErPAIT
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KOHTpOJIbHLIe BOIIPOCHI

1.YT0 Ha3bIBAIOT ONPEIEICHHBIM HHTErpajioM ¢yHkuu f(X)?

2.B 9eM coCTOHUT reOMEeTpUUYECKH CMBICT ONPEACIICHHOTO HHTErpajia’?
3.ChopmynupyiiTe HEOOXOAUMOE yCIOBHE UHTErpUpyeMocTd GyHkiuu f(X) Ha
otpeske [a,b].

4.ChopmynupyiiTe HEOOXOAMMOE U JOCTATOYHOE YCJIOBUS HHTETPUPYEMOCTH
¢dbyukuu f(X) Ha oTpeske [a, b].

5.3anuiunTe CBOMCTBA OMPEEICHHOTO HHTETpaa.

63anumute popmyny Herotona-Jleionuna.

7Pacckaxxnute 00 OCHOBHBIX METOJIaX MHTETPHUPOBAHUS OTPEACICHHOTO
WHTErpaa.

IpakTnueckas padora Ne 15 no reme
«BbpruucJieHue Jomaaen »

Iesab: npoBEpUTh YMEHHE BBIYUCIIATH IUIOMIAAM C IOMOIIBIO OIPEIEIICHHBIX
MHTETPAJIOB

Bpems BbinosiHeHnAa 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceepeHuA
2.3agaHue

3./IuctA4

4.KanbKynatopol



MopaaoK BbiNO/IHEHUA PA6OTDI

1.U3yuntb 3agaHune

2. I3yunTb TeopeTnyeckme ceeseHunsa

3. BoinonHuTte 1 opopmutb paboty

4.MoKa3aTb pe3ynbTaTbl NpenogasaTesnto
AdomawHee 3apgaHue

1.MoarotoBUTbL OTBETbI HA KOHTPOJ/IbHbIE BOMPOCHI

TeopeTnyeckue ceegeHmA
[Inomans KpHBOJUHEHMHOM Tpamneluuy, OrPaHWYECHHOM HEIPEephIBHOM KPHUBOU
y=f(x), 1BymMs mpsAMBIMH Xx=a U x=D u ocbI0 aOcICcC, BBEIUUCISIETCS C ITOMOIIBIO

ONPE/IETICHHOT0 HHTErpasia 1o (hopMyIIam:

E

4, ¢y

A rrrrly = A=k =a,
X s
- ; S S
'f(x)?O;:Fc' |
__s=_ Si +.$z = ‘.[ flx)dx+ ] (=M
RN AL N I o

fx)=0=>x=c ' 0 g

o

S=5,+8, = [flx)dx +

Ipumep 4: Beraucnute miomanb GUrypbl, OrpaHUIEHHON JTMHUAMU y = — °—2x +3,

OCSIMU KOOPAUHAT U NMpsAMOUA  x=2.

Pewenne: [ToctpouM naHHBIE TMHUA



Y=0

\L',,.

Haiinem Touku nepecedeHus rpaduka GyHKImH ¢ 0cbio OX: y =—x*—2x+3,

—x?=2x+3=0, y -1 x,=-3

1 2
1 ) 2 9 X3 2 X3 2
szg(-x ~2x+3)dx— [ (—x —2x+3)dx=(—§—x +3X) +(—§—x +3X)| =
1
0 1
:_1_1+3_(_§_4+6)+(_£—1+S)=§+E+§=£=4(K6.e().)
3 3 3 333 3

3ananus npakTuyeckoii padorsl HaiiTu momanas Gurypel, orpaHuYeHHOM
JAHHBIMH JINHUSIMU
3ananue 1

1,11,21. y=8x—x°—7 ¥ OCBIO OX

2,12,22. y=x-1,y=0,x=0

3,13,23. y=x*-3x-4 u ocbro OX
4,14,24. y2=4x u x> =4y

5,15,25. y =5x—x*+6 u ocero OX
6,16,26. y=x*,y=x*,x=-1,x=0
7,17,27. y =Xx?—6x+8 1 ocbro OX
8,18,28. y=x> M y=X+2

9,19,29 y=x*—-4x-5 u ockro OX

10,20,30. y=6Xx —3x%2u ocvio OX



3amanue 2

1,11,21. y=x*+2 Hy=2Xx+2 21222, y=x%u y=2-x?

3,13,23. xy=6 U y+x-7=0 41424, y=2", y=2x-x*,x=0,x=1
5,15,25. y=Inx, X =€ , y =0 6,16,26. y=— x=1,y=x-1
X

7,1727. y=x*+x, y=1-x*,x=0,x=1 8,1828. y=x*,x=2
9,19,29. y=cosx ,Xx=0,x=2m,y=0 10,20,30.y = Vx,y=2,x=0

3ananue 3

1,11,21. x—-y+3=0, x+y—-1=0,y=0
2,1222. 2x—-3y+6=0,y=0u x=3
3,13,23.  y=x*-2x+3u y=3x-1
41424, x-y+2=0,y=0,x=-1,x=2
5,15,25. y2=4x,x=1n ocero OX
6,16,36. y=x">my=-3X

717,37, x—-y+3=0,x+y—-1=0,y=0
8,18,28. x2=3ywm y=xX

9,19,29. X—y-2=0, x+y+1=0,y=0
10,20,30. y?=9x, X =3 u ocbto OX
KonTpoabHbIe BONIPOCHI

1.Yrto Takoe KpUBOJIMHEHHAS Tpanenus?

2.®opmyna Herotona-JleiOnuia

3.I'paduku snemeHTapHBIX QPYHKITUH.

4. PaznuyHble BUJBI TNIOCKUX (DUTYP U CIIOCOOBI BHIYUCIICHUS MX TIJIOMIAEH.



IIpakTHyeckas padora Ne 16 mo teme
«IIpudanxeHHOE BbIYMCICHUE ONPeleIeHHBIX HHTErpajaoB)

[lenp: MpoBepUTH YMEHUE BEIUYUCISTH ONPEICIICHHBIC MHTETPAIIbI IO (POpMYyJIaM
IPSIMOYTOJIBHUKOB, Tpaneuui, mapado.

Bpemsa BbinonHeHUA 90 MUHYT

MarepuanbHoe obecneueHue
1.TeopeTnyeckune ceeneHmA

2.3agaHue

3.JIuctA4

4.KanbKynatopbl

MopAaaoK BbinoNHeHUA paboTbl
1.3yunTb 3agaHmne

2. I3yunTb TeopeTnyeckme ceeeHunA

3. BoinonHuTtb 1 opopmutb paboty
4.MoKa3aTb pe3ynbTaTbl NpenogasaTento
JdomawHee 3apgaHue

1.MoarotoBUTL OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Teopernueckne cBeieHUs

Hpuﬁfmofceuuoe eébvluuciienue onpeOeJleHHozo unmezpaia.

Kak Ob110 Ccka3aHO BBINIE, CYIIECTBYET OTPOMHOE KOJHUYECTBO (DYHKIIHIA,
WHTErpajl OT KOTOPBIX HE MOXKET ObITh BBIPAXKEH Uepe3 dJeMEHTapHbIe (yHKIIUU.
Jlnst  HaxoXIEHWUs MHTErpajoB OT TMOAOOHBIX (QYHKIUNA MPUMEHSIOTCS
pazHooOpa3Hble TPUOTUKEHHBIE METObI, CYyTh KOTOPBIX 3aKJIFOYAETCS] B TOM, YTO
MOJAUHTETpaNIbHAS (YHKIIUS 3aMEHsIeTCs “ONMM3K0i™” K HeWl hyHKIIMeH, MUHTerpall OT
KOTOPOH BBIpa)KaeTcs Yepe3 AJIeMEHTApHbIE (PYyHKITUH.

Dopmyna npaAmMoy201bHUKOS.

Ecnu u3BecTHb! 3HaueHus GyHKuuU f(X) B HEKOTOPBIX TOYKax Xo, X1, ... , Xm,
TO B KauecTBe QyHKIMH “Onu3koir” k f(X) MoxkHO B3s1Th MHOTOWIEH P(X) creneHu
HE BBIIIE M, 3HAUYEHHUS KOTOPOrO B BBIOPAHHBIX TOYKaX pPaBHbI 3HAYEHUSIM
¢yskmu f(X) B 3THX TOUKaX.

jl f(x)dx = jP(x)dx

b—a

Ecnu pa3Outh OTpe30K MHTErpUpPOBaHUS HAa N paBHBIX 4YacTed Ax = . IIpn

OTOM:

Yo =f(Xo), y1=1(X1), .... ,¥n="T(Xn).
CocrtaBuM CyMMBI: YoAX + Y1AX + ... + Yn1AX



Y1AX + YoAX + ... + YaAX
OTO COOTBETCTBEHHO HIXKHSSI M BEpPXHA MHTErpaibHble cyMMbl. [lepBas
COOTBCTCTBYCT BITMCAHHOM HOMaHOﬁ, BTOpasda — OIMCAHHOM.

b—a

b
Torna [ f(x)dx == (o +y, +..+,,) WK

b-a
(» +y, +..+y,) - mobas U3 3TUX (GOPMYIT MONKET
n

[ 7o =

OPUMEHATHCS JJI1 TPUOIMKEHHOTO BBIYMCICHUS OMPENEICHHOr0 HMHTErpaja u
Ha3bIBaeTCs 001el (opMyJ10ii MPAMOYT0JIbHUKOB.

Dopmyna mpaneyuil.

Orta dhopmyna siBrseTca 00jiee TOYHOU 1O
y CpaBHEHUIO ¢ (HOPMYJIIOi
MPSIMOY[OJIbHUKOB, _—7"
[TogunaTerpanbHas GyHKIMS B 9TOM CiIydae
3aMEHSAETCS Ha BIMCAHHYIO JJIOMaHYIO.

N

Y1 Y2 ¥Yn

a X1 X b X

I'eoMerpruecku miomans KPUBOJIMHENHOM TpalelUWHU 3aMEHSAETCS CyMMOM
TIOMAAeH BIUCAHHBIX Tpanenuit. O4eBUIHO, YTO YeM OoJibllie B3STh TOYEK N
pa30OueHus UHTepBaja, TeM ¢ 0OJIbIIel TOUHOCTHIO OyI€T BHIYMCIICH UHTETPAIL.

[Inomaay BMCaHHBIX TPaNeUii BEIYUCISIOTCS TI0 popMyiam:

y0+yle. y1+y2AX' yn71+ynAx
2 ’ 2 T2

0 Yo+ + Yir *
[ £ 22T A P A4 P A

[Tocne npuBeneHUs MOJOOHBIX ClIaraeMbIX noxyyaeM ¢GopmyJiy Tpanenmi:

. b—a(y,+y
J.f(x)dsz(%—i-y] +y, +...+ynlj

Dopmyna napaoon
(popmyna Cumncona unu keaopamypnasn gpopmyna).

(Tomac Cumrcon (1710-1761)- aHrauiickuii MaTEMaTHK)



Pa3nenum oTpe3ok mHTErpHpoBaHus [, b] Ha yeTHOE Yncio oTpeskoB (2m).
[nomaas KpUBONMHEHHON Tpamnenuu, orpaHuveHHoi rpadukom ¢yHknuu f(X)
3aMEHUMM Ha IUION[aJb KPUBOJIMHEHWHOM Tpamneinuu, OrpaHUYeHHOW mnapaboJion
BTOPOU CTENECHU C OChI0 CUMMETPHH, NapauieibHoi ocu Oy u MpOXOsIei yepes3

TOYKH KpUBOH, co 3HaueHusIMHE T(Xo), F(X1), f(X2).
JItst ka0 apbl OTPE3KOB MOCTPOUM TaKyIO IMapadodTy.

y

X

0 X0 X1 X2 X3 X4

YpaBHenus 5Tux napadon umeror Bug Ax? + Bx + C, rae kooQduuuents A,
B, C MoryT OBITh JIETKO HaWJEHBI 10 TPEM TOUYKAM IEepecedeHHs! mapaloiibl ¢
HCXOJIHOM KPUBOM.
v, = Ax; + Bx, +C
y, = Ax} + Bx, +C
y, = Ax; +Bx, =C

1)
O603HauuM 24 =x, —x,.
X 3 2 X
S = [(4x” + Bx+ C)dx={Ax—+B%+Cx}
0,

Xo

3
_ h 2
X2 = h, T10 S:§(2Ah +6C)

X0

Ecmn npubate Xo = -h, X3 =

(2)
Torna ypaBHenust 3HaueHuil pyHkimu (1) uMeroT BU:
¥, = Ah* =Bh+C

»n=C
y, = Ah> + Bh+C

C yueTom 3TOTO: y, +4y, +y, =24h> +6C.
h
S=3 0o +4y +72)

Otcrona ypaBHeHuE (2) NpUMET BUJL;

Torpa



Xy h
[ = (v + 47+ )

XZ h
J-f(x)dx ~ E(yz +4y,+y,)

CknazpiBas 3TU BbIpaKeHUs, rosrydaem popmy.ay Cumiicona:
b
b—a
jf(x)dx = W[y0 F Vo T2V, + Yy it 5,5 A, + s +"'+y2m—l)]

Uem OoJibIlle B3ATH YHMCIIO m, tem Ooyice TOYHOE 3HAYCHUC HHTCI'pajia 6yz:eT
IIOJIYy4CHO.

[Ipumep. Beruucauts npulIMKeHHOE 3HAUCHHUE ONPEIeIEHHOTO HHTEerpaia
8
I\/x3 +16dx ¢ moMmotisio Ghopmyiasl CUMIICOHA, pa30UB OTPE30K MHTETPUPOBAHUS

-2
ga 10 ygacreii.

ITo hbopmyne Cumrncona noIydum:

f\/ X7 +16dx = % [Y(=2)+ ¥(&) + 2[y(0) + ¥(2) + ¥(4) + ¥(O)] + Hy(=1) + y(D) + y(3) + y(5) +

+ y(N]].

m 0 1 2 3 4 5 6 7 8 9 10

X -2 -1 S 6 / 8

o
-
N
w
S

2.82 | 3.87 4 1412 |4.89 [6.55 894 |11.8 |152 | 189 |22.9
f(x) |8 3 3 9 7 4 /4 132 |47 |78

J.\/x +16 dx~ 6.5 2828+22978+2[4+4899+8944+15232]+4[3 873+ 4.123+6.557 +

+11.874+18.947]] = 91.151
Tounoe 3nauenue 3Toro unrerpana — 91.173.

Kax BumHO, qake mpu CpaBHUTEIHLHO OOJBIIIOM IIIare pa3OueHUs TOYHOCTh
MOJYYEHHOI'0 Pe3yJbTara BIIOJHE YIOBJICTBOPUTEIIbHAS.

JIJist cpaBHEHMSI IPUMEHHM K 3TOM ke 3ajaue GopMyIry Tpareruii.

I\/dex~—b a(y(’;y”+yl+y2+ +y"1j 8;)2(2'828222'978+3.873+4+4.123+
n

+4.899+6.557+8.944 +11.874 +15.232 +18.947) =91.352
dopMyna Tpaneuui gaja MeHee TOYHBIM pe3yjbTar I0 CPaBHEHUIO C
dbopmynoi CuMIicoHa.




3anaHHe. Bperaucnurth HpI/I6JII/I)K€HHOG 3HAYCHUEC MHTCTpaia METOAOM

IPsIMOYTOJIBHUKOB, Tparneuuid, MerogoM CHUMIICOHA, B35B 1=10, TOYHOCTH

BBIUnciaeHui 107,

B1.

B 2.

B 3.

B 11.

B 5.

B6.

B7.

B 8.

BO.

B 10.

B 11.

[ V16— X? dx
2 N9 — X2 dx
4 [y3
Jo VX +9dx
3 X
by T 0%
2V2X%-2
8 2
J, V8X—X* dx
4.0 .
J, X*sinx dx
1 2
Jo Y4+ X dx
2 1
fO \/4—3de

JIX A+ X dx

B 16.

B17.

B 18.

B 19.

B 20.

B 21.

B 22.

B 23.

B 24.

B 25.

B 26.

f3 0,2x2 dx

2 Inx

fozx/4 — X% dx

foﬂ/z \/1 —0,11sin%x dx

J-Z 1+x+x2

—(—= X
1 vi+x3

1
Iy

34+2cosx

fls X3 —8dx

4 2
fO V4—5x dx

JNX =X dx
[I3—2x dx

fol 4+ 2Xx* dx

11In(2+x)
Js - dx



B12. [IvV1-x*dx

B13. [ vV1+x*dx

1In(1+x)
B 14. Jo 7 dx

B 15. fon/s cos3x dx

KOHTpOJIbHLIe BOIIPOCHI:

1.B yem cyTp MeTona NpAMOYTOJIBHUKOB?

2. B yem cyTh MeTO/Ia Tpaneuuii?
3.. B 4yem cyth MeToza napabosn?

B 27.

B 28.

B 29.

B 30.

/4 .
fo/ sin®x dx

f: X3cosx dx

3 X
|, e dx

V2 +4x* dx

IIpakTnueckas padora Ne 17 mo reme

«Bbruuciienue IlBOﬁHI)IX HHTErpajioB B A€KAPTOBLIX KOOPpANHATAX»

]_le.]'lb: IIPOBCPUTH YMCHUC BBIYHCIIATD I[BOﬁHI)IC HHTCI'PAJIbl B ICKAPTOBBIX

KOOpJAUHATAX
Bpemsa BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceeneHmA

2.3apaHue

3./IuctA4

4.KanbKynatopbl

MopaaoK BbiNOIHEHUA PAbOTDI
1.M3yunTb 33agaHue

2. I3yunTb TeopeTnyeckme ceegeHunA

3. BoinonHutb 1 opopmutb paboty
4.[ToKa3aTb pe3ynbTaTbl NpenoaasaTtento



AomalwHee 3agaHue
1.MoarotoBUTbL OTBETbI HA KOHTPOJ/IbHbIE BOMPOCHI

TeopeTquCKnﬁ mMarTrepuaJa

[TycTh B HEKOTOPOI OIpaHUYEHHON 3aMKHYTOW 00sacTi D miiockocTu xOy 3a/iaHa
HenpepbiBHas Qynkuus z=f(P), rae Touka PeD . Pa3oObem 5Ty 0061acTh

IIPOU3BOJIBHBIM 00pa3oM Ha N YAaCTUYHBIX IUIOCKHX SiY€eK S, S,,..., S,, UMEIoIne

no

wiomaan AS,, AS,,..,AS, . B kaxmol Takoil suelike BbIOEpEM IO OIHOU
IIPOU3BOJIBHOU TOYKE B, P,,..., P, 1 BBIUUCIUM 3HAYEHUSI (PYyHKIUU f(P) BO B3ATBIX
Toykax. COCTaBUM TaK Ha3bIBAEMYIO UHMESPAIbHYIO CcyMMY (DYHKIUH f(P) 1o

obnactu D
Zf (P)AS, + f(P,)AS, +...+ f(P,)AS, . (1)

Heotinoim unmezpanom ot ¢yukiuu f(P) mo obnactu D Ha3bIBA€TCS MpPEe

HHTETpajabHOM cyMMHbI (1) Mpu CTpeMIICHHH K HYJIIO HAauOOJIBIIIETO W3 JHaMETPOB
BCEX SUEEK JAHHOTO pa3OUCHMUS:

maxd (S

[[(P)ds = lim ZfP)AS (2)

OcHOBHBIE CBOWCTBA NIBOWHOIO MHTErpala

1. JIBoitHO¥ wmHTerpan mo obmactu D oT anreOpanveckoil cyMMbl (DyHKITUI
paBeH anreOpamvyeckoil CyMMe JBOMHBIX HWHTErPajJOB OT CJIaraeMbIX
(GyHKLMI 110 3TOM ke 00JIacTH:

[[[£.(P)= f,(P)lds =] f,(P)ds + [[ £,(P)ds
D D D
2. TlocTOSTHHBIN MHOXXHUTEIh K MOYKHO BBIHECTH 3a 3HAK JIBOMHOTO MHTErpaia;

[[k-f(P)ds =k [[ f(P)ds

3. OOnacTh MHTErPUPOBAHUS JTBOMHOTO MHTErpaja MOXKHO pa3OUTh HA YaCTH,
TO €CTh €CJIM 00JaCTh D COCTOUT U3 IBYX HemepeceKaromuxcs odnacreid D,

I (s = [[1(Plas +[J (P

Ipumepsi

u D,, TO



X“+4

y ; 1
3aganme 1: Beruncinuth MOBTOPHBINA HHTErPa _[dx I —-dy.
X
1 2

Pemienue: BerunciauM cHavyana BHYTPEHHUN MHTETPa M0 NEPEMEHHOU Yy , CUNTAs

X IIOCTOAHHBIM:

3aganue 2: BpIYMCINTH JBOWHOW HMHTETPAI j j (x+y)dxdy mo obmactm D ,
D
OTPAaHUYECHHOU NMPAMBIMU X =2, X=6, y=11u y=4.

Pemenne: OO6nacTte D siBAsieTCSl MPOCTOM OTHOCUTEILHO ocelr Ox u Oy (puc.

1), mosTOMY 17151 BBIYMCIIEHHUS MHTErpaia MOKHO UCIIOJIb30BATh JIFOOYIO

b d
u3 bopmy ”f(x, y)dxdy = J' dxj f(x, y)dy WJIH
D a C
j I (x, y)dxdy = '[dyj X, y)dx . CHauanma BBIMHMCIMM JBOMHOM HMHTErpai
D

6 4
mo mepBoit  Qopmyie: I j (x+ y)dxdy = Idx_[(x +y)dy . Bbrumcnus
D 2 1

BHYTPEHHUW MHTErpajl MO IEPEMEHHOW Yy IIPU TOCTOSSHHOM X

HaXoJIUM

1

. y2 4 1 15
J. Xx+y)dy=|xy+2-| =(4x+8)- (x + EJ =3+ [ToacTaBuB 3TO BBIPAKEHHE BO
1

2 6
3x 15)(} 5.

BHEITHUM UHTETPaJ, NOJIYy4YUM I(3x + 5 de = [T +==
2

Tenepr  BBIUMCIUM  JBOMHOM  MHTETpaJl 1O  BTOpoH  dopmysie

4 6
_”(x +y)dxdy = I dy_[ (x + y)dx : Haiinem BHYTPCHHUI UHTErpa:
D 1 2



2

2

6 2
Ix+y :[X—+xy}6:(18+6y)—(2+2y):4y+16 . Jlamee HalimeM BHEIIHHI
2

4 4
MHTErpalr: I (4x+16)dy = [2y? +16y] 78, TO €CTh MOTYUMIH TOT %e OTBET.
1

1

A

puc. 1

3ananme 1. Beruucnuts unterpan mno odiactu D, orpaHrYeHHON yKa3aHHBIMU

JIUHUAMHA.
B1f[ y?cosxy dxdy
D
x=0,y= W y=x/2
B2 ([ 3yzsin%dx dy
D
D:x =0,y = \/F/B; y=2x/3
B3 [[(3x%y? + 4xy) dx dy:
D

D:x=1 y=—/x;y=x?

Y

B16 [[ yzcos%dx dy
D

D:x =0,y =.m/2;y=x/2
B17 [f(18x2y? + 32x3y3)dx dy

D:x=1,y=—-3x; y=x3
B18[[(9x?y? + 2xy) dx dy
D

D:x=1; y =+x y=—x3



B4 [[(27x*y? + 12xy) dx dy
D
D:x =1,y = —/x; y=x?
BSffyzsin%dxdy
D

D:x =0,y = /m; y=x

B6 [[ 4y?sin2xy dx dy
D

D:x =0,y =+v2m; y=2x

B7 [[ 4y?sinxy dx dy
D

D:x =0,y =,/m/2; y=x

B8 [[(49x2y? + 28xy) dx dy
D

D:x=1,y=—Vx; y=x?

B9 [[(9x%y? + 48x3y3) dx dy
D

D:x =1,y =x; y=—x?

B10 [ yze_XATy dx dy
D

D:x =0,y =2;y=x

B 19 [[(18x%y? + 8xy) dx dy
D

D:x =1,y = Yx; y=—x?

B 20 ffyze_i_ydx dy
D

D:x =0,y =4;y=2x

B21[(27x%y* + 12xy) dx dy
D

D:x =1,y = —/x; y=x3

B22 [[(9x%y? + 8xy) dx dy
D

D:x =1,y = {x; y=—x3

B 23 [[ y%cosxy dxdy
D

D:x =0,y =+/m; y=x

B 24 [ (18x2y? + 32x3y3)dx dy
D

D:x=1,y=3x; y=—x?

B 25 [[(18x%y? 4+ 32x3y3) dx dy
D

D:x =1,y = —/x; y=x3



B11[[(36x2y? + 96x3y3) dx dy
D

D:x=1,y=3Vx; y=—x3

B 12ffyzsin%dx dy
D
D:x=0,y = T y=x/2
B13 [[(12x%y? + 16x3y3)dx dy

D
D:x =1,y = —/x; y=x?

