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Oraasjienue

Bsenenune

Tema 1.BBenenne.maTemaTrka B HayKe M IPAaKTUUECKOHN AEATEIbOCTU.LENN U 3a/1a4l U3yUEHUS
MaTeMaTHKM B yupexaeHusax CIIO.

Tema 2. Pa3BuTre HOHATHUA O YHCIIE.

Tema 1.1. llenble n palOHAJIbHBIE YUCIIA.

Tewma 1.2. JleiicTBuTenbHbIC yncia.JlelcTBUS Hal JCHCTBUTEILHBIMU YHCIIAMU.

Tema 1.3. IIpubmmxennsie 3HaueHus. [lorpemHocTH NPUOIMKEHHBIX BHIYHCICHUHN. JleHCTBHS
HaJl TPUOJIMKCHHBIMH YHCITAMH.

Tema 1.4. Kommnekcuple yucna. AnreOpamdeckasi ¢popma KOMIUIEKCHOTO umcna JleiictBus c
KOMIIJICKCHBIMHU YK CJIaMHU

Tema 3. OCHOBBI TPUTOHOMETPHH.
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Tema 3.7. TpUroHOMETPUYECKHE YPABHEHHS.

Tema 3.8.TpuroHomerpuueckas ¢opma KOMIUIEKCHOTO 4ucia. J[eWcTBHS ¢ KOMIUIEKCHBIMU
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Pa3znen 9. MHOrorpaHHukH.
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Tema 11.2meMeHTHl KOMOMHATOPUKH.
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Tema 12. [lepBooOpa3Has u uHTErpa

Tema 12.1.

Tema 12.2.

Tema 13. U3MepeHust B reOMETPUH.

Tema 13.1. O6bem u ero usmepenue. MarerpansHas popmyna oobema.

[Tonobue duryp

Temal4.DnemMeHTHI TEOPUH BEPOATHOCTEH M MATEMATHICCKON CTATUCTUKH (IIPOJIOKCHHE)

Tema 14.1. JluckpeTHas ciyyaiiHasi BEIMUMHA U €€ XapaKTEePUCTUKHU

Tewma 14.2. IlpencraBienne qaHHBIX (TaOJUIIBI, IUArPAMMBI, TPapUKH )

VYpaBHEeHUs 1 HEPABEHCTBA

Criucox nuTeparypbl




BBenenue

OBnageHre NpakTUIeCKH 1000 COBpeMeHHOH npodeccuet TpedyeT onpeaeIeHHbIX
MaTeMaTH4ecKkux 3HaHuil. [IpeacraBieHue o poiau MaTeMaTUKU B COBPEMEHHOM MUPE,
MaTeMaTU4YeCKUE 3HAHMSI CTAJIM HEOOXOJMMbIM KOMIOHEHTOM 001l KynbTypsl. s
caMopean3alyy, BO3MOKHOCTH YCTICITHOW AEATEIBHOCTH B MH()OPMAITHOHHOM MHpe TpeOyeTcs
MPOYHAsE MaTeMaTHYeCcKas MMOAr0ToBKa. MareMaTinueckoe o0pa3oBaHUe BKIIOYAET B ceOsl OBIIAICHUE
CUCTEMOW MaTEeMaTUYECKUX 3HAHUM, yMEHUN U HaBBIKOB, JAIOIIMX IPEICTABICHUE O NIPEAMETE
MaTeMaTHKHU, 0 MaTEMaTUYECKON CUMBOJIMKE, CIIELMATbHBIX MATEMAaTHYECKUX IPUEMAX, METO1aX
MBIIILJICHUS.

VYyeOnublii MaTepuan 4Y€TKO JO03MPOBAH 1O OJIHOMY WJIM HECKOJBKHUM 3aHATHUsAM. Takoe
MIOCTPOCHHE IIOMOTAeT CTYAEHTaM H3y4daTb MHOTHME BOMNPOCHl CAMOCTOSITEIbHO, OCOOEHHO eciu
CTYAEHTOM IPOIMYLIEHO KaKOe-TNO0 KOHKPETHOE 3aHATHE WU TEMA.

KoHcmexT neknuii coiep >XUT He0OX0IUMBIN MaTepuall o BCEM pa3JiesiaM Kypca
MatemaTuku: Pa3Butue noustus o uncie; OcHOBbI TpUroHoMeTpuu; KopHu, crenenu u norapudmsl;
@OyHKIMH, UX cBOKCTBA U rpadukyu; CTeneHHble, HoKa3aTelbHbIE, JorapupMuueckue u
TpuroHoMmerpuueckue pynknuu; Hauano marematnueckoro aHanusa; Y paBHEHUS! U HEPABEHCTBA;
[IpsiMble M TIOCKOCTH B MPOCTpaHCTBE; KOOpANHATEI M BEKTOPBI; MHOTOrpaHHUKH; DJIEMEHTHI
TEOPHUU BEPOSITHOCTH U MAaTEMaTHUECKON CTaTUCTUKHU, KOTOPbIE OOBIYHO M3Y4alOTCs CTY/IEHTaMHU Ha
MIEPBOM Kypce.

W3noxxeHne TeOpeTHUECKOro MaTepuaiga 10 HEKOTOPBIM TEMaM  COIPOBOXAAETCS
paccMOTpeHHEeM NpPUMEpPOB W 3a/Jay, BEJIETCS Ha JIOCTYIHOM, IO BO3MOKHOCTU CTPOTOM SI3BIKE.
[TocoGue momoeT CTyAeHTaM OCBOUTh | Kypc MaTeMaTHKH, MOATOTOBUTHCS K CAaye 3a4eTOB U
HK3aMEHOB 10 MATEMaTUYECKUM JIUCIUTUIMHAM.



Mamemamuka 6 HaykKe, npaxmuuecxoﬁ oesamenvHOCHU.

Matremaruka — Hayka 0 KOJIMYECTBEHHBIX OTHOMICHHSIX M MIPOCTPAHCTBEHHBIX Popmax
JEMCTBUTEIIBHOTO MHUPA.

Ponp MaTeMaTukul B COBpEMEHHOM HayKe MOCTOSTHHO BO3pacTaeT. DTO CBSI3aHHO € TEM, 4TO 0e3
pa3paboOTKU U UCTOIH30BAHUSI MATEMAaTUIECKUX HaYK OBLIIO ObI, HATPUMEP, HEBO3MOKHO HU OCBOCHHE
KOCMOCa, HU CO3IaHUE JIEKTPOHHO-BBIYUCIUTEILHBIX MAIIMH, HAIICAIIUX PUMEHEHHUE B CAaMBIX
Pa3IUYHBIX 00JIACTAX YETOBEUECKON JCATEIHHOCTH.

Matremaruka mpecTaBIiseT co00i OCHOBY (yHIaMEHTAILHBIX UCCIICIOBAaHUH B €CTECTBEHHBIX
Y TYMaHUTAPHBIX HayKax. MaTemMaTH4eCcKre UJEH U METO bl IPOHUKAIOT B YIIPABJICHUE BEChMa
CJIO’KHBIMU U OOJIBIIUMU CUCTEMaMU Pa3HOUN MPUPOIBL: TTOJIETAMH KOCMHUYECKUX KOopaliiei,
OTPACIISIMH MMPOMBIIIIICHHOCTH, PA00TON OOIIMPHBIX TPAHCIIOPTHBIX CUCTEM U APYTHUX BUJIOB
NEeSTEIPHOCTH. B MaTeMaTHKe BO3HUKAIOT HOBBIE TEOPHH B OTBET HA 3aPOCHI MPAKTHKU U
BHYTPEHHETO Pa3BUTHS caMoil MateMaTuku. [Ipuiokenus pa3muyHbiX 00JacTeil MaTEMAaTHUKH CTalN
HEOTHEMJIEMOM YaCThIO HAYKH, B TOM 4YHCIIe: (U3UKU, XUMHUH, T€0JIOTUHU, OMOJIOTUHU, MEIUIIHBI,
JIUHTBUCTUKH, S)KOHOMHKH, COIIMOJIOTHUHU U JIP.

MaremMartrka UTpaeT BaKHYIO POJIb B €CTECTBEHHOHAYYHBIX, MH)KCHEPHO -TEXHUYECKUX U
T'YMaHUTAPHBIX HcclieqoBaHusX. OHa cTaia Jyisi MHOTUX OTpacieil 3HaHU HE TOJIBKO OpYyIueM
KOJIMYECTBEHHOTO pacyeTa, HO TAKKE METOJIOM TOYHOTO MCCIIEIOBAHMS M CPEJICTBOM MPEACTHHO
4eTKOM (HOPMYITUPOBKHU MOHATHH U TTpoOsieM. be3 coBpeMeHHO# MaTeMaTUKH C €€ Pa3BUTHIM
JIOTUYECKUM ¥ BBIUUCIUTEIBHBIM armapaToM ObIJT ObI HEBO3MOIKEH MTPOTPECC B PA3ITMUHBIX 00JIACTIX
YeJI0OBEUECKOU AESITEIILHOCTH.

MaremMatuka SBIS€TCS HE TOJIBKO MOITHBIM CPEICTBOM PEIICHUS TMPUKIAIHBIX 3a71a4 U
YHUBEPCAIBHBIM SI36IKOM HaYKH, HO TaKXKe M DJIEMEHTOM OOIIel KylIbTyphl. [[elcTBUTENBHO,
MaTeMaTHKa IPOHUKAET BO Bce chepbl YeIOBEUeCKO AedaTeabHOCTU. TpyqHO Ha3BaTh XOTs Obl OAUH
paszen HayKH WIH KaKyro-Tn0o nmpodeccnoHaabHy0 001acTh, T/Ie He TPUCYTCTBOBAJIa ObI MaTeMaTHKa
win e€ metoipl. [loaToMy HE0OX0IMMOCTh MaTEMAaTUYECKOTO 00pa30BaHUS ISl YCIIEITHOTO
(hopMHUPOBaHUSI TUYHOCTH HE BbI3bIBAET COMHEHHI.

1. Henu u 3a0auu uzyuenus mamemamuxu 6 yupedcoOeHusx cpeoHezo npogheccuonaibHozo
oopazoeanus:

» (opMupoBaHUE MPEJCTABICHUN 0 MaTeMaTHKE KaK YHUBEPCAIbHOM S3bIKE HAYKH, CPEICTBE
MO/ISITMPOBAHUS SIBJICHUH M IMPOIECCOB, 00 UICIX U METOJ]aX MAaTEeMATHKU;

» pasBHUTHE JOIMYECKOTIO MBIIUICHHS, TPOCTPAHCTBEHHOTO BOOOPAXKEHUS, aJITOPUTMHUYCCKOM
KYJIbTYpbl, KpUTUYHOCTH MBIIIUICHHS HA YPOBHE, HEOOX0IUMOM IS Oy TyIIei
npohecCHOHANBHOM IEATEILHOCTH, JIUIS TTPOJIOJDKEHUS 00pa30BaHuUs U CaMOOOPa30BaHNUS,

» OBJIAJICHUE MATEMATHUYCCKUMH 3HAHUSIMH U YMCHHUSIMH, HEOOXOJUMBIMH B ITOBCETHEBHOM KU3HH,
JUIS U3YYEHHSI CMEKHBIX €CTECTBEHHOHAYYHBIX TUCIUIUIMH HAa 6a30BOM YPOBHE U JUCIHILIAH
podeccoHABHOTO IUKIIA, I MOTy4yeHUs: 00pa3oBaHMsI B 00IACTIX, HE TPEOYIOMINX
yriayOIE€HHON MaTeMaTUYeCKOM MOATOTOBKH;

» BOCIIMTaHHUE CPEJICTBAMH MAaTEMAaTHKH KYJIbTYPbI TMYHOCTH, TOHUMAHUSI 3HAYMMOCT U
MAaTEMATHUKU JUI HAYYHO-TEXHUYECKOTO IIPOrpecca, OTHOLIEHUS K MAaTEMATUKE KAK K YaCTH
o0Il1edenoBeuecKoi KyabTyphl Yepe3 3HAKOMCTBO C HCTOPHEH pa3BUTHSI MAaTEMATHKH,
9BOJTIOIMEH MaTeEMaTUUECKUX UJICH.



Tema 1. PazBuTHe NOHATHSA 0 YUCIE
Tema 1.1 Iesible 1 panHOHAJBbHBIEC YHCIIA

Onpeodenenue u c80UCMBa HAMYPATLHBIX U Yeablx yucel. Payuonanvnuvle yucia u e2o
ceoticmsa.

Vmemb.' BBIIIOJIHATH apI/I(i)MeTI/ILICCKI/Ie Ilef/'ICTBI/I?I Hajg 4yuciiaMu, pemaTb 3aJa4un.
3Hamu: onipe/ieNieHre U CBOMCTBA HATYPAJIbHBIX U LIEJIBIX YUCEN, pallMOHAIBHBIC YHCTIa U X
CBOMCTBA.

Onpenenenue. Hamypansusie uucna — 1o uncna sBuna N={1, 2, 3, ...,}. Harypansusie uucmna
MOSIBUJIMICH B CBSI3U C HEOOXOIMMOCTBIO IMOJICUETa MPEAMETOB.
Omnpenesenune. HarypanpHble yucia, 4ucia, MPOTHBOIOJIOKHBIE HATypalbHBIM, U HYyIb

COCTAaBIISAIOT MHOXMCECHE0 L uesvlx uuce.

Ceoiicmea HamypanbHbIX U YeablX YUCE.

1) a+b=Db+a - nepeMecTuTENHHBIH 3aKOH CIIOKCHUS;

2) a+(b+c)=(a+b)+c - couerareabHbII 3aKOH CIIOKEHHS,

3) a*b=Db*a - mepemecTUTEIbHBIN 3aKOH YMHOKCHHSI;

4) a*(b*c)=(a*b)*c - couerarenbHbIi 3aKOH YMHOKEHUS;

5) a*(b+c)=ab+ac - pacnpenenuTenbHbI 3aKOH YMHOXEHHUST OTHOCHTEIILHO CIIOKCHUSL.

m
Oﬂpeneﬂe}me. PaMMOHaJleble yuciaa — 3TO 4ucia, NpeacTaBUMbIC B BUAC 21[)061/1 —, e m-
n

IeJI0€ YHCI0, a N- HaTypaJbHOC 4YHCIO. ]_IJ'IH 0003HaYEeHU paluOHaJIbHBIX YHCCII HCIIOJIB3YCTCA

naruHcKas OykBa Q. Bce HaTypasibHBIC U 1eNbIe YHCIIa — pallHOHAIBHBIC.
2. 11

[Ipumepsbl palluOHATBHBIX YHCEN: E; 7; 3

Ceoiicmea PAUUHOHRHAIBHBIX HUCEIL.
1) a+b=b+a;

2) a+(b+c)=(a+b)+c;

3) a+0=a;

4) a+(-a)=0;

5 a*b=b%*a;

6) a*(b*c)=(a*b)*c;

7) a*(b+c)=ab+ac;

8) a*l=a;
9) a*ézl; roe a#0;
10) a*0=0.

Tema 1.2. [leiicTBuTebHBIC YK cia. JleiicTBUSI HAJ AeliCTBUTEILHBIMH YHCIAMM.
Onpedenenue oelicmeumentuix uucen. UppayuonansvHule yucia.

Ymems: BRIONMHATH apI/I(I)MeTI/I‘-ICCKI/IC JeiCcTBUS Han quciiaMu, pelIaTh 3a/1a4u.
Buamo: ONPpCACIICHNUEC U CBOMCTBA JCUCTBUTEIBHBIX qHUCCJI, UPpPALMOHAJIBHBIX YHUCCIIL.

Omnpenesenune. /leiicmeumenshusle yucna (6eujecmeennvle) — Ynuciaa, KOTOpble MPUMEHSIOTCS
JUIS W3MEPEHHUS HEeMPEepBhIBHBIX BEIUYMH. MHOXECTBO JIEHCTBUTENBHBIX YHced 0003Ha4Yaercs
natuHCKoM OykBod R . JlelicTBUTENbHBIE YKCIIa BKIFOYAIOT B CE0s pallHOHAIBHBIC U HPPAIMOHAIBHBIC
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yucina. HUppayuonanvuvle uwucna — 4UCIA, KOTOPHIE IOJIy4arOTCSA B PE3YNbTATE BBIIOIHECHUS
pa3IMyYHBIX ONEpalMi C PpalUMOHAIBHBIMU YHUCIaMU (H-p, H3BJIEUCHUE KOPHSA, BbIYHMCICHHE
norapu(MOB), HO TNPH 3TOM HE SIBJISIOTCS PAlMOHATBHBIMH. [IpUMepsl HMpparMOHAIBHBIX YHCEN:

V2, 3, .

JIroboe MeicTBUTENFHOE YHCIIO MOXKHO OTOOPa3UTh Ha YUCIOBOM MPSMOH.

—_—— ~—>
-3 2 2 -1 -05 0 05 1 V2 2 3 2
Bovieoo: ]Jlna 1nepeducleHHBIX  BBIMIE MHOXECTB YHUCEN  CHPABEUIMBO  CIEAYIOIIEE

BBICKa3bIBaHUE:

NcZcQcR,
TO €CTh, MHOKECTBO HATyPAJIbHBIX YHCET BXOIUT BO MHOXKECTBO IIETBIX YHCeT. MHOKECTBO IENbIX
qHCell BXOJUT BO MHOXECTBO PAIIMOHAIBHBIX YHCET. A MHOKECTBO PAllMOHAILHBIX YHCENT BXOJUT BO
MHOYKECTBO JCHCTBUTEIbHBIX YHCEIL.

Modyne Oeiicmeumensvnozo uucia X 0003HAYAETCS |X| U ONpenensercsd Tak K€, Kak u

MOJYJIb palliOHAIBLHOIO YUCIIA:
X, X >0,

|X|: - X, X<0.

Ceoiicmea mooynei.

2) |d=0=a=0;

3) |a|>0;

9 =3}

5) |a-b|=[a][o],

6) |a|2:a2;

7) E=H,b¢o;
bl [o)

8) |a+b|<[a]+]b);
9) [a—bh|=l|a|—]|b|
KOHmpO]Zbele GOnpOCbl
1. OHpeﬂeHeHI/Ie nu CBOﬁCTBa HaTypaJ’IBHBIX M OCJIBIX YHUCCII.

2. PanimoHanpHbIe YHCIIa U €70 CBOKCTBA.
3. UppannoHaisHble YyuCIa.

Tema 1.3. Ilpudan:keHHbIe 3HAYCHHSA. AGCOTIOTHAS M OTHOCHTE/IbHASI MOTPEIIHOCTH.

Hpu6ﬂu9f€eHHbl€ SHAY€eHUAL. HOZp@LLtHOCWlb npu6ﬂu9fceHu}l. Abconomuan u omHocumenvras
noepewHocmu l’lpu6ﬂu9fC€Hl/l}l U ux epanuybl. Yucna BEPHbIE, COMHUMETIbHbLE, CMPO2O BEPHbIE U
3Hadauue.

Ymems: Hax0IUTH HpI/I6J'II/I)KeHHBIe 3HA4YCHHA BCJIMYMUH U HOl"pGIJ.IHOCTCfI BLILII/ICJ'ICHI/II\/'I, MNPpUMCHSTH
MPaKTUICCKUC TPHUCMBI HpI/I6J'II/I)KeHHLIX BBIUHCJICHMI.

Buamo: HpI/I6J'II/I)KeHHLIC 3Ha4YCHUA, MOTPCIIHOCTDH HpI/IGHI/I)KeHI/IH, a0COII0THAS U OTHOCUTEIbHAS
MOrpCUIHOCTU HpI/I6JII/I)KCHI/ISI " UX I'paHulbl, YUCJIa BEPHBIC, COMHUTCIIBHBIC, CTPOTO BEPHLIC U
3Ha4Yamue.



LIlpubnusicennoe 3nauenue eenuyuHvl. AOCONIOMHAA NOZPEUIHOCHL RPUOTUNCEHUS.
I'panuya adconrommuoi nozpeuwinocmu.

[TycTh pe3ynbTaT U3MEpEeHHs UM BHIYUCICHUS BETMYUHBI X C HEKOTOPOH TOYHOCTHIO PaBeH a.
Torna amnasbBaeTcs npubnudsiceHnbiM 3HavyeHuem (WU npubaudicenuem) BenuduHbl X . [Ipudem, ecnu
a < X,TO a HAa3bIBACTCS NPUOIUNCEHHBIM ZHAUEHUEM ¢ HeOOCmamKkom (WU NPUOTUICEHUEM CHU3Y), A
ecr @ > X, TO @ Ha3bIBACTCS NPUOIUNCEHHBIM 3HAYeHUueM ¢ u3obimxom (MM npubIudceHuem ceepxy)
BEJIMYUHBI X .

Onpenenenne. Pa3HOCTh TOYHOrO M MNPUOIMKEHHOTO 3HAYEHWH BEJIUYMHBI Ha3blBacTCA
NOZPeUutHOCMbI0 RPUOIUICEHUA.

Tak, ecntm X- TOYHOE 3HA4YCHHE, a- NPHOMKEHHOE 3HAYEHHWE, TO pPa3HOCTh X—a -
MOTPEIIHOCTh Npubmxenus. Eciu ee 0003HauuM yepe3 AX, TO HOJIy4UM
X=a+AX,
T.€. ICTHHHOE 3HaYCHHE PAaBHO CyMMe MPUOIMKEHHOTO 3HAUYEHHS M TIOTPEITHOCTH TIPUOIIIKEHUS.

Mo tynb pa3HOCTH TOYHOTO M TIPHOIMKEHHOTO 3HAUYSHUH BETMYNHBI HA3BIBACTCS AOCOIIOMHOU
NOZPeUtHOCMbI0 RPUOIUICEHUA.

CrnenoBatenbHo, ecimi  AX=X—a - NOIpelIHOCTh npubmmKeHns, To |AX|=|x—a| -

a0CoJTIOTHAs! TOTPEITHOCTh TPUOIMKEHUS.

Bo wmborux MPAKTUYCCKNU BaAXHBIX ClIydasdX HECIb3A HauTH a6COJ'IIOTHYIO MOrp€IIHOCTD
HpI/I6J'II/I)KeHI/I$I n3-3a TOro, 4ro HEHU3BCCTHO TOYHOC 3HAYCHHUEC BCIIMYUHBI. O}IHaKO MOXHO YyKa3aTb
MOJIOKUTEITFHOE YUCII0, OOJIBIIE KOTOPOTO AT A0COTIOTHAS TIOTPEITHOCTE OBITh HE MOXKET.

Onpenesienue. J[r000€ TOJOXKHUTEIBHOE YHUCIO, KOTOPOE OOJBINE WA PaBHO aOCOIIOTHOM
MOTPEUTHOCTH, HA3bIBACTCS ZPAHUUEH ADCOIIOMHOU NOZPEUMHOCIU.

CrnenmoBarenbHO, €CIM X- TOYHOE 3HAYCHHE, a- NPHOMIMKEHHOE 3HAuYeHWe, TO Pa3HOCTh
AX=X—a - TOTPelIHOCTh MPHUOIMKEHUS, TO JI000e 4Hcio h, YyHOBJIETBOpSIONIEE HEPABEHCTBY

|Ax| <h, sBisgeTcs TpaHUIlCii aOCOTIOTHOW IMOTPENIHOCTH. B 3TOM cilydae roOBOpSAT, YTO BEIMYHHA

X IPUOJIMKEHHO C TOYHOCTBIO 10 h paBHa &, M MUIIYT

X = a ¢ TOYHOCTEIO 0 h

wm X=azth, 3amuce X=azxh o3Hauaer, 4To HCTUHHOE 3HAYECHHUE BEIUYHUHBI X
3aKIII0YEHO MEX Iy rpanuiamu a—hwu a+h, T.e.

a—-h<x<a+h.

Ecnu w3BecTHO, 4TO a@sBJSETCS NMPHOIMKCHHBIM 3HAUCHUEM BEJIUYHMHBI X, W TpeOyeTcs
OTPECIIUTh TPAHUILy a0COJIOTHOM MOIPEHIHOCTH 3TOrO MPHOIMKCHHOTO 3HAYCHUS, TO 3Ty 3ajady
0OBIYHO POPMYITHPYIOT TaK: «ONpeneanTh (HaWTH) TOYHOCTh MPUOIMKCHHOTO PABEHCTBA X &~ a».

2.0muocumenvnasn nozpewnocms. I panuya omuocumenvhoiit nozpewtnocmu.

Onpenenenne: OrtHomeHHe aOCOMIOTHONW IMOTPEUTHOCTH NPUOIMKCHUS K  MOJIYIIO
MPHUOIMKCHHOTO 3HAYCHHS BEJTUYMHBI HA3bIBACTCS OMHOCUMENbHOU ROZPEULHOCH bIO TIPUOIKCHUSL.

CrnenoBaresbHO, €CIIM X - TOYHOE 3HAYCHHE, a - MPUOJIMKEHHOE 3HAYCHHUE, TO OTHOIIICHHE

AX|  |x—a]

a al
SIBJISIETCS. OTHOCUTENIBHOM MOTPEITHOCTHIO MPUOIMIKEHUS.

OTHOCHUTENBHYIO TOTPEIIHOCTH YACTO BBIPAXKAIOT B MPOIICHTAX.

B omimmume or abCcoNOTHON TOTPENIHOCTH, KOTOpas 4Yalle BCero ObIBaeT pa3MepHOM
BEITUYMHOMN, OTHOCUTENbHASI TOTPEIIHOCTD SIBJISETCS O€3pa3MepHOIl BETUYMHO .

Onpeaenenue. J[r000e MOMOKUTETHHOE YUCIIO, KOTOPOE OOJbIIE UM PABHO OTHOCHTEIHHOU
MOTPEIIHOCTH, HA3BIBACTCS 2PAHUNell OMHOCUMENbHOU NOZPEUIHOCHU.

CnemoBarenbHO, eclid  AX- TOTPEIIHOCTh MNPUOMMKEHHs, TO J00oe dYucio J,
yIIOBJIETBOPSIOIIEE HEPABEHCTBY

[
— <9,
g




SBIISICTCS TPAaHUIICW OTHOCHUTENBHOW MorpemHocTd. B wactHocTH, ecnu h- rpaHuma abCcoIOTHOM
MOrpeurHoCT, TO 4YUCIIO

s=n
g
ABIISICTCSI TPAHMILIEH OTHOCHTENBHOM TOrpemHoctd mnpubmmkenus a. Orcioga, 3Has TpaHUILY
OTHOCHTEIIEHOM MOTPEHIHOCTH, MOYKHO HAWTH IPaHUILY aOCOTIOTHON MOTPEIIHOCTH:
h=5-[al.

3.Oxpyznenue u nozpeutHocms OKpy2ieHus.

Onpenenenne. AOCOJIOTHAs NOTPELIHOCTb, JOINyCKaemas NpU OKPYIJIEHUHM, Ha3bIBAETCS
OUIUOKOUL OKPY2IIeHUA.

Cy1iecTBYIOT Tpu crioco0a OKpYrJeHHs MOJOKUTENbHBIX AECATUYHBIX APOOEi: OKpyrieHue ¢
HEZ0CTAaTKOM, OKPYIJIEHHE C N30BITKOM U OKPYIJIEHHE C HAUMEHbBIIIEH OIINOKO.

Okpyenenue ¢ Hedocmamkom IO €IUHUI] 10 HEKOTOPOTo pa3psifa COCTOMT B OTOpachIBaHUU
€IMHHUII BCEX MIIAJIINX pa3psioB. [Ipu Takom okpyrieHnn Bce Hudpel JECATUUHOM Apo0Ou A0 JAHHOTO
pa3psa BKIIOYUTEIBHO HE MEHSIOTCS, a U(PHI MIAAIINX pa3psAI0B 3aMeHs0Tcs Hyassmu. Hanpuwmep,
eciim X =23,467, TO OKpYIJIEHHUS C HEIOCTATKOM JIO COTHIX, JECATBIX, EIUHHI], JIECATKOB

COOTBETCTBEHHO PaBHBI
23,46; 23,4; 23; 20.
OmuOKM OKPYIJICHUSI COOTBETCTBEHHO PaBHBI
0,007; 0,067; 0,467; 3,467.

Oxpyenenue ¢ u3doblmkom A0 €IUHUI] HEKOTOPOTO paspsia OTIMYAETCS OT OKPYIJICHHS C
HEJIOCTAaTKOM TEM, YTO YHCJIO €MHUII TAHHOTO pa3psija yBEINYHNBACTCS HA CAUHHMILY.
Hampumep, ecmu X = 23,467, T0 OkpyriieHue ¢ HM30BITKOM 0 COTBIX, JECATBHIX, CIUHUI], JECATKOB

COOTBETCTBEHHO PAaBHBI
23,47; 23,5; 24; 30.
OmuOKH OKPYIJIEHHS COOTBETCTBEHHO PaBHBI
0,003; 0,033; 0,533; 6,533.
CaMbIM  pacnpoCTpaHEHHBIM  OKpYIJICHHUEM  SIBJISICTCSL  OKpy2leHue ¢  Haumenvluiell
noepewnocmyio. OHO IPOU3BOAUTCS TIO CIEIYIOIIUM MTPABUIIAM:
1) EnuHuIbI MIQAIIMX Pa3psAaoB OTOPACHIBAIOTCS;
2)4uCio eIWHUI] JaHHOTO pa3psia He MEHseTCs, eclii cliefyromas udpa JaHHOW IpoOU MEHbIIe
5, ¥ yBeIMUMBAETCS HA €MHUILY, €CIIH cieaytomas udpa 6obIie ik paBHa S.
Hanpumep, eciun X = 23,467, T0 OKpyIJieHHs C HaWMEHbBINEH MOTPEHTHOCTHIO JIO COTBHIX,
NECSIThIX, €AUHUI] U IECSITKOB COOTBETCTBEHHO PaBHBI
23,47; 23,5; 23; 20.
OmmOKH OKPYIIIEHUS COOTBETCTBEHHO PaBHBI
0,003; 0,033; 0,467; 3,467.

Konmponvhvie sonpocoi

1. [TpuGnmxeHHbIC 3HAYCHUS.

2. TlorpemHocTs MPUOIIKEHUS.

3. AGCONIOTHAs ¥ OTHOCUTEIbHAS MOTPEIIHOCTH MPUOIMKEHUSI U UX TPAHULIBI.
4. Yucna BepHbIE, COMHUTENbHBIE, CTPOTO BEPHBIE U 3HAYAIIIHE.

Tema 1.4. KommiiexkcHbIe Yuca

OnpedeﬂeHue KOMNJIEKCHOCO HUcua, noHAmue paeeHcmea u 0eticmeus CI0AHCEeHUs U YVYMHOOIHCEHUA
KOMNJIEKCHbLX Yucell, Man]Zb u apcymennm KOMNi1eKCHO20 Yucida.

Ymemsb: BHITIONHATD ASMCTBUSA HaJ KOMILUICKCHBIMU YHCIIAMHM a T e6panquK0171 (I)opMe
Buamo: ONpCACIICHUEC KOMIIJICKCHOI'O YHCJia, TIOHATUC paBCHCTBA U JENCTBUS CIOKEHUS U YMHOKCHUSA
KOMINJICKCHBIX YHCCII U ACTICHUA KOMIIJICKCHBIX YHUCCII.



Kak 13BeCTHO M3 MIKOJIBHOTO Kypca, ypaBHEHHE BHIA x%+a=0 He uMeer AeliCTBHTENLHBIX
KOpHEH, HO CyIIeCTBYeT HEOOXOJMMOCTh PelIaTh ypaBHEHHUS TaKoro Bujaa. s 3TOro mpuaymMaliu Tak
Ha3bIBAaEMbIEC «KOMIIJICKCHBIE YHCIIaY.

Jlns ompezeneHus KOMIUICKCHBIX YHCENl CHavaja BBEJEM HEKOTOPBI CHMBOJ 1, KOTOPBIH
HA30BEM MHUMOU eOunuyel. ITOMy CUMBOJIY NPUIIUCHIBAETCSI CBOMCTBO YIOBJIETBOPATH YPABHEHUIO

x24+1=0:i2+1=0,um i’=-1 i=+/-1 I[Tpu sTOM

sl s s3 2 s os4 3 5 :
F=L1"=1"1=—1L,1"=1"-1=11"=1,.....

Komnnexcnvim uuciom 7 HaspiBaeTcs BeIpaxeHne Z=a-+I1b, roe a u b — neifcTeurensusie
yucia. [Ipu 3TOM 4uCIio @ Ha3bIBaeTCs OeticmeumenvHoll yacmoio uncna Z (2 = Re z), a b — muumou
yacmoio (b = 1m 2).

Ecmu a =Re z =0, 10 uncio z Gyaer yrcto MHUMBIM, eciid b = Im z = 0, To uwmcio Z Oymer
JENCTBUTEIbHBIM.

UYncna Z =a+1ib u Z = a — Ibnasematorcs komnnexcro-conpscennvimit.

JlBa KOMIUIEKCHBIX 4MCla Z; = a4 +ibl u Z,=a4a, +ib2 Ha3bIBAIOTCS PAaBHBIMHU, €CIIU

COOTBETCTBEHHO PaBHbI UX JEHCTBUTEIbHBIC U MHUMBIE YaCTH: a, =a,, b, = bz;

MHO)KGCTBO KOMIIJICKCHBIX YHUCCIT — HeyHOpﬂJIOHeHHoe MHOXECTBO, T.C. U3 }IByX KOMIIJIICKCHBIX
qyCelT Hellb3s YKa3aTh MOCIeyollee W mpeablayiiee. Mexay IByMs KOMILUIEKCHBIMH YHCIIAMH HEJb3s
MOCTABUTh 3HAKK HEPABEHCTBA > UIH <,

KOMILIEKCHOE YHCIIO PaBHO HYIIO, €CIM COOTBETCTBEHHO PABHBI HYJIIO JEHCTBHTENbHAS H
munMas gacti: a=0=0.

/Ieﬁcmeuﬂ HAO KOMRNAEKCHbIMU YUCAAMU.
1)z=2z,tz,=(a +ib)*t(a, +ib,)=(a, ta,)+i(b £h,)

2) z=172,2, =(a, +ib)(a, +ib,) =a,a, +iah, +iba, + izblb2 = (a,a, —bb,) +i(a;b, +ba,)

3) Zzi:L!t)l:X—i-iy YUITH
Z, a,+ib,
- (a +iby)(a, —ib,) (@, +bb,) +i(a.b, —ab,) aa, +bb, 4i a,0, —ab,
(a, +ib,)(a, —ib,) as +b? a5 +b; a5 +b;

Koumponvnvie sonpocsi

1. Onpenenenue KOMIUIEKCHOTO YHCIIa

2. [lonsiTre paBeHCTBa

3. [leiicTBus HaJl KOMIUIEKCHBIMU YHCIaAMH
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Tema 3. OCHOBbI TPUT'OHOMETPUU

Tema 3.1. Pagnannas mepa yria. BpamarenbHoe 1BHKeHHe.
Eounuunas oxpyscnocms. Yeon 6 ooun paduan. [losopom mouku 60Kpye nauania KOOpOUHam.
Ymemsb: HaX0AUTh KOOPJMHATHI TOUKHU U YIJIOB.
3namy: eIMHUYHYIO OKPY)KHOCTB, YTOJI B OJIMH panuaH, (GopMyIibl Iepexo/ia OT paJuaH K TpajycaM u

OT rpaayCoB K paJguaHaM, IIOBOPOT TOYKH BOKPYI' HA4YajIa KOOpAHUHAT.

Onpenesienne: L{eHTpaIbHBIN YroJi, OMUPAIOLIUICSA HA IYTY, JUIMHA KOTOPOM paBHA PaInyCy
OKpPY>KHOCTH, Ha3bIBA€TCA yIJIoM B 1 paauas.

I'panycnas mepa yria B 1 paauan paBHa:

Tak kak gyra mmmHON 77 R (TIOMYOKpY)KHOCTB), CTSATUBAET IEHTpaIbHBIN yrou B 180°, To myra
JUIMHOU R, cTruBaer yroia B 7 pa3 MEHBIINH, T.€.

1 _ (lﬂﬂ)
pan = .

N HaoGopoT

_ m
~ 1807

o

Tak xak 7 = 3,14, T0 1 pag =57,3°
Ecam yrost cogeput a paguaH, TO €ro rpajaycHas Mepa paBHa

180
or=(22.0

N HaoGopoT

a” =T -
~ 180 *P¥

OObIuHO MpH 0003HAYECHUH MEPHI yIJIa B paJiaHaX HAaUMEHOBaHHE «paJ» OIMYCKalOT.
Hanpumep, 360° =2 7 pan, mumyt 360° =2 7

B tabnuie ykazaHbsl HanboJiee 4acTo BCTPEUaroIUecs YIJibl B TPayCHON U paJiluaHHOil Mepe.

| Tpamycwr | 0 | 30 | 45 | 60 | 90 | 180 |

11



Papuansl 0

z
6

z z z
4 3 2

Pannannas mepa yria ynoOHa Juisl BBIYMCIIEHUS AJIMHBL Iy OKpyKHOCTH. Tak kak yrois B 1
paauaH CTATUBAET AYyr'y, AJMHA KOTOPOU paBHa paauycy R, TO yrosi B ¢ pan CTATMBaeT Oyr'y JJIMHOMN

l=a-R
OcobenHo mpoctoii Bua hopMyiia uMeeT B cirydae, koraa R =1. Torna amuHa 1yru paBHa
BEJIMYUHE LIEHTPAIILHOTO yIJIa, CTATUBAEMOTO 3TOM AYTroH, B paguanax, T.e. | =« .
[Tnomanp kpyroBoro cexropa paauyca R, o0pa3oBaHHOTO yriom B ¢ paj, paBHA
2
S= R% a
2

Ilosopom mouku eoKkpyz nauana Kkoopounam

PaccmoTpuM Ha KOOPIMHATHOM IINIOCKOCTH OKPYXXHOCTh paguyca | ¢ LEHTpoM B Hadae
KoopauHat. Ee Ha3pIBalOT €IMHNYHOW OKPYKHOCTBIO. BBeneM MOHATHE MOBOPOTA TOYKH €IMHHYHOMN
OKPYXHOCTHU BOKPYI Hayajla KOOPJAMHAT Ha yroll ¢ paj, TAe ¢ - I000e NeHCTBUTEIBHOE YHCIIO.

1. Ilycts 0>0. [Ipenmnonoxum, 4To TOUYKa, ABUTasCh MO €AUHUYHON OKPYKHOCTH OT TOUKH P nmpotus
4acOBOM CTpeJKH, Mpolia myTh UIMHOH a (puc. 1). Koneunyio Touky mytu 0603Hauum M.

B sTom cnyuae Oynem roBopuTh, 4To Touka M mnosydeHa u3 Touku P moBopoToM BOKpyr Hayana
KOOPAMHAT Ha YTOJ 0. paJuaH.

2. Ilycts 0<0. B 3TOM citydae moBOpPOT Ha yroJj o paJiiaH 03HA4aeT, YTO JABUKEHHUE COBEPIIAIOCH MO

4acOBOH CTPEJIKe M TOUKA NPOLILIA IyTh JUIMHHO o] (pHc. 2).

[ToBopot Ha 0 pag 03HAa4YaeT, YTO TOYKA OCTAETCS HA MECTE.

[Tpumepsi:

1) IIpu noBopote Touku P(1;0) Ha yron(% )(puc. 3) momydaercst Touka M ¢ koopauratamu (0;1).
2) IlIpu noopote Touku P(1;0) Ha yron(-% ) (puc. 3) momydaercst Touka N(0;-1).

3) Ilpu noBopote Touku P(1;0) Ha yron(%r ) (puc. 4) mony4yaercs touka K(0;-1).
4) Ilpu moBopote Touku P(1;0) Ha yrou(- 7 ) (puc. 4) monyuaercs Touka JI(-1;0).

vk i ' 3"':”

. a>0

p(;0) L/
P a<0

Puc.1 Puc.2
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Yi

M(0;1)

R

i ﬁffiﬂl.;‘_
r.rm,--ﬂ;
Puc.3
Y
@v % 30
, :
@_‘ .’;'. | 45°
7
D3|~
7
D]t~
- :
@, x | se0e
Y
e
b/
D[4 |-
@1 -n | =80

Puc.4

[IpuBenem TabIUILy TOBOPOTOB HA HEKOTOPHIE YIIIbI, BEIPAYKEHHBIC
B paauaHHOW U rpaaycHoi mepax (puc. 5). OTmMeTHM, 4TO MpH
noBopore Touku P(1;0) wa 360°, TOuka BO3BpamaeTcs Ha
MepBOHAYAIbHOE MOJIOKEHUE (cM. Tabnuity). [Ipu moBopoTe Touku

Ha -360°, oOHa TakXKe BO3BpAIlaeTCS B MEPBOHAYAIBHOE

TIOJIOXKCHHCE.

Puc. 5
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Tema 3.2. Onpeoenenue cunyca, KOCUHYCa, MAHZEHCA U KOMAHZEHCA Yend.
Onpedenenus cunyca, KOCUHYCAd, MAH2EHCA U KOMAH2SEeHCA YUCIA. SHAKU CUHYCA U KOCUHYCA.
Ymems: HaxOUuTh 3HAYCHHUA TPUTOHOMCTPUUICCKHUX BBIpa)KeHPIﬁ, OIMPCACIIATH 3HAKOB YUCCII

sina, cosa, tga, ctga

Buame: OIpeaAciICHUs CMHYCa, KOCUHYCA, TAHI'CHCA U KOTAHI'CHCA YUCJIa, 3HAKHW CUHYCa U KOCHHYCA.

Onpenesenne 1. Cunycom yria ~
O Ha3bIBACTCSl OPAMHATA TOYKH, TTOJTyYCHHON
noBopotoM Touku (1;0) Bokpyr Hauana

KoopauHaT Ha yron ¢ .O0o3Hawaercs Sinee | 7 TN
Onpenenenue 2. Kocunycom yria
o Ha3bIBaeTcs abcIpcca TOYKH, MOTyIeHHOM <
noBopotoM Touku (1;0) Bokpyr Hauana ﬁ/\ _
KOOpAMHAT Ha yrod ¢ .O003HavaeTcss COS o a(0; 0y cosa | P(1;0) x

B sTux OMpPECACIICHUAX YI'OJI MOXKET BBIPAXKATHCA KaK B I'palyCax, TaK U B pagraHax.
Omnpenesenne 3. TaHreHcoM yriao Ha3bIBAaeTCS OTHOIIEHHE CHUHYCA yrida o K €ro KOCHUHYCY
(o603Hauaercstga ).

sin o

Coso

Omnpenesenne 4. KotanreHcoMm yrila Ha3bIBaeTCs OTHOLIEHHWE KOCHHYCA yIJla @ K €ro CHUHYCY
(o603Hauaercs Ctgar ).

Takum o6pazom tga =

cosx
sin
HpI/IBeI[eM Ta6J'II/II_[y qacTo BCTpe‘{aI-OHII/IXCH 3Ha‘leHI/II71 CHUHYCa, KOCHUHYCA, TAHTCHCA U KOTAHI'CHCA.

Takum obpazom Ctga =

Tpagyewr | 0% | 20° | 45° | 60° | 90° | 180° | 270°| 360°
3
Faguaugm | 0 z z z z T ) 2
& 4 3 2 2
Tyurnua
. 0 l E E 1 0 -1 0
S1f1Ce & 2 2
1
Cos 1 E E — i -1 0 1
2 2 2
tact 0 ?E 1| 43| - 0 - 0
ctgce -1 431 g 0 - 0 -
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3HaueHus KOCHHYCAa M CMHYCAa Ha OKPY’KHOCTU.

3HAKHM CHHYCA, KOCHHYCA U TAHTeHcA.

+ | + - |+ K_+

YA

x¥

Jnanu cusyca Inanu wecunyca

Konmponvnvie sonpocut
1. EnuHnyHast OKpY>KHOCTb.

2. YroJ B OAMH paJHaH.
3. I[ToBOpOT TOUKM BOKPYT Hadyaja KOOPIUHAT.

4. OnpeneneHus CUHyca, KOCUHYCa, TAHT€HCA U KOTAaHT'€HCa YUCIa.
5. 3HaKu CHHYyca U KOCHHYCA.

] X 0 0

Y

uawu moreerHca
i WOMOHEEHC D

15



Tema 3.3, 3.4. OcHOBHbIE TPUTOHOMETPUYECKHE TOKAECTBA. PPMYJIbI CI10KEHUS

3asucumocmv meAHcOY CUHYCOM, KOCUHYCOM, MAHSEHCOM U KOMAH2EHCOM 0OHO20 U MO20 Jce
yena. Dopmynvt crodiCceHUs.
Vmemuw: ipeoOpa3oBbIBaTh MPOCTEHIIINE TPUTOHOMETPUICCKUE BBIPAKEHHS, BBIYUCIISATH C TIOMOIIIBIO
(hOpPMYyITBI CITOKEHUSI.
33namb: 3aBUCUMOCTb MEXKTy CHHYCOM, KOCHHYCOM, TAHICHCOM M KOTaHI'€HCOM OJHOTO U TOTO e
yria, GOpMyJIbl CIIOKEHUS.

Ocnoenoe mpucoOHomempuuecKoe moosicoecmeo:

cos’a+sina=1
3a6ucuM0cmb Me.m'dy CtuCOM /) KOCHHyCOM.'

cos’ o =+J1l-sin’«a
sin? a = +/1—cos®

tga -ctga =1

1 1
tg’a+1=———, ctg’a +1=—
cos’ o sin® o

Cunyc, kocunyc, manzenc ynoe (—a) u o .
cos(—a) = cosa
sin(—a) =-sin @
tg(—a) = —tga
ctg(—a) = —ctga
Dopmynsl cnoxicenus

OcHOBO¥ U1 BBIBOJIa OCTAIBHBIX (DOPMYIT SIBIISIIOTCS hOPMYJIbL CTIOMHCEHUA:
cos(a + ) = cosa cos S +sin asin S

cos(a — ) =cosa cos B —sin asin S
sin(a + f) =sin o cos f + cosasin S
sin(a — f) =sin acos f—cosasin

tg(a + ﬂ) — M
1-tgatgp
KOHmpOJZbele B0NPOCyHI
1. 3aBUCUMOCTb MEX/1y CHHYCOM, KOCHHYCOM.
2. 3aBI/ICI/IMOCTb Me)KI[y TAHT'€CHCOM U KOTAHI'CHCOM OAHOI'O U TOI'O KE er'Ia.
3. @opMyIIBI CIOKEHUSL.

Tema 3.5. CuHyc, KOCHHYC M TaHT'€HC ABOWHOIO yrJia.
CuHyc, KOCHHYC ¥ TAHT€HC IIOJIOBHHHOIO YIJIa

DopMyJIbI IPUBEICHUA

Bv1600 ghopmyn cunyca u kocunyca 0601ino20 yena, ucnonwv3ysa gopmynst croxcenus. Haxoorcoenus
NONOBUHHO20 Y2ld NO U38ECMHbIM 3HAYEHUAM KOCuHyca u cunyca. llpumenenue gpopmyn npuseoenus.

Ymems: ucnonb3oBaTh (GOPMYNBl JBOHHOTO yria, MCIOJIb30BaTh (OPMYIBl IMOJOBUHHOTO YIia,
MPUMEHSATH NPH PEeLIeHUHN 33a7a4 (GOPMYJIIbI IPUBEICHHS.
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3nams: BBIBOA (OPMYI CHHYCA U KOCHHYCA ABOIHOTO yIJla, UCHOJIb3Ys (POPMYIIBI CI0XKEHUS,

HaXxO0XKXJACHUA TOJIOBUHHOTO YyTIJid 11O U3BCCTHBIM 3HAYCHUSAM KOCHHYCA U CUHYCA, IPUMCHCHUC (I)OpMy.H

IIPUBCACHUA.

Cunyc, KOCUHYC U MAH2EHC 080IIHO20 y2id.

sin 2a = 2sin ¢ cos
cos2a =cos’ o —sin’ «

CtuC, KOCUHYC U MAHEHC ROJIOBUHHO020 Yliia

2 0 _1+cosa

2 2
2 & _ 1-cosa
2 2
;a _1-cosa
2 1+cosa

COos

sin
tg

Dopmynvt npugedeHus

ona cunyca:

. T
sin| =~ —a |=cosa,
(2 j

sin(z—a)=sina,

. (37[ j
SN| —— o |=—C0S«x ,
2

ona Kocunyca:

COS(— - aj =sina,
(

cos(z —a)=—cosa,

cos| ——a |=-Sin«,
(5-)-

0/151 MAH2EeHCaA U KOMAHZEHCA:

T
tg| = +a | = —ctga,
g(zmj 4o
T
tg| = —a | =ctga,
d5-a)-ota

. T
SII’](E-FOCJ =C0S¢

sin(z7+a)=—-sina,

. (37[ j
sin ?+a =—-C0Sx .

cos| X +a =-Sih«,
2
cos(z +a)=—cosa

(37[ j ]
COoS 74—0{ =SSN .

Ctg( + aj =-{go,

T
gl ——a |=1tgc.
o 5-)-ta

o o T
B IIpaBOH 4aCTU CI)OpMy.]'IBI CTaBUTCA TOT 3HAK, KOTOPbIKM UMCCT JI€Bas 4aCTb IIPpHU YCIIOBUU O<ac< E .

o T 3z
Ecnu B neBoii yacti GOpMyIbl Yyros paBeH Eia 1581051 7i o, TO CHHYC 3aMEHSETCS] Ha KOCHUHYC,

TAaHI'CHC — Ha KOTAHI'CHC U H3.060p0T. Eciu YroJi paB€H 77 * o, TO 3aMEHBI HE IMPOUCXOJUT.

Cymma u paznocms cunycos. Cymma u paznocmsv KOCUHYCOG.

sin o +sin S = 2sin 5

a+ﬂcosa—ﬂ
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B oo &P

. . . a—
sin ¢ —sin S = 2sin c

2 2
005a+cosﬂ=2cosa;’gcosa;ﬂ,
COSa—cos,B:—Zsina+ﬂsina_ﬁ.

2

Koumponvnwvie 6onpocel

1. BeiBog hopmyn cuHyca M KOCHHYCa IBOMHOTO YTJIa, HCIIONB3YS (DOPMYJIBI CII0KEHUSI.
2. HaxosxieHnsl TIOJIOBUHHOTO YTila 110 M3BECTHBIM 3HAYSHHUSIM KOCHHYCA U CHHYCA.

3. [Ipumenenue GopMyI IpUBEICHUS.

Tema 3.5 . Tpuronomerpuyeckne GyHKIHH.

Onpedenenue mpueoHoMempuyeckux QYYHKYul, c8oUCmea mpueoHOMempuyecKux
@YHKYUl, epaguxku mpueoHOMempuyeckux QyHKyu

Ymemps: cTpouTh rauKy TPUTOHOMETPUYECKUX (PYHKIIMHA, OMTMCHIBATh UX CBOMCTB, IPUMEHSTH
CBOMCTBA TP PEIICHNUHN YIIPAKHEHUN
3namy: onpenieneHnst TPUrOHOMETPUUECKUX (PYHKIIUN, CBOMCTBA TPUTOHOMETPUUYECKUX (PYHKINN

®dyHkuu y = SiN x, y = COS x, y = tg x, y = Ctg x Ha3BIBAIOT TPUTOHOMETPUICCKUMH (YHKIIUSIMHU.

DyHKIusa y = Sin x.

CsoiictBa u rpaduk GyHKIHU Y = SiN x.

1) OGnacTh onpeeneHus - MHOYKECTBO BCEX JICUCTBUTEIBHBIX YUCE.

2) Obnacte 3HaveHuit - otpes3ok [ - 1; 1].

