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OraasjieHue

Bseneunue

Tema 1.BBenenune.MaTeMaTuka B HayKe U MIPAKTUYECKON AEATEIbOCTU.LENN U 331a4l U3yUEeHUs
MaTemaTtukM B yupexaeHusx CIIO.

Tema 2. PazBurre NOHATHAA O YHUCIIE.

Tema 1.1. llenble u pallOHAJIbHBIE YUCIIA.

Tema 1.2. JleiictBuTenbHbIe yncia./ledicTBUs HaA 1EUCTBUTEIILHBIMUA YUCIAMH.

Tema 1.3. [IpuGmmxennsie 3HadeHus. Ilorpemnoctn npuOIMKEHHBIX BBIYUCICHUH. JleficTBus
HaJl TPHOIMKEHHBIMH YHCIIAMH.

Tema 1.4. KommnekcHple unciia. AnreOpandeckas ¢popMa KOMIUIEKCHOTO 4ucia JlefcTBus
KOMILIEKCHBIMH YHCIIAMU

Tema 3. OCHOBBI TPUTOHOMETPHH.
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Tema 4. KopHu, cTeneHu.

Tema 4.1. CteneHs ¢ paliMOHAIbHBIM U IEHCTBUTEIBHBIM MOKA3aTENISIMU.

Tema 4.2. Apudmerndeckuil KOpeHb HATYpPaTbHON CTETICHH.

Tema 4.3. Pemienue uppaioHaibHbIX YpaBHEHUN U HEPABEHCTB.

Tema 5. TlokazarenbHas v Jorapupmuyueckas GyHKIUU

Tema 5.1.I1oka3zarenbHas ¢pynkuus.Ee cBoiicTBa u rpaduk

Tema 5.2. Jlorapumel.

Tema 5.3. Jlorapupmuueckast pyHKIUS

Tema 5.4.Penienre noka3aTeslbHbIX U JOrapu(MUUECKUX YpaBHEHUN, CUCTEM YpaBHEHUN

Tema 5.5.PenieHne noka3aTenbHbIX U JOrapu(pMUUECKUX HEPABEHCTB.

Tema 6. IIpomsBoaHas.

Tema 6.1. DyHK1IMH, UX CBOWCTBA U TpaduKH (IIOBTOPEHUE).

Tema 6.2. IlocnenoBarensHoctu. [Ipenen mocienoBaTenbHOCTH, peaen GpyHKIMHA

Tema 6.3. [Ipon3BoHasA, €ET€OMETPUUECKUN U (PU3UUECKUIN CMBICI.
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Tema 7.2. IlapaninenbHOCTh NPSIMON U MJIOCKOCTH, MAPAJUIEIbHOCTD MIIOCKOCTEH.

[TapanienbHoe NIPOEKTUPOBAHKE U €T0 cBoWcTBA. M300paskeHne MpocTpaHCTBEHHBIX (QUTYp Ha
TJIOCKOCTH (JIOTIOJTHUTEIIbHBIN MaTepua)

Tema 7.3. IlepnieHIUKYIASIPHOCTD MPSMOU U TIIIOCKOCTH.

Tema 7.4. [lepieHIUKYISp ¥ HAKJIOHHASL.




Tema 7.5. Yron Mexy NpsIMOM U MJIOCKOCThI0. OpTOroHaJIbHOE MPOEKTUPOBAHUE.

Tema 7.6. JIByrpanHsblii yroi. Yron Mexay IiockocTsaMu. [leprneHanKynsipHOCTh MITOCKOCTEH.

Pasznen 8. KoopauHatel ¥ BEKTOPBI.

Tema 8.1. Bexropsl. JleiicTBus Hax BekTopaMmu. basuc Ha miockoctu. [IpsmoyronsHas cucrema
KOOpJMHAT.

Tema 8.2. PaccTossHME MEXTy TOUYKAMH.

Tema 8.3. JIunelinple onepanyu HaJl BEKTOPaMHU.

Paznen 9. MHororpaHHukH.

Tema 9.1. MuororpanHuku. IIpaBuiibHbIE MHOTOIPAaHHUKHU U UX CBOMCTBA.

Tema 9.2. Tlpusma u ee CBOMCTBA.

Tema 9.3. Ilapannenenures u €e CBOMCTBA.
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Tema 11.21eMeHThl KOMOMHATOPUKH.

Tema 11.1. OcHOBHBIE TOHATHSI KOMOWHATOPUKU
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Tpeyrospauk Ilackais

Tema 12. [lepBooOpa3Has u HHTETpa

Tema 12.1.

Tema 12.2.

Tema 13. 3mepeHus: B reoMeTpuu.

Tema 13.1. O6Bem u ero usmepenue. MHrerpansHas popmyna oobema.

ITonobue duryp

Temal4.DmeMeHTHI TeOoOpUun BepOHTHOCTeﬁ 1 MaTEMaTUYECKOM CTaTUCTUKHU (HpO,ZLOJ'DKeHI/Ie)

Tema 14.1. luckpetHas ciayyaiiHas BeIMUMHA U €€ XapaKTePUCTUKH

Tema 14.2. [IpeacraBnenue naHHbIX (TaOIMIIbI, TUArPaMMBI, TpadUKH)

YpaBHEHHUS 1 HEPABEHCTBA

Cnucoxk nurepaTypsl




BBenenue

OgnazieHre NpakTUIECKH 10001 COBpeMEHHOM mpodeccueii TpedyeT onpeIeIeHHbIX
MareMaTtnyeckux 3HaHui. [IpencraBinenue o ponyu MaTeMaTUKU B COBPEMEHHOM MUPE,
MaTeMaTHYECKUe 3HAHUS CTaJIH HEOOXOAMMbIM KOMIIOHEHTOM 001IeH KynbTypsbl. s
camopean3alyy, BO3MOXHOCTH YCIEIIHOMN IeATeIbHOCTH B MHGOPMAIIMOHHOM MHpe TpeOyeTcs
IpoYHasi MaTeMaTuyeckast oAroToBka. MaremaTuueckoe o0Opa3oBaHHe BKIIOYAET B ce0s1 OBJIaICHHE
CHUCTEMOM MaTEMaTUYECKUX 3HAHUM, YMEHUN U HAaBBIKOB, JAIOLIUX MPEICTABICHUE O MPEIMETE
MaTeMaTUKH, 0 MaTEMAaTUYECKON CHMBOJIMKE, CIIELUATbHBIX MATEMAaTHYECKUX IIPUEMAX, METO/IaxX
MBIIICHHUS.

VYyeOnblii MaTepuall 4€TKO JO3UPOBAH IO OJIHOMY WJIM HECKOJBKUM 3aHsATUsAM. Takoe
MOCTPOCHHUE TOMOTaeT CTyIEHTaM H3y4aTb MHOTHE BOIIPOCHI CaMOCTOSITENIBHO, OCOOCHHO €cid
CTYACHTOM HPOMYIIEHO KaKoe-In00 KOHKPETHOE 3aHATHE WU TeMa.

Koncnekt neknuii conepkut HeoOXOUMBI MaTepual 1o BCEM pasjieiaM Kypca
MaTeMaTHKH: Pa3BuTtre nousaTus o uncie; OCHOBBI TpuroHoMeTpun; KopHu, cTernenu u sorapugmst,
OyHKIMH, UX cBOMCTBA U rpaduku; CTeneHHble, IoKa3aTellbHbIe, JorapudMuieckue u
Tpuronomerpuyeckue Gpyaknun; Haudanmo MatemaTnyeckoro aHasu3a; Y paBHEHHUSI M HEPABEHCTBA,
[IpsiMble 1 MIIOCKOCTHU B npocTpaHcTBe; KoopanHaThl U BEKTOPbl; MHOTOTpaHHUKU; DJIEMEHTbI
TEOPUHU BEPOATHOCTU U MATEMATUYECKOM CTATUCTUKHU, KOTOPbIE OOBIYHO U3YYarOTCs CTYACHTaMU Ha
MIEPBOM Kypce.

W3noxxeHne TEOPETHMUECKOro MaTepuana [0 HEKOTOPHIM TEMaM  COIPOBOXKIAETCS
pPacCMOTPEHHMEM MPUMEPOB M 3a/ay, BEAETCS Ha JOCTYINHOM, IO BO3MOXHOCTH CTPOTOM SI3bIKE.
[Tocobue mOMOXKET CTyJeHTaM OCBOMTh | Kypc MaTeMaTHKH, MOATOTOBUTHCSA K CIaue 3a4eToB U
3K3aMEHOB 10 MATEMaTUYECKUM JUCLHUIIIIUHAM.



Mamemamuka 6 HayKe, npaxmut:ecxoﬁ oesamenbHOCHU.

MaremaTnka — HayKa O KOJIMYECTBEHHBIX OTHOMICHUSIX U IPOCTPAHCTBEHHBIX (hopMax
JIEHCTBUTEIILHOIO MHPA.

Ponp MmaTeMaTuKH B COBPEMEHHOW HAayKe MOCTOSIHHO BO3PACTaeT. DTO CBSI3aHHO C TEM, UTO 0€3
pa3pabOTKU U UCTIOIb30BAHUS MAaTEMAaTHUYECKUX HAYK ObLIO Obl, HATPUMEP, HEBO3MOXKHO HU OCBOECHUE
KOCMOCAQ, HU CO3/IaHHE JIEKTPOHHO-BBIUMCIUTEIBHBIX MAIINH, HAIIEIIUX IPUMEHEHHUE B CaMbIX
pa3IMYHbIX 00JJACTAX YEJIOBEUECKOM 1eATeIbHOCTH.

Matemaruka npeacTaBisieT co0oil 0CHOBY GyHIaMEHTAIbHBIX UCCIIEIOBAHUM B €CTECTBEHHBIX
Y TYMaHUTApHBIX Haykax. MaTeMaTH4eCcKue Ueu U METO/Ibl IPOHUKAIOT B YIIPABJICHHE BEChbMa
CJIOKHBIMU U OOJIBIIUMU CHCTEMaMU Pa3HOU MPHUPOJIBIL: MOJETaMH KOCMUYECKUX Kopabieii,
OTpaCJISIMH MTPOMBIIIJICHHOCTH, pa00TOH OOIIMPHBIX TPAHCTIOPTHBIX CUCTEM H IPYTHX BUJIOB
JeATEIbHOCTH. B MaTeMaTHKe BO3HUKAIOT HOBBIE TEOPUH B OTBET HA 3aIIPOCHI IPAKTUKU U
BHYTPEHHETO Pa3BUTHS caMOi MareMaTuku. [IpuiioskeHus pa3audHbIX 00JacTeld MaTeMATHKH CTalu
HEOTHEMJIEMOH YaCThIO HAyKH, B TOM 4ucie: QU3UKHU, XUMHUH, T€OJIOTHH, OMOJIOTHH, METUIIUHBL,
JUHTBUCTUKH, S)KOHOMUKH, COLIUOJIOTUH U JIP.

MareMartrka UrpaeT BaKHYIO POJIb B €CTECTBEHHOHAYYHBIX, HHKEHEPHO-TEXHUYECKUX U
ryMaHUTapHBIX UccienoBanusXx. OHa cTana [t MHOTHX OTpacieil 3HaHUM HE TOJIBKO OpyIUeM
KOJIMYECTBEHHOTO PacueTa, HO TAKXKE METOJIOM TOYHOTO UCCIIEIOBAHUS U CPEACTBOM IPEIETBbHO
4yeTKON (HOPMYITUPOBKHU MOHATUN U TTpo0seM. be3 coBpeMeHHON MaTeMaTHKH C €€ Pa3BUTHIM
JIOTUYECKUM U BHIYMCIUTENLHBIM alapaToM ObUT ObI HEBO3MOXKEH MPOTPECC B PA3IUYHBIX 00IACTAX
YEJIOBEYECKOM JIESITENbHOCTH.

MaremMartuka sBISE€TCS HE TOJIBKO MOIIHBIM CPEICTBOM PEIICHUS IPUKIAAHbIX 33aa4 U
YHUBEPCAIBHBIM SI3bIKOM HAYKH, HO TAKXKE M 3JIEMEHTOM OOIIeH KyIbTyphl. [[eicTBUTENBHO,
MaTeMaTHhKa MPOHUKAET BO BCe Cephbl UeTOBEUECKOM eaTelbHOCTH. TpyqHO HAa3BaTh XOTs Obl OIUH
pasieN HayKu WK KaKyro-Tu00 podheCcCHOHATBHYIO0 00J1aCTh, TIe He IPUCYTCTBOBAJIa ObI MaTeMaTHKa
win e€ MeTobl. [loaToMy HE0OX0MMOCTh MATEMATUYECKOTO 00OPa30BaHUs ISl YCIIEIIIHOTO
(dbopMHUpPOBaHUS TUYHOCTH HE BHI3BIBAET COMHEHUIA.

1. Ienu u 3a0ayu uzyuenus mamemamuKku 6 yUpercOeHUAX CPeoHezo nPodheccuoHanbHozo
oopazoseanus:

» (GopMHpOBaHHE MPEICTABICHUI 0 MaTeMaTHKE KaK YHUBEPCAILHOM SI3bIKE HAYKH, CPEIICTBE
MOJIEJTUPOBAHUS SIBJICHUN U IIPOIECCOB, 00 UAESIX U METOJaX MaTeMaTHUKU;

» Pa3BUTHE JIOTUYECKOTO MBIIUICHHS, IPOCTPAHCTBEHHOTO BOOOPaKEHUS, aITOPUTMHYECKOM
KYJIbTYpPbI, KPUTUYHOCTH MBILIUIEHUS HAa YPOBHE, HEOOX0IMMOM JUIsl OynyIen
npodecCHOHATIBHOM 1eATENbHOCTH, VI POI0JIKEHNsT 00pa30BaHUs U caMOO0pa30BaHMS;

» OBJIQZICHWE MaTEMaTHYECKUMH 3HAHUSMH U YMEHHUSIMH, HEOOXOTMMBIMHU B TIOBCETHEBHOM JKH3HH,
JUIS U3Y4EHHsI CMEKHBIX €CTECTBEHHOHAYUHBIX JTUCIMILIIMH Ha 0230BOM YPOBHE M JUCLIUIUINH
npodecCuOoHaNBHOTO UKJIA, JIS OTy4eHUs! 00pa30BaHUs B 00JIACTIX, HE TPEOYIOLIUX
yrIyOnEéHHON MaTeMaTHu4ecKoi MOJATrOTOBKH;

» BOCIIMTaHHUE CPEJCTBAMU MAaTEMaTHKH KYJIbTYpPbl THYHOCTH, TOHUMAaHUS 3HAYUMOCTH
MaTEMaTUKH JJI1 HAy4YHO-TEXHUYECKOT O IIPOrpecca, OTHOIICHHS K MaTEMAaTHUKE KaK K 4YacTH
o011eyeoBeuecKoil KyabTyphl Yepe3 3HAKOMCTBO C UCTOPHEH pa3BUTHS MaTEMaTHUKH,
HBOJIIOLMEN MAaTEMAaTUYECKUX UJIEH.



Tema 1. PazBuTHe NOHATHSA O YHUCIE
Tema 1.1 Llesabie 1 panMoOHAJIBHBIC YHCIA

Onpedenenue u ceoucmea HamypaibHblX U yeavlx yucen. Payuonanvusie yucia u e2o
ceolicmaa.

Ymems: BRINOMHATD apu(METHUECCKUE ACHUCTBUS HAJ YUCIIaMH, PEIIaTh 3ada9H.
3namy: onpelieNICHUE U CBOMCTBA HATYPAJIbHBIX U LIETBIX YUCEI, pAllMOHAIIbHBIC YUCIIA U UX
CBOJMCTBA.

Onpenenenne. Hamypanvusie uucna — >t1o uncna suga N={1, 2, 3, ...,}. Harypanbusie uucna
MOSIBUJIMCH B CBS3U C HEOOXOIMMOCTBIO MOCYETa IPEIMETOB.
Onpenenenne. HarypanbHble yucnia, 4ucia, TPOTHUBOMOJIOXKHBIE HATypalbHBIM, W HYIb

COCTABJISIOT MHOMCECME0 L uesblx yucei.

Cesoilicmea HAMypPaIbHBIX U YEBIX YUCET.

1) a+b=Db+a - nepemecTuTENBHBIH 3aKOH CIIOKCHUS;

2) a+(b+c)=(a+b)+cC - coueraTenbHbIii 3aKOH CIOKEHHUS;

3) a*b=Db*a - mepemecTHTEIbHBIN 3aKOH YMHOKEHHS;

4) a*(b*c)=(a*b)*c - coueraTenbHbIN 3aKOH YMHOKECHUS;

5) a*(b+c)=ab+ac - pacnpenenuTenbHbIH 3aKOH YMHOXEHHUS OTHOCUTEIILHO CIIOXKEHHUSL.

m
Onpenenenue. Payuonanvnole uucna — 5To 4ucia, NpeJACTaBUMbIC B BUIE IpoOH —, TJae M-
n

EeJI0€ 4YMCII0, a N- HATypalbHOC YHCIIO. I[J'Iﬂ 0003HaYEHU pallMOHAJIBHBIX YHCEII HCIIOJIb3YCTCA

JIJAaTUHCKas 6YKBa Q . Bce HaTypaJIbHBIC U LECJIbIC YUCJIa — PAlIUOHAJILHBIC.
2 11

[Tpumepsl paliMOHATBHBIX YUCET: E; -

Ceoiicmea PauuonRaiIbHblX HUCEeIl.
1) a+b=b+a;

2) a+(b+c)=(a+b)+c;

3) a+0=a;

4) a+(-a)=0;

5 a*b=b*a;

6) a*(b*c)=(a*b)*c;

7) a*(b+c)=ab+ac;

8) a*l=a;
1

9) a*==1rne a=0;
a

10) a*0=0.

Tema 1.2. [leiicTBuTe1bHBIE Yncia.JlelicTBUA HAl AeHCTBUTEIbHBIMU YU CJIAMU.
Onpeodenenue delicmeumentuix yucel. Uppayuonanvnuvle yucia.

Ymemo: BHINONAHATH apu(METHUECKUE IEHCTBUS HAJ YUCIIaMU, pelaTh 3aauu.
3Hamy: onpeneneHrne U CBOMCTBA JENCTBUTEIBHBIX YHUCEN, HPPALMOHAIIBHBIX YHCET.

Onpenenenue. Jeiicmeumenshsie uucia (6euiecmeennple) — 4ncia, KOTOpble IPUMEHSIOTCS
A4 U3MCPCHHUA HCHPCPBIBHBIX BCIWYWH. MamnoxecTBO HeﬁCTBHTGHBHLIX YHUCEII 0603HaqaeTc;1
naTuHCKOU OykBoM R . JleficTBUTEIbHBIC YHCIIa BKIIOYAIOT B CeOs pallMOHATIBHBIC M HPPAIlMOHAIBHBIC
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yucia. Hppayuonanvuvle yucna — 4YNUCIA, KOTOPBIE IIOJIYYAOTCS B PE3YNIbTATE BBIITOJIHECHUS
pasIMYHBIX ONepaluid C palUOHAIBHBIMU 4YHMCIaMH (H-p, W3BJICYCHHME KOPHSA, BBIUMCICHHE
Jorapu¢pmMoB), HO MpPHU ITOM HE SIBISAIOTCS pAlMOHANBHBIMU. [IprMepbl MppanMOHATBHBIX YHCEIL:

J2; 43; 7.
JIro0oe neCTBUTENHHOE YUCIIO MOKHO OTOOPA3UTh HA YHUCIIOBOM MPSMOM.
¢ r——— * e - —>
-3 2 V2 -1 -05 0 05 1 v2 2 3
Boieoo: ]lns mepedncieHHBIX  BBIIIE MHOMKECTB 4YHCE] CIpaBeJIMBO  ClEayrolee
BBICKA3bIBaHUE:!
NcZcQcR,
TO €CTh, MHOKECTBO HATypaJbHBIX YHUCEN BXOJUT BO MHOXKECTBO IIEJIBIX YUCEld. MHOXECTBO IEIbIX

YUCEI BXOOUT BO MHOXECTBO pallMOHAJIBHBIX YHCCII. A MHOXECTBO panrOHAJIBHBIX YHUCCII BXOAUT BO
MHOKECTBO JCHCTBUTEIbHBIX UKUCE]L.

Mooynb Oeiicmeumenvhozo yucia X 0003HAYACTCS |X| U ONpeaensieTcd TaKk K€, Kak W

MO,Z[yJ'IL pauroOHaJIbHOI'O YHCJla:
X, x>0,

|X|: —X,Xx<0.

Ceoiicmea mooyneii.

2) [a=0<=a=0;

3) [a]=0;

) i<l

5) |a-b|=la]- b}

6) |3 =a?;

7 - .o
bl b

8) |a+b|<la+]b};
9) |a—b|>[a|—|b
KoumponwHuie 6onpocwl
1. Onpenenenue U cBOKWCTBA HATYPATBHBIX U IEJIBIX YHCET.

2. PammoHanbHbIe YHCIIa U €r0 CBOMCTBA.
3. UppanmonanbHble yuca.

Tema 1.3. Ilpuban:keHHbIe 3HAYEHHA. AGCOTIOTHASI U OTHOCHTEIbHAS MOTPELIHOCTH.

HpU6]ZLl9fC€HHbl€ 3HAYEHUA. HOZp@WHOCWIb npu6ﬂu:>fceHw1. Abconomnas u omnocumenvHas
nozcpeutHocmu l’lpu6ﬂquC€H1/lﬂ U ux ecparuybsl. Yucna 6EPHbLE, COMHUMEJIbHbLE, CMPOCO BEPHbIE U
3Hadauwue.

Ymems: HaX0AUTh NPUOIMKEHHBIE 3HAUEHUS BEJIMYMH U ITOTPELIHOCTEH BEIYUCICHUH, TPUMEHSTh
MPAKTUYECKHUE MPUEMbI TPUOIMKEHHBIX BBIYUCICHUH.

3namu: npuOIMKEHHBIE 3HAUYEHUS, TOTPELUTHOCTh MPUOINKEHUS, a0COMIOTHASI U OTHOCUTENIbHAS
HOTPEIIHOCTY NPUOIMKEHUS U UX TPAaHULIbI, YUCIIa BEPHBIE, COMHUTENIbHBIE, CTPOI'O BEPHBIE U
3Hayalue.



1.Ilpubnusxicennoe 3unauenue eeauUdUHbl. AOCONIOMHAA NOPEUIHOCIb RNPUOTUNCEHUSL.
I'panuya adconrwomnoit nozpewinocmu.

[TycTh pe3ynbTaT u3MepeHUs WM BEIYUCIICHHS BEIMYMHBI X C HEKOTOPOU TOYHOCTHIO PaBeH a.
Toraa aHasbiBaeTCs npubaudicenHvim sHadenuem (WM npubaudicenuem) BenuuuHel X . [lpuyem, eciu
a < X,TO @ Ha3BIBACTCS NPUOIUINCEHHBIM 3HAYEHUEeM ¢ HedocmamKkom (WA NPUOIUINCEHUEM CHU3Y), A

€CIIM > X, TO @ Ha3bIBACTCS NPUOIUNCCHHBIM 3HAUEeHUeM C u30bimkom (WA NPUOIUNCCHUEM CEEPX))

BCJIIMYMHEI X .
Onpeuenenne. Pa3"HocTth TOYHOrO H HpI/I6J‘II/I>KeHHOFO 3HAYEHUI BEJIMYUHBI HAa3bIBAETCS
nOZPEUIHOCMbIO RPUDIUNCCHUA .
TaK, eclIm X- TOYHOE 3HA4YCHUE, da- HpI/I6J'H/I}KeHH06 3HAYCHUEC, TO PaA3HOCTH X—a -
MOTPENTHOCTh MpUOIMKeHus. Eciin ee 0003HaUuM uepe3 AX, TO MOIyIUuM
X =a+ AX,
T.C. MCTUHHOC 3HAYCHUEC paBHO CYMMC l'IpI/I6J'II/I>KeHHOFO 3HA4YCHUS U MMOI'PEIIHOCTH HpI/I6J'H/I>KeHI/I}I.
Monyib pa3HOCTH TOYHOTO M MPHOIMKEHHOTO 3HAUCHUH BETMYNHBI HA3BIBACTCS AOCOIIOMHOI
nozpeuwtHocmaio npuﬁﬂu:)fcenuﬂ.

CrnenoBatennbHO, eclii AX=X—a - TOrPEeIIHOCTh MPUOIMIKEHUS, TO |Ax|:|x—a| -

a0COTIOTHAS OTPEIIHOCTh MPUOIHKEHUS.

Bo MHOrMx mnpakTHYeCKHM BaXKHBIX CJIy4dasx HENb3s HaWTH aOCOJIOTHYIO TOTPEIIHOCTh
npuOMKEHUs. W3-32 TOTO, YTO HEU3BECTHO TOYHOE 3HAUYCHHE BeNWYUHBL. OJHAKO MOXKHO YKa3aTh
MOJIOKHUTETBHOE YUCIIO, OOJIBIIE KOTOPOTO 3Ta A0COIIOTHAS TOTPEITHOCTh OBITH HE MOXKET.

Onpenenenue. Jro60e MONOKUTENFHOE YHUCIO, KOTOPOE OOJBIINE WM PABHO aOCOIIOTHOM
MOTPELIHOCTH, HA3bIBACTCSI 2PAHUUEIl ADCOTIOMHOL NOZPEUIHOCHIU.

CrnenoBaTenbHO, €CIM X- TOYHOE 3HAYEHHUE, a- MPUOMIKEHHOE 3HAueHUe, TO Pa3HOCTh
AX=X—a - TOrpeHIHOCTh MPUOJIMKEHHUs, TO JitoOoe umciao h, ynoBieTBopsioliee HEPaBEHCTBY

|AX| <h, sBisercs rpaHuieii abCOMIOTHON MOTrPEHIHOCTH. B 3TOM ciydae TOBOPAT, YTO BEIHYHHA

X IPUOJIMYKEHHO C TOYHOCTBIO 10 N paBHa a, v mHUIIyT

X ~ a ¢ TOYHOCTEIO 10 h

wm X=azxh 3amuce X=azxh o3Hauaer, 4ro WUCTUHHOE 3HAYEHHE BEIUYUHBI X
3aKIJIIOYCHO MEX 1y rpanuniamu a—hwu a+h, T.e.

a—-h<x<a+h.

Ecimu m3BecTHO, WTO asBISICTCS TPHOIMKEHHBIM 3HAYCHUEM BEJIMYMHBI X, W TpeOyercs
OTIPE/ICITUTh TPAHUILy a0COJIOTHOM MOTPENTHOCTH 3TOTO MPHOIMKEHHOTO 3HAYCHUS, TO ATy 3aJady
00bIYHO PopMYTUPYIOT Tak: «OnpeAenuTs (HAlWTH) TOYHOCTh MPUOIMKEHHOTO PaBEeHCTBA X =~ a».

2.0muocumenvuasn nozpewnocms. I panuya omuocumenvHoil noZpeuiHocmu.

Onpenenenne: OTHOUIeHHE a0COMIOTHOM TOTPEIIHOCTH TPUOIIKEHUS K MOJIYIIO
PHUOIMKEHHOTO 3HAYCHUS BEJTMYUHBI HA3bIBACTCS OMHOCUMENbHOU ROZPEUHOCMbIO TIPUOTKCHUS.

CrnenoBatenbHO, €cli X - TOYHOE 3HAYCHHUE, a- MPUOINKEHHOE 3HAYCHHE, TO OTHOIICHHE

AX|  |x—a

Q4
SIBJIIETCSI OTHOCUTEIILHOM ITOTPEITHOCTHIO TIPUOITHIKEHUS.

OTHOCHUTENBHYIO TOTPEIIHOCTh YaCTO BHIPAXKAIOT B MPOICHTAX.

B oraumume oT aOCoNOTHOW TMOTPEIIHOCTH, KOTOpas 4Yalle BCEro ObIBaeT pa3MepHOM
BEJIMYMHOM, OTHOCUTENbHAS MTOTPEIIHOCTh SIBJISETCS Oe3pa3MepHOI BETMYNHOM.

Onpenenenue. JIr000e MOJOXKUTEITHLHOE YUCIIO, KOTOPOE OOJBINE WM PABHO OTHOCHTEIHHOM
MOTPENIHOCTH, HA3bIBACTCS ZPAHUYEIl OMHOCUMETbHOU NOZPEUIHOCHU.

CrnenoBatenpbHO, ecnu  AX- TOTPEIIHOCTh MNPUOIMXKEHHs, TO Jroboe dYHucio o,
YIIOBJICTBOPSIONICE HEPABEHCTBY

[AX
— <0,
g




SIBJISICTCSI TPAHUICH OTHOCHTENBHOW IOTpeniHocTH. B wactHocTH, ecnm h- rpaHumna aOCoirOTHOU
MIOTPELIHOCTH, TO YUCIIO

s=n
g
ABIIIETCS. TPaHMIIEW OTHOCUTENBHOM morpemHoctd npubmmbkenus a. Orciona, 3Has TpaHHUILY
OTHOCHTEJIBHOM MOTPENIHOCTH, MOYKHO HAWTH IPaHUILy a0COTIOTHON MOTPEIIHOCTH:
h=5-|a.

3.Okpyznenue u nozpeuwtHoCmb OKpy2ieHus.

Onpenenenne. AOCOMIOTHAs NOrPELIHOCTb, JAOINyCKaeMmas MpU OKPYIJIEHUHU, HAa3bIBAETCS
OWUOKOU OKPY2lleHUS.

CyIiecTBYIOT TpU Croco0a OKPYTIICHUS MOJOKUTEIBHBIX JECATHYHBIX APOOCH: OKPYTICHHE C
HEJIOCTaTKOM, OKPYTJICHUE C U30BITKOM U OKPYIJICHUE C HAUMEHBIICH OMMOKOH.

Oxpyenenue ¢ Hedocmamkom IO €IUHUI] 0 HEKOTOPOTO pa3psija COCTOMT B OTOpachIBaHUU
€JIMHUI] BCEX MIIQJIIINX pa3psaoB. [Ipu TakoM OKpYTIICHUH BCe UQPPHI IECATHYHON APOOH JI0 TAHHOTO
paspsiaa BKIIOYHTEIHLHO HE MEHSIOTCS, a IIU(PHI MIIAIIIAX PAa3psI0B 3aMEHSIOTCS HyIssMu. Hampumep,
ecnmu X =23,467, TO OKpYIVIGHHS C HEIOCTaTKOM JIO0 COTBIX, JECATHIX, EIUHHI], JIeCATKOB

COOTBETCTBECHHO PaBHBI
23,46; 23,4; 23; 20.
OmmOKH OKPYIIICHHUSI COOTBETCTBEHHO PaBHBI
0,007; 0,067; 0,467; 3,467.

Oxpyenenue ¢ u3bbimkom 10 €IWHUI] HEKOTOPOTO pa3psia OTIMYACTCS OT OKPYIJICHHS C
HEJIOCTaTKOM TEM, YTO YMCIIO CIUHHMII JAHHOTO pa3psia YBEIUYUBACTCS HA CAMHUILY.
Hampumep, ecnmu X = 23,467, T0 OKpyriieHHE ¢ U30BITKOM JO COTBIX, JECSATBHIX, CIUHUI], JECITKOB

COOTBETCTBEHHO PaBHBI
23,47; 23,5; 24; 30.
OmunbKu OKpYIIIEHHUsI COOTBETCTBEHHO PAaBHBI
0,003; 0,033; 0,533; 6,533.
CambIM  pacIpOCTPaHEHHBIM  OKDYIJICHHEM  SIBISICTCA  OKpy2lenue ¢  HauMeHbuiell
nozpewrnocmoio. OHO MIPOU3BOAUTCS 110 CIEIYIOIUM IpaBUIIaM:
1) EnuHMIBI MIAANIAX Pa3psioB OTOPACHIBAIOTCS;
2)4KcI0 eMHUL] JAaHHOTO pa3psja He MEHSETCs, €Clu cienyromas nudpa JaHHON TpoOU MeHbIe
5, ¥ yBenn4MBaeTCs Ha €AMHUILY, €CIH Clieayromas nudpa Oomblie Win paBHa S.
Hanpumep, ecnmu X =23,467,T0 OKpYIJIeHHS C HaUMEHbIIEH MNOrPEHIHOCThIO 10 COTHIX,

JIECATBIX, €IUHUIL] U IECITKOB COOTBETCTBEHHO PaBHbI
23,47; 23,5; 23; 20.

OmmOKu OKPYTIEHUSI COOTBETCTBEHHO PABHBI

0,003; 0,033; 0,467; 3,467.

Konmponvnvie éonpocwi

1. Ilpubnu>xeHHbIE 3HAYCHUSI.

2. IlorpemHocts NpuOIMKEHUS.

3. AGcommoTHAsI ¥ OTHOCUTEINIbHAS TIOTPEITHOCTH MPHUOIMKEHHS U MX TPAHUIIBL.
4. Yucna BepHbIe, COMHUTEJbHbIE, CTPOTO BEPHbIE U 3HAYAILITHE.

Tema 1.4. KomnmjiekcHbIE YACTIA

OnpedeﬂeHue KOMNJIEKCHO20 HuUucua, noHaAmue paeencmeda u Oeticmeust CI0HCeHUs. U YMHOIMCEHUA
KOMMNJIEKCHbLX YUcell, MO@yflb u apcymennt KOMnjieKCcHo2o 4ucia.

Ymemu: BbINOTHATH NEUCTBUS HAJ KOMILJIEKCHBIMU YHCIIaMU a alnreOpanyeckoi ¢popme
3uams: onpeneneHne KOMIUIEKCHOTO YUCIIa, IOHATHE PABEHCTBA U JEHCTBUS CII0KEHUS U YMHOXKECHMUSI
KOMILJIEKCHBIX YHUCEII U JCJIEHUS] KOMIUIEKCHBIX YUCEL.



Kak n3BecTHO M3 MIKOJIBHOTO Kypca, ypaBHEHHE BHIA x%+a =0 He umeer eficTBATENBHBIX
KOpHEH, HO CYIIeCTBYET HEOOXOAMMOCTh pelaTh ypaBHEHHUS TAKOTO BUAA. JJIs 5TOro mpuaymanu Tak
Ha3bIBAEMbIE «KOMIUIEKCHBIC YHCIIAY.

JIist ompeneneHuss KOMIUICKCHBIX YHCEJ CHadyala BBEJEM HEKOTOPBIH CHMBOJ I, KOTOPBIH
HA30BEM MHUMOU eOuHuyeti. ITOMy CUMBOJY IPUIUCHIBAETCS CBOWCTBO YJOBJIETBOPSTH YPAaBHEHUIO

x2+1=0:i? +1=0, umm i2 =-1, i=+/—1 Tlpustom

1 s :3 2 sos4_:3 5 :
F=L1"=1"1=—1L1"=1"-1=11" =l1,.....

Komnnexcuuim uuciom 7 HaseiBaeTcs Bepaxkenne Z=a+ib, roe a u b — nelictBuTensHsle
yricaa. [Ipu 3TOM 4UCIIO @ Ha3bIBaeTCs OeticmeumenvHol yacmoio uncna Z (a = Re z), a b — mnumot
yacmero (b = 1m 2).

Ecmu a =Re z =0, 10 uncio zZ 6yaer 4yucto MHUMBIM, eciid b = Im z = 0, to uuncno zZ Oyzaer
JIEHCTBUTEIIbHBIM.

UYncna Z=a+ib u Z =a —ibnasemarorcs KOMNJIEKCHO-CONPANCEHHbIMU.

JlBa KOMILIEKCHBIX 4MCna Z; =ad; + ibl u Z,=4a,+ ib2 Ha3bIBAIOTCI pPAaBHBIMU, €CIIU

COOTBCTCTBCHHO pPAaBHBI UX ﬂeﬁCTBHTeHBHLIC 1 MHUMBIC 4aCTu: al = a2 ; bl = b2 ;

MHO0eCTBO KOMIIIEKCHBIX YHCEN — HEYHOPS04eHHOE MHOKECTBO, T.€. U3 JABYX KOMILIEKCHBIX
yKCell Hellb3sl yKa3aTh Ioc/eylonlee U mpeasIynee. Mexay ByMs KOMIUIEKCHBIMH UMCIaMH HeJb3s
IOCTaBUTh 3HAKM HEPABEHCTBA > MIH <.

KoMIIIeKCHOE YHMCIO0 PaBHO HYIIO, €M COOTBETCTBEHHO PaBHBI HYJIO JeHCTBUTENbHAs U
mumnmas yacti: a =0 =0.

Helicmeus Had KOMNIEKCHBIMU YUCTAMU.
1)z=2,%*2,=(a +ib)x(a, +ib,)=(a, ta,)+i(b, £h,)

2) =22, =(a, +ib)(a, +ib,) =a,a, +iah, +iba, +i’bb, = (a,a, —bb,) +i(ab, +ba,)

3) z=ﬂ=m:x+iy WM
z, a,+ib,
- (a +1ib,)(a, —ib,) _ (aa, +bb,) +i(a.b, —ab,) _aa, +bb, 4 a,0, —ayb,
(a, +ib,)(a, —ib,) a5 +b? aj +b; aj +b;

Konmponsnsie 6onpocwi

1. Onpenenenne KOMIUIEKCHOTO YHCia

2. [lonsiTue paBeHCTBa

3. JeticTBHs HaJ KOMIUIEKCHBIMH YHCIaMU
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Tema 3. OCHOBBI TPUT'OHOMETPUH

Tema 3.1. Paaguannas mepa yria. BpamareiabHoe 1BHKeHHe.
Eounuynas oxpyscnocmo. Y201 6 o0un paouan. Ilosopom mouku 6oKkpy2 Hauania KOOpOUHAm.

Ymems: HaXO0OUTh KOOPAMHATHI TOUKU U YTJIOB.
3namy: eIMHUYHYIO0 OKPY>KHOCTB, YTOJI B OJTUH pajanaH, (GopMyibsl mepexoaa oT paguaH K rpagycam u
OT I'pajlycoB K pajJiiiaHaM, IOBOPOT TOYKU BOKPYI Hayajga KOOpAHUHAT.

Onpenenenue: L{eHTpanbHbIi yroj, ONUPAIOMIMIICSA HA IYTY, JUIMHA KOTOPOH paBHA pagnycy
OKPY>KHOCTH, Ha3bIBaeTCs yrjioM B | paguan.

I'paaycnasi mepa yria B 1 pagunan paBHa:

Tak xak ayra mjmHOM 77 R (MONyOKpY:KHOCTB), CTSTUBAET LeHTpanbHbIi yroa B 180°, To myra
JIMHOM R, cTsruMBaer yrois B 7 pa3 MEHbIIHI, T.€.

L _(130)
paz = |—

U nao6oport

o __T
~ 1807

Tak kak 7 = 3,14, To 1 pag =57,3°

Eciu YTOJI COACPKUT a paauaH, TO €ro rpaaycHas Mepa paBHa

B (130 )
apasg = - i
U nao6oport
a” = L a
~1g0 P

OO6b1yHO TP 0003HAYEHUH MEPHI yIila B paJiaHax HAaMEHOBAaHUE «Pajl» OMYCKaloT.
Hampumep, 360° =2 7 pan, numyr 360° =2 7

B tabnuiie ykazansl Han0oJee 4acTo BCTPEUAOIIMECS YIJIbI B TPAlyCHON U paJiluaHHON Mepe.

| Tpaaycer | 0 \ 30 \ 45 \ 60 \ 90 | 180 |

11



Panuanst 0

z z 7 7
6 4 3 2

Pannannas mepa yriia ynoOHa JUisi BBIYUCIICHUS UIMHBI 1yTH OKpYXHOCTH. Tak kak yroin B 1
paznuaH CTATUBaeT AYry, AJIMHA KOTOPOW paBHA paauycy R, To yroin B @ paj CTATMBaeT Ayry AJIUHOU

l=a-R
Ocobenno npoctoii Bua popmyna umeet B ciaydae, koraa R =1. Torga anunaa myru paBHa
BEJIMYMHE [[EHTPAILHOTO YIJIa, CTATMBAEMOT0 3TOM Jyroi, B pajauanax, T.e. | = «.
[Tnomaap kpyroBoro cekropa paamyca R, o00pa3oBaHHOTO yIiioM B ¢ pajl, paBHa
R2
S=—u«
2

ITosopom mouku 60Kpyz nauana KooOpouHam

PaccMoTpuM Ha KOOpAMHATHOW IJIOCKOCTH OKPYXKHOCTh paauyca 1 ¢ LIEHTpoM B Haudaje
KoopauHat. Ee Ha3pIBalOT €IMHUYHON OKPYXKHOCTBIO. BBeeM NOHATHE TOBOPOTA TOUYKU €IMHUYHOU
OKPYKHOCTH BOKPYT Hayajla KOOpJUHAT Ha YroJl ¢ paf, Tae o - 1000e AeHCTBUTEIBHOE YUCIIO.

1. Ilycts 0>0. IIpeanonoxum, 4To TOUKA, IBUTasiCh O EAMHUYHON OKPYXHOCTU OT TOUkH P mpotus
4acOBOM CTpEJIKH, MpoluIa NyTh AIHHOH o (puc. 1). Koneunyto Touky mytu 0603HauuM M.

B sTom cinyuyae Oyznem roBoputh, 4To Touka M nosiydeHa U3 ToUku P moBOpoTOM BOKpyYT Hauyana
KOOpJMHAT Ha yTroJl 0. paJuaH.

2. Ilycrs a<0. B 3TOM ciryyae moBOpOT Ha yroJi o paJuaH O3HAYaeT, YTO ABUKEHHUE COBEPLIAIOCH 110

YacoOBOM CTpeliKe U TOYKa MPOLUIa MyTh JUIMHHON |a'| (puc. 2).

IToBopoT Ha 0 pag 03Ha4aeT, 4YTO TOUYKA OCTAECTCS HA MECTE.
IIpumepsr:
1) Ilpu nosopore Touku P(1;0) Ha yron(% )(puc. 3) nonyvaerca Touka M ¢ koopaunaramu (0;1).

2) Ilpu noBopore Touku P(1;0) Ha yron(-% ) (puc. 3) momyuaercst Touka N(0;-1).

3) IlIpu nmoBopote Touku P(1;0) Ha yromn( 377[ ) (puc. 4) momyyaercst Touka K(0;-1).
4) Ilpu nmoBopote Touku P(1;0) Ha yron(- 7 ) (puc. 4) momy4aercs Touka JI(-1;0).

m .. ' Fl”

7 a>0

Ffr;uj_ P-:’r;m__
x e
3 o<l

Puc.1 Puc.2
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yi

M{0;1)

%

N

Puc.3

p”

Nfﬂ;-ﬂl

P(;0)_
X

&[]
&[]
B[
D[+~
@,,,,,.
@ng.m
ran W
&l -
D[+ |-

Puc.4

[TpuBenem TabauIly MOBOPOTOB HA HEKOTOPBIE YIJIbI, BEIPAXKEHHBIC
B paJMaHHOW W rpamycHoil Mepax (puc. 5). OTMeTHM, 4YTO NpH
noBopore Touku P(1;0) mHa 360°, TOuka BO3BpamaeTCs Ha
IepBOHaYaJIbHOE M0JI0XKeHUE (cM. Tabauily). IIpu nmoBopore Touku

Ha -360°, oHa TakXkKe BO3BpallacTCi B MEPBOHAYAIBHOE

TTIOJIOXKCHHUC.

Puc. 5
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Tema 3.2. Onpedenenue cunyca, KOcuHyca, maHzeHca u KOMaHzeHca yana.
Onpedenenus cunyca, KOCUHYCA, MAH2eHcad U KOMAH2eHCa YUCad. SHAKU CUHYCca U KOCUHyca.
Ymems: HaXOIUTh 3HAYECHUS TPUTOHOMETPUUECKHUX BBIPAKECHHM, ONPEIEIATh 3HAKOB YUCEI
Sina, COS a, tga, ctgo

3uame. OmnpeaAcIICHNA CHUHYCa, KOCHUHYCA, TAHI'CHCA U KOTAHI'€HCA Y1 CJIa, 3HAKW CHHYCa 1 KOCHHYCA.

Omnpenesenne 1. Cunycom yria ”
Q Ha3bIBAETCSl OpAMHATA TOUKH, MTOJIy4EHHOM
noBopoToM ToukH (1;0) BOKpyr Hauana
KOOpJHMHAT Ha yroi « .0603Hauaercs Sin o
Omnpenenenne 2. Kocunycom yria
o HazpIBaeTcs abcIycea TOYKH, MOTy4YeHHON <4
noBopoToM ToukH (1;0) Bokpyr Hauana ﬁ//\
KOOpJAMHAT Ha yron ¢ .0O603Havaercst COS o 0(0;0) | cosa | P(1;0)

B stux OIIPCACIICHUAX YI'OJI MOXKCT BbIPAKAaThCA KAaK B I'paAycCax, TaKk U B paJruaHaXx.

Omnpenenenne 3. TaHreHCOM yriaq Ha3bIBAacTCS OTHOLICHME CHHYCAa yrila « K €ro KOCHHYCY
(o6o03Hauaercatge ).

sin o
cosa

Onpenenenne 4. KoranreHcoM yriiaa Ha3bIBAETCS OTHOIICHHE KOCHHYCAa yriia ¢ K €ro CHHYCY
(obo03Hauaercs Ctgar ).

Takum obpazom tga =

Taxum obpazom ctga = C.OSa
Sin o
[TpuBenem Tabauily 4acTO BCTPEUAIOIIMXCS 3HAUCHUH CHHYCa, KOCUHYCAa, TAHI'€HCA M KOTaHIeHCA.
Tpagycu | 07 307 | 45° | 60° | 90° | 1807 | 270° | 3&0°
3
Paguagu | 0 z z S il e sl 25T
& 4 3 2 2
Dyrrnua
1
: ol = E E 1 0 -1 0
hale 2 o 2
COs0L 1 E E l 0 -1 0 1
2 2 2
tacy 0 ?ﬁ 1|43 - 0 - 0
ctgce - |45 1 g 0 - 0 -
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3HaueHusn KOCHHYCAa U CMHYCA HA OKPYKHOCTH.

vi YA
% + - +
g X 0 X
- | - - +
Jnaru cusyca Jvany necunyca

KoumponwbHule onpocwl
1. EnuHnyHas OKpY>KHOCTb.

2. YTOJI B OJIMH paJIuaH.
3. [ToBOpOT TOUKH BOKPYT Havajga KOOPIUHAT.

4. OmnpenieneHust CUHYyca, KOCUHYCca, TAHT€HCa U KOTaHT'€Hca YHCa.
5. 3HaKM CHHYCa U KOCHHYCA.

YA

T

= |

)
-

uanu moHSEHCO
U KOIMaNeeHca
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Tema 3.3, 3.4. OcHOBHBbIE TPUTOHOMeETPUYECKHE TOKIeCTBA. DPMYJIbI CI10KEHUS

3asucumocmv mexcoy CUHYCOM, KOCUHYCOM, MAH2EHCOM U KOMAH2EHCOM 0OHO20 U MO20 dHce
vena. Dopmynvl cnodiceHus.
Ymems: npeobpa3zoBbIBaTh MPOCTEHININE TPUTOHOMETPHUECKUE BHIPAKECHHUS, BEIYUCISATH C TOMOIIBIO
(bopMyIIbI CIIOKEHUS.
33Hamy’ 3aBUCHUMOCTb MEXAY CUHYCOM, KOCUHYCOM, TAHT€HCOM M KOTAHI'€HCOM OJHOI'0 U TOI'O XK€
yria, GOpMyIbl CIOKEHHUS.

OcHoenoe mpuzonomempuueckKkoe moosicoecmeo:

cos’a+sina=1
3a3ucwnocmb Meofcdy CtuCOM U KOCMH_VCOM.’

cos’ @ =+J1l-sin’«
sin? o = +yJ1—cos® &

tga -ctga =1

1 1
tg’a+1=———, ctg’a +1=—
cos’ a sin? a

Cumnyc, Kocunyc, manzenc y2noe (—a) u o .
cos(—a) = cosa
sin(—a) = -sin o
tg(—a) = —tga
ctg(—a) = —ctga
Dopmynnl C0MHCEHUA

OCHOBOI /151 BBIBOAA OCTAIbHBIX (POPMYIT SIBISIOTCS (hOpMYIbL CLOMHCEHUA:
cos(a + ) = cosa cos S +sin asin S

cos(a — ) = cosa cos ff—sin asin S
sin(a + ) =sin a cos S+ cosasin S
sin(a — f) =sin acos f—cosasin
L B) = tga +tgp
1-tgatgp
KOHmpOﬂbele 680Nnpocsl
1. 3aBUCHMOCTB MEXIY CHHYCOM, KOCHHYCOM.

2. 3aBHCUMOCTH MEXK/y TAHT€HCOM M KOTAHT€HCOM OJTHOTO M TOTO K€ yIJia.
3. ®opMYITBI CIIOKEHHUS.

tg(a

Tema 3.5. CuHyc, KOCMHYC H TAHT'€HC IBOIHOIO yrJia.
CHHYC, KOCHHYC M TAHI'€HC IT0JIOBUHHOIO yIJjia
®opmy.Jibl IpUBEICHUSA

Bv1600 popmyn cunyca u Kocunyca 0801HO20 y2ad, UCNOAb3YA opmyasl croxcenus. Haxoocoenus
HONOBUHHO20 V2lla NO U38ECIHBIM 3HAYEHUSAM KOCUHYca u cunyca. Ilpumenenue ¢oopmyn npueeoenusi.

Ymems: ucnonb3oBath (GopMynbl BOWHOTO YIJa, HCIOJIb30BaTh (OPMYJbl MOJOBUHHOIO Yria,
OPUMEHSTH MPU PELICHUH 3a7a4 (POPMYJIbI TPUBEICHHS.
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3uamu: BBIBOA (HOPMYJ CHHYCA M KOCHHYCA IBOMHOTO YTia, UCTIOIb3Ys (POPMYJIBI CII0KEHUS,
HaXO0/ICHHS TIOJIOBHHHOTO YIJIa IO M3BECTHBIM 3HAYCHUSM KOCHHYCA M CHHYCa, TPIMEHEeHne (GopMyi
NIPUBEJICHHUS.

Cunyc, KOCUHYC U MAH2EHC 08OIHO20 Y2na.

sin 2a = 2sin ¢ cosa
cos2a =cos’ o —sin’ «

Ctuc, KOCUHYC U MAH2EHC ROJIO6UHHO020 y2ila
2 _l+cosa

2 2
G2 @ _L-cosa
2 2
,a 1-cosa
2 1+cosa

CcOos

tg

Dopmynsl npusedenusn

onsa cunyca:
sin(%—ajzcosm [ + j—COSa
sin(z—a)=sina, sin(z +a)=—sin a,
() e
sin 7—0{ =-C0Sa, sin +a|=-cosa.
0J151 KOCUHyca:
cos(— - aj =sina, cos( + aj =-sina,
cos(z —a)=—cosa, cos(z +a)=—cosa,
(372 . ( j
cos| ——«a |=-sin«, oS +a|=sina.
2 2
011 MAHZEeHCA U KOMAHZEHCA:
T
tg[E + a] =—Clger, Ctg( + aj =—t0a,
tg[%—a} =Clgc, Ctg(%—ajztga.

. . V4
B nipaBoii yactu GopMyITbl CTaBUTCS TOT 3HAK, KOTOPBIM UMEET JieBast 4acTh pH ycioun 0 < o < >

" /4 3z
Ecnu B neBoit wactu Gopmysbl yroia paBeH Ei o unm 7-_F O, TO CUHYC 3aMEHSETCS Ha KOCUHYC,

TaHI'CHC — Ha KOTaHI'CHC U HaOGOpOT. Eciu YroJi paBCH 7o * o, TO 3aMEHBI HE MMPOUCXOJUT.