B 14 ffyze_xs_y dx dy
D

D:x =0,y = 2;y=x/2

B 15 ffyzcos%dxdy
D

D:x =0,y =+V2m; y=2x

B26 [ yze_x?y dx dy
D

D:x =0,y =1;y=x/2

B 27 [[ y*cosxy dx dy
D
D:x =0,y =1 ;y=2x
B 28 [[(18x%y? + 24xy) dx dy

D
Dix=1y=—3x y=x*

B29 [[(9x%y? + 12xy) dx dy

D
D:x=1;y =+x; y=—x?
B 30 [[ y*cosxy dx dy

D

D:x=0,y=,m/4;y=x

3amava 2. VI3MeHUTh NMOPSAIOK UHTETPUPOBAHUS.

-1 0 0 0
z.1.jdyj fdx+jdyj f dx.
-2

—J2+y -1 -y

2—y2

1y 2
2.3.£dy£f dx+'!dy j f dx.

0

1 0 2 0
z.z.jdyj fdx+jdyj f dx.
0 -y 1 —ij
1 y 2 -y
2.4 jdyjfdx+jdyj f dx.
0 0 1 0



12 arcsiny arccos y

2.5, _fdx } fdy+idxjfdy26 jdyj fdx+jdy j
B -1

-2 2-x2 X

-1 \/m \/_ e —Iny
z.7.jdyj fdx+jdyj f dx. 2.8. jdyj fdx+jdyj f dx

) 0 -Jy

-1 0 x° -3 0 0 0
2.9, jdx j fdy+jdxjf dy.2.10. jdx j fdy+jdx j fdly .
0 -1 0 -2 _\/m -3 4?2

1 3/; 2 2-y
2.11. jdxj fdy+jdxjfdy 2.12._([dy_£fdx+_!dy! f dx.

Inx

/4 siny z/2  cosy -1 0 0 0
zlsjdyjfdmjdyjfdx 2.14.jdxj fdy+jdxjfdy.
/4 -2 —~(2+x) -1 3K
2.15. jdyjfdx+jdyjfdx 2.16. jdyjfdx i f f dx
1 Iny 1 2

2.17. jdyj f dx+jdy T fdx. 218 jfdyyjf dx+jdy2:[yf dx.
-y 1 \/ﬁ 0 o0 1 0

0

3 0 2 0 -1 0 0
2.19. _[dx j fdy+jdx j f dy.2.20. jdy j fdx+jdyj f dx.
; :

0 Jaix22 NI ) 2 —(2+y) -1 3y
1 X2 \/5 2-x?
2.21. jdyjfdx+jdyjfdx z.zz.jdxjfdy+jdxj f dy.

1 Iny 0 0 1 0



z/4  sinx 7/2  cosx -1

2.23. jdxjfdy+£dxj f dy.2.24. jﬁdyﬁ_ fdx+j1dyjfdx.
z 2_y2 -

1 X 2 2-x BB 242 2 4-x2
2.25. jdxjf dy+jdxj fdy. 226 jdx j f dy+_fdx j f dy.
0 0 1 0 0 0 Ng)

0

10 2 0 1 X N
227 [dx [ fdy+[dx [ fdy. 2.28.jdxjf dy+jdx j f dy.
0 —Jx 1 —J2=x 0 0 1 0

1y N R 1 WX 2 J2—x
2.29. jdyj f dx+jdy I fdc. 230 [dx| fdy+[dx [ fdy.
0 0 0 0 0 1

1 0

3agaua 3. BeUuciInuTs.

”(12x2y2+16x3y3)dxdy; J.J. 9x y* +48x°y° dxdy

D

D: x=1 y=x% y=—Vx. D.x_l,y_f,y:—xz.

”(36x2y2—96x3y3)dxdy; H 18x y® +32%° y dxdy;
33. D

D: x=1y=3%x, y=—x. D.x_l,y_x,y_—\/;.

H(27x2y2+48x3y3)dxdy; J.J. 18x y* +32x%y° dxdy;

D: x=1 y=x% y=-Yx. D.x_l,y_f,y:—xz.

”(18x2y2 + 32x3y3)dxdy; J.J.(27x2y2 + 48x3y3)dxdy;

38. D

D: x=1 y=x%, y=—Vx. D: x=1 y=+X, y=-x%



” Axy + 3x° y dxdy;

D: x=1 y=x° y:—\/;.

8 9 ;
3.11JDJ Xy + 9x° y dxdy,

D: x=1 y=3%x, y=-x%

12xy + 27x%y? ) dxdy;
3.13.[)]'( Xy + xy)xy

D: x=1 y=x% y=-¥x.

. “( xy+—x y ]dxdy;

D: x=1 y=Xx’, y:—\&.

24xy — 48x°y*® ) dxdy:;
3.17.[3[( Y Xy) =

D: x=1 y=x% y=—Xx

Axy +16x%y* )dxdy;
3.19.[!( Xy + xy)xy

D: x=1 y=%x, y=—x%

44 16 ;
3.21!5[ Xy + xy dxdy,

D: x=1 y=x° y:—§/§.

4 d ;
3.23. ij Y xy o

D: x=1 y=Xx’, y:—\/§.

12 9 ;
o ” Xy + 9x° y dxdy,

D: x=1 y=+x, y=—x%

24 18 ;
. _U Xy + xy dxdy,

D: x=1y=x, y:—§/§.

8 18 dd;
3MIJ(nyr xy xdy

D: x=1 y=¥x, y=-x%

16 _U( Xy +9x°y jdxdy;

D: x=1 y=x, y=—x°.

6 24 dd;
3.18‘[‘)[ v Xy -

D: x=1 y=+x, y=—x&

4Axy +16x%y* ) dxdy:;
3.20.J'DJ'( Xy + xy)xy

D: x=1 y=x%, y=—x.

4 17 ;
3.22_[5[ xy +176x°y® dxdy,

D: x=1 y=%x, y=-x°.

4 17 ;
3,24'[5[ Xy + 6xy dxdy,

D: x=1 y=+x, y=-x%.



- ”(6x x*y jdXdy; _”(9x2y2 +25x"y* ) dxdy;

3.26. D
D:x:l,y:x,y:—\&, D: x=1 y=+X, y=—
J.J.(Bx X'y jdxdy; ﬂ(9x2y2+25x4y4)dxdy;
3.27. 3.28. D
DX::Ly:%/;,y:_X3 DX:l,y:X3,y:—§/;
J'(54x2y2+150x4y4)dxdy; “ Xy —9x°y dxdy
3.20. D 3.30. D
D: x=1 y=x% y=—¥x. D: x=1 y=3%x, y=—x?

KoHTpoJibHBIE BONIPOCHI:

1.Yro Ha3biBa€TCS MHTErpaIbHON cymmol ¢yHkimu f(x,y) B obmactu D ?

2.JlaliTe onpeneneHe TBOWHOTO HHTErpaa.

3.Ilepeuncnnre OCHOBHbIE CBOMCTBA ABOMHOTO UHTErpaJa.

4 Kakue ciydan pacroyioKeHuss 00JacTH D OTHOCUTENIBHO OCed KOOpAMHAT

BO3HUKAIOT TIPU BBIYUCICHUU JBOMHBIX HHTErpaysioB? 3anuiure (HOpMyIIbl

BBIYMCIICHHS] IBOMHBIX HHTETPAJIOB AJI KQXKI0I0 U3 3THUX CIIy4acB.

5.Kakue uHTerpassl Ha3bIBAIOTCS TOBTOPHBIMU WJIM ABYKPATHBIMU?
IpakTnuyeckas padora Ne 18 o reme

«Bbruuciienue HBOﬁHLlX HHTErpajioB B IMOJAPHBIX KOOpAMHATAX»

Ilesb: MpoBEpUTH YMEHUE BBIYUCIIATE JBOMHBIE HHTETPAJIBI B ITOJISAPHBIX
KOOpAMHATAxX

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceeaeHumA
2.3agaHue

3./IuctA4

4.KanbKynatopbl

MopaaoK BbiNO/IHEHUA PA6OTDI
1.M3yunTb 3agaHue

2. U3yunTb TEeOpeTUYECKME CBeaeHUA



3. BoinonHuTtb 1 opopmutb paboty
4.MMoKas3aTb pe3y/bTaTbl NpenoaasaTento
AdomawHee 3apgaHue
1.MoAroToBUTb OTBETLI HA KOHTPO/IbHbIE BOMNPOCHI
Teopernveckue cBeaeHUs
B HexoTOpBIX caydasx rpaHuiia 001acTH HHTErpUpoBaHus D MoKeT ObITh

o0Opa3oBaHa JyraMu OKpY>KHOCTEH, SJUTUTICOB U JPYTUX KPUBBIX, YPABHEHHUSI
KOTOPBIX B MOJSPHOU CHUCTEME KOOPJAUHAT UMEIOT O0JI€€ MPOCTON BUJI, YEM B
JeKapToBou cucteme. [loaTomy i1 ynpoeHus: BBIYMCIEHUN JBOMHBIX
MHTETPAJIOB IO TAKUM 00JIacTSIM YAOOHO OT JE€KapTOBBIX KOOPIAMHAT MEPEXOAUTH K
HOJIIPHBIM IO (hopMyIam

X =T COSQ
y=rsing,

i€ T — NOJISIPHBIA paguyc, a ¢ - NOJsApHbINA yroi. [Ipu sTom ciemyer
IPUAECPKUBATHCS CIEAYIOIIEH CXEMBI.

1) ITocTpouTh 00J1aCTH UHTETPUPOBAHUS.

2) 3anucaTh ypaBHEHHS KPUBBIX, OTPAaHUYHUBAIOIIUX 001acTh D, B MOJISPHBIX
KOOPAMHATAX U OMPEIEIUTh NMPEIETbl U3BMEHEHUS IEPEMEHHBIX T U (.

3) Caenatb 3aMeHYy MEPEMEHHBIX B OJABIHTETPAILHOM BbIpaxkeHuu. [Ipu
ATOM JJIEMEHT TuIomaau dS npumer BU:

dS =rdr de.
4) ITonyyuBLIMICS ABOMHON MHTErpal

[[f(x,y)dxdy = [[f(rcosp,rsing)r dr dp
D Dry
CBECTH K HOJISIPHOMY, PacCTaBUB Mpeieiibl HHTErpupoBaHusi. OOBIYHO BHYTPEHHUM

MHTErpaj Oepercs Mo NepPeMEeHHON T, @ BHEIIHUN — 110 .

5) IloBTOpHBIN HHTErpajl BBIYMCIUTH OOBIYHBIM OOpa3zoM, T.e. cHayala
BBIUKCJIUTh BHYTPEHHUN UHTErPa IO MEPEMEHHON T, CUATAS () IMTOCTOSHHON
BEJIMYMHOW, a MOTOM BHEIIHWM HHTErpaj, B KOTOPOM MOJbIHTErpaibHas
GyHKUMS OyAeT 3aBUCETh TOJIBKO OT .

I. ITycTh TpeOyeTcsi BEBIUUCINUTD JBOMHOM UHTETPAIT

[[f (r,p)r dr do,ecnu obmacts uHTErpUpOBaHus Dy, o OTpaHUYCHA JIHHUSMH
Dr,(/)

r=ri(e), r =r2(9), =01 ¢ =02 (1< P2).



B npousBoibHOM MecTe BHYTpU obnactu Dy, ¢ mpoBeaem iyd u3 noitoca O.
[lepBas OT mosroca ToUKa MepeceueHus ITOro Jiyda ¢ rpaHuiie oonactu (Touka
BX0/1a) JacCT HI>KHUM Mpeiesl BHYTPEHHET0 MHTEIPUPOBAHUS IO T, BTOpas TOYKa
(Touka BbIX0OJ1a) — BepxHuUl npenen. [Ipenenamu BHENTHET0 HHTETpasa mo @

SIBJISFOTCSI TIOCTOSIHHBIE YTJIbI O1 U (2. Takum oOpa3oM ABOMHON UHTErpan [[f (r,¢)r
Dr,(/J

dr d¢ cBOAMTCS K TOBTOPHOMY

p 5 (?)
[[f@e)rdrde = (pj do fq)f(r,go)l’dl'.

Dr’(ﬂ P O (¢)

I1. ITycTth 0OnacTh uHTErpUpOBaHus Dy ¢ OrpaHUYCHA JTUHUAMHU T =T (P), @ = @1,
@ = @2 (1 < @2). B aTOM cityuae Touka Bxoma B 001acTh Dy ¢ Jy4a, IPOBEACHHOTO
13 TIOJIKOCA, COBIIAJIAET C MTOJIIOCOM, T.€. HWKHSS IPAHULIA U3MEHEHUS IIEPEMEHHOMN
I paBHA HYJIIO, U IBOMHOW HHTETPAJ CBOAUTCS K IIOBTOPHOMY

[[f @ @)rdrdoe =¢f do r(f))f(r,(p) rdr.

Dry o 0




III. ITycth o6macTe Dy, ¢ orpannueHa ogHou KkpuBor 1 =1 (¢) u nojroc O JeKUT
BHYTpH oOnactu. [lepemenHas ¢ B Takoil o0nacTu npuHumaet 3Hauenus [0, 2 nt] u
MOBTOPHBIN UHTErpai OyAeT UMETh BUJ
2n r(p)
[ de [ f@erdr.
0 0

r=r(e)

Dro

IHpumep 1. Ilepexons K NOJAPHBIM KOOPAMHATAM, BBIYMCINUTD JBOWHOW HHTETPAI

i ydx dy

D /X2+y2 !

eciu 061acTh D — BHYTPEHHOCTB KPyTa, OTPaHUYEHHOTO OKPYKHOCTBIO X2 + y2 =
2 ax.

Pemenue. [loctpoum obnacte D. Jljig 3TOr0 npuBeAeM ypaBHEHHUE OKPY>KHOCTH K
KAaHOHUYECKOMY BUY:

x2+y?=2ax,
x? -2ax+a*+y*=a?

(X —a)*+y?=d>
y




LleHTp 2TOl OKPYKHOCTH HaxoauTcs B Touke (a, 0), paanyc paBeH da.
Hcnonb3ys GopMyJIbl
{x =1CcosQ

. 3allMIICM YPAaBHCHHUC OKPYIKHOCTHU B IIOJIIPHBIX KOOPpAWHATAX
y=rsing ,

xX2+y?=2ax = r?cos’ @ +r’sin2p=2arcos ¢,
r’=2arcos¢e =r=2acos .

[TpoBeneM sy u3 Hauana KOOpAKUHAT (IIOJOCA) B IPOU3BOJIBLHOM MeCTe 00JIaCTH.
Touka Bxo/1a B 00;1aCTh COBIAAAET C MOJIIOCOM, 3HAYUT HIDKHSS TPaHUIIA
M3MEHEHUS I' paBHA HYJI0. TOUKa BbIXOJA JIEKUT HA OKPYKHOCTH,

CJIEOBATENBHO, BEPXHSIS IPaHULIA IS T paBHA 2 @ COS . Yron ¢ 31eCh

MCHACTCA OT I a0 T .
2 2
[IpeoOpa3yeM MOABIHTETPATHEHOE BBIPAKEHUE
. 2 .
ydxdy _ rsing rdrde — I’ sing drdp _ rsin ¢ dr d(P-
\/x2 +y? \/rzcosz¢+r2sin2¢ r

[TosyunBIIMICS ABOWHON MHTETPAJI 3aIIMIIEM KaK ITOBTOPHBIN U BEIYHUCIUM

T

dx d ) 2 ] 2acos ¢
H% = [[rsinpdrdp = | sinpdep [ rdr =
D 4X"+y Dr g _r 0

2
g 2 |2acosp g
=] sinqp-% dp=-2 a? [ cos’pd(cosp) =
n 0 T
2 2
2

-Zad?cosP |2 =0.
3 "
2
IMpumep 2. Haiitu momans 061acTv, OrpaHUYCHHON 3aMKHYTOW JTMHUEH
(2 +y?)3 =4 x2y2

Pemrenune. YpaBHEHHE TAaHHOM JMHHUU B J€KAPTOBOM CUCTEME KOOPAUHAT UMEECT
CJIOHBIM aHATUTUIECKUN BHUJI. UTOOBI TOCTPOUTH 3TY KPUBYIO, 3aMHIIIEM €€
YPaBHEHHUE B IOJSIPHONU CUCTEME KOOPAUHAT

(r? cos? @ + r?sin? )*=4r?> cos? ¢ r?sin? @,

S

r=4r*cos?¢ sin? ¢,




r? = 4 cos? ¢ sin? ¢,
r? =sin?2 o,

r=|sin2¢|.

J171s1 BRIUMCIICHUS TUIOLIAAN UCTIONb3yeM hopMyITy

S= gdxdy = [[rdrde.

Dr,(p
YyuThiBasi CAMMETPHIO (PUTYPBI, TOTYUYUM

T

. 2
sn2e dp =2 [sin? 2pdep =
0

sin2 ¢

S=4jdp [rdar =4
0

r
2

oS —o |3

2 .
= [(1-cosdp)de :(go—z sm4g0j
0

V4
2 =
0

r
5

3aaHusA NPaKTHYECKO padoThI

3apanme 1. Beruucnuts uaTerpan no odnactu D, 3agaHHON cucTeMOi
HEPaBEHCTB:

- U300pa3uTh 00JIACTh B IEKAPTOBOM CUCTEME KOOPUHAT;
- BBIYMCIIUTh UHTETPAJI, IEPEXOAsl K MOJSIPHBIM KOOPIMHATAM.

B1 [[/16 —x2 —yZdxdy B16 [[\/x?+ y%2dxdy

x2+y? <4 D
D D: {
x=0;y<0 D,{x2+y259
y=0;x=>0
1 1
B2. [| o dx dy B 17. ffmdxdy
D D
D_{4Sx2+y239 o. x2+y2<09;
y=20;,x=>20 { 0<y



xZ
B7. ff;dxdy
D

{x2+yZS9;
D:
y=0

BS. [[J/16 —x2 —yZdxdy

B18. [[(x —y)dxdy

D

5. {23x2+yzs4;
' 0<y

B19. [[ /16 —x2 —yZdxdy
D

D_{x2+yZS4;
' 0<x

B 20. ffx—lze%dx dy
D

D_{le2+y2S4;
' 0<y

1
D

D'{x2+yzs4;
' y=0

B22 [f arctg%dx dy

D

D_{x2+y2S4;
' 0<y

B 23. ff%dxdy



B9. [[eX*V* dxdy
D

D_{4Sx2+yzs9;
' 0<y

B 10. [[ In\/16 — x2 — y2 dx dy
D

D_{4§x2+y2s9;
' y=0

B1l. [[(x —y)dxdy

D

N { 0<y;
" 16 <x%+y? <25

1

D
{ y=0;x=0;
2<x?+y2<4

xZ
B 25. ff};dxdy
D

D,{ y=0;
x2+y?2<9

B 26. ff}%dxdy
D

{ x=0;
1<x*+y2<4



— 22 _ 2 L
B13. [[ In\/16 — x2 — y2 dx dy B 28 ffx+ydxdy

D D
y=0 y>0
1
B14. [[/4—x%2—yZdxdy B 29. ffmdxdy
D D
D:{xz +y2<09; o x> 0;
y >0 '{x2+y2S2

B15. [[(1 —x?—y?)dxd Xry
(1 =x*-y*)dxdy B30. ] S5 dxdy
D D
0<y;
D:{2 5 {x2+y2S4,
x2+y2<9 D V<0

3ananue 2. Bplunciuth ABOWHOM HWHTErpajn, Nepedas K MOISPHBIM

KOOPJIMHATAM.
dxdy
l——
1. —x? - ¥ D x? +y =4, y&ﬂ.
Hq.'x + ¥ cixdy
2. e :
f 2
3 H 1+x° i dxdy rie D x2+y2=1'5; x =0 yéﬂ.
dxdy
II

4 EM,I'ZS—IE—)J2 e D x2+y2=25; x =0 yEﬂ.
lo2, 2
[[-Jx* + y*dady Cw2, .2 .
T : —l,xzﬂ.

LD Ji(S
; H{1+x + ¥ )dxdy L2 5

J]lj dxdy o3 2 0
. D ) - .



8. D

9 D

10.

11.

12.

13. D

14,

15.

1
HF dxdy
[[3cxdy

[[eidy

, I

jjdldxdy

D: x2+y2=49; yiﬂ

D x? +y =4x; y =0

]]'19 x? ydxciy : x? 2=9;x20;y£ﬂ.

HS dxdy

5

H dxdy

Hq.'::: + dxdy

H{x + ¥ )dxdy

16. D

I {.a:2 + },2 Ydxely

17. »

I} l:.a:2 + },2 Yelxdy

18. D

19.

H (2 + y2)dxdy

Hﬂll xt—y dm?y

rac

ra

Dix +y2+2x=ﬂ
D x? +y =25, x=0; y=0
e.I'II': x2+y2=4y

eD: x2+y2=ﬁx

. 2 2 _
’ rI[eD' G+ +p° =1

. 2 2 _
| THe D:(x-1)"+y" =1

e D x +{y+2} =4

eD: x2+y2=2x

20.
21. H‘I i dxdy D: x2+y2+4y=ﬂ.
29 H‘I e dxdy rae D x2+y2+ﬁx=ﬂ_
23, _ngx i dxdy,rﬂe D x2+y2—1ﬂy=ﬂ.
o garcfgﬁdxdy, e I x2+y2=1.
’e garr:fg%dxdy’ . D: x2+y2:g.
2 gamigﬁdxdy, . D: x2+y2=15.

[[ xdxedy

27. D

5

e D x2+y2=16



[[ xcdxely

28 D ,Fﬂeﬂ:x2+y2=2y.
29. g}"dxdy’rﬂe Fi x2+y2:1ﬁ.
30. gydxdy,rﬂe D x? +y2 =4x.

KoHTpoJsbHbIE BONPOCHI:
1.ChopmynupoBaTh aNropuT™ nepexoia OT AeKapTOBBIX KOOPAUHAT K MOJIIPHBIM
KOOpJAMHATaM.

IIpakTnueckas padora Ne 19 mo reme
«BbIyuciIeHre NJI0MIA/Iell ¢ MOMOIIBIO JIBOMHBIX HHTETPAJIOB)»

Ieb: IpOBEPUTH YMEHUE BBIYUCIIATH IIJIOIIAN C IOMOLIBIO JTBOWHBIX
WHTETPAJIOB .

Bpema BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceeneHmA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA PaboTbl
1.M3y4ynTb 3apaHue

2. U3yunTb TEOpETUYECKME CBEAEHNA

3. BoinonHutb 1 opopmutb paboty
4.MokasaTb pe3ynbTaTbl NpenoaasaTesto
AomalwHee 3agaHue

1.MMoaroToBUTbL OTBETbI HA KOHTPO/IbHbIE BOMPOCHI

Teopernueckuii cBegeHUs

[Tnomanes S mmockoit ob6nacth D B MPSAMOYTOJIBHBIX KOOPAMHATAX
BBIYHCIIICTCS 110 (hopMmyJie

S :J'.[dxdy; 1)

a B TIOJIIPHBIX KOOPJIMHATAX — MO (hopMyJie



S= _U rdrde . (2)

O0beM IWIMHAPUYECKOTO Tea, OTPAaHUYEHHOTO CBEPXY IMOBEPXHOCTHIO
z=1f(x,y) , cHu3y o0macTer0 z=0 u COOKYy TpPAMON IIWJIMHIPHUYECKON

IOBEPXHOCTBIO, BBIPE3AMOIIEH Ha IUIOCKOCTH xOy (z=0) obmacte D (puc. 1),

BBIYHCIIIETCS 110 (hopmyJie

V= J' I zdxdy (3)

z A

z= f(x, y)

<Y

—— (==

IHpumepsi

3aganue: Brorumciute 00beM Teda, OrPAHUYCHHOTO IMOBEPXHOCTIMH
7=2x+1, x=0, y=4, y=x°.

Pemenue: Teno, OrpaHUYEHHOE 3aJaHHBIMU IOBEPXHOCTSAMMU, IIPEICTABISAET
co00Oll BEpPTUKAJIbHBIN MNapaOONMYECKUl LWIMHIpP, PACIOJOKEHHBIH B IMEPBOM
oktaHte. CBepxXy Teno OrpaHMYEHO IUIOCKOCTBIO z=2X+1 , COOKy
apabOSUUECKUM IIHIIHHIPOM Y = X° M TUIOCKOCTsIMUA X =0 U y =4. Haiinem Touku
y=x*

Takum 00pa3zom,
y=4

nepeceyeHnst mapabosbl y=x> W TPIAMON y=4 : {

TIOJTIyYHM OJIHY TOUKY nepeceuenus M(2; 4).