3) OyHKIMA TepruoArndecKas; OCHOBHOM IMEPHO] paBeH- 27.

4) OyHKIMS HEUYETHAS .

5) @yHKIMSA BO3pacTaeT Ha MPOMEXYTKax [ -m/2 + 2xn; /2 + 2nn] u yObIBaeT Ha
MIPOMEKYTKAX

[ ©/2 +27n; 3n/2 + 27n], n € Z.

I'paduk GyHKIHE y = SIN X H300pakeH Ha PUCYHKE.

Y y=sin.x
11

DyHKIUA y = COS X

CoiicTBa u rpaduk (GpyHKIUHU Y = COS X.
1) O6nacte onpeneneHust PyHKIMU - MHOXKECTBO BCEX JIEMCTBUTENIBHBIX YUCEI.
2) O6nacth 3HaUeHHH - 0Tpe3ok [- 1; 1].
3) ®dyHKuMA nepruouYecKasi C OCHOBHBIM IIEPUOJIOM 27.
4) @yHKuMs yeTHasl.
5) ®ynkius yOpIBaeT Ha MPOMEXKYTKax [27tn; m+ 2 n| U Bo3pacTaeT Ha MPOMEKYTKAX
[-n+ 27n; 27n], nnZ.
I'padux pyHKIMH Y = cOS X N300pa’keH Ha PUCYHKE.
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Dyukuua y = tg x.

CgoiicTBa 1 rpaduk ¢pyHKINU ¥ = tg X.

1) OGnacts onpenenenus: X& /2 + nk, ke Z.
2) O6nacTh 3HaYEHUH - BCS UUCIIOBast psMasi.
3) m- OCHOBHOI1 epuo1 GyHKIIHHU.

4) OyHKIMS HEYETHAS.

5) ®yHKIMS BO3pacTaeT Ha MPOMEXYTKax ( -1/2 +rn;m/2 +71n).

I'paduk pynxum y = tg x n300pakeH Ha PUCYHKe.
[ y=tg.ux

|
|

i1

i

(}

.

b
|

|
| |
| |
| |
| |
| |
| |
', '.
T T
| |
| |
| |
| |
| |
| |
| |

@®yuknua y = ctg x.

CaoiictBa u rpaduk ¢yHKIHHU y = Ctg x.
1) O6nacte onpenenenus GpyHKuuu: X & n/2 +nk, ke Z.
2) ObnacTs 3HaAYCHUH (PYHKIIMH - BCS YUCIIOBAs MpsMasi.
3) OyHKIMS IEPUOANYECKast C OCHOBHBIM IIEPUOJIOM T.
4) OyHKIUS HEUETHAS.
5) ®yHkIus y = ctg x yObIBaeT HAa MPOMEKYTKAX (7N;m-+7n).
I'paduk pynkimu y = Ctg x n300paxeH Ha PUCYHKE.

v
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Tema 3.6. O0OpaTHbIe TPUTOHOMeTpHYecKHe QPYHKIIUH, UX
cBolicTBau rpaguku.

Onpedenenue obpamuvix mpueoHOMempuyecKux YYHKyutl, ceolucmea
MPUSOHOMEMPULECKUX DYHKYULL, 2papuKu mpuesoHOMempuieckux yHKyull

Ymems. crpouth rapuku 0OpaTHBIX TPUTOHOMETPUYECKUX (DYHKIIHIA, OTIMCHIBATH MX CBOWCTB,
IIPUMEHATH CBOMCTBA IIPU PELICHUH YIIPAKHEHUI

3uamy: onpeneneHusi 0OpaTHBIX TPUTOHOMETPHUYECKUX (DYHKIIMH, CBOHCTBA OOpaTHBIX
TPUTOHOMETPHUYECKUX (PYHKIUH

OO6patHbie TpUroHOMeTpHYecKre (PYHKINHU (apKCUHYC, apPKKOCHHYC,
apKTaHTE€HC M apKKOTAHI'EHC) SIBJISIFOTCSI OCHOBHBIM 3JIEMEHTAPHBIM
¢yskiusamu. YacTto u3-3a npuctaBku "apk" oOpaTHbIE TPUTOHOMETPUUYECKHE
(GyHKIMM Ha3bIBatOT apkpyHKIusaMU. Celyac Mbl pacCMOTPHUM HUX TpaduKu
U NIEpEYMCIINM CBOMCTBA.

DyHKIHUsI AaDKCUHYC Y = arcsin X

N3006pa3um rpaguk GyHKINU apKCUHYC!
Y

“F'

~!:|

CpoiicTBa (PYHKIIMH apKCHHYC Y = arcsin X
1.06macTh onpezencHus — otpe3ok [-1;1].

2. MHOXXECTBO 3HAYCHHUH — OTPE30K [— % ; ﬁ} :
3. @yukIws Y = arcsin X Bo3pacraer.
4, dyHKIMS Y = arcsin X siBAsSCTCS HEYETHOM, TaK Kak
arcsin( —x) = —arcsin Xx.
DOyHKINA APKKOCHHYC Y = arccos X
I'paduk QyHKIIMK apKKOCUHYC UMEET BIiIr,Zli

s

)

CBoiicTBa PYHKIMHM apPKKOCHHYC Y = arccos X
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1.06acTh onpezencHus — otpe3ok [-1;1].
2. MHO>X€eCTBO 3HaYEHUH — OTPE30K [0; 7[].
3. @yHK1MA Y = arccos X yObIBaer.

DyHKIUSI apKTAHreHe Y = arctgx.

I'paduk QyHKIIMU apKTaHT€HC UMEET BUL:
Y
Tl

2

T

2
CpoiicTBa GyHkummu Yy = arctgx.

1.06nacTh onpeneneHusi — MHOKECTBO BCEX ACHCTBUTEIbHBIX YUCEIL.

. T
2. MHOXeCcTBO 3HaUCHUH — HHTEpBaJI (— 2 ; Ej :
3. @ynknusa y = arctgx Bospacraer.
4. Oynknus y = arctgX sABisgeTCsS HEYETHOM, TaK KaK

arctg(—x) = —arctgx.

DyHKUMA aPKKOTAHTeHC Y = arcrcgx .
N306pa3zum rpaduk GyHKIMH apKKOTAHTEHC!

CaoiicTBa q)ymclunn y = arcctgx.
1.006macTh omnpeeneH sl — MHOYKECTBO BCEX JCHCTBUTEILHBIX YHCEI.
2. MHO>eCTBO 3HaUE€HUN — UHTEPBAJI (O; 7r).

3. @ynkuua y = arcctgx yObiBaeT Ha Bcell 001acTu onpeiesIeHUs.

KonmponvHule 6onpocwl

1. Onpenenenus GpyHKIMI, UX CBOMCTBA U TPadUKU.

2. TIpeoOpazoBanus rpauKoOB.

3. [MapaenpHpli IEPEHOC, CUMMETPHUSI OTHOCUTEIBHO OCEH KOOPAWHAT U CHMMETPHUSI OTHOCUTEIILHO
Hayajga KOOPJMHAT, CHMMETPUS OTHOCHUTEJILHO MPSMOW Y=X, PAaCTSHKCHUS W C)KATHUE BJOJIb OCEH
KOOpJMHAT.

Tema 3.7. Tpuronomerpuyeckne ypaBHeHUsl

IIpocmetiwue mpueconomempuueckue ypasHenus 6u0a cosx= a,sinx = a,tgx= a, ctgx =a, Menmoowvl
peulerus mpueoHOMempu4ecKux ypasHeHuil

Ymems: peniathk ypaBHEHHE BUJIA: COSX = a,SinX=a,tgx=a,ctgx=a
3Hamu: onipefeNieHnsl apKCUHYCa, apKKOCUHYCA, apKTAHI'€HCA; YaCTHBIE CIIydal TPUTOHOMETPUUYECKUX
YPaBHEHUI, OCHOBHBIE METO/Ibl PEIIEHUS TPUTOHOMETPUUYECKUX YPABHEHHU.
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Ypasénenue cosx=a.

ApkkocunycoMm umciaa a e [-L1] naseiBaercs Takoe umcio « €[0;7], KocuHyC KOTOpPOTO
paBeH a: arccosa=oa, ecnu COSax=a u 0<a<r.
Bce kopHu ypaBHEHUs COSX = a, rie |a| <1, MOXHO HaXOJUTh IO hopmyIie

X =zxarccosa+2m,ne” .
arccos(—a) =7 —arccosa - 9rta (¢opMyna TO3BOJISICT HAXOMUTh 3HAYCHHS aAPKKOCHHYCOB

OTPUIIATEILHBIX YHCEN Yepe3 3HAUCHHS apKKOCHHYCOB TOJIOKHUTEIIBHBIX YHCET.
Yacmmuvie cnyuau:

T
cosx=0, x:5+7zn,nez

cosx=1, x=2m,ne”
cosx=-1, X=rx+2mne’
Ypasnenue sin x =a.

T
ApkcuHycom unciaa a € [-L1] Ha3piBaeTcs Takoe YUCIO @ € [_E;E] , CHHYC KOTOPOT'O paBeH

. . T T
a.arcsiha=qa,ecimi SN =a u —ESaSE.

Bce kopH# ypaBHeHus Sin X = a, rje [a] <1, MOKHO HaXoIUTh 110 popMmyIie

x=(-D"arcsina+m,neZ.

arcsin(—a) = —arcsin a - sta (Gopmyia MO3BOJISIET HAXOJUTh 3HAUYEHUS apKCHHYCOB OTPHUIIATEIbHBIX

qrcell 4epe3 3HaYCHHUS! apKCUHYCOB MOJIOKUTEIbHBIX YUCEIL.
Yacmuvie cnyuau.
sinx=0, x=m,ne”Z

sin x=1, x:%+27zn,nez

sin x=-1, x:—%+27zn,nez

Ypasnenue tgx=a.

T
ApKCI/IHyCOM gyucJa a € R Ha3pIBaeTcs Takoe YHUCIO & € [—E,E] , TAHFCHC KOTOPOI'0 paBCH

V4 T
a. arctga=«, ecimiu tgox=a u —ESaSE.

Bce xopHu ypaBHeHHs SN X = a, T1e a € R, MOXHO HaXOAUTH 10 hopMyIie

X =arctga+zm,neZ .

arctg(—a) = —arctga - sra ¢opmyna MO3BOJISICT HAXOIWUTh 3HAYCHHS APKCHHYCOB OTPHUIATEIIBHBIX
4KCell 4Yepe3 3HAUEHUS apKCUHYCOB IOJIOKUTEIBHBIX YUCEIL.

Tpuzonomempuueckue ypasnenus
1. VpaBHeHHS, CBOISIINECS K KBAJIPATHBIM.

22



2. YpaBHeHus asin Xx+bcosx=c.
3. YpaBHeHUsI, penaeMbie pa3ioKeHHEM JICBOW YaCTH Ha MHOKUTEIIH.

Konmponvnvie 6onpocoi

1. YpaBHeHus Buja cosx = a.
2. YpaBHEHHS BUA Sin X =a
3. YpaBHeHUs BUA tgx= a.
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Tema 4. KopHu, cTeneHu

Tema 4.1.Ctenensn ¢ PAalMOHAJIBHBIM U JIeCTBUTEIbLHBIM NNOKA3aTEISIMU.

OnpedeneHnue u ceoticmea cmenenell ¢ payuoHaIbHbIM U C 0eUCMBUMENbHbIM NOKA3AMENAMU.

Ymemu: pemiats 3a7aun Ha TeMy: «CTENEHb C pallMOHAJIbHBIM U IEHCTBUTEIBHBIM MOKA3ATEIAMUY.
3namy: onpesieNIeHne U CBOMCTBA CTENEHEH ¢ pallMOHAIbHBIM U C JEMCTBUTEIbHBIM [TOKA3aTEISIMHU.

Cmenenp C PAUUOHAIbHBIM ROKA3amesiem.

m
Ecau n — HaTypaJIbHOC YMCJIO, M — IICJI0C YHMCJIO MU YaCTHOC — SBJISICTCS LECJIBIM YHCJIOM, TO
n

npu @>( crpaBeIIMBO PABEHCTBO
m
Va™ =an.
m

IMonb3ysick hopmysoit Va™ =a", cTeneHs ¢ palMOHAIBHBIM TTOKA3aTeIeM MOKHO
NPENCTaBUTh B BUJIE KOPHS U HA00OPOT.

m mk
Tak kak — = PR rae N u K - HaTypalbHbIC YKCIIa, M — [EI0e YUCITOo, TO TpH JioooMm a>0.
n n

moomk
a n — a nk
MoskHO IIO0Ka3aTb, 4YTO BCC CBOMCTBA CTEIIEHHU C HaTypaJlbHBIM ITIOKa3aTCJIEM BCPHbLI JIA
CTENECHHU C TI00BIM palroOHAJIBHBIM IMOKA3aTCJIEM U IMMOJIOKUTCIbHBIM OCHOBAHHUEM.
A ¥MeHHO, TS JTIO0BIX paliMOHAIBHBIX YKcen P U ( u 006X a > 0,b > 0 BepHbI paBeHCTBa:

1. afa%=aP™

2. aP:a%=a""
3. (@af)?=aP
4. (ab)® =a’b®

o

q
a a’
b bP
DTH CBOWCTBA MOJIYYalOTCS U3 CBOMCTB KOPHEH.

Cmenens c oelicmeumenbHblM NOKA3aAmenem.

IIpu mr06oM X € R u mo6om a >0 crenens a* ABJISETCS HOJIOKUTEIBHBIM JCHCTBUTEILHBIM
gyuciom: a° >0 mpu Xe R,a>0.
Ecau ocHoBanue crenenu a=0, To crenenb 0" onpenensor TonpKko npu X >0 U CYMTAIOT, 4TO

0" =0 mpu x>0. [Ipu x <0 BeIpaKCHUE HE UMEET CMBICIA.
[lpy TakoM ompeneneHWH CTENEeHH C JACHCTBUTEIBHBIM IOKA3aTeNeM  COXPAHSIOTCS BCe
M3BECTHBIE CBOMCTBA CTETIEHH C PAIlHOHAJIBHBIM TIOKa3aTeIIeM.

Jst moGoro a>1 u moboro X >0 uncno a* Gonpmre 1,1.e. 2 >1 mpu a>1,x>0.
Teopema: Ilycts a>1u X, <X,.Torma a* <a™.

Cnedcmeue 1. Tlyctb 0<a<1lwu X <X,. Torma a* >a*.
Cneocmeue 2. Tlycts a>0,a=0,a* =a®. Torga X, =X, .
Cnedcmeue 3. Tlyctb 0< X, <X,. Torma, ecnu p>0, 10 X" <X,”, a ecrm p<0, TO

X" >X%,".
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TakuMm 00pa3oM, MpPU BO3BEICHUU HEPABEHCTBA C IMOJIOKHUTEIHLHOU JICBOH M TOJOKUTEILHOMN
MPaBOM YacTSIMU B IOJIOKUTEJIBHYIO CTEIICHb 3HAK HEPABEHCTBA HE MEHSETCS, a MPU BO3BEICHHUU B
OTPHULATEIBHYIO CTEIIEHD 3HAK HEPABEHCTBA MEHSAETCS HA MPOTUBOIIOJIOKHBIM.

Koumponvnwvie sonpocwi
1. Onpenenenue u CBOMCTBA CTENEHEN C PALIMOHAIBHBIM I10Ka3aTEIsIMU.
2. OnpeneneHne M CBOIMCTBA CTETICHEH ¢ ICHCTBUTEIBHBIM ITOKA3aTEISIMHU.

Tema 4.2. Apudpmerudeckunii KOpeHb HATYPAJILHOM CTENEHM.
Onpeoenenue u ceoticmea apu@pmemuieckozo KOpHs HAmMypaibHOU CMenetu.

Ymems: pemats 3a1auu Ha TeMY: «ApuMeTHUecKnuii KOpEeHb HaTypaIbHOW CTEIIEHU
3namy: onpeniesieHue U CBOMCTBA apu(METHUUECKOTO KOPHSI HATYpaTbHOW CTEIICHU

Onpenenenune:  Apugpmemuueckum  KopHem  HATypalbHOM  cTemeHH N>2 U3
HEOTPULATENILHOTO YKCia a Ha3bIBaeTCs HEOTPULATENIbHOE YUCIIO, N-asi CTENEHb KOTOPOro paBHa d.

Apudmernueckuil KOpeHb N-O CTENEHM M3 uHuclia a 0003HayaeTcsl Tak: %a. Yucno a

Ha3bIBAETCS MOJKOPEHHBIM BhIpakeHHeM. Ecim N=2, To BMecTO 3a TTHATITYT Ja. Apudmernueckuit
KOpEHb BTOPOW CTEMEHW HA3BIBAIOT TaK)KE KBAJPATHBIM KOPHEM, a KOPEHb TPEThEH CTETECHH —
KyOmdeckuM KopHeM. JleficTBHe TOCpPEICTBOM KOTOPOTO OTBICKMBAETCS KOpPEHb N-OM CTENeHH,
Ha3BbIBACTCS U3GeueHuemM KOpHsa N-oli cmenenu. DTO JCUCTBUE SIBISETCS OOpATHBIM JEWCTBHIO
BO3BEJCHUS B N-10 CTEIIEHb.

ApubmMernueckuii KOpeHb  N-0M CTenmeHW o0namaeT CAeAYIOIMHMMH CBOWCTBAMH: €CIIH
a>0,b >0 u n,m— HarypanbHbIe YKCIa, MpryeM N> 2,M> 2, 10

1. Yab=%a%
a Ya

2 %:W
“fa)"

3. a)" =Va

4. (YWa)="a
OtmeTruM, 9TO B CBOMCTBE 1 unciio b MoeT Takke OBbITH paBHBIM HYIIIO; B CBOMCTBE 3 4HCIIO M
MOJKET OBITh LeabIM, ecin a>0.

m

Koumponvnvie sonpocsi
1.0Omnpenenenne apuMeTHUECKOTO KOPHS HATYPaJIbHOM CTEIEHH.
2.CBoiicTBa apru(pMETHUECKOTO KOPHS HATYPaIbHOM CTETEHH.

Tema 4.3. UppaunoHajibHble ypaBHEHHS] H HEPABEHCTBA
Memoosl pewienus uppayuoHaIbHbIX YPasHeull U HepaseHCms

Ymems: peuiaTb OCHOBHBIC BUABI UPPALTUOHAIIBHBIX ypaBHeHI/Iﬁ
3uamo: OIPEACIICHUC UPPATUOHAIIBHOTO YPABHCHNU A, OCHOBHBIC MCTO/JIbI UX PCIICHUA

YpaBHeHHe, coiepKailee MepeMeHHYIO TI0]] 3HAKOM KOPHS, Ha3bIBACTCS UPPAUUOHATbHBIM.

PerieHne upparioHaIbHOTO YpaBHEHHS OCHOBAaHO Ha MPEOOpa30BaHUU €r0 K PalMOHATBHOMY
YPaBHEHUIO, YTO JOCTUTACTCS BO3BEICHHUEM OOCHMX €ro 4acTeil B OJHY U Ty K€ CTeleHb (MHOTIa
HECKOJIBKO pa3).
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[Ipu Bo3BeneHNHM 00EHMX YacCTe MPPALMOHATIBHOTO YPaBHEHHS B YETHYIO CTENEHb IOJIy4aeTCs
YpaBHEHUE, SBJISIOLIEECS CIEACTBUEM UCXOAHOTO. Y PaBHEHUIO-CIIEICTBUIO YI0BIETBOPSAIOT BCE KOPHU
HCXOJHOTO ypaBHEHMS, HO MOTYT IOSIBUTHCSI U KOPHHU, KOTOPBIE HE SIBIISIFOTCSI KOPHSAMH HCXOJHOIO
ypaBHEHHUS («IIOCTOPOHHUE» KOPHH). UTOOBI BBISIBUTH «IIOCTOPOHHHUE» KOPHH, BCE HAMJICHHBIE KOPHU
YPaBHEHUS-CIIEJICTBUSL IIPOBEPSIOT MOJCTAHOBKOM B HMCXOJHOE YpaBHEHUE M «IIOCTOPOHHUE» KOPHHU
0oTOpackhIBaIOT.

HcxonHoe uppalyoHaIbHOE YpPaBHEHHME DPABHOCHUIIBHO CMEIIAHHOM CHUCTEME, COCTOSILEH H3
YpaBHEHHUA-CIEICTBUS M OrPAaHUYEHUM, ONpEHeNsieMbIX O0JacThi0 JONMYCTUMBIX 3HAYECHHM
nepeMeHHoi. B 3TOM ciydae «OCTOpOHHHME» KOPHH HE OyIyT BXOJIUTH B OOJNACTh JIOIMYCTUMBIX
3HAYEHUH NePEMEHHON U MPOBEPSTH UX MOJACTAHOBKOM B UCXOJIHOE YPaBHEHUE HE TpeOyeTCsl.

[Ipu Bo3BenEHNM 00EUX YacTe UPPALMOHATIBHOIO YPAaBHEHUS B HEUETHYIO CTEIIEHb MOJyYaeTCsl
ypaBHEHHE, PABHOCUIIBHOE UCXOJHOMY.

HppanuoHajibHble HEPABEHCTBA ¢ OHOM MEPEMEHHOM.

Pemrenne wuppanMoHaJIBHOIO HEPABEHCTBA C OJHOM TNEPEMEHHOW CBOJUTCA K PELICHUIO
PAaBHOCHJIBHOM €My CHCTEMBI PAallMOHAIBHBIX HEPABEHCTB MJIM COBOKYIIHOCTH CHUCTEM PAallMOHAJIBHBIX
HEPABEHCTB.

OTU CUCTEMBI PElIAIOTCs MPU HAJIOKEHUU OTPaHWYEHHUM Ha MEPEeMEHHYIO0 U BO3BEIEHUU 00enx
4acTel HEPABEHCTBA B OJIHY U TY K€ CTEIICHb.

Konmponvnvie 6onpocwi

1. OcHOBHBIE PUEMBI UX pelIeHHs (Pa30KeHHe Ha MHOXKHUTEIH, BBEICHUE HOBBIX HEU3BECTHBIX,
MOJICTAaHOBKA, TpapuUecKuii METOI).

2. V3oOpakeHne Ha KOOPAWHATHOH IIIOCKOCTH MHOXKECTBA PEIICHUH YpPaBHEHHH C TBYMS
IIEPEMEHHBIMU U UX CUCTEM.

3. NBoOpakeHne Ha KOOPAUHATHOM IIIOCKOCTH MHOYKECTBA PEIICHU HEPABEHCTB C IBYMS
IIEPEMEHHBIMHU U UX CHUCTEM.

Tema 4.3. Jlorapugmbi.

Onpedenenue nocapughma nonroxcumenvroco uucia. Ceovicmea nocapu@mos. [lecaimuunvie u
HamypaibHbvle 102apughmol.

Ymems: BEIYUCHATH JTOTAPUPMBI.
3nams: Onpenenenue norapudma nojgoxuTeNnbHOro yrcia. CpoiicTBa norapudmos. JlecaTHUHbBIE U
HaTypaJIbHbIE JIOTapU(PMBI.

Onpenesenue: JlorapudMoM MOTOKUTEIBHOrO Yuciaa b mo ocHoBanmio a (rmea>0,a#0)
Ha3bIBACTCS TI0KA3aTes b CTEICHH, B KOTOPYIO HaJl0 BO3BECTH YKCIIO @, YTOOBI MOJYIUTh YKCiIo D.
Jlorapudm uucia b o ocHoBanutio a 06o3Hauaercs cumpoiom: log, b.

Ecin a>0,a=0, b>0, To log, bmo ompenenenuto ectp mokasarens cremneHu, B KOTOPYIO

HaJa0 BO3BCCTHU 4YUCIIO a4, 4TOOBI MOJIYYUTb YHUCIIO b H03TOMy PaBCHCTBO
a|Oga b — b
€CThb TOKACCTBO, KOTOPOC HA3BIBAKOT OCHO6HbIM JZOZapMQbMMLl€CKMM ModHCOecCmeom.

JlelicTBUS HaXO0XA€HU Jlorapuma Yuciia Ha3bIBaIOT J102apUPMUpo8aHuem.

Ceoiicmea nozapughmos.
IMycts a>0,a=0,b>0,c>0, r- gr060e meicTBUTENBbHOE YKCIIO. TOTAA CIIPABEITHBBI

(dbopmynbL:
1. log,(bc)=1log, b+log,cC,
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2. bga(gjzdogab—Jogac,

3. log,b" =rlog, b,

4. PaBHBIM NOJOXHUTEIBHBIM YHCIIaM COOTBETCTBYIOT U paBHBIE orapudmsl ,T.e. ecinu b, =b,, 10
log, b, =log,b,,

5 log,1=0,

6. log,a=1.

Jecamuunvie u hamypanvnwle 102apuhmol.

Jis  jorapuMOB UHCEN COCTaBJIEHBI ClEeUMaIbHble TaOMUIBI(TAOMUIBl JIOTAapU(PMOB).
Jlorapu(msl BBIYUCISIOT TAKKE C MOMOILIBI0 MUKPOKAIBKYISATOpa. I B TOM, M B JIpyrom ciy4ae
HaXOJATCS TOJNBKO JAECATHYHBIEC WIN HATypallbHbIE JIOTapH(MBI.

Onpenenenue: /Jecamuunviym 102apuMom yucia Ha3bIBAIOT JOrapu(pM 3TOro 4ucia 10 OCHOBAHUIO
10 u mumyt lg b Bmecro log,,b.

Onpenenenue: HamypanioHvlm 102apug@mMom 4ucia Ha3bIBAIOT JOTApU(PM ITOTO YHCIIA 10 OCHOBAHUIO
e, TJIe € — UppalMOHAIBHOE YUCIIO, PpUOImKeHHo paBHoe 2,7. [Ipu atom mumyr Inb Bmecrto log, b.
Dopmyna nepexooa om no2apupma no 00HOMY OCHOBAHUIO K T02APUPMY NO OPY2OMY

b
OCHOBAHUIO: log —
20e a>0,a#1b>0,c>0,c-1.

Konmponvhvie gonpocoi
1. Onpenenenne norapudma MoJ0KUTEITLHOTO YUCIIA.

2. CpoiicTBa norapumMoB.
3. JlecaTnunble ¥ HaTypaJbHBIE JTOTAPU(MBI.
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Tema S. Iloka3zarTenbHas U JorapupmMuyecKas

Tema 5.1. IlokazaTeabHast pynkuus. Ee cBoiicTBa u rpadgux

Onpedenenue, ceoticmea u epagux NOKA3amenbHol QYHKYUU, UX NpUMeHeHue npu peueHuu
VIPAAHCHEHUU

Ymemw: ctpouth Trpaduku NOKa3aTeNbHBIX (DYHKIWH, OMUCHIBATH MX CBOWCTBA, MPHUMEHSTH
CBOMCTBA IIPU PELICHUH YIIPAKHEHUI

3nams: onpenenenue GyHKIUH, €€ CBOMCTBA U TPadUKH.

[TokazarenwsHas pyHkuus 3agaercs hopmynoit y =a',raea>0ua # 1.

[lepeuncnum cBolictBa GyHKIMH y = a* ipu a > 1.

1) O6nacTe onpeneneHus: GyHKIIUU - BCSI YACTOBAs TIpsiMasi.

2) OGnactp 3HaYeHUN QPyHKIUU - TpoMeXyTOK (0; + o).

3) OyHKIUS HE SIBISETCS HU YETHOW, HU HEYETHOW. DTO CIENYeT U3 TOTO, YTo a “#a*ua ™ #- a'.
4) ®yHKIMS BO3pacTaeT Ha BCe YUCIOBOM MPSIMOH.

I'paduk pynkuuum y = a* npu a > 1 BRIMISAUT Tak, Kak MOKa3aHO HAa PUCYHKE.

OtmeTHM, 4To 3Ta PYHKIUS TPUHUMAET JIFOOBIE MOJIOKUTEIbHbIEC 3HAUCHHUS .

y=a*; a>1

_——/,

CaoiictBa ¢pyHKIuu y = a* pu 0 < a < 1.

1) O6nacte onpeaeneHust GyHKIUU - BCA YUCIOBAsI MpsMasi.

2) Obnacte 3HaueHwmi - (0; + o).

3) OyHKIUS HE SIBISETCS HU YETHOW, HU HEYCTHOM.

4) OyHKIMs yObIBAET HA BCEH YMCIIOBOM MPSMOIA.

I'paduk pynkium y = a¢* npu 0 < g < 1 BBIMISAUT Tak, Kak MOKa3aHO HA PUCYHKE.
OtmeTHM, 4TO 3Ta PYHKIUS TPUHUMAET JIIOObIE MOT0KUTENbHBIC 3HAUCHUSL.

174 X

Koumponvhuwvie 6onpocel
1.0OmnpeneneHue noxka3aTeabHOU(DYHKINU
2. CoiicTBa noka3aTenbHON (YHKIUH
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Tema 5.2. Jlorapu¢gmbi.

Onpeoenenue nocapupma . Ceolicmea roeapughmos. JJecamuunvie u HAMYPAIbHbLE
Jno2apughmul.

Ymemu: BbIUUCHATH TOTapUPMBI.
3namy: onpeneneHue JorapruQma moJ0KUTEIHHOIO YHCIIA, CBOWCTBA JIOTapU(PMOB,AECATHYHbIE U
HaTypaJbHbIE JTOTapU(MBL

Onpenenenune: JlorapupMom NOJOKUTETBHOTO uucia b mo ocHoBanuio a (rmea>0,a#0)
Ha3bIBACTCH IMMOKA3aTCJIb CTCIICHH, B KOTOPYIO HA/10 BO3BCCTHU YUCJIO 4, qTOOBI MOJIY4YUTb YU CJIO b
Jlorapudwm uucia b mo ocHoBanmio a 0603Havaercst cumBoiom: log, b.

Ecm a>0,a=0, b>0, To log, bmo ompexenennio ectp mokasarens cremneHH, B KOTOPYIO
HaJI0 BO3BECTH YHUCIIO d, YTOOBI MOTyduTh yuciio b. [Toatomy paBeHCTBO

a-Ioga b — b
€CTh TOXKJIECTBO, KOTOPOE HA3BIBAIOT OCHOBHbIM 102APUPMUUECKUM MONCOECTNEOM.

JleicTBUS HAXOXKICHMUS JIorapr(ma uncia Ha3bIBAIOT J102ApUPMUPOBAHUEM.

Csoitcmea nozapugmos.
IMycts a>0,a#0,b>0,c>0, r- m000e aelicTBUTETBHOE YKCIO. TOrAa CIpaBeTMBEI
bopMyIb:
7. log,(bc)=log, b+log,cC,

8. bga(%jzdogab—Jogac,

9. log,b"=rlog,b,

10. PaBHBIM HOJIOKUTEIILHBIM YHCIIAM COOTBETCTBYIOT M paBHBIE JIOTapudMsl ,T.¢. eciu b, =b,, To
log, b, =log, b,

11. log,1=0,

12. log, a=1.

Jlecamuunsvie u hamypanvuule 102apughmol.

Jlns nmorapudMOB YHCE COCTABJICHBI CIICHHAJIbHBIC TaOMHIBI(TAOJUIIBI  JIOTapu(MOB).
Jlorapu¢mpl BBIYUCISIIOT TaKKE C IMOMOILIbI0 MUKPOKAJIBKYyIsITOpa. M1 B TOM, M B JOpyroMm ciydae
HAXOJISATCS TOJIBKO JICCATHYHBIC WU HATYPaJIbHBIC JIOTapHU(MBI.

Onpenenenue: /JecamuunviM 102apu@MOM Yucia HA3BIBAIOT JOTapU(PM 3TOrO YKCIa M0 OCHOBAHHIO
10 u mumyt Ig b Bmecro log,,b.

Onpenenenue: HamypaibHbim 102apughpmom 4ucia Ha3bIBAIOT JOTapU(GM ITOr0 YHCIIA IO OCHOBAHHIO
e, TIe € — HPpalMOHAIBHOE YHCIIO0, TPUOIMKeHHo paBHoe 2,7. [Tpu stom mumyt Inb Bmecrto log, b.

Dopmyna nepexooa om n02apu@ma no 00HOMY OCHOBAHUIO K JLO2APUPDMY NO Opy2omy

log. b

OCHOBAHUIO: log, b= oq a’
0g. a

e0e a>0,a=1b>0,c>0,c=1.

Koumponvhwvie 6onpocei

1. Onpenenenue norapudma MoJ0KUTEIBHOTO YUCTIA.

2. CpoiicTBa j0orapu(mos.

3. JlecsTHUHBIE M HATYpalbHbIE JTOTAPU(MBI.
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Tema 5.3. Jlorapupmuyeckas pyHkums.
Onpeoenenue nocapugpmuuecxou ynxyuu . Ceoticmea u epaguxu noeapu@dmuyeckoii GyHKyuu

Ymems: crpouth rpaduku  JorapupMuuUecKuX (YHKIHN, ONMUCHIBATH UX CBOMCTBA, MPUMEHATH
CBOMCTBA IIPU PEIICHUH YIIPAKHEHUIN
3nams: onpenenenue GyHKIUH, €€ CBOMCTBA U TPadUKH.

Jlorapudmuueckas GyHkuus y = l0ga X 00s1a1aeT CISAYIOIMNUMH CBOUCTBAMH:
1) O6nacte onpenenenus - (0; + ).
2) OGnactp 3HaueHHH - ( - 00; + 00)
3) ®yHKUMS HU YEeTHasA, HU HEYETHasl.

4) ®ynkuus Bo3pacraeT Ha mpoMexytke (0; + co) mpu a > 1, yosiBaet Ha (0; + o) mpu 0 < a <1.
I'paduk dyHkiuu y = l0ga X MOKeT OBITH MOJydeH W3 rpaduka QyHKUUM Y = @' ¢ TOMOIIBIO
npeoOpa3oBaHMsi CHMMETPUU OTHOCUTENIBHO MPSAMOM ) = X.

Ha pucynke a) noctpoen rpaguk jgorapudmuueckoit GpyHkuuu a1 a > 1, a Ha pucyske 0) - 111 0 < a
<l

YA Yﬁl

7 N

a) Z) y »d0g, X{ Cea<?)

dyuknus y = In x.

Cpenu nokasarenbHbIX GYHKIIUN y = a, e a > 1, 0coOblii MHTEpeC JII MaTeMaTHKH U €€
MIPUJIOKEHUH TpecTaBiseT GyHKIMs, o0aanaronas cieIyoluM CBOMCTBOM: KacaTeiabHas K rpaduky
¢byakuun B Touke (0; 1) obpasyer ¢ ockto x yroxa 45°. OcHoBaHWE a TakOoW (YHKIIMH axX MPUHATO
0003Ha4aTh OYKBOH e, T. €. y = €'. [logcunrano, uro e = 2, 7182818284590..., u ycTaHOBIJIEHO, 4TO € —
uppauuoHainbHoe yucio. Jlorapudpmuueckyro QpyHkH0, 00paTHYIO NMOKa3aTeNbHONH (QYyHKIUU y = €',
T. e. ¢pyukuuio y = loge X, mpunsTo o6o3Hauath ¥y = In x (In ymraercs "HaTypaiabHBIA Jorapudm’).
I'paduk byHkimu y = In x u300paskeH Ha pUCYHKE.

Konmponvhvie sonpocoi
1.0Omnpenenenne norapudmMuueckoil QyHKIUU.
2. CpoiictBa norapudmMuyeckux QyHKIUH.

Tema 5.4. Pemienne nokasarebHbIX U JOrapu(pMuyeckuX ypaBHeHHUil, CHCTeM YpaBHeHUM

OcnosHule npuembl UX peuleHus (PaznodtceHue Ha MHONCUMENU, 66e0eHUe HOBbIX HeU38eCHbIX,
noocmanoska, epaguyeckuti memood). Mcnonvzosanue ce0ticmes u epaghuxos ynkyutl npu peuieHuu .

YMempb: peuaTh NoKa3aTelbHbIe U JIOTapu(PMUUECKUE YpaBHEHUS

3Hamb: OCHOBHBIE TIPUEMBl HMX pelleHus (pa3oKeHHe Ha MHOXKUTENH, BBEICHHE HOBBIX
HEU3BECTHBIX, IMOJICTAHOBKA, rpaduyeckuii MeTo[), MCHOJIb30BAHUE CBOWCTB M IpaduKoB (HyHKLIMH
IIPU PELICHUN YpaBHEHUIA.
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Iokazamenvnoie ypaeénenusn
PeHleHI/Ie noKkazameijlbHvlXx ypaeHeHuL? qacTo CBOOUTCS K peLHeHI/IIO ypaBHCHI/DI
a*=a",
rae a>0,a #1, X - HenzBecTHOE. DTO YpaBHEHHUE PEIIACTCS C MOMOIIBIO CBOMCTBA CTETIEHH: CTEIICHH C

X

OJMHAKOBBLIM OCHOBAaHUEM A > O, azxl PaBHBI TOJIBKO TOI'/Ia, KOT'1a PAaBHBI UX IIOKAa3aTCJIH.

Tema 5.4. Pemienne nokasareJibHbIX 1 JIOrapu(pMUYecKUX HEPABEHCTB

Pemenne noxazamenvhvix Hepasencme 4acTo CBOJUTCS K PEILICHUIO HEPABEHCTBA

a*>a’wm a* <a’.

OTH HepaBEHCTBAa pELIAIOTCA C TOMOINBIO CBOMCTBA BO3pAacTaHUS WM  yObIBaHUS
nokazateabHOW (yHKIMM: A8 Bo3pacTaromed (yHKIUM OonblieMy 3Hau€HUIo (QyHKUIUU
COOTBETCTBYET OoJiplliee 3HAUE€HHWE apryMeHTa, a Ui yObIBarouleil (GyHKIUU OOJbIlIEMy 3HAUEHHUIO
(YHKIIMY COOTBETCTBYET MEHbIIIEE 3HaUCHHE apryMeHTa.
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Tema 6. IIpouszBoanas
Tema 6.1 @yukyuu ux ceoiicmea u cpagpuku (nosmopenue)
Dnemenmapnvie hyHKyul, UX CGOUCMEA U 2PAPUKU

Ymembu: cTpouTh rpauKu AJIEMEHTAPHBIX (YHKIIUH, OIICHIBATh CBOMCTBA (DYHKITHIA.
3namo: onpeneneHus GyHKIUH, KX CBOWCTBA U TpaduKU

Hazosem ynopsdouennoii napoti (X,Y) nByxsnementHoe MHoxkectBo {X,Y}, B koTopom

AJIEMEHT X HAXOJUTCS Ha MEPBOM MECTE, a JIEMEHT Y — Ha BTOPOM. DJIEMEHT X Ha3bIBACTCS Nepeoll
KOOpOuHamou YNOPSAOUYEHHON Maphl, a JIEMEHT Y — 6mopou KoopourHamot. JIBe ynopsiJoueHHbIE
rapsl paBHBI, KOTIa COBIIAIAIOT UX KOOPAUHATHL: (X, y) = (U,V) < X=U,y=V.

®ynxyueii f nHaspiBaeTC MHOXeECTBO ynopsaoueHHbIX map uucen (X, Y), Takux, 4o X € X ,
Yy €Y wu xaxmomy oinemMenTy X € X CTaBUTCA B COOTBETCTBHE €IMHCTBEHHBIN demeHt Y €Y .

O6o3nauenue: f: X — Y. MHOkecTBO X Ha3bIBACTCsl 0O1acmyvio onpedenenusi GyHKiuu f, a MHOXKECTBO
Y — obaacmoio 3navenuti. O603navaroT: D u Ef. Ecnu sicHo, kakue MHOXkecTBa X U Y UMEIOTCS B BU]LY,

to mumryt Y = f(X). Dnement X HaswiBaercs apaymenmom, ay — snauenuem dpynkimu f,

Cnocoowl 3a0anusa ynkyuu.
Cy1iecTByeT HECKOJIBKO Coco00B 3ajaHusl (PYHKIIUU.

1. Tabnuunvii. Wcmonw3yeTrcss Torda, KOrja oOOJACTh OMNPENCICHHS COCTOMT W3 KOHEYHOTO
MHOXKECTBa umcen. Tornma g 3adaHus (QYHKIHH TIPOIIEe BCEro yKa3aTh TaOJHIly, COJCpPIKAIIYIO
3HAQYCHHS apryMEHTa M COOTBETCTBYIOIIHME 3HaueHus (pyHkumu. Hampumep, tabnuia jgorapudmos.
Jpyrum mpuMepoM MOTYT OBITh TAOJHWIIBI, COACPIKAIIME JAHHBIC O YHCIE JKUTEJCH, HACEISIOIINUX
3EMHOM MIap B OTACIbHBIC TObI, PACTIUCAHUS JBIKEHUS MTOE3/I0B U T.1I.

2. Ananumuuecxuu. Ilpn aHanmuTHueckoM criocobe 3amanusi QYHKIUMS MOXET OBITh 3a/laHa s6HO,
KOT'JIa TaHO BBIpaKeHHE y uepes X, T.e. hpopmysa umeet Bua Y = f(X),; nessno, korma x u y CBSI3aHbI

MexIy coboit ypaBaenuem Buna F(X,y)=0; napamempuuecku, Koraa COOTBETCTBYIOIIHE APYT APYTY
3HAYCHUS X M y BBIPAKEHBI YepPe3 TPETHIO NIEPEMEHHYIO BETMUUHY {, HA3bIBAEMYIO napamempom.

3. Jlocuueckuii. Ecnu (yHKIHS ONMCBHIBACTCS MPABUJIOM €€ COCTABJICHUS, HanpuMmep, (QyHKITHS
Hupuxie: f(X)= 1, ecau X — panmonansroe; f(X)= 0, ecau X — uppanuoHaaIbHOE.

4. I'paguueckuti. CocTouT B u300pakeHud 2cpaguka gyuxkyuu — MHOXecTBa Touek (X, Y)
TUIOCKOCTH, a0CIUCChl KOTOPBIX €CTh 3HAYCHUS apryMEHTa X, a OPJUHATHI — COOTBETCTBYIOUIHEC UM
snauenns ¢ynaxkumn Y = f(X). IIpeumymecTBoM rpaduyeckoro 3ajaHus SBISETCA €ro

HarjiIagHOCTb, HCAOCTATKOM — €I'0O HCTOYHOCTbB.

I'pagpux ¢pynkyuu
I'pagpuxom yukyuu (B [EKapTOBOW MPSMOYTOJBHOM CHCTEME KOOPAWHAT) HAa3bIBAIOT
TreOMETPHUECKOE MECTO TOUYEK, AOCIIUCCHI KOTOPBIX SBJISIOTCS 3HAUEHUSIMU HE3aBUCHUMOI MepeMEHHOMH,
a OpAMHATHI — COOTBETCTBYIOLIUMU 3HAYCHHUSIMH (PYHKITUU.

Ceoiicmea pynkyuit
o ocHoBHBIMU cBolicTBamu dynkiuu Y = T (X) 6yzem nomumars cnemyrommue:

1. yemnocmo, neuemnocmy. Oynkus Yy = f (X) Ha3bIBAETCS YemHou, €CIIN IS JTIO0BIX 3HAUECHU

x u3 obmactu onpenenenus T (—X)= f(X) u neuvemnoi, ecrm f(—X)=—1f(X). B nporusnom

cnyqae ¢yuxuus Y = f(X) maseBaercs ¢ymxyueii obweco euda. T'padux ueTHOM (yHKIHH

2
CHMMETPHUYEH OTHOCHUTEIIFHO OCH opauHarT (Hampumep, rpaduk ¢yHkimmu Y = X), a rpapux
HEYeTHOW (YHKIMM CHUMMETPHUYEH OTHOCUTEIBHO Hadaja KOOpAMHAT (Hampumep, rpaduk (QyHKIUU
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y= X3). [MosTomy Juisi 4eTHOH (YHKIMU JOCTaTOYHO CTPOMTH JIMIIb IPABYIO IMOJIOBHHY Tpaduka
(X >0), nepas nonosuna ero (X < 0) sBnsercs 3epxaabHBEIM OTPAXKEHUEM [TPABON OTHOCHTEIHEHO OCH
Oy. Uto0bl MOCTPOUTH TpapuK HEUETHON (YHKIIUH, TOCTATOYHO M300pa3UTh MPaBYIO MOJOBUHY €TO
(X > 0); nepas nonosuna rpapuka (X < 0) monyuaercs B pesynprare noBopora npasoii Ha 180°.

2. monomonnocmy. Ecinu 118 100X 3HaueHHH X, X, € X U3 HepaBeHCTBa X < Xy

BBITEKAET HEPABEHCTBO!
a) f(x)<f(x,), To pyHKINI Ha3BIBACTCS 603pacmaiowel,

6) f(x))<f(X,), To dynkuus naseiBaercs neybwiearowei;
B) f(x))> f(X,), o pyuxuus naswiBaercs y6wiearoweii;

r) f(x))= f(X,), o pyuxuus naswiBaercs nesozpacmaioueii.

Bo3spacratomue, HeBo3pacTaromue, yObIBarollMe€ M HeyObIBaromue (QYHKIMM Ha MHOXeCTBe X
Ha3bIBAOTCA MOHOMOHHbIMY HA 3TOM MHOXKECTBE, a BO3pacTalollie M YOBIBAIOIIHUE — CHIPO2O
MonomonHbiMu  VIHTEepBasibl, B KOTOpBIX (DYHKIMS MOHOTOHHA, HA3bIBAIOTCA UHMEPBAIAMU
MOHOMOHHOCIU.

3. ocpanuyennocmsb. OyHKINS Ha3BIBACTCSA O2paHuyeHHOU Ha TMPOMEXYTKe X, €ClIH CYIIECTBYET

Takoe noyioxkutensHoe yucio M > 0, uto ‘f (x) < M‘ s moboro X € X .

4. nepuoduunocme. ®ymxims Y = T(X) mnaseBaercs nepuoduueckoii, ecnm  cymecTByer

nonoxurensHoe uncno T takoe, uro f (X+T)= f(X). Haumenbinee uncno ¢ Takum ceoicTBOM

HasbIBaeTcs nepuodom GyHKIUH. [[s1 mocTpoeHus rpaduka MepUoHIECKON (PYHKIIUU JTOCTATOYHO
n300pa3uTh €ro Ha OTpe3ke, JUIMHAa KOTOPOTO paBHA MEPHOMAY, a 3aTeM MOCTPOUTHh MEPHOANIECKOE
MpoI0JDKeHHE rpaduka.

Oopamnas ¢pynkuyus
Hycte 3amana ¢yaxuus Y= F(X) ¢ o6nacteio ompemenenus D u MHOXkecTBOM

3HaueHul E. Eciam kKaxaoMy 3Ha4€HHIO yeE COOTBETCTBYET E€IMHCTBEHHOE 3HAUYECHUE
Xe D, TO omnpezaeieHa (QyHKIUA x:¢(y) c obnacTpio ompenelneHus £ W MHOXECTBOM

snauennii D. Takas Gpynkuus @(Y) HaswiBaercs ofpammoii x dynkuuu f(X) u sanucwiBaercs

-1
B Buge: X=@(y)="f"(y). Ipo ¢ynxkuuu Y= f(X) u X=¢(y) rosopar, uro onmu
ABJISAIOTCS B3aUMHO oOpaTHbIMU. I'paduku B3aMMHO O0OpaTHBIX (QYHKIUMH CHUMMETPUYHBI
OTHOCHUTENIBHO OMCCEKTPHUCHI IEPBOTO M TPETHETO KOOPAUHATHBIX YIJIOB.

Onpenenenue 1. Ocnoeénvbimu rnemenmapHvimu GYHKYUAMU HA3BIBAIOTCS CIEAYIOIINE

(107319112178
a) nocmosnnas Gyukius f(X)=c, ceR;

0) cmenennas pyukuus f(X) = X”,rae o — 1000€ IEHCTBUTEILHOE YUCIIO;

B) nokazamenvhas Gpyuaknus f(xX)=a*, rne a>0,a#1;

r) n02apugpmuyeckas dynkuust Yy = log, X, rne a >0,a#1,

1) mpueonomempuyeckue GyHkpr Y = SiN X, y = COS X, y = tgx, y = Ctgx;

e) oopammwvle mpuconomempuyeckue GyHKIMH Y = arcsin X, y = arccos x, y = arctgx, y = arcctgx.

PaccMoTprM OCHOBHBIE CBOMCTBA U Ipa)MKH OCHOBHBIX SJIEMEHTAPHBIX (DYHKITHH.
a) nocmosnnas Gyakust f(X)=c, ceR.

Obnacte  ompeeneHus (— oo;+oo), f(X)=Cc wHeBo3pacTarolias ¥  HeyObIBaoIIas,
MEepUonYecKas, He WMEIoIIas HauMeHbIero mepuoaa. I['papuk ¢GyHKIUU Y =C- mpsmas,
napaienbHas ocu OX,orcekaromas ot ocu Oy 0Tpe30k BEIMYHHOI C.
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yl}
y=>4
b
y=0
[7] X
y=-2
-2

0) cmenennas ¢ynxuusa f(X) =x“. Ecnu mokasatenb =N - HAaTypaJbHOE YHUCIIO, TO CTEMEHb

x" omnpenenena mis moboro X € R, cneposarensuo, D(y)=R. Ecim o =-n,ne N, T0 crenennas

byukmust y = X" ompenenena ms moboro X € R, x # 0.

Ecnu o sBisieTcst IpoOHBIM YUCIIOM, TO 00JIACTH ONPEICICHHS CTeIIEHHOW PyHKIMKU Y = X“ coBIajaet

C MHOXKECCTBOM HCﬁCTBHTGJ’IbHBIX 3HAYCHUHU X, AJId KOTOPBIX Y NPUHHUMACT TAKXKE I[Gf/iCTBI/IT@J'ILHBIG

3HaueHus. Hanpumep, dyHkusa Yy = Jx onpenenena mpu X >0, ¢pynxkmus Y =3/X ompenenena mpu

T000M JIeHCTBUTENBHOM XU T.0. Ecom « - uppaluoHaibHOE 4YHCIO, TO CTeneHHas (QYyHKUWS

f(X) = X“ ompezeneHa i BCEX HEOTPUIATEIBHBIX JICUCTBUTEIILHBIX 3HAUCHUN X.

Cmenennasn ¢yl—ll<l(u}l C HAmMypailbHbIM noKazamesem.

®dyuknus y = x", Tae N - HaTypalbHOE YKCIIO, HAa3bIBACTCS CTEMEHHON (YHKIMEH ¢ HaTypalbHBIM

MOKa3aTeIeM.
[Ipu n = 1 mony4yaem GyHKIUIO ) = X.

ITpu n = 2 monydaeM GyHKIHUIO Y = x2.

®ynknus y = x2.

Tlepeuncium cBoiicTBa QYHKIHH y = X°.

1) O6nacTh onpemeeHust PyHKIMU - BCS YUCIIOBAS MpsMasl.
2) y = x? - yetHas ¢pynxims (f (- x) = (- x)? =x? =1 (X)).

2 2
3) Ha npomexytke [0; + o0) pyHkuus Bospactaer eciu 0< X <X,,T0 X;” <X, , @ 3T0O U O3HA4YaeT

BO3pacTaHue (PYHKIIUH).

