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(I)OHII OLICHOYHBIX CPECACTB
1o y4eOHOU JUCIHUILINHE

EH 01. MaremaTuka
(manee — ®OC)
s crienranbHocTr 15.02.08 TexHosornst MAIIMHOCTPOCHUS

Pazpaboran(n):

— npenoaasarens [IK BI'TY

[Ipencemarens ITLK

CorJiacoBaHo:

3amectutens qupekropa [IK BI'TY
0 y4eOHO-METOIMUeCKOl paboTe

W.I1. ITapdpénona

®OC paccMOTpeH U 0JI00peH Ha 3acelaHuu
MPEAMETHO-IIMKIIOBOM KOMUCCUH « MaremaTuka u
001I1e eCTeCTBEHHO- HaydHble TUCIUTUTHHBD [TK
BI'TY (manee — IILIK)

ot «30» aBrycra 2020r., mpoTtokos Ne 1

A.A.ATXUMEHKOBA

T.E.bamanioBa

© U1l Ilapgénosa
© ®I'BOY BO «bpsHCKHI TOCYIapCTBEHHBIH
TEXHUYECKUN YHHUBEPCUTET



1. ITacmopT KOMILIEKTa KOHTPOJbHO-U3MEPHUTEIbHBIX MATEPHAJIOB
B  pe3yapraTte  OcBOE€HMsS = y4yeOHOW  JHUCUMIUIMHBI  «Mamemamuka»

oOyyaromuiicst goibkeH obnaaath npeaycmorpeHHbiMu  OI'OC mo cnenuanbHOCTH
CIIO 15.02.08 TexHosorusi MAIKUHOCTPOCHHUS CIECAYIOIIMMU YMEHUSIMH,
3HAHUSMH, KOTOpble (OPMHUPYIOT MPO(PECCUOHATBLHYIO KOMIIETCHIIUIO, U OOIIUMU
KOMITETEHUIUAMM:

YMmenus (Y):

VYV 1 - BBINONHATH ONEpalMy HaJ MaTpUUAMHM U pPEIIaTh CUCTEMBI JIMHEHHBIX
YPaBHEHUM;

Y 2 - pemaTh 3aja4M, UCHOJB3Yys YPaBHEHHUs MNPSIMBIX U KPHUBBIX BTOPOTO
NOPSIIKA HA IIOCKOCTH;

VY 3 - npumeHsATh MeTOAbl U HEepPeHITMATBHOIO U HHTETPAIbHOTO UCUUCICHUS
GyHKIUN ¢ 0OTHON IIEPEMEHHOW;

VY 4- nmpumMeHsTh MeToAbl TUdPEPEHITNATEHOTO U HHTETPAITBHOTO UCYUCIICHUS
(GYHKIIMHA HECKONBKUX TEPEMEHHBIX;

VY 5 - pemate quddepeHnuanbHpie YpaBHEHUS;

VY 6 - MoaB30BaTHCS MOHATHAMU TEOPUH PSIIOB.

VY 7- nonb30BaThCS MOHITUSAMHU TEOPUN KOMILICKCHBIX YUCETT;
3nanus (3):

3 1- OCHOBBI MATEMATHUYECKOTO aHANIN3a, THHEHHOU anreOphl U
AHAUTUTUYECKON TEOMETPUH;

3 2- ocHOBBI MU PEPeHIINATEHOTO U UHTETPATLHOTO UCUUCTEHUS (DYHKIIHIA ¢
OJTHOM NIEPEMEHHOMU;

3 3- ocHOBBI MU PEPEHIINATEHOTO U HHTETPATLHOTO UCUUCTEHUS (DYHKITHI ¢
JBYMS IEPEMEHHBIMU;

3 4-0CHOBBI TEOPUU PSAIOB.

3 5- OCHOBBI TEOPUH KOMIUICKCHBIX YHCEIT;

OK 1 BriGupath ciocoOsl pemieHus 3a1a4d npodhecCUOHATBHON MeATEeIbHOCTH
MIPUMEHUTEIIBHO K PA3JIMYHBIM KOHTEKCTaM

OK2 OcymiecTBasaTh MOWCK, aHAIW3 W HWHTEPIPETANio WHGOPMAIIHH,

HEOOXOUMOM /sl BBITIOJIHEHUS 3a7a4 MPO(HEeCCUOHAIBHON JIESITEIbHOCTH



OK 9 HUcnonb3oBaTh MH(OPMAIMOHHBIE TEXHOJOTUH B MNPO(ECCHOHATBHOU
NEATEIBHOCTU

OK 10ITonb30BaTHCA npodeccuoHaIbHON JNOKYMEHTaIEN Ha
rOCyJapCTBEHHOM U MHOCTPAHHOM SI3bIKax

OCHAIlleHUE CPEeJCTBAMH aBTOMAaTH3aIuU TexHoorundeckux mnpoieccon(I1K)

I[IK 1.3 IlpoBoauTh BUPTYyaldbHOE TECTHUPOBAHUE pPa3pabOTaAaHHOW MOJEIH
AJIEMEHTOB CHUCTEM aBTOMATHU3ALMM JIJISl OLIEHKU (YHKIHOHAIBHOCTH KOMIIOHEHTOB

[IK 1.4 ®opmupoBath MakeT TEXHUYECKOU TOKYMEHTAIIMU Ha pa3pabOTaHHYIO
MOJENb 3JIEMEHTOB CUCTEM aBTOMAaTU3aLMHU

[IK 2.3 IIpoBoAuTh UCHBITAHUS MOJEIHN DIEMEHTOB CUCTEM aBTOMAaTU3allMU B
peaNbHBIX YCIOBUAX C ILIENBIO MOJTBEPKACHUS PabOTOCTIOCOOHOCTH U BO3MOXKHOU
ONTUMU3ALUU

I[IK 4.3 OpranuzoBbiBaTh pabOTHl IO YCTPAHEHHIO HEMOJAI0K, OTKAa30B
000py10BaHUS ¥ PEMOHTY CUCTEM B paMKaX CBOEH KOMIIETCHIIUH

dopmotii aTTecTaIiu 1o yaeOHOU TUCTIMILTAHE SIBIISIETCS
nudepeHITMpOBaHHbBIN 3a4eT.



2. Pe3yabTarhl 0OCBOCHHMS YU4eOHOM TUCHUININHBI, MOAJIE/KALIHE IIPOBEPKe

2.1.

B pesynbrare arrectalMM N0 y4eOHOM JOUCUUIUIMHE OCYILECTBIAETCA

KOMIUIEKCHAs MPOBEpPKAa CIHEAYIOIIMX YMEHUW W 3HAHUK, a TaKXke JMHAMHKA

(dopMupoBaHus 00IIMX KOMIETEHIUN:

Pe3yabTaThl 00y4eHUs:
yMeHMs, 3HAHUS U o01ue
KOMIIeTEHIINH

IToka3zaTesn olleHKH
pe3yJjbTaTa

DopMa KOHTPOJIA
U OLICHUBAHMSA

YMmerh:

Y I - BeIOAHATE oOnepanuu
HaJl MAaTPULIAMU U PELIAThH
CHUCTEMBI JIMHEUHBIX
YPaBHEHUM.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEIIBHOCTD,
BBIOMPATH TUIIOBBIE METOIBI U
CIIOCOOBI BBHITIOJIHEHHUS
npodeccuoHaNbHBIX 3a]1a4,
OIICHUBATh MX d(PPEKTUBHOCTD
1 Ka4eCTBO.

- BrlmosiHeHue nericTBUi Haxq
MaTpULlaMU: CJIOKEHUE,
BBIYMTAHUE, YMHOXKEHHUE,
YMHO>KEHUE MAaTPUIIbI Ha
YUCII0

-Beruncienue onpenenurencu
- Pemrenune cucreM TUHEHHBIX
YPaBHEHUH METOJIOM
00paTHON MaTPHUIIbI

- Pemenne cucrteM TUHEHHBIX
ypaBHEHUM 1Mo popMynam
Kpamepa

- Pemenue cuctem MUHEHHBIX
ypaBHEHUH MeTozIoM ['aycca.

YCTHBIN onpoc,
CaMOCTOSTEIIbHBIC
paboThI;
NIPaKTHYECKUE
paboTHI, IK3aMEH

Y 2 - pemiats 3a7a4w,
UCIIOJIb3Ysl YPaBHCHUS
MPSIMBIX ¥ KPUBBIX BTOPOTO
MOPSIAKA HA TIOCKOCTH.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITCIIBHOCTD,
BBIOMpATh THUITOBBIC METOIBI 1
CIIOCOOBI BHITIOTHEHUS
mpo¢eCCHOHANILHBIX 3a]1a4,
OIICHUBATH MX

3 PEKTHBHOCTHH Ka4eCTBO.

- BrimosiHeHne nericTBUM HaxQ
BEKTOpPaMHU: CIOKECHUE U
BBIYNTAHUE BEKTOPOB,
YMHOKEHHUE BEKTOPA HA YUCIIO
- Haxox1eHue ckaisipHoro,
BEKTOPHOTO U CMEIIAHHOTO
MPOU3BEACHUS BEKTOPOB

- CocTaBneHue ypaBHEHUI
MPSIMBIX U KPUBBIX 2 TIOPSIKa,
UX TIOCTPOCHUE

YcTHBIN Oompoc,
CaMOCTOSITEIIbHBIC
paboTHI;
MPAKTUYECKUE
paboThI




Y 3 - npuUMEHATh METOJIbI
nudpepeHnanbHOTO U
HMHTErPaIbHOTO UCYUCIICHUU
U1t QYHKIMM C OTHOU
MIEPEMEHHOU

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOHMPATh TUTTOBBIC METOJIbI U
CIOCOOBI BBITTOJIHEHHUS
npodeccuoHaIbHbIX 3374,
OLICHUBATh X 3((PEKTUBHOCTH
M Ka4eCTBO.

-Beruncnenue npenena
(yHKIMHU B TOUKE U B
OECKOHEUHOCTH

- UccnenoBanue GyHKIMU Ha
HENPEPHIBHOCTH B TOUKE
-OnpeneneHne BU10B TOUEK

paspsiBa- Haxoxnenue
POU3BOJIHON (QYHKUINHU-
Haxoxnenue npon3BogHou
CJIOXHOM QPyHKIIUU-
[Iprumenenue npasuna
JlonuTtans 1Jist BBIYUCIICHHUS
IIPEAEIIOB

-Pa3yioxxenue aieMeHTapHbIX
bynkuuit B psa Teiinopa u
NPUMEHEHUE JIs1 HaXOXKICHUS
npenenoB- Jlorapupmuyeckoe
nuddepeHnupoBaHue -
Hccnenoanue GpyHKIuU C
IIOMOIIBIO IPOU3BOHON U
HOCTpOEHUE rpadu

- Haxoxnenue
HEONPEACIICHHBIX HHTETPAJIOB
(HEmoCpeACTBEHHOE
UHTErPUPOBAHUE ,
UHTErPUPOBAHUE
MMOJICTAHOBKOM ,
WHTETrPUPOBAHUE IO YACTSIM )
-UuaterpupoBanne QyHKITHHA,
COJIEpKAIIUX KBAAPATHBIN
TPpEXWIEH -
HNuTterpupoBanue
parMoOHANBHBIX (PYHKITUI

- UnTerpupoBanue

palroHAIBHBIX IPOOCH-
HNuTterpupoBanue
TPUTOHOMETPUUYECKUX
bynkuuii-MaTerpupoBanue
UPPAMOHATHHBIX ()YHKITAN-
Boluncnenue onpeaeneHHbIX

YcTHBIN Oompoc,
CaMOCTOSTEIbHBIC
paboThI;
PaKTUYECKUE
paboThI, IK3aMEH




uHTerpainoB-HecoOCTBEeHHbIE
UHTETpalbl-Borancnenue
riomae Guryp ¢ moMoIbio
OIpPEJIETICHHOI0 UHTErpasa-
JnuHa nyru-dusnueckoe
IPUIOKEHHE ONPEIEIIEHHOTO
UHTErpaia

Y 4- npuMeHsATh METObI
¢ depeHnrnasbHOro U
UHTETpajibHOTO UCUUCIICHUU
1Sl PYHKIIMI HECKOJIBKUX
nepeMeHHbIX

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEIIBHOCTD,
BBIOMPATH TUIIOBBIC METOIbI U
CrioCOOBI BBITIOTHEHUS
npodeccuoHaNbHBIX 3a]1a4,
OIIeHUBATh MX 3(PPEKTUBHOCTD
1 Ka4eCTBO.

-IIpou3BOaUTH BHIYUCIICHUE
npeaesioB GyHKIUM ¢ IByMS
NepEMEHHBIMU
-HaxoxxneHue yactbix

MpOU3BOAHBIX -HaxoxaeHue
JaCTBIX MTPOU3BOTHBIX
BBICIITUX TIOPSJIKOB-
[IprmeHenue 1moaHoro
nuddepeniuana k
npUOTMKEHHBIM
BbIYMCIIeHUsAM-Haxoxnenue
nuddepeHIanoB BICITUX
nopsiikoB-Haxoxnenue
MIPOU3BOIHOM CIIOKHOMN
bynknun-Haxoxaenne
IKCTpeMyMa (PYyHKIIUH JIBYX
nepeMeHHbIX-Bbruucienue
JIBOMHOT'O MHTErpaja B
JNEKapTOBBIX KOOpANHATAX-
Brruncnenue 1BOMHOTO
MHTErpajia B MOJSAPHBIX
KoopauHarax-IIpumenenue
JIBOMHOT'O MHTErpaja JJist
BBIUHCIICHUS 00beMa Tena,
TUTOIIA/IH TUTOCKOM (UTYPBI,
MAacChl HEOAHOPOJHOU

YCTHBIN 01npoc,
CaMOCTOSTEIIbHBIC
paboThI;
NPaKTHUYECKUE
paboThI

IIJIACTHUHBI

Y § - pemars -Pemenne YcTHbIM onpoc,

nudbepeHImaTbHbIe nuddepeHIanTbHbIX CaMOCTOSITCIIbHBIC
ypaBHEHUH MEPBOTO MOPSAKAa | pabOTHI;




YPaBHEHHUS

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCT,
BBIOMPATH TUTIOBBIC METOIBI U
CrocoObI BHITIOTHEHUS
npodeCCUOHANIbHBIX 3a/1a4,
OIICHMBATh UX

3 PEKTUBHOCTHU KA4E€CTBO.

-Pemenne
muddepeHnnanbHbIX
YPaBHEHUU IIEPBOTO MOPSAKA C
pa3esoIUMUCS
IepeMeHHbIMU-Permenne
OJTHOPOJTHBIX
muddepeHunanTbHbIX
YPaBHEHUH IIEPBOIO MOPsIAKA-
Perenne TMHEHHBIX
ypaBHEHUI MEPBOTO MOPSIKa-
Pemenue aquddepenumaibHbIx
ypaBHEHUH BBICIIETO MOPSIKA-
Pemenne ypaBHeHU ,
JIOITYCKAIOIINX TOHIKEHUE
nopsiaka-Pemenne JIOAY
BTOPOTO MOPSIIKA C
TIOCTOSTHHBIMHU
kod(dpunuenramu- Pemenue
JIHJLY BTOpOTO Mopsizka ¢
HOCTOSIHHBIMU
Kod(pUIIMeHTaMu U TIpaBOH
4acThIO CIIELUATBHOIO BUJA

MIPAKTUYCCKUC
paboThl, IK3aMEH

Y 6 -- 101B30BaTHCA
MOHSATUSMH TCOPUH PSIJIOB.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITCIIBHOCTD,
BBIOMPATh TUITOBBIE METOIbI
CIIOCOOBI BBITIOTHEHUS
npodeCCHOHANILHBIX 3a/1ad4,
OIICHUBATH MX

3 PEKTHBHOCTHH Ka4eCTBO.

-BrimonHsaTe uccnenoBanue
PSAIOB HA CXOAMMOCTb-
Haxonute paguyc
CXOJIUMOCTH , 00JIaCTh
CXOAUMOCTH -BBIMOTHATH
pasnokenne QyHKIUH B
CTETICHHBIE PS/IBI

YcTHBIN Oompoc,
CaMOCTOSITEIIbHBIC
paboTHI;
MIPAKTUYECKUE
paboThI

Y 7 - nonp30BaThCA
TIOHSTUSIMH TEOPUHU
KOMIUIEKCHBIX YHCE;

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSTEIbHOCTD,

- [Ipon3BoauTh NEUCTBUS C
KOMILIEKCHBIMU YHCJIAMU B
anreOpanyeckou,
TPUTOHOMETPUUECKOM,
nokazaTebHO# dhopmax-

YcTHBIN omnpoc,
CaMOCTOSITEIbHbBIC
paboThI;
MPaKTHYCCKUC
paboThI, IK3aMEeH




BBIOWPATH TUTIOBBIC METOIBI U
crocoObl BBITIOTHEHUS
npodecCUOHANbHBIX 3aj1ay,
OIICHUBATh UX

3¢ PEeKTUBHOCTHU KA4E€CTBO.

OcyniecTBAsITh
r€OMETPUUECKYIO
UHTEPIPETALUIO
KOMIUJIEKCHOTO YHCIa -
[lepeBoAUTH KOMILJIEKCHBIE
YKCIa U3 OJHON (GOpMBI B
npyryo-Pemars ypaBHeHUs Ha
MHO>KECTBE KOMILIEKCHBIX
qucell

3HATD:

31- OCHOBBI MATEMATHUYECKOTO
aHanu3a, JMHEHHON anreOpsl
U aHAIUTUYECKON T€OMETPUH;

OK 1. [ToHnMaTh CyIHOCTh
U COLIMATIbHYIO 3HAYUMOCTh
cBoel Oynymieit npodeccun,
IIPOSIBIIATH K HEWM YCTOMYNUBBIN
UHTEpEC.

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JI€ATENbHOCTD,
BBIOMPATH TUTIOBBIE METOIBI U
CIOCOOBI BBHITTOJTHEHHUS
npodeccroHaIbHBIX 3a7a4,
OIIcHUBATh MX 3(PPEKTUBHOCTD
U KaueCTBO.

Bocnpoun3BoanTe anropuTMbl
pelIeHns CUCTEM JTMHENHBIX
YPaBHEHUU METOJIOM
o0paTHOI MaTpUILkI, 110
dbopmynam Kpamepa, metogom
l'aycca

- BocripousBoauts
CkassipHOE, BEKTOPHOE U
CMELIaHHOE ITPOU3BEICHUS
BEKTOPOB
- OnpenensTe ypaBHEHHUS

KPHUBBIX BTOPOTI'O IMOpAIKaA

YCTHBIN 0o1npoc,
CaMOCTOSITEIILHBIC
paboThI;
NIPAKTHYECKUE
paboTHI, IK3aMEH




32- 0CHOBBI

¢ depeHunasbHOro 1
MHTETrpajJbHOT0 UCUUCICHUS
byHKIMI ¢ OJTHON
IIEPEMEHHOM.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOHMPATh TUTTOBBIC METOJIbI U
CIOCOOBI BBITTOJIHEHHUS
npodeccuoHaIbHbIX 3374,
OLICHUBATh X 3((PEKTUBHOCTH
M Ka4eCTBO.

- Bocipou3BOIUTh METOIBI
BBIUMCIIEHUS MIPE/IEIIOB,
3aMevaTesbHbIE MTPeIebl-
KnaccudummpoBatb Touku
pa3pbiBa GyHKLINH-
Bocnpouszsoauts npasuia
nudepeHpoBaHus U
IIPOU3BOJIHBIE OCHOBHBIX
AJIEMEHTAPHBIX (DYHKIIHHA,
CIIOXKHBIX ()YyKLIUIA-
BocnpousBoauTs aroputm
NOCTPOEHHUS TpadUKOB
(GyHKIIUN C TOMOUIBIO
npou3BoaHOM- Ha3piBaTh
TaOJIMYHBbIE UHTETPAJIbI
-Pemats uHTErpasbl METOIOM
3aMEHBI [IEPEMEHHOM,
MHTErPUPOBAHUEM I1OYACTSIM-
Hcnonp30BaTh NPUIIOKEHHE
ONpENIEICHHOr0 UHTETpaja K
BBIYHMCIICHUIO IUIONIAAEH
IJIOCKUX (UTYpP, OOBEMOB T
BpalleHUs, MyTH,
MPOMJIEHHOTO TOYKOMN

YcTHBIN Oompoc,
CaMOCTOSTEIbHBIC
paboThI;
PaKTUYECKUE
paboThI, IK3aMEH
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33 — OCHOBBI
nudpepeHnanbHOTO U
MHTETrpajJbHOTO
UCYUCIICHUAPYHKIIUI
HECKOJIbKHUX NEPEMEHHBIX

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOHMPATh TUTTOBBIC METOJIbI U
CIOCOOBI BBITTOJIHEHHUS
npodeccuoHaIbHbIX 3374,
OLICHUBATh X 3((PEKTUBHOCTH
M Ka4eCTBO.

- Haxoauts 061acTh
onpeneneHus QyHKUUN IBYX
epEeMEHHBIX
-BocnponsBoauts mpasuia
HAXOXJACHHS YaCTHBIX
IPOU3BOJIHBIX PYHKIUH C
JBYMsI TIEPEMEHHBIMU -
Bocnpouszsoauts airoputm
HAXO0XACHUS IKCTpEMyMa
GyHKUUU C ABYMS
nepeMeHHbIMHU-
BocmpousBoauTs cBoiicTBa
JIBOMHBIX UHTETPAJIOB U
IpaBUJIa UXBBIYUCICHUS

34-0CHOBBI TeOpUM PAIOB

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JI€ATENbHOCTD,
BBIOMpATH TUTIOBBIE METOIBI U
CIIOCOOBI BBHITTOJTHEHHUS
npodeccroHaIbHBIX 3a7a4,
OIIcHUBATh MX d3(PPEKTUBHOCTD
M Ka4eCTBO.

-Paznuuate psaasl o hopmysie
00111eT0 YJIeHa-
Bocrnipon3BoauTh npu3HaKu
CXOIUMOCTH PSIJIOB

YcTHBIN Oompoc,
CaMOCTOSITEIbHBIC
paboTHI;
MPaKTUYECKUE
paboThI, IK3aMEeH
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35 - ocHOBBI TEOpUH - [IpencraBisaTh YcTHBIN Oompoc,
KOMILJIEKCHBIX YHACET KOMILJIEKCHOI'O 4YHMCJia B CaMOCTOATCIIbHBIC
paboThI;
IIpaKTUYEeCKue
paboThI, IK3aMEH

anreOpanyeckou,
OK 2. Opranu3oBbIBaTh

COOCTBEHHYIO JICSITEILHOCT,

BBIOMPATh TUTIOBBIE METOIbI U
CIIOCOOKI BEITOTHCHHS BBITIOJIHATH JEUCTBUS B HUX.

TPUTOHOMETPUUECKOM,
noKazaTebHOU dhopmax,

npodecCHUOHANIbHBIX 3aj1ad,
OLICHUBATh X 3()(PEKTUBHOCTH
N KAYECTRBO

3. OueHka ocBOeHUs Y4eOHOW TUCIUIINHBI
3.1. ®opMbI U METOABI OLIECHUBAHUSA
[Ipeamerom oreHKU CiyKaT yMeHUsl U 3HaHus, npeaycMmorpeHubie @I'OC no

IUcCIUIUIMHEe  «Mamemamux», HanpaBleHHble Ha (QopMuUpoBaHHE OOIUX U
npodeccuoHaIbHBIX KOMITETEHIIUH.

OneHka OCBOEHUS JUCHMIUTUHBI «Mamemamuxka» BKJIIOYACT TEKYIIHMA
KOHTPOJIb YCIIEBAEMOCTH,  MPOMEKYTOUHYIO aTTeCTAallMl0 B BHUJE DJK3aMeHa.
[IpoBenenne TeKyIero KOHTPOJISI yCIEBAEMOCTH OCYIIECTBIISIETCS B (pOPME YCTHBIX
OIPOCOB, MMCbMEHHBIX 33/IaHUM (CaMOCTOATENbHbIE PA0OThI, TECThI), MPAKTHUYECKUX
pabor. [lns stux uenedt popmMupyroTcss (POHIBI OIEHOYHBIX CPENICTB, BKIIOYAOIINE
TUTIOBBIE 3aJlaHUs, TECTBl U METOJbl KOHTPOJS, IMO3BOJSIONIME OLIEHUTHb 3HAHUA,
YMEHHS U YPOBEHb IPUOOPETEHHBIX KOMITETEHIIUN.

12




3azlamm JJIA OEHKHU OCBOCHUSA JUCIUIIJINHDBI

DJIeMEHThI JTMHEHOM anredpbl
IIpakTyeckas padora Ne 1

Tema «Pemenue cuctemM TuHeNHHbBIX YpaBHeHUl 1o popmynam Kpamepa.Pemenue
CUCTEMYpPAaBHEHHUN MeTOAOM ["aycca» Heab: Hay4yuTbCS BBIUUCIATH
ONPEAECTUTETUTENN 2- TO U TPETHETO MOPSJIKA, PEIIaTh CUCTEMbI JIMHEWHBIX YPAaBHEHUM C
MOMOIIIBIO OmpeaenuTene , metonoM ["aycca, hopMupoBaHre BHIYUCITUTEIBLHBIX
HAaBBIKOB.3aJaHUA

-k, 2+kK X 52
1 2
1.Bbruncnuth onpeAeanuTeny BTOpOro nopsijaka: 1) A= , 2)A=| 3 ,
K, K, 5 3.k, 6
1
A= 9% K;64°
(05)° a*
2.BbIUMCIUTE ONPEACTUTENN TPETHEr0 MOpsaKa:
-1 3k, 2 3k, 4 -5 1 -2 x -k,
DA=|2 8 «k,|, 2)A=|8 Tx,-2 -2, 3) A=|3 «k, -5
1 1 2 2 -1 8 2 K, 5

3..Pemuth cucremy ypaBHeHHI MeTosioM Kpamepa, caenaTh NpOBEPKY:

2X+y+3z=17, 2X—Yy+2z=3, X—y+z2=12, |2x-y+3z=-4, [3x-2y+4z7=12,
1.2x+3y+z2=1  23X+y+2z=-4, 3:X+2y+42=6,4:Xx+3y+32=11, 5:3x+4y—-2z2=6,
3X+2y+12=6. 4x+y+4z=-3. SX+y+2z=3. |[x-2y+2z=—7. |2Xx-y-71=-9.

8Xx+3y—-6z=-4, |4x+y-3z=09, 2X+3y+4z=33, (2x+3y+4z=12,
6ax+y-z=2, TaX+y-2=-2, 847x-5y=24, 947X-5y+2z=-33,

4x+y—-3z=-5. 8x+3y—-6z=12. |4x+11z=39. 4X+z=-1.

X+4y—1z=6, 3X—-2y+4z=21, 3Xx—-2y-52 =5, 4x+y+4z =19,

1045y +4z =-20, 11.3x+4y—-22=9, 12:2x+3y—-4z2=12,13.2x-y+2z =11,
3X—2y+52 =-22. 2x—-y—-1z=10. X—2y+3z=-1. X+Yy+2z=8.

2X—y+22=0, 2X—Yy+2z =38, 2X—Yy—-3z=-9, 2x—y—-32=0,
1454X+y+42=6, 155X+Yy+22=11, 16:sx+5y+z=20, 17:<3x+4y+2z=1,
X+Yy+2z=4. AX+Yy+4z7=22. 3X+4y+2z=15. X+5y+z=-3.
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—-3X+5y+6z=-8, X+Yy+z=-4, X—-y+z=-11 3X—y+z=9,
18.43x+y+2z=-4, 194-3x+5y+62=36, 20.5x+y+2z2=8, 21.5x+y+2z=11

X—4y -2z =-9. X—4y -2z =19. X+2y+4z =16. X+2y+4z=19.
2X+3y+1z=4, 2X+3y+2=12, X—2y+3z =14,
22.92X+Yy+32=0, 2342x+y+3z2=16, 24:2x+3y—-4z=-16,
3X+2y+z=1. 3X+2y+1z=8. 3Xx—-2y-5z=-8.
3x+4y-2z=11, X+5y -6z =-15, 4x —y =6,
2542X—y—-272=4, 263X+ y+4z=13, 273X+ 2y +52 =-14,
3X—-2y+4z=11. 2x—-3y+z=9. X—-3y+4z =-10.
5x+2y -4z =-16, X+4y—-1z=-9, 7xX+4y—-17=13,
284 X+ 32 =6, 294X —-y+52=-2, 3043x+2y+3z=3,
2x—-3y+12=09. 3y—-7z=-6. 2x -3y +z =-10.
Bapuanm | «, K, Bapuanm K, K, Bapuanm Ky K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 3) 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KoHTpo/sibHBbIE BONIPOCHI:

1. Yrto Ha3bIBaeTCA ONpEAEIUTEIEM MAaTPULIBI?
2. Kak BBIUHCIIUTH ONpEeaeIuTe b BTOPOro mopsiaKa?
3. Kaxkue criocoObl BEIYMCICHUS OMPEACTUTEINS TPETHETO TOPSIKa BAM U3BECTHBI?
4. Tlepeuncnute CBONCTBA OMpEAECITUTENCH.
5. Chopmynupyiite Teopemy Kpamepa.
6.AnroputmM npuMeHeHus merona ['aycca.




IIpakTnueckas padora Ne 2
Tema: Pemenne matpuunbix ypaBHeHui, CJIAY MaTpU4HBIM METOIOM.

Heab: Hay4UTHCS BBIUUCIATH MUHOPBI, ajreOpandeckue JOMOJHEHHUS, OTPEIeTUTETN
YETBEPTOTO MOPSIAKOB , HAXOAUTH OOpaTHBIC MATPHUIIBI ,pEIIaTh MPOCTEUIIINE MATPUUHBIC
ypaBHeHusA, CJIAY mMaTpuyHbIM METOIOM .

3apanue 1
2 11 x 1 -2 1 «k,
Jlanbl onpenenuTenu: 1) A = 1 23 A= -2 3 K 2
o ' PBr, 201 11 -3 -2 4]

1) HaiiTu MUHOpBI U anreOpandecKre AOMOJTHEHHUS JIEMEHTOB diz, dy,

2) BbIUHCIUTH ONPEACIIUTENH, PA3I0KHUB MX 10 dJIEMEHTaM a) I-0i CTpOKH, 0) J-ro

cTonb1a
Bapuanr | «x, K, i j | Bapuanr | x, K, i J
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 3) 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
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13 -3 2 2 4 28 2 -3
14 -4 -1 1 2 29 -2 5
15 -1 ) 3 1 30 -5 -1
kK, -2 -1
3ananue 2. Jlana matpunia A= 2 1 2 |. Halitu
-k, 4
a) A" unposepumv, umo A-A"= A" A=E
6) A+ A
Bapuanm K, K, Bapuanm Ky K,
1 3 -2 16 4 -1
2 4 1 17 3) 1
3 3 -4 18 2 0
4 2 1 19 -2 1
5 3 -3 20 2 -2
6 1 3) 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
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3ananue 3

1. Pemutsh
METOJIOM);

2X+y+3z=1,
1.142x+3y+z=1,
3X+2y+2=06

2X—-Yy+3z=-4,
1.4.x+3y+3z=11,
X—2y+2z=-1.

4x+y—-32=9,
174X+y—-2=-2,
8x+3y—-6z=12.

X+4y—-12=6,
1.10<5y+4z2=-20
3X—-2y+52 =-22.

4X+y+4z =109,
1.1342x—-y+2z =11,
X+Yy+2z=38.
2x—-y—-32=-9,
1.164x+5y+12z =20,
3X+4y+2z =15.

3X+Yy+2=-4,

1.19.-3x+5y+6z =36,

X—4y -2z =19.

2X+3y+z=4,
1.22.42x+y+3z =0,
X+2y+z=1

1.2.

1.5.

1.8.

1.11.

1.14.

1.17.

1.20.

1.23.

2X—Yy+27=3,
X+Yy+2z=-4,
AX+y+4z=-3.

3X—-2y+4z=12,
3X+4y—-22=6
2X-y—-z=-9.

2X+3y+4z =33,
7X—=5y =24,
4x +11z = 39.

3Xx—-2y+4z=21,
3Xx+4y—-2z=9,
2x-y-12=10,

2X—Yy+2z=0,
4X+Yy+4z =6,
X+Yy+2z=4.
2x—-y-32=0,
3X+4y+2z=1,
X+5y+z=-3.

X—-y+z=-11,
5X+Yy+2z=38,
X+2y+4z =16.

2X+3y+2z2=12,
2X+Yy+3z =16,
3X+2y+z=8

1.3.

1.6.

1.9.

1.12.

1.15.

1.18.

1.21.

1.24.

CUCTEMBbl YpaBHEHHMH € MOMOIIBIO OOpaTHOM MaTpuubl (MAaTPUUYHBIM

X-y+z=12,
X+2y+4z =6,
SX+y+2z=3.

8x+3y -6z =-4,
X+y—-z=2,
4x+y—-3z=-5.

2X+3y+4z =12,
TX—-5y+2z=-33
4X+272=-1.

3x—2y -5z =5,
2x+3y—4z =12,
X—-2y+3z=-1

2X—Yy+22 =38,
X+y+2z=11,
4x +y+4z =22

—-3X+5y+6z=-8,
3X+Yy+z=-4,
X—4y—-2z=-9.

3X—-y+z=09,
5x+y+2z=11,
X+2y+4z=19.

X—2y+3z =14,
2X+3y—4z =-16,
3X—2y—-5z=-8.
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1.25.

1.28.

Nk WD

3X+4y-2z=11, X+5y -6z =-15, 4x —y = -6,

2x-y-1=4, 1.2643x+ Yy +4z =13, 1.2743x+2y +5z =14,
3Xx—-2y+4z=11. 2x-3y+12=0. Xx—3y+4z =-19.
5x+2y -4z =-16, X+4y—-z=-9, 7X+4y—z=13,
X+ 3z = -6, 1.29:54x—-y+5z2=-2, 1.3043x+2y+3z2=3,
2x—-3y+z=9. 3y—-7z=-6. 2x -3y + 2 =-10.

KoHTpo/ibHBIEC BONPOCHI

Uto Ha3bIBA€TCSI MUHOPOM?

Yto Ha3bIBACTCS ajr e6paI/I‘{€CKI/IM JOITIOJIHCHHUECM JJICMCHTA ManI/II_[BI?
Kaxk PAa3JI0KUTh OIIPCACIIUTECIIb 110 JICMCHTAM CTOJ'I6H21 NI CTpOKI/I?

Kakast maTpu1iia Ha3bIBa€TCSl HEBBIPOXKACHHOW?
TpaHncroHMpoOBaHHAs MaTPUIIA.

Kakast maTpuiia Ha3bIBaeTCs 0OpATHOMU 1O OTHOIICHHIO K JTAHHOM ?
KakoB nopsiiok BeIuncIeHUss 0OpaTHON MaTPHUIIbI?

AJNTOPUTM pEIICHUS MPOCTEUILIETO MATPUYHOTO YPABHEHHUS

Tect no teme «J/Inneitnas aaredopa»

4
. Ecnmu matpuna 4 :(

24 10 20 5 ~20 5
@) (—12 —3oj b) (—10 —15)”(—10 —3}

3} , TO MaTpuIiia 54 UMeeT BUI:

1 0 4 2 1 -1
2. Ecmm matpunei4=| 3 1 2| u B=|3 0 1 |, T0Marpuna 24+ B WUMeeT BUI:
-4 1 2 5 2 -3
4 17 -4 1 -7 -1 8 4
a9 25/ b9 1 5] ¢|-31 -2
-3 41 -31 2 4 1 0
4 17
3. ns matputtet A=| 9 2 5| yKazarh CyMMY JIEMEHTOB, PacIOJI0KEHHBIX Ha
-3 4 2

rJIaBHOW JUaroHalin

) 6b)10c) 8



4 17
4. Ins matpuubl A=| 9 2 5| yKa3aTb CyMMY DJIEMEHTOB, PACIOJIOKEHHBIX Ha
-3 4 2

BCIIOMOTaTEJIbLHOU JuaroHain

) 6 b) 10 c) 8
5. Ilpu ymHOx’eHun maTpulibl 4 Ha Matpully B 10mKHO coOM0naThCs yClloBUE:
a) YUCJO CTPOK MaTpullbl 4 PaBHO YUCTY CTPOK MaTpuilsl B
b) uncio cTpok MaTpuIilbl 4 paBHO YMCITY CTOJOIIOB MaTpuUIlsl B
C) YHUCIJO CTOJIOIOB MaTpUllbl A PaBHO YMCIY CTPOK MaTpuilsl B
6. KBagpatHas Matpuiia Ha3bIBae€TCs OUACOHANTLHOU, CllU:
a) 5JIEMEHTHI, JIe)Kalllke Ha IIaBHOW JTUArOHaM PaBHbI HYJIIO
D) aneMeHnThI, He JIekKallue Ha TJIABHOW JMArOHAIN PaBHBI HYJIHO
a) BJIEMEHTHI, JIe)Kalllhe Ha MOOOYHOM TUAaroHalu PaBHbl HYIIIO

1 4 5
7. Ilpu kakoM 3HaueHuu & ompenenurenb (0 4 2 |paBeH HYINHO?
0 0 2a-

a)2 b)0,5¢c) — 2
8. Eciii moMeHsITh MecTaMu JB€ CTPOKHU (ABa CTOJIOIA) KBAAPATHOW MAaTPHIIBI, TO
OTIPEICITUTENb:
a) HE U3MEHUTCS
b) craHeT paBHBIM HYJIIO
C) MIOMEHSAET 3HaK
-1 2 0
9. Uemy paBeH MUHOp A7z, onpenenurens (3 7 -17
5 4 2
a) 4 b) 0 c) 11
-1 2 0
10. Yemy paBeH MUHOp az,, onpeapenurens |3 7 -17
5 4 2
a) 4 b) -2 c) 011. Yemy paBHO anreGpandeckoe JOTOTHEHUE
-1 2 0
4, onpenenutens |3 7 -17
5 4 2
a) -4 b) 0 c) -1112. Yemy paBHO anredpandecKkoe JOMOIHEHUE 4,
-1 2 0

onpenenurens |3 7 —17
5 4 2
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a) 4 b) -2 c) 013. Uemy paBeH INIaBHBIN ONPEIEITUTENb

3x—-y=5
CHUCTEMbI YpaBHEHUN —2X+Yy+7=0
2X—-y+4z=15
a) -5 b) 6 c)5
2 0 1 2
14. Ecnu maTtpunbl A = [3 _4) u D= [_ ) Oj’ TO ONPENENUTENb MaTpulibl A-D pasen:
a) -32b) 32 c) -1615. Haiitu MUHOD 1JIs DIIEMEHTA  ,, ONPEICIIUTEN
-3 -2 1 0
2 -2 1 4
4 0 -1 2
3 1 -1 4
a)2 b)20 c) —2016. HaiiTu anrebpanyeckoe JOMOIHEHHE I DIIEMEHTA ¢ ,
-3 -2 1 0
2 -2 1 4
ONpPEAECTUTENSI, MUHOP JJISl SJIEMEHTA a 32 A = 4 0 -1
3 1 -1 4
a)2 b)20 c)-20a)-8 0)8 B)-5
-4 0 1
17. Hailitu anrebpandeckoe JOMOTHEHUE JIJIS DJIEMEHTa d ,; onpeAenuTenss A= 2 -1 3
3 2 2

a) -8 b)8 ¢)-5

CamocrosiTeqbHasi padora

Bapuanr 1
2 30 -1 0 3
1. Haiitu matpunry C=A+3B, ecrm A=|-2 1 8|, B=| 2 4 1
2 1 30
-1 3 9
Oteer: C=| 4 13 11
5 13 3

2. PemuTh cucTteMy JIMHEWHBIX YpaBHEHUH METOJOM OOpaTHOIN MaTpPHUIIHI.
3. Pemmthb cucteMy NTMHEWHBIX ypaBHEeHUM 1o ¢hopmyrnam Kpamepa.
4. PemuThb cucTeMy JIMHEWHBIX ypaBHEHUM MeTo10M [ aycca.

X, +2X, —X; =1,

2X; — X, + X3 =5,

3X, +2X, + X3 =17.
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Otset: (2;0;1)

Bapuanr 2
2 30 -1 0 3
1. Haiitu matpunyy C=2A-B,eciu A=|-2 1 8|, B=|2 4 1
2 43 1 30
5 6 -3
Oter: C=|-6 -2 15
3 5 6

2. PemuThb cucteMy JIMHEWHBIX YpaBHEHUN METOJ0M OOpaTHOIN MaTpHUIIbI.

3. PemuTh cuctemy JTUHEUHBIX ypaBHEeHU o Gpopmynam Kpamepa.
4. Pemmmth cucTeMy JMHEHHBIX ypaBHEHU MeTo0M ["aycca.

X — X, +2Xy =2,

X, +2X, =X =7,

2X, + X, —3X; = 5.

OtseT: (1;3;0)

Bapuanr 3
2 30 -1 0 3
1. Haiitu matpunty C=3A+B, eciu A=|-2 1 8|, B=| 2 4 1
2 1 30
5 9 3
OtBer: C=|-4 7 25
7 15 9

2. PemmTh cucTeMy JTUHEHWHBIX YpaBHEHUH METOJIOM OOpAaTHOW MATPHIIHI.

3. Pemuts cucreMy NTMHEWHBIX ypaBHEHuUM 1o ¢popmyrnam Kpamepa.
4. PemuThb cucTeMy JIMHEWHBIX ypaBHEHU MeTo10M [ aycca.

X, +3X, —2X; =4,

X, +4X, —X; =1,

2X, + X, + X3 =3.

OtseTt: (0;2;1)

Bapuanr 4
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2 30 -1 0 3
1. Haiitu matpuntyy C=A-4B,eciu A=|-2 1 8|, B=|2 4 1
2 4 1 30
6 3 -12
OtBet: C=|-10 -15 4
-2 -8 3
2. PemnTh cucteMy JIMHEWHBIX YpaBHEHUH METOJOM OOpaTHON MaTpHULIbI.

w

Pemuts cuctemy nuHENHBIX ypaBHeHUH 110 dhopmynam Kpamepa.
4. Pemmmth cucTeMy JMHEHHBIX ypaBHEHMI MeTOI0M ["aycca.

X, +2X, =X =3,

X, +3X, + X; =6,

2X, — X, + X3 =4,

OtseT: (2;1;1)

Bapuant 5
2 30 -1 0 3
1. Haiitu matpunty C=4A-B,ecoiu A=|-2 1 8|, B=|2 4 1
2 4 3 1 30
9 12 -3
OtBer: C=|-10 0 31
7 13 12

2. PemmTh cucTeMy JUHEHWHBIX YpaBHEHUH METOJIOM OOpAaTHOW MATPHIIHIL.
3. PemuTh cuctemy JTUHEHHBIX ypaBHEeHUH 1o Gpopmynam Kpamepa.
4. PemmTh cUCTEMY JMHEMHBIX ypaBHEHUN MeTo10M ['aycca.
X, + X, =3X; =2,
X, +2X, + X3 =3,
3X, + 77X, + X, =10.

Otset: (1;1;0)

Bapuanr 6
2 30 -1 0 3
1. Haiitu matpunry C=A+2B, ecrmu A=|-2 1 8|, B=| 2 4 1
2 1 30
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0 3 6
OmBer: C=12 9 10
4 10 3

N

Pemuth cuctemy JTMHENHHBIX YpaBHEHUN METOI0M OOpaTHOM MATPHUIIBI.
Pemuts cuctemy nuHEeNHbIX ypaBHeHUH 110 dhopmynam Kpamepa.

4. Pemmmth cucTeMy JMHEHHBIX ypaBHEHHI MeTO0M [aycca.

X, + X, + X =3,

w

2% — X, + X3 =1,
2%, +3X, —X; =1.

JJIeMEHThI AHAJTMTHYECKOH reOMeTpHH
YcTHBIN onpoc

Uto Ha3bIBAETCSI BEKTOPOM?

Kakue BeKTOpbI Ha3bIBAIOTCA KOJUIMHEAPHBIMU?

Uto Ha3bIBa€TCS KOOPAMHATAMU BEKTOpa?

Kak HaliTu KOOpIMHATHI BEKTOPA, 3aJJaHHOTO JIByMsI TOUKaMu?

Kak HaliTu 1yiMHy BEKTOpa, 3aJITaHHOTO CBOMMHU KOOpAMHATAMM ?

3anuiute GOpMyIIbl IeJIeHUS OTpe3Ka B JaHHOM OTHOILIECHUH.

JlaTb ornpeneseHue NpoeKUMHU BEKTOPA Ha OCh U MIEPEYUCIUTD €€ CBOKCTBA.
J1aTb omnpeneseHne CKajasipHOro IPOU3BEICHUS BEKTOPOB.

. Jlate onpeneneHne BEKTOPHOTO MPOU3BEIEHUs BEKTOPOB.

10 J1aTb ornpenesieHne CMEaHHOrO IPOU3BENCHUS BEKTOPOB.

CoNoO~LNE

IIpakTuyeckasi padora Ne 3 mo reme

«JIeMeHTbI BEKTOPHOI ajaredpbn)

Heab: [IpoBepUTh 3HaAHUS U YMEHHS 110 HAXO0XKICHHUIO: KOOPIUHAT BEKTOPA, OIEpauin
HaJl BEKTOPaMH, MOJYJIsI BEKTOPA U CKAJIPHOTO MTPOU3BEICHUS, BEKTOPHOIO
MIPOU3BEICHUS, CMELIAHHOTO ITPOU3BEICHMUS.

3ananus
1. TTo koopaunaTam Touek A, B u C 1 ykazaHHbIX BEKTOPOB HAWTH:

a) KoopamHatbl BEeKTOPOB a = AB,b=BC, c=AC,d =BA, p=CA

b) Monyns BekTOpa % =3d+&—d

¢) CkanspHOe MpoM3BeCHNE BEKTOPOB a 1 b;

d) Ipoekmuro BekTopa ¢ Ha BekTOp d;

e) Koopaunatel Touku M, faeisiiiei OTpe30K p B OTHOIICHUH & . f
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Koopannatsl

a p
BapuanTsi Koopannarel | Koopannarsl roun C

TOYKH A TOuku B o B

1. (-2.1.3) (3.-6.2) (-5, -3, -1) 1 3
2. (1.3.6) (-3. 4, -5) (1,-7.2) 1 2
3. (7, 2. 1) (5.1, -2) (-3.4.5) 2 1
4, (3.5, 4) (-2, 7,-5) (6,-2,1) 3 2
5. (5.3.2) (2.-5.1) (-7.4,-3) 2 3
6. (11,1, 2) (-3, 3, 4) (-4,-2,7) 1 2
1. (9.5.3) (-3.2.1) (4,-7.4) 3 1
8. (7. 2. 1) (3.-5,6) (-4, 3. -4) 3 2
9. (1,2.3) (-5,3.-1) (-6.4.5) 2 1
10. (-2,5. 1) (3,2, -7) (4,-3.2) 4 1
11. (3,1.2) (-4.3.-1) (2.3.4) 2 1
12. (3,-1. 2) (-2,4.1) (4,-5.-1) 1 3
13. (4,5,1) (1.3.1) (-3.-6.7) 3 4
14. (1.-3.1) (-2, -4, 3) (0. -2, 3) 2 3
15. (5,7.-2) (-3.1,3) (1,-4.6) 4 3
16. (-1, 4, 3) (3,2, -4) (-2,-7.1) 1 3
17. (5,4.1) (-3.5.2) (2,-1.3) 3 1
18. (2,-1. 4) (-3.0.-2) (4.5, -3) 2 1
19. (1,1, 2) (2, -3, -5) (-6, 3. -1) 1 2
20. (1. 3. 4) (-2, 5,0) (3.-2, -4) 2 3
21. (1.-1,1) (-5, -3.1) (2. -1, 0) 3 2
22. (3.1, 2) (-7, -2, -4) (-4, 0, 3) 2 1
23. (-3.0,1) (2.7, -3) (-4, 3, 5) 1 3
24. (5.1, 2) (-2, 1, -3) (4, -3, 5) 2 3
25. (0,2, -3) (4, -3, -2) (-5, -4, 0) 1 2
26. (3.-1, 2) (-2,3.1) (4, -5, -3) 3 4
27. (5.3.1) (-1, 2, -3) (3.-4, 2) 1 2
28. (3.1, -3) (-2, 4,1) (1,-2.5) 3 4
29. (6.1, -3) (-3,2,1) (-1, -3, 4) 4 3
30. (4,2.3) (-3.1.-8) (2,-4.5) 3 2

3ananue 2

1. Jlaubl BexTOpHI &, b 1 ¢. HeoOxonumo:

a) BBIYUCIIUTh CMEIIAHHOE TPOU3BEICHUE TPEX BEKTOPOB;

0) HaliTH MOYJTb BEKTOPHOT'O MTPOU3BEICHNUS,

B) BBIYUCJIUTD CKAISIPHOE MPOU3BEJEHUE IBYX BEKTOPOB;

') IPOBEPUTH, OYAYT JIU KOJUTMHEAPHBI WJIK OPTOTOHAJIbHBI JIBA BEKTOPA;

1) IpOBEpUTDH, OYAYT JIM KOMIUIAHAPHBI TPU BEKTOPA.




Bapua | BekTopsl Cwmemannoe | Monyne | Ckamsipn | Komunnae | Komrumanapao
HT oe CTb BEKTOPOB
IPOM3BEIEH | BEKTOPH apHBbI
ne IPOU3BE] | WU
IPOU3BE
MEPIEH]T
II.
K
BEKTOPO
B
1 a=2i-3j+k, a,3b,c 3a,2c b,—4c a, C a,2b,3c
b= j+dk,
c=51+2j-3k
2 a=3i+4j+k, 5a,2b,c 4b,2c a,C b,c 2a,—3b,c
b=i-2j+7k,
c=-3-6]+21k
3 a=2i—-4j-2k, | a,2b,3c 3a,—-7¢ —2a,c a,c 3a,2b,3c
b =7i+3]j,
c=3i+5]-7k
4 a=-7i+2k, a,—2b,~7c 4b,3c 2a,-7¢C b,c 2a,4b,3¢
b=2i-6]+ 4k,
C=i—j+2k
5 a=-4i+2j-k, | a, 6b,3c a,2b a,—4c a,b a,6b,3c
b=3i+5] 2k,
c= J+5k
6 a=3i-2j+Kk, a,—3b, 2c 5a,3c —2a,4b a,C 5a,4b,3c
b=2j-3k,
c=-3i+2j—k
7 a=i-j+3k, 7a,—4b,2c 3a, 5¢ 2b,4c b,c 7a,2b,5c
b =2i+3j -5k,
c=7i+2j+4k
8 a=4i+2j-3k, 2a, 3b, ¢ 4a,3b b,—4c a,c 2a,3b,—4c
b =2i+Kk,

c=-12i-6j+9k
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9 a = —i + 5k, 3a,—4b,2c 7a,—3c 2b,3a 6,C 7a,2b,—3c
b=-3i+2]j+ 2k,
c=-2i—-4j+k

10 a=6i—-4j+6k, | 2a,—4b,3c 3b,—9c 3a,-5¢ a,b 3a,—4b,—9c
b=9i-6]j+9k,
c=i-8k

11 a=5-3j+4k, | a,—4b,2c —2b,4c —3a,6¢ b,c a,—2b,6¢
b=2i-4j-2k,
c=3i+5j-7k

12 a=-4i+3j-7k, | —2a,b,—2c 4b,7c 5a,-3b b,c —2a,4b,7¢c
b=4i+6j—2k,
c=6i+9j-3k

13 a=-5i+2j-2k, | 2a,4b,~5¢c —3b,11c | 8a,-6c a,C 8a,—3b,11c
b =7i -5k,
c=2i+3j-2k

14 a=-4i—-6j+2k, | 5a,7b,2c —4b,11a 3a,—-7¢ a,b 3a,7b,—2c
b=2i+3j-Kk,
c=—i+5j-3k

15 a=-4i+2j-3k, | 5a,—b,3c —7a,4c | 33,9 a,C 3a,—9b,4c
b =-3j+5k,
c=6i+6]—4k

16 a=-3i+8j, 4a,—6b,5¢ —7a,9¢c | 3b,-8¢ b,c 4a,—6b,9c
b =2i+3j-2k,
c=8i+12j-8k

17 a=2i—-4j-2k, | 7a,5b,—c —5a,4b | 3b,-8¢ a,C 7a,5b,—c
b =-9i + 2k,
c=3i+5j-7k

18 a=9-3j+Kk, 2a,—7b,3c —6a,4c 5b,7a b,c 2a,—7b,4c
b=3i-15] + 21k,
c=i—-5j+k

19 a=-2i+4j-3k, | a,—6b,2c —-8b,5¢ —9a,7c a,b a,— 6b,5c
b =5i+ j— 2Kk,
c=Ti+4j-k
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20

a=-9i+4])—5kK,
b=i-2j+4k,
c=-5i+10]j - 20

kK — 2a,7b,5¢c

—-6b,7¢c

9a,4c

—2a,7b,4c

21

a=2i—7]j+5k,
b=—i+3j-6k,
c=3i+2]j—4k

—3a,6b,—c

5b,3c

7a,—4b

7a,—4b,3c

22

a=7i—4j-5k,
b=i-11j+ 3k,
c=5+5j+3k

3a,—7b,2c

2b,6¢c

—4a,—5c

a,C

—4a,2b,6¢C

23

a=4i-6j-2k,
b=-2i+3]+k,
c=3i-5j+7k

6a,3b,8¢c

—7b,6a

—b5a, 4c

—5a,3b,4c

24

a=3i—j+2k,
b=-i+5j-4k,
c=6i—2j+4k

4a,—7b,-2c

6a,—4c

—2a,5b

a,C

6a,—7b,—2c

25

a=-3i— ] b5k,
b=2i—4]+8k,
c=3i+7j-k

2a,—b,3c

—9a,4c

5b,-6¢C

2a,5b,—6¢C

26

a=-3i+2j+7k,
b=i-5k,
c=6i+4j-k

—2a,b,7c

5a,—2c

3b,c

a,C

—2a,3b,7c

27

a=3i—j+5kK,
b=2i-4j+6k,
c=i-2j+3k

—3a,4b,-5c

6b,3¢c

a,4c

—3a,4b,-5c

28

a=4i-5j— 4k,
b=5i-j,
c=2i+4j—3k

a,7b,-2c

—5a,4b

8c,—3a

a,C

—3a,4b,8c

29

a=-9i+4k,
b=2i-4j+6k,
c=3i—-6j+9k

3a,—5b,—4c

6b,2¢c

—2a,8c

3a,6b,—4c

30

a=5-6j-Kk,
b=4i+8j-7k,
c=3j-4k

5a,3b,—4c

4b, a

7a,— 2c

5a,4b,—2c
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KoHTpoJbHbIE BONIPOCHI

Uto Ha3bIBaeTCSI BEKTOPOM?

Kakue BeKkTOpbI Ha3bIBAIOTCA KOJUIMHEAPHBIMU?

Uro Ha3bIBaeTCS KOOpAMHATAMU BEKTOpA?

Kak HaliTu KOOpIMHATHI BEKTOPA, 3aJaHHOTO ABYMS TOUKaAMM?
Kak naiitu 1iMHy BEKTOpa, 3aITaHHOTO CBOMMHU KOOpIMHATAMM ?
3anumute GOpMYIIb JeJICHUs OTpe3Ka B JaHHOM OTHOIIICHUH.
Kak nalitu ckangpHoe npou3BEJCHUE BEKTOPOB?

Kak HaliTu BEKTOpHOE€ MNPOU3BEAECHUE BEKTOPOB?

Kak nalitTu cmemanHoe npou3BEAECHUE BEKTOPOB?

CoNoarwWdE

IIpakTuyeckas padora Ne 4 «Ilpsaimast TuHUS

Heﬂb: HAaY4IUTHCA COCTABJIAITH YPABHCHUC IIPAMBIX, HAXOAUTH YTOJI MCKIY
IMPAMBIMUA,BBIIOJIHATL IMOCTPOCHMUA.

3aganue

1. lanbl BepmuHbl Tpeyroabuuka ABC: 4(x,,y,), B(x,.v,). C(x,,y,) HauTh:

a) ypaBHEHHUE CTOPOHBI AB;

0) ypaBuenue BoicoThl CH;

B) ypaBHEHHE Meauanbl AM;

r) ypaBHeHHe O6uccektpuchl BC;

n) Touky N nepeceuenust meauanbl AM u BeicoTel CH;

€) ypaBHEHHUE NPSMOH, ITpoxoAsuie yepe3 Bepiinny C napaiienbHo cTopoHe AB;

X)yrou Mmexay npsmeiMa AB u AC.

Bapuantsl | A(x,, ) B(x, ;) | Clxs,v3)
1 A(24) |B@B. 1) |Ca0,7)
2 A(-3,2) |B(14 4) | C 6. 9)
3 A(L7) | B(3,- |caL-3
1)
4 A(LO) |B(-L4) |C@5)
5 AL-2) BT |C@E.7)
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6 A(-2,-3) [B(1,6) [C(6,1)
7 A(-4,2) | B(-6, |C(6,2)
6)
8 A(4,-3) |B(7,3) |C(1,10)
9 A4, - |B®,2) [C@3,8)
4),
10 A(-3,-3) |B(5,-7) | C(7,7)
11 A(1,-6) | B3, |C(373)
4)
12 A(-4,2) |B(8,-6) [C(2,6)
13 A(52) | B(,- [C(5,7)
4)
14 A(4,-4) |B(6,2) |C(1,8)
15 A(-3,8) |B(-6,2) |C(0,5)
16 A(6,-9) [B(10,- |C(-4,1)
1)
17 A@4,1) [B(3-1)][C(7,-3)
18 A (-4, 2) |B(6,-4) | C (4, 10)
19 A@3,-1) [B(11,3) |C(-6,2)
20 A(-7,-2) |B(-7, 4) | C (5, -5)
21 A(-1,-4) [B(9, 6) |C(-5,4)
22 A (10,-2) [ B (4,-5) | C (-3, 1)
23 A(-3,-1) [B(-4,-5) | C (8, 1)
24 A(-2,-6) |B(-3,5) | C (4, 0)
25 A(-7,-2) |[B(3,-8) | C (-4, 6)
26 A©0,2) |B(-7,- |[C@3,2)

4)
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27 A(7,0) |B(1,4) |C(8,-4)

28 A(1,-3) [B(0,7) [C(-2,4)

29 A(-51) |B( -2 [C(1,4)

30 A(2,5 |B(-3,1) | C(0,4)

KoHTpoJbHBIC BONIPOCHI

3anuImnTe ypaBHEHUS OCEW KOOPAMHAT.

OO61ee ypaBHEeHUE TIPSIMOM.

VYcoBue napasieabHOCTU U NEPIIEHAUKYIISIPHOCTH IIPSMBIX.
3anuimuTe ypaBHEHUS NPAMBIX, TapaUICIbHBIX OCSIM KOOPAUHAT.
Cdopmynupyiite ycinoBue mapamuieabHOCTH IPSIMbIX.
Cdopmynupyiite ycinoBue NeprneHIuKyISIPHOCTH TPSIMBIX.

Kak Haiit yros Mexay npsiMpIMu?

Kak HaiiTh paccTossHHE MEXAY MPSIMBIMHU?

N GORrWDE

JlonosiHUTEIbHBIE 3aaHU S
2. Pemuth ciieayromme 3aaq4u

2.1. Haiitu ypaBHEHUE MIPSIMOi, MPOXOASIICH yepe3 TOUKY MepeceueHUsl MPSIMbIX
3X-2y-7=0 ux+3y-6=0wu orcekaromieil Ha OCH a0CIIUCC OTPE30K, PaBHBIN 3.

Omeem . X =3

2.2. Haiitu npoekiuio Touku A(-8, 12) Ha mpsIMyo, IPOXOAINyI0 Yepe3 Touku B(2, -
3u

C('5,1) Omeem : A (—12,5)

2.3. Jaunbl aBe BepunHbl TpeyronsHuka ABC: A(-4, 4), B(4, -12) u Touka M(4, 2)
nepecedenus ero BoicoT. Haiitu BepmnHy C. Omeem :C (8,4)

2.4.HaiitTn ypaBHEHUE MPSIMOM, OTCEKAIOLIEH Ha OCU OpAMHAT OTPE30K, PaBHBIN 2, U
MIPOXOIAIIEH MAPAIIETBHO MPSAMOM 2y - X = 3. Omeem :x—2y +4=0

2.5. Haiftu ypaBHeHue npsiMoM, poxosiiei yepe3 Touky A(2, -3) u Touky
rnepecevyeHus NpsiMbIX 2X -y =5ux+y = 1. Omeem:x =2

2.6. Jokazatp, yto ueTbipexyroibuuk ABCD - tpanenus, eciu A(3, 6), B(5, 2), C(-
1, -3), D(5,5).

2.7. 3anucarb ypaBHEHHUE NIPsIMOH, Tpoxoasiei yepe3 Touky A(3, 1)
neprneHauKysapHo k npsamout BC, eciim B(2, 5), C(1, 0). Omeem :x+5y—-8=0
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2.8. Haiitu ypaBHeHUE IpsIMOii, mpoxoasiei yepe3 Touky A(-2, 1) napamienbHo
npssmori MN, ecitu M(-3, -2), N(1, 6). Omsem :2x—y+5=0

2.9. Haiftu Touky, cMMMETpUUHYIO Touke M(2, -1) oTHOCUTENBHO TpsIMOii X - 2y + 3

4 23
=0. O M| ———
0. Omsem 1[ : 5)

2.10. Haiitu Touky O nepeceueHus auaronainei yereipexyroibauka ABCD, eciou A(-

1; _3)9 B(39 5)9 C(Saz)a D(37 -5) Omeem MO(& %j

2.11. Yepes Touky nepeceueHus npsameix 6x - 4y + 5 =0, 2x+ Sy + 8 = 0 npoBecTu
pAMYIO, TapalIEIbHYI0 OCH a0CLUCC. Omeem :y = —1

2.12. N3BecTHbI ypaBHeHUsA cTopoHbl AB Tpeyronpanka ABC 4x +y = 12, ero BeicOT
BH 5x - 4y = 12 u AMX + y = 6. Haiitu ypaBHeHuUs1 IBYX IPYTUX CTOPOH TPEYroJbHUKA
ABC. Omeem:7x—7y—16=0; 4x+5y—28=0

2.13. Mansl aBe Bepiiunbl Tpeyroabunka ABC: A(-6, 2), B(2, -2) u Touka
nepeceuenus ero BeicoT H(1,2). Haiitn koopaunarsl Touku M nepecedyenusi ctoponsl AC
10 .62
. O M| —=;—
u BbICOTHI BH. Omeem (17 17)
2.14. Haiitu ypaBHeHUsI BBICOT TpeyrojibHuka ABC, mpoxoagimux yepe3 BepIrHbl A
u B, ect A(-4, 2), B(3, -5), C(5, 0). Omeem :7x+5y+2=0; 9x+2y—28=0

2.15. BelYuCANTh KOOPAUHATHI TOYKH MEPECEUEHUS IEPIICHIUKYIIAPOB,
IPOBEAECHHBIX YEPE3 CEPEIUHBI CTOPOH TPEYTOJbHHUKA, BEPIINHAMU KOTOPOT'O CIIYXkKaT

Toukn A(2, 3), B(0, -3), C(6,3). Omeem:M (3;—3

2.16. CocTaBuTh ypaBHEHUE BBICOTHI, TPOBEAECHHOMN Yepe3 BEPUINHY A TpEyrojJbHHUKA
ABC, 3Has ypaBHeHus ero cropoH: AB-2x-y-3=0, AC-x+5y-7=0,BC-3x-2y+
13 =0. Omeem :2x+3y -7 =0;

2.17. Jlan tpeyronsHuk ¢ BepmuHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
YpaBHEHHE U BBIYUCINUTH JJIMHY €r0 MEAUAHbI, IPOBEACHHON 13 BepinHbI C.

Omeem :2x+y+2=0; d :ﬂzl?),l

V17

2.18. CocTaBuTh ypaBHEHHE NPSIMOU, MPOXOAAIIEH YePE3 HAYAJIO KOOPJAUHAT U TOUKY
nepecedeHus NpsAMbIX 2X + 5y -8 =0 u 2x + 3y + 4 = 0. Omeem :6x+11y = 0;
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2.19. Haiitn ypaBHEHMS NEPIEHAUKYISAPOB K psiMoit 3X + 5y - 15 = 0, mpoBegeHHbIX
yepes TOUKU [IepecedyeHrs JaHHOU NPSIMOM € OCSIMU KOOpIUHAT.
Omeem :5Xx —3y —25=0; 5x+3y+9=0;

2.20. lanbl ypaBHEHHS] CTOPOH YeThIpexyrojibHuka: X -y =0, x+3y=0,x-y-4 =
0, 3x +y - 12 = 0. Halitu ypaBHeHHs €ro AUaroHaneil. Omeem:y =0; x =3

2.21. CocraButh ypaBHeHust meauanbl CM u BoicoThl CK Tpeyronsuuka ABC, ecin
A(4, 6), B(-4, 0), C(-1, -4). Omeem :7x—y+3=0-CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) npoBecTu npsiMyro: a) OTCEKAIOIIYIO0 PaBHbIE OTPE3KH Ha
OCsIX KOOpauHaTt; 0) nmapamiensHyto ocu OX; B) napamienbHyto ocu Oy.
Omeem X+y—7=0;, y=2; x=5

2.23. 3anucath ypaBHEHHE MPSAMOU, Mpoxosiie yepe3 Touky A(-2, 3) u
cocTamJstoien ¢ ocbto Ox yrou: a) 45°, 6) 90°, B) 0°.
Omeem :X—y+5=0-CM; x+2=0,y—-3=0

2.24. Kakyto opauHaTy uMmeeT Touka C, nexaras Ha OJJHON psMoi ¢ ToukaMu A(-
6, -6) u B(3, -1) u umerommas abciuccy, paBHYyI0 3?7 Omeem: y =9

2.25. Yepes Touky nepeceueHus npsameix 2x - Sy - 1 =0 u x + 4y - 7= 0 npoBectu
IPSAMYIO, IETISIIYI0 OTPe30K Mexay Toukamu A(4, -3) u B(-1, 2) B oTHOomennun = 2/ 3.
Omeem 12X —Yy —5=0;

2.26. N3BecTHBI ypaBHEHUS JIBYX CTOPOH pomba 2X -5y - 1=0u2x-5y-34=0 u
ypaBHEHUE OJIHOM U3 ero AuaroHaneu x + 3y - 6 = 0. Haiitu ypaBHeHuE BTOpOi
JAUaroHalIu. Omeem :3Xx —y —23=0;

2.27. Haiitu Touky E nepeceuenuss MeuaH TpeyrojibHUKA, BEPIIMHAMUA KOTOPOTO
sBisttoTest Touku A(3,1), B(7, 5) u C(5, -3). Omesem :E(31)

2.28. 3anucath ypaBHEHHUS NPSIMBIX, MPOXOAAIIKX yepe3 Touky A(-1, 1) mox yriom
45° x npamoit 2X + 3y = 6. Omeem :x—5y+6=0; 5x+y+4=0

2.29. lansl ypaBHeHUs BbICOT TpeyroibHuka ABC 2x -3y +1=0,x+2y+1=0u
KOOpAWHATHI ero BepuiuHbl A(2, 3). Halitu ypaBuenust ctopoH AB u AC tpeyrosbHHKA.
Omeem 22X —y —1=0—AB; 3x+2y-12=0-AC

2.30. {anpl ypaBHEHHUS ABYX CTOPOH mapasienorpamma x -2y =0,x-y-1=0mu
TOYKa nepeceueHus ero quaronaneit M(3, -1). Haittu ypaBHeHuUs ABYX IPYTUX CTOPOH.
Omeem : X—y—7=0; x—2y—-10=0

IIpakTuyeckas padora Ne 5 mo reme
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Hean: [IpoBepuTh ypoBEHb YCBOCHHUS MaTepHrasa Mo COCTaBICHUIO YPABHEHUN KPUBBIX

«KpuBble BTOPOro nNopsiaka»

BTOPOTO MOpsiiKa (OKPY>KHOCTH, ILIUIICA, Tapa00JIbl, TUTIEPOOJIHI .

3amanus

1. CocTaBuTh KAHOHUYECKUE YPABHCHUS

a) anurica; 0) runepoodsl; B) mapabonsl (A, B - Touku, nexariue Ha KpuBoi, F -

dokyc, a - 6osbInas (IelcTBUTENbHAS) TIOJYOCh, D - Manas (MHUMas) MOJIyOCh, € -

AKCLIEHTPUCUTET, y=+KkX - ypaBHEHUS aCUMITOT runepoossl, D - mupexTpuca KpuBoii, 2¢

- (oxycHOE paccTosiHUE).

Bapuant duunce I'mnep0Oosa ITapa6osna

1. b =15, F(-10, 0) a=13, e=14/13 D:x=-4

2. b=2,F(4+2,0) a=7,e=4857 D:x=5

3. A3, 0), B2, +/5/3) |k=3/4,&=5/4 Diy=-2

4. e= /21/5, A(-5,0) |A(+80,3), B(4./6,3/2) |Dry=1

5. 2a=22,e= 5711 |k=2/3,2¢c=10./13 ock cummeTpuu OX 1
A(27,9).

6. b=.15,e=410/25 |[k=3/4,2a=16 och cummerpun Ox u
A(4, -8).

7. a=4,F=(30) b= 2.f10, F(-11, 0) D: x = -2

8. b=4,F=(90) a=5,e=7/5 D:x=6

9. A0, +3), B( 143 | k= 421/10,£=11/10 D:y=-4

1)
10. e="1/8, A(8,0) A3, - ,j?,;_j) B(mﬁ) D:y=4
11. 2a=24,e=22/6 |k=.2/2,2c=10 ochk cummerpuu OX n

A(-7,-7).
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12. | b=2,e=3529/29 |k=12/13,2a=26 ock cummMetprd OX
A(-5, 15).

13. | a=6, F(-4, 0) b=3, F(7, 0) D:x=-7

14  |b=7,F,0) a=11,e=12/11 D: x = 10,

15. A(- 713, 1/3), k=1/2, &= ./5/2 D:y=-1

B(+21/2, 1/2);

16. e=3/5, A0, 8) A(+6,0),B(-24/2, 1) |Diy=9

17. 2a=22,e=10/11 k=.11/5, 2c=12 ochk cuMmmerpun OX U
A(-7, 5).

18. b=35,e=12/13 k=1/3,2a=6 ock cummetpun Oy u
A(-9, 6).

19. a=9, F(,0) b =6, F(12, 0) D:x=-1/4

20. | b=5, F(-10,0) a=9,¢=4/3 D:x=12

21. | A0, -2), B(+15/2, |k=2.10/3,e=11/9 D:y=5

1)

22. |e=2/3,A(-6,0)  |A(<E,0),B(+20/3,2) |D:iy=1

23. 2a=150,£=3/5 k= 2914, 2¢c =30 ock cummerpuu Oy u
A4, 1).

24. b=2.15,e=7/8 k=5/6,2a=12 ock cummeTpuu Oy u
A(-2, 3./2).

25. | a=13, F(-5, 0) b = 44, F(-7, 0) D: x = -3/8

26. | b=7,F(13,0) b =4, F(-11, 0) D: x = 13

27. A(-3,0), B(1, 4403 | k= .2/3,e= 1513 D:y=4
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)

28. £=5/6, A0, 11) | A(432/3, 1), B(+2, 0) Diy=-3

29. 2a=30,e=17/15 | k= .17/3,2c=18 ock cuMmmerpun Oy u
A(4, -10)

30 b= 242,e=7/9 k=.2/2,2a=12 ock cummeTpun Oy u
A(-45, 15).

2. 3anucaTh ypaBHEHHE OKPY’KHOCTH, MPOXOAALIEl Yepe3 YKa3aHHbIEe TOUYKH U
HMeleil HeHTP B TO4YKe A.

2.1. Bepmmnsl tunep6oinst 12x2 - 13y? = 156, A(0, -2).

2.2. Bepumnsl runep6oinsl 4x% — 9y? = 36, A(0, 4).

2.3. ®okychl runepbonsl 24y? — 25x2 = 600, A(0, -8).

2.4. 0(0, 0), A - BepmmHa mapabonsl y2 = 3(X - 4).

2.5. ®okychl smmunca 9x% + 25y? = 1, A(0, 6).

2.6. Jlesnlii pokyc runepbons 3x2 — 4y? = 12, A(0, -3).

2.7. ®okycsl smmmnca 3X? + 4y? = 12, A - ero BepXHsis BEpIIUHA.
2.8. Bepmmny rumnep6onsl X2 - 16y? = 64, A(0, -2).

2.9. ®okycel runep6oisl 4x% - 5y? = 80, A(0, -4).

2.10. O(0, 0), A - BepmHa mapabonsl y2 = - (x +5)/2.

2.11. Ipasslii poxyc amunca 33x% + 49y? = 1617, A(1, 7).

2.12. Jlesslii pokyc runepbonsl 3x? - 5y? = 30, A(0, 6).

2.13. ®oxkycel smmunca 16X? - 41y? = 656, A - ero HUKHAS BEpLINHA.
2.14. Bepmuny runep6oinsl 2X% - 9y? = 18, A(0, 4).

2.15. ®oxkycel runep6oisl 5X% - 11y? = 55, A(0, 5).




2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

B(1, 4), A - Bepmuna napa6oinst y? = (x - 4)/3.

JleBb1i oxyc smmmnca 3x% + 7y? = 21, A(-1, -3).

JleBy1o Bepuny runep6onsl 5x% — 9y? = 45, A(0, -6).
doxychl >anunca 24x% — 25y% = 600, A - ero BepxHss BEpPIIUHA.
[Ipasyro BepmuHy runepbonsl 3X° - 16y? - 48, A(L, 3).
JleBblit pokyc runep6onst 7X? - 9y? = 63, A(-1, -2).

B(2, -5), A - Bepmuna napabonsl x2 = -2(y + 1).

[IpaBeiii Qokyc smmnca X2 + 4y? = 12, A(2, -7).

IIpasyro BepmuHy runepbonst 40X? - 81y? = 3240, A(-2, 5).
®oxycsl >aaunca X2 + 10y? = 90, A - ero HUKHsAS BEpIIMHA.
IIpaByo BepmuHy runep6oist 3X2 - 25y? = 75, A(-5, -2).
doxycel runepoosl 4x% - 5y? = 20, A(0, -6).

B(3, 4), A - BepmuHa napabonsl y2 = (x + 7)/4.

Jlesnlit pokyc amunca 13x2 + 49y? = 837, A(1, 8).

ITpasblii Gokyc runepbonsl S7X% - 64y? = 3648, A(2, 8).

KoHTposbHbIE BONIPOCHI

aObrwbdPE

3anumunTe KAHOHMYECKOE YPAaBHEHUE AJUIHIICA.
3anuirTe KAHOHUYECKOE YPAaBHEHHUE TUTIEPOOJIBI.
3anuirTe KAHOHUYECKOE YPaBHEHHE 1MapaboIIbl.
UTo Ha3bIBaETCA KCUETPUCUTETOM BIUIUICa?
3anuirTe ypaBHEHHS aCUMITOT TUTIEPOOITHI.

CamocrosiTeqbHast padora mo treme «Bekropbp)

Bapuanrt 1

JlaHbI BEKTOPHI &(9;—2;1) U b(4;3,0) (mst Ne 1-5).