Cymma u paznocms cunycog. Cymma u paznocms KOCUHYCOB.
o+ o -
ﬂ CcosS 'B ,
2 2

sin o +sin £ = 2sin
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o — a+
ﬂCOS 'B

sin @ —sin £ = 2sin

2 2
COSa+COSﬂ=2COSa;’BCOSa;'B,
cosa—cosﬂ:—ZSinOHﬂsina_ﬁ.

2 2

Konumponvuvie sonpocwi

1. BeiBox hopmys1 cuHyca M KOCHHYCA JIBOMHOTO YTiia, UCIIOIb3Ys (DOPMYJIBI CIIOKEHUSI.
2. Haxox/1eHus TTOJIOBUHHOTO yTJa 10 M3BECTHBIM 3HAUEHUSM KOCHHYCA M CUHYCA.

3. [Ipumenenue GpopMyIt MpUBEICHHUS.

Tema 3.5 .Tpuronomerpuueckue GyHKIHH.

Onpeoenenue mpucoHoMempuyeckux QyHKYuil, coUCmea mpueoHOMempuyecKux
@yHKyul, epaguxu mpueoHomempuieckux QyHKyuil

Ymems: cTponTh ra Ky TPUrOHOMETPUUECKUX (DYHKLUH, ONUCHIBATh UX CBOMCTB, IPUMEHATH
CBOMCTBA IIPU PEIICHUH YIPAKHEHUI
3namu: onpeneneHusl TPUrOHOMETPUUYECKUX (YHKLNH, CBOICTBA TPUTOHOMETPUYECKUX (PYHKLIUH

®dyuknuu Y = SiN x, y = COS x, y = tg x, y = Ctg x Ha3BIBAIOT TPUTOHOMETPUUECCKUMH (YHKIHSIMHU.

dyuknusa y = Sin x.

CaoiicTBa u rpaduk GyHKIMHU Y = SIN X,

1) O6nacTe onpeaeeHus - MHOKECTBO BCEX JICHCTBUTEIBHBIX YUCEI.

2) O6nacTp 3HaUeHHH - 0Tpe3oK [ - 1; 1].

3) ®yskuys nepuoanveckas; OCHOBHON NepHO/] paBeH- 27.

4) OyHKIMS HEUeTHas .

5) dyHK1Ms BO3pacTaeT Ha MPOMEeXyTKax [ -m/2 + 2an; n/2 + 2nn] u yObIBaeT Ha
MIPOMEKYTKAX

[ ©/2 + 2xn; 3n/2 + 27n], n € Z.

I'paduk pyHkmuy y = Sin x ©300paxkeH Ha PUCYHKE.

i y=sinx
11

DOyHkuusa y = COS x

CoiicTBa 1 rpa@uk GyHKIIUH ) = COS X.
1) OGnacte onpeneneHus: GyHKIUU - MHOXKECTBO BCEX JEHCTBUTENBHBIX YUCEI.
2) O6nacTh 3HaUeHHH - 0Tpe3oK [- 1; 1].
3) OyHKIMS TepuoAnYecKas ¢ OCHOBHBIM MEPHUOIOM 27T
4) OyHKIMS YeTHasl.
5) ®ynkius yObIBaeT Ha MPOMEKYTKaxX [27tn; T+ 2 n] ¥ BO3pacTaeT Ha MPOMEKYTKAX
[-7+ 27tn; 27n], naZ.
['padux GyHKINN Y = cOs X N300paKeH Ha PUCYHKE.
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ro |

1

dyukuuda y = tg x.

CoiictBa u rpaduk pyHKImu y = g X.

1) OGnacts onpenencHust: X& n/2 + nk, ke Z.
2) Ob6nacTh 3HAYEHUH - BCS UUCIIOBAsH MPSIMast.
3) M- OCHOBHOI1 eproJ GyHKITHH.

4) OyHKIMS HEYeTHasl.

5) ®yHKIMs BO3pacTaeT Ha MPOMEXyTKax ( -1/2 +7nn;m/2 +7n).

I'padux Gpynkum y = tg x n300pakeH Ha pUCYHKE.
Yy y=tgw

|

=

(}

i

[

2|

|
| |
| |
| |
| |
| |
| |
', '.
! F
| |
| |
| |
| |
| |
| |
| |

POynkuusa y = ctg x.

CaoiicTBa u rpaduk pyHkmuu y = ctg x.
1) Ob6nacts onpeneneHus pyHkuuu: x & w/2 +nk, ke Z.
2) O6nacTh 3HaYeHUH (PYHKLINHU - BCS UUCIIOBAS MpsiMasi.
3) dyHKMs epuoaAnYecKas ¢ OCHOBHBIM MEPUOIOM T.
4) OyHKIMS HEUeTHasl.
5) dynkuus y = ctg x yObIBaeT Ha MPOMEXYTKaxX (7n;m+mn).
I'paduk Pynkiuum y = ctg x n300pakeH Ha PUCYHKE.

v
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Tema 3.6. O0OpaTHbIe TPUTOHOMeETPHYECKHEe PYHKIIUH, UX
CBOMCTBaM rpapuku.

Onpeoenenue obpamuvlx mpueoHoOMempuieckux QyHKkyut, ceolicmasa
MPUSOHOMEMPULECKUX PYHKYULL, 2paAPUKU MPUSOHOMEMPULECKUX PYHKYUL

Ymems.: cTpouTh rauKu 0OPaTHBIX TPUTOHOMETPHUYECKUX (DYHKIIMNA, OMUCHIBATh UX CBOICTB,
IPUMEHATh CBOWCTBA IPH PELICHUH YIIPaKHEHUI

3unams: onpeneneHnss oOpaTHBIX TPUTOHOMETPUYECKUX (QYHKIHHA, CBOMCTBA 0OpPAaTHBIX
TPUTOHOMETPUYECKHX (PYHKIUI

OOparHble TpUroHoMeTprudeckre QyHKINUN (APKCUHYC, aPKKOCUHYC,
apKTAHI'€HC U apKKOTaHI'€HC) SIBJISIOTCS OCHOBHBIM 3JI€MEHTapHBIM
¢bynkuusmu. Yacto n3-3a mpucTaBku "apk" oOpaTHbIE TPUTOHOMETPUYECKHE
¢GbyHKkuMU Ha3bBaOT apkQyHKIUsIMU. Ceifuac Mbl paccMOTPHUM UX rpaduku
U IIEPEYMCIIIM CBOKCTBA.

DyHKIHUA apKCHHYC Y = arcsin X

N300pa3um rpaduk GyHKIUN apKCUHYC:
Y

NIy

NIy

CpoiicTBa (GyHKIMH apKCHHYC Y = arcsin X
1.06nacth onpezaeneHus: — oTpe3ok [-1;1].

. T
2. MHOECTBO 3HaUECHUHN — OTPE30K | — E ; E .

3. @yHkIms Y = arcsin X Bo3pacraer.
4. OyHKIMsa Y = arcsin X sBIsSETCS HEUYETHOM, TaK Kak
arcsin( —x) = —arcsin x.
DyHKIUA APKKOCHHYC Y = arccos X
['padux GyHKIIMU apKKOCHUHYC UMEET BHLL:

s

)

CBoiicTBa QyHKIIMM aPKKOCHHYC Y = arccos X
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1.06macth onpeaeneHust — otpe3ok [-1;1].
2. MHOeCTBO 3HaueHwmit — oTpe3ok [0; 7).

3. @yHKIMs Y = arccos X yObIBaer.

DOyHKIUA apKTaHIeHe Y = arctgx.

I'paduk GpyHKINN apKTAaHT€HC UMEET BUJI:
Y
Ty

2

iy

2
CpoiicTBa QyHkuum Yy = arctgx.
1.06nacTh onpeneneHusi — MHOKECTBO BCEX JEUCTBUTEIbHBIX UYHCENL.
2. MHOECTBO 3HAUCHUHN — HHTEPBAJ (— % : %] .
3. ®yuknus y = arctgx Bospacraer.
4. ®yHKuus Y = arctgX sABIsIeTCs HEYETHOM, TaK Kak

arctg(—x) = —arctgx.

DyHKIMSA APKKOTAHTeHC Y = arcregx .

N300pa3um rpaduk GyHKIIUN apKKOTAHTEHC:

CaoiicTBa (QyHKUMH Y = arcctgx.
1.06nacTh onpenenaeHusi — MHOKECTBO BCEX JEHCTBUTEIbHBIX YHCEN.
2. MHO>€eCTBO 3HaUE€HUH — HHTEPBAJ (O; 7[).

3. dynknus y = arcctgx yObIBaeT Ha Bcell 001acTH ONpeaesIeHHsL.

Konmponvhule 6onpocwi
1. Ompenenenus GyHKUUH, UX CBOICTBA U rpaUKH.
2. IIpeoOpazoBanust rpa)uKoB.

3. [TapanienbHbIN IEPEeHOC, CHMMETPUSI OTHOCUTEIBHO OCel KOOPAWHAT U CUMMETPHUSI OTHOCHTEIHHO
HayaJla KOOpPJAMHAT, CUMMETpPHUS OTHOCUTEIBHO NPSIMOM Y=X, paCTsIKEHHMs W C)KaTUE BJOJIb OCEH

KOOpAUWHAT.

Tema 3.7. Tpuronomerpuyeckue ypaBHeHHs

IIpocmetiwue mpueonomempuueckue ypasHerus 6u0da cosx = a,sinx = a,tgx= a, ctgx = a, Memoosl

peuterus mpueoHOMempU4ecKux ypasHeHuil

Ymems: pemarthk ypaBHEHHE BHIA: COSX=a,sinX=a,tgx=a,ctgx=a

3namy: onpeneneHus apKCUHYyca, apKKOCHHYCA, apKTaHT'€HCa; YaCTHBIE Clydyau TPUTOHOMETPHUYECKHUX

YPaBHEHUI, OCHOBHBIE METObI PEILICHNUS TPUTOHOMETPUYECKUX YPABHECHUN.
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Ypagnenue cosx=a.

ApkkocunycoMm umciaa a €[-L1] naseiBaercs Takoe uucio « € [0;7], KOCHHYC KOTOPOTO
paBeH a. arccosa =, ecmn COSax=au 0<a<r.
Bce kopHU ypaBHeHHsI COSX =a, T/ |a| <1, MOXHO HaXxOIHTh TI0 popMyIIe

X =tarccosa+2m,ne”Z.
arccos(—a) = 7 —arccosa - o9ta ¢opMmyia I[O3BOJSCT HAXOAWTh 3HAYCHHUS APKKOCHHYCOB

OTpULIATENIbHBIX YHCET Yepe3 3HaYCHHsI apKKOCHHYCOB MOJIOKUTEIbHBIX YHCEIL.
Yacmuvie cayvau:

T
cosx=0, x=5+7m,nez

cosx=1, x=2m,ne”Z
cosx=-1, x=xr+2mne’Z
Ypasenenue sin x =a.

T
ApkcuHycom yucia a € [-11] Ha3piBaeTCs TaKOE YUCIO & € [_E;E]’ CHUHYC KOTOPOTO paBeH

. . T T
a. acsha=«a,ecmu SNa=a un —ESaSE.

Bce kopHU ypaBHeHHsI SN X = a, Te |a| <1, MOXHO HaxOJHUTh O hopMmyIie

x=(-D"arcsina+zmn,neZ.

arcsin(—a) = —arcsin a - sra opmyna Mo3BOJSET HAXOAUTh 3HAUCHUSI apPKCHHYCOB OTPHUIATEIBHBIX

qUuCcel qepes 3HA4YCHUA apKCI/IHyCOB ITOJIOKUTCJIbHBIX YHUCCII.
qaCI’I’ZHble Cﬂyllau:
sinx=0, Xx=zan,ne”Z

sin x=1, x:%+2ﬂn,nez

sinx=-1, X:—%+27zn,neZ

Ypasnenue tgx=a.

VA
ApKCI/IHYCOM yucaa a € R HaswpiBaeTcs Takoe UHCIO o € [—E,E] , TAHTCHC KOTOPOI'0 paBCH

V2 V4
a. arctga=«a,ecmm tga=a u —ESaSE.

Bce kopHu ypaBHeHus Sin X =a, rae a € R, MOXHO HaXoauTh 0 Gopmyrie

X =arctga+zmn,neZ .

arctg(—a) = —arctga - sta ¢opmyna MO3BOJISET HAXOJUTh 3HAYCHUS] APKCHHYCOB OTPHIATEIBHBIX
YHCEeJl YePE3 3HAYCHUs APKCUHYCOB IMOJIOKUTEIbHBIX YUCEL.

Tpuzonomempuueckue ypasHeHus
1. YpaBHeHus1, CBOASIINECS K KBaPATHBIM.
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2. YpaBHeHus asin x+bcosx=c.
3. YpaBHeHus1, periaeMbie pa3ioKeHUEM JIEBOW YAaCTH HA MHOXKUTEIIH.

Konmponvhuvie 6onpocwi

1. YpaBHeHus Buja cosx=a.
2. YpaBHEeHHUA BUA Sin X =a
3. YpaBHEeHMsI BUJa tgx=a.

23



Tema 4. Kopuu, creneHu

Tema 4.1.CTeneHb ¢ paliHOHAJILHBIM U J1eHCTBUTEIbHBIM MOKA3ATEJIAMM.

Onpedeﬂeﬂue U ceolicmea cmeneneu C payuUOHANbHBIM U C oelicmeumenbHbiM NOKA3AMeNAMU.

Ymems: pemate 3a1aun Ha TeMy: «CTENEeHb ¢ pallMOHAIBHBIM U JEHCTBUTEIbHBIM MOKA3ATEISIMU.
3Hamy: omnpenielieHre U CBOMCTBA CTENEHEH ¢ PallMOHAIBHBIM U C JeHCTBUTEIbHBIM [TOKA3aTEIISIMHU.

Cmenenp C paAyUOHANIBHBIM nOKazamesiem.

m
Ecmu n — HaTypaJIbHOE YHCJIO, M — [EJI0€ YHCJIO0 U YaCTHOC — ABJIACTCS LEJIBIM YHCJIIOM, TO
n

nipu a>0 cripaBeJIMBO PABEHCTBO
m
va™ =an.
m

[Tons3ysacek hopmysaoit Ya™ =a", cTeneHs ¢ palnoOHATBHBIM ITOKAa3aTeIeM MOYKHO
MPEJICTaBUTh B BUE KOPHS M HA0OOPOT.

m mk
Tak kak — = ——, rae N ¥ K - HaTypajbHbIC YKCIa, M — [IEJI0e YUCII0, TO TPpH Jrodom a>0.
n

nk

momk
a n — a nk
MosxkHO MOKa3aTh, 4YTO BCE CBOMCTBA CTENEHH C HATypaJbHBIM IIOKA3aTEJEeM BEpHBI IS
CTEIIEHU C JIFOOBIM PallMOHATIBHBIM I10KA3aTeNIeM U MOJOXKHUTEIbHBIM OCHOBAHHEM.
A MMEHHO, U151 JIIOOBIX pallMOHANBHBIX YKcell P U ( 1 1to0bix a > 0,b > 0 BepHbI paBeHCTBA!
1. afPa’=a""
2. af:a%=a""
4. (ab)? =a’b®

a)' a’f
i

OTH CBOICTBA MOJIY4alOTCS U3 CBOWCTB KOPHEH.

o

Cmenenbs c oelicmeumenvHoiM NOKA3amesem.

[Ipu mobom X € R u mo6om a >0 cremnedp a” ABJIAETCSA MOJIOKHUTENBHBIM JEHCTBUTEIBHBIM
yuciaom: a* >0 mpu xeR,a>0.
Eciu ocnoBanue crenenn a=0, 1o crenens 0 onpenensror Toapko mpu X >0 M CUUTAIOT, YTO

0" =0 mpu x>0. IIpu x <0 BeIpaKeHHE HE UMEET CMBICIIA.
[lpr TakoM ompeneNeHWH CTENEHH C ACHCTBUTEIBHBIM TIOKA3aTeeM  COXPAHSIOTCS BCE
U3BECTHBIE CBOICTBA CTETIEHU C PALIMOHAIBHBIM ITOKA3aTEIEM.

Jlnst moGoro a>1 u moboro X >0 ugucno a* Gonsme 1,1.e. a° >1 npu a>1,x>0.
Teopema: Tlycte a>1m X <X,.Torma a™ <a™.

Creocmeue 1. Ilycts 0<a<lwu X, <X,.Torma a™ >a™.
Crneocmeue 2. Ilycts a>0,a=0,a* =a™. Torma X, =X, .
Cneocmeue 3. Tlycth 0< X, <X,. Torma, ecnu p>0, 10 X" <X,”, a ecrm p<0, ToO

X" >x,".
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Takum 00pa3om, IpU BO3BEICHUU HEPABEHCTBA C MOJOXKUTEIHHOM JIEBOM U IMOJIOKUTEIHHON
IIPABOM YacCTSAMHU B IOJIOKUTEIBHYIO CTCIICHb 3HAK HEPABCHCTBA HE MEHSACTCS, a IPU BO3BEICHHM B
OTPULIATEIIBHYIO CTEIIEHb 3HAK HEPABEHCTBA MEHAETCS HA IIPOTUBOIIOIOKHBIM.

Konmponvhvie 6onpocwi
1. Onpenenenue 1 CBOKWCTBA CTETIEHEN C pallMOHAIBHBIM [T0OKA3aTEIISIMU.
2. OnpeniesieHre U CBOMCTBA CTETICHEH ¢ JCHCTBUTEIBLHBIM ITOKA3aTEIISIMHU.

Tema 4.2. ApupmeTudecknii KOpeHb HATYPAJIbHOMN CTENEeHM.
Onpeodenenue u ceolicmea apupmemuiecko2o KOpHs HAMYpPaIbHOU CeneHuU.

Ymemns: pemats 3anaun Ha TeMy: «ApuMeTHIECKUN KOPSHb HATYPAIBHON CTCIICHI)
3nams: onpenieNieHne U CBOMCTBA apu(PMETHUECKOT0 KOPHs HATYpaIbHOU CTEICHH

Onpenenenue:  Apugpmemuueckum  KopHem  HATypalbHOM  cTemeHM N>2 U3
HEOTPULIATEIILHOTO YHCIIa @ HA3bIBACTCSl HEOTPHUIIATEIIBHOE YUCIIO, N-asi CTeNIEHh KOTOPOTO PaBHA d.

ApudpmeTnueckuii KOopeHb N-O CTENEHM W3 4ucia a 0003HayaeTcsl Tak: Ya. Yucno a

Ha3bIBACTCSI IIOJIKOPEHHBIM BbIpaxkeHHEeM. Eciau N=2, To BMecTo 3a MTUTITYT Ja. Apudpmernueckuii
KOpPEHb BTOPOH CTENEHH Ha3bIBAIOT TAaKXKE KBaJpaTHbIM KOpPHEM, a KOPEHb TPEThEH CTENEHU —
KyOndyeckuM KopHeM. JleficTBHe NOCPEICTBOM KOTOPOI'O OTBICKHBAETCsI KOpEHb N-OH CTENEeHH,
Ha3bIBACTCS U3GleyeHueM KOpHsa N-ou cmeneHu. DTO JEUCTBUE SBISIETCS OOpaTHBIM JIEHCTBUIO
BO3BE/ICHUS B N-10 CTENECHb.

Apudmerndeckuii KOpeHb  N-OH CTENeHH O0JaAaeT CJICIYIOIUMH CBOWCTBAMHU: €CIH
a>0,b >0 un,m — HarypanbHbIC YKcaa, npudeM N> 2,M> 2, To

1. Yab =%Ya¥b
a Ya

: “ﬁ:w
(¥a)"

3. (Va)"=Va
4. (WYa)="a
OtmeTuM, 9TO B CBOMCTBE 1 unciio b MokeT Takke ObITH PaBHBIM HYJIIO; B CBOMCTBE 3 YHCIIO M
MOXKET OBITh LETbIM, eciu a>0.

m

Konmponvnvie gonpocsi
1.0npenenenve apudMeTHyecKoro KOpHs HaTYpaJbHOM CTENEHU.
2.CBoiicTBa apu(hMeTHUECKOT0 KOPHS HATYPAJIbHOM CTETIEeHU.

Tema 4.3. UppauuoHa/ibHble ypaBHEHUs] H HEPABEHCTBA
MemoObl pewienus uppayuoHaIbHbIX YpasHeuti U HepaseHCme

Ymems: pemiatb OCHOBHBIE BUABI HPPALIMOHATIBHBIX YPABHEHUN
3namu: onpeneneHne HPPaMOHATFHOTO YPAaBHEHHSI, OCHOBHBIE METO/IbI MX PEIICHUS

YpaBHeHUe, coaepxaliee MepeMeHHYIO TI0J] 3HAKOM KOPHSI, Ha3bIBACTCS UPPAUUOHATLHBIM.

Pemienne mppalimoHanIsHOTO ypaBHEHHsI OCHOBAaHO Ha MPEoOpa3oBaHUU €r0 K PallOHAILHOMY
YPaBHEHHIO, YTO JOCTUIaeTCsi BO3BEJECHHEM O0EHMX €ro yacTeil B OAHY U Ty e CTeleHb (MHOrna
HECKOJIBKO pa3).
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[Tpu BO3BeneHMM 00EUX YacTeil MPPAaLMOHATIBHOTO YpaBHEHHS B YETHYIO CTENEHb IMOJy4YaeTcs
YPaBHEHHE, SBJIAIONICECS CIEACTBUEM NCXOLHOTO. Y PAaBHEHHUIO-CIIEACTBHUIO Y OBIETBOPAIOT BCE KOPHU
UCXOJIHOTO YpPaBHEHMs, HO MOTYT IOSIBUTHCS M KOPHH, KOTOPBIE HE SABJIAIOTCA KOPHSAMHU MCXOJHOTO
ypaBHEHUs («IIOCTOPOHHUE» KOPHM). UTOOBI BBIABUThH «IIOCTOPOHHHUE» KOPHM, BCE HalJICHHbIE KOPHU
YPAaBHEHUA-CICACTBUS IIPOBEPSIOT NOACTAHOBKOM B MCXOJHOE YPaBHEHUE U «IIOCTOPOHHUE» KOPHHU
0TOpachIBAIOT.

HcxonHoe uppanroOHAIbHOE YPAaBHEHHE PAaBHOCHIBHO CMEIIAHHOW CHUCTEME, COCTOSLIEH W3
YPaBHEHMS-CIEJCTBUS M  OIPAaHUYEHHH, ONpeAesieMbIX 00JacTbl0  JIOMYCTHMBIX 3HAYEHHUH
nepeMeHHoil. B 3ToMm ciydae «OCTOpOHHUE» KOpHM HE OyAyT BXOJIUTb B OOJACTh JOMYCTUMBIX
3HaYCHUU TIEPEMEHHOM | MPOBEPSTH UX MOJCTAHOBKOW B UCXOJIHOE YPaBHEHUE HE TPeOyeTCs.

[Tpu Bo3BeneHNN 00euX yacTell UPpPallMOHAIBLHOIO YPaBHEHUS B HEUETHYIO CTEIIEHb IOJIYy4aeTcs
YpaBHEHUE, PABHOCUIIBHOE UCXOTHOMY.

HppanuoHajibHbIe HEPABEHCTBA € OJJHOM NepeMeHHOI.

Pemienne wuppanMOHAIBHOIO HEPABEHCTBA € OJHOM IIEPEMEHHOM CBOIUTCS K PELICHUIO
PaBHOCHJIBHOM €My CHCTEMbI palliOHAJIbHBIX HEPABEHCTB MJIM COBOKYIIHOCTU CHUCTEM pallMOHAJIBbHBIX
HEPAaBEHCTB.

OTH CUCTEMBI PEIalOTCs MPU HAJIOKEHUU OTPaHUYEHUN Ha IEPEMEHHYI0 M BO3BEIACHUM 00EHX
4yacTel HEPABEHCTBA B OJIHY U TY JK€ CTCIICHb.

Koumponvnvie sonpocwi

1. OcHoBHbIE IpUEMBI UX pelIeHUs (Pa3JIoKEHNE Ha MHOXKUTEIHU, BBEJCHUE HOBBIX HEU3BECTHBIX,
MOICTAHOBKA, TpaUueCKUil METO).

2. M3oOpakeHne Ha KOOPIMHATHOM IUIOCKOCTH MHOXKECTBA PEIICHUI YpaBHEHHH C ABYMS
IIEPEMEHHBIMU U UX CUCTEM.

3. M3o0paxeHne Ha KOOPAWHATHOH IJIOCKOCTH MHOKECTBA PEIICHUI HEPABEHCTB C ABYMS
IIEPEMEHHBIMU U UX CUCTEM.

Tema 4.3. Jlorapu¢msl.

Onpeoenenue nozapugma nonrodxcumenvrozo ducaa. Ceoticmea nozapugmos. /lecamuynvle u
Hamypanvhbvle 102apupmol.

Ymemu: BbIUUCHATH TOTapUPMBIL.
3uamy: Onpeznenenue norapudma mojaoxuteabHoro yncia. CpoiicTBa jgorapudmos. JlecaTuuHble U
HaTypaJIbHbIE JIOTapU(PMBI.

Onpenenenue: Jlorapudmom mosokuTeapHOro yucia b mo ocHoBanuio a (rmea >0,a=0)
Ha3bIBACTCS MMOKA3aTeNb CTENICHU, B KOTOPYIO HAa/I0 BO3BECTH YKCIIO @, YTOOBI MOJYIUTH YKCIIO D.
Jlorapudm uucna b mo ocHoBaHuIO @ 0003HayaeTcsi cumBosioM: log, b .

Ecmm a>0,a#0, b>0, o log,bmno onpenenenuto ectb mokasareib CTeNeHH, B KOTOPYIO

HaaI0 BO3BECTH YHCIIO A, ‘ITO6BI IMOJIYYHUTH YHCIIO b HOSTOMy PaBEHCTBO
aIogab — b
€CTb TOXKIACCTBO, KOTOPOC HA3BIBAIOT OCHOBHbIM JlOdeuquulleCKuM momcdecmeoxw.

JleiicTBUS HAXOXKIEHUS JIorapr(Mma YnciIa Ha3blBAIOT J102APUPMUPOBAHUEM.

Ceoiicmea nozapughmoe.
[Mycts a>0,a#0,b>0,c>0,r- moboe neiicTBUTEIbHOE YKCIIO. TOrIa CIIpaBeIIIMBbHI

bopMyIbI:
1. log,(bc)=Ilog, b+log,c,
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o

bga(%):Jogab—Jogac,

log,b" =rlog,b,

w

4. PaBHBIM MOJIOXKUTEIBHBIM YHCJIAM COOTBETCTBYIOT U paBHbIE Jlorapudmsl ,T.¢. ecnu b, =Db,, T0
log,b, =log,b,,

log,1=0,

log,a=1.

IS

/Iecamulmbte u namypajibHble ﬂozapm[mu.

Jnst  norapuMOB  YHCENl COCTABJICHBI CIIEHHMAIbHbIE TaOMUIBI(TaOIUIBl  JTOrapHU(pMOB).
Jlorapr(MBl BBIYHCIIAIOT TAaKXKe C MOMOINBI0 MHKPOKAIBKYIATOpa. M1 B TOM, W B JPyroM ciydae
HaXOJIATCS TOJIBKO JECATHUYHBIC WIIA HATYPaIbHbIE JIOTapU(pMBI.

OnpenesieHue: JecsimuyHblm 102apughpmom yucia Ha3bIBAOT JOTapru(M 3TOr0 YUCIa MO0 OCHOBAHHIO
10 u mumryT Ig b Bmecro log ,b.

Omnpenenenue: Hamypaivhvim 102apughpmom 4ucia Ha3bIBAKOT Jorapu(m 3TOro Yucia 0 OCHOBAHHIO
e, TIe € — UpPAMOHAIBHOE YUCIIO, MPpUOImKeHHO paBHoe 2,7. [Ipu atoM mumryt Inb Bmecro log, b.

@Dopmyna nepexooa om n102apu@ma no 00HOMY OCHOBAHUIO K 02APUPMY HO OPY2OMY

OCHOBAHUIO: log,b=——,

20e a>0,a#1b>0,c>0c=1.

Konmponvusie 6onpocoi

1. Ompenenenue norapudma moI0KUTETLHOTO YHCIA.
2. CpoticTBa JIorapu(hMoB.

3. lecaTHUHBIE M HATypaJIbHbIE JIOTapU(MBI.
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Tema 5. Iloka3zareabHas U Jorapudpmuyeckast

Tema 5.1. IlokazareabHas pynkuus. Ee cBoiictBa u rpadgux

Onpedenenue, ceoticmea u epagux noKazamenvbHol QYHKYUU, ux npumMeHeHue npu peueHuu
VIPAdsCHEeHUU

Ymems: crpouth rpaduku NOKa3aTeJIbHbIX (DYHKIMHA, ONUCBHIBATH MX CBOWCTBA, NPUMEHATh
CBOMCTBA IIPU PEIICHUH YIIPAKHECHUN
3uame: onpeneneHue GyHKINHU, €€ CBOWCTBA U IpaUKH.

[TokazarenpHast PyHKIHS 3amaeTcs popmynoit y = a*, tnea>0ua # 1.

[lepeuucnum cBoiicTBa PyHKIMH y = @ ipu a > 1.

1) O6nacTs onpenencHus GYHKIMH - BCS YHCIIOBAs MPsMasi.

2) O6nactp 3Ha4eHni PpyHKIUU - TPOoMeRyTOK (0; + o).

3) OyHKUUS HE SABJISICTCS HU YETHOM, HU HEYETHOU. DTO CIEIYeT U3 TOTO, UT0 @ “#a ' ua ™ #-a'.
4) OyHKIMSA BO3pACTaeT Ha BCeW YHCIOBOW MPSIMOM.

['padux yHKImu y = @* npu a > 1 BRITTISANT TaK, KaK MOKa3aHO HA PUCYHKE.

OtmeTHuMm, 4TO 3Ta PYHKIMS TPUHUMAET JIF0ObIE MOJOKHUTEIbHBIC 3HAUYCHHUS.

Yi

y=a*; a>1

_/’

CgoiictBa ¢pynkuuu y = ¢ npu 0 <a < 1.

1) Ob6nacTh onpeneneHust PyHKIMH - BCS YUCTIOBAs MpsMasi.

2) O6nactp 3Ha4yenwii - (0; + o).

3) OyHKIUS HE SBISICTCS HU YETHOM, HU HEYETHOM.

4) OyHKIUs yObIBaeT Ha BCel YUCIOBOM MPSIMOIi.

I'paduk pynkuuu y = a* npu 0 < a < 1 BRINISIINT TaK, KaKk MOKa3aHO HAa PUCYHKE.
OtmeruM, 4TO 3Ta GYHKLUS TIPUHUMAET JIFOOBIE MOI0KUTEIbHbBIE 3HAUEHUS.

-~

7] X

Konmponvuvie 6onpocei
1.Omnpenenenue nokazareabHOUPYHKINN
2. CpoiicTBa oKa3aTeiabHON PyHKIINH
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Tema 5.2. Jlorapugmbl.

Onpeodenenue nocapugpma . Ceoticmea nocapupmos. Jecamuynvie u HamypaivHble
Jnocapughmol.

Ymemo: BoIUMCIATD JTOTapU(PMBIL.
3namy: onpeneneHue Joraprudma mosoKUTeILHOrO YUCiia, CBOWCTBA JIOrapu(MoB, AECITUUHBIE U
HaTypaJIbHbIE JIOTapU(PMBIL.

Onpenesienue: Jlorapudmom mosnokuTenpHOro yuciaa b mo ocuoBanuio a (roea>0,a#0)
Ha3bIBACTCS MMOKA3aTeNb CTEIICHU, B KOTOPYIO HAJI0 BO3BECTH YHUCIIO @, YTOOBI MOTYYUTH YHCIIo D.
Jlorapudwm umcna b mo ocHoBaHUIO @ 0603Havaercs cumBosoM: log, b .

Ecmm a>0,a#0, b>0, o log, bno onpenenenuro ects mokasarenb CTENEHH, B KOTOPYIO

Haao0 BO3BCCTH YHUCIIO a, YTOOBI MOJIYYUTDb YUCJIIO b. HOSTOMy PaBCHCTBO
aIogab —-b
C€CTb TOXKICCTBO, KOTOPOC HA3bIBAXOT OCHOBHbIM ﬂOdeu@MuH€CKuM MoAHCOeCmeEoM.

JleiicTBHS HAXOXKIEHUS JIoraprdma Yncia Ha3bIBAIOT J102APUPMUPOBAHUEM.

Ceoiicmea nozapughmos.
[Mycts a>0,a#0,b>0,c>0, r- moboe neicTBUTEIbHOE YUCIIO. TOr/Ia CrIpaBeITMBbHI

bopMyIbI:
7. log,(bc)=log,b+log,cC,

8. Ioga(%)zlogab—logac,

9. log,b" =rlog, b,

10. PaBHBIM ITOJIOXXUTEIIBHBIM YHCIIAM COOTBETCTBYIOT M PaBHBIE JorapuMmsl ,T.e. eciu b, =b,, To
log, b, =log, b,,

11. log,1=0,

12. log, a=1.

Jlecamuunvie u namypanovhule 102apughmol.

Jns  norapudMoB UHCEN COCTAaBJIEHbI CIEUMaIbHbIE TaOJULBI(TA0NULBI  JIOTapU(pMOB).
JloraprMbl BBIMHCISIOT TAaKXKe C MOMOIIBI0 MHKPOKAIBKYNsATOpa. M1 B TOM, U B JpyroM ciydae
HaXOJISITCS TOJIBKO JIECATHYHBIC WIIA HATYPATbHBIC JIOTapU(PMBI.

Onpenenenue: /JecsmuyHvim 102apugh)mom 4ucia Ha3bIBAIOT JIOTApU(pM TOTO YUCIA MO0 OCHOBAHHIO
10 u mumryT g b BMecro log , b.
Onpenenenue: Hamypanvhvim 1oeapugmom uucia Ha3bIBaIOT JIOTAPU(PM ITOTO YHCIIA IO OCHOBAHHIO
e, TIe € — UppallMOHAIBHOE YUCIIO, PpUOImKeHHO paBHOe 2,7. [Ipu atom mumyr Inb Bmecro log, b.
Dopmyna nepexooa om 102apu@ma no 00HOMY OCHOBAHUIO K 102APUPMY NO OPY2OMY
log. b
OCHOBAHUIO: log, b= 9.0 ,
log. a
20e a>0,a#1b>0,c>0,c=1.

Konmponvuvie 6onpocei

1. Onpenenenue norapudma NOJ0KUTEIBHOTO YUCIA.
2. CpoiicTBa norapumos.

3. JlecaTruHbIC M HaTYpaJIbHBIC JOTAPU(PMBI.
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Tema 5.3. Jlorapupmuyeckasi GyHKuus.
Onpeoenenue noeapugpmuyeckoii pyuxkyuu . Ceoticmea u epaghuxu ro2apupmuieckou Qynkyuu

Ymems: crpouts rpaduku  nmorapupMUUECKUX (QYHKIUH, ONHCHIBATH UX CBOMCTBA, MPUMEHSTH
CBOICTBA IIPU PEUICHUH YIIPAKHEHUH
3nams: onpenenenue GyHKINH, €€ CBOMCTBA U rpaduku.

Jlorapudmuueckas GpyHkius y = l0ga X 001a1aeT CICAYIONMMUA CBOWCTBAMH:
1) O6nacts onpenenenus - (0; + o).
2) Obnactb 3Ha4YCHUH - ( - 00; + 00)
3) OyHKIMS HU YeTHas, HU HEYECTHAs.

4) ®@ynkuus Bo3pacraer Ha mpomexytke (0; + o) mpu a > 1, yosBaet Ha (0; + o) mpu 0 < a < 1.
I'padpuk ¢ynknmn y = 10ga X MokeT OBbITH HOJy4eH u3 rpaduka QyHKIUH Y = @ C HOMOIIBIO
npeoOpa3oBaHUsi CHMMETPUHU OTHOCHUTEIBHO TPSMOM Y = X.

Ha pucynke a) noctpoen rpaduk gorapudmuueckoit GyHkuu ans a > 1, a Ha pucynke 0) - 111 0 < a
<l

YA Vﬁt

0/' ' 01\7

a) ) ¥ »i0gs X{Cea<?)

®ynkmus y = In x.

Cpenu nokasarenbHbIX GYHKUUN y = a*, Tae a > 1, ocoOblif UHTEpeC ANl MaTeMaTUKH U ee
NPUJIOKESHNH TpeACTaBisieT PyHKIH, 00Ia1aonias caeIyoIuM CBOUCTBOM: KacaTellbHas K rpaduKy
¢ynkuuu B Touke (0; 1) oOpasyer ¢ ockio x yroma 45°. OcHoBaHuEe a TakoW (YHKLIHHU ax NPHHATO
0003HavaTh OYKBOH e, T. €. y = €'. [lomcuutano, uro e = 2, 7182818284590..., u ycTaHOBIEHO, YTO € —
uppanroHaigbHoe uucio. Jlorapudpmudeckyro QpyHKINIO, 0OpaTHYIO MMOKa3aTelbHOW (QyHKIMH Y = €,
T. e. pynkuuio y = loge X, mpunsaTo 0603Hauath y = In x (In umraercs "HarypanbHBIH Jorapudpm").
I'paduk dpyukmn y = In x n300paxeH Ha PUCYHKE.

Konmponvuvie 6onpocoi
1.Onpenenenue jorapudmuyueckoil QpyHKINU.
2. CpoiicTtBa norapuMu4eckux QpyHKIU.

Tema 5.4. Pemienne noka3arebHbIX U JorapupmMuueckux ypaBHeHHil, CHCTeM YPaBHEHU

OchosHble npuemvl ux peuleHus (PaznodxiceHue Ha MHOMCUMENU, 66e0eHUe HOBbIX HEeU3BECIHbIX,
noocmaHnoska, epaguueckuii memoo). Mcnonvzosanue ceoticms u 2pagpuxos GyHKyull npu peuteHuu .

YMemb: peniaTh NOKa3aTeIbHbIC U JTOTaPH(PMHUECKIE YPAaBHEHHS

3Hamb: OCHOBHBIE TIpUEMBI HUX pelleHus (pa3ioKeHHe Ha MHOXKUTENH, BBEJICHHE HOBBIX
HEW3BECTHBIX, IMOJCTAHOBKA, IPaQUUYECKUN METOJ), MCIOJb30BAaHWE CBOWCTB M TpaduKoB (DyHKITHI
IIPU PELLICHUN ypPaBHEHUM.
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HOKa3ameﬂbete ypaeHeéHUuA
Pe]l[eHI/Ie nokKkasameJjibHvlx ypaeHeHuL? qacTO CBOAUTCA K peL[IeHI/IIO ypaBHeHI/ISI
a‘=a",
rae a>0,a #1, X - Heu3BeCTHOE. DTO YpPaBHCHHUE PEIIACTCS C TOMOIIBIO CBOWCTBA CTEIICHH: CTETICHHU C
OJJMHAKOBBIM OCHOBAaHHEM a > O, a# 1 PaBHLBI TOJIBKO TOT'Zld, KOr'’lda paBHbI UX ITIOKA3aTCIIN.

Tema 5.4. PerieHue nNoka3aTejbHbIX U JIOTapU(PMHUYECKNX HEPABEHCTB

Pemenue noxazamenvhvix Hepagencme 4acTO CBOJUTCS K PEILICHUIO HEPABEHCTBA

a*>a’um a* <a’.

OTH HEpaBEHCTBA PELIAIOTCA C IIOMOIIBIO CBOMCTBA BO3pACTaHUS WM  yObIBaHUS
noKa3aTeabHONM (QyHKIMM: [uid Bo3pacTamomedl (QyHKIuM OojbllieMy 3HAUYEHUI0 (QYHKLUUHU
COOTBETCTBYET OoJblliee 3HAYCHHE apryMeHTa, a i yObIBaromed (pyHKIUU OOJbIIeMy 3HAUCHHUIO
(YHKLUU COOTBETCTBYET MEHbIIIEE 3HAUEHUE apryMEHTa.
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Tema 6. IlpousBoanas
Tema 6.1 @yukuyuu ux ceoiicmea u zpaguxu (noemopenue)
Onemenmaphvle pynkyuu, ux ceoucmsea u epaguxu

Ymemvb: cTpouTh rpaduKu dIIEMEHTAPHBIX (YHKIIUN, ONMCHIBATh CBOMCTBA (DYHKIIUH.
3namy: onpeneneHus GyHKIUH, UX CBOWCTBA U TpaduKH

HaszoBeMm ynopsoouennoti napoii (X, y) JIBYXDJIEMEHTHOE MHOYKECTBO {X, y}, B KOTOpPOM

AJIEMEHT X HaXOJUTCS Ha IEPBOM MECTE, a DJIEMEHT Y — Ha BTOPOM. DJIEMEHT X Ha3bIBAETCS nepeou
KOOpOuHamotl yropsiAOuEeHHON Taphl, a dJEMEHT Y — 6mopoil Koopouramoti. JIBe ymnopsiaodeHHbIS
Imapsl paBHEIL, KOTAa COBMAAal0T UX KOOPAHHATHI: (X, y) = (U,V) < X=Uy=V.

@ynxyueti T Ha3pIBACTCS MHOKECTBO YIMOPAAOYESHHBIX IIap YHCEI (X, y), Takux, 9to X € X ,
ye Y u xaxnomy sneMeHTy X € X CTaBUTCA B COOTBETCTBHE €IMHCTBEHHBIH DJIEMEHT ye Y.

O6o3navenue: f: X — Y. MHOoxecTBO X Ha3bIBacTCs 001acmpio onpedenenus GyHkuu f, a MHOXKECTBO
Y — obnacmoio 3nauenuti. O603HauaoT: Dr u Er. Ecnu sicHo, kKakue MHOkecTBa X U Y UMEIOTCS B BUTLY,

to mumyt Y = T (X). Dnement X nasbisaetcs apeymenmom, a 'y — snavenuem dyuxuuu f.

Cnocoowl 3a0anusa ynkyuu.
Cy1iecTByeT HECKOIBKO CIOCOO0B 3aaHus (PYHKIIHH.

1. Tabauunoui. Vicmonp3yercs TOrna, KOrja oOO0JIACTh OMPENEICHHS COCTOMT U3 KOHEYHOTO
MHOXeCTBa 4uced. Torma ais 3agaHus (QyHKIMH TPOIIE BCEro yKa3aTh TaOJHILy, COJEPIKaIIyo
3HAUEHUS apryMEHTa W COOTBETCTBYIONIUE 3HaueHUs (yHkimu. Hampumep, tabimna morapudmoB.
JIpyruM TpUMEpOM MOTYT OBbITh TaOJHMIIBI, COACPIKAIIME JAHHBIE O YUCIIC JKUTEICH, HaCENSIONINX
3eMHOMH II1ap B OTACIBHBIC TOJbI, PACIIUCAHUS JBUKCHHSI IIOS3/I0B H T.II.

2. Ananumuyeckuu. Ilpu ananutuyeckom crocoOe 3aaHus (QyHKUIHS MOXKET ObITh 3aJaHa s6HO,
KOTJla TaHO BBIPAXKCHHE ) yepes X, T.e. hopmyia umeer Bua Y = f(X); mes6no, xorna x u y CBI3aHbI

MexIy coboit ypaBHenueM Buna F(X,Y) =0 ; napamempuuecku, Korma COOTBETCTBYIOIIUE JAPYT APYTY
3HAYCHUS X U Y BBIPAKEHBI Uepe3 TPETHIO IEPEMEHHYIO BETMUMHY t, Ha3bIBaEMYIO napamempom.

3. Jloeuyeckuii. Ecnu (GyHKIUS ONMUCHIBACTCS MPAaBUIIOM €€ COCTaBJICHUS, Harpumep, (QyHKIUS
Hupuxie: f(X)= 1, ecnu X — parmonanshoe; f(X)= 0, eciu X — upparmoHaIbHOE.

4. I'paguueckuii. CocTonT B u300pakeHuUM cpaguxa @yuxkyuu — MHOXKecTBa Touek (X, Y)
IUIOCKOCTH, a0CLUCCHl KOTOPBIX €CTh 3HAYEHMs apryMeHTa X, a OpJUHAThl — COOTBETCTBYIOIIUE MM
snauenns ¢ynkmuu Y = T(X). IIpeumymectBoM rpaduueckoro 3amaHus ABIOSETCA €ro

HariIgaaJHoCTh, HEAOCTATKOM — €0 HCTOYHOCTb.

I'pajpux pynxyuu
I'pagpukom @ynkyuu (B JEKapTOBOM MPSMOYTOJILHOM CHUCTEME KOOPIWHAT) Ha3bIBAIOT
TE€OMETPUUYECKOE MECTO TOUYEK, aOCIIUCChI KOTOPBIX SBISIOTCS 3HAYCHUSIMH HE3aBHCUMOM TIEpEeMEHHOM,
a OPJIMHATHI — COOTBETCTBYIONUMU 3HAYCHHUSIMH (DYHKIIHH.

Ceoticmea pynkyuit
Tox ocHoBHBIMH cBoiicTBamu dyuknun Y = T (X) 6ynem nonumars crnenyromme:

1. yemnocmo, newemnocmo. Oynkuus Yy = f (X) Ha3BIBAETCS YemHol, ECIU JUISL TIOOBIX 3HAUYECHUI

X U3 objacTu ompeaeraeHUs f(—X) = f(X) U HeuyemHoll, €ClH f(—X) =—f (X) B mportusHOM

ciyqae ¢ynxuus Y = f(X) maseaerca ¢yuxyueii o6wezo euoa. T'paduk deTHOH (yHKIMHM

2
CUMMETPHYCH OTHOCHTEIBHO OCH OpAuHAT (Hampumep, rpaduk ¢yHkuuun Y = X°), a rpadpuk
HEYETHOH (QYHKIUU CHUMMETpPHUYEH OTHOCHUTEIBHO Hayajla KOOpAMHAT (Hampumep, rpaduk (yHKIHUU
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y = X3). [ToaromMy Ui YeTHOW (YHKIMHM JOCTATOYHO CTPOMUTH JIMIIL MPABYIO IMOJIOBUHY Tpaduka
(X=>0), neras nonosuna ero (X < 0) sBnsercs 3epkanbHBIM OTpa’keHUEM IIPABOl OTHOCUTENLHO OCH
Oy. YtoObl MOCTPOUTH TpauK HEUETHOH (YHKIUH, TOCTATOYHO U300pa3UTh MPaByIO MOJIOBHHY €ro
(X > 0); nepas nonosuna rpadpuka (X < 0) nomyuaercs B pe3ynasTaTe HoBopoTa mpanoii Ha 180°.

2. monomonnocms. Ecinu nisg 1r00BIX 3HAYEHUH X1, Xy € X w3 HepaBeHCcTBA X < X,

BBITCKACT HEPABEHCTBO:
a) f(x)<f(x,), o byHKIIUSA HAa3BIBACTCS 8o3pacmaroujel,

6) f(x) < f(X,), To pynxuus naswiBaercs neybvisarower;
B) f(x))> f(X,), ro dynxnus naseisaercs ybvisarower;
r) f(x))= f(X,), ro yuxuus naswiBaercs nesospacmaroweil.

Bospacratomue, HeBo3pacraromue, yObIBaloIMe W HeyObIBaromue (GYHKIMHM Ha MHOXKeECTBE X
Ha3bIBAIOTCS MOHOMOHHbIMU HA 3TOM MHOXKECTBE, a BO3pacTalole M YOBIBAIOIIME — CMPO2O
moHomonHviMyu  VIHTEpBaibl, B KOTOPbIX (YHKIMS MOHOTOHHA, HA3bIBAIOTCS UHMEPBANAMU
MOHOMOHHOCIU.

3. oepanuuennocmsb. OYHKIMS HA3BIBACTCS OZPAHUYEHHOU HA MPOMEXKYTKe X, €ClIM CYIIECTBYET

Takoe nonoxkurenbaoe uucio M >0, uro ‘ f(x)< M‘ st moGoro X € X .

4. nepuoduynocmy. DOyHKIUA Y = f(X) HA3bIBACTCSl NepUoOUvecKoll, €ecCliu CyIIEeCTBYET

nonoxurensHoe uucio T takoe, uto T (X+T) = f(X). Haumensuree uucino ¢ Takum cpoiictBom

Ha3bIBaeTCs nepuodom GyHkuuu. s moctpoeHus rpaduka mepuoandecKond (yHKIUU TOCTATOYHO
n300pa3uTh €ro Ha OTpe3Ke, JUIMHA KOTOPOTO paBHA MEPHOAY, a 3aTeM IMOCTPOUTH MEPHOANYECKOE
IIPOAOIDKEHHUE TpaduKa.

Oopamnas pynkyus
[ycrs 3amana ¢ynxuus Y= F(X) ¢ ob6nacteio ompemenenus D um MHOXeCTBOM

spayenuit E. Ecau kaxzmomy 3uauenuo Y € E coorBercTByer emmmHcTBEHHOE 3HaueHue
Xe D, 1o onpenenena ¢pynkuus X=@(y) ¢ obnacteio ompesneneHus E M MHOXKECTBOM

snauennit D. Takas Gpynkuus @(Y) naswiBaercs o6pamnuoii x pynkuuu f(X) u 3anuceiBaercs

-1
B BHJIE: X=¢(y)=f (y) [Ipo ¢yHkuunm Y= f(X) H X=(p(y) roBOpAT, 4YTO OHH
ABIAIOTCS B3aMMHO oOpaTHeIMU. ['paduku B3auMHO OOpaTHBIX (QYHKUUH CHMMETPUYHBI
OTHOCHUTENIbHO OMCCEKTPHUCHI IEPBOTO U TPETHETO KOOPAUHATHBIX YTJIOB.

Onpenenenue 1. Ocunosnvimu 3I1eMeHmMapHbIMu  QYHKYUAMU HAZBIBAIOTCSA CIIEAYOIINE

byHKIMU:
a) nocmosinnas yukmus f(x)=c, ceR,;

0) cmenennas dyuxuus f(X) = X“,rae o — M0060€ AEHCTBUTEIHLHOE YHCIIO;

B) nokaszamenvras pynkuus f(x)=a*, rme a>0,a =1

r) 102apugmuyeckan pynkuus y =log, X, rne a>0,a =1,

1) mpuconomempuueckue GyHKIMUA Y = SiN X,y = COS X, y = tgX, y = ctgx;

e) obpamuvie mpuconomempuyeckue GyHKIUU Y = arcsin X, y = arccos x, y = arctgx, y = arcctgx.

PaccmoTpuM 0cHOBHBIE CBOMCTBA U IpapKU OCHOBHBIX 3JIEMEHTAPHBIX (YHKIUH.
a) nocmosnnas pynkus f(x)=c, ceR.

Ob6nacte  ompeneneHus (— oo;+oo), f(X)=Cc HeBo3pacraromas U HeyObIBaroIas,
MepHoONYecKas, HE WMEIas HauMeHbInero nepuwoma. [paduk ¢GyHKIMU Y =C- mpsaMasd,
napaiuiensHas ocu OX, orcekaromasi ot ocu Oy 0Tpe30K BEIUYUHOM C.
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Y“
y=54
b
y=0
[7 X
y=-2
-2

0) cmenennas Qynxums f(Xx)=X“. Eciam mokazatenb =N - HaTypaJbHOE YHCIO, TO CTEICHb

x" ompenenena ans moboro X € R, cinenoarensno, D(y)=R. Eciu o =-n,ne N, To crenennas

GyHkmus y = X" onpezeneHa ajst moboro X € R, x = 0.

