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Oobs1acTh NPUMEHEHUS METOAUYECKUX YKAZAHUM

Meronnueckue yka3aHusl AJi BBITOJTHEHHUS IPAKTUYECKUX padOT ABIIAIOTCS
YacThIO MPUMEPHONU OCHOBHOM MpodecCcHoHaIbHON 00pa30BaTEIbHON MPOrpaMMBbl
B cootBeTcTBUU ¢ PI'OC no cneuunansHoctu CI1O 09.02.07 «MHpopMannoHHbIe
CHCTEMbI U IPOrPAMMHUPOBAHME»

1.2. Heab 1 miIaHUPyeMble Pe3yJIbTATHI OCBOCHHUS IUCUMILIMHBI:

OK 1.Boi6upats ciocoObl pelieHus 3aaau.
OK 5.0cymiecTBasTh YCTHYIO U INCBbMEHHYIO KOMMYHUKAIIUN HA

roCyaapCTBCHHOM A3BIKC C YUCTOM ocoOeHHOCTEN COIMAJIBHOT'O U KYJIBTYPHOTO

KOHTCKCTa

YMenus

3HaHuA

BeImonHaTE onepanuu Haj
MaTpHUIIAMU U pelIaTh CUCTEMBI
JIMHEVHBIX YPaBHEHUI
Pemmare 3amaun, ncnons3ys
YPaBHCHHS TPSIMBIX U KPUBBIX
BTOPOTO MOPsIIKa Ha
IUIOCKOCTH

[TpumeHsaTH METOABI
nuddepeHuanTbHOTO U
UHTETPATHHOTO UCUMCIICHUS
Pemats nuddhepennmanpHbie
ypaBHEHHSI

[Tonb30BaThCS MOHATHSAMU
TEOPUHU KOMITJIEKCHBIX YHCET

OCHOBBI MaTEMaTUYECKOTO
aHanu3a, JIMHEWHOH anreopbl u
aHAIUTUYECKON T€OMETPUH
OcHoBbI U PepeHIuaILHOTO U
UHTETPaIbHOTO UCUUCTICHUS
OCHOBBI TEOPUH KOMIIEKCHBIX
qrcell

1.3. PekomeHgyemoe KO/MUYECTBO YAacOB Ha OCBOeHUe pabouyeit nporpammbi

y4yebHOM AUCUUNNUHDI:

MaKCMMaNbHOM y4yebHOM Harpy3km obydatoweroca 102 yaca, B TOM YUCAE:
ob6s3aTenbHON ayANTOPHOM y4ebHOM Harpyskm obyyatoweroca 884acos;

npakTMyeckue pabotbl 40 yacoB
camocToAaTeNbHOM paboTbl obyyatouleroca 6 4acos.




NEPEYEHb NMPAKTUYECKUX PABOT

1 [encTBuA ¢ KOMNAEKCHbIMKW YNCAaMK B anrebpanyeckon popme

2 [encTBuA ¢ KOMNAEKCHbIMKW YNCAAMN B TPUTOHOMETPUYECKoi dopme

3 dnemeHTbl BEKTOPHOM anrebpbl BoluncneHne npegenos

4 NccneposaHne pyHKLUMM Ha HenpepbiBHOCTb. Knaccndukauma Touek
pa3pbiBa

5 HaxoxaeHne nponsBoAHbIX CNOXKHbIX QYHKLUMA

6 YpaBHeHMe KacaTeslbHOM U HOPManu

7 MonHoe nccnepgosaHme GyHKUMK. MNocTpoeHune rpadpmka

8 BbluncneHme nepsoobpasHOM M onpegeneHHbIX MHTerpanos. Pnsnyeckoe u
reoMeTpUYECKOoE NPUIONKEHMNE MHTEMPaANOB

9 OnddepeHumpoBaHmne PyHKUMIN ABYX NepeMeHHbIX. iccnegoBaHne pyHKLUK
ABYX NEPEMEHHbIX Ha IKCTPEMYM

10 | BbluncneHune ABOMHbIX MHTErPanoB. [pakTU4yeckoe NpMMeHeHME ABOMHbIX
MHTErpasos.

11 NccnepoBaHme pagoB Ha CXO4MMOCTb

12 PeweHune anddepeHuUnanbHbiX YpaBHEHN

13 | de#ctBMA c maTpuLamm

14 BbluncneHue onpeagenntenei matpuu,

15 HaxoxkaeHune obpaTHOM maTpuLbl. PelleHre npocTenwmx MaTpUYHbIX
YPaBHEHWM

16 PeweHne cMctem NMHENHbIX YpaBHEHUN No dopmynam Kpamepa wu c

NOMOLLbIO 06paTHOM MaTpULbI




17 PeweHne cMctem NMHENHbIX ypaBHEHUN meToaoMm laycca

18 dNeMeHTbl BEKTOPHOM anrebpbl

19 CocTaBneHune ypaBHEHMA NPAMOM Ha NJIOCKOCTU. YTOoN Mexay NpAMbIMU

20 CocTaB/ieHWe ypaBHEHMIN KPUBbIX BTOPOro NopsiaKa (OKPYKHOCTU, 3nNUMCa,

rmnep6bonbl, napabonbl)




IIpakTnyeckas padora Ne 1 mo reme
«/leCTBUSA ¢ KOMILJIEKCHBIMH YHCJIAMU B ajireOpanyeckoi ¢gpopme»

Ieab: HAYYUTH BBINIOJHATH JEUCTBUSA C KOMIUJIEKCHBIMU YHUCJIAMU B
anredpanueckon popme
Bpemsa BbinonHeHna 90 MmuHyT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceegeHumA

2.3apaHue

3.JluctA4

4.KanbKynatopbl

MNopaaoK BbInoNHEHUA PaboTbI
1.3yunTb 3agaHue

2. U3yunTb TeOpeTMYECKME CBeAEHNA

3. BoinonHutb 1 opopmutb paboty
4.MMoKasaTb pe3ynbTaTbl NpenogasaTento
DomauwHee 3apaHue

1.MoarotoBuTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI

TeopeTnyeckue cBeeHUs

Omnpenenenne. KOMIUIEKCHBIM YHMCJIOM Z Ha3bIBAETCS BBIPAKEHHE z=qa+ib,
rae a u b — faeicTBUTENbHBIC YKCIa, | — MHUMAsl €IMHUIIA, KOTOpasi OTMpeaeseTCs
COOTHOIIEHHeM: i’ =-1; i=~/-1.

[Tpu 3TOM YHKCITO @ HA3bIBACTCS AeHCTBUTEIbHOM YacThI0 uncia Z (A =Re z2), a
b- muanmoii yacteio (b = Im 2).

Eciu a =Re z =0, To uncio z Oynmer ynucTto MHUMBIM, eciit b = Im z = 0, To
9HCIIO Z Oy/IeT AEHCTBUTEIHHBIM.

OHpezle.HeHne. Yucima z=a+ib U Z=a—ib Ha3BIBAIOTCI KOMILIEKCHO —
CONPAKEHHBIMH.
Omnpenenenue. /[Ba KOMIUIEKCHBIX 4YuCHa z, =a, +ib, U z, =a, +ib, HA3bIBAIOTCS
PaBHBIMH, €CJIA COOTBETCTBEHHO PABHBI UX JIEUCTBUTEIbHBIE U MHUMbIC YACTHU:

a, =a, b, =b,;
Onpepesienne. KOMIIEKCHOE YUCIO PABHO HYJIO, €CIM COOTBETCTBEHHO PABHBI

HYJIIO HCﬁCTBHTeHBHaH H MHUMas 4aCTH.



a=b=0.
JeiicTBUS HAI KOMILIEKCHBIMM YHMCJIAMH B ajJredpanuyeckoii ¢popme.

OCHOBHBIE IEUCTBUA C KOMILUIEKCHBIMHU YMCJIAMHU BBITEKAIOT U3 JICHCTBUU C
MHOTOWIECHAMMU.

Cio:keHHne U BbIYUTAHHE

PaccMoTpuMm J1Ba KOMIUIEKCHBIX YMCIIA, 33JaHHBIX B 00IIEeM BUe Z1 = a;+ibs;
Z,=ax+ib, Torma

z=2z,+2z,=(ay +iby)(a, +ib,) = (a; + a,) +i(b; £b,) =atib

Mo3xHO C(I)OpMy.HI/IPOBaTB MMpaBUJIO CIIOKCHUA W BBIYUTAHUA KOMIIJICKCHBIX YHUCCJI:
Impu CJI0KCHUHA (BBI‘II/ITaHI/II/I) KOMIIJICKCHBIX YUCCJI COOTBCTCTBCHHO CKJIaAbIBAIOTCA
(BBI‘{I/ITaIOTCH) 150.¢ }IGIZCTBHTCHBHBIC N MHUMBIC 4YaCTH.

YMHo:KeHHe
z=2122=(a1+ib1)(a2+ib2) =a1a2+ia1b2+ib1a2+i2b1b2:a+ib
z=2122=(a1a2-b1b2)+ i (&1b2+b13.2)

( T.e. MOXHO TOBOPHTH, YTO IIEPEMHOXAIOTCS KOMIUIEKCHBIE YHCIIA Kak
MHOTOYJIEHBI, YYUTBIBAA, UYTO i -1). 3HauuT, 4YTOOBI IEPEMHOKHUTH IBa
KOMIIJIEKCHBIX YHCJIa HEOOXOIMUMO IEPEMHOKHUTh MX KaK MHOTOYICHBI, YUUTHIBAs,
gro i2 = -1.

lenenue

[Tpu BBITOTHEHUH JEICHIS KOMIUIEKCHBIX YHCEIT OIB3YIOTCS UCKYCCTBEHHBIM
HpUEMOM: YHCIIMTENb U 3HAMEHATEIb APOOH YMHOKAIOT HA YHCIIO0, KOMIUIEKCHO -
COIPSDKEHHOE 3HAMEHATEI0 ApoOH, M MOCTYIAIOT Jajlee TaK, KaK M [IPH
YMHOKEHHH KOMILIEKCHBIX YHCEIL.

IIpumep.
21= 5-1;
Z,=-2+3i;
7 _ 5—j _ 5-1)*(-2-3i) =—10+2i—15i+3i2=—13—13i=_1_i
2, -2+3i (-2+30)*(-2-3]) 4-9i* 13

3ajaHus NPaKTUHYEeCKOH PpadoThI

z
1.JlaHbI KOMIUICKCHBIE YUCIIA BBIYUCTUTD YZ=2,+2,. 2, —2,; 2,°Z,; —
’ z

2



1.z, =5-1; z,=1+3i 16.z, =5+1i; z,=1-2i

2.2, =3-4i;, z,=1+i 17.z, =3+1;, z,=5-2i
3.2, =1-5i; z,=1+4i 18.z, =1-5i; z,=1+3i
4.2, =1+3i; z,=7-i 19.z, =5-1i; z,=1+3i

5.z, =1-1; z,=7+3i 20.z, =1+3i; z,=-2+5i
6.z, =1-i; z,=5-4i 21.z, =3+4i; z,=-2+Ii
7.2, =3+4i; z,=-2+i 22.2,=5-2I; 7,=-2+I
8.z,=-;, z,=7+4i 23.2,=7-2i; z,=5+3i
9.z, =6-5I;, z,=1+i 24.2, =7-31;, z,=-1+4i
10. z, =-1+5i; z,=2-5i 25.2,=-2+3i;, z,=5-4i
11.z, =5-7i; z,=1-3i 26.z, =-3+2i; z,=6+5i
12.2, =-3-2i; z,=-1+Ti 27.z, =-1+7i; z,=4-5i
13.2, =5+2I; z,=2-I 28.z,=4+51; z,=1-2i
14.z, =1+5i; z,=2-3i 29.z, =-1+3i; z,=6-5i
15.z, =1-4i; z,=1+2i 30.z,=-3-2i; z,=4+3i

2. BIMOTHUTD IEUCTBUS HAJl KOMIUICKCHBIMH YHCIIaMH B aireOpandeckoit popme

1)11)21) 1+'i (é—% j
2)12)22) %‘E)

3)13)23) G%:] i

) @- 2i)(1_+ 2i) 12

4)14)24

5)15)25) 2(1“‘@) _@+iV3),



6)16)26) = 2:3') _(01-03i);

7)17)27)

8)18)28

9) 19)29) L+ 1W3)

2(1-i/3)
i(v3-i)

) Qo308

(1+I\/_)

10)20)30) (4i_—8i)2—8(2—i”);

KoHTposbHbIE BONIPOCHI

1.

Nk WN

Uto Takoe KOMIUIEKCHOE YHMCJIO: JICHCTBUTENIbHAS YaCTh YMCIIa, MHUMas
4acTh ynciia?

Uto Takoe MHUMas eqUuHUIA?

Kakue uncna Ha3pIBatOTCS CONPSIKEHHBIMU ?

Kak npencraBuTh KOMIUIEKCHOE YUCIIO Tpaduuecku?

UTto Takoe MOIyJb YKCIa?

Urto Takoe apryMeHT yucna?

CKOJIbKO MOXKET ObITh MOJIYJIEH U apPTYMEHTOB Y KOMIUIEKCHOTO uncia’?
Kak naiitu aprymeHT uucia?

Kak nalitu cymmy, pa3HOCTB, IIPOU3BECHUE, YACTHOE KOMILUIEKCHBIX YUCEI

IIpakTuyeckasi padora Ne 2 mo reme

«JleficTBUA HAl KOMIUIEKCHBIMM YHCJIAMU B TPUTOHOMETPHUUYECKOH (Popme)
Iesib: HAYYUTH BBHIIOJHATH IEHUCTBUS ¢ KOMIUIEKCHBIMU YHCIIAMU B

TPUTOHOMETPUYECKOH (hopme

Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.3yunTb 3agaHue

2. I13yunTb TeopeTnyeckmne ceegeHuns
3. BbinonHutb 1 opopmutb paboty



4.MoKasaTb pe3ynbTaTbl NpenoaaBaTesnto
AomalwHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BONPOCHI
TeopeTtnyeckue ceeaeHUnA

I'eomeTpuyeckoe H300pakeHne KOMIIJIEKCHBIX YHCeJ.

[IoHsATHE KOMILJIEKCHOTO YMCJia UMEET IreOMCTPHICCKOC UCTOJIKOBAHHC.
MHO0KECTBO KOMIIICKCHBIX UHCEII SIBJISICTCS pacliupCeHUEM MHOXKCECTBA
II@fICTBPITCJI]’:HBIX YHUCCJI 3a CUYCT BKIIFOUYCHHA MHOXKCCTBA MHUMBIX YUCCII.
KomMmiiekcHble ynciia BKIFOYaroT B ce0s1 Bce MHOYKECTBA quCeil, KOTOPBIC
N3y4aJIUCh PAHCC. Tak HaTypPaJdbHBIC, LCIIBIC, PAIUOHAJIIBHBIC, UPPAITUOHAJIBHBIC,
II@IZCTBHTCJIBH]’:IC quciia ABJIAIOTCA, BOO6H_I€ roBops, 4aCTHBIMU CIIy4dasiMHU
KOMIIJICKCHBIX YHCCII.

Ecnu mo6oe neiicTBUTENIbHOE YHCIIO MOKET OBITh FT€OMETPUUYECKU MPEACTABICHO B
BU/JI€ TOYKU HA YUCJIOBOM NMPSIMOM, TO KOMIIJIEKCHOE YMCIIO MPEICTABISETCS
TOYKOW Ha MIOCKOCTU, KOOPJMHATAMU KOTOPOM OYyT COOTBETCTBEHHO
NENUCTBUTENIbHAS 1 MHMMAs YaCTU KOMIUIEKCHOTO uncina. [Ipu satom
TOPU30HTAIbHASI OCh OYET ABIATHCA JEHCTBUTEIBHON YHCIOBON OCHIO, a
BEPTUKAJIbHAS - MHUMOMU OCBIO.

G a X

Taxum oOpazom, Ha ocu OX pacronaratotcsi JeHCTBUTEIbHBIC YHCTIA, a HA OCH
OY — 4nuCcTO MHUMEIE.

C nomoIipt0 Mo J00HOTO TEOMETPUUECKOTO PEACTABICHUS MOKHO

IPEACTABIATh YKC/Ia B TaK HA3bIBAEMOM TPUTOHOMETPHUUYECKOU popMme.

Tpuronomerpuuyeckas ¢gopma qucia.

N3 reomeTpruueckux cooOpakeHUM BUIHO, UTO a =rcos@; b=rsin@. Torma

KOMINICKCHOC YHUCJIO MOXXHO IIPCACTABUTh B BU/C!

z=a+ib=rcos@+irsmn ¢ =r(cosQ+isin Q)



Takas popma 3anucu Ha3bIBa€TCSI TPUTOHOMETPUYECKOH (popMoii 3anucu
KOMILJIEKCHOI'0 YHCJIA.
[Ipu >TOM BenMuYMHA I Ha3bIBAETCA MOAYJIEM KOMILUIEKCHOIO 4YHuCia, a Yroil

HAKJIOHA (p - apPryMEHTOM KOMILJICKCHOI'O YHCJIa.

; p=Argz.

r=lz
W3 reomeTpruyecKkuX cCOOOpaKeHU BUIHO:
. 2 12 b
r= |a +zb| =~Na’+b*; ¢@=Argz=arctg—;
a

O‘IeBI/IIIHO, 4dTO KOMIIJICKCHO — COIIPSAKCHHBIC YMCJIa UMCIOT OAWHAKOBBIC MOIAYJIN

" IIPOTUBOIIOJOKHBIC aPTYMCHTHI.

|z| = |2; Argz=—-Argz.

JleficTBHS C KOMIUIEKCHBIMU YHCJIAMU B TPUTOHOMETPHYECKOH (hopme.
z, =r(cos@, +isin @,), z, =r,(cosQ, +isin @,).
YMHOXKeHME z =z, z, =rr,(cos(®, +@,)+isn( @, +@,))
B cityyae KOMIIIEKCHO — CONPSKEHHBIX YU CEN:
2z =(a+ib)a—ib)=a’ +b> = |Z|2 = |E|2.
Henenune z= 2 r_l(COS((Pl —@,) +isin( @, —,))
Z, n
Bo3BeneHue B cTenneHb
N3 onepanny yMHOKEHUS! KOMIUIEKCHBIX YHCEN CIIEIYET, YTO
2% = zz = r*(cos 2¢ + i sin 2¢)
B o6mem ciydae momyqaum:
z" =r"(cos ne+isin ne),
re N — 1ea0e NoJ0KUTEIbHOE YHUCIIO.
Ot10 BbIpaxeHue HazbiBaeTcsi ¢opmyJsoii Myaspa. (AGpaxam ne Myap (1667 —
1754) — aHIMHACKHAI MaTEMATHK ).

H3Baeyenue KOPHHA U3 KOMIUVIEKCHOI'O YHUCJIa

8z =(/r(coscp+isin ¢) = p(cos\y +isin )

BO3BOI[$I B CTCIICHD, IIOJIYUYHM:



p" (cos ny +isin ny) = r(cos @ +isin @)

Orcroma: p=4r; ny=o¢+2nk; keZ

+2nk .. o+2nk
4/_=Vr(coscp+isin(p)='{/;(COS(P_7T+ZSIH(PT7T)
n

Takum o00pa3oMm, KOpeHb N —OW CTENEHW U3 KOMIUIEKCHOTO YHuciia UMeeT N
Pa3JINYHBIX 3HAYEHUW.3agaHus AJ151 NPAKTHYECKON padoThl

3a;[aHne. BoimonHuTh JlefICTBHSI C JaHHBIMU KOMIIJICKCHBIMH

1) Z1+72; 71-72; 7Z1-72,71:72

1. z; = 8(cos 55° +5in55°%), z, = 2(cos5° + sin 5°),

2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 12°),
z; = 3(cos 70° +5in 70%), 2z, = 2(cos 20° + sin 20°),

z; = 10(cos 105° + sin 105°), z, = 2(cos 15° + sin 15°),
z; = 12(cos 145° + sin 145°), z, = 2(cos 5° + sin 5°),

z; = 7(cos 255° + sin 255°), z, = 2(cos15° + sin 15°),
z; = 9(cos 168° +5in 168°), z, = 2(cos 12° + sin 12°),
z; = 6(cos40° +sin40°), z, = 2(cos20° + sin 20°),

z; = 3(cos 40° + sin40°), z, = 2(cos5° + sin5°),

10. z; = 10(cos 75° +sin75°%), 2z, = 2(cos 15° + sin 15°),

© ©® N ;o W

11. z; = 9(cos 123° +5in 123°), 2z, = 2(cos 12° + sin 12°),
12. z; = 5(cos 160° + sin 160°), 2z, = 2(cos 20° + sin 20°),
13. z; = 3(cos 235° +5in235°), 2z, = 2(cos5° + sin 5°),

14. z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

15. z; = 2(cos 258° + sin 258°), z, = 2(cos12° + sin 12°),
16. z; = 7(cos 115° +sin 115°), 2z, = 2(cos 20° + sin 20°),
17. z; = 14(cos 310° +sin310°), z, = 2(cos5° + sin 5°),
18. z, = 8(cos45° +sin45°), z, = 2(cos15° + sin 159),

19. z; = 6(cos 213°% +5in213°), 2z, = 2(cos12° + sin 129),
20. z; = 9(cos70° +s5in 70°), z, = 2(cos20° + sin 20°),

21. z; = 4(cos40° + sin40°), z, = 2(cos5° + sin 5°),

22. z; = 6(cos300° + sin300°), z, = 2(cos15° + sin 15°),
23. z; = 3(cos33° +5in33°), z, = 2(cos12° + sin 12°),

24. z; = 5(cos 250° + s5in 250°), 2z, = 2(cos 20° + sin 20°),
25. z; = 8(cos85° +sin85°), z, = 2(cos5° + sin 5°),

26. z; = 10(cos 165° +sin 165°), z, = 2(cos 15° + sin1 5°),
27. z; = 9(cos48° +sin48°), z, = 2(cos12° + sin 12°),

28. z; = 5(cos100° + sin 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos175° +5in175°), z, = 2(cos5° + sin 5°),

30. z; = 16(cos120° +5in 120°), 2z, = 2(cos 15° + sin 15°),



2.BuInoaHuTh I[GI\/’ICTBI/ISI Haa KOMIIJICKCHBIMHU 4YHUCJIaMHU B TpHFOHOMCTpH‘ICCKOﬁ

dopme.

1112171
1+1

. -6
212,22, ( 1-1 J

313.23.

1-1

1+ \/§i]6

414,24,

0,5+/3 — 0,5i

515,25, 2+ 12i

0,5—0,5+/3i

]4

6,16,26. /-1 +i

727,27, (3= i)-1+i))

V3 +i .
2

8,18,28.

9,19,29.

2\/§—2iJ3
V3 +i

10,20,30. (-3— Vi

3.BuInoIHUTE }ICﬁCTBHH HaJl KOMIINICKCHBIMHU YU CJIaMU B TpI/IFOHOMeTpI/IHGCKOﬁ

dbopme:
Diz:  2) z;
1. z,=1+i,z,=—J3+i;

2. 7,=1-i,2,=—/3—i;

V3.

3. z,=-1+i, 2, :1+—|;
2 2

4. z,=-1-i,z, :l—ﬁi
2 2

5. z,=1++/3i, z, =2-2i;

KonTposbHbIE BONIPOCHI

e

CTEINEHD?

6. z,=1-+/3i,z, =2+2i;

7. z,=—1+/3i, 2, =—2-2i;
8. z,=—-1-+/3i, 2, =—2+2i;

9. 7z,=3+i,72, :—%—gi;

10. z,=+/3-i, z, =%+§i;

Urto Takoe TpuroHoMeTpudeckas hopma 3armucu KOMIUICKCHOTO yncia’?

Kak nmepeBecTu 4uciao B TPUTOHOMETPUYECKYIO (popmy?

Kak naiiTu mpousBepeHUEe, YaCTHOE YUCEN B TPUTOHOMETpUYECKOM hopme?
Kak HaliTH BO3BECTHM YHCIO B TPUTOHOMETPHUYECKOW ¢GopMe B MEIYyIO

5. Kak HallTu KOpeHb N-HOM CTENEHUW M3 4YuCia B TPUTOHOMETPUYECKOU

dbopme?



MpakTnuyeckan pabora Ne 3
Tema « Beruuc/jieHue npeaeaoB»
eab: HAYYUTHCSA BBIYUCIIATh MPEAEIIBI, PACKPBIBATh HEOINPEAEICHHOCTH.
Bpems BbinonHeHna 90 MunHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceeaeHUA

2.3apaHue

3.JIuctA4

4.KanbKynatopbl

MNopaaoK BbInoONHEHUA PaboTbl
1.M3yunTb 3agaHune

2. 3yunTb TEOpPETUYECKME CBEAEHMUA

3. BoinonHutb 1 opopmutb paboty
4.MoKa3aTb pe3ynbTaTbl NpenogaBaTento
DomawHee 3agaHue

1.MoaroToBUTbL OTBETHI HA KOHTPO/IbHbIE BOMPOCHI
Xox padoTsl

TeopeTuveckue MoJI0KEeHUs
IlepeMenHas u peAen — 3T0 OCHOBHBIE MOHATUS MATEMATUYECKOTO aHAIU3A.

JlocTaTOYHO HAIIOMHHTh, YTO KJIFOYEBBIM CJIOBOM B OTIPEICIICHUSAX TaKUX
W3BECTHBIX CO IITKOJIbI OHATHH KaK MPOU3BOIHAS M MHTETPAJI SBJISICTCS CJIOBO
peJIell.

IIpenea ¢pyHkuum B TOUKE.

y f(x)

0 a-Aaa+A X




[Tycte pynkuus f(X) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOYKHU X = a (T.€. B
caMoil ToUke X = a QyHKIUS MOXKET ObITh U HE OIpE/EIICHA)

Onpenenenune. Yuciio A HaspiBaeTcs mpeaeaoM ¢ynkiuu f(X) mpu x—a, eciu
s mro6oro £>0 cymecTByeT Takoe unciao A>0, 4To It BCeX X TaKUX, YTO
0< |x-al < A Bepo HepasenctBo |f(X) - Al<e.

To ke omnpeneneHne MOXKeT ObITh 3aITUCAHO B IPYTOM BHJIE:
Ecnmma-A<x<a+A, X#a,To BepHO HepaBeHCTBO A - € < f(X) < A + &.

3anucek nipezena GyHKIUU B TOUKE: lm f(x) = A4
Onpenenenune, Ecmu f(X) — Aq npu X — a ToJbKO IpH X < @, TO lim f(x)=4, -

Ha3bpIBaeTCs mpeaesoM Gpyukmnuu f(X) B Touke X = a cieBa, a eciau f(X) —> Az ipu x

— a TONBKO TpH X > 8, TO lim f(x)= A4, Ha3bIBACTCA MpeeIoM dynkuu f(X) B

TOYKC X = a CclipaBa.

f(

[IpuBeneHHOE BBINIE ONpECIICHUE OTHOCUTCS K cirydaro, korga ¢yHkmus f(X)
HE Oolpejie/icHa B CaMOM TOYKE X = a, HO OIpeJliejieHa B HEKOTOPOU CKOJIb YTOIHO
MaJIOW OKPECTHOCTH 3TOM TOUKHU.

[Ipemenmsr A; u A, Has3pIBalOTCS TAaKXKE OAHOCTOPOHHUMM MpeaeIaMHu
¢yakmumn f(X) B Touke x = a. Takxke TOBOpAT, 4T0 A — KOHEYHBIH mpemes
bynkiun f(X).

Ipenena pyHKIMU Npu CTPeMJIEHNH APTYMEHTa K 0€CKOHEYHOCTH.

Onpenenenue. Yncno A HazpiBaeTcs mpeaeaomM Gynkmun f(X) mpu x—o0, ecnu
1151 JIr00oro ymcia €>0 cymecTByeT Takoe yucio M>0, 4To i Bcex X, \x\ >M
BBITIOJTHSETCS HEPABEHCTBO



A-f(x)|<e

[lpu stom mpemnonaraercs, uro ¢yakuus f(X) ompeneneHa B OKpecTHOCTH
OECKOHEUYHOCTH.
3amuchIBaIOT: lm f(x) = A.

X—>00

AHaJOTMYHO MOXKHO OTPENCIIUTh Npelebl lim f(x)= 4 ansg moboro x>M u
X—>+00

im f(x)= A miasg moboro x<M.

X—>—00

OcHoBHBIE TEOpeMBbI 0 Npeaesax.

Teopema 1. lim C =C, rae C = const.

xX—a

Craenyromiye TEOpeMbl CIPABEJIMBLI MIPH MPEANON0KEeHNH, uyTo (yHKImU f(X) n
g(X) UMEIOT KOHEUHBIE MPEAEIIbI IPH X—>a.

Teopema 2. ]121 (f(x)* g(x)) =lm f(x)+lm g(x)
Teopema 3. m[/(x)- g(x)] =lm f(x)-lm g(x)

CaencrBue. Im C- f(x) = C-lm f(x)

im
Teopema 4. fim 2 _ = J(x)
x—a g(X) Er_)na g(X)

npu lim g(x) =0

Teopema 5. Ecau f(X)>0 66auzu mouku x = a u lim f(x)= A, mo A>0.

Amnanornyno onpezensercs 3uak npeaena mpu f(X) <0, f(x) > 0, f(x) < 0.

Teopema 6. Eciu g(x) <f(X) <u(x) ébnmuszu mouku x = a u tim g(x) =lim u(x) = 4, mo

ulm=4.

xX—>a

Onpenenenune. Oynkius f(X) Ha3zpBacTCS OrpaHWYEHHON BOJIM3H TOYKH X = a,
ecIIM CyILIecTByeT Takoe qicio M>0, uro | f(X)| <M BGmu3u Touky x = a.

Teopema 7. Eciu ¢pynxyus 1(X) umeem xoneunwiii npeden npu x—»a, mo oua
ocpanuvena 60U3U MOUYKU X = d.

BeckoHeYHO masnbie GYHKLUM.

Onpenenenue. Dynkius f(X) Ha3piBaeTCs 6eCKOHEYHO MaJIOi TIpH X—>a, TIE a

MOJKET OBITh YHCJIOM HUIH OJHOM M3 BEIMYHH 00, +00 UJIH -00, €CIIH lim f(x)=0.
x—a

CgoiicTBa 0€CKOHEYHO MAJIbIX QPYHKIIUMA:



1) Cymma (GUKCHpPOBAHHOTO YyHclia OECKOHEYHO MAIbIX (PYHKIUH MPU X—>a TOXKE
OecKOHEe4HO Manasi GyHKIUS IPU X—>a.

2) IlpousBenenue (GUKCUPOBAHHOTO YHUCIIA OCCKOHEYHO MajbIX (DYHKIHNA IMpU
X—>a TOXKe OECKOHEYHO Manasi QYHKIUS PU X—>a.

3) IlpousBenenue OeckoHEUHO ManoW (YHKIUM HAa (QYHKIUIO, OTPAHUYCHHYIO
BOJIM3M TOYKH X = a SIBIIsIETCS] OECKOHEUHO Mayiol (PyHKIIMEH npu X—a.

4) YactHoe OT JejcHHs OCCKOHEYHO Majio (YHKIMH Ha (QYHKIHIO, Mpeaes
KOTOpOIl HE paBEeH HYJIO €CTh BEJIMUYHHA OECKOHEUHO MaJlasl.

beckoneuno 0osbMe (PYHKIUH M UX CBA3b ¢ 0€CKOHEYHO MAJIBIMHU.

Omnpenenenne. OyHKIMA Ha3bIBacTCAd 0€CKOHEYHO 00/BIION MpU X—>a, TAE a

— YHCJIO WIM OJHA W3 BEJIUYMUH 00, +00 WJIU -00, €CJIU lm f(x)= A, rIe A — YHUCIO
x—>a

HJIN OOHA U3 BEJIIMYUH 00, +00 UJIU -0,

CBs13b 6€CKOHEYHO OOJIBIINX U OECKOHEYHO MalbIX (PYHKIIUN OCYIIECTBIISIETCS B
COOTBETCTBHHM CO CJIEAYIOLIEH TEOPEMOH.

Teopema. Eciu f(X) >0 npu x—a (ecau x—»0) u He obpawaemcs 6 HOJb, MO

IIpumep. Haiitu npexnen lim 1g5x

=08 7x

Tak kak tghX ~ 5X m sin7X ~ 7x mpu x — 0, TO, 3aMeHUB (YHKIUHU

SKBHBAJICHTHLIMHU O€CKOHEUYHO MaJIbIMH, ITOJIYUHUM:

im tg5x Zh.mS_xzé

=0gsin 7x 0 7x 7

3
Hpumep. Haiitu npegen lim

x>01—-COSX
X X 2 )C3 )C3
Tak xak 1 — COSX = 2sin*=~2 = | mpu x—0, T0 lim ——— =1lm —- =lim 2x=0.
2 2 »=»0]—cosx 0 x x>0
2
. .t .
Ipumep. Haiitu npenen lim £ oiz _
X SIN X X—> X

Ecim o m 3 - OeckoHeUHO Maibie TpU X—>a, IpudeM B - OECKOHEYHO Manas
Oonee BBICOKOTO TIOpSAKA, YeM O, TO Y = o + [ - OecKoHEYHO Maas,
DKBUBAJICHTHAsT O. OJTO MOXHO JOKa3aTh CJCAYIOIAM  PaBEHCTBOM
lim1=1im(1+£j=1.

xX—a a xX—a a

Torga roBopsT, 4To O - IJIABHASL YACTh OECKOHEYHO MaJIoW (PyHKIINH Y.



IMpumep. Pynkuus x°> +x — 6eCKOHEYHO Majas npu X—0, X — IJIaBHAs YacTh

1ol (Qynkmun. YToOBI MOKa3aTh 9TO, 3alHMIIEM O = X2, B = X, Toraa

2 2

. X . OXTHX
lim — =0, Im =lim(x+1) =1.
x=0 X x—0 X x—0

HeKOTopre 3aMevdaTe/JIbHbIC IIPEACIIbI.

P(x)

IMepBbIii 3aMeyaTeIbHBII Mpeaes. m 00 rae P(X) = aox" + aix™! +.. .+an,
X—>0 x

Q(X) = box™ + b1Xm-1 +...+0om - MHOrOUIEHBI.

a a a a
x"(@g +—+..+—1) ag+—+..+—"
P(x): X X =xn—m X X
X b b b b
Qx) x"(by + 4.+ ) by+—++..+-2
0 m 0 m
X X X X
a
ag+ "+ 4
lim X X -0
e bl m 0
by +—+..+—"
X X

0, nmpu n<m
. P
Hroro: lim () _ a—o, npu n=m

=2 O(x) | b,

0, npu n>m

o o . sinx
Bropoii 3amMedaTe/bHbII Hpeet. lim =
X—> x

1

1 X
Tperuit 3ameuaTebHbIN NIpeaes. lim (1 + —] =e
X—>0 X
YacTo ecnu HEMOCPEACTBEHHOE HAXOXK/ICHUE TIPeeia Kakoi — 00 QyHKINH
NPENICTABIISETCS CIOKHBIM, TO MOKHO ITyTeM IpeoOpa3oBaHusi GYHKIIMHA CBECTH
3a7a4y K HaX0XKICHHUIO 3aMEYaTEbHBIX IIPEICIIOB.

KpOMe TPCX, N3JI0KCHHBIX BBIIIC, ITPCACIOB MOKHO 3aIIMCAaTh CIICAYIOIIUC
IMOJIC3HBIC HA ITPAKTUKE COOTHOIICHMA :
. In(1+x .oat—1 . 1+x0)" -1
hmgzl; Im —— =ha; hm( ) =m

N _—_——

x—0 X =0 x X0 X
HMpumep. Haiitu npenen.

m —fm

=>0sinnx 0 px R

tgmx

IMpumep. Haiitu npenen.



limtgx—tgxo _ im sin( x —x,,) =1imsm(x_x°)-lim 1 1. 1 1

=% X=X, % (X—X,)COSXCOSX, W X—X, >0 COSXCOSX, cos’x, cos’x,

Hpumep. Haiitu npenen.

2 .
X _ —Tsm(ﬂ'/4—X) _ ln( 4 ) 1
Sm x COSX: m 2 lim SIN T X)

ol g —A4x x> /4 T —4x x—m/42\/§(7[/4_x)_ 2.2

HMpumep. Haiitu npenen.

y=m/2-x Iy _ |
cosx _ x=rl2—y _ cos(m —y):h.msmy:_
x~>7z‘/2ﬂ'_2x y—0 2y y—0 y 2
T=2x=n—-mw+2y
HMpumep. Haiitu npenen.
x+3 x+3 y:X—l y+4 y 4
i 23— x—1+4) e il 24 il d) imf1a A -
x| xy —1 X—0 x—1 y—®© h% y—x y y—® y
Yy
1 4z 1 z 4
={Z=Z}=nm(l+_j =[ﬁm(l+_j] _et
4 Z—>0 Z Z—>0 Z
x> —6x+8

IHpumep. Haiitu ipenen  lim ——.
P P pedl x>2 x2 —8x+12

JIJIsl HAXOJKJICHHUSI 3TOTO Tpejieia pa3IoKUM Ha MHOKHTEIU YHCIUTEb U
3HaMEHaTelb JaHHOH JPOOH.

x> —6x +8=0; x> —-8x +12=0;
D=36-32=4; D =64 - 48 = 16;

X1 = (6 +2)/2 =4, X1 =(8 +4)/2 =6;

X2=(06-2)2=2; X2 =(8-4)2=2;

Torma lim =24 _ i‘g

1
2 (X—2)(X—6) x-2 2

2
4

V14 x4+ X2 —V1—x+x°

Hpumep. Haiitu npenen. lim > JIOMHOXUM YHUCIUTENIb U
x—0 X —X
3HAMEHATEIb npodu Ha CONPSIKEHHOE BBIPAKCHHUE:
. 1+ X+X* =1+ x—x? . 2X _
lim = lim

S0y (X —D(WL+ X+ X% +V1-x+x%2) O x(X=D(W1+ X+ X% +41—x+x?)