1. Haiiti a-b.(Omeem: 24)
2. Haiitu (éAB).OTBGT:(ij

586

3. Haiitu a?.(Omeem: 86)
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4. Haiitu ‘5‘.(Omeem: 5)

5. Haiitu koopauHaTel BEKTOPOB c&=a+b , d=&a-b f=-33 (Omeem:
c(131:1), d(5-5:1), f(—27;6,0))

6. B mpsMoyroiapHON IekapToBod cucrteMe koopawHaT moctpouth Touku A (0; 0),
B (3; -4), C (-3; 4). Onpenenuth paccrosiuue Mmexay toukamu A u B, B u C, A u

C.(Omeem:|AB| =5, |BC| =10,|AC| =5)
Bapuanr 2

Jlans! BeKTOpB! a(—3:2:1) 1 b(3,0;4) (ams Ne 1-5).
Haiiti a.b .(Omeem:-5)

. 1
Haiitu (a A b).(Omeem: - ﬁ)

Haiitu a2.(Omeem. 14)
Haiitn ‘5‘ (Omeem: 5)

A A

. Haiitu  xoopaMHaTel BEKTODOB c—=a+b , d=a-b , f=-33 (Omeem:
c(0;2;5), d(—6;2,—3), f(9;—6,-3))

6. B mpsMOyrojpHON [IeKapToBOW cucreMe KoopawHaT moctpouth Toukm A (0; 0),
C (-3; 4), D (-2; 2) E (10; -3). Onpenenuts paccrosinue mexay Toukamu C u D, Au D, D
u E.. (Omeem:|CD|=+5, |AD| = 24/2,|DE| =13)

TecT 1y1st caMOKOHTPOJIA 1O TeMe «BexkTopHas anredpa»

1. JlaHbl BEKTODPHI G =(2;4;1) M& =(1;2;0). HalTi KOOpIUHATBEI CYMMBI BEKTOPOB.
a) (3,6;1) b)(0;6;1) c) (1;2;1)

2. JlaHbl BEKTOPBI & =(2;4;1) M =(1;2;0) HaliTu KoopIuHATHI pa3HOCTU BEKTOPOB.
a) (3,6;1) b)(0;6;1) c) (1;2;1)

3. Jlausi Bektoper @ =(241) ;é=@L20) Hajitn koopauHaTel BekTopa @+ 2,
a) (=381 b)(481) c) 121)

4. HaiiT KOOpIUHATBI BEKTOPa AB, €CIH 4 (2;4; —6) H B (2; —4; 8)
a)(0;—4;,7)b) (2, —4;2)c) (0; 4, —7)

5. Haitu nnuny BekTopa i (—1; 2; —2)

a) 4 b)3 ¢)1

6. Haiitu quny Bektopa AB, ecn 4631 y B(45-1)

a) 3 b) 2 c) 1l
7. YcioBue KOJJTMHEAPHOCTU BEKTOPOB a(x; »2) g b(XZ’ V21 22) MMEET BUL:
Xl yl Zl
a) XX, +Y,¥, +2,2, =0b) x,x, =y, =2,7, )~ ==—=—=m

X, Y. 2
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8. VKaxuTe BEKTOP, KOIUIMHEapHbIii BekTopy (2 —3 —1)
a)b (6;-9;-3) b)b(12-4) c)b(-46-2)

9. HaiiTu ckansipHOE IPOU3BECHUE BEKTOPOB G (4; —3;1) H b (5, -2, -3)
a) 3 b) 12 c) 23

10.Haiiti KoopauHaThl BeKTOpa d = —1 +3]+5K
a) (L -3 -5)b) (-1 -3;5)c) (-1 3, 5)

11.VcnoBue nepneHAMKYISIPHOCTH BEKTOPOB G (x,; y,; z,) U b(xz; Vo ZZ) MMEET BUJ:

X Y©_
a) X, +Y,¥Y, +2,2, =0b) X, X, =y, Y, :lezc)_ =—=_—=m

X, Y. 2

12.11pu kakoM 3HaueHuu M BEKTOPBI &(1; 3; —2) U b (— 1 m; 4) BEKTOPBI
NEPIEeHIUKYISPHBI?

a) 5 b)3 ¢) -3

13.BepinHamu TpeyrobHUKA CIIyKaT TOUKH 4 (10; —2;8), B(8;0;7) U C (10; 2; 8).
Haiitu nimuny croponst AB.

a) 4 b)3 ¢)1

14.BepmmHamMu TpeyrojibHUKA CIYXKaT TOYKH 4 (10; —2;8), B (8;0;7) U C (10; 2; 8).
Haiitu nmuny croponsl AC.

a4 b)3 o1l

15.Haift koopauHaTsl Bektopa d+b, ecom @ =31 +2j-5k w d=-2i+3]+4k
a) ©5-1) b)E-L-9) c) (-1 3 5)

—

16.Haiiti koopauHATeI BeKTOpa d—b, ecmm d = 3i+2]-5k wm a=-2i+3j+4k
a) (L5 -1)b) (5. -1 —9)c) (-1 3, 5)

17 Haiitir yron Mexty BekTopamu g (2; 2; —1) H b (-3;6;6)
a) 45° b) 60° c) 90°

18. Manpi Touku  4(3:5:6) v B(5:-10) Hajiu KOOPIMHATHI CepeTiHbl oTpe3ka B

a)(4,2,3) b)(5-2,2) c) (-4 2,-3)

TECT 1O TEME «YPABHEHME MPSIMOM»
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1. O6uee ypaBHEeHHE NPAMONA UMEET BU/L:

- X— X
a) y—y, =k(x—x)b) Y=Y _ L ¢) Ax+By-+C=02. HeoOxoaumoe u 10CTaTOYHOE

Yo=Y X, =X

k k
YCJIOBHUE MApaICIbHOCTU MPSMBIX C YIJIOBBIMU KOG GUIIUESHTAMH © U 2

b) k, -k, =—1 c) k, +k, =0

a) k, =k,

3. Heobxonumoe 1 0CTaTOYHOE YCIIOBUE MEPIEHANKYISIPHOCTH NPSAMBIX C YTJIOBBIMU

k
k03 punmeHTamMu 02
a) k, =k, b) k, -k, =1 c) k, +k, =0

kl

4. YxaxuTe ypaBHEHHE IPAMOii mapaatensaoit Y =°X+6

a) y=—5x b) 10 x—y+12=0 ¢) 10 x—2y+8=0

5. Bribepute ypaBHEeHHE, OMUCHIBAIOIIEE MPSIMYI0, W300pPaXKEHHYIO Ha PUCYHKE

YV A

I
L

/_2 D X

X
a) —2x+3y=0h) 37 lz =1 ¢) 12 + % = 16.VKaxuTe ypaBHEHHE TPSMOM

IePIEHIUKYISIPHOH npsaMoit Y = 2X+6 4 y:—%x b) 10 x—y+12=0 ¢) 10 x—2y +8=0

7.CocTaBUTh ypaBHEHHE MPSAMOM, IPOXOAIICH Yepe3 Haualo KOOPAUHAT, €CIU €€

k=5 a) 5x+ y=0 a) x+5y=0c¢) 5x— y=0

7 x-3y+21=0

yrI0BON KO PUITHEHT

8.YkazaTh TOUKY, MPUHAIJICIKAITYIO IIPSIMOM a) A(4;13) b) A(3;14)

c) A(—4;13)9. CocTaBuTh ypaBHEHHE HPAMOM, IPOXOIALIEH Yepe3 Hauano KOOpJUHAT U
obpasyromeii c ocbto @¥ yrom 45 .a) x—y=0b) x+y=0¢c) x—y +1=010.
CocTaBUTh ypaBHEHUE MPSAMOMU, MPOXOIAIIEH Yepe3 TOUKY (5 -1) u umeromeit

yrioBoit koadduuuent K=3.2) 3x —y =0 a) 3x+y-16=0¢c) 3x—y —16 =0

Tect nmo Tteme «KpuBbie BTOPOro mopsiaKa»

1. VYpaBHeHue 3InIca UMEeT BUI:
2 2 2 2

X X

a? b? b

2. YpaBHeHUE THUNEPOOIIBI UMEET BUI:
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2 2 2 2

X G
a)a——b—2:1 b)?+b—zzlc)y2:2px

3. YpaBHeHue napaboiabl UMEET BUJ:
2 2 2 2

X y X y
a)?——:lb)?+b—2=1c) y? =2px

4. Haittu paamyc okpyxkHocTH X +Y° +4y—5=0
a) 7 b)3 «¢)5

2 2

X+y:1

5. Uemy paBHa 60NbIIAs MOTYOCh dmmmmca 36 29
a) 6 b)1l ¢) 5

X2 y2
6. Haif —+ =1
AUTH DKCHCHTPUCUTET DJIJIAIICA 100 51
a) 6b)0,3c) 0,7

7. UeMy paBHA JelCTBHTENbHAs OoCh THIepbonsr 04 25
a) 6 b)18 ¢) 5

2 2

Xy

8. Haiitu skcueHTpucuter runepbonsr 20 11 )
3 6
14b) 2¢) 2
a) 14 b) c c) 5

2 2

X y

9. 3ammcaTh ypaBHEHHS acCUMITOT —rumepbonsr 144 256 )

a) yzi%x b) yzi%xc) y=£3x

10.3anucath ypaBHEHHE TapaboIbl ¢ BEPIIMHON B HaUajae KOOPAMHAT, ecliu ee (hOKyC

HaXOIHUTCS B TOUKe & (30)
a) y?=2x b) y?=12x c) y=12x?

11.Jlas rumep6onsr 16X —9Y* =144 pajity paccrosHue MEX]T OKyCaMH.
p p Y y
a) 6 b)10 ¢) 5

12.HaiiTn KOOpJIMHATHI IIEHTpa OKpyx)HOCTH X + Y’ —8x 10y —8 =0
a) (4;,5)b) (5;4)c) (2,5)

13.HaiiTn KOOpJMHATHI PaJINyC OKpyXKHOCTH X +Y° —8x —10y -8 =0
a) 6b) 10¢) 7
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IIpeneJibl M HENMPEPBLIBHOCTH

YcTHbIN onpoc

©WooN o g b

Haiite onpenenenus npeaena pyHKIUHA B TOUKE.
CdopmynupoBaTh CBOKHCTBA IIPEEIOB
Kakune tunsl HeonpeaeneHHOCTEN BaM U3BECTHBI?

Kax n30aBuTbCs 0 HEONPEAEICHHOCTU % ?

Uemy paBHO 3HaUYeHUE npesena GyHKIIUU PU HEONPEACICHHOCTH

0o jlooln

quy PaBHO 3HAYCHUC IIPCIACiia (l)yHKI_[I/II/I IMpXU HCOMPCACIICHHOCTHU

Chopmynupyiite nepBbIii 1 BTOPOU 3aMeyaTeIbHbIN MPEIeIbl.
UeMy paBHa HEOIIPEIEICHHOCTh BUAA ¢” ?
UeMy paBHaA HEOIIPEAEICHHOCTb BUAA 0O-¢ ?

IIpakTuyeckas padora Ne 6 mo reme

«BblunciaeHnue npeaesaony

I.[e.m;: HpOBepI/ITI) YMCHUSA U HABBIKU CTYACHTOB B BBIYUCIICHUU ITPCACIIOB, PACKPBITHA

HGOHpCHGHGHHOCTGﬁ.

3aganus

1.HaiiTn yka3aHHbIE Mpeaeibl.

2 3 2
—hx 46 ) —x" 42
1.1. lim f—xomeem:1 1.2. lin womeem:l
=2t = 12x+ 20 8 =0yt
 btx—x o 2xt—x-1
1.3. lim # ome‘emi—i 1.4. lm Jz—xomeemi§
=3 oxt =27 27 LaNC> el & 5
2 . _ .3 .
15, Im 2x° ="T7x+4 omeem:nem 16. 1 124 x— x° omeem:uem
=2 x? 5y 4f peutenus ¥=3 3 _ 07 peutenus
o 3xt42x-1 . x—dx=5
1.7. lim % omeem:i 1.8. lim Ig—xomeemiE
¥=1E iyt —1 ¥l gt —Px =3 4
. 3t +2x-1 3t —11x+6
1.9. lim xg—x omeem:—ﬂ 1.10. xg—x omeem :1
ol xt b x+2 ¥ Uxt —5x-3
3 2
) -8 ) —x-Z
1.11. lm :’— omeemZE 112 lum % omeem .—1
it b E 5 =yt +1
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2 —
1.13. fim —~ 16 omgem;g 1.14.

R R e T Tl

3P —Tx-6

115, tim 2522 e L
PR Axt = TTx+3 5
2 —_—
117, tin 22T e 8
=l Bt +x-2 5
_ Txt4+4x-3
1.19. lim xj—xomeem:l
=l 2x% +3x 41
2_
121, fim 22 510 L
=2 oxt +3x-10 7
—_— 2 —_—
1.23 tm 5x2+11x 2 Omeem:_g
=2 3xt-x-10 11
2_ —_—
1.25. tim 25 ZETH o2
P xS = 3x-35 17
2_ —_—
127, tin = o
= axt + 1145 3
2_ —_—
129, tin 22— 22
el S S 5

2. HaiiTu yka3zaHHbIe npeesibl

o 2xf +11x+415 1
2.1. —— - omeem:._—
i3 3yt 4 hx—12 13
X —3x+2
2.3. - omeem 0
=lxt —4x 43
4 2
. —x +x+1
2.5, lim #omeem:o
i—=1 xr+1
i —x+3 5
27 - 3 - - omeem .—
=2 Ay 4 Ex -1 23
2
-1
2.9. gx— omeem . — 2
==l 3t 4 5x 42
_ 4xt 4+19x-5
2.11. ]Ji'ﬂ xg—xomgem:z
i Dxt +11x 45 3

_4xt +11x-3
lirry —xg i omeem:E
oot +dx =3

2 —_—
1.16. tn S FEZE O
¥==d 3xt +8x +4 4

2 —_— —_—
1.18. lm ks Sl omeem:0

21334 4 25— 2

1 )
1.20. fim 3x° =3x+2 omeem:nem

K= ;Jr;2 —x—-12 pewenusn

1 _ )
122 3 dx* +x—5 omeem nem

=1 ,7;2 - 2x+1 pewenusn

2 —_— —_—
124, fm 2 "% e 2
=T 2xt - 8x-35 19

2 )
1.96. fim dx* +3x+15 omeem :nem

¥+t xf _6x— 27 pewenusn

2 —
1.28. fim 2x°+15x-18

7 0]
X8 eyt DA 4+ 8

2 f—
130, fin X %22 T
F==E axt +10x4-3 8

29 2x% +5x =10 omeem:nem
T Rsl x3 -1 peutenus
o 3xY 4+ 2x+1 omeem:uem
2.4. - ==

r+d x3 -2 peutenus

26. lim 2x% — 3x =1 omeem nem

r—1 x" -1 peutenus

2
. X +2x  omeem:nem
2.8.

v+2x? L 4x+ 4 pewenus

_2x +7x-4
2.10. ]JII'l x3—x omeem _i
et x® 464 16
32 _
212, tim XA AT oL
=Ly 4+ x-2 2

17

meem . ——

23
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. Po2r+1 . !
2.13. fim =" psem:0 2.14. lim ——"— omeem:—12
=l 2yt =TTx+5 =2 xt —=9x+10
] _ k1 _ i
215, fim 9x ;l—l?x 2 Omeem:g 216, fim 3x -l—gx 2 omeem:uem
o I S 2 =41 x* — x* — x4+ 1 pewenus
I 4 £ 2
2.17. lim A 32;{ o omeem:E 2.18. lim w omeem 3
=0 Sxt 4Ty 7 wrl x =1
2 _ . T _ .
219. fim 3):2 +5x—1 omeem:uem 220, T x : =30 om@emi—E
¥+3 x4 _Sx 4§ pewenus ¥ x® 4125 73
. X 43x-28 gxt -1
2.21. lim ~ 2 x omeem 1 2.22. lim j omeem .6
v d x — B 4 EolE o —1,.(4
3 3
. +3x— 28 . A+ 11x+10
2.23. lim % om@em:E 2.24. tim xg—x omeem 0
Dt I . o 4 =2 ot —Sx4+14
_ ‘-4 3x* 4+
2.25. lim :j{—omeem:i 2.26. lim # omeem .0
=2 Ext +x—-10 11 =04yt —5x+1
2xt-11x-6 . fpx-24
2.27. lim J;—x omeem:E 2.28. lin 3:3—3: omeem 0
¥=f Syt — P0x+ 12 16 ¥=f Dy + 155+ 18
*_2x-4 _ ' - 64
2.29. lim i—x omeem:—E 2.30. lim gx 0meem:4—8
=1t —11x+18 ¥4 Pyt X —4 29

3. HaiiTu yka3zaHHbIe npeaebl

3 o2
31 fm 3x3 5x2+2
¥ D 0% — x
Coaxt =3 47

3.3. tim 25 %
eyt +dxT +1

35, fm =4zt +28x
T e 5 4 3x0 -1
3.7 tm —Ixt x4

et 4 3xo 2

_ 2
39 f —F t3x+1

rww 3xd 4 x—5

311 ]J.m4x2+5x—?
T e 2% - +10

4z +7x

3.2. lim

3.4. lim

we Qx? — 4x +5

T -2t 4 dx

N P

IR H10x43

3.6. lim

pow Dx? 4 5x— 3

o 2x 4+ Tx+3

3.8. lim

3.10. lim

3.12. lim

iw Sx? —3x 44

o oxt =3 410
i Trt +2x+1

x4+ 2x +1

3 3
¥ ot — x4 P



3.13. lm

3.15. lm

3.17.

3.19. lm

x4+ ax 49
ww Dxf— x4+

T iy P

wve 3xt - x—4

4 o 2
i 3x4 x4+ 2
e xt +d4x-3

CoBxt—4xi43
e 2xt 1

7x° +dx

3.21. lm

e P

e £yt —4x 43

x—2x% +55°

3.25. lim

3.27. lim

o 4-5xt -3
eyt 4 6x 48

4x° - 2x+1

3.29. lim

3 :
393 f 25 T2

rew 24 3?4t

pew D 43?40

3.14. lm

x4+ 5x-7
e 3xt 4 x+1

18x% +5x

3.16. lm

3.18. lm

3.20. lim

08— 3x— 9x*

o 8xt 4 dx-5
re 4~ 242

o Ext—dx+2
rw Gx? 4 5x 41

1+4x -z

3.22. lm

pw x4 3x% 4 oxt

Ix+14x°

3.24. lim

row 4 24 Txl

Co3xt—oxto7

3.26. lim

3.28. lim

3.30. lim

4. HaiiTh yka3aHHbIe IIpe/ieabl

4.1.

4.3. lm

5—
fi x4 2x:—4
¥ 2t 4 Ex 41

o 3xi4+7x—4

i

x4+ Tx-1

4.5. lim

pw Gt 4 Ox 45

B L P

4.7. lim

4.9. lm

oo 2x° +4x -5

. TxP+5x+49

e 14+ dx—x°

2xt 55 +7

4.11. lm

e 3t — 02?4 g

4.2. lim

row xt 4345

T iy P N
Pow 24 Dy x?

Coa5x - 3x+1
row Ixd px— 5

Coixt42x-5
e 230 +x+7

Ix—x°

4.4, lim

4.6.

Ry P

e 2t +7x% +4

et 531

2 +5x% —dx

4.8. lim

woe Zx? 4 11x -7

oIt +xi-6

4.10. lim

4.12. lim

row 2xd 4 3x 41

CoExt4dxt—7x

rswe 2xd 4 Tx -3



I o2
4.13. fim X T
e 2yt +3x° +1

3 2
4.15. tm w
i Gpt Ay 4]

3
417, fim T
¥ Qxt - 2x+1

3 2
419, fim X X3

pww 23t 47

S 4.3
421 f 0X 4T +3

N

4 o3
4.23. fm 222X F3
Fw Dyt iy

4 2
4.25. fi 22 Y278
e Bxt —4x 45

3
497 fim 1X %44

pww Dx? 4 x— 5

4.29. tim 2
¥ Sxt - 2x 45

ox? +10x-11

2
414, fgm 2 3% F1

e 14+ 2x— "

2
4.16. fim X ZOFF2

te 437 +2x—1

418, i 8x% 43245
T e dx® - 22 1

2
420 Axt +4x -7

e gt — 22" +1

2
499 fm 2x° =Tx+1

rw x? 4 dx* -3

3,3
4.24, tim AT T
¥ Pyt —Sx 43

4
4.96. tm x4 2x—4

i Zxd — 4x 41

4.28. tim X
¥ Zxf 4 =10

3
4.30. fm Tx"+5x—4

rw Dxd _ Sr 41

5.HaiiTu ykazaHHbIe npeaeabl

51t 2xt 4+3x-5
T e 7x - 227 41

4_
53, i X1
¥ Ayt — x4

I oA 2
55 f 1% —2%r +x

57 tm 2xd —5x 42

rw b 4 3x? g

59 lm 2xF - 3x% +2x

e xt b Tx 41

511 ]J.m?xj +6xt - %
T e 2x? x4

2_
5.2 fm 2% _XT2

e x4 2x—4

2_
5.4. fim %
¥ 3yt h2f 40

4_
56 lm 3x2 2x+1
¥ 3yt 2 -5

2_
58, g OV 2
P 4xt + 2x -5

2_
5.10. fim % _AF2
re Ayt — 3T+ 2

2
512. lim A-3x—2x”

ree 33t 45y

CoAx 452 -3

45



7-3x

5.13. lim

5.15. lim

5.17. lim

5.19.

pew 2xt 4 3x% 5

2x+7
NI PP

10x—7
e 3xt 4 22% 41

i Sx43

3 2
e gt —d4xt —x

2xt —G5x+3

5.21. lim

5.23. lim

5.25. lim

5.27.

e 3t 03 4

3r+1

R i . P

C dxT—10x+7

R P

lirn 2x—13

L T P

= —81

5.29. lim

e 3x? 44z +2

5.16. lim

psw 3xd _5x 4]

2xt —3x+1
Tx+5

¥—r—

Sxt—3x8

5.18. lim

o 1427 +35°

Ixt 4+ 5%

5.20. lim

psw Dyt 3y 7

2xt —x°

5.22. lim

5.24.

5.26.

o 4x® +3x— 6

2— x—3x°

lirn 3
=16

K—+—m

- 2xf —3x+1

3 e
oo xt 4y

oxt —3x+1

5.28. lm

5.30. lim

6. HaliTu yka3zaHHbIe npeaesbl

L

Tx+4
" 3x% — 5x +1

4 3_
514, fi, 2X 1% =3

. T yx-12 o oafx 12 - x
6.1. lim — 17 6.2. lim omeem: ——
=3 fr—2—-Ad4-x omeen I 4
_ iz 7 .
6.3. lin \.'fx+21[:| 4 -z 0meem:—£ 6.4. lin - il x+6 omeem:i
=3 2xt-x-21 91 L A
— 2—
6.5. lin «.B+§x Mx+4 omeem:—5 6.6. X _xt? omeem:—\/é
=l Zxf —dx+1 20 RERTEE St S & |
3 +dr+1 2x° —9x4+4

6.7. lm
=1 fr+3- 5+ 3x

6.11.

6.9 i J2x+1l—fx+6

=5 0x? _Tx—15

o SE2-A2

=0 x2+1_1

omeem: 22 6.8. lim

=S —x—afx -3

Vi1

meem . ——

286

omeem .2

omeem . — 1

N T L Ry P T ’

6.10. lm . meem . ——
L T +Ex+15
T x-

6.12. ]Jﬂ]. x x Omgem:_l
x= ,\ﬁx
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3x

6.13. ]jﬁl”»...'{l-l—_x—q,"'—_x omeem 3
SJa+x -2

6.15. lm ._9
x—}l III'T_B omeem . 2
T R

6.17. lin ——=— 2
_>?m_3 omeem

6.19. tim 22X T4

2
. 4 -2
6.21. lim NT AA—e omeem .2
=0t 416 -4
CoA2x+T =5
6-23. ].11'1'1 x— omgem:__
30 3_,_"!; 5
3_
6.25. lin x el omeem:—5 6.26.
=3B —x
»\.'x+2 -4
6.27. lm omeem . ——
H“‘ x +64 384
JE+ =3
6.29. lm j—x omeem  —
=0 x4+ x 16

3 omeem .—
il ot lx—15 4

/.HaiiTu ykazaHHbIe Npeaesibl

7.3.

7.5. 1

7.7, 1

7.9. 1

. L4
. L (x J Ortser: e!?

2x+5

Sx
] Otser: €10

1+2x
] Otser: €2

ix
] Ortser: %2

litry

x 22

42 F1-3
6.14. m'—
ﬂfx 1{_
NE+ 3

. 4 -
6.16. lim —mmg

6.18. lig Y2X =277 1

6.20. lm

6.22. lim 3% omeem —3x/§

20 S-S+ x
6.24. lim —22% 25

! —'—5x+ _= omeem:—ﬂ
J1+3x% -1

E 7 omeem .—
=0 xT+x 2

Ix? 10
6.28. lin ——— = omeem ) —
1 B+ 7 -3 J10-3
6.30. fim XTI e L
=2 X _.8 18
7.2. lim ] Otger: ¢ 12
r=wl x +1

7.6.

7.8.

&

74,1 1] —
=[5
(3
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7.11. 1

7.13. 1

7.19. i OtBerT: e32

7.23. 1

7.25. 1

7.27. 1

ol o —

3-3x
7.29. ]jm[ il ] OtgerT: e 27.30.

8. HaiiTu yka3zaHHbIe npeaeibl

ix
8.3. ]Jm[ x+11] Ortsert: 0

¥+
8.5. 1 [ ] OTtBeT: ©
E=wh o — 2

dx
8.7. lim (EXHJ OTtBeT: ©

+2
8.9. lim ( A+ ] Otsert: 0

ax
4x - 1] Otser: e

]_ Orser: €527.26.

[
(
[
121 s3] omere 722
(
(
(

]_ Ormser: e 7.28.

7.12. lim

K=

[2x+1

3
] OTtBeT: €
2xr—1

K=o x

Ixed
7.18. lm [’Hﬁ] Otger: e ¥°

i+ 2

X

7.20. h'm[

K=o

Ry
] OtBeT: ¢ ™

3x
]jm[l_x] OtgerT: ¢ 2

rsml D

2%
7.24. hm(jx_“l] Otser: ¢ 83
=l Fa
o (3x 44y
fim | 2% Otser: ¢ 13
rsuwl 3x 45

" ] OtBeT: ©

Cfox— 1y
8.4. lim Otser: 0
pwh dx+1

8.6. Jj_:}n_m(;xtll]ml Otser: 0
8.8. ]ﬂn(;tll]jx Otsert: 0

8.10. ﬂnﬁ@ijl]x 1 Otser: 0
8.12. ?Enﬁ(?zir ]x Otger: 0
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3%
8.13. ]jm[x_ﬂ] Otsert: 0
P 3x+ 4
Sx
8.15. fim [;‘jj Ortser: 0 8.16.
r——wh Sy
ix
8.17. ]jm( X2 ] Otger: 0 8.18.
=l S 410
x+3 ax
8.19. lim ; Otser: 0 8.20.
F—wmh Sy —
dix
8.21. I [31‘:’] Otger: 8.22.
F——wmh 1
3%
8.23. [51:;] OtBer: 0 8.24.
F——wmh 1
8.25. 1 [l—Ex]_ Otser: 0
rwl E_ oy

8.27. tm [ -
Rl Px 45

3+ x
Sx—4

K=k

8.29. ]jm[

O.HajiTu yxka3zaHHbIe peaesbl

Haiitu npenensr.

a
] Otsert: 0

8.14. lim | ——

8.28.

8.30.

K — nopsiokoeuwiii nomep 6 acyprane

1).fim sin 3x

-0 (K +2)x

' 2)

4) lim (1+§j , 5) lim

X—>0

o kx?
lim

x—0 kx

KonTposibHbIE BONIPOCHI

sin kx—sin 5x

———, 3)lim
x>08in“5x X0

5X

lity (2;:—3 OtBeT
¥l x4

Sx
lin b7 +5 OtBeT
¥l x—10

tg (kx +3x) x°

6) lim Ccos 2x — cos kx

x—0

1. JlaitTe onmpenenenus npeaena GyHKIIMU B TOUKE.
2. Kaxkwue Tumsl HeOnpeneIeHHOCTEH BaM U3BECTHBI?

3. Kak n30aBUTBCS 0 HEONPEICIICHHOCTH

05
=X
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4.Yemy paBHO 3HaueHUE npenena GQyHKUUN PU HEONIPEACIIEHHOCTH — 7

<
0

5.UeMy paBHO 3HaueHHE Mpeaesia QyHKIUU MPU HEONPEEIECHHOCTH 99
C

6. 3anucaTb 3aMeyaTesbHbIE IPEIETIBL.

IIpakTHyeckas padora Ne 6 mo reme
«IIpenea pynxkuun. HenpepsiBHOCTh pyHKuMU. Touku paspeiBa»

Henab: HayyuThCS BBIUMCIATH MPENEIbl,HCCIEI0BATh GYHKIMIO HA HEIPEPBHIBHOCTD,
KJIaccUu(ULIUPOBATH TOUKH pa3pbiBa, CTPOUTH T'paduKu ¢ yHKIIHMA.

SauaHHe 1.Haiitu Mpeaciibl, UCITI0JIBb3Ys S9KBHBAJICHTHLIC OECKOHEUHO MaJble (1)YHK]_II/II/I

2
2.1, lm M omeem:—§ 2.2, lim ——— = arcain 5x omeemi§
=0 7 5y 5 ¥—+0 ngX 3
. m 7 . -1
23 ].11'1’1 Sl omeem .— 24 ].1.t'ﬂ f— omg.em:l
=0 ey w0 x4+ 27 9
25 i arcigbx . arcsm 3x
.. hm — 2.6. lin ——— == omeem:>
=0 EX —3I =0 2I
. M 5 :
27 litr M omgem:E 28 lim M 0}’}16‘67’}’1:§
=0 grefgix 2 =0 g Zx 2
2% :
. -1 . —
2.9. tim 2 omeem . — 2.10. tim —sgm(x &) omeem :1
=0 fe3x #=3 xt —0x+6

2.11. tm M omeen . —2 2.12. tm ﬂ omeemig

=0 2}{2 =0 4?(
. arcigdx arcsin 4x 4
2.13. im —="" omgem:> 214, tm == omgem:—
w0 0nl 14+ 2x) 2 =0 iy
5x
2.15. tim E_ ! omgem:E 2.16. lim .ﬁg(x+2) omeemi—l
=0 gin 2x 2 N Y
. 2
2.17. tim sm(3x+2]l om@em:i 2.18. lm ———— arcsin 22 omgem:l
L 12 ¥=0 fodx
3
. — 6 ) -
2.19. tim i omeem 48 2.20. lim cos2x 2:::954:!: omegem :2
=4 gg(x_r_'}} x—=0 2x
3
. . £
2.21. tim M omegem :2 2.22. lim areigdx 5

omeem . —
=0 Dy =0 ey 2



2.23. ]J.t-ﬂ ﬂ Omgem:§
=0 In{1+2x) 2

Sx _
2.25. lim 2 ! omeem . —
w0 fedx 2

. osinlx—3
2.27.1im =D g L
LEI S 27

2.29. lim ﬂ omeem 1

¥—=0 2:{2

arcsin 8x

2.24. lim

w0 fodx

omeem .2

2.26. fim BI¥4T) omeem 2

=0 o 2x

2.28. fim BEFY)

¥ 2 _ 05

2.30. lim M omeemlg

w0 o Sx

3apanme 2. VccnenoBarh aHHble GYHKIMU HA HEMIPEPHIBHOCTH M MOCTPOUTH UX TpaduKy.

X+4,x< -1,
2.1, f(X)=4x*+2-1<x<1,
2X, X >1.

X+2,x<-1
2.3. f(x)=x*" -1<x<1
—-X+3,x>1

-2(x+1),x<-1
25. f(X)=1(x+1°-1<x<0
X, x>0

x?+1,x<1
2.7. f(X)=42x1<x<3
X+2,X>3

V1-Xx,x<0
2.9. f(x)=:0,0<x<2
X—2,X>2

sin x,x<0
2.11. f(x)=¢x0<x<2
0,x>2

x-1,x<0
23.13. f(x)=<x*,0<x<2
2X, X =2

X+1,x<0
2.2. T(X)=4(x+1)?,0<x<2
—X+4,Xx>2

—-X,X<0
24 . f(x)={-(x-1)*0<x<2
X—3,x=>2

-X%X<0
2.6. f(X)={x*0<x<2
X+1,x>2

x—3,x<0
2.8. f(x)=x+10<x<4
3+X,Xx>4

2x3,x<0
2.10. f(x)={x0<x<1
2+%X,Xx>1

T
COSX,X < —
2

2.12. f(x)= o,§<x<ﬂ

2.X>71

X+1,x<0
2.14. f(x)=x*-10<x<1
-X,x=>1
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-X,x<0 X+3,x<0

2.15. f(x)=1x*+1,0<x<2 2.16. f(x)=410<x<2
X+1,x>2 x2—2 X>2
Xx=1x<0 X+l x<-1

2.17. f(x)=4sinx0<x<x 2.18. f(x)={x*+1-1<x<2
x> 2X, X > 2
1, x<0 —X+2,X<-2

2.19. f(X)=420<x<2 2.20. f(x)=4x%-2<x<1
X+3,X>2 2,x>1
3X+4,x<-1 X, X<1

2.21. f(X)=x>-2-1<x<?2 2.22. f(X)=(x-2)’1<x<3
X, X=>2 —X+6,x>3
x-1,x<1 X3, x< -1

2.23. f(X)=4x>+21<x<2 2.24. f(x)={x-1-1<x<3
—2X,X> 2 —X+5x>3
X, X < —2 X+3,x<0

2.25. f(X)=<-x+1-2<x<1 2.26. f(x)=4-x"+40<x<2
X2 -1,x>1 X—2,X>2
0,x<-1 -1,x<0

2.27. f(X)={x"-1-1<x<2 2.28. f(x)=<cosx,0<x<rx
2X, X > 2 1-xX,x>rx
2, X< -1 -X,x<0

2.29. f(x) =41-x,-1<x<1 2.30. f(x)={x*0<x<2
Inx,x>1 X+4,x>2

3aganue 3. VccnenoBarh qaHHbIe PYHKIIMN HA HEMPEPHIBHOCTH B YKa3aHHBIX TOUYKAX

1

3.1 f(x)=2x%+1, x, =3 x,=4

1
32. f(x)=5*% -1 x =3 x,=4

3.3. f(x)=

X+7
, X =2, X, =3
X — 1 2



3.4. f(x) =

1
3.5, f(x) =47 +2,

1
3.6. f(x)=92%,

X—5
X+3'

X, =—-2, X, =-3

X, =3, X, =2

X, =0, X, =2

1

3.7. f(X)=2*5+1, x, =5, x,=4

1
3.8. f(x)=5"*-1 x =3 x,=4

1

3.9. f(X)=6"°+3, x =3 x,=4

1
3.10. f(x)=75* +1,

3.11.

3.12.

3.13.
3.14.
3.15.
3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

X, =5, X, =4
X—3
f(x)= , X =-5 Xx,=-4
(x) X+ 4 ! 2
f(x)=X+5, X, =3, X, =2
-2
2
f(x)=52%, x =3 x,=4

f(x)=5%*+1, X, =2, X,=3

3x
, X

f(X):x—4

1:5’ X2=4

2X
x2—1'

f(x) =

X, =1 X, =2

3

f(x)=252+1, X =-2, X, =-1

3

f(X)=42+2, X =2, X,=3



2

4.22. f(x)=31-2, x =-1 x,=0

3

3.23. f(x)=5"4+1, x,=-5 x,=-4

3.24. f(x)_ —4 X =2, X, =-1

X+2'

3.25. f(x)_x+g X, =3, X, =—2

3.26. f(x):§+2 X, =3, X,=4

3.27. f(x)=3"*+1 x, =1 Xx,=2

3.28. f(x) = A:‘ X, =-5, X, =—4

3.29. f(x)=6**, x =3, x,=4

3.30. f(x):))((+1 X, =2, X, =3

KoHnTpoabHbIe BONPOCHI
1.Kakue BenmnYMHBI Ha3bIBAIOT OECKOHEYHO MaJIBIMH OJHOTO MOPSIKAa MaToCTH?
2. Kakue BennyuHbI Ha3bIBAIOT YKBUBAJICHTHHIMUA O€CKOHEYHO MaJbIMH ?

3. Kakas pyHKIMSI Ha3bIBa€TCS HEMPEPHIBHOW B TOYKE?
4.CKOJIBKO M3BECTHO BaM TOYEK pa3pbiBa GyHKIIMH, KaKue?

CamocrosiTenbHas padora Ne 1
Bapuanrt 1

1. Beraucnuth npeaen GyHKIUM:
2
) X“ -9
m ———.
x-3 X° —8x+15

2. Bpraucnurh npenen (byHKHI/II/I:
im X+5

x—2 3X — 6

3. Buruuciaurp npenei (byHKuI/II/I:
sin 17X

i - .
x-0 5jn 12X
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4. BbrauciauTh npeaen GyHKIUH:

lim (1+ ng .
X—0 X

Bapuanr 2

1. Beruucnuth npeaen GyHKIUU:

X2 +x-20
jim X X2
x4 X -16

2. Bprumcnuts npenen QyHKIUU:

. 3X+6
lim .
x>2 2X —4

3. Berauciauts npeaen GyHKIUH:

i sin 7x
x—=0 sin 13X

4. BprauciauTh nipeaen GyHKINH:

lim (1+ QT .
X—00 X

Bapuanr 3

1. Beruncnuts npeaen QpyHKIuu:

x> —49
=7 X2 —5x-14"

2. Bwramciuth npenen GyHKIUN:

. X2 +4
lim ,
32X -6

3. Beraucnuts npeaen GyHKIUH:

sin 9x
im = .
x—=0 sin 4X

4. BprauciauTs nipeaen QyHKIHNH:

lim (1+ Ej .
X—00 X

Bapuanr 4

1. Beraucauth npeaen GyHKIUN:

. x*-12x+35
lim — .
x5 x* =25

55



2. Bprumcnuts npenen QyHKIUU:

x? -1

3. Beraucnauts npeaen GpyHKIUH:

i sin 8x
x—=0 sjn 19X

4. BprauciauTh npeaen GyHKIUH:

2x
lim (1+ ij .
X—>00 X

Bapuanr 5

1. Beruucnuth npeaen GyHKIUU:

. x*-3x-18
Ilm 2— .
x-6  x°—-36

2. Bwramcnuth npenen GyHKIUU:

. 2X-3
lim .
x—4 3x —12

3. Beraucnauts npeaen GpyHKIUH:

. Sin bx
im — .
x=0 sin 14X

4. Bpruucnuth npenen GyHKINUN:

3X
lim (1+ Ej .
X—>00 X

Bapuanr 6

1. Beruucnuts npeaen QyHKIuu:

| x?-81
-9 x% —11x+18

2. Bwramciuth npenen GyHKIUN:

. 3x-5
lim .
x—>6 2xX —12

3. Beraucnuts npeaen GyHKIHUH:

. Sin19x
lim — .
x=0 gjn 3X

4. Bpraucnuth npenen QyHKIUu:

2X
lim (1+ E) .
X—>00 X
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CamocrosiTeqibHast padora Ne2

Bapuanr 1

UccnenoBath PyHKIMIO f (X) = % Ha HENPEPBIBHOCTD B TOYKE x, =0 .

Bapuanr 2
2

npu X=0

X X #
Uccnenosath GyHKIUIO f (x) :{ U 0. 4a HenpepbiBHOCT B TouKe X, =0
1

Bapuant 3

HccnenoBaTh QyHKIUIO f (x) = x? HA HEIIPEPBIBHOCTD B TOUKE x, = O .

Bapuanr 4

Uccnenosats pynkmuio f(x) = x  Ha HEMPepBIBHOCTE B TOUKE x, — 0 -

Bapuanr 5

" o foo = x <0
CCJICA0BATH YHKHI/II'O = Ha HerepBIBHOCTB B TOYKEC Xy = o)

, x>0
Bapuanr 6
—5x, x <0
Hccnenosars pyakmuio f(x) = 22 x>0 Ha HEIPEPBIBHOCTh B TOUKE x, = 0

ITonsiTHe MPOU3BOAHOM U ee reoMmeTpudeckuii cMmbic/L.JludpPepenuunan pyHkuun
YcTHbIN Oonpoc

1.Yto Ha3pIBaeTCA MPOU3BOAHOM PYHKITUN?

2.Chopmynupyiite mpaBuia auddepeHupoBanus ?

3.Kakast pyHKIMSI Ha3bIBAETCS CIIOAKHOM?

3. ChopmynupyiiTe MpaBUIIO HAXOXKICHUS ITPOU3BOHON CIIOKHOU ()yHKITHH.

4. Yto HaswiBaercsa nuddepernuaniom GyHKITAN?

5.Kak nHaittu npousBoHbie U AU PepeHIuanbl BICIIUX MOPSIAKOB?

6.1TpaBuio Jlonurans.
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7.410 Takoe 3KCTpeMyM (QyHKIUHU?

8. UTo Takoe TOUKM neperuda , MHTepBajbl BHITYKIOCTH ,BOTHYTOCTH ?
9.Kak HaliTi acHMHOTOTHI ?

10.Paccka3aTh o0LIyI0 CXEMY UCCIEA0BAHUS (PYHKIUU.

IIpakTuuyeckas padora Ne 7 mo teme «Haxo:kaeHue npou3BoIHOM CJI0KHOH
(pynknuu. I'eomerpuyeckunii cMbICI npou3BoaHoNi. {udpepenunuan pyHkumum»

«Bbruuciienne IMPOU3BOIHBLIX»

Hean: [IpoBepuTh 3HaHUS U YMEHUS 110 HAXOXKJACHHUIO TIPOU3BOJIHBIX AJIEMEHTAPHBIX U
CIIOXHBIX () YHKLIHA.

3ananue 1.Hautu npousBoHble GyHKIUN

B1 Y=x>-5x?+11 B16 Y=x>-5x?+11
Y=x?ctgx Y=xctgx
Yzarc;ctgx Y=ar(;tgx
y=Yx3+5 v=Yx3+5
Y=e %’ Inx Y=e % Inx

Y=(cosx — 1)**

B2 Y=2x3-x>+17 B17 Y=2x3-x?+17
Y=xtgx Y=xtgx
=artgx Y=artgx
4x 4x
Y=3x2 =3 Y=3x2 — 3
Y=ln— Y=in—
x+1 x+1
B3 Y=7x3+3x2-2 B18 Y=7x3+3x2-2
Y=xarctgx Y=xarctgx
yXS y_XHS

Inx Inx
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1
T (2x+11)8

Y=sin3(4x% + g - 1)
B4 Y=-3x3+5x*-81

Y=2xsinx

X

" sinx
Y=Vx2 -3

X
Y=coSs —
x+1

B5 Y=7x5-3x2+32

Y=x3arcsinx

2
T (3-6x)°

cosx
3x

Y=In(x — x? — 6)

B6 Y=-x>+3x3-11

Y=3x2ctgx

arccosx
3x

Y=x2 =3

Y=e3%" In2x

B7 Y=3x*6x2+19
Y=x3sinx

tgx
y=t9%
3x

Y=1/2x3 — 6

Y= %’ Inx

1
T (2x+11)5

Y=sin3(4x? + % - 1)
B19Y=-3x3+5x*-81

Y=2xsinx

X

" sinx
Y=Vx2 -3

X
Y=cos —
x+1

B20 Y=7x°-3x*+32

Y=x3arcsinx

2
T (3-6x%)6

COSXx

3x
Y=In(x — x? — 6)
B21 Y=-x>+3x3-11

Y=3x2ctgx

arccosx

3x

y=x2 -3
Y=e3*" In2x

B22 Y=3x*-6x2+19
Y=x3sinx

tgx
y=t9%
3x

Y=/2x3 — 6

Y=e %’ Inx
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B8 Y=-4X%+9X2-12

Y=x3tgx

_arcctgx
6x

Y=3/3x + 6

Y=2""Inx

Y

B9 Y=5x*-2x3+65

Y=x2arcsinx

_ 5
_(6x—4)3

Y=3xZ 5

Y=32%"Inx

B10 Y=-2x5-3x2+19

Y=xctgx

_arctgx

Y

Y=Vx3 + 5

2
Y=e%*"Inx

X

B11 Y=8x*6X°+1

Y=2x3arccosx

thg_x
5x
9
" (6x-5)*
Y=4"%"Inx

B12 Y=3X%+11x3-87

Y=3x3ctgx

B23 Y=-4X+9X?-12

Y=x3tgx

_arcctgx
6x

Y=3/3x + 6

Y=2""Inx

Y

B24 Y=5x%-2x3+65

Y=x2arcsinx

_ 5
_(6x—4)3

Y=3xZ 5

Y=32%" Inx

B25 Y=-2x°-3x2+19

Y=xctgx

_arctgx

Y

Y=x3+5

2
Y=e%*"Inx

X

B26 Y=8x4-6X°+1

Y=2x3arccosx

thg_x
5x
9
T (6x-5)*
Y=4"%"Inx

B27 Y=3X2+11x3-87

Y=3x3ctgx



cosx

2x

y=——
(4x+9)°

Y=56%" Inx
B13 Y=x>+9X2-51
Y=x2arcsinx

X

_Cosx
Y=1/8x3 -3
Y=e2%" Inx
B14 Y=3x7-9X3+11

Y=5x3tgx

2x

" arcsinx
y=2x%* -6

3
Y=e3*" Inx

B15 Y=x>-8X2+16

Y=4x2ctgx

_actgx
3x

09
T (2x—15)6

Y=62%" Inx

COSX

2x

-3

Y=
(4x+9)>

Y=56" Inx
B28 Y=x>+9X2-51
Y=x2arcsinx

X

—COSX
Y=v8x3 -3
Y=e2%" Inx
B29 Y=3x7-9X3+11
Y=5x3tgx

2x

" arcsinx
Y=V2x%* -6

3
Y=e3*" Inx

B30 Y=x°-8X%+16

Y=4x2ctgx

_actgx

3x

9
T (2x—15)¢

Y=62%" Inx

KonTpoJsibHBIE BOITPOCHI
1.ChopmynrpoBTh onpeneneHne Mporu3BOHON, TpaBmiIa nudGepeHIpOBaHNA.
2.3HaTh TabIUIly TPOU3BOIHBIX dJIEMEHTAPHBIX QYHKITUH.

3.ChopmynupoBaTh MPaBUIIO HAXOKASHUS MMPOU3BOIHON CIIOKHON (PYyHKITUH.



IpakTuyeckas padora Ne 8 mo reme«McciienoBanuss QyHKIMU U IOCTPOEHHUE
rpagpuxa»

Henb: HAyuyuThCA HCCIEAOBATH (PYHKIMIO U MO pe3yibTaTaM UCCIEIOBAaHUS CTPOUTD
rpadux.

3apanme 1.MccnenoBaTh QyHKIMIO M0 IPEASIOKEHHON CXEME U MIOCTPOUTH €€ Irpaduk:
1.Haiitu obsacth onpeneneHust QyHKIHUH.

2.MccnenoBaTh Ha YETHOCTh M HEUETHOCTD.

3. UccnenoBath Ha MEPUOJUYHOCTD.

4. HaiiTu cTaniuoHapHble M KPUTHYECKHE TOYKU MEPBOTO POJA.
5.HaiiTu mpoMexxyTKku Bo3pacTaHusi U yObIBaHUS (PYHKIIUH, SKCTPEMYM.
6.HaiiTu ctarqmoHapHeie ¥ KPUTHYECKHE TOYKHA BTOPOTO POJA.

7. HaliTu mpOMEKYTKH BBITYKIOCTH (DYHKIIMH, TOUKH TIeperuoa.

8. Haiitu acuMnOTOTHI (BEpTUKAJIbHBIE, TOPU3OHTAILHBIE, HAKJIOHHBIE).
9.Haiitu Touku nepeceuenus rpapuka GyHKIUU C OCIMU KOOPIUHAT.
10.Haiiti 1OTIOTHUTEIBHEBIE TOUKH.

11. ITo pe3ynbpTaTaM HccleIOBaHUS TOCTPOUTH rpaduK (YHKITHH.

= 2(2-x)2- _x*-2x-8 B16. a)y=X* - 12X% .gx+1;
B1.a)y = x*(2-x)% 6)y=—"—

13
6)y=xz+1

x%+2x—-8 1 .,1 2 X3
B2.a)y=xvl—-x;  6) y=——— B17. a)y=3" t2% -2x-1; 6)y=%—2

1
2_ a9, i T R
B3.a) y=x-arctgx; 6)y= % B18. a) y=3'L S 3;6)y=x7-3



B19. a)y="X% T 3X% 4ox;

_x*4+3x-10 xi-1
T %43 6)y=3x + 5

1- 2_4x-12
BS.a)y=/TX; 6)y=%

2 Z+4x-12
2_x-20
B7.3) y=x2j:16; 6)y=x sz
ﬁ x%+x—20
B8.a) y=e+; 6)y= —
2_2x-15
B9. a) y=ﬁ; 6)y=%
2 00
B10. a) y =2x-x%; 6)y=%x115
5 —a2x

B11.a)y=X*-3X"+4.6) y=x7-2

B12. a)y="X® +3x*-2 .

B13.a)y=X*-12x+6 ;

X3
B6)y=x=-1
X
6y =x2+4

B20.

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

4
a) y=x>-20x ; 6) y=1-

x2—1

a)y=x3+15x2-x-250 6)y= -

aly=Yx+2; 6)y=—

x249

a) y=x2-4x; 6)y= 3x+§+5
) = 353 - 6) _x2—2x—8
ary = XX | A
a)y = 2/3x3-2x=1; 6) y=-X;f+9
1-x2
a) y= 2x3-x4; 6)y= -
X
a)y=2x2-8; 6)y= =
1
= v4.9%213 - =
a)y = x*-8x%+3 ; 6)y )
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B14. a)y=X*+ 9x* + 24x + 12

3 3 x2+3x-10
- B29.a)y=—; 6)y=—""-7
6)y=6x + 18 4-x* x+3

- - 8
B15. a)yz—l'" +3x%-2 ; 6)y=m

2 gy
B30.a) y=xv4 — x; 6) y=— 28

x+3

KoHTpoJibHBIE BOIPOCHI:

1.YTo Takoe obnacth onpeaencHuss PyHkiun?

2.Kakue QyHKIMYN Ha3bIBalOTCA YETHBIMH , HEYETHBIMHU, 0011IeT0 BUAA?
3.Buasl Touek pas3pbiBa.

4.Yto Takoe HyIu QyHKIHUH?

5.Kak onpenenanTts NTpOMEXYTKHU BBITYKIOCTH?

6.Buasr acuMIITOT.

CamocrosTenbHas padora Ne 1

Bapuanr 1

1.Haittu nponssoaayto Gynkuun y=sin®(4x3 — 2).

2. Haiity mpou3BOHYIO TPETHErO mopsaka GyHkuun yY=3X*+C0s5X.

3.BpIUHMCINTG IPEAEIIbl, UCIONb3Ys IpaBuiio Jlonurans:

lim( X s ) (sinx) L
im — ; lim x
2 Ctgx  2cosx " ox-00 X

Bapuanr 2
1.Haittu npoussoguyio ¢pyukuun y=cos*(6x?2 + 9).
2. HaiiTu npou3BOJHYIO TPETHErO Mopaaka GpyHkuuu y=3X°-Sin3X.

3.BbIyuciauTh nIpeaenpl, UCHoab3ys IpaBuio Jlonurans:
x* S
1 —_— - |y 2
lim2—,a>0; JICILI(I)(COSX)JC

X—w e

Bapuanr 3

1.Haiitu npomnssoxnyio ¢pyrkuun y=tg®(3x* — 13).
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2. Haiity mpoU3BOHYIO TPETHETO MOpsaKa GyHKIUK Y=4X3-e°%,
3.BbluucnuTh npeaesnbl, UCHOab3ys npaBwio Jlonurand:

tgx — 1

;i
) x—l>£tr}4( sindx

)

-1 lnx  x—1
Bapuanr 4

1.Haittu npoussoauyio pyukuun y =ctg*(5x3 + 6).

2. Haiity mpou3BOHYIO TPETHETO Mopsaka GyHKuuu Y=5x*- COS4X.

3.Beruuciauth npeaessl, UCNonab3yda npaBuiio Jlonurand:

X
lim(1—-x)tg—; lim(a/*—-1),a>0
x—1 2 X—00

CamocrosiTennbHas padora Ne 2

Bapmuanr 1

. 1
1.Haiitu obnacte onpeneneHuss GyHKIUU y= -

6—x—x?
2. Haiitu obnacth 3HaueHuid QyHKmun y=3sinx+4cosx.
3. Haiitu mpoMeKyTKU Bo3pacTaHus (QyHKIMH Y=9X+3X?-X°,
4. HaliTu cTariuoHapHbIE TOYKH (DYHKITUU y=X+COSX.

Bapuanr 2

. 1
1.Haiitu obnactes onpenencHus GQyHKIUUA y= NSk
X—X

2. Haiitu obnactb 3HaueHu GyHKIMN y=5sinx-12C0SX.
3. Haiitu npoMexyTku yObIBaHuS (QyHKIUH Y=-18X+1,5x%+X°,
4. HaliTi crarinoHapHbIe TOUKA (QYHKIIUU y=X- SINX .

Bapuanr 3

1

1.Haiitu o6macts onpenencHus GQyHKINNA y= Ny
X— —X

2. Haiitu obnacts 3HaueHudd pyHkuun y=12sinx+5cosx.

3. Haiitu npoMexyTky yobiBanus QyHkuuu y=-6x-0,5x>+1/3x3,
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4. Haiitu cTamoHapHbIE TOUYKH (DYHKIIMHU y=X+ SInX .

Bapuanr 4

1.Haiitu obnacte onpeneneHuss GyHKUUU y= T
X —X

2. Haiitu obnactb 3HaueHuid PyHKuu y=4sinx-3COSX.

3. Haiitu npoMexyTku yobiBanus (Qynkmun y=-10x+3,5x2-1/3x3,

4. Haiitu cTainoHapHbIE TOUKH (PYHKIMU y=X- COSX.

CamocrosiTtesibHast padora Ne 3

Bapmuanr 1

1.0npenenuTs CKOPOCTh TOUKH, ABMKYLIEHCS 10 IpaAMoii 1o 3akonyX(t)=1/3t3-5¢2,

2. Touka ABUKETCS O OPAMOi 110 3aKoHY s(t)=2t2-3t-1.0npeaeanTh MTHOBEHHYIO
CKOpOCTB IIpH t=2.

3.0mnpeeuTh YyCKOPEHUEe TOUYKH, ABUKYILEHCs 1o 3akoHy s(t)=t3-5t2,

4.Temo mMaccoit M aBrkeTcs 1o 3akoHy X(t)=3cos3xnt. OnpenenuTh CUily ,AeHCTBYIOIIYIO
Ha TEJO B MOMEHT BpeMeHH t=1/3.

Bapuanr 2

1. Onpenenurs CKOPOCTh TOYKM, ABUKYLIEHCS 10 IpAMOii 1o 3akony X(t)=1/2t2-4t,
2. Touka JABMKETCS 1O TIPAMOIA 110 3aKoHYy s(t)=4t?-5t+7.0npe1enuTh MTHOBEHHYIO
CKOpOCTb IpH t=2.

3.0mpenennTs yCKOpEHHE TOUKH, JBUKYIIEics o 3aKoHy s(t)=2t%-t3,

4.Teno maccoii M aBmxkeTcs 1o 3akoHy X(t)=-2sin2zat. OnpenenuTs CUTy, ACHCTBYIOIIYIO
Ha TEJIO B MOMEHT BpeMeHU t=1/4.

Bapuanr 3

1. Onpenenurs CKOPOCTh TOUKH, ABMKYIIEIcs Mo npsaMoii 1o 3akony X(t)=3t3+2t2,
2. Touka ABUKeTCs MO NPAMOif 10 3aKkony s(t)=-t2+10t-7.0npeaenuTs MTHOBEHHYIO
CKOpOCTb npH t=1.

3.0mpenenuTh yCKOpeHHe TOUKH, IBHKYILelcs 1o 3akony s(t)=1/3t3-6t.

4.Teno maccoii M aBmkeTcs 1o 3akoHy X(t)=-2sindxt. OnpeneauTs CUIy, ACHCTBYIOIIYIO
Ha TEJI0 B MOMEHT BpeMeHHu t=1/8.
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Bapuanr 4

1. Onpenenurs CKOPOCTH TOYKH, JBUKYIIEHCS MO IPAMOii 110 3akoHy X(t)=2t3+1/4t2,
2. Touka ABUKETCS MO IPAMOM 110 3aKOHY s(t)=3t?+2t-1.0npenenuTh MIHOBEHHYIO
CKOpOCTb IpH t=3.

3.0npenenurs yCKOpEHUe TOUKH, JBUKYILEHCS Mo 3aKkoHy s(t)=t>-t.

4.Teno maccoit m aBuxkeTcs 1o 3akony X(t)=-3cos2at. OnpeaenuTs CUITy, ISHCTBYIONIYIO
Ha TeJI0 B MOMEHT BpeMeHH t=1/8.

JAunddepeHunabHOe HCUUCTEHUE (PYHKIMH HECKOJIBbKUX MEePeMEeHHbIX
YcTHBIN onpoc
1.Kakast pyHkius Ha3biBaeTCs (PyHKIMEH HECKOIBKUX MIEPEMEHHBIX ?
2.Yt0 Takoe 00JacTh onpeeneHus GyHKIUA HECKOIbKUX MEPEeMEHHBIX ?
3.YT1o Takoe 4acCTHBIE MPOU3BOHbI?
4. ChopMynupyiTe MPaBUIIO HAXOKIACHUS MPOU3BOIHON CIIOKHOW ()YHKIIMH HECKOJIBKUX
MEPEMEHHBIX.
5. YUrto Ha3bIBaeTCs MOJHBIM AuddepeHimanoM (QyHKIUA HECKOIbKUX MePEMEHHBIX?
6.Kax naiitu nponsBonbie 1 nuddepeHIanbl BEICIIUX TOPSIKOB?
7.4to Takoe 3KCTpeMyM (DYHKIIMN HECKOJIbKUX MMEPEMEHHBIX ?
IIpakTuueckas padora 9 no reme

«Haxoxaenne 4acTHbIX Npou3BoAHbIX. [loaublili nuddepenuman»

Lens: mpoBepuTH YMEHUE HAXOAUTH M CTPOUTH 00IACTh ONPEACIICHUS CIOKHON () YHKIIUH,
HaXOAUTh YaCTHBIE TPOU3BOJHEIE.

3aganua:

1. HaiiTu 1 mOCTPOUTH 00J1aCTh ONpeaeeHUs CJI0KHONH PyHKIIUM.
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2. BpluucanTh NPOU3BOJHYIO CJI0KHOH QYHKIMHU.

B1 1.z=arcsin(1-x2-y?)

2.a) z=Vinx —x e, y=1

6) u=x2-y?+3z2%, x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx)

= X = =
2.3) z—nyInx,x 1, y=2

B)u=3x%/2-
v2/2+22?,x=2/3,y=2,2=2/3

B3 1.z=,/Inx + Iny

2.a)z=x0-xwe, v-1
Xy

6)u=x3/2-y3/2+823,x=2,y=2,2=3/2

B4lz=|\/y —x+2

2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/2x%+3y2-22?,
x=2,y=1/3,2=3/2

. x?
B5 1.z=arcsm?

2.a)z=arcg(x>-y?)+1/,/xy

_Vx _ _yz
6)u= xX+y

B6 1.z=arcos(2x-y)

2.a)z=arccos£+em, x=2,y=1

6)u=\/§x2-%-6\/§zz, x=1,y=2/3,2=1//6

B16 1.z=In>
y

2.a)z=(x2 4 y?2)**7°

6)u=x\/§-(z+y)\/§, x=1,y=1,z=-2

17 1.z=Iny-Incosx

2.a)z= xsiny+x?, x=3,y=m/2

6)u=/xy — 72 ,x=1,y=1,2=0

B18. 1.z=|nsinx-\/;

. u
2.a)z=arcsm; - Inv, u=0, v=1

6)u=(x2+y%+z2)32, x=0,y=-3,z=4

B19. 1.z=In(y?/4-x?/9-1)

2.a)z=Iny/x2 + y2+1/y,x=y=1//2
6)u=2/x+3/2y-

\J6/4z,x=2/3,y=3/2,2=1/2

B20. 1.z=a rcsin%

2.3)z=Inyvx ,x=1,y=3/5

6)u=3/x+4/y-1/vV6x,x=1,y=2,2=1/v/6

B21. 1.z=1+,/1 — (x — ¥)?

2.a)z=cos(1/y)-1/\/x_, X=1/2,

y=2/m

6)u=x\/§-yzz,x=2,y=1,z=-1



B7 1.Z=\/In(2 — x — y),

y
2.a)z=tgl/x.ex,x=1/m,y=0

6)u=
2./x + y+y.arctgz,x=1,y=1/3,2=1//6

B8 1.z=In>
y
2.a)z=(x2 4 y2)¥* >’
6)u=x,/y-(z+y)Vx, x=1,y=1,2=-2
B9. 1.z=Iny-Incosx

2.a)z= xsiny+x?2, x=3,y=1/2

6)u=,/xy — V4 — z2,x=1,y=1,2=0

B10. 1.z=|nsinx-\/;
2.a)z=arcsin% - Inv, u=0, v=1
6)u=(x2+y2+z2)3/2, x=0,y=-3,z=4
B11. 1.z=In(y?/4-x?/9-1)
2.a)z=|n\/m+1/y,x=y=1/\/§
6)u=2/x+3/2y-\/6/47,x=2/3,y=3/2,2=1/2

B12. 1.z=arcsin%

2.3)z=Inyvx ,x=1,y=3/5

6)u=3/x+4/y-1/\/5x,x=1,y=2,z=1/\/€

B22. 1.z=In(x?+y)

2.a)z=e’“2\/x2 — y2, x=1,y=0

=gj l = = =
6)u—smxz,x 2,y=m,z=1

B23. 1.2=V1 — x2+,/1 — y2
2.a)z=yIn(x2-y?), x=2,y=1

6)u=x3/16+y?/9-
72/8,x=2,y=1/2,2=1/3

B24 1.Z=\/ln(2 —-x—Y),

y
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1//6

B25 1.z=arcos(2x-y)

2.a)z=a rccos§+e\/"_y, x=2,y=1
6)u=\/§x2-%-6\/§zz, x=1,y=2/3,2=1//6
2
B26 1.z=arcsinx7

2.a)z=arcg(x>-y?)+1/,/xy

Vx _ yz
6)u—y =

B271.z= | [y —x + 2

2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/2x?+3y2-22?,
x=2,y=1/3,2=3/2

69



B13. 1.z=1+,/1 — (x — y)? B28 1.z=,/Inx + Iny

1
= - = —yY—x=¢,y=1
2.a)z=cos(1/y)-1/./xy, x=1/2, 2.3)z X'
y=2/m
6)u=x3/2-y3/2+823,x=2,y=2,2=3/2
6)u=x\/§-yzz,x=2,y=1,z=-1
B14. 1.z=In(x%+y) B2 9.z=In(y-Inx)
—e*’ [x2 — 2 x=1vy= = [xvinZ x=1 v=
2.a)z=e X y4, x=1,y=0 2.a)z xylnx,x 1, y=2
6)u=siné, x=2,y=m,z=1 B)u=3x?%/2-
v2/2+22%2,x=2/3,y=2,2=2/3
B15. 1.z=V1 — x2+,/1 — y2 B30 1.z=arcsin(1-x2-y?)
2.2=yIn(x>y?), x=2,y=1 2.a) 2=VInx %, x=e, y=1
u=x3/16+y*/9-22/8,x=2,y=1/2,z=1/3 6) u=x2-y2+322, x=1/2,y=1/2,2=1/2

KoHTpoabHbIE BONIPOCHI:

1.ChopmynupoBaTh ornpeaencHie QyHKIIUHA C ABYMS TEPEMEHHBIMH.

2.Urto Ha3wiBaeTCs 00JACThIO ONpeneeHIs] PYHKIIMA HECKOJIBKUX IEPEMEHHBIX?
3.ChopmynrpoBaTh MPaBUIO HAXOXKJICHUS MPOU3BOTHON (PYHKIIMHA HECKOIBKUX
TIepEMEHHBIX.

4.Yto Takoe noiHBINA quddepeHnnan GyHKINU HECKOIBKUX TTEPEMECHHBIX ?

IIpakTnuyeckas padora 10 mo reme «IkecTpeMyM (PYHKIUHU ABYX MepeMEHHBIX)
Heanb: npoBepuTh yMEHHE HCCIEAO0BATH (YHKIIUIO HA YKCTPEMYM.

3ananue 1.HaiiTn yacTHBIE POM3BO/IHbIEC BTOPOT0 MOPSAKA

B1z=x?y2-4x-5y B16z=x3-y3-3xy
B2 z=y%-x*+xy-2x-6y B17z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x%+y?+xy-3x-6y

B4 z=y\x-y?-x+6y B19. z=xy*(1-x-y)
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B5

B6

B7

B8

B9

B10

z=e*/2(x+y?)

z=x3-y3-3xy
2=0,5xy+(47-x-y)(x/3+y/4)
2=X%+y2+xy-3x-6y
z=xy*(1-x-y)

z=x3+y3-15xy

B11z=x’*+y%+xy-4x-5y

B12

B13

B14

z=y%-X%+Xxy-2x-6y
z=xy(1-x-y)

z=y\X-y2-y+6y

B15z=e*/%(x+y?)

B20. z=x3+y3-15xy

B21. z=3-2x2-xy-y?

B22. z=y2-xy-2
B23.z=x%+2xy-y?+4x
B24z=2x%+2xy-y?/2-4x
B25z=x2+xy-2

B26.  z=y?-2xy-x’+4y+1
B27.  z=1-2xy+2x?

B28.  z=4x+2y+4x*+y*+6
B29  z=x%+2xy-10

B30. z=x%+2xy-y2-4x

3ananue 2.McciienoBaTh 3aJaHHYI0 PYHKIMIO HA IKCTPEMYM

B1. z=12+2xy-x?

B2.z=5x2-3xy+y*+4

B3.z=4x%+9y2-4x-6y+3

B4.z=x2-2xy-y*+4x+1

B5.z=y?+2xy-x>-4y

B6.z=x%+3y%+x-y

B7.z=x%y

B16.z=x%+2xy-10
B17.z=4x+2y+4x*+y*+6
B18.z=1-2xy+2x?
B19.z=x2+2xy-y?+2x+2y
B20.z=y?-2xy-x*+4y+1
B21.z=x%+xy-2

B22.z=2x?+2xy-y?/2-4x
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B8.z=4-2x2-y? B23.z=x2+2xy-y?+4x

B9.z=x2/2-xy B24.z=3-2x2-xy-y?
B10.z=1+xy? B25.z=y?-xy-2
B11.z=4-2y?+x? B26.z=x>+y?+xy-4x-5y
B12.z=y?+2xy-x>-4y B27.z=y?-x?+xy-2X-6y
B13.z=x2-xy B28.z=x%+y%+xy-3x-6y
B14.z=xy(4-x-y) B29.z=x3-y3-3xy
B15.z=x2+2xy-y?-4x B30.z= x3+y3-15xy

KoHTposbHbIE BONIPOCHI

1.ChopmynrpoBaTh anrOpuTM HaAXOXKACHHUS IKCTpeMyMa (PYHKITUU HECKOIBKUX
nepeMeHHBIX

CamocTosiTesibHasi padora Nel
Hatitu monmubie nuddeperimans: GyHKImi
Bapuanr 1.

a)  Z=X2+Xy-2
0) Z=yVx-y*-x+6y

Bapuanr 2.

a)  z=x3-y3-3xy
0) z=Xx/2-xy
Bapuanr 3.

a)  z=yVx-y’-y+6y
0) Z =X>+y*+xy-3x-6y

Bapuanr 4.

a) z=xy(1-x-y)
0)z =x?+2xy-10
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HNuTerpajibHoe ucUucaeHre (PYHKIUHA OTHOM NepeMeHHOM

YcTHBIN onpoc

1.YTo Ha3bIBaeTcs mepBOOOpa3HOM HyHKIIMHU?

2.YT10 Ha3bIBAECTCS HEOMPEAECICHHBIM UHTETPAIIOM?

3.CBolicTBa HEONPEAECICHHBIX UHTETPAIOB?

4. TaGnuiia HEONPEACICHHBIX NHTETPAJIOB .

5. MHTerpupoBaHue IMOACTAaHOBKOW M MO YACTSM.

6.MnTerpupoBanue panroHaIbHBIX ApoOeii. B yem cyTh MeToma HeompeaeIeHHbIX
kod¢ punreHToB?

7.IHTErpupOBaHUE TPUTOHOMETPUUECKUX BBIPAKEHUM.

8. HTerpupoBaHne nppauvOHAIbHBIX BBIPAXKEHUM.

9.3amauun, npuBOASIIME K MOHITUIO ONIPEAECICHHOTO HHTETpaa.

10. Yto Ha3bpIBaeTCA OMpEAEICHHBIM UHTErPATIOM?

11.CBoiicTBa onpenenenHoro unrerpaia. ®opmyna Hetotona-JIeitonuna.
12.Yt0 Takoe HECOOCTBEHHBIN MHTETpa?

13.Kakue cymecTByIOT METOAbl TPUOINKEHHOTO BEIUUCICHUS OTPEICICHHBIX
HWHTETPAIOB?
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IIpakTnyeckas padora Ne 11 mo reme

«Bbrunciienue HEOIIPEACJICHHBIX HHTEI'PAJIO0B»

HCJILZ IMPOBCPHUTH YMCHHC HAXOAUTHb HCOIIPCACICHHBIC NHTCTPAJIbl HCIIOJIb3YSA MCTOAbI

HCTIOCPCACTBCHHOI'O MHTCTPUPOBAHHNA, HHTCTPUPOBAHUC HOIICTB,HOBKOfI H 110 9acCTsIM.

3ananue 1.Haiitn HeonpeneneHHbIE HHTETPaNbl HCIIOJIbB3Ys METOI HEMOCPEICTBEHHOT O

MHTETPUPOBAHUS

B1.[(5cosx — 3x?+1/x)dx
B2, fwdx
B3.[(6¥3% — 4) dx

B4.f (o

1
dx
cos?x Vl—xz)

BS.f 1+16x2

B6. [ (6sinx + 4x3 — i) dx

9_a7 6
B7fx 3x’+2x dx

X7
BS.[(7%2%* + 5) dx

1
1+x2 snﬂx

BY. [ (— ) dx

B10. f_4 —

B11.[(9cosx + 2x3+1/x)dx

5x7 —x3 +x2

B12. f—dx

B13..[(9%23* — 6) dx

B14. f( 7=)dx

sin?x 1- x2

dx
BlS.f 1+64x2

B16. [ (cosx + 2x3+1/x)dx

6x7 —2x5—x*

B17. fx—dx

B18.[(2*5* + 8) dx

1
Blg'f(mn2x V1—x2)dx

BZOf1+4 2

B21.[(—2sinx + 6x* — %) dx

6x%+2x7-7x3

B22. [ o dx

B23/[(3*67* — 3) dx

1
1+x2 snﬂx

Bz4f( ) dx

825. | =

B26. .[(3sinx — 6x%+1/x)dx

3x24+2x5—x3

B27. [ —————dx

B28.[(8*3* + 3) dx

B29.[ (— = )dx

cos? x 1- x2

B30. f 9+4x2

3aganue 2.BpruucanTh HEONPEAEIEHHBIE HHTErPAJIBbI C TOMOIIBIO 3aMEHBI IEPEMEHHOMN
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sinx

B1 a)f —dx b)[(x> +3)°x*dx

B2a) [ —

— 4alxb)f cos*xsinx dx

x3
B3a) x4+7

3)5 XZ dx

B5.a) [ (2x3 — 5)°x% dxB5.

6)[ x3sin(x* — 3) dx

B7a)[ —

2x3+1 dx
6) [ xcos(x? + 3) dx
B8a)[(2x” + 4)®x® dxB8

6)[ x%cos(x>+ 7) dx

3x*
B9a)[ ——dx
6) [(3 +x*)>x3 dx
B10a)[ (2 — 4x3)°x? dx

6)[ x*cos(x® + 1) dx

sinx

Blla )f — dx 6)[(3 + x°)® x* dx

B12.a)

B16a) e

B8a)[(2x7 + 4)3x® dxB8

6) [ x%*cos(x®+ 7) dx

4
B18.2)[ -

4)5 X3 dx

B19a) [ (—4x3 + 2)°x? dx

6)[ x*cos(x> + 1) dx

sinx

B20a )f

b) [ (x> + 3)6x4 dx

3
B21a)f 7;_1 dx6) [ sinxcos*x dx

6/(1—3x3)°x*dx

B23. a)f —dx 6)f sin®xcosx dx

XZ
B24a)[ ——dx
6)[ x3cos(x* + 5) dx
B25a) [ (5 — 2x3)°x?% dx

6)fx3$in(x4 —3)dx

3)6 x2 dx

BZ7a)f dx6)f sin®xcosx dx
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4)5 X3 dx

6)[(1 —3x3)° x* dx

B10a)[(5 — 2x*)°x* dx6) [ x’sin(x" —  B29 a) [ =°F dx6)[(3 +x°)° x* dx
3)dx

KoHTpoJibHBIE BONIPOCHI:

1.Tabnuiia uHTETPAJIOB .
2. B yem cyTh MeToaa 106aBouHOrO Ko3ddunreHTa’?
3.MeToJ ITOJICTAaHOBKH.
4.MeToa MHTETPUPOBAHMUSI TIO YACTSIM.
IIpakTuyeckasi padora Nel2 no reme
«/HTerpupoBaHUe PALIHOHAJBHBIX JAPO0eii»

Heanb: mpoBepUTh yMEHNE UHTETPUPOBATH PALIMOHATIBHBIE APOOH

3amanme . Haiitu unterpanbl

X—6 2x—5
) Do X a)f D ot x X
x3—6x%+13x—6 x3+6x%+13x+8
B1 ) f (x+2)(x=2)3 B16 ) f X(x+2)3
f X3 +4x? +4x+2 fx3+4x2+3x+2
) v rae ™ ) T2+ D)
3x—4 4x—3
)f a)fX(x—Z)(x—3) dx
x3+6x%+13x+9 x3+6x%+14x+10
B2 6) f (x+1)(x+2)3 dx B17 6) f (x+1)(x+2)3
233+ 7x* + 7x—1 ) 23 +4x* +2x—1
8

(2 + x)2(X* + 2x + 2) (14 x)2(x% + 2x + 2)
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a)f 5x—2

x—1)(x—2)(x—3) dx

x3—6x2+11x—10
(x+2)(x—2)3

B3 6) [

)J‘ X3+ 6x°+9x+6
X+ D20 +x+ 1)

d )f (x—3) (x—4—2) (x—5) dx

2x3+6xX24+7x+6
X(x+1)3

B4 6) [—————

3x3 +6x2 +5x—1

T

a)f 9x+2

(x=5)(x—6)(x=7) x

x3—6x2+13x—7
(x+1)(x—2)3

B5 6) f ———=

jx3 +6x> +8x+8
2 2+ x)?2(x* +4)

a)f —4x—5

(x+2)(x+3)(x+4)

x3—6x2+10x—10
B6 6)f (x+1)(x—2)3 dx

j 2x3 — 4x% — 6x — 12
6) (=1 + 0202 + 4x + 5)

a)f —6x—7

(x+4)(x+5)(x+6)

) f 3x3+9x2 +10x+2
(x—1)(x+1)3

f x3 + 2x% + 10x
6) (1+x2%(x>—x+1)

B7

6Xx—
N e ™

x3+6x2+11x+7

B18 ) f (x+1)(x+2)3

2x3 + 11x% + 16x + 10

) (2 +x)2(x* + 2x+3)
10x+3
)f (x—6)(x—7)(x—8) X
B 19 6) fx3+6X2+10X+10

(x—1)(x+2)3

X3+ 9x% + 21x + 21d
8) B+ x)2(x* +3) x

_5X_
a)f (x+3)(x+4)(x+5) X

x3—6x2+13x—8

B 20 6) [—————dx

X(x—2)3

]x3 +5x2 +12x+ 4
) 2+ 202 + 4)

a)f —7x—8

x+5)(x+6)(x+7) x

x3—6x%+14x—8

B21 6) f (x+1)(x—2)3

—3x3 + 13x%> — 13x + 11 p
) (=2 4+ x)2%2(x* —x+1) x

a)f —9x—10

x+7)(x+8)(x+9)

x3+x+2
B22 ) f(x+2)x3

f 3x3 + 46 + x
(—1+x)2(x*+9)
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a) [ ——2< x
(x+6)(x+7)(x+8)

2x3+6x%2+7x+4
(x+2)(x+1)3

B8 6) [

4x3 4 24x% + 20x — 28
B+x)?(x*+x+1)

)f —-10x—11
(x+8)(x+9)(x+10)

)f 2x3+6x2+7x
(x=2)(+12)3 x

J B +x+1
°) O +x+ D2+ 1)

B9

)f —12x—13
(x+10)(x+11)(x+12)

x34+6x%+4x+24
6) [ —

B10 (x=2)(x+2)3

2x3 + 4x* + 2x + 2
X+ 1+x)% +x+2)

)f —14x—-15
(x+8)(x+9)(x+10)

3 2 _
B 11 6)fx +6x“+18x—4

(x—2)(x+2)3

4x° + 4 + 3x
e)f 5
A1+x)x*+x+1)

a)f —13x-5

(x+3)(x—2)(x+1) x

x3—6x%+14x—4
) [

B12 (x+2)(x—2)3

)f —11x—12 X
x+9)(x+10)(x+11)

2x3 +x+ 1
(x+ 1)x3

B 23 6) [

2x3 +3x* +3x+ 2
A+x)2+x+1)

) f —13x—14 X
X+9)(x+10)(x+11)

2x3+6x%+5x
) [T

B 24 (x+2)(x+1)3

)j X3 4+ 4x% + 4x + 2
(1 +x)26% + x+ 1)

)f —15x—16 X
x+7)(x+8)(x+9)

2x3 +6x%45x+4
6) [~———

B 25 (x—=2)(x+1)3

x> +x+3
s)] > dx
(1+x)%+x+1)

a)f —11x-3

X(x+1)(x—2) x

x3+6x%2+14x+4
6) [ — 5

B 26 (x=2)(x+2)3

3x3 + 4x% + 6x
C+x)2+x+1)

a)f —-7x+1

(x—6)(x+7)(x—8)

x3+6x2+10x+12
) J

B 27 (x=2)(x+2)3
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2x°+1—x p
6)j(x2+1)(x2—x+ '

—Ox—
a )f (x—3)(x+4)(x—5) dx

2x3 —6x2+7x—4
6) [

513 (x=2)(x-1)3

f B +x+1
) (1 +x2)(x2 +x+1)

a)f —5x+3

x=9)(x—2)(x—11)

x3+6x%2—-10x+52
) [

B14 (x=2)(x+2)3

)J B +2%+x+1
(1+x)X2+x+1)

a)f —x+7

x+1)(x+2)(x+3)

X3 4+6x%+4x+24
) [

B15 (x+2)(x—2)3

J 23 +2x* + 2x+ 1
K +x+ D0+ 1)

KoHTponbHbIE BOIPOCHI:

f xX+x°+1 P
) drD0E—xt D™

—3x+5
A hones ™

x3+6x2+15x+2
(x=2)(x+2)3

23+ 2x+ 1
s)J >
X+ —x+1)

B 28 6) [ —————

a)f x+9

x—1D)(x+2)(x—1)

) f 2x3 —6x2 +7x

B25 (x+2)(x— 1)3

j 4+ x
2 (2 +x2)(x2 +x+2)

8x+1
d )f (x—4)(x—5)(x—6) dx

x3—6x%+13x—6
) [

(x+2)(x—2)3 dx

B30

3x3 + 7x* + 12x + 6
(xX* +x+3)(x2 + 2x + 3)

1.B yem cyTh MeTo1a HeonpeaeIeHHBIX KO PUIIMEHTOR?
IIpakTHyeckas padora Ne 13 mo Teme

«AHTEerppoBaHue TPUTOHOMETPUYECKUX (PYHKIUI U HPPALHOHAIBbHBIX
BbIPasKeHUIN»

Iesb: MpOBEPUTH YMEHUE HAXOAUTHh HEONPEAEICHHBIE UHTErPaIbl TPUTOHOMETPUUYECKUX
GYHKITUH ¥ UppaliOHATBHBIX BBIPAKEHUH.

