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Oobs1acTh NPUMEHEHUS METOAUYECKUX YKAZAHUM

Meronnueckue yka3aHusl AJi BBITOJTHEHHUS IPAKTUYECKUX padOT ABIIAIOTCS
YacThIO MPUMEPHONU OCHOBHOM MpodecCcHoHaIbHON 00pa30BaTEIbHON MPOrpaMMBbl
B cootBeTcTBUU ¢ PI'OC no cneuunansHoctu CI1O 09.02.07 «MHpopMannoHHbIe
CHCTEMbI U IPOrPAMMHUPOBAHME»

1.2. Heab 1 miIaHUPyeMble Pe3yJIbTATHI OCBOCHHUS IUCUMILIMHBI:

OK 1.Boi6upats ciocoObl pelieHus 3aaau.
OK 5.0cymiecTBasTh YCTHYIO U INCBbMEHHYIO KOMMYHUKAIIUN HA

roCyaapCTBCHHOM A3BIKC C YUCTOM ocoOeHHOCTEN COIMAJIBHOT'O U KYJIBTYPHOTO

KOHTCKCTa

YMenus

3HaHuA

BeImonHaTE onepanuu Haj
MaTpHUIIAMU U pelIaTh CUCTEMBI
JIMHEVHBIX YPaBHEHUI
Pemmare 3amaun, ncnons3ys
YPaBHCHHS TPSIMBIX U KPUBBIX
BTOPOTO MOPsIIKa Ha
IUIOCKOCTH

[TpumeHsaTH METOABI
nuddepeHuanTbHOTO U
UHTETPATHHOTO UCUMCIICHUS
Pemats nuddhepennmanpHbie
ypaBHEHHSI

[Tonb30BaThCS MOHATHSAMU
TEOPUHU KOMITJIEKCHBIX YHCET

OCHOBBI MaTEMaTUYECKOTO
aHanu3a, JIMHEWHOH anreopbl u
aHAIUTUYECKON T€OMETPUH
OcHoBbI U PepeHIuaILHOTO U
UHTETPaIbHOTO UCUUCTICHUS
OCHOBBI TEOPUH KOMIIEKCHBIX
qrcell

1.3. PekomeHgyemoe KO/MUYECTBO YAacOB Ha OCBOeHUe pabouyeit nporpammbi

y4yebHOM AUCUUNNUHDI:

MaKCMMaNbHOM y4yebHOM Harpy3km obydatoweroca 102 yaca, B TOM YUCAE:
ob6s3aTenbHOM ayANTOPHOM y4ebHOM Harpyskm obyvatoweroca 884acos

npakTMyeckue pabotbl 40 yacoB
camocToaTeNlbHOM paboTbl obyyatolleroca 6 4acos

KOHCynbTaumm 8




NEPEYEHb NMPAKTUYECKUX PABOT

1 [encTBma ¢ KoMNeKCHbIMU Ynciamm B anrebpamnyeckon popme

2 [encTBuA ¢ KOMNAEKCHbIMW YUCAAMUN B TPUTOHOMETPUYECKo dopme

3 dnemeHTbl BEKTOPHOM anrebpbl BoluncneHne npegenos

4 NccneposaHne pyHKLUMM Ha HenpepbiBHOCTb. Knaccndukauma Touek
pa3pbiBa

5 HaxoxaeHne nponsBoAHbIX CNOXKHbIX QYHKLUMA

6 YpaBHeHMe KacaTeslbHOM U HOPManu

7 MonHoe nccnepgosaHme GyHKUMK. MNocTpoeHune rpadpmka

8 BbluncneHme nepsoobpasHOM M onpegeneHHbIX MHTerpanos. Pnsnyeckoe u
reoMeTpUYECKOoE NPUIONKEHMNE MHTEMPaANOB

9 OnddepeHumpoBaHmne PyHKUMIN ABYX NepeMeHHbIX. iccnegoBaHne pyHKLUK
ABYX NEPEMEHHbIX Ha IKCTPEMYM

10 | BbluncneHune ABOMHbIX MHTErPanoB. [pakTU4yeckoe NpMMeHeHME ABOMHbIX
MHTErpasos.

11 NccnepoBaHme pagoB Ha CXO4MMOCTb

12 PeweHune anddepeHuUnanbHbiX YpaBHEHN

13 | de#ctBMA c maTpuLamm

14 BbluncneHue onpeagenntenei matpuu,

15 HaxoxkaeHune obpaTHOM maTpuLbl. PelleHre npocTenwmx MaTpUYHbIX
YPaBHEHWM

16 PeweHne cMctem NMHENHbIX YpaBHEHUN No dopmynam Kpamepa wu c




NOMOLLbIO 06paTHOM MaTpULbI

17 PeweHne cMctem NMHENHbIX ypaBHEHUN meToaom laycca

18 dnemeHTbl BEeKTOPHOM anrebpbl

19 CocTaBneHune ypaBHEHMA NPAMOM Ha NJIOCKOCTU. YTOoN Mexay NPAMbIMU

20 CocTaB/ieHWe YypaBHEHMI KPUBbIX BTOPOro NopsiaKa (OKPY»KHOCTU, 3nUMCa,

runepbonbl, napabonsbl)




IIpakTyeckas padora Ne 1 mo reme
«/ledCTBUSA ¢ KOMILJIEKCHBIMH YHCJIAMU B ajireOpanyeckoi ¢gpopme»

Ieab: HAYYUTH BBINIOJHATH JEUCTBUSA C KOMIUJIEKCHBIMU YHUCJIAMU B
anredpanueckon popme
Bpems BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceeaeHUA

2.3apaHue

3.JluctA4

4.KanbKynatopbl

MNopaaoK BbinoAHEHUA PaboTbl
1.M3yunTb 3apaHme

2. 3yunTb TEOPETUYECKME CBEAEHMUA

3. BoinonHutb 1 opopmutb paboty
4.ToKa3aTb pe3ynbTaTbl NpenogaBaTento
DomawHee 3agaHue

1.MoaroToBUTbL OTBETLI HA KOHTPO/IbHbIE BOMPOCHI

TeopeTnyeckue cBeeHUs

Omnpenenenue. KoMniekCHbIM YHCJIOM Z Ha3bIBACTCS BBIPAKEHUE z=a+ib,
rae a u b — faeiicTBUTENbHBIC YKCIa, | — MHUMasl €IMHUIIA, KOTOpasi OMpeaeseTCs
COOTHOIIIEHUEM: i’ =—1I; i=~-1.

[Tpu >TOM YHCIIO @ HA3bIBACTCS MeHCTBUTENbHOI YacThIo uncia Z (A = Re z), a
b- manmoii yacTeio (b = Im 2).

Ecin a =Re z =0, To 4ncno z Oynmer ynucto MHUMBIM, eciit b = Im z = 0, To
9HCIIO Z Oy/IeT AEHCTBUTEIHHBIM.

Onpene.ﬂeHne. Yucma z=a+ib WU Z=a—ib Ha3BIBAIOTCI KOMILIEKCHO —
CONPAKEeHHBIMH.

Omnpenenenue. /[Ba KOMIUIEKCHBIX 4YuCHa z, =a, +ib, U z, =a, +ib, HA3bIBAIOTCS
PaBHBIMHU, €CJIA COOTBETCTBEHHO PABHBI UX JIEUCTBUTEIbHBIE U MHUMbIC YACTH:

a, =a,; b =b,;



Omnpenenenne. KOMIIEKCHOE YMCIIO PaBHO HYJO, €CIIM COOTBETCTBEHHO DPABHBI
HYJIIO ICICTBUTEIbHAS 1 MHUMAs YaCTH.

a=b=0.
JeiicTBUSI HAX KOMILIEKCHBIMM YHCJIAMH B ajJredpanyeckoii ¢popme.

OCHOBHBIE JIENUCTBUA C KOMILUIEKCHBIMHU YHCJIAMHU BBITEKAIOT U3 JICHCTBUH C
MHOTOWIECHAMMU.

Cio:keHne U BbIYUTAHHE

PaccMoTpuMm J1Ba KOMIUIEKCHBIX YMCIIA, 33JaHHBIX B 00IIEeM BUC Z1 = a;+ibs;
Z,=ay+ib, Torma

z=2z,+2z,=(a; +iby)(a, +ib,) = (a; + a,) +i(b; £b,) =atib

MoxHO C(I)OpMy.III/IpOBaTB MMpaBUJIO CIIOKCHUA W BBIYUTAHUA KOMIIJICKCHBIX YHUCCJI:
Impn CJI0KCHHUU (BI)I‘II/ITaHI/II/I) KOMIIVNICKCHBIX YHUCCJI COOTBCTCTBCHHO CKJIAABIBAKOTCA
(BBI‘{I/ITaIOTCH) 150.¢ JIGIZCTBHTCHBHBIC N MHUMBIC 4YaCTHU.

YMHo:KeHHEe
222122:(3.1+ib1)(az+ib2) :a1a2+ia1b2+ib1a2+i2b1b2:a+ib
222122:(3.13.2-b1b2)+ i (3.1b2+b13.2)

( T.e. MOXHO TOBOPHThH, YTO TIEPEMHOXKAIOTCS KOMIUICKCHBIE 4YHCJIA Kak
MHOTOYJIEHBI, YYUTBIBAS, UYTO i -1). 3nHauur, YTOOBI TEPEMHOXKHUTH JBa
KOMILIEKCHBIX YHCJIa HEOOXOIMMO MEPEMHOXKHUTh UX KaK MHOTOWICHBI, YUUTHIBA,
uTo i% = -1.

lenenue

IIpy BBIMOJIHEHUM JACJIEHUS KOMIUIEKCHBIX YHUCEJ MOJIb3YIOTCSI UCKYCCTBEHHBIM
MpUEMOM: YUCTUTENIh U 3HAMEHATENh IPOOU YMHOXKAIOT Ha YUCIIO, KOMIUJICKCHO -
COTIPsDKEHHOE 3HAMEHATENI0 IPOOH, U TIOCTYMAIOT Aajiee TaK, KaK U MpH
YMHOKEHUU KOMILUIEKCHBIX YUCEIL.

Mpumep.
21= 5-1;
2,=-2+3i;
2z, _ 5-i _ (5-i)*(-2-3i) :—10+2i—15i+3i2:—13—13i:_1_i
z, —2+3i (-2+3i)*(-2-3i) 4—9i? 13

3aiaHus npakTU4ecKon padoTbl



z

1.JlaHbI KOMILIEKCHBIE YUCIIA BBIYUCIUTD YZ =12, +2,- 2, —2,; Z,-Z,; —
1 z

2

1.z, =5-1; z,=1+3i 16.z, =5+1i; z,=1-2i

2.2, =3-4i; z,=1+i 17.z, =3+1;, z,=5-2i
3.z,=1-5i; z,=1+4i 18.z, =1-5i; z,=1+3i
4.2, =1+3i; z,=7-i 19.z, =5-i; z,=1+3i

5.z, =1-i; z,=7+3i 20.z, =1+3i; z,=-2+5i
6.z, =1-i; z,=5-4i 21.z, =3+4i; z,=-2+Ii
7.2, =3+41; z,=-2+i 22.2,=5-2I; 7,=-2+I
8.z,=—1; z,=7+4i 23.2,=7-2i; z,=5+3i
9.2z, =6-51; z,=1+Ii 24.2, =7-31;, z,=-1+4i
10. z, =-1+5i; z,=2-5i 25.2,=-2+3i; z,=5-4i
11.z, =5-7i; z,=1-3i 26.z, =-3+2i; z,=6+5i
12.2, =-3-2i; z,=-1+Ti 27.z, =-1+7i; z,=4-5i
13.z, =5+2i; z,=2-i 28.2, =4+5i; z,=1-2i
14.z, =1+51; z,=2-3i 29.z, =-1+3i; z,=6-5i
15.z, =1-4i; z,=1+2i 30.z, =-3-2i; z,=4+3i

2. BIMOTHUTD IEUCTBUS HAJl KOMIUICKCHBIMM YHCIIaMH B alreOpandeckoit popme

1)11)21) 11_+2‘i —(%—%iji

2)12)22) Zf%f;’)

3)13)23) G%:] it

) a- Zi)(l."' 2i) 12

4)14)24



5)15)25) 2(1%@_(1“@;

6)16)26) © 2*3? _ (01 03i);

7)17)27)

8)18)28

9) 19)29) £+ W3)

10)20)30)

2(1-i/3)
i(\V3-i)

) G808 g,

(1+|\/_)

(4I_8|)2 —8(2— ilS);

KoHTposbHbIE BONIPOCHI

1.

N hR WD

UTto Takoe KOMIIJIEKCHOE YHUCIIO: JCHCTBUTEIbHAS YacTh YUCJIa, MHUMAas
4acTh Yucia?

Yro Takoe MHUMAs eauHUIA?

Kaxue uncna Ha3bpIBalOTCS COMPS>KEHHBIMU ?

Kak npencraBuTh KOMIUIEKCHOE YUCIIO Tpaduuecku?

Yro Takoe MoyIb yucia?

Uto Takoe apryMeHT yucia?

CKOJIbKO MOXKET ObITh MOJIYJICH U apPTYMEHTOB Y KOMIUIEKCHOTO uncia’?
Kak naiitu aprymeHT uucia?

Kak naiitu cymmy, pa3HOCTh, IIPOU3BECHHUE, YACTHOE KOMIUIEKCHBIX YHCEI

IIpakTHyeckas padora Ne 2 o Teme

«JleficTBUA HAl KOMIUIEKCHBIMM YHUCJIAMU B TPUTOHOMeTpPUYeCKoil ¢opme»
Ieab: HAYYUTH BBINOJHATH JEUCTBUS C KOMIIJIEKCHBIMU YHCJIAMH B

TPUTOHOMETPUYECKOH (hopme

Bpemsa BbinonHeHua 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune



2. 13yunTb TeopeTUYeckme ceeseHuns

3. BbinonHutb 1 opopmutb paboTty

4.MoKa3aTb pe3yabTaTbl NpenogasBaTento
AomalwiHee 3apaHue

1.MoaroToBUTL OTBETLI HA KOHTPOJ/IbHbIE BONPOCHI
TeopeTnyeckue ceegeHusn

I'eomeTpuyeckoe H300pakeHne KOMIIJIEKCHBIX YHCeJ.

IloHssTHE KOMIIJIEKCHOTO YMCJIa UMEET TCOMCTPHUICCKOC NCTOJIKOBAHUC.
MHO0KECTBO KOMIIJICKCHBIX UMCEJI SIBJISICTCS pPaciMpCHUCM MHOXKCCTBA
IIGﬁCTBHTCJIBHBIX YUCCJI 3a CUCT BKIIOYCHUS MHOKCCTBA MHUMBIX YUCCII.
KomMmiiekcHble ynciia BKIFOYaloT B ce0s1 Bce MHOYKECTBA qucCeiI, KOTOPBIC
N3y4aJIUCh PAHCC. Tak HaTypPaJIbHBIC, LCIIBIC, pPAINOHAIIBHBIC, UPpPAllMOHAJIILHBIC,
}IGIZCTBPITCJII)HLIG quciia ABJIAKOTCA, BOO6III€ roBops, 4aCTHBIMU CIIy4dasiMHU
KOMIIJICKCHBIX YHCCII.

Ecnu mo6oe neiicTBUTENIbHOE YHCIIO MOKET OBITh FT€OMETPUUYECKU MPEACTABICHO B
BU/JIE TOYKM HA YUCIOBOM NPSIMOM, TO KOMIIJIEKCHOE YMCIIO MPEICTABISETCS
TOYKOH Ha MJIOCKOCTH, KOOPJAUHATAMHU KOTOPOI Oy1yT COOTBETCTBEHHO
JNEUCTBUTENIbHAS U MHMMAs YaCTU KOMIUIEKCHOrO uucia. IIpu stom
TOPU30HTAIbHASI OCh OYET ABIATHCA JEHCTBUTEIBHON YHCIOBON OCHIO, a
BEPTUKAJIbHAS - MHUMOMU OCBIO.

G a X

Takum o06pazom, Ha ocu OX pacrnosiaraloTcsi 1eMCTBUTEIbHBIE YHCIIA, @ HA OCU
OY — 4nCcTO MHUMEIE.

C nomoIipt0 Mo J00HOTO TEOMETPUUECKOTO PEACTABICHUS MOKHO

IPEACTABIATh YKC/Ia B TaK HA3bIBAEMOM TPUTOHOMETPHUUYECKOU popMme.

Tpuronomerpuueckasi gopma ymcJja.



N3 reomeTpryecKkux cOOOpaKEHUN BUJIHO, UTO a =rcos®; b=rsin@. Torma
KOMILJIEKCHOE YUCJIO MOXKHO IPEICTABUTH B BUE:
z=a+ib=rcos@+irsmn ¢ =r(cos@+isin @)
Takas popma 3anucu Ha3bIBa€TCSI TPUTOHOMETPUYECKO (popMoii 3anucu
KOMILJIEKCHOI'0 YHCJIA.
IIpy 5>TOM BeAMYMHA I HA3bIBACTCA MOAYJEM KOMIUIEKCHOIO 4YHCIIA, a Yol
HAKJIOHA () - apTYMEHTOM KOMILJIEKCHOI'O YUCJIA.

; p=Argz.

r=lz
4 3 IrCOMCTPHUCCKUX COO6pa}KeHHﬁ BHU/IHO:
. 3 12 b
r= |a +zb| =~Na’+b*; @=Argz=arctg—;
a

O‘IGBI/I}IHO, 4dTO KOMIIJICKCHO — COIIPSAPKCHHBIC YHMCJIa UMCIOT OAWHAKOBBIC MOIAYJIN

" IIPOTUBOIIOJOKHBIC apTYMCHTHI.

|z| = |2; Argz=—Argz.

JleficTBUS ¢ KOMIUIEKCHBIMU YHCIIaMU B TPUTOHOMETpHUUYECKOH popme.
z, =r(cos@, +isin @,), z, =r,(cos@, +isin @,).
YMHOXKeHME z =z,z, =11, (cos(p, +@,)+isin( @, +@,))
B ciiyyae KOMIUIEKCHO — CONPSYKEHHBIX YUCEN:
zz=(a+ib)a—ib)=a’ +b* = |Z|2 = |E|2.
Henenne z="1="1(cos(o, —¢,)+isin(¢, ~p,))
Z, n
Bo3Benenue B creneHb
N3 onepanny yMHOKEHHUSI KOMILIEKCHBIX YHCEIN CIIEIYET, 4TO
2% = zz = r*(cos 2¢ +isin 2¢)
B o6mem ciydae momyqaum:
z" =r"(cos ne+isin ne),
rje N — 1eaoe NoJ0KUTEIbHOE YHUCIIO.
Ot10 BbIpaxeHue HazbiBaeTcsi ¢opmyJsoit Myaspa. (AGpaxam ne Myap (1667 —

1754) — aHIIMHACKHAIA MaTEMATHK ).



H3BieyeHue KOPHHA U3 KOMIIJIEKCHOI'O YHCJIa

8z = Vr(cos<p+isin @) = p(cos\y +isin )
Bo3Boas B cTeneHs, MOIYYUM:
p" (cos ny +isin ny) = r(cos @ +isin @)

Orcioma: p=4r; ny=o¢+2nk; keZ.

8z = g/r(cos<p+z'sin Q) = ’\'/;(cos—(P+ 2mk +isin o+ sk 27tkj
n n

Takum o00pa3oMm, KOpeHb N —OH CTENeHW M3 KOMIUIEKCHOTO 4YHucia UMeeT N
Pa3JINYHbIX 3HAYEHUI.3agaHus A5l NPAKTHYECKOH padoThl

3auaHHe. BoimonHuTh HeﬁCTBHH C JaHHBIMH KOMITJICKCHBIMU

1) Z1+72; 71-72; 7Z1-72,71:72

1. z; = 8(cos 55° +5in55°), z, = 2(cos 5° + sin 5°),

2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 129),
3. z; = 3(cos 70° + sin 70°), 2z, = 2(cos20° + sin 20°),
4. z; = 10(cos 105° + sin105°), z, = 2(cos 15° + sin 15°),
5. z; = 12(cos 145° + sin 145°), z, = 2(cos5° + sin 5°),
6. z; = 7(cos 255% + sin 255%), z, = 2(cos15° + sin 15°),
7. z; = 9(cos 168° + sin 168°), z, = 2(cos 12° + sin 12°),
8. z; = 6(cos40° + sin40°), z, = 2(cos20° + sin 20°),
9. z; = 3(cos40° +sin40°), z, = 2(cos5° + sin59),
10. z; = 10(cos 75° + sin 75°), z, = 2(cos 15° + sin 15°),



11. z; = 9(cos 123° +5in 123%), 2z, = 2(cos 12° + sin 12°),
12. z; = 5(cos 160° + sin 160°), 2z, = 2(cos 20° + sin 20°),
13. z; = 3(cos 235° + sin 235°), z, = 2(cos5° + sin5°),

14. z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

15. z; = 2(cos 258° + sin 258°), z, = 2(cos12° + sin 12°),
16. z; = 7(cos 115° +sin115°), 2z, = 2(cos 20° + sin 20°),
17. z; = 14(cos 310° + sin310°), z, = 2(cos5° + sin 5°),
18. z; = 8(cos45° +sin45°), z, = 2(cos 15° + sin 15°),

19. z; = 6(cos 213° +5in213°), z, = 2(cos12° + sin 12°),
20. z; = 9(cos70° +s5in70°), z, = 2(cos 20° + sin 20°),

21. z; = 4(cos40° + sin40°), z, = 2(cos5° + sin 5°),

22. z; = 6(cos300° +s5in300°), z, = 2(cos15° + sin 15°),
23. z; = 3(cos33° +5in33°), z, = 2(cos12° + sin 12°),

24. z; = 5(cos 250° +sin 250°), 2z, = 2(cos 20° + sin 20°),
25. z; = 8(cos85° +5in85°), z, = 2(cos5° + sin 5°),

26. z; = 10(cos 165° +sin 165°), 2z, = 2(cos 15° + sin1 5°),
27. z; = 9(cos 48° + sin48°), z, = 2(cos 12° + sin 12°),

28. z; = 5(cos100° + sin 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos175° +s5in175°), z, = 2(cos5° + sin 5°),

30. z; = 16(cos120° + sin120°), 2z, = 2(cos 15° + sin 15°),

2.BBITIOTHUTH IEHCTBUS Hall KOMIUIEKCHBIMU YHCIIAaMHU B TPUTOHOMETPHYECKON
dbopwme.

11121171 616,26. 31+ |
1+i
. -6
212,22, (1;'2) 717,27, ()3 - if-1+i))
—2-2i
.\ 6 N\12
313.23, 1+—‘/§' 81828 [ V3]
1-i 2
\4 A3
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KoHnTpoJibHBIE BONIPOCHI

Urto Takoe TpuroHomMeTpudeckas ¢opma 3anucu KOMIUIEKCHOTO yncia’?

Kak nepeBecTu 4nciio B TPUTOHOMETPUUECKYIO popmy?

Kaxk nHaiitTi mpousBeieHne, 4aCTHOE YUCE B TPUTOHOMETPUYECKo popme?
Kak wHailiTu BO3BECTH 4YHCJIO B TPUTOHOMETPUUECKOW (QopMe B IIEIYIO
CTETECHB?

5. Kak HaillTu KOpeHb N-HOM CTENEeHW U3 YHcCjia B TPUTOHOMETPUUECKOMU
dbopme?
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MpaKTuueckasa pabora Ne 3
Tema « Boluuc/ieHHE TIPeIe0B»
Ieab: HAYYUTHCSA BBIYUCIISTh MPEIECIIbI, PACKPBIBATh HEOINPEAECICHHOCTH.
Bpems BbinosniHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3./lIuctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTmnyeckne ceegeHuns

3. BoinonHutb 1 opopmutb paboty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomalwiHee 3apaHue

1.MoAarotoBUTbL OTBETHI HA KOHTPOJIbHbIE BOMPOChI
Xoa padoThI

TeopeaneCKne MHOJIOZKCHHUSA



[lepeMenHas u mipeiea — 3T0 OCHOBHBIC MOHSATUS MAaTEMAaTUYECKOTO aHAIU3A.
JloCcTaTOYHO HAIOMHUTh, UTO KIIFOUEBBIM CJIOBOM B OMPEACIICHUSIX TaKUX
M3BECTHBIX CO IIKOJIbI MOHATUN KaK MPOU3BOJAHAS U UHTETPAJ SIBISETCS CIIOBO
npenaed.

IIpenen pyHKUMU B TOUYKe.

y f(x)
y
Atte
/N .
Afe-—— B
0' a-AaatA X

[Tycts dpynkuus f(X) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOYKHU X = a (T.€. B
camMoil Touke X = a QyHKIUS MOXKET ObITh M HE OIpe/iesieHa)

Onpenenenune. Yuciio A HaseiBaetcs mpeaeaom ¢yrakiuu f(X) mpu x—a, eciu
st moboro €>0 cymecTByeT Takoe ynciao A>0, 9To Uit BCEX X TaKUX, YTO
0< |x-al <A Bepro Hepasencto | f(X) - Al<e.

To sxe onpeeneHne MOXKeT ObITh 3aITUCAHO B IPYTOM BHJIE:
Ecma-A<Xx<a+A, X#a, o BepHO HepaBeHCTBO A - € < f(X) <A + &.

3amuch npejena QyHKIMN B TOUKE: lim f(x) = 4
Omnpenenenue, Eciau f(X) — Aj ipu X — a ToJBKO npu X < &, TO lim f(x)=4, -

HasbIBacTcs mpeaeaoM ¢yHkiuu f(X) B Touke x = a caeBa, a eciu f(X) - Az pu X

— a TOJIBKO IpH X > 8, T0 lim f(x)= A, Ha3bIBaCTCA NMpeiesioM ¢yakmuu f(X) B
xX—>a+

TOYKE X = a clpasa.

f(




A

[TpuBecHHOE BBIIIE OMPEICIICHUE OTHOCUTCS K ciydaro, korna dyakmus f(X)
HE ONpENEJIEHa B CaMOM TOYKE X = a, HO OINpEJEJIEHAa B HEKOTOPOM CKOJb YTOAHO
MaJioil OKPECTHOCTH ITOU TOUKH.

IIpenenst A1 u Az Has3bpIBAalOTCS TaKKE OAHOCTOPOHHMMH MpeAeaMHu
¢yukiuu f(x) B Touke x = a. Takke TOBOpST, 4YTO A — KOHEYHBbIl mpemen

byukun f(X).
Ilpenes GpyHKIUYU MPH CTPEMJICHHHM APTYMEHTA K 0€CKOHEYHOCTH.

Omnpenenenue. Yucno A HaspiBactcs mpeneiom ¢pyuakiuu f(X) mpu x—>o0, ecnu
u1st moGoro umcia >0 CymecTByeT Takoe umcio M>0, uto ams Beex X, |x|>M
BBITIOJTHSICTCSI HEPABEHCTBO

A-f(x)|<e

[Ipu »ToM mpenmonaraercs, 4ro ¢yukmus f(X) ompeneneHa B OKpeCTHOCTH
OECKOHEYHOCTH.
3amuchIBAIOT: lm f(x) = A.

X—>0

AHaJIOTUYHO MOYKHO OTIPEICIIUTh Mpeebl lim f(x)= 4 misg moboro x>M u
im f(x)= A miug moboro x<M.

OcHoBHBIE TEOPEMBI 0 Mpeeaax.

Teopema 1. lim C =C, rae C = const.

xX—a

Crieiyrolye TeopeMbl CIPaBEIIUBEI IPU NPEANONOKEHNH, uTo pyHkuuu f(X) u
g(X) UMEIOT KOHEYHBIE TIPEAEIBI IPH X—>a.

Teopema 2. lim (f(x) £ g(x)) =lim f(x)£lim g(x)

Teopema 3. Egla[f(x) -g(x)] = Eina S(x)- lxlgh g(x)

CaencrBue. Iim C- f(x)=C-lm f(x)

lim f(x)
Teopema 4. hgm g E;C; = ﬁ s pu hin g(x)20




Teopema 5. Ecau f(X)>0 66auzu mouku x = a u lim f(x)= A, mo A>0.

AmnanornyHo onpezensercs 3uak npeaena npu f(x) <0, f(x) > 0, f(x) < 0.

Teopema 6. Eciu g(x) <f(X) <u(x) eébmuszu mouku x = a u tim g(x) =lim u(x) = 4, mo

ulm=4.

x—a
Onpenenenne. Oynkius f(X) Ha3pIBacTCS OrpaHHMYeHHOI BOJIM3U TOYKU X = a,
eCIIH CyILIecTBYeT Takoe unciio M>0, uro |f(X)| <M BGmm3u Touku x = a.

Teopema 7. Eciu ¢pynxyus 1(X) umeem xoneunswiii npeden npu x —a, mo ona
02paHuyera 801uU3U MOYKU X = d.

BeckoHeuHo manble GyHKLUM.
Onpenenenne. Dyukius f(X) HaspiBaeTcs GeCKOHEYHO MaJIOi IIpH X—>a, I1IE a

MOKET OBITH YHCJIOM HMJIM OJHOW M3 BEJIUUMH 00, +00 UJIH -00, €CIIH lim f(x)=0.

x—>a

CaoiicTBa 0€CKOHEYHO MAJIBIX (DYHKIUIA:

1) Cymma (UKCHPOBAHHOTO YHClia OECKOHEUHO MasIbIX (DYHKIUH MPU X—>a TOXKE
OeckoHeUHO Majas PyHKIUS Py X—>a.

2) TlpousBenenue (HUKCHPOBAHHOTO YHCIIA OCCKOHCUHO MAaNbIX (QYHKIUH TNpH
X—>a TOKe OECKOHEYHO Mayast PyHKIUS IPH X—>a.

3) IlpousBenenne OeCKOHEUHO Majol (YHKIHMH Ha (YHKIHIO, OTPaHHYCHHYIO
BOJIM3M TOYKH X = a SABJISETCSI OECKOHEUHO Mao (PYHKITMEH Mpu X—>a.

4) YactHoe OT nejacHHS OECKOHCYHO Malol (YHKIMH Ha (QYHKIHIO, Mpeaes
KOTOPOU HE paBEH HYJIO €CTh BEIMYMHA OECKOHEYHO MaJiasi.

BeckoHeuHo 0oibIIMe PYHKIMH U UX CBSI3b ¢ 0€CKOHEYHO MATbIMH.

Onpenenenue. OyHKIMSA HA3bIBACTCA 0€CKOHEYHO 00JbIION MpU X—>a, TAE a

— YHCJIO WJIM OJHA W3 BEJIMYMH 00, +00 HJIM -00, €CJIU lm f(x)= A, rae A — YucIo
x—a

WM OJJHA U3 BEIUYHH o0, +00 UJIN -0,

CBs13b 0€CKOHEYHO OONBITUX ¥ 0ECKOHEYHO MaJIbIX (YHKIIUNA OCYIIECTBISETCS B
COOTBETCTBUH CO CIEAYIOLIENH TEOPEMO.

Teopema. Ecau f(X) =0 npu x—a (eciu x—>0) u ne obpawaemcs 6 HOb, MO

Hpumep. Haiitu npenen lim



Tak kak tgsx ~ 5x wm sSin7x ~ 7X nmpu x — 0, TO, 3aMeHHMB (YHKIHH

SKBHBAJICHTHLIMHU O€CKOHECYHO MaJibIMH, IMOJYYHUM:

fim 5% _ g X5
=08 7x 0 7x 7
3
IMpumep. Hantu npenen lim —————.
P P P x-0 71— COS X
.2 X X\ . X .ox .
Tak kak 1 —COSX = 2sin* = ~2 = | mpu Xx—0, TO im ——— =lim — =1lim 2x=0.
2 2 x—)Ol_Cosx x—0 xz x—0
2

= 00
. 2 .

. .t .
Hpumep. Haiitu npenen lim &~ lim
x>0 gIn x x—0

X

Eciu o u B - 6eckoHeuHO Malible MpU X—a, IpuueM [3 - 0ECKOHEYHO Majas
Ooyee BBICOKOIO TMOpsAKa, 4eM O, TO Y = o + [ - OEcKOHEYHO Majas,
DKBUBAJICHTHAass 0. OJTO MOXHO JIOKa3aTh  CJIEIYIOIIMM  pPaBEHCTBOM
limlzlim(1+£j=1.

xX—a a xX—a a

Toraa roBopAt, 4To O - IJIaBHAA YACTh 0ECKOHEYHO MaJION (YHKIIUH Y.
Ipumep. Pynkuus x°> +x — 6ecKOHEYHO Majas npu X—0, X — IJIaBHAsg 4YacTh

5T0i1 QpyHKIMU. YTOOBI OKA3aTh ITO, 3aMUIIEM O = X2, B = X, Toraa

2 2

. X . X"+X
lim—=0, Im
x=0 X x—0 X

:Iirr!)(x+1):1.

HexoTopble 3aMeuaTe/ibHbIE TIpe/IeJibl.

P(x)

IlepBbIii 3aMevaTeTbHBIH Mpeaes. lm 00 rae P(X) = aogx" + a;x™ +.. .+an,
X—>0 X

Q(X) = box™ + b1Xm-1 +...+Dm - MHOTOWICHBI.

a a a a
x"(@g +—+..+ 1) ag+—+..+—
P(X)= X X = x" X X
X b b b b
Q(x) x"(by + L+ .+ ) by+—++..+2
m m
X X X X
a

ag+ "+ ;

lim X X 20

X—>0 bl ' bO

by +—+..+—"



0, npu n<m
. P
Hroro: lm () _ a—o, npu n=m

=2 O(x) | b,

o, npu n>m

< < . sinx
BTOpOl/I 3aMevaTC/IbHBIN IIPEAEJI. im =
x—0 X

1

1 X
Tperuii 3ameyaTeJbHBIN Npegea. lm (1 + —] =e
X—>0 X
Yacrto eciu HEMOCPEICTBEHHOE HAaX0KIEHUE NIpeiena Kakoi — 1Mo GpyHKIun
NPEJICTABISAETCS CI0KHBIM, TO MOXKHO ITyTeM IpeoOdpa3zoBaHusi GyHKIIMHU CBECTH
3a/1a4y K HaXO0XKJACHUIO 3aMeYaTelIbHBIX IIPEEIIOB.

KpOMe TPCX, U3JIOKCHHBIX BBIIIC, ITPCACIIOB MOXHO 3aIIMCATh CJICIYIOIINC
IMOJIC3HBIC HA ITPAKTUKE COOTHOIICHMA:

. In(1+x .oa -1 . (I+x)" -1

hm—( ):1; Im ——=lha; hm—( ) =

x—0 X x—0 X x—0 X
IMpumep. Haiitu npenen.

m —fm

=0sin nx 0 px n

tgmx

IMpumep. Haiitu npenen.

im tgx—tgx, .. sin( x —x,) sin(x—xo). 1 1 1

= hl’n = 11['[1 liIn = 1 . 2 = 2
X=X X =X, =% (X —X,)COSXCOSX, 7% X—X, *>% COSXCOSX, cos“x, €OS” X,
IMpumep. Haiitu npenen.
2 .
. ———=sin(7z/4—-x) )
sin x —cosx .. J2 . —sin(z/4-x) 1
Im ———— = Im = lim =
world g —4x ¥ /4 T —4x xor/4 2\/5(7[/4_)() 2.2
HMpumep. Haiitu npenen.
y=r/2-x Iy ‘ |
cosX _ x=7/2—y :h.mcos(ir —y):h.msmy:_
x—>r/2 ﬂ'_Zx y—0 2y y—0 y 2

T=2x=m—mw+2y

HMpumep. Haiitu npenen.



x+3 x+3 - y+4 ¥ 4
fim [ 22 =m1x_“4) Jxow toim| 25 Cim[1+ 2] cim[1+2] =
x| xy —1 X—>0 x—1 y—®n h% y—x y y—® y

y =0
1 4z 1 z 4
:{z:z}:ﬁm(l+—j :(ﬁm(l+—jj =e!
4 Z—>0 Z Z—>0 Z
X? —6x+8

IMIpumep. Haitu npenen  lim ———.
P P P x->2 x? —8x +12

I[J'ISI HaXO0KACHUA ITOTO IPCACIIa PA3JIOKUM Hd MHOKUTCIIN YUCIIUTCIIb U
3HAMCHATCJIb HaHHOﬁ I[pO6I/I.

x? —6x + 8 =0; x> —8x+ 12 =0;
D=36-32=4; D =64 — 48 = 16;

X1 = (6 + 2)/2 =4; X1 = (8 +4)/2 = 6;

Xo=(6-2)2=2; X, =(8-4)2=2;

Toraa lim (x=2)(x=4) _ lim i_g

1
2 (X—2)(X—6) x-2 2

2
4

. AL+ x4+ X2 = V1= x+ X
IIpumep. Havitu npenen. I|m0 5
x> X4 — X

JOMHOXHM YHNCIHUTCIIb H

3HaMCHAaTCJIb I[pO6I/I Ha COIIPAKCHHOC BBIPAKCHUC !

: 1+ X+ X2 =1+ x-x° . 2X
lim =lim =
S0 ¥ (X =D)L+ X+ X% + V1= x+ %) O x(X=D(1+ X+ X% ++1—x+x?)