2 2
4) Ha npomexytke ( - o ; 0] ¢yHkuus yosiBaet ( eciu X, <X, <0, To X;” > X,”, a 3T0 U 03Hayaer

yObIBaHUE (PYHKIIUHN).
I'paduxom GpyHKIuM y = X? sBIIseTca napadoJaa (cM. puc)

Y4,
y=x%

-3 —2 —7 @ 7 2 3 x>

IIpu N = 3 nonydaeM GyHKIHUIO ¥ = X°,

®ynkuus y = x°
Tepeuncnum cBoifcTBa GyHKIHHU y = X°.
1) Ob6nactp OTpeeIeHUs byHKIIN - BCS YHCII0BAs
2) y = x* - neuernas ¢pyukuus (f (- x) = (- x)3=-x* = - f (X))

npsMasi.
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3) dyukuus y = x° Bo3pacTaeT Ha Beeil UMCIOBOM MPAMOIL.
I'paduk Gpysxuuu y = x° uzobpasken Ha pucyHke. OH Ha3bIBaeTCA KyOHUYecKoii m1apabo.Ioii.

yax¥

-~

[TycTh N - MpoU3BOJILHOE YETHOE HATYpATbHOE YMCIIO, OoJbiee ABYX: N = 4, 6, &, ... . B aTom
cydae ¢yHKmus y = x" 00afaeT TeMH ke CBOMCTBaMH, 4To M (yHKIma y = x°. ['padux Takoii
(ynKImE HamoMuHAET mapaboiy y = x°, TOJBKO BeTBH rpaduka mpu |X| > 1 TeM Kpyde HIyT BBEpX,
yem Ooublie N, a pu [X| < 1 TeM "TecHee mpuxKUMaroTcs" K OCH X, yeM Oouiblie N. (puc. a).

) 0) y

N 4

— N

IIycth N - MpOM3BOJBLHOE HEYETHOE YHCIIO, OoJibliee Tpex: N =5, 7, 9, ... . B aTroM ciydae
dyHKuEa y = x" 06IajaeT TeMHU e CBOMCTBAMH, uTO M (GyHKIUA y = x°. I'padux Takoii QyHKIMH
HalOMHHAET KyOW4yecKylo mapaloiiy (TOJBKO BETBH rpaduka TeM Kpyde HIyT BBEPX, BHHU3, YEM
oosbmie n) (puc. 6). OTmMeTuMm Takxke, yto Ha npomexyrtke (0; 1) rpaduk creneHHOW QyHKIUUA y =
x" TeM MeJIeHHEee OTAAIACTCS OT OCH X C POCTOM X, 4eM OoJibIiie N.

Cmenennasa pynKyus c yenvim ompuyameibHolm nOKaA3amenem.
PaccmotpuM dyHKIM0 y = x ™, T1Ie N - HATYPAJIbHOE YKCIIO.
Ipu n = 1 nonydaem y = x * wiu y = 1/x. CBoiicTBa 3T0i GYHKIIMKM pacCMOTPEHBI BBILIIE.
[Tycth N - HeyeTHOE YKo, OoJbllIee eAUHULBL, N =3, 5, 7, ...
B stom ciydae dyHkIims y = x " 0071a1a€T B OCHOBHOM TEMH )K€ CBOHCTBaMH, YTO U QyHKIHs y = 1/x.
I'paduk byukmuu y =x " (n=3, 5, 7, ...) HanmomuHaet rpaduk dyukuuu y = 1/x (puc. a).

S —_— Y ——
(o-nevamuae) (- vemwor)
i ]
G x =ra| r x
a) %)

[TycTh N - yeTHOE ymMCIO, HarpuUMep N = 2.
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TlepedncauM HEKOTOpBIE CBOICTBA BYHKIUH y = X 2, T. €. pynkiuu y = 1/x%

1) @ynkuus onpeneneHa npu scex X # 0

2) y =1/x? - ueTHas QyHKUHS.

3) y = 1/x? y6sIBaer Ha (0; + o) 1 Bo3pacTaer Ha ( - o©; 0).

Temu ke cBolicTBaMu 00J1a1ar0T JIF00BIC (PYHKIIMK BHIA Y = X ' [IPH YE€THOM N, OOJIBIIEM JIBYX.
I'paduk ynxiuu y = 1/x? u300paxed Ha pucyHKe 6. AHAIOTMYHBIH BH UMeeT rpaduK QYHKIUH y =

x™" ecimn=4,6, ..
1

DyHKUUA Y = X2
[lepeuncnum cBoiicTBa QyHKIMH Y = Jx

1) O61acTh onpenenenns - ayd [0; + o). DTo ciIeayeT U3 TOro, YTO BhIpaKeHHe YX OIpeneseHo JINITb
npu X > 0.

2) Oynkuus y = JX mn YEeTHA, HU HEYETHA.

3) Oyakuus y = Jx Bo3pacTtaet Ha jyde [0; + o).

I'paduk pynkuum y = Jx n300pakeH Ha PUCYHKE a.

Yl = YA
=YX
2 iz y.-:/’f
2
7 /
al 1 & X a7 8 x

1
dOyukmus y = X3,

[Tepeuncium cBoiicTBa GyHKIUHA Y = Ix
1) O6nacTe onpeneneHust (GyHKIIUU - BCSI YACTOBAs TpsiMasi.

2) ®ynkius Y = 3/ X HeueTHa.
3) dyukius Y = 3/ X Bo3pacTaeT Ha Beel YMCIIOBOM MPAMOIA.

I'padux pynkuuu Yy = ¥/ X n300pakeH Ha pUCYHKe O.

1
DOyHkuua y = X;.
[Ipu yetHOM N PyHKIUSA Y = %/X oGnamaer Temu ke cBoiiCTBaMH, UTO M bynkuus Yy = VX, u
rpaduk ee HartoMUHAET rpaduk QyHKIUU Y = Ux.
[Ipu HeueTHOM N QyHKIUA Y = %/X o6mnagaer Temu ke cBOiicTBaMH, 4TO U QyHKIUA Y =3I X , U

rpaduk ee HaoMUHaeT rpaduK GyHKIUHN Y = Vx.

y=VYx (- Hevemuoe)
X

CrenenHasi pyHKIHS C MOJIOKUTEIbHBIM IPOOHBIM NOKA3aTeJIeM.
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PaccmoTpuM GyHKIHIO y = X', T1€ I - HOJIOKHUTEIbHAS HECOKPATUMAs IPOOb.
[lepeuncianM HEKOTOpPbIE CBOMCTBA ATOH (PyHKIIHH.

1) OGnacte onpeaeneHus - myd [0; + o).

2) @yHKUMS HU YETHasl, HU HEe4YETHasl.

3) ®yukuust y = x" Bo3pacraer Ha [0; + o).

Ha pucynke a u300paxes rpaguk GyHKuuu y = x2°
5
Yh, A= YA YA
y=x'
1 / y=x"’
N5
/ y=X
] ;] x 0 ! x 0| 1 x
a) 0) )
Konmponvuvie sonpocoi

OyHKIUN.
OO6uacTh onpeneneHuss 1 MHOXKECTBO 3HAUCHUIA.
I'paduk pynkuun.

[TocTpoenue rpadukoB GpyHKINN, 3aJaHHBIX PA3IMYHBIMU CIIOCOOAMHU.
CpoiicTBa (DyHKIIMH.
OO6paTHble QyHKIUH.

ok wnE

Tema 6.2 IlocaenoBateabHocTH. [Ipenen nocijenoBaTebHOCTH, Mpeae] PyHKIUN

Ilocneoosamenvnocmu. Cnocobwst 3a0anust u c80LCMEA YUCIOBbIX NOCIE008AMENbHOCHEN.
Ilonamue o npedene nocnedosamenvrocmu. Cywecmeosanue npeoena MOHOMOHHOU 02PAHUYEHHOL
nocneoosamenvhocmu. Cymmupoganiue nocied08amenbHocmell.

Ymems: BeruncnsaTe npeaci YHCJIOBOM IMOCJICA0BATCIIbHOCTHU, BBIYUCIATE IIPCACIT (bYHKHI/II/I

3name: IOCIC10BAaTCIBbHOCTH, CITIOCOOBI 3aJaHuA " CBOMCTBA YHCIIOBBIX HOCHeHOBaTeHBHOCTCﬁ,
IIOHATHUE O HNPEACIC IMOCICAOBATCIIBHOCTH, CYHICCTBOBAHUEC IIPCACIIa MOHOTOHHOM OFp&HH‘ICHHOfI
IIoCI€aA0BATCIIBHOCTH, CYMMHUPOBAHHNC HOCHGHOB&TCHBHOCTCﬁ.

Ecou KaXJI0MYy HaTypaJIbHOMY YHUCIIY N MOCTABJICHO B COOTBETCTBHUEC BECIICCTBECHHOC YHCJIO Xn,
TO I'OBOPAT, UTO 3a/laHa nocne008amenbHoOCmb

Xpy Xp0eey Xy = X, }-
Yucna X;,X,,..., X, Ha3bIBatOTCI 271emenmamu (4ieHamu) TOCIEIOBATEIbHOCTH, CHUMBOJ
{X,} — obwum snemenmon (unenom), a N —omepom >nemenra.
J1s ocine0BaTeNbHOCTEN MOXKHO ONIPEEIUTh CIEAYIOUINE onepayuu.
1) VmuoxeHue nocnenoparensnoctu Ha yucio m: M-{X }={mx,}, r.e. mx;, mx,,...
2) Cnosxenne (Beraurtanue) nocnegosarensuocteit: {X, } = {Y, }={X, £ Y, }-

3) IlpousBeneHue MOCIEI0BATEILHOCTEI: {xn}~{yn} ={Xn . yn}.

X0l _ | %

4) YacTHOE MOCIEI0BATEILHOCTEH: { } =< mpu {y,}=0.
Yn n

Ozpanultenuble U Heo2panudeHHnble nocneooeamenbHocmu.
IlocnegoBaTenbHOCTD {Xn} Ha3bIBACTCA OzpaHulleHHOlZ ceepxy, c€CIHU IJid aoboro N

cymiecTByet Takoe uncio M, uto X, <M .
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TocnenoBatensHOCTh {X, } HA3BIBACTCS 02PAHUUEHHON CHU3Y, ECIIA JUTSL JFOO0TO N CYLIECTBYET
Takoe 4ucio M, yro X, = M.
IocnenoBarensHOCTs {X,} Ha3bIBACTCS O2panuuennol, eCM OHA OTPAHAYEHA U CBEPXY M

CHH3Y, T.€. CYLIECTBYIOT Takue yncia M u m, 4to juist J106oro N BepHo HepaBenctBo: M X, <M .

IIpenen mocien0BaTEIbHOCTH.

Uucno a Ha3plBaeTCcsi npedeiom  TOCIENOBATEIILHOCTU {Xn}, eclim  mId  1x000ro
nonoxurenasHoro £ >0 cymecrByer Takoit Homep N, uro mis Bcex N> N Bemosnsercs ycnosue:
\xn—a\ < &. DTO 3aliChIBAETCA:

lim x, =a.
nN—oo

B 5TOM cityuae roBopSIT, UTo TOCIen0BaTenbHOCTh {X, } cxodumces x a ipu N—>co.

OcHogHble c60licmea cx00AuuUxXca nocied08amenbHoCmelil.
1. Cxopsmasicst mociie1I0BaTeIbHOCTh OTPAaHUYCHA.

2. Tlyers lim x, =a, Ilimy,=b, torma Ilim(x,xty,)=axb, Ilm(x, -y,)=a-b,
n—oo n—

N—o0 Nn—o0
lim %0122 (h20).
>\ Yy ) b
3. Ecm lim X,=4a, lim Z, =@ ® i Bcex N BBINONHAIOTCA HepaBeHCTBA X, <Y, <Z,, TO
n—oo n—oo
limy, =a.

n—oo
4. Ecnn r!ILT!O X, =& ¥ NOCIeN0BaTeNbHOCTE Y, } — orpannuennas, To r![)T\OO(XH -y,)=0.

IIpenen pyHkuum B TOUKE.
Iycrs ¢pynxuus T (X) onpenenena B HekoTopoii okpecTHOCTH Toukn X =a (T.e. B caMoi

Touke X = a (GYHKIHS MOXKET ObITh U HE OIpeIeIeHa)
Yucno A masbiBaerca npedenom ¢ymkimuum T (X) npu x—a, ecnim ans mo6oro & >0
cymectsyer Takoe uucio A >0, uto ms Beex x Takux, uto 0 <|X—al< A BepHo HepaBeHCTBO

‘ f (X) - A‘ < & . B atom ciywae mumryt: lim f (X) =A

X—a

Ecmu f (X) - A1 npu x—>a Tonbko ipu X < a, o lim f (X) = Al — Ha3bIBAeTCs npeoesom
x—a-0

byHKIIH f(X) B TOUKe X =a cresa, a eciu f(X) - A2 IpH x—>a TOJBKO mpu X >da, TO
lim f(X)= A, naseBaercs npederom dpynxuuu f(X) B TouKe X = a cnpasa.

x—a+0

Ipenenst A1 u A, Ha3BIBAIOTCA TaKkxke oOHocmopounumu npederamu pynxiuu T (X) B Touke

X = @. Takske ToBOPAT, uTo A — Koneunwiii npeden pynxmuu T (X).

OcHosnble meopemsl 0 npedenax.
Teopema 1. lim C =C | rne C = const.

X—a

Crnenyroiue TeOpeMbl crpaseiuBbl npu mpenonoxkennu, uro dynkimu  f(X) u g(X)

HMCIOT KOHCYHBIC ITPCACIIbI ITPH X—>da.
Teopema 2. lim[f (x) £ g(x)]=lim f(x)+lim g(x)
X—>a X—a X—a

Teopema 3. lIm[ f(X)-g(x)]=lim f(x)-lim g(x)
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Caencreue. lIm C - f(x) =C - lim f(x)
X—a X—a
Teopema 4. lim = Xx24 npu lim g(x) =0
x»a g(x) lim g(x) x—a
X—a

Beckoneyno maJibie pyHKIMH.
Oynxims  f(X) maswiBaetcs Geckoneuno manoii Ipu x—>a, A€ @ MOXKET OBITH YMCIOM HIIM

OJIHO¥ U3 BemuuuH oo, +oo umu —oo, ecnu M f(X) =0.
X—a

Ceéoiicmea 6ecCKOHEYHO MAIbIX PYHKYUIL:

1) Cymma GUKCHPOBAHHOTO YHCIIa OECKOHEYHO MaJbIX (QYHKIUI MPH X—>a TOXE OECKOHEUHO MaJiasl
(GYHKIMS TpU X—>a.

2) TlpousBenenue GUKCUPOBAHHOTO YHCIa OECKOHEYHO MAIBIX (DYHKIUI MTPU X—>a TOKEe OECKOHEYHO
Masasi QyHKIHS [IPU X—>d.

3) IlpousBeneHue OeCKOHEYHO MaIoOi (QYHKIMHM HAa (YHKIIMIO, OTPAHUYCHHYIO BOJIU3U TOYKH X = A
SIBJISIETCS] OECKOHEYHO Majiol (PyHKITHEH TTPH X—>a.

4) YacTtHoe OT JeneHus] OECKOHEYHO Mayioil PyHKIIMK Ha QYHKIIHIO, PEIET KOTOPOH HE PaBeH HYITIO
€CTh BeJINYMHA OECKOHEYHO MaJiasl.

beckoneuno 6onvuue hynkyuu u ux céa3p ¢ 66CKOHEUHO MATIMU.
DYHKIUS HA3bIBACTCA OECKOHEUHO OONbULON TIPU X—>a, TJIe a — YUCII0 WM OJTHA U3 BEITUYHH o0,

+00 umn —oo, ecim lim- f (X) = A, rne A — 9uCcno WM 0JIHA U3 BEJIMYUH 00, +00 I —00.
X—a

CBs13b OECKOHEYHO OOJIBIIUX U OECKOHEYHO MaNbIX (DYHKITUH OCYIIECTBIISCTCS B COOTBETCTBUU
CO CJEAYIONIEH TEOPEMON.
Teopema 5. Eciu T (X) — O npu x—>a (ecnu x—0) u He 06paniaercs B HOIb, TO

T

Cpasnenue 6ecCKOHEeUHO ManvlX yHKYU.
Hycts a(X), B(X) u y(X) — Geckoneuno manbie GyHKIMU U X —> A. DTH GECKOHEUHO

MaJsible (PYHKIIMU MOKHO CPaBHUBATH IO OBICTPOTE UX YOBIBAHUS, T.€. IO OBICTPOTE UX CTPEMJICHHS K

HYIIIO.
. a(X) §
Ecmu lim mzo, 10 dynkuus o(X) HaswiBaeTca Geckoneuno manoil bGonee 6blCOKO20
X—a X

nopsaoka, aem pynxmus F(X) .

. a(X
Eciu |ImL= A, Azx0, A=const, to a(X) u F(X) masbiBatorcs 6Geckoneuno
x—a [F(X)
MAbLIMU 00HO20 NOPAOKA.

. a(X
Ecmu lim a(x) =170 pynkuuu &(X) u F(X) HaswBaroTCs sKeusaneHMHBIMU GECKOHEUHO
x—a [F(X)
manvimu. 3aUCHIBAIOT o ~ L.
Beckoneuno manas ynkuus (X) HasbiBaeTcs Heckoneuno manoii nopsoka K OTHOCHTEIBHO

. a(X
6eckoneuno masoi gynxuun F(X) , ecnmm npexen lim al) =A=0.
X—a

B (x)
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OnHako cienyeT OTMETUTh, YTO HE Bce OECKOHEYHO Malible (DYHKIIMM MOXKHO CpPaBHUBATh
a(X)
B(X)

MexIy coboil. Hanmpumep, eciiu oTHOLIEHNE HE MUMEET IpeJieNia, TO PYHKIIMH HECPAaBHUMBI.

Ceoiicmea IK6UBAICHMHBIX DECKOHEYUHO MATbIX.

)a~a|lim—= a(X) =1
x—a 0[(X)

2)Ecm a~ fuf~yp 10 a~y, | im——= a(x) = lim @@ =1.1=1

oay(x) o B(x) y(X)

3) Ecu a~ 3,10 S~ «, )|(ILna gEX; X'_)a Otg—X) =1

Bema~annp~pn fim C% ik rom lim ) i g tim EX) _ jig %)
x> f3(X) =2 3 (X) o2 f(x) xa Bi(X)
CpoiictBO 4) 0COOEHHO Ba)XXHO Ha TMpPAKTUKE, T.K. OHO (PaKTUYECKH O3HAYaeT, 4TO Mpesel
OTHOIIIEHUS OECKOHEYHO MAaJIBIX HE MEHSIETCS IIpH 3aMCHC UX Ha DKBHBAJICHTHBIC 0OECKOHEYHO MaJlble.
ToT q)aKT Ja€T BO3MOXHOCTb IIPH HaAXOXJICHUH MPEACIOB 3aMCHATH OECKOHEYHO Mallble Ha
3KBUBAJICHTHBIC UM q)yHKIII/II/I, YTO MOXKET CUJIBHO YIIPOCTUTH BEIYHUCIICHHUE IIPEICIIOB.

3ameuarejibHbIE npeaejabl

Ilepebtii 3ameuamenvhulii npeoe
[Ipenen oTHOIIEHUST CHHYCa OECKOHEYHO MaJoi JIyTrd K CaMOM JIyre, BRIPAXXEHHOW B paJiiaHax,
HA3BIBACTCS NEPEbIM 3aMeuameibHblM npedeiom. DTOT Mpeesl paBeH eIUHHUIIE.
. sinX X
lim ——=1 Wi lim —=1
x—>0 X x—>0SIN X

Bmopoii 3ameuamenwvuutii npeoden

X
lim (1+ lj =e
X—»00 X

rne € ~2,71828.... Ecou —=a, 10 o — 0 u Bropoii 3ameuarensHblii Ipeesa MOXKHO 3aMucarh B
X
BUJIC:
) 1
lim(1l+a)« =¢
a—0

KpOMe TPEX, H3JIOKCHHBIX BBIIIC, IPEACTIOB MOKHO 3allMCaThb CJICAYIOIIUC IIO0JIC3HBIC Ha
MMPAaKTUKE COOTHOLICHUA:
X m
im In(1+ x) .a -1 . (Q+x)" -1

=1 lim =Iha; lim
x—0 X x=0 X x—0 X

=m.

KOHWZpO]Zbele B80NpOCyHL
1. IlocnenoBaTeabHOCTH.
2. CriocoOmI 3aJlaH{s ¥ CBOMCTBA YHCIOBBIX IIOCIEI0BATEIbHOCTEH.
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3. [lonsTHE O Mperese MocaeI0BaTEIbHOCTH.
4. CymecTBoBaHHE Mpejieia MOHOTOHHOM OTrpaHMYE€HHON MOCIIEI0BATEILHOCTH.
5. CymmupoBaHue NOCIE10BaTEIBHOCTEN.

Tema 6.3. Ilpon3Boanas GyHKIMH, ee reOMeTPHUYeCKUil 1 pU3HUYeCKHUil cMBbICT

Onpeodenenue npouzeo0Hol pyHKyUlU, ee 2eoMempudecKuil U Quzudeckuti CMbicl, YypasHeHue
KacamenvHol K 2papuxy QYHKyuY, npasuia HaxoxrcoeHus nPou38o0HbIX, madauya npou3800HbIX
IIeMEeHMAaPHbIX PYHKYULL, NPOU3BOOHAS CLONCHOU PYHKYUU

Ymemb.: HaX0AUTh TPOU3BOIHBIE STIEMEHTAPHBIX U CIOKHBIX (DYHKIIMH, TIHCATh YpaBHEHHUE
KacateJlbHOU K rpaduky QyHKIUH, TPUMEHITh T€OMETPUICCKUN U (PU3UUECKUN CMBICI IPOU3BOTHOM
IIPY pELIeHUH 3a]1a4
3namu:mipaBuiia qudGepeHnpoBanHus, TAOIHUIY TPOU3BOAHBIX JIEMEHTAPHBIX (DYHKIIMH, ypaBHEHHE
KacaTeJbHOW, IPABUIIO HAXOXKACHUS IPOUXBOIHOM CIIOKHOU (PYHKIIUU

ITycTe X1 M X2 — 3Ha4Y€HMs aprymeHra, a Y, = f(Xl) uy,= f(XZ) — COOTBETCTBYIOIIINE
3Ha4yeHus (QyHKuuu Y = f(X). Pasnocts AX = X, — X Ha3BIBACTCS npupauwjeHuem apeymeHmd, a
pasHocts Ay =Y, — Y, = f (Xz) —f (Xl) — npupawenHuem QyHKyuy Ha 0Tpe3Ke [Xl, X2]

Ipoussoonoii dpynxuuu T (X) B Touke X = Xo Ha3bIBACTCS MPEENT OTHOIIECHHS IIPUPAICHHS
(GYHKIMH B 3TOH TOYKE K MPUPAILEHUIO apr'yMEHTa, KOT/1a OCeAHee CTPEMUTCS K HYJIIO.

00— tim TOCFA0 = (0
AX—0 AX

TI'eomempuueckuii cmoica.

Mpoussoanas ¢yukmuu Y= f(X) B
TOYKE Xo paBHaA yrioBoMmy KodhduiueHTy
KacaTelbHOW K rpapuky (GYHKIHH B TOYKE

!
MO(XO, f(XO)), Te. T'(Xy) =19, rne a -
yroJl HakJIOHa KacaTeJbHOW K rpaduky
dynxuun Y = f(X) B Touke Mo.

['eoMeTpuueckuii CMbICI TPOU3BOIHOU
COCTOUT B TOM, YTO 3HAaY€HHE MPOU3BOIHOMN
GyHKIIMM B~ TOYKE  pPaBHO  YIIIOBOMY

Ko3(h(UIMeHTy KacaTelbHOW K  rpaduxy
(GYHKIIUHU B 3TOH TOUKE.

y-— 1:(Xo): f'(XO)(X—XO) -

YpaBHCHHC KacaTeJabHOH.

Y

My

X
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Du3uueckuii cmuiciu.
[Ipenmonoxum, uro GpyHKIUS S = S(t) OIKUCBIBAET 3aKOH JBH)KEHUS MATEPUAIILHON TOUYKH IO

npsamoit unuy, T.e. S = S(t) — myTs, npoiinenHsIit 3ToM TOUKOH OT Hauana oTcueta 3a Bpems t. Torma
3a Bpems to mpoiinen myts S =S(t,), a 3a Bpems t1 — myre S=S(1;). 3a npomexyrok BpemeHH

At =1, —t, Touxa npoiizer otpesok myru AS = S(t, + At) —s(t,).

s(tp) s{ty + At)
As

OcHoBHBIE IpaBuIIa TU(PepeHIPOBaAHNS.
O603uaunm U =U(X), V=V(X) u W=W(X) — pynxiuu, mddepeHunpyeMbie B TOUKE X.

1) C' =0, rue C — nocTosiHHAS BEIMUMHA. y ' 1
3) (U+v—-w) =u"+V -w C ' C
4) (u-v)' =uv+uv C C ,
’ [ ' ' 9) — | ===V
5) (U-v-w) =u'vw+ uv'w+ uvw Vv V2
6) (C-u)=C-u’ 10) Ecu  v=v(u), u=u(x), Te.
) UV VL v=V[u(x)], ro V'(x) =Vv'(u)-u’(x) -
7) v =———,eccmVv=0 TIPOM3BOIHAS CIOKHON (DYHKIUH.
v
TadJuna npou3BoOaHbIX.
1) (Xn) =nx"" 12) (arcsin x)’ = %
' 1 1-x
2) (\/;) = T ' 1
2/X 13) (arccosx) = —————
' 1-x?
3) .1 ' 1
X X 14) (arctgx) =——
' 1+ X
4) (e") =g*

, 15) (arcctgx) == L

X X + X2
5) (a =a'lna
16) IMycts U =U(X), v=V(X), Torma

’ 1 [
6) (In x) = (UV) —v-u't.u'+u’ -V-Inu
' 1
L =—
) (log, x) xIna
8) (sin x) =cosx
9) (cosx) =—sinx
10 tx':
) (tgx) cos? X
: 1
11) (ctgx) =—
) (etgx) sin? x
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Koumponvnvie 6onpocwi
1.ITonsATHE O TPOM3BOAHON (PYHKIINH, €€ TEOMETPUUECKUI 1 (PU3NUECKHIA CMBICI.
2.YpaBHEHHUE KacaTeIbHOU K rpaduKy QyHKIUH.

Tema 6.4. IlppMeHeHue NPOU3BOHOM K MCCIeJ0OBAHNI0 QYHKIIUH.

IIpumenenue npousso0Holl kK nocmpoeHuto epaguxos Gyuxyuil. Bospacmanue u yovieanue
@yHryuu. Ixcmpemymol hyHKyuu.

Ymemb.: HaX0AUTh TIPOMEXYTKH BO3pacTaHus U yObIBaHUS. HaxoquTh TOUKHM SKCTpeMyMa.
3namy: [lpuMeHeHHe MPOU3BOIHON K MOCTPOCHUIO rpadukoB GyHKIMH. Bo3pacranue u yOpiBaHue
byHKIHU. DKCTPEMYMBI (DYHKIIHH.

YcioBusi Bo3pacTanus v yoObIBaHus QYHKIHUIA.
Teopema 1. Jlns toro uto6sl nuddepenuupyemas na unteppaie (@,0) dynxuus f(X) Gpina

Heyovieaioweu (Hesozpacmaioujell) Ha OITOM WHTEpBaje, HEOOXOMUMO M JOCTATOYHO, YTOOBI
f'(xX) >0 (f'(x) <0) ana secex X € (a,b).
Teopema 2. Ecrm dynxuus f(X) muddepenuupyema na unrepsare (a,b) u f'(x)>0
(T'(X) <0) anasecex X €(a,b), To ara pynxuus sospacmaem (y6vi6aem) na untepsane (a,0).

Touku IKcTpEeMymMma.
Touku MakcuMyMa 1 MUHUMYMa (QDYHKIIMH HA3bIBAIOTCS MOUKAMU IKCMPEMYMA.

Teopema 3. (neobxooumoe ycnosue cywecmeoeanus sxcmpemyma) Ecma pynxmus T (X) B

!
TOUKE X0 MMeeT 3KcTpemyM, To npoussomnas f'(X,) obGpamaercs B Hy1b iy He cymecTByeT.

Cnedcmsue. OOpaTHOE yTBEpKJIeHHWE HeBepHO. Ecimu mpousBogHas (yHKIIMH B HEKOTOPOU
TOYKE paBHA HYIIIO, TO ATO €IIIe HE 3HAYUT, YTO B ITOH TOUKE (QYHKIUS UMEET IKCTPEMYM.

Kpumuueckumu mouxamu QyHKIIMH Ha3BIBAIOTCS TOYKH, B KOTOPBIX MTPOU3BOAHAS (DYHKIIUU HE
CYIIECTBYET WM PaBHA HYITIO.

Teopema 4. (Oocmamounoe ycrnogue cywecmseosanust sxcmpemyma) Ecinu nipu nepexoje uepes

(1313

!
KPUTHYECKYIO TOUKY Xo ClIeBa Harpaso npousBoanas Gpynxruu T '(X) menser 3mak ¢ “+” Ha “~*, T0 B

touke xo ¢pynkius f(X) umeer maxcumym, a ecnu mpou3BoAHAS MEHSET 3HAK ¢ “— Ha “+” — TO
GYHKIMS UMEET MUHUMYM.

Ilpasuna naxosxcoenusn IKcmpemymos ynkyuu.
1) HaiiTi npou3BOAHYIO QYHKIIHH.
2) HaiiTi KpUTHYECKUE TOYKH (DYHKIUH.
3) HccnenoBaTh 3HaK MPOM3BOAHON B MPOMEKYTKAX, HA KOTOPBIC HAWICHHBIC KPUTHUYCCKHE
TOYKH JICJST 00JaCTh OnpeieieHus PyHKIUH.
4) OmnpenenuTh CyIIECTBOBAHWE MaKCHMYMOB MU MHHUMYMOB W HAWTH 3HaucHHUE (YHKIMU B
ITHX TOUYKAX.
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Cxema ucciegopanust pyHkomii

[Ipouiecc wnccnenoBanusi (GYHKIMH COCTOMT M3 HECKOJBKMX 3TamoB. Jlns Hauboiee
MIOJIHOTO TIPE/ICTABJICHUS O TMOBEACHUM (YHKIMUM M Xapakrepe ee rpaduka HeoOX0auMo
OTBICKATh:
1) O6nactp cymiecTBoOBaHMs (PYHKIMH (3TO MOHSATHE BKJIOYACT B ceOsl M 00JIaCTh 3HAUCHHI, U
oOmacTh onpeneneHust GyHKINN).
2) UccrienoBath GyHKIMIO HA YETHOCTD U MIEPHOTMYHOCTb.
3) KoopauHaTthl TOYEK mepeceueHHss rpapuka (QYHKIMH C OCAMH KOOpPAMHAT (€CIH OHH
HUMEIOTCS).
4) NHTepBabl BO3pacTaHus U YObIBaHHUSL.
5) Toukn MakcCUMyMa ¥ MUHHUMYyMa.
6) IMoctpoenue rpaduka.

Konmponvnvie 6onpocoi

1. VcnoBus Bo3pactanus u yObIBaHUS (PyHKIUH.
2. Touku SKCTpEMyMa.

3. [IpaBuna HaXOXKICHHUS IKCTPEMYMOB (DYHKIIHH.
4. Cxema uccieoBaHus pyHKUU.

Tema 6.5. Bropasi npou3BoaHasi, ee reoMeTpru4ecKuil ¥ pusu4eckuii CMbICJI.
Bmopas npouzeoonas, ee ceomempuieckuti U uauyecKuil CMoiCL.

Ymems: HaXoAUTh MPOMEXKYTKH BO3pacTaHus M yObIBaHUS (YHKIHMHU HCIOJB3YysS BTOPYIO
MPOU3BOIHYI0. HaxouTh TOUKHM 3KCTpeMyMa.
3uams: [IpuMeHeHre BTOPOM MPOU3BOJHON K HAXOKIACHUS MPOMEKYTKOB MOHOTOHHOCTH.

Oycts ¢ynxuus  f(X) — nuddepenuupyema Ha HekoTopom unteppane. Torna,
maddepeHImpys ee, HoIydaeM HepBYIO IIPOH3BOIHYIO

=100 = 2

dx

Ecnn maiitu mpomssoanyio ot dymkimm T '(X), momysum emopyio npouseoonyio
dynxumn f(X).

d%f(x)
14 — f” X —
y (X) v
T.C y” = (y’)’ I d—zy = i(ﬂ)
- dx? dx\dx)
DTOT mpolecC MOKHO MPOAOHKUTH U J1ajiee, HaX0As MPOU3BOAHbIE CTENEHU N.
dy_d(d"y

dx"  dx| dx™?!

Hccneoosanue ghynkyuu na IKcmpemym ¢ ROMOWbI0 RPOU3BOOHOIL 6M OPO20 NOPAOKA.
!
Teopema 5. Ecru T'(X) =0, 10 dpynxums f(X) B Touke xo umeer maxcumym, ecnu

f"(Xg) <0 umunumym, ecmu f"(X,) >0,
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”n V)
Ecm f"(X,) =0, 1o xapakrep kpurtnueckoii Touku HemssecteH. Jlist €ro onpeneneHus
TpeOyeTcs nanpHeiee neciae10BaHue.

Beinykiaocts 1 BOrHyToCcTh KpuBOM. Touku neperuda.
Kpusas obpaiiena euinykiocmuio ééepx na unteppaie (@,0), ecnu Bee ee Touku nesxar
HIKe JIF000H ee KacaTelnbHOW Ha 3TOM MHTepBajie. Kpuas, oOpalieHHas BBITYKIOCTBIO BBEPX,
HA3bIBACTCS GbINYKIIOU, a KPUBasi, 00pallleHHas! BBITYKJIOCTBIO BHU3 — HA3BIBACTCS 80CHYMIOLL.
Teopema 6. Eciu ¢pyuxuus T (X) umeer na unrepsane (@,0) sropyro npoussoanyro u

f"(x)>0 (f "(XO) < 0) Bo Bcex TOUKax JaHHOrO MHTEpBaa, TO rpapuK (YHKIMU MMEET Ha
(a,b) BemykmnocTs, Hanpasnennyro snuz (s6epx).
Touka, oTHENsAOIIas BBITYKIYIHO 4YacThb KPHUBOM OT BOTHYTOM, Ha3bIBAECTCS MOYKOU
nepecubda. Toukamu nepernda MOTYT CIIY)KMTb TOJIBKO Kpumuieckue moyku 6mopozo pood, T.e.
TOYKH, B KOTOPEIX BTopas npomssogHas [ "(X) obparaercs B HONB WM He CyIIECTBYeT.

Teopema 7. llycte KpuBas OIpeNENs€TCS ypaBHEHUEM Y = f(X). Ecnu BTOpas
MIPOU3BOAHAS f"(X) =0 wnmm He cymecTByeT M HpH HEpeXoJe Yepe3 TOuKy X = Xo f"(X)

MEHSET 3HAK, TO TOYKa KpUBOH ¢ abcuuccoi X = X, ABIAETCA TOUKOM Iepernoa.

Ilpasuna naxosxcoenus moyek nepezuoa.
1) HaiiT BTOpYO MPOU3BOHYIO (DYHKIIHH.
2) HaiiTi KpUTHYECKHE TOYKU BTOPOTO POJIA.
3) MHccrnenoBarh 3HaK BTOPOW MPOM3BOIAHON B MPOMEKYTKAaX, Ha KOTOpPbIE HaMICHHBIC
KPUTHYECKHE TOUKH JIEJIST 00JaCTh OINpeeiaeHus (PyHKIUH.
4) OrmpenenuTh TOUKH reperubda ¥ HalTH 3HaYeHnEe QYHKIMH B STHX TOYKaX.

Koumponvnvie sonpocsi

1.MccrnenoBanne pyHKIMH HA SKCTPEMYM C ITOMOIIBIO TPOU3BOIHOM BTOPOTO MOPSIIKA.
2.BBIMYKIJIOCTh U BOTHYTOCTh KpUBOW. To4YKH meperuoa.

3.IIpaBuia HaXOXKICHUSI TOUYEK Ieperuoa.
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Tema 7. IIpsiMble U IVIOCKOCTH B IPOCTPAHCTBE

Tema 7.1. AKCHOMBI CTepeoOMETPUH N I[pocTei/imne CJICACTBUSA U3 HUX.
Ocnosnuvle nousmus. Axcuomol cmepeomempuu. Creocmeust uz axcuom.

Ymemb: IPUMEHATh aKCHOMBI CTEPEOMETPHUH NIPH PEUICHUHN 33/1a4.
3name: OCHOBHbIE MOHATHS. AKCHOMBI crepeomeTpuu. CrnenctBus u3 akcuoM. OCHOBHbIE
MOHATHUS. AKCHOMBI CTEPEOMETPHUH.

1. OcnosHuvle nouamus. AKCuomvl cmepeomempuil.

Onpedenenue. CTepeoMeTpueil Ha3bIBa€TCA pas3fesl T€OMETPUH, B KOTOPOM HM3YyYarOTCs
¢burypsl, pacnoJyio’)keHHbIe B NMpocTpaHcTBE. OCHOBHBIMHU MOHATHSIMH CTEPEOMETPHM SIBIISIOTCS
TOYKa, INpsasMas u II0CKOCTb.

Cl0BO «cTEpeOMETpHs» MPOUCXOTUT OT TPEUYECKUX CIOB «OTEPEOCH» — OOBEMHBINH,
MIPOCTPAHCTBEHHBIN M «LETPEO» — U3MEPSTh.
1. [IpencraBnenne o MIOCKOCTH AT TIIaKas MIOBEPXHOCTh CTOJIA WK CTeHBI. [lmockocTh

KaK reOMEeTpUYECKyI0 (pUrypy ciaeayeT NpeAcTaBiIiaTh cebe MPOCTUPAIOLIEIiCs HEOTPaHUYEHHO
BO BCE CTOPOHBI.

Ha pucyHkax miockocTH W300pakaroTcsl B BHJIE IMapajuieJiorpaMMa Wil B BUAE MPOU3BOJILHON
obsactTu 1 0003HAYAIOTCS TpeuecKuMu OykBamu o, 3, v u T.1. Touku A u B 5exxar B maocKoCTH
B (TmmockocTh  MPOXODUT uyepe3 ATH TOYKH), a Touku M, N, P He nexxar B 3TON TJIOCKOCTH.

KopoTko 3T0 3ammceiBaroT Tak: A € 3, BER, Mgg Ng8 FEE8

Puc. 1. a)

[IpocTpaHCTBO COCTOUT U3 OECKOHEYHOTO MHOKECTBa ToueK. JIroboe MHOXKECTBO TOYEK
MPOCTPAHCTBA  HA3BIBACTCS  MPOCTPAHCTBEHHOW  ¢urypoir wim  TenoMm. [Ipumepamu
MIPOCTPAHCTBEHHBIX (UTYp SBISIOTCA TOYKA, MpsMas U IJIOCKOCTh. [IpsMble W TIOCKOCTH
COCTOSIT W3 OECKOHEYHOTO MHOXKECTBa TOYEK IPOCTPAaHCTBA M HE COBMAJAIOT CO BCEM
MIPOCTPAHCTBOM.

Chopmynupyem OCHOBHBIE aKCHOMBI cTepeoMeTpuu. HamomMHHM, aKCHOMBI — 3TO
yTBEPXKACHUS, TPUHUMaeMble 0e3 JoKa3aTenbCTBa. AKCHOMBI T€OMETPUH BBIPAXKAIOT OCHOBHBIC
CBOMCTBA HEOIPEAEAEMbIX MOHITUI: TOYEK, MIPSAMBIX U TIOCKOCTEM.

AXCHOMEIL:
1) Yepes mo0ble B pa3TUyHbIe TOUYKH MPOXOJUT €ANHCTBEHHAS TPsSMal.
2) Ecnu nBe pasnuyHbE TOYKH MPSIMON IMPHUHAJICKAT ;i
IUIOCKOCTH, TO BCE TOYKM MPSAMOWM TMPUHAAIEKAT OTOU
IUIOCKOCTH. 4
(14
Puc. 2

46



3) Uepe3 moObie TpU TOYKH, HE JIeXKAIIHEe HA OIJHOU
MPSIMOM, TPOXOJIUT OJTHA U TOJIBKO OJTHA IJIOCKOCTb.

B,

A

L ]

o
o

Puc. 3.
4) Ecnum 1Be pa3ivuHble IUIOCKOCTH MMEIOT OOIILyrO
TOYKY, TO OHH UMEIOT OOIIYIO TIPSIMYIO.

Puc. 4.

2. Ilpocmetiwue cnedcmeusi u3 AKCUOM CmepeoMempull.

W3 mepBoil akCHOMBI CJIEIYET, YTO JIBE Pa3IMYHbIC MPSIMbIC B TIPOCTPAHCTBE MM HE UMEIOT
HU OJIHOM 00111el TOYKH, WJIM UMEIOT TOJIBKO OJHY OOIIYIO TOUKY.

[Ipsimble, UMEIOIIE TOJIBKO OJIHY OOIIYIO TOUKY, HA3bIBAIOTCS MEPECEKAIOIIIMUCS.

W3 BTOpO# akCMOMBI CIEAYET, YTO IpsiMasi U MJIOCKOCTh B MPOCTPAHCTBE WM HE UMEIOT HU
OJIHOI1 0011l TOUKH, WJIM UMEIOT TOJIKO OJIHY OOIIYIO TOUKY, HJIM, HAKOHEL, BCE TOUKU MPSIMOM
SIBJISIFOTCSI TOUKaMH TIOCKOCTH.

Ecnu mpsmMas U MmiaockocTh MMEIOT TOJNBKO OJHY OOIIyI0 TOYKY, TO TOBOPSIT, YTO OHHU
MepPECeKaroTCs.

Ecnu Bce Touku npsAMO# SBISIOTCS TOYKaMU IJIOCKOCTH, TO TOBOPAT, YTO MpsiMasi JIEKHUT B
IJIOCKOCTH (MPUHAAJIEKUT TUIOCKOCTH) UJIH YTO TJIOCKOCTh MPOXOAUT Yepe3 MPSMYIO.

Teopema 1. Yepe3 mpsiMyl0 U HE MNPUHAAISKAUIYIO €M TOUYKY MPOXOAMUT €IUHCTBEHHAS
MJIOCKOCTb.

Jlokazamenvcmeo.

[lycth 3amanbl npsMas au HE MPUHAJIEkKAIIAs e TouKa
A(puc. 5). Ha npsimoii @ BO3bMEM Kakue-HUOY/b JBE TOYKH
Cu D. Ilo akcrome 3 uepe3 tpu Touku A, C, D mpoxoaut
€IMHCTBEHHAs IUIOCKOCTh; 0003HauuM ee «. [lo akcuome 2 Puc. 5.
BCE TOYKHU
MpsIMOM & MPUHAJIEKAT IUIOCKOCTH .

CnenoBarenbHO, MJIOCKOCTh ¢ TPOXOAUT 4Yepe3 mpsAMyro a u Touky A. /[Ipyroil takoi
IJIOCKOCTH HET, TaK Kak Jro0as TMJIOCKOCTh, MPOXOAAIas dYepe3 HpsMyld a MU TOYKY
A, mpoxoaut uepe3 Touku C, D, A He nexamniue Ha OJHON MPAMOM, U MOITOMY COBMAJAET C

IJIOCKOCTBIO .
Teopema 2. Uepes nBe nepeceKaroIUECs NPAMbIE IPOXOAUT EAUHCTBEHHAS IIJIOCKOCTb.

Jokazamenvcmeo:

[Tycts npsimble @ u b mepecekarorcs B Touke M (puc. 6). Ha npssimbeix @ u b Bo3pMem
kakue-HuOynp Toukn P um N, ornmuneie ot Touku M. Torma uepe3 tpu Touku P, N u
M npoXoauT eIMHCTBEHHAs IUIOCKOCTh «.B cuily akcMOMBI 2 TUIOCKOCTH IMPOXOIHUT 4Yepes3
JIaHHBIC TIpsIMbIC & U b .
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W3 nocneaHux IByX akCHMOM U TEOpPEMBI | CiieyeT, 4To JIB€ pa3iuvHbIe MIIOCKOCTU WU
HE UMEIOT HHU OJTHOM

0011l TOUKH, T UMEIOT OOIIYIO MPSMYIO U IPYTUX OOIIUX TOUYEK HE UMEIOT.

JlBe  pasnuyHblE  IUIOCKOCTH,  HMEKOIIUME  OOIIyI0  MPSAMYIO,  Ha3bIBAIOTCA
MEPECEKAIOINMUCS.

Puc.6 Obwas npamas nazvieaemcs npamoui nepecedenusi IMux ni0CKOCmell.
Konmponvnvie gonpocoi

1. OcHOBHBIE TIOHATHS.
2. AKCHOMBI CTEpEOMETPHUH.
3. CiencTBUs U3 aKCUOM.

Tema 7.2. IlapanieIbHOCTh NPAMOI U IJIOCKOCTH, MAPAIEIbHOCTD IJIOCKOCTEM.

Onpeoenenue napannenbHocmu npamou u niockocmu. Ilpusnax napannenvnocmu
npsamot u naockocmu. Ilapannenvnocms niockocmeu. Ceoticmea napanienbHulX NIOCKOCME.

Ymems: mpuUMeHSTh MPU3HAKY NApaLIETIbHOCTH IPSIMOMN U TNIOCKOCTH TIPU PELIEHUH 3a/a4.
3uams: OmnpeneneHue MapauIeIbHOCTH MPSIMOM M IUIOCKOCTH. [Ipu3Hak mnapamienbHOCTH
npsaAMoit 1 iockocTu. [TapannensHocTh mockoctel. CBOMCTBA MapayljIeTbHbBIX MIOCKOCTEH.

[MapanJejbHble NpPsAMble B IPOCTPAHCTBE
JIBe npsiMble B MPOCTPAHCTBE HA3bIBAIOTCS MAPaJLIeIbHBIMM, €CJIH OHU JIEKAT B OJHON
IJIOCKOCTHU M HE MEPECEKAIOTCS.

Teopema o napannenbHbIX RPAMBIX.
UYepes m00yr0 TOUKY IPOCTPAHCTBA, HE JISXKAILYIO Ha TAHHOW MPSAMOM, IPOXOIUT Mpsimasi,
napajuiefibHas JaHHOM, ¥ IPUTOM TOJIBKO OJTHA.

b it
A
24
Puc. 1.
JleMMa 0 nepece4yeHUM IUIOCKOCTH NApPaJlIeIbHbIMHU NPAMBIMH.
Ecnn onHa u3 nByX NapasulelbHbBIX b @

NPSIMBIX IIEPECEKAET JaHHYIO IIIOCKOCTD, TO
H Jpyras nOpsiMasg  IepeceKaer 3Ty \ 1M
IUIOCKOCTb.

Teopema 0 Tpex NpsiMbIX B MPOCTPAHCTBE.
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Eciu nBe 1npsMble mapasuiesibHbI
TPETbEN MPSIMOM, TO OHHU MAPAIIIEITbHBI

(ecu a7/c u b7c, o a/h).

oy
]

Puc. 3

MMapasienbHOCTh NPAMON U NMJIOCKOCTH

HpﬁMaH 1 IIJIOCKOCTBb HA3bIBAIOTCA napaiiejibHbiMu, CCJIM OHU HC UMCIOT 06HH/IX TOYCK.

HpI/I3HaK nmapamuieJIbHOCTH l'[pﬂMOﬁ H IIJIOCKOCTH

Teopema. Eciu npsimas, He mexamas B “
JAHHOM IUIOCKOCTH, IapajulejbHa KaKOW- . -
HUOyAb  NpsMOM, Jexamed B ITOH P b
IUIOCKOCTH, TO OHa MapajjielibHa JaHHOU p 4
IJIOCKOCTH. s s
/. 4 Puc. 4.
Teopema. Ecnu miockocTs NpoXoauT
yepe3 JaHHYI0 NpSIMYI0, MapajuledbHYI0
JIpYyroll IUIOCKOCTH, W TIepecekaeT »JTy 3
IUIOCKOCTh, TO  JIMHUS  IepecedeHust
IJTOCKOCTEH mapajuiesibHa JaHHOW IPSIMOM.
0
Teopema. Ecnu onHa wu3  aByXx "
NapajulelbHBIX ~ OPSAMBIX  [apajjiesibHa
JAHHOU IJIOCKOCTH, TO Apyras mnpsimasi 11uoo
TaKkKe MapayielbHa JaHHOM MJIOCKOCTH,
00 JIEKUT B ITOM MIOCKOCTH. B
Puc. 5
B3anMHoe pacnoJioxkeHue NPSMbIX B IPOCTPAHCTBE
b . al
ﬂ J
t
i a |2
L a
Puc.6 Puc. 7 i
Puc. 8
Ilepecexkarommecs: mpsamsle: |[lapanaenbnsie  npsiMbie: CKpemmBaromuecst
JeXaT B OJHOM IUIOCKOCTH, |JIEKAaT B OJHOM IUIOCKOCTH, | MPSAMbIE:
UMEIOT OJIHY OOLIYIO TOUKY HE MMEIOT OOIIMX TOoueK (He | He  JeXaT B OJHOM
NIEPECEKAIOTCS IUIOCKOCTH, HE  HMMEIOT
o0mux TOUEK (ue
MIEPECEKAIOTCS)
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IMapanieabHOCTH MJIOCKOCTEH
JIBE TUI0OCKOCTH HA3bIBAIOTCS MapajlIeIbHBIMU, €CJIM OHU HE MEPECeKa0TCs, T.€. He UIMEIOT HU

OJIHO¥ 001IEeN TOUKH. o/ 3.

i 4 y

Puc. 9.

IIpu3Hak napanjiejJbHOCTH JABYX IUIOCKOCTeM
Teopema. Eciu 1Be niepeceKarommecs npsMble 0JJHON IITOCKOCTH MapaJyIeIbHbI IBYM
MEPECEKAIOIIMUMCS TIPSIMBIM JAPYTrO¥ MIOCKOCTH , TO 3TH TJIOCKOCTH MapajliebHBbIL.

Eciu a” a1 m b/ba, T0 /. Puc. 10.
iy
B b
o
o b

CaoiicTBa napajlieibHbIX IJIOCKOCTEN.

Ecnu o/ 3 1 OHU TIepecekaroTest ¢ y, TO

a/b.
i Eciu 7B mapajulenbHble IIOCKOCTH
B IEepeceueHbl  TPeThed, TO JHMHMH HX
TIepeceueHusl NapayebHbL.
o
¥

2. Ecin 0/ u ABZCD, to AB = CD.OTpe3ku mapajieibHbIX IPAMBIX, 3aKII0YECHHbIE
MEK]y MapaiebHBIMU MIJIOCKOCTSIMU, PABHBI.
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Konmponvnvie 6onpocoi

1. Onpenenenue napayieabHOCTH MPSMON U TJIOCKOCTH.
2. [Tpu3Hak mapaieIbHOCTH MPSIMOH | IIIOCKOCTH.

3. [MapannensHOCTh TIOCKOCTEH.

4. CpoiicTBa napajijiesIbHbIX IUIOCKOCTEH.

Tema 7.3. IlepnieHAMKYJISIPHOCTH NPAMOI U IVIOCKOCTH.

Onpeoenenue nepnenouKkyasipHocmu npsamou u niockocmu. Ilpusnaxu
NnepneHOUKyIApHOCMU NPAMOLL U NIIOCKOCTU.

Ymems: npuMeHATh PU3HAKU MEPICHIUKYISIPHOCTH MPSMOM U IJIOCKOCTH JUI peIIeHUs 3a7ay.
3uams:  OnpeneneHue  NEPHNCHAUKYISIPHOCTA  OpsiMOM M muiockocTu.  [IpusHaku
MEPIEeHIUKYISIPHOCTH MPSAMON U TNIOCKOCTH.

Onpenesienune
[Ipsimast, repeceKaronas IUIOCKOCTD, a
Ha3bIBAETCS NnepneHOUKYIAPHOU ITOU
IJIOCKOCTH, €CJM OHa TEepICeHIUKYIsIpHA /
KaXJ0M MpsIMOM, KOTOpas JIKUT B JAHHOM é' |
IUIOCKOCTH U TPOXOJUT Uepe3 TOUKY i !
MePECCUCHHMS.