3ananme 1.Halitu unrerpaisl

fi B 16 [x3y2 — X% dx
X + VX2

8xsin5x d
B1 [ cosxcos3x dx ,[COS XSMoX ax
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3
X /xz eXd
B zj'_i____t____f

X(1-¥X)
j sinxsin5x dx

f \/idX
0

f sin’x dx

f \/idX
3

J dx
1 — sinx

in%2x dx

B3

B4

VX dx

VX dx
f1—3x/7

B 6/ cos®2x dx

f\/mdx

X

B7J< dx

3+5cosx

ng‘ Xdx
VX +1

f dx
5 — 3cosx

Xdx
B9 f V2X+3

f sin*3x dx

2—X
(2— x)2 24X dx

B17)

f sin2xsin6x dx

dx
B 18f V(X=1)3(X-2)

j sin®x dx
COSX

dx
B19 f 3/(x—=1D3(X+1)

j sin?xcos3 xdx

B20[ — =
(1-X) ] @-x?)
] dx
cos*x
dx
B21 | VEPEI
fsiansin6X dx
dx
B 22 f —_—
x1 /(1+x4)
f sin3x dx
2 + cos3x
B 23f (1- \/_ X)2VX

[(cosx + 5)* sinxdx

B24[ X/ (1+Xx3)2dx
j ctgx dx
sin?x




(VX+1+1)dx
510 | e VI+X+1
j cosx dx
1 + cosx
B 11 f(x 1)dx
fcos3xdx
B 12 X341+ X*dx
fcoschosSxdx
f&de 13 [ sin®xcos? xdx
dx
B 14f JX=1)3(X-2)
jcos‘*xdx
B 15 fL
(1-X) | (1-X?)
Jsin“xdx

KonTposibHBIE BONIPOCHI:

dx
B2 ot

f cosxdx

sinx

B 26/ vx(1++x)3dx

j sin3x dx
2 + cos3x

B 27 [ Ux* —4x?dx
f dx

cos?x(2tgx+1)

dx
B 28f V1-2x=X?

.[ cos6bxcos4dx dx

VX+1+1)dx
VITX+1

f J2tgx+1dx

cos?x

B 29, [ (LD

(X—1)dx
B30.] =

f cosx dx
V2sinx+3

1.CdhopmynupoBath npaBuiia HaX0XKJACHHUS HHTETPATIOB UPPAIIMOHATBHBIX BHIPAKCHHIA.

2. ChopmynupoBaTh IpaBuiia HaAX0XKICHUS UHTETPATIOB TPUTOHOMETPUUYECKHX.

IIpakTHyeckas padora Ne 14 nmo Teme

«Bblunciienue ONpeac/JICHHBIX HHTEI'PAJI0B)»

LICJ'II)Z IMPOBCPUTHb YMCHUC BLIYHUCIICHUA OIIPCACIICHHBIX HHTCTPAJIOB .
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3aganue 1.HaiiTu uHTerpaIbI

B1

B2

B3

B4

B5

B6

B7

B8

B9

B10

B11

B12

f2 X3 dx
0 x2+4

foz In(x? + 4) dx

f21n2xdx
1 x2

1
J,x*arctgx dx

1/2
j 2 arcsin2x dx
0

0 V1-x2-2x
fozn cos®x/4 dx
foe 2 sin(Inx) dx

fi 2arctgx/2 dx

3 15xdx

0 %/(5x+1)3+%/5x+1

/2
j cos?xdx

o

B 16 foz xe % dx

B17 [ VA —xdx

B18 [ 'In(x+1)dx
B19 7 In(x+2)3x%dx
B 20 fon/4 sin®3 xdx

B 21 [ —o—

B 22 fozn cos®x/4 dx

B 23 foe 2 sin(Inx) dx

B 24 f(z) 2arctgx/2 dx
85 (3 15xdx

B 26

B27

0 */(sx+1)3+%/5x+1

/2
Jy /2 cos?x

/4

j tg?x dx

0
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B 13 B 28 fon/z cos?xsin? xdx
/2

f cos?xsin? xdx
0

B 14" J’g B29 [ \/’%
5 \/_dx 5
B 15[, 5 30 j Vx —1dx
1 X
3a):[aqa 2. BBIqHCHHTB OHpCI[eHeHHBIe I/IHTerpaJ'IBI.
2.1. j (X® + 5% + 6) oS 2xdXx. 2.2. j‘(x2 —~ 4)cos3xdx.
ey 2
2.3, T(x2 +4x+3)cos xdXx. 2.4, j).(x+2)2 cos3xdx.
e} 2
2.5. j (x2 +7X +12)cos xdX. 2.6. T(sz +AX+ 7)cos 2 xdx.
b 0
2.7. ]E 9x? +9x +11 cos 3xdx. 2.8. T(8x2 +16Xx +17)cos4xdx.
0 0
2.9, T(sz +5)cos 2xdX. 2.10. T(sz —15)0053de.
0 0
2.11. T(3—7X2)C082de. 2.12. T(l—8x2)cos4xdx.
2.13. _T(x2 +2X +1)sin 3xdx. 2.14. JS.(X2 — 3x)sin 2xdXx.

-1 0



2.15. (x —3X+ 2)5|n XdXx.

O —yy

2.17. }(x2 +6X+ 9)sin 2 xdx.
-3

2.19. (1 5x2 )sinxdx.

ol—.r\)‘ﬁ

291, Jxln2 xdX.

In? xdx

3X2

2.23.

I—"—;OO

2.25. |(x— 1) In*(x—1)dx.

N'—.w

2.27. [(x+1)" In?(x+1)dx.

O'—.I\)

1 x
2.29. Ixze 2 dx.
-1

2.16.

2.18.

2.20.

2.22.

2.24.

2.26.

2.28.

2.30.

(x —BX+ 6)S|n 3xdx.

O'—;I\J‘§1

(x +17 5)sm 2xdX.

(3x X )sin 2 xdx.

-h\éi'—.oa

In? xdx

X

H'—.(DN

(x+1)In®(x+1)dx.

I\/;Inzxdx.
1

J‘Xz 3x

KonTpoJabHble Bonpochl: 1.UTo Takoe onpeaeeHHbIMN

unTerpan?2.ChopMyaupoBaTh OCHOBHBIE ITPaBUJia BHIYUCICHUS

ONPCACIICHHBIX HHTCTPAJIOB.

CamocrosiTesibHas padora

(x+2)3 In*(x+2)dx.
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1 BapuanT 2 BapuaHT 3 BapuaHT

1 2 3
I(4x3 +3x% + 6x)dx I(6x2 —4x® +7x —9)dx I(Sx“ +5x® —7x—3)dx
0 0 0

z i =
T dx j’" dx j‘- Adx
+ c0s” 3X 3 cos’ X 3 sin? x
7
x = x
2 2 3
| cos xax j cos xdx J'sin xdx
z 0 0
6
0 0 0

I(x3 +2x)dx j(Zx— x*)dx j(Bx— x%)dx

V4

j'sin 4xdx jcos 4xdx
0

0

coSs 2xdx

O |y

1 25+ %% 116+x® 11+x°

Sf 4dx f dx f dx
1 1

2 4 2

[3-2x)%dx [B=x)%dx [(4-3x)*dx

1 3 0

1 1 1
J'ezxdx I(xs —2)°-3x%dx I(2x3 +1)* - x2dx
0

0 0

1 1 1
I arcsin xadx J'arccos xadx Ixarctgxdx
0 0 0

xdx
sin

z
1 2 1
jxezxdx I > Ixe*xdx
0 z X 0

6

IIpakTHyeckas padora Ne 15 mo teme
«Bpluncjaenue miomaaeu »
eab: mpoBeprTh YMEHUE BHIYUCIATH ILJIOIIAN C TIOMOIIBIO OMNpPEIeICHHBIX HHTErPAIOB

3ananue. Haiitu muiomaas purypsl, OrpaHu4eHHON JAHHBIMM JIUHUAMHU
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B1.y2- 2y+x2=0, y?-4y+x2=0

X
y_\/_gl y _\/§X

B2. y2- 6y+x2=0, y?- 8y+x?=0

X
y_\/_§' y _\/§X

B 3. y?- 8y+x?=0, y2- 10y+x%=0

X
V=7 Y =/3x

B4. y2 4y+x?=0, y*- 6y+x>=0

y=X, x=0

B 5. y2- 6y+x2=0, y?- 10y+x?=0

y=X, x=0

B6. y2- 8y+x?=0, y>- 10y+x*=0

x=0y =1/3x

B7. y2- 4y+x%=0, y?- 6y+x*=0

x=0vy =1/3x

B 8. y2- 2y+x%=0, y?- 6y+x?=0

X
y_\/_gl V - O

B 16. y2- 4y+x2=0, y?- 8y+x?=0

X
y_\/_gl y - 0

B17. y% 2y+x?=0, y*- 4y+x?>=0

y= X, x=0

B 18. y?- 4y+x?=0, y?- 8y+x?>=0y= X, x=0

B 19. y2- 2y+x%=0, y2- 10y+x?>=0

y=0y =V/3x

B 20. y?- 2y+x%=0, y>-4y+x*>=0

X
V=7 =v/3x

B21. y?- 2y+x?=0, y2-6y+x?=0

X
y_\/_gi y _\/§X

B 22.y2- 2y+x2=0, y*>-8y+x?=0

X
y_\/_gi Yy _\/§X

B 23.y2- 2y+x2=0, y*>- 6y+x?=0

X
y_\/_gl y - 0
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BO. y2- 2y+x2=0, y?>-10y+x?=0

X
V—\/_? V _\/§X

B 10. y2- 4y+x?=0, y>-10y+x?=0
X
V=7 ¥ =V3x
B11. vy 4y+x?=0, y?-2y+x>=0

y=X, x=0

B 12. y2- 6y+x2=0, y?-8y+x?=0

y=X, x=0

B 13. y2- 4y+x%=0, y?-8y+x?=0

y=X, x=0
B 14. y2- 4y+x2=0, y?- 8y+x*=0
x=0y =1/3x

B 15.y2- 2y+x2=0, y*- 6y+x%=0

X
y_\/_gl X= O

KOHTpO.]] BbHbIE€ BOIIPOCHI

B 24. y?- 2y+x?=0, y?- 6y+x?=0

X
y=7v=0

B 25. y?- 6y+x?=0, y2-2y+x?=0
y=X, x=0
B 26.y%- 4y+x2=0, y?- 2y+x%=0

x=0, y =1/3x

B 27. y2- 4y+x2=0, y?-8y+x?=0

x=0, y =1/3x

B 28. y2- 4y+x%=0, y?-8y+x?=0

X
=75 =v/3x

B 29. y2- 4y+x2=0, y*>-6y+x?=0

X
y=7 ¥ =V3x

B 30. y2- 6y+x%=0, y>-10y+x*=0

X
V=7 Y =/3x
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1.Pa3nuunble BUABI IIIOCKUX PUTYP U CIIOCOOBI BEIYUCIEHUS UX IJIOIIAIEH.

IIpakTnueckas padora Ne 16 mo reme
«IIpubdanKeHHOEe BEIYMCICHUE ONPeAeJeHHbIX HHTETPAJI0B»

[enb: MpOBEpUTH YMEHUE BBIYUCIATH OMpPEIEICHHBIE HHTETPajIbl o (popmyaam
MPsIMOYT'OJIbHUKOB, Tpaneuui, napado.

3amanue. BeraucauTs npubIMKeHHOE 3HaUY€HUE UHTETpajia METOJ0M MPSIMOYTOJIbHUKOB,
Tpanenuii, Mmerogom CumiicoHa, B3 n=10, To4HOCTb BeIumcIeHuit 107,

BL [ V16— x*dx B16. [Py

2 Inx

B2. [0 X9 —X?dx B17. [ V4 —xdx

B 3. f04 X> +9dx B 18. fon/z\/l — 0,11sin%x dx
B 11. f;%dx B19. [ lJ’l"\/%’f dx

B 5. f\/ZE\/E\/xX;‘}_—z dx B 20. f: 3+21cosx

B6.  Jov8X—Xdx B21. [ X —8dx

4.9 . 4 2
B7. [, X*sinxdx B 22. fomdx
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B 8.

BO.

B 10.

B 11.

B 12.

B 13.

B 14.

B 15.

KoHnTposibHBIE BONPOCHI:

1.B yem cyTh MeTO/Ia NPSIMOYTOJIbHUKOB?
2. B yeMm cyTh MeToAa Tpanenui?
3. . B gem cyTb MeToma mapaboin?

CamocrositesibHast padora Ne 1.

f01\/4 + X* dx

2 1
fo \/4—3de
JIVX+ X dx

3 x?
f e
1 2
Jo V1 —Xx"dx
fol 1+ X*dx

1In(1+x)
dx
fO 1+X?

/3
fo/ cos3x dx

Bapwuanr 1.

B 23.

B 24.

B 25.

B 26.

B 27.

B 28.

B 29.

B 30.

JoVX =X dx

foz 3 — 2X*dx

fol 4+ 2X* dx

11n(2+4x)
[ 0 13 dx

/4 .
fo/ sin3x dx

f: X3cosx dx

3

3 X
|,

fol 2+ 4x* dx
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1.Be1auciuTh HCONIPCACIICHHBIC NHTCTPAJIbI

a) [ ax;  b)f (x5 +3)0x*dx, B)(4-3x)e 3 dx

cos3x

2.BpraucauTe mwionaab GUrypsl, orpaHu4eHHON TUHUAMU. ClienaTh 4epTexK.

V=6/x uy=-x+7.

3.BeruncinuTh HEeCOOCTBEHHBIN MHTETPaN WM JI0Ka3aTh €r0 PacXOJUMOCTh

.fw dx
e x(Inx)3’
Bapmuanr 2.

1.Be1unciauTn HCOMPCACIICHHBIC NHTCTPAJIbI

a) [ 1_)6;4 dx; b)[ cos*xsinx dx, B)(1-6x)e** dx

2.BpraucauTh wionaab GUrypsl, orpaHu4eHHON TuHUSAMU. ClienaTh 4YepTexK.

1 1
V=x?u y==x+1.
2 2

3.BeryuciauTh HeC06CTBeHHBII>'I HHTCTpaJI UJIW JOKAa3aThb €TI0 PaCXOAUMOCTD
foo x dx
0 (x+2)3°

Bapuanr 3.

1.BpruncinuTh HEONpeIeICHHbIE UHTETPaIbl

a) [ x37dx; b)[(1 —3x3)°x%dx, B)(2-9X)e 3 dx

x*+

2.BeraucauTs wiomaabs GUrypsl, orpaHu4eHHON TUHUSAMU. ClenaTh 4YepTeK.

Y=4/ X u y=x+5.

3.Beruncnuth HECOOCTBECHHBIN HHTCT'pall LJIKM JOKAa3aThb €I0 PaCXO0AUMOCTD

fgo xe*” dx.
Bapuanr 4.

1.Beryncnnuts HEONpEAEICHHbBIE HHTETPAIbI

a) [ 3 dx; b)[sin®xcosxdx, B)(5x-2)e3 dx

2x3+3

2.BbraucuTh mwiomab GUrypsl, orpaHu4eHHON TuHUsAMH. ClenaTh YepTex.
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1

Y=EX2 n y=4-x

3.BbrluucnuTh HECOOCTBEHHBIN MHTETPaNl UK JOKA3aTh €ro pacXxoguMOCTb
0 2

[ x%*a*” dx.
0

HNuTerpajbHoe ucyucieHre GyHKIUNA HECKOJIBKHUX NepeMeHHbIX

YcTHBIN onpoc

1. 3agaun, npuBOAAIIME K NOHSATHUIO JBOMHOTO UHTETpaa.

2.YT1o Ha3bIBACTCS ABOMHBIM UHTErPAIOM?

3.CBoiicTBa IBOMHOIO UHTErpaa.

4.Bbr4uciieHUe JBONHBIX MHTETPAJIOB B JIEKAPTOBBIX KOOPAMHATAX.
5. Beiuncnenue TBOWHBIX HHTETPAJIOB B MOJISIPHBIX KOOPJIMHATAX.

IIpakTnueckas padora Ne 17 mo Teme
«BbruncijieHne IBOMHBIX HHTETPAJIOB B 1€KAPTOBbIX KOOPAHMHATAX»

He.]'lb: IMPOBCPUTH YMCHHUC BBIYHUCIIATH ﬂBOﬁHBIG HHTCTPAJIbl B ACKAPTOBLIX KOOPANHATAX

3anaHne 1. Berauciuth HWHTCTPpAJI I10 oOnactu D, OfpaHquHHOﬁ YKa3aHHBIMH JINMHUAMU.

B1[ y*cosxydxdy B16/[ yzcos%dx dy

D D

D:x =0,y =./m/2y=x/2 D:x=0,y=\/n—/2; y=x/2
B2ff 3yzsin%dx dy B17 [ (18x2y? + 32x3y3) dx dy
D D

oy — — _3[7.  y=y3
D:x =0,y =./4n/3; y=2x/3 D:ix=1y=-VYx vy=x
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B 3[[ (3x%y? + 4xy) dx dy:
D

D:x=1 y=—/x;y=x?

B4[[(27x*y* + 12xy) dx dy

D

D:x =1,y = —{x; y=x?

BSffyzsin%dx dy
D

D:x =0,y = vr; y=x

B6[[ 4y*sin2xy dx dy
D

D:x =0,y =V2m; y=2x

B7[[ 4y*sinxy dx dy
D

D:x =0,y =,m/2; y=x

B18[[ (9x%y? + 2xy) dx dy
D

D:x=1; y=+x; y=—x3

B 19 [[(18x2%y? + 8xy) dx dy

D

D:x =1,y = Vx; y=—x2

B20([ yze_xzt_y dx dy
D

D:x =0,y = 4; y=2x

B21[[(27x*y?* + 12xy) dx dy

D

D:x =1,y = —/x; y=x3

B 22[[(9x%y? + 8xy) dx dy
D

D:x =1,y = Vx; y=—x3
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B8[[ (49x2y? + 28xy) dx dy

B9

ﬂ (9x2y?% + 48x3y3) dx dy

D:x =1,y =+/x; y=—x?

B10|[ yze_% dx dy

D:x =0,y =2;y=x

B11[[(36x2y? + 96x3y>) dx dy
D

D:x=1y=3x; y=—x3

B 23 ([ y?cosxy dx dy

D

D:x =0,y =m; y=x

B 24[[(18x%y* + 32x3y3) dx dy

D

D:x=1,y=3x; y=—x?

B 25 [ (18x%y? + 32x3y3) dx dy
D

D:x =1,y = —/x; y=x3

B26ff yze_xz_y dx dy
D

D:x=0,y=1;y=x/2
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B12([ yzsin%dx dy
D

D:x=0,y = VTT; y=x/2

B13[[(12x%y?* + 16x3y3) dx dy
D

D:x =1,y = —/x; y=x?

B14([ yze_xs_y dx dy
D

D:x =0,y = 2; y=x/2

B15ff yzcos%dx dy
D

D:x =0,y =+V2m; y=2x

B 27 [ y*cosxy dx dy

D

D:x = 0,y=\/E;y=2x

B 28 ([ (18x2y? + 24xy) dx dy

D

D:x=1;y = —Vx; y=x3

B29([(9x%y? + 12xy) dx dy

D

D:x =1;y =+/x; y=—x?

B 30[ y*cosxy dx dy

D

D:x=0,y =m/4;y=x

3amava 2. MI3MeHUTHh NOPSAOK UHTErPUPOBAHUSL.
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2.11. jdxj fdy+jdxjfdy

1-x2 Inx

/4 siny /2 cosy

usjdyjfdmjdyjfdx..

/4

1y e 1
2.15. E[dy! f dx+J1‘dyJ' f dx.

Iny

2.17. jdyjfdx+jdy j f dx.
0

—\2-y?

1 0 V2 0
22. [dy [ fdx+[dy [ fdx.
0o —Jy 1 -y
Jy J2oy
2.4 j'dyfyfdx+jdy 2nydx.
0 0 1 0

ccccccc

2.8, jdyj f dx+idy Ijnyf dx 2.9.
-
-3 0 0 0
2.10. jdx j fdy + .[ dx I
2 —\/m 3 4-x>-2

1 ¥y 22—y
2.12.jdyj f dx+jdyj fdx.
0 0 1 0

-1 0 0 0
214 [dx [ fdy+[dx| f dy.
-2 —(2+x) -1 ¥x

1 0 2 0
216. [dy [ fdx+[dy [ f dx
0 -y R N

1 y2 2 2—y
2.18. _([dy_([f dx+!dy£ f dx.
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0

3 0
2,19,Idx j fdy+dej f dy .2.20. jdyj

4—x2 —4x

2.21. jdyjf dx+jdyj f dx.

1 Iny

z/4  sinx /2 cosx

2.23. jdxjfdy+jdxjfdy

/4
1 x? 2 2-x
2.25.!dx_([f dy+_1[dx£ f dy.

2.27. idx} f dy+idx T f dy.
0 —Jx 1 —J2=x

Wy -y
2.29. jdyjyf dx+fdy ij f dx.
0 0 0

1

3agaua 3. BelunciauTe.

” 12x y* +16x° y dxdy;

D: x=1 y=x%, y_—\&.

. ” (36x7y* —96x°y? ) dxdy;

D: x=1y=3%x, y=—x%.

0 0
fdx+ [dy [ fdx.
-2 —(2+y) -1 3y

1 X2 NA) 2-x2
2.22. .c[dx.c[f dy+J1‘dx [ fay.

0

1 x 2
2.28. !dx.([f dy+!dx ! fdy.

1 WX 2 J2—x
2.30._([dx!fdy+]l'dxj. fd

0

” 9x y® +48x° y dxdy;

D: x=1 y=+x, y=—x2,

J‘J' 18x y* +32x°y° dxdy;

D: x=1 y=x y_—\/§.
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” 27x y® +48x°%y° dxdy;

D: x=1y=x? y_—\/§.

J‘J' 18x y* +32x° y dxdy;

D: x=1 y=x5 y_—\/§.

” Axy + 3x°y? dxdy;

D: x=1 y=x%, yz—\&.

8 9 dd;
311” xy+xy xay

D: x=1 y=%x, y=—x°.

12 27 dd;
313” Xy + xy xdy

D: x=1y=x>, y:—i/?

215 ”( xy+—x y jdxdy;

D: x=1, y_x , y:—\/;.

. ” 24xy — 48x°y* ) dxdy;

D: x=1y=x%, y:—\/;.

4 16 dd;
319” Xy + xy xdy

D: x=1y=3%x, y=—x°.

” 18x y* +32x%y° dxdy;

D: x=1y=3%x, y=—x2,

” 27x y® +48x° y dxdy;

D: x=1 y=+X, y=—x°.

12 9 dd;
310” Xy + xy xdy

D: x=1y=+x, y=-X2

24 18 dd;
312” Xy + xy xdy

D: x=1 y=x5 y=—§/§.

8 18 dd;
314” Xy + xy xdy

D: x=1y=3%x, y=—x2

216 ”( Xy + 9x%y jdxdy;

D: x=1 y=+/x, y=-%%.

6 24 dd;
318” Xy + xy xdy

D: x=1 y=+x, y=—x2.

4 16 dd;
320” Xy + xy xdy

D: x=1 y=x? y:—§/§.
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44 16 dxdy;
- Ij Xy +16x°y* ) dxdy

D:x:Ly:x{y:—ﬂ?

4x°y* ) dxd
323”Xy Xy)xy

D: x=1 y=x% y=-VJx.

s (0

D: x=1 y=X%2y=-JXx.

R

D: x=1y=%x, y=-x°

" If (54x%y? +150x"y* ) dxdy;
3,

D:x=Ly=x{y=—ﬂi

KoHTposbHbIE BONPOCHI:

x4y4jdxdy;

x4y4jdxdy;

4 176 dxdy;
- Ij Xy +176x°y* ) dxdy

D:x=Ly:ﬂiy:—

o j] 4xy +176x°y* ) dxdy;

D:x=Ly=m&}y=—ﬁ

- I (9x*y? +25x"y* ) dxdy;

D:x:Ly:Jiy:—

92 25 dxdy:;
&B'U Xy 255y )xy

D: x=1y=x%y=-¥Xx.

9 dd
a0 jj xy —9x°y® )dxdy;

D:x=Ly=Viy=—%

1.Kakoil uHTerpan Ha3bIBAETCsl IOBTOPHBIM ?
2.YT0 Ha3bIBaeTCA 00JIACTHIO MHTETPUPOBAHUS?
3.Kak HaliTu 00J1acTh HHTETPUPOBAHUS ?
IIpakTHyeckas padora Ne 18 nmo reme
«BbIunc/IeHre IBOWHBIX HHTETPAJIOB B MOJSIPHBIX KOOPAUHATAX

Ieab: MpoOBEpUTh YMEHUE BBIYHUCIISATH JBOMHBIC HHTETPAJIBI B TTOJISPHBIX
KoopuHaTtax3ajgaHue. BoIYUCIUMTH HHTErpaJ mo odJsactu D, 3axanHoil cucTtemoii
HEpPaBeHCTB:
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- 1300pa3uTh 00J1aCTh B AEKAPTOBOM CUCTEME KOOPIMHAT;

- BBIYUCJINTb HHTCTpAJI, IICPCXOAA K ITOJIAPHBIM KOOPpJAHWHATAM.

B1ff /16 — x2 — y2dxdy

D

D_{x2+y2S3;
' y<0

B5.Jf arctggdx dy

D

B16f[ \/x% +y?dxdy

D

D_{x2+y2S9
"y=0;x=>0

1
B 17ffmdx dy

D

D.{x2+y2S9;
' 0<y

B18.[[(x —y)dxdy

D

o. {23x2+yzs4;
' 0<y

B19.[[ /16 — x2 — y2dx dy
D

D_{x2+yzs4;
' 0<x

B 20. ffx—lze%dx dy

D
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D_{x2+yzs4;
' y=0

1
Bﬁffmdx dy
D

_{x2+y232;
L y*<o0

x2
B7.ff;dxdy
D

{x2+y2S9;
D:
y=0

B8.[[ /16 —x2 —yZdxdy

BO.[[ e***V dx dy
D

D_{4Sx2+y2S9:
' 0<y

B 10.[[ In\/16 — x2 — y2dx dy
D

D_{4Sx2+y2S9;
' y=0

D_{le2+y2S4;
' 0<y

1
B 21. ffmdx dy
D

D.{x2+y2S4;
' y=0

B22 [ arctg%dx dy

D

D.{x2+y2S4;
' 0<y

BZ3.ff%dxdy
D

0<y;
D:{ 2 2
16 < x“+y=- <25

1

> 0;x = 0;
D :{ Y

2<x?+vy?2<4

xZ
BZS.ff;dx dy
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B11. [[(x —y)dxdy BZG.ff%dxdy D

D { x = 0;
: 2 2
 y=20;x=0
B12.(/(9 —x? —y?)dxdy BZ7.ffy—zdxdy
X
D D
x“+y“ < 4 2 2
<
D{ y<0 D:{x tyt=%
y =20
B13.[[ In\/16 — x2 — y2dx dy BZSff;lydxdy
D D
D:{45x2+3’239; x% +y% < 4
y=0 D: y =0
B14.[[ /4 —x2 — y2dxdy B29.[[ (X2jy2)2 dx dy
D D
5 x> +y%<9; x > 0;
y =0 '{x2+y2S2
B15.[[(1—x*—y*)dxdy B 30. [ x’z‘zz dx dy
D D
0<y 2
<
D{x2+y2<9 D:{x ;3;0—4'
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3ananue 2. BeruucnuTh IBOWHON MHTETPAJ, NEPENRIS K HOJAPHBIM KOOPAUHATAM.

4.

5. g‘x iR dxdy,rﬂe D x2+y2=1; xEU.

N g{l+x2+y3}dxd}” e D #21yl=4; x20, y20
7 gjdxdy’rﬂeﬂ: x2+_y2=9

8. II d:::dy’meﬂ x4+ yi=2x; y=0

9. gadxdy’rﬂe D ;&:2+_y2 =16;x =0

10. gdxdy’ D x2+y2=49; y=0

11. Hddxdy rle D: x? +y =4x; y =0

12, H 9 - 2 - dxc:iy e D x2+_)f2=9; xz0; y =0
13. J]'.idxciy, e D x +_)f2+2x=ﬂ.

14. H dxdy e D x* +y =23, x=0; y =0

- H.'x +y dm?y . D: x2+y2=4y_

6 36 )my, te Dt %0+ yP =6x

17. E{I2+y2)dxdy, e Dt G+ D +y7 =1

18. g{x2+y2)dxdy’ —t (x-1)% + =1

10. g{x2+y2)dxdy e.D: x2+{y+2]2=4

[ ey
«,l'i—x —y T D:x2+_y2=4;y20.
Hq.'x + 32 dxdy
rue

2
Hmdxdy e Dt 224 y? =16, x20; y 20,
dxciy

J .
D.[25 - x* —y r;[eD:x + ¥ =25;x2ﬂ;y£ﬂ.
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[[1-x?% — y*dxdy
LD ,
[[Jx? + y? duddy
. D ,
l.2, .2
. g Yy dxdy’ I'le D x2+y2+ﬁx=ﬂ.
2, .2
X0+ yodxd
.g Y y’rﬂeD:x2+y2—lﬂy=ﬂ.

F
arcte = dxdy
24.1-!' X r;[eD:x2+y2=1.

- 4 _
20 rz[e‘D'x + ¥ —Zx_

21 rﬂeﬂ:x2+y2+4y=ﬂ_

22

23

y
arcte L dxdy
25.£J‘: X r;[eD:xz-"yz:g.

Y
arcte < dxd
ZB.E 'gx }” rHeD:x2+y2=lﬁ.
[[ xcdxdy
27. D

xalxd
28.1-!' y,rﬂeﬂ:xz"'yz:zy.

[[ yddxdy
29. D

claxed
30. Jg}’ y,rne D x2+y2=4x.

rle ok x2+y2=16_

b

r'e D x2+_}’2=1ﬁ.

b

Kontpoabhsbie Bonpocsi: 1.ChopMynupoBaTh alroOpuT™M NEpexoaa OT AeKapTOBBIX
KOOPJMHAT K MOJIAPHBIM KOOpPUHATAM.

IIpakTuyeckasi padora Ne 19 mo reme

«Bbryucienue miomaae ¢ NOMOUbI0 JBONHBIX HHTEIPAJIOB»

]_le.]'lb: IIPOBCPHUTh YMCHHUC BbIYHCIIATH INIOIIAAN C IIOMOIIBIO ,Z[BOﬁHI)IX HHTCT'PAJIOB .

3ananue. Hajitu miiomans Gpurypsl, OrpaHMYeHHON JaAHHBIMH JIMHUSIMH

B1.y?- 2y+x?=0, y2-4y+x?=0 B 16.y*- 4y+x?=0, y2- 8y+x?=0

X X
V=75 ¥ =/3x V=7 y=0
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B2.y?- 6y+x?=0, y?- 8y+x2=0

X
y_\/_gl y _\/§X

B 3. y2- 8y+x2=0, y?- 10y+x?=0

X
y_\/_§' y _\/§X

B 4.y2- 4y+x2=0, y?- 6y+x*=0

y=X, x=0

B 5.y%- 6y+x2=0, y?- 10y+x?=0

y=X, x=0

B 6.y%- 8y+x2=0, y?- 10y+x?=0

x=0y =1/3x

B 7.y%- 4y+x?=0, y?- 6y+x*=0

x=0vy =1/3x

B 8.y%- 2y+x2=0, y?- 6y+x?=0

X
y_\/_gl V - O

B 17.y%- 2y+x?=0, y?- 4y+x?=0

y=X, x=0

B 18.y%- 4y+x?=0, y2- 8y+x?=0

y=X, x=0

B19. vy 2y+x%=0, y2- 10y+x%=0

y=0y =v/3x

B 20.y?- 2y+x%=0, y2-4y+x2=0

X
V=75 =v/3x

B 21.y%- 2y+x%=0, y?-6y+x*=0

X
=75 =/3x

B 22.y%- 2y+x%=0, y?-8y+x*=0

X
y_\/_gi Yy _\/§X

B 23.y?- 2y+x%=0, y*- 6y+x?>=0

X
y_\/_gl y - O
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B 9. y?- 2y+x?=0, y2-10y+x2=0

X
V—\/_? V _\/§X

B 10.y%- 4y+x?=0, y>-10y+x2=0
X
V=7 ¥ =V3x

B 11.y?- 4y+x?=0, y?-2y+x*=0

y=X, x=0
B 12.y%- 6y+x%=0, y2-8y+x2=0

y=X, x=0

B 13. y2- 4y+x?=0, y>-8y+x?=0

y=X, x=0

B 14.y?- 4y+x?=0, y2- 8y+x?=0

x=0vy =1/3x

B 24.y?- 2y+x?=0, y?- 6y+x?=0

X
V=7 V= 0

B 25.y2- 6y+x%=0, y2-2y+x2=0
y=X, x=0
B 26. y>- 4y+x2=0, y?- 2y+x%=0

x=0, y =1/3x
B 27. y?- 4y+x2=0, y>-8y+x>=0

x=0, y =1/3x

B 28.y%- 4y+x%=0, y>-8y+x*=0

X
V=7 =/3x

B 29.y*- 4y+x%=0, y?-6y+x*=0

X
y=75 v =V3x
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B15y2- 2y+x2=0, y?-6y+x2=0

X
y_\/_gl X= O

B 30.y?- 6y+x°=0, y>-10y+x?=0

X
y_\/_gl V _\/§X

3aganme 2.Borunciuth miom@aas GUrypbl, OrpaHUYEHHOW JMHHUSIMHU B IPSIMOYTOJIBHOM

CHUCTEME KOOPJAUHAT.
1 y=4—x2; 3x—y=0;, »=0

2y=x2; 2x+2y-3=0

2.
3 y-2x=0 y=x2; x=1
4 ¥=x5y=xy=2x
5. yzzx; 3y2=4x—4.
6. y={x—4}2;y=1ﬁ—x2.
7 y=x+l y=cosx; y=0
2 .

y=—x, y=8mx; y=0

8. i1

9. 4y=8x—x2; dy=x+6

10. y=e¢'y y=e"; x=3

11, ¥ =2" 2x+3y =8, x=0; y20 26,
217.
28.
29.
30.

12 y=Ihx; y=-1L x=3
13, =6 x+y=T

14. =4, x-y=0; :::—4=ﬂ.

15. x+2_]x'2 =0, ;ac+3y2 =1_

yioid =2
16. 3

KonTposibHBIE BONIPOCHI:

1.AnropuT™ HaXOXJI€HHS YaCTH MOBEPXHOCTH S, MPOEKTUpYomieicsa Ha o06xacts D.

CamocrosiTeqibHas padora

Bapwuanr 1.

i1 7 G by, Y
1). & D—xkpyr ¥ T¥ =%

17.
18.

19.
20.
21,

22,
23.

24
25

.
o’ _
y=lnx; x+y=L y=1

x=4y2;x= =2

y=2% y=2x-x%; 0=x =2
y=aresing 0<y<a, x20
y =arccosx, vy 20, x 20

: i3
X = arcsin y; Uixi;; ¥y 20

X = arccosy; vy 20, x <0
y=fg§; y=1/3; x20
y=Ax-L y=k-2|

, r=4-y°

L=y

x=Iny, y <729, x20

y=x2+4x; x—y+4=0
y=x2; 4y=x2; c =12

y=x2+1; y=3—x2

D — nonykpyr
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Jx7 + v dva,

Cormmricy

2). & D —1 yeTBepTh Kpyra ﬁ Yebedy,
Y Eg 2). & D — kpyroBoii cekTop
Sy gl olzxzg D2yl

Bapuanr 3. Bapuanrt 4.

117G ey, .
1). = D — kpyroBoii cektop 1) j}, S, y)ddy D — KpYIOBOE KOIbIIO
xz+}f'}£-4,;|;2x,y£-x I.x =il N . N pyr

A o S A Al Rl

-ﬁ; b 2). ¥ ¥ 1 D_nonykpyr

22. — KPYT'OBO€ KOJIbIIO yrOR g

ey ey €4

Bapwuanrt 3.

W

i1/ G ey
1).

L e g ]

3]

f
L

1106 + 37 )abeay.
,

S

T o

117G ¥y,

>

D — monykpyr *

D — xpyroBoe KoJib110

Bapuanr 6.
117G ¥y, ..
1). = D—kpyr ¥ *¥ =IF

2). & D — xpyrogoii
cexrop ¥ T¥ =L
D — xpyr E
¥E—X ¥ mﬁx,,x?:f}
]
Bapuanr 8.
117G vy,
e 1). = D — kpyroBoii cekTop
¥y 2lx
i14J4 - =y duay,
=4 2). = D -
Kompro * T¥ =i x+y =16
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AunddepeHunajbHble YPABHCHHS.

YCTHBINM ONpocC MO TEME:

1.3agaun, npuBoasimue K 1udhepeHIuaTbHBIM YPaBHEHHUSIM.

2.Kakwue ypaBHEHUS Ha3bIBatOTC AU depeHInaIbHbIMU?

3.Pemenue nuddepeHnnaabHOro ypaBHCHHUS.

4. Inddepennmansaoe ypaBHEHHE TIEPBOTO MOPSIKA.

5. 3agava Komm.

6. ludbdepennmanbHoe ypaBHEHUE TIEPBOTO TIOPSIKA C PA3ISISIONIUMUCS TTEPEMEHHBIMH.

7. Jluneitnoe nuddepeHnnalibHOE YpaBHEHUE NIEPBOTO MOPSIKA
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8. OnHoponHoe nuddepeHranbHOe ypaBHEHHUE MEPBOTO MOPSIKA.
9. Muddepennmanpabie ypaBHEHUS BBICIINX MOPSIKOB. Perienne ypaBHeHUS.

10. JIuneiinble 0 THOPOHBIE MU PEepeHIIMATIbHBIE YPABHEHHUS BTOPOr0 MOPSAKA C
MOCTOSIHHBIMU KO3 (PpUIIIEHTaMH.

11. JIuneiinble HeOTHOPOHBIE U EepeHIINATbHbIE YPABHEHHS BTOPOTO TOPSAIKA C
MOCTOSIHHBIMU KO3 (pUIIIEHTaMH .

IIpakTnueckas padora Ne 20 mo Teme
«IudpepeHnuabHbIe yPABHEHUS NIEPBOI0 NOPSAIKA»
Heanb: npoBepuTh yMeHHE pemiaTh AUQdepeHuaIbHble YpaBHEHUS IEPBOTO MOPsJIKA C
pa3IeICHHBIMU U PA3AEAIOMUMUCS IEPEMEHHBIMU.
3ananue 1.Haiitu olmiee penienue ypaBHeHuUi a), 0).
3apanme 2.HaliTh yacTHOE pelIEHUE YPABHEHHUS C PA3ACAIOIINMUCS IEPEMEHHBIMU

Bl.1.a)x* dx = 3y*dy B16.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0

2y%dx =e*dy; y=1npux =0 2.dx =edy; y=1npux =0

1 3 1 3
B2. 1.a)\/—)_(dy = \/—vdx B17. 1.a)\/—)_( dy = \/—;dx

6)y’dx + (x —2)dy =0 6)y’dx + (x—2)dy =0

1 1 1

2.y—2dx=X—2dy,y=2npux=O 2.dx=x—2dy,y=2npux=0
B3l.a)Vxdx = +ydy B18.1.a)Vxdx = /ydy
6)(1+y?)dx —Vxdy = 0 6)(1+y2)dx —Vxdy = 0
2.(1+y)dx=0—-x)dy, 2.(1+y)dx =1 —-x)dy,

y:3 npux:—z y=3npux=—2
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B4. 1.a)(3x* — 2x)dx = dy
6) -(2xy+3y)dx + x*dy = 0

2.ydx = xdy,y = 6 npux = 2

B5.1.a)(4x — 3) dx = dy
dx
6) (xy+x)d—y—1

2x—1 dx
T y=0npux =5

B6. l.a)xdx = dy

6) 2(xy+y)dx = xdy

2.(y+1)dx—(1—x)dy =0,
y=1npux=20

3. .xy2y/ =x3 4P

4.xy/+y =x+1

B7.1.a)x* dx = 3y*dy

6)y(1+x)dx + x(1 —y)dy =0

2y%dx=e*dy; y=1npux =0

BS.l.a)%(dy - %dx

6)y’dx + (x—2)dy =0

1 1
Z.y—zdx =;dy,y: 2npux =0

B9. 1.a)Vxdx = +/ydy

B19. 1.a)(3x* — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0

2.ydx = xdy,y = 6 npux = 2

B20. 1.a)(4x — 3)dx = dy
6) (xy+x)2—;=1

2x—1 dx
el y=0npux =5

B21.1l.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0,

y=1npux =20
3..xy2y/ =x3 + P

4.xy/+y =x+1
B22.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2y¢dx=e*dy; y=1npux=0

BZ3.1.a)% dy = %dx

6)y’dx + (x —2)dy =0
1 1 _ _
2—dx = X—zdy,y =2npux =10

y

B24.1.a)Vxdx = /ydy
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6)(1+y3)dx —vxdy = 0
2.(14+y)dx =1 —-x)dy,

y =3 npux = —2

B10 1.a)(3x*> — 2x) dx = dy
6) -(2xy+3y)dx + x* dy = 0

2.ydx = xdy,y = 6 npux = 2

B11l.1.a)(4x —3)dx = dy
dx
6) (xy+x)d—y—1

2x—1 dx
. =—, =0npux=>5
y+1 dy y p

Bl12.1.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0,

y=1npux=20

B13.1.a)x? dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0
2.y%dx = e *dy;
y=1npux=20

Bl4.1.a)%(dy - %dx

6)y’dx + (x—2)dy =0

1 1
Z.y—zdx =;dy,y= 2npux =0

6)(1+y?)dx — Vxdy = 0
2.(1+y)dx =1 —-x)dy,

y = 3 npux = —2

B25.1.a)(3x* — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0

2.ydx = xdy,y = 6 npux = 2

B26.1.a)(4x —3)dx =dy
dx
6) (xy+x)a=1

2x—1 dx
. =—, =0npux=>5
y+1 dy y p

B27.1.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0,

y=1npux=20

B28.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0

2y¢dx=e*dy; y=1npux=0

B29. 1.a)% dy = %dx

6)y’dx + (x—2)dy =0

1 1
2.y—2dx = X—zdy,y =2npux =10
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B15.1.a)Vxdx =y dy B30.1.a)Vxdx =y dy

6)(1+y2)dx — Vxdy = 0 6)(1+y2)dx — Vxdy = 0
2.(1+y)dx =1 —-x)dy, 2(1+y)dx =1 —-x)dy,
y =3 npux = —2 y =3 npux = —2

KoHTponbHbIE BONPOCHI:

1.Kakoe ypaBHeHue Ha3biBaeTcs nuddepeHaibHbM ?

2. YUto Ha3bIBaeTca 00mMM perieHueM AuddepeHuanbHOr0 ypaBHEHUS ?
3.Yto Ha3bIBaeTCS YACTHBIM pelIeHreM U] PepeHIInalIbHOTO YpaBHEHUS ?

4. Tonstue nudpepeHImaIbHbIX YPaBHEHUN ¢ Pa3/ICICHHBIMU U Pa3AeIsTIOIIUMHUCS
NIEPEMEHHBIMH.

IIpakTuyeckasi padora Ne 21 mo reme
«OnHopoanbie 1uddepeHnuaIbHbIe YPABHEHHUS EPBOT0 MOPSIAKA»

Heab: HAydIUTHCS pemaTh OAHOPOIHBIC AU PEepEeHIINATBHBIE YPAaBHEHUS TIEPBOTO
HOps/IKA.
3aganue. Pemuts ogHOponHoe auddepeHmaibHoe ypaBHEHHE.

BL.xy+y? — (2x% + xy)y/=0 B16.xy+y? — (2x% + xy)y/=0
B2.(x-y)dx+xdy=0 B17. (x-y)dx+xdy=0

B3 (x2- xy)dy-y? dx=0 B18.(x%- xy)dy-y? dx=0
Ba.xyyy/ = x3 + y° B19.xy%y/ = x3 + y°

BS. (.x-y)ydx = x* dy B20.(x-y)y dx = x* dy
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B6.xy2y/ = x> + 3

B7.xy+y? — (2x% + xy)y/=0

B8.(x-y)dx+xdy=0

B9. (x2-.xy)dy-y? dx=0

B10.xy2y/ = x° + 3

B11. (x-y)ydx = x* dy

B12.xy%y/ = x3 + 3

B13.1.a)x? dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0

2.2 dx = e *dy;

y=1npux=20
3.xy+y? — (2%% + xy)y/=0
4.xy/- xy = (1+x?)e*

B14.(x-y)dx+xdy=0

B15. (x2-.xy)dy-y? dx=0

B21.xy2y/ = x3 4+ 3

B22. xy+y? — (2x% + xy)y’=0

B23. (x-y)dx+xdy=0

B24.(x2-.xy)dy-y? dx=0

B25.xy2y/ = x° + 3

B26. (x-y)ydx = x*dy

B27.xy%y/ = x3 + °

B28.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2y¢dx=e*dy; y=1npux=0

3.xy+y? — (2x% + xy)y/=0

4.xy/- xy = (1+x?)e

B29. (x-y)dx+xdy=0

B30.(x2-.xy)dy-y? dx=0

113



KoHTponbHBIE BONPOCHL:

1. Kakoe ypaBHEHHE Ha3bIBAECTCS OAHOPOAHBIM YPABHEHUEM IIEPBOTO MOPSAIKA

IIpakTnuyeckas padora Ne 22 no teme

«Oanopoanbie nuddepeHIHATbHbIC YPABHEHHS NIEPBOI0 MOPSAIKA»

Heab: HayuuThCcs pemiath JuHeHHbIe AU(depeHuanbHble YpaBHEHHUS IEPBOTO MOPSIKA.
3apanme. Pemuth nunelinoe auddepeHnuaibHoe ypaBHEHUE.

B1.xy’- xy = (1+x%)e*
B2.y/+2 xy = x3
B3(1+x2)y/-xy =2x

B4.xy/+y =x+1

B5.2Y — L = x
dx x
B6.y/+y =x+1

B7.xy/- xy = (1+x?)e*
B8.y/+2 xy = x3
B9. (1+x%)y/-xy =2x
B10.xy/+y =x+1

B11.2Y — Y = x

dx  x
B12.xy/+y =x+1
B13.xy/- xy = (1+x?)e*
B14.y/+2 xy = x3

B15.(1+x%)y/-xy =2x

B16.xy’- xy = (1+x2)e*
B17.y/+2 xy = x3
B18.(1+x%)y/-xy =2x
B19.xy/+y =x+1

BZO.d—y —L=x

dx  x
B21.xy/+y =x+1
B22.xy’- xy = (1+x?)e*
B23.y/+2 xy = x3
B24. (1+x?)y/-xy =2x
B25.xy/+y =x+1

B26.22 — L = x

dx  x
B27.xy/+y =x+1
B28.xy’- xy = (1+x?)e*
B29. y/+2 xy = x3

B30.(1+x%)y/-xy =2x

3apaua 2. Halitu pemenue 3amgaun Komm.
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41y —y/x=x2, y(@)=0.
y'—yctgx=2xsinx, y(z/2)=0.

4.2.

, 1.
43.Y'+ycosx = sin 2%, ¥(0)=0. 44y +ytgx=cos’x, y(z/4)=1/2.

45,y ——— =%+ 2x y(-1)=3/2.4. y'—i}bex(“l), y(0)=1,

X+ 2

4.7, y’—l = Xsinx, y(zJ =1.
X 2

' y 2
—=X, y(1)=1.
49.y + - =X y(1)
4.11. y’—2);25y—5, y(2)=4
4.13. y'—l——zln—x, y(1)=1.
X X

: Xy
417. Y — + X2 =1+x%, Y(l):S
, 3y 2
o2 y@1)=1
419.y+x " y(1)
' X X 2
4.21. y'+ (1_yxz):§, y(o):g

4.8. y’+X =sinx, y(7) :i.
X T

2>

4.10. y'+ 2X y =
o 27 14X

1+ X

2! y(0)=

wInN

4.16. Y + % =3x, y(1)=1.

418. '+ y=1 y(1)=1.

4.20. y'+2xy =-2x°, y(1)=e™.

4.22. y' +xy=—x°, y(0)=3.



4.23. y'—éy:ex(xﬂ)z, y(0)=1. 424

Y +2Xy = xe™ sinx, y(0)=1.

425 y' =2y /(x+1)=(x+1)’, y(0)=1/2. 4.2s.
y'—ycosx=-sin2x, y(0)=3.

, In x
421. y'—4xy =—-4x, y(0)=-1/2. 4.28. Y —%:—7, y@)=1.

4.29. y'—3x2y:x2(1+x3)/3, y(0)=0. 4.30.

y'—ycosx=sin2x, y(0)=-1.

431 y'—y/x=-2/x*, y(1)=1.

KoHTponbHbIE BOMPOCHI:
1. Kakoe ypaBHeHUE Ha3bIBACTCS JIMHEWHBIM ypaBHEHHEM MEPBOIO MopsiaKa?

IIpakTuyeckas pa6ora Ne 23 nmo Teme
«AnddepeHunanbHbie ypaBHEHUS BTOPOro MOPSIAKA.
JIuHeiliHbIEe OTHOPOAHBIC YPABHEHUSI BTOPOI0 NMOPAIKA € MOCTOSIHHBIMH
KO3(pUUMEeHTAM»
Ienb: HaydyuThCs pelIaTh JUHEUHBIE OJHOPOIHBIE YPABHEHUSI BTOPOTO MOPSAKA C
MOCTOSIHHBIMU KO3 DUITMEHTaMH

Pemutes onHOpOHBIE NMUHEHHBIE MU PepeHIaTbHBIE YPaBHEHHUS BTOPOTO Mopsika. B
MyHKTE a) HAUTH YaCTHOE PEUICHUE MPHU 3aJaHHBIX HAYaJIbHBIX YCIOBHIX

yx) =y, ¥ (O=y,

fi ! _ _ { ooy
110,y 7 tY =0 y@)=1 y ©)=3

i i
6) Yy +12y +36y=0

i
B) 4y +9_}’=ﬂ
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i ! _ _ ; _
212.a) 2 ~2¥ -8 =0 y0)=1 y'(0)=1

i i
6) ¥ -6y +9y=0
g ¥ 8y +17y=0

i ! _ _ ; _
313.2) 2 1Y TIr=0 y©=6 3'(0)=10

6) y'+8y'+16y =0
5 43" -203 425y =0

i ! _ _ ; _
414.0) Y 7Y HOr=0 y@=2 y'0)=-1

6) _}’H+1Dyf+25y=[}
g ¥ 2y +3y=0

if ; B _ fo
515.a) 2 ¥ =7 =0 y@=1 y(0)=-1

6) 43" -4y +y=0
g ¥ -2y +10y=0

if /o _ o
6.16.2) 22 TV =0 y0)=1 y (©)=4

5 ¥ 14y +49y=0
i
B) ¥ +4y=0

i ' _ ; _
7,17.a)12~"" +3y =0 y0)=2 y'(0)=2

6) 93" -6y"+y=0
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) 59" -6y +5y=0

o f _ _ ! - _

6) lﬁyﬂﬁ'g}’fﬁ"y:ﬂ
) 36y +13y=0

i / _ _ Feay—
9’19_,&)}’ -4y -5y=0 y0)=2 y(0)=-3

T f
i F
B)y -4y +13y =0

i / _ _ [y —
10’20_a)y -3y +2y=0 y(@)=1 3y (0)=6

6)9yﬂ+6yf+y=ﬂ

i
B)y +9y=0

118



CamocrosiTeqbHasi padora
1 BapuanrT.

Onpenenuts Bua AUQdHepeHInanbHOro ypaBHEeHUs, HAUTH €ro o0l1iee pelieHue, a riue
YKa3aHO YaCTHOE PELIEHHE:

1) y=x-2
2) (-4l =y
C1-2
3) y = x;
y
4) y —2xy=xe';

5) » =§ {9(1)=2}, noctponts nHTErpATBHYIO KPUBYIO.

2 BapuaHT.

Onpenenuts Bua AnddepeHnanb-HOro ypaBHEeH s, HAWTH ero odliee pelieHue, a rie
yKa3aHO 4aCTHOE PEIICHUE:

1) y —4y=8xe™;

2) y =2x-3

v y .
3) V=
4y yy =8x-3;

: 1
5 y = % {(1)=0}, IOCTPOUTH HHTEIPAILHYIO KPHUBYIO.

IIpakTuyeckasi padbora Ne 24 mo reme
«J/InHeiiHbIe HEOJHOPOAHbIE YPABHEHHUS BTOPOr0 MOPSAKA »

Iesab: HAyYUTHCS pelIaTh JIMHEHHBIE HEOJHOPOIHBIE YPABHEHHS BTOPOTO MOPSIKA.

Bapuanrt 1

1. Haiitu obmee pemenne nudepeHnnanTbHOTO yPaBHEHHUS :

2) (1 —x2)y” = xy’

6)y” — 4y’ + 3y = e>*
2. Haiitu pemenne nudepeHnnanbHoro ypaBHEHHs, YAOBICTBOPSIONISE HAYaIbHBIM
YCIIOBUSIM:

a)y” + 4y — 12y = 8sin 2x; y(0) =0, y'(0) =0

6) y» — 8y’ + 16y = e**; y(0)=0, y(0)=1
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Bapuant 2

1. Haittu oOmiee pemenue nuddepeHnanbHOro ypaBHEHHUS:

a) 2yy" + (y)? + (y)* =0

0)y” — 6y’ +9y = e*
2. Haiitu pemenune audpepeHimaibHoro ypaBHEHUs, YI0BIETBOPSIONIEE HAaYaIbHBIM
YCIJIOBUSIM

a)y” — 6y +9y = x? —x + 3; y(0) =§, y'(0) =%
0) y”+ 4y’ — 5y =8cosx; y(0)=0, y(0)=0
Bapuant 3

1. Haiitu oOiiee pemenne nudPepeHnanbHOro ypaBHEHUS :
a) y” + y'tgx = sin 2x
0)y” + 7y + 12y = sinx
2. Haiitu pemenne nuddepeHaibHoro ypaBHeH s, Y0BICTBOPSIOIIee HadalbHbIM

YCIIOBHSIM:
a)y” + 4y = e %%, y(0)=0, y(0)=0
0)2y"+y —y=2e% y(0) =0, y(0)=0

Bapuanrt 4

1. Haiitu o6iee penierne audGepeHnuaibHoro ypaBHEHHUSA:
1
)y + -y = x°
0)y” + y = cos2x
2. Haiitu perenue quddepeHInaaIbsHoro ypaBHEHHUS, YI0BICTBOPSIOIIEee HaYaIbHbIM

YCTOBHUSIM:
a) y” — 2y’ + 5y = xe?%; y(0)=1, y(0)=0
o)y’ — 2y’ — 3y = 2x; y(0) =0, y(0)=0

Bapuant 5

1. Haiitu oOmiee pemenue nudpepeHnnanrbHOT0 ypaBHEHHUS :

a) 1+ () +yy =0

0)y” — 4y’ + 8y = sin 2x
2. Haiitu pemenne nudepeHnnanrbHOro ypaBHEHHS, YAOBICTBOPSIONISE HAYaIbHBIM
YCIIOBUSIM:

a)y” + 5y’ + 6y =12 cos 2x; y(0) =1, y(0)=3

6) y» — 6y + 9y = —12x; y(0)=0, »(0)=0
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BapuanT 6

1. Haittu oOmiee pemenue nuddepeHnanbHOro ypaBHEHHUS:
a) y'(1+y)-5yy* =0
6)y” +y —2y =e”

2. Haiitu pemenune audpepeHimaibHoro ypaBHEHUs, YI0BIETBOPSIONIEE HAaYaIbHBIM

YCIIOBHSIM:
a)y”— 5y + 6y =(12x—7)e™%; y(0) =0, y'(0) =0
6) y» +y = sin3x; y(0) =0, y(0)=1

Bapuant 7

1. Haiitu oO1ee pemenne nudPpepeHnanbHOro ypaBHEHUS :
a) xy” + 2y’ = x3
6)y” — 4y’ — 5y = x*
2. Haiitu pemenue nudpepeHnnanibHoro ypaBHeHus, Y0BICTBOPSIOINIEee HadyalbHbIM

YCIIOBHAM:
a)y” — 4y + 13y = 26x + 5; y(0)=1  y(0)=0
6) " + 4y = x; vy =1y =1

Bapuant 8

1. Haittu obmiee permenue nuddepeHnnaibHOro ypaBHCHHS:
a) y'tgy = 2(y)?

0)y” —y =2(1—x)
2. Haiitu pemenne qudpepeHImaisHoro ypaBHeHHs, YI0BIETBOPSIONIee HAaYaIbHBIM

YCIIOBHSIM
a)y” — 4y = 6x% + 1; y(0) = 2, y'(0) =3
0)y”— 2y +y =cosx; y(0) =0, y(0)=1

KonTposibHbIE BOIIPOCHI
1. Anroputm pelieHus TMHEHHOTO HEOJHOPOIHOTO YPAaBHEHUSI BTOPOTO MOPSIKA.
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Teopus psaos

IIpakTnueckas padora Ne 25 o Teme
«HMccnenopanue YUCI0BBIX PSAAOB HA CXOAMMOCTD)

HCJ’IL: HAaYYHUTBLCA UCCIICA0BATH YHMCIOBBIC PAALI HA CXOOAUMOCDH

BbinucaTb Tpy NepBbIX YNeHa psiga HaNTU TPETbI0 YaCTUYHYO CYMMY

e 2" i)
1,11a) #=17 CE 6) n=1 %
S n=w  4pd

Pﬂim|3mﬂ|
— 5!
313a) #=1(2—3) 5 "1 03
— 2n
§ 2 ”‘mcmszﬂ
_1H- !
4,14 a) »=1% (n+1) , 6 ] 3?15
G 3';|€ H=om 7
—1ain+1).
5,150) n=17%/ (21, 6) a=ln’ +1
= 2
B»=om
5 n-+1 n=m

= M
616a) * Nn-3" .

M=.3‘:.2M+2F12

—n b
Z 2n—1 g £
7474) #71 3 5 n=1l+e™
=cn A K
} = .l - .
2 Z:/ZH;‘ n==gin? n
8,18a) #=1 a; 5 -1 N
e (2n)) o
2 - <
=1fp!
9,192) * t(n!) ; 5) n=13[ 2 -COSH
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#r2nlin+1)}/

1020a) =1 {28}/

M=°‘°1+r:?-:::3'2 il

’ 6) n=1 F

IIpakTnueckas padora Ne 26 nmo teme «Q0J1acTh CXOAMMOCTH CTENIEHHOI0 PAA»
Heab: HAYYUTHCS UCCIEAOBATH CTEIIEHHBIE PSIAbI HA CXOAUMOCH

2. I/ICCJICI[OBB,TB pAad Ha a6COJ'IIOTHy1-O " YCJIOBHYHO CXOOIUMOCTDH

L a)i S )Z( 1”‘1)2n C)Z n+1

£ (3n-2)! 50n+5

" & ()™ Y
& )Zl( 3n+5j b)n;l n.s"’ C)nzz.;(_l) Jn+1)

4. a )Z (2(;3);)@ b);rf_an C’g(‘l)"ﬂ 6nn+5

5. a);%; b);%; c)g(—l)“ ; is

B SR L G
DY )Vt B s
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- 2" & (D" (nh)? N R
8. a)n Dk b)r;1 any c)nz_l:( 1) I
=n® D" e 2n+1
% a)nzlz_"’ Zn (n?+1)’ C)Z n-(n+1)
. D" . n+5
10. a)nzﬁ' Z  ans D C)Z

Hatitu o0macThb CXO0AMMOCTHU U TPOBCPUTH CXOAUMOCTDb Ha I'PAHUIIAX UHTCPBAJIA:

e n =371 )
1. a) 12?1 1 : 6) m=15”_1(ﬂ+1);
. m3m 1,7 ?Em §21(5 3 )
7 a) "= 15;32\/_ 6) nelfn® +1)277
—o g HEI,ZEH—IH(I _ay
3. a) " 1J_(H +1)- 6) =1 (2m-14"
s J5" 5" wse(n? +2)5% 7 (-1
4. a) H=12”-(n2+1); 6) »1 (mn®+3277
Emﬂ;.gﬂ " ﬂim(ﬁnz +2)(x—2)"
5.a) amt (n+5)]; ) =1 (n’ +1B*
n= c-:3="3+1 o HEI'ZBM(HE—I—Z)(.X—U”
6.a) 52,-.31 " 6) 521t 0,2 o)
,.E.I. 531 E 52243, 30 gy
7. a) ne1(n’ +n)-2" - 6) = 32 4 5)
i %/Zn—ﬂxn H;szle(X_Un
8. a) i (n° +1) 6) = 327 1 n? 1 ’
HZ‘I'ZH 205" i 2 2 4o ) x—1)
9.a) 13" (n-3); 6) 1 (2n+1)T
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?ﬂg‘j bz’ X EURT LI ST Pl
10. a) »13"(n+2)!: 6) n-t  (Sn®+1a7T

IIpakTnueckas padora Ne 27 mo Teme
«Pa3y1oxeHuil QYHKIHMHA B CTENIEHHOH pAI»
IIpakTnueckas padora Ne 27 o reme
HAy4YUTHCS PACKIIAJbIBaTh PYHKIUU B CTENIEHHOM Pl

Tect mo Teme «Paab»

1 BapuaHT.

3ananue 1.YeTepThlii uneH psjaa y° (1" paBen:
—2n-1

cos’Xx €os’X cos*x
+ +
6 24

3amanue 2. P cosx+ +... SIBIIETCAL. ..

A. CrerieHHBIM

b. ®yHKIIMOHATBEHBIM

B. 3nakouepenyromumcs
I'. 3HaKOIONI0KUTEIBHBIM

n

3ananue 3. [lad psn zm HUcnonw3ys HEO0X0IUMOE YCJIOBHE CXOOUMOCTH psaa,
n=1

CIEeJIAuTE BBEIBOJI
A. psn pacxoguTcs
b. psan cxogurcs
B. Henb3s onpenenuTh CXOAUTCS WU PACXOAUTCS PAJL
I'. npyrou orBeT
3ananue 4.Psan Z@ MCCIIEIOBAIM HA CXOAMMOCTH IO mNpu3Haky Komwu, Beraucanam
n=1
npenen k = liﬂlﬁ = % Torma MOXKHO cAenaTh BBIBOJ, UTO ...

A. JlaHHBIN pag CXOAUTCS

b. JlanHbIi psij pacXoauTcs

B. JlaHHBII psig MOXKET KaK CXOJIUTHCS TAK U PACXOAUTHCH.
I'. 1aHHBII psig HE CYLIECTBYET

3aganue 5. Haliqure cymmy pana i[%)
n=1

1.1
2. -1
3. 05
4. -0,5
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3aganue 6. YCTAaHOBHUTE MEK]Yy PSJIOM U €T0 HA3BAaHUEM.

Hazsanue Psan
1. Paxg ¢ monokuTeabHBEIMU A1, 1 1.1
YJICHAMHU 2 3 45
2. 3HaKOUYepeIYIOLHHCS b, x+x?2+x®+x*+x%+...
S B. 1+2+3+4+5+6+...
3. CrereHHOI psif I'. cosx+cos® x+cos® x +cos* X +...
4. OYHKIHUOHAIBHBIN P

3ananue 7. YCTaHOBUTE COOTBETCTBHE MEX/Y YACIOBBIM PSAJIOM U €r0 OOLIUM YJIEHOM 4,

Psin OO6mwuit uieH psga a,
11,211, A g1
2 4 6 8 n+2
2. l+1+1+£+... b. an=i
3 2n
3. 1,1,1.1, B. 1
35 7 9 2n+1
4, 1,111, T, 1
3 45 6 2n-1
2BapHaHT

3ananue 1.YeTBepThlil WieH psla Z(_l) paBeH:
~ 3n+1

a)l 6)_% 3)113 r)

v O

3amanue 2. Psan 1+%x+ix +;x +.... ABAgETCA

A. 3HaKouepenyronumMcs

b. ®dyHKIIMOHATBEHBIM

B. Crenenabim

I'. 3HaKOIMON0KUTEIBHBIM.
2n+1

-1

3ananue 3. [lan psn z . Ucionb3yst He0OX0AMMOE YCIIOBHE CXOAMMOCTH psija

cleNaiTe BbIBOI
A) psan cxoguTes

b) psin pacxonurcs

B) Henb3s onpeaenuTh CXOOUTCA WM PACXOAUTCS P
I') npyroii oTBer.

3ananue 4. Psan 25 UCCJIeIOBAJIM Ha CXOJUMOCTH 10 mpu3Haky [lamambepa, BauCIIIN
n=1 n

NPEeNeN ¢ — jim &4 _5. Toraa MOXHO CaenaTh BBIBOA, YTO..

n—o an

A. JlaHHBIN pag CXOAUTCS

b. JlanHbIi psij pacxoauTcst

B. JlaHHBII psig MOXKET KaK CXOJUTHCS TAK U PACXOAUTHCS.
I'. JTaHHBIN psig HE CYIIECTBYET

3ananue 5. Halinure cymmy psina: Z(lOJ

n=1
Al
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b. 0,1

B. 0,9
r. t
9
3ananue 6. YCTaHOBUTE MEXKIY PSAJIOM M €r0 HA3BAaHUEM.
HazBanue Psan
1. Pax ¢ monoXuTeapHBIMHA A. sin x+sin 2 x+sin 3x+sin * x +...
qJIeHaMH b. 1+2x+3x? +4x%+..
2. 3HaKouYepeqYIOUIHIACS p,t,1t. 1.1 1
pan 2 4 8 16 32
4. OYHKIHUOHAIBHBIN PSiJ

3anHue 7. YCTaHOBUTE COOTBETCTBHE MEX]ly UHCIOBBIM PSAJIOM U €ro OOLIUM YJIEHOM ¢,

Psin OO1umii wieH paga @
n
T A gt
n+
2' 1+1+}+i+ B' an:i
2 4 8 16 2n
3' 1+£+1+i+... B. an=i
4 9 16 2"
4 1111 Tt
3 4 5 6 n
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OcHoBBI TCOPUHN KOMIVICKCHBIX YHCEJI

IIpakTnueckas padora Ne 28 o reme
«JleMCTBUA HAJl KOMIUIEKCHBIMHU YHCJIAMHU B ajiredpandeckou popme»

He.]]]): HAaY4YHTb BBIIIOJHATH HCﬁCTBHH C KOMIIVICKCHBIMH 4YHCJIaMHU B anre6panquK017I

dopme

BapuanT Nel

1. BeinmosmHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=2-Ti, Z2=3+5i.Havitu: Z1+72;Z1-72;Z1-72, Z1:72
Bapuant Ne2

1. BeimosmHuTh 1eCTBUA B anireOpandeckoi popme.
Z1=3+4i, Z2=-1-2i.Hanitu:Z1+Z2; Z1-Z2; Z1:72,71-Z2
BapuanTt Ne3

1. BeimosmHUTh 1eUCTBUA B aireOpandeckoi popme.
Z1=3-4i, Z2=2+5i.Haittu: Z1+22; Z1-72; Z1-72,71:72.
Bapuant Ne4

1. BeimomHUTh IeHCTBUA B anreOpandeckoi Gpopme.
Z1=3-2i, Z2=-3+5i.Hawitu: Z1+Z2; Z1-Z22; Z1.Z2,Z1-Z2
Bapuant Ne5

1. BeimomHUTh IeHCTBUS B anreOpandeckoi Gpopme.
Z1=2-51, Z2=2+4i.Hawitu: Z1+Z2; Z1-Z2; Z1-Z2,Z1:Z2.
BapuaHTt Ne6

1. BeIToTHUTE OelCTBUS B alnreOpandeckoi hopme.
Z1=1+2i, Z2=-5-2i\.Havitu: Z1+722; Z1-722; Z1:Z2,71-72
BapuanTt No7

1. BBITIOTHUTH AEHCTBUS B anredpandeckoit hopme.

Z1=2-6i, Z2=3+4i.Haittu: Z1+722; Z1-72; 71-72,71:72 .
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BapuanT Neg

1. BeinonHuth ecTBUA B anredpanyeckoit popme.
Z1=1+2i, Z2=-1-7i\.Hawitu: Z1+Z22; Z1-72; Z1:Z2,71-7Z2
Bapuant Ne9

1. BeinmonHuTh 1eUCTBUA B asireOpandeckoi popme.
Z1=2-4\, Z2=3+2i.Haiitu: Z1+Z2; Z1-72; Z1Z-2,71:Z2 .
BapuanT Nel0

1. BeinmosHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=1-2i, Z2=-1-3i.Haiitn:Z1+2Z22; Z1-7Z2; Z1:Z22,272-17Z2
Bapuant Nel 1

1. BeimosmHuTh 1eMCTBUA B aireOpandeckoi popme.

Z1=1+7i, Z2=2+2i.Haiitn: Z1+Z22; Z1-72; Z1Z-2,71:72

Bapuant Nel2

1. BeimosmHUuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=3+i, Z2=-1-2i.Haiitu:Z1+Z2; Z1-Z2; Z1:Z2, Z1Z2-
BapuanTt Nel3

1. BeimomHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=1-4i, Z2=-2+51.Hawitn: Z1+722; Z1-72; 71-72,71:72.
BapuanTt Nel4

1. BeimomHUTh IeHCTBUS B anreOpandeckoi Gpopme.
Z1=3+2i, Z2=-3+2i.Haiitu:Z1+22; Z1-72; Z1:72,7Z17Z-2
Bapuant Nel5

1. BeIToTHUTE OelCTBUS B alnreOpandeckoi hopme.
Z1=3-5i, Z2=2+4i.Haiitu: Z1+Z2; Z1-Z2; Z1Z-2,Z1:Z2.
Bapuant Nel6
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1. BeinonHuTh 1eMCTBUA B aireOpandeckoit popme.
Z1=-1+3i, Z2=-5-3i.Haittu: Z1+Z2; Z1-72; Z1:72,Z17Z-2
Bapuant Nel7

1. BeinmonHuth necTBUA B anredbpanyeckoit popme.
Z1=2-61, Z2=3+4i.Haiitu: Z1+Z2; Z1-Z2; Z1Z2-, 71:.Z2 .
BapuanTt Nel8

1. BeinmosHuTh 1eMCTBUA B aireOpandeckoi popme.

Z1=1+2i, Z2=-1-Ti\.Haiitn:Z1+22; 71-72; 71:72,Z17Z-2

BapuanTt Nel9

1. BeimosmHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=1-4i, Z2=3+4i\.Haiitu: Z1+Z2; Z1-Z2; Z1Z-2,71:7Z2 .
Bapuant Ne20

1. BeimomHUTh 1eUCTBUA B aireOpandeckoi popme.
Z1=-1-2i, Z2=2-3i.Haittu: Z1+22; Z1-72; 71:72,Z17Z-2
Bapuant Ne2 1

1. BeimosmHUTh IeHCTBUS B aireOpandeckoi popme.
Z1=2-i, Z2=3-51.Haittu: Z1+Z2; Z1-Z2; Z1Z2,-21:Z2
Bapuant Ne22

1. BeimomHUTh IeHCTBUS B anreOpandeckoi Gpopme.
Z1=3+4i, Z2=-1+2i.Haiitu:Z1+22; Z1-72; Z1:72,Z17Z-2
BapuanTt No23

1. BeimomHUTh TeHCTBUS B anreOpandeckoi Gpopme.
Z1=3-i, Z2=2+5i.Haiitn: Z1+Z22; Z1-22; Z1Z-2, Z1.Z2.
Bapuant No24

1. BeInoJHUTH IEUCTBHS B alireOpandeckou ¢popme.
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Z1=3+2i, Z2=-3+i.Hawitu: Z1+Z22; Z1-72; Z1.72,717-2
BapuanTt Ne25

1. BeinonHuTh 1eMcTBUA B aire0pandeckoit popme.
Z1=2-3i, Z2=1+4i.Havitu: Z1+Z2; Z1-72; Z1-72,71:7Z2.
BapuanT Ne26

1. BeinmonHuth necTBUA B anredbpanyeckoit popme.
Z1=1+2i, Z2=-2-2i.Hawitu: Z1+Z22; Z1-722; Z1.Z2, Z1Z2-
Bapuant Ne27

1. BeinmosmHuTh 1eMCTBUA B aireOpandeckoit popme.
Z1=2-5i, Z2=2+4i\.Haiitu: Z1+Z2; Z1-Z2; Z1Z-2,71:7Z2 .
BapuanT Ne28

1. BeimosmHuTh 1eMcTBUA B aireOpandeckoi popme.
Z1=1+2i, Z2=-1-4i.Haiitn:Z1+2271-72; 71:72,71-72
Bapuant No29

1. BeimosHUuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=2-4i, Z2=-3+5i.Hawitu: Z1+Z2; Z1-Z22; Z1Z-2,Z1:Z2
BapuanT Ne30

1. BeimomHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=3+i, Z2=-3-2i.Haiitu: Z1-22; Z1+Z72; 71:72,71-72
KoHTpo/sibHBIE BONIPOCHI:

1. Yto Ha3bIBaeTCSI MHUMOM €IUHUIIEH?

2.CBOIMCTBO MHUMOM €IUHMUIILI.

2.IIpaBuio BO3BEACHHSI MHUMOM €IMHUIBI B HATYPAJIbHYIO CTEIIEHB N.
3./laTs onpeneneHre KOMIUIEKCHOTO Yncia’?