:—2 =
~1-(1+1)

IMpumep. Haiitu npenen.

) x2—5x+6_ 2 o ol (x=2)(x—=3) _3-
Mﬁ_{x Sx+6=(x=2)x 3)}_])}r—r>l3(x—3)(x+3)_3+

2_1
3 6

3 2 _
Hpumep. Haiitu npenen lim al ?x 1 -6 :
X" =3x+2

PaznoxxuM yuciauTens U 3HaMeHaTe b Ha MHOXKUTEIIH.
X2 —-3x+2=(x-1)(x-2)
X3 —6x2+ 11x -6 =(X—1)(x - 2)(x — 3), T.x.

x3-6x2+11x-6 x-1
x3 — x? x> —5x + 6
- 5x? + 11x
- 5x? + 5x
6X - 6
6X - 6
0
X2 —5x+6=(X—2)(X-3)

Tora fim &= DE=2(=3) _
= (x=1)(x-2)

IMpumep. Haiitu npenen.

2sin 2a+2h cosz—h—2sin(a+h)
ﬁmsm(a+2h)—251n(a+h)+sma:ﬁm 2 2 =1im25111(a+h)(cosh—1)=

h—0 h? h—0 h? h—0 h?

J— 1 2
— 2lim sin( a + ) -fim —2>0_(1/2) (hz/z) =
h—0 h—0 4(h/2)

2sina-(—1/2)=-sina

3aaHus NpaKTH4YecKoil padoThI
1.HaiiTn yka3aHHbIe NpeaeJibl.

1 3 3
jﬁ—x_'_ﬁ omeem:l 1.2. lin % omeem 1
¥l ot 1 2x+ 20 8 L e 1

1.1.

. b4x—x . 2xt-x-1
13 # omeem :—i 1 . .:—X omeem .—
LREI G 27 =l Apt —x -2 )



2x% — 7x+ 4 omeem:nem 124 x - x* omeem:.nem

1.5, lim —+F— 1.6. lm

=2 x? _Sx4 6 pewenus ¥=3 ¥ 97 peuweHus
3 _ T4
1.7. 1 3;c+—;.£x1 omgem:ﬂ 1.8. 1 womeemig
=lE 2T -1 9 ¥yt —2x-3 4
2 _ 7
1.9. lim w omeem:—f 1.10. lim w omeem :1
Ll O e o 3 ¥=3 Dyt —hr =3
I R
111 fm —* 0 omeem:X2 112 fm 2 % omeem:—1
sl el £+ 5 =yt +1
7 2 _
1.13. :—16 omeem:§ 1.14. & w omeemiE
oyt x—20 9 =E ot 4+ 2x-3 4
2 A 2 _
1.15. lim M omeem:l 1.16. lim w omeem . —
Lt = Tx+3 S ¥==2 3xt +dx +4
2 _ ERNY P
117, fim 22 L om:8 118, fm =257 gem:0
E=l Tt b2 5 E=llyt p Dy 2
2 - 2_ omeem . Hem
1.19. lim WOmeem 1 1.20. lim w
il 2x® 4+ 3x 41 #d xt —x—12 peueHus
2 _ E - omeem . Hem
1.21. lim E‘Zﬂomeem:—l 1.22. lim M
=2 x4 3x-10 7 =1 xf _2x 41 pewenus
1.23. 1 5‘2 tllx—2 omﬁ'em:—g 1.24. tlim xz‘j—xl-’-l omeem . —
=1 Iyt —x—10 11 ¥=27 Dxt Gy — 35 19
? _gr— z omeem . Hem
¥3 Pp® —Zx— 35 17 ¥=+3 x* _fx— 27 peuieHus
T e 2 _
1.27. lm M omﬁ'em:é 1.28. tim w omeem:E
=3 2t +11lx+ 5 3 I Rl e 23
2 _ A, 2 -
1.29. lim 3?:22—?:40 omeem:g 1.30. lm w omeemiZ
Ll R 5 Fo3 s L 10x 4+ 3 8

2. HaiiTu yka3zaHHbIe npeaeibl

2 2 - omeem . Hem
2.1, lm w omezem:i 2.2. lin w
LT ol ey 1 13 ¥l =1 peuternus
E 2 omeem .Hem
2.3. lim xo3x+e omeem:0 2.4, lin Sxtex+l

1 x* —dx +3 A peuwtenus



4 _ 3 2z omeem .Hem
2.5, lm Fox Al omeem 0 2.6. lim 2x - x-1
x-1 41 T | pewerus
2_ 2 omeem . Hem
2.7. xg—x-|-3 omeem . — 2.8. lin Ex;?x
=3 5x" 431 -3 23 =2 x4 dx+4 pewtenus
2 _ 2 -
2.9. zlx—lomeem:—Z 2.10. lm w omeem . — —
¥l gt A+ 2 e A e | 1
2 _ 32 _
211, fm XA el 242 E I em:t
=5 2x  +11x+5 3 =l -2 2
2 —2x+1 -8
2.13. ————— omeem:0 2.14. lim ————  omeem:-12
=l 2xt =TTx+5 =2 axt =9x+10
2 - 3 - omeem . Hem
2.15. fim X T2 L emt® 216w I
¥=—2 x4+ 2 2 ¥l 9?41 peuieHus
3 A2 4 o2
217, I em:® 218 4m S e
=0 3xf 4+ Tx 7 =Looxt -1
2 — 1 omeem :Hem 2
2.19. lim w 2.20. lin xz—xf‘)[] omeem:—E
¥=3 xd Sy 4§ pewenus ¥=-i x® 4125 75
2 _ 3
2.21. lim > +33x 28 meem 1 2.22. lm Bj ! omeem .6
=4 =6 4 =10 o _1)}4
2 _ 2
2.23. tim = —ZEx 28 meem 1 2.24. lin M omeem:0
¥—d = dx =l ot hr4 14
2 3
2.25. lim ;{—4 omeem : — 2.26. lim % omeem:0
=29yt + x—10 =04 pd —5x 41
2 _ _ 2 -
2.27. lim M omeem:E 2.28. lin x3+2—x24 omeem:0
¥f Apt — Dx 412 16 ¥=-6 Dp® 4 155+ 18
3 3
2.29. lim % omeem:—E 2.30. lim ;—64 omeem . —
=2t —11x+18 7 W g Wiy 4 29

3. Haiitu yka3aHHbIe npeaeJibl

3.1. lim

33, lm —/————— 3.4. lim

Ix —5xt 42

v Dxt 530 — x

Coaxt—3xf 47
N A N P |

3-2- ]JII] ﬁ
¥=o Dx —dAxt 4+ 5

4% +7x

O Tx —2xt 4+4x

K—no

2x 45



2 —dx? +28x

35. fin - %
e hyt 43 +x—1
R S
3.7. lm ——= =
N AT
39 x4+ 3x+1
T wew 3R 4 x5
2 —
3.11. fim 2X FT7
¥ Dt — x410
1
313 fim 3x 2+2:Jr+9
I
3 —
3.15. fim 2% 1772
row Ext—x—4
o Zxt-ext 4z
3.17. fim 2 0% *2
e xt +dx—-3
4 4.2
3.19. fim X 2T ¥3
¥ Pt 4]
3
391 ]szx—“‘x
e S i
393 oxt 4+ 7x -2
T e bt —dx 43
3 4
3.25. fig 12X FIT
¥ A Syt 4ox
_£.2 o s
3.27. ]jindlj-:’x—?“
¥ 2 Hx 48
3_
329 fim 4x7 - 2x+1

pow D 30 40

36. 32t +10x+3
e 05 4553
38 2t 4 Tx+3
T w5t _3x 44
310, fm =3z +10
T ke T 42241

o E3xt42x+d

3.12. ]Jﬂ-.l. f
LE I S U S

314, i Ixt 452 =7
T ree 3t b x4
19x° +35x

3.16. fm —— =%
=083y — 9x°

318, fim 8xt +dx—5
T e drt — 342
390, i Gx? —d4x+2

r=e fxt 4+ 5x +1

_ 4
322 fm %
Esw o4 3xt 4+ 2x

2
324, fim L‘“E
isw |4+ 2+ Tx

4_ 2_
3.26. lm w
LTS S S

P42
3.8 fiy X — 1% +3

Pw D4 Dy x?

2
3.30. I Sx® —3x+1

pw Gxd oy §

4. HaiiTu yka3aHHbIe Npeae/ibl

= 2x+4

4.1. lim

4.3.

o 2xt 4350 41

- Ixi +7x—4

P 0 4 0x—1

49 fm Ixt+ox-3
T e 2 x4 7

&
4.4, tm T

R P



pxt 4+ Tx-1 2t 4+ 7x +4

45, fim 25 T 1X2 4.6. lm 2=
¥oe 3xT +2x 45 oyt +5x-1
6 o2 7 2
47 tm 3x3 Sxt 42 48, T x :—5x dx
S i o F s L S N
2 4 7
49, fm D 4.10. fim 22520
¥ (4 dy—x ¥ D3 4 ax 4]
2 3 2
411, i 22 FAFT 412, fim 2 FAX TR
r=—e AT —2xt +x ¥=e Dyt 4 lx -3
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2_
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525, fim w
2x’ —3x

K=

firn 2x—13

7 3
rw xt = 3x7 —dx
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5.16. lim

o 4xf —3x7 42

o 4—3x—2x
3xt + 51

¥—=—o

Ay P
e P P |

2xt —3x+1
Tx+5

K=+

S5xt - 3x?

5.18. lim

P |+ 23 + 35

2xt 4+ 5z

5.20. lim

P Dyt —3x— 7

5 3
2x —x

5.22. lim

5.24. lm

5.26.

rew 4yt 43— 6

2— x—3x?

x —16

¥——w

- 2t —3x+1

3 E
oyt +dx

2xd—3x+1

5.28. lim

5.30. lm

6. HaiiTu ykazaHHbIe npeae/ibl

> x-12

i -

Tx+4
re—e 30— Gx 41

MrH12 =4 - x
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-l fx+3- 5+ 3x et s x—afx -3
6.9. lin \'lrzle_\'{x-'_ﬁ omeem:@ 6.10. lLim \.'er-i—gl?—nJEx+12 omeem:—\/E
i Dyt —Tx—15 286 ®—=d x +Ex+15 8

6.11. lim M omeem 2 6.12. lim i omeem . ——
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p-l R 3 2 x2S 12
Cox=3-2 oo dr—3—

6.17. lim NATSTe 0meem:§ 6.18. limn % omeem . —
=T +2 -3 2 73 x93 9

f _ [z

6.19. lim y omeem:i 6.20. lm ¢ omeem . — —
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sin 3x _ kx? tg (kx + 3x) x*

1).lim , i , ) lim

A, (k +2)x ) -0 sin 2 5x )i, 5x

4) lim [1+Ej '5) lim sin kx—sin 5x’ 6) lim C0S 2X — cos kx
X—>00 X x—0 kx x—0 X

KouTpoJsbHbIC BONIPOCHI

1. Maiite onpenenenus npeaena pyHKIUHA B TOUKE.
2. Kaxkue Tunsl HeonpeneaeHHOCTe BaM U3BECTHBI?

0
3. Kak n36aBuTHCS 0 HEONPEIETEHHOCTH 0 ?
c
4.Yemy paBHO 3HaueHUE npejena GQyHKUUN MPU HEONIPEACIIEHHOCTH 0 ?

0
5.Yemy paBHO 3HaUeHHE Mnpeena GyHKIMU TPU HEONIPEACIIEHHOCTH — 7
c

6. 3anucarh 3aMevaTeIbHbIC MPEICIIbI.

IIpakTuyeckasi padora Ne 4 mo reme

Tema «UccienoBanue pyHKUMM HA HeMpepbIBHOCTH. Kinaccupukauus Touex
pa3pbiBa»

Henab: Hay4yuThCS BBIUUCIATH MCCIENOBATh (YHKIHIO HA HEPEPHIBHOCTD,
KJIacCU(UIUPOBATH TOUYKH Pa3phIiBa .

TeopeTnyeckue MoOJI0KEHU

HenpepbIBHOCTH (PYHKIIMH U €€ pa3pbIBbI.

Omnpenenenne. Oynkius f(X), onpeneneHHas B OKPECTHOCTH HEKOTOPOH TOUKH
X0, HA3BIBACTCS HENMPEPBIBHOM B TOUKeE Xo, €CITU TIpeeN (YHKIIMU U €€ 3HaUYCHUE
B 3TOU TOYKE PABHBI, T.€.

im 7(x) = f(x,)

X—>X

Tor ke pakT MOXHO 3ammcaTh HHa4Ye: lim f(x) = f(lm x)
XX,

%
Onpenenenue. Ecmu Gynknus f(X) onpenenena B HEKOTOPOW OKPECTHOCTH TOYKH
X0, HO HE SBIIACTCS HEMPEPHIBHOM B caMOW TOYKE Xo, TO OHA HAa3bIBACTCS
pa3pbIBHOI (QYHKIUEH, a TOUKA Xo — TOUKON pa3phIBa.

[Tpumep HenpepbIBHON (DYyHKIUU:



f(Xo0)+e
f(xo)
f(xo)-¢ /
|
0| Xo-A X Xo+A X

[Ipumep pa3pbrIBHOUN PyHKIUU:

f(Xo)+e
f(Xo)
f(x0)-¢

\x
S
X

CaoiicTBa HeNMpPePbIBHBIX (PYHKIHUIA.

1) Cymma, pa3HOCTh M IIPOU3BEIICHHE HEMPEPHIBHBIX B TOUKE Xo (PYHKIIHH —
ecTh (YHKIIUS, HETIPEPhIBHAS B TOUYKE Xo.

S ()

2) YacTtHOoe OBYX HEMPEPHIBHBIX (PYHKIUI P €CTh HempephIBHAS (DYHKIIUS
(X

npu yciioBuH, uTo ¢(X) He paBHA HYJIO B TOYKE Xo.

3) Cynepno3uiiusi HEMpPePbIBHBIX (PYHKIINI — €CTh HETIPEPBIBHAS (PYHKITHSI.
DTO CBOMCTBO MOXET OBIThH 3aMMCAHO CIEAYIONUM 00pa3oM:

Ecmu u = f(X), v = g(X) — HenpepbIBHBIC QYHKIMH B TOYKE X = Xo, TO (PYHKIIHSI
v = g(f(x)) — Toxxe HenpepbIBHASI PYHKIIHAS B OTOW TOUKE.

Touku pa3peiBa U UX KjIaccupuranus.

PaccmoTrpum HekoTopyro @yHKIuio f(X), HEMPEephIBHYIO B OKPECTHOCTH TOYKH
X0, 3@ MCKIIOYEHHEM MOXXET OBITh caMOW 3TOM TOuku. M3 ompeneneHus TOUKH
paspbiBa QYyHKIIUU CIEAYET, YTO X = Xo SIBJSCTCS TOUKON pa3phiBa, €Ciau (YHKIUS

HE OIpEJIeNICHAa B 3TOM TOUYKE, WJIH HE ABJISETCS B HEM HENPEPBIBHOM.



Crnenyer OTMETUTH TAKXKE, YTO HEMPEPHIBHOCTh (PYHKIIUU MOXKET OBIThH
onHocTtopoHHel. [losicHuM 3TO cieayrommuM 00pa3om.

Ecnu omHocTOpoHHMI mipenen (CM. BBIIIE) ]jm0 f(x)=f(x,) , TO (pyHKIUA

Ha3bIBAETCS HETIPEPHIBHOM CITpaBa.

-

Ecnu opHocTtopoHHME Tipeaen (CM. BBIIIE) ]jm0 f(x)=f(x,) , TO QyHKIUSL

HA3bIBAETCSl HEMIPEPHIBHOM ClieBa.
Omnpenenenue. Touka Xo Ha3bIBaeTCsA TOYKOI paspbiBa ¢yukimu f(X), ecnu f(x)
HE OTpeJIeJICHa B TOUKE Xo UJIU HE SIBJISICTCS] HETPEPHIBHOM B ATOM TOUKE.
Onpenesenune. Touka xo Ha3bIBAE€TCA TOYKOM pa3pbiBa 1- ro poma, eciu B 3Tol
Touke GpyHknus f(X) uMeeT KOHEUYHBIC, HO HE paBHBIC APYT APYTY JCBBIN U MPaBbIi
IIPEIEIIbI.

dm )= Bm f(x)
JInsi BBITIOJTHEHUS YCIIOBHM ATOTO OIpeeieHus He TpeOyeTcs, 4yToObl (yHKIIHS
ObLJ1a ompeeNieHa B TOUKE X = Xo, JJOCTATOYHO TOTO, YTO OHA OMpEJeicHa CclieBa U
crpaBa OT Hee.

W3 omnpeneneHus MOXKHO cAenaTh BBIBOJ, YTO B TOYKE paspbiBa 1 — ro poxaa
(GyHKIMS MOXET HMMETh TOJIBKO KOHEYHBIH CKauoOK. B HEKOTOpBIX YacTHBIX
Ciydasix TOYKY pa3pbiBa | — ro poja emie nHOrAa Ha3blBalOT YCTPAHUMOM TOYKOU
pa3pbiBa, HO MOJIPOOHEE 00 3TOM MOTOBOPUM HUXKE.

Omnpenenenune. Touka Xo Ha3bIBAETCS TOUKOM pa3pbiBa 2 — ro pojaa, €ciiu B 3TOU
touke QyHkms f(X) He mMeeT XOTsI ObI OJJHOTO U3 OJHOCTOPOHHUX MPEICIIOB HIIH
XOTs1 ObI OJTMH M3 HUX OECKOHEUEH.

Mpumep. Oyaxmus Jupuxne (dupuxie Ilerep ['ycraB(1805-1859) — Hemernkmii

MaTeMaTHK, 4ieH- koppecnonaeHT [letepoyprekoit AH 1837r)

1, X — payuUOHAJIbHOE YUCTIO

f(X)={

0, x—uppayuonanvroe uucno

HE SBJISIETCSI HEPEPHIBHOM B JIIOOON TOUKE Xg.



Mpumep. Oyuknus f(x) = 1 imeer B Touxe Xo = 0 TOUuKy pa3psiBa 2 — ro poja,
X

T.K. Im f(x) = +o0; hg@j(x)=—4n.

x—0+0

-10

sin x

IMpumep. f(x) =

X
(DYHKIII/ISI HC OIIPCACIICHA B TOYKC X = O, HO HMMEET B HEHM KOHCUHBIM npecacia

lim f(x)=1, T.e. B TOUKE X = 0 ¢yHKIMS UMEET TOUKY paspeiBa 1 — ro poga. 1o —

yCTpaHuMas TOYKa pa3pbiBa, T.K. €CIU JOONPEIETUTh PYHKIUIO:

sin x
f(x)y=1 x~’
I, npu x=0

npu x#0

I'paduk ol pyHKINN:

e S - WA
Vo WV

Mpumep. f(X) =

x _|L mpu x>0
-1, npu x<0

IXI



D

-1
Ota GyHKIMS Takke o0o3HadaeTcs Sign(X) — 3Hak X. B Touke x = 0 hyHKIUS HE
ompenencHa. T.K. JIeBbIi W TpaBblii mpeaenbl (QYHKIUH pa3IddHbI, TO TOYKa
paspeiBa — 1 — ro poxa. Eciau poonpenenuts QyHKIMIO B Touke X = (), MOJI0XKHUB
f(0) = 1, To pyHkums OyaeT HenpepbiBHa crpaBa, eciau nojoxuth f(0) = -1, To
GyHKIMs OyneT HEempephIBHOM ClieBa, eciu moioxuTh f(X) paBHOEe Kakomy- 0O
YHCTy, OTIIMYHOMY OT 1 miau —1, To QyHKIMs He OyaeT HEenpephIBHA HU ClieBa, HU
CIpaBa, HO BO BCEX CIIy4asiX TeM He MeHee OyaeT uMeTh B Touke X = 0 pa3pbiB 1 —
ro pozaa. B atom npumepe Touka paspbiBa 1 — ro pojaa He SBISIETCS YCTPaHHUMOM.
Taxum oOpaszom, Jis TOro, 4ToObI TOUKa pa3peiBa 1 — ro poma Obuta
YCTPaHUMOU, HEOOXOIUMO, YTOOBI OJTHOCTOPOHHHUE MPEIEIIbI CIIpaBa U CJieBa
ObUTM KOHEYHBI M PaBHBI, a (YHKIIMS ObUIa OBI B 3TOM TOYKE HE ONpe/IesIcHa.
IMpumep. MccnenoBath Ha HEMPEPHIBHOCTh (DYHKIMIO M OMPEACITUTH THIT TOUYEK

pa3pbiBa, €CJIN OHU CCThb.

x+4, x<-1
f(x)=4x"+2, -1<x<1

2x, x>1
lim /(x)=3 lim £ (x)=3
lm f(x)=3 fim_f(x)=2
B TOYKE X = -1 QyHKIHs HEmpepbIBHA B TOUKE X = | Touka pa3psiBa 1 —ro

pona

0




IIpumep. VccnenoBaTe Ha HENPEPBHIBHOCTh (PYHKIUIO U ONPEIAEIUTH THUI TOUEK

pa3phiBa, €CJIM OHU €CTh.

cosx, x<0
f(x)={x*+1 0<x<l1
X, x>1
o, 001 im, 92
o, f00=1 Im, =1

B Touke X = 0 yHKIMS HEMpepbIBHA, B TOUKE X = 1 Touka pa3psiBa 1 — ro pona

™, il

-m -m/2 0 1 X




4.4.10. T abmmia 3K BHBAJIEHTH BIX 0ecK OHEeYHO MAaJIBIX.

3meck MEH C MOMOLBIO paccMoTpeHHHX B 4.4.7 Ipefenor cocTaBuM TabIHLY sKBHBATEHTHEX

EM pyuxnuil ¥ BHIMUEM CIESVIOLHE W3 HUX BHPaKEHUA ONA [IABHEX JacTeH (OHH MONYEPKHYTEHL).

OKBHBATEHTHOCTE NpHXx—0 Tnagnad yacte npu x—0
1 sinx ~x 1. sinx =x+o(x)
2 . 2 - 2 2
2. 1-cosx ~x"/2 2. 1-cosx=x%2+o(x)=cos x = 1-x"2+o (x*)
3tgx ~x 3. tgx =xto(x)
4 arcsinx ~x 4. arcsin x =x+oix)
5. arctgx ~x 5. arctg x =x+o(x)

6.d-1~xlnae-1~x 6.d—1=xIn ato(x)= " = 1+x In atolx)

e =1 =x+o(x) )= " = 1+ x +o(x)

tg5x

IIpumep. Haiitu npexnen lim

¥=08in 7x
Tak kak tgbx ~ 5X m sin7x ~ 7x mpu x — 0, TO,

SKBHBAJICHTHLIMHU O€CKOHEUYHO MaJIbIMH, ITOJIYUHUM:

7. log, (1+x) ~x log.e; In{1+x) ~x 7. loga (14x) =x logseto(x); In(1+x) =x+o(x)

8. (14x)*-1~ ax 8. (14x)*- 1 = ax+o(x)= (1+x)*=1 + a x+o(x)

9 shx~x 9. shx =x+o(x)

10.chx - 1~ x2 10. chx - I=x¥f2to(d)= chx =1 +xf24eed) |

3aMEeHUB (DYHKIHH

fim 5% g X5
=0gin 7x 0 7x 7
3
IMTpumep. Hantu npenen lim ————.
P P P x->071 —COoS X
.2 X x\ . x® .ox .
Tak xak 1 — €c0OSX = 2sin* = ~2/ — | mpu X—0, T0 lim ———— =lim —- =lim 2x = 0.
2 2 x>0 ] —cosx x=0 x x—0
2

Hpumep. Haiitu npenen lim ‘8 _ lim iz

= 00,
x-0 gin x2 x>0



3aiaHus NpaKTHYeCKOU padoThl

3apanme 1.Haiitu npenenbl, HCNOIb3YS SKBUBAJICHTHbIE OECKOHEYHO MaJjible

GyHKIUU.

3
2.1. lm M omeemi—§
=0 7 Gy 5

m 7x
2.3. tim
=0 ﬁgzx

omeem .

25 fim arcigbx
02 3y
sth Dx

2.7. lim

=0 arofe2x

omeem .

ax _
2.9, fim &
=0 ngx

omeem .

Cos3r—cosx

211, m —= """ omeem.—2

=0 2:,:3

2.13. lin arcig3x omeem . —

w0 Inf 14 22) 2
3x
2.15. tim E_ ! omeem . —
=0 o 2x
2.17. tim sm(Ex—+2} omeem:i
L Bl o1 12
3 —
2.19. lim Rl omeem .48
=4 fg(x—r_'].)
3
2.21. tim M omeem 2
¥—=0 2}{
. S Sx
2.23. lin —— " omeem:—
=01+ 2x) 2
et -1 5
2.25. lim omeem . —
=0 fedx 2
2.27. lim M omeem . —

A s 27

2.2. lim M omeem:§

=0 foly 3
I

2.4, lim f—l omeem . —
=0 0 4 27 % 9

26. i arcsi 2x )

0. im ————  omeem:—
¥—=0 2:,[— 2

2.8. lim M omeem . —
w0 ain 2x 2

2.10. lm sm(z—%) omeem ‘1

=3 xt _ Sx 46

2.12. lm ﬂ omeem:%

¥—0 4?:2
2.14. lim w om@em:f
=0 felhx 5
2.16. lm .Qg(;r_+2) omeem:—l
doxt -4 4
2.18. lim w omeemi1
=0 fodx 2

2.20. lim cos2x —cos4x omeem 2

=0 31’2

: fgox
2.22. lim &
¥—=0 fgzx

omeem . —
2

arcsin 3x

224, im ——— "~ omeem:2
=0 fedx

226, tim M1t4x

_ gem . —
w20 o 2x 2

2.28. tim BET)

N



2.29. lim 1~ cosdz omeem 1

w1 21’2

3apanme 2. VccnenoBarh TaHHbIE (YHKIMU HA HEMPEPBIBHOCTH U MOCTPOUTH UX

rpaduxu.

2.1. f(x)=

2.3. f(x)=

2.5. f(x)=

2.7. f(x)=

2.9. f(x)=

X+4,Xx< -1,
x2+2,-1<x<1,
2X, X >1.

X+2,x<-1
X2 1< x<1
—-X+3,Xx>1

-2(x+1),x<-1
(x+1)°%-1<x<0
X, x>0

x?+1,x<1
2X1<x<3
X+2,X>3

V1-X,Xx<0
00<x<2
X=2,X>2

sin Xx,x<0

2.11. f(x)=:x0<x<2

23.13. f(x) =

2.15. f(x) =

0,x>2

Xx-1,x<0
x?0<x<?2
2X, X =2

—-X,Xx<0
x> +10<x<2
X+1,x>2

2.30. fig 1+57)

w0 o A

omeem .—

Xx+1,x<0
2.2. T(X)={(x+D)?*0<x<2
—X+4,Xx>2

—-X,X<0
24 . f(x)=4-(x-1D*0<x<2
X—=3,Xx>2

-X,X<0
2.6. f(x)={x*0<x<2
X+1Lx>2

X—3,x<0
2.8. f(x)={x+10<x<4
3+X,Xx>4

2x3,x<0
2.10. f(x)=<x0<x<1
2+ X, x>1

T
COSX, X < =
2

2.12. f(x)= Q%<X<ﬂ

2, X271

Xx+1,x<0
2.14. f(x)={x*-1,0<x<1
-X,x>1

X+3,x<0
2.16. f(x)=110<x<2

x2—2x>2



Xx—1x<0 -X+1Lx<-1
2.17. f(x)={sinx,0<x<rx 2.18. f(x)=1x*+1-1<x<2
x> 2X,X>2
1,x<0 —X+2,X<-2
2.19. f(x)=4:20<x<2 2.20. f(x)=4x’—2<x<1
X+3,X>2 2,x>1
IXx+4,x<-1 X, Xx<1
2.21. f(x)=4x?-2-1<x<2 2.22. f(x)=4(x-2)1<x<3
X, X=2 —-X+6,x>3
x-1x<1 X3 x<-1
2.23. f(X)=4x>+21<x<2 2.24. f(x)={x-1-1<x<3
—2X,X>2 —-X+5x>3
X, X < =2 X+3,x<0
2.25. f(x)=1-x+1-2<x<1 2.26. f(x)=4-x*+40<x<2
X2 -1,x>1 X—2,X>2
0,x<-1 ~-1x<0
2.27. f(X)=x*-1-1<x<2 2.28. f(x)=4cosx,0<x<rm
2X, X > 2 1-xX,X>rx
2,x<-1 -X,X<0
2.29. f(x) ={1-x,-1<x<1 2.30. f(x)=4x*0<x<2
Inx,x>1 X+4,Xx>2

3aganue 3. ccnenoBarh qanHble (YyHKIIMU HA HEMPEPHIBHOCTH B YKa3aHHBIX
TOYKAX

1
3.1 f(x)=2x3+1 x, =3, x,=4

1

3.2. f(X)=5 -1 x,=3 x,=4

3.3. f(x)z“; X, =2, X, =3

X—5
34, f(x)=—=, x,=-2, x,=-3
) x+3" " 2



1

3.5, f(x)=4%*+2, x =3, X,=2
L

3.6. f(x)=9%*, x,=0, x,=2
1

3.7. f(x)=2*°+1, x =5 x,=4
1

3.8. f(x)=5x*-1 x,=3 x,=4
1

3.9. f(x)=6*3+3, x,=3, x,=4

1
3.10. f(x)=75*+1, x, =5, x, =4

3.11. f(x)=;(T_j, X, =5, X, =—4

3.12. f(x):;(—Jrg, X, =3, X, =2

2
3.13. f(x)=5"3%, x,=3, x,=4

2

3.14. f(x)=4*1-3 x, =1 x,=2
5

3.15. f(x)=2**-1, x =0, x,=1
A

3.16. f(x)=8*2-1, x,=2, X, =3
4

3.17. f(x)=5*+1, x,=2, X,=3

3.18. f(x):%, X, =5 X, =4

2X
71 X =1 X, =2

3.19. f(x) =

3

3.20. f(x)=2%2+1, x, =-2, X, =—1

3

3.21. f(x)=42+2, x =2, %,=3

2

4.22. f(x)=3*1-2, x,=-1, X, =0



3

3.23. f(x)=5"4+1, x =-5 x,=-4

4

3.24. f(x)::;r L X =2, X, =-1

N

SN

3.25. f(x):%, X, =-3, X, =-2

3.26. f(x):i—ig, X, =3, X, -4

4

3.27. f(x)=3"*+1, x =1 x,=2

3.28. f(x)=%, X, =5 X, =—4

2
3.29. f(x)=6%*, x, =3 x,=4

3.30. f(x):%, X, =2, X, =3

KoHTpoabHbIE BONIPOCHI
1.Kakue BennYMHBI Ha3bIBAIOT OECKOHEYHO MaJIBIMH OJHOTO MOPSIKAa MaToCTH?
2. Kakue BennymHbI Ha3bIBAIOT YKBUBAJICHTHHIMUA O€CKOHEYHO MaJIbIMH ?

3. Kakas yHKIUS Ha3bIBA€TCS HEMPEPHIBHOM B TOUKE?
4.CKOJIBKO M3BECTHO BaM TOYEK pa3pbiBa GyHKIIMH, KaKue?

IIpakTHyeckas padora Ne 5 mo Teme
Tema «HaxoxaeHue nNpou3BOAHON CIA0KHOU (PYHKIUH »

Ieab: HayduThCS HAXOAUTH IMMPOU3BOJIHBIC JIEMEHTAPHBIX U CIOKHBIX () YHKITHH.
Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune



2. U3yunTb TEOpPETUYECKME CBEAEHUA

3. BbinonHutb 1 opopmutb paboTty

4.MoKa3aTb pe3ynbTaTbl NpenogaBaTento
AomalwiHee 3apaHue

1.MoAroToBUTbL OTBETbI HA KOHTPO/IbHbIE BONPOCHI
Xox padoTsl

KpaTkue TeopeTndyeckue cBegeHusl.
Ilpouszeoonan hynkyuu, ee 2eomempuueckuil u Qpuzuueckuii CMbiCI.

Omnpenenenue. [IpousBoanoii pyukuuu f(X) B Touke X = Xo Ha3bIBACTCS MpEEI

OTHOIIICHUSI TTPUPAIICHUS (PYHKIIMU B ATOM TOUKE K MPUPANEHUIO apTyMEHTa, €CIIU
OH CYIIIECTBYET.

o SEHA) ()
S = fim JEEEE

Af

[Tycte f(X) ompemenmena na HEexkoTOopoM mpomexyrtke (a, b). Torma tgﬂ:E_

TAaHTEHC yTJia HakJoHa cekymei MP k rpaduky ¢pyHkiun.

. Af . "
|Im0A— = f'(X,) =tga =K — reoMeTpHM4eCKHUN CMBICJI MPONU3BOIHOU
AX—> X

TJIe O - YTOJI HAaKJIOHA KacaTeIbHOH K Tpaduky ¢pyHkuu f(X) B Touke (Xo, f(Xo)).
K —yrnoBoii ko purmeHT KacateabHOM.

VYron MCIKAY KPUBBIMHU MOXKCT OBITH OIIPCACIICH KaK YIroJl MCKAY KaCaTCIbHbIMU,
IIPOBCACHHBIMU K 3TUM KPHUBLIM B Kakou- 1o TOoUKe.

YpaBHeHHe KacaTeJbHOH K KPUBOH y—y, = f'(x,)(x—x,)

YpaBHeHHE HOPMAJIUM K KPUBOH y—y, = — (x—x,).

L
J'(x%)



dakTu4ecKy Mpor3BoAHAS QYHKLIMU MTOKA3bIBAET KaK U3MEHSAETCS (DYHKLMS MpU
W3MEHEHUU IEPEMEHHOM.
dusnyeckuii cMbic npousBoaHoii pynkuun f(t), rue t- Bpems, a f(t)- 3akon
IBUXKEHUS (I3MEHEHUS KOOPAUHAT) — MCHOBEHHAA CKOPOCHLb
osuincenun. COOTBETCTBEHHO, BTOpasi MPOU3BOIHASI (PYHKLIUU- CKOPOCTh
WU3MEHEHUS CKOPOCTH, T.€. YCKOpEHuUe.
Ocnognvle npaguna oughgpepenyuposanus.

O06o03naunm f(x) = u, g(x) = v- yakmuu, 1uddepeHIpyeMbIie B TOUKE X.
1) (uz£v)'=u’+v’

2) (Uv)’'=uv’+u’v

u u'v—'u
3)(—) = ,ecmu V=0
y

2
v

IIpon3BoaAHBIC OCHOBHBIX DJIEMEHTAPHBIX (hVHKIIHA.

!

I)C’ =0; 9) (Sin x) =CcoSXx
2)(x™)" = mx™*; 10) (cosx) = —sin x
’ 1 . 1
3 W) = 1) o) =5
1 ’ 1 , 1
4) (;J =T 12) (ctgx) = -~y
5) (ex )’ =e 13) (arcsin x)' _ !
1—x?
! , 1
6) (ax) —d'ha 14) (arccosx) = -
1—x?
7) (ln x)' = l 15) (arctgx)' = 5
* 1+x
8) (IOg a X)’ = 16) (arcctgx), =— 1

xIn a 1+x°
Ilpou3eoonasn cnoxcnoii hynkyuu.

Ilyecmv y = f(X); u = g(X), npuuem obnacme 3nauwenuii ynkyuu U exooum
obnacms onpedenenust pyuxyuu T



Toeoa y' = f'(u)-u’
Jozapughmuueckoe ougpghepenyuposanue.

nx, npu x>0
PaccmoTpum QyHKIMIO p =In|x| = b(—x), mpu x<0

Torma (In|x|)'= %, k. (In x) :%; (In(—x))’ = =) =§.

X

S'x)

!
YuursiBas MOJYYEHHBIA PE3yJIbTAT, MOYKHO 3aIMCaTh (1n| f (x)|) =—"

f(x)
f'x)

(x)

OTHOIICHHE Ha3bIBaCTCs JiorapudpmMudeckoii mponsBoauoii ¢pyuaxiuu f(X).

Crnioco06 Jorapugpmudeckoro auddepeHHUpoBaHUA COCTOUT B TOM, UTO CHavaja
HaXOAAT JOrapuMUYECKYI0 MPOU3BOAHYIO (YHKIHMH, a 3aTeM MPOU3BOAHYIO
camoil pyHkiuu 1o popmyie

)" f(x)

S'(x)=(In|f(x)

Cnoco6 norapudmuyeckoro auddepeHIUpoBaHUsS yA00HO TPUMEHATH IS
HaXOXKJIEHUSI TTPOU3BOIAHBIX CIIOKHBIX, OCOOCHHO IMOKA3aTeIbHBIX (YHKIIHMA, IS
KOTOPBIX HETOCPEICTBEHHOE BBIYUCICHHE TPOW3BOIHON C HCIOJIB30BaHUEM
npaBui nudPepeHITUpoBaHUS TIPEICTABISACTCS TPYAOESMKHM.

Ilpou3eoonan nokazamenbHo- CeneHHOU yHKUuU.

cI)yHI(HI/I}I Ha3bIBACTCsA HOKaBaTeJIbHOI;'I, CCJIM HC3aBHUCHUMaAsA IICPCMCHHAA BXOIUT B
ITI0Ka3aTcCjab CTCIICHU, U CT@HGHHOﬁ, CCJIK IICPCMCHHAS ABJIACTCA OCHOBAHHCM. Ecin
KC M OCHOBAHHC U I10KAa3aTCJIb CTCIICHU 3aBUCAT OT HepeMCHHOﬁ, TO TaKas

byHKIMS OyIeT TOKa3aTebHO — CTETICHHOM.

[Tycte u = f(x) (f(x)>0)u v
TOYKE X.

g(X) — dyHKIMH, UMEIONTHE TIPOU3BOIHBIC B

Hatinem npousBoanyto pyukium Y = U'. Jlorapudmupys, momyanm:

Iny = vinu

! !