_ 2
C-1.1+D)

HMpumep. Haiitu npenen.

im x2—5x+6:

x—3 xz _9

. o e =2)(x-3) 3-2 1
{x Sx+6=(x-2)(x 3)} ])}r_%(x_3)(x+3) 3+3 6

3 2 _
Hpumep. Haiitu npenen lim al ?x lix=6 .
=l xT =3x+2

Pa3noxuM uucianTeNns U 3HaMeHaTeNIb Ha MHOKUTCIIH.
X2 -3x+2=(x-1)(x—-2)
X2 —-6x°+ 11x -6 =(x - 1)(x — 2)(x — 3), T.k.

X3—6x2+11x—-6 x-1
X3 — X2 X2 —5x+6



- 5x% + 11x

- 5x° + 5X
6X - 6
6X - 6
0
X2 —5x+6=(X-2)(x-23)
Torna fim (x—=D(x=2)(x-3) _
=l (x=1)(x=2)
HMpumep. Haiitu npenen.

26 2a+2h 2h_2 A ash
sin(a+2h) —2sin(a+h)+sna . 2SO cos—==2sin(a+h) 5+ h)cosh—1)
hm 2 :hm 2 =hm 2 =
h—0 h h—0 h h—0 h

J— 1 2
:2limsin(a+h)-lim2sm—(hz/2):2sina-(—l/2):—sina
h—0 h—0 4(h/2)
3agaHus NpakTH4YecKou padoThl
1.HaiiTn yka3zaHHbIe NpeaeJibl.
2 3.2
1.1. ;;5_:{4-6 omeem .= 1.2. lin *—m omeem 1
=2 xt —12x+20 8 Lt S
C b+x— &t Co2xtox—1
1.3. — omeem::— — 1.4. lim ———— omeem .=
¥ad o xt Y 27 ¥l 3yt —x—2 5
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=2 xSy 4§ pewenus =3y _ 97 pewenus
5 _ T 4
1.7. & 3x+—3xl omeem — 1.8. lim womeemig
=l Xxt ] K=l gy Dy 5 4
2 _ 2_
1.9. lim w om@em:—ﬂ 1.10. lim w omeem 1
el xt x4+ 2 P Axt —5x -3
3 2
1.11. lm :—8 omeem:E 1.12. tm = 3;: 2 omeem:—1
=ixt -6 5 ==l 37 +1
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o S5xt4dx-1

117 ].'lﬂl 3 Omgem:_
¥=-l 3t -2 5
2 —
1.19. lm WOmeem 1
¥l 2r® 4+ 3x 41
2_
121, fim 22 0510 e L
=1 e 4 3x—10
—_ 2 —
1.23. fim 5x2+11x 2 omeem:—g
=1 Sy —x =10 11
2— —
1.25. lim womeem:ﬁ
¥=3 2xt —3x—35 17
2— —
1.27. lm % omeem . —
=5 0yt +11lx+ 5 3
2— —
1.29. lim ?)xz.?—xf-m omeem:2
¥4 opt — Gy — 4 5

2. HaiiTu yka3zaHHbIe npeaeabl

o 2xP4+11x415 1
2.1, —— - .. omeem._—_
¥==d 3xt 4 Ax—12 13
3 —
2.3. w omeem 0
=l oyt —dx 43
42
2.3, w omeem 0
==l r+1
2 —
2.1. xz—x-l-E omeem . —
¥l Gyt 4 3x -3 23
2 —
2.9. :,x—l omeem.— 2
¥=o-l x® 4 Sx 4 2
2 —
2.11. lim w omeem :—
¥==3 2" +11x 45
2 —
2.13. lim xg—2x+1 omeem:0
=l ox® — x4+ 5
2 —
215, Qx ;I—l?x 2 6em:g
¥l oyt 4 2% 2

2 —dx-5

118, fim 2 970
¥l t  Px— 2

omeem 0

232 _3x4+ 2 omeem nem

1.20. lim

¥4 3 _y_ 12 pewenus

 4x' 4 x—5 omeem:.nem

1.22. lim

w1 x4 _Dx 41  pewenus

2 — —
124, g 2722710
=T 2x - 09x-35

omeem .—

19

. 4x* +3x+15 omeem:nem

1.26. lim

¥4-3 % _§x D7 pewenus

2 —
1.28. lim w omeem:E
=8 3x% 4 20x 48 23
2 —_—
1.30. fim 22 12773 em:]
¥=3 3t H10x+ 3 8

o 2xf +5x—10 omeem .Hem
2.2, hm 22 % ¢
1 -1 peuenust
274 49x41 omeem:inem
2.4, tig A4
e -8 pewenus
oy _3x_1 omeem.nem
2.6. lim 221
e -1 pewenus
28 fim =4+ 20x omeem .Hem
ot p x4 4 peuieHus
2 —_—
210, tin XTI 3
L T S 16
i 2 _
2.12. lim w omeem :—
=l oyt x—2 2
3_
2.14. lim » -8 omeem . —12

=2 2x% 0z 410

x3 +x-—2 omeent .Hem

2.16. lim
w1 —x —x+1 pewenusn



Codxt = 2x +5x

4zt —5x% +1

2.17. tm - omeem . — 2.18. lim Z omeem .3
w0 Sxt 4+ Tx 7 iR S
2 — 1 omeem nem 2 _
2.19. fim 2% *2171 2.20. 1 50 pgem:- L
r=3 x? Sy 4§ pewenus ¥=-i x® 4125 75
2 _ z
221, i =7 gem: 1L 2.22. tiy "1 omeem:6
¥4 = 48 =10 o _1){‘4
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223, fim T2 em: L 2.24. fin 22 FITHI0 om0
Pt I . 4 =2 oxt —Ax+14
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33 + x =10 2l drs — 541
2_ _ 2 _
227 tim 22 IO emtS 228w T FEETH om0
#2064t — x4+ 12 16 b 0+ 15x+ 18
3_ _ 3_
2.29. tm % omezem:—E 2.30. 5—64 omeem . —
#=+d pf —11x+18 7 Bl fas X —4 29
3. HaiiTu yka3aHHble npe/eabl
o3 —5xt 42 . 4% +7x
3.1 lm ———— 3.2. lm ————
¥ww Qe 4 Ot — x i Dy —dxd 4 5
Co5xt -3t 47 O Tx-2xi44x
33. fm F——— 3.4, lim 5
A Sl | Ko 2x 45
35 x —dx +08x 36. tim Ixt +10x4 3
T w5 430 px -1 T wow ox% 4 5x -3
37 ]J.m—3x4+x2+x 3.8 ]J.m2x2+?x+3
T owee gt papo2 e 5xt _3x4d
—xi43x+1 Fo3xt 410
3.9. = 3.10. m =" "
Ew B3f 4oy —§ isw Jr® 4 2r41
311 fm 4x% 455 =7 312, it It +2x+1
T wse 23 x4 1D T et oy
2 2 _
3.13. fin 22 4D 3.14. fim 22 *277
e 2xt—x+4d e 3xt +x+1
3 _ 2
3.15. fm 2T 1F72 3.16. fm oX +O%
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3.17. lim

3.19. lm

oAt -t 42
eyt pdx-3

gxt—dxi43
N P |

Tx° +4x

3.21. lm

3.23. lim

3.25.

3.27. lm

e TNy

C2x4Txt-2
e Gx’ —dx+3

i x—2x% +5x
= 2 4
v 24 Ex" +x

o 4-5x0 - 3x°
ey’ 4 6x 48

4x% - 2x+1

3.29. lim

rw Oxd 430 42

C Bx +dx-5

3.18. fig X FHE70
Poedrt —3x+ 2

2_
390, i 2% —d5t2

e fx 4+ 5x +1

1+4x -z

3.22. lim

rw x4 It 4 oxt

Ix+14x°

3.24. lm

e 1+ 2x+7x°

Coa3xt—oxt-7

3.26. lim

3.28. lim

3.30. lim

4. HaiiTu ykazaHHbIe npeaeibl

2 —2x+d

4.1. lm

rwe 2xt 4320 41

2 —
43, fim 2 R4

ree 30 405 —1

x4+ Tx-1

4.5. lim

4.9.

pw Ixt L o 45

6 o2
47 fim 3x3 Syt 42
S i o F s

- Txi +5x+5

oo 14+ 4x—x°

2xf +Sx+7

4.11. lm

e 3xt _0x? g

sxf—Ext 47
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5.17. lim
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2xt —5x+73

5.21. lim
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5.25. lim
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5.18. lim

E—-w ]

5.20. lim

5zt - 3x°

+2x+3x°

x4+ 5z
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Y=o

litn

Y-
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KonTposibHbIE BONIPOCHI

1. Maiite onpenenenus npejaena GyHKIIMHA B TOUKE.
2. Kaxkwue Tumsl HeompeneneHHOCTe BaM U3BECTHBI?

0
3. Kak n36aBUTHCS O HEONPEIETEHHOCTH o ?
c
4. Yemy paBHO 3HaYeHUE Tpenena GyHKIUN TPU HEOTIPEACIICHHOCTH o ?

0
5.Yemy paBHO 3HaUCHHE Tpesena GyHKIIUU TPU HEOTIPEACIICHHOCTH — ?
c

6. 3anucaTh 3aMeUYaTeIbHbIC TPEICIIbI.



IIpakTuyeckas padora Ne 4 o Teme

Tema «HccaenoBanne pyHKunH Ha HenpepbIBHOCTH. Kiaccugukanus rouexk
pa3pbIBa»

Henab: HayduThCs BBIUUCIATH HCCIEN0BATh (YHKLMIO HA HEMPEPHIBHOCTD,
KJ1acCU(UIIMPOBATH TOUKH Pa3pbIBa .

TeopeTnyeckue MoJI0KEeHHU

HenpepbIBHOCTH GyHKIUHU H €€ pa3pbIBbI.

Omnpenenenune. Oynxuus f(X), onpeaencHHas B OKPEeCTHOCTH HEKOTOPOI TOUKH
X0, HA3bIBAETCS HENMPEPBIBHOM B TOUKE Xo, €CIU IIpesieN (GYHKIUU U €€ 3HaYCHUe
B OTOM TOYKE PABHBI, T.€.

im £(x) = /(x,)
Tot e pakt MOXkHO 3amucaTh HHaYe: lim f(x) = f(lm x)

Omnpenenenue. Eciu ¢pynkuus f(X) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOYKU
X0, HO HE SBJISIETCS HENPEpPhIBHOM B CaMOW TOYKE Xo, TO OHA Ha3bIBAETCS
pa3pbIBHOI QyHKITHEH, a TOYKA Xo — TOYKON pa3phIBa.

[Tpumep HenpeprIBHON (QYHKITUN:

f(xo0)+e
f(xo)
f(xo)-¢ /
|
0| Xo-A Xog Xo+A X

[Tpumep pa3pbriBHON PyHKIUU:

f(xo0)+e




f(Xo)
f(Xo) -€
Xo X

CaoiicTBa HenpepbIBHBIX (PYHKIIHIA.

1) Cymma, pa3HOCTh U NPOU3BEACHUE HENPEPBHIBHBIX B TOUKE Xo QPYHKIUN —
€CTh (PYHKIMS, HEMIPEPbIBHAS B TOUKE Xo.

S ()

2) YacTHOe NBYX HENPEPBIBHBIX (YHKIUN e €CTh HempepbIBHAs (QyHKLIUS
(X

HpH YCJIOBUH, YTO §(X) HE paBHA HYJIIO B TOUKE Xo.

3) Cynepro3uiiysi HeNpepbIBHBIX (PYHKIUI — €CTh HEMpepbIBHAS (QYHKIHSL.
DTO CBOWCTBO MOXKET OBITH 3aIMCAHO CIICAYIOIIUM 00pa3oM:

Ecmu u = f(x), v = g(X) — HenpepbiBHBIE QYHKIIMU B TOYKE X = Xg, TO QYHKIIHS
v = g(f(x)) — Toxe HenpepbiBHAS (DYHKIIMSA B 9TOH TOUKE.

Touyxku pa3pbiBa M UX KJIaACCUPUKAIHSA.

PaccmoTpum Hekotopyro ¢ynkuuio f(X), HempepbIBHYIO B OKPECTHOCTH TOYKHU
X0, 3@ HUCKIIIOUEHHEM MOKET OBbITh camoil 3Toi Touku. M3 ompeneneHus TOUYKH
pa3psiBa (QYHKIMH CIEIYET, 4TO X = Xo SIBJISETCS TOUKOW pa3pbiBa, eciid (YHKIUS
HE ONpeeieHa B 3TOM TOUYKE, U HE ABJISCTCA B HEM HENPEPHIBHOM.

CrnemyeT OTMETUTB TaK)Ke, 9TO HEMPEPBIBHOCTH (DYHKITUH MOXKET OBIThH
onHOcTOpoHHEH. [TosicHUM 3TO cieayromuM 00pa3om.

Ecnu omgnocTOopoHHUN Tmpenen (CM. BBIIIE) lim f(x)=f(x,) , TO byHKIHS

Ha3bIBAETCSl HETIPEPHIBHOM CITpaBa.

Eciun omgnocTopoHHuit mipeaen (cM. BbIlIe) im f(x)=/f(x) , TO byHKIMSA

HAa3bIBAECTCSI HENPEPHIBHOM CIIEBA.



Onpenesnenne. Touka Xo Ha3bpIBacTCs TOUKO# paspbiBa Gynkiuu f(X), ecnm f(X)
HE ompe/erieHa B TOUKE Xo UM HE SIBJSETCS HEMPEPHIBHOM B 3TOM TOUKE.
Omnpenenenune. Touka Xo Ha3pIBaeTCsl TOYKOM pa3pbiBa 1- ro poaa, eciu B 3TOU
Touke GpyHknus f(X) mMeeT KOHEUHBIE, HO HE paBHBIC APYT APYTY JCBBIA U MPaBbIiA
Mpeiebl.

Jm ()= Bm f(x)
Jlisi BBIMOJTHEHUS! YCJIOBHM 3TOr0 OmpejesneHuss He TpeOyercs, yToObl (yHKIHS
ObLa ompenesieHa B TOUKE X = Xo, JOCTaTOYHO TOTO, YTO OHA ONpEJeNieHa CclieBa U
cIpaBsa OT Hee.

W3 onpenenenuss MOXKHO CHeNaTh BBIBOJ, YTO B TOYKE pa3pbiBa 1 — ro pozaa
(GyHKIMS MOXET HMMETh TOJIbKO KOHEYHBIH CKauoK. B HEKOTOpBIX YacTHBIX
ClIydasiX TOUKY pa3pbiBa 1 — ro poja eie MHOI1a Ha3bIBalOT YCTPAHUMOM TOYKOM
paspbiBa, HO TTOAPOOHEE 00 ITOM MOTOBOPUM HUXKE.

Onpenenenue. Touka Xg Ha3pIBa€TCS TOYKOM pa3pbiBa 2 — ro poaa, eciu B 3TON
touke ¢yHkiwms f(X) He UMeeT X0Ts Obl OJJHOTO M3 OJIHOCTOPOHHUX TPEICIOB WIN
XOTs OBl OIMH U3 HUX OECKOHEYEH.

Mpumep. Oyuxius Jupuxie (dupuxie Ilerep I'ycraB(1805-1859) — Hemerkuii

MaTeMaTHK, WieH- koppecnonieHt [letepOyprckoit AH 1837r)

1, X — payuUOHAJIbHOE YUCTIO

f(X)={

0, x—uppayuonanvroe uucno

HE SIBJISIETCSI HEMIPEPHIBHOM B JII000M TOUKE Xo.

Mpumep. Oyuknus f(x) = 1 imeer B Touxe Xo = 0 TOUKy pa3pbiBa 2 — ro poja,
X

T.K. Im f(x) = +ox0; ]jrgl_of(x)=—oo.

x—0+0

-10

sin x

Mpumep. f(x) =




@yHKIHS HE ompenaesieHa B ToUke X = 0, HO UMeeT B HEM KOHEYHBIN INpenesn

lim f(x)=1, T.e. B Touke X = 0 QyHKIUS UMEET TOUKY pa3priBa 1 — ro poga. Ito —

x—0

yCTpaHuMas TOYKa pa3pbiBa, T.K. €CIU JOONPEAETUTh PYHKIUIO:

sin x
f(x)=1 x
I, npu x=0

npu x#0

I'padux sT0M hyHKUIMHU:

-2?(;""-"/ """\\31/0//—\ - e ﬁ\“—"’ 20
Nof W/

IIpumep. f()( = ﬁ:{lo npu x>0

h| -1, npu x<0

D

-1
Ota QyHKIHS Takke obo3Hadaetcs Sign(X) — 3Hak X. B Touke x = 0 hyHKIUS HE
ompejienena. T.K. JEBBIA W TPaBbId Tpeaenbl (YHKIUW DPA3IAYHBI, TO TOYKa
paspeiBa — 1 — ro pona. Ecnu noonpenenuts ¢yHKiuio B Touke X = (), OJI0XUB
f(0) = 1, To ¢yHkums OyneT HenpepbiBHA cripaBa, eciu nojoxuth f(0) = -1, To
GyHKIHs OyneT HempephIBHOM CiieBa, eciu mooxuTh f(X) paBHOE Kakomy- JHOO
YUCITy, OTIIMYHOMY OT | unu —1, To GpyHKIUsA HEe OyJeT HenpepblBHA HU CJIEBA, HU
CIIpaBa, HO BO BCEX CydasiX TE€M He MeHee OyAeT uMeTh B Touke X = 0 pa3psiB 1 —
ro poga. B atom npumepe Touka paspsiBa | — ro pojia He SIBIIETCA YCTPAHUMOM.



Takum oOpaszom, it TOro, yToObl TOUKa pa3peiBa 1 — ro pona Obuta

YCTPaHUMOM, HEOOXOIUMO, UTOOBI OJTHOCTOPOHHHUE MPEJIEIbI CIIPaBa U CleBa

OBLIIM KOHEYHBI ¥ paBHbI, @ (YHKUUA OblIa Obl B 3TOM TOYKE HE ONpEIEIIeHa.
IIpumep. MccnenoBath Ha HENPEPHIBHOCTh (QYHKUUIO U ONPEAEIUTH TUIl TOYEK

pa3phiBa, €CJIM OHU €CTh.

x+4, x<-1
f(x)=4x"+2, -1<x<1

2x, x21
[Mim f(x)=3 Iim f(x)=3
Jim /() =3 Jim () =2
B TOUKe X = -1 QyHKIMs HEnmpepbIBHA B TOUke X = | Touka paspsiBa 1 —ro
pona
YA
Y
2 1
- 0 1 X

IIpumep. VccnenoBaTh Ha HEIPEPHIBHOCTD (PYHKITUIO U OTPEICTUTH THUIT TOUEK

pas3phbiBa, €CJIU OHU €CTh.

cosx, x<0
f(x)={x*+1 0<x<l1
X, x>1
i, f00-1 im, 92
lim f(x)=1 lim f(x) =1

x—0+0 Xx—1+0

B Touke X = 0 (hyHKIUSI HEeTpephIBHA, B TOUKE X = 1 Touka pa3psiBa 1 — ro poaa




-7 -7t/2 0 1 X

4.4.10. T abpmia 3K PHEAJIEHTH BIX 0ecK 0HeYHO MAJIBIX.

3meck MEH C MOMOL[BIO paccMoTpeHHHX E4.4.7 npegenor cocTaeuM TabIHLY sKBHBATEHTHEX
EM dyuxnuil ¥ BEINMUIEM CNEOVIOLIHE H3 HUX BHPpaXeHHA N4 MaBHEX JacTed (OHH MOOUEPKHYTEL).

OKEBHBATEHTHOCTE NpHx—0 Tnagnad yacte opu x—0
1. sinx ~x 1. sinx =x+o(x)

2 _ .2 2 a2 2
2.1-cosx ~x"/2 2. 1-cosx=x"2+o(x")=cos x = 1-x72+o(x")
3tgx ~x 3. tgx =xto(x)

4 arcsinx ~x 4. arcsin x =x+o(x)
5. arctgx ~x 5. arctg x =x+o(x)

(T oy OO e iy O - 6.d—1=xIn ato(x)= " = 1+x In atolx)

g =1 =x+o(x) )= " = 1+ x +o(x)

7. log, (1+x) ~x logae; In(1+x) ~x 7. loga (14x) =x logseto(x); In(1+x) =x+o(x)

8. (14x)*-1 ~ ax 8. (14x)*- 1 = ax+tolx)= (I+x)*=1 + a x+o(x)

9 shx~x 9. shx =x+o(x)

10 chx - 1~x712 10. chx - I=x¥f2told)= chx =1 +x/24aid) |

tg5x

Hpumep. Haiitu npegen lim —
=0 .8in 7x

Tak xak tgoX ~ 5X wm sSin7X ~ 7X mpu x — 0, TO, 3aMeHUB (QYHKIUU

SKBHBAJICHTHBIMU O€CKOHEYHO MaJIbIMH, IIOJIYUHUM:

im tg5x :]jms—ng

x=0 gin 7x x>0 T x

3

ITpumep. Haiitu npenen lim ——.
P P P x—01 —COS X

3

2 3
Tak kak 1 — COSX = 2sinz£~2[fj pu x—0, TO limx—zlimx—zzlim2x=0.
2 2 x—0 l_cosx x—0 L x—0

2



Hpumep. Haiitu npenen lim
x—0 SIn X

. X
X—0

X

3aiaHus NpaKTH4YeCKOH padoThI

SanaHue 1.Hatitu pCaciibl, UCII0JIb3Ys Y9KBUBAJICHTHLIC OECKOHEUHO MaJble

byHKIUN.

2 .
. ) 5
2.1, lm M omeem:—E 2.2. lim areem Jx omeem:§
=0 x® Ay 5 w0 folx 3
. : ? - iv
2.3. lim Sl omeem . — 2.4, lin —j ! omeem . —
=0 fglx =0yt

25 fim arcigbx

2.6. lin M omeemig

T e 2 Py T
. in 5 In{1+3
2.7. fim =222 omeem:> 2.8. u omeem :—
=0 arcte2x =0 gin 2x
ax _1 :
2.9, lin 2 omeem . — 2.10. lm M omeem :1
=0 oy =3t _ Sx 46

2.11. lim £os3x —cosx omeem . — 2

2.12. lim ﬂ omeem:%

=0 23-2 ¥=0 4:,:2
. fo 3 . i <
2.13. lim Aregox omeem . — 2.14. lim AT A omﬁ'em:ﬂ
=01+ 2x) 2 =0 foix 5
Sy _
2.15. tim é‘_ ! omeem . — 2.16. lim .Qg(;:_+2) omeem:—l
#=0 gin 2x 2 e 4
. i 2
2.17. tim Sm(;—_'_z) omezem:i 2.18. lim —— = arcsin 2x omes'em:1
¥==2  xT 43 12 =0 fedx 2
3 _
2.19. lim el omeem .48 2.20. lm cos2x ;OS% omeem 2
=t gg(x_r_'}j =0 S
3
2.21. tim M omeem 2 2.22. lim arcigdx omeem:§
=0 2x w0 oy 2



S Sx 3 arcsin 8x

2.23.lim ————"— omeem .- 2.24. tim ————  omeem :2
=01+ 2x) 2 =0 jody
Ax
. -1 .
2.25. fim = Omfs'em:E 2.26. lim M omeem . —
=0 folx 2 =0 gin 2x 2
2.27.tim "X gem: L 2.28. tim B+
=3 gt 07 27 =it 25
2.29. lim ﬂ omeem :1 2.30. lim M omeem:5
=0 2x =0 g Ax 3

3apanme 2. VccnenoBarh NaHHble GYHKIMU HA HEMPEPHIBHOCTH U MOCTPOUTH UX

rpaduxmu.
X+4,x<-1, X+1,x<0
2.1, f(x)={x*+2,-1<x<1, 2.2. T(X)={(x+D)?*0<x<2
2X, X >1. —X+4,X>2
X+2,x<-1 -X%Xx<0
2.3. f(x)=4x*"-1<x<1 24. f(x)=4-(x-1)?0<x<2
-X+3,x>1 X—3,X>2
-2(x+1),x<-1 -X,x<0
25. f(X)={(x+1)°%-1<x<0 2.6. f(x)={x*0<x<2
X, x>0 X+1x>2
x?+1,x<1 X—3,x<0
2.7. f(x)=42x1<x<3 2.8. f(x)={x+1,0<x<4
X+2,X>3 3+X,x>4
J1-%x,x<0 2x*,x<0
2.9. f(x)=400<x<2 2.10. f(x)=<x0<x<1
X—2,X>2 2+ X,x>1
cosx,x <
sin Xx,x<0 2
2.11. f(x)=4x0<x<2 2.12. f(x)= 0,%<X<7z
0,x>2 2,X>T




Xx—-1,x<0 Xx+1,x<0

23.13. f(x)=<x*0<x<2 214, f(x)={x*-10<x<1
2X, X =2 -X,Xx>1
-X,X<0 X+3,x<0

2.15. f(x)={x*+10<x<2 2.16. f(x)=410<x<2
X+1,x>2 X2_2 X2
Xx—-1x<0 -X+1Lx<-1

2.17. f(x)={sinx,0<x<rx 2.18. f(x)=1x*+1-1<x<2
IX=>r 2X, X > 2
1,x<0 —X+2,X<-2

2.19. f(x)=420<x<2 2.20. f(x)={x’—2<x<1
X+3,X>2 2,x>1
3x+4,x<-1 X, Xx<1

2.21. f(X)=4x*-2,-1<x<2 2.22. f(x)=4(x-2)°1<x<3
X, X2>2 —X+6,x>3
x-1x<1 X3, x< -1

2.23. f(X)=4x*+21<x<2 224, f(x)={x-1-1<x<3
—2X,X>2 —X+5x>3
X, X < =2 X+3,Xx<0

2.25. f(X)=1-x+1-2<x<1 2.26. f(x)=4-x*+40<x<2
X2 -1,x>1 X—2,X>2
0,x<-1 -1,x<0

2.27. f(X)=x*-1-1<x<2 2.28. f(x)=4cosx,0<x<rm
2X, X > 2 1-xX,Xx>rx
2,x<-1 -X,X<0

2.29. f(x) =41-x,-1<x<1 2.30. f(x)=4x*0<x<2
Inx,x>1 X+4,Xx>2

3agaunue 3. VccnenoBath qanHble (YyHKIIMU HA HEMPEPHIBHOCTH B YKa3aHHBIX
TOYKAX

1

3.1, f(x)=2x%+1, x,=3 Xx,=4



1

35, f(x)=4%>*+2, x =3, X,=2
1

3.6. f(x)=9%*, x,=0, x,=2

1
3.7. f(x)=2*°+1, x =5 x,=4

L

38. f(\)=5*—1 x =3 x,=4
1
3.9. f(x)=6**+3, x,=3, X,=4
1
3.10. f(x)=75*+1, x =5, x, =4

3.11. f(x) Z:T_j’

X, ==5, X, =—4

3.12. f(x):)’:—f, X, =3, X, =2

2

3.13. f(x)=5*2%, x =3 x,=4

2

3.14. f(x)=4*1-3, x, =1 x,=2

5

3.15. f(x)=2*-1, x,=0, x,=1
A

3.16. f(x)=8*2-1, x,=2, X, =3
4

3.17. f(x)=5*+1, x,=2, X,=3

3.18. f(x):%, X, =5, X, =4

X =1 Xx,=2

3.19. f(x) =X22)i



3

3.20. f(x)=2%2+1, X, =-2, X, =—1

3

3.21. f(x)=4*242, x =2 X,=3

2

4.22. f(x)=3*1-2, x,=-1, X,=0

3

3.23. f(x)=5"4+1, x =-5 x,=-4

X—4
324 f(X) :m, Xl=—2, X2 :—1
X—4
325 f(X) :m, Xl :—3, X2 :—2
3.26 f(x)—X—Jr5 X, =3, X, =4
. . —X_3, 1 = O 2 =

4

3.27. f(x)=3"*+1, x =1 x,=2

3.28. f(x)=%, X, =5, X, =4

2
3.29. f(x)=6%*, x, =3 x,=4

3.30. f(x)=:—+;, X, =2, X, =3

KoHTpoabHbIE BONIPOCHI
1.Kakue BenmnumHBI Ha3bIBAIOT OECKOHEYHO MaJIBIMH OJTHOTO MOPSIKAa MaIoCTH?
2. Kakue BennumHBI Ha3bIBAIOT YKBUBAJICHTHHIMUA O€CKOHEYHO MaJIBIMH ?

3. Kakas yHKkus Ha3pIBa€TCS HEMPEPHIBHON B TOUYKE?
4.CKOJIBKO U3BECTHO BaM TOYEK pa3pbiBa (PYHKINH, Kakue?

IIpakTuyeckas padora Ne S mo reme
Tema «HaxoxaeHue Npou3BOAHON CIA0KHOU (PYHKIUH »

Heab: HaydyuThCsd HAXOAUTH MPOU3BOJIHBIC JIEMEHTAPHBIX U CIOKHBIX () YHKIIUH.

Bpemsa BbinonHeHua 90 MUHYT



MaTtepuanbHoe obecneueHue
1.TeopeTnyeckmne ceepgeHuA

2.3apaHue

3.JlIuctA4

4.KanbKynatopbl

MopAapoK BbinoNIHEHUA paboTbi
1.M3yuntb 3apaHue

2. N3yuunTb TeopeTnyeckmne ceegeHuns

3. BeinonHutb 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
AomalHee 3aaaHue

1.MoAarotoBuTb OTBETbI HA KOHTPOJIbHbIE BOMPOCHI
Xox padoTsl

KpaTkue TeopeTndyeckue cBegeHusl.
Ilpouszeoonasn ghynkyuu, ee 2eomempuyeckuil u uuyecKuil cmulcil.

Omnpenenenue. [IpousBoanoii pyukuuu f(X) B Touke X = Xo Ha3bIBACTCS MpELI

OTHOIICHHS TIpUpalieHusi QYHKIIMHU B ATOW TOUKE K MPUPAIICHUIO apTyMEHTA, E€CIH
OH CYIIIECTBYET.

oy @A)~ f(0)
f'0) = lim ST

y
) L) £(x +AX)
"YU/ = CINTTY =7
e
Af
[Tycte f(X) ompenenena Ha HExkoTOpoM mpomexyTtke (a, b). Torma tgﬂ:E_

TAHTEHC yTJia HakioHa cekymei MP k rpaduky ¢pyHkimm.

. Af . "
AIlmoA— = f'(X,) =tga =K — reoMeTpU4eCKNUN CMBICJ IIPOU3BOAHOU
X—> X

TJIe O - YTOJI HAaKJIOHA KacaTeIbHOH K Tpaduky ¢pyHkiuu f(X) B Touke (Xo, f(Xo)).

K —yrnoBoii ko3 duiirieHT KkacaTeabHOM.



Vron MCKAY KPHUBBIMU MOKCT OBITh OIMPCACIICH KaK YIOJI MCIKAY KaCaTCIbHbIMU,
IMPOBCACHHBIMHA K 3THUM KPHBBIM B KakoM- 100 TOUKeE.

YpaBHeHHe KacaTeJbHOU K KPUBOMl y—y, = f'(x,)(x—x,)

YpaBHeHne HOPMAaJIHM K KPUBOH y—y, =

1

Py

dakTuyecku Mporu3BoAHas GYHKIMU MOKA3bIBAET KaK U3MEHSAETCS (DYHKLMS MpU
U3MEHEHHUH NTEPEMEHHO.
duznyeckuii cMbic npousBoaHoii pynxuun f(t), rae t- Bpems, a f(t)- 3akon
IBUXKEHUS (I3MEHEHUS KOOPAUHAT) — MCHOBEHHAA CKOPOCHLb
osuncenun. CoOOTBETCTBEHHO, BTOpasi MPOU3BOIHASI (PYHKLIMU- CKOPOCTh
U3MEHEHHUS CKOPOCTH, T.€. YCKOpEHuUe.
Ocnognvle npaguna oughgpepenyuposanus.

O06o03uaunm f(x) = u, g(x) = v- yakum, TUGPepeHIpyEeMbIe B TOUKE X.
1) (uzv)'=u’+v’

2) (Uv)’'=uv’+u’v
' ! _ !
3)@ STV ey £ 0
1%

2
v

Ilpon3BoaHLIE OCHOBHBIX DJIEMEHTAPHBIX GVHKIINH.

!

HC =0; 9) (sin x) =cosx
2)(x™)" = mx™, 10) (cosx), = —sin x
' 1 , 1
I = ) e =
1 ’ 1 ! 1
4) (;) === 12) (ctgx) = —
5) (ex )’ =e" 13) (arcsin x), __
1-x?
! ' 1
6) (a") =a*lha 14) (arccosx) =—
1-x
' 1 ' 1
7) (ln x) = 15) (arctgx) = 5
X 1+x



’

8) (log, x) = !

1+ x?

na 16) (arcctgx) =-

IIpouszeoonasn cnoxcnou hynkyuu.

Ilycmo y = f(X); u = g(X), npuuem obnacme 3nauwenuii Gyukyuu U 6xooum 8
obnacmo onpedenenus pynxkyuu f.

Toeoa y' = f'(u)-u’
Jozapughmuueckoe ougpghepenyuposanue.

nhx, npu x>0
Paccmotpum QyHKIMIO p =In|x| = b(—x), mpu x<0

Torma (In|x|)'= % 1.k (In x) =§; (in(—x)y =& :é.

X

S

YuursiBas MOJYyYEHHBIA PE3yJIbTAT, MOYKHO 3aIMCaTh (1n| f (x)|) TN
X

S'(x)

(x)

OTHoIIeHHE Ha3bIBaeTCs Jiorapugmuveckoii npousBoanoi Gpyukmun f(X).
Crioco0 Jiorapugmuveckoro gudpGpepeHINPoOBaHUsI COCTOMT B TOM, YTO CHavaJia
HAaXOJAT JIOTapU(PMUUYECKYIO TMPOU3BOAHYIO (YHKIMHM, a 3aTeM MPOU3BOIHYIO
caMmoii pyHKIHH 110 hopmyIIe

S'(x)=(In|f(x)

)" f(x)

Cnoco6 norapudmuyeckoro auddepeHupoBaHus yI00HO TNPUMEHSATh IS
HaXOXKJICHUS TTPOU3BOIHBIX CIIOKHBIX, OCOOCHHO IMOKa3aTeIbHBIX (YHKIIHMA, IS
KOTOPBIX HETOCPEJCTBEHHOE BBIYHCICHHE MPOU3BOJHON C UCIHOJIb30BAHHEM
npaBuwi TudPepeHIpoBaHUs IPEACTABISICTCS TPYAOCMKUM.

Ilpou3eoonas nokazamenvHo- cmeneHHou yHKyuu.

OyHKIMS HA3BIBACTCS TIOKA3aTEIbHOM, €CITH He3aBHUCHMAas IEPEMECHHAST BXOJIUT B
MOKa3aTeJIb CTEIICHH, U CTCIICHHOM, €CIIM IIepeMeHHasI SIBJIIeTCS OCHOBaHUEM. Ecim
K€ ¥ OCHOBaHHWE M IOKa3aTelb CTCIICHN 3aBHUCST OT IEPEMEHHOM, TO TaKas
byHKIMS OyIeT TOKa3aTeIbHO — CTETICHHOM.

[Tycte U = f(x) (f(X)>0)u v = g(X) — dbyHKIMH, UMEIONTUE TIPOU3BOHBIC B

TOYKCE X.

Hatinem nponsBoanyto pyukmum Y = U'. Jlorapudmupys, momyanm:



Iny = vinu

R
y u

y' :uv(vu—Jrv']nu)

u

!
—1
(uv) =vu" u'+u'vhu

IIpumep. Haiitu npou3BoaHYyI0 QYHKIUU f(x) = (x* +3x)" .
[To momy4eHHO# BbIIIe POPMYTIE MOTYIaeM: u =x° +3X; vV =XCOSX;
[TpousBoiHbIe ATUX QYHKIUN: u'=2x+3; V' =cosx—xsin x;

OKOHYATENBHO:

f(x) =xcosx-(x* +3x) - (2x +3) + (x* +3x) " (cos x — xsin x) In( x> + 3x)
y 1,
Ilpumep. Haiitu npou3BoAHYI0 (QYHKIUU Y =COSXSin X + 008" X .CHavana
1 . 1 2
npeoOpazyeM NaHHYI0 QYHKIUIO: y = S sin 2x + Soos’x

y' = %2 COS2X + % 2cos x(—sin x) = cos2x —sin xcos x. Illpumep. Halitn mnpou3BOAHYIO

2 x?