4.]JleificTBUS ¢ KOMIUIEKCHBIMH YHCIIaMH B alreoOpandeckoil popme.
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IIpakTnueckas padora Ne 29 o reme
«/lericTBHS HAJA KOMILUICEKCHBIMM YUCJIAMU B TPUTOHOMETPHYECKOM H
NnoKa3arejbHOil (opmax»
Ilesb: HayYUTh BBITIOJIHATH NEUCTBUS ¢ KOMIUIEKCHBIMH YMCJIAMH B
TPUTOHOMETPUUYECKON U MOKa3aTeabHOl popmax3agaHue. BoImoaHUTE AeicTBUS C
TAHHBIMH KOMIIJIEKCHBIMH : 1) Z1+72; Z1-72; Z1-72,

21:72

1. z; = 8(cos 55° +5in55°), z, = 2(cos 5° + sin 5°),

2. z; = 5(cos 48° + 5in 48°), z, = 2(cos 12° + sin 12°),
3. z; = 3(cos 70° +sin 70°), z, = 2(cos20° + sin 20°),

4. z; = 10(cos 105° + sin 105°), z, = 2(cos 15° + sin 15°),
5. z; = 12(cos 145° + sin 145°), z, = 2(cos 5° + sin 5°),
6. z; = 7(cos 255° + sin 255%), z, = 2(cos15° + sin 15°),
7. z; = 9(cos 168° + sin 168°), z, = 2(cos 12° + sin 12°),
8. z; = 6(cos40° + sin40°), z, = 2(cos 20° + sin 20°),

9. z; = 3(cos40° + sin40°), z, = 2(cos5° + sin5°),

10. z; = 10(cos75° +sin75°), 2z, = 2(cos 15° + sin 15°),
11. z; = 9(cos 123° +5in 123°), z, = 2(cos 12° + sin 12°),
12. z; = 5(cos 160° + sin 160°), z, = 2(cos 20° + sin 20°),
13. z; = 3(cos 235° +5in 235°), 2z, = 2(cos5° + sin 59),

14. z; = 4(cos30° +sin30°), 2z, = 2(cos15° + sin 159),

15. z; = 2(cos 258° + sin 258°), z, = 2(cos12° + sin 12°),
16. z; = 7(cos 115° +sin 115°), z, = 2(cos 20° + sin 20°),
17. z; = 14(cos 310° +sin310°), z, = 2(cos5° + sin 5°),

18. z; = 8(cos45° +s5in45°), z, = 2(cos15° + sin 15°),

19. z; = 6(cos213° +5in 213%), z, = 2(cos 12° + sin 12°),
20. z; = 9(cos 70° +sin70°), 2z, = 2(cos 20° + sin 20°),

21. z; = 4(cos40° + sin40°), z, = 2(cos5° + sin5°),

22. z; = 6(cos300° +sin300°), z, = 2(cos15° + sin 15°),
23. zy = 3(cos33° +5in33°), z, = 2(cos12° + sin 129),

24. z; = 5(cos 250° + sin 250°), z, = 2(cos20° + sin 20°),
25. zy = 8(cos85° +5in85°), z, = 2(cos5° + sin5?),

26. z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin1 5°),
27. z; = 9(cos48° + sin48°), z, = 2(cos 12° + sin 12°),

28. z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos175° +sin175°), z, = 2(cos5° + sin5°),

30. z; = 16(cos120° +s5in120°), z, = 2(cos 15° + sin 15°), KOHTPOJIBHBIE BOIIPOCHI

IIpakTuyeckast padora Ne 30 mo reme
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«Pemenne ypaBHeHnﬁ HAa MHOXKECTBC KOMIIJICKCHBIX YHCEI»
HCJILZ HAaY4YUTb PCIIaTh YPABHCHUSA HaA MHOKCCTBC KOMIIJICKCHBIX YHCCII

3anmaya 1
Pemuts xBagpaTtHoe ypaBHEHUE:
I.x2-2x+17=0

22x2+2x+1=0
3.4x%-4x+17=0
4.2 +6x+25=0
5.4x>-20x+29=0
6.9x°-6x+2=0
7.X2-4x+29=0
8.2x2-2x+5=0
94x°+4x+5=0
10.X2-4x+13=0
I1.9x%> -6x+ 17=0
12.4x%-12x+25=0
13.x°+4x+5=0
142x°—10x+17=0
15.x°-6x+13=0
16. x> +6x + 18 =0
17. X°-4x +40=0
18.4x%-12x+13=0
19.2x>+6x+5=0
20X -2x+5=0
21.9x%-6x+ 10=0
222x%4+6x+5=0
23.X°+6x+13=0
24.2x%- 6x+17=0
25.9x%-6x+2=0
26.x°-6x+10=0
27.x%+2x+26=0
28.2x2+6x+9=0
29.2x2+10x+13=0
30.X2-6x+34=0

133



CamocTosiTeJibHasi padora
BAPUAHT 1
1. JlaHBI KOMIUIEKCHEIE yncaa: Z1=2-3l,

2,=2i+3, z3=3-2iI.
Beruuncnure: a)z; + z,;

0) z, + 23,

B) Zy — Zp; T)Zy—Z3;, N)Zi'Zy; €)
Z3 - Zz.
2. Boraucmmre: (2-1)(2+1)-(3-2i) +

7.

3. Haiitu 4aCcTHOE KOMILUIEKCHBIX
qucel: a) %; 0) i_; B) 3_'_.
i 2+1 2+2i

4. W300pa3uth HA KOOPJAUHATHOM
IJIOCKOCTH U TIPEICTABUTH CIEIYIOLINE
KOMIIJIEKCHBIC YHClia B
TPUTOHOMETPUUYECKOU (popme:

a) -3; 0) -i; B) 1 +
i; r)—1 + iv3.
5. Haiittu koopaumHaTel TOuku M,

I/I306pa>1<a}0meﬁ KOMIIJIICKCHOC YHCJIO:
5+i —2+I
2—j 3-2i

6. Pemure YPaBHCHUA B KOMIIJICKCHBIX

7=

qHClIax:
a)x?—4x+8=0; 6)
x?+ix+6=0.

BAPUAHT 2
JlaHbl KOMIUIEKCHBIE YMCHa: Z; = 2 +

i,z2, =31+ 1,23 =-2—1.

Boruucnure: a)zy +z,; 0) z; + z3;

B) Z1 — Zy; T)Zy — Z3;

n) Zy " Zy;  €)Z3 " Zy.

Beruuciure: (3 +1)(3-1)- (6 + 2i) +

1.

Haittu 4aCTHOE KOMIIJICKCHBIX
1 1 i

ancen: a)7; 6) = B) 23—+2Ii :

N300pa3uTh Ha KOOPAMHATHOM
TUTOCKOCTH U TIPEJICTABUTH
CJICAYIOIINE KOMIJICKCHBIE YnCIIa B
TPUTOHOMETpUYECKON hopme:

a)-4; 6)i; B)l-i; r)—V/3+i.

Haiitu  xoopauHatel  Touku M,
n300paxarolei KOMIUIEKCHOE YUCIO:
2-3i . 6i—4
Z =" -
2i+1 1+2

PemmnTe ypaBHEHHS B KOMILIEKCHBIX
qHCIIax:

a) x2—8x+17=0; ©6)
x? +ix +20 = 0.

Tect mo Teme « KoMILIeKCHBIE YHCJIA)»

Bapuanr |

Al. Jlaus! koMIUIeKcHbIe uncia Z =2+31,Z,=3-1. Torma Z, -,

a)

v

a) 9+7i
b) 6-7i
c) 2-3i
d) 4+6i
A2. N3o6pakeHne KOMIUIEKCHOTO Yuciia z=1-3i UMeeT BU/I
A
y
- >
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v

b) d)

A3. Ecnii z=4+i, TO CONPSHKEHHOE €My YHUCIIO z PaBHO

a) 1+4i
b) 5+i
c) 4-i
d) 1-4i
A4. Ecim 2,=1+3i,2,=2-3i 10 ,+ Z,

a) 2+3i
b) 3-i
c) 3
d) 3+6i

AS. JIaHO KOMIUIEKCHOE YUCIIO Z =4—3i, TO €ro MOAyJIb paBEH

a) 8
b) 16
c) -5
d) 5

A6. Moayiib KOMIUIEKCHOTO YKCIIA =2, a apTyMEHT ¢ = = Torma B TPUTOHOMETPUYECKOU

dbopMe KOMIIEKCHOE YHCIIO UMEET BH/T

a) 2(cos=—i-sin—
) 2( 2 4)
b) 2(sin=—i-cos=
) 2( l l)
C) 2(cos=+i-sin—
) 2( : l)

. TT . T
d) 2(S|nz+ i -cosz)

135



. ; . 7
B1. [lansl kommiekcHele uncna Z; =1+61,2, =3+31 . Haiinure —-
Z 2

C1. Penure ypaBHeHHEX?-6X+25=0

Z,+47,

5.
C2. Bpruuciure , €CIIU z, =5-2i;z, =2 —6i

Bapuanr |1

IIpu BbinoiHeHUH 3agaHnid Al - A8 He00X0AMMO IPOCTABUTH HOMEP
BApPHAaHTAa 0TBETA, KOTOPbIA COOTBETCTBYET HOMepPY BbIOpaHHOro Bamu
OTBeTA

Al. Jlans KommIekcHble uncna Z =1+51,2, =3-4i . Torma 7, -2,

a) 15+8i
b) 23+11i
c) 23-3i
d) 20+6i
A2. N300pakeHne KOMIUIEKCHOTO Ynciia Z = 2+ 3i UMEeT BU/T
a)
Y A
0 2
-3
B) Y A 'Z[) 3
............................ _—
-3 0 g 0 g
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A3. Eciti z=2+3i, TO CONPSHKEHHOE €MY YHCJIO z PaBHO

a) 2-3i
b) 3+2i
c) 3-2i
d) 4+6i
A4.Ecim ,=3+1,2,=4+2i, 10 Z,+72,

a) 7+3i
b) 4+6i
c) 7-3i
d) 4-6i

AS. JlaHO KOMIIJIEKCHOE YNCIIO Z=12+5i, TO €ro MOAYJb PaBEH

a) 2
b) 5
) Va2
d) 13

A6. Moaysib KOMIIJIEKCHOTO YHMcaa =3, a apryMEeHT ¢ = 3 Torna B TpUrOHOMETPUYECKOU

(bopMe KOMIIEKCHOE YMCIIO UMEET BUJT

a) 3(cos%—i-sin%)
b) 3(sin%+i-cos%)
C) 3(cos%+i-sin%)
d) 3(sin%—i~cos%)

. : . z
B1. Jlanb! KoMIuIeKcHble yncna 2, =2-41,2, =3+61 . Hajiqure —-
Z2

C1. Pemute ypaBHeHHEX?-4X+29=0

5-Z,+47Z
C2. Boiuucnure ——~——2, €ClU z, =4+i;z, = 2+3i
1

Bapuanr 111
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Al. Jlanb1 KoMIIekcHbIe uncna Z =2+4,2,=1+3i . Torma Z,-Z,

a) 8+6i
b) -10+10i
c) 4-3i
d) -2+8i
A2. N300paxeHne KOMIUIEKCHOTO Ynciia Z =—2+i UMEEeT BU/
a) y 4
Y A C)
; > 2 x
y
A
Y A
11
b) . d) >
0
; > -2 X
2 0
X

A3. Ecimn 7=3+5i, TO CONPSLKEHHOE €My YHCIIO z PaBHO

a) -3+5i
b) 3-5i
c) 5-3i
d) -5+3i
A4.Ecin 2, =3-5,2,=4+2i 10 7, +1,

a) 7-i

b) 5+3i
c) 5-2i
d) 7-3i

AS. JIaHO KOMIUTIEKCHOE YnCIIO Z =2+ 3i, TO €ro MOAYJb PaBEH
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a) 4
b) V13
c) 5
d) 9
a) ;

A6. MoJlylib KOMIUIEKCHOTO Yncia =4, a apryMeHT ¢ = — . Torja B TPUrOHOMETPUYECKON

NN

dbopMe KOMILJIEKCHOE YHUCIIO UMEET BU]I

a 4cos£+i-sin£
) A > 5)
b) 4iinZ +i-cosZ

) A > 5)
C) 4(sin%—i-cos%)
d) 4(cosZ—i-sinZ

) A > 5)

. . . Z
B2. Jlausl kommieKkcHble uncna 2, =2-31,2,=4+1 . Haiigute —>
Z2

C1. Pemnre ypaBHeHUEX? -4X+13=0

Z,+4Z

5.
C2. Beruucnure 2, €CIH z, =3+5i;2, =6—2i

Bapuant IV

Al. JTaus! koMIuIekcHble uncna Z =1+2i,2,=3-4i . Torga Z,-Z,

a) 3+6i
b) 3-8i
c) 11+2i
d) 4-2i
A2. N300paxeHne KOMIUIEKCHOTO YKClia Z=1—2i UMEET BUfL ,
a) Y A 2
c)
> Of 1 X
X
y y 139
2




b) d)

A3. Ecin z=5-2i, TO CONPSHDKEHHOE €My YHCIIO
paBHO

a) 5+2i
b) 2-5i
c) 2-5i
d) 1+6i
A4.Eciu 2,=2-31,2,=4+51, 10 7, + 2,

a) 4+6i
b) 6+2i
c) 4-3i
d) 6-2i

AS5. JlaHo KOMIUIEKCHOE dncio Z =4+ 2\/§i , TO €r0 MOJlyJIb PaBEH

a) 10
b) 8
c) 6
d) -6

A6. Moayiib KOMIUIEKCHOTO YHCIIa =4, a apryMEHT ¢ = % . Torna B TpuroHoMeTpruyYeCKOM

(GopMe KOMILIEKCHOE YHCIIO UMEET BHUJI
a) 4(sin%—i-cos%)
b) 4(cos%+i -sin%)
C) 4(cos%—i -sin%)
d) 4(sin%+ i -cos%)
z

B2. Jlanb! koMIuiekcHble yncna Z =3—1,2, =4+3i. Haiiqure —-

Z,
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C1. Penmre ypaBHenue2,5x%+x+1=0

Z,+47,

5.
C2. Boruuciure , €CIIN z, =1+2i;z, =3—4i
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Jleknus Ne 1. Marpuusl. deiicTBus ¢ MaTpuuiamMmm.
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1.1 OcHoBHBIC MOHATHS.

Mampuyeri Ha3bIBaeTCsl NPSAMOYrojibHash TaOJIMIA YWCEN, CoJAep X amias m CTPOK OJUHAKOBOU

JUTMHBI( MK 7 CTOJIOIIOB OJIMHAKOBOU JUTHHBI). MaTpHIla 3aiCchIBACTCsI BHJIC:

a1 A1z A1n
A= az1 Az Qon
Am1i Amz - Amn
WK, COKpaIénHo, A = (aij), rae 1 =1, m (t.e. i = 1,2,3,...,m) — HOMep cTpokH, | = 1,n (T.e. j = 1,2,3,...,n)

— HOMEP CTOJOIIA.

Marpuina A Ha3bIBalOT MATPULIEH pazmepa m X n U NHAILYT A, x ». Yucaa aij,cCoCTaBISAIOMNE MaTPUILY
Ha3bIBAIOTCA €€ 21emenmamu. DIEMEHTHI, CTOSIINE HA AUAroHaau, UAYIIEeH U3 BEPXHEro JIEBOTO YIIIa,
00pasyIoT 21a6HYI0 OUACOHATD.

Martpuiisl pasnvt mexcoy codoil, eClv paBHBI BCE COOTBETCTBYIOIINE JIEMEHTHI ATHX MATPHII, T.€.

A =B, ecmaij=bij, tnei=1m, j=1,n.

Martpuiia, y KOTOpO#l 4HUCIIO CTPOK pPaBHO YHUCITY CTOJIOIIOB, HA3bIBACTCS Keadpamuou. KBampaTHyro
MaTpUIly pa3Mepa 7 X 1 Ha3bIBAKOT MAaTPULEH n-TO nopaodKa.

KBagparHas martpuma, y KOTOPOW BCE 3JEMEHTBI, KpOME 3JIEMEHTOB IJIABHOW IUAroHajv, PaBHbI
HYJIIO, HA3bIBACTCS OUACOHATIbHOIL.

JnaronanpHas MaTpuila, y KOTOPOW KaKIbId SJIEMEHT TJaBHOW JUaroHajid paBeH E€IUHMUIIE,

Ha3bIBaeTCs eounuynou. O6o3Havaercs 6ykBoi E.

Ilpumep 1.1
1 0 O

Es,z =10 1 O |eguHuyHas mMaTpuia 3-ro nopsaxa.
0 0 1

KBaI[paTHaH MaTpula Ha3bIBACTCA mpeyzonbuoﬁ, €CJIM BCC JJICMCHTBI, PACIIOJIOKCHHBIC IIO OJHY
CTOpPOHY OT rJIaBHOM AuaroHajiv, paBHbI HYJIIO.

Marpuua, Bce 3JIeMEHThl KOTOPOMl paBHBI HYIIO, Ha3blBaeTcs Hyneeoit. OOGo3Hauyaercs OykBoil O.

HNmMmeet Bua:
0 O 0
0= 0 O 0
00 .. 0

B matpuunom ncunciaenun marpuusl O u E urpator pons uncen 0 u 1 B apudmetnke.
Marpuna, cojepxaiasi OJUH CTOJOEL WJIM OJHY CTPOKY, Ha3bIBa€TCs 6eKmopom (UIU BEKTOp-

CTOJ'I6CL[, HJIN BEKTOP-CTPOKa COOTBCTCTBCHHO). Hx Bun;
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A= B=(b; b, .. by
am
Martpuna pasmepa 1 x 1, cocrosimiast U3 0JHOTO YKCIA, OTOXKAECTBIIIETCS C TUM YHUCIIOM, T.€. (5)1x1
€CTh 5.
Marpuia, moJiyueHHasi U3 JaHHOW 3aMEHOM KaXIOoW €€ CTPOKH CTOJOIOM C TeM K& HOMEpPOM,

Ha3BIBAETCS MATPULIEH mpancnonupoeantoii k 1aunoi. O6o3nauaercs Al

TaKecnnA=(; i),TOAT=(; i),ECJII/IA=((1)),TOAT=(1 0)

TpaHcOHMpPOBaHHAs MaTpHIa 00aaeT cieayomuM cBoiicTBoM: (AT) = A.
1.2. [leiicTBuS HaJ MAaTPUIIAMH.

Ciaoxenne:
Omeparust CI0KEHHSI MATPHIL BBOJUTCS TOJIBKO JIJIsi MATPHIL OJJMHAKOBBIX PAa3MEPOB.
Cymmoti 08yx mampuy Amxn= (@i)) u B x» = (Djj) Ha3sIBaeTcst matpuia Cmxn= (Cij) Takas, uto cij=aijt bij (i

=1,m, j = 1,n). 3anuceBator C = A + B.

Ilpumep 1.2. (i _53 g)+(_32 _35 _41)=(g 8 ;3)

AHAJIOTHYHO ONPEAEIIAETCS PA3HOCHb MAMPUY.
YMHOKeHHe HA YUCJI0:
IIpouszsedenuem mampuyvl Amxn = (aij) Ha yucno KaaspiBaetcs marpuna B, = (bjj) Takas, uro bjj = k*ajj

(i=1m,j=1n). 3anucwiearom B =k * A.

0 -1 2

Ilpumep 1.3. A = (3 4 5

),k:Z,A*k:(O —2 4)

6 8 10

Martpuna — A = (-1) * A Ha3BIBaeTCS NPOMUBONONONCHOU MATPHUIIE A.
Paznocts matpuil A — B MokHO onpenenuts Tak: A — B = A + (-B).

Onepam/m CJIOKCHHA MaTpUIl U YMHOKCHUA MATPULIBI HA YU CJIO 06.]'[8.]_'[8.IOT CJIICAYyIOMUMHU CBOUCMBAMU.

1. A+B=B+tA; 5.1 *A=A;

2. A+(B+C)=(A+B)+C; 6. a* (A + B) =0A + aB;
3. A+0=A; 7.(a+p)* A=0A+ BB;
4. A-A=0; 8.a * (BA) = (af) * A,

I'me A, B, C — matpuiipl, o u B — ducia.
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DJieMeHTapHbIe NPeodpa30BaHUsl MATPHIL:
DnemenmapHvimu npeobpa308aHUAMYU MAMPUY AGIAIOMCA:
e IlepecranoBka MecTaMu JIBYX MapajuieIbHbIX PSAIOB MATPHIIBL;
e VYMHOXXEHHE BCEX FIEMEHTOB Psiia MATPHUIIbI HA YHUCIIO, OTIMYHOE OT HYJIA;
e [IpubaBiieHne KO BCEM 3JIEMEHTaM psiia MATPHUIBI COOTBETCTBYIOIIMX JJIEMEHTOB IMapaJlICIIBHOTO
psiia, YMHOKEHHBIX Ha OJTHO U TO YK€ YUCJIO.
JlBe Matpunel A U B Ha3piBaloTCs SKBUBAJIEHTHBIMH, €CIM OJIHA W3 HUX TMOJYy4YaeTcs W3 JAPYrou c
MTOMOIIIBIO AIEMEHTAPHBIX MpeoOpa3oBaHuil. 3anuceiBaeTcs A ~ B.
[Ipn momomu sreMeHTapHBIX NPEeoOpa3oBaHUN JIOOYI0O MATPUILy MOXXHO TPUBECTH K MaTpHIle, Y
KOTOPOM B Hayayie TJIAaBHOW JTMArOHAIA CTOSAT MOAPAJT HECKOJIBKO €IMHUI], & BCE OCTAIBHBIE DJIEMEHTHI

paBHbI HyI10. Takyro MaTpuIly Ha3bIBAIOT KAHOHUYECKOU, HATIPUMED

S O O
S O mr O
O = OO
o O OO

Ilpumep 1.4. [IpuBecTH K KAHOHUYECKOMY BUY MaTPUILY

2 3 1 2
A=(0 0 -1 1
4 0 5 1

Pemenne: Bemonass SJICMCHTApPHBIC Hp606paSOBaHI/I${, IIoJI1y4acm

2 3 1 2 1 3 2 2 1 3 2 2 1 0 0 0
2 -1 1)]~l-1 2 0 1|~{10 5 2 3 |~10 5 2 3 |~
4 0 5 1 5 0 4 1 0 -15 -6 -9 0 -15 -6 -9

1 0 0 0 1 0 0 O 1 0 0 O
0 1 1 1 /~10 1 1 1|~10 1 0 O
0 -3 -3 -3 0 0 0 O 0 0 0 O

IIpousBenenue MaTpui:

o

OHepaHI/IH YMHOKCHUA ABYX MATpHULl BBOAUTCA TOJIBKO IJIA ClIydas, KOraa 4YHUCIIO CTOJ'I6LIOB nepBoﬁ

MaTpUIbl PABHO YUCIY CTPOK BTOPOM MAaTPHIIBI.

[TpousBenennem MatTpuibl Ay x,= (aij) Ha Matpuiy B, x, = (Djk) HassiBaeTcst Matpuna Cp xp = (Cjk) Takasi,
4TO Cik= @i1™ b+ @iz * bk + ...+ @inbnk , rme i = 1,m, k = 1,p,

T.e anemenT i-it cTpoku u K-ro cronbua matpuisl mnpousBeneHuss C paBeH CyMMe MPOU3BEICHHIA
DJICMEHTOB |- CTPOKH MATpuilbl A Ha COOTBETCTBYIONIME 3JeMEHThl K-ro cronbua wmarpuiml B.
[Toy4eHue 37eMEHTa Cij CXeMaTHYHO M300pakaeTcsl Tak

e o o e o o
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° i o o o
e o o : e o 0 o o
Ecnu marpunsl A u B xBagpaTHble oHOTO pasmepa, To npousBeneHuss AB u BA Bcerna cyniecTByror.

Jlerko mokazate, uto A * E=E * A = A, rne A — kBagparHas matpuiia, E — enuHUYHas MaTpuIia TOro

JKC pa3Mcepa.

Ilpumep 1.5

a11byy + a13byy + ag3bzy  agibip + agabyy + agshbs;

(a11 Q2 ‘113) bll le ( )
E 3 =
dz1 Q22 Q23 b;i b;z Az1b11 + Appb21 + Ax3b3y  Ap1b1; + apbyy + ag3bs;

(1 2 1 _(1 3 %
Ilpumep 1.6. A = ( 3 1 O) ,B = ( 1 2) . Torna npousBenenne A * B He onpesiesieHo,Tak KaK YiCIio

cTosioroB Matpuitel A(3) He coBmagaer ¢ uuciaoM cTpok Marpuilel B(2). Ilpum stomM ompeneneHo
npousBesieHrne B X A, KOTOpo€e CUUTAIOT CIEAYIOIINM 00pa3oM:

a6 1 H-010 313 21D-0 5 )

Martpuusl A u B Ha3bIBaroTCs nepecTaHOBOUHBIMU, eciii AB = BA.
YMHOXEHHEe MaTpHI] 001a1aeT CIASAYIOMUMH CBONCTBAMU:

1. A*(B*C)=(A*B) *C; 3.(A+B) *C=AC + BC;

2. A*(B+C)=AB+ AC; 4. a(AB) = (0A)B,

Ecnu, KoHEeYHO, HallMCaHHBIE CyMMBI M IIPOU3BEIECHUS MATPULl UMEIOT CMBICII.
JUig onepanuy TpaHCIIOHUPOBAHMSI BEPHBI CBOMCTBA:

1. (A+B)T=AT+BT; 2. (AB)T =BT * AT,

BOITPOCHI JIJIs1 CAMOITPOBEPKH

1. Yro HazpIBaeTcs MaTpunen?
Kakune MaTpuiibl Ha3bIBalOTCS paBHBIMH?
Kaxkas matpuiia Ha3bpIBa€TCs €IUHUYHOMN?
Kakas matpuiia Ha3bpIBa€TCs TPAHCHOHUPOBAHHOM K IaHHOM?
Kakue neficTBHsS MOYKHO BBITIOJHATH HAJl MaTPHUIIAMHU ?
[lepeuncnure sneMeHTapHbIE IPe0Opa30BaHUS MATPUIL.

Bceraa nu BRINOIHUMO JI€HCTBHE YMHOXCHUSA IBYX ManI/II_I?

© N o o B~ DN

HGPGIII/ICJII/ITC CBOﬁCTBa, KOTOPBIMHA O6J'I8.,I[aeT YMHOKCHHUE MATPHLI.

Jlexkuus Ne 2. Onpenenurenu.

2.1. OcHOBHbIC OHATHSL.
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KBanparHoii marpuiie A mopsijika # MOKHO cornocTaBuTh uyncio detA (wm |A|, uiu A), Ha3pIBaeMoe
€€ OIpeJICITUTENEM, CIEAYIOIIM 00pa3oM:

1. n=1.A=(a);det A=a1.

a;1 Aq a1 Qg2
2.n=2A=( )-detA=| |=a * (yy — Aqo0
) Ay Gyy)’ Ay, Qyy 11 22 12021
a1 Q12 Ag3 a1 Q2 Qg3
3. n= 3,A =| dz sz ass ,detA = |Q21 az; as| = a1109,033 + aA17073031 +
az; A3y 0aszz a3y dszz dss

+Qa71032013 — A31A22013 — Q2112033 — 32023041

OHpe)IeJ'[I/ITCJ'[B MaTpUIbl A TakXke Ha3bIBalOT €€ JACTCPMUHAHTOM. HpaBI/IJ'IO BBIYHNCIICHUA
ACTCPMHUHAHTA IJIA MaTPHULBI IIOPAIKA N sBaseTcs AOBOJIBHO CJIOKXHBIM IJId BOCHPUATUA W IPUMCHCHU .
O)IHaKO HU3BCCTHBI MCTOJABI, IIO3BOJIAIOIINWEC PCAIM30BATh BBIYHUCICHUC onpenem/ITeneﬁ BBICOKHX
IOpAAKOB Ha OCHOBC onpeneJmTeneﬁ HU3MIUX ITOPSAAKOB. O)II/IH n3 METOAOB OCHOBAH Ha CBOMCTBE
Pa3I0KEHUS ONPEACIUTEN MO0 JIEMEHTaM HEKOTOpOoro psna. IIpm 3ToM 3amMeTuM, 4TO ONIPENCIIUTENH
HEBBICOKHX NOpsAaKoB(1,2,3) xenareabHO yMETh BBIUUCIATH COTJIACHO OTPEIEIIEHUIO.

Brranciienue onpeaenuTens 2-ro Nopsaka WLTIOCTPUPYETCS CXEMOM:

Ce =N

Ilpumep 2.1. HaiitTu onpeieTuTenn MaTpuI| (é _3) u (

cosa sin a)
6

—sina cosa
Pemere: |§ _63| —2%6—5%(=3) =12 — (—15) = 27

cosa sina .
) | = cos?a + sin*a =1
—sina cosa
[Ipy BBIYKMCIIEHMH ONpeAeauTeNs 3-ro NOpsaKa yA0OHO HOJB30BaThCA MPABHIOM TPEYTrOJLHUKOB (UM
Capproca), KOTOpPO€ CUMBOJIMYECKH MOKHO 3aIHCaTh TaK:

Ilpumep 2.2. BpIuMCIUTD ONPENETUTEND MAaTPULIBI

5 -2 1
A=13 1 -4
6 0 -3

Pemenue:
det A=5*1*(-3)+(-2)*(-4)*6+3*0*1-6*1*1-3*(-2)*(-3)-0*(-4)*5=-15++48-6
—18=48-39=09.
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2.2. CBoiicTBa onpejaeauTeiei.

CdopmynrpyeM OCHOBHBIE CBOMCTBA ONpEACTHTENCH, MPUCYIIHE OMpPEAeTUTEeNIEM BCEX IMOPSIKOB,
HEKOTOPBIC U3 3TUX CBOMCTB ITOSICHUM Ha OIPCACIIUTEIIAX 3-ro rnopsaka.
Ceoticmeo [(«PaBHOTIPaBHOCTH CTPOK M CTOJOIOB»). OmpenenuTens HEe W3MEHUTCS, €CIU €ro CTPOKH

3aMEHUTH CTOJIOLAMU, U HA0OOPOT.

a1 Q12 Qg3 a1 Q1 QAzg
Ay Aq a1 Az

NupIMET cnoBammu, a aql = la | Qz1 Qzz Q3| =|A12 Az Az
21 22 12 22

a3z, dszz dss Q13 A3 Qzz

B nanpHelimem cTpoku U cToJIOIB!I OyZeM MPOCTO HAa3bIBaTh PSAAAMU ONPEACTUTEINS.

Csoticmeo 2. Tlpu nepecTaHOBKE ABYX NapaJICNIbHBIX PAAOB ONPEIEINTENb MEHSET 3HaK.

Ceoticmeso 3. OnipenenuTeinb, UMEIOMINHN 1Ba OJIMHAKOBBIX Psi/ia, PaBEH HYIIO.

Cesoticmso 4. OO MHOKUTENb JIEMEHTOB KaKOro-TM00 psja ONpeaenuTeNs MOKHO BBIHECTH 3a 3HAK
OIIpENIEIIUTEIS.

N3 cBolictB 3 um 4 cienyer, 4TO €CIOM BCE DJIEMEHTbl HEKOTOPOro psia MPONOPLUHAOHAIBHBI

COOTBETCTBYIOIIMM JIEMEHTaM MapajieIbHOro psijia, TO TaKOi OnpenennuTelb paBeH HYIIO.

ajq ai; a3 a1 Q12 Qg3
HeiictButensHo, |k*a;; k*a;; k*a;z| =k*|Q1 Q2 Q3| =k*x0=0
asy as; ass asz; dsz; dsz

Ceoticmeo 5. Eciii 37€MEHTBI KaKOTO-THOO psifa ONPENSIUTENs MPEACTABISIOT COOOW CYMMBI JIBYX

CllaraeéMbIX, TO OMPEIEIUTENb MOXET ObITh pa3IokeH Ha CYMMY JBYX COOTBETCTBYIOLIUX

OIpeeIUTENEH.
a7 Qi a3+b a;; Qi Qg3 aj;, a; b
HaHpI/IMep, a21 aZZ a23 +c| = a21 aZZ a23 + a21 a’ZZ c
az; Az, asz+d az1 Az aszl las; az, d

Cesoticmso 6 («IneMeHTapHble IpeoOpazoBaHus onpenenuressy). OnpeaenuTenb He U3MEHUTCS, eCIl K
AJIEMEHTaM OJIHOTO psiia MPUOAaBUTh COOTBETCTBYIOIIME JIEMEHTHI apajlIeIbHOrO psla YMHOKEHHBIEC Ha

JIF000€ YHUCIIO.

A1n Q12 Qg3 11 Az Qi3+ k*ag
Ipumep 2.3. Jlokazatp, uto A= [A21 Q22 Q3| = |Ay; G A3+ k xay,
az; Gzz dszz az; Az, azz3+kx*as,

Pewrenue: JlelicTBUTENBbHO, UCIOJIB3Ysl CBOMCTBA 5, 4 U 3, MOTyYuM

a1 a3 k*ag, ai1 Q12 Qi3 a1 Q12 Qg2
Az1 Ay k*ay|=[A1 Q2 G|+ kx*|[A21 Q22 Axp=A+k*x0=A
as; as, kxas, az; Gzz dszz az; Qzz dzp

I[a.]'[bHefI].HHe CBOMCTBaA OHpCHCHHTeHCﬁ CBA3aHbI C IOHATUAMU MUHOpPA U am“e6pa1/1qecxoro JOTIOJIHCHHA.
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Munopom HEKOTOPOTO IEMEHTA jjONIPENEIUTENS N-20 NIOPAKA HA3bIBAETCS OIIPENEIUTEND 1 — 1-T0
MOPAIKA, TMOJYYSHHBIH M3 HCXOJHOTO IMyTEM BBIYEPKUBAHUS CTPOKM M CTOJIOIA, Ha MEpecedeHUuu
KOTOPBIX HAXOAUTCS BHIOpaHHBIH 251eMeHT. O003HadaeTCs mij.

a1 Q12 Qg3
Tak ecniu A= |Q21 Q22 QAz3|, TOMy; = [
az; dz; dass

azz a23] m _|a11 a13|
azp Aszl’ 327 lag  ags

Anzedpauueckum OononHeHuem >IEMEHTA aijjOTIPEAEIUTEN Ha3blBa€TCSd €ro MUHOp, B3SITHIA CO
3HAKOM «ILTFOCY», €CIIM CyMMa | + |— 4€THOE YHCIIO, U CO 3HAKOM «MHHYC», €CIIM 3Ta CyMMa HEUYETHasl.
O6o03nauaercs Ajj: Aij= (-1)' ) * mij,

Tak, A11 = +ma1, Az2 = -ma32.
Ceoticmeo 7 («PaznokeHue ompenesnuTess Mo 3JIeMEHTaM HEKOTOporo psna»). Omnpenenurenb paBeH
CyMM€ TMpPOMU3BEACHUM 3JIEMEHTOB HEKOTOPOro psJa Ha COOTBETCTBYIOIIME WM airedpanyeckue
JIOTIOJTHEHHUS.
[TpounmrocTprpyeM 1 OTHOBPEMEHHO JIOKAKEM CBOMCTBO 7 Ha MpUMEPE onpeaennutents 3-ero nopsaka. B
ATOM CIlydae CBOKMCTBO 7 O3HAYaeT, YTO

a1 Q12 Qg3

A= |Gz1 Az Q3| =aqq * A1 + a4 ¥ Aqp +aq3 * 413

a3 a3z 4zs
B camom nene, umeem
Az1 Q23
azp aszs

Az, dzz
as; dsz

Aq1 * Aqq + Qqp ¥ Agp + ag3 ¥ Ay == ayq * |+a12*(—| |)+a13*

z1 Q22| _
Az Azl a11(a22a33 — A23a32) — A12(A1A33 — Az3031) + A13(A21a3; — Az2a31) =

= Q11052033 — Q11053035 — Aq031033 + 1202303, + 1302103, — 13022031 = A
CBOICTBO 7 COZIEPKUT B cebe criocoO BEYHCICHHS ONPEAEIUTENEH BEICOKUX MOPAIKOB.

Ilpumep 2.4. Boluuciaure onpeaeanuTeab MaTpUIlbl

3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenue: I[J'IH PAa3JIOKCHUA OIIPCACIUTECIIA OOBIYHO BLI6I/IpaIOT TOT psd, I'’I€ €CTb HYJICBBIC 3JICMCHTHI,

T.K. COOTBCTCTBYIOIIINEC UM CJIaraCMbIC B PA3JIOKCHUU 6y,£[yT PpaBHBI HYJITO.

_315(7)‘; 5 7 8 5 7 8 5 7 8 5 7 8
S0 M=3x]s 3 o2l+1x]s 3 2l+0x[7 0 1f-1xl7 0 1]=
oS 1 7 4 17 4 17 4 5 3 2
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=3x (73 x4+ (1) *x0*x2+5*x7*x1-(-1)*x3x1-7x7xx2-5x%x0x4)4+ (5

*3 x4+ (1) *x7x2+5%7%8-(—-1)*3x8-5x7x4-5x%7
*2)-5*x0*x2+7x1x5+7%3*8-5*%0%x8-3*x1%5-7%7
* 2) = 122

Csoticmeo 8. Cymma TpOM3BENICHHI 3JIEMEHTOB KaKOTO- JIMOO pslia ONpEeNeNUTeNs Ha anredpandecKue

AOIMOJIHCHHUA COOTBETCTBYIOIIUX 3JICMCHTOB MMAapPAJUICIIBHOTO pAda paBHA HYIIIO.

Tax, nanpumep, a11d21 + a12d2 + a13A23 =0

BOIIPOCHI AJ11 CAMOITPOBEPKH

1.

2
3
4.
5

ChopmynupyiiTe IpaBUiIO BHIYUCICHUS ONPEACIUTEINS BTOPOTO TOPSJIKA.
CdopmynupyiiTe mpaBuia BEIYUCICHUS OTIPEICTUTENS TPETHETO MOPSIKA.
[Iepeuncinre cBOWCTBA ONPEACIIUTEIIECH.

JlaiiTe onpeneneHre MUHOpa HEKOTOPOTO 3JIEMEHTA ONPEAETUTENS.

JlaiiTe onpeneneHue anredpanyeckoro JOMOJHEHUS 3JIEMEHTa OIPeaeTUTENs.
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Jlekuus Ne 3. Haxoxknenue oOpaTHOM MaTPULIBL.

OcHOBHbBIE IOHSATHS.

Ilycte A — kBajgpaTHas MaTpuLa 1-TO MOPSAIKA

a11 a12 en aln

a21 azz en a2n
A=

An1 Anz - Apm

KBagparhas marpuiia A Ha3bIBAacTCs He@blpodscOeHHou, ecnu onpenenutenbA = det A He paBeH
Hyaio: A =det A Lo.B npotuBHOM citydae (A = () Mmatpunia A Ha3bIBACTCS 8bIPOHCOCHHOU.

Martpuuei, corw3noii K mampuye A, Ha3bIBa€TCS MaTpUIla

Ay Ay o Ay
S = Ay Ay o Ay
4, A, .. A,

rae Ajj — anreOpanvecKkoe JOTIOJHEHUE JIEMEHTa @jjlaHHONW MaTpHIlbl A (OHO OMpeeNsieTCsl TaK ke, KakK
1 anreOpanvecKoe JOMOJTHCHHUE 3JIEMEHTA OTIPEICTTUTEIS).
Marpuna A HaseiBaeTcs ofpammuoii maTpuie A, el BHIMOIHSIETCS YCIOBHE
A*Al=A1l* A=E,
rae E — equnuYHAs MaTpHIla TOTO JKe MOpsKa, uTo U Matpuia A. Marpuna A umeer Te ke pasmepsl,

4YTO M MaTpuia A.

OopaTHasi MmaTpuua.

Teopema 3.1. Beskas HegvipodicOeHHAss Mampuya umeem oopamuyio.

[IpoBeném nokazaTenbCTBO IS ciiy4yast MaTpulbl 3-ro nopsaka. [lycts

a7 412 Qg3
A=|0z1 Qa3 a3 ], npuuemdetd =0
asz; dsz; dsz

CocTaBuM COIO3HYIO MaTpHILy

Ay Ay Ay
4 = A12 Azz A32
A13 Azs A33

Y HalJIEM NTpoU3BeIEHUE MaTpull A U A
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a1 A2 Qg3 Apn A Agg
AxA* =01 Q2 Qo3 |%x| Ay Ay Ay =
az; Qdzy QAsz Ay Asp, Asg

Az1A11 + Az2A15 + az3413
az1Ay; + azA1; + aszAgs

(detA 0 0

Az1A31 + Az3A3; + ap3433

<a11A11 + as341; + ag3443
az143; + aszyAs; + azzAs;s

a11431 + ag,43;, + a13A33>

0 detA 0

1 0 0
)=detA*<0 1 O)detA*E,T.e. AxA* ==detA*E
0 0

det A 0 0 1

371ech MBI HCTIOJB30BAJIA CBOMCTBA 7 M 8 OTIPEICTUTENECH.
AHaJIOrMYHO yOexkaaemcsl, YTo
A"* A=det A *E.
Papenctsa (3.2) u (3.3) nepenuniem B BUje
A* (A" detA)=E u (A7detA)*A=E.

CpaBHuBas MoJiydeHHbIE Pe3yIbTaThl ¢ onpeaenaeHueM (3.1), momyuaem

A* <A11 A1 Axn
Al=—— T A1 = * A1y Az Az
detA’ det A
) T iy Ay Ag
OTMeTuM cgoticmea 0OpaTHON MaTPHIIBL:
1. det (A1) =1/det A;
2. (A*B)yl=B1*A"l:
3. (AHT=(A")L,
. 1 _(2 3
Ilpumep 3.1. Haiitu A™, eciu A (_ 1 1)
Pemrenue: 1) Haxomum det A: detA = _21 i =243=5+%0

2) Haxomnm A™: A= 1, Aa1 = -3, Az = - (-1) = 1, App = 2, mostomy A* = (1 _23)

1 -3
w11 =3y (/s /s
3)HaX0nHMA1.A1—%<1 2)—<1/5 2/5)

IIpoBepka:

A*A_lz(z 3)*(1/5 —3/5)_(2/5+3/5 —6/5+6/5):(1 0):E

-1 1 1/s 2/5) \-1/5+1/5 3/5+2/5 0 1

Ilpumep 3.2. OnipenenuTh, NPH KAKUX 3HAUYCHHUSIX 0 CYIIECTBYET MaTpHlla, 0OpaTHas JaHHOM.
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1 -2 2
A=|la 3 0
2 1 1

Pemienue: Besikas HEBBIPOKICHHAsI MaTpHIla UMeeT 0OpaTHyto. Haliném onpenenurens MaTpUIbl A:

1 -2 2
AA = 3 0/=3-04+ 20-12-0+ 2a = 40-9
2 1 1

Ecm 40— 9~ 0, T.e. o~ 9/4, T0 AA # 0, T.e. MaTpuIia A HEBBIPOXKICHHAS, UMEET OOPATHYIO.

Ilpumep 3.3. Ilokazatb, yTo MaTpuiia A siBisieTcst 00patHou s B, eciu

1 1 1 3 -3 1
A=|1 2 3),B={(-3 5 =2
1 3 6 1 -2 1

Pemenue: Haiiném npoussenenue matun A u B:

1 1 1 3 -3 1 3—-3+1 -3+5-2 1-2+1 1 0 0
AxB=|(1 2 3)*{(-3 5 -2]=|3-6+3 -3+10—-6 1-4+3|==(0 1 0
1 3 6 1 -2 1 3-9+6 -3+15—-12 1-6+6 0 0 1

=F

Ananornuno B * A = E. CnenoBarensHo, MaTpuiia A siBiisieTcs 00patHoi st B.
3.3. Panr matpuubl (caMOCTOSITEIbHOE U3YUeHNE)

PaccmoTtpum Mmatpuity A pasmepa m X n.

all a12 en aln

a21 a22 en aZn
A=|as aszx .. az |

A1 Ay o Qg

Boimenum B Helt k¥ CTpOK u x CTOJIONOB (k < MiNn(m,n)). U3 31eMEHTOB, CTOAIIMX Ha MEPECeYCHUH
BBIJICJICHHBIX CTPOK W CTOJIOIIOB, COCTaBHM OIIPENENUTENh K-TO TOpsaka. Bce Takue ompenenuTend
HA3bIBAKOTCS MUHOpaMu 3mot mampuysl. B matpuiie A TYHKTHPOM BBIJICJIEH MHHODP 2-TO TOPSJIKA.
(3ameTuM, 4TO TaKMX MHUHOPOB MOXHO cocTaBuTh C%, * C,mtyk, tne C*, = n! / k!/(n — x)! — uucno
COYETAaHUH U3 11 HIIEMEHTOB IO K.)

HauOouiblnii U3 MOPSIKOB MHHOPOB JaHHOW MATPHUIbI, OTIMYHBIX OT HYJIS, Ha3bIBACTCS PAHZOM
mampuywt. O603HagaeTcs I, r(A) uim rangA.

OueBuano, uto 0 < r < min(m;n), rae min (M;N) — MeHbILIEE W3 YUCEI 11 U N.
MuHOp, MOPSAIOK KOTOPOTO OMpPEaessieT PaHT MaTPHUIlbl, Ha3bIBACTCS 0a3UCHBIM. Y MATPHIIBI MOXKET

OBITh HECKOJIBKO Oa3MCHBIX MHHOPOB.

Ilpumep 3.4. Haiitu panr maTpuLbl:
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2 0 4 O
A=13 0 6 0
1 0 -3 0

Pemenue: Bce munops! 3-ro nopsjika paBHsl Hy110. EcTb MUHOp 2-T0 mOpsiiKa, OTJIIMYHBIN OT HylIsL 3 6

-15|# 0. 3nauur, r(A) = 2. Ba3uCHBI MUHOP CTOUT Ha MEPECCYCHUH 2 U 3
1 -3
ctpoku ¢ 1 u 3 cronbuamu.
OtmMmeruM ceoticmea panza mampuybl:
1. Ilpu TpaHCHOHMPOBAHUM MATPUILIBI €€ PAHT HE MEHSETCS.

2. Ecnu BeIYepKHYTH U3 MATPUIIBI HYJIEBOH PsiI, TO paHT MaTPHUIIBI HE U3MEHHUTCSI.

3. Panr MaTpuIlel HE U3MEHSETCS TTPH AIIEMEHTAPHBIX IPEe0OPa30BaHUSIX MATPHIIHI.

PaHr kaHOHHMYECKOW MaTpUIlbl PaBEH YKCIIY €IMHHUI] HA IJIABHOW auaroHanu. Ha 3ToM OCHOBaH OJMH W3

CIIOCOOOB BBIYMCIICHUS paHT'a MAaTPULIBI.

Ilpumep 3.5. HaitTu panr maTpuLbl

2 3 1 2
A=|10 2 -1 1
4 0 5 1
HCIIOJB3Ysl pe3yJbTaThl npumepa 1.4.
1 0 0 O
Pemenue: B mpumepe 1.4 nokazano,uto A~(0 1 0 O
0 0 0 O
1 0 0 O
Toectp A~ (0 1 0 0)

Takum oOpa3om, panr maTpuibl A paBeH I(A) = 2.
BOIIPOCHI AJ1s1 CAMOITPOBEPKH
1. Kakas kBagpaTHas MaTpHIla Ha3bIBAETCS HEBBIPOKICHHOMN (BBIPOKICHHOMN)?
Kaxkast matpuiia Ha3piBaeTCsi 0OpaTHOM TaHHON?

JIro6as mu MaTpuia uMeeT 0opaTHyI0?

[lepeuncnure cBoiicTBa 0OpAaTHON MaTPHIIBI.

2
3
4. Kak nmpoBepuTh, MPaBUIHHO JIM HalfieHa oOpaTHast MaTpuna?
5
6. UTo Ha3bIBaeTCS paHTOM MaTPHUIII?

7

[lepeuncnure cBOWCTBA paHra MaTPUILIbI?
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Jlekuust Ne 4. CucreMbl JIMHEHHBIX yPaBHEHUI.

OcHOBHbIE MOHATHS.

Cucmemou JUHENHbIX aneeopauyeckux ypasHeHuti, COIEpKalled m ypaBHEHUN U 1 HEU3BECTHBIX,
Ha3bIBACTCS CUCTEMA BHJIA!
11X, + 1%, + -+ QX = by
Ap1X1 + AppXy + -+ AypXy = by
Ap1X1 + QpaXy + o QX = by
rae uucna aij , i = Lm , j_=],n HA3bIBAIOTCSA KOX(PHUIMEHTAaMH CHCTEMbI, yncia b — cBoOOHBIMU

yieHaMmu. IloamexaT Hax0KICHHUIO YHCIIA X;,.

Taxyro cucreMy yn00HO 3anKChIBaTh B KOMIIAKTHON Mampuunoit popme | A * X = B.

3nech A — marpuiia Ko3hGUIIMEHTOB CUCTEMBI, Ha3bIBaEMasi OCHOBHOU Mampuyetl.

a1 ain aln
Az1 Az .. Q2
A=A=
am1 amz amn
X1
X2
X = — BEKTOp — CTOJIO€l| U3 HEU3BECTHBIX X;
xn
b,
b,
B = — BEKTOp — CTOJIGEl| U3 CBOOO/HBIX YJIEHOB b;
b

[TpousBenenue matpuiy A * X onpeneneHo, Tak Kak B MaTpuile A CTOJIOIOB CTOJIBKO )K€, CKOJIBKO CTPOK
B MaTpuiie X (7 mTYyK).

PCICWMPGHHOIZ ManHI.[efI CUCTEMbI HA3BIBACTCA MaTpula A CHUCTEMBbI, OOIIOJIHCHHAasA CTOJ'I6I_[OM

CBO6OI[HBIX YJICHOB

a1 A A, by
7| Q21 Q22 Az, by
A=
Am1 Amz - Qmn  bm
Pewenuem cucmemor HazbpIBaeTCs n 3HAYEHUM HEU3BECTHBIX X1 = C1, X2 = €2, ... , Xn = Cn, IPHU

MMOACTAaHOBKE KOTOPBIX BCC YPABHCHUS CUCTCMBbI 06pa1ua}0T05{ B BCPHBIMU PABCHCTBA. Bceskoe peHicHuc

CUCTCMBI MOXXHO 3a11iuCaTb B BUIC ManI/II_IBI'CTOJ'I6I_Ia
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CuctemMa ypaBHEHMI HAa3bIBACTCS COBMECHMHOU, €CIH OHAa HMMEeT XOTSd Obl OJHO pelIeHue, U
Hecoemecmumoil, eClii OHa HE UMEET HU OJTHOTO PELICHHUS.

CoBMecTHasi cUCTEMa HAa3bIBAECTCS ONPEOeNEéHHOU, €CIM OHAa HMMEET €JUHCTBEHHOE pELIECHUE, U
HeonpeoenénHoll, eClIi OHAa UMeeT OoJiee OJHOTO pemeHus. B mocienHem ciydae Kakjaoe e€ perieHue
Ha3bIBACTCS Yacmubvim peueHuem cucteMbl. COBOKYITHOCTh BCEX YAaCTHBIX PELIEHUM HA3bIBACTCS 0OwuUM
pewenuem.

Pewums cucmemy — 3TO 3HAUMT BBISICHUTH, COBMECTHAa OHAa MM HecoBMecTHa. Ecimu cucrema
COBMECTHA, HailTH e€ oO11iee pelieHue.

JIBe cucTeMbl HA3bIBAIOTCS 9K6uUaneHmMHbiMU (PAaBHOCUIBHBIMHU), €CIM OHU HMEIOT OJHO U TO XKe
oOuiee perieHue. J[pyrumu ciioBaMu, CUCTEMbl SKBUBAJICHTHBI, €CIIM Ka)XJ0€ pelIeHHE OJHON U3 HHUX
SIBJISIETCS] PEIICHUEM JIPYTroil, 1 HAa00OpOT.

OKBUBAJCHTHbIE CHCTEMBl IIOJIyJalOTCS, B YACTHOCTHU, NPU IIEMEHMAPHBbIX NPeodpa3z08aHusx
CHUCTCMBI ITpU YCIIOBUH, YTO npeo6pa3OBaH1/I${ BBINIOJIHAKOTCA JIMIIb HAA CTPOKaMU MaTPUIBI.

Cucrema JIMHEHHBIX YpaBHEHHUH HA3bIBA€TCS 0OHOPOOHOL, €CIIN BCE CBOOOTHBIE WIEHBI PAaBHBI HYJIIO:

a11X1 + agpxy + -+ agx, =0
Am1X1 + QpaXy + - QX = 0
OnHoposiHas cucTeMa BCerja COBMECTHA, TaK KakK X1 = X2 = ... = X, = 0 sABJIsIETCS pElIEHUEM CHUCTEMBI.

DTO perieHre Ha3bIBACTCS HY1e8bIM WU MPUBUATILHBIM.
Pemienne cucremM JIMHEHBIX YPaBHEHUIA.

Teopema Kponekepa-Kanenin:
[TycTh naHa npou3BosIbHASA CHCTEMA 7 JIMHEWHBIX YPAaBHEHUN C # HEU3BECTHBIMU
A11X1 + Q1pXp + o0+ Qi Xy = by
Ap1X1 + Xy + -+ AypXy = by
Am1X1 + AmaXy + 0 QX = by
HcuepnbiBatomiuii OTBET Ha BOIPOC O COBMECTUMOCTH 3TOM cHucTeMbl Ha&T meopema Kpouekepa-
Kanennu.
Teopema 4.1. Cucmema nuHeliHbIX aneebpaudecKux YpasHeHull coeMecmua moz20a U MmoabKo mozod,
K020a pame pacuupeHHol Mampuybl CUCIeMbl pageH panzy 0CHOBHOU MAMPUYbL.

[Tpumem e€ Ge3 HoKa3aTeNbCTBA.

HpaBI/IJ'Ia MPaKTUYCCKOI'0 PA3bICKAHUA BCCX pCI_I_ICHI/Iﬁ COBMECTHON CHCTEMbI JIHHEHHBIX ypaBHCHI/Iﬁ

BBITCKAKOT M3 CJICAYIOIIUX TCOPEM.
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Teopema 4.2. Eciu pane coéMecmuou CUCeMbl PAGEH YUCTY HEeU3BECMHbIX, MO CUCHmeMda umeem

eouHcmeenHoe peuleHue.

Teopema 4.3. Eciu pane coémecmHoOu cucmemvl MeHbUle YUCIA HEU3IBECMHbIX, MO CUcmema umeem

becuuciennoe MHONCeCME0 peuleHull.

IIpaBui10 pemieHus: NPOU3BOJILHOM CHCTEMbI JHHEHHBIX YPABHEHH.

1. Haiitu paHru OCHOBHOW M pacimiMpeHHoW Marpul cucrembl. Ecmu r(A) # r(A), to cucrema
HECOBMECTHA.  _

2. Ecimm r(A) = r(A) = r, cucrema coBmectHa. HaiiTm kakoii-muOo Oa3WCHBII MHHOp ToOpsAKa I
(HamoMUHaHUE: MHUHOP, MOPSAOK KOTOPOTO OMpEAEsieT paHI MaTpHIlbl, Ha3bIBaeTCs Oa3HCHBIM).
B3saTe I ypaBHeHui, U3 KOIPPHUIMEHTOB KOTOPBIX COCTaBJIE€H O0a3uCHBIA MUHODP (OCTaJbHbIE
ypaBHeHUs oTOpocuTh). HeusBecTHble, KO3 ULIMEHTH KOTOPBIX BXOJSAT B Oa3MCHBIA MUHOP,
Ha3bIBAIOT 2/IA6HbIMYU W OCTABIISIOT CJIEBA, @ OCTAJIbHBIE 71 — FHEU3BECTHBIX HA3bIBAIOT C60000HbIMU U
MEPEHOCAT B MPaBbI€ YACTH YPaBHEHUH.

3. Haiitu BbIpakeHHUs TTIaBHBIX HEM3BECTHBIX Uepe3 cBoOoaHbIe. [lomydeHo obmiee penieHne CHCTEMBI.

4. TlpunaBass CBOOOJHBIM HEW3BECTHBIM MPOU3BOJbHBIE 3HAUYEHHUS, MOJYYHMM COOTBETCTBYIOIIKE
3HAYEHHUS TJIABHBIX HEU3BECTHHIX. TakUM 00pa3oM MOXKHO HAWTH YaCTHBIE PEIICHUS HCXOJHOU
CHUCTEMBbI YPaBHEHUH.

Ilpumep 4.1. VccnenoBath Ha COBMECTHOCTh CUCTEMY

{ x+y=1
3x+3y=-2
Pememne: A= (3 3), r =1, 4=(3 ; L) ra=2(s=[} 1|=0)

Takum o6paszom, r(A) # r(A), craenoBaTenbHO, CHCTEMA HECOBMECTHA.
Ilpumep 4.2. Pemiutb cucteMy

X1 —2x, +x3+x,=1
x1_2x2+x3_x4_:_1
x1_2x2+x3+x4:3

Pemenue: r(A) ;t_r(/f) = 2. Bepém 1Ba nepBbIX ypaBHEHHUS:

{x1_2x2+x3+x4:1 {x3+x4:1_x1+2x2
x1_2x2+x3_x4:_1' x3_x4:_1_x1+2x2

N 1 N _|1=x+2x, 1|_, | lexg+2x |
a=|; l=-2#0 A= |—1—x1+2x2 —1| =20 =40 0T |y x| TT T2
CnenoBarenbHo, x3 = -x1 + 2x2 , x4 = 1 — oOmee pemenue. Ilonoxus, Hanpumep, x1 = 0, x2 = 0,

MOJIy4aeM OJIHO M3 YaCTHBIX perneHuii: x1 = 0, x2 = 0, x3= 0, x4 = 1.

4.3. PemieHue HeBbIPOKAEHHBIX JHHEHHBIX CHCTEM.
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Ilycth nana cucrema n JTUHEHHBIX YPaBHEHUHN C 7 HEU3BECTHBIMU
11X + x5 + -+ Ay Xy = by
Ap1X1 + AxpXy + +++ + AypXxy = by
An1X1 t ApaXp + 0 A Xy = bn
WK B MaTpuuHOil popme A * X = B.
OcHoBHast MaTpulia A Takoi cucTeMbl KBagpaTHas. OnpeaenuTesb STOH MaTPHULIbI

a11 en aln
A=
Apni - Qpg

Ha3bIBACTCSl onpedenumenem cucmemsl. EC ompenenuTeNb CUCTEMBl OTIMYEH OT HYJS, TO CHCTEMa
HA3bIBACTCS HEBbIPOHCOEHHOU.

Haiiném penienne 1anHoM cucTeMbl ypaBHEeHUH B ciydae A # 0.

YMHOKHUB 00€ yacT ypaBHeHuss A * X = B ciepa Ha matpumy A7, momyunm A * A * X = Al * B,
IMockompky A1 * A=EuE* X=X, 10 X=A"*B.

OTpICKaHue perIeHus! CUCTEMBI 110 hopmyiie (4.1) Ha3BIBAIOT MAMPUUHBIM CNOCOOOM PEIICHUS CUCTEMBI.

MatpuuHoe paBeHCTBO (4.1) 3anuinem B Buje

X1 ay; Qzp .. Qpy b,
X2\ _1f %z Qa2 - Gn2 | b,
Xn Ay Qp - Qpp b,

X1 (@11b1 + az1by + -+ + apiby)/A

0 cer | X2 | = [ (@12b1 + @by + o+ anabnz) /A

Xn (@1nby + azpby + - + appby) /A

Orcrona cienyer, 9To

x1= (A11b1 + A2ibo + ... +4,b,) /A,

Ho A11b1 + Aziby + ... + A,/b1 ecTh pasiokenue onpeaeanuTens

b, ai, Ain
b, a a
_ |92 22 2n
A=
b, a,, .. amn

M0 3JIeMEHTaM IepBoro ctoibua. Omnpeaenutens A1 MOTydaeTcs U3 OmpenenuTens A MmyTéM 3aMeHbI
nepBoro croudna ko3ppuireHToB cToa0110M U3 CBOOOIHBIX YJICHOB.

Urak, x1 = A1/A.

Ananornuno: x2 = A2 / A, rae Az nonydeH u3 A myréM 3aMeHbl BTOPOTO CTOJIONA KOA(M(GHUIIMESHTOB

CTOJIOIIOM U3 CBOOOIHBIX WICHOB; X3 = A3 /A, ..., xn = An/A.
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Dopmynsl xi=Ai/A 1=1n

Ha3bIBaIOTCA hopmynamu Kpamepa.

I/ITaK, HCBBIPOXKJICHHAA CHUCTEMA N JIMHEHHBIX ypaBHeHI/Iﬁ C n HCU3BCCTHBIMH HMCECT CIAMHCTBCHHOC

pelIeHne, KOTOPOe MOXKET ObITh HAMIEHO MAaTPUYHBIM criocobom (4.1) mubo mo dopmynam Kpamepa

(4.2).

2x1—x2=0

Ilpumep 4.3. Pemuts cucremy { x. 4+ 3%, =7
1 2 =

Pemenne: A= |i 3

14
— =

7
3HAYNT,X; = o= 1, x, = 2

BOIIPOCHI AJ11 CAMOITPOBEPKH

o a k~ w b F

YpaBHEHUH.

7. CdopmynupyiiTe mpaBuia peluieHrus CUCTEM C TIOMOIIBIO 0OpaTHON MaTPHIIBI.

8. CdopmynupyiiTe mpaBuia penieHus cucTeM MeToaoM onpeaenutens (hopmynsl Kpamepa).

=7¢O,A1=|g _31|=7, A2=|i 2|=14

Kakoii Bus1 umMeeT cucrema JIMHEHHBIX anreOpandyeckux ypaBHEHH?

Kak 3anucarb cucreMy JMHEHHBIX anredpandecKux ypaBHEHUI B MaTpUUHOM Gopme?
Cdopmynupyiite Teopemy Kponekepa-Kamnemm.

Kaxkast cucrema ypaBHEHU Ha3bIBACTCSI COBMECTHOM (HECOBMECTHOM)?

UTO 3HAYMT PEIINThH CUCTEMY JTUHEHHBIX aareOpandecKux ypaBHCHHA?

ChopmynupyiiTe mnpaBuia peUIeHUS MPOU3BOJILHONW CHCTEMBI JIMHEHHBIX alreOpanvecKux
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Jlekmust Ne S. Ilpsimast IMHUSA HA TUVIOCKOCTH.

B 3TOI NEKUMM Mbl MPUCTYNAEM K PAaCCMOTPEHUIO aHAZIMTUYECKON reOMETPUN, KOTOPAA N3yYaeT CBOMCTBA
reomeTpuyeckux puryp cpeacrtsamm anrebpbl Ha OCHOBE MeToZa KoopaMHaT. [JaHHbIN MeTo4 no3sonset
KarK0M TOUKe NAOCKOCTM NOCTaBUTb B COOTBETCTBME YNOPALOYEHHYIO TPOMKY Yncen. OCHOBHbIM
WHCTPYMEHTOM METOLa KOOPAMHAT CAYXKMUT CUCTEMA KOOPAUHAT. B 3TOM Nekunm mbl byaem paccmaTpmBaTb
TO/IbKO NPAMOYTO/IbHYIO, UM AEeKapTOBY, CUCTEMY KOOPAMHAT. PAacCCMOTPUM, KaK MOXHO 3aZaTb NPOCTENLLYIO
durypy — npAmMyto Ha NJIOCKOCTU.

5.1. YpaBHeHue npsiMoil HA IJIOCKOCTH.

Onpenenenue. Jlro6as npsiMasi Ha TIOCKOCTH MOKET OBITh 33JjaHa YpaBHEHUEM NIEPBOTO MOPSJIKa
Ax+By+C=0,

IpHYeM MOCTOSHHEIE A, B He paBHBI Hymi0 OJHOBpeMeHHO, T.e. A? + B%# 0. DTo ypaBHeHHE TIEpBOTO
MOPSIJIKA HA3BIBAIOT OOIIMM YPABHEHHEM MPAMOIA.
B 3aBMCMMOCTM OT 3Ha4EHMI NOCTOAHHBIX A,B 1 C BO3MOKHbI CeAytoLLme YacTHbIe ClyYau:
- C=0,A=#0,B#0—npsamas npoxoauT yepe3 Ha4ajaI0 KOOPIUHAT
- A=0,B=0,C=0{By+ C =0} npamas mapamrenpaa ocu Ox
- B=0,A#0,C=#0{Ax+C =0} - npsamas napamienpaa ocu Oy
- B=C=0, A#0—npsamas coBnamaer ¢ ocsto Oy
- A=C=0,B#0-npsamas coBnamaer ¢ ocsto Ox

YpaBHeHme ﬂpﬂMOVI MOXKET bbITb npeacrasaeHo B Pa3/IMdMHOM BUAE B 3aBUCUMOCTU OT KaKUX - nmnbo 3a4aHHbIX
Ha4a/ibHbIX ycnosmﬁ.

5.2. YpaBHeHMe NPSAMOM 110 TOYKE M BEKTOPY HOPMAJIH.

Onpenenenue. B nexapToBoil NpsAMOYrojJbHON CUCTEME KOOPIUHAT BEKTOP ¢ KOMIIOHEHTaMH (A, B)
NEPIECHIUKYIIIPEH NPSAMOH , 3alaHHOM ypaBHeHHeM AX + By + C = 0.

IIpumep. Haiitu ypaBHeHHEe TpsMoii, mpoxo el yepe3 Touky A(1, 2) nepneHauKyIsspHO BEKTOPY
in(3,-1).

Coctasum npn A =3 n B =-1 ypaBHeHune npamon: 3x —y + C = 0. A HaxoxKaeHua koapdumumnenTa C noactasmum
B NOJIy4EHHOE BblparKeHMEe KOOpAMHaTbl 33, aHHOM TOUKM A.

[Tomyuaem: 3 — 2 + C =0, cnegoBarensHo C = -1.

Utoro: uckomoe ypasuenue: 3x —y—1=0.
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5.3. YpaBHeHMe NpAMOi, IPOXosillell Yepe3 ABe TOYKH.

ITycth Ha 1wUIOCKOCTH 3amaHbl aBe TOYkd Mi(X1, Y1) u Ma(X2, y2), Torja ypaBHEHHE MPSIMOIA,
MPOXOJAIIEH Yepe3 3T TOUKHU:

X=X — Y-y,
X =% Y=V

Ecnun Kakoi- b0 13 3HameHaTesielt paBeH Hy/o, C/ieAyeT NPUPABHATb HYJ/1H0 COOTBETCTBYIOLNIA YNCUTEb.

3anuncaHHoe Bblille YpaBHEHWE NPAMOM YNpoLLaeTca:

Vo= W
y=n= (x=x,)
Xy =X
€CJIM X1 # X2 U X = X1, €CIIAX1 = X2.
Yo =W _ .
Jpobb —=—— = Kk Ha3bIBaeTCs YriioBbIM KO3(pPUIIMEHTOM MTPSIMOIA.
X, —X
2 1

IIpumep. Haiitu ypaBHeHnue npsmoi, npoxoasuieii uepe3 Touku A(1, 2) u B(3, 4).

[TpuMeHsist 3anMcanHyto BbIle GOPMYITY, TTOJTydaeM:

4-2
-2= x—1
y 3¢ D
y—2=x-1
x—y+1=0

5.4. YpaBHeHue NPSIMOM 10 TOYKE M YIJI0BOMY KO3(ppumuenry.

Ecnu oOmiee ypaBuenue npsimori Ax + By + C = 0 mpuBecTH K BUAY:

__4,..C
4 B B
A C
n 0003HAYUTL — B =k; — B =b; me y=kx+b , TO TIOIydCHHOC YpaBHCHHE Ha3bIBACTCs

ypaBHeHHeM NPSIMOii ¢ YIi10BbIM K03(ppunuentom K.

5.5. YpaBHeHHne npsiMOM 110 TOYKE M HANIPABJIAIOLIEMY BEKTOPY.

Io aHanornm ¢ MyHKTOM, PacCMATPHUBAIOIINM ypaBHEHHE MIPAMON depe3 BEKTOP HOPMaJId MOXXHO BBECTH 3a/IaHHE TIPSIMON

Yyepe3 TOUKY U HAITPaBJISIIOLINI BEKTOP MPSMOH.

Omnpenenenne. Kaxnpiii HeHyneBod BekTop d (01, 02), KOMIHOHEHTBI KOTOPOTO YAOBJIETBOPSIOT

ycnoBuio Ao + Baz = 0 Ha3bIBaeTCsl HAIIPABIISAIOIIKUM BEKTOPOM IPSMOiA
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Ax+By+C=0.

Ipumep. Haiitu ypaBHeHHe npsmoil ¢ HampaBisitomuM BektopoM d (1, -1) u mpoxoxsmieir dyepes
Touky A(1, 2).

YpaBHeHHe UCKOMOW mTpsMoil Oynem uckate B Buae: AX + By + C = 0. B cooTBercTBUM C
onpezeneHueM, K03(pOULUHUEHTh! TOJKHbBI YOBIETBOPSTH YCIOBUSIM:

1.A+(-1)B=0,Te. A=B.
Torna ypaBuenue npsimoit umeet Bua: AX + Ay + C=0, mmu X +y + C/A=0.
npu X = 1, y =2 nomygaem C/A = -3, T.e. ©ICKOMOE YpaBHEHUE:

x+y-3=0
5.6. YpaBHeHue NPsAMON B OTpe3Kax.

Ecmu B obmem ypaBHeHuu mpsimoir Ax + By + C = 0 C # 0, 10, pazaenuB Ha —C, TOIydnM:

—éx—ﬁ =1 W
Cy

C
£+X=1,1")Ie
a b
C C
a=——; =——
A B

I'eomeTrpuueckuii cMbICT KOA()GUIIMEHTOB B TOM, 4TO KOIPGDHUIIUEHT a SIBISICTCS KOOPAMHATOW TOUKH
nepeceueHus mpsAamMoi ¢ ocbio Ox, a b — KoopAMHATON TOYKH MepecedeHus mpsamoii ¢ ocbio Oy.
IIpumep. 3amano oOmiee ypaBHeHHe mpsiMoit X — y + 1 = 0. Haiitu ypaBHeHHE 3TO# TpsSMO#l B

OTpEC3Kax.

5.7. HopmajibHOe ypaBHeHHe NIPSIMOM.

1

ﬁ , KOTOpOC
A" +B

Ecnu o0e wactu ypaBHeHuss Ax + By + C = 0 pa3penuts Ha uuciao p ==

Ha3bIBACTCSA HOPMHUPYIOLIEM MHOYKUTEJIEM, TO ITOJTYUUM
XCOSp + ysing - p=0—
HOpMAaJIbHOE YPaBHEHHUE NPSMOH.
3HaK = HOPMMPYHOLLLEro MHOXUTENA HAfO BbIbUPaTh Tak, 4Tobbl p-C < 0.
P — AIMHA MEePIeHUKYIsIpa, ONMYIIEHHOTO U3 Havyajla KOOPAWHAT Ha MPsAMYIO, a ¢ - Yroj, 00pa30BaHHBIH

9TUM INECPINCHAUKYIAPOM C MOJIOKHUTCIbHBIM HAIIPABJICHUEM OCHU Ox.
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Ipumep. [lano obuiee ypaBHeHue npsmoit 12x — Sy — 65 = 0. TpeOyeTcst HarucaTh pa3jIMyHbIC THIIBI
YPaBHEHUH 3TOU NPAMOM.

12 5

65" 65°

AR S
65/12) " (=13)

YPaBHEHHUE 3TOU NPSIMOM B OTPE3KAX:

YpaBHEHHE TON MPSMOM C YTIOBBIM KOAPPHUIIMEHTOM: (J1enuM Ha 5)

= 2,9 = 2x -13
5 5 5
HOPMaJIBHOE YpPaBHEHUE NPSIMOM:
! _1 Ex—iy—Szo; cose = 12/13; sing =-5/13; p = 5.

Y sy 1B 1313

Crnemyer OTMETHUTB, YTO HE KAXKIYIO MNPSAMYIO MOXHO MPEJICTaBUTh YpaBHEHHEM B OTpE3Kax,
HalrpuMep, Npsmble, NapaJlIeIbHbIE OCAM WU MPOXOJAIINE Yepe3 Hadyajao KOOPANHAT.
IIpumep. Ilpsimas oTcexaeT Ha KOOPAMHATHBIX OCAX PaBHBbIE MOJIOXKUTENbHbIE OTpe3ku. COCTaBUTH

ypaBHEHHE TPAMOI, €CITH TUIOMA b TPEYTOIbHIKA, 00Pa30BaHHOTO STHMH OTPE3KaMH PaBHA § CM2.

YpaBHEHHE MTPSIMOI IMEET BH/I: X +% =1, a=b=1; ab/l2=8; a=4; -4

a

a = -4 HE MOJXOUT MO YCIOBUIO 3aa4H.

Hroro: %+£=1 nmmx+y—-4=0.

IIpumep. CocTaBuTh ypaBHEHHE TIPSIMOM, MPOXOAAIICH yepe3 ToUKy A(-2, -3) 1 HaYaJI0 KOOPIMHAT.

xX—Xx -
VYpaBHeHHE NMPSMON UMEET BU/I: L_VTNh ,Tnex1= y1=0; X2 =-2;y>=-3.
X=X V=W
x-0 _ y-0 ; ST 3x—-2y=0.
-2-0 -3-0 -2 =3

st camocTosiTeIbHOTO pemieHusi: COCTaBUTh ypaBHEHUS MPSAMBIX, IPOXOIAIINX Yepe3 TOUKy M(-

3, -4) u mapaienbHBIX OCSM KOOPAUHAT.

OtBer: {X+3=0; y+4=0}.
5.8. YroJu me:xay npsiMbIMHU Ha IVIOCKOCTH.

Onpenenenune. Ecnu 3amanbl 18e npsambie Y = KiX + b1, ¥y = Kox + b2, To octperit yrosn mexay stumu

MpsAMBbIMHA 6y,ueT ONPCACIATHCSA KaK

kz _kl

e ]
8 ki,

JIBe mpsiMble mapajienasnsl, ecan Ky = ko.
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JIBe mpsiMble MepNeHMKYISpHbL, ecan K1 = -1/Ko.
Teopema.llpamwvie Ax + By + C = 0 u Aix + Biy + C1 = 0 napannenvhvl, ko20a nponopyuUOHaiIbHbL

ko2 puyuenmor A1 = AA, B1 = AB. Ecau ewje u C1 = AC, mo npsamsie cosnaoaiom.

KoopaunaTtsl TOYKH nepecedeHus ABYX NPSIMbIX HAXOAATCS KAK pellleHHe CUCTeMbI IBYX YPABHEHHIA.

5.9. YpaBHeHue npsaAMoON, NPoxoasiieil Yepe3 JaHHYI0 TOYKY NepPIeHINKY/JISIPHO TaHHOMI
NPsAMOii.

Onpenenenue. [Ipsmast, npoxosaiias yepe3 TOuKy M1(X1, y1) ¥ IEpIECHAUKYISIPHAS K IPSIMOil y = KX
+ b mpencrasisiercst ypaBHEHUEM:

1
Y= =—;(x—xl)

5.10. PaccTrosiHue OT TOYKH /10 PSIMOM.

Ecnu 3a0ana mouxa M(xo, yo), mo paccmosnue oo npsmoui Ax + By + C =0 onpedensemcs kax

|Ax, + By, +C|
d= .
VA® + B’

IMpumep. OnpenenuTs yroya MEXIy NpsIMbIMA: Y = -3X + 7; Y = 2X + 1.

2-(3)
Ki=-3; ke=2  tgo= | A =1; ¢=n/4
' ’ % ‘1—(—3)2 oo

IMpumep. [Tokazate, yto npsmeie 3x — Sy +7 =0 u 10x + 6y — 3 = 0 neprneHAUKYJISIPHBI.
Haxomum: k1 = 3/5, ko =-5/3, kikz = -1, cinegoBarensHo, IpsMble TIEPICHANKYISPHBL.
Mpumep. [ansr Bepumubl tpeyronbauka A(0; 1), B(6; 5), C(12; -1). Haiitu ypaBHEHHE BBICOTHI,

MPOBEICHHOUN 13 BepiuHbI C.

Haxonuwm ypaBHeHue croponsl AB: x=0 = y-l x = y-1 ; 4X = 6y — 6;
6-0 5-1 6 4

2x—3y+3=0; yz%x—i—l.
HckoMoe ypaBHeHHE BHICOTHI BMeeT BUa: AX + By + C=0wmm y = kx + b.

- 3 _ 3
k=— 3 Tormay = -3 +b . T.x. BBICOTA TPOXOIUT Yepe3 Touky C, TO €€ KOOPAMHATHI YAOBIETBOPSIOT

JIAHHOMY YPaBHEHUIO: — | = —%12 +b,01Kyna b= 17. Utoro: y = —%x +17.

Otset: 3x+ 2y - 34 =0.
st camocTosITe/ILHOTO peleHusi: JlaHsl cTopoHbI TpeyroyibHuka X +Y — 6 = 0,

3X—5y+ 15 =0, 5x — 3y — 14 = 0. CocTtaBUTh ypaBHEHHUS €TO BHICOT.
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Yxka3zanme: CHauana cielyeT HalTHM KOOpAMHAThl BEPIIMH TPEYTrOJbHHKA, KAK TOUEK IEPECEUEHUS

CTOPOH, 3aTEM BOCIIOJIB30BaTHCA METOAOM, PACCMOTPEHHOM B IIPEIBIAYILEM IPUMEPE.
OtBer: { X—y=0;5x+3y—26=0; 3x + 5y — 26 = 0}.
BOITPOCHI J1JIsA CAMOITPOBEPKH

w

© ©o N o o bk

10.
11.
12.
13.
14.

JlaiiTe onpeneneHre ypaBHEHHUsI JINHAX HA IIJIOCKOCTH.

Hanummure ob1ee ypaBHeHHE PSIMOH.

VKa)KHUTE€ pasIMuHbIE CIIy4aW TIIOJIO)KEHUS IPSIMOM OTHOCUTEIBHO OCEH KOOpPAMHAT W
COOTBETCTBYIOIIME UM YPaBHEHHSI.

Kak npoBepuTh, T1EKUT 11 JaHHAsT TOYKA HA JAHHOU MPSMOil?

UTto Ha3pIBaeTCs YoM HaKJIOHA MPSAMOM?

Uto Ha3bpIBaeTCsl YriaoBbIM KOAPGUIUEHTOM MPSIMOM, KAKOB €ro Nr€OMETPUUYECKHI CMbICIT?

Yemy paBeH yriioBoi KOAQQHUITUEHT MPAMOH, apayuiesHo ocu OX?

Hammmunre ypaBHeHHE IpsIMOi, TPOXOASAIIEH Yepe3 JaHHYIO TOUKY B JAHHOM HaIlpaBJICHUU.
Hanumure ypaBHeHHe NpsMOi, Mpoxosiield depe3 JBE JaHHbIE TOYKH, 0Ollee ypaBHEHHE
MPSIMOM.

Hanumure gopMyiy TaHreHca yriia MexIy ABYMsI PSMBIMU.

Coopmynupyiite ycinoBus NapalieqbHOCTH U NEPIEHAUKYISIPHOCTH JBYX MPSIMBIX.

Kaxk onpenenuth TOUKy MepeceueHus ABYX NPsIMbIX?

B 4yem coCTOMT reoMeTprUYEeCK il CMBIC HEPABEHCTBA MEPBOM CTETIEHU C IBYMS HEU3BECTHBIMM ?
B d4eM COCTOMT reOMETpPUYECKHH CMBICH CUCTEMBl HEPABEHCTB IIEPBOM CTEIEHH C JBYMs

HEU3BECTHBIMU?