Puc. 1.
Teopema

IIpuznax nepnenouKynapHocmu npsamMou U ni10CKOCM.
Ecmn mpsMas, mepecekaromiasi IUIOCKOCTb,
NEPIEHIUKYJIIpHA ABYM NpPSIMBIM B 3TOH
IJIOCKOCTH, IPOXONAIIMM 4Yepe3 TOUYKY
IIepEeCeUYCHMs JaHHOU MPSMOM U IUIOCKOCTH,

TO OHA IEPIEHIUKYJIAPHA IIJIOCKOCTH.
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Puc. 2.
1]

/G
Jd >I<b

ﬂoxaaameﬂbcmeo.'

Puc. 3.

[TycTh a npsimast, IepreHANKYIApHAs IpIMbIM D 1 C B TUiockocT « . Toraa mpsimas a
MIPOXOMT Yepe3 TOUKy A mepeceueHus npsameix b u €. Jlokakem, 9to mpsmast a
MePIEeHIUKYIIsIpHA INIOCKOCTH « .

[TpoBenemM TPOU3BOIBHYIO MIPSMYIO X Yepe3 TOUKY A B MNIOCKOCTH ¢ ¥ TIOKAKEM, YTO OHA
MEepIEHAUKYIISIpHA NpsMOU a. [IpoBeseM B INIOCKOCTH ¢ TPOU3BOJIBHYIO IPSIMYIO, HE
MPOXOIAIIYIO Yepe3 TOUKY A U mepecekaromlyto npsambie b, ¢ u X. [lycTh ToukaMu nepeceyeHus
oynyt B, Cu X.

OTn0XUM Ha IPsIMOM @ OT TOUKU A B pa3HbIE CTOPOHBI paBHbIE OTpe3KU AA1 1 AAo.
Tpeyronbauk A1CA2 paBHOOEIPEHHBIH, TaK Kak 0Tpe30K AC sSBISIE€TCS BBICOTOH 1O YCIOBUIO
TEOPEMBI 1 MEIMAHOM 10 MOCTpoeHHIO (AA1=AA?). IO TOH ke MpUUnUHEe TPeyroJbHUK A1BA>
Toxe paBHOOepeHHbIH. CiienoBatenbHO, TpeyrobHuKH A1BC n A2BC paBHBI 110 Tpem
CTOPOHAaM.

N3 paBencta TpeyroapankoB A1BC u A2BC cnenyet paBenctBo yrioB AiBX n A2BX u,
CJIe0BATENIbHO paBeHCTBO TpeyroiabHUKOB A1BX 1 A2BX no 1ByM CTOpOHaM M yIrily MEXay
Humu. U3 paBeHcTBa cTopoH A1 X U A2X 3TUX TPEYTrOJbHUKOB 3aKJIFOYaEM, YTO TPEYTOJIbHUK
A1XA> paBHOoOeapenHbIi. [loaTomy ero meanana XA sIBISETCS TakKKe BBICOTOM. A 3TO U
3HAUUT, YTO MpsAMas X NeprneHAuKysapHa a. [lo onpeaenenuto npsimas a nepneHAUKYIsIpHa
IJIOCKOCTH ££. Teopema JoKa3aHa.

Ceoticmea nepneHOUKyIAapHbIX NPAMOU U NIOCKOCHU.
Teopema 2
1 - oe. Ceoticmeo nepneHOUKYIAPHLIX NPAMOU U NIOCKOCMU
Ecnm nnockocTh nepneHauKymnsipHa 0 JHOM

U3 JIBYX MapajIeNIbHbIX MPSAMBIX, TO OHA
NEPIEHIUKYIIApHA U IPYTOM.
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Puc. 4.

Hoxazamenvcmeo: Ilyctb a, W a,- 2 mnapaielnbHble NPSAMBIE U TUNIOCKOCTH,

NEPIEHANKYIIAPHASA NPAMON @, . JIOKa)KeM, 4TO 3Ta INIOCKOCTh MEPIEHANKYIAPHA U IPAMOH d, .

[IpoBenem uepe3 Touky A, mepecedeHHs NPSIMON d, C MIOCKOCTBIO ¢ IPOU3BOJIBHYIO IPSIMYIO

X, B miIockoctd ¢ . IIpoBeaeM B INIOCKOCTH ( 4epe3 TOUKy A, mepeceueHus NMpsMoi a, ¢

O TIPAMYIO X, IApAJUIETBHYIO IPAMON X, . Tak Kak nmpsMas a1 NepIeHAuKyJIIpHa IIOCKOCTH « ,

TO MpsMBIE @; U X; NEPHEHIUKYISAPHBL. A 1o Teopeme | mapajieiabHbIE UM IEPECEKAONIHECs

npsMble d, W X, TOXKE IMEpHeHIUKYIApHbl. TakuM oOpasoM, mpsiMas az NEpIEeHAUKYISIpHA

ar000# mpsAMON X, B INIOCKOCTH ¢« . A 3T0 ( IO ONpENENeHHI0 )3HA4uT, 4TO IpsMas da,

HepIIeHINKYIIsIpHA TUToCKOoCTH « . Teopema noka3aHa.

Teopema

2 - oe. Ceolicmeo nepneHOUKYISAPHbIX NPSIMOU U NIOCKOCHIL.
JIBe mpsiMble, NEPIEHIUKYIIAPHbIC OJTHON U TOM ke TIIOCKOCTH, MapaslebHBbI.

a \C
| B,Xna
d . AN
b by
Puc. 5
,Z]omwameﬂbcmgo:

HYCTL aub-2 IpAMBIC, NIEPICHAUKYIIAPHBIC IIJIOCKOCTH & . I[OHYCTI/IM, qTo

IIpsAMBIC a4 U b ne ImapajyiCJIbHbI.

Boibepem Ha mpsmoii b Touky C, He Jexallylo B IUIOCKOCTH « . [IpoBemem
yepe3 Touky C mpsmyro b1, mapamiensHyro npsmoi a. Ipsmast b1 mepnienmukymsapHa
wiockoctu ¢ mo teopeme 2. Ilyctb B u Bi - TOYKU mepeceueHus OpsAMbIX b u by ¢
IOCKOCThIO @ . Torma npsimas BB1 neprnenankyssipHa nepecekaromuMcst mpsiMbiM b u
b1. A 3T0 HEBO3MOKHO. MBI PUIILTK K IPOTHBOpeurto. Teopema oka3aHa.

KOHmpOJZbele B80NpOCHL

1.Onpenenenue nepneHAUKYISIPHOCTH MPSAMOM U TUIOCKOCTH.
2. Ilpu3Haku NepneHIuKyJIIPpHOCTH MPSIMON U TUNIOCKOCTH
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Tema 7.4. IlepneHauKyJsIp U HAKJIOHHAS.

Onpeodenenus nepneHOuKyIapa u HaKIOHHOU. Ymeepoicoenus: st NepneHOUKyIapa u
HAKJIOHHOMU, NPOBEOCHHBIX Uepe3 00HY MOUK)Y K 00HOU niockocmu. Teopema o mpex
nepneHOUKYIApax.

Ymemsb: npUMEHSTh ONpeAeaeHUs] U TEOPEMBI IIPH PELICHUN 3a/1a4.

3nams. onpenenenns NepreHIuKyIsipa U HAKIIOHHOM, TBEPXKIEHUS 1Sl IEPIICHUKYISIpa U
HAKJIOHHOH, POBE/ICHHBIX Yepe3 OJHY TOUKY K OJJHOM MJIOCKOCTH, TEOPEMA O TPEX
MepIEeHIUKYIIsIpax

[TycTh maHbBI MIOCKOCTH M HE JIeXKaIlas Ha Hell Touka.

Ilepnenoukynapom, ONylieHHbIM U3 JAHHOW TOYKHU HA JAHHYIO IIOCKOCTh, HA3bIBACTCS
OTPE30K, COCTUHSIOIINI JAHHYIO TOYKY C TOUKOMW MJIOCKOCTH M JICKAIIHNI HA TPSIMOMU,
MEePIEeHANKYISIPHOM TmockocTh. KoHen 3Toro otpeska, jJexanui B IIOCKOCTH,

Ha3bIBAETCS OCHOBAHUEM NEPREHOUKYIADA.

Ha pucynke 1 u3 TOYkM 4 NpOBENEHBI K IUIOCKOCTH A
o MePIeHIUKYISIp AB u HaknoHHas AC. Touka B -
OCHOBAaHME  NEPHEHIUKYISpa, touka C - OCHOBaHHE
HakI0HHOM, BC - mpoekuusi HakIOHHOW AC Ha MJIOCKOCTh « . J,/ P L/JJ B /
o
Puc.1

Haxnonnoii, TpOBEICHHON W3 TaHHOW TOYKH K JTAHHOM TUIOCKOCTH, Ha3bIBACTCS JIFOOOM
OTPE30K, COCAUHAIONIMA JAaHHYI0O TOYKY C TOYKOM IIJIOCKOCTH, HE  SIBISIONIUNCA
NEepHeHIUKYIIpoM K  1wuockoctd.  KoHenm  oTpe3ka,  jexammili B IUIOCKOCTH,
Ha3bIBACTCS OCHOBAHUEM HAKIOHHOU.

OTpe30K, COeANHSIOMNKA OCHOBAaHUS NMEPHEHAMUKYJSApa U HAKIOHHOM, IMPOBEACHHBIX U3
OJIHOM M TOM K€ TOYKH, HA3bIBACTCS MpOeKuuell HAKIOHHOIU.

Tak kak B npsmMoyroiasHoM TpeyroiabHuke ABC kater AB mensbiie runotenyssl AC, To
CIPaBEUIMBO CIIEIYIOLIEE YTBEPXKICHUE: NePReHOUKYIAD, ONYUWEeHHbIU U3 MOYKU HA NIOCKOCMb,
MeHbuLe 11000U HAKIOHHOMU, NPOBEOEHHOU U3 MO Jice MOYKU K MO NIOCKOCHU.

Jns nepneHauKyJaspa M HAKIOHHBIX, IMPOBEACHHBIX 4Yepe3 OJHY TOYKY K OJIHOM
IIJIOCKOCTH, CIPABEIJIMBHI CIEIYIOIIUE YTBEPKIACHUSA:

1) neprneHauKyasSp MEHbIIIE JTI000H HAKIOHHOM;

2) HaKJIOHHBIE PaBHBI TOT/Ia ¥ TOJIBKO TOTJa, KOTJa PaBHBI UX MPOEKIIHH;

3) oHa HAKJIOHHASA MEHbIIE APYrol HAKIOHHOM TOrJa U TOJIbKO TOT/a, KOT/a MPOEeKIUs
MEPBOM HAKIIOHHOW MEHBIIIE MPOEKIIMA BTOPOU HAKIOHHOM.

JliviHa TepneHauKyIspa, OMYIIEHHOTO M3 TOYKA A Ha IJIOCKOCTh «, Ha3bIBaeTCs
paccmoanuem om mouku A 00 niockocmu. PaccTosiHEE OT TOUKH, JIeXKallel B TUIOCKOCTH « ,
710 TUIOCKOCTH (¢ CUUTAETCS] PAaBHBIM HYIIIO.

B cnyuae, xoraa npsiMas napajuieiabHa MUIOCKOCTH, PacCTOSIHUE OT MPOU3BOJIBHOM TOUKH
MPSIMOM JI0 MJIOCKOCTH HA3bIBAECTCS PACCHIOAHUECM MeHCOY NPAMOIL U NAOCKOCmbIo. PaccTosiHNe
MEXKy NePEeCceKAOUMMHUCS MPIMOM U MIOCKOCTHIO PABHO HYIIIO.

MoxHO J0Ka3aTb, YTO €CJIHM JIB€ IJIOCKOCTH NapajljiedbHbl, TO BCE TOYKH OJIHOMI
IJIOCKOCTH  pPaBHOYAAJIEHbl OT JApyrod tiockoctu. [lostomy paccmoanuem mesncoy
napanienbHblMu NI0CKOCMAMU HA3bIBAETCS PACCTOSHUE OT MPOU3BOJIBHOM TOYKM OJHOW U3
HUX J0 APYTOM.

Paccmoanuem mercoy cKpeuwjuearomuMuca nPAMbIMU Ha3bIBACTCS PACCTOSTHUE MEXKIY

54



napaJiyiCJIbHBIMU INIOCKOCTAMMU, B KOTOPBIX JICKAT 3TH IIPAMBIC.

Teopema o Tpex nepneHIuKyJIsIpax.

Teopema. llpsmas, npoBeNeHHAasT B IUIOCKOCTM YEpe3 OCHOBAaHUE HAKIOHHOM,
NEPIEHIUKYJIIpHA 3TOM HAKJIOHHOM Torja M TOJIBKO TOrJa, KOIJla OHa IEpHEeHAUKYJsIpHa
MIPOEKLIUN HAKIIOHHOM.

Joka3zare/bCcTBO:

[lyctb AB - nepneHuKysp mWiockocTH « , AC - HaKJIIOHHAs U ¢ - IpsMast B
IJIOCKOCTH ¢ , Mpoxoisias yepe3 ocHoBanue C (puc. 2). [Iposenem npsimyro CAz,
napajuieNbHyto npsiMoit AB. OHa nepneHauKyisipHa IIockocTu ¢ . [IpoBenem uepes
npsimbie AB u CA1 mnockocts f . Ilpsmast ¢ nepnenmukyisipHa npsimoit CA1. Ecim ona
nepreHInKyIsipaa npsimoii CB, TO OHa epIeHIUKYIISIpHA TUNIOCKOCTH [, a 3HAYHT, ’
npsimoit AC.

Amnanornuno. Eciaum mnpsmas ¢ neprneHauKyaspHa HakioHHOW AC To oOHa, Oyayuu
nepreHauKyisipaa u npsmoid CA; TepneHIuKyIsipHa TUIOCKOCTH [, a 3HAYHUT, W TPOESKIHH

HakJoHHOU CB.
Teopema noka3ana.

Puc. 2

Koumponvnvie sonpocsi
1.0Onpenenenus neprneHANKYISApa U HAKIOHHOM.

2. YTBepkJIeHUs 171 MepreHANKYIsIpa U HAaKJIOHHOM, MPOBEIEHHBIX Yepe3 OJIHY TOUKY K OJHOMI
IJIOCKOCTH.
3. Teopema o Tpex meprneHAUKYIsIpax.
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Tema 7.5. Yroa mexay npsiMmoi M IJIOCKOCThIO.

Yeon meancoy npamoti u nnockocmoto. Ilpoexyus mouku u npoexyusi npsamou. Ceoticmea
npoexyuu npamuix. IIpoexyus gueypul. Ilowadb npoekyun MHO20Y20 bHUKA.

Ymems: IpoeKTUPOBaTh (UTYpHl; HAXOAUTH IUIONIA(b MPOESKIIMHA MHOTOYT OJIbHHKA.
3name: Yron Mexay OpAMOW M miIockocThlo. ITpoekumst Touku u mpoekuus npsimoi. CpoiicTBa
npoekiun npsameixX. [poexknus ¢urypsr. [Tnomans mpoekun MHOTOYTOJIbHUKA.
Yroa mexay NpsiMoii ¥ IJI0CKOCTHIO.
ITycte MN - HaknoHHas, npoBefeHHas U3 Toukd M k mnockoctn y, a M;N - ee mpoexuus Ha

mwiockocTh y (puc.l). Torma yron MNM, - nHassiBaercs yznom mearcoy npamoii MN u naockocmoio

y . Takum 00Opa3oM ompenensercs yroj Mexay NpsMOi U IUNIOCKOCTbIO, IIEPECEKaIoUIei 3Ty NpsAMYIO U

HE MEPIEHIUKYIIIPHOM 1.
¥roA MexAy NpAMoH M MADCKOCTEH

Puc.1.
Onpenesienue.

Yroa mexay npsiMoil M IJIOCKOCTHI0, IIEPECEKAIOIIEH 3Ty NPSIMYIO U HE MEPIEHIUKYISIPHON K
HEH, - 3TO yroJl MeXxay NpsIMOM U €€ IPOEKLUEN Ha Ty MJIOCKOCTb.

Omnpenenenne yria Mexay IpsAMON U IVIOCKOCTBIO MO3BOJIAET 3aKI0YUTh, YTO YTOJI MEXAY NPSIMOKN
U IUIOCKOCTBIO IPEJCTaBIsACT COOOM yroJl MEAy JBYyMs HEPECeKaroIMMUCS MNPAMBIMU: CaMOi
IIPSIMOM U ee IPOEeKUUel Ha INIOCKOCTh. CIlIe0BaTeNIbHO, YIOJl MEXKIY IPSIMON U IJIOCKOCTBIO €CTh
OCTPBIH YToJI.

VYron Mex1y NepneHIUKYJISApPHBIMU MPSIMOM M IUIOCKOCTBIO CUMTAlOT paBHbIM 90°, a yrou
MEXJly MapajuleJIbHBIMU NPSAMOW U IUIOCKOCTBIO JIMOO HE OMpPENENsIOT BOBCE, JUOO CUUTAIOT
paBHbiM 0°,

Tema 7.6. JIByrpanHbIii yroJ. YroJ Me:xxay miockoctsamu. Ilepnenanky/isipHocTs
IIOCKOCTEi.

Onpedenenue 0gyepannoeo yena. Buovl 0eyepannozo yana. Onpedenenue yena mexicoy
nepecexarowumucs niockocmamu. Onpeoenenue nepneHOUKyIApHocmu niockocmei. Ilpusnaxu
nepneHoOUKyIAPHOCIU 08YX NIOCKOCMEIL.

Ymems: pemiaTh 3a/1aun Ha IByrpaHHbIE YTJIbL.
3namu: onpenieieHNe IBYrPaHHOTO yria
Onpenenenue. J[ByrpaHHbIM YIJOM Ha3blBaeTcsl Gurypa, oOpazoBaHHas MPsAMONM a M JIByMs
MOJIYTUIOCKOCTSMU C 0011l rpaHuIed a, 1 He MPUHAIIeKAIIUMU OJJHOHN MIIOCKOCTH.
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4 a - peOpo JBYrpaHHOTO yTJia, MOJYINIOCKOCTH - TPaHu €ro.

a
puc. 1
Yron AOB - nuHeiHbI yrosn naByrpaHHoro yria. YrtoObl ero
HOCTPOUTH, HY)KHO BBIOpaTh MPOM3BOJIbHYIO0 TOUKy O Ha pebdpe, a myun OA
u OB 10mKHBI ObITh EPIEHANKYIISIPHBI K peopy.
A
i
puc. 2

Onpenenenue. ['pagycHoit Mepoi IBYTpaHHOTO yrja Ha3bIBAETCS TpajycHas mepa J0oro u3
€ro JIMHEHHBIX YIJIOB.

JIByrpaHHbIN yroJyl Ha3bIBaeTCsl MPSIMBIM (OCTPBIM, TYIBIM),
eciu oH paBer 90° (menbiie 90°, 6osbire 90°).

[Mycts % - TOT U3 yrioB, KOTOPBIA He MPEBOCXOIUT JIHOOOTr0 H3
TPEX OCTAIBHBIX YIJ0B. Toraa yros Mexay NnepecekaronuMucs
nockocTamu pases ¢. (0°<¢=90°)

puc. 3

Onpenenenue. /[Be nepecekaroniyecs: IMIOCKOCTH HA3bIBAIOTCS MEPHEHIUKYISIPHBIMU, €CIIU
yroJt MeK 1y HUMH paBeH 90°.
IIpu3Hak nepneHINKYJISIPHOCTH ABYX IJIOCKOCTEM.

Ecim omHa w3 ABYX IUIOCKOCTEH (o) TPOXOAMT dYepe3
npsmMyro (a), MepHeHIUKYIApHY0 apyroi miockoctu (B), To
TaKUE IJIOCKOCTH MEPIICHIUKYIISIPHBL.

puc. 4
By, Ly Ipsimoyroanpublii  mapastenenunen. [lapamenenunen
g ’ Ha3bIBACTCS MPSAMOYIOJBHBIM, €CIIM ero OOKOBbIE pedpa
il
P NEPICHINKYIISIPHBI K OCHOBaHUSIM, a OCHOBaHUS IPEICTABISIOT
| v
| ' €000 TPSIMOYTOJIbHUKH.
Bi__4l__JC
- T
F-.dﬁ =T
puc. 5
CaoiicTBa.

1. B npsAMOyroasHOM Napajijiesenure/ie Bce ecTb IpaHeil MpeaCcTaBIsoT cO00H MPAMOYrOIbHUKH.

2. Bce nByrpanHbI€ yIiibl IPSIMOYT'OJILHOTO MapaulesenuIiea ABIS0TCS MPSIMbIMU

3. KBagpaT nuaroHany npsiMoyrojbHOTo napajjiefenuresia paBeH CyMMe KBaIpaToB TPEX ero

U3MEPEHUN.

Konmponvnvie 6onpocoi

1. Onpenenenue AByrpaHHOTO yria.

2. OnpezeneHue yria Mexay NepeceKatouMMHCS TUIOCKOCTIMHU.

4. OnpeneneHue NepreHANKYIIPHOCTH IIocKocTel. [Ipru3HaKy nepneHaAuKyIspHOCTH  IJIOCKOCTEH.
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Tema 8. KoopanHaThl H BEKTOPHI.

Tema 8.1. Bextopsl. [leiictBust Hag BekTopamu. ba3uc Ha miockoctu. IlpsimoyronbHas cucrema
KOOpPJAUHAT.

lonamue sexmopa. [leticmeus nao éexkmopamu. bazuc na nrockocmu. Ceoticmea 6eKmopos.
IIpamoyzonvHas cucmema KoopouHam 6 nNpoCMpaHcmee.

Ymembs: BBITIOTHATDH IEHCTBUS HAJl BEKTOPAMHU.
3namu: Tlonstue Bektopa. [ledictBus Han BekTopamu. basuc Ha mimockoctu. CBOWMCTBA BEKTOPOB.
[IpsiMmoyrospHas cucTeMa KOOpJIMHAT B MMPOCTPAHCTBE.

[TonsiTHE BEKTOpa B CTEPEOMETPHUH BBOJUTCS TaK K€, KaK U B IUVTAHUMETPHU.

Paccmotrpum  ymopsnmouennyro mapy (A, B) HecoBmamarommux Touek. OHa ompenensier
HalpaBJIEHHbIH OTpe3ok ¢ HadaioM A u koHuoMm B (puc. 1). C nomombto mapsl (A, B) 3amagum
npeobpazoBanue mnpoctpaHcTBa. Kaxkmoit Touke M moctaBum B cooTBeTcTBHE TOYKY N, KoTOpas
MOJIYYUTCS B PE3YyJIbTAaTE CIEIYIOIIET0 MOCTPOSHUSI.

[Tpunsas Touky M 3a Havanmo, mpoBOAUM JIyd M, COHANpaBlieHHbIH ¢ JtydoM AB (puc.2). Ha myde

M mmMeercs eauHCTBeHHas Touka N, yxanensas or M Ha paccrosHue |AB|. D10 moctpoenue 3axaer

npeobpazoBaHue MPOCTPAHCTBA, OTOOpakaromiero Touky M Ha Touky N.

N

A A

Puc. 1. Puc. 2.

Onpenenenue. Bexkmopom (napainenvuviv nepenocom), onpedensiemvim napoi (A, B)
Heco8nadarnwux moyek, Hazvleaemcs npeoopazoeanue NPOCMpPAHCMEd, NPu KOMopoM Kaxcods moyka
M omoobpasxcaemcs na maxyio mouky N, umo ayu MN conanpaenen ¢ aywom AB u paccmosnue

|MN |pa6H0 pPaccmosiHuro |AB| .

Bekrop, 3amannbiii mapoit (A, B) HecoBmamarommx Touek, oOo3HauaeTcs cumBojioMm AB.

_—

Hanpasnenue, onpenensemoe nyuom AB, HasbiBaeTcs Hampasgnenuem eekmopa AB, a paccrosHue
|AB|- onunou eekmopa AB .

VYcnoBumest, yTo m00asi Mapa COBIAJAOIIMX TOYEK 3a7aeT TOXKIECTBEHHOE IMpeoOpa3oBaHUe,
KOTOpO€ Mbl OyZeM Ha3blBaThb TENEPb H)/Ie8biM GeKmopom. JIIMHa HYJIEeBOrO BEKTOpa paBHA HYIIIO,
MOHATHE HAIIpaBJIEHUs Ul Hero He BBoAuTcs. HyneBoii Bektop, 3agannbiil napoii (A, A), 0603Ha4aroT

cuMBoJIOM AA.

— -

HpI/IMeHHIOTCSI 1 UHbIC 0003HAYCHUS: a, b, C...- BEKTODHI,

a‘ WM a - JuinHa Bektopa a; 0
HYJIEBOU BEKTOP.

Kaxnplii BEKTOp, OTJIMYHBINA OT HYJIEBOTO, BIIOJIHE XapakTepU3YeTCs CBOMM HAIPaBICHHEM U
mumHou. ITosromy, ecnu HEHYJIEBBIE BEKTOPHI aub COHAIIPABJICHbl U UMEIOT PABHBIC JUIMHBI, TO 9TH

BEKTOPBI PaBHbI (COBIIAJAIOT): a=h.
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JelicTBHSA HAJl BEKTOPAMH.
VYnobuee Bcero paboTaTh ¢ BEKTOpaMH B MPSMOYTOJILHOW CHCTEME KOOPAMHAT — TOHM CaMoi,
B KOTOpo#l pucyem rpaduku ¢GyHkwid. Kaxaoi TOuke B CUCTEME KOOPIWHAT COOTBETCTBYIOT JIBa

qucna — €€ KOOPIMHATHI noxuy, abcuucca Y Op/INHATA.
Bexkrop Takke 3agaercs AByMs KoopauHatamu: a(Xx,;Y,)

3nech B CKOOKax 3alMCaHbl KOOPAMHATHI BEKTOpA a— IO X U 110 Y.

Haxoasarcs onn MMPpOCTO: KOOPpAWHATA KOHIIa BEKTOPAa MUHYC KOOpAWHATA €ro Havalia.

B Ef’xﬂ— X Vg ¥,/

lal =+x2+y?
a ‘JIIIZ

0 X
Cnoscenue 6eKkmopoe

,HJ'I?I CJIOKCHUA BEKTOPOB €CTh ABa crioco0a.

1. HpaBI/IJ'IO mapajicjiorpamma. YTOOBI CHOXKHUTH BEKTOPBL a U b , IOMCIIa€M Hadajla oboux B OoHY
TOYKY. HOCTpaI/IBaCM J0 ImapauiejiorpaMmma H U3 TOH Ke TOYKH IIPOBOJIUM JuaroHalib

napasuiesiorpaMma. 1o ¥ OyJIeT cyMMa BEKTOpOB au b .

Rl

2. BTopoii cnoco0 ciokeHusi BEKTOPOB — IMPAaBWIIO TPEYroJbHUKA. Bo3bMeM Te jke BeKTopsl au b .
K KoHIly nmepBoro BEKTOpa MpUCTPOUM Hayallo BTOpOro. Tenepb COeIMHUM Hayajao NEPBOIO M KOHEI]

BTOPOTO. JTO ¥ €CTh CyMMa BEKTOPOB au b .
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- - ‘
,,—-’/-‘{.ﬁ'-rt"
o C

ITo TomMy ke mpaBUIIy MOXKHO CJIOKHTh U HECKOJIBKO BEKTOpPOB. IIpucTpamBaeM ux OIMH 3a IpYyrum,
a 3aTeM COEIUHIEM HayaJlo IEPBOTO C KOHLIOM IOCIEIHETO.

D
C— E  AF=AB+BC+CD +DE + EF
B S F
_—’fﬂ;}
A

[IpencraBwTe, uto BBl HaeTe u3 nyHkra A B myHKT B, u3 B 8 C, u3 C B D, 3arem B E u B F. Koneunsiit
pe3ynbTaT 3TUX ACUCTBUN — mnepemenienne u3 A B F.

[Tpu croxxenun BekTopoB a(X,; Y, )H B(Xb; Y, ) HOTy4daeM:
c=a+b
=% + %)+ (Ya + o)

Boiuumanue 6E6KmMopoe

—_— - —_—

BekTop — c HampaBiieH MPOTUBOTIOIOKHO BEKTOPY ¢ . [IMHBI BEKTOPOB ¢ U — ¢ PaBHBI.

— -

Tenepb IMOHATHO, YTO TaKO€ BBIYUTAHHEC BCKTOPOB. PasHocTh BECKTOpPOB d M ¢— 3TO CyMMa BEKTOpa

—_—

a M BEKTOpa —c.

Erh_Eﬂ":f_:r_|(_E:‘P_)J — |

¢
Ymnoorcenue 6€Kmopa Ha 4ucio

[Ipy yMHOXXEHHMH BeKTOpa aHa 4ucio K moiydaercs BEKTOp, JJIMHA KOTOpOro B K pa3 oriuuaercs
oT ;uinHbl @. OH COHANpaBJIeH ¢ BEKTOPOM &, eciu K OoJibliie HyIs, M HAMIPABJICH MPOTUBOIIOJIOKHO
a, ecu K MeHbIIIe HYIIS.

60



= - )f - = = — -y =
u/ 2a/ 035a /’ /— a ;,f 3a ¥ -03a

ba3uc na nnockocmu.

Onpenesienue.

1) Ba3mucoM B IPOCTPAHCTBE HA3BIBAIOTCS JIIOObIC 3 HEKOMIUIAHAPHBIX BEKTOpA, B3STHIC B
OTIPE/IEIEHHOM IOPSJIKE.

2) Ba3ucoM Ha TUTOCKOCTH HAa3bIBAIOTCS JIIOObIE 2 HEKOJUIMHEApHBIC BEKTOPHI, B3SThIC B
OTIPEIEIEHHOM IOPSIJIKE.

3)ba3ucoM Ha MPsAMO¥ Ha3bIBACTCS JTFO00# HEHYIEBOW BEKTOP.

BekTopsl Ha3BIBAIOTCS KOMRAGHAPHBIMU, €CIT OHU TIAPAJUICTHLHBI OHOM U TOU K€ MJIOCKOCTH. Takum
00pa3oM, BEKTOPHI HA3BIBAIOTCSI KOMITJIAHAPHBIMU, €CJIM PABHBIE UM BEKTOPBI, OTIOKEHHBIE OT OJIHOM
TOYKH, J€KAT B OJHOM IIOCKOCTH.
B npoTuBHOM ciiydae BEKTOPBI HA3bIBAOTCS HEKOMNAAHAPHBIMU.

JIroObie TpU HEKOMIUIAHAPHBIX BEKTOpA B MPOCTPAHCTBE, B3SATHIC B OMPEACICHHOM IOPSIKE,
Ha3BIBAIOTCS OA3UCOM.

21,22,23

_—

Onpenenenne. Eciu - 0asuc B mpoctpanctBe ©OM , To uncna a, b U g - Ha3BIBAIOTCS

KOMIIOHEHTAMH MJIM KOOPJIMHATAMH BEKTOpa d@ B 3TOM Gaswce.
B cBs131 ¢ 3TUM MOKHO 3amucaTh CIEAYIONIUE CBOMCTBA!
- paBHBIE BEKTOPBI UIMEIOT OJIMHAKOBBIE KOOPIUHATHI,
- MIPU YMHOKEHUU BEKTOPA Ha YHCJIO €r0 KOMITOHEHTHI TOXKE YMHOXKAIOTCS Ha 3TO YHCIIO,

AB (e +(A8) & +(4) 2
- [P CJI0KEHUH BEKTOPOB CKJIAIBIBAIOTCS UX COOTBETCTBYIOIIUE KOMIIOHEHTBL.
a=o€ +a,6, +a,e;; a= e + B¢, + e,

G b= l@+Be +ia+Be, +a+8)e;

Ilpamoyzonvnan (0exapmosasn) cucmema KOOpOUHam 6 RPOCMPAHCIBe.

IIpamoyzonvHas cucmema Koopounam 6 npocmpancmge — obOpa3yercs TpeMs B3auMHO
nepnenmukysapaeiMu ocsmu koopauuar QX OY u O Z. Ocu xoopamnar nepecexarorcs B touke (J
, KOTOpasi Ha3bIBaCTCsl HAYaJIOM KOOPJMHAT, HA KaKJI0H OCH BBIOPAHO IMOJIOKHUTEIHLHOE HAIMpaBIICHUE,
yKa3aHHOE CTpEJIKaMH, M €IUHHUIA H3MEPEHUS OTPE3KOB Ha ocsAX. EQuHMIIBI M3MepeHHus OOBIYHO

OMHAKOBEI I BCEX OCEM. OX —ocw a0crucc, OY — oce OpAUHAT, ()7 — ocp anmuxar.
'z

» X

.

Puc. 2

[onoxenune touky .4 B MIPOCTPAHCTBE OMpPEAeTsAeTCs] TpeMsl KoopauHaTaMu I, Yuz. Koopaunara I
paBHa JTUHE OTpe3Ka OB, KOOpJMHATA Y nune OTpe3Ka OcC , KoopImHaTa Z — JAJTUHE OTpe3Ka
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http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%B1%D1%81%D1%86%D0%B8%D1%81%D1%81
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%BE%D1%80%D0%B4%D0%B8%D0%BD%D0%B0%D1%82
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82
http://commons.wikimedia.org/wiki/File:Descartes_system_3D.png?uselang=ru
http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Descartes_system_3D.png

() Dy Bei6pannsix emunumax usmepenns. Orpesku (OB, OCu O Donpenensrores nnockoctsamu,
HpOBeZ[éHHbIMI/I 13 TOYKN ;‘1HapaHHeJ'IBHO IIJIOCKOCTAM YOZ, XOZI/I XOYCOOTBGTCTBGHHO.
Koopauuara T'Ha3siBaeTcs abeuuccoit Toukn A,
xoopaunara ¥ — opaunaroit Touxn A,
KOOpJIMHATA Z — alIUIMKAaTON TOYKH A.
CHMBOJIMYECKHU 3TO 3aIIUCHIBAIOT TaK:

*_1(1:! y! Z)

A=(x,y, z)
WM MPUBSA3BIBAIOT 3alUCh KOOPJMHAT K KOHKPETHOM TOUKE ¢ OMOIIbIO MHJIEKCA:

Ta, Ya, 24
U T.IL
Kaxnast oce paccmaTpuBaeTcs Kak 4yuciIOBas IpsMas, T. €. MMEET NOJIOKUTEIbHOE HAaIlpaBJeHUE, a
TOYKaM, JIEKalIUM Ha OTPULIATEIBHOM JIyde NMPUIUCHIBAIOTCS OTPULIATEIbHbIE 3HAUEHUSI KOO PIMHATHI
(paccrosirme Gepercst co 3HaKoM MuHYyc). To ecTh, eciy Obl, HapUMep, TouKka 13 Texana He Kak Ha
pucynke — na nyase (JX, a ma ero mpomomxenuu B obparHyo cropoHy ot Touku (J (ma
otpuniarenshoii wactn ocu (JX), To abeumcca Troukm A Geuta 6e oTpumarensHoOi (MHHYC
paccrosiamio (J3). Ananornuso u st IByX Apyrux oceii.

HIJIN

Konmponvnvie sonpocol

1. [TonsaTre BekTOpA.

2. JleiicTBHsI HaJl BEKTOPAMH.

3. ba3uc Ha miockocTH.

4. CBolicTBa BEKTOPOB.

5. [IpssMoyrobHast cucTeMa KOOPAWHAT B TPOCTPAHCTBE.

Tema 8.2. PaccTosiHue MeK1y TOUKAMM.

Dopmyna paccmosiHusi mexncoy 08yMsi MOUKAMU. YpaeneHust cghepol, RIOCKOCMU U NPAMOLL.
Koopounamei cepeounvt ompesxa.

Ymemsb: HaXOAUTH PacCTOSIHUE MEXKIY ABYMS TOUKaMH; COCTaBJISTh YypaBHEHUE C(epbl, INIOCKOCTH U
MPSIMOIA; HAXOUTh KOOPAWHATHI CEPETUHBI OTPE3Ka.

3nams. GopMyna pacCTOSHUS MEXAY IBYMsI TOUKaMU, ypaBHEHUS cepbl, TNIOCKOCTU U PSIMOH,
KOOPJMHATBI CEPENHbBI OTPE3KA.

ITycts A 1 B - 1BE TOUKH IIIOCKOCTH, KOOPIMHATHI KOTOPHIX B IEKAPTOBOW CHCTEME
koopauHat: (X;;Y;) u (X,;Y,), Toraa

:Il

]
4B = J(xz -x) tiv - »
Vka3anHas GopMyrna, [0 CyIIECTBY, ABJIsAeTCa TeopeMoii I[Tndaropa, 3amicaHHOl B KOOPAMHATHOI
dbopme. B camom siene, mycth A, U B, -- cOOTBETCTBEHHO MpoekiuK Touek A u B Ha och abemuce, M -

npoekuus A Ha npsimyto BB, .

Nwmeem: AB -- runioTeHysa npsiMoyroJisHOro TpeyrojpHuka ¢ karetamu AM u BM, o AM =
A B, =|X2 —X1| .TouHo Tak sxe BM =|y2 - y1| :

CnegoBaTeibHO,

AB? = AM? +BM * = (X, —X,)* + (Y, — ¥,)? u dopmyna noka3ana.
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http://ru.wikipedia.org/wiki/%D0%90%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82%D0%B0
http://ru.wikipedia.org/wiki/%D0%A7%D0%B8%D1%81%D0%BB%D0%BE%D0%B2%D0%B0%D1%8F_%D0%BF%D1%80%D1%8F%D0%BC%D0%B0%D1%8F

Koumponvnwvie 6onpocel

1.®opmyna pacCTOSHUS MEXIY ABYMS TOUKAMHU.
2. YpaBHeHHs cephbl, INIOCKOCTH U MPSIMOA.

3. KoopnuHatsl cepeiHbI OTpe3Ka.

Tema 8.3. J/IuHeiiHbIe onepanuy HaJ BEeKTOPAMH.

Bexmopul. Mooyns éexmopa. Pasencmeo eexkmopos. Cnodxcenue 6ekmopos. Y mHodicenue
gexmopa na uucno. Paznooicenus éekmopa no HanpasieHusm. Yeon mescoy 08ymsa 6eKmopamu.
IIpoexyus eexmopa na ocvb. Koopounamul eekmopa. CranapHoe npousseoenue 8eKmopoas.

Ymemsb: HaxoqUTh MOYJb BEKTOPA; BBIIOJIHATH JIMHEIHBIE OTIEpallii HaJl BEKTOPaMU;

BbruncnsaTe ckaisipHOe NpOU3BECHUE BEKTOPOB.

3namu: BEKTOPBI, MOJYJIb BEKTOPA, PABEHCTBO BEKTOPOB, CI0KEHHUE BEKTOPOB, YMHOKEHUE BEKTOPA
Ha YHCJI0, PA3JI0KEHHs BEKTOpA [0 HAIPaBJICHUSAM, YTOJI MEXIY ABYMsl BEKTOpaMH, MPOEKIUs BEKTOpa
Ha 0Cb, KOOPJMHATHI BEKTOPA,CKATSIPHOE MPOU3BEACHNE BEKTOPOB.

Ceoticmea 6ekmopoa.

JlBa Bektopa aum b Ha3bIBAIOTCA KOJUIMHEApPHBIMM, €CIM OHM pACIOJIOKEHBl Ha
MapajuIeIbHbIX MPSAMBIX WM HA OJTHOM IPSIMOM.

Hynesoit Bektop 0 koJumHEapeH T11000My BEKTOPY.
Teopema 1. ]IBa HeHyneBbIX BekTopa au b kommHeapus!, U Kora OHA MTPOTIOPIIMOHAIBHBI T.€.

b= K, K — cramsp.

- -

Tpu Bektopaa,b,c, Ha3pBaIOTCI KOMIUTAHAPHBIMH, €CJIM OHHM TapajUielbHBl HEKOTOPOM
IJIOCKOCTH HJIM JIEKAT B HEH.

A,

Teopema 2. Tpu HeHynaeBbIX BekTOopa a,b,c, xommiaHapubl, U Korja OJWH W3 HHUX SBJISETCS
JMHEWHON KOMOUMHAIMEH JBYX APYTHX, T.C.

c=Kk, +|5,k | — cxansphr.

Monaynb BeKTOpa — 3TO AsnHa oTpe3ka AB.

|AB| = \/(Xz _X1)2 +(y2 - y1)2 .

Hpoem;uﬂ 6eKmopa Ha OCb.

Teopema 3. Tlpoekuusi BeKTopa Ha OCh (HampapleHHas npsiMasi) | paBHa MPOU3BEACHUIO [UTHHBI
BEKTOpa Ha KOCHMHYC YyIJla MEX1y HallpaBJICHUEM BEKTOpA U HAIIPaBJIEHUEM OCH, T.€.

nps;|l =axcosa?a= D(a, l).
CK(IJZ}ZprlM npous’gedeﬂueM ABYX HCHYJICBBIX BEKTOPOB aH B . A HAa3bIBACTCs YHCJIO, paBHOC
MPOU3BCACHUIO JJIMH 3THX BEKTOPOB HA KOCUHYC yI'Jla MCKAY HUMMU:
ab= |§|-‘5‘(cos 5,6).
Konmponvnvie 6onpocsi

1. Bextopsl.
2. Moaynb BekTopa.
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3. PaBeHCTBO BEKTOPOB.
4. CrnoxeHue BEKTOPOB.
5. YMHOXEHHE BEeKTOpa Ha YKCIIO.

6. Pazno)xeHust BEKTOpa 1o HaNpaBJICHUSM.

7. YToJl MeXIy IByMs BEKTOPaMHU.

8. [Ipoexuust BEKTOpa HA OCb.

9. KoopauHatel BEeKTOpA.

10. CkansipHO€ NMPOM3BEJCHNE BEKTOPOB.
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Tema 9. MHOrorpaHHMKH
Tema 9.1. MHororpannuku. IIpaBuibHbIe MHOTOTPAHHMKH M X CBOICTBA.

Onpedenenus 6HympeHHel MmouKU, OMKPbIMO20 MHONCECMEa, 001acmu, 2pAHUYHOU MOYKU,
02PAHUYEHHO20 MHOMCECMEBA, 2e0MemPU1ecKo20 meid, MHO20SPAHHUKA, ePanU, pebpa, 6epuiuHbl,
OUALOHANU MHO202PAHHUKA, 8BINYKI020 U NPASUTLHO20 MHO202PAHHUKO8. Pazéepmka.

Ymemsb: pUMEHSTh TEOPETUUECKHUE 3HAHUSI TIPU PELLICHUU 3ajay.

3namvb: ompeneneHuss BHYTPEHHEH TOYKH, OTKPBITOTO MHOXECTBA, OONAcTH, TPAHWUYHOH TOUKH,
OTPaHMUYEHHOTO MHO’KECTBA, I'€OMETPUYECKOI0 Tejla, MHOIOrpaHHMKA, TpaHH, peOpa, BEpPIIUHBI,
JMaroHaJIid MHOTOTPaHHMKA, BHITYKJIOTO U MPaBUIbHOI'O MHOTOI'PaHHUKOB, pa3BEPTKAa.

MHoOrorpaHHukd, B  H3BECTHOM CMBICJIE, SBIAECTCS  NPOCTPAHCTBEHHBIM  aHAJIOIOM
MHOTOYIOJIbHUKAa. TeM He MeHee, A CTPOro €ro OIpeneieHHs HaM MOHAAO0O0SATCS HECKOJIBKO
BCIIOMOTaTENbHBIX TTOHITHIA.

B 1mKonpHBIX y4yeOHMKaX TE€OMETPUM MHOTOTPaHHHUKAaMU OOBIYHO HAa3bIBAIOTCS TeEJa,
ITIOBEPXHOCTH KOTOPBIX COCTOAT M3 KOHEYHOTO YHCJIA MHOTOYTOJBHUKOB, Ha3bl-BA€MbIX TI'paHAMU
MHoOrorpaHHuka. CTOpPOHBI M BEpPHIMHBI 3TUX MHOTOYI'OJIBHUKOB HAa3bIBAIOTCS COOTBETCTBEHHO
pedpamu U BepLUIMHAMH MHOTOIPaHHUKA.

IIpasunvHvle MHO202PAHHUKU

BBIHYKHBIﬁ MHOI'OTpaHHUK Ha3bIBACTCA IMPABHUIIBHBIM, €CJIM €ro rpaHsAMH SBJISAIOTCA PAaBHBLIC
IpaBHUJIbHBIC MHOTOYI'OJIbHUKH, 1 BCEC MHOTOI'PAHHBIC YTIJIbI PABHBI.

PaccMoTpuM BO3MOXKHBIE MTPaBHJIBHBIE MHOTOTPAHHUKH M TIPEXIE BCEro T€ U3 HUX, TPAHSIMHU
KOTOPBIX SBJIAIOTCS TpaBWIbHBbIE TpeyroibHUKH. Hanbosnee mNPOCTBHIM TaKUM TMPaBUIBHBIM
MHOTOTPAaHHUKOM SIBJIIETCS TPEYroJibHas MUpaMKa, TPaHSAMH KOTOPOH SBJISIOTCS MpaBUJIbHBIE
TpeyroiabHuKH (puc. 1). B kaxao#l ee BepuinHe CXOAUTCS MO TpU T'paHu. ViMest Bcero 4eThipe rpaHw,
3TOT MHOTOTPAHHHUK HA3bIBA€TCSI TAKXKE MPABWJIBHBIM TETPAdIpPOM, WM MPOCTO TETPA’dIPOM, YTO B
MIEPEBO/IE C IPEUECKOTO0 S3bIKA 03HAUYAET YEThIPEXTPAHHUK.

Puc.1. Puc.2. Puc.3.

MHoOTrorpaHHuK, TPaHSMU KOTOPOTO SIBISIOTCS TPAaBWJIBHBIE TPEYTONbHHUKH, M B KaXKJIOU
BEPIIMHE CXOJUTCS YeThIpe I'paHu, H300pakeH Ha puUCyHKe 2. Ero MOBEpXHOCTh COCTOWT U3 BOCHMU
MPaBUWJIBHBIX TPEYTOJIHHUKOB, TIOATOMY OH Ha3bIBAETCS OKTAdAPOM.

MHororpaHHuK, B KaXJI0W BEPHIMHE KOTOPOTO CXOIUTCS TATh MPABUIBHBIX TPEYTOJbLHUKOB,
n300paxeH Ha pucyHke 3. Ero moBepXHOCTh COCTOMUT W3 JBAIATH IMPABHJIBHBIX TPEYrOJLHUKOB,
MTOATOMY OH Ha3bIBACTCS MKOCAdPOM.

3aMeTuM, 9TO TIOCKOJBKY B BEPIINHAX BHITYKJIOTO MHOTOTPAaHHUKA HE MOXKET CXOJIUThCS Ooee

AT MPaBUJIIBHBIX TPCYrOJbHHUKOB, TO APYIrUX MPABUJIBHBIX MHOI'OIPAaHHUKOB, TI'paHAMHU KOTOPBIX
ABJISIFOTCA IMPABUJIBHBIC TPCYT'OJIbHUKHU, HC CYILICCTBYCT.
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AHaJOTUYHO, TTOCKOJIbKY B BEPIIMHAX BBIMTYKIOTO MHOTOIPAHHHKA MOYET CXOJHUTHCS TOJIBKO
TpHU KBajpara, To, Kpome Kyba (puc. 4), Ipyrux mpaBUIbHBIX MHOTOTPAHHUKOB, Y KOTOPBIX T'PAHIMHU
SIBJITFOTCST KBaJpaThl He cymiecTByeT. KyO uMeeT miecTp TrpaHel M TOITOMY HA3bIBAETCS TaKkKe

reKCasIpoM.
' Ay,
I
L
I
I
I
I

Puc.4. Puc.5.

MHoOrorpaHHuK, IpaHsiM{d KOTOPOTO SIBJIIIOTCS MpPaBUJIbHBbIE MATUYTOJBHUKHU, U B KaKJIOU
BEpIIMHE CXOJUTCS TPU I'paHu, U300pakeH Ha pucyHke 5. Ero moBepXHOCTh COCTOMT U3 JABEHAALATH
MIPaBUJIbHBIX MATUYTOJIBHUKOB, TO3TOMY OH Ha3bIBAETCS J10AEKA3POM.

PaccMoTpuM mOHSTHE NPaBUIBHOIO MHOTOTPaHHMKA C TOYKH 3PEHMs] TOIOJOTHMU HAyKH,
n3y4Jarolel cBoicBa GUryp, He 3aBUCSIIUX OT pa3INyYHbIX Jedopmanuii 6e3 pa3psiBoB. C 3TOM TOUKU
3peHusi, HalpuMep, BCE TPEYroJIbHUKHM 3KBUBAJICHTHBI, TaK KaK OJJMH TPEYTOJIbHUK BCEr/1a MOKET ObITH
MOJIy4eH M3 JH000T0 JPyroro COOTBETCTBYIOIIMM CXAaTHEM MIM PacTshKEHHEM CTOpoH. BooOmie Bce
MHOTOYT'OJIbHUKH C OJTMHAKOBBIM YMCIIOM CTOPOH 3KBHUBAJIEHTHBI 110 TOMU K€ IPUYKHE.

MHororpaHHUK Ha3bIBa€TCs 8bINYKIbIM, €CIIU OH SIBJISIETCS BBIMYKIION (DUTYpOH, T.€. BMECTE C
JOOBIMU IByMSI CBOMMH TOYKaMU COJIEPKUT U COETMHSIOIUN UX OTPE30K

—

—

r)

Puc. 1 A

CpolicTBO 1. B BBIIYKIOM MHOTOI'PaHHUKE BCE TPAHU SIBJISIFOTCS BBITYKJIBIMU
MHOTOYI'OJIbHUKAMH.
CBoHCTBO 2. BBINMyKIIbIi MHOTOI'PaHHUK MOKET OBITh COCTAaBJIEH U3 MUpaMu/ ¢ oOmien
BEPILIMHON, OCHOBAHUS KOTOPBIX 00pa3yloT MOBEPXHOCTh MHOTOT PAHHHUKA.
CpolictBO 3. BBIITYKJIBII MHOTOTPaHHMK JIEKUT IO OJHY CTOPOHY OT IJIOCKOCTH KaXKIOU
CBOEH I'DAaHHU.

Koumponvuvie sonpocoi
1.Ompenenenus BHYTPEHHEH TOYKH, OTKPBITOTO MHOXECTBa, OO0JAacTH, TPaHUYHOW TOYKH,
OTPAaHMUYEHHOTO MHO’KECTBA, T'€OMETPHYECKOTO Tela, MHOTOTPaHHHMKA, TpaHH, pedpa, BEpPIIUHBI,
JMaroHaJIM MHOTOTPaHHHKA, BHITYKIIOTO U MPAaBUILHOTO MHOTOTPAHHUKOB.
2. Pa3zBeprka.
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Tema 9.2. Ilpu3ma u ee cBoOMCTBA.

Onpedenenue npuzmwl, 8b1cOmMbl NPU3Mbl, ouazonaiu npusmvl. Ceoticmea npuzmbl.
H3o6padicenue npuzmvl u nocmpoenue ee cevenus. [lpamas npuzma. Ilpasunvnas npusma.

Ymems: IpUMEHATh TEOPETUYECKHUE 3HAHUS IIPU PELICHUN 3a/1a4.
3name: oONpENeNeHNUE MPU3MBI, BBICOTHI IPHU3MBI, JMAroHalM MpPU3MBI, CBONCTBA IPU3MBI,

I/I306pa)K€HI/Ie IMPU3MBI 1 TIOCTPOCHHUEC €€ CCUCHUA, ITpAMAA IIprU3Ma, IIpaBUJIbHAA IIpHU3Ma.