X e
QyHKIMM y=—F—.
x°+1

2 2 2 2 2 2 2 2
,(2xe” +x?2xe” )(xP+1)—(2x)x%e"  2x’e” +2x°e" +2xe" +2x’e” —2x’e”

(x> +1)? (x> +1)°

B 2xe" (x* +1+x%)
(x* +1)

3ananue 1.Hantu npousBoanbie QpyHKIUI

B1 Y=x°-5x?+11, Y=x%ctgx B16 Y=x°-5x*+1, VY=x’ctgx

V=L 3T V=L AT

Y= *’Inx, Y=(cosx — 1)** Y=e **Inx, Y=(x — 1)2*

B2 V=2x3-x2+1, Y=xtgx B17 Y=2x3-x*+17, Y=x’tgx



artgx 3

Y= L Y=Vx2 —3
4x

Y=ln =, Y=(sinx — 2)3*
x+1

B3 Y=7x3+3x2-2, Y=xarctgx

x+5 1
Inx’ = (2x+11)5

Y=sin3(4x? + g -1
Y=(5x + 4)**
B4 Y=-3x3+5x*-81, Y=2xsinx

—Y ,/xz

sinx’

- X v _ 2\3x
Y=cos er1,Y (tgx — 3)

B5 Y=7x5-3x2+32 Y=x3arcsinx

_ 2 _cosx
T(3-6x)%"  3x

Y=In(x — x? — 6)
Y=(cosx + 4)*

B6 V=-x>+3x3-11, Y=3x’ctgx

arccosx
3x

Y= Y=x2 -3

Y=e3*" In2x
Y=(7x + 6)**
B7 Y=3x*6x%+19, Y=x3sinx

tgx \/23—

-e‘lenx, Y=(3x + 1)%*

B8 Y=-4X%+9X2-12, Y=x3tgx

Y=33x + 6

arcctgx
6x

Y=

artgx

3
” ,Y=Vx2 -3

Y=

Y=ln— , Y=(Inx + 8)**
x+1

B18 Y=7x3+3x%-2, Y=xarctgx

xX+5 1
Inx’  (2x+11)5

Y=sin3(4x?* + E - 1)
Y=(Inx — 2)**
B19Y=-3x3+5x%-81, Y=2xsinx

Y=—"0v=3x2 — 3

sinx

Y=cos =, Y=(Inx + 9)5%
x+1

B20 Y=7x6-3x2+3,Y=x3arcsinx

2 _cosx
(3 6x)6 ' 3x

Y=In(x — x? — 6)
Y=(tgx + 2)*

B21 Y=-x>+3x3-11,Y=3x2ctgx

Y=aT'CCOS.x Y=5 xz — 3
3x

Y=e3%" In2x

Y=(tgx — 6)%*

B22 V=3x*6x%+1, Y=x3sinx
R re

-e‘lenx,Y=(tgx + 3)%*
B23 Y=-4X%+9X2-12,Y=x3tgx

Y=/3x + 6

arcctgx
6Xx

Y=




Y=2"""Inx, Y=(sinx — 4)*
B9 Y=5x*-2x3+65,Y=x%arcsinx

Y=—— v=¥x2 -5

=(6x—4)3'

Y=32"In Y=(cosx + 1)%*
B10 Y=-2x°-3x%+19, Y=x’ctgx

Y=“”;tgx Y=x3+5

Y=e2*’ Inx, Y=(3x — 1)*

B11 Y=8x*-6X°+1,Y=2x3arccosx

_tgx 9

Y= 5x’ =(6x—5)4

Y=4""Inx, Y=(9x + 3)*

B12 Y=3X?+11x3-87,Y=3x3ctgx

cosx -3

Y 2x ' =(4x+9)5

Y=55%Inx, Y=(cosx — 2)3*
B13 Y=x"+9X2-51, Y=x%arcsinx

y=—"v=1/8x3 — 3

CoSx

Y=e2**Inx, Y=(8x — 2)*

B14 Y=3x7-9X3+11, Y=5x3tgx

2 v=32x*—6

arcsinx’

Y=e3 Inx, Y=(tgx — 3)%*

B15 Y=x°-8X%+16, Y=4x2ctgx

_actgx ., 9

Y 3x ' (2x—15)¢

Y=2"""Inx, Y=(cosx + 3)5%
B24 Y=5x*-2x3+65, Y=x?arcsinx

Y=—— v=¥YxZ2 -5

=(6x—4)3'

Y=32"Inx, Y=(sinx + 2)8*
B25 Y=-2x°-3x%+1, Y=x’ctgx

Y=‘”Cxtg" Y=Vx3+5

Y=e2 Inx, Y=(sinx — 1)3*

B26 Y=8x*-6X>+1, Y=2x3arccosx

tgx , 9
Tsx’ (6x-5)*

Y=4""Inx, Y=(sinx + 5)**

B27 Y=3X%+11x3-87, Y=3x3ctgx

coSsx -3

Y 2x ' =(4x+9)5

Y=55%Inx, Y=(sinx — 2)%*
B28 Y=x"+9X2-51, Y=x%arcsinx

y=—r y=1/8x3 — 3

CoSsx

Y= Inx,Y=(cosx + 6)°*

B29 Y=3x7-9X3+11, Y=5x3tgx

2 v=32x%—6

arcsinx’

Y=e3 Inx, Y=(sinx + 2)3*

B30 Y=x>-8X?+16, Y=4x’ctgx

_actgx ., 9

Y 3x ' (2x—15)¢




Y=62"Inx, Y=(Inx + 2)6* Y=62%" Inx,Y=(sinx — 6)5%
2.Haift npou3BoAHBIE PYHKIIUH.

a — IOPAAKOBbIN HOMEP B sKypHaJe

a

Ly=ax'——+4/x*® —ax+a 2.y="2/(ax? —3ax+5)° -—————
X (X+a)’

3.y =tg“(x+a)-arccosax® 4.y =arcsin“ ax-log (X —a)

5.y= a™ -ctgax® 6.y =ctg’ax- arctg\/F
[ 2 2
7y ax 3c61x +5a 8.y = lg( ax® — 2ax + 3a)

e arcctg’ax
KoHTposbHbIE BONIPOCHI
1.ChopMynupoBTH onpeiesieHue MPOou3BOTHOM, Mpauia auddepeHIIupoBaHus.
2.3HaTh TabJIUIly TPOU3BOIHBIX dJIEMEHTAPHBIX (QYHKIIUH.
3.ChopmynrpoBaTh MPaBUIO0 HAXOXKICHUS MPOU3BOJHOM CIIOKHON (DYHKITHH.

IIpakTuyeckas padora Ne 7 mo reme
«HUccnenoBannss PyHKIMH U MOCTPOEeHUE rpaduka

Heab: HAyYUTHCS HCCIEA0BATh QYHKIMIO U TI0 Pe3yIbTaTaM HCCIICTOBAHUS
CTPOUTH rpauk.

Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue

1.TeopeTnyeckune ceegeHuA

2.3apaHue

3./lIuctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi

1.M3yunTb 3agaHune

2. I3yunTb TeopeTnyeckune ceegeHuns

3. BoinonHutb 1 opopmutb paboty

4.lToKa3aTb pe3ynbTaTbl NpenoaasaTento

AomaliHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
TeopeTuyecKkue ceegeHus.



Cxema uccneoosanusn ynkyuii

1) O6nacTh cyiecTBOBaHUS (YHKITHH.
OTO MOHATHE BKIIOYAET B ce0sf M 00nacTb 3HaY€HUW W OOJACTh OIpPEAEIICHUS
byHKIUY.

2) Toukwu pa3peiBa. (Ecinu oHM UMEIOTCS).

3) HurtepBaibl Bo3pacTaHus U yObIBaHUSI.

4) To4ku MakCHMyMa U MUHHMYMa.

5) MakcuMajabHOE M MHHUMAJIbHOC 3HaueHHE (YHKIHMH Ha ee¢ 00JacTh

OTIpe/ICTICHHUSI.

6) OO6sacTu BHITYKIOCTH  BOTHYTOCTH.

7) Touku nepernda.(Eciu o UMEIOTCS).

8) Acumnrotsl.(Eciu oHn uMeroTcs).

9) IMoctpoenue rpaduka.

IIpumep. UccnenoBarh PyHKIUIO y =

~—— U IIOCTPOUTE €€ TpaduK.
x -1
Haxonum oGnacte cymiectBoBanust (GyHkiuu. OUYEBHIHO, YTO 00.1aCMbIO
onpedenenuss GyHKIUH gBisgeTcs 00acTp (-o0; -1) U (-1; 1) U (1; «).
B cBoro ouepenb, BUAHO, 4YTO WpsMble X = 1, X = -1 sBisgoTCA
BEPMUKANHBIMU ACUMNIMOMAMU KPUBOM.
Obnacmuio 3nauenuil JaHHON QYHKITUH SIBJISIETCS HHTEPBA (-00; 00).
Toukamu pa3pviéa GYHKIIUU SABISIOTCS TOYKH X = 1, x = -1.
Haxonum kpumuueckue mouxu.
Hait ;3P =D —2x-x  3x*-3x"-2x* x*-3x7
aiijieM IpOU3BOJIHYIO (QYHKIIMH y' = —— = =
(x* =1 (x* =1 (x” =1

Kpurnueckue touku: X = 0; X = -3ix=43; x=-1; x=1.

HaxomuM mpoMexyTku 6ospacmanusi W yovieanus QyHkmmd. s 3toro
oTpeieNisieM 3HAKH MPOU3BOAHON (YHKITUU Ha MPOMEKYTKAX.
-0 < X < -4/3, Y >0, GyHKIHSA BO3pacTaeT
-3 <x<-1, y' <0, QyHKus yObIBacT

-1 <x <0, y' <0, QyHKusS yObIBacT

0<x<1, y' <0, QyHKus yObIBaeT

1<X<43, y' <0, QyHkaus yObBaeT

V3 <X <o, y' >0, ¢dyHKIug Bo3pacraer

BuaHo, uTo TOuKka X = -+/3 sABIOfeTcs TOYKOM Mmakcumyma, a Touka X = /3
SBIIICTCS TOYKOW Munumyma. 3Ha4CHHUs] PYHKIIUU B ITHX TOUYKAX paBHBI

COOTBETCTBEHHO 3 /3 /2 u -3+/3 /2.

Haiinem BTOpYIO NMpOoU3BOAHYIO (DYHKIIUU



, (40 —6x)(x” 1) = (x* =3x)dx(x’ - 1) (4x® —6x)(x* —2x% +1) — (x* —=3x*)(4x® —4x) _
’ -’ (¢ "
4x7 —8x° +4x> —6x° +12x° —6x—4x" +4x° +12x° —12x°

(x* =1)°
B 2x° +4x” —6x B 2x(x* +2x* =3) B 2x(x* +3)(x* = 1) B 2x(x* +3)
B e s
OnpenenuM BBITYKJIOCTb U BOTHYTOCTh KPUBOM Ha IPOMEKYTKAX.
-0 < X< -4f3, Y’ <0, kpuBas BHIIyKIas -~/3 <X < -1,
y"" <0, KpuBas BBITYKJIas
-1<x<0, Yy">0, kpuas Boruyras 0<X<1,
y"" <0, KpuBas BBITYKJIas
1<X<.3, y’>0, kpupas BorHyTas +/3 <X < oo,
y"" >0, KpuBas BOTHyTas
Haxonum npomexyTku eospacmanus M yowviganus (yHkuuu. s 3Toro
oTpeJieNisieM 3HaKU MPOU3BOTHON PYHKIIMU HA MTPOMEKYTKAX.
-0 < X < -4/3, Y >0, pyHKIHsA BO3paCTaeT
-3 <x<-1, y' <0, QyHkius yObIBaeT

-1 <x<0, y' <0, QyHkius yObIBaeT
0<x<1, y' <0, dyHKIus yosiBaeT
1<X<43, y' <0, QyHkuus yObBaeT
V3 <X <o, y' >0, ¢yHKIHSI BO3pacTaeT

BuiHO, UTO TOYKA X = -+/3 ABISETCS TOUKOH Makcumyma, a TouKka X = /3
SBISETCS TOYKOM Munumyma. 3Ha4eHUs: QYHKIUKM B THX TOYKAX PaBHBI
COOTBETCTBEHHO 3 /3 /2 1 -3+/3 /2.

[Ipo BepTUKaAIBHBIC acumnmomusl OBIIO YK€ CKa3aHO BhIIIE. Ternepb HaiaeM
2

) b . 1
HAKJIOHHble acumnmomasl. k =lim — " = lim = I
X—)OOx p— X—>0
X2
3 (P =x*+x
b=Ilim| ———x|=Ilim > =
x—o| X< — X—>00 X _1
1
=lim ——— = lim —*-— =0
X—>00 X — X—>00 1
1-
X

Hroro, ypaBHeHHE HAKJIOHHOW aCUMIITOTHI — Y = X.

Crpoum epaghux GyHkuuu:



_,\

3aganue 1.MccaenoBaTh GyHKIMIO MO IPEITIOKEHHON CXEME U IOCTPOUTH €€
rpaduxk:

1. Haiitu obnacte onpeneneHus: GyHKIUU.

2. UccnenoBath Ha YETHOCTh M HEYETHOCT.

3. MccnenoBarh Ha NEPUOIUYHOCTb.

4. HaiiTu cTalMOHapHblE M KPUTUYECKHE TOUYKHU NIEPBOTO POJA.

5. Haiitu npomMexyTKu Bo3pacTaHusi U yObIBaHUs (DYHKIIMH, SKCTPEMYM.
6. HaliTu craiinoHapHble M KPUTHUUECKHUE TOUYKH BTOPOTO Pojia.

7. HaiiTi mpoMeXyTKH BBITYKIOCTH (YHKIIMH, TOUYKH Teperuoa.

8. Haittu acumMnToThl (BepTUKAJIbHBIE, TOPU30HTAJIbHBIC, HAKIIOHHBIE).
9. Haiitu Touku nepeceueHus rpaduka GyHKIIMHA ¢ OCSIMU KOOPIUHAT.
10.HaiiTi 1ONIOTHUTENbHBIE TOUKH.

11. To pe3ynbpTaTam HcclieOBaHUS TOCTPOUTH TpaduK ¢ yHKITHH.

x2—2x— _ y3_ 2 .
Bl a) y = XZ(Z'X)Z; 6) y= # Bl6 a) y= X 12.‘1., 9X+1,
X
O)y=xz+1

s 1, 1, x3
B2.2) y+2"_81 o B17. a)y=3* *2% -2x-1: 6)y=x —2

6) y= x+3



B3.a)y=x-arctgx ;

2-3x—10
6) y= - x—xl
__8 . _x2+3x—10
B4a) y _4_x29 6) y = 3
BS5. a) y= /? X
2_4x-12
6) y= - x-IiC3
? 2 44x—12
B6. 2) y=1ix2; 6)y= - x_x3
Z—x—20
B7. a) y= P 6) y = X xiz
2 x2+x—20
B8.a) y=e+; 6)y= e
2-2x-15
B10. a) y =2x-x?
24+2x—15
6) y= - x—xl
5 —2x

B12. a)y= —X* +3x%-2;
X3
O)y=xz-1

X

=x3-12x+6 -
B13. a)y= : —

0)y

Bl4. a)y=x* + 9x* + 24x + 12

1 2 .z 1 X3
Bi8.a)y=3" ~ " " *3 6)y=x7-3

B19. a)y=—.‘+§3 + 3x° +9x:

Xi-1
0)y=3x + 5

B20. a) y= x>-20x ; 0) }:1_%

2 _
B21. a)y=x3+15x%-x-250 6)y=x . !
B2 a)y=Vx+2: Oy
B23. a) y=x2-4x ; 6)y= 3X+§+5
B 3. i x%—2x—8
B24.a)y = 3x-x%; 0)y="—"13
B25. a)y = 2/3x%2x=1;  6) y=—r3
1—x2
B26. a) y=2x%-x*; 0)y=—
B27.2)y=2x>8:  0)y=55
B28. a)y = x*-8x*+3 ; 0)y= le_l
3 ) . x24+3x—10
B29.a)y=—; 0)y=—"23



-

ra

0)y=6x- + 18

o . ¥2—2y—
B15. al}f XF A3 -2 B30. a) y = xV4 — x; 0) y=—xi3 -
O)y=x%-1

KoHTpoJibHBIE BONIPOCHI:

1.Yt0 Takoe o0nacTh onpeaeneHust GpyHKuum?

2.Kakue QyHKIMY Ha3bIBaIOTCA YETHBIMH , HEYETHBIMHU, 0011IET0 BUAA?
3.Buasl Touek pas3pbiBa.

4.Yto Takoe HyIu QyHKIHUH?

5.Kak onpenenanTs NpOMEKYTKH BBITYKIOCTH?

6.Buasl acumMnToT.

Tema «PeweHune cuctem NMHENHbIX ypaBHeHU no popmynam Kpamepa un
meTtoaom lNaycca»

Llenb: HayuynTbCA BbIYMUCIATL ONpeaeIuTenn BTOPOro 1 TpeTbero nopagka

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3.JluctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHmnsa

3. BoinonHutb 1 0popMuTb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTento
AomaliHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
Xopa, pabotbl

TeopeTnyeckue cseaeHuA

IIpakTuyeckas padora Ne 8 mo reme



Tema «Bpryuciaenue nepsoodpasHoOi M ONpeeIeHHbIX HHTErPaJioB.
PDu3znyecKoe U reoMeTpuYecKoe MPUI0KEHHEe HHTErPaI0B»

Llens: mpoBEepUTh YMEHUE BBIYUCIIEHUS ONPEAEICHHBIX HUHTETPAIOB, HAXO0XKICHUE
JIomIaaeu.

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceeaeHUA

2.3apaHue

3.JluctA4

4.KanbKynatopbl

MNopaaoK BbInoHEHUA PaboTbI
1.M3yunTb 3apaHme

2. 3yunTb TEOPETUYECKME CBEAEHMUA

3. BoinonHutb 1 opopmutb paboty
4.ToKa3aTb pe3ynbTaTbl NpenogaBaTento
DomawHee 3agaHue

1.MoaroToBUTbL OTBETLI HA KOHTPO/IbHbIE BOMPOCHI
TeopeTnyeckue cBeIeHUs

Onpeoenennslit unmezpai.

[Tycts Ha otpeske [a, b] 3agana nHenpepoiBHast Gyukmus f(X).

O6o3HaunM M U M HaumeHblliee W HaumOosblliee 3HaAYeHUE (YHKIMU Ha
otpeske [a, b]
Pazo0nem oTpesok [a, b] Ha yacTu (He 00s3aTEIBPHO OJIMHAKOBBIC) N TOYKAMH.
Xo < X1 < Xo<...<Xjp



Torma X1 — Xo = AX1, X2 — X1 = AXo, ... ,Xn— Xn-1 = AXp,
Ha kaxmoM W3 NOJy4EHHBIX OTPE3KOB HaWJIeM HAaMMEHbIIEe M HauOOoJblIee
3HaueHue (PyHKIHH.

[Xo0, X1] =& M1, My; [X1, X2] & M2, Ma2; ... [Xn1, Xn] = Mp, M.

CocTaBUM CyMMBI:

Sn=mMAXy + MAXy + ... +MyAXp = Zml_Axl.

i=1

Sn=MiAX; + MaAXo + ... + MaAXy = i:MiAxi
i=1

CyMMa S Ha3blBaeTCs HHKHeil MHTerpajibHol cymMMoii, a cymMMa S — BepxHei
HHTErpajibHOM CYyMMOM.
T.K.miSMi,TO Eng Sn, a m(b—a)S §n£ SnSM(b—a)

BHyTpu ka)a0oro orpeska BeIOEpeM HEKOTOPYIO TOUKY E.
Xo < €1 < X, X1<e< Xg, ... ,Xn1 < €< Xp.

Haiimem 3HadeHHs (QYHKIUH B OTHX TOYKAX M COCTABHUM BBHIPpAXKEHHE, KOTOPOE
Ha3bIBACTCS MHTErpaJbHoil cymmoii 1 Gyrkiuu f(X) Ha otpeske [a, b].

Sn = f(en)Axs + f(e2)AXe + ... + fen)A% = 3 f(e)Ax,

Torma mokHO 3anucath: MiAX; <f(&)Ax <MiAXx;

CrenoBatenbHO, » mAx, <Y f(e)Ax, <> M Ax,

i=1 i=1 i=1

['eomeTpudecku 5TO MPEACTABISAETCS CICAYIOIMIMM 00pa3oM: rpaduk
¢ynkmum f(X) orpaHmueH cBepXy ONHCAHHOW JIOMAHOW JMHHCH, a CHU3Y —
BIIMCAHHOM JIOMAHOM.

O06o3HaunM MaxAX; — HauOOJBIINKA OTPE30K pazOueHus, a MminAdx; —
HauMeHbIni. Ecmu maxAxi— 0, To 4mcino oTpe3koB pa3OueHus orpeska [a, D]
CTPEMUTCS K OECKOHEUHOCTH.

Eciu S, :Zf(gi)Ax[ » TO mxlngx}%o;f(g")m" =8.

i=1

Onpenenenune: Ecim mpu J1o0bIX pa30oMeHMsIX oTpe3ka [a, b] Takux, uro maxAx—

0 w Tpom3BOIBLHOM BHIOOpPE TOUYEK €j WHTETpajbHas cymma S, :Z f(g,)Ax,

i=1



CTPEMUTCS K Tpeeiay S, KOTOPBIA Ha3bIBAETCS ONMpeaeiieHHbIM nHTerpaioM ot f(X)
Ha oTpe3ke [a, b].

b
OO6o3HaucHUe : I f(x)dx.

a — HIDKHUI nipenen, b — BepxHuit nmpenen, X — mepeMeHHasi HHTETpUpOBaHus, [a, b]
— OTPE30K UHTETPUPOBAHHSI.

Onpenenenne: Ecmu jana ¢yaknuun  f(X)  cymectByer  mpenen

n b
lim Z f(g)Ax; = J' f(x)dx, TO QyHKIMS HA3bIBA€TCS MHTETPUPYEMOIl Ha OTpe3Ke
=1

max Ax; -0 i

[a, b].

a

n b
Tak:xe BEepHBI YTBEPKIACHUS: mhg}_)o;m[mi = 2[ S (x)dx

max Ax; -0

im > M A, = j F(x)dx

Teopema: Eciu ¢yukums f(X) HempepsiBHa Ha otpeske [a, b], To oHna
HHTETPUPYEMa Ha 3TOM OTpE3Ke.

CBoiicTBa OIIPeACIACHHOrO MHTErpaja.

1) j.Af (x)dx = A.b[ f(x)dx;
2) [(fi0)x f()de= [ fi(0dx [ f,(x)dx
3) j. f(x)dx=0

4) Ecmu f(X) < o(X) Ha oTpe3ke [a, b] a <b, To j f(x)dx < j o(x)dx
5) l;1s mpoM3BONIBHBIX YKcen &, b, C cripaBe1yInBO paBEHCTBO:

b c b

[ £Godx =] f (e + [ £ (x)ebx

Pa3yMeeTc>1, 9TO PABCHCTBO BBIIIOJHACTCA, CCIIM CYHICCTBYCT Kﬁ)KI[I)Iﬁ H3
BXOOAMIMX B HCTO MHTCTPAJIOB.

6) j. f(x)dx = —j. f(x)dx



Buviuucnenue onpeOeﬂermozo unmezpaa.

b
[Iycte B uHTETpane I f(x)dx HWKHHIA TIpenea a = CONst, a Bepxuuil mpexen b

HU3MCHSACTCA. O‘ICBI/II[HO, qTO €CJIH U3MCHIACTCA BerHI/Iﬁ npeaci, To USMCHACTCA U
3HAYCHUC UHTCIpaa.

O603HauUM I f(dt = ®O(x). Haitnem mpousBognyto ¢GyHKU D(X) MO

IIEPEMEHHOMY BEPXHEMY MPEIECIY X.
d X
— j f(0)dt = f(x)

AHaJ'IOFI/I‘{HYIO TCOPECMY MOXKHO [OO0Ka3aTb Jiid Cliydasds TICPCMCHHOIO
HUXXHCTO IIpecaciia.

Teopema: Jlnst Bcskoi ¢ynkumu f(X), HempepwiBHO# Ha orpeske [a, D],
CYLIECTBYET Ha OJTOM OTpe3Ke IepBoOOpa3Has, a 3HAYUT, CYIIECTBYET
HEOTpPE/ICIICHHBIA UHTETPal.

Teopema: (Teopema HrroTona — JleliOHuiia)

Ecmu ¢yskums F(X) — kakas- nubo mepBooOpasHasi OT HEMPEPBIBHOM
dyukun f(X), To

i f (x)dx = F(b) - F(a)

ATO BBIPAXKEHHE U3BECTHO 0] Ha3BaHUEM (opmyisl HetoTona — Jleitbuuiia.

b
NHnorna npumensitot odo3nayenue F(b) — F(a) = F(X)| .

®opmyna Herotrona — JleiitOHuna mnpeacraBiseT co0oM OOmMi IMOAX0J K
HAXO0XJICHHUIO ONPEICIICHHBIX HHTETPAJIOB.

Yro KacaeTcsi MPUEMOB BBIUMCIICHHUS OIMPEACIICHHBIX MHTETPAlOB, TO OHH
MPaKTHYCCKH HUYEM HE OTJIMYAIOTCS OT BCEX TEX IMPUEMOB M METOJIOB, KOTOPHIC
OBLIM PACCMOTPEHBI BBIIIIC P HAXO0KICHUN HEOIPEACICHHBIX HHTETPAJIOB.

TouHO Tak e MPUMEHSIOTCS METOJIBI TIOJICTAHOBKHU (3aMEHBI IIEPEMEHHOM ),
METOJI UHTCTPUPOBAHUS 10 YACTSAM, TC e MPHUEMbl HAXOXKIACHUS IEPBOOOPA3HBIX
JUIS. TPUTOHOMETPUYECKUX, HPPANMOHAIBHBIX M TPAHCIEHISHTHBIX ()YHKITUH.
OCOOCHHOCTBIO SBISETCA TOJBKO TO, YTO NMPH NMPUMEHEHHH STHX IIPUEMOB HAJO
pacIpocTpaHiaTh IpeoOpa3oBaHue HE TOJBKO HA MOJBIHTETPATbHYIO (DYHKITHIO, HO
M Ha TpeAesibl MHTCTPUPOBAHUSA. 3aMEHSS TICPEMEHHYI0 HHTCTPUPOBAHUS, HE
3a0BITh U3MEHHUTH COOTBETCTBEHHO IPE/ICIIbl MHTECTPUPOBAHHS.

3amena nepemeHHbIX.

b
[Tycth 3aman wHTETpa J‘ f(x)dx , tne f(X) — HempepbiBHAs (QyHKIHUS Ha

otpeske [a, b].
BBeneM HOBYIO TEPEMEHHYIO B COOTBETCTBUU ¢ opmysion X = @(t).



Tornma ecnu

1) o(a) =a, ¢(B)=b
2) o(t) u @' (t) HenpepsIBHBI Ha oTpe3ke [a, P]
3) f(¢p(t)) ompenencHa Ha oTpeske [a, B], TO

b B
[ £@ydx = [ flo®le' ()t

B p
Torna ff [e)]o'(t)dt = Flo(t)]] = Flo(B)] - Flo(c)] = F(b) ~ F(a)

[Ipumep.

1 x:Sin t, n/2 n/2 111/2
J.\/l—xzdx:{ }: I\/I—smztcostdt: J-cosztdtza j(l+c0s2t)dt:

0 a=0;p=m/2 0 0 0

1( 1. A T
=—|t+—sin2t =—+—smmw=—.
2 2 o 4 4 4

[Ipn 3aMeHe mepeMEHHON B ONPEACICHHOM WHTErpayie ClIeAyeT MOMHUTh O
TOM, 4YTO BBOJMMAas (GyHKIHUS (B paCCMOTPEHHOM mpumepe 3To (yHKIuUs Sin)
JOJDKHA OBITh HEINpephlBHA Ha OTPE3KEe MHTErpUpoBaHMs. B mpoTuBHOM ciyuae
(popmanbHOE puMeHeHHe (popMyIbl IPUBOJUT K a0Cypay.

[Ipumep.

n T
j dx=x |=mn , ¢ Jpyroil CTOPOHBI, €CIM NPUMEHUTb TPUTOHOMETPHUYECKYIO
0 0

MOJICTAHOBKY,

T T T 0

jdx:J. .2 & 2 :_[ 2 o 2 ={tgx=t}=j dtzzo

0 oy SN~ x+cos” x g cos” x(1+1g7x) o 1 +1

T.e. nBa cmocoba HaxOXACHUS HWHTErpaja JaloT PazIudHbIe Pe3yibTaThl. ITO
MIPOU30IIIO U3-32 TOTO, YTO HE ObUI y4TEH TOT (haKT, YTO BBEJACHHAS IMEPEMEHHAs
tgX MMeeT Ha OTpe3Ke MHTETPUPOBaHMS pa3pbiB (B Touke x = 7/2). [loaTomy B
JAHHOM Cclly4ae Takas IMOJCTaHOBKa HemnpumeHuMa. [Ipu 3ameHe nepeMeHHOU B
ONPENICICHHOM WHTErpajie CjleAyeT BHUMATENbHO CIEAUTh 3a BBINOJIHEHUEM
MEPEYUCIICHHBIX BBIIIE YCIOBUH.

HNuTerpupoBanue mo 4acrsam.

Ecmu dynakiun U = @(X) u V = y(X) HempepbIBHBI Ha oTpe3ke [a, D], a Takke
HENPEepPBIBHBI Ha 3TOM OTpPEe3Ke HMX IMPOU3BOJHBIC, TO CcIpaBemBa (Gopmysa

HHTCIPUPOBAHHA 110 YaCTAM:
b b

Iudv = uv|b - Ivdu.

a a  q



BoiBon 910l (opmynbl  aOCONIOTHO aHAJOTUYEH BBIBOAY (OPMYIIbI
WHTETPUPOBAHUSL MO YACTAM JJii HEOMPEACIICHHOTO HMHTETpaja, KOTOPbIH ObLI

BeChbMa MOAPOOHO PACCMOTPEH BBIIIIE, IOATOMY 371€Ch MPUBOJIUTH €TI0 HET CMBICTIA.

[Liomanes KpUBOJMHEMHOW TpaNEUWM, OTPAHUYEHHOM HENPEPBIBHOW KPUBOU
y=Ff(x), nByms npsamMbIMu x=a U x=b U OCBIO aOCIHMCC, BBEIYMUCISIETCS C ITOMOIILIO
OTIPE/ICTICHHOT0 MHTErpasia o Gpopmysam:

A

4, .y

" yahx) ) ; _ s
A B f=hE)=s=ay
| W T s il [
LI B EUCER R S
'f(x)?0.=>x=c' .
8= 5, - 16| M
S y=fl)=x=0)

fx=0=>x=c ' 0 g

o

S=5,+8, = [£(x)dx +

IIpumep 4: Beraucnure mwiomaas GUrypbl, OrpaHUIEHHON JTMHUASMH y = — x*—2x+3,

OCSIMU KOOpPAUHAT U NMpsIMOU  x=2.

Pemenue: [loctpoum naHHbIE JIMHUN



Y=0

S

Haiinem Touku nepeceuenus rpaduxa GpyHkimu ¢ ocbto Ox: y =—x"—2x+3,

—x2—2x+3=0, X1:11 X2 =_3

1 2 2 2 x° 2 X’ 2
S=[(-x*-2x+3)dx—[(-x —2x+3)dx=(—§—x +3X) +(-§—x +3x) =
1

0

:_1_1+3_(_§_4+6)+(_l—1+3):E—FE—{—E:E:“-(K@EO.)
3 3 3 3 3 3 3

3anaHus NpaKTHYEeCKOM padoThl BhIUMCINTH ONpeesIeHHbI HHTETpal

1,
; 2 2 3 2
a)j(3x —2x)1x a)J. 1 dx a)J.(4x3 —3x2):ix
1 0cos® = x 1
L 2l gy 11. 2 2,
|75 o iy o)
i b) [ (1—x)*dx ) x+3
2
1 3, z
2 9
a) [ (¢ —xhx a) | cos Lxdx a) [ (2cos3xix
2 12 o 3 22. 0
b e 6dx 4 X 2 X
)ﬁ[,SCOSZZX b)£(1+§)8dx b)!(l—a)“dx



NN

a) chos xadx
3. 5

b)i(l—g)“dx

% 3
a dx
)l.coszx

T X
b) [ (1+ =) dx
)_fl( )

a)j(4x3 + 2x i

1

5. 1
3dx
b)'[ ., x 11
0cos (=——)
2 3

)T(4 cos 2x)dx

b) || v/ox ~1dx

a) [ (6 sin 2x)dx

b)| (3—2x)*dx

N
P — N N‘ﬁl—.N

o1

D
o
X

N

co

(2]

X

o
>

O
~

®©
N
b= O——w|N

5-3x

a)j(x3 —-x? +3)jx

b)I e2x+3dx

13.

14.

15.

16.

17.

18.

19.

a)j:(?)x2 - 2x}ix

/2
b) J.3sin xadx
-11/2

a)I(Bsin %xjdx
b)j'(l— 2X)*dx

1

j“ 3605 2x Jdx
)
0] 5 aes
-2

—X)

a) | cos xdx

b)| (L-2x)*dx

N W O ey | N

w
(o3}

QD
~

o

>

(@]
w
N
N
x

C

O
~

Ny ) O ey 0 | Y

(3-x2)dx

a)[(2sin x)dx

O
~

ot—=x o'—.mm

(x? +1)dx

a)|sin xdx

b) | (7 —2x)* dx

N W O |y

23.

24.

25.

26.

27.

28.

29.

) (108sin 6x dx

o'—.m

b) j (7 —5x)dx

j.
< COS° 2x

b) j (4x3 +6x)dx

a)'z[(Sx4 —6x2)1|x
b) [/ v/Bx —5alx

a)ff(B x* + 4x3)jx

I1/8
cos4x
b) j

I1/4

dx
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0
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72 1/2

2
2.8 Jxexdx j(x+3)sin xadx Iarccos 2xdx
1 0

12
-2/3 X In2 1
2.9 o X jxe’xdx j xarctgxdx
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3apanus npakTudeckoil padorsl Halitu muiomans Gurypsl, orpaHU4eHHON
JAHHBIMU JIUHUSMU

3ananue 1

1,11,21. y=8x—x"—7 ¥ OCBIO 0OX
2,12,22. y=x*-1,y=0,x=0
3,13,23. y=x*-3x—4 u ocro OX
4,14,24. y2=4x u x* =4y

5,15,25. y =5x—x*+6 u oceio OX
6,16,26. y=x%, y=x*,x=-1,x=0
7,17,27. y =Xx?-6x+8 1 ocero OX
8,18,28. y=x> U y=Xx+2

9,19,29 y=x?-4x-5 u ocero OX

10,20,30. y =6X —3X2 u ocvio OX
3aganue 2

1,11,21. y=x*+2 Hy=2x+2 2,12,22. y=x2%n y=2-x

3,13,23. xy=6 u y+x-7=0 4,1424. y=2*, y=2x-x*,x=0,
4
2

x=1 51525, y=hx,x=e,y=0 6,16,26. y=- , X
=1, y=x-1 7,17,27. y=x>+x, y=1-x*,x=0,x=1
8,18,28. y=x*,x=2 9,19,29. y=cosx ,X=0,x=

2n,y =0 10,20,30. y = vx,y =2, x = 0 3aganmue 3



1,11,21. x—-y+3=0, x+y—-1=0,y=0
2,1222. 2x—-3y+6=0,y=0u x=3
3,13,23.  y=x*-2x+3u y=3x—1
41424, x-y+2=0,y=0,x=-1,x=2
5,15,25. y2=4x,x=1u ocsto OX
6,16,36. y=x*mny=-3X

7,17,37. x—-y+3=0,x+y—-1=0,y=0
8,18,28. x2=3ym y=X

9,19,29. X—y-2=0, x+y+1=0,y=0
10,20,30. y2=9x, X =3 u ocsto OX
KonTposbHbIe BONPOCHI

1.YT0 Ha3BIBAIOT ONpEICICHHBIM HHTETpaioM GyHKIuu f(X)?

2.B ueM coCTOUT reoOMeTPUYECKUN CMBICI ONPeIeNIEHHOTO HHTerpaa?
3.Chopmynupyiite HEOOXO0IUMOE YCIIOBUE HHTErprpyeMocTu ¢yHkimu f(X) Ha
otpeske [a,b].

4.Chopmynupyiite He0OXOAUMOE U JOCTATOYHOE YCIOBUS UHTETPUPYEMOCTH
byuxuuu f(X) Ha oTpeske [a, b].

5.3anuInTe CBOMCTBA ONPEAECICHHOTO HHTETpaa.

63anummre Gpopmyny Hetorona-Jleiibnuma.

/Pacckaxute 00 OCHOBHBIX METOJ]aX MHTETPUPOBAHUSI OIIPEICTICHHOTO
UHTETpaa.

8.Uto Takoe KpUBOJIMHEWHAS Tpanenus?

9.®opmyna HeroTona-JlelOuura

10.I'paduku s1emMeHTapHBIX QYHKITUH.

11. Pa3nuunbie BUABI TUIOCKUX PUTYP U CIOCOOBI BEIYUCIICHUS WX TUIONIAICH.

IIpakTuyeckas padora 9 no reme
«HaxoxaeHue 4acTHbIX NPOou3BOAHbIX. [losHbIi TudPepeHuan»

Lenb: mpoBepUTh YMEHUE HAXOJIUTh U CTPOUTH 00J1aCTh OMPENEIICHHS CI0KHON
(GyHKIMY, HAXOUTh YaCTHBIE TPOU3BO/THBIE.