3HaueHnWe X=-2 HE paccMaTpuBaeM, TaK KakK I[WJIMHIP paCIOJIOKEH B
nepBoM oktanTe. OOnacTh D 3amuileM B BHAE CHUCTEMbl HEPAaBEHCTB 0<X<2 U
x> <y<4,

CornacHo ¢popmysre (3), moayuyum

2

V= ”zdxdy = dej(Zx +1)dy = T[ny+ y] "dx= I(Sx +4-2x° — X Jx = 13%(1(}/6. en.)
D 0 X2 0 X

0
3ajaHud NPaKTHYeCKOH PadOThI

3aganue 1. Halitu miomans Gurypsl, OrpaHHYeHHON TaHHBIMH JTUHUSIMU

B1l. y>- 2y+x’=0, y>-4y+x*=0 B 16. y>- 4y+x?=0, y*- 8y+x?>=0
X X
V=15V = V3x y=25v=0
B 2. y2- 6y+x*=0, y*- 8y+x*=0 B17. y?- 2y+x?=0, y*- 4y+x*=0
y= \7—51 y= \/gx y=X, x=0
B 3. y?- 8y+x?=0, y?- 10y+x?=0 B 18. y% 4y+x°=0, y*- 8y+x*=0
y= \7_5' y= \/gx Y= X, x=0
B4. vy’ 4y+x’=0, y*- 6y+x*=0 B19.  y?- 2y+x?=0, y>- 10y+x’=0
y=X, x=0 y=0y =/3x

B5. % 6y+x*=0, y>- 10y+x?=0 B 20. y2- 2y+x%=0, y?-4y+x>=0

= x, x=0 =2 y=
Y=X, X y - y \/§x
B6. - 8y+x’=0, y>- 10y+x?=0 B 21. y2- 2y+x2=0, y?-6y+x?=0
X
x=0y = V/3x V=75V =V3x
B7. vy 4y+x?=0, y* 6y+x*=0 B 22. y2- 2y+x%=0, y2-8y+x?=0

x=0y =/3x V=75 y=V3x



B 8. y2- 2y+x%=0, y*- 6y+x*=0

X
y_ﬁly_o

BO. y2- 2y+x2=0, y>-10y+x?=0
y= 75y =V3x
B 10. y?- 4y+x°=0, y>-10y+x>=0
V=75 y=V3x
B11. vy 4y+x?=0, y2-2y+x?>=0
y=X, x=0
B 12. y2- 6y+x*=0, y2-8y+x*=0
y=X, x=0
B 13. y?- 4y+x?=0, y>-8y+x>=0
y=X, x=0
B 14. y?- 4y+x*=0, y*- 8y+x?=0
x=0y= v/3x

B15 y%- 2y+x?=0, y?-6y+x*=0

X

3,x=0

y:

B 23. y2- 2y+x%=0, y*- 6y+x*=0

X
y_ﬁly_o

B24.  y?- 2y+x*=0, y?- 6y+x*=0
y= %’ y= 0
B 25. y% 6y+x°=0, y>-2y+x?=0

y=X, x=0

B 26. y>- 4y+x?=0, y>- 2y+x?>=0

x=0, y= V3x
B 27. y?- 4y+x?=0, y>-8y+x*=0
x=0, y= V3x
B 28. y?- 4y+x%=0, y2-8y+x*=0
X
Y=y =V3x
B 29. y?- 4y+x%=0, y2-6y+x*=0
X
V=15 = V3x
B 30. y?- 6y+x%=0, y2--10y+x*=0

X
V=75 v =V3x

3ananme 2. Beruucnuthb miomanb GUrypsl, orpaHU4eHHON JTUHUSIMU B

NPSIMOYTOJILHOM CUCTEME KOOpIUHAT.

2y=x2; 2x+2y-3=0
y—2x=0; y=x2; x=1
y=x’ y=x; y=2x

A

yz =x; 3}:2 =4x -4

y=4—x2;3x—y=ﬂ; »=0

2
x=4y2; x=y—;
17. 9

18, Y=z x+y=1;y=1._
19. ¥ =2% y=2x—x% 0=x=2
o Y =aresinx; 0sy<a x20
91 Y =arccosx, y 20, x 20

r=2



10.
11.

12

13.

— v _AY: v =16 _ 2
y=(x-4)7 y=16-x" xza.rcsiny;ﬂixii;ylﬂ
y=x+1, y=cosx, y=0 22. 2 :
2 ' 23 X = arccosy, vy 20, x <0
=_x, y=8smx, y=0 X
4 - y=tg2; y =3 120
4y=8x—x2;4y=x+ﬁ 24 :

y=¢"; y=e¢ ", x=3 25. V==L y=p-2|
' = - :4— E
y=2" 2x+3y =8, x=0, pz0 26 = VE 2 Yo
27_x=h1y;y£'?.29;x3_>ﬂ_
Cy=lnxy y=-1 x=3 g ¥ =x’+4x x-y+4=0
=6 x+y=T7 29, y=x4 4y=x2;c=12.

14 =4 x-y=0,x-4=0 30 y=x2+1;y=3—3‘32
15 ¥+2y° =0 x+3y’ =1
yI!:IE;I:i
16. 3
3ananue 3

Beruncnure 00beMBI  TEN, OTPAaHWYCHHBIX  3aJIaHHBIMA  TIOBEPXHOCTSIMHU
(IOMOTHUTENBLHOE 3a/IaHKE)

1) z=6, y=x*, y=4, x=0, 2=0;

2) z=3-x-y, x=0, y=x*+1, y=2, z=0;
3) z=4x+1, y=x*, x=0, y=4, 2=0;

4) z=4-x*, x+y-4=0,x=0, y=0, z=0;

5) z=2-x, y*=9x, y=3x*, z=0.

KoHTpoJibHBIE BONIPOCHI:

1.ITo xakoi popMyJie BBIYUCISAETCS TIOWAAL IUIOCKOW 00JIaCTH B MPSIMOYTOJIBHBIX
KOOpAuHaTax?
2. Tlo xakoii (opmysie BBIYMCISETCS IUIOMIA/b IJIOCKOM 00JacTH B TMOJSPHBIX
KOOpAUHaTax?

3. Ilo

Kako# hopMmyJie HaXOUTCSI 00BEM TeJa, OTPAHUUYEHHOTO TTOBEPXHOCTIIMU?

IIpakTnueckast padora Ne 20 o reme
«lu¢ppepeHuanbHble ypaBHEHHUS EPBOr0 MOPAAKA



eab: npoBepuTh yMeHHE peiath auddepeHInaIbHble ypaBHEHUS IEPBOTO
MOpsAKA C Pa3AEICHHBIMUA U PA3ACIAIOLIMMUCS IEPEMEHHBIMU.
Bpems sbinosnHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceeaeHmn

2.3apaHue

3./InctA4

4.KanbKynatopsl

MNopaaoK BbiNO/IHEHUA PA6OTDI
1.M3yunTb 3agaHue

2. I3yunTb TeopeTnyeckme ceeseHuna

3. BbinonHUTb 1 opopmuTb paboTy
4.MoKkasaTb pe3ynbTaTbl NpenogaBaTesnto
JomalwHee 3apgaHue

1.MoarotoBUTb OTBETHI HA KOHTPO/IbHbIE BOMPOCHI

Teopernueckuii MaTepuall
Huggepenyuanvuviv ypasnenuem Ha3bIBa€TCS ypaBHEHHE, CBS3bIBAIOIICE
MEXJy CcO0OW HE3aBUCUMYIO TMEPEMEHHYIO X , HCKOMYIO (QYHKIHMIO y U €€

MPOU3BOJIHBIC WU AU PepeHITuabI.

CumBonmyecku nudgdepeHnaibHOEe YPaBHEHUE 3aMUChIBACTCS TAK:
F(X' y’ y'): 0’ F(X’ y’ y”): 0’ F(X’ y1 y" y”1"'1 y(n)): 0 )

JuddepeHnnanbHOe ypaBHEHNE HA3bIBAETCS 0ObIKHOGEHHBIM, €CIIA UICKOMasI
(GyHKLHS 3aBUCUT OT OJHOTO HE3aBUCUMOIO IIEPEMEHHOTO.

Tlopsoxom nuddepeHInanbLHOTO YpaBHEHUS HA3bIBACTCS MOPAIOK CTaplien
npou3BoiHOM (Mu auddepeniuana), BXoAsIIed B JaHHOE YpaBHEHUE.

Pewenuem (v unmezpanom) nudpdepeHnnanb,HOT0 ypaBHEHUs Ha3bIBACTCS
Takas QyHKIIMS, KOTOpasi 00paIiaeT 3To ypaBHEHUE B TOKIECTBO.

Obwum pewenuem (W odbwum unmezpaiom) auddepeHImaILHOrO
YpaBHEHUS HA3bIBACTCS TAKOE PEIICHUE, B KOTOPOE BXOJUT CTOJBKO HE3aBUCHUMBIX
MIPOU3BOJIBHBIX TTOCTOSIHHBIX, KaKOB TOPSIOK ypaBHeHus. Tak, oOiiee perieHue
mudpepeHnanTbHOTO  YpaBHEHHsI  MEPBOTO  TOPSIKAa  COACPKUT  OJIHY
MIPOU3BOJIBHYIO TIOCTOSTHHYTO.

Yacmuoim  pewenuem  auddepeHInaIbHOTO  YpaBHEHHSI  Ha3bIBAaeTCs
pelieHre, TOJNYYeHHOEe W3 OOIIero MpH pPa3IUYHBIX YHUCIOBBIX 3HAYCHUSIX



IMPOU3BOJIBHBIX ITOCTOAHHBIX. 3HayeHus IMPOU3BOJIBHBIX IMOCTOAHHBIX HAXOIOATCA
IIpu OIIPCACIICHHBIX HAYaJIbHBIX 3HAYCHUAX apryMCHTA U (1)}’HKHHH

Jugppepenyuanvnvin  ypasHenuem — nepgoco  nopsaoka  Ha3bIBaCTCS
ypaBHEHHUE, B KOTOPOE BXOIAT NPOU3BOAHBIC (Wiu muddepeHIanpl) He BHIIIe
MIEPBOTO MOPSIKA.

Huppepenyuanouvin  ypasHenuem ¢ pazoerssiowuMucs nepemeHHbvIMU
Ha3bIBAETCS YpaBHEHUE BUJIA

Y £(x)-0(y).

JIns pemenus 3Toro ypaBHEHHs Hy’)KHO CHAa4aJla pa3/IelInTh IEPEMEHHBIE:

a 3aTe€M IIPOUHTETPUPOBATH 00€ YACTH MOJYYEHHOIO PABEHCTBA:

J.izj.f(x)dx.

o(y)
IIpumepbi

3ananme 1: HaiinquTe oOmiee pemeHne ypaBHEHHS X - (1+ yz)dx = ydy.

Pemienmne: Pasgenus nepeMeHHbIE, UMEEM XdX = 1ydy2 . Nurerpupyem o0e yactu
+y
NOJIyYEHHOTO YPaBHEHUS:
2
dex= iyz; x—:lln(1+y2)+llnc.
1+y 2 2 2

Tak Kak NpOW3BOJIBHAS TOCTOSHHAsE C MOKET MPUHUMATH JIIOObIE
YHUCJIOBbIE 3HAYEHUS, TO ISl yI0OCTBA NajdbHEHIINX MpeoOpa3oBaHUI

1

BMecTO C Mbl Hanucanu —InC . IloreHuupys mocneaHee paBeHCTBO,
2

HOJIy4uM X° = In[C -(1+ yz)].

OT0 U ecTh 0011Iee PelIeHUE TaHHOTO YPaBHEHHUS.

3aganme 2: HailTu  yacTHoe  pelIeHUWE  YpaBHEHHS s-tgtdt+ds=0 ,

T
YIOBJIETBOPSIONIEE HAYAIIBHBIM YCIOBUAM S =4 TIpHU t = 3



Pemienue: PaznenuB nepemMeHHbIE, UMEEM tgtdt+§=0. [IpounTerpupyem o6e
S

9aCTH IMIOJYUYCHHOI'O YPAaBHCHHA!

Itgtdt+j%=lnC;

HUmn Ins=InC +Incost,

D10 o00lee pelieHue JaHHOTO ypaBHEHUS.

—Incost+Ins=InC,

s=Ccost.

o 9 T
SHAYCHUA IPOU3BOJIBHOU ITOCTOSHHOU C moacTtaBUM 3HAYECHUS t=§

T

U S=4 B BBIpOXEHHE JUIsl 001Iero pemeHus: 4 =C cos( 3), UIu 4 = % ,

oTkyna C =8.

CHGI[OB&TCJII)HO, HCKOMOC YaCTHOC PpPCHICHUC, YIOBJICTBOPAIOIICC

YKa3aHHBIM HAYAJIBHBIM YCIIOBHSM, UMEET BUJT S =8Cost .

3aiaHus NPaKTH4eCKOl padoThI

3apanue 1.Haiitu oOmiee perenre ypaBHEHHM a), 0).

3aganue 2.HaiiTn yacTHOE pelIeHNE YPABHEHUS C PA3ICIIAIOIIMMHUCS

nepeMeHHbIMU
B1.1. a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2y2dx =eXdy; y=1npux=0

B2. 1.a)%( dy = %dx

6)y’dx + (x—2)dy =0

1 1
2.y—2dx =;dy,y= 2npux=20

B3 l.a)Vxdx =+/ydy
6)(1+y?)dx — Vxdy = 0
2.(1+y)dx =(1—x)dy,

y=3 npux=-2

B16.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0

2.dx=edy; y=1npux=20

1

3
ﬁdy——dx

Wy
6)y’dx + (x—2)dy =0

B17. 1.a)

2.dx = Xlzdy,y =2npux=20
B18. 1.a}Vxdx = +/ydy
6)(1+y?)dx —Vxdy = 0
2.(1+y)dx =1 —x)dy,

y=3npux=—2

JU1ss  HaxoXIeHus



B4.1.a)(3x* — 2x)dx = dy B19. 1.a)(3x? — 2x)dx = dy

6) -(2xy+3y)dx + x* dy = 0 6) -(2xy+3y)dx + x*dy = 0
2ydx =xdy,y=6npux=2 2ydx =xdy,y=6npux=2
B5.1.a)(4x — 3)dx = dy B20.1.a)(4x—3)dx =dy
dx dx
6) (xy+x)E-1 6) (xy+x)E—1
2x—1 dx 2x—1 dx
L 3y y=0npux=>5 L 3y y=0npux=>5
B6. l.a)xdx = dy B21.1.a)xdx = dy
6) 2(xy+y)dx = xdy 6) 2(xy+y)dx = xdy

2.(y+ 1) dx — (1 —x)dy = 0,
2.(y+ 1) dx — (1 —x)dy = 0, H+Ddx =1 -0 dy

y=1mpux=0 y=1npux=20
B7.1.a)x* dx = 3y* dy B22.1.a)x% dx = 3y? dy
6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0
2y%dx =eXdy; y=1npux=0 2.y2dx =e™dy; y=1npux =0
B8.1.a)% dy = %dx B23. 1.a)% dy = %/dx
6)y’dx + (x —2)dy =0 6)y’dx + (x—2)dy =0
2.yi2dx:)%dy,y=2npux=0 2.yi2dx=Xizdy,y=2npux=0
B9. 1.a)Vxdx = +/ydy B24.1.a)\Vxdx = \/ydy
6)(1+y2)dx — Vxdy = 0 6)(1+y2)dx — Vxdy = 0
2.(1+y)dx =1 —-x)dy, 2.(1+y)dx =1 —-x)dy,
y=3npux= -2 y=3npux=-—2
B10 1.a)(3x* — 2x)dx = dy B25.1.a)(3x%* — 2x) dx = dy
6) -(2xy+3y)dx + x*dy = 0 6) -(2xy+3y)dx + x*dy = 0

2ydx =xdy,y=6npux =2 2.ydx =xdy,y =6npux=2



B11l.1.a)(4x — 3)dx = dy
dx
6) (XV"'X)E‘l

2x—1 dx
L y=0npux=>5

Bl2.1.a)xdx = dy

6) 2(xy+y)dx = xdy
2.(y+1)dx—(1—-x)dy =0,

y=1npux=20
B13.1.a)x? dx = 3y? dy
6)y(1+x)dx + x(1 —y)dy =0
2.y%dx = e dy;
y=1npux=20
B14. 1.a)% dy = %dx
6)y’dx + (x—2)dy =0

2.1 dx :édy,yz 2npux=20

2
B15.1.a)Vxdx = \/ydy
6)(1+y?)dx — vxdy = 0
2.(1+y)dx =1 —-x)dy,

y=3npux=-—2

KonTposbHbIe BONpOCHI:

o E

nopsijika’?

B26.1.a)(4x — 3)dx = dy
dx
6) (xy+x)E—1

2x—1 dx
L 3y y=0npux=>5

B27. l.a)xdx = dy

6) 2(xy+y)dx = xdy
2.(y+1)dx—(1—-x)dy =0,

y=1npux=0
B28.1.a)x* dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0

2y%dx=e>dy; y=1npux=0

1 3
B29. 1.a)ﬁ dy = EdX

6)y’dx + (x—2)dy =0

1 1

Z.y—zdx = X—Zdy,y =2npux=20
B30.1.a)Vxdx = \/ydy

6)(1+y2)dx — Vxdy = 0

2.(1+y)dx =0 —-x)dy,

y=3npux=—2

Kaxkoe ypaBHeHue Ha3biBaeTcs TudPpepeHiraibHbM?

Yro Ha3bIBaeTcs penieHueM audhepeHuanbHOro ypaBHeH A ?

Kaxkoe pemenue quddepeHmaib-HOr0 ypaBHEHNS Ha3bIBACTCS OOITIM?

Kakoe pemenune nuddepeHmaibHoro ypaBHeH!s Ha3bIBa€TCS YaCTHBIM?
Kakune nuddepennumanbupie ypaBHEHUS HA3bIBAIOTCS YPABHEHUSIMH IIEPBOTO



6. Kakue mud¢epeHunanpHple ypaBHEHUS HAa3bIBAIOTCS YPAaBHEHUSMU C
pa3eNsOIUMHUCA TIEPEMEHHBIMU ?

IIpakTudeckasi padbora Ne 21 mo reme
«OnHopoanbie Tu(PepeHINATBHbIE YPABHEHUSA MEPBOT0 MOPSIKA)

Ieab: HAyYUTHCA penIaTh OAHOPOAHBIC AU depeHITnaTbHbIC YPAaBHEHUS TEPBOTO
MOPSAKA.
Bpems sbinosnHeHna 90 MUHYT

MarepuanbHoe obecneueHue
1.TeopeTnyeckmne ceepeHumA

2.3apaHue

3.JIuctA4

4.KanbKynatopbl

MopaaoK BbinONIHEHUA PA6OTDI
1.3yuntb 3apaHmne

2. N3yunTb TeopeTnyecKkune ceeseHusn

3. BbinonHuTe ¥ opopmMmuUTb paboTy
4.[ToKa3aTb pe3ynbTaTbl NpenoaasaTtento
AomalwHee 3agaHue

1.MoarotoBUTb OTBETbI HA KOHTPOJ/IbHbIE BOMNPOChI
TeopeTuyeckue ceegeHUA.

Onpenenenne. Dynkuus f(X, Y) Ha3pIBaeTCS OAHOPOIAHOW N — ro U3MepeHHsI

OTHOCHTEIFHO CBOMX apryMEHTOB X W Y, €CJH i JII0O0TO 3HaueHus mapametpa t
(KpoMe HyJIs1) BBITTOTHSIETCS TOKIECTBO:

Sfx,ty)=t" f(x, ).
IIpumep. SBisercs i OAHOPOAHON QYHKIUS [ (x, ) = x° +3x°y?
ftx,ty) = (tx)’ +3tx)’ty =% +38°x°y =2 (x> +3x°y) = f(x, )
Takum obpazom, pynkuus f(X, y) sBisieTcss 0THOPOTHON 3- TO MOPSIKA.

Omnpeneaenue. uddepennuanbHoe  ypaBHEHHE  Buaa ) = f(x,y)

Ha3bIBACTCS OJHOPOAHBIM, €CiIH ero mpaeas 4actb f(X, Y) ecTb omHOpOIHAS
(GYHKIUS HYJIEBOT'O U3MEPEHUSI OTHOCUTEIILHO CBOMX apryMEHTOB.



JIroboe ypaBHeHue BUIA P(x,y)dx+Q(x,y)dy=0 SBISIETCS OJHOPOIHBIM,
eciim pynkmmu P(X, y) m Q(X, Y) — omHOpomHbIE (YHKIMH OJAHAKOBOTO
A3MEpPEHUSL.

Pemenne 11000ro 0THOPOJHOrO YpaBHEHHSI OCHOBAHO HA IPUBEAECHUH 3TOTO
YpaBHEHUS K YPABHEHUIO C Pa3ICsIONIUMUCS TEPEMEHHBIMHU.

Paccmotpum ogHOpOIHOE ypaBHEHHE ' = f(x, y).

T.k. dynkiwms f(X, y) — oqHOpOAHAS HYJICBOIO U3MEPEHUS, TO MOKHO 3aIHCaTh:

Sfxp) = f(x,).

o 1
T.x. mapamerp t BooOIIE TOBOpPs MPOU3BOJIBHBIMA, MPEANOJIOKHM, YTO f=— .
X

[Tomyyaewm:
ren=1{12]
X

[IpaBasg 4YacTh NMOJYYEHHOI'O PABEHCTBA 3aBUCUT (PAKTUYECKU TOJIBKO OT

OJTHOT'O apTyMEHTA u = X, T.€. f(x,y)= (p(zj =o(u);
X X

Ucxonnoe muddepeHnuanpbHoe yYpaBHEHHE TaKMM 00pa3oM MOXKHO 3aIicarth B
BHJIC:

y'=ou)
[anee 3amensem y = UX,

Vs e = oG uwx+u =g u' =21,

TakKUM 00pa3oM, NOJYYWIM YpaBHEHHE C pa3IesIOUIMMUCS TEepPEMEHHBIMU
OTHOCUTEJIBHO HEU3BECTHON (QyHKUIUU U.

du _dx_-[
o(u)—u x

= I— +C;

(p(u) u
Jlanee, 3aMeHUB BCIOMOTATENbHYIO (DYHKITHIO U Ha €€ BBIpAXKEHHUE Yepe3 X U

y WU  HaWAd  MHTErpaibl, MOJIy4yuM  oOOIlee  pelieHHe  OJHOPOJIHOIO

nudpepeHnnanbsHOTO YPaBHEHHS.

IIpumep. Pemites ypaBHeHUE )’ = Z(lnZ + 1) :
X X



BBenem BcmomoraTenbHy0 (GYHKITHIO U.

u =

Z; yv=ux, y =ux+u.
X

OtmeTuM, 9TO BBEJACHHAS HaMu (QYHKIMS U BCETJa MOJIOKHUTEIbHA, T.K. B
MPOTUBHOM CJTydae TEpsieT CMBICI HCXOonHOe auddepeHInanbHOe ypaBHEHUE,

coaepikaiiee Inu =1In 2,
X

HOI[CT&BJIHCM B HCXOJHOC YpaBHCHHUC.

ux+u=u(lnu+l), ux+u=ulnu+u;, ux=ulnu;

. du dx du dx
Paznensiem nepemeHHble: ==, '[ :

ulnu x

b

ulnu X

Nurerpupys, nomy4daeM: Inlnu|=Inlx|+C; Inu=Cx; u=e";
[Tepexost OT BCIOMOraTe/bHONM (DYHKIMH 00paTHO K (DYHKIHMH Yy, IOJTydaeMm
obIee perreHue: y = xe™.

Ypaeuenus, npusooawuecsa k 00HopooOHbIM.

Kpome ypaBHEHUMI, ONMCAaHHBIX BBIIIE, CYLIECTBYET KJIacC YpaBHEHUH,
KOTOpBIE C TIOMOIIBK) OMNPEACIEHHBIX [MOJCTAHOBOK MOIYT TMPUBEICHBI K
OJIHOPOJIHBIM.