[Ipusma (ot ap.-rped. mpicpo (JaT. priSma) «HEeYTO OTIHICHHOE») - MHOTOTPAaHHHK, JBE IPaHU

KOTOPOTO SIBJISIFOTCSI KOHIPY3HTHBIMHU (PaBHBIMU) MHOTOYTOJIbHUKaMH, JEKAIIMMHU B MapajuleIbHbIX
IUIOCKOCTSX, a OCTajJbHbIE I'PaHU - MapajjiesiorpaMMaMH, MUMEIOIIMMU OOIIHE CTOPOHBI C 3TUMU
MHOTOYTroJIbHUKaMHu. WMnu (paBHOCWIIBHO) - 3TO MHOTOIPaHHUK, B OCHOBAHHUSAX KOTOPOTO Jiexkar
paBHbIE MHOTOYTI'OJIbHUKH, @ OOKOBBIE I'PaHU - MapajIeIorpaMMbl.

Ha3zsanue

Onpenenenue

O0o3HaueHns
Ha YePTEKe

UepTtex

OcHoBaHus

JIBe rpanu,
SBIISAIOIIHECS
KOHT'PY3HTHBIMHU
MHOTOYTOJIbHUKaMH,
JeKaUUMU B
napasuIeIbHbIX
IJIOCKOCTSIX.

ABCDE,

BboxoBbie rpanu

Bce rpanu, kpome
ocHoBanui. Kaxxmasa
OOKOBasi I'PaHb
00s3aTeNLHO
SIBIISIETCS
napajieIorpaMmMoM.

ABLK,
BCML,
CDNM,
DEPN,
EAKP

boxkosas
MOBEPXHOCTH

O0bennHenne
OOKOBBIX I'PAHECH.

IlonHasa
IIOBEPXHOCTH

OObenuHeHne
OCHOBAHUM U
OOKOBOH
TIOBEPXHOCTH.

BokoBrie pebpa

OO111e cTOpoHBI
OOKOBBIX I'paHei.

AK,BL,CN,
DM ,EP

BricoTa

OTtpe30K,
COEUHSIOLUI
MJIOCKOCTH, B
KOTOPBIX JIEKAT

KR
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OCHOBAHUS IIPU3MBI
u
NIepIEHIUKYIIAPHBIA
9TUM IIJIOCKOCTSIM.

Jnaronanp

OTtpe30K,
COCAUHSIOIINN 1B
BEPIIUHBI IPU3MBI,
HE TIPUHAJIeKAIITIE
OJHOM I'paHM.

BP

JwnaronanpHast
IIJIOCKOCTh

IInockocCTh,
IIPOXOIATIAs Yyepe3
nIepeCceKaroIuecs
JAaroHaidb
OCHOBAHUA U
0oKoBOE pedpo
IIPU3MEI.

JnaronanbHOE
CEYCHUE

[Iepeceuenue
MIPU3MBI U
JTMaroHaabHOM
IIJIOCKOCTH. B
cedeHuu oOpaszyercs
napajuiesiorpamm, B
TOM YHCJIE €r0
YacTHBIE Cllydyau —
pomMO,

IPSIMOYT OJIbHHUK,
KBaJIpar.

EBLP

[TepnienaukynspHoe
(opTaroHasibHOE)
ceueHue

[Tepeceuenne
MIPHU3MBI 1
TUIOCKOCTH,
HePIEHIUKYISPHOM
ee O0KoBOMY peOpy.

Ceoiicmea npusmol

1. OcHOoBaHusA IMPHU3MBI ABJIIOTCA paBHBIMH MHOI'OYI'OJIbHUKAMMU.
2. BoxoBrie I'PaHU IIPU3MBI ABJIAIOTCA IIapaljiCjorpaMMamMHu.

3 BbokoBbie pebpa mpu3Mbl apauieIbHbl U PaBHBI.
4. O0BEM MPU3MBI PaBEH NMPOU3BEICHUIO €€ BHICOTHI HA TUIOIAAb OcHOBaHMs: V =S -h

5. Ilnomaap MmoJIHOM MOBEPXHOCTH MPU3MBI paBHA CyMMe IUlomaau e€ OOKOBOM MOBEPXHOCTU U
yIIBOGHHOM IIOIIAAX OCHOBAHHUS.
6.ITnomans 6OKOBOI MOBEPXHOCTH IPOU3BOJILHOM npu3Mbl S = P -1 ,rae P - nepumerp

HePICHIUKYIApHOTO ceueHus, | - qmuHa 60koBOrO pedpa.

7. [Tnomaas 6OKOBOW MOBEPXHOCTH MPsAMOii Ipu3Mbl S = P-h, rae P - mepumMerp ocHOBaHMS TPU3MBI,

h - BeicoTa IIPU3MBEI.

8. [lepneHuKyIsIpHOE CEUEHUE MEPIEHIUKYISIPHO KO BceM OOKOBBIM PEOpaM MPU3MBI.
9. Vribl nepneHuKyIsIpHOTO CEUYEHUS - 3TO JIMHEHHbIE YIIIbI IBYTPAHHBIX YIJIOB MIPH

COOTBETCTBYIOIINX OOKOBBIX pEOpax.
10. [leprneHauKyIsIpHOE CEYEHHE NEPICHIUKYIIPHO KO BCEM OOKOBBIM T'PaHSIM.

KOHmpO]Zbele B80NpOCHL

1. Onpenenenue Npu3Mbl, BBICOTHI IPU3MBI, THATOHAIN MPU3MBI.
2. CBoiicTBa IPU3MBI.

3. N300pakeHre Npru3Mbl U IOCTPOCHUE €€ CEUEHUS.
4. lpsimas npusma. [IpaBuiibHas npusma.
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Tema 9.3. Ilapanenenunesn u ee CBOMCTBA.
Onpeoenenue napannenenuneda. Ceoticmsea napaiieienuneda ¢ dokazameavcmeamu. Kyo.
Ymemb.: IpUMEHATh TEOPETHUECKUE 3HAHUS TIPH PELICHUU 3a1a4.
3namy: onpeneneHue napauieNenuiena, CBOCTBa napaielenunena, n300paxkeHue

mapajjiejacnuicaa u NoCTpOCHUE €€ CCUCHUA.

Iapannenenunedom Ha3bIBAETCS IPU3MA, OCHOBAHUEM KOTOPOU CIIYKUT MapajuIeIOrpaMM.
1

A
B
HapannenorpaMMH, M3 KOTOPBIX COCTABJICH MAapaJlZICIICTIMIICA, HA3bIBAIOTCA €TI0 I'paHAMH, UX
CTOPOHbBI — pe6pa/vz1/1, a BCPHIMHBI MMapaliCJIOTpaMMOB — eepuiuHamu TapajlICICuIicaa. vy

napajuieJienuIe/ia Bce TpaHl — MapajuieIorpaMMBl.

[Tapannenenumenpl, Kak ¥ BCSIKHAE MTPU3MBI, MOTYT OBITh npsiMble U HAKIOHHbIE.

OOBIYHO BBIIETSAIOT Kakue-HUOyIb JBE TIPOTHUBOIOJIOXKHBIE TpaHH H HA3BIBAIOT MX
OCHOBaHHWSIMH, a OCTajJbHbIE TpaHW — OOKOBBIMH TpaHSAMHU TMapaienenunena. Pebpa
napajuiefienunes1a, He IpuHaJexKalllie OCHOBaHUSIM, Ha3bIBalOT OOKOBBIMU peOpaMH.

JIBe rpaHu mnapasuierenunena, MMerone ooduiee pedpo, HA3bIBAIOTCS CMEXHBIMH, a HE
HMEIOIINE 00X pedep — MPOTHUBOIOJIOKHBIMH.

OTpe30K, COCNMHSIIONIMN JIBE€ BEPIIMHBI, HE NPHUHAIICKAIINE OJHOW TpaHHU, HA3BIBACTCA
JMaroHaNbIo Mapaenenumnesa.

Ilpamou napannenenuned, y KOTOPOTrO OCHOBAHHEM SIBJISETCS MPSMOYTOJbHHMK, Ha3bIBAETCS
MPSMOYTOJIbHBIM ~ MMapaJljIeNieuIe oM. Y MpsSAMOYrOJBHOTO Tapajuielenunesa BCe TpaHH —
MPSIMOYTOJIbHUKH.

JUMHBI He mapaieNbHBIX pedep MNPSAMOYTOJIBHOIO Mapajulefienunesa Ha3bIBAIOTCS €ro
JUHEHHBIMU pa3MepamMu (M3MEpeHUsMH). Y MPSMOYTOJBHOIO TMapajuieienunena TPU JIMHEWHBIX
pa3mepa.

Ceoticmea napannenenuneoa:
1. [IpoTuBOMOJIOKHBIE TPAHU MapalieenuIea paBHbl U NapauieIbHBL
2. Bce deThIpe quaroHaiy napajiesienune/a mepecekaroTcsl B OJJHOW TOYKE U AENATCS STOW TOUKOU
MOTIOJIaM.
3. BokoBbIe rpaHu MPsIMOTO MapaieNenuneaa — MPsIMOYTOJIbHUKH.
4. Kpampar nauaroHajgy MpsIMOYrOJILHOTO TMapajUleNienuIesia paBeH CyMMe KBaJpaTOB TPEX €ro
HU3MEPEHUI.
Koumponvnvie sonpocsi
1. Onpenenenue napajmienenuneaa.
2. CBoiicTBa nmapajuieNenumneaa ¢ J0Ka3areaIbCTBAMHU.
3. Ky6.

Tema 9.4. Ilupamupa. [IpaBunbHasg nupamuga. YcedenHasi nupamujaa. Terpasap.

Onpedenenusn nupamuobl u e20 OCHOBHbIX demenmos. Yceuennas nupamuoa. Ilpasunvhasn
nupamuoa. Tempasop.

Ymemen: MNPUMCHATH TCOPCTHYCCKUC 3HAHUA TIPU PCIICHUU 3ada4.
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3namy: onpeeNeHus TUpaMUbl U €ro OCHOBHBIX 3JIEMEHTOB, YCEUECHHAsI MUPAMU/IA, TPaBUIIbHAS
nupamuaa, TeTpasip.

Hupamuoa
Paccmorpum MHoroyromeHuk A, A,,...,A, ¥ Touky P, He nexallyro B IUIOCKOCTH 3TOrO

MHOTOYyrojbHuka. CoequHUB TOUYKy P oOTpe3kamMu ¢ BEpIIMHAMHU MHOTOYIOJIbHHKA, IMOJIY4UM N

TpeyroasHuKkoB (puc.1.): PAA,,PAA,,..PAA .

ll

: A
Ay ' puc.1.

MHOrorpaHHuK, COCTaBICHHbIM M3 N - yrombHUKa A, A,,...,A, ¥ N TpPeyrojbHUKOB
PAA,,PAA,,..PA A, Ha3sBaeTcs  nupamuodou. MuoroyronsHuk A A, ..., A, Ha3bBaeTcs
ocHOBaHMeM, a TpeyronbHuku PA A, PAA,,..PA A - 6oxkosvimu cpansamu nupamuisl. Touka P —
BepIIMHON nupamunbl, a otpe3ku PA, PA,,...PA, - ee 6okosvimu pebpamu. IlupaMuy ¢ OCHOBaHHEM
A A, ..., A, nBepmuHoi P o603Hauarot Tak: PAA,...A, - 1 Ha3bIBalOT N — yroJbHON MUPaAMUJION.

Ha pucynke 2 wn300pakeHBI YETBHIPEXYTOJbHAS W IIECTHYTOJIbHAs MUpaMuabl. SICHO, YTO
TpeyroJibHasi MUpaMuJia — 3TO mempas’op.

&

As
Aj

Ag

Puc.2.
[TeprnieHIUKYIIAp, TPOBEACHHBIM U3 BEPUINHBI TUPAMUJIBI K IJIOCKOCTH OCHOBAHMS, Ha3bIBACTCS
BbIcOTOM mupamupl. Ha (puc 1) orpe3ok PH siBiisseTcst BBICOTOM MUPaMHM/IBI.
[Tnommanpio MOJHOW MOBEPXHOCTH MHPAMU/IBI HA3bIBAETCS CyMMa IUIOIIAACH BCEX € TpaHei
(T.e. ocHOBaHMsI W OOKOBBIX TpaHeEil), a IUIOIaJb0 OOKOBOW MOBEPXHOCTH MUPAMHUIBI — CyMMa
Iona el ee 60KoBbIX rpaneil. OueBuano, S, =S, +S, .

nonH 60K

Ilpasunvnasa nupamuoa
[Mupamuia Ha3bIBaETCS MPABUIHHOMU, €CITU
1) ee ocHOBaHUE — MPABWILHBII MHOTOYTOJIbHUK;
2) ee BbICOTA — OTPE30K, COCTUHSIONINI BEPIITUHY MTUPAMUIBI C €€ IIEHTPOM.

O,Z[HI/IM H3 IIPUMCPOB HpaBHHBHOﬁ nupaMHuabl ABJIAOTCA CTUIICTCKUC TUPAMUIbI. 910
YCTBIPCXYT'OJIbHBIC MUPAMU/IbI.

Cesoticmea npaguibHoU NUpAMUObL.
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Bce 6okoBbIe pebpa nmpaBHIIbHONM TUPAMH/IBI PABHBI, @ O0KOBBIE IPAHU SBJISIOTCS PAaBHBIMU
paBHOOEIPEHHBIMU TPEYTOJIbHUKAMHU.

Jloka3aTenbCcTBO JaHHBIX (DaKTOB MIPOBOAMUTCS YCTHO:

1. JIro6oe 6okoBOE pebpo MmpeacTaBisieT coO00M THIOTEHY3Y MPSMOYTOJIBHOTO TPEYroJIbHUKA, OTHUM
KaT€TOM KOTOPOI'O CIIYKUT BBICOTA IMMUPAMU/IBI, 4 IPYI'UM — pagnuycC ONIMCAHHOI 0KOJIO OCHOBaHUS
OKPYXHOCTH. O1H MMPpAMOYTOJIbHBIC TPCYI'OJIbHUKH pPaBHBI. CJICIIOBaTCJH)HO, PaBHBI UX TUITOTCHY3BI.

2. Tak xak O0KOBBIE peOpa IPaBUIBHON MUpPaMU/Ibl PaBHbL, TO €€ OOKOBbIE I'PaHU - PABHOOEAPEHHbIC
TpeyroabHuKU. Tak kak A, A, ,..., A, - TIpaBUIBbHBIA MHOTOYTOJbHHK, TO OCHOBAHUS 3THX

TPEYroJbHUKOB TaKXKe pPaBHbI APYT ApYTy. 3HAUUT, OOKOBBIE T'PaHH PaBHBHI (110 TPEM CTOPOHAM).
Anoghema.

Anogema — BbicoTa O0KOBOI rpaHy MPaBUIIbHOM MUpPaMUbl, IPOBEACHHAS U3 €€ BEPIIUHBL.
JlaHHbBIN TEPMUH yHoTpeOsseTcs A1 MPaBUIIbHOM MUpaMUbl, XOTs Y HENIPaBUIbHOW MTUPAMU/IBI
TaK)k€ MOTYT OBITh PaBHBI BHICOTHI OOKOBBIX I'PaHEH.

Teopema: I1nomaap OOKOBOW MOBEPXHOCTU MPABUIHHON MUPAMUJIBI paBHA ITOJIOBHHE
MIPOM3BEICHUS NIEPUMETPa CHOBAaHUS Ha arnogdemy.

Jlokazamenvcmeo

BokoBble TpaHM TIPaBWIBHOW THpPAaMHUABI — paBHBIE PaBHOOCIPEHHBIC TPEYrOJbHHUKH,
OCHOBAHHS KOTOPBIX — CTOPOHBI OCHOBaHHS MUPAaMUJbI, a BBICOTHI paBHBI anodeme. [lmomanme S
OOKOBOW TIOBEPXHOCTH MHUPAMHUIBI paBHA CyMME MPOU3BEACHUN CTOPOH OCHOBAaHHWS Ha MOJIOBHHY
aroemsr d. BerHocst muOkHTENb 0,50 3a CkOOKH, MOIYyYUM B CKOOKAax CYMMY CTOPOH OCHOBaHHS
MUpaMUbL, T.€. ero nepuMerp. Teopema moka3aHa.

Yceuennaa nupamuoa

Yceuennoii nupamuooti Ha3zpIBa€TCS MHOTOTPAHHUK, Y KOTOPOTO BEPIIMHAMU CIIY>KaT BEPILIHUHBI
OCHOBAHUS U BEPLINHBI €€ CEUEHUS TNIOCKOCThIO, MapajljiesIbHOIl OCHOBAHHUIO.

Ceoticmea yceueHHOU nupamuosl.

1. OcHoBaHMs yceUEeHHOM MUPaMUabl — M10100HBIE MHOTOYI'OJIbHUKH.
2. BOoKOBBIE I'paHH YCEUCHHOH MUPaMH/Ibl — TPANCLUH.
3. bokoBble pedpa MpaBHIBLHOM yCEUESHHOM MUPaMH/IbI PaBHBI M OJJHHAKOBO HAKIIOHEHBI K OCHOBAHHIO
UpaMHIBL.
4. BoKOBBIE TPaHU MPABWIBHON YCEYEHHOW MHUPaMU/Ibl — PaBHBIE MEXy cO00# paBHOOEIPEHHbIE
Tpanenyuy U OJMHAKOBO HAaKJIOHEHBI K OCHOBAHHIO ITMPAMUIBI.
5. JIByrpaHHble yriibl pu OOKOBBIX pedpax MpaBUIbHON YCEUEHHON MUpaMU/Ibl PABHBL.

Inowaos nogepxnocmu u 06vEM yceuenHol NUpamuosl

ITycth CH__ ggicora YCEUEHHOW MUPaMU/IBbL, PryPe_ MEePUMETPbI OCHOBAHUI yCEYEHHOM
MUPAMHU/IBI, 51y 52 — nnowann ocHoBaHuit YCEUEHHOW MUPaMU/IBI, S6ox— momams GOKOBOI
MOBEPXHOCTH YCEUCHHOW MUPAMU/IBI, Snoms— oMb TOTHOM MOBEPXHOCTU YCEUECHHOU MUPAMU/IBI,
V' o6wem yCeueHHOM nmupamubl. Torja UMeIOT MECTO CIEAYIOLIUE COOTHOIIEHUS:

IS|n-.’:un-| - Sl + Si + Sﬁnx
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1 .
V = 3CH(S1+ S+ v/515)

Ecliu Bce IBYTpaHHBIE YIUIBI IPH OCHOBAHUHM YCEUEHHOI TMPAMUIBI PABHBI /7 | a BBICOTHI BCEX
OOKOBBIX I'paHeil MUPaMUIbI PaBHBI hgox | To

1
Sgox = gipl + Pa ) hgox
51 — S9
Sgox = 151 — 5
cos (7

CumMeTpun B Ky0e, B mapaJjJieljienumnesne, B Ipu3Me U MUpamMu/e.
(OononHumenvHblil Mamepuan)

Ilocmpoenue cummempuii 6 Kyde, 8 napannenenuneoe, 8 npusme u nupamuoe.

Cummempusn Kyoa

1.IlenTp cummeTpun — MEHTP KyOa (TOukKa repecedeHus Auaronaneit kyoa) (puc. 4).

2.1110CcKOCTH CUMMETPHUU: TPU TUIOCKOCTH CUMMETPHUH, MPOXOAAIINE Yepe3 CepeANHbI NMapaieIbHbIX
pebep; 1mecTh MI0CKOCTeH CUMMETPHH, TPOXO/IAIIKe Yepe3 MPoTUBoIIekKalue pedpa (puc. 5).

5 s |

ey I I |

i |

o o [ B [__ o l__ - b

R PR I %
e !

______ i d 1] S - o, NI
ra

,\’_-l'

1. Ocu cUMMETpUH: TPU OCH CUMMETPUH, IIPOXOASIINE YEPE3 LEHTPHI IPOTUBOJIEKAIINX TPaHEN;
4EThIPE OCH CUMMETPHH, TPOXOJAIINE YEPE3 IPOTUBOJIEIKAIINE BEPIIUHBI; IIECTh OCEN CUMMETPHH,
MPOXOSIIHE Yepe3 CepeAUHbI MPOTUBOIEkKAIUX pedep (puc. 6).
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Cummempusn npamoyzonvHo2o napanienenuneoa

1. LlenTp cMMMeTpUM — TOYKa MEPECEUEHUs JUaroHalied MPSIMOYTOJBHOTO IMapasuienenumnena (puc.
7).

2. [In1oCKOCTH CUMMETPHUU: TP IUIOCKOCTH CHMMETPHH, IIPOXOIAIINE YEPE3 CEPEAUHBI TapAILIEIbHBIX
pebep (puc. 8).

I

I

I

I
__+__
, ,

Yo mmm -
mm—mm e —— =

- = |

e
Y

3. Ocu CUMMETPHH: TPU OCU CHMMETPHUH, MPOXOISIIUE Yepe3 TOUKHU IMePECEUCHUs JUaroHaiei
MIPOTHBOJISIKAITUX rpaHelt (puc. 9).

Cummempusn npamoii npumol

[TnockocTh CUMMETpPHH, TPOXOSIIAs Yepe3 cepeuHbl 00KOBBIX pedep (puc. 11).

- mfm Y = -
|
I

Cummempusi npasUIbLHOU NPUMbL
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1. Lentp cumMMeTpuu Mpu YETHOM YHCJIE CTOPOH OCHOBAHUS — TOYKA MEPEeCceUCHUsl AUaroHanei
MpaBUILHON IpU3MBI (puc. 12)

l
T I
[} "’ 1
[ |
1 ‘l 7 I
. :
[ “' )
IR I
JEASRNERNL P
. N S N
\ .!! b /
2. HHOCKOCTI/I CHMMeTpHH: IIJIOCKOCTD, HpOXOILﬂHIaSI qepe:; CepeI[I/IHH 6OKOBI)IX peGep, HpI/I
YETHOM YHCJIE CTOPOH OCHOBaHUS — IUIOCKOCTH, MPOXOJIAIINE Yepe3 MpOTHBOJIeKaIUe pedpa (puc.
13).
<:_,_.--"_7 "
i
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|
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1 1
s 1
' 1
phmm - - -
& e ’-’-/“}
3. OcH CHMMETPHHU: MPH YETHOM YKCJIC CTOPOH OCHOBAaHUSA — OCh CHMMETPHH, MPOXOISIIAs

Yyepe3 IeHTPbl OCHOBAHHWW, U OCH CUMMETPHH, MPOXOJAIINE Yepe3 TOUYKH NEepeceUeHHs AuaroHaiei
MIPOTHBOJISKAITUX OOKOBBIX I'paHeit (puc. 14).

Cummempun npasuibHOl NUPAMUObL
1. [InockocT cHMMETpHUM: IIPU YETHOM 4YHCIIE CTOPOH OCHOBAaHUS — INIOCKOCTH, NMPOXOJAIINE
yepe3 NpoTHBOJIekKalue OOKOBbIE pedpa; U MIOCKOCTH, MPOXOAIINE Yepe3 MeIuaHbl, IPOBEICHHbIE K
OCHOBAHHMIO MTPOTUBOJIEKAIUX OOKOBBIX rpanelt (puc. 15).
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2. Och cUMMETpUU: IIPYU YETHOM YUCJIE CTOPOH OCHOBAHMSI — OCh CUMMETPHUH, IPOXOASIIAs
4yepe3 BEpUIMHY IPaBUJIbHOM MUpaMU/Ibl U LIEHTP OCHOBaHuUs (puc. 16).

Tema 9.5. Ceuenust Ky0a, Npu3Mbl 1 MHPAMUABL.
Ceuenus kyba, npuzmol U RUPAMUODL.

Ymemuw: cTpouTh ceueHus Ky0a, Ipu3Mbl U MUPAMU/IBIL.
3namye: Cedenus KyOa, MIPU3Mbl U TUPAMU/IbI

Ceuenue npusmol
1. CeueHnne mpu3MBl IUIOCKOCTBIO, NapajjielbHON OCHOBaHMIO. B ceueHun oOpasyercs
MHOTOYT'OJIbHUK, PABHBI MHOTOYTOJIbHUKY, JIEXKAIIEMy B OCHOBAaHUHU.

2. Ceuenune nmpu3Mbl MJIOCKOCTHIO, TPOXOISIICH Yepe3 1Ba He coceqHUX OOKOBBIX pedOpa. B ceueHum
oOpa3yercs mapaienorpaMM. Takoe cedeHHe Ha3bIBaeTCsl AMArOHAJbHBIM CEUEeHUEM MpHU3MbL B
HEKOTOPBIX CIIy4asiXx MOXKET MOJIy4aTbcs poMO, MPSIMOYroJbHUK UM KBaApaT.

PaccmoTpenre npaBuiIbHOM MPU3MBI BO3MOKHO TOJIBKO MOCJIE BBEACHUS MOHATHUS TPABUIILHBIN
MHOTOYroJbHUK. OJHAKO € MPaBUIBHOW TPEYroJbHOWM MNPU3MOW MOMXHO IMO3HAKOMUTH YYallUXCA
ropazo pasbllie. A C TNPaBUIBHONW YETHIPEXYTrOJIbHOW MPU3MOM MBI 3HAKOMBI €IIe U3 Kypca
MaTeMaTHKU 5—6-X KIIacCOB, TaK KakK OHA IMPEACTaBIIseT cCOOOW MPSAMOYTrOJIbHBIM Mapauiesenunesn ¢
KBaJipaTaMl B OcHOBaHMsX. llpaBunbHas npusmMa — mpsMas OpuU3Ma, OCHOBAHUSMU KOTOPOU
SIBJISIFOTCSI IPABUJIbHBIE MHOTOYTOJIbHUKH.

Ceoticmea npagunvbHOU NPU3Mbl

1. OcHOBaHMsI MPABUIIHHON NPU3MBI SBJISIOTCS MPaBUILHBIMU MHOTOYTOJIbHUKAMH.
2. BokoBbIe rpaHy MPaBUIBHOMN MPU3MBI SBJISIOTCS PABHBIMH NMPSMOYTOJIbHUKAMU.
3. bokoBbIe pebpa MpaBUIBHON MTPU3MBI PABHBIL.

Ceuenue npasunbvHoii npU3IMbl
1. Ceuenue mpaBUIBHON MPU3MBI IUIOCKOCTHIO, MapalljielibHON OocHOBaHMIO. B ceuenun oOpasyercs
MPaBUJIbHBIN MHOTOYTOJIBHUK, PABHBI MHOTOYTOJIbHUKY, JIEXKAIEMy B OCHOBAHHUHU.

2. Ceuenue HpaBHHBHOﬁ IMPU3MBI ITIJIOCKOCTHIO, npoxonnmeﬁ qgepe3 ABa HEC COCCIHUX OOKOBBIX pe6pa.
B ceuenun o6pa3yeTc;I NpsAMOYTOJIbHUK. B HCKOTOPLIX CIIYyUasaX MOXKET 06pa30BaTBC}I KBagpar.

)4 KypCa MAaTCMAaTHUKU 5-6-X KiaccoB yqaluecs YK€ 3HAKOMbI C OIMMCAHUCM IMUPaAMH/BIL. A
HUMCHHO: IHUpaMHJa — MHOI'OI'PAHHHK, IMOBCPXHOCTb KOTOPOro COCTOUT U3 MHOTOYIrOJIbHUKA,
Ha3bIBACMOI'0 OCHOBAHUCM IIHpPaMUJbl, WU TPCYTOJIbHHUKOB C 06H_ICI>'I BCpH.IHHOﬁ, Ha3bIBACMbIX
OOKOBBIMH rpansiMu NUpaMUbI. 3HaKOMCTBO C HpaBHHBHOﬁ HHpaMH[[Oﬁ BO3MOKHO TOJIBKO ITIOCJIC
HU3YUCHUA MMOHATHA HpaBI/IHBHHﬁ MHOT'OYT'OJIbHUK. O,Z[HaKO C HpaBHHBHOﬁ TpeerHLHOﬁ n HpaBHHLHOﬁ
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YETBIPEXYrOJIBHOW NMUPAMUJION MOXHO IO3HAKOMUTBH y4allMXCsl 3HAYUTENbHO pasblie. IIpaBunbHas
nUpaMua — MUPaMUIA, B OCHOBAHUHM KOTOPOH JISKUT NMPaBUIIbHBIM MHOTOYTOJIBHUK U BCE OOKOBBIC
pebpa paBHEIL.

Ceoticmea npasuibHOU NUPAMUObL

lo. OcHoBaHMe MPaBUIIBHOW MUPAMU/IbI — MPABUIBHBII MHOTOYTOJIEHUK.
20. BokoBbI€ TpaHy MPABUIHHOMN MUPAMUIBI — PAaBHOOEIPEHHBIC TPEYrOJIbHHUKH.
30. bokoBsle pebpa MpaBUIbHON MHPAMU/JIbl PABHBI.

Ceuenue npasunvhoii nupamuodvl
1. CeueHnue mpaBUILHOM MUPaMUIBI TIIOCKOCTHIO, MapalieIbHON OCHOBaHUIO. B ceueHnn obpaszyercs
MIpaBUJIbHBII MHOTOYTOJIbHUK, [T0I00HBIN MHOTOYTOJIBHUKY, JIEXKAIIEMY B OCHOBaHUH.

2. CeueHue NpaBWIbHOM NMUPAMUIbI TUIOCKOCTHIO, MPOXOJAIIEH yepe3 JABa HE COCEIHUX OOKOBBIX
pebpa. B ceyenum oOpasyercs paBHOOCAPEHHBIN TPEYroJdbHUK. B HEKOTOPBIX CiIydasx MOXET
00pa30BaThCsl pPABHOCTOPOHHUHN TPEYTOJIbHUK.

C HEKOTOpBIMM TMpPABUJIBHBIMM MHOTOIDAaHHUKAMHU YYallHECs YK€ BCTPEYAIMCh. OJTO
TpeyrojipHasi mnupaMuaa © KyO. ['paHs MU TpeyroibHOM NUpaMHIbl SBJSIOTCS MpaBUJIbHBIE
TpeyroibHUKH. Ee Ha3bIBalOT MPAaBWIBHBIM TETPA3IPOM, YTO B IEPEBOJE C TPEYECKOTO O3HAYAET
yerbipexrpaHHuK. KyO umeeT miectb rpaHei, mo3ToMy Has3bIBaeTCs MpPaBHIBLHBIM rekca’apoM (To-
IPEYECKH «reKca» O3HavaeT 1IecTh). PaccMoTpeHne npaBUIbHBIX MHOTOTPAHHUKOB ClIelyeT HAaUMHATh
C TeX W3 HHUX, TPAHAMU KOTOPBIX SBISAIOTCS IPaBWIbHBIE TPEYroJAbHUKU. OOUH W3 TaKUX
MHOTOTPAaHHUKOB YYalIUMCsl YK€ 3HAKOM — O3TO IPABHIBHBIA TETpas’ap. [pyroil MHOrOrpaHHUK,
I'paHsMHI KOTOPOTO SIBJISIFOTCS PAaBUIIbHBIE TPEYTrOJIbHUKH, U300pakeH Ha PUCYHKeE 1.

Ero moBepXHOCTh COCTOMT W3 BOCBMH MPABWIBHBIX TPEYrOJBHUKOB, IMO3TOMY €r0 Ha3bIBAIOT
MPABHIIBLHBIM OKTadIPOM («OKTa» — BOCEMB).

W Tpermii MHOTOIpaHHHMK, TPaHSIMU KOTOPOTO SIBISIIOTCS TPaBWIBHBIC TPEYTOJIBHUKH — 3TO
MPAaBHIIBHBIN UKOCAdAp («MKOCa» — ABaIarh). Ero moBepXHOCTh COCTOMT M3 JABAIATH MPABUIBHBIX
TPEYroJbHUKOB (puc. 2).

MHOFOFpaHHI/IK, rpaHsaMU KOTOPOTO SABJIAKOTCA KBAApPAThl — 3TO Ky'6 YyamuMmcs oH XOpOULIO 3HAKOM.
MHOFOFpaHHI/IK, rpadHsaMu KOTOPOT'O ABJIAIOTCA NPAaBUJIBHBIC IATUYTOJIBHUKH, H306pa>1<eH Ha PUCYHKC

3.
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Ero nmoBepXHOCTh COCTOUT M3 JBEHAJIATH MPABUIBHBIX MATHYTOJBHUKOB, MMOATOMY €ro Ha3bIBAIOT
MPaBUIBHBIM JI0JIEKAIPOM («I0]1e» — ABEHAIIATh).

Koumponvnvie sonpocsi
1. Ceuenus xyo0a.

2. CeueHus Ipu3M.

3. CeueHust MUPaMU/IBL.

Tema 9.6. IlpaBuJibHbIe MHOTOrPAHHUKH.

IIpeocmasnenue 0 NpaBUIbHLIX MHO202PAHHUKAX (Mempal’op, Kyo, oKmasaop, 000eKka’op u uKoca’op).

Ymems: IpUMEHATh TEOPETUYECKHUE 3HAHUS IIPU PELICHUU 33/]1a4 Ha TAHHYIO TEMY.
3namy: mpencTaBlieHWE O TPABUIBHBIX MHOTOTPAHHUKAX (TETpa’ap, KyO, OKTadaAp, NOACKa’dIp M
HUKOCAdIP).

Onpedenenue npasuibHO20 MHO202PAHHUKAL.
MHororpaHHuK Ha3bIBa€TCs NPABUIIbHBIM, €CJIM: OH BBIITYKIJIBIN; BCE €r0 TPaHU — PaBHBIE JIPYT
Jpyry IpaBHJIbHbIE MHOTOYI'OJIbHUKU; B Ka)KJIOM €ro BEepIIMHE CXOJUTCS OJMHAKOBOE YHCIO pedep;
BC€ €r0 JIBYI'PAHHBIE YIJIbl PABHBI.

Teopema: CymiecTByeT TATh pPa3IUYHBIX (C TOYHOCTBIO JIO TOJOOHMS) THIOB TPABUIBHBIX
MHOTOTPAaHHUKOB: TPABHJIBHBIA TETpadJlp, NPaBWIBHBIA TekcadaAp (Ky0), TpaBWIBHBIA OKTadp,

MPaBUWIBHBIN JOACKA’Ap U MPaBUWIbHBIN HKOCABIP.

Tabnuma 1. HekoTopbie CBOICTBA TPaBUIILHBIX MHOTOIPAHHUKOB MPUBEICHBI B CIICTYIOIICH TabIuIIe.

Bun rpanu IInockuii Bun Cymma B P r HazBanue
yroJl Ipu MHOTOTPaHHOT O TUTOCKHX MHOT'OTPaHHHKA
BEpLIMHE | YIJia IPH BEpPIIMHE | YIJIOB IpU
BEpIINHE
[pasunbubiii | 60° 3-rpaHHbIH 180° 4 6 4 [IpaBunbHbIH
TPEYTrOIbHHUK TeTpa’p
[pasuibubii | 60° 4-rpaHHbII 2400 6 12 8 [IpaBunbHbIH
TPEYrOIbHHUK OKTadJIp
[Ipasuibubiid | 60° 5-rpaHHbIiH 300° 12 30 20 [IpaBunbHbIH
TPEYTrOIbHHUK HKOCAdIP
Ksampat 90° 3-TpaHHBIHA 270° 8 12 6 [IpaBunbHBIN
rexca’p (ky0)
[paBunpreni | 108° 3-TpaHHBIHA 324° 20 30 12 [IpaBunbHBIN
TPEYrOIbHHUK JIOJICKAdIP

PaCCMOTpI/IM BUJbI MHOTOI'PAHHHUKOB!

[IpaBUIIBHBIN TETPAdIP [IpaBUIIBHBIN OKTadAp

77




[IpaBunbHBIN HKOCAdAP [TpaBunbHBIH Tekcadap (Kyo)

o i

[IpaBunbpHbBIN T0AEKAdIP

Ta6mx1ua 2. (I)OpMy.]'IBI JJI HaXOXIACHU A 00BEMOB IpaBUJIbHBIX MHOTOI'PAHHUKOB.
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Bug mu OrorpaHHHKa

Obbem MHOTorpaHHHKa

MNpaeunsHEIA TETpa3Lp

a’f2

12
MNpaEuneHEI oKTA3AD azw,ri
3
[MpaennkbHLIR MEOCa34p P
MNpaeunkHLIA rekcasap (kyb) 50313+ /5|
12
MNpaeunbHLl go8ekasap 2 [15 +?£'|
4

Koumponvhvie sonpocsi
1. Terpasx

2. Ky6p P

3. Okra’ap

4., Jlexanna
5. ﬁxocaalz)[
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Tema 10. Tesia BpameHusi ¥ NOBEPXHOCTH TeJI BpPallleHUs.
Tema 10.1. I{nsimHAp, KOHYC M UX CBOICTBA.

Onpeoenenus yurunopa, xouwyca u ux snemenmos. Ceoticmsa yurunopa u konyca. Ceuenus
YUIUHOPA U KOHYCA NIOCKOCHAMU.

Ymems: IpUMEHATh TEOPETUYECKHUE 3HAHUS IIPU PELICHUH 33]1a4 Ha IAHHYIO TEMY.
3namy: onpeeneHus LUIMHIPA, KOHYCa U UX 2JIEMEHTOB, CBOMCTBA LIMJIMH/PA U KOHYCA, CEYCHHUS
LMJIMHIPA U KOHYCA IUIOCKOCTAMHU

[MunuHaapudeckass NOBEPXHOCTh oOpazyercss mnpu jaBmwkeHun mnpsimoir (AB, puc.l),
COXpaHAIOIIEH CBOE HallpaBlIEHUE U Iepecekarolielics ¢ 3agaHHol auHuer (kpuBoil) MN. Jlunus
MN HaspBaeTcs Hanpasistomen. lIpsmbie, COOTBETCTBYIOIIME PA3IMYHBIM IOJIOKECHHUAM MPIMOU
AB npu e€¢ npmwkennn (A’B’, A”B” u T.A., puc.2), Ha3pIBalOTCS 00OPa3yIOMIMMHU IFITUHIPHYECKON

!,!E

t

A 15

3 F
Puc.1. Puc.2

Lununop. Teno, orpaHUYEHHOE MUJIMHIPUIECKOHN MTOBEPXHOCTHIO C 3aMKHYTOM HAIPaBJISTFOIICH
W JIByMs TapajuIeIbHBIMH IIOCKOCTSMH, Ha3bIBACTCS IMUIMHAPOM (puc.2). YacTw 3THX IUIOCKOCTEH
(ABCDEFG wu abcdefg) Ha3piBarOTCSi OCHOBaHHSMHU HWIWHApA. PaccTosiHEe MeXITy OCHOBAaHHSIMHU
(KM, pwuc.2) — Beicota muuHapa. L{uwimaap — npsMoi, eciid ero oOpasyroliue MeprieHIUKYIIPHbI
OCHOBAHHIO; B MPOTHBHOM CJIydae IWJIMHAP — HAKIOHHBIA. [{MauHIp Ha3bIBaeTCS KPYroBBIM, €CIIU
€ro OCHOBaHHME — Kpyr. Eciu IWIMHIP SBISETCS OJHOBPEMEHHO M TPSMBIM, U KPYrOBBIM, TO OH
Ha3bIBACTCS KPYIUIbIM. [Ipu3Ma ABJISIETCS YaCTHBIM CliydaeM HunHapa(royemy?).

Hunmaapudeckue cedeHuss OOKOBOWM MOBEPXHOCTH KpyroBoro IwmHzapa (puc.3). CeuyeHus,
napajuiefibHble OCHOBAaHUIO - Kpyrm TOro ke paauyca. CeueHus, napajuielibHble OOpa3yroUuM
UWINHApa - mapbl napawienbHblx Opsambix  (AB || CD). Cedenus, xoTtopble He MapaieldbHbl HU
OCHOBAHHUIO, HH 00Pa3yIOIIUM - SJUIUTICHI.

B

Inowaos 6oxo6ou nosepxHocmu YUIUHOPA
[Tnomans GOKOBOW MOBEPXHOCTH LWJIMHApPA PaBHA MPOU3BEACHUIO BHICOTHl LWIMHApPA Ha JJIHHY
OKpPY>XHOCTH OCHOBaHHUS.
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®dopmyna Juisi BBIYUCIEHNS O0KOBOI OBEPXHOCTHU LIWJIMHAPA!
S,, =27Rn,

rie R - paanyc oKpy>XKHOCTH OCHOBaHUs, N - BBICOTA IIMJIMH/PA.

[TosHas TuTomaap MOBEPXHOCTH MIIMHAPA paBHA CyMMe OOKOBOW MOBEPXHOCTH IMJIMHAPA U IBOMHOM
IJIOLIAA OCHOBAHUS LUIMHIPA.

®opmyna Ui BBIYUCICHUA OJHOM IIJIOIAAH MOBEPXHOCTH HUIMHPA:
_ 2
S0 = 27RN +27R°,
rie R - paguyc okpy)KHOCTH OCHOBaHus, N - BBICOTA IIUITUHIIPA.

Konnueckas moBepxHOCTh 00pa3yeTcs pu ABMKeHuu npsimoit (AB, puc.l), npoxoasieii Bcé
BpeMsi 4epe3 HEMOJBIKHYI0 TOYKYy (S), M mepecekaromeld 3a naHHyoo JuHui0 MN, Ha3bpIBaeMylo
Hamnpasisiome. [IpsMble, COOTBETCTBYIOIIME pa3IMYHBIM IIOJIOKEHUAM mpssmod  AB mpu eé
nsuxeHnu (A’B’°, A”B” u T.4.), Ha3pIBalOTCs 00pa3yrOIIMMH KOHUYECKOW MMOBEPXHOCTH; TOUKa S — e€
BepmnHOM. KoHuyeckass MOBEpPXHOCTh COCTOUT W3 JIBYX YacTeil: OJHA OMHUCHIBAeTCA JIydoM SA,
npyras — ero npojopkeHneM SB. OOblYHO B KauecTBE KOHUYECKON MOBEPXHOCTH PAacCMaTPHUBAIOT
OJIHY U3 €€ YacTeu.

B B

5

Puc.1 Puc.2
Konyc — 310 Ten0, orpaHM4eHHOE OJHOM M3 YacTel KOHMYECKOW MOBEPXHOCTU C 3aMKHYTOM
HaMpaBJISIONICH U NMEPEeCceKaronell KOHUYECKYIO0 TTOBEPXHOCTh IJIOCKOCTHIO (ABCDEF, puc.2),

HE MpOXOoJslei yepe3 BepuinHy S. YacTh 3TOM MJIOCKOCTH, PACMHOJIOKEHHOW BHYTPH KOHHUYECKOM
MOBEPXHOCTHU, Ha3bIBAaeTCsl OCHOBaHUEM Konyca. [lepnennukynsap SO, onyieHHbIH U3 BEPIIUHBI S Ha
OCHOBaHUE, Ha3bIBAETCs BBICOTOM KoHYyca. [Iupamua sBiseTcs 4acTHBIM CllydaeM KOoHyca (moyemy?).
Konyc Ha3pIBaeTCsi KpyroBbIM, €CiIM €ro ocHoBaHueM sBisiercs Kpyr. [Ipsmas SO, coemusstonias
BEPIIMHY KOHYCa C IIEHTPOM OCHOBAHUSI, Ha3bIBAETCS OChbIO KOHyca. Eciii BbICOTa KPYroBOro KoHyca
COBIA/Ia€T C €r0 OCBIO, TO TAKOW KOHYC HA3BIBACTCS KPY2lblM.

Konmueckue ceuennsa. CedeHus KPpYroBOIro KOHYCa, MmapajuIiCJIIbHbIC €0 OCHOBAHUIO - KPYI'H.
CC‘ICHI/IC, nepeceKaronee TOJIbKO OAHY YaCTh KPYroBOro KOHYCa M HC MapallICJIbHOC HU OJIHOH ero
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obpa3yromeid - smmrnc (puc.3). CedeHue, mepecekaroiee TOIbKO OJHY YacTh KPYroBOro KOHyca U
napajuiesibHOe OJIHOM M3 ero oOpasyronmx - mapabdona (puc.4). Ceuenue, nepecekaromniee o0e 4acTu
KpPYroBOTO KOHycCa, B OOILEM ciydae SBJISIETCS TUIEpOOJION, cocTosimeld u3 AByX BeTBei (puc.5).B
YaCTHOCTH, €CIH 3TO CEUCHHE MPOXOJUT Yepe3 OChb KOHYCa, TO IMOJIydaeM Iapy MepeceKaromIuXcCs
IpSIMBIX (00pa3yonmx KOHyca).

N e e e e mm e —————————T

Konuyeckue ceuennsa nNpeaACTaBIAIOT 00JIBIIION HHTEPEC KaK B TCOPETHYCCKOM, TaK U B
IMPAKTUICCKOM OTHOIICHUH. TaK, OHH HIUPOKO HUCIIOJB3YIOTCA B TCXHUKC (BJ'IJ'II/IHTI/IqGCKI/Ie SY6anBIe
Kojéca, napaboianyecKue MPOXKEKTOPbl M aHTEHHBI); IJIAHEThl U HEKOTOPbIE KOMETHI ABMIKYTCS I10
SJIIUIITUYCCKUM Op6I/ITaM; HEKOTOPLIC KOMCTBI ABHXXYTCA I10 Hapa6OJ'II/I‘-IeCKI/IM n FI/IHep6OJ'H/ILIeCKI/IM
opOuTam.

IInowaow 6oxos01i nosepxnocmu KoHyca

[Tnomans OOKOBOWM TMOBEPXHOCTH KOHycCa paBHA IIPOM3BEIECHUIO 4YHCIa T Ha Pajguyc
OKPY>KHOCTH OCHOBAHHS U Ha JUIMHY 00pa3yroliei KoHyca.

2

®opmyrna momaay O0KOBOH MOBEPXHOCTH KOHYyca: S, = 360

a,

rae I - paaryc OKpYXHOCTH OCHOBaHuS, | - IinHa oOpasyroliei KoHyca.

bl 360r
2 =—a, 00 = ——.
180 I

S,,. = arl
HHOHlaHB HOHHOﬁ HOBerHOCTI/I KOHyca paBHa CYMMC Hnomaﬂeﬁ OCHOBAHHA KOHyca n €ro

060K0BO# MoBepxHOCTH. OCHOBaHMEM KOHYCA SBJISAETCS KPYT.

®dopMyIia IIONIaU MOJIHOM OBEPXHOCTH KOHYCA:
S. =Rl +R?,

rae I - paanyc OKpy>KHOCTH OCHOBaHUs, | - JJINHa 06pa3y10LueI71 KOHYCa.

6ok

Koumponvnvie sonpocsi

1. Onpenenenus UMIMHAPA, KOHYCA U UX DJIIEMEHTOB.
2. CBoiicTBa IIWIMH/pPA U KOHYCA.

3. CeueHus IUIMHIPA U KOHYCA IIIOCKOCTSAMH.

Tema 10.2.111ap u cdepa, ux ceyenus. KacarenbHas miIocKkocTs K cdepe.

Onpedenenus wapa, cgepol u ux snemenmos. Bnucannas u onucannas cgepol. Ceuenus
wapa u cghepvl. Kacamenvras niockocms K cepe.
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Ymemsb: IpUMEHSTh TEOPETUUECKHUE 3HAHMSI IIPU PEILICHNH 3a/ja4 Ha JaHHYIO TEMY.
3uamy: onpeneneHus mapa, cepsl U X HJIEMEHTOB, ONMCAHHAs M OTMCaHHAast c(epbl, CEUeHUs Iapa
u cdepsl, KacaTelabHas INIOCKOCTh K cdepe.

Cdeprueckast TOBEpXHOCTh — 3TO TEOMETPHUECKOE MECTO TOUCK (T.€. MHOXKECTBO BCEX TOYEK)
B MPOCTPAHCTBE, PABHOYIAIEHHBIX OT OJHOU TOoukH O, KOTOpas Ha3bIBaeTCs IEHTPOM chepuyecKkoit
noBepxHoctH (puc.1l). Paquyc AO u nuamerp AB onpenensiorcst Tak e, Kak U B OKPY>KHOCTH.

Puc.1 Puc.2

[lIap (cdepa) - 370 TeNO, OrpaHUUCHHOE CHEPHUSCKOMN MOBEPXHOCTHIO. MOXKHO TMOIYIHTH IIap,
Bpamas MoJayKpyr (WM Kpyr) BOKpYr amameTpa. Bce miockue cedeHus mapa — Kpyru (puc.l).
HaubGonpmmii kpyr jJeXUT B CEUEHUH, MPOXOJAIIEM dYepe3 LEHTp Iapa, W Ha3blBaeTCs OOJIbIIUM
kpyrom. Ero paguyc paBeH panuycy mapa. JIroOble 1Ba GOJBIINX Kpyra MepeceKaroTcsl Mo JuaMeTpy
mapa (AB, puc.2). DTOT AUaMeTp SABISIETCS W AUAMETPOM TIePECEeKAIONINXCS OONMBIINX Kpyros. Uepes
JIB€ TOUKHU ChepuyIecKoil MOBEPXHOCTH, PACIIOIOKEHHbBIC Ha KOHIIaX 0JIHOTrO nuametpa (A u B, puc.2),
MOKHO TPOBECTH OECUMCIIEHHOE MHOXeECTBO Oonbliux KpyroB. Hampumep, udepe3 momtoca 3emiu
MOJKHO ITPOBECTH OECKOHEUHOE YMCIIO MEPUUAHOB.

O06bEM 1Iapa B MoiTOpa paza MEHbIIe 00bEMa ONMMCAHHOTO BOKPYT HEro IuiauHApa (puc.3), a
MIOBEPXHOCTh IlIapa B IOJITOpa pa3a MEHbIIE MOJHOW MOBEPXHOCTH TOIO K€ LWIMHApa (TeopeMa

Apxumena):
2
3 apa =  yn
3
2
Vana = Py
3

Puc.3
3meck Smapa u V mapa - COOTBETCTBEHHO IMOBEPXHOCTh M 00BEM I1apa;
Stun u Vuun - nmojgHas NOBEPXHOCTh U 00BEM OMMCAHHOTO ITUJIHHJIPA.

Yacmu wapa. Yacts mapa (cdepbl), oTcekaeMas OT HEro Kakoi-mubo miockocthio (ABC, puc.4),
Ha3bplBaeTcs IapoBeIM (cdepuueckum) cermeHToM. Kpyr ABC Ha3bIBaeTCsi OCHOBaHHEM LIapOBOIO
cermenTa. Otpe3ok MN neprneHaukyssipa, nposeaeHHoro u3 neHrpa N kpyra ABC o nepeceuenus
co cepudecKkoil MOBEPXHOCThIO, HA3bIBAETCS BBICOTOHM HIapoBoro cermeHta. Touka M Ha3bIBaeTcs
BEPIIMHOMN I1apOBOTO CETMEHTA.
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Puc.4
Yactp cdepsl, 3akirou€HHas Mexay AByMs napaienbHbiMu mockoctssMu ABC u DEEF,

MIEPECEKAIOIIUMH  CPEpUUYECKYI0 TOBEpPXHOCTh (puc.4), Ha3bplBaeTCsd IIAPOBBIM CJOEM; KpuBasd
MOBEPXHOCTh IIApOBOTO CJIOSI HasbIBaeTcsl wapoBbiM moscoM (3oHoil). Kpyru ABC u DEF —
OCHOBaHMs mapoBoro nosca. Paccrosane NK Mexy OCHOBaHMSAMH IIapOBOTO I0sICa — €r0 BBICOTA.
Yactp mapa, orpaHMueHHas KpUBOW MOBEPXHOCThbIO cdepuyeckoro cermeHta (AMCB, puc.4) u
KoHH4eckoil moBepxHoCcThi0 OABC, ocHOBaHMEeM KOTOpOW cinyXuT ocHoBaHue cermeHta (ABC), a
BEPIIMHOM — HEeHTp 1mapa O, Ha3pIBae€TCs MAPOBBIM CEKTOPOM.