Ecnu o snsercs pit OOHBIM YHCJIOM, TO 007aCTh OI CACIICHUA CTEIICHHOM HKIIUH =X“ COoBIIaJacT
5

C MHOXCCTBOM ﬂCﬁCTBHTGHBHBIX 3HAUYCHHI X, A KOTOPBIX Y NPHUHUMACT TAKXKC [[ef/'ICTBI/ITeJIbHBIe

3HadyeHus. Hampumep, dynkuus y = Jx ompenenena mpu X >0, QpyHkuus Yy =3/X onpeneneHa npu

moboM JaeictBUTeNnbHOM XU T.J. Ecnm « - uppalyoHaibHOE 4YHUCIO, TO CTENEHHas (QYHKLIHS

f (X) = X* ompeneneHa s BceX HEOTPULIATEIBHBIX JCHCTBUTEIbHBIX 3HAYCHHH X.

Cmenennasn d)yHKl(u}l C HamypajibHbIM NOKA3ameJilem.

®Oynkius y = x", e N - HATypaJbHOE YMCIIO, HA3bIBACTCS CTENCHHOH (YHKIHEH ¢ HATypaJbHBIM

[IOKa3aTeJIEM.
ITpu n = 1 nmonyyaeMm QyHKIHIO y = X.

Ipu N = 2 momy4aeM GYHKIHMIO Y = X2,

®yuKums y = x2,

TepeuncnuM cBOiCTBa (PyHKIHHU y = x°.

1) OGnacts onpenenenust GyHKIUU - BCSI YUCIOBAs TIpsiMast.
2) y = x? - uetHas dpynxmums (f (- x) = (- x)? = x2 = (x)).

2 2
3) Ha npomexytke [0; + oo) dynkiua BospacraeT ecau 0< X, < X,,T0 X~ <X,", a 3T0O U 03HAYaeT

BO3pacTaHue PyHKIUN).

2 2
4) Ha mpomexxytke ( - o ; 0] ¢ynknus yoweiBaet (ecau X, <X, <0, 10 X~ > X,”, a 9T0 U 03Ha4aeT

yObIBaHUE (PYHKIIHH).
I'paduxom QyHKIHHK y = X? ABNsgeTCA napadoaa (CM. puc)

¥4
9
y=x%

-3 —Z2—7 0| r- & X X

Ipu n = 3 monmy4aeM yHKIHIO Y = X°,

DyuKums y = x°
TepeuncnyuM cBOMCTBA GyHKIHH p = X°,
1) Ob6nactb olpeaeIeHus ¢byHKINN - BCA YK CIIOBas
2) y = x® - pevernas dpynkmus (f (- x) = (- x)°=-x3 = - (x))

npsiMasi.
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3) dyHKIMs y = x° BO3pacTaeT Ha BCEH YMCIOBOM MPSMOIL.
I'paduk dpynximm y = x° u3o6paken Ha pucyHke. OH Ha3bIBaeTCA KyOM4ecKoii mapa6oJ1oii.

¥4

yax¥

-~

[Tycth N - mMpoW3BOJILHOE YETHOE HATYpaIbHOE YHCIO, Oobinee 1ByX: N =4, 6, 8, ... . B aTtom
cinydae GyHKIHA y = x" 06JIazaeT TeMM jKe CBOWCTBaMHM, 4To M GyHKIMS y = x°. I'paduk Takoif
(ynKkIuu HanomuHaeT mapaboiy y = x°, TONbKO BeTBH rpaduka mpu |X| > 1 TeM Kpyde MIyT BBEpX,
gyeMm Oonbliie N, a pH |X| < 1 Tem "TecHee npmxuMaroTcs" K OCH X, 4eM Oodblie N. (puc. a).

) v f) ¥

-

[TycTh N - IpOU3BOJIBHOE HEYETHOE YHUCIO, Oombinee Tpex: N = 5, 7, 9, ... . B aTom ciydae
dynkmus y = x" o6TagaeT TeMu e CBOMCTBaMH, 4To M (yHKIHA y = x°. I'paduk Takoil ¢pyHKIMM
HarlOMUHaeT KyOMdeckyro mnapabony (TOJbKO BETBU Tpaduka TeM Kpydye HAYT BBEpX, BHHU3, UYeM
6ombie n) (puc. 6). OTMerum Takxke, 4ro Ha npoMexyrtke (0; 1) rpadux creneHHOW QyHKUMH )y =
x" TeM MeJIeHHEee OTAAISAETCS OT OCH X C POCTOM X, 4eM OoubIie N.

Cmenennasn yHKUUA ¢ UeablM OMPULAMETbHBIM NOKA3AMEleM.
PaccmotpuM QyHKIHIO y = x ™, T1€ N - HATYpaIbHOE YHCIIO.
[pu n = 1 monyyaem y = x " unu y = 1/x. CBoiicTBa 3ToM (DYHKIUH PACCMOTPEHBI BHIIIE.
[TycTh N - HEYeTHOE uncio, Ooblee equHuIb, N =3,5,7, ...
B stom ciydae GyHkIms y = x "' 0071a1aeT B OCHOBHOM TEMH YK€ CBOWCTBaMH, 4TO M pyHKIHA y = 1/x.
I'paduk pyukmuu y =x " (n=3, 5, 7, ...) HanomuHaeT rpaduk GpyHxmun y = 1/x (puc. a).

) Y4

y=x"" y=x"
(m~nevwamuoe) (rr = wemwon)

Q
|
-
o
»Y

a) %)

[TycTs N - yeTHOE YHCIIO, HaTIpUMeEp N = 2.
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IlepeuncauM HEKOTOpPBIE CBOICTBA (PYHKIUHU y = x 2, T. €. Gpynkumuu y = 1/x%

1) ®ynakuwms onpezaeneHa npu Beex X # 0

2) y =1/x? - yetHas QyHKIHML.

3) y = 1/x? y6nBaet Ha (0; + o) 1 Bo3pacTaer Ha ( - ©; 0).

Temu e cBolicTBaMHU 0071a1ar0T JIt00BIEe PYHKIMK BHIA Y = X " [IPA YETHOM N, OOJIBIIEM JIBYX.
I'padux yHkmu y = 1/x2 m306paXeH Ha PUCYHKe 6. AHAOTHYHBIA BUJ UMeeT TpaduK QYHKIHH y =

x M ecimmn=4,6, ..
1

DyHkuua Yy = X2
[Tepeunciium cBoiicTBa GyHKIIUU Y = Jx

1) O6nacth onpeneneHns - 1yd [0; + o0). DTO CIeAyeT U3 TOro, YTO BhIpaKEHHE YX OIpPeIesIeHO JIHIIb
pu x > 0.

2) Oyukuus y = JX Hu 4YETHA, HU HEYETHA.

3) Oyakuus Yy = Jx BO3pacTtaet Ha jyue [0; + o).

I'paduk pynkuuu y = Jx M300paxKeH Ha PUCYHKE a.

Yl e 17}

2 = y:Vx’
2

7 /

al 1 & X 77 8 x

1
dyukuus Y = X3,

[lepeuncnum cBoiicTBa QyHKIUHU Y = 3/x
1) Obnacte onpeneneHus: GyHKIIUH - BCS YUCIIOBAst psiMast.
2) ®ynknus Y = 3/ X HeueTHa.

3) dyuknus Y = 3/ X Bo3pacTaeT Ha BCeil YUCIOBOM MPSMOIL.

I'papuk pynkumu Y = /X n3obpaxken Ha puCyHKe 0.

1
DyHkuua y = X;.
ITpu yeTHOM N QyHKLUA Y = 8/X obmamaer TeMH ke CBOHCTBAMH, UTO U byHKIUsA Y = Ux, u
rpaduk ee HamoMHHAeT rpaduk GpyHKUKUN Y = Wx .
[Ipu HeueTHOM N PyHKUUA Y = 8/X 06manaer Temu Ke CBOHCTBAMH, UTO 1 pynxmusa ¥y =X, n

rpaduk ee HanoMHHAaeT rpaduk GyHKIUN Y = x.

y=VYx (71- Hevemuor)
x

CreneHHast PyHKIHSA C MOJ0KUTEJIbHBIM IPOOHBIM IOKa3aTeJIeM.
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PaccmoTpuM yHKIHUIO ¥ = X', T/I€ I - TOJOXKUATETbHAS HECOKpaTUMast IpO0h.
[lepeuncianM HEKOTOpPBIE CBOMCTBA 3TOM (DYHKITHH.

1) OGnacTh onpeneneHus - ay4 [0; + o).

2) OyHKUMS HU YE€THAS, HU HEYETHAsl.

3) dyukiwms y = x' Bozpacraet Ha [0; + o).

Ha pucyHke a n306paxen rpaduk QyHKIuM y = x>°

8

) VA YA
1 1 y=x""
A5
/ y=x
7 7 7 X ol £
d) 6)

Konmponvnvie 6onpocwi
DyYHKIUH.
OO6nacth onpeeieHus: 1 MHOXKECTBO 3HAUCHUM.
I'paduk Qynkuuu.
[TocTpoenne rpadukoB PpyHKIHHA, 3aJaHHBIX Pa3IHYHBIMU CIIOCOOAMHU.
CaoiicTBa GyHKINH.
OOpatHble QyHKIUU.

Sk~ wd PR

Tema 6.2 IlocienoBaresbHocTu. [lpenes nmocienoBaTeIbHOCTH, NpeaAe] QyHKIUA

THocneoosamenvrocmu. Cnocobwl 3a0anus U CEOUCMEA YUCTOBbIX NOCEO08AMENbHOCHIEI.

Tlouamue o npedene nociedosamenvrocmu. Cywecmseoganue npedena MOHOMOHHOU 02PAHUYEHHOU

nocne008amenbHOCHiL. CyMMupoeaHue nocne008amenbHocmell.

Ymems: BEIUUCIATH npeaci YHCJIOBOMH MOCJICA0BATCIIbHOCTHU, BBIYUCIIATD IPCACII (I)YHKI_[I/II/I

Buame. nOoCICA0BAaTCIBbHOCTH, CIIOCOOBI 3aJaHusa H CBOMCTBA YHCIIOBEIX HOCHGHOB&TGHBHOCTGI\/’I,
MOHATHUC O HPCACIC IMOCICHAOBATCIBHOCTH, CYHICCTBOBAHHUC IIPCACIIa MOHOTOHHOM OrpaHquHHOﬁ

MoCJaCa0BATCIIBHOCTU, CYMMHPOBAHUC IIOCJICIOBATEILHOCTEIA.

Ecnu xaxaoMy HaTypalbHOMY YHCIY N MOCTaBIEHO B COOTBETCTBHE BELIECTBEHHOE YMCIIO Xn,

TO TOBOPAT, UTO 3a/laHa noC1e008ameslbHOCHb
Xp, Xgyeeon X = {X0}-

Yucna X;,X,,..., X, Ha3sBalOTCH onemenmamu (uienamu) TIOCICIOBATEIBHOCTH, CHMBOI

{X,} — o6wum snemernmom (unenom), a n —nomepom snemenra.
Jns mocnenoBaTeNbHOCTEW MOKHO ONPEACIIUTD CIAEAYIOINE Onepayuu.

1) YMHOXeHue Mmocie0BaTeIbHOCTH Ha Yucio M: M ~{Xn} ={an}, T.€. MXy, MX,,...

2) Cnoxenue (Bbrautanue) nocnenosarensuocteit: {X, FE{y, }={X, £ y,}-

3) Tlpowussenenue nocnenosarenbrocreit: {X }-{Y }={X, - Yn}-

X X
4) YacTHOE MOCIENOBATENLHOCTEIH: % n% =<« npu{y, }=0.
Yn

n

Ozpauulteuuble U HeocpanuieéHHble nocneoosameibHOCmU.

ITocaenoBaTeIbHOCTH {Xn} Ha3bIBaACTCs OZPGHulleHHOZZ ceepxy, C€CIM IJid mo0oro N

cymecTByeT Takoe umcio M, uro X, <M .

37



TMocrenoBatenbHOCTh {X, } Ha3bIBAETCS O2panuyenHOl CHU3Y, ECITH IS THOOOTO N CYIECTBYET

Takoe uucio M, yro X, = M.
[TocenoBaTeIbHOCTh {Xn} HA3bIBACTCS 02PAHUYEHHOLU, €CHM OHA OTPAaHMYCHA M CBEPXY U

CHH3Y, T.€. CyLIECTBYIOT TaKkue ynciaa M u M, 4to uist 1r6oro N BepHo HepaeHeTBo: M < X, <M .

IIpenen mociaen0BaTeIbHOCTH.

Uuciio a Ha3pIBaeTCd npedeiom  TOCIEIOBATCIIBHOCTH {Xn}, ecid g r000ro
nonoxurensHoro £ >0 cymectByer Takoit Homep N, uro mis Bcex N> N BbmonHsercs ycnosue:
\xn—a\ < &. DTO 3aInChIBaeTCA:

lim x, =a.
n—oo

B stom CJIydac roBopsT, 4TO IMOCICA0BATCIIBHOCTD {Xn} CX00UmMCA K a IpHu N—o0,

OcHoeéHble CGOTICMBA CXOOAUUXCA NOCIC008AMENbHOCH L.
1. Cxopsmiascst mociieI0BaTeIbHOCTh OTPAaHUYCHA.

2. Mlyers lim x, =a, Ilimy,=b, torma lim(x,xy,)=axb, Ilm(x,-y,)=a-b,
n—oo n—o0

n—oo n—oo

lim | 2o =% (b#0).

n—oo yn

3. Ecoim lim X, =a, lim Z,=a u Amd BceX N BBHINOJIHAIOTCSA HEPaBEHCTBA X, < Yn < Z,, TO
n—oo n—oo

limy, =a.

nN—o0

4. Ecnu r!inw X, = @ 1 I0CIeA0BaTEIbHOCTh {yn} — OrpaHUYEHHAas, TO r!igl)(xn . yn) =0.

Hpenea pyHkuuu B TOUKE.
Iycts ¢yuxuus T (X) onpenenena B HexoTopoii okpecTHOCTH Toukn X =a (T.e. B caMoif

Touke X = & (QYHKIIUS MOXET OBbITh U HE OIpEeJIEIeHA)
UYnucno A wHaseiBaetcss npederom (ynxmum  f(X) mpu x—a, ecim gas moboro & >0
cymectsyer Takoe uucio A >0, uro ans Beex x Takux, uto 0 <|X—al< A BepHO HepaBeHCTBO

‘ f(x)— A‘ < &.Borom cinyyae mumyt: lim f(x) = A

X—a
Ecmu f (X) - A1 IpHU x—>a TOJBKO IIpu X < A, TO lim f (X) = A1 — Ha3bIBACTCSl npeoenom
x—a-0

dynximun T (X) B Touke X=a cresa, a eciu f(X) —> A, 1tpu x—a Tomeko mpu X >a, ToO

lim f(X)= A, naseBaercs npederom dpynxuuu f (X) B TOUKE X =@ cnpasa.
x—a+0

Ipenenst A1 1 A2 Ha3BIBAIOTCA Takke ooHocmopouHumu npederamu dyaxmuu T (X) B Touxe

X = a. Taxxke roBOpAT, 9T0 A — Koneunwiii npeden Gpyakmun T (X).

Ocnoenvle meopemot 0 npeodenax.
Teopema 1. lim C =C , rae C = const.

X—a
Crestyroliue TeopeMbl CIpaBeIHBbl Tipu mpeamnonoxkenuu, yro ynkmmn T (X) 1 g(X)

NMCHOT KOHCYHBIC HpejleJ'II)I HpI/I X—>a.
Teopema 2. lim[f (X) + g(x)]= lim f(x) % lim g(x)
X—a X—a X—a

Teopema 3. lIM[f(X)-g(x)]=lim f(x)-lim g(x)
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Caencreue. lIm C - f(x) =C-lim f(x)

Teopema 4. lim = X4 mpu lim g(x) #0
Dhg)  limg() T e

beckoneuno Mmasibie QyHKIUM.
®ynxiua (X) masbiBaeTca Geckoneuno manoii Ipu X—>a, TA€ @ MOXKET ObITH YHCIOM HIH

OJIHOM M3 BEMUHUH o0, +00 1K —oo, ecym [IM- f (X) =0.
X—a

Ceoiicmea 0ecKkoHeuHO MAbIX PYHKYUIL:

1) Cymma (pUKCHPOBAHHOIO YHCIa OECKOHEUHO MaablX (YHKIHM IMPH X—>d TOKE OECKOHEUHO Majast
byHKUIMSA TIpU X—>a.

2) Ilpoussenenue GUKCHPOBAHHOTO YKCIa OCCKOHEYHO MaJIbIX (DYHKIIMHA TPH X—>@ TOXKE OECKOHEYHO
Manas (pyHKUIUS IpH X—>a.

3) IlpousBeneHre OECKOHEUHO Maoi (QYHKIMH HAa (YHKIMIO, OTPAHUYCHHYIO BOJIM3U TOYKH X = A
SIBIISIETCSI OECKOHEYHO MaJIol (DYHKITUEH MpU X—>a.

4) YacTtHoe OT jeneHust 0SCKOHEYHO Maiol (GYHKIMK Ha QYHKIIHIO, TIPEIEN KOTOPOi HE PAaBeH HYJIIO
€CTh BEeIMYMHA OECKOHEYHO MaJlasl.

beckoneuno 6onvuiue hynkyuu u ux céa3b ¢ 66CKOHEUHO MAIBIMU.
OYHKIIMS Ha3bIBACTCA OECKOHEeUHO OO0Ibol TIPU X—>a, TN @ — YUCIIO WK O/IHA U3 BEJIUYUH 00,

+oo it —oo, ecim M- f (X) = A, rie A — 4uCII0 WIN OJHA U3 BEJIMYUH 00, +00 HIIU —0.
X—a

CBs13b 6ECKOHEUHO OOJIBIIMX U OECKOHEYHO MAIBbIX (DYHKIIMH OCYIECTBIIAETCS B COOTBETCTBHU
CO CIIEIYFOIIIEH TeOPEMOii.
Teopema 5. Ecmu T (X) — O npu x—a (ecm x—o0) u He obpamiaercs B HOJb, TO

y—i—)oo
f(x)

Cpagnenue 6ecKoOHeuHO ManblX PyHKYU.
Mycts a(X), B(X) u y(X) — 6eckoneuno maisie GpyHkuu mpu X —> &. DTH GECKOHEUHO

MaJble (PYHKIIMM MOKHO CPaBHMBATh MO OBICTPOTE WX YObIBaHUS, T.€. IO OBICTPOTE UX CTPEMIICHHUS K

HYIIIO.
. a(X
Ecrm lim % =0, 1o ¢pynkuus (X) HasbiBaeTcs Geckoneuno manoii 6oiee 6bICOKO20
X—a X

nopsoka, uem gynxius S(X) .

. o(X
Ecmu lim Lz A, A=0, A=const, o a(X) nu F(X) nasbiBaroTcs 6eckoneuno
x—a [F(X)
MALIMU 00H020 NOPSOKA.
. a(X)
Ecm lim ——= =110 byHkmun o (X) il ,B(X) Ha3bIBAIOTCS IKEUBANEHMHBIMU OECKOHEYHO
x—a [B(X)
manvimu. 3aUCHIBAOT o ~ L.
Beckoneuno manas gynkuus o (X) HaswiBaeTcs 6eckoneurno Manoli nopsoka K OTHOCHTETBHO

k

. a(X
6eckoneuno manoit gpynxiuu F(X) , ecnu npenen lim ) =A=0.
x—a ﬂ (X)
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OpnHako cienyer OTMETUTh, YTO HE BCe OECKOHEYHO Majble (YHKIMU MOXKHO CpPaBHUBATH
a(x)
B(X)

Mexay coboil. Hanpumep, eciau oTHoOLIEHUE HE UMeeT Mpejena, TO GyHKIUYU HEeCPaBHUMBI.

Cesoiicmea IK6UBAICHMHbBIX OECKOHEUHO MAJIbIX.

) a~aea | lim—= a(x)
x—a t(X)

=1

cmi a~ fuf~ytoa~y |l a(X) li M& =1-1=1
Do as Tyt an i 00 e A 7(x)

3) Eciu a~ S, 10 B~ 0, !(ILna gEX; = L@aﬁ =1

£(X)

4)Ecmn a~ cau f~ fim lim ——= a(x) =Kk, tou lim l() =K umm lim ()—|I ()
x—a f(X) x=a f(X) o2 f(x)  xa fi(x)
CBoiicTBO 4) 0COOCHHO Ba)XXKHO HAa MPAKTHUKE, T.K. OHO (D)aKTHUYECKH O3HAYAET, UTO MpPEeei
OTHOIICHUS OECKOHEYHO MAaJIbIX HE MEHSETCS P 3aMEHE MX Ha DKBUBAJCHTHbIE OECKOHEYHO MaJbIe.
OTOoT (aKT AaeT BO3MOKHOCTH IPH HAXOXKICHUU IIPENEIIOB 3aMEHATh OECKOHEYHO Mallble Ha
SKBHUBAJICHTHBIE UM (DYHKIIUH, YTO MOKET CHJIBHO YIIPOCTUTH BBIUMCIICHHUE MTPENIEIIOB.

3ameuaresibHbIE NPeae/Ibl

Ilepebtii 3ameuamenvhulii npeoen
[Ipenen oTHoOIIEHUsI CHHYca OECKOHEYHO MaJloM Jyrd K caMOil Ayre, BhIpa)KEHHOMU B pajuaHax,
Ha3bIBAETCS NEPEbIM 3aMeyamenbHulM npedenom. ITOT Ipeiell paBeH eJUHULIE.
. sinx X
lim——=1 WIH lim ——=1
x—0 X x—>0SIN X

Bmopoii 3ameuamenvuuiii npeoen

X
lim (1+ lj =e
X—»00 X

e €~ 2,71828.... Ecmu — =, to @ — 0 u BTopoii 3aMevaTebHBIN IIPEIen MOKHO 3aIicaTh B
X

BUJIE:

1
im(l+a). =e
a—0
KpOMC Tpex, HU3JIOKCHHBIX BBIIIC, Hpe,Z[CJ'IOB MOXHO 3aIllucaTthb CHGJIYIOIJ_[I/IC ITIOJIC3HBIC Ha
HpaKTI/IKe COOTHOIIICHMASI:
In(1+ x . a*-1 . L+x)" -1

Imgzl; lim =lha ImL:
x—0 X x—0 X x—0 X

Konmponvhnvie 6onpocwi
1. INocienoBaTeIbHOCTH.
2. CnocoOsbl 3a1aHUS ¥ CBOMCTBA YUCIIOBBIX ITOCIIEA0BATEIbHOCTEMN.
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3. [lonsiTe o mpezesne Nociae10BaTeIbHOCTH.
4. CyiecTBOBaHME Mpe/eia MOHOTOHHOM OrpaHMYE€HHOMN MOCIIEI0BATEILHOCTH.
5. CyMMHpOBaHHUE MOCIIET0BATEILHOCTEH.

Tema 6.3. [IpousBoaHasi pyHKIIUH, €€ TeOMeTPUUYECKHA U (PU3HUYECKHIT CMBICI

Onpeoenerue npouzso0Hol PYHKYUU, ee 2eoMempudeckKull U uzuieckull CMulCll, ypasHeHue
KacamenbHol K epapuxy QyHKyuu, npasuia Haxoxcoeuus npou3o0HbIX, madiuya npou3e00HbIX
IIeMEeHMAaPHbIX QYHKYUU, NPOUZBOOHASL CLONCHOU QYHKYUU

Ymems: HaXOAUTH POU3BOIHBIC JIEMEHTAPHBIX M CIIOKHBIX (PYHKLUH, MUCATh YpaBHEHHE
KacaTeJIbHOU K rpa@uKy QyHKLINHU, IPUMEHATh T€OMETPUUYECKUM U GU3NUECKUIN CMBICIT IPOU3BOJHOMN
IIpU PELICHUH 3a/1a4
3namu:nipaBuna qudpepeHupoBaHus, TabIUIy IPOU3BOIHBIX JIEMEHTAPHBIX (DYHKIMH, ypaBHEHHE
KacaTeJIbHOMU, MPaBUIIO HAXOXKJICHHSI TPOUXBOJIHOM CIOKHOHN (PyHKIHH

ITycte X1 M X2 — 3Ha4YeHUs aprymeHra, a Y, = f(Xl) nuy,= f(Xz) — COOTBETCTBYIOIIME
3Ha4yeHus QyHKuMu Y = f(X). Pasnocts AX = X, — X Ha3pIBaCTCS npupaujeruem apeymenmada, a
pasnocts AY = Yo=Y, = f (X2) —f (Xl) — npupawenuem GyHKyuy Ha OTPE3Ke [Xl, X2]

Ipouseoonoii byaxuun f (X) B TOYKE X = X HA3bIBACTCS MPEIET OTHOIICHHS IPUPALICHHUS
(GYHKIIMH B 3TOH TOYKE K MPUPAILEHUIO0 apr'yMEHTa, KOT/1a TIoceIHee CTPEMUTCS K HYIIIO.

£/(x) = lim f(x+Ax)— f(X)
Ax—0 AX

T'eomempuueckuii cmoica.

[TpousBonnas ¢yHkuuu Y = f(X) B
TOYKE Xo paBHa YIIOBOMY KO3(h(ULUEHTY
KacaTeNbHOW K TrpaduKy (QYHKUIUU B TOUYKE
MO(XO, f(XO)), te. T'(Xy) =19, rne a -
yroJl HakJOHa KacaTedbHOM K rpauky
dynxunn Y = f(X) B TOUKE Mo.

I'eomMeTpuyeCcKUii CMBICI NPOU3BOIHOMN
COCTOMUT B TOM, YTO 3HAYEHHE NPOU3BOJHON
¢GyHKIMH B TOYKE  PABHO  YIJIOBOMY
ko3(pduULMEeHTy KacaTelbHOW K  TIpaduky
(GyHKLIMU B 3TOM TOUKe.

y—f(x0)= f'(XO)(X—XO) -

YpaBHEHUE KacaTEIbHOM.

)

My

X
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QDu3uueckuil cmbica.
Ipennonoxum, uto Gpynxius S = S(t) onmchiBaeT 3aKoH JBMKEHHS MAaTEPHATBHON TOUKH IO

npamoii muauu, T.e. S = S(t) — myTh, npoiineHHkIt 9Tol TOUKOH OT Hayanma oTcyera 3a Bpems t. Torna
3a BpeMms to mpoijeH myth S = S(to), a 3a Bpems {1 — yte S = S('[l). 3a POMEXYTOK BPEMEHHU

At =t, —t, Touka npoiiner orpesok mytu AS = S(t, + At) —s(t,).

s(tg) s{to + At)
As

OcHoBHbIe NpaBuJia Ju(depeHuIMPOBAHUSA.
0603uaunm U =U(X), V=V(X) u W= W(X) — pynkuuu, muddepeHiupyembie B TOUKE X.

1) C' =0, rae C — nmocTossHHAS BEIMYHHA. Y ' 1
2) xX'=1 8) (—) =—u
3) U+v—-w) =u"+Vv —-w C , C
4) (u-v)' =uv+uv C C ,
’ ' ' ’ 9) — | ===V
5) (U-v-w) =u'vw+ uv'w+ uvw Vv V2
6) (C-u)=C-u’ 10) Ecu  v=Vv(u), u=u(x), re.
Y UV — V'L v=V[u(x)], o V'(x)=V'(u)-u’(x) —
7) V = > ,ecmu V=0 MIPOU3BOIHAS CIIOKHON (PYHKIIMH.
Y
Tabauna npou3BoOAHBIX.

1) (x”) =nx"" 12) (arcsinx) = %

' 1 1-x
2) (\/;) = T 4 1

2N/ 13) (arccosx) = ————

1 1_ X2

3) 1 — _i ! 1
» X2 14) (arctgx) =——

' 1+x

4 X) _ aX ,
) (e ), € 15) (arcctgx) =———

5) (ax =a*lna 1+x

16) Mycts U =U(X), Vv=V(X), Torma

' 1 ’
6) (Inx) ~x (UV)=v-u"‘l-u’+u"-v’-lnu
' 1
7l =
) (log, x) xIna
8) (sin x) =cosx
9) (cosx) =—sin x
10) (tgx) =
) (tgx) oS X
f 1
11) (ctgx) =—
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Konmponvnuvie 6onpocwi
1.ITonsATHE O MPOM3BOAHON (DYHKIIMH, €€ TCOMETPUUECKUI 1 (PU3HMUECKUI CMBICIT.
2.YpaBHEHHE KacaTeIbHON K TpaduKy QyHKINH.

Tema 6.4. [IpumeHeHue NPOM3BOIHOM K MCCJIEI0BAHUIO QYHKIIUM.

Ipumenenue npouzeo0Hol K nocmpoenuio epapuros gyukyuii. Bospacmanue u yovieanue
@yuryuu. Ixkcmpemymol yHKYUU.

Ymemb: HAXOAUTH IPOMEKYTKH BO3pacTaHMs U yObIBaHUS. HaXxomuTh TOUKM SKCTpeMyMa.
3uamu: IlpuMeHeHHe MTPOU3BOAHON K MOCTpOeHUIO rpadukoB ¢yHKkuuid. Bo3pactanue u yObiBaHue
byHKIHMHA. DKCTPEMYMBI (DYHKITHH.

YciaoBusi Bo3pacTanus U yObIBAaHUS (DYHKIIMIA.
Teopema 1. JIns toro uto6s! auddepennupyemas na untepsaie (@,0) dynxuus f(X) 6bina

Heybvlsarowen (Hesospacmaiowetl) Ha 3TOM HMHTEpBaje, HEOOXOAMMO M JOCTATOYHO, YTOOBI
f'(x)>0 (f'(xX)<0) g seex X € (a,b).

Teopema 2. Ecnm dynxiua f(X) muddepenmmpyema na unreppane (@,b) u f'(x) >0
(f'(X) <0) mna Becex X €(a,b), 1o ota dynxuus sospacmaem (y6visaem) na untepsane (a,b).

Touku IKcTPpEMyMa.
Toukn MakcuMyMa 1 MUHUMYMa (DYHKITUN HA3BIBAKOTCS MOYKAMU IKCIMPEMYMd.
Teopema 3. (neobxooumoe ycnoeue cywecmeosanus skcmpemyma) Ecma dpynxuus f(X) B

i
TOYKEC X0 UMCCT SKCTPEMYM, TO IIPOU3BOAHAS f (XO) o6pau1aeTCﬂ B HYJIb WX HC CYHIICCTBYCT.

Cnedcmeue. ObpatHOe yTBepxkaeHHE HeBepHO. Ecnu mpousBogHas (yHKIHH B HEKOTOPOH
TOYKE paBHA HYJIO, TO 3TO €Il HE 3HAYUT, YTO B 3TOM TOUKE (PYHKIMSI UMEET IKCTPEMYM.

Kpumuyeckumu moukamu GyHKIMH HA3bIBAIOTCS TOUYKHU, B KOTOPBIX MPOU3BOIHAS (DYHKIIUU HE
CYILIECTBYET WM paBHA HYIIIO.

Teopema 4. (docmamounoe ycrosue cywecmseosanus sxcmpemyma) Eciu nipu nepexojie uepes

, TOB

[

!
KPUTHYECKYIO TOUKY Xo ClleBa Hanpaso npousonHas ¢pyukmun f'(X) menser snak ¢ “+” Ha
Touke xo pynkiua f(X) umeer maxcumym, a ecnu mpousBoaHAs MEHSET 3HAK ¢ “— Ha “+” — TO

GYHKIMS UMEET MUHUMYM.

IIpaguna naxosncoenusn 3kcmpemymos Qynkyuu.
1) Haiiti npou3BOAHYIO QYHKITHH.
2) Haiitu kpuTHUECKHE TOYKH HYHKIIUH.
3) HccnenoBaTh 3HaK MPOM3BOIHOW B MPOMEKYTKAX, HA KOTOPbIC HAMICHHBIC KPUTUYCCKHUEC
TOYKH JAETAT 007acTh onpeaesneHust QyHKIUH.
4) OmnpenenuTh CyIIECTBOBAHUE MaKCUMyMOB U MHHUMYMOB M HAWTH 3HaueHHE (QYHKIUH B
ATHUX TOYKaX.
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Cxema ucciaenosanust GyHkumii

[Tponiecc uccnenoBanust (PyHKIMM COCTOMT M3 HECKOJIBKHX 3TamoB. /s Hambonee
MIOJTHOTO TIPEJICTABIICHUS O TMOBelIeHHH (YHKIMA W XapakTepe ee rpaduka HeoOXOoauMo
OTBICKATB!
1) O6Gnacth cyriectBoBaHHS (PYHKIHH (3TO HMOHSATHE BKJIIOYACT B ceOst M 00JacTh 3HAYCHHM, U
obnacth onpeaeneHus QyHKIUN).
2) UccnenoBath GpyHKIIMIO HA YETHOCTD U MEPUOJUUHOCTb.
3) KoopauHatel TOYeK mepeceueHUs rpapuka (QYHKIHMHM C OCAMH KOOpPAMHAT (€CIH OHH
UMEIOTCS).
4) NutepBaiibl BO3pacTaHusl U yOBIBAHUSI.
5) Toyku MaKCUMyMa ¥ MUHHMYyMa.
6) [Toctpoenue rpaduxka.

Konmponvuvie 6onpocoi

1. YcnoBus Bo3pactaHus ¥ yObIBaHUS (DYHKITUH.
2. Touku sKcTpeMyma.

3. [IpaBuia HaxXOXKIEHHUS YKCTPEMYMOB (DyHKIIUH.
4. Cxema uccneioBaHust QyHKUH.

Tema 6.5. Bropast nponzBoaHas, ee reoMeTpruueckuii 1 Gu3nyecKnii CMbICJI.
Bmopas npoussoonas, ee ceomempuueckuil U pusuueckuti CMoicCi.
Ymems: HaxoauTh NPOMEXKYTKH BO3pacTaHus W YObIBaHHA (YHKIUU HCHOJIb3Ysl BTOPYIO

POU3BOHYI0. HaxouTh TOUKH 3KCTpeMyMma.
3namu: [IpuMeHeHne BTOPOM MPOU3BOIHOMN K HAXO0XK/IEHUS MPOMEXYTKOB MOHOTOHHOCTH.

Hycts ¢ynxumsa f(X) — nuddepenmmpyema Ha HekoTopom uHTepBaie. Torna,
muddepeHIMpys ee, MoaydaeM MepBY0 IPOU3BOIHYIO
sy - 9F(X)
y'=1'(x)=—7—
dx

Ecnu maittn npoussosnyto ot dymkuuu T '(X), monyunm emopyio npouseoomyio
dynxmmn f(X).

” ” d 2 f (X)
y'=f"(x)=—=—>
dx
14 AVA d 2 d d
Te. Y =(Y) nm —Z _ 4
dx dx\ dx
DTOT MPOIIECC MOXKHO MPOIOJKHUTH | Jajiee, HaXO/Is MPOU3BOTHBIC CTEIIEHH N.
d n y B d d n—ly

dx"  dx| dx"*

Hccneoosanue ghynkyuu na skcmpemym ¢ ROMOubI0 RPOU3BOOHOIL 8N OPO20 NOPAOIKA.
’
Teopema 5. Ecmu f'(X) =0, To pynkmus f(X) B Touxe xo umeer maxcumym, ecim

f"(Xo) <0 u munumym, ecmu f"(x,) > 0.
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14 o
Ecm f"(X,) =0, To xapakrep kputndeckoii Toukn HenssecTeH. Jl1st €ro onpeeneHus
TpebyeTcs JapHeNIee UCCIIeI0BAHUE.

BbInykJjocTh 1 BOrHYTOCTH KpuBOid. Touku meperuda.
Kpusas obpaiiena svinykiocmuio ééepx Ha uareppaie (@,0), ecnu Bee ee Touku nesxar
HIDKE 110001 ee KacaTelbHOM Ha 3TOM umHTepBane. KpuBas, oOpalieHHas BBITYKIOCThIO BBEPX,
Ha3bIBAETCS 8bINYKIIOU, & KPUBAs, OOpaIlleHHas BHITYKIOCTBIO BHU3 — HA3bIBAETCS 8OCHYMOU.
Teopema 6. Ecu pynxiua T (X) umeer na unrepsane (@,0) sropyro npoussonnyro u

f"(x)>0 (f"(Xy) <0) Bo Bcex Toukax manHOrO MHTEpBaNa, TO rpaduK GYHKIMU UMeEET Ha
(a,b) BemyknocTs, HanpaBnennyto snusz (ssepx).

Touka, oTxaenstonias BBIIYKIYH0 YacTb KPUBOW OT BOTHYTOW, Ha3bIBACTCSl MOUYKOU
nepezuba. Toukamu neperuda MOTyT CIIy’KUTh TOJIBKO KpumuyecKkue mouku 6mopo20 pood, T.€.

TOYKH, B KOTOPBIX BTopas npoussoanas [ "(X) oGpaiaercs B HOMNb UM HE CYIIECTBYET.
Teopema 7. Ilyctb KpuBas oIpenensercs ypaBHeHUeM Y = f(X). Ecan BTOpas
MPOU3BOIHAS f"(X) =0 wumm He cymecTByeT M HpH HEpeXoe 4epe3s TOuKy X = Xo f"(X)

MEHSET 3HaK, TO TOUKa KPUBOH ¢ abcuuccoii X = X, ABIAETCSA TOYKOM meperuoda.

Ilpasuna naxoscoenun moyex nepezuoa.
1) Haiitu BTOpYIO MPOM3BOJAHYIO (DYHKIIUH.
2) HaiiTi KpUTHYECKUE TOYKH BTOPOTO PO/Ia.
3) HccrnenosaTh 3HaK BTOPOI NMPOM3BOAHOW B MPOMEKYTKAX, HA KOTOPbIC HAWJICHHBIC
KPUTHYECKHE TOUKH JIENSIT 00JacTh onpeeneHus QyHKIuu.
4) OmpeaenuTh TOUKH Nepernda U HATH 3HaYeHUe (PYHKIMH B 3THX TOYKAX.

Koumponvnvie sonpocwi

1.UccnenoBanue QyHKIMH Ha SIKCTPEMYM C ITOMOIIBIO TPOU3BOIHON BTOPOIrO MOPSIKA.
2.BBIMyKI0CTh ¥ BOTHYTOCTh KpuBOH. Touku neperuoa.

3.IlpaBuia HaXOX/A€HUS TOUYEK Ieperuda.
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Tema 7. [IpsiMble U IUIOCKOCTH B IIPOCTPAHCTBE

Tema 7.1. AKCHOMBI CTEpPeOMeTPHH U NMPOCTeiIue CJIeACTBUS U3 HUX.
OcHosHvie nonamus. Axkcuomvt cmepeomempuu. Cedcmeus U3 aKCUom.

Ymems: npuMeHSATh aKCHOMBI CTEPEOMETPUU TIPU PELICHUU 33]1a4.
3nams: OcHOBHBIE TOHATUS. AKCHUOMBI ctepeomeTpuu. CrencrBus u3 akcuoM. OCHOBHBIE
MOHATHUSA. AKCHOMBI CTEPEOMETPHUU.

1. OcHosHbie nouamus. Akcuomsl cmepeomempuu.

Onpeoenenue. CTepeoMeTpHE HAa3bIBACTCA pa3lie]l T€OMETPUH, B KOTOPOM H3Yy4arOTCs
Gurypsl, pacrnoio)eHHbIe B MpocTpaHcTBe. OCHOBHBIMU MOHATHSIMH CTEPEOMETPHUH SIBIISIOTCS
TOYKa, IPsIMasi M IJIOCKOCTb.

CIllI0BO «CTEpeOMETpHUs» MPOUCXOJUT OT TPEUYECKUX CIIOB «OTEPEOG» — OOBEMHBIMH,
MIPOCTPAHCTBEHHBIN U «UETPEO» — UIMEPATb.
1. [IpencraBienue o MIOCKOCTH JaeT IJ1aJKas MOBEPXHOCTh CTOJIA UK CTeHbl. [lmockocTh

KaK '€OMCTPUYICCKYIO Cl)I/Ipry CJICAYCT NPCACTABIIATH cebe HpOCTHpaIOHlefICH HCOI'paHUYCHHO
BO BCC CTOPOHEI.

Ha pucyHKax miockocTu n300paxaroTcsi B BUAE MapajulelorpaMma WiM B BUJE NPOU3BOJILHOM
oOnacti U 0003HAYaAOTCS TpeUecKuMH OykBamu a, 3, y u T.4. Touku A u B nexar B ruiockoctu
B (mockocTh B MPOXOOUT yepe3 ITH TOUKH), a ToUku M, N, P He nexar B 3TOH IJIOCKOCTH.

Kopotko 310 3anuceiBaroT Tak: A € 3, BER, Mgg Ngg Fgg

Puc. 1. a)

[IpocTpaHcTBO COCTOMT M3 OECKOHEUHOTO MHOXKECTBa ToueK. JIroboe MHOXKECTBO TOUEK
IPOCTPAaHCTBAa  HA3bIBA€TCs  IMPOCTPAHCTBEHHOW  ¢urypoi wumm  TtenoM. [Ipumepamu
MPOCTPAHCTBEHHBIX (QUTYp SBISAIOTCA TOYKA, HpsMas U IUIOCKOCThb. I[IpsiMble M MIOCKOCTH
COCTOAT W3 OECKOHEYHOTO MHOXKECTBAa TOYEK NPOCTPAHCTBA W HE COBIAJAIOT CO BCEM
IIPOCTPAHCTBOM.

ChopmynupyeM OCHOBHBIE AaKCHOMBI CTepeoMeTpuu. HamomMHHMM, akCHOMBI — 3TO
YTBEPKACHUS, IPUHUMAaeMble 0e3 JoKa3aTelbCcTBa. AKCHOMBI T€OMETPUN BhIPAXKarOT OCHOBHbBIE
CBOICTBA HEONPEAENIAEMBIX TOHATHI: TOUEK, IPSAMBIX U INIOCKOCTEH.

AKCHOMBI:
1) Yepes mo0Oble qBE pa3IuHbIE TOYKU MPOXOIUT €ANHCTBEHHAS TPsSMasl.
2) Ecnm nBe pa3iuuHble TOYKM MPSMOM MpHHAJJIEKAT B
IJIOCKOCTH, TO BCE TOYKH NPSIMOM IPUHAMIEKAT OTOU
IIJIOCKOCTH. A
o
Puc. 2
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3) Uepes mroOble TpU TOYKH, HE JIeXKAIIUE HA OJHOMN
NPSIMOM, MPOXOUT OJIHA U TOJIBKO OJ[HA TIOCKOCTb.

B,

A

oL
X

Puc. 3.
4) Ecnu 1Be pa3nuuHbIC IUIOCKOCTH HMMEKOT OOMIYIO
TOUYKY, TO OHU UMEIOT OOLIYIO MPSAMYIO.

Puc. 4.

2. Ilpocmeuiwue cnedcmsus uz aKkCuom cmepeomempuu.

W3 mepBoii akCHOMBI CIIEYEeT, YTO JIBE pa3InyHbIe MPSIMbIE B MPOCTPAHCTBE UM HE UMEIOT
HU OJIHOM OOIIeH TOUKH, WJIK UMEIOT TOJIBKO OJIHY OOIIYIO TOUKY.

[Tpsimble, IMEIOIIKE TOTBKO OJIHY OOIIYIO TOUKY, HA3bIBAIOTCS NIEPECEKAIOIIIMMHUCS.

W3 BTOpOI aKCMOMBI CIEAYET, YTO MpsMas U IIOCKOCTh B IPOCTPAHCTBE WIJIM HE UMEIOT HU
OJIHO# 0011Iel TOUKH, WM UMEIOT TOJIBKO OJHY OOIIYIO TOUKY, WJIH, HAKOHEI, BCE TOYKU MPSIMO
ABJIIOTCS TOUKaMHU IJIOCKOCTH.

Ecnu mpsiMas ¥ MJIOCKOCTh MMEIOT TOJBKO OJHY OOINYH0 TOYKY, TO TOBOPST, YTO OHHU
NEPECEKAIOTCS.

Ecnu Bce TOUKM NpsIMOM SIBISIOTCS TOYKAMH IUIOCKOCTH, TO TOBOPST, YTO MpsiMasi JIEKUT B
IUIOCKOCTH (MIPUHAIIEIKUT TUIOCKOCTH) MIIM YTO TUIOCKOCTh NMPOXOJIUT Yepe3 MPSIMYIO.

Teopema 1. Yepe3 mpsMyl0 M HE NPUHAMIEKAIIYIO €Ml TOUKY MPOXOJUT €IUHCTBEHHAas
IJIOCKOCTB.

Hokaszamenvcmeo:

[TycTh 3amanbl psiMasi au He MpUHAANIEKAIas el Touka
A (puc. 5). Ha npsimoii aBo3bMeM Kakue-HUOYIb JBE TOUKU
Cu D. Ilo akcuome 3 uepe3 tpu Touku A, C, D npoxoaur
€MHCTBEHHAs TUIOCKOCTh; 0003HaunM ee «. Ilo akcuome 2 Puc. 5.
BCE TOYKHU
IPSAMOM @ NMPUHAMJIEkKAT IVIOCKOCTH .

CrnenoBarenbHO, MIOCKOCTh @ TPOXOAUT uyepe3 mpsiMyro a M Touky A.Jlpyroil Takoi
IUIOCKOCTH HET, TaK Kak Jo0as IUIOCKOCTh, MPOXOAAIIas dYepe3 MpsMyld 8 U TOUKY
A, mpoxonut uepe3 Touku C, D, A, He nexamue Ha OAHOW MPSMOW, U TIOITOMY COBIAAAET C

IUIOCKOCTBIO .
Teopema 2. Yepes nBe nepecekaronmecs npsiMble TpOXOIUT €IMHCTBEHHAS TIIOCKOCTb.
Lokazamenvcmeo.
[Tycte npsimbie @ U b mepecekatorcst B Touke M (puc. 6). Ha npsimbix a u b BozsmMem
kKakue-HuOyap Toukn P u N, ornmmunsle or Touku M. Torma uvepe3 tpu Touku P, N u

M IpOXOAMT €IUHCTBEHHAS IUIOCKOCTh «.B CHIly akCHOMBI 2 IUIOCKOCTH IPOXOIMT Yepes3
JIAHHBIE TIPSIMBIC & U D .
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N3 nocnenHux IByX akCMOM M T€OpeMbl | clienyer, 4To JBE pa3IMYHbIC MIIOCKOCTH HIIH
HE UMEIOT HU OTHOMN

o011el TOUYKH, WJIK UMEIOT OOIIYIO MPSAMYIO M IPYTUX OOIIUX TOYEK HE UMEIOT.

JlBe  pa3nu4YHbIE  IJIOCKOCTH,  HMEIOIMME  OOIIyI0  MPSMYI0,  Ha3bIBAIOTCA
MepPECeKaIOIINMUCS.

Puc.6 Obwasn npsamas nazvieaemcs npsamoti nepecevenuss Smux nioCcKoCmetl.
KoumponwHuie onpocwl

1. OcHOBHBIC MTOHATHSL.
2. AKCHOMBI CTEPEOMETPHH.
3. CaencTBus U3 aKCHOM.

Tema 7.2. [lapajuieIbHOCTDh NPAMON M IJIOCKOCTH, NAPAJLIEIBLHOCTD IVIOCKOCTEI.

Onpeoenenue napannenvHocmu npsamou u niockocmu. Ilpusnax napannensnocmu
npamou u niockocmu. Ilapannenvnocms niockocmeu. Ceolicmea napaiienibHvlx nA0CKOCMell.

Ymems: npuMeHsITh IPU3HAKY MAPATIICTBHOCTH MPSIMON U TNIOCKOCTH TIPU PELICHUU 3a/1a4.
3nams: OmnpezneneHue mnapalieIbHOCTH HpsIMOM M IUlOocKOoCTH. [Ipu3Hak mapanienbHOCTH
npsiMoit u miockoctu. [lapamnenbHocTh miockocTeil. CBOMCTBA MapaieNbHbIX IUIOCKOCTEH.

IMapanienbHble NpsiMble B IPOCTPAHCTBE
JIBe npsMbIe B IPOCTPAHCTBE HA3BIBAIOTCS MapaiieIbHbIMM, €CIM OHU JIEXKAT B OAHON
IUIOCKOCTH M HE IIEPECEKAIOTCA.

Teopema o napannenvbHblX NPAMbBIX.
Uepes m00yr0 TOYKY IPOCTPAHCTBA, HE JISKAIIYIO HA JaHHOUW MPAMON, TPOXOJIUT MPsMas,
napasuieNbHasl JaHHOM, U TPUTOM TOJIBKO OJTHA.

b &
M
(14
Puc. 1.
Jlemma o0 nepeceyeHUH MJIOCKOCTH NMAPAJIeJbHBIMU NPSIMbBIMH.
Ecnn onHa w3 IBYyX INapasuielIbHbBIX b d

HNPSIMBIX IIEPECEKAET JaHHYIO IIOCKOCTh, TO
u  Jpyrasg 1npsMasg  IIEpeceKaeT - 3Ty \ 1M
IJIOCKOCTb.

TeopeMma o Tpex NpsAAMBIX B POCTPAHCTBE.
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Ecniu nBe mpsMble mapasulesbHbI
TPETbE MNPSIMOM, TO OHHU MAPAIIIEIBHBI

(ecnm aZc m b/c, o a/b). b -

Puc. 3

IMapa/ieJbHOCTH PSIMOM M NMJIOCKOCTH
[Ipsimast ¥ IIIOCKOCTh HA3bIBAIOTCS NAPAIIEAbHBIMU, ECIIM OHU HE UMEIOT OOLIUX TOYEK.

IIpu3Hak napaijieIbHOCTH NPSAMOM U IJIOCKOCTH
Teopema. Eciu npsimas, He Jexamas B
JJAHHOW IUIOCKOCTH, IapajulejbHa KaKOM-
HUOyIb  NpSAMOW, JIeXKalmed B ITOH i b o
MJIOCKOCTH, TO OHA TNapajuiesibHa JaHHOM P iy

IIJIOCKOCTH. o 4
£ 4 Puc. 4.

Teopema. Eciin m10CKOCTh MPOXOAUT
yepe3 JaHHYI [psMYyl0, MapajljiesIbHYI0
JpYrol IUIOCKOCTH, U TEPECceKaeT 3Ty 5
MJIOCKOCTh, TO  JIMHUA  TEPECCUCHUS
IJIOCKOCTEH mapajuiesibHa TaHHOW MPSIMOM.

Teopema. Ecau oxHa u3  OByXx
NapajieabHbIX MPSAMBIX rnapasuiebHa
JAHHOM TTOCKOCTH, TO Apyras mnpsmMasi 1udo
TAaKXKE€ TNapauielibHa JTaHHOM TUIOCKOCTH,
100 JIEKHUT B 3TOM IIJIOCKOCTH.

Puc. 5

B3anmMHoe pacnosiokeHue NpPsAMbIX B IPOCTPAHCTBE

; .

b

Puc.6 Puc. 7 I
Puc. 8

!

ITepecexkarommecsi npsambie: ([lapannenbHsie  npsivble: CKpemuBalOIIuecst
JeKaT B OJHOW IUIOCKOCTH, |JIeKaT B OJHOW IUIOCKOCTH, | MpsIMbIe:

UMEIOT OJIHY OOIIYIO TOUKY HE MMEIOT OOIMX TOueK (He | He  Jie)XaT B OJHOM
MepeceKaroTCst IUIOCKOCTH, HE  HMEKT
[0]0)i1170:¢ TOUEK (ue

TIEpPECEKAI0TCs)
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I[MapajeJbHOCTDH II0CKOCTEM
I[Be IMJIOCKOCTHU HA3bIBAIOTCA MapalJICJIbHBIMU, €CJIM OHU HE ICPCCCKAIOTCS, T.C. HC UMCIOT HU

OJHOM 001Iel TOUKH. o/ p.

B/ 4

Puc. 9.

IIpu3nak napaniejJbHOCTH ABYX INIOCKOCTe
Teopema. Ecnu 1Be nepecekaroniyecs npsiMble OHOMN TIOCKOCTH MapaijieNIbHbI IBYM
[IEPECEKAIOIINUMCS IIPSIMBIM JPYTOH MIIOCKOCTH , TO 3TH IIJIOCKOCTH MapajlieiIbHBb.