Bpemsa BbinonHeHua 90 MUHYT



MaTtepuanbHoe obecneueHue
1.TeopeTnyeckmne ceegeHuA

2.3apaHue

3.JlIuctA4

4.KanbKynatopbl

MopAapoK BbinoNIHEHUA paboTbi

1.M3yuntb 3apaHue

2. N3yuunTb TeopeTnyeckmne ceegeHuns

3. BeinonHutb 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
AomalHee 3aaaHue

1.MoAarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
TeopeTtnyeckue ceeaeHUA

Xox padoTsl

Onpenesienne PyHKOUM ABYX NePeMEeHHbIX

Ecnu kaxxmo#t nape ( X;y) 3Ha4YeHUN JBYX HE3aBUCHUMBIX JIPYT OT Jpyra
NIEPEMCHHBIX BEJIMYHH X M Y U3 HEKOTOPOro MHOXKecTBa D cOOTBETCTBYyET
SAMHCTBEHHOE 3HAYCHHE BEIIMYMHBI, TO TOBOPST, YTO Z €CTh (PYHKITUS ABYX
HE3aBUCUMBIX TIEPEMEHHBIX X U Yy, ONpeie/ieHHas Ha MHOXecTBe D.
O6o3Hauaercs: z=f(x;y) unu z=z(X;y).

Hamnpumep, S=ab, S=S(a;b)- pynkiuu nByx nepemennnix; V=abc, V=V(a,b.c) —
(GYHKIHS TpeX MEPEMEHHBIX;

Cnoco0bl 3a1aHus1 QyHKUIMI HECKOIBKHX MePeMeHHbIX

YtoObI 3a/1aTh PYHKIIUIO ABYX (TpeX) MEPEMEHHBIX, HY’)KHO YKa3aTh CII0C00, C
MOMOIIBI0 KOTOPOTO ISl K&KA0U maphl (TPOWKHK) 3HAYEHUM apTyMEHTOB MOKHO
HAWTH COOTBETCTBYIOIIEE 3HaUeHue pynkiuu. Hanbonee yacto pyHKIus 3amaercs
AHATMTUYECKH - 3TO SIBHOE 3aaHNe (PYHKIIUU WM HESIBHOE 3aJ]aHUE

YacTHbIe NPOU3BOAHBIE NIEPBOTr0 MOPSIAKA

[Tycts dyHkmus nByx mepeMeHHbIX z = f(X, y) ompeneineHa B HEKOTOPOU
OKpEeCTHOCTH TOukn M(x, y) eBkiaugoBa mnpoctpanctBa E2. YacrtHas
npou3BojHas QyHkuuu z = f(X, y) Mo apryMeHTy X SIBISI€TCA OOBIKHOBEHHOMU
MPOU3BOIHON (PYHKITMU OJHOW MEPEMEHHOU X MPU (HUKCUPOBAHHOM 3HAYCHUU
TepeMEHHON Y U 0003HaYaeTCs KaK

dz af , ,
Ei Es Zrs f.t'



AHanoruyHsIM 00pa3oM OMNpeensieTcsl YacTHas npou3BoaHas QyHkuuu f(X, y)
10 IEpeMEHHOM y B Touke M, o603HayaeMas Kak

8z df
d oy v

OyHKIIUSI, UMEIOIIIasi YaCTHBIC MMPOU3BOAHBIC, Ha3bIBaeTCs AU epeHIIupyeMo.

CoBepIICHHO AHAJIOTMYHO ONPENENSIOTCS YacTHbIE NMPOU3BOAHBIE (YHKUIUN
Tpex W Ooyiee mepeMeHHbIX. YacTHas Npou3BOJHAS (YHKUIMU HECKOJIBKUX
NEPEMEHHBIX XapaKTEePU3YyeT CKOPOCTh €€ M3MEHEHHUs MO JaHHON KOOpAHHATE
npu PUKCUPOBAHHBIX 3HAYEHUSAX APYTUX KOOPJIUHAT.

z=2xy" +3x+5v-7

IIpumep: — GyHKIUS JBYX [IEPEMEHHBIX.

A 2.3 B
VHOra HCIONB3YIOT 3amuch o oY) =23y +3x+2y -7

3aJlaHus, I7ie BMECTO OyKBbI Z HCIIOJIb3yeTcs OykBa .

Taxxe BcTpedaroTcs

Haiitu  4yacTHble NPOM3BOAHBIE MEPBOr0 W  BTOPOro  MOPSAAKA
byHKIMHI z=2x%" +3x 45y -7

CHauana Haﬁ,ﬂeM YaCTHBIC IIPOU3BOAHLIC IICPBOI'O IMMOPAIKA. Hx JABC.

O003HaYeHNA:

P|®

¥ 50|
ez

- qaCTHasid IMPpOU3BOAHAS I10 «HUKC»

. =
=
Y U Y _ JacCTHasd IIPOU3BOJHAA 110 «HUI'PCK»

r
Haunem ¢ %+, Korga Mbl HAXOAHM YACTHYI0 NMPOH3BOAHYI0 1O «HKC», TO

nepeMeHHasi ¥ CYNTAETCS KOHCTAHTOM (IOCTOSTHHBIM YHCJIOM).
fl:EIEEE 34 5 ?rl:i:IzE 2at 34.* 5|’ ?fl:fl
z, =(2x7y" +3x +0y =T = 2y (27, + 32 ), + O, — (0 =
(4]
=2y 2x+3.4x° +0-0=4x7" +121
KoMmeHTapuu K BBIIOJTHEHHBIM JIEHCTBUSIM:

(1) TlepBoe, 4TO MBI JenaeM NIpPH HAXOXKJICHHM YacCTHOM IMPOU3BOJHOU —
3aKJTF09aeM BCIO (DYHKIIMIO B CKOOKH IO/ IITPUX € MOACTPOYHBIM HHIEKCOM.

(2) WcnonesyeM npasuna audepenuupopanms & Fv)=u'dvt (Cu)'=Cu"

Jlst mpocToro mpumepa, Kak 3ToT, 00a MpaBWiia BIIOJTHE MOXKHO MPUMEHHUTH Ha
oaHoM 1irare. OOpaTHTe BHUMaHKUE Ha MEPBOE CIaracMoe: Tak Kak » CYHTAeTCsI
KOHCTAHTOM, a JIO0YH) KOHCTAHTY MOKHO BBIHECTH 32 3HAK IPOU3BOAHOM,

3 3
TO ¥ MBI BBIHOCUM 3a CKOOKH. TO €CTh B JaHHOW CUTyaIMK @ HHYEM HE JIy4IIe
00bluHOro 4umcia. Telepb IIOCMOTPUM HA TpeTbe claraeMoe - : 31ech,



HAa00OpOT, BEIHOCHTH Hedero. Tak kak * KOHCTaHTa, TO 2 — Toxke KOHCTAHTAa,
Y B 3TOM CMBICJIE OHa HUYEM HE JIYUIIE MTOCIETHETO CIaraéMoro — «CEMEPKN».

_ Hal -1
(3) Ucnonb3yeM TaOMUHBIC TIPOU3BOTHBIC CY=0 y @)=ax""
f
(4) Tenepp “». Korma MbI HAXOAMM YACTHYIO NPOH3BOIHYIO 1O «HIPEK»,
TO MepeMeHHAasi * CYMTAEeTCs KOHCTAHTOM (IOCTOSIHHBIM YHCJIOM).
2.3 4 o, ) (21
zy=(2x°7 +3x +3y =T, =2x" (0 ), + (320, + 3000, — (7)), =
=22 3P 4045 1-0=6x"y" +5

(1) Hcmoms3yem Te e npaBuma auddepenmmpoanms & FV)=u'EV

r_ t 4
(C’u] = Cu . B IepBoM cCjlaracMoM BbIHOCHUM KOHCTAHTY X 3d 3HAK

o 4
IMPOU3BOJIHOU, BO BTOPOM CJIAraCMOM HHUYCTO BBIHCCTHU HCJIB3A ITOCKOJIbKY 3 —
YKC€ KOHCTAHTA.

(2) Hcnonezyem TabNuILy MIPOU3BOIHBIM AIIEMEHTAPHBIX
¢byHkiuii. MpIC/IeHHO MOMeHsieM B TaljMle BCe «MKChD» HAa «Hrpekn». B

r_ Byt »-1
YaCTHOCTHU, UCITIOJIb3YCMbIC HAMU (l)OpMyJ'IBI BBITJIAAAT TaK: ()=0 Hu W) =ny
I/ITaI(, YaCTHBIC IIPONU3BOJHBIC IICPBOI'O ITOPAIKA HaﬁﬂeHbI

HO,IIBG,IIGM HUTOI, UCM K€ OTIIMIACTCA HAXOKIACHUC YACTHBIX IMTPONU3BOAHBIX OT
HaXO0XJIACHUA «OOBIYHBIX» IMPONU3BOAHBIX Q)YHKHI/II/I O,IIHOﬁ HGpGMGHHOﬁ:

1) Korna MBI HAXOAUM YaCTHY IO MPOU3BOIHYIO ¥
, IepeMeHHasi ¥ CYHTAeTCs] KOHCTAHTOIA.

=
2) Korna MBI HAXOAUM YaCTHY IO MPOU3BOIHYIO y
, IepeMeHHasi * CYUTAeTCsl KOHCTAHTOIA.

3) IlpaBuiaa u TadJuUa NPOM3BOAHBLIX 3JIeMEHTAPHBIX (PYyHKIUIA
CIpaBeJIMBbI M MPUMEHHUMBI /IS JIIO0OH mepemMenHoi (%, ¥ JMd0 KaKoii-
HUOYIb APYIoii), M0 KOTOpOii BeaercH nuddepeHnupoBaHue.

[ITar BrOpok. Haxoaum YacTHblE NPOU3BOAHBIE BTOPOro mnopsaka. Mx
YeThIPE.

O06o3HaueHud:
Az
L 3
Zr 1581051 o - BTOpast [IPOM3BOIHAS 110 «HKC»
Fz
L ]
=
» 1581041 & - BTOpast [IPOU3BOAHASA 110 «UTPEK»
Fz
"
=
w WA oy — cMeuanHas Mporu3BOIHAS «HKC 1o UTPEK»
Pz

=" A
¥ WU @; r CMEeUIAHHAA HpOI/ISBOI[HaH «I/IrpeK I10 UKC»



B nonsATHM BTOpPON IIPOM3BOAHOM HET HUYEIO CJIOKHOrO. I'0BOps IPOCTHIM
A3bIKOM, BTOPas MPOM3BOHAS — 3TO IPOU3BOIHAS OT EPBOH NMPOM3BOJIHOM.

YacrHbie MIpOU3BOJHBIC IIepBOTo nopsiaka:
=dxy +12x°

r

I

r_ a2 3
z,=6x"y +5

Cnauvana HaUJEM CMEIIaHHbIE IIPOU3BOHBIE:
20, = (1), = (4x +12x7), = 4x(™), +(122°), = 4x 3" +0 = 12n)/

r
Kak Bumure, BcE mTpocTo: OepeM UYaCTHYIO MNPOU3BOJHYI % H

auQepeHnrupyeM ee ele pas3, HO B JAHHOM CIIy4ae — YK€ M0 «UTPEK».

AHaJIOTUYHO:
20 = (20), = (62" + 5, = 65 (x"), + (5), = 6" - 2x +0=12xy"

B npakTnyeckux nmpuMepax MOKHO OPHMEHTHPOBATHLCH Ha cJeaylollee
PaBEeHCTBO:
"

_ [
T = I

Takum o6pa30M, qcpe3 CMCIIAHHBIC IMPOU3BOJIHBIC BTOPOI'O IIOpsAAKa OYCHDb
y,ZIO6HO IMPpOBCPHUTL, a IIPABUJIBHO JIK MbI HaIllIM YaCTHBIC IIPOU3BOJHLIC
IICPBOI'o IMopAaKa.

HaXO,III/IM BTOPYIO ITIPOU3BOJIHYIO IIO «KHKC».

o 3
Hukakux n3zo0perenuii, 6epem + =~ 4x/ +12x u quddepeHIupyemM e€ o «UKC»
elie pas:

zy = (200 = (4xy +1227), =4y* (D) +12(2°), = 4y° 1412 3x% = 4)° + 36x7

AHAJIOTUYHO:
2y, = (2}, = (6x"y" +5), =6x" (™), +(5), = 62" - 2y +0=12x"y

i sz
Crnenyer OTMETUTb, 4YTO TIPU  HAXOXKICHUH Zm #  HYXHO

MIPOSIBUTH MOBBIIIEHHOE BHUMAaHUE, TaK KaK HUKAKUX YYyJIECHBIX PABEHCTB IS
UX IPOBEPKHU HE CYIIECTBYET.

[IpuMepbl ~ HAXOXKIEHUS  YAaCTHBIX  MPOM3BOAHBIX  IEPBOrO  MOPSJIKA.
IIpumep 1. z = z° - 2zy + 2°.

Pemenue. [Iuddepenmupyem dynkuuo z = f(x, y) cHauana mo x, monaras y
(UKCHUPOBAaHHOW BEITWYMHOW, TOTOM TOBTOPSIEM 3Ty K€ MPOIEAYPY, MEHSS
ponu x u y. [lomyuaem

r:':}z_q 5 iz )
r_jm—..ﬂ‘.':- i, a-cly»lx.



iz ¥ dz T
Tpumep 2. 2 = arctgay, 5 = 700 3y =~ T3 (G

IIpumep 3. u = ye¥* + In(2? — 2y + 2).

Pemenue. YacTHple TPOU3BOJAHBIE ATOW (PYHKIUH TpeX MEPEMEHHBIX
BBIPAXKAIOTCS CAEAYIOIUMHI (POopMyIaMu:

HaXOI[I/IM YaCTHBIC IIPOU3BOJHBIC BTOPOI'O IMOpPsaKa. Hx YCTBIPC.

O0o3HaUYeHUA .
az
it 2
L WA % — BTOpAast MIPOU3BOJIHAS 1o KHUKCH
Fz
L 3
=
» WA dy — BTOpast MIPOU3BOTHAS 10 CHUTPEK
Fz
"
=
’0‘ AN oy — cMewaHnHas TIPOU3BOIHAS KHUKC 10 UTPEK»
Bz

z! a
¥ UIIN @} r_ CMeUWarHHAaA HpOI/ISBOJIHaSI «I/Il‘peK I10 UKC»

B monsiTuu BTOpOIl MPOM3BOJHON HET HUYErO CIOKHOTO. ['0BOpSI MPOCTHIM
SA3BIKOM, BTOPasi MPOU3BOHASl — ITO POU3BOJAHAS OT NEPBOil MPOU3BOIHOIA.

YacTHbIC IMPOU3BOJIHBIC IICpBOTO Imopsaka:
t 3
' =4’ +12x
P 32
z,=6x"y" +5

Chayana HaifieM CMelIaHHbIE MPOU3BO/IHbBIE:
3 3 K] 3 ] 2
zf, = (1), = (4x” +12x7), = 4x(p™), +(122°), = 4x - 3p" +0 = 12xy

Zr

Kak Bugure, BCcE mpocTto: OepeM YacTHYI0 MPOM3BOAHYID “* H
muddepeHnupyem ee emre pa3, HO B JAHHOM CIIy4ae — YKe 10 «UTPEK».

AHaJIOTUYHO:
2t = () = (657 + 5, = 657 ()L +(5), =6y° - 2x +0= 121"

B nmpakTHMyecKMX NpuMepax MOKHO OPHMEHTHPOBATBHLCH Ha Clieaylollee

PAaBEHCTBO.
ro_ i
T T i

Takum o0pa3oM, depe3 CMElIaHHbIE MPOU3BOJHBIE BTOPOrO MOpsJKA OYEHb
yIOOHO TPOBEPHUTHh, a MPABWIBHO JIM Mbl HANUIM YACTHBIE TPOW3BOJIHBIE

IICPBOIO IMOPpsAAKaA.

Haxoanm BTOpYI0 NpOU3BOIHYIO MO «HUKCY.

o 3
Huxkakux uzo0perenuii, 6epem * ~ 47 +12x nuddepeHIupyeM eé 10 «UKC»



elle pas:
Zh = (20 = (dx” +12x7)0 =4y (0L +120x7) = 4y” - 1+12.3%° = 4y” +36%°

AHaJIOTUYHO:
2y, = (2}, = (6x"y" +5), =6x° (™), +(5), = 62 - 2y +0=12x"y

rr zﬂ'
ClietyeT OTMETHTD, YTO NPH HAXOKIAECHUU “#, “» HYKHO

MPOSBUTH HOBBIIIEHHOE BHUMAHUE, TaK KaK HUKAKUX YyAECHBIX PABEHCTB JJIs
UX MPOBEPKHU HE CYIIECTBYET.

Anzopumm uccnedosanus GyHKuuu 08yx nepemeHHvlX Ha IKCMpPemMym

Oyuknus z = f(X,y) umeer MmakeumyM B Touke Mo(Xo;Yo), eciu f(Xo;Yo) > f(x;y) ans
BCEX TOYEK (X;Y), JOCTATOYHO OJIM3KUX K TOUKE (Xo;Yo) U OTJIUYHBIX OT HEE.
Oyuknus z = f(X,y) umeer MuaEMYM B Touke Mo(Xo;Yo), eciu f(Xo;Yo) < f(X;y) st
BCEX TOYEK (X;Y), JOCTATOYHO OJM3KUX K TOUKE (X0;Y0) M OTIUYHBIX OT HEE.
MakcuMyM 1 MUHUMYM (DYHKIIMHM HAa3bIBAIOTCS IKCTPeMyMaMu QyHKIHH.
Uccnenoranne GyHKIMH IBYX NMEPEMEHHBIX HA SKCTPEMYM ITPOBOJISIT TIO
CIeIyIOIIel cXxeme.

1. Haxomsar yactable npou3Boanbie dz/dx u dz/dy.

2. Pemiaror cucteMy ypaBHEHUM:

% _o
&
%_g
o

¥ TaKUM 00pa3oM HaXOAT KPUTHUYECKUE TOYKHA (PYHKITUH.
3. HaxomsT yacTHBIE TIPOM3BOIHBIE BTOPOTO MOPSIIKA:

'z A%z Az
Ay oyt

4. BBIUHCIISIIOT 3HAYEHUS 3TUX YACTHBIX MPOU3BOJIHBIX BTOPOTO MOPSIAKA B KAXKIOM

U3 HalJICHHBIX B 1.2 KPUTHYECKHUX TOUKax M(Xo;Yo).

a=[22) o[22 (22
o ), Sy ), ¥ ),

5. JlemaroTt BbIBOJ O HAJIMYUHU IKCTPEMYMOB:

a) ecmi AC —B2>0u A <0, 10 B Touke M umeercs MakCUMyM;

6) ecmu AC —B?>0uA >0, 1o B Touke M uMeeTcs MUHUMYM;

B) ecit AC — B? < 0, To SKCTpeMyMa HET;

r) eciiu AC — B? = 0, To BOHpoc 0 HaJIMYMU SKCTPEMYMA OCTAETCS OTKPHITHIM;


http://math.semestr.ru/math/derivatives.php

IIpumeps! ucciaenoBanus GyHKUMH ABYX EPEMEHHbIX HA IKCTPEMYM.

Ipumep Nel. UccnenoBath Ha SKCTPEMYM (DYHKITUIO

z=13 +31_'j.|'2 —-15x-12 y.

Pemenue.
1) Haiinem yacTHbIEe IPOU3BOIHBIE:

=3x +3y —15,

=bxy—12y,

PP R|®

2) Torjaa cuctema JJisi OTBICKaHUSI CTAllMOHAPHBIX TOYEK UMEET BU/T
2
12 +y —-5=0

xy—2=0

Perve cucremMy, MoJIyduM 4e€ThIPE CTAI[HOHAPHBIC TOYKH:

P1(1,2), P2(2,1), P3(-1,-2), P4(-2,-1). Haiizem mpou3BoHbIe 2-T0 MOPAIKA
2

072 6x-427_6x-8,

o2 oy By

Y COCTaBUM JTUCKPUMHUHAHT AAB-C? nst Kax okt CTAIl[MOHAPHOMN TOYKH.
1) s Touku P1(1,2) A=36-144<0, B P1(1,2) skcTpeMyMa HeT.

2) dns touku Py(-1,-2), A =144 — 36 >0, A>0, B P2(2,1)dyHKIus umeer

MUHHUMYM, Zmin = -28

3) s Touku P3(-1,-2), A = 36-144 <0, B P3(-1,-2) axcTpeMyma HeT.

4) s touku Py(-2,-1), A=144 — 36 >0, A<O B P4(-2,-1) dpyukums nmeer
MaKCUMYM Zmax=28

Z _6y=C

Ipumep Ne2. Haiitu Haubonblee 1 HaMMeHbIIee 3HaYeHUs QYHKIHMU Z = X2 +
4Xy — y? — 6X — 2y B TpeyroibHUKE, OTPAHUYEHHOM OCAMH KOOPAMHAT U NPSMOii
2Xx+3y-6=0.

Pemenue.

Haiinem kpuTrnueckme TOYKHM JOKAJIBHOIO SKCTPEMYMA BHYTPU YKa3aHHOU
oOnacTu v 3HaYeHUs JaHHOU QyHKIMH z = f(X,y) B 3THX Toukax. Tak

&
bz —
Z=2x+4y—6 5 =4x—-2y-—-2
Kak 9% : , TO CUCTEMA JIJIs OTHICKAHMS
KPUTHYECKHUX TOUEK UMEET BH/

x+2y-3=10 x=1

2x-y-1=0 ~ |¥y=1
Touka Po(1;1) Haxomautcs BHyTpH obiactu, nmpudeM z(Po) = -4. Uccnenyem
dbynkuuto z Ha rpanune odnactu. Ha orpeske OA umeem : y=0, z = {(x;0) unu

0:0)=x2 — 6x, re ¥ EL03]. o0 —0x 6. 0°1(3)=0; 01(3)=(3:0)=-9. Ha
otpeske OB umeeM: x=0. z=f(0;y) unu z=g(y)=-y>-2y,



e YEIG2ZL g2(0)=-2y-2 g3(-1)

= 0, —1e[0;2] . Ha otpeske

y= Z—Ex, Z= f[x;2— EIJ
AB nmeem 3 3 WA

19
z =gg(x)=—;xz+6x—8, xe[03]. £23(x) =—;x+6

Trac

27
=0
#5550

(1?]_},(2?_10) 71
&3 19 19°19) 19

38

Haiinem 3nauenus ¢pynkiuu z B toukax O, A u B. z(0) = (0,0) = 0; z(A) =

(3;0) = -9, z(B) = f(0;2) = -8.
f(00), f(02), f(3:0),

CpaBHUBas 3HAUCHUS
NPUXOJMM K BBIBOJY:
HanOombiee 3HaueHue zmax=0 B . O(0,0);
HauMeHbIIee 3HaYeHne zmin=-9 B 1. A(3,0).

27 20
f(ﬁ E) f(1;1)1

u 2r i o
dr 1% - 2y- Ey-l— z’ di; = (1+yz)e” - T2 - 29+ 2’
'du_ 2 pe 1
E_y il -2y + z

3agaHus NPaAaKTHYECKOH padoThl

1. Haiiti 1 mocTpouTh 001aCTh OMpEIeTICHUS CIIOXKHON () YHKITUH.

2. BUHCIATH MPOU3BOAHYIO CIOKHOU ()YHKIIHH.

B1 1.z=arcsin(1-x2-y?) B16
2.a) z=Vinx =, x=e, y=1

6) u=x2-y?+3z%, x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx) B17

2.

1.z=In~
y
a)z=(x2 + y2)**-v*

6)u=x\/§-(z+y)\/§, x=1,y=1,z=-2

1.z=Iny-Incosx

2.3) z=\/xy In%, x=1, y=2 2.a)z= xsiny+x?%, x=3,y=m/2

B)u=3x?%/2-
y2/2422%2,x=2/3,y=2,2=2/3

6)u=,/xy — V4 — z2,x=1,y=1,2=0



B3 1.z=,/Inx + Iny

2.a)z=x/—*e V-1
Xy

6)u=x3/2-y3/2+823,x=2,y=2,2=3/2

B4lz= [\/y —x+2

2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/2x?+3y2-272,
x=2,y=1/3,2=3/2

. x?
B5 1.z=arcsm;

2.a)z=arcg(x>-y?)+1/,/xy

_Vx _ yz
6)u—y =

B6 1.z=arcos(2x-y)
2.a)z=arccos§+e\/x_y, x=2,y=1

_ 2.3 2
6)u=v2x 5 6v222,
x=1,y=2/3,2=1/\/6

B7 1.Z=/In(2 — x — y),
y
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1/\/6

B8 1.z=In>
y
2.a)z=(x2 4+ y2)** Y’

6)u=x\/§-(z+y)\/§, x=1,y=1,z=-2

B18. 1.z=|nsinx-\/;
2.a)z=arcsin% - Inv, u=0, v=1
6)u=(x2+y2+22)3/2, x=0,y=-3,2=4
B19. 1.z=In(y?/4-x?/9-1)
2.a)z=|n\/m+1/y,x=y=1/\/§
6)u=2/x+3/2y-

\J6/4z,x=2/3,y=3/2,2=1/2

B20. 1.z=a rcsin%

2.3)z=Inyvx ,x=1,y=3/5

6)u=3/x+4/y-
1/V6x,x=1,y=2,2=1/\/6

B21. 1.z=1+,/1 — (x — ¥)?

2.a)z=cos(1/y)-1/\/x—, X=1/2,
y=2/m

6)u=x\/§-yzz,x=2,y=1,z=-1

B22. 1.z=In(x?+y)

2.a)z=e*"\[x2 — y?,x=1,y=0

=gj l = = =
6)u—sme,x 2,y=m,z=1

B23. 1.2=V1 — x2+,/1 — y2
2.a)z=yIn(x%-y?), x=2,y=1

6)u=x3/16+y?/9-
2?/8,x=2,y=1/2,2=1/3



B9. 1.z=Iny-Incosx B24 1.7=,/In(2 — x — y),

2.a)z= xsiny+x?, x=3,y=m/2

6)u=,/xy — V4 — z%,x=1,y=1,2=0

y
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1//6

B10. 1.z=Insinx-,/y B25 1.z=arcos(2x-y)
y
2.a)z=arcsin% - Inv, u=0, v=1 2-3)2=arCC05;+€‘/x_y, x=2,y=1
6)u=(x>+y?+z2)3/2, x=0,y=-3,2=4 6)u=\/7x2-%-6\/722,

x=1,y=2/3,2=1//6
B11. 1.Z=|n(y2/4'X2/9'1) B26 1.Z=arCSin£
y

2.a)z=Iny/x2 + y2+1/y,x=y=1/v/2

6)u=2/x+3/2y-
\6/4z,x=2/3,y=3/2,2=1/2

2.a)z=arcg(x>-y?)+1/,/xy

_Vx _ vz
6)u= y X+Vy

_ P~
B12. 1.z—arcsmx B27 1.7= \/; x4

2.a)z=Inyvx ,x=1,y=3/5
) y v=3/ 2.a)z=sin1/xeY,x=m/2,y=1
6)u=3/x+4/y-

6)u=3/2x2+3y2-2722,
1/6x,x=1,y=2,2=1/\/6 Y

x=2,y=1/3,2=3/2

B13. 1.z=1+,/1 — (x — y)? B28 1.z=\/Inx + Iny
1
= _ = —yY—x=¢e,y=1
2.a)z=cos(1/y)-1/./xy, x=1/2, 2.a)z xxy
y=2/m
6)u=x3/2-
6)u=x\/;-yzz,x=2,y=1,z=-1 v3/2+82% x=2,y=2,2=3/2
B14. 1.z=In(x%+y) B2 9.z=In(y-Inx)
=X’ [x2 —y2 x=1vy= =/ Y %=1 v=
2.a)z=e X y4, x=1,y=0 2.a) z=,/xy Inx,x 1,y=2
6)u=siné, x=2,y=m,z=1 B)u=3x?%/2-

v2/2+222,x=2/3,y=2,2=2/3



B15. 1.z=V1 — x2+,/1 — y2 B30 1.z=arcsin(1-x2-y?)

2.z=yIn(x%y?), x=2,y=1 2.a) z=VInx %, x=e, y=1
u=x3/16+y%/9-z2/8 x=2,y=1/2,2=1/3 6) u=x2-y2+322,

x=1/2,y=1/2,2=1/2

3ananue 1.HaiiTn yacTHbIE IPOU3BOHBIE BTOPOI0 MOPSIAKA

Bl z=x?y2-4x-5y B16 z=x3-y3-3xy

B2 z=y2-x%+xy-2x-6y B17  z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x’+y%+xy-3x-6y
B4 z=y\Vx-y?-x+6y B19.  z=xy*(1-x-y)

B5 z=e*/?(x+y?) B20. z=x3+y3-15xy

B6 z=x3-y3-3xy B21. z=3-2x2-xy-y?

B7 z=0,5xy+(47-x-y)(x/3+y/4) B22.  z=y’-xy-2

B8  z=x’+y?+xy-3x-6y B23.  z=x%+2xy-y’+4x
B9  z=xy*(1-x-y) B24  z=2x%*+2xy-y%/2-4x
B10 z=x3+y3-15xy B25  z=x%*+xy-2

B11l z=x?+y2+xy-4x-5y B26.  z=y2-2xy-x’+4y+1
B12 z=y2-x%*+xy-2x-6y B27.  z=1-2xy+2x?

B13  z=xy(1-x-y) B28.  z=4x+2y+4x*+y*+6

B14  z=yVx-y?-y+6y B29  z=x2+2xy-10



B15 z=e*/?(x+y?) B30. z=x?+2xy-y2-4x

3ananue 2.UccienoBath 3a1aHHYI0 GYHKIHUIO HA IKCTPEMYM

Bl. z=12+2xy-x? B16. z=x%+2xy-10

B2. z=5x2-3xy+y%+4 B17. z=4x+2y+4x*+y*+6
B3. z=4x*+9y%-4x-6y+3 B18. z=1-2xy+2x?

B4. z=x2-2xy-y*+4x+1 B19. z=x%+2xy-y2+2x+2y
B5. z=y?+2xy-x?-4y B20. z=y2-2xy-x*+4y+1
B6. z=x2+3y%+x-y B21. z=x%+xy-2

B7. z=x%y B22. z=2x2+2xy-y?/2-4x
B8. z=4-2x?-y? B23. z=x%+2xy-y2+4x
B9. z=x%/2-xy B24. z=3-2x?-xy-y?

B10. z=1+xy? B25. z=y2-xy-2

B11. z=4-2y*+x? B26. z=x?+y’*+xy-4x-5y
B12. z=y?+2xy-x>-4y B27. z=y?-x?*+xy-2x-6y
B13. z=x?-xy B28. z=x%+y%+xy-3x-6y
B14. z=xy(4-x-y) B29. z=x3-y3-3xy

B15. z=x2+2xy-y%-4x B30. z= x3+y3-15xy

KoHTposibHBIE BONIPOCHI :

1.ChopmynupoBats onpeneneHne GyHKIUH C IBYMS TEPEMEHHBIMH.

2.Yt1o Ha3bIBaeTCs 00J1aCThIO OnpenesieHHs] (PYHKIIMU HECKOJIbKUX
MIEPEMEHHBIX ?

3.ChopmynupoBaTh MPaBUI0 HAXOKIACHUS MTPOU3BOAHON (PYHKIIMH HECKOJIBKUX
MEPEMEHHBIX.

4.Yto Takoe moyHbIN auddepeHiman GyHKIINA HECKOIbKUX IEPEMEHHBIX ?



5.CopMynupoBaTh AITOPUTM HAXOXKJICHUS IKCTpEeMyMa PyHKIIUU
HECKOJBKHUX TIEPEMEHHBIX

IIpakTnueckas padora Ne 10 mo reme
Tema «Bbruuciaenue 1BOHHbIX HHTEIPAJIOBY

Ilesb: MpoBEPUTH YMEHHE BBIYHUCIIATH ABOMHBIE HHTErPAIBI B 1EKAPTOBBIX
KOOpAMHATax

Bpems BbinosniHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceegeHunA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MNopaaoK BbinoNHEHUA PaboTbl
1.U3yuuntb 3apaHue

2. I3yunTb TeopeTUyeckme ceeaeHuns

3. BoinonHutb 1 opopmutb paboty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTesnto
AomawHee 3apaHune

1.MoaroToBUTL OTBETbI HA KOHTPOJ1IbHbIE BONPOCHI

TeopeTnvyecknii MaTepuas

ITycTh B HEKOTOPOW OrpaHUYEHHON 3aMKHYTOM oOjacTi D 1mockoctu xOy 3ajaHa
HenpepbiBHas (Gynkuus z=f(P), rme Touka PeD . Pa3oObem 3Ty 001acTh

IIPOM3BOJILHBIM 00pa3oM Ha N YaCTUYHBIX IUIOCKHUX siY€eK S, S,,..., S,, UMEIOIIne

n?
mwiomanan AS;, AS,,...,AS, . B kaxmol Takol s4YeliKe BbIOEpEM IO OJHOU
MPOU3BOJIBHON TOUYKe P, P,,..., P, 1 BEIYUCTUM 3HAYCHUS (HYHKITUU f(P) BO B3SITBIX
Toukax. COCTaBUM TaK HA3bIBAEMYIO UHMESPAIbHYI0 cyMM)y (QYHKIUH f(P) 1o

oOnactu D:

i f(P)AS, = f(P,)AS, + f(P,)AS, +...+ f(P,)AS, . (1)

Heotinvin unmezparom ot ¢yukumu f(P) mo obmactd D Has3bIBAETCS TpPEAET

UHTErpaiibHON cymMMblI (1) MpU CTpeMIJIEHHH K HYJII0 HAauOOJIBIIETO U3 AHaMETPOB
BCEX SYEEK JAaHHOTO pa30UeHHUS:

mex d(S; )—0

[[t(P)s = lim if(Pi)ASi 2)



OcCHOBHBIE CBOWCTBAa NBOWHOTO MHTETrpamna

1. JIBoitHoi mHTerpan mo objactd D oT anreOpanyeckoil cyMMbl (QyHKIUH
paBeH aireOpanyeckod CyMM€ JBOMHBIX HWHTETPAJIOB OT CllaraéMbIX
GyHKIUH 110 3TOH ke 00sacTu:

ij[fl(P) (P)lds _jj ds+jjf

2. TlocTossHHBINM MHOXKHTENIb K MOHO BBIHECTH 3a 3HAK JIBOMHOTO MHTErpaJia:

[[k-f(P)ds =k-[[ f(P)ds

3. O6acThb HUHTCTPUPOBAHUA JIBOMHOT'O HHTCI'paJia MOXKHO p3,36I/IT]':: Ha 4acCTu,
TO €CTh €CJIM 00JIaCTh D COCTOHMT M3 ABYX HCTICPCCCKAIOIIUNXCA obacrTen D1

[ t(Pes = [ft(Pras + [ (P

IIpumepsl

uD,, To

X2 +4

. 2 1
3aganue 1: BeIYuCIUTh NOBTOPHBIM HHTETPAJI I dx I —dy.
X
1

2

Pemienune: Beuuciaum cHadaja BHYTpCHHI/Iﬁ HHTCTpall 110 HGpGMGHHOﬁ y , cuuTasa

X IIOCTOAHHBIM

3amanne 2: Boluucauth IBOWHON WHTErpai J. _[ (x+y)xdy mo o6mactu D ,
D
OTPaHUYCHHOU NMPSAMBIMHA X =2, X=6, y=1Hu y=4.

Pemnienue: O6nacte D siBAsIeTCS MPOCTOM OTHOCHTENIBHO oceit Ox u Oy (pwuc.

1), mosToMy /1Sl BBIYMCIIEHUS UHTErpajia MOKHO MCIOJIb30BATh JIFOOYIO

3 dbopmy _[ I f(x, y)dxdy = j.dxj f(x, y)dy WIH
D a C



_U (x, y)dxdy = j dyj X, y)dx . CHayaa BBIYUCIMM JBONHON HHTErpa
D

6 4
no mepsoit  dopmyne:  [[(x+y)ixdy=[dx[(x+y)dy . Bbraucmus
D 2 1

BHYTPEHHUN MHTErpajg II0 NEPEMEHHOM Yy IIpU IIOCTOSSTHHOM X

HaXOJIUM

2

4
J' X+Yy dy—{xyjty—}
1

4
=(4x+8)- (x + 1) = 3x +% . TloscTaBuB 3TO BBIPAXKEHHUE BO
1

2 6
BHEIIIHUN UHTErpasl, NOJy4YuM j (SX +— 15 jdx = {3% + % x} =78.
2

Tenepr  BbIUMCIUM  JBOWMHOW  WHTErpaj 1o  BTOpoi  dopmyre

” X + y )dxdy = jdy I x+y)d X Haiigem BHYTPEHHUU WHTErpal:

D

2

6 2
J'x+y ={—+xy}6=(18+6y)—(2+2y)=4y+16 . Jlamee maligeM BHENIHHH
2

4 4
UHTETpaI: I (4x +16)dy = [2y2 +16y] 78, TO €CTb IIOJIYYMJIN TOT K€ OTBET.
1 1

TeopeTudyeckuii CBeIeHUS

[Inomanes S mIockoit ob6macth D B MPSAMOYTOJNBHBIX KOOPIHMHATAX
BBIUHCIIACTCS 10 popmyiie

S :“dxdy; 1)



a B OJISIPHBIX KOOpJMHATaX — o opMmyiie

s = [[rdrde. (2)

O6beM LUIMHIPUYECKOTO TeNld, OrPAHUYEHHOIO CBEPXY MOBEPXHOCTHIO
z=1(x,y) , cHu3y o0mactei0 z=0 W COOKy TpPAMON IMJIMHIAPAYECKOU
MIOBEPXHOCTBLIO, BBIPE3AIOIIEN Ha IIOCKOCTH XxOy (z=0) obmacts D (puc. 1),

BBIYHUCIISIETCS 110 (hopMyIie

V= ” zdxdy 3)

z A

2= 1(xv)

— T
IIpumepsl |

D
X \_/
3ajanue: Bprunciuth OrPAaHUYEHHOIO IMOBEPXHOCTAMHU
2
z2=2x+1, x=0, y=4, y=X ‘omc. 1

Peuienue: Teno, orpaHM4YeHHOE 3aJaHHBIMU IIOBEPXHOCTSAMM, IIPEACTABIISAET
co00l BEPTHKAJIBHBIA IMapaOOMYCCKUA ITWIMHAP, PACIOJIOKECHHBIM B IEPBOM
oktanTe. CBepxy TeIO OrpaHWYEHO IUIOCKOCTBIO z=2X+1 , COOKy
napaboIMUYSCKUM MUIHHAPOM Y = X M IUIOCKOCTIMU X =0 u y = 4. Halizem To4ku
y =
y=4

2

nepecedeHuss mapabosibl y=Xx" U OpAMOH y=4 . { Takum o6paszom,

TIOJTy4HM OJIHY TOUKY mepeceuenust M(2; 4).