165



Jlekuus Ne 6. KpuBbie BTOpOro nopsiaka.

KpuBas BTOporo nopsjka MokeT 6bITh 3aJJaHAa yPaBHEHUEM

Ax? + 2Bxy + Cy? + 2Dx + 2Ey + F = 0.

CyulecTByeT cucTema KoopauHaT (He 06:a3aTeNlbHO AeKapToBa NPAMOYTro/ibHasA), B KOTOPOW AaHHOE ypaBHEHUE
MO3KeT 6bITb NPeACcTaB/eHO B O4HOM U3 BUA0B, MPUBEAEHHbIX HUXKE.

x2 y2
1) —+*5 =1 - ypaBnenue snnurca.

2 2
a- b
2 2
X y 13 2
2) S+ = -1 - YpaBHEHHE “MHUMOTO” AJUIUIICA.
a” b
2 2
Xy
3) 5- b_2 =1 - ypaBuenue runep6obL.
a

4) a’x? — Czy2 = 0 — ypaBHEHHE IBYX NIEPECEKAIOIIUXCS MPSIMBIX.

5) y? = 2pX — ypaBHEHHE MapaboJIbL.

6) y?—a?=0— ypaBHeHHE ABYX MaPAIETbHBIX IPSIMBIX.

7) y?+ @ = 0 — ypaBHEHHE ABYX “MHUMBIX" MAPaIEIbHBIX TPIMBIX.
8) y? =0 — nmapa COBIAJAIONMIIX NIPSMBIX.

9) (x—a)?+ (y—b)? = R? - ypaBHEeHHE OKPYKHOCTH.

6.1. OKpY:KHOCTD.

Or[pe,aeﬂel-me. OK'pnyCHOCmblO Ha3bIBA€TCA MHOXKECTBO TOYEK IIVIOCKOCTH,

paBHOY/aJIeHHBIX OT JAHHOU TOYKM (YyeHmpa).

B okpyxHoCTH (X - a)2 + (y - b)2 = RZ neHTp uMeeT KoopAUHATHI (a; b).
HpnMep. Haiitu KOOPAWHATBI ICHTPA U PAANYC OKPYKHOCTH, €CJIN €€ YPABHCHHUC 3a1aHO B BUJC:
2x2 +2y? —8x +5y—4 =0.

LOna HaxoxaeHWA KoopaMHaT LLeHTpa U pagnyca OKPYKHOCTU JaHHOe ypaBHeHue HEOGXOAMMO npmeBectun K
BMAY, YKasaHHOMY Bbille B n.o. [na aToro Bblaennm nosHble KBagpaTbl:

X2 +y?—4x+25y-2=0
X2 —4x+4 -4 +y*+25y+25/16 -25/16-2=0
(Xx—2)2+ (y+5/4)2-25/16 -6=0
(Xx—2)?+ (y + 5/4)? = 121/16
Otcrona vHaxoaum O(2; -5/4); R =11/4.

6.2. Dmmc.
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Onpenenenue. Driuncom Ha3bIBAETCS MHOKECTBO TOUEK INIOCKOCTH, CyMMa PAaCCTOSHUI KOTOPBIX 10
JIBYX JTAHHBIX TOYEK, Ha3bIBAEMbIX (hOKYCAMU, €CTh BEIMYMHA TIOCTOSHHASA, PaBHas 2a.

ypaBHeHme 31INNCa nmeet BUA:
2 2
Xy
—2 + —2 = 1
a- b
Onpeueﬂeﬂne. (DOKycaMI/I Ha3bIBAKOTCsA TaKHUE€ ABC TOYKH, CyMMa paCCTOHHI/Iﬁ oT KOTOpLIX a0 JIIO6OI>1

TOYKH 3JIIIMIICA €CTh ITIOCTOSAHHAaA BCINYMHA.

y

r r) /\

F1 X

F1, F2 — dokyce. F1=(c; 0); Fz(-c; 0)
C — MOJIOBUHA PACCTOSIHUS MEX Y (POKycaMu;
a — OoJIBIIIast TOJTYOCh;
b — maas mosyocs.
Teopema.Dokycroe paccmosiue u nOLYOCU INIUNCA CEA3AHbL COOMHOULCHUEM.
a? =%+ c2

I[OKaI}aTeJIbCTBO: B cj1ydac€, €CJIM TOYKa M HaXoauTCs Ha NEPECCUCHUUN DJIJIMIICA C BepTHKaﬂBHOfI

oceio, I + 2 = 2+b” +¢? (mo teopeme Ilucdaropa). B cayuae, ecnim Touka M HaxomuTcs Ha
MePECeYCHUH JUTUIICA C TOPHU30HTAIBHOM OChIO, 1 + 2 =a — C + a + C. T.K. 1Mo onpee/ieHHI0 cyMMa Iy
+ I, — IOCTOSIHHAS BEJIUYUHA, TO , IPUPABHUBAS, MOJTydaeM:
a?=Db+c?
r+r;=2a
Omnpenesenne. Popma UIHIICA ONPEACTACTCS XaPAKTEPUCTHUKON, KOTOPask SABJIACTCS OTHOIICHHUEM
(OKYCHOTO PacCTOSTHHS K OOJIBIIICH OCH M Ha3bIBACTCS IKCHEHTPHUCHTETOM.
E=c/a.
Tk c<atoe<l.
Onpenenenune. Bennunna K = b/a HazpiBaetcst k03 UIHEHTOM C:KaTHSI DIUTUIICA, a BenrurHa 1 — K
= (a — b)/a HaswIBaeTcs cokaTHEM SIUTHIICA.
Koo HIUEHT c:kaThs U SKCIEHTPUCHTET CBA3aHbI COOTHOIIEHHEM: K* = 1 — g2,

Ecam a=b (c =0, e =0, pokycsl ciuBaTCs), TO HJIJIHMIIC MPEBPAIAETCS B OKPYKHOCTb.
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2 2
I I
Ecin st Toukn M(x1, y1) Bbionssieres ycnosue: — +°— <1, 1o ona naxoaures BHyTpH 2mmnca, a
a

2 2
1 1
ecmm — > 1, TO TOYKA HAXOJAMUTCS BHE JJIJIMIICA.

C symumicoM CBsI3aHbl JBE MPSIMbIC, HA3bIBaeMbIC UPEeKTpucamMu. VX ypaBHEHUS:
X =ale; x=-ale.
Teopema./[1s1 moeco, umobwvl mouxa Jnedxcara Ha 3Aunce, HeoOXo0UMO U O0OCMAMOYHO, YMOObI
OMHOUleHUe paccmosiHusl 00 QoKyca K paccmosHulo 00 COOMEemcmsyouel. OUpeKmpucyl pasHsaIo0Ch
IKCYEeHmpucumemy e.

IIpumep. CoctaBuTh ypaBHEHHE MPSAMOM, MPOXOASAIIEH uepe3 JIeBbIH (POKYC W HIKHIOIO BEPLINHY

2 2
X

3JUIWIICA, 3aJaHHOTO YPABHEHUEM: —— +

A
25 16

1) Koopauuatel HWKHe# Bepimabl: X = 0; y* = 16; y = -4,
2) KoopmuHaTs! neBoro dokyca: ¢> =a’ —0b?=25-16=9; ¢ =3; Fx(-3;0).
3) VYpaBHeHHe MPSAMOH, MPOXOASIICH Yepe3 ABE TOUKH:

X0 _ywd o Xy 30012 4x43y+12=0

—3-0 0+4 3 4

Ipumep. CocraButh ypaBHEeHHE diutHIica, eciu ero Gokycsl F1(0; 0), F2(1; 1), 6oabmas ocs paBHa 2.

2 2
Xy
VpaBHEHHE JIUINIICA UMEET BUA: — T b_2 =1. Paccrostaue mexy pokycamu:
a

2¢ = /(1-0)? +(1-0)? =~/2, Takum o6pasom, a2 — b? = 2 = %

110 yenoBHo 2a = 2, cnegosarensho a= 1, b= va® —¢> =4/1-1/2 = J2/2.

2 2
X
Urtoro: —
12

+—=1,
1/2

6.3. T'unepbona.

Onpenenenue.I'unep00J10i Ha3pIBa€TC MHOXKECTBO TOYEK IUIOCKOCTH, [UI KOTOPBIX MOAYJb
Pa3HOCTH PACCTOSIHMHA OT ABYX JAHHBIX TOYEK, HA3bIBa€MbIX (POKyCaMM €CThb BEIMYHMHA ITOCTOSHHAf,
paBHast 2a, MEHbIIAs PACCTOSTHUS MEXy (OKyCaMH.

[To onpenenennto Iri—r2l=2a. Fy, Fa— doxycel runep6onsl. F1F2 = 2c.
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M(X, y)

r
2

Tl
&
-

F2

/ C N
Bri6epem Ha runep6oiie mpou3BoIbHY0 TOUKy M(X, y). Torna:

n = Jix+¢) +y°
A =J(x-c)+y°

\/(x+c)2 +y° —\/(x—c)2 +y? =2a
(x+c) +y> =4a’ +4a\J(x—c)’ +y> +(x—c)* +°
da(x—c)* +y* =—4a’ +4xc

2 2 2.2 4 2 2.2
a(x—c) +a'y =a"-2a xc+xc

a’x* =2a’xc+a’c’ +a’y* =a* -2a’xe+x’c’
a’x’+a*c’ +a’y’ —a' -x’c* =0
—x* (¢’ —a*)+a’ (¢ —a*)+a’y’ =0
xz(cz _az)_azyz :az(cz_az)

2_ az - b2 (FeOMeTpI/I‘IeCKI/I 9Ta BCIIMYHMHA — MCHbIIAasi HOJ'IYOCL)

212 2.2 2.2
ab”=bx"-ay

0003HauUuM C

[TonyunnukaHoOHHYECKOe YPABHEHHE THIIEPOOJIbI.
I'unepOona cMMMETpUYHA OTHOCUTENBHO CEPEIUHBI OTPE3Ka, COCIUHSIONEro (OKYChl U OTHOCHTEIBHO
0Ce KOOpAUHAT.

Ocsb 2a Ha3pIBaeTcs ACHCTBUTEIbHON 0ChI0 rUINEep0oJIbI.

Ochb 2b Ha3bIBaeTCcsi MHUMOIi 0CHIO THTIEPOOJIBI.
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S

['unep6oa UMEET J1BE aCUMIITOThI, ypaBHEHHS KOTOPBIX y = + — x.

Q

C
Onpeue.nelme. OTHOIIECHHE ¢ = — > ] HA3BIBACTCA IKCHEHTPUCUTETOM FI/IH€p6OJIBI, rge ¢ —
a

MIOJIOBHHA PACCTOSHUS MEeX 1Y (hOKycamMu, a — IeHCTBUTENbHAS TTOIYOCh.

C yderom Toro, uTo ¢ — a? = b2

2 2 2 2
, ¢ a +b” b
e =F—==—=—
a’ a’ a’

Ecmma=Db,e= /2, To runepbosia Ha3pIBaCTCS PABHOOOYHOI (PABHOCTOPOHHEIHH).
Onpenenenue. JIBe nmpsiMble, NEPNEHIUKYISIPHbIE JIEHCTBUTEIBHONM OCH TUNEpOOSBI U

PaCIIOJIOKCHHBIEC CHUMMETPUYHO OTHOCUTCIIBHO ILICHTPAa Ha PpacCTOAHHUU a/e oT HETro, HAa3BIBAIOTCA

a
AupexTpucamu runepOonsl. X ypaBHeHUS: x = £ —.
e

Teopema.Eciu r — paccmosinue om npoussonshol mouku M eunepboivt 00 kakozo- 1ubo ¢gokyca, d —
paccmosiHue om motl JHce MoyKu 00 COOmEemcmayoujell 3momy Qokycy oupeKxmpucsi, mo omHouleHue
r/d — seruuuna nocmosnnas, pagnas SKCYeHmMpucumenty.

Ilpumep. Haiitu ypaBHeHHE THNEPOONBI, BEPIIMHBI W (POKYCHI KOTOpOW HAaXOAATCS B

2 2
X

y
COOTBETCTBYIOIIMX BepUIMHAX U (HOKycax 3JIUIICa ? +—=1.

5
Jnst smmanca: €2 = a2 — b2,

Jlnst runep6osl: €% = a2 + b2,

N

5

—
N |
J

V8 V8

2 2
X

VYpaBHeHHe runepOosbl: —— —— =

3 5

HpnMep. CocTaBUTH YpPaBHCHUC FI/IHep60J'IBI, €CJIn €C OKCUCHTPUCUTCT pPaBCH 2, a (I)OKyCBI

2 2
X
COBIIAAArOT C (I)OKyC&MI/I SJUIAIICA C YPABHCHUCM E +—=1.

9
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Haxoaum ¢oxycHoe paccrostaue ¢2 = 25 — 9 = 16.

Jlnsrunep6oist: ¢ = a2 + b? = 16, e=cla=2; C =2a; c2=4a% a’=4
b>=16-4=12.
2 2
Xy
Hroro: 7 - E =1 - uckomoe ypaBHeHUe runepoOILL.

6.4. ITapa6oua.

Onpenenenue.llapa6osioii Ha3zbBaeTCs MHOXXECTBO TOYEK TIUIOCKOCTH, Kaxaas M3 KOTOPBIX
HaXOJUTCSI HAa OJIMHAKOBOM PAacCTOSIHUU OT JAHHOM TOYKH, Ha3bIBa€MOU (POKycOM, U OT JaHHOMU MPSIMOH,
Ha3bIBAEMOU TUPEKTPUCON U HE MPOXOAIIEH yepe3 PoKyc.

PacnonoXum Hayano KoopauHaT nocepeguHe mexay GoKycom u AMpPeKTPUCON.

Yy
A M(x, v)

p/2 P

Bennuuna p (paccrosiHue oT (okyca 0 IUPEKTPUCHI) HA3BIBACTCS MApaMeTPoOM MapadoJibl.
BriBeieM KaHOHUYECKOE YpaBHEHHE apadoIIbl.
13 reomerpuueckux cootnomrenuii: AM = MF; AM = X + p/2;
MF2 = y2 + (X — p/2)?
(X + pl2)? = y* + (x — p/2)?

X2 +Xp + P24 = y? + X% — xp + p?l4

y2 = 2px
VYpaBHEHHE TUPEKTPHUCHL: X = -Pp/2.
Ipumep. Ha napa6ose y? = 8X HaiTH TOUKY, pacCTOSHUE KOTOPOH OT IUPEKTPHUCH PaBHO 4.
13 ypaBHeHMs napabosibl noayyaem, uTo p = 4.
r =X+ p/2 =4; cnegoBaTeNbHO:

X=2; y*=16; y=4. Uckomele Touku: M1(2; 4), M2(2; -4).
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Ipumep. Jlana napa6ona y? = 6x. COCTaBUTH ypaBHEHHE €€ JUPEKTPHCH M HAliTH ee POKYC.

CpaBHMBas JaHHOE YpaBHEHHE C KAaHOHMYECKHM YpaBHEHHEM Iapaloiibl, BUAUM, 4TO 2P=6, p = 3.

Tak kak ypaBHEHHME IUPEKTPUCHI UMEET YpAaBHEHUE X = —g, a (QoKyc — KOOPIMHATHI g u 0, To 1

3 3
paccMaTpuBaeMoro Ciyyas MoxyduM ypaBHEHHE TUPEKTPUCEL X = — U doxyc F(E ; 0).

Omeem:x = — E, F(i; 0).

2 2

BOIIPOCHI AJI1 CAMOITPOBEPKH

© N o o B~ w DN E

10.
11.
12.
13.

14.

JlaiiTe onpeneneHue JIMHUU BTOPOTO MOPSAIKA.

Kakwne nuHuM BTOPOTO MOpSIKa BBl 3HAeTE?

BriBeuTe ypaBHEHHE OKPYKHOCTH C IIEHTPOM B Touke C(1;2) u paanycom R = 4.

JlaiiTe onpenenenye >UIMIca.

Kakyto popmy umeer smummric? YkaxuTe Ha pUCYHKE M Ha30BUTE €r0 OCHOBHBIC DJIEMEHTHI.

Uro npencrasiisieT co00i 3JUIUIIC, €CITU €0 MOJIYOCH PaBHBI?

JaiiTe onpenenenue napadoIbl.

Kakyro dopmy umeer mapaboia, omnpenenseMas ypaBHeHHeM y? = 2px, wim x> = 2gy ? Kak
BIIUSIFOT TTapaMeTphl p U g Ha dhopmy napadosi?

Uto mpencraBiseTr co0oil Ha rpaduke B cucteme KoopauHat OXynuHWs, 3aJjaHHAs ypaBHEHHUEM
y =ax?+ bx + ¢?

JlaiiTe onpeeneHne TurepooJIbl.

Kakyro popmy umeer runepbomna? Ykaxute Ha pUCYHKE M HA30BUTE €€ OCHOBHBIC SJIEMEHTHI.
Hanumure ypaBHeHUSs: acCUMOTOT TUIIEPOOIIHI.

Hanumure ypaBHeHHE pPaBHOCTOPOHHEH THIEPOOJIbI, ACUMIITOTAMH KOTOPOW SBJIAIOTCS OCH
KOOpJIMHAT.

[IpuBeaute npUMepsl HCHOIL30BAHUS YPABHEHWM JUHHM BTOPOTO MOpSAKA JUISI HM3YYECHHS

KOHKPETHBIX 3aBHCUMOCTEH.
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Jlekuust Ne 8. Ilpenen pynkuum.

I'IepelvteHHaﬂ n npeaen —3To OCHOBHbIe MOHATUA MaTeEMaTUYECKOro aHa/in3a. ﬂ,OCTaTO‘-IHO HAaNOMHWUTb, YTO
Kto4YeBbIM CZIOBOM B onpeaeneHmnAaxXx Taknx N3BeCTHbIX CO LLWKO/Ibl NMOHATUM KaK npon3soaHaA U UHTerpan
ABNAETCA CNOBO npeaen.

8.1. Ilpenen pyHkuum B TOUKeE.

y f(x)
A+e |
A — !
A-¢ | i
0! a- Ada + Ax

ITycts ynkius f(X) ompeneneHa B HEKOTOPOH OKPECTHOCTH TOYKH X = a (T.€. B CaMO#l TOYKE X = a
(YHKIIUS MOKET OBITh U HE OTIPEICTICHA)

Onpenenenne. Yncino A HaspiBactcs mpeaenaom ¢yakiuu f(X) npu x—a, ecau mis moboro >0
CYIIECTBYET Takoe 4uciao A>0, 4To /Ui BCEX X TAKHX, UYTO

0<|x-al<A
BEPHO HEPABCHCTBO [ f(x) - Al <e.
To e onpefeneHve MoXeT 6biTb 3aMMcaHo B APYrom BUAe:

Ecnu a - A<x<a + A, X#a, TO BepHO HepaBeHCTBO A - e<f(X) <A + &.

3anuck npenena QyHKIUU B Touke: lim f(x) = A4
xX—>a
Onpenenenne. Eciu f(X) —>A1 mpu X — a Tompko npu X<a, To lim f(x)= 4, - Ha3bIBaeTCs
x—a—-0
npeneaom ¢yaknuu f(X) B Touke x = a ciaeBa, a ecnu f(X) >A2 mpu X — a TOJBKO MPU X>a, TO

lim f(x)= A, Ha3wiBactcs npenesnom Gyukiwu f(X) B Touke X = a cnmpasa.

x—a+0
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f(x)

[TpuBencHHOE BBIIIIE ONPEICIEHUEe OTHOCUTCS K Citydaro, koraa ¢yukius f(X) He onpenenena B camoi
TOYKE X = a, HO OIpEeJIeJIeHa B HEKOTOPOH CKOJIb YIOJHO MaJOW OKPECTHOCTH 3TOM TOYKH.
IMpenensr A1 1 A2 Ha3BIBAIOTCS TaK)Ke OAHOCTOPOHHUMHU npenenamu ¢yukiuu f(X) B Touke X = a.

Takoxe roBopsT, 4T0 A — KOHeuHbIiT nmpeaes pyakiuu f(X).
8.2. Ilpenen ¢yHKIMU MPU CTPEMIICHHH apryMeHTa K O€CKOHEYHOCTH.

Onpenenenne. Yncno A nassiBaercs npeaeaom ¢yuknun f(X) mpu x—»00, ecnu as 1000ro 4ncia

€>0 cymiecTByeT Takoe yuciao M>0, 4To 1j1s BCex X, | x| >M Bbinonssercs HEpPaBEHCTBO
A-f(x)|<e

I[Tpu stoMm npeanosaraercs, uro ¢pyHkiwms f(X) onpenenena B OKpeCTHOCTH OECKOHEYHOCTH.

3anuceiBarot: lim f(x) = A4.

I'padmyeckn MOXKHO MPEICTABUTH:

y y

A A

0 0
X X
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AHaJIIOTMYHO MOXHO ONpeAenuTs npenensl im f(x) = A mig mobdoro x>M u
X—>+0

Iim f(x)= A nnsa moboro x<M.

8.3. OcHoBHBIE TEOpeMBI 0 Mpeae/Iax.

Teopema 1.1im C = C, rae C = const.

xX—>a
Crenyroliiue TeOpeMbl CIPaBeUIUBBI TpU Tpeanonokenun, 4ro ¢yakuuu f(X) um g(X) wumeror
KOHEYHBIC MPEJICITBI TIPH X—>a.

Teopema 2. lm (f(x) £ g(x)) =lm f(x)*lm g(x)
JlokazaTenbCcTBO ATOM TeOpeMbI OyIeT MIPUBEICHO HIDKE.
Teopema 3.lm [ f(x)- g(x)] = m f(x)-lm g(x)

CaeacrBue.lm C- f(x) =C-lm f(x)

X—>a

lim
Teopema 4. lm S () == /)
e g(x)  lm g(x)

npu lim g(x) =0

Teopema 5.Ecau f(X)>0 66nusu mouku x = au im f(x)= A, mo A>0.

Amnanoru4no onpezensiercs 3uak npeaena mpu f(x) < 0, f(x) > 0, f(x) <O0.

Teopema 6.Eciu g(x) <f(X) <u(x) 66nusu mouku x = a u im g(x) =lm u(x)= 4, mou lim = A.

x—>a
Onpenenenue. Oynknus f(X) HaspiBaeTCs orpaHMYeHHO BOIM3M TOYKH X = @, €CIIH CYIIECTBYET

Takoe yncio M>0, uto | f(x)| <M BGImM3H TouKH X = a.

Teopema 7.Eciu ¢ynxyus f(X) umeem xomeumwii npeden npu x—»a, mo oHa 02paHudeHa GOIU3U

mMo4YKu x = d.
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HokazareancTBo. [Tycts lim f(x) = A4, T.e. | f(x) —A| <&, Torga

) =[f(x) - A+ A4 <|f(x)— A +| 4] wn
()| <e+]4

, T.€.

()| <M,rieM=¢+ | Al

Teopema nokazaHa.
8.4. BeckoHeyHO MaJible (PYHKIMU.

Onpenenenne. Oynuxuus f(X) Ha3pIBacTCsS 0€CKOHEYHO MAJIOi IPU X—>a, TJI€ @ MOXKET OBITh YHUCIIOM

WJIM OJTHOW M3 BEJTMYMH 00, +00 HITH -00, ecliid im f(x) =0.
xX—a

CgoiicTBa 0€CKOHEYHO MAJIBIX QYHKIIUIA:

1)

2)

3)

4)

CymMma (QUKCHPOBAHHOTO 4ucia OECKOHEUHO MallbIX (YHKIHMM Mpu X—a ToXKe OECKOHEYHO Majas
GyHKIMS IpU X—>a.

[IpousBeneHne GUKCHPOBAHHOTO YHMCIIa OECKOHEYHO MallbIX (YHKUUNA IpHU X—>a TOKe OECKOHEYHO
Masast QyHKIHS Ipu X—>a.

[IpousBenenne OeckoHEYHO MajoW (PyHKIMH Ha (YHKIHUIO, OTPAHWMYCHHYIO BOJHM3M TOYKH X = a
SIBJISIETCSI OECKOHEYHO MaJioi ()yHKITUEH TIPH X—>a.

YacTtHOe OT AeneHusi OECKOHEYHO Majol (YHKIMUA Ha (PYHKIHIO, Mpeaen KOTOpOW HE paBEH HYIIO

€CTh BeJIMUMHA OECKOHEYHO Maiasl.

8.5. beckoHe4yHo 0osbIIME (PDYHKIIMUA M UX CBA3b ¢ 0€CKOHEYHO MAJIBIMM.

Onpenenenne. OyHKIMSA Ha3bIBACTCSI 0€CKOHEYHO OOJIBIION TIPU X—a, TJI€ @ — YUCJIO WM OJIHA U3

BEJIMYUH 00, +00 WM -00, eci lim f(x) = 4, rae A — 9uCiIo WM OJTHA U3 BEJIMYUH 00, +00 HUJTH -o0.

xX—a

CBs13b O€CKOHEYHO OOJBIINX U OECKOHEYHO MaIIbIX (PYHKIIHH OCYIIECTBISIETCS B COOTBETCTBUU CO
CHEAYIOLIEN TEOPEMOM.

Teopema.Ecau f(X) >0 npu x—a (eciu x—>o0 ) u ne obpawaemcs 8 HOb, MO

T

8.6. CpaBHeHHE OECKOHEYHO MaJIbIX (DYHKIIUH.

MycTb ax), P(x) n y(x) — beckoHeuHO Manble yHKUMM NpU X — 3. Byaem 0603HayaTb 37U GyHKUMK Q, B 1y
COOTBETCTBEHHO. 3TN HECKOHEYHO Masble GYHKLMN MOXKHO CPaBHUBATL NO 6bICTpOTE MX YBbIBaHUA, T.€. NO
BbICTPOTE UX CTPEMIEHNA K HYIIO.
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Hanpuwmep, pynxius f(X) = xX° crpemurcs x nymo 6sicTpee, uem ¢pynxuus f(X) = X.

.
Onpenenenne. Ecu m E =0, To ¢pynxuus o HasbIBaeTCA GECKOHEUHO MaIoil Gosiee BHICOKOTO
xX—a

nopsiaka, ueM QyHkus 3.

x—a

. a
Onpenenenne. Ecu m E =4, A#0, A=const, 10 o. u B Ha3BIBAIOTCSA HECKOHEUHO MAJIBLIMH

OTHOI'0 MopsAaAKa.

.
Onpenenenne. Ecmu m E:L TO (QyHKIHH o ¥ [3 HA3bIBAIOTCS IKBHUBAJEHTHBIMH 0EeCKOHEYHO
x—a

MaJIbLIMM. 3aluChIBaIOT O ~ 3.

Hpumep. Cpaaum GeckoHeuno mMaisie mpu Xx—>0 yrkmun f(X) = X1 u f(x)

=X
10
. X .
lim =— =1lm x* =0
xX—>a x xX—a
T.¢. pynxms f(X) = x° — 6eckoHeuno Manas Gosee BBICOKOTO TopsiKa, geM f(X) = X.

Onpenenenue. beckoHeuHo Manas QYHKUMA O Ha3bIBaeTcs 0eCKOHEYHO MAJIOH MOpsiAKa

.
KoTHOCHTENnBHO GeckoHEUHO Manoi pyHkumu B, ecim mpenen M —- xoneden n oTmuen ot Hyss.
X—a

OpHako cineayeT OTMETUTh, YTO HE BCe OECKOHEYHO Malible (YHKIMHU MOXXHO CPAaBHHBATh MEXILY

a
coOoii. Hammpumep, eciiu oTHOIIEHHE — HE MMEET Ipejena, To QYHKIMH HECPAaBHUMBI.

.a . xsinx
Hpumep. Ecim o =xsinx, f=x, 10 npu x>0 Im—=Im——=1, 1e. ¢ynkuus o -
x—0 IB -0 x

OECKOHEYHO Majiast nopsAaaKa 2 OTHOCHTEIIBHO (1)YHKI_II/II/I B

IIpumep. Ecniu o = xsin 1
X

o

, fB=x, 10 mpu x—0 hmolg HE cyllecTByeT, T.e. QpyHKIMsI o u f3
x>

HCCpaBHUMBI.

CBOiiCTBa SKBHBAJICHTHBIX OCCKOHEYHO MAaJIBIX.

1) a~a, fim & =1

xX—a (04

2)Ectmo~Buf~y, 0 0~Y, fim & = fim a p
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3)Ecmm o~ B3, T0 B ~ a, ]jmﬁz]jmizl

x—>a o x—a O

Vit
4)Ecmo~ouuf~pPiu ||m——k , TO im % =k wm lim £ = lim &
ﬁ X—a ﬂl x—a ﬂ x—a

. .. a .
CrexcrBme: a)ecmio ~oq u Im—=4k ton im — =lm —
X—>

a ﬁ x—a ﬂ x—a ﬁ

6) ecm B ~ B1 m im — 2k , TO im & = im <
x—a ﬁ x—a ﬂ x—a ﬂl
CBoi1cTBO 4 0cOBEHHO Ba*KHO Ha NPaKTUKeE, T.K. OHO GAKTUYECKM O3HAYAET, YTO NPesen OTHOLWEHUA
HeCKOHEYHO MasiblX HE MEHAETCA NPU 3aMeHE UX HA IKBUBAJIEHTHbIE HECKOHEYHO Manble. ITOT GaKT AaeT

BO3MOXHOCTb NPW HAaXOXKAEHUW NPEAeIOB 3aMeHATb 6ECKOHEYHO Ma/ible Ha SKBMBANEHTHbIE UM QYHKLMMU, YTO
MOXET CU/IbHO YNPOCTUTbL BbIYUCIEHME NPELENOB.

tg5x

IIpumep. Haiitu npenen im
-0 sin 7x

Tak kak tg5x ~ 5X u Sin7X ~ 7X mpu x — 0, To, 3aMEeHHB (QYHKIUH SKBUBAICHTHBIMH OCCKOHEUHO

MaJlbIMH, IMOJIYYHUM:

tIng Cm X2
=0sin Tx 0 7x 7
X3
IIpumep. Haiitu npenen lim ——
PHMEP P x>01—COSX
x x)’ x’ x’
Tak kak 1 —cosx = 2sin” = ~ 2| = | mpu x—0, To lim ——— =lim —-=1m 2x=0
2 2 0] —cosx 0 xP  x0
2
IMpumep. Haiitu npenen m —=—— fgx _ lim 12 = oo,
x—0 Sm x x—=0 x

Ecmn a n B - OECKOHEYHO MaJIble IIpu X—a, IpuICM B - OeckoHEeYHO Manas 00jiee BEICOKOTO nopsaka,

qeM o, To0 Y = o + B - OECKOHEYHO MaJiasgd, SKBHUBAJICHTHasA OL. 9TO MOKHO A0Ka3aThb CJICAYHOIIUM

PaBEHCTBOM fim Z =fim| 1+ 2 A 1.
x—a a x—a a

Torna roBopsT, 4To O - IJIABHAS1 4aCTh OECKOHEYHO MaJlol (PYyHKIUH Y.

Ipumep. Dyukuus x> +x — 6ecKOHEYHO Manas 1pu X—0, X — IJ1aBHas 4acTh 3To# GyHKImH. YTo6b!
TI0Ka3aTh 3TO, 3aMMIIEM o = X°, B = X, Toria
2 2 +

. X
lim — =0, fim 2% —I|m(x+1) 1.
x=0 X x—0 X x—0
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8.7. HekoTopsle 3ameyarelbHble PEeIbl.

. . . P(x) i 1
IlepBblii 3aMeuaTeNbHBII Npeget. Im , rie P(X) = aox" + a1x™* +...+an,

= O(x)

Q(X) = box™ + b1iXm-1 +...+bm - MHOrOUWIEHBL.

a, a a, a
P(x) x"(ag+—+..+—) ay+—+.+—
— X X :xnfm X X

b b b b

Ox) X" (by + et ) by +— 4.t "
x x" x x"

a a
ay+—+..+-2

fim x x" _ 4
x>0 bl bm b
by +—+..+ 0
m
x x

0, npu n<m
P(x) Ja,

Hroro: lim =<{—, npu n=m
X—>00 Q(x) bO
©, npu n>m
. . . sinx
Bropoii 3amedaTenbHbI mpeaest. im =1
x—0 X

y y . 1Y
Tperuii 3ameuaTebHbIN npeaes. im (1 +—| =e

X—>0 X

YacTto ecnum HenocpeAacCTBeHHOE HaxoXgeHWe npeaena Kakoi — nnbo d)yHI-(LI,MVI npeacraBnAaAeTca CNoXKHbIM, TO

MOXHO nyTem npe06pa303aHMﬂ d)YH KUnn CBECTU 3a4a4y K HaXOXAEHUIKO 3amMmedaTe/IbHbIX Npeaenos.

Kpome TPEX, NU3N0XKEHHDIX BbilWe, NpeaesioB MOXXHO 3anncaTb cieayroume nosesHble Ha NPakTuke
COOTHOWEHUA:

. In(1+x a1 . (I+x)" -1

hmgzl; Im ——=ha; th:m

x>0 X x—0 X x—0 X
IMpumep. Haiitu npenen.
h.mtgmx:limmx:ﬂ

x>0 8in nx 0 px n

IIpumep. Haitu npenen.

. lgx—tgx, . sin( x — x, . osin(x—x,) . 1 1 1
lim 8XI8%, _ lim ( o) _ ( 0) m =l — =
=X X=X, 1% (X —X,)COSXCOSX, 2% X—X, *% COSXCOSX, cos” x, ©€OS” X,

IIpumep. Haitu npenen.

—isin(ﬂ/4—x)
sinx—cosx_lim V2 . —sin(z/4-x) 1

xorld g — 4y x>/ 4 T —4x x~>7z/42\/§(ﬂ-/4_x)_ 22
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IIpumep. Haitu npenen.

y=rm/2-x P _ |

cosx _ x=z/2-y :limcos(ﬂ —y):h.msmy:_

=2 —2x y—0 2_)/’ =0 y 2
T=2x=n—-mw+2y

IIpumep. Haiitu npenen.

+3)7 gy P L4\ 4Y 4\
lim | = = lim| = ={x—>o t=lm|Z =lm|1+—| -m|1+—| =
e | X—>0 x—1 Y0 y Y0 y y—0 y

Yy —>®
l 4z 1 z
:{Z:Z}:hm(l+—j :£lim(1+—J] =e'
Z—00 Z Z—>00 Z
2
X°—6Xx+8

IIpumep. Haiitn npenen m ——.
puMep P -2 X% —8X +12

Ona HaxoxxaeHuA aToro npegena pasioKnm Ha MHOXUTENIU YNCTNUTENb U BHAMEHATE b p,aHHOf/‘I ApOﬁM.

X2 —6x+8=0: X2 —-8x+12=0;

D=36-32=4; D =64 48 = 16;
X1 =(6+2)/2=4; X1 = (8 +4)/2=6;
X2=(6-2)/2=2; Xo=(8-4)2=2;
- (x—=2)(x—4) _im x-4 2 1

| _ _ L
Torma  (x=2)(x—6) *ex—6 4 2

IMpumep. Haiitu nipenen.

VI x+ X% 1= x+ X2
lim

2 JOMHOXHWM YUCJIIUTEIIb U 3HAMCHATCIIb ,I[pO6I/I Ha COIIPSXKEHHOC
x—0 X° —X

o 1+ X+ X% =1+ x—x? . 2X _
BBIpakeHHE: [im = lim =
S0y (X =D+ X+ X% +V1-x+Xx%) P x(X =D)L+ X+ X2 +1—x+x?)

- 2 —
o141

IMpumep. Haiitu npenen.
. (x=2)(x-3) 3-2 _l

2_
fim 2 =242 25x+6={x2—5x+6=(x—2)(x—3)}=hm =
=3 x" =9 =3 (x=3)(x+3) 3+3 6

X —6x+11x-6
ol x?=3x+2

IIpumep. Haiitu npenen

Pa3noxum yncnmntenb u 3HameHaTelb Ha MHOXUTENN.
X -3x+2=(X-1)(x-2)
X3 —6x2+ 11x -6 = (X — 1)(X — 2)(x — 3), T.k.
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x2—6x2+11x—-6 x-1
X3 —x>?-5x+6
-5X% + 11x
- 5x? + 5x
- bx-6
6X - 6
0 -
X2 —5X+6=(Xx—2)(X—3)

N E eV C ) (€ N
ol (x=1)(x-2)

Tornma

IIpumep. Haiitu npenen.

S 2042 b
L sin(a+2h) = 2sin(a+h)rsing _ ST, 08 sin(a )_limZSin(aJrh)(cosh—l)_

h—0 h 2 h—0 h 2 h—0 h 2

— T 2
— 2lim sin( a + /) fim —2>0_(1/2) (hz/z) -
h—0 h—0 4(h/2)

2sina-(—1/2)=-sina

I[JIH CaMOCTOAITCJILHOI'O PCILICHUA

. 2x 4+ 2x7 +5x—-6
1) lim 3 2 =%
oo x4 2x" +7x -1

(2x° +4x+5)(x" +x+1)
o (x4 2)(x* +2x° +7x* +x-1)

2)

2
3 ]jmx2 7x+10:§
=2 x” —8x+12 4

. Nad+x+x> =2 _ 1

4) -
x>l x+1 4
. Al+xsnx—-1 1

DT e

. X
6) Im —=3
) =031+ x -1

2 2
]im\/1+x+x2 \/7+2x X
¥2 X" —2x

) xP=2x*—4x+8
8) lim 4 3 2
=23y —16x" +24x" -16

7)

V7
4

- HC OIIPCACIICH.
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BOIIPOCHI JJ1 CAMOITPOBEPKH

Haiite onpenenenue npeaena GyHKINH TOYKE.

Haiite onpenenenue npeaena GyHKINH Ha OECKOHEUYHOCTH.

w npoE

Yro Takoe 0HOCTOPOHHUE TPeACbl (PYHKIHH?

CdhopmynmupyiitTe OCHOBHBIE TEOPEMBI O TIpeenax (yHKIIHM.

Uro Takoe nepBblii, BTOPOI U TpeTUil 3aMedaTebHbIe IIPeienbl?
JaiiTe onpeneneHne 0ECKOHEYHO MaIoi (PYHKIIHH.

CdopmynupyiiTe OCHOBHBIE CBOMCTBA OECKOHEUHO MaJIBIX (QYHKITUH.

ChopmynupyiiTe TpUHITUT YKBUBAJICHTHOCTA OECKOHEYHO MaJIbIX (DYHKITHIA.

© © N o g b

Haiite onpenenenne 6€CKOHEYHO OOIBIION QYHKIIMH.
10. ChopmynupyiiTe OCHOBHBIC CBOHCTBA OECKOHEYHO OOIBIINUX (PYHKIIUH.

11. B yem 3aximrovaeTcs CBsI3bh OECKOHEYHO OOJIBITUX U OECKOHEUHO MATBIX (PYHKITHI?
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Jlekuus Ne 9. HenpepbIBHOCTH (PYHKIIMM U €€ Pa3pbIBbI.

9.1. HenpepbIBHOCTb (DYHKIIMU B TOUKE.

Onpenenenue. Oynkius f(X), ompenerncHHas B OKPECTHOCTH HEKOTOPON TOYKHM Xo, Ha3bIBACTCS

HeNnpepbIBHOI B TOUYKeE X0, €CIH ITpee GyHKIIUN U €€ 3HAUYCHHUE B ATOI TOUKE PaBHEL, T.€.
im f(x) = f(x,)
X—>Xg

Tot sxe dakT MOXKHO 3anmucarh nHave: m f(x) = f(lim x)
X—>Xg X—>X,

Onpenenenune. Ecin ¢pynkius f(X) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOUKH X0, HO HE SIBIISCTCS
HENpPEephIBHOW B CaMOW TOYKE Xo, TO OHAa Ha3bIBaeTCid Pa3pbIBHOM (QYHKIMEH, a TOYKa Xo — TOUYKOU
pa3pbiBa.

[Ipumep HenpepbrIBHON (YHKIIMU:

f(Xo0)+e
f(x0)
f(xo)-¢ ]

0 Xo-A (|)X0+AX

Mpumep paspbiBHOW GYHKLUM:

f(xo)+e
f(Xo)
f(X0)-¢

N

Onpenenenne. Oynuknus f(X) HaspiBaeTcs HENMpepbIBHON B TOYKE Xo, €CIAM JUIA  JIFOOOTO
MOJIOKHUTENbHOTO Yrcna €>0 cymecTByeT Takoe 4ucio A>0, 4To anst JIOOBIX X, YAOBIETBOPSIOIIUX

YCIIOBHIO
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|x—x0|<A

BEPHO HEPABEHCTBO | S(x) = f(x, )| <E.

Onpenenenne. ODynkims f(X) Ha3zpiBacTCs HeNMpePBIBHOM B TOYKE X = Xo, €CIHM IPHUPAIICHHE
(GYHKIMU B TOUKE X0 SBISETCS OECKOHEYHO MAJIOH BETHYUHOM.
f(x) = f(Xo0) + a(X)

rae o(x) — OECKOHEYHO MaJtasi pU X—>Xo.
9.2. CBoiicTBa HenpepbIBHbIX QyHKIMIA.

1) Cymma, pa3sHOCTh M NIPOU3BEJIEHUE HENPEPHIBHBIX B TOUKE Xo (YHKIMH — ecTh (yHKIMS,

HENpPEepbIBHAS B TOYKE Xo.

J(x)
2) YacTHOE OBYX HEMPEPHIBHBIX (PYHKIIUI Ti €CTh HempepbIBHAS (DYHKIUS MPH YCIOBHH, YTO
g(x
g(X) He paBHA HYJIO B TOYKE XO0.
3) Cynepnosnums HenpepbIBHbIX GYHKLMI — eCTb HENpPepbIBHaA GYHKLMA.
DTO CBOMCTBO MOXKET OBITh 3aIMCAHO CJICTYIOIINM 00pa3oM:
Ecmu u = f(X), v = g(X) — HenpepbiBHBIE PYHKIIUK B TOYKE X = Xo, TO (ynkuus V = g(f(X)) — toxe

HenpepbIBHas GYHKLHUS B 3TOM TOUKE.

CI'IpaBeAJ'IVIBOCTb npuneeaeHHbIX Bbllle CBOMCTB MOXKHO Nerko A0Ka3aTb, UCNOJIb3yA TEOPEMDI O nNpeaenax.
9.3. HenmpepbIBHOCTH HEKOTOPBIX 3JIEMEHTAPHBIX QYHKIUIA.

1) ©yuxius f(X) = C, C = const — nenpepbiBHast QyHKIHS Ha BCEl 001aCTH OMpEAeICHHUS.

-1
a,x" +ax" +..+a

n

2) Pannonanbuas Gynkuus f(x) = =
byx" +bx"" +...+D,

HCIIPECPpbIBHA JJIA BCCX 3HAUCHUH X, KpoM¢€

TCX, IIPpHU KOTOPBIX 3HAMCHATCJIb 06paLuaeTc;1 B HOJIb. Takum o6pa30M, q)YHKI_II/ISI 9TOI'0 BHAa HCIIPCPbIBHA
Ha Bceil oonactu OIIPCACIICHUS.

3) Tpuronomerpudeckre HYHKIMA HETIPEPHIBHBI HA CBOEH 00JIaCTH ONpeeTIeHHS.

JlokaxeM cBOiicTBO 3 1uisi QyHKIMM Y = SINX.

3anuiem npupaiienne GyHakipn Ay = Sin(X + AX) — SinX, wiu mocjie npeoOpa3oBaHMs:

2

Im Ay =2 lim (cos(x+%jsin gj:O

Ax—0 Ax—0 2

Ay = 2c0s(x + %) sin A
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o . . Ax
JleicTBUTENEHO, MMEETCS TpEeIeNl MPOU3BEACHUS IBYX (YHKIUH COS x+7 Hu smT. IIpu stom

(byHKIMS KOCUHYC — orpaHnueHHas GpyHkuus npu Ax—0 cos(x + %) <l,aTK.

. Ax o
npenen GyHKIUN CUHYC lim sin — = 0, TO OHa sIBIIsieTcs OeckoHeuHo Mauoit mpu Ax—0.
Ax—0 2

Takum oOpa3zom, wuMeeTcs TPOW3BEICHHE OrpaHMYEeHHOW (yHKIMKM Ha OECKOHEYHO Maylo,
CIIEZIOBAaTENIbHO 3TO TpOM3BeneHHe, T.e. (QYHKIUsS Ay — OeckOHeYyHO Manas. B cooTBeTcTBHH C
PacCMOTPEHHBIMH BBIIIIE ONpEICICHUIMU, QYHKIMS y = SINX — HempepbiBHAs (QYHKIUS IS JTI000TO
3HAUEHUS X = Xo U3 00JacTH ONpENENEeHHUs, T.K. €€ NMPUpPALIEHUE B ITON TOUKE — OECKOHEYHO Majas
BEJTMYMHA.

AHaNOMMYHO MOYKHO A0KA3aTb HENPEPbIBHOCTb OCTa/IbHbIX TPUFOHOMETPUYECKNX GYHKLMIA Ha Bcel ob1actu
onpeaeneHus.

BOO6IJJ,€ cnenyeT 3aMeTUTb, UTO BCE OCHOBHbIE 3/1IEMEHTAPHbIE d)yHKLI,MM HenpepbIBHbI Ha Bcei ceoein obnactu
onpegeneHua.

9.4. Touku pa3pbIBa U UX KIacCUPUKAIIHS.

PaccmotpuMm HekoTopyro dyrknuio f(X), HempepbIBHYIO B OKPECTHOCTH TOYKH X0, 32 MCKITIOYCHHUEM
MOXKET OBITh caMoii 3Toi Touku. VI3 onpenenenns Touku pa3pbiBa PyHKIIUH CIEAYET, UTO X = X0 SIBJISIETCA
TOYKOH pa3pbhiBa, eciu (YHKIUS HE OTpe/iesieHa B 3TOM TOUYKE, WM HE SIBISICTCS B HEH HEMPEPHIBHOM.

Cneayet OTMETUTb TaK¥Ke, YTO HEMPEPbLIBHOCTb GYHKUMMN MOXKET BbiTb 04HOCTOPOHHEN. MOACHUM 3TO
cnepyrowmm ob6pasom.

Ecoiu  opHocTOpoHHHMI mpenmen (CM. BBIIIE) ]jmo f(x)=f(x,) , TO (QyYHKIUS Ha3bIBAETCS
X—>X+

HEIMpephIBHOM CIIpaBa.
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Ecau opnocroponHuii mnpenen (CM. BBIIIE) ]im0 f(x)=f(x,) , TO OGyHKIMA Ha3bIBaeTCA
X—>X—

HEIIPEPBIBHOM CIIEBA.

L

Onpenenenune. Touka Xo Ha3bIBaeTcs TOUKO# pa3pwiBa Qynkuuu f(X), ecnu f(x) He ompeneneHa B
TOYKE X0 WJIN HE SBIIAETCS HENPEPBIBHOU B 3TOM TOUKE.
Onpenenenune. Touka Xo Ha3pIBaeTCS TOYKOI pa3pbiBa 1- ro poaa, eciu B 310l Touke GpyHkims f(X)

MMeeT KOHEUHBIE, HO HE PaBHBIE IPYT APYTY JIEBBIM U MPaBbIN MIPEIEIIbI.

fim | f(x)= Bm f(x)

oo+

JI71s1 BBITIOJTHEHUSI YCIIOBUI 3TOTO OMpeAeNieHus He TpeOyercs, uToObl pyHKIMs ObljIa ompeneicHa B
TOYKE X = X0, JIOCTaTOYHO TOTO, YTO OHA OIpe/IesieHa CIeBa U ClpaBa OT Hee.

W3 ompeneneHus MOKHO CIeNIaTh BBIBOJI, YTO B TOYKE pa3pbiBa 1 — ro poga GyHKIHS MOKET UMETh
TOJIbKO KOHEYHBI CKadyoK. B HEKOTOPBIX YaCTHBIX CITydasX TOYKY pa3pbiBa | — ro pona eme WHOT/AA
Ha3bIBAIOT YCTPAHUMOM TOYKOW pa3phiBa, HO MOAPOOHEE 00 AITOM IMOTOBOPUM HIKE.

Omnpenesienne. Touka Xo Ha3pIBAECTCS TOUYKOI pa3pbiBa 2 — ro pojaa, €Ciu B 3TOW TOUYKe (PyHKITUS
f(X) He umeeT XOTs OBl OJJHOTO W3 OJHOCTOPOHHUX MPEAEITIOB KK XOTsI Obl OJIMH U3 HUX OCCKOHCUCH.

Mpumep. Oyukuus Jupuxie (Jupuxie IMerep I'yeras(1805-1859) — Hemenkuii MareMaTHK, 4jeH-

koppecnoneHt [lerepoyprckoit AH 1837r)

X — payuoOHalbHOE YUCIO

]‘)
fx)=

0, Xx—uppayuonanvroe yucno

HE SIBJISIETCS] HETIPEPHIBHOM B JIFO00I TOUKE Xo.

IMpumep. Oyuxuuns f(X) = 1 imeer B Touxe X0 = 0 TOUKy pa3pbiBa 2 — ro poja, T.K.
X

Im f(x)=+ox; x]ir})q_of(x):—oo.

x—>0+0
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~10

sin x

Mpumep.f(x) =

X

OyHKIMA HE ompeieneHa B Touke X = (), HO UMeeT B Hel KOHeUHBIN npenen lim f(x) =1, T.e. B Touke
x—0

x = 0 ¢yHKIUS MMeeT TOYKy pa3pbiBa 1 — ro poma. DTo — ycTpaHHMMas TOYKa pa3pbiBa, T.K. €CIH

JOOTIPEICIIUTh (PYHKITHIO:
sin x
—, npu x#0

fx)=y x~’
1, npu x=0

I'padux sTOM DyHKITNN:

~ SN

TN V. ' t vf\vf\w =
-0.2

Mpumep.f(x) = ﬁ:{

-1, npu x<O0
Yy N
14
0 4
-1
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Ota QyHKIMS Takke obo3HauaeTes SIgN(X) — 3Hak X. B Touke x = 0 dynkius e onpeaencna. T.k.
JIeBBIN ¥ MPaBbIi Mpenenbl GYHKIUHM pa3iindyHbl, TO TOUKa paspeiBa — 1 — ro poxa. Eciam noonpenenuts
¢dynkumto B Touke X = 0, monoxwus f(0) = 1, To pyHkuus Oyner HenpepbIBHA cripaBa, eciiu noj0kuTh f(0)
= -1, To ¢yHKuHMa OyneT HeNpepbIBHOW cieBa, eciu moyiokuth f(X) paBHOe Kakomy- nHOO 4YHCIY,
otanuHOMY OT | mim —1, To QyHKIMS He OyaeT HempepbIBHA HU CJIEBa, HU CIPaBa, HO BO BCEX CIydasx
TeM He MeHee OyneTr umeTh B Touke X = 0 pa3psiB 1 — ro pona. B sTtom npumepe Touka paspsiBa 1 — ro
poAa He SIBIISIETCS YCTPAHUMOM.

Taxum 06pa3zom, 171t TOro, 4T0OBI TOUKA pa3psiBa 1 —ro poaa ObuTa yCTpaHUMON, HEOOXOAMMO, YTOOBI
OJIHOCTOPOHHUE MPEJIEIIbl CIIpaBa U cjeBa ObUIM KOHEYHBI U paBHbI, @ (YHKIMS Oblia ObI B 3TON TOUYKE
HE OIpeJIeIICHA.

9.5. HenpepbIBHOCTh (DYHKIIMM HA MHTEpPBAJIC U HA OTPE3KE.

Onpenenenne. Oynkius f(X) HaspiBaeTCss HenmpepbIBHOW Ha MHTepBaJsie (0Tpe3Ke), e€Ciav OHA
HeTIpephIBHA B JIIOO0W TOYKE MHTEPBaia (0TPE3Ka).

[Ipu 3TOM He TpeOyeTcss HenmpephIBHOCTH (DYHKIIMK HAa KOHIIAX OTpe3Ka WM MHTepBajia, HeoOXomuma
TOJIBKO OJIHOCTOPOHHSIS HEMIPEPBIBHOCTh HAa KOHIIAX OTPE3Ka MM MHTEPBAJIA.

CaoifcTBa HyHKIHH, HENPEPHIBHBIX HAa OTPE3KE.

CpoiictBo 1: (IlepBas Teopema Beiiepmrpacca (Beiiepmtpacc Kapn (1815-1897)- nemerkuii
Matematuk)). DyHKIWs, HenpepbhIBHAs HA OTPE3Ke, OrpaHuYeHa Ha ITOM OTPE3Ke, T.e. Ha oTpe3ke [a, b]
BhINoTHsIeTCs yemoBue —M<f(X) <M.

Jloka3aTenbCcTBO ATOTO CBOICTBA OCHOBAaHO Ha TOM, UYTO (YHKUHMS, HENpephIBHAsT B TOUYKE Xo,
OrpaHUYCHA B HEKOTOPOI €e OKPECTHOCTH, a €CIIM pa3duBaTh OTpe30kK [a, b] Ha OeCKOHEUHOE KOJIMYECTBO
OTPE3KOB, KOTOPBIE “CTATUBAIOTCS’ K TOYKE X0, TO 00pa3yeTcsi HEKOTOpasi OKPECTHOCTh TOYKH Xo.

CpoiictBo 2: ®yHkius, HenpepbiBHasS Ha oTpe3ke [a, D], mpuHMMaeTr Ha HeM HauOOJIbIIee U
HauMEHbIIIee 3HAUYCHUSI.

T.e. cyIiecTBYIOT Takue 3HaYCHU X1 U X2, uT0 f(X1) = m, f(X2) = M, npuyem

m<f(x) <M

OTtmeTuM 3TH HauOOJNBIINE M HAaMMEHbIIWE 3HAYeHHs] (YHKIMS MOKET MPUHUMATh HAa OTPE3Ke U
HECKOJIBKO pa3 (Hampumep — f(X) = sinx).

PazHocTe Mexay HamOONBIIMM M HAWMMEHBIIUM 3HaYeHHeM (QYHKIMM Ha OTpEe3Ke Ha3bIBaeTCs
KoJie0anneM (pyHKIIMU Ha OTpE3Ke.

CeoiictBo 3: (Brtopas teopema Bonbriano — Komu). dyHkius, HempepbiBHas Ha oTpeske [a, D],
MIPUHUMAET HA 3TOM OTPE3Ke BCE 3HAYCHHS MK ABYMS MPOU3BOJIBLHBIMH BETUYMHAMU.

CpoiictBo 4: Ecnmu ¢dynkums f(X) HempepbiBHa B TOYKE X = Xo, TO CYIIECTBYET HEKOTOpas

OKPCCTHOCTH TOYKH Xo, B KOTOpOﬁ (1JYHKI_[I/I$I COXpaHACT 3HAK.
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CeoiictBo 5: (ITepas Teopema bosbiano (1781-1848) — Kommw). Ecniu dynkuus f(X)- HenpepbiBHast
Ha oTpe3ke [a, D] u mMeer Ha KOHIAX OTpe3ka 3HAYCHUS MPOTHBOIIOJIOKHBIX 3HAKOB, TO CYIIECTBYET
Takasi TOYKa BHYTpH 3TOro otpeska, rae f(x) = 0.

T.e. eciu sign(f(a)) = sign(f(b)), ro3xo: f(Xo) =0

Onpenenenne. Oynkius f(X) Ha3pIBacTCs paBHOMEPHO HempepbIBHON Ha oTpeske [a, b], ecam ms
no6oro >0 cymectByet A>0 Takoe, uTO /I JII0OBIX Touek X1 € [a,b] u Xo€[a,b] Takux, uro

| x2 — x1| <A

BEPHO HEPABEHCTBO | f(x2) — f(xa) | <e

OTAnyme paBHOMEPHOM HENPEPbLIBHOCTU OT “0BbIYHON” B TOM, 4TO 4/1A 106Oro € CyLEecTBYET CBOE A, He

~

3aBUCALLEE OT X, @ NpU “06bIYHON” HENpPepPbIBHOCTU A 3aBUCUT OT € U X.
CeoiictBo 6: Teopema Kanropa (Kantop I'eopr (1845-1918)- nemenkuii marematuk). OyHKIHS,
HEMpEepbIBHAS HA OTPE3KE, PABHOMEPHO HEMPEPHIBHA HA HEM.

(OTO CBOMCTBO CIIpaBeAIMBO TOJIBKO Ul OTPE3KOB, a HE /71l MHTEPBAJIOB U NOJYWHTEPBAJIOB.)

HpnMep. y = sin l
X

1 - \
N ~
= \
o.[$| |- —~——
: \\\~
-3 -2 -1 - 1 2 3
_\\\ i A :
\\ 3
~
N

-1

.1
OyHKIMA y =sin — HenpepblBHa Ha wuHTepBane (0, a), HO He ABISETCA HAa HEM PaBHOMEPHO
X

HEMPEPHIBHOM, T.K. CYIIECTBYET Takoe 4mMcio A>) Takoe, 4TO CYHIECTBYIOT 3HAUCHHS X1 U X2 TaKHE,
aro | f(x1) — f(x2) | >¢, € - moGoe umcno mpu yenoBuw, Y4TO X1 U X2 GIM3KHU K HYJIIO.
CpoiictBo 7: Eciu ¢yakuus f(X) ompemenena, MOHOTOHHA W HEMpephiBHA HAa HEKOTOPOM
NPOMEKYTKE, TO M 0OpaTHas el GpyHkims X = g(Y) ToKe 0JHO3HAYHA, MOHOTOHHA U HETPEPHIBHA.
IMpumep. VccnenoBath Ha HEMPEPHIBHOCTD (GYHKIIHIO U OMPEICTUTh THIT TOYEK Pa3pbiBa, €CIH OHU
€CTh.
x+4, x<-1

f(x)=x*+2, —-1<x<1
2x, x>1

fim f()=3 lm_f(x)=3
fm f(x)=3 lm_f(x)=2

x—>—1+0

189



B TOYKE X = -1 )yHKIMS HETIpephIBHA B TOUKe X = | Touka pa3peiBa 1 —ro pona

/4lli1'1 X

IIpumep. NccrnenoBaTh Ha HENPEPHIBHOCTh (DYHKIUIO U OMPEIEIIUTh TUI TOYEK pa3pbiBa, €CIIU OHU

ecTb.
cosx, X<0

f(X)=<x*+1, 0<x<1
X, x>1

Ji, F00 =1 Jip, 1) =2

im £()=1 lim (x)=1

X—>0+

B Touke X = 0 pyHKIMS HEMpephIBHA, B TOUKE X = 1 Touka pa3pbeiBa 1 —ro poaa

y |
N §
- 12 0 1 X

190



N o gk~ o Dnh e

BOIIPOCHI 1JIs1 CAMOIIPOBEPKH

JlaiiTe onpeneneHne HeNpepbIBHOCTH (PYHKIIMU B TOUYKE.

[TpuBenute mpuMepbl PyHKIMNA HEMPEPHIBHBIX B TOUYKE.

JaiiTe onpeneneHre HENPEPHIBHOCTH (GYHKIIMU HA UHTEPBAJIE.

Uto Takoe Touka paspsiBa? Touky pazpbiBa IEPBOrO U BTOPOTO PoJa.
[IpuBeauTe nmpuMepsl TOUEK pa3phiBa IEPBOTO U BTOPOTO poja.
Cdhopmynupyiite OCHOBHBIE CBOWCTBA HENMPEPBIBHBIX (DYHKIINH.

[IpuBeauTe nmprMepsl HEMPEPHIBHOCTHU AJIEMEHTAPHBIX (QYHKIIUH.
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IIpakTuyeckas padora Ne2.

Tema: Onpenenenrie HeNPepPHIBHOCTU (DYHKIIMH, TOUYEK pa3pbiBa (PYHKIIMHU.

Henanb: PazpuBaTh 1 COBEPLIEHCTBOBATh YMEHUE ONPEIEIATh HENPEPHIBHOCTh (PYHKIUH,
HaXOJUTh TOUKH pa3pbiBa (QYHKIINH, 3aKPENUTh HABBIK BBIYMCIICHUS MPEIEIOB C
IOMOIIBI0 (POPMYJI IIEPBOIO U BTOPOTO 3aMEYATENBbHBIX ITPEIETIOB.

Obecneyenne NpakTU4eCKOM padoThI:
TeopeTnueckuii MaTepral METOAMYECKON PEKOMEHAAIMH K TPAKTUYECKOH padoTe.
VYue6nuk. boromonos H.B. «kMartematuka». — M.: [Ipoda, 2006.

I/IHIII/IBI/IIIyaJIBHBIe KapTOYKH C BAPUAHTOM HpaKTH‘IeCKOﬁ pa6OTBI.

TeopeTnueckuii MaTepuaJi, NpUMepPbI HA oNpeAe/ieHHe HelPePbIBHOCTH (PYHKIIMH,

Onpeoenenue HenpepvleHocmu YHKYUU
flz) (;)
Onpenenenne Ilycts QyHKIms orpe/ereHa Ha HEeKOTOPOM UHTEpBae :

Ig f (I :J .
IJ11 KOTOPOTO -- BHyTpPEHHSIS Touka. OyHKIUs HAa3bIBACTCSl HENPEPBIBHOU 8 MOUKE

Ig f(z) T — Ig flza)

, €CJIU CYIIECTBYET MPEIeI pu Y 3TOT IIpeJIeIl PaBEH 3HAYEHUIO , TO
eCThb

lim f(z) = f(zd).

I—T0

f(z) [za;b)
[Tycts dyHKIUSA ONpele/ICHa Ha HEKOTOPOM IIOJIyHHTEpBAJIe , I

Ig . f [I ::' .
KOTOPOro -- JIeBbIM KOHel. DyHKIus HA3bIBACTCSI HENpepvbl8HOU CNpasa 6

Iﬂ f[I} Ir — Iu‘l'
mouke  , €CIIM CYIIECTBYET MpPEIE npu M DTOT Hpelesl pPaBeH

f{Iu:'.l

3HAa4YCHUIO , TO €CThb

im f(z)= f(za).

T—Tn+

f(z) (s
[lycTh, HakoHel, PyHKIHUS ONpeAeseHa Ha HEKOTOPOM MOJIyUHTEPBaJe :

Ig . f (I} .
JJIA KOTOpOFO -- HpaBLII/I KOHCII. CDYHKHI/IH HaA3BbIBACTCSI HenpepvleHOoUu ciesd 6
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Ig f{I] r —* Ig—
mouke , €CJIM CYHICCTBYCT IPCAcII npu N 3TOT NpPCACT paBCH

f{Iu}

3HAa4YCHUIO , TO €CTh

im f(z)= f(za).

IT—+T0—

W3 Teopembl 0 CBSI3U JBYCTOPOHHETO IMpeJeNia ¢ OAHOCTOPOHHUMU (Teopema 2.1)
cpa3sy clenyeT, Kak yKe OTMEYajoCh B TJaBe 2, YTO HMMEET MECTO CIICIYIOIIce
HpEJIOKEHHE.

I (I :J Ig
IIpennoxkenue : Dynuxyus mo2oa u moabKo mo20a HenpepuvléHa 8 mouke

Iy
KOZOCZ OHA HENPpEPLIBHA 6 NOYKe cnpaesa u cieea, no ecniob Koeda 6blNOJIHEHDbI

creoyroujue yClio8us:

f [I::' Ig
1) @ynxyus onpedeieHa 8 MoOuKe U 68 HEeKOMOPOU OKPeCmMHOCMU 2MOou
MOoO4KU,

Im f(z)= f(ze—)

2) cywecmgyem npeoen 3Ha4eHull (PyHKyuu ciesa. =0 ;

lm f(z) = (wot).

3) cywecmgyem npeoen 3Ha4eHull PYHKYuu cnpasa.: ;

4) smu 0sa npedena coenadarom mexcoy coooll u co 3HaveHuem QYHKYuu 8 mouxe

20, flze=) = f(zat) = f(20)

f(Iu:J

Puc.®yHnkius HenpeppIBHA: IPEAETBI CIEBA U CITPaBa COBIIAIAIOT C
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Ig
Touxa , B KOTOpoH (yHKUMS HENpepbhiBHA, HA3bIBAETCA TOYKOM
flz)
HereprBHOCTI/I (bYHKI_II/II/I , TaK XK€ OHpCI[CJIHIOTCSI TOYKU HCHpCpBIBHOCTI/I
CJICBA M CIIpaBa.

@) = VIl 2 =0 lim f(z) = lim /2] =0
Ipumep 1 IlycTh U . Torna 151
f(0)=+v0=0
. DT 3HaYCHUSI COBNAJAIOT, 3HAYUT, (DYHKIIUSI =~ HEMpPEphIBHA B TOUKE
Iu == D’
— — {2y
#@) = /Il = ()} =0 ,_
(DyHKIHS -- ayieMeHTapHas (YHKIUS; -- TOYKa €&
D(f)=R
obyacTu onpeseneHus . Bce asnemenTapHbie (YHKIIMU HEMPEPBHIBHBI BO
BCEX BHYTPEHHHMX TOYKaX CBOMX 00JIaCTEl OMpEIeNICHHs, B TOM YKCiie U 9Ta. Tak 4To
f(=) y y y
B 9TOM IIpUMEpe MOXKHO OBIJIO OB 3aMEHUTH 0001 AemMeHTapHOl (yHKIUEH, a
Ig = D’ o o o E(f}
-- JTI000W BHYTPEHHEH TOYKOM 00J1acTH , U BBIBOJ OCTajicia Obl TeMm
xKe.)
sinx
mpu =z + 0.
f(z) = —— TPz #D;
1, mpu z =0 g =10
Ilpumep 2 PaccMoTpum QyHKIHIO U TOYKY
ginzx
£I =
r#0 . . flz) z
[Tpu byakus 3aaércs hopmyoi , TIPA 3TOM UMEEM
sinz
lim f(z) = lim =1
z—] r—0 I
(mepBbIi 3aMeyYaTeNbHbIN MPEAen). ITO 3HAUYEHUE COBMAIAET C
F(0) =1 lim £(z) = £(0) = 1
TEM, KOTOPOE€ 3aJaHO IIpU = = O . Urak, =~ , YTO O3HA4acT
Ig — D’

HEIMPEPBBIHOCTh QYHKIIUU ~ TIPH

Tem, KTO BHUMATEIHHO M3YUYWJI JaHHOE B riaBe 2 oOliee MOHATHE 0a3bl Mpejena,
MOYKHO MPEIIOKUTH NPOJYMATh U I0KA3aTh CIEAYIOIIEE YTBEPKIACHHUE:

Onpeodenenue mouex pazpviea
JlaguMm Ternepb onpeaesieHue ToOUeK pa3pbiBa (PyHKIUU.

Ig 5 T {I::I
Onpenenenne Touka  HA3BIBACTCS MOUKOU pa3pbléa HYHKIUH , €CTTM OHA

o o Ig
o1Ip€aAcjiCHa B HCKOTOPOU IIPOKOJOTON OKPECCTHOCTH TOYKH (TO CCTb OIIPCACIICHA Ha
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Ig o o o
HGKOTOpOM I/IHTepBaJ'IC, JJIA KOTOpOFO CJ'IY)KI/IT BHYTpeHHeI/I TOYKOH, HO B CaMOH TOYKEC
Iy
, BOBMOXKHO, HEC onpe):[eneHa) U BBIIIOJIHACTCS XOTS 6BI OJHO U3 CJ'ICI[}’IOHII/IX YCJ'IOBI/II/IZ

Im f(z)
1) He cymecTByeT npeaena ciepa * 0 :
im f(z)
2) He CyIIECTBYET Ipejena cnpapa ==+ :
flze=) = lm f(z) flaot) = lim f(z)
3) mpenensl ciesa T U CIipaBa z—zo+ CYIECTRYIOT,

flzo=) # f(za)
HO HE PaBHBI APYT APYTY: ;

flze—) = lLm f(z) flzot+) = lim f(z)
4) mpenensl cieBa e U cIpaBsa =0t CYILIECTBYIOT
f{Iu—] = f{Iu-l-}
Y PaBHBI APYT IpYry: , HO HE COBMAJAIOT CO 3HAYCHHEM (PYHKIIUH B
zq f(za) # f(z0—) = f(zat) f(z) Ta
TOYKE ! , WA PYHKITUS HE OIIPE/EIICHA B TOUKE

o o Ig
Ecim umeer mecto nmubo ciydair 3, nubo ciywyaih 4, TO Touyka pa3phiBa

HA3BIBACTCS MOUKOU paA3pbléa nepeoco podd, a MopeaeHue QYHKIIMU B OKPECTHOCTHU
Ig Ig
TOYKHU HA3BIBACTCS PA3PbIBOM NEep8020 pooa B TOUKE ; B ciaydae 4 Touka

pa3pbiBa NEPBOTO pOJA HA3BIBAETCA YCMPAHUMOU MOYKOU pa3pbléd, a pas3pbiB
(GYHKIIUU B 3TOU TOUKE -- YCMPAHUMbBIM PA3PBIBOM.

Ecmm ke mmeer mecto nubo ciydait 1, nubo ciydaid 2 (uGo W TOT W APYyroi

Ig .
cpa3y), TO TOYKa pa3pbiBa HA3BIBACTCSL MOUKOU pa3pvléa 6mMopo2o pood, a
NOBeICHHE (PYHKIIUU B OKPECTHOCTH 3TON TOUKH -- pA3Pbl8OM 8MOPO20 pOOd B TOUKE
Ig
f (I :J Ig
Utak, ecnmu ¢yHKIIUA UMEET pa3phiB IEPBOrO poJa B TOUKE , TO
CYIIECTBYIOT, KaK 4YacTO TOBOPAT, 3HadeHUs (QyHKIMM '"Ha Oeperax paspniBa':
flzo—) flzot) Zo .
u , HO TOUKa  HE SIBJIAETCS TOUKOW HEMPEPHIBHOCTH.
y &
s | r=fix)
\r\
flxg) $- :
|
|
>
0 X X
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Iy
-- TOYKa pa3phlBa IIEPBOro poaa

Ig
Ecnu 3Hauenus Ha Oeperax pasphiBa pa3Hble, TO 3HaA4€HHE (YHKIHMHU B TOUYKE

n Ia
MOXXET OBbITh JIIOObIM (WJIM BOOOILE OTCYTCTBOBAaThb), BCE paBHO  OyJeT AaBaTh

pa3pbiB mepBoro poaa. Eciu jke 3Ha4YeHUs Ha Oeperax pas3pbiBa COBIAAAIOT, TO IS
HAJIMYHUS pa3pbiBa HYXKHO, YTOOBI JIMOO 3TH COBMAJAIONINE 3HAYCHHS OBLIM OTIUYHBI

Ig
OT 3Ha4eHHUs] PYHKUUU B TOUKE , JUOO (PyHKUMA B 3TOM TOUKe Oblja BOBCE HE

onpezenena. Eciu B 3TOM ciiydae nepeonpenenuTs (WIh J00NpeaeanTs) ¢yHKIUIO

flz) zq flza) = flza—) = f(zat) .
B TOYKC , HHOJIOXKHUB , TO HOHy‘IeHHaﬂ N3MCHCHHAas
Ig Ig
¢yHkuus OyneT y)ke HenpephlBHA B TOUKE W pa3pbiB B TOUKE  MCUE3HET; OTCIO/1a

N HA3BAHUC TAKOT'O pa3phbiBa -- yCTpaHHMBIﬁ.

y A
e P
0 xp ;

Ig
-- TOYKa YCTPAaHUMOT'O pa3pbiBa

Haxkoner, k pa3pbiBaM BTOPOTO poja, Kak BUJIHO U3 OIMpPEAENICHUs, OTHOCITCS BCE

pa3pbIBbl, KOTOpPBIE HE NPUHAIJIEKAT K pa3pblBamM MEPBOr0 pPOJA; HEKOTOPHIC U3
Iy
BO3MOJXHBIX CHOCO60B IIOBCACHUS (bYHKI_[I/II/I B OerCTHOCTI/I TOYKHU , I'IC

MIPOUCXOAUT Pa3pbIB BTOPOTO POAA, IPEICTABIEHBI HA CIEAYIOIIEM PUCYHKE.

y & y y &

¥=fix)

\

=
=
=
e
=
v
=]
[ad
=
e

Ig
-- TOUKa pa3pbiBa BTOPOro pojia. HekoToprie BO3MOKHbBIE BAPUAHTHI
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I it

‘f(I} 2 —x
Ipumep 3 Paccmorpum dyHKIHIO , 11 KOTOPOW

D(fy={reR:z*—z#0}=(—00:0)U (0:1) U (1: +00).

@yHKIHS UMEET pa3pbIBbl IpU = = 0U IIpu z = 1. HeTpynHO BUIETH, UTO NIPU

1 el r < Duruwz > 1
I _ — ] :
st 2y ) =S ) {_1: ceut z < 0
BToukax z=0u z =1

(GyHKIMS IMEeT HeyCTpaHUMBbIE Pa3pbIBbI IEPBOro poAa. B Touke z = Oumeem:

Im f(z)= lim 1=1; lim f(z)= lim (-1)=-1

T—0— T—— " oz—04 T—04

(3H21‘I€HI/I$I Ha KpadX pa3biBa CYIICCTBYKOT, HO HC COBHaI[aIOT); BTOYKE z =1 --

Im f(z)= lim (-1)=—-1; lim f(z)= lIm 1=1

T—1— T—1— L ox—14 z—14+

(CHOBa IMpCaciibl CJICBA U CIIpaBa CYIICCTBYIOT, HO HC COBHa)laI-OT).

['paduk GpyHKIIHHA

flz) =
Ipumep 4 DyHkius UMeeT pu z = 0pa3pbiB BTOPOTO pOJia, TaK Kak

f(z) — +oo r— 0+ flz)— —o0 z — 0—
npu u npu

1
I
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flz) =

Puc.3.6.'padux pynkuuu

Ipumep 5 Dynkuus

flz) — +oo r — 0+ r— 0—
npu Y TIpU

Ilepsbiii 3ameuamenvHwiii npeden pager 1

sinz
lim

x— i I

=1.

Bm0pblﬂ/l 3amedanmeilbHbiM npederM Ha3bIBACTCA IIPCACIT

1
T

UMEET Npu r = 0pa3pblB BTOPOTO POJIA, TAK KAK
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e = lim (l-l—l) }
n—oo T2

Yucno e, 3aJaHHOE STUM NPEAEIOM, UTPAET OYEHb OOJIBIIYIO POJIb KaK B
MaTeMaTHYECKOM aHAJIU3€, TAK U B IPYIUX pas3zienax MaTeMaTuku. Yucio eyacto

Ha3bIBAIOT OCHOBAHUEM HAMYPATbHBIX 102APUPDMOE.

Bmopoti sameuamenvubiii npeden cywecmeyem. E2o 3uauenue e -- 4ucio, aexcaujee

mexncoy 2 u 3.

bonee HOI[pO6HOC HN3Y4YCHHEC YHUCJIa e£IIOKa3bIBACT, YTO & -- UPPALIMOHAJIBHOC YUCIIO,

HCCKOJIBKO TICPBLIX JCCATUYHBIX 3HAKOB KOTOPOTO TAKOBBI:

e = 2,7182818285...
2z41
im (I t 1)
z—oo |\ T+ 3

Ipumep 6. Haiiném npenen
3/1eCbh OCHOBaHUE CTETIEHU UMEET MPeIe

im

271+ 1 = 00

a ITOKa3aTcCJib CTCIICHNU

CBEJICHUs KO BTOPOMY 3aMeUaTelIbHOMY IIpeeily, 4YTO B IpeAbIAyIieM npumepe. s
Hayvasa HalWJEM, 4TO CJIEeIYeT B3ATh 32 OECKOHEUHO MaIyI0 BeNMUYNHY «. [[oCKOIbKY

r+1 o 14+3% 140
= lim z — =1
:'—m-a.r-l—g I—rm1+% 1+D

14+ o
OCHOBAaHME CTENEHU CTPEMUTCS K 1, TO OHO paBHO ,Tne a — 0(cM. Teopemy 2.4).
3HauuT,
r+1 r+1—x—23 —2
0 = — 1 = = .
r+3 r+3 r+3

Teneps npeobOpazyeM HyHKIHIO, CTOAIILYIO MO/ 3HAKOM Tpeiena;

2241 _ =2
im (I—I_l) = lim (1-|— 2)
z—oo \ x4+ 3 F - r+3

-2
=53l

. [IoaTOMY MOKHO IPUMEHSATH TOT K€ NPUEM

241}
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http://elib.ispu.ru/library/math/sem1/kiselev1/node16.html#lim_inf

(1-|— r:z]%

BripaxeHue, cTosiiee B KBaIpaTHBIX CKOOKaX, UMEET BU]I

nunopm o — 0

CTPEMUTCS K YACITY e (ITO BTOPOIl 3aMeyaTeNbHbIN NPEeIT), a Ipeies NoKa3aTess

CTEINEHU MBI HAUJIEM OTIAEJIBHO:

— 744
]ij=—2]jm T

T—o0 r+3 :‘—ml—l—%

IToaTomy

fim (1+ O =[] ]3130[[1+x}%]3 = ¢

fim (1+i]§ =[1*|=tim
¥ x

1 —
]im{?x—ﬂﬁ:[1""]=]jm{1+2x—4}m'ﬁz]jmg =1,

=1 ¥

r=1 4{x+3)

]im(x_i_BJHE=[“’]=]J'm(x_1+4}x+3=]jm[1+iJ4 -

=l o —1 ¥ r—1 ¥ r—1

240
2Ry
1+0
4
4x+12
=lme ™! =g*
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Mertoaudeckne peKoOMEHIAIMU K TpaKkTudeckoit padore Nel

«Bpruncnenue npenenoB GyHKIUAN»
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[Ipaktuyeckas padora Ne 1.

