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Mertoauyeckre pEeKOMEHAAMU [JIsi MPOBEACHUSI MPAKTHUYECKUX paboT 1o
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[Ipencenarens JI.A JlazapeBa




ObnacTb NpUMEHEHUA MeTOANYECKUX YKa3aHUN

MeToanyeckme yKkaszaHuA 4/1A BbINOJHEHMA NPaKTUYecKmx paboT asnatoTca
4acTblo NPUMEPHON OCHOBHOM NpodeccuoHanbHOM 0bpa3oBaTeENbHOM
nporpammsl B cootsetcteum ¢ ®rocC no cneuymansHoctn CMO 09.02.03
«MporpammunpoBaHue B KOMNbIOTEPHbIX CUCTEMAX»

Lienu v 3apgaum metoanuecKUX yKasaHUi ANA BbINONTHEHUA NPAKTUYECKUX
pabor:

B pesynbrare ocBoeHUs yueOHON TUCIUILIMHBI 00YYaIOIIUICS JOJDKEH YMETh:

- BBITIOJIHATH OTEpalMK HaJ MAaTPUIIAMU U PelIaTh CUCTEMbI JTUHEHHBIX
YPaBHEHUM;

- pemaTh 3a/1a4M, UCTIOJIb3Ysl YPaBHEHUS MPSIMBIX U KPUBBIX BTOPOTO MOPSIKA Ha
MJIOCKOCTH;

- MPUMEHSATh METOIbI UG (PEPEeHITNATBLHOTO U UHTETPATILHOTO UCYUCTICHNS,

- pemath quddepeHuanbabple YpaBHECHHUS;

- MIOJIL30BATHCS MOHATUAMU TEOPUU KOMIUIEKCHBIX YHCEIL.

B pesynbrare ocBoeHUsT yueOHON TUCIMIUIMHBI O0YYArOIIUICS TOJKEH 3HATD!

- OCHOBBI MaTeMaTHYECKOT'0 aHAJIN3a, TUHEHHON aareOphbl U aHATUTHIECKON
T€OMETPHH; - OCHOBBI TU(PHEepEeHIIMATIBHOTO U UHTETPAIBHOTO UCUUCIICHUS; -
OCHOBBI TEOPUU KOMIUIEKCHBIX YHCEJL.

dopmupyemble KOMNETEHLUN

OK 1. IToHuMaTh CyIIHOCTh U COLIMAIIBHYIO 3HAYMMOCTh CBOEH OymyImen
npodeccuu, NposSBIATh K Hel ycToiunBbii nHTepec. OK 2.0pranu3oBbIBaTh
COOCTBEHHYIO JIEATEIbHOCTD, BHIOUPATH TUIIOBBIE METOJIBI M CTIOCOOBI BBITIOJIHEHUS
npodeccroHaIbHBIX 3aJ1a4, OIICHUBATh UX d()(PEKTHBHOCTH U KA4e€CTBO.

OK 3. IIpuHuMaTh pelieHus: B CTAHAAPTHBIX U HECTAHAAPTHBIX CUTYalUsIX U HECTH
3a HUX OTBETCTBEHHOCTb.

OK 4. OcymecTBasTh MOUCK U UCTIOJIB30BaTh HHPOpMaLIUIO 1151 3)PEKTUBHOTO
BBITIOJTHEHUS TPOQPECCUOHATIBHBIX 33124, TPO(PECCHOHATBEHOTO U JINYHOCTHOTO
pa3BUTHSL.

OK 5. HUcnonb3oBaTh HHPOPMAIIMOHHO — KOMMYHUKKAIIMOHHBIE TEXHOJIOTHH B
poecCHOHaNBHOM e TEIBHOCTH.

OK 6. PaboTtaTth B KOJUIEKTUBE U KOMaHJIe, OOIIATHCS C KOJUIEraMu, pyKOBOJICTBOM,
MOTPEOHUTEIISIMHU.

OK 7. bpath Ha ce0st OTBETCTBEHHOCTH 32 pa0dOTy YJICHOB KOMaH/IbI
(MOTYMHEHHBIX), 32 PE3YJIbTAT BBIIOJHEHHOIO 3a/JaHHUS.

OK 8. CamocTOSTeNbHO OMPEAesITh 331249 TPO(HEeCCHOHATBFHOTO W THYHOCTHOTO
Pa3BUTHSI, 3aHUMATHCS CaMOOOpa30BaHUEM, OCO3HAHHO TIAHUPOBATH TIOBBIIIICHUE
KBaTM(HUKAIIHH.



OK 9. OpueHTHpOBAaTHCS B YCIOBHUSIX CMEHBI TEXHOJIOTHI B IPO(eCcCHOHAIbHOM
e TEIbHOCTH.
[1K 1.1 BeimoansaTe pazpaboTky cnenupuKanuii OT1eIbHbIX KOMIIOHEHT.
I1K 1.2 OcymecTBasTh pa3paboTKy KoAa NpOrpaMMHOIO MPOJIYKTa HA OCHOBE
TOTOBBIX CHEIU(PUKAINI HA YPOBHE MOTYJIS.
I1K 2.4 Peanu3oBbIBaTh METO/IbI M TEXHOJOTUU 3aIIUTHl HHPOpManu B 6azax
JAHHBIX.
[1K 3.4 OcymiecTBasATh pa3pabOTKy TECTOBBI HAOOPOB U TECTOBBIX CIICHAPUEB
1.3. PekKomeHayemoe KOM4eCcTBO YacoB Ha 0cBoeHue pabouei nporpammbil
y4yebHOM ANCLUNIUHDI:
MaKCMMabHOM y4ebHOM Harpy3km obyyatoweroca 226 4yaca, B TOM Yucne:
obsa3aTenbHOM ayaAnTOpHOM yyebHOM Harpy3ku obyyatoweroca 1524acos;
npakTnyeckme pabotbl 60 yacos

camocToAaTenbHOM paboTbl obyyatowerocs 66 Yacos.



NEPEYEHb NMPAKTUYECKUX PABOT

1 PeweHne cuctem ypaBHeHUM no dopmynam Kpamepa. PeweHue cuctem
ypaBHeHMn metogom aycca

2 PeweHne MaTpuuHbIX ypaBHeHWi, C/TAY maTpuUyHbIM METOA0M.

3 dNnemMeHTbl BEKTOPHOM anrebpbl

4 Mpamaa nnMHuA

5 KpuBble BTOporo nopasaka

6 Mpeaen ¢yHKumN. HenpepbiBHOCTb PyHKLUK. TOUYKM pa3pbiBa

7 HaxoxaeHne npon3BoaHbIX CNOXKHbIX QYHKUMA. [eoMeTpUYECKMI CMbICA
npousBoAHON. AnddepeHumnan GpyHKUMU

8 NccneposaHne GpyHKLMKM C NOMOLLIO NPOU3BOAHOM M MOCTPOEHME rpaduKa
no pe3ynbTaTam UccaefoBaHUA

9 HaxorkaeHune 4acTHbIX Npon3BoAaHbIX. MoaHbIN guddepeHuman

10 IKcTpEeMyM PYHKLUMKN ABYX NepPeMEHHbIX

11 BblunMcneHne HeonpeaeneHHbIX MHTErpanos

12 NHTerpmposaHue paunoHanbHbIX apoben

13 NHTerpmpoBaHue TpPUroHoMeTpuyeckmx GyHKLUMN U MppaLMOHaNbHbIX
GYHKUNM

14 BblunMcneHune onpenesnieHHbIX UHTErpPanos

15 BbluncneHue nnowanen Nnaockux puryp

16 MpnbnnkeHHoe BblYUCNEHNE ONpPeaeNeHHbIX UHTErpanos

17 BbluncneHue ABOMHbBIX MHTErPANOB B AEKAPTOBOM CUCTEME KOOPAMHAT

18 BbluMcneHne ABOMHbIX MHTETPAJIOB B NOJIAPHOM CUCTEME KOOPAMHAT




19 BblumcneHue naowagent u o6vemos

20 AnddepeHumanbHblie ypaBHEHUSA C Pa3aenAatowmMMmUCcs NepemMeHHbIMN

21 OpHopoaHble anddepeHuUnanbHble ypaBHEHMS NEPBOro NopAaKa

22 | lnHenHble gnuddepeHumanbHble ypaBHEHUA NEPBOro NopaaKa. YpaBHeHuMe
bepHynu.

23 | AnddepeHumnanbHbie ypaBHEHNA BTOPOro nopAaaKka. JIMHeHble 04HOPOAHbIE
amoddepeHunanbHble ypaBHEHUA BTOPOro nopAaaka

24 | JInHeNHble HeogHOpPOoAHble auddepeHumanbHblie ypaBHEHMA BTOPOTO
nopaakKa

25 NccnepoBaHne YNCNOBLIX PAAOB HA CXO4MMOCTb

26 Ob6nacTb CXOAMMOCTM CTENEHHOIO PAAA

27 PasnorkeHune GyHKLWUI B CTENEHHOM paj,

28 | OenctBma Hag, KOMNIEKCHbIMKM YMCamm B anrebpanyeckon ¢opme

29 | [lencTBMA HAag KOMNAEKCHbIMW YNCAAMWN B TPUTOHOMETPUYECKOoM dopme

30 PelweHne ypaBHEHUI HA MHOXECTBE KOMMJIEKCHbIX Yncen




MpakTnueckas pabora Ne 1.

Tema «PeweHue cuctem nIMHeHbIX ypaBHeHUN Nno popmynam Kpamepa m
metogom lNaycca»

Lienb: Hay4YnTbCA BLIYNCNATL ONpPeaennUTeNn BTOPOro N TPETbero NopagKa, pewatb
CUCTEMbI IMHENHbIX YpaBHEHNI meTogom Kpamepa n metogom lMaycca.

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopaaoK BbinonHEHUA paboTbl
1.M3yuntb 3apaHue

2. U3yunTb TeOpeTMYECKMe CBeAEHNA

3. BoinonHutb M opopmutb paboty
4.lloKa3aTb pe3ynbTaTbl NpenogasaTesito
JomauwHee 3apaHue

1.MoarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
Xop, pabotbi

TeopeTnyecKkue ceepeHuUA

Onpenenenue. Marpuued pasmepa MxN, rae M- YUCIO CTPOK, N- YUCIIO
CTONOIIOB, Ha3bIBa€TCA TaOJMIIA YHCEN, PACIHOJOXKEHHBIX B OMNpPEIEICHHOM
nopsiiKEe. OTH 4YHUCIAa Ha3bIBAIOTCA JJIEMEHTAMU MaTpulbl. MecTo Kaxaoro
AJIEMEHTa OJHO3HAYHO OIpEeAeNsaeTcs HOMEPOM CTPOKM U CTOJiOIa, Ha
NEePEeCeYeHUH KOTOPBIX OH HAXOAUTCSA. DJIEMEHThl MaTpUIlbl 0003HAYAIOTCA ajj, T/I€
I- HOMep CTPOKH, a j- HOMEp CTOJIOIA.

Ay Ay oo Uy,

Buabl maTpun

Martpuiia MOXET COCTOSITh KaK M3 OJIHOW CTPOKH, TaK M W3 OJHOTO CTOJIOUA.
Boo01ie roBopsi, MaTpuila MOXET COCTOSITh JaKe M3 OJTHOTO DJIEMEHTA.
Omnpenenenue. Eciy 4ncio cToabIoOB MAaTpUIlbl PaBHO YUCITY CTPOK (m=n), TO
MaTpulia Ha3bIBA€TCS KBAJAPATHOM.
Omnpenesienue. MaTpuiia BUjaa:




HA3bIBACTCS €AMHUYHON MATPULICH.
Omnpenenenune. Ecinu amn = @nm, TO MaTpUIla Ha3bIBAETCSI CAMMETPHYECKOI.

2 1 5
[Ipumep. 1 3 6 |- cuMMeTpuyecKas marpula
5 6 4
a, 0 0
Onpenenenue. KBagpatHas MaTpuiia BUaa 0 an .. 0 HA3bIBAETCS
0 O a

AMATOHAJIbHOM MATPULIEH.

JedcTBUSA ¢ MAaTPULIAMU

CJ10:keHHe ¥ BBIYMTAHHE MAaTPUI CBOJUTCS K COOTBETCTBYIOIIUM OIEPALUSAM HaJ
ux 3jieMeHTamMu. CaMbIM TJIaBHBIM CBOMCTBOM ATUX ONEpalUi SBISIETCS TO, YTO
OHU QnPeOeIeHbl MOJIbKO 0714 Mampuy 00UHaKk08020 paimepa. Takum odpazoMm,
BO3MOYHO OIPENECIUTD ONEPALMHU CIIOKECHUS U BBIUYUTAHUS MATPUILL:

CymMmoii (pa3HOCTBIO) MAaTpull SIBJISIETCS MATpUIlA, DJIEMEHTaMH KOTOpPOM
SBJISIIOTCSI COOTBETCTBEHHO CyMMa (Pa3HOCTh) 3JIEMEHTOB UCXOIHBIX MaTPHL.

Cij=aj* bij

C=A+B=B+A.

Omnepatysi yMHOKeHUs (TeJIeHUs1) MaTPUIILI JII00OTO pazMepa Ha MPOU3BOJIBLHOE
YUCJIO CBOAMUTCS K YMHOXEHHUIO (AEJCHUIO) Ka)XJOr0 3JEMEHTa MaTpULbl HA 3TO
YHUCIIO.

oa,, oa, .. oa,
g =| Qo Ot Gy,
oa, oda,, .. Od,,

o (A+B) =aA + aB

A(o£B) = aA + BA

NS R \S]

1 3 1 3 4
Hpumep. lanb Mmatpuisl A = | 2 4;B=|5 7 8|, naittu 2A + B.
3 3 1 2 4



2 4 6 3 7 10
2A=\|4 2 8], 2A+B=9 9 16].
6 4 6 7 6 10

IIpousBenenuem matpuil A-B = C; Ha3zpiBaeTcs MaTpula, 3JIEMEHThI KOTOPOH
MOTYT OBITh BBIYHCIICHBI 10 CIIEAYIOWUM hopMynam: ¢, = Y a, b,
k=1

W3 npuBeaEeHHOr0 ONpeAEICHUs BUIHO, YTO OIIEpaLvsl YMHOKEHUS MATPUL
OIIpeIeNICHA TOJBKO JI MAaTPUL], YHCJI0 CTOJIOLOB IEPBO U3 KOTOPBIX PABHO
YHCJIYy CTPOK BTOPOi.

Omnpenenenue. Matpuiny B Ha3pIBaloOT TPAHCIIOHMPOBAHHOM MaTpuLEeh A, a
nepexoq oT A k B TpaHCcIOHMpPOBaHMEM, €CIIU JIEMEHTHI KaXI0M CTPOKH
MaTpHUIIbl A 3amucaTh B TOM ke MOPSAJIKE B CTONOLBI MaTpulibl B.

a, a, e ay, a, ay, . an
A= Ay Ay e Gy, |, B=AT= iy Ay e Ay |,
aml amZ amn aln a2n amn
APYTUMH CIIOBaMH, Dji = ajj.
1 0 3 1 -1
Ilpumep. Jlanel Mmatpunibl A =2 4 1|(,B=|3|,C=]| 2 | uynucio a = 2.
1 -4 2 2 1
Haiitu A"B+o.C.
1 1 2 1 1 1-1+2-3+1-2 9
AT=10 4 -4|; AB=|0 4 -4|-|3|=]0-1+4-3-4.2|=|4 |;
31 2 31 2 2 3-1+1-3+2-2 10
-2 9 -2 7
aC=|4|; AB+aC=|4 [+ 4 =38
2 10 2 12

1 1.2 1-4 11} (2
AB=[4[-2 4 1)=]42 4.4 4.1|=|8 16
3 6

1
Ilpumep. Haiitu npoussenenne MaTpui A = 4} uB=2 4 1).
1
4
3-2 3-4 3-1 3



1
BA=(2 4 1)-|4|=21+44+13=2+16+3=21.
3

4
Ipumep. Haiitu npousseaeHne marpui A= (1 2)’ B= (2 6j

AB= (1 2)-[2 2J=(3+1o 4+12)= (13 16).

OnpeneJmTe.neM BTOPOIro MmopsAjaKa Ha3bIBACTCA 4YHCJI0, KOTOPOC IOCTABJICHO B

a, b

COOTBETCTBHE TAOIHIIBI KO PUIIMEHTOB 5
a, b,

0 CIEAYIOIIEMY IPAaBUITY: IPOU3BEJACHHUE IO TIIABHOM IUaroHaiu Gepercs
CO 3HAKOM IIJIFOC, ITO ,prr()ﬁ AUAaro”HaJn CO 3HaKOM MI/IHyC.
a, b

= albz - a2b1
a, b,

H[!I/IMGQ: BBIYUCIIUTD OIIPCACIINTCIIb BTOPOT'O ITOpAAKa

2 4
1) =2-2-3.4=4-12=-38
3 2
-1 -2
2) 3 1‘:—1-1—3-(—2):—1+6:5

OnpenennTesieM TpeThero MOPsAKA HA3bIBACTCS YHCIIO, KOTOPOE MOCTABICHO B
COOTBETCTBHE TaOJIUIIBI KOA(DPHUIIMESHTOB TI0 CICIYIONIEMY TTPaBUITY:

a b ¢

a, b, c,|=ab,c,+a,bc,+a,bc,—ab,c,—ab,c,—a,bc,

a; by ¢
3TO OHpeI[eJIeHI/Ie OHpe,Z[eJIHTeJI}I HarjadaaHoO MOXHO HpeI[CTaBI/ITB

CJIEIYIOIIUM 00pa30oM:




DT0 npaBuia Ha3bIBAIOT elie «lIpaBuiio TpeyronbHUKa»
IIpumep BBIUUCIUTH ONIPEAEIUTEND TPETHETO OPAIKA

3 2 1
2 4 5|=3-4-3+2-2-1+1-2-5-1-4-1-2-2-3-3-2-5=
/1 2 3
=36+4+10-4—-12-30=4
Cucremoi JMHEHHBIX AJIred0pandyecKuX ypaBHEeHHU, COAEpKAILE m ypaBHEHUN

Y 1 HEM3BECTHBIX, HA3BIBAETCS CUCTEMA BUA:
a11x1 + a12x2 + + alnxn == b1
alel + azzxz + + aann == bz
Am1X1 + ApaXy + 0 A Xy = by
rIe uncna aij, 1 = I,m , | =1,n Ha3piBatoTCs K03 (HUIMCHTAMHU CUCTEMBI, yrcia bj —

CcBOOOIHBIMH uieHaMH. [loiexaT HaX0XKICHUIO YUCTIA X,
3neck A — maTpuiia Ko3hPUITMEHTOB CUCTEMBI, HA3bIBAEMasi OCHOBHOU MAmMpuyell.

a1 Ar2 A1n
az1 Azz A2n
A=
AGn1 Am2 - Qmn
X1
X2
X = — 6eKkmop — cmoabey u3 Heu3BeCmHuIxX X;
le
by
b,
B = — 6exmop — cmonbey u3 c60600HbIX U1eHO06 b;
by,

[IpousBenenue matpui; A * X ompeneneHo, Tak Kak B Marpuie A CTOJIOIOB
CTOJIBKO K€, CKOJIbKO CTPOK B MaTpulie X (# IITYK).

Pacwwupennoti MaTpulleil CcHCTeMbl HasblBaeTcss Martpuia A  CHCTEMBI,
JIOTIOJIHEHHAS! CTOJIOLIOM CBOOOJAHBIX YWICHOB

aq1 Qg2 a, by
T_ | 21 Q2 dzn by
A=

aml amz amn bm

Pewenuem cucmemsr HazpIBa€TCs 1 3HAUEHWH HEU3BECTHBIX X1 = C1, X2 = C2 ,

., Xn = Cn, IPH MOJICTAHOBKE KOTOPBIX BCE YPABHEHUSI CUCTEMbI 0OpAIllAtOTCS B

BEpHBIMU paBEHCTBA. Bcskoe pelieHue CHUCTeMbl MOXHO 3amucaTtb B BHJIC
MaTpUIbI-CTOJIONA



Cuctema ypaBHEHUHN HA3bIBACTCSI COBMECHHOU, €CIIU OHA UMEET XOTs Obl OJHO
pelieHne, U Heco8MecmuMOoil, €CJIM OHa HE UMEET HU OJTHOTO PEIICHHUS.

CoBMmecTHass cHUCTeMa Ha3bIBACTCS  ONpPeoeNéHHOU, €eClh OHAa  HMEeT
€MHCTBCHHOE PEILCHUE, U HeonpedeléHHolU, €CId OHa HMMeEeT 0oJiee OJHOTO
pemrenusa. B mocinenHem cilydae Kakaoe €€ pelIeHUE Ha3bIBACTCA YACMHbIM
peuieruem cucteMmbl. COBOKYITHOCTh BCEX YACTHBIX PEIICHUN HA3bIBACTCS 0OUUM
peuienuem.

Pewums cucmemy — 310 3HAYUT BBISICHUTH, COBMECTHA OHA WJIM HECOBMECTHA.
Ecnu cuctema coBmecTHa, HalTH €€ 00I1Iee pelIeHHE.

JIBe cucTeMbl HA3bIBAIOTCS OKGUBANECHMHbIMU (PABHOCUILHBIMU), €CIU OHHU
UMEIOT OJHO U TO K€ ofmee pemeHue. JIpyrumu ciloBamMu, CHUCTEMBI
SKBUBAJICHTHBI, €CITM KaXK/10€ PEIIeHNe OJHON U3 HUX SBIISICTCS PEIIICHUEM JIPYTOH,
¥ Ha00OpOT.

OKBUBAJICHTHBIE CHUCTEMBbI TOJYYalOTCs, B YAaCTHOCTU, TPU IIEMEHMAPHbIX
npeobpazoéanusx CUCTEMBbl TPU YCIOBHH, YTO MPEOOpa30BaHUS BBHITIOIHSIIOTCS
JIMIIb HaJl CTPOKAMHU MATPHUIIBI.

Cucrtema TUHEWHBIX YpaBHEHUN HA3BIBACTCS 0OHOPOOHOU, €CITA BCE CBOOOTHBIC

YICHBI paBHbI HYJIIO:
a11x1 + a12x2 + -+ alnxn = 0

A1 X1 + ApaXy + - A Xy, = 0
OnHopoHas cucTeMa BCET/ia COBMECTHA, TaK Kak X1 = X2 = ... = x, = 0 sBmsgeTcs
PELICHUEM CUCTEMBI. JTO PEIICHUE HA3BbIBACTCS H)N€8bIM WIN MPUBUATILHBIM.

le_xZ:O

Ilpumep 4.3. Pemiuth cucteMy {x 43y = 7
1 2 =

_12 0]

_1| 17 =14

; :7¢QAFﬁ ;ﬂ=z A,

Pemenune: A= | i

7 14
3HauuT, x1=;=1, Xy =7=2

Ipasuio Kpamepa

Teopema. Cucmema usz N ypasueruti ¢ N Heu38eCMHbIMU
a,x, +a,x, +..+a,x, =b,
Ay X, +ayX, +...+a, x, =b,

a,x, +a,x,+..+a,x =b

8 cay4ae, ecau ornpedeaumesns MAMPUybl CUCMEMbl HE PABEeH Hy:K, umeem
eo0uHCcmeeHHoe peuweHue U 3mo peweHue Haxoo0umcs rno popmynam:
xi = A/A, 20e



A=det A, a Ai—onpedenumenb mampuysl, Noay4aemol u3z Mmampuuybl CUCMeMbl
3ameHol cmonbua J cmonbyom ceob600HbIX YnieHO8 b,
CyTb memoda laycca 3akno4aeTca B NOCNeA0BaATE/IbHOM UCKIOYEHUN
HEeM3BECTHbIX.

PaccmoTpuMm cUCTEMY NTMHEMHbBIX YPAaBHEHUN:

a, x, +a,x, +..+a, x, =b
A, X, +ayX, +...+a, x, =b,

a, x, +a,,x,+..+a,x, =b,
Pasgenum obe yactm 1-ro ypaBHeHMA Ha a1 # 0, 3aTem:
1) YMHOXUM Ha a1 U BbIYTEM U3 BTOPOro ypaBHEHMUS
2) YMHOXWM Ha a31 U BbIYTEM U3 TPETLETIO YPaBHEHUNA N T.A.
Monyumm:
X, +d,x, +..+d, x, =d,

1n"*n

dyx, +dyx; +..+d, x, =d,

, taedij=ay/a11, j=2, 3, .., n+l.

dx,+d ;+.+d, x =d

dij= aj— aildlj i= 2/ 3/ e, Ny j= 21 3/ s n+1.

[anee noBTOpsAEmM 3TU Ke AeNCTBMA ANA BTOPOro ypaBHEHUA CUCTEMbI, MOTOM —
ANA TpeTbero u T.4,.

K anemMeHTapHBIM MpeoOpa30oBaHUSM OTHOCSATCS:

1) IlpubGaBrnenue k 00€MM YacTsIM OJIHOTO YPaBHEHHS COOTBETCTBYIOIIUX YaCTEH
JPYroro, yMHOKEHHBIX Ha OJTHO U TO K€ YKCIIO0, HE PAaBHOE HYIIIO.

2) IlepectaHoBKa ypaBHEHUN MECTaMH.

3) VYnaneHue U3 CHCTEMBI YPAaBHEHUH, SIBIISIOIIMXCS TOXKICCTBAMH IS BCEX X.

3anaHus 1/ NpoBeeHUs MPAKTUYeCKO padoThl

1.Bbryucinuth onpeaeauTen BTOpOro mopsaka:

Ky 2 1

- 2+ -1 5
Da=| TR A=l 3 Y, gas| 97 K B4°
K11 3.k, 6 (05)° Va*

2.BpuucanuTh OnpeieIuTeNIn TPETHETO MOPSIIKa:
-1 3, 2 3K, 4 -5 1 -2 k,«x,
DA=|2 8 «,|, 2)A=[8 Tk,—-2 -2, 3 A=[3 k, -5
1 1 2 2 -1 8 2 x, 5



3.Pemuth cucremy ypaBHenuit metogom Kpamepa, cienath mpoBEpKY:

2X+Yy+32=7, 2X—Yy+22=3, X—-y+z=12, 2X—Yy+3z=-4,
1.2x+3y+z=1 29X+Yy+22=-4, 34X+2y+4z=6, 44x+3y+3z=11
3X+2y+12=6. 4X+y+4z=-3. SX+y+2z=3. X—-2y+2z=-7.
3X—-2y+4z=12, 8x+3y—-6z=-4, |[4x+y-32=09, 2X+3y+4z =33,
543X+4y—-22=6, 6iX+y-—-2=2, TiX+y—-2=-2, 847x—5y =24,
2X—-y—-7=-9. 4x+y—-3z=-5. 8x+3y -6z =12, 4x+11z = 39.
2X+3y+4z =12, X+4y—-2z=6, 3X—-2y+4z =21, 3Xx—2y -5z =5,
947x-5y+1z=-33, 1045y +4z=-20, 1143x+4y—-2z2=9, 1242x+3y—-4z =12,
4X+z=—1. 3X—2y+52 =-22. 2x—-y-2=10. X—-2y+3z=-1
4x+y+4z =19, 2X—y+22=0, 2X—Yy+22 =38, 2X—-y—-3z=-9,
13492x—-y+2z=11 14:4x+y+4z=6, 154x+y+2z=11 164x+5y+2z=20,
X+Yy+2z=8. X+y+2z=4. AX+Yy+4z7=22. 3x+4y+2z=15.
2X—Yy -3z =0, —3X+5y+6z=-8, 3X+Yy+z2=-4, X—y+z=-11,
1793x+4y+2z =1, 18:3x+y+2z=-4, 194-3x+5y+62=36, 2045X+Yy+2z=8,
X+5y+2z2=-3. X—4y -2z =-9. X—4y-2z=19. X+2y+4z=16.
3X—-y+z=9, 2X+3y+1z =4, 2X+3y+z=12, X—2y+3z=14,
21:5x+y+2z2=11 2242X+y+3z=0, 2342X+Yy+32=16, 242x+3y—4z =-16,
X+2y+4z=19. 3X+2y+z=1 3X+2y+1z=8. 3X—2y-5z=-8.
3X+4y—-2z =11, X+5y—-6z=-15, 4xX —y = -6,
25:2x—-y—-z7=4, 263X+ y+4z =13, 273X+ 2y +52 =-14,
3Xx—-2y+4z=11. 2Xx—-3y+z=09. X—-3y+4z=-19.
5x+2y—4z =-16, X+4y—-z=-9, TX+4y—z =13,
284 x+3z = -6, 294X -y +52 =-2, 3043x+2y+3z2=3,
2Xx—-3y+z=09. 3y—-7z=-6. 2x -3y +z =-10.
Bapuanm | «x, k, | Bapuanm | «x, K, Bapuanm K, K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
3) 3 -3 15 2 -2 25 -1 5
6 1 S) 16 0 7 26 4 -2




7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1
KoHTpoJbHBIEC BOPOCHI:
1. Yrto Ha3bIBaeTCS OMpPEACTUTEIEM MATPHUIIHI?
2. Kak BeIUMCIUTH ONpeeauTe b BTOPOro mopsiaka?
3. Kakue criocoObl BHIYUCIICHUS OMPEACTUTENS TPETHETO MOPsIAKa BamM
W3BECTHBI?
4. Tlepeuuncnute CBONCTBA ONPECTUTENCH.
5. Chopmynupyiite Teopemy Kpamepa.
6.AnroputM npumeHeHus merozaa ["aycca.
OTBeThI
BapuaH 1 3amanue 2 3a/1aHue BapuaH 1 3amanue 2 3aJ1aHue
T T
2 3 1 2 3 1| 2 3 1 2 3
1. 6 - -84 |-220| 12 16. | - | 63| - |-89 | -100 | 10
18 4 1 24 9
0 6 4
2. -63| - |-63| -68 | 55 17. | - |-65| 68 |-72 | -68 | 45
24 4
4 0
3. 6 - - | 237 | 26 18. | - | 4 - |-62| 232 | 60
18 | 10 2 1 1 11
0 4 0 6
4, -71|-20|-45| -68 | 63 19. |1 |-79114 | -9 | -68 | 59
6 0
5. - - 1-94| 121 | 18 20. | - |14 | - |-64| -220 | 90
21 | 18 2 5 1| 6 |11
41 9 0 0 6




6. - | - |-52]-20| 402 | 14 2. | 0| - | 12 |-21| 8092 | 85
4 | 37 8 5 92
0| 3 5
7. |4 - |14]-19| 130 |-23 22. | 2| - | 76 |-24| 2500 | 9
0(22| 0 8 9130
9 2
8. - 116 | - - |-220 | 28 23. | 4|23 | 20 |-16| 1308 | -85
3] 2 37|13 6 5111 4
0 2 | 8
9. |4 |-87|39 |27 | -68 |-65 24. 13 /-83|26| 9 | -68 | -9
8 6 2 8
10. | 4 |-85| 33 | 18 | -68 |-35 25. | 0| - |12 |-20| 1062 | 90
0 2 60 8
0
11. | 1| - | 14 |-24| 250 | -68 26. | - | 15| - - | -220 | 17
0[30 0 0 2| 8 | 2410 2
4 0 4 | 2
12. | - | - |-52|-36| 130 | 91 27. | 2| - | 76 |-18 | 1308 | 27
2 | 22 8 0| 22
0 3 7
13. | 3| 15|20 | -8 | 452 | -27 28. |1 | 22| - |-73|1212 | 12
9|16 | 4 419 |11 3
6
14. | 1| 63 | 26 | 31 |-100 | 45 29. | 8| - - |-29 ] 4028 | -
6 8 0|37 14 12
9 |0 5
15. [ 4| - | 76 |-26| 402 | -15 30. | 3|65 |33 |46 | -100 | 55
0|37 8 0 2
7
BapHaHT 1 2 3 3)
-12,36,24,- -60,0,240,-




A 12,36,24,12 | -6,12,18,2 12 8,-8,28,4 300
X, ¥,z [3,2,1 -2, 3,-1/3 3,-2,1 -1, 3,5 05 |0,-3,5
BapUaHT 6 7 8 9 10
A -1,-1,-6,-5 | 1,3,-6,-1 -261, - 61,- 96,96,0,-480
1827, 122,244,61
1305, -261
X,y,z |1,6,5 3, -6, -1 7,51 -2,4,1 1,0,-5
BapUaHT 11 12 13 14 15
A -60,- 58,174,116,0 | -6,-6,6,-24 | 6,0,12,6 -6,-6,-12,-24
300,60,-60
XY,z |5-11 3,2,0 1,-1,4 0,21 1,2,4
BapUaHT 16 17 18 19 20
A 44, - -44,-44,44 - | -49,49,- 49,-109,- 217,0,270,-27
44,176,44 |44 245,294 651,782
X, v,z |-1,4,1 1,-1,1 -1,5, -6 -109/49, -93/7, | 0, 10, -1
782/49
BapHaHT 21 22 23 24 25
A 21,9,- 12,-12,24,0 | 12,- -58,-58,116,- | -60,-180,-
60,156 12,36,60 174 60,-60
X, ¥,z | 1/3,- -1,2,0 -1,3,5 1,-2,3 3,1, 1
20/9,52/9
BapHaHT 26 27 28 29 30
A 104,208,- 99,-99,198,- | 67,-150,- 92,-92, -184, |102,0,306,-
104, 208 297 329,-84 0 102
X, ¥,z |2,-1,2 -1, 2, -3 -150/67, -1,-2,0
-329/67, 0,3, -1

-84/67




IIpakTuyeckas padora Ne 2
Tema Pemenue MmaTpuuHbiX ypaBHeHuil, CJIAY MaTpuuHbIM METOAOM.
Heab: HaydUTHCS BBIUUCIATH MUHOPBI, aJreOpandeckue JOMOJHEHHUS,
OMpENEeNIUTEN YETBEPTOTO MOPSIAKOB , HAXOAUTH OOpATHBIE MATPUIIBI ,PEIIATh
npocteimue MmaTpuynble ypaBHeHus1, CJIAY MaTpuyHbIM METOIOM .
Bpemsa BbinonHeHua 90 MUHYT
MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceegeHumA
2.3apaHue
3.JluctA4
4.KanbKynatopbl
MNopaaoK BbInoOHEHUA PaboTbI
1.3yunTb 3agaHue
2. U3yunTb TeOpeTMYECKMEe CBeaeHNA
3. BoinonHute 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
JomauwHee 3apaHue
1.MoarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
Xox padoThl
TeopeTnyeckue cBeIeHUA
Munopom HEKOTOPOTO 3JIEMEHTA aij ONPEACIUTENS 1-20 TOPSAKA HA3BIBACTCS
ompeAenuTens n — 1-ro MOpAAKa, TOJYYEHHBIM U3 MCXOJHOrO0 MNYTEM
BBIYEPKUBAHUS CTPOKM W CTOJIONIA, HAa TEPECEYCHUH KOTOPHIX HAXOIUTCS
BbIOpaHHBIN 25eMenT. O603HavaeTcs mij.
a1 412 413
Tak ecnu A= 021 QAzz2 A3, momqq = [
az1 a3z 04ss

azz a23] m _|a11 a13|
Az, aszl’ 32 Az1 Q23

Anzebpauyeckum 0ononHenuem >SIEMEHTA dij ONPEICIUTENS HA3bIBACTCSA €ro
MUHOp, B3SITBIH CO 3HAKOM «IUTIOCY», €CIU CymMMa | + | — 4éTHOE YHCIIO, M CO
3HAKOM «MHHYCY», €ClIi 3Ta cyMMa HeuétHas. O6o3Hagaetcs Ajj: Ajj= (-1)' "1 * my;
Tax, A1x = +mu, Az = -m3,

Ceoucmeo («Pa3noxxeHue omnpenenurenss MO SJIEMEHTaM HEKOTOPOro psiaay).
Onpenenutens paBeH CyYMME IPOU3BEICHUI 3JIEMEHTOB HEKOTOPOIro pslia Ha
COOTBETCTBYIOIIIE UM aIreOpandeckue JOMOTHEHUS.
[IponmmrocTpupyeM H  OAHOBPEMEHHO JOKaXX€M CBOMCTBO 7 Ha IIPUMEpE
onpenenuTens 3-ero nopsaka. B aTom ciaydae CBOMCTBO 7 03HA4YaET, YTO

a1 Q12 Q13

A= [A21 Q22 Q3| =aqq * A1 + a3 ¥ A1p + aq3 * 413

31 dzz 04z3
B camomMm nene, nmeem
Q2 0423
azz az3

A11 ¥ A1g + aq2 x Agp + a43 * A3 == aqq * | + aqp *



az1 Qpzs az1 Qpp
- + aq3 **
aszq daszs asq, Qs
Ay3031) + a13(Az103; — App031) =
= 0411022033 — A110A3032 — Q120210433 T A120,303; + 41301037 — A1302031
=A

| = ay;(az2a33 — ap3a3;) — ay(az1a33 —

CBOWCTBO COIEPKUT B cede crnocod BHIYUCICHUS ONPEACIIUTENEeH BRICOKIX
MOPSJIKOB.
IIpumep Beruuciute onpeaenuTenb MaTpULbL

3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenue: Jlyig paznoskeHust onpeaenuress 0ObIMHO BEIOMPAIOT TOT Psifl, TJE €CTh
HYJIEBBIE JIEMEHTBI, T.K. COOTBETCTBYIOLIUE UM CJIAraeMble B pa3IoXKeHUH OyyT
PaBHBI HYJIO.

_31 3 361; 5 7 8 5 7 8 5 7 8

0532=3*532+1*532+0*701—

1 -1 7 4 -1 7 4 -1 7 4 -1 7 4
5 7 8

17 0 1[=3x (7 *3 x4+ (1) *x0*2+5+x7x*1-(=1)* 3 *
5 3 2

1-7%7%2-5x0%x4)+ 5«34+ (-1)*«7x*2+5x%7x%
8-(-1) *3*8-5x7%4-5x7*x2)-(5*0*«x2+7x*1x5+
73 %x8-5%0+8-3*1*5-7=x*7=%2)=122

Ceoticmseo . CymMMa TPOU3BEJICHUI 2JIEMEHTOB KaKOTro- JIMOO psja ONMpeacuTelIs
Ha anreOpanyecKkue JOIMOJHEHHS] COOTBETCTBYIOIIMX JJIEMEHTOB MapaiIeIbHOTO
psiza paBHa HYIIO.

Tak, nanpumep, ai11dz1 + aipA2 + a13Az3 =0
Haxo:x1eHue o0paTHOil MATPpHUIIBI.

a1 A1z - Qun

az1 Qzz ... Q2p
Ilycth A — kBagpaTHasi MaTpula n-ro nopsaka A =

An1 An2 - Apm

KBanpaTHas maTpuiia A Ha3bIBa€TCS HEBbIPOIHCOEHHOU, €CIU ONPEACIUTENb A
= det A ne paBen Hyimt0: A = det A = 0. B npotuBHOM citydae (A = 0) matpunia A
HA3bIBACTCS 8bIPOHCOCHHOU.
Marpunen, cow3noii Kk mampuye A, Ha3pIBACTCS MaTpULA
A, Ay .. Ay

A*: AlZ A22 AnZ
A, A, .. A,

n



rae Ajj — anredpanyeckoe JOINOJHEHHE JJIEMEHTa aijj AaHHOW MaTpulbl A (OHO
ompejensieTcss Tak ke, KaK U aureOpanyeckoe JOMOJHEHHE 3IIEMEHTa
OTpeIeNIUTENs).

Marpuna A HaseIBaeTCa 06pammoil MaTpuIE A, €CIIHM BBIIOIHAETCS YCIOBHE
A*Al=Al*A=E,
rae E — equHMYHas MaTpuia TOro e mopsaka, 4yro u Marpuna A. Marpuma A’
HMMEET T K€ pa3Mephbl, UTO U MaTpuua A.
OobOpaTHas maTpuua.

Teopema Bcaxas negvipoocoennas mampuya umeem oopammyio.

A* 1 Ay Ay Az
A"l = ym.e. A™H = *| A1z Az Az
OtmeTuM ceoticmea 0OpaTHON MaTPUIIBI:
1. det (A1) =1/det A;
2. (A*B)yl=B1*Al
3. (AHT=ADH1,
Ipumep Haiitu A, eciiu A= ( 2 3)

-1 1
Pemenne: 1) Haxoqum det A: det A = _21 i =24+3=5%#0
2) HaXOIII/IM A*I A11: 1, A21 = -3, A12 = - (-1) = 1, Azz = 2,

nosromy A* = (1 _23)

1 -3
3) Haxomum A1 A71 = ?(1 _23) _ (1/5 , /5)
/s /s

[IpoBepka:
1_(2 3 1/5 =-3/5\ _(2/5+3/5 -6/5+6/5
e 1)*(1/5 2/5 ) B (—1/5+ 1/5  3/5+2/5 )

(3 9

Ipumep Onpenenutsb, MpU KaKUX 3HAYCHUAX O CYIICCTBYET MaTpHIla, oOpaTHas
TaHHOU

1 -2 2
A=|la 3 0
2 1 1

Pemiennie: Bcesikas HEBBIpOXKJEHHAas MaTpulla uMmeeT oOpaTHyto. Haiigém
ONpeAEeIUTENb MAaTPULBI A

1 -2 2
AMA=|la 3 0/=3-0+ 20-12-0+ 20 = 40-9
2 1 1

Ecmu 40— =0, 1.€. a = 9/4, 10 AA = 0, T.c. MaTpuIla A HEBBIPOXKICHHAS, IMEET
00paTHYIO.
IIpumep [lokazats, uTo MaTpuna A siBisieTcss ooOpaTHoil 1 B, eciou



1 1 1 3 -3 1
A= (1 2 3>,B =<—3 5 —2)
1 3 6 1 -2 1

Pemenue: Haliném npousBenenne matuil A u B:

1 1 1 3 -3 1
A*B=<1 2 3)*(—3 5 —2)
1 3 6 1 -2 1
3-3+1 -3+5-2 1-2+1 1 0 O
=|!3-6+3 -3+4+10—-6 1—-4+4+3)|==|0 1 0]|=E
3—-94+6 —-3+15-12 1-6+6 0 0 1
Ananorununo B * A = E. CnenoBarensHo, MaTpunia A siBisieTcss oOpaTHo# st B.

HYCTB JdaHa CUCTEMA n HHHeﬁHBIX ypaBHeHI/Iﬁ C n HCU3BCCTHBIMHU
a11x1 + a12x2 + + alnxn = bl
a21x1 + a22x2 + + aann = bz
Ap1Xq + ApaXy + - AppXy = by
WK B MaTpuyHoOit popme A * X = B.

OCHOBHaH MaTpuia A TaKOW CUCTEMBI KBaJIpaTHasi. OHpe)IeJII/ITeJIB ITOM MaTpHUIbI
a1 ain

A=

Ani - Qpn
Ha3bIBACTCS onpedenumenem cucmemsl. ECIIA onpeennTe s CUCTEMBI OTIIMYEH OT

HYJISl, TO CUCTEMa Ha3bIBACTCS HEGbIPOMCOEHHOLI.

Haiiném perenne qaHHOM cucTeMbl ypaBHEHHH B ciiydae A # 0.

YMHOXHMB 00€ yacTu ypaBHeHus A * X = B cieBa na marpumy A, momyunm A’
*A*X=At*B Iockombky A* A=EuE*X=X, 10 X=A1*B,
Otpickanue pemeHuss cucteMbl 1o  (opmyrne (4.1) Ha3BIBAIOT MaAmMpuiHbiM
CNOCOOOM PEILICHUS CUCTEMBI.

3amaHus 1J15 BbINOJHEHUA NMPAKTHYECKOI padoThl

3aganue 1
2 11w 1 -2 1 «k,
JlaHBI onIpeIeInTeNIN: 1) A = 1 23 2) A_—Z 3 kx, 2
pen : ik, 2 1 : =\, 3 _o a4l
-2 13 -3 1 2 3 4

1) Haiitu MMHOpBI M areOpandecKre TOMOIHEHHS JIEMEHTOB i3, d,;

2) BbIUHCIUTH ONPEaCIUTENH, PA3I0KUB X 0 dJEMEHTaM a) I-0ii CTpOKH, 0)
J-ro cronodia

Bapuant | «x, K, i ] | Bapuanr | x K, i ]




1 3 -2 1 2 16 4 -1 2
2 4 1 2 1 17 5 1 1
3 3 -4 1 3 18 2 0 3
4 2 1 3 4 19 -2 1 4
3) 3 -3 4 1 20 2 -2 1
6 1 5 2 2 21 0 7 2
7 -2 3 1 4 22 -1 4 4
8 6 -2 4 3 23 -3 3 3
9 -6 1 2 1 24 -4 1 1
10 -5 1 1 1 25 0 8 1
11 -2 4 3 2 26 4 -2 2
12 1 3 4 3 27 -1 3 3
13 -3 2 2 4 28 2 -3 4
14 -4 -1 1 2 29 -2 3) 2
15 -1 3) 3 1 30 -5 -1 1
k, -2 -1
3amanume 2. Jlana maTpuna A= 2 1 2 |. Haiitu
3 -x, 4
a)A™" unposepumo, umo A-A" = A" -A=E
6) A+ A"
Bapuanm K, K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 1 17 5 1
3 3 -4 18 2 0
4 2 1 19 -2 1




3) 3 -3 20 -2
6 1 5 21 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
3aganue 3
1. PemmuTh cucTeMbl ypaBHEHUM ¢ MTOMOIIBI0 0OpaTHON MaTPHUIIBI
(MaTpUYHBIM METOIOM).
2X+Yy+3z2=7, 2X—Yy+22=3, X—-y+z=12,
1.142x+3y+z =1, 1.2x+y+2z=-4, 1.3x+2y+4z =6,
3X+2y+1z=06. 4X+y+4z=-3. SX+y+2z=3.
2X—Yy+3z =4, 3X—-2y+4z =12, 8x+3y -6z =4,
1.45x+3y+3z=1], 1.543x+4y -2z =6, 164X+y—z2=2,
X—2y+2z=-1. 2X—-y—-z=-9. 4x+y—-3z=-5.
4x+y—-3z=9, 2X+3y+4z =33, 2X+3y+4z =12,
17x+y—-z2=-2, 1.8.7x -5y =24, 1.947x-5y+17z=-33,
8x+3y -6z =12. 4x+11z = 30. 4X+z2=—1.
X+4y—17 =6, 3X-2y+4z=21, 3Xx—-2y -5z =5,

1.1045y +4z =20,

3X—2y+52=-22.

1.1143x+4y—-2z=9,

2x—-y-2=10.

1.12:2x+3y -4z =12,

X—-2y+3z=-1




4x+y+4z =19, 2X—Yy+2z =0, 2X—Yy+22=38,
1.1342x—-y+2z =11, 1.144x+y+4z =6, 115 x+y+2z =11,
X+y+2z=8. X+y+2z=4. 4x+y+4z =22.
2X—-y—-32=-9, 2X—Yy—-3z=0, —3X+5y+6z=-8,
1164 x+5y+2z =20, 1.17:3x+4y+2z2 =1, 1.18.3x+y+2z=-4,
3X+4y+2z=15. X+5y+z=-3. X—4y -2z =-9.
3X+Yy+2z=-4, X—-y+z=-11, 3X—y+2z2=9,
1.194.-3x+5y +62z =36, 1.2045x+y+2z =8, 1.21:5x+y+2z =11,
X—4y -2z =19. X+2y+4z=16. X+2y+4z=19.
2X+3y+2z =4, 2Xx+3y+1z2=12, X—2y+3z=14,
1.22:2x+y+3z=0, 1.23.2x+y+3z =16, 1.24:2x+3y -4z =-16,
3X+2y+z=1 3X+2y+z=8. 3Xx—2y-5z=-8.
3x+4y -2z =11, X+5y—6z =-15, 4X —y = -6,
1.25:2x—-y -z =4, 1.26:<3x+Yy+4z =13, 1.2753x+ 2y +5z = -14,
3X—-2y+4z=11. 2Xx—-3y+z=9. X—-3y+4z=-19.
5x+2y—-4z =-16, X+4y—-z=-9, X+4y—-272=13,
1.28< x+ 3z = -6, 1.2944x -y +52 =-2, 1.3043x+2y+3z2=3,
2x—-3y+2=0. 3y—-7z=-6. 2x -3y +z=-10.
OTBeThI
3ananue 1
BapuaHT | Miz | My | Az | Ay A | BapuaHT | Miz | My | Aiz | Ayj A
1. -72 | 52 | 72 | 52 | 58 16. | -33 | 15 | 33 | -15 | 24
50 | -30 | -50 | 30 | 160 25 | 65 | 25 | -65 | 175
2. 9 15 -9 | -15 | 18 17. | -27 | 26 | -27 | 26 | 14
-15 | 55 | -15 | -55 | 145 50 | -15 | -50 | -15 | 160
3. 14 | -88 | -14 | 88 | 82 18. | -19 5 | -19 | -5 | 47
50 | -40 | 50 | 40 | 180 -12 | 60 | -12 | -60 | 120
4, -191 6 | -19| 6 26 19. | 15 | -33 | -15 | 33 | 42
-19 | 10 | 19 | 10 | 115 2 | -15 | 2 15 | 55




S. 7 10 | -7 | -10 | 70 20. | 72 | 24 | 72 | 24 | 89

-11 | 75 | -11 | 75 | 170 50 | 10 | -50 | 10 | 130

6. 36 | 94 | -:36 | 54 | -90 2. | 35 | 25 | -35 | 25 -

200

) 5 -5 5 | 100 15 | 15 | -15 | 15 | 115

7. 93 | 6 | 93 | -6 | -72 22. | 74 | -10 | -74 | 10 -

106

50 | 10 | 50 | 10 | 85 10 | 40 | -10 | -40 | 100

8. 46 | -58 | -46 | 58 | -20 23. | 44| 6 | 44| -6 | -86

-8 | -30 | 8 30 | 250 -33 | 10 | -33 | 10 | 80

9. -61 | -35 | 61 | 35 | 58 24. | 27 | <713 | -27 | -713 | 50

-15 | 55 | 15 | -55 | -5 50 [ -15 | 50 | -15 | 25

10. | 27 | -30 | -27 | 30 | 54 25. | 258 | -5 - 5 -

258 239

50 | 55 | -5- | -55 | 10 50 | 20 | -50 | -20 | 120

11. | -39 | -78 | -39 | -78 | - 26. | -54 | -54 | 54 | 54 | 27

129

40 | O 40 0 | 100 -30 | -30 | 30 | -30 | 190

12. | 21 | 12 | -21 | -12 | -30 27. | -34 | -6 | -34 | -6 | -58

7 -5 | -7 5 | 100 -33 | 10 | -33 | 10 | 90

13. | 40 | O 40 0 | -20 28. | -13 - 13 - | 110
115 115

-10 | 10 | 10 | 10 | 60 -11 | -35 | 11 | -35 | 135

14. | -39 | -19 | -39 | -19 | 200 29. | 21 | 15 | 21 | 15 -

186

50 | -25 | -50 | -25 | -25 5 35 | -5 | -35| 115

15. | -34 | -10 | -34 | 10 - 30. | -39 | 42 | -39 | 42 | 222
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47 | 35 | 47 | -35 | 110 5 | -25 | -0 | 25 | -50
3amanue 2
2 3 4 5
0 6 -3 4 -4 3 6 9 -3 2 _5 3
2 15 -s] l[ﬁ 9 ‘3] 1l 2 _15 s] —1[-2 11 —ﬁ] —1[2 ~15 s]
=1 -2 15 -8 13 21 5
1 -12 7 P 5 18 -7 5 —4 6 3 15 -7
5 -3 7
7 8 9 10
~10 —-11 3 0 6 -3 6 -9 3 6 -9 3
14 13 ‘3] -1[ 2 5 —2] -1[—2 27 —14] —1[ 2 21 -10 —1[ 2 17 —s]
-2 7 _4 7 3 27 21
9 12 -2 1 —18 10 5 12 2 5 11 1
13 -1 5
12 13 14 15
~12 12 3 10 11 -3 8 —10 3 ~2 -7 3 14 13 -3
2 5 —2] 7—13[—2 7 —4] 1—13[2 9 —4] ;[2 13 —ﬁ] -;[—2 -1 0
11 14 -2)| "\l_9 _3 5 7 12 -1 1 2 0 ~13 —11 3
17 18 19 20

2 7 -3 6 9 -3 4 8 -3
1—13[—2 19 —m] —1[—2 23 —12] <l-2 1 —ﬁ]
-1 -10 8 -5 -1 9

—6 -9 3 0 6 -3
—;[ 2 5 —2] —;[—2 11 —5]
-3 -6 6 5 8 -2 1 —-10 6

B

-

22 23 24 25

18 15 -3 12 12 -3 ~10 —11 3 -6 -9 3 20 16 -3
[—2 3 —2] -;[—2 -1 r;;.] 1—1?[2 9 —4]1—15[2 13 —5] ;13[—2 3 -2
~17 -6 4 ~11 —-10 3 9 15 -1 5 10 0 119 6 4

27 28 29 30
0 6 -3 10 11 -3 _2 -7 3
—2 19 —m] —;[—2 -1 D] (2 3 (-3 ;[ 2 17 —a]
1 -14 8 ~9 _9 3 s 2 11 ¢ |l 2 ° -2 11 1
~3 12 -6 13 16 -2




KoHnTpoJsbHbIE BONIPOCHI

Nkl WD =

Uto Ha3bIBA€TCSI MUHOPOM?

Urto HazbIBaeTCs anreOpanvyeckuM JOMOJTHEHUEM AJIEMEHTa MaTpULIbI?
Kaxk pa3noxuTh onpeaenuTesns Mo 3JIeMEeHTaM CToI0La Ui CTPOKU?
Kakast maTpuna Ha3bIBa€TCSl HEBBIPOKAECHHOM ?

TpancnoHupoBaHHass MaTpULA.

Kaxkast MaTpuiia HazbiBaeTcsi 0OpaTHOMW MO OTHOIICHHUIO K JJAHHOM?
KaxoB nopsiiok BeIYHciieHrs 00paTHON MaTpHIlbI?

ANTOpPUTM pelieHns NPOCTEUIEro MaTPUYHOIO YpaBHEHUS




IIpakTuyeckas padora Ne 3 o Teme
«JIeMeHTbI BEKTOPHO# ajaredposn)

]_[e.m,: HpOBepI/ITB SHAHUSA U YMCHUA 110 HAXOKJICHUIO: KOOPAUHAT BCKTOPA,
onepaunﬁ HaJl BCKTOpaMH, MOJAYJISI BEKTOpPA U CKAJSIPHOT'O IIPOU3BCACHUS,
BCKTOPHOTO IMPOU3BCACHHNA, CMCIIIAHHOI'O ITPOU3BCACHU.

Bpems BbinosniHeHUA 90 MUHYT

MarepuanbHoe obecneuyeHue
1.TeopeTnyeckune ceegeHuA
2.3apaHue
3.JIuctA4
4.KanbKynatopol
MopAapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune
2. I3yunTb TeopeTUyeckme ceeaeHuns
3. BoinonHutb 1 opopmutb paboty
4.lToKa3aTb pe3ynbTaTbl NpenogasaTesito
AomawHee 3apaHune
1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
Xop, pabotbi
TeopeTnyeckue cseaeHuA

BeKTOopHOe npousBeaeHue BEKTOPOB.

Onpejienenne. BeKTOPHBIM NPOU3BeIeHHEM BEKTOPOB GH b HA3bIBAETCS

BEKTOP ¢, YAOBJIETBOPSAIOIINAN CIEAYIOIINUM yCIOBUSIM:

1) |g| =|§|-‘5‘ sin ¢, TJIe @ - YrolI MEXIy BEKTOPAMH GH b, shp>0; 0<p<rx

2) BEKTOp ¢ OPTOTOHANEH BEKTOPAM G H b

3) @, bu & 006pa3yIoT MPaByI0 TPOHKY BeKTOpoB. OG03HAYACTCA: ¢ =d xb



WIN ¢ =[a,b].
axh

CBoiicTBa BEKTOPHOI'0 NIPOM3BEACHUS BEKTOPOB:

1) bxd=—axh;

O

2) Gxb=0,ecn | |b wm a=0wm b=0;

3) (ma)xb=ax(mb)=m(axb);

(=]
x
=)

Xb+ ax ¢,

1
INY

4) ax(b+ &)

5) Ecnu 3a1anb1 BEKTOPBI G (Xa, Ya, Za) ¥ b (Xb, Y, Zb) B J€KAPTOBOH

HpﬂMOYFOJIBHOﬁ CUCTCMC KOOpAUHAT C CAMHUYIHBIMHU BCKTOPAMU ;, i,k , TO

~

j k
a ya Za

Xy, Yy 2y

NVl
X
S
I
=

6) FGOMGTpI/I‘IGCKI/IM CMBICJIOM BCKTOPHOI'O ITPOU3BCACHUA BCKTOPOB ABJIACTCA

na0WA0L napannenoZpamma, TOCTPOCHHOIO Ha BEKTOpax aH b .

7) MexaHnYeCKHi CMBICI BEKTOPHOTO mpou3BeaeHus . [IycTh Touka A

TBEpIOTO TeJa 3aKpervieHa, a B ero Touke B npunoxena cuna F. Torna
BO3HUKAET BpalllaTebHbIi MOMEHT M (MoMeHT cuiibl). [lo onpenenenuto

MOMEHT CHJIBI OTHOCHUTEJIBHO TOUYKH A HaxoauTcs no ¢popmyne M = ABxF -

BEKTOPHOE TIPOM3BEICHNE BEKTOPOB AB U F
Ipuao:KeHnst BEKTOPHOT0 NPOU3BeeHUsI BEKTOPOB.
Yemanoenenue KoiuHeapuocmu 6eKmopoe:

Ecmm a || b, To axb=0 (1 HaoGopoT ), T.c. :

i 3k
= i i (i} "
axb=|a: o a. =Iﬁ—r=—y=—21:rﬁ||h_
b b b

Haxoscoenue niowadu napanienozpamma u mpey20abHUKA.



CoracHO Ope/IeIeHUIO BEKTOPHOTO MTPOM3BEICHHS BEKTOPOB & U b

axb =|§|-‘5‘sin ¢ , T.€. Smap.= ‘axﬁ‘ ¥ 3HAYUT, STpeyF.Zl/Z*‘éxf)‘

Ipumep. HaliTu BEKTOPHOE IPOU3BENEHHUE BEKTOPOB G =2i +5) +k U

-2 5 .
+k =-17i +7j k.
3 1 2

IIpumep. Boruncnuts miomaas TpeyrojibHUKa ¢ BepiminHamu — A(2, 2, 2),

B@4, 0, 3), C(0,1,0).

AC =(0-21-2:0-2) = (-2-1-2)
AB = (4-20-23-2) = (2-21)
i j ok
ACxAB=-2 -1 -2=7 » A% At _lzi(—1—4)—”'(—2+4)+
2 1|2 172 -2 /
2 -2 1
+k(4+2)=-5[ =2 +6k.
‘ACXAB‘ =/25+4+36 =-/65. S, =§ (emd).

Hpumep. Haiitu nomaae napamienorpamma, HOCTPOEHHOTO Ha BEKTOpax
G+3b; 3a+b,ecmn [a=|p|=1; arb=30"
(G+3b)x(3d+b)=3GAxd+dxb+9bxd+3bxb=-bxd+9bxad=8bxad
S = 8b|a]sin 30° = 4 (ex?).

Cmewiannoe npouszeedeHue 6eKmMopoe.

Omnpenenenue. CMelIaHHBIM NPOU3BEJEHUEM BEKTOPOB a4 , b U ¢
Ha3bIBAETCSl YUCIIO, PABHOE CKAJIIPHOMY IPOM3BEIICHHUIO BEKTOPA & HA BEKTOP,

PaBHEI BEKTOPHOMY TTPOM3BEICHUIO BEKTOPOB b H ¢ .



).

o

O6o3Hauaetcs a-b-¢um (a, b,

CMelIaHHOe TIPOU3BEEHUE G-b-¢ O MO0 PaBHO 00beMy HapajulelenuIena,

MIOCTPOCHHOTO HAa BEKTOpaX d, bué,re V =‘§-6-6‘

Ceoiicmea cmewannoz2o np0u3ee0enuﬂ:

1.CmMenianHOE IPOU3BEICHUE PABHO HYJIIO, €CIIU: &) XOTh OJIUH U3 BEKTOPOB

paBeH HyJ10; 0) JIBa U3 BEKTOPOB KOJIJIMHEAPHBIC; B) BEKTOPHI KOMILJIAHAPHBI.

1

o (ax b)-€=4a-(bx€)=c-(bxa) cmMemannoe MPOU3BEICHUE HE MEHSETCS MpHU
IMUKITNYCCKOHN TIEpeCTaHOBKE BEKTOPOB;

3 (ax 5) c=4a- (5 xC) CMeIIaHHOE MPOM3BEICHUE HE MEHSETCA IpH
NIEPECTAHOBKE 3HAKOB BEKTOPHOTO U CKAJIIPHOTO YMHOXCHHUSI.

4. (a,b,c)=(b,c,a)=(c,a,b)=—(b,a,c)=—(c,b,a)=—(a,c,b)

5 (A, + i, ,b,¢) = A(G,,b,¢) + u(d,,b,c)

6. O6beM TPEeyroJibHOM MUpaMuU/Ibl, 00pa30BaHHON BEKTOpPaMU G, b U ¢, paBEH

o

S I T
7.Ee G = (x,01,2), b =(x,,5,2,)s € =(X3,5,2,), T0(@,0,6) =|x, ¥, 2,

X3 V3 I3
8. abc =—ach =—bac =cba - cMemaHHOe mNpOM3BENEHHE MEHSET 3HAaK Ha

IPOTUBOINOJIOKHBIA  IIPU  IIEPEMEHE  MECT JIOOBIX JBYX  BEKTOPOB-
COMHOXHUTEJIEH
9. Ecmu ab¢ >0, To 4,b,¢ - mpaBas Tpolika

Mpumep. Joxasats, uro Touku A(5; 7; 2), B(3; 1; -1), C(9; 4; -4), D(1; 5; 0)
JIe’)KaT B OJJHOM IIJIOCKOCTH.

AB = (-2;-6;])

Haiinem koopimHaThl BEKTOPOB: AC = (4,-3;-2)

AD = (—4;-22)

Haiinem cmemaHHO€ NpOU3BEACHUE MOJYYEHHBIX BEKTOPOB:

-2 -6 1| -2 -6 1 0 -6 1

—_— — —

AB-AC-AD=4 -3 -2=/0 -15 0=|0 =15 0}=0,

-4 -2 2 10 10 O |0 10 O

Takum 00pa3oMm, MOJYYEHHBIE BBIIIE BEKTOPbl KOMILJIAHAPHBI, CJIEI0BATEIBHO

touku A, B, C u D nexar B 04HOM IIITOCKOCTH.



IIpumep. Haiitn 00beM nupaMuibl U JJIMHY BBICOTHI, OIMylIeHHOW Ha rpanb BCD,
ecym BepmuHbl uMetot koopauHatel A(0; 0; 1), B(2; 3; 5), C(6; 2; 3), D(3; 7; 2).

BA = (-2;-3;-4)
Hainem koopiHaThl BEKTOPOB: BD = (1;4;-3)
BC = (4:—1;-2)
R I
=—=|1 4 =3/=—(2(-8-3)+3(-2+12)—4(-1-16)) =
O6beM nupaMu/Ibl 6 |, | _, 6 ) +3(2+12) = 4( »

= é(zz +30+68) = 20(ed?)

JIns HaxoXJIEeHWsS JJIMHBI BBICOTHI THPaMUIbl HaWIeM CHayajga IUI0Ma/b
ocHoBanusg BCD.

i ] ok
BDxBC =|l 4 -3=i(-8-3)—j(=2+12)+k(-1-16)=—-11i —=10] —17k.
4 -1 =2

BD x BC| =112 +10> +17% =+/121+100+289 =~/510

Soen = 510/2(en?)

h J
Tk V= Do L opor 120 4 510-(CII)
3 S.. 510 17

3aAaHuA NpaKTU4YecKkou pabotbl

3ananus
1. TTo koopaunatam Touek A, B u C 1 ykazaHHbIX BEKTOPOB HAWTH:

a) Koopaunatel BekTopoB a= AB,b=BC, c=AC,d =BA, p=CA

b) Moayns BekTopa & =34 +6—d

¢) CkanspHoe Mpou3BecHNE BEKTOPOB a u b;

d) Ipoekmuro BexTopa ¢ Ha BekTOp d;

e) Koopaunatbel Touku M, nensiieii oTpe30K p B OTHOIICHUH e & £



Koopannatsl

o B
BapuanTo: Koopaunatel | KoopanHartel Toun C

TOYKH A TOYKH B o i

1. (-2.1.3) (3.-6. 2) (-5.-3. -1) 1 3
2. (1.3.6) (-3.4.-5) (1.-7.2) 1 2
3. (7,2,1) (5.1, -2) (-3.4,5) 2 1
4. (3.5, 4) (-2,7,-5) (6, -2, 1) 3 2
S. (5.3.2) (2.-5.1) (-7.4,-3) 2 3
6. (11,1, 2) (-3,3,4) (-4,-2,7) 1 2
7. (9.5.3) (-3.2,1) (4,-7,.4) 3 1
8. (7,2,1) (3.-5, 6) (-4, 3, -4) 3 2
9. (1, 2,3) (-5,3,-1) (-6, 4, 5) 2 1
10. (-2,5,1) (3.2, -7) (4,.-3.2) 4 1
11. (3,1, 2) (-4, 3, -1) (2,3, 4) 2 1
12. (3.-1,2) (-2,4,1) (4,-5.-1) 1 3
13. (4,5,1) (1.3.1) (-3.-6. 7) 3 4
14, (1,-3.1) (-2, -4, 3) (0. -2, 3) 2 3
15. (5.7, -2) (-3.1,3) (1, -4, 6) 4 3
16. (-1.4,3) (3.2, -4) (-2,-7,1) 1 3
17. (5.4,1) (-3.5, 2) (2,-1,3) 3 1
18. (2.-1.4) (-3.0.-2) (4,5, -3) 2 1
19. (-1. 1. 2) (2,-3.-5) (-6. 3. -1) 1 2
20. (1.3.4) (-2.5.0) (3.-2, -4) 2 3
21, (1.-1.1) (-5.-3.1) (2.-1,.0) 3 2
22. (3.1.2) (-7. -2, -4) (-4. 0. 3) 2 1
23. (-3.0,1) (2,7,-3) (-4, 3, 5) 1 3
24, (5.1.2) (-2, 1, -3) (4,-3.5) 2 3
25. (0.2, -3) (4,-3.-2) (-5. -4, 0) 1 2
26. (3.-1.2) (-2.3.1) (4,-5, -3) 3 4
21. (5.3.1) (-1, 2, -3) (3.-4.2) 1 2
28. (3.1, -3) (-2.4.1) (1.-2,5) 3 4
29. (6.1, -3) (-3.2,1) (-1, -3, 4) 4 3
30. (4,2, 3) (-3.1. -8) (2. -4, 5) 3 2

3ananue 2

1. Jlaubl BexTOpHI 8, b 1 ¢. HeoOxonumo:
a) BBIYUCIIUTh CMEIIAHHOE TPOU3BEIECHUE TPEX BEKTOPOB;
0) HaliTH MOYJTb BEKTOPHOTO MTPOU3BEICHNUS,

B) BBIYUCJIUTH CKAISIPHOE MPOU3BEJEHUE IBYX BEKTOPOB;
T') IPOBEPUTH, OYIYT JIN KOJUTMHEAPHBI WJIM OPTOTOHAIILHEI IBa BEKTOPA;
1) IPOBEPUTDH, OYAYT U KOMIUIAHAPHBI TPU BEKTOPA.