3HaueHUe X =-2 HE paccMaTpUBaeM, TaK KakK LHWJIUHIP pPACIOJIOXKEH B
nepBoM okTaHTe. OOnacth D 3amuiieM B BHUJIE CUCTEMbI HEPABEHCTB 0< x<2 U
x> <y<4,

CornacHo ¢opmyie (3), moayduum

dx = '2[(8x+4— 2x° — xz)dx =13% (xy0. ex.)

4
X2 0

V= J.J' zdxdy = _Z[dxj.(Zx +1)dy = T[ny+ y]
D 0 x? 0



3aganme 1. Beruncnuts uaTerpal no odxactu D, orpaHnYeHHON yKa3aHHBIMU

JTUHUSMA.
B1ff y*cosxydxdy
D
D:x=0,y = \/n_/Z y=x/2
B2 ([ 3y25in%dxdy
D
D:x=0,y= \/F/B; y=2x/3
B3 [[(Bx%y? + 4xy) dx dy:
D

D:x=1 y=—/x;y=x?

B4 [[(27x?y? + 12xy) dx dy
D
D:x =1,y = —x; y=x?
BSffyzsin%dxdy
D

D:x =0,y = vi; y=x

B 6 [[ 4y%sin2xy dx dy
D

D:x =0,y =+2m; y=2x

B 16 ffyzcos%dx dy
D
D:x =0,y = \[1/2;y=x/2
B17 [[(18x2y? + 32x3y3) dx dy
D
D:x=1,y=—-Vx; y=x3
B18[[ (9x%y? + 2xy) dx dy
D

D:x=1; y=+/x; y=—x3

B19 [[(18x2%y? + 8xy) dx dy
D

D:x =1,y = Vx; y=—x?

B 20 ffyze_xzt_ydx dy
D

D:x =0,y = 4; y=2x

B21[[(27x*y? + 12xy) dx dy

D

D:x =1,y = —/x; y=x3



B7 [[ 4y%sinxy dx dy
D

D:x =0,y =m/2; y=x

B8 [[(49x%y? + 28xy) dx dy
D

D:x=1,y=—-Vx; y=x?

B9 [[ (9x%y? + 48x3y3) dx dy
D

D:x =1,y =+/x; y=—x?

B10 [ yze_% dx dy
D

D:x =0,y =2;y=x

B11[[ (36x2y? + 96x3y3) dx dy
D

D:x=1,y=3x; y=—x3

B12ff yzsin%dx dy
D
D:x =0,y = Vm; y=x/2
B13 [[(12x2y? + 16x3y3) dx dy

D
D:x =1,y = —/x; y=x?

B 22 [[(9x2y? + 8xy) dx dy
D

D:x =1,y = Vx; y=—x3

B 23 [[ y*cosxy dx dy
D

D:x =0,y =+m;y=x

B 24 ([ (18x2y? + 32x3y3) dx dy
D

D:x=1,y=3%x; y=—x?

B 25 [[(18x2%y? + 32x3y3) dx dy
D

D:x =1,y = —/x; y=x3

B26 [ yze_xz_y dx dy
D

D:x=0,y=1;y=x/2

B 27 [[ y*cosxy dx dy
D
D:x =0,y = m; y=2x
B 28 [[(18x%y? + 24xy) dx dy

D
D:x=1y= —W; y=x3



B14 ([ yze_% dx dy B 29 [[(9x%y? + 12xy) dx dy

D D
D:x =0,y = 2; y=x/2 Dix =1y =vx; y=—x’
B 15 ffyzcos%dx dy B 30 [[ y*cosxy dx dy

D D
D:x =0,y = V2m; y=2x D:x =0,y =m/4;y=x

3anava 2. V3MeHUTh NOPSAJOK HHTETPUPOBAHMSL.

-1 0 0 0 1 0 2 0
2.1. Idy j f dx+jdy j fdx. 22 Idyj' f dx+jdy J' f dx.
2 —2ry 1y 0 -Jy 1y
a2y W -
2.3 jdyff dx + fdy ij f dx. 2.4, jdyff dx+fdy 2jyf dx .
0 0 1 0 0 0 1 0
-1 0 0 0
2.5, jdx j f dy+jdxjf dy .2.6.
-2 _J2_x2 -1 X
arcsin arccos - \/T \/—_
I dy jy f dx+ Jl' dy _[y f dx2.7. fdy }yf dx+}dy jyf dx.
12 0 -2 0 -1 0
1 0 e —Iny
2.8, jdyj f dx+jdyj f dx 2.9
0y 1 -1

RN
Jo]
J2 0

fdy+}dxjfdy 2.10. jdxj fdy+jdx T
B a2

-1 —\4-x?



1 ¥y 2 2y
2.11. jdxj fdy+jdxjfdy 2.12.'([dy'([fdx+'l[dy_([ f dx.

1-x2 Inx

z/4  siny z/2  cosy -1 0 0 0
213Idyffdx+fdyjfdx 214, [dx [ fdy+[dx[ fdy.
z/4 -2 —(2+x) -1 ¥x
2.15. jdyjfdx+jdyjfdx 2.16. jdyjfdx f T f dx.
1 Iny 1 2

1 0 2 0 1 y? 2 2y
2.17. jdyj f dx+jdy j fdx. 218 [dy[ fdx+[dy | fdx.
0 -y 1 _ﬂ 0 0 1 0
0

N 0 2 0 -1 0 0
2.19. jdx j fdy+jdx j f dy.2.20. jdy j fdx+jdyj f dx.
N A NI 2 () G0

1 x2 «/5 2-x2

2.21. jdyjfdx+jdyjfdx 2.zz.jdxjfdy+jdxj f dy.
1 Iny 0 0 1 0
z/4  sinx z/2  CcosX -1 0 0 0
zzsjdxjfdy+jdxjfdyzz4 [dy [ fdx+[dy[fadx.
z/4 0 -2 W -1

1 x2 2 2-x B 22 2 4-x2
z.zs.jdxjf dy+jdxj fdy. 226 jdx j f dy+jdx j f dy.
0 0 1 0 0 0 3

0

10 2 0 1 x N
227 [dx | fdy+[dx [ fdy. 228 jdxjf dy+J'dx j f dy.
0 —Jx 0

1 —J2-x 0 0 1



1y 2 2-y? 1 WK 2 J2x
2.29._([dy£fdx+]1'dyj f dx. z.3o.jdxjfdy+jdxj fd

0 0 0 1 0

3amauya 3. BeIYUCIUTE.

_U 12x y* +16x° y dxdy; ” 9x y® +48x°y° dxdy;
D.x_l,y_x,y_—\/;. D.x_l,y_\/_,y_—xz.
jj(36x2y2—96x3y3)dxdy; ” (18x7y? +32x°y* ) dxdy;
3.3. D
D: x=1 y=%x, y=—x°. D.x_l,y_x,y_—\/;.
ﬂ 27x y* +48x° y dxdy; H 18x y* +32x° y dxdy;
D.x_l,y_x,y:—\/;. D.x_l,y_f,y:—xz.
_U 18x y® +32x° y dxdy; ” 27x y® +48x° y dxdy;
D.x—l,y—x,y_—&. D.x—l,y—\/_,y——x3.
H 4xy + 3% y dxdy; ” 12xy +9x*y? dxdy;
3.10. b
D.x_l,y_x,yz—\/;. D: x=1 y=+X, y=-x
H 8xy +9x°y’ dxdy; ” 24xy +18x°y? dxdy;
3.11. o 3.12. b

D: x=1 y=%x, y=-x% D: x=1 y=x% y=-¥x.



i '[;[12xy+27x y’ dxdy;

D: x=1, y=x , y=—3/§.

e ”( xy+—xyjdxdy;

D: x=1, y_x , y:—\/;.

24xy — 4853V :
- J‘DJ‘( xy —48x°y* ) dxdy;

D: x=1 y=x? y=-x.

i _L_[4xy+16x y® dxdy;

D: x=1 y=3%x, y=-x%

- L_[44xy+16x y® dxdy;

D: x=1 y=x° y:—i/i.

. '[3[ Xy — 4xy dxdy;

D: x=1, y:x , y:—\/§.

2o ”(GX y° +—x y jdxdy;

D: x=1 y=x>, y:—\/§.

- '[3[ 8xy +18x° y dxdy;

D: x=1y=3%x, y=-x%

16 ”( Xy +9x°y jdxdy;

D: x=1 y=+x, y=-%.

i IDI 6xy + 24x° y dxdy;

D: x=1 y=+x, y=-x

. IDI Axy +16x%° y dxdy;

D: x=1y=Xx’, y:—i/i.

4 3,,3 .
. IDI( Xy +176X°y )dxdy,

D: x=1 y=%x, y=-x%

- L[ 4xy +176x%° y dxdy;

D: x=1 y=+X%, y=-x%

- ” 9x y® +25x*y* dxdy;

D: x=1 y=+x, y=-x



H(szyz +20 x“y“jdxdy; ”(9x2y2 +25x"y* )dxdy;
3.27. %3 3 3.28. D

D:X:Ly:g/;’y:_xg_ D:X:l,y:XS,y:—g/;.

H(54x2y2 +150x4y4)dxdy;
3.29. D 3.30.
D: x=1 y=x% y=-Xx.
”(xy—9x5y5)dxdy;
D

D: x=1y=3%x, y=-x&

3ajaHng NpaKkTH4eCKOd padoThI

3apanue 1. Halitu mmomans Gurypsl, orpaHUueHHON JaHHBIMU JTUHUSIMU

B1. y2- 2y+x?=0, y?>-4y+x?=0 B 16. y?- 4y+x?=0, y?- 8y+x?=0
X X
y=75 v =V3x V=25 y=0
B 2. y2- 6y+x*=0, y*- 8y+x*=0 B17. y?- 2y+x?=0, y>- 4y+x*=0
X
== y= =x, x=0
y=75 v =V3x y
B 3. y2- 8y+x%=0, y?- 10y+x?=0 B 18. y?- 4y+x?=0, y?- 8y+x*=0
X
- = =X, :0
2y =Vx =%, x
B4. vy 4y+x’=0, y*- 6y+x’=0 B19.  y* 2y+x’=0, y>- 10y+x*=0
Y= X, x=0 y:O y = \/§x
B5. vy 6y+x?=0, y>- 10y+x?=0 B 20. y2- 2y+x%=0, y?-4y+x*>=0

=X, x=0 :i =
y=X, X V=75 ¥ = V3x



B6. vy 8y+x?=0, y?- 10y+x?=0

x=0y= V3x

B7. y? 4y+x?=0, y?- 6y+x*=0

x=0y= V/3x

B 8. y2- 2y+x2=0, y?- 6y+x2=0

X
y_\/_gly_o

B9. y2- 2y+x2=0, y?>-10y+x2=0

y= 2 v =3x
B 10. y?- 4y+x?=0, y2-10y+x2=0
V=7V =V3x
B11. y* 4y+x°=0, y2-2y+x°=0
y=X, x=0
B 12. y?- 6y+x?=0, y>-8y+x?=0
y=X, x=0
B 13. y2- 4y+x2=0, y*>-8y+x?=0
y=X, x=0
B 14. y?- 4y+x’=0, y>- 8y+x*=0
x=0y = V/3x
B15 y%- 2y+x?=0, y?-6y+x?=0

X
y_\/_glx_o

B 21. y2- 2y+x2=0, y?-6y+x2=0

X
y—\/_?y—‘/gx

B 22. y2- 2y+x2=0, y?-8y+x?=0

X
y_\/_gly_\/gx

B 23. y2- 2y+x2=0, y?- 6y+x?=0

X
y_\/_gly_o

B24.  y?- 2y+x%=0, y?- 6y+x?=0

X
y=7 V=0
B 25. y?- 6y+x?=0, y2-2y+x?=0

y=X, x=0

B 26. y?- 4y+x?=0, y?- 2y+x*>=0
x=0, y= v/3x

B 27. y?- 4y+x?=0, y>-8y+x?=0
x=0, y= V3x

B 28. y?- 4y+x%=0, y2-8y+x?=0

y=7 v =V3x

B 29. vy2- 4y+x%=0, y>-6y+x*>=0
y=7 v =V3x

B 30. y*- 6y+x%=0, y?-10y+x*=0

X
y—\/_?y—ﬁx



3aganme 2. Beruncauts miomaab GUrypsl, OrpaHU4€HHOMN JIMHUSIMU B
MIPSAMOYTOJIBHON CHCTEME KOOPIMHAT.

P R :
p=4-x%3x-y=0, y=0 x=4y’ x=2; x=2
2y=x2; 2x+2y-3=0 17. 0 '
, : 18 y=Inx; x+y=1 y=1
y-2x=0; y=x%; x=1 . 4 |
i ) : 19 y:Z";y=2x—x;D£x£2_
Y=L 3 ¥=xXry= JC. 20 y:uggmx,ﬂgyiﬁ,xéﬂ
2_ g2 ' '
yo=x 3yt =4x-4 01 ¥ =drccosx; y 20; x =0
y:{x—f—l)z;y:lﬁ—xz_
y=x+l; y=cosx, y=0 22.

23 X =arccosy; y 20, x <0

No g b~ w bd e

. i 3
X = arcsm y, ﬂixii; ¥y 20

2 .
y=—x, y=8mx;, y=0
g

©

y=fg;—:; y=-3; x>0

:y=~fﬁ;y=lx—2|_

, x=4-y°

9. 4y=8x—x2;4_y=x+ﬁl 24

-X

10, ¥=¢5 y=¢"; x=3 25

11. y=2"%2x+3y=8 x=0, y=0  26. =V
| o7 Xx=Iy; y £7.29; x 20

12 y=Ihx; y=-1L x=3

13, =6 x+y=T7

14, l}rzq;x—yzﬂ;x—dzﬂl

8. y=x2+4x; x—y+4=ﬂ_
29. y=x2; 4y=x2; c=i2_

2 2
y=x"+1; y=3-x
15 3::+2y2 =0 :s:+3y2 =1 30.

2.3 4
Y 3

16.
3aganue 3
Boruncniure o0beMBI  TeN, OrPaHMYEHHBIX  3aJlaHHBIMU  TOBEPXHOCTAMHU
(IOTIOTHUTENBHOE 33/IaHUE)
1) z=6, y=x*, y=4, x=0, z=0;

2) z=3-x-y, x=0, y=x*+1, y=2, z=0;

3) z=4x+1, y=x*, x=0, y=4, 2=0;

4) z=4-x*, x+y-4=0,x=0, y=0, z=0;

5) z=2-x, y*=9x, y=3x*, z=0.
KoHTpoJibHbIE BONPOCHI:

1.Yto HasbBaeTcs WMHTErpanbHOM cymmoi (ynkmum f(x,y) B obmactu D ?

2.JlaliTe onpeaeneHue JBOMHOTO HHTErpaa.



3.Ilepeuniciure OCHOBHBIE CBOMCTBA IBOMHOTO MHTETpaa.

4. Kakue ciydyad pacmoyiO)KeHHsT 00JacTM D OTHOCHTENIBHO OCEe KOOpAMHAT
BO3HUKAIOT MPHU BBIYUCIECHUU JIBOWHBIX HWHTErpajgoB? 3anumure (HOpMyJibl
BBIYHCIICHUS TBOMHBIX HHTEIPAJIOB JIs1 KAKJIOTO U3 3TUX CITyYaeB.

5.Kakue nHTerpanbl Ha3pIBalOTCS MOBTOPHBIMU MM IBYKPATHBIMU ?

6.11o kakoif popMyJie BBIYUCISIETCS TUIOLAb IOCKOW 00J1aCTH B NPSAMOYTOJIBHBIX
KOOpAUHaTax?

7. Tlo kako¥ ¢dopmyse BBIYHMCISIETCS IUIONIAAb TUIOCKOM OOJACTH B TMOJSPHBIX
KOOpAUHaTax?

8. ITo xakoit hopmysne HaxoauTCs 00bEM TeJla, OTPAHUUYEHHOTO TOBEPXHOCTIMU ?

IIpakTHyeckas padora Ne 11
Tema «HUcciaenoBanne YMCJI0BbIX PSA0B HA CXOAUMOCTH
Iesab: HAYYUTHCS UCCIIEIOBATh YHUCIOBBIE PSibl HA CXOJAUMOCH
Bpems BbinosnHeHUA 90 MUHYT

MarepuanbHoe obecneuyeHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopsapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHuns

3. BoinonHutb 1 opopmutb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTento
AomawHee 3apaHune

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
TeopeTnveckue cBeJeHI

Omnpenenenne. Cymma WICHOB OECKOHEYHOM YHCIOBOM ITOCIIEIOBATCIBHOCTH

Uy Uy eyl ... HA3BIBACTCS YHCJIOBBIM PSIIOM.

U+ Uy +ot U, =D U,

n=1

IIpu sToM uucna u,,u,,.. OyemM Ha3bIBaTh YJICHAMH pPsiAa, a Up — OOIIUM YICHOM

psna.



Omnpenenenne. CyMMBI S, =u, +u, +..+u, =Y u, , n =1, 2, ... Ha3BIBAIOTCS
k=1
YACTHBIMHU (YACTUYHBIMH) CYMMAMHU PAJIA.

Takum  oOpa3oM, BO3MOXXHO paccMaTpuBaTh  MOCJIEIOBATEIBHOCTH
YaCTUYHBIX CYMM psifia S, S, ..., S, ...

Onpenenenne. Psax u +u, +..+u, +..=) u, HA3BIBACTCS CXOASLIUMCS, CCIH
n=1

CXOOUTCA MOCJICAOBATCIBbHOCTL €T'0 YaCTHBIX CYMM. CYMMa cxoasamerocs psaaa —
npeaci MoCJICA0BATCIIbBHOCTU €TI0 YaCTHBIX CYMM.

Onpeneaenune. Ecion MocCJICAOBATCIbHOCTD YaCTHBIX CYMM pPAdad PaCXoauTCs, T.C.

HC HMCCT TIIpcaciia, HIN HUMCECT OeCKOHEUHBIH npeacii, TO pdgd HA3BIBACTCA
PACXOAAIUMCH 1 MY HC CTABAT B COOTBETCTBUC HUKaKOH CYMMEI.

Ceoiicmea psaooe.
1) CxoauMOCTh WM PacXOAMMOCTb Dsiia HE HAPYIIUTCS €CIIM HU3MEHHUTD,

OT6pOCI/ITB nIn I[O6aBI/ITL KOHCYHOC YHCJIO YICHOB pAaa.

2) PaccmoTpum 1Ba psga Y u, U Y Cu,, rae C — MOCTOSHHOE YUCIIO.

Teopema. Eciu pad Y u, cxooumcs u e2o cymma pasha S, mo paod Y Cu, mooice

cxooumcest, u e2o cymma pasna CS. (C =0)

3) Paccmorpum naBa paga » u, B » v, . CyMMOii HIH Pa3sHOCTBIO 3THX
psiioB GyneT Ha3bBaThCA PSA (1, £v,), TI€ SIEMEHTHI OTYYCHBI B PE3y/IbTaTe

CJIOKCHUA (BBI‘-II/ITaHI/Iﬂ) HCXOJHBIX 2JICMCHTOB C OAMHAKOBBIMH HOMCpPAMU.

Teopema. FEciu padst Y u, u Y.y, CXO0AMCA U UX CYMMbL  PAGHbI
coomeemcmeenHo S u o, mo pad Y (u, +v,) modce CXoOUmcs u 2o Cymma pasHa

S+ o

Z(un +vn)=2un +Zvn =S+o

Paznocmo 08yx cxooswuxcsa psaooe maxoce 6yoem cxo0auumcst psioom.
Cymma cxooawe2ocs u pacxoosue2ocs psaoos 6yoem pacxooauumcs psoom.
O cymme 08yx pacxooawuxcs psioo8 ooue2o YmeepicoeHus: COenamn Hellb3sl.



[Ipy wW3yyeHUU psIOB peIIAlOT B OCHOBHOM JIBE 3a/aud: HCCIEIOBAaHUE Ha
CXOAMMOCTb M HaXO0XJIEHUE CYMMBI psJia.

1) Ecou psim ) u, CXOOUTCA, TO HEOOXOAMMO, YTOOB! OOIIMIA WieH Un CTPEMHUICS K
Hys10. OJTHaKO, 3TO YCIOBHUE HE SIBISETCA HOCTATOYHBIM. MOXHO TOBOPUTH TOJIHKO
O TOM, YTO €CJIM OOIIMI 4iIeH HE CTPEMUTCS K HYJIO, TO Psi TOUHO PACXOJIUTCH.

o o > 1
HaHpHMep, TaK HAa3bIBACMbIUM I'apMOHHUYCCKHUU PAJ z— ABJIICTCA PACXOOAIIUMCA,

n=1

XO0TA €TI0 06H_[I/Iﬁ YICH U CTPCMUTCA K HYIIHO.

IIpumep. MccieqoBare CXOOUMOCTD PsAia %4‘ % + % +...+ 1 +...
n—
o . ) 1 1 o
Hatinem Im 3 " 1: lim — =§ #0 - HEOOXOAMUMBIN MPHU3HAK CXOJUMOCTU HE
n—»0 n —_ n—»0
3

n

BBIIIOJIHACTCA, 3HAYUT PAL paCXOIUTCA.
2) Ecin pAd CXOOAUTCAA, TO MMOCIICAOBATCIIBHOCTD €TI0 YaCTHBIX CYMM OI'paHHUYCHA.
O,IIHaKO, 9TOT IIPU3HAK TAKKC HC ABJIACTCA IOCTATOYHBIM.

Hanpumep, psax 1-1+1-1+1-1+ ... +(-1)™+... pacxomurcd, T.K. pacxoauTcs
MOCIIEIOBATENIBHOCTD €r0 YaCTHBIX CYMM B CHIIYy TOTO, YTO

n

s _{O, npu  YemHvlX n

1, npu  He4emHsvlx n

OJHaKo, MMPU 3TOM TI0CIIEN0BATENLHOCTh YaCTHBIX CYMM OTPaHHYEHA, T.K.
|S,| <2 mpu mroboMm N,

Paovt ¢ HeompuyamenbHbIMU YIEHAMU.
[Ipy wu3ydeHUM 3HAKOMOCTOSHHBIX PSIAOB OTPAHUYMMCS PACCMOTPEHUEM

PAIOB C HEOTPULATEIIBHBIMUA YJIECHAMH, T.K. IPU IIPOCTOM YMHOXXE€HUM Ha —1 u3
ATUX PAIOB MOKHO MOJIYYUTH PSIAbl C OTPULATEIBHBIMU YJIECHAMMU.

Teopema. /[lua cxooumocmu psda D.u, ¢ HEOMPUYAMETbHbIMU —HLEHAMU

Heobxo00umo u Oocmamowo, umoobwvl yacmmule CYMMbl p}zda ObLIU OcpaHU4€eHrbl.

HDI/I3HaK CpaBHCHUSA PAAOB C HCOTPHUIATCIIbHBIMHY YJICHAMM.

IIycTh qaHbl 1Ba psiga » u, W ».v, HPH Un, Vo 20.



Teopema. Eciu U, < vV, mipu J11000M N, TO U3 CXOJUMOCTH psiia Zvn cienyer
CXOIMMOCTbH psia Zu , @ U3 pacXoAUMOCTH psja Zu CIEAYET PacXOoAUMOCThb

psama >v,.

IIpumep. VccienoBath Ha CXOAUMOCTD s 1 + 1 +.t 1 +...

n2 I3 Inn

1 1 o |
T.x. 15> » @ TAPMOHMNECKHH sl D — pacxomutcs, TO PACXOAMTCS U PsJ
n n n

b
Inn

=1
IIpumep. VccienoBats Ha CXOAUMOCTD PSI Z TR
n=1 N

T.k.

1 1
o <or > @ pin Zz— cxogutcst ( Kak yObIBawoliass TreoMeTpudecKas
n

|
IPOTPECCHs), TO PsIa ZT TOXE CXOIUTCS.
n

n=1

Takke UCIIONB3yeTCs CIEAYONNA IPU3HAK CXOIUMOCTH
.u
Teopema. Eciu u, >0, v, >0 u cywecmeyem npeden lm —~=h, 20e h — uucno,
n—>0 AV
n

omauunoe om Hyns, mo padel Y u, U D.v, 6e0ym OOUHAKOBO 6 CMbICIe

CxXooumMocmu.

Ilpusnax /lanamoepa.
(OKau Jlepon damam6ep (1717 — 1783) — dpanIy3cKuii MaTeMaTHK)
Ecnu Ons psoa Y u, € NOTONCUMENbHLIMU YNEHAMU CYUWeCmEyen makoe

yucno g<I, umo 0onsa ecex docmamouyHo 60abux N 8bINOJHAECMCSA HEPABEHCMBO

u
L < g, mo pso Z”n CXO0UMCA, eciiu xce 018 6cex 00CMAamoyHo 6oabuux N
u

n

u
BLINONHACMCA YCI06Ue —- > 1, MO pad Y u, pacxooumcs.
u

n

Ilpeoenvnwrii npusznax /lanambepa.
[IpenenbHblil mpusHak JlanamOepa siBAsieTCS CIEACTBUEM M3 MPUBEICHHOTO

BbIIIe MpH3HaKa Jlamamoepa.



Ecnu cywecmeyem npeoen lm U _ p, mo npu p < 1 pao cxooumcs, a npu p>1—

n—>xo un
pacxooumcs. Eciu p = 1, mo na éonpoc o cxooumocmu omeemums Hejlb3s.

0

n
IIpumep. OnpenenuTs CXOXUMOCTb Psiaa .

n=12n.
1
n n+1 u 42" n+l T
U, =775 Upy = 0705 lim —*+ = lim o =—t=-<1
2" 2" ey e 2"g 2p 2 2

BBIBOII: pAaa CXOOUTCA.

Ipumep. OnpenenuTs CXOAUMOCTb psiaa 1+ % + % +ot l' +..

!
L e im0«
(n+1)! ooy, e (n+1)! oen+d

BeiBoa: psia cxoauTcs.

Ilpusnax Kowu. (padukanvuslii npusHak)
Ecnu ons psaoa )y u, ¢ HeOMPUYAmerbHblMU YIeHAMU CYUWeCmeyen makoe iucio

q<1, umo 015 6cex 00CmMamouyro boavuiux N 6bINOAHIEMCS HepaseHcmeo iju, <q,

mo pso0 Y u, cxooumcs, ecau yce Ons 6cex OOCMAMOUHO GONLUIUX N GLINOTHAEMCSL

HepaseHcmeo ifu, =1, mo paod > u, pacxooumcs.

CaencrBue. Ecnu cymectByet npenen lim 2ju, =p, 10 npu p<l psg cxomurcs, a

pu p>1 psig pacxoauTes.

= (2p4+1)
Hpumep. Onpenenuts CXOAUMOCTb psifa Z i es )
n=1 n-+

22 +1 23
Im 2/u, =1lm = lm n
n—o " oo 37’12 +5 noo 3 5 3

BreiBoa: psax cxoautcs.

n=1

© 1 n
IIpumep. OnpenenuTb CXOAUMOCTD psiaa Z(l + —) .
n



ﬁxnn\/Zzliln(nlJ:L
n

n—>0 n—»0

T.e. mpusnak Komu He naer orBera Ha BOMpoc O cxoauMocTH psaa. [Ipoepum
BBINIOJIHEHHE HEOOXOAUMBIX yCIOBUM cxoauMocTu. Kak ObUT0 CKa3aHo BbIlIE, €CIU
PAI CXOAUTCS, TO OOLIUH YJIEH Psiia CTPEMUTCS K HYJIIO.

lim u, :mn(ulj —e#0,

n—0 n—»0 n

TakuM 00pa3oM, HEOOXOAMMOE YCIIOBUE CXOAUMOCTH HE BBITIOTHSACTCS, 3HAYUT,
pAl pacXodUTCA.

Humezpanvuouii npuznax Kowu.

Ecu  @(x) — Henpepvienas nonodxcumenvhas —@Qyukyus, yovlearowas Ha
npomedxicymre [1l;©), mo pso (1) + ¢2) + ..+ o(n) + .. = i(p(n) u
n=1

HecoOCMBEeHHbII UHMe2pal I o(x)dx 0OUHAKOBBL 8 CMBLCIE CXOOUMOCTIL.
1

1 1 1
[Ipumep. Psn 1+2—a+3—a+...+—a+... cxonautes nipu o>1 u pacxoautes o<l T.K.
n

o . T dx
COOTBGTCTBYI'OHII/II/I HeC06CTBeHHBII/I I/IHTeraﬂ J. — CXOAUTCA HpI/I o> 1 nu
X
1

|
pacxoautcs o<1. Psiy Z—a Ha3bIBACTCS 001ETapMOHUYECKHM PSIOM.
n

n=l1

CaencrBue. Ecnu f(X) u ¢(x) — HenpepsiBHbIe QyHKIMH Ha uHTepBaie (@, D] u
P AC))

b b
v ol ):h, h#0, TO MHTETrpaIbI I f(x)dx n J' ¢(x)dx BeayT ceOs OJIMHAKOBO B
X—a+! (P x " "

CMBICJIC CXOOANMOCTH.

3nakonepemennsie paovl. (3HaxKouepeoyrouwuecs pAaosl).
3HaKOUepENYIOMIUNUCS PSSl MOKHO 3allicaTh B BUJIE:

U =ty +uy —uy +o+ (1) u, 4

roe u, >0, n=123,..

Ilpusnaxk Jlenuonuuya.

Ecnu y 3naxouepeoyioweeocs psioa u, —u, +u, —u, +..+(=)""u, +... abconrommvie
senuyunvl Ui YObl8aiom u, >u, >u; >... U 00WULl YieH Cmpemumcs K Hyao u, — 0,

Mo psi0 CXOOUMCHL.



Abconromuan u ycioeHas cxooumocms psoos.
PaccMOTprM HEKOTOPBIM 3HAKONEPEMEHHBIA psAJ (C YJIE€HAMU MPOU3BOJIBHBIX

3HaKOB) U +u, +...+u, +..= Zun (l)
n=1

U psiJl, COCTaBJICHHBIN U3 a0COMIOTHBIX BEJIWYUH WICHOB psiaa (1):

n=1

u

n

2)

|+ o, |+ .+

un

Teopema. /3 cxooumocmu psioa (2) credyem cxooumocms psoa (1).
Onpenenenne. Psn ) u, Ha3piBaeTCH AGCOTIOTHO CXOASIIMMCS, €CITH CXOMUTCS
pan ).

O‘IQBI/I}IHO, dTO JId 3HAKOIIOCTOAHHBIX PAAOB IMOHATHA CXOOAMMOCTH U

uﬂ

a0COIIOTHOH CXOANMOCTH COBIIaAarOT.

Onpenenenne. Pag > u, HA3EIBAETCA YCIAOBHO CXOASIIMMCS, €CIIH OH CXOJUTCH,

a pan Y |u,| pacxommes.

Ilpusnaxu /lanamoéepa u Kowu 0na 3nakonepemeHHvlX paooe.

ITycTp Z”n - 3HAKOMIEPEMEHHBIN PSI.

un+1

u

n

Ipu3znak lanamoepa. Eciu cymiectByeT npeaen lim =p, To nipu p<1 psn

n—»0

Z”n Oyzer abCOMIOTHO CXOAIMUMCS, a TIpu p>1 psan Oynet pacxonsmmumcs. [Tpu

p=1 mpu3HAK HE J1aeT OTBETA O CXOJUMOCTH Psijia.

Ipuznak Komm. Ecnum cymectByet npenen lim z/ju,| =p, To mpu p<l psan Z”n

OyzneT abCcomMOTHO cXoAsammumcs, a ipu p>1 psag Oynet pacxomsmmmcs. [lpu p=1
MPU3HAK HE JIA€T OTBETA O CXOJUMOCTH PsAJIA.

Ceoiicmea adbconrOmHo cxo0aumuxca psaooe.
1) Teopema. /[lns abcomomnoi cxooumocmu pada Y u, HeOOXOOUMO u

00CMAamouHo, 4mobbl €20 MOJHCHO ObLIO Npeocmasums 8 ude pPAa3HOCMU 08YX
CXOO0AUWUXCSL PAO08 C HEOMPUYAMETLHBIMU YTIeHAMU.

CaencrBue. YCIOBHO CXOASUIUNCS Psi/l SIBISETCS. PA3HOCTBIO JIBYX PACXOISIINXCS
PAIOB C HEOTPULATEIIBHBIMU CTPEMSIIUMUCS K HYJIIO YICHAMMU.

2) B cxongmemcst psae yrobasi TpyNIUpoOBKa YWICHOB psjia, HE MU3MEHSIOMAs UX
MOPSAJIKA, COXPAHSAET CXOAUMOCTh U BEJTUYUHY PSA.



3) Ecnu psin cxoauTcest abCOMOTHO, TO Psif, MOTYYEHHBIN U3 HETO JTH000H
MEPECTAHOBKOM UJIEHOB, TAKXE A0COIIOTHO CXOAUTCA U UMEET TY JKE CYMMY.

IIepecTaHOBKOM YJIEHOB YCJIOBHO CXOISIIEIOCS PsAJa MOKHO MOJYYUTH YCIOBHO
CXOJISIIUNACS Psii, UMEIIMUN JII00YI0 Hamepes 3aJaHHyl CyMMy, U Jaxe
pacXoIsIUnCs psia.

4) Teopema. [lpu n0bol epynnuposke uieno8 abCONOMHO CX00SUue20cs psod
(npu 2mom 4ucio epynn modcem Oblmb KAK KOHEYHbIM, MAK U OeCKOHeUHbiM U
YUCNIO UYNEHO8 8 2pynne Modxcem Oblmb KAK KOHEUHbIM, MAK U OeCKOHeUHbiM)
HOLYYAemCst CXOOAWUNCA PO, CYMMA KOMOPO2O PABHA CYMMeE UCXOOHO20 pAOd.

5) Ecnu psanb Z”n 151 Z"n CXOJATCSI a0CONIOTHO W HMX CYMMBI PaBHBI
n=1

n=l

COOTBETCTBEHHO S W G, TO PsJ, COCTABJICHHBIM W3 BCEX IPOU3BEACHUN BHUA
u,v,, I,k=12,. B3SITBIX B KAKOM YTOJHO MOPSJIKE, TAKKE CXOIUTCS aOCOJIIOTHO U

€ro CymMMa paBHaA S-o- MMPOU3BCACHUTIO CYMM IICPCMHOKACMBIX PAJOB.

Ecnm ke mnpou3BOAUTH TEPEMHOKEHUE YCIOBHO CXOJSAIIUXCA PSIAOB, TO B
PE3YNIbTaTE MOXKHO MOJTYYUTh PACXOISIIUICS PSII.

3amaHus NPaAKTUYeCKOH padoThI

1.BeimucaTh Tpu MepBbIX WieHA psi/la HAWTH TPEThIO YACTUYHYIO CYMMY

S
HZ 2 R="lnn
1,11,21a) #=17-%5; 6) n=l 7
n=m #-l1
: 5 nmm 4y
Cinsfn—1)
212020 771 (R L) 5 no1(n’ +4)°
cm A t2 |
”E 3" n=esing|
31323a) #-1{2 =31, 5 A
S g n== 005t 1
~n- ; 2
414.240) w17 (RFL)L 6 "1 An’
cm qrtl
it 3':|€ x=c 7

5,15,25a) »=17/{7+1).



2

= gl
- 2
6,1626a) " 1vn-3" . 6 ne1ninn
H=m2?3+2 2 . 5
Z Zn-1 ! Z
717,27a) #=1 3 ; 6 w-ll+e™
= %
HZ 2 ”imsiﬂ4ﬂ
!
81828a) »=1 {21}/ 5) w1 2nan
n;‘(zﬂ Y

2
9,19,29 a) #-1(7!)