Ecmu a” a1 n b/ba, To 0/p. Puc. 10.
iy
B b,
a
o b

CBolicTBa nmapaJjJieJbHbIX IJIOCKOCTEH.

Ecnu o/ 3 1 OHH mepecekaroTes ¢ ¥, TO

a/b.
@ Eciu 1Be mapauienbHble INIOCKOCTH
B IepeceUeHbl  TPEThed, TO JIMHMU  HX
THIEPECEUEHHUS NAPAILIENbHEL
o
"

2. Ecnu a7/ u ABZCD, to AB = CD.OTpe3ku mapaieibHbIX MPSIMBIX, 3aKTF0UCHHBIC
MEXy NapajuIeIbHBIMU IUIOCKOCTSMHU, PABHBI.
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Konmponvnvie sonpocwi

1. Onpenenenue napayuieaIbHOCTH MPSIMOM U INIOCKOCTH.
2. Ilpu3Hak napasienbHOCTH MPSMOHN | IIIOCKOCTH.

3. [lapannenbHOCTh MIIOCKOCTEH.

4. CBoiicTBa NapajuIeIbHbIX IUIOCKOCTEM.

Tema 7.3. IlepnieHANKYJIAPHOCTH NPSAMOM M MJIOCKOCTH.

Onpeodenenue nepneHOUKyIapHocmu npamou u niockocmu. lpusnaxu
NEePReHOUKYIAPHOCIIU NPIMOU U NIIOCKOCMU.

Ymems: npuMeHATh TPU3HAKU MIEPICHIUKYISIPHOCTH MPSMOM U IIIOCKOCTH JUIS PEIIeHUs 3a1a4.
3nams:  OnpenencHue  NEPHEHIUKYISIPHOCTH  OpsIMOM M IIocKocTH.  [lpu3Haku
NEPIEeHIUKYISIPHOCTH MPSIMON U TUIOCKOCTH.

Omnpenesienne
IIpsmas, IepeceKaromas IIJIOCKOCTB, a
Ha3bIBACTCS nepneHOUKyIApHOU FTOH
IUIOCKOCTH, €CIM OHa IEepIEeHIUKYISIPHA /
KQXJION NPsSMOM, KOTOpas JIEKUT B JAHHOMN é' >|
IUIOCKOCTH ¥ TPOXOIHWT dYepe3 TOYKY b !
[IEPECCUCHHUS.

Puc. 1.
Teopema

Ilpuznax nepnenouKyIApHOCMU NPAMOLL U NIOCKOCTU.
Ecnu npsimas, mepecekaromasi IJIOCKOCTb,
MEPICHINKYJISIPHA JIBYM MNPSIMBIM B 3TOU
IJIOCKOCTH, TPOXOJAIIAM 4YEpPe3 TOUKY
MEPECEUCHUS JaHHOM MPSMOU U IUIOCKOCTH,

TO OHA MEPIECHIUKYJISIPHA TIIIOCKOCTH.
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Puc. 2.
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Puc. 3.

[Tycth a npsiMasi, HepreHIuKyIspHast IpsiMbiM b 1 € B ockoctu « . Torna npsimast a
HPOXOJIMT Yepe3 TOUKY A TiepecedeHust mpsaMbix b u C. Jlokakem, 4To mpsmas a
NEPIEHIUKYIIIPHA INIOCKOCTH ¢ .

[TpoBenemM NpoU3BONIBHYIO MIPSIMYIO X Y€PE3 TOUKY A B IIJIOCKOCTH (¢ ¥ TIOKAXKEM, YTO OHA
NEPIEeHIUKYIIIpHa NpsMoi a. [IpoBesieM B INIOCKOCTH & IPOU3BOJIBHYIO IPSAMYIO, HE
HPOXOJISIIYIO Yepe3 TOUKY A U Iepecekaromlyo npsmeie b, ¢ u x. [lycts Toukamu nepecedeHust
oynyr B, Cu X.

OT10XMM Ha NIPSIMOW a OT TOYKU A B pa3HbIe CTOPOHBI paBHbIE OTpe3ku AA1 u AAo.
Tpeyronbauk A1CA2 paBHOOepEHHBIH, Tak Kak 0Tpe30k AC sBIsSeTCS BBICOTON MO YCIOBUIO
TEOpPEMBbI U MEAMAHOM 1O MocTpoeHUIo (AA1=AA2). 110 TOH k€ MpUUMHE TpeyroJbHUK A1BA>
ToKe paBHOOeipeHHbI. CienoBarenbHo, TpeyroabHuku A1BC u A2BC paBHbI 110 TpeM
CTOpPOHAM.

N3 pasencrBa TpeyroasHukoB A1BC u A2BC cnenyet paBencTBo yrinoB AiBX u A2BX n,
CJIEIOBATENIbHO PAaBEHCTBO TpeyrodbHUKOB A1BX u A2BX no AByM CTOpOHaM U yrity MEXIy
HuMU. 13 paBeHcTBa CTOPOH A1X M A2X 3THX TPEYTrOJIBHUKOB 3aKIH0YaEM, YTO TPEYTOJIbHUK
A1XA:2 paBHOOenpenHbIi. [ToaToMy ero Meanana XA sBiseTcs: TaKKe BBICOTON. A 3TO U
3HAUYUT, YTO MpsMas X NMEepIeHIuKyIsIpHa a. [1o onpenenenuto npsiMas a nepneHIUKyIsIpHA
iockoctu . TeopeMa oka3aHa.

Ceoticmea nepneHOUKYIApHbIX NPAMOU U NIOCKOCU.
Teopema 2
1 - oe. Ceoiicmeo nepnenouKyIapHvIX npamot u niocKoOCmu
Ecin ni1ockocTh nepneHiuKysipHa 01HON

U3 IBYX MapajuieIbHbIX NPSMBIX, TO OHA
NEPIEHIUKYIIIPHA U JPYTOM.
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Puc. 4.
Hokazamenvscmeo: Ilycts a, W a,- 2 mHapamienbHble HOpsAMble U ¢ INIOCKOCTb,

NEPIEHAUKYIIAPHAs MPAMOM a, . JIokakeM, 4TO 3Ta INIOCKOCTh IEPIEHIUKYIISAPHA U IPAMOH a, .
IIpoBenem uepes Touky A, mepeceueHus OpsAMOH a, € IIOCKOCTBIO ¢ IPOU3BOJIBHYIO NPIMYIO
X, B mIockoctd ¢ . IIpoBenem B IIOCKOCTH « 4epe3 TOUKy A, mepeceueHus NMpaMod a, ¢
O IPAMYIO X, , TapaJUIENbHYIO PAMON X, . Tak Kak npsMas ai NeprneHauKyJIsipHa II0CKOCTH ¢ ,
TO NpSIMBIE @; U X, NEPHEHAUKYISAPHBL. A 1O TeopeMe |1 mapaieibHbple UM IEPECEKAIOIUEC
npsiMble a, U X, TOXKE NEPHEHAUKYIApHBL. Takum oOpazoM, mpsmas a2 MepHeHIUKYISIpHA

Ar000i MpsAMOM X, B IJIOCKOCTH ¢« . A 3T0 ( IO OHPEAENCHUIO )3HAYUT, 4TO HpsMas da,

HepIeHIUKYIIsIpHA IUIoCKocTH ¢ . Teopema gokas3aHa.

Teopema
2 - oe. Ceoticmeo nepneHOUKYIAPHbIX NPAMOU U NIOCKOCTU.
/IBe npsiMble, NEPIEHIUKYJIISIPHBIE OJHOU M TOM kK€ IUNIOCKOCTH, NTapaJlICIIbHBI.

a \i
| B,an
4. 51 D
b by
Puc. 5
ﬂoxa3ameﬂbcm60:

[Tycte @ u b - 2 npsiMble, TEepICHAUKYISIPHBIC UIOCKOCTH « . JlomycTHM, 4TO
npsiMbIe a ¥ D He mapasiebHbI.

Beibepem Ha mpsmoit b Touky C, He jexairyo B IUIOCKOCTH ¢ . IIpoBenaem
uepe3 Touky C mpsmyro b1, mapamnensHyto npsmoit a. [psmas by mepnenaukysspHa
IOCKOCTH 1o Teopeme 2. Ilycte B m Bi - TOUKM TepecedcHHs mpsMbIXx b u b1 ¢
I0ckocThio @ . Toraa npsimass BB1 meprieHIuKysIsipHa MepeceKaroniMes IpsiMbiM D 1
b1. A 9TO HEBO3MOXKHO. MBI IPUILIH K TpOoTUBOpedHto. Teopema Toka3aHa.

KOHmpOﬂbele 680Nnpocsl

1.Onpenenenune nepneHUKyIIpHOCTH NPSIMON U MIJIOCKOCTH.
2. Ilpu3Haky nepneH uKyJIIpHOCTU IPSIMON U TNIOCKOCTU
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Tema 7.4. IleprnieHANKYJISIP U HAKJIOHHAS.

Onpeoenenus nepnenoOuKyIapa u HaKiIoHHOU. Ymeepoicoenust 0t RepReHOUKyaIapa u
HAKIOHHOU, NPOBEOEHHBIX Yepe3 0OHY MOUKY K 00HOU niockocmu. Teopema o mpex
NepneHOUKyIapax.

Ymemsb: npuMeHsITh OmnpeneeHuss U TEOPEMBI U PELLIEHUH 3a/1a4.

3nams: onpeneneHus NeprneHIuKyIsIpa 1 HAKIOHHOW, TBEPKACHUS 7S IepIeHANKYIsIpa U
HAKJIOHHOM, IIPOBEICHHBIX Yepe3 OJIHY TOUKY K OJHON IUIOCKOCTH, TEOPEMA O TPEX
NEePIeHIUKYIIsIpax

[IycTh naHbl IUIOCKOCTH U HE JIeKaIlasi Ha Hell TouKa.

Ilepnenoukynapom, ONyIICHHBIM U3 TAHHOW TOYKHU HA JAHHYIO IUIOCKOCTh, Ha3bIBACTCS
OTPE30K, COSTUHSIONINI JaHHYIO TOUKY C TOYKOM IIIOCKOCTH U JIeXkKAIUi Ha MPSAMOiA,
MEPHIECHANKYISIPHOM T10cKOoCTH. KOoHel 3Toro oTpeska, jexxamiui B INIOCKOCTH,

Ha3bIBACTCA OCHOBAHUEM nepneHduKyﬂﬂpa.

Ha PUCYHKEC 1 u3 Touku A IMPOBCACHLI K ITINIOCKOCTH

A
Qo TIEpIICHIUKYISp AB u HaksionHas AC. Touka B - /‘
OCHOBaHWE  TMeprneHauKynspa, Todyka C-  OCHOBaHUE /
HakJIOHHOM, BC - mpoexuus HakIOHHON AC Ha IIOCKOCTh ! . /e L,JJ B
Jd
Puc.1

Haknonnoii, NpoBEICHHON W3 TAaHHOW TOYKH K JJAHHOM TUIOCKOCTH, Ha3bIBACTCS JIFOOOM
OTPE30K, COCOUHSIONMNA JAaHHYH0 TOYKY C TOYKOW IUIOCKOCTH, HE  SIBISIOLIUKCS
NepHNeHAUKYISIpoM K  miockoctd.  KoHenm — oTpe3ka,  JexamiMii B IUIOCKOCTH,
HAa3bIBACTCSI OCHOBAHUEM HAKIOHHOU.

OTpe30k, COeANHSIONMNA OCHOBaHUSI MEPHEHANKYJIIpa U HAKIOHHOM, MPOBEACHHBIX W3
OJHOM M TOM K€ TOUKH, HA3bIBAECTCS HPOEKUUell HAKIOHHOI.

Tak kak B npsimoyronsHoM TpeyronbHuke ABC karer AB mensbiie runorenysst AC, To
CIIPaBEUIMBO CJIEAYIONIEE YTBEPKICHUE: NEPNEeHOUKYIAD, ONYUEHHbIU U3 MOYKU HA NIOCKOCHIb,
MeHbue 110001 HAKIOHHOLL, NPOBEOeHHOU U3 MOl Jce MOUKU K IMOU NIOCKOCU.

Jns nepneHauKynspa W HAKIOHHBIX, MNPOBEACHHBIX 4YE€pe3 OJHY TOYKY K OJIHOU
IJIOCKOCTH, CIPABEIUBEI CIEAYIOIIUE YTBEPKIACHHUS:

1) neprneHauKyIap MEeHbIIIE JTF000H HAKJIOHHOM;

2) HaKJIOHHBIE PAaBHBI TOT/IAa ¥ TOJILKO TOTJa, KOT/Ia PaBHBI UX MPOEKIIUH;

3) o/lHa HAKJIOHHAs! MEHBIIIE APYrold HAKJIIOHHOM TOTJa M TOJILKO TOT/IA, KOTJa MPOESKIIUS
[IEPBOM HAKJIOHHOW MEHBIIIE ITPOECKIIUU BTOPOX HAKIIOHHOM.

JlnuHA TEpHeHAMKYIsApa, OMYIMIEHHOTO M3 TOYKM A Ha IUIOCKOCTh «, Ha3bIBACTCS
paccmosnuem om mouxku A 00 naockocmu. PacctossHie OT TOYKH, JIeXKAIICH B TUIOCKOCTH ¢ ,
JIO TUIOCKOCTH (¢ CUUTAETCS] PAaBHBIM HYJIIO.

B ciyuae, xoraa npsimas napasienbHa IJIOCKOCTH, PACCTOSSHUE OT ITPOU3BOJIBHOM TOUYKH
MPSMOM 10 TUNIOCKOCTH HA3BbIBAETCSA PACCHOAHUEM MEMHCOY NPAMOU U NAOCKOCmbI0. PaccTosiHNe
MEK]1y TIEPECEKAIOIMMUCS MPSIMOM U INIOCKOCTHIO PABHO HYJIIO.

MoXHO pAo0Ka3aTh, YTO €CIW JBE IUIOCKOCTH MapaJyiebHbl, TO BCE€ TOYKH OJHOU
IJIOCKOCTH  pPaBHOYAQJIEHBl OT Jpyroil 1uiockoctd. IlosTomy paccmoanuem mesncoy
napannenbHbiMu NJaA0CKOCMAMU HA3bIBAETCA PACCTOSIHUE OT MPOU3BOJBHOW TOYKH OJHOM W3
HUX 10 IPYTOM.

Paccmoanuem mexcoy cKpeujusaroumumMuca nPAMbIMU Ha3bIBa€TCA PACCTOSIHUE MEKTY
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napaijaCJIbHbBIMU IJIIOCKOCTSAMHU, B KOTOPBIX JICKAT 3TU IIPAMBIC.

TeopeMa o Tpex nepneHguKyJIsApaXx.

Teopema. llpamas, npoBencHHas B IUIOCKOCTM YEpe3 OCHOBAHUE HAKIOHHOM,
NEPIeHIUKYIApHA 3TOM HAKIOHHOW TOrJa M TOJBKO TOI/A, KOIJa OHa MEepIeHIUKYIsIpHa
IIPOCKIUU HAKIIOHHOM.

Jloka3zaTejibCTBO:

[lycts AB - nepneHAUKYIISIp MI0CKOCTH ¢ , AC - HaKJIOHHAs U ¢ - IpsAMast B
IUIOCKOCTH « , Ipoxosniast uepe3 ocHoBanue C (puc. 2). [Iposenem npsamyto CA1,
napajuieiabHyo npsimoilt AB. OHa nepneHAuKyJIsipHa II0CKOCTH « . [IpoBenem yepes
npsimble AB u CA1 miiockocts [ . Ipsimast ¢ nepnenaukynspHa npsmoit CA1. Eciu ona
neprneHuKysapHa npsimMoit CB, To oHa NepreHANKYIsSpHa JIOCKOCTH £, a 3HA4YuT, U
npsimoit AC.

Ananmornyno. Ecmu mnpsimas ¢ nepnieHaukyinsapHa HakigoHHoM AC To oHa, Oyaydu
nepneHAuKyispHa u npsiMod CAi1 mepreHauKyssipHa TUIOCKOCTUA [, a 3HA4YUT, U TMPOCKIUU
HakJIOHHOH CB.

Teopema oka3zaHa.

Puc. 2

Koumponvhwie 6onpocoi

1.0OnpenesneHus NepIEeHANKYIISAPA U HAKIIOHHOM.

2. YTBepKIeHUS JIs TIEPIICHIUKYIISIpa M HAKIIOHHOM, TIPOBEIEHHBIX Yepe3 OJJHY TOUKY K OJTHOU
TUIOCKOCTH.

3. Teopema 0 Tpex MepIeHANKYIApaXx.
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Tema 7.5. Yroa mexay npsaMoi ¥ IJ10CKOCTBIO.

YVeon mearcoy npamou u nrockocmoio. [lpoexyus mouku u npoexyus npamou. Ceoticmea
npoexyuu npamvix. Ilpoexyus gueypol. Il1owads npoexyuu MHO20Y201bHUKA.

Ymems: ipoekTUpOBaTh (UIYphl; HAXOAUTH IJIOIIA/lb IPOEKLIUH MHOTOYT OJIbHUKA.
3uams: Yron Mexay HpsMoM M ImiaockocTero. Ilpoexuus Touku u mpoekuus npsmoil. CpolicTBa
npoekuy npsiMbix. [Ipoekuns ¢purypsl. Ilnomans npoeKuy MHOTOYTOJIbHUKA.
¥YroJa Mexay npsaMoii 4 JIOCKOCTHIO.
ITycte MN - HakioHHas, npoBefeHHasd u3 Touku M k minockoctu y, a M;N - ee mpoekuus Ha

mwiockocts ¥ (puc.l). Torna yron MNM, - HasbiBaetcs yenom mesncdy npamou MN u ninockocmoio
y . Takum 00pazom onpeaemnseTcs yroja MeKAay IpsIMOM U IIOCKOCTBIO, TIEPECEKAOICH 3Ty MPSIMYIO U

HE MEePNEeHAUKYISIPHON CH.
¥roaA MexAy NpAMoH M NADCKOCThH

Puc.1.
OmnpeneJienue.

Yroa mexay npsAMoi U IUVIOCKOCTBIO, MIEPECEKalolel 3Ty NPSAMYIO U HE NEPIEHIUKYIIPHON K
HEH, - 3TO YroJl MEXKy NPSAMON U €€ MPOEKIUEN Ha ATy IIOCKOCTb.

Omnpenenenue yria MeXAy IpsIMON U TUIOCKOCTBIO TIO3BOJISIET 3aKJIFOUUTh, YTO YTOJI MEXAY IPSIMO
U IJIOCKOCTBIO MPEJCTABISET COOOW Yyroid MexJay JBYyMs NEpeceKarollMMUCS MPSAMbIMHU: CaMOU
npsIMOM U ee MpoeKiueil Ha miaockocTh. CieaoBaTenbHO, Yrod MEXy NPsSIMON U IMIIOCKOCTBIO €CTh
OCTPBIN YTrOJI.

Yron Mexay NepneHIuKYISPHbIMU MPSMOM M IMJIOCKOCThIO cuuTaroT paBHbIM 90°, a yron
MEXJy MapajuleIbHBIMM NPSAMONW U IUIOCKOCTBIO JHMOO HE ONpENeNsioT BOBCE, JMOO CUUTAIOT
paBabIM 0°.

Tema 7.6. [IByrpanHslii yroJi. ¥Yroa Mexxay miockoctssMu. IlepnenankyasipHoCTh
TIOCKOCTEH.

Onpedenenue 08yepannoeo yena. Buowvl oeyepannozo yena. Onpeodenenue yana mexcoy
nepecexarowumucs niockocmamu. Onpeoenenue nepneHOUKyIapHocmu niockocmei. Ilpusnaxu
NePReHOUKYIAPHOCIU O8YX NIOCKOCMEN.

Ymemu: pemaTh 3a7aun Ha ABYTPAHHBIC YTJIBL.
3namu: onipeneneHue IBYrpaHHOTO yriia
Onpenenenue. JIByrpaHHBIM YIJIOM Ha3biBaeTcsl Gurypa, oOpazoBaHHas NpSIMON a M JBYMS
MIOJTYTUTOCKOCTSIMU ¢ OOIIIel TpaHHIIeH a, U He IPUHAIJICKAIIUMHI OJHOHN IIIOCKOCTH.
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L a - peOpo ABYTPaHHOIO yTJa, MOJYIIOCKOCTH - TPaHH €ro.

F
a
puc. 1
Yron AOB - nuHeiHbli yrosn aByrpaHHoro yria. YrtoObl ero
HOCTPOMTb, HY’KHO BbIOpaTh Mpon3BoIbHYI0 Touky O Ha pebpe, a myun OA
u OB 10o/mKHbI OBITH IEPIICHIUKYIISIPHBL K peOpy.
i
i
puc. 2

Omnpenenenue. ['pagycHoii Mepoil BYIrpaHHOIO yrja Ha3blBaeTCs TpajycHas Mepa J1o0oro u3
€ro JMHEHHBIX YIJIOB.

JIByrpaHHBIN yroJI Ha3bIBAETCS TPSMBIM (OCTPBIM, TYITBIM),
eciu oH pased 90° (Menbiire 90°, 6onbiie 90°).

[yctb ¢ - TOT M3 yIJOB, KOTOPBIA HE IPEBOCXOIUT JIHOOOr0 U3
TPEX OCTAJIBHBIX YIVIOB. Torjga yroyl Mexay NEpeceKarolUMUcs
miockocTamu pasel §. (0°<$=90°)

puc. 3

Omnpenenenune. /IBe mepecekaromuecs IIOCKOCTH HAa3bIBAIOTCS TEPICHANKYISPHBIMHU, €CIIH
yroJ Mexay HuMu pasen 90°.

IIpu3HaK nepneHIuKYJIAPHOCTH ABYX IVIOCKOCTEN.

Ecnmu onHa M3 ABYX IUIOCKOCTEH (&) MPOXOAUT dYepes
npsamyro (a), HepneHAUKYJIspHYyIo Japyroid miaockoctu (B), To
TaKue MJI0CKOCTU NePIEHIUKYIISPHBI.

puc. 4
B ; L IIpsaMoyroybHblii  mapasuienenunen. [lapannenenunen
Pyt 0 Ha3bIBAETCS MPSMOYTOJNbHBIM, €CIH ero OOKOBbIE pedpa
P ! MEPUEHANKYIISIPHBI K OCHOBAHUAM, 4 OCHOBAHUSA IPEIACTABISAIOT
! ~
Pl co00i1 MPSMOYTOIHHUKH.
1
=T o
- Ty
.-'deq =T
puc. 5
CaoiicTBa.

1. B npsiMOyTOTFHOM MapasuIeNieNUIIe/Ie BCEe MECTh TPAHEH MPEACTABISIOT COO0M MPSIMOYTOTHHUKH.

2. Bce AByrpaHHbIE YIIIbI PSMOYTOJIBHOTO MapaljieNienuIeaa SBISIOTCS MPSIMbIMU

3. KBagpaT muaronany npsiMoyrojbHOTO TapaulelienuIe/ia paBeH CyMMe KBapaToB TPEX ero

U3MEPECHU.

Koumponvhnwvie sonpocwi

1. Ompenenenue IByrpaHHOro yria.

2. OmpenienieHre yria Mex/ay MMepeceKatonIMMHUCS TUIOCKOCTSIMH.

4. Onpenenenue NepneHIUKYIAPHOCTH TuIocKocTell. [Ipu3Haky nepneHuKyIsIpHOCTH  TIIOCKOCTEH.
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Tema 8. KoopauHaThl 4 BEeKTOPHI.

Tema 8.1. Bextopsl. JleiictBus Hag BekTopamu. ba3uc Ha miockoctu. Ilpsamoyro/ibHas cucrema
KOOpAMHAT.

Tlousamue sexmopa. /leticmsus nao eexkmopamu. bazuc na niockocmu. Ceoticmea 6eKmopos.
IpsamoyeonvHas cucmema KOOPOUHAmM 6 NPOCMPAHCMEE.

Ymemu: BEINONHATH NEUCTBUS HAJ BEKTOPAMH.
3uams: llonsitue BekTopa. JleiicTBus Haj BekTopaMu. basuc Ha miockoctu. CBOWCTBAa BEKTOPOB.
[IpsiMmoyrosibHast cUCTEMa KOOPMHAT B MIPOCTPAHCTBE.

[ToHnATHE BEKTOpA B CTEPEOMETPUH BBOJUTCA TaK JK€, KAK M B TUIAHUMETPHH.

Paccmorpum  ynopsmouennyro mapy (A, B) HecoBmagaromux Touek. OHa omnpenensieT
HalIpaBJIEHHBIH OTpe30ok ¢ HayanoM A u koHuom B (puc. 1). C momompsto napsl (A, B) 3agaaum
npeoOpazoBanue mpoctpancTBa. Kaxaoit Touke M mocraBuM B coorBercTBHE TOuKy N, KoTopas
MOJIYYHTCS B PE3yJIbTATe CIEAYIOUIETO MOCTPOSHHS.

[TpunsaB Touky M 3a Havasa0, IpoOBOAUM Jyd M, cOHANpaBieHHBIH ¢ 1ydoM AB (puc.2). Ha nyde

m umeercst equHcTBeHHAss Touka N, ynanennas or M Ha paccrosinue |AB|. DTO MOCTPOCHHUE 3a/1aeT

npeoOpazoBaHre IPOCTPAHCTBA, OToOpakaromiero Touky M Ha Touky N.

N

A A

Puc. 1. Puc. 2.

Onpenenenue. Bexkmopom (napannenvhoiv nepenocom), onpedensiemvim napou (A, B)
Hecoenadarowux moyex, Hazvl8aemcs npeoopazo8aHie nPoCmMpancmed, NPU KOMopoM Kaxcoas mouka
M omobpasicaemcs na maxyro mouxy N, umo nyu MN conanpasnen ¢ nyuvom AB u paccmosnue
|MN |pa6H0 paccmosiHuio |AB| .

_—

Bekrop, 3amansbiii mapoit (A, B) HecoBmamarommux Todek, obo3HadaeTcst cuMmBosioM AB.

_—

Hamnpasnenue, onpenensemoe nydom AB, HasweiBaercsi manpasnenuem eexmopa AB, a paccrosiHue
|AB| - Onunot sexkmopa AB .

YcnoBuMmces, yTo Jro0asi mapa COBHAJAIONIMX TOYEK 33/7aeT TOXKJIECTBEHHOE MpeoOpa3zoBaHUE,
KOTOpO€ MbI OyJeM Ha3bIBaTh TENEPb H)J1eGblM 6eKmMOpoM. JIIMHa HyJIEBOro BEKTOpa paBHA HYIIIO,
MOHSATHE HAIIPaBJICHU JUIs HEro He BBoauTCs. HyneBoii BekTop, 3a1anHblil mapoii (A, A), 0603Ha4aoT

cumBoiioM AA.

-

[TpumenstoTcst U nHBIE 0003HAUeHus: a, b, C...- BEKTOPHI;

a‘ Wik a - JyimHa BekTopa a; 0 -
HYJIEBOU BEKTOP.

Kaplit BEKTOp, OTIMYHBIA OT HYJIEBOTO, BIIOJIHE XapaKTEPU3YETCsl CBOMM HaNpaBieHneM 1
nmuHoit. [loatomy, eciu HEHYJIEBbIE BEKTOPHI aub COHAIPABJICHBI U UMEIOT PaBHbIC UTUHBI, TO 3TH

BEKTOPBI PaBHbI (COBIAAAIOT): a=h.
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JeiicTBUS HaJl BEKTOPAMM.
Yno6Hee Bcero paboTaTth ¢ BEKTOpAaMHU B MPSIMOYTOJIBHON CHUCTEME KOOPAMHAT — TOW CaMoW,
B KOTOpoil pucyem rpaduku ¢yHkiuil. Kaxmaoit Touke B cucTteMe KOOpAMHAT COOTBETCTBYIOT [1Ba

qpcna — ee KOOpANHATHI no xuy, abcuucca U OpAMHATA.
BexkTop Takke 3agaercs AByMs KoopauHatamu: a(X,;Y,)

31ech B CKOOKax 3amrcaHbl KOOPAWHATH BEKTOpa &— MO X M 110 Y.

HaXOI[HTCH OHH IIPOCTO: KOOpJAWHATA KOHIIA BEKTOpa MUHYC KOOpJAUHATa €ro Hadajia.

B .»@;’.1'3— X, VgV,

1

lal =4 x2+y?
[4] “].ﬂ

0 X

Cnoowcenue eexm opoe

st criokeHust BEKTOPOB €CTh JBa Crocooa.

1. IpaBuso mapamtesorpamma. UToObl CIIOKUTH BEKTOphI au b, momeriaeM Hadajia 00OMX B OJHY
Touky. JlocTpamBaeMm 0 mapaiejorpaMmMa M M3 TOM )K€  TOYKM  MPOBOAUM  JTUArOHAalb

napajensorpaMmma. 1o u Oyner cymMmMa BeKTopoB au b .

H f-“ly"ﬁ'r

2. Bropoii croco0 ciiokeHHs BEKTOPOB — MPABUIIO TPEYrolbHUKA. Bo3pMeM Te ke BEKTOpbI au b .
K koH1y nepBoro BekTopa NPACTPOUM HAYAIO BTOPOTO. Tenepp coequHUM Hayano NEPBOIO U KOHEI]

BTOPOT0. DTO U €CTh CyMMa BEKTOPOB anb.
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b
.—-"'/
— e
a ;”T,
/”’;ﬁd

Ilo ToMy K€ mpaBWIIy MOKHO CJIOKHUTHb U HECKOJIBKO BEKTOpPOB. IIpucTpanBaeM uX OIMH 3a IPYTUM,
a 3aTeM COeAMHAEM HayaJlo EPBOT0O ¢ KOHLOM IIOCIEIHETO.

D
C— E  AF=AB+BC+CD+DE+EE
B __SF
_-"'ﬂ-ﬂ_‘-f
A

[IpencraBwTe, uTo BBl UaeTe U3 myHkta A B nyHKT B, u3 B B C, u3 C B D, 3atem B E u B F. Koneunsrit
pe3ynbTaT 3TUX JeUCTBUN — mepeMerienue u3 A B F.

I[1pu croxenuu BekTopoB a(X,; Y, )H B(Xb ; Y, ) TIOIIydaem:

E:§+5
¢ = (X %)+ (Yo + Vo)

Bovtuumanue 6E€KmMopoe

Bekrop — c HanpaBiieH MPOTUBOIOJIOKHO BEKTOPY ¢ . JUIMHBI BEKTOPOB C U — C PaBHBI.

Ter[epL INOHATHO, YTO TAKOC BBIYUTAHUC BCKTOPOB. PazHoCTB BEKTOpPOB d M C— 3TO CyMMa BEKTOpa
au BEKTOpa —cC.

G E=d+(-7) =
a -
| C

—
a-c

Ymuoorcenue 6eKmopa Ha 4ucio

HpI/I YMHOXXCHHUHU BEKTOpa d Ha YMCJIO knonyqaeTc;[ BCKTOp, AJIMHA KOTOPOro B kpa3 OTJINYacTCA

OT JUIUHBI a. On COHAIIpaBJICH C BEKTOPOM a, €CIHU k Oonbiire HYJIS, 1 HAlIPpABJICH IIPOTUBOIIOJIOXKHO
a, eciiu k MeHbIIIE HYJIA.
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Bba3uc na nnockocmu.

Omnpenesienue.

1) Ba3ucoM B IPOCTPAHCTBE HA3BIBAIOTCS JIIOOBbIC 3 HEKOMIUIAHAPHBIX BEKTOpA, B3STHIC B
OTIpeIeIEHHOM IOPSIJIKE.

2) Ba3ucoM Ha IUIOCKOCTH HAa3bIBAIOTCS JIFOObIC 2 HEKOJUIMHEAPHBIC BEKTOPBI, B3SThIC B
OTIpeIeIEHHOM IOPSIJIKE.

3)ba3ucom Ha npsMoi Ha3bIBaeTCs JTF000W HEHYJICBOI BEKTOP.

BekTopsl Ha3bIBAIOTCS KOMUAAHAPHBIMU, €CITA OHH TapaJICTbHBI OHOM U TOM e IUIOCKOCTH. Takum
00pa3oM, BEKTOPBI HAa3bIBAKOTCS KOMILJIAHAPHBIMH, €CJIM PAaBHBIC UM BEKTOPBI, OTIOKEHHBIE OT OJIHOM
TOYKH, JIKAT B OJHOM IIJIOCKOCTH.
B nmpotuBHOM cityuae BEKTOPHI HA3bIBAKOTCS HEKOMHNIAHAPHBIMU.

JIroOble TpU HEKOMILIAHAPHBIX BEKTOpPAa B IIPOCTPAHCTBE, B3ATHIE B ONPEAEICHHOM MOpPSIKE,
HAa3bIBAIOTCS OA3UCOM.

F1.89,9

—_—

Onpenenenne. Ecnu - 6asuc B mpoctpanctBe ©OM |, To ymcna a, b U g - Ha3BIBAIOTCSA

KOMIIOHEHTAMH WJIM KOOPIMHATAMH BekTopa & B 3TOM Oasuce.
B cBsi3u ¢ 3TUM MOKHO 3amucaTh ClIeAyIOIINE CBOHCTBA:
- paBHbIE BEKTOPHI UMEIOT OJMHAKOBbIE KOOPJIMHATHI,
- IIPY YMHOXKE€HUH BEKTOpA Ha YUCIIO €T0 KOMIIOHEHTHI TOYKE YMHOKAIOTCS Ha 3TO YUCJIO,

AB = (Ao +(A8) e, +( ) 25
- HpI/I CJIOKCHHNHN BeKTOpOB CKJIabIBAKOTCA UX COOTBCTCTBYIOHII/IC KOMIIOHCHTHI.

a=w€ +a,e, +ta,e;; a=pe +p,e,+ fse;

F4 b= latBe e+ &e, Ha+&)e;

Ilpamoyzonvuan (Oexapmosas) cucmema KOOpOUHam 6 nPOCMPAHCMGe.

IIpsimoyeonvHas cucmema Koopouwam 6 npocmpancmee — 00pa3yercss Tpems B3anMHO
neprnesanKyasapabiMi ocsamu koopannaar X, OY u O Z . Ocn xoopmunar nepecekarorcest B Touxe (J
, KOTOpas Ha3bIBaeTCS HAYAJIOM KOOPJUHAT, HA KAXKJIOH OCH BBIOPAHO MOJIOKHUTEILHOE HAIPaBIICHHUE,
YKa3aHHOE CTpEJIKaMH, W €IUHUIA M3MEPEHUsS OTPE3KOB Ha OCsAX. EMuHUIBI M3MepeHHs OOBIYHO

OJIMHAKOBEI /I BCEX OCEl. OX —ocp abcrucc, OY — oco OpJIMHAT, ()Z — ock anrumukar.
'z

=t
Puc. 2

[Mosnoxenne Touku 1 B IPOCTPaHCTBE oImpejensercss TpeMs koopaunatamu X, ¥ u z. Koopaunara &
paBHa JUTMHE OTpe3Ka OB, koopauHata Y — nnmHe oTpeska ol , KoOopJMHaTa Z — JUTMHE OTpe3Ka
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http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%B1%D1%81%D1%86%D0%B8%D1%81%D1%81
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%BE%D1%80%D0%B4%D0%B8%D0%BD%D0%B0%D1%82
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82
http://commons.wikimedia.org/wiki/File:Descartes_system_3D.png?uselang=ru
http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Descartes_system_3D.png

() Dg ei6pannsix equannax usmepenns. Otpeskn (JB, OCu O Donpenensrores mmockoctsamu,
npoBeIEHHBIME 13 Toukn Amnapamtensao miockocram ¥ 2, X O Zu X OY coorsercraenno.

Koopunata T'Ha3eiBaeTcs adermccoii Toukn A,

koopauHara ¥ — opaunaroit Toukn A,

KOOpAMHATA Z — aIIUIMKATON TOYKH A.
CHUMBOJIMYECKH 3TO 3alKCHIBAIOT TaK:

‘_1(:1: y Y, 2 )
WIH

A=(z, y, z)
WM TIPUBS3BIBAIOT 3aMMCh KOOPAMHAT K KOHKPETHON TOYKE C TIOMOIIIbIO HHJIEKCA:

Tay, Ya, 74
U T. I
Kaxxnass och paccMarpuBaeTcst Kak 4UCIOBasl MpsmMasi, T. €. UMEET IMOJIOKUTEIbHOE HalpaBlieHUe, a
TOYKaM, JISKAIIUM Ha OTPULIATEIHLHOM JIyue MPUIUCHIBAIOTCS OTPULIATEIbHBIC 3HAUEHUSI KOOPAHMHATHI
(paccTosHue Gepercs co 3HakoM MuHyc). To ecTh, eciu Gbl, HampuMmep, Touka I3 nexana He kak Ha
pucynke — ma aydse (JX, a ma ero npomomkennn B obpartHyio cropoHy ot toukn () (ma
orpunarenshoii wacti ocu (JX), 1o aGemmeca Trouknm A Gbima 6wl oTpuiaTenbHOM (MHHYC
paccrosumto (J3). Ananoruano u 11s 1ByX APYrux ocei.

Koumponvnsie sonpocsi

1. [TonsiTue BekTOpA.

2. JlelicTBUA HaJ BEKTOPaMHU.

3. baszuc nHa miockocTu.

4. CBolicTBa BEKTOPOB.

5. [IpsimoyToIbHAS CUCTEMa KOOPIMHAT B IIPOCTPAHCTRBE.

Tema 8.2. PaccTosinue Mex1y TOUKaAMU.

Dopmyna paccmoanus mexcoy 08yMs moukamu. Ypaenenus cghepbvi, niockocmu u nPAMOI.
Koopounamer cepeounvt ompeska.

Ymems: HaXOOUTh PACCTOSHUE MEXY IBYMs TOUKaMH; COCTABIISATh YpaBHEHHE C(epbl, IIIOCKOCTH U
MPSIMO; HAXOJUTh KOOPAUHATHI CEPEUHBI OTPE3Ka.

3uamu: GopMyna pacCTOSHUS MEXKAY IByMs TOUKaMH, YpaBHEHUs c(hepbl, JIOCKOCTH U MPSIMOH,
KOOpJMHATHI CEPENHBI OTPE3KA.

[Tycts A 1 B - 1Be TOUKH IIIOCKOCTH, KOOPAUHATHI KOTOPBIX B IEKAPTOBOW CHCTEME
koopauHat: (X;;Y;) u (X,;Y,), Toraa

2 2
AB = J(xz —xq) (- n).
VkazanHas GopMyia, IO CYIIECTBY, ABIseTca TeopeMoii [Tndaropa, 3anmucanHoil B KOOPAMHATHOIM
dopme. B camom fiente, mycth A, U B, -- cooTBeTCTBEHHO Mpoekiuu Touek A 1 B Ha ocbk abenuce, M -

npoeknus A Ha npsmyro BB, .

Hmeem: AB -- runorenysa npssMoyrojisHOro TpeyroipHuka ¢ karetamu AM u BM, Ho AM =
A B, = |X2 —X1| .Touno tax xe BM =|y2 - y1| :

CrnenoBaTeiabHO,

AB* = AM? +BM* = (X, = x,)* + (Y, — ¥,)* u dopmyna mokazaHa.
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http://ru.wikipedia.org/wiki/%D0%90%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82%D0%B0
http://ru.wikipedia.org/wiki/%D0%A7%D0%B8%D1%81%D0%BB%D0%BE%D0%B2%D0%B0%D1%8F_%D0%BF%D1%80%D1%8F%D0%BC%D0%B0%D1%8F

Konmponvuvie 6onpocei

1.dopmyna paccTOSHUS MEXIY ABYMS TOUKaMHU.
2. YpaBHeHUs cepbl, INIOCKOCTH U MPSIMOA.

3. KoopauHatsl cepeinHbI OTpe3Ka.

Tema 8.3. J/IuHeliHble ONepalMi HAl BEKTOPAMH.

Bexmopul. Moodynv éexkmopa. Pasencmeo eekmopos. Cnodicenue 6ekmopos. Y mHodcenue
eexmopa Ha yucno. Paznoocenus éekmopa no HanpasieHuam. Y2on mexncoy 08yms 6eKmopamu.
IIpoexyus eexmopa na ocv. Koopounamul éexkmopa. CkansapHoe npouzeeoenue 8eKmopoas.

Ymems: HaxoIUTh MOYJTb BEKTOPA; BHITIOJIHSATH JIMHEWHbBIE OTIEPALIMK HAJl BEKTOPAMU;

BbrancnsaTh ckanspHoe Npou3BeeHHE BEKTOPOB.

3namb.: BEKTOPBI, MOJlyJIb BEKTOPA, PABEHCTBO BEKTOPOB, CII0KEHHE BEKTOPOB, YMHOXKEHUE BEKTOpA
Ha YKCJI0, PA3JIOKEHUS BEKTOPA 110 HAIPABJICHUM, YTOJI MEXAY ABYMs BEKTOPaMH, IPOEKIUS BEKTOpa
Ha 0Ch, KOOPAMHATHI BEKTOPA,CKAISIPHOE TPOU3BEICHUE BEKTOPOB.

Ceoticmea 6exmopos.

I[Ba BCKTOpa au b Ha3bIBAKOTCS KOJUIMHCAPHBIMHU, CCJIIM OHH PpPaCIIOJIOKCHBI Ha
mapaJuiCJIbHbIX ITPAMBIX WJIK HA OI[HOﬁ HpHMOﬁ.

Hyneoii BekTop 0 KojutMHEapeH JI000My BEKTODY.
Teopema 1. ]IBa HeHyNeBBIX BekTOpa au b kosutnHeapHsl, U KOr/ia OHM MPOMOPIHOHATIBHEI T.C.

b= K, K— cxamsp.

- - -

TpI/I BeKTopaa,b yC, Ha3bIBAKOTCA KOMIUIAHAPHBIMH, €CJIW OHH IIapaJJICIIbHBI HCKOTOpOﬁ
IUIOCKOCTH HJIH JIEKAT B HEH.

A,

Teopema 2. Tpu HeHyneBbIX BekTopa a,b,c, kommuiaHapuel, U KOTrJa OJWH W3 HHX SIBISCTCS
JTUHEHHON KOMOUHAaIMEeH IBYX IPYTHX, T.€.

c=k, + IB kI — cranspsr.

Mopyns BekTOpa — 9TO0 JyiHa 0Tpe3ka AB.

|AB| = (X, — %) + (Y, —¥,)? -

Hpoekuwz 6eKkniopa Ha ocCo.

Teopema 3. IIpoekiusi BeKTOpa Ha OCh (HarpaBiieHHast psiMasi) | paBHa MPOU3BEICHHUIO UTHHBI
BEKTOpa Ha KOCHMHYC YIJIa MEKy HAlpaBJIEHUEM BEKTOPa U HAMPABIEHUEM OCH, T.€.

np;l =axcosa?a= D(E, ).

CKa]l}lprlM npOU&’G@O@HU@M JABYX HCHYJICBBIX BEKTOPOB a U b. m mHaswBaercs quCJIO, paBHOC
MMPOU3BCACHUIO JJIMH 3THX BCKTOPOB Ha KOCUHYC yI'JIa MCKY HUMMU:

ab=|g -‘5‘(cos a, 5).
Konumponvhwle 6onpocet

1. BekTopsl.
2. Monyib BeKTOpa.
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3. PaBeHCTBO BEKTOPOB.
4. CrnoxeHne BEKTOPOB.
5. YMHOXEHHE BEKTOpA Ha YUCIIO.

6. Paznosxenus BCKTOpa I10 HallpaBJICHUAM.

7. Yron Mexay IByMsl BEKTOpaMHU.

8. [Ipoekius BeKTOpa Ha OCh.

9. Koopaunatsl BeKkTOpa.

10. CkanspHoe npou3BeeHUE BEKTOPOB.
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Tema 9. MHOTOrpaHHUKH
Tema 9.1. Muororpanuuku. [IpaBuiibHbIe MHOTOTPAHHUKH M UX CBOMCTBA.

Onpeoenenus 6HympeHHel MoKy, OMKpbIMO20 MHOHCEeCmaa, 001acmu, 2paHudHol mouKu,
02PAHUYEHHO20 MHONICECMEBA, 2eOMEMPUUECKO20 Meld, MHO20SPAHHUKA, 2PAHU, pedpa, 6epUuiLHbL,
OUA2OHANIU MHO202PAHHUKA, 8bINYKI020 U NPABUILHO20 MHO202paHHUKo8. Pazeepmka.

Ymemub: npUMEHSTh TEOPETHUECKHE 3HAHUS TIPH PEIICHUU 3a]1a4.

3name: omnpenencHUs BHYTPEHHEH TOYKH, OTKPBHITOTO MHOXECTBA, OOJACTH, TPAaHUYHOW TOYKH,
OTPaHUYEHHOTO MHOKECTBA, I'€OMETPUYECKOIr0 Teja, MHOTOTpaHHHMKA, TpaHH, pedpa, BEPIIUHBI,
JIMaroHajli MHOTOTPaHHUKA, BBIMYKJIOTO U MPAaBUJILHOI'O MHOTOTPAaHHUKOB, pa3BepTKa.

MHOrorpaHHuKd, B  H3BECTHOM CMBICIIE, SBIISETCS  MPOCTPAHCTBEHHBIM  aHAJIOrOM
MHOTOYTOJIbHUKA. TeM He MeHee, JUIi CTPOTO €ro ONpeAeNiCHHs HaM MOHAA00STCS HECKOIBKO
BCIIOMOT'aTEJIbHBIX MOHATHUM.

B 1mkonpHBIX y4eOHMKAax TE€OMETPUM MHOTOIPAHHMKAMHU OOBIYHO HA3bIBAIOTCS Tela,
MIOBEPXHOCTU KOTOPBIX COCTOSAT M3 KOHEYHOIO YHUCJIAa MHOTOYTOJIbHUKOB, Ha3bl-BAEMbIX TI'PaHIMHU
MHOTOrpaHHuka. CTOpPOHBI M BEPHIMHBI ATHX MHOTOYTOJBHUKOB HAa3bIBAIOTCS COOTBETCTBEHHO
pebpamu ¥ BepIIIMHAMH MHOTOTPaHHUKA.

IIpasunvHvie MHO2OCPAHHUKU

BI)IHYKJIHﬁ MHOTI'OI'paHHUK HAa3bIBACTCA IMPABUJIBHBIM, C€CJIM €ro I'paHAMH SABJIAIOTCA PABHBIC
MMpaBUJIbBHBIC MHOTOYI'OJIBHUKH, U BCC MHOI'OI'PAHHBIC YIJIbI pABHBI.

PaccmoTpuM BO3MOKHBIE MPAaBUIIbHBIE MHOTOTPAHHUKU M TPEXKIE BCETO T€ M3 HUX, TPAHIMHU
KOTOPBIX SIBIISIIOTCSA  TpaBWIbHBIE TpeyroibHUKU. Haubornee m0POCTBIM TakuM MPaBUIBHBIM
MHOTOTPAaHHUKOM SIBJIIETCA TPEYrojbHash MUpaMuia, TPaHSIMU KOTOPOW SBIISIFOTCS TPaBUIIbHBIE
TpeyroiabHuKHU (puc. 1). B kaxmoil ee BepunHe cXoAUTCA MO TpH rpaHu. Mmes Bcero ueTwsipe rpaHy,
ATOT MHOTOTPAHHUK HA3bIBAETCS TAKXKE MPABWIBHBIM TETPAdAPOM, WM MPOCTO TETPAdIPOM, YTO B
MEPEBOJIE C TPEUECKOr0 sI3bIKa 03HAYAET YEThIPEXTPAHHUK.

&
Puc.1. Puc.2. Puc.3.

MHororpaHHuK, TpaHsSMH KOTOPOTO SBISIOTCS IPaBWIbHBIE TPEYTOJbHUKH, U B KaXI0u
BEPIIMHE CXOJUTCS YEThIpe TpaHH, W300pakeH Ha pHCYHKEe 2. Ero moBepXHOCTh COCTOHUT M3 BOCHMH
MPaBUJIbHBIX TPEYTOJIbHUKOB, TO3TOMY OH HA3bIBAETCSI OKTa3IPOM.

MHOFOFpaHHI/IK, B K&)K,Z[Ofl BepHII/IHe KOTOpOFO CXOOUTCA IIATH HpaBI/IJ'IBHI)IX TpeyI‘OJ'II)HI/IKOB,
n300paxeH Ha pucyHke 3. Ero moBepXHOCTh COCTOMT W3 JBAJIAaTH MPAaBHIBHBIX TPEYrOJbHUKOB,
MTO3TOMY OH Ha3bIBAETCSI HKOCAdIPOM.

3amMeTUM, 4TO MOCKOJIbKY B BEPIIHHAX BBIMYKJIOI0 MHOIOTPaHHUKA HE MOXET CXOJUTHCS OoJiee

IATH TPAaBWIBHBIX TPEYTOJBHUKOB, TO JPYIMX MIPABUIBHBIX MHOTIOTPAHHUKOB, T'PAHSAMHU KOTOPBIX
ABJISIIOTCS IIPABUIIBHBIE TPEYTOJIbHUKH, HE CYILIECTBYET.
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AHaJIOFI/I‘-IHO, IIOCKOJIBKY B BCPIIMHAX BBIIYKJIIOI'O MHOI'OIpaHHHMKA MOXKCT CXOAUTLCA TOJIBKO
TPHU KBajpara, To, Kpome Kyoa (puc. 4), Apyrux MpaBUIbHBIX MHOTOTPAHHUKOB, ¥ KOTOPBIX T'PaHIMHU
SBIISIOTCSL KBaJpaThl He cymiecTByeT. Ky0 uMeeT ImIecTb IpaHeld M TOATOMY Ha3bIBaeTCs TaKKe

TeKCa3ApOM.
' N
|
1
|
I
!
|

Puc.4. Puc.5.

MHoOrorpaHHukK, IpaHsiM{d KOTOPOTO SIBJISIFOTCSI MpPAaBWJIbHBIE MATUYTOJBHUKH, U B KaXKIOU
BEpPILMHE CXOAUTCA TPU I'paHu, U300pakeH Ha pUcyHKe 5. Ero moBepXHOCTh COCTOUT U3 ABEHAALATH
MPABUJIbHBIX MSATUYTOJLHUKOB, TOITOMY OH Ha3bIBaeTCS JOJIEKAdPOM.

PaccmMoTpuM mOHSATHE NPaBWIBHOIO MHOTOTPAaHHMKA C TOYKM 3pPEHHUS TOINOJOTMU HayKH,
u3ydarolei cBoiicBa (Guryp, He 3aBUCALIMX OT pa3INuHbIX AedopMaruii 6e3 pa3pbiBoB. C 3T0M TOUKH
3peHMsl, HAalpUMep, BCE TPEYTrOJIbHUKHN SKBHBAJICHTHBI, TAK KaK OJIMH TPEYTOJbHHUK BCET/Ia MOXET OBITh
MOJIyYeH U3 JI0O0r0 JPYroro COOTBETCTBYIOIIMM C)KaTHEM WIIU pacTsbKeHHeM cTopoH. BooOrie Bce
MHOT'OYT'OJIbHUKU C OJJUHAKOBBIM YHCJIOM CTOPOH 3KBUBAJIEHTHBI 110 TOU e MPUUUHE.