Bapua | Bextopsl Cwmemanno | Monyn
HT e b
IPOU3BEAE | BEKTOP

Ckansip
HOE e

pOU3BE

apHBI
158105

Kommnu

Kommnanapu
OCTb
BEKTOPOB




HUE H I IEPIIEH

JI.K

IIPOU3B
BEKTOP
ell.

OB
a=2i-3j+k, | a,3b,c 3a,2c¢ b,—4c a,c a,2b,3c
b= j+4k,
c=51+2j-3k
a=3i+4j+k, | 5a,2b,c 4b,2c¢ a,c b,c 2a,—3b,c
b=i-2j+7k,
c=-3i-6j+21k
a=2i—-4j-2k,| a,2b,3c 3a,-7¢ —2a,c a,c 3a,2b,3c
b=7i+3]j,
c=3i+5]-7k
a=-T7i+ 2k, a,—2b,—7c | 4b,3c 2a,—7C b,c 2a,4b,3c
b=2i-6]j+4k,
c=i—-j+2k
a=—-4i+2j-k,| a, 6b,3c a,2b a,—4c a,b a,6b,3c
b=3i+5j-2k,
c=j+5k
a=3i-2j+k, | a,—3b, 2c 5a,3c —2a,4b a,c 5a,4b,3c
b=2j-3k,
c=-3i+2j-k
a=i-j+3k, 7a,—4b,2c | 3a, 5¢c 2b,4c b,c 7a,2b,5c
b =2i+3j-5k,
c=7i+2j+4k
a=4i+2j-3k,| 2a,3b, C 4a,3b b,—4c a,c 2a,3b,—4c
b =2i+Kk,
c=-12i-6j+9k




9 a=—i+5Kk, 3a,—4b,2c | 7a,-3c | 2b,3a 6,C 7a,2b,—3c
b=-3i+2j+2k,
c=-2i-4j+k

10 a=6i—-4j+6k,| 2a,—4b,3c | 3b,-9c 3a,-5¢ a,b 3a,—4b,—9c
b=9-6j+9k,
c=i-8k

11 a=>51-3j+4k, | a,—4b,2c —2b,4c | —3a,6¢ b,c a,—2b,6¢
b=2i-4j-2k,
c=3i+5j-7k

12 a=-41+3]—-7k|, —2a,b,—2c 4b,7¢ 5a,—3b b,c —2a,4b,7¢c
b=4i+6j-2k,
c=6i+9j-3k

13 a=-5i+2j-2k|, 2a,4b,-5c —3b,11c | 8a,—6¢C a,c 8a,—-3b11c
b =7i-5k,
c=2i+3j-2k

14 a=-4i—-6j+2k|, 5a,7b,2c —4b1la | 3a,-7cC a,b 3a,7b,—2c
b=2i+3]-Kk,
c=—-i+5j-3k

15 a=-4i+2j-3k| 5a,—-b,3c —7a,4c | 33,9b a,c 3a,—-9b,4c
b =-3j+5k,
c=6i+6j—4k

16 a=-3i+8]j, 4a,—6b,5¢ —7a,9¢ | 3b,—8c b,c 4a,—6b,9c
b=2i+3j-2k,

Cc=8i+12] -8k




17

a=2i—4]- 2k,
b =—9i+ 2k,
c=3i+5j-7k

7a,5b,—c

—5a,4b

3b,—8c

7a,5b,—c

18

a=9i-3)+k,
b=3i-15]j + 21K
C=i-5j+k

2a,—7b,3¢c

—6a,4c

5b,7a

b,c

2a,—7bh,4c

19

a=-2i+4)-3k
b="5i+ j—2k,
c=Ti+4j-k

a,—6b,2c

—-8b,5¢

-9a,7cC

a,b

a,— 6b,5¢

20

a=-9i+4]-5K
b=i-2j+4k,
C=-5i+10j -2

Ok

—2a,7b,5¢

—6h,7¢C

9a,4c

b,c

—2a,7hb,4c

21

a=2i—7]+5k,
b =—i+3j -6k,
Cc=3i+2]j—4k

—3a,6b,—c

5b,3c

7a,—4b

b,c

7a,—4b,3c

22

a=7i—4j-5k,
b=i-11j+ 3k,
c=bi+5j+3k

3a,—7b,2¢

2b,6¢c

—4a,-5c

—4a,2b,6¢C

23

a=4i—-6] -2k,
b=-2i+3j+Kk,
c=3i-5j+7k

6a,3b,8¢c

—7b,6a

—ba, 4c

a,b

—5a,3b,4c

24

a=3i—]+2k,
b=—i+5j—4k,
C=6i—2j+4k

4a,—7b,—2c¢c

6a,—4c

—2a,5b

6a,—7b,—2c

25

a=-3i—j—5k,
b=2i-4j+8k,
c=3i+7j-k

2a,—b,3c

—-9a,4c

5b,—6¢

b,c

2a,5h,—6¢C




26 a=-3i+2j+7k, —2a,b,7c 5a,—2c | 3b,c a,cC —2a,3b,7c
b=i-5k,
c=6i+4j—k
27 a=3i—j+5k, | —3a,4b,—5c | 6b,3C a,4c b,c —3a,4b,-5¢
b=2i-4j+6k,
c=i-2j+3k
28 a=4i-5j-4k,| a,7b,—2c —5a,4b | 8¢,—3a a,cC —3a,4b,8c
b=5i-j,
c=2i+4j-3k
29 a=-9i + 4k, 3a,—5b,—4c | 6b,2c —2a,8c¢ b,c 3a,6b,—4c
b=2i—4]+6k,
c=3i-6j+9k
30 a=5-6j—-k, | 5a,3b,—-4c 4b,a 7a,—2c a,b 5a,4b,—2c
b=4i+8j-7k,
c=3j-4k
OTBeThI
Koopauna | Koopauna | Koopauna | Koopaunart | I'pan | Oteet | OTBE
THI THI TBI bl b T
Bapuan a)
T BEPIIHHBI | BEPIINHBI | BEPIIWHBI | BEPIIMHBI a) 0)
A B C pl|
1 |AB 4,5 | B(1,2,1) | C(-2,-3, | D@3, -6, - J2114 | 42
6) 3) ACD
2 A(-7,-5, | B(-2,5,- | C(3, -2, D(l, 2, 2) V1350 | 82/3
6) 3) 4) BCD




3 [A@Q 3,1 [B(-1,4,6)[C(-2,-3, [D(@3,4,-4) [ACD | Jgo1 |3
4) 2
4 |AQ,4,1) |B(-3,-2, [C@3,5,-2) |D(4,2,-3) |ABD | 395 |25/3
4)
5 |A(5 -3,- |B(1,4,6) |C@3,2,-2) | D@, -2,4) |ACD | Jerzr | 304/
4) 2 3
6 |A_3,42) |B(-2,3,- |C#4,-36)| D@6 -53) |ABD |s/26 |40
5)
7  |A(-4,6, |B@3,-51)|C2,6,-4) | D2, 4,-5) |ACD | Joa |70/3
3)
8 |A(7,58) |B(-4,-5 |C(2,-3,5) |DG5,1,-4 |BCD |56 |202/
3) 3
9 |A@3,-26)|B(-6,-2, |C(,1,-4)|D(4,6, -7) |ABD | 4050 |52
3)
10 |A(5, -4, - |B(7,3,-1) | C(6,-2,0) |D@3,2, -7) |BCD | Jiazz |42
3) 2
11 |A@B,-5,- |B(-4,2,3) |C(,5, 7 |D(-2,-4,5) | ACD | Jeoss | 202/
2) 2 |3
12 |A(7,4,9) |B(,-2,- |C(-5,-3, |D(,-3,4) |ABD |3J131 |50
3) 0)
4  |A(4, -7,- |B(-4,-5, [C(2,-3,3)|D(@3,2,1) |BCD |2/69 |148/
3) 7) 3
14 | A(-4,-5,- |B(3,1,2) |C(5,7,-6) | D(6,-1,5) |ACD | 3/s09 | 110
3)
15 |AGB,2,4) |B(-3,5 - |C(1,-58) | D@, -3,5 |ABD | 24299 | 286/
7) 3
16 | A(-6,4,5) | B(5,-7,3) | C4,2,-8) | D(2,8,-3) |ACD | 104117 | 150
17 |AG,3,6) |B(-3,-4, |C(5-6,8) | D@40, -3) |BCD | 2202 |332/
4) 3




18 |AG, -4, 4) [B(-4,-6, |C@3,2,-7) | D(6, 2, -9) |ABD | 64115 | 82/3
5)
19 [A(-7,-6,- |BG, 1,-3) | C(8,-4,0) | D@3, 4,-7) |BCD | yiss | 86/3
5) 2
18 |AG, -4, 4) |B(-4,-6, |C@3,2,-7) | D(6,2,-9) |ABD | 64115 | 82/3
5)
19 |A(-7,-6,- |BG, 1,-3) | C(8,-4,0) | D@3, 4,-7) |BCD | yiss | 86/3
5) 2
20 |A(7,-1,- |B(1,7,8) |C@3,7,9) | D(-3,-5,2) | ACD | V5957 | 124/
2) 3
21 |A(,2,7) |B(7,6,- |C(-7,-6, |D(l,-5,2) |ABD |+3104 |76
9) 3)
22 |A(-2,-5,- |B(-6,-7, |C(4,-5,1) | D(2, 1,4) |BCD |isoz |226/
1) 9) 3
23 |A(6,-3,- |B(5,1,7) |C(3,5,-1) | D(4,-2,9) | ACD | vza101 | 4/3
5) 2
24 |A(7,4,2) |B(5,3,- |C(L,-53)|D(7, -9, 1) |ABD | Jiit61 | 186
9)
25 |A(-8,2,7) | B3, 5 9) |C(2 4, -6) | D(4, 6,5 |ACD | 2146 | 296/
3
26 | A4 3,1) |B@27,5) |C(-4 -2, |D(@2, -3 -5 |ACD |7J/3 |80/3
4)
27 | A(9,-7, |B(-4,3,- |C(5, -4,2) | D@3, 4,4) |BCD | 1346 | 120
4) 1)
28 | A(3,53) |B(-3,28) |C(-3,-2, |D(7,8,-2) |ACD |51 |26/3
6)
29 |A(4,2,3) |B(5 -4, |C(5,7,-4)|D(6, 4, -7 |ABD | V3086 |178/
2) 3
30 |A(4, -2,- |B2,5 7 |C@®,3,-1) D, -4,1) |ACD | Jeear | 116

3)




Bapua

HT

10.

11.

a) 6)
CmewaHHo Moayn
e b
npoussene BEKTOP
Hue H
npouss
ea.
-261 V19116
0 0
-1840 /612108
0 0
-2538 73192
0 0
-4480 A 78750
0 /17280
-1680 \219177
0 /6488829
-464 V127488

OT1BeThI

B)
Ckansap
Hoe

npouss
€n

40

42

12

56

60

630

504

Bapua
HT

16.

17.

18.

19.

20.

21,

22,

23.

24,

25.

26.

a) 6)
CmewaHHo Mogayn
e b
npoussene BEKTOP
Hue H
npouss
en.
0 252~/917
-10430 740389
0 /3365604
1068 ~J478400
0 /52611300
2196 7126900
28728 \/870912
0 0
0 0
0 2519424
0 1042997

B)
Ckanap
Hoe

npouss
€n

-1632

984

3255

-315

6660

1288

-560

160

900

33



12. 0 0 -240 217.

13. 4360 334682 0 28.
14, 0 0 682 29.
15. -1170 56+/638 567 30.

KoHnTpoJibHBIE BONIPOCHI

Uto Ha3bIBa€TCSI BEKTOPOM?

Yto Ha3bIBaCTCS KOOpAHHATaMH" BeKTOpa?

CoNoa~LNE

Kaxkue BCKTOPBI HA3BIBAIOTCA KOJIJ'II/IHeapHBIMI/I?

0

2114

0

11940

0
20857

0
4+/9933

Kak HaiiTh KoOpAMHATBI BEKTOPA, 33JaHHOTO IByMsI TOUKaMu?
Kak HaiiTh 1mHy BEKTOpa, 3aJJaHHOTO CBOUMH KOOPJIUHATAMMU ?
3anuute GOpMyJIIbl IeJICHUSI OTpe3Ka B JAHHOM OTHOILIEHUU.
Kak HaiiTu ckansipHOE IPOU3BEIEHUE BEKTOPOB?
Kak HaiiTh BEKTOpHOE TPOU3BEIECHUE BEKTOPOB?
Kak HaiiTu cmenanHoe TpOU3BEIAECHUE BEKTOPOB?

IIpakTuyeckas padora Ne 4 «Ilpsamas JTuHUD)

80

-144

28

I.[e.m;: HAay4YUTBCA COCTABJIATE YPABHCHUC IIPAMBIX, HAXOAUTDb YI'OJ MCKIY

MPSAMBIMU,BBITIOJIHATH TOCTPOCHUS.
Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3./lIuctA4

4.KanbKynatopol

MopAapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHmnsa

3. BoinonHutb 1 opopmutb paboty
4.lMloKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomaliHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
Xop, pabotbl

TeopeTnyeckue cBeeHUs

YpaBHeHHe NPAMOI HA IVIOCKOCTH.



Omnpepenenune. Jlrobas npsimMasi Ha IUIOCKOCTU MOXET OBITh 3aJjaHa YpaBHEHHEM
nepBoro nopsaka Ax + By + C = 0, npudyem noctostHHeie A, B HE paBHBI HYIIO
OIHOBpeMEHHO, T.e. A? + B? # (. DTo ypaBHEHHE IIEPBOTO IOPSAKA HA3BIBAIOT
001IMM ypaBHEHUEM MPAMON.
B 3aBucumocTu ot 3HaueHH NOCTOSSHHBIX A,B 11 C BO3MOXKHBI CIIEIYIOIIUE
YacTHbBIE CIyYau:
- C=0,A#0,B=#0—npsmas npoxoauT yepe3 Ha4ajao KOOPAUHAT
- A=0,B#0,C=0{By+ C =0} npsmas nmapayieibia ocu Ox
- B=0,A#0,C=#0{Ax+ C =0} — npsamas napauienbpaa ocu Oy
- B=C=0, A #0- npsamas coBnagaer ¢ ocsio Oy
- A=C=0,B # 0- npsamas coBnagaer ¢ ocsto Ox
VYpaBHeHUE IPSIMON MOXKET ObITh IPEJICTABIICHO B PA3JIMYHOM BUJE B
3aBUCUMOCTH OT KaKMX — JIMOO 3aJJaHHBIX HAYaJIbHBIX YCIOBHIA.
YpaBHeHUe NPAMOM 110 TOYKE U BEKTOPY HOPMAJIU.

Omnpenenenue. B nexkapToBOW NPSIMOYIOJIBHOM CHCTEME KOOPJIMHAT BEKTOp C
KomrnoHeHTamu (A, B) nepnenaukynsipeH npsMou , 3aaHHON ypaBHEHHUEM AX +
By +C=0.

IIpumep. Haiitn ypaBHeHue mpsiMoil, mpoxonsiei uepe3 Touky A(l, 2)

HEePICHIUKYIISPHO BeKTOPY 7 (3, -1).

CoctaBum nipu A =3 u B = -1 ypaBHenue npsmoii: 3x —y + C = 0. Ins
HaxoxaeHus ko3 dunnenta C MoJCTaBUM B NMOTYYEHHOE BhIpAKEHHE
KOOpJIMHATHI 3aIaHHON TOUKH A.

[Tomyuaem: 3 — 2 + C =0, cnemoBarensHo C = -1.
Hroro: uckomoe ypaBuenue: 3x —y — 1 =0.

YpaBHeHHe NPSAMOii, NPOXOAsileHd yepe3 1Be TOYKH.
[Tycth Ha muTocKoCTH 3a1aHbl e TOUKd M1(X1, Y1) 1 M2(Xz, Y2), TOT1a ypaBHCHHE
PSAMOM, TPOXOIAIIEH YEPE3 3TU TOUKU:

X=X _ Y=Y

X=X Y= %

Ecnu kakoii- mn6o U3 3HaMeHaTesel paBeH HyII0, CIEIyeT MPUPABHATD HYIIO
COOTBETCTBYIOIIUI YNCIIUTEID.

3anucaHHOE BhIIIE YpaBHEHUE MPSAMON YIIPOIIAETCS:

Yo—)y
Y=W" :#(x_)ﬁ)
Xy =X

€CIIN X1 # X2 U X = X1, €CIIUX1 = X2.

HpoOb Y270 =  yaswiBaeres YIJIOBBIM KO3 PHUIHEHTOM PAMO.
Xy =X



IIpumep. Haiitu ypaBHeHue npsamoi, npoxoasien yepe3 Touku A(1, 2) u B(3, 4).
[Ipumensisa 3anMcaHHyIo BbIlIE (POPMYITY, MOTYYaEM:
4-2
x—1
3¢ D
y=2=x-1

y-2=

x—y+1=0
YpaBHeHuHe NPAMOM 110 TOYKE U YIVI0BOMY KO3 (PHUIHEHTY.

Ecnu o6miee ypaBHenue npsimoid Ax + By + C = 0 npuBectu K BUaY:

4 C A .. C_
y:_Ex_E 1 0003HAYNUTH _EZK’ _EZb’ m.e. Y =Kkx+Db, TO moiny4eHHOE

YPaBHEHUE HA3BIBACTCS YPABHEHUEM NPAMOM € YIVIOBBIM K03 (ppuumneHTom
YpaBHeHUe NPAMOM 110 TOYKE U HANPABJAIOUIEMY BEKTOPY.

Ilo aHanoruu ¢ MyHKTOM, PacCMaTpUBAIOIIUM YPaBHEHHE MPSIMOIl uepe3 BEKTOP
HOpPMaJIM MOKHO BBECTHU 3aJlaHUE MPSAMOM 4Yepe3 TOUYKY M HaIpaBISIIOLIMNA BEKTOP
IIPSIMOM.

Onpenenenne. Kaxaplii HeHyneBOH BEKTOp a (01, 02), KOMIOHEHTBI KOTOPOTO

YIIOBIETBOPSIOT ycioButo Aoy + Bo = 0 Ha3bIBaeTcs HaNpaBiSIOMIUM BEKTOPOM
npsimoir Ax + By + C = 0.

Ipumep. Haiitu ypaBHeHHE NpsAMON ¢ HampaBisiomuM BekTopoM d (1, -1) u
npoxojsdiieit yepes Touky A(l, 2).

VYpaBHeHue mckoMmoi mnpsiMoit Oynmem uckath B Bume: AX + By + C = 0. B
COOTBETCTBHM C oOmpeneneHueM, KoI(PQPUIMEHTH JOHKHBI  yIOBIETBOPATH
ycrmousim: 1-A + (-1)-B=0, T.e. A=B.

Torna ypaBHenue npsiMmoit umeet Bua: AX + Ay + C=0,mmu X +y + C/A=0.

npu x = 1, y =2 monyuaem C/A = -3, T.e. ICKOMOE ypaBHECHHE:

x+ty-3=0
YpaBHeHue NpAMOM B 0Tpe3Kax

Ecnu B 00mem ypaBuenuu npsimoid Ax + By + C =0 C # 0, o, pa3aenuB Ha —

C HOJ’IyT—II/IM'—éx—E =1 nm
> T Cy

X
—+==1,1I€
a

S =



['eomeTpuueckuii cMbICI KO3()PUIUEHTOB B TOM, YTO KOA((PULMEHT a sIBISETCS
KOOPJIMHATON TOYKHU TepeceueHus npsiMoii ¢ ockio OX, a b — xoopauHaTo# ToukH
nepeceyeHus npamoii ¢ ocoto Oy.

IIpumep. 3anano obuiee ypaBHeHue npsamoit X —y + 1 = 0. Haiftu ypaBHeHHe
JTOM IIPSIMOU B OTPE3KAX.

C=1, %%:1, a=-1, b=1.

HopmajibHOoe ypaBHeHHEe IPSAMOIA.

Eciu o06e wactu ypaBHenus Ax + By + C = 0 pa3menuTb Ha 4YHCIO

1
H=t— KOTOPOC HA3bIBACTCA HOPMHUPYIOIIEM MHOKHUTEJIEM, TO IMOJIYUUM

NA? + B?
XCOSQ + ysing - p = 0 — HopmanbHOe ypaBHEHME NPAMOWN.

3HaK + HOPMUPYIOIIET0 MHOXKHUTENSI HaJ0 BEIOUpATh Tak, 4ToObI 1-C < 0.
p — JUTHMHA TIePIIEHIUKYJIApa, OMYIIIEHHOTO U3 Havaja KOOPAUHAT Ha MPSIMYI0, a ¢ -
yroJi, 00pa30BaHHBIA STUM MEPHNEHIUKYISIPOM C MOJOKUTEIHHBIM HalpaBICHUEM
ocu Ox.
Ilpumep. Jlano oGmiee ypaBHeHue mpsimor 12x — S5y — 65 = 0. TpeOyercs

HAIUCaTh Pa3IMYHbIE TUITHl YPAaBHEHUHN 3TOU MPSMOIA.

65" 65”
al + J =1
65/12) " (~13)

YpPaBHEHHUE 3TOU NMPSAMOM B OTPE3KAX:

ypaBHEHHUE 3TOM MPSAMOM ¢ YTIIIOBBIM K03 huruenTom: (1enmum Ha 5)

y:Ex—Q:Bx—l&
5 5 5
HOPMAaJIbHOE YPAaBHEHUE MPAMOM:
y:;—l 2x—iy—szo; cose = 12/13; sing = -5/13; p = 5.

122 4(=5> 13 137 13

CrnenyeT OTMETHTH, YTO HE KaXAYIO MPIMYIO MOKHO MPEACTABUTH YPABHECHHEM
B OTpE3KaX, HAIpPUMEp, NMPSIMBbIE, NMapajUIeJbHbIE OCAM WM MPOXOJAIINE YEPE3
Ha4aJi0 KOOPAWHAT.
Hpumep. Ilpsmas orcexkaeT Ha KOOPAWHATHBIX OCSAX PABHBIE MOJIOKUTEIbHBIC
oTpe3ku. CocCcTaBUTh YpaBHEHHE MPSIMOWM, €CIM IUIOWIAJb TPEYroJIbHUKA,
00pa30BaHHOrO YTUMHU OTPE3KAMH PaBHA § cM.

VYpaBHEHHUE MPIMON MMEET BHI: f+% =1l,a=b=1; ab/l2=8; a=4;-4.
a



a = -4 He MOAXOMUT MO YCJIOBHIO 3aaa4M.

Hroro: %+£:1 wmx +y—4=0.

Ipumep. CocTaBuTh ypaBHEHHE NpPsIMOM, mpoxonduei yepe3 Touky A(-2, -3) u

Ha4YaJIO KOOpAMWHAT.

X=X _ V=W

Xo =X Vo= W

YpaBHEeHHE NPSIMOU UMEET BUL:

, TIE X1 = y1=0; X2=-2;y2=-3.

20 _y00 X Yo 5 gy
—2-0 -3-0" -2 -3

Yrou Mekay NpSIMbIMH HA IJIOCKOCTH.
Onpenenenune. Eciu 3amanbl 18e npsMbie Y = KiX + b1, ¥ = KoX + by, To ocTpblit
yroJl MEK/Ty 3TUMU IPSIMBIMHU OyIET ONPeAeIAThCSA KakK

k, — k,

too =
& ki,

JIBe mpsiMble MapaJLIeJbHbI, ecin K1 = Ko,

JIBe mpsiMble NepHeHauKYJISApHbI, ecim K1 = -1/ko.

Teopema. IIpsamvie Ax + By + C = 0 u Aix + By + C1 = 0 napannenvmsi, koeoa
nponopyuonanvhsl kKodgpuyuenmor A1 = AA, B1 = AB. Eciu ewe u C1 = AC, mo
npsimMble CO8NAOarOm.

KoopauHatel TOYKHM mepecedeHHsl ABYX MPSMbIX HAXOAATCS KaK pelIeHHe
CHCTEMBbI IBYX YPaBHEHUI.

YpaBHeHuUe NPAMOM, NPOXOASIIIECH Yepe3 JAHHYI0 TOUKY NePIHeHAUKYISIPHO
JAHHOW MPSMOM.

Omnpenenenune. IIpsamas, npoxoasmas yepe3 Touky Mi(X1, y1) u
MEPIICHIUKYIISIpHAs K IpsMoi y = KX + b mpecTaBisercss ypaBHEHUEM:

Y=y =—%(x—xl)
Paccrosinue OT TOUKHM 10 MPAMOM.
Ecnu 3a0ana mouxka M(xo, yo), mo paccmosinue 0o npamou Ax + By + C =0
|Ax0 + By, + C|
Ja4 B

IIpumep. Onpeaenuts yroia Mexay npsaMbeiMu: Y = -3X + 7; y = 2xX + 1.

onpeoessiemcs Kak d =



2-(3)|_

(312 =1; o =mnl4.

K1:-3; k2:2 tg(p:‘

Ipumep. Ilokazarb, yto mpsimeie 3x — Sy + 7 =0 u 10x + 6y — 3 = 0
HEPIICHIUKYIIAPHBI.

Haxomum: k; = 3/5, ko = -5/3, kiko = -1, cnemoBarenbHO, NpsSMBbIC
HEPICHIUKYIIAPHBI.

Ipumep. [ansr Bepmmubl TpeyroiasHuka A(0; 1), B(6; 5), C(12; -1). Haiitu
ypaBHEHHUE BBICOTHI, IIPOBEJACHHOMN 13 BepmnHbI C.

-0 -1 x -1
aXO0JuM YPaBHCHHC CTOPOHBI 6-0 51 5 4 y
. 2
2X -3y +3=0; y=§x+1.

Hckomoe ypaBHeHHE BBICOTHI UMeeT Bua: AX + By + C=0mm y = kX + b.

k=- % Tormay = —%x+b . T.x. BbICOTa ITpoxoauT 4yepe3 Touky C, To ee
3 —
KOOpAWHATHI YIOBJICTBOPSAIOT JaHHOMY YpaBHCHHIO: —1 = —512 +b,0tkyna b =17,

Hroro: y = —%x +17.
OtBeT: 3x+ 2y — 34 =0.
3amaHus K npakTH4YecKoi padore
1. Janbl BepunHbl Tpeyroabuuka ABC: A(x,,y,), B(x,,y,) Clx,,y,) HaiiTu:
a) ypaBHEHHUE CTOPOHBI AB;
0) ypaBHeHnue BoicoThl CH;
B) ypaBHEHUE MeanaHbl AM;
r) ypaBHeHHe 6uccekTpuchl BC;
n) Touky N nepeceuenust meauanbl AM u BeicoTel CH;

€) ypaBHEHHE TIPSAMOM, TpoxXo et yepes Bepiuny C mapasieabHO CTOPOHE
AB;

x)yron mexay npsmbiMu AB u AC.

Bapuantbl A(xl,yl) B(xz,yz) C(x3,5)

1 A(-2,4 |B(3,1) |C0,7)




2 A(-3,-2) |B(14,4) [C (6, 8)

3 A(1,7) | B(-3,- |C(11,-3)
1)

4 A(1,0) | B(-1,4) | C(9,5)

5 A(l,-2) |B(7,1) |C@3,7)

6 A(-2,-3) |B(1,6) |C(6, 1)

7 A(-4,2) | B(-6, |C(6,2)
6)

8 A(4,-3) |B(7,3) |C,10)

9 A - |B@B,2) |C@3,8)

4),

10 A(3,-3) |B(5,-7) |C(7,7)

11 A(L,-6) | B3, |C(33)
4)

12 A(-4,2) |B(8,-6) |C(2,6)

13 A(52) | B(,- |C(5,7)
4)

14 A4 -4) [B(6,2) |C(-1, 8)

15 A(-3,8) |B(-6,2) |C(0,5)

16 A(6,-9) |B(10,- |C (-4, 1)
1)

17 A4, 1) [B(3,-1)|C(7,-3)

18 A (-4, 2) |B(6,-4) | C (4, 10)

19 A(3,-1) |B(11,3) |C(-6,2)

20 A(-7,-2) |B(-7, 4) | C (5, -5)

21 A(-1,-4) |B(©O, 6) |C(-5,4)

22 A(10,-2) |B(4,-5) | C(-3,1)




23 A(-3,-1) [B(-4,-5)[C (8, 1)
24 A(-2,-6) |B(-3,5) | C (4, 0)
25 A(-7,-2) | B(3,-8) | C(-4,6)
26 A(0,2) | B(-7,- [C(@3,2)
4)
27 A(7,0) |[B(1,4) |C(-8,-4)
28 A(,-3) |B(0,7) [C(-24)
29 A(-5,1) [B(8,-2) [C(,4)
30 A(2,5 |B(-3,1) | C(0,4)

KoHTposbHbIE BONPOCHI

3anuIInTe YpaBHEHUSI OCEW KOOPAUHAT.

OG6iee ypaBHEHUE TIPSMOM.

VYcnoBue napamiebHOCTH U NEPHEHAUKYISIPHOCTH IPSIMBIX.
3anuimuTe ypaBHEHUS NMPAMBIX, TapaLUIeIbHBIX OCSIM KOOPAUHAT.
Cdopmynupyiite ycioBHe MapamieTbHOCTH MPIMbIX.
Cdopmynupyiite ycinoBue NepreHIuKyISIPHOCTH TPSIMBIX.

Kak HaiiTu yron Mexay npsMbiMu?

Kak HaliTu paccTosiHue MEXITy IPSIMbIMU?

N~ LDE

JlonoiHNTEIbHbIE 321aHUSA
2. Pemuth cjieayronime 3a1aqu

2.1. Halitu ypaBHEHHE NPSIMOM, TPOXOASIIEH Yepe3 TOUKY IepeceueHUs
npsamMbeiXx 3x -2y -7=0 ux+ 3y -6 =0 u oTcekaroieir Ha 0Cu abCIHCC OTPE3OK,
paBHbIU 3. Omeem :x =3

2.2. Haiitu npoekiuto Touku A(-8, 12) Ha npsiMyto, TPOXOAIIYIO Yepe3
touku B(2, -3) u

C(-5,1). Omsem A (-12,5)

2.3. Naub! nBe BepuinHbl Tpeyroiabarka ABC: A(-4, 4), B(4, -12) u Touka
M(4, 2) nepeceuenus ero BeicoT. Haiitu Bepimny C. Omeem:C(8,4)

2.4 Haiiti ypaBHEHHE TIPSMOM, OTCEKAIOIIEH Ha OCH OPJUHAT OTPE30K,
PaBHBIN 2, ¥ IPOXOAIIEH TAPAIIETBHO IPSAMOH 2y - X = 3. Omeem :Xx—2y+4=0



2.5. Haiitn ypaBHeHHE NpsAMOH, Npoxoasauieil uepes Touky A(2, -3) u TOuKy
nepeceyeHns NpsamMelX 2X -y=5ux+y=1. Omeem:x =2

2.6. [Jokazats, uto ueThipexyroibuuk ABCD - tpanenus, ecnu A(3, 6), B(5,
2), C(-1, -3), D(5,5).

2.7. 3anucath ypaBHEHHE IPSIMOH, Tpoxoasieit yepe3 Touky A(3, 1)
neprneHaukysapHo k npsamoit BC, ecniu B(2, 5), C(1, 0). Omeem :x+5y—-8=0

2.8. Haiitu ypaBHEHHE TIPSMOIA, IpoXo e yepe3 Touky A(-2, 1)
napasuieabHo npsmoit MN, eciau M(-3, -2), N(1, 6). Omsem :2x-y+5=0

2.9. Haiitu Touky, cummeTpuuHyto Touke M(2, -1) OTHOCUTENBHO NPAMOH X -
4 23

2y +3=0. Omeem:l\/ll(—g,?j

2.10. Haiitu Touky O nepeceueHus auaroHaien yeroipexyroiabaruka ABCD,

ecmn A(-1, -3), B3, 5), C(5.2), D(3, -5). Omsem :Mo(s; %j

2.11. Yepe3s Touky nepeceyeHus npsamsix 6x - 4y +5 =0, 2x+ S5y +8 =0
IPOBECTHU MPSAMYIO, APAIIEIbHYIO OCU abciucc. Omeem:y = -1

2.12. 3BecTHBI ypaBHEeHUs cTopoHbl AB TpeyronsHuka ABC 4x +y =12,
ero BeicoT BH 5x - 4y = 12 u AMX + y = 6. HaiiTu ypaBHeHUs ABYX APYTUX
ctopoH Tpeyroiabuuka ABC. Omeem :7x—7y—-16=0; 4x+5y—-28=0

2.13. Jlans! aBe BepiuuHbl Tpeyroasauka ABC: A(-6, 2), B(2, -2) u Touka
nepecedenus ero Beicot H(1,2). Haittu koopauHaTel Touku M niepecedeHust
10 62

ctoponbl AC u BbICOTEI BH. Omeem :M (ﬁﬁ)

2.14. Haiitu ypaBHeHuUs BbICOT TpeyroibHrka ABC, npoxonsimux yepes
BepmuHbl A u B, eciiu A(-4, 2), B(3, -5), C(5, 0).
Omeem :TX+5y+2=0; 9x+2y—-28=0

2.15. BpiuncnuTh KOOPAMHATHI TOUKHU IEPECECUEHHUS TTEPIICHANKYJIIAPOB,

MIPOBEJICHHBIX YEPE3 CEPENNHBI CTOPOH TPEYTOJIbHUKA, BEPIIMHAMU KOTOPOTO

cayxat Touku A(2, 3), B(0, -3), C(6,3). Om@em:M(?);—%]

2.16. CocTaBuTh ypaBHEHHE BBICOTHI, TPOBEICHHOMN Y€PE3 BEPIIMHY A
tpeyroiabauka ABC, 3nHas ypaBHeHus ero cropon: AB - 2x -y -3 =0, AC -X + 5y
-7=0,BC-3x-2y+ 13=0. Omgem:2x+3y—7=0;



2.17. Nan tpeyronbHuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
YpaBHEHUE U BBIYUCIUTH JJIUHY €r0 MEAUaHbI, TPOBEACHHON 13 BepimuHbl C.

Omeem :2X+y+2=0; d =ﬁz13,1
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2.18. CocTaBuTh ypaBHEHUE NMPSIMOM, MPOXOIAIIECH Yepe3 HAa4aI0 KOOpIUHAT

Y TOUKY nepecedyeHus npsaMbix 2X + 5y -8 =0u 2x + 3y +4 =0.
Omeem 6x+11y = 0;

2.19. Haiitu ypaBHeHUs NEPHEHAUKYIIAPOB K npsimoit 3x + Sy - 15 =0,

IIPOBEAEHHBIX YEPE3 TOUKH NEPECEUYEHUS TAaHHOU NIPSMOM C OCSIMU KOOPJIMHAT.
Omegem :5X -3y —-25=0; 5x+3y+9=0;

2.20. lanbl ypaBHEHHUS! CTOPOH YEThIpEXyrojibHUKa: X -y =0, X+ 3y =0, X -
y-4=0,3x+y-12 = 0. Haiitu ypaBHeHUs ero AuaroHane. Omeem:y =0; x =3

2.21. CocraButh ypaBHeHus meauanbl CM u BeicoTbl CK TpeyronpHuka
ABC, eciiu A(4, 6), B(-4, 0), C(-1, -4).
Omegem:71Xx—y+3=0-CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) mpoBecTH NpsMYyIO: a) OTCEKAIOIIYI0 pPaBHbIE
OTPE3KH Ha 0CAX KOOpAUHAT; 0) mapamiensHyto ocu OX; B) mapaJljieIbHYI0 OCH
Oy. Omeem:x+y-7=0; y=2; x=5

2.23. 3anucaTh ypaBHEHHUE NMPSIMOM, Ipoxoasiien uepe3 Touky A(-2, 3) u
cocTapJstomel ¢ ocbto Ox yrou: a) 45°, 6) 90°, B) 0°.
Omgem :X—y+5=0-CM; x+2=0;,y-3=0

2.24. Kakyro opauHaty uMmeeT Touka C, jiexkaiasi Ha OJTHOM OpsiMOK ¢
toukamu A(- 6, -6) u B(3, -1) u umeromas adbciuccy, paBuyto 3? Omeem:y =9

2.25. Yepes Touky mepecedeHus psiMbix 2X - Sy - 1=0ux+4y-7=0
MIPOBECTH TPSMYIO, JICTSIIYI0 OTPE30K Mex Iy Toukamu A(4, -3) u B(-1, 2) B
oTHOomeHUH = 2 /3. Omeem:2x—y—-5=0;

2.26. 13BecTHBI ypaBHEHUS ABYX CTOpPOH poMba 2x -5y - 1 =0u 2x - 5y - 34
=0 u ypaBHEHHE OJJTHOU U3 ero auaroHaieu x + 3y - 6 = 0. Halitu ypaBHeHue
BTOpPOU AuaroHanu. Omeem :3x—Yy—23=0;

2.27. Haitu Touky E nepeceueHuss MeAuaH TPEyrojibHUKA, BEPIIMHAMHA
koToporo aensroTcs Touku A(3,1), B(7, 5) u C(5, -3). Omeem:E(3]1)



2.28. 3anucath ypaBHEHHs NPAMbBIX, IPOXoaiux yepe3 Touky A(-1, 1) mox
yrioM 45° k npamoit 2x + 3y = 6. Omeem :x—5y+6=0; 5x+y+4=0

2.29. lanbl ypaBHeHUs BbICOT TpeyronbHuka ABC 2x -3y + 1 =0,x+ 2y + 1
= 0 u KoopauHaThI ero BepuuHbl A(2, 3). Haiitu ypaBHenus cropon AB u AC
TPEYroJbHUKA. Omeem :2X—Yy—-1=0-AB; 3x+2y-12=0-AC

2.30. Jlanbl ypaBHEHUs JBYX CTOPOH Mapamienorpamma x - 2y =0, x-y-1=
0 1 Touka nepeceueHus ero quaronaneit M(3, -1). Hailtu ypaBHeHuUs 1ByX Ipyrux
CTOPOH. Omeem:X—y—-7=0; x-2y-10=0

IIpakTHyeckas padora Ne 5 mo Teme
«KpuBble BTOPOro nopsiaka»

Hean: [IpoBepuTh ypoBEeHb YCBOCHHMS MaTepHrasa Mo COCTaBICHUIO YPAaBHCHU I
KPUBBIX BTOPOTO MOPsiAKa (OKPYKHOCTH, SJUIUIICA, TapabOIIbl, TUIEPOOITHI .

Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA

2.3apaHue

3.JluctA4

4.KanbKynatopol

MopAapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHue

2. I3yunTb TeopeTUyeckme ceeaeHmnsa

3. BoinonHutb 1 0popMuTb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTento
AomawHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
Xoa padoThI

TeopeTnyeckue cBeeHHs

Kpusasi BToporo nopsiika mos;eT ObITh 321aHA YPABHEHUEM

Ax?+2Bxy + Cy? + 2Dx + 2Ey + F=0.



CymiecTByeT cucteMa KOOpJAMHAT (He 00s3aTeNIbHO JE€KapToBa NPSIMOYTOJIbHAas),
B KOTOPOU TaHHOE YpaBHEHUE MOXKET ObITh MPE/ICTABICHO B OJTHOM U3 BUJIOB,
MIPUBEJICHHBIX HUXKE.

2 2

Xy
1) = +<=5=1 - ypaBHEHHE dJIIHUIICA.
a b
x2 y2
2) = toT= —1 - ypaBHEHHE “MHUMOTO” JJUIHIICA.
a
x2 y2
3) — e =1 - ypaBHeHHE rUNepOOIIbI.
a

4) a?x? — ¢?y? = 0 — ypaBHEHHE [BYX II€PECEKAIOMIUXCS MIPAMBIX.
5) y? = 2pX — ypaBHEHHUE NapaboIbL.
6) y?—a? =0 — ypaBHEHHME ABYX NapaUIEIbHBIX HPIMBIX.
7) y? + a? = 0 — ypaBHEHHE JBYX “MHMMBIX” NapaJLICIbHbIX IPIMBIX.
8) y? =0 — napa coBNajarmuX OPSIMBIX.
9) (x—a)?+ (y — b)? = R? — ypaBHeHHE OKPYKHOCTH.
OKpPYXKHOCTb.

Omnpenenenne. OKpysCHOCHbIO HA3BIBAETCS MHOKECTBO TOUYEK INIOCKOCTH,
PaBHOY/IAJIEHHBIX OT JAHHOM TOUKHU (yenmpa).
B okpysxHocTH (X —a)? + (Y — b)2 = R? (1) uentp umeet koopauHarts (a; b).
IIpumep. HaiiTu koOpAMHATBHI LEHTpAa W PATAUYC OKPYNKHOCTH, €CIM €€
YpaBHEHHME 3aJ1aHO B BUJIE:

2x% + 2y —8x + 5y -4 =0.

JI71s1 HAaXOXJICHHST KOOPAMHAT IIEHTPA U PaINyca OKPYKHOCTU JTaHHOE
ypaBHEHHE HEOOX0auMO TpuBecTd K BuAy (1)/11st 3TOro BBIACINM MOJIHBIC
KBaIPATHI:

X2 +y2—4x+25y-2=0

X2 —4Xx+4 -4 +y>+25y+25/16 -25/16 -2=0
(X—2)?>+ (y +5/4)>-25/16 -6 =0
(X —2)2 + (y + 5/4)> = 121/16
Otcrona Haxoaum O(2; -5/4); R =11/4,

DILJTAIIC

Onpenesienne. Dwiuncom HA3BIBAETCS MHOXKECTBO TOYEK IIJIOCKOCTH, CyMMa
pPacCTOSIHUM KOTOPBIX 1O JABYX JaHHBIX TOYEK, Ha3bIBAEMBIX @Qoxycamu, €CTh
BEJIMYMHA ITOCTOSTHHAS, paBHas 2a.

YpaBHeHHE IIIUTICA UMEET BUI:



+2 =1

b

2 2
2

QN|><

Omnpepnenenue. PoKycaMu Ha3bIBaIOTCA TAKUE JIBE TOUYKH, CYMMa PAaCCTOSIHUI OT

KOTOPLIX 1O JIFOOOM TOYKH DJUIUIICA €CTh ITOCTOSHHAS BEJIMYMHA.

y
Nl i

1B

F1, F2 — dokycer. F1 =(c; 0); Fu(-c; 0)
C — IOJIOBUHA PACCTOSIHHS MEXKIY (DOKyCaMHu;
a — OoJIbIIIast MOJIyOCh;
b — mManas oJIyoCh.
DoKycHoe paccmosnue u NOAYyoCU JIIUNCA CEA3aHbl coomuouenuem a2 = b? + c2,

I[OKa3aTeJ'II>CTBO: B CclIydac, CCJIM TOYKa M HaxoauTCs Ha IMePeCCUYCHUU

AITUTICA C BEPTUKAIBHOU OCBIO, I + I = 24/ +¢” (mo teopeme [Tudaropa). B
Cilydae, eciau TOYKa M HaxoguTcs Ha MEePECEYEHUM JIUIUAINCA ¢ FOPU3OHTAIBHOM
OChlO, 1 + ', =a—C + a + ¢. T.k. no onpeaeneHuto cymma Iy + I — IOCTOSTHHAs
BEJIMYMHA, TO , IpUpPaBHUBAS, IOIYIacM:

a?=b? + c?

r+r;=2a.

Onpenenenne. dopma »>urica  ONPENENAETCS XapaKTEPUCTUKOM, KOTOpas
SBIIIETCS OTHOIICHHEM (POKYCHOTO PACCTOSHUS K OOJbIIed OCH M Ha3bIBACTCS
JKCLHEHTPUCUTETOM.

e=c/a. Tx.c<a toe<l.

IIpumep. CocTaBuTh ypaBHEHHE MPSAMON, MPOXOIAIIECH uepe3 JieBbld (POKyC u

2 2

X
HIDKHIOKO BEPIIMHY JJUIMIICA, 3aJaHHOTO YPABHEHUEM 55 +2 =1

16
1) KoopauuaTel HuxkKHel BepmuHel: X = 0; y2 = 16; y = -4

2) Koopaunatsl neBoro ¢okyca: ¢> = a2 —-b?>=25-16=9; ¢ =3; Fx(-3;0).



3) YpaBHEeHHE NPSIMOM, IPOXOASIICH Yepe3 ABE TOUKH:

X0 _yrds X _YFA s 3y-12 4x+3p+12=0
~3-0 0+4 -3 4

Ipumep. CocraButh ypaBHeHHUe duuIca, ecim ero ¢okycel F1(0; 0), Fo(1; 1),

OoJbIIast OCh paBHa 2.
»:
2

2
X
VYpaBHEHHUE DIJIMIICA UMEET BUIL: — + = 1. Paccrosinue Mexnay okycamu:
a

2C = \J(1-0)* +(1-0)* =2, Takum obpazom, a% — b? = ¢? = %

10 ycIoBHI0 2a = 2, cnefoBatenbHo a = 1, 0= va? —c> =4/1-1/2 =4/2/2.

2 2

Uroro: )16—2+y— =1

1/2

I'mnep6oJia.

Onpenesenne. I'mnmep060s10i HA3BIBAETCSI MHOXECTBO TOYEK IUIOCKOCTH, [JIA
KOTOPBIX MOAYJb Pa3sHOCTH PACCTOSIHUM OT JABYX JIaHHBIX TOUYEK, Ha3bIBAEMBIX
(oxycamu ecTb BeTMUMHA TIOCTOSIHHASA, paBHAs 2a, MEHBIIAs PACCTOSHUS MEXKIY
dbokycamu.

Ilo onpexeneruo | r—r2| = 2a. Fi, F2 — oxycs runep6omsl. F1F2 = 2c.




2 2

X
- y_z =1 KaHOHHMYeCKOe ypaBHeHHe THIepOoJIbl.
b

N

['unepbosia cUMMETpUYHA OTHOCUTENBHO CEPEIMHBI OTPE3Ka, COEIUHAIOIIETO
(OKYCHhI 1 OTHOCUTEJIBHO OCEH KOOp/IMHAT.

Ocp 2a Ha3pIBaeTCH AeHCTBUTEIbHON OCHI0 TMIIEPOOJIbI.

Ocb 2b Ha3bIBaeTCSI MHMMOIi 0CHIO THIIEPOOJIBI.

2¢ — (poKyCcHOE paccTOsIHUE

DokycHoe paccmosnue u noayocu cunepoo.ivl CéA3anbl COOMHOULEHUEM

c2=a*+b? .

FI/IHep6OHa MMECT JIB€ aCUMIITOTHI, YPaBHCHHUS KOTOPBIX y = £ —x.

Q|

C
OTHomeHne e=— >1 Ha3bIBacTCs IKCHEHTPUCUTETOM FI/IHep6OHBI, rp¢ ¢ -—
a

NOJIOBUHA PACCTOSIHUA MeXAy (GokycamMu, a — JCHCTBUTENIbHASI TMOIYOCh.

IIpumep. Haiitu ypaBHeHue runepOo0ibl, BEpUIUHBI U POKYCHl KOTOPOU HaXOIATCS

2 2

X
B COOTBCTCTBYIOIIHNX BCPIONUHAX U (bOKycaX OJIJIUIICA ? + y? =1.

Tl snmumca: ¢ = a2 — b2,

Jlns runep6onsl: €2 = a2 + b2,

\/5\/
%}

-
T
JIVAIR \

2 2
VYpaBHeHMe runepOobl: x? - y? =1.

Ipumep. CocTtaBuTh ypaBHEHUE TUNEPOOIBI, €CJIM €€ IKCIICHTPUCUTET paBeH 2, a

2 2
X
($oKyChI COBIAJAOT ¢ POKYyCaMHU 3JUIUIICA C YPaBHEHUEM 55 + 2o,

9



Haxonum pokycHoe paccTosnue ¢ = 25 — 9 = 16.
Jlns runep6oinsl: €2 = a%+ b?2=16, e=c/a=2;c=2a; c>=4a% a’=4;
b2=16-4=12.

2 2

Uroro: x? —)1}—2 =1 - ICKOMOE ypaBHEHHUE TUTIEPOOJIBI.

ITapa6oaa.

ITapa6oJ10ii Ha3pIBa€TCSI MHOXKECTBO TOYEK IUIOCKOCTH, KAXKIasi U3 KOTOPBIX
HaXOJMUTCS HA OJIMHAKOBOM PACCTOSIHUU OT JAaHHOW TOYKH, Ha3bIBaeMoil (hokycom,
U OT JIaHHOM MPSAMOM, Ha3bIBAEMOU TUPEKTPUCOMN U HE MPOXOsIieit uepe3 (hokyc.

Pacnonosxum Hayano KOOpJWHAT MOCepeuHe MeX Ty (POKYCOM U TUPEKTPHUCOM.

\ Y
A Ma—

p/2 2

Bemmuuaa p (paccrosHue oT (Qokyca J0 JUPEKTPHCHI) Ha3bIBACTCS
napamMeTpom mapaboiibl. BeiBeeM KaHOHUYECKOE YpaBHEHUE MapadoIIbI.
N3 reomeTtprueckux cootHomenunii: AM = MF;, AM = X + p/2;
MF? = y? + (X — p/2)?
(X + pl2)* = y* + (x — p/2)?

X2 +Xp + p?/4 = y? + X2 — xp + p?l4

y? = 2px
YpaBHEHUE AUPEKTPHUCHL: X = -P/2.
Ipumep. Ha napabone y?> = 8X HaliTH TOUKY, pPACCTOSIHUE KOTOPOH OT

JUAPEKTPUCHI PaBHO 4.



W3 ypaBHeHus napadoJibl MOIyvYaem, uto p = 4.
I =X+ p/2 = 4; cnenoBaTenbHO:
X=2; y>=16; y==4. Uckomsle Touku: M1(2; 4), Ma(2; -4).

Ipumep. Jlana mapaGona y?> = 6x. COCTaBUTh ypaBHEHHE €€ NUPEKTPHCHI U
HalTu ee PoKyc.

CpaBHUBasi JaHHOE YpaBHEHHWE C KAaHOHMYECKUM YypaBHEHHEM Napalobl,

BUUM, uTO 2Pp=6, p = 3. Tak kaK ypaBHEHHE TUPEKTPUCHI UMEET YpaBHCHHUE X =

P
—g, a OKyC — KOOpJIHUHATHI Sou 0, TO I paccMaTpuBaeMoro ciydas MojayqyuM
3 3
YPaBHEHHE JIMPEKTPUCHI X = — U doxyc F (5; 0).

Omeem: x = —%, F G, 0).

3agaHus NpakTH4YecKou padoThl
1. CocTaBUTh KAHOHNYECKHE YPABHEHUSA:

a) anurica; 0) runep6odibl; B) mapabossl (A, B - Touku, jgexariue Ha
KkpuBoii, F - pokyc, a - 6osbinas (1eicTBUTEbHAS) TIOAYOCh, b - Maas (MHIMasT)
TIOJTyOCh, € - IKCIIEHTPHUCHUTET, y=*KX - ypaBHEHUSI aCHMIITOT rUnepOoisl, D -
TUPEKTPUCA KPUBOH, 2¢ - POKYCHOE pacCTOSTHUE).

Bapuanr CHNII I'unep6oJia ITapa6osna
1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4
2. b=2,F(442,0) a=7,¢e=A85/7 D:x=5
3. A3, 0), B(2, -/5/2) | k=3/4,e=5/4 D:y=-2

4, e=421/5, A(-5,0) | A(+50, 3), B(4+/6 ,3,/2) |D:y=1

5. 2a=22,e= 45711 | k=2/3,2c= 1013 ock cummeTpun OX u
A27,9).

6. b=.15,e=10/25 | k=3/4,2a=16 ock cuMmeTpun OX U
A4, -8).

7 a=4,F=(3,0) b= 2,10, F(-11, 0) D:x=-2




8. b=4,F=(90) a=5,e=7/5 D:x=6
9. A0, +3), B(,14/3 | k= 421/10,e=11/10 D:y=-4
1)
10. | £=7/8,A(8,0) AGB, -35),B(,i55 | D:y=4
,6)

11. 2a=24,e=.22/6 | k=.2/3,2c=10 ock cummerpuu OX 1
A(-7, -7).

12. b=2,e=5.29/20 |k=12/13,2a =26 ock cummerpun Ox u
A(-5, 15).

13. a=0, F(-4, 0) b=3, F7,0) D:x=-7

14 b=7, F(5, 0) a=11,e=12/11 D: x = 10.

15. A(-.f17/3, 1/3), k=1/2,e=./5/2 D:y=-1

B(+21/2, 1/2);

16. | &=3/5A(0,38) A(+6,0), B(-2+42, I) |D:y=9

17. 2a=22,6=10/11 |k = 11/5,2c=12 ock cummMeTpud OX H
A(-7, 5).

18. b=35,e=12/13 k=1/3,2a=6 ock cumMmerpuu Oy u
A(-9, 6).

19. a=9,F(@,0) b=6, F(12, 0) D:x=-1/4

20. b=5, F(-10, 0) a=9,e=4/3 D:x=12

21. A(0, -2), B(+15/2, |k=2410/9,6=11/9 D:y=5

1)




22. e=2/3, A(-6, 0) A(+2,0),B(+20/3,2) |D:y=1

23. 2a=50,¢g=13/5 k= .28/14, 2c =30 ock cummeTpuu Oy u
A4, 1).

24, b=2./15,6=7/8 |k=5/6,2a=12 ock cummerpuu Oy u
A(-2, 3./2).

25. a=13, F(-5, 0) b =44, F(-7, 0) D: x=-3/8

26. | b=7, F(13,0) b =4, F(-11, 0) D: x = 13

27. A(-3, 0), B(1, k=.2/3,e=15/3 D:y=4

40/3)

28, |£=5/6,A(0, 411) |A(J5273,1),B(5,0) |D:y=-3

29. 2a=30,e=17/15 |k=.17/8,2c=18 ock cummeTpuu Oy u
A(4, -10)

30 b= 22,e=7/9 k=.2/2,2a=12 ock cummetpun Oy

u A(-45, 15).

2. 3anucaTh ypaBHEeHHE OKPYKHOCTH, NPOXO/sleii Yyepe3 YKa3aHHbIE TOUYKH U

HMerllel HeHTP B TO4YKe A.

2.1. Bepmnsl runep6oins 12x2 - 13y? = 156, A(0, -2).

2.2. Bepimnsl runep6onst 4x2 — 9y? = 36, A(0, 4).

2.3. ®okycel runepbons 24y? — 25x% = 600, A(0, -8).

2.4.0(0, 0), A - Bepmnna napabonst y? = 3(X - 4).

2.5. ®oxkycel smminca 9x? + 25y? = 1, A(0, 6).

2.6. Jlesblii pokyc runepbons 3x2 — 4y? = 12, A(0, -3).

2.7. ®okycel smmunca 3X? + 4y? = 12, A - ero BepXHss BepIIUHA.




2.8. Bepmmny rumepOonsl  x° - 16y? = 64, A(0, -2).

2.9. ®okyce runepbonsl 4x? - 5y? = 80, A(0, -4).

2.10.
2.11.
2.12.

2.13.

2.14

2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

0O(0, 0), A - BepmnHa napabonsl y? = - (x +5)/2.
[IpaBeii Qoxyc smwmrnca 33x% + 49y? = 1617, A(1, 7).
Jlesnit pokyc runep6ons 3x? - 5y% = 30, A(0, 6).

doxycel ommmnca 16X? - 41y? = 656, A - ero HUXHsS BEPUIUHA.

. Bepmny runep6onsr 2x% - 9y? = 18, A(0, 4).

doxycel runepbonsl 5X° - 11y? = 55, A(0, 5).

B(1, 4), A - BepmmHa napabons y? = (x - 4)/3.

Jlesnlit pokyc ammunca 3x% + 7y? = 21, A(-1, -3).

JleBy1o BepiuHy runep6onsl 5x2 — 9y? = 45, A(0, -6).
doxychl >amnca 24x% — 25y% = 600, A - ero BepxHss BEpIIUHA.
IIpaByto BepmuHy runep6oms 3x2 - 16y? - 48, A(1, 3).
JleBblit pokyc runep6onst 7X2 - 9y? = 63, A(-1, -2).

B(2, -5), A - BepmuHa napadonsl x2 = -2(y + 1).

IIpasblii Gokyc amunca X2 + 4y? = 12, A(2, -7).

IIpasyio BepmuHy runep6omnst 40x? - 81y? = 3240, A(-2, 5).
®oxycsl smmmnca X2 + 10y? = 90, A - ero HUKHAS BepLINHA.
IIpaByro BepmuHy runep6ois 3X? - 25y? = 75, A(-5, -2).
doxycel runep6oisl 4x% - 5y? = 20, A(0, -6).

B(3, 4), A - Bepmuna mapabonsl y? = (x + 7)/4.

Jlesnlii poxyc smmmnca 13x? + 49y? = 837, A(1, 8).

ITpaBslil pokyc runepoonn 57X2 - 64y? = 3648, A(2, 8).

KOHTpO.]] BbHbBIE€ BOIIPOCHI

1. 3anumuTe KAHOHUYECKOE YPaBHEHHE JILIUIICA.
2. 3anummuTe KAaHOHHYECKOe YpaBHEHUE TUIIEPOOITHI.



3. 3anumuTe KAHOHMYECKOE YpaBHEHUE NapadoIbl.
4. Yto Ha3bIBACTCS IKCIETPUCUTETOM AJIUICa?
5. 3anummuTe ypaBHEHUS aCUMIITOT THIIEPOOJIBI.



IIpakTyeckas padora Ne 6 o Treme
« Ilpenea pynxkuun. HenpepbiBHOCTh pyHKIUU. Touku pa3pbiBa»

Heab: [IpoBepUTh yMEHHS U HABBIKU CTYJCHTOB B BBIUYMCIICHUU MIPEJIEIIOB,
PACKpBITHSI HEONPEIEIIEHHOCTEM.

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceeaeHUA

2.3apaHue

3.JIuctA4

4.KanbKynatopbl

MNopaaoK BbInoOHEHUA PaboTbI
1.M3yunTb 3agaHme

2. 3yunTb TEOpPETUYECKME CBEAEHMUA

3. BoinonHute 1 opopmutb paboty
4.ToKa3aTb pe3ynbTaTbl NpenogaBaTento
DomawHee 3agaHue

1.MoaroToBUTbL OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Xox padoTsl

TeopeTuveckue MoJI0KeHUs
[lepeMenHas u npeAen — 3T0 OCHOBHBIE MOHATUS MATEMATUYECKOT0 aHAIU3A.

JlocTaTOYHO HAIIOMHHTh, YTO KJIFOYEBBIM CJIOBOM B ONPEICIICHUSAX TAKUX
W3BECTHBIX CO IIKOJIbI TIOHATUH KaK MPOU3BOIHAS U UHTETPAI SIBISETCS CIIOBO
peJIell.

IIpenea ¢pyHkuum B TOUKE.

y f(x)

0 a-Aaa+A X




[Tycte pynkuus f(X) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOYKHU X = a (T.€. B
caMoil ToUke X = a QyHKIUS MOXKET ObITh U HE OIpE/EIICHA)

Onpenenenune. Yuciio A HaspiBaeTcs mpeaeaoM ¢ynkiuu f(X) mpu x—a, eciu
s mro6oro £>0 cymecTByeT Takoe unciao A>0, 9To sl BCeX X TaKUX, YTO
0< |x-al < A Bepo HepasenctBo |f(X) - Al<e.

To ke omnpeneneHne MOXKeT ObITh 3aITUCAHO B IPYTOM BHJIE:
Ecnmma-A<x<a+A, X#a,To BepHO HepaBeHCTBO A - € < f(X) < A + &.

3anuck nipezena GyHKIUU B TOUKE: m f(x) = 4
Onpenenenne, Ecri f(X) — Aq mpu X — a ToBKO IpU X <@, TO lim f(x) = 4, -

Ha3bpIBaeTCs mpeaesoM Gpyukmnuu f(X) B Touke X = a cieBa, a eciau f(X) —> Az ipu x

— a TOJIBKO MpH X > &, TO lim f(x)= 4, Ha3piBaeTcsa mpeaeaom ¢yukimu f(X) B
x—>a+0

TOYKC X = a CclipaBa.

f(

[IpuBeneHHOE BBINIE ONpECIICHUE OTHOCUTCS K cirydaro, korga ¢yHkmus f(X)
HE OIpeJieJicHa B CaMOM TOYKE X = a, HO OIpEeJIeJIcHa B HEKOTOPOW CKOJIb YTOJTHO
MaJIOW OKPECTHOCTH 3TOM TOUKHU.

[Ipemenmsr A; u A, Has3pIBalOTCS TAaKXKE OAHOCTOPOHHUMM MpeaeIaMHu
¢yakmumn f(X) B Touke x = a. Takxke TOBOpAT, 4T0 A — KOHEYHBIH mpemes
bynkiun f(X).

Ipenena pyHKIMU Npu CTPeMJIEHNH APTYMEHTa K 0€CKOHEYHOCTH.

Onpenenenue. Yncino A HazpiBaeTcs npeaeaom Gpynkmun f(X) mpu x—o0, ecnu
U1 JIr00oro umcia €>0 cymecTByeT Takoe yucio M>0, 4To i BceX X, \x\ >M
BBITIOJTHSETCS HEPABEHCTBO



|A- f(x)|<e

[Ipu »ToM mpenmonaraercs, 4ro ¢yHkmus f(X) ompeneneHa B OKpEeCTHOCTH
OECKOHEUHOCTH.
3anuChIBAIOT: lim f(x) = A.

X—>0

AHaJIOTUYHO MOXHO OMPENCIUTh NMPeebl lim f(x) = A s aroooro x>M u
im f(x)= A4 s aodoro x<M.

OcHoBHBIE TEOpeMBbI 0 Npeaesax.

Teopema 1. lim C = C, rae C = const.

xX—a

Craenyromire TEOpeMbl CIPABEJIMBLI MIPH MPEANON0KeHHH, 4yTo GyHKImU f(X) n
g(X) UMEIOT KOHEUHBIE MPEAEIbI IPH X—>a.

Teopema 2. lim (f(x) + g(x)) =lim /(x) £ lim g(x)
Teopema 3. m [f(x)- g(x)] = lm f(x)-lm g(x)
CaeacrBue. lim C- f(x) = C-lim f(x)

X—a

Iim
Teopema 4. lm S ) =X /)
o g(x)  lm g(x)

opu lim g(x) =0

Teopema 5. Ecau T(X)>0 601usu mouxku x = a u lim f(x)= 4, mo A>0.

Amnanornyno onpezensercs 3uak npeaena mpu f(X) <0, f(x) > 0, f(x) < 0.

Teopema 6. Eciu g(x) <f(X) <u(x) 6bauszu mouku x = a u lim g(x) = lim u(x) = 4, mo

Ulm=4.

xX—a

Onpenenenue. Oynkius f(X) Ha3zpiBacTCS OrpaHWYEHHON BOJIM3H TOYKH X = a,
ecIM CyIIecTByeT Takoe qicio M>0, uro | f(X)| <M BGmu3u Toukn x = a.

Teopema 7. Eciu ¢pynxyus 1(X) umeem xoneunwiii npeden npu x—»a, mo oua
ocpanuvena 60U3U MOUYKU X = d.

BeckoHe4yHO manble pyHKLUUN.
Onpenenenune. Dynkius f(X) Ha3piBaeTCs 6eCKOHEYHO MAaJOi TIpH X—>a, TIE a

MOKET OBITh YUCJIOM HJIM OJHOM M3 BEJIUYHH 00, +00 UJIU -00, €CIIU lim f(x) =0.
xX—a

CgoiicTBa 0€CKOHEYHO MAJIbIX PYHKIIHMA:



1) Cymma (GUKCHpPOBAHHOTO YyHclia OECKOHEYHO MAIbIX (PYHKIUH MPU X—>a TOXKE
OecKOHEe4HO Manasi GyHKIUS IPU X—>a.