.’EE 1
) AUn? - cosn .
RO lln+1))

_ 2
A= 4oz R
10,20,30 a) #=1 (27} . Z

6) #=1 7

2 I/ICCHGIIOBE[TL Ha CXOOUMOCTD, IIPUMCHAA HCO6XOI[I/IMI>Iﬁ IMPU3HAK CXOAUMOCTH

2
111,21, a)z

6,16,26. a

=4n+5 2 ~1).2"
n

212,22, a 717,27, a

313,23, )23” 1

8,18,28. a
=5n+2 )Zn\/_
—4n® +1
41424. a) Y ————
); n?—5n +1
5n% +1 2n?
515,525. a 10,20,30. a
)nz—:l *+2n )Z 3n-1

3.MccnenoBath Ha CXOIUMOCTh, UCTIONIB3YsI ipu3HaK Jlamambepa
z, 3" (n +1)|
111,21, a)> = 6,16,26. a )Z

21222, 8y 1

2 (\/_) 717,27. a);n%



n2 0 3n

['s} 2n
313,23. 8,18,28.
a)nZ::l a)z_:ln(n +1)
10"
414,24, 9,19,29.
a)nZ‘l a)nz_:l 2n +1)|

10,20,30. )Y =
=n

KoHnTpoJibHBIE BONIPOCHI

Omnpenenenre 4YUCIOBOTO psija.

CRoiicTBa 1 BUJIBI PSIOB.

OnpeneneHue CyMMbl psija.

Heo6xoauMplii mpu3HaK CXOAUMOCTH.

[Tpusnaku cpaBHeHus, npusHaku Jlanambepa u Korm.

o wbhE

IIpakTHyeckas padora Ne 20
Tema «Pemienne qu¢pepeHnanbHbIX ypaBHEHUN»
Heanb: npoBepuTh yMeHHe pemaTh AuQdepeHuaIbHble YpaBHEHUS IEPBOTO
NOPsIZIKa C Pa3IEeJICHHBIMU U PA3IEIISIOIUMUCS [IEPEMEHHBIMU.
Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHunA

2.3apaHue

3.JluctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHuns

3. BoinonHutb 1 0popMuTb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTesto
AomaliHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI

Teopernuecknii MmaTepuall

Jugppepenyuanvuovim ypashenuem Ha3BIBACTCS YpPaBHCHHE, CBS3bIBAOIICE
MEXIy coOOl HE3aBUCUMYIO IIEPEeMEHHYIO X , HMCKOMYHO (YHKIHMIO y W ee

MPOU3BOJIHBIE WU AU PepeHInabI.

CumBonunuecku nuddepeHnalibHOE YpaBHEHUE 3aMUChIBACTCS TaK:



F(x y,¥)=0, F(x v, y")=0, F(x y, ¥, ¥, y')=0.

HuddepeHnnanbHoe ypaBHEHUE HA3BIBAECTCS 0ObIKHOGEHHBIM, €CIIA UCKOMast
(yHKIMS 3aBUCUT OT OJIHOT'O HE3aBUCUMOT'O IEPEMEHHOTO.

llopsokom nuddepeHInalIbHOTO YpaBHEHUS HA3bIBAETCS MOPSIOK CTapIieit
npou3BoHOM (win auddepeHiumana), BXoAAIIeH B JaHHOE YpaBHEHHE.

Pewenuem (vnm unmezpanom) nudpdepeHnnaIbHOTO ypaBHEHUS HA3bIBACTCS
Takas QyHKITUsS, KOTopasi oOpaIiaeT 3T0 ypaBHCHHE B TOXJIECTBO.

Oowum pewenuem (WIu odwum uumezpaiom) auddepeHInanbLHOTro
YpaBHECHHSI HA3BIBACTCS TAKOE PEIICHHUE, B KOTOPOE BXOIUT CTOJIEKO HE3aBHCHMBIX
IIPOU3BOJILHBIX TIOCTOSIHHBIX, KaKOB TOPSAIOK ypaBHeHHUs. Tak, oOiee pericHue
muddepeHnnaaTbHOr0  ypaBHEHHUS ~ [EPBOTO  TOPSAJKA  COACPKUT  OJIHY
IPOU3BOJIbHYIO MTOCTOSTHHYIO.

Yacmueim  pewenuem aUPGEPEHIMANTBHOIO  YPaBHEHHUS  HAa3bIBACTCS
pelieHre, TOJy4eHHOE U3 OOIIero MNpu pPa3JudyHBIX YHCJIOBBIX 3HAYCHUSX
IPOU3BOJIBHBIX TOCTOSHHBIX. 3HAYEHHS] MPOU3BOJIBHBIX IMOCTOSHHBIX HAXOIATCS
U ONpeIeNICHHBIX HAYAIbHBIX 3HAYCHUSIX apryMeHTa U (QYyHKIIUH.

Jugppepenyuanvuvin  ypasHenuem — nepeoco  nopsaoka  Ha3BIBACTCS
ypaBHEHHUE, B KOTOPOE BXOMIST MPOU3BOAHBIC (WM MuddepeHInanbl) He BBIIIE
TIEPBOTO TIOPSIKA.

Huddepenyuanvnoiv  ypasnenuem ¢ pasoenrowuMucs nepemeHHbIMU
Ha3bIBACTCsl YPABHEHUE BUA

& 19-0ly).

JIns perenus 3Toro ypaBHEHHUsI Hy KHO CHAa4aJIa pa3eiinuTh IEPEMEHHBIE:

a 3aTeM MPOUHTETPUPOBATH 00€ YACTH MOJYYEHHOTO PABEHCTBA!

.[i:jf(x)dx.

oly)
IMpumepsl

3ananue 1: Halinute oOuiee pelieHnue ypaBHEHUS X - (1+ yz)dx = ydy .



Pemienue:

3ajanue 2:

Pemenue:

ydy

T HNurterpupyem obe dactu
Ty

Paznenus nepemeHHble, UMeEM xdx =

HOJIyYEHHOI'O0 YPABHEHUS:

Cpydy o X1 1
dex—J1+y2, 5 —2In(1+y2)+2InC.

Tak kak npou3BoibHAsE NOCTOSIHHAsE C MOXKET NPUHUMATh JIHOObIE
YKCJIOBbIE 3HAYEHHMS, TO JJI yIOOCTBa JadbHEHIINX MpeoOpa3oBaHUil

1
BMeCTO C MBI HAIHCAIN EIn C . TloTeHUpys TOCIEAHEE PABEHCTBO,
noaydum x> =1In [C-(1+ yz)].
D70 ¥ eCTh 00IIee PELICHNE TAaHHOTO YPaBHEHHSL.

Haitu YacTHOE pelieHue YpaBHEHUS s-tgtdt+ds=0

T
YAOBJICTBOPAOIICC HAYAJIIBHBIM YCIIOBUAM S = 4 npu t = E .

PaznenuB mepemMeHHble, UMeeM tgtdt+E=O. [IpounTerpupyem obe
s

YaCTH TOTy4EeHHOTO yPaBHEHUS:
ds i
Itgtdt+.[?=lnc, ~Ihcost+Ihs=InC,

Nma Ins=InC+Incost, s=Ccost.

Oro ofmee pernieHue JaHHOTO ypaBHeHHsS. JIis HaXOXICHHS

o o T

3HA4YECHUS NPOU3BOJILHOU ITOCTOSIHHOU C ITOACTaBUM 3HAYCHUS t:E
T C

U S=4 B BBIpaXCHUE IJIA o01miero peutenust: 4 = Ccos § , WK 4 = >

otkyna C =8.

CrnenoBarenbHO, HWCKOMOE YAacCTHOE pEIICHHE, YIOBJIETBOPSIOIIEE
yKa3aHHbIM HayaJbHbIM YCIOBHUSIM, UMEET BUJ S =8Cost .

3anaHus NPaAaKTUYECKOH padoThI

3apanue 1.Halitu oG1iee perneHue ypaBHEHHUH a), 0).

3aganme 2.Haiitu yacTHOE pelieHne ypaBHEHUS € Pa3AeaSIOIIMMHUCS
MIEPEMEHHBIMU



B1.1. a)x* dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0
2ytdx=e*dy; y=1npux=0

B2. 1.a)\/i)_(dy = \%dx

6)y’dx + (x—2)dy =0

1 1
2.y—2dx :X—Zdy,y= 2npux =20

B3 1.a)Vxdx =+/ydy
6)(1+y2)dx —Vxdy = 0
2.(1+y)dx=(1—-x)dy,
y=3 npux=-2
B4.1.a)(3x* — 2x) dx = dy
6) -(2xy+3y)dx + x* dy = 0
2.ydx =xdy,y=6npux=2
B5. 1.a)(4x — 3)dx = dy
6) (xy+x)3—§=1

2x—1 dx
L T 4y y=0npux=>5

B6. l.a)xdx = dy
6) 2(xy+y)dx = xdy
2.(y+Ddx—(1—x)dy =0,
y=1npux=20
B7.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0

2ytdx=edy; y=1npux=0

B16.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0
2.dx=e*dy; y=1npux=20

B17. 1.a)% dy = %dx

6)y’dx + (x—2)dy =0

2.dx=X—12dy,y=2npux=0

B18. 1.a)vxdx = +/y dy
6)(1+y2)dx —Vxdy = 0
2.(1+y)dx=0—-x)dy,
y=3npux=—2
B19. 1.a)(3x?> — 2x)dx = dy
6) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux=2
B20. 1.a)(4x — 3) dx = dy
6) (xy+x)Z—;=1

2x—1 dx
T T 4y y=0npux=>5

B21.1l.a)xdx = dy

6) 2(xy+y)dx = xdy
2.(y+1)dx—-(1—-x)dy =0,

y=1npux=20
B22.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0

2.y¢dx=e*dy; y=1npux =0



88.1.a)%( dy = %dx

6)y’dx + (x—2)dy =0

1 1
2.y—2dx =;dy,y= 2npux =20

B9. 1.a)vxdx = +/ydy
6)(1+y?)dx —vxdy = 0
2.(1+y)dx=(1—x)dy,
y=3npux=-—2
B10 1.a)(3x* —2x)dx = dy
6) -(2xy+3y)dx + x*dy = 0
2.ydx =xdy,y=6npux =2
B11l.1.a)(4x—3)dx = dy
6) (xy+x)Z—$=1

2x—1 dx
el y=0npux=>5

Bl12.1.a)xdx = dy

6) 2(xy+y)dx = xdy
2.(y+Ddx—(1—x)dy =0,

y=1npux=20
B13.1.a)x* dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0
2.y%dx = e *dy;
y=1npux=20

B14. 1.a)%( dy = %dx

6)y’dx + (x—2)dy =0

B23. 1.a)% dy = %dx

6)y’dx + (x—2)dy =0

1 1
Z.ﬁdx =;dy,y= 2npux =20

B24.1.a)Vxdx = ydy
6)(1+y2)dx —Vxdy = 0
2.(1+y)dx=(1—-x)dy,
y=3npux=—2
B25.1.a)(3x* — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux=2
B26.1.a)(4x —3)dx =dy
6) (xy+x)2—;=1

2x—1 dx
T T 4y y=0npux=>5

B27. l.a)xdx = dy

6) 2(xy+y)dx = xdy
2.(y+Ddx—(1—x)dy =0,

y=1npux=20
B28.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0

2.y¢dx=e*dy; y=1npux=0

B29. 1.a)% dy = %dx

6)y’dx + (x—2)dy =0



1 1 1 1
2.y—2dx=;dy,y=2npux=0 2.;dx=x—2dy,y=2npux=0

B15.1.a)Vxdx = +/ydy B30.1.a)Vxdx =y dy
6)(1+y?)dx —Vxdy = 0 6)(1+y2)dx —Vxdy = 0
2.(1+y)dx =1 —x)dy, 2.(1+y)dx =1 —x)dy,
y=3npux=-—2 y=3npux=—2

KoHTpoJibHBIE BONPOCHI:

Kaxoe ypaBHeHue Ha3biBaeTcs nudpepeHnaibHbIM ?

Yro HazbIBaeTcs peleHreM auddepeHImaibHoro ypaBHeHus ?

Kaxkoe pemenue auddepeHnmanbHOro ypaBHEHUs Ha3bIBa€TCS OOIIIM?

Kaxkoe pemenue auddepeHnuanbHOro ypaBHEHUS! Ha3bIBAETCA YACTHBIM ?
Kakue nuddepennnansubie ypaBHEHHs] HA3bIBAIOTCS YPAaBHEHUSIMU TIEPBOTO
nopsiaka?

Kakue nuddepeHunanbHble ypaBHEHHS Ha3bIBAlOTCA  ypPaBHEHUSIMU C
pa3eaoIUMUCS IEPEMEHHBIMU?

abrwbhE

o

MpaKTuueckasa pabora Ne 14.
Tema « BbluucneHue onpegenurtenein»
Lenb: HAy4ynTbCA BbIYMCNATL ONpeaenuTesIn BTOPOro N TpeTbero nopaakKa,
Bpems BbinonHeHUa 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA

2.3apaHue

3./lInctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTMyeckne ceegeHuns

3. BoinonHutb M 0dopMuTb paboTy
4.lMoKa3aTb pe3ynbTaTbl NpenoaasaTento
AomauwiHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI



Xop, pabotbl
TeopeTtnyeckue ceeaeHUnA

Omnpeaenenue. Matpuuneii pazMepa MxN, rae M- YUCIO CTPOK, N- YUCIO
CTONOIIOB, Ha3bIBA€TCA TaOJNMIIA YHCEN, PACHOJOXKEHHBIX B ONPEIEICHHOM
NnopsA/IKe. OTH 4YHMCJIa Ha3bIBAIOTCS B3JEMEHTaMU MAaTpHibl. MecTo KaKaoro
AJIEMEHTa OJHO3HAYHO OIpEAeNsieTcs HOMEPOM CTPOKM U  CTOJiOLA, Ha
MEePECEUCHUH KOTOPBhIX OH HaXOIUTCS. DIIEMEHThI MAaTPUILbl 0003HAYAIOTCS djj, T/IE
I- HOMEp CTPOKH, a J- HOMEep CTOoJIOIA.

a4y a,
A= ay 4y s
aml am3 amn

Buabl maTpui

Martpuiia MOXXET COCTOSITh KaK M3 OJHOW CTPOKHM, TaK U M3 OJHOrO CTOJOIA.
BooO1iie roBopsi, MaTpuila MOXKET COCTOSITh JaXkKe U3 OJTHOTO AJIEMEHTA.
Omnpenenenue. Ecnu yucino cronluoB MaTpuilbl paBHO YHUCIY CTPOK (m=n), TO
MaTpula Ha3bIBAETCS KBAJAPATHOM.
Onpepenenne. Matpuna Buaa:

1 0 0
0 1 0

:E’
0 0 1

HAa3bIBACTCS €AMHUYHON MATPUIICH.
Onpenenenue. Eciu amn = anm , TO MaTpULIAa HA3bIBAETCS CUMMETPHUYECKOM.

2 1 5
Ilpumep. |1 3 6 |- cHMMeTpUYECKast MaTpULIA
5 6 4
a, 0 .. 0
Onpenenenne. KBagpaTHas MaTpuia BUIa 0 an - 0 HAa3bIBAECTCS
0 O a

AMATOHAJIbHOM MATPUILICH.

JedcTBUS ¢ MAaTPULIAMH

Ci10:keHHe ¥ BBIYMTAHHE MAaTPHUI] CBOJUTCS K COOTBETCTBYIOIIUM OIEPAIUSAM Ha
ux aneMeHTaMu. CaMbIM TJIAaBHBIM CBOMCTBOM 3THUX OIEpaIUil SBJISETCS TO, UTO
OHU onpedesieHbl noabKo 0Ji Mampuy_ 00UHAK08020 pazmepa. Takum oopaszoM,
BO3MOYKHO OTIPEJICIIUTh ONEPAIIUM CIOKECHUS M BHIYUTAHUS MATPHUIL;

CymMmoii (pa3HOCTBIO) MaTpull SBISIETCA MATpPHIA, DSJIEMEHTaMH KOTOpPOU
SIBJISIFOTCS. COOTBETCTBEHHO CyMMa (Pa3HOCTh) 3JIEMEHTOB UCXOHBIX MAaTPHII.




Cij = a&jj £ bjj

C=A+B=B+A

Onepatysi yMHOKeHUs (HejieHUus1) MaTpULbl JII0OOT0 pazMepa Ha MPOU3BOJIBHOE
YHUCJIO CBOAUTCS K YMHOXEHUIO (IEJIEHHUI0) KaKJIOro AJIEeMEHTa MaTpUIIbl Ha 3TO
YHCIIO.

oa,, oa, .. oa,
od — oa, Od,, .. 0d,,
oa,, oda,, .. Oda,,

o (A+B) =0A £ aB

A(atf) = aA = BA

1 2 3 1 4
Ipumep. danst matpuist A= |2 1 4|;B=]5 8 |, HaiiTu 2A + B.
3 23 1 4
2 4 6 10
2A=14 2 8], 2A+B=19 9 16/.
6 4 6 10

IpousBenenuem matpuil A-B = C; HazpIBaeTCs MaTpulla, 3JIEMEHTHI KOTOPO
n

MOTYT OBITh BEIYHMCIIEHBI 110 CIEAYIOIMM QopMynaM: ¢, = Z“ik -by;
k=1

W3 npuBeeHHOr0 ONpeAeieHus: BUAHO, YTO ONEpalysl yMHOKEHHUSI MAaTPULL
onpeiesieHa TOIbKO ISl MaTpPULl, YUCJI0 CTOJI0LOB MePBOil U3 KOTOPHIX PABHO
YHUCJIY CTPOK BTOPOM.

Omnpenenenue. Matpuily B Ha3pIBalOT TPAHCIIOHMPOBAHHOM MaTpuUlIeil A, a
nepexoq oT A k B TpaHcnOHMpOBaHMEM, €CITU 3JIEMEHTHI KaKJI0H CTPOKHU
MaTpHIlbl A 3amucaTh B TOM K€ MOPSJIKE B CTOJOIBI MaTpHIlBI B.

a,, 4y a,, ayy Gy - 4y,
A= Ay Ay e Gy, |, B=AT= iy Ay e 4y |,
aml am2 amn aln a2n amn
APYTHMHU cioBamHu, Dji = &j.
1 0 3 1 -1
Ilpumep. Jlansr matpuret A =12 4 1|,B=|3|,C=]| 2 | uyucimo o = 2.
1 -4 2 2 1

Haiitu ATB+acC.



—_
\S]
—
—_
—_

1 1-1+2-3+1-2 9
AT=10 4 —-4|; AB=|0 4 —-4|-|3|=]0-1+4-3-4.2|=| 4 |;
2

2 2 3.141-3+2.2 10
) 9 -2 7

oC=|4|; A™B+aC=|4 |+ 4 |=]|38
2 10 2 12

1 1.2 14 11} (2 4
AB=|4|-(2 4 1)=[4-2 4.4 4-1|=|8 16
3 6

1
Ipumep. Haiitu npoussenenne Matput A = |4 | uB= (2 4 1).
3
1
4
3-2 34 3-1 3

12

1
BA=(2 4 1)|4|=21+44+13=2+16+3=21.
3

4
Ipumep. Haiitn npoussenenne matpuiy A=(1 2), B= (2 6}

AB= (1 2)(2 2J:(3+1o 4+12)= (13 16).

Ol'lpeﬂe.]'ll/lTe.]IeM BTOPOro mopsjaka Ha3bIBa€TCA 4YHCJI0, KOTOPOC IIOCTABJICHO B

a, b
COOTBETCTBHE TaOIUIIBI KOA(DPUITMEHTOB

a, )

MO CJIENYIONIEMY TPaBWITY: MPOU3BEACHHE IO TIABHOW JAMaroHanu Oepercs
CO 3HAKOM IUTIOC, 110 IPYTOM JUAroHaIu CO 3HAKOM MHUHYC.

a, b
! M= albz — azbl

a, b,

[IprmMep: BBIYUCIUTD ONPEAEIUTENb BTOPOTO MOPSIKA

2 4
1) =2.2-3.4=4-12=-8
32

2) =-11-3-(=2)=-1+6=5

3

-1 —2‘

OmnpenenuresieM TpeTbero NOPSAKA HA3bIBACTCS YKHCIIO, KOTOPOE MOCTABICHO B
COOTBETCTBUE TAOJIUIIBI KOA(DPUIIMEHTOB MO CIAEIYIOMEMY TPaBUITY:



a b ¢

a, b, c,|=ab,c;+a,bc,+abc,—a,b,c,—ab,c, —a,bc,
a; by ¢
DOTO ompeneseHrue ONpeNeNuTeNss HaBIAHO MOXHO  IPEJICTaBUTh
CJIEAYIOIIHUM 00pa3oM:
b, ¢
b, «c,
by c;
OT10 mpaBuUiia Ha3bIBAIOT elile «[IpaBuiio TpeyroabHUKa»
Ilpumep BrruucnuTh onpeaeanuTeNb TPEThEro mopsaKa
3 2 1
2 4 5/=3-4-3+2-2-1+1-2-5-1-4-1-2-2-3-3-2-5=
1 2 3
=36+4+10-4—-12-30=4
3amanus 1J19 NPOBeAeHUs NPAKTHYECKOI padoThI
1.BeIYucIuTh ONpeaenuTenu BTOPOTro MOpsIIKa:
— 2+ Y =
na=| T -3 % 3= k640
Ky K, 3.K2 6 (0,5)73 \/4_2
2.BBIYHUCINUTD ONPENETUTENN TPETHETO MOPSIKA:
-1 3k, 3k, 4 -5 -2 K K,
DA=[2 8 «x,| 2)A=|8 Tx,-2 -2, 3)A=3 x, -5
1 1 2 -1 8 2 x, 5
Bapuanm | «x, k, | Bapuanm | «x, K, Bapuanm K, K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2




4 2 | 1 14 -2 1 24 -4 -1
5 3 | -3 15 2 -2 25 -1 5
6 1| 5 16 0 7 26 4 -2
7 2 3 17 -1 4 27 -1 3
8 6 | -2 18 -3 3 28 2 -3
9 6 | 1 19 -4 1 29 2 5
10 5 | 1 20 0 8 30 -5 -1

KoHTpoJbHBIE BOPOCHI:

1. Yrto Ha3bIBaETCS OMPEACTUTEIEM MATPHUIIHI?

2. Kak BBIUMCIUTH ONPEETUTEh BTOPOTo opsiaKa?

3. Kakwue criocoObl BBIYUCIICHUS OMPEACTUTENS TPETHETO MOPSIAKa BaM
U3BECTHHI?

4. Tlepeuuncnute CBONCTBA ONPEACTUTENCH.

IpakTuyeckas padora Ne 15 -16-17
Tema «HaxoxaeHue oOpaTHOM MaTpuibl. Penienne MATPUUYHBIX YPABHEHH D)
enb: HayIUTHCS BBIUUCIATH MUHODBI, ajdredpandeckue JOTOJTHEHHUS,
OTIPENICIIUTENIN YETBEPTOTO MOPSIAKOB , HAXOJUTh OOpaTHBIE MATPHUIIBI ,PEIIaTh
MPOCTENIINE MATPUYHBIC YPABHEHUS
Bpems BbinosnHeHUA 90 MUHYT
MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHunA
2.3apaHue
3.JiuctA4
4.KanbKynatopol
MopAapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune
2. I3yunTb TeopeTUyeckme ceeaeHuns
3. BoinonHutb 1 opopmutb paboty
4.lMoKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomauwiHee 3apaHue
1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
Xoa padoThI
TeopeTnyeckue cBeeHHs

CucreMoil JTMHEHHBIX aJIredpanyecKuX ypaBHEHHI, COJIEpKaAILIECH m ypaBHEHUN

U n HCU3BCCTHBIX, HA3BIBACTCA CUCTEMA BHU1A.




a11x1 + a12x2 + -+ alnxn = b1
ar1X1 + AypXo + .-+ AoynXn = b2
Am1X1 + AmaXy + - A Xp = by
rIe uncna aij, 1 = I,m , | =1,n Ha3pIBaIOTCs KOG (HUIIMCHTAMH CUCTEMBI, yrciia bj —

CcBOOOIHBIMU usieHaMH. [loiexaT HaX0XKICHUIO YUCTIA X,
3neck A — matpuiia Ko3hPUIIMEHTOB CUCTEMBI, HA3bIBAEMAasi OCHOBHOU MAmMpUuyeli.

A1 Qg2 A1n
z1 Az Aon
A=
Am1 amz o Amn
X1
X2
X = — 6eKmMOp — CMoabey U3 Heu3BeCMHbIX Xj
x’fl
by
b,
B = — 6exmop — cmonbey u3 c60000HbIX 41eHO08 b;
by,

[IpousBenenue matpur; A * X ompeaeneHo, Tak Kak B Marpuile A CTOJOIOB
CTOJIBKO €, CKOJIBKO CTPOK B MaTpuile X (7 MTYK).

Pacwupennoti MaTpulleil CHCTeMBI HasbIBaeTcss MarTpuia A CHCTEMBI,
JIOTIOJTHEHHAs! CTOJIOIIOM CBOOOIHBIX UJICHOB

a;; Qi .. Qi by
| ax azp .. azy by
A=

aml amz amn bm

Pewenuem cucmemvl Ha3pIBaCTCS 1 3HAYEHUH HEU3BECTHBIX X1 = €1, X2 = C2 ,

., Xy = Cy, IPH TOACTAHOBKE KOTOPBHIX BCE YPABHEHUSI CUCTEMBI 00paIalOTCS B

BEPHBIMH DPaBEHCTBA. BcsKoe pelieHne CUCTEeMbl MOXKHO 3amucaTh B BHJE
MaTpHIIBI-CTONIOIA

Cucrtema ypaBHEHUI HA3bIBACTCSI CO8MECHHOU, €CIIA OHA UMEET XOTs Obl OJHO
pELICHNE, U HEeCO8MECHUMOIL, €CIT OHA HE UMEET HU OJTHOTO PEIIECHHUS.

CoBmecTHass cucTeMa HAa3bIBAC€TCAd  ONpPeOeNéHHOU, €CIh OHAa  HMEeT
€AMHCTBEHHOE pELICHUE, U HeonpeoeiéHHOU, €Clli OHa UMeeT O0ojee OJHOIO
pemienus. B mocnegHem ciydyae KaxkJoe €€ pelIeHHE Ha3bIBACTCA YAaCMHbIM
peuienuem cucteMbl. COBOKYITHOCTh BCEX YACTHBIX PEUICHUN HA3bIBACTCS 0OWUM
peuteHuem.



Pewums cucmemy — 3T0 3HAUUT BBIACHUTH, COBMECTHA OHA WJIM HECOBMECTHA.
Ecnu cuctema coBmecTHa, HailTu €€ o011iee pelieHue.

JIBe cHCTEMBI HA3bIBAIOTCS 2KQUBANEHMHbIMU (PAaBHOCWIBHBIMH), €CIU OHU
UMEIOT OJHO W TO ke oOmee pemeHue. JpyrumMu ClIOBaMH, CHCTEMBI
AKBUBAJICHTHBI, €CIIM KaXI0€ PEIICHHE OAHON U3 HUX SBISETCS pElICHHEM JpYyToi,
1 Ha00OpOT.

OKBUBAJICHTHBIC CHUCTEMBI MOJYYalOTCS, B YACTHOCTU, TPHU IIeMEHMAPHbLIX
npeobpazosanusx CUCTEMBl MPH YCIOBHU, YTO MPEOOPa30BAHUS BBIMOIHSIOTCS
JIMIIb HAJ CTPOKAMH MaTpPHIIBIL.

Cucrema JTMHEHHBIX YpaBHEHUN Ha3bIBACTCS OOHOPOOHOLL, €CIIU BCce CBOOOHBIC
YJICHBI PAaBHBI HYJTIO:

A1X1 + apx; + o+ aypxy, =0

Am1X1 + Xy + - QX = 0
O}IHOpO}IHaH CHUCTEMa BCErga COBMECTHA, TaK KaK X1 = X2 = ... = X, = 0 SABIIACTCA
peHIeHI/IeM CUCTCMBI. 3T0 pGIHeHI/Ie Ha3bIBACTCsA Hy]le@blﬂ/l NN mpu@uaﬂbl‘lblﬂ/l.

2x1—x2=0

Ilpumep 4.3. Pemints cucremy {x +3x, =7
1 2 =

_12 0|2

_1| o7

3 14

Pemenune: A= |i =7%0, A= |g _31| =7, A,

7 14
3HAYUT, x1=;=1, Xy =7=2

IIpaBuio Kpamepa

Teopema. Cucmema uz N ypagnenuti ¢ N HeuzBeCMHbIMU
a,x, +a,x, +..+a, x, =b
Ay X, +ayx, +...+a, x, =b,

a,x, +a,x,+..+a, x =b

nn-"n n

8 cny4ae, ecqau onpedeaumesns MAMpPUybl CUCMeEMbl He PaseH Hy:t, umeem
eo0uHCcmeeHHoe peuweHue U 3mo peweHue Haxooumcs no popmynam:
Xxi = A/A, 20e

A=detA, a A —onpedenumens mampuusl, Noay4yaemoli u3 Mampuybl cucmemel
3ameHol cmonbua J cmonbyom ceob600HbIX YneHO8 b,
CyTb memoda laycca 3akntoyaeTcs B NOC/NeA0BaTe/IbHOM UCKIHOYEHUM
HEeN3BECTHbIX.

PaccmoTpum cuctemy IMHEMNHbIX YPaBHEHUN:

a,x, +a,x, +..+a,x, =b
Ay X, +ayx, +...+a,x =b,

a,x, +a, ,x,+..+a, x =b

mn--n m



Paspgennm obe yactn 1-ro ypaBHeHMA Ha a1 # 0, 3aTem:

1) YMHOXWM Ha a1 U BbIMTEM U3 BTOPOrO YpaBHEHUA

2) YMHO»MM Ha as31 U BbIYTEM M3 TPETLErO YPaBHEHMUA U T.A.
Monyumnm:

X, +d,x, +..+d, x, =d,

1n"¥n

dyXx, +dyx; +..+d, x, =d,

, rae d1j= alj/au, j= 2,3, .. n+l.

d,x,+d, ,+.+d, x, =d

m3 mn”"n m
dij= ajj— aindy; i=2,3,..,n, j=2,3,..,n+L

[Janee noBTOpAEM 3T e AeNCTBUS ANA BTOPOro YpPaBHEHWUS CUCTEMbI, NOTOM —
ANA TPeTbero u 1.4,
K aiemeHTapHbIM ITpeoOpa3oBaHUSIM OTHOCSITCS:
1) TlpuGaBnenue Kk 0OEUM YaCTSM OJIHOTO YPaBHEHHUS COOTBETCTBYIOIIUX YaCTEH
JPYroro, yMHOKEHHBIX Ha OJTHO M TO YK€ YHCJI0, HE paBHOE HYJIIO.
2) TlepectaHoBKa ypaBHEHHI MECTAMH.
3) VYnaneHue U3 CUCTEMBI YPaBHEHUH, SBIISIFONTUXCS TOXKISCTBAMH JIJISI BCEX X.
Munopom HEKOTOPOTO 3JIEMEHTA @jj OTNPEJEIUTENS n-20 TOPSIKa Ha3bIBAETCS
ompenenurens n — 1-To TOpsAKA, TOJYYEHHBIM W3 HMCXOAHOTO TMYTEM
BBIYEPKUBAHUS CTPOKM W CTOJIONIA, HAa TEPECCYCHUH KOTOPBIX HAXOIUTCS
BbIOpaHHBIN 25eMenT. O603HavaeTcs mij.
ai; A1z 413
Tak ectu A= |Qz1 Q22 Q23|,momyq = [
31 dzz 0Az3

Az, dzs
) msp; =

|a11 a13|
a3y dss

a1 dz3

Anzedpauyeckum O0ononHenuem >SIEMEHTA dij ONPEICIUTENS HA3bIBACTCSA €ro
MHHOP, B3STBIi CO 3HAKOM «ILTFOC», €CJAM CyMMa | + | — 4€THOE YHCIIOo, U CO
3HAKOM «MHHYC», €ClIU 3Ta cyMMa HeuéTHas. O6o3HauaeTcs Ajj: Ajj= (-1)' "1 * my;
Tax, A1x = +mu, Az = -m3,

Ceoticmeo («Pa3fioxeHue OIpeNeNuTeNsl MO 3JeMEHTaM HEKOTOpOro psaay).
Onpenenutens paBeH CyYMME MPOW3BEACHUNM 3JIEMEHTOB HEKOTOPOro psijia Ha
COOTBETCTBYIOIIIHE MM alreOpandecKue JOMOTHEHHUS.
[IponmmrocTpupyeM #  OZHOBPEMEHHO JOKaXX€M CBOMCTBO 7 Ha IIPUMEpE
onpenenuTens 3-ero nopsjaka. B aTom ciaydae CBOMCTBO 7 03HA4YaeT, YTO

a1 Q12 Q13

A= Q21 G2 Q23| =ayq * Ayg + Q1p * A1p + ag3 * As3

31 dzz 04z3

B camomMm nene, nmeem

A A - Qzz Q23
Qg * i+ Qi * A T Qi3 ¥ Az == A * g g | T 02 *
(_|a21 a23|)+a o |21 a22|—a (ay,Q33 — Ay3037) — Ao (Ay1033 —
Az, Qas 13* (g, ag, 11(A22033 — A3303; 12(A21033

A3031) + a13(az103, — Appa31) =



= 0411022033 — A11A3032 — Q120210433 T A120303; + 41301037 — A1302031
=A

CBOWCTBO COIEPKUT B ceOe crnocod BHIYUCICHUS ONPEACIIUTENEH BBICOKUX

IIOPAKOB.
IIpumep Beruuciute onpeaenuTens MaTpULbL
3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenue: Jlyig paznokeHust onpeaenuress 0ObIYHO BEIOMPAIOT TOT Psijl, T/I€ €CTh
HYJIEBBIE 3JIEMEHTBHI, T.K. COOTBETCTBYIOLIUE UM ClIaraeMble B Pa3I0KEHUU Oy1yT
PaBHBI HYIIO.

_31 g g? 5 7 8 5 7 8 5 7 8

0532=3*532+1*532+0*701—

1 1 7 4 1 7 4 1 7 4 -1 7 4
5 7 8

117 0 1{=3*«* 7 *3 %44+ (1) *0*2+5%7x*1-(=1) 3 *
5 3 2

1-7%7%2-5x0%x4)+ (5«3 x4+ (-1)*«x7x*2+5x%7x%
8-(-1) *3*8-5x7%4-5x7*x2)-(5*x0*x2+7x*1x5+
73 %x8-5%0+8-3*1*5-7x*7=%2)=122

Cesoticmeo . Cymma TpoU3BEJICHUHN AJIIEMEHTOB KaKoro- Ju00 psija ompeaeanTens
Ha anreOpanyecKkue AOTMOJHEHHS] COOTBETCTBYIOIIMX 3JIEMEHTOB MapaijIeIbHOTO
psiza paBHa HYIIO.

Tak, nanpumep, ai11dz + aipA2 + a13Az3 =0

Haxo:x1eHue o0paTHO MATPpHUIIBI.

a1 A1z - Qun

az1 Qzz ... Q2p
ITycth A — kBagpaTHas MaTpulia n-ro nopsaka A =

An1 Anz2 - Apm

KBanpaTHas maTpuiia A Ha3bIBa€TCS HEBbIPONHCOEHHOU, €CIU ONPEACIUTENb A
= det A ne paBen Hymi0: A = det A = 0. B nmpotuBHOM citydae (A = 0) matpuria A
HA3bIBACTCS 8bIPOHCOCHHOU.

Marpuuei, coro3noin Kk mampuye A, Ha3bIBa€TCA MaTpULIA

A, Ay ... Ay
S = Ay Ay e Ay
A, A4, .. A,

rae Ajj — anreOpandeckoe JONOJIHEHHE AIEMEHTa aij JAHHOM MaTpuubl A (OHO
ompejensieTcss Tak ke, Kak M aJreOpanyeckoe JOMNOJHEHUE 3IIEMEHTa
OnpeIeNIuTENs).

Marpuna A HaseiBaeTcs 06pamnoii matpune A, €Clii BBIIOJIHAETCS YCIOBUE
A*Al=A1l*A=E,



rae E — eqMHMYHAas MaTpuua TOTO K€ MOpAaKa, 4yTo U Matpuna A. Marpuma A
HMMEET TE K€ pa3Mepshl, YTO U MaTpuiia A.
OopaTHast maTpuuA.
Teopema Bcakas HegvbiposcOeHHas mampuya umeem oopamuyio.
4ot A* 4t 1 (jn j21 ﬁ31>
= ,m.e. = * 12 22 32
det A detA Az Aps Ass

OtmeTuM ceoticmea 0OpaTHON MaTPUILIBI:

1. det (A1) =1/det A;

2. (A*B)yl=B1*Al

3. (AHT=ADH1L.