MHoOrorpaHHUK Ha3bIBa€TCS 8bINYKIbIM, €CIN OH SIBJSETCS BBIMYKION (UTYPOH, T.e. BMECTE C
JTFOOBIMH IByMSI CBOMMH TOYKAMH COJEPKHUT U COSAUHSIOUINIA UX OTPE30K

|_vd-'-.

r)

Puc. 1 A

CaoiicTBo 1. B BBIyKJIOM MHOTOTPaHHUKE BCE TPaHU SIBJISIOTCS BHITYKIIBIMU
MHOI'OyTOJIbHUKaMH.
CBoiicTBO 2. BhINyKiIblii MHOTOTpaHHUK MOYKET ObITh COCTABJIEH U3 MUPAMM/]I C O0IIEH
BEPILIMHON, OCHOBAHHS KOTOPBIX 00pa3yloT MOBEPXHOCTh MHOTOTPAaHHUKA.
CBoiicTBO 3. BBIMyKIIBII MHOTOTPaHHUK JIEKHUT IO OAHY CTOPOHY OT IJIOCKOCTH Ka)KIOW
CBOEH I'PaHH.

Konmponvnsie 6onpocsi
1.0Ompenenennsi BHYTPEHHEW TOYKH, OTKPBITOTO MHOXECTBA, OO0JacTH, TPAHUYHOW TOYKH,
OTPaHHYEHHOTO MHOYKECTBA, T'€OMETPUUYECKOTO Teja, MHOTOTpaHHHWKA, TpaHHW, pedpa, BEPIIUHBI,
JIMaroHajJd MHOTOTPAHHUKA, BBITYKJIOTO U MPABHJIBHOTO MHOTOIPAHHUKOB.
2. PazBepTka.
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Tema 9.2. Ilpusma u ee cBoiicTBa.

Onpeoenenue npuzmol, 8b1COMbL NPU3MbL, Ouazoraru npuzmul. Ceolicmea npusMul.
H3zobpadsicenue npusmol u nocmpoeHue ee cevenus. IIpamas npuzma. Ilpasunvnas npuzma.

Ymemsb: IpUMEHATH TEOPETUYECKHUE 3HAHMS IIPY PEILICHUN 3aJad.
3nams: ONpENENIeHue IPU3Mbl, BBICOTHl IPU3MBI, JIUArOHAIM INPU3MBI, CBOMCTBA IPHU3MBI,
n300pakeHue IPU3MbI U IOCTPOCHUE €€ CeYEHUs, psiMast Ipu3Ma, IpaBUiIbHAs IPU3MA.

[Tpusma (ot zap.-rped. mpicpo (J1aT. prisma) «HEYTO OTIHIICHHOE») - MHOTOI'PaHHHMK, JBE IPaHu
KOTOPOTO SIBJISIOTCSI KOHI'PY3HTHBIMH (PaBHBIMH) MHOT'OYTOJIbBHHKAMH, JICKAIIUMH B MapalIeIbHbIX
IJIOCKOCTSIX, @ OCTAJIbHBIC I'PaHH - IapajuieIorpaMMaMH, HUMEIOIMUMH OOLIME CTOPOHBI C 3THMH
MHOTOyrojbHHKaMH. Miu (paBHOCHIBHO) - 3TO MHOTOTPaHHHK, B OCHOBAHHSAX KOTOPOIO JIEHKAT
paBHBIC MHOTOYTOJIbHUKH, @ OOKOBBIC TPAHU - MMAPAILJICIIOTPAMMBI.

HazBanwue

Onpenenenue

O0o03HaueHUsA
Ha YePTEKE

Ueprex

OcHoBaHuA

JIBe rpanmu,
SIBJISTFOLIIUECS
KOHTPYIHTHBIMHU
MHOTOYTOJIbHUKAMH,
JIe)KAIMH B
MapajuIeIbHbIX
TIOCKOCTSIX.

ABCDE,

bokoBsle rpanu

Bce rpanu, kxpome
ocHoBanuii. Kaxxnasa
O0KOBas rpaHb
00s13aTeNbHO
SIBJISIETCS
MapajIeIorPaMMOM.

ABLK,
BCML,
CDNM,
DEPN,
EAKP

bokosas
MIOBEPXHOCTH

O0BeanHeHNE
OOKOBBIX I'paHeil.

IHonnas
MOBEPXHOCTh

O0BeanHEHNE
OCHOBaHUM U
OOKOBOI
MMOBEPXHOCTH.

BbokoBsie pedpa

OO6mme cTOpoHBI
OOKOBBIX I'paHeil.

AK,BL,CN,
DM ,EP

Bricora

OTtpe3ok,
COEAUHAIOIINN
MJIOCKOCTH, B
KOTOPBIX JICKAT

KR
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OCHOBAHMS IIPU3MBI
u
MIEPIEHUKYIISIPHBIN
9TUM ILIOCKOCTSIM.

Jwnaronanp

OTtpe3ok,
COETUHAIIOIINI IBE
BEPUINHBI IPU3MBI,
HE TIpUHAIJIC)KAITIE
OJIHOM I'paHU.

BP

JmnaronanpHas
MJIOCKOCTh

IInockocTs,
MIPOXOIAIIAs Yepe3
MepeceKaroInecs
JaroHalb
OCHOBAHUS U
0okoBoE pedpo
MIPHU3MBI.

JnaronanbHOE
ceyeHue

[Iepeceuenue
MIPU3MBI U
UaroHaJILHOU
IJIOCKOCTH. B
ceueHuu oOpasyercs
napajieJorpamm, B
TOM UHCJIE €ro
YacTHBIE CIIy4au —
pomo,
MPSAMOYTOJIBHUK,
KBaJIpar.

EBLP

[epnieHauKyIApHOE
(opTaroHangbHOE)
ceueHue

Ilepeceuenue
MIPU3MBI U
IJIOCKOCTH,
MEPIEHUKYISIPHON
ee OOKOBOMY pedpy.

Ceoticmea npusmbi

1. OcHoBaHuUs IPU3MBI ABJISIOTCS pABHBIMH MHOTOYT'OJIbHUKAMHU.
2. BOKOBBIE TpaHy MPU3MBI SBISIOTCS TTapaIIeIOTpaMMaMH.

3 boxoBble peOpa Mmpu3Mbl MapaieabHbl U PaBHBbI.
4. O0BEM MPHU3MBI paBEeH MPOU3BEACHHUIO €€ BBICOTHI Ha IUIOMIaAb ocHOBaHus: V =S -h

5. Ilnomaap MOJHONH MOBEPXHOCTH MPHU3MBlI paBHA CyMMe IUIOIIAAM €€ OOKOBOM IMOBEPXHOCTH M
YABOCHHOM IIJIOIIA A OCHOBAHUS.
6.I1momans 6OKOBOM MOBEPXHOCTH MPOU3BONILHOM pu3Mbl S = P - | ,rae P - mepumerp

HepIeHIUKYISPHOro ceuenus, | - mmHa 60koBOro pedpa.

7. ITnomaap 60KOBO# MOBEPXHOCTH MPsAMOit mpu3Mbel S = P-h, rae P - mepuMerp 0CHOBAaHUS IPHU3MBI,

h - BICOTa TTPHU3MEL.

8. [leprieHqUKyNIApHOE CEUCHUE TIEPIICHIUKYISIPHO KO BCeM OOKOBBIM pEOpaM IMPU3MBI.
9. V1Bl NEePIEHIUKYIIIPHOTO CEYCHHUS - 3TO JIMHCHHBIC YTIIbI IBYTPAHHBIX YTIIOB MPU

COOTBETCTBYIOIIUX OOKOBBIX pEOpax.
10. [MepreHAUKYISIPHOE CEYCHHUE MTEPIICHIUKYIIPHO KO BCEM OOKOBBIM TPAHSIM.

KoumponwHuie 6onpocwl

1. Onpenenenue NpuU3Mbl, BBICOTHI IPU3MBI, TMATOHATU TPU3MBI.
2. CBolicTBa IPHU3MBL.

3. N300pakeHre mpu3Mbl U IOCTPOCHHE €€ CEUEHUSI.
4. lpsimas npusma. [IpaBuiibHas npusma.
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Tema 9.3. Ilapanienienunen u ee cBoiicTBa.
Onpeodenenue napannenenuneda. Ceotlicmea napaiienenuneda c ooxasameivcmeamu. Kyo.
Ymemb: IPUMEHSATH TEOPETHUCCKUE 3HAHUS TIPU PEIICHUH 33]1a4.
3unamu: onpeneneHne napaieNenunesia, CBOINCTBa napaiesenumnesia, n300paxeHue

napauicicnmicaa 1 moCTpoOCHUE €€ CCUCHU.

Ilapannenenunedom Ha3bIBAETCS NIPU3MaA, OCHOBAHUEM KOTOPOH CIIYXKHT IapauleIorpaMM.
1

A
B
[TapannenorpaMMebl, U3 KOTOPBIX COCTABIICH MapajUieienuIe]], Ha3bIBaIOTCSA €ro TpaHsIMH, UX
CTOPOHBI — pebpamy, a BEPIIMHBI MapaIeIOrPaMMOB — @epuiuHamy Tapaiienenunena. Y

napauelienunesa Bce rpaHd — NapajlieorpaMMBl.

[Tapannenenunepl, Kak ¥ BCSIKUE IPU3MBbI, MOTYT OBITh npsMble U HAKIOHHDbIE.

OOBIYHO BBIACHSAIOT KaKWe-HUOYIb JBE NPOTHBOIOJIOXHBIE TpPaHH | HAa3bIBAIOT UX
OCHOBAaHMSAMHU, a OCTalbHble TIpaHM — OOKOBBIMU TpaHsMU napamienenunena. Pebpa
napajuiesienunesia, He MpUHaAJIeKalUe OCHOBAaHUM, Ha3bIBalOT OOKOBBIMU peOpaMHu.

JIBe rpaHM MNapajuleenuiesna, uMeromue oodmiee pedpo, HaA3bIBAIOTCA CMEXHBIMH, a HE
UMEIOIINE 00X pedep — MPOTUBOTOIOKHBIMH.

OTpe30K, COeAMHSIOUIMHA [BE BEpUIMHBI, HE NPUHAMJIEKALIME OJHOM TIpaHu, Ha3bIBACTCA
JMaroHaNbIO MapajuleNenunesa.

IIpsimoti napannenenuned, y KOTOPOIO OCHOBAaHUEM SIBJSIETCS NMPSMOYTOJIBHUK, Ha3bIBAeTCS
IOPSAMOYTOJIBHBIM — MapajUleJeNuneoM. Y TPsAMOYTOJbHOIO MapajuleleNuIeaa BCce TIpaHd —
IPSIMOYTOJIBHUKH.

JUnHBl HE MapajulelbHBIX pedep MPsIMOYroJAbHOIO IapajuleleNnuIeia Ha3bIBAIOTCS €ro
JUHEHHBIMU pa3MepaMH (M3MEpEeHUsMH). Y MpsIMOYrojbHOrO MapajieNenunesa TPU JUHEHHBIX
pa3mepa.

Csoticmea napannenrenuneoa:
1. IlpoTrBONONOKHBIE TPAHH MMapaJJIENIENNIIE]a PAaBHbI U apAJUIEIbHBL.
2. Bce deTplpe nuaroHanu napaiiesienunea NepecekaoTcs B OJHOM TOUKe U JENATCS 3TOM TOUKOM
HOTI0JIaM.
3. bokoBbIe rpaHu MPsAMOro Napanjenenunesa — MpsIMOYrOJIbHUKH.
4. KBajgpar nuaroHaiad HOpsIMOYTOJIBHOTO MapajUleNienuIeaa paBeH CyMMe KBaJpaTOB TpPEX €ro
U3MEPECHU.
Konmponvnvie éonpocwi
1. Onpenenenue napauienenunea.
2. CpoiicTBa napasuiesenumesaa ¢ 10Ka3aTeaIbCTBAMU.
3. Kyo0.

Tema 9.4. Ilupamuna. [IpaBuibHas nupamMuaa. Ycedennasi nupamuaa. Terpasap.

Onpeodenenus nupamuobl u e20 OCHOBHIX demeHmos. Yceuennas nupamuoa. Ilpasunvras
nupamuoa. Tempasop.

Ymems: MNPUMCHATH TCOPCTUYCCKUEC 3HAHUA TPU PCIICHUH 3a/1a4.
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3namo: OMpCACIICHUA MUPaMUIbI U €T0 OCHOBHBIX 3JICMCHTOB, YCCUCHHAs MUpaMuid, IIpaBUJIbHAA
nUpamMua, TeTpasip.

Hupamuoa
Paccmotpum mHoroyromsHuk A, A,,..., A, u Touky P, He nexaliyl0 B IJIOCKOCTH 3TOrO

MHOroyrojibHuka. CoequHUB TOUYKy P oTpe3kamMu C BepIIMHAaMU MHOTOYTOJBHUKA, IMOIY4YUM N

tpeyronbHukos (puc.l.): PAA,, PAA,,..PA A .

A "‘1
. puc.1.

MHOroOrpaHHUK, COCTaBIEGHHbIH U3 N - yroiabHUKa A, A,,..,A, U N TPEyrolnbHUKOB
PAA, PAA,,..PA A, Ha3piBaerca  nupamuodoi. MuoroyronsHuk A, A,,...,A, Ha3bplBaeTcs
ocHoBaHueM, a TpeyronsHuku PAA,,PAA,,..PA A - 6okoeveimu epansmu nupamuasl. Touka P —
BEpLIMHOM nupamuel, a otpesku PA, PA,,...PA - ee 6okosbimu pebpamu. Ilupamuny ¢ ocHOBaHHEM
A A, ... A, uBepmuHoii P o6o3nauaroT Tak: PA A,...A, - 1 Ha3bIBAIOT N — yTroJIbHON MUPaAMHJION.

Ha pucynke 2 m300pakeHBl UYETHIPEXYTOJNbHAs M IIECTHYTOJIbHAS MUPaMUAbL. SICHO, YTO
TpeyroJibHas MUpaMuia — 3T0 mempasop.

A

As
Aj

Ag

Puc.2.
[IepnieHauKymsp, IPOBEICHHBIN U3 BEPUIMHBI TMPAMUJIBI K TUIOCKOCTH OCHOBAHUs, HA3bIBACTCS
BeIcoToM nupamuabl. Ha (puc 1) otpezok PH sBisieTcs BbicOTON MUpaMubl.
[Tnomanpo NOAHONM MOBEPXHOCTH NMUPAMUBbl HA3bIBAETCS CyMMa IIJIOINAAEH BCeX ee rpaHei
(T.e. ocHOBaHUS M OOKOBBIX TIpaHel), a MJIOMAAbI0 OOKOBOW MOBEPXHOCTH HHPAMHUIBI — CyMMa
ronia el ee 60koBbIX rpaneil. OueBunaHo, S, =S, +S, .

nonH 6ok

Ilpagunvuaa nupamuoa
IInpamuia Ha3bIBaeTCA MPABUIIBHOM, €CIIH
1) ee ocHOBaHME — MTPABUIILHBI MHOTOYTOJIbHUK;
2) ee BBICOTAa — OTPE30K, COCTUHSIONINI BEPIIUHY TUPAMHUIBI C €€ IIEHTPOM.

OaHUM 13 IPUMEPOB NPABUIIBHOW MMUPAMHU/IBI SIBISIOTCS €TUIIETCKUE MUPAMHJIBI. JTO
YETBIPEXYTOJIbHBIE TTUPAMUIBI.

Ceoticmea npaguibHot NUpAMUobL.
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Bce 6okoBbie pebpa npaBHIIbHONW MUPAMHIbI PAaBHBI, @ O0KOBBIE TPAHU SBJISAIOTCS PABHBIMU
PaBHOOEPEHHBIMU TPEYTOJIbHUKAMHU.

Jloka3aTenbCcTBO TaHHBIX (DAKTOB MIPOBOAMTCS YCTHO:

1. JTro60e OoxoBOE pedpo ImpeACTaBIsIeT COOOH TUITOTEHY3Y MPSMOYTOJIEHOTO TPEYTrOJIbHUKA, OTHUM
KaTE€TOM KOTOPOT'O CIIY)KHT BBICOTA MUPAMUJIBL, & IPYTUM — PAJANYC OIIMCAHHON OKOJIO OCHOBAHUS
OKPY’KHOCTH. Ot IpsAMOYTOJIbHBIC TPCYTOJIbHUKHW PABHBI. CHGI[OBaTeJIBHO, PaBHbI UX TUITIOTCHY3bI.

2. Tak kak 60kOBbIe peOpa MPaBUIBHOM MUPAMUIBI PaBHBL, TO €€ OOKOBBIC TPAHU - PABHOOEIPEHHBIE
TpeyronbHuky. Tak kak A, A, ..., A, - NIpaBUIBHBI MHOTOYTOJIBHUK, TO OCHOBAHUS 9THX

TPEYrOJIbHUKOB TAK)Ke PaBHbI APYT IAPYTy. 3HAUUT, OOKOBBIC I'PaHU PaBHbI (II0 TPEM CTOPOHAM).
Anogema.

Arnogema — BpicoTa O0OKOBO rpaHy MpaBUWIIbHON MUpaMUbl, IPOBEICHHAS U3 €€ BEPILUHBL.
JlaHHBIH TepMUH ynoTpeOiseTcs Uil NPaBUIbHON MUPAMU/bL, XOTS y HEMPaBUIbHOM MUPaMUIbI
TaKXe MOTYT OBITh PaBHBI BBICOTHI OOKOBBIX TPaHEH.

Teopema: I1nomanp OOKOBOM MOBEPXHOCTH MPABUIBLHOM MUPaMU/IbI paBHA TTOJOBUHE
NIPOM3BEACHUS TIEpUMETPa CHOBAaHUS Ha anodemy.

Jlokazamenbcmeo

bokoBble TIpaHM NpaBWIBHOM MNHpaMuAbl — paBHbIE paBHOOEAPEHHBbIE TPEYrOJbHUKU,
OCHOBAaHUS KOTOPBIX — CTOPOHBI OCHOBaHHUS MUPAaMUIbI, @ BBICOTHI paBHbI anmodeme. [lnomans S
OOKOBOM MOBEPXHOCTH MHUpPAMUJAbl paBHA CyMME IPOU3BEACHUN CTOPOH OCHOBAHMS HAa IOJOBHUHY
arnodembr d. BeiHocst mHOkuTenb 0,50 3a CKOOKH, MOIYYUM B CKOOKaX CyMMY CTOPOH OCHOBaHHS
paMupl, T.€. €ro nepumerp. Teopema nokas3aHa.

Yceuennan nupamuoa

Yceuennoii nupamuooii HazpIBa€TCS MHOTOTPaHHUK, Y KOTOPOT'O BEpIIMHAMU CIYXKaT BEPLIMHbI
OCHOBAaHUS U BEPILIUHBI €€ CEUYEHUS TUNIOCKOCTbIO, MApaIeIbHON OCHOBAHUIO.

Ceoticmea yceueHHOU NUPAMUObL.

1. OcHoBaHuUs yceUeHHOW MUPaMUbl — M0JI00HBIE MHOTOYTOJIbHUKH.
2. BOKOBBIE TpaHH YCEUSHHOH MUPaMUIbI — TPATCIUH.
3. BokoBbIe pebpa npaBUIBHON yCeUEHHOM MUpPaMUIbl paBHBI U OJIMHAKOBO HAKJIOHEHBI K OCHOBAHUIO
MTUPAMH/IBI.
4. BokoBbI€ IPaHU MPaBUWIBHOM yCEUEHHOM MUPaMUIbl — paBHBIE MEXy cO00M paBHOOEIpEHHBIE
Tpareniy 1 OJJMHAKOBO HAKJIOHEHBI K OCHOBAHUIO TTUPAMHUIBI.
5. JIByrpaHHbIe YTIbl IPU OOKOBBIX pedpax MpaBUILHON yCEUYEHHON MUPAMUIBI PABHBIL.

IInowaows nosepxnocmu u 06vEM YceueHHOU NUPAMUObL

ITycTs CH__ gpicora YCEYEeHHOW MUPaMU/IbI, PryPa_ IIEpUMETPBI OCHOBAaHUM yCEUEHHON
IMUpaMU/IBI, SiyS2 IJTIOMIAAN OCHOBAHUM YCEUYEHHOW MUPaMU/IbI, Stox— ILIOIaab OOKOBOM
IIOBEPXHOCTU YCEUCHHOU ITUPaMUIBL, Snoan— 1101 b ONHOM MIOBEPXHOCTU YCEUECHHON NTUPaMUJIBL,
V' o6bem YCEUEHHOU NupaMupl. Toraa UMErOT MECTO CIEAYIOIINUE COOTHOLIEHUS:

Snth - 51 + 52 + Sﬁ-mc

71



1 .
V= gfﬂﬂlzsl + Sg + ".,.-’r-gl-ggjl

.f

Ecnu Bce ABYI'PaHHBIC YI'JIbI [P OCHOBAHHUHU ycequHoﬁ IMUpaMUuJIbl PaBHLBI -, @ BBICOTBI BCCX

OOKOBBIX I'paHel TUPAMUJIbI PAaBHBI hgox, To

| =

Sgox = — (1 + Fo)hgex

)

§

&1 — Sh
Sﬁfm'. - | | .
cos 4

Cummerpuu B Ky0e, B mapaJJiejienumnesne, B Ipu3Me U nupamMuje.
(OonoaHumenvHwlll Mamepuan)

Ilocmpoenue cummempuii 6 Kyde, 8 napaiienenuneoe, 8 npuzme u nUpamuoe.

Cummempusn Kyoa

1.LlenTp cuMMeTpur — IEHTP KyOa (TOUYkKa IepeceueHus Juaronaieit kyoa) (puc. 4).

2.I1m0cKOCTH CUMMETPUU: TP IUNIOCKOCTH CUMMETPHUH, NMPOXOIAIINE YEPe3 CepeIMHbI MapaliebHbIX
pebep; mecTh MIOCKOCTeH CUMMETPUH, MPOXOIAIINE Yepe3 MpoTHBoJIeKalue pedpa (puc. 5).

: % ' 7
| ; |
1 [
: E I
T A R ) Dot
: 1 AR
| ] ’: :
i y N
I \ :

1. Ocu cuMMeTpuu: TpU OCH CHMMETPUH, ITPOXO/ISIINAE YEPE3 LEHTPBI TPOTUBOJICKAIINX IPAHEH;
YeThIPEe OCH CUMMETPHH, TPOXOIAIINE Yepe3 MPOTUBOJISKAIINE BEPIIHHBI; IIECTh OCEH CHMMETPHUH,
MIPOXO/ISIINE Yepe3 CEPEeMHBI MTPOTUBOJICKAIINX pedep (puc. 6).

72



Cummempus npamoyzoabHo20 napajieienuneoa

1. IlenTp cuMMeTpUN — TOYKa MEpeceueHusl TuaroHaiel mpsMOyrojbHOro napasuienenunena (puc.
7).

2. [TnockocT CUMMETpHH: TPH TIOCKOCTH CUMMETPHUH, TIPOXOJISIINE Yepe3 CEPEAMHBI TapaJlIeIbHBIX
pebep (puc. 8).

fmmmfp e e e -
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3. Ocu cUMMETpHUH: TPU OCH CUMMETPHUH, POXOASIINE Yepe3 TOUKU MePEeCeUeHHsI TharoHanei
MIPOTHUBOJIEKAIIUX TpaHeil (puc. 9).

Cummempus npamoii npumol

[T10cKkOCTh CUMMETPHUH, IPOXOIALIAs Uepe3 cepeuHbl O0KOBBIX pedep (puc. 11).

Cummempus npasuibHOU NPU3MBL
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1. IleHTp cuMMETpHUH IIPU YETHOM YHCIIE CTOPOH OCHOBAHUS — TOYKA IEPECECYCHUs NUAroOHaIeH
MpaBUIILHON TIPU3MBI (puc. 12)

i
1
T - 1
. ¢ 1
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1 ‘-l ) I
. s :
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JEASERNR P
- \ - =
\ r'r v //
2. HHOCKOCTI/I CUMMCTPUHU: IIIOCKOCTb, IIpoxXondmias 4Yepe3 CCPCANHLI 6OKOBBIX pe6ep, IIpu
YETHOM YHCJIC CTOpOH OCHOBaHHA — IIJIOCKOCTH, HpOXOI[SIIJ_II/Ie qepe3 HpOTI/IBOHe)KaL[II/Ie pe6pa (pI/IC
13).
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3. OCI/I CHMMeTpHH: HpI/I YCTHOM YHCJIC CTOpOH OCHOBAaHUA — OCbH CI/IMMeTpI/II/I, HpOXO[I)IHIaﬂ

yepe3 HEHTPbl OCHOBAHUN, U OCH CUMMETPHUH, MPOXOJAIIUE Yepe3 TOUKH MEepeceyeHus TuaroHanen
MIPOTUBOJICKAIINX OOKOBBIX IrpaHeit (puc. 14).

Cummempun npasuibHOl NUPAMUObL
1. [T10CKOCTH CHMMETpPHH: TIPH YE€THOM YHCIIE CTOPOH OCHOBAHHS — TUIOCKOCTH, MPOXOJISAIINE
yepes MPOoTUBOJIEeKaIIe OOKOBBIE pedpa; U INIOCKOCTH, MIPOXOIAIINE Yepe3 MeIUaHbl, IPOBEICHHBIE K
OCHOBAHUIO MPOTHBOJISKAITNX OOKOBBIX rpaHeit (puc. 15).
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2. Ocb CUMMCTpPUU: IPU YCTHOM YUCJIC CTOPOH OCHOBAHHA — OChb CUMMCTPHHU, ITPOXOAAIIad
4yepe3 BEPIIMHY NMPaBUILHON TUPAMHIBI U IIEHTP OCHOBaHUsA (puc. 16).

Tema 9.5. Ceuenust Ky0a, npu3Mbl 1 NMPAMHUBI.
Ceuenus kyba, npusmel u RUPAMUOBL.

Ymemsb: cTpOUTH cedueHus Kyoa, MpU3Mbl ¥ TUPAMUIBL.
3name: CedeHnus KyOa, IPU3MbI U TUPAMU/IBI

Ceuenue npusmol
1. Ceuenue mpHU3MBI IUIOCKOCTBIO, TApAJUIENPHOW OCHOBaHMIO. B cedenmnm oOpasyercs
MHOI'OYTOJIbHUK, PaBHBI MHOTOYTOJIbHUKY, JI€KaIeMy B OCHOBaHUU.

2. CeueHue npu3Mbl IIIOCKOCTHIO, IPOXOSIIEH Yepe3 Ba HE COCEAHMX OOKOBBIX pedpa. B ceuenun
oOpa3yercd mapaienorpaMM. Takoe cedeHHe Ha3bIBaeTCs JAMArOHAJbHBIM CEUEHUEM MpHU3Mbl. B
HEKOTOPBIX CIydasiX MOXET MOIy4aTbcs poMO, MPSIMOYTOJIbHUK UITH KBAJparT.

PaccmoTrpenue nmpaBuiabHOM IPU3MBI BO3MOYKHO TOJIBKO ITOCJE BBEICHUS MOHATHS IIPABUIIbHBINA
MHOIOYrojapHUK. OJHAKO C NpPaBWIBHOM TPEYrOJbHOW INPU3MON MOJKHO INO3HAKOMHUTH YyYalllUXCs
ropaszo pasbllie. A C MNpPaBWIbHOM YETHIPEXYTOJbHOW NPU3MONM MBI 3HAKOMBI €Ile M3 Kypca
MaTeMaTHKH 5—6-X KJIAacCOB, TaK KaK OHA IMpeACTaBiseT co00i MpsAMOYTOJbHBIM MapajieNenumnes] ¢
KBaJpaTaMH B OCHOBaHMsAX. [IpaBuibHas mnpusma — mpsMas IpU3Ma, OCHOBAHMUSIMH KOTOPOH
ABJISIOTCS [IPABUIIbHBIE MHOTOYT'OJIBHUKHU.

Ceoticmea npaunbHOU npusMul

1. OcHoBaHMsI IPaBUIIBHON IPU3MBI SABISAIOTCS NIPABUIBHBIMA MHOTOYTOJIbHUKAMH.
2. BokoBble rpaHy MPaBUJIBHOM MPU3MBI SIBJISIFOTCS] PAaBHBIMH NPSMOYTOJIbHUKaMU.
3. bokoBble peOpa MpaBUILHOM MPU3MBbI PABHBI.

Ceuenue npasunbhoil npu3mol
1. Cedennie mMpaBWJIBHOW MPU3MBI TJIOCKOCTHIO, MApajUIeIbHOW OCHOBaHWIO. B ceduenmm oOpasyetcs
MPAaBUWIbHBI MHOT'OYTI'OJIBHUK, PAaBHBI MHOT'OYT'OJIBHUKY, JIEXKAIEMY B OCHOBaHUU.

2. CeueHnie MpaBWIBHON MPU3MBI IJIOCKOCTHIO, MPOXO/IAIIEH Yepe3 Ba HE COCEHUX OOKOBBIX pedpa.
B ceuenun obpazyercs npsAMOYroibHUK. B HEKOTOPBIX ciyyasx MOKeT 00pa3oBaThCs KBaIpar.

N3 xypca mareMaTHKu 5—6-X KJIACCOB ydJalIHecs YK€ 3HAKOMBI C ONMHCAaHWEM MUPaMUAbL. A
MMEHHO: MHMpPaMHJa — MHOIOTPAaHHUK, IIOBEPXHOCTb KOTOPOIO COCTOUT W3 MHOIOYI'OJIbHHUKA,
HA3bIBAEMOTO0 OCHOBAaHHMEM MHPAMUJAbI, M TPEYroJbHUKOB C OOIIEH BEpIIMHOM, Ha3bIBAEMBIX
OOKOBBIMU TPaHSAMH NMHPaMUIbl. 3HAKOMCTBO C MPABUIBHOM MUPAMHUA0M BO3MOXHO TOJBKO IOCIE
W3YYEHHUS MMOHATHUS MPABUIbHBIN MHOrOyroibHUK. OTHAaKO ¢ MPaBUIIBLHON TPEYTOJbHON U MPaBUIIbHOMN
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quprexyroanoﬁ HI/IpaMPIILOﬁ MOKHO IMO3HAKOMHUTH Y4YalllUXCs 3HAYUTCIBHO PAHBIIC. HpaBI/IHBHaH
nupaMua — NHPaMHIA, B OCHOBAHUH KOTOPOWH JISKHUT MPABUIIBHBI MHOTOYTOJIBHUK U BCe OOKOBBIC
peOpa paBHBI.

Ceoticmea npasuivbHoOU NUpamuovl

lo. OcHoBaHue MPaBUILHON MUPAMUIBI — MPABUIbLHBII MHOTOYTOJIbHUK.
20. bokoBBI€ I'paHu MPAaBUIBLHON MUPAMUIbI — PAaBHOOEIPEHHBIE TPEYTOIbHUKH.
30. bokoBbie pebpa mpaBUILHON MUPAMHJIBI PABHBI.

Ceuenue npagunbHoOU NUPAMUOBL
1. CedyeHne mpaBUIBLHOM MUPAMUIBI TNIOCKOCTHIO, TIapaslieIbHOW OCHOBaHMIO. B ceduenun oOpasyercs
MPABUJIbHBIN MHOTOYTOJIbHUK, [TOJI00HBIN MHOTOYTOJIBHUKY, JIEXKAIlleMy B OCHOBAaHHUH.

2. CeyeHue NpPaBWILHOM MUPAaMUJBI TIOCKOCTHIO, MPOXOAIICH uYepe3 JBa HE COCEAHHX OOKOBBIX
pebpa. B ceuenun oOpasyercss paBHOOCAPEHHBIM TPEYroJbHUK. B HEKOTOPBHIX CIydasX MOKET
00pa30BaThCsl PABHOCTOPOHHUHN TPEYrOJIbHUK.

C HEKOTOpbIMM IPaBUJIBHBIMA MHOTOTPaHHMKaMH Y4YalllUecs YK€ BCTPEYaUCh. ITO
TpeyrojibHas nupaMpga U KyO0. ['paHsMHM TpeyroapHOM mNHpaMuibl SBIAIOTCS IPAaBUIbHBIC
TPEYroJIbHUKUA. Ee Ha3bIBalOT NpaBUIBHBIM TETPAdIPOM, YTO B IIEPEBOAE C IPEYECKOTO O3HAYACT
yeTblpexrpaHHuk. Ky0 mMmeeT miectb rpaHeil, o3TOMy Ha3bIBaeTCsl MPaBHIBHBIM TeKca’apoM (Io-
I'PEYECcKU «TeKca» 03HavaeT 1IecTh). PaccMoTpeHne npaBUIbHBIX MHOTOTPAaHHUKOB ClIe1yeT HAUMHATh
C TeX W3 HUX, TPaHSAMH KOTOPBIX SIBISIFOTCSI IMpPaBUJIbHBIE TPEYroibHUKU. OIMH U3 TaKux
MHOI'OIPAHHUKOB Yy4alllUMCs YK€ 3HAKOM — 3TO IPaBUIBHBIA TeTpasap. Hpyrod MHOIOIpaHHHUK,
IPaHSAMU KOTOPOTO SIBJISIFOTCSI IPAaBUJIbHBIE TPEYTOJIbHUKH, H300paXkeH Ha pUCYHKE 1.

Ero noBepxHOCTb COCTOMT U3 BOCBMH IIPABWIBHBIX TPEYrOJIBHUKOB, IOITOMY €r0 Ha3bIBalOT
MIPABUJIBHBIM OKTa3JpOM («OKTa» — BOCEMb).

M Tpetnii MHOTOTpaHHMK, IpaHSIMU KOTOPOIO SIBJISIFOTCSI IPaBWIBHBIE TPEYTOJbHUKH — 3TO
MPaBWIBHBIN HKOca3p («MKOca» — ABaaLaTh). Ero moBepXHOCTh COCTOUT U3 JIBaAUATH IMPABUIBHBIX
TPEYrOJIbHUKOB (pHC. 2).

MHororpaHHuK, rpaHsiMUd KOTOPOTO SIBJISIFOTCSI KBaJpaThl — ATO KyO. YYaluMcsi OH XOpOIIIO 3HAKOM.
MHoOrorpaHHuK, rpaHsIMH KOTOPOTO SIBJISIOTCS MPaBUIbHbBIE MATHYTOJIbHUKH, U300paXKEH HA PUCYHKE

3.
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Ero moBepxHOCTh COCTOMT W3 ABEHAJATH MPABUIBHBIX MSATHYTOJBHUKOB, MMOATOMY €r0 Ha3bIBAIOT
MPaBUIIBLHBIM JOJEKa3IPOM («I0/e» — JBEHAAIATh).

KonmponvHnuvle 6onpocwl
1. Ceuenus kyo0a.

2. CedeHust MpU3M.

3. CeueHust mUpaMU/IbL.

Tema 9.6. IIpaBuJjibHbIE MHOTOTPAHHUKH.

Ilpeocmasnenue o nNPasuIbHBIX MHO20CPAHHUKAX (Mempa’op, Ky0, 0Kmasop, 000eKa’0p u uKoca’op).

Ymemu: npuMEHATH TEOPETUUECKUE 3HAHUS IIPU PELICHUHU 331a4 Ha JaHHYIO TEMY.
3namu: TpencTaBIieHUE O TPABWIBHBIX MHOTOTPAaHHUKAX (TeTpadap, KyO, OKTadap, JAOACKa’dap M
HUKOCAdIP).

Onpeoenenue npasuibHO20 MHO20SPAHHUKA.
MHoOrorpaHHiK Ha3bIBa€TCs MPABUIIbHBIM, €CJIM: OH BBIIYKJIbIA; BCE €r0 I'PaHU — PaBHBIE APYT
JIpYry MpaBUIbHbIE MHOTOYTOJILHUKH; B KaXKJI0OM €ro BEpIIMHE CXOAUTCA OJUHAKOBOE YHCIO pedep;
BCE €r0 JIBYIPAHHbBIE YTJIbl PABHBI.

Teopema: CymecTByeT MATh pa3IUYHBIX (C TOYHOCTBIO JO TMOA0OMS) THUIOB TPABUIIBHBIX
MHOTOIPAaHHUKOB: TPAaBWIbHBIA TETPAdJp, MNPaBWIbHBIA Tekcadap (kyO), NpaBUIBHBIM OKTadIp,

HpaBI/IJ'IBHHﬁ AO0ACKa’Ap U HpaBHJ’IBHLIﬁ HKOCasIp.

Tabnuna 1. HexkoTtopble cBOICTBA MPaBIIIBHBIX MHOTOTPAaHHUKOB MPUBEEHBI B CIEAYIONIEH TabIuIle.

Bun rpanu ITnockuit Bun Cymma B P T HasBanue
yroJI Ipu MHOTOTPaHHOTO IUIOCKHX MHOTOTPaHHHKA
BEpIIMHE | yIJa pY BEPUIMHE | YIJIOB PH
BEpIIHHE
IMpaBwibHbi | 60° 3-rpaHHbIf 180° 4 6 4 IIpaBunbHbII
TPEYTOJIHHHK TETpadap
[Ipapuneabii | 60° 4-rpaHHBIHA 240° 6 12 8 [IpaBuibHBIH
TPEYTOJIbHUK OKTadIp
IMpaBwibHbi | 60° 5-rpaHHBIN 300° 12 30 20 IIpaBunbHEII
TPEYTOJIHHHK HUKOCadIp
Ksanmpar 90° 3-rpaHHbBII 270° 8 12 6 [IpaBuibHBIH
rexca’ip (ky0)
[MpapunbHbni | 108° 3-rpaHHbIf 3240 20 30 12 IIpaBunbHEII
TPEYTOJIHHHUK JOJIEKad AP

PaCCMOTpI/IM BHUJIbl MHOT'OI'PAHHUKOB!

[IpaBunbpHBIN TETPAdAP [IpaBunBHBIN OKTa’1p
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[TpaBuIBHBIN HKOCAYAP [TpaBuibHbI rekcasap (Ky0)

e

IIpaBribHBIN noAEKaAdIP

Ta6JII/II_Ia 2. (DOpMyJ'IBI JUIA HAXOXKICHUA 00BEMOB MMpaBUJIbHBIX MHOTOI'PAaHHUKOB.
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Bug mHororpaHHuKa Obbem MHOrOrpaHHHKa
MNpaEvneHEI TeTpasgp .:13»\;@
12
[NpaBunbHLIR oKTa3ap GEE\E
3
MNpaeuneHEIR MKoCazap at
MpaewneHeli rekcasgp (kyb) 5a3|i3+ ,‘E]
12
MNpaeuneHEIl gogekasgp 215+ ?ﬁ]
4

Konmponvnsie 6onpocwi
1. Te%paanp

2. Ky

3. Okrasap

4. lexarap
5. %KOC&BI{
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Tema 10. Tesia BpameHusi 1 NOBEPXHOCTH TeJI BPallleHHSI.
Tema 10.1. uuHAp, KOHYC U UX CBOMCTBA.

Onpeoenenus yununopa, konyca u ux snemenmos. Ceoticmea yununopa u konyca. Ceuenus
YUTUHOPA U KOHYCA NIOCKOCHIAMU.

Ymemo: npuMEHATH TEOPETUUECKUE 3HAHUS IIPU PEIICHUH 3a1a4 Ha JaHHYIO TEMY.
3nams. onpeleneHns HUINHIPa, KOHYCa U UX 3JIEMEHTOB, CBOMCTBA IUIMH/IPA U KOHYCA, CEYECHHUS
LUJIMHAPA U KOHYCA IUIOCKOCTAMU

[MunuHapudeckass MOBEPXHOCTh obOpasyercst mpu JBwkeHuHn upsmod (AB, puc.l),
COXpaHSIONICH CBOE HaIpaBJICHUE W IEpeceKarolieiicss ¢ 3amaHHod auHuer (kpuBoit) MN. Jlunus
MN HaspiBaeTCs Hanpasistomend. IIpsmeie, cOOTBETCTBYIOIME PA3IUMYHBIM ITOJOKEHUIM IIPSIMOU
AB npu eé asmxenuu (A’B’, A”B” u T.4., puc.2), Ha3bIBalOTCSA 00Pa3yIOIIUMHU ITUIHHAPUIECKON

!,lﬂ

w

A E

3 F
Puc.1. Puc.2

Lununop. Teno, orpaHNYeHHOE INHAPHUUECKON MOBEPXHOCTHIO C 3aMKHYTOI HaIlpaBIIsIoIeH
U JIBYMS TIapaJIEIbHBIMHU TUIOCKOCTSIMH, Ha3bIBAETCS HMUIUHAPOM (puc.2). YacTu 3THX IUIOCKOCTEH
(ABCDEFG u abcdefg) Ha3piBaroTcs OCHOBaHMSAMH LMIMHJIpA. PaccTosiHMe MeXAy OCHOBAaHUSIMU
(KM, puc.2) — Boicota mumuHapa. L{umuHap — npsMoi, eciiu ero o0pasyromie NepreH UKy PHbI
OCHOBaHUIO; B NPOTUBHOM CJIy4yae LWIMHIAP — HAKJIOHHBIA. [{MnuHAp Ha3bIBaeTCs KPYTOBBIM, €CIIH
€ro OCHOBaHME — Kpyr. Ecnu nunuHap sBisSeTCS OJAHOBPEMEHHO M NPSMBIM, U KPYTOBBIM, TO OH
Ha3bIBaeTCs KPYIJbIM. [Ipr3Ma sIBJIsSeTCS YaCTHBIM CilydaeM HUIHHIpa(royemy?).

[umnapudeckne cedyeHus OOKOBOW MOBEPXHOCTH KpyroBoro mwmmHzapa (puc.3). Cedenus,
napajijelibHble OCHOBAaHHMIO - KpPYr'M Toro ke paaumyca. CedeHus, mnapajjielibHble 00pa3yrolum
WIMHIpa - napbl napamienbHbiX OpsaMbix  (AB || CD). Ceuenus, KoTopble He MapajijielibHbl HU
OCHOBAHMUIO, HM 00Pa3yIOIIUM - SJUIUIICHL.

E

IInowaow 60xo0601 nosepxHocmu YUIUHOpa
[Tnomane GOKOBOW MOBEPXHOCTH IIMJIMHIpPA paBHA MPOU3BEACHHUIO BBICOTHI NUIWHApPA HA JUIHHY
OKPYXHOCTH OCHOBAHHUS.

80



dopmyia a7 BBIYUCICHNS OOKOBOW MOBEPXHOCTH IIMIMHIPA:

S, =27Rn,

60K
rae R = paI[I/ch Opr)KHOCTI/I OCHOBAHUN1, h - BBICOTA HI/IHI/IHI[pa.

[TonHast monaae MOBEPXHOCTH HMIIMHAPA paBHA CyMME OOKOBOW MOBEPXHOCTU LIMJIMHAPA U ABOHHOMN
IUIOLIAIM OCHOBAHUS LIWINHAPA.

dopmyra 1 BEIYUCICHHS TTOJIHOMN ILUIOIMIAN OBEPXHOCTH LMITHHADA!
S,,. = 27Rh + 27R?,

rie R - paanyc okpyKHOCTH OCHOBaHUs, N - BBICOTA IMITUH]IPA.

KoHnunyeckas moBepxXHOCTb 00pa3zyeTcs pu ABMkeHuU npsmoil (AB, puc.l), npoxonsuieil Bcé
BpeMsl depe3 HEMOJBMXKHYK TOuKy (S), M mepecekaromieil 3a JaHHYI JHMHUI0O MN, Ha3blBaeMylo
Hanpasisitomied. IlpsMble, COOTBETCTBYIOLIME pa3IMYHBIM IIOJOKEHUsAM npsmoii  AB mpu eé
neuxeHnd (A’B’, A”B” u T.1.), Ha3bIBalOTCS 00pa3yIOIIMMH KOHUYECKON MOBEPXHOCTH; TOUKA S — €€
BepiinHOi. KoHHYeckas MOBEpXHOCTh COCTOMT M3 JIBYX YacTeil: OJlHa ONUCHIBAETCS Jy4yoM SA,
apyras — ero npojoipkeHueM SB. OObIYHO B KauecTBe KOHHMYECKOH MOBEPXHOCTH paccMaTpUBAIOT
OJIHY U3 €€ YacCTeu.

B B

5

Puc.1 Puc.2
Konyc — 3T0 Teno, orpaHM4eHHOE OJHOM M3 4acTel KOHMYECKON MOBEPXHOCTU C 3aMKHYTOU
HaIIpaBJIAIOIIEH U NEPEeCeKaroIell KOHMYECKYIO IIOBEPXHOCTh INIOCKOCTBIO (ABCDEF, puc.2),

HE Mpoxojsuied yepe3 BepmimHy S. YacTh 3TON MIOCKOCTH, PACHOJI0KEHHOW BHYTPU KOHUYECKOM
MMOBEPXHOCTH, Ha3bIBaeTCsl OCHOBaHWEM KoHyca. [lepriennukymnsip SO, ONyImeHHbIH U3 BEPUIUHBI S HA
OCHOBaHHUE, Ha3bIBAETCs BHICOTOM KoHyca. [Iupamuaa sSBiseTcss 4acCTHRIM cly4aeM KoHyca (rmodemy?).
KoHyc Ha3bpIBaeTCsi KPYroBBIM, €CJIM €ro OCHOBaHHeM sBisieTcsi kpyr. [Ipsmas SO, coemuHsromnias
BEPILIMHY KOHYCa C LIECHTPOM OCHOBAHUsI, HA3bIBAETCSA OCBIO KOHYyCa. ECiu BbICOTAa KpyroBOro KOHyca
COBIIQJAET C €T0 OChIO, TO TAKOW KOHYC Ha3bIBACTCS KPY2IbiM.

Konnueckue ceuenns. CedeHus KpyroBoro KoHyca, napajulelbHble €r0 OCHOBAaHUIO - KPYIH.
Ceuenue, nepecekaroliee TOJIbKO OJHY YacThb KpPyroBOro KOHyca M HE NapajuleJ]bHOE HU OJHOH €ro
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oOpazyromied - ammunc (puc.3). Cedenue, mepeceKkaroliee TOIbKO OJHY YacTh KPYroBOTO KOHYyca U
napajuieIbHOe OJIHOM M3 ero oOpasyronmx - mapadona (puc.4). CedeHue, nepecekaromniee 00e 4acTh
KpPYroBOro KOHyca, B 00ILIeM ciIydae SBJIsIeTCS TUIepOosIoH, cocrosimeil u3 aByx BerBed (puc.5).B
YaCTHOCTH, €CJIM 9TO CEYCHHE NMPOXOAUT Yepe3 OCh KOHYCa, TO MOJy4aeM Iapy IHepeceKaromuxcs
pSAMBIX (00pa3yoNImx KOHyca).

N e mm e ————————

Konundeckue ceyeHHs NPEACTABISAIOT OONBIION HWHTEPEC KaK B TEOPETHYECKOM, TaK W B
NPaKTUYECKOM OTHOIICHHUU. Tak, OHM IIUPOKO HMCIOJB3YIOTCS B TEXHHKE (JUTUNTHYSCKHE 3yOuaThie
Koséca, napaboJInyecKue MPOKEKTOPbl M AHTEHHBI); IJIAHEThl U HEKOTOpPbIE KOMETHI ABMXKYTCS IO
AIUTUITHYSCKUM OpOUTaM; HEKOTOPbIE KOMETBI JABIIKYTCS MO MapabOIMYECKUM M TUNIEPOOTHUECKUM
opOuTam.

IInowaow 6oxoso1i nogepxnocmu KOHyca

[Inomans OOKOBOM TMOBEPXHOCTH KOHyca paBHa IMIPOM3BEACHUIO YHUCIA T Ha paguyc
OKPY’KHOCTH OCHOBAHHS U Ha JUIMHY 00pa3yrolleil KoHyca.

2

®opmyina miomaay 60KOBOM MOBEPXHOCTH KOHyca: S, = 360

a,

rae I - paauyc OKpYKHOCTH OCHOBaHHS, | - 1irHa 00pasyroleil KoHyca.

S, =l

[lmomaae MoOJHOM MOBEPXHOCTH KOHYCA paBHA CyMME IUIONIAJEH OCHOBaHUSA KOHYCa M €ro
00K0BO# TOBepXHOCTH. OCHOBAaHUEM KOHYCA SIBISIETCS KPYT.

dopmyiia IIOMIa M MOJIHON MOBEPXHOCTH KOHYCA:
S_ =Rl +R?,
rae - paguyc OKPYKHOCTH ocHOBauus, | - nauMua oGpasyroleii Konyca.

6ok

KonmponvHnuvle 6onpocwl

1. Onpenenenus MUIMHIPA, KOHYCA U X JIEMEHTOB.
2. CBolicTBa IIMHIPA U KOHYCA.

3. CeueHus MWIMHIPA U KOHYCA TNIOCKOCTSIMH.

Tema 10.2.111ap u cdepa, ux ceuenus. KacarenbHas mJI0CKOCTh K cepe.

Onpedenenus wapa, cgepuvl u ux snemenmos. Bnucannas u onucannas cepwvi. Ceuenus
wapa u cpepol. Kacamenvras niockocms K cghepe.
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Ymemsb: npUMEHTh TEOpETUUECKHE 3HAHMSI IIPU PELICHUHN 3a/1a4 Ha JaHHYIO TEMY.
3uamu: onpeneneHus mapa, chepsl U X IEMEHTOB, OIIMCAHHAS U OMMCaHHasl c(epbl, CEYEHUs 1apa
u cepsl, KacaTesbHas MIOCKOCTbH K chepe.

Codepuyeckast TOBEPXHOCTh — 3TO TEOMETPUUECKOE MECTO TOUYEK (T.€. MHOXKECTBO BCEX TOYEK)
B IIPOCTPAHCTBE, PABHOYJAIEHHBIX OT 0JHON Touku O, KOTOpas Ha3bIBaeTCs LEHTPOM c(hepuyecKon
nosepxHoctu (puc.l). Pannyc AO u quamerp AB onpenenstorces Tak ke, Kak U B OKPY>KHOCTH.

Puc.1 Puc.2

[Iap (cdepa) - 3T0 Tes0, OrpaHUYCHHOE CHEPHUCSCKOMN MTOBEPXHOCTHIO. MOXKHO MOIYYHUTD MIap,
Bpamiasi MmoyJykpyr (Wid Kpyr) BOKpPYr auamerpa. Bce Iuiockue cedeHus mmiapa — Kpyru (puc.l).
HaubGonpmumii Kpyr JeKUT B CEUEHUH, MPOXOJAINIEM 4Yepe3 LEHTP Ilapa, U Ha3bIBa€TCA OOJIBIIUM
kpyrom. Ero paanyc paBeH paamycy mapa. JIroObie 1Ba GOJBIINX Kpyra MepeceKaroTcs 1Mo TUaMeTpy
mrapa (AB, puc.2). OToT AMaMeTp ABIAETCS M JUAMETPOM IEpeceKaromxcsi OonbIuX Kpyros. Yepes
JIBE TOYKH CPEPUUCCKOM MOBEPXHOCTH, PACIIOIOKEHHBIC HA KOHIIaX OJHOro aunamerpa (A u B, puc.2),
MOKHO TPOBECTH OECUMCIEHHOE MHOXECTBO OONbIIMX KpyroB. Hampumep, uepe3 momroca 3emiu
MOYKHO TIPOBECTH OECKOHEYHOE YMCIIO MEPHIUAHOB.

OO0béM 1Iapa B MoJATOpa pa3a MeHbIle 00bEMa OMMCAHHOTO BOKPYT HEro nuiauHapa (puc.3d), a
MOBEPXHOCTh IIapa B IOJITOpA pa3a MEHbBIIE IOJIHOW MOBEPXHOCTH TOTO e MWIMHApa (Teopema
Apxumena):

Puc.3
3neck Smapa u V mapa - COOTBETCTBEHHO IOBEPXHOCTh U 00BEM I1apa;
Stuun u Voun - nosiHasi MOBEpXHOCTh U 00BbEM OMUMCAHHOTO LIMJIMHPA.