2) IlpousBenenue (GUKCUPOBAHHOTO YHUCIIa OCCKOHEYHO MajblX (DYHKIUH TIpH
X—>a TOXKe OECKOHEYHO Manasi QYHKIUS PU X—>a.

3) IlpousBenenue OeckoHEUHO MajnoW (YHKIUM Ha (PYHKIUIO, OTPAHUYCHHYIO
BOJIM3M TOYKH X = a SIBIIsIETCS] OECKOHEUHO Mayiol (PyHKIIMEH npu X—a.

4) YactHoe OT JejcHHs OCCKOHEYHO Majio (YHKIMH Ha (QYHKIHIO, Mpeaes
KOTOpOl HE paBEH HYJIO €CTh BEIMUYMHA OECKOHEYHO Maiasl.

beckoneuno 0osbmMe PYHKIMH M UX CBSA3b ¢ 0€CKOHEYHO MAJIBIMH.

Omnpenenenne. OyHKIMA Ha3bIBacTCAd 0€CKOHEYHO 00/BIION MpU X—>a, TAE a

— YHCJIO WIM OJHA U3 BEJIUYMUH 00, +00 WJIM -00, €CIU lim f(x) = 4, T1e A — 4uCIO
x—>a

WM OQHA U3 BEJIUMYUH 00, +00 UJINU -0,

CBs13b 6€CKOHEYHO OOJIBIINX U OECKOHEYHO MaJIbIX (YHKIIUNA OCYIIECTBISETCS B
COOTBETCTBHH CO CIIEAYIOLIEN TEOPEMOM.

Teopema. Eciu f(X) >0 npu x—a (ecau x—»0) u He obpawaemcs 6 HOJb, MO

1g5x

IIpumep. Haiitu npenen lim

x>0 sin 7x
Tak kak tghX ~ 5X m sin7X ~ 7x mpu x — 0, TO, 3aMeHUB (YHKIUHU

SKBHBAJICHTHLIMHU O€CKOHEUYHO MaJIbIMH, ITOJIYUHUM:

im 1g5x _]ij_x_S

x>0 sin 7x x>0 7T x 7

3

IHpumep. Haiitu nipenen lim ————.
p P pedl x-01 — COS X

3

2
Tax xak 1 — COSX = 2sin? % ~ 2(%) npu x—0, To lim _r -

i =Im2x=0.
x>0 ] —Ccosx x—0

x—0

ST NS

. .t :
Hpumep. Haiitu npenen lim & 12

x—0 Sin x2 x>0 x

Ecim o m 3 - OeckoHeUHO Maibie TpU X—>a, IpudeM B - OECKOHEYHO Manas

Oonee BBICOKOTO TIOpSAAKA, YeM O, TO Y = o + [ - OeckoHEYHO Masas,
OKBUBAJICHTHAas QL. 9T10 MOXKHO AJ0Ka3aTb CICAYIOIINM PaBCHCTBOM
]jmlzlim(l+ﬁj:1.

x—)aa xX—a a

Torga roBopsT, 4To O - IJIABHASL YACTh OECKOHEYHO MaJIoW (PyHKIINH Y.



IMpumep. Pynkuus x°> +x — 6eCKOHEYHO Majas npu X—0, X — IJIaBHAs YacTh

1ol (Qynkmun. YToOBI MOKa3aTh 9TO, 3alHMIIEM O = X2, B = X, Toraa

2 2

. X . X"+ X
lim — =0, Ilim

x=0 X x—0 X

=lim(x+1) =1.
x—0
Hekoropsblie 3ameuarebHbIe peaebl.

P(x)

IlepBrlii 3ameuaTebHBII Mpeaes. m o0’ rae P(X) = aox" + aix™! +.. .+an,
X—>0 x

Q(X) = box™ + b1Xm-1 +...+t0om - MHOrOUIEHBI.

a a a a
x"(ag+— .+ ) Ay +— 4.+
P(x)= X X° e X X
X b b b b
Q(x) x"(by +—+ .o+ by +— 4.+
X X X X
a
ag+—+.. "
lim X X' _ %
X—>0 bl m
by+—+..+—=
X x"

0, npu n<m
Hroro: ]ij(x): ] npu n=m

== O(x) b, ,

o, npu n>m

o o . sinx
BTopoii 3ameuaTenbHbIH npeaes. im

x—0

=1

. . . 1Y
Tperuii 3ameyateJbHBIN Npeaes. lm|1+—| =e
X—>»00 x
YacTo ecinu HEMOCPEACTBEHHOE HAXOXK/ICHUE TIpeeia Kakoi — 00 QyHKINH
IPENICTABIISETCS CI0KHBIM, TO MOKHO ITyTeM IpeoOpa3oBaHusi GYHKIIMHA CBECTH
3az[aqy K HAXOXACHUIO 3aME€UYaTCIIbHbBIX HpeI[eJ'IOB.

Kpome Tpex, n310KeHHBIX BBIIIE, IPEACIOB MOYKHO 3aUCATh CIEAYIONIME
II0JIE3HBIE HA MPAKTUKE COOTHOIIECHHUS
. In(T+x .oa -1 . (1+x)" -1
hm—( ):1; Im ——=lha hm—( )

x—0 X x—0 X x—0 X

HMpumep. Haiitu npenexn.

fim &M%y X _m

=0smux >0 px R

IMpumep. Haiitu npenen.



limtgx—tgxo_ﬁm sin( x —x,) :limsm(x_xo)-lim 1 1. 11

X, X —X x>x (X —X,)COSXCOSX, X% X—X %) COS X COS X cos’x, cos’x
0 0 0 0 0 0 0

HMpumep. Haiitu npenen.

2 .
. —Tsm(ﬂ/4—x) _— {
Sin x—cosx _ . 2 ~ im —sin(z/4-x)

world g —4x x>/ 4 T —4x x—)ﬁ/42\/§(7z-/4_x)_ 2.2

HMpumep. Haiitu npenean.

y=r/2-x Iy . .
cosx _ x=xl2—y _ cos(m —y):ﬁmsmy:_
xonl2 1 —2x y=>0 2y 0y 2
T=2xX=n—mw+2y
HMpumep. Haiitu npenen.
x+3 x+3 y:x_l y+4 y 4
im x+3 ~ m x—1+4 S IR yv+4 _r 1+i im 1+i _
e U | X—>00 x—1 y—© y y—x y y—x y
Y=o
1 4z 1 z 4
={Z:Z}:ﬁm(1+—j :[lim(l+—j] =e'
4 z—00 z z—0 z
x* —6x+8

IHpumep. Haiitu nipenen  Im ————.
pHMEp PEAST % “ex 112

JIJIsl HaXOJKJICHUSI 3TOTO Tpejieia pa3IoKUM Ha MHOKHTEIU YHCIUTEb U
3HaMEHaTelb JaHHOH JPOoOH.

X2 —6x+8=0; X?—-8x +12=0;
D=36-32=4; D =64 -48 = 16;
X1 = (6 +2)/2 =4, X1 =(8 +4)/2 =6;
X2=(06-2)2=2; X2 =(8-4)2=2;
Torna lim (x=2)(x=4) T S
x>2 (x=2)(x-6) x»2x-6 4 2

V14 X+ X2 41— x+X°
X2 — X

Hpumep. Haiitu npenenn. Iimo JOMHOXHM YUCIIATENb U
X—>

3HaMCHATCJIb I[p06I/I Ha COIIPAKCHHOC BBIPAKCHHUC

. 1+ X+ X% -1+ x—x? . 2X
lim = lim =
S0y (X =D+ X+ X% +V1=x+x2) O X(X=D)(V1+ X+ X2 ++1—x+X?)




:—2 =
~1-(1+1)

IMpumep. Haiitu npenen.

2_ — — —
im0 s 6= (o2 3)) = lim BRI 372 1
=3 x" =9 =3 (x=3)(x+3) 3+3 6

y X0 —6x” +11x—
Hpumep. Haiitu nipenen lim i ?x 16
Wl x" =3x+2

PaznoxxuM yuciauTens U 3HaMeHaTelIb Ha MHOXKHUTEIIH.
X2—-3x+2=(x-1)(x-2)
X3 —6x2+ 11x -6 =(X—1)(x — 2)(x — 3), T.K.

X3 —Bx2+11x—-6 Xx-1

x3 — x? x? —5X + 6
- 5x% + 11x
- 5x? + 5x
6X - 6
6x - 6
0
X2 —5x+6=(X—2)(X-3)
Toraa lim (=Dx=2)x=3) __,
ol (x=1)(x=2)
IMpumep. Haiitu npenen.
2sin 2a+2h cos 2h 2sin( a+ h)
. sin(a+2h)-2sm(a+h)+sma . P _ . 2sm(a+ h)(cosh—-1)
%111_1)10 h? B Eglo h2 B gg}) B2 B

J— 1 2
:2lhimosin(a+h)-hm—2sm (h/2) _

h‘_}() 2(h12)° 2sina-(—1/2)=—sina

3anaHus NpaKTHYecKoil padoThI

1.HaiiTn yka3aHHbIe NpeaeJibl.

2 3 3
. —ax+6 ) —x*+2

1.1. ]Jmf—xomeem:1 1.2. ]nn#omeem:l
w2 xt — 122420 8 N
. f4x—xt Co2xt-x-1

1.3. prATE omeem:—i 1.4. 2X A7 omeem

=3 IE—E? 27 r=1 3}{2—}'{—2 5



2x? _Tx+ 4 omeem:nem 124+ x— x* omeem:nem

15 lim—=—~ 1.6, lim —= =
»2 x? _Sx 46 pewenus ¥3 97 pewenus
2 —
1.7. 1 3;c+—32x1 omeem . — 1.8. womeemig
¥l et ] 9 Foml s Py 4
2 _ 2 _
1.9. lim w omeem:—f 1.10. lim w omeem 1
Ll O e o 3 ¥=3 Dyt —hr =3
3 1
1.11. lin :—8 om@em:E 1.12. lim x3_x2 omeem:—1
=iyt +x-6 5 =l oz 41
7 2 _
1.13. :—16 omeem:§ 1.14. 1 w om(s‘em:E
oyt x—20 9 =E ot 4+ 2x-3
2 A 2 _
1.15. lim M omeem:1 1.16. lim w omeem:g
R Axt -Tx+3 5 =2 3x° +8x +4
2 _ ERNY P
117, fim 22 L w8 118, fm = 0572 gem:0
¥=3-l 3yt px— 2 5 K-l 3yt 4 P2
2 _ 2_ :
1.19. lim w omeem 1 1.20. lim w onaent -pem
w==l Dyt 4 3x+1 =yt x 12 peutenus
z p _ :
1.21. lim r'g:zﬂomeem:—E 1.22. lim 4:;:4_—;{5 onmeent -rem
=1 oyt 4 3x—10 7 g N R S | peuieHuA
1.23. 1 5x2+11x 2 omeem:—g 1.24. 1 M omeem : —
=1 Syt —x—10 11 #2T 2yt —9x— 35 19
T _ _ 2 :
1.25. lim —sz 6x -4 omeem:ﬁ 1.26. lm —4‘2 +3x+15 omeemHem
¥ 2xt —3x-35 17 i3 x4 _fx — 27 peweHus
2 e 4 -
1.27. lm M omeem:i 1.28. tim w omeem:E
=3 2t +11lx+ 5 3 I Rl e 23
2 _ A, 2 -
1.29. lim 3;;22—;;4[] omeem:g 1.30. lm w om@em:Z
Pt oyt —3x—4 5 =3 3xd +10x+ 3 8
2. HaiiTu yka3zaHHbIe npeaeibl
2 2 - omeem .1em
2.1, lm —2x2+11x+15 om@em:i 2.2. lin 22 +5x-10 4;5;( 10
¥==3 Lt 4 Hp 12 13 nl =1 peuenus
P 2 omeem Hem
2.3. i A ToETe Sr+e omegem .0 2.4, ]jm—Bx +ax+l

1 x* —dx +3 A peutenus



4_ 2 R S omeem . Hem
2.5. lim ﬂ omegem .0 2.6. lim M
x-1 41 T | peuieHus
:_ 2 omeem Hem
2.7. xg—;c-l-S omeem . — 2.8. lin gx;?x
=1 0xf 4353 23 ¥==2 x4+ dx+4 pewienus
2 _ 2 -
2.9. jx—l omeem:—2 2.10. lim w omeem :— —
L N e e i 16
2 _ 32 _
211, fim XA el 242t T em:t
=5 2x  +11x+5 3 =l -2 2
2 —2x+1 -8
2.13. —— omeem .0 2.14. lim —— omeem :—12
=l 2xt =TTx+5 =2 axt =9x+10
2 _ 3 - omeem . Hem
2.15. fim X T2 L eem X 216w T I
¥=—2 x4+ 2 2 ¥l 9?41 peuieHus
3 A2 4 o2
2.17. lim Ax 22;{ ox omeem . — 2.18. lim w omeem .3
=0 3xt +Tx 7 =Looxt -1
2 — 1 omeem :nem 2L
2.19. lim w 2.20. lin xz—x?,-'[] omeem:—E
¥>3 xd_S.4 & pewenus =iyt +125 75
2 _ 3
2.21. lim > +33x 28 meem 1 2.22. lm Bj 1 omeem 6
¥ d =6 4 =10 o _1)}4
2 _ 2
2.23. tim = —ZEx 28 meem 1 2.24. lin M omeem 0
¥—d = dx =l ot hr4 14
2 3
2.25. lim ;{ 4 omeem . — 2.26. lim % omeem .0
A 3t +x - 10 11 =04x® —5x+1
2 _ _ 2 -
2.27. lim M me‘em:E 2.28. lin x3+2—x24 omeem 0
¥f Apt — Dx 412 16 ¥=-6 Dp® 4 155+ 18
P e 3
2.29. lim % om@em:—E 2.30. lim 5—64 omeem : —
=2t —11x+18 ¥t Pyt X —4 2

3. Haiitu yka3aHHbIe npeaeJibl

Ix —5xt 42

3.1. lim

3.3. lim

v Dxt 530 — x

Coaxt—3xf 47
N A N P |

3.2. lim

3.4. lim

4% +7x

e 2x® —4x* 45

O Tx —2xt 4+4x

K—no

2x 45



2 —dx? +28x

35. fin - %
e hyt 43 +x—1
R S
3.7. lm ——= =
N AT
39 x4+ 3x+1
T wew 3R 4 x5
2 —
3.11. fim 2X FT7
¥ Dt — x410
1
313 fim 3x 2+2:Jr+9
I
3 —
3.15. fim 2% 1772
row Ext—x—4
o Zxt-ext 4z
3.17. fim 2 0% *2
e xt +dx—-3
4 4.2
3.19. fim X 2T ¥3
¥ Pt 4]
3
391 ]szx—“‘x
e S i
393 oxt 4+ 7x -2
T e bt —dx 43
3 4
3.25. fig 12X FIT
¥ A Syt 4ox
_£.2 o s
3.27. ]jindlj-:’x—?“
¥ 2 Hx 48
3_
329 fim 4x7 - 2x+1

pow D 30 40

36. 32t +10x+3
e 05 4553
38 2t 4 Tx+3
T w5t _3x 44
310, fm =3z +10
T ke T 42241

o E3xt42x+d

3.12. ]Jﬂ-.l. f
LE I S U S

314, i Ixt 452 =7
T ree 3t b x4
19x° +35x

3.16. fm —— =%
=083y — 9x°

318, fim 8xt +dx—5
T e drt — 342
390, i Gx? —d4x+2

r=e fxt 4+ 5x +1

_ 4
322 fm %
Esw o4 3xt 4+ 2x

2
324, fim L‘“E
isw |4+ 2+ Tx

4_ 2_
3.26. lm w
LTS S S

P42
3.8 fiy X — 1% +3

Pw D4 Dy x?

2
3.30. I Sx® —3x+1

pw Gxd oy §

4. HaiiTu yka3aHHbIe Npeae/ibl

= 2x+4

4.1. lim

4.3.

o 2xt 4350 41

- Ixi +7x—4

P 0 4 0x—1

49 fm Ixt+ox-3
T e 2 x4 7

&
4.4, tm T

R P



pxt 4+ Tx-1 2t 4+ 7x +4

45, fim 25 T 1X2 4.6. lm 2=
¥oe 3xT +2x 45 oyt +5x-1
6 o2 7 2
47 tm 3x3 Sxt 42 48, T x :—5x dx
S i o F s L S N
2 4 7
49, fm D 4.10. fim 22520
¥ (4 dy—x ¥ D3 4 ax 4]
2 3 2
411, i 22 FAFT 412, fim 2 FAX TR
r=—e AT —2xt +x ¥=e Dyt 4 lx -3
Sx° —3x 47 5x% —3x+1
413, fm XX 7 4.14, fm X
P 2xT +3x7 +1 e 1+ Z2x—x
o 2x 43245 . Ext—Sx42
415, fm 221X T 4.16. tim O %2
row 3xt —4x 41 e 4yt 4 2x—1
3 p
417, fm 3T 4.18. fim 22 _¥ITED
i Pyt — x4 iw A p® — 2xt 4]
. exT4+5x -3 o E3xt4dAx-7
419, tm T 2 4.20. fin 22 4277
Eme Dyt — x4 Ew xt — Pxt 4]
5 4.3 2
421 fm w 492 fim w
S o eyt +d4xt -3
4 A3 3 2 _
4.23. fim 5):2 2xT+3 494 b 8x2+x 7
¥ Dyt 4 35— ¥ Dad Oy 43
Co3xt4zxt - . 3t 4ix-4
4.25. fm 2 X 28 4.26. tan 2 X4
2w Bx —4x+5 ¥ow 3xt —d4x+1
N 3 2
4.97 tim w 4.28. tm 4’[:5—"‘?“
o dxt x-S e 3xt +x—-10
2 _ 3 _
429 fim 2x 4+1Ux 11 430 ?xz+3x 4
¥ Syt — 2x 45 I |

S5.HaiiTu ykazaHHbIe Npeaeabl

4 _ 2
5.1, fim =% T30 5.2. fm 22 _/5¥2
e iyt =220 +1 eyt 4 dx—4
53 h.m?x"—3x+4 54 fim 2x% - x+7

rww Ixd — 2x 41 r= 3xY - 522 410



3 2 4
55 fin 4x 22:{ +x 56 lm 3):2 ax+1
Fow 3xt-x Fow 3xt +2x -5
. o2xt-sx+2 . 5xt—dx+2
5-7- ].11-.[1 ﬁ 5-8- ]JIn 3—
Pyt + 357 -9 ¥ dxt + 2x -5
3_n.2 1 _
5.9, fim ZF 2% *27 5.10. fim —% 2t
e xt+7x+1 eyt —3xT 44
5 4 3 L DR
5.11. fim X 0% % 5.12. fim S35 2%
e 2xt +6x+1 ¥eee o 3y +5x
o4 4 £
5.13. fm — % 5.14, fim Sx Y1073
¥ JxT 4+3x% -5 e 3xt —Sx+1
3_
5.15. fim — 2t 5.16. fim == _22*1
¥we D3y 4+dx e x40
. 10x-7 5x* - 3x°
5.17. ]:ﬂoﬁ 5.18. En_m—j
3x + 27 +1 1+2x+3x
3x* +5
5.19. fim — 27 5.20. fim —0 2%
¥ gt Ayt — g voow Jxt = 3x=7
1 5.3
5.21. fim —x —2%*3 5.22. fm —& X
v ST — x4+ x e 4yt +3x—6
2.2
5.23. lin — 21 5.24. fim 27X
¥=wop® — 5xt +4x et 16
2 I
525, i 410547 526, f 250!
¥ 2y —3x L S
— 2_
5.27. fin — 2217 5.28. tm 22 o1
v pt = 3xT —dx Ll ol S
3_
5.29. fim — o1 5.30. fim — 22

re 3?4 4x 42
6. HaiiTu ykazaHHbIe npeae/ibl

> x-12

re—e 30— Gx 41

MrH12 =4 - x

6.1. lm omeem .1 6.2. lin omeem . ——
3 o fx—2— fa—x e Y Y 48
6.3. lim «,.'rx+21[]—«fd1—x omeem: ——— 6.4, lm ’\2_;_ x+6 omeem : —
==t Pxt —x— 21 91 ¥d xf—x -6 10



Y I U T S J5 . - 3x+2

6.5. lin '~ 6.6. lim omeem —/3
> 302 _4xp1 000 1 B r— Jxt1
2 1
6.7. lin 32 tdxt] omeemZZ\/E 6.8. lim 2x —9x+4 omeem:—1
-l fx+3- 5+ 3x et s x—afx -3
6.9. lim \'lrzle_\'lrx-'_ﬁ omeem:@ 6.10. lLim \fr3x—|—21?—n\f2x+12 omeem:—\/E
=3 2yt —TFx—15 286 ®—=3 x +Ex+15 8
6.11. lim M omeem 2 6.12. lim i omeem :——
¥—=0 xﬁ +1-1 x—=0 ﬁx 7
. 3 Ay -
6.13. lm il omeem .3 6.14. lim M omgem:&
=0+ —af1-x o fx—2- 2 3
Y o S R o S A
6.15. fim 22" < omeem:—§ 6.16. lim 22—~ omeem :—
p-l R 3 2 x2S 12
L oA fx=3-2 ol =3-
6.17. tm 222 7< omeem:E 6.18. limn % omeem . —
=7 fx+2 -3 2 LECI ol 9
N, _ =
6.19. lim y omeem:i 6.20. lm ¢ om@em:—i
¥=23 iy e —15 64 #=0 3x 12
2
. 4-2 . 3x
6.21. lim NE Al omeem 2 6.22. lim omeem —3+/5
¥+ fx2+15_4 x—=0 fj_x_q'll +x
o A2x4T =4 . 2—
6.23. fim 2 72 0meem:—§ 6.24. lim —ﬁ omeem . — —
¥—=0 B_WE 5 =4 B4 1=15 24
o7 . ‘-
6.25. lim — omeem':—5 6.26. lin # omeem:§
=3 _ 2 x—=0 r+=x
2
Y. - . - 1
6.27. lim w omeem:i 6.28. lin o2 omeem: 0
4 x* 464 384 18+ x—3 J10-3
6.29. lim w omeem:—  6.30. lm w omeem:i
x—=0 ¥t 4+ x _’]_6 =2 I _8 ]_8

7.HaiiTu yka3aHHbIe Npeaeabl

3% =3
7.1. lim [x+4] Ortaer: €12 7.2. ]jm[ il ] OtBerT: ¢ 12
¥swl x4+ 3 rswl x+1



7.3.

7.5.

7.7. OtBert: €2

7.9. Ortsert: €92

7.11.

I—l 3x+2
[ ] Otger: 1°

X—2 Ax-3 "
7.13. OTtBeT: €

7.19.

_ 4x-2
] Otger: €32

7.21.

] OtBeT: ¢ 71.22.

7.23. OtgerT: !

7.25.

]_ Ortser: €°27.26.

1.27.

]_ OtBeT: € 7.28.

3-3x
7.29. ] Otgert: e 27.30.

. X
]Jﬂl [

rswlh ow— ]
8. HaiiTu ykazaHHbIe Npeaeibl

8.1. lim

N

[2x+3

¥+l
] Otsert: 0
Sx+7

x+1

8.3 lim [
¥oy Zx—1

Iy
] Otser: 0

7.18. lin

7.4. ]a.j.t_'l}lm[x; ]Hx Otser: ¢ 3
7.6. E:}m(xf}_jx Otser: ¢ 1°
7.8. ]ﬂo(if]H Otser: ¢ *
7.10. ]ﬂo[x;?]hﬂ Otser: e 14
7.12. Eﬂ[ij)m OtBeT: €

¥

Ired
x+3a
[ ] OtgeT: e 1°
X

i+ 2

X

7.20. h'm[

K=

I-2x
] OtBeT: ¢ ™

i
]jm[1 x] OtgerT: ¢ 2
rsml D

2%
] Otser: ¢ 873




w+
8.5. ]jm[ﬁx_f] OTtBeT: ©

tx
8.7. ]ﬁn[zx“] OtBeT: ©

¥+
8.9. tlim [ x+3 ] Otset: 0

8.11. ]jm[

ax
8.13. lim [ I_Z] OtgeT: 0

Sx
8.15. ]jm(x_zl] Otser: 0

ix
8.17. ]jm( x_ij] OtgeT: 0

ax
8.19. tim (JH_?’J Ortser: 0

dix
8.21. tim (3“-?] OTtBeT:

8.23. tm [

8.25. lim [1_ Ex]_ Otsert: 0

3x
8.27. ]jm[Bx 1] OTtBeT: ©
r=wl 2r 45

3+ x
Sx—4

8.29. ]jm[

N—Fm

pts
] Otsert: 0

9.HaiiTu ykazaHHbIe NpeaeJibl
Haiitu ipenensr.

K — nopsiokoeuwiii nomep 6 acypnane

8.6. E}nﬁ[;_ll]m Orser: 0
8.8. 1313@[2"‘:1]5?{ Orser: 0

8.10. hin_m[iiji]l Otser: 0
8.12. ?Enﬁ(i;j]x Ortger: 0
8.14. ]ﬂn[;tB T?{ OtBert: 0

o 3x—ay
8.16. ]Jnl( +6] OT1BeT: ©
¥—=-ml ¥
Gx+l
8.18. lm (zx_l__jJ OTtBeT: ©
¥=—wl ¥
Sx
8.20. hm[ﬁx-:a OTtBeT: ®©
e x—-
3x
8.22. ]jm[;;lﬁ] Ortser: 0
e x
3—4 53"
8.24. hm[ ] OTtBeT: ®©
r=wl Dy
T
8.26. i [4”"‘] Orger: w
r=-wh S4x
. 1—x "
8.28. ]JI‘ﬂ[ " ] OtBet: 0
Fifrd = —_ x
Ef
8.30. tin [ x+5] Otset: 0
¥l -2



sin 3x k x? tg (kx + 3x) x*

1).lim . 2) lim ———, 3)lim

) -0 (k +2)x ) x>0 8in > 5 X )HO 5x

4) lim (1+Ej 5) lim sin kx—sin 5x’ 6) lim c0S 2X — cos kx
X—>00 X x—0 kx x—0

KouTpoJsibHbIE BONIPOCHI

1. Maiite onpenenenus npeaena pyHKIUHA B TOUKE.
2. Kaxkue Tunsl HeonpeneaeHHOCTe BaM U3BECTHBI?

0
3. Kak n36aBuTHCS 0 HEONPEIETEHHOCTH 0 ?
C
4.Yemy paBHO 3HaueHUE npejena GyHKUUN TPU HEONIPEACIIEHHOCTH 0 ?

0
5.Yemy paBHO 3HaUeHHE Mpesena GYyHKIMU TPU HEOMIPEACIEHHOCTH — ?
C

6. 3anucarh 3aMevaTeIbHbIC MPEICIIbI.

IIpakTn4yeckasi padora Ne 6 mo reme
«[Ipenea pynkunu. HenmpepsiBHOCTh PyHKIMHU. TOUKHM pa3pbiBay

Henab: HayyuThCS BBIUUCIATH MPEEIIbl,UCCIEI0BATh PYHKIIMIO HA
HENPEPBIBHOCTH, KJIACCHU(PUIIUPOBATH TOUKU PA3pbIBa, CTPOUTH FPpaPUKU

byHKIMA.
TeopeTnyeckue MoOJI0KEHHU

HenpepbIBHOCTH (PYHKIIMU U €€ pa3pbiBbI.

Onpenenenne. Oynknus f(X), onpeneneHnas B OKPECTHOCTH HEKOTOPOH TOUKH
X0, HA3bIBAETCS HEMPEPBIBHOM B TOUKeE Xo, €CITU TIpeeN (YHKIIUU U €€ 3HaUYCHUE
B 3TOU TOYKE PaBHBI, T.€.

im £(x)= /(%)
Tor e dpakt MOXKHO 3amucaTh HHaYe: lim f(x) = f(lim x)

Onpenenenune. Ecmu Gynknus f(X) onpenenena B HEKOTOPOW OKPECTHOCTH TOYKH
X0, HO HE SBIIACTCS HEMPEPHIBHOM B caMOW TOYKE Xo, TO OHA HAa3bIBACTCS
pa3pbIBHOI (QYyHKIIHMEH, a TOUYKa Xg — TOYKOH pa3phiBa.

[Ipumep HenpepbIBHON (DYHKIUU:



f(Xo0)+e
f(xo)
f(Xo)-S /
|
0| Xo-A X Xo+A X

[Ipumep pa3pbriBHOHN PyHKIUU:

f(Xo)+e
f(Xo)
f(Xo) -€

\x
S
X

CaoiicTBa HeNMPePbIBHBIX (PYHKIHUIA.

1) Cymma, pa3HOCTh W TPOU3BEACHUE HEMPEPHIBHBIX B TOYKE Xo (QPYHKIUH —
ecTh (YHKIIUS, HETIPEPhIBHAS B TOUYKE Xo.

. f(¥)

2) YactHOoe OBYX HEMPEPHIBHBIX (YHKIIUN o €CTh HempephIBHAS (DYHKIIHS
gx

P YCIIOBUH, YTO §(X) HE paBHA HYJIIO B TOUKE Xo.

3) Cynepno3uiiusi HEmpepbIBHBIX (DYHKIHI — €CTh HeNpepbIBHAS (PYHKITHS.
DTO CBOWCTBO MOKET OBITh 3aMMCaHO CICAYIOIINM 00pa3oMm:

Ecmu u = f(X), v = g(X) — HenpepbIBHBIC (GYHKIMH B TOYKE X = Xo, TO (PYHKIIHSI
V = g(f(x)) — Toxxe HenpepbIBHAS (DYHKITUS B OTOH TOUKE.

Touku paspeiBa U UX KIaccupukanms.

PaccmoTrpum HekoTopyio pyHkIiuio f(X), HEMpephIBHYIO B OKPECTHOCTH TOYKH
X0, 3@ MCKIIOYEHHUEM MOXKET ObITh camMON 3TOM TOuku. M3 ompeneneHus TOUKH
paspbiBa QYyHKIIUU CIEAYET, YTO X = Xo SIBJISCTCSA TOUYKOMN pa3phiBa, €Ciau (YHKIUS

HE OIpEJICNICHA B 3TOM TOUYKE, WU HE SIBIIIETCS B HEW HENPEPHIBHOM.



Crnenyer OTMETUTH TAKXKE, YTO HEMPEPHIBHOCTh (PYHKIIUU MOXKET OBIThH
onHocTtopoHHel. [losicHuM 3TO cieayrommuM 00pa3om.

Ecaun omHocTopoHHM mpenen (CM. BBIIIE) lim f(x)=f(x,) , TO byHKIMSA

Ha3bIBAETCS HETIPEPHIBHOM CITpaBa.

-

Ecnu opHocTOopoHHUMI Tipenen (CM. BBILIE) lim f(x)=f(x,) , TO byHKIHSA

HA3bIBAETCSl HEMIPEPHIBHOM ClieBa.
Omnpenenenue. Touka Xo Ha3bIBaeTCsA TOYKOI paspbiBa ¢yukimu f(X), ecnu f(x)
HE OTpeJIeJICHa B TOUKE Xo UJIU HE SIBJISICTCS] HETPEPHIBHOM B ATOM TOUKE.
Onpenesenune. Touka xo Ha3bIBAE€TCA TOYKOM pa3pbiBa 1- ro poma, eciu B 3Tol
Touke GpyHknus f(X) uMeeT KOHEUYHBIC, HO HE paBHBIC APYT APYTY JCBBIN U MPaBbIi
IIPEIEIIbI.

Jm SO fim ()
JIs1 BBITIOJTHEHUS YCIIOBHM ATOTO OINpeNesieHus He TpeOyeTcs, 4ToObl (yHKIUS
ObLJIa ompenesieHa B TOUKE X = Xo, JJOCTATOYHO TOTO, YTO OHA OMpEJeicHa ClieBa U
crpaBa OT Hee.

N3 omnpeneneHus MOXKHO cAenaTh BBIBOJ, YTO B TOYKE paspbiBa 1 — ro poxaa
GYHKIMS MOXKET HMMETh TOJBKO KOHEYHBIM CKadoK. B HEKOTOPBIX YacTHBIX
Ciy4asix TOYKY pa3pbiBa | — ro poja emie nHOrAa Ha3blBalOT YCTPAHMUMOM TOYKOU
pa3pbiBa, HO MOJIPOoOHEE 00 3TOM MOTOBOPUM HUXKE.

Omnpenenenune. Touka Xo Ha3bIBAETCS TOUKOM pa3pbiBa 2 — ro pojaa, €Ciu B 3TOU
touke QyHkrws f(X) He uMeeT XOTs ObI OJJHOTO W3 OJHOCTOPOHHUX MPEIEIOB WIIH
XOTs1 ObI OJTMH M3 HUX OECKOHEUEH.

Mpumep. Oyuxmus Jupuxie (dupuxie Ilerep ['ycraB(1805-1859) — Hemernkmii

MaTeMaTHK, 4ieH- koppecnonaeHT [letepoypreckoit AH 1837r)

1, X — payuUoOHAIbHOE YUCI0

f(X)={

0, x—uppayuonanvroe uucno

HE SBJISIETCSI HETPEPHIBHOM B JIIOOON TOUKE Xg.



Mpumep. Oyuknus f(x) = 1 imeer B Toure Xo = 0 TOUKy pa3pbiBa 2 — TO poja,
X

T.K. im f(x)=+ox; lirglof(x)z—w.

x—>0+0

-10

sin x

IMpumep. f(x) =

X
(DYHKIII/ISI HC OIIPCACICHA B TOYKC X = O, HO HMMEET B HEM KOHCUHBIM npecacia

]imo f(x)=1, T.e. B Touke X = 0 QyHKIMSI UMeeT TOUKY pa3psiBa 1 — ro poaa. 1o —

yCTpaHuMas TOYKa pa3pbiBa, T.K. €CIU JOONPEIETUTh PYHKIUIO:

sin x
f=7 x’
I, npu x=0

npu x#0

I'paduk ol pyHKINN:

N - s
oo

l-[pI/IMep, f(x) = i:{la npu x>0

h| -1, npu x<0



D

-1
Ota GyHKIMS Takke o0o3HadaeTcs Sign(X) — 3Hak X. B Touke x = 0 hyHKIUS HE
ompenencHa. T.K. JIeBbIi W TpaBblii mpeaenbl (QYHKIUH pa3IddHbI, TO TOYKa
paspeiBa — 1 — ro poxa. Eciau poonpenenuts QyHKIMIO B Touke X = (), MOJI0XKHUB
f(0) = 1, To pyHkuus OyaeT HenpepbiBHA crpaBa, ecnu nojoxutsh f(0) = -1, To
¢GyHKIMs OyneT HEempephIBHOM ClieBa, eciu moinoxuTh f(X) paBHOEe Kakomy- 0O
YHCTy, OTIIMYHOMY OT 1 miau —1, To QyHKIMs He OyaeT HEenpephIBHA HU ClieBa, HU
CIpaBa, HO BO BCEX CIIy4asiX TeM He MeHee OyaeT uMeTh B Touke X = 0 pas3pwiB 1 —
ro pozaa. B atom nmpumepe Touka paspbiBa 1 — ro pojaa He SBISIETCS YCTPaHHUMOM.
Taxum oOpaszom, Jis TOro, 4ToObI TOUKa pa3peiBa 1 — ro poma Obuta
YCTPaHUMOU, HEOOXOIUMO, YTOOBI OJTHOCTOPOHHHUE MPEIEIIbI CIIpaBa U CJieBa
ObUTM KOHEYHBI M PaBHBI, a (YHKIMs ObLIa ObI B 3TON TOYKE HE OIpe/IeicHa.
IMpumep. MccnenoBath Ha HEMPEPHIBHOCTh (DYHKIMIO M OMPEACTUTH THIT TOYEK

pa3pbiBa, €CJIN OHU CCThb.

x+4, x<-1
f(x)=4x"+2, —-1<x<l1

2x, x>1
lim /(x)=3 lim £(x) =3
fm f(x)=3 fm f(x) =2
B TOYKE X = -1 QyHKIHs HEmpepbIBHA B TOUKE X = | TOuka pa3psiBa 1 —ro

pona

0




IIpumep. VccnenoBaTh Ha HENPEPHIBHOCTh (PYHKIUIO U ONPEAEINUTH TUIl TOYEK

pa3phiBa, €CJIM OHU €CTh.

cosx, X<0
f(x)={x*+1 0<x<l1
X, x>1
iy, 11 fin 192

B Touke X = 0 yHKIMS HEMpepbIBHA, B TOUKE X = 1 Touka pa3psiBa 1 — ro pona

~_ . 1

-m -m/2 0 1 X




4.4.10. T abmmia 3K BHBAJIEHTH BIX 0ecK OHEeYHO MAaJIBIX.

3meck MEH C MOMOLBIO paccMoTpeHHHX B 4.4.7 Ipefenor cocTaBuM TabIHLY sKBHBATEHTHEX
EM pyuxnuil ¥ BHIMUEM CIESVIOLHE W3 HUX BHPaKEHUA ONA [IABHEX JacTeH (OHH MONYEPKHYTEHL).

OKBHBATEHTHOCTE NpHXx—0 Tnagnad yacte npu x—0
1 sinx ~x 1. sinx =x+o(x)
2 . 2 - 2 2
2. 1-cosx ~x"/2 2. 1-cosx=x%2+o(x)=cos x = 1-x"2+o (x*)
3tgx ~x 3. tgx =xto(x)
4 arcsinx ~x 4. arcsin x =x+oix)
5. arctgx ~x 5. arctg x =x+o(x)

6.d-1~xlnae-1~x 6.d—1=xIn ato(x)= " = 1+x In atolx)

e =1 =x+o(x) )= " = 1+ x +o(x)

7. log, (1+x) ~x log.e; In{1+x) ~x 7. loga (14x) =x logseto(x); In(1+x) =x+o(x)

8. (14x)*-1~ ax 8. (14x)*- 1 = ax+o(x)= (1+x)*=1 + a x+o(x)

9 shx~x 9. shx =x+o(x)

10.chx - 1~ x2 10. chx - I=x¥f2to(d)= chx =1 +xf24eed) |

o . 1g5
Mpumep. Haiiti npezen lim —>—
*=0sm 7x

Tak kak tgbx ~ 5X m sin7X ~ 7X mpu x — 0, TO, 3aMeHUB (YHKIUU

SKBHBAJIEHTHBLIMU O€CKOHEUYHO MaJIbIMH, ITOJIYUHUM:

fim 8% X3

=0gsin 7x >0 7x 7

3
IIpumep. Haiitu npenen lim

01— COSX |
x (xY x° x°
Tak kak 1 — COSX = 2sinz—~2(—) npu Xx—0, To lim ——— =lm — =1lim 2x=0.
2 2 x=»0]—cosx x>0 x x>0
2
. .t :
ITpumep. Haiitu npenen lim R Oiz — o,
X—> SN x X X



3aaHus NpaKTH4YecKoH padoThI

3apanme 1.Haiitu npenenbl, HCNOIb3YS SKBUBAJICHTHbIE OECKOHEYHO MaJjible

GyHKIUU.

3
2.1. lm M omeem:—E
=0 7 Gy 5

23 ]J.msin?x

omeem .

x—=0 ﬁgzx

2.5, fiyy STEEOX
w0 2x® — Sy

27t st Dx

=0 arofe2x

omeem .

ax
2.9, fim &
=0 ngx

omeem .

COSAXr—CosX

211, bm —=— """ omegem:—2

=0 2}[—2

2.13. lim _arctg3x. omeem . —
0 In( 1+ 27) 2

S

2.15. fim £ ~ ! omeem:g

w0 g 2x

2.17. tim s1n(3x_+2]| om@em:i
L Bl 12
. xT—64

2.19. lin ———— omeem 48
=4 1g(x—4)

3

2.21. tin M omeem 2

=1 2:,:

2.23. lim _sin3x omeem:E
0 In( 1+ 27) 2

2" —1 5
omeem . —
2

2.25. lim
¥—=0 fgzx

2.27. lin sn(z—3) omeem:i
R Y 27

2.2. lim M omeem:§
=0 foly 3
I
2.4, lim j—l omeem . —
=0 0 4 27 % 9
2.6. lin arcain 3x omeem . —
=0 2 2
2.8. lim M omeem:—
=0 ain 2x

2.10. lm M omeem 1

¥3 xf x4 6

2.12. tm ﬂ Omeem:%

¥—=0 4}:2
2.14. lim arcsin 4x omaem :i
=0 foix 5

2.16. tm fgx+2) omeem:—%

¥——2 xj - 4

arcsin 2x

2.18. lm —/—— =% omeem:1
=0 fody 2

220. & cosZy—cosdx

. lim omeem 2

=0 sz

2.22. lim aretgsx omeem:§
=0 ey 2

2.24. MM omeem 2
=0 fedx

226, tim MIT4Z

_ gem . —
w0 o 2% 2

2.28. fim BEFI)

¥=-5 2 _ 05



2.29. lim ﬂ omeem 1

¥—=1 21’2

3ananme 2. VccnenoBarh NaHHbIEe (YHKIMU HA HEMPEPBIBHOCTH U MOCTPOUTH UX

rpaduxu.

2.1, f(x)=

2.3. f(x)=

2.5. f(x)=

2.7. f(x)=

2.9. f(x)=

X+4,x< -1
X2 +2,-1<x<1,
2X,x >1.

X+2,x<-1
X7t 1< x<1
—-X+3,x>1

-2(x+1),x<-1
(x+1)°%-1<x<0
X, X>0

x2+1,x<1
2X1<x<3
X+2,X>3

V1-X,x<0
00<x<?2
X=2,X>2

sin x,x<0

2.11. f(x)=4x0<x<2

23.13. f(x)=

2.15. f(x)=

0,x>2

Xx-1,x<0
x?0<x<?2
2X,X>2

-X,Xx<0
x2+10<x<2
X+1,x>2

2.30. fig 2C1+57)

_ omeem —
=0 o 3x 3

X+1,x<0
2.2. f(X)=<{(x+D*,0<x<2
—X+4,X>2

—-X,X<0
24. f(X)=9-(x-1)*0<x<2
X—3,X>2

-X,X<0
2.6. f(x)={x*0<x<2
X+1,x>2

Xx—3,x<0
2.8. f(x)={x+10<x<4
3+X,Xx>4

2x3,x<0
2.10. f(x)=<x,0<x<1
2+ % x>1

T
COSX, X < —
2

2.12. f(x)= Q%<x<n

2 X271

X+1,x<0
2.14. f(x)=4x*-10<x<1
-X,x>1

X+3,x<0
2.16. f(x)=410<x<2

x2—Zx>2



X—1,x<0 -X+1,x<-1
2.17. f(x)=<sinx0<x<7x 2.18. f(x)=x>+1-1<x<2
x> 2X, X > 2
1,x<0 —-X+2,X<-2
2.19. f(x)=420<x<2 2.20. f(x)={x*-2<x<1
X+3,X>2 2,x>1
3X+4,x<-1 X, X <1
2.21. f(X)=4x*-2,-1<x<2 2.22. f(x)=4(x-2)°1<x<3
X, X > 2 -X+6,x>3
x=1x<1 X3, x< -1
2.23. f(x)={x*+21<x<2 2.24. f(x)=4x-1-1<x<3
—2X,X> 2 -X+5x>3
X, X < =2 X+3,x<0
2.25. f(x)=1-x+1-2<x<1 2.26. f(X)={-x"+40<x<2
X2 -1,x>1 X—2,X>2
2.27. f(x)=1x*-1,-1<x<2 2.28. f(x)=4cosx,0<x<7x
2X, X > 2 1-x,x>7x
2,x<-1 -%x<0
2.29. f(x) =41-x,-1<x<1 2.30. f(x)=4x’0<x<2
Inx,x>1 X+4,Xx>2

3aganue 3. ccnenoBarh qanHble (YyHKIIMU HA HEMPEPHIBHOCTH B YKa3aHHBIX
TOYKAX

1

31, f(x)=2%+1 x =3 x,=4
1

3.2. f(x)=5*% -1 x =3, x, =4
X+7

33 f(X) :E, Xl:2’ X2 :3

X-5
34 f(x)=—=, x,=-2, X, =-3
(x) 23 1 2



1
35, f(x)=4%*+2, x =3, x,=2

1
3.6. f(x)=9%*, x =0, x,=2

1

3.7. f(x)=25+1, x =5, x,=4

1

3.8. f(X)=5% -1 x =3 x,=4

1

3.9. f(x)=6"2+3, x,=3 x,=4

1
3.10. f(x)=75*+1, x, =5 x,=4

X—3
3.11. f(X) zm, Xl=_51 X2=—4
3.12 f(x)—X—Jr5 X, =3, X, =2
2. =, a3 %=

i
3.13. f(x)=5*2, x =3 x,=4

2
3.14. f(x)=4**-3, x,=1 x,=2

5
3.15. f(x)=2* -1, x =0, x, =1

B
N

3.16. f(x)=8*2-1, x,=2, X, =3

4

3.17. f(x)=5%*+1 x =2 x,=3

3.18. f(x)=%, X, =5, X,=4

3.19. f(x)= 2X , X

X2

=1 x,=2

3

3.20. f(x)=22+1, X, =-2, X, =—1

3

3.21. f(X)=42+2, x, =2, x,=3

2

4.22. f(x)=31-2, x =-1 x,=0



3

3.23. f(x)=5"4+1, x, =-5, x, =—4

—4
3.24. f(x):%, X, =-2, X, =-1

—4
3.25. f(x):%, X, =3, X, =2
3.26. f(x)=

3.27. f(x)=3"*+1, x =1 x,=2

3.28. f(x)=——, x,=-5 x,=-4

2

3.29. f(x)=6%*, X, =3, X, =4

3.30. f(x):%, X, =2, X, =3

KoHTpoabHbIE BONIPOCHI
1.Kakue BenmnYMHBI Ha3bIBAIOT OECKOHEYHO MaJIBIMH OJHOTO MOPSIKAa MaJoCTH?
2. Kakue BennymHbI Ha3bIBAIOT YKBUBAJICHTHHIMUA O€CKOHEYHO MaJIbIMH ?

3. Kakas yHKIMSI Ha3bIBa€TCS HEMPEPHIBHOW B TOUKE?
4.CKOJIBKO M3BECTHO BaM TOYEK pa3pbiBa GyHKIIMH, KaKue?



IIpakTuyeckas padora Ne 7 o reme
«Haxoxenue npou3BoaHOM CI0KHOM PpyHKuMHU. ['eomeTprYecKHii CMBICJI
npousBoaHoi. {updepenunan pyHkunmw»

Henb: Hay4UTBCS HAXOXKAUTH IPOU3BOJHBIC IEMEHTAPHBIX U CIOMXKHBIX
(YHKLIMHA.

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceeaeHUA

2.3apaHue

3.JluctA4

4.KanbKynatopbl

MNopaaoK BbinoAHEHUA PaboTbl
1.M3yunTb 3agaHune

2. N3yunTb TEOpPETUYECKME CBEAEHNA

3. BoinonHutb 1 opopmutb paboty
4.ToKa3aTb pe3ynbTaTbl NpenogaBaTento
DomawHee 3agaHue

1.MoaroToBUTbL OTBETHI HA KOHTPO/IbHbIE BOMPOCHI
Xox padoTsl

KpaTtkue TeopeTndeckue cBeaeHusl.

Ilpouszeoonan hynkuyuu, ee 2eomempuueckuil u Quzuueckuii CMulCI1.

Onpenenenue. IpousBoanoii Gynkiuu f(X) B Touke X = Xo Ha3bIBaE€TCA MPEae
OTHOIIIECHHS TPUPAIIEHUS QYHKIMH B 3TOM TOYKE K MPHPAIICHUIO apTYMEHTA, €CITH
OH CYIIIECTBYET.

oy i SO A) = £()
f') = lim RS

) i)y AF (v £ AY)
A Hf(Xg+AX)

ARAY




Af

[Tycte f(X) ompenenena Ha HexkoTOpoM mpomexyTke (a, D). Torma tgﬂzE—

TAHT'EHC yTJia HakJIoHa cekymieit MP k rpaduky QyHkiuu.

Af " .
|Im0A— = f'(X,) =tga =K — reoMeTpH4YE€CKHUI CMBICJI IIPOU3BOAHOU
AX—> X

TJIC 0L - YTOJI HAaKJIOHA KacaTesibHOU K rpaduky ¢pynkuuu f(X) B Touke (Xo, f(Xo)).
K —yrnoBoii ko3 punueHT kacareabHOM.

Vron MCIKAY KPUBBIMU MOXKCT OBIThH OIPCACIICH KaK YIoJl MCIXKAY KAaCaTCIbHBIMH,
IMPOBCACHHBIMHU K 3TUM KPHUBLIM B KaKoH- 1100 TOYKE.

YpaBHeHHe KacaTeJbHOH K KpUBO# y—y, = f'(x,)(x —x,)

YpaBHeHHE HOPMAJIM K KPUBOH y—y, = (x—x,).

__
S(x,)
dakTHyecKH MPOU3BOAHAS (DYHKIIUHU MTOKA3bIBAET KaK M3MEHSIETCS (PYHKIUS TIPH

U3MEHEHUH TIEPEMEHHOM.

dusuyeckuii cMbica npousBoaHoii pyuxnuu f(t), rae t- Bpems, a f(t)- 3axon

IBIOKEHUSI (M3MEHEHHUST KOOPAUHAT) — MCHOBCHHAS CKOPOCHb

osudicenus. COOTBETCTBCHHO, BTOpasi MPOU3BOIHAS (DYHKIHH- CKOPOCTh

MU3MEHEHUsSI CKOPOCTH, T.C. YCKOpeHUe.

Ocnoenvle npasuna oughgpepenyuposanus.

O6o3naunm f(x) = u, g(x) = v- pyukuun, guddepeHIrpyeMbIe B TOUKE X.
1) (uz£v)'=u’#v’

2) (Uv)'=uv’+uv
3)@ UV iy # 0
1%

2
v

IIpon3BoOIHBLIE OCHOBHBIX DJIEMEHTAPHBLIX GVHKIINM.

!

HC" =0; 9) (sin x) =cosx
2)(x™)’ = mxm1; 10) (cosx)’ = —sin x
3) () - - 11) (1) = ——



o[- 12) (ot =

x x sin % x
5) (ex )’ =e" 13) (arcsin x), _
1-x°
' ' 1
6) (ax) =a"la 14) (arccosx) =— -
I-x
o1 ' 1
N(nx) =— 15) (arctgx) = -
X I+x
8) (log,x) = ha 16) (arcctgx) =- g

Ilpouseoonas cnosxcnoii hynkyuu.

Ilycmo y = f(X); u = g(X), npuuem obnacme 3nauwenuii Gyukyuu U 6xooum 8

obnacmo onpedenenus pynxkyuu f.
Tozcoa y'=f'(u)-u’
Jozapughmuueckoe ougpghepenyuposanue.

nx, npu x>0
Paccmotpum GyHKIMIO p =In|x| = b(—x), npu x <0’

Torma (In|x|y= L, 1.x. (in x) L (=) =
X X

(=x)'
X

[ ! ! x
Y4uThIBast OIYYEHHBIN PE3yabTaT, MOXKHO 3aIllMCaTh (1n| f (x)|) = j; (( )) )
X
! x . .
OrtHo1ieHHE /) Ha3bIBaeTCs Jorapupmudeckoi mpousBoanoi ¢pynxiuu f(X).

X

Cnioco6 norapupmuyeckoro qud¢epeHupoBaHus COCTOUT B TOM, YTO CHadasa
HAXOJAT JIOTapu(MHUUECKYIO TMPOU3BOAHYIO (DYHKIHMH, a 3aTeM MPOU3BOIHYIO
camoit pyHKIuu 1o popmyie

) S(%)

f'(x) = (| (x)

Cnoco6 norapudmuyeckoro auddepeHIUpoBaHUS YIO0OHO NPUMEHATH MJIS
HaXO0XJICHUSI MPOU3BOJHBIX CIOXKHBIX, OCOOEHHO MOKAa3aTeIbHbIX (DYHKIUHU, IS
KOTOPBIX HEMOCPEICTBEHHOE BBIUMCICHUE MPOU3BOAHOM C UCIOIB30BAHHEM
npaBuil qudPepeHIpoBaHUS PEACTABISIETCA TPYAOEMKUM.



Ilpouseéoonas nokazamenvbHo- cmeneHHou GyHKyuu.

@DyHKIMSA HA3bIBAETCA MMOKA3aTEIbHOM, €CIIM HE3aBUCHUMAas IIEpEMEHHAs BXOJIUT B
MOKa3aTelb CTENEHU, U CTENIEHHOM, €CJIM MepEMEHHas sSIBIIsIeTCsl OCHOBaHueM. Eciu
K€ U OCHOBAaHUE U NOKAa3aTelb CTENEHHU 3aBUCAT OT IEPEMEHHOM, TO TaKas
GyHKIMSA OyIeT MOKa3aTeIbHO — CTETIEHHOM.

ITycts u = f(x) (f(X)>0)u v
TOYKE X.

g(X) — dbyHKIMH, UMEIOITHE TPOU3BOHBIC B

Haiinem npousBognyo Gynkmuu Yy = UY. Jlorapugmupysi, momydum:

Iny = vinu

! !
u

Y vhu+vd
Y u

y' :uv(vu—+v'ln uj

u

!

(u”) =vu'u' +u"V'hu

IIpumep. Haiitu mpons3Bogayo GyHKIHH f(x) = (x* +3x)*",

ITo mosryueHHO# Bhilie hopMyJie ModydaeM: u=x" +3x;  V=XCOSX;
[TpousBoiHbIE ATUX QYHKIUHN: u'=2x+3; V' =cosx—xsin x;

OKOHYATENBHO:

f'(x) =xcosx-(x* +3x) " (2x +3) + (x* +3x)* " (cos x — xsin x)In(x* +3x)
. - 1 2
Ipumep. Haiitu mpousBoaHYI0 (QYHKIIUH Y = COSXSin X + Ecos x .CHauana

1. I
npeoOpasyem JaHHYI0 QYHKIUIO: y = e 2x + S c0s” x

y' = %2005 2x+%2003 X(=sin x) = cos2x —sin xcos x. Ilpumep. Haitu npowns3BOIHYIO

2 x?

X
QyHKIMH y="—F—.
x +1

. (2xe’“2 +x22xe" )(x? +1)—(2x)x2e"2 B 2x%e” +2x%e" +2xe" +2x%e" —2x’e”
(x* +1)? (x* +1)°
B 2xe" (x* +1+x%)
(x> +1)°




3ananue 1.Hantn npousBognbie pyHKIUMI

B1 V=x°-5x2+11, Y=x?ctgx

Y=“”;g", vy=Vx3 + 5

Y= **Inx, Y=(cosx — 1)%*
B2 Y=2x3-x2+1, Y=xtgx

_artgx 3

4x

Y x%2—3

, Y=
Y=ln =, Y=(sinx — 2)3*
x+1

B3 Y=7x3+3x2-2, Y=xarctgx

x+5 1

Y= =
Inx’ = (2x+11)5

Y=sin?(4x* + % -1
Y=(5x + 4)**
B4 Y=-3x3+5x*-81, Y=2xsinx

Y=—"v=x2 — 3

L)
sinx

_ X oy __ 23\3x
Y=cos x+1,Y (tgx — 3)

B5 V=7x5-3x2+32 Y=x3arcsinx

_ 2 _cosx
T (3-6x)%"  3x

Y=In(x — x? — 6)
Y=(cosx + 4)*
B6 V=-x>+3x3-11, Y=3x’ctgx

Y=arccosx. Y: m

3x

Y=e3%" In2x

Y=(7x + 6)%*

B16 V=x>-5x*+1, Y=x2ctgx

Y=“’”Cxtgx, v=3x3 + 5

Y=e " Inx, Y=(x — 1)%*
B17 Y=2x3-x>+17, Y=x°tgx

_artgx 3

4x

Y ,Y=Vx2 -3

Y=ln—— , Y=(Inx + 8)**
x+1

B18 Y=7x3+3x%-2, Y=xarctgx

x+5 1

Y= =
Inx’  (2x+11)5

Y=sin3(4x?* + g - 1)
Y=(Inx — 2)**
B19Y=-3x3+5x%-81, Y=2xsinx

Y=—"- v=3/x2 — 3

- . )
sinx

Y=cos =, Y=(Inx + 9)5%
x+1

B20 Y=7x6-3x2+3,Y=x3arcsinx

_ 2 _cosx
T(3-6x)87  3x

Y=In(x — x? — 6)
Y=(tgx + 2)*
B21 Y=-x>+3x3-11,Y=3x2ctgx

Y=arccosx’ Y: m

3x

Y=e3% In2x

Y=(tgx — 6)%*



B7 Y=3x*-6x%+19, Y=x3sinx
Y=’f—;, v=32x3 - 6

Y= **Inx, Y=(3x + 1)°*

B8 Y=-4X5+9X?-12, Y=x3tgx

y=2C9% v 3 Bx ¥ 6

6x
Y=2""Inx, Y=(sinx — 4)*
B9 Y=5x*-2x3+65,Y=x2arcsinx

y=—=>__ v=3/x2 -5

=(6x—4)3’

Y=32""In Y=(cosx + 1)2*
B10 Y=-2x5-3x2+19, Y=x’ctgx

Y=a”;fg" Y=3x3+5

Y=e2** Inx, Y=(3x — 1)*

B11 Y=8x*6X°+1,Y=2x3arccosx

tgx 9

Y=or’ ooy

Y=4""Inx, Y=(9x + 3)**

B12 Y=3X%+11x3-87,Y=3x3ctgx

_cosx , -3
T 2x ' (4x+9)5

Y
Y=55%Inx, Y=(cosx — 2)3*
B13 Y=x>+9X2-51, Y=x%arcsinx

y=—"_v=1/8x3 — 3

CoSx

Y=e2 Inx, Y=(8x — 2)*

B22 Y=3x*-6x%+1, Y=x3sinx

V=376

y=t9%
3x
Y=e " Inx,Y=(tgx + 3)%*

B23 Y=-4X®+9X%-12,Y=x3tgx

y=29% v 3 Bx ¥ 6

6x
Y=2"""Inx, Y=(cosx + 3)*

B24 Y=5x*-2x3+65, Y=x2arcsinx

v=—=>__ v=3x2—5

=(63«7—4)3’

Y=32"nx, Y=(sinx + 2)8*
B25 Y=-2x5-3x%+1, Y=x’ctgx

Y=a”;tg" Y=Vx3+5

Y=e2** Inx, Y=(sinx — 1)3*

B26 Y=8x*-6X>+1, Y=2x3arccosx

tgx 9

T5x’ (6x-5)*

Y=4"%"Inx, Y=(sinx + 5)**

B27 Y=3X%+11x3-87, Y=3x3ctgx

_cosx , -3
T2x ' (4x+9)5

Y
Y=56%"Inx, Y=(sinx — 2)%*
B28 Y=x"+9X2-51, Y=x%arcsinx

y=—"— v=3/8x3 -3

COoSXx

Y=e2*" Inx,Y=(cosx + 6)5%



B14 Y=3x’-9X3+11, Y=5x3tgx

v=—22_ v=32x*—6

arcsinx’

Y=e3 Inx, Y=(tgx — 3)%*

B15 Y=x°-8X%+16, Y=4x?ctgx

B29 Y=3x’-9X3+11, Y=5x3tgx

y=—2_ v=2x%*—6

arcsinx’

Y=e3 Inx, Y=(sinx + 2)3%

B30 Y=x°-8X?+16, Y=4x?ctgx

_actgx |, 9 _actgx |, 9

Y ’ T (2x-15)6

= Y
(2x—15)° 3x

7

3x
Y=62"Inx, Y=(Inx + 2)5* Y=62%" Inx,Y=(sinx — 6)5%

2.Haift mpou3BOAHBIE PYHKIIUH.

a — NOPAAKOBLIN HOMEP B KypHaJe

a

ly=ax"’ —%+” X —ax+a 2.y:2‘{/(ax2 —3ax+5)° -
X (X+a)

3.y =tg“(x+a)-arccosax® 4.y =arcsin “ ax-log , (x —a)

5.y=a’x4-ctga>c3 6.y:ctg2ax-arctg\/F
2 _3ax+5 lo( ax?® — 2ax + 3a
7y e -Setba g, e’ ~2ux+3a)
e™* arcctg “ax

KoHTposbHbIE BONIPOCHI
1.ChopMynupoBTH omnpeiesieHne MPOU3BOTHOM, MpaBuia auddepeHITMpOBaHUS.
2.3HaTh TAOJIUILYy MPOU3BOIHBIX AIIEMEHTAPHBIX (PYHKIIHH.

3.ChopmynrpoBaTh MPaBUIO0 HAXOXKICHUS MPOU3BOIHOMN CIIOKHON (DYHKITHH.



IIpakTuyeckas padora Ne 8 o reme
«HccienoBanusa (QPyHKIMH ¥ IOCTPOEHUE rpaduka»

Heab: HayuuThCs UCCIEA0BATH (PYHKIMIO U MO pe3yibTaTaM MCCIEI0BaHUS
CTPOUTH Tpaduk.

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue

1.TeopeTnyeckme ceeaeHUA

2.3apaHue

3.JluctA4

4.KanbKynatopbl

MNopaaoK BbInoHEHUA PaboTbI

1.M3yunTb 3apaHme

2. 3yunTb TEOPETUYECKME CBEAEHMUA

3. BoinonHutb 1 opopmutb paboty

4.MoKa3aTb pe3ynbTaTbl NpenoaaBaTento

DomawHee 3agaHue

1.MoaroToBUTbL OTBETLI HA KOHTPO/IbHbIE BOMPOCHI
TeopeTnyeckune ceegeHuUs.

Cxema uccneoosanus pynkuyuii

1) O6nacTh cyiecTBOBaHUS (YHKITHH.
OTO TOHATHE BKJIIOYaeT B ceOsl M 00JacTh 3HAUYCHWH M 00JaCTh ONpEICIICHHUS
byHKIIH.

2) Touku paspeiBa. (Ecinu oHH HMEIOTCS).

3) HutepBainbl BO3pacTaHus  yObIBAHUSI.

4) To4yku MakCUMyMa U MUHHMYMa.

5) MakcuMaiabHOE W MHUHUMAJIbHOE 3HauYeHWE (QYHKIMH Ha e¢ o0jacTu

OTIpEJICIICHHSI.

6) OO6sacTH BBITYKIOCTH ¥ BOTHYTOCTH.

7) Touxu neperuda.(Eciu oHM UMEIOTCS).

8) Acumntotsl.(Eciin oHM UMEIOTCS).

9) IMoctpoenue rpaduka.

IIpumep. UccnenoBath PyHKIUIO y =

ek MIOCTPOUTH €€ rpaduK.

Haxomum obnacte cymectBoBanus (PpyHKuu. O4YEBHIHO, YTO 00.1ACMbIO

onpedenenusi QyHKIUH sBIsseTcst 00acTh (-oo; -1) U (-1; 1) U (1; ).

B cBow ouepenp, BUAHO, 4YTO mpsiMble X = 1, X = -1 ABIAIOTCS
6EePMUKATLHBIMU ACUMNMOMAMY KPUBOM.

Obaacmuio 3nauenuil TAaHHOW (QYHKITUH SIBIISICTCS MHTEPBA (-00; 00).
Toukamu pa3zpwviéa GYHKIUU ABISIOTCS TOUkU X = 1, x = -1,



Haxomum kpumuueckue mouxi.
Haiinem npou3BogHy0 QyHKIHH )’ = S2 S V6 S Mk M S S
g -1 @ - o)

KpHTquCKHeTquH:XZO;X=-\/§;X= V3 x=-1; x=1.

Haxonum mpoMexyTku 6ospacmanusi W yowieanus GyHkuuu. [ns storo
OTIpeJIeIsieM 3HAaKH TIPOU3BOTHON (PYHKITUN HA TTPOMEKYTKAX.

-0 < X < -+/3, y' >0, GyHKIHA BO3pacTaeT
-3 <x<-1, y' <0, QyHkuus yObIBaeT

-1 <x<0, y' <0, QyHkius yObIBaeT

0<x<1, y' <0, QyHkius yObIBaeT

1<x< 43, y' <0, QyHkuus yObiBaeT

J3 <X <o, y' >0, ¢yHKUMA BO3pacTaer

BuHO, YTO TOUKAa X = -+/3 ABIAETCA TOUYKOM MaKcumyma, a Todka X = /3
ABIIACTCS TOUKOW Munumyma. 3Ha4eHUs] PYHKIUU B ITHX TOUYKaX PaBHBI

COOTBETCTBEHHO 3 /3 /2 1 -3+/3 /2.

Hatinem BTOpyIO MPOM3BOAHYIO () YHKITUN
,(dx —6x)(x” —1)7 = (x* =3x7)dx(x* - 1) (4x® —6x)(x* —2x% +1) — (x* —=3x?)(4x> - 4x) _
a -1 i (2 —1)° )
_4x7 —8x +4x7 —6x7 +12x7 —6x—4x” +4x° +12x° —12x°
(x* -D*

B 2x° +4x” —6x B 2x(x* +2x* =3) B 2x(x* +3)(x* = 1) B 2x(x* +3)
G N e | e

OnpenenuM BBITYKJIOCTh U BOTHYTOCTh KPUBOW HA IPOMEKYTKAX.
-0 < X < -4/3, Yy <0, KpuBas BEITyKIasg -~/3 <X < -1,
y'" <0, KpuBas BbITyKJIas
-1<x<0, Vy">0, kpuBasg Boruytas 0<x<1,
y'" <0, KpuBas BbITyKJIas
1<Xx<.3, y'>0, KpuBasgBOrHyTas ~/3 <X <o,
y'" >0, KpuBas BOTHyTas

Haxomum mpomexyTku eospacmanus M yovieanus (yakiuu. Jns storo
OTIpeJieNsieM 3HaKH MPOU3BOTHON (PYHKITUU HA TPOMEKYTKAX.