Tema: Beruncnenue npeaenoB QyHKITUH.

Lenb: [IpoBepka ycBOeHUs 3HAHUH 110 BBIYMCICHUIO IPEETOB (DYHKIHIA ¢ TOMOIIBIO PACKPBITHS
HeonpenenéHHocTel. [IoBTOpUTh M cUCTEMATU3UPOBATh 3HAHUS 110 TAHHOU TEME.

ObecrieyeHye NPaKTUIECKO paboThl:

TeopeTnueckuii MaTepuaa METOAMUYECKON PEKOMEHAALINHU K PAaKTUYECKON padoTe.

Yueonuk. boromosioB H.B. «Maremaruka». — M.: JIpoda, 2006.

WupuBuyanbHbIe KAPTOYKH C BAPUAHTOM MPAKTHUECKON pabOTHI.

Teopernueckuii MaTepuai, MIpUMEpPbI BHIYUCICHUS MPEIEIIOB.

Onpenenenune npeaena.Yucnao b — npenen dynkiuu f(X) npu X ctpemsineMcs K @, €CIu I KaXI0To
MOJIOKUTEIHHOTO unciia [J[JMOXHO yKa3aTh TaKOe MOJIOKUTEIBHON YHCI0 [, 9TO JUTS BceX X, OTIIMYHBIX
OT @ ¥ yJIOBJICTBOPSIOIINX HEPABEHCTBY |X-a|<[], nmMeeT MecTo HepaBeHCTBO [f(x)-b|<[I[]

O6o3nauenue npenena. Eciau b ects npenen ¢pynkimum f(X) npu X ctpemsiiemes K @, TO 3alTUCHIBAIOT
3TO TaK:

lim £(x)="b.

T—a

Omnpenenenue HenpepbiBHOH GyHkin. Oynknus f(X) HenpepbiBHA B TOUKE &, €CITH
lim f(x)= fia).

r—

Brranciienue npenenoB GyHKIHI OCHOBAHO Ha MPHMEHEHUH CIIETYIOIINX OCHOBHBIX TEOPEM:

TEOPEMA 1.Ilpenen cyMMbl ABYX (PyHKUIUN U X CTpEMsIILIEMCS K & paBEH CyMMeE MPEJIENIOB 3TUX
GbyHKIMH, TO ecTh

lim (f(x)+ g(x))= lim f(x)+ lim g(x).
X—ua X—a r—a
TEOPEMA 2.IIpenen nmpousBeneHus: 1ByX GYHKIIUN TIPH X CTPEMSIIIIEMCsI K 8 paBeH MPOU3BEICHUIO
MpesieioB 3TuX (PyHKIUH, TO ecTh

lim{ f(x)g(x))= lim f(x)- lim g(x).
I—ra I—a I—a
TEOPEMA 3.IIpenen yacTHOTO ABYX (DYHKIIUH TIPH X CTPEMSIIIEMCS K & paBeH YaCTHOMY IPEJICIIOB,
€CJIM TIpeJieN 3HaMeHaTessl OTINYEH OT HYJIs, TO €CTh

s W

lim = — , ecmd limg(x)=0
x—a g(x) limgix) x—>a
X—d
" paBCH ILIIOC (MI/IHYC) 6eCKOHe‘lHOCTI/I, CCJIM IIPCAC]I 3HAMCHATCIIA 0, a Impeacy YUCIIUTECIISL KOHCUCH U
OTJIMYCH OT HYJIA.

BBIYMCIIEHUE HECJIOKHBIX ITPEAEJIOB

ITpumep 1.
lim(x +3)= lim x + lim 3= 7+3=10.
=7 =7 =7
Kommenmapuui. 3necw Obl1a ucmonb30BaHa TEOPEMA O MPEIETE CYMMEI.
ITpumep 2.
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lim(3x + 2) 11H1(3.X)+ lim2 lim3-limx+2

lim 3x+2 _ x—1 x—1 _x=1l  a—l _
—12x—7  lim(2x - ?) llm(2x)+ llm( 7y lim2-limx—7
x—>1 x—>1 x—>1 x—>1 r—>1
32 s s,
2.1-7

Kommenmapuii. Ha nmepBoM 1mare Oblia npuMeHeHa T€OpeEMa O MPEJEIe YaCTHOT'O, Tak KaK
npeJen 3HaMeHaTels He paBeH Hyito. Ha BropoM mare ncnosp3oBanack TEOPEMa O NPEEIIE CYMMBI
JUTSL YACITATEINS U 3HamMeHaress Apoou. [locne Oblia mpuMeneHa TEOPEMA O IIPEAEIIE IPOU3BEACHUS.

[Ipumep 3. Haittu npenen

xl-4
lim >
—>2 X — 2
3HaMeHaTelb U YUCIUTEIb JPOOU IPU X CTpeMALIEMcs K 2 CTpEeMSATCS K HYJII0, I03ToMy T€OpeMa O

IIpEJIeJIe YaCTHOI'O 37iech HEMpUMEHNMa. B Takux ciyyasix Hy»KHO MOMNBITATHCS YIPOCTUTH JIPOOb.
Nmeem

‘-4 (x-2)(x+2) _
x—2 x—2

D10 peoOpa3zoBaHKE CIPABETHMBO MPU BCEX 3HAUECHUSAX X, OTIIMYHBIX OT 2, TO3TOMY B COOTBETCTBUH
C OIpPENEICHUEM TIPeiesia MOKEM HalKUCcaTh

+ 2.

2

A A | x—2)ix+2

lim ——= ( X )— lim(x +2)= lim x+ lim 2=
=2 x—=2 x—}z x—-2 =72 x—72 =2
=2+2=4
BBIUMCJIEHME ITPEJIEJIOB C [TOMOILBIO TEOPEMBI O [IEPBOM 3AMEYATEJILHOM

[IPEJIEJIE

[Tpumep 1.

. teix . sin(x 1 . sin(x 1
llmg():hm ()- = lim ()1

=0 X x—=0 x  cos(x)) =0 X x>0 cos(.x)

1 1
=1.—=1.-=1.
lim cos(x) 1
x—=0
&, ecitu k=m
0
. P.(n)
0, ecitu k<m
imo.m™] ™.
0-sgn -2, ecru k>m
b,

Ilpumep.. Halitu nipeensl:

. Sn+nt =342 . n-5n*+4
a) lim 0 lim——=——%—

e An’ +n+5 ot n*+3
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n*+n+1

B) |nI££] n>—2n®+5
Pemrenue.

. Sn+nt=3*+2 . =3’ 3
3) 1,,1_9;1 4n* +n+5 :lnl_{};l 4n’ :_Z’
M= lim = o

e N43 L nd ’

) n“+n+l . n*
W M g5 =M =

Crnenyer oTMeTUTh, 4TO opmynsl (1.5) u (1.6) cipaBenTUBHI HE TOJIBKO IS MHOTOWJIEHOB TEI0M

o . 1
CTETNEHH, HO U IS MHOTOWICHOB JPOOHOM CTETIEHH, TaK KaK Iim— =0 A mro6oro a>0.
n—>»o0

Ilpumep . Haiitn npenenst.

2) 1; Y16n° +1-3Y8n* +5+n+4
m
=00 Un® +2 -250* +7

. Yyn+4n’+1
? IHD Jn-3n?+5’

. 5.3"_7.5™
WMy s

n—oo

Pemrenue:

a) B uncnurene Tpu ciaraeMbIX COOTBETCTBEHHO CTEIICHHU:

3
2

I NJ e}
wIlN

1
u > CrnenoBaTenbHO,

3

I

3 o 6 3
CTEIEeHb YUCINUTENS paBHA - » 8 THIaBHBIH TICH B uucnurese pasen (16n°)* =2n? . Amanornuno,

1 3

TJIaBHBIA YJI€H B 3HAMEHATENIC — (25!‘13)E =-5n2. MmeeM 1o dhopmynam (1.5) u (1.6):
3

) lim 4/16n° +1-3/8n% +5+/n+ 4 lim 2n? 2
a = —_——
e AnP 4242507 +7 e g

3
yn+4n®+1 . n* L

o lim-—=—r—-= =—lim = = -,
M s = ~lim

n-1
5" (3J ~7-5
5.3 —7.5M 5 35

DM g gz = lim 5”[8 i (4)“]"?
+ . .
5
. 3 n—1 ) 4 n
X |1m 3 =0 u lim 3 =0.

3,[[601: TaKK€ MOKHO OBLIO HCIIOJIb30BaTh HUACK0, YTO TJIaBHBIN YJIEH 3TO CTapIJ_II/Iﬁ yieH. Umeem:
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5.3n—1_7.5n+l . _7.5n+l _§

Mg 557 =M g5 =%

Ipumep 1.4. (HeonpeneneHHOCTH oo — oo )

a) lim@&n® +n* +1-3Yn’ —n* +1), 6) limn(n® +1+n)

n—>—0

n—>x0

Pemenne. /Iy n36aBieHust OT HEONIPEEIEHHOCTH oo — oo 3JIECH CIEYET N30aBUTHCS OT
HUPPALMOHAIBHOCTH B YUCJIUTEIIE, YMHOXKUB U PA3/ICIMB JaHHOE BHIPAKEHUE HA COOTBETCTBYIOIIEE

COIIPsKECHHOC BBIPAKCHUC.
a) Ucnonb3yem popmyny
a'-b =(a-b) (@ +ab+a” b +.. +ab" + ")

Jlnst maHHOTO IMpHUMeEpa

5 15 43 272 3, 4
a-b=(a-b)(a"+a’b+a’b” +ab” +b")
HNwmeem:

a) [im @/n® +n* +1-8/n° —n* +1) =

n—0

- Gn®+n* +1-8/n° —n* +1)E/(N° +n* +1)* +3/(N°+n* +1)°(° —n* +1) +
r!m 2/ +n* +2)* +3/(N°+n* +13(n° —n* +1) +§/(n° +n* +1)°(n° —n* +1)° +
+3/(0° +n* +12(n° —n* +1)2 +3/(n°+n* +1)(n° —n* +1)° +3/(n° —n* +1)*)
+3/(n° +n* +1)(n° —n* +1)° +3/(n° —n* +1)*

n®+n*+1-n°+n‘-1 2

=lim

e 5.8/(n°)* 5

0) Hanmomunaem, 4to \/F=|n| unpu N— -0y =—n.

Nmeem:

. . n(n*+1-n%) . _
lim e =2 em=lim = o lim =
n—-—o n—-—o n-+1-—n n—>—<x:| | 1-0-72—“

n
n n 1

lim 1 =lim 1 =-7.
! —-n 1+7—n ! —n( 1+2+1J
- V" a
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[Ipaktuueckas padora Ne 8.

Tema: BoruncieHne HEONPEAEIEHHBIX UHTETPAJIOB METOAOM BBEIECHHS HOBOM
IIEPEMEHHOM.

Llens: [IpoBepuTh Ha IPAKTUKE 3HAHUE IOHATUSA HEONPEACIEHHOIO UHTErpasia,
YMEHHUE BBIUUCIATH TAOJIUYHbIE HHTETPAJIbl, YMEHHE BBIYUCIIATH HEOIIPEACTIEHHBIN
MHTETPAJI METOOM BBEACHHUSI HOBOU IIEPEMEHHOM.

ObecnieyeHre MpakTUYeCKOr paboThI:

TeopeTnueckuii MaTeprag METOJAMYECKOW PEKOMEHJAIMHU K IPAKTUYECKON padoTe.

VYue6nuk. boromonos H.B. «Marematuka». — M.: lIpoda, 2006.

NuauBuayaibHble KAPTOUKHU C BAPUAHTOM MPAKTUYECKOM pabOoThI.

TeOpeTI/I‘IeCKI/Iﬁ Marepual U NIpUMEPbI BEIYUCIICHUA HCOHpGI[GJIéHHOFO HUHTCI'paJia
MCTOAOM BBCACHMUA HOBOH HepeMeHHOﬁ.

Heonpenenéuuplii HHTErpa U TabIUIIA HEOTIPEICAEHHBIX HHTETPAJIOB
f(=)
Omnpenenenue Ilycthb -- (hyHKIIMS, 3a1aHHAS HAa O0OBEUHCHUU MHTCPBAJIOB
. f(z) )
BellecTBeHHOM ocu. Habop Bcex rnmepBooOpa3HbIX s HA3BIBACTCSl HEONPeOeNEHHbIM
flz) _,r flz)dz
uHmezpaiom ot 1 0003HavaeTCsI . Oreparust HaX0XICHHSI
flz)

HeOoIpeIeIEHHOTO HHTeTpasia 1o 3aJlaHHOW (QYHKIIUU Ha3bIBACTCS UHIMESPUPOBAHUEM
9TON (YHKIMH; HAWTH HEONpeAeNEHHBIA MHTETPAJl 03HAYACT NPOUHMESPUPOBAMb TAHHYIO
f(z)
dyukmro. OyHKIUSA , 3aTFCaHHAas MTOCIIe 3HaKa WHTerpasa (Miu, KaKk 9acTo TOBOPSIT,
100 3HAKOM MHTETpaja), Ha3bIBACTCS NOObIHMe2PalbHOU QYyHKYUEl.
CornacHo J0Ka3aHHBIM BBIIIIE TEOPEMaM O BUJIC IEPBOOOPA3HBIX, HEOIIPEACTIEHHBIN
f(z) y F(z)+C  F(z)
UHTErpaJl OT QYHKIIUU COCTOMT U3 (PYHKITUHA BUAQ , TIe -- Kakas-1oo

flz)
(dbuKkcupoBaHHas MepBooOpa3Hast IS ,a C -- BeIMYMHA, IOCTOSTHHAS Ha KaXKJIOM U3
flz)
HETIePECCKAIOIMNXCS HHTEPBAJIOB, HA KOTOPBIX 3a/1aHa (YHKITUS . [ToaToMy MOXKHO
HaIMCcaTh Takyo GopMyy:

fﬂﬂa:p@ﬁx:
J flz)dz = {F(z) + C}

(Tounee O6b1T0 OBI , HO (purypHbIe CKOOKH, 0003HAYAIOIIHE
F [I::I +C
MHOYKECTBO BCeX (YHKIIMHA BHIA , IICaTh B JAHHOW CHUTYyaIluy HE MPUHSTO. )
[ fl(z)dz = F(z) +C
Wrak, mis Toro 9ro0bI 10Ka3aTh PAaBEHCTBO , TOCTaTOYHO
F(z) flz) F'(z) = f(z)

MIPOBEPHTH, YTO -- TIepBOOOpa3Has st , TO €CTh YTO
] _[D'dm=(? 1 _[chxd.x:=shx+(?

208



[ldx=x+C 1

N

=-cthx+C
2 J.shzx
E t+1 1 dx
ma&:=x L =thx+C
J':r, o+ (m=-1), 3 IChz
L 1 e 1 1 dx ! X
—de=[Z =]+ C dx = = ARG
Ix .[x fe| . A Ix2+a2 Ix2+a2 e
C x 1 dx 1. |x-a
J X _ @ =__In +
.[a dx hla+f:; 5 Ixz—az 2 |xta
Iexdm=€x+c
¢ _[smxdx:=—cosx+ﬂ'_ 1 ‘I‘L=arcgﬁ1£+c=—aftl305£+c
6 az_xz i i
7 _[l::osxffr=sinx+(?. 1 Il + dx2 + o+ C

ﬁ ==
7 Ixﬂx2+cx
¢ J'd;c =-cigx +C 1 J'"-,l'xz+adx=£ﬂx2+a+%h’1‘x+ﬂix2+a

2

+

e}

dx 1 2
J——-tex+C 9 Im‘az—xzdr=§w'a2—x2 +%aru:sin Xic

il

] _[shxdx:=u:hx+€ 2 d x
. =lnte |+
0 0 '[sinx gE .
J- dx _ ’!gx+?rf2‘+c
COsX 2

3ameHa nepeMeHHOIl B HeonpeaeJéHHOM HHTerpaJe
(MHTerpupoBaHue MOACTAHOBKOM).

IlycTs [ f(x)dx = Flx)+C Torna [ flexDex)de = Fe(x)) +C 3nech t(X) -
muddepeHnmpyemast MOHOTOHHAs byHKIMS.
IIpu pemenun 3amady 3aMEeHY MEPEMEHHONW MOHO BBIIOJHUTH JBYMS

crnocobamu.
1. Eciu B mnoasiHTErpanbHON (YHKIMU yAAETCs cpa3y 3aMeTUTh 00a

comHoxutens, u f(t(x)), u £(x) 10 3amena MIEPEMEHHOM  OCYIIICCTBIIICTCS

[MOJBEACHUEM MHOKUTEIS 2(x) noja 3Hak AuddepeHiuana: 2'(x Jdx =‘£"‘, MU 3aja4da
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CBOJUTCS K BBIYUCIIEHUIO MHTErpana J £ @t : Hampuwmep,

sth x - sih xdx dicosx) o
froxde = |22 = [ XE - TE) £

COS X COS X COS X (3amauya cBeJCHA K BBIYMCICHHIO ~ £ |
rme t = cos x) ~ mleesx|*C Guanormuno maxommres uHTerpan or CEX )

it x _ r.fhx 7 - _ ¢ ;
Je " eosxdx = [e™dan X = (3451040 cpenena k Boiuncnennio J€ % rae t = sin X)

- GSinx I
€ B Oonee cnoxHbIX 3aJayax omnepanus NOJBEICHHUS MO 3HaK
muddepenunana MOXKET BBITTOJTHATHCS HECKOJIBKO pas:

_[emctgs x? arn:n:tg4 x? e =

1+x (camoe HempUATHOE B MOABIHTEIPATIbLHON (PYHKIUU -
IsITad CTCIICHBb dAPKKOTAHI'CHCA IO 3HAKOM JKCIIOHCHTBI, CCJIN NAJIBIIC HC HaﬁHéTCH
muddepenman 3Toi GyHKIMHU, TO UHTETPaJl, BO3MOXHO, B3ATh BOOOIIE HE yIacTCH;
B TO e BpeMs cieAyIoIHi MHOKUTENb (arcctg*X?) - mpon3BoHas (C TOYHOCTBIO JI0
ITIOCTOSHHOI'O MHO)KI/ITCHH) CTEIICHHOM (I)yHKI_[I/II/I, 3aTCM CJIICAYIOT IIPOU3BOJIHLIC
(OIATH C TOYHOCTBIO IO MOCTOSHHBIX MHOXKHUTeNeH) (yHkumuii arcctg X* m X° mo

CBOUM apryMeHTaMm)
1 5.2 1 1 5.2
= —Iemﬂg * a:n:l:tg'}'1 x? (2xex) = —Iemﬂg x a:n::l::tg'}'1 x? dx? =
2 1+x* 2 1+ x4
2
1 5_2 — e 1 a
= ——_[emctg * arn::n:tg4 ;vr,2 — = ——_[earc':tgj * arn::n::tg4 xzd arn::n::tg.:vr,2 =
2 1+ x4 2
1 5.2 1 5.2 1 5.2
= —E_[em':tg * (5ar|:|:tg4 xzdarcctg xEjl = —ﬁ_[ear':':tg * (dart:ctgj x2) = —ﬁem'ﬂ’g * o+

2. 3aMeHy MepeMEeHHON MOKHO OCYIIECTBIATH (hOPMAIIbHBIM CBEJICHUEM

sit1 X
MO/IBIHTETPATBHOTO BBIPaKEHHS K HOBoil nepemenHoil. Tak, B J€ 595 ¥% yyeer cmpicn

HepeiTH K TIepeMEHHOM (cIenaaTh MoACTaHOBKY) t = Sin X. BripakaeM Bce MHOKUTEIIN
NOJBIHTETPATIbHOTO BBIPAXKEHUS Yepe3 NEPEMEHHYIO 1

) i .
x=arcsmr;dr=—2;cosx=«fl—sm2x =w'r1—£2

it X

L=C . B pesynprate J&€  CosXAx =
= ’[Et“-,lll_.fz _ & =Iet¢£r el +C =
J1-£ . P Y,
(Bo3BpalaeMcsi K HICXOAHOM NepeMEHHOM ) .

Jpyrue npumepsl:

J. dx

_ 3 —
Vx=5(1+4x - 5) [ToapiHTEerpanbHas GyHKIUS CONEPKUT JBA MHOKUTENS, HU OJUH U3

KOTOPBIX HE SIBJISIETCS MPOU3BOJIHOM IPYTOro, MOATOMY MOJABOINUTH UX MO 3HAK
muddepennmana 6ecrone3Ho. [lonpiTaemMcs BBECTH HOBYIO IEPEMEHHYIO, TAKYIO, YTOObI

J_ e _x—5=r6;t=m;

=51+ -5)  |x=g8 45 d = 680de| _

KOPHH U3BJICKIINCH:
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61 dt =6ﬁ&=ﬂﬂﬁ+kﬂﬂ=
Eil+e?y T+ £+l
=5hﬁ—]£ﬂ ]=ﬂrﬂm@ﬂ+C=6@x—51m@@x-ﬂ+c
£ +1 PaccMoTpuM

Iﬁiaz - x? dx

CAMHCTBCHHOI'O MHOKHUTCIIA; MOKHO OITATH ITOIIBITATHCA CACTIATh TaKYIO 3aMCHY

(uaterpan Nel9 u3 Tad.1.). 3nech noAbIHTErpaabHas PYHKIUS COCTOUT U3

MepEMEHHOM, YTOOBI KOpeHb U3BIEKCS. CTPYKTypa MOAKOPEHHOTO BhIPAXKEHUS
TIO/ICKA3BIBAET DTy 3aMEHy: %= @sinl & (yqy X ~acost a>0):

x =¢sin £ dx = acos idE
J'"n,l'az —xtdc =

= a’ J'l:-::-s2 e id
. MaTerpain cBéncs K MHTErpany

n'raz -xt = c.w'rl— sinc £ = @cost
oT KBaIIpaTa KOCI/IHyca. HpI/I I/IHTerpI/IpOBaHI/II/I YETHBIX CTeHeHeﬁ CHHyC& )51 KOCI/IHyca

.4 2 o
YacTO MIPUMEHSIOTCS (POPMYIIBI, BeIpakaromye - £y £03° fyepe3 KOCUHYC JBOMHOTO
2

. g 1-rcosz 2¢ 7 1+ cos 2§
sm- = ——— cosT S ——
yriia: 2 2 [TosToMy
2 2
asz_[t:-::ls2 i dt =a2_[$dﬁ =%Ud§+_[t:052m’£]=%[t +é_[c052£'d2£] =

) X
s = —, CcosE=
&

= 3|
-l %
v}

a’ o’ o’

=% [+ Lain 2|+ €= %[+ Loin 2e +C =2 [f+sin grose)+ C =
2 2 2 2 2

2
Py oox 1
=?arcsm—+—xw,|'a2 —:Jr,2 +

a2
ITpumepsi: 1.

r=x+fx,|'x2+U,;.t—x=x|'x2+w,;(r—x)2 =x? +
2 2

J'L(:.{:F1t:"—215:u~,+x2=.-:c2+c:t;,.vc=r % fxZra =gt _m==]n|r|+C'=]n‘x+m'x2+m +C
2 4+ 2t 2t
2 2
=.¢ +n',_, =r +mdt
2t o
,[ ;&: 2=L 2a2E =ij(x+a)—(x—ajdr=i 11 _
2 "x“-a 2 x —a 2a” (x+a)x —a) Za’lx-—a x+ta
- LA A=) 1 yma| -l [x e+ C = [T %+ C
e x—d xta et 2 |x+ta
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Humezpuposanue no wacmsam.
HNHTerpupoBaHue no 4acTsaM - IPUEM, KOTOPBIA MPUMEHSIETCS [IOYTH TaK K€ 4acTo,

KaK u 3aMeHa nepeMeHHou. [Tycth U(X) u V(X) - pyHKIIMH, UMEIOIIHE HEITPEPhIBHBIC
JacTHBIE pou3BoHbIe. Toraa mo hopmyne nupdepeHumpoBanus npousseacuus d(uv) =

wdy + vedu = ¥ @ =d@r) ~v di Haxonum neonpenenéHHbIe HHTErPaIbl AN 06EHX

YacTel 3TOro paBeHCcTBa (IPH STOM Jdwr) = uv+ Cy:
Iu e =y — Iv - ¢fn

Ota Gopmyiia U Ha3bIBaeTCs (OPMYIION HHTEIPUPOBAaHHUS IO YacTsaM. YacTo ee
3aMUCHIBAIOT B mpou3BoaHbIX (dv = v’-dx , du = u’-dx):

Iu-vh&: =uv—J.v-u'¢£r

IIpumepsr:
i = x, dv = s xdx,
J‘xsin xdx = _ =x{—cosx}—f{—cosx}dx =-xcosx+tsmx+C
du = dx v =Ism xde = —cosx
=l x.dv =dx; e
_[]nxdx= . =x]nx—_[x—=xh1x—_[afx=x]nx—x+c
=—.p=x x
x

<D0pMyJ1a HHTCTPUPOBAHUA II0 YACTAM MOXKCT IIPHMCHATHCA HCOAHOKPATHO.
HpI/I HAJIMYUMA HEOOJIBIIIOI0 OIbITa B IMPOCTBIX HHTCTPAIaX HCT HGO6XOI[I/IMOCTI/I

BBINKUCHIBATh IPOMEKYTOUHBIE BBIKIAAKH (U = ..., dv = ...), MOXHO cpa3y
IpUMEHATL  (hopMmyily, HpCI[CTaBI/IB I/IHTGFpaJ'I B BI/I,Z[e Jude
J'exxgafx: = j'x3 (e™dx) = J':r,gafex - x'e —J'exd&:E = x’e® —Ie 3xldx = x e* 3]'.1:2 (e¥dx) =
= x'e® —3J'x2dex = x'e* 3(.1: —J'exd:cz = x’e* —3(.1: e* —J'e 2xdx) =

xle* - 3xie* + 6]‘xd€x = x'e¥ - 3x%e* + blxe™ - J'exdr,) = x'e* - 3x%e* + 6xe” - 6J'exf£x: =

x'e¥ - 3x%e® +bxe® —6e* +C =& (x3 ~3x% +6x ) +C.

[TpuBenéHHBIC TPUMEPHI TOKA3BIBAIOT, JUIS KaKUX (QYHKIIUN HATO0 IPUMEHSATH (MU
MOTBITATHCS PUMEHHTH) (POPMYITY HHTETPHPOBAHHS 110 YACTSIM:
_[PH (x) cosem dx _[PH {x) sin aoc e J'PH (x) a®

WNHurerpansl Buaa , TIe

Pn(X) - MHOrO4IEH N-011 cTenenn. Tak, mjis JPulx) cosem e oy

=P, (x), dv =cosemedx du=(P,(x)Vex =P, | (x)edx, v = (sinex)/ &t -

_[PH (x) cosem de =P, (x) (sin ax)/ax —lfa_[PH —(x) =i e a&:. B pesynsTaTe Mbl TIOMYSHITH

MHTETPAJI TOTO K€ TUIIA C MHOTOYJICHOM CTEIEHU Ha enuHuiy MeHsiie. [locime N-kpaTtHOro
pUMeHEeHUs (POPMYJIbl CTEIIEHb MHOTOUYIEHA YMEHBIIUTCS 10 HYJIS, T.€. MHOTOWJICH

MIPEBPATUTCS B IOCTOSIHHYIO, U UHTErpasl CBEAETCA K TaOJIMUHOMY.
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WHTerpas [ Bylx) fix) e . rae Jx)- TpaHCleHAeHTHAs ()YHKIWS, UMEIOILAs
JAPOOHO-pAIMOHATILHYO HITH IPpOoOHO-UPpaMOHANIbHYIO Tipou3BoaHyto (In X, arctg X,
arcctg X, arcsin x, arcos X). B atom ciayuyae umeer cmbici B3aTh U = f(X), dv = Pn(X)dX, mst

veliz ..
TOTr0, YTOOBI B UHTETpaAJIC J yuactBoBasia He f(X), a e€ nmpousBoaHas. [Ipumep:

i = arcsin X, dv = xdx;

x2dx x = sin £, af:c—u::osrd.r_

. x 0
xarcsin xcdv = ddx x? |=Z—arcsin x -
.[ cf.u=—2;i’=? 2 2 1—x2 «Jrl x =rCosk

2 2 2 :
x—arcsmx—l_[smztdt=x—ar|::sinx—lj(l—c052£]ﬂ=x—arcsﬁ1x—l -2 2 +C =
2 2 2 4 2 4 2

2 : 2 : 2
x . £ o fcosd X . arcsn x 0 xyl-x
—acsin x ——+ ———— + = —arcsin x — + +C

4 2 4 4

JI71st HeKOTOPBIX (DYHKITUN MIPUMEHSIETCS IPUEM ‘‘CBEJICHUSI HHTETpajia K caMoMy
ce6e”. C moMOIIbI0 HHTETPUPOBAHHUS TI0 YACTIM (BO3MOXKHO, HEOJHOKPATHOTO) HHTETPal
BhIpKACTCS Yepe3 TaKOM K€ MHTETPasl; B pe3yJbTaTe MoJy4aeTCsl ypaBHEHUE
OTHOCHUTEJIBHO 3TOT0 MHTErpasa, pemiasi KOTopoe, HaXoIMM 3Ha4eHHe UHTerpalia.

[2__2
F=|va® —x“dx .
I (ato uaTerpas Nel9 u3 tabdua. 10.3.Heonpeae é HHBIX
HHTErPaJIoB; B MPEbIAyIIeM naparpade Mbl BBIYUCIUIN 3TOT HHTErPaJl ¢ TOMOIIBIO

ITpumepsr:

Haiitu

TPUTOHOMETPUYECKOM MOJICTAHOBKU X = asim ¢ ).

w = «Jﬂz—xz;dv = dx;
I=.I' 2 _ 2dx= - a2 _ _ _ —
a° —x dx X+’ —x +[ﬁ—x at —xt - ————dx=

SRR et a’-x a’-x’

a - x

(a —x} ?
= xJi —xa—x +
e e [
-F+a arl::sinf

—xa—x _II"J -x afx:+a2_|'\f7—xa x? .
-x

B pesynpraTte s MCKOMOrO HMHTErpajga Mbl TOJYYWIIH ypaBHEHHUE

. X
I=xw,|'a2—x2—f+a2 arcsin —

[
. X
of = x~ja® - x* +a* arcsin =+ C
peliasi KoTopoe, MoJydaeM @ (koHcTanTa C MOSBWIACH
BCJIEJICTBHE TOTO, 4YTO HHTErpanbl f B TpaBoil M JIEBOM dYaCTAX YpaBHEHUS
OIIPEIEIIEHBI c TOYHOCTBIO 110 IIPOU3BOJIHOM MOCTOSIHHOM ) u
2

1 e . C

F=—xa? -x*+Z aresin =+ C —
2 2 o (koHcTaHTa < mepeobosHauena uepes C).
CBeneHue uMHTErpajga K caMoMy ce0e — camblil MPOCTOM CIOCO0 HaXOXKACHUS

2
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ax ax -
e coshxdx e an bxdx =
JacTO BCTPEUAIONIUXCS HHTETPAIIOB BUIA I 5 I (““"!J const ),

Hanpuwmep,
— . _ _E%
I=Ie”cosbx'ri):= LB SCte = ™ B +.-5 B o o e =
= —hein hxde v =™ fa TEOS X a_je st B
= o . — LI% ax ax
- sin boc, dy = e dx =ﬂ—u:-::-s.-ﬁ';u;:+E E—smbx—éjeﬂxcosbx'dr =
=hcoshude,y =™ fa = dl & =
. ax 2
= _—coshx + s b ——F
@ & " . Hrak, mocie ABYKPaTHOTO HWHTETPUPOBAHUS I10
2% ax 2
If=—coshx + smbx——zf
YacTsAM IOJYyYCHO ypaBHEHHUE OTHOCUTENIBHO I : @ @ a
a® )
I=ﬁ(acosbx +hsin bx |+ C
perieHue KOTOPOTO a” +b

ITpy HAXOKICHUH DTH MHTETPAIOB HE MPHHIUIHAIBHO, MOJOXKHM JIH MBI U =
cos bx, dv = e dx mam U = e, dv = cos bx dX; BakHO TOJIBKO IPH BTOPOM
IpUMEHEHHH (HOPMYIIbl HMHTETPUPOBAHHS IO YaCTSIM 3arOHATh IO 3HaK
muddepennmana GyHKIMIO TOTO K€ THIIA, YTO U IPHU IMEPBOM (TI0KA3aTEIbHYIO KN
TPUTOHOMETPUUYECKYIO).

Emé onun Bua ¢dopmys, KOTOpble OOBIYHO MOJYYAIOTCS C TOMOIIBIO
UHTETPUPOBAHUS MO YaCTAM, M MCHOJB3YIOTCS ISl HAXOXKJACHHS WHTETpajoB -
pPeKyppeHTHbIe cOoTHomeHus. Eciu mnoapiHTerpanbHas (QYHKIHUS 3aBHCHT OT
HEKOTOPOTO MapaMeTpa N, U MOJIYyYEHO COOTHOIIEHUE, KOTOPOE BhIpaKaeT MHTETpall
yepe3 aHAJIOTHMYHBIA MHTErpaj C MEHBIIUM 3Hau€HHEeM N, TO 3TO COOTHOIICHWE U
Ha3bIBACTCS PEKYPPEHTHBIM COOTHOIIICHUEM. [Tpumepsr:

I, =|cos™ x dx
=] [IpeacTtaBuM  TOABIHTErpadbHYI0  (QYHKIHIO B BHIC
e 3 = EeEe s £30 Eant 5F = cos® Y x {1 - zin 2 x)= cos™ % x —sin xcos™ 2 xsin x

MHTETPAJI OT MEPBOrO CJIaraéMoro aHaJOTHMYE€H MCXOAHOMY C 3HAYEHHEM IapameTrpa
N Ha JBE E€AWHHUIIBI MEHBIIE;, K HMHTErpaJly OT BTOPOIO CIIATAEMOI0 HPUMEHUM
(dbopMyITy HHTETPUPOBAHUS IO YACTSIM:

2

=zin x v = cos® “ x sin xdx;
I, =Icos"x'afx:=Icos"_2x'dr—_|'smxcos“_2xsin xdx = 7 -1 =
cost X
=cosxde, v =———,
-1
cos® 1 x cog® L sin xcos™ | x 1
=1, _-—anx|- +1] - cosx de =8, 1+ = cosx™ dy =
n-2 n-2
n-1 n-1 -1 -1
= +sinx|:|:nsn_1x_ 1 I =}_G+ 1 )I - +sinx|:|:|sﬂ_1x=}_f _n-1 +sin.x:|:-::-su_1x
n-2 — a1 ® L n-2 _— u o n-2 o

£ =Icosx'dr =znx +C
Teneps, 3Has ,
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+ .
Iy =Icoszx'dx=jﬂdx =l[x+sm 2""“'] C
2 2 ) MBI MOXEM BBIIIUCATh
- : 3-1 . 2
13=_|-E1053x'¢:§x=3 1I1+smxcos x=gsmx+smxcos X.e
3 3 3 3 :
_ - 4-1 . 3
Iy =I5054x'dr=4 lfz+smxc:os x =E'l(2x+sﬁ1 2.1::]+5me05 X, e
4 4 4 4 4 ;
_ : 5-1 _ 4
15=Icoij'dx=5 1I3+smxcos x=i'l(25inx+sﬁ1xcoszx)+smxms x+c
. > =i > n T.A.

MpaKtnuyeckana pabora Ne 16

Tema: BolumcneHue MHTErpanos

OcHOBHasA uenb:

dopmupoBaHMe npeacTaBAEHUIt O MOHATMM NepBOOOpPa3HOM, HeonpeneneHHOro WHTerpana,
onpeaeneHHoro nHTerpana.

OBnageHne ymeHuem npumeHeHus nepBoobpasHon GyHKUUU NPU PeLleHnn BbIYUCAUTENbHbIX
3aJau.

M3yuyeHune gaHHOM TeMbl NO3BONAET

-

CTygeHTam 0B/lafeTb KOHKPETHbIMM MaTEMATUYECKMMM 3HAHUAMW, HEOobXoAMMbIMKU  ONS
NPUMEHEHUNS B NMPAKTUYECKON [AeATEeNbHOCTU, ANA U3YYEHUA CMENKHbIX AUCUMNAUH, Pa3BUTUA
YMCTBEHHbIX CMOCOBHOCTEN, YyMeHWe Wu3BNeKaTb y4yebHylo uMHPOpMaUMIO Ha OCHOBe
COMOCTaBUTENIbHOTO aHann3a rpaduKoB, CaMOCTOATENbHO BbINOJIHATL Pa3/INYHbIE TBOPYECKUE
paboTbl.

CTyZeHTbl AEMOHCTPUPYIOT TEOPETUYECKME U MPAKTUYECKME 3HaHUA No Teme «[epBoobpasHas u
nHTerpan». MoryT npusecTM npumepbl, NoA06paTb aprymeHTbl, cHOPMYANMPOBaTb BbIBOAbI.
YMeIT COCTaB/ATb TEKCT HAayYHOro cTuaA. YmetoT GopmmpoBaTb BOMPOCHI, 334a4M, CO34aBaTb
NPO6AEMHYIO CUTYaLMIO

CTyaeHTbl cBOOOAHO MPUMEHAOT 3HAaHMA M ymeHua no Teme «[lepBoobpasHasa M
WHTerpan». YmeroT nepenasaTb, UHPOPMALMIO CXKATO, NOJHO, BbIBOPOYHO. YMET 06bACHUTD
M3yYeHHble MONIOXKEHUA Ha CaMOCTOATE/IbHO MOAO0OPaHHbIX KOHKPETHbIX Npumepax. YmeroT
y4yacTBOBaTb B AManore, NMOHMMATb TOYKY 3peHus cobeceaHWKa, NpuM3HaBaTb MPaBO Ha WMHoOe

MHEHMe.

Tema "lMepBoobpasHaa M MHTerpan" 3aBeplUaeTca Kommniekcom YuebHo-
TPEHUPOBOYHbIMbI TECTOBbIMU 3agaHuamu EMNNo paHHoM Teme (cm.
MpunoxeHune 1).

YyebHaa uenb:
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+ @®opMHUpOBaHUE NPEICTABJIEHUN O PA3JMUYHBIX TUMNAX TECTOBBIX 3aJaHUM, KOTOPHIE
BrirouaroTcd B EI'D mo maremartuke.

+ OniageHue HABBIKAMHM U YMEHHMSIMM PCLICHMS 3aJaHUM PAa3HOTO YPOBHS: TECTOBBIX
3alaHuii ¢ BbIOOPOM OTBETAa M KAUYE€CTBEHHBIX TECTOBBIX 3aJaHUA C YHMCIOBBIM
OTBETOM.

+ Pa3BuTh TBOpUECKHE CIOCOOHOCTH NPUMEHEHUs 3HAaHUM W yMEHUH B peUIeHUU
BapuaHToB EI'D nmo maremaTuke.

Ilnan:

l. MCTOI[I/I‘ICCKI/IC YKa3aHU:A K BbITTIOJTHCHUIO HpaKTquCKOﬁ pa6OTBI

1) TlepBooOpa3Hast ¥ HEONPEACICHHbIH HHTETPaT

2) TaOnuia MHTErpaIoB

3) Hekortopsie CBOWCTBA HEOMPEACICHHOTO HHTETpalia

4) UuTterpupoBaHre METOIOM 3aMEHBI IIEPEMEHON MITH CITOCOOOM IMO/ICTAHOBKHU

5) MuTerpupoBaHue 1Mo 4acTsIM

6) ParmmonanbHbie Apodu. [IpocTeiinne pannoHaibHbIe JPOOH U UX HHTEIPUPOBAHUE
7) VIHTerpupoBaHHe pallMOHATBHBIX APOOECH

8) HHrerpaibl OT HppaAMOHATBHBIX (DYHKITHIT

Il. TIpakTrueckas pabora

I1l. Utor

X0 YPOKA

|. MeToauyeckne yKazaHusl K BbINOJHEHHIO IPAKTUYECKO padoThI

1) IlepBooOpa3Hasi M HeompeaeJeHHbII HHTErpPaJl

Paccmorpum  3amauy: [lama @ynkmms f(X);TrpeOyercss HaWTH Takyr (QYHKIIHIO
F(X),mpoussoanas xotopoii pasna f(X),1.e. F (X)= f(x).

Onpenenenue: 1. Oynakus F(X) HaspiBaeTes nepBoodpasHoit ot pyHkwm f(X) Ha oTpeske
[a,b], eciu Bo Bcex Toukax 3Toro oTpeska BeIMoNHAETCS paBeHcTBO F (X)= f(X).
Hpumep.Haiitu nepsoobpasnyto ot ¢pyukiuu f(X)=x2.13 onpeneneHus nepBooOpasHoOii

ciexyer, uto GpyHkuus F(X)=x3/3 sBnsercs nepsoodpasHoii, Tak kak (x°/3)'= X2.

Jlerko BUAETH, UTO eciu i nanHou Gynknuu f(X) cymectByer mepBooOpa3Has, TO 3Ta
nepBooOpa3Hast He SBISETCA €IUHCTBEHHOU. Tak, B MpeAbIIyIIeM MPUMEPE MOKHO OBLIO
B35Th B KAUECTBE MEPBOOOPA3HBIX CIEAYIONINE (QYHKITUH:
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x® X X
F(x)= 3 +1,F(x) = 3 7, wu Boobdme F(X)= 37 C (rme C- mpou3BOIbHAS IIOCTOSHHASA),

3
(X C)!_ X2 C o
TaK Kak §+ =X". IpYroil CTOPOHBI, MOXHO JI0Ka3aTh, YTO (YHKUUAMH BHUAA

3
€+C MCUEPIIBIBAIOTCA BCE IIEPBOOOpasHble OT (QYHKIMH X° . DTO BBITEKAET W3

CIEIYIOLIEH TEOPEMBI.

Teopema. Eciiu F1 (X) u F2 (X)- n1Be mepBooOpasusie ot ¢pyukiuu f(X) Ha oTpeske [a,b], To
Pa3HOCTh MEX/1y HUMH PaBHA MIOCTOSTHHOMY YHCITY.

JlokazaTeJbcTBO. B cuiny onpeneneHus nepBooOdpasHoil uMeem
F1'(x)=f(x), F2'(x)= f(x) 1)
[Tpu 11000M 3HaYCHUM X Ha oTpe3ke [a,b].

0O003HaUYUM

F1(x)- F2(x) =0(x). (2)

Tornma Ha ocuoBanuu paBeHcTB (1) Oynet F'1 (x)- F'2 (x)= f(X)- f(X)=0 wiu ¢'(x)=[ F'1 (x)-
F'2 (x)]'=0 npu nr000M 3HaueHHH X Ha oTpeske [a,b]. Ho u3 paBenctBa ¢'(x)=0 cienyer,
910 ((X) ecTh MocTosiHHAs. JleHCTBUTENbHO, MPUMEHUM TeopeMy Jlarpamka K GyHKUIUU
¢(X), KoTopasi, OYeBUIHO, HeTIpepbIBHA U AuddepeHmrpyema Ha oTpeske [a,b]. Kakosa Obr
HHU ObLTa TOYKa X Ha oTpe3ke [a,b], MbI MMeeM B cuity Teopembl Jlarpamka ¢(x)- ¢(a)= (x-
a) ¢'(z), rne a <z<x.Tak xak ©@'(2)=0, 1o O(x)- @()=0, wmwm @X)= o(a).
3)

Takum obOpasom, GpyHknus G(X) B 11000 TOUKe X oTpe3ka [a,b] coxpansier 3nauenue ¢(a),
a 3TO 3HAYMT, 4TO (YHKIUSA ((X) SBIACTCS MOCTOSHHOW Ha oTpeske [a,b]. OOo3Hauas
nocTostHHY10 ((a) uepe3 C, u3 paBeHCTB (2) u (3) nonyuaem F1 (x)- F2(x) = C.

W3 mokazaHHOW TEOpEeMBI CIIeIyeT, 4yTo eciu s nanHou ¢ynkiuu f(X) Halizena kakas-
HUOYIb o1HA TiepBooOpa3Has F(X), To mobas apyras nmepBoodpazHas st f(X) umeer Bug
F(x)+ C, rne C = const/

Onpenenenue 2. Ecu ynknus F(X) sBrnsercs nepBooOpasHoii misa f(X), To BeipakeHne
F(xX)+ C naswiBaeTcs HeompeneieHHbBIM WHTerpaiiom oT Gynkmuu f(X) m obo3Hawaercs
[f(X)dx. Takum o6pazom 1o ompexenenuto, | f(X)dx= F(x)+ C, eciu F (x)= f(X). IIpu s3tom
¢ynkmuro f(X) HaspBaroT nombiHTErpanbHON (yHKIMEeH, f(X)dX- mombIHTErpambHBIM
BBIPKCHHEM, 3HAK |- 3HAKOM HHTErpaa.

Takum oOGpa3oM, HEONpPEAETCHHBIM UHTErpaj MPEACTaBISIET COOOM CeMeUCTBO (PyHKIUIA
y= F(x)+ C.

217



C reomMeTpu4ecKOM TOYKM 3pEHHUS HEONPENCIICHHBIA HWHTETpPajl  MPEICTABISAET
COBOKYIHOCTh (CEMEMCTBO) KPHUBBIX, KaxJas M3 KOTOPBIX MOJIy4aeTcsl MyTeM CJIBUra
OJITHOM M3 KPUBBIX NAapaJUIEIBHO caMOil ce0e BBEpPX WIIM BHU3, T. €. BIOJIb ocH Oy.

EcrecTBeHHO BO3HMKaeT Bompoc: s Beskod nu yHkmum  f(X)  cymecTByroT
nepBooOpasHbpie( a 3HAYMUT, U HeompenelaeHHbIM uHTerpai)? Okas3pIBaeTcs, YTO Ha IS
BCSIKOM. 3aMeTuM, OJHaKo, 0e3 Joka3areibcTBa, uro eciau GyHkius f(X) HenmpepbiBHA Ha
orpe3ke [a,b],to g aTol (yHKIMM CylIecTBYeT mepBooOpa3Has (a 3HAYHUT, H
HEONpeeIeHHbIA HHTErpa).

Haxoxnenue nepBooOpasHoi uis ganHou QyHKiuu f(X) Ha3bIBaeTCsl MHTErPUPOBAHUEM
byukun f(X).

3aMeTHM cleylolee: eclu MPOU3BOJIHAS OT 3JIEMEHTApHOW (PYHKIUU BCErjaa sBIISEeTCS
AJIEeMEHTApHON (yHKUMEH, TO TMepBooOpa3Has OT »3JIeMEHTapHOW (YHKIHH MOXKET
0Ka3aTbCAd M HE MPEACTABUMON C MOMOIIbI0 KOHEYHOTO YHUCIA 3JIEMEHTAPHBIX (PYHKIUH.
W3 onpenenenusd 2 cnenyer:

1.IIpon3BogHast OT HEONPEAECICHHOIO HHTETpaja PaBHA IOJBIHTErPAIBHON (YHKIHH,
T.e.ecnu F (X)= f(X), To u

( f()dx)'= (F(x)+C)=f(x). (4)

[locnenqnee paBEeHCTBO HYKHO MOHUMATh B TOM CMBICIIE, YTO MPOU3BOAHAS OT Jt0OOH
NepBOOOPA3HOM paBHA MOABIHTErPATBLHON (YHKIIUU.

2. uddepenunan oT HEONPEAEICHHOIO0 HWHTErpaja paBeH TMOIBIHTErPATILHOMY
BBIPKEHUIO:

d(Jf(x)dx)= f(x)dx. (5)
DT0 moJTy4aeTcss Ha OCHOBaHUHU (HOpMYITHI (4).

3. Heonpenenennoro wHTEerpan ot auddepeHimana HEKOTOpol (YHKIIMHM paBEH 3TOM
(GYHKITUU TUTIOC TTPOU3BOJIbHAS TIOCTOSHHAS :

JdF(x)= F(x)+C.

CrpaBellTMBOCTh  MOCIICTHETO PAaBEHCTBA JIETKO TMPOBEPHUTH Tud(depeHIMPOBAaHUEM
(muddepenmmansr ot 06enx yactei paBeHcTsa paBHbl dF(X)).

2) Tabamua MHTErpaJioB.

[Ipexxme yeM TMPUCTYMUTh K W3J0KEHUIO0 METOJOB WHTETPUPOBAHUS, MPUBEIEM TaOIHUIlY
HWHTETPAJIOB OT MPOCTEUIITUX (PYHKITUH.

x* +1
1. | x%dx=
IX X a+l

+C (a #-1) .(3neck u B mocaeayromux Gpopmynax nog C moHMMaeTCs

IIPOMU3BOJIbHAA HOCTOHHH&?[.).
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o=
X

N

In|x|+C.
3. jsin X-dx=—cosx+C

4, Icosx-dx=sin x+C

5..[ dx =tgx+C.

cos? x
6. [ _=-ctgx+C.
sin 2 x
7. [tgx-dx=~In[cosx+C.
8. _[ctgx-dx=|n|sin X|+C.
9. jex-dXZeX+C.
aX
10. jax~dx= +C
Ina
11. -[1+x =arctgx+C.
dx _1 X
11", == Z )
Ja2+x2 aarctga+C
1. Jla+Xx
12. =—Ihl—-+C.
Ia 2_x* 2a |a—x

13. |

dx .
=arcsin x+C.
V1 —x?

d
13’J‘ﬁzarcsin §+C.
‘x+\/x +a’

+C.

14,
[
CnpasegnuBocts popmyn 7,8,11°,12,13'u 14 7nerko ycTaHaBIMBAETCS C IMMOMOIIBIO
b depeHupoBaHus.

B ciyqae Gpopmymnbt 7 umeem  (—Injcosx|) '=— —sin X

= tgx,

CJI€IOBATEIIBHO, jtgx- dx=—1In |Cos x| +C.
B cnywyae dhopmynbl 8

(Insin x]) = 2% _ cgx,
sin x
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cre0BaTebHO, [ctgx-dx =In[sin X|+C.

B cnyuae popmyner 12

at+X 1 1 1 1
(—In )'’=—[Inla+x|—In a—x’_— + = ,
a—x 2a[| | | ] Za[a+x a—x] a?—x?
1, la+x
CJI€I0BATEIILHO, j ——In—+C_
a’-x? 2a |a—X
B cnyuae hopmynsr 14
1 X 1
(In‘x+ X2 ta’ L+ )= |
x+\/x2J_ra2 Ixt+a?  Jx?+a

CJICA0OBATCIbHO, +C.

‘X+VX +a’

3)HekoTopblie CBOMCTBA HEeONpeaeJIeHHOT0 HHTerpaJja

Teopema 1.HeompeneneHublii wuHTErpas OT anreOpanyeckod CyMMbl JBYX WIU
HECKOJIbKUX (PYHKIMUA paBeH anredpandeckoil CcyMMe X UHTETPaJIOB:

[L£,00+ £,000dx = [ £,0)dx+ [ f,(x)dx. (1)

W3 nokaszatenbcTBa HalJleM MPOU3BOJIHBIE OT JIEBOW M MPAaBOM YacTeil 3TOro paBEeHCTBA.
Ha ocHoBanuu paBeHcTBa (4) mynkra Nel Haxoaum

(L0 + £,001d0)" = £,00+ T,(x),
(J £.00dx+ [ £,00dx)" = ([ £ ()dx)’ + ([ £,(0)dx)" = £,0)+ F,(x).

Taxum oOpa3om, IPOU3BOJHBIE OT JIEBOM M MpaBoi yacTeil paBeHcTBa (1) paBHBI MEXITY
coOOM, T. €. MPOU3BOIHAS OT JIFOOOW MepBOOOPa3HOM, CTOSIIAS B JIEBOW YaCTH, PaBHSICTCS
IPOU3BOJIHOM OT JIF000M (DYHKIIMH, CTOSIIECH B MpaBoi 4yacTu paBeHCTBA. CieqoBaTesibHO
mo teopeMe u3 myHkTta Nel mrobast GyHKums, cTosimas B JieBoM udacTu paBeHcTBa (1),
OTIUYAETCs OT JIF0OOW (PYHKITUH, CTOSIIIIEH B MpaBoil yacTu paBeHCTBA(1l), HA TOCTOSTHHOE
ciaraeMmoe. B 3ToM cMmbICiie U HY>KHO TOHUMAaTh paBeHCTBO (1).

Teopema 2. IIoCTOSIHHBIII MHOKHTENIb MOKHO BBIHOCHTH 32 3HAK MHTErpalia, T. €. €CJH

a=const, To

(| af (x)dx=a| f (x)dx.
I J @

JInst nokasatenbcTBa paBeHCTBA (2) HalaeM MNPOM3BOAHBIE OT JIEBOM M MpaBOMl €ro
JacTen:
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( j af (x)dx)’ = af (x), (a j f (x)dx)’ = a( j f (x)dx)’ = af ().

[IpousBosiHbIE OT TIpaBOM U JIEBOM YacTeil paBHbI, CJIEIOBATENIbHO, KaK U B paBeHCTBE (1),
Pa3HOCTh JBYX JIOOBIX (PYHKUHMMH, CTOSIIMX CJIeBa M CIpaBa, €CTh MOCTOsHHas. B »Tom
CMBICJIE U CJIeyeT MOHUMATh PAaBEHCTRO (2).

[Ipu BBIYUCICHUU HEONPECICHHBIX HWHTErPAIoB ObIBA€T TMOJIE3HO HMETh B BHUIY
CJIeIyIOIINe MpaBUIa.

1).Ecnu
| fOOdx=F(x)+C,
TO

j f (ax)dx = éF (ax) +C. (3)

JletictButenbHO, nuddepeHnupys JeBYI0 U MPaBYyIO YacTH paBeHCTBA (3) MOJIydyuM

(J f (ax)dx)’" = f (ax), (% F (ax))’ =§(F(ax))'x = i F'(ax)a=F’'(ax) = f(ax). IIpou3BomHbBIE  OT
IIpaBoOi U JICBOM YacTel paBHBI, YTO U TPEOOBAIOCH JOKA3ATh.

2). Ecnu

[ foodx=F()+C,

TO

[ f(x+b)dx=F(x+b)+C, (4)

3. Ecim

[ foydx=F()+C,

TO

If(ax+b)dx=§F(ax+b)+C. (5)

PaBenctBa (4) u (5) nokaspBarotcs nudepeHnUpoBaHUEM MPABOKW M JIEBOM YacTei
PaBEHCTB.

Ilpumep 1.
J‘(Zx3 —3sin x+5vx)dx = '[2x3dx —I3sin xdx+ j&/ﬁ = Zj x*dx —3jsin xdx+ 5f xM2dx =

3 X%ﬂ
—3(—cosx)+5 1
3+1 5 +1

:2:

+C:%x4+3cosx+%x\/§+c.
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Ilpumep 2.

—Lrl —é+l §+1

2 4
+X4/X)dx = 3jxl’3dx+ jxl’zdx+jx5’4dx 3X T 1 Xl +; +C=
I S
3 2 4

G2

=%§/7+\/;+gx2‘{/;+c.

Ilpumep 3.

i:ln | x+3|+C.
X+3

Ilpumep 4.

Icos?xdx:%sin 7x+C

ITpumep 5.

jsin( 2X —6)dx = —%cos(zx—e) +C.

4)AHTerpupoBanue MeTOA0M 3aMeHbI IePEeMEHOI WJIH CIIOCO00M MOACTAHOBKH

[lycts TpeOyeTcsi HalTH HHTETpal j f(x)dx , TpuUYeM HEMOCPEACTBEHHO MOA00PaTh

nepBooOpasnyro s f(X) MbI He CMOXEM , HO HaM U3BECTHO, YTO OHA CYIIIECTBYET.

C,IIGJI&GM 3aMCHY HepeMeHHOﬁ B IMOABIHTCT PAJIbBHOM BBIPAXKCHUH, ITI0JIOKHNB

x=o(t), 1)

rae ¢(t)-HempepbiBHass (GYHKIMS C HEMPEPHIBHON MPOM3BOAHOMN, MMEIOIIas OOpaTHYIO
¢yukmmo. Torma dx= ¢'(t)dt;mokakem, 4TO B 3TOM CiIydae HMEET MECTO CJCIYIOIIee
PaBEHCTBO:

[ f9dx = [ flp®]e' @)t (2)

31ech NOoAPa3yMeBAETCs, YTO MOCIIE UHTErPUPOBAHUS B IPABOM YaCTHU paBEHCTBA BMeCTO t
OyJeT MOJCTaBICHO €T0 BRIPAKEHUE Yepe3 X HA OCHOBaHWH paBeHCTBa (1).

HHH TOI'0 YTOOBI YCTaAaHOBUTDb, YTO BBIPAXKCHUA, CTOAMIMNC CIIpaBa M CJICBA, OAMHAKOBBI B
YKa3aHHOM BBIIIC CMBICIIC, HYKHO OOKa3aTb, YTO HMX IIPOHU3BOAHBIC IIO0O X PABHBI MCIKAY

coboii . Haxoaum mnpowW3BOIHYIO OT JICBOM 4YacTH : (j f (x)dx)’ = f(x). IIpaByro yacth
paBeHcTBa (2) Oymem nuddepeHIMpoBaTh IO X KaK CIOXKHYIH (yHKIuo, rae t-

MPOMEKYTOUHBIN apryMeHT. 3aBUCUMOCTh t OT X BbIpaxkaercst paBeHCTBOM (1), mpu 3TOoM

a1
% = ¢/(t) ¥ 1o npaBuiy AuddepeHIupoBaHuss 00paTHON PyHKIUN —— "o prs

Takum oOpazom, umeeM
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( j flp®]e'(t)dt), = (j f[p®)]e' (t)dt); % = f [(p(t)]co’(t),i = flp(t)] = f(X).
X @'(t)

CienoBaTenbHO, MPOU3BOIHBIE OT X OT IIPABO 1 U JIeBOil yacTel paBeHCTBA (2) paBHHBI,
4TO U TpeOOBANIOCh JOKA3aTh.

OYHKINIO X =@(t) ClenyeT BbIOMpPAaTh TaK, YTOOBI MOXXHO OBUIO BBIUYUCIUTH

HEOMpeAeTICHHBIN HHTErpall, CTOSIIUN B MPAaBOM YacTU paBeHCTBA (2).

3ameuanue. Ilpu wuHTErpupoBaHMM MHOIJa LeiecooOpa3Hee NOAOUpPaTh 3aMEHY
IIEPEMEHHOM HE B BHJIE X = o(t), @ B BUAC t =y (x). [IpounmrocTpupyeM 3TO Ha mpumepe.

HYCTB HYXHO BbIYUCJIIUTD UHTCTPAJI, I/IM@I-OIJ_II/If/'I BUJ

jw'(x)dx
w(x)

3nech yI00HO MOJ0KHUTh
w(x)=t,

TOrJa y'(x)dx = dt,

j%zj%lﬂtHC:mW(x)HC,

[IpuBeemM HECKOIBKO MPUMEPOB HA HHTETPUPOBAHUE C TTIOMOIIBIO 3aMEHBI TEPEMEHHBIX.
Ilpumep 1.

I Vsin x cos xdx =? Caemaem moacTaHoBKy t=Sinx; Torma dt= cosxdX u, cieaoBaTeIbHO,

3/2
J.\/sin xcosxdx:fx/fdt :jtl’zdt :ZtT+C :gsing”2 Xx+C

Ilpumep 2.
J' 1XdX2 — 7 IMonaraem t=1+x? ;Torga dt=2xdx u
+ X

I dezzl E=£Int+(2=lln(1+x2)+c
1+x 2t 2 2

Ilpumep 3.

Idx 1J- dx

= m-l’[onaraeM t= g ; Torga dx=adt,

a’+x? a’

—— =—arctgt+C ziarctg§+c.
1+t a a a

a’+x*> a?

1+t2 a

J' dx 1 J‘ adt 1J~ dt 1

Hpumep 4. _[ x _1 I 9 Monaraem t=* : Torma dx=adt,
Jai-x2  a’ Ja-x/a)? a
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J‘ dx :lj adt
JaZ-x*  a’1-t’

(mpenmomnaraetcs, uyto a>0).

:.[ dt — arcsin t+C = arcsin ~+C
\/l—tz a

B npumepax 3 u 4 BbiaenaeHsl QopMylibl, IPUBEACHHbIE B TAOMUIE HHTErPajioB MOJ
Homepamu 11'm 13'(cm. Bblne, myHKT No2).

dx

3dX _ 2ITonaraem t=Inx; rorma dt = —,
X

Tpumep 5. | (in x)° =
X
dx t* 1
Inx)°—==|t*dt=—+C==(Inx)*+C.
Jnxy?===[tdt="+C =2 (nx)

xdx
1+x*

Ilpumep 6. f =7 Ilonaraem t = x?;roraa dt= 2xdx,

xdx 1, dt 1 1 )
== =—arctgt+C = —arctgx” +C
J.1+x4 2-[1+t2 2 g 2 g

Meton 3aMeHBI TIEPEMEHHBIX SBISIETCS OJHUM M3 OCHOBHBIX METOJOB BBIUYHUCIICHUS
HEONPEICIICHHBIX HHTErpayIoB. Jlake B TeX cllydasiX, KOTJila Mbl UHTETPUPYEM KaKuM -TH00
JPYTUM METOJI0M, HaM YacTO MPUXOJUTCS B MPOMEKYTOUHBIX BHIYMCICHUSAX MPUOETraTh K
3aMeHe IEPEeMEHHBIX. Y CIIeX HHTEIPUPOBAHUS 3aBUCUT B 3HAUUTEIBHOM CTENEHHU OT TOTO,
CYMEEeM JIM MBI TOI00paTh TaKyIO YAAYHYIO 3aMEHY IePEMEHHBIX, KOTOpasi YIpocTuiia Obl
naHHbI uHTErpai. [lo cyiiecTBy roBopsi U3yuyeHne METO0B HHTEIPUPOBAHUS CBOJUTCA K
BBISICHEHUIO TOTO, KaKyl0 HaJl0 C/eJiaTh 3aMEeHY NMEPeMEHHOW MpU TOM WMIM WHOM BUJE
MOJIBIHTETPAIbHOTO BBIPAXKEHUSI. DTOMY MOCBSIIEHBI O0JIbINAs YaCTh HACTOSIIETO MYHKTA.

S)UHTEerpupoBaHue Mo 4acTamM

Ilycte U m VvV nBe auddepenuupyembie (yHKIUM OT X. Torjma, Kak H3BECTHO,
muddepeHiian  TpoW3BEeACHUS UV BBIUMCISACTCS 1O cleayromed  gopmyse
:d(uv)=udv+vdu.Otcroma, HHTETPUPY, TOTyIaeM UV = j udv+jvdu WIH

Iudv=uv—jvdu. 1)

[Mocnenusis popmyna HaszpiBaeTcsa (popmylia MHTETPUPOBAHUS MO YacTsIM. Jta dopmyra
qamie BCETO MPHUMEHSETCS K WHTETPUPOBAHUIO BBIPAKEHUNM KOTOPHIE MOXHO TaK
NPEJICTaBUTh B BHUJC MPOU3BEACHUS ABYX COMHOXHTENeH Unm dV, 9TOOBI OTHICKATh

¢yHkmuo Vo e€ auddepennuany dv ¥ BBIUMCICHHS HWHTErpaja I vdu COCTaBIIsLIM B

COBOKYITHOCTH 3aj/iauy OoJjiee MPOCTYI0, YEM HEMOCPEIACTBEHHOE BBIYMCIIEHUE WHTErpaia
_[ udv. YMmeHue pa3ouBaTh pasyMHBIM 00pa30oM JaHHOE TOJBIHTETPATbHOE BBHIPAKECHHE HA

MHOXUTEJIM U W dV BeIpabaThiBacTCs B MPOIECCE PEHICHHS 3aJadd, ¥ Mbl MOKaXeM Ha
psiJie MPUMEPOB, KaK 3TO JIeNIaeTcsl.

Ilpumep 1. j xsin xdx = ? TTomoxum u=X,dv=sinxdx;rorga du=dx,v= -cosx.CienoBaTeiabHo,
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_[xsin xdx:—xcosx+_[cosxdx=—xcosx+sin x+C.

3ameuanme. [Ipu onpenencHuu QyHkiwm V o muddepennumany 0V Mbl MOXKeM OpaTh
T00YI0 MPOU3BOJIBHYIO IOCTOSIHHYIO, TAK KaK B KOHEUHBIN PE3yNbTaT OHA HE BXOAUT (UTO
JIETKO TPOBEPUTH, MOJACTaBUB B paBeHCTBO(1) BmecTo V BbIpakeHue V+C). Iloatomy
yI0OHO CYMTATh 3TY NOCTOSIHHYIO PaBHOM HYJIIO.

HpaBI/IJIO HHTCTPUPOBAHMA 110 HaCTAM IIPUMCHACTCA BO MHOTHUX ClIydasax. TaK, HaImpumcep,
HHTCTpAJIbl BUA

ka sin axdx,_[x" cos axdx,jxkeé‘xdx,jxk In xdx,

HCKOTOPBIC HHTCIpAJIbl, COACPIKALIUC O6paTHBIe TPUTOHOMCTPHUYCCKHUC (l)yHKI_[I/II/I,
BBIYUCIIATOTCA C TIOMOIIBIO UHTCTPHUPOBAHUS 110 YACTAM.

Ilpumep 2.TpeOyeTcsi BBIYMCIUTH j arctgxdx . Ilomoxum U= arctgx, dv=dx;rorma

du = iz,v = x. CnemoBaTensHO,
1+x
Iarctgxdx: xarctgx—J' XdX2 = xarctgx—l In |1+ x*|+C.
1+ X 2

Ilpumep 3. TpebyeTcs BBIUKUCIUTH I x2e'dx . Tlomoskam U=x,dv=e'dx; TOraa
du =2xdx,v=e*,

'[xzexdx = X’ — 2_[ xe*dx .

[TocnenHuit MHTETPANl CHOBA MHTETPUPYEM 110 YaCTAM, Iojaras

u, = X,du, =dx,dv, =e*dx,v, =e”. Torna

j xe*dx = xe* —jexdx =xe* —e* +C. OKOoHYATEIbHO Oy/IeM UMETh
szexdx =x%e* —2(xe* —e*)+C =x"e* —2xe* +2e* +C =e*(x* —2x+2)+C.

6) Panuonanbubie apodu. Ilpocreiimiue panuoHajJbHbIE JApPOOM W HX
HHTErPUPOBAHUE

Kak MBI yBUIMM HUKE, JAJEKO HE BCSAKas JJIEMEHTapHas (DyHKIHUS WMEEeT HHTETpa,
BBIPKAIOIIMICS B AJIEMEHTApHBIX (QYyHKIUAX. [103TOMY OueHb Ba)KHO BBIJICIHTH TAKHE
KJIacChl (DYHKIMHA , WHTETPAIbl KOTOPHIX BBIPAKAIOTCS UYepe3 dJEeMEHTapHbIC (PYHKIUH.
[IpocTelmum 13 TUX KITACCOB SIBISIETCS KIIACC PAIIMOHATBHBIX ()YHKITHA.

Bcesikyto panuoHanbHy0 (YHKIIMIO MOKHO MPEJCTaBUThH B BUJE PAIMOHAIBHON OpodH, T.
€. B BUJIC OTHOIIICHUS JIByX MHOTOWJICHOB:
Q(X)  Byx"+Bx"'+..+B,

f(x) AX"+AX"+.+A
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He orpanununBas oOUIHOCTH pacCykJeHus, Oy/ieM mpeanojaraTh, YTO 3TH MHOTOWICHBI HE
MMEIOT OOIIIHUX KOPHEH.

Ecnu creneHp 4uciouTens HMXKE CTENEHUM 3HAMEHaTeNls, TO JpoOb Ha3bIBaeTCs
MPaBUJIBHOW, B MMPOTUBHOM Cillydae ApoOb HA3bIBAETCS HEMPABUIBHOM.

Ecnmu npoOb HempaBwibHas, TO, pa3fAeiuB UYUCIUTENh HAa 3HAMEHATENb (TI0 TPaBHITY
JIeJIeHUs MHOTOWJIEHOB), MOYKHO TPEJCTaBUTh JAHHYIO APOOb B BHJE CYMMBI MHOTOWICHA
Y HEKOTOPOU MpaBUIILHON APOOU:

F(x) -

QM) _
M (X) + f (X) ’

f()

3necb M(X)-MHOTO4JIEH, a %— paBUJIbHAS APOOb.
X

Ilpumep.Ilyctb nana HenmpaBWiIbHAs pallMOHAJIbHAS APOOh

x4 —3
X% +2x+1

P&S}IGHI/IB YUCIIUTCJIb Ha 3HAMCHATCJIb (HO I[MpaBUly OCJICHUA MHOFO‘IHGHOB), [MoJIy4Yum

4_
2x 3 X’ _2x4+3_ 24x+6 _
X“+2Xx+1 X +2Xx+1

Tak kak MHTETpUPOBAHME MHOTOYJICHOB HE MPEACTABISICT 3aTPyAHEHUH, TO OCHOBHAs
TPYAHOCTH NPU UHTETPUPOBAHUHU PALIMOHATBHBIX JPO0EH 3aKiII04aeTcs B MHTETPUPOBAHUU
NPaBWIBHBIX PAllMOHATBHBIX APOOEH.

Onpenenenue. [IpaBunbHbIe pallioHaNIbHBIE TPOOU BUIA

(1). A
X—a
(2). A (K-memoe MoMoKHUTEIBHOE YHCITO > 2
(x—a)"
(3) _Ax+B  (KOpHHM 3HAMEHATENsS KOMIUICKCHBIE, T.€. P* _ . _ o).
x? 4+ px+q 4
4) Ax+ B (k-mie;toe  TIONOKUTENBHOE YWCIO =2 [KOPHH 3HAMCHATEIIS

(x? + px+ q)~

KOMIUICKCHBIE ), Ha3bIBAIOTCS MpocTedmumMu apoosmu (1),(2),(3) u (4) tumos.

WurterpupoBanue mpocrteimux apoodeit tuna (1),(2) m (3) He cocraBiuseT OOIBIION
TPYIHOCTH, TIO3TOMY Mbl TMpPUBEAEM HMX HUHTErpUpoBaHue 0€3  KaKuX-JIu0o
JOTIOJTHUTENIbHBIX TTOSICHEHUM:

(1) J-xéadX:Aln | x—a|+C
_A

(X_a)—k+1 +C A
(x-a)*

= +C
-k+1 @-Kk)(x—a)**

(2) dx:Aj(x—a)‘kdx: A
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Ax+ p)+(B—A—

Ax+B 2 _A 2X+p __p dx )
(3)Ixz+px+quj NI = jx +px+qd Z)I—X2+px+q_
_éln|x2+px+q|+( —ﬂ) o =A|n|X2+pX+q|+ZB_Ap arctg X0 ¢
=2 2 2.9 2 2

(Y +(a-) dq-p' A
2 4

Bonee cnoXHbIX BblMMCNEHUIN TPeDOyeT MHTerpupoBaHue npocrenwnx apobein (4) tuna. Myctb Ham AaH
WMHTEerpaj Takoro Tuna:

Ax+B

dx
(4) J(X2+ px+q)k
NMpoussesem npeobpasosaHus:
A Ap
j. Ax+B e 2(2X+p)+(3—2)dx_éj 2X+ D i _E)J- dx
(x*+ px+0)" (x*+ px+0)" 29 (X + px+q)f 2" (x*+ px+0)"
MepBblit MHTErpan 6epeTtca NOACTAaHOBKOM X% + px+q=t,(2x+ p)dx =dt :
2X+ dt g 1
J ) P kdx—j k j t*dt=——+C= - —+C
(X°+ px+Q) t 1-k (1-K)(x" + px+0Q)

BTopoit nHTerpan- o603HaumMm ero yepes l-3anuwem B Buae

| :J~ dx :I dx :J' dt
‘ (X2 + px+q)k [(X+£)2 +(q_p2)]k (t2 +m2)k ’
2 4

nonaran

2

x+E:t,dx:dt,q—|o—:m2
2 4

(no npepnono)KeHWto KOPHW 3HaMeHaTens KOMMJIeKCHble, a C/lef0BaTeNbHO, q—%z>0). Hanee
nocrtynaem cnegytowmm obpasom:
|k:JL:iJWm LJL idet
(t2+m2)k m> (t2+m2)" 2 (t2+m )kl m> (t2+m2)" .
Mpeobpasyem MHTErpan:

j t?dt _I t-tat _lj-td(t2+m2)__ 1 jtd( 1 )
@2+md)* 2 +md)< 20 (24md)< T 2k-1)¢ (2 +md)t”
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NHTerpmpys no yactam, bygem nmetb

1.

Itzdt 1 g 0 - dt
+m?)<  2(k-1" (t*+m?) I (1P +m?)

MoacTaBnas 370 BbipaXKeHWe B paBeHCTBO (1), nonyynm

dt
=Ly

dt 1 1 t dt
__'[(t +m)—1 m? 2(k — 1)[(t +m?)** J‘(t +m)‘1]_
- t 4 2k -3 J- dt
T2mE(k -1 +mAFT T 2mP(k—1) (2 +mP)< T

B npaBof/i 4YaCTU COAEePXKUTCA UHTErpan TOro e Tuna, 4vto Ik , HO MNMOKa3aTe/ib CTeNeHN 3HameHaTeNnA

NOAbIHTErPaNbHON GYHKLMM Ha eanHMLy Huke (K —1) ;Takum 06pa3om, mbl Bbipasuam |, uepes I K1

Mpoaonyan NATU TEM e NyTem, A0MAEeM A0 U3BECTHOIO UHTEerpana:

Ilzj.L:iarctgiJrC

t?+m®> m m

MoacTaBnAsa 3aTem BCOAY BMECTO t U m MX 3HAYEeHMs, NONYYMM BbipaxkeHMe uHTerpana (4) yepes x u
3agaHHble uncna A, B, p,q.

7) WHTerpupoBaHue pauMoHasbHbIX Apobei

(X) (9 dX. Ecam

F(x) F(x)

AdaHHaA Ap06b HenpasuabHaA, TO Mbl NpeacTaBaAeEM €€ B BUAE CYMMbl MHOTO4Y/1€HA M(X) n I'IpaBMI'IbHOﬁ
F(x)
F(x)

Apobei. Takum 06pa3om, MHTErPUPOBAHME BCAKOW PaLMOHANbHOM Apo6U CBOAUTCA K MHTErPUPOBAHMUIO

MNycTb Tpe6yeTc;=| BblHNC/IUTb UHTErpan oOT paLI,MOHal'IbHOﬁ ,CI,pO6M meuHmeZpaﬂj

pauMoHanbHOM Apobu MocneaHtoto e npeacrasnsem no dopmyne B BUAE CYMMbl NPOCTEMULLMX
MHOTFOYNEHA U HECKO/IbKMX MPOCTENLLMX Apoben.

Bug, npoctenwmnx apobeit onpeaenaeTca KOpHAMU 3HameHaTens f(x). 34ecb BO3MOMKHbI creaytouime
caydau.

1.Cnyvan.
KopHu 3HameHaTena AencTBUTEIbHbI U Pa3/INYHBI, T. €.
F(x)=(x-a)(x-b)...(x-d).

F(x)
f(x)

F(x) A B D
= + +...
f(x) x-a x-b  x-d,

B aTom cnyyae apobb pasnaraeTtca Ha npoctenwmne gpobu ltmna:

nTorga
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D
x—d

j |:(X)dx:j A dx+j dx=Aln|x—a|+BlIn|X=b|+..+DIn|x—d|+C

f(x) X—a

2. Cnyyan.

X?bdx+...j

KopHu 3HameHaTensa AenCcTBUTENbHbIE, MPUYEM HEKOTOPbIE U3 HUX KPaTHbIE:
£(X) = (x—a)* (x=b)’...(x~d)’.

F(x)
f(x)

B aTtom cnyyae apobb pas/siaraeTca Ha npocTtenwmne apobu 1n 2 TMnos.

lMpumep 1.

2
[ X i g O L O 2o 2p i DL L 2= — 2 20 X e
(x+1)°(x-2) (x+1)° 37 (x+1)° 9 x+1 9'x-2 2(x+1)° 3(x+1) 9 9 6(x+1)° 9 x+1

3. Cnyyaii.
Cpep,M KOpHeI‘Z 3HameHaTe/ 1A eCTb KOMNJZIeKCHble HeI'IOBTOpﬂl'OLU,VleCﬂ(T.e. pa3f|l4‘-|Hb|e):
f(X) = (x* + pX+q)...(x° +Ix+8)(x—a)“...(x—d)°.

F(x)
f(x)

Mpumep 2.TpebyeTcs BbIYUCAUTb MHTErPan

B aTom cnyvae apobb pasfnaraercs Ha npocTenwmne apobu 1,2 u 3 TMNOB.

.[ Xdx
(x> +1)(x-1)

.Pasnoxmm nogbiHTerpanbHyto Apobb Ha npocTeiwme:

X Ax+B C
2 TN wig T
(x*+D(x-1) x"+1 x-1

CnepoBaTesnibHO,
X =(Ax+B)(x=1)+C(x* +1).
Monaras x=1, nonyunm 1=2C, C='S; nonaras x=0, nonyunm 0= -B+C, B=1/2.