+by+
D10 ypaBHEHHs Buaa y' = f (M]

a,x+by+c,

Ecmu onpenenurens #0, TO TEpEeMEHHbIE MOTYT OBITh pa3/eicHbI

a, b

HOACTAaHOBKOM
X=u+a, y=v+f;

. |lax+by+c=0
T7ie O ¥ [3 - pemieHusi CUCTEMbl YpaBHEHUN
ax+by+c =0

IIpumep. Pemuth ypaBHEHUE (x —2y +3)dy + (2x+ y —1)dx = 0.

gz_—2x—y+L

dy
[Tomyuaem (x—2y+3)—=-2x-y+1; ;
Y ( 7 Lﬂ 4 dx x—-2y+3



Haxonum 3HaueHne onpenenuTess - _2‘ =4+1=5=%#0.
o |m2x—y+1=0 |y=1-2x x=-1/5
Pemaem crucremy ypaBHEHUI ; ; ;
x=2y+3=0 x—2+4x+3=0 |y=7/5

[IpumeHsieM NOACTAHOBKY x =u—1/5; y=v+7/5; B ACXOTHOE YPAaBHCHHUE:
u—-1/5-2v—-14/5+3)dv+Qu—-2/5+v+7/5-1)du =0;

ﬁ_ 2u+v _ 2+v/u
du 2v—-u 2v/u-1’

(u—2v)dv + (2u +v)du =0;

v !
3aMeHsIeM MePEMEHHYIO — =1, v=ut; V' =tu+¢; TIPA TOJCTAHOBKE B
u

2+t

BBIPAXXCHHUC, 3allMCAHHOC BLIIIC, NMCCM: tu+t= 2 —1
f—

. dt 2+t 2+t=2t"+t 2(1+t—t%)
Pa3nensieM mepeMeHHbIE. —u = —t= = ;
du 2t -1 2t -1 2t -1

2

du I 1-2¢ _dr, J’ J- (1- 2t)dt

7 _5 1+¢— 1+¢-—

—%In‘1+t —tz‘ =Inju/+InC, In‘1+t —tz‘ =-2In[Cu|

C C
2 14112 =%
u

ln‘l+t—t2‘:h1
u

[Tepexoaum Teneph K MEPBOHAYATHLHON PYHKIIUU Y U TIEPEMEHHOM X.
r=2= y=7/5 = 5y—7; u=x+1/5;
u x+1/5 5x+1

LSy-T (Sy 7) 25C,
Sx+1 \5x+1 (5x+1)

Sx+1)> +GBy—-7GEx+1)—(5y—7)* =25C,
25x” +10x +1+25xy +5y —35x—7-25y” + 70y —49 = 25C,
25x> —25x+25xy+75y—25y> =25C, +49—-1+7

x'—x+xy+3y—-y° =C, +§—2=C;



Htoro, BeIpakeHHEe x°—x+xy+3y—y>=C SABISETCS OOIMMM HMHTETPaJIOM

UCX0HOTO AuddepeHIIuaTbHOTO YPaBHEHUS.

, [ ax+by+c ]
B ClIydac CCIM B HCXOOAHOM YpaBHCHHUHM BHIA Yy =f _—

a,x+by+c,

a
OIpeEINTEND
a b

‘ =0, TO IEPEMEHHBIE MOT'YT OBITh Pa3/€ICHbI TOACTAHOBKOM

ax+by =t.

IIpumep. Pemuth ypaBHEHUE 2(x + y)dy + (3x +3y —1)dx = 0.

dy _—=3x-3y+1_ 3x+3y-1
dx 2x+2y 2x+2y

[Tomywyaem 2(x + y) % =-3x-3y+1;
X

HaXOI[I/IM SHAYCHHUC OIIPCACIUTCIIA

-3 -3
=—6+6=0;
2 2

Q:t__l;

[IpuMeHsieM MOACTAHOBKY 3x +3y =1. =3
X

HOI[CTaBHSIeM 9TO BBIPAXKCHHUC B MCXOAHOC YPABHCHHUC!

t 3@,

3—1= YR 2t(t'=3)=-9t+9; 2tt'=6t-9t+9; 2tt'=-3t+9;
PaznensieM nepemMeHHbIE! dt = dx; Ldt = —gdx;
—-3t+9 t—3 2
I(1+ijdt:—§jdx; t+3|n|t—3|=—§x+C1
t—-3 2 2

Jlanee Bo3BpalaeMcs K NepBOHAYAIbHON (GYHKIIUU Y ¥ TIEPEMEHHOM X.
2x+2y+21n|3(x+y—1)| =—x+C,;
3x+2y+2In3+2Injx+y—1=Cj;

3x+2y+2Injx+y—1=C;

TaKuM 00pa3oM, MbI TIOJIYYHJIM OOIIMI WHTErpai uCXoaHoro AudPepeHImaaIbHOro
ypaBHEHUS.

3a4aHunA NPaKTUYECKo paboTbl



3apanme. Penth ogHopoaHoe qudpepeHnnanbHoe ypaBHEHHE.

B1. xy+y? — (2x% + xy)y/=0 B16. xy+y? — (2x* + xy)y/=0
B2. (x-y)dx+xdy=0 B17. (x-y)dx+xdy=0

B3 (x> xy)dy-y? dx=0 B18. (x*- xy)dy-y* dx=0

B4. xy%y/ = x> +y3 B19. xy%/ =x3 + 3

B5. (.x-y)ydx = x*>dy B20. (x-y)ydx = x*> dy

B6. xy%/ = x>+ 3 B21. xyyy/ = x3 + 3

B7. xy+y? — (2x* + xy)y/=0 B22. xy+y? — (2x* + xy)y/=0
B8. (x-y)dx+xdy=0 B23. (x-y)dx+xdy=0

B9. (x2-.xy)dy-y? dx=0 B24. (x-.xy)dy-y* dx=0

B10. xy%/ = x3 + 3 B25. xy2y/ = x3 + 3

B11. (x-y)ydx = x> dy B26. (x-y)ydx = x*dy



B12. xy%y/ = x> +° B27. xy2y/ = x3 + 3

B13. 4.xy/- xy = (1+x?)e* B28. 4.xy/- xy = (1+x%)e*
B14. (x-y)dx+xdy=0 B29. (x-y)dx+xdy=0
B15. (x*-.xy)dy-y? dx=0 B30. (x*-.xy)dy-y* dx=0

KOHTpOJIBHLIe BOIIPOCHI:

1. Kakoe ypaBHeHHE Ha3bIBAETCS OJTHOPOJHBIM YPABHEHUEM TIEPBOTO MOPSJIKA U
ero peiieHue?

IIpakTnueckas padora Ne 22 o reme
« JIuneiHble 1M PpepeHIMATBbHbIC YPABHEHHS NIEPBOr0 MOPSAAKA. Y paBHEHHUE
bepnyaun»

Heab: HayuuThCs pelath JUHEHHbIC TuddepeHiraibHble YpaBHEHUS IEPBOTO
NopsaKa.
Bpemsa BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceeaeHumA

2.3apaHue

3.JIuctA4

4.KanbKynatopbl

MopAaaoK BbinoNHeHUA PaboTbl
1.M3yunTb 33paHue

2. U3yunTb TEOpPETUYECKME CBEAEHNA

3. BoinonHuTtb 1 odopmuTb paboty
4.MoKas3aTb pe3ynbTaTbl NpenoaasaTento
AomauwHee 3apaHue

1.MoarotoBUTb OTBETHI HA KOHTPO/IbHbIE BOMPOCHI

TeopeTuyeckue ceegeHun

Omnpenenenue. /[uddepennnanbHoe ypaBHEHUE HA3bIBACTCS JIMHEHHBIM




OTHOCHUTEJIbHO HEM3BECTHOM q)YHKI_II/II/I H €c HpOI/I3BO,IIHOI>’I, €CJIK OHO MOYKET OBITh
3aIlIMCaHO B BHUJIC:

Y'+P(x)y =Q0(x),

IIpY 3TOM, €CJIM TpaBas yacTh Q(X) paBHA HYIIO, TO TAKOC YPaBHCHUE Ha3bIBACTCS
JIMHEHBIM OJHOPOAHBIM Tud(epeHInanTbHbBIM YPABHEHUEM, €CJIU MpaBasi 4acThb
Q(X) He paBHA HyIO, TO TAaKOE YPAaBHCHUE HA3bIBACTCA JIMHEHHBIM
HEOJHOPOIHBIM (D PepeHIINATEHBIM YPABHEHUEM.

P(x) u Q(X)- ¢dyHKIIMM HETPEPHIBHBIE HA HEKOTOPOM MTPOMEXKYTKE a < X < D.

Jluneiinvie 00nopoonvle ougghepenyuanvuvie ypasHeHus.
PaccMoTpuM METO/IbI HAXO0XKACHHS OOIIETO PEIIeHUs TUHEHHOTO OJTHOPOHOTO
nudpepeHnanbHOTO YpaBHEHH IEPBOTO MOPSAKA BUA

V' +P(x)y=0.

st atoro tumna auddepeHnanbHbIX ypaBHEHUN pa3zielieHUe MEePEMEHHBIX He
MPEACTABIISET CIOKHOCTEM.

& =—P(x)dx
y

9

ln|y| = —J P(x)dx + 1n|C

In

%‘ =— J‘ P(x)dx;

OG61ee penieHue: y= ce 17

Jluneitnvle HeoOHopooHbvle Judghepenyuanvvle ypagHeHUs.
JInsg WHTErpUpPOBAHUS JIMHEHHBIX HEOMHOPOIHBIX ypaBHeHHH (Q(X)=0)
MIPUMEHSIOTCSI B OCHOBHOM JIBa MeTo1a: MeTo 1 beprym u meron Jlarpamka.

Memoo bepuynnu.
(AAxo6 bepnyiu (1654-1705) — miBelinapckuii MaTEeMaTHK. )

CyTbh METOJIa 3aKJTIOYAETCS B TOM, YTO UCKOMas (DYHKIIHS TIPEICTABIISICTCS B
BUJIE IIPOU3BEICHUSA JIBYX GyHKIMMA y=uv

dv du
[Ipu 3TOM OYEBUAHO, UTO y' =u v - muddepeHurpoBaHUE IO YACTSIM.
X X

[Toncrapiisisi B ICXOAHOE YpaBHEHUE, TOJTyYaeM:

u % + v% + P(x)uv = O(x)



u ? + v(j—x + P(x)uj =Q0(x)

X

Jlanee cnemyeT BaXHOE 3aMe4aHHUE — T.K. MepBOHAYaidbHas (QyHKIUA OblLia
NPEACTAaBICHa HAaMU B BHUJAE MPOM3BEICHUSA, TO KaXKIbli W3 COMHOMKHUTEIEH,

BXOJSIIIMX B 3TO IPOU3BENEHUE, MOXKET OBITh MPOU3BOJBHBIM, BBIOPAHHBIM II0
HalleMy YCMOTPEHHUIO.

Hanmpumep, ¢yHKIMsS  y=2x> MOXeT OBITh TPEACTaBICHA  Kak
y=1.2x%; y=2-x%;

y=2x-x; A T.IIL

Takum o0pazoM, MOXKHO OJHY M3 COCTaBISIONIMX MPOU3BEACHHUE (HYHKIIMMA

du
BBIOpaTh TaK, YTO BhIPAKCHUE T +P(x)u=0
X

Takum o00pa3oM, BO3MOXKHO MOJYYUTh (PYHKIHIO U, MPOUHTETPUPOBAB,

MOJTy4Y€HHOE COOTHOIIICHUE KaK OJHOPOJHOE IuddepeHInalIbHOe YpaBHEHUE I10
OITMCAHHOU BBIIIIE CXEME:

W _peoydx, [ [P)dx;  Inju| == P(x)dx;
u

B efjiP(x)dx

In|C\[+Inju| ==[ P(x)dx;  u=C ; C=1/C;

JIJist HaXOXKAEHUST BTOPOM HEU3BECTHOW (PYHKIIMU V TIOJICTABUM TMOYUYEHHOE

BBIpOKEHHUE JJIs1 PYHKIIMU U B MCXOJHOE ypaBHEHUE u§+v[%+P(x)uj:Q(x) C
X X

Y4€TOM TOI'O, UTO BBIPAKCHHUC, CTOAILICC B CKO6KaX, paBHO HYIJIIO.

IP(x)dx ﬂ — O(): Cdv = O(x)e IP(x)dx
WNurterpupysi, MoxxeM HaWTH QYHKIIHIO V:
Cv= J‘Q(x)ejp(x)dx +C,; v= %IQ(X)GIP(X)dxdx +C,;

T.e. ObuIa MOTy4YeHa BTOpAsi COCTABIISIONIAS TPOU3BECHUS ) = uv, KOTOPOE
U OTIpEJIEISIET UCKOMYO (DYHKIIHIO.

HOI[CT&BJ'I?IH IMOJIYYCHHBIC 3HAYCHUS, T10JIYyHaCM:

y=uy= Ce_j e é(j Q(X)ejp(x)dxdx + Czj



OkoHYaTeNbHO TTOTy4aeM hOpMYITy:

y= oA (j Q(x)ej O iy + Cz) , | Cz - mpou3BOILHbIH KOG (UIIHEHT.

DTO COOTHOIIIEHHE MOXET CYHUTAThCS PEHICHUEM HEOJHOPOIHOTO JMHEHHOTO
nruddepeHnanbHOr0 YpaBHEHUsST B 00IIIeM BUJIE 110 criocody bepHysu.

Memoo Jlazpanoica.

( JTapramxk XKozed Jyu (1736-1813) - ¢ppaniry3ckuii MaTeMaTHK, IIpe3.
bepnunckoit AH, nou. un. Iler. AH (1776)).

Metoa Jlarpanaxa peuieHus HCOQHOPOAHBIX JTUHEHHBIX
nruddepeHnanbHbBIX YpaBHEHUH €111¢ Ha3bIBAIOT METOJAOM BapHAUH
MPOM3BOJIbHON OCTOSHHOM.

y'+P(x)y = Q0(x)

HepBBIfI mar 1aHgaoro Mmceroaa CoCTOMT B OT6paCBIBaHI/IH HpaBOﬁ YaCTHU YPaBHCHUA
M 3aMCHC €C HYJICM

y'+P(x)y=0
Jlanee HaXOAMTCS peUIEHUE TOJYUYUBIIETOCs OTHOPOJHOTO AU(PdepeHIUaTBHOTO
YPaBHEHUS:

—| P(x)dx

y=Cie J .

JI1s1 TOTO, YTOOBI HAWTH COOTBETCTBYIOIIEE PEIIICHHUE HEOTHOPOIHOTO

i pepeHInanbHOT0 ypaBHEeH s, Oy1eM CUUTATh MOCTOSIHHYI0 C1 HEKOTOPOit
byHKIHEH OT X.

Toraa no npaBunam auddepeHunpoBaHus IPOU3BEACHUS PYHKIUN MOIydaeMm:

y, _ Q _ me—IP(x)clx n Cl (x)e—J.P(X)dx ) (—P(_X,')),
dx dx

HO}ICT&BJ’IHCM IMOJIYYEHHOC COOTHOIICHNE B UCXOJHOC YPAaBHCHHC

dC, (x)e—J'P(x)dx
dx

—J'P(x)dx

—C,(Pe O 1+ PeoC, e 1T = o)
dC,(x) e—J'P(x)dx

e =0(x);



U3 storo ypaBHeHUSs onpenenuM nepeMeHnyto Gpyukmumo Ci(x):
dC, (x) = O(el "

Wurerpupysi, moiydaem:

J'P(x)dx

C = jQ(x)e dx +C;

HOI[CT&BJIHSI 9TO 3HAYCHUC B UCXOOHOC YPABHCHHUC, I10JIYyHACM!

y= eijp(x)dx U Q(x)ejp(x)dxdx + Cj .

Takum 00pa3oM, MbI MOJYYHUIIM PE3YJIbTAT, MOJHOCTHIO COBIAJAIOIINNA C
pe3ynbTaTOM pacyera 1o merony bepnyim.

[Ipu BBIOOpE MeTOAA pelIeHUs JTUHEHHBIX TU(PEepeHIINAIbHBIX YPaBHEHHM
ClIEyeT pyKOBOJCTBOBAThCSl MPOCTOTONW MHTErPUPOBAHUS QYHKIUHI, BXOIAIIMNX B
WMCXOJHBIA HHTErPAI.

Jlanee paccCMOTpUM IPUMEPHI PEIICHUS pa3IUUYHBIX JUdPepeHIInaTIbHbIX

ypaBHeHI/If/'I pasiIndHbIMU MCTOAAMU U CPABHUM PC3YJIbTATHI.
1

Ipumep. Pemmts ypaBHeHME x°y' +y = ax’e”.

1

1
. ! — X
Chayana nmpuBeJeM JaHHOE YPABHEHUE K CTAHJIAPTHOMY BUY: '+ = y=ae*.

1

1
IIprMeHUM Oy 9EHHYIO BbIlE GOpMYyNly: P=—; QO =ae”;

X

y= e{jaele_’l‘dx + C] = e;(.[ader C)

1

y= e;(ax+ O).

3apanme. Permuth nuHeliHoe AuddepeHuanb-HOe ypaBHEHHUE.

B1.xy/- xy = (1+x%)e* B16. xy’- xy = (1+x?)e*



B2. y/+2 xy = x3 B17. y/+2 xy = x3

B3 (1+x2)y/-xy =2x B18. (1+x2)y/-xy =2x
B4. xy/+y =x+1 B19. xy/+y =x+1
BS. &Y= B20. 2 Y=

dx  x dx  x
B6. Vy/+y=x+1 B21. xy/+y =x+1
B7. xy/-xy = (1+x%)e* B22. xy/- xy = (1+x%)e*
B8. y/+2xy=x3 B23. y/+2xy=x}
B9. (1+x?)y/-xy =2x B24. (1+x2)y/-xy =2x
B10. xy/+y =x+1 B25. xy/+y =x+1
B11. 2 Y= x B26. Y=

dx  x dx  x

B12. xy/+y =x+1 B27. xy/+y =x+1
B13. xy’- xy = (1+x%)e* B28. xy’- xy = (1+x?)e*
B14. y/+2 xy = x* B29. y/+2xy=x3
B15. (1+x2)y/-xy =2x B30. (1+x2)y/-xy =2x

3apava 2. Haiitu pemenue 3agauun Koy,

41.y' —y/x=x% y@)=0. 4.2,
y'—yctgx =2xsinx, y(z/2)=0.

4.3, y’+ycosx:%sin2x, y(0)=0. 44.

y'+ytgx=cos’x, y(z/4)=1/2.



45.y S SN y(-1)=3/2.46.

X+ 2
y’—iy:ex(x+1), y(0)=1.
X+1
4.7 y’—lzxsinx, y(zjzl. 4.8. y’+X=sinx, y(;r)zl.
X 2 X T
4.9 y’+l:x2, y(1)=1. 4.10.
2X
2X 2% 2
! = y O = —
Y e T y(0) 3
4.11. y’—2X2_5y:5, y(2)=4. 4.12. y’+X:X—+1eX, y(1)=e.
X X X
, Y In x , Yy 12
413. V' —==-2—, 1)=1. 414,y ——=——, 1)=4.
y=_==2=> y({) y=>=-"% Y

4.15. y’+gy:x3, y(1)=-5/6. 4.16. y'+==3x, y(1)=1.
X

,2Xy , 1-2x
417.y T =1+x°, y(1)=3. 418 y'+ = y=1 y(1)=1
4.19. y’+3—y=£3, y(1)=1. 4.20. y'+2xy =-2x°, y(l)=e™.
X X
, Xy X 2 , 3
421,y + 2 y(0)==. 422 vy +xy=—x°, y(0)=3.
y 2(1-x) 2 ¥(0)=3 y'+xy y(0)

2 2
423y ——y =¢* 1), 0)=1.
y-Zy-e (s, y(0

424y +2xy = xe™* sinx, y(0)=1.



. y’—2y/(x+1)=(x+1)3, y(0)=1/2.
4.26. y'—ycosx =—sin2x, y(0)=3.

4.2

o1

4.27. y' —4xy = —4x°, y(0)=-1/2. 428 y’—X:—In—X, y(@) =1.
X X

4.29. y’—3x2y=x2(1+x3)/3, y(0)=0.
430. y'—ycosx=sin2x, y(0)=-1.

KoHTpoJsibHBIE BONPOCHI:

1. Kakoe ypaBHEHHE Ha3bIBACTCS JIMHEHHBIM YPABHEHHEM IIEPBOIO MOPsIIKa?
2.Kaxoe ypaBHeHune Ha3bIBaeTcs TG hepeHIINaTIbHBIM YPABHEHUEM.

3.Yrto Ha3bIBaeTcs perieHueM aud@epeHuaibHOro ypaBHEHUS.

4.06mee pemienre audpepeHInaIbHOTO ypaBHEHMS.

5.Hamucars o6mmii Bua qudepeHnnanbHoro ypaBHeHus 1-ro nopsaka ¢
pa3IeNsSOIUMUCS TEPEMEHHBIMMU.

6.3agaga Komm.

7.KakoB 001muii BUJ1 0THOPOJHOTO AU(depeHIMaIbHOrO ypaBHEeHus 1 -ro nopska?
8.AJTOpUTM pelIeHUs] OJHOPOTHOTO MU PepeHITnaIBHOTO YpaBHEHUS TIEPBOTO
NOpsIZIKA.

IIpakTnueckas padora Ne 23 o reme
«IuddepenuuajbHbie ypaBHEHUsSI BTOPOI0 NMOPAIKA.
JInHeiiHbIe OTHOPOIHBbIE YPABHEHHUS BTOPOI0 MOPSAKA C MOCTOSIHHBIMH
Ko3(puuueHTaMmm»
Henb: HAyUUTHCA PEIIATH JIUHEHHBIE OJHOPOAHBIE YPABHEHUS BTOPOIO MOPSIZIKA C
MOCTOSIHHBIMU KO3 puiimeHTamu

Bpemsa BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceeneHumA
2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopaaoK BbiNOIHEHUA PAbOTDI
1.M3yunTb 33apaHue

2. I3yunTb TeopeTnyeckme ceegeHunA
3. BoinonHuTb 1 odopMuTb paboTy
4.MoKasaTb pe3ynbTaTbl NpenogaBaTesto
DomauwiHee 3apgaHue



1.MoAroToBUTb OTBETbI HA KOHTPO/IbHbBIE BOMPOCHI
TeopeTuuyeckue csegeHus

YpaBHeHue, comepxkaiiee Mpou3BogHbIe (Win audepeHnrans) He BBIIIE
BTOPOTO TIOpsIIKA, Ha3bIBACTCA Oughghepenyuanvuvim  ypagHeHuem 6mopoco
nopsioxka. B o01iem Bujie ypaBHEHHE BTOPOTO TOPSAKA 3alACHIBACTCS CIICAYIOIIAM
oOpazom:

d’y dy
—=fl Xy, —= |
dx? ( y dx)

O6mee pemenue audhepeHIMaTIbHOTO YPaBHEHHUS BTOPOTO TOPSIKa
COJICPKHT JIBE IMTPOU3BOJIBHBIC TTOCTOSIHHBIE.

Jlunetinoim  00HOpPOOHLIM — OuphepeHyuanrbHbiM — YpagHeHUemM B8mopo2o
nops0Ka ¢ NOCMOSIHHbIMU KOd)uyuenmamyu Ha3bIBacTCsl YpaBHEHHE BUJIA:

d2 d
d73’+ pd—i+qy=0, (1)

Tac p U q - HOCTOAHHBIC BCIIMYMHEIL.

Jns  oTeickaHusi oOmiero pemieHus ypaBHeHus (1) cocraBusercs
xapakxmepucmuieckoe ypagHeHue

r’+pr+q=0, (2)

. d?y dy
KOTOpo€ TmosiyyaeTcss U3 ypaBHeHus (1) 3ameHoi o o Y Ha

x? dx
COOTBETCTBYIOIINE CTEIIEHHU I, IpUYEM cama QYHKIHS y 3aMEHSETCS ¢IUHUIICH.

Torma obmiee pemenue nuddepeHnuanbHoro ypapHeHust (1) crpoutcs B
3aBUCUMOCTH OT KOPHEH I, M I, XapaKTepUCTUYECKOro ypaBHeHHs (2). 31ech

BO3MOYKHBI TPHU CIIyYas.

| cnyuaii: Kopau r, u r, - AeliCTBUTENbHBIE U pa3inuHbie. B aTOM ciyuae

oO1iee perienre ypaBHenus (1) umeet Buj
y=Ce"™ +C,e%. (3)

Il cnyuaii: KopHu r, u r, - 1eHCTBUTENbHBIE U paBHBIE: I, =T, =r. Torga

oO1iiee penieHue ypaBHeHus (1) 3amuchIiBaeTcs Tak:

y:(C1+C2X)'erX' (4)



Il cnyuait: Kopuu r, ¥ r, - KOMIUIEKCHO — CONpSDKEHHBIE: I, =+ -1 ,

L=a—-p£-.

B »stom cnyuwae oOmiee pemenue ypaBHeHus (1) 3amuceiBaeTcs

CJIeTyIOITUM 00pa3oM:

y =e” -(C, cos A +C, sin fx). (5)

IIpumepsi

2
3aganue 1: Pemints ypaBHEHUE: a7y _ 7ﬂ +10y =0.