-0 < X < -4/3, Yy >0, pyHKIHA BO3pacTaeT
-3 <x<-1, y' <0, ¢yHKIHsS yObIBacT

-1 <x<0, y' <0, QyHKIHsS yObIBacT
0<x<1, y' <0, QyHKIHsS yObIBacT
1<X< 43, y' <0, dyHkius yobiBaeT

J3 <X <o, y' >0, dyHkuus Bo3pactaet



Bu/IHO, 9TO TOUKA X = -+/3 ABIAETCA TOUYKOH Makcumyma, a TOUKa X = /3
SIBJISIETCSL TOUKOW Munumyma. 3HaueHus: QYHKIUU B 3TUX TOYKAaX PaBHbI
COOTBETCTBEHHO 3 ~/3/2 1 -3+/3 /2.

[Ipo BepTUKaNIbHBIE acumnmomyl OBLIO YK€ CKa3aHO BhIIIE. Tenepb Hailiem
x’ 1

HAKJIOHHblEe acuMnmomul. k =lim — =lim =1
Rl o | X—>0 1
x2
) x3 [ x*=x®+x
b=Ilim| — —X [=1lim 5 =
x—o| X< — X—>o0 X =1
1
= lim ——— = lim —*-— =0
x—o X —1 X—>00 1
1--
X

Htoro, ypaBHEHHE HAKIOHHON aCUMIITOTHI — Y = X.

Crtpoum epagpux byHKINU:

-

3aganue 1.VcciaenoBath PyHKIUIO IO MPEITIOKEHHON CXeME U MOCTPOUTH €€
rpaduk:

1. Haiitn obmacte onpeneneHus: GyHKIINH.

2. UccnmenoBaTh Ha YETHOCTh U HEUETHOCT.

3. UccnenoBare Ha NEPUOAUYHOCTD.

4. HaiiTn cTalMOHapHBIE M KPUTUYECKUE TOYKH MEPBOTO POJIA.

5. Haiitu npoMeXyTKH BO3pacTaHus U yObIBaHUSI (PYHKIUU, SKCTPEMYM.



6. Haiitu cranimonapHble ¥ KPUTUYECKHE TOYKH BTOPOTrO poAa.

7. HaliTu mpOMEKyTKH BBIYKIOCTH (DYHKIIMH, TOUKHU NIEperuoa.

8. HaiiTn acuMnTOTHI (BepTUKAIbHBIE, TOPU30HTAIbHBIE, HAKIIOHHBIE).

9. Haiitu Touku nepeceyeHus rpaduka GyHKIUUA ¢ OCIMU KOOPIUHAT.

10.HaiiTi 1OMOJHUTEILHBIE TOUKH.

11. ITo pe3ynbpTaTaM UcClieIOBaHUS TOCTPOUTH rpaduK QYHKIUU.

— w2(D_ 2 :xz—Zx—S
Bl.a)y=x%(2-x)5; 0)y —
B2.a)y=xv1 —x;

__x2+2x—8
6) Y= x+3
B3.a) y=x-arctgx;

2-3x-10
6)y:: - xj;

_ 8 _x%+3x—-10
B4.a) Y=z 0)y= —a
B5.a)y= /%" :

2—4x-12
6)}’: - x:;

2 2 +4x—12
B6. a) y_lj—xz; 6) = - x—x3
2—x-20
B7.a) y :x2116; 0)y= - xiz
fi x2+x—20
B8.a) y=e+; 0)y= —

B16. a) y= X* - 12xX% .9x+1;

X3
O)y=x*+1

1. 1 . x3
B17. a)y=3" t2% -2x-1; 6)y=x —2

314:+1 X
T 73;0)y=x*-3

1 | -
B18.a)y=3" *

B19. a)y=-X° + 3x% +9x;

x?-1
0)y=3x + 5

B20. 2) y= x*-20x ; 6)y=1-3

x2-1

B21. a)y=x3+15x?-x-250 6)y=

X

X
X249

B22. a)y=Yx+2; 6)y=

B23. a) y=x?-4x ; 0)y= 3x+%+5



x2-2x—15
x+4

B9. a) y =—; 6)y=

B10. a) y =2x-x?
24 0y—
6) y= x“+2x—15

x—1
h—2x
Bll.a)y=X*-3X*+4; 0) y=x7-4

B12. a)y= —X* +3x*-2
x®
O)y=x7-1

B13. a)y=x*-12x+56 ;

6) y _x2X+4
Bl4. a)y=x®+9x* + 2ax + 12

x3
0)y=6x + 18
BI5. a)y=—X% +3x% -2 ;
x®

O)y=x3-1

KoHTposbHBbIE BONIPOCHI:

B24.

B25.

B26.

B27.

B28.

B29.

B30.

_ 3. :x2—2x—8
a)y=3x-x"; 0)y 7
a)y = 2/3x3-2x=1; 6) F-x;ig

.2
a) y=2x%-x*; 0)y= 1
a)y =2x>8; 0)y =55

W4 Qu217 . __1
a)y = x"-8x+3 ; 0)y e

_ 3 _ x?43x-10
a) y T 4—x2’ 6) y= x+3

2 _9y_
a)y=xv4 —x; 0) y=x )::;8

1.Yto Takoe obnacth onpeacneHuss GyHKIn?
2.Kakue ¢pyHKIMH HA3bIBAIOTCS YCTHBIMU , HEYCTHBIMH, 00IIeTO BUaa?

3.Bunbl ToYeK pa3phiBa.
4.Yto Takoe Hynu QyHKIIUH?

5.Kak onpenenanTts TpOMeXYTKH BBITYKIOCTH?

6.Buapl acCHMIITOT.

IIpakTuyeckas padora 9 no reme

«HaxoxaeHue 4acTHbIX NPOou3BOAHBbIX. [losHbIi TudPepeHuan»

Ilenb: mpoBepUTH YMEHHE HAXOAUTh U CTPOUTH 00JIACTH OMPECTICHUS CIIOKHON

(GyHKIMY, HAXOUTh YaCTHBIE TPOU3BO/THBIE.

Bpemsa BbinonHeHua 90 MUHYT



MaTtepuanbHoe obecneueHue
1.TeopeTnyeckmne ceegeHuA

2.3apaHue

3.JlIuctA4

4.KanbKynatopbl

MopAapoK BbinoNIHEHUA paboTbi

1.M3yuntb 3apaHue

2. N3yuunTb TeopeTnyeckmne ceegeHuns

3. BeinonHutb 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
AomalHee 3aaaHue

1.MoAarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
TeopeTtnyeckue ceeaeHUA

Xox padoTsl

Onpenesienne PyHKOUM ABYX NePeMEeHHbIX

Ecnu kaxxmo#t nape ( X;y) 3Ha4YeHUN JBYX HE3aBUCHUMBIX JIPYT OT Jpyra
NIEPEMCHHBIX BEJIMYHH X M Y U3 HEKOTOPOro MHOXKecTBa D cOOTBETCTBYyET
SAMHCTBEHHOE 3HAYCHHE BEIIMYMHBI, TO TOBOPST, YTO Z €CTh (PYHKITUS ABYX
HE3aBUCUMBIX TIEPEMEHHBIX X U Yy, ONpeie/ieHHas Ha MHOXecTBe D.
O6o3Hauaercs: z=f(x;y) unu z=z(X;y).

Hamnpumep, S=ab, S=S(a;b)- pynkiuu nByx nepemennnix; V=abc, V=V(a,b.c) —
(GYHKIHS TpeX MEPEMEHHBIX;

Cnoco0bl 3a1aHus1 QyHKUIMI HECKOIBKHX MePeMeHHbIX

UtoObI 3a1aTh PYHKIHIO ABYX (TPEX) MEPEMEHHBIX, HY’)KHO yKa3aTh CII0C00, C
MOMOIIBI0 KOTOPOTO ISl K&KA0U maphl (TPOWKHK) 3HAYEHUM apTyMEHTOB MOKHO
HAWTH COOTBETCTBYIOIIEE 3HaUeHue pynkiuu. Hanbonee yacto pyHKIus 3amaercs
AHATMTUYECKH - 3TO SIBHOE 3a7aHNe (PYHKIIUU WIIM HESIBHOE 3aJ]aHUe

YacTHbIe NPOU3BOJAHBIE IEPBOr0 MOPSIAKA

[Tycts dyHkmus nByx mepeMeHHbIX z = f(X, y) ompeneineHa B HEKOTOPOU
OKpEeCTHOCTH TOukn M(x, y) eBkiaugoBa mnpoctpanctBa E2. YacrtHas
npou3BojHas QyHkuuu z = f(X, y) Mo apryMeHTy X SIBISI€TCA OOBIKHOBEHHOMU
MPOU3BOIHON (PYHKITMU OJHOU MEPEMEHHOW X MpH (UKCUPOBAHHOM 3HAYCHUU
TepeMEHHON Y U 0003HaYaeTCs KaK

dz af , ,
Ei Es Zrs f.t'



AHanoruyHsIM 00pa3oM OMNpeensieTcsl YacTHas npou3BoaHas QyHkuuu f(X, y)
10 IEpeMEHHOM y B Touke M, o603HayaeMas Kak

8z df
d oy v

OyHKIIHSI, UMEIOIasi YaCTHBIC MPOU3BOAHBIC, Ha3bIBaeTCs TUDPepeHIIUpyEeMOil.

CoBepIICHHO AHAJIOTMYHO ONPENENSIOTCS YacTHbIE NMPOU3BOAHBIE (YHKUIUN
Tpex W Ooyiee mepeMeHHbIX. YacTHas Npou3BOJHAS (YHKUIMU HECKOJIBKUX
NEPEMEHHBIX XapaKTEePU3YyeT CKOPOCTh €€ M3MEHEHHUs MO JaHHON KOOpAHHATE
npu PUKCUPOBAHHBIX 3HAYEHUSAX JAPYTUX KOOPAMUHAT.

z=2xy" +3x+5v-7

IIpumep: — GyHKIUS JBYX IEPEMEHHBIX.

A 2.3 B
VHOra HCIONB3YIOT 3amuch o oY) =23y +3x+2y -7

3aJlaHus, I7ie BMECTO OyKBbI Z HCIIOJIb3yeTcs OykBa .

Taxxe BcTpedaroTcs

Haiitu  4yacTHble NPOM3BOAHBIE MEPBOr0 W  BTOPOro  MOPSAAKA
byHKIMHI z=2x%" +3x 45y -7

CHauana Haﬁ,ﬂeM YaCTHBIC IIPONU3BOAHBIC IICPBOT'O IMOPAIKA. Nx ABC.

O003HaYeHNA:

P|®

¥ 50|
ez

- qaCTHasid IMPpOU3BOAHAS I10 «HUKC»

. =
=
Y U Y _ JacCTHasd IIPOU3BOJHAA 110 «HUI'PCK»

r
Haunem ¢ %+, Korga Mbl HAXOAHM YACTHYI0 NMPOH3BOAHYI0 1O «HKC», TO

nepeMeHHasi ¥ CYNTAETCS KOHCTAHTOM (IOCTOSTHHBIM YHCJIOM).
.-l:l:l 1.3 4 rl:z:I I Aoy 4. p t rl:3:|
z, =(2x7y" +3x +0y =T = 2y (27, + 32 ), + O, — (0 =
(4]
=2y 2x+3.4x° +0-0=4x7" +121
KoMmeHTapuu K BBIIOJTHEHHBIM JECUCTBUSIM:

(1) TlepBoe, 4TO MBI JenaeM MOpH HAXOXKJICHUM YacCTHOM MPOU3BOJHOU —
3aKJTF09aeM BCIO (DYHKIIMIO B CKOOKH IO/ IITPUX € MOACTPOYHBIM HHIEKCOM.

(2) WcnonesyeM npasuna audepenuupopanms & Fv)=u'dvt (Cu)'=Cu"

Jlst mpocToro mpumepa, Kak 3ToT, 00a MpaBWiia BIIOJTHE MOXKHO MPUMEHHUTH Ha
oaHoM 1irare. OOpaTHTe BHUMaHKUE Ha TIEPBOE ClIaraeéMoe: Tak Kak » CYHTAeTCsl
KOHCTAHTOM, a JIO0YH) KOHCTAHTY MOKHO BBIHECTH 32 3HAK IPOU3BOAHOM,

3 3
TO ¥ MBI BBIHOCUM 3a CKOOKH. TO €CTh B JaHHOW CUTyaIMK @ HHYEM HE JIy4IIe
00bluHOro 4umcia. Telepb IIOCMOTPUM HA TpeTbe claraeMoe - : 31ech,



HA00OpOT, BEIHOCHTH Hedero. Tak kak * KOHCTaHTa, TO 2 — Toxke KOHCTAHTAa,
Y B 3TOM CMBICJIE OHa HUYEM HE JIYUIIE MTOCIETHETO CIaraéMoro — «CEMEPKN».

_ Hal -1
(3) Ucnonb3yeM TaOMUHBIC TIPOU3BOTHBIC CY=0 y @)=ax""
f
(4) Tenepp °». Korga Mbl HAXOAMM YACTHYIO MPOM3BOMHYIO MO «HIPEK»,
TO MepeMeHHAasi * CYMTAETCS KOHCTAHTOM (MOCTOSTHHBIM YHCJIOM).
2.3 4 o, ) (21
zy=(2x°7 +3x +3y =T, =2x" (0 ), + (320, + 3000, — (7)), =
=22 3P 4045 1-0=6x"y" +5

(1) Hcmoms3yem Te e npaBuma auddepenmmpoanms & FV)=u'EV

r_ t 4
(C’u] = Cu . B IepBoM cCjlaracMoM BbIHOCHUM KOHCTAHTY X 3d 3HAK

o 4
IMPOU3BOJIHOU, BO BTOPOM CJIAraCMOM HHUYCTO BBIHCCTHU HCJIB3A ITOCKOJIbKY 3 —
YKC€ KOHCTAHTA.

(2) Hcnonezyem TabNUILy IIPOU3BOAHBIM DJIEMEHTaPHBIX
¢byHkiuii. MpIC/IeHHO MOMeHsieM B TaljMle BCe «MKChD» HAa «Hrpekn». B

r_ Byt »-1
YaCTHOCTHU, UCITIOJIb3YCMbIC HAMU (l)OpMyJ'IBI BBITJIAAAT TaK: ()=0 Hu W) =ny
I/ITaI(, YaCTHBIC IIPONU3BOJHBIC IICPBOI'O ITOPAIKA HaﬁﬂeHbI

HO,IIBG,IIGM HUTOI', UCM K€ OTIIMYACTCS HAXOKIACHUC YACTHBIX ITPOU3BOIHBIX OT
HaXO0XJIACHUA «OOBIYHBIX» IMPONU3BOAHBIX Q)YHKHI/II/I O,IIHOﬁ HGpGMGHHOﬁ:

1) Korna MBI HAXOAUM YaCTHY IO MPOU3BOIHYIO ¥
, IepeMeHHasi ¥ CYHTAeTCs] KOHCTAHTOIA.

=
2) Korna MBI HAXOAUM YaCTHY IO MPOU3BOIHYIO y
, IepeMeHHasi * CYUTAeTCsl KOHCTAHTOIA.

3) IlpaBuaa u Tabauua NPOM3BOAHBLIX JJIEMEHTAPHBIX (YHKUIMI
CIpaBeJIMBbI M MPUMEHHUMBI /IS JIIO0OH mepemMenHoi (%, ¥ JMd0 KaKoii-

HUOYIb APYIoii), M0 KOTOpOii BeaercH nuddepeHnupoBaHue.

[ITar BrOpok. Haxoaum YacTHblE NPOU3BOAHBIE BTOPOro mnopsaka. Mx
YeThIPE.

O06o3HaueHud:
Az
L 3
Zr 1581051 o - BTOpast [IPOM3BOIHAS 110 «HKC»
Fz
L ]
=
» 1581041 & - BTOpast [IPOU3BOAHASA 110 «UTPEK»
Fz
"
=
w WA oy — cMeuanHas Mporu3BOIHAS «HKC 1o UTPEK»
Pz

=" A
¥ WU @; r CMEeUIAHHAA HpOI/ISBOI[HaH «I/IrpeK I10 UKC»



B nonsATHM BTOpPON IIPOM3BOAHOM HET HUYEIO CJIOKHOrO. I'0BOps IPOCTHIM
A3bIKOM, BTOPas MPOM3BOIHAS — 3TO IPOU3BOJAHAS OT NEPBOM NMPOU3BOIHOIA.

YacrHbie MIpOU3BOJHBIC IIepBOTo nopsiaka:
=dxy +12x°

r

I

r_ a2 3
z,=6x"y +5

Cnauvana HaUJEM CMEIIaHHbIE IIPOU3BOHBIE:
20, = (1), = (4x +12x7), = 4x(™), +(122°), = 4x 3" +0 = 12n)/

r
Kak Bumure, BcE mTpocTo: OepeM UYaCTHYIO MNPOU3BOJHYI % H

auQepeHnrupyeM ee ele pas3, HO B JAHHOM CIIy4ae — YK€ M0 «UTPEK».

AHaJIOTUYHO:
20 = (20), = (62" + 5, = 65 (x"), + (5), = 6" - 2x +0=12xy"

B npakTnuyeckux mpuMepax MOKHO OPHEHTHPOBATHLCS Ha clieaylollee
PaBEeHCTBO:
"

_ [
T = I

Takum o6pa30M, qcpe3 CMCIIAHHBIC IMPOU3BOJIHBIC BTOPOI'O IIOpsAAKa OYCHDb
y,ZIO6HO IMPpOBCPHUTL, a IIPABUJIBHO JIK MbI HaIllIM YaCTHBIC IIPOU3BOJHLIC
IICPBOI'o IMopAaKa.

HaXO,III/IM BTOPYIO ITIPOU3BOJIHYIO IIO «KHKC».

o 3
Hukakux n3zo0perenuii, 6epem + =~ 4x/ +12x u quddepeHIupyem e€ o «UKC»
elie pas:

zy = (200 = (4xy +1227), =4y* (D) +12(2°), = 4y° 1412 3x% = 4)° + 36x7

AHAJIOTUYHO:
2y, = (2}, = (6x"y" +5), =6x" (™), +(5), = 62" - 2y +0=12x"y

i sz
Crnenyer OTMETUTb, 4YTO TIPU  HAXOXKICHUH Zm #  HYXHO

MIPOSIBUTH MOBBIIIEHHOE BHUMAaHUE, TaK KaK HUKAKUX YYyJIECHBIX PABEHCTB IS
UX IPOBEPKHU HE CYIIECTBYET.

HpI/IMepBI HaXO0XICHUA YaCTHBIX IMIPONU3BOAHBIX IICPBOIoO Imopsaaka.
IIpumep 1. z = z° - 2zy + 2°.

Pemenue. [Iuddepenmupyem dynkuuo z = f(x, y) cHauana mo x, monaras y
(UKCHUPOBAaHHOW BEITWYMHOW, TOTOM TOBTOPSIEM 3Ty K€ MPOIEAYPY, MEHSS
ponu x u y. [lomyuaem

r:':}z_q 5 iz )
r_jm—..ﬂ‘.':- i, a-cly»lx.



iz ¥ Oz T
Tpumep 2. 2 = arctgay, 5 = 700 3y =~ T3 (G

Ilpumep 3. u = ye¥* + In(z2? — 2y + 2).

Pemenue. YacTHple TPOU3BOJAHBIE ATOW (PYHKIUH TpeX MEPEMEHHBIX
BBIPAXKAIOTCS CIAEAYIOIUMHU HOPMYJIaMU:

u 2 i ) 2
—= = (1 + yz)e¥* - ~—

dr  22-2y+z By P —-29+2
3T 20t 1
—_— = "'E"' 5
9z ¥ 2 -2y+2z

3aiaHus NpaKTH4YecKOH padoThI

1. HaiiTu 1 mocTpouTh 001aCTh ONpeAeSICHUs CI0KHON () YHKIIHH.
2. Bblyucnutb Npon3BOJHYIO CIOXKHOU QYHKIUU.

B1 1.z=arcsin(1-x2-y?) B16 1.z=|n§

= X = =
2.a) z=Vinx ~ x=e,y 1 2.a)z=(x2 + yz)xz_yz

6) u=x2-y?+3z2, x=1/2,y=1/2,2=1/2 6)u=x\/§-(z+y)\/§, x=1,y=1,7=-2
B2 1.z=In(y-Inx) B17 1.z=Iny-Incosx
2.a) z=,/xy In%, x=1, y=2 2.a)z= xsiny+x?, x=3,y=m/2
B)u=3x2/2- 6)u=\/x_y— V4 — 22 x=1,y=1,2=0

v2/2+272?,x=2/3,y=2,2=2/3

B3 1.z=\/Inx + Iny B18. 1.z=|nsinx-\/§

1
2.a)z=xy—>=&y=1 u
) xy 2.a)z=arcsm; - Inv, u=0, v=1

—v3/9_\3 3ym9 =) 7=
6)u=x3/2-y3/2+823,x=2,y=2,2=3/2 6)u=(x2+y2+22)¥2, x=0,y=-3,7=4

B19. 1.z=In(y?/4-x?/9-1)

2.a)z=Iny/x2 + y2+1/y,x=y=1//2

6)u=2/x+3/2y-
J6/4z,x=2/3,y=3/2,2=1/2

B4lz= [\/y —x+2

2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/2x2+3y2-272,
x=2,y=1/3,2=3/2



2 Ly
B5 1.z7=arcsin— B20. 1.z=arcsm;
y

2.a)z=arcg(X2-V2)+1/\/X_y 2.a)z=Inyvx x=1,y=3/5
6 Vi yz 6)u=3/x+4/y-
Ju= y x4y 1/V6x,x=1,y=2,2=1/\/6
B6 1.z=arcos(2x-y) B21. 1.2=1+,/1 — (x — ¥)?
y
2.a)z=arccos—+e V™, x=2,y=1 2.a)z=cos(1/y)-1/\/xy, x=11/2,
y=2/m
6)u=\/§x2-%-6\/§zz,
x=1,y=2/3,2=1/\/6 6)u=xy/y-yz*x=2,y=1,2=-1
B71.2=\/In(2 —x — y), B22. 1.z=In(x*+y)
y —px? [ -1 y=
2.a)z=tgl/x.ex,x=1/m,y=0 2.8)z=e™ x? — 2, x=1,y=0

—cing v—T e 7—
6)u= 2./x + y+y.arctgz, 6)u=sin—, x=2,y=r,z=1

x=1,y=1/3,2=1/\/6

B8 1.z=|n§ B23. 1.z=V1 — x2+,/1 — y2

2.a)z=(x2 + y2)**¥° 2.a)z=yIn(x*-y?), x=2,y=1

6)u=x3/16+y?/9-

6)u=x./y-(z+y)Vx, x=1,y=1,2=-2
\/; 22/8,x=2,y=1/2,2=1/3

B9. 1.z=Iny-Incosx B24 1.7=,/In(2 — x — y),

2.a)z= xsiny+x?, x=3,y=m/2

6)u=,/xy — V4 — z%,x=1,y=1,2=0

Yy
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1//6

B10. 1.z=Insinx-,/y B25 1.z=arcos(2x-y)
y
2.a)z=arcsin% - Inv, u=0, v=1 2.a)z=arccos;+em, x=2,y=1
6)u=(x*+y*+z2)3/2, x=0,y=-3,z=4 6)u=\/§x2-%-6\/§zz,

x=1,y=2/3,2=1//6



2

B11. 1.z=In(y%/4-x*/9-1) B26 1.z=arcsin—
y

2.a)z=Iny'x2 + y2+1/y,x=y=1//2

6)u=2/x+3/2y-
A 6/4z,x=2/3,y=3/2,2=1/2

2.a)z=arcg(x*-y?)+1//xy

_Vx vz
6)u= y X+Vy

_ Y
B12. 1.z—arcsmx B27 1.7= \/; x4

2.a)z=Inyvx ,x=1,y=3/5
) Y y 2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/x+4/y-

6)u=3/2x%+3y2-22?,
1/V6x,x=1,y=2,2=1/\/6 Y

x=2,y=1/3,2=3/2

B13. 1.z=1+,/1 — (x — ¥)? B28 1.z=,/Inx + Iny
1
= - = =yY—X=¢,y=1
2.a)z=cos(1/y)-1/,/xy, x=n/2, 2.a)z xxy
y=2/m
6)u=x3/2-
6)u=x\/;-yzz,x=2,y=1,z=-1 v3/2+4823,x=2,y=2,2=3/2
B14. 1.z=In(x%+y) B2 9.z=In(y-Inx)
—e*’ [x2 — 2 x=1vy= = Y x=1 y=
2.a)z=e X y4, x=1,y=0 2.a) z=/xy Inx,x 1,y=2
6)u=siné, x=2,y=m,z=1 B)u=3x?%/2-

v2/2+272?,x=2/3,y=2,2=2/3

B15. 1.z=V1 — x2+,/1 — y2 B30 1.z=arcsin(1-x2-y?)
2.z=yIn(x%-y?), x=2,y=1 2.a) z=VlInx %; x=e, y=1
u=x3/16+y%/9-z2/8,x=2,y=1/2,2=1/3 6) u=x2-y2+322,

x=1/2,y=1/2,2=1/2

KOHTpO.]] BbHbIC BOIIPOCHI:

1.ChopmynupoBaTh onpeneieHue GyHKIMN ¢ IBYMs IEPEMEHHBIMH.



2.YT0 Ha3bIBaeTCs 001ACTHIO ONpeAeIeHHs] PYHKIUN HECKOIbKUX
IIEPEMEHHBIX ?

3.ChopmynupoBaTh NpaBUI0 HAXOKIACHUS MPOU3BOAHON (QYHKIIMU HECKOIBKUX
MEePEMEHHBIX.

4.Yt0 Takoe nmoyHbIi AuddepeHuuan QyHKIUN HECKOIbKUX EPEMEHHBIX ?

IIpakTuueckas padora 10 mo reme «IIxkcTpeMyM PYHKIUM ABYX
nepeMeHHbIX»

IleJib: IPOBEPUTH YMEHHE MCCIIEI0BATh (DYHKITUIO HA AKCTPEMYM.
Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi



1.3yunTb 3agaHue

2. 13yunTb TeopeTUYeckme ceeaeHmns

3. BbinonHntb 1 opopmutb paboTty

4.MoKa3aTb pe3ynbTaTbl NpenogasaTtento
AdomalwHee 3apaHne

1.MoaroToBUTL OTBETbI HA KOHTPO/IbHbIE BONPOCHI
Xopa paborbi

TeopeTnyeckue ceegeHusn

HaXOI[I/IM YaCTHBIC ITPOU3BOIHBIC BTOPOTO ITOPAAKA. Hx YCThIPC.

0O003HaYeHHNA:
Az
L 2
L 101041 dx - BTOpas MIPOU3BOIHAS o «UKC»
Fz
z" E
b 1501041 cy - BTOpas IIPOU3BOIHAS o «UTPEK»
Fz
z" .
v WA v — cMewanHas IPOU3BOAHAS «HUKC o UTPEK»
2z

i

Z
* WU Yox _ cmeutanrHas IpoOru3BOAHAA «KUI'PCK IO UKCH»

B monsiTuu BTOpO#l MPOM3BOJHON HET HUYEro CJIOXKHOTO. ['0BOpS MPOCTHIM
SA3BIKOM, BTOPasi MPOU3BO/HASl — ITO POU3BOJAHAS OT NEPBOil MPOU3BOIHOIA.

YacTHbIE IMPOU3BOJIHBIC IIepPBOTO nopsaaka:
3
P =dxf +12x
z),= 6x°y" 45
Chayana HaifieM CMelIaHHbIE MPOU3BO/IHbIC:
20, = (1), = (4x +12x7), = 4x(™), +(122°), = 4x 3" +0 = 12n)/

Zr

Kak Bugmre, BCE mpocTto: OepeM YacCTHYI0 TMPOM3BOJAHYIO “* H
muddepeHnrpyeM ee emie pa3, Ho B JAHHOM CIIydae — yKe IO «UTPEK».

AHaJIOru4HoO:
zh = @) = (62" + 9, = 65  (x"), + (5, = 6" - 2x + 0= 121"

B npakTHYeckMX NmpuMepax MOKHO OPHEHTHPOBATHCH Ha ClieAylolee
PaBEeHCTBO:

fo_
T = I

Takum o0pa3oM, depe3 CMENIaHHbIE MPOU3BOJHBIE BTOPOrO MOpsJKA OYEHb
yA00OHO TMPOBEPUTH, a MPABWIBHO JIM Mbl HAIUIM YaCTHBIC TMPOU3BOIHbBIC

MEPBOrO MOPSIKA.
Haxoanum BTOpYI0 NpOU3BOIHYIO 1O KHUKCY.

o 3
Huxkakux uzo0perenuii, 6epem “* ~ 4’ +12x nuddepeHIupyeM eé 10 «UKC»



elle pas:
Zh = (20 = (dx” +12x7)0 =4y (0L +120x7) = 4y” - 1+12.3%° = 4y” +36%°

AHaJIOTUYHO:
2y, = (2}, = (6x"y" +5), =6x° (™), +(5), = 62 - 2y +0=12x"y

rr zﬂ'
ClietyeT OTMETHTD, YTO NPH HAXOKIAECHUU “#, “» HYKHO

MPOSIBUTH HOBBIIIEHHOE BHUMAHUE, TaK KaK HUKAKUX YyJAE€CHBIX PABEHCTB JJIs
UX MPOBEPKHU HE CYIIECTBYET.

Anzopumm uccnedosanus GyHKuuu 08yx nepemeHHvlX Ha IKCMpPemMym

Oyuknus z = f(X,y) umeer MmakeumyM B Touke Mo(Xo;Yo), eciu f(Xo;Yo) > f(x;y) ans
BCEX TOYEK (X;Y), JOCTATOYHO OJIM3KUX K TOUKE (Xo;Yo) U OTJIUYHBIX OT HEE.
Oyuknus z = f(X,y) umeer MuaEMYM B Touke Mo(Xo;Yo), eciu f(Xo;Yo) < f(X;y) st
BCEX TOYEK (X;Y), JOCTATOYHO OJM3KUX K TOUKE (X0;Y0) U OTIIMYHBIX OT HEE.
MakcuMyM 1 MUHUMYM (DYHKIIMHM HAa3bIBAIOTCS IKCTPeMyMaMu QyHKIHH.
UccnenoBanne GyHKIMM ABYX MEPEMEHHBIX Ha SKCTPEMYM IPOBOJIST 11O
CIeIyIOIIel cXxeme.

1. Haxomsar yactable npou3Boanbie dz/dx u dz/dy.

2. Pemiaror cucteMy ypaBHEHUM:

% _o
&
%_g
o

¥ TaKUM 00pa3oM HaXOAT KPUTHUYECKUE TOYKHA (PYHKITUH.
3. HaxomsiT yacTHBIC MPOW3BOIHBIC BTOPOT'O MOPSI/IKA:

'z A%z Az
Ay oyt

4. BBIUHCIISIIOT 3HAYEHUS 3TUX YACTHBIX MPOU3BOJIHBIX BTOPOTO MOPSIAKA B KAXKIOM

U3 HalICHHBIX B 1.2 KPUTHYECKHUX TOYKaX M(Xo;Yo).

a=[22) o[22 (22
o ), Sy ), ¥ ),

5. JlemaroTt BbIBOJ O HAJIMYUHU IKCTPEMYMOB:

a) ecmi AC —B2>0u A <0, 10 B Touke M umeercs MakCUMyM;

6) ecmu AC —B?>0uA >0, 1o B Touke M uMeeTcs MUHUMYM;

B) ecit AC — B? < 0, To SKCTpeMyMa HET;

r) eciiu AC — B? = 0, To BOIpocC 0 HAJTUYMU SKCTPEMYMA OCTAETCS OTKPHITHIM;


http://math.semestr.ru/math/derivatives.php

IIpumeps! ucciaenoBanus GyHKUMH ABYX EPEMEHHbIX HA IKCTPEMYM.

Ipumep Nel. UccnenoBath Ha SKCTPEMYM (DYHKITUIO

z=13 +31_'j.|'2 —-15x-12 y.

Pemenue.
1) Haiinem yacTHbIEe IPOU3BOIHBIE:

=3x +3y —15,

=bxy—12y,

PP R|®

2) Torjga cuctema JJisi OTBICKAHUSI CTAIlMOHAPHBIX TOYEK UMEET BU/]I
2
12 +y —-5=0

xy—2=0

Perve cucremMy, MoJIyduM 4e€ThIPE CTAI[HOHAPHBIC TOYKH:

P1(1,2), P2(2,1), P3(-1,-2), P4(-2,-1). HaiizeM mpou3BoaHbIE 2-TO MOPSAIKA
2

072 6x-427_6x-8,

o2 oy By

Y COCTaBUM JTUCKPUMHUHAHT AAB-C? nst Kax okt CTAIl[MOHAPHOMN TOYKH.
1) s Touku P1(1,2) A=36-144<0, B P1(1,2) sxcTpemyma HerT.

2) dns touku Py(-1,-2), A =144 — 36 >0, A>0, B P2(2,1)dyHKIus umeer

MUHHUMYM, Zmin = -28

3) s Touku P3(-1,-2), A = 36-144 <0, B P3(-1,-2) axcTpeMyma HeT.

4) s touku Py(-2,-1), A=144 — 36 >0, A<O B P4(-2,-1) dpyukums nmeer
MaKCUMYM Zmax=28

Z _6y=C

Ipumep Ne2. Haiitu Haubonblee 1 HaMMeHbIIee 3HaYeHUs QYHKIHMU Z = X2 +
4Xy — y? — 6X — 2y B TpeyrolbHUKE, OTPAHUYEHHOM OCAMH KOOPAMHAT U HPSIMOii
2Xx+3y-6=0.

Pemenue.

Haiinem kpuTrnueckme TOYKHM JOKAJIBHOIO SKCTPEMYMA BHYTPU YKa3aHHOU
oOnacTH v 3HaYeHHs HaHHOU pyHKmH z = f(X,y) B 3THX Toukax. Tak

&
bz —
Z=2x+4y—6 5 =4x—-2y-—-2
Kak 9% : , TO CUCTEMA JIJIs OTHICKAHMS
KPUTHYECKHUX TOUEK UMEET BH/

x+2y-3=10 x=1

2x-y-1=0 ~ |¥y=1
Touka Po(1;1) Haxomutcs BHyTpHU obiactu, mpudeM z(Po) = -4. Uccnenyem
dbynkuuto z Ha rpanune odnactu. Ha orpeske OA umeem : y=0, z = {(x;0) unu

0:0)=x2 — 6x, re ¥ EL03]. o0 —0x 6. 0°1(3)=0; 01(3)=(3:0)=-9. Ha
otpeske OB umeeM: x=0. z=f(0;y) unu z=g(y)=-y>-2y,



rIe yE [0;2]; gi (y) = _2}’ - 2.; gf’l (_1) = 0, —l¢ [0;2] . Ha OTpEe3Ke

y :2_21: z :f[x;2—ng
AB nmeem 3 3 WA
38

19 ,
Z= X)=——x“"+6x— WX =—"—"2x+6
33( ) 9 &rﬂexe[ﬂ;g’]; 33( ) 9
27
r - =n
;ga[lg) |

7Y (27 20} T
530 )" i) - 19
Haiinem 3nauenus ¢pynkiuu z B toukax O, A u B. z(0) = (0,0) = 0; z(A) =
(3;0) = -9, z(B) = f(0;2) = -8.
27 20

f(0:0)., £(02)., fG30)., f( 7). SN

CpaBHUBas 3HAUCHUS 19719
NPUXOJMM K BBIBOJY:

HanOombiee 3HaueHue zmax=0 B . O(0,0);

HauMeHbIIee 3HaueHue zmin=-9 B 1. A(3,0).

3ananue 1.HaiiTu yacTHbIE MPOU3BOIHbIE BTOPOI0 MOPAAKA

Bl z=x%y*-4x-5y B16 z=x3-y3-3xy

B2 z=y?-x?+xy-2x-6y B17  z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x’+y+xy-3x-6y

B4 z=y\Vx-y?-x+6y B19.  z=xy*(1-x-y)

B5 z=e*/?(x+y?) B20. z=x3+y3-15xy

B6 z=x3-y3-3xy B21. z=3-2x2-xy-y?

B7 z=0,5xy+(47-x-y)(x/3+y/4) B22.  z=y’-xy-2

B8  z=x’*+yZ+xy-3x-6y B23.  z=x%+2xy-y’+4x

B9  z=xy?(1-x-y) B24  z=2x%+2xy-y?/2-4x



B10

B11

B12

B13

B14

B15

z=x3+y3-15xy
Z=X%+y?+xy-4x-5y
2=y%-X%+Xy-2X-6Y
z=xy(1-x-y)

2=y x-y?-y+6y

z=e*/?(x+y?)

B25

B26.

B27.

B28.

B29

B30.

Z=x%+xy-2
z=y2-2xy-x*+4y+1
z=1-2xy+2x?
7=4x+2y+4x%>+y>+6

z=x%+2xy-10

Z=X2+2Xy-y?-4x

3ananue 2.UcciienoBath 3a1aHHYI0 GyHKIHUIO HA IKCTPEMYM

B1.

B2.

B3.

B4.

BS.

B6.

B7.

BS8.

B9.

B10.

B11.

B12.

B13.

2=12+2xy-x?
z=5x2-3xy+y*+4
z=4x>+9y?-4x-6y+3
z=x%-2xy-y*+4x+1
z=y%4+2xy-x2-4y
Z=X243y%+X-y
z=x2y

2=4-2x?-y?
2=x/2-xy
z=1+xy?
z=4-2y%+x?
2=y%+2xy-x2-4y

z=x2-xy

B16.

B17.

B18.

B19.

B20.

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

z=x%+2xy-10
2=4x+2y+4x2+y’+6
z=1-2xy+2x?
Z=X242XY-y2+2X+2y
z=y%-2xy-x2+4y+1
Z=x2+xy-2
2=2x2+2xy-y%/2-4x
Z=X2+2Xy-y?+4x
2=3-2x2-xy-y?
z=y2-xy-2
2=x%+y2+xy-4x-5y
2=y%-x%+Xxy-2x-6y

z=X2+y?+xy-3x-6y



B14. z=xy(4-x-y) B29. z=x3-y3-3xy
B15. z=x2+2xy-y2-4x B30. z= x3+y3-15xy

KouTpoJsibHbIE BONIPOCHI

1.ChopMynupoBaTh aIropuT™M HAXOXKACHHUS SKCTpeMyMa (PYHKIIMN HECKOIBKUX
MePEMEHHBIX

IIpakTuyeckas padora Ne 11 mo reme
«BbruncijieHne HeonpeaeJeHHbIX HHTETPAJI0B»

I_le.]'lb: IIPOBCPUTH YMCHHNC HAXOAUTDb HCOIIPCACICHHBIC MHTCI'PAJIbI UCII0JIb3Y:
MCTOAbI HCIIOCPCACTBCHHOI'O HHTCIPUPOBAHNA, HHTCTPUPOBAHNC HOHCTaHOBKOfI n
II0 4aCTAM.

Bpemsa BbinonHeHua 90 MUHYT

MatepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHuA
2.3apaHue

3./lInctA4



4.KanbKynatopol

MopaaoK BbINO/IHEHUA PaboTbI

1.3yunTb 3agaHue

2. 3yunTb TEOpETUYECKME CBEAEHUA

3. BeinonHutb 1 opopmutb paboty

4.ToKas3aTb pe3ynbTaTbl NpenogaBaTento
AdomalwHee 3apaHne

1.MoAroToBUTbL OTBETLI HA KOHTPO/IbHbIE BOMPOCHI
Xopa paboTbli

TeopeTnyeckue cBeaeHMs

f(z)
Onpenenenune Ilycts -- (hyHKLIMS, 3a1aHHAs HA OOBEAMHEHUU MHTEPBAJIOB

f(z)

BelecTBeHHOM ocu. Habop Bcex nepBooOpa3HbIX AJis Ha3bIBACTCS

f(=) J f(z)dz

HeonpeoenréHHbIM UHMe2paiom OT U 0003HavyaeTcs . Onepauus

(=)

HAXOXXJICHHsI HEOTIPEICIEHHOTO MHTETpasia 1Mo 3aJ1aHHON (QyHKIINH
HA3bIBACTCS UHMe2pUPOB8aHuem 3TON QYHKINN; HAUTH HEeoNpeIeIEHHBIA HHTErpal

f(z)

O3HAYAET NPouHmezpuposams Nanuyto GyHkuuo. OyHKIUS , 3aITMCaHHas
nocJie 3HaKa MHTerpaia (Wi, Kak 4acTo TOBOPAT, 700 3HAKOM MHTETpaia),
Ha3bIBACTCS noovinmeepanrvhou pyukyueti.  COTIIACHO TOKa3aHHBIM BBIIIIE

f(z)

TEOpeMaM O BUJIE TIEPBOOOPA3HBIX, HEOTIPEAETEHHBIA HHTETPall OT (QYHKIIUH

F {I::I +C F [I::I
COCTOUT U3 (HYHKITUH BHUIA , T1e -- Kakas-m00 GUKCUpOBaHHAs

f(z)

nepBooOpazHas s , a C -- BeJIMYMHA, NOCTOSIHHAS Ha Ka)XJ0M M3

f(z)

HETEePEeCEeKAIONINXCSl MHTEPBAJIOB, Ha KOTOPHIX 3a/1aHa (PYHKITUS . [lTosTomy
MO>KHO HaIucaTh Takyto Gopmyiy:

ff{:] dz — F(z) + C.

Ta0uuua UHTErpasoB JIeMEeHTAPHBIX PYHKIUH

1 _[D'afx:=C'. 11 _[l:hxafx:=shx+C.

2 [rdx=x+C 12

dx
=—-cthx+¢C
‘rshzx .



3 o+l 13 ax

tg =X i C =thx+C
J'x o+ 1 (u:ne—l)_ Ichz
4 1 i 14 1 i x
S = [E =mk|+C dx = S SERE=S (G
Ix Ix el . Ix2+a2 Ix2+a2 e
5 a 15 1y pxe
xgz _ % =_1In +C
fatde=2—+C o skt e
J'exaf):=€x+c
6 ISiIl.):dI::_EOS.x‘l'C. 16 J‘ dx =arcsﬁ1£+€=_arﬁc05£+c
az_xz it i
7 _[c:osxdr=sinx+€l 17 Il +dx2 + o+ C

f—"
x2+of
8 | af;c =-ctgx +C 18 I x2+adx=§«ix2+a+%h’1‘x+whﬂ2+a‘

9 dx 19 2
I 5 =tgx +C _l'xn'az—xzafr=£xl'a2—x2+a—arcsm £+C’

2 2 s

10 _[shxdx=chx+€l 20 ,[ dx i

Sin X

J- d ’!gx+?rf2

tgx
2

+C

COsX 2

<

3ameHa nepeMeHHOIl B HeomnpeaeJéHHOM HHTerpaJe
(MHTerpupoBaHue MOACTAHOBKOM).

IlycTs [flx)dx = F(x)+C Torna [ fle(xDe(x)de = Fle(x)) + € 3nech t(X) -
muddepeHnrpyemasi MOHOTOHHAS QYHKITHS.
[Ipu peniennu 3amayd 3aMeHy IEPEMEHHON MOYKHO BBIIOJHUTH ABYMS
crocobamu.
1. Ecniu B moabIHTErpalibHOM PYHKIUM YOAETCS Cpa3y 3aMETUTh 00a

comuoxurens, u f(t(x)), u * (x) 10 3amena MIePEMEHHON OCYIIECTBIISCTCS

£ (x)dx = d

MOBEICHUEM MHOXKHTENS * (x) noj 3Hak auddepenipana: u

3a7]a4a CBOJIMTCS K BBIYMCIICHHUIO HHTErpaia Jf GEo) Hanpuwmep,



S X —sm oxde . divosx) _

Jrg e = [ % - - |
COSX COSX cofX  (3a7a4a CBEJCHA K BRIUYHCICHHUIO

ot

= - +
£, rpet=cosx) = I leosx[+C (auanoruuno naxouTes uHTErpan ot

sit x _ . 8inx g - _ ¢

ctgx), [eo ~ cosxdx = [e™ dsn X = (3051040 cpesiena k Bbrumcenuto | %
. _ fihx

raet=sinx) =¢  ~ *C B Gosee CIOKHBIX 3a1a4aX ONEPALUS OABEIEHHS
noJ1 3HaK AuddepeHrana MoKeT BbIIOIHATHCS HECKOJIBKO pa3:

2 x
_[emmgs * a:n:l:tg'i1r P

1+x (camoe HEMPUSATHOE B MOBIHTETPATBHON

(GYHKITUY - TISITasi CTETNICHb aQpKKOTAHTeHCA 10| 3HAKOM SKCIIOHEHTBI; CCIIH
Janplie He HauaETcs auddepeHIman 3Toi GyHKIIUU, TO HHTETPpa,
BO3MOXXHO, B35ITh BOOOIIE HE YJIACTCS; B TO K€ BpEMS CIICYFOIIHIA
MHOKUTEND (arcctg? X?) - mpou3BojHAas (¢ TOYHOCTBIO 10 TOCTOSHHOTO
MHOJKHTEJIS) CTCTICHHOM (DYHKITUH; 3aT€M CACAYIOT MPOU3BOIHBIC (OIISTH C
TOYHOCTBIO JI0 TOCTOSTHHBIX MHOKHTeNei) GyHKumii arcctg X? 1 X% 10 CBOMM

aprymMeHTam)
1 5.4 1 1 5.4 1
= —_[em':tg * arn:n:tg4 x? (Zxeh) = —_[em':tg * arn:n:tg4 x? dx? =
2 1+x4 2 1+ x4
2
1 5.4 — 1 2
=- —_[ear':':tg * arcct34 .:vn2 — | = ——_[em':tgj * art:t:tg4 xzaf arcctz xz =
2 ]_+ x4 2

5.2 5.2 52
=_%I€&rcctg x (5ar|:|::tg4 xzdarcctgxzjl =_%I€&rcctg x (darcctgj .:I:E:I =_1_1|:I€a.rcctg x5 4

2. 3amMeHy MepeMEeHHON MOKHO OCYIIECTBIATH (hOpPMAJIbHBIM CBEJICHUEM

sit1 X
MO/BIHTErPAIBHOIO BEIPAKEHNS K HOBOH niepeMenHoit. Tak, B J€  S95 % pyeer

CMBICJI IIEPEHTH K MIEPEMEHHOM (CIemaTh moacTaHoBKY) t = Sin X. Beipaskaem Bce
MHOKHUTENH NOABIHTErPAIbHOIO BBIPAXKEHUS Yepe3 NEPEMEHHYIO L

. ot .
x=arcsmx;dx=—2;cosx=w{l—sm2x =«fl—r2

1-¢ SX cosxdx =

. B pesynbrate J°

= _[et 1-22 —‘ﬂ

=_[etd£=et +C =
1- ¢

(BO3BpalllaeMcsi K HICXOAHON epeMEHHOMN )

_ gihx

=e " +C_ Jlpyrue npuMepsl:
dx

Idx—50+

Wx-5 1

. llogpiaTerpanbHas GyHKIUS COACPKUT IBA MHOKHUTEINS, HU
OJIMH U3 KOTOPBIX HE ABJISIETCS IPOU3BOIHON JIPYTrOro, MOATOMY MOJBOJIUTH UX
noA 3Hak auddepenimana 6ecrnose3no. [lonbitaemcsi BBECTH HOBYIO IEPEMEHHYIO,



e x—5=tﬁ;r=6x—5;

wax—5(1+%fx—5) x =% +5 dv =674 | _

TaKYIO, qTO6BI KOpHI/I HN3BJICKIIUCH.
68 dt tdt (£5 +1-Dde _

=§ =f
£il+e4) J'1t2+1 / £+l

—E[J'tﬂ - ] (¢ —arctg £)+ C = 6/x =5 - arctg§fx -5 )+ C

#+1 PaccMoTpum

Jola® - x dx (uaTerpan Nel9 u3 Ta6..). 3nech NoabIHTErpaibHas QYHKIUS
COCTOUT U3 €JUHCTBEHHOTO MHOXKHTEJISI; MOYKHO OISAThH MONBITATHCS CENATh
TaKyIO 3aMEHY MepEeMEHHOM, UTOObI KOpeHb U3BIEKCS. CTPYKTypa NOJKOPEHHOTO
BBIPAKEHUS MOICKA3bIBAET OTY 3aMeHy: X = @sin ¢ (ygu * =ecost «>0):

X =5 £ dx = acos £dE
J'"-,l'lraz2 ~xtde = =azjcosz £t
‘\Ilﬂ'.z - x* =aw"l—sin2 £ =dcosk

MHTErpally OT KBajpara KocuHyca. [Ipu HHTErpupoBaHUY YETHBIX CTETICHEN

. MuTerpain ceéncs k

.2 2
CHUHYCa U KOCHHYCA 4acTO MPUMEHSIOTCA (POPMYIIbI, BhIpaxaroniue st~ £y tos™ £

g 1-cos2f 2 1+cos2s
. s " f=—cog" = ——m—
yepe3 KOCUHYC JBOMHOTO yIiia: 2 2, [ToaTomy

3J1+c052r

2
az_[cosz.t'd.r=a tf.t——Udt+_[cosEﬁﬁIl ; [r+ _[cosE.t d,Er]

2

. 2 sin.t=£;|::os£=

@ 1. 1 «

=2 e+ Zsin2e |+ € =E g+ Zsin 2|+ € = E (¢ +sin reose)+ € =
2 2 2 2 2

=z 2|
—ginlg=_"t® %
v s

2
P oox 1
=?arcsm—+—xw,|'a2 —.:vr,2 +

@ 2
[Ipumepsr: 1.

r=x+w'x2+U,;r—x=f\|'x2+w,;(r—x)2 =x? + o
ﬂ&: IE_ Iz_
I—dr=r2—2£x+x2=x2+u;x= Il;u'x2+w,=.t— * =]n|r|+C=]n‘x+w,|'x2+c¢

2F 2F

.{

=r2+”’;¢ﬁ=r2+”‘d¢
2t g2




f%=izzg"ﬁ f(era)_(x_aj‘i":iI[ = ]dx:

2 "x°-a e x*-a (x+ea)(x —a) ' lx-a x+ta
g a1 g | x-a|-h|x+a)+C= —n[= % +C
2t X xta 2t 2 |xta

Humezpuposanue no uacmsam.

NHTerpupoBaHue no 4acTsaM - IPUEM, KOTOPBIA IIPUMEHSIETCS [IOYTH TaK K€
9acTo, KaK U 3aMeHa nepeMeHHou. ITycts U(X) 1 V(X) - GyHKIMH, IMEIOLITUE
HETPEePBIBHBIC YaCTHBIC IPOM3BOIHBIC. Toraa mo ¢popmyne auddepeHuupoBanms
npousseaerust d(UV) = uedy + vodu = ® & = dlav) —v du ayonum
HEeoNpeeIEHHBIC MHTETPAJIBI JJIs1 00EUX YaCTeH ATOro paBeHCTBA (IIPU 3TOM
_[d(uv} =y + C'):

Iu e =y — _[v ¢l

DOrta Gopmyia U Ha3bIBaeTCsA (HOPMYIION HHTETPUPOBAHMS 10 YacTsaM. YacTo
€¢ 3aIMChIBalOT B POM3BOAHBIX (dv = Vv’-dX , du = u’-dx):

Iu-v’afr mv—fv-u’dr

[Tpumepsr:
i = x, dv = sin xdx;
J'xsin xdx = _ =x(—cosx) —I(—cosxjaﬁr =-xcosx+snx+C
du = v =‘|‘sm xdx = —cosx
=lnx; dr =dx; e
_[]nxd:c= & =xh1x—_[x—=x]nx—_[afr=xh1x—x+c
= p=x x
x

@opMmynia UHTETPUPOBAHUS MO YaCTAM MOXKET MPUMEHSATHCA
HCOOHOKPATHO. HpI/I HaJIU4Ynu"u He60J'H)IHOFO OIIbITa B IIPOCTBIX HHTCIpAJIaXx
HET HEOOXOJUMOCTH BBIIMUCHIBATH MPOMEKYTOYHBIC BRIKJIATKH (U = ..., dvV =

..), MOKHO cpa3y IpUMEHSITh GOpMyITy, PEICTABUB HHTETPAT B BUJIE Ja: dv

J'exxEdr = j'x3 (e™dx) = Ix3dex - x'e* —J'exd.:c3 = x°e* —J'exBxde: = x'e® - BJ'xE (e¥dx) =
= xe¥ BJ'xzdex = x’e* 3(.1: e —Iexdxzj = x e® —B(xzex —J'exExdr) =

= x'e® - 3xte® + 6]‘xd€x = xle® - 3xte* + bixe™ - J'exa&:] = x'e® - 3x’e® +6xe” - 6J'exafx: =

= x7e® - 3x’e® +bxe® - be* +C=ex(x3—3x2+6x—6}+tf.

[IpuBenéunbie mpuMepbl MOKA3BIBAIOT, 11 KAKUX (PYHKIUN HAJ0 NPUMEHSThH
(WK MOMBITAThCSI TPUMEHUTD) (POPMYITYy HHTETPUPOBAHHUSI TIO YACTSIM:



P, ix) cosex dx _[PH(x)'smax'dr J'Pﬂ(xj'a

WuTerpanst Bumga J dx , vae Pn(X) -

MHOro4iIeH N-oii crenenu. Tak, ms [ By () cosax dx oo

1#=F,(x).dv =cosemelx du=(P,(x)Vebx =Pp,_ (x)ex, v = (sin ex) /&t "

IPH (x) cosexde = P (x) (s m:]lfa—lfa_[PH_l (x) sin ax:'dx- B pe3yiIbTaTe Mbl

MOJIYYHJTA MHTETPAJT TOTO YK€ TUIIA C MHOTOWICHOM CTETICHU Ha ¢IMHMITY MEHBIIIE.
[Tocnie N-kpaTHOTO TPUMEHEHUS (HOPMYJIIBI CTETICHh MHOTOUYJICHA YMEHBIIIUTCS 10
HYJISA, T.€. MHOTOYJICH TIPEBPATUTCS B MIOCTOSHHYIO, M HHTETPAJI CBEIETCS K
TaOTMYHOMY.

WHTerpas [ Bylx) £ (x) dx e £ TpaHCIEHAeHTHAS ()YHKIWS,
MMEoNIas JpOOHO-PAlMOHATIBHYIO HIIH IPOOHO-UPPALMOHATIBHYIO IPOU3BOIHYIO
(In x, arctg X, arcctg X, arcsin X, arcos X). B arom cinyyae uMeeT CMbICI B3ATh U =

f(x), dv = Pn(X)dX, asist Toro, 4T00BI B HHTETpAJIC [vdu yuacTBoBasa He f(X), a eé
npousBoaHas. [lpumep:

i = arcsin x, v = xdx,

x2 X = sin £, dx—cosmﬁr—

. x .
X arcsin x - dx = x x? |=Z_arcsin x -
I ‘ﬁ":l—;":? 2 94l = x 2 w'rl x? =cost

-Xx

2 E 2 :
=X aresin x—ljsm2m=x—arcsﬁ1 X —lI(l—DOS 2E)dt =X arcsin x 1 -2 2 +C =
2 2 2 4 2 5

x? . £ sin foostk x? ) arcsin x  x+J1- x°
=?ar|:smx—£+—+(?=—arcsmx— + +

4 2 4 4

JI1s1 HeKOTOPBIX (DYHKITUH IPUMEHSIETCS IPUEM ‘‘CBEJICHUSI HHTETpaja K
camoMy ceOe”. C MoMOIIbI0 HHTETPUPOBAHUS 110 YacTSIM (BO3MOIKHO,
HEOJHOKPATHOT0) MHTErPaJl BBIPAXKAETCS Yepe3 TAKOM e MHTErpall; B pe3yJibTaTe
MOJIy4aeTCs YpaBHEHUE OTHOCHUTEIIBHO 3TOr0 MHTErpala, pemiasi KoTopoe,
HaxoJIMM 3HaueHue uHterpana. [Ipumepsr:

(2 _ .2
f= -x“dx .
I @ 7% @ (310 maTerpan Nel9 u3 Ta6a. 10.3.Heonpene1éHHBIX
HHTETrpaJjioB; B IPEABIIYIIEM naparpade Mbl BEIYUCIHINA TOT HHTETPAII C

Haitn

MMOMOIIBIO TPUTOHOMETPUYECKON MOJACTAHOBKUA X = asin ¢ ).

u='\.|ﬂ2—x2;dv = dx, 7 5
I=.|'"n,|'a2—x2dx= xdx =x az—x2+[—xh = x az—xz—j—x d=
dﬂ“ﬁ;‘“ = x ﬂz_xz ﬂz_xg
a - X

2 2
=:m.la2—x2—.|'(a _x }—a dx = xJa® —x° I afx:+_|'
Ja? -x? \/7 Ji




. x
—}r+|as2 arcsin —

—xa - x* - x? dx +a® = x+Ja® - x*
SR — :

B nezvnkrarte nns MCKOMOIO MHTETpaja Mbl INOJYYHWIIM YPABHEHHE
2

. x
F=x+a®- - +a® arcam —
by
)
. X
2F= xw,n'az -x? +as2 arcain — +
pemiass KOTOpoe, MOoJydaeM “ (koncranta C

HOSBUJIACH BCJIEACTBHE TOIO, YTO HMHTETPAIIbI Iy paBoOi U JICBOM 4YacCTaX
VNARHEHWS OTINENIENEeHkl ¢ TOYHOCTBIO IO IPOM3BOJBHOW ITOCTOSHHOM) H

2
s . X [
F=Zxvya® -x* +Z arcsin =+ ¢ E
“ (KOHCTaHTa nepeobo3nayeHa uepe3 C).
CBeIIGHI/Ie HHTCTpala K CaMOMY Ce6€ — CcaMbIi HpOCT()f/'I CWOCO6
I B cos bxdx
HaXOXITeHud 4YacTo BCTpean-OH_[I/IXCH I/IHTeraJIOB BU1A nu
ax -
( ). Hampumep,
= coshx, dv = e dx
I=J'eﬂx|:os.-_’:x'afx= B e cosbx+b_|'e"xsmbx'dr=
= —psin bxde v =e™ ia .
i =sin b, dv = e dx =2

=_  coshx +E e—sin hx - EIE” coshe de | =
=hooshede. v =e® fa i

ax ax 2

e . i)
= coshe+ smbx——zf
i ct tt
. Utak, mocie IBYKpaTHOTO HHTerpHpORaHH;I
Mo qacTam TTOTTVUEeHO YpaBHCHHC OTHOCHUTCIBHO
ax ax 2
e .
F=—rcoshx + smfm——zf
o tt tt
, pelnieHue KOTOPOT'O
ax
F .
f= E—I:acosbx +bsin bx |+ C
s +h

[Tpy HaXOXIEHUHM STHU WHTETPAJIOB HE MPHUHIMITHAIBHO, TOJOXKHUM JTU
MBI U = COS bX, dv = e dX unmm U = e, dv = cos bx dX; BaxXKHO TOJBKO IIPH
BTOPOM TMpPUMEHEHUU (HOPMYIbI MHTETPUPOBAHUS MO YACTSIM 3arOHSTH O]
3HaK auddepeHnmana (QyHKIHIO TOro e THMA, YTO W TMPU TIEPBOM
(moKa3aTeNbHYI0 WIN TPUTOHOMETPUUYECKYIO).

Emé ogun Bug Ggopmyn, KOTOpble 0OBIYHO MOTYYAOTCS C MOMOIIBIO
UHTETPUPOBAHUS T10 YACTSIM, U UCTIOJIB3YIOTCSA JIJIsl HAXO0K/ICHUSI UHTErPaJIOB -
pPeKyppeHTHbIe cooTHOmeHus. Eciau noabiHTerpanbHas QyHKIUS 3aBUCHUT
OT HEKOTOPOTO mapameTpa N, U MOJIYy4YeHO COOTHOIIEHUE, KOTOPOE BBhIPAKAET
WHTErpall yepe3 aHaJIOTUYHBIM MHTETrpajg C MEHbIIUM 3HAaY€HUEeM N, TO 3TO
COOTHOIIEHHWE W HAa3bIBAETCA PEKYPPEHTHBIM COOTHOIIeHUEM. [Ipumepsr:

= Icos" x dx I
pEeICTaBUM TIOJBIHTETPATbHYIO (YHKIUIO B BHUJC



- n-2 2 n-2 : -3 _
cos® oy = cos® % yopogd x = COS x'(1-sn* x)=cos X — SN X Cos X X

MHTETpaJl OT MEPBOr0 CJIAraeéMOro AHAJIOTMYEH HMCXOJHOMY C 3HAYEHHUEM
rapaMeTpa N Ha JABE €IMHUIBI MEHBIIE; K MHTETPajly OT BTOPOrO CIaraéMoro
OpUMEHUM (GOPMYITY UHTEIPUPOBAHUS 10 YACTAM:

= zin x; d =cos"_2xsinxafr;
_[n:os xde = Icos xde - Ismxcos "2 x sin xdx = n-1 =
=|:osxaf):;v=—ms x.
n-1
: cos™ ! x cos™ L x sin xcos® | x 1
=f, 5 —anx —? +I —? cosx de =1, 5+ — —n_lj-cosx"'tfx:=
_ sinxcos® | x 1 ﬁ 1 _ sinx cos® L x -l Sl X Cod -l Xx
e B e bbb e B 2, T .
T =_|-|:osx'dm=sinx+(?
erepb, 3Has ,
I, _J-E05 < d = J-1+c052xdr=l[ 51 2.1:] c
£ , MBI MOXCM BbIIIUCATH
_ . 3-1 ; 2
I3=Ic053x-dx=3 11,1+smx|:cls X _2. g smxcostx o
3 3 3 3 :
_ : 4-1 3
f4=fcos4x'dr=4 1I2+smx|:c:-s x=§ l[2x+sm2x) S X Cos X, e
4 4 4 4 4 :
5 5-1 sinxcos x4 . . 7 sin xcos” x
15=Icos x de = I+ =—'—(25mx+smxcos x)+—+€
5 5 53 5 u
T.J1.
3ananus npakTuyeckoi padorel HaiiTu HeonpenenéHHble HHTETPAJIbI
1.
1. [x*(3x+1) dx 1.11. [4x2(4x+2) dx 1.21. {34/x(2—3x) dx
1.1, [ x}(3x+1
2 3 7 3 4 6
12 [-2Jx@-3dx  112[” A2 g 1.22.f 2XT 3K 70Xy
X x?
141
4 5 4 4 4 3 7 2
13, [T g [P O, 1.23, de
X X
103 1 3 3 2
I vE L v3 3y 14056 . Jx
14.[ 5 " 124 [T 24.]‘/_“/_ E
X X X




5/,2 3/,2
1.5.J‘\/X_+\/)>((_—2\/;dx

16. [ x

V3-x?

1.7.[ 3 dx

1+ X

1
1.8._[(eX +2x —4* +3xzjdx;

3
1-9-j 2C08° X+5

>—aX
Cos” X

1.10.]23\‘/?—6005 xdx

1.15. j

1.16. | 8 i

V4 —4x?

5

dx
25 + x?

1.17.]

2

1.18.J'(E+8eX +5%_x 3
X

2 —
1.19..[%)(
cos’ X

1.20.I%sin X+ de
2.

1

\5x% +3

1

V4-TX?

NG
\3—4x?

1

V2x? -9

1
2x% +7

dx

2.11. j

dx

2.12. j

dx

2.13. j

dx

2.14. j

dx

2.15. j

1

V3x% +1

1
X2 +2

V2
V7 -2x%°
J14

2x2

dx

2.16. j

dx

2.17.[

2.18. j dx

2.19. j - dx

SWJFZ\/X__de
X

de;

2

V1-x2

dx

1.25. j

3
1.26. j ﬁdx

2

dx
2 +3x°

1.27. j

=3
1.28._[de
sin? x

2
1.29._[de

cos® x

1.30. [ (- x)(2—/x Hx

1

dx
3x* -2

2.21.j

1

> dx
4x°+3

2.22.j

1

Vax* +3

1

V3—4x?

1
4x* -3

dx

2.23. j

dx

2.24, j

dx

2.25. j

2

dx
4+ 3x?

2.26. j

2

Vax? -3

1
4X*+7

dx

2.27. j

2.28. j dx

1
8x* -9

2.29. j dx



2.10. j

1
dx
\J3-5x?

dx
- ‘[ (2x+18/In?(2x +1)

dx
(x+18/In?(x+1)

3.2. |

dx

(1—xR/In2(1-x)
34 3 In2(1—x)d
a IR,

33. [

35, J-5ﬂ|n 1+X

1+x

36 J-K/In 1+x

1+x

37 Jw”n 1+X

l+x

38. J‘Sﬂh’l 1+3X

1+3x

30. J-\”n 3+X

3+x

310 3;/In“(x—5)d
J' (-5) X

4.1.jsin 4 2x-cos 2xdx

4.2.J'cos7 2X - sin 2xdx

2.20. | 8X21+ dx 2.30. | \/9_1? dx
3
aan [ sa[MC e
3.12. | ‘/'”(lT;)X) &x 322 |n(5X(>i;;3) >
213 I\/“(‘Z)((T_Xl—)l) ox 323 '”((;(i;f) dx
e B 2 [S 00y
3.15. | de 3.25. [ 3X1f)1)dx
3.16. j%dx 3.26. | (x+1 Icrjmx *(x+1)
it o 5D
3.18. [ W dx 3.28. | (x+3)|(::i(x+3)
3.19. | |n(31(i)x Jax 329, (x—4)|(:lX5(X—4)
L Y S
4
4.11. j%ﬁl CS;:'; 3:;(x
4.12.f %d sc.gsi);



4.3.jsin % 4x - cos 4xdx

n 4J- cost
sin 2x

45J-S|r13x
cos” 3x

smx
46 '[ COS

47_[ smx
cos® X

48J- COS X
3- smx

sin X
4.9.
J‘\/ COSX+3

sin X

4.10. dx
I 3cosx+1

51 J-w/arctg 3x

1+9x2

- Iw/arctg X

1+ X2

£3 Iw/arctg X

1+ X2

54'[ arcsm

ix

55 J arccos X

V1+ X2

56, J-arccos 3x

V1—9x2

5.7, J-arccos X

V1-9x?