Lo vhnu+vd
Y



!
—1
(uv) =vu" u'+u'vhu

IIpumep. Haiitu npou3BoaHYI0 QYHKIUU f(x) = (x* +3x)" .

[To momy4eHHo#1 BbIIe POpPMyTIE MOTYIaeM: u =x° +3X; vV =XCOSX;
[IpousBoaHbIe ATUX PYHKIUH: u' =2x+3; V' =cosx—xsin x;
OKOHYATENBHO:

f'(x) =xcosx-(x* +3x) " (2x +3) + (x* +3x) " (cos x — xsin x) In( x> + 3x)

o . 1
Ilpumep. Haiitu npou3BoAHYI0 (QYHKIUU Y =COSXSin X + Ecos2 x .CHauana

1 . 1 2
npeodpasyeM aHHYI0 QYHKIHIO: y = S sin 2x+ Soos’x

y' = %2 COS2X + % 2cos x(—sin x) = cos2x —sin xcos x. Illpumep. Halitn mnpou3BoaHYIO

2 x?

x‘e
x2+1

byHKIMH y =
. (2xex2 +x22xe" Yx* +1)— (236))626’“2 B 2x’e” +2x%e +2xe" +2x%e” —2x'e”
(x* +1)° (x*+1)°
B 2xe" (x* +1+x%)
(x> +1)°

3ananue 1.Hantn npousBoanbie QyHKuumii

B1 Y=x°-5x?+11, Y=x%ctgx B16 Y=x°-5x*+1, VY=x’ctgx
V-TLOE TS VUL TS
Y= **Inx, Y=(cosx — 1)%* Y= *’Inx, Y=(x — 1)2*
B2 Y=2x3-x2+1, Y=x°tgx B17 Y=2x3-x>+17, Y=xtgx
Y=artgx’ Y=3 2 —3 Y=artgx ’ Y=3 2 — 3
4x
Y=ln——, Y=(sinx — 2)3* Y=In—=— , Y=(Inx + 8)%*
x+1 x+1
B3 Y=7x3+3x2-2, Y=xarctgx B18 Y=7x3+3x%-2, Y=xarctgx
Y=x+5 1 Y=x+5 1

Inx’  (2x+11)5 Inx’  (2x+11)5



Y=sin®(4x?* + g - 1)
Y=(5x + 4)**
B4 Y=-3x3+5x*-81, Y=2xsinx

_Y ‘/XZ

sinx’

- X oy _ 2)3x
Y=cos x+1,Y (tgx —3)

B5 Y=7x5-3x2+32 Y=x3arcsinx

_ 2 _COSX
T(3-6x)8"  3x

Y=In(x — x? — 6)
Y=(cosx + 4)*
B6 V=-x>+3x3-11, Y=3x’ctgx

Y=arccosx' Y: m

3x

Y=e3** [n2x
Y=(7x + 6)**
B7 Y=3x*-6x%+19, Y=x3sinx

,/2 3 _

tgx

-e‘lenx, Y=3x + 1)%*

B8 Y=-4X5+9X2-12, Y=x3tgx

Y=33x + 6

arcctgx
6x '

Y=

Y=2"*"Inx, Y=(sinx — 4)*

B9 Y=5x*-2x3+65,Y=x%arcsinx

5

Y=(6x—4)3'

Y=x2 -5

Y=32"In Y=(cosx + 1)%*

Y=sin3(4x? + g - 1)
Y=(lnx — 2)**
B19Y=-3x3+5x*-81, Y=2xsinx

Y=—0 v=/xZ — 3

)
sinx

Y=cos =, Y=(Inx + 9)5%
x+1

B20 Y=7x6-3x2+3,Y=x3arcsinx

2 COSX
(3 6x)6’ 3x

Y=In(x — x? — 6)
Y=(tgx + 2)*

B21 Y=-x>+3x3-11,Y=3x2ctgx

Y=aTCC05x Y=5 xz — 3
3x '

Y=e3%" In2x

Y=(tgx — 6)**

B22 V=3x*-6x%+1, Y=x3sinx

tgx Y=3/2x3 —

-e‘lenx,Y=(tgx + 3)%*

B23 V=-4X6+9X2-12,Y=x3tgx

Y=/3x + 6

arcctgx
6Xx

Y=

Y=2"""Inx, Y=(cosx + 3)5%

B24 Y=5x*-2x3+65, Y=x2arcsinx

5
(6x—4)3’

Y= Y=Vx2 -5

Y=32"Inx, Y=(sinx + 2)8*



B10 Y=-2x5-3x%+19, Y=x’ctgx

Y=“”;gx Y=Yx3+5

Y=e2* Inx, Y=(3x — 1)*

B11 Y=8x*6X>+1,Y=2x3arccosx

tgx ., 9
5x’ (6x—5)*

Y=

Y=4""Inx, Y=(9x + 3)**

B12 Y=3X?+11x3-87,Y=3x3ctgx

_COS.X _ -3
2x ' (4x+9)5

Y

Y=56"Inx, Y=(cosx — 2)3*
B13 Y=x>+9X2-51, Y=x%arcsinx

Y=—"v=1/8x3 — 3

CoSXx

Y=e2**Inx, Y=(8x — 2)*

B14 Y=3x7-9X3+11, Y=5x3tgx

=2 V-YIT 6

arcsinx’

Y=e3* Inx, Y=(tgx — 3)%X

B15 Y=x>-8X2+16, Y=4x’ctgx

_actgx |, 9

Y 3x ' (2x—15)¢

Y=62%"Inx, Y=(Inx + 2)6*

B25 Y=-2x5-3x%+1, Y=x’ctgx

Y=“’”Cxtgx Y=Vx3+5

Y=e2 Inx, Y=(sinx — 1)3*

B26 Y=8x*-6X>+1, Y=2x3arccosx

tgx 9

T 5x’ (6x-5)*

Y=4""Inx, Y=(sinx + 5)**

B27 Y=3X%+11x3-87, Y=3x3ctgx

_COSX _ -3
2x " (4x+9)5

Y

Y=56%"Inx, Y=(sinx — 2)%*
B28 Y=x>+9X2-51, Y=x?arcsinx

y=—r y=1/8x3 — 3

CoSx

Y=e2* Inx,Y=(cosx + 6)°*

B29 Y=3x7-9X3+11, Y=5x3tgx

=2 -V 6

arcsinx’

Y=e3 Inx, Y=(sinx + 2)3%

B30 Y=x°-8X?+16, Y=4x%ctgx

_actgx ., 9

Y 3x ' (2x—15)¢

Y=62*"Inx,Y=(sinx — 6)5%

2.Haiitm mpou3BoaHBIC (PYHKITHH.

a — MOPSIIKOBBIN HOMEP B JKypHaJie

l.y=ax"“ —ia+" X —ax+a 2.y:2</(ax2 —3ax +5)° -
X

a

X+a)™



3.y =tg“(x+a)-arccosax® 4.y =arcsin“ ax-log (X —a)

5.y= a™ -ctgax® 6.y =ctg’ax- arctg\/F

vax? —3ax +5a lg( ax® —2ax + 3a
1.y = - 8.y= « 5 )
e arcctg“ax

KouTpoJibHbIC BONIPOCHI

1.ChopMynupoBTH omnpeiesieHne MpoOu3BOAHOM, MpaBuia aAuddepeHIInpoBaHus.
2.3HaTh TabJIMIly TPOU3BOIHBIX dJIEMEHTAPHBIX QYHKIIUH.

3.ChopmynupoBaTh NpaBUI0 HAXOKIACHUS MPOU3BOJTHON CIIOKHOMN (YHKITUH.

IIpakTnueckas padora Ne 7 mo teme
«HccenoBanus QyHKIUMU ¥ IOCTPOEHUE rpaduka»

Heab: HayyuThCs MCCIEA0BATh PYHKIMIO U MO pe3yibTaTaM UCCIEI0BaHUs
CTpOUTH Tpaduk.

Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue

1.TeopeTnyeckune ceepeHuA

2.3apaHue

3.JluctA4

4.KanbKynatopol

MopAapoK BbinoNIHEeHUA paboTbi

1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHuns

3. BoinonHutb 1 0popMuTb paboTty

4.lToKa3aTb pe3ynbTaTbl NpenoaasaTento

AomawHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
TeopeTnyeckue ceeaeHuUA.

Cxema uccneoosanus pynkuyuil

1) O6nacTh cymecTBOBaHUS (YHKITHH.
OTO MOHATHE BKIOYAET B ce0s W 001acTh 3HAUYCHUW W OOJACTh OIpEaeNICHUS
byHKIMIH.

2) Toukw paspeia. (Eciim oHM HMeroTCs).

3) NuTepBainbl Bo3pacTaHus 1 yObIBAaHUS.

4) Touku MakCHMyMa U MHHHMYyMa.



5) MakcuMajabHOE M MHHUMAJIbHOC 3HaueHHWE (QYHKIHMH Ha ee¢ 00JacTu
OTIpeICTICHHUS.

6) OO6acTu BHITYKIOCTH ¥ BOTHYTOCTH.

7) Touku nepernda.(Eciu oHU UMEIOTCS).

8) Acumntotsl.(Eciu oHr uMeroTes).

9) IMoctpoenue rpaduka.

3

X
= U TIOCTPOUTH €€ rpaduk.

Ipumep. UccnenoBars GyHKIUIO y =

Haxonum oOnacTh cymectBoBaHUs (QYHKIHMH. OYEBHIHO, YTO 001ACHbIO
onpedenenuss GyHKIUH sBIsseTcs 00acTh (-o0; -1) U (-1; 1) U (1; ).
B cBoio ouepenb, BHAHO, YTO mpsiMble X = 1, X = -1 sBIgIOTCA
BEPMUKATLHOIMU ACUMNINOMAMU KPUBOM.
Obaacmuio 3nauenuil JTaHHOW QYHKITUH SIBJISICTCS HHTEPBAJ (-00; 00).
Touxamu paspviea GyHKIUN SBISIOTCS TOYKA X = 1, x = -1,
Haxonum kpumuueckue mouxu.
HaiineM npou3BoaHy0 QYyHKIUY y' = 37" —D=2x-x" _ 3x' -3t 20t 234
(x* =1 (x* =1 (x* =1

Kpurnueckue touku: X = 0; X = -J3rx=43; x=-1; x=1.

HaxomuM mpoMexyTKH 6ospacmanusi W yovieawus QyHkmmn. s sToro
orpeieNisieM 3HAKH MPOU3BOAHON (YHKITUU Ha MPOMEKYTKAX.
-0 < X < -4/3, Y’ >0, QyHKIHSA BO3pacTaeT
-3 <x<-1, y' <0, QyHKius yObIBaeT

-1 <x <0, y' <0, dyHkius yosiBaeT

0<x<1, y' <0, dyHkius yosiBaeT

1<X<43, y' <0, QyHkuus yobBaeT

V3 <X <o, y' >0, ¢yHKIHSI BO3pacTacT

BujmHo, 4To TOuKa X = - /3 sABIAETCA TOUKOH Makcumyma, a Touka X = /3
ABIIACTCS TOUKOW Munumyma. 3Ha4eHUs] PYHKIIUU B ITHX TOYKaX PaBHBI

COOTBETCTBEHHO 3 /3 /2 u -3+/3 /2.

Haiinem BTOpYyI0 Mpou3BOAHYIO G YHKIIUN
, (40 —6x)(x* 1) = (x* =3x)dx(x’ - 1) (4x® —6x)(x* —2x* +1) — (x* —=3x*)(4x° —4x) _
T & 1) ] (x* -1y’ )
4x7 —8x” +4x —6x7 +12x° —6x —4x” +4x” +12x° —12x°

(x* -D*
B 2x° +4x° —6x B 2x(x* +2x* =3) B 2x(x* +3)(x* = 1) B 2x(x* +3)
G A e | e
Ornpenenum BBITYKJIOCTh U BOTHYTOCTh KPUBOM HA MPOMEXKYTKAX.
-0 < X< -4f3, Y’ <0, xpuBas BRITyKTas -~/3 <X < -1,
y"" <0, KpuBas BbIIyKJIas




-1<x<0, Yy">0, kpuas Borayras 0<X<1,

y"" <0, KpuBas BBIITyKJIas

1<X<.3, y’>0, kpupas BorHyTas +/3 <X < oo,
y"" >0, KpuBas BOTHyTas

Haxonum mnpomexyTku eospacmanus M yoviganus (PpyHkuuu. g 3Toro
oTpesensieM 3HaKU MPOU3BOAHON (YHKIIUU Ha MMPOMEKYTKaX.
-0 < X < -4/3, Y >0, GyHKIHSA BO3pACTaET

-3 <x<-1, y' <0, QyHkuus yObIBaeT

-1 <x<0, y' <0, QyHKius yObIBaeT
0<x<1, y' <0, QyHKius yObIBaeT
1<X<43, y' <0, QyHkuus yobiBaeT
V3 <X <o, y' >0, ¢yHKUMA BO3pacTaer

BuIHO, UTO TOYKA X = -+/3 ABISETCS TOUKOH MakcuMyma, a TOuKa X = /3
SBISETCS TOYKOM Munumyma. 3Ha4eHUs: QYHKIUH B THX TOYKAX PaBHBI
COOTBETCTBEHHO 3 /3 /2 1 -3+/3 /2.

HpO BCPTUKAJIIBHBIC ACUMNIMOMbl OBLI0 YK€ CKAa3aHO BLBIIIC. TGHCpB HaﬁllCM

2
. X . 1
HAKJOHHbIE acuMnmomul. k =lim — = lim =1
x>0 < — 1 X—>0 1 1
_ >

i x3 (X3 =x3+X
b =lim| —— —x |=lim| 2 =2 % | =
x—o| X< —1 X—>00 X =1

Hroro, ypaBHeHHE HAKIIOHHOW aCUMIITOTHI — Y = X.

Ctpoum epaghux hyHKINA:

.




3apanme 1.MccnenoBaTh GyHKIHMIO 110 IPEAIOKEHHON CXEME U IIOCTPOUTH €€
rpaduxk:

1. Haiitu obnacte onpeneneHus GyHKUUU.

2. UccnenoBarh Ha YETHOCTh U HEYETHOCTb.

3. HccnenoBars Ha NEPUOIUYHOCTb.

4. HaiiTu cTaiuoHapHble M KPUTHYECKHE TOYKU MEPBOTO POJA.

5. HaliTu npomMexyTKu Bo3pacTaHusi U yObIBaHUS (DYHKIIMH, SKCTPEMYM.
6. HaliTu cTaiimoHapHbie ¥ KpUTUYECKHUE TOUKU BTOPOTO POJa.

7. HaliTu mpOMEKyTKH BBITYKIOCTH (DYHKIIMH, TOUKHU TIeperuoa.

8. Haititu acumMnTOTHI (BepTUKAIbHBIE, TOPU30HTAIbHBIC, HAKIIOHHBIE).
9. Haiitu Touku nepeceyeHus rpaduka GyHKIUNA ¢ OCSIMU KOOPIUHAT.
10.Haiiti 1OTIOTHUTEIBLHEBIE TOUKH.

11. To pe3ynbTaTam HcclieqOBaHUS TOCTPOUTH Tpaduk G YHKIIUH.

Bl.a)y=x2(2-x)% 6)y :ﬂ B16. a) y= X* - 12X .9x+1;

+1
X
O)y=x*+1
=x+/1 — ¥ 1 . 1. x2
By Pl B17. a)y=3" *2" -2x-1; 6)y-¥ -2
R A
B3.a)y = X - arctgx ; 1oz y1_gy,1 al
)};2_3)6_10 ’ B18.a)y=3" ~* "3, 6)y=1"3
0)y=—7—
_ ) _x?+3x-10 B19. a)y=-X% + 3X* +9x;
B4.a)y T 0)y BT
Xi-1
0)y=3x + 5

4
BS.a)y= fl_x' B20.a) y=x>20x ; 6)y=1—

’
X



x2—4x-12
x+3

0)y=

x2

14x2’

B6.a) y=

_ X

B7.a) y 1o

x2

B8.a) y=e+;

B9.a) y =ﬁ;

B10. a) y =2x-x?

x242x—15

0)y=

x—1

x2+4x-12
6) - x—3
x2—x—20
6) y - x+2
x2+4x=20
0)y="—"3
x%2—2x—15
6) y - x+4
H—2x

Bll.a)y=X*-3x*+4:6) y=x:-2

B12. a)y= —X* +3x%-2 ;

x?
O)y=x3-1

B13.a)y=x*-12x+6 ;

X

x2+4

0)y

Bl4. a)y=X®+9x* + 24x + 12

-

x?
0)y=6x- + 18

B15. a)};—xz +3x*-2;

X3
O)y=xz-1

KoHTposibHbIE BOIIPOCHI:

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

B29.

B30.

2_
a)y=x+15x%-x-250 6)y== . :
ay=x+2;  O)y=—
a) y=x2-4x ; 0)y= 3x+%+5
_ .3 :x2—2x—8
a)y=3x-x"; 0)y 7
X
a)y = 2/3x3-2x=1; 6) Y=
2
a)y=2xxt;  6)y="—
a)y=2x*8; 0)y =5
1
a)y = x*-8x%43 ; 0)y= =
3 _ x?43x-10
a) y 42’ 6) y= x+3
2_2yv—
a)y =xV4 —x; 6) y==- xi);g

1.Yto Takoe ob6sacTh onpeaeaeHus QyHKITHH?

2.Kakue (pyHKIIMM Ha3bIBAIOTCS YETHBIMU , HEUETHBIMH, OOIIIEro BUaa?
3.Bunbl TOYEK pa3phIBa.
4.Yt1o Takoe Hynu QyHKIHU?



5.Kak onpenennTts NpOMEKYTKH BBITYKIOCTH?
6.Buasl acumMnToT.

Tema «PeweHue cuctem NMHENHbIX ypaBHeHU no popmynam Kpamepa u
meTtogom lNaycca»

Lenb: Hay4UnUTbCA BbIYNUCAATb onpeaenntenn BTOporo n TpeTbero nopAaankKa

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceegeHuA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MNopaaoK BbinoNHEHUA PaboTbl
1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHuns

3. BoinonHutb 1 opopmutb paboty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTento
AomawHee 3apaHune

1.MoarotoBUTL OTBETbI HA KOHTPO/IbHbIE BONPOCHI
Xop, pabotbli

TeopeTuyeckue cseaeHuA

IIpakTuyeckas padora Ne 8 mo reme

Tema «BbruuciaeHue nepsoo0pa3Hoi U onpeaeJeHHbIX HHTErpaJioB.
Du3nyecKoe U reoMeTpUYecKoe MPUI0KeHHe HHTErPaJI0By»

Llenb: mpoBEepUTh YMEHUE BBIYUCIIEHUS ONPEACICHHBIX HHTETPAIOB, HAXOXKICHUE
IJTOIIAIEH.

Bpemsa BbinonHeHua 90 MUHYT

MatepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHuA
2.3apaHue

3./lInctA4



4.KanbKynatopol

MopaaoK BbINO/IHEHUA PaboTbI

1.3yunTb 3agaHue

2. U3yunTb TEOpPETUYECKME CBEAEHNA

3. BeinonHutb 1 opopmutb paboty

4.ToKas3aTb pe3ynbTaTbl NpenogaBaTento
AdomalwHee 3apaHne

1.MoAroToBUTbL OTBETHI HA KOHTPO/IbHbIE BOMPOCHI
TeopeTuyeckue cBeaeHMs

Onpeodenennslit unmezpa.

[Tycts Ha oTpe3ke [a, b] 3agana nenpepwiBaas Gynkmus f(X).

O6o3HaunM M u M HaumeHblliee W HauOosblliee 3HAUeHUE (YHKIIMU Ha
oTpeske [a, b]
Pazo0nem oTpesok [a, b] Ha yacTh (He 0053aTEIBPHO OJTMHAKOBBIC) N TOYKAMH.
Xo< X1 < Xo<...<Xp
Torma X1 — Xo = AX1, X2 — X1 = AXo, ... ,.Xn — Xn-1 = AXnp;
Ha kaxmom ©3 TONYYEHHBIX OTPE3KOB Hali/IeM HaWMEHbIIEe M HauOOoJbIIee
3HaYeHUe (QYHKIUU.

[Xo0, X1] > M1, M1; [X1, X2] > Mz, M2; ... [Xn-1, Xn] = Mp, M.

CocTaBUM CyMMBI:

Sn = MAX: + MaAX2 + ... +MpAXn = ) m,Ax,

i=1

§n = M]_AX]_ + MZAXZ + + MnAXn = iMle

i
i=1



CymMa S Ha3blBaeTCs HHMKHEHl MHTEerpajbHOH CyMMOii, a cyMmma S — BepxHeii
HHTErpajJbHONH CYMMOI.
Tk M<Mj,t0 Sh< Sp, a Mb-a)< Sp< Shn<M(b-a)

BHyTpH KaKI0ro 0Tpe3ka BEIOEpeM HEKOTOPYIO TOUKY &.
Xo < €1 < Xy, X1<e< Xo, ... ,Xn1 < €< Xp

Haiinem 3HaYeHHs (YHKIMU B DTUX TOYKAX M COCTABUM BBIPAKECHHUE, KOTOPOE
Ha3bIBACTCSl HHTErPaIbHOI cymmoii st pyrkiuu f(X) Ha otpeske [a, b].

Sy = fen)Axy + f(e2)A%z + ... + fen)A%n = 3 f(e)Ar,

i=l1

Torma moxxHO 3anucatb: MiAX; <f(&)Ax <MiAXx;

CremoBaTelbHO, Y mAx, <Y f(g,)Ax, <D M Ax,
i=1 i=1 i=1
S <S5 <8

n

IN

['eomeTpudecku 53TO MPEACTABISETCS CIEAYIOIMIMM 00pa3oM: rpaduk
¢yukiuu f(X) orpaHuueH CcBepXy OINMUCAHHOM JIOMAHOHW JIMHUEH, a CHH3Y —
BIIMCAHHOW JIOMaHOM.

O0o3HauuM MaxAX; — HauOOJBIIHNA OTPE30K pazbueHus, a MinAx; —
HauMeHbInui. Ecimu maxAx;— 0, To umcio oTpe3koB pa3OueHHs oTpeska [a, b]
CTpEeMHTCS K OECKOHEUHOCTH.

Bema s, =3 /(e)Av, 10 lin 3 /(z)Ax =S,

Onpenenenue: Eciu mpu mo0bIX pa3oueHusx oTpeska [a, b] Takux, aro maxAx;—

0O u mpoOM3BOIBHOM BHIOOpPE TOYEK € HHTErpaibHas cymma S, =Y f(g,)Ax,
i=1
CTPEMUTCS K TIpeliey S, KOTOPBIA HAa3bIBASTCS ONpeaesieHHbIM nHTerpasioM ot f(X)
Ha oTpe3ke [a, b].
b
O06o3HaueHHe : J' f(x)dx.

a — HWOKHHW TIpeJien, b — BepXHUH npesel, X — IepeMeHHas HHTerpupoBanus, [a, D]
— OTPE30K HHTETPUPOBAHHSI.



Onpenenenue: Ecmu g ¢yakmuun f(X)  cymectByer  mpenen

n b
lim Z f(e,)Ax; = J f(x)dx, TO QyHKIMS HA3bIBAE€TCS MHTETPUPYEMOIl Ha OTpE3Ke
= ’

max Ax; -0 i

[a, b].
n b
Tak:ke BEpHbI YTBEPKIACHUS: mhg}_)o;mimi = ! f(x)dx

im 3 M A, = f F(x)dx

max Ax; -0 ;

Teopema: Eciu ¢yukums f(X) HenpepsiBHa Ha otpeske [a, b], To oHa
UHTErpUpyeMa Ha 3TOM OTpPE3KeE.

CBolicTBa OIIPEACIICHHOr0 MHTErpaja.

1) lef (xX)dx = Aj. f(x)dx;
2) [(fi0)x fo(o)de= [ fi(0dx [ f,(x)dx
3) ]i f(x)dx=0

4) Ecmu f(X) < o(X) na orpeske [a, b] a<b, o J. f(x)dx < j o(x)dx
5) Jlist pou3BOIbHBIX YKcen @, b, C cripaBeIyIiBO PaBEHCTBO:

b c b

.[f(x)dx = If(x)dx + jf(x)dx

Pazymeercsi, 370 paBEHCTBO BBINOJHSETCS, €CIU CYLIECTBYET KaXKIbIM W3
BXOJSIINX B HEFO UHTETPAJIOB.

6) [ /e =] fds

Buviuucnenue onpeoenennozo unmezpana.

b
Ilycte B umHTErpane J. f(x)dx HWKHWIA TIpenena a = CONst, a Bepxuuil mpexen b

HU3MCHSACTCA. O‘—ICBI/II[HO, qTO0 C€CJIN U3MCHACTCA BerHI/Iﬁ npeaci, To UBMCHACTCA U
3HAYCHUC MHTCTrpalia.

O603HaunM J f(®)dt = ®O(x). Haiinem npousBogHyro ¢GyHKIHUU D(X) MO

MIEPEMEHHOMY BEPXHEMY IPEIEITY X.



s
— j f(0)dt = f(x)

AHaNOTUYHYI0 TEOpPEMY MOXKHO JOKa3aTh JUIsl Ciydas T[EepEeMEHHOTO
HUKHETO Ipeiena.

Teopema: Jlns Bcskod ¢ynkumu f(X), HempepwiBHO# Ha orpeske [a, D],
CYLIECTBYET Ha JTOM OTpe3Ke IepBoOOpa3Has, a 3HAYUT, CYLIECTBYET
HEeOoNpeeJIeHHbIA UHTErpall.

Teopema: (Teopema HrroTona — JleliOHuiia)

Ecmu ¢yskums F(X) — kakas- nmubo mepBooOpasHasi OT HEMpPEpPBIBHOM
¢yukuuu f(x), To

i f(x)dx=F(b)-F(a)

ATO BRIpAKEHHE U3BECTHO 01 HazBaHueM (popmyibl HetoToHa — JleitOHua.

b
Muorna npumenstor odo3nayenue F(b) — F(a) = F(X)| .

®opmyna Hpiotona — JleitOHuna mnpeacraBisieT co0oM OOmMH MOAXO0M K
HAXO0XJICHUIO ONPEEICHHBIX HHTETPAJIOB.

Uto kacaeTcsi MpUEMOB BBIUYHUCICHUS ONPENEIECHHBIX WHTErpPaJoB, TO OHU
NPaKTUYECKH HUYEM HE OTJIMYAIOTCSA OT BCEX T€X NMPUEMOB M METOMOB, KOTOpPHIE
OBLIIM pacCMOTPEHBI BBIIIE MPU HAXOXKIACHUU HEOTPEIEICHHBIX HHTETPAJIOB.

TouyHO Tak e MPUMEHSIOTCS METO/bl MOJICTAHOBKH (3aMEHbI MIEPEMEHHON),
METOJI UHTETPUPOBAHUS 10 YACTSIM, T€ K€ MPUEMbl HAXOXKICHUS MEPBOOOPA3ZHBIX
JUISI. TPUTOHOMETPUYECKUX, HPPAIMOHAIBHBIX W TPAHCICHACHTHBIX (YHKIUU.
OCc0OEHHOCTBIO SIBIISETCA TOJBKO TO, YTO NPHU MPUMEHEHUU 3TUX MPUEMOB HAJO
pacnpocTpaHsITh MPeoOpa3oBaHUE HE TOIBKO HA MOJBIHTETPAIBbHYIO (QYHKIIHIO, HO
U Ha Mpenesibl MHTErPUPOBAHMSA. 3aMEHsIsl IMEPEMEHHYI0 WHTETPUPOBAHUS, HE
3a0bITh U3MEHUTH COOTBETCTBEHHO MPEIETIbl UHTETPUPOBAHUS.

3amena nepemeHHblX.

b
[Iycth 3aman wHTETpa j f(x)dx , tme f(X) — HempepbiBHAsS (QyHKIHA Ha

otpeske [a, b].

BBenieM HOBYIO TEPEMEHHYIO B COOTBETCTBUU C opmyiion X = @(t).
Torma ecm

1) () =a, @(B)=Db

2) o(t) u @' (t) HenpepwIBHBI Ha oTpe3ke [a, []

3) f(¢(t)) ompenenena Ha otpeske [a, B], TO

b B
[ rGodx =] flo@)]e'@)ar
B

B
Torna If [e)]o'(t)dt = Flo(0)]] = Flo(B)] - Flo(c)] = F(b) — F(a)

a



[Ipumep.

1 x:Sin t, /2 n/2 111/2
.[ 1-x*dx = = J.\/l—sinztcostdt: jcosztdt=— I(1+c0s2t)dt=
0 oa=0;p=m/2 0 0 29

1( 1. j’”z L T
=—| t+—sn2¢ =—+—-smmw=—.
2 2 o 4 4 4

[Ipn 3aMeHe mEpEMEHHON B ONPEACICHHOM MHTErpayie ClIeAyeT MOMHHUTh O
TOM, 4TO BBOJMMAas (GyHKIUS (B paCCMOTPEHHOM mpuMmepe 3To (yHKIus Sin)

J0JKHA OBITh HETpEepbIBHA HA OTPE3KE MHTErpupoBaHMs. B mpoTMBHOM ciyuae
(dopManbHOE MpUMeHeHne (POpMYJIIbl MPUBOJIUT K a0Cypay.

[Ipumep.

n n
_[ dc=x |=m , C Jpyro CTOpOHBI, €CIIH NPHMEHHTh TPHIOHOMETPHYECKYIO
0 0

MOJICTAHOBKY,
Pt dx b dx ¢ dt

dx = | — = = {tgx = t} = =0
! ;|)‘sm2x+cos2x !coszx(lthgzx) !)‘IH2

T.e. nBa cnocoba HaxOXAEHUS HWHTErpajga JaloT pazludHble pe3yiabTaThl. ITO
IPOU30IIO M3-3a TOTO, YTO HE ObUI y4TeH TOT (haKT, YTO BBEJCHHAS IEpEMEHHas
tgX MMeeT Ha OTpe3Ke MHTErpUpOBaHMs pa3pbiB (B Touke x = 7/2). [loatomy B
JAHHOM CJIy4ae Takas IOJCTaHOBKa HempuMeHuMa. [Ipu 3ameHe mepemMeHHOU B
OTIPEJICTICHHOM HMHTETpaJie CJIeyeT BHUMATEIbHO CIEIUTh 3a BBINOJHEHHUEM
NIEPEUNCIICHHBIX BBIIIE YCIOBHIMA.

HNuTerpupoBanue mo 4acTsm.

Ecmu dynakiuu U = @(X) u V = y(X) HepepbIBHBI Ha OoTpe3ke [a, D], a Takke
HENPEePBIBHBI Ha 3TOM OTPE3Ke MX IPOM3BOJHBIC, TO CIpaBeimBa (Gopmysa

HHTCI'PUPOBAHHA 110 YaCTAM:
b b

b
Iudv:uv| —.[vdu.
a a g
BeiBog oaTolt  dopMynbl  aOCOMIOTHO AaHAJIOTHYEH BHIBOAY (OPMYJIBI
MHTETPUPOBAHUSL MO YaCTAM JJI1 HEOINPEACIICHHOTO HWHTErpaja, KOTOPbIA ObLI

BeChMa MOJAPOOHO PACCMOTPEH BHIIIE, IOATOMY 37€Ch MPUBOIUTH €TI0 HET CMBICTIA.

[1omanes KpUBOJMHEHMHOW Tpamneluud, OTPAaHUYECHHON HEMPEepPbIBHOM KPHUBOU
y=f(x), AByMs npsIMBIMH X=a W X=D M 0OCbhIO aOCIHCC, BBIYUCIACTCSA C ITOMOIIBIO
OTIPEJICIICHHOT 0 MHTErpasia mo hopMmynam:
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4, ¢y

)= £ s ean

o -} .

. A '
X7 s-

5

f—=
@ -
o

fx)F0=>x=c '

8= 5, - 16| M

fx)=0=>x=c ' 0 g

o

S=5,+8, = [flx)dx +

Ilpumep 4. Berauciure miomaab GUTypbl, OrpaHHUEHHON JIMHUSAMH y = — *—2x+3,

OCSIMM KOOpAWHAT U IpsIMOU  x=_2.

Pemenne: [ToctporM naHHBIC TUHUA

Y=0

\d,,

Haiinem Touku nepecedenus rpaduka GyHKImu ¢ ocbto Ox: y =—x"—2x+3,

—x2—2x+3=0, x1:1' X2 =_3



i 2 g 2 X X
S=[(-x"—2x+3)dx—[(-x —2x+3)dx=(—§—x +3X) +(—§—x +3x)| =
1

0

:_1_1+3_(_§_4+6)+(_1—1+3)=§+E+§=E=4(K8.€a.)
3 3 3 3 3 3 3

3ananus npakTH4YecKou padoTbl BBIYMCINTH ONpenesIeHHbI HHTETpal

1.
3
a)j(Bx2 — 2X X a)| dx a)JZ'(4x3 —3x2 Hix
1 0cos® = x 1
1. op 11. 2 21,
b) | <% X dx ; b) [~
56 b) [ (1—x)* dx ) Jx+3
2
1 3, z
2 9
a)J.(X2 — X)jX a) ICOSleX )I(Z COS3XhX
C 2. o 3 2. 0
6dx 4 2
0 | 0] @+ 5)°ex B -5 ox
3 4 L
a) | 3cos xdx a),[(?’xz — 2xpix )f(1083|n 6x )
3. 5 3. 23. 0
0 :
: 3 a)”(Bsin lxjdx :
a)'([ COS2 X dx 14. ! 2 24. ‘l. OS 2X
0
b)i(1+§)8dx b)! (1-2x)"dx b) j (4x° + 6x)dx
e 2
2
3
a)!(4x - 2xfi (36cos2x Jdx a)'z[(Sx4 —6x” Jix
5. 1 3dx 25. 1

b)[ N

X
0cos? (= ——
(2 3)

5
ol

—X)

b) || +/8x — 5dx



i
6. a)£(4cos 2x)dx

b) [ /ox —1dx

a) | (6sin 2x)dx

b)[ (3—2x)"*dx

~
P N N — Y

<}

o
x

[0
O
~ =
= Oty
(@}
o
w
>

xdx
2
! 1—x?
tIn?x
3 ! - d
A j)- xdx
N (TS
1
5.

,[ xdx
0 4\[(16+ X2)5

a) | cos xdx

16.

b)| (L-2x)*dx

N W O e | Y

w

(o]
o
>

QD

"~
(@]
o
w

[N}
N
>

17.

O
~

N W O ey 0 | N

(3-x2)dx

a)[(2sin x)x

b)| (x* +1)dx

[EY
®©
Ot~ Oty

w N

a)_[sin Xax
19. o

b)j(? —2x)*dx

a)j‘(x3 - x):lx
20.

b) [3sin 3xdx
0

2.
1

11. .|.x3\/4+5x4dx

0

t1+1Inx
12. j dx
1 X

13.1[ dx
23/2-4x

¢ In(3x-1)
-[ 3x-1

14. dx

1/3

15. j
0

2-3X%

“%nmz—smdx

ol

QD
—

o

X

= O O —=——o |y

@,

>
N}

>

26.

b) [ (x°® —3x?)

(2sin x)dx

O w0 | N

a)
27.

mﬂ%—%mx

a)j-(S X% + 4x3)1x
28. 1;/8
b) |

[1/4

cos4x dx

a) JS.(ZX3 - 2x)ix
29. °
b)

0

M7E 4dx
cos? 2x

a) | (2 sin 3x)dx

30.

[N o |

o]

dx
X° +4

—_—

b)

0

21.

2 [ =z

23.

24.
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b)jx%l+x2dx
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a)f dx
o V25+3X
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Cc0S3X
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»
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3
2.1 len(x—l)dx
2

0
2.2 Ixze’x’zdx
-2
wl2
J.xcos xdx
0

2.3

wl2

2.4 Ixz sin xdx

1/2

2.5 Iarccostdx
-1/2
2

2.6 I(x—l)lnxdx
1
0

2.7 Ixe‘zxdx
-1/2
2

2.8 jxexdx
1
-2/3

29 | —5-dx
—l/3e
In x

1.19

a)j(4x3 +1)5 x2dx

0

1
b)J' x%e* dx
0

"¢ cos3x

'[2/(1 sin 3x)5
32xdx
b)j x +1)5

5.

j\/; In xdx
l1

j arctg~/xdx
0

I(x+ 2)cos§dx
0 2

718

Ixzsin 4xdx

2
szln xdx

j.(x+1) In xdx

1

2

jarctg(Zx —3)dx
3/2

72

_[(x + 3)sin xdx
0
In2

I xe *dx
0

0
j (x —2)e™"3dx
-3

1.29

b)

\_/

O
~

O'—.H [N S

RS
'_.wm Oy

10xdx

4/(16 - x*)?

fot

x%dx
V31(x* 1)

“xdx

N

i(B— x)e*dx

1
Iarcsin( 1-x)dx

1/2

'
Iarctg =dx

1 X

0

j X In(1— x)dx

sinx

e¥'" cos xdx

oty L

0
I(Zx +3)edx
a

0
I(x +1)e >*dx
-1

1/2
Iarccos 2xdx
-1/2

1
I xarctgxadx
0

2
[In(3x + 2)dx
1

3agaHus npakTudeckoi padorsl Haiitu uiomans Gurypsl, orpaHudeHHON

JTAHHBIMHU JIMHUAMUA
3amanue 1

1,11,21. y=8x-—

x> =7 W OCBIO OX



212,22, y=x-1,y=0,x=0

3,13,23. y =x*-3x—4 u ocero OX
4,14,24. y2 =4x u x* =4y

5,15,25. y=5x—x*+6 u ocbo OX
6,16,26. y=x>, y=x*,x=-1,x=0
7,17,27. y =x*—6x+8 1 ocbro0 OX
8,18,28. y=x> U y=x+2

9,19,29 y=x*—-4x-5 u ocero OX

10,20,30. y=6x —3X?u ocvio OX
3amanue 2

1,11,21. y=x*+2 uy=2x+2 21222. y=x?u y=2-x?