Yacmu wapa. Yacts mapa (cdepsl), oTcekaemasi OT Hero kakoi-nmioo rrockocteio (ABC, puc.4),
Ha3bIBaeTcs mapoBbiM (cdepuyeckum) cermeHToM. Kpyr ABC HazbiBaeTCsi OCHOBAaHHEM IIIAPOBOTO
cermenTa. Otpezok MN mepnenaukyspa, mposeneHHoro u3 nearpa N kpyra ABC mo nepecedenus
co chepuueckoii MOBEPXHOCTHIO, HA3bIBAETCS BHICOTOM IMIAPOBOTO cerMeHTa. Touka M Ha3bIBaeTcs
BEPUIMHON IapOBOT0 CETMEHTA.
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Puc.4
Yacte cdepbl, 3akmrouéHHas MEXIy AByMms napamwienbHbiMu miockoctsmMu ABC u DEF,

IepeceKkaroIuMU  CPEpUUEcKyr0 IOBEPXHOCTh (puc.4), Ha3bIBAaeTCs ULIAPOBBIM CIIOEM; KpHUBas
MOBEPXHOCTh IIAPOBOrO CJIOS Ha3biBaeTcsl wmapoBbiM mosicoM (30Hoi). Kpyru ABC u DEF —
OCHOBaHHUsA LapoBoro nosca. Paccrosnue NK Mexay oCHOBaHMSMH IIapOBOro IOsica — €ro BBICOTA.
Yacte mapa, orpaHHueHHas KPUBOW MOBEPXHOCThIO cdepuyeckoro cermenra (AMCB, puc.4) u
KoHu4eckoi moBepxHocThi0 OABC, ocHOBaHHMeM KOTOpOH ciyxuT ocHoBanue cermeHTta (ABC), a
BepIIMHOMN — 1eHTp 1mapa O, Ha3bIBAeTCs LIAPOBBIM CEKTOPOM.

Ypasnenue cghepuot
B npsiMoyroneHO# cucteMe KoopAnHAT ypaBHeHue cdepsl paguyca R ¢ nentpom C( Xy, Yo, Z, ) ©MeeT

B (X—X,)* +(Y—Y,)* +(z2-2,)* =R®.
Kacamenvnasa nnockocms K cghepe

[Tnockocte, uMerIas co c@epoil TOIBKO OAHY
oO0IIyI0 TOYKY, Ha3bIBA€TCA KacaTeIbHOM INIOCKOCTBIO K
cdepe, a ux oOuas TOUKa Ha3bIBAETCS TOUYKOM KacaHUs
IJIOCKOCTH U C(hEepBH.

Ha pucynke miockocTe « - KacarenbHas K cdepe ¢
neaTpom O, A — touka kacanus. KacaTenbHas I0CKOCTh
K cdepe oOmamaeT CBONCTBOM, aHAJTOTUYHBIM CBOHCTBY
KacaTelbHOM K OKpyXHOCTU. OHO BBIPAKEHO B
CIIEYIOIEN TEOPEME:

Teopema: Pagmyc cdepbl, NpPOBEAEHHBII B TOYKY KacaHus c(epbl © IUIOCKOCTH,
NEePHEHANKYISPEH K KacaTeIbHOM MIOCKOCTH.

Jokazamenvcmeo.
PaccmoTpum miockocTh « , Kacatouryrocs cdepsl ¢ nentpoM O B Touke A. JlokaxkeM, 4to paauyc OA
SIBJISICTCSI HAKJIOHHOW K TIJIOCKOCTH (&, H, CJIEIOBATEIbHO, PAcCTOSTHUE OT C(ephbl 10 TUIOCKOCTH o
MeHbIe paamyca chepsl. [loaToMy cdepa U MIOCKOCTH MEPECEKAOTCS MO OKpyx)HOCTH. Ho 3TO
MPOTUBOPEUYUT TOMY, YTO TUIOCKOCTh « - KacareibHas, T.e. cdepa U IIOCKOCTh ¢ HMEIOT TOJIBKO
onHy o0myro Touky. [lomydeHHOe mpOTUBOpEUHe 0Ka3bIiBaeT, uTo paguyc OA mepneHANKYyIsIpeH K
IUIOCKOCTH « . Teopema JlokazaHa.

Teopema: Ecnu paguyc chepbl NEPIEHIUKYISAPEH K TUIOCKOCTH, TPOXOIAIIECH Yepe3 ero KoHell,
Jeaiei Ha cdepe, To 3Ta IMIIOCKOCTh SBJSETCs KacaTelabHOH K chepe.

Hokazamenvcmeo:

N3 ycnoBus TeopeMbl ClENyeT, YTO JaHHBI paguyc SBISETCS NEPHEHIUKYISPOM,
MPOBEJCHHBIM M3 LIEHTpa cdepbl K JaHHOW IuiockocTH. [loaTomy paccTosHue OT 1HeHTpa chepsl 10
IUIOCKOCTH PaBHO Paguycy cepsl, U, ciaeloBaTelbHoO, cepa U MIOCKOCTh UMEIOT OJIHY OOIIYIO TOUKY.
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DT0 03HAYAET, YTO JaHHAS IJIOCKOCTH SBISETCS KacarenbHOU K cepe. Teopema nokazana.
Inowaow chepoi
3a mnom@aap chepsl TpUMEM TpelNen IMOCIeAOBATEeIbHOCTH IUIOMIANCH IMMOBEPXHOCTEH
OIHCAHHBIX OKOJIO Chepbl MHOTOTPAHHUKOB MIPH CTPEMJICHUU K HYIIIO HAHOOJIBIIIErO pa3Mepa KaxIoi
TpaHu.

[Tnomank chepsr: S = 47R>.

KoumponwbHuie onpocwl

1. Ompenenenus mapa, chepsl 1 UX SJTEMEHTOB.
2. Brmcannas u onrcanHas chepel.

3. Ceuenus mapa u chepsl.

4. KacartenbHas TNIOCKOCTB K cdepe.
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Pa3znen 11. DieMeHTHl KOMOMHATOPUKUA M TEOPUH BEPOSITHOCTEH
Tema 11.1. DjieMeHTHI KOMOMHATOPUKH.

OcHroeHble nousmus K0M6uHam0pui<u: pasmewerust, nepecmaHo6Ku, CO4emanusl.

3uamwb.: OCHOBHBIC ITOHITHS KOM6I/IHaT0pI/IKI/II pasMClICHUA, IICPECTAHOBKU, COYCTAHUS.
Ymems: IIOACUYMTBIBATh YHUCJIa paBMeH.[CHHﬁ, IEPECTAaHOBOK, COUYETaHHUH.

Komﬁunamopuka — pas3aci MaTEMaTuK, B KOTOPOM H3Y4aroTCs 3a1a4dun BBI60pa 9JICMCHTOB U3
3aIaHHOI'0 MHOKCCTBA U PACIIOJJIOKCHHUA UX B I'PYIIBI IO 3aIaHHBIM IIpaBUJIaM, B HaCTHOCTH 3aaa4u O
noacdyeTe 4Yucia KOM6I/IHaHI/II71 (BBI60pOK), IMoJIyda€MbIX H3 JOJIECMCHTOB 3aJaHHOI'O KOHEYHOI'O
MHOecTBa. Eciu u3 HCKOTOPOIr'0 KOJHUYCCTBA J3JICMCHTOB, PA3JIMYHBIX MCKIY CO60ﬁ, COCTaBJIATH
Pa3INIHBbIC KOM6I/IHaI_II/II/I, TO CpCA HUX MOKHO BBIACIINTL TpU THUIIA KOM6HH3HHI>1, HOCAIINX 061uee
Ha3BaHUC — COCAMHCHUA.

PaCCMOTpI/IM nonp06Hee 9TH COCOHNHCHUA:

1) Ecau B HCKOTOPOM MHOXCCTBC al,az,...,a MNEpECTABIIATL MCECTAMH OJCMCHTBI, OCTaBJIAA

m
HEU3MCHHBIM WX KOJMYECTBO, TO KaXKJIas IOJYYCHHAs TakKUM o0pa3oM KOMOWHAIIWS HAa3bIBACTCS
nepecraHoBkoii. O011ee 4uCI0 MEePecTaHOBOK U3 M 3IEMEHTOB 0003HadaeTcsi Pm U BhIUMCIIAETCS TIO
dbopmyre:
P, =ml!

2) Ecii cocTaBnsTh M3 m Pa3IUYHBIX JJIEMEHTOB TPYIIILI IO N AJIEMEHTOB B KaXJOH, pacmojaras
B3SATHIC DJIEMEHTHl B pa3iuyHOM Tmopsake. [lomydwBiimecs mpu 3TOM KOMOMHAIIMM HA3BIBAIOTCS
pasMelleHusAMH U3 /7 JIEeMEHTOB 1o n. OOIee YMCIIO TaKUX pPa3sMEMICHWH PacCUUTBHIBACTCS II0
dbopmye:

m!

Al =m(m-1)(m-2)..(m—(n-1)) = m

[IepecTaHOBKH SBISAIOTCS YaCTHBIM CIy4aeM pa3MEIECHUN.
3) Ecnu u3 m 31€MEHTOB COCTaBIJIATH TPYIIBI IO 7 IEMEHTOB B KaXJOU, He oOpaliasi BHUMaHHs Ha
MOPSAJOK AJIEMEHTOB B IPyIIE, TO MOJTYYUBIIUECS MPU 3TOM KOMOHWHAIIMN HA3bIBAIOTCS COYETAHUSIMU
U3 m 3JIeMEHTOB 1o 1. Oblee YMca0 coueTaHuil HaxoauTcs Mo popmye:

n_ P m!

m —
m - - .
PP . nlm-n)!
4) Taxxe OZHMM U3 BApUAHTOB KOMOWHALUN SIBISIOTCS MEPEeCTAHOBKM € TOBTOPSIIOLIUMUCS
dJIEMEHTaAMMU. ECJII/I cpezm m DIJIEMCHTOB HMECCTCHA m1 OAMHAKOBBIX 3JJIEMCHTOB OJHOI'O THIIA, m?2

OJIMHAKOBBIX JIEMEHTOB JPYroro THIA U T.[., TO IPU MEPECTAHOBKE ITUX 3JIEMEHTOB BCEBO3MOKHBIMHU
crocobaMH nostydaeM KOMOMHAIIMH, KOJIMYECTBO KOTOPBIX onpezesnsercs no Gopmyne:

P m!
P.(m,m,,..m)= 5 b m 5 =— -
o PP My Imy Lm, !

5) Ecmu npu BBIGOpKC M 5JIEMEHTOB M3 N 3JICMCHTHI BO3BPAIIAOTCS O6paTHO " yIIopsaa041uBaroTCs, TO
TOBOPAT, UTO 3TO pasME€IICHUA C IMIOBTOPCHUSAMMU. Pa3memnienus c IMOBTOPCHUAMHU MOT'YT OTIIMYATHCSA
Apyr OT JApyra J2JICMCHTAMH, HUX MOPAAKOM H KOJUYCCTBOM HOBTOpCHI/Iﬁ 3JIeMEeHTOB. YHCIIO Bcex

pa3MeIIeHui U3 N JIEMEHTOB MO0 M ¢ TOBTOPEHUAMU 0003HAYACTCS CUMBOJIOM A" U BBIYHCISAETCS MO
dbopmyre:
A'=n".
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6) Ecnn npu BBIGOpKC M BJIEMEHTOB U3 N 3JIEMEHTHI BO3BpalliarOTCs O6paTHO 663 MOCJICAYOUICTO
YIHOpAAOYHUBAHUA, TO TOBOPAT, YTO 3TO COYECTAHUA C NMOBTOPCHUAMM. Yucno Bcex coUeTaHUU U3 N
3JIEMEHTOB IO M C IMOBTOPCHUSAMHU 0603HaqaeTc;1 CUMBOJIOM N:] W BBIYUCIACTCA 110 (bopMyne:
m _ ~m
Nn - C:n+m—1_

KonmponvHhuvle 6onpocwl
1. Omnpenenenne KOMOMHATOPHKH.
2. DJIeMEeHThl KOMOWHATOPHKH.

Tema 11.2. ®opmyJia 6unoma Herotona. CBoiicTBa OMHOMHUAJIBHBIX KO3 (PUIIHEHTOB.
Tpeyroabuuk IlackaJs.

Dopmyna bunoma Hetomona. Ceoticmea bunomuanvnelx kosgpuyuenmos. Tpeyeonvnuk Ilackans.
3uamu: popmyna 6unoma HeroToHa, CBOMICTBa OMHOMHAIBHBIX KOA(PPHUIMEHTOB, TPEYTOIbHUK

ITackans.
Ymems: serauciars OuHoM HerotoHa.

Bunom Hviomona. Dto Gopmyiia, npeacrasisiiomas Beipakenre (a+b)" mpu nomoxurensaom
[EJIOM N B BUJE MHOTOWICHA:

1 2
(a+B)"=a’+C a® 1 +C a® 2 b2 +
H H
3 n-1
+C @3R3+ v gk lean,
M M

3aMeTI/IM, 49TO CyMMa nokaszaTeliei CTeIeHe! a1 a U b nocrosnna u paBHa N.

1z 3 n-1
C

Uucma * n n n Ha3bIBAIOTCSI OMHOMUAIBHBIMU KO3 PHUIIEHTAMHU.

Hx M0XKHO BBIYUCINUTh, IPUMCHAA TOJIBKO CJIOXKCHHUC, €CIIU ITOJIb30BATHCA CJ'IC}IYIOHICﬁ CXEMOH.
B BerHeﬁ CTPOKE MUIICM JABC CAUHUIIBI. Bce MOCJICAYIOIINEC CTPOKHW HAYUMHAKOTCA U 3aKAHYUBAKOTCSH
GI[HHHHGfl. HpOMC)KyTO‘IHI)IC qgucia B 9TUX CTPOKax MOJYy4arOTCA CYMMHPOBAHUCM COCCIHUX YHUCCIT U3
npem,mymeﬁ CTPOKH. OTa cxema Ha3bIBaeTCs TPEYTrOJIbHUKOM ITackanms:

[TepBasi cTpoka B 3T0# Ta0nHIlEe COAECPKUT OMHOMUATBHBIE KOOPPUIMEHTHI 1 N = 1; BTOpas - Ans N
=2; Tpetbs - s N =3 u 1.1. [loaToMy, ecnmu HEOOXOAMMO, HATIPUMED, PA3IIOKHUThH BEIPAKEHUE:

(a+b)",
MBI MO’KEM IOJIYYUTh PE3YJIbTAT MOMEHTAIBHO, UCTIONb3Ys TaOJIUILY:
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7 T, -6 A IS I P 205 =6 7
(a+b) =a +Tab+2lab” +35a’b"+353a’b” +2lab +7ab” +b
CBoiicTBa OMHOMHATIBHBIX KO PHUIIMEHTOB.
1. Cymma kod¢duumentos paznoxenus (a+b)"pasua 2",

JIist moka3aTenbCeTBa JOCTATOYHO MOJI0KUTh & = b = 1. Tora B npaBoii yacTu pasnoxeHus OMHOMA
Herorona mbl OyzieM UMeTh CyMMy OMHOMHAIBHBIX KOA(P(HUIIMEHTOB, a ClIeBa:
(l1+1ym=2".

2. KoaddunmeHTs! 4ieHOB, paBHOYJAIEHHBIX OT KOHIIOB Pa3JI0KECHUS, PABHEI.

OTO CBOWCTBO CleAYyeT U3 COOTHOLIEHUS:

" H

3. CymMma k03 (HUIIMEHTOB YETHBIX WICHOB PA3JIOKEHHUS paBHA CyMMeE KOA((HUITMEHTOB HEYETHBIX
YJICHOB Pa3JIOKECHUS; KayK/1asi U3 HUX paBHA

an-1

6 (1-1)"=0"=04 .
Jl1s 10Ka3aTeNbCTBA BOCIIOIb3yeMCsl OMHOMOM: JIeCh YETHBIC YJICHBI
UMEIOT 3HAK « 1 » , a HEUETHBIE - « - ». Tak Kak B pe3yibTare pasnoxeHus noiaydaercs 0, To

CJICa0BaTCIIbHO, CYMMBI UX OMHOMUAJIbHBIX KO3(1)(1)I/II_II/ICHTOB PpaBHBI MCKAY C06OI7I, MO3TOMY KaxKaast

1yn=0n=0

M3 HUX paBHA: ( 1- 4qTO U Tpe6OB8.J'IOCB JOKa3aTh.

KonmponvHnuvle 6onpocwl

1. ®opmyna 6unoma HeroToHa.

2. CpolicTBa OMHOMHAITEHBIX KO PUITUCHTOB.
3. Tpeyronbuuk [lackans.

Tema 11.3.9/1eMeHTBI TEOPpUH BQPOHTHOCTeﬁ M MaTeMaTH4eCKoil CTATUCTUKH.

Cobvimue. Beposmuocms cobbimusi, crodicenue u yMHONICEHUE 8ePOMHOCElL.
Ilpedcmaenenue OaHHbIX, 2eHEPAbHASL COBOKYNHOCMb, 8bIOOPKA, CPeOHee apuhmemuieckoe,
Meouauda.

3namu: cOOBITHE, BEPOSITHOCTb COOBITHUS, CIIOKEHUE M YMHOXKEHUE BEPOSATHOCTEH, IPE/ICTABICHUE
JTAaHHBIX, TeHepaJIbHasi COBOKYITHOCTh, BEIOOPKA, cpefiHee apupMeTHIECKOe, METUaHA.
Ymemu: pemiats 3aaun 0 TEOPUU BEPOATHOCTH U MATEMATUYECKOM CTaTUCTHKHU.

Cnyuaitnvie codvimus ux 6eposmHocmu
Onvimom, unu ucnvimanuem, Ha3bIBalOT BCAKOE OCYILECTBICHHE ONPEEICHHOI0 KOMILIEKCa YCIOBUI
WIN AEUCTBUM, IPU KOTOPBIX HAOIIOIaeTCs COOTBETCTBYIONIEE SABIICHHE.
Cobvimuem Ha3zbIBaeTCs BCAKUN (DAKT, KOTOPBIM MOXXET MPOM3OWUTH WM HE IMPOU30MTH B
pe3yibTare OIbITa.
Ilpumep 1. TlonOpacbiBaHME MOHETHI — ONBIT, UcXOi. Bolmagenue repba wam uU@Ppel —

CcoOBITHE. 32[60]: U B JaJdbHEHIIeM npeamnojgaracM, 4YTo IMaJACHUC MOHCTBI Ha pe6po HC

88



paccMaTpuBaeTcs, TaK KaK 3TO HEYCTOMYMBOE COCTOSTHUE paBHOBECHS, a H3y4yaeMas MOHETa
JIOCTAaTOYHO TOHKAsl.
DnemeHmapHuiMu ucxooamu (cobvimusimu) () OTBITA HA3BIBAIOTCS TAKHE PE3YNIbTATHI OMBITA, KOTOPHIS
B3aMIMHO MCKJIIOYAIOT JPYT JAPyra U B PE3yJbTaTe OIMbBITa MPOUCXOIUT OJHO U3 ITHX COOBITHH, TaKKe
KaKoBO Obl HU OBLIO COOBITHE A, IO HACTYIUBIIEMY 3JEMEHTAPHOMY MCXOJY MOXHO CYIUTH O TOM,
MIPOUCXOUT UK HE IPOUCXOJUT 3TO COOBITHE.
COBOKYITHOCTh BCEX 3JIEMEHTApHBIX HCXOJOB OIbITa HA3BIBACTCS HPOCMPAHCMBOM I1eMEeHMAPHbLIX
cobvimuii. O6o3navaerca 2.

Bce coObiTust (siBiieHUsI) 1€UCTBUTEIBHOCTA MOXKHO MOAPA3ACIUTh HA TPU BUAA: JOCTOBEPHBIE,
HEBO3MOJKHBIE U CIIy4ailHBbIE.

CoObITHE HA3bIBACTCS 0OCMOBEPHBIM, €CITH OHO 0053aTeIbHO MPOU30UIET B YCIOBHUSIX TAHHOTO
OTIbITA.

CoObITHE HA3BIBACTCS HEBO3MOJCHBLIM, €CIIM OHO B YCIIOBHSX JAaHHOTO OMBITa 3aBEIOMO HE
MIPOU3OUIET.

CoObITHE Ha3bIBACTCS CNYYAUHBIM, €CIIA OHO MOXET JUOO0 MPOU30MTH, TUOO HE MPOU30UTH B
JTAHHOM OTIBITE.

CoObITUSI HA3BIBAIOTCS PABHOBO3MONCHHIMU, €CITU UMEIOTCSI OCHOBAHHS CUUTATh, YTO HU OJHO
U3 3TUX COOBITUH HE SABJSETCS 00Jiee BOZMOXKHBIM, YeM JII000€ IPyroe U3 HUX.

JIBa COOBITHS HA3BIBAIOTCS NPOMUBONOJIONICHBIMY, €CIIA TIPU HACTYIUICHUH OIHOTO W3 HHX,

BTOpPOC COOBITHE HE MMPOUCXOAUT. Ecnu coObiTne 0003HA4YEHO A, TO IIPOTHBOIIOJIOXKHOC CEMY

0Go3HauaroT A.

B oTHomeHun npyr npyra coObITHS Takke MMEIOT OCOOCHHOCTH, T.€. B OJJHOM cilydae coOblTue A
MOJKET POU30HTH COBMECTHO C COOBITHEM B, B IPYrOM — HeT.

CoObITUSI HA3BIBAIOTCS COBMECMHbLIMY B JAHHOM OIBITE, €CIM MOSBICHHE OJHOTO U3 HHUX HE
UCKJIIOYAET MOSIBJICHUE JPYTHUX.

CoObITHS Ha3BIBAIOTCS HECOBMECMHbIMU, €CITU TIOSBIEHUE OJHOTO M3 HHUX MCKIIIOYAET IMOSBICHUE
JIPYTHUX.

Eciu mo0oe 13 coObITHI NPOMCXOAUT HE3aBUCUMO OT peaju3aluu Jo00i KoMOMHaIuu
Jpyrux cOOBITUHM, TO OHHU Ha3bIBAIOTCS HE3ABUCUMbBIMU 8 COBOKYNHOCMU. ECIN MOSIBIEHHE OIHOIO U3
COOBITHI BIUSET HA BO3MOXKHOCTb MOSBJICHUS APYTOro, OHU HA3BIBAIOTCS 3A6UCUMbBIMUL.

Heckonbko coObITHIA B TaHHOM OIIBITE€ 00Pa3yIOT NOAHYIO 2PYNRY COObImMuUlL, €CIIU B Pe3yIbTaTe
OTbITa 0053aTeNbHO MPOU3OHAET XOTs OBl 0JTHO U3 HUX. Eciu coObITHA, 00pa3yrolire NoJHY0 TPYIIy,
HECOBMECTHBI, TO MOSBJIEHUE OJHOTO U TOJIBKO OJHOTO U3 HUX SIBJISETCS JOCTOBEPHBIM cOObITHEM. [[Ba
HECOBMECTHBIX COOBITHS, 00pa3yIOLIHe MOTHYIO TPYIITY COOBITUH, ABISIOTCS APOMUBONONIOHCHBIMU.

Knaccuueckoe onpedenenue eepoamnocmu coovimus
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CymiecTByeT MpOCTON Cmocod OMpEeNeNieHuss BEPOSITHOCTH COOBITHS, OCHOBAaHHBIM Ha
PaBHOBO3MOXKHOCTH JTFOOOTO U3 KOHEYHOTO YHCIIa HCXOJIOB OIIBITA.
IIycts mpoBoauTCst ONBIT ¢ N HCXOAAMM, KOTOPHIE MOXHO IIPEACTABUTH B BHUJE IOJHOM IPYIIIBI
HECOBMECTHBIX PAaBHOBO3MOXKHBIX COOBITHH. Takue WMCXOIbl HA3BIBAIOTCA CAYYAAMU, WAHCAMU,
anemenmapuvimu coovimusmu, (@). Cam onbIT Ha3bIBaeTCs Kiaccuyeckum. [Ipo Takoil OMBIT FrOBOPST,
YTO OH CBOJMTCS K CXEME CITy4aeB.
Crnyvaii @ Ha3bIBACTCS 01A20ONPUAMHBIM ULU OIA2ONPUAMCIEYIOWUM COOBITHIO A, €CITU OH MPUBOAUT
K HACTYIUICHHUIO COOBITHS A.
Beposmuocmuio cobvimus A Ha3bIBacTCd MaTeMaTH4eCKas OLIEHKAa BO3MOXHOCTH IOSIBICHHUS 3TOTO
COOBITHUS B PE3YIbTATC OIIbITA.
BeposiTHOCTh cOOBITUSI 4 paBHA OTHOIICHHIO YHCIA, OJArONpHITCTBYIOIIUX COOBITHIO A HMCXOIOB
OMbITa K OOIIEMYy YHCIIy TOMAapPHO HECOBMECTHBIX HMCXOJOB OIbITA, OOpPA3yOIIUX TOJHYI TPYIITY

COOBITHH.
m
P(A) = Py (1)

®opmyna (1) saBrsercs kraccuueckotl popmynou ONpeaeIeHnus BEPOSITHOCTH COOBITHS.
O4eBUIHO, HYTO 6ePOAMHOCHL OOCHOBEPHO20 COObIMUA PAaBHA EIUHUIE, a B6EPOAMHOCHb
HeB803MOJCHO20_— paBHA HYyMO. TakuM o0pa3oM, 3HAUYEHUE BEPOSITHOCTU JHOOOTO COOBITHS — €CTh
MOJIOKUTEIBHOE YHUCIIO, 3aKIIFOUEHHOE MEXKIY HYJIEM U eUHUIICH.
0<P(A)<1. 2

[ToHATHE BEPOSATHOCTH IMO3BOJISIET JaTh HOBBIE OINpPECNICHUS AJS PAa3HBIX BUJOB COOBITHH. A
UMEHHO, coObiTHe B HasbIBaeTcs Hesagucumvim OT COOBITHS A, eclM BEpOSTHOCTH coObITHS B He
3aBUCHUT OT TOTO, IPOU30ILI0 coObITHE A uiu He npousonuio. CodbiTue B Ha3bIBaeTCs 3aBUCUMBIM OT
coObITUsI A, eciii BEpOATHOCTh COOBITHS B 3aBUCHUT OT TOro, MPOU30ILIO UM HE MIPOU30ILIO COOBITHE
A.

Teopemut ymHOMICEHUA U CTIONHCEHUA 6EPOAMHOCHEN

CoObiTHs A ¥ B Ha3BIBAIOTCS pagHbiMu, €CITU OCYIIECTBICHUE COOBITHS A BI€UET 3a COOOM
ocymiecTBiaeHne coopITus B 1 Ha060pOT.
Cymmotui 1ByX coObiTuil A 1 B Ha3piBatOT coObiTHe C=A+B, cocTosiiee B OSBICHUN COOBITUS A, UITH
coOBITUSA B, niu 060ux 3TUX coObITuid. [lo-npyromy, nosiBieHue Xots ObI OAHOTO COOBITHS.
Teopema 1 (cnooicenus éepossimrnocmeii). BeposiTHOCTh CYMMBI IBYX HECOBMECTHBIX COOBITHI paBHA

CyMME BEPOSITHOCTEH ATUX COOBITHIA.
P(A+B)=P(A) +P(B).
Cnedcmeue 1: Ecnu coObitust A, A, ,..., A, 06pa3yioT MONHYIO TPYIITy HECOBMECTHBIX COOBITHIA, TO

CyMMa HX BEPOSITHOCTEN paBHA €MHUILIE!
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> P(A)=1

TeopeMa 2. BepO}ITHOCTB MOSIBJIEHUS XOTs ObI OJIHOI'O U3 ABYX COBMCCTHBIX COOBITHH paBHa CyMMCEC

BepOHTHOCTeﬁ ITUX COOBLITHH 0€3 BCPOATHOCTH UX COBMCCTHOTI'O IMOSABJICHUS:

P(A+B)=P(A)+ P(B)—-P(AB).

Teopema 3. (Ymnoowcenus eeposmuocmeti). BeposTHOCTb TPOU3BEIACHUS JBYX COOBITHIA (COBMECTHOTO

MOSIBIICHUSI THX COOBITHIA) paBHA MPOU3BEICHUIO BEPOSTHOCTH OJHOTO U3 HUX Ha YCIOBHYIO

BEPOATHOCTD JPYTOro, BHIYMCICHHYIO IIPH YCIOBHH, YTO IEPBOE COOBITHE YIKE HACTYIIIIIO.
P(AB) = P(A)P(B/A) = P(A)P,(B).
TakoKe MOXKHO 3aIHCATh:
P(AB) =P(A)P(B/A)=P(B)P(A/B)=P(B)P,(A).
Ecnu cobbitus nesasucumeie, 7o P(B/ A) = P(B) , u Teopema ymHosxenus sepostHocTeit
TIPHHIMACT BHJL:
P(AB) = P(A)P(B)
Eciu B pe3y/IbTaTe HCIBITAHKS MOKET IOSBUTHCA N COOBITHIA, HE3ABHCUMBIX B COBOKYITHOCTH, TO

6EPOAMHOCNb NOABIEHUA XOMA 6bl OOHOZO N3 HUX paBHa
P(A) =1- q.9,--4,-

3neck coObITHEe 4 0003HAYACT HACTYIUICHAE XOTs OBl OIHOTO U3 COOBITHH A, C BEpPOSTHOCTSIMH

Hactymienust P, a , =1— P, — BeposTHOCTH IpOTHBONONOKHBIX coObiTHil A, A ..., A .
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Tema 12. IlepBooOpa3Hasi 1 HHTerpaJl

Tema 12.1. IlepBooOpa3Has u HHTErpa.

Ilepsoobpasnas. Ilpasuna naxodcoenus nepeoodpasnvix. Tabauya unmezpanos

Ymemsb: HaXoauTh HEONPEAEIEHHBIE HHTErPaAIbl Pa3INYHBIMU METOJAMU

3namy: onpeneneHue NepBooOPa3HON; MpaBUia HAX0XKIEHUS IEPBOOOPA3HBIX, ONpeAeICHUE
HEOIPEIeIEHHOT0 HHTErpaia ¥ €ro CBOMCTBA, TaOJIHUIy MHTETPAJIOB, METOABI HAXOXKACHUS
WHTETPAJIOB.

Oyukuusa F(X) naseisaercs nepsoobpasnoii pynxyueri pynxuwan T (X) wa orpeske [a,b],
€CITM B JIIOOOH TOYKE ATOr0 OTPE3Ka BEPHO PaBEHCTBO:

F'(x) = f(X).

Hazno ormeTuTtsb, 4To NepBo0Opa3HbIX ISl OJHOM U TOU k€ (PYHKIIMU MOXKET ObITh OECKOHEUHO
MHoro. OnHuM OynayT omiIMuyaTbcs Jpyr OT Jpyra Ha HEKOTOpPO€ IOCTOSHHOE 4YHCIO, T.€.

F(X)=F,(X)+C.

Heonpedenennvim unmezpanom dyaxuun T (X) HaspiBaeTcss cOBOKYIHOCTH TepBOOGPA3HBIX
(GyHKIIMH, KOTOpbIE OIPEEIIEHbI COOTHOIIEHUEM:

F(x) + C.
3anuCHIBAOT: I f (X)dx=F(x) + C;3necp J. — 3nak unarerpana, f(X) — noawmHTerpanbHas
dynkuus, f(X) dX — noxpiHTErpanbHOE BHIpasKEHHE.

Brrancaenue HEOMPECACIICHHOT'O HHTErpaia oT SaﬂaHHOﬁ (1)YHKHI/II/I Ha3bIBaCTCsA
UHmecpupoeaHuem.

Ceoiicmea neonpeodeneHHbIX UHMEZPAI08

1. ITpousBoiHAst OT HEOIIPEICIEHHOT'O UHTErpala paBHA MOABIHTETPAIbHON (PYHKINY.

(] f ()dx) =(F(x) +C) = £ (x);
2. [lnddepeniman oT HEONPEAETCHHOTO HHTETPajla PaBeH MOJIBIHTETPATbHOMY BBIPKSHHIO.
d([ f (dx)= f (x)dx;

3. Heonpenenennslii uaTETpai ot nuddepenimana HeKoTopor GyHKIUN paBeH dTON (QYHKIINH C
TOYHOCTBIO JI0 IIOCTOSIHHOTO CJIaraeéMoro.

[dF(x)=F(x)+C;

4. HTerpain OT CyMMBI UJTU Pa3HOCTH JIBYX U Oojiee PyHKIMI paBeH CyMMe WIH Pa3HOCTH UHTErpajioB
OT ATUX (PYHKIUIHA

[ (u+v—w)dx=[udx+ [vdx— [wdx
5. HOCTOﬂHHBIﬁ MHO>XHUTECJIb MOXXHO BBIHOCUTH 34 3HAK I/IHTeraJ'Ia

[C- f(dx=C- [ f(x)dx;
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Tabnuira uHTETpaAIOB

No WNurterpan 3HayeHue No Hurerpan 3HayeHue
. i hC " I dx arcsinx+C =
V1- X2 = —arccosx +C
n+1 1 X a
n+1 X“—a 2a |X+a
dx dx
3 — Injx| +C 13 —— In‘x+\/x2ia‘+c
X 4 j m
a* . X
4 [adx 2 iC 1| [—— arcsin= +C
Ina Va2 a
X 1 X
5 [e*dx X 1 C 15 Iazix garctgg+C
. X
6 [sinxdx —cosx+C 16 j—dx In th +C
sin x
. X 7
7 jcosxdx sinx+C 17 j@dx In tg(5+zj +C
1
d tgx+C tgxdx —In X+
8 Jo o g 18 [tg cosx|+C
9 j _12 dx —ctgx+C 19 jctgxdx In|sin x|+ C
sin” x
10 [ dx regere= ji Il 14c
1+ X2 = —arcctgx + C x(a—x) a |a-x

MeToabl HAXO0KICHUS HHTErpajaoB

Cnocod moacTaHoOBKHM (3aMeHbI IepeMEHHbIX).

Ecmu Tpe6yeTc;1 HaWUTH HHTCrpaJl j f (X)dX, HO CJIOKHO OTBICKATb HepB006pa3Hy10, TO UHOr'4a

¢ momomsio 3amensl X = @(t) u dx = @' (t)dt moxmo momyunTs:
J f()dx=] f(p(t)¢'(t)dt

HHuTerpupoBanue mo 4acrsim.

Bcenomuum Gopmyny npou3BoAHON NPOU3BEICHUS:

(uv) =u'v+uv

rae U u V — HekoTopeie pynkmuu ot x. B muddepennmansroii hopme:

d(uv) =vdu + udv
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[IpOUHTErPHPOBAB, TIOTyYaEM: Id (uv) = jvdu + I udv, a B cOOTBETCTBHHU C MPHBEIECHHBIMH

BBINIC CBOﬁCTBaMI/I HeOHpeHeHeHHOFO I/IHTerpaJIa:
uv:jvdu+judv T judv:uv—jvdu;
[Monyunnu GopMysly HHTETPUPOBAHUS IO YACTSAM, KOTOpAas MO3BOJISICT HAXOIUTh HHTEIPAJIbI
MHOTI'HX 3JIEMEHTAPHBIX ()YHKIIHIA.

[Ipu wucmonb30BaHMM METOAAa MO dYacTsIM 3a U Oepercs Takas (YHKIHs, KOTOpas IpH
nudepeHIMPOBAHUH YIPOIIAeTCsl, @ 3a 0V — Ta 4acTh HOABIHTETPATLHOTO BBHIPAKCHUS, HHTETPAl OT
KOTOPOH M3BECTEH MM MOXKET ObITh Haii/ieH.

BOHBIHYIO YaCTb UHTCTPAJIOB, BBIYUCIIICMBIX 110 9aCTAM, MOKHO pa36I/ITI) Ha TpH I'pYHIIbI:
1. Murerpams supa | P(X)arctgxdx, [P(x)arcctgxdx, [P(x)Inxdx, [P(x)arcsinxdx,

IP(X) arccosxdx, rae P(X) — muorounen. Jljis UX BBIYMCIEHHUS ClEAyeT 3a U IPUHUMATh OIHY U3

BbIIIIEYKa3aHHBIX QyHKIHi, a dv = P(X)dXx.

2. Unrerpanst Buaa jP(x)eade, jP(x)sin axdx, IP(X) cosaxdx, rae P(x) — MHOrowIeH, a & —

HekoTopoe uucio. Jis ux BeramciieHus cienyer npuste U =P(X), a dv = e¥dx, dv = sinaxdx, dv =
cosaxdx.

Kak BUJHO, IOCJICAOBATCIIbHOC IMPUMCHCHHUC Ct)OpMYJII)I HHTCIPHUPOBAHUA I10 YaACTAM IIO3BOJIACT
IMMOCTCIICHHO YIIPOCTHUTD q)YHKI_II/II-O H IIPUBCCTHU UHTCTPAI K Ta6J'II/I‘IHOMy.

3. UnTterpans Buna jeax cosbxdx, jea" sinbxdx, rnea u b - HEKOTOpbIE YKCla. DTH UHTETPAJIb
BBIUNCIIAIOTC ABYKPATHBIM HHTETPUPOBAHUEM I10 YACTSAM.

KOHmpOﬂbele B80NpPOCyHL
1. IlepBooOpa3Hasi.
2. TlpaBuia HaXOX/IE€HUS IEPBOOOPA3HBIX.
3. OmnpeneneHne HEONPEAEICHHOTO HHTETPaIa.
4. CBo¥icTBa HEOIPeIeJIEHHOTO HHTErpaa.
5. Meroasl MHTErpUPOBAHUS.

Tema 12.2. OnpeneieHHbI HHTErPaJl U €ro NPpUMeHeHHe

Buwiuucnenue onpeoenennvix unmezpanog ¢ nomouvio gopmynel Heromona-Jleubnuya.
Haxooicoenue nnowaoeii ghucyp.

Ymems: BBMHCIATH  ONpeJeNeHHBbIE HHTErpayibl ¢ Mnomouibio ¢opmynsl HproToHa-JIeiiOnua,
BBIUMCIIATH IJIOIIAAb KPUBOJIMHEMHON Tpanenuu, Guryp, orpaHH4eHHbIX 3aJaHHBIMU JTHHHUSIMH.

3namy:  anTOpPUTM BBIYMCIICHUS OIPENENEHHBIX WHTETpajoB ¢ momoulbio (Gopmynsl HeroToHa-
JleiiOHUL, MeTOAbl BBIYMCIECHUS OMNPEICIICEHHBIX HHTETPAJIOB AaJTOPUTM BBIYHUCICHHUS ILUIOMIAeH

duryp.

Mycts pynxuus T (X) onpenenena na orpeske [@,b]. Paso6rem otpesok [a, 0] wa n npoussonsbIx

gacTed ToukaMu a = Xg < X; < X, <...<Xj; <X; <...<X, =Db. Ha kaxmgom
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M3 YaCTHYHBIX OTPE3KOB BBIOEPEM MPOM3BOJILHO MO 01HOM Touke: C; €[a, X;], C, €[Xy, X, ],
., €, €%, 4,b].

y=f(x) \

fle)
fle)).

a /\\ X, X[ b

C, X, C, c

v <

n

Bsenem o6oznauenus: AX; = X; —a, AX, =X, — X, ..., AX, =b—X,_;.

n
CocraBuMm cymmy: O = Z f(Ci )AXi , KOTOpasi Ha3bIBACTCS UHMEZPANbHOU CyMMOU (HYHKITUU
i=1
f (X) na orpeske [a, b] .

I'eomempuueckuit cmoicn o: Kaxxnoe cnaraeMoe MHTErpajibHOM CyMMBbI IIPEJICTaBISIET COOOM
IUIOLIA/b TPAMOYTOJbHUKA ¢ OcHoBaHWEM AX; W BBICOTOMN f(Ci), MOKPBITOTO IMITPUXOBKOW Ha
PHCYHKE.

O603nayuM uvepe3 A = max(Axi), i =1, 2, ..., N — JIMHY HAHOOJBIIETO YACTHYHOIO OTPE3Ka.

Bennuuny A MHOTIAa HA3BIBAIOT nApamempom pazouenus.

PaCCMOTpI/IM nponecc, Mnmpu KOTOPOM HYHCIO TOYCK pa36I/IeHI/I$[ HCOI'PaHUYCHHO BO3paCTaCT
TaKHUM O6p8.30M, YTO BeJIMYMHA A CTPEMHUTCA K HYJIHO.

Ecnmu  cymectByer mpemen unTerpambHoii cymmpl | =lim o, 1o om HasmBaercs
A—0

onpedenennvim unmezparom ot Gpynxrmm f (X) Ha otpeske [@,b] u o603nauaercs

Iz?f(x)dx

B stom ciyuae dynxuus f(X) waswisaercsa unmezpupyemoii na ompesxe [a,b]. Uucno a
Ha3BIBACTCS HUIICHUM NPEOeloM UHMEe2PUPOBAHUSL, & YUCIIO D — sepxHum npedenom unmezpuposanusi.

Ecnu Takoit npesen cymecTByeT, TO OH HE 3aBUCHT OT MEPBOHAYAIILHOTO pa3OMEeHus OoTpe3Ka
[a,b] u BrIGOpa Touek Ci. 3 onpenenenus onpeeneHHOro MHTErpana Cieayer, YTo ero BeTHUMHA
3aBUCHT Tobko oT Buaa ¢pyukuun f (X) u or uncen a u b. Cnemoparensro, ecmn 3amanbr T (X) n

npeJiebl THTETPUPOBaHUS, TO HHTETPAJl ONPEAEISeTCs] OJHO3HAUYHO U MPEACTaBIsAET cOO0H HEKOTOpOe
YHCIIO.
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T'eomempuueckuil cmvicii onpedeneHHo20 UHmMezpand.
Ecrm f(X) >0 na orpeske [@,b], To onpenenennpiit

y=Ax) AN :
‘ HHTETpal I f(X)dX T€OMETPUYECKH  IPEACTaBIISIET

a
coboli TuTOMaAh KPUBOJMHEHWHOW Tpameruu — (Uryphl,
OTPaHUYEHHOW JHMHMAMH Y = f (X) , X=a, X= b ,

y=0.

Q
>
vy <

A
Ya b

b >
Ecmu f(X) <0 na orpeske [a,b], 7o S =—[ f(x)dx. - % X
y=f(x)

Ceoiicmea onpedenennozo unmezpana

3. Ecm Ce[a,b], o ? f(x)dx=} f(x)dx+tf f (x)dx;

a

[+ g0l = 1 (xpbe+ gt

QD — T QD — T

b
kf (X)dX =k[ f (X)dX, e K — Ipon3BONBHOE YHCIIO.
a

®opmy.aa Herorona-JleiiOnnna

Ecnin ¢ynkuus T (X) menpepeisna ma otpeske [@,D] u dynxuma F(X) ssnsercs ee
nepBOOOpa3HON HA ITOM OTPE3KE, TO UMEET MeCTO gopmyra Hvromona-Jletibnuya

[ f(x)dx= F(x) = F(b) - F(a).

a

TO €CTh ONpPE/IEICHHBIM UHTETpall paBeH Pa3HOCTH 3HAUYEHUI MepBOOOPa3HON MPH BEPXHEM M HHXKHEM
Ipeesiax UHTErpUpOBaHUS

3ameHna MNEPEMECHHBIX B OIIPECACJICHHOM UHTErpaljie
b
IlycTs 3amaH MHTETpan _[ f(x)dx, rme f(X) — menpepwiBHas ¢pynxuus na orpeske [a,b].
a
BBe/ieM HOBYIO TIepeMeHHYI0 B cooTBeTcTBHH ¢ hopmymnoit X = @(t) . Torna ecmu:

1) pla)=2a, p(B)=b;
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2) p(t) u @'(t) menpepwisnn Ha otpeske [, [];
3) f(e(t)) onpenencua na orpese [, f].,

TO

b g
J f()dx=[ flp®)]¢'(t)dt

Ota dhopMyiia Ha3bIBACTCS YOpMYIOLL 3aMeHbl NePeMEeHHOU 8 ONpedesieHHOM uHmezpale.

3ameuanue. Ecny TIpu BBIYMCIEHUM HEOIPEIEICHHOIO MHTErpaja C IOMOLIbIO 3aMEHBI
MEPEMEHHON CllelyeT OT HOBOM IMEepeMEHHOM t BO3BpaIllaThCS K CTapoOll MEPEeMEHHOH X, TO IpHU
BBIYHCIICHUH OTpPEeICTICHHOTO WHTEerpaja 3TOTO JieNaTh HEHYKHO, T.K.

g s
| flp®]¢' (t)dt=Flp®)]| = Fle(8)]- Flp(a)]=F(b) - F(a)

HNHTerpupoBanue mo 4acTsim.

Ecnu ¢pynkiun U = U(X) uvVv= V(X) HENPEPBIBHEI Ha OTPE3KE [a, b] , @ TaK)Ke HEMPEPBIBHEI
Ha 9TOM OTpE3Ke MX MPOU3BOHBIE, TO CIIpaBeIuBa Gpopmya:

b b b
judv:uv\ —jvdu.
a a a

KOTOpasi Ha3bIBaeTCA (YOpMYNI0U UHMESPUPOBAHUS NO YACHAM 8 ONPEOeNleHHOM UHmezpaie.

Taxxe IIPpU BBIYUCIICHUHU OIIPEACIICHHOI'O HHTEIpaJIa UCIIOJIB3YIOTCA CIICAYIOIHNE IIpaBUJIa:

a a a
Eciu f(X) — neuernas, To J. f (X)dx =0, ecnu neuernas, I f (x)dx = ZJ‘ f (x)dx
—a -a 0

TI'eoMeTpuUecKkue NPUI0KEHUs ONIPETETEHHOI0 HHTErpasa.
ITnowaow nnockoii ghuzypot.

a) Inomaas KpuBOIMHEHHOH Tpamenuy, orpanuuenHoit kpusoit Y = f(X), npaMeimu X =@ u
b

X =D u orpeskom [a, D], Bruncnsercs no popmyne S = j f (x)dx
a

[

cIi rpauK pacnooxkeH Huke ocu Ox, T.e. TO IUIOINAAb UMEET 3HAK eciu rpauk
E Ox, f(x) <o, :
pacrionoxen eime ocu Ox, T.e. T (X) >0, To nomans umeer 3nak “+.

y

0f {a \—/ Ih X

Taxum 00pa3oM, JUIst HAX0XKJICHHUSI CyMMapHO#l MJIOIIA N UCTIONb3YyeTCsl popMyIia

S:Tf(x)dx.
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6)  Ilnomans uryper, orpanmacunoi xpussvu Y, = T,(X) 1 Y, = f,(X) (f,(X) < f,(X)) u
npsMbIMU X =aA U X = b, maxoxurcs mo dbopmyie

S= T[fz(x) — £,(X)]dx

B) Ecnn xpuBas 3agaHa napaMeTpUYECKMMH ypaBHEHUSAMU X = X(t) ny= y(t), TO INIOLIAAb

KPUBOJIMHEHHOM Tpameluy, orpaHMueHHON 3Tol KpuBOH, mpaMbiMu X =a u X =D u orpeskom
t2

[V} ! 19}

[a,b], Bbipaxaercs dopmynoit S = I y()x'(t)dt, rne 1 u t; ompemensiorcs u3 ypaBHeHHit
tl

a=x(t) ub=x(t,).

KonumponvHnuvie 6onpocwl

1. Onpenenenue onpeneaceHHOro HHTETpaa.

2. CBoiicTBa OIpeeIEHHOI0 HHTErpaa.

5. Beiuucnenue ornpeaeieHHbIX HHTETPAIoB ¢ MoMoIIbio hopmyiel HetoTona-Jleitonuia.

4. MeTtonbl HaxOXICHUS ONPEIECIICHHBIX HHTETPAJIOB.

5.0mnpenenenne KPUBOJIMHEHMHON Tpamneuu.

6. AIITOPUTM HAXOXAEHUS IJI0a U GUTypsl, OrpaHUUEHHOH 3alaHHBIMU JIMHUSIMU.
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Tema 13 .MU3MepeHusi B reOMeTPHH.
Tema 13.1. O6bem u ero usmepenne. Unrerpanbuasi popmyJia oobema.

Tlousmue obwvema u ezo ceéoticmsa. Unmeepanvnas chopmyna odvema. @opmynvt obvema
Kyba, npamoy201bH020 napaiienenuneod, NPusmbl, YUIuHoOpA.
Dopmynvl 06vema nupamuodsl u Konyca. Popmynvl niowadu nosepxHocmell YUIUHOPA u KOHycd.
Dopmynvl obvema wapa u niowaou coepoi.

Ymems: BerancnaTe O6’beM MHOTI'OI'PpaHHUKOB U 00BeEM mrapa; BBIYHUCIATH IJIOIIAAb HOBerHOCTeﬁ
IIHHPA U KOHYCa U CHephl.
3nams: IOHSATHE 00bEMA U €TO CBOWCTBA, MHTETpalibHas (opMyiia o0bema, (hopmyibl o0bema Kyoa,
IPSMOYTOJIBHOTO HapauIeIenuIe/a, MPHU3MbI, IITHHIPA, GOpMYIbl 00beMa MUPAMUJIbI U KOHYCA,
(G opMyIIBI IJIOMIAAH TOBEPXHOCTEH MWIHHIIPA U KOHYca, (OpMYIIB 00beMa Iapa U TUIOIMIA U CPeEpHI.

Tena paBHoBenukue. IIpocTpaHcTBO, 3aHMMaeMoOe KaKUM-HUOYIb TEJIOM, HJIM BMECTUMOCTH
3TOro Teja Ha3. ero o0beMoM. Moryt ObITH TakHe Tela, KOTOpPble UMEIOT OJMHAKOBBII 00beM, HO
Pa3IUYHbIN BUJ, TaK YTO XOTS OHM U 3aHUMAIOT OJIMHAKOBOE MPOCTPAHCTBO, HO HENb35 BIOKUTH OJHO
TEJO B PYroe Tak, YTOObl OHM COBMECTHIINCH. Bo3bMeM Harmp. iBe MpsiMble TPeyroyibHble Mpu3mMbl AB
u EF (puc.l.), KOTOpbIX OCHOBAHUSI U BBICOTHI PaBHBI;

e

A E

Puc.1
Puc.2.
MBI MOXKEM MPUCTABUTH 3TH MPU3MBI OJIHY K JPYTO# Tak, 4To oOpasyeTcs oaHa npusma MN (pwuc.2.),
KOTOpPOW OCHOBAaHHME TO € CaMO€, a BBICOTa BJIBOE OOJIbINE; MOXXEM TaKK€ COCTAaBUTh W3 HUX
napamtenenunen KL; o0vem mapamnenenumnena. Oyaer, O4eBHIHO, paBeH o0beMy mpusMbl MN, Tak
Kak 00a ATH TeJa COCTOST W3 OJHUX W TEX >K€ MPU3M; HO MapajuieNienure/, KOHEYHO, HE MOXKET
COBMECTUTBHCA ¢ Ipu3Moi. Tena, UMeroIre paBHbIN 00beM, Ha3. PABHOBETUKHUMHU.
Eounuya ona usmepenus 06vemos.

N3meputh 00beM Kakoro-HMOyIb  Tela,  3HAYUT  HAWTH, CKOJBKO pa3 B HEM MOXET
MMOMECTUTLCA ~ APyroe Teao, oO0beM KOTOPOro MPUHUMAETCS 3a €AWHUIYy. TakoW eauHUIeH
CIYXXHT Ky0, KOTOPOro Kaxaoe peOpo = JIMHEWHON eAWHHMIIe, HAlp., CaXEHU, apIIuHy U T. TOI.
Takum  oOpa3om, omnpeaenuTh O00BEM WM BMECTUMOCTh KOMHATBI 3HAYHMT Y3HATh, CKOJIBKO
MOMECTUTCS B HEW KyOMuYecKMx cax., KyO. apur u T. moa. Jlis 3Toro Hamo Obl MOCTaBUTH B
KOMHaTe OJIHY Ky0. Ca’k. WJIM OJUH KyO. apll. psSOM € 3TON eIMHULIEH TOCTaBUTh APYroi Takoi KyO,
MOTOM TPeTWH W T. J., TIOKa BCI KOMHara He HamoiHutcs. Ho Takoe m3mepenue Oymer u
HEy/I00HO, M BEChMa MPOJIOJDKUTENIBHO; MBI TTIOKa)KEM ceildyac, KakuM O0Opa3oM MOXKHO H3MEpATH
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00BEMBI TEJI, HE TIOMEIIasi B HUX KyO0. mMep.