Ypasnenue cgpepor
B npsiMoyrosibHOH cucTeMe KoopIuHaT ypaBHeHue cdepsl paauyca R ¢ neatpom C(X,, Y,, Z, ) uMeer

BuL (X — Xo)2 +(y - )/0)2 +(z- 20)2 =R?.
Kacamenvnasa nnockocms K cghepe

[Tmockocts, uMeromass co cdepoil TOIBKO OIHY
oOLIyI0 TOYKY, Ha3bIBaeTCs KacaTeIbHOM IJIOCKOCTHIO K
chepe, a ux 00IIasi TOUYKA HA3BIBAETCS TOYKOW KacaHUs
IJIOCKOCTHU U C(Pephl.

Ha pucyHke miockocTh ¢ - KacarelbHas K cdepe ¢
uentpom O, A — touka kacanusi. KacaTtenbHas Ma0cKoCTh
K cdepe obOnamaeT CBONWCTBOM, aHAJIOTWUYHBIM CBOWCTBY
KacaTelbHOW K OKpYyXKHOCTH. OHO BBIpaXXEHO B
cleyIoliel Teopeme:

Teopema: Panuyc cdepbl, NPOBEACHHBII B TOUKYy KacaHui cdepbl M IUIOCKOCTH,
MEePIEeHIUKYISAPEH K KacaTelIbHOMN TIOCKOCTH.

Jokazamenvcmeo:
PaccmoTpum mnockocTs o, kacaromryrocs chepsl ¢ nentpoM O B Touke A. Jlokaxem, uto pagunyc OA
SIBJIIETCS HAKJIOHHOM K IJIOCKOCTH «, W, CIEIAOBATENbHO, PACCTOSHUE OT Cepbl 10 MIOCKOCTH
MeHbIlle paguyca cgepbl. [loaTomy cdepa U MIOCKOCTh NepecekaroTcs Mo OokpyxkHocTu. Ho 3to
MPOTUBOPEUYUT TOMY, UTO TJIOCKOCTh «f - KacaTelbHas, T.e. cepa U IUIOCKOCTh ¢ UMEIOT TOJBKO
onHy oOmyro Touky. [lomydeHHOE mpOoTHBOpeUHe O0Ka3bIBaeT, uTo paguyc OA MepneHAUuKYISIpeH K
IUIOCKOCTH « . TeopeMa foka3aHa.

Teopema: Ecnu paanyc cdepsl nepneHauKyIsipeH K MIIOCKOCTH, TPOXOIAIIel yepe3 ero KoHell,
nexariel Ha cepe, To 3Ta IIIOCKOCTh ABISETCS KacaTeabHOU K cdepe.

Lokazamenvcmeo:

N3 ycnoBuss TeopeMbl cienyeT, YTO JaHHBIA paguyc sBISIETCA NEPIEHIUKYISIPOM,
MPOBEACHHBIM M3 LIeHTpa chepbl K AaHHOU MIOCKOoCTH. [loaToMy paccrosiHMe OT LeHTpa cepbl 10
IUIOCKOCTH PAaBHO panuycy cepsl, U, Clie0BaTENbHO, cepa U IIOCKOCTh UMEIOT OJJHY OOIIYIO TOUKY.
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DT0 03HAYAET, YTO JaHHAS IJIOCKOCTH SBISETCS KacarenbHou K cepe. Teopema gokazaHa.
Inowaows ceepoi
3a momanb cdepbl TpUMEM TMpeaes IOCIeA0BAaTeNbHOCTH IUIOIAACH TMOBEPXHOCTEH
OTIMICAHHBIX OKOJIO c(hepbl MHOTOTPAHHUKOB TIPH CTPEMJICHUH K HYITFO HAaUOOJBIIETO pa3Mepa Kax oM
rpaHu.

[nomans chepsr: S = 42R°.

Konmponvnwvie 6onpocoi

1. Onpenenenus mapa, cpepbl U UX JIEMEHTOB.
2. BrimcanHnas u onucanHast cepsl.

3. Ceuenmus mapa u chepsl.

4. KacarenbHasi IJIOCKOCTH K cdepe.
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Pa3nen 11. DiieMeHTHI KOMOMHATOPUMKH W TEOPHH BePOSITHOCTE
Tema 11.1. DjieMeHTHI KOMOMHATOPUKH.

Ocnosnvle nowssmus KOM6uHam0puKu.' pasmewyernust, nepecmaHoB6KU, co4emanus.

3uamwv: OCHOBHBIC IIOHITHS KOM6I/IHaTOpI/IKI/IZ pasMCiCHUsA, NIEPCCTAHOBKH, COUCTAHUA.
Ymems: moacuuTeIBaTH YMICIIa pa3MeHleHHfI, MEPECTAaHOBOK, COUYCTaHHUH.

Komobunamopuka — pasnen MaTeMaTUKH, B KOTOPOM U3Y4arOTCs 3a7jauu BbIOOpA AJIEMEHTOB U3
3a/IaHHOTO MHO’KECTBA U PACIOJIOKEHHS WX B TPYIIIIHI M0 33JJaHHBIM MTpaBUjIaM, B YACTHOCTH 33J1a4H O
MoJICYeTe 4YHCiia KOMOWHAIWK (BBIOOPOK), TOJydaeMbIX M3 DJIEMEHTOB 3aJJaHHOTO KOHEYHOTO
MHO)KecTBa. Eciu M3 HEKOTOPOTO KOJMYECTBAa 3JIEMEHTOB, PA3INMYHBIX MEXIy COO0OH, COCTaBIIATH
paznuyHble KOMOWHAIIUM, TO CPEIU HUX MOYKHO BBIICTUTH TPU TUIMA KOMOWHAIIMH, HOCSIIUX oOIIee
Ha3BaHHUE — COCAUHEHMUS.

PaccmoTpuM noipobHee 3TH COeAMHEHUS:

1) Ecaim B HEKOTOpOM MHOXeCTBE a,,d,,...,8, IEpPeCTaBIATh MECTaMHM D3JEMEHThI, OCTaBJIAA

m
HCU3MCHHBIM HX KOJIMYECTBO, TO KaXJasd IIOJTYYCHHad TaKUM O6p330M KOM6I/IHaHI/I$I Ha3bIBACTCA
nepecranoBkoii. O01Iee YMCI0 EPECTAHOBOK M3 M 3JIEMEHTOB 0003Ha4aeTCss Pm ¥ BBIYHUCIACTCS 110
dbopmyme:
P, =m!

2) Ecnu coctaBiaTh U3 m PA3IUYHBIX 3JEMEHTOB TPYIIBI 1O N 3JIEMEHTOB B KaXj0H, pacrojaras
B3SIThIE DJIEMEHTHl B pPa3nUyHOM Tmopsake. llomyduBiumecs mpu 3TOM KOMOHMHAIMM Ha3bIBAIOTCS
pa3MellleHUsIMM U3 m 3JIeMeHTOB o n. OOIiee YUCIIO TakuX pa3MELIEHUil pacCUUTHIBAETCS IO
dbopmyie:

m!

A, =m(m-)(m-2)...(m-(n-1))=——.
(m—n)!

HepeCTaHOBKI/I SABJIAIOTCA YaCTHBIM ClIydacM paBMCH.[GHHfI.
3) Ecim u3 m 31eMeHTOB COCTaBIIATh rpynnsl 1o n 3JIEMCHTOB B Ka)KI[ofI, HEC o6pau1a;1 BHUMAHHA Ha
IOPAAOK 3JIEMEHTOB B I'PYIIIIC, TO MOJYYUBIIMUECA IIPHU 3TOM KOM6I/IHaLII/II/I HA3bIBAKOTCS COYCTAHUAMMU
U3 m 3JIEMCEHTOB IIO 7. 0611166 YHCIIO COUETaHUHN HaXoJUuTCA I10 (bopMyne:

n o P m!

" PP_.  nl(m-n)!
4) Takxkxe OJHMM W3 BApPUAHTOB KOMOWHAIIUN SIBJISIOTCS TMEPEeCTAHOBKH € TMOBTOPSIIOIIHMMCS
3jeMeHTaMu. Eciu cpead m JSJICEMCHTOB HMCECTCH ml OJHMHAKOBBIX J3JICMCHTOB OJHOI'O THIIA, M2

OJMHAKOBBIX 3JIEMCHTOB APYIroro THIIA U T.A., TO IIpHU NEPECCTAHOBKE 3THUX 3JICMCHTOB BCCBO3MOKHBIMHA
crocodamMu oJry4acm KOM6I/IHaI_II/II/I, KOJIMYCCTBO KOTOPLIX OIIPCACIIACTCA 110 (1)0pMy.]'IeZ

P m!
Pm(ml,mz,...mk)Z P P m P = ' I l'
PPy mimL.m,!

5) Ecmu npu BBI60pI(e M 5J€MEHTOB M3 N 3JICMCHTHI BO3BPAILAOTCS O6paTHO " ynopsaao4muBaroTcCs, TO
TOBOPAT, YTO 3TO pasMeElI€cHUsA ¢ MOBTOPCHUAMMU. Pazmerenus ¢ NMOBTOPCHUAMHA MOTYT OTIIMYATBHCA
Apyr OT JApyra SJICMEHTaMU, HUX IMOPSAAKOM H KOJIHUYCCTBOM HOBTOpeHI/Iﬁ 3JIeMeHTOB. UHCI0 Bcex

pa3MeIeHHi 13 N 3JIEMEHTOB 10 M ¢ MOBTOPEHUSIMH 0003HAYACTCSI CHMBOJIOM Al U BBIYHUCISIETCS MO
bopmye:
A'=n".
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6) Ecnu mpu BEIOOpKE M 3IEMEHTOB M3 N AJIEMEHTHI BO3BPAIIAIOTCS OOpaTHO 0€3 IMOCIIETYIOMIEro
YHOPSAIOYMBAHUS, TO TOBOPST, YTO 3TO COYETAHHA C MOBTOPeHUSAMM. YKCIIO BCeX cOueTaHUd U3 N
3JIEMEHTOB 110 M ¢ HOBTOPEHUsIMH 0003HayaeTcsi cuMBoJIoM N, ¥ BhIUHCIISIETCS IO hopMyIie:
N[m _ ~m
Nn - Cn+m—1_

Konmponvnvie éonpocoi
1. Onpenenenre KOMOMHATOPUKH.
2. DneMeHThl KOMOWHATOPUKHY.

Tema 11.2. ®opmyna 6unoma Herorona. CBoiicTBa OMHOMHAIBbHBIX KO3()(PUIIHEHTOB.
Tpeyroasnuk Ilackans.

@opmyna bunoma Hotomona. Ceoticmea buHomuanvHulx koagguyuenmos. Tpeyeonvnux Ilackans.
3nams.: popmyna 6uHoma HproTOHA, cBOMicTBa OMHOMHUAIBHBIX KO3()(PUIIMEHTOB, TPEYrOJIbHUK

ITackamns.
Ymems: seruncigars OnaoM HeroToHa.

Bunom Heiomona. 1o hopmyia, npeacTasisiionas Beipaxenre (a+b)" mpu nomoxurensHom
[EJIOM N B BHJE MHOTOYJICHA!

1 2
(a+2)?=a?+C a" 12+C a® 252 +
H H
3 n-1
+C @ 3p3 + v gk lean,
M M

3aMeTHM, 9TO CyMMa IoKa3aTeseH crerneneii it a u b mocrostHHA ¥ paBHA N,

Yucna * i e i Ha3bIBAOTCSI OMHOMHAJIBHBIMU KOA(PHITIEHTAMH.

Hx MokHO BBIYUCIIUTDG, IPUMECHAA TOJIBKO CIOKEHHUEC, €CIIU I10JIb30BaThCA CJ'ICI[y1-OH.I€I>i CXEeMOii.
B BerHefI CTPOKEC IMUIIEM ABE€ CAMHUIBI. Bce nocjacaAyromue CTpOKM HAYMHAIOTCA U 3aKaHYMUBAKOTCA
e,Z[I/IHI/II_[eI\/'I. HpOMe)KYTO‘IHBIe Yyucia B 9TUX CTPOKaAX IMOJY4YarTCd CYMMUPOBAHUEM COCCIHUX YHUCEI U3
npeﬂbmymeﬁ CTPOKH. OTa cxemMa Ha3bIBaeTCs TPECYrOJIbHUKOM ITackans:

IlepBas cTpoka B 3TOM TabnuIe COACP)KUT OMHOMHUANIbHBIE KO3 duLmeHTs! A1t N = 1; BTOpas - g N
=2; Tpeths - 1 N =3 u T.1. [TosTomy, ecinu He06X0IMMO, HAPUMED, Pa3JI0KUTh BHIPAKEHHE

(@a+b)’,

MBI MOKEM NIOJYUYUTDh PE3YyJIbTaT MOMCHTAJILHO, UCII0JIb3Y Ta6J'II/II_[yI
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7 T B 532 ma 473 omm 34 35 a6 37
(a+b) =a +Tab+2lab” +35a’b"+353a’b” +2lab +7ab” +b
CBoiicTBa OMHOMHATIBHBIX KO3()(OUITUEHTOB.
1. Cymma koddduiento paznoxenus (a+b)"pasna 2",

JInst ToKa3aTeNbCTBa IOCTaTOUYHO NOJIOKUTh & = b = 1. Torya B mpaBoii 4acTu pa3iioKeHus OMHOMA
Herotona mbl OyzieM UMeTh CyMMY OMHOMHAIBHBIX K03()(HUITMEHTOB, a cieBa:
(1+1)"=2"

2. KoaddunmeHTs! 4IeHOB, paBHOYIAIEHHBIX OT KOHIIOB PA3JI0KCHHUS, PABHBI.

3TO CBOWCTBO CIEAYET U3 COOTHOLIEHHUS:

M H

3. Cymma k03 PUIMEHTOB YETHBIX WIEHOB Pa3yIo’KEHUs paBHA CyMMe KO3()(DULIMEHTOB HEUETHBIX
YJICHOB PA3JIOKEHUS; KaKAast U3 HUX paBHA
an-1

—1yr=Q"= )
Jliig nokazaTenbcTBa BOCHOJb3YeMCsl ONHOMOM: (1-1)"=0"=03necs uérnple wiens
MMEIOT 3HaK « +)» , a HEUETHBIE - « - ». Tak Kak B pe3yJbpTaTe pasiokeHus noxyyaercs 0, To

CJIeIOBATEIIbHO, CYMMBI WX OMHOMHUATIBHBIX KOY(D(PHUITMEHTOB pPaBHBI MEXAY COOOH, TOITOMY KaXKast

1yn=0n=0,

U3 HUX paBHa: (1- YTO U TpeOOBaJIOCh JOKA3aTh.

Koumponvnvie sonpocsi

1. ®opmymna 6unoma HeroToHa.

2. CgoiicTBa OMHOMHAIBHBIX KOIPPHUIIUCHTOB.
3. Tpeyronbuuk [lackais.

Tema 11.3.9j1eMeHTHI TEOPUHU BEPOSITHOCTEI U MATEMATHYECKOH CTATHCTHKM.

Cobvimue. Beposmnocms cobvimusi, crodcenue u yMHONICEHUE BEPOMHOCMEL.
Ilpeocmasnenue 0annvix, 2eHepaIbHAsL COBOKYNHOCb, 8bIOOPKA, CpeOHee apupmemuieckoe,
Meouana.

Bnamo: CO6LITI/Ie, BCPOSATHOCTD CO6LITI/I$I, CJIOKCHNEC U YMHOKCHUC BepOHTHOCTCﬁ, MMpeaAcCTaBJICHUC
AAaHHBbIX, F'€HEpajibHass COBOKYIIHOCTD, BLI60pKa, CpeaHee apI/I(bMCTI/I‘ICCKOC, MCAUaHa.
Ymems: peaTb 3aa4u 110 TCOPHUU BCPOATHOCTH U MaTeMaTUYEeCKOH CTaTUCTHUKH.

Cnyuaiinvle coobimus ux 6epoasmHocmu
Onvimom, unu ucnvimanuem, Ha3blBaloT BCIKOE OCYILIECTBICHUE ONPEIECICHHOTO KOMILJIEKCa YCIOBHMA
WIN JeWCTBUH, PU KOTOPBIX HAOII0IaeTCsl COOTBETCTBYIOIEE SIBICHHUE.
Cobvimuem HazbIBaeTCs BCAKUN (DAaKT, KOTOPBIA MOKET MPOM3ONTH WM HE HPOU3OUTH B
pe3yibTaTe OIbITa.
Ilpumep 1. TlonOpacsiBaHME MOHETHI — OIBIT, UCXOJ. Brimanenue repba win mudpsr —

cOOBITHE. 3I[CCB U B JaJbHEWIeM npeanojaraéM, 4Yro IMaaCcHUE MOHCTBHI Ha pe6po HC
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paccMaTpuBaeTCs, TaK KaK 3TO HEYCTOHYMBOE COCTOSHHE paBHOBECHs, a H3ydaeMass MOHeTa
JOCTAaTOYHO TOHKAs.
DnemenmapHuiMu ucxooamu (coovimusmu) () OTbITA HA3BIBAIOTCS TAaKUE PE3YIbTAThI OIBITA, KOTOPHIE
B3aMMHO MCKJIIOYAIOT JIPYT APYyra U B pe3yjbTare OIbITa MPOUCXOJUT OJHO U3 3TUX COOBITHH, TaKKe
KakoBO ObI HU OBLIO COOBITHE A, IO HACTYIHBIIEMY SJIEMEHTAPHOMY HCXOAY MOXKHO CYIHTH O TOM,
MIPOUCXOIUT UM HE TIPOUCXOAUT ITO COOBITHE.
COBOKYITHOCTh BCEX 3JIEMEHTAPHBIX WCXOJOB OTBITa HA3bIBACTCS NPOCMPAHCIBOM INIeMEHMAPHBIX
cobvimuti. O603navaercs 2.

Bce coObiTus (sSIBIEHUS) NEHCTBUTEIBHOCTH MOYKHO TTO/IPA3/IeINTh HA TPU BUA: IOCTOBEpPHBIE,
HEBO3MOXXHBIE U CITyJaifHBIE.

CoObITHE HA3BIBACTCS OOCMOBEPHBIM, €CITH OHO 0053aTEIHFHO MPOU3OUIET B YCIOBHSIX TAHHOTO
OTIBITA.

CoObITHE HA3BIBACTCS HEBO3MONCHHIM, €CIIM OHO B YCIOBHSIX TAHHOTO OITBITA 3aBEJIOMO HE
MPOU30UAET.

CoObITHE HA3BIBACTCS CIYYAUHBIM, €CITH OHO MOXET JH00 MPOM30MTH, MO0 HE MPOU30UTH B
TTAHHOM OTIBITE.

CoObITusl Ha3BIBAIOTCS PABHOBO3ZMONCHBIMU, €CIIA UMEIOTCSI OCHOBAHUS CUUTATh, YTO HU OJTHO
W3 3TUX COOBITUH HE SABIIACTCS 00JIee BO3MOXKHBIM, YeM JII000€ APyroe u3 HUx.

JIBa CcOOBITHSI HA3BIBAIOTCS MPOMUBONONIOHNCHBIMU, €CIIA TPU HACTYIUICHHUH OJHOTO W3 HUX,

BTOpo€ coObITHE HE mpoucxoauT. Ecimu coObiTe 0003HA4eHO A, TO NPOTHUBOMOJIOXKHOE €My

0603Hauar0T A.

B oTHoOmIeHHnH apyr apyra COOBITHS TaKK€ MMEIOT OCOOCHHOCTH, T.€. B OJHOM Ciydae coObITHEe A
MOJKET IIPOU30MTH COBMECTHO C COOBITHEM B, B IPyIrOM — HET.

CoOBITHSI HA3BIBAIOTCS COBMECMHbIMU B JAHHOM OIBITE, €CIM IIOSBJIEHHE OJHOIO0 W3 HHUX HE
HCKIJTFOUYACT MOSBJICHUE IPYTUX.

CoOBITHS. Ha3BIBAIOTCS HECOBMECMHbIMU, €CIU IIOSBJIEHHE OJHOTO W3 HHX MCKIIOYAET IOSBIICHHE
JPYTUX.

Ecnu nr000e M3 COOBITHI IPOMCXOIUT HE3aBUCUMO OT pealiu3aliu JII000H KOMOMHAIIMU
JIPYTUX COOBITUH, TO OHU HA3BIBAIOTCS HE3ABUCUMBIMU 68 CO80KYnHoCcmu. Eciu MOosBIEeHUE OJHOTO U3
COOBITHIA BIUSET HA BOBMOKHOCTh TIOSIBIIEHUS IPYTOT0, OHU HA3BIBAOTCS 3A8UCUMBIMU.

Heckonbpko coOBITHI B TaHHOM OIIBITE 00Pa3YIOT NOIHYIO 2pYnnYy coObImull, €CIN B pe3yabTaTe
OTIbITa 0053aTeIHHO MPOU30MAET XOTS ObI 0JTHO W3 HUX. Ecnu coObITHs, 00pasyroline MoJIHYI TPYIIIY,
HECOBMECTHBI, TO TIOSBJIICHUE OJTHOTO U TOJIBKO OJJHOTO U3 HUX SBIISIETCS JOCTOBEPHBIM cOObITHEM. [[Ba
HECOBMECTHBIX COOBITHS, 00pa3yIOIIHe MOTHYIO TPYIITY COOBITUMN, SBISIOTCS NPOMUBONONONCHBIMUL.

Knaccuueckoe onpedenenue eepoamnocmu coobimus
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CyiiecTByeT MpOCTOH CHOCOO OMpENeNeHusT BEPOSITHOCTH COOBITHS, OCHOBAaHHBIM Ha
PaBHOBO3MOYKHOCTH JIFOOOTO M3 KOHEYHOTO YHCIIa UCXO/I0B OIBITA.
[Tycte mpoBOAUTCS OMBIT ¢ N WCXOJAaMH, KOTOPhIE MOXKHO TPEACTaBUTh B BUJE TOJHOM TPYIIIBI
HECOBMECTHBIX PABHOBO3MOXKHBIX COOBITHI. Takue HMCXOObl HA3BIBAIOTCS CAVYAAMU, WAHCAMU,
anemenmapuvimu coovimusmu, (). Cam OIBIT Ha3bIBACTCS Kiaccuyeckum. IIpo Takol OIBIT TOBOPSIT,
YTO OH CBOJUTCS K CXEME CIIy4aeB.
Crnyuaii @ Ha3BIBACTCS O1A20NPUAMHBIM UTU OA2ONPUAMCIEYIOWUM COOBITUIO A, €CITH OH MPUBOIUT
K HACTYIUICHUIO COOBITUS A.
Beposamnocmvio cobvimus A Ha3blBaeTCs MaTeMaTHyecKash OIIEHKAa BO3MOKHOCTH TOSIBJICHHS 3TOTO
COOBITHS B PE3YJIHTATE OIBITA.
BepositHOCTE cOOBITHSL 4 paBHA OTHOIICHUIO YHCJIA, OJIaroNpUSATCTBYIOLIUX COOBITHIO A HCXOJ0OB
OmbITa K OOIIEeMy YHCITy TOMAapHO HECOBMECTHBIX MCXOJOB ONBITA, OOpa3yIOIIUX TOJIHYIO TPYIITY

COOBITHH.
m

®opmyna (1) sBAsSIETCS KIaccuueckol popmynou onpeneaeHus BEpOSITHOCTH COOBITHS.
O4eBUIHO, YTO BePOSIMHOCHL O0OCMOBEPHO20 COObIMUsL PaBHA CNUHUIE, a BePOSMHOCHb
He803MOMNCHO20_— PaBHA HYMIO. TakuM 00pa3oM, 3HAYCHHE BEPOSITHOCTH JIIOOOTO COOBITHS — €CTh
MOJIOKUTEIHFHOE YUCIIO, 3aKITIOYCHHOE MEXK Ty HYJIEeM U €INHUIICH.
0<P(A <L 2)

[ToHsiTHe BEPOSTHOCTH IMO3BOJISICT JIaTh HOBBIC ONPEACICHUS U pa3HBbIX BUIOB COOBITHI. A
UMeHHO, coObiTue B HaszbiBaeTcs Hezasucumvim OT cOObITUS A, eclau BEpOATHOCTb COObITHA B He
3aBHCHUT OT TOTO, MPOU30MILI0 coObiTHe A i He pou3onuio. CoObiTHe B Ha3pIBaeTCsl 3aBUCUMBIM OT
coObITHSI A, €cITi BEpOSITHOCTD COOBITHsI B 3aBHCHUT OT TOr0, MPOU30IIIIO WIIH HE NMPOU30IILIO COOBITHE
A.

Teopembt ymMHOMCEHUA U CIOIHCEHUS 6EPOAMHOCH ElL

CoObiTust A ¥ B Ha3bIBAIOTCS PABHbIMU, €CIH OCYILIECTBICHUE COOBITHS A BIICUET 3a COO0M
ocyliecTBiieHHe coObITHsI B 1 HA000pOT.
Cymmotui aByx coObiTuit A 1 B Ha3bBatoT coobiTue C=A+B, cocrosiuee B nosiBiIeHun cOObITUS A, WIIH
coObITUSA B, mim 060ux 31X coObITUi. [lo-npyromy, nosiBiaeHue XoTs ObI OAHOTO COOBITHS.
Teopema 1 (cnoscenusn sepossmuocmeti). BepoaTHOCTb CyMMBI IBYX HECOBMECTHBIX COOBITUI paBHA

CyMMe BEPOSITHOCTEH 3TUX COOBITHIA.
P(A+B)=P(A)+P(B).
Cneocmeue 1: Eciu cobbitust A, A, ,..., A, 00pasyroT MOJIHYIO TPYIITy HECOBMECTHBIX COOBITHI, TO

CyMMa ux BCpOHTHOCTCﬁ paBHaA €IUHUIIC:
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> P(A)=1

Teopema 2. BeposTHOCTb NOSBIICHHSI XOTsI ObI OJTHOTO U3 JIBYX COBMECTHBIX COOBITUI paBHA CyMMeE

BepOHTHOCTCﬁ 3THUX COOBITHI O€3 BCPOATHOCTH UX COBMCCTHOTO IMOABJICHUA:

P(A+B)=P(A)+P(B)-P(AB).

Teopema 3. (Ymnoorcenus eepoamuocmeti). BepoSTHOCTb IPOU3BENICHUS JIBYX COOBITHI (COBMECTHOTO

MOSIBJICHMSI 3TUX COOBITHIT) paBHA MPOU3BEACHHUIO BEPOSTHOCTH OJITHOTO U3 HUX HA YCIOBHYIO

BEPOATHOCTH JIPYTOT0, BHIYUCIIEHHYIO IPH YCIOBHH, YTO MEPBOE COOBITHE YiKE HACTYITHIIO.
P(AB) =P(A)P(B/A)=P(A)P,(B).
Takske MOYKHO 3aITHCATh:
P(AB) =P(A)P(B/A)=P(B)P(A/B)=P(B)P,(A).
Eciu co6witust Hesaucumsle, To P(B/ A) = P(B), u teopema ymHoxkenus BepostHOCTE#H
TIPUHUMAET BUI:
P(AB) = P(A)P(B)
Eciu B pesy/bTaTe HCIBITAHASA MOKET NOABUTHCA N COGBITHIA, HE3ABHCHMBIX B COBOKYITHOCTH, TO

6EPOAMHOCNTb NOABNIEHUS XOMA 6bl 00HO20 W3 HUX paBHa
P(A)=1-0q,4,..9,.

3nech coObITHE A 0003HAYAET HACTYIJICHUE XOTs ObI OJTHOTO M3 COOBITUI Ai C BEPOSITHOCTSIMHU

Hacrymienuss P, a §, =1— P, — BeposATHOCTH NPOTUBOIIOIOKHBIX COOBITHIA Al, Az ,...,A1 :
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Tema 12. IlepBooOpa3Hast U HHTErPaJ

Tema 12.1. IlepBooOpa3Hasi 1 HHTeErpal.

Ilepsoobpasnas. Ilpasuna naxodcoenus nepeoodpasnvix. Tabauya unmezpanos

Ymemsb: HaxoauTh HeoNpeeNeHHbIE MHTETPaJIbl Pa3IUYHBIMU METOJAMU

3namu: onpeenenne NepBoOOPa3HOIL; MTPaBUiIa HAXOKICHUS IEPBOOOPA3HBIX, ONPEICIICHIE
HEOIPEJEIIEHHOTO UHTErpaja U €ro CBOMCTBa, TaOIUIly HHTETPAJIOB, METO/Ibl HAX0XKIEHUS
UHTErpajoB.

Oynxims F(X) nasesaercs nepsoobpasnoii hynxyueii ynxuun (X)) ma orpeske [a,b],
€CITH B JIFO0OH TOYKE ITOTO OTPE3Ka BEPHO PaBEHCTBO:

F'(x)=f(x).

Hano otmeTtuTs, 4To nepBooOpa3HbIX ISl OJTHOM U TOH K€ (PYHKIUU MOXKET ObITh OECKOHEUHO
MHOro. OHuM OyngyT oOTIMYaThCS Jpyr OT Jpyra Ha HEKOTOpPOE IMOCTOSIHHOE YHUCIO, T.€.

FX)=F(x)+C.

Heonpeoenennvim unmezparom dyuxiuu T (X) HaspiBaeTcss COBOKYMHOCTH TepPBOOOPA3HBIX
(GYHKIH, KOTOPbIE OMPEIEeeHbl COOTHOIIIEHHEM:

F(x) + C.
3amuChIBaIOT: jf(X)dXz F(X) + C;3mech I — 3mak wunTerpana, T (X) — mnoasmHTerpambHas
dynxmms, T (X) dx — nogsiTerpanbHOE BHIpAKEHHE.

Borunicnenue  HeompeAeNeHHOro  MHTErpaja OT  3aJaHHOM  (QYHKUMHM  Ha3bIBaeTcs
UHMe2PUPOBAHUEM.

Cesoiicmea HeonpeodeieHHbIX UHMEZPATL08

1. [IpousBoiHas OT HEONpPEAEICHHOTO HHTErpajia paBHa MOAbIHTErPAIIbHON (YHKIHH.

(] f ()dx) =(F(x) +CY = £ (x);
2. luddepennnan oT HEOMPEAEICHHOTO HHTETpalla PaBeH MOAbIHTETPAIIbHOMY BBIPAKEHUIO.
d([ f (x)dx)= f (x)dx;

3. Heonpenenenusrit unterpan ot nuddepennnana HeKoTopoi GyHKIIMN paBeH 3TOU (DYHKINH C
TOYHOCTBIO JIO TIOCTOSIHHOTO CJIaraeMoro.

[dF(x)=F () +C;

4. lnTerpan oT CyMMBbI MJIM Pa3HOCTH JBYX U Oosiee GYHKIUI paBeH CyMMe WIN Pa3HOCTH MHTErpajioB
OT 3TUX (PyHKIMH

[(u+v—w)dx=[udx-+ [vdx— [wdx;
5. TlocTosTHHBIIT MHOXKUTENH MOKHO BEIHOCHUTD 34 3HAK HUHTCTpalia

[C- f(dx=C- [ f(x)dx;
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Tabnuua uHTErpasIoB

Ne HHterpain 3HaueHue Ne Huterpan 3HaueHue
. o . " I dx arcsinx+C =
V1-x? = —arccosx + C
n+l dx 1, |x-a
2 x"dx = 4C,nx-1 |12 — —In——+C
I n+1 I x? —a? 2a |x+a
dx 2
3 — Injx| + C 13 In‘x+\/x J_ra‘+C
X ¥ Ix/x +a
a* . X
4 a*dx —~ +C 14 arcsin—+C
J Ina J‘x/i a
dx 1 X
5 [e*dx e 1 C 15 Ia2+x garctgg+c
. X
6 [sin xdx —cosx+C 16 j;dx In tgE +C
in X
. X 7«
7 jcosxdx sinx+C 17 J’de In tg[§+z) +C
1
d tgx+C tgxdx —Inicosx|+C
9 j . 12 dx —ctgx+C 19 jctgxdx In\sin x\ +C
sin“ x
10 | dx arctgx +C = 20 ji Tl sc
1+ X2 =—arcctgx +C x(a—x) a |a-x

MeToabl HAX0XkK/AeHUsI HHTErPajioB

Cnoco0 noacTaHoBKHM (3aMeHbI IepeMEHHbIX).

Ecnu tpeOyercs HaiiTu mHTErpa J. f (X)dX, o croxHO OTHICKaTH HEPBOOGPA3HYIO, TO HHOTA

¢ nomompio 3amensl X = @(t) u dX = @'(t)dt moxnO momyunts:
J £ (0dx=] f (p(t))¢'(Ddlt

HHuTerpupoBanue mo 4acrsim.
BcenoMunM ¢opMyiny npon3BoAHON NPOU3BEAEHHUS:
(uv)' =u'v+uv’

rae U u V — HekoTopeie pyHKIMM oT x. B muddepennmansaoit popme:

d(uv) =vdu + udv
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[IpOMHTErpUPOBAB, TONYIAEM: J-d (uv) = Ivdu + judv, a B COOTBETCTBHHM C TIPUBEICHHBIMU

BBIIIIC CBOﬁCTBaMH HeOHpeI[eﬂeHHOFO HHTeraHa:
uv:jvdu+judv YTH judv:uv—jvdu;
[Monyurnu GopMyny UHTETPUPOBAHUS MO YACTAM, KOTOpasi MO3BOJISCT HAXOIUTh WHTEIPAJIbI
MHOTHX 3JIEMCHTAPHBIX (QYHKITHIA.

[Ipu wucnonp3oBaHMKM METOAA MO dYacTsAM 3a U Oepercsa Takas GyHKUUS, KOTOpas MpH
muddepeHInpoBaHUK yIIpoaeTes, a 3a dvV — Ta 4acTh MOJABIHTETPAIBHOTO BBIPAKEHHSI, HHTETPal OT
KOTOPO1 U3BECTEH UJIU MOXKET OBbITh HaliJIEH.

Boiblinyto 4acTh HHTErPaAJIOB, BBIYUCIIIEMBIX IO 4aCTSIM, MOKHO pa30UTh HA TPH TPYIIIIbL:
1. Wwrerpams suma | P(X)arctgxdx, [P(x)arcctgxdx, [P(x)Inxdx, [P(x)arcsinxdx,

J-P(X) arccosxdx, rae P(x) — MHOrounes. JIns ux BEIYHCIEHMS cleAyeT 3a U NPUHUMATH OIHY U3

BBIIIICYKa3aHHBIX QyHKIWH, a dv = P(x)dX.

2. Wnarerpansl BUIa J'P(x)eaxdx, jP(x)sin axdx, J.P(X) cosaxdX, rae P(X) — MHOrOuNEH, a @ —

HekoTopoe uncio. [y ux BeIYMCIIEHHS cieayeT npusth U =P(X), a dv = e¥dx, dv = sinaxdx, dv =
cosaxdx.

Kak BugHO, mocnenoBaTrenpbHOE NpUMEHEHHE (OPMYJIbl HHTETPUPOBAHMS MO YacTsIM IO3BOJIIET
MTOCTETNEHHO YIPOCTUTH (QYHKILHMIO U IPUBECTH UHTErpal K TAOIHMYHOMY.

3. Unterpans Buga I e® cosbhxdx, J'eaxsin bxdX, rme a u b — HekoTOphIe UMCNA. DTH MHTErpaBI
BBIYHCIIAIOTCS IBYKPATHBIM HHTETPHPOBAHUEM I10 YACTSIM.

KoumponwvHuvle 6onpocwi
1. [TepooOpaznas.
2. IlpaBuna HaxOXKJIEHUS MTEPBOOOPA3HBIX.
3. Ompenenenue HEONPEAEIIEHHOTO UHTErpaa.
4. CBoiicTBa HEONIPEACICHHOTO UHTErpaa.
5. MeTo1bl UHTETPUPOBAHHSL.

Tema 12.2. OnpenesieHHbI UHTErPaJ U €ro NpUMeHeHue

Buiuucnenue onpedenennvix unmeepanos ¢ nomowgpio popmynst Hertomona-Jleionuya.
Haxooicoenue nnowaoeii guzyp.

Vmemsb: BBIUUCIATH  OMNpENENCHHbIE HWHTErpaibl ¢ mHoMmollpio (opmynsl Herotona-JleiiOHula,
BBIYHCIISATH TUIONIAAb KPUBOJIMHEHHOMN Tpaneuu, GUryp, orpaHu4eHHbIX 3aJaHHBIMU JTMHUSIMH.

3Hame:  aNTOPUTM BBIYHCICHUS OMNpPEACTICHHBIX HHTErpajoB ¢ momoiibio ¢opmynsl HeroToHa-
JleitOHUI, METOAbl BBIUMCICHUS OTMPEACTECHHBIX HHTErPajoB AalTOPUTM BBIYMCICHHUS ILUIOMIACH

dburyp.

Hycts dpynxims T (X) onpenenena na orpeske [@,0]. Pazo6sem otpesox [@,0] ma n mpoussonbHbIx

yacteif Toukamu @ = Xy < X; < Xy <...<Xj4 <X <...<X, =D. Ha xaxnom
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U3 4aCTUYHBIX OTPE3KOB BBIOEPEM IIPOU3BOJIBHO 110 OAHOH Touke: C; € [a, Xl] , Cy € [Xl, X2] ,
.o, €, €[X,4,b].

fie)
fle).

N

al e X, ./b{

C, X, G C

Beesiem o6o3nauenus: AX, =X, —a, AX, =X, — X, ..., AX, =b—X_ ;.

n
CocraBuM cymmy: O = Z f(Ci )AXi , KOTOpasi Ha3bIBACTCS UHMESPANbHOU CYMMOU HYHKINU
i=1
f (X) una orpeske [a,b].

T'eomempuueckuii cmoicn o: Kaxnoe ciaraeMoe MHTETPaIbHOM CyMMBI TPEJICTaBIsIeT cOO0H
TJIOMIA/b TIPSIMOYroJbHUKa ¢ ocHoBanueM AX; u Boicotoit f(C;), mokpeiToro mrpuxoBkoil Ha
PUCYHKE.

O6o03naunM uepe3 A = max(Axi), i =1, 2, ..., N — WIMHY HaKuOOJIBIIIEr0 YaACTUYHOTO OTPE3KA.
Bennunny A nHOrJa Ha3BIBAIOT napamempom pazouenus.

PaccmoTpuM mporiecc, pu KOTOPOM YHUCIO TOYEK pPa3OMEHHsi HEOTPaHWUYEHHO BO3pPAcTaeT
TakuM 00pazoM, YTO BEIMYMHA A CTPEMUTCS K HYIIIO.

Ecrm  cymectByer mnpemen unTerpambHoii cymmel | =liM o, 1o o Ha3eBaercs
A—0

onpedenennvim unmezpanom ot Gyaxrmu (X) na otpeske [@,D] n o603nauaercs

I:Tf(x)dx

B otom cnydae dynkiua f(X) maseiBaercs ummespupyemoii na ompesxe [a, b]. Yucno a
HA3BIBACTCS HUNCHUM NPEOeloM UHMe2PUPOSAHUsl, & YUCII0 D — eepxnum npederom unmezpuposanusl.

Ecnu takoit mpenen cymecTByeT, TO OH HE 3aBUCUT OT MEPBOHAYAIBHOTO pa3OMEeHUs OTpe3Ka
[a, b] 1 BbIOOpa Touek Ci. U3 ompeneneHus onpeaeaeHHOro MHTErpajja CleayeT, YTO ero BelnYhHa
3aBUCHT TOJIbKO OT Bua ¢pyukuuu f (X) u or uucen a u b. Cnemoparensho, ecnu 3amausl T (X) u

MpEeaACIibl HHTCTPUPOBAHUS, TO HHTEIrpajl ONIPCACIACTCA OAHO3HAYHO U IPCACTABIIACT co0oi HEKOTOPOC
15 (1 (0
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T'eomempuueckuit cmvici onpedeieHHo020 uHme2pand.

Ecim f(X) >0 mna orpeske [a,b], To onpenenenusiit

N\ :

HHTErpal jf(X)dX T€OMETPUYECKA  IIPEACTABIIET
a

co00#1 mowmaab KpUBOJIMHEHHOW Tpameuuun — (Urypsl,

orpanuuennoit ymmusmu Yy = f(X), X=a, X=Db,

y=0.

y=f(x)

S
>
v <

A
Ya b

b
Ecmn f(X) <0 na orpeske [@,b], 10 S =—[ f(x)dx. - %
a

y=f(x)

Cesoiicmea onpedenennozo unmezpana

<y

f(x)dx=0;

N
D —

3. Ecm Ce[a,b], 1o tj) f(x)dx = } f(x)dx+? f(x)dx;

b b b
4. [[10x)+g()kx = f (x)dx+ [ g(x)dx;
b b
5. ka (X)dX = kj f (X)dX ,rae K— IIPOU3BOJIBHOE YUCIIO.

®opmyaa Herorona-Jleiitonuna

Eciu ¢ynxkius T (X) menpepeisna ma orpeske [@,D0] u dymxuus F(X) spnsercs ee
epBoOOpa3HO Ha 3TOM OTpE3Ke, TO UMeeT MecTo hopmyna Heromona-Jletionuya

T f(x)dx=F(x) = F(b)- F(a).

a

TO €CTh OHpC,[[CJICHHBIfI HHTCErpajl paB€H pa3HOCTHU 3HAYEHUI HepBoo6pa3H0171 IIpu BEPXHEM U HUIKHCM
npeaciiax UHTCrpupoBaHust

3aMeHa mepeMEHHBIX B ONPeeJIEHHOM HHTErpajie
b
[Tycts 3amaH uHTErpan _[ f(X)dx, rne f(X) — nmenpepriBHas ¢pynkims na orpeske [a,b].
a
BBeejieM HOBYIO TlepeMeHHyI0 B cooTBeTcTBHH ¢ opmyrnoit X = @(t) . Torna eciu:

1) p(a)=a, p(B)=b;
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2) ¢(t) u @'(t) menpeprBubl Ha otpeske [, F];
3) f(¢(t)) onpenencua na orpeske [, f],

TO

b g
J f ()dx=[ flp(®)]e'(t)dt

Ora dhopMyIia Ha3bIBACTCS (opMYIol 3amelbl NePeMeHHOU 8 ONPeOeleHHOM UHmezpaie.

3ameuanue. Ecnu mnpu BBIYUCICHUU HEOIPEJECIEHHOIO MHTErpajia € IIOMOIIBIO 3aMEHBI
IIEPEMEHHOM CleyeT OT HOBOW IIEPEMEHHOM t BO3BpamlaTbCsi K CTapod IEPEMEHHOW X, TO INpHU
BBIYUCIICHUHN OIIPENIETIEHHOTO WHTErpaja 3TOTO JIeJIaTh HEHYXXHO, T.K.

g g
| flp®¢' t)dt=Flp®)]| = Flp(B)]- Flp(a)]=F(b)-F(a)

I/IHTerHPOBaHI/Ie Mo 9aCTHdAM.

Ecmn gynxkuun U = u(x) V= V(X) HETIPEPBIBHLI HA OTPE3KE [a, b] , @ TaK)K€ HEMPEPHIBHEI
Ha 9TOM OTPE3KE UX MPOHU3BOIHBIE, TO CIpaBeInBa (GpopMyna:

b b b
judv:uv\ —jvdu.
a a a

KOTOpasi Ha3bIBACTCS YOpMYI0L UHMESPUPOBAHUSL NO YACMAM 8 ONpedeNeHHOM Unmezpae.

Taxke npu BIYUCIEHUHN OTIPEAETICHHOTO HHTErpaia NCIOJIb3YIOTCS CIIEAYIOIINE MTpaBuia:

a a a
Eciu f(X) — meuernas, To j f (X)dx =0, ecu neuernas, '[ f(x)dx = 2_[ f (x)dx
—-a 0

—a

I'eomeTpuyeckne NpuI0KeHUs ONpeaeTeHHOT0 HHTerpaJa.
Inowaow naockoii ghuzypet.

a) [Inomans KpUBOJIMHENHHOH Tpanenuu, orpanuuentnoit kpusoit Y = f(X), npaMeivu X =@ u
b

X =D u orpeskom [a, b] , BBIYUCIAETCA 110 popMyse S = j f (x)dx
a

(1313

X, T.C.
Ecnu rpaduk pacrnosoxen Hike ocu Ox, T.e. T (X) <0, To miomans uMeeT 3HaK , €CIIi rpaduk
pacrmoJioxeH Bbiiie ocu Ox, T.€. f (X) > (), To IIomaab MMEET 3HaK “+.

y

0l |a \—/ Ih X

Taxum 06pa3oM, A5t HAX0XKJICHHUSI CyMMapHOH MJIOIIA N UCTIONb3yeTcs popmyra

S:?f(x)dx.
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0) [nowans Gurypst, orpanndennoii kpusbivu Y, = f,(X) u Y, = f,(X) (fl(X) <f, (X)) u
npsAMbBIMU X =aA U X = b, maxoaurcs o bopmyne

b
S = ”fz () = £, Jdx

B) Ecnu xpuBas 3agaHa napaMeTpU4eCKMMM yPaBHEHUAMH X = X(t) ny= y(t), TO IIOIIATb

KPUBOJIMHEHHOM Tpamenuy, orpaHMueHHOH 3TOM KpHBOH, mpaMbiMu X =a u X =D u orpeskom
t2

(%) ! (%)

[a,b], Bbipaxaercs popmymoii S = fy(t)x (t)dt, rme t1 u t» onpenensiorcs W3 ypaBHEHHiA
tl

a=Xx(t) ub=x(t,).

Koumponvnvie sonpocwi

1. Onpenenenue onpeeeHHOro NHTErpaia.

2. CBolicTBa ONIPEETICHHOTO HHTETpaa.

5. Beruncnenue onpeneneHHbIX HHTETPAJIOB ¢ MOMOIIbI0 popmynsl HeioToHa-JleliOnuIa.

4. Metobl HaXO0KJICHUS OINPEICIIEHHBIX HHTETPAJIOB.

5.0npeneneHne KpUBOJIMHEUHOW TPAIICIINH.

6. AITOpUTM HaXO0KIEHUS TUIOIIA U (PUTYpPbI, OTPaHUYEHHOMN 3aJaHHBIMU JINHUSMU.
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Tema 13 .U3mepenust B reoMeTpHH.
Tema 13.1. O6bem u ero u3mepenne. UnrerpanbHas ¢popmy.ia odbema.

THonamue obvema u ezo ceovicmea. Unmezpanvnas gpopmyna oovema. Popmynvt 00vema
KyOa, npsimoy20ibH020 NApaiieienunedd, nPusmbl, YUIUHOpA.
Dopmynvl 06vema nupamuost u Kowyca. Popmynvl nIOWAOU NOBEPXHOCMEN YUTUHOPA U KOHYCA.
Dopmynvl 0b6vema wapa u niowaou cgepul.

Ymems: BeIuncnaTh O6’I)CM MHOI'OI'PpaHHUKOB U 00beM mrapa, BEIYMCIIATE IUI0IAaab HOBCpXHOCTefI
LWIMHpA U KOHYCa U CepBI.
3namob: oHATHE 00BEMA U €T0 CBOMCTBA, MHTETpallbHAs opMyiia oobema, Gopmynsl oObeMa Kyoa,
MPSIMOYTOJIBHOTO MapaJijIeNIeuIea, MPU3MBbI, IIMIHHPA, GOpMYITbl 00beMa MUPaMHIbl U KOHYCa,
(hopMyJIBI TUTOIIAN IOBEPXHOCTEH IIMIIMHIIpA U KOHYCa, GOopMYIIbl 00beMa I1apa 1 Tiiomaau chepsl.

Tena paBuoBenukwue. I[IpocTpaHcTBO, 3aHMMaeMOe KaKUM-HHOYIb TEJIOM, WM BMECTHUMOCTH
3TOro Tejia Ha3. ero oobeMoM. MoryT ObITh Takue Tela, KOTOphle UMEIOT OJIMHAKOBBIM 00BbEM, HO
Pa3IMYHbIN BUJ, TaK YTO XOTS OHU U 3aHUMAIOT OJJUHAKOBOE MPOCTPAHCTBO, HO HEJIb3S BIOXKHUTH OJTHO
TEJIO B IPYroe Tak, YTOObl OHM COBMECTUIINCH. Bo3bMeM Harp. Be mpsMble TpeyroibHble Tpu3msl AB
u EF (puc.l.), KOTOpBIX OCHOBaHUS U BHICOTHI PAaBHHBI;

NZN

A E

Puc.1
Puc.2.
MbI MOXKEM TIPUCTABUTH ITH MPU3MBI OJHY K JIPYroi Tak, 4to obpasyercst ofHa npusma MN (puc.2.),
KOTOpOH OCHOBAaHHE TO K€ CaMoe€, a BBICOTA BJBOE OOJBIIEC; MOXKEM TaKXKe COCTaBHTh M3 HHX
napayutenenunen KL; o6vem mapamenenunena. Oyaer, O4eBUIHO, paBeH o0bemy npusMbl MN, Tak
Kak o0a 3TH Tejla COCTOST M3 OJAHMX M TeX K€ NMPHU3M; HO Napajiesenumesl, KOHEUHO, HE MOXeT
COBMECTHTbCS ¢ pu3Moi. Tena, uMmerolye paBHblil 00beM, Ha3. paBHOBEITUKUMHU.
Eounuya ona uzmepenus 06vemos.

W3meputh 00beM Kakoro-HMOyAb — Tena,  3HAYMT  HAWTH, CKOJBKO pa3 B HEM MOXKET
MIOMECTUTbCA  JIpyroe Teno, o00beM KOTOPOTro NMPUHMMAETCS 3a €IUHMIy. Takol enuHULEH
CIIYKUT KyO, KOTOpOTO KakJoe pedpo = JMHEWHOM eTUHMIe, Hamp., CaXEHH, apIIMHy U T. HOJ.
Takum  oOpazom, ompenenuts 00BEM  WIM BMECTMMOCTh KOMHAThI 3HAYUT y3HATh, CKOJBKO
MIOMECTUTCA B HEM KyOMYeckMX cax., KyO. apul u T. mox. Jlns storo Haymo Obl MOCTaBUTH B
KOMHATe OJIHY KyO. Ca’k. WMJIM OJIMH KYyO. apIil. psaoM C 3TOH eIMHUIIEeH OCTaBUTh APYroi Takou KyoO,
MOTOM TpPEeTWH M T. 1., TIOKa BCA KOMHaTta He HanoiHutca. Ho Takoe m3aMmepenue Oyner u
HEyI00HO, U BECbMa IPOIOJKUTEIBHO; MBI IOKaXEM ceidac, KakuM oOpa3oM MOXHO H3MepsATh
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00BEMBI TEJ, HE TIOMeIIas B HUX KyO. Mep.

Csoticmeo 00vemos:

1. PaBHbI€ Tena UMEIOT paBHbIE OOBEMBI.

2. Ecnu Teno cocTaBieHO U3 HECKOJIBKHUX TEJ, TO €ro 00beM paBeH CyMMe 00bEMOB 3TUX TEIl.

Ob6vem npamMoy201bHO20 Napaiiesenuneod.