Pemnenmne:

3aganue 2:

Pemenne:

dx? dx

CocTaBMM XapaKTEPUCTHYECKOE ypaBHEHHWE M HaiJeM €ro KOPHH:
r’—7r+10=0. Orclona cineayer, 4to r,=2, r,=5. Tak Kak KOpHU
XapaKTEPUCTUUCCKOTO ypPaBHEHWS JCHCTBUTEIbHBIE W pasHbIE, TO
o0l1iee pelieHre JaHHOTO TU(PEepPEeHIMATLHOIO YPaBHEHHS COTJIACHO
dopmyiie (3) 3anumercs Tak: y =C,e™ +C,e>.

2

Haiitn yacTHOe pelieHue ypaBHEHUS 3 Z - %:0 , €CIIM y=1 "
X X

dy

—~ =-11apu x=0.

dx p

CocTaBUM XapaKTEpUCTHYECKOE ypaBHeHHE r’—5r=0. Pemras ero,
nonmyunM, r, =0, r,=5. Tak Kak KOPHH XapaKTEPUCTHUECKOTO
ypaBHEHUS JIEHCTBUTEIBHBIC M pa3H4YHBIE, TO OOINee peIIeHUe
nuddepeHIMaTbHOT0 YpaBHeHNS uMeeT BU: y = C,e®* +C,e>, To ecTh

y=C, +C,e*.

JIns HaxOoXJIEeHHST UCKOMOTO YaCTHOTO PELICHUS HYKHO ONMPENECIUTH
3HaueHusa noctosHHbIX C, u C, . IloacraBuB B oOliee pemieHue

3Ha4yeHusA Xx=0 u y=1, moayuum 1=C, +C,.

[IponuddepennrporaB obiee peieHrne U MOACTaBUB B MOTYyUYEHHOE

d d
BBIpaX€HHUE 3Ha4YeHUS X=0 # d—y:—l, nMeeM d—y:SCZeSX , OTCIlOJ1a
X X

1
ciaenyer, yro —1=5C,. M3 maHHOro BbIpaXK€HUs Haxomum: C, =_§’

1) 6

6 1
Takum 00pa3om, HICKOMOE YaCTHOE PEIICHUE UMEET BUJI Y = . gesx .



2

3aganme 3: Peminth ypaBHEHUE z Z —8% +16y=0.
X X

Pemenue: CocTaBUM XapaKTEpPUCTHYECKOE YPAaBHEHHE M HaWJIeM €ro KOpHHU:
r’—8r+16=0, r,=r,=4 . XapakTepUCTHUECKOE YpaBHEHHE HMEET

paBHbIE JEHCTBUTENbHBIE KOPHH; MOITOMY CONAcHO (opmyne (4)
obuiee  penieHue  TaHHOTO  AUGGEPEHIMANTBHOIO  ypaBHEHHS
3anMChIBaeTCs B BUjie y = (C, +C,x)-e**.

3amanue 4: Haiinure yacTHOE pellleHUE ypaBHEHUS y"+8y'+16y =0, eclid y=1 U
y'=11pu x=0.

Pemienne: Tak Kak XapakTepUCTUYECKOE YpaBHEHHE r”+8r+16=0 uMeeT
paBHBIE JIEWCTBUTENbHBIE KOPHHU I =I,=-4 , TO OOIlee pelieHue

naHHOTO AU(depeHITNaTBLHOTO YPaBHCHUS 3aITUChIBACTCS B BUIE
y=(C, +C,x)-e™ =C,e™ +C,xe™.
Huddepenuupys odiiee peiieHue, UMeeM
y'=—4Ce™ +Ce ™™ —4C,xe ™.

IloncraBuB HavaJIbHBIE JAHHBIE B BBIPAXKEHUE UL Y U Yy', MIOIYYUM
CUCTEMY YPaBHEHU

1=C,e’+C,-0-¢€° 1=C,
, WIH , OTKyma C, =1 mu

1=-4C,e° +C,e° —4C, -0-¢° 1=-4C, +C,
C, =5 . CnenoBaTeiabHO, MCKOMOE YACTHOE PEIICHHE HMEET BUJ

y=e " +5xe™.

3aAaHuA NpaKTUUYecKou paborbl
3apgaHua Pemmte ogHOpomHBIe nWHEHHBIE auddepeHInaIbHbIe YpaBHCHUS
BTOPOro Topsifka. B MyHKTE a) HaWTHM YacTHOE pEIICHUE TMpU 3aJaHHBIX

_ Fon
HAYaJIbHBIX YCIOBUIX Y =y o Y )=y a,
iy —2y=0 ©=1 y(@©-=3 "1z

i

i ! _ _ Iy —
212 ) 3y -2y -8y=0 y0)y=1 »(0)=1



it / p )
6y Y —6¥y +%y=0 5y -8y +17y=0

i ; ~ _ o
313.0) 7 1Y =0 y0)=6 y(0)=10

" d i ;
6).}'F +8y +16.y=ﬂ B) 4}’ —Eﬂy +25_y=[]

it / ~ _ .
414.9) Y "7V TOr=0 y@=2 y'©=-1

" ! i /
6)y +1Dy +25_]x‘=ﬂ B)y +2y +5_}-’=ﬂ

[ B _ fo
515.0) 2 TY 770 y©@)=1 y{0)=-1

6) 4yff_4yf+y:ﬂ » }’H—Eyulﬂyzﬂ

i i _ / _
6,16. a) 2y +3y =0 yQ)=1 y O)=4

4 / i
gy ¥ 14y +49y=0 3y +4y=0

i ' _ ; _
717.0) 1Y F3¥ =0 y@=2 y(0)=2

6) gyff_ﬁyf+y=[} ) Syﬂ_ﬁy;_i_iyzn

i ; B _ .
g18.a) Y SV =0 yO=2 y©)=-4

o i i ;
5) 16y +83 +y=0 L ¥" -6y +13y=0

i { B _ o
9,19. a) ~ —4y =3y =0 r©)=2 y(©0)=-3

i / i ;
5) 169"+ 24y +9y =0 y" -4y’ +13y=0

i / _ _ o
10,20.2) ¥ 7Yt =0 y@=1 y(©0)=6



6) Qyﬂ+6y’r+ y=0 B) yﬂ+ 9y =0
KoHTpoJibHBIE BONIPOCHI
1.0ariTe onpepenerve anddepeHLManbHOro ypaBHeHuUs.
2.Y1o Ha3BIBAIOT MOPSAKOM AU HEpeHIINaTFHOTO YPaBHEHUS?
3.Maiite onpenenenue odmiero pemenus AudhepeHnnaIbHOro ypaBHEHNUS.
4.Yto Ha3bBatoT ycnoBusaMu Komm?
5.Yrto Ha3bIBaOT 3agaueit Komm?
6./laiiTe onpenenenne 4acTHOTO pereHus JudGepeHInaIbHOr0 YpaBHEHHUS.
7.Kaxue ypaBHeHus Ha3bIBatOTCs nupdepeHnuansupiMu ypasaenusmu Il mopsika?
8.IloHsTHE XapaKTEePUCTHUECKOTO YPaBHEHUSI.
9.0011ee pelieHNe ypaBHEHHS XapaKTEPUCTUUECKOTO YPaBHEHNUS.

IIpakTnueckas padora Ne 23 o reme
JIuHellHbIe HEOAHOPOAHbIE YPABHEHUSI BTOPOI0 IMOPSAKA
Ieab: HayuyuTHCS pelIaTh JIMHEWHBIE HEOJHOPOIHBIE YPABHEHHS BTOPOIO MOPSAKA
Bpems sbinosnHeHna 90 MUHYT

MarepuanbHoe obecneueHue

1.TeopeTnyeckue ceeaeHmn

2.3apaHue

3./IuctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA paboTbl

1.M3y4ynTb 3apaHue

2. U3yunTb TEeOpeTUYECKMe cBeaeHnA

3. BoinonHuTb 1 opopMuTb paboTy

4.MokasaTb pe3ynbTaTbl NpenogasaTesnto
JomalwHee 3apaHue

1.MoarotoBnTb OTBETHI HA KOHTPOIbHbIE BOMPOCHI
TeopeTnyeckue ceegeHusn

YpasHeHus ¢ npasoli Yyacmbio cneyuanbHoO20 8UOd.

Pa3nuyatoT chegytowmne cayyam:

I. MpaBas YacTb IMHENHOIO HEOAHOPOAHOIO AMdpdepeHLMaNbHOrO ypaBHEHMA
nmeet Bug: f(x)=P(x)e™, rae P(x)= A,x" + A,x"" +...+ A - MHOTOY/IEH CTENEHMU

m.
Torpa YacTHOe pelleHMe ULeTca B Buae: y = x"e™0(x)

3necb Q(x)- MHOro4YneH TOW e cTeneHu, Y4To U P(x), HO C Heonpeae/NeHHbIMU
KoadPpuUMEHTaMU, a r — YNCNO, NOKa3biBaloLEee CKOJIbKO pa3 YMCI0 O ABNSAETCS



KOPHEM XapaKTEPUCTUMYECKOrO YpaBHEHMA A/1A COOTBETCTBYIOLEro JIMHEUHOro
oaHopoaHoro auddepeHUNanbHOro ypaBHEHUS.

Il. MpaBaa 4yacTb /IMHEMHOIO HEOAHOPOAHOro AndPepeHUMaNbHOro ypaBHEHNA
nmeeT BUA: f(x)=e™ [P (x)cosPx + P, (x)sin px]

3pecb Pi(x) v P2(x) — MHOTrOYNEHbI CTENEHU M1 N M2 COOTBETCTBEHHO.

Torp,a 4YaCTHOE pelweHne HeoaAHOPOAHOIo ypaBHEHNA 6yAET MMeTb BUA,:
y = x"e™ [0, (x) cosPx + O, (x)sin x]

rae 4Yucno r MNOKa3blBaeT CKOJZIbKO pa3 4YUCI0 o +i3 ABIAETCA KOpPHeMm

XapaKTepPUCTUYECKOrO  YpaBHEHMs ANA  COOTBETCTBYHOWEro OAHOPOAHOro
ypaBHeHus, a Qi(x) u Qz(x) — MHOTOUYNEHbI CTENEHU He Bbile m, rae m- 6onbluas
U3 cTeneHem m; v mo.

3ameTMmM, 4YTO €eCcnM MpaBaA YacTb YpPaBHEHUS ABAAETCA KOMOWHauuen
BbIPa’KEHUIA PACCMOTPEHHOro Bbllle BMAA, TO pPeleHne HaxoAuTcA Kak
KOMOMHaUUA peLleHnii BCMOMOraTeibHbIX YPaBHEHWUM, KaXK40€e U3 KOTOPbIX UMeeT
NPaBY YaCTb, COOTBETCTBYIOLLYIO BbIPaXKEHUIO, BXOAALWEMY B KOMOUHALMIO.

T.e. ecnn ypasHeHue nmeet Bua: L(y) = f,(x)+ f,(x), TO YacTHoe pelueHune
3TOro ypaBHeHua Oygetr y=y +y,, rae Y1 W Y2 — YacTHble pelweHun

BCNOMOraTe/IbHbIX ypaBHEHMVI

L(y)= fi(x) n L(y) = f,(x)
MNpumep. PewnTb ypaBHeHUe y" + y = x—sin2x.

MpaByto YacTb AndpdepeHLmManbHOro ypaBHeHMa npeacTaBMm B BUAE CYMMbI A,BYX
bYHKUNM f1(x) + f2(x) = x + (-sinx).
CocTaBMM W pelrM XapaKTepUCTUYECKoe YpaBHeHue: k*+1=0;  k, ==

1.0na dyHKUMM f1(x) peweHmne niwem B BUAE y, = x"e™O(x).

MNonyyaem: =0, r=0,0(x)=A4x+B; T.e. y =Ax+B,;
n=4 » =0
Ax+B=x; A=1, B=0;

Utoro: y, =x;

2.0na dyHKUMM f2(x) peeHne nwem B BUAe: y, = x"e™ (Q,(x)cospx + Q, (x)sin Px) .



AHanusupysa yHKuMIO f2(x), nonydyaem: P(x)=0;, P(x)=-1, a=0; B=2; r=0;

Takum obpasom, y, = Ccos2x + Dsin 2x;

v, =-2Csin2x+2Dcos2x;

"

v, =-4C2cosx—4Dsin2x;
—4Ccos2x—4Dsin2x+ Ccos2x+ Dsin 2x = —sin 2x;

—3Cco0s2x—3Dsin 2x = —sin 2x

1.
WUtoro: y, =§sm 2x;

1.
T.e. NICKOMOe YacTHOoe pelleHne nmeet Bua;: y=y,+y,= gsm 2x + Xx;

Obulee pelieHne HeogHopoaHOro AnddepeHUNanbHOro ypaBHEHUS:
1. .

y==sin2x+x+C, cosx+C,sinx;
3

PaccmoTpum nprumepbl NPUMEHEHUA OMUCAHHBIX MEeTOA0B.
MNpumep. PewnTb ypaBHeHne y" —2y"+y =3e".

CocTaBMM XapaKTepucTUYecKoe ypaBHeHWe ANA COOTBETCTBYHOLLErO JIMHENHOro
oaHopoaHoro auddepeHUNanbHOro ypaBHEHUS:

K> —2k+1-0;  k =k, =1
Obuwee pelieHne 0OAHOPOAHOTO ypaBHeHUA: y =Ce* +C,xe".
Tenepb Hagem YacTHOe peleHne Heo4HOPOAHOTO YPaBHEHMA B BUAE:
y=x"e"0(x)
a=1 r=2 Qx)=C;
y=Cx’e".
Bocnonb3syemca metogom HeonpeaeneHHblXx KoapPULMEHTOB.

y' =2Cxe* +Cx’e"; y" =2Ce" +2Cxe" +2Cxe* +Cx’e”.



nOﬂ,CTanIFIFI B UCXOOHOE ypaBHEHWE, NOSYyHaAEM!
2Ce* +4Cxe” +Cx’e* —4Cxe™ —2Cx%e” + Cx*e” =3e”.
2C =3; C= 3
2

3
YacTHoe pelieHne UMeeT Bua: y = Exzex.

Obuiee peweHne NMHEMHOTO HEOAHOPOAHOIO YPaBHEHUA:

3
y=Ce" +C,xe* +Exze".

3apaHuAa

Bapuanr 1

1. Haiitu o61ee perrenue nudHepeHIInaibHOT0 YPaBHEHHS:
y» — 4y + 3y = e>*
2. Haiitu pemienne qudGepeHInaibHOr0 YpaBHEHHS, YIOBICTBOPSIOIICE
HaYaJIbHBIM YCIIOBUSM:
a)y” + 4y — 12y = 8sin 2x; y(0) =0, y(0) =0
0) x» — 8x’ + 16x = e*; y0)=0, yO)=1
Bapuant 2

1. Haittu oOiiee pemienue nuddepeHnalbHOTO YpaBHEHUS:

y’ — 6y +9y =e*
2. Haiitu pemenne nuddepeHInanbHOro ypaBHEHUs, yI0BIETBOPSIIOIIEE
Ha4yaJbHbIM YCIOBUSIM:

4 1
a)y" — 6y +9y =x* —x +3; y0) =2, ¥(0)=—
0) x» + 4x — 5x = 8cosx; y(0)=0, »(0)=0
Bapuant 3

1. Haiitu obmiee pemenne qudpepeHnnanrsHOT0 ypaBHEHHUS:

y’+ 7y + 12y = sinx
2. Haiitu pemenue nuddepeHIuanbHOro ypaBHEHUs, yI0BIETBOPSIOLIEE
HaYyaJIbHBIM yCIIOBUSIM:

a)y” + 4y = e™ %% y(0)=0, »(0)=0
0) 2x” + x — x = 2e%; y(0)=0, »p(0)=0
Bapuanr 4

1. Haiitu obmiee pemenne qudpepeHnnanrsHOT0 ypaBHEHHMS:
y” +7y = cos2x



2. Haiitu pemenue nuddepeHnanbHoro ypaBHEeHuUs, y10BIETBOPSIOLIEE
HaYyaJbHbBIM YCJIOBUSIM:

a) y» — 2y’ + 5y = xe?*; y©0) =1 »(0)=0
0) x» — 2x’ — 3x = 2x; y(0)=0, »y(0)=0
Bapuanr 5

1. Haiitu ob1ee pemenue quddepeHINanIbsHOro ypaBHEHHUS:

y” — 4y’ + 8y = sin 2x
2. Haiitu pemenue audepeHnnaibHoro ypaBHEeHUs, yI0BICTBOPSIOIIee
HAYaJIbHBIM yCIIOBUSM:

a)y” + 5y + 6y = 12 cos 2x; y(0)=1, y(©0)=3
0) x» — 6x' +9x = —12x; y(0)=0, »p(0)=0
Bapuant 6

1. Haiitu ob1ee pemenue quddepeHInanIbHOr0 ypaBHEHHUS:

y+y —2y =e*
2. Haiitu pemenne nudepeHnanbHOro ypaBHEHUs, yI0BIETBOPSIIOLIEE
HaYyaJIbHBIM yCIIOBHSIM:

a)y” — 5y + 6y = (12x — 7)e™; y(0)=0, y(0)=0
0) x” + x> = sin 3x; y(0)=0, yp(O)=1
Bapuant 7

1. Haittu oO1iee perenue quddepeHnaibHOro ypaBHEHUS:

y" =4y — 5y = x*
2. Haiitu pemenue nudpepeHinanbHoro ypaBHEHUs, y10BIETBOPSIIOLIEE
HaYaJIbHBIM yCJIOBHSIM:

a)y” —4y + 13y = 26x + 5; y(0) =1, y(0)=0
0)x” +4x =x; y0)=1, yp(0)=1
BapuanT 8

1. Haittu oOiiee pemenue nuddepeHnabHOTO YpaBHEHUS:

y' =y =2(1-x)
2. Haiitu pemenue nuddepeHInanbHOro ypaBHEHUs, Y I0BIECTBOPSIOIIEE
HaYaJIbHBIM yCIIOBUSIM:

a) y” — 4y = 6x% + 1; y(0) =2, y'(0) =3

0) x» — 2x’ + x = cosx; y(0)=0, y»p(0)=1

KoHTpoJibHBIE BONIPOCHI
1. OxapakTepu30BaTh pEIICHUS TUHEHHBIX HEOJHOPOAHBIX YPABHEHUU B
3aBUCUMOCTH OT UX MPABOW YaCTH.



IpakTnueckast padora Ne 25 no reme
«HMccnenoBanne YMCJIOBBIX PAIOB HA CXOAUMOCTDHY

esb: HAYYUTHCS UCCIIENOBATH YACIOBBIE PSIAbI HA CXOAUMOCH
Bpema BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceepeHumA

2.3agaHue

3.JIuctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA PaboTbl
1.M3yunTb 33apaHue

2. 3yunTb TEOpPETUYECKME CBEAEHUA

3. BoinonHutb 1 opopmutb paboty
4.ToKasaTb pe3ynbTaTbl NpenogaBaTento
AomalwHee 3agaHue

1.MoAroToBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
Teopernueckue cBeieHU

Omnpenenenue. Cymma WICHOB OECKOHEYHON YHCIIOBOM IOCIEAOBATEIBLHOCTH

Uy Uy sy, ... HA3BIBAETCSA YHCIOBBIM PSIIOM.
Uy Uy ot U, =D U,
n=1

[Ipu sTOM umcna u,,u,,.. 0ynem Ha3bIBaTh YjeHaMu psiaa, a Up — OOIIUM YIEHOM

psna.



Onpenenenne. CyMMBL S, =u, +u, +...+u, = Y u, , n = 1, 2, ... Ha3BpIBAlOTCA
k=1
YACTHBIMH (YACTUYHBIMH) CYMMAaMM Dsijia.

Takum  oOpa3oM, BO3MOXHO pacCMaTpHBaTh  MOCIEIOBATEIHLHOCTH
YaCTUYHBIX CYMM psina Si, Sy, ...,Sp, ...

Onpenenenne. Pan u +u,+..+u,+..=) u, HaA3bIBACTCA CXOAAIMMCSH, €CIIH
n=1

CXOOUTCA MOCICAOBATCIIBHOCTD €CI'0 YaCTHBIX CYMM. CyMMa cXoasimerocst paaa —
npeacia nocjaca0BaTCIbHOCTH €T0 HYaCTHBIX CYMM.

limS, =8, S=>u,

Omnpeaesenue. Eciu nocienoBaTeabHOCTh YaCTHBIX CYMM psiia pacXOJUTCs, T.€.

HC HMCCT IIpcaciia, HINW HNMCCT OCCKOHEYHBIN Inpcaci, TO pgd HA3BIBACTCA
pacxoasamuMcHa 1 €My HC CTaBAT B COOTBCTCTBUC HUKaKOM CYMMBI.

Ceoiicmea ps0oe.
1) CxoguMOCTh WJIM PAcXOJUMOCTh Psifla HE HAPYIIUTCS €CIIM U3MEHUTb,

OTOpPOCHUTH UJTK JOOABUTH KOHEYHOE YHCIIO YWICHOB psijia.

2) Paccmotpum fBa psiaa Y u, U Y Cu, , rae C — HOCTOSHHOE YHCIIO.
Teopema. Eciu pso ) u, cxooumcsi u e2o cymma pasua S, mo pso Y. Cu, modice
cxooumcest, u eco cymma pasua CS. (C #0)

3) Paccmorpum gBa psma Y u, u Y v, . CyMMO#H HIH Pa3HOCTBIO JTHX
psizoB OyZHeT Ha3bIBATBCS PR Y. (u, +v,), TAE JIEMEHTHI MOJIYYCHEl B PE3yJIbTaTe

CIIOKCHUA (BBI‘H/ITaHI/IH) HNCXOOHBIX 3JICMCHTOB C OAMHAKOBBIMHX HOMCPAMMU.

Teopema. Ecnu paobt Y u, u Y v, CXOOAMCA U UX CYMMbL PABHBL COOMEENICMEEHHO

Su o, mo psio Y (u, tv,) modce cxooumcs u e2o cymma pasua S + o.

Z(un +vn):Zun +2vn =S+o

Paznocmu 08yx cxooawuxcs psioos maxace 6yoem cxo0auumcsi psiooM.
Cymma cxo0awe2ocs u pacxoonauje2ocs psoos 6yoem pacxoosuumcs psioom.
O cymme 08yX pacxo0amuxcs psaoos oouie2o ymeepicoeHus coeiams Helb3s.

[Ipy wu3yuyeHUU psIOB pEIIAIOT B OCHOBHOM JIBE 3aJaud: HUCCJIEIOBAHHE Ha
CXOJUMOCTb M HAXO0K/IEHHE CYMMBI ps/ia.



1) Ecom psan Zu CXOJIUTCSI, TO HEOOXOAMMO, YTOOBI OOITUH YjieH Uy CTpEMUJICS K
Hy 0. OTHAKO, 3TO YCIIOBUE HE SBISCTCS TOCTATOYHBIM. MOXXHO TOBOPHUTH TOJIBKO
O TOM, YTO €CIIM OOIIMK YJICH HE CTPEMHTCS K HYJIO, TO PSJI TOYHO PaCXOIUTC.

o . > 1
HaHpI/IMep, TaK HAa3bIBACMBIN I'APMOHHUYCCKHH DA Z— ABJACTCA PpaCXoaAIINuMCA,

n=1

XOT4A €T0 O6I[IHI>1 YJICH U CTPCMHUTCA K HYIITO.

1 2
IIpumep. MccienoBate cXOOAUMOCTh psiaa 5 + 5 + % ot 1 +...
n —
o ) ) 1 1 o
Haiinem lim 1 = lim —= § 20 - HEOOXOIUMBIN IIpU3HAK CXOAMMOCTH HE
n—0 n — n—»o0

n

BBITIOJIHSIETCS, 3HAUUT PSI PACXOIUTCH.
2) Ecnu psit cXoauTCs, TO MOCAEA0BATEIbHOCTD €TI0 YaCTHBIX CYMM OIpaHUYEHaA.
OnHAaKo, STOT MPU3HAK TAKXKE HE ABJISAETCS JOCTATOYHBIM.

Hanpumep, psax 1-1+1-1+1-1+ ... +(-1)™+... pacxomurca, T.K. pacxommTcs
MIOCJICI0BATEIPHOCTD €0 YaCTHBIX CYMM B CHITY TOTO, YTO

0, nmpu wuemmnvix n
S =17
n

1, npu HedYemHvlx n

O,Z[HaKO, IIpHU 9TOM MOCJICAOBATCIIbBHOCTb YaCTHBIX CyMM OI'PpaHHMYCHA, T.K.

S}’I

<2 mpu 1r000M N.