3,13,23. xy=6 U y+x-7=0 4,1424. y=2*, y=2x-x*,x=0,

x=1 5,15,25. y=Ihx, x =e, y =0 6,16,26. y=Xiz,X
=1, y=x-1 7,17,27. y=x"+x, y=1-x*,x=0,x=1
8,18,28. y=x®,x=2 9,19,29. y=cosx ,x=0,x=

2m,y =0 10,20,30.y = Jx | y =2, X = 0 3anganue 3
1,11,21. x—-y+3=0, x+y—-1=0,y=0

2,1222. 2x—-3y+6=0,y=0u x=3

3,13,23.  y=x*-2x+3u y=3x-1

41424, x-y+2=0,y=0,x=-1,x=2

5,15,25. y?=4x,x=1u ocsio OX

6,16,36. y=x">uy=-3X

7,17,37. x—-y+3=0,x+y—-1=0,y=0

8,18,28. x?=3ym y=X

9,19,29. X—y-2=0, x+y+1=0,y=0



10,20,30. y?2=9x, x =3 u ocpo OX
KoHTpoJbHBIEC BOIPOCHI

1.YT0 Ha3BIBAIOT ONpEICICHHBIM HHTETpaioM GyHKImu f(X)?

2.B 4eM cOCTOUT reOMEeTPUUYECKUIM CMBICII ONPEEICHHOTO HHTerpaia?
3.Chopmynupyiite HeoOXxonumoe yciaoBue uHTerpupyemoctu Gynkimu f(X) Ha
otpeske [a,b].

4.ChopmynupyiTe HEOOXOAUMOE U IOCTATOYHOE YCIOBUS HHTETPUPYEMOCTH
byuxkmu f(X) Ha oTpeske [a, b].

5.3anummTe CBOMCTBA ONPEIeICHHOT0 HHTETpaIa.

63anumure popmyny Hetotona-JleiiOuuiia.

7Pacckaxute 00 OCHOBHBIX METO/IaX HHTEIPUPOBAHHS ONIPEICTICHHOTO
UHTETrpana.

8.Uto Takoe KpUBOJIMHEHAS Tpareus?

9.®opmyna HetoTona-JlelOnuna

10.I'paduku s1eMeHTapHBIX QYHKIUH.

11. Pa3znuaHbIC BHIBI INIOCKUX (DUTYP M CTIOCOOBI BRIYHCIICHHSI X TUTOIIACH.

IIpakTnyeckas padora 9 no reme
«Haxoxaenne 4acTHbIX Npou3BoAHbIX. [loaHbiil nuddepenumann»

Llenb: mpoBepUTh YMEHUE HAXOJIUTh M CTPOUTH 00JIACTh OTPEICIICHUSI CIIOKHON
(GyHKIMM, HAXOUTh YaCTHBIE TTPOU3BOTHEIE.

Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA

2.3apaHue

3./lIuctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi

1.M3yunTb 3agaHune

2. I3yunTb TeopeTnyeckune ceegeHuns

3. BoinonHutb 1 opopmutb paboty
4.lMloKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomalwiHee 3apaHue

1.MoAarotoBUTbL OTBETHI HA KOHTPOJIbHbIE BOMPOChI
TeopeTtnyeckue ceeaeHUnA

Xoa padoThI

Onpenesienue GyHKIMH ABYX NepeMEeHHbIX



Ecnu xaxnoit mape ( X;y) 3HaU€HHM ABYX HE3aBUCUMBIX JIPYT OT Apyra
MEPEMEHHBIX BEJIMYHH X U Y U3 HEKOTOPOr0 MHOXkKECTBAa D COOTBETCTBYET
€IMHCTBEHHOE 3HAYEHUE BEJIMUYUHBI, TO TOBOPAT, YTO Z €CTh QYHKIIUS ABYX
HE3aBUCUMBIX IIEPEMEHHBIX X U Y, ONIPEJEIIEHHAs HA MHOXKECTBE D.
O6o3Hauaercs: z=f(x;y) unu z=z(x;y).

Hanpumep, S=ab, S=S(a;b)- dynkuuu nByx nepemennnix; V=abc, V=V(a,b.c) —
(GYHKIHS TpeX MEPEMEHHBIX;

Cnoco0bl 321aHusi YHKIUH HECKOJIBKUX MEePeMEHHbIX

Yrto0Osbl 3a1aTh PYHKIMIO ABYX (TpeX) NEPEMEHHBIX, HY>)KHO yKa3aTh CIoco0, ¢
NOMOIIBI0 KOTOPOTO JIJISl KaXKJ0M Mmapkl (TPOMKM) 3HAUEHUI apryMEHTOB MOYKHO
HaWTH COOTBETCTBYIOIIEe 3HaUeHUe GyHKkiuu. Hanbonee yacto GyHkIus 3agaercs
AHAIMTUYECKH - 3TO SIBHOE 3aJlaHNe (PYHKIIUU WM HESIBHOE 3aJ]aHUE

YacTHbIe NPON3BOJAHBbIE IEPBOr0 MOPAIAKA

[lycts QyHkmmus nByx nepeMmeHHbix z = f(X, y) ompeneineHa B HEKOTOPOM
OKpEeCTHOCTH TOYKM M(X, y) eBkiauaoBa mnpoctpaHcTBa E2. YacrtHas
npou3BoaHas ¢yHKUMU z = f(X, y) IO apryMeHTy X SIBISETCS OOBIKHOBEHHOM
IPOU3BOJHON (DYHKIMU OJHOM NEpEeMEHHOH X NMpH (UKCUPOBAHHOM 3HAUEHUU
HepEeMEHHON y U 0003HaYaeTCsl Kak

dz af , .
Ei Es Zrs f.r

AHaJIOTUYHBIM 00pa3oM OMpeeNsaeTcsl YacTHas nmpousBoaHas QpyHkiuu f(x, y)
10 TIEpeMEeHHOH y B Touke M, o603HadaemMas Kak

gz o8f
_1 _:' z
dy dy

DyHKIIHSI, IMEIOIAasi YaCTHBIC MPOU3BOIHBIC, Ha3bIiBaeTCs audepeHITUPYEeMO.

CoBepIICHHO aHAJOTHMYHO OMPENETSIOTCS YaCTHBIE MPOW3BOAHBIC (YHKITAN
Tpex U OoJsiee mnepeMeHHbIX. YacTHas mNpous3BOAHAS (YHKIUU HECKOJIbKUX
IIEPEMEHHBIX XapPaKTEPU3YET CKOPOCTh €€ MU3MEHEHHUs MO JTAHHOM KOOPAMHATE
py GUKCUPOBAHHBIX 3HAUCHUAX APYTHX KOOPIUHAT.

z=22y +3x+5y -7

Hpumep: — (byHKIMS JBYX EPEMEHHBIX.

R T _
WHorga HCHOAB3YIOT 3alKCh Syl =2y  +3x+5y -7

3a/1aHus, TJI€ BMECTO OYKBbI Z HCHOJb3yeTcsl OyKBa * .

Takxe BcTpedaroTcs



HaiitTu  vacTHble TNPOM3BOAHbIE NEPBOr0 M  BTOPOro  MOPSIAKA
z=2x% +3x 45y -7

byHKIIIN
CHauana HailieM 4yacTHbIE POU3BOAHBIE NTEPBOTO NopsKa. VX ase.
O0o3Havenu:
%
z WIH o — yacTHast IPOU3BOJIHAS 1o «HKC»
&z

. _—
ot
Y U & _ JacTHasd IIpou3BOaAHAA 10 KMI'PEK»

r
Haunem c Z". KOFI[a MbI HaXO0AMM YAaCTHYH NPOHU3BOAHYIO IO «HKC», TO

nepeMeHHasi ¥ CYNTAETCS KOHCTAHTOH (MOCTOSTHHBIM YHCJIOM).
rl:l:l 3 3 4 rl:z:l 3 up 4y r rl:3:|
z,=(2x°y +3x +5y =T =2 (2T + 3 + Oy - (U =
(4]
=2y 2x+3.4x +0-0=4x/ +12x
KOMMeHTapI/II/I K BBIITOJIHCHHBIM JIGfICTBI/ISIMi

(1) IlepBoe, 4TO MBI JA€NaEM MPU HAXOXKJIECHUU YACTHOM MPOU3BOJHON —
3aKJII0YaeM BCIO (DYHKIIMIO B CKOOKH MO/ IITPUX € MOACTPOYHBIM HHIEKCOM.

(2) Ucnonssyem npaswia muddeperuuposanns @ TvY=u'Ev’ (Cu)'=Cu"

Jliist mpocToro npumepa, Kak 3ToT, 00a MpaBuiia BIIOJIHE MOXKHO MPUMEHUTH Ha
ofHOM 1irare. OOpaTiTe BHUMaHKUE Ha MIEPBOE CIaracMoe: Tak Kak - CYHTAeTCs
KOHCTAHTOM, a JIIO0YI0 KOHCTAHTY MOKHO BbIHECTH 32 3HAK NMPOMU3BOJIHOM,

3 k]
TO ¥ MBI BBIHOCHM 3a CKOOKH. TO €CTh B JaHHOM CHUTyalMy » HUYEM HE JIydlle
oObraHOro umcia. Temeph [OCMOTPHM Ha TpeThe ciaraemMoe -V @ 37ech,
HA0GOPOT, BEIHOCUTD Hedero. Tak Kak ¥ KOHCTAaHTA, TO ¥ — TOXKE KOHCTAHTA,
M B 9TOM CMBICJIC OHA HUYEM HE JIUIIe TOCICTHETO CIIaraeMoro — «CEMEPKU».
r_ Byt n-1
(3) Ucnonbsyem tabmmunbie npomnssomuee ©) =0y (BN =22

f
(4) Teneps “». Korja MbI HAXOAMM 4YACTHYIO NPOHM3BOJHYIO MO «HIPEK»,
TO NMEPeMEeHHasA * CYUTAETCH KOHCTAHTOU (IOCTOSIHHBIM YHMCJIOM).

i1 (2
i 2.3 4 i PRIy L3 i i
Z,=(2xy +3x +0y -7, =2xT ), + 327, + 50, - (), =

=2x% B H045.1-0=6x"" 45

(1) Hcrmomesyem Te xe mpasmia auddepenmupopanms & V) =1t

Cuy=cu' X
, . HepBOM cJaracMomM BBIHOCHUM KOHCTaHTy 34 3HAK

o 4
NPOM3BOIHOM, BO BTOPOM CJIAra€MOM HUYETO BBHIHECTH HENB3S IMOCKOJILKY % —
yKe KOHCTaHTa.

(2) Ucnonb3zyem TabIuIy MIPOU3BOAHBIM AJIEMEHTAPHBIX
¢yHkuuii. MpICIeHHO TOMeHsieM B Ta0jHIe Bce «MKChD) HA «HIpeKkm». B



r_ Bt n-1
YaCTHOCTH, UCTIONb3yeMble HAMHU (DOPMYJIbI BBITISIAT TaK: ©F=0y O =n
I/ITaK, JaCTHBIC ITPOU3BOAHBIC IICPBOI'O IMOpAAKa HaﬁILCHBI

IlogBeneM UTOr, 4eM K€ OTINYAETCA HAXO0KJICHUE YACTHBIX IPOU3BOJHBIX OT
HAXO0XKIEHUS «OOBIUYHBIX)» MPOU3BOIHBIX (PYHKIIUU OJTHON MEPEMEHHOM:

1) Korna MbI HAXO0UM YaCTHYIO NMPOU3BOAHYIO ¥
, IepeMeHHast » CYHMTAeTCs] KOHCTAHTOIA.

2) Korna MbI HAXO0UM YaCTHY IO MPOU3BOAHYIO %y
, IepeMeHHasi * CYMTAETCH KOHCTAHTOM.

3) IlpaBuiaa u TadauUAa NPOM3BOAHBIX JJIEMEHTAPHBIX (QYHKIUI
cnpaBeVIMBbI H MPUMEHUMBI 115 J1I000i mepeMenHoi (¥, ¥ 1n00 KaKoii-
HUOYAb APYIoii), M0 KOTOPOoii BeaeTcs nuddepeHIUPOBaAHHE.

[ITar BTOpoW. Haxoaum yacTHblE NPOU3BOAHBIE BTOPOro Imopsaka. Mx
YeThIpe.

O0o3HaAUYCHUA .
Az
L 2
L WIN Jx — BTOpast MIPOU3BOTHASI 10 KHUKCH»
Fz
ft ]
=
» 150107 ay — BTOpas MIPOU3BOIHAS 1o CHUTPEK»
Fz
"
=
w 150107 oy — cMeuwlanHas TIPOU3BOIHAS «HUKC 1o UTPEK»
2z

i
=
U Pdx _ cmeutanrnas IpoOru3BOAHAA KUI'PCK IO UKCH»

B moHsTMM BTOpOW MPOM3BOJHOM HET HUYETO CJIOXKHOTO. [ 0OBOpsS MpOCThIM
S3bIKOM, BTOPas MPOU3BOIHAS — 3TO NPOU3BOHAS OT MEPBOM NMPOM3BOIHOM.

YacTHbIE IPOM3BOIHBIE IIEPBOIO HOPSIIKA:
zb =4z +12x°
z),= 6x°y° 45

Cuayvana HaiizeM CMEIIaHHbIC IIPOU3BOIHEIC:

25, = (z0), = (4n +12x7), = 4z, + (1227), = 4x 3" + 0 =121/

r
Kak Buaure, Bcé MpocTo: OEpeM YACTHYIO IMPOU3BOJHYIO “* H

muddepeHnmpyeM ee emre pa3, HO B JAHHOM CIIydae — YKe 10 «UTPEK».

AHaJIOTUYHO:
2t = (20, = (627  + 5, = 657 () + (5, =657 - 2x +0=12n°

B NPAaKTHYCCKUX NPpHUMEpPpax MOKHO OPHCHTHPOBATHCA Ha CJIEAyrOoaiec
PABEHCTBO.

Ko
T = I



Takum 00pa3zoM, yepe3 CMEIIaHHbIE MPOU3BOJHBIE BTOPOrO MOPSIKAa OYEHb
yI00HO MpOBEPUTh, A& MPABWIBHO JIM Mbl HAlUUIM YacTHbIE INPOU3BOJHBIC

IIEPBOrO MOPSAIKA.
Haxonum BTOpYI0 MPOU3BOIHYIO MO «HUKC».

o 3
Huxkakux n3o0perenuii, 6epem “# = 47 +125 nuddepeHIupyeM eé 1o «UKC»

elle pas:
2zl =(2) = (4x” +1227) =457 (2 +12(x°) = 4y - 1412 32% = 4y +36%°

AHaJIOTUYHO:
8, =(z}), = (6x"y" +5), =62y, +(5), = 61" 2y + 0 =12x"y
" [
CJIeIIyeT OTMCTHUTD, qTo npu HaXO0XICHHUH “m ) Zw HYXHO
MPOABUTH HOBLIMMCHHOC BHHUMAHHNC, TdK KdK HHUKAKHX YYACCHBLIX PABCHCTB JIA

HX IPOBCPKH HC CYIICCTBYCT.

HpI/IMCpI)I HaXO0XKIACHUS YaCTHBIX IMPONU3BOAHBIX IIepBOTO mopsaka.
IIpumep 1. z = r* — 2ry + 2%,

Pemenue. [{uddepenupyem dynkuuo z = f(x, y) cHavana mo x, mnonaras y
(UKCUPOBAHHOM BEIMYMHOM, MOTOM IOBTOPSIEM JTY K€ IMPOLEAYPY, MEHSS

ponu x U y. [lonyuaem

dz tz

o

iz ¥ gz r
IIpumep 2. 2z = arctgxry, — = —M — — = ——
dniae B B T T (ay) By 1+ (aw)?
IIpumep 3. u = ye¥* + In(z? — 2y + z).

Pemenue. YacTHble TPOU3BOMHBIE ATOW (PYHKIIMM TpPEX TMEPEMEHHBIX
BBIPAYKAIOTCS CIICAYIOMIMMEU (HOpMYIaMu:

HaXOI[I/IM YAaCTHBIC ITPOU3BOAHBIC BTOPOI'O IIOpsAIKA. Hx YCThIPC.

O0o3HaUYeHNA !
Az
i 2
L WA ox - BTOpast [IPOU3BOJIHAS o KUKC»
Fz
z" 2
w Ui ay - BTOpas [IPOU3BOAHASA o «UTPEK»
Fz
z" e
w 150071 e — cMeuwanHas IPOU3BOAHA «UKC 1o UTPEK»
2z

=
" WU Yo _ cmeutanrnas Mporu3BoaHasA «KMI'PCK IO UKCH»



B nonsATHM BTOpPO IIPOU3BOAHOM HET HUYErO CIIOKHOrO. I'oBOps MpOCTHIM
A3bIKOM, BTOPas MPOM3BOIHAS — 3TO IPOU3BOIHAS OT EPBOM NMPOU3BOIHOIA.

YacrHbie MIpOU3BOJHBIC IIepBOTo nopsiaka:
=dxy +12x°

r

I

r_ a2 3
z,=6x"y +5

Chayana HailieM CMEIIaHHbIE IPOU3BO/IHbIE:
20, = (1), = (4x +12x7), = 4x(™), +(122°), = 4x 3" +0 = 12n)/

r
Kak Bumure, BcE mTpocTo: OepeM UYaCTHYIO MNPOU3BOJHYI % H

auQepeHuupyeM ee elle pas3, Ho B JaHHOM CIIydae — YK€ M0 «UTPEK».

AHaJIOTUYHO:
20 = (20), = (62" + 5, = 65 (x"), + (5), = 6" - 2x +0=12xy"

B NPAKTHYECCKUX NPpUMEPAX MOKHO OPHMCHTHPOBATHCA HaA CJCAYIOIIEE
PABEHCTBO.

fo_
T = I
TaKI/IM 06pa30M, I16})63 CMCHIAHHBIC HpOI/ISBOJIHI)IG BTOpOFO HOpSIJIKa OYCHBb
yIIO6HO IIPpOBCPUTHh, a4 IPABHIBHO JIM MBI HaIJIM YaCTHBIC IIPOU3BOIHBIC

IICPBOI'o IMopAaKa.

HaXO,III/IM BTOPYIO ITIPOU3BOJIHYIO IIO «KHKC».

r_ 3
Hukakux n3zo0perenuii, 6epem + =~ Azy’ +12x

CHIC pa3:
zy = (200 = (4xy +1227), =4y* (D) +12(2°), = 4y° 1412 3x% = 4)° + 36x7

u quddepeHIupyem e€ o «UKC»

AHaJIOrn4HO:
2y, = (2}, = (6x"y" +5), =6x" (™), +(5), = 62" - 2y +0=12x"y
R
Cnenyetr OTMETHUTD, UTO MPU HAXOXKICHUHU z o Zw HY>KHO
IIPOABUTD MOBLIIMMCHHOC BHUMAHHUC, TAK KAK HUKAKHUX YYACCHBIX PABCHCTB JIA
HUX IIPOBEPKU HE CYILIECTBYET.

Anzopumm uccnedosanusn YyHKyuu 08yx nepemenHvixX Ha IKCmpemym

Oynknus z = f(X,y) umeer makeumyM B Touke Mo(Xo;Yo), eciu f(Xo;Yo) > f(x;y) ans
BCEX TOYEK (X;y), JOCTATOYHO OJIM3KUX K TOUKE (X0;Y0) M OTIUYHBIX OT Heg.
Oynknus z = f(X,y) umeer MuaEMYM B Touke Mo(Xo;Yo), eciu f(Xo;Yo) < f(X;y) mst
BCEX TOYEK (X;y), JOCTATOYHO OJIM3KUX K TOUKE (Xo;Y0) M OTIUYHBIX OT Heg.
MakcumyM 1 MUHUMYM (DYHKIIMH HA3bIBAIOTCSA IKCTPEeMYMaMu QyHKIMH.
UccnenoBanne GyHKIMH IBYX MEPEMEHHBIX HA SKCTPEMYM MPOBOJSIT MO
CIEYIOLIEH CXEME.

1. Haxonsat yactHble ipou3BoaHbie dz/dX u dz/dy.

2. Pemaror cucteMy ypaBHEHUN:



http://math.semestr.ru/math/derivatives.php

= _n
5y
_q
Gy

Y TaKUM 00pa30oM HaXOJAT KPUTHYECKUE TOUKHU (PYHKIIUH.
3. HaxozsT yacTHBIE MPOU3BOIHBIE BTOPOTO MOPSIKA:

Az @'z A%z
& Ay oyt

4. BeIYUCHAIOT 3HAUCHUS dTUX YACTHBIX IMPOU3BOAHBIX BTOPOT'O IMOPsAIKa B KaH(ﬂOﬁ

U3 HalICHHBIX B I1.2 KPUTHYECKHUX TOUKax M(Xo;Yo).

2 2 2
(BB
gx" )., axdy J ., &,

5. Jlenaror BbIBOJ O HAJIMYUHU DKCTPEMYMOB:

a) ecmu AC —B2>0u A <0, 10 B Touke M umeercs MakCUMyM;

6) eciu AC —B?>0uA >0, 1o B Touke M uMeeTcss MUHUMYM;

B) ecii AC — B2 <0, To 5KCTpeMyMa HeT;

r) ecin AC — B? = 0, T0o BONIPOC 0 HAIMYUK SKCTPEMYMA OCTAETCS OTKPBITBIM;

IIpumepsl ucciiegoBanus QYHKIUM IBYX EPEMEHHBIX HA IKCTPEMYM.

IIpumep Nel. UccnenoBath Ha SKCTpEMYM (DYHKITHIO
z=13 +3xy 2 —15x-12 y.

Pemienue.
1) Halinem yacTHbIE TPOU3BOHBIE:

Bz
= =3x* +3y? —15,
&

bz
—=6xy—-12y,
oy

2) Torjga cuctemMa Juisl OTBICKAHUS CTAlMOHAPHBIX TOYEK UMEET BUJ
2
12 +y  —-5=0
xy—-2=0

PemuB cucteMy, MOIy4uM YETHIPE CTAIMOHAPHBIC TOYKH:
P1(1,2), P2(2,1), P3(-1,-2), P4(-2,-1). Halizem npou3BogHbIe 2-r0 HOPSAIKA

322 322 622

x By Bxdy

1A COCTaBUM JUCKPUMHUHAHT AAB-C? s kaxoit CTAIMOHAPHOUN TOYKH.




1) dns Touxu P1(1,2) A=36-144<0, B P1(1,2) sxcTpeMymMma HeT.

2) dns touku Pa(-1,-2), A =144 — 36 >0, A>0, B P2(2,1)dyHKIMs uMeeT
MUHUMYM, Zmin = -28

3) s Toukm P3(-1,-2), A = 36-144 <0, B P3(-1,-2) sxcTpeMyma HeT.

4) s touku Pa(-2,-1), A=144 — 36 >0, A<O B P4(-2,-1) dpyHkums umeer
MaKCUMYM Zmax=28

Ipumep Ne2. Haiiti HauGobInee 1 HAUMEHbLIEE 3HAYCHHS QYHKIMU Z = X~ +
4Xy — y? — 6X — 2y B TPEYTroJbHUKE, OTPAHMIEHHOM OCSIMH KOOPAMHAT M IIPAMOM
2Xx+3y-6=0.

Pemenue.

Haiinem kpuTnieckue TOUKH JIOKaJbHOTO AKCTpEMyMa BHYTPU YKa3aHHOU
o0nacT 1 3HaYeHus JaHHOU QyHKuMH z = f(X,y) B 3THX Toukax. Tak

oz & oy

= 2x+4y-6 ay—“I 2y-2
KakK ox ) , TO CUCTEMA AJI1 OTBICKAHUA
KpHTquCKHX TOYCK UMECT BU]L

x+2y-3=0 x=1

2x-y-1=0 —~ |¥y=1
Touka Po(1;1) Haxoautces BHyTpu obaactu, nmpuueM z(Po) = -4. Uccneayem
dbyHkuuio z Ha rpanuie oosnactu. Ha orpeske OA4 umeewm : y=0, z = {(x;0) unu

010=x2  6x, tae * € 1% g 1=ax-6; 1(3)=0 gu(3)=1(3:0)=-9. Ha
otpeske OB umeeM: x=0. z=f(0;y) umu z=g>(y)=-y>-2y,

e YEO2E g(MN=-2y-2% g3(-D=0 —12[0:2] yy, ..

19 5 , 38
Z = X)=——x +6x— X)=——x+6
33( ) 9 8: HeIE[ﬂ;?’]; 33( ) 9

T

(=) Az2)
£3l 19 19°19 19
Haiinem 3nauenus ¢pynkmuu z B Toukax O, A u B. z(0) = f(0,0) = 0; z(A) =
f(3;0) = -9, z(B) = f(0;2) = -8.
27 20

00, f(02)., fG0), f(: 7). SN

CpaBHUBas 3HAYECHUS 19°19
MIPUXOJIUM K BBEIBOJTY:

Haunbompiiee 3HaueHue zmax=0 B 1. O(0,0);

HanMeHbIee 3HadyeHne zmin=-9 B 1. A(3,0).



u B 2 iu

— =, —=(1+yz)e" — —

dr x?-2y+ 2 by (1+y2)e r?
Ou =y eV 4 : :
tz 2 -2y +z

3ajaHus NpaKTH4YeCcKOH padoThI

-2+ 2

1. HaiiTu u mocTpouTh 001aCTh ONpeAeICHUs CI0KHON (YHKIHH.

2. Bbluucnuth Npou3BOJHYIO CIOXKHOW QYHKIUU.

B1 1.z=arcsin(1-x%-y?)
2.a) z=VInx %, x=e, y=1

6) u=x2-y?+3z2%, x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx)
- Y =1 vu=
2.3) z=,/xy In;, x=1, y=2

B)u=3x?%/2-
v2/2+22?,x=2/3,y=2,2=2/3

B3 1.z=,/Inx + Iny

2.a)z=xV—*=e, =1
xy

6)u=x3/2-y3/2+823,x=2,y=2,2=3/2

B4lz= [\/y —x+2

2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/2x%+3y2-22?,
x=2,y=1/3,2=3/2

. x?
B5 1.z=arcsm?

2.a)z=arcg(x-y?)+1/,/xy

Vx _ yz
6)u—y =

B16 1.z=In~
y
2.a)z=(x% + y2)X**
6)u=x,/y-(z+y)Vx, x=1,y=1,2=-2
B17 1.z=Iny-Incosx

2.a)z= xsiny+x?, x=3,y=m/2

6)u=,/xy — V4 — z2,x=1,y=1,2=0

B18. 1.z=|nsinx-\/§
2.a)z=arcsin% - Inv, u=0, v=1
6)u=(x2+y2+22)3/2, x=0,y=-3,2=4
B19. 1.z=In(y?/4-x?/9-1)
2.a)z=|n\/m+1/y,x=y=1/\/§

6)u=2/x+3/2y-
\J6/4z,x=2/3,y=3/2,2=1/2

B20. 1.z=a rcsin%

2.3)z=Inyvx ,x=1,y=3/5

6)u=3/x+4/y-
1/V6x,x=1,y=2,2=1//6



B6 1.z=arcos(2x-y) B21. 1.2=1+,/1 — (x — ¥)?

2.a)z=arccos%+em, x=2,y=1 2.a)z=c05(1/y)-1/\/x_, x=T/2,
6)u=\/7x2-%-6\/722, y=2/n
x=1,y=2/3,2=1/\/6 6)u=x\/§-yzz,x=2,y=1,z=-1
B7 1.2=\/In(2 — x — y), B22. 1.z=In(x*+y)
2.a)z=tg1/x.e%,x=1/rt,y=0 2.a)z=¢™"\[x — y2, x=1,y=0

—cing v—T =17 7—
6)u= 2./x + y+y.arctgz, 6)u=sin—, x=2,y=r,z=1

x=1,y=1/3,2=1//6

B8 1-2=|n§ B23. 1.z=V1 — x2+,/1 — y2

2.a)z=(x? + y2)**7° 2.a)z=yIn(x*-y?), x=2,y=1

6)u=x3/16+y?/9-

6)u=x./y-(z+y)Vx, x=1,y=1,2=-2
\/; 22/8,x=2,y=1/2,2=1/3

B9. 1.z=Iny-Incosx B24 1.7=,/In(2 — x — y),

2.a)z= xsiny+x?, x=3,y=m/2

6)u=,/xy — V4 — z%,x=1,y=1,2=0

Yy
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1//6

B10. 1.z=Insinx-,/y B25 1.z=arcos(2x-y)
y
2.a)z=arcsin% - Inv, u=0, v=1 2-3)2=arCC05;+€W, x=2,y=1
6)u=(x2+y?+22)*/2, x=0,y=-3,2=4 6)u=\/§x2-%-6\/§zz,

x=1,y=2/3,2=1//6
B11. 1.z=In(y?/4-x?/9-1) B26 1.z=arcsin®.
y

2.a)z=Iny/x2 + y2+1/y,x=y=1//2

6)u=2/x+3/2y-
6)u="X — =
J6/42,x=2/3,y=3/2,2=1/2 = -5

2.a)z=arcg(x*y?)+1//xy




.y
B12. 1.z=arcsin®
Zmaresing B27 1.2= |\/y — x + 2

2.a)z=Inyvx ,x=1,y=3/5
) y v=3/ 2.a)z=sinl/xeY,x=m/2,y=1
6)u=3/x+4/y-

6)u=3/2x2+3y2-222,
1/\/gx,x=1,y=2,z=1/\/6 Ju=3/ Y

x=2,y=1/3,2=3/2

B13. 1.z=1+,/1 — (x — ¥)>? B28 1.z=,/Inx + Iny
1
2.a)z=cos(1/y)-1//xy, x=m/2 _yv—Lx=e, y=1
a)z=cos(1/y)-1/\/xy, x=1/2, 2.3)z X'
y=2/m
6)u=x3/2-
6)u=x,/y-yz2,x=2,y=1,2=-1 y3/2+823,x=2,y=2,2=3/2
B14. 1.z=In(x%+y) B2 9.z=In(y-Inx)
X% [22 2 y—q y= - Y =1 v=
2.a)z=e* /x y4, x=1,y=0 2.a) z=,/xy Inx,x 1,y=2
6)u=siné, x=2,y=m,z=1 B)u=3x?%/2-

v2/2+272?,x=2/3,y=2,2=2/3

B15. 1.z=V1 — x2+,/1 — y2 B30 1.z=arcsin(1-x*-y?)
2.z=yIn(x%-y?), x=2,y=1 2.a) z=Vinx i, x=e,y=1
u=x3/16+y2/9-22/8,x=2,y=1/2,z=1/3 6) u:xz-y2+3zz,

x=1/2,y=1/2,2=1/2

3ananue 1.HaiiTn yacTHBIE POM3BOIHbIEC BTOPOT0 MOPSAKA

Bl z=x%y*-4x-5y B16 z=x3-y3-3xy
B2 z=y?-x?+xy-2x-6y B17  z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x?+y%+xy-3x-6y

B4 z=y\x-y?-x+6y B19.  z=xy*(1-x-y)



B5 z=e*/?(x+y?)

(%]

B6 z=x3-y3-3xy

B7 z=0,5xy+(47-x-y)(x/3+y/4)

B8  z=x%*t+y’+xy-3x-6y
B9  z=xy*(1-x-y)

B10 z=x3+y3-15xy
B11l z=x?+y?+xy-4x-5y
B12 z=y2-x%*+xy-2x-6y
B13  z=xy(1-x-y)

B14  z=y/x-y>-y+6y

B15 z=e*/?(x+y?)

B20.

B21.

B22.

B23.

B24

B25

B26.

B27.

B28.

B29

B30.

z=x3+y3-15xy
2=3-2x?-xy-y?
z=y%-xy-2
Z=X%+2xy-y*+4X
2=2x42xy-y%/2-4x
z=x2+xy-2
z=y2-2xy-x2+4y+1
2=1-2xy+2x?
2=4x+2y+4x2+y’+6
z=x%+2xy-10

2=x2+2xy-y%-4x

3amanue 2.UcciienoBaTh 331aHHYI0 (PYHKIIHIO HA IKCTPEMYM

B1l. z=12+2xy-x?

B2. z=5x2-3xy+y%+4
B3. z=4x?+9y?-4x-6y+3
B4. z=x%-2xy-y*+4x+1
B5. z=y2+2xy-x?>-4y
B6. z=x2+3y?+X-y

B7. z=x%y

B8. z=4-2x2-y?

B9. z=x%/2-xy

B16.

B17.

B18.

B19.

B20.

B21.

B22.

B23.

B24.

z=x%+2xy-10
2=4x+2y+4x%*+y*+6
z=1-2xy+2x?
Z=X242XY-y2+2Xx+2y
z=y%-2xy-x>+4y+1
Z=x2+xy-2
2=2x2+2xy-y%/2-4x
Z=X2+2Xxy-y2+4x

2=3-2x?-xy-y?



B10. z=1+xy? B25. z=y%-xy-2

B11. z=4-2y*+x? B26. z=x2+y%+xy-4x-5y
B12. z=y%+2xy-x2-4y B27. z=y%-x%*+xy-2x-6y

B13. z=x?-xy B28. z=x%+y%+xy-3x-6y
B14. z=xy(4-x-y) B29. z=x3-y3-3xy

B15. z=x2+2xy-y2-4x B30. z= x3+y3-15xy

KoHnTposbHbIe BONIPOCHI :

1.ChopmynupoBath onpeenacHue GyHKIUU C IBYMS IEPEMEHHBIMHU.

2.Urto Ha3wiBaeTCst 001aCThIO ONpeneeHus PYHKIIMN HECKOIBKHIX

NEPEMEHHBIX ?

3.CopmynrpoBaTh MPaBUIO HAXOXKICHHUS TPOU3BOIHON (DYHKIIMU HECKOIBKHIX

EPEMEHHBIX.

4.Yto Takoe noHbIN quddepeHnnan GyHKIUU HECKOIBKUX TTEPEMEHHBIX ?
5.ChopmynupoBaTh adrOPUTM HAXOXKJIECHUS dKCTpeMyMa (QyHKIIUU

HECKOJIbKUX MIEPEMEHHBIX
IIpakTuyeckasi padora Ne 10 mo reme
Tema «BbluuciieHre IBOMHBIX HHTETPAJIOB»

Iesab: TpOBEpUTH YMEHUE BBIYUCIATH ABOWHBIE UHTErPAJIbI B JEKAPTOBBIX
KOOpAUHATaX

Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. N3yuunTb TeopeTnyeckme ceegeHuns
3. BoinonHutb 1 0dopMuTb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTento
AomalwiHee 3apaHue



1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BONPOCHI

Teopernueckuii MaTepuall

IlycTh B HEKOTOPOW OrpaHUYEHHOMN 3aMKHYTON 00slacTi D 1uiockocTu xOy 3a/aHa
HenpepbiBHas Qynkuus z=f(P), rme Touka PeD . Pa3o0beM 5Ty 001acTh

MIPOU3BOJIBHBIM 00pa3oM Ha N YaCTUYHBIX IUIOCKHUX siYeeK S, S,,..., S,, UMEIoIue

n?’

WiIomaau AS,, AS,,..., AS B kaxnoil Takoil sdeiike BbIOEpeM IO OJHOM

n
MPOU3BOJIBHON TOUYKE P, P,,..., P, U BBIUUCIUM 3HAYEHUS PYHKIIUU f(P) BO B3STbIX
Toukax. COCTaBUM TaK Ha3bIBAEMYIO UHMESPANbHYIO CYMMY (PYHKIHMU f(P) 1o

obnactu D
Zf (P)AS, + f(P,)AS, +...+ f(P,)AS, . (1)

Heotinoim unmeeparom ot ¢yukiuuu f(P) mo obnactu D Has3biBaeTCS Mpeae

UHTETpaibHOM cyMMbI (1) MpU CTpeMIIEHHH K HYJI0 HauOOJbIIEro U3 JUAMETPOB
BCEX SIYEEK IaHHOTO pa30ueHus:

[[t(P)s = lim ZfP)AS (2)

naxd S

OcHOBHBIE CBOWCTBA NBOWHOTO MHTErpama

1. JIBoiiHO¥ wmHTerpan 1o ob6iactu D oT anreOpandeckord CyMMBbI (YHKITUH
paBeH anreOpamyecKoil CymMMe JBOWHBIX WHTETPAJIOB OT ClIaracMbIX
byHKIHI 110 3TOM ke 00J1acTH:

[[[f.(P)+ 1,(P)lds =[[ f,(P)ds + [ 1,(P)ds .

2. TlocTOSSHHBIM MHOKHTENIb K MO>XKHO BBIHECTH 3a 3HAK JIBOMHOTO MHTEIpasia:

[[k-f(P)ds =k-[[ f(P)ds

3. OOnacTh MHTETPUPOBAHUS BOWHOTO WHTErpajia MOXHO pa3OWTh HAa YaCTH,
TO €CTh €CJIM 00JacTh D COCTOMT M3 JBYX Hemepecekaroumxcs odmactei D,

U e ffiews e

Ipumepsl

X2 +4

3
3aganue 1: BolunucinTh NOBTOPHBIA HHTETPal I dx j idy.
1

2
5 X



Pemienue: BeruuciauM cHayaia BHYTPEHHUN MHTETPAI 110 IEPEMEHHOM Yy, CUUTasd

X IIOCTOAHHBIM

=I(1+2x2)1x=[x—§}3 =[3—§]—(1—2)=3%.

3anamme 2: Bomumcnurs goiimoii mmterpan [[(x+y)ixdy mo obmacti D
D

OTPaHUYEHHOU NPSIMBIMUA X =2, X=6, y=11u y=4.

Pemenue: O6nacte D siBisieTCs MPOCTOM OTHOCHUTENIBHO oceil Ox u Oy (pwuc.