. 1 _(2 3

IIpumep Haiitu A™, ecniu A (_1 1)
Pemenne: 1) Haxoqum det A: det A = _21 i =2+3=5%#0
2) Haxonum A”: An= 1, Ao = -3, A1 =- (-1) = 1, A =2,

nosTomy A" = (1 _23)

s =3
3) Haxomum At A71 = 11 =3y _ ( 5 5)
5 (1 2 ) 1/5 2/5

[IpoBepka:
1_(2 3 1/5 -=-3/5\ _(2/5+3/5 -6/5+6/5
R 1)*(1/5 2/5 ) B (—1/5+ 1/5 3/5+2/5 )

(3 Y-

Ipumep Onpenenutsb, MpU KaKUX 3HAYCHHUAX O CYIICCTBYET MaTpHIa, oOpaTHas
JTaHHOM

1 -2 2
A= (a 3 O)
2 1 1

Pemenue: Bcesikas HeBbIpOXACHHas Marpuiia uMeeT oOpaTtHyo. Haiaém
ONpeIeIUTENb MaTPULIBI A

1 -2 2
AMA=|la 3 0/=3-0+ 20-12-0+ 20 = 40-9
2 1 1

Ecmu 40 -9 =0, 1.€. o = 9/4, 70 AA = 0, T.e. MaTpuIia A HEBBIPOXKICHHAS, UMEET
oOpaTtHyIo.
IIpumep Ilokazate, uto MaTpuma A sBisieTcst oOpaTHoi 115 B, ecim

1 1 1 3 -3 1
A= (1 2 3>,B =<—3 5 —2)
1 3 6 1 -2 1

Pemenue: Haliném npoussenenne matuil A u B:



1 1 1 3 -3 1
A*B=(1 2 3)*(—3 5 —2>
1 3 6 1 -2 1
3-3+1 -3+5-2 1-2+1 1 0 O
=|!3-6+3 -3+4+10—-6 1—-4+4+3)|==|0 1 0]|=E
3—-94+6 —-3+15-12 1-6+6 0 0 1
Ananoruuno B * A = E. CnenoBarensHo, MaTpuiia A siBisieTcs oopaTHoit aiis B.

[TycTh naHa cuctema n JIMHEHHBIX YPaBHEHUH C # HEU3BECTHBIMU
A11X1 + 12X + -+ A1 Xy = by
Ay1X1 + AxpXy + o+ Aypn Xy = by
An1X1 + ApaXy + o AppXy = by

WM B MaTpuyHoit popme A * X = B.
OcHoBHast MaTpuIla A Tako¥l cCUCTEMBbI kKBajapaTHas. OnpeaeauTeb dTOW MaTPUIIbI
a1 - Qin
A:

Api - Qpp
Ha3bIBACTCS onpedenumenem cucmemsl. ECIM onpenenuTenb CHCTEMbl OTIIMYEH OT

HYJISl, TO CUCTEMa Ha3bIBACTCS HEGbIPOMCOEHHOLI.

Haiiném perenne qaHHOM cucTeMbl ypaBHEHHH B ciiydae A # 0.

YMHOKXHMB 00€ yacTu ypaBHeHus A * X = B cieBa na marpumy A, momyunm A’
*A*X=At*B Iockombky A* A=EuE*X=X,10 X=A1*B,
OTteickaHme pelmieHus cuctembl 1Mo Qopmyne (4.1) Ha3bIBAIOT MamMpudHbIM
CNOCOOOM PEIICHUS CUCTEMBI.

3amaHus 1J15 BbINOJHEHUS NMPAKTHYECKOIl padoThI

3aganue 1
2 11 x 1 -2 1 «xk,
JlaHBI onIpeeInTeNN: 1) A = 1 23 2) A_—Z 3 x 2
o . PBr, 201 ’ 1 -3 -2 4|

1) HaiiTi MUHOPBI M aJireOpandecKue JOTOTHCHUS SJICMEHTOB i3, d, J.

2) BBIUHCIUTE ONPEaCIUTENH, PA3I0KUB X 0 dJCMEHTaM a) I-0ii CTpPOKH, 0)
J-ro cronodia

Bapuant | «x, K, i ]J | Bapuant | «x, K, i ]

1 3 -2 1 2 16 4 -1 2 1

2 4 1 2 1 17 3) 1 1 2




3 3 -4 3 18 2 0 3
4 2 1 4 19 -2 1 4
3) 3 -3 1 20 2 -2 1
6 1 5 2 21 0 7 2
7 -2 3 4 22 -1 4 4
8 6 -2 3 23 -3 3 3
9 -6 1 1 24 -4 1 1
10 -5 1 1 25 0 8 1
11 -2 4 2 26 4 -2 2
12 1 3 3 27 -1 3 3
13 -3 2 4 28 2 -3 4
14 -4 -1 2 29 -2 5 2
15 -1 3) 1 30 -5 -1 1
kK, -2 -1
3amanume 2. Jlana maTpuna =12 1 2 |. Haiitn
3 -«x, 4
a)A™" unposepums, umo A-A" = A" A=E
6) A+ A"
Bapuanm K, K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 1 17 5 1
3 3 -4 18 2 0
4 2 1 19 -2 1
3) 3 -3 20 2 -2
6 1 5 21 0 7




7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
3ananue 3
1. PemmuTh cucTeMbl ypaBHEHUM C MTOMOIIBI0 0OpaTHON MaTPHUIIbI
(MaTpUYHBIM METOIOM).
2X+y+3z=17, 2X—-y+22=3, X—-y+2z=12,
1.142x+3y+z2=1], 124X+ y+2z2 =4, 1.34X+2y+4z =6,
3X+2y+2=6. 4X+y+4z=-3. SX+y+2z=3.
2X—-y+3z=-4, 3X—-2y+4z =12, 8x+3y -6z =4,
145x+3y+3z=1], 1.543x+4y -2z =6, 16iX+y—z2=2,
X—2y+2z=-1. 2X—-y—-z=-9. 4x+y—-3z=-5.
4x+y—-3z=09, 2X+3y+4z =33, 2Xx+3y+4z =12,
17iX+y—-2=-2, 1.847x -5y =24, 1.947x-5y+z=-33,
8x+3y—-6z=12. 4x+11z = 39. 4X+17=—1.
X+4y—z =6, 3X—-2y+4z =21, 3X—-2y-5z=5,
1.1055y +4z =-20, 1.11:53x+4y -2z =9, 1.12:2x+3y -4z =12,
3X—2y+52 =-22. 2x—-y—-1z=10. X—-2y+3z=-1.
4X+Yy+4z =19, 2X—-y+22=0, 2X—-y+22=8,
1.13:2x -y +2z=1], 1.14<4x+y+4z =6, 115X+ y+2z =11,
X+y+2z=8. X+y+2z=4. A4X+y+4z =22.
2X—-y—-3z=-9, 2x—-y-3z=0, —3X+5y+6z=-8,
116 x+5y+z =20, 1.17:<3x+4y+2z =1, 1.18<3x+y+2z=-4,
3x+4y+2z=15. X+5y+2z=-3. X—4y -2z =-9.




1.19.

1.22.

1.25.

1.28.

KonTposbHbIE BONPOCHI

Nk Wk

X+Yy+2z=-4,
—3X+5y+62z =36,

X—4y -2z =19.
2X+3y+z2=4,
2X+y+3z=0,
3X+2y+z=1.
3X+4y—-2z =11,
2X—y—27=4,
3Xx—-2y+4z=11.
5x+2y—-4z =-16,
X+ 3z = -6,
2x—-3y+2=0.

1.20.

1.23.

1.26.

1.29.

Yto Ha3bIBaeTCs MHHOpOM?

X-y+z=-11
5X+y+2z=8,
X+2y+4z =16.
2X+3y+12=12,
2X+Yy+3z =16,
3X+2y+2z=8.
X+5y -6z =-15,
3X+y+4z=13,
2Xx-3y+z=9.
X+4y—-z=-9,
4X—-Yy+52=-2,
3y—-7z=-6.

1.21.

1.24.

1.27.

1.30.

3X-y+2=9,
SX+y+2z=1]
X+2y+4z =10.
X—2y+3z =14,
2X+3y —4z =-16,
3Xx—2y-5z=-8.
4x —y =—6,
3X+2y+5z =-14,
X—-3y+4z =-19.
7X+4y—-17=13
3X+2y+3z2=3,
2x -3y +z=-10.

Yto Ha3bIBaeTCs aHF€6paI/ILI€CKI/IM JOITOJIHCHUCM 3JICMCHTA ManI/IHBI?
Kak Pa3JI0KUTD OIIPCACIIUTEIID 110 3JICMCHTAM CTOH6Ha nIn CTpOKI/I?

Kakas MaTpHlla HA3bIBACTCA HGBBIpO)KI[@HHOﬁ?

TpancnoHupoBaHHast MaTpULA.
Kaxkast maTpuiia Ha3pIBaeTCs 00OpaTHOM MO OTHONIICHUIO K JAHHOM ?

KakoB mopsiiok BeIUMCIEHUS OOpaTHON MaTPHUIIHI?

AJTOpPUTM pelIeHUs NPOCTEUIIEro MaTPUYHOTO YpaBHEHUS

IIpakTuueckas pa6ora Ne 18 mo reme

«JIeMeHTbI BEKTOPHOI ajaredpbn)

Hean: [IpoBepuTh 3HAHUA U YMEHUS 110 HAXOKJICHHUIO: KOOPAUHAT BEKTOPA,

omnepaunii HaJ BEKTOPaMH, MOAYJISI BEKTOPA U CKaJSIPHOTO IPOU3BEACHHS,

BCKTOPHOI'O ITPOU3BCACHNA, CMCIIIAHHOI'O ITIPOU3BCACHU .

Bpems BbINnONHEHUA

MatepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue
3.J/luctA4

90 MUHYT



4.KanbKynatopol
MopAapoK BbinoNIHeHUA paboTbi
1.3yunTb 3agaHue
2. I3yunTb TeopeTUYeckme ceeaeHmns
3. BeinonHutb 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
AdomalwHee 3apaHne
1.MoAarotoBuTb OTBETHI HA KOHTPOJIbHbIE BOMPOCHI
Xopa paboTbli
TeopeTtnyeckue ceeaeHuUA

BeKTopHOe npousBeaeHue BEKTOPOB.

Onpejienenne. BeKTOPHBIM NPOU3BEIeHHEM BEKTOPOB GH b Ha3bIBaeTCs

BEKTOD ¢, YAOBJIETBOPSIOUINI CIEIYIONIUM YCIOBHUSIM:

1) || =|§|~‘6‘sin @, TJIE ¢ - YTOII MEXy BEKTOpaMH dH b, sh@>0; 0<p<r

2) BEKTOP ¢ OPTOTOHAJIEH BEKTOPAM a U b
3) @, b u ¢ 00pa3yrT MPaBYIO TPOWKY BeKTOpoB. O003HAYACTCA: ¢ =d xb

Wi ¢ =[a,b].
axh
CBoiicTBA BEeKTOPHOI0 NPOU3BEICHUS BEKTOPOB:

1) Z;xﬁz—ﬁxb;

o
2) axb=0, ecu illb wm a=0 wm h=0:

3) (ma)xb=ax(mb)=m(axb);

(=]
x
=)

XE+&><E; 1

[N

4) ax(b+ ¢) =

5) Ecnu 3a1asbl BEKTOPHI & (Xa, Ya, Za) ¥ b (Xb, Yb, Zb) B A€KapTOBOIL

HPSMOYTOJILHON CHCTEME KOOPIMHAT C €INHUYHBIMU BEKTOPAMH i, /,k , TO
i j ok
axb=\x, y, z,

a
Xy Yy Zp

6) ['eomMeTprueCKUM CMBICIIOM BEKTOPHOI'O MPOU3BEICHUSI BEKTOPOB SIBJISIETCS



n0Wadb NApanIenozpamma, NOCTPOCHHOTO Ha BEKTOPAX G U b .

7) MexaHWYeCKHU CMBICI BEKTOPHOTO mpou3BeaeHus . [IycTh Touka A

TBEP/OIo Teja 3aKperieHa, a B ero Touke B npunoxena cuna F. Toraa
BO3HMKAET BpalatelbHbIi MOMEHT M (MoMeHT cuiibl). [1o onpenenennio
MOMEHT CHJIbl OTHOCHTENBHO TOYKH A HaxoauTcs 1o popmyne M = ABx F -
BEKTOPHOE MPOU3BEIcHHE BEKTOPOB AB U F

IIpuiio:keHus BEKTOPHOI0 MPOU3BeIeHUsI BEKTOPOB.

Ycemanoenenue konnuneapnocmu gekmopos:

Ecmu a || b, T0o axb=0 (1 Hao6opor ), T.e. :

_ Gy Oy O e
ay Gy 0O =f|f.j.."—=—y=ﬂ—ﬂ:?ﬂ”:'!.
b, = by z

Haxootcoenue niowiaou napannenozpamma u mpeyzoabHuKd.

CoracHO omnpeieTIeHHI0 BEKTOPHOTO MPOU3BECHUs BEKTOPOB a H b
axb =3 -‘B‘Sin ¢ , T.e. Smap.= ‘éxﬁ‘ ¥ 3HAYMT, STpEyr.=1/2%* ‘ﬁxﬁ‘
INpumep. HaiiTu BEKTOPHOE MPOM3BEIEHUE BEKTOPOB d =2i +5/ +k U
b=i+2j-3k.

i=(251; b5=(12-3)

Qy
X
Sy
I
—_ N

5 - .
=171 +7] k.
2‘ /

IIpumep. BorunuciauTe mioimaab TpeyrojibHuKa ¢ BepminHamu — A(2, 2, 2),

B(4,0,3), C(0,1,0).

—_—

AC =(0-21-2:0-2) = (-2:-1-2)

AB=(4-2,0-23-2)=(2,-2;1)



— —

ik

ACxAB=-2 -1 —o=i"" A% At ! [(~1—4)— j(=2+4)+
X = [— —_ — =1 — =I(\—1— — —
2 172 2 -2 /
2 -2 1
+k(4+2)=-5i -2 +6k.
‘ACXAB‘ — J25+4+36 =+/65. S, _J6s (erd).

2

HpHMep. Havtn momanb mapajuicjiorpamMmma, HOCTPOCHHOTO Ha BCKTOPAX
G+3b; 3d+b,ecmn |d|=|p|=1; @b =30".
(G+3b)x(3d+b)=3GAxd+dxb+9bxd+3bxb=-bxd+9bxd=8bxa
S =8b|a|sin 30° = 4 (ex?).

Cmewannoe npou3ee0euue 6EeKmMopoe.

-

Onpenesnenue. CMemaHHBIM NPOU3BEJAEHUEM BEKTOPOB a4 , b U ¢

HA3bIBAETCSl YHMCIJIO, PABHOE CKAISIPHOMY IPOU3BEIECHUIO BEKTOPA ¢ Ha BEKTOP,
PaBHBIN BEKTOPHOMY IIPOU3BEACHUIO BEKTOPOB b U C .

O6o3nauaercst a-b-¢ uma (a, b ,¢).

CMmeniaHHOe TPOU3BENCHUE d-b-¢ IO MOAYJI0 paBHO O0BEMY MapasuieNenunesa,

IIOCTPOCHHOI'O Ha BEKTOpax a, b U ¢, T.e. V :‘z}b -6‘

Ceoilicmea cmewannozo npouseedenuﬂ:

1.CmemanHoe TpOU3BEICHUE PABHO HYJIIO, €CJIH: @) XOTh OAUH U3 BEKTOPOB
paBeH HyI0; 0) Ba U3 BEKTOPOB KOJUTMHEAPHBIE; B) BEKTOPHI KOMILIAHAPHBHI.

o (ax b)-c=4a-(bxC)=¢-(bxa) cmemanHoe MPOU3BEJICHUE HE MEHSIETCA TMPHU
IUKINYECKOM TTepecTaHOBKE BEKTOPOB;

3 (ax 5) -C=4a- (5 xC) CMeIIaHHOE TMPOU3BEAECHHE HE MEHSETCA IIpH
MepeCTaHOBKE 3HAKOB BEKTOPHOI'O M CKAISIPHOTO YMHOKEHHUS.

4.(@.b,6) = (b,é,d) = (¢,a,b) = ~(b,d,c) = ~(c,b,d) = —(d.c,b)

5 (Ad, + i, ,b,¢) = A(G,,b,) + 1(d,.b,c)

-

6. O0BeM TpeyrobHON MUpPaMUIBI, 00Pa30BaHHON BEKTOpaMu d, b W ¢, paBeH

Yo



X0 4
7.Bcnm a=(x,y,2), b=(x,,,,2,), €=(x3,05,25), T0(@,b,¢)=|x, y, z,

X3 V3 Z3
8. abc =-ach =—bac=cha - cMmelaHHOEe NpOM3BEJEHUE MEHSET 3HAK Ha
MPOTUBOTIONIOKHBI  MpU  TEpPEeMEHEe MeCT JIOOBIX JBYX  BEKTOPOB-
COMHOXUTEIJIEN
9. Ecmu ab¢ >0, To 4,b,¢ - mpaBas Tpoiika

Mpumep. Joxasats, uro Touku A(5; 7; 2), B(3; 1; -1), C(9; 4; -4), D(1; 5; 0)
JICKAT B OJTHOM MJIOCKOCTH.

AB = (-2;-61)
Hainem koopiHaThl BEKTOPOB: AC = (4,-3;-2)
AD = (—4;-2;2)
Haiinem cMmemanHOe Npou3BeICHUE MOJYYEHHBIX BEKTOPOB:
-2 -6 1| -2 -6 1 0 -6 1

AB-AC-AD=14 -3 -2=/0 -15 0=0 -15 0=0,
-4 -2 2 0 10 0 (0 10 O

Takum 00pa3om, MOJyYEHHBIE BBIIIE BEKTOPHl KOMILJIAHAPHBI, CJEI0BATEILHO
touku A, B, C u D nexar B 01HOH IIIOCKOCTH.

IIpumep. Haiitn 06beM nupamMuasl ¥ JUIMHY BBICOTHI, ONMyIIIEHHON Ha rpaHb BCD,
eciu Bepmuusl umerot koopauaatel A(0; 0; 1), B(2; 3; 5), C(6; 2; 3), D(3; 7; 2).

BA = (-2;-3;-4)
Haiinem koopimHaThl BEKTOPOB: BD = (1;4;-3)
BC = (4—1;-2)
. -2 -3 -4 |
=—=|1 4 —3=—(—2(-8-3)+3(-2+12)—4(-1-16)) =
O06beM upaMuIsI 4 1 o 6( ( )32 +12) ~ 4 )

= é(zz +30 + 68) = 20(e0?)

JIns HaxoXJICHHWS JUIMHBI BBICOTHI THPAMUIbI HaWJIeM CHayajga IUIOMIajb
ocaoBanusg BCD.



—

i
Ex?ézl

- —

Jj k

4 -3=i(-8-3)—j(-2+12)+k(-1-16)=—11i =10/ —17k.

4 -1 -2

‘ﬁxB_c" =112 +10% +17% =/121+100 +289 =+/510

Soen = +/510/2 (ex?)

S

Tk V=
3

3aAaHuA NpaKTUYeCKoi paboTbl

3aganus

1. TTo koopaunaTam Touek A, B u C nis ykazaHHBIX BEKTOPOB HAWTH:

a) KoopauHatel BekTOpoB a= AB,b=BC, c=AC,d =BA, p=CA

b) Moayas BekTopa ¥ =3d+6—d
c) CkaisipHOE MPOM3BEICHNE BEKTOPOB a 1 b;
d) Ipoekuuro BexTopa ¢ Ha BekTOop d;

e) KoopauHatel Touku M, aensiieii OTpe30K p B OTHONICHUH ¢

h. 3V _ 120 _ 44510 (en)
’ Spew 510 17

Koopaunatsl

o
Bapuantor Koopaunatsel | KoopauHatsl rouxu C

TOYKH A TOukM B o i

1. (-2, 1,3) (3, -6, 2) (-5, -3, -1) 1 3
2. (1, 3. 6) (-3.4, -5) (1,-7,2) 1 2
3. (7,2,1) (5.1, -2) (-3,4,5) 2 1
4, (3.5, 4) (-2, 7, -5) (6, -2, 1) 3 2
9. (5. 3.2) (2, -5, 1) (-7, 4, -3) 2 3
6. (11,1, 2) (-3, 3,4) (-4,-2,7) 1 2
/. (9.5, 3) (-3,2, 1) (4, -7, 4) 3 1
8. (7,2,1) (3. -5, 6) (-4, 3, -4) 3 2
9. (1, 2,3 (-5, 3, -1) (-6, 4, 5) 2 1
10. (-2,5,1) (3.2, -7) (4, -3, 2) 4 1
11. (3.1, 2) (-4, 3, -1) (2,3, 4) 2 1
12. (3.-1, 2) (-2,4,1) (4,-5,-1) 1 3
13. (4,5,1) (1,3.1) (-3, -6, 7) 3 4
14. (1,-3,1) (-2, -4, 3) (0, -2, 3) 2 3
15. (5.7, -2) (-3, 1, 3) (1, -4, 6) 4 3
16. (-1, 4, 3) (3,2, -4) (-2,-7,1) 1 3
17. (5.4, 1) (-3.5,2) (2,-1, 3) 3 1
18. (2,-1, 4) (-3.0,-2) (4,5, -3) 2 1




19. (-1, 1, 2) (2, -3.-5) (-6, 3, -1) 1 2
20. (1,3.4) (-2, 5, 0) (3,-2,-4) 2 3
21. (1.-1.1) (-5,-3, 1) (2.-1,0) 3 2
22. (3.1, 2) (-7, -2, -4) (-4, 0, 3) 2 1
23. (-3.0.1) (2,7, -3) (-4, 3.5) 1 3
24. (5.1, 2) (-2, 1, -3) (4,-3.5) 2 3
25. (0, 2, -3) (4, -3, -2) (-5, -4, 0) 1 2
26. (3,-1,2) (-2,3,1) (4, -5, -3) 3 4
21. (5.3, 1) (-1, 2, -3) (3.-4,2) 1 2
28. (3.1, -3) (-2, 4. 1) (1.-2.5) 3 4
29. (6.1, -3) (-3.2.1) (-1, -3, 4) 4 3
30. (4,2, 3) (-3, 1, -8) (2,-4,5) 3 2
3ananue 2
1. Jlausl BekTOpHI &, b 1 ¢. HeoO6xoaumo:
a) BBIYUCIIUTH CMEIIAaHHOE TTPOU3BEICHUE TPEX BEKTOPOB,;
0) HATH MOTYJIb BEKTOPHOTO TIPOU3BEIICHUS;
B) BBIUHUCJIUTH CKaJISIPHOE MPOU3BEICHUE JIByX BEKTOPOB;
T') MPOBEPUTH, OYAYT JIM KOJUTMHEAPHBI WJIM OPTOTOHAJIbHBI JIBa BEKTOPA;
1) IPOBEPUTH, OYAYT U KOMIUIAHAPHBI TPU BEKTOPA.
Bapua | Bextopsl Cwmemanno | Monyn | Ckansp | Komna | Kommnanaps
HT e b HOE e OCTb
BEKTOPOB
MPOU3BEJIC | BEKTOP | MPOU3BE | apHBI
HHE H i WJIN
nepIieH
MIPOU3B
JI.K
el.
BEKTOP
OB
1 a=2i-3j+k, | a,3b,c 3a,2¢ b,—4c a, c a,2b,3c
b=j+4k,
c=5i+2j-3k
2 a=3i+4j+k, | 5a,2b,c 4b,2c a,c b,c 2a,—3b,c
b=i-2j+7k,
c=-3i—6j+21k
3 a=2i—-4j-2k,| a,2b,3c 3a,-7¢ | —2a,c a,c 3a,2b,3c
b=7i+3]j,
c=3i+5j-7k




a=-7i+2k,
b=2i-6j+4k,
c=i—j+2k

a,—2b,—7c¢c

4h,3¢c

2a,—7c¢c

b,c

2a,4b,3c

a=-4i+2j-Kk,
b=3i+5j-2k,
c=]+5k

a, 6b,3c

a,2b

a,b

a,6b,3¢c

a=3-2j+k
b=2j-3k
c=-3i+2j-k

a,—3b, 2¢

5a,3c

—2a,4b

5a,4b,3¢c

a=i-j+3k,
b =2i+3]j-5k,
c=T7i+2]+4k

7a,—4b,2c

3a, 5¢

2b4c

b,c

7a,2b,5¢

a=4i+2j-3k,
b=2i+Kk,
c=-12i-6j+

2a, 3b,

Dk

4a,3h

a,C

2a,3b,—4c

a =—1i+5k,
b=-3i+2j+2k
c=-2i—-4j+k

3a,—4b,2c

7a,—3c

2b,3a

6,C

7a,2b,—3c

10

a=6i—4j+6k,
b=9i-6j+9k,
c=i-8k

2a,—4b,3c

3b,—9c¢

3a,-5¢

a,b

3a,—4b,—9c

11

a=51—3]+ 4k,
b=2i-4j- 2k,
c=3i+5j-7k

a,—4b,2c

—2b,4c

-3a,6¢C

b,c

a,—2b,6¢

12

a=—4i+3] -7k
b=4i+6j— 2k
c=6i+9j-3k

, —2a,b,—2c

4h,7¢

5a,-3b

b,c

—2a,4b,7¢c




13 a=-51+2]j—2k|, 2a,4b,-5¢ —3b,11c | 8a,—6¢C a, c 8a,—3b11c
b =7i-5k,
c=2i+3j-2k

14 a=-4i-6j+2k, 5a,7b,2¢c —4blla | 3a,-7c a,b 3a,7b,—2c
b=2i+3j—Kk,
c=-i+5j-3k

15 a=-4i+2j-3k|, 5a,—b,3c —7a,4c | 33,9 a,c 3a,—9b,4c
b =-3j+5k,
c=6i+6]—4k

16 a=-3i+8j, 4a,—6b,5¢ —7a,9¢c | 3b,—8c b,c 4a,—6b,9c
b=2i+3]j-2k,
c=8i+12j-8K

17 a=2i-4j-2k,| 7a,5b,—c —-5a,4b | 3b,—8c a,c 7a,5b,—c
b =-9i + 2k,
c=3i+5j-7k

18 a=9-3j+k, | 2a,—7b,3c —6a,4c | 5b,7a b,c 2a,—7b,4c
b=3i-15] + 21k,
c=i-5j+k

19 a=-2i+4j-3k| a,—6b,2c -8b,5¢ | —9a,7c a,b a,—6b,5¢c
b =5i+ j— 2Kk,
c=7i+4j-k

20 a=-91+4j-5k —6b,7c | 9a,4c b,c —2a,7b,4c
b=i-2j+4Kk,
¢ = —5i +10 — doK_ 2% 70S¢

21 a=2i—-7j+5k,| —3a,6b,—c 5b,3c 7a,—4b b,c 7a,—4b,3c
b=-i+3j-6k,

C=3i+2j—4k




22

a=7i—4j-5k,
b=i-11j+ 3k,
c=51+5]+3k

3a,—7b,2¢c

2b,6¢c

—4a,-5c¢

—4a,2b,6¢C

23

a=4i-6j-2k,
b=-2i+3j+k,
c=3i-5j+7k

6a,3b,8¢c

—7b,6a

—ba, 4c

a,b

—5a,3b,4c

24

a=3i—]+2k,
b=—i+5j—4k,
C=6i-2]j+4k

4a,—7h,—2c

6a,—4c

—2a,5b

6a,—7b,— 2c

25

a=-3i— j—b5k,
b=2i-4j+8k,
c=3i+7j-k

2a,—b,3¢c

-9a,4c

5b,—6¢C

b,c

2a,5b,—6¢C

26

a=-3i+2j+7k
b =i-5k,
c=6i+4j—k

, —2a,b,7¢c

5a,—2c¢c

3b,c

—2a,3b,7¢c

27

a=3i—j+5kK,
b=2i—4j+6k,
c=i-2j+3k

—3a,4b,-5¢

6b,3c

a,4c

b,c

—3a,4b,-5¢

28

a=4i-5j— 4k,
b=5i—]j,
c=2i+4j-3k

a,7b,—2c¢

—5a,4b

8c¢,—-3a

—3a,4b,8c

29

a=-9i+4k,
b=2i-4j+6k,
c=3i-6j+9k

3a,—5h,~4c

6b,2¢c

—2a,8c

b,c

3a,6b,—4c

30

a=5-6j-k,
b=4i+8j-7k,
c=3j—-4k

5a,3b,—4c

4h, a

7a,—2¢C

a,b

5a,4b,-2c




KouTpoJsbHbIE BONIPOCHI

Uto Ha3bIBa€TCSI BEKTOPOM?

Kakue BeKTOpbI Ha3bIBAIOTCA KOJUIMHEAPHBIMU?

Uto Ha3bIBaeTCS KOOPAMHATAMU BEKTOpA?

Kak HaiiTu KOOpIMHATHI BEKTOPA, 3aJaHHOTO ABYMS TOUKaAMM?
Kak nalitTu 1yMHy BEKTOpa, 3aITaHHOTO CBOMMHU KOOpAUHATAMU ?
3anumute GOpMYIIb JeJCHUs OTpe3Ka B JaHHOM OTHOIIICHUH.
Kak nalitu ckansgpHoe Ipou3BEJCHUE BEKTOPOB?

Kak HaliTu BEKTOpHOE NPOU3BEICHUE BEKTOPOB?

Kak nalitTu cmemanHoe npou3BEAECHUE BEKTOPOB?

CoNoO~WNE

IIpakTnyeckas padora Ne 19
Tema «CocTaB/jieHue YpaBHeHUsI MPSIMOM HA MVIOCKOCTH»

He.]'lb: HAayY4IUTHCA COCTABJIAITH YPABHCHHUC TIPAMBIX, HAXOAUTDb YI'OJ MCKIY
I[MPpAMBIMHA, BBIIOJIHATE IMOCTPOCHUA.

Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3.JluctA4

4.KanbKynatopol

MopAapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHuns

3. BoinonHutb 1 0popMuTb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomawHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPOJIbHbIE BOMPOChI
Xop, pabotbli

TeopeTnyeckue cBeaeHMs

YpaBHeHHe NPAMOI HA IVIOCKOCTH.

Onpenenenue. Jlrobas mpsimas Ha TUIOCKOCTH MOXXET OBITh 3ajjlaHa YpaBHEHHEM
nepBoro nopsigka Ax + By + C = 0, npuuem noctosiHHbie A, B He paBHBI HYIIO
ofHOBpeMeHHO, T.e. A? + B2 # 0. D10 ypaBHeHHe NEpBOro MOPSAKA HA3HIBAIOT
001MM ypaBHEeHHEM NPSIMOIi.
B 3aBrcumocTu ot 3HaueHu NoCcTOSTHHBIX A,B 1 C BO3MOXHBI CJIEAYIOIINE
YACTHBIE CIIy4Yau:



0, A #0, B#0—npamas npoxoauT yepe3 Hayano KOOpAUHAT
0, B# 0, C=0{By+ C = 0}- npsamas mapaieinbia ocu Ox
0, A#0,C=0{Ax+ C =0} — npsamas napaiuiensHa ocu Oy
- B=C=0, A#0-npsamas coBnagaer ¢ ocsio Oy
- A=C=0,B # 0- npsamas coBnagaer ¢ ocsto Ox
VYpaBHeHUE NPSIMON MOXKET ObITh PEJICTABICHO B PA3JIMYHOM BUJE B
3aBUCUMOCTH OT KaKUX — JIMOO 3aJJaHHBIX HAYAJIbHBIX YCIOBHIA.
YpaBHeHue NPAMOM 110 TOYKE U BEKTOPY HOPMAJIU.

C
- A
B

Omnpenenenue. B nexapToBOM NPSIMOYIOJIBHOM CHCTEME KOOPIHMHAT BEKTOp C
KoMrnoHeHTamu (A, B) nepneHaukynsipeH npsMoi , 3aaHHONW ypaBHEHHUEM AX +
By+C=0.

Ipumep. Haiitu ypaBHeHue mpsiMoil, mpoxonsiei udepe3 Touky A(l, 2)

MEePIeHANKYISIPHO BeKTopy 7i (3, -1).
CocraBum nipu A =3 u B = -1 ypaBHenue npsmoii: 3x —y + C = 0. s

HaXOXXICHUA KOS(l)(l)I/IIII/IeHTa C MMOACTAaBUM B ITOJIYYCHHOC BBIPAKCHUC
KOOPpAHWHATHI Sa}IaHHOﬁ TOYKH A.

[Tomyuaem: 3 — 2 + C =0, cnenoBarensHo C = -1.
Hroro: uckomoe ypaBuenue: 3x —y — 1 =0.

YpaBHeHHne NpSAMOii, NPOXOAsiLeHd yepe3 B¢ TOYKH.
[TycTh Ha TIOCKOCTH 3a1aHbl 1Be TOUkH M1(X1, Y1) 1 M2(Xo, ¥2), TOTIa ypaBHEHUE
IPSIMOM, IPOXOAILEHN Yepe3 ITU TOUKHU:

X=X — Y-y

=X Yo W

Ecnm xakoii- mnbo u3 3HaMeHaTeNneil paBeH HYJI0, CIeayeT IPUPABHIThH HYIIIO
COOTBETCTBYIOILIUM YACIUTED.

3anucaHHOE BhIIIE YpaBHEHUE MPSAMON YIIPOIIAETC:

Yoy
Y=W :#(x—xl)
Xy, =X

€CIIN X1 # X2 U X = X1, €CIIUX1 = X2.

Hpob6n Y2 7N = K paseiBaercs YIJIOBBIM KO3 PUIHEHTOM PSIMOM.
Xy =X

IIpumep. Haiitu ypaBHeHue npsimo, mpoxozsiei uepe3 Touku A(1, 2) u B(3, 4).
[Tpumensisi 3anucaHHy0 BbIlIe POPMYITY, MOJIyYaeM:



4-2
—2= -1
y 3 l(x )

y=2=x-1

x—y+1=0
YpaBHeHuHe NPAMOM 10 TOYKE ¥ YITIOBOMY KOI((PHULIUEHTY.

Ecnu o6mee ypasuenue npsamoir Ax + By + C = 0 npuBectu k BU1Y:

A C A C
yz_Ex_E 1 0003HAYNUTH _EZK’ _Ezb’ m.e. Y =KkX+b, TO IIOJy4E€HHOE

YPaBHEHUE HA3BIBACTCS YPABHEHUEM NPAMOM € YIVIOBBIM K03 (ppuumneHTom
YpaBHeHHe NPAMOI 10 TOYKE ¥ HANPABJIAIOIIEMY BEKTOPY.

[lo ananoruu ¢ MyHKTOM, PacCMaTpUBAIOIIMM YpPaBHEHHUE MPAMOUN 4YEpE3 BEKTOP
HOPMaJIM MOKHO BBECTHU 3aJlaHUE MPSAMOM 4Yepe3 TOUYKY M HaIpaBIISIIOLIUNA BEKTOP
IIPSIMOM.

Onpenenenne. Kaxaplii HeHyneBoH BeKTop a (01, 0), KOMIIOHEHTBHI KOTOPOTO

yIOBJICTBOPSIOT yciioBuio Aoy + Bop = 0 Ha3biBaeTcss HanmpaBiIsSIOIMIMM BEKTOPOM
npsimoir Ax + By + C = 0.

IMpumep. Haiitn ypaBHeHHME OpsMO# ¢ HampabisromuM BektopoM a (1, -1) u
npoxojdiieit yepes Touky A(l, 2).

VYpaBHeHue mckoMmoi mnpsiMoit Oynmem uckath B Bume: AX + By + C = 0. B
COOTBETCTBHM C oOmpeneneHueM, KoI(PQPUIMEHTH HOHKHBI  yIOBIETBOPATH
yeaousim: 1-A + (-1)-B=0,T.e. A=B.

Torna ypaBHenue npsiMmoit umeet Bua: AX + Ay + C=0,mmu X +y + C/A=0.

npu x = 1, y = 2 nonyuaem C/A = -3, T.e. HICKOMOE ypaBHECHHE:

x+ty-3=0
YpaBHeHue NpAMOM B 0Tpe3Kax

Ecnu B 00mem ypaBuenuu npsimoid Ax + By + C =0 C # 0, o, pa3aenuB Ha —

C HOJ’IyT—II/IM'—éx—E =1 nim
> T Cy



I'eomeTpuueckuii cMbICI KO3()PUIUEHTOB B TOM, YTO KOA((PULMEHT a sIBISETCS
KOOPJIMHATON TOYKHU TepeceueHus npsiMoii ¢ oceio Ox, a b — xoopauHaToit Touku
nepeceyeHns npsamoi ¢ ocoro Oy.

IIpumep. 3anano obuiee ypaBHeHue npsamoit X —y + 1 = 0. Haiitu ypaBHeHHe
JTOM IIPSIMOU B OTPE3KAX.

C=1, _§+%=1, a=-1, b=1.

HopmajibHoe ypaBHeHHe NIPSAMOIA.

Eciu o06e wactu ypaBHenus Ax + By + C = 0 pa3nenauTb Ha 4YHCIO

1
M =1t—————, KOTOPOC HA3BIBACTCS HOPMHPYIOILIEM MHOXKHUTEJIEM, TO ITIOJIYy4YUM

VA* + B?
XCOSQ + ysing - p = 0 — HopmanbHOe ypaBHEHME NPSAMOWN.