Wrak, 4T06 onpenenuTs 00beM IPSIMOYTOIBHOTO IapajuleienuIieia, Ha0 U3MEPUTh OJHON U
TOM K€ JIMHEHHOW eAuHULEeN Tpu pedpa ero, BHIXOAIINE U3 O0IIel BEPIINHBI, U NOJyYEHHbIE YHUCIA
IIEPEMHOXKUTh; IPOU3BEACHUE IIOKAXKET, CKOJIBKO COLCPKUTCA B Hap-A€ COOTBETCTBYIOIIMX
KyOW4ecKHX eIUHMI. B mpsMoyronbHOM mapajienenunene Tpu pedpa, Uayniue u3 OJHOW BEpIIHHBL,
Ha3bIBACTCS U3MEPEHUSAMH 3TOr0 MapajuleeNuesa; M03TOMY IpeabIayIlee IPaBUIo 00 ONpeAeIeHUN
o0beMa KOpoue BBIPaKAIOT TaK: 00BEM HPSMOYrOJIbHOTO Mapaulesenulea MPOU3BEICHUIO TPEX €ro
U3MEPEHUN.

MoHO cKa3zaThb TakkKe, 4TO 00BbEM MPSIMOYTOJBHOTO MapauleieNuIea MPOU3BEACHUI0
IJIOLIAIA €0 OCHOBAHUS Ha BBICOTY.

E

. 7

i C ) . J
;;a.‘*.;:.:.-‘.’..;;e.";/ D

A B

Cneocmsue 1. O6beM NPSAMOYTOJIBHOTO MapajliesenuIeaa paBeH MPOU3BEICHHIO TUIOIIA I OCHOBAHUS
Ha BBICOTY.

V=Sh,
rae S — MmoInaab OCHOBaHus, N — BrICOTA Mapauiesenure/a.
Crneocmsue 2.00beM TpsIMOU MPU3MbI, OCHOBAaHUEM KOTOPOW SIBJISICTCS MPSIMOYTOJIbHBIN
TPEYroJbHUK, PABEH MMPOU3BEACHHUIO IJIOMIAIN OCHOBAHHUS HA BBICOTY.
V =S,,:-h

Obvem nupamuosi.

Bceskast mupamuia  cocraBiseT 1/3 mpu3Mbl TOTo e OCHOBAHUS U TOH K€ BBICOTHI. UTOOBI TPOBEPHUTH
3TO, BO3BMEM SIIUK A, MMEIOmWH  BUX  npusMmbl (puc.3.), U nupamuny B, BHyrpu mycryio;
OCHOBaHME €€ Takoe e, KaK y NPU3MBI, U BBICOTA Takas >K€; HACHIIUIEM B HEe MECKY MM HaIbeM
BOJIBI (ISl 3TOTO, pa3ymeercs, ee HaJo OOCpHYTh BEpPIIMHON BHM3) TaK, YTOOBI HAIOJHUTH €€
MOTOM BBUIBEM 3Ty BOJAY B NPU3MY; 3aT€M  OISTh HAIOJHUM NHUPAMHUIY U ONSATH  BBUIBEM; MBI
YBUIMM, YTO HAJO TPH pa3a MepeuTh BOAY W3 MHUPAMHIBl B TIPU3MY - U TOT/IA TOJBKO MPHU3Ma
HanoJHurcs. [loatoMmy od6wvem nupamuovi=1/3 npoussedenuss nnowaou eé 0OCHOBANUS HA GbLICOM).

V=1sh
3

Obvem yceuenHoU nupamuosl, BHICOTa KOTOPOH paBHa h, a miomiajau OCHOBaHWil paBHBI S U
S, , BeIuHCIseTCs 1o hopmye

V:%h(8+81+,/8-81)
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|

A

B \

e
Puc.3.

Obvem yununopa.

[uauHAp MOXKHO CYMTATh 32 MPU3MY, Y KOTOPOW B OCHOBAHWH HE MHOTOYIOJIBHHK, a KPYT;
CIIEZIOBATENIbHO, O0BEM HUJIMHIPA OMPEENIETCS] TOYHO TaK XKe, Kak U 00hEeM MPU3MBI; T.€. 00beM =
MIPOU3BEACHHUIO IUIONIAH OCHOBAHUS Ha BBICOTY.

V=S -h

Obvem xonyca.
KoHyc MOXHO  cuuTaTh 3a MPABWIBHYIO MHPAMUIY, Y KOTOPOW B OCHOBAaHHWH KpPYyT, a HE
MHOTOYTOJILHUK; IIOATOMY 00bEM KOHYCa OTIPEJICIIICTCS TaK ke, Kak ¥ 00beM MUPAMHU/IBL; T.€. 00beM =
OJTHO¥ TPETH MPOU3BEIACHHUS IIIONIAN OCHOBAHHUS Ha BBICOTY.

V=1s-h
3

Obvem yceuennozo Komyca, BICOTa KOTOpOif paBHa N, a miiomaam ocHoBaHMi paBHEI S U S,

\Y =%h(S+Sl+W/Sosl).

BBIYHUCIISIETCS TI0 popmyrie

Obvem wapa.

[ToBepXHOCTh IIapa MOKHO CUYHTATh COCTOSIIICH W3 YPE3BBIYAKHO OOJBIIOTO KOJIMYECTBA
BeChMa MaJbIX IUIOCKUX (UTYp, HAIp. TPEYrOJBHUKOB; €CIIM MBICICHHO COCIWHUM BEPIIUHBI ATHX
TPEYrOJIbHUKOB C IICHTPOM Ilapa, TO IOJyYMM MHOXKECTBO IHPAaMHJ, KOTOPhIE BCE BMECTE H
COCTaBJISIFOT 00OBEM IIIapa; BCE ATH MUPaM. UMEIOT OJIHY BBICOTY, UIMEHHO PaJNyC IIapa, a OCHOBAHHS
UX COCTaBIIIIOT IMOBEPXHOCTh mapa. Ho 4ToObl HaliTH 00BEM NHpaMHIBI, TOJDKHO IUIOMAAb €&
OCHOBAHHS YMHOXXUTH Ha 1/3 BBICOTHI; CJIEJIOBATEIILHO, MBI HaliJleM CyMMY OOBEMOB BCEX MUPaAMUI,
Wi 00BEM IIapa, €CIIM YMHOKUM CYMMY BCEX OCHOBaHUI WJIM TIOBEPXHOCTH IIapa, HA TPETh pajuyca.
Hrak, 00beM mapa = IOBEPXHOCTH IIapa, YMHOKEHHOW Ha TPETh pajnyca.

v=4me

3

Konmponvhwvie sonpocoi
1. [NonsiTue o6beMa U €ro CBOMCTBA.
2. UnrerpanbHas Gopmyna oobeMa.
3. ®opmynsl 00beMa Ky0a, PSMOYTOJILHOTO Mapalyie/IeuIe 1a, MPU3MbI, IUIAHIPA.
4. ®opMynsl 00beMa MUPAMHIBI U KOHYCA.
5. @opmyIbl IIIOHIAAM TOBEPXHOCTEHN UIMHAPA U KOHYCA.
6. ®opmysbl 00beMa 11apa U IIIOIAAN CHEPHI.
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IlonoOue Ten (1OMOHUTENIbHBIH MaTepPUAJT)

Jeéa mena no0oOHbI, €CIIN OJTHO U3 HUX MOXKET OBbITh MOJIYYEHO M3 JPYroro MmyTéM yBEeTHYEHHS
(MM yMEHBIIEHHST) BCEX €r0 JIMHEHHBIX pa3MepOB B OJTHOM U TOM K€ OTHOIICHUH. ABTOMOOHIIb U €T0
MOJeNb — TMOoJ00HbIe Tena. [[Ba Tema (purypbl) 3epKanbHO MOAOOHBI, €CIIM OJHO U3 HUX MOJO00HO
3epKaIbHOMY OTpa)keHHIo Apyroro. Hampumep, kaptuHa u € (OTOHEraTuB 3epKaIbHO MOA0OHBI APYT
Apyry.

B momo0HBIX W 3epKaIbHO MOAOOHBIX (HUIypax BCE COOTBETCTBEHHBIC YIJIbI (JIMHEHHBIE U
JIBYTPAHHBIE) PABHBI.

B momoOHBIX TeTax MHOTOTpPaHHBIE W TEJIECHBIC YIIIbl PaBHBI; B 3€PKAIBLHO MOJOOHBIX TElIax
OHHM 3€pKAJIbHO PABHEI.

Ecnu  o0ea mempa’dpa (06e  mpeyeonbHbie  nupamuovl) UMEIOT  COOTBETCTBEHHO
MPONOPLIMOHANIbHBIE PEOPA (UM COOTBETCTBEHHO MOJOOHBIE I'PAHU), TO OHU MOJOOHBI WU 3€pKaTbHO
nonoOHbl. Hampumep, ecnu rpaHu mepBOW MUPaMUABI BABOE OOJBIIE, YeM Yy BTOPOW, TO BBICOTHI,
arnodeMsbl, pagyc ONMMCAHHOTO Kpyra MepBOW MUpaMUAbI TaKKe BIBOE OOJbINE, YeM y BTOPOH. JTa
TeopeMa He UMEET MEeCTa Ui MHOTOTPAHHUKOB C OOJIBIIUM YHCIOM TpaHel. [Ipennonoxum, 9To Mbl
COCIMHUIIN Bce pEOpa Kyba B €ro BEpIIMHAX MOCPEACTBOM MIAPHHPOB; TOTZIA MBI MOKEM HW3MEHUTH
(dbopmy 3TOi GUTYpPEI, HE PACTATHUBAs €€ CTEPKHH, U MOJYYUTh U3 HAYaIbHOTO Ky0a MapajuiesIenure].

/lee npasunvhvie npusmevl uiu nupamuodsbl ¢ OAUHAKOBBIM YHCIOM TIpaHed MOJIOOHBI, €ciu
pamuychl MX OCHOBAaHWH NMPONOPIMOHAIBHBI MX BBICOTaM. JIBa KPyribIX IWIIMHApA WU KOHYcCa
0T00HBI, €CTTM PAJNYChl UX OCHOBAHMIA MTPOTIOPIIMOHAIBHBI KX BBICOTAM.

Ecnu 06a u 6onee men nooooOmsi, TO TUIOMIAN BCEX COOTBETCTBYIOIIMX IJIOCKUX U KPUBBIX
MOBEPXHOCTEH ITUX TEJ MPOTIOPIMOHATIBHBI KBaJpaTaM JFOBIX COOTBETCTBYIOIINX OTPE3KOB.

Ecmu o0ea u 6onee men nooodbmsi, TO HX OO0BEMEBI, a TaKKe OOBEMEI HIOOBIX UX
COOTBETCTBYIOIIMX YaCTEH, MPOMOPLHOHAIBHBI Ky0aM JII00ObIX COOTBETCTBYIOIIUX OTPE3KOB.
[Tpuwmep. Yamka nuamerpom 8 cMm u BeicoTor 10 cM Bmemaer 0.5 nutpa Boawl. Kakux pazmepon
JOJIKHA OBITH MOI00HAs Yallika, BMelaioias 4 1urpa Bob1?

Pemenue.llockonbky Yamku — MOAOOHBIE IMJIMHAPHIL, TO OTHOIIEHHE HUX OOBEMOB paBHO
OTHOIIIEHUIO KyOOB COOTBETCTBYIOIIUX OTPE3KOB ( B HAIEM CIy4dae — BBICOT W JUAMETPOB YallleK ).
CrenoBaTesbHO, BIcOTa N HOBOW YaIllKi HAXOAUTCS U3 OTHOIICHHS:

(h/10)°= 4/05 Toects h°=8-10°. omxyna k=20 cu:

AHANOTMYHO, I TUaMeTpa ¢ ITONyIHM:

(d/8)°=4/05, Toecte d° =8 -8°. omyma d=16 o
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Tema 14. DiieMeHTHI TEOPUH BEPOATHOCTEH M MATEMAaTHYECKON CTATUCTUKH
(mpoaoJkeHue)

Tema 14.1. /luckperHble ciaydaiiHble BeTHYNHbBI

Tlonamue ouckpemuou CayuaiHol eeluyutsvl. 3aKOH pacnpeoenenus OUCKPemHoU CIy4atiHol
senuyunbvl. Beposmuocms ouckpemmoii cayuatinot enudunsl. Xapakmepucmuku OUCKpemHolul
CLYYAUHOU 8eNUYUHB]

Ymemb  HaxXoIUTh BEPOSATHOCTH TUCKPETHON CIy4aifHOH BeTMUnHBI IO opmyie bepHynu, HaX0aUTh
€€ XapaKTepUCTUKH.
3namu:onpeaeneHne TUCKPETHON CiIydailHON BEJIMYMHBL,3aKOH €€ PacIpeIeICHUs] U XapaKTepUCTHKY

3axon pacnpedenenus ciy4atiHou 8eIUYUHbL

Cnyuatinou éenuyunou (c.B) X Ha3pIBaeTcs BEIMYMHA, KOTOPAs B pe3yJIbTaTe ONbITA MOXKET
MPUHUMAThH TO U MHOE 3HAUYE€HUE, IPUYEM 3apaHee U3BECTHO KaKO€ UMEHHO.
CrnyyaiiHble BETMUYUHBI MOXHO pa3feuTh Ha JIBE KATETOPUH: TUCKPETHBIE U HETIPEPhIBHBIE.

JluckpeTHOM ciryyaiiHOM BeTMYMHOM (J1.C.B.) Ha3bIBA€TCs Takasl BEJIMYMHA, KOTOpas B
pe3ysbTaTe OMbITa MOXKET MPUHUMATh OTPE/IeNIEHHbIE 3HAUYEHUS C ONIPEICIIEHHOM BEPOSITHOCTHIO,
00pazyrolye cCYeTHOE MHOXKECTBO (MHOXKECTBO, 3JIEMEHTBI KOTOPOTO MOTYT OBITh 3aHYMEPOBAHbI).

Psoom pacnpeoenenus n.c.B. X Ha3pIBaeTCs TaOIUIIA COOTBETCTBHUS 3HAUCHUN CITydaitHOM

BCJIIMYMHBI U UX BGpOHTHOCTeﬁ.

3necy P, =P(X =X,); Zn: p, =1.

bunomunanvueiii 3akon pacnpedenenuss CnydaiiHas BenuuuHa X  HUMEET OUHOMUATbHOE
pacnpeodenenue, €CIM OHA 03HAYACT KOJIMYCCTBO MOSBICHUM COOBITHS 4 B N HE3aBUCHUMBIX OIBITAX.
BeposTHOCTB KaXkI0T0 3HAYCHUS 3TOW CITydaitHOW BEJIMYMHBI MOKHO HaiiTh 1o hopmyne bepHym.

P(X =k) =P (K)=C*p*q"™*,  k=012,..
Yucnoswvle xapaxmepucmuKku OUCKPEmMHbIX CYYAlHbIX 6eTUYUH
Mamemamuueckoe oacuoanue 0.c.s.

[Ipn pemieHnn MHOTMX 3amad4 ObIBa€T JOCTATOYHBIM 3HAHHWE HECKOJIBKHUX YHUCIOBBIX
XapaKTePUCTUK clydyailHOW Benu4wHbl. OIHOW W3 TaKUX BAXKHEUIIMX YHCIOBBIX XapaKTEPUCTHK
SBIISICTCS MamemMamuyeckoe O0J4cuoanue, KOTOpOoe TPUOMDKEHHO pPaBHO CpelHEMY 3HAYCHHIO

CIIydaifHOHM BEJIMUYMHBI, BOKPYI KOTOPOTO IPYNIHUPYIOTCS BCe €€ ocTaiabHble 3HaueHus. Tak, Hanpumep,
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IPU HM3YYEHUH PpACHpeACiICHUs HEKOTOPOTO 3KOHOMHUYECKOro Mokaszareist paboTsl ganHoro CMY
IIPEK/IE BCETO MHTEPECYIOTCS €r0 CPETHUM 3HAYEHUEM.
Mamemamuyeckum  odcudanuem  TUCKPETHOW  CIlydallHOW  BENMYMHBI  HA3bIBaeTCS  CymMMa

MPOU3BEJICHUI BCEX BO3MOKHBIX 3HAYEHUN CIIyHalHOW BEJTMYMHBI HA UX BEPOSITHOCTHU:

M(X)Ilel+X2p2+...+ann :ixi P;-

Jucnepcus u cpednee keadpamuueckoe OmMKIOHEHUE
Ha mnpaktuke dwacto TpeOyeTcsi OLEHHTHh paccesHHe BO3MOXKHBIX 3HAYCHUH CIydailHON
BEJIMYMHBI BOKPYT €€ cpeqHero 3HaueHus. Hanpumep, B apTuiiepuy BaXHO 3HATh, HACKOJIBKO Ky4HO
JATYT CHapsAbl BOJIM3H 11eNH, KOTOpast I0JIKHa OBbITh MOpaXkeHa.
Jucnepcueii (pacceusanuem) ITUCKPETHOM CIydalHOW BEJIMYMHBI HA3bIBAETCS MAaTEMAaTHYECKOE

OKHMJAaHUC KBaJipaTa OTKIIOHCHUSA cnyqaﬁﬁoﬁ BCIIMYHHBI OT €€ MaTEMaTHYCCKOI'O OKHUIaHHU .
D(X)=M[X -M(X)].
JI71st BBIYMCIIEHUST TUCTIEPCUU YacTO OBIBACT YIOOHO MOJB30BATHCS CIEAYIOIIEH TEOPEMOH:

Teopema. Jluctiepcusi paBHa Pa3HOCTH MEKIY MAaTEMATHYECKUM OXHJIAHUEM KBaJpara CIIydaiHOU

BEJIMYMHBI X U KBAJPAaTOM €€ MaTeMaTUYECKOTO OXKHIaHHS
2 2
D(X) =M(X*)=[M(X)].
Cpeonum keadpamuyeckum OmKIOHeHuemM CIydalHOW BETWYMHBI X HA3bIBACTCS KBAJPATHBIN

KOpPEHb U3 JIUCTICPCUU:
a(X) = /D(X).

Tema 14.2. OcHOBHBIE HOHATUA MATEMATHYECKOH CTATHCTHKH

Onpeodenenue mamemamuyeckou cmamucmuxu. [lonsamue ceHepanrbHOU cOBOKYNHOCTIU.
Bapuayuonnwiii psao. @ynxyuu pacnpedenenus. Ilpedcmasnenue 0anHblx (mabauysl, ouazpammol,
epaghuku, noaUSOH, 2UCMOSPAMMA)

Ymemyb: IpeICTaBIATh JaHHBIE CTATUCTUYECKOTO paclpeaeieHus

3namb: OCHOBHBIE NOHATHUS MaTEMAaTUYECKON CTaTUCTUKU

Mamemamuueckas cmamucmuka — pas3lell MaTeMaTHKH, B KOTOPOM H3YdaloTcsi MeTOoJbl cOopa,
cucreMaTu3alud M oOpabOTKU pe3yabTaTOB HAOMIOACHUN MAcCOBBIX CIy4alHBIX SBJIEHUH JUIs
BBISIBJICHHS CYILIECTBYIOLINX 3aKOHOMEPHOCTEN.

1Ipeomemom mamemamuueckol cmamucmuky SBISETCd W3y4YEHUE CIy4allHbIX BEJNWYMH (WIH
CllydaiHbIX COOBITUH, TPOLIECCOB) MO pe3yibTaTaM HaOMIOACHUH.

I'enepanvHoii co80KYNHOCHbIO HA3bIBAETCS — COBOKYMHOCTb BCEX MOJUISKAIIUX U3YyYEHUIO OOBEKTOB
WIA BO3MOXHBIX pe3yJIbTaTOB BCEX MBICIUMBIX HAOMIONEHUH, MPOU3BOAMMBIX B HEM3MEHHBIX

YCJIOBUAX Had OOAHHUM 00BEKTOM. 3aqaCTy10 OpOBOJUTH CIUIOIIHOC 06CJ'ICI[0B3.HI/IC, KOoraga M3y4aroTcCd
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BCE 00BEKTHI, TPYAHO WJIM JOPOTO, & MHOT/Ia M HEBO3MOXKHO. B 3THX ciydasxX HAaWIydlIMM CIOcoOOM
oOcieioBaHus ABISETCS BHIOOPOYHOE HAOIOAEHUE: BEIOMPAIOT M3 TEHEPATHHONH COBOKYITHOCTH YacTh
ee 00BEKTOB («BBIOOPKY») U TIOJIBEPTaIOT €€ U3yIEHHUIO.

Buvibopounoii  cosoxynnocmsto  (6b100pKol) HA3BIBAIOT COBOKYIMHOCTh OOBEKTOB, OTOOpPAHHBIX
ciydailHbIM o0Opa3oM M3 T€HEepaJbHON COBOKymHOcTH. bosee crporo: BbIOOpka — 3TO
MIOCJIE0BATENBHOCTD X1, X2, ... Xn HE3aBUCUMBIX OJJMHAKOBO PACIPEAEICHHBIX CIyYalHbIX BEJIUYMH,
pacrpeleneHne KaXxJ0M W3 KOTOPBIX COBMNAAAECT C PACHPEACICHUEM TE€HEPAJbHOW CIy4alHOU
BEJIMYUHBI.

UYucno oObekTOB (HAOMIOJEHMI) B COBOKYIMHOCTH, M'€HEPAJbHOW WJIM BBIOOPOYHOM, HA3BIBACTCS €€
0bvemom; 0603HauaeTcsi cooTBeTcTBEHHO yepe3 N u N. KoHkpeTHble 3HaueHUsl BEIOOPKH, TIOJTyYEHHbIE
B pe3yiabTaTe HaOMIOJeHUN (UCIBITaHUN), Ha3bIBAIOT peanuzayuel 6v160pku U 0003HAYAIOT
CTPOYHBIMU OYKBaMH X1, X2 ...Xn.

MeTtoa CTaTUCTHYECKOTO HCCIIENOBAHUS, COCTOSIIAN B TOM, YTO HAa OCHOBE W3Y4YCHHUs BBIOOPOUYHOM
COBOKYITHOCTH JICJIAETCsI 3aKIIOYEHUE O BCEH TeHEePaTbHONH COBOKYITHOCTH, HAa3BIBACTCS 68b100POUHBIM.
Pa3nuyaroT BeIOOpKH C BO3BpalleHHeM (TIOBTOPHBIE) U 0e3 Bo3BpalleHus (O0ecroBTopHbIe). B nmepsom
ciiydyae OTOOpaHHBIH OOBEKT BO3BpAIlaeTCs B TEHEPATBHYIO COBOKYITHOCTH TMEpel] HM3BJICYCHHUEM
CIIEAYIOIIEro; BO BTOPOM — HE Bo3Bpamiaercs. Ha mpakTuke uamie HCHosb3yeTcst O0ecrOBTOpHas

BBIOOpKA.

Cmamucmuueckoe pacnpeoesienue 8b100pKU

[Iycte wu3ywaercsa HekoTopas ciydaiiHas BeiauuuHa X. C 9TOM 1ENblO HaJ CIydalHOU
BEJTMYMHON X MPOU3BOJUTCS PAJl HE3aBUCUMBIX ONBITOB (HaOmoJeHui). B kaxa0M U3 3TUX OIBITOB
BeIMYMHA X IMPUHMMAaET TO WM MHOe 3HaueHue. [lycTh oHa mpuHsna N1 pa3 3HaueHue xi, N2 pas —
3HAYEHHE X2, ...,Nk pa3 —3HaueHue x.. [Ipu aTom N1 + N2 +...+ Nk = N— 00bEM BBIOOPKH.

3Ha4YEeHUS X1, X2 ...Xx HA3bIBAKOTCS 8apuaHmamy CIy4ailHOW BETMYUHBI X.

Bes cOBOKYNMHOCTh 3HA4YeHHWM CIy4ailHOW BeMWUYMHBI X TMpeACTaBisieT COOOM MepBUYHBII
CTaTHUCTUYECKUN MaTepuan, KOTOpBIM MOANEKUT JalbHeWIel o0paboTke, NpPeXIE BCETO —
YIOPSA0YCHHIO.

Omnepanus pacroyioKeHUs 3HAUYEHUW CIy4ailHONW BeNWYHMHBI (TpU3HAKAa) MO HEYyOBIBAaHHUIO
Ha3bIBACTCS PAHICUPOBAHUEM CTATUCTUUECKUX JAHHBIX.

[TomyuenHast TakuM 00pa3oM MOCIENOBATETBLHOCTD X1, X2 ...Xn 3HAUEHUN CIy4allHON BETUYHUHBI

X (roe X, <N, <...< X, ) Ha3bIBACTCS 6APUAYUOHHBIM PAOOM.

Ywucma Ni, ITOKa3bIBAIOIIHE, CKOJIBKO pa3 BCTPCYAIOTCA BApHAHTHI Xi B Psae Ha6moz[eHH171,

Ha3bIBAKOTCA wacmomamut, a OTHOIICHUC HX K 06’beMy BBI60pKI/I — OMHOCUMEJIbHbIMU UYacnomdamu

o
(W), T.e. w; =~ e 1 = Xy ;.
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Cmamucmuueckum pacnpeoenenuem GblOOPKU WIA CMAMUCMUYECKUM pPSAOOM Ha3bIBAIOT
NEpCUYCHb BAPHUAHT Xi BapHUaniMOHHOI'0 psaaa U COOTBCTCTBYIOIIUX UM YaCTOT Ni UWJIX OTHOCUTEILHBIX
YacTOT W;.

3anmuchIBaeTCSl CTATUCTUYECKOE paclpesiesicHne B Buje TaOnuipl. [lepBas cTpoka COAEPIKHT

BapHUaHThbI, @ BTOpasd — UX YaCTOThI Nj (I/IJII/I OTHOCHUTCJIBHBIC I-IaCTOTI)I).

Imnupuyeckasn (hyHkyusa pacnpeoenenus

OpnuM u3 cnoco0oB 00pabOTKH BAPUAILMOHHOTO PsiAa SBJISETCS MOCTPOCHHUE SMIMPUYECKON
(GYHKIMM pacipeesieHusl.

Omnupuueckoii (CTaTUCTUYECKOH) ¢hynxyueii pacnpedenenus HaspiBaerca (yHkums F*(x),
ompenensomas Uil KOKAOTO  3HAYCHHWS X  OTHOCHUTENBHYID  4acTOTy  COOBITHS
X < x}F(x) =p*{X < x}.

JI1st HaXO0XKACHUS 3HAYEHUN AIMITUPUIECKON (DYHKITMN YIOOHO MOJIB30BaATHCS (POPMYIION
R ="
rie N — 00beM BBIOOPKH, Ny — YHCIIO HAOIOICHU T, MeHbIIHX X (X € R).

OMnupudeckast yHKIMs 00J1aaeT CIeyIoIUMHI CBOMCTBAMU:

1. 3HaueHus SMIUPUIECKON HYHKITUN MPUHAIIICKUAT OTpe3Ky [0,1].

2. F*(x) — neyObiBaromast )yHKI[HSL.

3. Ecam x; — HauMeHbINas BapuaHTa, a X, - Hambonemas, To F*(x,)=0 npu

x=x;u F'(x,)=1lupux > x,.

Tonueon u cucmoepamma

CraTtucTudeckoe pacrpesesieHiue u300pakaercs rpaduuecku (U1 HATJISTHOCTH) B BHJIE TaK
HA3bIBACMBIX NOIUCOHA U 2UCTHOZDAMMBbL.

Huckpemnoe pacnpeoenenue npusnaxa X

[Tonurox, Kak MpaBHIIO, CIYXHT Uil W300paKEHUS JUCKPETHOTO (T.€. BAPHAHTHI OTIHYAOTCS
Ha TOCTOSIHHYIO BEJIMYMHY) CTaTUCTHYECKOTO psijaa. [loauecoHom uacmom HA3bIBAKOT JIOMAHYO,
OTPE3KH KOTOPOU COCTUHSIOT TOUKH C KOOPIUHATAMH (X1,N1), (X2,N2), ..., (Xk,Nk);

Ionuconom omuocumenbHbIX 4acmom HA3bIBAIOT JIOMAHYIO, OTPE3KH KOTOPOH COETUHSIOT
TOYKH C KoopAuHATaMHu (x1,W1), (X2,W2), ..., (Wk,Pk), TJI€ Xi - BapHAHTBI BBIOOPKH;

BapuaHTh! Xj OTKJIaIbIBAIOTCS HA OCH a0CITUCC, a YaCTOTHI U, COOTBETCTBEHHO, OTHOCUTEIILHBIE
94acTOTHl — Ha OCHU OpAUHAT. [I0JIMTOH OTHOCHUTENBHBIX YaCTOT SBISETCS CTATHCTUYECKUM aHAIOTOM
MHOTOYTOJILHUKA pacrpeesieHusI.

Henpepuignoe pacnpedenenue npusnaxa X
JlJis HempephIBHO pACIpeNIeICeHHOTO MpU3HaKa (T.e. BapHaHThl MOTYT OTJIMYAThCS OJMH OT

ApPYroro Ha CKOJIb YrogHO MaJIyrO BCJ'II/I‘-II/IHY) MOKHO HNOCTPOUTH IOJIMI'OH YaCTOT, B35B CCPCAWUHBI
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MHTEPBAIOB B KauyecTBE 3HAYCHHH Xi, X2,....,.Xk.  boiee ymoTpeOuTenbHa Tak Ha3blBaeMast
TUCTOIPaMMa.

T'ucmozepammotii yacmom Ha3bIBAIOT CTYNEHYATYIO (QUTYPY, COCTOSIIIYIO U3 NPSIMOYTOJIbHUKOB,

o

&
R

OCHOBAaHUAMHU KOTOPLIX CIIY’KAT YaCTUYHBIC MHTCPBAJILI JAJIMHBI h, a BBICOTBI paBHbI OTHOIICHUIO

IINIOTHOCTDb 4aCTOThI.

. e
[Inomane 4YacTM4YHOrO I-r0 NPSMOYrOJbHHKA paBHA h;‘ =mn; — CyMME€ 4YacTOT BapHaHT,

MOTIABIIHIA B I-i HHTEpPBAL.
OueBHUIHO, MJIOIIA/Ib TUCTOIPAMMBI YaCTOT paBHA CyMME BCEX YacToT, T.e. 00beMY BBIOOPKH.
Tucmoepamma OMHOCUMENbHBLIX YACMOM HA3BIBAIOT CTYNCHYATYIO (QHUTYPY, COCTOSIIYIO H3

MMpsAMOYTOJIbHUKOB, OCHOBAHUSAMH KOTOPBIX CIIYKAT YaCTUYHBIC MHTCPBAJIbI JJIMHBL h, a BBICOTBI paBHBI

W
OTHOIIICHHIO f — IINIOTHOCTHU OTHOCUTCIIBHBIX YaCTOT.

; — CYMME 4YaCTOT BapHaAHT,

[Tnomame 4YaCTUYHOTO I-rO MPSIMOYTOJIbHUKA paBHA h% =n,
MOTIABIIHIA B I-# HHTEpPBAL.

OuyeBUHO, TIIOMIATh THCTOTPAMMBI OTHOCHUTETBHBIX YacTOT paBHA CyMME€ BCEX
OTHOCHTEIBHBIX YaCTOT, T.€. CAMHHUIIE.
3amanreNel.  TlocTpouTh  MOJUTOH  YacTOT IO  JAHHOMY  PaclpelefieHHI0  BBIOOPKH:

Pemrenue.

X |1 |4 |5 |7 OtMeTdM Ha ocu abcuucc Bapuanthl Xj, a Ha OCH OpAMHAT —

ng 12010 |14 |6 COOTBETCTBYIOIIUE UM YaCTOTHI ¥;, COCAMHHB TOYKH (X;,7;) OTpPE3KaMH

MIpsAMBIX, IMOJIYIUM HCKOMBIH ITOJIMTOH YacTOT.

v
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3amanue Ne2. TlocTpouTh THUCTOTPAMMY YacTOT 10 JaHHOMY PacHpeesieHHIO BHIOOPKH 00bemMa

n=100:
Homep YacTHaHEIH HHTEpEAT Cynpaa 9acTOT BApHAHT IlnotHOCTE 3aCTOTH
HHTEpEATA HHTEpEATA

i Ly T Xipq LL: i
h

1 1-3 10 2.5

2 39 20 3

3 9-13 30 12,5

4 13-17 12 3

3 17-21 g 2

Pewenue. TlocTpoum Ha ocu abcuUce 3aJaHHbIe UHTEpBaNbI IUIMHBI h=4. [IpoBeeM Haj STHMHU
MHTEpBaJIaMU OTPE3KH, MapaljiesibHble OCH aOCLUCC U HAaXOSIIHUECs OT Hee Ha PAacCTOSHUAX, PaBHBIX

COOTBETCTBYIOIIMM IJIOTHOCTAM 4yacToT. Hanpumep, Hax untepsanom (1,5) moctpoum

= |2

-2
Lh

[ E]

L J

1 5 9 13 17 21 X
OTpGBOK, HapaJ'IJIeJ'ILHI:Iﬁ ocHu 8.6CI_II/ICC, Ha paCcCTOSIHHUU
n, 10 2
.FI. - 4 — &ty

FI/ICTOFpaMMa qacToT H306pa>KeHa Ha puc.

Koumponvhvie sonpocwi
1. TlpencraBieHue AaHHBIX, TeHEpAIbHAs COBOKYITHOCTh, BBIOOPKA, CpeHee apru(pMETHUECKOE,
MeJInaHa.
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YpaBHeHus1 M HepaBeHCTBA ( AOMOJIHUTEIbHBIN MaTepHal)

PaBHoCHIBHBIE YPAaBHCHHUA U HEPABCHCTBA.
Pagnocunvuote ypaenenus.

YpaBHeHUs, UMeIOLYe 0JJHO U TOXKe MHO>KEeCTBO KOPHEeH, Ha3bIBalOTCSl PABHOCUJIbHBIMHU.

Hanpumep, ypaBHeHusi 4X-3=2X+3 u 2X=6 paBHOCHJBHBI, TaK KaK KaXJ0€ M3 HUX HMEET
TONBKO OJMH KOpeHb X=3. YpaBHerus (X-2)(X+5)=0 n x* +3x —10 = 0 Taxke PaBHOCHIIBHEI, TaK KaK
OHH UMEIOT OJIHH U Te K€ KOPHU X, = 2,X, =—5. Vpasuenus 2x=4 u 3X° =12 He PaBHOCWJILHBI, TAK
KaK [epBO€ UMEET KOPeHb X=2, a BTOPOE — KOPHU X, = 2,X, =—2. W3 onpesienenHns paBHOCHIbHOCTH
YpaBHEHHI CIIEIYeT, YTO [BA YPaBHEHHs PaBHOCHIIBHBI, €CIH KaXKIBI KOPEHb IEPBOTO ypaBHEHUS
SBIISIETCSI KOPHEM BTOPOTO YpaBHEHHS M, HA00OpOT, KaKIBIH KOPEHb BTOPOTO YPaBHEHHS SIBIISCTCS
KOpHEM IepBOTO YPaBHEHUS. YpasHenus, He umeroujue KOpHeu, makice CHumaionm pagHoCUIbHbIMU.

N3 kypca 7 ximacca BBl 3HaeTe, 9YTO MOKHO CAETATh CIEAYIONINe MpeoOpa3oBaHus ypaBHEHUI:

JI106011 unen ypagnenus MO#CHO NEPEHOCUMb U3 OOHOU YaACMU 8 OpY2YI0, USMEHUE €20 3HAK Ha
NPOMUBONONONCHBII.

Obe yacmu ypasHeHus MOICHO YMHONCUMb UIU PA30ETUMb HA OOHO U MO JHce YUCTIO, He PABHOE
HYTIIO.

IMpu »>THX TpeoOpa3oBaHUAX HCXOAHOE YpPaBHEHHE 3aMEHSETCS Ha PAaBHOCHIBHOE €My
ypaBHEHHE. 3aMETHM, YTO €CJIH HEKOTOPOE BBHIPAKCHUE B JICBOM YaCTH WIIM TMPABOW YaCTH YpaBHEHUS
3aMEHUTHh TOXKJIECTBEHHO paBHBIM €MY BBIPRKEHHEM, TO TOJYYHTCS YpaBHEHHE, PAaBHOCHIBHOE
ucxoxnomy. OJJHAKO HE MPH JTFOOOM MPeoOpa30BaHNN YpaBHEHHE 3aMEHSIETCS] Ha paBHOCHUIIBHOE.

HanpuMep, Tpy BO3BEACHWM B KBaAPaT oOCHX 4acTeil ypaBHEHHS /X =X—2 TMONydaercs
ypaBHeHne X =(X—2)°, He PaBHOCHILHOE HCXOJHOMY: MEpPBOE yPAaBHEHHE HMEET TOJBKO OJMH
KopeHb X=4, a BTOpoe — 1Ba KOpHA X, =4,X, =1. B 3TOM ciydae BTOpOe ypaBHEHHE Ha3bIBAIOT
CJIEZICTBUEM TEPBOTO YPABHEHUSI.

Ecnu npu nepexooe om 00H020 ypasHeHusi K Opy20My nomepu KOpHeU He Npoucxooum, mo
8mopoe ypasHeHue HA3blealom cieocmseuem nepeoco ypaenenus. Muaue, eciu éce KOpHu nepeozo
VpasHeHUs ABNAIOMCA KOPHAMU 8MOPO20 YPABHEHUS, MO 6MOpoe YPAGHEeHUe HA3bl8AenCs C1e0Cmeuem
nepeo2o ypasHeHuUsl.

W3 sToro onpeneneHus U onpeaeseHusl paBHOCUIBHOCTH YPaBHEHUH clelyeT, 4yTo:

1. ecnu 1Ba ypaBHEHUS paBHOCHUJIbHBI, TO KaXKA0€ U3 HUX SBJISETCS CIEACTBUEM JIPYTOTIo;
2. eCclM KaXJ0€ M3 JBYX ypaBHEHUH SBJISETCS CIEACTBHEM JAPYroro, TO 3TU YpaBHEHMs
PaBHOCHJIBHBIL.
IIpu pemieHun ypaBHEHUH IJTaBHOE — HE MOTEPSTh KOPHM, a HAIUYKME NMOCTOPOHHUX KOpPHEH MOXHO
YCTaHOBUTBH NMpOBepKoi. [1o3TOMy Ba)KHO ClieAUTH 3a TeM, 4TOObl IpU MPeoOpa30BaHUU YpaBHEHUS

KaXKJI0€ Cle/lylolllee ypaBHEeHHEe ObLIO CIIeICTBUEM MPEIbITyIIETO.
2X X+1 4

x—2 x-1 (x-1)(x-2)

VYMHOKUB 00€ 4acTH ypaBHCHHs Ha OOIIMI 3HAMEHATedb BCeX Tpex apobed, T.e. Ha (X—1)(x—2),
nonydaem 2X(X—1) — (X +1)(x—2) =4 ,otkyma X° —x—-2=0,X, =2,X, =—1.

IIpoBepka.

1) IIpu X=2 3HameHaTenu ABYX ApoOeil ypaBHeHHs paBHBI Hymt0. [loaToMy X=2 He sBisieTCS KOpHEM
JTAHHOTO YpaBHEHUSI.

Ilpumep: Pemnth ypaBHEHUE

2) IIpu X=-1 neBas 4acTh ypaBHEHHs paBHa 3 npaBasi 4acTh paBHA 3

Ortser: x=-1.
3ameTuMm, 4TO A7 MPOBEPKH KOPHS X=-1 AOCTATOYHO yBHUJIETh, YTO 3HAMEHATEIH ApoOeil ypaBHEHUs
mpu X= -1 He paBHBI HYIO (€CITH, KOHEYHO, MPU PEIICHUH YPaBHEHUs HE MOMYIICHbI omuoku). [Ipu
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2X X+1 4

CIICHUH 33729 u3 aBHCHUS - = HOJIY4eHO
P P x=2 x-1 (x=-1(x-2) 7
ypaBHeHue 2X(X —1) — (x +1)(x—2) =4, KOTOpO€e SIBJISICTCS CIIEJICTBUEM ypaBHEHUS
2x__x+1 = 4 . Kopenp X, =2ypaBHenus 2X(X—-1)—(X+1)(x—2)=4 He sBuasercs
x=2 x-1 (x=-1)(x-2)
2x  x+1 4

KOPHEM YpaBHCHHUA Ero nasmeiBaror nocmopOHHUM KOPDHEM.

x—2 x-1 (x=-D(x-2)°

Ilocmoponnue KopHu Mo2ym ROIYYUMbCA NPU YMHOJICEHUU obeux uacmeu ypPaseHeHus Ha
gvipadicenue, cooepicaujee Heu38ecmHoe.

Ilomeps kopHel modicem npouzotimu npu 0ereHuu obeux yacmetl ypasHeHus Ha GblpadiceHue,
cooepoicawjee HeuzgecmHoe.

Wrak, npu peuieHun ypaBHEHUSI MOYKHO JIeJIaTh TOJbKO TaKUe IMpeoOpa3zoBaHus, MPU KOTOPHIX
HE MPOUCXOIUT MOTEPU KOPHEN. ECiM mpu 3TOM MOIY4arOTCs YpaBHEHHsI - CIEIACTBUSA JAHHOIO, TO
Heo0xoIuMa poBepKa HalIEHHBIX KOPHEH.

Pasnocunvnvie nepasencmaea.

PaBHOCWIBHOCTE HEPABEHCTB C HEU3BECTHBIM OIpENEsIeTCs aHamorndHo. HepaBeHcTsa,
MMEIOIHE OJTHO U TO )K€ MHOKECTBO PELICHUH, Ha3bIBAOT PAGHOCUTLHBIMUL.
5x -3

ITpumep: Pemmnts HepaBencTBo ——— > 1.

X“+1
Tak kak X° +1>0 mpu Bcex AeHCTBUTENBHBIX 3HAYEHUSX X, TO, YMHOXKHB HEPaBeHCTBO Ha X° +1,
ToJTydaeM HepaBeHCTBO 5X—3 > X* +1, paBHOCHIBHOE JaHHOMY. Permas 5To HepaBeHCTBO, TOydaeM
x* —5x+4<0,(x=1)(x—4) <0, otkyma 1< x < 4.

Pemienue cucrem ABYX JIMHEHHBIX YPABHEHUH ¢ IBYMS NepeMEeHHbIMMU.

Pewenue cucmem ypasnenuii ¢ nomowwio popmynvt Kpamepa.
Onpedenumens emopozo nopsoka. Popmyra Kpavepa.

VYpaBHeHHEe ¢ OByMs IMEpPEeMEHHBIMH X M Y 3amuceiBatorcs B Buge f(X,y)=0, rme f —
BBIP@XKEHHE C TIEPEMEHHBIMH X ¥ Y. PellleHreM Takoro ypaBHEHHs Ha3bIBA€TCS YIIOPSJIOYCHHAs Iapa
uncen (Xy,Y,), MPU MOJCTAHOBKE KOTOPBIX B JaHHOE YpPaBHEHHE IIOJIYYaeTCs BEPHOE YHCIIOBOE

pasenctBo f(X,,Y,)=0.
CucreMa ypaBHEHHH ¢ JIBYMS IEPEMEHHBIMHU X U Y B OOIIEM BHJIE 3alIMCHIBAETCS TaK:

f(x,y)=0
g(x,y)=0

Pemennem cucTeMbl ypaBHEHHI Ha3bIBACTCS YIOPSJOYEHHAs IMapa YHCEN, SBIAIONIASACS PEIICHUEM
KaXJIOTO W3 YpPaBHEHHWH, BXOJAIIMX B CHUCTeMy. JIBe cHCTeMBI ypaBHEHHH Ha3bIBAIOTCS
PaBHOCWIIBHBIMH, €CJIM MHOYKECTBA PELICHUH ATUX CUCTEM COBIAJAIOT.

Onpedenumens 6mopoz2o nopsAOKa PaBeH INPOU3BEICHHUIO JJIEMEHTOB, PACHOJI0KEHHBIX Ha
IJIABHOW JMaroHaJli MHHYC HPOU3BEICHUE 3JEMEHTOB, pACIOJIOKEHHBIX Ha JIOTMOJHUTEIbHON
muaroHanu. s 0603HaueHUs OINpesesIuTelNsl UCIOb3YIOTCS BEPTHKAIbHBIE YEPTOUKU U MPOMHCHAs
oykBa A. T.e.

b
A =det(A) =| " | = b, -ab.

a, b,
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nin, CXCMaTH4YCCKU

M IIPSIMOE IIPOU3BENCHUE (rmaBHast 1MaroHab)

KOCO€ ITPOU3BEACHNE (JOMOJIHUTEIbHAS IUAarOHalb)

ax+by=c,
Cucrema ABYyX JIMHEHHBIX ypaBHEHUH C ABYMs ME€PEMEHHBIMU ' ! ! IIpU YCIIOBHH,
a,x+b,y=c,
4TO OHNPCACIMTCIIb CUCTCMbI OTJIWYHBIN OT HYJIA, KIMECT CIUHCTBCHHOC PCHICHUC, KOTOPOC HAXOAUTCA
Cl bl al Cl
c, b, Ax. a, C,| Ay
nmo QopmynaMm X=i——=—;y=———=—— OTH paBEHCTBAa Ha3bIBalOTCA (opMyIaMu
a b| A a b| A
a'2 b2 a'2 b2

Kpamepa.
Ecmu ke ompenenurtens paBeH HYIIO, TO CHCTEMa SBISETCS, JHOO HECOBMECTHOH (Korja
AX # 0,Ay # 0), mubo HeonpenenenHoi (kormaAX = Ay =0). B nocieqseM cirydae cucrema CBOIUTCS

K OJTHOMY YPaBHEHUIO, a IPYrO€ SIBISETCS CIEICTBUEM 3TOIO YPABHEHUSI.
Pemenne cucreM Tpex JIMHEHBIX YPABHEHUH € TPeMsl epeMEeHHbIMH.

Pewenue cucmem ypasnenuii ¢ nomowwio popmynvt Kpamepa.
Onpedenumens mpemve2o nopsaoka. Popmynra Kpamepa.

&1 8y 3

[lycTh NaHa KBaJpaTHasi MaTpuLa TpeThero nopsaka A=| @y, Ay, ayg

831 83, 8g3
Onpederumens mpemve2o nopsoka PAaBEH NPOM3BEICHHIO DJIEMEHTOB, PACIOJIOKEHHBIX Ha
IJIABHOM JMaroHajad IUIKOC JBa IIPOM3BEIEHMSA DJIEMEHTOB, OTBEYAIOIIMX TPEYrOJLHUKAM C
OCHOBaHMSAMH, IApaJUIENbHBIMU  TJIABHOM  JMArOHajiM; MHHYC IIPOM3BEIEHHE  DJIEMEHTOB,

PAaCIIOJIOKCHHBIX Ha I[OHOJ'IHHTCJ'IBHOﬁ JAuaroHajiid W MHHYC JBa IIPOU3BCACHHUA OJICMCHTOB,
OTBCHAOIIUX TPCYIrOJIbHUKAM C OCHOBAHUAMMU, I1apaJIJICJIbHBIMHU I[OHOJ'IHPITCJ'II)HOﬁ JuaroHajiu.

djq Ay A3
Ay Qyy Apz| = Ay18y)8z3 + 849893831 + 8438183y — Q438,831 — 81189383y — A8p1a53
A dgp Adgg

I COMCTPHUUCCKHU ITO BBITJTIAJUT TAK:

Cucrembl THUHEHHBIX YPABHEHHU .
Cucmema nuHeuHbIX YpasHeHUull UMEET BUJL:
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A X A%, +...+a X, =Dy,

By1 Xy + A Xy + ...+ Ay X, =Dy, )

Ay Xy + Ao Xy + ..+ 8 X, =D
3nech aij — KOA(PPUIMCHTHI MPH HEU3BECTHBIX, Di — CBOOOIHBIC YIICHBI, a Xj — HCH3BECTHBIC.
Ecnu Bce cBOOOHBIC YIEHBI PaBHBI HYIIO, TO CHUCTEMa HA3bIBAETCS OOHOPOOHOL, €CIIN K€, XOTs Obl
OJIHO U3 HUX OTJIMYHO OT HYJISl, TO HEOOHOPOOHOI.
Hcnonb3ys noHsATHE NPOU3BEACHUS MaTpULl, MOKHO Iepenucarh cucremy (1) B Bune: AX = B,

all a12 e aln

a21 a22 s a2n

e A= — MaTpHIla, coCTOsImMAs U3 KOAPPHUIMEHTOB NMPH HEU3BECTHBIX CHCTEMBI

aml am2 amn
(1), xoTopast Ha3BIBACTCS Mampuyeti Cucmembl,

Xy by

X2

X = , B=1{ "2 | — BeKTOpP-CTOJIOIBI, COCTABIEHHBIE COOTBETCTBEHHO M3 HEU3BECTHBIX Xj

Xn bm
W U3 CBOOOIHBIX WIEHOB .

yHOpﬂ)IO'—IeHHaSI COBOKYITHOCTH N BEHICCTBCHHBIX YHUCEH (C1, C2,..., Cn) Ha3bIBACTCS peuieHuem
cucmemst (1), ecu B pe3ysbTare MOJACTAHOBKU 3THX YKCET BMECTO COOTBETCTBYIOIIUX IMEPEMEHHBIX

X1, X2,..., Xn K&XJI0€ YpaBHEHHME CHCTEMbl OOpaTUTCA B apU(PMETUYECKOE TOXKAECTBO; APYrUMU
i

c o
cloBaMH, eciu cymectsyer Bektop C = | 2 | Takoii, yto AC = B.

Cn

all a12 a1n bl

Ay Ay ... 8y | by

*
Marpuna A = oOpa3oBaHHasi MyTeM NPUIIKUCHIBAHUS CIpaBa K

8y Amp -+ 8 [Py
MaTpuie A cToslIa cBOOOHBIX WICHOB, HA3bIBACTCS PACUUPEHHOU MAMPUYEl CUCTEMDL.
Cucrema (1), umeromasi Xotsi Obl OJTHO PEUICHHE, HA3BIBACTCS COBMECHHOLL, UMEIOIIAsT TOJIBLKO
OJTHO PEIICHHUE OnpedesieHHOol, IMEoIas 0oJiee OHOTO PEUICHUSI — HeonpeoeleHHOoU, He UMEIoNIas HU
OJTHOTO PEUICHUS — HeCOBMECHHOU.
Pewums cucmemy (1) — 3TO 3HAUUT yKa3aTh BCE MHOXKECTBO €€ PEUICHUN WM T0Ka3aTh ee
HECOBMECTHOCTb.
Ecnu Han cuctemoii (1) BHIOMHUTE KaKkue-T100 U3 CIEAYIOINX MPeoOpa3oBaHUA:
1) TMOMEHSATh MECTaMH ypaBHEHHUS,
2) YMHOXHTb 00€ 4acTH JIF000T0 YpaBHEHHsI CHCTEMBI Ha JIF000€ He paBHOE HYITIO YKCIIO;
3) npubaBUTH K 00EHM YaCTSIM OJTHOTO M3 YPaBHEHHH CHCTEMbBI COOTBETCTBYIOIINE YACTH JPYrOTo
ypaBHEHUs, YMHOKEHHBIE Ha JIF000€e JeMCTBUTENHFHOE YHCIIO,
To cucrteMa (1) mepexoauT B paBHOCHIBHYIO el cuctemy. llepedncrneHHbie BbIlIEe MPeoOpa3oBaHuUs
HAa3BIBAIOTCSA  2IEMEHMAPHLIMU — Npeodpazosanusmu cucmemsl. B pesynpTaTe dJIeMEHTapHBIX
MpeoOpa3oBaHUl MOXKET CIYYHTHCS, YTO B CHUCTEME TMOSBHUTCS YypaBHEHHE, Bce KOI(D(UIIMEHTHI
KOTOPOTO paBHBI HYJIO0. Toraa, ecau u CBOOOIHBIN YJIeH 3TOTO YpaBHEHUS PaBEH HYIIO, TO YpaBHEHUE
CIPAaBEUTHBO MPH JTFOOBIX X1, X2, ..., Xn U, CIIEIOBATEIHHO, €r0 MOKHO OTOpOCUTh. Eciu sxe cBoOOTHBIIH
4JIeH HE PaBEeH HYJI0, TO 3TO YpPaBHEHHE HE yJOBIETBOPSETCS HUKAKUMHU 3HAYCHUSMH HEU3BECTHBIX,
ClIeIOBaTeNIbHO, TIOJMYYEeHHAs CHCTEMa SBISIETCS HECOBMECTHOW. Torja HECOBMECTHa M HMCXOJHAs
cucTema.
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Teopema Kponexepa-Kanennu. (J/leononwo Kpownexep (1823-1891) nemeyxuii mamemamux)
Cucrema JMHEHHBIX ypaBHEHMH COBMECTHA TOTJa M TOJNBKO TOTjJa, Korja panru martpun A um A’
COBIIA/IAIOT.