4.17.'f\/cos3 2X -sin 2xdx

4.13.[3\/005 2X -sin 2xdx

4.14. Isin 35x-cos5xdx

cosSx

Vsin? 5x

415[

4.16.J'\/cos7x -sin 7 xdx

cosz

4 18J.sm 6x

419[iﬂ1@id

3/cos4x

cosz

4 20J.sm 6x

arctg’ 3x

511j L ox

6
5.12..[arccos 3x dx
1+9x2

arcsin 2x

N1-4x?

513[

arcsin* X

Jix

514j

arccos 4x dx 23.

VJ1-16x%?

arccos’ X

Jix

515]

516I

arcctg*5x

dx
1+ 25x°

511[

dx 5.20.

4.23.'[\/c053 2X -sin 2xdx

mn5x
cos* 5x

424[

sin 4x

{/cos? 4x

425]

4.26.Isin ®3x - cos3xdx

4.27.Isin 4 8x - cos8xdx

4.28.Isin ® 4x - cos 4xdx

sin 2x

{/cos* 2x

cosz

Vsin? 6x

429[

430[

dx
1+ X )\/arctgx

521j

dx
522'[ (1+ x2 Jarctg®x

3/arccos 2x
V1-4x?

525j

5.26.
J\/l 25x )arcsin 5x

arctg®3x

dx
1+9x?

521}



58, Jarctg 2X
1+4x?

59 Iarcsm 2x

V1—4x?

arccos® 2x

V1-4x2

510]

610."3)( 2

711 sin xdx
1+ cos?x

arcsin 5x

NJ1—25x2

518j

1
Sigjﬁi?ﬁiEEde

arccos? 7x

N1-49x2
529JM—E§3%

512j

arctg” 8x

1
5.20. dx 5.30.
J.il+ x? Jarctg’ x -[ 1+ 64x°

x-1
ales_ s

2x+3

612j

5x2

614]

1-2x

V3x2+2

2x3

Jax

3x+4

615[

616[

617j

5x+2

Nrah

618[

619I8i_52d

3X+2

V2x% —

620[

7.11.Isin 2 X - cos xdx

6.

7.

2x+3

621j

3x1
dx

623[

2X+5

NBX? +1

624j

625[2X 2dx

2x-1

\J5—3x?

3x3

B

32x

626j

627j

628[

X+4

629[ 3dx

630]

X—_5dx
V4 —9x?

7.21.J'x2 sin x3dx



7.2.[3/(1+2x)dx

7.3. 4dx

4/(@-4x)’

7.4.[(8x+5)"dx

75j4dx

V1+Xx
7.6.J‘Sir\]/_;/;dx

7.7.Ix3sin 3x*dx

7 8J- sm 2X
1- cost

7.9.'f(2x3 +1)4 x2dx

7.10. J‘COS\/_

1._[ X COS6x dx

2.J' xsin (x —5)dx
3.I arcsin 3x dx

4.I arctg 8x dx

S.Ixsin (x—2)dx

6. I arcsin 8x dx

7.Ixsin (x+3)dx

7.12.[§/(7-3x) dx

7.13. 4dx

4/(2+5x)

7.14. [ 2(3x—5)dx

7.15. j;dx

V2+ X3

7.16. [ x* cos(4 — x° pix
7.17. [ x* sin 2x°dx
7.18.[ (2 +1) xdlx
7.19.fe>" . xdx

7.20.f (ef%)dx

8.
11.I xcos (x — 7)dx
12.{In (x+12)dx
13.] (x—4)edx
14.I xe ®* dx

15.I arctg 7xdx

1.16.J. arcsin 5x dx

1.17.[In (x—=7)dx

7.22.[4/(1—4x)’ dx

8 e

7.24.[3(5x~8)"dx

7.25. j;dx

V2—X
7.26._[ x? cos(x3 + S)jx

27]’ sin 3x

) dx
2+ C0S3X

7.28.j(3x3 —1)5 x2dx

7.29. j e L. x%dx
7.30.f e 4
.oU. (eax—_l)x

1.21.J' arctg g dx

22. _[ arcsin de
5

23.J. arccos 2x dx
1.24.[In (2x —1)dx

1.25.[In (2x + 3)dx

1.26. _[ arccosgdx

1.27.f arctg 2 dx



8.[ xcos (x+4)dx 1.18.[ xcos(x + 6)dx 1.28 [ arcsin ;dx

9.J. arccos 7x dx 1.19.J‘ arctggdx 1.29. I arctg 6x dx

10.[ In (2x— 4)dx 1.20.[ In (x + 8)dx 1.30.jarccos§dx

2. Haiimu unmezpan I (KX + K)er dx, TAe K — NOPSAIKOBBIM HOMED B )KypHAJE
3. Haiimu unmezpan _[ (x —4)sin kxdx, TI€ K — HOPSIKOBBI HOMED B KypHAJe

KoHTpoJbHBIE BOPOCHI:

1.TabGnuia HHTETPaJIoB .

2. B yem cyTh MeTona gqo6aBouHoro ko3¢ dummeHra’?
3.MeToJ ITOJICTAaHOBKH.

4.MeToa MHTETPUPOBAHHMS 110 YaCTSIM.

IIpakTuyeckasi padora Nel2 no reme
«/HTerpupoBaHue PALIHOHAJBLHBIX JAPo0eii»
Heanb: mpoBepUTh yMEHUE UHTETPUPOBATH PAIIMOHATBHBIE IPOOH
Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. N3yuunTb TeopeTnyeckme ceegeHuns
3. BoinonHutb 1 0dopMuTb paboTty
4.lMoKa3aTb pe3ynbTaTbl NpenoaasaTesnto
AomalwiHee 3apaHue



1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BONPOCHI
TeopeTuyeckue cBeeHUs

Pannonanbubie Apodu. IIpocTeiimine panoHaJdbHbIe APO0OH U UX
HHTErPUPOBAHUE

Jlanexko He BCsKasi 3JieMEHTapHast (PyHKIMS UMEET MHTErpaj, BbhIpaKarolIUiics B
aneMeHTapHbIX (yHKUMSIX. [lo3TOMy OYeHb Ba)XXKHO BBIIECIUTH TaKHUE KIIACCHI
(GYHKUUN , MHTErpajbl KOTOPBIX BBIPAXKAIOTCS 4Yepe3 dJeMEHTapHble (DYHKIIHH.
[IpocTeliuM U3 3TUX KIACCOB SIBISETCS KJIACC PAllMOHATBHBIX (DYHKIIH.

BCHKYIO pPaduOHAJIbHYIO (byHKHI/II-O MOXHO IIPCACTABUTH B BHUIC paHHOHaHBHOﬁ
IIpO6I/I, T. €. B BUAC OTHOUICHUA ABYX MHOT'OYJICHOB!

Q(x)  Byx"+Bx"'+..+B,

f(x) AX"+AX"+.+A

He orpaHnvYHrBad O6IIIHOCTI/I PaACCYIKIACHUA, 6Y}I€M npeamojiaratb, 4YTO OJOTH

MHOT'O4JICHBI HC UMCIOT 06IIII/IX KOpHeﬁ.

Ecam creneHp 4yMCIMTENST HUXKE CTEHCHU 3HAMCHATCIIsA, TO JIpO6B Ha3bIBACTCA
HpaBHHBHOﬁ, B IIPOTUBHOM CJIy4dac ,Z[pO6B Ha3bIBACTCs HGHpaBHHBHOﬁ.

Ecnu npoOb HempaBuibHas, TO, pa3/leuB YUCIUTEIh HA 3HaMEeHATelNb (110 MPaBUITY
JICJIEHUs] MHOTOYJIEHOB), MOXKHO TMPEJICTAaBUTh JTAaHHYIO JApOOb B BHJIE CYMMBI
MHOTOWJIEHA U HEKOTOPOH MPaBUIBHON IPOOH:

Q) _m(xy+ £
f(x) f(x)

F(x) .

paBUJIbHAS IPOOB.
f(x)

31ech M(X)-MHOTOWIEH, a

Ilpumep. 1lycTs naHa HempaBWIbHAS palliOHATbHAS APOODH

x* -3
X2 +2x+1

PazgenuB uucnutenp Ha 3HaMeHaTeNnb (MO MPABUIY JEIEHUS MHOTOYIEHOB),

MMOJIy4YuM

4_

2x 3 y? %43 24x+6 .
X +2x+1 X +2x+1

Tak Kak WHTETPUPOBAHME MHOTIOWICHOB HE MPEICTABISACT 3aTPYAHECHUH, TO
OCHOBHAsl TPYAHOCTh MPU UHTEIPUPOBAHUU PALMOHATIBHBIX IpOOEi 3aKIouaeTcs B
MHTETPUPOBAHUU MTPABUIIBHBIX PAllMOHAIBHBIX IPOOEi.

Omnpenenenue. [IpaBuinbHble paliuoHaIbHBIE APOOU BUIA



o

2
(3) Ax+ B (KOpHM 3HAMEHATENS KOMIUIEKCHBIE, T.€. P o _ o).

4) Ax+ B (k-11e710€  TIOJIOKUTEIIBHOE YHUCIIO >2 ;KOPHH 3HaMEHATeIs
(X% + px + )~

KOMILJIEKCHBIE ), Ha3bIBAIOTCS npocTertumu 1poodsmu (1),(2),(3) u (4) Tumnos.

NurterpupoBanue npocreimux apoodeit tuna (1),(2) u (3) He cocTaBiseT 6OJIbIION
TPYIHOCTH, TIO3TOMY MBI TMPUBEJAEM HX HUHTErpUpoBaHUE O€3 KaKux-Iudo
JOTIOTHUTEIbHBIX MTOSCHEHHMIA:

A
(1) J'de: Aln|x—a|+C

(x—a) ™" co A

dx=A|(x—a)“dx=A = C
= Af(x-a) = AT (—K)(x—a) " '

5 A
@) (x—a)"
A Ap
—(2x+p)+(B--—)
Ax+B ( Ar 2x+ A dx
(3)] 2 2 dX:—j—p dx+(B —pj

2 dxj 2 V2
X"+ pX+(q X"+ px+q 27 X2+ px+q 2 7YX+ px+qQ

i peeals- DA porgls 22

T3 ~arctg 2x+p2 +C
(X+£)2+(q_£) 4q-p VAQ-p
4

2

bonee cnoxHBIX BBIUKCIEHUN TpeOyeT MHTETPUPOBAHUE MPOCTEUIUX Apodel (4)
tuna. [lycTe HaM naH WHTErpajis Takoro TUMa:

J Ax+B d
(4) (x* + px+0q)"

[IpousBenem npeoOpa3zoBaHus:

A Ap
Ax+B 2(2x+p) +(B- 2) A 2X+ P Ap dx
j ; kdx:j dx:—j ﬁdx+(B——)jﬁ
(X“+ px+Q) (x +px+q) 27 (X“+px+Q) 2 (x“+px+0)

[lepBeiit HHTErpas GepeTCs MOACTaHOBKOM X+ px+q=t,(2x+ p)dx =dt:

t—lk +1

2X+ P dat ¢, 1
dx=|— dt=——+C= C
-[(xz + px+0)° Itk J 1-k ¥ (L-K)(x* + px+q)*? '




Bropoit uaterpai- o6o3nauum ero uepes lg-3amuriem B Buje

| :J. dx :J- dx :J' dt
T P g Py @)
2 4

mojgaras

2

+E=t,dx=dt,q—|o—:m2
2 4

(HO MNPCAIONIOKCHUID KOPHU 3HAMCHATCJII KOMIUICKCHBIC, a CJICOO0BATCIILHO,
2

q—% >0). Jlanee noctynaem cieayronum o0pa3oM:

ij dt I(t+m)t2t_1j dt if t2

(2 +md)< (t% +m?) @ +m’) m?d @+ m?) a

IIpeobpazyem uHTETpaA:

J' t%dt _J- t-tdt _ljtd(tz—f-mz)__ 1 J'td( 1 )
@2+m?)* @ @2+md)* 20 (B+md)< T 2k-1)7 (t2+m?)t”

WuTerpupys no yactsm, OyzaemM UMETh

J-tzdt_ 1 1 I dt

[t (t2+m2)k—1

+md)* 2k-1)" @ +m2)-t I

IToncraBisis 3TO BeIpakeHUE B paBEHCTBO (1), momyunm
| — J- dt B
I+ m?)*

1 dt 1 1 t dt
:FJ.(—_+— [ —J.( 1=

t?+mA)*t m? 2(k-1) (t*+m?)t I (t*+m?)?

_ t N 2k —3 J- dt
2m*(k =1)(t* + m?)* ' 2m*(k —=1)J (t* + m?)** "’

B npaBoii yactu COIEPKUTCA MHTErPAI TOrO kK€ TUMA, 4To |, , HO MOKa3aTelb

CTETICHN 3HAMEHATeNls TOJBIHTeTPANbHOW (YHKIIMW HA eAuHuIy Himke (k-—1)

;TakuM oOpaszom, MbI Bblpazwiu |, yepe3 |, . IIpomomkas uaru Tem ke myTem,

I[OﬁI[GM A0 U3BCCTHOI'O MHTCIrpalia:

dt 1 t
|l =|—=—arctg—+C
! J-t2+m2 m gm



[loacraBnsst 3atemM BCrOAy BMeCTO | MU M MX 3HAYEHUA, TOJYYUM BbIpAXKEHUE
uHTerpana (4) uepes X u 3ajaHHble yncia A, B, p,q.

BriBoa

Bua mnpocreiimmx apoGeit ompenensiercss kopHsmu 3HameHatens f(X). 3mech
BO3MOXKHBI CJIC/IYIOIINE CITy4au.

1.Cnyuaii.
KopHu 3HaMeHarens 1eicTBUTEIbHBI U Pa3IUYHBI, T. €.

F(x)=(x-a)(x-b)... (x-d).

B sTom ciiydae npoOb ——- pasnaraetcst Ha npocTeifiue apodu ltumna:

FX
f(x)

F(x) A B D
= + +...
f(x) x—a x-b x—d,

U TOrJa

| @dx:j dx+_[ —dx+ | de:Aln|x—a|+BIn|x—b|+...+DIn|x—d|+C
f(x) X—a X—d

2. Ciyyaii.
Kopuu 3HaMeHaTeNns IeiCTBUTENBHBIE, IPHUEM HEKOTOPHIE U3 HUX KPATHEIE:
f(x)=(x—a)*(x=b)’...(x—=d)’.

F(x)
(

B stom ciydae npo6r —— 00 pasyaraercs Ha mpocTeume apoou 1u 2 TUTIOB.
X

Ilpumep 1.

242 dx 1p ox 2p0x 2pox 1 1 1 2 2 2x-1 2, x-2
X+ )dXZ—J.(X J‘(X j'X_l_J'X X X

j ; T+ =t s g = X [x=2[+C = ——— 4+ = |[—[+C
(x+1)°(x-2 x+0° 37 (x+1)° 97 x+1 9/x-2 2(x+)° 3(x+1) 9 9 6(x+1)° 9 x+1

3. Cnyuaii.

Cpenn KopHeW 3HaAMEHATelsl €CTh KOMIUIEKCHBIE HEMOBTOpPSIoMuUecs(T.e.
pa3IuyHbIE):

f(X) = (X* + px+Q)...(x* +Ix +s)(x—a)*...(x—d)°.
B atom cnydae npo6n E ; pasnaraercs Ha npocreimue 1poodu 1,2 u 3 TUMoB..

Hpumep 2. TpebyeTcs BBIYUCIUTH HHTETPAIT

J- xdx

m .Pazoxxum nogsHTErpaibHYIO APOOh HA MTPOCTEUIIINE:
+ —



X Ax+B C
2 N 2 + _
(x*+D(x-1) x"+1 x-1

CrnenoBarteiabHO,
X =(Ax+B)(x-1) +C(x* +1).
[Tonaras x=1, nonyuum 1=2C, C= S; nonaras x=0, nonyuum 0= -B+C, B=1/2.

[MpupaBauBas kodpduiments! npu x°, noayuum 0=A+C, otkyma A= - S. Takum
obOpazom ,

xdx xdx 1, dx 1, dx
j 3=

== += +=
(x> +1)(x-1) x? +1 x*+1 2x*+1 2x-1

:——In|x +1|+1arctgx+ In | x-1|+C
4 2 2

4. Cnyyai.

Cpenu KopHEW 3HaMEHATEIs €CTh KOMIUIEKCHBIE KPATHBIE:

f(X)=(X°+ px+0)“...(x* +Ix+5)" (x—a)*...(x—d)°.

B stoMm cnydae paznoxenue apoou F&) ——=0yJIeT conepxaTh U Mpocreiime npodu 4

f(x)

THUTIA.
Ilpumep 3. TpebyeTcst BBIYMUCITUTH HHTETPAT

J- X* +4x3 +11x° +12x +8
(X* +2x+3)*(x+1)

Pemenne. Paznaraem npo6p Ha pocTeHIme:

X' +4x° +11x* +12x+8  Ax+B . Cx+D  E
(C+2x+3)°(x+D)  (®+2x+3)° xX2+2x+3 x+1’

OTKyJa
X*+4x3 +11x% +12x +8 = (AX+ B)(X +1) + (Cx+ D)(X* + 2x+3)(x +1) + E(x* + 2x +3)°.

KoMOuHupys yka3aHHBIE BBIIIIE METOJBI ONpeAeIeHUs KOd(PPUIIMEHTOB, HAXOIUM
A=1, B=-1, C=0, D=0, E=1.

Takum oOpa3zom, nosydaem

J- X* +4x3 +11x° +12x+8

J' J dx _ X+2 \/5
(X* +2x+3%)(x+1) (x? +2x+3)

x+1
=—— ——arctg—+In | x+1|+C
Xx+1  2(x"+2x+3) 4 J2




W3 Bcero u3I0KEHHOIO CIENYyeT, 4YTO HMHTEerpanx oT JOOW palroHaIbHOM

(YHKIMU MOKET OBbITh BBIPAXKEH UYEpe3 JJIEMEHTAapHble (PYHKUUMU B KOHEUHOM

BHUJIC, 2 UMECHHO:

1)uepes gorapudmbl- B caydasx MpoCcTEHIINX qpodei 1 Tuma;

2)uepes palroHaIbHble PYHKIUU- B CIy4ae MPOCTEHIINX Ipooeii 2 Tuma

3)uepes jgorapuMbl M apPKTAHTEHCHI- B CITy4ae MPOCTEHIIHMX apodeii 3 Tuma

4)4epe3 panroHaIbHbIC (YHKIIMA U aPKTAHTEHCHI- B CIy4ae MPOCTEUIINX IpoOeii

4 Twuna.

3ananus npakTuyeckou padorsl (110 BHIOOPY)

3amanul.

L o exrd
2 et
st axes
P

dx
5| ————
J-2x2—2x+7

dx
6| ————
J‘2x2 ~11x+2

dx
7| ——m
J‘2x2 +X+2
dx
8| ————
stz —-12x+3

dx
9| ———
J.2x2—2x+5

dx
10| ——
J.2x2 —-3x-2

3aganue 2

11'I 2x2di 3x

1zj§jé§:;5
13]5;:%§:E
14j;?:g315€

dx
5| ————
J.2x2 —8x+30

dx
16—
I3x2—9x+6

dx
17| ———
J‘2x2 —6x+1

dx
18| ——
J.2x2 —3x+2

dx
19| —
J‘1— 2x —3x?2

dx
20| ——
J.2x2 +3X+6

X—6
a )f (x+1)(x+2)(x+3)

dx
21| ——
J‘x2—5x+6

dx
2| ——M
J-2x—3—4x2

dx
23| ——
J-3x2 —8x-3

dx
24| —M
J-xz +7x+11

dx
25| ——M—
J‘ 2x% —3x+1

26._‘-#
5x°—-10x+25
27]5;;f%;:§
2&j;;£%%:§
29]51732;11
30j§j§¥:;5



B1

B2

B3

B4

B5

B6

x3—6x2+13x—6
) f (x+2)(x—2)3
x3+4x% +4x+2
) f (14x)2 (X% +x+1)

a)f 3x—4

) fx3+6x2+13x+9
(x+1)(x+2)3

)f 2xX3+7x%+7x—1
(2+X)2 (X% +2x+2)

a)f 5x—2

(x—1)(x—2)(x—3) dx

x3—6x2+11x—10
) f (x+2)(x—2)3

) f x3+6x%+9x+6
(X+1)2(X*4x+1)

a)f 7x

(x—3)(x—42)(x—5) dx

6) f 23 +6x%+7x+6
X(x+1)3

dx

3x3+6x%+5x—1
Ol everrrvsy (1+X)2(X*+2)

a)f 9x+2

x—5)(x—6)(x—7) x

3—6x2+13x-7
)fX X X dx

(x+1)(x—2)3

x3+6x%+8x+8
) f (24x)% (x> +4)

a)f —4x—5

(x+2)(x+3)(x+4)

x3—6x2+10x—10
) f (x+1)(x—2)3

2x3 —4x%—6x—12
)

(—1+x)2 (x> +4x+5)

B 16

B 17

B 18

B 19

B 20

B21

x3+6x%+13x+8

6) f X(x+2)3
X3 44x2 +3x+2
) f (1+x)2(x2+1)

a)f 4x—3

X(x—2)(x—3) x

) f x3+6x2+14x+10
(x+1)(x+2)3

) f 2x34+4x%42x—1
(14+x)2(x%2+2x+2)

6x—1
a)f (x—2)(x—3)(x—4) dx

) J-x3+6x2+11x+7
(x+1)(x+2)3

)J-ZX +11x%+16x+10
(24+x)%2 (x?+2x+3)

10x+3
)f (x—6)(x—7)(x—8) x

) J-x3+6x2+10x+10
(x—1)(x+2)3

) fx3+9x2+21x+21
(B+x)%2(x?>+3)

a) [ ——>= x
(x+3)(x+4)(x+5)

x3—6x2+13x—8

)J-x 345x24+12x+4
(2+x)?%(x%2+4)

a)f —7x—8

(x+5)(x+6)(x+7) x

x3—6x%+14x—8
) f (x+1)(x—2)3

—3x3+13x%-13x+11
)

(=24+x)2 (2 —x+1)



B7

B8

B9

B 10

B 11

B12

a) [ ——>= x
(x+4)(x+5)(x+6)

3x3+9x%+10x+2
) f (x—1)(x+1)3
x3+2x2+10x

) f (14+x)2(x2—x+1)

a)f —-8x—9

(x+6)(x+7)(x+8) X

) f2x3+6x2+7x+4
(x+2)(x+1)3

) f 4x3424x%4+20x—28
(3+x)2(x2+x+1)

)f —-10x—11

(x+8)(x+9)(x+10) X

2x3+6x247x
)J (x—=2)(+12)3

x34+x+1
8) f Z

(X +x+1)(x*+1)

)f —12x-13

(x+10)(x+11)(x+12)

) f x3+6x%+4x+24
(x—2)(x+2)3

)f 2x3+4x% +2x+2
+1+x%) (2 +x+2)

)f —14x-15

(x+8)(x+9)(x+10) X

x3+6x%+18x—4
) f (x—2)(x+2)3

4x3 +4+3x
) S

(1+x*) (3% +x+1) x

a)f —13x-5

(x+3)(x—2)(x+1)

x3—6x%+14x—4
) f (x+2)(x—2)3

B 22

B 23

B 24

B 25

B 26

B 27

a)f —9x—-10

x+7)(x+8)(x+9) x
x3 +x+2
6) f (x+2)x3

3x3+46+x
)f( 1+x)2(x%+9)

)f —-11x—12

49 A 10) ot 11) X

dx

23 +x+1
) f (x+1)x3

) f 2x343x%43x4+2
(1+x3) (2 +x+1)

)J- —13x—14

X+9)(x+10)(x+11) x

) f 2x3 +6x%+5x
(x+2)(x+1)3

) f x3+4x% +4x+2
(14+x)206% +x+1)

)J- —15x—16 X
x+7)(x+8)(x+9)

) f2x3+6x2+5x+4
x=2)(x+1)3

x3+x+3
8) f 2

(1+x) (X% +x+1)

a)f —11x-3 dx

X(x+1)(x—2)

) J-x3+6x2+14x+4
(x—=2)(x+2)3

) f 3x3+4x% +6x
C+x*) (2 +x+1)

a)f —-7x+1

(x—6)(x+7)(x—8) x

) f x3+6x2+10x+12
(x—=2)(x+2)3




2x3+1—x
8) f )

(X“+1) (X2 —x+1)

a)f —9x—1

(x=3)(x+4)(x—5)

2x3—6x2+7x—4
B13 ) f x—2)(x—1)3
$C4x+1
o) J (1+x7) (X2 +x+1)
—5x+3
a)f (x=9)(x—2)(x—11)
x3+6x%>—10x+52
B 14 ) f (x—2)(x+2)3
)f 3+2x%+x+1
(1+x3) (P +x+1)
—x+7
a)f (x+1)(x+2)(x+3)
x3+6x%+4x+24
B15 ) f x+2)(x—2)3
)f 2x3+2x%+2x+1
P +x+1) (2 +1)
3amanue 3
J‘ X+1 11
2x% +3x—4
2. J.Z)(;de
33X +x+1 12.
3 J‘ 22X—l X
3X° —2X+6 13.
2X°+X+5 14.
X“+X-2 15.
6. If)(—_zdx I
5X* —3x+2 16.
A |
2X° —6x—8 17.

x® —4x+1 24
2x% +2x+5

N e e
x2—5x+4dx 26. J.3x2—x+5
Y e

x+x2+1
8) f Z

(1+x7) (X2 —x+1)

—3x+5
A hoenes)

x3+6x%+15x+2
) [

B 28 (x—=2)(x+2)3

2x3+2x+1
) f O +1) (2 —x+1)

a)f x+9

x—1D)(x+2)(x—1)

) f 2x3 —6x2 +7x

B29 (x+2)(x—1)3

4+x

6) J (2+x°) (@ +x+2) dx

8x+1
) e hesoe ™

x3—6x2+13x—6
B 30 6) fmdx

) f 3x3+7x% +12x+6
O +x+3) (X2 +2x+3)

X—4

—————dx Iz—dx
2x% +x+1 21. ° 3X"+x-1
X+1 dx J- 3x+1

3x? —2x -3 22
4x+8 dx J- X—=5 dx
4x* +6x-13 923

oo O
X°—4x-2

2x2 +x—4
dx J~ 22x+3
3X°+2X-7
dx
4x> +2x 3
X+2

3x-2

X2 +5x— l



J.2x2—7x+1
5x-2
9.
J.2x2 5x+2
J‘ 4x -1
4x2—4x+5

3ananue 4

1 .[ +20x+9

(x? +4x+3)(x+5)
12

> I(x2—2x—3)(x—2)
I 43x - 67 «

(x? —x-12)(x-1)
a J-Zx +8x° +9x -7
(x? +x—-2)(x+3)

8x
> I(x2 +6x+5)(x+3)

6Xx _
rean
I 2X + 22
(x? —2x+10)(x+2)

dx;

dx;

o

g J- 5% +17x + 36
) (x? +6x+13)(x+2)

9. J» 6x° +6x 6 dx
(X +x-2)(x+1)
37X~ 85
10. dx ;
Ix +2x-3)(x-4) "
3agaHue 4
3x+13
1 dx;
I(x2+2x+5)(x—1) X

J- 2x% +2x+ 20
(

x? +2x+5)(x-1) §

36
> -[ (x2 —2x+10)(x +2)

4.[ 4x° +3x +17
(X2 +2x+5)(x-1)

dx;

dx;

dx ;

dx ;

2—X
T
18.° 4X° +16x-12
J- 2x-1
3x2 —6x+9
J- 2x -1
3+x-2x2

19.

dx
20.

+3x—-24
11.
Ix—x2x3)

3x? —15
12.
Ix +5x+6)(x—1)

dx;

13I x? —19x+6
(x? +5x+6)(x-1)
6x°
14. d
Ix2+3x+2)(x 1) X

15 I 2x° —26
(x? +4x+3)(x+5)

2x* +12x -6
16
I(x2 +8x+15)(x +1)
7x° —17x
17.
I (x? —2x-3)(x-2)
18 I 3x? —17x+2
(x? +5x+6)(x-1)

. J- x* +3x—6
(X% +6x+13)(x +11)

dx; 13.I =9 dx

(x? —4x+13)(x +1)

4x + 2

1.14. jmdx

o
>

X—7
[T ax
X +5x-1

J- 2X+1
5x% +2x+10

X—4
j 7 dx
55X —x+7

28.

29.

30.

4x°
21. d
Ix2—2x+1)(x+1) g

22 I +2X 1

)3, J- 2x —5x+1

xix —2x+1i

X% +3x— 2
24 I x+1

75, .[ X% —3x+2

xix +2x+1i dx

26 . J’ X+2

xix —2x+1i o

3x? +2
28[ x+1

21[ 12— 6x y
(x? —4x+13)(x +1)

dx

X2 +3X+2
22.j

X — 10
23 -[x +8

dx

x> —5x+40
24 | (x+2)(x? —2x+10)



7

—-x?-12 J-( x? —13x + 40 ’5 I3 9x

. de,’ 15.

b9

x? —4x+13)(x +1)

6 —9x . I( 4x-10 dx ; 26.I X+2

G.Imdx, 16.

2X+3

xix —2x+1i o

x? —2x+10)(x +2)

2x? —3x-3 x? +23

7'Iix2—9)dx" 17'~[(x2—2x+5)(x—1)dx; 27 Ix Toxr13)x 1)

2X2 +TX+7 _ 19x — x* —34 . 4x* +38
8'j(x2+2x+5)(x—1)dx' 18'I(x2—4x+13)(x+1)dx' 2. | (x+2)(x2 —2x+10)
8 _ 2x% +4x+ 20 , 5x +13
9'I(x2+6x+13)(x+1)dx 9] (x+1)(x2—4x+13)dx’ 2. (x+1)(x2+6x+13)dx
4x* +x+10 4x* +7X+5 ' 3x% +2x+1
10. IW zo.j(x_l)(xz+2X+5) dx; 30 jwd

KoHTposbHBIE BOIIPOCHI:

el NS

i

Kak BbII€TUTh TONHBIN KBAJIpaT U3 KBAJIPATHOTO TpexwieHa?
Cdopmynupyiite cBOMCTBa HEONPEACICHHOTO HHTErpaa.

3anuirTe TabJIMIly OCHOBHBIX HEOIPEACIIEHHBIX HHTErPAJIOB.

Pacckaxkute 06 MHTETpUPOBAHUHU C UCIIOJIH30BAHUEM TOJIBEICHHUS T10]] 3HAK
muddepenimana.

Kaxkast npo0b Ha3pIBaeTCS parmoHaIBHOM ?

Kaxkast npo6p Ha3wIBaeTCs MpaBUIIbHOM? Kak pa3ioXuTh MpaBUILHYIO IPOOH
Ha CYyMMY DJIEMEHTApPHBIX Jpo0eii?

Kaxkast 1po6b Ha3pIBaeTCsl HeMpaBHIIBHOM? Kak pa3iokuTh HEMPaBUIbHYIO
Ipo0b Ha CyMMY 3JIEMEHTapHBIX IpoOeii?

3anuirTe 4YeThIpe OCHOBHBIX TUIIA MTPOCTEUIINX IPOOEC U pacCKaXuTe 00
VX UHTETPUPOBAHUM.

9.Pacckaxkute 0 MeTO/Ie HeONPEACICHHBIX KO PUITUCHT



IIpakTuyeckasi padora Ne 13 mo reme

«AHTerpupoBaHue TPUrOHOMETPUYECKUX (PYHKIMUA U UPPALMOHATIBbHBIX
BbIPAKEHHI»

Iesb: MpoBEPUTH YMEHUE HAXOAUTH HEONIPEACICHHBIE HHTETPAJIbI
TPUTOHOMETPUYECKUX (DYHKIIMI M UPPAITMOHATBHBIX BHIPAKCHHI.

Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA

2.3apaHue

3./lInctA4

4.KanbKynatopol

MopAapoK BbiInONAHEHUA paboTbl
1.3yunTb 3agaHue

2. I13yunTb TeopeTnyeckne ceegeHuns

3. BbinonHutb 1 opopmutb paboty
4.lMoKa3aTb pe3ynbTaTbl NpenoaasaTesto



AomalwiHee 3apaHue
1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
TeopeTnueckue ceeaeHUA.

HNuTerpupoBanne TpPUroHOMETPUYECKUX PYHKIMI

Hnmeepan suoa I R(sin x,cos x)dx .

3necb R — o0Oo3HaueHne HEKOTOPOM paluuMOHAIBHOM (YHKIMH OT
MEPEMEHHBIX SINX U COSX.

X
I/IHTeI‘paJI]'::I O9TOIro0 BHUJAA BBIYHUCJIAIOTCA C INOMOIIBK ITOACTAHOBKH ZZl‘gE . Ota

MOJICTAHOBKA TMO3BOJISIET MpeoOpa3oBaTh TPUTOHOMETPUYECKYIO (YHKLIHIO B
pPalMOHAIBHYIO.

X ) X
. 2g 2t =g o g
sin x = el cosx = T
1+1g”> =~ i 1+tg” =~ *
2dt

Torpa x=_2arctgt, dx = 75
1+¢

Hnmeepan suoa I R(sin x,cosx)dx, ecau @pynxyua R saensemcsa newemnoi

omuocumenbHo COSX.

HecmoTpss Ha BO3MOXKHOCTBH BBIYMCJIEHHMS TAaKOTO HMHTETpajia € IMOMOIIBIO
YHUBEPCAIBbHOW TPUTOHOMETPUYECKOW MOJACTAHOBKH, pPallMOHAIBHEE IPUMEHUTH
OJICTaHOBKY t = SiNX.

Humeepan suoa I R(sin x,cosx)dx, ecnu @hynxyusa R saensemca neuemmnoi

omHocumenvbro Sinx.

[To aHamorum ¢ pacCMOTPEHHBIM BBILIE CIIy4aeM J€aeTcsl MOACTaHOBKa t =
COsX.
Hnmeepan suoa j R(sin x,cos x)dx , ecli pynxyusi R uemnas omnocumenvrno SinX u

COSX.
Jlnst mpeobpaszoBanust GyHKIMN R B palinoOHANTBHYIO HCTIOIB3YETCS MOICTAaHOBKA
t = tgx.

Hnmeepan npouzsedenus curnycos u KOCUHYCO8
PA3TUHYHbIX AP2YMEHMOE.
B 3aBECUMOCTH OT THIIA TPOU3BEICHUS MIPUMEHSATCS OJHA U3 TpeX GOPMYII:
sin( m +n)x N sin( m — n)x}

Icos mXx COs nxdx = J.% [cos(m +n)x +cos(m — n)x]dx = %[

m+n m-—n

Isin mxcosnxdx=Jl[sin(ern)ersin(m_n)x]dx:l _cos(m+n)x cos(m—n)x
2 2 m+n m—n

Isin mxsin nxdx:J‘l[—cos(m+n)x+cos(m—n)x]dx:l _sin(m +n) sin(m—n)
2 2 m+n m—n

HNHTerpupoBaHne UppariioOHaJIbHbIX BbIPAXKEHUN



1) [R@Nm* —u® )du;
2) [Ra~Nm* +u)du;
3) [R.~u? —m?)du;
Tpuzonomempuueckana noOCmMaHo6Ka.
Teopema: MuTerpan Buga '[ R(u,m )du TIOJICTAHOBKOW 1 = msin ¢ WIH

u=mcost CBOJUTCSA K MHTCTPAIy OT PAallMOHAIBHOH (PYHKIIMHM OTHOCHUTEIBHO Sint
WH COst.

[Ipumep:

dx = acostdt

2, 2 2, 2 2
a’'t a .

=—— +~ s 2t+C:a—t+a—sintcost+C:a—arcsin£+£\/a2 —-x*+C.
2 4 2 2 2 a 2

=gsin t; 2
_[\/cz2 —x’dx = {x 4 }: I\/az —a’sin’ tacostdt = J.a2 cos” tdt =%j(1+cos2t)dt =

Teopema: HMuterpan Buma j R(u,\'m* +u”)du TIOJACTAHOBKOU u =mtgt WU

u = mctgt CBOIUTCS K MHTETPpaly OT PAllMOHATBHON (DYHKIIMK OTHOCUTENBHO Sint u
Cost.

[Ipumep:
x=atgt;dx = dt; ) )
J- dx B & cos’ t _'[ acostdt _J- cos’tdt 1 J-(l—sm2t)ds1nt B
v Va? +x? 2l A cos’tatg*ta Y a*sin*t a° sin* ¢
cost’
= 1 + ! +C=qsmt=,]1 @ X = (a2+x2)3/2+ a2+x2+C
3a*sin’t a'sint a’+x° g1yt 3a'x’ ax '
o 1
Teopema: Muterpan Buaa I R(u,Nu®> —m>)du TIOACTAaHOBKOW u =—— WIIH
sin ¢
1 . .
u:—t CBOJUTCS K HMHTETpajay OT palMOHaIbHONW (PYHKIIMH OTHOCHTEIBHO Sint
cos
uiau cost.

[Ipumep:



dx X=——idx=———d; 2sin ¢ costdt 1
Iﬁ cos? cos” ¢ =I > S =—|ctg'tdt =
x(x°—4) cos’t-2-2°tg’t 32
Vx® - 2tgt
| ' 1 1 1
=—|ctg’t —1|dt =—— | ctg’td(ctgt) —— | ctg’tdt = ——ctg’t —— —1|dt =
32J & (smzt j I g td(ctg!) I & 9% "' 3 (sinzt j

+

——ict t+ict t+L+C— ctgt = 2 =— ! + 1
96 ¢ T3 Ty, & I _4 12(x* =4)°?  16Jx2 -4

+iarccosz+ C.
3 X

ax+b

cx+d

Humeepan suoa f R(x, ]dx 20e N- HamypaibHOe YUCTIO.

ax+b
C nomo1po MoJCTaHOBKH % y =t (YHKIUS PALlMOHATU3UPYETCSI.
cx +

!

ax+b:t,,; Lt —b; dx:[t _bjdt;
cex+d a—ct" a—ct"
Torza | R[x,n/ s de _[R( b ,tj(t b j dt = [ r(t)dt.
cx+d a—ct" a—ct"

[Ipumep.

. _ A~ 43 2
={m=t; di = 261')6)3 dx}z 22t dl‘=_2jt dl‘=

dx
I\/1—2x—‘{/1—2x (/—1 2 -t -1

:—2j(t+—jdt - —2_[tdt—2jtl—ldt S _2'[(1+z‘1_l}ﬁ =~ —2—2In[t 1+ C=

= —V1-2x = 241-2x ~2mW1-2x - 1]+ C.

Eciu B coctaB wuppanmoHaibHOW (YHKIMHM BXOIAT KOPHH Pa3IMYHBIX
CTEIIEHEN, TO B KQUECTBE HOBOM IEPEMEHHON PAlMOHAIIBHO B3ATh KOPEHb CTEIICHH,
paBHOW HaWMEHbBIIEMY OOIIEMy KpaTHOMY CTEMEeHEW KOpHEH, BXOASIHUX B
BBIPAYKCHHUE.

[IpounsmrocTpupyem 3TO Ha NpUMeEpeE.

[Tpumep.




dt =

Ux—1+4/x-1 Fx-1=t; x-1=1" (" +3)12¢"dt £+t
I dx = = 12 2 :12.'. 2
-DU+¥x-1)  |dc=120"dr; (1417 £ +1

:12(Itztildt+jtztildtJ :le[t—tziljdwrj[l—tziljdtj=12Itdt—12jtfcfl 12 di -

_12J'1 dt2 =6t° +12t—6In(t> +1)—12arctgt+C:6§/x_1+121\2/x_1_61n(6/x_‘1+1)_
+t

—12arctgNx—1+C.
Memoo neonpedenennvix Ko3ghpunyuenmoas.

PaCCMOTpI/IM HHTCTPaJIbl CJICAYIOIIUX TPEX TUIIOB:

P(x)dx [ 2
1| ———; II.| P(x)vax” + bx + cdx; 1Il.
'[ Nax® +bx+c I I

riae P(X) — MHOTOUJICH, N — HATYPaIbHOE YHUCIIO.

dx
(x—a)"Vax® thxtc

[Ipuuem wunTerpansr Il u Ill TumoB Moryt OBITH JIETKO MPHUBEAEHBI K BUIY
uHTerpana | tuna.

llanee ACJIACTCA CIICAYIOIICC Hpeo6pa30BaHHe:

_[M:Q(x)\/ax2 +bx+c+XJ‘L;
Vax® +bx+c Vax® +bx+c
B OTOM BbIpakeHHH Q(X)- HEKOTOpBI MHOTOUIEH, CTENEHb KOTOPOTO HIKE
crereHr MHOrowieHa P(X), a A - HeKoTopast MOCTOSIHHAS BEJIUYMHA.

Jliss HaxOXIEHHs HEOmpeAc/ieHHbIX Kod(pduuuenTtoB MHorowreHa Q(X),
CTeIeHb KOTOPOTo HWKE creneHn MHorowieHa P(X), nuddeperuupyror ode yactu
MOJyYCHHOTO BBIPAKCHHSI, 3aT€M YMHOXKAlOT Ha ~ax’ +bx+c U, CpaBHUBAs
KOA()PUITMEHTHI TIPU OJMHAKOBBIX CTEIMCHSIX X, OMPEACISIIOT A U KOd(PPUIIMEHTHI
muorourena Q(X).

JIaHHBII METOJA BBIFOJAHO MPUMEHSTh, €CIH CTENEeHb MHorowieHa P(X)
0ombIlie eqUHUIBI. B MPOTUBHOM cllydae MOXHO YCHEIIHO UCIOJIb30BaTh METOIbI
WHTETPUPOBAHUS PAIIMOHATBHBIX IPOOEH, PaCCMOTPEHHBIC BBINIE, T.K. JIMHECHHAS
(GYHKITUS SABISAETCS MPOU3BOJHON MOJKOPEHHOTO BBIPAKEHUS.

[Tpumep.

3x° —7x* +1 dx
= L A =(Ax* + B+ OWx? = 2x+5 A ————.
J‘\/)c2—2)c+5 J‘\/)c2—2)c+5

Tenepp npoauddepeHupyeM MOJYYEHHOE BBIpAXEHHE, YMHOXHUM Ha
Nax® +bx +c ¥ CrpyHnmupyeM Ko3(pGHUIIHEeHThI IPHU OJMHAKOBBIX CTCICHX X.

3 .2 2
NN YD R R S =Y S |

(x ——
Nx?=2x+5 Nx?=2x+5 Nx?=2x+5
(2Ax+ B)(x> =2x+5)+(Ax* + Bx + C)(x =) +A=3x> = 7x* +1
2Ax —4Ax> +10Ax+ Bx> —2Bx + 5B+ Ax> + Bx> + Cx— Ax” = Bx —C + 1 =3x" - 7x” +1



34x° —(54-2B)x* +(104-3B+C)x+5B—-C+A=3x" - 7x* +1

A=1 A=1

5A-2B=17 B=-1
104-3B+C=0 C=-13
SB-C+Ar=1 A=-T7

Uroro j3x ST e —x I39Vx? = 2x+5 -7 ————

Vx?=2x+5 w/(x 1)? +4
=(x* —x—=13)Vx* =2x+5-Th(x—1++/x> =2x+5) +C.
[Ipumep.
[@x? —6x)Vx? +3 _j(4x —on+3) = (Ax’ + Bx? + Cx+ DWVx? +3 +4f d
Vx?+3 Vx?+3
4 .3 2 3 2
4x" —6x" +12x 18x:(3Ax2+2Bx+C)m+(Ax + Bx +Cx+D)x+ A
Vx?+3 Vx?+3 Vx?+3

4x* —6x° +12x° —18x = (3Ax” +2Bx + C)(x” +3) + Ax* + B’ + Cx* + Dx + A
4x* —6x” +12x% —18x =3A4x"* +2Bx’ + Cx* +94x” + 6Bx +3C + Ax" + B’ + Cx* + Dx +
4x* —6x° +12x° —18x =4A4x* +3Bx> + (2C+94)x” + (6B + D)x +3C + A
A=1, B=-2; C=3/2; D=-6; A=-9/2;

_[(4x2 —6x)Vx* +3dx :(x3 -2x? +%x—6j\/x2 +3 —%]n‘er\/xz +3‘+C.

[Tpumep.

dx ’ vidv vidy dv
. = = (Av+BW1—v? + A | ——

—A\/l—— (Av+B)v A
\/1— J1- \/1 v?

Vv =A— AV —AV* —Bv+ A

—v? =24V —Bv+ A+ A

A=1/2; B=0;, A=-1/2;

I vidv wWwl=v? 1 . 1 +Vx?=1
- = ——arcsm vy =—

NI 2 2 2 2

X

o1
— arcsin —J +C
X

Bropoii crtocod penteHus Toro Ke caMmoro nmpuMepa.




sin ¢

d xX= 1 sdx = ‘gt dt; 2 i 4
I%: cost’ cost :I Cl(’St dt:jsthCO? tdt=jcosztdt:
— cos rsm ¢
x’Nx" -1 m:tgt; ;- lgt
cos” ¢
A 2_
:jl(1+0052t)dt=lt+lsm2t: sin2t:2sintcost:2'l-x—1 =
2 2 4 X X
2
:l arccosl+x—21 +C.
2 x X

C ydeTtom TOro, 4TO (i)yHKHI/II/I arcsin U arcCoS CBS3aHbI COOTHOIIEHUEM
1= 1
arcsm—=5—arccos—, a MocTosiHHass uHTerpupoBaHus C — MPOU3BOJIILHOE YHUCIIO,

X X
OTBETHI, IOJTYYEHHBIC Pa3IMYHBIMU METOJaMU, COBIIAIAOT.

Kak BuAHO, MpW HMHTErPUPOBAHWU HPPALMOHATBHBIX (pyHKL[I/Iﬁ BO3MOXXHO
IIPUMEHATh PA3JIAYHBIE PACCMOTPEHHBIE BBIIIE IIPUEMBI. BBI60p MeETOoaa
UHTETPUPOBAHUSA 06y0JIaBJ'II/IBaeTC$I B OCHOBHOM HauOOJIBIIUM y)106CTBOM,
OYEBUJIHOCTBIO NPUMEHEHHUSA TOI'0 WJIM HHOTO METOJA, a TaKX€ CI0KHOCTHIO
BBIUHMCJICHUN U Hpeo6paBOBaHI/II7L

[Ipumep.
P X =sint, p .
.[ )zc 32 dx = costdt, =J.COSl;t=J t2 =tgt+C:L+C'
(1=x7) cos’ t cos” ¢ 1— 2

cost =+/1—x?

Heckonvko npumepos unmezpanos, He 8blparcaroujuxca yepes
JneMeHmapHsvle QyHKyuu.

K Takum umHTEerpajam OTHOCUTCS HMHTETpPaJl BUJA j R(x,/P(x))dx, tae P(x)-

MHOTI'OYJICH CTCIICHHU BBIIIC BTOpOﬁ. Ot HHTCTPAJIbI Ha3bIBAIOTCA
NN THYCCKUMMU.

Ecnu crenenp MHorowieHa P(X) Bblllie 4eTBEpPTOMl, TO MHTErpan Ha3bIBAETCS
YJAbTPALINNTHYCCKHUM.

Ecnu Bceraku MHTErpaj Takoro BUJA BBIPAXKaeTCs 4Yepe3 AJIEMEHTapHbIE
(GYHKITUH, TO OH HA3bIBAETCS MCEBAOILIUNTHYECKHM.

He Moryr OBITH BBIpa)XEHBI 4Yepe3 dJEMEHTapHbIe (PYHKIIUH CIEIYIOIINe
WHTErpabl:

1) .[ ¢ dx - umuterpan ITyaccona ( Cumeon Jlennm Ilyaccon — (paniy3ckuit
Matematuk (1781-1840))

2) [sinx’dx; [cosx’dx - wumterpamst @pemens (Kam Oriocten ®penens -

¢dpany3ckuii yaeHsiid (1788-1827) - Teopust BOJHOBOM ONTHKH H JIP.)



3) J']:—x - HHTETPAJIbHBIN JTorapudm
X

4) I%dx - IPUBOJIUTCS K MHTETpaIbHOMY Jorapupmy

sin x o
5) I dx - UHTETPAJIbHBIA CUHYC
X

COS X o
6)I dx - UHTETPAJIbHBIN KOCUHYC
X

3aiaHus NpaKTH4YeCcKOH padoThI

3ananme 1.Halitu uaterpansl

_dx 3 2
[ e B 16 [x3V2 — X% dx
B1 [ cosxcos3x dx [ cos8xsin5x dx

3/ 6 1 2—X
B2 fX+ X2+ /X dx B17 f Z “dx

ERETy (2-X)2 4/ 2+X
[ sin2xsin6x dx
j sinxsin5x dx
deX dx
B3 I e =
f sin’x dx f SiHSX dx
COSX
VX dx dx
B4 fX_W 819 fi/(X—l)3(><+1)
q [ sin®xcos® xdx
X
J 1 — sinx
[ ¥xdx B 20 —
1+VX (1-X) | (1-X%)
B5 [ sin*2x dx

fdx
cos*x



B6

B7

B8

B9

B 10

B11l

B 12

B13

B 14

VX dx
e

[ cos®2x dx

VX+2d
R

f dx

3+5cosx

Xdx
=

f dx

5—3cosx

f Xdx
V2X+3
[ sin*3x dx

f(VX+ +1)dX
VI+X+1

J cosx dx
1 + cosx

f (x l)dx

J cos3x dx

[X3V1+X2dx

J cosbxcos3x dx

X
f\/l—ZX dx

[ sin®xcos® xdx

dx
I VX=1)3(X-2)

j cos*x dx

B 21

B 22

B 23

B24

B 25

B 26

B 27

B 28

B 29.

f dx
X(1+3/%)
[ sin2xsin6x dx

f dx
xnm
sin3x dx

j 2 + cos3x

f dx
(1-VX)2VX
[(cosx + 5)* sinxdx

x> (1 +x3)2dx
fctgx dx
sin?x

f dX

x332-x3

f cosx dx
VSlnx

[Vx (1 ++x)3dx

f sin3x dx
2 4+ cos3x

[ Ux* — 4 x%dx

f dx
cos?x(2tgx+1)

f dx
V1-2x—X?
f cosbxcos4x dx

JESERaILL WXF1+1)dx
V1i+X+1

f,/Ztgx+1 dx

cos?x



dx (X-1)dx
B 15 [——— B 30. [ —
(1-%)_[(1=x?) v2X-1

f cosxdx

. 4 Vv2sinx+3
sin“x dx

KoHTpoJsbHBIE BOPOCHI:

1.CdhopmynupoBath npaBuiia HaXOXKACHUS HHTETPAIOB UPPALIMOHATbHBIX
BBIPAKCHU.

2. C(I)OpMy.HI/IPOBaTB mpaBuJIa HAXOXKIACHUSA UHTCIPAJIOB TPUTOHOMCTPUICCKUX.

IIpakTuyeckas padora Ne 14 mo teme

«Bblunciaenue onpeaeJeHHbIX HHTETPAJIOB)
Ilens: mpoBEPUTH YMEHUE BBIUMCIICHUS ONIPEICIICHHBIX HHTErPAJIOB
Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA

2.3apaHue

3./lIuctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTMyeckne ceegeHuns

3. BoinonHutb 1 opopmutb paboty
4.lMoKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomalwiHee 3apaHue

1.MoAarotoBUTbL OTBETHI HA KOHTPOJIbHbIE BOMPOChI
TeopeTnueckue cBeaeHMsI

Onpedenennwlit unmezpai.



[Tycts Ha oTpe3ke [a, b] 3agana nenpepriBaas Gyakmus f(X).

O6o3HaunM M U M HaumeHblliee W HauOosblliee 3HAUeHUE (YHKIIMU Ha
otpeske [a, b]
Pazo0nem oTpe3ok [a, b] Ha yacTH (He 00sM3aTeIbHO OIUHAKOBBIE) N TOUKAMH.
Xo< X1 < Xo<...<Xp
Torma X1 — Xo = AX1, X2 — X1 = AXo, ... ,Xn— Xn-1 = AXp,
Ha kaxmom M3 TONYyYEeHHBIX OTPE3KOB HAiJeM HaWMeEHbIee W HauOoJIbIIee
3Ha4YeHUE (QYHKIUH.

[X0, X1] = m1, My1;  [X1, Xo] &> m2, M2, ... [Xn-1, Xn] = Mp, M.

CocTaBUM CYMMBI:

§n = mlAX]_ + mZAXZ + +mnAXn = ZmiAxi

i=1
§n = M]_AX]_ + MZAXZ + . MnAXn = ZMiAxi
i=1
CymMMa S Ha3bIBaeTCs HM:KHel MHTerpajbHOil CyMMOM, a cyMMa S — BepxHeil
HHTErpajibHOM CyMMON.
T.K.miSMi,TOEnSSn, a m(b—a)SEnSSnSM(b—a)

BHyTpH KaxI0ro oTpe3ka BHIOEPEM HEKOTOPYIO TOUKY &.
Xo < €1 < X, X1<e< X2, ... , Xn1< €< X

Haiinem 3HadeHHs (YHKIMU B OTHX TOYKAaX W COCTABUM BBIPAKEHHUE, KOTOPOE
Ha3bIBaCTCS MHTErPaJbHOI cymmoii 1t Gynkuu f(X) Ha otpeske [a, b].



S = fe)Axa + f(e2)A%z + ... + fEn)AXn = S f(e)Ax,

Tornma moxxHO 3anucatb: MiAX; <f(&)Ax <MiAx;

CrnenmoBaTenbHO, Y mAx, <Y f(g,)Ax, <D M Ax,
i=1 i=1 i=1

S <8 <S_

n

IA

['eomeTpudeckn HTO MpEACTaBISCTCS CIEAYIOMMM o0pa3oM: rpadux
¢yukuun f(X) orpaHuueH cBepXy ONMUCAHHOM JIOMAHOHW JIMHUCH, a CHH3Y —
BIIMCAHHOW JIOMAHOM.

O0o3HaunM MaxAX; — HauOONBIIMIA OTPE30K pa3OueHus, a minAdx; —
HauMeHbIui. Ecan maxAx;— 0, To 4ucio oTpe3koB pa3bueHus orpe3ka [a, b]
CTpEeMHUTCS K OECKOHEUHOCTH.

Ecmu S, =if(8i)mi , TO lim if(si)Axi =S.
i=1

ey max Ax; -0 <

Onpenenenune: Eciu mpu 1o0bIX pa3doreHusx oTpeska [a, b] Takux, uro maxAx;—

n
0O u TpOM3BONBHOM BBHIOOpE TOUYEK & HHTETpambHas cymma S, =Y f(g,)Ax,
i=1

CTPEMUTCS K Mpesiey S, KOTOPBI Ha3bIBaeTCsl OMpe/ieeHHbpIM uHTerpaniom ot f(X)
Ha oTpe3ke [a, b].

b
OO0o3HaueHue : J. f(x)dx.

a — HIOKHHH Tipejest, b — BepXHuil mpeael, X — mepeMeHHas HHTerpupoBanus, [a, b]
— OTPE30K UHTETPUPOBAHHSL.

Omnpenenenne: Ecmu g ¢yskmuun f(X)  cymectByer  mpenmen

n b
lim OZ f(e)Ax, = J' f(x)dx, TO QYHKIUS HA3bIBACTCS MHTErPUPYEMOi Ha OTpPE3Ke
Y50 ”

[a, b].

n b
Tak:ke BEpHBI YTBEPKACHHUS:  lim OZml_Ax,. = j f(x)dx
=1 a

max Ax; —0 <
i

fim z":M,.Ax,. = [ f(x)dx

max Ax; —0

Teopema: Ecim ¢ynkums f(X) HenpepoiBHa Ha otpeske [a, D], To oHa
UHTETpUpyeMa Ha 3TOM OTPE3Ke.



CBoMCTBA ONIPEJACICHHOrO HHTErpaja.

1) j‘Af(x)dx = Aif(x)dx;
2) _T(ﬁ (x) £ f5(x))dx = jﬂ (x)dx + _lffz (x)dx
3) j f(x)dx=0

b b
4) Ecnu f(X) < o(X) na otpeske [a, b] a<b, o I f(x)dx < j(p(x)dx
5) yist mpOU3BOJIBHBIX YKCeN @, b, C cripaBeMBO paBeHCTBO:
b c b
[ £Godx = [ f(x)dx+ [ £ (x)x

P&SYMGGTCSI, 9TO PABCHCTBO BBIINMOJHACTCA, CCIIN CYHICCTBYCT Ka}KHLIﬁ n3
BXOIAIIUX B HCT'O UHTCTPAJIOB.

6) | f(x)dx= —j F(x)dx

Buotuucnenue onpeOeJlelmozo unmezpana.
b

[Iycts B uHTETpaiie I f(x)dx HWKHUI Tipemen a = CONSt, a BepxHuil mpeaen b

a

N3MCHSACTCA. OHCBH,Z[HO, YTO €CJIHU U3MCHACTCA BerHI/Iﬁ npecaci, To UBMCHACTCA U
3HAYCHUC UHTCI'paJia.

O603HaYNM J. f(dt = O(x). Haiigem mpousBoanyo ¢yHkimn D(x) mo

MIePEMCHHOMY BECPXHEMY MpEACITyY X.
d X
— j f(Odt = f(x)

AHaJ'IOFI/I‘-IHYIO TCOPECMY MOKHO JOOKa3aTb A Cliydasd IICPCMCHHOI'O
HHKHCTO IIpCaciia.

Teopema: Jlns Bcskoit ¢ynkumm f(X), HempepbiBHOW Ha oTpeske [a, D],
CYIIECTBYET Ha OTOM OTpe3Ke TepBooOpa3Has, a 3HAYWT, CYIIECTBYET
HEOIPEICIICHHBIN NHTETPAIL.

Teopema: (Teopema HrroTona — JleliOHuia)

Ecim ¢ynkums F(X) — kakas- nubo mepBooOpa3Has OT HENpPEpBIBHON

dynkmun f(X), To
j f (x)dx = F(b) - F(a)



ATO BBIPAXKEHUE U3BECTHO N0/ Ha3zBaHueM (popmyinbl HetoToHa — JleiiOHuma.

Wuorna npumensiot obo3nauenue F(b) — F(a) = F(X) |b .

a

®opmyna Hpiotona — JleiitOHuna mnpencraBisieT co0oil 0OOmMI MOAXO0M K
HAXO0XKJICHUIO OTIPEICIICHHBIX HHTETPAJIOB.

Yto KacaeTcsi MPUEMOB BBIUMCICHHUS OMPEACIICHHBIX HMHTETPAIOB, TO OHH
MPAKTUYCCKA HUYEM HE OTJIMYAIOTCS OT BCEX TEX MPUEMOB M METOJIOB, KOTOPHIE
OBLITM PacCMOTPEHBI BHIIIC MPU HAXOXKICHUU HEOTIPEICIICHHBIX HHTETPAJIOB.

TouyHO Tak ke MPUMEHSIOTCS METOJbI TIOJICTAHOBKH (3aMEHBI TICPEMEHHON),
METOJT MHTETPUPOBAHUS 10 YACTSIM, T€ )K€ MPUEMBbl HAXOXKICHUS MEPBOOOPA3ZHBIX
JUIS  TPUTOHOMETPUYECKUX, HPPAIMOHAIBHBIX W TPAHCIICHICHTHBIX (DYHKITUH.
OCOOCHHOCTBIO SBIISCTCS TOJBKO TO, YTO NPH MPUMEHEHUHU 3THX MPHUEMOB HAJ0
pacnpoCcTpaHsATh MPeoOpa30BaHKE HE TOJHKO Ha MOJBIHTETPAIBHYIO ()YHKIIHIO, HO
M Ha Tpeaeiibl MHTCTPUPOBAHMS. 3aMCHSS TEPEMEHHYIO WHTCTPUPOBAHHMS, HE
3a0BITh U3MEHUTH COOTBETCTBECHHO MPE/IEIIbl MHTETPUPOBAHUS.

3amena nepemeHHbLX.,

b
[lycte 3amaH WHTETpam j f(x)dx , tne f(X) — HempepbiBHas (QyHKIUS Ha

otpeske [a, b].

BBesiem HOBYIO IepeMEHHYIO B COOTBETCTBHUH ¢ (hopmysioit X = ¢(t).
Torma ecnn

1) o(a) =a, oB)=Db

2) ¢o(t) u @'(t) HenpepbIBHBI HAa OTpe3ke [a, B]

3) f(¢(t)) onmpenenena Ha otpeske [a, B], TO

b B
[ £y = [ floe'@)ar
B

B
Torna I flo®]e'()dt = Flo®)]| = FloB)] - Flo(e)] = F(b) — F(a)

a

[Tpumep.

n/2

1 x:SiIlt; n/2 n/2
I l—xzdx:{ }: J.\/l—sinztcostdt: J.cosztdt:% J.(1+cos2t)dt:
0 0

a=0;p=m/2 0

1( 1. j’”z T 1. T
=—|t+—smn2t =—+—smmw=—.
2 2 o 4 4 4

[Ipu 3aMeHe mepeMEeHHOW B ONMPEACICHHOM WHTErpaye CieAyeT MOMHHUTh O
TOM, 9TO BBOjgWUMAas (yHKIHUSA (B PacCCMOTPEHHOM mpuMepe 3To (yHKmms Sin)
JIOJKHA OBITh HEMpEpbIBHA HA OTPE3KE MHTErpUpOBaHUS. B MpoTMBHOM ciiyyae
dbopmanbHOE NpUMeHEeHHEe (POPMYIIbI MPUBOAUT K a0CYpy.



[Ipumep.

n n
IdX:X |=TE , C I[perﬁ CTOpOHBI, cClin HpI/IMeHI/ITB TpHFOHOMeTquCCKYIO
0

IIOJICTAHOBKY,
b b n 0

e e S S e I

0 ySIn“x+cos” x 3 cos” x(1+1g7x) o 1+1

T.e. nBa cnocoba HaxOXAEHUS HWHTErpajga AT pazuyHble pe3yibTaThl. ITO
IPOMU30IJIO U3-3a TOr0, YTO HE ObUI yUTEH TOT (PAKT, YTO BBEJCHHAs IEPEMEHHAs
tgX uMeeT Ha OTpe3Ke MHTErpupoBaHMs pa3pbiB (B Touke X = 7/2). Iloaromy B
JAHHOM CJIy4ae Takas IOJCTaHOBKa HenpuMmeHuMa. [Ipu 3ameHe nmepemMeHHOU B
ONPEJCIICHHOM MHTErpajie CJIeyeT BHUMATEIbHO CIEAUTH 34 BBIIOJIHECHUEM
NEPEUYHUCIICHHBIX BBIIIE YCIOBUM.

HNuTerpupoBanue 1mo 4acrsam.

Ecnu ¢pynknuu U = @(X) 1 V = y(X) HenpepbIBHBI Ha oTpe3ke [a, b], a Takxe
HENpPEphIBHBI Ha 3TOM OTpe3Ke WX MPOU3BOJIHBIE, TO clpaBenauBa (opmyia

HHTCTPUPOBAHUA 110 HACTAM:
b b

b
J.udv=uv| —J.vdu.
a a a
BriBom 9rolt  hopMysibl  aOCONIOTHO aHAJIOTUYEH BBIBOAY (OPMYIIBI
HHTCTPUPOBAHUA 110 4YaCTAM IJIA HCOIIPCACICHHOI'O HHTCIrpaJia, KOTOpBIﬁ 6I>IJ'I
BEChMa MOJAPOOHO pacCMOTPEH BBIIIE, TOATOMY 3/€Ch IPUBOJIUTDH €r0 HET CMBICIIA.

3anaHus NpaKTHYeCKOM padoThl BhIUUCINTH ONpeeIeHHbId HHTETpal

1.
: :
a)f(3x2 — 2x X a)[- SN a)j(4X3—3x2)ix
' 0 cos? = x .
L leosx 11. 2 2,
b) [ =—=dx : -2
n 8 )] 4=x)*dx 1 x+3
2
1 §” B
2 9
a)J.(X2 _ x)ix a) Icoslxdx a)I(Z cos 3x Jx
72 12. o 3 0
] 6 sdx o L
)ﬁ[/e cos® 2X b)J;(1+ E)de b).([ (1_5)4 dx



i3cos xdx

z
2

b)!(l—%)“dx

s 3
a)j ——dx
4. COS” X

b)j;(1+§)8dx

a)j(4x3 + 2x Jix

1

5. 1 3dx

b)j .
0 Zf_ﬂ
cos (2 3)

a

a)f[(4 Cos 2X Jdx

b) || v/ox ~1dx

a) | (6 sin 2x)x

b)| (3—2x)*dx

~
P C— N N‘Q!—‘ﬁ

o1

QD
o
>

N

co

(%2}

X

O
~
o
>

o
~
cL)'—"—‘ O 0 | N

5-3x

a)j(x3 - x? +3)jx

b)J-ez”‘?dX

a)i(sz — 2x)1|x

/2
b) _[35in Xax

-I1/2

13.

a)'I(:%sin %x]dx

b)i(l— 2x)*dx

14.