MpupasHUBaa KoadduumeHTbl Npn x>, nonyuynum 0=A+C, oTkyaa A= - S. Takum obpasom ,

X—1

xZ+1 29 x—-1

_[ xadx __EJ- X_ldx+1 dx __EI xadx +1J- dx +1 dx
(x* +1)(x-1) 2 29 x*+1 29x*+1 2

:—lln | x> +1| +1arctgx+lln | x—1|+C
4 2 2

4. Cnyyai.

Cpe,u,m KOpHGVI 3HaMmeHaTeNNA eCTb KOMNJIEKCHbIE KPaTHblE:

f(X) = (x* + px+0)*...(x5 +Ix+8)" (x—a)"...(x—d)’.
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F(x)
F(x)

Mpumep 3. TpebyeTcA BbIMUCAUTD MHTETPAN

B aTom cnyyae pasnoxeHue apobu b6yaeT coaepkaTtb 1 npocTeime gpobu 4 Tmna.

.[ x* +4x3 +11x° +12x +8 N
(X* +2x+3)%(x+1)

PeweHwne. Pasnaraem gpobb Ha npocTenwme:

X' +4x° +11x° +12x+8  Ax+B , Cx+D E
(X +2x+3)%(x+1)  (xX*+2x+3)® X2+2x+3 x+1

oTKyAa
X* +4x° +11X° +12x+8 = (AX+B)(X+1) + (Cx+ D)(X* + 2x + 3)(x +1) + E(X* + 2x +3)°.

KombuHMpys yKa3aHHble Bbille MeToAbl onpeaeneHma koapoumumeHTos, Haxoamm A=1, B= - 1, C=0, D=0,
E=1.

Taknum obpasom, nosyvaem

Ix4+4x3+11x2+12x+8 _I x—1 .[ dx X+2 V2

X+1
> > > X+ = ——arctg—+In | x+1]+C
(x*+2x+3%)(x+1) (X“+2x+3) x+1  2(x"+2x+3) 4 J2

N3 BCero M3N0MKEeHHOro cnepyert, YTO WHTErpan oT NoboN paumoHanbHOW GYHKUMM MOMKET 6biTb
BbIPaXKeH Yepes aieMeHTapHble GYHKLMMU B KOHEYHOM BUAE, 3 UMEHHO:

1) yepes norapndmbl- B cCnydasx npoctenwnx apoben 1 tmna;

2) yepes paLMoHaibHble GYHKUUK- B CNyvae NpocTenwnx gpobeli 2 Tuna

3) yepes norapndmbl M APKTAHIEHCbI- B Cly4ae npocTelwmx gpobeit 3 Tuna

4) yepes paLMoHaibHble GYHKLMMN U apKTaHTEHCbI- B Cly4ae npocTenwnx apobein 4 tmna.

5) WHTerpanbl OT MPPaLMUOHA/IbHBIX GYHKLMUA

He OT BCAKOW MppaLMOHANbHOM GYHKUMM WMHTErpan BblpaxkaeTca 4yepes 3/emMeHTapHble QYHKLMK.
Celyac Mbl PACCMOTPUM Te MUppPaLMOHanbHble OGYHKUMM, WHTErpanbl OT KOTOPbIX C MNOMOLLbLHO
NOACTAaHOBOK MPMBOAATCA K MHTErpasam OT PaLMOHaNbHbIX YHKUMIA M, CnepoBaTenbHO, A0 KOHLA
WHTErpupyoTCA.

1.PaccmoTpum MHTErpan jR(X, x™"..x"*)dx, roe R-paumoHanbHas GYHKLMA CBOMX apryMeHTOB ).

k k-1
Myctb R-06wmii 3HameHaTenb Apobeint m/n,..r/s.Coenaem noacTaHOBKY x=t", dx=kt""dt .Toraa

Kaxkgaana ApobHas cTeneHb X BbIPA3nUTCA Yepes LLenyto cTeneHb t U, cnenoBaTesibHO, NOAbIHTErPasibHAA
dYHKUMA NpeobpasyeTca B paLMoHanbHYH GYHKLNIO OT t.

Xl/de

Mpumep 1.TpebyeTca BbIYUCAUTb UHTErPAN —X3/4 RE
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PeweHne. O6bwnit 3HameHaTenb pgpoben 1/2,3/4, ecTb 4; noatomy Aenaem MoACTaHOBKY

x=t*, dx = 4t3dt ; Toraa

1/2 2
j 3’4(1)(1 4j t3’t+1f3dt 4j

tz
t2+1

)dt =

o - 4 (-

3
a4 1t® +1]+C :f[x”“—ln |x¥*+1[]+C .
3 3 3

2.PaccmoTpum Tenepb UHTErpan Buaa

ax+b.,, ,ax+b
ex+d” 7 ox+d

JRI.( )T

OTOT MHTErpan CBOAUTCA K UHTErPasy OT PauMOHabHOM GYHKLIMM C MOMOLLbIO MOACTaHOBKM

ax+b i
cx+d

roe k- obwmit 3HameHaTtenb apobeit m/n,...r/s.

Mpumep 2. TpebyeTcs BbIMUCAUTb MHTETPAN

VX+4
j dx .
X
Pewenue. lenaem noacraHosky X+4 =t2, x=t" —4,dx = 2tdt; rorga
\X+4 4
| —dx= _2j(1+t2_4)dt=
t— X+ 4
=2t+2In +C =2 4+2In +C.
| -~ | N X | \/—+2 |

IMPUJIOKEHME 1

Y4eOHO-TPeHUPOBOUYHBbIE TecTOBbIE 3aanus EI'D

TectoBbie 3amanusi 6a30BOr0 ypoBHS A.

Al. IlepBooOpa3Has anredpanyeckux GyHKUUM
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A1.1 Haiinure f(-2), ecm f?(X) = 6x3 — 8x + 3, f(2) = 0.
A) 10 B) 12 C) -12 D) 18 E) -18

A1.2 Haiiiute nepBooOpasHyio GyHKIMH ¥ +2

A) %'\'I'x_l+%:i?+c B) %\Illx_l+%x*+ﬁ' C) % x+%{,’;+c D) %\Ifl_l+%1'rx_"+c
3
o f |:x -
A1.3 Haiinute Bce nepBooOpasHbie sl QYHKIIUU ax
Iar 4 ;

A) I +C B)3¥r+C C) 31+C D) -24x +C  E) 64 +C

¥
A1.4 Haiiiure nepoo6pasuyio dyskmumio pis 7 =2 (2x+5)

(2x+5Y - - (2x+35)

r [2x+j)!+c = + +
A) Y=(2x+5)°+C B) 3 C) 4 D) 3 E) Y

=4(2x+5)*+C

A1.5 Haiigute nepsoodpasnyto pyukimu f(x) = 8x3 — 5, rpaduk KoTopoii MPOXoaAUT uepes

Touky M(1; 4).
1

A) 2x* —B5x+7 B) 24x2+6  C) 2x*—-5x D) 2x*—5x+1 E) 4x*-5x +7

A1.6 Haiigute f(0), ecan £(x)=6x2-3x+5 u f(4)=130.
A) 6 B)4 C) 4 D) 6 E) 8

1
A1.7 Ins dyHKIIMU (3-21) , HaliIuTe IEPBOOOPa3HYI0, rpadK KOTOPOU MPOXOIUT

[5%)
yepes Touky %19

4 .9 4 49 2,17 X 27
A) 3-2r 16 B) -3-1x 16 C) -3-2x 16 D) 3-2x 16 E) 3-2r 16

1

fix)=
A1.8 Haiigute nepBooOpa3Hyio pyHKIUU V-2  rpaduK KOTOPOW MPOXOJHT Yepe3

Touky A(3; 5).
1

A) r-2+4 B) 2+x-2+3 C) +*-2+43 D) 2+x-2+4 E) vi-2

+4
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A2. BoluucjieHre HHTErPaJoB aJiredpandeckux pyHkuun

ixldx
A2.1 Beryucaure: *

16 s
A)4 B) 4 C) 3 D)2 E) 3

(3x-1)" dx

[ | —

A2.2 Beruuciaure:

=g

Led | —
Led | —

A) 3B 1C -3 D E) 2

uj(z x+1)" dx
A2.3 Brruucnure: 1
1 2 1

A) ¢ B)Y 2 C) 1D 3 E -1

(1+3%)" dx

L ey, =

A2.4 Brprauciaure:

A) 1B -1C ¢ D

1
L o—
m
N
La | b

L] 1
Fnfx + —] dr
A2.5 Brrauciure '[l [ Vx

A)45 B)52 C)54 D)56 E) 60

i dr
A2.6 Bprunciure 1y0r-l
1 1 2
A) 1 B)z C) 4 D)2 E) s
Il x-u'rJ.T.:ix

A2.7 Brauciute 1 .
A) 18 B)9 C)27 D)6#A E) 945

a1
—_- dx
A2.8 Brruuciaure *[5 24x ]
A)7 B)8 C)10 D)12 E) 15
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A3. IlepBooOpa3sHasi TPUTOHOMETPHYECKHUX (PYHKIMI

A3.1 [lns xakoii u3 cienyrommx GyHkuui, pynakmus F(X) = 3tgx + 5x + ¢ siBisiercst

nepBOOOPa3HON?
F=- 2 +5 y=i+5 y=—i+5 F= : +5
A) sin’ x B) sin? x C) y=13cgx+c D) cos’ x E) cos’ x
A3.2 Jlis kaxoif 3 crenyromux Gynxumit pyrxmmst © 5= E+C gpngeres
epBOOOPA3HON?
1 _ ot 1 )
A) £l sin’ ¥ : B) £ cog x : C) £ ) cos x : D) £ ) sin’;r-i-2 E)
Flx) =2
s X
Xl= - COosx
A3.3 Vkaxure 1nepBooOpa3Hyo QyHKINH x
—l—sinx+lf —1—]— sinx +0C 1—]— sinx +0C 1—+sinx+C' —L]+sinx+ﬁ'
A) B) = C) = D) = E) X

A3.4 Haitnute nepBooOpa3Hyto pyHKITUN: Flx)=x+eighx

o1 o1 x x x?
A) ?'FE':'TEEI"‘C B) ?—Eﬂf33x+ﬁ' C) ?—x—cfgx%f D) ?—x+cfgr+lf E) ?+x—cfgpr+£'
f(x)=_4cns(2xj
1
A3.5 Haiigute nepBoobpaszHyro ais GyHKIuu sat(@x)
fg—I+C' Cfﬁwﬁ'
A) tgx+eotgn+ O B) tgr—ctgr+ O C) clge—tgr+ D) cigx E) tgx
_ 1
A3.6 YkaxuTe nepBoOOpa3HYI0 QyHKIIHH s {3x+1)
1 1 1 1 I
-— Ix+1)+C - 3x+l)+C —fgS3x+1)+C —fg3x+1)+C
A) Eafg( x+ )+ B) Eci‘g[ r+ j+ C) Efg( x+ :I+ D) i Efg( r+ )+ E) _3:1.5(3:(_'_1)_'_0
1
X

y=
cos’ (— +1]
A3.7 Ykaxurte nepBooOpa3Hyr0 (YHKIIHH: 3

A) ;—fg{%+1J+C B) Efg{%ﬂ}’c Q) _;—fg[%ﬂjﬂ' D) _Erg[%ﬂ]m‘

) fg%+lf
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cosdx

A3.8 Haiigute nepBooOpaznyto GyHKIUO A1t GYyHKIIUH J(x) = sinx-cosx

A) sinx—cosy+0C B) ctg2x+ C C) COS2X-SinX+ CD) sindx—cosx+C E) —sihx+cosx+C

15. HecoO0cTBeHHbIe mHTErpaabl. HecoOcTBeHHBIE HHTErPaJbl IEPBOr0

Brimie
poaa

OBLT OIIPeICNIEH MHTETPaJ JJIsl OTPAaHUYEHHBIX U 3aJJaHHBIX HAa OTPAHUYEHHOM OTpPE3KE
dbyHKIMi. PactipocTpaHuM MOHSATHE MHTETpaJla Ha CITydau, KOT/ia OJTHO WU 00a 3THX
YCIJIOBUSI HAPYIIAKOTCA.

Onpedenenue. Myers /% 3a1ana na Geckoneunom mpomexyrke (2% pis Besikoro

4 A
| Fix)dx fm | f(x)dx
AZ & cymecTByeT MHTErpaa @ Mpenen “ ™ a HA3BIBAETCHA HECOOCTBEHHBIM
HHTErPajJioM MepPBOro poaa (MHTErpaioM Mo HEOrPAHHYEHHOMY MPOMEKYTKY) U
. 4
| Fx)dx lim | f(x)dx
0003HauaeTcs = Ecan 47+ CyIIeCTBYeT H KOHEUeH, TO HecOOCTBeHHBbIIi
HHTErpaJj MepBoro poaa Ha3bIBAeTCs CXOASAIINMMCH, €CJIH Ke OH He CYINeCTBYeT HIIH
paBeHBecKOHEYHOCTH, TO HECOOCTBEHHBI HHTErPaJ MEPBOro Poaa HA3bIBAETCS
PACXOAAIIMMOCS.

Ipumepo.

® . 4
4z (9% _ = lm |E=mn(1m1f)=1jmanﬂ—m1)=m
S Dox A—ens X A—en A—sen

1. Paccmotpum ! * . Ilycts 2=1.Torma ! L

Takum 06pa3oM, paccMOTpPEeHHBIN uHTEerpan nmpu & =!pacxomurcs. ITycts Temepy &= 1.

Torna

w 4 - oo IpH& <],
LS S il I

e T T — mpH@ >l

1 1 -1

M MBI OKOHYATELHO MOTYYHIIH, YTO PACCMATPHUBAEMBbIH HHTETPAI MPH & =1 pacxoauTes u
npu & >lexoautes. Dmom unmezpan yacmo UCHONIb3YeMcst 6 NPUSHAKE CPAGHEHUSL 8
Kawecmee 3maioHHO20.

235



%
|
2. BBIICHUM CXOJUMOCTbh UHTErpaia !

ax
2 -2x+

s} A
. lf.f ) -
|2y ]
| = m |
HNmeem 1 e 1

dx 4 ax

= =tlm | — =
-lxe2 Ay (x-1) 41

= lim (arctg(z— DJ* = lim (arctef A-1) - arctgl)= =
Ao Ao 2 . CrenoBaTeabHO, MUHTETPATl CXOAUTCS U €r0

T
3HAUEHUE PaBHO & .

[e-n) 2 o

—-x 2

| &~ dx= | xexpl—x")dx
3. BBISICHUTB CXOJIMMOCTh MHTETpaa ! 1 . I[To onpenenenuto nonyyaem
@2 A4 A4 4 . _ad . g
| xe ™ dr=lm |xe " dx=lim (-1) e di—x%)= = lim ~Llg Ll g LA L
1 A—)ml A 2 i A—sen| 2 1 28 Asmi 2e

-1
Cre10BaTenbHO, UHTETPAN CXOAUTCS U €ro 3HaUeHue papuo U8

? ax
4. Jlns uHTErpana ¢ xlo x MMeEM
Tdx o fdinx zm|"1= fim (2l A - 2) = oo
Cxfinx el finx Ao e Aso

CrenoBaTenbHO, HHTETPAJ PACXOIUTCS.

&
2
-~ xlntx
5. i unTerpana ¢ I10 OIIPENIECIICHUIO UMEEM

o0

4
- dx . rdlnx 1
= limn =l |- —
.I < 2 A_;.-:o: nx A—}m( ]nx]

&

4 1
=lbm|-—+1[=1
i A—)m( ].n}l-'-]

CrnenoBarenbHO, MUHTETPaJl CXOAUTCS U €r0 3HaY€HHE PaBHO 1.

w
e dx
6. BBISICHUTH CXOIMMOCTh UHTErpaa o el

ITo onpenenennto
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o A A
| e ®dx = lim | e ®dx= lim (- L) e ®d(-am)= _ . [_ 1 -oo|®
: Ay Avm O h A]Ji.nm |n

el

CHGHOB&TCHBHO, HHTETpaJI CXOAUTCA N €T0 3HAYCHUC PABHO

3aoanue 2.4

Beruuciants HECOOCTBEHHBIE HWHTETpaJIbl IICPBOTO poAa WUJIK AOKA3aTb UX PACXOJUMOCTD.
= dx = dx = dx T (x + Didx

| ——— | —7— |
1 exln’x.o mflnx.g gxf+2x+10.4 gx°+2x+10.

dx

& = dx
: °dx
5 éJx+2.6_ 0. (x+ 17 _

F_1 1
Otsetnl: 1. I3’5; 2. pacxonures; 3. 6 3 3; 4. pacxonures; 5. pacxoaures; 6. 2.
Hawm B manpHeiimemM noHago0uTCs ClIeayIONIUN BaKHBINA Pe3yiIbTar.

Teopema 2.8. (Kputepuii Kommn). HecoOcTBeHHBIN HHTETpas MEPBOTO POJia CXOAUTCS
TOT/JIa M TOJIbKO TOT/Ia, Korja uist Besikoro €=U cymectyer 424 Takoe, 4To aiis BCex

=
A A 24 BBIIIOJIHCHO HCPABCHCTBO

Jloka3aTeabCTBO ATOTO PE3yibTaTa OMYCTHM.

?f{x}cix

Onpeodenenue. HecodCcTBeHHBII HHTErPaJl MEPBOro poaa @ Ha3bIBAETCHA

|k

a0COJIIOTHO CXOaAIIMMCH, €CJIM CXOAUTCH HHTEerpaga =

OTmeTnM, 9TO eclii HeCOOCTBEHHBIM MHTETPaJI IEPBOTO POJa CXOAUTCS a0COMIOTHO, TO OH

i |7

CXOIMTCSA. JIeMCTBUTENBHO, TOT1A JJIsI UHTErpaja @ BBITIOJIHEH KpuTepuil Komu, a B

) )
| F@dn<| 1 |F Rl

ki) ki)

CUIIy CIIpaBCAJIMBOCTH HCPABCHCTBA ) KpI/ITepI/Iﬁ Ko BeImoOJHEH U JJIsL

T Fixidx

WHTETpana @
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O6paTHOE YTBEPKJICHUE HEBEPHO.

I Fixax
CXOI[I/IMOCTB HECOOCTBEHHOI'O HHTCTpaIa — OIIpCACIIACTCA aHAJIOTUYHO.
HpeﬂHaFaCTCSI npoacjaTb 3TO CaAaMOCTOATCIIBHO.

(2]

| Fxdx I Fixdx= I f (x)ci'x+| Fixdx
I[HH HECOOCTBEHHOI'O HHTCTpaia - MOXEM 3amnucarb — 2 J5!
Ha3BaTb 3TOT MHTETPAJI CXOOAIIUMCS, €CIIN CXOAATCA 063 ciaaraeMeIX. Ecim xoTd 6BI OJIHUH

w
| F(x)dx

M3 STHX UHTETPAIOB PACXOIMUTCS, TO OyJEM CYUTATh HHTErpal —* pacxoasmumcs. B

KayecTBE TOUKH # BBIOHMpatoT 00bIYHO 0.

xdx
Dl xt
Hpu.znep PaCCMOTpI/IM I/IHTeraH - HO OHpeﬂeHeHI/IIO CXOOAUMOCTH O3TOT'O I/IHTerpaHa
HOquaeM

o0 |:| Ay

. _ . xdx Y oxdx

| > = lin 2+ lim | 7 =
_wltx 3‘11—?'—"%1 T+x¢ A=ty 1+ x

xdx

. 1 . 2 Aﬂ
i Inf x4 1} + = lm Wni{x*+1)
—io 0

1
E A]_ —F—i0 2 1‘12

Tak kak o0a cilaraeMbIX pacxoaAaTcs, TO HCXOI[HLIﬁ HHTCTpaJl paCXodUTCH. HonyqaeMa;I

IIPU 3TOM HEONPEAECIEHHOCTh “ — ®IpU pa3HbIX CKOPOCTAX CTPEMIICHUS Ay —op Hy

— —nlp? _ N
T na€r pasHele pe3yabTaThl. B yacTHOCTH, ecnu A=—dn" =1 Ay=qn-1 4,

A
h(x +1) +l- litm m(x94-ﬁL2 -
—Ha0

L
24 24,

lirn L= —eo
H

N =0

=
M|-—~

%%Lmn 2ln x) = %' =

—_ —_ — 2 —_—
Ecm A =—+¥7-1 A =4"-1 14 36c0m0THO aHATIOTMYHO MOKA3BIBAETCS, YTO ITOT

npezaen paBeH + . [lomoOpaB CKOPOCTH CTPEMIICHUS Ag -y Ak + O MOXXHO HOJTYYUTh
B Mpejiene Tr0oe 3apaHee 3alaHHOE YUCTI0 OT — %@ 0 +%,

C npyroit CTOPOHBI, IPH COTJIACOBAHHOM CTPEMJICHUH BEPXHETO U HUKHETO TIPEJIETIOB K
% MOYKEM 3aMuCaTh
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=}

4 A
_ fm | de=]jml]n(x2+1)|ﬂ=

_'I:,D]+:J;2 f].—H-GD_'A1+ xz A—owmd

xdx

-1 fm (n(4? +1)-ln(A2+ )= 0

2 A=t

910 JaCT BO3MOKHOCTB BBCCTH HOBOC IIOHATHC.

| F(xdx
Onpeodenenue.I' 0BOPSAT, 4TO HECOOCTBEHHBII HHTErPaJl MEPBOro poaa -
CXOJUTCS B CMbICJIEe IJIABHOI0 3HaYeHusi Kouru, eciiu cynecTByeT U KOHeYeH Tpejae

A
i | f(Xdx
A—>+GD_'A

PaCCMOTpeHHBIﬁ BBIIIIC ITPUMCEP ITOKA3bIBACT, YTO HECOOCTBEHHBIN HHTCTpaJI ICPBOTO poaa

w

| Fixedx

o MOKET CXOJUTHCSI B CMBICJIE TJIAaBHOTO 3Ha4YeHUs1 Kolliu u pacxoIuThes B
00OBIYHOM CMBICIIE.

? Fixedx

OTMETHM HECKOJILKO CBOMCTB HECOOCTBEHHBIX HHTCTpaJIOB IIEPBOT0 poaa =

?f(x).:fx ?f(x).:ix

1. Ecnu unTeTpan = CXOJIUTCS, TO JUISA BCIKOrO ¥ 2¢ yHTerpan * CXOUTCA U

= 2 @
I Fixidx= | Fixdx+ | Fixdx
a a A

| Fizax | e Fixedx
2. ECHI/I I/IHTerpaH a CXOOUTCs, TO CXOOUTCA HHTerpaH 2 n UMCCT MCCTO

| e F(X)dx= e | F(x)dx
pPaBEHCTBO = a

o

| Fdx [ glxndx | (F(x)+ g(x)dx
3. ECHI/I I/IHTerpaJIbI 2 u 2 CXOOATCA, TO CXOOATCA HHTerpaJILI 2 nu
HMCCT MCCTO PaBCHCTBO

[(F(2)% g(xdx= | F(x)dx | glx)dx

[ a a

OO6paTHOE yTBEpK/IEHHE HEBEPHO, TO €CTh, €CJIM UHTETPAJ OT alireOpandeckoil CyMMBbI
(GYHKIMI CXOIUTCS, TO MHTErPaJIbl OT CIaraéMbIX CXOIUThCS He 00s13aHbl. Hanpumep,
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e |

o & T A+ 1 -
uHTErpanel ! u 1 pacxonsdrcs, a HHTerpan !
ITOKa3aHo MO3/IHEE, CXOIUTCH.

o ©ax '[1 1 de < dx

: l
y Al , Kak OyzaeT

JIJist Ipyrux TUIOB HECOOCTBEHHBIX MHTEIPAJIOB MEPBOrO POJia CBOMCTBA aHAJIOTUYHBI.

CX0JIMMOCTB HE BCEX HECOOCTBEHHBIX HHTETPAJIOB MTEPBOTO POjia MPOCTO BBISCHUTH 11O
omnpeneneHuo. [103ToMy 4acTo HCIOIB3YIOT TaK Ha3bIBAEMbIC MPU3HAKYA CPABHEHUS B
HeTpeaeIbpHON U IpeIesIbHOM (opmax.

Teopema 2.9. Tlycts anst Besikoro *= 442 @) Brnonneno nepasencTso 7)<l Torna,

| glx)dx | fx)dx
ecJi MHTerpan = aOCOJIFOTHO CXOIUTCS, TO HHTETpal @ abCOJIFOTHO CXOUTCS,

w w

| fix)dx | g(x)cix
a eCJIM MHTerpaji 2 a0COJIFOTHO PAaCXOAUTCS, TO HHTETpal 2 a0COJFOTHO
PacXOIUTCH.

Hokazamenvcmeo. JIeHCTBUTENBLHO, B YCIOBUAX TEOPEMBI IS BCeX AZ & pmeem
A A w0 A

I |/ (x|dx = | g (x)|dix | lgtx)|dx | |/ (xkx
a a . Toraa, ecnu uHTErpan @ CXOJUTCA, TO @ €CTh MOHOTOHHO
BO3pACTAIONIAs OrPaHUUEHHAs CBepXy QYHKLHA OT 4 U MO3TOMY UMEET Npesien Ipy

A

Jrgeslz Jm |7 kx=co
A—w Ecnu uaTerpan @ pacxoauTcs, TO @
A
lim | |g(x)|dx=
A—}mr-z|g(x)| A=

H I109TOMY

Teopema 2.10. Ecnu %)y 8% - GeckoHEUHO Majble B +5 OJJHOTO HOpPSIIKa MAJIOCTH, TO

oo

A G B | Fddx | g(xdx
ectp * %) , TO MHTETPajbl 2 U= 1100 00a abCOIOTHO CXOIATCS,
1160 06a aOCOIOTHO PACXOASTCS.

Lt i [T

=&
x—heo g X) x gix) | |

Hoxazamenvcmeo. Tak xkak , TO . Bozpmem
ompenencHuIo mpeena cymecrsyer # > UTakoe, uro mms Bcex * * 4 BRITOTHEHO

Sz

gix)

[g@]- &) <|f] <&+ el Y3 nocnenmero HEPABEHCTBA M TEOpeMBI 2.9 Toryyaem
YTBEPIKIEHHUE TEOPEMEL.

0<ex|E]| o

|K | -5<
HEPABEHCTBO

< |K |+ E,
da, CJICA0BATCIbHO, 1 HCPABCHCTBO

3ameuanue. 1locne nzydenus teopeMsl 2.10 MOKET CIOKUTHCS BIICYATICHUE, YTO IS
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CXOMMOCTH HECOOCTBEHHOT'0 MHTErpaja epBOro poAa, B TOM YUCIE U a0COIIOTHOM,
HE00XO0IUMO, UTOOBI MOABIHTErpalibHAA (PYHKIUS ObljIa OECKOHEUHO MAJION pU % —*2,
To, 4TO 3TO HE TaK, MOKa3bIBAET CIEeAYIOMMI npumep [15].

BospMeMm ¢yHKIIMIO, TpadUK KOTOPOH COCTOUT U3 OTPE3KOB MPSIMBIX, COSTUHSIIONTUX
1 1

- —, ] [Pz +—, III]
] ] —
TOUYKHU [ 2 Il 2 7=l Fe amamuruueckoe BEIpOKEHUE UMEET BU/T

Mr+l-p2" xe PE—L,PE}
L 2"
Fixi=a—2"x414en2", xe F‘E,F‘E+1—H:L
2
|:|, X yg—i’pg+i:|
2" 2"

1
M

Tak kak IoIaab KakKJa0ro Takoro TpeyrojbHUKa paBHa 2 , #7 L2, , TO
[rm)

|.f|x|dx=l+£=i

: 4 1-05 4

L ’ . 3aMeTHM, YTO YCIOBHE OPAaHHYCHHOCTH QyHKImH 7 *'

HCCYHICCTBCHHO, TAK KaK BEPIIUHLI TPCYI'OJIbHUKOB MOKHO B34ATh, HAIIPUMCP, B TOUKaAX

- 1 ,a M+L,D
n2" mnl L p=12 ..

Ipumepuoi

[} .
L4 x
| 3
x

e
1. BBISICHHTBH CXOMMOCTh HHTETpaia !

2+ 80 x
Tak kak x

TOXC CXOOUTCA.

3 t3
< | =dx
Ty

1

- xx+1
2. BBISICHUTH CXOIMMOCTh HHTETpajia ! (x+1)

@

1
Haxoast mopsiiok MajoCTH MOBIHTErPATBHON (YHKIIMM OTHOCHUTEIBHO (DYHKITUH *

MoJiy4yaem

nns Beex *=La maTerpan 1 CXOJUTCSI, TO U UCXOIHBIA HHTETPAI
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0, ecrme < 2,
=11

oo, BCIIE ot = 2

x

BCIH = 2
iz xix+1)

?

1
Takum 00pazoM, MOPSIOK MATIOCTH MOABIHTETPAIbHON (DYHKIIMU OTHOCUTENIBHO * PAaBEH 2

= dx

M Tak Kak 1% CXOOUTCA, TO HCXOI[H]':;IfI HHTETpaJI CXOOUTCA.

oo

i 1
| —————dx
 (x+Dafx+ 2

3. BeIICHUTD CXO0AUMOCTb MHTCTpAJIa

1
Haxozm MOPAI0K MaJIOCTHU HOI[BIHTGFpaJIBHOP'I (I)YHKI_II/II/I OTHOCHUTCIIBHO (byHKHI/II/I x,

nmojydyacm

0, ecmie <15
1

o eI 2 L5

x

g — = =
o (r+ Unfx+ 2

BCIH = 1,5,

»

1
Taxum 006pazoM, MOPSIOK MAJIOCTH MOJBIHTETPAIBHON (DYHKIIMM OTHOCUTENIBHO * PABEH

= dx
'3
1,5uTak kKak ! CcXOOWTCA, TO UCXOMHBIA MHTErPAJ CXOMUTCS.

1

—  dx
S (x+ D3+ s
4. BBIACHUTH CXOJUMOCTb UHTErpaya !

1
Haxomst mopsiiok MajoCcTH MOBIHTErPAIBHON (PYHKIIMM OTHOCUTEIBHO (DYHKITUH *

IIOJIy4aem

o 0, ecioie -::%;

x
—a— 1, ecm&a=%;
ivex+ DRfxr+ 5 4
oo, ECJ']HEI:::‘ﬁ.

1
Takum oOpazoM, MOPSAIOK MAIOCTU MOABIHTETPATbHON (DYHKIIMM OTHOCUTEIBHO * PABEH

4
3 W, cnenoBaTenbHO, HHTETPAT CXOIUTCS.

R R

-I x+4
5. BBISICHUTH CXOAMMOCTh UHTETpaa !

1
Haxons mopsiiok MajiocTh OABIHTETPATbHON (DYHKIIMM OTHOCUTENBHO (PYHKIIUHU *
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MOJIy4aeM

0, ecomice <1,5;

]ijzxa= |, ecmi=15%
e x4

o eciHa > 15

1
Takum 00pa3oM, MOPSIIOK MAIOCTH MOJABIHTETPAIbHON (DYHKIIMM OTHOCUTENIBHO * paBEH

1,5 u, cnegoBaTebHO, UHTETPAJ CXOUTCS.
w 3

¥ +2

| ————dx
T x + 4
6. BBISICHUTH CXOIUMOCTH UHTErpaia !
1
Haxona HOpHI[OK MaAJIOCTHU HOI[BIHTeraJIBHOI/I (1)YHKHI/II/I OTHOCHUTCIIBHO (byHKI_[I/II/I ry
nmojrydyacm

0, ecimie <05
i A+ 2

=+l ecma=075
A x4 5
en ecimH = 0,5,

2

1
Takum 00pazoM, MOPSIIOK MAIOCTH MOJBIHTETPAIbHON (DYHKIIMM OTHOCUTENIBHO * pABEH

0,5 ", CJICAOBATCJIbHO, UHTCTPAJI PACXOAUTCA.

oo

o3
le " dx \ ,
7. Uarerpan 1 CXOJIUTCS, TAK KaK UMEeT MECTO OLIEHKa 2 = =% " jys Bcex *=1, a
[+u]
n 2
| xe © dx
uHTerpan | , Kak OBLJIO TIOKa3aHO paHee, CXOISIITHICS.
-I Ao x Jin = 2 Jnx -
8. I/IHTeraJ'I € pacxoauTcCs, TaKk KaKk HMMECT MECTO OLICHKA A &I g Bcex A=¢
? ez
xofln x

, & HHTCTpal ¢ , KaK OBLIO TTOKA3aHO paHEC, paCXOoaUTCA.

3aoanue 2.5

Hcnonw3ys npu3Hak CpaBHEHUS BBISICHUTh CXOAMMOCTh HECOOCTBEHHBIX HHTETpaioB. B
OTBETE yKa3aHa CXOAUMOCTh M TIOPSOK MAJIOCTH TOIBIHTETPATBLHON (PYHKITUU

1
OTHOCHUTCIIBHO * .

= x+3 = fx-1 =zl = fx+ = zarctgx i

| ——————dfx | ——— | ——cix | — | — 2=
1. '1(xz+1jm.'x+2 3 '1x2+4«..'r;_r—1 - 3, Loz 45 - 4, 1zt + 8 - 5, '12+x2-3q.'x+2 - 6.
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o
1(7x+ E}(Eﬁ.' x4 13

o

Otsetsl: 1. cxogures, &=12; 2. cxoqutes, &=L ;

4
==
3. pacxomutcs, %=1; 4. cxogures, ¢=13; 5. cxomgutes, 3
=1
6. cXoauTcH, é
L L _-l
16. HecoOcTBEeHHBIE MHTETPAJIbl BTOPOTO poja it
Ecmu ™ neorpannuena na ‘“4%) | 1o ocoGeHHOCT MOXET GbITh B TOUkax % &um

BHYTPEHHEH TOYKE 3TOro OTpe3ka. MBI PacCMOTPHM Ciy4aii ¢ OCOOCHHOCTBIO B
Touke Y.

fim #(x) =co
Onpedenenue. Myers 7 * 3anana na moaymnreppane (42 y IycTth
s s
| fixdx. EI_I:.U | Fixdx
nagnee niast Besikoro U< d < -a cymecrByer maTerpan ¢ Ipenen 2
HA3bIBAETCS HECOOCTBEHHBIM HMHTErPajioM BTOPOro poaa (MHTErpajioMm oOT
A b5
| fixidx EI—?IJ | F{xdx
HEOrpaHUYEeHHOW (yHKHUM) U o003HAYaeTCH = Ecan 2

CyliecTBYeT M KOHeYeH, TO HeCOOCTBEHHbIH HWHTEerpajl BTOPOro pojaa
HA3bIBAETCHl  CXOASIIMMCS, ecJu Ke OH He cymecrByeTiu paBen
0eCKOHEYHOCTH, TO HeCOOCTBEHHbIH HMHTErpajg BTOPOro pojAa HAa3bIBAETCH
pacxoasimuMcs.

AHAJIOTHYHO ONPENIEISIFOTCS HECOOCTBEHHBIC MHTETPAIIBI BTOPOTO POJIa B CIydasx,
KOT/Ia MOABIHTErpaiibHas (DYHKIMS OCCKOHEUHO OOJbIlasi Ha HIDKHEM Ipejelie, BO
BHYTpeHHeil Touke oTpeska (%% Ha BepxHeM W HIDKHEM Ipeelax OJHOBPEMEHHO.
Jlnst ynoOcTBa M3IOKEHHS MBI pacCMaTpHBaeM cliydail OCOOCHHOCTH Ha BEPXHEM
npenaene. JlJis OCTaIbHBIX BAPUAHTOB MPEAJIAraeTCsl MPOJEIaTh 3TO CAMOCTOSTEIHHO.

Ipumepot.

1 1 1
[ dx i F_ g

S - X e—=0- X
1. Paccmorpum  °© . Iycrs  @=1.  Torma 0 £

firn (n 2 ) = lim (In 1~ In &) = co 5
70 ool Takum o00pa3oMm, pacCMOTPEHHBIH HHTErpan mnpu =1
pacxoxutcs. ITycts Ternepsp &= 1 Torma
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1 1 I 1
[ i Id—=hmx f{m mpra <1,

7 = 7=l g = -k oo T Ct :31,
M ™Mbl OKOHYATEIHHO MOJYYHMIM, YTO PACCMATPUBACMbIM HHTErpan mpu & <l
cxXomuTcss W mpu =1 pacxomuTcs. AHaJOTMYHBIE BBIBOABI MOYKHO CHEIaTh IIPO

E:-r:i’x E:'-.:fx

4 ik . 24
HecOOCTBeHHble uHTerpanst 2 -4 al#=x)

1 a &
I‘cfx I x I &%
e b <1 S - ety
HHmeZpClﬂbl 0 , 2 , 2 MCI/ZOJZbS’nyWlC}Z 6 npu3HaKe de@H@HUﬂ 6
Kayecmee 5majlOHHbLX.

=

I.:I’x

© Zaflnx
2. B unrerpane ! MOJIBIHTErpaibHast QYHKIMS UMEET OCOOEHHOCTh B TOYKE
E1- dx . ‘ .:i’lnx
«|' 5—>EI )
r=1 , IOATOMY lx & 1+:5 ]nx

— lim szH =5m_x}1u(zm—z,fm(1+ ) = z.

& =0

CJIG,ZIOB&TGJILHO, HHTCTpaJI CXOAUTCA U €T0 3HAYCHUC PABHO 2.

1|' ax
J-lnx

3. B wunrerpane 07 NOJABIHTETpabHAS (QYHKIUS HMEET OCOOCHHOCTh B
toukax *=0wu *¥=1  mosToMy wmHTerpaja pa3OMBaeM Ha CyMMYy [BYX, HaIpPHMED,
1
L ax 1‘? dx R

T T pxv-lnx 1xf-lnx

s IIEPBOTO u3 HUX

= lim (~2,~In 0,5+ 2-/-ln §) =—eo
& =l . CnenoBaTenbHO, HHTETPAJ PACXOJIUTCS U MOITOMY
HCXOI[HBII?'I HHTCI'PpaJI TAaKXKXC paCXOJUTCH.

¥
£ dx
I ]
- X X
4. B unrerpane O MOBIHTErPaIbHAS (PYHKIMS UMEET OCOOEHHOCTh B TOYKE
r=10_mosromy

lie lie
o g (1)
poxnfx -0 5 Py é-0, Inx

Lie 11 CrnemoBaTenbHO, HHTErpall
_ =1
CXOAMTCS W €ro 3HAYCHHE
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paBHO 1.

I.:ix

L 2
5. BBIICHMM cXOqUMOCTh MHTerpana 9 ¥1=%"  TloxplHTerpanbHas QyHKIUS UMEET

ll'cfx=

- 2
0coOeHHOCTh B Touke *=1. [Tostomy o¥1~-%

—lm | ———— = lm arcsinai . %{arcsﬁ{l— &) - a.rcsin[ljl=%
&

T
CJICIIOB&TCHBHO, HHTCTpaJI CXOAUTCA U €T0 3HAYCHUC PABHO 2,
2
I‘ ax
1x—1

6. BeIICHUTB CXO0AUMOCTh MHTCTpaJia

[MoapIHTErpasibHAS PYHKIMS UMEET OCOOCHHOCTh B Touke * =1, o ompeaeneHuto
UMeeM

m

7. BBISICHUTB CXO0AUMOCTB MHTCT'pajia !

[MoxpiHTErpanbHas GyHKIMS HMEET 0COOEHHOCTh B Touke =2, [To ompeaeneHuto
uMeeM

2 -8
dx dx 21—
| =lim | ——=-lm (2+f/2-x =32
{od-x 80 Ji-x IZIIi :I|
3 r:fx
,“.2 x

8. BBISICHUTBH CXOIMMOCTh MHTErpaja 1

[MopbiHTErpanbHas (GYHKIHMS HMEET OCOOEHHOCT, B Touke X=2 . TlosTomy
pazOuBaeM MHTErpaji Ha CyMMY JABYX

3|- cdx —zi dx +? dx
i%fz—x i%ﬂ—x j?{fz—x

. Ju1g mepBOro 3 HUX UMEEM

2 -6
©odx . S dx 33 ‘

= lim 7 - =3
I3«,|'2 x &—=0 ll Eqn' -x 5 IZI( ( X) ) 2
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AHanoru4yHo AOKAa3bIBACTCA CXOAUMOCTL BTOPOI0 CJaracMoro. CJ'IGI[OB&TGHBHO
WCXOIHBIN HHTCTpAJI CXOOUTCA.

3aoanue 2.6

Hcnons3yst omnpejelieHue BBISCHHTH CXOJUMOCTh HECOOCTBEHHBIX HHTETPAJIOB
BTOPOTO POJa.

T ax 1- ax 1- dx 3 cfx 5 cfx 4 cfx ? dx
1.1.7{44-.}]11.7{; Drz.']nx 3 Djﬁjxl' 4 D»-.,IE x 5 2-'\,|' . 1»-.,! 2 :J'L':I3

3[ dx dx
0a-2*. g 14x-3°

= 5 3 _ 33 44 343
Otsetsl: 1. 3; 2. pacxoautcd; 3. (n0.5) 4, 2"'{9_; 5. 3"-'%; 6. 2(1 «ﬁ);

PacxXoauTCH, 8. PaCXOOUTCA; 9. pPacxoauTcCs.

AHaJIOTUYHO CITy4ar0 HeCOOCTBEHHBIX MHTETPAJIOB MIEPBOTO Pojia PopMyIUPYIOTCS
U JIOKa3bIBalOTCs KpuTepui Komm v mpusHaku CpaBHEHHS [JIi HECOOCTBEHHBIX
MHTErPAJIOB BTOPOTO poJja.

Teopema 2.11.(Kputepuii Komm). HecoOGcTBeHHBIM WHTErpajm BTOPOro poja
CXOJMTCS TOTJIa M TOJBKO TOTIa, Korjaa s Besikoro €70 cymectyer ¢ » U Takoe,

_if(x)cf =

6.,6,54 s
YTO ISl BCEX BBITIOJTHSETCSI HEPABEHCTBO
Jloka3zaTeabCTBO ATOTO PE3yibTaTa OMyCTHM.

Teopema 2.12. Tlycts g Beskoro »-d9=x <t BpIIoJHEHO HEPaBCHCTBO
&

| g{x)dx | F(Rdx
0= 7z =glx) Torma, ecimu uHTErpan @ CXOAUTCS, TO HHTErpail 2
3 A

| fixdx | g{x)edx
CXOOHUTCs, a €CJIM UHTErpall 2 pacxoauTcsa, TO UHTCrpail @ pacxoauTcs.

JlokazaTenbCTBO aHAJOTHYHO CIyYar HECOOCTBEHHOI'O0 MHTETpajia IepBoOro poja.

Teopema 2.13. Ecmu 7%y () - Geckoneuno Gopume 01HOTO MOPSIAKA POCTa, TO
&

i L8 | F(Ddx | g(xdx
eCTh ) glz) , TO MHTErpajibl 2 U - anbo o0a cxoxasTcs, 0o
00a pacxosTcs.

Jloka3aTenbCTBO aHAJIOTUYHO CITy4al0 HEeCOOCTBEHHOTO MHTETpajia MePBOTO Poja.

247



IIpumepsl

3 dx

L 3 2
1. Jlns uaterpama 2 ~*~ 2 f3-x HOJIBIHTErpaibHas PYHKIUS UMEET OCOOEHHOCTD

B Toukax r=2y F=*3 Toukn 7=%3p NPOMEXXYTOK MHTETPUPOBAHHS HE BXOJISIT.
1
[ToaToMy, HaXOIs TIOPSIOK POCTA ITOU (PYHKIIMHA OTHOCUTEIBHO %~ 2 UMeeM

o ecIHEoL <05
x-2* |

, ecmmc.= 0,5

lim
xa}*«'x_z'%ﬁ_xz 0, ecmic.>0,5

Takum O6p3,30M, MOopAAOK POCTa paBCH 0,5 U UHTCTpall CXOAUTCH.

3 dx

T -] S
2. B unrerpane 2VX~1'N3=X" nonpmTerpanpHas GyHKIUS MMeeT 0COOEHHOCTH B

Toykax *=1lu *=%3 Touku *=1lu ¥=-3B NPOMEKYTOK HHTCITPUPOBAHHS HE BXOJISAT.
1

[TosToMy, Haxoas MOPSIOK pocTa 3TOH (YHKIMH OTHOCHTEIIBHO +~ % , UMeeM

b GeRT
A3 "x—l-3l|9—x2
1.
m, BCIH X < =)
— 4y ’3
= lim 3-x) = ecmrx—g,

=3 a-1308-x 3B |2 3j_

EEJ’JI’IEIIP-E

1
Taxum 006pazoM, MOPSIIOK POCTa PaBEH 3 M UHTETPaJl CXOIUTCA.

l
|

3. BeIsicCHUM CXOAMMOCTB UHTErpana

S X

dx

[MoxpiHTErpanbHas GYHKIHS UMeET 0coOeHHOCTh B Touke *=U . Haxoms mopsmok
1
pocTta 3Toi PYHKITUU OTHOCUTEIBHO * , UMEeM

o, eCIH < 15

firn sin - x% . WJsinxx®

=lm —— — =41 ecmia=Ll5,

0 2 0 ‘E"'{? 0, ecmice =15,

Takum oOpa3zom, MOPSIOK pocTa paBeH 1,5 U UHTErpan pacXoqUTC.

248



].'3"“'5].11 x e

: X
4. B wuHrerpane ° NOJbIHTErpaibHas (yHKLUHUS HMEET OCOOEHHOCTh B
1
Touke *=U. Haxozs mopsaok pocra 3Toi GYHKIIMH OTHOCHTEIBHO *, UMEEM

2

€0, ECIHH L <

3 o a5 o
Alsin x - x . sin x - x
]Jm—=]nn—3ﬁ= , ecmic=2,
=0 X =03
x Al 0, ecm&r:c::%.

Lajba Lafta

2
Taxum 06pa3oM, nops0K pocTa paBeH 3 M mHTErpasn cxoauTes.

1
|de

5. BBISICHMM CXOJUMOCTb UHTETrpana °

[MoapiaTerpanbHas GyHKIMS UMeeT 0coO0eHHOCTh B Touke *=U. Haxoms mopsimok
1

pocra 3TOU byHKIIMN OTHOCUTEJIBHO x , nMeeEM
oo eciH o < 0,8
S i T
HIHDM= %%: |, ecmice =03
= d g fx Alx 0, ecomic =03

Taxum 06pa3oM, MOPAAOK pocta paseH Y- M uHTerpan cxomaures.

: X
6. B wunrerpane *© NOJbIHTETpaibHas (YHKIUA HWMEET OCOOEHHOCTHh B
1

touke *=U . Haxons mopsaok pocra 3Toi QYHKIHK OTHOCHTEIBHO *, HMEEM

co, ecH e < 0,5,
Hln(eﬂ—lj-xﬂ‘:hn{eﬁ—l}-x“: {
sl x P, R P ’

0

ecym e =05

, ecame =05

Takum 06pa3zom, nopsanoK pocta paseH U»> 1 MHTErpan cXxoauTes.
L
|

7. BBIICHUTH CXOAMMOCTb UHTErpaja °

dx
xix-1y

[MogsiaTerpanbHas (GYHKIUSA HMeeT 0coOeHHOCTh B Toukax =0 m r=1 OG6e
BXOJISIT B IPOMEKYTOK MHTErpupoBaHusi. Pa3dnBaem uHTerpa Ha JiBa

1 1

b) o I e

e — .
VTP R N e M oy

0.5
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IlepBplii W3 OTUX HHTETPAJIOB CXOAUTCA, TaK Kak IOPANOK pocTa

o 1 .
NOJBIHTETpaNbHON (QyHKIMK Tpu ¥ —* U OTHOCHUTETHHO % paBeH % , a BTOPOIf
pacxXoAMTCs, TaK Kak IMOPSAJOK pOCTa MOJBIHTETpalbHOW (YHKIMH mpu ¥ —>1

1

OTHOCUTENIbHO 1~ % paBeH 1. [ToaTomMy MHTETrpan pacxoauTcs.

3aoanue 2.7

Hcnonb3yst TeopeMy CpaBHEHHS BBIACHUTb CXOJUMOCTh HECOOCTBEHHBIX
MHTErpajoB. B oTBeTe yka3aHbl: TOUKa, B KOTOpOU (pyHKIMSI OECKOHEUHO OOJbIlas;
HNOPSAIOK POCTa MOABIHTEIPANbHON (YHKIMH OTHOCUTENIBHO MPOOHON (YHKIMM;

CXOOAUMOCTD.

? dx ?551'112}:&;{ T«E-Err—xdx
MRELEE SR EETED MBS A
¥y 2 2 g

Lnrt+ 30 2q ‘ dx : x
| ———=dx | dx [ |
40 A 5 0 X g 13s-xt .7 13E-xt

3 4

2 g .

dx : adx
| — | |
g 1432-2 .9 2fa—z - 10 2 Jxr2 As-2?

0=

3 1
== x= =
5, cxogurced; 3. 2,

=1 &= x=2,a:=l -
OtBeThI: 1. , 2, cxomurest; 2. *= 0.

2 5
X=m == _n == _
3, cxomurces; 4. %=1 14, cxomures; 5. =% a=1 pacxomures;
1 1 _1
5. cxomures; 7. F=4 T, cxomurcs; 9. ¥=% %=3
2 2 M b b M 1

L) —

6. *=?

—

o= =3 . g x=2, &=
3, cxomuTcs; 8.

1 1
x=3 &=3 . x=3 &=z .
4, cxonurcs, 10. 5, CXOIUTCS,
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Tema: /InddepeHunanbubie ypaBHeHH .

AvddepeHynanbHbIM ypaBHEHMEM NEPBOro NOPAAKA HA3bIBAETCA ypaBHEHMUE,
CBA3bIBAlOLLEE HE3ABUCUMYIO NEPEMEHHYIO X, UICKOMYIO PYyHKUMIO Y(X) n ee

npoun3BoaHyKO ) , T.e. ypaBHeHWe BUAa

(1) F(x’ Y y'):() NI y':f(x;y),

rie f— pyHkius AByX nepeMeHHbIX, a F — QyHKIMOHAT OT TpeX mepeMeHHbIX.

OO6mmM pemieHuemM auddepeHIIHATLHOTO YPABHEHUsI HA3bIBACTCS Takas QyHKIHS,
y = »(x), KOoTOpas oOpamaer ypaBHeHue (1) B TOXKAECTBO, T.€.

F (x, y(x), y'(x))EO WITH y'(x)E f (x, y(x)).

Yro06s1 pemnth qudPepeHnnanbHoe ypaBHEHHE €r0 HE00X0UMO MPOUHTETPUPOBATH, HO
IPEX/Ie ero He0oOX0AUMO UACHTU(PUIUPOBATH (OMPEIETUTH €r0 BU) U MPeoOpa3oBaTh.

Huddepenunanbubie ypaBHeHuUs 1-ro mopsijika, onpeaeieHHble BhIle, yI00HO
3aMKChIBATh B CIEAYIONIEH Gopme:

(2) M(x,y)dx + N(x,y)dy =0

Jugppepenyuanvusie ypasnenusn ¢ pazoenaoumumuca nepemeHHbIMu.

ITycts M(x,y)=u,(x)g,(»), @ N(x,y)=u,(x)g,(y), TOTAa ypaBHEHHE (2) Ha3bIBAETCS
muddepeHnraIbHbIM YPaBHEHUEM C PA3ISISIIOIIMMUCS IEPEMEHHBIMH U IPUMET BUJL:

u, (x)gl (y)dx =uU, (x)gz (J/)dy

Ilytem neneHus Ha NPOU3BEHCHUE u,(x)g,(y) OHO IPUBOJUTCS K CICAYIOIIEMY BULY:

w(x) g,
) g 0)

OOuuit MHTErpas 3TOro ypaBHEHUS! UMEET BUJL:
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50) i)
Igl(y)dy_'[uz(x)d ¢

1. Pemuth guddepeHnuaibubie YpPABHEHUS € Pa3/1esIONIMMUCS NepeMEeHHBIMM :
Henv: Hayyumocsa naxooums obuee pewierue oughghepenyuanibHo2o ypasHeHus ¢
PA30eNA0UUMUCS NePEMEHHBIMU, UCNOIb3YS 8 C80ell pabome Memoobl
ouppeperyuanbHo20 U UHMESPATLHO2O UCHUCTIEHUSL.

1) (1+x)y' +y=0

Pewenue: npueedem ypasnenue k 6uoy (1) (yuumeigas, umo ' = d_) :
X

(l+x)ﬂ+y=0
dx

vdx +(1+x)dy =0
B oannom ypaenenuu ul(x):l, gl(y)=y, uz(x):l-l-x, gz()’)zl

Pa3zoenaa nepemennsvie, nonyuum:

dx d_y
l+x y
Hnmeepupys, natioem oowuii unmeepan:
[
I+x y’

J‘ﬂzj’d(l+x)+c_
y I+x ’
1n|y|:ln|1+x|+lnC;
]n|y| :]11|C-(1+x)|;

y=C (1 + x) — 00wee peuierue oug. ypasHeHus

2) *xy'+l=0; 6) yigy-x=1
i 7) ysinx=y,
X+
3) *y=—" )
) Y 8) y =y7;
4) *y =1-x;
5) Sy =1-2x;

2. HaiiTu _uyacTHoe pemeHnne quddepeHINAILHOI0 YPABHEHNs, YI0OBJETBOPAIOIIET 0
HAYAJbHBIM VCJIOBHSIM, M €r0 HHTErPaJbHYI) KPUBYIO.
Henv: Hayyumocsa naxooums yacmuoe pewenue oughghepenyuanibHo2o ypagHeHus ¢
Pa30enoWUMUC NePeMEeHHbIMU, UCNOTIb3YSL 8 C8oell pabome Memoobl
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oughghepenyuanvro2o u uHMe2panIbHO20 UCUUCIEHUS U CIMPOUMb UHMESPATIbHYIO
KPUBYI0 5Mo20 peuleHus.

1) ¥y =x+2; y0)=1.
Pewenue: Ilpusedem ypasnenue k eudy (1) u pazoenum nepemennsie:

Q=x+2
dx
dy = (x +2)dx.

Hnmezpupys, natioem oowuii unmeepan:
jdy = '[(x+ Z)dx;
Idy = dex+J‘2dx;

2
y= % +2x + C —obwee pewernue oug. ypasHeHusl.

T.k. y(0)=1, MO NOOCMABIAS MO HAYATLHOE YCA08UE 8 00Wee peueHue Oug.

ypasHenus, Hatidem 3HaveHnue C:
02
y(O):7+2-0+C:1:>C:1.

3Hauum wacmuoe peulenue OaHHO20 OUQ. YPAGHEHUs uMeenm BUO:

2

X
=—+2x+1,

Y 2

Ymoobuvl Hatimu uHme2paibHy0 KPUyto OaHHO20 OUQ. YPABHEHUS HYIHCHO
2

X
ROCMPOUmMsb 2paghux e2o YacmHo20 peulenus, 6 Hauem ciydae 3mo y = > +2x+1
(epaghux — napabona).
Haiioem koopounamwi eepuiunst napaboiisl.

2
X, =—i=—i=—2, . =ﬂ+2-(—2)+1:2—4+1:—1.
2 2.1 2
I'pagux umeem cneoyrowuii 6uo:
, 1
B

-4‘\-;2/4_1012345 .
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2) *y =2x {y(2)=6};
3) *y =2x+4 {(0)=1}
4) y =3x" Pl1)=2}

Juneiinvie oughpepenyuanvhnvie ypasnenusn 1-20 nopaoka.

JIuneitnsiM U PepeHrnanbHbIM ypaBHEHHEM |-To MOpsiiKa Ha3bIBAETCSl YpaBHEHHE

y +pl)y=f1x)

rae pP(X), f(X) — usBecTHbIe HYHKIUH.

JIuneitnoe nuddepeHnuanIbHOe ypaBHEHUE HA3bIBACTCS OJHOPOAHBIM, €CIIU f(x)=0, B
IPOTUBHOM CJIy4ae OHO HEOJHOPOIHOE.

3. HaiiTn o0uiee pemenue JuHeiHOro auddepeHnnanbHOro ypaBHenus 1-ro
MOPSUIKA
Henwv: Hayuumocsa naxooumsv obuee pewierue TuHetiHblx oupghepenyuaibHbix
VpasHeHutl, UCNONIb3YSL 8 c8oell pabome Memoovl OuppepenyuaibHoeo u
UHME2PANTbHO20 UCHUCTEHUSL.

' 2
1) y —2xy=e"
Pewenue: Obuwee pewenue HeoOHOPOOHO20 YPAGHEHUS MONCHO HALIMU
MEnoooM eapuauuu HOCMOAHHOIL.

e Paccmompum 00HOpoOHoe ypasheHnue

y —=2xy=0, coomeemcmeyiowee dannomy neodnopooHomy ypasuenuto. Imo
ypasnenue ¢ pazoenstouuUMUcs NepemeHHbLMU.
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o (Oobwee peuteHue HeOOHOPOOHO20 YPABHEHUS UeM 8 8Ude ) = C(x)e)‘2 (*) , e0e C(x) —
neuzsecmmuas ynxyus om x. Ipouzsoonas y =C'(x)e* + C(x)(exz) = C'(x)e* +C(x)2xe".
Hoocmaenss vy u 'y 6 y —2xy:e"2 natioem C(x):

C (x)e" +C(x)2xe" 2 —2xC(x)e* oer

C (x)ex +C(x 2xe"” —2xe" 2)2 e

' x)ex2 o

C

(x)=1=C(x ICx)dx Il dx=x+C
T'k. c(x)=x+C, mo noocmasnss e2o 6 (*) oouee peuienue HeOOHOPOOHO20

2
X
ypagHenus 6yoem )Y = (x +C )e , 20e C — noCmosHHAsL UHMe2PUPOBAHUSL.
2) *y'+2xy:2xefx2; 4) *y'+3L:(3_x)2_
5 — X
3) y -3x’y=xe";
4. Onpeaeautsh BII 1uddepeHIIMAIHLHOI0 YPABHCHH S, HAWTH ero o0Iee peueHue, a
I/1e VKa3aHO YaCTHOE pPelleHue.

Henwv: Hayuumoscs onpedensimo 8uo oughghepenyuanvHo2o ypagHeHus:, Haxooums e2o
obuee u yacmuoe peueHue.

1) *y +2y=e";

2) *xyy =1-x7;

3) *x+xy=y D1)=0}

4) xy +4=y

5) y -2y=4x;

6) ¥ +ycosx=cosx {y(0)=1};

7) *y = ﬁ {9(0)=4}, nocTponts HHTErPAIBHYIO KPUBYIO;

8) *(2-3x)y =y;

9) e (1 +x2)dy —2x(1 +e’ )dx =
10) * ' — ye =2xe ;
1)  *y =37

12) y———(l—l—x).

1+x

JAuddepenunanbubie ypaBHeHHs] B MeIULUHE U OUOJIOTHH.

1) uddepennmaibabie ypaBHEHHUS, BBIPAKAIOT COOTHOIICHUS MEXKIY H3MEHEHHUSIMHU
OCHOBHBIX TiepeMeHHbIX. [IpruMepoM omucaHusl TEUEHHUS MPOLIECCOB B CEPACUYHO —
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COCYAMCTOW CUCTEME MOXET CIYKUTh HE3aBUCUMAas MOJIEIb 3JACTUYHOIO pe3epByapa

— JIMHeWHoe AuQdepeHInanbHOe ypaBHEHUE TUIA:

k dt

1 dP _P

R

+ Wt

rae nepemenHasi P — mraoBenHoe 3nauenue A/l, koapdunnent R — oburee

COIPOTHBIICHHE KPOBEHOCHOTO pyciia TOKY KpoBH, KO3 duimeHT K — ko3 duimeHT

yrnpyroctu aopthl, W(t) — 00beMHass MTHOBEHHAs CKOPOCTh BBIOPOCA KPOBU U3 CEP/LIA.

2) IuddepeHunanbHbIM ypaBHEHUEM OMUCHIBAETCS Pa3I0kKeHUEe OaKkTepuil,

pPaJlOaKTUBHBIN pacma.
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JlomamHee 3aaaHue:

Onpenenuts Bua AU dHepeHInanbHOro ypaBHeH!sI, HAUTU €ro 0011ee pelieHue, a rae
YKa3aHO YaCTHOE PELIEHHE:

1) (1+y2)dx+xydy: 0;

2) *y +y=e"cosx;

3) *xy +y—e' =0 {y(a)=0},

4) *y =10"";

5) *y = yT+1 {»(1)=1}, nocrpouts nHTErpaNBHYIO KPUBYIO.

6) y' :er—e" _exy;
7) *x(y' —y):(1+x2)ex;
8) ¥ +ycosx =sin xCoSXx.

. 1-2x
9) *y = ;
y
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IIpoBepounasi paéora

Tema: /InddepeHunanbubie ypaBHeHH .

1 BapuanrT.

Onpenenuts Bun quddepeHnanbHoro 2 BapHaHT.
ypaBHEHUS, HANTH €To 0011lee pellieHue, a

Onpeaenuts BUa qudhepeHnaibHOro
IJI€ YKa3aHO YaCTHOE pPEIICHHE:

ypaBHEHUSI, HAUTH €ro o0I1ee peiieHue, a
r7ie yKa3aHO YaCTHOE PEeIIeHHE:

6) y =x-2
7) Bx-4)y =y; 6) v —4y=8xe™;
8) y,:1—2x; 7) y =2x-3
, 8) y =—X_;
9) y —2xy=xe"; CSx-2
9) yy =8x-3;

oy
10) == b(l)=2}, nocrponts 10 =2 )=o)
= =0¢, mocTpouTh
MHTErPAIbHYIO KPHBYIO. X
MHTErPaJbHYI0 KPHBYIO.

JlonmosiHuTEILHOE 3a1aHHE

Onpenenuts Bua AnddepeHnaib-HOro ypaBHeH s, HAMTH ero o0liee penieHue:

1) 2x\1-y? :y'(1+x2}
2) y +xey=el™; 1) e_y(1+y'):1
2) (1+x2)y'—2xy=(l+x2)2;
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Jlexuusa Ne 7. KoMmmjiiekcHbIe YHCIA.

3HAKOMCTBO C KypCOM MbI Ha4HEM C HEKOTOPbIX HCTOPUYECKUX COOBITHH, KOTOpHIE
MOCIIY)KUIM TIPUYMHON TMOSIBJIEHMsSI HOBOIO, IOKAa HEU3BECTHOro Juid Bac kmacca umcen -
KOMIIJIEKCHBIX.

B X Beke B Uramuum ObuIM pacrpoCTpaHEHbl MAaTEMaTUYECKHE TYPHUPBI, Ha KOTOPBIX
YYaCTHUKU B MIPUCYTCTBUM MYOJIMKH M3JIarajy pelieHus 3a1a4, IpeUI0KEHHbIX paHee KaKIOMY
€ro nMpoTUBHUKOM. Kak M3BEeCTHO, B TO BpeMsi 3TO ObLI HE €IMHCTBEHHBIN U3 BUJOB TYPHHUPOB - B
T€ BpeMeHa COXpaHsUIMChH €Il BOCHHBbIE TYPHHUPBI, HA OJTHOM M3 TakUX TYpHUpOB B 1547 roxy
ObUT cMepTeNnbHO paHeH (paHiy3ckuil xkoposb ['enpux Banya. Urtak, 12 ¢espans 1535 rona
WUrtanuu cocTosnoch MaTeMaTHUYECKOE COPEBHOBAHME Mexay MareMatukamu  Duope u
Tapranbeit. ®uope ObuT yueHHKOM Tpodeccopa 0oIOHCKOTO yHUBepcuteTa, ClIMMHOHA JIeTh
deppo (1456 -1526), Huxkona Tapramest (1500 - 1557) - mpenopaBaTenh MaTeMaTHKH.
Tapranbs (3auka) - ero mpo3suile (HacTosmas Gamunus - GoHTaHa), .KOTOPOE OH MOTYUHIT U3-
3a TOr0, YTO MOCJI€ BOGHHOTO PaHEHHUs B TOPJIO OH HE MOT CBAabOJHO pa3roBapuBaTh. TapTaiibe
ObUIO TpPEeUIoKEeHO pemuTh okojo 30 anreOpanyecKkux ypaBHEHUH TpeThell cTeneHu BUIA
x>+ax=b; a>0; b>0. B Te BpeMeHa He ObLIH M3BECTHBI 00IIHE QOPMYIBI PEIICHNS yPABHEHMIT
TpeTbel CTENEHH, MO3TOMY 3aJa4M, NMpeUIokKEeHHbIe TapTajibe, OKa3aluch BECbMa CEPbE3HBIMU
.OnHako, kak y3Han Taptanbs, npodeccop aenb Deppo ymen pemiaTh HEKOTOPHIE YpaBHEHHS
YKa3aHHOTO BHJAa. A TIOCKOJBKY O3TH pelieHus ObUTM CPEICTBOM KOHKYPEHTHOW OOpBOBI,
npogeccop He CTaj MyOIMKOBATh NOJIY4YE€HHbIE PE3YJIbTaThl, HO COOOLIMII UX CBOMM YYCHHUKaM, B
Yyucae KOTOpbIX Haxoawics Puope. 3a HeAeno 10 COpeBHOBaHUM Tapranbe yaanoch HaWTH
oOmuil BUA pelIeHHs STUX YpaBHEHUH M ¢ OneckoM mobequTh Ha TypHHpe. Tak 4ro ke
npeioxun Tapranea? Ecnu gomycTuth (IpeanoaokuTh), YTO CYLIECTBYET HEKOTOpas MHUMas
enuauna (0603HaYUM ee i), KBaApaT KOTOpoHl paBeH MuHYC 1, T.e.i’, TO MOXKHO TOBOPHTBH O
yncie pelieHuit ypaBHenus x> + 1 = 0, ux Oyger msa + i. Takum o6pasom, Kiacc
NEUCTBUTENBHBIX YUCENl ObUI paclIMpeH BBEACHUEM B HEro OJHOrO 3JEMEHTa - MHHUMOM
€IMHUIIBI, B pe3yibTaTe 4Yero HOJYYMIM HOBBIM Kiacc YHUCENT - KOMIUIEKCHBIX, KOTOpBIE
o0o3HauaroT yaTUHCKON OykBoiM C. CerojHs, Korja BO MHOTHMX pa3/ielax MaTeMaTHKH U ee
IIPWIOKEHUH HEBO3MOXXHO OTPAaHMUYUTBHCS PACCMOTPEHHUEM JIMILIb JIEHCTBUTENIBHBIX YHCEl,
KOMIIJIEKCHBIE YKCJIA TIO3BOJISIOT PEIIaTh MHOTUE CEPLE3HBIE 3a1aUH.

OnHomy u3 cosnateneil nup@epeHIaTbHOro U HHTErpajbHOIO MCUUCIECHHUH, HEMELKOMY
matematuky . JleiiOnuiy (1546 - 1715) npunaiexar takue ciopa:«KoMIIeKCHOE YnCIIo - 3TO
TOHKOE€ U TIOPa3UTEIbHOE CPEACTBO 6G0XKECTBEHHOTO JAyXa, MOYTH aM(pUOUs MEeXIy ObITHEM U

HeObITHEMY». Ceiiyac OT BCel 3TOM MHCTHKHM HE OCTalach HHUYCTro, KpoMe, HOX(aHYﬁ, Ha3BaHUsA
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«MHUMBIE yucia». Yxke Bo BpemeHa K. T'aycca (1777 - 1855) ObUio aHO T€OMETPHUUECKOE
HCTOJIKOBAHME KOMIUIEKCHBIX YHCEI KaK TOYEK IIJIOCKOCTH. TpyAaMH  BBIJAFOIIHUXCS
matemaTukoB XI1X Beka O. Komm, B. Pumana, K. BeiliepmTpacca Ha 6a3e KOMIUIEKCHBIX YHCEI
OBUIO TIOCTPOCHA OJTHA M3 CAMBIX KPACUBBIX MATEMaTHYCCKUX AWCIHILIUH - Teopus (QYHKIUI
KOMILJIEKCHOM IEPEMEHHOM.

PaccMOTpMM OCHOBHbIE OMpeaeneHMs 3TOr0 KAacca YNCe N BbIACHUM, KakK BbINOMHAOTCA AeNCTBMSA

Hajd KOMNJAEKCHbIMU YCNaMU.
Onpenenenue. KoMIIeKCHBIM YHCJIOM ZHa3bIBACTCS BBIpaKEHHE z =a+ib, rjae au b —

NEHCTBUTENBHEIE YMCIIA, | — MHAMAs €IUHHUIIA, KOTOPas ONPEEIIeTCsS COOTHOUIEHHEM:
) .
i“=-1 i=+-1

[Tpu 3TOM YKCIIO @ HA3BIBACTCS JICHCTBUTEIbHON YacThI0 uncia Z (& = Rez), a b- Mmaumoii
gactbio(b = Imz).

Ecmu a =Rez =0, to uucmio z Oyaer yucto MHUMBIM, eciid b = Imz = 0, To yucno z 6yaer
JENCTBUTEIbHBIM.

Onpenenenne. Yucna z=ag+ib W ZzZ=a—ib Ha3bIBAIOTCI KOMIUIEKCHO —
CONpPSI’KEeHHBIMH.

Onpenenenne. [IBa KOMIUIEKCHBIX 4YHMCIA z =ga, +ib, U z, =a, +ib, Ha3BIBAIOTCA
PaBHBIMH, €CJIM COOTBETCTBEHHO PaBHBI UX JEHCTBUTEIbHbBIE U MHUMbBIEC YACTH:

a, =a,; b, =b,;
Omnpenesenne. KOMIUIEKCHOE YKCIO PAaBHO HYJO, €CIM COOTBETCTBEHHO DPaBHBI HYIIIO

HeﬁCTBHTeHBHaﬂ 1 MHHUMas 4acCTH.

a=b=0.
7.1. leiicTBMA Hap KOMNAEKCHBIMM YMCIaMu B anrebpandeckoii popme.

OCHOBHble AENCTBUA C KOMMNEKCHBIMM YUCAAaMM BbITEKAIOT U3 AENCTBUIM C MHOrOYAEHAMM.
CnoxeHue 1 BbluMTaHne
PaccMOTpyM /1Ba KOMIUTEKCHBIX YHCIIA, 33J[aHHBIX B 0OIIIEM BHUJIE
Z1=ai+iby; zo=as+ib
TOraa
z=12 t2z, =(a; +ib;)(a, +ib,) = (a; £ a,) +i(by £ b,) =atib

Mo»xHo Cd)OpMyﬂMpOBaTb NpPaBunI0 CNOXEHNA U BblYUTAHUA KOMNZIEKCHbIX YUCEN: NPU CNOXKEHUN
(Bbl‘-l MTaHMM) KOMNZIEKCHbIX YNUCeN COOTBETCTBEHHO CK/Z1a4blBAlOTCA (Bbl‘-IMTaIOTCFI) nx
AeﬁCTBMTeﬂbele N MHUMbIE 4aCTuU.
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YMHOKeHue
2=717,=(a1+ib1) (ag+ibz) =aiaz+iaibo+ibiaz+i’bib,=a+ib
z=712>=(a1a2-b1b2)+ i (a1hz+biaz)
( T.e. MO’KHO TOBOPUTDH, YTO MEPEMHOXKAIOTCS KOMIUIEKCHBICUHCIIA KAK MHOTOYJICHBI, YYUTHIBAS,
4TO i% = -1). 3HAYHT,4TOOHI TIEPEMHOKHUTE JBA KOMIUIEKCHBIX YHCIIA HEOOXOIMMO MEPEMHOKHUTE
MIX KaK MHOTOWIEHBI, YIUTHIBAs, 4TOi? = -1,

Jlenenue

Mpu BbINOAHEHUWN AEeNEHUA KOMMIEKCHbIX YMCEN NONb3YIOTCA UCKYCCTBEHHbBIM MPUEMOM: YNCAUTENb
M 3HameHaTeNb APOOU YMHOMXKAIOT Ha YMCI0, KOMMIEKCHO - COMPAXKEHHOEe 3HameHaTeo Apobu, n
MOCTYyNatoT gasiee Tak, Kak M NPU YMHOXKEHUN KOMMNEKCHbIX Ynces.

IIpumep.
21= 5-i;
22=-2+3I;
4 _ 5-i _ 5-1)*(-2-3i) :—1O+2i—15i+3i2:—13—13i:_1_i
z, —-2+31 (-2+31)*(-2-3i) 4-9i° 13

BBenennsie HamMu omepanuyd CIOKEHHUST W YMHOXEHHUS KOMIUIEKCHBIX YHCeNT O00JagaroT
CBOWCTBAMM:
1) IlepemecTuTenbHOE CBONCTBO:
21%1727=75+7;;
21*22=22* 11,
2) CouerarenbHOE CBOMCTBO:
(zZ1+22)+z3=21+(22+ 23)
(21*22)*23 = 71 *(22*23)
3) PacnpenenuTenbHOE CBOWCTBO:
21%(22 + 22)= 22*22 + 21723
4) st m060ro KOMILJIEKCHOTO YUCIIa CYHIECTBYET YHCIO €My MPOTUBOIOI0XHOE, TaKOe, 4To Z +

(-2)=0.

Bo3BeneHue B cTeneHb

CornacHo OmNpeAeNeHHI0 CTENEeHH 4YKcia, HEOOXOAMMO STO YMCIO YMHOXHUTh Ha  cels
CTOJIBKO pa3, KaKOB MOKa3aTeslb CTEIIEHH YUCIA. JTU MPAaBUIIa BaM U3BECTHBI U3 Kypca CpeaHei
mwKoJbl. OHU K€ OCTAarOTCSA CHPABEAJIUBBIMM M JUISl KOMIUIEKCHBIX 4yucen. C OJHOW Wb
pa3HHIIEH B TOM, YTO OCHOBAaHMEM CTENEHM 3/E€Ch BBICTYNAET HE OJHOWIEH, a JBywieH. [l
nokaszareiel cremeHn 2 W 3 CymecTBYIOT (OpMyibl, H3BECTHbIE BaM Kak (OpPMYIbI

COKpAIIEHHOTO YMHOXXEHMS: KBaJApaT CyMMbI (Pa3HOCTH); KyO CyMMBI (pa3HOCTH); pa3HOCTh
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(cymma) kyOoB. YOenuMcs, Kak MOKHO BO3BOJUTH KOMIUIEKCHOE YUCIIO B CTEIICHB, MOIb3YsCh
(dhopMyliaMu COKPAIIEHHOTO YMHOKEHHUSI.

HaiTtn Ky pa3sHOCTM KOMMJIEKCHOTO YMCAa:
(3-2i)% = 33-3*32*2i+3*3*(2i)? — i’=27-54i+ 36i*- i°=-9-54i+i=-9-54i-i*i?=-9-54i+i=-9-53i

HpI/I BBIINIOJIHEHHUH 3TOI'O I[CflCTBHfI MBEI Y4JI4, 4TO

P=i*iP=i*(-1) =-i

Ecnu e HaM HeoOXoauMo, HarpuMep, Haittu (2+51)%, To CormacHo ompeneneHnio cTeneHn
MBI JIOJDKHBI 3Ty CKOOKY YMHOXUTh camy Ha ceds 21 pa3, uto odyeHb Tpynoémko. [loatomy
npuderatoT K Jpyroi gopme 3amucu yucia — TPUTOHOMETPUUYECKON U B HEW BBIMOJIHSIOT 3TO
neiicteue. Ho 06 7TOM MBI TOTOBOPUM HEMHOTO TO3KE.

N3BieyeHne KOPHA U3 KOMILJIEKCHOTO YHCJIa

T. K. KOMIUIEKCHOE YHCIIO B ajreOpanveckoi opmenmMeeT BHI Z=a+ib; To wu3BIeKaTh W3
HEro KOpeHb KaKo - JTMOO0 CTENeH! Mbl HE MOKEM, T.K. HEJIb3s1 U3BJI€Ub KOPEHb U3 CYMMBI.

Takum 06pazom, IOBOAS UTOT JAEUCTBUAM HaJl KOMIUIEKCHBIMU YHCIIaMU B alreOpanyeckoi
dopme, 3aKiIO4aeM, UYTO U3BIEKaTb KOPEHb /000U CTENEHW M3 KOMIUIEKCHBIX YHCENl B
anreOpandeckoil (opme Henb3s; BO3BOAWTH B JIIOOYIO CTENEHb MOXKHO, HO €CIIH IOKa3aTelb
crerneHu OoJipiie 3, TO palMOHAIbHEE MEPEBECTH YUCIO B TPUTOHOMETPHUUYECKYIO (opMy U
BO3BOJIUTh B CTENEHb YMCIO B 3TOH (opme. Bee ocranbHble €HCTBUS BBINOJIHAIOTCS 10 paHee
OTMEYEHHBIM IIPaBUIIAM.