1), moaTOMY ISl BBIUUCIICHUSI MHTETPaJia MOYKHO UCIIOJIb30BaTh JTHO0YIO

W3 bopmy J' j f(x, y)dxdy = j'dxj f(x, y)dy WK
D a C

_U (x, y)dxdy = j dyj X, y)dx . CHayaja BBIYMCIMM JBONHON HHTErpa
D

6 4
Mo mepBodl  Qopmye: J' I (x+ y)dxdy = I dxj (x+y)y . Beruucius
D 2 1

BHYTPEHHUN MHTErpajg II0 NEPEMEHHOM Yy IPU TOCTOSSHHOM X

HaXOJIUM

“ y? |4 1 15
_[ X+ y)dy = Xy+-| = (4x +8)—(x +§j = 3x+? . IoxcraBuB 3TO BHIPAXKEHHE BO
1

1

3x*> 15 _|¢
BHEIIHUW UHTErpa, NOJIy4YuM j 3X + dx = E3 + > X| =78.
2

Teneppr  BBIUMCIMM  JIBOMHOW  HWHTErpaJi 10  BTOpoH  dopmylie

” X + y )dxdy = jdy I x+y)d . Hatinem BHYTPEHHU I WHTETPA:
D
2

6 2
J'x+y ={—+xy}6=(18+6y)—(2+2y)=4y+16 . Janee maiigem BHeUIHHMI
2

4 4
uHTerpan: |(4x+16)dy =|2y? +16y| 78, TO €CTh IOJIYYHIIH TOT K€ OTBET.
p . yd
1



TeopeTuyeckuii cCBeICHUS

[Tnomanas S mIocKoii oOsacth D B NPSIMOYrOJIBHBIX KOOPJHMHATaX
BBIYHCIISIETCS 110 (hopMyIie

S :“dxdy; 1)

a B TOJISIPHBIX KOOpJMHATaX — MO opMyIie

S =” rdrde. (2

O0bEM IMIMHIPUIECKOrO TENa, OrPAHMYEHHOTO CBEPXY IIOBEPXHOCTHIO
z=1f(x,y) , cHu3y o0mactei0 z=0 W COOKy TpPAMOH IMIMHAPUYECKON

MOBEPXHOCTBIO, BHIPE3aOmedl Ha miIockoctH xOy (z=0) obmacte D (puc. 1),

BBIUUCTISIETCS 110 opMyIie

V= H zdxdy (3)

z A

2= 1(xv)

<Y

—
IMpumepsl |

X \E/



3ananme: BpbruncauTh 00beM TeNa, OrPAaHUYCHHOTO IMOBEPXHOCTIMHU
z=2x+1, x=0, y=4, y=x°.

Pemenue: Teno, orpaHM4YeHHOE 3aJaHHBIMU IIOBEPXHOCTAMMU, IIPEACTABIISACT
co0Ol BepTHKAJIbHBIM MapabOJMYECKUil LWIMHIpP, PACIOJIOKEHHBIM B IEPBOM
oktante. CBepxy TeJIO OrpaHUYEHO IUIOCKOCTBIO z=2X+1 , COOKy
napaboJMICCKUM IIJIUHAPOM Y = X° U TUIOCKOCTSIMHU X =0 ¥ y = 4. Haiinem Touku
y =
y=4

2

nepecedeHusl mapaboyibl y=Xx" U TOpAMOH y =4 : { Takum o6pazom,

TOJTy49UM OJIHY TOYKY epecedeHust M(2; 4).

3HaueHUE X =-2 HE pacCMaTpPUBAaEM, TaK KakK LWJIWHIP pPAaCIOJIOXKEH B
nepBoM okTaHTe. OOsacth D 3amuiieM B BUJE CUCTEMbl HEPaBEHCTB 0< Xx<2 U
x> <y<4,

Cornacuo ¢opmyie (3), moaydaum

dx = '2[(8x+4— 2x° — xz)dx =13% (xy0. ex.)

0

V= J.J' zdxdy = _Z[dxj.(Zx +1)dy = T[ny+ y]
D 0o X 0

4
2

3aganue 1. Boruncnuth uaTerpain no obnactu D, orpaHnyeHHON yKa3aHHBIMU
JTUHUSIMU.

B1f[ y?cosxydxdy B 16 ffyzcos%dx dy
D D

D:x =0,y =/1/2 y=x/2 D:x =0,y = /m/2; y=x/2

B2 ([ 3yzsin%dx dy B17 [[ (18x%y? + 32x3y3) dx dy
D D

D:x =0,y = /4r/3; y=2x/3 Dix=1y=-Vx; y=x°

B3 [[(3x2%y? + 4xy) dx dy: B18[[ (9x%y? + 2xy) dx dy
D D

D:x=1 y=—/x;y=x? D:x=1; y=+x; y=—x3



B4 [[(27x*y?* + 12xy) dx dy
D
D:x =1,y = —/x; y=x?
BSffyzsin%dxdy
D

D:x =0,y = vr; y=x

B6 [[ 4y*sin2xy dx dy
D

D:x =0,y =V2m; y=2x

B7 [[ 4y?sinxy dx dy
D

D:x=0,y =,m/2; y=x

B8 [[ (49x?%y? + 28xy) dx dy
D

D:x=1,y=—-Yx; y=x?

B9 [[ (9x%y? + 48x3y3) dx dy
D

D:x =1,y =/x; y=—x?

B10 [ yze_% dx dy
D

D:x =0,y =2;y=x

B 19 [[(18x%y? + 8xy) dx dy
D

D:x =1,y = Vx; y=—x2

B 20 ffyze_xzydxdy
D

D:x =0,y = 4; y=2x

B21[[(27x%y? + 12xy) dx dy
D

D:x =1,y = —/x; y=x3

B22 [[(9x%y? + 8xy) dx dy
D

D:x =1,y = Vx; y=—x3

B 23 [[ y*cosxy dx dy
D

D:x =0,y =+m; y=x

B 24[[(18x%y* + 32x3y3) dx dy
D

D:x=1,y=3%x; y=—x?

B 25 [[(18x%y? + 32x3y3) dx dy
D

D:x =1,y = —/x; y=x°



B11[[(36x2y? + 96x3y3) dx dy
D

D:x=1,y=3x; y=—x3

B12([ yzsin%dx dy
D
D:x =0,y = m; y=x/2
B13 [[(12x%y? + 16x3y3) dx dy

D
D:x =1,y = —/x; y=x?

B 14 ffyze_%dxdy
D

D:x =0,y = 2; y=x/2

B 15 ffyzcos%dxdy
D

D:x =0,y =+V2m; y=2x

B26 [f y2e ™z dx dy
D

D:x=0,y=1;y=x/2

B 27 [[ y%cosxy dx dy
D
D:x =0,y =+m;y=2x
B 28 [[(18x2y? + 24xy) dx dy

D
D:x=1;y = —-Vx; y=x3

B29 [[(9x%y? + 12xy) dx dy
D

D:x =1;y =+/x; y=—x?

B 30 [[ y%cosxy dx dy
D

D:x=0,y =m/4;y=x

3anaua 2. VI3MeHUTh NOPSA0K HUHTETPUPOBAHUS.

-1 0 0 0
z.1.jdyj fdx+jdyj f dx.

2 R

2—y2

1y 2
23. [dy[ f dx+ [dy [ fdx.
0 0 1

0

1 0 NP 0

2.2 jdyj fdx+jdyj fdx.
0 -y 1 -J-y
1y 2 2-y

24. [dy [ fdx+[dy [ f dx
0 0 1 0



2.5. _fdx jl fdy+}dlef dy .2.6.
2 e -1 X

]/ J2 arcsiny arccosy - \/_
jdyj fdx+jdyj f dx2.7. jdyjfdx+jdyjfdx
0

0

2.8. jdyj' f dx+jdy_Tyf dx 2.9.
0 —Jy -
BN 0 X -3 0 0 0
Idx _[ f dy+Ide.f dy. 2.10. jdx _[ fdy + _[ dx j fdy .
-2 0 10 2 a2 B Ja 2
1 3’/? 2 2-y
2.11. jdxj fdy+jdxjfdy 212, [dy | £ dx+[dy [ f dx.
1-x2 Inx 0 0 1 0
/4 siny z/2  cosy -1 0 0 0
213jdyjfdx+jdyjfdx. 214. [dx [ fdy+[dx] fdy.
/4 -2 —(2+x) -1 X
1 0 2 0
2.15. jdyjfdx+jdyjfdx 2.16. [dy [ fdx+[dy [ fdx.
1 Iny 0 -y N

1 0 2 0 1y 2 2y
z.17.jdyjfdx+jdyj fdx. 218 [dy[ fdx+[dy [ fdx.
0o - 1 _W 0 0 1 0
0

Ng) 0 2 0 -1 0 0
219. [dx [ fdy+[dx [ fdy220 [dy [ fdx+[dy[fdx.
0 fax2-2 NCIN ) -2 —(2+y) -1 3y



x2 \/5 2—x2

2.21. jdyjfdx+jdyjfdx 2.22.jdxjfdy+'[dx [ fdy.
1 Iny 0 0 1 0
/4 sinx /2 cosx 0 0 0
zzsjdxjfdy+jdxjfdyzz4 jdyj fdx+[dy [ fdx.
/4 0 -2 W -1

S ) ik
j f dy.
0

z.zs.jdxxff dy+fdx2rf dy. 2.26 fdx [ty [ dx
1 0 0 0 NE)

2.27 Idxj. fdy+fdx f fdy. 228 jdxjfdy+jdxj f dy
Jx N 0 o0 1 0
1y 2 W 1 2 J2=x
z.zg.jdyjfdx+jdy j f dx. z.so.jdxjfdy+jdxj f dy.
0 0 1 0 0 0 1 0

3amava 3. BeruucianTe.

“ 12x y* +16x° y dxdy; H 9x y? +48%° y dxdy;

D: x=1y=x? y=-/x. D: x=1 y=+x, y=-x

H(36x2y2—96x3y3)dxdy; ” 18x y* +32%° y dxdy;
33. D
D: x=1y=3%x, y=-x°. D: x=1y=x%, y=-%Xx.

H 27x y? +48x°y° dxdy; J.J. 18x y? +32x°y° dxdy;

D: x=1y=x% y=-%Xx. D: x=1y=3%x, y=-x%



H 18x y® +32x° y dxdy;

D: x=1, y—x , y_—\/§.

H Axy +3x° y dxdy;

D: x=1 y=x° y=—\/§.

i g8xy+9x y° dxdy;

D: x=1y=3%x, y=-x%

. .[;f12xy+27x y° dxdy;

D: x=1, y:x , y:—3/§.

i1s ”( xy+—xyjdxdy;

D: x=1 y=x5 y:—\/§.

. '[5[(24xy — 48x3y3)dxdy;

D: x=1 y=x% y=—Vx.

i _Lj4xy+16x y® dxdy;

D: x=1y=3x, y=-x%

- g44xy+16x y® dxdy;

D: x=1y=x’ y:—€/§.

H 27x y® +48x° y dxdy;

D: x=1 y=+x, y=-x%.

o IDI 12xy + 9x°y? dxdy;

D: x=1 y=+x, y=-x

- IDI 24xy +18x°y? dxdy;

D: x=1y=x’, y:—§/§.

- IDI 8xy +18x°y? dxdy;

D: x=1 y=%x, y=—x

16 ”( Xy +9x°y )dxdy;

D: x=1 y=+x, y=-%%.

i .[3[ 6xy + 24x° y dxdy;

D: x=1 y=+x, y=—x

o IDI Axy +16x%° y dxdy;

D: x=1, y=x , y:—f/f.

. IDI 4xy +176x°y° dxdy

D: x=1 y=3%x, y=-x%



H Xy —4x°y dxdy
3.23. D

D: x=1y=x% y=-x.

. ”(GX y’ +—x y jdxdy;

D: x=1, y:x , y:—\&.

. _[ _[ (Bx jdxdy

D: x=1 y:3/§, y=-x

”(54x2y2 +150x4y4)dxdy;

3.29. D

D: x=1 y=x% y=-Xx.

” Xy —9x°y dxdy

D: x=1 y=%x, y=-x?

3amaHus NpaKTHYeCKOH PadOThI

ﬂ(4xy +176x°y° ) dxdy;
3.24. D

D: x=1 y=+X, y=-x°

92 25 dxdy;
3.26” x2y? + 25x*y )xy

D: x=1 y=+x, y=-x

” 9x2y +25x"y )dxdy;
3.28. D

D: x=1y=x%, y=-%Xx.

3.30.

3aganme 1. Haiitu muiomaas Gurypsl, orpaHuYeHHON TaHHBIMU JIMHUSIMHU

B1. y2- 2y+x?=0, y?>-4y+x?=0
X
V=75Y= V/3x
B 2. y?- 6y+x?=0, y2- 8y+x?=0
X
V=75Y= V/3x

B 3. y2- 8y+x2=0, y?- 10y+x?=0

B 16. y?- 4y+x?=0, y?- 8y+x*=0

X
y_\/_giy_o

B17. vy2-2y+x%=0, y*- 4y+x>=0

y=X, x=0

B 18. y2- 4y+x?=0, y*- 8y+x?>=0



X
V—\/_?V—‘/gx

B4. vy 4y+x2=0, y?- 6y+x*=0
y=X, x=0
B5. vy 6y+x?=0, y?- 10y+x?=0
y=X, x=0
B6. vy 8y+x?=0, y?- 10y+x?=0

x=0y= V3x

B7.  y? 4y+x?=0, y?- 6y+x?=0

x=0y= V3x

B 8. y2- 2y+x%=0, y?- 6y+x?=0

X
y_ﬁly_o

BO. y2- 2y+x2=0, y?>-10y+x2=0
v=7 v =V3x
B 10. y?- 4y+x?=0, y2-10y+x2=0
y=7 v =3x
B11. vy 4y+x%=0, y>-2y+x*=0
y=X, x=0
B 12. y?- 6y+x?=0, y>-8y+x?=0
y=X, x=0

B 13. y2- 4y+x2=0, y>-8y+x?=0

y=X, x=0

B19. vy 2y+x?=0, y2- 10y+x%=0
y=0y = /3x
B 20. y2- 2y+x2=0, y?-4y+x2=0
V=7 v =3x
B 21. y2- 2y+x2=0, y?-6y+x2=0
V=2 v =3x

B 22. y2- 2y+x2=0, y?-8y+x?=0

X
v—ﬁ,v—ﬁx

B 23. y2- 2y+x2=0, y?- 6y+x*=0

X
y_\/_gry_o

B 24. y2- 2y+x2=0, y*- 6y+x*=0
X
y= \/_§I y= 0
B 25. y?- 6y+x?=0, y2-2y+x?=0

y=X, x=0

B 26. y?- 4y+x?=0, y?- 2y+x*>=0
x=0, y= V3x

B 27. y?- 4y+x?=0, y>-8y+x?=0
x=0, y= V3x

B 28. y2- 4y+x%=0, y>-8y+x*=0



=,=O :i =
y=X, X V=75 v =V3x

B14. vy2- 4y+x?=0, y?- 8y+x?=0 B 29. vy2-4y+x%=0, y?>-6y+x?>=0
x=0y = /3x y=—, v = V3x
\/_
B15 y?- 2y+x?=0, y>-6y+x?=0 B 30. y2- 6y+x%=0, y2-10y+x*=0
X
y= \/_’ x=0 y= \/_gl y= \/§X

3apanme 2. Boruncnuts miomaab GUrypsl, OorpaHU4€HHON JIMHUSIMU B
IPSAMOYTOJIBHOM CUCTEME KOOPJAMHAT.

= —_ 2' —_ = =
1. y=4—-x"; 3x—y=0; y U_ xzdyg;x=y—;x=2
2 2y =x?; 2x+2y-3=0 17. ? '
}’—2x=ﬂ'}’=x2'x=1 18. y=hon I+}’=1'}’=1
> _ 3. =_ _; | 19. ¥ =2% y=2x-x% 0<x<2
4. F=X 3 F=xH F=ar og Y =aresiny; 0<y<a;, x20
2_ oan2 ' '
5. ¥ o=x 3yt =4ax-4 91 J =arccosx, y 20; x20
6. ¥=0= % y =167 r-aresiny; 0<x<2; y>0
7 y=x+1 y=cosg y=0 2. BEREE Y
2 _ o3 X =arccosy,y 20, x <0
=—x; y=8mx, y=0
8 Y - Y Y |
y=tg> y=-3 x>0
9. 4y=8x—x2;4_y=x+ﬁ. 24.
10, ¥=¢5 y=¢’; x=3 25. 7'~ y=k-2]

11, ¥=2"; 2x+3y =8, x 20, y=0 26 X = ;I=4—y .

' o7 X=Iny; y £7.29; x20
12 y=lx; y=-1, x=3

13, =6 x+y=T7

14, =4 x-y=0;, x-4=0

8. y=x2+4x; x—y+4=ﬂ_
29. y=x2; 4y=x2; c=i2_

2 2
30 ¥=x"+1 y=3-x
15 x+2_}!2—ﬂ;x+3_}#2=1 )

y? =3 g= 4
16. 3
3ananmue 3
Berunciure  0o0BeMBI  TeN, OrPaHWYEHHBIX  33JJaHHBIMU  TIOBEPXHOCTIMHU
(IOTIOTHUTENBHOE 33/IaHHE)
1) z=6, y=x*, y=4, x=0, z=0;

2) z=3-x-y, x=0, y=x*+1, y=2, z=0;



3) z=4x+1, y=x*, x=0, y=4, z=0;

4) z=4-x* x+y-4=0,x=0, y=0, z=0;

5) z=2-x, y*=9x, y=3x*, z=0.
KoHTpoJsbHBIEC BOPOCHI:

1.Yto HasbiBaeTcs WMHTErpaibHOM cymmoit ¢ynkuun f(x,y) B obmactu D ?

2.JlaliTe onpezeneHne JBOMHOTO UHTETpaa.

3.Ilepeuniciure OCHOBHBIE CBOMCTBA IBOMHOTO MHTETpaa.

4. Kakue ciyyam pacnosiokeHuss oOjgacTM D OTHOCUTEIBHO OCEM KOOpAMHAT
BO3HUKAIOT TMpPU BBIYKUCICHUU JIBOMHBIX HWHTErpajgoB? 3anumure (HOopMyJibl
BBIUMCIICHUS IBOMHBIX UHTETPAJIOB JJIsl KAKJOTO U3 3TUX CITyYaeB.

5.Kakue nHTerpanbsl Ha3pIBAIOTCS MOBTOPHBIMU MM IBYKPATHBIMU ?

6.[1o kakoif popMyIie BBIYUCISETCS TIIOMAb IIIOCKOW 00J1aCTH B IPSIMOYTOJIBHBIX
KOOpJIUHATaX?

7. Tlo xako¥ ¢opmyse BBIUUCISETCS TUIOMIATL TUIOCKONM OOJACTH B TOJISPHBIX
KOOpJIMHATAX?

8. o kaxoii hopmyne HaxoqUTCsl 00bEM TejIa, OTPAHUUEHHOTO TOBEPXHOCTAMU?

IIpakTuueckas padora Ne 11
Tema «UccienoBanne YUCJIOBbIX PSA0B HA CXOAUMOCTH
eab: HAYYUTHCSA UCCIIENOBATH YUCIOBBIE PSAJIBI HA CXOJUMOCH
Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA

2.3apaHue

3./lIuctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTMyeckne ceegeHuns

3. BoinonHutb 1 opopmutb paboty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTento
AomaliHee 3apaHue

1.MoAarotoBUTbL OTBETbHI HA KOHTPOJIbHbIE BOMPOChI
TeopeTuveckue cBeJeHN



Omnpepenenne. CymMMa WIEHOB OECKOHEYHOM YHCIOBOM IOCIENI0BATEIBHOCTH

U Uy, ... HA3BIBACTCS] YMCJIOBBIM PSIIOM.
Uy F Uy U, = DU,
n=1

[Ipu 3TOM umncHa u,,u,,.. OylIeM Ha3bIBaTh WICHAMH pPsiia, a U, — OOLIUM YJICHOM
psna.

Omnpenenenne. CyMMBbI S, =u, +u, +..+u, =Y u, , n =1, 2, ... Ha3BIBAIOTCA
k=1
YACTHBIMHU (YACTUYHBIMH) CYMMAaMHU Psifa.

Takum  00pa3oMm, BO3MOXKHO  pacCMaTpuBaTh  IOCJEAOBATEIBHOCTH
YaCTUYHBIX CYMM psifia S, S, ..., S, ...

Omnpenenenne. Psg w, +u, +..+u, +..= Y u, Ha3bIBACTCA CXOAALIMMCS, CCIH

n=1

CXOOUTCA MOCJICAOBATCIBbHOCTD €TI0 YaCTHBIX CYMM. CyMMa cxoaamerocs psaaa —
mpeac MoCJICA0BATCIIbBHOCTU €TI0 YaCTHBIX CYMM.

Onpeneaenue. Ecimn MoCJICAOBATCIIBHOCTD YaCTHBIX CYMM pPAda PacxoauTcCs, T.C.

HE HMEeT TMpenaesia, WIM HMEET OCCKOHEUHBIH TIpeiied, TO PsAJl Ha3bIBACTCS
pacxoasimMMcs U €My HE CTaBsIT B COOTBETCTBHME HUKAKOW CYMMBI.

Ceonicmea psaooe.
1) CXoauMoCTh WM PACXOJUMOCTh psia HE HAPYIIMTCS €CIU WU3MEHUTb,

OT6pOCI/ITI> 70051 ,Z[06aBI/ITB KOHCYHOC YMCJIO YICHOB pAaa.

2) PaccmoTpum aBa psga Y u, U Y Cu,, rae C — MOCTOSHHOE YUCIIO.

n?o

Teopema. Eciu pad Y u, cxooumcs u e2o cymma pasha S, mo paod Y Cu, mooice

cxooumest, u eco cymma pasua CS. (C =0)

3) Paccmorpum nBa psga » u, © » v, . CyMMOii HIH Pa3sHOCTBIO STHX
psinoB Gy/eT Ha3hIBATECS A » (i, £v,), TI€ STEMEHTHI HONY4CHBI B PE3y/IbTaTe

CJIOKCHUA (BBI‘-II/ITaHI/ISI) HCXOJHBIX 9JICMCHTOB C OAMHAKOBBIMH HOMCpPAMU.



Teopema. Ecmu paovl D u, U D.v, CX00AMCA U UX CYMMbl DAGHbI
coomeemcmeenno S u o, mo psd Y (u, £v,) mojkce cX0OUMcs u e20 CyMma pasHa

S+ o

Z(un +vn):Zun +Zvn =S+o

Paznocmu 08yx cxooawuxcsa psaooe maxace 6yoem cxo0auumcs psoom.
Cymma cxooawe2ocs u pacxoosaue2ocs psioos 6yoem pacxoOosuumcst psoom.
O cymme 08yX pacxooaumuxcs psaoos ooue2o ymeeprcoeHus coeiamns Helb3s.

IIpy u3yyeHuMH pSAOOB pEIIAIOT B OCHOBHOM JIBE 3aJa4yd: MCCJIEJAOBaHUE Ha
CXOMMOCTb U HAXOXKJAEHUE CYMMBI PSa.

1) Ecnm psit > u, CXOAUTCS, TO HEOOXOAMMO, YTOOBI OOIIMIT WiIeH Uy CTPEMUIICS K
HyJ10. OTHAKO, 3TO YCJIOBHE HE ABJISIETCS IOCTATOYHBIM. MOKHO TOBOPUTH TOJIBKO
O TOM, YTO €CJIM OOIIMI 4IeH He CTPEMUTCS K HYJI0, TO PSI TOUHO PACXOJIUTCS.

o o > 1
HaHpI/IMCp, TaK HA3bIBACMbIN TAPMOHUYCCKHU P Z— ABJACTCA paCXOoaAIINMCH,

n=1

XOT4 €T0 06H1Hﬁ YJICH U CTPCMUTCA K HYJIIHO.

1 2 3 n
Ipumep. HccnenoBaTh CXOAUMOCTH psijia 5 + 3 + 4.+ +...

8 3n—1

n ) 1 1 o

= —1 = 5 #0 - HCO6XOI[I/IMBII/I IMPU3HAK CXOOAUMOCTHU HC
3
n

Haitinem Im

n—w 3 —1 _n—>

BBIMTOJTHACTCS, 3HAYHT PSIJT PACXOIUTCS.

2) Ecau psii CXOAUTCS, TO MOCIEI0BATEIBHOCTh €0 YaCTHBIX CYMM OTPaHUYCHA.
OmHAaKO, ATOT MPU3HAK TAK)KE HE SABJSICTCS JOCTATOYHBIM.

Hampumep, psax 1-1+1-1+1-1+ ... +(-1)™+... pacxomurcsa, T.x. pacxommrcs

IMOCJICAOBATCIIBHOCTD €I'0 YaCTHBIX CYMM B CHIIY TOI'O, YTO

S =

n

{O, npu  YemHvlX n

1, npu  He4emHblx n

OI[HaKO, IIpx 3TOM IIOCJICAOBATCIIBHOCTh YACTHBIX CYMM OI'pPaHHM4YCHA, T.K.
S,

<2 mpu JIr000M N.

Psaowi ¢ HeompuuyamelbHbIMU UleHAMU.



[Ipn u3ydeHUM 3HAKONOCTOSHHBIX PSJOB OIPAHMYHMMCS PAacCCMOTPEHHEM
PAOB C HEOTPULATENBHBIMU WICHAMH, T.K. IIPU IPOCTOM YMHOXXEHUH Ha —1 u3
ATUX PSANOB MOKHO ITOJYUYUTh PAJIBI C OTPULIATENBHBIMU YWICHAMM.

Teopema. /[[na cxooumocmu pada ».u, C HEOMPUYAMETbHOIMU —HIEHAMU

He0OX00UMO U 00CMAmMOYHO, YMoObl YACMHbIE CYMMbL POA ObLIU 02PAHUYEHDL.

IIpu3HaK cCpaBHECHUS PSIJIOB C HECOTPULATSILHBIMU YJICHAMHU.

IIycTh JaHbl 1Ba pAfa » u, ¥ ».v, HPH Un, Vo 20.

Teopema. Eciu Uy < Vp 1pu 1:0060M N, TO M3 CXOAMMOCTH Psiga » v, CIELYeT

CXOOUMOCTh psaa Zun , 4 U3 PACXOOUMOCTH pPsAOda Zun CICAYCT pacCXOoAUMOCTb

psa Y v,.

IIpumep. VccienoBath Ha CXOAUMOCTD PSA —— + —— + ...+ —— + ...

1 1 . 1
T.k. 1n—>— , 4 TapMOHHNYCCKUU PAO Z— PacCxXoguTCsda, TO PACXOOAUTCA KU PO
n n n

b
Inn

> 1
n=1 n2n '

IIpumep. McciaenoBaTh Ha CXOAUMOCTD PSJT

T.k. <

n2n 2]’! n

1
, @ pAl ), CXOAuTCH ( xak yObIBaromias TreoMeTphuecKas

<N |
pOrpeccus), TO PsiT ZT TOKE CXOJIUTCS.
n

n=1

Takke UCIONIb3yeTCs CIEAYOINUN IPU3HAK CXOIUMOCTH

Teopema. Eciu u, >0, v, >0 u cywecmsyem npeoei im 2 =1, 20e h — uucno,

n—>o0 vn
omauuHoe om Hyms, mo padel Y u, U D.v, 6e0ym OOUHAKOBO B CMbICIe
CXOOUMOCU.
Ilpusnaxk /lanamoepa.
(OKan Jlepon damam6ep (1717 — 1783) — dpanIy3cKuii MaTeMaTnK)

Ecu Ona paoa ) u, ¢ NOTLONCUMENbHOIMU UIEHAMU CYWECMBYenm MaKoe

Hucio q<1, ymo 015 6cex 00CMamoyHo OOIbUUX N BLINOIHAEMCS HepaeeHcmeo



u
—L < g, mo pad Y u, cX00umcs, eciu xce Ons 6cex O0CMAmMoUHo OONLUUX N
u

n

u
6bINONIHACMCA YCl06Ue —L > 1, Mo pad Y u, pacxooumcs.
u

n

Ilpeodenvuwiit npuznax /lanamoepa.
[Ipenenvublil npu3Hak JlamamOepa sBAsETCS CIAEACTBUEM U3 NMPUBEIECHHOTO

BbIlIIEe npu3HaKa JlanamoOepa.

Ecnu cywecmeyem npeoen lim Puut p, mo npu p < 1 pao cxooumcs, a npu p>1—
n—>0 un

pacxodumc;l. Ecnu P = ], mo Ha eonpoc o CXOOUMOCMU OMEEMUMb HENb3A.

)
Hpumep. Onpenenutrs CXOAUMOCTb psifa z Y
n=1

4 = =n+1. limu”—+1:1im(n+l)2n:n+1: n_ 1

ey ow 2"y 2n 2 2

BriBoj: psin cxonuTes.

1 1 1
IIpumep. OnpeneauTs CXOAUMOCTD psifa 1+ I + o Fot =t

!
u :l; u,, = ! ; fim 22 = fm —"" — fim ! =0<1
(n+1)! nmoe gy e (n41)! oep4]

BriBon: psig cxonurces.

Ipusnax Kowu. (paoukanvnotii npu3HaK)
Ecnu ons psaoa ) u, ¢ HeOMPUYAMeNIbHbIMU YIEHAMU CYWeCm8yem makoe Yucio

q<lI, umo ona 6cex 00cmamoyro 601bUUX N BbINOJIHAEMC A HEPABEHCMBO 4fu, <q ,

mo pso Zun CXO0UMCS, ecau dce O 8cex 00CMAaAMmoyHo OOIbWUX N bINOJIHAEMC

HepaseHcmeo ifu, =1, mo psao Y u, pacxooumcs.

CaencrBue. Ecnu cymectByet npenen lim 4/u, =p, 10 npu p<l psg cxomurcs, a
n—>0

pu p>1 psa pacxoauTcs.



3n?+5

n=1

= (2n> +1)
Hpumep. Onpenenuts CXOAUMOCTD psiaa z .

2n* +1 n?
Iim 2/u_ = lim = lim n
n—o0 " n—o0 37’12 +5 n—0 5 3

BeiBOA: psax cxogutces.

© 1 n
Ipumep. OnpenennTs CXOAUMOCTb psiia Z(l + —) .
n

n=1

m%:mn(uljﬂ.
n

n—>0 n—>00

T.e. npusnak Komm He naer oTBeTa Ha BOIPOC O cxoauMocTu psaa. IIpoepum
BBIMIOJTHEHNE HEOOXOIMMBIX YCIOBUM cX0QUMOCTH. Kak ObLJI0 cka3aHo BhIIIIE, €CITU
P CXOAUTCS, TO OOLTUH YJIEH Psiia CTPEMUTCS K HYJIIO.

lim u, :]jm[1+lj =e#0,

n—>0 n—>0 n

TaKUM o6pa30M, HCO6XOI[I/IMO€ YCIIOBUC CXOOAUMOCTH HC BBIIIOJHACTCA, 3HAYUT,
paAa pacxoauTcCH.

Humezpanvnwtit npusnax Kowu.

Ecu  @(x) — nenpepvienas nonodxcumenvhas —@Qyukyus, yovlearowas Ha
npomesxicymke [1l;©), mo pso (1) + ¢2) + ..+ o(n) + .. = i(p(n) u
n=1

HecoOCMBEeHHbIIL UHMe2Pal I o(x)dx 00UHAKOBLI 8 CMBICIE CXOOUMOCTIU.
1

1 1 1
IIpumep. Pan 1+2—a+3—a+...+—a+... cxonuTes npu o>1 u pacxoaurcs o<l T.K.
n

o . T dx
COOTBETCTBYIOIIMK HECOOCTBEHHBIH HMHTETPAI I_a cxomurcs mnpu o>1 wm
X
1

0

1
pacxomutcs a<l. Pax ) — Ha3bIBaeTCS 00IIerapMOHHYECKHM PSIOM.

n=1

CaencrBue. Eciu f(X) u ¢(x) — HenpepbiBHBIE (YHKIMH Ha WHTEpBaye (a, b] u
AC))

b b
o?:h’ h#0, TO MHTETrpaIbI I f(x)dx n I ¢(x)dx BemyT ce0s OJMHAKOBO B
xX—>a+! (P x Y Y

CMBICJIC CXOOANMOCTH.



3nakonepemennbvie paovl. (3HaxKouepedyrouuecs pAaosl).
3HaKOYePEeAYIOIIUICS PSJT MOXKHO 3alKUCcaTh B BUJIE:

n+l
u, —u, +uy —u, +o+D"u, +

roe u, >0, n=123,..

Ilpusnax Jlenonuua.

Ecnu y 3naxouepeoyroweeocs psaoa u, —u, +u, —u, +...+(=1)""u, +... abcomommvie
genuyuHbl Ui YObl8aom u, >u, >u, >... U 00OWUL YleH CIMpeMumcs K Hyao u, —> 0,

mo psi0 CXOOUMCAL.

Abconromuas u yciosHas cxooumocms psoos.
PaccmoTpuM HEKOTOpBINM 3HAKOTIEPEMEHHBIN psifl (C WIEHaMU MPOU3BOJIBHBIX

3HAKOB) U, +uy +..hll, +..= D U, (1)
n=1

" pAan, COCTaBJICHHBIN M3 a0COJIOTHBIX BEJIMYUH YICHOB pAaaa (1)

n=1

()

|+ o, |+ .+

u, u

n

Teopema. /3 cxooumocmu psoa (2) credyem cxooumocms psoa (1).

Onpenejaenue. Psn Zu Ha3bIBacTCs a0COJTIOTHO CXOASIIMMCSH, €CJIM CXOJIUTCS
psn Y.

O‘IGBI/II[HO, 4dTO i1 3HAKOIIOCTOAHHBLIX PAAOB IIOHATHA CXOOAMMOCTH H

un

a0COJIFOTHOM CXOQMMOCTH COBITAAIOT.

Onpenenenne. Psx > u, Ha3bIBACTCS YCIOBHO CXOASIIMMCS, SCIIH OH CXOUTCS,

a pan Y |u,| pacxommTcs.

Hpusnaku /lanamoepa u Kowu 011 3HakonepemeHHbviX paooas.

IIycTh ) u, - 3HAKOTIEPEMEHHBIH P,

un+1

u}’l

Ilpusnak /lanambepa. Ecnu cymectByer npeaen lim

n—0

=p, TO ipu p<1 psn

> u, Gyner aOCONIOTHO CXOAAIMMCS, a Ipu p>1 psix OyzaeT pacxomsimumcs. [pu

p=1 npu3HaK HE JaeT OTBETA O CXOJAUMOCTH PsIa.



Ipu3nak Kowmn. Ecmu cymectyer npenen lim z/ju,| =p, T0 npu p<I psaz Zu

OyzeT abCoOTHO cxoAsummmces, a npu p>1 psan Oyner pacxoasmumes. [lpu p=1
NPU3HAK HE J1aeT OTBETA O CXOAUMOCTH psAfa.

Ceoiicmea adconrOmuo cxooauwuxcs pAaooe.
1) Teopema. /lns abcomommnoii cxooumocmu psoa Z”n HeoOXo00UMO U
00CMAamoyHo, 4moobbl €20 MOJCHO ObLI0 NPedCcmasums 8 ude pPAa3HOCMU 08YX
CXOO0AUUXCS PAO08 C HEOMPUYAMETLHBIMU UTIeHAMU.

CaencrBue. YCIOBHO CXOASUIUICS PSI SBISETCS PA3HOCTBIO IBYX PACXOIAIINXCS
PAIOB C HEOTPULATEIBHBIMU CTPEMAILIUMUCS K HYJIIO YJIEHAMH.

2) B cxonsmemMcest psane nrobdas rpyninupoBKa WICHOB psilia, HE M3MEHSIONMAs UX
NOPSI/IKA, COXPAHAET CXOAUMOCTD U BEJIMUMHY PsAa.

3) Ecnu psig cxoautcest abCOIIOTHO, TO Psii, TOJYYEHHBIA U3 HETO JII000H
NEPECTAHOBKOM YJICHOB, TaK)Ke a0CONIOTHO CXOJUTCA U UMEET TY K€ CYMMY.

[lepecTaHOBKO#M YJIEHOB YCJIOBHO CXOJAIIETOCS PSAJa MOYKHO TMOJYYUTH YCJIOBHO
CXOIAIIMNUCS Psii, UMEKIHUA JII0OYI0 Hamepes 3aJaHHyl CyMMy, U JaXe
PACXOIAIIHICS PSI.

4) Teopema. [Ipu n0bol epynnuposke uieno8 abCONOMHO CXO0SAUe20Cs psod
(npu 2mMom 4uUCIo epynn modicem Oblmb KAK KOHEYHbIM, MAK U OeCKOHeUHbIM U
YUCNIO UYNEHO8 8 epynne Modxcem Oblmb KAK KOHEUHbIM, MAaK U OeCKOHeYHbiM)
HOLYUAEMCsL CXOOAWUNCA PO, CYMMA KOMOPO2O PABHA CYMME UCXOOHO20 pPAod.

5) Ecim psael Y u, ¥ Y v, CXOOATCS aOCOMIOTHO M HX CYMMBI DaBHBI
n=1 n=l

COOTBETCTBEHHO S W G, TO psi/I, COCTAaBICHHBIM W3 BCEX MPOM3BEICHUN BHUAA
uyv,, ik=12,. B3ATBIX B KAKOM YTOJIHO TOPSIKE, TAKXKE CXOAUTCS aOCONIOTHO U

€ro CyMMa paBHa S-0 - IPOU3BEJICHUIO CYMM MEPEMHOKAEMBIX PSIOB.

Ecin xe npou3BOAWTH MEPEMHOXKEHHE YCJIOBHO CXOISIIUXCS PSJI0B, TO B
pe3yIbTaTE MOXKHO MOJYYUTh PACXOISIIUNCS PSI.