PaccmoTpuM cHCTEMBI JIMHEMHBIX YPaBHEHHUM, B KOTOPBIX YMCIIO YPAaBHEHMM pPaBHO YHUCILY

A X+ A%y + .+, X, =hy
Ay X + 8 Xy + .o Ay X, =D,
HEHU3BECTHBIX : 2

A Xy + &, X, .t 8 X, =D,

Takue CHCTEMBI PEIIAIOTCS OTHUM M3 CIIEAYIOIUX CIIOCOOO0B:
1) memooom Kpamepa,

2) memooom I'aycca, Wnm MemoOoM UCKTIOUEHUS HeU3BECIHbIX,
3) mampuunvim Memooom.

Meton Kpamepa.
(I'abpuenv Kpamep (1704 — 1752) wsetiyapckuii mamemamux)
JlaHHbII MeTOJ TPUMEHUM TOJBKO B cliydae, eciid cuctema uMeer Bun (4). Kpome storo,
HE00X0IMMO, YTOOBI ONpeAETUTENIb MAaTPUILIBI CUCTEMBI HE paBHsuicA 0.
det A = 0;
Teopema. Ecnu onpenenurtenb MaTpULbl CUCTEMBI (4) OTJIIMYEH OT HYJIS, TO 3Ta CUCTEMa UMEET
€IMHCTBEHHOE pelleHne, KoTopoe HaxoauTes o ¢popmynam Kpamepa:
5,
A
rae A = det A, a Aj — onpeienuTeNb MaTPHUIIBI, TOJy4aeMOi U3 MaTPHUIBl CHCTEMbI 3aMEHOM CTOJIONA |
CTOJIOIOM CBOOOIHBIX YWICHOB bj

Xj =

Qp - &y DA, . Ay,

A= [Bor e B b, 85,1 -+ A
j=

Ay e Ay By Ay Ay,

X +apX, + 8% =hy

Tak, Hanpumep, AJ1s CUCTEMBI M3 TPEX YPABHEHUH { 8y X + 8yn Xy + 83Xy = b2

X + AgpXy + AggXg =Dy

dq A Q3 b, a5, a; a; by ap, a; a, b
A=|ay Ay Ay | A= D, Ay Ayl; A= (8y D, Ayl As=|ay Ay by
A3y Agp dg3 b, a; ag ay by ag ay 8z b
A A A
X1= =L Xp= —2;  xz= —.
A

PanuoHabHbIe U HPPALMOHAJIbHBIC YPABHEHHUS.
OcnosHule npuembl uUx peuleHus (PaziodceHue Ha MHONCUMENU, 66e0eHUe HOBbIX HeU38eCHbIX,

noocmanoska, epaguyeckuti memoo). Mzobpasicenue Ha KOOPOUHAMHOU NILOCKOCHU MHONCECMEd
peulenull ypagHeHull U HepageHcms ¢ 08YMsl NePeMEHHbIMU U UX CUCTHEM.

113



@ynknus Buna P(X) =ayx, +a,x, —1+a,x, —2+...+a, - x+a,,
rae N — HaTypaiupHOE, @,,d;,a,,...,d,— HEKOTOPBIC ICHCTBUTEIbHBIC YMCIIA, HA3BIBACTCS LEIOU
panroHambHON (PYHKITUCH.

VYpaBuenue Buma P(x)= 0, rnmeP(X) — muenas painoHanbHas (QYHKIMS, HA3bIBACTCS IEIBIM
palroHaIbHBIM YPaBHECHHEM.

PO PO, P _
QM QK QM

YpaBHeHue BUIa

rae P (X),P,(X),....,P,(X),Q,(X),Q,(X),...,Q, (X) — nensle pannonansHble GyHKINH, HA3BIBACTCSA
panOHAIBEHBIM YPaBHEHUEM.

P
Pewenue payuonanvrozo ypasnenus (x) =0, 20e P(x) uQ(X)— muozounenvi(Q(x)=0),

Q(x)
ceooumcs k pewenuto ypasuenus P(X)= 0 u nposepke moeo, umo KopHu y0081emeopsion yCciosuro
Q (x) =0.
OchogHble Memoobl peuenus payuoHaIbHbIX YPAGHEHUI.
1) Ilpocreiimue: pemaroTcss MyTéM OOBIYHBIX YHOPOUICHHM — TMpuBEIeHHE K OOIIeMy

3HaAMEHATEJo, MPUBEICHNUE TI0I0OHBIX WICHOB U Tak Aanee. KBampaTHbie ypaBHEHHS ax?+bx+c=0

—b++/b? —4ac

2a

pELIaroTes MO BBIBEJCHHON HaMK Gopmysie X, , =

Taxxe ucnons3yercs Teopema Buera: X, + X, = —, XX, =—
a

2) I'pynmupoBka: MyTéM TPYNIUPOBKU CIAraéMbIX, MPUMEHEHUsS (GOPMYS COKpaniEHHOTO
YMHOXEHHUSI TPUBECTU (€CIM yaacTcsl) ypaBHEHHE K BHJY, KOTJa CJIeBa 3alMCAaHO IMPOU3BEIICHUE
HECKOJIbKUX COMHOXHUTEJICH, a chmpaBa — HOJb. 3aTeM MPUPABHUBAEM K HYIIO KaXJbId U3
COMHOKUTEJICH.

3) IloncraHoBka: WIEeM B YpPaBHEHHHM HEKOTOPOE TOBTOPSIONICECS BBIPAXKEHHUE, KOTOPOE
0003HaYMM HOBOW TEPEMEHHOM, TeM caMbIM YyHpoIas BHUJ ypaBHEHUsA. B HEKOTOPBIX cCiydasx
OYEBHUIHO YTO y10OHO 0003HauuTh. Hampumep, ypaBHEeHHE

x> +x-5 3x x> +x-5
+— +4 =0, Jerko pemaercsi ¢ MOMOIIBIO MOJCTAHOBKH ——— =1, ,
X (X +x-=5) X
MOJIy4yaeM t+¥+4:0

Wmu: 21/ (X2 —4x +10) - X% + 4X = 6. 31ech MOYKHO CIEIATh MOJACTAHOBKY x> — 4 =t. Torma
21/ (t+10)-t=6wur.n.

B Gonee crnoxHBIX chnydasx MOJCTAaHOBKA BHJIHA JIUIIb MOCJTE HECKOJIBKHX MPEeoOpa3oBaHU.
Hanpumep, nano ypaBHeHHe

(X% + 2X)2 — (X +1)? = 55,

Iepemnucas ero uHaue, a UMeHHO (X2 + 2X)? — (X* + 2X + 1) = 55, cpa3y yBUIUM HOJICTAHOBKY X’
+ 2x=t.

Umeem t? —t—56 =0, t; =— 7, t2 = 8. Ocranock pemuts X> + 2X=—7 u X*>+2x =8,

B psige npyrux ciiydaeB ynoOHYI0 MOACTaHOBKY JKelaTeIbHO 3HATh “3apaHee”. Hampumep

1) Vpasuenue (X + a)* + (X + b)* = ¢ cBoauTca k GMKBagpaTHOMY, €ci CHENaTh
MOJICTAHOBKY
x=t—(a+b)/2
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2) Cummerpuyeckoe ypaBHenue (BospathHoe) aoX" + aiX” ~ 1+ ...+ ax + a =0
(k03¢ (HUIMEHTHI WICHOB, PABHOCTOSIIMX OT KOHIIOB, PABHBI) PEIIACTCS C MOMOIIBIO MOACTAaHOBKH X +
1/x=t, ecniu N —uétHOE; eciiu N — He4€THOE, TO YPaBHEHUE UMEET KOPEeHb X = — 1.

3) VYpaBuenue Buga (X + a)(X + b)(x + ¢)(X + d) = | cBoguTCs K KBajgpaTHOMY, €CIIH
atb=c+d utn

4) TlonOop: mpu pemieHUH YpaBHEHHH BBICIIMX CTEICHEH paluOHAIbHBIE KOPHU YpaBHEHHS

anX" + an_ 1X"" 1+ ..+ aix + ap = 0 mmeM B BUJE p/Q, roe p— aenuTens do,  — ACTUTENb an,
p 1 q B3auMHO npocTsl, PeZ, qeN.

5) “UckyccTtBo”, T.e. pemiaTb IpUMEpP HECTaHJAPTHO, NPHUIyMaTh “‘CBOM MeETON”’, J0raJaThCs
YTO-TO MPHOABUTH U OTHSTH, BBIICIUTD MOJHBIN KBAIPAT, HA YTO-TO PA3JCIUTh U YMHOXKHUTH U T.1I.

6) YpaBHEHUsI ¢ MOJYyJEM: MPHU PELUICHUU YPaBHEHUU C MOJYJIEM HCIOJIb3YeTCsS ONpeeIeHUe
f (X), ecruf (x) > 0,

— f(x), ecruf'(x) <O0.
PanmnonanbHble HepaBeHCTBA.

[Tycth f(X) — urcnoBast GyHKIHS OJHOTO WM HECKOJBKUX IMEPEMEHHBIX (apTyMEHTOB). PemuTh

HEPABEHCTBO

MOJIyJIsl © METOJl HHTepBaJioB. HammoMHmuM, 9To | f (X)| =

fx)<0 (f(x)>0) 1)

— 3TO 3HAUYUT HAMTH BCe 3HAUYEHUS apryMeHTa (apryMeHTOB) (QYHKIHUU f, MPU KOTOPBIX

HepaBeHCTBO (1) cripaBeanuBo. MHOXKECTBO BCeX 3HAUEHUU apryMeHTa (apryMeHTOB) QYHKIUH f, IPH

KOTOPBIX HEpaBEeHCTBO (1) cripaBeIBO, Ha3bIBACTCS MHOXKECTBOM PEIICHIH HEPABEHCTBA HIIH ITPOCTO
peleHreM HEpaBEeHCTBaA.

MHO3K€ECTBO pPEIIEHUI HECTPOrO HEPABEHCTBA

fx)<0 (f(x) 2 0) )
npeAcTaBisieT co0oit oObeMHEHWE MHOXKECTBa pelleHuid HepaBeHcTBa (1) W MHOXKecTBa
pemienwnii ypasaenus f(X) = 0.

JIBa HEepaBEeHCTBA CUUTAIOTCS SKBUBAJIEHTHBIMHU, €CJIM MHOKECTBA UX PEILIEHUI COBIAaIOT.

[Tog MHOXECTBOM [OMYCTUMBIX 3HAUYEHUH HEU3BECTHBIX, BXOJAUIMX B HEPABEHCTBO,
MMOHUMAIOT 00J1acTh onpeaenenus GyHkiuu f(X).

HepasenctBa Buga (1) wiaum (2), cocraBieHHble Mis pa3inyHbiX GYHKIHH fi(X), MOTYT OBITH
CBEZICHBI B CUCTEMY HEpPaBEHCTB. PennTh crucreMy HEpaBeHCTB — 3TO 3HAUUT HAWTH MHOXECTBO BCEX
3HAYCHHH apryMeHToB GyHKIuH fi(X), IpU KOTOPBIX CIPABEUIMBBI BCE HEPABEHCTBA CHUCTEMBI
OJIHOBPEMEHHO.

I'oBOpAT, YTO CUCTEMBI HEPABEHCTB SKBUBAJICHTHBI, €CITM MHOXKECTBA X PELICHUH COBIAIaIO0T.

CBoiicTBa PABHOCWIbHBIX HEPABEHCTB.
[Ipn pemieHnH HEpPaBEHCTB HCIOJB3YIOT CBOMCTBa paBHOCHUIbHOCTU. HepaBeHcTBa ¢ 0aHOM
MIePEeMEHHON Ha3bIBAIOTCS PaBHOCHIIBHBIMH, €CJIM MHOKECTBA UX PEIICHUH COBIA/IAIOT.

Hanpumep, HepaBeHCTBa 3X > 6 U X — 2 > 0 IMEIOT OJJMHAKOBBIC MHOYKECTBA PEIICHUU X € [2;
+00]. DTH HEpaBEHCTBA — PAaBHOCUJIbHBIE.

Hepapenctpa X > 0 u x* > 0 — HepaBHOCHIIbHbIE, TAaK KAK PEIIEHUE EPBOr0 HEPABEHCTBA €CTh
MHOXKecTBO X€[0; +o0], a pelieHne BTOPOro HEPABEHCTBA €CTh MHOXeCTBO X&[-00; 0]U[0; +oo]. Dt
MHO>KECTBA HE COBIIAJIAIOT.

[Ipn pemieHNH HEPaBEHCTB BBIMOJHSIOTCS TOJBKO TaKWe MPeoOpa3oBaHUs, MPH KOTOPBIX
NoJry4qaroTcsi 0oJjiee MpPOCThle PAaBHOCHUJIbHBIE HEPABEHCTBA. OJTH NpeoOpa3oBaHMUs BO3MOXKHBI MPHU
BBITIOJTHEHUH CIIEAYIOIINX CBONCTB PaBHOCUIIbHBIX HEPABEHCTB!

CoiictBo 1. Ecnu k 06euM yacTsM HepaBeHCTBa MPUOABUTH OJHO M TO K€ YUCIIO HIIU OJIHO U
TO JK€ BBIp@KEHHE, KOTOPOE MMEET CMBICI IPU BCEX 3HAYEHHUAX IEPEMEHHOH, TO MOJyYHM
HEpPaBEHCTBO, PABHOCUJIBHOE JAHHOMY.

Hano. P(x) > Q(X) — HepaBeHcTBO, T(X) — BBIpaXK€HHE, KOTOPOE MMEET CMBICH MpPU BCEX
JNeVCTBUTENBHBIX 3HAYCHHSX X, XER.

Jokazate. HepaBencta P(x) > Q(X) u P(x) + T(x) > Q(X) + T(X) — paBHOCHIIbHBIE.
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JlokazarenbctBo. a) ITycth mipu X = a HepaBeHCTBO P(a) > Q(a) — BepHOE YKCIOBOE PABEHCTBO, T.€. X
=a — 0JIHO U3 pelieHnu HepaBeHcTBa P(X) > Q(X), T(a) — 3nauenue T(X) mpu x =a.

ITo cBoiictBy umcinoBbix HepaBeHcTB P(a) + T(a) > Q(a) + T(a) — BepHoe umMCIIOBOE
HEPaBEHCTRBO.

CrenoBartesbHO, X = a — OJJHO U3 pelieHuit HepaBeHcTBa P(x) + T(x) > Q(X) + T(X). [Toaromy,
€CclIM X =a eCTh PELICHHE IEPBOr0 HEPaBEHCTBA, TO ITO 3HAYCHHE €CTh TAKXKE PEIICHHE BTOPOTO
HEPaBCHCTBA.

0) [Tycts x = b — ogHO U3 pemennit HepaBeHncTBa P(x) + T(x) > Q(X) + T(X), T.e. P(b) + T(b) >
Q(b) + T(b) —BepHoe uncnoBoe HepaBeHcTBO. 1o cBOMCTBY yncIOBBIX HepaBeHcTB P(D) > Q(b) — Toxe
BEPHOE YMCIIOBOE HepaBeHCTBO. ClieioBarenbHo, X = b — pemenue HepaBeHcTBa P(X) > Q(X).

Tak kak MHOXecTBa pemenuit HepaBencTBa P(X) > Q(X) u P(x) + T(x) > > Q(X) + T(x)
COBIIQIAIOT, TO 3TH HEPABECHCTBA PABHOCHJIbHBIC.

CpoiictBo 2. Ecau B HepaBeHCTBe J11000€ cilaraeMoe, KOTOpO€ MMEET CMBICH Npu Bex XeR,
MEPEHEeCTH M3 OJHO YacTH B JIPYTYI0 C TMPOTHBOIMOJIOKHBIM 3HAKOM, TO IOJYYHM HEPaBEHCTRBO,
PaBHOCHJIBHO JJAHHOMY.

Hano. P(X) + T(X) > Q(X) — nepaBenctBo, T(x) — ciaraemoe, KOTOPOE€ UMEET CMBICIT TPH BCEX

xeR.
Joxa3zatb. HepaBenctsa P(X) + T(X) > Q(X) u P(x) > Q(X) — T(X) — paBHOCHIIBbHBIE.
HoxkazarenbctBo. Ilo cBoiicTBY 1 MOXHO K 00€MM dYacTsM HepaBEHCTBA P(X) + T(X) > Q(x)

npubaButh cinaraemoe (-T(x)), Tak Kak 3TO claraéMoe HMeeT CMBICHI IMpU Bcex Xe€R; momydum
PaBHOCHIJIBHOE HEPaBEHCTBO:
P(x) + T(x) — T(x) > Q(X) — T(X), orcroma P(x) > Q(x) — T(x).

CaoiictBo 3. Ecim 00e yacTu HepaBEeHCTBAa YMHOXHTH Ha OJTHO U TO K€ IMOJIOKUTEIHHOE YHCIIO WX Ha
OTHO W TO K€ BBIPAKCHHE, TMOJIOKUTEIBHOEC MPHU BCEX 3HAYCHUSIX MEPEMEHHOH, TO TOIydHUM
HEPaBCHCTBO, PAaBHOCHIBHOE JAHHOMY.

Hano. P(x) > Q(X) — nepasenctso (1),

T(X) >0, xeR,

P(X)-T(X) > Q(X)-T(X) — nepaBeHcTBO (2).

Joxasats. HepaBencTra (1) u (2) paBHOCHIIBHBIC.

Joxa3zatesnbctBo. [Tycts mpu x = a P(a) > Q(a) — BepHOE uKCIIOBOE HEPABEHCTBO, T.€. X = a — OJIHO U3
pelleHIH ITEpBOTro HepaBeHCTBa. T(a) — 3Hauenue T(x) npu x = a T(a) > 0.

ITo cBoiictBy umcinoBeix HepaBenctB P(a)-T(a) > Q(a)- T(a) — Toke BepHOE YHCIOBOE
HEPaBCHCTBO, T.€. X = a —OJHO M3 PEUICHUH MEepBOro HepaBeHcTBa. CIelOBATENBbHO, €CIIA X= a —
peleHre IEPBOTr0 HEPABEHCTBA, TO X = a — TAKXKE PEIICHUE BTOPOr0 HEPABEHCTBA.

ITycts npu x = b Hepasenctso P(b)-T(b) > Q(b)-T(b) — BepHOE UKCIIOBOE HEPABEHCTBO, T.€. X =
b — oHO U3 pereHru BTOPOTro HEPAaBEHCTRA.

ITo cBoiictBy umcioBbix HepaBeHcTB P(b) > Q(b) — Toxe BepHOE YKCIOBOE HEPABEHCTBO, TaK
kak T(b) > 0. CiaenoBatenbHO, X = b — 0JTHO M3 PEIICHUH [TEPBOTO HEPABCHCTBA.

ITockoJIbKY MHOKECTBAa PEHICHUH MEPBOIO M BTOPOrO HEPABEHCTB COBMAMAIOT, TO OHH
PaBHOCHJIbHBIE.

CaoiictBo 4. Eciin 06e yacTi HEpaBEHCTBA YMHOXKUTh HA OJHO M TO K€ OTPHIIATEIBHOE YHCIIO
WK HA OJHO U TO K€ BBIP@KEHHE, OTPUIATEIbHOE MPU BCEX 3HAYCHHUSAX MEPEMEHHOW, U U3MCHHUTH
3HAK HEPaBEHCTBA Ha MPOTHUBOIOJIOXKHBIN, TO MOJYYUM HEPABEHCTBO, PABHOCHIILHOE TAHHOMY.

DTO CBOMCTBO JJOKA3bIBACTCS AHAJIOTUYHO 3 CBOUCTBY.

AuredpanyecKkne HepaBeHCTBA.
JInHeHBIMU (CTpOFI/IMI/I u HeCTpOFI/IMI/I) HAa3bIBAIOTCS HCPABCHCTBA BU/Ia
ax+b>0, ax+b<0,ax+b>0,ax+b<0,a#0,
peLIeHUsIMH KOTOPBIX OYAyT:
mpua>0
xe(- Error!; o), Xe( -o; - Error! ), xe[ - Error!; o ), Xe( -o; - Error! ],
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npu a <0
xe( -o; - Error! ), xe( - Error!; w ), Xe( -0; - Error! ], xe[ - Error!; «).
KBanpaTtHbIMU (CTPOTMMHU M HECTPOTMMU) HA3bIBAIOTCSL HEPABEHCTBA BUJIA

ax? + bx + ¢ >0, ax? +bx+c <0,
ax? + bx +c¢ >0, ax? + bx +c <0,
rae a, b, c— HEKOTOPBIC IeHCTBUTENbHBIE yncia u a # 0.
KBanpatHoe HepaBeHCTBO ax® + bX + € > 0 B 3aBHCHMOCTH OT 3HAUEHHHU CBOMX KO3(h(uIHenTos a, b u
C UMCCT PCHICHMS:
mpua>0uD=b?-4ac>0
~b++/D
— ;%)

2a
npua>0uD <0 X— moboe neiicTBUTENBHOE YHCIIO;
npua<0uD=>0
xe( Error! ; Error!);
npua<0uD<0
X = (1. e. peIeHAN HET).
Pemenne HepaBencTBa ax’ + bX + ¢ < 0 CBOAWTCA K PENICHHIO PACCMOTPEHHOTO HEPABEHCTBA, €CITH
00e¢ YacTh HepaBeHCTBA YMHOKHTH Ha (-1).

xe( -o0; Error!)u(

MeToa MHTEPBAJIOB.

[Tycth Pn(X) — MHOTOYIEH N-ii CTENEHU ¢ AeHCTBUTEIbHBIME K03 duImeHramu, a Ci, Cz, ... , Ci

— BCe JICHCTBUTENIbHBIE KOPHH MHOTOWIEHa ¢ KpaTHOCTAMH K1, Ko, ... , Ki COOTBETCTBEHHO, MprUemM
C1>C2> ... > Ci. MHorowieH Pn(X) MOKHO MPEICTaBUTh B BUJIE

Pn(X) = (x - c1) (x - €2) % ... (x =€) Qm(X), 3

rae MHorowieH Qm(X) IeHCTBUTENBHBIX KOPHEH HE MMEET M JHO0 MOJIOKUTEIIEH, JTMOO OTpHUIaTeIeH
npu Beex xeR. Tlomoxkum st onpeaeneHHOCTH, 9To Qm(X) > 0. Torma npu X > C1 BCE COMHOKHTEH B
pasnokennu (3) momokutenbHbl U Pn(X) > 0. Ecim ¢1 — kopenb HeueTHO# kpatHOCTH (K1 —
HEUYETHOE), TO TpPH X€E(C2; C1) BCE COMHOXHTEIM B paszyioxkeHUU (3), 3a MCKIIOYCHHUEM IEPBOTO,
MOJIOKUTENTBHBI U Pn(x)<0. B 3TOM cirydae roBopsT, 4T0 MHOTOWIEH Pn(X) MEHSIET 3HAK MPH Mepexojie
4yepe3 KopeHb c1. Ecim ke ¢1 — KopeHb 4eTHO# KpaTtHOCTH (K1 — 4YeTHOe), TO BCe COMHOXKHTENH (B
TOM YHCJI€ M TIEPBBI) PpH X €(C2; C1) MOJOKHUTEIBHBI U, ClIeA0BaTeIbHO, Pn(x) > 0 npu xe(C2; c1). B
ATOM CITy4ae TOBOPST, YTO MHOTOWIEH Pr(X) HE MEHsIET 3HaK MPU NIepeX0/Ie Yepe3 KOPEHb C1.

AHaJIOTUYHBIM CIIOCOOOM, MCIIONB3Ys pa3inoxeHue (3), HeTpyIHO yOeIUTCs, YTO MPH MEPEX0e
4yepe3 KOPeHb ¢2 MHOTOWIEH Pn(X) MeHseT 3HaK, eciu Ko — HedyeTHOe, U He MEHSET 3Haka, eciii Ko —
4yeTHOe. PacCMOTpEHHOE CBOMCTBO MHOTOWIECHOB HCIIOJIB3YETCSl JUISl PELICHHS HEPABEHCTB METOIOM
UHTEPBAIOB. [[)1si TOTO 4TOOBI HAWTH BCE pEIICHUS

Pn(x) > 0, 4)

JOCTAaTOYHO 3HATh BCE JCHUCTBUTEIbHBIE KOPHH MHOTrOWIeHa Pn(X) WX KpaTHOCTH M 3HaK

MHOTrouwieHa Pn(X) B MpOM3BOJIBLHO BRIOPAHHOM TOYKE, HE COBITAIAIOIICH C KOPHEM MHOTOYICHA.
HepaBeHncTBa ¢ mapamerpamm.

HepaBencTBa ¢ mapaMeTpamMu sIBISIOTCS HauOoJiee TPYIHBIMHU 3a/ladaMU Kypca 3JIeMEHTapHOM
MaTeMaTHUKU. DTO OOBSCHSETCA TeM, YTO HMX PEIICHHs CJleIyeT MOoNy4yaTh MPH BCEX MOMYCTHUMBIX
3HAYEHUSX BXOJAIIUX B HUX IMApaMETPOB.

CucremMbl pallHOHAJbHBIX HEPABEHCTB.

[lycTh Hamo HAWTH YMCIIOBBIE 3HAYEHUS X, MPU KOTOPBIX MPEBPAIAIOTCS B BEPHBIE YHCIOBBIC
HEPaBEHCTBA OJJHOBPEMEHHO HECKOJBbKO PAIlMOHATBHBIX HEPABEHCTB. B TakuXx ciydasx TrOBOPST, UTO
HaJ0 PEIIUTh CUCTEMY PAIlHOHALHBIX HEPABEHCTB C OJTHUM HEH3BECTHBIM X.

UTOoOBl pemuTh CUCTEMY pPAlMOHATBHBIX HEPABEHCTB, HANO0 HAWTH BCE PEIICHUS KaKJOTO
HEpaBEHCTBA cUCTEeMBI. Toraa o0mas 4acTh BCEX HAWACHHBIX PEIICHUI U OyIeT pelieHueM CUCTEMBI.
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I'padmyeckoe peneHne HepaBeHCTB.
HepaBeHcTBa ¢ OHO¥ WK IBYMSI IEPEMEHHBIMU MOXKHO PEIIATh rPpapryecKH.
HepaBenctBo ¢ ojHOi mepeMeHod MoxkHO 3amucath Tak: f(X) > g(x), rme f(X) u g(x) —
BBIPKEHHS, COJICpKAIIHE TICPEMEHHYIO.
[Moctpoum B oiHOM cucteme koopauHar rpaduku ynkuuit y = f(x) u  y=g(Xx).
Pemenne HepaBeHCTBA €CTh MHOKECTBO 3HAUCHHUH TEPEMEHOW X, MPU KOTOPBIX Tpapuk (yHKIHUN
y=0(X), Tak kak f(x)>g(x).9To nokazaHo Ha pucynkax 1 u 2.

y=9ix

v

y =g[x e

L

Pemrennie HepaBeHctBa ¢ aBymsi mepeMeHHbIMEH f(X,Y)>0 ecTh MHOXECTBO TOYEK ILIOCKOCTH,
KOOPJIUHATBI KOTOPBIX YAOBIETBOPSAIOT STOMY HEPABEHCTBY.

HppannonaabHble ypaBHEHHS.

YpaBHeHUe, coqiepxaiiee MepeMeHHYI0 0] 3HAKOM KOPHS, Ha3bIBACTCS UPPAUUOHATbHBIM.

Penienne mppaiyoHaIbHOTO YpaBHEHHS OCHOBAHO Ha MPEOOpa30BaHUU €r0 K PalMOHATBHOMY
YPaBHEHHIO, YTO JIOCTUTAETCS BO3BEJACHUEM OOCHX €ro 4acTeil B OJHY W Ty JK€ CTeleHb (MHOrIa
HECKOJIBKO pa3).

[Ipu Bo3BeneHHH 00CHX YacTe MPPAMOHAIBLHOTO YPaBHEHHS B YETHYIO CTEICHB IOJIy4aeTCs
YpaBHEHHE, SBJISFOIIEECS CICICTBUEM UCXOIHOTO. Y PaBHEHHIO-CIICICTBUIO YIOBJICTBOPSIOT BCE KOPHH
HCXOJIHOTO YPaBHEHUS, HO MOTYT IOSBUTHCS U KOPHH, KOTOPBIC HE SIBJISIFOTCS KOPHSIMH HCXOHOTO
ypaBHEHHUS («IIOCTOPOHHUE» KOPHH). UTOOBI BBISIBUTH «IIOCTOPOHHUE» KOPHH, BCE HaiiICHHBIC KOPHU
YPaBHEHHUS-CIICJCTBUS MPOBEPSIOT MOJCTAHOBKOW B MCXOJHOE YPaBHEHUE M «IIOCTOPOHHHE» KOPHU
0TOpacChIBAIOT.

HcxonHoe uppalnmoHaabHOE ypaBHCHHE PABHOCWIIBHO CMEIIAHHON CHUCTEME, COCTOSIICH u3
YPaBHCHUS-CIICJICTBUS M OTPAaHUYCHH, ONPENENIIeMBbIX OOJACThIO  JIONMYCTUMBIX 3HAYCHUU
nepeMeHHoi. B sToMm ciydae «ImOCTOpOHHHE» KOPHHM HE OyayT BXOOUTh B OONACTh JOMYCTHMBIX
3HaYEHUH MepeMEeHHON U MPOBEPSTH WX MOJACTAHOBKOM B HCXOJIHOE YpaBHEHUE HE TpeOyeTcs.

[Ipu Bo3BenEHNH 00EUX YaCTe UPPAIMOHATIHLHOTO YPaBHEHHS B HEYETHYIO CTETECHb MOIy4aeTcs
ypaBHEHHUE, PaBHOCUJIBHOE UCXOTHOMY.

HppanuoHajibHble HEPABEHCTBA ¢ OJHOM MEPEMEHHOM.

Pemrenne wMppanMoOHAJIBHOIO HEPABEHCTBA C OJHOM IMEPEMEHHOM CBOJUTCSA K PELICHUIO
PABHOCUIILHON €My CHCTEMBI PAllMOHAJIBHBIX HEPABEHCTB MJIM COBOKYIIHOCTH CUCTEM PALMOHAIBHBIX
HEPaBEHCTB.

OTH CUCTEMBI PEIIAIOTCS NMPU HAIOKEHUHM OTPaHMYECHUI Ha MEePEeMEHHYIO0 U BO3BEICHUHM 00enx
4aCTEe HEPABEHCTBA B OJHY U TY )K€ CTEIICHb.
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Iloka3zarebHbIE U TPUTOHOMETPUYECCKHE YPABHCHUSA U HEPABCHCTBA.

OcHogHble npuemsl ux peutenust (pasnodceHue Ha MHOJMCUMeNu, 66e0eHUe HO8bLX HeU3BECHHUIX,
noocmanoexa, epaguyeckutl memoo). Mcnonvzosanue c6oucmas u 2pagukos Gynkyul npu peueHuu
HepaseHcms. Memoo unmepeanos.

Ilokazamenvnvie ypasnenua u HepaseHcmaea.
Pemenue noxazamenvhvix ypagnenuti 4acTo CBOAUTCS K PEIICHUIO YPAaBHEHUS
a*=a’,
rae a > 0,a #1, X - HenzBecTHOE. DTO ypaBHEHHUE PEIIACTCS C MOMOIIBIO CBOMCTBA CTETICHH: CTEIICHH C
OJIMHAKOBBIM OCHOBaHHMeM a > 0,8 #1 paBHBI TOJIBKO TOT/Ia, KOTAA PaBHBI UX MTOKA3aTEIH.
Pemenune noxazamenvhvix nHepagencme 4acTo CBOJUTCS K PEILICHUIO HEPABEHCTBA
a*>a’wm a* <a’.

OTH HepaBEHCTBA pEIIAIOTCA C TIOMOINBIO CBOMCTBa BO3pacTaHus WM  yOBbIBaHMS
MokazateabHOW (yHKIMM: A8 Bo3pacTaromed (yHKIUM OonbllieMy 3HaueHUIo (QyHKUIUU
COOTBETCTBYET OOJbIllee 3HAUEHHWE apryMeHTa, a Juid yObIBarolled (yHKIUU OOJbIIEMY 3HAYEHUIO
(GYHKIIMY COOTBETCTBYET MEHbIIIEE 3HaUCHHE apryMeHTa.

Tpuzonomempuueckue ypasnenus u HepaseHcmaea.
1. YpaBHeHus, cBoASLINECS K KBAIPATHBIM.
2. YpaBHeHHs asin Xx+bcosx=c.
3. YpaBHeHWUsI, pelraeMble pa3iosKeHUEeM JICBOH YacTH Ha MHOKUTEITH.

IIpumeHeHne MaTeMaTHYeCKMX METO/I0B [IJIsl PellIeHUs] COJlepKaTeJbHbIX 32/1a4 U3 Pa3JINYHbIX
obJs1acTeil HAYKM ¥ MPAKTUKH (JIONMOJHUTEJIbHbIA MaTepHuaJ)

Ipumenenue mamemamuyeckux mMemooos 0Jis peueHus Co0epHCAmenbHblX 3a0ay U3
PasauyHbIx obnacmell HAyKu u npakmuxu. inmepnpemayus pe3yiemama, yuem peaibHblX
02paHuyeHul.

Pewumos mamemamuueckyio 3a0auy — 3T0 3HAUUT HAWUTH TAKYIO MOCJIEI0BATEIILHOCTh OOIIMX
MOJIOKEHUI MaTeMaTUK{, IPUMEHSSI KOTOPbIE K YCIOBHUSM 3aJaud IMOJIy4aeM ToO, 4TO Tpelyercs
HaWTH — OTBET.

OcHOBHbIMU  MemoOamMu peuleHus MeKCmo8vlx 3aday S[BIAIOTCS apuQMeTHUYecKud Hu
anredpanvecKuii MeTo, a Tak )keé KOMOMHHUPOBAHHBIN.

Pewums 3a0auy apugpmemuueckum memooom — 3HAYUT HAUTH OTBET HA TpeOOBaHUE 3a/1ayu
MOCPEJICTBOM BBIMIOJIHEHUSI apuU(PMETUUECKUX NEeHCTBUN HaJ JaHHBIMU B 3amade yuciamu. OQHYy U
TY)K€ 3a7]auy MOYKHO PEIIUTh Pa3TUYHBIMU aprupMeTHiecKuMu criocodbamu. OHU OTIMYAIOTCS IPYT OT
Jpyra JOTUKOM pacCyXJIeHUN B IMPOIECCe PEIICHUS 3a/IauH.

Pewums 3a0auy ancebopauueckum memooom — 3HAYUT HAWTH OTBET Ha TPeOOBaHHUE 3aJayu
MyTeM COCTABJICHUS U PEIICHUs YPAaBHEHUS WJIM CUCTEMbI YPaBHEHUH.

Texcmoegvle 3a0auu ancedpauyecKkum mMemooom pewaiom no cieoyiouell cxeme:

1) BBIAENSAIOT BENWYMHBI, O KOTOPHIX HUJET pedyb B TEKCTE 3aJauM, U YCTAaHABIMBAIOT 3aBUCHUMOCTH
MeX1y HUMH,

2)  BBOJIAT IepeMeHHbIe (0003HAYAOT OyKBaMU HEM3BECTHBIC BETUUHHEI);

3)  C MOMOIIBI0 BBEICHHBIX MEPEMEHHBIX U JAHHBIX 33/1a4H COCTABIISIIOT YPAaBHEHHE WU CUCTEMY
YPaBHEHUH;

4)  pemarT MoJIyueHHOE YpPaBHEHUE WIIH CUCTEMY;

5) TpoOBepsIOT HaliJICHHbIE 3HAUYEHUS TI0 YCIOBUIO 33]]a4d U 3allMChIBAIOT OTBET.
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Kombunuposanneiti MeToa peleHuss BKIOYAeT KaK apu(PMETHUYEeCKUd, Tak M anreOpandecKuid
CIOCOOBI pPeIIeHHUS.

B HavanbHOW WIKOJIE 33a4u Oenim no Koauuecmsy Oelicmeuli IpU PELIeHUH Ha MPOCThIE U
cocTaBHbIE. 3a/1aud, B KOTOPBIX JUIS OTBETA HA BOIPOC HYKHO BBIMOJHHUTH TOJBKO OJHO JCHCTBHE,
HA3bIBAIOT npocmuimu. ECIU U1st OTBETa Ha BOMIPOC 337a4ll HY)KHO BBITIOJHUTH JiBa U OoJiee IeHCTBHH,
TO TaKHE 337a4X Ha3bIBAIOT COCMABHLIMU.

CocraBHyI0 337124y, TEK K€ KaK U IPOCTYI0, MOYKHO PEUINTh, UCIIOJIB3YsI pa3IMYHbIE CIIOCOObI.

3aoaua. Pribak noviman 10 pei6. M3 Hux 3 nema, 4 OKyHs, ocTaqbHbIe — IIYKH. CKOJIBKO HIYK MOMMAaT

pB10aK?

IIpaxmuueckuii cnoco
O603HaunM Kaxayro peioy kpyrom. Hapucyem 10 kpyros 1 06003Ha4MM MONMaHHBIX PhIO.

(-’"“x =" = . = - =" -
5 5 n n n n n n 5

J J J O O o O
JIJiss oTBETa Ha BOIIPOC 337]a9M MOKHO HE BBIOJIHATH apr(PMETHIECKUE JCUCTBHS, TaK KaK KOJMYECTBO
MOWMAaHHBIX ITYK COOTBETCTBYET HE 0003HAYCHHBIM KPyraM — UX TPH.
Apughmemuueckuii cnocoo.
1) 3+4=7(p) — noliMaHHbBIC PHIOHI;
2) 10— 7 =3(p) — moiiMaHHBIE IIYKH.
AnreOpanveckuii crocoo.

[TycTh x — moliMaHHbIE IIyKHA. TOra KOJIMYECTBO BCEX PHIO MOXKHO 3alMcaTh BhIpOKEHHEM: 3 +
4 + x. Tlo ycnoBuio 3aa4i U3BECTHO, YTO PbIOaKk moiimai Bcero 10 pei6. 3nauut: 3 + 4 + x = 10.
PemmB 310 ypaBHEHUE, MOTyIHM X = 3 U TEM CaMbIM OTBETHM Ha BOIIPOC 3aJIa4H.

I paghuuecxuii cnocoo.

Jemu OKYHH IIYKH

OT1O0T cnocol, Tak k€ KaKk U MPAaKTUYECKUH, MO3BOJISAT OTBETUTh HAa BOMIPOC 3aJaud, HE BBITOJIHSASA
apu(pMeTHYECKUX JAEHCTBHM.

B mMaremaTuke oOuienpuHATO CleAyrollee JeieHre Mpoliecca perieHus 3a1ay:

1) amanu3 TekcTa 3a/1a4uu, CXeMaTudeckas 3aIuCh 3a/1a4u, HCCIE0BaHNE 3a]a4H;
2) mowuck crnoco0a penieHus 3a1a4i U COCTABIICHUE TIaHaA PEIICHHS;

3) ocyiiecTBIeHNE HAlIEHHOTO TJIaHa;

4) aHanu3 HaWJEHHOTO PElIeHUs 3aa4u, TPOBEPKa.

Memoovl noucka pewienus 3a0a4u MO*CHO HA36AMb Clledyioujue:
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1)  Amnanm3: a) Korja B pacCy)KJICHUSAX ABHTAIOTCS OT HCKOMBIX K JaHHBIM 3aJaud; 0) Korua menioe
pacusICHSIOT Ha YacTH;

2) Cunres:

a) KOTJla IBUTAIOTCS OT JAaHHBIX 3a]1a4i K UCKOMBIM;

0) Korja 3IeMeHTHl 00bEUHSIOT B IIEJI0€;

3) IepedopmynupoBka 3agaun (4€TKO (GOPMYIUPOBATH MPOMEKYTOUHBIC 3aJaHHsI, BOSHUKAOIIUE 10
X0y IOMCKA PEUICHHUS);

4) WHIyKTUBHBI METOJ PELICHHs 33Ja4d: HA OCHOBE TOYHOI'O YEPTEKAa YCMOTPETh CBOMCTBA
¢burypsl, cienats BEIBOABI U JOKA3aTh UX;

5) Ilpumenenue aHanoruu (BCIOMHMTH aHAJIOTMYHYIO 3a/1a4y);

6) IIporrosupoBaHue — MPEABHICHHUE TEX PE3YIBTATOB, K KOTOPBIM MOXET MIPUBECTH MOHCK.

Paccmompum bonee noopobno npoyecc pewenus 3a0aqu:
3anava Ha JBKeHue. Jloaka mpoiia no TeYEeHUI0 PEKU PacCTOsIHUE MEXAY ABYMsI IPUCTaHAMHU 3a 6
4y, a 00paTHO — 3a 84. 3a CKOJBKO BPEMEHHM MPOIAET pPACCTOSIHUE MEXJy MNPUCTAaHSAMHU ILIOT,
MYIEHHBIH 110 TEYEHUIO PEKU?

Ananuz 3a0auu. B 3amade peub umeT o ABYX OOBEKTax: Jjojaka W IoT. Jloaka wmmeer
COOCTBEHHYIO CKOpPOCTb, a IUIOT M PeKa, MO0 KOTOPOH IUIBIBYT JIOJIKA M IUIOT, UIMEET ONPEICICHHYIO
CKOPOCTh TeueHHs. IMEHHO MO3TOMY JIOJKa COBEPILIAET MyTh [0 TEUEHHUIO PEKH 3a MEHBIIIEE BpeMs
(6u), uem npotuB TeueHus (84). Ho 3T ckopocTu B 3amaye He JaHbI, TaK K€ KaK HEU3BECTHO M
paccrosiHue Mexay npuctansiMu. OqHako TpedyeTcsl HailTh He 3TH HEM3BECTHBIE, a BpEMs, 32 KOTOpPOe
IUIOT IPOIUIBIBET 3TO PACCTOSHUE.

Cxemamuueckas 3anuco.:

L J
F

»: flogka 6 y

B

4 'h_ ‘ .................... nnor
nogka

[Touck cnocoba pemienus 3agauu. HyxHo HallTH BpeMs, 3a KOTOpOE IUIOT MPOIUIBIBET PACcCTOSHHE
MEXy pucTansaMu A u B. JIjist Toro, 9To0bl HAMTH 3TO BpEMsl, HAJI0 3HATHh pacCTOsTHUE AB M CKOPOCTh
TedeHus peku. O06a OHM HEU3BECTHBI, I03TOMY 0003HAUMM paccTossHue AB OykBoi S (KM),a CKOPOCTh
TedeHus: a KM/4.UTOOBI CBSI3aTh STH HEW3BECTHBIC C JAHHBIMU 3aJa4yd, HY)KHO 3HATh COOCTBEHHYIO
CKOpPOCTh JOJKU. OHa TOKe HEM3BECTHA, MOJOXKUM, OHAa paBHa V kM/4. OTciola BO3HUKAeT IUIaH
pElIeHUs, 3aKIIOYAIOIINIICS B TOM, YTOOBI COCTaBUTh CUCTEMY YPAaBHEHUU OTHOCUTEIILHO BBEICHHBIX
HEU3BECTHBIX.

OcymectBienue pemenus 3agaud. [lycts pacctosiHue paBHO S (KM), CKOPOCTh TEUCHHS PEKU d
KM/4, COOCTBEHHAs! CKOPOCTb JIOJAKK V KM/4, a ICKOMOE BPEMSI IBIKEHUS TUIOTa PABHO X 4.

Torga ckopocTh NOAKH MO TEYEHHIO peku paBHa (V+a) km/4. 3a 64 nonka, was C STOH
CKOPOCTHI0, mpoiiiia paccrostaue B S (km). CreoBatensHo, 6 (V + a) =S (1). [Ipotus TeueHus 3ta
J0/IKa UAET cO CKOpocThio (V — a) KM/4 ¥ JIaHHBIN MyTh OHA NPOXOAUT 3a § 4, mostomy 8(V—a) =S
(2). IInoT, MABIBI CO CKOPOCTHIO TEYEHMs] PEKH a KM/4, MPOIUIBLT paccTosiHue S (KM) 3a X 4,
creoBareNbHo, ax = S (3).

HOJ'Iy‘IeHHLIC YpaBHCHHUA 06p8.3y[0T CUCTCMY ypaBHeHI/Iﬁ OTHOCHUTCIIbHO HCHU3BCCTHHIX a, X, S, V. Tak
KakK TpeGyeTcsl HAWTH JIHIIb X, TO OCTAJIbHBIC HCU3BCCTHLIC TOCTApAaCMCA UCKIIIOYUTD.
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st aToro u3 ypaBuenuit (1) u (2) naiinem: V +a =, V —a = . Bpluuras u3 nepBoro ypaBHEHUSs
BTOpOE, NOIy4YuM: 2a = — . OTcroga a = . IlogcraBuM HaliilcHHOE BBIpaXXEHUE B ypaBHEHHE (3): X
=. Orkyna x=48 .

[IpoBepka pemienust. Mbl Hally, 4TO IUIOT IPOIUIBIBET PACCTOSHUE MEXJy NPUCTaHAMHU 3a 48 u.
CnenoBarenbHO, €0 CKOpPOCTh, paBHAsi CKOPOCTH TEUYEHMsI PEeKH, paBHAa . CKOPOCTb K€ JOJKHU II0
TEYEHHUIO PEKH paBHAa KM/Y, a IPOTUB Te4eHUs KM/d. [{ist Toro, 4toObl yOAUTHCS B MPAaBUILHOCTH
peleHusl, JOCTaTOYHO MPOBEPUTH, OYIYT JI PaBHBI COOCTBEHHBIE CKOPOCTH JIOJKH, HAaliICHHBIC IBYMSI
cnocobamu: + u  — . [IpomsBezst BEIYMCIICHUS, [TOJyYUM BEPHOE PABEHCTBO: = . 3HAYMT, 3aada
penieHa npaBUiIbHO.

OTBeT: IIOT NPOIJIBIBET PACCTOSIHUE MEXKY IPUCTAaHAMHU 32 48 yacos.

AHanu3 pemieHusi. Mbl CBeJIM pelIeHUE 3TOM 33/1a4M K PEIICHUIO0 CUCTEMBI TPEX YPABHEHUU C
YeThIpbMs HEM3BEeCTHBIMU. OJHAKO HAWTH HaJ0 ObUIO 0JIHO Heu3BecTHOe. [103TOoMy BO3HHKAET MBICIb,
YTO JJAaHHOE PELICHHUE HE CaMOo€ YIa4HOe, XOTs U MPOCTOE. MOKHO MPEIIOKUTE APYTrOe PELICHHE.

3Hasi, 4TO JIOJIKa MIpoIuIbUIa paccTosiHue AB mo TedeHuro peku 3a 64, a MpoTuB — 3a 8y,
HaigeMm, 4to B 14 joaKka, UJM MO TEYEHHMIO PEKH IMPOXOJUT YaCTh 3TOr0 PACCTOSHUSA, a NMPOTHB
TedeHusl. Torna pa3sHOCTh MEX1y HUIMH — U = €CTh Y/IBO€HHAsl 4acThb paccTosiHusg AB, npomnisiBaemas
miotoM 3a l4. 3nauywmt. Ilnotr 3a 14 mpomsiBET wacTek paccTtosiHus AB, ciemoBatenbHO, Bce
paccrosinue AB oH mporuibsiBeT 3a 48 4.

[Ipu Takom pemreHWH HaM HE MOHAAOOWIIOCH COCTaBIATH CHCTEMY ypaBHeHu. OpHAKO 3TO
pellIeHre cIoXKHee MPUBEIECHHOTO BhIlIe (HE BCAKHIM 0T aeTcsl HATH pa3HOCTh CKOPOCTEH JIOJKH IO
TEYEHHIO M MPOTHUB TeueHHs peku). Ho ecnu BBl Tak M HE CMOTJIM pa3o0paThCs ¢ peuieHueM JTaHHOM
3aJla4M, WM )K€ y Bac MPOCTO HET HA 3TO BPEMs, a Ha HOCY €€ Ky4a KOHTPOJIBHBIX, TO BBl MOXKETE
3aKa3aTh PELICHUE KOHTPOJIbHBIX padOT Ha CIELUAIbHBIX OUpXkKax.
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	Угол между прямой и плоскостью.
	Пусть  - наклонная, проведенная из точки M к плоскости , а  - ее проекция на плоскость  (рис.1). Тогда угол  - называется углом между прямой  и плоскостью . Таким образом определяется угол между прямой и плоскостью, пересекающей эту прямую и не перпен...
	Сложение векторов
	Вычитание векторов
	Умножение вектора на число
	Тема 14.2. Основные понятия математической статистики
	Статистическое распределение выборки
	Эмпирическая функция распределения
	Полигон и гистограмма
	Решение рационального уравнения , где   и— многочлены(Q(x)(0), сводится к решению уравнения  = 0 и проверке того, что корни удовлетворяют условию          Q (x) ( 0.
	Также используется теорема Виета:
	Рациональные неравенства.
	Свойства равносильных неравенств.

	При решении неравенств используют свойства равносильности. Неравенства с одной переменной называются равносильными, если множества их решении совпадают.
	Доказать. Неравенства P(x) + T(x) > Q(x) и P(x) > Q(x) – T(x) – равносильные.
	P(x) + T(x) – T(x) > Q(x) – T(x), отсюда P(x) > Q(x) – T(x).
	Дано. P(x) > Q(x) – неравенство (1),
	T(x) > 0, x(R,
	P(x)(T(x) > Q(x)(T(x) – неравенство (2).
	Доказать. Неравенства (1) и (2) равносильные.
	Это свойство доказывается аналогично 3 свойству.
	Алгебраические неравенства.

	Линейными (строгими и нестрогими) называются неравенства вида
	Квадратными (строгими и нестрогими) называются неравенства вида
	Метод интервалов.
	Неравенства с параметрами.

	Системы рациональных неравенств.
	Графическое решение неравенств.

	Неравенства с одной или двумя переменными можно решать графически.
	Решение неравенства с двумя переменными f(x,y)>0 есть множество точек плоскости, координаты которых удовлетворяют этому неравенству.

		ФГБОУ ВО "БГТУ"
	2023-10-13T11:36:45+0300
	Брянск
	ФЕДЕРАЛЬНОЕ ГОСУДАРСТВЕННОЕ БЮДЖЕТНОЕ ОБРАЗОВАТЕЛЬНОЕ УЧРЕЖДЕНИЕ ВЫСШЕГО ОБРАЗОВАНИЯ "БРЯНСКИЙ ГОСУДАРСТВЕННЫЙ ТЕХНИЧЕСКИЙ УНИВЕРСИТЕТ"
	Подпись документа