Paovt c HeompuyamenvHbIMU YSIEHAMU.
[Ipy u3ydyeHUH 3HAKOMOCTOSIHHBIX PSIIAOB OrPAHUYMMCS PACCMOTPEHUEM

pPAIOB C HEOTPUIATEIbHBIMU YWIEHAMH, T.K. IIPU IMPOCTOM YMHOXXE€HHH Ha —1 W3
ATUX PAIOB MOKHO MOJYUHUTh PSAIbI C OTPULATEIIBHBIMU YJICHAMM.

Teopema. /[lua cxooumocmu psoa Y u, € HEOMPUYAMETbHLIMU —YIEHAMU

HeoOX00UMO U 00CMAMOUYHO, YMOObL YACMHbBIE CYMMbL PAOA ObLIU 0CPAHUYEHDI.

HDI/ISH&K CpaBHCHUA PAJOB C HCOTPUIATCJIbHBIMHU YJICHAMH.

IlycTs maHbl ABa psiga » u, U Y v, IPH Un, Vo 0.

Teopema. Eciu U, < Vy mpu 11000M N, TO M3 CXOAUMOCTH psijia Z"n CIelyeT

n

CXOAMMOCTb psiia Y u

pstaa Y v, .

a U3 pacxoJAUMOCTH psjia Zu CIeAyeT PacXOoIUMOCTh



IIpumep. HMccenenoBath Ha CXOAUMOCTD P 1 + 1 +..+ L +...
In2 In3 Inn

1 1 o 1 1
T.x. — >, 3 TAPMOHHIECKHH PNl > — pacxoauTcs, TO PACXOTUTCS U PAJL Zln_
nn n n n

=1
IIpumep. MccnenoBate Ha CXOOUMOCTD PSif Z TR
n=1 n

T.x. 1 <
n2)’l 27’!

1
, a pin 22— cxomutcss ( Kak yObIBaromasi reoMeTpuyecKast

> 1
TIPOTPECCHs), TO PAT Y —— TOXKE CXOMUTCHL.

n=1

Takske uCroyIb3yeTcsl CIEeAYOUINI NPU3HAK CXOIMMOCTH

Teopema. Eciu u, >0, v, >0 u cywecmseyem npeoei lim“ =1, 20e h — wucno,

n—o v
n

OmuauuHOe Om HyIA, MO paobl Y.u, U D.v, 6e0YM OOUHAKOBO 8 CMbICIe
cxooumocmu.
Ilpusnaxk /lanamobepa.
(OKanu Jlepon Jlamamo6ep (1717 — 1783) — dpaHITy3cKuii MaTEMaTHK)
Ecnu onsa psoa Y u, ¢ NONOMCUMENbHBIMU YIEHAMU CYUECMEYen MmaKoe

Yuciuio q<], umo 015l 6cex 00CMamoyto 00abLUUX N BbINOJIHAEMCS HepaseHcmeo

u
1 < g, mo psio Zu cxooumecesi, eciu dce 0I5l 6cex 00CMamoyHo 6obiux N
u

n

u
8bINOIHACMCA YCN06Ue —*- > 1, mo pad Y u, pacxooumcs.
u

n

Ilpeodenvuwiit npusznax lanamobepa.
[Ipenenbubiii pu3Hak JlanamOepa sBIsSETCSA CAEACTBUEM W3 MPUBEAECHHOTO

BBIIIIE TIpu3HaKa JlamamoOepa.

Ecnu cywiecmseyem npeoen lim 21 = p, mo npu p < I pso cxooumcs, a npu p>1 —

n—>0 u
n

pacxodumc;z. Ecnu P = 1, mo Ha e6onpoc o CXO0UMOCIU OMBEMUNb HElb35l.

N}
Ipumep. OnpenenuTs CXOAUMOCTb psifia Z T
n=l1



n n+1 u,, (n+1)2" n+1 n
U, =——; U, =——; lim 2= = lim i, = =—<1
2 2 now oy o noe ) 2n 2 2

BeIBOI: psAnx cxomuTces.

IIpumep. OnpenenuTs CXOAUMOCTD psaa 1+11 + ; ot 1' +..
n!

|
= = fim o fim " —fim L =0<1
(n+1) noe oy, e (n41)! e p+]

BriBo: psan cxoauTcs.

Ilpu3nax Kowiu. (padukanvnulit npu3Hak)
Ecnu 015 psida Y u, ¢ HEOMPUYAMETbHbIMU YICHAMU CYWECMEyem makoe Yuciuo

<1, umo 0na 6cex docmamo4no 6oabLUUX N BLINOIHAECMCI HEPABEHCMB0 lu, <q,

mo ps0 Z”n CXO0UMCSl, ecau xHee O 6cex 00CmMamoyHo 0o1buux N 6bINOJIHACCS

Hepasencmeo iu, =1, mo pso Y u, pacxooumcs.

Caencreue. Eciu cymectsyer npesen limz/u, =p, To mpu p<l psa cxoaurtcs, a

pu p>1 psAx pacxoaurces.

2n? +1
Ipumep. OnpeaenuTs CXOAUMOCTh psAaa Z R
+

2 2+—
lim g/, = lim 221 fim =<l
n— n—o3Ipc 45  no> 3+—2

n

BriBox: psax cxogurces.

Ipumep. Onpenenuts CXOAUMOCTb psifia Z(l + lj :
n

n=l

lim#/u, =lim| 1+ =1.
n—ow n—)oo( j

T.e. npusnak Komm He naer oTBEeTa Ha BOIPOC O CXOIUMOCTH psna. IIposepum
BBITIOJTHEHNE HEOOXOIUMBIX YCIOBUM CXOAUMOCTH. Kak OblIO CKa3aHO BhIIIE, €CIU
P CXOAUTCSI, TO OOITUI WIEH Psiia CTPEMUTCS K HYJIIO.



n— n—o0 n

limu, =lim(1+l) =e#0,

TaKHUM 06p&30M, H€O6XOI[I/IMO€ YCIO0BHUC CXOAUMOCTHU HC BBINIOJIHACTCA, 3HAYUT,
paAa pacxoguTcCs.

Hnmezpanvnoiit npusnax Kowu.

Eciu  @(x) — Henpepvignas nonoxcumenvhas Qynkyus, yovieaowas Ha
npomesxcymke [1;0), mo pso (1) + @2) + ..+ on) + .. = i(p(n) u
n=1

HecoOCMBeHHbIU UHMe2pall J' o(x)dx 0OUHAKOBbL 8 CMBICIE CXOOUMOCTU.
1

II Pan 1 ! ! ! >1 <1
pumep. Psn +2—u+3—a+...+n—a+... cxomurcs nipu o>1 u pacxomurcs a<l T.k.
o o ©dx
COOTBETCTBYIOIIMI HECOOCTBEHHBIM HHTErpal I—a cxogutcss nipu o>l wm
X
1

<
pacxoautcs o<l. Pax > — Ha3biBaeTcs 00LIErapMOHHYECKHM PSJIOM.

n=l

CaencrBue. Ecnu f(X) u ¢(x) — HenpepwiBHBIC (yHKIMH Ha uHTEepBaie (4, b] u
lim UACD)

b b
o o )=h, h#0, TO UHTETpaIbI J f(x)dx n '[ ¢(x)dx BemyT ceOsi OJIMHAKOBO B
x—>a+ (P X . g

CMBICJIE CXOOUMOCTH.

3naxkonepemennvie psaovl. (3Hakouepeoyruiuecsa paoovt).
3HaKOYEPETYIOIITHICS PSIT MOXKHO 3aIucaTh B BUIE:

U =ty +uy —uy + o+ (=) u, +
rae u, >0, n=123,.
Ilpusnax Jlenonuua.

Ecnu y snaxouepeoyrowezocs psoa u, —u, +u, —u, +...+(=1)""u, +... abconomuvle
senuuunbl Ui yoblearom u, >u, >u, >... U 0OWUL YleH CIpemMumcs K Hyao u, — 0,

Mo psi0 CXOOUMCHL.

Abconomuan u ycioeHan cxooumochv pAaooas.
PaccMoTpyM HEKOTOpPBIN 3HAKONEPEMEHHBIA Pl (C WieHaMU MPOU3BOJIBHBIX

3HAKOB) u, + 1, + ..U, +..= D u, (1)
n=l1

U PsJl, COCTABJICHHBIN 13 aOCOTIOTHBIX BEJIMUMH 4jieHOB psaa (1):



.=y (2)

n=1

| + et |+ +

u, u

n

Teopema. /3 cxooumocmu psioa (2) cnedyem cxooumocms psoa (1).
Onpenenenne. Psig > u, Ha3pIBaeTCsl A0COMIOTHO CXOASMIMMCS, €CIIH CXOIUTCS

psin D,

O‘{CBI/I,ZIHO, 4dTO JId 3HAKOIIOCTOAHHBIX PAOdOB IIOHATHA CXOAUMOCTH H

un

a0COJIFOTHOM CXOOUMOCTH COBIIaAAarOT.

Onpenesnenune. Psn Zu Ha3bIBACTCS YCJIOBHO CXOASIIIIMMCS, €CITM OH CXOIUTCS,

a psag Y
Ilpusnaxu /lanamoepa u Kowiu 015 3nakonepemeHHvix pAaooe.

u,| paCcxoauTc.

ITyctb ) u, - 3HAKONICPEMEHHBIH S,

2
IIpusznak /lagambepa. Ecnm cymectByer npegen lim|—
n—>0 u

=p, To Ipu p<I1 psax

n

> u, OGyaer abCOMIOTHO CXOIAIMMCS, a Ipu p>1 psix Oyzaet pacxomsinumest. [pu

p=1 mpu3HaK He JaeT OTBETA O CXOJAUMOCTH psijia.

Hpmsnak Komm. Ecnu cymecrsyer npexen limgfju,|=p, T0 mpu p<l psag Y u,

OyneTr abCONMIOTHO cxonsdmuMces, a npu p>1 psan Oyaer pacxogsmmmcs. [Tpu p=1
IpU3HAK HE JIaeT OTBETA O CXOAUMOCTH pAJa.

Ceoiicmea adconommuo cxo0auuxca pAaooe.
1) Teopema. /[lua abconomnoii cxooumocmu psoa Y u, HeOOXO0UMO U
00CmMamouHo, 4moovl €20 MOJICHO OblLI0 NPedCcmasums 6 8uUoe PA3HOCMU 08)YX
CXOOAUWUXCS PSO08 C HEOMPUYAMETbHBIMU YTEeHAMU.

CaencrBue. YCIOBHO CXOASIIMNCS Psif SIBIIIETCS PA3HOCTBIO IBYX PACXOISAIIUXCS
PAIIOB C HEOTPULATEIBHBIMUA CTPEMSIIIMMUCS K HYJIIO YJICHAMM.

2) B cxopsmemMcs psae nrodas rpynnupoBKa YJICHOB psAlld, HE MU3MEHSIOMIAs UX
MOPSAKA, COXPAHSIET CXOAUMOCTb U BEJTMUUHY PsA.

3) Ecnu psn cxoauTcst abCOMOTHO, TO Psifl, MOTYUYEHHBIN U3 HETro JH000i
NEPECTaHOBKOM UJICHOB, TaKXKe a0COIOTHO CXOJUTCS U UMEET Ty KE CyMMY.

[IepecTaHOBKOW YJIEHOB YCJIIOBHO CXOJIALIETOCS PSiAa MOXHO IOJYYUTh YCJIOBHO
CXOJSIINICS Ppsii, UMEIMUNA 0yl Hamepel 3aJlaHHyI0 CyMMy, U Jaxe
paCXOOsAIIMUICS PAL.



4) Teopema. [Ipu n060ti epynnuposke UieHO08 AOCOTIOMHO CXO0AUe20Cs psaod
(npu 2MoM HUCTIO 2PYAN MOdcem Oblmb KAK KOHEUHbIM, MAK U OeCKOHeYHbIM U
YUCNIO YNeHO8 8 2pynne Modicem Oblmb KAK KOHEeYHbIM, MAaK U OecKOHeyHuIM)
ROZYUAEMCs CXOOAUWUUCS PSIO, CYMMA KOMOPO20 PABHA CYMMe UCXOOHO20 psod.

5) Ecmu psabt Zu u Zv CXOIATCS aOCONIOTHO M WX CYMMBI DaBHBI

n=l

COOTBETCTBEHHO S U G, TO PsJ, COCTABJICHHBIM W3 BCEX IPOM3BEJACHUN BHUA
u,v,, i,k=12,. B3ITBIX B KAKOM YTOJHO IOPsAJKEe, TAK)KE CXOJIUTCS a0COJIIOTHO U

¢ro CyMMa paBHaA S-o- IMPOU3BCACHUIO CYMM IICPCMHOXKACMBIX PAIOB.

Ecnum ke npou3BOIWTH IEPEMHOKEHHME YCIOBHO CXOASAIIMXCS pPANOB, TO B
pEe3yJIbTaTe MOYKHO MOIYYNATh PACXOAAIIUNCA PAL.

3aaHusA NPaKTU4eCKOl padoThl

1.Boinucath TpH MEPBHIX YJIEHA Psijia HAUTU TPEThIO YACTUUHYIO CyMMY

new g =D mn

2 2
1,11,21 a) "3=1H.H'JI; 6) ?‘3=1 Fi

M=o 5:’3_1 =0 4}13

5 E —

212224) 7717 (1)1, am1fn’ +4)°

nowm 3At2 n=esing|

> 2
31323a) n=1{2 =3}/, 5 " An®

e =005t B
41424 0) =10 +1)1. 6 7 3nd

B = 3.’2"‘1 n=co o
5,15,25 a) H=1H-"(ﬂ+1); 6) #= “1n2 +1

g n°+1 I |

n=l.fp.3" _17-inn
6,1626a) * 3" . 6) #=1 .

n=mattl 2 r=m  H

z —_ > —
74727a) 71 377 5) n=11+e"

HEI' 2™ n=ogint p

8,18.28 a) #=1 (2n ) . 6) n=1 2?1«/{?_1.



n== I )

Z( )2
9,19.29 a) #=1(7!)

RoOpiin+1))

{2n )}

10,20,30 a) #=1

Z.HCCHCILOBaTL Ha CXOOAUMOCTbD, ITPUMCHA HGO6XO,ZIPIMI)II>1 IMIPpU3HAK CXOJUMOCTH

2

11121. a
1 )HZ_1 -

212,22. a)
Yo

3n +1
313,23. a
)nz_l 5n+2

—4n% +1
41424. a) Y ————=
>§ 75

5n% +1

5,15,525. a)z >
4+2n

3.MccnenoBaTh Ha CXOIMMOCTh, HCIIOJIB3Ys MpU3HaK Jlamambepa

11121, a)) =
= n

212,22 a)ZZn :

= (3

31323 a)> 2"
n=1

10"

414,24, a)z

KonTposabHbIe BONPOCHI

nme ]
> 3l 2

5) “INn® cosn
n=2] 4 cos? 1

6) #=1 G
616,26. 2)» ——~——
)Z (2n- 1) 2"

717,27, a)y -
_1n+l

818,28. a)
nz_ln\/—

+1

2n?

10,20,30. a)z 1

616,26. a)> "1 ”*1)'
n=1
717,27. a)Z—
n=1N
8,18,28. a)i el
Zn(n+1)
919,29 a)i#
T e (en 1)
10,20,30. a)z

n —l

1. OnpeneneHue YUCIOBOTO PAIA.

2. CBoiicTBa M BHJIBI PSAIOB.

3. OmpeneneHre CyMMBI psijia.



4. HeoOXoauMblii IPU3HAK CXOAUMOCTH.
5. Ilpusnaku cpaBHeHus, npu3Haku JlanamoOepa u Komm.
IIpakTHyeckas padora Ne 26 nmo teme

«00acTh CXOAUMOCTH CTEIIEHHOTO PSIA»
Iesab: HAYYUTHCS UCCIIEAOBATh CTEIICHHBIC PSIAbI HA CXOAUMOCH
Bpema BbinonHeHUAa 90 MUHYT

MarepuanbHoe obecneueHue
1.TeopeTnyeckue ceeaeHmn

2.3agaHue

3./InctA4

4.KanbKynatopol

MopaaoK BbinONIHEHUA Pa6oTbI
1.13yunTb 3agaHue

2. U3yunTb TEOpETUYECKME CBEAEHNA

3. BbinonHUTb 1 opopmuTb paboTy
4.Mokas3aTb pe3ynbTaTbl NpenoaasaTento
JomalwHee 3apgaHue

1.MoarotoBUTb OTBETHI HA KOHTPO/IbHbIE BOMPOCHI
Teopernueckue cBe1eHUs

q)yHKIII/IOHaJIbHLIe PAAbI: OCHOBHbLIC IIOHATHUA, 00J1aCTh CX0ANMOCTH

Onpeoenenue 1. Psn, 4neHbl KOTOPOTO SIBIAIOTCA QYHKIUAMHU OJHOU WU
HECKOJIbKMX HE3aBUCUMBIX MIEPEMEHHBIX, ONPEAEIEHHBIMA Ha HEKOTOPOM
MHO’KECTBE, Ha3bIBACTCA (DYVHKYUOHATILHBIM PSOOM.

0
PaccmoTpuM QyHKIIMOHATIBHBIN P z Up, (X) = Uy (X) + Uy (X) +Ug(X) +..., 4ieHsI
n=1
KOTOPOTO SIBJIAIOTCS (YHKIMSIMHU OJTHOM HE3aBUCUMOU nepeMeHHoi x. Cymma
HepBbIX N wieHoB psaga S, (X) = Uy (X) + Uy (X) +...+ U, (X) sBasieTcs yaCcTUUHOM
CYMMOIi TaHHOTO (YHKIIMOHAIBHOTO psiaa. O6muii wien U, (X) ecTs pyHKIHSA OT

X, onpenenéHHas B HeKoTopor obsactu. PaccMoTpuM QpyHKITMOHAIBHBIN Psijl B
o0
TOUKe X = Xq. Eciiu coOTBETCTBYIOMINIT UNCIOBOM Pl Zun (Xg) cxomuTes, T.€.

n=1
CYILECTBYET MPeAes YaCTHIHBIX cyMM 3Toro psaaa lim S, (%) = S(Xg) (rme
nN—oo

S(Xg) < o0 — cymMa 4MCIIOBOTO psifia), TO TOUKa X, Ha3bIBAETCS MOUKOLL

o0 o0
cxooumocmu PyHKIIMOHAIBHOTO psJia Zun (X) . Ecu uncnoBoit psn Z u, (Xq)

n=1 n=1
PaCXOAMTCS, TO TOUKA Xy Ha3BIBACTCS MOUKOU pacxooumocmu HyHKINOHAIBHOTO

psna.



o0
Onpeoenenue 2. Obnacmoio cxooumocmu HyHKIIMOHATLHOTO Psia Zun (x)

n=1
HA3bIBACTCSI MHOKECTBO BCEX TAKMX 3HAYCHHM X, IPU KOTOPBIX (PYHKITMOHATIBHBIN
psn cxonutcsi. O0IacTh CXOUMOCTH, COCTOSIIAS U3 BCEX TOYCK CXOAMMOCTH,
o6o3nayaercs D(X). Ormerum, uto D(X) cR.

DOyHKIMOHANBHBIH psi cxoauTes B oonmactu D(X), ecnu st mo6oro X € D(X) on

CXOJUTCA KaK YMCIOBOH A, IPU ITOM €r0 CyMMa OyZeT HEKOTOPOU (PyHKIHEH
S(X) . D10 TaK Ha3BIBACMAs npedenbHas yuKyus mocnesoBaTensHocTH {S [ (X)}:

lim S, (x) =S(x).

KaK HaxoauTb o6nactb cxogmumoctu pyHKUMoHanbHoro paga D(x)?
MOXHO MCMONb30BaTb NPU3HAK, aHaNOrMYHbINA NpusHaky Janambepa. Ana paga

0
Zun (x) coctasnsem U, 4 (X) 1 paccmatpusaem npegen npy GUKCMPOBAHHOM X:
n=1

un+1(X)
Un (X)

lim

=[I(x)|. Toraa D(X) aBnsieTca pewwenmnem Hepaserctea [I(X)| <1 u
n—oo

peleHnem ypaBHeHus \I(X)\ =1 (bepém TONbKO Te pelueHUs ypaBHeHUsA, B
KOTOPbIX COOTBETCTBYIOLLME YNC/IOBbIE PAAbI CXOAATCS).

0 n
Mpumep 1. HaiiTn 061aCTb CXOAMMOCTH pAAa Z —.
n=1
Xn n+1
PeweHue. 0603Haumm U, (X) =—, U, 1(X) = 1 COCTaBMM M BbIYMCAUM
n n+

n+1
U (X : X'
npegen lim Uns1(X) = lim

— , Toraa 06,1acTb CXO0AMMOCTU pPSAaa
n—ool Uy, (X) n—ool X' . (n +1)

onpeaensaeTca HepaBeHCTBOM ‘X‘ <1, xe(-L1) v ypaBHeHnem ‘X‘ =1. Ucchepyem

AOMNONHUTENBbHO CXOAMMOCTb MCXOAHOIO PAAA B TOUYKAX, ABNASIOWMMUCA KOPHAMMU
ypaBHeHUA:

1 o0
a)ecnm x=1, U, (1) ==, To nonyuyaetca pacxoaawmiica pas Z =
n

n=1
6) ecrn x=-1, u,(-1) = (_r::)ﬂ , TO pag, i (_r?n CXOANTCA YCNOBHO (No
npu3Haky JlenbHuua, npumep 1, nekums 3, pa3=/1:1,. 3.1).
Takum obpasom, ob6nactb cxoaumoctn D(X) psaga i % nveet Bna: —1< x<1.
n=1

CreneHHbIe pPsi/ibl: OCHOBHBIE MOHATHSI, TeopeMa Abes
PaccMOTPMM YacTHbIN caydYal PyHKLMOHANBbHOIO pAAaa, Tak Ha3blBaeMbli

cmeneHHol psd Zun (x), rae U, (X) =a, (x—X)".
n=1



Onpeodenenue 3. CmenenHvim psioom Ha3bIBaeTCs GyHKIIMOHAIBHBIA PsJT BUAA
o0
g +a(X—Xg) +8,(X—Xg)* .ot 8 (X=Xg)" +... = D 8, (X—Xo)",
n=0

rjae g, dq, dy, ... — MOCTOSTHHBIC YHCIIa, Ha3bIBAEMbIE K0dhuyuenmamu psaoa.
CTeneHHOM pAL ecTb «BECKOHEYHbIM MHOFOY/IEH», PACMONOXKEHHbIM NO

o0
BO3pPaCTalOWMM CTEMEHAM (X - XO) . Jllobom yncnosom pAag, Zan ABNAETCA
n=1
YaCTHbIM CNy4aem CTENEHHOro paga npu X — Xg = 1.

PaccmMoTpuM YacTHbIV cnyyait cteneHHoro paga npu Xg = 0:

[e0]

> a,x" =ag +aX+a,X° +....+a,X" +.... BbIACHUM, KaKo BUA MMeeT
n=0
obnacTb cxogMmocTu gaHHoro paga D(X).

o0
Teopema 1 (meopema Abens). 1) Ecnu crenennoi psx Y a,X" CXOIUTCS B TOUKE
n=0
X=a (a#0), To OH aOCOIFOTHO CXOAMTCS MPH BCIKOM X, JUISI KOTOPOTO

CIIPaBEJIMBO HEPABEHCTBO ‘X‘ < ‘(x‘ .
2) Ecnu xe cTeneHHoM psa pacXoAuTes pu X =3, TO OH PaCXOAUTCA MPH

BCAKOM X, JII KOTOPOTO ‘X‘ > ‘B‘ .

Cneocmaue. Teopema AGest TO3BOJISIET CYAUTH O PACTIONIOKEHUH TOYKU
CXOJIMMOCTH CTeTICHHOTO psina. Ecimu Touka X =0 # 0 sSBIsSeTCS TOUKOM

CXOJMMOCTH CTEIIEHHOTO PsiJia, TO UHTEPBAJ (—‘a‘;‘a‘) 3aI10JIHECH TOYKAMH
CXOJIMMOCTH; €CJIH TOYKOM PaCXOAUMOCTH SIBIIIETCS TOUYKa X =3, TO

OeCKOHEUYHbIE HHTEPBAIBI (—00;— ‘B‘), (‘B‘,OO) 3aI0JIHEHBI TOYKAMHU PACXOJUMOCTH
(puc. 1).