3anaHus NPaAKTUYECKOH padoThI
1.BeinucaTh Tpy NEPBBIX Wi€HA Psifa HAUTU TPETHIO YACTUYHYIO CYMMY

= M
o 2 HEI'.E?NE
11121a) #=17°70, 6) n=1 B




) — S L
= . — !
212220y 27172 (R—LJ. a1fn’ +4)°
co i+l
" 3" n= m|3mr1|
3,13.23q2) #=1{7 =3} = 1 NPE
T 2n
2 ”EDDCDSEH
/.
414240) n=17-(n+1)1. 5 7 A
—c n+1
G 3 M=o i
!
5,15,25a) #=1% (n+1). 6) n= 17 +1
ﬂgﬂﬂzﬂ E——
= M
6,16,26a) *1Wn-3" . 5 n17inn
n= D:Z??+2 2 I E?E
Z 2n-1
7,17,272) #=1 3 ; 6 ailt+e”®
=
R = N
s R ”i‘x'smdl Fl
_ !
8,18.28 a) n=1 (2?1) ; 6) n=1 2?3‘\,/.?_3

= (o))

2
9,19,20 a) #=1(7!)

n=w 1
213 2
6) *“IAn® -cosn

2

n=mpy | /
—H'(?H_U' A==l +eoosT R

=] f/ZH).*'
10,20,30 a) *# , 6 #=1 H

2.I/ICCHGI[OB3TB Ha CXOOUMOCTDb, IIPUMCHAA HGO6XOI[PIMBII>1 IMPU3HAK CXOANMOCTHU

2

111,21. a 6,16,26. a) » ———
); 4n+5 )Zl 2n — 1)-2n
n
212,22. a 717,27. a
)Zl 10n-1 )_1n+1
3n +1
31323. a 8,18,28. a
)nZ‘l 5n+ 2 )Zn\/_



—4n? +1

414,24, a 919,29. a
)2—11 n?-5n )z n+1
5n% +1 2, 2n?

515,525. a 10,20,30. a
),Z‘ln +2n );3n—1

3.MccnenoBath Ha CXOMMOCTb, UCTIOJIB3YS Mpu3HaK [JamamOepa

111,21, a)i%l 6.16,26. a)z ”*1)'
n= 1
2n-1 21
212,22. a 717,27 a)y —
"L {5 i
© 2n . n2 ) 3n
313.23. 8.18,28.
3 V2 o)
10"
19,2
414,24, a)nz_l 9,19,29. a)nz_l n+1)|

10,20,30. )Y =
=n

KoHTposbHbIE BONIPOCHI

OrnpeneneHue YMCI0OBOro psja.

CgolicTBa 1 BUABI PSIIOB.

OrnpeneneHue CyMMbI psijia.

Heo6xoauMplii MpU3HAK CXOAUMOCTH.

[Ipusnaku cpaBHeHus, npu3Haku Jamambepa u Korm.

aObrwbdE

IIpakTuyeckas padora Ne 20
Tema «Pemenne 1u¢pepeHnanbHbIX yPABHEHUN»
Heanb: npoBepuTh yMeHHE pemaTh AuddhepeHIuaIbHble YpaBHEHUS IEPBOTO
MOPSAJIKA C Pa3ACICHHBIMU U Pa3ICISIIOIIUMUCS IEPEMEHHBIMU.
Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi



1.3yunTb 3agaHue

2. 13yunTb TeopeTUYeckme ceeaeHmns

3. BbinonHntb 1 opopmutb paboTty

4.MoKasaTb pe3ynbTaTbl NpenoaaBaTesnto
AdomalwHee 3apaHne

1.MoaroToBUTL OTBETbI HA KOHTPO/IbHbIE BONPOCHI

TeopeTrnuecknii MaTepuall

Jugdepenyuanvnvim ypasnenuem Ha3bIBa€TCs ypaBHEHME, CBSI3bIBAIOIIEE
MeXay coOOM HE3aBHUCUMYIO NEPEMEHHYI0 X , HMCKOMYIO (DYHKIUIO y U €€

POU3BOJIHBIE WK U PEepeHIIrATbI.

CumBonuuecku 1udpepeHnranbHOe YpaBHEHHE 3aUCHIBAETCS TAK:
F(x,y,y')=0, F(x,y,y")=0, F(x, AR TA y("))=0.

HuddepeHunanbHoe ypaBHEHHE HA3bIBAETCS 0ObIKHOGEHHbIM, €CIIN UCKOMas]
(GYHKIMS 3aBUCUT OT OJIHOT'O HE3aBUCUMOTO MTEPEMEHHOTO.

Tlopsoxom nuddepeHIalIbHOTO ypaBHEHUSI HA3bIBAETCS MOPSAOK CTapiiei
npou3BoiHOM (1in quddepennnana), BXoAsAIeH B JaHHOE YpaBHEHHE.

Pewenuem (nnu unmeepanom) nudpepeHnnansHOro ypaBHEHHs Ha3bIBACTCS
Takas QyHKIUS, KOTopasi oOpaIiaeT 3T0 ypaBHEHHUE B TOXJIECTBO.

Oowum pewenuem (W odbwum uumezpaiom) nuddepeHInaTBLHOTO
ypaBHEHUS HA3BIBAETCS TAKOE PEIICHHE, B KOTOPOE BXOAHUT CTOJIBKO HE3aBUCUMBIX
IPOM3BOJIBHBIX TIOCTOSTHHBIX, KaKOB TOPSIOK ypaBHEHHUs. Tak, oOiee pemieHue
TupQPepeHINaIbHOTO  ypaBHEHUS  I[EPBOTO  TMOPSAIKA  COJACPKUT  OJHY
POU3BOJIBHYIO TTOCTOSTHHYO.

Yacmueim  pewenuem nuQGepeHIINAIBHOTO  YPaBHEHUS  Ha3bIBACTCA
pelIeHre, TOJIYyIeHHOE W3 OOIIero MpH Pa3IUYHBIX YHCIOBBIX 3HAYCHHUAX
MIPOU3BOJIbHBIX MOCTOSHHBIX. 3HAYEHUSI MPOU3BOJBHBIX MOCTOSHHBIX HAXOISTCS
IIPY OTIPEICIICHHBIX HaYaIbHBIX 3HAUYEHUSAX apryMeHTa u (PYHKITUH.

Juggepenyuanvuviv  ypasnenuem  nepgoeo  nopsaoka — Ha3bIBaCTCA
yYpaBHEHHE, B KOTOPOE BXOIAT MPOM3BOAHBIE (WM au(depeHiranbl) HE BBIIIE
MIEPBOro MOPSIKA.

Jugppepenyuanvuvin  ypasHenuem ¢ - pazoensIOUWUMUC NePeMEeHHbIMU
Ha3bIBACTCS YPaBHCHHE BUIA



Y- tx)-0ly).

JI1s pelieHust ’TOro ypaBHEHUsI HYKHO CHavasa pa3eanuTh IEPEMEHHBIE:

a 3aTeM MPOUHTErPUPOBATH 00€ YACTU MOJYYEHHOI'O PaBEHCTBA:

jﬂzjf(x)dx.

o(y)
IIpumepsl
3aganme 1: Haiinqure oOlee penieHre ypaBHEHHS X - (1+ yz)dx = ydy .

ydy

Pemienune: PaznenuB nepemMeHHbIE, UMEEM Xdx = TV HNuterpupyem obe yactu
+ty

IMOJIYYCHHOT'O YPABHCHUA

_pydy o X1 1
dex—J1+y2, 5 —2In(1+y2)+2InC.

Tak kak IMPOU3BOJIbHAA ITOCTOAHHAA C MOXeT IMPpUHHUMATb JTI00BIC
YU CJIOBBIC 3HAUYCHUA, TO AJIsA y,Z[06CTBa ,II&HI)HGﬁHIPIX Hp€06p330BaHHﬁ

1
BMecTO C MBI Halmcaliu Eln C . IloTeHupys mociieIHee paBEHCTBO,
noiayauM x° =1In [C-(1+ yz)].
3T0 U ecTh 0011Iee PEIICHHE TaHHOTO YPABHEHHUS.

3ananme 2: HaliTu  yacTHOe — pellleHHMEe  ypaBHEHHs  s-tgtdt+ds=0

T
YAOBJIETBOPAIOIIECE HAYAIbHBIM YCIOBUSIM S=4 TIpU t = 3

Pemienne: PaznenuB nepemMeHHbIE, UMEEM tgtdt+E:O. [IpouHTETpHpYEM 00€
- S

YaCTH IIOTy4CHHOTO yPaBHEHUS:
ds )
Itgtdt+J.?:InC, —Ihcost+ins=InC,

Nma Ins=InC+Incost, s=Ccost.



Oro oOmee penieHue JaHHOrO YypaBHeHMs. JUId HaxXxoXIEeHHs

v v T
3HAQYCHHUSI IIPOM3BOJIBHOU ITOCTOSIHHOM C IOACTaBUM 3HAYCHHS t:E
T C
U S=4 B BbIpaXe€HUE AJig 001ero pemenus: 4 =C cos 3) U 4 = 5
oTKkyna C =8.

CrnenoBareibHO, WCKOMOE 4YaCTHOE pEIICHHE, YIOBJICTBOPSIOIICE
yKa3aHHBIM HAa4aJIbHbIM YCIIOBUSAM, UMECT BHJI S =8COst .

3aiaHus NpaKTH4YeCcKOH padoThI
3ananue 1.Haiitu olmiee penienue ypaBHeHUi a), 0).

3ananue 2.HaiiTh yacTHOE pellIeHHE YPAaBHEHUS C Pa3Ie/ISIOIUMUCS
EPEMEHHBIMHU

B1.1.a)x* dx = 3y*dy B16.1.a)x> dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0

2ytdx=edy; y=1npux=0 2.dx =e*dy; y=1npux=20

B2. l.a)%(dy = %dx

6)y’dx + (x—2)dy =0

B17. 1.a)%( dy = %dx

6)y’dx + (x—2)dy =0

1 1 1
2.y—2dx=X—2dy,y=2npux=O 2.dx=;dy,y=2npux=0

B3 1.a)Vxdx =+/ydy
6)(1+y2)dx — Vxdy = 0
2.(1+y)dx=(1—-x)dy,
y=3 npux=-—2
B4.1.a)(3x? — 2x) dx = dy

6) -(2xy+3y)dx + x* dy = 0

2.ydx =xdy,y=6npux=2

B18. 1.a)Vxdx = +/y dy
6)(1+y2)dx — Vxdy = 0
2.(1+y)dx=1—-x)dy,
y=3npux=—2
B19. 1.a)(3x? — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0

2.ydx =xdy,y=6npux =2



B5.1.a)(4x — 3)dx = dy
dx
6) (xy+x)d—y—1

2x—1 dx
et y=0npux=5

B6. l.a)xdx = dy
6) 2(xy+y)dx = xdy
2.(y+Ddx—(1—x)dy =0,
y=1npux=20
B7.1.a)x* dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0
2ytdx=e*dy; y=1npux=0

BS.l.a)%( dy = %dx

6)y’dx + (x—2)dy =0

1 1
2.y—2dx =X—2dy,y= 2npux =20

B9. 1.a)vxdx = +/ydy
6)(1+y2)dx —vxdy = 0
2.(1+y)dx=(1—-x)dy,
y=3npux=—2
B10 1.a)(3x* —2x)dx = dy
6) -(2xy+3y)dx + x*dy = 0
2.ydx =xdy,y=6npux =2

B1l1l.1.a)(4x—3)dx = dy

6) (xy+x)3—;=1

B20. 1.a)(4x—3)dx =dy
dx
6) (xy+x)a—1

2x—1 dx
et y=0npux=>5

B21.1l.a)xdx = dy

6) 2(xy+y)dx = xdy
2.(y+Ddx—(1—x)dy =0,

y=1npux=20

B22.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0
2.y¢dx=e*dy; y=1npux =0

B23. 1.a)%( dy = %dx

6)y’dx + (x—2)dy =0

1 1
2.}7dx =;dy,y= 2npux=20

B24.1.a)Vxdx = /ydy
6)(1+y2)dx —xdy =0
2.(1+y)dx=1—-x)dy,
y=3npux=—2
B25.1.a)(3x? — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux=2
B26.1.a)(4x —3)dx = dy

6) (xy+x)2—;=1



2x—1 dx
T T 4y y=0npux=>5

Bl12.1.a)xdx = dy

6) 2(xy+y)dx = xdy
2.(y+Ddx—(1—x)dy =0,

y=1npux=0
B13.1.a)x* dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0
2.y%dx = e *dy;
y=1npux=20

B14. l.a)%(dy = %dx

6)y’dx + (x —2)dy =0

1 1
2.y—2dx = X—Zdy,y= 2npux =20

B15.1.a)Vxdx = \/ydy
6)(1+y?)dx — Vxdy = 0
2.(1+y)dx =1 —x)dy,

y=3npux=-—2

KonTposbHbIE BONPOCHI:

abrwbdPE

nopsiaka?
Kakue nuddepenunanbubie

o

ypaBHECHUSA
Ppa3aCIISIIOIIUMUCS TEPEMEHHBIMHA?

2x—1 dx
L 4y y=0npux=>5

B27. l.a)xdx = dy

6) 2(xy+y)dx = xdy
2.(y+Ddx—(1—x)dy =0,

y=1npux=0
B28.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy = 0

2.y¢dx=e*dy; y=1npux=0

B29. 1.a)% dy = %dx

6)y’dx + (x—2)dy =0

1 1
Z.ﬁdx =;dy,y= 2npux =20

B30.1.a)Vxdx = \ydy
6)(1+y2)dx — Vxdy = 0
2.(1+y)dx =1 —x)dy,

y=3npux=—2

Kaxoe ypaBuenue HaszpiBaeTcs nuddepeHuaibHbM ?

UYro HazpiBaeTcs penieaneM nuddepeHmaibHOro ypaBHeHUS ?

Kakoe pemienue nuddepeHunanbHOro ypaBHeHHs Ha3bIBA€TCS 0OIIM ?
Kaxoe pemenue auddepeHmanbHOro ypaBHEHUS HA3bIBACTCS YACTHBIM ?
Kakne muddepennmansubie ypaBHEHHs] HA3bIBAIOTCS YPaBHEHUSIMU TIEPBOTO

Ha3bIBAKOTCA  YpPpaBHCHHAMU

C



MpakTnuyeckan pabora Ne 14.
Tema « BbluucneHue onpegenurenei»
Lenb: HayuynTbCA BbIMUCAATb ONpeaennTen BTOPOro U TpeTbero nopaakKa,
Bpems BbinonHeHna 90 MuUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceegeHumA

2.3apaHue

3.JluctA4

4.KanbKynatopbl

MNopaaoK BbInoNHEHUA PaboTbI
1.3yunTb 3agaHue

2. U3yunTb TEeOpeTMYECKME CBEAEHNA

3. BoinonHutb 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenoaasaTento
JomauwHee 3apaHue

1.MoAarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
Xop, pabotbli

TeopeTnyecKkue ceepeHuUA

Onpenenenne. Marpuueii pasMepa MxN, rae M- YKCIO CTPOK, N- YHCIIO
CTOJIOIIOB, HAa3bIBACTCS TaOJHMIIA YKCEN, PACIOJOXKCHHBIX B OIMPEICICHHOM
MOpsAKE. DTH YKMCIa HAa3bIBAIOTCS DIIEMCHTAMHM MAaTpPHUIBl. MeCTO KaxIoro
SJIEMEHTA OJHO3HAYHO ONpEAEsIeTCSs HOMEPOM CTPOKM U CTONOIa, Ha
MEPECCUCHNH KOTOPBIX OH HAXOAMUTCS. DJIEMEHTHI MATPUIBl 0003HAYAOTCS &jj, T/IC
I- HOMEp CTPOKH, a j- HOMEp CTOJIOIIA.

Buabl maTpun

Martpuiia MOXET COCTOSITh KaK M3 OJIHOW CTPOKH, TaK M W3 OJHOTO CTOJIOUA.
Boo01ie roBopsi, MaTpuila MOXET COCTOSITh JaXKe M3 OJTHOTO DJIEMEHTA.
Omnpenenenue. Eciy 4yncio cToadbIoB MAaTpUIlbl PaBHO YUCIY CTPOK (m=n), TO
MaTpulla Ha3bIBA€TCS KBAJAPATHOM.
Omnpenesienue. Matpuiia BUjaa:




HAa3bIBACTCS €AMHUYHON MATPULIEIA.
Omnpenenenue. Eciv amn = @nm , TO MATPUIIA HA3BIBAETCS CHMMETPHYECKOM.

21 5
Ilpumep. |1 3 6 |- cHMMeTpUYECKast MaTpULIA
5 6 4
a, 0 0
Onpenenenue. KBaapatHas MaTpuiia Buaa 0 an - o | HasbiBacTes
0 0 a

nn
AMATOHAJIbHOM MATPULIEH.

JedcTBUs ¢ MAaTPULIAMU

CJ10:keHHe ¥ BBIYMTAHHE MAaTPUI CBOJUTCSA K COOTBETCTBYIOIIUM OIEPALUSAM HaJ
ux 3jeMeHTamMu. CaMbIM TJIaBHBIM CBOMCTBOM ATHX ONEpALUi SBJISIETCS TO, YTO
OHU OHpedeIeHbl MOIbKO 01 Mampuy 00UHAK08020 pazmepa. Takum o0pa3zom,
BO3MOYHO OMPEJECTUTD ONEPAIMU CIIOKECHUS U BEIUYUTAHUS MATPHIL:

CymMmoii (pa3HOCTBIO) MaTpull SIBJISIETCS MAaTpuIla, DSJIEMEHTaMH KOTOpPOM
SIBJISIFOTCSI COOTBETCTBEHHO CyMMa (Pa3HOCTh) DJIEMEHTOB UCXOIHBIX MaTPHII.

Cij = ajj £ bijj

C=A+B=B+A.

Omneparysi yMHOKeHUs (TeJIeHUs1) MaTPUIlbI JII0OOTO pazMepa Ha MPOU3BOJIBHOE
YHUCJIO CBOAUTCS K YMHOXEHUIO (IEJICHHUI0) KaKI0ro AJIeMEeHTa MaTpUIIbl Ha 3TO
YHCIIO.

oa,, oa, .. oa,
od = oa, Od,, .. 0d,,
oa,, oa oa

ml m?2 mn

o (A+B) =aA + aB

A(o£B) = aA + BA

1 2 3 1 3 4
Ipumep. lanst matpuiist A= |2 1 4|;B=|5 7 8|, naitu 2A + B.
3 23 1 2 4
2 4 6 10
2A=|4 2 8|, 2A+B=19 16
6 4 6 10



IIpoussenenuem matpuil A-B = C; Ha3zpiBaeTcs MaTpuia, 3JIEMEHThI KOTOPOU
n

MOTYT OBITH BEIYHCIICHBI 110 CIACAYIOWUM GOpMyIaM: ¢, = ¥ a, -b,
k=1

W3 npuBeeHHOTO ONpEAEIeHUsl BUIAHO, YTO ONEPALMs YMHOKEHHUS MATPULL
OIIpeENICHA TOJBKO I MAaTPUL], YHCJI0 CTOJIOL OB NIEPBOM U3 KOTOPBIX PABHO
YHCJy CTPOK BTOPOi.

Omnpenenenue. Matpuny B Ha3pIBalOT TPAHCIIOHMPOBAHHOM MaTpuLEeh A, a
nepexon oT A k B TpaHCIIOHMpPOBaHUEM, €CIIU AJIEMEHTHI KaKI0M CTPOKHU
MaTpuIlbl A 3amucaTh B TOM K€ MOPSAJIKE B CTOJIOLBI MaTpUIlbl B.

a, 4ap a, a4y ml
A= Ay Ay e Gy, |, B=AT= iy Ay e 4y |,
aml am2 amn aln a2n amn
APYTUMH CIOBaMH, Dji = ajj.
I 0 3 1 -1
Ilpumep. Jlanwsl matpuret A =12 4 1|,B=|3|,C=]| 2 | uuucno o = 2.
1 -4 2 2 1
Haiitu ATB+oC.
1 2 1 1 2 1 1 1-1+2-3+1-2 9
AT=10 4 -4|; AB=|0 4 —-4|[3]|=]0-1+4-3-4-2|=| 4 |;
2 31 2 2 3-1+1-3+2-2 10
-2 9 -2 7
aC=|4|; AB+aC=|4 |+ 4 |=
2 10 2 12

1.2 1.4 1-1) (2
4.2 4.4 4.1|=|8 16
3.2 3.4 31) (6

1
Ipumep. Haiitn npoussenenne Matpunn A = |4 | uB= (2 4 1).
3
1
4
3

1
AB=|4|-2 4 1)
3

1
BA=(2 4 1)-|4]|=21+44+13=2+16+3=21.
3

4
Ipumep. Haiitn nponssenenune Marpun A=(1 2), B = (z 6}



AB = (1 2)-@ 2J:(3+10 4+12)= (13 16).

OIlpeIIeJII/ITeJIeM BTOPOIro mopsijaka Ha3bIBACTCA YHCJIO0, KOTOPOC IIOCTABJICHO B

a, b
COOTBETCTBHE TAOIUIIBI KO (PUIIEHTOB

a, )

1o ClenyoUueMy MpaBuily: NPOU3BEACHHUE IO IIABHOW AMaroHanu oepercs
CO 3HAKOM IUTIOC, TI0 IPYTOM AUaroHaau cO 3HAKOM MHUHYC.

a, b
! M= albz — azbl

a, b,

H[ZHMG[}: BBIYUCIIATD OIIPCACIINTCIIb BTOPOT'O IMOpAaAKa

2 4
1) =2.2-3.4=4-12=-8
3 2
-1 -2
2) 5 ‘=—1-1—3.(—2)=—1+6=5

Ol'[peﬂe.]'ll/lTe.]'leM TPETHEI0o NMOPAAKA HA3BIBACTCS YHUCII0, KOTOPOC IMMOCTABJIICHO B
COOTBETCTBUE TaOJIUIIBI KOA(DPHUIIMESHTOB TIO CIEIYIONIEMY TTPaBUITY:

a b ¢

a, b, c,|=ab,c,+a,bc,+abc,—a,b,c,—ab,c, —a,bc,

a;, by ¢
DT0  ONpeieieHde  ONPENCIUTENs HAISIHO MOXHO  IIPEIACTABUTH

CJICAYIOIHUM 00pa3oM:

b, ¢
b, «¢,
by ¢,

D10 nmpaBuiia Ha3bIBaIOT elle «[IpaBuio TpeyroabHUKa»
IIpuMep BeIauCIUTh ONpEAETNUTENb TPETHETO MOPSAIKA
3 2 1
2 4 5/=3-4-3+2-2-1+1-2-5-1-4-1-2-2-3-3-2-5=
1 2 3
=36+4+10-4—-12-30=4



3aganus 1JI NPOBeIeHUs NPAKTHYECKON padoThl

1.Bbryucnuts onpeaeanTen BTOPOro NopsaKa:

1

_ 2+ "1 2 el
pa=| T gasl g Y|, gan| 97 keal
SHEI 3.k, 6 (05)° a7

2.BbIYKCIUTE ONPEACTUTENN TPETHETO MOPSIAKA:

-1 3, 2 %, 4 -5 1 -2 -k,
DA={2 8 «k,|, 2)A=|8 Tk,-2 -2/, 3)A=3 x, -5
1 1 2 2 -1 8 2 K, 5

Bapuanum | «x, k, | Bapuanm | «x, K, Bapuanm K, K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
3) 3 -3 15 2 -2 25 -1 3)
6 1 3) 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 3)
10 -5 1 20 0 8 30 -5 -1

KoHnTposibHBIE BONIPOCHI:

1. Yrto Ha3bpIBaeTCA ONpPEACTUTENIEM MATPHULIBI?

2. Kak BBIUHCIIUTH ONPEASTUTEh BTOPOTO TopsiaKa?

3. Kaxkue criocoObI BEIYUCICHUS OMPEACIUTEINS TPETHETO TOPSIKA BaM
U3BECTHBI?

4. Tlepeuncnute CBONCTBA ONpEAETUTENCH.

IIpakTnyeckas padora Ne 15 -16-17
Tema «Haxoxaenue oOpaTHOM MaTpulbl. PerieHne MAaTpUYHBIX YPABHEHHID)
Heab: Hay4UTHCS BBIUUCIATH MUHOPBI, ajdreOpandeckue JOMOJHEHHUS,
OMpEeNIeIUTENN YETBEPTOTO MOPSAKOB , HAXOAUTH OOpATHBIE MATPUIIBI ,PEIIATh
MPOCTEUIIINE MATPUYHBIE YPABHECHUS




Bpems BbinosiHeHUA 90 MUHYT
MaTtepuanbHoe obecneueHue
1.TeopeTnyeckmne ceegeHuA

2.3apaHue

3.JlIuctA4

4.KanbKynatopbl

MNopAapoK BbinoNIHeHUA paboTbi
1.M3yuntb 3apaHue

2. N3yuunTb TeopeTnyeckmne ceegeHuns

3. BeinonHute 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
AomaliHee 3aaaHue

1.MoAarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
Xox padoTsl

TeopeTnyeckue cBeeHUsI

Cucremoii IMHEHBIX aJIred0panvyecKuxX ypaBHeHHU, CoAEpKalleil m ypaBHEHUN
Y 1 HEU3BECTHBIX, HA3bIBACTCS CUCTEMA BUA!

A11X1 + A13X5 + -+ a1 Xy = by

Ap1X1 + Agpxy + -+ AypXx, = by

Am1X1 + ApaXa + o AmpXp = by
rJe yucia aij , I =1m, j_=1,n Ha3bIBAIOTCS KOO GUIIMEHTAMU CUCTEMBI, uncia bj —

cBOOOIHBIMY WieHaMu. [loexxaT HaXOXKICHUIO YHCTIA X;,.
3neck A — maTpura Ko3hPUIIMEHTOB CUCTEMBI, Ha3bIBaEMasi OCHOBHOU Mampuyetl.

a1 Ar2 A1n
Az1  Qp2 Aon
A=
Om1  Am2 = Amn
X1
X2
X = — 6ekmop — cmoabey u3 Heu36eCmuulx X;
le
by
b,
B = — 6exmop — cmonbey u3 c60000HbIX U1eHO06 b;
by

[IpousBenenue marpun A * X ompejaeneHo, Tak Kak B MaTpuie A CTOJIOIOB
CTOJIBKO K€, CKOJIbKO CTPOK B MaTpuiie X (# IITYK).

Pacwupennoii MaTpuiieli cHUCTeMbl Has3blBaeTcs MaTpula A  CHCTEMSI,
JIOTIOJIHEHHAS CTOJIOLIOM CBOOOAHBIX YWICHOB



Am1 Am2 Amn bm

Pewenuem cucmemsr Ha3bIBACTCS 1 3HAYCHUN HEU3BECTHBIX X1 = C1, X2 = C2 ,

., Xn = Cn, TIPH TOJICTAHOBKE KOTOPBIX BCE YPAaBHEHUSI CUCTEMbI 0OpAIAtOTCS B

BEpHBIMU pPAaBEHCTBA. BcsAkoe pemeHne CUCTEMbl MOKHO 3alucaTbh B BHUJIE
MaTpUIbI-CTOJIONA

Cucrema ypaBHEHMI Ha3bIBAETCS COBMECHMHOIL, €CIIM OHA UMEET XOTs Obl OJTHO
pELICHHE, U HeCO8MeCHUMOIl, €CII OHA HE UMEET HU OJIHOTO PEILICHHUS.

CoBMecTHass cuUCTeMa Ha3bIBACTCS  ONpeOeléHHOU, €Clldi OHa HMEET
€AMHCTBEHHOE pElICHUE, U HeonpeoeléHHOl, €Cclli OHa uMeeT Oojee OJIHOTO
pemienus. B mocnegHem ciywyae Kaxkjaoe €€ pelieHue Ha3bIBACTCS YaCHMHbIM
peuweruem cucteMbl. COBOKYITHOCTh BCEX YACTHBIX PEUICHUN Ha3bIBACTCA 0OWjUM
peuleHuem.

Pewums cucmemy — 3TO 3HAUUT BBISICHUTH, COBMECTHA OHA MJIM HECOBMECTHA.
Ecnu cucrema coBMecTHa, HaliTH €€ o0liee pelieHue.

JIBe cucCTeMbl Ha3bIBAIOTCS JKEUBANCHMHbIMY (PABHOCWIBHBIMU), €CIM OHU
UMEIOT OJHO W TO >Ke oOmee pemieHue. JpyrumMu ciaoBamMH, CHUCTEMBI
HKBHUBAJICHTHBI, €CJIH KaXK/10€ PeIlIeHne OJHON U3 HUX SIBIISIETCS PEIICHUEM JIPYTOil,
¥ Ha000pOT.

DOKBUBAJICHTHBIE CHUCTEMBbI IOJY4YalOTCs, B YAaCTHOCTH, TPU I1eMEeHMAPHbIX
npeobpazo8anusx CHUCTEMBbI TMPHU YCIOBUM, YTO MPEOOpPa30BaHUS BBIMOIHSIIOTCS
JUIIb HAJl CTPOKaAMHU MaTpPHUIIbI.

Cucrtema TUHEWHBIX YpaBHEHUW HA3BIBACTCS 0OHOPOOHOIU, €CIIA BCE CBOOOTHBIC

YICHBI paBHbI HYJIIO:
a11x1 + alzxz + -+ alnxn = 0

Apm1X1 + QpaXy + - AunXny = 0
OnHopoiHAs cHCTEeMa BCET/ia COBMECTHA, TaK Kak X1 = X2 = ... = x, = 0 aBmsgercs
PEILICHUEM CUCTEMBI. JTO PEIICHNUE HA3BbIBACTCS H)I€8bIM WIH MPUBUATILHBIM.

le_xZ=0

Ilpumep 4.3. Pemuts cucremy {x +3x, =7
1 2 =

_ |2 0]

_1| 1 7_14

; :7¢0,A1:|(7) _31|=7, A,

Pemenue: A= | i

7 14
3HAYWUT, x1=;=1, Xy =7=2

Ipasuio Kpamepa
Teopema. Cucmema uz N ypasnenut ¢ N HeU3BECMHbIMU



a,x, +a,x, +..+a, x, =b

Ay X, +ayx, +...+a, x, =b,

a,x, +a,x,+..+a, x =b
8 csy4yae, ecau onpedesumesns MAMpuubl CUCMeMbl HE pPaseH Hysto, umeem
eo0UHCMeeHHoe pewieHue U 3mo peweHue Haxoo0umcs rno opmynam:

xi = A/A 20e
A=detA, a A —onpedenumens mampuusl, Noay4aemol u3 Mampuybl cucmemel
3ameHol cmonbuya J cmonbyom ceob600HbIX YneHO8 b,
CyTb memoda laycca 3aknto4aeTca B NOCNeA0BaTE/IbHOM UCKIOYEHUN
HEeM3BECTHbIX.
PaccmoTpum cuctemy TMHENHbIX YPaBHEHUN:

a,x, +a,x, +..+a,x, =b
Ay X, +ayx, +...+a, x =b,

a,x, +a, ,x,+..+a, x =b_
Pasgenvum obe yactm 1-ro ypaBHeHMA Ha a1y # 0, 3aTem:
1) YMHOMUM Ha a1 U BbIYTEM U3 BTOPOro YpaBHEHMUS
2) YMHOXMM Ha a31 U BblYTEM M3 TPETLErO YPaBHEHUA U T.A4,.
Monyumm:
X, +d,x, +..+d, x, =d,

1n"¥n

dyXx, +dyx, +..+d, x, =d,

, rae d1j= G1j/011, j= 2,3, .. n+l.

d,x,+d, ,+.+d, x, =d

m3 mn”"n m
dij= ajj— aildlj i= 2/ 3/ e, Ny j= 2/ 3’ et n+1.

[anee nosTopAem 3TV e AeNCTBMA ANA BTOPOro ypaBHEHMWA CUCTEMbI, MOTOM —

ANA TpeTbero u T.4,.

K snemMeHTapHbIM ITpeoOpa3oBaHUSIM OTHOCSITCS:

1) IlpubaBnenne Kk 00eMM YaCTSIM OJHOTO YPaBHEHHUS COOTBETCTBYIOIIMX YacTeH

JOPYroro, YMHOKEHHBIX Ha OJTHO U TO K€ YHCIIO, HE PABHOE HYIIIO.

2) IlepectaHOBKa ypaBHEHHUI MECTAMH.

3) VYnaneHue U3 CUCTEMbl YPaBHEHUM, SBISIOMIUXCA TOXKISCTBAMHU J1JI BCEX X.
Munopom HEKOTOPOTO JJIEMEHTA dij ONPENEIIUTENS n-20 TOPSAKA HA3bIBACTCS

ompenenurens n — 1-ro TOpsiAKa, MONYYEHHBIM M3 HMCXOAHOTO MYTEM

BBIUEPKUBAHUSA CTPOKM U CTOJNOIA, HA TIEPECEYCHUU KOTOPHIX HAXOAUTCS

BbIOpaHHbIN 351eMeHT. O003HaYaeTCs mij.



a1 Qq2 di3
Tax echu A= |Az1  Qz2 Qz3|,momqq = [
asz1 0Q4zz dsz

az2 a23] m _|a11 a13|
Qazp aszzl’ 32 az1 Qz3

Anzebpauueckum OonoiHeHuem >JIEMEHTA djj ONPEACIUTENS HA3bIBAETCS €r0
MHUHOp, B3STBIH CO 3HAKOM «IUTIOCY», €CIU CymMMma | + | — 4éTHOE YHCJIO, M CO
3HAKOM «MHHYC», €CIIM 5Ta cymMMa HeuéTHas. O603HauaeTca Ajj: Ajj= (-1)' "1 * my;
Tak, A11 = +m11, A3z = -m3o,

Ceoticmeo («Pa3znoxeHue omnpenenurtenss MO 3JIEMEHTaAM HEKOTOPOro psaay).
Onpenenutens paBeH CyYMME MPOW3BEACHUN 3JIEMEHTOB HEKOTOPOrO psiia Ha
COOTBETCTBYIOIIIUE UM aireOpanyecKue JOTMOTHEHUS.
[IpounmtocTpupyeM © OAHOBPEMEHHO JOKaXX€M CBOMCTBO 7 Ha MpUMEPE
omnpeaenuTens 3-ero nopsaka. B aToMm ciydae CBOMCTBO 7 O3HA4YaE€T, 4TO

air 412 Q13

A= (A21 Q2 Q3| =aqq ¥ A1 +aqp ¥ Aqp + a43 * A43

31 dzz 0Az3

B camom nene, umeem

a1 * A1 +ay x A, taz A3 ==a « | 222 a23|+a *
11 ¥ A11 T Q12 * A1z T 43 * Ag3 1% as  dag 12
(_|a21 a23|)+a wx |2 a22| = ay1(ay2033 — Ay3a37) — aiz(az1a33 —
a3, Q33 13 %% |as  asy 11(A22033 — A2303; 12(A210433

A3031) + a13(az103; — Appa31) =
= (411022033 — A11023032 — Q12021033 T A12023032 + 413031037 — A13022031
=A

CBoiicTBO COACPKUT B cebe crmoco0 BEIYUCIICHUS OHpGIIGHI/ITGHGﬁ BBICOKHX

HOPSIIKOB.
IIpumep Berunciaure onpeaeauTeab, MaTPULIbI

3 5 7 8

-1 7 0 1

0 5 3 2

1 -1 7 4

Pemenue: Jlyis pa3noskeHust onpeaenuTess OObIYHO BEIOMPAIOT TOT PSiJl, T/E €CTh
HYJIEBBIE DJIIEMEHTHI, T.K. COOTBETCTBYIOIIME UM CJIaraeMble B Pa3I0KEHUH OyIyT
PaBHBI HYJIIO.

S0 e 5 7 8 5 7 8 5 7 8
0532=3*532+1*532+0*701—
1 —1 7 4 -1 7 4 -1 7 4 -1 7 4
5 7 8

17 0 1[=3*x 7 *3 x4+ (1) *x0*2+5+x7x*1-(=1)* 3 *
5 3 2
1-7+«7x2-5%0x+x4)+ 5 +x3 x4+ (=1)*x7*2+5%7x*

8-(-1) *3*8-5x7%4-5+«x7%x2)-(5*x0x*x24+7x*1x5+4
73 x8-5%0%*8-3*1*5-7x%7=x2)=122



Cesoticmeo . Cymma NpOU3BEECHUHN AJIEMEHTOB KaKOoro- Ju00 psjaa OnpeaeanuTens
Ha aJredpanyeckue JOMOIHEHUS COOTBETCTBYIOUIMX AJIEMEHTOB MapajlieIbHOrO
psaa paBHa HYIIO.

Tak, Hatipumep, a11d21 + apA2 + a1zds = 0

HaxoxaeHnue 00paTHOM MATPUILBI.

i1 A1z o Qin

azq ar, Aon
Ilycte A — kBagpaTHas MaTpuua n-ro nopsaka A =

An1  QAnz - QApm

KBagpaTHast maTpunia A Ha3bIBa€TCS HEBbIPONHCOEHHOU, ECIV ONPEACIUTEND A
= det A He paBen Hymi0: A = det A = 0. B npotuBHoM citydae (A = 0) matpuiia A
Ha3bIBAETCS GbIPOHCOCHHOI.