(36.cos2x dx

i
)
15. o
3
)
5

N

6
a)_[cos Xadx
16.

b)j:(l—2x)4dx

36

> dx
COS“ 2X

a
17.

b)

N—r

MW oty

(3—x%)dx

a)[(2sin x)dx

b)| (x* +1)dx

[y
®
O ey o'—.v\)\h:

a)|sin xdx

b) | (7 —2x)* dx

[EY
©
N L

a) | (108sin 6x)dx

23.

- o=l

b) j (7 - 5x)dx

24 0S° 2X

b)Jl.(4x3 +6x)dx

a)i(Sx“ - 6x2)jx
b) [ VBx—5ax

25.

26.

27.
S x2 2
b) [ (=— ——=-)dx
G-

1

a)i(?) X + 4x3)jx

28.
M7 cos 4x

b) | >

[1/4

dx

a) j.(ZXS - 2x)jx

M8 4dx

b
) ¢ C0s” 2X




10.

1
b) [ 5**"dx
0

10.

a)_z[(x“ -x*+ Z)dx

w
b.ql—‘
(2]
w
o
3
N

>
S

o

X

~ w
~I!l =
o8 !
o
>
Lx %,
< || &
ol X
~
w

Ot NV [P O, N O A O ey

20.

a)Jz. (x3

I1/3

- X)jX

b) I3sin 3xdx
0

11.
12.
13.
14. |
15.
16.
17.
18.

19.

20.

11'!(x—l)z(xﬂ)

12.
13.

14.

N

X34/ *dx

N
+
o1
x

>
o
x

o
x

w
N
|
N
P

— Ot P @ O S
[EEN
+
5
X

Ve dx

Xxv1—In?x
3.

dx

(x? +2)dx
(x* +1)(x-1)

a)

w
o

’;\u'—.mm

26.

27.

28.

O ey
x

Nla
+ | X
S

!
' '([\/16x +1
[

(2 sin 3x)dx

2 xdx

Va-x?

x2dx
3 (x3 +8)4

5 cos3x

! 8/(L—sin 3x)°
¢ dx

17

'!-\/31(x -1
1/2 dX
. (2x-1)°

dx

1

29._[x3\/4+5x4dx

23.

24.

0

"f sin xdx

72 4/C0S° X

i dx

2 X2 (x=1)

_[ dx
(X+1)(x* +4)

xdx




11

1.2

1.3

1.4

15

dx

1 5

5 _fy dy
LYy+2
3 2

6. 3X Jerx—B
5 X7 =X

. T xax
1/3()(_1)3
5

8. I___El___
5 (X=1(x+2)
4

9. IL
s (X+D)(x=2)

10 -1[(2x+3)dx
Ce (x=3)°

V3

o

2) } dx
51+ 3%
b)j-!ZXZ +1)dx

) X

15.

16. j ——

17.

19.

1
3
]
2
3
18.!)(4_1
0
]
1

N

QD
| —
Le—wn
(o)}
>
o
x

on)
>
w
|
o1
~—

1.11

b) /2 cos xdx

5]
~

e Oy

O
~
o'—'ﬁ\ o

>
N
(6]
|
w
>
N
o
x

(=)
~
—_—
A~~~
x
|
=
o
>

_—
N
>
w
+
=
S
>
N
o
x

a)

O
~

OtV Ot Ot=——F Ot=——w ..
w
(o]
|
\‘
>
w

(o]
_I_

N
><w

26.[-————dx

27. IL*Z
28.[——:—————dx

29.

0
30.

4
a) IBX\/ x? —7dx
22

1.21

0
dx
a)~[4x2 -9

b)fJ(Zx +1)°dx

1./[4 dX
31— 4x

1.24

a)
125
b) [ (4—x)dx

:



1.6

Ve
b)jx5\/1+ x2dx

JA\/25+3

7zl

1.7

[=2]

C0S3X

b) [ —2% g«

o §/(1-sin 3x)°

x3dx

c0s 2xdx

2
)
o

1-8 z
2
|3
0

1.9

3
2.1 jxln(x—l)dx
2

0
2.2 .[xze’x’zdx

2
2.3 jxcos xdx

0
wl2

2.4 J'x2 sin xdx

1/2
2.5 _[arccos 2xdx
-1/2

2
2.6 I(x—l) In xdx
1

0
2.7 Jxe‘zxdx
-1/2

34 VAX+3
.[ 10xdx

2 416 — x?)°

1.18

a)j(4x3 +1)5 x2dx
119 °

1
b)j x%e* dx
0

7 cos3x

a)j 8/(1—sin 3x)° X

32xdx
b
)I x +1f
5.

VX In xdx

arctg~/xdx

Ot O b e D

(x+2) cos% dx

718

.[xzsin 4xdx
0

2

Ilen xdx
I(x+1) In xdx
1

2
.[ arctg(2x —3)dx

3/2

‘g"—.wm
28
>
7~ N\
w
>
|
\L/

o'—,H P C— 1 ©
H
—~
>
w
|
e NN

i(3— x)e*dx

1
j arcsin(1— x)dx

1/2

'

j arctg —dx
1 X

0

j x In(1— x)dx

sinx

e*'" cos xdx

(2x+3)e*dx

Lt—=——o ooy |

0
j(x +1)e dx
-1



w2 1/2

2
2.8 Ixe*dx j(x+3)sin xadx jarccos 2x0dx
1

0 -1/2
-2/3 X In2 1

2.9 _[ —dx J.xe’xdx J' xarctgxdx
43 € 0 0
SIh?x ‘ /3 ‘

2.10 | o dx [ (x=2)e"%dx [In(3x + 2)dx
1 -3 1

KouTpoJsibHbIE BONIPOCHI

1.YT0 Ha3BIBAIOT ONpEICICHHBIM HHTETpaioM GyHKImu f(X)?

2.B 94eM cOCTOUT reOMEeTPUIECKHII CMBICIT OTIPEeIEHHOTO HHTETpana?
3.Chopmynupyiite HeoOXxonuMoe yciaoBue uHTerpupyemoctr Gynkipu f(X) Ha
otpeske [a,b].

4.ChopmynupyiiTe HEOOXOAUMOE U IOCTATOYHOE YCIOBHUSI HHTETPUPYEMOCTH
¢dyukuuu f(X) Ha oTpeske [a, b].

5.3anumuTe CBOWCTBA ONPEIEICHHOT0 HHTETpaIa.

63anumure popmyny Hetotona-JleiiOnura.

7Pacckaxute 00 OCHOBHBIX METOJJaX MHTETPUPOBAHMUSI OIIPEACIIEHHOTO
UHTErpaa.

IIpakTuyeckas padora Ne 15 mo teme
«Bpluncjienue miomagaeH »

Iesab: npoBEpUTh YMEHHUE BBIYUCIATH IUIONIAAN C IIOMOIBIO OIPEIEIICHHBIX
UHTETPajoB

Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA

2.3apaHue

3./lIuctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTMyeckne ceegeHuns

3. BoinonHutb 1 opopmutb paboty
4.lMoKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomalwiHee 3apaHue

1.MoAarotoBUTb OTBETHI HA KOHTPO/1IbHbIE BOMPOCHI
TeopeTnyeckue ceegeHusA



[Inomanes KpWUBOJIMHEHMHOM Tpamneluyd, OrPAHWYCHHOM HENPEPBIBHOM KPHUBOU

y=Ff(x), IByMS OpSIMBIMH X=a U X=

ONpe/IeIeHHOTr0 MHTErpasia 1o (hopMyiam:

b 1 ocer0 abcumce, BHEUUCIIETCS C ITOMOILBIO

fx)F0=>x=c '

8= 5, - 16| M

fx0=>x=c

s

S=5,+8, = [flx)ix +

4, ..y

R )
. A : '
187/

c N =

f—=d
@ -~

x>

U_; —

)= h)m =a

El

= b

IIpumep 4: Beraucnure mwiomanb GUrypbl, OrpaHUIEHHON TUHUAMU p = — 52— 2x+3,

OCSIMU KOOpPAUHAT U NMpsIMOU  x=2.

Pemenue: [loctpoum naHHbIE JIMHUN

Y=0

A7

. y=-x>-2x+3

N

v

i, S S, BN

e x=2




Haiinem Touku nepeceuenus rpaduxa GyHkimu ¢ ocbto OX: y =—x"—2x+3,

—x?=2x+3=0, ;-1 x,=-3

1 2
t 2 g 2 X’ 2 X’ 2
Szg(—x —2x+3)dx—[(—x —2x+3)dx=(—§—x +3x) +(—§—x +3x)| =
1
0 1
:—1—1+3—(—§—4+6)+(—£—1+3):§+E+§:E:4(K6.ed.)
3 3 3 3 3 3 3

3apanus npakTudeckoi padorsl Hailitu muiomaas Gurypsl, orpaHU4eHHON
JAHHBIMU JIUHUSMU

3ananne 1

1,11,21. y=8x—x>—7 W OCBIO OX
21222,  y=x*-1,y=0,x=0
3,13,23. y=x*—-3x-4 u ocero OX

4,14,24. y>=4x u x> =4y

5,15,25. y =5x—-x*+6 u ocero OX

6,16,26. y=x>, y=x*,x=-1,x=0
7,17,27. y =%’ —6x+8 u ocbto OX

8,18,28. y=X> U y=Xx+2

9,19,29 y=x’—-4x-5 u ocp0 OX

10,20,30. y =6X —3X% u ocvio OX
3aganue 2

1,11,21. y=x*+2 my=2x+2 2,12,22. y=x?ny=2-x*

3,13,23. xy=6 u y+x—-7=0 41424, y=2*, y=2x-x*,x=0, x=1
5,15,25. y=hx, x =¢ , y =0 6,16,26. yzxiz,le,yzx—l
717,27 y=x"+x, y=1-x*,x=0,x=1 8,18,28. y=x*,x=2



9,19,29. y=cosx ,Xx=0,x=2m,y=0 10,20,30. y = \/;,yZZ,X:O
3amanue 3

1,11,21. x—-y+3=0, x+y—-1=0,y=0
2,1222. 2x—-3y+6=0,y=0u x=3
3,13,23.  y=x*-2x+3u y=3x-1
41424, x-y+2=0,y=0,x=-1,x=2
5,15,25. y2 =4x, X=1 u ocrro OX
6,16,36. y=x*nuny=-3X

7,17,37. x—-y+3=0,x+y—-1=0,y=0
8,18,28. x2=3ym y=X

9,19,29. X—y-2=0, x+y+1=0,y=0
10,20,30. y2=9x, X =3 u oceio OX
KoHTpoabHbIE BONIPOCHI

1.YTo Takoe KpUBOJIMHEWHAS TPATICIINS?

2.Dopmyna Herotona-JleliOuuia

3.I'padmku reMeHTapHBIX (QyHKIIHA.

4. PaznmuuHbie BUIBI TUIOCKUX QUTYP U CITOCOOBI BEIYHUCICHHS UX TUIOINACH.

IIpakTHyeckas padora Ne 16 mo teme
«IIpuban:keHHOE BbIYMCJIEHHE ONpPede/IeHHbIX HHTETPAJI0B»

[enb: mpoBepUTh YMEHHUE BBIUUCIISITH OMPEACICHHbIE HHTETPalbl 0 popMyaamM
MPSIMOYTOJILHUKOB, Tpaneuui, napadout.

Bpemsa BbinonHeHua 90 MUHYT



MaTtepuanbHoe obecneueHue
1.TeopeTnyeckmne ceegeHuA

2.3apaHue

3.JlIuctA4

4.KanbKynatopbl

MopAapoK BbinoNIHEHUA paboTbi
1.M3yuntb 3apaHue

2. N3yuunTb TeopeTnyeckmne ceegeHuns

3. BeinonHntb 1 opopmutb paboTty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
AomalHee 3aaaHue

1.MoAarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
TeopeTnyeckue cBeaeHMs

Hpuﬁﬂuofceunoe ébluucjienue onpeoeﬂenuozo unmeczpana.

Kak Obl10 CcKazaHO BbIIIE, CYIIECTBYET OTPOMHOE KOJIMYECTBO (DYHKIIMIA,
MHTETpai OT KOTOPBIX HE MOXKET OBbITh BBIPAXKEH uepe3 AJIeMEeHTapHble (QYHKIIHH.
Jist  HaxoXAEHUS MHTErpaJioB OT TMOJOOHBIX  (QYHKIHA  MPUMEHSIOTCS
pa3zHooOpa3Hble TPUOIMKEHHBIE METO/IbI, CYyTh KOTOPBIX 3aKII0YAETCS B TOM, YTO
NOJIMHTErpalibHasg GYHKIMS 3aMeHsIeTcs “OMu3Koi” K He (yHKIMeH, HHTerpas OT
KOTOPO#l BhIpa)KaeTcsi 4yepe3 dJIeMeHTapHbIe (PYHKIIUH.

Dopmyna npamoy20abHUKOS.

Ecnu usBecTHbI 3HaueHust GyHKIME f(X) B HEKOTOPBIX TOYKAX Xo, X1, ... » Xm,
TO B KauecTBe (QyHKIUHU “0am3koit” k f(X) MoxkHO B3sTh MHOrouwIeH P(X) cremenu
HE BBIIIE M, 3HAYEHUS KOTOPOTO B BBIOPAHHBIX TOYKAX pPABHBI 3HAUYCHUAM
¢yukmun f(X) B 3THX TOUKaX.

j. f(x)dx = j.P(x)dx

b—a

Ecan pa30uth OTpe30K MHTErpUpPOBAHUS Ha N pPaBHBIX YacTed Ax = . Ilpu

n
ITOM:
Yo = f(Xo), y1=1(X1), .... ,Yn=T1(Xn).
CoctaBuM CyMMBI: YoAX + Y1AX + ... + Yn1AX
Y1AX + YoAX + ... + YhAX
DTO COOTBETCTBEHHO HIKHSSI W BEpPXHAS MHTErpalbHble cyMMbl. llepBas
COOTBETCTBYET BIMCAHHOM JIOMAaHOM, BTOPAsl — ONMUCAHHOM.

b
Tora [ f()de= "=y, +y, + ..t y, ) wm
n



b
_[ f(x)dxzb;a(yl+ y,+..+y,) - mobas u3 3TUX (HOPMYJT MOXKET
n

MPUMEHATHCA JUIsl NMPUOIMKEHHOTO BBIYMCIEHUS OMNPEIEICHHOT0 HHTErpaja u
Ha3bIBacTCs 001eil popMy10ii NPpsIMOYTr0JIbLHUKOB.

Dopmyna mpaneyui.

Ota GopmMyna sBIseTCs 00Jiee TOYHOM 1Mo
y cpaBHEHUIO C (HOpMyIIOn
PSIMOYOJTbHUKOB, ——
[TomuHTerpanbHas GYHKIUS B 3TOM Cllydae
3aMEHSIETCS] Ha BIHCAHHYIO JIOMaHYIO.

Y1 y2 ¥n

a X1 X b X

FGOMeTpI/I‘IGCKI/I IIomanab KpPIBOJIPIHGfIHOfI TpalCuu 3aMCHACTCA CYMMOfI
rmomazxeﬁ BIIMCAaHHBIX Tpaneunﬁ. O‘IGBI/I,ZIHO, YyTO 4YeM OOJIbIIE B3SIThH TOYEK N
paS6I/I€HI/I}I HHTCpBAJIa, TCM C OOJIBIIIEH TOYHOCTHIO 6y,Z[€T BBIYHCJICH UHTCTPAJI.

HHOHI&,HI/I BIITMCAHHBIX TpaHeHI/Iﬁ BBIUUCJIISIKOTCA 110 (bOpMy.HaM:
+ +

Yo TV Ax; Vi TV Ax;
2 2

+
yn—l ynAx

>

f + + +
J.f(X)dxzyozylAX"'yl 2y2 Ax+...+y"_12 ynAx

[Tocne npuBeaeHNs TOIOOHBIX cllaraeMbIX HojiydaeM (popMyJay Tpamneluii:

b b—aly,+y
J‘f(x)dsz(%"‘yl +¥, +"'+ynlj

Dopmyna napabon
(¢popmyna Cumncona unu keaopamypuasn gpopmyna).

(Tomac Cumricon (1710-1761)- anrmuiickuii MaTeMaTHK)

Pasnmennm orpe3ok mHTErpupoBaHus [a, b] Ha yeTHOE Yuciio OTpe3koB (2m).
[Tromans KpUBOJHMHEWHOM Tpamenuu, orpaHndeHHod rpadukoM (ynknmm f(X)
3aMEHHMM Ha IUIOUIAJb KPUBOJMHEHHON Tpameuuu, OTpaHUYECHHOW mapadosioi
BTOPOM CTEIMEHU C OCBI0 CUMMETPHH, MapauieabHol ocu Oy U NpoXoAsuend Yepes
TOYKH KpUBOH, co 3HadeHusIMH f(Xo), f(X1), F(X2).

JI1s1 KaX 101 Tapbl OTPE3KOB MOCTPOUM TaKyro mapadoiy.

y



0 X0 X1 X2 X3 X4 X

YpaBHeHus 5TUX napabon umeroT Bug AxX? + BX + C, riae koo uuuents A,
B, C Moryr ObITb Jerko HaWJeHbl MO TPEM TOYKaM MepecedeHus napadoiibl ¢
UCXOJHOU KPUBOM.
v, = Axg + Bx, +C
y, = Ax; + Bx, +C
y, = Ax; + Bx, =C

(1)

O6o03HaunUM 24 = x, — X, .

3

X
Xy 0

Ecmu npubsate Xo = -h, X1 =

(2)

Torna ypaBuenus 3HaueHuit GyHKuu (1) ©UMEIOT BU:
y, = Ah* —Bh +C
»=C
y, = Ah* + Bh+C

C yueToMm 3TOro: y, +4y, +y, =24h> +6C .

Xy 3 2 Xy
S = [(Ax” + Bx + C)dx = {AX—+B%+Cx}
0,

X, = h, To Sz%(ZAh2+6C)

Otcrona ypaBHeHue (2) IpUMET BU: S = g( Yo +4y, +,)

Torna

Xy h
[ (=2 44y 4+ 3)

Xy h
[ £Cdr =2y +4ys+p0)

CxkrnazpiBasi 3TU BbIpakeHUs, nojiyyaeMm popmyiay CumicoHna:

b
b—a
[ £ (oyete = WLVO Vo F 200+ g+t D) F A0 F Yy et 22,0)]



Uem Oosnblie B3STH YMCIO M, TeM 0ojiee TOYHOE 3HAYCHHE HWHTErpajiia Oyner

MIOJIyUYEHO.

[Ipumep. Borunucauth npubankKeHHOE 3HAUCHUE ONPEIEIEHHOI0 HHTEeTpaja

8

_Hx"’ +16dx ¢ oMol Gpopmyisl CuMIicOHa, pa30OUB OTPE30K MHTErPUPOBAHUS
-2

Ha 10 gacrei.

[To hopmyne CuMIicoHa MOTYUHM:
IV x* +16dx = %[y(—ﬁ + (@) +2[y(0) + ¥(2) + (D) + y(O)] + 4 y(=D + y() + y(3) + ¥(5) +

+y(DIl-
m 0 1 2 3 4 5 6 7 8 9 10

X -2 -1 0 1 2 3 4 5 6 7 8
2.82 | 3.87 4 1412 489 |6.55 [8.94 |11.8 |15.2 | 189 | 229
f(x) |8 3 3 9 7 4 74 132 |47 |78

8
[V +16dx = %[2.828 +22.978+ 2[4+ 4.899 +8.944 +15.232] + 43.873 + 4.123 + 6.557 +
2 :

+11.874+18.947]] =91.151
TouHoe 3HadeHUe yTOoro uHTerpana — 91.173.

Kax BunHO, nake mpu CpaBHUTEIHHO OOJBIIOM IIare pa3OueHUs TOYHOCTh
IIOJIyYEHHOT'O Pe3yJIbTaTa BIIOJIHE YAOBIECTBOPUTEIbHAS.

JIns cpaBHEHMSI TPUMEHUM K ATOH ke 3a7ade opMyITy Tpanelui.

8
[Vx +16dx ~ b;a(@wl + 3, +---+yn_1j = 8;02(2‘828 222'978 13.873+4+4.123+
5

n

+4.899+6.557+8.944+11.874+15.232+18.947) =91.352
dopmyna Tpanmeuui gajla MEHEe TOYHBIM pPe3yibTaT 10 CPABHEHUIO C

dbopmymnoit CumricoHa.
3apanue. Beraucauth npuOInKeHHOE 3HAaUCHUE HHTErpaia METOI0M

MPSIMOYTOJILHUKOB, Tpaneuuid, MerogqomM Cummcona, B3sB =10, TOYHOCTH

BBIUKCIeHU 10,

4 2 3 0,2x2
Bl [ V16 —X*dx B 16. Jy - dx

B2. [ X9 - X dx B17. [ v4—x*dx



B 3.

B 11.

B 5.

B 6.

B7.

B 8.

B 9.

B 10.

B 11.

B 12.

B 13.

B 14.

B 15.

f: X3 +9dx

2

3 X
f i

2V2VX2-2
[

J7V8X — x? dx
4 .o .
Jo, Xsinx dx

fol 4+ X* dx

2 1
fo 4—3xdX
2 2
Jo VX +X* dx
3 X
|,
1 2
Jo V1 —X*dx

fol 1+ x*dx

1In(1+x)
dx
fO 1+X2

/3
J 13 cos¥x dx

B 18.

B 19.

B 20.

B 21.

B 22.

B 23.

B 24.

B 25.

B 26.

B 27.

B 28.

B 29.

B 30.

fon/z\/l — 0,11sin?x dx

2 1+x+x>

L e

1
Iy

3+2cosx
fls X3 —8dx

4 2
fO V4—-5x dx

FX = dx
2 2
Jo V3 —2X*dx

fol 4+ 2x* dx

1In(2+x)
Jo - dx

/4 .
fo/ sindx dx

f: X3cosx dx

3

3 X
el

JiV2 + 4x* dx



KoHTpoJibHBIE BONPOCHI:

1.B yem cyTh MeTOIA MPSIMOYTOJIbBHUKOB?
2. B yeM cyTh MeToAa Tpaneuun?
3. . B ueMm cyTh MeTO 1@ TTapabo?

IIpakTnueckas padora Ne 17 mo Teme
«BpIyHcIeHne IBOHHBIX HHTETPAJIOB B I€KAPTOBbIX KOOPAUHATAX)»

I_[e.m,: IMPOBCPUTH YMCHHUC BBIYHUCIIATH ﬂBOﬁHBIC HHTCT'PAJIbl B ACKAPTOBBLIX
KOOpAWHATAaX

Bpems BbinosiHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceepeHuA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopAapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckume ceeaeHuns

3. BoinonHutb 1 opopmutb paboty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTesto
AomawHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMPOChI

Teopernuecknii MmaTepuall

[TycTh B HEKOTOPOW OTpaHUYCHHON 3aMKHYTOUW oOmactu D tutockoctu xOy 3amaHa
HerpepbiBHasg Qynkunus z=f(P), roe Touka PeD . Pa3o0beM 5Ty 06macTh

MPOU3BOJILHBIM 00pa30M Ha N YaCTUYHBIX IMJIOCKUX siUeeK S,, S,,..., S,, UMEIoIIne

n»°

momanan  AS,;, AS,,..., AS B kaxmoil TakoW s4eiike BbIOEpEM MO OJHOMU

n
MPOU3BOILHON TOUKE P, P,,..., P, ¥ BBIYUCINM 3HaUYCHUS DYHKIIMH f(P) BO B3ATBIX
Toukax. COCTAaBUM TaK Ha3bIBaEMYIO ummezpanvbiyio cymmy (ynxmuu f(P) mo

oOnactu D:



n

> f(R)AS, = f(P)AS, + f(P,)AS, +...+ f(P)AS, . (1)
i=1
Jlotinbim unmezpanom OT (HYHKIUU f(P) no oOnacTd D Ha3bIBaeTCs Mpeaen

MHTErpajgbHON cyMMbl (1) mpu CTpeMIIEHUH K HYJII0 HauOONBILIET0 U3 JUAMETPOB
BCEX SYEEK JAHHOTO pa3OUeHHUs:

mex d(S; )0

[[t(P)s = lim if(Pi)ASi (2)

OcHOBHBIE CBOWCTBAa NBOWHOTO MHTErpama

1. JIBoitHoi wmHTerpan mo obnactd D oT anreOpandyeckoil cyMMbl (yHKIUN
paBeH anreOpandeckoil CymMMe JBOMHBIX MHTETPAIOB OT ClaraeMbix
GyHKIMI 110 3TOH K€ 00acTu:

[[[£.(P)x £,(P)Jds =[] f,(P)ds + [[ £,(P)ds

2. TlocTOosSTHHBIN MHOKHTENb K MOYKHO BBEIHECTH 3a 3HAK HBOﬁHOFO HHTCIpaia:

[[k-f(P)s =k-[[ f(P)ds.

D D

3. O6sacTh MHTETPUPOBAHUS ABOWHOTO MHTErpajla MOKHO pPa3OUTh Ha 4YacTH,
TO €CTbh €cM 00JacTb D COCTOMT U3 JIByX HemepeceKkarolmuxcs oonacreit D,
ubD,, 10

[[f(P)ds = [[ f(P)ds +[[ f(P)ds..
Ipumepnbi

2
. 3 X“+4 1
3ananue 1: BoIyucIUTh NTOBTOPHBIM HHTErPAI I dx I —-dy.
X
1 2

Peumienue: BeruucinuM cHayana BHYTPEHHUU MHTETPAII 11O NIEPEMEHHON Y, CUUTAA

X IIOCTOAHHBIM



3aganue 2: BpIYMCAMTH JBOWHOW MHTErpall I j (x+y)dxdy mo obmactu D ,
D

OrPaHUYEHHOU NPSAMBIMU X =2, X=6, Y=1H1 y=4.

Pemenue: O6nactp D ABIISIETCS MPOCTONW OTHOCUTENIBHO oceil Ox u Oy (puc.

1), mosTOMY JUIsl BBIYMCIIEHUSI MHTETPaJla MOYKHO MCIOJIb30BaTh JIH00YIO

b d
3 dbopmyn _[ j f(x, y)dxdy = _[ dx_[ f(x, y)dy W
D a c
_[ j f(x y dxdy j dyj X, y . CHavasia BBIYMCIIUM JBOWHOW HHTErpa
D

6 4
no rmepBoil  Qopmyre: j I (x+ y)dxdy = J' dx I (x+y)y . Beiuncnus
D 2 1

BHYTPEHHUI MHTErpaJl MO MEPEMEHHONM Yy TMpU MOCTOSHHOM X ,

HaXOJUM

“ y? | 1 15
_[ X+ y)dy = XY+ :(4x+8)—(x+§j=3x+3 . TloacraBuB 3TO BBIPAXKECHUE BO
1

1

15 3x* 15 ¢
BHEIIHUI MHTETPA, MOJIyYUM j 3X+— > dx = T+?x =78.
2

Teneppr  BBIUMCIUM  JBOWMHOW  WHTErpaJl 1o  BTOpo  dopmyrie

j j X+ y)dxdy = jdyj X+ y)d . Haiinem BHYTPEHHHU U UHTETpal:

D

2

6 2
_[x+y ={—+xy}6=(18+6y)—(2+2y)=4y+16 . Jlanee HailineM BHEIIHMIA
2

4

4
HHTETrpal: j (4x +16)dy = [2y2 +16y] 78, TO €CTb ITOJIyYHJIHA TOT JK€ OTBET.
1 1

A




3aganme 1. Beruncnuts uaTerpal no odxactu D, orpaHnYeHHON yKa3aHHBIMU

JTUHUSMA.
B1ff y*cosxydxdy
D
D:x=0,y = \/n_/Z y=x/2
B2 ([ 3y25in%dxdy
D
D:x=0,y= \/F/B; y=2x/3
B3 [[(Bx%y? + 4xy) dx dy:
D

D:x=1 y=—/x;y=x?

B4 [[(27x?y? + 12xy) dx dy
D
D:x =1,y = —x; y=x?
BSffyzsin%dxdy
D

D:x =0,y = vi; y=x

B 6 [[ 4y%sin2xy dx dy
D

D:x =0,y =+2m; y=2x

B 16 ffyzcos%dx dy
D
D:x =0,y = \[1/2;y=x/2
B17 [[(18x2y? + 32x3y3) dx dy
D
D:x=1,y=—-Vx; y=x3
B18[[ (9x%y? + 2xy) dx dy
D

D:x=1; y=+/x; y=—x3

B19 [[(18x2%y? + 8xy) dx dy
D

D:x =1,y = Vx; y=—x?

B 20 ffyze_xzt_ydx dy
D

D:x =0,y = 4; y=2x

B21[[(27x*y? + 12xy) dx dy

D

D:x =1,y = —/x; y=x3



B7 [[ 4y%sinxy dx dy
D

D:x =0,y =m/2; y=x

B8 [[(49x%y? + 28xy) dx dy
D

D:x=1,y=—-Vx; y=x?

B9 [[ (9x%y? + 48x3y3) dx dy
D

D:x =1,y =+/x; y=—x?

B10 [ yze_% dx dy
D

D:x =0,y =2;y=x

B11[[ (36x2y? + 96x3y3) dx dy
D

D:x=1,y=3x; y=—x3

B12ff yzsin%dx dy
D
D:x =0,y = Vm; y=x/2
B13 [[(12x2y? + 16x3y3) dx dy

D
D:x =1,y = —/x; y=x?

B 22 [[(9x2y? + 8xy) dx dy
D

D:x =1,y = Vx; y=—x3

B 23 [[ y*cosxy dx dy
D

D:x =0,y =+m;y=x

B 24 ([ (18x2y? + 32x3y3) dx dy
D

D:x=1,y=3%x; y=—x?

B 25 [[(18x2%y? + 32x3y3) dx dy
D

D:x =1,y = —/x; y=x3

B26 [ yze_xz_y dx dy
D

D:x=0,y=1;y=x/2

B 27 [[ y*cosxy dx dy
D
D:x =0,y = m; y=2x
B 28 [[(18x%y? + 24xy) dx dy

D
D:x=1y= —W; y=x3



B14 ([ yze_% dx dy B 29 [[(9x%y? + 12xy) dx dy

D D
D:x =0,y = 2; y=x/2 Dix =1y =vx; y=—x’
B 15 ffyzcos%dx dy B 30 [[ y*cosxy dx dy

D D
D:x =0,y = V2m; y=2x D:x =0,y =m/4;y=x

3anava 2. V3MeHUTh NOPSAJOK HHTETPUPOBAHMSL.

-1 0 0 0 0 V2 0
24, [dy [ fdx+[dy [ fdx. zzjdyjfdx j jf

-2 =2+ -1 [y -y 1 -y

oy y 2y

2.3. jdyif dx+fdy ij f dx. 2.4, jdyjyf dx+_2[dy ijf dx.

0 1 0 0 0 1 0

-1 0 /2 arcsiny arccosy
2.5. Idx I fdy+jdx'|.fdy26 Idy j fdx+jdy I

2

-1 \2ry Fy e -In
2.7. jldy ijf dx+jdyj f dx. 2.8. jdyj f dx+J'dy ijf dx

) 0 -Jy

RN 0 X -3 0 0 0
2.9, jdx j fdy+jdxjf dy .2.10. jdx j fdy + j dx j

2 0 10 2 a2 B (422

1\3/_
2.11. jdxj fdy+jdx j f dy. 2.12. ldyff dx+jdy£ fdx.

Inx



/4 siny /2 cosy -1 0 0 0
2.13. jdyjfdx+jdyjfdx.. 214. [dx [ fdy+[dx| fdy.
-1 3%

0 /4 -2 —(2+x)

2.15. jdyjfdx+]dyjfdx 2.16. jdyjfdx j T f dx
1 Iny 1 2
1 0 2 0 1y 22—y
217, [dy[ fdx+ [dy [ fdx. 218 [dy[fdx+[dy[ fadx.
0o - 1 2 0 0 1 0

0

J3 0 0 -1 0 0
2.19. _[dx j f dy+ | dx _[ f dy.2.20. de J. f dx+jdyf f dx.
Jax? - 3

Gr—

0 f4x2_2 2 —(2+y) -1 3y
1 x2 \/f 2—x2
2.21. jdyjfdx+jdyjfdx z.zz.jdxjfdy+jdxj f dy.
1 Iny 0 0 1 0
/4 sinx w2 cosx 0 0 0
2.23. jdxjfdy+jdxjfdyzz4jdyj fdx+ [dy [ f dx.
/4 0 2 W -1 y

1 X2 2 2-x N \/4_2 2 \/_
2.25. _[dxjf dy+Idxj f dy. 2.26. jdx _[ f dy+jdx I f dy.
0 0 1 0 0 0 3 0

2.27 jdxj. f dy+idx T f dy 2.28 J'dxj.f dy+Idx I f dy
_Jx 1 —2x 0 0 1 0
N N N 2 x
229. [dy [ fdx+[dy [ fdx. 230 [dx[ fdy+[dx [ fdy
0 0 1 0 0 0 1 0



3amauya 3. BEIYUCIUTE.

” 12x y> +16x°y° dxdy;

D:x=1y= x,y_—\&.

”(36x2y2 —96x3y3)dxdy;
3.3. D

D: x=1y=%x, y=-x%
” 27x y* +48x°y° dxdy;

D:x=1y= x,y_—\&.

” 18x y* +32x%y° dxdy;

D:x=1y= x,y_—\&.

” Axy +3x°y? dxdy;

D:x=1y= x,y:—\/;.

” 8xy +9x°y° dxdy;
3.11. D

D: x=1 y=%x, y=-x%

”(ley +27x°y* ) dxdy;
3.13.

D: x=1 y=x%y=-%x.

” 9x y° +48x°y° dxdy;

D: x=1 y=+x, y=-x2

” 18x y* +32x%y° dxdy;

D:x=1y= x,y_—\/§.

” 18x y* +32x%y° dxdy;

D: x=1 y=%x, y=-x2

” 27x y? +48x°y° dxdy

D: x=1 y=+X, y=-x".

H 12xy + 9x°y? dxdy;
3.10. b

D: x=1 y=+x, y=-x2

H 24Xy +18x°y? dxdy;
3.12. b

D: x=1, y=x , y=—€/§.

H 8xy +18x%y’ dxdy;
3.14. D

D: x=1 y=%x, y=-x2



. j]( xy4~——x y jdxdy;

D.x_Ly_x,y:—Ji

3.17.[5[(24xy——48x3y3)dxdy;

D: x=1 y=x% y=-JX.

1o [J Axy +16x°y° dxdy

D: x=1 y=%x, y=-x%

- [! 44xy +16X°y° dxdy;

D:X:Lyzx,yz—yi

3.23.I[S[(xy——4x3y3)dxdy;

D: x=1 y=x%, y=—J/x.

2o Ij(6x y° +- )dxdy;

D.x_Ly_x,y:—J;

j](Sx y° +— jdxdy;

D.x:Ly:Jiy:—ﬁ.

3.27.

™ ”( Xy +9x°y jdxdy;

D: x=1 y=+x, y=—%%.

s {J 6xy +24x°y® dxdy;

D: x=1 y=+x, y=-x2

3.20.I[S[(4xy+16x3y3)dxdy;

D: x=1 y=x%, y=-x.

. [! Axy +176x%y° dxdy;

D: x=1 y=%x, y=-x%

3.24.L[(4xy+176x3y3)dxdy;

D: x=1 y=+x, y=-%%.

3.26.J;S.'(9x2y2+25x“y4)dxdy;
D: x=1 y=+x, y=-x2

- [! 9x y* +25x*y* dxdy;

D:x:Lyzx,yz—ﬂi



II(54x2y2—k150x4y4)dXdy; L[(xy——9x5y5)dxdy;
3.20. D 3.30.

D: x=1 y=x% y=-%x. D: x=1 y=%x, y=-x2

KoHTpoJsbHBIC BOIPOCHI:

1.Uto Ha3bIBa€TCS HHTETPATLHOM cymmoit (ymkumm f(x,y) B obmactu D ?

2.JlaliTe onpezeneHne JBOMHOTO UHTETpaa.

3.Ilepeuniciiute OCHOBHBIE CBOMCTBA IBOMHOTO MHTETpaa.

4 Kakue ciydan pacmnonokeHuss o0sacTé D OTHOCUTENBHO OCEH KOOpAUHAT

BO3HUKAIOT TMpPU BBIYKUCICHUU JIBOWHBIX HWHTErpajgoB? 3anumure (HOopMyJibl

BBIUMCIICHUS IBOMHBIX MHTETPAJIOB JIJISl KAXKJOTO U3 ATUX CIy4yaes.

5.Kakue nHTerpanbsl Ha3pIBAIOTCS MOBTOPHBIMU MJIH IBYKPATHBIMU ?
IIpakTnueckas padora Ne 18 mo reme

«Bbruuciienue HBOﬁHbIX HHTErpajgoB B INOJAPHBIX KOOPAHMHATAX)

He.]'lb: IMPOBCPUTH YMCHHUC BBIYHUCIIATH ﬂBOﬁHBIC HHTCTPAJIbI B ITOJIAPHBIX
KOOpAWHATax

Bpems BbinosHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA
2.3apaHue
3.JluctA4
4.KanbKynatopol
MopAapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune
2. I3yunTb TeopeTUyeckme ceeaeHmnsa
3. BoinonHutb 1 0popMuTb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTesto
AomawHee 3apaHue
1.MoarotoBUTb OTBETbI HA KOHTPOJ/IbHbIE BOMPOCHI
TeopeTnyeckue cBeeHHs
B HEekoTOphIX ciiydasix rpaHuiia 001aCTU HHTErPUPOBaHUS D MOXKET OBIThH
oOpa3oBaHa JyraMu OKPY>KHOCTEH, SJUTUIICOB U APYTUX KPUBBIX, YPAaBHCHUS
KOTOPBIX B MOJISIPHON CUCTEME KOOPAMHAT UMEIOT 00Jiee MPOCTOM BU, YEM B
nexkapToBou cucteMe. [1o3TomMy it ynpouieHus BBIYUCIEHUN JBOMHBIX
WHTETPAJIOB MO TaKUM 00JIACTSAM YJIO0OHO OT JEKapPTOBBIX KOOPAMHAT MEPEXOIUTH K

MOJISIPHBIM 0 PopMyaM



X =T COSQ
y=rsing,

I7ie T — NOJIIPHBIN paguyc, a ¢ - NOJpHBIN yrod. IIpu sTtom cnexgyer
IIPUIEPKUBATHCS CIEAYIOLIEN CXEMBL.

1) [ToctpouTs 06J1aCTH HHTETPUPOBAHUSL.

2) 3anucaTh ypaBHEHUS KPUBBIX, OTPAaHUYMUBAIOUIUX 001acTh D, B MOMSPHBIX

KOOpAHWHATAaX U OMPCACIIUTD NPCACIIbI UBMCHCHHUA IICPCMCHHBIX T U (.

3) Cnenatb 3aMeHY NIEPEMEHHBIX B MOJIBIHTErPAIIBHOM BhIpaykeHUH. 11pu
ATOM 3JIEMEHT Tuiomaau dS npumeT BUA:

dS =rdrdo.
4) ITony4uBIIMNACS JBOWHON MHTETPa

[[f(x,y)dxdy = [[f(rcosg,rsing)rdrde

D Drgp
CBECTH K TIOJISIPHOMY, PacCTaBUB Tpeeibl UHTerpupoBanus. OOBIYHO BHYTPEHHUN
UHTErpaJl 0epeTcs 1Mo MepeMeHHON 1, a BHEIIHUM — 110 .

5) TloBTOpHBII WHTErpal BHIUUCINTH OOBIYHBIM 00pa3oM, T.e. CHauaia
BBIYUCIIUTH BHYTPEHHUN WHTETPAI 110 IEPEMEHHOU I, CIUTAst () TIOCTOSTHHON
BEJIMYMHOW, a IOTOM BHEIIHWW HWHTErpajl, B KOTOPOM IOJBIHTETpaIbHAS
dbyHKIHSA OyIeT 3aBUCETh TOJIBKO OT .

I. Tlycth TpeOGyeTcsi BRIYMCIUTD JBOMHON HHTETpa

[[f (r,p) r dr do,ecu ob6macTh uHTErpUpOBanHus Dy ¢ OrpaHHYeHA THHUSIMH
Dr,(p

r=r(e), r=r@), ¢=01, ¢ =02 (1< ¢2).




B npousBonbHOM MecTe BHYTpHU o0nactu Dy, o mpoBenem jiyd u3 nomiroca O.
[lepBas OT moxdroca TOUKa MEpeceyeHus ITOro Jiyya ¢ rpaHuleld 00iactu (Touka
BX0/1a) AaCT HW)KHUU MTpe/iesl BHYTPEHHET0 MHTETPUPOBAHMS IO T, BTOpask TOUKa
(Touka BbIXOJa) — BepxHUl npenen. [Ipegenamu BHEMIHEro HHTErpaa mno ¢

ABJIAIOTCS] IOCTOSIHHBIE YTJIbl 01 M 2. TakuMm 00pa3oM 1BOIHOM UHTErpan |[[f (r,p) I
Dr,(p

dr de cBOAMTCS K IOBTOPHOMY

?y 1 (p)
[[fr,oyrdrde= | de [ f(re)rdr.

Drep ? 1 (9)

I1. [TycTh 06acTh uHTErpUpoBaHusi Dy, ¢, OrpaHUYCHA JIMHUSAMH T =T (), ¢ = P1,
¢© = @2 (1 < @2). B aTOM ciydae Touka Bxona B 0dmacth Dy, ¢ yya, mpoBeJeHHOTO
U3 II0JIX0CA, COBIAAACT C MOJIFOCOM, T.€. HIDKHSA IPAHUIA U3MEHEHHUS [IEPEMEHHON
I paBHA HYJIIO, U IBOMHOU MHTErpajl CBOJAUTCS K IIOBTOPHOMY

[jf o) dr do =T do Tt woyrdr.

Drgp 2

II. ITycts o6mactes Dy, orpanudena ogHon KpuBoi r =r (¢) u nmontoc O JeKUT
BHyTpH oOnactu. [lepemenHas ¢ B Takoit obnactu npunumaet 3Hadenus [0, 2 ] u
MMOBTOPHBIM UHTETpajl OyJIeT UMETh BU/T

2n r(p)
[ deo | f(@e)rdr.
0 0

Dr.o




IIpumep 1. Ilepexons K NOJAPHBIM KOOPAUHATAM, BBIYMCIUTH JBOMHOW HHTETPA

ydx dy

—=.
D /X2+y2

ecli 001acTh D — BHYTPEHHOCTH KPyra, OrPaHHYEHHOT0 OKPYXKHOCTBIO X2 + y2 =
2ax.

Pewmenne. [loctpoum ob6nacts D. [lns aTOr0 npuBeneM ypaBHEHHE OKPYKHOCTH K
KaHOHUYECKOMY BUAY:

x> +y*=2ax,

x? -2ax+a®+y?=a?

(X — a)®>+y? = a?
y

0 a 2a
X

LleHTp 3TOI OKPYKHOCTH HAXOAUTCA B TOUKe (a, 0), paanyc paBeH a.
Ucnonwsiys popmyisl
{x =T COSQ

y=rsing ,

3allMIICM YPAaBHCHHUC OKPYXKHOCTH B ITIOJIAPHBIX KOOpAWHATAX

X>+y*=2ax = r?cos’> ¢ +r’sin g =2arcos ¢,

r’=2arcos¢ = r=2acos ¢.



[IpoBenem Jyd U3 Hayajga KOOpAUHAT (IIOIOCA) B IPOU3BOJIBHOM MeCTE 00JIaCTH.
Touka BXxoga B 00J1aCTh COBIAJAET C MOJIIOCOM, 3HAUNUT HIDKHSAS TPAHULA
W3MEHEHHUs I' paBHa HyN0. Touka BBIXOJA JIC)KHUT HA OKPYKHOCTH,
ClIeZIOBAaTeNbHO, BEPXHSISI IPaHUIla JUId T paBHA 2 a COS . YToil ¢ 371ech

MeHSIETCS OT - = 110 =,
2 2
[TpeoOpa3yem MOIBIHTETPATBHOE BRIPAKCHHE
. 5 .
ydxdy _  rsingrdrde _ I'sing drdp _ r sin o dr do.
\/x2 +y° \/rzcosz(p+r2sinz(p r

[TomyuuBIIMICS ABOWHON MHTETPAIl 3alIMIIEM KaK TOBTOPHBIN U BBIYUCIUM

T

dx d ) 2 ) 2acos ¢
[ = [[rsnpdrdp = | sinpdp [ rdr =
D (X" +y Dr o _T 0

2
% 2 (2acosg g
= | singo-% dp=- 2 a? [ cos’pd(cosg) =
n 0 n
2 2
- 2 2

=-5a cos’p |2 =0.

T
2

IIpumep 2. Haiitu miomanp 061acTi, OrpaHUYESHHON 3aMKHYTOM JIMHUEH
(X2 + y2)3 =4 X2 y2.

Pemenune. YpaBHEHUE TaHHOM JIMHUU B JIEKAPTOBOM CUCTEME KOOPAUHAT UMEET
CJIOKHBIN aHATUTUYECKUH BHUJI. UTOOBI TOCTPOUTD ATy KPUBYIO, 3aIHIIIEM €€
YpPaBHEHUE B MOJISIPHOM CHCTEME KOOPAUHAT

(r? cos? ¢ + r? sin? @)= 4 r? cos? ¢ r?sin? ¢,
r*=4r*cos?¢ sin? ¢,

r> = 4 cos? o sin® ¢,

> =sin?2 o,

r=|sin2¢q|.

J171s1 BBIYMCIICHUS TJIOIIAIN UCTIOIb3yeM (hopMyITy



S= ijdxdy = [[rdrde.

Dy

VYuutsiBast CAMMETPUIO (PUTYPBI, TOTYUUM

S=4idp "[rar =4
0

0

ﬁsin2(pd :252 -
5 [0 | sin”2pd g
0

oS — |3

|
oS — |3

|
(1-cosdp)d e =(¢)—Z sm4(p)

T
2 =
0

ki
>
3ajaHus NpaKTH4eCcKOH padoThI

3ananue 1. Beruncnouth uaterpan no obnactu D, 3agaHHOM cucTeMoi
HEPABEHCTB:

- 1300pa3uTh 00JIaCTh B JEKAPTOBOM CUCTEME KOOPIMHAT;
- BBIYUCIIUTHh HHTETPAJI, IEPEXOs K MOJISIPHBIM KOO IUHATAM.

B1 [[/16 — x2 —y2dxdy B16 [[+/x?+ y?dxdy

x% +y? < 4; D
D D: {
x>0;y<0 D.{x2+y2§9
"wy=20x=>0
1 1
D D
D.{4Sx2+y2§9 D_{x2+yzs9;
1l y=20x20 L 0=y
108 —
B 3. ffmd?(’dy B 18. ff(x y)dXdy
D

D
o. {23x2+yzs4;

2.2 < Q.
Dz{le +y <9 0<y

x<0



1
B 6. ffmdx dy
D

.{x2+y2S2;
L y2<o0

xZ
B7. ffﬁdxdy
D

{x2+y2S9;
D:
y=0

B8. [[/16 —x2 —yZdxdy

B19. [[ /16 — x2 — yZdxdy
D

D.{x2+y2S4;
' 0<x

B 20. [ xize%dx dy
D

D.{1Sx2+y2S4;
' 0<y

1
B 21. ff mdx dy
D

D.{x2+yzs4;
' y=0

B22 [[arctg idx dy

D

D_{x2+yzs4;
' 0<y

B 23. ff;—zdxdy
D

0<y;
D: { 2 2
16 <x“+y- <25



24,2 1
B9. [[e* ™ dxdy B 24. ffmdxdy

D D
o (A<xP+y2<9; D.{ yz0x20;
' 0<y 2<x*+y%<4
2
BlO.ffln\/16—x2—y2dxdy B 25. ff%dxdy
D D
2 .2 < Q.
D:{4Sx +y“<09; | y > 0;
y=0 b: x*+y%2<9
B1l. [[(x —y)dxdy B 26. ff%dxdy
D D
D:{ y>0;x >0 x4yt <4
B12.[[(9 —x? —y*)dxdy B 27. ffy—zdxdy
D D
2, 2 < 4.
D:{x Ty s x% + y% < 4
y<0 D y =0
B13. [[ In/16 — x2 — y2dx dy B 28 ffﬁdxdy
D D
D_4Sx2+y2S9; ¥+ y? < 4
: > () D: -
Y= y 20



1
B14. [[\/4—x2—y2dxdy B 29. ff(X2+Y2)2dxdy
D D
D: D: - 7
y 20 {x +y2 <2
B15. [[(1 —x?—y?)dxd Xty
@ ==x*=y*)dxdy B30. [ 55 dxdy
D D

3apanme 2. BpluncouTh [BOMHOW MHTErpayi, nepeias K MOJSPHBIM
KOOpAUHATAM.

cixciy

I-——
1. —x? - ¥ e Ut x? +y =4, y =0
H«.'x +y ci:.::dy
2. rie :
| 2
3. H L+* t dxd_}f HeD:x2+y2=lﬁ;xEﬂ;yEﬂ.
Ay

II —
4 D25 —x" -y ’rHeD:x2+y2=25;xEﬂ;yEU.

[[x? + y2 dxdy RS
o) T : =1 x_ﬂl

. ne
; H{l+x + ¥ )dxdy 2 5

Hﬁdxdy 2
. D .

.I_[Ecixdy 2
. D .

[[ dxcy 3 5
10. D ,Tme

Adxd
11.11]; Ay rHeD: x2+y2=4x; ¥y =0



[[jo - x* - y*dxdy
v IO

12. ©
13. © _I]-ded}’ e D x2+y2+2x=ﬂ_
14. D H dxdy e Ut x +y =25, x=0; y=z0

15. b

16. D

17. D

18. ©

19. D

20. D

21. D

Hq.'x +y dxdy

H(x + ¥ )dxdy

eD: x2+y2=4_y_

eD: x2+y2=ﬁx_

2 2
.I]-{I Ty )dxdy’ e D (x+1}2+_}"2=1.

2 2
L+ e

H{.ﬁ:2 + yz}dxdy
rn o Dix Li(y+2)t = _
H - -7 dxdy )IeD: x2+y2=2x_
Hﬂ.'x + y2 dxdy 2 _
,rI[eD'x +y +4y=0
[z .2
[ + y* ddy rneD:x2+y2+ﬁx:n

22. D , .
2 2
JXt + vy dxdy
23.15],- ’rﬂeﬂ:x2+y2—lﬂy=ﬂ.
Y
avete = dxd
24'!::!- g_j‘: J”’ eD:I2+_y2:1.
¥
arcto < dxd
25_'g g;; }” eD:x2+y2=9.
¥
2 gamig;dxdy . D: x2+y2=15.
27 _gxdxdy e D x2+y2=lﬁ_
sedaced
28.]! _}” eD:x2+y2=2y.
29. gydxdy e Fi. x2+y2=1ﬁ.
yexdy
30.{1,- ,rneD:x2+J”2:4x.

e D x2+y2=9; xz0; yz0



KoHTpoJbHBIEC BOIPOCHI:
1.CdhopmynrpoBath aaropuT™ Nepexoia OT AEKAPTOBBIX KOOPAUHAT K MOJISPHBIM
KOOpAMHATaM.

IIpakTnueckas padora Ne 19 mo reme
«BblunciaeHmre mIomAaxe ¢ MOMOIIbI0 ABOMHBIX HHTEIPAJIOB»

Ieb: MpoBEpUTH YMEHHE BBIYUCIIATH TUIOMIAINA C IOMOLIBIO JIBOMHBIX
UHTErPAJIOB .

Bpems BbinosiHeHUA 90 MUHYT

MarepuanbHoe obecneyeHue
1.TeopeTnyeckue ceegeHunA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopsapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune

2. I3yunTb TeopeTnyeckme ceeaeHuns

3. BoinonHutb 1 opopmutb paboty
4.lToKa3aTb pe3ynbTaTbl NpenogasaTesito
AomawHee 3apaHune

1.MoarotoBUTL OTBETHI HA KOHTPOJ1IbHbIE BONPOCHI

TeopeTnvyeckuii CBeIeHUS

[Inomans S miocko obimacth D B MPSMOYTOJNBHBIX KOOPJIMHATAX
BBIYHUCIISAETCS 110 (hopMyIie

S = [[ dxdy; (1)

a B TTOJIIPHBIX KOOpAMHATAX — 1Mo (hopMmyie

S = [[rdrdg. (2)

O6BeM LUIMHIPUYECKOTO TeNla, OrPaHMYEHHOTO CBEPXY IOBEPXHOCTHIO
z=f(x,y) , cHu3y obmacteio z=0 M COOKy HOpAMON HMIMHIPHYECKOMH

IIOBEPXHOCTHIO, BhIpe3aromieli Ha miockoctd xOy (z=0) obmacte D (puc. 1),

BBIUHCIIACTCS 1O popmyiie



V= H zdxdy 3)

z A

z= f(x, y)

<Y

. (==

IIpumepsl

3aganme: Brouucauth 00bEM Tella, OrPAHUYEHHOIO IOBEPXHOCTAMH
z=2x+1, x=0, y=4, y=x°.

Pemienue: Teno, orpaHM4eHHOE 3aJaHHBIMU TOBEPXHOCTAMHU, MIPEACTABIISAET
co00l BEPTHKAIBHBIA IMapaOONMYeCKU IWIMHAP, PACTIOJOKEHHBIH B TIEPBOM
oktanTe. CBepxy TeJlO OrpaHUYCHO IUIOCKOCThIO z=2X+1 , COOKYy
napaboIMUECKUM IUIMHAPOM Y = X° U IUIOCKOCTAMH X =0 U Yy = 4. Haiinem Touku
y=x"

Taxkum 00pa3zom,
y=4

HepeceueHnss 1mapa0osbl y=X> W NpPIMOH y=4 ; {
TIOJIy4UM OJHY TOUKY IepecedeHust M(2; 4).

3HaueHUe X =-2 HE pacCcMaTpuBaeM, TaK KaK LWJIMHAP paCIOJIOXKEH B
nepBoM oktaHTe. OOsacTh D 3amuIleM B BHUJIE CUCTEMbl HEPABEHCTB 0< X<2 U
x*<y<4,

CornacHo ¢opmyie (3), moayduum

V= H zdxdy = j.dxj(quLl)dy = j.[ny+ y] "k = .2[(8x+ 4-2x° — X )i :13% (xy0. en.)
D 0 X2 0 S 0



3ajaHud NPaKTHYeCKOU PadoThI

3apanme 1. Halitu momans Gpurypel, orpaHi4eHHON JaHHBIMU JIMHUSIMU

B1.

y?- 2y+x?=0, y>-4y+x>=0

X
V=75 v =V3x

B 2. y2- 6y+x?=0, y?- 8y+x?=0

B 3.

B 4.

B 5.

B 6.

B7.

B 8.

B 9.

v= 7= v =3x
y2- 8y+x?=0, y%- 10y+x*=0
v= 2= v =3x
y?- dy+x?=0, y*- 6y+x>=0
y=X, x=0
y2- 6y+x2=0, y?- 10y+x?=0
y=X, x=0
y2- 8y+x2=0, y?- 10y+x?=0

x=0y = V3x

y?- dy+x?=0, y*- 6y+x°=0

x=0y= V3x

y2- 2y+x?=0, y%- 6y+x>=0

X
y_\/_giy_o

y2- 2y+x%=0, y?>-10y+x?=0

X
v—ﬁ,v—ﬁx

B 16.

B 17.

B 18.

B 19.

B 20.

B 21.

B 22.

B 23.

B 24.

y?- Ay+x?=0, y>- 8y+x?=0
V=2 v=0
y?- 2y+x°=0, y?- 4y+x>=0
y=x, x=0
y2- 4y+x?=0, y>- 8y+x*=0
y=X, x=0
y2- 2y+x?=0, y*- 10y+x*=0
y=0y = /3x
y2- 2y+x%=0, y>-4y+x*=0
V=7V =V3x
y2- 2y+x?=0, y-6y+x?=0
V=75V =V3x
y2- 2y+x?=0, y>-8y+x?>=0

X
y—\/—?y—ﬁx

y2- 2y+x?=0, y*- 6y+x*=0

X
y_\/_giy_o

y2- 2y+x2=0, y*- 6y+x*=0

X
y—\/_?y—o



B 10. y?- 4y+x?=0, y>-10y+x?=0 B 25. y?- 6y+x?=0, y2-2y+x?=0

X
- - =X, :0
Y=Y V3x y=X, X
B11. y?- 4y+x%=0, y2-2y+x?=0 B 26. y%- 4y+x?=0, y>- 2y+x?=0
y=X, x=0 x=0, y =+/3x
B 12. y% 6y+x?=0, y?-8y+x?=0 B 27. y?- 4y+x2=0, y>-8y+x*=0
y=x, x=0 x=0, y =+/3x
B 13. y?- 4y+x?=0, y?>-8y+x?=0 B 28. y?- 4y+x%=0, y2-8y+x?=0
=x, x=0 =2 y=
y=X, X =75y V3x
B 14. vy2- 4y+x?=0, y?- 8y+x?=0 B 29. vy2- 4y+x%=0, y>-6y+x*>=0
X
x=0y = v/3x y—\/—g,y—\@x
B15 y?2- 2y+x?=0, y>-6y+x?=0 B 30. y?- 6y+x%=0, y>-10y+x?=0
y=75x=0 V=75 v = V3x

3aganue 2. Berancnuth miomaas GUrypsl, OrpaHUuYeHHON JIMHUSMHU B
NPSIMOYTOJILHOM CUCTEME KOOPAMHAT.

y=4—x2;3x—y=ﬂ; y=0

y?
- x =4y’ x="—; x=2
5 2y=x"; 2x+2y—-3=0 17. 9 |
| D=0 v = x> . 18, y=lx x+y=1 y=1
3 y-2x=0; y=x" x=1 )
O 19, ¥=25 r= 2x - x%; ; 0=x =2
4, }’z—x ,_J»’—;:,J»’— X op Y =aresinx; 0Ly <, x20
5. yoo=x 3_}" =4x—4. 91 _;IJ’ZEICEHSI;JJEH;IEQ
2 a ) .
6. ¥=(x-47 y=16-x" _ .
= - 0Ex<T y 2
7 ¥y=x+1 y=cosx, y=0 ,p FTEESHY; 0Sx S5y 20
2 . o3 X =arccosy;y 20, x <0
=—x; y=8mx, ¥y=0
8 ¥ - ¥ ¥ |
J"’_ig :}’ ’\j_ I}ﬂ
9 4y=8x—x2;4_y=x+ﬁ. 24,
10, ¥=¢s y=e7 x=3 25 ¥ =~x-1 y=p -2

11, ¥=2"2x+3y=8 x20, y=0 26 *~ ;x=4—y.

o7 Xx=Iy; y£729; x20



12 y=Imx; y=-1, x=3 8. y=x2+4x;x—y+4=ﬂ_

13, =6 x+y=T 1. g

=4 x-y=0; x-4=0 20. 7= Ay e =,
14, =% x-y=0x-4=0

30. = x* +1; » =3 x?
2y =0 x+3p° =1 '
15 x+ ¥ . L+ ¥ .
4

16. 3,
3amanue 3
Bbruuciure 00bEeMBI  TEN, OrpPaHWYCHHBIX  3aJaHHBIMH  ITOBEPXHOCTSIMU
(TOMOTHUTEIBLHOE 3aIaHKC)

1) z=6, y=x*, y=4, x=0, z=0;

2) z=3-x-y, x=0, y=x*+1, y=2, z=0;

3) z=4x+1, y=x°, x=0, y=4, z=0;

4) z=4-x*, x+y-4=0,x=0, y=0, z=0;

5) z=2-x, y*=9x, y=3x*, z=0.
KoHTpoabHbIE BONIPOCHI:

1.T1o xako¥ popmysie BIYUCISIETCS TUIOMIaAb TUIOCKON 00JIaCTH B MPSMOYTOJIBHBIX
KOOpAUHATaX?

2. Tlo xako# ¢dopmyse BBIUUCISETCS TUIOMIATL TUIOCKOH OOJACTH B TOJSPHBIX
KOOpAuHATaX?

3. Ilo kakoii hopMyne HaXOaUTCS 0O0BEM TeJla, OTPAHUUYCHHOT'O TTIOBEPXHOCTIMU ?

IIpakTuyeckas padora Ne 20 mo teme
«IudpepeHuuabHbIe YPABHEHUS NEPBOI0 MOPSIIKA»
Heanb: npoBepuTh yMeHHE pemaTh AuddepeHIuaIbHble YpaBHEHUS IEPBOTO
MOpSJIKA C Pa3ACICHHBIMU U Pa3IEISIIOIIUMUCS IEPEMEHHBIMU.
Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceeaeHuA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTnyeckne ceegeHuns



3. BoinonHutb 1 opopmutb paboTty

4.MoKasaTb pe3ynbTaTbl NpenoaaBaTesnto
AomalwiHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BONPOCHI

TeopeTnyecknii MaTepuall

Jugdepenyuanvnvivm ypasnenuem Ha3bIBaeTCs ypaBHEHHE, CBSI3bIBAIOIEE
MEXAy COOOH HE3aBUCUMYIO MEPEMEHHYI0 X , MCKOMYIO (QYHKUHUIO y U €€

MPOU3BOIHBIE WU AUdPepeHIInATIbI.

CHUMBOINYECKH I[I/I(b(l)epeHHI/IaJIBHoe YpaBHCHHUC 3alIMCBbIBACTCA TaK:
F(X’ Y, y'): 01 F(X, Y, y”): 0 y F(X, Y, y’, y”,..., y(n)): 0.

HuddepeHunanbHoe ypaBHEHUE HA3bIBAETCS 0ObIKHOGEHHbIM, €CIIA UCKOMas]
(GYHKIMS 3aBUCUT OT OJIHOT'O HE3aBUCUMOTO MTEPEMEHHOTO.

Ilopsiokom nuddhepeHInaIbHOTO YpaBHEHUS HA3bIBACTCS MOPSIOK CTapiien
npou3BoHON (Wm nuddepeHrana), BXoAsAIeH B JaHHOE YpaBHCHHE.

Pewenuem (nnu unmeepanom) nudpepeHnnansHOro ypaBHEHHs Ha3bIBACTCS
Takas QyHKIUS, KOTopasi oOpaliaeT 3T0 ypaBHEHHE B TOXJIECTBO.

Obwum  pewenuem (UM obwum unmeepaiom) aAGHEPEHIIHATBHOTO
ypaBHEHUS HA3BIBAETCS TAKOE PElICHHE, B KOTOPOE BXOJHUT CTOJIEKO HE3aBUCHMBIX
IPOU3BOJIBHBIX TIOCTOSTHHBIX, KaKOB TOPSIOK ypaBHEHHWs. Tak, oOiee pemieHue
TupQPepeHINaIbHOTO  ypaBHEHUS  I[EPBOTO  TMOPSAIKA  COJACPKUT  OJHY
POU3BOJIBHYIO TTOCTOSTHHYO.

Yacmueim  pewenuem nuhepeHIIMANIBHOIO  YPaBHEHUS  Ha3bIBACTCA
pelIeHre, TOJNyYeHHOE W3 OONIero MpH pPa3IUYHBIX YHCIOBBIX 3HAYEHUSIX
MIPOU3BOJIbHBIX MOCTOSHHBIX. 3HAYEHUSI MPOU3BOJBHBIX MOCTOSHHBIX HAXOISTCS
MIPY OTIPEICIICHHBIX HaYaIbHBIX 3HAUYEHUSAX apryMeHTa u (PYHKITUH.

Hugdepenyuanvuviv  ypasuenuem  nepgoeo  nopsoka  Ha3bIBaeTCS
ypaBHEHHE, B KOTOPOE BXOISAT MPOM3BOJHBIC (Wi mudPepeHimans) He BBIIIE
MIEPBOrO MOPSIKA.

Hugdepenyuanvnoiv  ypasnenuem ¢ pazoensirOWUMUC NnepemMeHHbIMU
Ha3bIBACTCS YPaBHCHHE BHA

Y £(x)-ly).

JIns perennst 3Toro ypaBHEHHs HyKHO CHaJaja pa3/IeJInTh IEPEMEHHBIC:



a 3aTeM MPOUHTErPUPOBATH 00€ YACTU MOJYUYEHHOI'O PAaBEHCTBA:

jﬂ=jf(x)dx.

o(y)
IIpumepsl
3apanue 1: Haiinute oOuiee penieHne ypaBHEHUS X - (1+ yz)dx = ydy .

ydy

Pemienne: Pa3genuB nepeMeHHbIE, UMEEM XdX = Ty WNuTerpupyem obe yacTtu
+ty

IMMOJIYYCHHOTO YPABHCHUA !

21 1
dex:I%; X?zaln(1+y2)+zlnc.

Tak kak Npou3BONIbHAS MOCTOSIHHAsE C MOXKET NPUHUMATh JIHOObIE
YHCIIOBBIE 3HAUEHUs, TO JUIsl ya0o0CTBa JalbHEWIINX NpeoOpa3oBaHUi

1
BMecTo C MbI HaIlMcaju EInC. [ToTeHUMpPYys MOCIEAHEE PABEHCTBO,
nosyuuM X° =1In [C-(1+ yz)].
D70 U eCTh 00lIEee PELIEHNE JAHHOTO YPaBHEHHUSI.

3amanme 2: HailTu  yacTHoe  pelieHue  ypaBHeHus  s-tgtdt+ds=0

T
YAOBJICTBOPSAIOIICC HAYAJIbHBIM YCIOBUSAM S=4 IIpU t = 3

ds
Pemienne: Pa3genuB mepeMenHble, umeeM tgtdt+-—=0. [IpounTerpupyem obe
S

YaCTH MMOJYYECHHOTO YPABHECHHUA
ds .
J‘tgtdt+J‘?:lnC, —Incost+Ihs=IC,

Nmi Ins=1InC+Incost, s=Ccost .