= w
pacEogHTCA ' Pan czopgurca ' pPAcEOIHTCA

[ L [ [ [] -

—|Al — x| 0 lee| |81 X

Puc. 1. MHTepBanbl CXO4MMOCTM U PACXOAMMOCTHU pAaA

MoOKHO NoKasaTb, YTO cyuwiecTByeT Takoe uncno R >0, yto npu Bcex

(e 0]
X <R (-R<Xx<R) crenenHoi pag > a,x" abconotHo cxoanTes, a npy |X| > R
n=0
— pacxoauTca. byfem cunTaTb, YTO eCAu PAL, CXOAUTCA TONbKO B OAHOM TouKe 0, TO
R =0, a echu pag cxoautcs npum Bcex X € (—0,+0), 70 R = co.



e 0]
Onpeodenenue 4. Humepeanom cxooumocmu CTEIEHHOTO psiaa Zan X"

n=0
HaspiBaeTcs Takoi uHtepBai (—R, R), uro mpu Bcex X € (—R, R) atort psin
CXOJUTCS W IPUTOM a0COTIOTHO, a JJI BCEX X, JISKAIINX BHE 3TOTO MHTEPBAa,
pan pacxogutes. Yucno R Ha3pIBaeTCs paouycom cxooumocmuy CTEIIEHHOTO psifia.
3ameyaHue. Ha koHuax nHtepsana (—R, R) sonpoc o cxoanmocTtv nnm

PacXoAMMOCTU CTENEHHOIO PAAA PELLAeTCA OTAE/IbHO A1 KaXKA0ro KOHKPETHOro
pAaaa.

MoKaxkem oguH 13 cnocoboB onpeaeneHnsa MHTepBana u paauyca
CXOAMMOCTU CTEMNEHHOro paaa.

0]
o n
PaccmoTtpum cteneHHOM pAag, Zanxn nobosHauum a, - X =U,.
n=0
CocTtaBum pag wun3 abCONOTHbBIX BEIMYMH €ero Y1eHOB:

)N THEDS

n=0 n=0

" :\ao\+\a1x\+‘a2x2‘+

M NPUMEHMM K HeMy Npu3Hak Janambepa.

MycTb cywecTteyeT
n+1

a,.1X _(la
lim 2 = fim [ = im | 2L | =[x I|m
n—oo Un n—oo aan n—ol| | ap, an
a,,
roe | = lim|[-2= 1 #0.
n—oo an

Mo npusHaky [lanambepa pag cxoautcea, ecaum | \X\ <1, v pacxoautca, ecnmn

1
|- |x|> 1. Otctopa pag cxoamtea npm [x| < |+ TOTA MHTEpBa/ CXOANMOCTH:

|| n—o| U,

11 1 Up.
—-=,=|. NMpu \X\>I pAA pacxoamTcs, Tak Kak lim |2 > 1.

1
Mcnonb3ysa o6o3HaveHne R = nonyunm dopmyny ansa onpeaeneHus

pajnyca cCXoaMMOCTU CTENEHHOro pPAaaa:
1

’

"R
rae ap an,; — KoadPMuUMeHTbI CTeNneHHOro paaa.

an+1
ap

lim
nN—o0

an.,
Ecnu okaxketca, uto npegen lim|—/==1=0, To nonaraem R = .
n—oo an



[ns onpepeneHna nHTepBasaa U pagmyca CXo4MMOCTU CTeNEHHOro psaaa
TaKXe MOHO MCNONb30BaTb PaAnKanbHbIA NpU3HakK Kowu, paguyc

1
CXOAMMOCTM pAja onpeaenseTca us cootHoweHuna limnQ \ n\ = E
nN—oo

OnpedeneHue 5. 0606weHHbIM cmerneHHbIM PAOOM HA3blBAaETCA PAS, BUAA

Zan (X—Xg)" . Ero Takke HasblBatoT pAgom no creneHam (X —Xg).
n=0
[Ons Takoro paga uHTepBan cxogumoctv umeet Bua: (Xo — R, Xy +R), rae R>0
- pagmyc CXogMMoCTw.

MoKa)kem, KaK HaxoAauTcsa paguyc cxoanmmoctn ansa obobueHHoro
CTeneHHoro paaa.

Ups a1 (X = xp)™| a,,
lim Y| _ i [Bo:a O)n =[x = Xo|- lim P21 =[x — xo|- 1 <1,
n—o| U, n—m‘ a,(X—Xg) ‘ N0 an
1 . |a
Te. [X—X|<R,rge = =I= lim|-1*L),
R n—o| a,

Ecam 1 =0, 10 R =00, M 06nactb cxogumoctn D(X) =R; ecam | =0, TO
R =0 u 06nactb cxoaumoct D(X) = {X, }.

X+1
Mpumep 2. Haiitn 061aCTb CXOAMMOCTH pAAa Z (X 52
=1 N
PeweHue. 0603HauUnMm % =U_(X).CoctaBum npegen
n
n+l ~n
: X X+ 5. n X+
lim M ‘ 1‘ ‘X-f-l‘ ‘ 1‘ .
ool Up(X) | noe(n41).5". \x+]4 s 5n+1) 5

Peluaem HepaBeHCTBO: <1, \X +]J <5, cnefosateNbHO, MHTEPBas

x+1
5

CXOOMMOCTU MMeeT BUA: —6 < X <4, npuyém R = 5. [JononHUTEeNbHO Uccnegyem
KOHLbl MHTEpPBa/sia CXO4MMOCTW:

1
a) X= 4, U, (4) = —, NoNlydaem pAana, E -, KOTOprI‘/’I pacxoaunTca,
n n
n=1

(-D)" < (-1)" .
6) X=-6, U,(-6)= , NONy4aem psif, > ~———, KOTOpbIl CXoauTCA
n n
n=1
ycnoBHo. Taknum obpasom, obnactb cxogumoctu: [-6;4), R=5.

Omeem: obnacTb cxoanmoctu [—6;4).

Mpumep 3. Pap, Z (nx)" pacxogutca ana scex X =0, Tak Kak (NX)" —> o0 npw
n=1

n — oo, paguyc cxoanmoctu R=0.



[e) Xn
lpumep 4. Pap Z — cxoguTca npu Bcex X €RR, pagnyc cxoaumoctn R =oo.
n!
n=1

3a4aHu1A NpaKTUYecKonpaboTbl

Haiiti o0macte CXOOANMMOCTH U TPOBCPUTH CXOANMOCTD Ha I'PaHHUIIaX UHTCPBAJIA:

R n== 3y 1)"
1,11,21. ) #122-1 . 5) 15" (n+1).

mimgfz—l s y=co SEM(X _3);3

= 2 — 2 an-1
2,12,22.2) "1 575" . g n-l(n® +1)277

B = 2'}2 . _x'}g H=m23?ﬂ_lﬂ(’x _ 2),?1
3,13,23. a) 213" (12 41, 5 1 (2n-1)4"

5 5% 5" neopl 4 2)59 L r 1)
4.14,24. 2) "L 2" (n +1). 5) n°1 (2n? +3 )27 ;

g0 " "EEI'(EHE +2)(x-2)"
5,15,25.a) =1 (7 +3)] . 5 »1 (m0 1B

”§°°3”” e nmw23 2 Lo )x 1)
6,16,26.a) #=15°" -1 5 =1 mi-2)

HEI. gim-l n=m52”+3ﬂ3(x_2)”
7,17,27. a) ne1(n® +n)- 2" 5) *! 35 s 4 5)

nom 3t gn H;'ZBHHHE(X—I)M
8,18,28. a) a=in-(n®+1). 5) ! 377 (n® +1) .

Il I n=w 32 Lo i1
9,19,29. a) #=! 3" (n-3), 5) #1 (2n+1)5277°

n-wm plx® n==3f Tl L5 e 2 )

2 an-1

10,2030, a) #-13"(n+2)7. 5 w1 (Sn?+1)4%

KoHTponbHble BONpPOCHI

1.Kakue pagbl Ha3biBatOTCA PYHKLUMOHANbHbIMKU?



2. Kakue pAAbl HA3bIBAKOTCA CTeENEeHHbIMMK?

3.4710 Takoe pagnyc n nHtepsaa CXoanMoCTn CTeNneHHOro pﬂp,a?

IpakTnyeckas padora Ne 27 o reme
«Pa3jiokeHuii QyHKIUHA B CTEIICHHOMN pSia»

Heab:HayunThCS pacKiaabiBaTh (PYHKIIMU B CTEIIEHHOM Psij
Bpemsa BbinonHeHUa 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceeneHmA

2.3agaHue

3.JIuctA4

4.KanbKynatopbl

MopAaaoK BbinoNHeHUA paboTbl
1.M3yunTb 33paHue

2. U3yunTb TEeOpeTUYECKME CBeaeHNA

3. BoinonHutb 1 opopmutb paboty
4.MoKas3aTb pe3ynbTaTbl NpenoaasaTento
JomawHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Teopernveckue cBeeHUs

Paznoxcenue pynkyuii 6 cmenennoii pao.
Pao Maxnopena

Ecnu gynxuust 7 ) B HekoTOPOM MHTEpBase PacK/IaBIBAETCS B CTENEHHOI
psiz o crerersM %) 10 3T0 pasiokeHHe eAMHCTBEHHO U 3a1aeTCs



bopmyIIoii:

f(x)=f{a)+@ r—a)+

f;(lﬂjl I:x_a:lz + fm{lﬂ)

3
—a) +.
TR

(x—a)* + ..

S (@)
I

H

JanHasi popmysia HocuT pamuianio anranyanuHa Teiopa (ynapeHnue
Ha TIePBBIN CJIOT).

Ha npaktuke nporieHTax B 95-Tv npuXoauTCs UMETH JIEJIO C YACTHBIM
cayuaeM (opmyisl Teitnopa, korga ¢ =0:

' " I I3
7 =f('33'+f (0} +f (0} I JU0) &4 J0)

x L+
1l 21 3l xl

4

ITOT PsAd NOJYYHJ H3BECTHOCTH OJiarogaps moTJaHany MakijiopeHy
(ymapenue Ha BTOpoil cior). Paznokenue MakiiopeHa TakKe Ha3bIBAIOT
paznodxcenuem Teunopa no cmeneusam .

. x x x x"
g =1+—+—+—+... +—+..

12 3l 2! (1)
[To popmyrne MaxksopeHa:

f@):fmj+ff”x+ngxﬂ+fgm;?+m+52;@xtf”

Paccmorpum dyskmuo 7 =2 torga:

Fih=£"=1

Tenepr HaUMHAEM HAXOJUTHh MPOU3BOIHBIE B TOUKE HOJIb: TICPBYIO
IIPOU3BOJIHYI0, BTOPYIO MPOU3BOIHYIO, TPETHIO IPOU3BOJIHYIO H T.J. ITO
IIPOCTO, MMOCKOJIBKY TIPH TU(PepeHIIMPOBAHMH SKCIIOHEHTA MPEBpaIiacTcs B
caMmy ceos:

Slixy=1(") =2
F(=e"=1

Slxy=(Fx0 =) =g
Frm=e"=1

FUE =" =" =¢"
FmM=e" =1
U Tak nanee....

CoBepIlIeHHO 0YEBUJIHO, YTO SO =SO0=,0)=/"0)=..=fM0)=..=1

[ToacraBnsiem emuuuikl B ¢opMmyiny MakjgopeHa M TIOMydyaeM Hale
TaOJIMYHOE pa3oKeHue!


http://www.mathprofi.ru/tipovye_zadachi_s_proizvodnoi.html

AHAIIOTUYHO MOXKHO BBIBECTH HEKOTOpBIE Jpyrue pasnoKeHus
AIIEMEHTAPHBIX (PyHKINN

Ilpumepul paznoxncenun pynkyuii 6 pao Maxnopena
PaccMmoTpum THTIOBYIO 3a7a4y Ha pa3ioxeHue GyHKIUA B psaa MakiiopeHa

[Tpumep 1

Paznoxuth QyHKIHIO B psia MakiopeHa.
Filx)=xcos3x
KoHcTpyupyem Hamr psiz.

& at af (— )" "
cosy=l-—+————+4+  +2—- — 4+

204 & (2l

B naHHOM citydae &= 3%

Gy + Gr)' _ Gay +.+ CD"Ga™ +...

cosdr=1- :
2l 4l &l {2a)]
PackpbiBaem HaBEpXy CKOOKHU:
1.2 4 _4 o _6 _nRoodw_2n
cosszl—Bx +3x —3x+...+( V3 x
2l 4l &l ()]

Teneps yMHOXKaeM 00€ 9aCTH Ha «HKC»:
32,2 gt 4 g6 (-1 Fin I
+ - +.+ +..
2l 4l él (2a!

XCosax = x-[l—

B utore nuckomoe paznoxxenue GyHKIIUU B PAI;

32 x3 34 xﬁ 35 x’? (_1)?! 32?! x2M+1
T W S
2l 4l &l (2l

¥=xcosdx=x—

[Tpumep 2

Pa3noxuTh GyHKIUIO B PsI/I 11O CTETICHSIM

4 ]
m(ray=a-L+Z &L &
23 4

F(xy=1n(1-#") =la( 1+ (-x")

+...



2
Takum obpazom, &=—%" u:

TS BRI __awn
In(1— x%) = —x* - ’;3' i L ";) A N 0
M
OKOHYATENBHO:
m(l—x3)=—x3—x—4—x—ﬁ—...—xh—...
2 3 x

Ipumepsl pasziioxkenusi Gpynkomii B psaa Teisiopa mo cremeHsam (x—a)
korma & # 0

Oo6mryto popmyiy Teitnopa:

s@,
1

Y4 @ gy +m(x—aj3+...+w(x—a)” +.
2l 3 7l

Fixj=Flal+
Ilpumep

.3 2 .
Pasnoxuts (ykiuro 7 K= F4x°=35+2 5 500 Tejinopa no crenensm

(x=1)

B nannoM ciywae @ =1, cmorpum Ha Qopmyny Teiinopa, U craHOBHTCS
yKe BCE IIOHSTHEE.

Teneps npeacTout pydnas padoTa 1o KOHCTPYUPOBAHUIO PA3I0KEHUS:
fla)= f)=1+4-3+2=4

FR =+ -+ =3 8- 3
Sla)=F"(=3+8-3=18

FNx = (3 +8x— 3 =62+8
Ffa)=F"D) =6+8=14

"X = (6x+8) =6 =const
FMa)="D=6

) = (6 = . .
S =060'=0 pee npoussonHbie, HAUMHAS C UETBEPTOH MPOU3BOIHOI,
OyIyT HyJIEBBIMHU.

Teneps moacrasnsiem B dhopmyny Teinopa:

14

5(x—ljhgqx—l;ﬁ+[:1+|::1+|::J+...=

Filx)=x"+4x" —3x+2= 4+%(x—1j+

=44+ 8x-D+7(x-1*+(x-17

[Ipumep



Fl)=—

Pa3noxuts ¢hyHKIIHIO x+3 g psan Teiinopa 10 CTENEHM (x+D

Pemenue: lcnone3dyem pasnoxxkenue GyHKOuM B psag  Tedmopa 1o
crenensam X %)

Flx)=Fx)+ f’liffuj (x— )+ S ) (x—x)° + fm;x”]' (x— %)+ fm( FHxm)

2l

(x— )"+

B nanHOM cinyyae: 07 -1

1 1

FO)=F D= =2
o (1Y
f(x}_[x+3]_ (x4 37
)= Fi-D ==

t

" | 1 _1-2
f(ﬂ—{ &+3J-—H+33
fm)nyLE

3amedaemM, 4TO ¢ TAKMMH PaCKJIaJaMyd TTPOU3BOAHBIC MOKHO HAaXOJUTh 0
OECKOHEUHOCTH. [TosTomy HEO0OX0IMMO YJIOBUTh HEKOTOPYIO
3aKOHOMEPHOCTh. Haliiem enié TpeTbio Nporu3BOIHYO:

oo (12 ) 123
J (x)_((x+3)3] TR

o= s =-L22

A Tenepb NpoaHAIM3UPYEM HAlJICHHbBIE IPOU3BOIHBIE!

oo _ 12 123
Jix= G Flix)= i e Jhx) x+3°

33KOHOMepHOCTB MMPOCIICIKUBACTCA: 3HAKU YCPCAYIOTCA, B HACIUTCIIC
HaKpy4MUBacCTCsA [haKTO“I/IaJI, a B 3HAMCHATCIJIC paCTéT CTCIICHb.

Tenepb, ucxoada U3 BBISIBICHHOU 3aKOHOMCPHOCTH, HY)KHO COCTaABHUTD
IIPOM3BOJHYIO «<QHHOI'0» INOPHIAKA. B JaHHOM CJIy4dac OHa BBIIJIAIWT TaK:



http://www.mathprofi.ru/formuly_kombinatoriki.pdf
http://www.mathprofi.ru/proizvodnye_vysshih_porjadkov.html
http://www.mathprofi.ru/proizvodnye_vysshih_porjadkov.html

(-1 xl

77 =

(x 43
KaK HpOBepI/ITB, HpaBI/IJIBHO JINU COCTABJICHA DHHAas HpOI/IBBOI[HaH? HOI[CTaBLTe
B HEé 3HaueHus #=1, #=2 n=3y Y Bac JOJDKHBI HOJIYYUTHCS B TOUHOCTH

nepBasi, BTOpas U TPeThs pou3BoHbIe. [locne Toro, kak Mbl yOe1UIUCh B
TOM, YTO HHHAsI IPOU3BO/IHASI COCTABJICHA NPABUJIBHO, MIOJCTABIIIEM B HEE
Hallle 3HaYCHUE:

P = e = S
2 Teneps ocranock NOACTaBUTH B POpMyITy
Tennopa u akKypaTHO IPOBECTH YIPOILIECHHUS:

1 12 1.2.3 (—1)* -l

Y 1+l
—+ 2(x+D4—2 (x+1)° +——éL—{x+D3+ + 2| (x+D* +.. =
J fdl

1

fu)x+3 2

(x4

:u+1

11 1
oD (-H)—zg +n4-4ffi(-nj+ Zﬁ S

3aaHuA NPaKTU4eCKOl padoThI

o 9] an Xn
1. JlaH cTeneHHOM pan )
n=1 bn n + 1

HpI/I 3a/IaHHBIX 3HAYCHUAX a U b manmcats IICPBLIC TPH YJICHA pPAOA, HaWUTU HHTCpPBAJ
CXO0JUMOCTH pAaa.

1,11,21 a=5,b=8

2,12,22 a=2,b=4

3,13,23 a=3,b=4

4,1424  a=7,b=5

515,25 a=5, b=7

6,16,26 a=2, b=6

7,17,27 a=8, b=3

8,18,28 a=7,b=4

9,19,29 a=3, b=7

10,11,20 a=4, b=5
2.Pa3noxuth QyHKIMIO B psig MakiopeHa
1,11,21. f(x)=¢e¥ 6,16,26. f (x) =sin 3x
2,12,22. (x) :cosg 7,17,27. f(x) =e™
3,13,23. f(x)=In(1+4x) 8,18,28. f (x) =sin/x

414,24, f(x)=31+x 9,19,29. f (x) = cos5x”



5,15,25. f(x)=v1+Xx° 10,20,30. f (x) = v1-x
KoHTpoJibHBIE BOIPOCHI

OrnpeneneHue CTENEHHOTO psijia.

OnpeneneHue paanyca 1 00JaCcTU CXOAUMOCTH
Omnpenenenue psaa Telnopa u MakiopeHa
Dopmybl pa3noKeHUs SIEMEHTAPHBIX (PYHKIIHIA

e

IIpakTuyeckasi padbora Ne 28 mo reme
«JleMcTBHUS HAJI KOMIUIEKCHBIMH YHMCJIAMH B ajJredopanyeckoii gpopme»

Ieab: HAYyYUTH BBINOJHATH JCUCTBUSA C KOMIUICKCHBIMU YUCJIAMU B
anreOpanyeckoit popme
Bpema BbinonHeHUA 90 MUHYT

MarepuanbHoe obecneueHue
1.TeopeTnyeckme ceegeHmA

2.3aaaHue

3./IuctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA paboTbl
1.M3y4ynTb 3apaHue

2. I3yunTb TeopeTnyeckme ceeseHunA

3. BoinonHuTb 1 opopMuTb paboTy
4.[loKa3aTb pe3ynbTaTbl NpenogasaTesnto
AomawHee 3apaHue

1.MoAarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMPOChI

Teopernueckne cBe1eHUs

Onpenesnenue. KoMnjieKCHbIM 4YMCJIOM Z Ha3bIBAaCTCS BBIPAXKEHUE z =a+ib,
rae a u b — nelicTBuTENIBHBIC YKCHA, | — MHUMAs €IUHUIIA, KOTOPas OMpPEACIIIeTCs
COOTHOIIEHUEM: i’ =—1;  i=~/—1.

[Tpu 5TOM YHKCIIO @ Ha3bIBACTCS AeHCTBUTEIbHOM YacThI0 yncia Z (2 = Re z), a
b- maumoii wacteio (b = Im 2).

Ecmu a =Re z =0, To ymucmo z Oyaer uncTto MHUMBIM, eciii b = Im z = 0, To

9HCIIO Z Oy/A€T JeMCTBUTEIbHBIM.



Omnpenenenune. Yucna z=a+ib U z=a—ib HA3BIBAIOTCI KOMILIEKCHO —
CONPSAKEHHBIMH.
Onpenesienue. /[Ba KOMIUIEKCHBIX YMCIA z, =a, +ib, U z, =a, +ib, Ha3bIBAIOTCSA
PaBHBIMHU, €CJIM COOTBETCTBEHHO PaBHBI UX JICCTBUTEIIbHbIC U MHUMBIE YaCTH:

a, =a,, by =b,;
Onpenenenue. KOMIIEKCHOE YUCIO PABHO HYJIIO, €CIM COOTBETCTBEHHO PAaBHBI
HYJIIO JE€HCTBUTENbHAS U MHUMAs YaCTH.

a=b=0.

JeiicTBUSI HAl KOMILIEKCHBIMM YHCJIAMU B ajJredopanyeckoii gpopme.

OcHOBHBIE IEUCTBHUA ¢ KOMIUIEKCHBEIMH YHCJIAMH BBITEKAIOT U3 JIEUCTBUU C
MHOTOYJIEHAMM.

CJ10:keHne U BbIYUTaHHe

PaccMoTpuM 1Ba KOMILJICKCHBIX YHCJIa, 3aJaHHBIX B OOIIEM BHE Z1 = a;+ibs;
Z,=a,+ib, Torma

z=12zt*2z,=(a; +iby)(a, +ib,) = (a; t a,) +i(b; £ b,) =a+ib

Mo>xHO c(hopMyIUPOBaTh MPABHUIIO CIOKEHUS WM BIUNTAHUS KOMIUIEKCHBIX YHCEIL:
IIPU CIIOKEHUH (BBIYUTAHUHU) KOMIUIEKCHBIX YUCEI COOTBETCTBEHHO CKJIAbIBAIOTCS
(BBIYMTAIOTCS) UX IEHCTBUTENIbHBIE U MHUMBIE YacTH.

YMHOKeHne
z:zlzgz(a1+ib1)(a2+ib2) =a1a2+ia1b2+ib1ag+i2b1b2=a+ib
222122:(8132-b1b2)+ i (8.1b2+b13.2)

( T.e. MOXHO TOBOPHUTH, HYTO MEPEMHOXKAIOTCS KOMIUIEKCHBIC YHCIAa Kak
MHOTOYJICHBI, YYHTHIBas, 4To i = -1). 3HAaumT, 4YTOOBI IIEPEMHOXHUTH [Ba
KOMILIEKCHBIX YHC/Ia HEOOXOIUMO MIEPEMHOXKHUTh MX KaK MHOTOWICHBI, YUUTHIBAS,
uTo i% = -1,

Henenne

[Tpu BBIMOJIHEHUH JCICHUS KOMIUIEKCHBIX YHCEI MOJIb3YIOTCS HCKYCCTBEHHBIM
npuéMOM: YMCIUTENb U 3HAMEHATE b POOU YMHOXKAIOT Ha YKCII0, KOMILJICKCHO -
COMpPsDKEHHOE 3HAMEHATEITI0 APO0H, M MOCTYIMAOT Aajiee TaK, Kak U MPH
YMHOKEHUH KOMITJIEKCHBIX YHCEI.

Hpumep.