Marpunei, cor3noii Kk mampuye A, Ha3bIBACTCS MaTpULA

A, 4, ... A,

A = A, Ay o Ay,

A, A4, ... A,
rae Ajj — anredpanueckoe JOIMOJHEHHE JJIEMEHTa ajj JaHHOW MmaTpuilbl A (OHO
ompejeNnsieTcs Tak JKe, Kak M alreOpanyeckoe JOMOJHEHUE DIIEMEHTa

OTIPEICITUTEIS ).
Marpuna A HaseIBaeTCa 0fpamnoii MaTpULIE A, €CIIM BBIIOIHAETCS YCIOBHE
A*Al=Al*A=E,
rie E — equHMYHas MaTpHIa TOro e Mopsaka, 4yTo ¥ mMarpuna A. Marpuma A’
UMEET T€ K€ pa3Mephl, YTO U MaTpuia A.
OobpaTHas maTpuuna.
Teopema Bcaxas nesvipooicoeHHas mampuya umeem oOpamuyio.
4t A* 4t 1 (ﬁn ﬁ21 ﬁ31>
= ,m. e. = * 12 22 32
detA det A Az Aps Ass

OTMeTHM ceoticmea 0OpaTHOW MaTPHIIHI:
1. det (A1) =1/detA;
2. (A*B)1=B1*Al;
3. (A-l)T — (AT)-l )

Ipumep Haiitu A, ecnim A= (_21 i)

Pemerme: 1) Haxomam det A: detd = | 2 %] =2+3=5=0
2) HaXOI[I/IM A*Z A11: 1, A21 = -3, A12 =- (-1) = 1, Azz = 2,

nostomMy A* = G _23)

3) Haxomum A™: A~ = 1(1 —3) _ (1/5 _3/5>
5\1 2 1/5 2/5




IIpoBepka:
axAt=(

2 3\ (1/5 —3/5\ (2/5+3/5 —6/5+6/5
1 1)*(1/5 2/5)_(—1/5+1/5 3/5+2/5>

(-

Ipumep OnpenenuTs, NpU KaKUX 3HAYEHUAX O CYIIECTBYET MaTpulia, oOpaTHas
JTaHHOU

1 -2 2
A=la 3 0
2 1 1

Pemenue: Bcesikas HeBbIpoXkAeHHas Marpuua uMeeT oOparHyro. Haiiném
ONpEENNUTENb MAaTPULIBI A

1 -2 2
AM=|la 3 0/=3-0+ 20-12-0+ 20 = 4a-9
2 1 1

Ecmu 40— =0, 1.€. a = 9/4, 1o AA = 0, T.c. MaTpuIia A HEBBIPOXKJICHHASA, IMEET
oOpatHyro.
IIpumep IlokazaTe, uro mMaTpuia A sBisieTcsi oOpaTHoit 1151 B, ecnu

1 1 1 3 -3 1
A= (1 2 3>,B =<—3 5 —2)
1 3 6 1 -2 1

Pemenue: Haliném npousBeaenne matuil A u B:

1 1 1 3 -3 1
A*B=(1 2 3)*(—3 5 —2)
1 3 6 1 -2 1
3—3+1 —34+5-2 1-2+1 1 0 O
=(3—6+3 —3+10—-6 1—4+3>==<0 1 0>=E
3—-94+46 —-3415—-12 1-6+6 0 0 1
Ananornuno B * A = E. CnenoBarensHo, MaTpulia A siBisieTcs oopaTHoOM aiis B.

[IycTe mana cucrema n JIMHEWHBIX YPABHEHHUM C 71 HEU3BECTHBIMU
ag1X1 + AyXp + -+ apXy, = by
Ap1X1 + Ay Xy + -+ AypXy, = by
Ap1Xy + ApaXy + oo QX = by
WM B MaTpuuHOil popme A * X = B.
OcHoBHast MaTpula A Takoil cUCTeMbI kBaapaTHasi. OnpeaeanuTenb 3TOW MaTPUILIbI

all LY aln
A=

An1i - Qnn
Ha3bIBaCTCS onpedenumenem cucmemvl. ECIH ONpeIeTuTeNb CHCTEMbI OTIUYCH OT

HYJISI, TO CUCTEMA Ha3bIBAECTCS HEBbIPOHCOEHHOU.

Haiiném penrenue nanHoi cucteMbl ypaBHEeHUM B citydae A # 0.

YMHOkHUB 00€ uacTu ypaBHeHus A * X = B cneBa Ha matpuny A | momyunm A
*A*X=Atl*B Iockombky A * A=EuE*X=X,10 X=A1*B,



Oteickanue pemieHus cuctembl 1Mo (opmyne (4.1) Ha3bIBAIOT MampuiHuiM
CNOCOOOM PEIICHUS CUCTEMBI.
3axaHus 1J1 BHINOJHEHHUA MPAKTHYECKON padoThI

3ananue 1
2 11 x 1 -2 1 «k,
Jlanel onpenenurenu: 1) A = 123 5 2) A_—Z 3 K 2
P T Bk, 21 4 1 -3 —2 4
-2 13 -3 1 2 3 4

1) HaiiTu MMHOpBI M anreOpandecKre NOTOJTHEHHUS JIEMEHTOB diz, dy,

2) BBIYMCITUTH ONPEICTUTENH, PA3JIOKUB UX TI0 DJIEMEHTaM a) -0l CTPOKH, 0)
J-ro cronbua

Bapuanrt K, K, i ] Bapuanrt K, K, i ]
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2
14 -4 -1 1 2 29 -2 5 2 1
15 -1 5 3 1 30 -5 -1 1 3




3ananme 2. Jlana matpuna A= 2 1 2 |. Haitu

a)A™" unposepums, umo A-A"=A"-A=E

6)A+ A"
Bapuanm Ky K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 1 17 5 1
3 3 -4 18 2 0
4 2 1 19 -2 1
5 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 3)
15 -1 3) 30 -5 -1
3ananmue 3

1. Pemute cucTemMbl ypaBHEHUH C TIOMOIILI0 OOPAaTHON MaTPHUIIBI
(MaTpUYHBIM METOIOM).

2X+y+3z=17, 2X—-y+22=3, X-y+z=12,
1.142x+3y+z =1, 129X+ y+2z2=-4, 1.34X+2y+4z =6,
3X+2y+2z=6. 4X+y+4z=-3. SX+y+2z=3.



1.4.

1.7.

1.10.

1.13.

1.16.

1.19.

1.22.

1.25.

1.28.

KonTposibHbIE BONPOCHI

2X—-y+3z=-4,
X+3y+3z=11,
X—-2y+2z=-1.

4x+y-32=9,
X+y—27=-2,

8x+3y -6z =12.

X+4y—-7=6,
5y +4z =-20,

4x+y+4z =19,
2X—y+2z=11,
X+y+2z=8.
2X—-y—-3z=-9,
X+5y+z =20,
3x+4y+2z=15.

3X+y+z=-4,

X—4y -2z =19.

2X+3y+12 =4,
2x+y+3z=0,
3X+2y+z=1.

3X+4y—-2z =11,
2X—y—27=4,
3Xx—-2y+4z=11.

X+ 3z = -6,
2x—-3y+12=0.

3X—2y+5z=-22.

—3X+5y+62z =36,

5X+2y -4z =-16,

1.5.

1.8.

1.11.

1.14.

1.17.

1.20.

1.23.

1.26.

1.29.

1. Yto Ha3pIBa€TCSI MUHOPOM?

3X—-2y+4z =12,
3X+4y—-2z=6
2X-y—z=-9.

2X+3y+4z =33,
TX—5y =24,
4x +11z = 39.

3X—-2y+4z=2],
3X+4y—-2z2=9
2x—-y—-1z=10.

2X—-y+2z=0,
4X+Yy+4z =6,
X+Yy+2z=4,

2x—-y—-3z=0,
3X+4y+2z=1,
X+5y+2z=-3.

X-y+z=-11
5X+y+2z=8,
X+2y+4z =16.

2X+3y+z=12,
2X+ Yy +3z =16,
3X+2y+z2=38

3X+y+4z=13,
2Xx—-3y+z=9
X+4y—-z=-9,
4x—y+5z2=-2,
3y—7z=-6.

X+5y -6z =-15,

1.6.

1.9.

1.12.

1.15.

1.18.

1.21.

1.24.

1.27.

1.30.

8x+3y -6z =4,
X+y—2=2,
4x+y—-3z=-5.

2X+3y+4z=12,

7X—=5y+1z=-33,
4X+2=-1.
3X—2y -5z =5,
2X+3y -4z =12,
X—-2y+3z=-1.
2X—-Yy+22=8,
X+y+2z=11
4X+y+4z =22
—3X+5y +6z =-38,
X+Yy+2z=-4,
X—4y—-2z=-9.
3X—-y+z2=09,
5x+y+2z=11],
X+2y+4z =10.
X—2y+3z=14,
2X+3y—4z =-16,
3Xx—2y-5z=-8.
4x -y =—6,
3X+2y+52 =-14,
X—3y+4z =-109.
X+4y—-z=13,
3X+2y+3z2=3,
2x -3y +z=-10.

2. Urto Ha3pIBaeTCs anreOpanvdecKuM JOTMOTHEHUEM DIIEMEHTAa MATPHUIIHI?

3. Kaxk pa3noxxuth onpenenuTeNb Mo AIeMEHTaM CTOJI0Ia WIIA CTPOKH ?

4. Kakas maTpuila Ha3bIBA€TCSI HEBBIPOKICHHOM?



TpaHcIIOHMpOBaHHAsA MaTPULA.

Kaxkas Mmatpunia HazbiBaeTcsi 00paTHOM MO OTHOUIEHUIO K TaHHOM ?
KaxoB nopsi1ox BeruHMcieHus: 00paTHON MaTpULIb?

ANTOpPUTM pelIeHns NPOCTEUIEro MaTPUYHOTO YPaBHEHUS

NG

IIpakTnuyeckas padora Ne 18 mo reme
«JIeMEeHTbI BEKTOPHO ajared0posn»

]_[e.]'lb: HpOBepI/ITB SHAHUA U YMCHUA 110 HAXOKIICHUIO: KOOPANHAT BCKTOPA,
OﬂepaI_II/Iﬁ HaJl BCKTOPaMH, MOAYJIAI BEKTOpPA U CKAJIIPHOTO IIPOU3BCIACHUA,
BCKTOPHOTO IMPOU3BCACHHNA, CMCIITIAHHOT'O ITPOU3BCIACHU.

Bpems BbinosiHeHUA 90 MUHYT

MarepuanbHoe obecneuyeHue
1.TeopeTnyeckue ceegeHunA
2.3apaHue
3.JIuctA4
4.KanbKynatopol
MopsapoK BbinoNIHEeHUA paboTbi
1.M3yunTb 3agaHune
2. I3yunTb TeopeTUyeckme ceeaeHuns
3. BoinonHutb 1 opopmutb paboTty
4.lToKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomawHee 3apaHune
1.MoaroToBUTL OTBETbI HA KOHTPO/IbHbIE BONPOCHI
Xop, pabotbli
TeopeTnyeckue cseaeHuUA

BeKTOopHOe npousBeaeHue BEKTOPOB.

Onpejenenne. BeKTOPHBIM NPOU3BeEIeHHEM BEKTOPOB G 1 b Ha3bIBACTCH

BEKTOP ¢, Y/IOBIETBOPSIONINI CIIETYIOIMM YCTOBHAM:
1) || =|§|-‘5‘sin @, TIIE ¢ - YTOI MEXKIY BEKTOPAMH GH b, sh@>0; 0<p<r
2) BEKTOp ¢ OPTOTOHAJIEH BEKTOpaM G U b

3) @, b u ¢ 06pa3yIoT MpaByIO TPOHKY BeKTOpoB. O603HAUACTCS: ¢ =d xb



WIN ¢ =[a,b].
axh

CBoiicTBa BEKTOPHOI'0 IIPOM3BE/ICHUSA BEKTOPOB:

1) Z;xﬁz—ﬁxg;

O

2) Gxb=0,ecnd a| | b wm a=0wmwm b= 0;

3) (ma)xb = ax(mb)=m(axb);

(=]
x
=)

Xbhb+ ax ¢,

1
Ql

4) ax(b+¢)

5) Ecnu 3a/1aHb1 BEKTOPHI G (Xa, Ya, Za) ¥ b (Xb, Yb, Zb) B J€KAPTOBOHA

HpﬂMOYFOJIBHOﬁ CUCTCMC KOOpAUHAT C CAMHUYHBIMHU BCKTOPAMU ;, ',k , TO

A A
axb=lx, y, z,

Xy, Yy 2y

6) FGOMGTpI/I‘IGCKI/IM CMBICJIOM BCKTOPHOI'O ITPOU3BCIACHUA BEKTOPOB ABJISICTCA

na0WA0L NapaInenoZpamma, TOCTPOCHHOIO Ha BEKTOpax au b .

7) MexaHnYeCKHii CMBICI BEKTOPHOTO mpou3BeaeHus . [IycTh Touka A

TBEpIOTO TeJa 3aKpervieHa, a B ero Touke B npunoxena cuna F. Torna
BO3HUKAET BpalllaTeIbHbIi MOMEHT M (MoMeHT cuiibl). [lo onpenenenuto
MOMEHT CHJIBl OTHOCUTEIHHO TOUKH A HaxoauTcs 1o gopmysne M = ABxF -
BEKTOPHOE MPOM3BEIeHIE BEKTOPOB AB 1 F

IIpni1o:KeHUs1 BEKTOPHOI'0 POU3BEACHUS BEKTOPOB.

Yemanoenenue konnuneapnocmu éekmopos:

Ecmu a || b, 0 axb=0 (1 HaoGopor ), T.c. :

i3 b
. _ i) i i} .
axb=|a: o a. =l'|~f.=}-—r=§=ﬁ—21:rﬁ||h.

]

Haxoscoenue nnowadu napanienozpamma u mpey2oibHuUKaA.



CoryacHO omnpejieIeHHI0 BEKTOPHOTO NPOU3BEEHUs BEKTOPOB a H b
axb =3 -‘B‘Sin ¢ , T.e. Smap.= ‘ﬁxﬁ‘ ¥ 3HAuYMT, STpEyr.=1/2* ‘ﬁxﬁ‘
Ipumep. HaiiTu BEKTOPHOE MPOU3BENEHNE BEKTOPOB d@ =2i +5) +k U

b=i+2j-3k.

i=(2,51); b=(12-3)

5 o
T+ Tk,
2‘ J

I[Ipumep. Boruncnuts miomaas TpeyrojibHUKa ¢ BepiinHamu — A(2, 2, 2),

B@4, 0, 3), C(0,1,0).

—_—

AC = (0-21-20-2) = (-2-1-2)
AB=(4-2:0-23-2)=(2-21)
ik
ACxAB=l-2 -1 —o=il b A% A2 _1=2(—1—4)—*’(—2+4)+
12 172 -2 /
2 -2 1
+k(4+2)=-5i -2 +6k.
‘ACXAB‘ =25+ 4+36 =/65. S, =@ (end).

Hpumep. Haiitu nomaae napamienorpamma, HIOCTPOEHHOTO Ha BEKTOpax
G+3b; 3d+b,ecmn |d|=|p|=1; @b =30".
(@G+3b)x(3d+b)=3GAxd+dxb+9bxd+3bxb=-bxd+9bxd=8bxad
S =8b|a|sin 30° = 4 (ex?).

Cmewiannoe npouszeedeHue 6eKmopoe.

—

Omnpenenenue. CMelIaHHBIM NPOU3BEJEHUEM BEKTOpOB d , b U ¢

Ha3bIBACTCA YHCJIO0, PAaBHOC CKAJLIPHOMY IIPOMU3BCACHHIO BCKTOPA a Ha BCKTOD,

PaBHBII BEKTOPHOMY IIPOU3BEIECHUIO BEKTOPOB b U ¢ .



O6o3unavaercs a-b-¢w (a, b ,é).

CMeNIaHHoOe MPOM3BEIEHHE G- b -¢ 0 MOLYII0 PaBHO 00BbEMY NapajUIelenuIea,

IIOCTPOEHHOIO Ha BEKTOpax a, b U &, T.e. V =‘é-5-6‘

Ceoiicmea cmewtannoz2o np0u3ee0enuﬂ:

1.CmemanHoe TPOU3BEICHUE PABHO HYJIIO, €CJIM: a) XOTh OJUH U3 BEKTOPOB
paBeH HyJt0; 0) JIBa U3 BEKTOPOB KOJIJIMHEAPHBIC; B) BEKTOPHI KOMILJIAHAPHBI.

o (ax b)-€=a-(bx¢)=¢-(bxa) cmemannoe MIPOU3BEJICHUE HE MEHSETCS TpHU
IMUKITNYCCKOHN TIEpeCTaHOBKE BEKTOPOB;

3 (ax 5) .C=4a- (Bx C) CMCIIaHHOE TMPOM3BEACHHE HE MCHSCTCS MpH
NIEPECTAHOBKE 3HAKOB BEKTOPHOT'O U CKAJIIPHOTO YMHOXCHHUSI.

4 (@,b,é)=(b,é,d) = (¢,d,b) =—(b,a,c)=—(c,b,d) =—(a,c,b)

5 (Ad, + i, ,b,¢) = A(G,,b,) + 1(d,.b,c)

6. O6beM TpeyroipbHON MUpaMuIbl, 0Opa30BaHHOM BEKTOpAMU d, b U ¢, paBeH
La.z.2)
6
X0 4
7.Bem d=(x,5.2), b=(x,9,,2,), € =(x3,05,2), T0(@,b,0)=|x, ¥, 7,
X5 V3 Z3
8. abc =—acb =—bac =cha - cmemanHOe mNpoM3BENEHHE MEHSET 3HaK Ha
NPOTUBOMOJIOKHBIA  TIpU  TEPEeMEHE MeCT JIIOObIX JIByX  BEKTOpPOB-

COMHOXHUTEJIEH
9. Ecmu abc >0, 10 &,b,C - mpaBas Tpoiika

Mpumep. Joxasats, uro Touku A(5; 7; 2), B(3; 1; -1), C(9; 4; -4), D(1; 5; 0)
JIe)KaT B OJTHOM TIOCKOCTH.
AB = (=2;-6;1)
Haiinem koopimHaThl BEKTOPOB: AC = (4,-3;-2)
AD = (~4;-2:2)
Haiinem cMmenmanHoe npou3BeIeHUE MOJTYYEHHBIX BEKTOPOB:

2 -6 1| ]2 -6 1| o -6 1
AB-AC-AD=|4 -3 -2/=[0 -15 0=[0 -15 0[=0,
~4 -2 2/ |0 10 o 0 10 0

TakuM 00pa3oM, MOJydEHHBIC BBHIIIIE BEKTOPHl KOMIUIAHAPHBI, CJIEAOBATEIBHO
touku A, B, C u D nexar B 04HOM IIITOCKOCTH.



IIpumep. Haiitn 00beM nupaMuibl U JJIMHY BBICOTHI, OIMylIeHHOW Ha rpanb BCD,
ecym BepmuHbl uMetot koopauHatel A(0; 0; 1), B(2; 3; 5), C(6; 2; 3), D(3; 7; 2).

BA = (-2;-3;-4)
Hainem koopiHaThl BEKTOPOB: BD = (1;4;-3)
BC = (4:—1;-2)
L2 e
=—=|1 4 —3/=—(2(-8-3)+3(-2+12)—4(-1-16)) =
O6beM nupaMu/Ibl 6 |4 1 _> 6 ) +32+12) =X »

= é(zz +30 + 68) = 20(e0”)

JIns HaxoXJIEeHWsS JJIMHBI BBICOTHI THPaMUIbl HaWJIeM CHayajga IUI0Ma/b
ocHoBanusg BCD.

— - —

ik
BDxBC =[l 4 -3|=i(-8-3)—j(=2+12)+k(-1-16)=—-117 =10 —17k.
4 -1 -2

‘ExB_c" =112 +10% +17%> =/121+100 +289 =+/510

Soer = +/510/2 (ex?)

Ta vz Swh. 3V 120 :4\/510.(@;)
3 S 510 17

3aAaHuA NnpaKkTU4YecKkou pabotbl

3ananus
1. TTo koopaunatam Touek A, B u C nis ykazaHHbIX BEKTOPOB HAWTH:

a) Koopaunatel BeKTOpoB a= AB,b=BC, c=AC,d =BA, p=CA

b) Monyns BekTOpa & =34 +6—d

¢) CkanspHoe Mpou3BecHNE BEKTOPOB a u b;

d) Ipoekmuro BekTopa ¢ Ha BekTOp d;

e) Koopaunatel Toukr M, Jeisiiei OTpe30K p B OTHOIICHUH & . §



K " Koopannatsl o
BapuanTor oopaunathl | Koopaunatel Touxu C

TOYKH A TOuku B o B
1. (-2.1.3) (3.-6.2) (-5, -3, -1) 1 3
2. (1.3.6) (-3. 4, -5) (1,-7.2) 1 2
3. (7, 2. 1) (5.1, -2) (-3.4,5) 2 1
4, (3.5, 4) (-2, 7,-5) (6,-2,1) 3 2
5. (5.3.2) (2.-5.1) (-7.4,-3) 2 3
6. (11,1, 2) (-3, 3, 4) (-4,-2,7) 1 2
1. (9.5.3) (-3.2.1) (4,-7.4) 3 1
8. (7. 2. 1) (3.-5,6) (-4, 3. -4) 3 2
9. 1, 2, 3) (-5, 3,-1) (-6, 4, 5) 2 1
10. (-2,5. 1) (3,2, -7) (4, -3, 2) 4 1
11. (3,1, 2) (-4, 3, -1) (2,3.4) 2 1
12. (3,-1, 2) (-2,4,1) (4,-5.-1) 1 3
13. (4.5,1) (1.3.1) (-3.-6.7) 3 4
14. (1.-3.1) (-2, -4, 3) (0. -2, 3) 2 3
15. (5,7.-2) (-3.1,3) (1,-4.6) 4 3
16. (-1, 4, 3) (3,2, -4) (-2, -7.1) 1 3
17. (5,4,1) (-3, 5, 2) (2,-1, 3) 3 1
18. (2. -1, 4) (-3. 0, -2) (4,5, -3) 2 1
19. (-1, 1, 2) (2, -3, -5) (-6, 3. -1) 1 2
20. (1. 3. 4) (-2, 5,0) (3. -2, -4) 2 3
21. (1.-1,1) (-5, -3.1) (2, -1, 0) 3 2
22. (3.1, 2) (-7, -2, -4) (-4, 0, 3) 2 1
23. (-3,0,1) (2,7, -3) (-4, 3, 5) 1 3
24. (5.1, 2) (-2, 1, -3) (4, -3, 5) 2 3
25. (0.2, -3) (4, -3, -2) (-5, -4, 0) 1 2
26. (3.-1, 2) (-2,3.1) (4, -5, -3) 3 4
27. (5.3.1) (-1, 2, -3) (3.-4, 2) 1 2
28. (3.1, -3) (-2, 4,1) (1,-2.5) 3 4
29. (6,1, -3) (-3,2, 1) (-1, -3, 4) 4 3
30. (4,2.3) (-3.1.-8) (2. -4.5) 3 2

3ananue 2

1. Jlaubl BexTOpHI 8, b 1 ¢. HeoOxonumo:
a) BBIYUCIIUTh CMEIIAHHOE TPOU3BEIECHUE TPEX BEKTOPOB;
0) HaliTH MOYJTb BEKTOPHOTO MTPOU3BEICHNUS,

B) BBIYUCJIUTH CKAISIPHOE MPOU3BEJEHUE IBYX BEKTOPOB;
T') IPOBEPUTH, OYIYT JIN KOJUTMHEAPHBI WJIM OPTOTOHAIILHEI IBa BEKTOPA;
1) IPOBEPUTDH, OYAYT U KOMIUIAHAPHBI TPU BEKTOPA.

Bapua | Bextopsl Cwmemanno | Monyn
HT e b
IPOU3BENE | BEKTOP

Ckansip
HOE e

pOU3BE
WIH

apHBI

Kommnu

Kommnanapu
OCTb
BEKTOPOB




HHUEC H I IEPIIEH

I.K

IIPOU3B

BEKTOP

el.

OB
a=2i-3j+k, | a,3b,c 3a,2c b,—4c a, c a, 2b,3c
b= j+4k,
c=5i+2j-3k
a=3i+4j+k, | 5a,2b,c 4b,2c¢ a,c b,c 2a,—3b,c
b=i-2j+7k,
c=-3i—-6j+21k
a=2i-4j-2k,| a,2b,3c 3a,-7¢ | —2a,c a,c 3a,2b,3c
b=7i+3]j,
c=3i+5j-7k
a=-7i+2k, a,—2b,—7c 4b,3c 2a,—7c b,c 2a,4b,3c
b=2i-6j+4k,
c=i—-j+2k
a=-4i+2j-k,| a, 6b,3c a,2b a,—4c a,b a,6b,3c
b=3i+5j-2k,
c=]+5k
a=3i-2j+k, | a,—3b, 2¢c 5a,3c —2a,4b a, c 5a,4b,3c
b=2j-3Kk,
c=-3i+2j-k
a=1i-j+3k, 7a,—4b,2c | 3a, 5¢c 2b,4c b,c 7a,2b,5c
b =2i+3j-5k,
c=7i+2j+4k
a=4i+2j-3k,| 2a, 3b, c 4a,3b b,—4c a,c 2a,3b,—4c
b=2i+Kk,
c=-12i—-6j+9k




9 a=—i+5k, 3a,—4b,2c 7a,—3c 2b,3a 6,C 7a,2b,—3c
b=-3i+2j+2Kk|
c=-2i—-4j+Kk

10 a=6i—-4j+6k,| 2a,—4b,3c 3b,—9c 3a,-5¢ a,b 3a,—4b,—9c
b=9i-6j+9k,
c=1-8k

11 a=5-3j+4k, | a,—4b,2c —2b,4c | —3a,6¢C b,c a,—2b,6¢c
b=2i-4j-2k,
c=3i+5j-7k

12 a=-4i+3)—7k, —2a,b,—2c 4b,7c 5a,—3b b,c —2a,4b,7¢
b=4i+6j-2k,
c=6i+9j-3k

13 a=-51+2j-2k|, 2a,4b,-5c —3b,11c | 8a,-6¢C a,c 8a,—3b,11c
b =7i-5k,
c=2i+3j-2k

14 a=-4i-6j+2k, 5a,7b,2¢c —4blla | 3a,-7c a,b 3a,7b,-2¢
b=2i+3]-Kk,
c=-i+5j-3k

15 a=-4i+2j-3k|, 5a,—b,3c —7a,4c | 3a,9b a,c 3a,—9b,4c
b =-3j+5k,
c=6i+6]—4k

16 a=-3i+8j, 4a,-6b,5¢C —7a,9¢c | 3b,—8c b,c 4a,-6b,9c
b=2i+3]j-2k,
c=8i+12j-8K

17 a=2i-4j-2k,| 7a,5b,—c —5a,4b | 3b,—8c a,c 7a,5b,—c
b =-9i + 2k,

c=3i+5j-7k




18

a=9i-3j+k,
b=3i-15] + 21K
c=i-5j+k

2a,—7b,3c

—6a,4c

5b,7a

b,c

2a,—7b,4c

19

a=—2i+4]-3k
b =5i+ j— 2k,
c=Ti+4j-k

, a,—6b,2¢

—-8b,5¢

-9a,7c

a,b

a,— 6b,5¢c

20

a=-9i+4]-5K
b=i—2j+4k,
C=-5i+10] -2

ok 2a,7b,5¢

—-6b,7¢c

9a,4c

b,c

—2a,7b,4c

21

a=2i-7j+5Kk,
b=-i+3j-6k,
c=3i+2j-4k

—3a,6b,—c

5b,3c

Ta,—4b

b,c

7a,—4b,3c

22

a=7i—-4j-5k,
b=i-11j+ 3k,
c=51+5]+3k

3a,—7b,2¢c

2b,6¢c

—4a,-5c¢C

—4a,2b,6¢C

23

a=4i-6j-2k,
b=-2i+3j+k,
c=3i-5j+7k

6a,3b,8¢c

—7b,6a

—b5a, 4c

a,b

—5a,3b,4c

24

a=3i—]+ 2k,
b=—i+5j—4k,
C=6i-2]+4k

4a,—7h,—2c

6a,—4c

—2a,5b

6a,— 7b,— 2c

25

a=-3i— 5k,
b=2i-4]+8k,
c=3i+7j-k

2a,—b,3c

-9a,4c

Bb,-6¢

b,c

2a,5b,—6¢C

26

a=-3i+2j+7k
b =i-5k,

., —2a,b,7c

C=6i+4j—k

5a,—2c¢c

3b,c

—2a,3b,7¢c




27 a=3i—j+5k, | —3a,4b,—5c | 6b,3cC a,4c b,c —3a,4b,—-5¢
b=2i-4j+6k,
c=i—-2j+3k

28 a=4i-5j-4k,| a,7b,-2c —5a,4b | 8¢,—3a a,c —3a,4b,8c
b =5i - j,
c=2i+4j-3k

29 a=-9i+ 4k, 3a,—5b,—4c | 6b,2c —2a,8c b,c 3a,6b,—4c
b=2i-4j+6k,
c=3i-6j+9k

30 a=5-6j—k, | 5a,3b,—4c 4b,a 7a,—2c a,b 5a,4b,—2c
b=4i+8j-7k,
c=3j]-4k

KoHTposbHbIE BONIPOCHI

]_Ie.]'lb: Hay4YUTbBCA COCTABJIATH
IIPAMBIMHA, BBIIIOIHATE IMOCTPOCHUA.

©CoNoOOR~WNE

Uto Ha3bIBaETCSI BEKTOPOM?
Kakune BeKTOpbI Ha3bIBAIOTCS KOJIJIMHEAPHBIMHU?
UTto Ha3bIBa€TCA KOOPJAUHATAMU BEKTOpA?

Kak HaliTu KOOpIMHATHI BEKTOPA, 3aJJaHHOTO ABYMS TOUKAMM ?
Kak HaliTu 1JMHY BEKTOpa, 3aITaHHOTO CBOMMU KOOpAMHATAMU ?
3amumute GOpMyIIbI IeJICHUST OTPE3Ka B JAHHOM OTHOIIICHUH.
Kak HaiiTu ckansipHoe Ipou3BeIeHHE BEKTOPOB?
Kak HaiiTh BeKTOpHOE TPOU3BEICHHE BEKTOPOB?
Kak HaiiTh cMenmanHoe IpoU3BeIEHHE BEKTOPOB?

IIpakTuyeckas padora Ne 19

Tema «CocTaBiieHre ypaBHeHH S IPSIMOH HA MJIOCKOCTH»

Bpems BbINnO/NHEHUA

90 MUHYT

YPaBHEHUE MPSIMBIX, HAXOIUTH YTOJI MEXAY




MaTtepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHumA

2.3apaHue

3.JlIuctA4

4.KanbKynatopbl

MopAapoK BbinoNIHEHUA paboTbi
1.M3yuntb 3apaHue

2. N3yuunTb TeopeTnyeckmne ceegeHuns

3. BeinonHutb 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
AomalHee 3aaaHue

1.MoAarotoBuTb OTBETHI HA KOHTPO/IbHbIE BOMNPOCHI
Xopa paborbi

TeopeTnyeckue cBeaeHs

YpaBHeHHe NPSAMOI HA MJIOCKOCTH.

Onpenenenue. Jlrobas mpsiMasi Ha TUIOCKOCTH MOXXET OBITh 3aJlaHa YpaBHEHHEM
nepsoro nopsaka Ax + By + C = 0, npuuem noctossHHble A, B HE paBHBI HYIIIO
OlHOBpeMeHHO, T.e. A? + B? # 0. D10 ypaBHeHHE IIEPBOro MOPSAKA HA3HIBAIOT
00IIIMM yPaBHEHHEM MPAMON.
B 3aBucumMocTu ot 3HaueHuii mocTosHHBIX A,B 1 C BO3MOXKHBI ClleyIOIIHNe
YacTHBIE CIyYau:
- C=0,A=#0,B=#0—npsamas npoxoauT 4epe3 Hauajao KOOPAUHAT
- A=0,B#0,C=#0{By+ C =0} npsamas nmapaienbia ocu Ox
- B=0,A#0,C=0{Ax+ C =0} — npsamas napauieibna ocu Oy
- B=C=0, A #0—npsmas copnanaer ¢ ocbto Oy
- A=C=0,B # 0-npsamas conanaer ¢ ocsto OX
VYpaBHeHUE TIPSIMOI MOKET OBITH IPEJICTABIICHO B PA3IMYHOM BUE B
3aBUCUMOCTH OT KaKUX — JIMOO 3aJJaHHBIX HAYAJIbHBIX YCIOBHIA.
YpaBHeHue NPAMOM 10 TOYKE U BEKTOPY HOPMAJIH.

Onpenesenne. B nekapToBol INPSMOYTOJbHOW CHCTEME KOOPAMHAT BEKTOP C
KOMIoOHeHTamMu (A, B) neprneHaukyisipeH npsMol , 3aJJaHHOM ypaBHEHHEM AX +
By +C=0.
Ilpumep. Haiitu ypaBHeHue mnpsiMoil, npoxondiiei yeped Touky A(l, 2)
MEPIICHIUKYIISAPHO BekTopy 7 (3, -1).
CocrtaBum nipu A =3 u B = -1 ypaBHenue npsimoii: 3x —y + C = 0. Jlna
HaxoxJieHus ko uuuenta C noACTaBUM B OJTYYEHHOE BbIPAKEHUE
KOOP/IMHATHI 3aITaHHON TOYKH A.

[Tomygaem: 3 — 2 + C =0, ciemoBarensHo C = -1.

Uroro: uckomoe ypaBaenne: 3x —y — 1 = 0.



YpaBHeHue NpsiMoOii, MPOXOAsiieil Yepe3 ABe TOYKH.
[TycTh Ha TUTOCKOCTH 3a1aHbl Be TOUKUA M1(X1, Y1) 1 M2(Xo, y2), TOTIa ypaBHEHHUE
NPSIMOM, MIPOXOAIIEH Yepe3 3TU TOUKH:

X=X — Y-y

Xy =% Yo=Y,

Ecnu xaxoii- 1u0o 3 3HamMeHaTeNeil paBeH HYJII0, CIeAyeT IPUPABHSIThH HYIIIO
COOTBETCTBYIOIIMUUN YUCIIATEND.

3anMcaHHOEC BBIIIIC YPaBHCHUC HpﬂMOfI yupouacTes:

Yoy
Y=W :#(x—xl)
Xy =X

€CIIN X1 # X2 U X = X1, €CIUX1 = X2.

Hpob6n Y2 7N = K paseiBaercs YIJIOBBIM KO PUIUEHTOM IIPSIMOM.
X, =X
IIpumep. Haiitu ypaBHeHue npsamon, mpoxoasiei yepe3 Touku A(1, 2) u B(3, 4).
[Tpumensia 3anucaHHy1o BbIle GOPMYITy, MOTyYaeM:
4-2
x—1
3 "D
y—2=x-1
x—-y+1=0

y-2=

YpaBHeHHe NPSAMOI 110 TOYKE U YIJTIOBOMY KO3 ((PUIIMEHTY.

Ecnu obmee ypaBuenue npssmoit Ax + By + C = 0 mpuBecTH K BULLY:

A C A . C_ .
y:_Ex_E 1 0003HAYUTH _EZK’ _E:b’ m.e. Y =KkX+b, TO IIOJIy4E€HHOE

YPaBHEHUE HA3bIBACTCS YPABHEHUEM MPAMOM € YIVI0BBIM K03 puumneHTom
YpaBHeHUe NPAMON 10 TOYKE U HANMPABJAIOIIEMY BEKTOPY.

[lIo aHamoruu ¢ MyHKTOM, PacCMaTPUBAIOIIUM YPABHEHUE IPAMOM YE€PE3 BEKTOP
HOpPMaJId MO>KHO BBECTH 33JlaHUE MPSMOU YEPE3 TOUKY M HAIMPABJISIOUIMNA BEKTOP
MPSMOM.
Onpenenenue. Kaxaplii HeHyneBol BeKTop a (o1, 02), KOMIIOHEHTBI KOTOPOTO

YAOBIETBOPSIOT yciaoBuio Aoy + Bop = 0 Ha3zpiBaeTcsl HanmpaBiIsSOMIMM BEKTOPOM
npssmoit Ax + By + C=0.
Ipumep. Haiitn ypaBHEHHWE NpsSMOW ¢ HampaBisOmuM BekTopoM a (1, -1) m

npoxosiiei yepes3 Touky A(1, 2).



VYpaBHeHue uckoMmoi npsiMoil Oynem uckath B Bujge: AX + By + C = 0. B
COOTBETCTBHUM C ONpeAeNeHUueM, KO3(PQPUUUEHThl JOKHBI  yIOBIETBOPATH
ycnousim: 1-A + (-1)-B=0, T.e. A=B.

Torna ypaBHenue npsmMoit umeet Bua: AX + Ay + C =0, mmu X +y + C/A=0.

npu X = 1, y =2 nonyyaem C/A = -3, T.e. HCKOMO€ ypaBHEHHE:

x+y-3=0
YpaBHeHue NPAMOM B OTpe3Kax

Ecnu B o6miem ypasaenuu npsimoit Ax + By + C =0 C # 0, To, pa3nenus Ha —

A B
C, nonyyuM: — —x——y =1 Win
c cC

y
—+==1,r1I¢
b A
a:—g, b:—g
A B

['eomerpuueckuit cMbICi K0O3(PPUIIUEHTOB B TOM, YTO KO DUIIMEHT @ sBISETCS
KOOPJMHATOM TOUYKHU MepecedeHus npsMoit ¢ oceto Ox, a b — xoopauHaToit Touku
nepeceyeHus npsamoi ¢ ocoto Oy.

IIpumep. 3anano obmiee ypaBHeHue npsamoit X —y + 1 = 0. Haiftu ypaBHeHHe
ATOU MPSIMOM B OTPE3Kax.

C=1,—%+%:1, a=-1, b=1

HopmanbHoe ypaBHeHHE NPSAMOM.

Eciu o06e wactu ypaBHenus Ax + By + C = 0 pa3menuTb Ha 4YHCIO

, KOTOPOC€ Ha3bIBACTCA HOPMHUPYOIIEM MHOXKHUTE/IEM, TO ITIOJIYYHUM

VA* + B?
XCOS® + ysing - p = 0 — HopmanbHOe ypaBHEHUE NPSAMOIA.