3HaK + HOPMUPYIOILIET0 MHOXKHUTENSI HAJ0 BEIOMpATh Tak, 4ToObI 1-C < 0.
p — JUTMHA TIePIIEHIUKYJIApa, OMYIIEHHOTO W3 Havaja KOOPAUHAT Ha MPSIMYI0, a ¢ -
yroia, oOpa3oBaHHBIN ATUM MEPIEHIUKYISAPOM C MOJOKHUTEIHHBIM HaIPaBICHHEM
ocu Ox.
Ilpumep. Jlano obmee ypaBHeHue mpsimor 12x — S5y — 65 = 0. TpeOyercs

HAIUCaTh Pa3JIMYHbIC TUITHl YPAaBHEHUHN 3TOU MPSMOIA.

yYpaBHEHHE 3TOM MPSIMOI B OTpE3KaX:
Y

+ =1
(65/12) (-13)

ypaBHEHHUE 3TOM MPSMOM ¢ YTIIOBBIM K03 huruenTom: (1enmum Ha 5)

y:Ex—gzzx—B.
5 5 5
HOPMAaJIbHOE YPaBHEHUE MPSMOI:
y=;—i Ex—iy—5=0; cose = 12/13; singp = -5/13; p = 5.

1127 +(=5)? 13 13 13

CrnenyeT OTMETHTH, YTO HE KaXAYIO MPIMYIO MOKHO MPEACTaBUTh YPABHECHHEM
B OTpEe3KaX, HAIpUMeEp, MPSMBbIE, NMapajuleJbHbIE OCAM WM MPOXOJAIINE YEPe3
Ha4daJi0 KOOPAWHAT.
Hpumep. Ilpssmas orcexkaer Ha KOOPAWHATHBIX OCSAX PABHBIE IOJIOKUTEIbHBIC
orpe3kd. CoOCTaBUTh ypaBHEHUE MPSIMOM, €CIM IUIONIa[b TPEYroJbHUKA,
00pa30BaHHOIO YTUMHU OTPE3KAMH PaBHA § cM.
Y

YpaBHEHHE IPSIMON UMEET BH/I: f+z =1,a=b=1; ab/2=8; a=4,-4.
a

a = -4 He NOAXOIUT IO YCIOBUIO 3aJ]auH.



Hroro: %4—%:1 wmx +y—4=0.

IIpumep. CocTaBuTh ypaBHEHHE NPSIMOM, mpoxoasien yepe3d Touky A(-2, -3) u

Ha4daJIO KOOpAMWHAT.

VpaBHeHHe IPAMOil uMeeT Bu: ——L =2~ e x; = y1 = 0; X2 = -2;y2 = -3.
X=X Vo™

=0 _y=0. X V. 3oy

-2-0 -3-0 -2 -3

Yrou Mekay NpSIMbIMH HA IJIOCKOCTH.
Onpenenenune. Eciu 3amanbl 18e npsMbie Y = KiX + b1, ¥ = KoX + by, To ocTphIii
yroJl MEK/1y 3TUMU HPSIMBIMHU OyIeT ONMPeAeAThCSA KaK

kz _kl

tgar =|—2—"1
T kK,

JIBe mpsiMble MapaJLiejbHbl, ecan Ky = Ko,

JIBe mpsiMble epHeHauKYJISApHbI, ecim K1 = -1/ko.

Teopema. IIpsamvie Ax + By + C = 0 u Aix + By + C1 = 0 napannenvmsi, koeoa
nponopyuonanvisl kKodgpuyuenmor A1 = AA, B1 = AB. Ecau ewe u C1 = AC, mo
npsiMble CO8NAOArON.

Koopaunatel TOYKH mepecedeHHsl IBYX MPSMbIX HAXOMATCH KaK pellleHHe
CHCTEMBbI IBYX YPaBHEHUI.

YpaBHeHue npsiMoil, NPOXOAAIIEH Yepe3 JaHHYI0 TOUKY NePHeHIUuKYISIPHO
AAHHOW MPSAMOHM.

Omnpenenenune. IIpsamas, npoxoasmas yepe3 Touky Mi(X1, y1) u
NEPIICHIUKYIISIPHAs K IpIMOi y = KX + D mpeacTaBisieTcss ypaBHCHHEM

y=n =—%(x—x1)
Paccrosinne OT TOUKHM 10 MPAMOM.
Ecnu 3a0ana mouxka M(xo, yo), mo paccmosinue 0o npamou Ax + By + C =0
|Ax, + By, +C|
Ja2+B

IIpumep. Onpeaenuts yroia Mexay npsamMbeiMu: Y = -3X + 7; y = 2xX + 1.

onpeoensemcs Kak d =

2-(3)|_

—on =1; ¢ =mn/4.

Ki=-3; kp=2 tg(p:‘



Ipumep. Ilokazarb, yto mpsimeie 3x — Sy + 7 =0 u 10x + 6y — 3 = 0
NEPIICHIUKYIIPHBIL.

Haxomum: k; = 3/5, ko = -5/3, kiko = -1, cnemoBarenbHO, HpsSMBIC
NEPIICHIUKYISAPHBI.

Ipumep. [ausr Bepmmubl TpeyroiasHuka A(0; 1), B(6; 5), C(12; -1). Haiitu
ypaBHEHHUE BBICOTHI, IIPOBEJACHHOMN 13 BepmnHbI C.

Haxonum ypaBHEHHE CTOPOHBI AB: z_g = ?5}—_11; % = yT—l ; 4X = By — 6;

2X -3y +3=0; y:§x+1.
Hckomoe ypaBHeHHE BBICOTHI UMeeT Bua: AX + By + C=0mwm y = kX + b.

k=- % Torpay = —%x+b . T.x. BbIcOTa poxoauT yepe3 Touky C, To ee
3 —
KOOPJIMHATBI YAOBJIETBOPSIOT TAHHOMY YPaBHEHHIO: —1 = —512 +b,0TKyna b = 17.

Hroro: y= —%x+ 17.
Otset: 3X + 2y — 34 = 0.
3amaHus K npakTH4YecKoil padore
1. Tanbl BepuinHbl Tpeyroabuuka ABC: A(x,,y,), B(x,,v,) C(x,,y,) HaiiTu:
a) ypaBHEHHUE CTOPOHBI AB;
0) ypaBHenue BoicoThl CH;
B) ypaBHEHUE Meauanbl AM;
r) ypaBHeHHe 6uccekTpuchl BC;
n) Touky N nepeceuenusi Mmeauansl AM u BeicoTbl CH;

€) ypaBHEHHE MPSAMOM, Tpoxodiieit yepes BepiiuHy C napasieabHO CTOPOHE
AB;

x)yron mexay npsmbiMu AB u AC.

Bapuantbl A(xl, yl) B(xz, yz) C (x3'J/3)

1 A(-2,4 |B(3,1) |C0,7)

2 A(-3,-2) |B(14,4) |C(,8)




3 A(1,7) | B(-3,- [C(11,-3)
1)

4 A(1,0) | B(-1,4) | C(9,5)

5 A(l,-2) |B(7,1) |C@3,7)

6 A(-2,-3) |B(1,6) |C(6, 1)

7 A(-4,2) | B(-6, |C(6,2)
6)

8 A(4,-3) |B(7,3) |C,10)

9 A - |B@B,2) |C@3,38)

4),

10 A(3,-3) |B(5,-7) |C(7,7)

11 A(l,-6) | BB, |C(3,3)
4)

12 A(-4,2) |B(8,-6) |C(2,6)

13 A(52) | B(,- |C(5,7)
4)

14 A4 -4) [B(6,2) |C(-1,8)

15 A(-3,8) |B(-6,2) |C(0,5)

16 A(6,-9) |B(10,- |C (-4, 1)
1)

17 A1) [B(3,-1)|C(7,-3)

18 A (-4, 2) |B(6,-4) | C 4, 10)

19 A(3,-1) |B(11,3) |C(-6,2)

20 A(-7,-2) |B(-7, 4) | C (5, -5)

21 A(-1,-4) [B(9, 6) | C(-5,4)

22 A(10,-2) |B(4,-5) | C(-3,1)

23 A(-3,-1) |B(-4,-5) |C (8, 1)




24 A(-2,-6) [B(-3,5) | C (4, 0)
25 A(-7,-2) | B(3,-8) | C(-4,6)
26 A(,2) | B(-7,- |C(@3,2)
4)
27 A(7,0) |[B(1,4) |C(-8,-4)
28 A(,-3) |B(0,7) [C(-24)
29 A(-5,1) [B(8,-2) [C(,4)
30 A(2,5 |B(-3,1) | C(0,4)

KoHTpoJibHBIE BONPOCHI

3anuIInTe YpaBHEHUSI OCEW KOOPAUHAT.

OG6iee ypaBHEHUE TIPSMOM.

VYcnoBue napaaieabHOCTH U IEPIEHAUKYISIPHOCTH TIPSMBIX.
3anuIInTe YPaBHEHUS MPAMBIX, MapaIeIbHBIX OCSIM KOOPIMHAT.
Cdopmynupyiite ycioBHe MapamieTbHOCTH MPIMbIX.
Cdopmynupyiite ycinoBue NepreHIuKyISIPHOCTH TPSIMBIX.

Kak HaiiTu yron Mexay npsiMbiMu?

Kak HaiiTh paccTosHrE MEXIY MPAMBIMH?

NGO WDE

JlonoiHNTEIbHbIE 321aHUSA
2. Pemuth cjieayronime 3a1a4u

2.1. Haittu ypaBHEHUE MPSIMOM, IPOXOASIIEH Yepe3 TOUKY NepeceueHus
npsamMbeix 3x -2y-7=0 ux+ 3y -6 =0 u oTcekaroiei Ha 0Cu abCIHCC OTPE3OK,
paBHbIN 3. Omeem :x =3

2.2. Haiitu npoeknuto Touku A(-8, 12) Ha npsiMyto, IPOXOAIIYIO Yepe3
touku B(2, -3) u

C(-5,1). Omeem:A (-12,5)

2.3. Naub! nBe BepuinHbl Tpeyroiabarka ABC: A(-4, 4), B(4, -12) u Touka
M(4, 2) nepeceuenus ero BoicoT. Haiitu Beprmny C. Omesem :C(8,4)

2.4.HaiiTi ypaBHEHHE IPSMON, OTCEKAIOIIEH HA OCU OPAUHAT OTPE3OK,
PaBHBIN 2, ¥ IPOXOAIIEH MAPAIEITBHO IPSAMOH 2y - X = 3. Omeem :Xx—2y+4=0



2.5. Haiitn ypaBHeHHE NpsAMOH, Npoxoasauieil uepes Touky A(2, -3) u TOuKy
nepeceyeHus NpAMbIX 2X -y =5ux+y=1. Omeem:x =2

2.6. [Jokazats, uto ueThipexyroibuuk ABCD - tpanenus, ecnu A(3, 6), B(5,
2), C(-1, -3), D(5,5).

2.7. 3anucath ypaBHEHHE IPSIMOH, Tpoxoasieit yepe3 Touky A(3, 1)
nepneHaukysipHo k npsmoit BC, ecn B(2, 5), C(1, 0). Omeem :x+5y—-8=0

2.8. Haiitu ypaBHEeHHE TIPSMOIA, IpoXoasIiei yepe3 Touky A(-2, 1)
napasuieiabHo npsmMoit MN, eciiu M(-3, -2), N(1, 6). Omesem :2x—y+5=0

2.9. Haiitu Touky, cummeTpuuHyto Touke M(2, -1) OTHOCUTENBHO NPAMOH X -
4 23

2y +3=0. Omeem :Ml(_g’gj

2.10. Haiitu Touky O nepeceueHus nuaroHaiiei yerbipexyroibauka ABCD,

ecm A(-1, -3), B(3, 5), C(5,2), D(3, -5). Omeem :MO(?:; %)

2.11. Yepe3s Touky nepeceyeHus npsambix 6x - 4y +5 =0, 2x+ S5y +8 =0
IPOBECTHU MPSMYIO, TAPAIIEIbHYIO OCU a0CIUcC. Omeem:y = -1

2.12. 3BecTHBI ypaBHEeHUs cTopoHbl AB TpeyronsHuka ABC 4x +y =12,
ero BeicoT BH 5x - 4y = 12 u AMX + y = 6. Haiitu ypaBHeHUs ABYX APYTUX
ctopoH Tpeyroibauka ABC. Omeem:7x—7y—-16=0; 4x+5y—-28=0

2.13. Jlans! aBe BepiuuHbl Tpeyroasauka ABC: A(-6, 2), B(2, -2) u Touka
nepecedenus ero Beicot H(1,2). Haittu koopauHaTel Touku M niepecedeHust
10 62

ctoponbl AC u BbicOTEI BH. Omeem :M (ﬁﬁ]

2.14. Haiitu ypaBHeHuUs BbICOT TpeyrojibHrka ABC, npoxonsimux yepes
BepmmHbl A u B, eciiu A(-4, 2), B(3, -5), C(5, 0).
Omeem . TX+5y+2=0;9x+2y-28=0

2.15. BpiuncnuTh KOOPAMHATHI TOUKHU IEPECECUEHHUS MTEPIICHANKYJIIAPOB,
MIPOBEJICHHBIX YEPE3 CEPENNHBI CTOPOH TPEYTOJIbHUKA, BEPIIMHAMU KOTOPOTO

ciayxat Touku A(2, 3), B(0, -3), C(6,3). Omsem :M(B;—%j

2.16. CocTaBuTh ypaBHEHHE BBICOTHI, TPOBEICHHOMN Y€PE3 BEPIIMHY A
tpeyroiabauka ABC, 3nas ypaBHeHus ero cropon: AB - 2x -y -3 =0, AC -X + 5y
-7=0,BC-3x-2y+ 13=0. Omgem:2x+3y-7=0;



2.17. Nan tpeyronbHuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
YpaBHEHUE U BBIYUCIUTH JJIUHY €r0 MEAUaHbI, TPOBEACHHON 13 BepimuHbl C.

Omeem :2X+y+2=0; d :ﬂzl&l
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2.18. CocTaBuTh ypaBHEHUE NPSIMOM, MPOXOIAIIECH Yepe3 Ha4aI0 KOOpIUHAT

Y TOUKY nepecedyeHus npsaMbix 2X + 5y -8 =0u 2x + 3y +4 =0.
Omeem :6X +11y = 0;

2.19. Haiitu ypaBHeHUs NEPIEHAUKYIIAPOB K npsimMoit 3x + Sy - 15 =0,

IIPOBEAEHHBIX YEPE3 TOUKHU NEPECEUYEHUS TAaHHOU NIPSAMOM C OCSIMH KOOpPJIMHAT.
Omeem :5Xx -3y —25=0; 5x+3y+9=0;

2.20. laHbl ypaBHEHUS! CTOPOH YEThIpEXyroJibHUKa: X -y =0, X + 3y =0, X -
y-4=0,3x+y-12 = 0. Haiitu ypaBHeHUs ero nuaroHainei. Omeem:y =0; x =3

2.21. CocraButh ypaBHeHus meauanbl CM u BeicoTbl CK TpeyronpHuKa
ABC, eciiu A(4, 6), B(-4, 0), C(-1, -4).
Omeem:7Xx—y+3=0-CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) mpoBecTu NpsMYIO: a) OTCEKAIOIIYI0 pPaBHbIE
OTPE3KH Ha 0CAX KOOpAUHAT; 0) mapamiensHyto ocu OX; B) mapaJljieIbHYI0 OCH
Oy. Omeem:x+y—-7=0; y=2; x=5

2.23. 3anucaTh ypaBHEHHUE NMPSIMOM, Ipoxoasiei uepe3 Touky A(-2, 3) u
cocTaBJstomIeH ¢ ocbto Ox yrou: a) 45°, 6) 90°, B) 0°.
Omeem :X—y+5=0-CM; x+2=0;y-3=0

2.24. Kakyro opauHaty uMmeeT Touka C, jiexkaiasi Ha OJTHOM OpsiMOK ¢
toukamu A(- 6, -6) u B(3, -1) u umeromas abcuuccy, paBayto 3? Omeem:y =9

2.25. Yepes Touky mepecedeHus psiMbix 2X - Sy - 1=0ux+4y-7=0
MIPOBECTH TPSMYIO, JICTSIIYI0 OTPE30K Mex Iy Toukamu A(4, -3) u B(-1, 2) B
OTHOIIEHUU = 2 /3. Omsem:2x—y—-5=0;

2.26. V3BecTHBI ypaBHEHUS ABYX CTOpPOH pomba 2x -5y - 1 =0u 2x - 5y - 34
= 0 u ypaBHEHHE OJTHOU U3 ero auaroHaieu x + 3y - 6 = 0. Halitu ypaBHeHue
BTOpPOU AuaroHanu. Omeem :3x — Yy —23=0;

2.27. Haitu Touky E nepeceueHuss MeAuaH TPEyrojibHUKA, BEPIIMHAMHA
xoToporo ssnstorcs Toukn A(3,1), B(7, 5) u C(5, -3). Omesem :E(3]1)



2.28. 3anucath ypaBHEHHs NPAMbBIX, IPOXoaiux yepe3 Touky A(-1, 1) mox
yriioM 45° k npsiMont 2x + 3y = 6. Omeem :x -5y +6=0; 5x+y+4=0

2.29. lanbl ypaBHeHUs BbICOT TpeyronbHuka ABC 2x -3y + 1 =0,x+ 2y + 1
= 0 u KoopauHaThI ero BepuuHbl A(2, 3). Haiitu ypaBHenus cropon AB u AC
TpeyroJibHUKA. Omeem :2X—Yy—-1=0—-AB; 3x+2y-12=0-AC

2.30. Jlanbl ypaBHEHUs JBYX CTOPOH Mapamienorpamma x - 2y =0, x-y-1=
0 1 Touka nepeceueHus ero quaronaneit M(3, -1). Hailtu ypaBHeHuUs 1ByX Ipyrux
CTOPOH. Omeem :X—Yy—-7=0; x-2y-10=0

IIpakTuyeckas padora Ne 20

Tema «CocTaBjieHHe YPaBHeHUI KPUBBIX BTOPOI0 MOPSAIKA (OKPYKHOCTH,
IJUIHIICA, THIIEPOO0JIbI, TAPadoJIbI))»

Iesab: npoBEpUTH YPOBEHD YCBOCHUS MaTepHUaIa IO COCTABICHUIO YPaBHEHU I
KPHUBBIX BTOPOTO Mopsiika (OKPYKHOCTH, JUTHIICA, TapadO0JIbl, TUIIEPOOIIHI ).

Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3./lIuctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTmnyeckne ceegeHuns

3. BoinonHntb 1 opopmutb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomalwiHee 3apaHue

1.MoAarotoBUTL OTBETbHI HA KOHTPOJIbHbIE BOMPOChI
Xoa padoThI



TeopeTuyeckue cBeeHUs

Kpusasi BTOporo nopsiika mos;ker ObITh 32JaHAa YPaBHEHUEM

Ax?+2Bxy + Cy? + 2Dx + 2Ey + F=0.

CymiecTByeT cucteMa KoopaAUHAT (He 0043aTENbHO AeKapTOBa MPSIMOYTOIbHAas),
B KOTOPOU TaHHOE YpaBHEHHUE MOXKET ObITh MPEJICTABICHO B OJTHOM U3 BUJIOB,
MPUBEICHHBIX HUXKE.

2 2
X
1) £ +2 =1 - ypaBHenue smmmnca.
a> b’

2 2

X
2) =5+ ;—2 =—1 - ypaBHEHUE “MHUMOTO” 3JUIMIICA.
a
x2 y2
3) = ~+7 =1 - ypasHenne TUIIEPOOJIBI.
a

4) a?x? — c?y? = 0 — ypaBHEHHE JBYX II€PECEKAIOMIUXCS MIPAMBIX.
5) y? = 2pX — ypaBHEHHE MapaboJIbl.
6) y?—a? =0 — ypaBHeHME ABYX NapaUIEIbHBIX IPIMBIX.
7) y? + a? = 0 — ypaBHeHME JBYX “MHUMBIX” HapaJIEIbHBIX IPAMBIX.
8) y? = 0 — napa cOBNAJAOMIUX MPSAMBIX.
9) (x—a)?+ (y — b)? = R? — ypaBHEeHHUE OKPYKHOCTH.
OKpY:KHOCTb.

Omnpenenenne. OxpysrcHocmblo Ha3bIBAETCS MHOKECTBO TOUYEK MIIOCKOCTH,
paBHOYIAJICHHBIX OT JaHHOH TOUKH (yenmpa).
B oxpysxHocTH (X — a)? + (Y — b)2 = R? (1) nentp umeeT koopauHarts (a; b).
IMpumep. Halitu KoOpAMHATBI LEHTPA U PAAUYC OKPYKHOCTH, €CIIH €€
yYpaBHEHHE 33]]aHO B BHUJIE:
2x% + 2y —8x + 5y -4 =0.

JIns1 HaXOXKAECHHST KOOPAMHAT UEHTPA U PaInyca OKPYKHOCTH TAHHOE
ypaBHEHHUE HEOOX0MMO TiprBecTH K BUAy (1)/1y1st 3TOr0 BBIACINM TOJTHBIC
KBaJpaThl:

X2 +y?—4x+25y-2=0
X2 —4x+4 -4 +y>+25y+25/16 -25/16 -2=0
(X—=2)2 + (y + 5/4)2 - 25/16 — 6 = 0
(X— 2)% + (y + 5/4)2 = 121/16
Otcrona Haxoaum O(2; -5/4); R =11/4.

DJLJIUTIC



Omnpenenenue. Omiuncom HA3bIBAETCSI MHOXKECTBO TOYEK IUIOCKOCTH, CyMMa
pPacCTOSIHUM KOTOPBIX JI0 JABYX JAHHBIX TOYEK, Ha3bIBa€MbBIX (QOKycamu, €CTh
BEJIMYMHA IMOCTOSIHHAS, paBHas 2a.

YpaBHEHUE JUIUIICA UMEET BU:

+2 o
b

2 2
2

QN|><

Onpenenenue. @oKycaMu Ha3bIBaIOTCA TAKUE JIBE TOUKU, CYMMa PACCTOSIHUI OT

KOTOPLIX OO JIFOOOM TOYKH DJUIUIICA €CTh ITOCTOSHHAS BEJIMYMHA.

P

B

=

i\

Fi, F2 — dokycer. F1=(c; 0); F(-c; 0)

C — MOJIOBUHA PACCTOSHHS MEKIY OoKycamu;

a — 6oJIbIIIast MOJIYOCH;

b — mManas moIyoCh.

DokycHoe paccmosanue u NOAyoCH dIIUNCA CEA3aHbl coomuouenuem a2 = b? + ¢2,

Joxka3zareabcTBO: B ciyuae, eciu Touka M HaxoguTcss Ha NEPECEUYCHUU

QIITUTICA C BEPTUKAIBHOU OCBIO, I + I = 2+/b° +¢° (mo Teopeme [ludaropa). B
cilydae, eclid ToYka M HaxoTuTCs Ha MEPECCUSHUH JJUIUAIICA ¢ TOPU3OHTAIBHOM
OChIO, ' + ', =a—C + a + C. T.x. no onpeneneHnto cymma Iy + I, — MOCTOSTHHAA
BEJIMYMHA, TO , IPUPABHHUBAS, ITOJTyIaCM:

a2=h%+c?

rL+r, = 2a.

Onpenenenne. dopma »>iurica  ONPENENAETCS XapaKTEPUCTUKOM, KOTOpas
SBIIIETCSI OTHOIICHHEM (POKYCHOTO PACCTOSHUS K OONbIIed OCH M Ha3bIBACTCS
JKCLHEHTPUCUTETOM.

e=c/a. Tx.c<a Toe<l.



IIpumep. CocTaBUTh ypaBHEHHE NPSIMOW, MPOXOIALIEH depe3 JIEBbIH (OKYyC H

2 2

X
HWXHIOIO BEPUIMHY JJIJIMIICA, 3aIaHHOI'O YPABHCHUCM E + Y =1.

16
1) Koopaunate! HukHeit Bepuusel: X = 0; y? = 16; y = -4,
2) Koopaunatsl neBoro ¢okyca: ¢2 = a2 —-b?=25-16=9; ¢ =3; F,(-3;0).
3) YpaBHEeHHE NPSIMOM, IPOXOASIICH Yepe3 ABE TOUKH:

X0 w4 X _YEA e 35012 4x+3p+12=0
“3-0 044 -3 4

IMpumep. CocraButh ypaBHeHHUe duuica, eciu ero ¢pokycer F1(0; 0), Fo(1; 1),

OombIIast Och paBHa 2.
»
2

2
X
VYpaBHEHHUE DIJIMIICA UMEET BUJL: — + 5 = 1. PaccTrosnne mexny Gpoxycamu:
a

2¢ = J(1-0)* +(1-0)> =+/2, Takum oGpazom, 8% —bh?=c? =¥

1o ycIoBHIo 2a = 2, cnenoBatenbHo a =1, b = va? —¢> =1-1/2 =2 /2.

2 2

Hroro: x—2+—:1
1 1/2

I'mnep6oJia.

Onpenenenue. I'unep60J10ii Ha3bIBAETCS MHOXKECTBO TOYEK IUIOCKOCTH, [JIS
KOTOPBIX MOJAYJb Pa3HOCTH PACCTOSHUN OT JBYX NAHHBIX TOYEK, HA3bIBAEMBIX
(oxycamu ecTb BeTMYMHA TIOCTOSTHHASA, paBHAsl 2a, MEHBIAs PACCTOSHUS MEXKY

doxycamu.

ITo onpenenenuto lri—r2l=2a. Fy, Fo— dboxkych Tunepboisl. F1F, = 2¢.




2 2

X

=- y_z =1 KaHOHHMYeCKOe ypaBHeHHe THIepOoJibl.
b

N

['unepbosia cUMMETpUYHA OTHOCUTEIBHO CEPEIMHBl OTPE3Ka, COEAMHSIOLIETO
(OKyCHhI 1 OTHOCUTEJILHO OCEH KOOp/IMHAT.

Ocp 2a Ha3pIBaeTCH AeHCTBUTEIbHON OCHI0 TMIIEPOOJIbI.

Ocb 2b Ha3bIBaeTCSI MHMMOIi 0CHIO THIIEPOOJIBI.

2¢ — poKycHOE paccTOsIHUE

DokycHoe paccmosnue u noayocu 2unepbo.ivl C643aHbl COOMHOUIEHUEM

c2=a*+b? .

FI/IHep6OHa HMMECT JIBC AaCUMIITOThI, YPaBHCHHUA KOTOPBIX y =+t —x.

Q| >

C
OTHOMIEHNE e = — >1 Ha3bIBACTCS IKCHEHTPUCUTETOM FI/IHep6OHBI, rp¢ ¢ —
a

NOJIOBUHA PACCTOSIHUA MeXAy ¢GokycamMu, a — JACHCTBUTENbHASI TIOIYOCh.

IIpumep. Haiitu ypaBHeHue runepOo0ibl, BEpUIUHBI U POKYCHl KOTOPOU HAXOIATCS

2 2

X
B COOTBCTCTBYIOIIHNX BCPIOUHAX U (bOKycaX OJIJIUIICA ? + y? =1.

Tt snumca: ¢ = a2 — b2,

Jlns runep6onsl: €2 = a2 + b2,

N

—
N |

=

s
J8 Jg\

VYpaBHeHMe runepOobl: x? - y? =1.

Ipumep. CocTtaBuTh ypaBHEHUE TUNEPOOIBI, €CJIM €€ IKCIICHTPUCUTET paBeH 2, a

2 2

X
(doKyChI COBIAJAOT ¢ POKYyCaMHU 3JUIUIICA C YPaBHEHUEM 55 +2 =1

9



Haxonum pokycHoe paccTosnue ¢ = 25 — 9 = 16.
Jlns runep6oinsl: €2 = a%+ b?2=16, e=c/a=2;c=2a; c>=4a% a’=4;
b2=16-4=12.

2 2

Uroro: x? —)1}—2 =1 - HICKOMOE ypaBHEHHUE TUTIEPOOJIHI.

ITapa6oaa.

ITapa6oJ10i1 Ha3pIBa€TCSI MHOXKECTBO TOYEK IUIOCKOCTH, KAXKIasi U3 KOTOPBIX
HaXOJMUTCS Ha OJIMHAKOBOM PACCTOSIHUU OT JaHHOW TOYKH, Ha3bIBaeMoOM (hokycom,
U OT JIaHHOU MPSMOM, Ha3bIBAEMOU TUPEKTPHUCOMN U HE MPOXOsIieit uepe3 (hokyc.

Pacnonoxxum Hayano KOOpJWHAT MOCepeuHe MEX Ty (POKYCOM U TUPEKTPHUCOM.

y
A M

p/2 2

Bemmuuna p (paccrosHue oT (Qokyca J0 JUPEKTPHCHI) Ha3bIBACTCS
napamMeTpom mapaboiibl. BeiBeeM KaHOHUYECKOE YpaBHEHUE 1MapadoIIbl.
N3 reomeTtprdeckux cootHomenunii: AM = MF;, AM = X + p/2;
MF? = y? + (X — p/2)?
(X + p/2)* = y* + (x — p/2)*

X2 +Xp + p?/4 = y? + x> — xp + p?l4

y? = 2px
YpaBHEHUE AUPEKTPHUCHL: X = -P/2.
Ipumep. Ha napabone y?> = 8X HalTH TOUKY, pPACCTOSIHUE KOTOPOH OT

JUAPEKTPUCHI PaBHO 4.



W3 ypaBHeHus napadoJibl MOIyvYaem, uto p = 4.
I =X+ p/2 = 4; cnenoBaTenbHO:
X=2; y>=16; y==4. Uckomsle Touku: M1(2; 4), Ma(2; -4).

Ipumep. Jlana mapaGona y?> = 6x. COCTaBUTh ypaBHEHHE €€ NUPEKTPHCHI U
HalTu ee PoKyc.

CpaBHUBasi JaHHOE YpaBHEHHWE C KAaHOHMYECKUM YypaBHEHHEM Napalobl,

BUUM, uTO 2Pp=6, p = 3. Tak kaK ypaBHEHHE TUPEKTPUCHI UMEET YpaBHCHHUE X =

P
—g, a OKyC — KOOpJIHUHATHI Sou 0, TO I paccMaTpuBaeMoro ciydas MojayqyuM
3 3
YPaBHEHHE JIMPEKTPUCHI X = — U doxyc F (5; 0).

Omeem: x = —%, F G, 0).

3agaHus NpakTH4YecKou padoThl
1. CocTaBUTh KAHOHNYECKHE YPABHEHUSA:

a) anurica; 0) runep6odibl; B) mapabossl (A, B - Touku, jgexariue Ha
KkpuBoii, F - pokyc, a - 6osbinas (1eicTBUTEbHAS) TIOAYOCh, b - Maas (MHIMasT)
TIOJTyOCh, € - IKCIIEHTPHUCHUTET, y=*KX - ypaBHEHUSI aCHMIITOT rUnepOoisl, D -
TUPEKTPUCA KPUBOH, 2¢ - POKYCHOE pacCTOSTHUE).

Bapuanr CHNII I'unep6oJia ITapa6osna
1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4
2. b=2,F(442,0) a=7,¢e=A85/7 D:x=5
3. A3, 0), B(2, -/5/2) | k=3/4,e=5/4 D:y=-2

4, e=421/5, A(-5,0) | A(+50, 3), B(4+/6 ,3,/2) |D:y=1

5. 2a=22,e= 45711 | k=2/3,2c= 1013 ock cummeTpun OX u
A27,9).

6. b=.15,e=10/25 | k=3/4,2a=16 ock cuMmeTpun OX U
A4, -8).

7 a=4,F=(3,0) b= 2,10, F(-11, 0) D:x=-2




8. b=4,F=(90) a=5,e=7/5 D:x=6
9. A0, +3), B(,14/3 | k= 421/10,e=11/10 D:y=-4
1)
10. | £=7/8,A(8,0) AGB, -35),B(,i55 | D:y=4
,6)

11. 2a=24,e=.22/6 | k=.2/3,2c=10 ock cummerpuu OX 1
A(-7, -7).

12. b=2,e=5.29/20 |k=12/13,2a =26 ock cummerpun Ox u
A(-5, 15).

13. a=0, F(-4, 0) b=3, F7,0) D:x=-7

14 b=7, F(5, 0) a=11,e=12/11 D: x = 10.

15. A(-.f17/3, 1/3), k=1/2,e=./5/2 D:y=-1

B(+21/2, 1/2);

16. | &=3/5A(0,38) A(+6,0), B(-2+42, I) |D:y=9

17. 2a=22,6=10/11 |k = 11/5,2c=12 ock cummMeTpud OX H
A(-7, 5).

18. b=35,e=12/13 k=1/3,2a=6 ock cumMmerpuu Oy u
A(-9, 6).

19. a=9,F(@,0) b=6, F(12, 0) D:x=-1/4

20. b=5, F(-10, 0) a=9,e=4/3 D:x=12

21. A(0, -2), B(+15/2, |k=2410/9,6=11/9 D:y=5

1)




22. e=2/3, A(-6, 0) A(+2,0),B(+20/3,2) |D:y=1

23. 2a=50,¢g=13/5 k= .28/14, 2c =30 ock cummeTpuu Oy u
A4, 1).

24, b=2./15,6=7/8 |k=5/6,2a=12 ock cummerpuu Oy u
A(-2, 3./2).

25. a=13, F(-5, 0) b =44, F(-7, 0) D: x=-3/8

26. | b=7, F(13,0) b =4, F(-11, 0) D: x = 13

27. A(-3, 0), B(1, k=.2/3,e=15/3 D:y=4

40/3)

28, |£=5/6,A(0, 411) |A(J5273,1),B(5,0) |D:y=-3

29. 2a=30,e=17/15 |k=.17/8,2c=18 ock cummeTpuu Oy u
A(4, -10)

30 b= 22,e=7/9 k=.2/2,2a=12 ock cummetpun Oy

u A(-45, 15).

2. 3anucaTh ypaBHEeHHE OKPYKHOCTH, NPOXO/sleii Yyepe3 YKa3aHHbIE TOUYKH U

HMerllel HeHTP B TO4YKe A.

2.1. Bepmnsl runep6oins 12x2 - 13y? = 156, A(0, -2).

2.2. Bepimnsl runep6onst 4x2 — 9y? = 36, A(0, 4).

2.3. ®okycel runepbons 24y? — 25x% = 600, A(0, -8).

2.4.0(0, 0), A - Bepmnna napabonst y? = 3(X - 4).

2.5. ®oxkycel smminca 9x? + 25y? = 1, A(0, 6).

2.6. Jlesblii pokyc runepbons 3x2 — 4y? = 12, A(0, -3).

2.7. ®okycel smmunca 3X? + 4y? = 12, A - ero BepXHss BepIIUHA.




2.8. Bepmmny rumepOonsl  x° - 16y? = 64, A(0, -2).

2.9. ®okyce runepbonsl 4x? - 5y? = 80, A(0, -4).

2.10.
2.11.
2.12.

2.13.

2.14

2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

0O(0, 0), A - BepmnHa napabonsl y? = - (x +5)/2.
[IpaBeii Qoxyc smwmrnca 33x% + 49y? = 1617, A(1, 7).
Jlesnit pokyc runep6ons 3x? - 5y% = 30, A(0, 6).

doxycel ommmnca 16X? - 41y? = 656, A - ero HUXHsS BEPUIUHA.

. Bepmny runep6onsr 2x% - 9y? = 18, A(0, 4).

doxycel runepbonsl 5X° - 11y? = 55, A(0, 5).

B(1, 4), A - BepmmHa napabons y? = (x - 4)/3.

Jlesnlit pokyc ammunca 3x% + 7y? = 21, A(-1, -3).

JleBy1o BepiuHy runep6onsl 5x2 — 9y? = 45, A(0, -6).
doxychl >amnca 24x% — 25y% = 600, A - ero BepxHss BEpIIUHA.
IIpaByto BepmuHy runep6oms 3x2 - 16y? - 48, A(1, 3).
JleBblit pokyc runep6onst 7X2 - 9y? = 63, A(-1, -2).

B(2, -5), A - BepmuHa napadonsl x2 = -2(y + 1).

IIpasblii Gokyc amunca X2 + 4y? = 12, A(2, -7).

IIpasyio BepmuHy runep6omnst 40x? - 81y? = 3240, A(-2, 5).
®oxycsl smmmnca X2 + 10y? = 90, A - ero HUKHAS BepLINHA.
IIpaByro BepmuHy runep6ois 3X? - 25y? = 75, A(-5, -2).
doxycel runep6oisl 4x% - 5y? = 20, A(0, -6).

B(3, 4), A - Bepmuna mapabonsl y? = (x + 7)/4.

Jlesnlii poxyc smmmnca 13x? + 49y? = 837, A(1, 8).

ITpaBslil pokyc runepoonn 57X2 - 64y? = 3648, A(2, 8).

KOHTpO.]] BbHbBIE€ BOIIPOCHI

1. 3anumuTe KAHOHUYECKOE YPaBHEHHE JILIUIICA.
2. 3anummuTe KAaHOHHYECKOe YpaBHEHUE TUIIEPOOITHI.



3. 3anumuTe KAHOHMYECKOE YpaBHEHUE NapadoIbl.
4. Yto Ha3bIBACTCS IKCIETPUCUTETOM AJIUICa?
5. 3anummuTe ypaBHEHUS aCUMIITOT THIIEPOOJIBI.
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	Извлечение корня из комплексного числа
	D = 36 – 32 = 4;                    D = 64 – 48 = 16;
	Алгоритм исследования функции двух переменных на экстремум
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	Определение. Окружностью называется множество точек плоскости, равноудаленных от данной точки (центра).
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