Z1=5-1;



2,=-2+3i;

z

1
Z,

5-i _ (5-i)*(-2-3i) _-10+2i-15i+3i® -13-13i _

_ - 1
243 (-2+3i)*(—2-3i) 4-9i2 13

3aaHusA NPaKTH4eCKO padoThI

1.JlaHbI KOMIIJIEKCHBIE YUCJIa BEIYUCIUTD YI=2+12,: 2,-2,; 7,2, :—i
1.z, =5-1; z,=1+3i 16.z, =5+i; z,=1-2i

2.2, =3-4i; z,=1+i 17.z, =3+1; z,=5-2i
3.z, =1-5; z,=1+4i 18.z, =1-5i; z,=1+3i
4.2, =1+3i; z,=7-i 19.z, =5-1; z,=1+3i

5.z, =1-1; z,=7+3i 20.z, =1+3i; z,=-2+5i
6.z, =1-i; z,=5-4i 21.z, =3+4i; z,=-2+i
7.2, =3+4i; z7,=-2+Ii 22.2,=5-2i; 7,=-2+Ii
8.z,=-; z,=7+4i 23.2,=7-2i; z,=5+3i
9.z, =6-5I; z,=1+i 24.2, =7-3i; z,=-1+4i
10. z, =-1+5i; z,=2-5i 25.2,=-2+3i;, z,=5-4i
11.z, =5-7i; z,=1-3i 26.z, =-3+2i; z,=6+5i
12. 2, =-3-2i; z,=-1+7i 27.z, =-1+7i; z,=4-5i
13.2, =5+21; z,=2-I 28.2,=4+51; z,=1-2i
14.z, =1+5i; z,=2-3i 29.2, =-1+3i; z,=6-5i
15.z, =1-4i; z,=1+72i 30.z,=-3-2I; z,=4+3i

2. BeINOJHUTH AEUCTBUS HaJl KOMILJIEKCHBIMH YHCJIaMU B ajireOpandecko popme

1+i —(i—gi}
1-2i \5 5 )
2(1-i3)
1+iv3

1)11)21)

2)12)22)



3)13)23) (EJ i

4)14)24) L=201+20) 22‘)+(1i+ 2) .

5)15)25) m%@_(lﬂ 3):

6)16)26) 2*3') _(01-0.3i):

2(1- f)
\/_ |)

@-3i)@+3i)
—3-i

7)17)27) =

8)18)28) 20,

9) 19)29) L 1¥3)" (“ "F 3)°.

10)20)30) -8(2-i");

(4-i)’
i8

KOHTpOJIbHLIe BOIIPOCHI

1. Yto Takoe KOMILJIEKCHOE YUCIIO: JIeUCTBUTENbHAS YaCTh YUCIA, MHUMAas
4acTh yncia’?

UYTo Takoe MHUMAasl €IUHALA?

Kakue unciia Ha3bIBarOTCS CONPS)KEHHBIMU ?

Kak npeactaBUTh KOMIIJIEKCHOE YUCIIO TpapuuecKu?

Yto Takoe MoayJib uncia’?

Yro Takoe aprymMeHT unciua’?

CKOJIBKO MOXKET ObITh MOJIyJIEN U apryMEHTOB y KOMIUIEKCHOTO uncia’?
Kak Haiitn aprymeHT uucna?

Kak HaiiTu cymMMy, pa3HOCTb, IPOU3BEICHNE, YACTHOE KOMILIEKCHBIX YHCEI

ONOThWwWN

IIpakTnueckas padora Ne 29 o reme
«/leiicTBUSI HAJL KOMIJIEKCHBIMHU YMCJIAMU B TPUTOHOMETPHYECKOI U
NnoKa3arejabHOil (popmax»
enb: HAy4YUTh BBIOJHATH JEHCTBHSI C KOMIUIEKCHBIMH YMCIaMH B

TPUTOHOMETPUUECKON U MOKa3aTebHOU (hopmax

Bpemsa BbinonHeHnUa 90 MUHYT



MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceengeHmA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA paboTbl
1.3yuntb 3agaHune

2. I3yunTb TeopeTnyeckme ceeseHunsa

3. BoinonHuTtb 1 opopmutb paboty
4.lloKa3aTb pe3ynbTaTbl NpenogasaTento
AdomawHee 3apgaHue

1.MoarotoBUTbL OTBETbI HA KOHTPOJ/IbHbIE BOMPOCHI
TeopeTnyeckue ceegeHun

I'eomeTpuyeckoe n300pakeHne KOMIIJIEKCHBIX YHCeJl.

IToHsiTHE KOMIIJIEKCHOT'O YMCJIa UMEET reoMETpUICCKOC NCTOJIKOBAHUC.
MHOX€CTBO KOMIIJICKCHBIX YHCEIT SBJISICTCS pacmMpCHUEM MHOXKCECTBA
I[CﬁCTBHTGJ'IBHBIX YHUCCJI 3a CUYCT BKIIFOUCHUA MHOXCCTBA MHUMBIX YHCCII.
KomrrekcHble yrcia BKIIIOYAIOT B ce0s1 BCE MHOXKECTBA YHUCCJI, KOTOPLBIC
HN3y4aJIUCh paHCC. Tak HaTypPaJIbHBIC, LICJIBIC, PAlIMOHAJIBHBIC, HPPAINOHAJIbHBIC,
,Z[GﬁCTBHTGHBHBIC quciia ABIAIOTCA, BOO6IH€ T'OBOp:, 4aCTHBIMU CIIYHasAMH
KOMIIJICKCHBIX YHCCII.

Ecnu mo0oe 1eiiCTBUTENBHOE YMCIIO MOKET OBITh T€OMETPUUYECKH MPEICTABICHO B
BHUJIE TOYKH HA YUCIOBOM MPAMOM, TO KOMIUIEKCHOE YUCJIO MPEACTABISAETCS
TOYKOW Ha MJIOCKOCTH, KOOPAUHATAMH KOTOPOM OyAyT COOTBETCTBEHHO
JICUCTBUTEIbHAS. U MHUMAas 4YaCTU KOMIUJIEKCHOTO uncia. [Tpu satom
TOPU30HTAJIbHAS OCh OYAET SIBISATHCS ACHCTBUTEIHHOM YUCIOBOM OCBIO, a
BEPTUKAJIbHASL - MHUMOM OCBIO.




Takum o0pa3zoM, Ha ocu OX pacronararoTcsi I1eUCTBUTENbHBIE YNCTA, & HA OCH
OY — 4nCTO MHUMEIE.

C noMo1pi0 No100HOr0 reOMETPUUYECKOTO MPEICTABICHUS MOKHO

MIPEICTABIIATH YMCJIA B TAK HA3bIBAEMOU TPUTOHOMETPHUUYECKOU (hopMme.

Tpuronomerpunyeckas popma qyucJia.

N3 reomeTprueckux cooOpakeHU BUAHO, UTO a =rcosq; b =rsing. Torma
KOMIIJIEKCHOE YHCIIO MOYKHO MPEJICTABUTh B BUJIE:
z=a+ib=rcos@+irsin @ =r(cosq+isin Q)
Takast popma 3amrcu Ha3pIBACTCSI TPUTOHOMETPHUUYECKOi popmoii 3anucu
KOMILJIEKCHOT'0 YHCJIA.
[Ipy >TOM BENMUYMHA I HA3BIBACTCA MOAYJIEM KOMIUIEKCHOTO YHCla, a YIroj

HAaKJIOHA ( - aPTYMEHTOM KOMIIJICKCHOI'O 4HCJIA.

r=lz;  e=4Argz.

N3 reoMeTpruecKux COOOpaxeHU BUAHO:
. b
r= |a+zb| =va’+b*; ¢=Argz=arctg=;
a

O‘ICBI/II[HO, 9TO KOMILUICKCHO — COIPSKCHHBIC YHCJIa UMCIOT OAWMHAKOBLIC MOJYJIN

N IIPOTHUBOITOJIOKHBIC apT'YMCHTHI.

|Z| = |Z; Arg z =—Arg Z.

JleficTBUS ¢ KOMIUIEKCHBIMH YHCIIaMH B TPUTOHOMETPHUUYECKOM (hopme.
z, =r(cosQ, +isin,), z, =r,(cosQ, +isin@,).

YMHOKEHUE z =z,z, =rr,(cos(p, +@,) +isin(p, +,))

B ciydae KOMIJIEKCHO — CONPSIKEHHBIX YHCEIT:
zZ=(a+ib)a—ib)=a*+b* =z =|z[".

Z _h
lenenne z=—"=-1
Z, n

(COS((PI - (Pz) + iSin((Pl -0, )
Bo3Benenue B cTeneHnb
N3 onepaunu yMHOXEHHUS KOMIUIEKCHBIX YUCETl CIAEAYET, YTO

2% = zz = r*(cos2¢ + i sin 2¢)



B o0wem citydae nosryuum:

z" =r"(cosn@+isin ne),

r7ie N — LEeJI0€ MOJOKUTETBHOE YNCTIO.

OT0 BEIpa)keHHE Ha3biBaeTcs (popmyJaoii MyaBpa. (AOpaxam ne Myasp (1667 —
1754) — aHrMIACKUI MaTEMaTHK).

H3BieuyeHue KOPHA U3 KOMIUIEKCHOI'0O Y1CJIa

8z = {/r(coscp +isin @) = p(cosy +isin )
BOSBOI[}I B CTCIICHDb, ITOJIYUYHUM:
p" (cosny +isin ny) = r(cos@ +isin @)

Orcrona: p=4r; ny=¢+2nk; keZ.

8z = 2[r(cos@+isin @) = ’{/;(costnk ©isin LGk)
n n

Takum oOpa3oMm, KOpeHb N —OW CTENEeHM M3 KOMIUIEKCHOTO YHClia HUMEET N
Pa3IMYHBIX 3HaYCHUN.3aJaHus VISl IPAKTHYECKOil padoThl

3aganue. BpINOJHUTE NEHCTBUSA ¢ JaHHBIMH KOMIUIEKCHBIMH :
1) Z1+72; 71-72; 71-72,71:72

1. z; = 8(cos 55° +5in55°%), z, = 2(cos5° + sin 5°),

2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 12°),
3. z; = 3(cos 70° +sin 70°), z, = 2(cos20° + sin 20°),
4. z; = 10(cos 105° + sin 105°), z, = 2(cos 15° + sin 15°),
5. z; = 12(cos 145° + sin 145°), z, = 2(cos 5° + sin 5°),
6. z; = 7(cos 255° + sin 255°), z, = 2(cos15° + sin 15°),
7. z; = 9(cos 168° + sin168°), z, = 2(cos 12° + sin 12°),
8. z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),
9. z; = 3(cos40° +sin40°), z, = 2(cos5° + sin5°),
10. z; = 10(cos 75° + sin 75°), z, = 2(cos 15° + sin 15°),



11. z; = 9(cos 123° +sin123°), z, = 2(cos12° + sin 12°),
12. z; = 5(cos 160° + sin 160°), 2z, = 2(cos 20° + sin 20°),
13. z; = 3(cos 235° + sin 235°), z, = 2(cos5° + sin5°),

14. z; = 4(cos30° +sin30°), z, = 2(cos15° + sin 15°),

15. z; = 2(cos 258° + sin 258°), z, = 2(cos12° + sin 12°),
16. z; = 7(cos 115° +sin 115°), z, = 2(cos 20° + sin 20°),
17. z; = 14(cos 310° + sin310°), z, = 2(cos5° + sin 5°),
18. z; = 8(cos45° +sin45°), z, = 2(cos 15° + sin 15°),

19. z; = 6(cos 213° +5in213°), z, = 2(cos12° + sin 12°),
20. z; = 9(cos70° +s5in70°), z, = 2(cos 20° + sin 20°),

21. z; = 4(cos40° + sin40°), z, = 2(cos5° + sin 5°),

22. z; = 6(cos300° +s5in300°), z, = 2(cos15° + sin 15°),
23. z; = 3(cos33° +5in33°), z, = 2(cos12° + sin 12°),

24. z; = 5(cos 250° +sin 250°), 2z, = 2(cos 20° + sin 20°),
25. z; = 8(cos85° +5in85°), z, = 2(cos5° + sin 5°),

26. z; = 10(cos 165° +sin 165°), 2z, = 2(cos 15° + sin1 5°),
27. z; = 9(cos48° +5in48°), z, = 2(cos12° + sin 12°),

28. z; = 5(cos100° + sin 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos175° +s5in175°), z, = 2(cos5° + sin 5°),

30. z; = 16(cos120° +sin120°), z, = 2(cos 15° + sin 15°),

2.BBINOTHUTE NeMCTBUS HAJl KOMIUIEKCHBIMH YHCIAMU B TPUTOHOMETPUUYECKON
dbopme, pe3ynbTaT 3aucaTh B TPUTOHOMETPUUYECKOM, alre0pandecKkon u
noKasaTelibHOU opme

11121172 616,26. 3/~ 1+1i
1+i
. -6
212,22, (%) 747,27 (3 -i)-1+i)
~2-2i
N6 12
31323 (143 818,28 Y3+
1-i 2
05-05V3i | 2J3-2i)
414,24, | 222V 919,29.| £¥2~4
0,53 -0,5i J3+i
. P . \3
515,25, 2+ 12i | 10,20,30. (-3 /3i
3.3anucaTh KOMIUIEKCHOE YUCJIO B TPUTOHOMETPUYECKON U alredpandeckoi
dbopme
1. 14e27/3. 6. 40— /4.

2. Ze7zi/6. 7 5e—77zi/6.



3. (2/3)e~5A/3. 8. (2/5)e>M /4.
5. e_5”i/6; 10. 2,2e_37d/4;

4.BeInonHuTh AeiicTBuUs. Pe3ynbpTaT 3anmucath BO Bcex popMax.
(5+3i)(5 +3i%)

" J2(c0s225° +isin 225°)

6. ((—V3+i)/2)%;

5 (3+21)°(2-3°)

7. (2/1-i3));

1+2i%
(2+i)° . N v 2a.
" Zi(cos@r/4) +isin(3z/4)’ 8. (3012,
4. (1-i3)/2)%; 9. \-8-8V3i;
5. V-1+iv3; 10. V7 -4i2;
5.. BeImomHUTH 1eUCTBUSA, UCTIONB3YSI TPUTOHOMETPUYECKYIO (hopMYy:
1 1. J2 i\/g_ Ty ..., T -~
1. [ZJrZIJ(_?JF?} 6. 3[005(—5)+|sm(—§)}+(3+\/§|),
2. (L+i~/3)(=2 - 2i/3); 7. llfi://_j;
2 2
3.(1+1)3+3i3); 8. %
-3_343,
4. (6+ 2iv/3)(-3-3i); 9. 2 2 .
(6:+213)(-3-30) 4— 43
5. (5+5i)(cos15 +isin15%); 10. [g—igle‘””

6.BBINOMHUTE JIEHCTBUS HaJ KOMIUICKCHBIMU YMCIIAMU B TPUTOHOMETPHUYCCKOM
dbopme:

)3z 2) 2

1.z, =1+i, 2, =—J3 +i; 6. z,=1-+/3i, z, = 2+2i;



2. 7,=1-i,2,=—3-i; 7. z,=-1++3i, 2, =-2-2i;

3. zl:—1+i,22:3+£i; 8.z, =-1-4/3i, z, =—2+2i;
2 2

4, 21:—1—i,22:1—£i; 9. 21:\/§+i,22:—l—£i;
2 2 2 2

5. zl:1+\/§i, z,=2-2i; 10. Zl=\/§—i,22=%+§i;

KOHTpOJILHbIe BOIIPOCHI

Uto Takoe TpuroHoMerpuueckas (popmMa 3anmucu KOMIUIEKCHOTO ynciia?
Kak nepeBecTy 4MCI0 B TPUTOHOMETPUUECKYIO hopmy?

e

CTEIEHB?

Kaxk HaiiTu mpou3BeieHHe, YaCTHOE YHcell B TPUTOHOMETpHYecKoi hopme?
Kak HaliTu BO3BECTH 4YHCJIO B TPUTOHOMETPUUYECKOW (opMe B IIeIyro

5. Kak HailTu KOpeHb N-HOM CTENEHUM M3 YKuCiIa B TPUTOHOMETPUYECKOU

dbopme?
dopmyna diiepa
Kak npeactaBuTh KOMIUIEKCHOE YHMCIIO B MOKa3aTeIbHOU hopme?

~N o

8. Kak cBsi3aHbl TpUTOHOMETpUYECKAss W TOKa3zaTedbHass (HOPMBI 3amUCH

KOMIUICKCHBIX YUCEN?
9. Kak HaiiTu mpou3BecHNE, YaCTHOE YHCEIN B MOKa3aTeIbHOM dhopme?
10.Kak HaiiTH BO3BECTH YUCJIO B TIOKa3aTeIbLHON (hOpMeE B IIENIYIO CTETICHB?
11.Kak HaliTH KOpeHb N-HOM CTEIIEHU M3 YKCJIa B MOKa3aTeabHON hopme?

IpakTnueckas padora Ne 30 mo Treme
«PemreHne ypaBHeHH HA MHOKeCTBE KOMILIEKCHBIX YHCe»
Henb: HAy4uTh pelIaTh ypaBHEHUS HA MHOKECTBE KOMIUIEKCHBIX YUCEN

Bpemsa BbinonHeHna 90 MUHYT

MarepuanbHoe obecneueHue
1.TeopeTnyeckmne ceepeHuA
2.3agaHue

3.JIuctA4

4.KanbKynatopol

MopAaaoK BbinoNHeHUA paboTbl
1.M3yunTb 33apaHue

2. I3yunTb TeopeTnyeckme ceeeHuna
3. BoinonHuTb 1 odopMuTb paboTy



4.[loKa3aTb pe3ynbTaTbl NpenogasaTesnto
AdomawHee 3apgaHue
1.MoarotoBUTbL OTBETbI HA KOHTPOJ/IbHbIE BOMPOCHI

Teopernyeckue cBeaeHUs

KeaapamHoeypaeHeHue C KOMN/IEKCHbLIMU KOPpHAMU

o

Henb3s u3Bieub KOpeHB? Ecan pe€ub UACT O HGﬁCTBHTGHBHBlX quciiax, TO
I[CﬁCTBI/ITCJ'II)HO HEJb35. B KOMIIIEKCHBIX YHCIaX U3BJICYb KOPCHb — MO>KHO!
A TOYHCC, IBA KOPHSI:

Iy = =—2i
1

== =2

2

JIeHCTBUTENBHO T HAWJEHHBIE KOPHH SIBJISIOTCS PEIICHHEM YpPaBHEHUS
2
z" =—49 BBIIOJIHAM MPOBEPKY:

(-2 =2 =4 (-11=—4
(2% =283 =4 . (-1)= -4

Yrto u TpedoBanoCch MPOBEPUTH.

YacTo Hcmonb3yeTcsi COKpallleHHas 3amuch, 00a KOPHS 3alKChIBAIOT B

Z, = X
OJIHY CTPOYKY IO :

Takue KOPHHU TaKIKC HA3bIBAIOT CONPANCEHHBIMU KOMNIIEKCHLIMU KOPHAMU.

Kax u3BJeKaTh KBajpaTHbIC KOPHH M3 OTPHIATEIBHBIX UHCEN, JyMaro,
BCeM TOHsTHO: v-1=%  N-9=%F J-36=6 J3=2dE Jo5=2dE g

T.O. Bo Bcex ClIy4dasdax 1ojay4dacTcCsa ABa COIMPAKCHHBIX KOMIIJICKCHBIX KOPHS.

IIpumep
PeluTs KBagpaTHOE ypaBHEHUE Z P 6z+34=0

BpruncinM TUCKPUMUHAHT:
LD=36-136=-100

I[I/ICKPI/IMI/IHaHT OTpULATCIICH, U B ﬂGﬁCTBHTeHBHBIX JUCJIaX YPaBHCHHC
pEeUICHUA HC UMECCT. Ho KOPEHb MOXHO HU3BJICYDb B KOMIIJICKCHBIX yuciax!

O =410



[To u3BecTHBIM (hOpMyJIaM TMOJTyHaeM JiBa KOPHS:

6+10;
z21, =345

— COIIPAKCHHBIC KOMIIJICKCHBIC KOPHHU

2
Taxum o6paszoM, ypasHenue 2 —62+34=0 pyeer 1Ba cOnpsKeHHBIX
KOMILICKCHBIX KOpHS: Z1= 2 % Z3=3+3
HeTpyaHO MOHATE,YTO B 710./1¢ KOMILIEKCHBIX YHCEN «IIKOIBHOE)

KBaJpaTHOE YpaBHEHHE BCerja npu IByx KopHsx! 1 BooOwie, mobdoe

H n-1 2 _
BHEHUE BUJ] - ~ © HMEET POBH
ypaBHeHHe q ®Z TaZ totaz ez ta 0 ceT DOBHO

# KOMIUJICKCHBIX KOpHEH, 9acTh KOTOPHIX (MM BCE) MOTYT OBITh
JIECTBUTEIbHEIMMU.

3aiaHuA NPaKTHYeCKO padoThI

Pemute kBagpaTHOE ypaBHEHUE:

.x>-2x+17=0
22x%2+2x+1=0
3.4x%-4x+17=0
4.2 +6x+25=0
5.4x%2-20x+29=0
6.9x%-6x+2=0
7.X2-4x+29=0
8.2x°-2x +5=0
94x’>+4x+5=0
10.x2-4x+13=0
I.9x?-6x + 17=0
12.4x%2-12x+25=0
13.x2+4x+5=0
142x>—10x+17=0
15.x?-6x+13=0
16. x> +6x + 18 =0
17. X% -4x +40=0
18.4x%-12x+ 13 =0
19.2x2+6x+5=0
20X -2x+5=0
21.9x%-6x +10=0
222x+6x+5=0
23.x2+6x+13=0
24.2x%- 6x+17=0
25.9x%-6x+2=0
26.x2-6x+10=0



27.x2+2x+26=0
28.2x2+6x+9=0
292x2+10x+13=0
30.x2-6x+34=0
KoHTpoJibHBIE BOIPOCHI

1.Kakue yncna Ha3pIBatOTCA KOMIUIEKCHO CONPSKEHHBIMU?
2.Kakne KOMIUIEKCHBIE YUCJIa Ha3bIBAIOTCS PABHBIMU?
3.Kaxk u3Bneub KBaJpaTHbI KOPEHb U3 KOMILIEKCHOT'O Yucia?

Ilepeuenb pexkoMeHAyeMbIX Y4YeOHbIX H3aaHuii, VIHTepHeT-pecypcoB,
JAONMOJIHUTEJIbHOM JIUTEPATYPbI

OCHOBHBIC HCTOYHUKH:

1) I'puropseB B.I1. «23nements! Boiciiel MmatemMatukn», 2016 OHLL «Akanemus».
2) I'puropreB B.I1. «CoopHuk 3a1a4 1o Beiciieit Matemaruke», 2016 OHI
«AxaneMusa.

3)Omenpuenko B. I1., Maremaruka: yueoHoe mocooue / Omenbuenko B. I1.,
Kypbarosa 3. B. -PoctoB H//I.: ®enukc, 2005.

4)boromosnos H.B. IIpaktudeckue 3aHATHS 110 BBICIICH MaTeMaTuke. - M.:
Bricmas mkosna, 2006.

S)Hononsckuii B.A. u np. COOpHUK 337a4 110 MaTEMATUKE JJIsl TEXHUKYMOB. - M.:
Bricmias mkoma, 2007.

6)Banytp .M. u np. MaTtemartuka juist TEXHUKYMOB Ha 0a3e CpeHed MIKOJIbL: yueo.
noco0. - M.: Hayka, 2007.

T)Hanasu A.A. Maremaruka: yue6. - M.: DOPYM: UTHOPA-M, 2005
Matematuka /s TEXHUKYMOB. AnreOpa 1 Havana aHanm3a: B 2-x gacTsx, yueoO.
/Kauenosckuit M.U. u ap. nmox pex. I'.H. fAxosnesa. - M.: Hayka, 2007.
JIonoTHATEIbHbIE HCTOYHUKH:

1)Briciias maTematuka i skoHomuctoB. [Toxa pen. H. 1. Kpemepa. - M.:
FOHUTH, 2007

2)Cnupuna M.C. luckpetrHast Mmarematuka: yueo. - M.: Akanemust, 2006.
3)['onuaposa I'.A., Mouanun A.A. D1eMEHTbI JUCKPETHON MaTeMaTHKu: y4eO.
110c006.- M.: ®opym: UTHOPA-M, 2005.

HNuTepHer-pecypcesl

1)www.fcior.edu.ru (MudopMaIioHHbIe, TPEHUPOBOYHBIC U KOHTPOJIbHBIC
MaTepualbl)



www.school-collection.edu.ru (Exunas koeknun 1iudpoBbIX 00pa30BaTeIbHBIX
pPECYpPCOB).

2)http://www.mathnet.spb.ru/

3)http://www.exponenta.ru/educat/class/class.asp

4)http://www.bymath.net/studyguide/tri/tri_topics.html

5)http://www.mathem.hl.ru/index.html

6)ttp://www.mathnet.spb.ru/
7)http://www.exponenta.ru/educat/class/class.asp
8)http://www.bymath.net/studyquide/tri/tri_topics.html
9)http://www.mathem.h1.ru/index.html
10)http://festival.1september.ru/



http://www.mathnet.spb.ru/
http://www.exponenta.ru/educat/class/class.asp
http://www.bymath.net/studyguide/tri/tri_topics.html
http://www.mathem.h1.ru/index.html
http://www.mathnet.spb.ru/
http://www.exponenta.ru/educat/class/class.asp
http://www.bymath.net/studyguide/tri/tri_topics.html
http://www.mathem.h1.ru/index.html
http://festival.1september.ru/
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