Ceoticmeo 06vemos:

1. PaBHBIC TeNa UMEIOT PaBHBIC OOBEMBL.

2. Ecim Teso cocTaBiIeHO M3 HECKOJIBKHX TEJ, TO €ro 00beM paBeH CyMMe 00BhEMOB 3TUX TEJL.

Obvem npsamoy2oibH020 napaiieienuneod.

Wtak, uTob onpeneauTh 00beM MPSMOYTOJIBHOTO TMapaijiesienueaa, HaJa0 U3MEPUTh OJHOU H
TOM K€ JTMHEHHOW €IMHUIICH TPH pedpa ero, BHIXOAIINE U3 00IIel BEPIIMHBI, U TOJYYCHHBIC YHCIIa
MEPEMHOXXHUTh, TPOU3BEICHUE IMOKAXET, CKOJIbKO COACPKHUTCS B TMap-J€ COOTBETCTBYIOLIUX
KyOMUYeCKUX €IUWHUIl. B mpsMoyroisHOM Mapaiuiesienumneae Tpu pedpa, Uaymue u3 OJHOW BEPIIUHBI,
HA3bIBACTCS] U3MEPEHUSIMH 3TOTO MapajuleNienueia; Mo3TOMY IpeablIyliee MpaBmiio 00 OnpeaeeHun
o0beMa KOpoUe BBIPAXKAIOT Tak: 00BEM MPSIMOYTOJIBHOTO MapalieNienuIeaa MPOu3BEICHUIO TPEX ero
HM3MEpPEHU.

MoHO cKa3aThb TakXe, 4YTO OOBEM IPSIMOYTOJIBHOIO MapajulesieNuIe a POU3BEACHUIO
IUIONIA/IA €r0 OCHOBAHUS HA BBICOTY.

E

. 7

T C i -~ i
_:;:.‘T;‘,.:;'_'_t;::f.‘;/ D

A B

Creocmsue 1. O0BEM MPSMOYTOJIBHOTO TapaljIesIeUIea PaBeH MPOU3BEACHUIO IIOIIA I OCHOBAHUS
Ha BBICOTY.

V=Sh,
rae S — miomaap OcCHoBaHus, N — BbICOTa MapasuieNenuresa.
Cneocmseue 2.00beM mnpsMOit MPU3MBI, OCHOBaHHEM KOTOpPOH SBISETCS MNPAMOYTOJIbHBIN
TPEYroJbHUK, paBEH NMPOU3BEICHUIO IO OCHOBAHUS HA BBICOTY.
V=S8, -h

Obvem nupamuowi.

Bcesikas nupamuia  coctasisieT 1/3 mpu3Mbl TOrO e OCHOBaHMS U TOU 7K€ BBICOTHL. YTOOBI IPOBEPUTH
3TO, BO3bMEM SIIMK A, MMEIIIMA  BUJ  NpusMbl (puc.3.), U nupamuay B, BHyTpu mycTyio;
OCHOBaHHUE €€ TaKoe€ K€, KaK y NMPU3MBI, U BbICOTA TakKas JK€; HACBHIILUIEM B HEE NECKY WM HAJIbEM
BOJBI (11 ATOTO, pa3yMeeTcsl, €€ HaJo OOEpHYTh BEPIIMHON BHU3) TakK, 4YTOObI HANOJHUThH  €€;
[OTOM BBIJIBEM 3Ty BOJY B MpPHU3MY; 3aT€M  OINATh HANOJHUM NHUPAMHUIY U OIATh  BBUIBEM; MBI
YBUAMM, YTO HAJO TPU pa3a NEpeauTh BOAY W3 MHPaMUIbl B TMPU3MY - U TOTJa TOJIBKO MpU3Ma
HanoiHuTcs. [loatoMmy 0b6vem nupamuovi=1/3 npoussedenus niowjaou e€ OCHOBAHUS HA BbICOMY.

Vzls-h
3

Obvem yceuenHoll nupamuobsl, BRICOTa KOTOPOW paBHa N, a ruromaam oCHOBaHWI paBHBI S U
S,, BbruncageTcs no Gopmyie

V:%h(S+Sl+,/S-Sl)
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Puc.3.
Obvem yununopa.

[uHAp MOXKHO CYHMTATh 3a MPU3MY, Y KOTOPOW B OCHOBAaHWH HE MHOTOYTOJIBHHK, a KPYT;
CJICZIOBATENIbHO, 00BEM HUJIMH/PA OMPEACIIACTCS TOYHO TaK JKe, Kak U 00bEM MPHU3MBIL; T.e. 00beM =
MPOM3BEICHUIO TUIONIA/IM OCHOBAHUS HA BBICOTY.

V=S -h

Obvem konyca.
KoHyc MOXHO  CUMTaTh 3a MPABHIBHYIO MHUPAMHUAY, Y KOTOPOH B OCHOBAaHUH KPYT, a HE
MHOTOYTOJIbHHUK; TI03TOMY 00beM KOHYCA OIPEICIIICTCS TaK XKe, Kak 1 00beM MTUPAMUJIbI; T.€. 00beM =
OJTHO¥ TPETH MPOM3BEICHHUS TUIOIIAIM OCHOBAHHS Ha BHICOTY.

V=1s-h
3

Obvem yceuennozo komyca, BBICOTAa KOTOPOH paBHA N, a miomanyu ocHOBaHUH paBHBL S H S,

\Y =%h(8+81+,/8~81).

BBIUUCIISICTCS 110 hopMyIie

Obvem wapa.

[ToBepxHOCTh IIapa MOXHO CUHUTaTh COCTOSIIEH W3 YpPE3BBIYAHO OOJBIIOTO KOJUYECTBA
BECbMa MaJbIX IJIOCKUX (DUTYp, HAIp. TPEYTrOJbHUKOB; €CIM MBICICHHO COEIMHUM BEPLIMHBI ITHX
TPEYrOJIbHUKOB C LEHTPOM IIapa, TO IOJIY4YMM MHOXECTBO NHMpaMHUZ, KOTOPbIE BCE BMECTE U
COCTaBJISIOT 0O0BEM IIapa; BCE ATH MUpPaM. UMEIOT OJHY BBICOTY, UMEHHO PaJuyc I1apa, a OCHOBAHUS
UX COCTaBISIOT MOBEPXHOCTh mapa. Ho uyToObl HaiiTh 00beM NupaMuibl, JAODKHO IUIOLaIb €&
OCHOBaHHUSl YMHOXUTh Ha 1/3 BBICOTHI; Cl€A0BATEIbHO, MBI HailleM CyMMy OOBEMOB BCeX MHUpaMUm,
Wi 00beM 11apa, eciI YMHOXKUM CYMMY BCEX OCHOBAaHHMM MJIM MOBEPXHOCTH IIapa, Ha TPETh paauyca.
Htak, 00beM 11apa = MOBEPXHOCTH 11apa, YMHOKEHHOM Ha TPETh pajanyca.

v="2r

3

Konmponvnvie sonpocsi
1. TlonsiTue o6bEMa U €ro CBOICTBA.
2. VarerpanbHas ¢popmyna o0bema.
3. ®opmyier 00BeMa KyOa, IPSMOYTOJIBHOTO MapajuIeIenuIe/ia, PU3MBI, IIITHHIIPA.
4. ®opmyiel 00beMa MUPAMUIBI U KOHYCA.
5. ®opmybl TUIOMIAM TOBEPXHOCTEHN IMIMHAPA U KOHYCA.
6. ®opMynbl 00bEMa IIapa U TIIONIAAN CEpH.
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ITonoOue Tea (10MOJIHUTENbHBIA MaTepHa)

Jleéa mena no0o6HbL, €CITA OJTHO U3 HUX MOXKET OBITh MOJIy4E€HO U3 APYroro MyTéM yBETUUYEHUS
(MM yMEHbBILIEHMS) BCEX €ro JIMHEHHBIX pa3MepoB B OJIHOM U TOM K€ OTHOIIEHUU. ABTOMOOMJIb U €ro
MoJeNlb — 1ojo0HbIe Tena. J[Ba Tenma ((urypsl) 3epkanbHO NMOJOOHBI, €CIM OJHO M3 HHUX TOAOOHO
3epKaJIbHOMY OTpakeHHI0 Apyroro. Hanpumep, kaptuHa u €€ (OTOHEraTuB 3epKajibHO MOJOOHBI APYT
ApyTy.

B 1nonoGHbIX M 3epKajgbHO MOAOOHBIX (UIypax BCe COOTBETCTBEHHBIE YIJIbl (JIMHEHHbIE U
JIByIpaHHbIE) PaBHBI.

B moo0HBIX Teax MHOTOTPAHHBIE U TEJIECHBIC YIJIbl PABHBI; B 3€PKAJIbHO MOJOOHBIX TENax
OHH 3€pKaJIbHO PABHBI.

Echu  0sa mempasopa (06e mpeyeonvHble  nupamuovl) HUMEIOT  COOTBETCTBEHHO
IPONOPLUOHATIBHBIE PEOpPA (MIJIM COOTBETCTBEHHO 10I00HBIE IPAaHM), TO OHU MOJO0HBI UM 3€PKATIBHO
nono0Hbl. Hampumep, ecnu rpaHd mepBOd HMUpamMHIbl BABOE OOJBIIE, YEM Yy BTOPOM, TO BBICOTHI,
anoeMsl, paguyc OMHUCAHHOIO Kpyra MepBOW MUpPaMUAbI TaKKe BJIBOE OOJIbIlE, YEM y BTOpOH. DTa
TeopeMa He UMEeT MecTa JJIsi MHOTOTPAaHHUKOB ¢ OOJBIIMM 4YHciIOM rpaneil. [Ipeanonaoxum, 9to Mbl
COeMHUIM Bce péOpa Kyba B ero BepUIMHAX MOCPEICTBOM IIAPHUPOB; TOTIa Mbl MOXKEM HU3MEHUTh
dopmy 3T0it PUTypBI, HE pacTsAruBas €€ CTePKHHU, U MOYYUTh U3 HAYaJIbHOTO Ky0a Mapasuieenumne.

ee npasunvHvle npusmbl UIU RUPAMUOLI C OJAMHAKOBBIM YHCIOM TIpaHed MOJOOHBI, €Ciu
paznychl MX OCHOBAaHHUH MPOMOPIMOHAIBHBI MX BBICOTaM. JIBa KpyIJIbIX IWIMHApPA WM KOHYCa
HOJ00HBI, €CIM PaIuyChl UX OCHOBAHHUM MPONOPLHUOHAIBHBI UX BBICOTAM.

Ecnu 0sa u 6onee men nodo6Hwl, TO TUIOMAN BCEX COOTBETCTBYIOIIUX IUIOCKUX M KPHBBIX
MOBEPXHOCTEH 3TUX TeJI MPONOPLUOHATIBHBI KBaApaTaM JIFOOBIX COOTBETCTBYIOIIMX OTPE3KOB.

Eciu 0sa u 6onee men nooobmvl, TO UX OOBEMBI, a TakKe OOBEMBI JIOOBIX HX
COOTBETCTBYIOLIMX YaCTeH, MPONOPLHUOHATIBHBI KyOaM Jr0ObIX COOTBETCTBYIOLIUX OTPE3KOB.
I[Tpuwmep. Yamka quamerpom 8 cMm u BeicoToi 10 cm Bmemaer 0.5 nutpa Bojbl. Kakux pazmepos
JIOJDKHA OBITh OJJ00HAs Yalllka, BMelaromas 4 Jurpa Bojabl?

Pemenwue.llockompKky dYamku — MMOAOOHBIC WHMIMHIPHL, TO OTHOUICHWE WX OOBEMOB pPAaBHO
OTHOILEHHIO KyOOB COOTBETCTBYIOIIMX OTPE3KOB ( B HAIIEM CiIydae — BBICOT U JUAMETPOB YalleK ).
CrenoBaTesbHO, BbIcOTa N HOBOI YaIllKi HAXOIUTCS U3 OTHOIICHHS:

(h/10)°= 4/05. Toecte h>=8-10°, otryna k=20 cu:

AHATOTHYHO, I THAMeTpa ¢ TTONYHHM:

(d/8)°=4/05. Toects d° =8-8°, omeyma d=16cm .
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Tema 14. DiieMeHTHI TEOPUHU BEPOSITHOCTE 1 MAaTEeMaTHY€CKOH CTATUCTHKH
(mpoxoskeHue)

Tema 14.1. luckpeTHble c1ydaiiHble BeJTUYMHbI

Ilonamue Ouckpemuou CIyuaiHolU 8eUtUNbL. 3aKOH pacnpeoenenusi OUCKPemHOU CIYy4atiHoU
seuyUHbL. Beposimhocms ouckpemmoti ciyuatinol eeaudunvl. Xapaxmepucmuxku OUCKPEemHoul
CYYAUHOU 8eNUUUHDL

Ymems HaxoIUTh BEpOATHOCTH TUCKPETHON CITydailHON BemuuuHBI 10 (hopmyse bepHynu, HaxXoIuTh
€€ XapaKTEePUCTUKH.
3uamu:onpeneneHue TMCKPETHON CIlydaliHOM BEJIMYHMHBL,3aKOH €€ PACIPECIICHHS U XapaKTePUCTUKY

3axon pacnpedenenus ciyyauHoU BeaIUYUHDL

Crnyuaunoii éenuuunou (c.B) X Ha3pIBaeTCs BEIUYMHA, KOTOPAs B pe3y/bTATE ONbITA MOKET
NPUHUMATDH TO WK MHOE 3HAYCHHE, TIPUYEM 3apaHee U3BECTHO KAaKOe MMEHHO.
Crnyyaiinble BeTMYMHBI MOXKHO Pa3/Ie/IUTh Ha JIB€ KaTErOpUU: IUCKPETHBIE U HEIIPEPBIBHBIE.

JIMCKpeTHOH ciy4aiiHOM BeTMYMHOM ([1.C.B.) Ha3bIBAe€TCs TaKasi BEJIMUMHA, KOTOPas B
pe3yabTaTe OIbITa MOXKET IPUHUMATD OTIPEIeIICHHBIC 3HAUEHUS C OTIPEICIICHHON BEPOSTHOCTBIO,
00pa3yromye CueTHOE MHOXKECTBO (MHOKECTBO, DJIEMEHTHI KOTOPOTO MOTYT OBITh 3aHYMEPOBAHBI).

Psaoom pacnpedenenus n.c.B. X Ha3pIBaeTCs TabIUIAa COOTBETCTBUS 3HAUEHUH CIIydaiiHOM

BCJIMYHMHBI U UX BepOHTHOCTeﬁ.

3recs P, =P(X =X); _Zn:pl =1.

bunomunanvueii 3akon pacnpedenenuss CnydyaiiHas BenwunHa X UMEET OUHOMUATbHOE
pacnpedeieHue, €CIIM OHAa 03HAYAET KOJIMYECTBO MOSBICHUM COOBITUS 4 B N HE3aBUCHUMBIX OIBITaX.
BeposTHOCTH KaXX10TO 3HAUEHUS STOM CIIyHYaitHOM BEJIMUMHBI MOKHO HalTH 110 ¢popmyiie beprymim.

P(X =k)=P (k)=C'p*q™, k=0412,...
Yucnoevie xapaxmepucmuku OUCKPEMHbIX CAYYAUHBIX 6eTUYUUH
Mamemamuyeckoe odxcudarue 0.c.s.

[Ipn pemeHun MHOTHX 3a7a4 OBbIBAET JOCTATOYHBIM 3HAHUE HECKOIBKUX YHCIIOBBIX
XapaKTEPUCTUK CIIy4YalHOW BeIMYUHBL. OJHOM W3 TaKMX BaKHEWIIHUX YHUCIOBBIX XapPaKTEPUCTUK
ABIIICTCS MamemMamuieckoe 0JcuoaHue, KOTOpOe TMPUOIMKEHHO paBHO CpeAHEMY 3HAUYCHUIO

CIIy4aiiHOM BEJIMUYMHBI, BOKPYT KOTOPOI'O IPYIIUPYIOTCS BCE €€ OCTalbHbIE 3HaUCHMsI. Tak, HanpuMep,
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IpU W3yYEHUH pacCIpeleleHus HEKOTOPOro SKOHOMHYECKOTO MoKasarenst paboTel manHoro CMY
MPEXJI€ BCETO MHTEPECYIOTCS €T0 CPETHUM 3HAUCHHUEM.
Mamemamuyeckum  odxcuoaHuem  ITUCKPETHOM  CIydyalHOW  BEJIMYMHBI  HA3bIBa€TCA CyMMa

HpOI/I3BeI[eHI/H>'I BCEX BO3MOKHBIX 3HAUYCHHI cnyqaﬁHoﬁ BCJIMYMHBI HA UX BEPOATHOCTHU:

M(X)=X1p1+X2 P, +...+ X, P, :anxi P;-

Hucnepcus u cpednee keadpamuueckoe OmKIOHeHUe
Ha mpaktuke uacto TpeOyeTcss OLEHHTh paccesHHE BO3MOXKHBIX 3HAUEHHH CITydailHOW
BEJIMYMHBI BOKPYT €€ cpefHero 3HaueHus. Hanpumep, B apTHIIEpUN BaXKHO 3HATH, HACKOJIBKO Ky4HO
JSITYT CHApsABI BOJIM3H LETH, KOTOPast AOJDKHA OBITh IOPAXKEHa.
Hucnepcueii (pacceusanuem) ITUCKPETHOW CIy4allHONW BEIMYMHBI HA3bIBACTCS MaTEMaTHYECKOe

OKHJaHUE KBaJpaTa OTKIOHEHUS CIyYailHON BEIMYUHBI OT €€ MAaTeMAaTUYECKOTO OKUIAHMUS.
D(X)=M[X =M (X)].
Jyist BBIYHMCTICHUS TUCTIEPCHH YacTO OBIBAET YO00HO IMOJIB30BATHCS CICAYIONICH TEeOpEeMOii:

TeopeMa. [Incnepcml paBHa PA3HOCTH MCKAY MATEMAaTUUCCKHUM OXHUJIAHUCM KBaJpara CHy‘IﬂﬁHOﬁ

BCJIMYUHBI X )48 KBaI[paTOM € MaTEMaTHUUYCCKOI'O O)KI/II[aHI/ISI:
2 2
D(X) =M (X?) = [M(X)[.
Cpeonum KkeaopamuiecKkum OMKIOHeHUeM CIy4alHOW BEIMYMHBI X Ha3bIBAETCS KBAJAPATHBIN

KOPCHb U3 NUCHICPCUHU:
o(X) =/D(X).

Tema 14.2. OcHOBHBbIE MOHATUA MATEMATHYECKOH CTATHCTHKHU

Onpeoenenue mamemamuueckot cmamucmuxu. [lonsmue 2enepanbHoll COBOKYRHOCHU.
Bapuayuonnwvui psio. @ynxyuu pacnpeodenenus. [lpeocmasnenue 0anHulx (madauysl, ouazpammot,
epaghuxu, noIUSOH, 2UCMOSPAMMA)

Ymemow: IpeICTaBIATh JaHHBIE CTATUCTUYECKOTO paCcIpeieIeHUs

3Hamb: OCHOBHBIE MOHATUS MAaTEMATUYECKON CTaTUCTUKU

Mamemamuueckaa cmamucmuka — pa3lie]l MaTeMaTHKH, B KOTOPOM M3Y4alOTCs METOJbl cOopa,
cucreMaTH3alud M OOpadOTKM pe3ylbTaToB HAONIOJECHUM MAacCOBBIX CIIy4allHBIX SBICHUHM IS
BBISIBJICHUSI CYILIECTBYIOUINX 3aKOHOMEPHOCTEH.

[TIpeomemom mamemamuueckoti cmamucmuxy SIBISETCS HW3yYEHHUE CIydallHbIX BEJIWYMH (WIH
CIIydaitHBIX COOBITHH, MTPOIIECCOB) IO pe3yIbTaTaM HAOIIOICHHIA.

I'enepanvHoii co80KynHOCMbI0 HA3bIBAETCSI — COBOKYMHOCTh BCEX MOJJIEKAIIUX U3YUYEHHIO O0OBEKTOB
WIM BO3MOXHBIX PE3yJbTaTOB BCEX MBICIMMBIX HaOMIOEHNUH, NPOU3BOJUMBIX B HEU3MEHHBIX

YCJIOBHSIX HaJ OJTHUM OOBEKTOM. 3a4acTy0 MPOBOJUTH CIUIONIHOE OOCIIE€IOBAaHME, KOTJa W3y4aroTCs
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BCE OOBEKTHI, TPYAHO WM AOPOTO, & MHOTAA M HEBO3MOXKHO. B 3THX cilydasX HaMIy4IIMM CIIOCOOOM
o0cIieIoBaHus SBISIETCS BHIOOPOYHOE HAOJIOACHUE: BEIOMPAIOT U3 FeHEPAbHONW COBOKYIMHOCTH 4aCTh
ee 00BEKTOB («BBIOOPKY») U MOABEPTAIOT €€ U3yUCHHUIO.

Buvibopounoii  cosoxynnocmouio  (6b100pKoOll) HA3BIBAIOT COBOKYITHOCTH OOBEKTOB, OTOOpPaHHBIX
cillyyailHBIM 00pa3oM M3 TeHEpAIbHOM COBOKYNHOCTH. bonee crporo: BbIOOpKAa — 3TO
IIOCJIE0BATENBHOCTD X1, X2, ... Xn HE3aBUCUMBIX OJMHAKOBO PACIIPEAEICHHBIX CIy4YailHbIX BEJINYMH,
pacrpeeneHne KaxJA0M M3 KOTOPBIX COBIAJAET C PACHPEACIECHUEM TEHEPaJIbHOW CIy4alHON
BEJIMYMHBI.

Yuciio o0beKkTOB (HAOMIOEHU) B COBOKYITHOCTH, T'€HEPAJbHONH MM BBIOOPOYHOM, HA3BIBACTCS €€
ob6vemom; obo3Hayaercs: coorBeTcTBeHHO uepe3 N u N. KonkpeTHbie 3HaueHUs1 BBIOOPKH, MTOTy4YEeHHBIC
B pe3yiabTare HaOMONEeHUN (MCIBITAHUN), HA3BIBAIOT peanusayuell 6bl00pku U 0003HAYAIOT
CTPOYHBIMU OYKBaMU X1, X2 ...Xn.

MeTo cTaTUCTUYECKOTO MCCIEAOBAHUS, COCTOSIIIUNA B TOM, YTO Ha OCHOBE M3YYE€HUS BBHIOOPOYHOMN
COBOKYITHOCTH JIJIAeTCsl 3aKJIIOYCHHUE O BCEH IeHEepalIbHOW COBOKYITHOCTH, HAa3bIBACTCS 68b100POUHBIM.
Pazimuarot BRIOOpKH C BO3BpaIlicHHEM (TIOBTOPHEIC) U 0e3 Bo3BpalieHus (0ecrioBTopHbIe). B mepBom
cly4ae OTOOpaHHBI OOBEKT BO3BpAIlla€TCs B TEHEPAIbHYIO COBOKYIHOCTh IEpe]] H3BICUYCHHUEM
CIIEIYIOIIEer0o; BO BTOPOM — HE Bo3Bpamlaercs. Ha mpakTuke damie HCHOJb3yeTcss OecroBTOpHAs

BBIOOpKA.

Cmamucmuyeckoe pacnpeoenenue blOOPKU

Ilyctp um3ywaercs HekoTopas ciydaiHas BenuunHa X. C 3ToW 1enblo HajJ ciydyaiHOU
BEJIMYMHON X MPOU3BOAMTCS psAJl HE3aBUCHMBIX ONBITOB (HaOMOAeHMit). B KaXk1oM U3 3TUX ONBITOB
BeIMYMHA X NMPUHUMAET TO WU WHOE 3HadeHue. [lycTe OHa mpuHsANa N1 pa3 3HaYeHHE x1, N2 pas —
3HAa4YeHHUE X2, ...,Nk pa3 —3Ha4eHue xx. [Ipu aTom N1 + N2 +...+ Nk = N— 00BbEM BBIOOPKH.

3HaueHus X1, X2 ...Xx HA3bIBAIOTCS apuaHmamy Ciy4yailHoW BETUYUHBI X.

Bes cOBOKYNMHOCTh 3HA4eHMH CiaydailHOM BeIMUMHBI X MpeACTaBiIseT cOOON NEepBUYHBIN
CTaTUCTHUYECKUI MaTepuasl, KOTOpBIA TOJUISKUT JanbHelIIed o0paboTKe, MpexkIe BCEro —
YIOPSAIOYECHHUIO.

Onepanys pacnojioKEHUs 3HAUEHUM CilIy4alHOM BeTWMYMHBI (TIpU3HAKa) MO HeyObIBaHHUIO
Ha3bIBACTCS PAHHNCUPOBAHUEM CTATUCTUIECKUX JAHHBIX.

[Tonmy4yeHHast TakuM 00pa3oM MOCJIEA0BATENBHOCTD X1, X2 ...Xn 3HAYCHUN CIIydalfHON BEITMYMHBI

X (rme X <n, <...< X, ) Ha3bIBAETCA 6APUAYUOHHBIM PSOOM.

Uwucma ni, mMOKa3pIBAIOIINE, CKOJIBKO pa3 BCTPEUAIOTCS BApUAHTHI Xi B psle HAOIIOJIEHUU,
HA3BIBAIOTCS Yacmomamu, a OTHOIIEHUE MX K 00beMYy BBIOOPKU — OMHOCUMENbHbIMU YACTMOMAMU

e
(W), T.e. w; =~ tie n =L n,.
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Cmamucmuyeckum pacnpeoenienuem 6blOOpKU WIA CMAmMuUCmu4yeckum psoomM Ha3bIBaIOT
MNEpCUCHb BapHUaHT Xj BAapUAalIMOHHOTO psgaa U COOTBCTCTBYIOIMIUX UM YaCTOT Ni UJIX OTHOCUTEJIBHBIX
4acTOT W;.

3anuchIBaeTCS CTAaTUCTUYECKOE pachpeielieHue B BUje TaOnuibl. [lepBas cTpoka COACPKHUT

BapHaHTBI, a BTOpasl — KX YaCTOTHI Nj (I/IJ'II/I OTHOCHUTCIIBHBIC tlaCTOTbI).

Omnupuueckas ¢hynkyusa pacnpedenenus

Opnum u3 cnocoboB 00pabOTKH BapUALIMOHHOTO Psijia SIBJISETCS MOCTPOCHUE SMIUPUUYECKON
(byHKLINU pacpeaeeHuUs.

Omnupuueckoii (CTATUCTUYECKOH) ¢hymkyueii pacnpedenenus HasbiBaerca (yHkius F (x),
ompenengomas A8 KKAOT0  3HAYEHUS X  OTHOCHTEIbHYIO  YacTOTy  COOBITHS
(X < x}kF (x) =p"{X < x}.

Jl71s HaX 0K ACHUS 3HAYECHUHN SMIUPUIECKON (HYHKIIUU YAOOHO MOJIb30BaThes (hOpMYIoi
EA() =",
rzae N — 00beM BBIOOPKH, Ny — YKCIIO HAOIIOAeHUH, MeHbInuX X (X € R).

OMmnupudeckas GyHKIHS 001aaeT CIEAYIONIMHA CBOMCTBAMHU:

1. 3HaueHus HaMOUpUYEcKOi QYHKIIUU TPUHAUICKUT oTpe3Ky [0,1].

2. F*(x) — neyObIBaromas GyHKIys.

3. Ecou x; — HauMeHblIas BapuaHTa, a X, - Haubonpmas, To F*(x;)=0 mpu

x=x, m F*(x,)= lopux > x.

Tlonueon u cucmoepamma

CraTtucTuyeckoe pacrpeeiicHue n3odpaxaercst rpapudeckn (11 HATTSIIHOCTH) B BHJE TaK
Ha3bIBAEMBIX NOAUSOHA U 2UCTOSDAMMBL.

Huckpemnoe pacnpedenenue npusnaxa X

[MoauroH, Kak MpaBUIIO, CAYKHT JUIS W300paKEHHsI IUCKPETHOTO (T.€. BAPHAHTHI OTIHYAIOTCS
Ha TOCTOSIHHYIO BEIWYHMHY) CTaTHCTHYECKOrO psima. [loiueonom uacmom Ha3bIBAIOT JIOMaHYIO,
OTPE3KH KOTOPOU COSITUHSIOT TOUKH C KOOpAUHATAMHU (x1,N1), (X2,N2), ..., (Xk,Nk);

Tonueconom omuocumenvuvlx yacmom Ha3bIBAIOT JOMaHYI, OTPE3KH KOTOPOH COCAMHSIOT
TOYKH C KOOpAuHATaMu (x1,W1), (X2,W2), ..., (Wk,pPx), TJ€ Xi - BApHAHTHI BHIOOPKH;

BapuaHThI Xj OTKJIaBIBAIOTCS Ha OCH aOCIIMCC, @ YaCTOTHI U, COOTBETCTBEHHO, OTHOCHTEIbHBIE
Y4acTOTHl — Ha OCH opauHAT. [TOJMIOH OTHOCHTENBLHBIX YacTOT SIBJSIETCS CTATHCTHUYCCKMM aHAJIOrOM
MHOTOYTOJIbHUKA PaCIIpE/ICIICHHUS.

Henpepuisroe pacnpedenenue npusnaxa X
JInst HEMpepBIBHO pacipeIeeHHOr0 MpHU3HaKa (T.e. BapHAHThI MOTYT OTJIHYAThCS OJMH OT

APpyroro Ha CKOJIb YroaHO MAJIYIO BCJ'II/ILII/IHY) MOXHO HNOCTPOUTH IMOJIMTOH YaCTOT, B35AB CCPCAWHBI
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UHTEPBAJIOB B KadyecTBE 3HAYCHUH X1, X2,.....Xk.  boyiee ymnoTpeOuTenbHa Tak Ha3bIBaeMast
TUCTOTpaMMa.

l'ucmoepammori yacmom Ha3bIBAIOT CTYNEHYATYIO (DUTYPY, COCTOSIIYIO U3 MPSIMOYTOJIbHUKOB,

=

i

OCHOBAHHAMHM KOTOPBIX CIYXKAT YaCTUYHBIC MHTCPBaJIbl JJIMHBL h, d BbICOTHI paBHbl OTHOLICHHUIO ?

IIJIOTHOCTBb 4aCTOTHI.

. e
[Inomans 4yacTUYHOro I-ro HPSAMOYTrOJBHHUKA DPABHA h;‘ =mn; — CyMME€ 4YacTOT BapHaHT,

MOTIABIINI B I-if HHTEpBAJL.
OueBHUIHO, IJIOIIA/(b TUCTOIPAMMBI YaCTOT paBHA CYMME BCEX YacTOT, T.e. 00bEMY BBIOOPKH.
T'ucmoepamma omuocumenvbublx 4acmom Ha3bIBAIOT CTYNEHYATYIO (QUrypy, COCTOSIIYIO W3
PSMOYTOJIBHUKOB, OCHOBAaHHSIMH KOTOPBIX CIYXaT YaCTUYHbIC HHTEPBAJIbI JUTUHBI N, @ BBICOTHI paBHBI

W
OTHOIICHUIO ? — IINIOTHOCTH OTHOCHUTCJIBHBIX 4YaCTOT.
. W
Hnomam, YaCTUYHOI'O I-TO IpsAMOYI'OJIbHHKAa paBHA -II,?[= mn; — CYMMC YaCTOT BapHaHT,

[OMABIIMIA B I-if HHTEPBAIL.

OueBUIHO, IUIOIIAAb TUCTOIPaAMMBbI OTHOCHUTEJIbHBIX 4YacTOT paBHa CyMME BCEX
OTHOCHTEJIBHBIX YaCTOT, T.€. CAUHUIIE.
3aganueNel.  IlocTpoWTh  TOJMMIOH  YacTOT IO  JAHHOMY  PAcHpeleNieHHI0  BBIOOPKH:

Pemenue.

X 1op4 |5 7 OTtveruM Ha ocu abcrmcc BapuaThl Xj, a Ha OCH OpAMHAT —

n, 12010 |14 |6 COOTBETCTBYIOIIME MM YacCTOTHI ;, COSAMHHMB TOYKH (¥;,*;) OTpE3KaMH

MMPAMBIX, ITOJTYUUM WCKOMBIH ITOJIMTOH YacTOT.

L d
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3amanue Ne2. ITocTpouTh rHCTOrpaMMy YacTOT IO JAHHOMY PaclpeesIeHHI0 BHIOOPKH oObemMa

n=100:
Houmep HacTHaHsIi HHTEpRAT Cwnia 9acToT BApHaHT IlnoTHOCTE 9acTOTRL
HHTEpEATA HHTEpEATA

i X T X L ™
h

1 1-5 10 2.5

2 5-9 20 3

3 9-13 50 12,5

4 13-17 12 3

3 17-21 8 2

Pewenue. TToctpouM Ha ocu abCIMCC 3aJaHHbIC HHTEPBaJIbl JIuHbl h=4. IIpoBeneM Hax STHMU
WHTEpBaJaMHu OTPE3KH, MapajuieJbHbIe OCH a0CIUCC U HaXOAAIIMECS OT Hee Ha PacCTOSHUAX, PABHBIX

COOTBETCTBYIOILMM IUIOTHOCTAM 4acToT. Harpumep, Han untepsanom (1,5) mocrpoum

= |2

-2
Lh

[ E]

L J

1 5 9 13 17 21 X
OTpe30k, mapauieabHbIN OCH a0CIMCC, Ha PaCCTOSTHUN
n; 10 25
h. - 4 - ety

FI/ICTOFpaMMa qacToT H306pa>i<eHa Ha puc.

KoumponwHuie 6onpocwl
1. TlpencraBneHue NaHHBIX, TeHEpalbHAS COBOKYITHOCTD, BEIOOPKA, cpe/iHee apudMeTndeckoe,
MeHMaHa.
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YpaBHeHNs U HEPaBeHCTBA ( JONOJHUTENbHBIA MaTepUa)

PaBHocH/IbHBIE YPaBHEHHS U HEPABEHCTBA.
Pagnocunvnbvie ypasnenus.

YpaBHeHHS, UMeIOL e OJJHO U TOXKe MHOXKeCTBO KOPHEH, Ha3bIBAIOTCA PABHOCUJIbHBIMHU.

Hampumep, ypaBHeHust 4X-3=2X+3 u 2X=6 paBHOCHWJIBbHBI, TaK KaK KaXXJI0€ M3 HUX HMEET
TOJNBKO OJMH KOpeHb X=3. Ypasuenus (X-2)(x+5)=0 u x> +3x —10 = 0 Takxke paBHOCHIILHBI, TaK KaK
OHHU MMEIOT OJIHH U T€ e KOPHU X, = 2,X, = —5. Ypasnenus 2x=4 u 3x* =12 He PaBHOCUIILHBI, TaK
KaK [epBOE MMEET KOPEHb X=2, a BTOPOE — KOPHU X, = 2, X, =—2. 13 onpezenenus paBHOCHIbHOCTH
YpaBHEHUU CJIEyeT, YTO [1Ba ypaBHEHHUS PAaBHOCHIIbHBI, €CIM KaXKIblil KOPEHb MEPBOT0 YPaBHEHUS
SBIISIETCS KOPHEM BTOPOTO ypaBHEHHUsS M, HAOOOPOT, KaXAbIii KOPEHb BTOPOTO YPAaBHEHHS SBISCTCS
KOPHEM IEePBOT0 YPAaBHEHUS. YpasHeHus, He umeloujue KOpHel, makKice Cuumarom paeHoCUIbHbIMU.

W13 xypca 7 knacca BBl 3HaeTe, YTO MOYKHO C/IENaTh CIEAYIONINe TpeoOpa3oBaHusl ypaBHEHUI:

JItob6o1i unen ypasHenus MON*CHO NePeHOCUMb U3 OOHOU YACU 8 OPYeYI0, USMEHUB €20 3HAK HA
NPOMUBONOTIOHNCHBIU.

Obe yacmu ypasHeHuss MOXCHO YMHOICUMb UIU PA30eTUmb HA 0OHO U MO JHCe YUCTO0, He PAGHOe
HYTTIO.

[Ipu >TuX mNpeoOpa3OBaHUAX HCXOJHOE YpaBHEHHE 3aMEHSETCS Ha PaBHOCHUIBHOE €My
ypaBHEHHE. 3aMETUM, YTO €CJIM HEKOTOPOE BBIPAKECHUE B JIEBOW YaCTH WM MPABOW YaCTHU YpaBHEHUS
3aMEHUTh TOXKJIECTBEHHO PAaBHBIM €My BBIPRKEHHEM, TO TMOJIYYUTCS YpaBHEHHE, PaBHOCUIILHOE
ucxogHoMy. OHaKo He MpH JII000M MpeoOpa3oBaHUM YPaBHEHHUE 3aMEHSETCS HA paBHOCHIIBHOE.

Hampumep, npu BO3BEIEHUHM B KBajpaT OOEHX YacTel ypaBHEHUS JX=x-2 MOJIy4aeTcs
YpaBHEHUE X:(X—Z)z, HE PaBHOCWIBHOE HCXOAHOMY: IIEPBOEC YpPaBHEHUE HMEET TOJBKO OJIUH
KOpeHb X=4, a BTOpoe — 1Ba KOpHA X, =4,X, =1. B 3TOM ciy4ae BTOpO€ ypaBHEHHE HAa3bIBAIOT

CJIEJICTBUEM IIEPBOTO YPABHEHUS.
Ecnu npu nepexooe om 00HO20 ypasHeHus K Opy20My nomepu KOpHeU He NPOUucxooum, mo
8mMopoe ypasHeHue HA3blearom cledcmeuem nepeoco ypaenenus. Muaue, eciu éce KOpHU Nep8oco
VPABHEHUsL ABNIAIOMCA KOPHAMU 8MOPO20 YPAGHEHU, MO 6MOPOe YPAGHEHUE HA3bIBACMC S CIe0Cmeuem
nepeoco YpasHeHUs..
W3 sTOTO0 ONpeneneHns U ONpeaeaeH!s] PABHOCWIIBHOCTH YPaBHEHUH CIIEYET, 4TO:
1. ecnu 1Ba ypaBHEHUS paBHOCUJIBHBI, TO KaXKI0€ U3 HUX ABISETCA CIEACTBUEM APYrOro;
2. eclli KaXJ0e M3 JBYX YpaBHEHHU SBJISETCS CIEJACTBHEM JIPYTOTO, TO 3TH YpaBHEHHS
PaBHOCUJIBHBI.
IIpn penieHuM ypaBHEHUH TJIaBHOE — HE IOTEPATh KOPHU, & HAIWYUE IMOCTOPOHHUX KOPHEH MOYKHO
YCTAHOBUTH NMpOBEpKOM. [IoaToMy BakHO CleUTH 3a Te€M, 4TOObI MPU NMPEOOpPa3OBaHUU YpaBHEHMS
Ka)J10€ CIEeYIOLIEee YpaBHEHHE ObLIO CIEACTBUEM MIPEIBLTYILIETO.
2x  x+1 4

x—2 x-1 (x-D(x-2)°
YMHOXHB 00€ YacTH ypaBHEHHUS Ha OONIWI 3HAMEHATEeNb BCEX Tpex apodeid, T.e. Ha (X—1)(Xx—2),

IIpumep: Pemnts ypaBHEHUE

nonydaem 2X(X—1) — (X +1)(x—2) =4 ,otkyna X° —x—2=0,X, =2,X, =—1.

IIposepka.

1) Ilpu X=2 3nameHarenu AByX IpoOeil ypaBHEeHMs paBHBI HyJI0. [loaTomMy X=2 He sABIseTCS KOpHEM
JJAHHOT'O YPaBHEHHUS.

2) Ilpu x=-1 neBas yacTb ypaBHEHHs paBHA 3 npaBasi 4acTh paBHA 3

Otser: X=-1.
3aMeTuM, 4TO ISl IPOBEPKH KOPHS X=-1 OCTaTOYHO YBHJETh, YTO 3HAMEHATENIH Jpo0Oeil ypaBHEHUs
npu X= -1 He paBHBI HYJIIO (€CIM, KOHEYHO, IPU PEIICHUH ypaBHEHUS HE JTOIMYIICHBI ommOkw). [Ipn
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2X X+1

CIICHUN 3312491 u3 aBHEHUS - = MOJTY4eHO
P P X=2 x-1 ((x=-1D(x-2) 7
ypaBHeHue 2X(X —1) — (x +1)(x—2) =4, KOTOpOE SIBJISICTCS CIICJICTBUEM ypaBHEHUS

2x__x+1 = 4 . Kopenp X, =2ypaBHenus 2X(Xx-1)—(Xx+1)(x—2)=4 ne saBugercs

X=2 x-1 ((xX-=-1D(x-2)

2x  x+1 4

KOpPHEM YpaBHCHUSA Ero na3siBaroT NOCMOPOHRHUM KOPDHEM.

x-2 x-1 (x-D(x-2)°

Ilocmoponnue KOpHU MO2ym RNOIYYUMbBCA NPU YMHOXMCEHUU obeux uacmell YpasHeHUs Ha
svipadicenue, cooepicaujee Heu3gecmHoe.

Ilomeps kopHeu Modcem npousoumu npu OeleHuu 0beux yacmeu ypaeHeHUus HA BbIPAdCEHle,
codeporcawyee Heuzgecmuoe.

WTak, nmpu pelieHny ypaBHEHHSI MOXKHO JIeJaTh TOJBKO Takue mpeoOpa3oBaHusl, MPU KOTOPHIX
HE IPOUCXOIUT MOTEPH KOpHEH. Eciu nmpu 3TOM MOIy4yaroTCsi ypaBHEHHUs - CIEACTBHS JAAHHOIO, TO
HeoOxouMa MpoBepKa HalIEHHBIX KOPHEH.

Pasnocunvuvie nepagencmaa.

PaBHOCWJIBHOCTE HEPABEHCTB € HEU3BECTHBIM OIpENeNseTcss aHamorndHo. HepaBeHcTBa,
MMEIOLIUE OHO U TO )K€ MHOYKECTBO PELICHH, HA3bIBAIOT PABHOCUTLHBIMU.
5)2( —3.1
X“+1
Tak kak X*+1>0 1pu Bcex AeiCTBUTENbHBIX 3HAYEHHAX X, TO, YMHOKMB HEPABEHCTBO Ha X’ +1,

[TIpumep: Pemnth HEpaBEHCTBO

TONTy4aeM HepaBeHCTBO 5X—3 > X +1, paBHOCHIEHOE JaHHOMY. Pelnas 3TO HepaBEHCTBO, OYYaeM
x> —5Xx+4<0,(x-1)(x-4) <0, otkyna 1< x < 4.

Pemenue cucrem ABYX JMHENHBIX ypaBHeHI/Iﬁ C ABYMS IEPEMEHHBIMU.

Pewenue cucmem ypasnenuii ¢ nomowwio gpopmynvt Kpamepa.
Onpeoenumens emopozo nopsaoka. @opmyna Kpamepa.

VYpaBHeHHEe C ABYMs IMEpPeMEHHBIMH X W Y 3amuceiBatorcs B Buae f(X,y)=0, tme f —
BBIPOKEHUE C TIEPEMCHHBIMH X W Y. PelleHueM Takoro ypaBHEHHs Ha3bIBaeTCs YIMOPSAIOYCHHAS Tapa
gucen (Xy,Y,), IPU MOACTAaHOBKE KOTOPBIX B JAaHHOE ypaBHEHHE IOJY4YaeTCs BEPHOE YHCIOBOE

paBenctBo f(X,,Y,)=0.
Cucrema ypaBHEHHIA ¢ IByMs TIEPEMEHHBIMU X U Y B OOIIEM BHJIE 3aIIMCHIBACTCS TAK:

f(x,y)=0

g(x,y)=0
PerieHreM cHUCTeMBbl ypaBHEHHH Ha3bIBACTCS YIOPSAOYEHHAs Mapa YHCes, SABIISIONIASsCS pEIleHHEM
KaXIOr0 M3 YypaBHEHHM, BXOIAIIMX B cuUcTeMy. JIBe CHCTEMBI YpaBHEHHH Ha3bIBAIOTCS
PaBHOCHIIbHBIMH, €CJTH MHOXKECTBA PEIICHUH STUX CHCTEM COBITAIAIOT.

Onpeodenumens 6mopo2o nopsoka PaBeH IPOHM3BENECHUIO 3JEMEHTOB, DPACIIONIOKEHHBIX Ha
TJIABHOM JMaroHaJd MHHYC TPOU3BEACHUE DIEMEHTOB, PACHOJIOKEHHBIX Ha JIOTOJHHTEIbHON
nuaroHanu. st 0003HAYEHHs OTPENEITUTENS MCIOIb3YIOTCS BEPTUKAIBHBIE YEPTOYKH M TIPOITHCHAS
oykBa A. T.e.

b
A =det(A) = | | = b, —ab,

a, b,
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nin, CXeMaTH4CCKHU

"t psiIMOE TIPOU3BEIECHUE (TrmaBHas TUAroHalb)

KOCO€ ITPOU3BEACHNUE (JOMOJIHUTEIbHAS TUArOHAJb)

ax+by=c

o v 1 1 11

CucreMa AByX JIMHEWHBIX YPAaBHEHUH C JABYMS [€PEMEHHBIMU IIpU YCJIOBHH,

a,x+b,y=c,

YTO OIPCACIIUTECIIb CUCTCMbI OTJIMYHBIA OT HYJId, KIMCCT CIUHCTBCHHOC PCHICHUC, KOTOPOC HAXOJAUTCA
Cl bl a‘l Cl
c, b Ax. a, C,| Ay

no d¢opMmynam X=;———=—;yY=;———"=—— O5TH PAaBEHCTBAa HA3bIBAIOTCA (QOpMyJIaMHu
a b| A a bl A
a2 b2 aZ b2

Kpamepa.
Ecnu xe ompenenurtens paBeH HYIIO, TO CUCTEMa sBJseTCs, JUOO HECOBMECTHOHM (Korjaa
AX # 0,Ay # 0), nubo Heonpenenennoi (korga AX = Ay = 0). B mocieqaem ciaydae cucreMa CBOIUTCS

K OJIHOMY YPaBHEHHUIO, a IPYToe SABIJISETCS CIEICTBUEM 3TOTO yPaBHEHHUSI.
Peenne cucreM Tpex JIMHeiHBIX YPABHEHMI ¢ TpeMsl HepeMeHHbIMH.

Pewenue cucmem ypasnenuii ¢ nomowwto popmynvt Kpamepa.
Onpedenumens mpemwve2o nopsioka. Popmyna Kpamepa.

&1 & A3

I[lycTh 1anHa KBajapaTHas MaTpMIa TPETHEro nopsaka A = dy; Ay, dyg

81 83y g3
Onpedenumens mpemve20 NOpsAOKa PaBeH INPOU3BEICHHUIO 3JIEMEHTOB, PACMOI0KEHHBIX Ha
IVIABHOM JMAaroHajau IUIKOC [JBa MPOU3BEACHUS JJIEMEHTOB, OTBEYAIOIIMX TPEYTOJIbHUKAM C
OCHOBAHUSMH, [APAUICIbHBIMA  TJAaBHOM  [UMAroHalld; MHUHYC IIPOU3BEIACHUE  DJIECMEHTOB,

PACIIOJIOKCHHBIX Ha I[OHOJ'IHHTGJ'II:HOﬁ AvaroHajii W MHUHYC JABa IIPOU3BCACHUA DJJICMCHTOB,
OTBCHAOMIUX TPECYTrOJIbHUKAM C OCHOBAHUAMU, ITAPAJIJICIIBHBIMU HOHOHHHTCHLHOﬁ JuaroHaiau.

djq Ay 43
Ay Ay Qpz| = Ay18y)8z3 + 849893831 + 8438183y — 438,831 — 8118383y — Ayp8p1a33
Ay dzp Agg

FGOMeTquGCKH 9TO BBIIVIAOUT TaK:

II+II nw_un

Cucrembl TMHEHBIX YPABHECHMI.
Cucmema nunelnvix ypasHeHuti AMEET BUI:
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A X + X+ X, =by
A X +a,X ... +a X =b.

3nech aij — K03(hGHUIMEHTHI P HEU3BECTHBIX, Di — CBOOOHBIC WICHBI, a Xj — HEH3BECTHbIC.

Ecnu Bce cBOOOHBIC WICHBI PaBHBI HYIIO, TO CUCTEMa HA3BIBACTCS OOHOPOOHOU, €CIH K€, XOTs ObI

OJIHO U3 HUX OTJIMYHO OT HYJIS, TO HEOOHOPOOHOII.
Hcnonb3ys noHATHE IPOU3BEACHUS MaTpuUll, MO>KHO nepenucars cucremy (1) B Bune: AX = B,

Q1 Qp ... A

dy Ay ... Ay
rac A = — ManI/II_Ia, COCTOAIIaA U3 KOS(i)(l)I/ILII/IeHTOB HpI/I HEU3BCCTHBIX CUCTECMBI
a'ml am2 a'mn
(1), KoTopast Ha3BIBAETCS MamMpuyetll CUCeMbl,
X b,
— | %2 _| b,
X - . y B - A — BeKTOp-CTOJI6I_[LI, COCTaABJICHHBIC COOTBCTCTBCHHO U3 HCU3BCCTHBLIX XJ
X, by,

Y U3 CBOOOJHBIX YJIEHOB bj.

YHopsiioueHHasi COBOKYITHOCTh N BEIIECTBEHHBIX 4HceN (C1, C2,..., Cn) HA3BIBACTCS peuleHuem
cucmemst (1), ecnmu B pe3ysbTare MOJACTAHOBKH 3THUX YKCEI BMECTO COOTBETCTBYIOIIUX MEPEMEHHBIX
X1, X2,..., Xn KaXI0€ ypaBHEHHE CHCTEMbI 00paTUTCS B apu(PMETHUYECKOE TOXKICCTBO; IPYTrUMHU

G
_| ¢ y
cJIoBaMHu, eciiu cymiecTByet Bektop C = | "4 | takoi, uro AC = B.