Oto oO0mee pemnieHHe JaHHOTO ypaBHEeHHsS. JIIs HaXOXKICHHS

o o T
3HAYCHUA ITPOU3BOJIBHON ITIOCTOAHHOMN C moJcTaBUM 3HAYCHUA tZE

C
U s=4 B BBIpaX€HHE 11 0o01Iero pemenus: 4=C cos(%j, Unu 4 = E’

oTkyna C =8.



CrnenoBarenbHO, WCKOMOE 4YaCTHOE pEIICHHE, YAOBJICTBOPSIOIICE
yKa3aHHBIM HaYaJIbHbIM YCJIOBUSM, UMECT BHJI S =8cost .

3aaHus NpaKTHYeCKOU padoThI

3ananue 1.Haiitu oluiee penieHue ypaBHeHHi a), 0).

3ananue 2.HaiiTh yacTHOE pelIEHHE YPaBHEHUS C Pa3IEIAIOIIUMUCS

TIepeMeHHBIMH
B1.1. a)x* dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0
2ytdx=e*dy; y=1npux=0

B2. l.a)%(dy = %dx

6)y’dx + (x—2)dy =0

1 1
2.y—2dx =X—2dy,y= 2npux =20

B3 1.a)Vxdx =+/ydy
6)(1+y2)dx — Vxdy = 0
2.(1+y)dx=1—-x)dy,
y=3 npux=-2
B4.1.a)(3x* — 2x) dx = dy
6) -(2xy+3y)dx + x* dy = 0
2.ydx =xdy,y=6npux=2
B5. 1.a)(4x — 3)dx = dy
6) (xy+x)3—;=1

2x—1 dx
L T 4y y=0npux=>5

B6. l.a)xdx = dy

B16.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy = 0
2.dx=e*dy; y=1npux=20

B17. 1.a)% dy = %dx

6)y’dx + (x—2)dy =0

1
2.dx=;dy,y=2npux=0

B18. 1.a)Vxdx = +/y dy
6)(1+y2)dx —xdy = 0
2.(1+y)dx=1—-x)dy,
y=3npux=—2
B19. 1.a)(3x?> — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux =2
B20. 1.3a)(4x — 3) dx = dy
6) (xy+x)2—;=1

2x—1 dx
T T 4y y=0npux=>5

B21.1l.a)xdx = dy

6) 2(xy+y)dx = xdy



6) 2(xy+y)dx = xdy
2.(y+Ddx—(1—x)dy =0,
y=1npux=0
B7.1.a)x* dx = 3y*dy

6)y(1+x)dx + x(1 —y)dy =0

2ytdx=e*dy; y=1npux=0

B8.1.a)%( dy = %dx

6)y’dx + (x—2)dy =0

1 1
2.y—2dx =X—2dy,y= 2npux =20

B9. 1.a)vxdx = +/ydy
6)(1+y2)dx —vxdy = 0
2(1+y)dx=1—-x)dy,
y=3npux=-—2
B10 1.a)(3x* —2x)dx = dy
6) -(2xy+3y)dx + x*dy = 0
2.ydx =xdy,y=6npux =2
B1l.1.a)(4x—3)dx = dy
6) (xy+x)3—§=1

2x—1 dx
T T 3y y=0npux=>5

Bl12.1.a)xdx = dy

6) 2(xy+y)dx = xdy
2.(y+Ddx—(1—x)dy =0,

y=1npux=20

2.(y+1)dx—(1—-x)dy =0,

y=1npux=20

B22.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy = 0
2.y¢dx=e*dy; y=1npux =0

B23. 1.a)% dy = %dx

6)y’dx + (x—2)dy =0

1 1
2.};dx =;dy,y= 2npux=20

B24.1.a)Vxdx = /ydy
6)(1+y2)dx —xdy = 0
2.(1+y)dx =0 —-x)dy,
y=3npux=—2
B25.1.a)(3x? — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux=2
B26.1.a)(4x —3)dx =dy
6) (xy+x)z—;=1

2x—1 dx
T T 4y y=0npux=>5

B27. l.a)xdx = dy

6) 2(xy+y)dx = xdy
2.(y+Ddx—(1—x)dy =0,

y=1npux=20



B13.1.a)x* dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0
2.y%dx = e *dy;
y=1npux=20

B14. 1.a)\/i)_( dy = %dx

B)y’dx + (x —2)dy =0

1 1
2.y—2dx = X—Zdy,y= 2npux =20

B15.1.a)Vxdx = \ydy
6)(1+y2)dx —vxdy = 0
2.(1+y)dx =1 —x)dy,

y=3npux=-—2

KoHTposibHbIE BONPOCHI:

Ok whE

nopsijka?

o

PasacCIAIOIUMHUCH HepeMeHHBIMI/I?

Kakune muddepennuanpaple  ypaBHEHHS

B28.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2.y¢dx=e*dy; y=1npux=0

B29. 1.a)% dy = iydx

N
6)y’dx + (x—2)dy =0

1 1
2.;dx =;dy,y= 2npux =20

B30.1.a)Vxdx = \ydy

6)(1+y2)dx —Vxdy = 0
2.(1+y)dx =1 —-x)dy,

y=3npux=—2

Kaxkoe ypaBHeHnue HazpiBaeTcs audpepeHImaibHbIM ?

Urto Ha3wpIBaeTcs penieHueM audepeHInanpsHoro ypaBHeH s ?

Kaxkoe pemenune nuddepeHnnanbHOro ypaBHEHHS Ha3bIBACTCS OOIITNM ?

Kakoe pemenune nuddepeHmanibHOro ypaBHeHHS Ha3bIBAETCS YaCTHBIM?
Kakune muddepeHimanbable ypaBHEHUS HA3BIBAIOTCS YPaBHEHUSMHU IEPBOTO

Ha3bIBAOTCA  YpaBHCHHAMH C

IIpakTHyeckas padora Ne 21 nmo Teme
«OnHopoanblie TP PepeHIHATBHbIE YPABHEHUS MIEPBOT0 MOPSIAKA»

Heab: HayduThCs peuiath OAHOPOAHbIE AU PepeHInaibHble YPaBHEHUS IEPBOTO

MOpsAIKA.



Bpems BbinosiHeHUA 90 MUHYT

MaTtepuanbHoe obecneueHue
1.TeopeTnyeckmne ceegeHumA

2.3apaHue

3.JlIuctA4

4.KanbKynatopbl

MopAapoK BbinoNIHEHUA paboTbi
1.U3yuntb 3apaHue

2. U3yunTb TeOpeTMYECKME CBeAeHNA

3. BeinonHute 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
AomalHee 3aaaHue

1.MoAarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
TeopeTuyecKkue ceeaeHuA.

Onpenenenne. Dynkiusa f(X, y) Ha3pIBaeTCsAs OAHOPOAHOH N — ro W3MepPeHHS

OTHOCHUTEJIBHO CBOMX apryMEHTOB X U Y, €CJIM Ul JIF000ro 3HaueHus napamertpa t
(kxpoMe HyJIsT) BBITIOJIHSIETCS] TOKIECTBO:

Sex,ty) =" f(x, ).
Ipumep. SBusercs 14 OAHOPOAHOM QYHKIMS f(x,y)=x" +3x°y?
fxty) = (tx)’ +3(tx)’ty =% +3x°y =2 (x> +3x°y) =1t f(x, )
Taxum o6paszom, byukius f(X, y) sBasercss 0IHOPOAHOM 3- ro moOpsiaKa.

Omnpenenenue. uddepennuanbHoe  ypaBHeHHWe  Bujma  y' = f(x,y)

Ha3bIBACTCS OMHOPOAHBIM, €ClH ero mpaeas 4vacth f(X, Y) ecTb omHOpOIHAS
(GYHKITUS HYJIEBOTO U3MEPEHUSI OTHOCUTEIHLHO CBOUX apTyMEHTOB.

JIroboe ypaBHEeHHME BHaA P(x,y)dx+Q(x,y)dy =0 SBISICTCA OIHOPOIHBIM,
eciim pynkmuun P(X, y) m Q(X, Y) — omHOpomHbIe (YHKIMH OJIWHAKOBOTO
U3MEPCHHUSL.

Peuiennie 11060ro 0AHOPOJHOTO YPABHEHHSI OCHOBAHO Ha MPUBEJACHUU 3TOTO
YpaBHEHHUSI K YPABHEHHIO C Pa3JICNAIONIMMUCS IEPEMEHHBIMU.

Paccmotpum onHOpOaHOE ypaBHEHUE y' = f(x, ).

T.x. pynknus f(X, y) — omHOpOAHAS HYJIEBOTO U3MEPECHHSI, TO MOXKHO 3aITUCaTh:

fx,ty) = f(x, ).



o 1
T.x. mapametp t BOOOIE TOBOpsS MPOU3BOJBHBINA, MNPEANOTONKUM, UYTO f=— .
X

ITonygaem:
ren=o{12)
X

[IpaBasi yacTh TOJYYEHHOTO PABEHCTBA 3aBUCUT (PAKTHYECKU TOJIBKO OT
OJTHOI'O apTyMEHTa u = %, T.€. f(x,y)= (p(%j = o(u);
Ucxonnoe nuddepeHnnanbHOe ypaBHEHHE TakKMM OOpa3oM MOXKHO 3alucaTh B
BUJIC:
y' =)
Janee 3amensieM Y = UX,

,:(p(u)—u.
x b

Vvi=ux+ux". ux+ux' =), ux+u=o¢u); u

TaKUM o6pa30M, MMOJIYYHJIN YpPaBHCHHC C pasaC/AIromuMucCia IMCPCMCHHBIMU
OTHOCHUTEJIbHO HEM3BECTHOM q)YHKHI/II/I u.

du dx.J- du =I%+C3

o)—u  x  Jou)-u

Jlanee, 3aMEHUB BCIIOMOTATEIbHYIO (YHKITHIO U Ha €€ BBIPAKEHUE Yepe3 X U
y W HaWAsd  WHTETpalibl, TOIY4YHMM  OOIee  pelieHue  OJHOPOJIHOTO
mudepeHIaaTbHOTO YPaBHCHHS.

Ipumep. Pemuts ypaBHenue y' = Z(ln RA lj .
X X

BBenem BciomoraTenbHy0 (QyHKITHIO U.

u="2
X

. _ . "
; y=ux; Yy =ux+u,

OTtMeTnM, 4TO BBEJICHHAs HaMu (DYHKIUS U Bcerja IOJIOKHUTEIbHA, T.K. B
MPOTHBHOM CJIydae TepsSIeT CMBICT HCXO0aHOe auddepeHIHaIbHOES YpaBHCHUE,

comepxkamiee hu = Y
X

[ToncraBnsieM B HCXOJHOE YPaBHEHUE:

ux+u=ullu+1);, ux+u=ulhu+u, ux=uhu,



du dx du dx
PazzenseM nepeMeHHbIE: -=; | ~[E,
ulhu x ulnu b

Wurterpupys, nonydaeM: hjnu|=hlx+C; hu=Cx; u=e";

[lepexoast oT BcrmomorareiabHOM (QYHKIUMM OOpaTHO K (YHKIMH Y, HOJydaem
obiee perreHue: y = xe.

Ypasnenusn, npusooawuecsa k 00nHopoonvim.

Kpome ypaBHeHUWI, ONHMCAHHBIX BBIIIE, CYIIECTBYET KJIAaCcC YpaBHECHUH,
KOTOpPbIE C TIOMOUIBIO OINPEACICHHBIX IOJICTAHOBOK MOTYT TMPUBEIACHBI K
OJTHOPOJTHBIM.

M+@+c)

DTO ypaBHEHHUs BUA ) = f
ax+by+c,

Ecimu  onpenenurens #0, TO TIEPEMEHHbIE MOTYT OBITb pa3/ielICHbI

a, b

I10JICTAHOBKOM
X=u+0o; y=v+p;

. |ax+by+c=0
TJIe O U [3 - peIIeHnus CHCTEMbI YpaBHCHUH
ax+by+c =0

IIpumep. Pemnte ypaBHeHUE (x—2y +3)dy + (2x+ y —1)dx = 0.

d dy —-2x—-y+l1
[Tomy4gaem (x—2y+3)—y=—2x—y+1; _y=#;
dx dx x-2y+3
Haxonum 3HadueHue onpeaennTens - - ‘ =4+1=5=#0.
. |m2x—y+1=0 [y=1-2x x=-1/5
Pemaem cucremy ypaBHeHUI ; ; ;
x—2y+3=0 x—2+4x+3=0 |y=7/5

[IpumensieM MoACTaHOBKY x =u—1/5; y=v+7/5; B UCXOJTHOC YPaBHEHHE:
(u—-1/5-2v-14/5+3)dv+Qu—-2/5+v+7/5-1)du = 0;

dv. 2u+v _ 2+v/u

(u—-2v)dv + (2u +v)du =0; —= = ;
du 2v-u 2v/u-1




V ! 1
3aMeHsieM NEPEMEHHYI0 — =1, v=ut; V' ={u+{, IPHU MOJACTAHOBKE B
u

BBIpaKE€HUE, 3alIUCAHHOE BBIIIE, UMEEM: tu+t = 22: tl
cdt 2+t 24120 +1  2(1+t—1%)
PasjensieM nepeMeHHbIE. —u = _¢= _ ;
du  2t-1 2t -1 2t-1
du _ 1 1_2t2dt; I I(1—2;)dz
u 2 1+t—t 1+t

_%In‘1+t—t2‘ =Inju+InC, In‘1+t—t2‘ =-2In|Cyul

G,

2
u

ln‘l+t—tz‘:lnc—§; 1+71—¢2 =
u

[lepexoaum Tenepsb K NepBOHAYAINbHONU (PYHKIUHU Y U IEPEMEHHOM X.
t:Z- y=7/5 Sy 7; u=x+1/5;
u x+1/5 5S5x+1

+5y-—7 Sy— 7Y\ 25C,
Sx+1 \Sx+1 6x+D

Gx+1)’+GBy-7)5x+1)—(5y—-7)* =25C,
25x +10x +1+25xy+5y —35x—7-25y + 70y — 49 = 25C,
25x% —25x+25xy+ 75y —25y> =25C, +49-1+7

55
xP—x+xy+3y—-y’ =C,+—==C;,
25
Hroro, BeIpaxkeHne x° —x+xy+3y—y>=C sBISETCS OOIIMM

ucxoaHOoro AuddepeHInaTbHOTr0 YpaBHEHHUS.

B cnydae ecnim B HCXOOHOM YpaBHEHMM BuAa ) = f] [

a
ONPEICIUTENb

ax+hby =t.

IIpumep. Pemnte ypaBHeHue 2(x + y)dy + (3x+3y —1)dx =0.

WHTErPpajIoM

ax+by+c
a,x+by+c,

‘ =0, TO MepEMEHHbIE MOTYT ObITh Pa3/IeJICHbI TOACTAHOBKOM
1



dy _—3x-3y+1 _ 3x+3y-1

[Tonywyaem 2(x+ y) Z—y =-3x-3y+1;
X

dx 2x+2y 2x+2y
Haxonum 3HaueHue onpenennrens - _2 ‘ =—6+6=0;
dy t'
IIprMeHsseM MOACTAaHOBKY 3x+3y =t. o3 I;
X

IloxacraBasiem 3TO BBIPAKCHUC B UCXOJHOC YPABHCHHC!

‘' 3(-1)

3—1=—7, 2t(t'-3)=-9t+9; 2tt'=6t-9t+9; 2t'=-3t+9;
.2t t 3
PaznenseM nepemeHHble: dt =dx; ——dt=—-=dx;
-3t+9 t-3 2
| 1+ 3 dt:—§jdx; t+3|n|t—3|=—§x+cl
t-3 2 2

Jlanee Bo3BpaiaeMcst K IEpBOHAYAIbHOM (PYHKIIMH Y U IEPEMEHHOM X.
2x+2y+2IPB(x+y -1 =—x+C;;
3x+2y+2In3+2hjx+y—1|=C,;

3x+2y+2hnjx+y-1=C;

TaKUM 00pa3oM, MbI TIOJYYHIIA OOUTHUN MHTETPall KHCXOAHOTO THU(dhepeHIInaTbHOTO
ypaBHEHHUSI.

3aAaHuUA NpaKTUYECKOU pPaboTbl

3apanue. Pemmth omHOpOoaHOE MU depeHIIMAIBHOE YpaBHCHHE.

B1. xy+y? — (2x% + xy)y/=0 B16. xy+y% — (2x* + xy)y/=0

B2. (x-y)dx+xdy=0 B17. (x-y)dx+xdy=0

B3 (x2- xy)dy-y? dx=0 B18. (x xy)dy-y? dx=0



B4. xy2y/ =x3 43

B5. (.x-y)ydx = x*dy

B6. xy&y/ =x3 +y3

B7. xy+y? — (2x* + xy)y/=0

B8. (x-y)dx+xdy=0

B9. (x2-.xy)dy-y? dx=0

B10. xy%y/ =x3 43

B11. (x-y)ydx = x*dy

B12. xy2y/ = x> +°

B13. 4.xy/- xy = (1+x2)e*

B14. (x-y)dx+xdy=0

B15. (x-.xy)dy-y? dx=0

KonTposibHBIE BOIPOCHI:

B19.

B20

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28

B29.

B30.

xy?y/ =% +y?

(xy)ydx = x*dy

xy?y/ =x* +y3

xy+y? — (2x% + xy)y/=0

(x-y)dx+xdy=0

(x2-.xy)dy-y?* dx=0

xy?y/ =x* +y?

(x-y)y dx = x* dy

xyty/ = x> +y*

. 4.xy/- xy = (1+x2)e*

(x-y)dx+xdy=0

(x2-.xy)dy-y?* dx=0



1. Kakoe ypaBHEHHE Ha3bIBACTCS OJTHOPOJAHBIM YPAaBHEHUEM MEPBOTO MOPSJIKA U
€ro peuieHue?

IIpakTnueckas padora Ne 22 o reme
« JInnenHsle 1 epeHIHAIBHbIC YPABHEHHU NIEPBOI0 NOPAAKA. Y PaBHEeHHE
bepunyian»

Ieab: HayduThCs pemath TuHelHbIe TuddepeHiraibHble YPaBHEHHS TIEPBOTO
MOPAJIKA.
Bpems BbinosniHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceegeHuA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopAapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune

2. I3yunTb TeopeTnyeckme ceeaeHuns

3. BoinonHutb 1 opopmutb paboty
4.lloKa3aTb pe3ynbTaTbl NpenogasaTesito
AomawHee 3apaHune

1.MoarotoBUTL OTBETbI HA KOHTPOJIbHbIE BONPOCHI

TeopeTuyeckue ceegeHuA
Omnpenenenue. J(uddepeHnnaribHOe ypaBHCHUE HA3BIBACTCS JIUHEHHBIM

OTHOCUTEIHHO HEU3BECTHON (PYHKIIUU U €€ MPOU3BOHOM, €CIIM OHO MOXKET OBIThH
3aIlMCaHO B BUJIE:

'+ P(x)y = 0(x),

IIpH 3TOM, eciii TipaBas yacTh Q(X) paBHa HYIIO, TO TAKOEC ypaBHEHUE HA3BIBACTCS
JUHEHHBIM OTHOPOAHBIM U EepeHINATFHBIM ypaBHEHUEM, €CITU TIpaBas 9acThb
Q(X) He paBHa HYIIO, TO TAaKOC YpPaBHCHHWE HA3bIBACTCS JIHHEHHBIM
HEOHOPOAHBIM T PEepEeHITNATEHBIM YPABHCHHEM.

P(x) u Q(X)- dyHKIIMM HETIPEPhIBHBIC HA HEKOTOPOM MPOMEXKYTKe a < X < b.

Juneiinvie 00nopoonvie ougghepenyuanvuvie ypasnenus.
PaccmoTpum MeTobl HaX0XKACHUST OOIIEro pelieHus JIMHEMHOTO OJTHOPOIHOTO
nudpepeHnanbHOr0 YpaBHeHHs IEPBOTO MOPSIKA BUIA



y'+P(x)y=0.

Jns storo tuna auddepeHuuanbHbIX YpaBHEHHM pa3/ieJieHue NEPEeMEHHBIX He
IIPEICTABIAET CIOKHOCTEM.

Y _ —P(x)dx
y

n[y] = —[ P(x)dx + n|C

ln‘%‘ = —J P(x)dx;

Oobee pemieHwue: y= Ce—jP(x)dx

Jluneiinvie neoonopoonsie oughhepenyuanvuvie ypagHeHus.
JIis  MHTErpUpOBaHMs JHUHEHHBIX HEOJHOPOAHBIX ypaBHeHuil (Q(X)=0)
IPUMEHSIOTCS B OCHOBHOM JIBa MeToja: Mero bepuymu u meton Jlarpanxa.

Memoo bepuynnu.
(AAxo00 bepuymmm (1654-1705) — miBeitiiapckuii MaTeMaTHK. )

CyTbh MeTO/a 3aKTI0YaeTCsl B TOM, YTO MCKOMasi (PYyHKITUS TIPEACTABISCTCS B
BHUJIE IPOU3BEICHUS JIBYX byHKIUH y=uv

dv du
[Tpu >TOM OYEBHIHO, YTO ' =u Y nudGepeHIPOBAHNE 10 YACTSIM.
x x

[ToncraBnss B UCXOQHOE ypaBHEHUE, ITOJIYYaEM:

u % + v% + P(x)uv = O(x)

u = + v(% + P(x)uj =Q0(x)

Jlanee cnenyeT BaKHOE 3aMedaHHe — T.K. TIepBOHadanbHass (QyHKIUs Obuia
MPEJCTABJIEHA HAMU B BHUJEC IPOU3BEICHUSA, TO KAXKIBIM U3 COMHOXHUTEIEH,

BXOJIAIIMX B OTO IMPOW3BEICHUE, MOXKET OBITh MPOU3BOJIHHBIM, BHIOPAHHBIM I10
HallleMy YCMOTPEHHUIO.

Hampumep, ¢ysknus y=2x" MOXET ObITh MpPEACTaBIeHAa  Kak
y=1-2x* y=2-x7;

y=2x-x; A T.I.



Takum o0Opa3zom, MOXKHO OJIHY W3 COCTABISIOLIMX MPOU3BEAEHUE (PYHKIUN

du
BBIOpATh TaK, YTO BBIPAKEHHE e +P(x)u=0
X

Takum o00pa3oM, BO3MOXKHO TMOJYYUTh (YHKIMIO U, TPOUHTETPUPOBAB,
MOJIy4YEHHOE COOTHOIIICHUE KaK OAHOpojHOe nuddepeHnanbHoe ypaBHEHHE 10
OIMCAHHOMW BBIIIE CXEME:

o pody; [ [PGodx;  Tnfu = [ P(x)dx;
u u

—| P(x)dx
n|C,|+Infu| =~ PGy, u=Ce Jreos - co1iqy
I[J'ISI HaXO0XXICHUA BTOpOﬁ HEU3BECTHOM (byHKL[I/II/I V IOACTaBUM IIOYYCHHOC
dv du
BbIpaXkeHUE 111 QyHKIMH U B HMCXOJHOE ypaBHEHHE ud—+v d—+P(x)u =Q0(x) C
X X
YUC€TOM TOT'O, YTO BBIPAKCHUC, CTOALLCC B CKO6KaX, PaBHO HYIITO.

Co IP(x)dx dv ) [ Poax

— =0(x); Cdv =Q0(x)e dx;

HNuTterpupys, MoxxeM HalUTH (YHKITUIO V:

IP(x)dx J‘P(r)d\'

Cv=[0(x)e +Cy; =—IQ( e +Cy;

T.e. Obula MoNy4eHa BTOpasi COCTABIIAIONIAS TIPOU3BEACHUS y = uv, KOTOPOE

U OTIpeJIeNIsieT UCKOMYIO (DYHKITHIO.

[ToncraBnisig MOMyYEHHBIE 3HAYCHUS, TOJTYyYaEM:
- xX)ax 1 xX)ax
y=uv=_Ce freos ‘E(IQ(X)eJP( . dx+C2j

OKOHYATEeIbHO MoaydaeM GopMyIy:

_ e U Q(x)eI O e+ Czj, C; - IpOM3BONBLHBIN KO3()()HULMEHT.

DTO COOTHONIICHHE MOXKET CUYHUTAThCA PEHICHHEM HEOJIHOPOJIHOTO JIMHEHHOTO
mudepeHIIaIbHOTO YPaBHEHHS B 0011IeM BH/IE 10 crtoco0y bepHysumm.

Memoo Jlazpanoica.



( JTapramk Xozed Jlyu (1736-1813) - ppaHiry3ckuii MaTeMaTHK, Ipes3.
bepnunckoit AH, mou. un. Ilet. AH (1776)).

Metoa Jlarpan:ka pelieHuss HEOAHOPOAHBIX JTUHENHBIX
g depeHnranbHbIX YPaBHEHHH €1lle Ha3bIBaIOT METOJIOM BapUaLMU
NPOU3BOJIbHON NOCTOSTHHOM.

Y'+P(x)y =0(x)

Hemeﬁ miar JaHHOo1ro Meroaa COCTOUT B 0T6paCBIBaHHH HpaBOﬁ YaCTHU YPaBHCHUA
" 3aMCHC €C HYJICM

Y+ P(x)y =0

Jlanee HaXOUTCS PELICHUE MOIYYHUBILEr0Cs OJHOPOAHOIO AU HEpEHIINATBHOIO
YpaBHEHUS:

—| P(x)dx

y=Ce J :

J1J1st TOrO, YTOOBI HAWTH COOTBETCTBYIOIIEE PEIICHUE HEOTHOPOIHOTO
muddepeHnraabHOro ypaBHeHUs, OyieM cUuTaTh MOCTOSIHHYI0 C1 HEKOTOPOit
dbyHKIIHEH OT X.

Toraa no mpasuinam nuddepeHIpoBanus NPou3BeIeHNs (QYHKIMM MoTydaeM:

)= dy _ dC,(x) e—jp(x)dx

dx dx +C (x)e_IP(X)dx -(=P(x));

HOI[CT&BJ'I?IGM IMOJTYUYCHHOC COOTHOIMICHUC B HCXOOAHOC YPABHCHHC

dC,(x) e—jp(x)dx ~[PCx)ax
dx

P 4 P0C (e T = o)

dC,(x) e—jP(x)dx

e = Q(x);

W3 sToro ypaBHeHuHs onipefenuM repeMeHnyto GyHknuio Ci(x):

dc, ()= 0(x)e! "
HNHuTterpupys, noiryyaem:

jP(x)dx

C = j 0x)e’ " dx+C;

HOI[CT&BJ'IHH 9TO 3HAYCHHUC B UCXOAHOC YPABHCHUC, I1I0JIYyHaCM!



- arc).

Takum 00pa3oM, Mbl MOJYYHUIIM PE3YJbTAT, MOJHOCTHIO COBMNAJAIOLIUN C
pe3yJIbTaTOM pacuera 1o Metoay bepuysim.

[Ipu BbIOOpE MeTONa pelieHusl TMHEHHBIX U] PepeHIaTbHbIX YpaBHEHUN
CJIelyeT PYKOBOJCTBOBATbCS MPOCTOTONM MHTETPUPOBAHMS (DYHKIMI, BXOASIINX B
WCXOJIHBIN MHTETPa.

Jlanee paccCMOTpUM IPUMEPHI pelIeHUs] pa3IuUHbIX AU epeHITnaTbHBIX

ypaBHeHI/Iﬁ Pas3IM9YHbIMU MCTOAAMHU U CPABHUM PC3YJIbTATHI.
1

Ipumep. Pemnts ypaBHeHue x’y' + y = ax’e”.

1

1
. E
Cnaauaina NPpUBCACM NaHHOC YPAaBHCHHUC K CTAHAAPTHOMY BHAY: y +—y = ae”*.

=

b% :e“‘[jae’l‘e’l‘derCJ = e’l‘qaderC)
1

y= e;(ax+ C).

3aganue. Pemmts nuneiinoe nuddepeHimaibHoe ypaBHEHUE.

B1.xy/- xy = (1+x%)e* B16. xy/- xy = (1+x?)e*
B2. y+2 xy =x3 B17. y/+2 xy = x3
B3 (1+x%)y/-xy =2x B18. (1+x?)y/-xy =2x
B4. xy/+y =x+1 B19. xy/+y =x+1
BS. X _Y—y B20. X Y= x

dx  x dx  x

B6. y/+y=x+1 B21. xy/+y =x+1



B7. xy/-xy = (1+x2)e* B22. xy/- xy = (1+x2)e*

B8. y/+2 xy=x3 B23. y/+2xy=x3
B9. (1+x2)y/-xy =2x B24. (1+x?)y/-xy =2x
B10. xy/+y =x+1 B25. xy/+y =x+1
B11. & Y= x B26. Y=y
dx  x dx  x
B12. xy/+y =x+1 B27. xy/+y =x+1
B13. xy’- xy = (1+x%)e* B28. xy/- xy = (1+x%)e*
B14. y/+2 xy = x3 B29. y/+2xy=x3
B15. (1+x?)y/-xy =2x B30. (1+x?)y/-xy =2x

3anaua 2. Halitu pemenue 3amgaun Komm.

41,y —y/x=x* y@)=0. 4.2.
y'—yctgx =2xsinx, y(z/2)=0.

43.y'+ ycosx=%sin2x, y(0)=0. 44
y'+ytgx=cos’x, y(z/4)=12.

45.y S SRR y(-1)=3/2.48.

X+2

1
1 y—e*(x+1), y(0)=1.
y'-——v=¢(x+1), y(0)

1. 4.8, y'+X=sin X, y(7Z')=1.
X V3

4.7. y’—lzxsinx, y(zj
X 2



4.9, y'+l:x2, y(1)=1. 4.10.

2X
2X 2X° 2
' _ ’ 0:—
Y T y(0) 3
4.11. y' - 2_5y:5 y(2)=4. 4.12 y’+%=XT+1eX (1)=e
, Y In x , Yy 12
413. Yy —==-2——, 1)=1. 414, Yy —==——, 1)=4.
y=2="2== y() y-2=-% Y
4.15. y’+gy:x3, y(1)=-5/6. 4.16. y’+X:3x, y(1)=1.
X X

a7y -2 10, y(1)=3. 418 y’+1_22Xy=1, y(1)=1.
X

1+X
4.19. y'+3—y=£3, y(1)=1. 420. y'+2xy =-2x°, y(l)=e™.
X X
, Xy X 2 : 3
421. y + =—, O)=—. 4.22. y +Xxy=—X, 0)=3.
y (1) 2 y(0)=3 Y +Xy y(0)

2 2
423y - y=¢*(x+1)°, y(0)=1.
V'=——y=e'(x+1)", y(0)

424y +2xy = xe X sinx, y(0)=1.

4.25. y’—2y/(x+1):(x+1)3, y(0)
4.26. y'—ycosx =—sin2x, y(0)=3.

2.

4.27. y' —4xy = -4x°, y(O):—l/z_ 4.28. y,_lz_ln_x
X X

, Y@ =1



4.29. y'—3x’y = Xx° (1+ x3)/3, y(0)=0.

4.30. y'—ycosx=sin2x, y(0)=-L1.

KoHTpoJsibHBIE BONPOCHI:

1. Kakoe ypaBHEHHE Ha3bIBACTCS JIMHEWHBIM YPaBHEHHEM IIEPBOTO MOPSAAKA?
2.Kakoe ypaBHeHuUe Ha3bIBaeTCA TU(DPepeHIMaTbHBIM YPABHEHUEM.

3.Uto Ha3bIBaeTca penieHneM AuddepeHIuanbHOro ypaBHEHU.

4.06m1ee pemenue auddepeHInanb,HOr0 ypaBHEHUS.

5.Hanucars o61mmii Bua qud@epeHnnanbHoro ypaBHeHus 1-ro nopsiaka ¢
pa3esOIUMUCS TIEPEMEHHBIMU.

6.3amayva Komn.

7.KakoB oOmuit BUJ 0THOpOJHOTO AU(depeHIIMaNbHOr0 ypaBHEeHuUs 1-T0o nopsaka?
8.ANTOpUTM pellleHrs OAHOPOAHOTO AU pepeHnasbHOro ypaBHEHUS IEPBOTO
HOpsIKA.

IIpakTnueckas padora Ne 23 o Teme
«IudpepeHnuaibHbIe yPABHEHUS BTOPOI0 MOPSIKA.
JInHeliHbIe OTHOPOIHBbIC YPABHEHHUSI BTOPOIr0 MOPSIAKA C MOCTOSIHHBIMH
KO3(pULMEeHTAM U»
Ienb: HAYYUTHCS peIIaTh JUHEHHBIE OJHOPOAHBIE YPABHEHMS BTOPOTO NOPSJIKA C
MOCTOSTHHBIMU KO3 PuIineHTaMmu

Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA
2.3apaHue
3.JluctA4
4.KanbKynatopol
MopAapoK BbinoNIHEHUA paboTbi
1.M3yunTb 3agaHue
2. I3yunTb TeopeTUyeckme ceeaeHuns
3. BoinonHutb 1 0popMuTb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomaliHee 3apaHue
1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
TeopeTuyeckue cseaeHuA
VYpaBHeHHE, cojepiKaiiee Mpou3BOAHbIC (Wi au(depeHIIHaIb) HE BBIIIC
BTOPOTO TOpsIAKA, Ha3bIBACTCI Ou@gepeHyuaibHbiM YpPasHeHUEM 8mMopo2o
nopsaoka. B o01iem Bue ypaBHEHHE BTOPOTO MOPSIKA 3aMUCHIBACTCS CIICAYIOITUM
00pazoM:



d’y dy}
= XY=
dx? [ e

Obmee pemenue aupdepeHIUanbHOrO0 YpaBHEHUS BTOPOro MOpPSIKA
COJICPKUT JIBE MIPOU3BOJIBHBIC TOCTOSTHHBIC.

Jlunetinolm  00HOPOOHBIM — OUPGDePeHYUAILHBIM — YPABHEHUEM — 8MOPO20
nops0Ka ¢ NOCMOSHHLIMU K09 puyuenmamuy Ha3bIBACTCsl ypaBHEHUE BUA!

d?y dy
% yqy=0, 1
o TPtV (1)

raC p U q - HOCTOAHHBIC BCIIMYHUHEI.

Jlns  oTbickaHus oOmiero pemieHus ypaBHeHust (1)  cocraBmsieTcs
Xapaxkmepucmuueckoe ypagHeHue

r’+pr+q=0, (2)

. d% dy
KOTOpoe Tojydyaercs u3 ypaBHeHus (1) 3amenoit o dx U y Ha

dx
COOTBETCTBYIOIIIUE CTETICHU I, MpUYeM caMma GYHKIIUS y 3aMEHSCTCS CIUHUIIEH.

Torma obmee pemenue nuddepeHnnanbHoro ypaBHeHus (1) crtpoutcs B
3aBHCHUMOCTH OT KOPHEHW I, M I, XapaKTepUCTHUECKOTo ypaBHeHHS (2). 3mech

BO3MOXHBI TPU CIIydasi.

| cnyuaii: Kopau r, u r, - 1eliCTBUTENbHBIE U pa3InuHbIe. B 3TOM citydae

obmee pemienue ypaBHenus (1) umeer Bua
y=C,e"™ +C,e". (3)

Il cnyuaii: Kopuu r, u r, - qelicTBUTENbHBIE U paBHbIE: I =T, =r. Toraa

oO1ree pemreHue ypaBHeHus (1) 3amuceiBaeTcs Tak:
y:(Cl"‘CzX)'erX- (4)

Il cnyuaii: KopHu 1, U r, - KOMIUIEKCHO — CONpPSDKEHHBIE: I =+ -1,
r,=a—-f-i. B atoM ciyuyae oOiiee pemieHue ypaBHeHus (1) 3amucbiBaeTcs

CJIEYIOIIUM 00pa3oM:
y =e™ -(C, cos x+C,sin fx). (5)

Ipumepsl



2
3aganue 1: Pemnts ypaBHEHHE: ay_ 7ﬂ +10y=0.

Pemienue:

3ananue 2:

Pemienue:

3ananue 3: Pemnuth ypaBHEHHE

Pemenue:

dx? dx

CocTaBuM XapakTEpUCTUYECKOE YpaBHEHHE U HAWAEM €ro KOPHH:
r’—=7r+10=0. Otcroma ciemyer, 4to I, =2, r,=5. Tak KaK KOpHHU
XapaKTePUCTUYECKOTO YpPaBHEHHWsSl NEUCTBUTEIBHBIE U pa3HbIC, TO
oO11iee perieHre JaHHOTO AU PEepeHIINaIbHOTO YPaBHEHUS COTIACHO
dopmyie (3) sanumiercs tak: y=C.e* +C,e>.

2

Haiitu wactHOE pemeHue ypaBHEHUS %— %:0, ecnu y=1u
X X

dy

— =-1 ipu x=0.

dx P

CocTaBUM XapaKTepUCTHYEeCKOe ypaBHeHHE r’—5r=0. Pemas ero,
nonyuum, r,=0, r,=5. Tak Kak KOpPHH XapaKTEPUCTHUECKOTO
ypaBHEHHs JEHCTBUTEIbHBIE M pa3jMYHble, TO 0OIlee peueHue
nuddepeHImaipHOro ypaBHeHus umeer By y =C.e® +C,e™, 1o ecTh

y=C,+C,e™.

I[J'IH HaXO0XIACHUS HMCKOMOI'O 9YaCTHOI'O PCIICHUA HYXHO OIIPCACIINTD
3HA4YCHHUA IIO0CTOAHHBIX Cl )41 C2 . HOI[CTaBI/IB B O6I_Il€€ PCUICHUC

3HayeHus x=0 1 y =1, monyyum 1=C, +C,.

[IpomuddhepennupoBaB o0Iee pellIcHHE U MOJCTaBUB B MOJYUCHHOE
d d
BBIpa)XK€HUE 3HA4YeHUA X=0 Hu d—y:—l, UMEEM d—y:5C295x, OTCHO1A
X X

1
cinenyet, yto —1=5C,. M3 maHHOrO BBIpa)keHUs Haxogum: C, :_E’

1) 6
Cl :1—C2 :1—(—gj:g.

6 1
Takum 006pa3oM, HCKOMOE YaCTHOE PEIICHUE UMEET BUJT Y = = geSX :

2
97y g 16y-o0.
dx dx

CocTaBUM XapaKTEpUCTUUYECKOE YpaBHEHUE W HAMIEM €ro KOpPHHU:
r’-8r+16=0, r,=r, =4 . XapakTepUCTHYECKOE ypaBHCHHE HMEET
paBHbIE JEHCTBUTENBbHBIE KOPHH; MO3TOMY corjacHo ¢opmyne (4)
oOmiee  pemieHue  JAaHHOrO  JU(PGEpPEeHIUATBLHOTO  YpaBHEHUS
3anMchiBaeTcs B Buge Y = (C, +C,x)-e*.



3aaganme 4: Haiinute yacTHOe pelieHue ypaBHEHUs y"+8y' +16y =0, ecnu y=11u
y'=1mopu x=0.

Pemenne: Tak Kak XapaKTEPUCTHYECKOEC YpaBHEHUE I’ +8r+16=0 wumeer
paBHBIE JIEHCTBUTENbHbIE KOPHU I =I,=-4 , TO o0llee peuieHHue

naHHoro nuddepeHnnarIbHOr0 YpaBHEHUS 3aIIMCHIBACTCS B BUJIE
y=(C, +C,x)-e™ =C,e™™ +C,xe™*".
Huddepenuupyst odlee perieHue, UMeeM
y'=—4Ce™ +C,e™ —4C,xe ™.
[ToxcTaBuB HavadbHBIC JAaHHBIC B BBIPAKEHUE JUIL y U Y', TMOIYYUM

CHUCTEMY YpaBHEHUU

1=Ce’+C,-0-¢° 1=C
{ ! ? , WIH { : , orkyna C,=1 wu

1=-4C,e°+C,e® —4C,-0-¢° 1=-4C, +C,
C, =5. CnenoBaTelbHO, HCKOMOE YaCTHOE pEIIEHHWE HMEET BH/I

y=e* +5xe*,

3aaHUA NPaKTUYECKOU pPaboTbl
3apgaHua Pemuth opHOpOAHBIE JHMHEHHBIE IU(GEpEeHIIMAIBHBIC YpaBHEHUS
BTOpPOro TOpsifika. B myHKTe a) HAWTH dYacTHOE pEIIeHUE TIPU 3aJaHHBIX
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KouTpoJibHbIe BOnpochI
1.0aniTe onpeaenenne aguddepeHumManbHOro ypaBHEHUA.
2.Yt0 Ha3bIBAIOT MOPSAKOM Au(hepeHITNAIBHOTO YpaBHEHUS ?
3./laiTe onpenenenne obmiero pemenus qudphepeHITnaTbLHOTO YpaBHEHUS.
4. Yto Ha3bIBalOT ycioBusiMu Komm?
5.Yto Ha3biBalOT 3anaueit Komm?
6./laliTe onpeaenenne 4acTHOTO pernieHus qudGepeHnaaTpHOT0 yPaBHCHHUS.
/.Kakue ypaBHeHUs1 Ha3bIBalOTCs qudpepenunansabiMu ypaBuenusimu 11 nopsinka?



8.IloHsiTHE XapaKTePUCTHUECKOTO ypaBHEHUSI.
9.00u1ee pelnieHne ypaBHEHHS XapaKTEPUCTUUECKOTO YPABHEHHS.

IIpakTnueckas padora Ne 23 o Teme
JIuHelHbIe HEOTHOPOAHbIC YPABHEHHUSI BTOPOI0 MOPAAKA»
Ieab: HAYYUTHCA peIIaTh JIMHEWHBIE HEOAHOPOAHBIE YPABHEHUS BTOPOTO MOPSAKA
Bpems BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue

1.TeopeTnyeckme ceeaeHUA

2.3apaHue

3.JluctA4

4.KanbKynatopbl

MNopaaoK BbinoAHEHUA PaboTbl

1.M3yunTb 3apaHme

2. 3yunTb TEOPETUYECKME CBEAEHMUA

3. BoinonHutb 1 opopmutb paboty

4.ToKa3aTb pe3ynbTaTbl NpenogaBaTento
DomawHee 3agaHue

1.MoaroToBUTbL OTBETLI HA KOHTPO/IbHbIE BOMPOCHI
TeopeTnyeckue csegeHun

YpaeHeHus ¢ npasoli Yacmeoto cneyuaabHO20 8uoa.

PasnunualoT cneayrowme caydau:

I. MpaBas 4acTb NMHENHOIO HEOAHOPOAHOTO ANddepeHLMaNbHOTO YypaBHEHUA
nmeet Bug: f(x)=P(x)e™, rae P(x)= A, x" + Ax"" +..+ A, - MHOTOY/IEH CTEMEHMU

m.
Toraa yacTHoe peleHune nweTtca B Buae: y =x"e™ 0(x)

3n0ecb Q(x)- MHOro4YneH TOM Ke cTeneHu, Yto U P(x), HO c HeonpeaeneHHbIMU
KoadppuuMeHTaMK, a r — YNCNO, NOKa3bIBAKOLWLEE CKOIbKO Pa3 YMCAO O ABNAETCS
KOPHEM XapaKTePUCTUYECKOrO YPaBHEHMA ANA COOTBETCTBYHOLWEro JIMHEMHOro
oagHopoaHoro agnddepeHuUManbHOro ypaBHEHMA.

Il. MpaBaa 4acTb AMHENHOro HeogHopoAHOro AnddepeHLUNaNbHOTrO YpPaBHEHUS
nmeet BUA;: f(x) = e™ [P, (x)cosPx + P, (x)sin Px]

3pecb Pi(x) n Py(x) — MHOrouneHbl CTENEHN M1 U M, COOTBETCTBEHHO.

Torga YyacTHOe pelleHne HeoAHOPOAHOIO YpaBHeHUA byaeT umeTb BUA,:



y=x"e“ [0 (x)cos Px + Q, (x)sin Bx]

r4e YMCNO r TMOKa3blBaeT CKO/MIbKO Pa3 YMCAO o +if SABAAETCA KOPHEM
XapaKTEPUCTUYECKOrO  YpaBHEHMA A4S COOTBETCTBYIOLWEro  OAHOPOAHOro
ypaBHeHUs, a Qi(x) n Qz(x) — MHOrouneHbl CTENEHM He Bbie m, rae m- 6onbluas
N3 cTeneHem mi; n mo.

3ameTuMMm, 4YTO €eCcAn npaBas YaCTb YpaBHEHUA ABASETCA KombuHauwuen
BbIPAa’KEHUIN PAaCCMOTPEHHOro Bbllle BMAA, TO PpeleHne HaxoauTCcA Kak
KOMBMHaLUNA peLleHnit BCMOMOraTe/ibHbIX YPAaBHEHWIM, KaXKA0€e U3 KOTOPbIX UMeeT
NpaBylo YaCTb, COOTBETCTBYIOLLYIO BblpaXKeHMUI0, BXOAALLEMY B KOMBMHAUMIO.

T.e. echn ypaBHeHne nmeet Bua: L(y) = f,(x)+ f,(x), TO YacTHoe pelleHune
3TOro ypasHeHua byaetr y=y +y,, rge Y1 W Y2 — YacTHble pelleHuna
BCMOMOraTebHbIX YPaBHEHUMN

L(y) = fi(x) v L(y) = f,(x)
Npumep. Pewintb ypaBHeHMe y"+ y = x —sin 2x.

Mpasyto YacTb AnddpepeHLnanbHOro ypaBHeHNs NpeacTtaBum B BUAE CYMMbl ABYX
GYHRUMIA f1(x) + f2(x) = x + (-sinx).

CocTaBUM W pelWunm XapaKTepucTUHecKoe ypaBHeHue: k> +1=0;  k, =i
r_ox

1.0na dyHKUMM f1(X) peweHmne nwem B Buae y, = x" e™QO(x) .

Monyvyaem: =0, r=0,0(x)=A4x+B; T.e. y =Ax+B;

»n =4 » =0
Ax+B=x; A=1, B=0;

Utoro: y, =x;

2.00a GyHKUMK fo(x) peleHme niem B BUAE: ¥, = x"e™ (Q,(x)cosPx + O, (x)sin fx) .
AHanusunpya yHKUmIO f(x), nonyyaem: B(x)=0; P (x)=-1, a=0, B=2; r=0,

Takum obpasom, y, = Ccos2x+ Dsin 2x;

y, =-2Csin 2x+2Dcos2x;

”

Y, =-4C2cosx—4Dsn 2x;
—4Ccos2x—4Dsin 2x + Ccos2x+ Dsin 2x = —sin 2x;

—3Cco0s2x—3Dsin 2x =—sin 2x



WUtoro: y, = %sin 2x;

1.
T.e. ICKOMOE YacTHOEe pelleHne UMeeT BUA: y =y, + ), = 35in 2x + Xx;

Obuwiee peweHne HeogHOPOAHOTrO anddepeHLManbHOro ypaBHEHMUA:
1. .

y==sin2x+x+C cosx+C,sn x;
3

PaccmoTpum npumepbl NPpUMEHEHMA ONUCAHHbIX MeTOA0B.
Mpumep. Pewntb ypaBHeHue y" -2y +y =3e".

CoCTaBMM XapaKTepUCTUYECKOEe ypaBHEHME A1 COOTBETCTBYIOLLEro NMHEWHOro
ogHopoaHoro anddepeHLManbHOro ypaBHeHUs:

kK> =2k+1-0; k =k, =1;
Obuwee pelweHne ogHOPOAHOrO ypaBHeHna: y =Ce" +C,xe".
Tenepb Hangem YaCTHOE peleHne HeO4HOPOAHOrO YPaBHEHMA B BUAE:
y=x"e"0(x)
a=1 r=2; 0x)=C;
y=Cx’e".
Bocnonb3lyemca metoaom HeonpeaeneHHbiXx KoadPruumneHTOoB.
y' =2Cxe" +Cx’e”; y" =2Ce" +2Cxe" +2Cxe" +Cx’e”.
MoacTaBnAA B UICXO4HOE YpaBHEHMWE, NOyYaeM:

2Ce" +4Cxe" + Cx’e* —4Cxe" —2Cx*e” + Cx*e” =3e”.

3
YacTHOe peweHue numeet BUA: y = Ex e’.

Obuee pelleHne TMHENHOro HeOA4HOPOAHOIO YPaBHEHUS:



3
y=Ce +C,xe" +Ex2ex.

3apaHua

Bapuanr 1

1. Haittu oOmiee pemenue nuddepeHnanbHOro ypaBHEHHUS:
y” — 4y + 3y = e>*
2. Haiitu pemienne audepeHnnaibHOro ypaBHEHUS, YAOBIECTBOPSIONIEE
HAYaJIbHBIM YCJIOBUSIM
a)y” + 4y — 12y = 8sin 2x; y(0) =0, y(0) =0
6) x» — 8x’ + 16x = e*; »(0)=0, »(O0)=1
BapuanT 2

1. Haittu obmiee pemenue nuddepeHInaibHOT0 YPaBHEHUS

y” — 6y +9y =e*
2. Haiitu pemienune audpepeHmaibsHoro ypaBHEeHUsI, YI0BICTBOPSIOIIEE
HAYaJIbHBIM YCIIOBUSIM:

4 1

a)y” — 6y +9y = x? —x + 3; y(0) =, y'(0) =

0) x» + 4x’ — 5x = 8 cosx; y(0)=0, y(0)=0
Bapuanr 3

1. Haiitu oOmee pemenue nudepeHinanbHOro ypaBHEHUS :

y'+ 7y + 12y = sinx
2. Haiitu pemenne nudpepeHnnanrbHoro ypaBHeH s, Y0BICTBOPSIONIEe
HAYaJIbHBIM YCIIOBUSIM:

a)y” + 4y = e %%, y(0)=0, y(0)=0
0)2x” +x —x = 2e%; y(0)=0, y(0)=0
Bapuant 4

1. Haiitu obmee pemenne nudpepeHnnanTbHOT0 yPaBHEHHUS :

y”+y = cos2x
2. Haiitu pemenne nudpepeHnnantbHoro ypaBHeHMs, Y0BICTBOPSIOINIEEe
HAYaJIbHBIM YCIIOBUSIM:

a) y” — 2y’ + 5y = xe?%; y(0)=1, y(©0)=0
0) x» — 2x’ — 3x = 2x; y(0)=0, y(0)=0
Bapuanrt 5

1. Haittu oOmiee pemienue quddepeHnanbHOro ypaBHeHHUS:

y” — 4y + 8y = sin 2x
2. Haiitu pemienue audpepeHuaibHOoro ypaBHeH s, yI0BIETBOPSIONIEE
HaYyaJIbHBIM YCIIOBUSIM:

a)y” + 5y + 6y =12 cos 2x; y(0) =1, y(0)=3



0) x» — 6x’ + 9x = —12x; y(0)=0, y(0)=0
BapuanT 6

1. Haiitu oO1ee pemenne nudPepeHnanbHOro ypaBHEHUS :

y'+y —2y =e”*
2. Haiitu pemenune qudpepeHnaipHOro ypaBHeHUs, YI0BIETBOPSIOIIEE
HaYyaJbHBIM YCIIOBUSIM:

a)y”— 5y + 6y =(12x—7)e™% y(0) =0, y'(0) =0
0) x» + x* = sin 3x; y(0)=0 y0)=1
Bapuant 7

1. Haiitu oO1iee pemenne nudPepeHnanbHOro ypaBHEHUS :

y» — 4y — 5y = x?
2. Haiitu pemenne nudpepeHnantbHoro ypaBHeHus, Y0BIETBOPSIOIIEe
HAYaJIbHBIM YCIIOBUSIM:

a)y” — 4y + 13y = 26x + 5; y(0)=1  y(0)=0
0) x” + 4x’ = x; y0) =1 »y0)=1
BapuanT 8

1. Haiitu oG1uee pemenre audGepeHnuansHoro ypaBHEH s :

y' =y =2(1-x)
2. Haiitu pemenue quddepeHuaasHoro ypaBHeHuUs, yI0BIETBOPSIOIIEE
HAYaJIbHLIM YCIOBUSM:

a)y” — 4y = 6x% + 1; y(0) =2, y'(0) =3

0) x» — 2x’ + x = CcoSX; y(0)=0, yp(O0)=1

KoHTposbHbIE BONIPOCHI
1. Oxapakrepu30BaTh pEUICHUS TUHEUHBIX HEOAHOPOIHBIX YPAaBHEHUII B
3aBUCUMOCTH OT UX IPABOM YaCTH.



IIpakTnueckas padora Ne 25 o Teme
«HMccnenoBanue YUCI0BBIX PSAAOB HA CXOAMMOCTD)

Ieab: HAYYUTHCSA UCCIIENOBATH YUCIIOBBIE PAIBI HA CXOAUMOCH
Bpems BbinonHeHna 90 MuUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceegeHumA

2.3apaHue

3.JluctA4

4.KanbKynatopbl

MNopaaoK BbinonHeHUA paboTbl
1.3yunTb 3agaHue

2. U3yunTb TeopeTMUYECKMe CBeAeHNA

3. BoinonHutb 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
JomauwHee 3apaHue

1.MoarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
TeopeTuveckue cBeeHI

Onpejneaenue. CYMMa YJICHOB OECKOHEYHOH YHCIOBOM IMOCJICA0OBAaTCIbHOCTH

U, Uy yeerll, ... HA3BIBAETCS YHCTOBBIM PSAIOM.
U+ Uy + U, = DU,
n=1

[Tpu »TOM umcna u,,u,,.. OyleM Ha3bIBaTh WICHAMH psijaa, a Up — OOIIUM YICHOM

psna.

Omnpenenenne. CyMMBI S, =u, +u, +..+u, = D u, , n = 1, 2, ... Ha3bIBAIOTCS
k=1
YaCTHBIMHU (YACTUYHBIMH) CYMMAaMHU Psia.

Takum  o0Opa3oM, BO3MOXXHO  paccMaTpuBaTh  IOCJIEIOBATCIBHOCTH
YaCTHYHBIX CYMM psiaa Si, Sy, ..., Sn, ...

Omnpenenenne. Psn w, +u, +..+u, +..=» u, Ha3bIBACTCA CXOAAIIMMCS, CCIH
n=1

CXOOUTCA MMOCIICAOBATCIbHOCTD €TI0 YaCTHBIX CYMM. CYMMa CxXoaAmerocHd paaa —
npeacia nmocCjaca0BaTCJIbHOCTHU €0 YaCTHBIX CYMM.



Onpeaenenne. Ecau mociieoBaTeIbHOCTh YaCTHBIX CYMM psiga pacxoJuTCs, T.C.

HE HUMeEeT Impenena, WIM HMeeT OECKOHEYHBI Mpezes, TO psAJl Ha3bIBAECTCS
PACXOASAIMMCSH U EMY HE CTaBsT B COOTBETCTBUE HUKAKON CYMMBI.

Ceoiicmea psaooe.
1) CxoauMOCTh WM PAcXOJUMOCTh Dsifia HE HApYIIUTCS €CIU U3MEHUTD,

OoTOpOCUTH WU J00ABUTh KOHEUHOE YUCJIIO YJICHOB psja.

2) Paccmotpum nBa psina » u, U » Cu, , rae C — HOCTOSHHOE YHCIIO.

Teopema. Ecnu pso ) u, cxooumcs u e2o cymma pasua S, mo pao Y Cu, mooice

cxooumest, u eco cymma pasna CS. (C =0)

3) Paccmotpum nBa paga » u, u » v, . CyMMOH unu pasHOCTBIO 3THX
psIoB OyzeT Ha3BIBAThCA PAN Y (1, +v,), TJE SIEMEHTHI MOTYYEHEl B PE3ysIbTaTe

CJIOXKCHUA (BI)IIII/ITaHI/ISI) HCXOJHBIX 3JICMCHTOB C OAMHAKOBBIMHW HOMCpPAMU.

Teopema. Eciu paobl D u, u v, CXO0AMCA U UX CYMMbl PAEHLI COOMEENCIMEEHHO

Su o, mo paod Y (u, £v,) modce cXoOOUMcs u e2o cymma pasua S + o.

Z(un +v,) =Zun +Zvn =S+o

Paznocmo 08yx cxooswuxcsa psaooe marxoice 6yoem cxo0aumumcst psioom.
Cymma cxo0sauwe2ocs u pacxoosaue2ocs psioos 6yoem pacxoosuumcst psoom.
O cymme 08yX pacxooauuxcs psaoos ooue2o YmeeprucoeHus coeiamns Helb3s.

[Ipy wu3ydyeHum pSAIOB pEMIAOT B OCHOBHOM [IB€ 3aJauyd: HCCIECIOBAHUE Ha
CXOAUMOCTbh M HaXOXJICHUE CYMMBI psijia.

1) Ecm pan ) u, cXomuTcs, TO HEOOXOAUMO, 9TOOBI OOIIMIf UleH Uy CTPEMUICS K
Hynt0. OJIHAKO, 3TO YCIOBHUE HE SIBISETCA TOCTATOYHBIM. MOXHO TOBOPUTH TOJIBKO
O TOM, YTO €CIU OOIIWU YJIeH He CTPEMHTCS K HYJNIO, TO PSAJ TOYHO PACXOIUTCS.

o o =1
Hampumep, Tak Ha3bIBaeMBbIi TaPMOHMYECKHI PsII| Y — SBISETCS PACXOIAIIMMCS,
n

n=l1

XO0T4 €10 0611_[1/1171 YJICH U CTPCMUTCA K HYJIIIO.

1 2 3
IIpumep. McciienoBats CXOIUMOCTD psijia 5 + 5 + 3 + ot 1 +...
n J—
Haiinem lm 3 " 1: lim % :é;t 0 - HEOOXOAWMBIM TPHU3HAK CXOJMMOCTH HE
n—>0 n J— n—>

003_7
n

BBIIIOJHACTCA, 3BHAYUT PALA PaCXOOUTCH.



2) Ecnu psin cXoauTes, TO MOCIEA0BATENLHOCTh €r0 YACTHBIX CYMM OTpaHUYEHa.
OnHako, 3TOT MPU3HAK TAKXKE HE ABJISAETCS JOCTATOYHBIM.

Hanpumep, psax 1-1+1-1+1-1+ ... +(-1)™+... pacxogurcs, T.K. pacxomuTcs
MOCJIEI0BATEILHOCTh €r0 YaCTHBIX CYMM B CHUJTy TOTO, UTO

0, mpu uemmnvix n
S, =

1, npu  HedYeninovlx n

OJHaKo, MPH JTOM IOCIEN0BATENLHOCTh YaCTHBIX CYMM OrpaHUuYEHa, T.K.
|S,| <2 mpu moGom N,

Psowt ¢ HeompuuameslbHbIMU YileHanu.
HpI/I N3YUCHUUN 3HAKOIIOCTOAHHBIX PAOOB OT'PAHUYUMCA PACCMOTPCHUCM

pAOOB € HCOTPULATCIBbHBIMU YICHAMHU, T.K. IMPHU IIPOCTOM YMHOXCHHUHU Ha -1 u3
ITUX PAAO0B MOKHO ITOJIYUYHUTH PAAbI C OTPUIATCIIBHBIMU YJICHAMMA.

Teopema. Jlna cxooumocmu psaoa D u, C HEOMPUYAMENbHbIMU —YJEHAMU

HeobX00UMO U OOCMAMOYHO, YMOObL YACTHbBIE CYMMbL PAOA ObLIU 02PAHUYEHDL.

[Ipu3HaK CpaBHEHUS PSJIOB C HEOTPUIIATEILHBIMY YICHAMMU.

[TycTh naHbl ABa psAaa Zu " Z"n pu Un, Vo =0.

Teopema. Eciim Un < V, mipu J1F060M N, TO M3 CXOIWMOCTH pPsija Z"n cIenyeT

CXOIMMOCTb PSAA D u, , @ U3 PACXOAUMOCTH DPsAla Y u, CIAETYeT PAcXOAUMOCTh
psaga Z"n .

IIpumep. VMccienoBaTh Ha CXOAUMOCTD Psif 1 + 1 +.ot L +...
h2 I3 Inn

1 1 . 1 1
T.x. > > 4 TApMOHHHECKHIT Pt > — PacXoIUTCs, TO PACXOIUTCS U Psif zln_
n n n n
|
IIpumep. MccienoBath Ha CXOAUMOCTD PSif e
n=l1 n

T.k. b <
n2ﬂ 2]7

1
, a pan 22— cxoautea ( Kak yObIBaromiass reoMeTpuyecKas

> 1
Mporpeccus), TO psij ZT TOXKE CXOOUTCS.
n

n=1

TakKe UCMONb3yeTCs CHAEAYIOINN TPU3HAK CXOIUMOCTH



Teopema. Eciu u, >0, v, >0 u cywyecmgyem npeoei lim “ =%, 20e h — wucno,

n—>»0 Vn
OmauYHOe Om HynA, MO pAObl Y u, U Y v, 6e0ym OOUHAKOBO 6 CMblCie
CXOOUMOCU.
Ilpusnax /lanamoepa.
(OKan Jlepon damam6ep (1717 — 1783) — dpaHIy3cKuii MaTeMaTHK)

Ecnu 0ns paoa Y u, ¢ RONOJICUMENbHBIMU YJEHAMU CYWecmsyem makoe

YUucio q<1, umo 015l 6cex 00CMamoyHo 0oabuUXx N 6bINOJHAENCS HepaeeHcmeo

u
L < g, mo pso Z”n CXO0UMCA, eciu dHce O 6cex 00CMamoyHo 6oabuux N

n

u
6bINOIHACMCSA YCNIoBUe —*- > 1, mo psd Y u, pacxooumcs.

n

Ilpeoenvnwtit npuznax /lanamoepa.
[Ipenenwublil pusHak JlamamOepa siBisieTCsS CIEACTBUEM M3 MPUBEICHHOTO

BbIIIE MTpU3HaKa J{anambGepa.

Ecnu cywecmeyem npeoen lim Zot _ p, mo npu p < I pso cxooumcs, a npu p>1—

n—>0 u
n

pacxodumc;z. Ecnu P = 1, mo Ha eonpoc o CXOOUMOCU OMBEMUMb HENb3A.

n

Hpumep. OnpeneautTs CXOAUMOCTD psifa Z

n=1 2'” .
1
n n+l " 2" n+l T
un:_; un+l:_1; ]I[n"_*'l:hm 1 = = n:_<1
2" 2" now oy o onoe QMg 2n 2 2

BeiBox: psax cxoautces.

1 1 1
Ipumep. Onpenenuts CXOAUMOCTD psifa 1+ 1 + o o=t
! : n.

!
L u,, = 1 o lm 2 = fim —"— = im L o<1
(i) = u e (al) el

BreiBoa: psax cxoautcs.

Hpusznaxk Kowu. (paouxkanvnulit npuznax)
Ecnu onsa paoa ) u, c HeompuyamenbHbIM YIeHAMU CYUeCmEyen maKoe Yucio

q<], ymo 015l 6cex 00CMamoyHo OOabUUX N BbINOIHAEMCS HepaeeHcmeo iju, <q,



mo ps10 Zu cxooumest, eciu Jce 0 86cex 00CMamoytno 0obuux N 8bINOIHAEmMC

Hepasencmeo ifu, =1, mo pao » u, pacxooumcs.

CaencrBue. Eciu cymectByer npeaed lim z/u, =p, To npu p<l psa cxomurcs, a

pu p>1 psan pacxoaures.

2n? +1
IIpumep. Onpeaenutb CXOAUMOCTD psiaa Z

3’ +5
1
2+—
2
n—> n—> 31’1 +5 n—> 34 : 3

n

BeiBoa: psin cxoauTcs.

Hpumep. Onpenenutrs CXOAUMOCTb psifa Z(H lj .

n=1

lim 3/u, = Hw( nJ_1

n—>»0

T.e. mpuznak Komm He nmaer oTBeTa Ha BOIPOC O CXOAUMOCTH psaa. [IpoBepum
BBITIOJIHEHUE HEOOXOIUMBIX YCIIOBHI cxoauMOoCTH. Kak ObUTO cka3aHO BBIIIE, €CITN
PAIl CXOIUTCSI, TO OO WICH psijia CTPEMUTCS K HYJIIO.

n—>0 n—>o0 n

limun=lim(l+lj —e#0,

TakKuM 00pa3oM, HEOOXOMMOE YCIIOBUE CXOAUMOCTH HE BBITTOJIHSACTCS, 3HAYUT,
pAl PacXOIdUTCA.

Humezpanvnoiii npuznax Kowu.

Ecmu  @(x) — Huenpepvienas nonodcumenvHas —@yHKyus, yowoleaiowas Ha
npomescymre [l;0), mo pso (1) + @2) + ...+ ¢oh) + .. = i(p(n) u
n=1

HecobcmeenHbll unmeepaii I(p(x)dx O0O0UHAKOBbL 8 CMbICIE CXOOUMOCI.
1



[Ipumep. Psan 1+2%+3%+...+%+... cxomutcs npu o>1 u pacxogurcs a<l T.k.
n

o o ¢ dx
COOTBETCTBYIOLIMH HECOOCTBEHHBI HMHTErpa j—a cxomutes mpu o>l W
X
1

>
pacxomutcs o<l. Pax ) — Ha3piBaeTCs 00LIErapMOHHYECKHM DSIOM.

n=1

CaencrBue. Ecnu f(X) u ¢(x) — HenpepwiBHbIe QyHKIMH Ha uHTepBase (8, D] u
ALY,

b b
0(—):h, h#0, TO MHTETpAJIbI _[ f(x)dx un I(p(x)a’x BEyT ceOsl OJIMHAKOBO B
x—a+ (p X

a a

CMBICJIC CXOOAHUMOCTH.

3nakonepemennbvie paovl. (3HaxKouepeoyrouwuecs pAaosl).
3HaKOYEPEAYIOIIUICS PSJT MOXKHO 3alUCaTh B BUJIE:

U =ty +uy —uy + o+ (D", +

rae u, >0, n=123,..