3HaK + HOPMUPYIOIIETO MHOKUTENS HAJ0 BBIOUPATh Tak, 4To0sl 1-C < 0.
p — INIMHA MIePIEHANKYIIAPA, OMYIEHHOTO U3 Havaja KOOPJIWHAT Ha MPSAMYIO, a ¢ -
yroJy, 00pa3oBaHHBIN THM TEPIICHIAUKYISIPOM C TOJOXKHUTEILHBIM HaIpPaBICHUEM
ocu Ox.
Ipumep. Jlano oOmiee ypaBHeHue mpsimoit 12x — S5y — 65 = (0. Tpebyercs

HaNMCaTh Pa3jInyHbIC TUIbl YPABHEHUN 3TOU MPAMOM.



12 5
X — y =
o o 65 65
YPAaBHCHHC 3TOH IIPAMOU B OTPE3KaAX: X y

+ =1
(65/12) (-13)

yYpaBHEHHE 3TON NPSIMOM € YTIOBBIM KO3 dULIMeHTOM: (1eTuM Ha 5)

yzzx—gzgx—li
5 5 5
HOPMAJIbHOE YpaBHEHUE IIPSMON:
po—t L 25 5y coso = 12/13; sing = -5/13; p = 5.

122 +(=5)* 13 13 13

CrnenyeTr OTMETHUTh, YTO HE KaXAYI0 MPIMYIO MOKHO MPEACTABUTh YPABHEHHEM
B OTpE3KaX, HAIpUMeEp, MpsMblE, NMapaICIbHbIE OCSIM WM TPOXOISIINE 4Yepe3
Hayajuo KOOpAUHAT.
Ilpumep. Ilpsimas oTcexkaer Ha KOOPAWMHATHBIX OCSX PABHbBIE IOJIOKUTEIbHBIE
orpe3kd. CocCTaBUTh YypaBHEHUE TNPSIMOM, €CIHM IUIOIIAaAb TPEYrOJbHUKA,
00pa30BaHHOTO STUMH OTPE3KAMH PaBHA 8 cM.
Y

YpaBHEeHHE IPSIMON UMEET BHI: f+g =1,a=b=1; ab/2=8; a=4;-4.
a

a = -4 He MOJAXOAUT MO YCIOBUIO 3aJja4H.

Y _1

Hroro: %-FZ wmx+y—4=0.

IIpumep. CocTaBuTh ypaBHEHHE MPSIMOU, Mpoxojsiiel yepe3 Touky A(-2, -3) u

HavaJI0 KOOpJAWHAT.

YpaBHeH#e IpsMoii umeet Bug: 1 =2~ rrexi= y1=0; Xo = -2; Yo = -3.
Xo =X Vo™

x-0 _ y-0 S 3x-2y=0.

-2-0 -3-0 -2 =3

Yroa Mexay NpsMbIMH HA MJI0CKOCTH.
Onpenenenue. Eciu 3amanbl 18e npsMbie Y = KiX + b1, ¥ = KoX + by, To ocTpbIii

YIoJI MCXKIAY OTUMU IIPAMBIMHA 6yneT OIIPCACIIATHCA KaK

ky — ki

oo =
T Nk k,

JIBe mMpsiMble MapaJuieJbHbI, ecian K1 = Ko,

JIBe mpsiMble MepHeHauKYJISIPHbI, ecan K1 = -1/ko.



Teopema. IIpsmvie Ax + By + C = 0 u Aix + By + C1 = 0 napannenvmsi, ko2coa
nponopyuonaivhsl kKodppuyuenmor A1 = AA, B1 = AB. Ecau ewe u C1 = AC, mo
npsmvle cO8nao0aom.

KoopanHaTbl TOYKH mepecedyeHUs ABYX NPSAMBIX HAXOASATCH KaK pelleHHe
CHCTEMBI IBYX YPaBHEHUI.

YpaBHeHuUe NpAMOH, IPOXOASAIIEH Yepe3 JAHHYIO TOYKY HePIeHINKYJIAPHO
JAHHOM NPAMOM.

Onpenenenue. [Ipsamas, npoxoasmias yepe3 Touky Mi(X1, y1) u
HEepICHIUKYIISpHAs K psMoit y = KX + b mpescrasisiercss ypaBHEHUEM

1
Yy=>n =_;(x_xl)

PaccrosiHue OT TOYKHU 10 NPSAMOI.

Ecnu 3a0ana mouxa M(xo, yo), mo paccmosuue oo npsamou Ax + By + C =0

|Ax, + By, + (|
Ja?+B*

Ipumep. OnpeneauTs yroia MexXay NpsaMbIMu: Y = -3X + 7; y = 2X + 1,

onpeoensaemcs Kak d =

2-(3)|_

1_(—_3)2_1; ¢ = /4.

Ki=-3; ka=2 tg(p:‘

Ipumep. Ilokaszarh, yto mpsimbie 3Xx — 5y + 7 = 0 m 10x + 6y — 3 = 0
HEePICHIUKYJISIPHBI.

Haxomum: k; = 3/5, ko = -5/3, kiko = -1, cnemoBarenbHO, MpsSMBIC
HEePICHIUKYJISIPHBI.

Ipumep. [ausr Bepmmubl Tpeyroiasauka A(0; 1), B(6; 5), C(12; -1). Haiitu
ypaBHEHHE BBICOTHI, MPOBEACHHO 13 BepiinHbl C.

-0 -1 x -1
H AB: x_:y_; _:y_;4)(:6 _6;
axXoJuM ypaBHEHUE CTOPOHBI 0 s 1 ¢~ 2 y
- N 2
2X -3y +3=0; y=§x+1.

Hckomoe ypaBHeHHE BBICOTHI uMeeT BUI: AX + By + C=0 mmm y = kX + b.

= - % Tormay = —%x+b . T.x. BeIcOTa poxoauT yepe3 Touky C, To ee
3 —
KOOPAMHATHI YIOBIETBOPSAIOT JAHHOMY YPaBHEHHIO: —1 = —512 +b,0Tkyma b = 17,

Hroro: y= —%x+17 :

Otset: 3Xx + 2y — 34 = 0.



3ajaHus K NpaKTH4YecKoii padore

1. lanb1 BepmmHbl Tpeyroabunka ABC: A(x,,y,), B(x,,v,) C(x,,y,) HaiiTn:

a) ypaBHEHHUE CTOpOHbI AB;

0) ypaBHenue BbicoThl CH;

B) ypaBHEHHE MeIuaHbl AM;

r) ypaBHeHue Oouccektpucsl BC;

1) Touky N nepeceuenust meauanbl AM u Boicotsl CH;

€) ypaBHEHHUE TIPSMOH, ipoxoAsiiel yepe3 Bepuinny C mapaienbHO CTOPOHE
AB;

x)yron mexnay npsmsiMu AB n AC.

Bapuanutsr | A(x,,y,) B(x,,y,) | Clxsys)
1 A(24) |B@,1) |C(0,7)
2 A(3,-2) |B(144) | C (6 8)
3 A(,7) | B(3,- |C(L -3

1)
4 A(LO) |B(-L4) [C@O5)
5 AL-2 |B@1) |CB.7)
6 A(-2.-3) |B(L6) |C@® 1)
7 A(42) | B(-6, |C( 2
6)
8 A4 3) |B(7.3) |C(.10)
9 A@- |BGB.2) |CG3.8)
4),
10 A(-3.-3) |B(.-7) |C(7)
11 A(L,-6) | BB, |C(-33)
4)




12 A(-4,2) [B(8,-6) [C(2,6)
13 A(52) | B(0,- [C(57)
4)
14 A4, -4) [B(6,2) |C(1,8)
15 A(-3,8) |B(-6,2) |C(0,-5)
16 A(6,-9) |B(10,- [C(-41)
1)
17 A4, 1) |[B(-3-1)][C(7,-3)
18 A (-4, 2) |B(6,-4) | C (4, 10)
19 A@3,-1) [B(11,3) |C(-6,2)
20 A(-7,-2) |B(-7, 4) | C (5, -5)
21 A(-1,-4) |B(9, 6) |C (-5, 4)
22 A (10,-2) | B (4,-5) | C (-3, 1)
23 A(-3,-1) [B(-4,-5) | C (8, 1)
24 A(-2,-6) |B(-3,5) | C (4, 0)
25 A(-7,-2) |[B(3,-8) | C(-4,6)
26 A0,2) |B(-7,- [C(3,2)
4)
27 A(7,0) |[B(1,4) |C(-8,-4)
28 A(1,-3) [B(0,7) [C(24)
29 A(-51) [B(8 -2 [C(, 4
30 A(2,5 [B(3,1) | C(0,4)

KonTposibHbIE BONIPOCHI

3anuImmTe ypaBHEHHS OCEH KOOPIMHAT.

OO01iee ypaBHEHHE MPSIMOM.

YcnoBue mapamuieIbHOCTH M IEPICHIUKYISIPHOCTH TIPSMBIX.
3anuImmuTe ypaBHEHUS MPSIMBIX, ITapalUICIbHBIX OCSIM KOOPAUHAT.
ChopmynupyiiTe yciIoBHE MapaICIbHOCTH IIPSMBIX.

agbrwbE



6. Chopmynupyiite yciaoBue NeprneHIUKYIIPHOCTU MPSIMBbIX.
/. Kak HaliTu yroyi Mexay npsiMbIMu?
8. Kak HaiiTu paccTosiHHE MEXITy NPSAMbIMU?

JlomoJiHMTEIbHBbIE 3aaHUS
2. Pemuth ciieayronime 3a1a4u

2.1. Halitu ypaBHEHHE NPSIMOM, MPOXOASAIIEH Yepe3 TOUKY MepeCcCeUeHUs
npsaMbiX 3x -2y -7=0 ux+ 3y -6 =0 u orcekaroiieir Ha ocu abCIKICC OTPE3OK,
paBHBIN 3. Omeem :x =3

2.2. Haiitn npoekuuto Touku A(-8, 12) Ha npsiMy1o, TpOXOJIAILYIO Yepe3
touku B(2, -3) u

C(-5,1). Omeem:A (—12,5)

2.3. lansi aBe BepinHbl TpeyrodbHuka ABC: A(-4, 4), B(4, -12) u Touka
M(4, 2) nepeceuenus ero Bbicot. Haiitu Bepiumny C. Omesem :C(8,4)

2.4.HaliTu ypaBHEHHE NPSMOM, OTCEKAIOIIEH HA OCHU OPAMHAT OTPE3OK,
PaBHBIN 2, M IPOXOASAIIEH MapalIeIbHO MIPAMOM 2y - X = 3. Omeem :X—2y+4=0

2.5. Haiitu ypaBHEeHHE TIPsIMO, TTpoXoasIeit yepe3 Touky A(2, -3) u TOUKy
nepeceyeHus nNpsAMbIX 2X -y =5ux+y=1. Omeem:x =2

2.6. Jlokasath, yTo ueThlpexyrojbHUK ABCD - tpanenus, ecinu A(3, 6), B(5,
2), C(-1, -3), D(5,5).

2.7. 3anucath ypaBHEHUE NPsIMOM, Mpoxoasien uepe3 Touky A(3, 1)
nepneHauKysapHo k npsamoit BC, ecniu B(2, 5), C(1, 0). Omsem :x+5y—-8=0

2.8. Haiitn ypaBHEHHE NPSMOMA, TPOXOAIICH Yepe3 Touky A(-2, 1)
napaurenbHo mpsimoid MN, eciiu M(-3, -2), N(1, 6). Omeem :2x—y+5=0

2.9. Haiitu TouKy, CHMMETpUUYHYIO TOuke M(2, -1) oTHOCUTENIBHO MPAMOH X -

2y +3=0. Omeem :M{—%;?j

2.10. Haiitu Touky O nepeceueHus nuaronanei yeteipexyroibauka ABCD,

ecmu A(-1, -3), B(3, 5), C(5,2), D(3, -5). Omeem :MO(S; %j



2.11. Yepes Touky nepeceueHus npsmeix 6x - 4y + 5 =10, 2x+ S5y + 8 =0
MIPOBECTHU MPSAMYIO, MapaJIEIbHYIO OCH a0cuucc. Omesem:y = —1

2.12. U3BecTHb! ypaBHeHUsA cTOpoHbl AB Tpeyronpanka ABC 4x +y = 12,
ero BeicoT BH 5x - 4y = 12 u AMX + y = 6. Hailtu ypaBHEeHUsI 1BYX IpYTUX
ctopoH Tpeyroabauka ABC. Omeem:7x—7y—-16=0; 4x+5y—-28=0

2.13. dansl aBe BepiiuHbl Tpeyroabuuka ABC: A(-6, 2), B(2, -2) u Touka
nepeceuenus ero BeicoT H(1,2). Halitu koopauHatel Touku M niepeceueHus
ctopoHbl AC u BeicoTel BH. Omsem :M (EQ]

17 17

2.14. Haiitu ypaBHEeHMs BbICOT TpeyroyibHUKa ABC, mpoxoasuiux uepes
BepmnHbl A u B, ecniu A(-4, 2), B(3, -5), C(5, 0).

Omeem . TX+5y+2=0;9x+2y—-28=0

2.15. Beruncinth KOOPpAWHATBHI TOYKHU IICPCCCUCHUA IICPIICHAUKYIIAPOB,
IMPOBCACHHBIX YCPEC3 CCPCANHBI CTOPOH TPCYIOJIbHUKA, BEPIIUHAMU KOTOPOTO

ciyxat Touku A(2, 3), B(0, -3), C(6,3). Omesem :M(B;—%)

2.16. CocTaBUTh ypaBHEHHE BBICOTHI, IPOBEICHHON Yepe3 BEPIIMHY A
TpeyrojibHuka ABC, 3Hast ypaBHeHuUs ero cropoH: AB - 2x -y -3 =0, AC -x + by
-7=0,BC-3x-2y+ 13 =0. Omeem:2x+3y—7=0;

2.17. Jan tpeyroasHuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
YpaBHEHUE U BBIUYUCIUTD IJIMHY €r0 MEANaHbl, IPOBEICHHON U3 BepIInHbI C.

Omeem :2X+y+2=0; d :ﬂzl&l

V17
2.18. CoctaBUTh ypaBHEHUE MPSAMOU, MPOXOAIIEH Yepe3 HayaJl0 KOOPAUHAT

U TOYKY mepecedeHus npsaMbix 2x + 5y -8 =0u 2x + 3y + 4 =0.
Omeem :6X +11y = 0;

2.19. Haiitn ypaBHEHUS IEPICHIUKYISIPOB K mpsimoit 3x + Sy - 15 =0,

MPOBEJCHHBIX YEPE3 TOUKH MEPECCUCHUS JAHHON MPSIMOU C OCAMHU KOOPAUHAT.
Omeem :5Xx -3y —25=0; 5x+3y+9=0;

2.20. /lanbl ypaBHEHUs CTOPOH YEThIpeXyroyibHuKa: X -y =0, x + 3y =0, x -
y-4=0,3x+y-12 = 0. Haiitu ypaBHEHUS €ro AUaroHae. Omeem:y =0, X =3



2.21. CocraButh ypaBHeHus meauanbl CM u BeicoTbl CK TpeyronpHuka
ABC, eciiu A(4, 6), B(-4, 0), C(-1, -4).
Omeem:7Xx—y+3=0-CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) npoBecTu npsMyro: a) OTCEKAIOIIYIO PaBHbIE
OTPE3KU Ha OCSIX KooOpAuHAT; 0) mapamienbHyto ocu OX; B) MapalieIbHYIO0 OCU
Oy. Omeem:x+y—-7=0; y=2; x=5

2.23. 3anucath ypaBHEHHE NMPSAMOH, Mpoxosiel yepe3 Touky A(-2, 3) u
cocTapJstoiel ¢ ocbto Ox yrou: a) 45°, 6) 90°, B) 0°.
Omeem . X—y+5=0-CM; x+2=0;y-3=0

2.24. Kakyto opauHaTy uMmeet Touka C, Jiexaiasi Ha OJJHOW MPSMOU ¢
toukamu A(- 6, -6) u B(3, -1) u umeromas adcuuccy, paBHy0 3?7 Omesem:y =9

2.25. Yepe3 Touky nepeceueHus mpsmMbix 2x - S5y -1=0ux+4y-7=0
MPOBECTH MPAMYIO, JCIAIIYI0 OTPE30K Mex 1y Toukamu A(4, -3) u B(-1, 2) B
oTHOmieHUU = 2 /3. Omsem:2x—y—-5=0;

2.26. VI3BecTHBI ypaBHEHUS JBYX CTOpOH pomba 2x -5y - 1 =0 u 2x - Sy - 34
= (0 u ypaBHEHHUE OJIHOM U3 ero auaroHaneut X + 3y - 6 = 0. Halitu ypaBHeHUe
BTOPOU AUArOHAIHU. Omeem :3Xx — Yy —23=0;

2.27. Haittu Touky E nepeceuenusi MeuaH TpEyrojbHUKA, BEPIIMHAMHU
kotoporo sisistorcs Toukn A(3,1), B(7, 5) u C(5, -3). Omeem :E(31)

2.28. 3anucaTh ypaBHEHUS NPSAMBIX, TPOXOASAIIUX yepe3 Touky A(-1, 1) mox
yriioM 45° k npsmoit 2x + 3y = 6. Omeem :x—5y+6=0; 5x+y+4=0

2.29. Jlansl ypaBHEHHUs BbICOT TpeyroibHuka ABC 2x -3y +1=0,x+2y + 1
= 0 u koopauHaThl ero BepuuHbl A(2, 3). Haiitu ypaBuenust ctopon AB u AC
TPEyroJibHUKA. Omeem :2Xx—Yy—-1=0—-AB; 3x+2y-12=0-AC

2.30. Jlansl ypaBHEHHSI ABYX CTOPOH mapajuienorpaMmma X - 2y =0, x-y-1=
0 u Touka nepecedenus ero nuaronaieit M(3, -1). Halitu ypaBHeHHs ABYX OpYyrux
CTOPOH. Omeem :X—Yy—-7=0; x-2y-10=0



IIpakTnyeckas padora Ne 20

Tema «CocTaBjieHHe YPAaBHEHUII KPUBBIX BTOPOr0 MOPAAKA (OKPYKHOCTH,
JIJIMIICA, TUNEePO0JIbI, TaPa00JIbl)»

Heab: mpoBepUTH YPOBEHb YCBOCHUS MaTepHaja 1Mo COCTABICHUIO YPABHEHUM
KPHMBBIX BTOPOTO MOPsiKa (OKPYKHOCTH, dJUIHIICA, TapadOIIbl, TUIIEPOOJIBI ).

Bpems BbinosniHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceeaeHuA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MNopaaoK BbinoNHEHUA PaboTbl
1.13yuntb 3apaHue

2. U3yunTb TeOpeTMYECKME CBEAEHNA

3. BoinonHntb 1 opopmutb paboty
4.lloKa3aTb pe3ynbTaTbl NpenogasaTesito
AomawHee 3apaHune

1.MoaroToBUTL OTBETbI HA KOHTPOJ1IbHbIE BONPOCHI
Xox padoTsl

TeopeTnyeckue cBeeHUs

KpuBasi BToporo nopsiika Mo:ket 0ObITh 32/1aHA YpaBHEHHEM

Ax?+2Bxy + Cy? + 2Dx + 2Ey + F= 0.

CymiecTByeT cucteMa KOOpaAUHAT (HE 00s3aTENBHO AEKapTOBa MPSIMOYTOIbHAs),
B KOTOPOH JTaHHOE YpaBHEHHE MOXKET OBITh MPECTABICHO B OJHOM U3 BUJIOB,
PUBECHHBIX HUXKE.

2 2
X
1) NP ypaBHEHUE dJUTUIICA.
a’> b’

x2 y2
2) S5+ e —1 - ypaBHEHUE “MHUMOTO” 3JUIMIICA.
a
x2 y2
3) = s =1 - ypaBHCHHE THIIEPOOJIBI.
a
4) a?x? — c?y? = 0 — ypaBHEHHE JBYX IIePECEKAIOMIUXCS MPAMBIX.

5) y? = 2pX — ypaBHEHHE MapaboIbl.



6) y?—a? =0 — ypaBHEHHME ABYX NMaPALIENbHBIX IPIMBIX.
7) y? + a? = 0 — ypaBHEHHE IBYX “MHHMMBIX” HAPAILICILHBIX IPAMBIX.
8) y? = 0 — napa cOBIAJAIOMIUX NPSAMBIX.
9) (x—a)?+ (y — b)? = R? — ypaBHEeHHE OKPYKHOCTH.
Oxkpy:KHOCTB.

Onpenenenne. OkpyrcHOCMbIO HA3BIBAETCS MHOKECTBO TOUYEK TIIOCKOCTH,
PaBHOYJAJICHHBIX OT TAHHOUN TOUKH (yermpa).
B okpyxuocTH (X —a)? + (Y — b)2 = R? (1) uentp umeer koopauHarts! (a; b).
IIpumep. Halitm KoopaMHATBI LIEHTPA U PAAUYC OKPYKHOCTH, €CIH €€
ypaBHEHHUE 3a7]aHO B BUJIE:

2x% + 2y? —8x + 5y —4 = 0.

JI71s1 HaXOKAEHUSI KOOPJAMHAT LIEHTPA U pajinyca OKPY>KHOCTH JTaHHOE
ypaBHEHHE HE0OX01uMO TipuBecTH K BUY (1)1 3TOr0 BBIACTMM MOJTHBIC
KBaJpaThI:

X2 +y2—4x+25y—-2=0
X? —4x+4 -4 +y*+25y+25/16 -25/16 -2 =0
(X—2)>+ (y+5/4)>-25/16 -6 =0
(X —2)? + (y + 5/4)> = 121/16
Ortcrona naxogum O(2; -5/4); R =11/4.

DJLITHAIIC

Omnpenenenue. Oniuncom HA3bIBAETCS MHOXKECTBO TOYEK IUIOCKOCTH, CyMMa
PACCTOSIHMM KOTOPBIX JI0 JABYX JIaHHBIX TOYEK, HA3bIBAEMBIX (DOKycamu, €CTb
BEJIMYMHA [TOCTOSIHHAS, paBHas 2a.

VYpaBHEHUE ITUIICA UMEET BUI:

+ 2o
b

2 2
2

QN|><

Onpenesienne. @oKycaMu Ha3bIBAIOTCA TAKUE JABE TOYKH, CyMMa PACCTOSIHUM OT

KOTOPBIX A0 JIFO0O0¥ TOYKH DJIJIMIICA €CTh OCTOSHHAS BEIUYHMHA.

P

B

=

N




Fi, F2 — dokycer. F1=(c; 0); Fo(-c; 0)
C — MOJIOBHHA PACCTOSTHUS MEXy (pokycamu;
a — OoJIbLIas MOTYOCH;
b — mManas moayoch.
DoKycHoe paccmosinue u NOAYOCU JIIUNCA CEA3aHbl coomuouenuem a2 = b? + c2,

Joka3zarenbcTBo: B ciydae, ecinum Touka M HaXOIWUTCs Ha IEPECCYCHUU

DJUIMIICA C BEPTHUKAIBHOM OCBIO, 1 + I = 24/b% +¢* (mo Teopeme I[ludaropa). B
cilydae, eclii To4ka M HaxoguTCs Ha MEPEeCeUeHUH DJUIUICA C TOPU3OHTAIBHOU
OChlO, Il + ', =a—C + a + ¢. T.k. no onpeaeneHuro cymma Iy + I — TOCTOSTHHAs
BEJIMYUHA, TO , IPUPABHUBAS, TTOTyJaEM:

a2 =Db? + c?

ry+r; = 2a.

Omnpenenenne. dopma »syunIica oOmNpeaesseTcs XapaKTEPUCTHUKOH, KOTOpas
SIBJIICTCS. OTHOIIICHHEM (POKYCHOT'O PACCTOSHUSA K OOJIbIIE OCH W Ha3bIBacTCS
IKCIEHTPUCUTETOM.

e=c/la. Tx.c<atToe<l.

IIpumep. CocTaBuTh ypaBHEHHE MPSIMOW, MPOXOIAIICH uepe3 JIeBblid (PoKyc u

2 2

X
HIDKHIOKO BEPIIWHY JUINAICA, 3aJaHHOTO YPABHEHUEM S5t RA

16
1) Koopaunatsl HukHeil Bepumsel: X = 0; y? = 16; y = -4,
2) KoopaunaTtsl neBoro ¢okyca: ¢> = a2 —-b?>=25-16=9; ¢ =3; Fx(-3;0).
3) YpaBHEHHE PSIMOH, TIPOXOISIICH Yepe3 ABE TOUKH:

X0 _yrds X _YFA - 3y-12 4x+3y+12=0
—3-0 0+4 3 4

Ipumep. CocraButh ypaBHeHHUe uuIca, eciim ero gokycel F1(0; 0), Fo(1; 1),

OombIIast och paBHa 2.

x* oy
_+_
b

2
YpaBHEHHE IUTATICA UMEET BU: —=1. Paccrosinne Mex1y poKycamu:

N

2¢ = J(1-0)* +(1-0)> =2, Takum o6pasom, 8> — b?> = c? =%

10 yCIOBHIO 2a = 2, cieoBatenbHo a = 1, b = Va> —c> =J1-1/2 =+/2/2.

2 2

Hroro: 316_2+y_:1

1/2



I'mnep06oJia.

Omnpenesienne. I'unmep00s10i HA3BIBAETCSI MHOMXECTBO TOYEK IUIOCKOCTH, JJIA
KOTOPBIX MOJYJIb Pa3HOCTH PACCTOSTHUM OT JBYX JaHHBIX TOYEK, HAa3bIBAEMbIX
(oxycamm ecTb BeIMYMHA MOCTOSIHHAS, paBHasi 2a, MEHbIIAsl PACCTOSIHUS MEXKY

dokycamu.

ITo onpenenenuto Iri—rl=2a. Fy, Fp— dboxkycel runepbosl. F1F, = 2c.

X




2 2

X

=- y_z =1 KaHOHHMYeCKOe ypaBHeHHe THIepOoJibl.
b

N

['unepbosia cUMMETpUYHA OTHOCUTEIBHO CEPEIMHBl OTPE3Ka, COEAMHSIOLIETO
(OKyCHhI 1 OTHOCUTEJILHO OCEH KOOp/IMHAT.

Ocp 2a Ha3pIBaeTCH AeHCTBUTEIbHON OCHI0 TMIIEPOOJIbI.

Ocb 2b Ha3bIBaeTCSI MHMMOIi 0CHIO THIIEPOOJIBI.

2¢ — poKycHOE paccTOsIHUE

DokycHoe paccmosnue u noayocu 2unepbo.ivl C643aHbl COOMHOUIEHUEM

c2=a*+b? .

FI/IHep6OHa HMMECT JIBC AaCUMIITOThI, YPaBHCHHUA KOTOPBIX y =+t —x.

Q| >

C
OTHOMIEHNE e = — >1 Ha3bIBACTCS IKCHEHTPUCUTETOM FI/IHep6OHBI, rp¢ ¢ —
a

NOJIOBUHA PACCTOSIHUA MeXAy ¢GokycamMu, a — JACHCTBUTENbHASI TIOIYOCh.

IIpumep. Haiitu ypaBHeHue runepOo0ibl, BEpUIUHBI U POKYCHl KOTOPOU HAXOIATCS

2 2

X
B COOTBCTCTBYIOIIHNX BCPIOUHAX U (bOKycaX OJIJIUIICA ? + y? =1.

Tt snumca: ¢ = a2 — b2,

Jlns runep6onsl: €2 = a2 + b2,

N

—
N |

=

s
J8 Jg\

VYpaBHeHMe runepOobl: x? - y? =1.

Ipumep. CocTtaBuTh ypaBHEHUE TUNEPOOIBI, €CJIM €€ IKCIICHTPUCUTET paBeH 2, a

2 2

X
(doKyChI COBIAJAOT ¢ POKYyCaMHU 3JUIUIICA C YPaBHEHUEM 55 +2 =1

9



Haxonum pokycHoe paccTosnue ¢ = 25 — 9 = 16.
Jlns runep6oinsl: €2 = a%+ b?2=16, e=c/a=2;c=2a; c>=4a% a’=4;
b2=16-4=12.

2 2

Uroro: x? —)1}—2 =1 - HICKOMOE ypaBHEHHUE TUTIEPOOJIHI.

ITapa6oaa.

ITapa6oJ10i1 Ha3pIBa€TCSI MHOXKECTBO TOYEK IUIOCKOCTH, KAXKIasi U3 KOTOPBIX
HaXOJMUTCS Ha OJIMHAKOBOM PACCTOSIHUU OT JaHHOW TOYKH, Ha3bIBaeMoOM (hokycom,
U OT JIaHHOU MPSMOM, Ha3bIBAEMOU TUPEKTPHUCOMN U HE MPOXOsIieit uepe3 (hokyc.

Pacnonoxxum Hayano KOOpJWHAT MOCepeuHe MEX Ty (POKYCOM U TUPEKTPHUCOM.

y
A M

p/2 2

Bemmuuna p (paccrosHue oT (Qokyca J0 JUPEKTPHCHI) Ha3bIBACTCS
napamMeTpom mapaboiibl. BeiBeeM KaHOHUYECKOE YpaBHEHUE 1MapadoIIbl.
N3 reomeTtprdeckux cootHomenunii: AM = MF;, AM = X + p/2;
MF? = y? + (X — p/2)?
(X + p/2)* = y* + (x — p/2)*

X2 +Xp + p?/4 = y? + x> — xp + p?l4

y? = 2px
YpaBHEHUE AUPEKTPHUCHL: X = -P/2.
Ipumep. Ha napabone y?> = 8X HalTH TOUKY, pPACCTOSIHUE KOTOPOH OT

JUAPEKTPUCHI PaBHO 4.



W3 ypaBHeHus napadoJibl MOIyvYaem, uto p = 4.
I =X+ p/2 = 4; cnenoBaTenbHO:
X=2; y>=16; y==4. Uckomsle Touku: M1(2; 4), Ma(2; -4).

Ipumep. Jlana mapaGona y?> = 6x. COCTaBUTh ypaBHEHHE €€ NUPEKTPHCHI U
HalTu ee PoKyc.

CpaBHUBasi JaHHOE YpaBHEHHWE C KAaHOHMYECKUM YypaBHEHHEM Napalobl,

BUUM, uTO 2Pp=6, p = 3. Tak kaK ypaBHEHHE TUPEKTPUCHI UMEET YpaBHCHHUE X =

P
—g, a OKyC — KOOpJIHUHATHI Sou 0, TO I paccMaTpuBaeMoro ciydas MojayqyuM
3 3
YPaBHEHHE JIMPEKTPUCHI X = — U doxyc F (5; 0).

Omeem: x = —%, F G, 0).

3agaHus NpakTH4YecKou padoThl
1. CocTaBUTh KAHOHNYECKHE YPABHEHUSA:

a) anurica; 0) runep6odibl; B) mapabossl (A, B - Touku, jgexariue Ha
KkpuBoii, F - pokyc, a - 6osbinas (1eicTBUTEbHAS) TIOAYOCh, b - Maas (MHIMasT)
TIOJTyOCh, € - IKCIIEHTPHUCHUTET, y=*KX - ypaBHEHUSI aCHMIITOT rUnepOoisl, D -
TUPEKTPUCA KPUBOH, 2¢ - POKYCHOE pacCTOSTHUE).

Bapuanr CHNII I'unep6oJia ITapa6osna
1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4
2. b=2,F(442,0) a=7,¢e=A85/7 D:x=5
3. A3, 0), B(2, -/5/2) | k=3/4,e=5/4 D:y=-2

4, e=421/5, A(-5,0) | A(+50, 3), B(4+/6 ,3,/2) |D:y=1

5. 2a=22,e= 45711 | k=2/3,2c= 1013 ock cummeTpun OX u
A27,9).

6. b=.15,e=10/25 | k=3/4,2a=16 ock cuMmeTpun OX U
A4, -8).

7 a=4,F=(3,0) b= 2,10, F(-11, 0) D:x=-2




8. b=4,F=(90) a=5,e=7/5 D:x=6
9. A0, +3), B(,14/3 | k= 421/10,e=11/10 D:y=-4
1)
10. | £=7/8,A(8,0) AGB, -35),B(,i55 | D:y=4
,6)

11. 2a=24,e=.22/6 | k=.2/3,2c=10 ock cummerpuu OX 1
A(-7, -7).

12. b=2,e=5.29/20 |k=12/13,2a =26 ock cummerpun Ox u
A(-5, 15).

13. a=0, F(-4, 0) b=3, F7,0) D:x=-7

14 b=7, F(5, 0) a=11,e=12/11 D: x = 10.

15. A(-.f17/3, 1/3), k=1/2,e=./5/2 D:y=-1

B(+21/2, 1/2);

16. | &=3/5A(0,38) A(+6,0), B(-2+42, I) |D:y=9

17. 2a=22,6=10/11 |k = 11/5,2c=12 ock cummMeTpud OX H
A(-7, 5).

18. b=35,e=12/13 k=1/3,2a=6 ock cumMmerpuu Oy u
A(-9, 6).

19. a=9,F(@,0) b=6, F(12, 0) D:x=-1/4

20. b=5, F(-10, 0) a=9,e=4/3 D:x=12

21. A(0, -2), B(+15/2, |k=2410/9,6=11/9 D:y=5

1)




22. e=2/3, A(-6, 0) A(+2,0),B(+20/3,2) |D:y=1

23. 2a=50,¢g=13/5 k= .28/14, 2c =30 ock cummeTpuu Oy u
A4, 1).

24, b=2./15,6=7/8 |k=5/6,2a=12 ock cummerpuu Oy u
A(-2, 3./2).

25. a=13, F(-5, 0) b =44, F(-7, 0) D: x=-3/8

26. | b=7, F(13,0) b =4, F(-11, 0) D: x = 13

27. A(-3, 0), B(1, k=.2/3,e=15/3 D:y=4

40/3)

28, |£=5/6,A(0, 411) |A(J5273,1),B(5,0) |D:y=-3

29. 2a=30,e=17/15 |k=.17/8,2c=18 ock cummeTpuu Oy u
A(4, -10)

30 b= 22,e=7/9 k=.2/2,2a=12 ock cummetpun Oy

u A(-45, 15).

2. 3anucaTh ypaBHEeHHE OKPYKHOCTH, NPOXO/sleii Yyepe3 YKa3aHHbIE TOUYKH U

HMerllel HeHTP B TO4YKe A.

2.1. Bepmnsl runep6oins 12x2 - 13y? = 156, A(0, -2).

2.2. Bepimnsl runep6onst 4x2 — 9y? = 36, A(0, 4).

2.3. ®okycel runepbons 24y? — 25x% = 600, A(0, -8).

2.4.0(0, 0), A - Bepmnna napabonst y? = 3(X - 4).

2.5. ®oxkycel smminca 9x? + 25y? = 1, A(0, 6).

2.6. Jlesblii pokyc runepbons 3x2 — 4y? = 12, A(0, -3).

2.7. ®okycel smmunca 3X? + 4y? = 12, A - ero BepXHss BepIIUHA.




2.8. Bepmmny rumepOonsl  x° - 16y? = 64, A(0, -2).

2.9. ®okyce runepbonsl 4x? - 5y? = 80, A(0, -4).

2.10.
2.11.
2.12.

2.13.

2.14

2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

0O(0, 0), A - BepmnHa napabonsl y? = - (x +5)/2.
[IpaBeii Qoxyc smwmrnca 33x% + 49y? = 1617, A(1, 7).
Jlesnit pokyc runep6ons 3x? - 5y% = 30, A(0, 6).

doxycel ommmnca 16X? - 41y? = 656, A - ero HUXHsS BEPUIUHA.

. Bepmny runep6onsr 2x% - 9y? = 18, A(0, 4).

doxycel runepbonsl 5X° - 11y? = 55, A(0, 5).

B(1, 4), A - BepmmHa napabons y? = (x - 4)/3.

Jlesnlit pokyc ammunca 3x% + 7y? = 21, A(-1, -3).

JleBy1o BepiuHy runep6onsl 5x2 — 9y? = 45, A(0, -6).
doxychl >amnca 24x% — 25y% = 600, A - ero BepxHss BEpIIUHA.
IIpaByto BepmuHy runep6oms 3x2 - 16y? - 48, A(1, 3).
JleBblit pokyc runep6onst 7X2 - 9y? = 63, A(-1, -2).

B(2, -5), A - BepmuHa napadonsl x2 = -2(y + 1).

IIpasblii Gokyc amunca X2 + 4y? = 12, A(2, -7).

IIpasyio BepmuHy runep6omnst 40x? - 81y? = 3240, A(-2, 5).
®oxycsl smmmnca X2 + 10y? = 90, A - ero HUKHAS BepLINHA.
IIpaByro BepmuHy runep6ois 3X? - 25y? = 75, A(-5, -2).
doxycel runep6oisl 4x% - 5y? = 20, A(0, -6).

B(3, 4), A - Bepmuna mapabonsl y? = (x + 7)/4.

Jlesnlii poxyc smmmnca 13x? + 49y? = 837, A(1, 8).

ITpaBslil pokyc runepoonn 57X2 - 64y? = 3648, A(2, 8).

KOHTpO.]] BbHbBIE€ BOIIPOCHI

1. 3anumuTe KAHOHUYECKOE YPaBHEHHE JILIUIICA.
2. 3anummuTe KAaHOHHYECKOe YpaBHEHUE TUIIEPOOITHI.



3. 3anumuTe KAHOHMYECKOE YpaBHEHUE NapadoIbl.
4. Yto Ha3bIBACTCS IKCIETPUCUTETOM AJIUICa?
5. 3anummuTe ypaBHEHUS aCUMIITOT THIIEPOOJIBI.
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	Извлечение корня из комплексного числа
	D = 36 – 32 = 4;                    D = 64 – 48 = 16;
	Алгоритм исследования функции двух переменных на экстремум
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	Определение. Окружностью называется множество точек плоскости, равноудаленных от данной точки (центра).
	В окружности (x – a)2 + (y – b)2 = R2   (1) центр имеет координаты (a; b).
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