Cn

Ay Ay ... &, |hy

Ay, Ay ... 8y, | b,

*
Marpuna A = , oOpa3oBaHHasi NyTeM IPHUIUCHIBAHUA CIpaBa K

Ay Ay -+ 8 Dy
Matpuiie A cTonbia cBOOOIHBIX WICHOB, HA3BIBACTCS pACUUPEHHOU Mampuyeli CUCHEMb.
Cucrema (1), umerorast XoTst Obl OJTHO peIlIeHUE, Ha3bIBACTCS COBMECMHOL, UMEIOIAsi TOIBKO
OJIHO pEelLIeHUE onpedenienHoll, UMeoIas 0oJiee OJJTHOTO PELIeHUs — HeonpeoeneH O, He UMEIoLIast HA
OJIHOTO PEUICHUS — HeCO8MECMHOLL.
Pewums cucmemy (1) — 3TO 3HAYUT yKa3aTh BCE MHOYKECTBO €€ PEHICHUN WM T0Ka3aTh ee
HECOBMECTHOCTb.
Ecnu nag cucremoii (1) BEIMOTHUTH Kakue-TH00 U3 CIEAYIOUUX MPEoOpa30BaHUIA:
1) TOMeHSTh MEeCTaMU yPaBHECHHUS,
2) YMHOXXHUTh 00€ 4acTH JIF00OT0 YPaBHEHHUsSI CUCTEMBI Ha JIF000E HE paBHOE HYJIIO YHUCIIO;
3) npubaBUTH K 00CHM YaCTSIM OJTHOTO M3 YPABHEHUI CHCTEMBbI COOTBETCTBYIOIIHME YaCTH JAPYTOTO
ypaBHEHUS, YMHOKEHHBIE Ha JTI000€ AeCTBUTETFHOE YHCIIO,
To cuctema (1) mepexoauT B paBHOCWIBHYIO ei cucteMy. llepedncieHHble BhINIe MPeoOpa3OBaHU
Ha3bIBAIOTCS  DJIEeMEHMAapHbiMU  Npeodpazosanuamu  cucmemvl. B pe3ynbrate >JIeMEHTapHBIX
npeoOpa3oBaHUil MOXKET CIYYUTHCS, YTO B CHCTEME IOSIBUTCS ypaBHEHHE, Bce KOA(PUIIUEHTHI
KOTOpOTO paBHHI HYJI0. Toraa, ecinu u CBOOOHBIN YIEH 3TOTO YpaBHEHUS PaBEH HYIIO, TO YpaBHEHUE
CIPaBEJIMBO MPH JIOOBIX X1, X2, ..., Xn U, CIIEJOBATEIBHO, €M0 MOXKHO 0TOpOCUTh. Eciu ke cBOOOIHBIH
YJIeH HE PaBEH HYIIO, TO 3TO YPABHEHHE HE YJOBJIETBOPAETCS HUKAKMMHU 3HAUYECHUSMH HEU3BECTHBIX,
CJIeIOBAaTENbHO, MOJy4YeHHas CHUCTeMa SIBJISIeTCS HECOBMECTHOW. Torja HEeCOBMECTHAa U MCXOJHas

cucrema.
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Teopema Kpomnexepa-Kanennu. (J/leononwo Kponexep (1823-1891) nemeyxuu mamemamux)
CucreMa JTMHEHHBIX YPAaBHEHMI COBMECTHA TOT/Aa M TOJBKO TOTJA, KOrja paHrd Marpuir A m A
COBIIA/IAIOT.

PaccMOTpPHUM CHUCTEMBI JIMHEWHBIX YPaBHEHHMH, B KOTOPBIX YHCIIO YPaBHEHWH pPABHO YHCIY

gy Xy + QX+t 8y X, =Dy
Ay X + 8 Xy + ot Ay X, =D,
HEH3BECTHBIX . (@)

A Xy +a,X, + .+ 8 X, =D,

Takue cucTeMsl pemarTcs OTHUM U3 CIEIYIOIUX CIOCO00B:
1) memooom Kpamepa,

2) memooom [ aycca, Wa Memooom UCKIIOYEHUs. HeU3BECTIHDIX;
3) mampuurbIM MEMOOOM.

Metoa Kpamepa.
(I'abpuenv Kpamep (1704 — 1752) weetiyapckuti mamemamux)

JlaHHBIN MeTOJ MPUMEHUM TOJBKO B ciyyae, eciu cucrema mmeer Buj (4). Kpome storo,

HE00XO0UMO, YTOOBI ONIPEeIeTUTENb MAaTPHULIBI CUCTEMBI He paBHsiics (.
det A = 0;

Teopema. Ecnu onpenenuTesib MaTpUIIbl CUCTEMBI (4) OTJIMUEH OT HYJISI, TO 9Ta CUCTEMa UMEET

€MHCTBEHHOE pPelIeHHe, KOTopoe HaxoauTces mno ¢popmynam Kpamepa:
A

— j
SN
rae A = det A, a Aj — onpeaenuTeb MaTPHUIIBI, TOJyIaeMON U3 MATPHIIbI CHCTEMBI 3aMEHOM CTOJI0IIA |

CTOJIOIOM CBOOOIHBIX YJICHOB D)
&y ... &y bAoAy,
A= (B2 e Boja b, 8j4 .- A
j =
anl cee anj—l bn anj+1 : a‘nn
8y X +apX, + 83X =hy
Taxk, nanipumep, ISt CHCTEMBI M3 TPEX YPABHEHHH 4 Ay1 Xy + Ayp Xy + AyaXy = b2

Qg X +gpXy +AgaXg =Dy

djqp A Q3 b a5, a; a; b ap, a; a, by
A=|8y 8y Ay |; A= |0y Ay Byl; A= [Ay D, Ayl; As=|ay Ay byl
A3 Ay dg3 b, a5, ag ay by ag ay ag by
A, A, A
X1 = —, X2 = —,; X3 = —.
A A A

PanmnonabHble M MPPALMOHAIbHbIE YPABHEHMS.
OcHogHble npuemvl ux pewlenus (PaznodiceHue Ha MHOJICUmMeNnu, 66e0eHue HO8blX HeU36ECMHbIX,

noocmanoska, epaguueckuii memoo). Mzoopasicenue Ha KOOPOUHAMHOU NIOCKOCIU MHONCECEA
peweHuil ypagHeHull U HepaseHcme ¢ 08YMs NePeMeHHbIMU U UX CUCTEM.
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®ynxuns Buna P(X) = ayx, +a X, —1+a,X, —2+...+a, —x+a,,
rae N — HarypanbHOE, @,,d,,d,,...,a,— HEKOTOPbIE JICHCTBUTENIBHBIE YMCIIA, HA3bIBACTCS LIEION
paLOHATIBLHON (PYHKITUEH.

VYpaBuenue Buga P(X)= 0, rneP(X) — muemas panuoHanbHas (QYHKIWS, HA3bIBACTCSA IICIBIM
palOHAIBHBIM YPaBHECHHEM.

RO RO Pa)
QO Q00 Q)

YpaBHeHue BUIa

rae P(X),P,(X),....P,(X),Q,(X),Q,(X),...,Q, (X) — mensle panuonanbuble GyHKIUH, HA3bIBACTCS
paIlMOHAILHBIM YPaBHEHUEM.

Pewenue payuonanvnoco ypaenenus m=O, 20e  P(X) uQ(X)— mnocounensi(Q(X)=0),

Q(x)
ceooumces Kk peuwtenuio ypasvenuss P(X)= 0 u nposepke mozo, umo KOpHU y0081eMEOPAIOM YCI08UIO
Q (x) =0.
OcHosHble MemoOobl peuieHus payuoHaIbHbIX YPAGHEHUI.
1) Ilpocreiimme: pematorcss mMyTéM OOBIYHBIX YIPOIICHWA — TPUBEACHHUE K O00mEeMy

3HAMCHATCJIIO, IIPUBCACHUC l'IOI[06HbIX YJICHOB M TaK JaJIEC. KBaI[paTHLIC YpaBHCHUA aX2 +bx+c=0

—b++b*—4ac

2a

PEIIAIOTCS 110 BHIBEJICHHOW HAMKU popMysie X, =

Taxxke ucnonesyercs reopema Buera: X, +X, =—, XX, =—
a

2) I'pynnupoBka: myTéM TpYNIUPOBKH CIAaraeMblX, HNPUMEHEHHUS (OPMYNT COKpaIIEHHOTO
YMHOXXEHUSI TPUBECTU (€ciaM yAacTcs) ypaBHEHHME K BUAY, KOIJa clieBa 3alMCaHO IMPOM3BEACHUE
HECKOJIbKUX COMHOJKUTENIeH, a clpaBa — HOJb. 3aTe€M NPUPABHUBAEM K HYIIO KaxAbld U3
COMHOKUTEIIEH.

3) IloxncraHoBka: HIEM B YypaBHEHUM HEKOTOPOE IOBTOPSIONIEECS BbIpaXKE€HUE, KOTOpPOe
0003HauYUM HOBOW IEPEMEHHOW, TeM CaMbIM YIpolas BHJ YpaBHEHHUs. B HEKOTOpBIX ciydasx
OUYEBUJHO YTO yJ100HO 0003HaunTh. Hanpumep, ypaBHeHHE

x> +x-5 3x x> +x-5

+— +4 =0, nerko pemaercs ¢ MOMOIIbIO MOJCTAHOBKH ——— =
X (x“+x-5) X

tll

MoJIy4yaeM t+%+4=0

Wmu: 21/ (X2 —4x +10) - X% + 4X = 6. 31eCh MOKHO CIeIaTh MO/ICTAHOBKY x? -4 =t. Torna
21/ (t+10)-t=6wurT.1.

B Oosee CIOKHBIX Cllydasx MOACTAaHOBKA BHUJIHA JIMIIbL TOCIEC HECKOJBKHX MpeoOpa3oBaHUil.
Hampumep, 1aHo ypaBHeHHe

(X% + 2x)? — (x +1)? = 55.

Iepernucas ero uHave, a uMeHHO (X2 + 2X)? — (X? + 2X + 1) = 55, cpa3y yBUAMM HOJCTAHOBKY X’
+ 2Xx=t.

Nmeemt? —t—56=0,t;=—7, t,=8. OcTaJIoCh penuTh X2+2x=-7 u xX*+2x=8.

B psine npyrux ciyyaeB y0OHYIO MOJCTAaHOBKY JKeJaTeIbHO 3HATh “3apanee”. Hanpumep

1) Vpasuenue (X + a)* + (X + b)* = ¢ cBoauTcs X OMKBaZpPATHOMY, €CIH CHETATh
TIOJICTAHOBKY
X=t—(a+h)/2.
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2) Cummerpudeckoe ypasHenue (BospatHoe) aoX" + aiX” ~ 1+ ... + ax + a =0
(k03¢ HUIMEHTHI YJICHOB, PABHOCTOAIINX OT KOHIIOB, PABHBI) PEIIACTCS C MIOMOIIBIO MMOJCTAHOBKH X +
1/x =1, eciu N —u4éTHOE; eciiu N — HEYETHOE, TO YpPaBHEHUE UMEET KOpeHb X = — 1.

3) VpaBuenune Buga (X + a)(X + b)(x + ¢)(x + d) = | cBoauTCa K KBaApaTHOMY, €CIIH
atb=c+d utn

4) Ilonbop: mpu peuieHUH ypaBHEHUN BBICHIMX CTEIEHEW pallMOHAIbHbIE KOPHH YpaBHEHUS

anX" + an_1X" "1+ ... + a1 + ap = 0 umeM B BuzE p/q, rae p— aeauTenb o, | — ACIUTEIb an,
P u q B3auMHO npocTsl, PeZ, geN.

5) “HUckyccTBO”, T.€. pemiaTh MpUMEpP HECTaHAApTHO, IMPHAyMaTh “‘CBOM METOA’, AOrajaThCs
YTO-TO MPUOABUTH U OTHSATH, BBIACIUTD MMOJTHBIA KBAJPAT, HA YTO-TO PA3ACIUTh U YMHOXHUTH U T.I.

6) YpaBHeHHs] C MOJIYyJEM: MPHU PEUICHUH YPaBHEHHH C MOJYJIEM HCIOJIb3yeTCs OIpe/eieHHe
f (X), ecruf (x) > 0,

— f(X), ecnuf (x) < 0.
PanuonanbHbIe HEPABeHCTBA.

[Tycth f(X) — uncnoBas GyHKIHS OJHOTO UIIM HECKOJIBKUX MEPEMEHHBIX (apryMeHTOB). Permth
HEPABEHCTBO

MOJYJIsl U METO HHTepBaioB. HamoMuum, 4To | f (X)| =

fx)<0 (f(x)>0) 1)

— 9TO 3HAUUT HAWTU BCE 3HAYEHUS aprymMeHTa (apryMeHTOB) (QYHKIMH f, MPH KOTOPBIX

HepaBeHCTBO (1) cnpaBeminBo. MHOXKECTBO BCeX 3HAUEHUU apryMeHTa (apryMeHTOB) GYHKIHH f, TIPH

KOTOPBIX HEpaBeHCTBO (1) crpaBeNInBO, HA3bIBAETCS MHOXKECTBOM PELICHUH HEPABEHCTBA WM MIPOCTO
peleHneM HepaBeHCTBa.

MHOK€eCTBO pEIICHUI HECTPOI0 HEPABEHCTBA

fx)<0 (f(x) 2 0) )
npenacTaBisier co0oil oObequHEHHE MHOXKECTBa pelieHuil HepaBeHcTBa (1) M MHOXecCTBa
pemenuii ypaaenus f(x) = 0.

JIBa HEpaBEHCTBA CUUTAIOTCS HYKBUBAJIEHTHBIMU, €CITM MHOKECTBA MX PEIICHUIN COBMAIAIOT.

[Tom MHOXECTBOM JOMYCTUMBIX 3HAUYEHHH HEW3BECTHBIX, BXOSIIMX B HEPAaBEHCTBO,
HNOHUMAIOT 00JacTh onpeneneHus GyHkimu f(X).

HepasencrBa Buga (1) win (2), coctaBneHHble Al pa3nudHbiX GyHKIHH fi(X), MOTYT OBITh
CBEJICHBI B CUCTEMY HEPaBEHCTB. PeHTh cuCTeMy HEpaBEHCTB — 3TO 3HAYUT HAWTH MHOXKECTBO BCEX
3Ha4YeHUH apryMeHTOB GyHKIMH fi(X), IpU KOTOPHIX CIPABEUIMBbI BCE HEPABEHCTBA CHUCTEMBI
OJTHOBPEMEHHO.

['oBOpST, UTO CHCTEMBI HEPABEHCTB DKBUBAIICHTHBI, €CITH MHOYKECTBA UX PEUICHUI COBITAJIAfOT.

CpoiicTBa paBHOCHJIbHBIX HEPABEHCTB.
[lpu pemeHNE HEPaBEHCTB WCIIOJIB3YIOT CBOWCTBAa paBHOCHIBLHOCTH. HepaBeHcTBa ¢ OJHOMU
NepEeMEHHOI Ha3bIBAIOTCS PAaBHOCHIIBHBIMU, €CJIM MHOXECTBA UX PELICHUH COBIAAAIOT.

Hanpumep, HepaBeHcTBa 3X > 6 U X — 2 > 0 UMCIOT OJJMHAKOBBIC MHOXKECTBA PEIICHHUHU X €[2;
+00]. DT HEpaBEHCTBA — PaBHOCHJIbHBIE.

Hepasenctsa X > 0 u x° > 0 — HepaBHOCHIIbHEIE, TAK KaK PENICHUE TIEPBOTO HEPABEHCTBA ECTh
MHOKecTBO X €[0; +o0], a peleHne BTOPOro HEpaBeHCTBA €CTh MHOXKeCTBO X €[-0; 0]U[0; +oo]. DT
MHOECTBa HE COBITAIAfOT.

IIpu pemieHHH HEPaBEHCTB BBIMOJHAIOTCA TOJBKO Takhe IMpeoOpa3oBaHMs, MPU KOTOPBIX
MOJTyJaroTcsi 0oJiee TMPOCThIe PABHOCHIIBHBIC HEPABEHCTBA. OTH TMPEOOpa3OBaHHS BO3MOXKHBI TIPU
BBITOJIHEHUH CIIETYIOUINX CBOWCTB PAaBHOCUIIBHBIX HEPABEHCTB:

CgoiictBo 1. Ecnu k 06erm 9acTsiMm HepaBeHCTBa MPUOABUTH OJTHO M TO K€ YUCJIO WM OJTHO U
TO JK€ BBIPAXKEHHME, KOTOpPOE HMEET CMBICI MNpPH BCEX 3HAUYEHUSAX MEPEMEHHOH, TO MOJIy4YUM
HEPaBEHCTBO, PAaBHOCHIIEHOE JAHHOMY.

Hano. P(x) > Q(X) — HepaBeHcTBO, T(X) — BBIp@XKE€HHE, KOTOPOE MMEET CMBICI MpPU BCEX
JEHCTBUTENLHBIX 3HAYCHHSIX X, X €R.

JHoxkazate. HepaBencta P(x) > Q(X) u P(x) + T(x) > Q(X) + T(X) — paBHOCHIIBHBIE.

115



JlokazarenbcTBo. a) [TycTh mpu X = a HepaBeHCTBO P(a) > Q(a) — BepHOE 4MCIOBOE PaBEHCTBO, T.€. X
=a — OJIHO U3 pemiecHnn HepaBeHcTBa P(X) > Q(X), T(a) — 3nauenue T(X) npu x =a.

ITo cBoiicTBy umcnoBbix HepaBeHcTB P(a) + T(a) > Q(a) + T(a) — BepHOe uHCIOBOE
HEPaBEHCTBO.

CremoBarelibHO, X = a — OJIHO U3 pelieHuit HepaBercTBa P(x) + T(x) > Q(X) + T(X). [Toatomy,
€CIIM X =a eCTh pEIICHHE TMEPBOTO HEPAaBEHCTBA, TO 3TO 3HAYCHUE €CTh TAK)KE PEUICHHE BTOPOTO
HEPaBEHCTBA.

0) ITycts X = b — ogHO M3 pemrennit HepaBencrsa P(x) + T(x) > Q(X) + T(x), T.e. P(b) + T(b) >
Q(b) + T(b) —BepHOEe uncmoBoe HepaBeHCTBO. [1o cBOMCTBY umcaoBBIX HepaBeHCTB P(b) > Q(b) — Toxke
BEPHOE YKCI0BOC HepaBeHCTBO. CremoBaresbHo, X = b — perrenue HepaBenctsa P(X) > Q(X).

Tak kak MHOXeCTBa penieHuii HepaBeHcTBa P(X) > Q(X) u P(X) + T(X) > > Q(x) + T(x)
COBIIAJIAIOT, TO 3TH HEPABCHCTBA PaBHOCUJIbHBIC.

CpoiictBo 2. Eciim B HepaBeHCTBE JI00O€ ciiaraeMoe, KOTOpOe MMEET CMBICT IpU BeX X eR,
NEPEHECTH W3 OJHO YacTH B JPYryH C MPOTHUBOIOJIOXHBIM 3HAKOM, TO TMOJYYUM HEPaBEHCTBO,
PaBHOCHIILHO JaHHOMY.

Hano. P(X) + T(X) > Q(X) — HepaBenctBo, T(X) — ciiaraeMoe, KOTOPOE UMEET CMBICI ITPH BCEX

xeR.
Hoxkasate. HepaBencta P(X) + T(X) > Q(X) u P(X) > Q(X) — T(X) — paBHOCHIIbHBIE.
JHoxkazarensctBo. Ilo cBoiicTBy | MOXHO K 00eMM YacTsIM HEpaBEHCTBA PX) + T(x) > Q(x)

npubaButh cinaraemoe (-T(X)), Tak Kak 3TO cllaraeMo€ HMMeEEeT CMBICT MpH BceX Xe€R; momydum
PaBHOCHIIBHOE HEPAaBEHCTBO:

P(X) + T(x) — T(X) > Q(X) — T(x), orcroma P(X) > Q(x) — T(x).

CsoiictBo 3. Ecnu 00¢ yacTi HepaBEeHCTBA YMHOXHThH Ha OJTHO M TO %€ MOJO0XKUTEILHOE YUCIIO HITH Ha
OJHO W TO € BBIPAKEHHE, IOJOKUTEIBHOE IMPH BCEX 3HAYEHHUSAX IEPEMEHHOM, TO IOJIYYUM
HEPaBEHCTBO, PABHOCUIIBHOE JTAHHOMY.

Jano. P(x) > Q(X) — nepaenctro (1),

T(x) >0, xeR,

P(X)-T(x) > Q(X)-T(X) — HepaBeHCTBO (2).

Joka3zate. HepaBenctna (1) u (2) paBHOCUIIbHBIE.

JokazatenbctBo. ITycTth mpu x = a P(a) > Q(a) — BepHOE YKCIOBOE HEPABEHCTBO, T.€. X = a — OJIHO U3
pelIeHNH MepBoro HepaBeHcTBa. T(a) — 3Hauenue T(x) mpu x = a T(a) > 0.

ITo cBoiictBy umcimoBbix HepaBeHcTB P(a)-T(a) > Q(a)-T(d) — Toke BepHOE YHCIOBOE
HEPaBEHCTBO, T.€. X = a —OJHO W3 pEIICHHH MepBoro HepaBeHCTBAa. Clie0BaTEIbHO, €CIU X= a —
pelIeHre IePBOro HEPABEHCTBA, TO X = a — TAK)Ke PEHIeHHe BTOPOTO HEPABEHCTBA.

ITycts mpu x = b Hepaserctso P(b)-T(b) > Q(b)-T(b) — BepHOE 4KCcIOBOE HEPABEHCTBO, T.C. X =
b — o1HO U3 pereHnu BTOPOTrO HEPABEHCTBA.

ITo cBoiicTBy umcioBeix HepaBeHCTB P(D) > Q(b) — Toxe BepHOE YMCIIOBOE HEPABEHCTBO, TAK
kak T(b) > 0. CnenoBaresbHo, X = b — 0JTHO U3 pEIICHUH TEPBOTO HEPABEHCTBA.

[TockOMBKY MHOXECTBA PEIICHHH MEPBOTO M BTOPOTO HEPABEHCTB COBMAIAIOT, TO OHH
PaBHOCHJIbHBIE.

CaoiictBo 4. Ecin 06e yacT HEpaBEHCTBA YMHOKHUTH HA OJHO M TO € OTPHIATEIbHOE YHCIIO
WK HA OJHO W TO K€ BBIPAXKEHHE, OTPHUIATEIILHOE MPU BCEX 3HAYEHUSX IEPEMEHHOM, U W3MEHUTH
3HaK HEPaBEHCTBA Ha MPOTHUBOIOJIOXKHBIH, TO MOJYYUM HEPABEHCTBO, PABHOCHIILHOE TAHHOMY.

DTO CBOMCTBO JOKA3bIBAETCS aHAJIOTHYHO 3 CBOWCTRBY.

AJiredpanyecKkue HepaBeHCTBA.
JIuHeHBIMU (CTpOFI/IMI/I 1 HCCTpOT I/IMI/I) HAa3bIBAOTCS HCPABCHCTBA BU 1A
ax+b>0, ax+b<0,ax+b>0,ax+b<0,a#0,
pelIeHus MU KOTOPBIX OyayT:
npua>0
xe(- Error!; ), xe( -o; - Error!), xe[ - Error!; © ), xe(-w; - Error!],
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npua<0
xe( -o0; - Error!), xe( - Error!; ), xe( -oo; - Error! ], xe[ - Error!; «).
KBanpaTHbpIMU (CTPOTUMU M HECTPOTHUMH ) HA3BIBAIOTCSI HEPABEHCTBA BUJIA
ax’>+bx +c¢c>0, ax’>+bx +c<0,
ax®+bx +c¢ >0, ax®+bx +c <0,
Taec a, b, C — HCKOTOPHBIC nefcTBATENBHBIE ynciia 1 a # 0.
KBaznpaTHoe HepaBeHCTBO ax + bX + ¢ > 0 B 3aBUCHMOCTH OT 3HAYEHHH CBOMX KOd((UIHEHTOB a, b 1
C UMCCT PCLICHMS:
npua>0uD=b?>—4ac>0
~b++/D
xe( -o0; Error)u(———— ; «);
2a
npua>0uD<0 X—moboe AeiicTBUTENHEHOE YUCIIO;
mpua<0uD=>0
xe( Error! ; Error!);
npua<0uD<O0
X = (1. e. pelICHUH HET).
Pemenne HepasenctBa ax’ + bx + ¢ < 0 CBOAMTCA K PELIEHHIO PACCMOTPEHHOTO HEPABEHCTBA, €CIIH
00¢ 4acTh HepaBeHCTBA YMHOXHTH Ha (-1).
MeToa MHTEPBAJIOB.

[Tycth Pn(X) — MHOTOWICH N-# CTENEHH C ICHCTBUTEIbHBIME KO3 dUIlieHTamMu, a C1, Cz, ... , Ci

— BCE JICHCTBUTEIbHBIC KODHH MHOTOWICHA C KpaTHOCTAMHE Ki, K2, ... , Ki cooTBeTCTBEHHO, MpHUdyemM
c1>C2 > ... > Ci. MHOrounen Pn(X) MOKHO MPEICTABUTE B BUJIE

Pn(X) = (X - ¢1) K*(x - €2) % ... (x — Ci)X Qm(X), (3)

rae MHOrowieH Qm(X) AeficTBUTENbHBIX KOPHEH HE MMEET U JIMOO MOJOKUTEINCH, TH00 OTPHULIATEIICH
npu Beex x €R. TTonoxum [uist onpeneneHHocTd, 94to Qm(X) > 0. Toraa npu X > C1 BCe COMHOXHTEIH B
paznoxkenun (3) nonoxutenbHbl U Pn(x) > 0. Ecim c¢1 — kopeHbp HeueTHO# kpatHocTH (Ki —
HEYETHOE), TO MpU X€E(C2; C1) BCE COMHOXWTEIM B pasiiokeHuu (3), 3a HCKIIOYEHHEM MEPBOTIO,
NOJIOXKUTENBHBI U Pn(x)<0. B 3TOM citydae roBopst, 4To MHOro4ieH Pn(X) MEHseT 3HaK MpH mepexojie
yepe3 KopeHb c1. Eciu jke ¢1 — KopeHb 4eTHO# kpaTHOCTH (K1 — 4eTHoe), TO Bce COMHOXHUTEH (B
TOM YHCJIC M TEPBBIi) MPU X €(C2; C1) MOJOKUTEIBHBI H, ClIeJ0BaTelbHO, Pn(X) > 0 mpu xe(C2; c1). B
3TOM cilydae TOBOPSAT, YTO MHOTOuJieH Pn(X) He MEHsET 3HaK MpH Mepexo/ie yepe3 KOpeHb C1.

AHaJOTMYHBIM CIIOCOOOM, UCIOJIB3YS pasiiokeHue (3), HeTpyaHO yOeauTCs, YTO IpU MEepexoie
Yepe3 KOPeHb C2 MHOTOUWIEH Pn(X) MeHsieT 3HaK, eciu K2 — HedeTHoe, U He MEHsIeT 3Haka, eciid Ko —
4yeTHOE. PaccMOTpeHHOE CBOWCTBO MHOTOWIECHOB HCIIONB3YETCS JJISl PEIICHHs] HEPAaBEHCTB METOI0M
UHTEpBaAIOB. /|1 TOro 4To0Bl HAlTH BCE peIIeHus

Pn(x) > 0, 4)

JIOCTAaTOYHO 3HATh BCE JACUCTBUTEIbHBIE KOPHHM MHOrowieHa Pn(X) HUX KpaTHOCTHM M 3HaK

MHorousieHa Pn(X) B Tpon3BOJIBHO BHIOPAHHOM TOUKE, HE COBIIAJAIONIEH ¢ KOPHEM MHOTOYJIEHA.
HepagBeHncTBa ¢ mapamerpamu.

HepaBeHcTBa ¢ mapameTrpamu SIBISIOTCS HanOosee TPYAHBIMH 33JadyaMH Kypca DIIEMEHTapHON
MaTeMaTHKU. JTO OOBSCHSAETCS TeM, YTO MX PpEIIeHUs CleayeT IMOoJydyaTb MPU BCEX TOMYCTUMBIX
3HAYCHUSX BXOJSIINX B HUX MTAPaMETPOB.

CucreMbl pallMOHAJIbHBIX HEPABEHCTB.

[TycTs Ha{O HAWTH YMCIIOBBIC 3HAYCHHS X, TIPH KOTOPHIX MPEBPAIIAIOTCS B BEPHBIC YHCIOBBIC
HEpaBEHCTBA OJIHOBPEMEHHO HECKOJIBKO PALlMOHAIBbHBIX HEPAaBEHCTB. B Takux ciydasx rOBOpST, YTO
HAJIO PEIIUTh CUCTEMY PAIlHOHAILHBIX HEPABEHCTB C OJTHUM HEU3BECTHBIM X.

YroObl pemuTh CUCTEMY PAlMOHAIBHBIX HEPaBEHCTB, HAJ0 HAWTH BCE PELICHHs KaXKIOro
HEepaBeHCTBA CUCTeMBI. Torma o0mas yacTh BceX HaiIEHHBIX PEIICHUH U OyIeT pelIeHHeM CUCTEMBI.
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I'paduyeckoe penieHne HepaBeHCTB.
HepaBeHcTBa ¢ 0JHOH WM IBYMS TIEPEMEHHBIMH MOXKHO peliaTh rpaguaecKku.
HepaBencTBo ¢ omHOM mepemeHod MoxkHO 3amucath Tak: f(X) > g(x), rme f(X) u g(x) —
BBIP)XEHHUS, COZCPIKALINE IEPEMEHHYIO.
[TocTpoum B o11HOM cucteme kKoopauHar rpaduku pyakuuid y = f(x) u  y=g(X).
Pemiennie HepaBeHCTBa €CTh MHOXECTBO 3HAYCHHH MEPEMEHOW X, MPH KOTOPBIX rpaduk (yHKIui
y=0(X), Tak kak f(x)>g(x).9To nokazano Ha pucyHkax 1 u 2.

v

y = g[X A

L

Pemenne HepaBeHCTBa ¢ AByMsi mepeMeHHbIMH f(X,y)>0 ecTh MHOXXECTBO TOYEK ILUIOCKOCTH,
KOOPJAMHATHI KOTOPHIX YAOBJIETBOPSIOT 3TOMY HEPABEHCTBY.

HppauuonajbHble ypaBHEHHUS.

YpaBHeHue, coaepKaliee IEPEMEHHYIO 101 3HAKOM KOPHS, HA3bIBACTCS UPPAUUOHATbHBIM.

Pemenune mppanmoHaqbHOrO ypaBHEHHUS OCHOBAHO Ha MPeoOpa30BaHUM €ro K palMoHaIbHOMY
YPaBHEHMIO, YTO JOCTUTaeTCsl BO3BEIEHHEM OOEHMX €ro 4acTeil B OJHY U Ty K€ CTeleHb (MHOrna
HECKOJIBKO pa3).

[Tpu BO3BeneHMM 00€UX YacTe MPPAaLMOHAIBHOIO ypaBHEHMS B YETHYIO CTENEHb IMOJy4yaeTcs
YpaBHEHUE, SABISIONIEECS CIECACTBUEM UCXOJAHOTO. Y PaBHEHHIO-CIIEICTBUIO YIOBIETBOPSIIOT BCE KOPHU
HCXOJHOIO ypaBHEHHS, HO MOTYT IOSIBUTBCA M KOPHH, KOTOpBIE HE SABIIIOTCS KOPHSIMH HCXOIHOIO
ypaBHEHHUS («TIOCTOPOHHUE» KOpHU). UTOOBI BBISIBUTH «IIOCTOPOHHUE» KOPHH, BCE HAWJIEHHbIE KOPHU
YPaBHEHHUA-CIIEICTBUS MIPOBEPSIOT NOJICTAHOBKOW B MCXOJHOE YPAaBHEHUE M «IIOCTOPOHHHUE» KOPHHU
0TOpachIBAIOT.

HcxonHoe uppalMoHalIbHOE YPAaBHEHHE PAaBHOCWIIBHO CMELIAHHOW CHCTEME, COCTOSALIEH W3
YPaBHEHHUSA-CIEJICTBUS UM  OTPaHUYEHUM, ONpeAeNsieMbIX O00JIaCThI0 JONMYCTUMBIX 3HAYEHUH
nepeMeHHoil. B 3ToMm ciydae «OCTOpOHHUE» KOpHH HE OYyAyT BXOJIUTH B OOJNACTh JOMYCTUMBIX
3HAYEHUI MepEMEHHON U MPOBEPATH UX MOJACTAHOBKOI B HCXOJIHOE YpaBHEHUE HE TpeOyeTcs.

[Tpu Bo3BeneHNN 00euX yacTell UppalMOHATLHOTO YPAaBHEHHS B HEUETHYIO CTETIEHb MOJIyJYaeTcs
YpaBHEHUE, PABHOCWIIBHOE UCXOTHOMY.

HppauuoHajbHble HEPABEHCTBA € OAHOM MEPEMEHHOM.

Pemienne wMppanMoOHAIBHOIO HEPAaBEHCTBA C OJHOW IIEPEMEHHOM CBOIUTCS K PELICHUIO
PaBHOCWJIBHOM €My CHCTEMBI PALIMOHAIBHBIX HEPABEHCTB MJIM COBOKYITHOCTH CHCTEM PallMOHAIBHBIX
HEPaBEHCTB.

OTH CUCTEMBI PEIalTCs MPU HAJOKEHWU OTPaHMYEHUM Ha MEepeMEHHYI0 M BO3BEACHUU 00EUX
4acTe HEPABEHCTBA B OJIHY U TY )K€ CTECIICHb.
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Iloka3zaTenbHble 1 TPUTOHOMeTPHYECKHE YPABHEHHUS M HEPABEHCTBA.

OcHogHble npuembl Ux peulenus (panodiceHue Ha MHOJCUmenu, 66e0eHue HO8blX HeU38eCHHbIX,
noocmanoexa, epaguyeckuti memoo). Mcnonvzosanue ceolicma u epagukoe GyHKyul npu peuieHuu
HepaseHcmas. Memoo unmepseanos.

Iloxazamenvnvie ypasnenusn u HepaseHcmaea.
Pemienune noxazamenvhvix ypasHenuil 4acTo CBOAUTCS K PEIICHUIO YPaBHEHUS
a‘=a",
rae a>0,a #1, X - HenzBecTHOE. DTO YpPAaBHEHHUE PEIIAETCs C IOMOIIBIO CBOWCTBA CTEIICHH: CTETICHH C
OJIMHAKOBBIM OCHOBaHHeM a > 0,a # 1 paBHBI TOJIBKO TOT/A, KOTAA PABHBI X ITOKA3aTEIN.
Pemenne noxkasamenvhvix Hepasencms 4acTo CBOJUTCS K PEIICHUIO HEPABEHCTBA
a*>a’wm a* <a’.

OTH HEpaBeHCTBA pEIIAIOTCS C IOMOIIbIO CBOWMCTBA BO3PACTaHUS WM  YOBIBaHHS
NoKa3aTeabHONH (QyHKIMHM: Ui Bo3pacTamomeidl (QyHKOuM OodplmieMy 3HA4YEeHUIO (YHKIUU
COOTBETCTBYET OoJiblliee 3HAYEHHE apryMeHTa, a JJs yObIBaroumield (yHKIUH OONbLIEMY 3HAYCHHIO
(YHKIIMU COOTBETCTBYET MEHBIIICE 3HAUCHUE apTyMEHTA.

Tpuzonomempuueckue ypasneHus u Hepagencmead.
1. YpaBHeHus1, cBoAsIIMecs K KBaJpaTHBIM.
2. YpaBHenus asin Xx+bcosx=c.
3. YpaBHeHHS, peracMble pa3iokeHHEeM JIEBOW YaCTH Ha MHOXKUTEJIH.

IIpumeHeHne MaTeMaTHYEeCKHX METOI0B VISl PelICHUs COepPKaTeJbHbIX 32124 U3 Pa3JIHYHBIX
o0JiacTell HAYKM M IPAKTHKH (10MOJHUTEIbHBIA MaTepuaJ)

IIpumenenue mamemamuyeckux Memooos 0Jis peuleHus Co0epHCAmenbHbIX 3a0ay U3
PA3IUYHbIX ob1acmell HAYKU u npakmuxu. nmepnpemayus pe3ynemama, yuyem peaibHbiX
02PaAHUYEeHUI.

Pewums mamemamuueckyio 3a0a4y — 3T0 3HAYUT HAUTH TaKylO MOCIEAOBATEIbHOCTh OOIINX
MOJIOKEHUH MaTeMaTHKH, NMPUMEHSAS KOTOpble K YCJIOBUSAM 33Jayd IOJy4aeM TO, 4TO TpeOyercs
HalTU — OTBET.

OchosHbIMU  Memooamu  peulenus MeKCmoGulX 3a0ay  SBISAIOTCS  apuMETHUYECKHH U
anredpanvdeckuii MeTo, a TaK k& KOMOMHUPOBAHHBIM.

Pewumv 3a0auy apugpmemuueckum memooom — 3HAUNT HAWTU OTBET Ha TpeOOBaHHUE 3a]lauu
MIOCPEJICTBOM BBITIOJIHEHHSI apU(PMETUIECKUX JCHCTBUIA Haj NaHHBIMU B 3aaade yuciamu. OgHy U
TYy’Ke 3a7lauy MOXKHO PELIUTh Pa3IMUHbIMU apupMeTnueckuMu crocodamu. OHM OTJIMYAIOTCS APYT OT
JIpyTra JOTUKOW PACCYX ICHUN B MPOLIECCE PEIIECHUS 3aa4u.

Pewumv 3a0auy ancebpauueckum memooom — 3HAUUT HAMTH OTBET Ha TpeOOBaHME 3a]lauu
MyTEM COCTaBJICHHUS W PEIICHUs YPaBHEHHSI WM CUCTEMbI YPAaBHEHHIA.

Texcmosbie 3a0a4u aneebopauyeckum mMemoooM peuarom no cieoyoujeli cxeme:

1) BBIZENSIOT BEJIMYMHBI, O KOTOPBIX HMJIET pe4h B TEKCTE 3aJady, U yCTAHABIMBAIOT 3aBHCHMOCTH
MEXIy HUMH;

2) BBOAAT MepeMeHHbIC (0003HAYAOT OYKBaMU HEW3BECTHBIC BEIMUMHBI);

3)  c NOMOIBIO BBEJICHHBIX MEPEMEHHBIX U JAHHBIX 33J1a4M COCTABIISIIOT YPAaBHEHUE WM CUCTEMY
YpaBHEHUN;

4)  pelaroT MOJy4YEHHOE YPAaBHEHHE UIIU CUCTEMY;

5) TpoBepsIOT HaiiIeHHbIe 3HAYEHUS TI0 YCIOBUIO 33]]a4l U 3alIMChIBAIOT OTBET.
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Kombunuposanneiti Meton peuieHus BKIOYAeT Kak apu(MeTHdeckuif, Tak W anreOpandecKuid
CIIOCOOBI PEeUICHUS.

B HauanpHOW 1IKOJE 3a7auu densim nO Koauuecmey Oeticmeuti TPU PElIeHUU Ha MPOCThIE U
COCTaBHBIC. 3a7a4M, B KOTOPBIX JJISI OTBETa HAa BONPOC HYKHO BBIIOJHUTH TOJBKO OJHO JCHCTBHE,
Ha3bIBAIOT npocmuimu. ECau U1s OTBETa Ha BOMIPOC 33a4H HY>KHO BBIIIOJHHUTD J[Ba U OoJiee JIeHCTBUH,
TO TaKHe 33/1a41 HA3bIBAIOT COCMABHBIMU.

CocraBHyIo0 3a1a4y, TE€K ke KaK ¥ IPOCTYI0, MO>KHO PEIINTh, UCTIONIB3Ys Pa3IHYHbIE CIIOCOOBI.

3aoaua. Pei6ak moviman 10 pe16. M3 Hux 3 nema, 4 okyHs, ocTaibHbIe — IIYKH. CKOJIBKO IIIYK TOWMAJT

pb16ak?

Ilpaxmuuecku
= =

(X

O603HaunM KaxIyro pei0y Kpyrom. Hapucyem 10 kpyroB 1 0003Ha4MM MOHMAaHHBIX PHIO.

J JI J O O O O
Jiis oTBeTa Ha BOMPOC 337]a4i MOKHO HE BBIIMOJIHATH apU(PMETHUSCKHIE ICHCTBUS, TaK KaK KOJMUYECTBO
MOWMAaHHBIX IIyK COOTBETCTBYET He 0003HAYCHHBIM KPyram — UX TPH.
Apughmemuueckuii cnocoo.
1) 3+4=7(p) — noliMaHHbIE PHIOHI,
2) 10— 7 = 3(p) — moiiMaHHbIC [IYKH.
Anrebpanueckuii crnocoO.

[TycTh x — moliMaHHBIe ITyKH. TOraa KOJIMYECTBO BCEX PHIO MOXKHO 3aMKcaTh BEIpaXEHUEM: 3 +
4 + x. Tlo ycioBuIO 3a7a4u W3BECTHO, UTO pbIOaK moiiman Bcero 10 pei6. 3mauut: 3 + 4 + x = 10.
PemuB 3710 ypaBHeHHe, MOIYYUM X = 3 U TEM CaMbIM OTBETUM Ha BOTIPOC 3a/Ia4H.

I'paghuyeckuii cnocob.

Jemu OKYHH IIYKH

OTOT cmocol, Tak e Kak M MPAaKTUYECKUH, TO3BOJISAT OTBETHTh Ha BOMPOC 3aJa4M, HE BBHITOIHSS
apupMeTUIECKUX JEeHCTBUM.

B maremaTrke oOmEenpuHATO ClIeAyIoIIee IeJICHNE TTPoIecca peeHs 3a/1a4:

1) amanu3 Tekcra 3a7a4d, cCXeMaTU4eckas 3alich 3aa4u, HCCIS0BaHUE 3aauu;
2) TIOUCK croco0a pereHus 3a/1a4u U COCTABJICHHE TIJIaHA PEIICHMUS;

3) ocyulecTBIEHUE HAWJIEHHOTO TJIaHa;

4) aHamW3 HAWJICHHOTO PEIICHUS 3a/1a4uH, MPOBEPKa.

Memooul noucka pewienus 3a0ayu MOXCHO HA36AMb CledyOuue.
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1) Amnanms: a) Korja B pacCyKICHHUSAX JBUTAlOTCS OT MCKOMBIX K JIJaHHBIM 3a1aud; ©) Korua menoe
pacwIEHSIOT HA YaCTH;

2) CuHres:

a) KOrjJa JIBUraloTCs OT JaHHBIX 3a/1a4l K HCKOMBIM;

0) Koraa 31MeMeHTHl O0bEANHSIOT B 1IEII0€;

3) IMepedopmynupoBka 3agaun (4eTKO GOPMyIHPOBATH MPOMEKYTOUYHbIC 3aJIaHNUsI, BOSHUKAIOIINE T10
XOJly ITOMCKA PELICHMUS);

4) WHAyKTUBHBIA METOJ| pEeLIeHMs 3aJadl: Ha OCHOBE TOYHOI'O YEepTeKa YCMOTPETh CBOMCTBa
(burypsl, cienarb BbIBOJABI U JOKA3aTh UX;

5) IlpumeHeHue aHaoruu (BCOOMHUTH aHAJIOTMYHYIO 33/1a4y);

6) IIporHosupoBaHue — IIPEIBUACHUE TEX PE3YIbTATOB, K KOTOPHIM MOXKET IIPUBECTH MOUCK.

Paccmompum bonee noopobHo npoyecc pewenus 3a0aiu:
3ajgaua Ha JBHKeHHe. Jloaka Impolia o TEYSHUIO PEKHM PAcCTOSHUE MEXIY JIByMs IPUCTaHIMHU 3a 6
4, a oOpaTHO — 3a 84. 3a CKOJBKO BPEMEHM INPOWUIET PACCTOSHHE MEXAY HPUCTAHSIMHU IUIOT,
MYIIEHHBIN 110 TEYEHUIO PEKU?

Ananuz 3adauu. B 3amade peub uAeT O JIBYX OOBEKTax: joaka M IioT. Jlogka nmeer
COOCTBEHHYIO CKOPOCTb, a IJIOT M PEKa, IO KOTOPOH IUIBIBYT JIOAKA W IJIOT, UMEET ONpE/eIeHHYIO
CKOpOCTh TeueHMs. IMEHHO MT03TOMY JIOIKA COBEPILAET IMYTh I10 TEUEHHUIO PEKHU 3a MEHbIIEE BpeMs
(6u), uem npotuB TedyeHus (84). Ho 3Tu ckopocTu B 3ajade He JaHbl, TaK K€ KaKk HEU3BECTHO U
paccrosiHue Mexy npuctaHsimMu. OgHaKo TpeOyeTcst HAWTH HEe STH HEU3BECTHBIE, a BPEMsI, 32 KOTOPOE
IUIOT MPOIUIBIBET 3TO PACCTOSIHHE.

Cxemamuueckas 3anucb.:

&
v
F 3

.................... nnoT
nogka

ITouck crocoba pemenus 3anaud. HyxHo HaliTu Bpems, 3a KOTOpOE€ IJIOT MPOIUIBIBET PACCTOSHHE
MeXy npuctaHsamMu A u B. Jlyis Toro, yToObl HAWTH 3TO BpeMs, Ha/10 3HATh pacCTOSIHUE AB 1 CKOPOCTh
TedyeHus peku. O0a OHM HEU3BECTHBI, IOATOMY 0003HAUUM paccTosiHue AB OykBo# S (KM),a CKOPOCTb
T€4eHUs] a KM/4.YToObI CBA3aTh 3THM HEM3BECTHBIE C JAHHBIMHU 3aJlauM, HYKHO 3HATh COOCTBEHHYIO
cKkopocTh JoAKu. OHa TOKe HEM3BECTHA, MOJOXKHUM, oHa paBHa V kM/4. OTcloJja BO3HHUKAeT IUIAH
pelIeHHUs, 3aKJIIOYaIOLINIICs B TOM, YTOOBI COCTaBUTh CUCTEMY YpPaBHEHHI OTHOCHUTEIBHO BBEIACHHBIX
HEU3BECTHBIX.

OcymiecTBiieHue pemreHus 3anaqn. [1ycTs pacctostHre paBHO S (KM), CKOPOCTh TEUCHHS PEKH
KM/4, COOCTBEHHasi CKOPOCTh JIONKH V KM/4, a ICKOMOE BpeMsl IBH)KEHUS IJI0TA PAaBHO X Y.

Torma ckOpoCTh JIOJKHM TIO TEUEHUIO pekw paBHa (V+a) km/4. 3a 64 moaka, Was ¢ ATOU
CKOPOCTHI0, Mpoinuia pacctosiHue B S (km). CnenoBarenbHo, 6 (V + a) =S (1). [Ipotus TeueHus 3ta
JI0JIKa UAET cO CKOpocThio (V — a) KM/4 W JaHHBIA MyTh OHA MPOXOAMT 3a 8 4, mostomy 8(V—a) =S
(2). IInoT, TiIBIBS CO CKOPOCTHIO TEUEHHs] PEKH a KM/4, MpOIUIbUT paccTosHue S (KM) 3a X Y,
clieioBareNbHo, ax = S (3).

HOJ'Iy‘ICHHHe YpaBHCHHUA o6pa3y10T CUCTEMY ypaBHeHI/Iﬁ OTHOCHUTCIBHO HCU3BCCTHLIX a4, X, S, V. Tak
KakKk Tpe6yeTcsl HAUTH JIUIIb X, TO OCTaJIbHBIC HCU3BECTHBIC ITOCTApaCMCA UCKIHOYNUTD.
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g storo u3 ypaBHenuit (1) u (2) Havigem: V +a =, V —a = . Bpluntas U3 nepBoro ypaBHEHHUs
BTOpOE, ostyuuM: 2a = — . OTcrona a =. [loncraBum HaliflecHHOE BRIpaXKeHUE B ypaBHeHUE (3): X
=. Ortkyna x=48 .

[TpoBepka pemeHust. Mbl HalUIM, YTO IJIOT HPOIUIBIBET PACCTOSHUE MEXIY NPUCTaHIMU 3a 48 4.
CrnenoBaTenbHO, €0 CKOPOCTh, PaBHAas CKOPOCTH TEYCHHs PeKH, paBHa . CKOPOCTH K€ JIOJKH 10
TEUYEHUIO PEKU paBHA KM/, a MMPOTUB TeueHHst KM/4. [y TOro, 4ToOBl yOSAUTHCS B MPaBUILHOCTH
pelIeHus, JOCTaTOYHO MTPOBEPUTH, OYIYT JIN paBHBI COOCTBEHHBIE CKOPOCTH JIOAKH, HAlACHHBIE TBYMSI
cnocobamu: + u  — . [IpousBens BbIUMCICHHMS, TOJyYHM BEpHOE PaBEHCTBO: = . 3HAYMT, 3a]a4a
peleHa npaBuiIbHO.

OTBeT: IIOT NPOIIBIBET PACCTOSHUE MEKY ITPUCTAHIAMHU 3a 48 4acos.

AHanu3 pemieHusi. Mbl cBelM pelIeHre 3TOM 3a/1auM K PEIICHUIO CUCTEMBI TPEX ypaBHEHUH C
YeTbIpbMs HeU3BECTHBIMU. OIHAKO HAWTH HAJ0 ObLIO OJHO Heu3BecTHOE. [103TOMy BO3HHMKAET MBICIIb,
YTO JIaHHOE pPElIEHHE HE caMOe yJauHOe, XOTsI U IpocToe. MOKHO NPEeASIOKUTh APYroe pelieHue.

3Has, 4TO JIOAKA IpoIuIblIa paccrosiHue AB 1no TeueHuro peku 3a 64, a mpoTtuB — 3a 84,
HaiiieM, 4yTo B 14 JIoAKa, WIS MO TEYEHUIO PEKH IMPOXOJUT YACTh 3TOTO0 PACCTOSIHUS, a MPOTUB
TedeHUs. Torga pa3HOCTb MEKYy HUIMU — M = €CTh YIBOCHHAs 4acTb paccTosiHusa AB, mporsiBaeMas
mwiotoM 3a lu. 3naumt. Ilnor 3a lu mpombiBeT wacth paccrosHus AB, criemoBarenbHO, Bce
paccrossuue AB oH nporuibiBeT 3a 48 u.

[Ipu TakoM pemeHNH HaM He MOHAJAO0OMIIOCH COCTaBJISATH CHCTEMY ypaBHeHWH. OgHAKO 3TO
pellIeHNe CI0KHEe IPUBEACHHOIO BhIIle (HEe BCAKUN Jl0rajjaeTcs HallTh pa3HOCTh CKOPOCTEH JIOAKH 110
TEYEHUIO U NMPOTUB TeYeHMs peku). Ho ecnu Bbl Tak U HE CMOIJIM pa300paThCsl C PELICHUEM JTaHHOMN
3aJa4M, WIM K€ Y BaC IPOCTO HET HA ITO BPEMs, a HA HOCY €IlE Ky4a KOHTPOJIBbHBIX, TO BBl MOYKETE
3aKa3aTh PELIEHUE KOHTPOJIbHBIX padOT Ha ClelMaIbHBIX OUpKax.
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	Угол между прямой и плоскостью.
	Пусть  - наклонная, проведенная из точки M к плоскости , а  - ее проекция на плоскость  (рис.1). Тогда угол  - называется углом между прямой  и плоскостью . Таким образом определяется угол между прямой и плоскостью, пересекающей эту прямую и не перпен...
	Сложение векторов
	Вычитание векторов
	Умножение вектора на число
	Тема 14.2. Основные понятия математической статистики
	Статистическое распределение выборки
	Эмпирическая функция распределения
	Полигон и гистограмма
	Решение рационального уравнения , где   и— многочлены(Q(x)(0), сводится к решению уравнения  = 0 и проверке того, что корни удовлетворяют условию          Q (x) ( 0.
	Также используется теорема Виета:
	Рациональные неравенства.
	Свойства равносильных неравенств.

	При решении неравенств используют свойства равносильности. Неравенства с одной переменной называются равносильными, если множества их решении совпадают.
	Доказать. Неравенства P(x) + T(x) > Q(x) и P(x) > Q(x) – T(x) – равносильные.
	P(x) + T(x) – T(x) > Q(x) – T(x), отсюда P(x) > Q(x) – T(x).
	Дано. P(x) > Q(x) – неравенство (1),
	T(x) > 0, x(R,
	P(x)(T(x) > Q(x)(T(x) – неравенство (2).
	Доказать. Неравенства (1) и (2) равносильные.
	Это свойство доказывается аналогично 3 свойству.
	Алгебраические неравенства.

	Линейными (строгими и нестрогими) называются неравенства вида
	Квадратными (строгими и нестрогими) называются неравенства вида
	Метод интервалов.
	Неравенства с параметрами.

	Системы рациональных неравенств.
	Графическое решение неравенств.

	Неравенства с одной или двумя переменными можно решать графически.
	Решение неравенства с двумя переменными f(x,y)>0 есть множество точек плоскости, координаты которых удовлетворяют этому неравенству.
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