Ilpusnax Jleiionuya.

Ecnu y 3uaxouepeoyrowezocs paoa u, —u, +u, —u, +...+(=1)""'u, +... abconommuovie
genuuunsl Ui yObleaom u, >u, >u, >... U 00Wull 4ien cmpemumcs K Hyao u, — 0,

Mo psi0 CXOOUMCAL.

Abconromuan u ycnosHas cxooumocms paooes.
PaccMOTprM HEKOTOpBIA 3HAKONEPEMEHHBIM psijl (C YJIe€HaMHu MPOW3BOJIBHBIX

3HAKOB) U + Uy +...4 U, +...= D U, (1)
n=1

U P, COCTaBJICHHBIN U3 aOCOTIOTHBIX BEIWYMH WICHOB psiaa (1):

n=1

u

n

(2)

|+ e |+ +

u?‘l

Teopema. /13 cxooumocmu psoa (2) credyem cxooumocmo psoa (1).

Onpenenenne. Psag > u, HaspiBaeTCA a06COMIOTHO CXOASIIMMCSH, €CIIM CXOIUTCS
s

O‘-IGBI/II[HO, 4TO 4 3HAKOIIOCTOAHHBLIX PAAOB IMOHATHA CXOAMMOCTH H

un

a0COJIFOTHOW CXOOUMOCTH COBITQAIOT.



Onpenenenne. Pajg > u, Ha3bIBA€TCS YCJIOBHO CXOAAMIMMCS, €CJIU OH CXOIHUTCH,

a pag

Ilpusnaku /lanamoepa u Kowiu 01: 3HaKonepemeHHvX pAaooes.

u,| pacxogmrcs.

IIycTh  u, - 3HAKONEPEMEHHBIN PsI.

un+1

Ipusnak JlanamoOepa. Ecnu cymiectByeT npeaen lim =p, To ipu p<I1 psax
n—»®0 u

> u, Oyzmer abcomoTHO cxoAAmuUMes, a mpu p>1 psa Oyaer pacxoasummcs. [pu

p=1 mpu3HaK HE TaeT OTBETA O CXOAUMOCTH Psa.

Hpusnak Komwu. Ecmu cymectsyer npezen lm #/lu,| =p, To mpu p<l pag > u,

OyzneT abCcoOTHO cxonsummces, a mpu p>1 psang Oyner pacxoasmmmcs. [pu p=1
HpU3HAK HE JTaeT OTBETA O CXOAUMOCTH psa.

Ceoiicmea adbconromuo cxooauuxcs psaooe.
1) Teopema. /Jlnn abcomomnot cxooumocmu psoa Z”n HeobxXo0umo U
00CMAMoOYHO, 4moObl €20 MONCHO OblLI0 NpedCcmasums 8 Gude pPAa3HOCMU 08YX
CXOOAUUXCSL PAO0G C HEOMPUYAMETLHBIMU YTIeHAMU.

CaencrBue. YCIOBHO CXOASIIUNCS PsIT SBISETCS PA3HOCTBIO IBYX PACXOISIIMXCS
PSAZIOB C HEOTPHUIATEILHBIMU CTPEMSAIIIUMHUCS K HYJIIO YJICHAMH.

2) B cxonsmemcst psne nrobasi TpyNIupoOBKa YICHOB psAlla, HE M3MEHSIOIIAs MX
NOPSAKA, COXPAHIET CXOAUMOCTh U BEJIIMUMHY psija.

3) Ecnu psg cxoautest aOCOTIOTHO, TO PSIJI, TOTYyYEHHBIH U3 HETO JII000H
NIEPECTAHOBKOM YJICHOB, TAK)KE€ a0CONIOTHO CXOIUTCA U UMEET TY K€ CYMMY.

IIepecTaHOBKOM YJIEHOB YCIOBHO CXOJSIIErOCS psAla MOXKHO IOJYYUTH YCIIOBHO
CXOASIIMICS psiji, WMEIIUNA OO0y Hamepen 3alaHHyl0 CyMMy, U Jaxe
pacxoAsuncCs ps.

4) Teopema. [lpu 10001 epynnuposke uieno8 abCONOMHO CX00sue2ocs pod
(npu dmom 4ucio 2pynn modcem Oblmb KAK KOHEYHbIM, MAaK U OeCKOHeYHbIM U
YUCNIO YNIeHO8 8 2pynne Mmodicem Oblmb KAK KOHEYHbIM, MAaK U OecKOHeuHbiM)
NOIYYaemcs CXO0AWUICs P10, CYMMA KOMOPO20 PABHA CYMMe UCXOOHO20 psaod.

5) Ecmm psamel D u, W Y v, CXOIATCS aOCONIOTHO M HX CYMMBI DaBHEI
n=l1 n=1

COOTBETCTBEHHO S W G, TO PsJ, COCTABJICHHBIA W3 BCEX IPOM3BEICHUN BHUA



uyv,, i,k=12,. B3ITBIX B KAKOM YTOJHO MOPSAKE, TAKXKE CXOAUTCS aOCOIIOTHO U

€ro CymMMa paBHa S-0 - IPOU3BECHUIO CYMM MEPEMHOKAEMBIX PSIOB.

Ecnm ke npouM3BOOWUTH NEPEMHOKEHHUE YCIOBHO CXOIAIIMUXCA PSIAOB, TO B
pe3yabpTaTe MOKHO MOJIYYUTh PACXOISIIUICS PAL.

3ajaHus NIpaKTH4YeCcKOH padoThI
1.BeimucaTh Tpu NMepBbIX WieHA psAJla HAUTU TPEThIO YACTUYHYIO CYMMY

B=om 2?3

ket f7 ]
1,11,21 a) n=1-nl, 6) #=1 %
s n-1
: 5 i 453
= . —11! T4 .2
212220) 771 (R L wm1(n” +4)°
ce qn+2
HZ 3" n= m|3mr1|
313,23a) a-1{7 =35}/, - 1 NPE
S 2n
" 2 ”EDDCDSEH
~ n- !
414280) n=17(n+L) 5 71 3’
ce ou+l
i 3'}2 H = 7
5,15,25q) #=17/(n+1}, 6) n=1n° +1,
i nl+1 HED 1
6.16.262) "~ 1vn-3" 6 n-1ninn
FEZEDZ??"'E 2 oo E?E
21
717,27a) »=1 3 ; 6 n=11+e"
I 5
= N
3 CRl ”i‘x'smdl )
_ !
8,18.28 a) #=1 (2n). ; 6) n=l ZH«f?_z .
=2 )

n=m 1
2 B
9, 19,29 a) n=1(n!) ) 5) n=1 BHM,E ook



REmplln+1))

10,2030 a) #=1 [ ZR)}!

*‘3=°°1—|—r:.:::32 3

6) #=1 G

Z.HCCHGIIOBELTB Ha CXOONMOCTb, IPUMCHIA HCO6XOIIPIMBII>1 IMPpU3HAK CXOOANMOCTH

2

11121. a 6,16,26. a)y ————
)Zl 4n+5 )n; (2n— 1)-2"
212,22 3)> —" 71727 )
=10n-1 _1n+1
3n +1
31323. a 818,28. a
)nZ‘l 5n + 2 )Zn\/—
—4n? +1
41424, 8)Y ————— 919,29. a
)nz_l n?—5n )Zl n+1
515,525, )an +1 2n?
=Nt +2n =3

3.I/ICCH€,ZIOB3TI> Ha CXOOUMOCTD, UCITIOJIb3Y: IIPHU3HAK I[anaM6epa

111,21, a)i— 6.16,26. a)iw
n—ln n=1 3n
2n-1 =1
212,22, a)z 717,27. a)y =
(]
313,23, a)i2n : 8,18,28. a)i s
= Zn(n+1)
10" =
414,24, 19,29. S
a); n" 19,29 a)nzzl(zn +1)

KonTposibHbIE BONIPOCHI

10,20,30. .31)25—5
n=1

Ornpenenenue YucaoBOro psjaa.

CBolicTBa ¥ BUJbI PSJIOB.

Onpenenenue cyMMbl psija.

Heo6xoauMblii IprU3HAK CXOAUMOCTH.

[Ipusnaku cpaBHeHus, npusHaku Jlanambepa u Komm.

agbrwbE



IIpakTnueckas padora Ne 26 o reme
«O0J1acTh CXOAMMOCTH CTCIIEHHOI' 0 PSAAA»

Ieab: HAYYUTHCSA UCCIIENOBATH CTEIIEHHBIE PAJBI HA CXOIUMOCH
Bpems BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceegeHumA

2.3apaHue

3.JluctA4

4.KanbKynatopbl

MNopaaoK BbinoNHEHUA PaboTbI
1.3yunTb 3agaHue

2. U3yunTb TeopeTMUYECKMe CBeAeHNA

3. BoinonHutb 1 opopmutb paboty
4.MMoKasaTb pe3ynbTaTbl NpenogasaTento
JomauwHee 3apaHue

1.MoarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
TeopeTnyeckue cBeeHUs

(I)yHKIII/IOHaJILHbIe PAAbI: OCHOBHBIC IIOHATHUA, 00J1aCTh CXOJAUMOCTH

Onpeoenenue 1. Pan, 4neHbl KOTOPOTO SBIAIOTCS QYHKIIUSAMU OTHOMN WITH
HECKOJIbKUX HE3aBUCUMBIX IEPEMEHHBIX, ONPEICIEHHBIMA HA HEKOTOPOM
MHO>KECTBE, Ha3bIBACTCS (hYHKYUOHALLHBIM PAOOM.

e 0]
PaccmoTpuM QyHKIIMOHAIBHBIN Psij Zun (X) = Uy (X) + Uy (X) +Ug(X) +..., uaeHBI
n=1
KOTOPOTO SIBISIOTCS (PYHKIIUSAMU OJHOW HE3aBUCUMOM nepeMeHHoi x. CyMmma
nepBhIX N wiieHoB paga S, (X) = Uy (X) +Uy(X) +...+ U, (X) sBigercs yacTuuHOMI
CYMMOU JIAaHHOTO (pYHKIIHOHAIBHOTO psifa. O0uwmii wien U, (X) ects GyHKIHUS OT

X, onpeieNi€éHHas B HEKOTOpor obsactu. PaccMoTpuM (pyHKIIMOHATBHBIN Pl B

0
TOuke X = Xg. ECIM COOTBETCTBYIOIIMIA YUCIIOBOU PsiJT ZUn (Xo) cxommrtes, T.e.
n=1
CyILIECTBYET MpeieNl YaCTUUHBIX CyMM 3Toro paga lim S, (xy) = S(X,) (rme
N—o0

S(Xg) < — cymMMa 4HCIIOBOTO psijia), TO TOYKa X, HA3BIBAETCS MOUKOU

o0 o0
cxooumocmu (HyHKIMOHAIBHOTO psija Zun (X) . Ecu uucnoBoii psia ZUn (Xo)

n=1 n=1
pacxoauTes, TO TOUKa Xy Ha3bIBACTCA MOUKOU pacxooumocmu HyHKIHMOHATIBHOTO

psna.



o0
Onpeodenenue 2. Obracmoio cxooumocmuy HYHKIIMOHATBHOTO psija Zun (x)

n=1
Ha3bIBACTCSI MHOXKECTBO BCEX TAKUX 3HAYCHHU X, IIPU KOTOPBIX (DYHKIIMOHAIBHBIHA
psin cxoautcsi. O0JIACTh CXOAMMOCTH, COCTOSIIASI U3 BCEX TOYCK CXOJIUMOCTH,
obosnavaercs D(X). Ormerum, uro D(X) CR.
OyHKIMOHANBHBIN psi cxonuTcst B oonactu D(X), ecnu st mo6oro X € D(X) on
CXOAMTCS KaK YUCIOBOM psAJl, IPU 3TOM €ro CyMMa OyeT HEKOTOpOH (yHKIHEH
S(X) . DT0 Tak Ha3bIBaeMas npedenbHas Gynkyus nocaerosatensHoctr {S (X))}

lim S, (x) =S(x).

Kak HaxoauTtb obnactb cxogumoctu pyHKLMoHanbHoro paga D(x)?
MO»HO MCNOb30BaTb NPMU3HAK, aHANOMMYHbIM NpU3Haky Janambepa. Ana paga

o0
Zun(x) coCTaBdem Un+1(X) N paccmaTpuBaem npegen npu d)MKCIApOBaHHOM X:
n=1

un+1(X)

0 =|I(x)|. Toraa D(x) aBnsietca peleHnem HepaBeHCTBa ‘I(X)‘<1 "
up (x

lim

nN—o0

peLeHneM ypaBHEHUS \I(X)\ =1 (6epém TONbKO Te pelleHuns ypaBHEHUS, B
KOTOPbIX COOTBETCTBYIOLLME YNCNOBbIE PAAbI CXOAATCA).

e} n

Mpumep 1. Halitn o61aCcTb CXOAMMOCTH pPAAA Z —.
n=1
x" n+1
PeweHue. 0603Haunm U, (X) = Y Up,q(X) = PUTE COCTaBMM U1 BbIUMCUM

Xn+1

) ‘n
:hm-m—————zv
n—ol X" - (N +1)

un+1(X)
Un (X)

onpeaenaeTca HepaBeHCTBOM ‘X‘ <1, xe(-L1) n ypasHeHnem ‘X‘ =1. Ucchnepyem

npeaen lim , Toraa 061acTb CXOAMMOCTH PAAaA

N—o0

[ONOJIHUTENBHO CXOAMMOCTb UCXOAHOTO PAfa B TOYKAX, ABNAIOLWMMUCA KOPHAMMU
ypaBHeHUsA:

1 (e0]
a) ecam X =1, U, (1) ==, To nonyyaerca pacxogalmiics pag, z —
n

n=1
6) ecn x=-1, U,(-1) = (_r?n , TO pag, i (—rll)” CXOAMUTCA YCAOBHO (no
npusHaky JlenbHunua, npumep 1, nekums 3, p:::;,. 3.1).
Takum o6pasom, obnactb cxogumoctn D(X) paaga i ﬁ nmeet Bna: —1< x<1.
n=1

CreneHHble psiibl: OCHOBHBIE NMOHSITHS, TeopeMa AOens
PaccMmoTpMMm YacTHbIM C/ly4an GYHKLUMOHANBHOTO pAAa, TAaK Ha3biBAaeMbIN

cmenenHoli pad Y U, (X), rae Uy (X) =a, (X —Xo)".
n=1



Onpeodenenue 3. CmenenHvIM psi0om Ha3bIBaETCA PYHKIIMOHATBHBIN Pl BUA
o0
89 +83 (X —Xg) + 8 (X—Xg) +.eeet 8y (X—Xg)" +.c = D 8, (X—Xg)",
n=0

rae g, dy, dy, ... — MOCTOSIHHBIE YKCTIA, HA3bIBAEMbIE K0dhuyuenmamu psoa.
CteneHHOM pAg ecTb «6eCKOHEYHbIN MHOTOYNEH», PACNOJIOXKEHHbIM NO

o0
Bo3pacTtatowmm creneHam (X —Xy). /ltoboit uncnosoit pag Zan ABNAeTCA
n=1
YaCTHbIM C/Tly4aeM CTeNeHHOro paga npu X — Xy =1.

PaccmoTpum YaCTHbIN cnyqal‘/i CTENEHHOro paga npu Xy = 0:

0

Zanx” =4ag +a1x+a2x2 +....+anx” +.... BbliacHum, KaKoW BUAO UmeeT
n=0
obnacTb CXO04MMOCTU AaHHOIo pAda D(X).

o0

Teopema 1 (meopema Abensn). 1) Ecnu creneHHOM psift Z:anxn CXOJIUTCSl B TOUKE
n=0

X=a (a#0), To OH aOCOTIOTHO CXOIUTCS MPU BCAKOM X, I KOTOPOTO

CIIPaBEIJIMBO HEPABEHCTBO ‘X‘ < ‘a‘ :
2) Ecnu xe cTeneHHOM psasl pacXoauTces Mpu X =3, TO OH pacXOJUTCs PH

BCAKOM X, JIsI KOTOPOTO ‘X‘ > ‘B‘ .

Cneocmeue. Teopema AGest MO3BOJIAET CYUTh O PACIIOJIOKEHUN TOYKU
CXOAMMOCTH CTENEeHHOTro psifa. Ecnu Touka X=oa# 0 sBIsSETCS TOUKOU

CXOAUMOCTH CTEIIEHHOIO PsiJia, TO UHTEPBAJI (—\a\;\a\) 3aIl0JIHEH TOYKAMU
CXOJMMOCTH; €CJIM TOYKOU PACXOJIMMOCTH SIBIIIETCS ToUka X =[3, TO

OECKOHEYHbIE MHTEPBAJIbI (—OO;—‘B‘), (‘B‘,oo) 3aII0JIHEHBI TOYKAMH PACXOJUMOCTH

(puc. 1).

= w
pacEogHTCA ' Pan czopgurca ' pPAcEOIHTCA

[ L [ [ [] -

—|Al — x| 0 lee| |81 X

Puc. 1. MHTepBanbl CXO4MMOCTU U PACXOANMOCTU pALa

Mo»HO NOKa3aTb, YTo cyllecTsyeT Takoe uncno R >0, yto npwm Bcex

o0
‘X‘ <R (=R <x<R) crenenHoit pag > a,x" abconoTHo cxoamnTes, a npu ‘X‘ >R
n=0
- pacxoguTca. byaem cumTath, YTO €C/in PAS CXOAMTCA TO/IbKO B 04HOM TouKe 0, TO
R =0, a ecaun pag cxoamtca npu Bcex X € (—o0,40), 70 R = oo.



0

Onpeodenenue 4. Humepeanom cxooumocmu CTEIIEHHOTO psiia Zan X"

n=0
Ha3biBaeTcs Takoi uatepBan (—R, R), uro npu Bcex X € (—R, R) atoT psin
CXOJUTCS U MPUTOM a0CONIOTHO, a JI BCEX X, JIEKAIIMX BHE 3TOr0 MHTEpBaJja,
pan pacxoautcsa. Yucno R Ha3bIiBaeTCs paduycom cxooumocmu CTEIIEHHOTO psa.
3amevaHue. Ha koHuax nHTepsana (—R, R) sonpoc o cxoaumocty unu

PacxoAMMOCTM CTENEHHOTO PALA PELUAETCA OTAENbHO ANA KaXKA0ro KOHKPETHOro
psaa.

MoKaxem oAnH U3 cnocoboB onpeaeneHnsa MHTepBaaa u paanyca
CXOAMMOCTM CTEMEHHOTO PAAA.

e 0]
o n
PaccmoTpum cteneHHOM pAag, Zanxn n obo3HaumMm a, - X =U,.
n=0
CocTtaBmm pAag s abCoONOTHbIX BEZIMYUNH €ro Y1eHOB:

(e 6] (o6}
D lunf= 2 Jan X"
n=0 n=0

+...

:‘a0\+\alx\+‘a2x2‘+....+‘anx“

N NPUMEHUM K HEMY Npu3HaK Oanambepa.
MycTb cywecteyeT

n+l
. u . dn.1X . a . a
lim =2 = i (PEE= gim | [P | =[x lim R =y
n—o| Uy n—o0 aan n—oo| | Ay n—oo| a,
. a
roe | = lim 2241 | =20,
n—o| a,

Mo npusHaky Janambepa pag, cxogutca, ecanm | ‘X‘ <1, n pacxogutca, ecnu

1
| ‘X‘ >1. OTclopa pag cxoamTca npu \X\ < T TOrga MHTEpPBan CXO4MMOCTU:

11 1 _u
(__’_j- Mpu ‘X‘>I— pAA pacxoauTca, Tak Kak lim | n+lisq,

| | n—ool U,

1
Mcnonb3ysa obo3HayeHne R =1 nonyynm dopmyny ana onpeneneHus

pagnyca CXo4MMOCTM CTENEHHOTO pAAa:
1

R

rae a, apy — KO3QPUUMEHTbI CTeNeHHOro paaa.

any1
an

lim =
Nn—oo

’

. a
Ecnv okasketcs, uto npegen lim |21 =1 =0, 1o nonaraem R = oo.
n—w| a,



[lns onpegeneHna MHTepBaaa M pagmyca CXoAMMOCTU CTeNEeHHOro paaa
TaK»Ke MOXHO MCNOb30BaTb paguKanbHbI NpU3HaK Kowwu, pagunyc

1
CXOAMMOCTH paja onpeaensietca us cootHowenus lim ja,| =2
nN—oo

OnpedeneHue 5. 0606weHHbIM cmeneHHbIM PAO0OM Ha3biBaeTCa pA4 BUAA

e}
D a,(X—Xg)". Ero Take Ha3blBalOT PAAOM MO cTeneHaAm (X —Xg).
n=0
[ina Takoro paga uHTepsan cxogumoctv umeet Bug: (Xg —R,Xg +R),rae R>0
~ PafM1yc CXOANMOCTM.
MoKaxem, Kak Haxo4uUTCA PaAnyc CXOAUMOCTU Ana 0606 LieHHOoro
CTENeHHOro paaa.

8,1 (X — Xp)"™*| a,,
lim [ Ilm‘ ELl O)n =[x = Xo|- lim 7ML =|x — xo|- 1 <1,
n—-o| U, n—>00‘ a,(X—Xgp) ‘ =00 an
1 a
Te. [X=X|<R,rae ==1I= lim
R n—o| ap

Ecam 1 =0, 10 R =00, n 0bnactb cxogumoctn D(X) =R; ecam | =0, 10
R =0 1 o6nactb cxopumoctn D(X) = {X, } .

y 2 (x+1)"
Mpumep 2. HaliTn 061aCTb CXOAMMOCTH pPAAA Z T .
n=1 N-
X+1)"
PeweHue. ObO3HaYNM % =U_(x). CoctaBum npeaen
n
N+l ~n
.U, (X ) X+ -5°-n ) n X+
lim L():Ilm [x+1 =|x+1- lim | ”
n—wo| Up(X) | n-w(n+1)- gn+1 -|X _|_]_In n—w 5(n +1) 3)
x+1
Pellaem HepaBEHCTBO: = <1, ‘X +2u <5, cnepgosatensbHo, nHTEpBan

CXOAMMOCTUN UMeeT Bua: —6 < X <4, npuyém R = 5. JonoNHUTENBHO UCCeayem
KOHLbl MHTEPBANA CXO4MMOCTMU:

1
a) x=4, u,(4) ==, nonyyaem pag, E =, KOTOPbIN pacxoauTcs;
n n
n=1

(=D)" < (=D)" y
6) x=—6, U,(-6)= , noslyyaem pag, Z , KOTOPbIN CXoANTCA
n ) n
ycnosHo. Taknum obpasom, obnactb cxoaumocTtu: [-6;4), R=5.

Omeem: obnacTtb cxoanumoctu [—6;4).

Mpumep 3. Papg, Z (nx)" pacxoautca ansa scex X # 0, Tak Kak (NX)" — o0 npu
n=1

n — oo, paanyc cxogumoctn R =0.



00 n
X
Mpumep 4. Pap . ~— CXOMMTCA MpM BCeX X € R, pagmyc cxoauMmocTM R = oo.
n!
n=1

3apaHuA NpakTU4YecKkonpaboTobl

Hatitu o0macThb CXOOAMMOCTHU U IPOBCPUTH CXOAUMOCTDb Ha I'PaHHULIAX HHTCPBAJIA:

R n== 3y 1)"
1,11,21. a) #=1 2n—-1 ; 6) n=15ﬂ_1(?3 +1).
H=m3?‘2_1 .x."ﬂ H=m 52.’3(.}:_3).’3
E —_
212,22, 2) *7! 5n24/5" : 5) a=1(n® +1)2% 1;
nic GRS & s R I
3,13,23. a) P INF (2 41), 5 »1 (2n=1)a""1
nom o577 neopl 4 2)59 L r 1)
Z e 2 — 2 Su+l
41424 q) #=12°(r7+1). 6) »~1  (2n°+3)2 ;
nowp )" 5" n=o(Sp 42 j(x—2 )"
5,15,25. a) »=1 (RT3} 5) #1 (n’+13*" .
Emgﬂﬂ 7 n== 33 p2 L2 1)
6,16,26.a) #=15" 1. n: 5 =1 3 mP-2)
,:gim 53?2_1'1?2 H=m52n+3ﬂ3(}';—2)m
7,17,27. a) asi(n®+n)-2" . 6) -1 325y 4 5)
n=co 3;'2?2+1x?z ”=°°23H+1F12(I—1)H
— 3. -
8,18,28. a) ”=1H'(H2+1)- 6) »°1 327 1(?124—1) :
}g=m2-’3_2_ﬂ_x.’2 H=m23.’2+1(ﬂz+2)(l§:_1)?ﬂ
0,10,20.a) 13" (1 =3). 5 1 (15T
n-wm plx® n==3f Tl L5 e 2 )
10,2030, a) 7137 (n+2)/, 6 »1 (Snt 1

KoHTponbHble BONpoChbl

1.Kakune paapl Ha3biBatOTCA GYHKUMOHANIbHbIMU?



2. Kakune pAdbl HAa3blBAKOTCA CTENEeHHbIMMU?

3.YT1o TaKoe pagmyc U UHTEPBAA CXOAMMOCTU CTENEHHOrO psaaa’?

IIpakTnueckas padora Ne 27 mo reme
«Pa3j10:keHud (PYyHKIMHA B CTEIICHHOMW PSAI»

Ieab HAyYUTHCS pacKIaabIBaTh PYHKIIUHM B CTEIIEHHON PsiT
Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3.JluctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHmnsa

3. BoinonHutb 1 0popMuTb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTento
AomaliHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
TeopeTnyeckue cBeaeHMs

Paznoscenue pynkyuii 6 cmenennoit pao.
Pao Maxnopena

Eciu gynxuust 7 ) B HekoTOpOM HHTEpBae PACKIaLbIBACTCS B CTEIICHHOI
psiz 110 crenensaM %) 1o 910 pasinoKeHHe eIMHCTBEHHO U 3a1aeTCs



dbopmynoi:

f(x)=f{a)+@ r—a)+

f;(lﬂjl I:x_a:lz + fm{lﬂ)

3
—a) +.
TR

(x—a)* + ..

S (@)
I

H

Jannast popmyia Hocut pamuianio anrandyanuna Teiisopa (ynapenue
Ha TEPBBIN CJIOT).

Ha npakrtrke npoueHTax B 95-Tu NPpUXOJUTCS UMETH JEJI0 C YACTHBIM
ciayuaeMm Gopmynsl Teinopa, korma @ =0

' # L (2]
ﬂszﬂerf(U) ALC S OO N S S )

x L+
1l 21 3l xl

4

ITOT PpAA NOJYYWJI H3BECTHOCTH Ojarogapsi morjaanany MaxkiaopeHy
(ynapenue Ha BTOpoW cior). Pa3nokeHne MakiiopeHa Takke Ha3bIBAIOT
pasnodicenuem Teunopa no cmenenam x.

. x x x x"
g =1+—+—+—+... +—+..
1z al ! (1)

[To popmyne Maknopena:

f@):fmj+ff”x+ngxﬂ+fgm;?+m+52;@xtf”

PacemorpuM dyrkumio - )= ¢ rorma:

Fih=£"=1

Tenepb Ha4YWHACM HAXOAWUTH NPOU3BOAHBIC B TOYKE HOJIb: IICPBYIO
MIPOU3BOHYI0, BTOPYIO IMTPOU3BOHYIO, TPETHIO TPOU3BOAHYIO U T.I. IDTO
IIPOCTO, MMOCKOIBKY NMpHU JudGepeHIIMPOBAHUH YKCIIOHEHTA MMPEeBpaIiaeTcs B
camy ceos:

Sz =" =2
Fi=6"=1

Slxy=(Fx0 =) =g
Frm=e"=1

FUE =" =" =¢"
FmM=e" =1
U tax nmanee....

CoBepI1ieHHO 0YEBHUIHO, YTO JO= (0=, =7"O=. =M= =1

[loacraBnsem enuuunbl B Qopmyiny MakigopeHa W MoJdy4aeM Halle
Ta0IMYHOE pasiioxeHue!


http://www.mathprofi.ru/tipovye_zadachi_s_proizvodnoi.html

AHaANOrMYHO MOXHO BBIBECTH HEKOTOpBIE JIpyrue pa3noKEeHUs
AIIEMEHTAPHBIX (DYHKIIMIA

Ilpumepwt paznoscenusn hpynkyuii 6 psao Maknopena
PaccMmoTpuM TUIIOBYIO 3a/1auy Ha pasiiokeHue GyHKUUU B psa Makiiopena
[Tpumep 1
Paznoxuth pyHkuuio B psajg MakiopeHa.
Fx) = xcos3x
Konctpyupyewm Ham psia.

& at af (— )" "
cosy=l-—+————+4+  +2—- — 4+

204 & (2l

B nanHOM ciydae &= 3%

Gy + Gr)' _ Gay +.+ CD"Ga™ +...

cosdx=1- .
21 4 £l {2x)]
PackpeiBaeM HaBEPXY CKOOKHU:
2.1 44 616  praln 2w
cosszl—Bx +3x —3x+...+( LR
2l 4 &l (2al

Tenepb ymMHOKaeM 00€ 4aCTH HA «HUKCH:
32,2 gt 4 g6 (-1 Fin I
+ - +..+ +..
2l 4 &l {2a)

XCosax = x-[l—

B utore nckomoe pasinoxxenre QyHKIIMH B PSII;

32 x3 34 xﬁ 35 x’? (_1)?! 32?! x2M+1
T W S
2l 4l &l (2l

¥=xcosdx=x—

[Tpumep 2

Pa3noxuTh GyHKINIO B PAJT TTO CTETICHIM

4 ]
m(ray=a-L+Z &L &
23 4

F(xy=1n(1-#") =la( 1+ (-x")

+...



2
Takum obpazom, &=-x" u:

32 L343 v
In(1— x%) = —x* - ’;3' i L ";) A N 0
M
OKOHYATEIbHO:
m(l—x3)=—x3—x—4—x—ﬁ—...—xh—...
2 3 P!

Mpumepbl pasnoennss gynkumii B psa Teiitopa mo cremensm ‘X~ %)
korga @ # 0

O6mryo hopmyny Teinopa:

Fix) =f(a)+@(x—a] +f;f|“‘j (x—a)’ +$(x—a}3 +...+&:@'(x—a)* +...
! ! ! Eal
Ipumep

3 2 .
Pasnoxuth QyHkupio J K= 45 =35+ 2 5 pan Teiinopa 10 cTereHsM

(x=1)

B nannHoM ciyuae =1, cmotpum Ha ¢opmyny Teiinopa, u cTaHOBHTCS
yKe BCE MOHSITHEE.

Teneps npeactout pyyHas pabora Mo KOHCTPYHUPOBAHUIO PA3IIOKEHUS:
fla)= f)=1+4-3+2=4

FR =+ -+ =3 8- 3
Sla)=F"(=3+8-3=18

FNx = (3 +8x— 3 =62+8
Ffa)=F"D) =6+8=14

"X = (6x+8) =6 =const
FMa)="D=6

M = (6 = . .
JUx)=(8'=0 pce mpoussogHble, HauMHAS ¢ YETBEPTON MPOU3BOHON,
OyIyT HyJIEBBIMH.

Teneps nmoacrasmsiem B dpopmyny Teinopa:

f(x)=x3+4x2—3x+2=4+%(x—1)+12—?(x—1j2+%(x—1)3+EI+EI+EI+...=

=44+ 8x-D+7(x-1*+(x-17

[Ipumep



Fl)=—

Pa3noxuTh GyHKLINIO x+3 g psan Teitopa mo creneHsam (x+1

Pemenue: lcnonwsdyem pasnoxkenue ¢GysHkiuu B psag Teitmopa 1o
crenensam 7o)

PO S REA IR AR A VS S A

2l

B nanHOM ciywae: 07 -1

1

—t

FO)=F D= =2
o (1Y
f(x}_[x+3]_ (x4 37
)= Fi-D ==

t

" | 1 _1-2
f(ﬂ—{ &+3J-—H+33
fm)nyLE

3amedaeM, YTO ¢ TAKUMH PACKIaJaMU MPOU3BOJHBIE MOXXHO HAXOAUTH IO
OCCKOHEUHOCTH. [TosTomy HE0OX0IUMO YIIOBUTH HEKOTOPYIO
3aKOHOMEPHOCTh. HaiineM ené TpeThro MpOU3BOAHYIO:

oo (12 ) 123
J (x)_((x+3)3] TR

o= s =-L22

A Tenepp NMpoaHAIU3UPYEM HAWICHHBIE TPOU3BOJAHBIE:

oo _ 12 123
Jix= el Flix)= i e Jhx) x+3

3aKOHOMEPHOCTh MPOCIIEIKUBAECTCS: 3HAKU YEPEIYIOTCSI, B UHCIUTEIIE
HaKpyunBaeTcs GaKkTopual, a B 3HAMEHATEJIe PACTET CTETICHb.

Tenepb, ncxoasa u3 BBISBJICHHOMU 3aKOHOMCPHOCTH, HY?KHO COCTABUTD
MPOU3BOJIHYIO <OHHOIO» nmopsika. B JaHHOM CJIy4ac€ OHA BBITJTIAIWUT TaK:



http://www.mathprofi.ru/formuly_kombinatoriki.pdf
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fi”](le — (- l}x "’3!1

(x+3"
Kak mpoBepuTh, MpaBWIILHO JIM COCTaBJICHA dHHAs pou3BoaHas? [loncTaBbTe
B He€ 3HaueHuss #=1, #=< #=3 yyBac JODKHBI TOJYYUTHCS B TOYHOCTH
niepBasi, BTOpasi ¥ TPEThs MPOU3BOIHBIC. [locie Toro, Kak Mbl yOSIUIHCh B
TOM, YTO YHHAS IPOU3BOJIHAS COCTABIICHA MIPABUIILHO, TIOACTABIISIEM B HEE
Halle 3HaYeHHe:

S M) = M1 =

=1" »l
2" Temepb 0CTAOCh IOACTABHTH B (OPMYILY

Telnopa 1 akKkypaTHO IPOBECTH YIPOUIEHHUS:
1 12 1.2.3 (—1)" .l

4 1+l
— = 2 (x+ 1) +-=— 2 (x+1) +T2(x+1}3+ + El (x+D%+.. =
J fdl

1

Jix)= x+3 2

(x4

:u+1

11 1
oD L a1y —24( 17+ +':2M+3‘1 (x+1)" +. Z( S

3agaHus NpaKTHYeCKOi padoThl

1. Jlan creneHHOM psif Z

a X
n=1 bnvl’H-l

HpI/I 3aJaHHBIX 3HAYCHUAX a U b manmcarn IICPBLIC TPH YJICHA PiAaaA, HaWUTHU HHTCPBAJI
CXO0OUMOCTH psaa.

1,11,21 a =5, b=8

2,12,22 a=2,b=4

3,13,23 a=3,b=4

41424 a=7,b=5

515,25 a=5, b=7

6,16,26 a=2, b=6

717,27 a=8, b=3

8,18,28 a=7,b=4

9,19,29 a=3, b=7

10,11,20 a=4, b=5
2.Paznoxuth QyHkuio B psg MakiopeHa
1,11,21. f(x)=e* 6,16,26. f (x) = sin 3x
212,22, f(x) :cosg 71727 f(x) =™
3,13,23. f(x)=In(1+4x) 8,18,28. f (x) =sin V/x

4,14,24. f(x)=¥1+x 9,19,29. f(x) = cos5x?



5,15,25. f(x) =1+ x? 10,20,30. f (x) =v1-x
KoHTpoJsbHbIE BONIPOCHI

OrnpeneneHue CTENEHHOrO Psaa.

Omnpenenenue paanyca U 001aCTH CXOJIUMOCTH
Onpenenenue psana Teinopa u MaknopeHna
DopMyJIbl pa3IoKEeHUSI JIEMEHTaAPHBIX (PYHKITUN

e

IIpakTnueckas padora Ne 28 mo Teme
«/ledicTBUSA HAJl KOMIUIEKCHBIMH YHCJIaMHU B ajireOpandeckoi ¢popme»

Ieab: HAYYUTH BBINOJHATH JCUCTBUS C KOMIIJIEKCHBIMU YHUCJIAMU B
anredpanydeckon popme
Bpems BbinosniHeHUA 90 MUHYT

MarepuanbHoe obecneuyeHue
1.TeopeTnyeckue ceegeHuA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopAapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHuns

3. BoinonHutb 1 opopmutb paboty
4.lToKa3aTb pe3ynbTaTbl NpenogasaTesito
AomawHee 3apaHune

1.MoaroToBUTL OTBETbI HA KOHTPO/IbHbIE BOMPOChHI

TeopeTnyeckue cBeeHHs

Omnpenenenue. KoMmjieKcHBIM 4YHMCJIOM Z Ha3bIBAETCS BBIpAXKEHUE z=a+ib,
re @ u b — aeiicTBUTENBHBIC YUCIA, | — MHUMAs €UHUIIA, KOTOPAs ONMPEACIIACTCS
COOTHOIIEHHEM: i>=—1;  i=+/—1.

[Tpu >TOM YHCIIO @ HA3bIBACTCS eHCTBUTENbHOI YacThI0 uncia Z (A = Re z), a
b- manMoii yacTeio (b = Im 2).

Ecnmu a =Re z =0, To uncio Z Oyaer 4ucTo MHUMBIM, eci b = Im z = 0, o

YUCIIO Z OyJeT NEeHCTBUTEIIbHBIM.



Omnpepenenne. Yucna z=a+ib U Zz=a—ib HA3BIBAIOTCA KOMILIEKCHO —
CONPS’KEHHBIMH.
Omnpenenenune. /[Ba KOMIUIEKCHBIX 4YWCHA z, =a, +ib, U z, =a, +ib, Ha3bIBAKOTCS
PaBHBIMU, €CJIM COOTBETCTBEHHO PAaBHBI UX JCUCTBUTEIbHBIE U MHUMBIE YACTHU:

a, =a, b =b,;
Onpenesienne. KOMIIEKCHOE YUCIO PABHO HYNIO, €CIM COOTBETCTBEHHO PABHBI
HYJIIO ICUCTBUTEJIbHAS. 1 MHUMAas YacTH.

a=b=0.

JeiicTBUSI HAX KOMILIEKCHBIMM YHCJIAMH B ajiredpanyeckoii popme.

OCHOBHEIC HeﬁCTBHH C KOMIIVICKCHBIMH 4YHCJIaMHU BBITCKAIOT U3 HeﬁCTBHﬁ C
MHOT'O4JICHAMU.

CroxxeHne U BbIYUTAHHE

PaccmoTpuMm J1Ba KOMIUIEKCHBIX YMCIIA, 3aJaHHBIX B 00IIEeM BUIC Z1 = a;+ibs;
Z,=ax+ib, Torma

z=2z,t2z,=(ay +iby)(a, +ib,) = (a; + a,) +i(b; £by) =atib

Mo>xHO c(hOpMyITUPOBATH MPABUIIO CIOKEHHS M BBIYUTAHUS KOMIUIEKCHBIX YUCEN:
IIPU CJIIOKEHUU (BBIYUTAHUH ) KOMIUIEKCHBIX YUCEJ COOTBETCTBEHHO CKJIaJbIBAIOTCS
(BBIUMTAIOTCA) UX ACHCTBUTEIIBHBIE © MHUMBIE YaCTH.

YMHOKeHHE
222122:(a1+ib1)(az+ib2) :a1a2+ia1b2+ib1a2+i2b1b2:a+ib
222122:(8.13.2-b1b2)+ i (3.1b2+b13.2)

( T.e. MOXHO TOBOPHUTb, 4YTO TIEPEMHOMKAIOTCA KOMILUIEKCHBIC UHCIA Kak
MHOTOYJIEHBI, YYWTHIBas, 4To i° = -1). 3HAYMT, 4YTOOBI TEPEMHONKHTH JBa
KOMIUTIEKCHBIX YHCJIa HEOOXOIUMO MEPEMHOXKHUTH UX KaK MHOTOWICHBI, YIMTHIBAS,
gro i? = -1.

Henenue

[Tpu BBINOTHEHUH IEJIEHHUS KOMIDIEKCHBIX YHCE MMOJIB3YOTCS HCKYCCTBCHHBIM
pUEMOM: YHCIUTEIb U 3HAMEHATEb APOOH YMHOXKAOT HA YKCII0, KOMITJIEKCHO -
COIPSKEHHOE 3HAMEHATENIO APOOH, U IOCTYIAIOT Jajiee TaK, Kak U IpH
YMHOXCHHHM KOMITJICKCHBIX YHCEJL.

Mpumep.

Z1= 5-1;



Z,=-2+3i;

2 _ 5-i _ (5-D)*(-2-3) _-10+2i-151+3° _-13-13i _ .
7, —2+3i (-2+3i)*(-2-3i) 4-9i° 13

3ajaHus NpaKTH4YecKOH padoThl

z

1.JlaHBI KOMIUICKCHBIC YHCIIA BBIYUCIHUTD YZ =12, +2Z,. Z, —Z,; Z,°2,; —
1 z

2

1.z, =5-1; z,=1+3i 16.z, =5+1; z,=1-2i

2.2, =3-4i;, z,=1+i 17.z, =3+1;, z,=5-2i
3.z,=1-5i; z,=1+4i 18.z, =1-5i; z,=1+3i
4.2, =1+31; z,=7-Ii 19.z, =5-1; z,=1+3i

5.2, =1-1;, z,=7+3i 20.z,=1+3i; z,=-2+5i
6.z, =1-i; z,=5-4i 21.z, =3+4i; z,=-2+Ii
7.2, =3+4i;, z,=-2+i 22.2,=5-2I; 7,=-2+Ii
8.z, =-;, z,=7+4i 23.2,=7-2I; z,=5+3i
9.z, =6-5I; z,=1+i 24.2, =7-31;, z,=-1+4i
10. z, =-1+5i; z,=2-5i 25.2,=-2+3i;, z,=5-4i
11.z2, =5-7; z,=1-3i 26.2, =-3+2i; z,=6+5i
12.2, =-3-2I; z,=-1+Ti 27.z, =-1+T7i; z,=4-5i
13.2, =5+2i; z,=2-i 28.2,=4+51;, z,=1-2i
14.z, =1+5i; z,=2-3i 29.z2, =-1+3i; z,=6-5i
15.z, =1-4i; z,=1+72i 30.2,=-3-2I; z,=4+3i

2. BeIMOTHUTE IEHCTBUS HAJT KOMIUICKCHBIMM YHCIIaMH B alreOpandeckoit popme

1)11)21) 11_+2ii -(g-éi];

2(1-i/3)

2)12)22) =12



3)13)23) [Ej il

) Q-2)A+20)

4)14)24
5)15)25) 2(1%@)_(1“ 3),
6)16)26) %-(0,1-0,30;
20-iV3).
i(v3-i)

(1—3i)(L+ 3i)

7)17)27)

8)18)28)

_2i19.

9) 19)29) %

(4-i)’

10)20)30) 5 -8(2-i");

KoHTposbHbIE BONIPOCHI

1. Yrto Takoe KOMIUIEKCHOE YMCJI0: JEHCTBUTEIbHAS YacTh YMCIa, MHHMAs
4acTh ynciia?

YTo Takoe MHAUMaAs €TuHALA?

Kaxue uncna Ha3bpIBalOTCS COMPSXKEHHBIMU ?

Kaxk npencraBuTh KOMIUIEKCHOE YUCIIO Tpaduuecku?

UTto Takoe MOyJb YKcia?

UTto Takoe aprymMeHT yucnia’?

CKOJIBKO MOXKET ObITh MOJIYJICH U apPTYMEHTOB Y KOMIUIEKCHOTO Ynciia?
Kak naiitu aprymeHnT uucna?

Kak HaiiT cyMMy, pa3HOCTb, IPOU3BEJACHUE, YACTHOE KOMIUJIEKCHBIX YHCEN

ONo kWM

IIpakTHyeckas padora Ne 29 no reme
«JleficTBUA HAl KOMIUIEKCHBIMM YHUCJIAMU B TPUTOHOMETPUYECKON U
noKasarejibHOil opmax»
Ieab: HAYYUTH BBIMNOJHATH JCUCTBUS C KOMIIJIEKCHBIMU YHCJIAMH B

TPUTOHOMETPUUECKOHN U MOKa3aTeIbHON hopmax

Bpemsa BbinonHeHua 90 MUHYT



MaTtepuanbHoe obecneueHue
1.TeopeTnyeckmne ceegeHuA

2.3apaHue

3.JlIuctA4

4.KanbKynatopbl

MopAapoK BbinoNIHEHUA paboTbi
1.M3yuntb 3apaHue

2. N3yuunTb TeopeTnyeckmne ceegeHuns

3. BeinonHutb 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
AomalHee 3aaaHue

1.MoAarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
TeopeTtnyeckue ceeaeHUA

I'eomeTpuyeckoe H300pakeHNe KOMIIJIEKCHBIX YHCeJ.

IloHssTHE KOMILJIEKCHOTO YMCJIa UMEET TCOMCTPHUICCKOC NCTOJIKOBAHHUC.
MHO0KeCTBO KOMIIJICKCHBIX UHMCEJI SIBJISICTCS pacimpCHUCM MHOKCCTBA
}IGIZCTBPITCJII)HLIX YUCCJI 3a CUCT BKIIFOUYCHHNA MHOXKXCCTBA MHUMBIX YHCCII.
KoMmiekcHble urcia BKIFOYaoT B ce0s1 BCe MHOMKECTBA qUCCJI, KOTOPBIC
N3Yy4aJIUCh PAHCC. Tak HaTypPaJIbHBIC, LCJIBIC, pAIMOHAJIBHBIC, NPPAIUOHAJIBHBIC,
ﬂGﬁCTBHTCHLHLIG qHucjia ABJIAIOTCA, BOO6HI€ roBops, 4aCTHBIMH CIIy4dasiMHU
KOMIIIICKCHBIX YHCCJI.

Ecnm nmro6oe neficTBUTEIbHOE YUCIO MOXKET OBITh TEOMETPUIECKH MPECTABICHO B
BUJIC€ TOUYKH HA YHUCJIIOBOM MPSMOM, TO KOMILIEKCHOE YHUCJIO MPEACTaBIACTCS
TOYKOM Ha MJIOCKOCTH, KOOPJIMHATAMHU KOTOPOU OYAyT COOTBETCTBEHHO
JNEUCTBUTENIbHAS U MHUMAs YacTH KOMIUIEKCHOTO uncia. [Ipu stom
TOPU3OHTAIIBHAS OCh OYJIET SIBIATHCS ICHCTBUTEILHON YUCIOBOM OCBHIO, a
BEPTUKAJIbHASL - MHUMOU OCBIO.




Takum obpazom, Ha ocu OX pacrnonararorcst J€HCTBUTENbHBIE YHCIIA, a HA OCH
OY — 4ucTO MHUMBIE.

C nomo1pio noJ0OHOro reOMETPUYECKOT0 MPEACTABIECHUS MOKHO

NPEJICTABIATh YUCIA B TaK HA3bIBAEMON TPUTOHOMETPUYECKOH opMe.

Tpuronomerpuueckasi gopma uucJja.

N3 reomeTpruyeckux cooOpakeHU BUIHO, UTO a =rcos@; b=rsin¢. Toraa
KOMIUIEKCHOE YUCJIO MOKHO IIPEICTaBUTh B BUJIE:
z=a+ib=rcos@+irsin ¢ =r(cose+isin )
Takas popma 3anucu Ha3bIBaeTCSI TPUTOHOMETPUYECKO (popMoii 3anucH
KOMILJIEKCHOI'0 YHCJIA.
IIpy 5>TOM BenMYMHA I HA3bIBACTCA MOAYJIEM KOMIUIEKCHOTO YHCJA, a Yol

HaKJIOHa (¢ - QPryMmeHTOM KOMIIJICKCHOI'O YHCJIia.

r=|z; Op=Argz.

N3 reomerprueckux cooOpakeHU BUIHO:
. [ 12 b
r= |a+zb| =a’+b*; @=Argz=arctg=;
a

O‘IGBI/II[HO, 4TO KOMIIJICKCHO — COIIPAKCHHBIC YKMCJIa UMCIOT OAMHAKOBBIC MOIAYJIN

Y IIPOTUBOIIOJIOKHBIE APTYMEHTHI.

|z| = |E; Argz=—Argz.

JleficTBHS C KOMIUIEKCHBIMHU YHCJIAMHU B TPUTOHOMETPHYECKOH hopme.
z, =r(cos@, +isin @,), z, =r,(cos@, +isn @,).
YMHOKEeHHE z =z,z, =11, (cos(P, +¢,) +isn( @, +¢,))
B ciiyyae KOMILIEKCHO — COTPSKEHHBIX YU CEN:
2z =(a+ib)a—ib)=a> +b> =2’ =|7".
Jlenenme z =" =L (cos(p, —¢,)+isin( 9, ~9,))
Z, n
Bo3Benenue B cTeneHb

U3 orcpaliii YMHOKCHHUA KOMINUICKCHBIX YHCCII CIICAYCT, UYTO

2% = zz = r*(cos 29 +isin 2¢)



B o01em ciyyae nosnyaum:

z" =r"(cosn@+isin noe),

rze N — 1esoe MoJI0KUTETbHOE YHCIIO.

OT10 BhIpaxkeHue HazbiBaeTcsi ¢opmyJsoii Myaspa. (AGpaxam ne Myap (1667 —
1754) — aHIIMHACKHUI MaTEMaTHK ).

H3Bieyenue KOPHHA U3 KOMILIEKCHOI'O YHCJIa

8z = Vr(coscpﬂ'sin ®) = p(cos\y +isin )
Bo3Boas B cTeneHb, MOTyYUM:
p" (cosmy +isin ny) = r(cos @ +isin @)

Orcioma: p=4r; ny=o¢+2nk; keZ.

- 2 . 2
iz = ﬁr(coscp+ism Q) = W(cosu+ism MJ
n n

Takum o00pa3oMm, KOpeHb N —O CTENEHW M3 KOMIUIEKCHOTO 4YHCia UMeEeT N
pa3TUYHBIX 3HAYCHU.3aJaHus VI NPAKTHYECKOH padoThl

3aganue. BIIOTHUTE AEMCTBUS C JAHHBIMUA KOMILJIEKCHBIMU :
1) Z1+72; Z1-72; Z1-72,71:72

1. z; = 8(cos 55° +5in55°), z, = 2(cos 5° + sin 5°),

2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 129),
3. z; = 3(cos 70° +sin 70°), z, = 2(cos20° + sin 20°),
4. z; = 10(cos 105° +sin 105°), z, = 2(cos 15° + sin 15°),
5. z; = 12(cos 145° + sin 145°), z, = 2(cos5° + sin 5°),
6. z; = 7(cos 255° + sin 255%), z, = 2(cos15° + sin 15°),
7. z; = 9(cos 168° + sin 168°), z, = 2(cos 12° + sin 12°),
8. z; = 6(cos 40° + sin40°), z, = 2(cos20° + sin 20°),
9. z; = 3(cos40° + sin40°), z, = 2(cos5° + sin5°),
10. z; = 10(cos 75° +sin75°), z, = 2(cos 15° + sin 15°),



1.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21,
22.
23.
24,
25,
26.
27.
28.
29.
30.

2.BoInoTHUTH TeWCTBUS HAJl KOMIIEKCHBIMU YUCJIAMH B TPUTOHOMETPUYECKOM
dbopme, pe3ynbTaT 3aucaTh B TPUTOHOMETPUUYECKOH, allredpandeckon u

z; = 9(cos 123° +5in 123%), 2z, = 2(cos 12° + sin 12°),
z; = 5(cos 160° + sin 160°), 2z, = 2(cos 20° + sin 20°),
z; = 3(cos 235° + sin 235°), z, = 2(cos5° + sin5°),

z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

z; = 2(cos 258° + sin 258°), z, = 2(cos12° + sin 12°),
z; = 7(cos 115° +sin 115°), z, = 2(cos20° + sin 20°),
z; = 14(cos 310° + sin310°), z, = 2(cos5° + sin 5°),
z; = 8(cos45° +sin45°%), z, = 2(cos 15° + sin 15°),

z; = 6(cos 213° +5in 213°), z, = 2(cos 12° + sin 12°),
z; = 9(cos 70° +sin 70°), z, = 2(cos 20° + sin 20°),

z; = 4(cos40° + sin40°), z, = 2(cos5° + sin 5°),

z; = 6(cos300° + sin300°), 2z, = 2(cos15° + sin 15°),
z; = 3(cos 33° +55in33°), z, = 2(cos 12° + sin 12°),

z; = 5(c0s 250° + sin 250°), 2z, = 2(cos 20° + sin 20°),
z; = 8(cos 85° +sin85°), z, = 2(cos5° + sin 5°),

z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin1 5°),
z; = 9(cos 48° +sin48°), z, = 2(cos 12° + sin 12°),

z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
z; = 4(cos175° +sin 175°), 2z, = 2(cos 5° + sin 5°),

z; = 16(cos 120° + sin120°), z, = 2(cos 15° + sin 15°),

nokasaTeJabHON popme

11101171 616,26.3—1+1

1+1

21222 (L)G 717,27 (j3-i)-1+1)f

—-2-2i

3.3ammcaTh KOMILIEKCHOE YHCIIO B TPUTOHOMETPUIECKON U ajareOpandecKou

313.23, (“‘/_' 818,28,
s1424. [ 05= 05V3i |’ 91929
053 -05i
. P 2 \3
515,25. (2 +12i) 10,20,30. (- 3— /3
dbopme
1. 14e2”'/3; 6. 4e”

5 5e7l6. 7 5o T7i/6.




3. (2/3)e~°A/3; 8. (2/5)e> /4.
4. 3e7zi/3. 9. 8e772'i/6.
5. e—572'i/6. 10. 229—37zi/4.
4 BeInoJIHUTE AehcTBUsI. Pe3ynbrar 3anucath BO Bcex Ghopmax.

. (5+3)(5+3i") 6. (—v3+i)/2)%:
J2(cos225° +isin 225°)° ’

5 (3+2i)2(2-3i°)
' 1+2i% ’

7. IL-i3)):

2+ i)3 .
" 2i(cos(37/4) +isin(3x/4))’

4. (1-iv3)12)%; 9. \-8-83i;

8. ((W3+i)/2)%*;

5. V-1+iV3; 10. V7 -4iv2;
S.. BBIMOnHUTH AefCTBUS, CIIOB3YSl TPUTOHOMETPUUYECKYIO POpMY:
1,1 2 iVe) T @ N
1. (Z+Z|J(—?+?} 6. 3{cos(—§)+|sm(—§)}+(3+ J3i);
i - ~1+i/3
2. (1+i/3)(-2 - 2i/3); 7. :
A +iv3)( iv3) 5
2 2
3. (L+i)(3+3iV3); g I+
' ’ ) \/Eem'/s ’
ﬁ_%i
4. (6 + 2i/3)(-3-3i); 9. 2 2 .
(6+2iv3)( i) a5
5. (5+5i)(cos15" +isin15°); 10. (@ . %Jesmm

6.BBIOJIHATE JEHCTBUS HAJl KOMIICKCHBIMU YUCJIAMH B TPUTOHOMETPHYECKOM
dopme:

Diz:  2) z;

1. 2, =1+i, 2, =—/3 +i; 6. z,=1-+/3i, z, = 2+2i;



2. 7,=1-i,2,=—/3-i; 7. z,=-1++/3i, 2, =—2-2i;

3. z,=-1+i, 22=%+§i; 8.z, =-1-+/3i, 2, =—2+2i;

. 1 3. . 1 V3.
4, z, —1—|,22=§—7l; 9. z,=3+i,12,= ST
5. z,=1++3i, z,=2-2i; 10. 21:\/§—i,22:%+§i;

KoHnTpoJibHBIE BONIPOCHI

Hwh e

9.

Urto Takoe TpuroHomMeTpudeckas opma 3anucu KOMILUIEKCHOTO yucia’?

Kak nepeBecTu 4nciio B TPUTOHOMETPUUECKYIO popmy?

Kaxk nHaiitTi mpousBeieHrne, 4aCTHOE YUCe B TPUTOHOMETPUYECKOU popme?
Kak waliTu BO3BECTH YHCJIO B TPUTOHOMETpUUYECKOW (opMe B IEnyIo
CTCIICHL?

Kak HailTu KOpeHb N-HOW CTENEHM W3 4YHCJIa B TPUTOHOMETPUUYECKOU
dbopme?

®dopmyna Ditsiepa

Kaxk npenacraBuTh KOMILIEKCHOE YHCIIO B IOKa3aTeIbHOU hopme?

Kak cBsi3aHbl TpUTOHOMETpUUECKass W TIOKa3aTelbHas (OpPMBI 3aIluCH
KOMIIJIEKCHBIX YHcen?

Kaxk nHaiiTi mpou3BeieHne, YacTHOE YHuces B IToKa3aTeabHol hopme?

10.Kax HaliT BO3BECTH YHUCIIO B TTOKa3aTeNIbHOU (hOpME B IENTYIO CTEIIEHb?
11.Kak HailTH KOpeHb N-HOM CTETICHU M3 YKCJIa B TTIOKa3aTeIbHOU dhopme?

IIpakTuyeckasi padora Ne 30 mo reme
«PelnieHHe ypaBHeHUI HA MHOKECTBE KOMILIEKCHBIX YHCeJD)

Iesab: HAyYUTH pelIaTh ypaBHEHUS HA MHOYKECTBE KOMILJIEKCHBIX YUCEI

Bpemsa BbinonHeHUAa 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.3yunTb 3agaHue

2. I13yunTb TeopeTnyeckmne ceegeHuns
3. BoinonHutb 1 opopmutb paboty



4.MoKasaTb pe3ynbTaTbl NpenoaaBaTesnto
AomalwiHee 3apaHue
1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BONPOCHI

TeopeTuyeckue cBeaAeHHUs

KeaapamﬂoeypaeHeHue C KOMN/1EKCHbLIMU KOPpHAMU

o

Henb3sa u3Bneub kopeHb? Eciu peub UIET 0 JCUCTBUTEIBHBIX YHUCIAX, TO
JNEUCTBUTENIBHO HENb3sl. B KOMIUIEKCHBIX YHCIIaX M3BJIE€Yb KOPEHb — MOXHO!
A TouHee, IBa KOpPHSI:

Iy = =—2i
1

== =2

2

JIEHCTBUTENIBHO M HAMJIEHHBIE KOPHU SIBJISIIOTCS PEUIEHUEM YpPaBHEHUS
2
z" =—49 BpINOJHUM MPOBEPKY:

(-2 =2 =4 (-11=—4
(2% =283 =4 . (-1)= -4

UYrto u TpeGoBanoch MpOBEPUTb.

YacTto uCHoOnB3yeTcs COKpallleHHas 3amuch, 00a KOPHS 3alKCHIBAIOT B

Z, = X
OJIHY CTPOUKY T0] .

Takue KOPHH TAaKKC HA3bIBAXOT CONPANCEHHBIMU KOMNIEKCHBIMU KOPHAMU.

Kak W3BIeKaTh KBajJpaTHble KOPHM M3 OTPULATENBHBIX YHCEN, IyMalo,
BeeM moHsTHO: V- 1=H | A-9=4% J-36=46 J3=tfE J5=1f5

T.1. Bo Bcex ClIydasax I10JIy4acCTCsa ABa COIIPAKCHHBIX KOMIIJICKCHBIX KOPH.

IIpumep
Pemuth kBazpaTtHoe ypaBHEHUE 2 f-6z+34=0

BeruncnuM THCKPUMUHAHT:
D=36-136=-100

I[I/ICKpI/IMI/IHaHT OTPHULATCIICH, U B I[GﬁCTBHTGJ'IBHI)IX JucCiiax YpaBHCHHUC
peuiCHusA HC UMCCT. Ho KOPCHb MOXHO HU3BJICYb B KOMIIJICKCHBIX yuciaax!

O =410



1o u3BecTHBIM (hopMysIaM MOJydaeM J1Ba KOPHS:

6+10;
z21, =345

— COIIPSA’KCHHBIC KOMIIJICKCHBIC KOPpHHU

2
Takxum 06pa3om, ypasHenue £ —&2+34=10 yveer 1Ba cCOnpsIKEHHBIX
KOMILICKCHBIX KOpHs: 21 =373 2 =343
HeTpyaHO MOHATH,UYTO B 710/1¢ KOMIUICKCHBIX YHUCEI «IIKOJIBLHOE
KBaJIpaTHOE ypaBHEHUE Bceraa npu AByx kopHsax! 1 Boobiue, moboe

H n-1 2 _
ypaBHeHue Buga %F TEaf Tot@zitaz+a =0 pyeer popno

# KOMILJIEKCHBIX KOpHeﬁ, 9aCTb KOTOPBIX (I/IJII/I BCC) MOT'yT OBITH
ﬂeﬁCTBHTeHBHBIMH.

3agaHus NpaKTHYEeCKOi padoThl
Pemnts KBasipaTHOE ypaBHEHHE:

I.x2-2x+17=0
22x2+2x+1=0
3.4x%-4x+17=0
4X°+6x +25=0
5.4x%-20x +29=0
6.9x°-6x+2=0
7.X2-4x+29=0
8.2x°-2x+5=0
94x°+4x+5=0
10.x°-4x+13=0
I.9x°-6x+17=0
12.4x%-12x+25=0
13.x°+4x+5=0
142x>—10x+17=0
15.x°-6x+13=0
16. x° +6x+ 18=0
17. X2 -4x+40=0
18.4x%-12x+13=0
19.2x2+6x+5=0
20X -2x+5=0
21.9x%-6x+10=0
22.2x%+ 6x+5=0
23.X°+6x+13=0
24.2x%- 6x+17=0
25.9x%-6x+2=0
26. X2-6x+10=0



27.x2+2x+26=0
282x°+6x+9=0
29.2x2+10x+13=0
30.x2-6x+34=0
KouTpoJsbHbIC BONIPOCHI

1.Kakue yncna Ha3bIBatOTCS KOMIUIEKCHO CONPSIAKEHHBIMU?
2.Kakue KOMIUIEKCHBIE YMCIIa HAa3bIBAKOTCS PABHBIMHU ?
3.Kak u3Biieub KBaJpaTHbIN KOPEHb U3 KOMIUIEKCHOIO yucia?

Ilepeyens pexoMeHayeMbIX Y4YeOHBIX H3AaHuil, VHTepHeT-pecypcoB,
JAOMOJHUTEIBbHOH JIUTEPATYPbI

OCHOBHbBIC HICTOYHHUKH:

1) I'puropbeB B.I1. «2nemenTsl Boiciiel maTeMatukny, 2016 OHILL «AkagemMusy.
2) I'puropneB B.I1. «CoopHuk 3ama4d 1o Beiciiel Mmatematukey, 2016 OHIJ
«AKaneMusay.

3)Omenpuenko B. I1., Maremartuka: yaeoHoe mocooue / Omensuenko B. I1.,
Kyp6atosa 2. B. -PoctoB u/]l.: ®enukc, 2016.

4)boromoinos H.B. [IpakTrueckre 3aHATHS 110 BBICIICH MaTeMaTHKE. - M.:
Beicmas mkooa, 2016.

S)Tononbckuii B.A. u ap. CO0pHHK 3a/1a4 110 MaTEMaTHKE JJIl TEXHUKYMOB. - M.:
Bricmas mkoma, 2007.

6)Banymp NL.U. u np. Marematurka Jj1s1 TEXHUKYMOB Ha 0a3e cpeaHel MKOJbI: yueo.
moco0. - M.: Hayka, 2007.

7)Aanasa A.A. Marematuka: yue6. - M.: DOPYM: UHD®PA-M, 2005
Marematuka 1 TeXHUKYMOB. AjireOpa 1 Hadana ananmu3a: B 2-x gactsx, yueo0.
/Kauenosckuit M.W. u ap. nmox pex. I'.H. fkosnesa. - M.: Hayka, 2007.
JlonoTHUTEIbHbIE HCTOYHHUKH:

1)Briciias matematuka ais skonoMuctoB. [lox pen. H. . Kpemepa. - M.:
FOHUTH, 2007

2)Crnupuna M.C. [luckpetnas matremaruka: yueo. - M.: Akagemus, 2006.
3)['onuaposa ['.A., Modanua A.A. DieMeHThI IUCKPETHOU MAaTEMATUKH: y4IeO.
1oco6.- M.: ®opym: MTHOPA-M, 2005.

HNuTepHeT-pecypcebl

1)www.fcior.edu.ru (MapopMamoHHbIC, TPCHUPOBOYHBIC U KOHTPOJIEHBIC
MaTtepuarbl)



www.school-collection.edu.ru (Equnas konnexuu muppoBeIX 00pa3oBaTeIbHBIX
pecypcoB).

2)http://www.mathnet.spb.ru/

3)http://www.exponenta.ru/educat/class/class.asp

A)http://www.bymath.net/studyguide/tri/tri_topics.html

5)http://www.mathem.h1.ru/index.html

6)ttp://www.mathnet.spb.ru/
7)http://www.exponenta.ru/educat/class/class.asp
8)http://www.bymath.net/studyguide/tri/tri_topics.html
9)http://www.mathem.h1.ru/index.html
10)http://festival.1september.ru/



http://www.mathnet.spb.ru/
http://www.exponenta.ru/educat/class/class.asp
http://www.bymath.net/studyguide/tri/tri_topics.html
http://www.mathem.h1.ru/index.html
http://www.mathnet.spb.ru/
http://www.exponenta.ru/educat/class/class.asp
http://www.bymath.net/studyguide/tri/tri_topics.html
http://www.mathem.h1.ru/index.html
http://festival.1september.ru/
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	r1 в   М r2

	D = 36 – 32 = 4;                    D = 64 – 48 = 16;
	Алгоритм исследования функции двух переменных на экстремум
	Таблица интегралов элементарных функций
	Интегрирование по частям.
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