Beceaysa 0 KOMNAEGKCHbIX YMCNax, HEOBXOAMMO OTMETUTb TaKoe BaXKHOe NOHATUE, KaK LIMKANYHOCTb
MHUMOW eAUHULbI. 3aKN0YAETCA OHO B C/iedyloLlem:

i’= —1(onpenenenue);

P=i*it=i (-1)=-i;
i = %2 =(-1)%(-1) =1;
S=i*it=i*1=i,

7.2. FeomeTpuyeckoe M306pa)Ke|-me KOMMJIEKCHbIX Yucen.

NMoHATME KOMNNEKCHOrO YMCNa UMeeT reoMeTpUYecKoe UCTONKoBaHWE. MHOXeCTBO KOMMNEKCHbIX
Yyncen ABNAeTCA paclumpeHnem MHOXKeCTBa AEﬁCTBMTe}'IbeIX yuycen 3a CHET BKIIDYEHNA MHOXKECTBa
MHUMbIX Yncen. KomnieKcHble Yncna BKAOYAIOT B ceba BCE MHOXKeCTBa 4yncen, KotTopble n3yvyanncb
paHee. Tak HaTypanbHble, Lesnble, pauMoHanbHble, MPPaLMOHabHbIE, AEﬁCTBMTEI'IbeIe 4Yyncna
ABNAKOTCA, BOO6LLI,e rosopA, 4aCTHbIMU CAy4aaAMU KOMMNJIEKCHbIX YHUCeN.

Ecnmn noboe AGVICTBMTeﬂbHOG 4YMCNO MOKET bbITb reomeTpuvyeckun npeacrtassieHo B Buae TO4KMU Ha
4YncnoBsomn I'IpFIMOVI, TO KOMN/NIEKCHOE YNCNO nNpeacTaBaAeTca TOYKOM Ha NNOCKOCTY, KoopaAunHaTaMun
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KOTOpOM ByayT COOTBETCTBEHHO AEUCTBUTE/IbHAA N MHUMAA YacTU KOMMIEKCHOro Yncna. Mpu atom
ropM3oHTa/IbHan OCb OyAeT ABNATLCA AEACTBUTENIbHOM YNCAOBOM OCbIO, @ BEPTMKAbHAA - MHUMOW
oCblo.

0 a X

Takum o6pazom, Ha ocu OX pacrosiararotcsi IeHCTBUTENbHBIE Uncia, a Ha ocu OY — 9ucTo
MHHUMBIC.

C nomoLLbto NoA06HOro reoMeTpUYECKOro NPeACTaBAeHUs MOXKHO NPeACTaBAATb YNCNA B TaK
Ha3blBaeMOW TPUrOHOMETPUYECKOM dpopme.

7.3. Tpuronomerpuueckas Gpopma yucia.

W3 reomerpuieckux cooOpaxeHuil BUAHO, UTO a = rcos@; b = rsin ¢. Torga KOMIJIEKCHOE
YHCIIO MOXHO MPEICTABUTh B BUJE:
z=a+ib =rcos@+irsin ¢ = r(cos@+isin @)
Takas popma 3anucu Ha3bIBACTCS TPUTOHOMETPUUYECKOi (popMoOii 3anmucH KOMILJIEKCHOTO
YyHCaa.
[Ipu 3TOM BenuuuHA I' Ha3bIBAETCS MOAYJIEM KOMIUIEKCHOTO YHCIa, a yroJl HakjoHa ¢ -

APryMmeHTOM KOMILUICKCHOI'O YHUCJIA.

r:|z; o=Argz.

M3 reomeTpuyecknx coobpaskeHnin BUAHO:

r =|a+ib| =~la’ +b*; (p=ArgZ=arctgé;
a

OquI/II[HO, YTO KOMIUICKCHO — COIIPsDKCHHBIC YHCIda HWMCKOT OJWHAKOBBIC MOAYIU U

IMPOTUBOIIOJIOKHBIC apT'YMCHTHI.

; Argz=—Argz.

=l

7.4. JleficTBYSI C KOMIUIEKCHBIMH YHCJIaMU B TPUTOHOMETPUUECKOM (opme.
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z, =r(cos@, +isn ¢,), z, =r,(cose, +isin @, ).
YMHOKeHue
z=2z,z, =17, (cos(@, +@,) +isin( @, +¢,))
B ciyuyae KOMNIEKCHO — CONPAMKEHHbIX YUCEN:
zZ=(a+ib)a-ib)=a’ +b* = =7’

Jlenenue

z 7 .
z="L="1(cos(p, —@,) +isin(@, —@,))

Z;, h
Bo3Beaenue B creneHnb

J4 K] onepanvi YMHOXCHHA KOMIIJICKCHBIX YUCCIT CIIEAYCT, YTO
z* =2z =r*(cos 29 +isin 2)
B o01iem ciydae moixyqnm:
z" =r"(cosng+isin ng),
rzie N — [eNoe MoJIOKUTETLHOE YHCIIO.
Dto BBIpaXKEeHHE HasbiBaeTcs (hopmyJaoii Myaspa.(AGpaxam ne Myasp (1667 — 1754) —

AHTJIMUCKUN MaTEMaTHUK).

dopmyny MyaBpa MOXKHO MCMNONb30BaTb A5 HAXOXKAEHUA TPUTOHOMETPUYECKUX PYHKLNIA
OBOWHOro, TPOMHOro U T.4. YI/0B.

Ipumep. Haittu dhopmyisl SiN2¢ u COS2¢.

PaccMOTpUM HEKOTOPOE KOMIUIEKCHOE YHCIIO z = 7(COos ( + i sin @).
o 2 2 2 . . )
Torpa ¢ onHOM cTOpOHBI Z =T (COS ¢+ 2 CoOS(Sm @ —Ssm (P) :
2_ 2 o
Io dopmyne Myaspa: z~ =7"(c0S2¢+isin 2¢).
. . ) ) . .
IpupaBHuBasi, momyanm COS2Q+ish 2¢ =cos” @—sih~ @+ 2icosQsn @,
T.x. ABa KOMIUICKCHBIX YHCIIa PABHBI, €CJIM PaBHBI UX JEHCTBUTEIbHBIC U MHUMBIC YaCTH, TO
2 .,
Cos2¢ =cos” @—sin” ¢
sin 2¢p = 2sin @ cos ¢
[Momy4ynnu u3BecTHBIE GOPMYIIBI ABOWHOTO yIiIa.

H3BJeyenue KOPHS U3 KOMILICKCHOI'O YMcJia

3z = 1/r(cos @ +isin @) = p(cos y +isin )

Bo3zponas B CTCIICHDb, IMOJIYUUM:
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p"(cosmy +isin ny) = r(cos @ +isin Q)

Orcroma: p = V;; ny=0+2nk;, keZ.

n n

8z = %/r(coscp-%isin 0) = W(coswﬂ'sin LGkj

Takum oOpa3om, KOpeHb N —OW CTENEHM W3 KOMIUIEKCHOTO YHCIa MMEET N PasIuIHBIX
3HAYEHUI.

7.5. Toka3zaTenbHas (hopMa KOMIUIEKCHOT'O YHCIIa.

z. .
PaccmoTpuM nokasarensHyro GyHKIuo W=¢€ ] Z=X+1.
Mo3xHO noKa3aTh, YTO (QYHKIMS W MOKET OBITh 3alucaHa B BUJIE:

X+iy

w=e""" =¢"(cos y+isin y)

JlaHHO€ paBEeHCTBO HA3bIBACTCS YPABHEeHUEM Jidjepa.

na KomnneKcHbIx Yncen GYAYT cnpasegnnebl chegywowme CBOWCTBA:

1) e21+22 :ezlelz.

2

Z\m mz,
3) (¢7)" =e™; rme m— uenoe uncno.
Ecnu B ypaBHeHuu Diiniepa nokasaTellb CTENEHH NPUHATE 33 YUCTO MHUMOE 9ucio (x=0), To

moJjiydacm:
ly _ )
e =cosy+isin y
Ona KomnaekcHo — conpAXeHHOoro 4ncna nony4yaem:

e =cosy—isin y

M3 3TUX ABYX ypaBHEHWIA NOAyYaem:

eV 4 eV

cosy=———
2

) eV —e™
siny = :
2i

3TMK GopMyaMM NONbIYIOTCA ANA HAXOXKAEHUA 3HAYEHWUIN CTeneHel TPUrOHOMETPUYECKNX
dYHKUMI Yepes3 GYHKUMM KPATHbIX YI0B.
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Ecnm npeactaBUTb KOMMIEKCHOE YMCIO0 B TPUFOHOMETPUYECKon popme:

z = r(cos @ +isin Q)

o o lq) _ “ .
U BOCIIOJIb3yeMcs popmyioi Ditnepa: €~ = COSP +1SI @
z=re"
IlomydeHHOE paBEHCTBO U €CTh NMOKA3aTeJbHast (POpMa KOMILJIEKCHOI'0 YHCJIA.

PaccMoTpuM HECKOIBKO MPUMEPOB JACUCTBHI C KOMILUIEKCHBIMHU YHCIIAMM.

b

IIpumep. JlaHbl 1Ba KOMIIJIEKCHBIX YUCIA z, =1—%i' z, =—7—2i. Tpebyerca a) naitn

-4

-7

3HAQ4YECHHE BBIPAKECHUS B anreGpamueckoii Gopme, 6) 1 uncna Z =2 — 2\/§i HaWTH

-7-2i

TPUTOHOMETPHYECKYIO (hopMy, HaiTH z°°, HATH KOPHH ypaBHEHHS w® + z = 0.

a) OueBUIHO, CIPABEITUBO CIIEIyIOIIee MPeodpa3oBaHue:

-4

-1
2! _( 2-7i j“‘ _(—14—41')“ _16(—7—21')4
—7-2i —14-4i 2-7i 2-7i
Jlanee mpou3BOAUM JEJICHUE JBYX KOMIUIEKCHBIX YHCE:

—7-2  (<7-20)2+7i) —-14-49i-4i+14 -53i
2-7i (2-Ti)2+7i) 4+49 53

[Tonydaem 3HaueHME 3aaHHOTO BhIpakeHus: 16(-i)*= 16i* =16.
6) YUucno Z = 2- 2\/§i IIPEACTABUM B BUJIE z = r(cos @ +isin @), [

r=|z|:\/4+12 =4, @zarctg%zarctg(—\/g):_a)o

Torma Z = 4(COS 600 —ism 600)

Jlst naxoxkaeHus z>° Bocmb3yemcs Gpopmynoit Myaspa.

2% =4%(c0s1200° —isin 1200”) = 4 (cos(3- 2m+120") —isin(3-2m +120°)) =
1 3 J

=4""(cos120° —isin 120°) = —420(5+7i

Ecmt w* +2z=0,T0 w=3/z

_ 0 _ 0
Yz =3 r(cos—$+;nk +isin (p+321tkj = i/Z[cos 00 3+ 2k +isin 00 3+ 2nk} keZ.

267



BOIIPOCHI AJI1 CAMOITPOBEPKH

o Wb PE

9.

Jlaite onpeneneHre KOMIUIEKCHOTO YUCIIA.

Kakue uncna KoMIiekCHO-CONPSKEHHbIMU ?

Kakue KoMIIeKCHbIE YnCIla Ha3bIBAIOTCS PABHBIMU?

Kak reomerpuuecku n3o00paxaroTcs KOMILIEKCHbIE yuciia?

Kakue neiicTBusi HaJ KOMIUIGKCHBIMH YHCIAMH BBITIONHAIOTCS B alreOpamyecKon
bopme?

Jaiite onpeneneHne TPUrOHOMETPUYECKON POPMBI KOMIUIEKCHOTO YHCIA.

Kakue neficTBus HaJ KOMIUIEKCHBIMU YHMCIIAMHU BBITIOJIHSIIOTCSI B TPUTOHOMETPUUYECKOMN
bopme?

Kak ocymecTtisiercss mepexoa OT 3alUCH  KOMIUIEKCHOTO 4YHCHa, 33JaHHOTO B
anreOpandeckoit popmMe, K ero TPUroHOMeTpudecKon hopme?

Kak 3anmcath KOMITJIEKCHOE YHCIIO B TIOKa3aTelIbHOU hopme?

10. Yro Ha3wIBacTCS TOXKISCTBOM Ditniepa?
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YIIPA’ZKHEHUA

1. TlocTpouTh Ha KOMIUIEKCHOM IUIOCKOCTH BEKTOPbI, COOTBETCTBYIOIIUE KOMIUJIEKCHBIM
qucam:

1.1.z = 3 + 41, 1.5. z = 4i;
1.2.z=3; 1.6. z = —3 — 4i;
1.3.z=-3; 1.7.z = 3 — 41,
1.4. z = —4i, 1.8.z = -3+ 4i.

2. Haiit neificTBUTENLHBIC YUCIIA XU Y U3 YCIIOBUS PABEHCTBA JIBYX KOMITJICKCHBIX YHCEIT:

2.1. =2 + 5i — 3iy = 9i + 2x — 4y, 2.3.17 + 2ix + 3iy = 18i + 3x + 2y;
2.2.9 + 2ix + 4iy = 10i + 5x — 6Yy; 24.5x =2y +ix +iy = 4 + 5i.

3. Haiitn mMonynb, TaBHOE 3HAYCHHWE apTyMEHTAa M BCE 3HAUCHUS apryMEHTa KOMILIEKCHBIX
qHCcel:

3.1. z =3+ 4i; 3.5.z = 4i;
32.z=3; 3.6.z = -3 —4i;
3.3.z=-3; 3.7.z =3 — 4i;
3.4. z = —4i, 3.8.z=-3+4i.

4. Jlns 3aJaHHBIX YUCENl HA30BUTE YHCIIa, CONPSIKEHHBIE U MPOTUBOIIOJIOKHBIE TaHHBIM:
41.z=-2+5i, 43.z=8;
42.z = -2 4.4.z = —8i.

5. Jlana Touka, wuzoOpaxaromas umcio 3 — 2i . Kakume umcna u300pakarOT TOYKH,
CUMMETpPUYHBIE JIaHHOM OTHOCHUTEJIBHO JCHCTBUTEIBHOM OCH? MHHUMOW OCH; Hayaia
KOOpJIMHAT?

6. Uemy paBeH aprymeHT: 1) 4ucTO MHUMOTO 4YHCIa; 2) J0O0r0 OTPHIIATEILHOTO YHUCia; 3)
T000T0 MOJNOKUTENHLHOTO uncia; 4) Hyns?

7. Bpruucnutse:

7.1. i¢; 7.3. (—i)®
7.2.i%5; 7.4. (i)’

8. BHIONHUTE JEHCTBUS:

8.1. (—2+5i)+ (—2-5i); 84. (—2+5i)(—2— 5i); 8.7. 4_+f;

82. (6+8i)—(3—50); 85. (6+8i)(3—>50): - -

8.3. —2i-5i; 8.6. = e

2i
9. IlpencraBuTh B TPUTOHOMETPUUECKOH (hopMe dnca:

21.2 9.3. -2 + 2v3i;
9.2. 6i; 9.4.2 — 2i.
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10. IIpencraBuTh B anredpandeckoit popme uncna:

10.1.
10.2.

10.3.

10.4.

2(cos(2m) + i - sin(2m));
2(cos(0) + i - sin(0));

5(cos (g) +i- sin(g));
4(cos (—g) +i-sin(— g)).

11. BeimosHUTE IEUCTBUS:

11.1. Z(COS( )+l sm( )) 3(cos( )+l 51n(12));
11.2. 3(cos( ) +i-sin (8)) (cos( ) +i- sm( ));
113, 2(cos(Z)+i-sin(2)). 11.7. (2= 20)%;
steos(()resin(p 11.8. G- Lo,
114, 2cos(F)risin(=5)), o
2(cos(~Z)+i'sin(-Z))’ 11.9. V-1,
11.5. (cos(2m) + i - sin(2m))3; 11.10.9/1;
11.6. (cos( ) +i-sin ( f))“; 11.11.Y;
11.12.3/-2 + 2i.
12. TlpeacraBuB uucna z,; = 2iu z, = —3 + 4iB No0Ka3aTeIbHOI (OopMe, BHIUUCITUTE:
12.1. z,zy; 12.4. z,;
12.2. 2 12.5. (z)%
. ﬁl 12.6. (z,)*.
13. Pemmure ypaBHEHUS:
13.1. x2+ 16 = 0;
13.2. x3—-8=0;
13.3. x>+ 32 =0;
13.4. x2+x+1=0;
13.5. x*+x2+1=0;

13.6. x6 — 28x3 + 27 = 0.
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14. N300pa3uTh HA KOMIUIEKCHOU MJIOCKOCTH MHOKECTBA TOYEK, YJOBJICTBOPSIONIMX CICIYIOIIHM

YCIOBHSM:
14.1. |z| = 2;

14.2. argz = g;

143. 0<Imz< 1,5
14.4. Rez > 1,

14.5. A

E<argz<3—”'
4 4

KOHTPOJIbHAA PABOTA
Bapuant 1
1. Bsruucante (160 + 183,
8+21
2. Jlnguucna z = car

a. TMOCTPOWTE TOYKH HAa KOOPJAUHATHOM MJIOCKOCTH Z, —Z, Z,
b. malimure Re z; Im z;
C. HalauTe MOIYJb U APT'YMEHT YHKCIA Z;

d. 3anuIIMTe YUCIO B TPUTOHOMETPHUYECKON U MoKa3aTeIbHON (opMax.

. 5+2i 3-4i
3. Bremmonnure neictBus: —— — —.
2—-5i 4+3i

4. Jlns uucna z = —1 + +/3i Haligure z° B TPUTOHOMETPUYECKOM M MOKA3aTENbHOM GopMax.

5. PemuTth ypaBHEHHE HA MHOKECTBE KOMIIIEKCHBIX uncen: z3 — 27 = 0.

6. HaiinuTte neiicTBUTENbHbBIE YUCIA XU Y TaK, YTOOBI BHIMOJIHSIOCH PABEHCTBO: 3X — 2y + ix —
iy =4+ 5i.

7. W300pa3uTh Ha KOOPAMHATHOM IJIOCKOCTM MHOXXECTBO BCEX TOYEK Z, YAOBJIETBOPSIONINX

ycnoBuio: |z| =9, Im z > 2.

Bapuant 2

1. Beruuciure %61 + 18,

5+i
2+3i°

2. Jlnguucna z =

a. MOCTpO¥Te TOUKH Ha KOOPAWHATHOM MIIOCKOCTH Z, —Z, Z,
b. wmaiimure Re z; Im z;
C. HaiimuTe MOIY/JIb U apT'YMEHT YHCia Z;

d. 3amummTe YKUCIO B TpHFOHOMCTpH‘lCCKOﬁ 1 MOKa3aTelIbHOM (popMax.

4+3i  5-4i
3—-4i  4+5i

3. BrmmonHure neicTBus:
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o g k~ w

3 3. . o .
Jns uucna z = P 71 HaiimuTe z° B TPUTOHOMETPHUUYECKOH U MOKa3aTeIbHOU (hopMax.

PelnnTh ypaBHEHHE Ha MHOKECTBE KOMIUIEKCHBIX uncel: z3 — 1 = 0.

Haiigure nelicTBUTENbHBIC YHCTIA XU Y TaK, YTOOBI BBIMOJIHSIIOCh PABEHCTBO: 3X — 2y + ix +
iy =4 —5i.

N300pa3uTh Ha KOOPAWHATHOHM IUIOCKOCTH MHOXECTBO BCEX TOYEK Z, YIOBJIETBOPSIOLIMX

ycnoBuio: |z| = 16; Re z > 2.

Bapuant 3
Boruncnure i3° + i3,
Jins unena z = (3 — 4i) + (—2 + 5i):
a. TMOCTPOWTE TOYKH HAa KOOPJAUHATHOM MJIOCKOCTH Z, —Z, Z,
b. waiinure Re z; Im z;
C. HaWaUTE MOJYJb U apTyMEHT Yucia Z;
d. 3anuIIMTe YUCIO B TPUTOHOMETPHUYECKOM U MoKa3aTeIbHON (opMax.
Brinonaute peiicteus: (3 — 4i) - (3 + 4i).
Jlnst uncna z = —1Haiiure z3 B TPUroHOMETPUYECKOH M MOKa3aTeNIbHOM (hopMax.
PelmuTth ypaBHEHNE HA MHOKECTBE KOMIIIEKCHBIX uncel: z2 — 4 = 0.
Haiigure neficTBUTENbHBIE YHMCTIA XU Y TaK, YTOOBI BBHIIOJIHSIOCH PABEHCTBO: (x +
V+x—y)i=1+i.
N300pa3uTh Ha KOOPAMHATHOW IUIOCKOCTH MHOKECTBO BCEX TOYEK Z, YIOBIIETBOPSIOIINX

ycnosuio: |z| = 1.

Bapuanrt 4

Borunciure 5 + 16,
Jnst uncna z = (3 — 4i) — (2 — 5i):

a. MOCTPO¥Te TOUKH Ha KOOPAUHATHOM IUIOCKOCTH Z, —Z, Z;

b. walimure Re z; Im z;

C. HaWanuTe MOJYJb M apTyMEHT YUCTIA Z,

d. 3anMIIUTe YKHCIO B TPUTOHOMETPUYECKON U MOKA3aTeIbHON hopMax.
Beinonaute peiicteust: (2 — 4i) - (2 + 4i).

Jlnst uncna z = 1naliaure z3 B TPUrOHOMETPUYECKOM M TTOKa3aTeNbHOM hopMax.

Pemmute YPaBHCHUC HA MHOKCECTBC KOMIIJICKCHBIX YHUCCII: 22 —-1=0.
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6. HaiinuTe neficTBUTENBHBIC YKCIA X U Y TaK, 9YTOOBI BHITOJIHSIIOCH PABEHCTBO:
(x+2y)+(x—-2y)i=3—1.
7. W300pa3uTh Ha KOOPJMHATHOHM IJIOCKOCTH MHOXKECTBO BCEX TOYEK Z, YAOBJICTBOPSIONINX

ycloBHIO: |z| = 36.

3aI[aHI/I$I IJIA CAMOCTOATCIIBHOTO PCIICHUA.

Haiitn o0mee pemienue nuddepeHuaAJIbHbIX YPABHEHHUI, a I/Ie YKA3aHO
YacTHOE pelleHue:

2 e =0, y1)=0;
X
2. (1+ez")y2dy=exdx, y(0)=0;
3. L=my, »2)=1

Y

4, x\l+y*dx+yJ1+x>dy =0,

5. xdy vdx _o;
J1-y? " V-
6. y =+, y(O):O;
dx dy
7. + =0, Wl)=1;
) ey Y

8. y cos’ x+y=tg, y(O)zO;

9 ' Xy .
.yt = arcsin x + Xx;
1—x?

10.Xy —y = X" COS X;

11.y cosx+y=1-sin x;
12. (1 +x° )y' +y=arctg x.

KoHTpOJsIbHBIE BOMIPOCHI:

1. Yrto Ha3zwbiBaeTcs nuddepeHaibHbIM YPABHEHUEM MIEPBOrO MOpsaKa’?
2. Uto HYKXHO Cc/IeNaTh, 9TOOBI pemuTh TudPepeHnmnanTbHoe ypaBHCHHE.
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3. Kakoii Bux wumeer nuddepeHUIHATBHOE YpaBHEHUE C PA3ACISIIOIIMMUCS
MEPEMEHHBIMH.

Kaxkoe ypaBHeHue HazbiBaeTcsa qudPpepeHnanbHbIM ypaBHEHHEM 1-To nopsiaka’?
Urto Takoe oluiee u yactHoe penieHue AuddepeHnaib-HOro ypaBHEHHUS.

ok

Jlekuus 1. YUucnosoiu psijg. OCHOBHBIE TOHATHS, CBOMCTBA CXOISAIINAXCS

PAIOB. 3HAKOMOJIOKHUTENbHBIE pAnbl. IHTEerpanpHbIi pu3Hak Komm

1.1. HeKkoTopble cBeaeHUA 0 NOCNeA0BaTeNIbHOCTAX

MNycTb KaXKAoMy 3HaUYEeHUIo N €N noctaBneHO B COOTBETCTBUE (I'IO

onpeaenéHHbIM Npasunam) onpeaenéHHoe AencTeuTeNbHoe Yncao a €R; Toraa

MHOeCTBO YNopAA0YEHHbIX AeACTBUTENbHbIX Yncen di, dy, ds, ... Ha3blBaeTCA

[e )

YMCNOBOI NOCNEA0BATENbHOCTLIO U 0603HavaeTcs {a, }n:y roe d, — obwmin uneH

C T 2 umeeT

nocnenosaTeNibHOCTU. Hanpumep, nocnenosBaTesibHOCTb 1,

gl

Wl
S L

N |-

. 1
obwmniiunern a, =—, rae NEN.
n

Onpeodenenue 1. IlocnenoBaTeabHOCTD {an} Ha3bIBACTCS yOblgaowell, eCiu

a, > a1, VNEN, u gospacmarower, eciu a, <dn,1, VN EN.,

Onpeodenenue 2. IlocnenoBaTeIbHOCTD {an } HA3bIBACTCSl OZPAHUYEHHOLL C8EepXy, €CIH
cymecTByer Takoe uncio M, M eR, uto &, <M, VN eN, u oepanuuennoii cnuszy,
eciH cyliecTByeT Takoe uncio M, M eR, uto a, 2 M, VneN.

Onpeodenenue 3. IlocnenoBaTeIbHOCTD {an } Ha3bIBAETCS 02PAHUYEHHOLL, €CIIA OHA

OTpaHWYCHA KaK CHU3Y, TaK U CBEPXY, T.€. CYIIEeCTBYeT Takoe urcio M> 0

(M €R), uto Vn: \an\s M.
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Onpedenenue 4. Yucio a Ha3pIBACTCs npedenom MoCIeI0BaTEIbHOCTH {an },
€CIIU 7151 II0OO0T0 CKOJIb YTOJHO MAaJoro MOJI0XKHUTENBHOIO YUCIa €

Haiaércs Takoit Homep Ny €N, 3aBUCAIIMIL OT €, UTO 711 BCEX HATYPaIbHBIX YHCEI

N2 N\ BHIMONHAETCS HEPABEHCTBO

a, —a‘ <g¢. Tornad = lim @, osnauaer,
N—o0

yro Ve>0 Ing=ng(€) EN rakoe, uro mis Becex NNy, NEN: ‘an —a‘ <g. [lpn

9TOM TOBOPAIT, UYTO MOCIICAOBATCIbHOCTD {an } CXOOUTCH K HUCIyd.

[IpuBen€éM HEKOTOPBIE CBOMCTBA CXOISIIAXCS IMOCIEN0BATEIBHOCTEN.

—Ecim nocienoBaTeibHOCT UMEET MPEJIEIT, TO OH €JUHCTBEHEH.

—Ecim nocnenoBaTebHOCTh UMEET KOHEUHBIN MPEET, TO 3Ta
MOCJIEI0BATEIILHOCTh OIPAaHUYCHA.

—Ecnu nocnenoBarenbHOCTh Bo3pacTaeT (yObIBaeT) M OrpaHUYEHA CBEPXY
(cHU3Y), TO OHA UMEET KOHEYHBIN MpeIel.

—Ecnu nocnenoBarenbHOCTh Bo3pacTaeT (yObIBaeT) U HE OrpaHUYEHA CBEPXY

(cHM3Y), TO OHa MMeeT OECKOHEUHBIN Tpesen + oo (— o).

1.2. YucsoBoi psajg. OCHOBHbIE IOHATUS TEOPHUHU YHCIOBBIX PSAJOB:
CXOAUMOCTb, PACXOAUMOCTb, CyMMa psija. [IpuMepsbl

MycTb 3anaHa 6eckoHeuHas nocneaoBaTelbHOCTb Yncen {a, |-, a, eR.

Onpeodenenue 5. beckoneunvim 4UCi08biM psiIOOM HA3BIBAETCS BBIpAKEHUE BUIA

o0
a; +a, +az+...+4a, +..., 0003HaYaeMoe Kak Zan . Yucna dg, dy, dg, ...
n=1

HAa3bIBAIOTCS WieHamu (dJleMeHmamiL) Yucio8020 psod.

Onpeoenenue 6. CymmMa niepBbIX N WICHOB psAJia HA3BIBACTCS N-i YACMUYHOU CYMMOL

paoa: Sy =8+ +az+...+a,. Torqad =ay,9) =a +ay, S3=8 +a +a3,.. u T.I.

ToydaeM MOC/IEI0BATENBHOCTb YACTHUHBIX CYMM 91, 99, 93, - {Sn }
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(e 0]
Taxum 0Opa3oM, KaxkI0My YHCIOBOMY PSIY Zan MO>KHO MTOCTABUTh B
n=1

n
COOTBETCTBHE I1OCIIEJOBATEILHOCTD YACTUYHBIX CYMM {Sn }: S, = Zak :
k=1

Onpeodenenue 7. Ecnu cyliecTByeT KOHEUHBIN UM OCCKOHEUHBIN TIpeaet S

[e¢]

MOCJIE0BATEIILHOCTA YaCTUYHBIX CYMM {Sn }, TO OH HA3bIBAETCS CYMMOIU psoa Zan :
n=1

o0
re. limS,=S=a +a,+az+...= > a,.
N—o0 -1

Ecnu S xoHeuHO (S<c0), TO psiJi HA3BIBACTCS CXOO0AWUMCS; €CITA S= 00 WIIU SHE
CYIIIECTBYET, TO Psii HA3BIBACTCIAPACXOOAUUMCA U CYMMBI PSIJIHE UMEET.

UTakK, ecnun gaH pag, To BCeraa MOXHO NOCTaBUTb BOMNPOC, CXOAMUTCA N OH (VIHbIMM

CNIOBaMMU, CYLLLECTBYET /I KOHEYHbIN Npeaen {Sn }) WNK pacxoguTca?

MpuBeaéM NpUMepbl UCCNef0BaHMA PAAa Ha CXOAMMOCTb M HaXOXAEeHUA ero
CYMMblI.
1

< 1 1
lpumep 1. NcchepoBaTb Ha CXOAUMOCTb PA —_— =+ =+
pamEp : 8 . Zi nin+l) 2 6

1 1
e
12 20

n

HaWTK ero cymmy.

1 "
PeweHue. O6o3Ha4Ynm ﬁ =a, — 0bwuit uneH paga. Toraa 4acTMyHas cymma
n(n-+

1 1 1 1 1 1
paga S, =a,+a, +...+a, =—+—-—+...+ ——— . TaKKaK ———— =— — ,
2 6 n(n+1) n(n+l1) n n+1

Sn: 1_1 4 1_1 + ..+ l_i zl—i.Torﬂ,a
2 2 3 n n+1 n+1

lim S, = lim (1_LJ =1 <oo, T.€. PA4 CXOAMUTCA N ero cymma S = 1.

TO

n—oo n—oo n+1
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n 2./ i 4 4+ 4 + 4 +
pumep 2. ccnepoBaTb HA CXOAMMOCTb pPAL, —— ==+ —+—
—4n’+4n-3 5 21 45

HAWTK €ro cymmy.

4 o
PeweHue. O603HaUYUM —————— =8, ~ obwmnit uneH psaga. Toraa,

4n“ +4n-3

4 4 4
4aCcTUYHaAA CcymMa paga S, =—+—+...+2—.TaK KaK

5 21 4n“ +4n-3

4 11
an?+4n-3 2n-1 2n+3°

1) (1 1) (1 1 1 1 1 1
Sh={1-Z |+ - |+ =—=|...+ — + — =
( 5) (3 7) (5 9) (2n—3 2n+1j (Zn—l 2n+3j

1 1 1 4 4dn+4

TO

=1+=— — =—— , Toraa
3 2n+1 2n+3 3 (2n+1)(2n+3)
: . (4 4n+4 4 4
lim S, = lim| —— =—, T.e. paj, cXoomMTca U ero cymma S = — .
N—o0 n—w| 3 (2n +1)(2n + 3) 3 3

e}
Mpumep 3. iccnepoBaTb Ha CXOAMMOCTb pAL, Zn =1+2+3+...+n+....
n=1

PeweHue. 0603HaumMm obwmn uneH paga N =a, . Torga, YacTMYHAA cymma pAaaa

(n+1n

(D0 i s, = tim

N—o0 N—o0

S, =1+2+...4+n= =+00, T.e. CYyMMa pAaAa

o0
S = Zn =400 Y pAg, pacxoauTca.
n=1

Mpumep 4. UccnepoBaTb HA CXOAMMOCTb PAJ, COCTAB/IEHHbIN U3 Y1EHOB

reomMeTpMYeCcKomn Nporpeccum.
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PeweHue. MycTb gaHa reomeTpuyecKana nporpeccua b,bq,qu,bqs,...,bqn_l,..., roe q —
2 0
3HameHaTenb nporpeccun. Paab+bg+bg +bq3 Fotbg" 4= qun_l
=1

Ha3blBaeTca pao0om ceomempuyeckoll npozpeccuu. O603HauYnMm bqn_1 =a, — obwwnn

yneH paga. Mpu q = 1n-4acTMYHAA CyMMma 3TOro psaga paBHa

_b@-g") b bq"

S L
" 1-q 1-q 1-q

PaccmoTpum 4acTHble ciyyau.

—Ecnu \q\ <1l,710 lim S, =

n—o0 —q

, T.C. pAd CXOOUTCH.

—Ecnu \q\ >1, To r!inoo S|, He CyIIeCTBYeT, T.e. MOCIeN0BATENHHOCT {Sn }

pPacxoguTcCs, a 3HAYUT paCXOdUTCA U I/ICCJIG,I[yeMHﬁ paa FGOMGTpH‘IGCKOfI

IPOTPECCUH.

—Ilpu q =1 psia UMeeT BUJL b+b+...+b+...=2b. Torma S, =nb, lim S, =0
=1

N—>o0
, T.€. PSJ PACXOIUTCH.
—IIpu b=1, q=-1 pax umeer Bug b—b+b—-b+..., Torna 31 =1, 52 =0,
53=1,54=0,.., Sy)n1=1 Sy, =0, 1.e. npenena nocaenoBarensHOCTH
{Sn}: 1,0,1010,... me cymectByer, a 3HAYUT, HCKOMBIH PS PACXOLUTCSL.
Takum obpasom, pas reomeTpuUyecKkom Nporpeccnmn cxoamnTca Toraa U ToNbKO Toraa,

Koraa \q\ <1, B ocTanbHbIX CAYyHaAX PAL, PaCXOAUTCA.

1.3. OcCHOBHbIE CBOMCTBA CXOAALIMXCS PSAAOB,
HEe00X0AMMBIA NPU3HAK CXOAUMOCTH

o0
MycTb AaH YyMcnoBOM pAng, Zan . Chbopmynmpyem ero oCHoBHble CBOMCTBA.
n=1
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Ceoiicmeo 1. Eciiu cxoquTcs psiji, MOTYYEHHBIA U3 TAHHOTO psija 0TOpachlBAHUEM
WM NPUCOEAMHEHUEM KOHEUHOI'O YUCIIA YIEHOB, TO CXOAUTCS U caM JaHHbIU psij, U
Hao0opoT. MHbIMU clloBaMHU, OTOpachIBaHUE WU

IMPUCOCANMHCHNEC KOHCYHOTO YMUCJIa YWICHOB pAAa HC BJIMUACT HA CXOAUMOCTD psAaa.

[e¢]

Jlokazamenbcmeo. NycTb d, — YacTUYHaA CyMMa paaa Zan , Cx —cymma k
n=1

OT6POLLUEHHbIX Y1EHOB U Op_k — CYMMa Y/IeHOB PAJa, BXOAALMX BCYMMY O, U He
BXxoAALWmX B cymmyCy. Mpun goctatoyHo 60abliom n Bce oTOpOLLEHHbIE YneHbl byayT
COAEpKaTbCA B Cymme Sy, T.€. S, =Cy +0,_ (k- dukecuposaHHoe uncno, Cy —

const). Toraa, ecav cywectsyeT lim o, , TO CYLLECTBYET 1

Nn—oo

o0
lim S, = lim (C, +o6p,_x), T-€. UCXOAHbIN pAL Zan cxoauntca. N HaoboporT, ecnn
n—oo n—oo n=1

CywecTByeT lim S, , TO CyWEeCTBYET U |im o,,_y, T-€. CXOAUTCA COCTaB/IEHHbIN pAaAa.

n—oo N—o0
o¢)
AHanorn4Ho A0Ka3biBae€TCA CXO4MUMMOCTDb NMpu ,D,O6aBﬂeHMM K pagy Zan KOHEeYHOoro
n=1

YUCNa YNEHOB.

o0 o0
Ceoitcmeo 2. Eciu cxonutes psjt Zan =S, TO0 pan ZC -a,, (C — koHCTaHTa)
n=1 n:]_

TAaK)X€ CXOAUTCs, IPUYEM ero cymma paBHa C-S .

[e¢]

[lokazamenscmeo. MycTb S, —yacTMYHaA cymMma pasa Zan , Sy =a;+a, +...+4a,,
n=1

0
M S, —4acTMyHaA CyMma psaja ZC -a,, S, =Ca; +Ca, +...+Ca,,. Toraa
n=1

S,=C(aj+ay+..+a,)=C-S,,.
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o0
OTctoga,ecnum cyuiecteyeTt lim Sn =S (pag Zan = S cxoauTca), To cylecTeyeT
nN—o0
n=1

0
limS,=C-lim S, =C-S,T.e. pag > ,C-a, Takke cxoauTes.

N—o0 Nn—o0 n=1

o0 o0
Ceoiicmeo 3. Ecnu psnbl Zan u an CXOJSTCS U UX CYMMBI paBHbI A U
n=1 n=1

BCOOTBCTCTBCHHO, TO UX MOXXHO ITIOYJICHHO CKJIaAbIBATHb (I/IJ'II/I BBI‘II/ITaTB), HpI/ILIéM

o0
pset Y (&, £hy) tawe cxomsTest u ux cymmbt pasasr S = AL B,
=1

Jokazamenocmao. [ycTb An , Bn “n Sn —Y4aCTU4HblE€ CyMMbI 3TUX PAAOB, TOraa

S,=(a£h)+(a, £h)) +...+(a, £h,) =(a +a,+..+a,) (B, +b,+...+h,) =

=A, B, . Nepexoaa k npegeny npu N — o0, noay4um

lim S, = lim(A,£B,)=limA, £ lim B, = AxB.
n—o0 n—oo n—oo n—oo

[e¢]

Teopema 1 (Heobxo0umelii npu3Hak cxodumocmu psAaodos). Nyctb pag, Zan
n=1

CXOAMTCA, TOrAa ero obLwmii uneHa,, ctpemutea K 0 (npu N —> o) lim a, =0
Nn—oo

(obpaTHOe He Bcerga BEPHO).

o0

Jokazamenbcmeo. Tak Kak paj, Zan CXOANTCA N ero CyMMa paBHa S, To 4/1A ero
n=1

YACTUYHBIX CyMM Oy, O;_1 UMEIOT MeCTO paBeHCTBa dy = O — S,_1;

lim a, = lim S, —1lim S, ; =S-S=0. Yro u tpebosanocs gokazate.
nN—o0 N—00 N—o0

Ycnosue cxoanmocTtm, chopmyiMpoBaHHOE B Teopeme 1, asnaetca

Heobxo0uMbIM, HO He 00CMAMOYHbIM, T.€. NPU BbINOJIHEHWUW ycnoBua d, — 0 psag,
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1

MOXKEeT pacxoanTbea. PaccmoTpum npumep Takoro psaaa: Z\/— roe \/_ =a, —

obwuit uneH paga. Toraa lim a, == lim T =0. YactmuHaa cymma paga umeet Bug,
n—o0

n—oo

1
OueBunaHoO, Ka)'Kﬂ,bIM Y/1eH 3TOM CYMMbl > —,TOraa

1
\/_\/_ n n
11 1 1j_n
NN NN BN

cneposatensHo, lim S, > lim Jn =, T.e. ucxogHbIl pPAA, PacXxoanuTca, XoTs
N—o0 N—o0

Sp =

OUEHKa Sn DAET HEePaBEHCTBO: Sn _( =4N —> 0,

an:i—>0.

Jn

Cneocmeue uz meopemwi 1. Ecnu oOuuit wiieH psaa an (mpu N —> 00 ) He CTpEeMHUTCS K

0, To psin Zan pacxoauTcs (0ocmamoynwbili NPU3HAK PACXOOUMOCMU PSOQ).

n=1
2n-1 1 3 5
lpumep 5. VicchepoBaTb Ha CXOAMMOCTb pPAL, Z —=—+—+—+
= 2n 2 4 6
PeweHue. O603HaunMm 06w YneH paga —C= a, . Tak Kak
lim a, = lim 2n-1_ lim 1_i =10, TO U3 cneacTemna Teopembl 1
n—oo n—w 2N n—o 2n
CNefyeT, uUTo pAaj pacxoamTcs.
o0
1 1
lMpumep 6. icchepoBaTb Ha CXOAMMOCTb PAA, Z H =1+ E + é +...+ H +...
n=1

PeweHue. Obwmnii YneH paga umeet Bua a, :H' [aHHbIN pAa Ha3biBaeTCA

rapMOHUYECKUM, TaK KaK KaXKapbll ero YneH paBeH cpeaHeMy rapMOHUYECKOMY ABYX
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1 1 1 1
cocegHux: — =—[—+—j. OueBMAHO HEPABEHCTBO:
8y 2\8py any

1 1 1 1 1 1
—_t—t+ . +—>—+—+..+—=N-—
n+1 n+2 2n  2n 2n 2n 2n

n

1
= E . YneHnbl rapMmoHHU4YeCKoro

pAfa, HauMHaA ¢ TpeTbero, 06beANHMM B rpynnbl no 2, 4, 8, 16, ..., 2K uneHos B
Kaxaou rpynne. O4ueBmMaHO, CyMMa KaXKAoW rpynnbl MOXHO OLEHUTb

1 1 1 1 l 1 1 1 1 1 1
cnep,yrou.l,MM06pa30M:§+Z>—; = > T4+

Sl W W = ot >£...,T.e.
2 5 6 7 8 2" 9 10 16 2

1
KaxaaAa U3 asTuX CyMm B OTAENbHOCTU 6onble E . Takum o6pa30M, ANA HaCTUYHbIX

CYMM C HOMepamMmu N = 2Kk =2,3,... BbinoAHAOTCA HepaBeHCTBa:

84:l+£+1+1>1+1+£:1+2-l,
2 3 4 2 2 2

88:1+1+1+1 +1+1+1+1>1+1+1+1—1+3-E
2 3 4 5 6 7 8 2 2 2 2°7

,T.€. HaCTUYHbl€ CYMMbI TaPMOHNYECKOIO pAaa HEOTPaHNYEHHO

pacTyT c yBenunueHvem N = 2k 5 0 npu K — o0, 3HAUUT, lim S _, =oo. Monydaem,

kK —o0

=1
YTO FAPMOHUYECKUI pag, ) — pacxoamuTcs.
n=1

1.4. 3HaKONOCTOAHHbIE pAAbl, pAAbl C NON0XUTE/IbHbIMU YNeHaMUu

YcTaHOB/IEHME CXOAMMOCTU UAN PACXOAMMOCTN YUCNOBOTO PAAA —
OCHOBHOW BOMPOC TEOPUN PALOB; HaXOXAEHNe CYMMbl PAAa B Cayyae ero
CXOAMMOCTM — BTOPOCTENeHHas 3aaa4a. Bonpoc cxoammocTu npolle Bcero

pellaeTca 419 3HAaKOMNOCTOSIHHbIX PSAA0B, KOrAa BCe YieHbl pAZa oAHOro 3Haka. [nna
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onpenenéHHocTM byaem paccmaTpuBaTb pAAbl C NONOXKUTENbHbIMK (d, > 0) nauc

HeoTpuuaTenbHbIMM YieHamu (dy > 0). XapaKTepHbIM CBOMCTBOM TaKUX pASOB

ABNAETCA MOHOTOHHOE BO3pacCTaHUe (He y6bIBaHME) nocnenoBaTte/sIbHOCTH

YaCTUYHbIX CYMM!

Ya,, 8,>0,5,=5,1+38,>5,4; $1<S;<S3<..<S,<....
n=1

PAag ¢ NONoXXuUTenbHbIMWU YsieHaMKU Bcerga mMmeeT Cymmy; ecim 3Ta Cymma

KOHEYHa, TO pA4 CXoaAnuTcAa.

BbIACHEHWE CXOAMMOCTU PAAO0B C MONOXKUTENbHBIMKU Y€HAMU ONMPAETCA Ha
NPU3HAKN  CXOOMMOCTW, KOTopble ABAAOTCA Nnbo HeobxoaAMMbIMKM, NGO
[OCTAaTOYHbIMKW, MO0 HEOOXOAMMBIMM U AOCTATOYHbIMW. B 4YacCTHOCTU, K TaKUm
pAgamMm NPUMEHUM NPUBELEHHbIN Bblle HEOBX0AMMbIM NPU3HAK CXOAMMOCTM PALOB
(Teopema 1). CywiectByeT Npu3HaK, ABAAKOWMIACA HEOBXOAMMbBIM U AOCTAaTOYHbIM,

KOTOpPbIM YCTaHaBAMBAETCA CaeAyloLLen TEOPEMOIA.

Teopema 2. JInsg CXOAMMOCTH psa C IOJOXHUTCIBHBIMH YICHAMH HE0OX0OUMO
uoocmamouro, 9To0bl MOCIICIOBATCIIBHOCT €TI0 YaCTUYHBIX CYMM ObllIa OrpaHHUYCHA
CBEPXY.

Jlokazamenbcmeo (Heobxooumocms). MycTb paa, cxoamuTcs, Toraa
noc/iefoBaTeIbHOCTb €ro YacTUYHbIX CYMM CXOAUTCS, @ 3HAYUT, OHa OrpaHMyeHa

CBEpXYy.

Jokazamenbcmeo (0ocmamoyHocme). Tak KaK nocneaoBaTeNbHOCTb YaCTUYHbIX
CYMM MOHOTOHHO BO3pacTaeT W OrpaHMYeHa CBepxy, TO OHa MMeeT npejen,

T.€.COOTBETCTBYHOLMNIN psaj cxoantca (Teopema Benepitpacca ana YNCIO0BbIX

nocneaoBatenbHocTei). Teopema AOKa3aHa.
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Cnep,yeT OTMETUTb, YTO Ha MPAKTUKE 3TOT NPU3HAK TPYAHO NMPUMEHNM, XOTA U

npeacTaBnaeT coboi 601bLION TEOPETUUYECKUIN MHTEPEC.

[anee paccmaTpuBalOTCA HEKOTOpble MNPU3HAKM CXOAUMMOCTU pPAJOB C
NOJIOKUTENIbHBIMU YNeHamMM, YA06Hble ANA NPaKTUYECKOro NPUMeEHeHMUs, KoTopble
ABNAIOTCA TO/NIbKO [0CTAaTOYHbIMMU MPU3HAKaMKU (MHTErpanbHbIA UM pagMKanbHbIN

npusHaknKolum, Nnpru3HaKkKu cpaBHeHMn, NpusHak Janambepa).

1.5. UHTerpanbHblii npu3Hak Komu cxoaumMocTH psija
C MOJIO>KUTE/IbHBIMM YJI€eHaMHU

(e 0]
Teopema 3 (unmezpanvustii npusnax Kowu). 11yctb nas psia Zan , YIICHBI
n=1

KOTOPOT'O yIOBJIETBOPSIOT TPEM YCIOBHSIM:
a) a4, >0, N21, 1.e. ucxonpIit pAa ¢ MONOKUTETBHBIMY HYJICHAMHY;
6) uneHbl psiia MOHOTOHHO yOBIBAIOT, T.€. &1 >ap >...>a,4 >d, >...>0;

B) O6ILIHIi WieH psaa crpemutcs K mymo: 1M a, =0,
N—o0

[TycTh cymiecTByeT HeNpephIBHAS, MOHOTOHHO YOBIBArOIIasi, onpeaea¢HHas npu X >1

dynkuus f(x), Takas uro f (1)= a, f (2)= ay, ...; f (n): a,, ..., T.C.

0 o0 +00

Zan = Z f(n). Torna,ecnn HecoOCTBEHHBIH HHTErPaT I f(x)dx cxomuTes, TO pa
n=1 n=1 1

0
Zan TOXE CXOIUTCS; €CJIM YKa3aHHBII UHTErpajl paCXOAUTCs, TO 3TOT PsiL
n=1

PacXoIuTCs.
[Jlokazamesnbcmeo. N3 ycnosuii Teopembl | (n)= a, >0 cnegyer f (X)> 0 npu x >1.
PaccmoTpym KpMBOAIMHENHYIO TPaneLuto, OrpaHUYeHHY IMHUAMK y = f(x), X=1,

X = N +1u ocbio Ox(puc.1). Pazobbém otpesok [1;N+1]

toukammn X=K (k=12,..n+1) PAacCMOTPUM N KPUBOJIMHEMHbIX TpaneLuui.
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ALY

Puc. 1. Nnowanb KPUBOAMHENHON Tpaneymu

N3 reomeTpmnyeCcKoro cMmbicaa MHTerpana nNaoLwaab KpMBOAMHENHOMN
n+1
Tpaneuun S, = _[ f(x)dx. 3ameHUM 3Ty NAoWwaab CYMMOMW Naowaaen n

1

npaAmMmoyrosibHMKoB ¢ eaMHMYHbIMUN OCHOBAHUNAMMU:

S'=f()+ f(2)+..+f(n), S"=f(2)+ f(3)+...+ f(n+1),

n+1 n+1 n+1
npuuém S’ = Zf(k) zak_ Sy,as"= Zf(k)—Zak—Zak a1 =Sp41 .
k=1 k=1 = k=1

M3 rpaduka (puc. 1) cnepyet: S"<S;, <S', 1e.

n+1

S, > jf Jdx > Sy, —a, Vn=1,2,....

PaccmoTpum gBa cayyas.
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+00

1) NycTb Jf dx CXO4MUTCA, T.e. UMEET KOHEeYHbIM npeaen

n+1 n+1

lim jf x)dx = jf(x)dx A. Taxxaxjf XSTf(x)dx:A,To
1

nN—o0

(Spai—a)< [f(X)dx=A n Sy <[f(x)dx+a =A+a.
1 1

MTaK, YaCTUYHbIE CyMMbI psifa orpaHuyeHbl Vn eN, Toraa no teopeme 2

(HEO6XOAMMbII‘;I n ,D,OCTaTO‘-IHbIIz NPU3HaK CXOOUMOCTU pALda C MONNOXKNTE/IbHBIMU

yneHamu) pag, Za CXOANTCSA, 3HAUUT, cyLecTByeT |lm Sn+1 =S<w,

n=1
+00 n+l
2) MycTb UHTerpan Jf(x)dx pacxoauTcs, T.e. jf(x)dx HeorpaHMYeHHO BO3pacTaeT
1 1
n+1

npu N — oo, Torga U3 HepaBeHcTBa Sy > jf(x)dx cnepyet, uYto
1

nocsefoBaTeIbHOCTb {Sn} HeorpaHWM4YeHHO BO3pacTaeT: O, —> ©, T.e. pAj

pacxoauTca. Teopema gOKasaHa.

3ameuaHue 1. Teopema OCTaéTcA BEPHOWN U TOraa, Koraa eé ycnoBus BbINONHAKOTCS

He A8 BCeX YNeHOB pAAa, a IMWb HavMHasda ¢ k-ro (n >k ), B Takom cnydae

+0
paccmaTpuBaeTca MHTerpan If(x)dx
k

3ameyaHue 2. IHTerpanbHbin npusHak Kowu cyuwectBeHHO obaeryaer
nccnefoBaHMe CXOAMMOCTU PAAA, TaK KaK NO3BONAET CBECTM 3TOT BONPOC K
BbIACHEHMIO CXOAMMOCTU MHTErpasa oT yAa4yHo noaobpaHHON COOTBETCTBYIOLLEN

GYHKUMK f (X), YTO NIETKO BbINOIHAETCA, NPUMEHAA METOAbl MHTErPaAZIbHOTO

ncyncneHuma.
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Jlexius 2. IIpu3Haku CXOJUMOCTH PSIIOB C MOJIOKUTEIbHBIMU YICHAMMU:

MIPU3HAKU CpaBHEHHUs, pu3HaK Jlanambepa, paaukanbHblil npusHak Komm

2.1. Papasl Iupuxiie U UX CXOAUMOCTb, TApMOHUYECKUH PsIA

- 1
Onpeoenenue 1. YucnoBoi psij BUa Z — HasblBaeTCs psoom Hupuxie c
n=1 N
= 1
nokasateneM p, P €R. 3amerum, uTo pu p =1 NoIyYaeM psg z e KOTOPBIN
n=1

Ha3bIBACTCA cAPMOHUUECKUM.

1

[0.0]
lMpumep 1. Uccneposatb pag dupuxne Z 3 Ha CXOAMMOCTb B 3aBUCUMOCTU OT p.
n=1 N

1

o)
PeweHue. 1) B cnyyae, ecnn p <0, YneHbl paga Z 3 06pasytoT HeybbiBatOLWYO
n=1 N

nocnenoBaTte/sIbHOCTb, @ CaM pPAAd PacxoanuTca no HEO6XO,D,VIN\OMY NPU3HaAKy

cxogumocTy ( lim a, #0)-

Nn—oo
2) B cnyyae p >0 Ana nccnefoBaHUA CXOAMMOCTU PASA UCMONb3yeM

o . 1
WHTerpanbHbIX NpusHak Kowwn. Beegém dyHkumio f(Xx) = — X >1, KoTopaAn
X

y0BNETBOPAET BCem ycnosmam Teopembl Kowu (Teopema 3, nekuma 1, pasa. 1.5):

npu p > 0O0Ha HenpepbiBHA, NONOXKXNTE/IbHAa U MOHOTOHHO y6bIBaeT,

1 N T1
f(n)= — =8, N >1. Bbluncnmm HecobCTBEHHbIN UHTErpan _[—pdx B ABYXC/y4anx
n 1 X

a) 0<p<1,6) p>1, T.e.Korga p =1:

n
—p+l . [n7PL ntPo1

0 n
jx‘pdx= lim jx‘pdx= lim 2 — = I=1
1 N0} n—>oo—p+11 nsol —p+1 1-p) nooll-p p-1
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—Ecam 0<p<1,1—p>0,T0 nl_p—>oo npu N — o0, T0raa

) 1-p

_ . n 1 o
J'x Pdx = lim | ——+—— |=o , cnefoBaTeNbHO, HECOBCTBEHHbIN MHTErPan
1 noo|ll-p p-1

PacxoAnTCA U PAacXoANTCS UCXOAHbIN pAa.

—Ecnm p>1,1—-p<0, TO nt P50 npu N — 00, Toraa

T “p i 1 1 1 o
jx dx = lim + = <00, cnepoBaTesibHO, HECOHBCTBEHHbIN

1 n—oo np_l(l— p) p-1 p-1

MHTErpaa cXxoguTca n cxoamTtca I/ICXOAHbII7I pAaAa.

1

0
3) B cnyyae p =1 MMeem rapmMoHUYeCKUi pag, z H' ANA KOTOPOro
n=1

TaKXe MNPpUMEeHUM I/IHTeI'pafIbelﬁ npu3HaK Kowu, T.e. paCCMOTPUM UHTErpan

Tdx . fdx ny . :
== lim [= = lim In|x”1 = lim(Inn—In1)= lim Inn =0, cnegoBaTenbHO,

1 X n—>oo1 X n—oo n—oo N—o0

HecobCTBEHHbIN MHTErpan PpacxoAmMTCs, a 3HAYMUT, FAPMOHUYECKUIA pagpacxoanTcs.

— 1
Bbigo0: pag Aupuxne Z o CXOAUTCA, ecn p>1, U pacxoanTcs, ecnm p<1.
n=1 N

2.2. [Ipu3HaKy CpPaBHEHUA PAAOB C MI0JIOKUTE/IbHBIMHU YIeHAMH
PaccmoTpum HeKOoTopble NPU3HAKK, YCTaHABIMBAOLWME CXOAUMOCTb UK
PacxoAMMOCTb PAAOB C NONOXKUTENbHBIMU Y1eHaMU NYTEM CPaBHEHMA UX CPALAMM,

CXOAMMOCTb NN PACXOANMOCTb KOTOPbIX U3BECTHA.

Teopema 1 (| npusznak cpagnenus paooe ¢ nonoxcumeabHoimu yienHamu). I1ycto

[0.0] 0 0]
JTaHbI 2 psaaa ¢ IOJIOXKUTEIbHBIMHA YICHAMU Zan u an .
n=1 n=1

Ecnn, naunnas ¢ Hekotoporo Homepa N, ajig Bcex N> N BBINOIHIETCS HEPABEHCTBO

a, <b,, toraa
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o0 o0
1) u3 cxoguMocTH psa an CIIEAYET CXOQUMOCTH psAga Zan ,
n=1 n=1

o0 o0
2) U3 pacXoJUMOCTH psiia Zan CJIeIyeT PacXoJUMOCTb Psiia an :

n=1 n=1
Jlokazamenbcmeo. Ha ocHOBaHWM TOTO, 4TO OTOpacbiBaHNME KOHEYHOrO YMCNA

yneHos (cBoictBo 1, nekyma 1, pasg. 1.3) He BAMAET Ha CXOANUMOCTb UK

pacxoanmMmocCTb pAada, MOXKHO CHUTATb, HE HapyLlaA O6IJ.I,HOCTM, YyTO ycnosume an < bn

o0
BbINOMIHEHO AnA Beex N >1. Myctb A, - yacTnuHas cymma paga Zak ,a B, -
k=1

o)
YyacTMYHaA cymma paja Zbk . Mo ycnosuto
k=1

A =a;+a,+...+a,<b +b, +...+b, =B,.

o0
1) Ecan pspg, an CX04MTCA, TO NOCN1eA0BaATENIbHOCTb {Bn} OorpaHun4yeHa
n=1

CBEpXY, a 3HAa4YUT, OrpaHMYeHa CBepXy 1 NocaeaoBaTeNbHOCTb {An }
CnepoBaTenbHo, no Teopeme 2 (nekuyms 1, pasa. 1.4) o HeobxogMmom m
o0
A0CTaTOYHOM YCA0BUM CXOAMMOCTU PAAA C MNONOXKUTENIbHBIMU YNeHaMuU pAL, Zan
n=1

CXOAMTCA, TaK KaK CyLecTBYeT KOHeYHbIN npeaen nocaenoBaTeNbHOCTU {An }

o0

2) Echm pag, Zan pacxoauTca, To NOC/e0BaTeNIbHOCTb {An} He orpaHuUYeHa,
n=1

d 3HA4YUT, He OorpaHn4eHa N nNocnenoBaTe/s1bHOCTb {Bn } Torpga no Teopeme 2

o0
(nekums 1, pasa. 1.4) pag, an pacxoautca. Teopema AoKasaHa.
n=1

= 1 1 1
lMpumep 2. VicchepoBaTb HAa CXOAMMOCTb PAL, —=1l+——=+——==+...
LG
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1
PeweHue. 0603HauUMm —— =Db . CpaBHUM psg, an C raPMOHUNYECKNM PALOM

\/_ n

n n=1

o0 o0 1

Z Z a,.Mpn n>2b, =——>==a,, a Tak Kak rapMOHMNYECKNI paS,
n=1N na1 \/_ n

pacxoAnTcA, TO PacXoAuUTCA U paj, Z \/_

1
Omeem: pap, Z \/— pacxogurcs.

1 11 1 1
=—+—+—+—+
k-2 2 8 24 64

Mpumep 3. UccnenoBaTb Ha CXOAMMOCTb PAL, Z

= a. CpaBHUM AaHHbIN pAag, Z ay ¢ pagom
k=1

N |-

1 1 1 1
e

k ---:
ok 2 48 —;+1

o0
reomeTpudyeckoi nporpeccun Y by =>°
k=l k=1

=1, KOTOpbIN

1
CX0AMUTCA, TaK KaK 3HameHaTenb nporpeccnn (= E ,TO NepBble Y1eHbI PAAA PaBHbI, a

1

npn k=2, dy < bk, 3HauUT, pag Z
k=1

cxoamTca no | NpusHaKy cpaBHeHUA.

1

Omeem: pag, Z o cxoauTcs.

k=1

Teopema 2 (npeoenvHulii NPUHAK CPABHEHUA PAOOE C ROIOMHCUMETTbHBLMU YICHAMU).

(0.0 0.0)
,HaHbI 2 psaa ¢ IOJIOXKUTEIbHBIMHA YJICHAMU Zan u an U IIYCTh CYILIECTBYECT
n=1 n=1
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. a
lim 2 =C, C#0, C#00, TOTJa 3T JBa psiJia TM00 CXOASITCS, TUOO PACXOIATCS
nN—o0 n

OJTHOBPEMEHHO.

Jokazamenbcmeo. Tak Kak no ycnosuto dp > 0, bn >0, Vvn=1,23,... uc = lim 2—”,
N—o0 n

TO cornacHo ceowctey npegena C >0. Mo ycnosuio C# O, 3HauuTt, C>0.MNo

onpeaeneHuto npegena ana scex £ >0 cywectayeT okpecTHocTb (C —¢g, C+¢g)

ToukM C Takan, yto C—e>0 U cywecTByeT Takoe HaTypasbHoe yncno N,

a
3aBucAllee OT £, YTo AnAa Bcex N> N BbINosHAETCA HepaBeHCTBO C —e< N <C+eg ’
n

wmm (C—e)b, <a, <(C+e)by.

o0 o0
Ecam pag Y, by cxogutes, To cxoputea v pag Y, by (C+é) (csoiictso 2,
n=N+1 n=N+1

nekuma 1, pasa. 1.3), oTkyaa no | npusHaKy cpaBHEHUs pagoB caeayeTt CXoAMMOCTb

0]
paga Y. @y, Tak kak@y <(C+e)by.
n=N+1

o0 o0
Ecnv e pag D, b, pacxogures, To pacxoautea mpag Y, by (C—¢), aTak
n=N+1 n=N+1

0
KaK(C —S)bn <4d;, To no | Nnpn3HaKy cpaBHeHMA PAAOB pPAL, Z dn TaKxe
n=N+1

pacxoautcs. Teopema AoKasaHa.

. a o
3ameyaHue. Ecan [im =2 =C, C =0 nam C =00, TO NpesenbHbIN NPU3HAK He

N—o0 n

NpPMMeHUM (Teopema 2 B 3TUX C/ly4asax He BepHa).

o0
1
lNpumep 4. iccnepoBaTb Ha CXOAMMOCTb pAL, Z — -
=1 N°+3n
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1
PeweHue. O603Haunm ——— =a,,. PaccmoTtpum pag, Zb Z — .TaK KaK
n%+3n

2

. a . n
lim = = lim ———=1= 0 u #, T0 3TV ABa pajga O4HOBPEMEHHO CXOAATCA,
N—00 bn n—wo nN° +3n

o0
1
nnun pacxogatca (teopema 2). MocKoNbKy Z — —paa Avpuxnec p=2>1
n=1 N

1

cxoaunTca, cnegoBsaTesibHO, I/ICXOLI,HbIM pPAaa Z 2—3 TOXe CXoaunTcA.

1
Omeem: pap, Zz—cxo,ﬂ,mca.

= N°+3n

1

lpumep 5. VicchepoBaTb Ha CXOAMMOCTb pPAL, Z In .

1
PeweHue. 0603Ha4YMMm o =4a,,. PaccmoTpum rapmoHunyeckuii pag Zb z o
nn n=1 n=1

. 1 1
KoTopbll pacxoauTtca. Tak Kaka,, = o >—=Db,(n>In vn=2), Tono Teopeme 1
nn n

pag Z —— pacxoguTca.
o nn

Omeem: papg Z —— pacxoguTca.
= Inn
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2.3. IIpu3Hak Jaj1amMm6epa CXO0AMMOCTH PSAOB C OJI0KUTE/IbHbIMUA
4jIleHaMH

Teopema 3 (npusnax /Janamoepa). Ilyctb naH psi ¢ MOJOKUTEITBHBIMU YICHAMU

o0
. _a
Y a, (@, >0), u cymecrsyer koneunsit npegen lim SN+l — |

n=1 n—o ap

, TOra.

e8]
1) psn Zan cxoaures, eciu | <1,
n=1

2) pan Zan pacxonures, ecnu | >1,

n=1
3) ecnu | =1, To 715 BBISICHEHUSI CXOJMMOCTH psijia npu3Hak J(anambepa He
PUMEHUM.

a
,ﬂOKG3(Jm6ﬂbcm60 1) |_|YCTb npeagen lim 2= = | cywectsyeTt U 0<I<1.
n—oo an

PaccmoTpum 4mncnio g Takoe, 4To | < g<1. N3 onpepeneHna npepena cnepyet, 4to

Ve=q—1>0 cylectByeT N(c) eN, HauMHaAA C KOTOPOro vn= N = N(g)

—li<qg-1,

BbIMOJIHAETCA HEPABEHCTBO

n

I—q< —l<qg-1, 21— q< 1 < q. Takum obpasom, vn>N Znit 1+l o q, T
n an an

a'n-l-l < q ’ an . EepeM n= NI N+1r N+2I"'I Torda aN-I-l < q ’ a‘N ’ aN+2 < an+l < anN ’
3 k
an <O-anip<Qay,..,anik <gay.

o0
3anuwem vcxogHbi pag &y (@, >0) & suge:
n=1

Zan =a;+ay +...+ay +tay, Fayo +.... PaccmoTpym HOBbLINM pAaS
n=1

k 2 "
Za,\, Q" =ay +Qqay +(q ay +.... 3TOT pAL eCcTb pag reomeTpuUYecKkoun nporpeccum
k=0
o bl =dyN M 0< (<1, KOTOPbIA CXOANUTCA, @ 3HAYMT, CXOAUTCA PAL,

ZaN+k =ay +ay, taAN2 T, TAKKAK Ay Ly < qkaN (k=1, 2, 3,...) Ha ocHOBaHWM
k=0
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e 0] o0
Teopembl 1. Papg ZaN+k NoJIy4eH U3 UCXOAHOr0 Zan oTbpacbiBaHNEM
k=0 n=1

(e 0]
KOHEeYHOro uncna uneHos dq,dy,...,dy_1, TOr4a pas Zan cxoanTca (cBoncTBO 1,
n=1

o8]
nekyma 1, pasa. 1.3). Takum obpa3om, UCXOAHbIN pas, Zan CcXo4AmuTCA, ecnun

n=1
@i
lim ——==I, I<1.llepBasa yacTb TeOpemMbl AOKa3aHa.
n—oo ap
. a
2) Nyctb lim —=2*L =] > 1. PaccmoTpuMm YnCNO g TaKoe, YTo | >q>1. e=l—-q>0, U3
n—oo an
a d a
onpegeneHva npegena cnegyet: —g < -t | <¢ | —8<2—+1< l+¢, 20+l 5 g > 1.
an n an

Takum o6pasom, dn.1 >y >0 v npu N — 00 06wwit uneH paga d, He cTpemuTCA K

o0
0, T.e. pAaa Zan pacxoaAnTCA, TaK KaK He BbIMOJ/IHAETCA HeO6XO,EI,VIMOE ycnhosue
n=1

CX0AMMOCTM pada (Teopema 1, nekuma 1, pasa. 1.3). Bropan yactb Teopembl

AOKa3aHa.

. a
3) Ecam | =1, lim 2"+l paBeH eguMHULE UM HE CYLLLECTBYET, B 3TOM
n—oo an

C/lydae A5 BbIACHEHMA CXOAMMOCTU psaaa NpusHak Janambepa He NpUMMEHUM.

0
n
lMpumep 6. iccnenoBaTb Ha CXOAMMOCTb PAL, Z -
n=1

n o n+1
PeweHue. O603Ha4YMM — = a a, > 0; Haiigém &y, = 7 - CoctaBum npeaen
2

2n
. a . (n+1-2" 1 n+1 1
| = lim =L = [im Q:— lim ——==<1, 1.e. no npusHaky Janambepa pag,
o 8, noo 2M.2.n 2n—o N 2
CXoaMTCA.

294



— N
Omeem: papg Z —, cxoamTea.

n=1
= N
lMpumep 7. iccnenoBaTb Ha CXOAMMOCTb pAL, Z -
n=1
(n+21)!

] [V .
PeweHue. O603HaUYUM %:an,an >0; HAWAEm a . Coctasum npegen

n+l —
5n+1

1.5" I. .5"
= Jim 3L _ fim (n+1L5" im ™ (n+1)-5 _im n+1

. = =w>1,
no 8, n-oo 5.l n»o §h.5.nl N—>o0

T.e. No Npu3Haky Janambepa psag pacxogurcsa.

=, n!
Omeem: pAag, Z 5—n pacxoauTca.

n=1

2.4. PaguKaJibHbIN Npu3HakK Koy cxoAMMOCTH psi0B
C M0JIO’KUTEJIbHBIMH 4JIeHAMH

Teopema 4 (paoukanvuwtii npuznax Kowu). Ilycts naH psij ¢ HOJIOKUTEIbHBIMUA

o0
YIeHaAMU Zan, a, >0 u mycts cymectByeT koneunslii npeaen lim §/a, =1. Torxa:
n=1 n—o0

1) ecnu | <1, psia cxonures,
2) ecnu | >1, pan pacxoaures,
3) ecnu | =1, To Al BBISICHEHHS CXOJUMOCTH psiJla paJuKalibHbli npu3Hak Ko

HC IIPUMCHHUM.

Jokaszamenscmeo. 1) NMyctb cywectsyet lim Na, =1<1; tak kak 8, >0, 10 1 > 0.
nN—oo

PaccmoTpum 4ncno g Takoe, UTo | < q<1. M3 onpeaeneHuna npegena cneayet, 4to

Ve=q—1>0 CyLecTByeT N = N(ec) e N, HauMHas ¢ KoToporo Vn >N BbINoO/HAETCA

HepaBeHCTBO ‘Q/a—l‘<q—|,l—q<r\‘/a7—l<q—l, Q/aT,<q, a,<q" vn>N,

Pacnuwem ncxoaHbIn pag,
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o0
DA, =a; +ay +...+ay +ay,g Fang Foo (1)
n=1

CocTtaBMM HOBbIN pAL

o0
N +k N N+1 N+2
g =" +q T Hg L (2)
k=0
Pagn (2) npeacrasnaet coboit pas reoMmeTpuyecKomn nporpeccum
co3HameHaTenem (: 0< <1, T.e. 3TOT pPAL CXOAMUTCSA, a 3HauuT, pas (1) cxogutes

no | Npu3HaKy cpaBHeHMA pAaoB (Teopema 1 gaHHOM Nekuum).
2) Nyctb cywectsyet lim R/a, =1>1. HaunHaa c HekoToporo N=N(g)eN VN>N,
n—o0

Na, >1 = a,>1,Te. lim a, # 0, Toraa McxoaHbIN pAA pacxoauTca no
N—o0

HeobxoaMMoMy NPU3HAKY cxoanmocTu (Teopema 1, nekuyma 1, pasa. 1.3).

3) Ecam lim Y/a,, =1 =1(unun He cywiecTByeT), TO ANA BbIACHEHMA CXOAMMOCTH PAAA
Nn—o0

paauKanbHbI Npu3Hak Kowmn He npumeHnm. Teopema AoKasaHa.

0 n
n
lMpumep 8. iccnepoBaTb Ha CXOAMMOCTb pAL, Z ( j
i \2n+1

n
2n+1

n
PeweHue. O6o3Ha4Ynm ( j =a,, a,>0.CocraBum npegen:

NV 1
| = lim Ya, =lim =—<1, 1.e. no pagunkanbHomy npusHaky Kowwm pag cxoautes.
N—o n-»2n+l1 2

Omeem: papg i (Ljn cxoamTca
i \2n+1
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Nekuuna 3. 3HaKouepeayowmecsa pagbl. A6CoNoTHAA U yCNOBHaA

CXO04MMOCTb 3HaKonepemeHHbIX paaos

3.1. 3HaKouepeayowmecsa paabl. MpusHak JlenbHuua

o0
o -1
Onpeodenenue 1. Yucnosou psia Z ()" a,=ag—a,+ag—as +...,
n=1

rne ay >0, HaseiBaeTcs snakouepedyiowumcapaoom.
JIJIsl yCTaHOBJICHHSI CXOAMMOCTH TaKHX PSAIOB CYIICCTBYET JTOCTATOYHBIH

IMPU3HAK CXOOAUMOCTH, Ha3bIBACMBbIN IMPU3HAKOM Heﬁ6HHHa.

0

Teopema 1 (npusnax Jleionuya). I1yctb 4nCiIOBOM psij Z“n YAOBJIETBOPSIET
n=1

YCIIOBHAM:

1) u, =" —1l.a a,, >0, T.€. 9TOT Psi/l 3HAKOYCPCAYIOIIHIICS;

n )
2) YICHBI OTOT'O psAda MOHOTOHHO Y6BIBaI-OT 110 a0COJIIOTHOM BEIMYHUHE:

‘U1‘>‘U2‘>‘U3‘>... T.C. an >an_|_1, n:1,2,...;

3) oOmwmii wieH psna a  CTPEMHTCS K 0, t.e. lima,=0.
N—o0

0
Torna psin Zun CXOJMTCA M €ro cymMmMa o < d .
n=1

Jokazamenscmeo. 1) CHayana paccCMOTPUM YaCTUYHYIO CYMMY YETHOTO NopsaKa
Sp=Syy =g —a,+az3—ay +...+ay;_1 — Aoy M 3anuem eé B BUAE:

Som =(ag —ay)+(az—a,) +...+ (ayp_1 — 89y ) . B cny ycnosus 2) Teopemsi 1 Bee
BblpaXKeHMA B CKOOKAX NONOKUTENbHbI, TOF4a Cymma SZm >0 u nocnegosatenbHocTb

{Som | MoHoTOHHO BospactaeT: 0< Sy < S, <Sg <...<Sop < ...

Tenepb 3anuwem 3Ty CyMMYy MHaYe:

Som =8 —(83-83)— (8, —85) —....— (g —8m_1) — Az
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B nocneaHem BbIparKeHUU Kax40€e U3 BbIPAKEHUIN B CKOBKAX NONOKUTENBHO,
noatomy Sy, <8y, U3 Yero cnesyert, 4TO NOCNe0BaTENbHOCT {Sn }= {SZm}
ABNIAETCA ONPAHUYEHHOM, M TaK KaK OHa MOHOTOHHO BO3PACTaeT, TO OHA CXOAUTCA.

IOpyrumn cnosamu cywecteyer M S, = lim S,, =S, npuuem S<a;.
N—o0 M—o0

2) PaccmoTpMM YaCcTUYHYO CYMMY HEYETHOTO NopsaaKa

Sy =Somit = Som +@gm1, KOTOPaAA NONOKUTENBHA. MOXHO NOKa3aTb, UTO
nocnenoBaTesIbHOCTb {82m+1} MOHOTOHHO BO3pPacCTaeT, Tak KaK MOHOTOHHO
BO3pacTaeT nocae0BaTeNbHOCTb {ng} n Qyme1 > 0. 3anuwem sbipaxkeHue ans
{Soms1 ) 8 Buae: Syny1 =81 — (8 —83) —....— (Bgy — Byp1) , Tak KaK Bee BbIpaKeHUs

B CKOBKax NONOXUTeJibHbI, TO 82m+1 < a]_. Mo yCnosuto 3) TeOopEMbI 1 I|m an = 0,
N—o0

Torpa lim Aoyl = 0, OTKyAa
m—oo
lim Sy, = M (S, +890.4) = M S, + 1M 8,4 =S.
m—>c0 M-—00 M—>c0 M—o0
NTak, npun Bcex N(YETHbIX MU HEYETHBIX), lim Sn =S< di, cnegoBaTenbHO,

N—oo

NCXOAHbIN pag, cxoauTcs. Teopema AoKasaHa.

3ameyaHuel. NpusHak JIeMbHMLA MOXKHO TaKKe NPUMEHATb K pAagam, ANAKOTOPbIX
YyC/10BMA TeopeMbl BbINONHAOTCA ¢ HeKoToporo Homepa N N.
3ameuaHue2. Ycnosue 2) Teopembl 1(npusHak J/1ebHMUA@) 0 MOHOTOHHOCTM Y1EHOB

pAda CyLWEeCTBEHHO.

® (-p"t 1.1 1
Mpumep 1. Uccneposatb Ha CXOAMMOCTb pag, > ~—~ :1_§+§_Z+,_,.
n

n=1

=U,. K gaHHOMY pAagy npumeHUm npmsHak JlenbHuua.

n-1
PeweHue. O603HaUYMM &
n

MpoBepuMm BbINOJSIHEHWE YCIO0BUIA Teopembl 1: ycnosue 1) psg 3Hakodepeayowmincs
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1 _
an :H’ U, =(—1)n 1'an, a, >0; ycnosue 2) BbINOAHEHO: 1>%>§>%>...;

.1 .
ycnosume 3) TAKXe BbINMO/THEHO: im == 0. Cﬂeﬂ,OBaTeﬂbHO, no NPU3HAaKy fleVI6HMLI,a
n—oo N

AaHHbIN pag, cXoAnTCa, Npuyem ero cymma O <y =1,

00 1 n-1
Omsem: pAag 2 ( ) cxoauTcAa.

3.2. 3HaKonepemeHHble paabl. AGCONIOTHAA U YCI0BHAA CXOAUMOCTb.

ﬂ,OCTaTO‘-IHbIﬁ NPU3HAK CXOA4UMMOCTU 3HAKOoMNepemMeHHbIX pAaaos

Yncnoson pag, Zun , YJIEHbI KOTOPOrO MMEIT NPON3BO/IbHBIE 3HAKK (+), (-),
n=1

Ha3blBaeTCA 3HAKONnepemeHHbIM pﬂdom. PaccmoTpeHHble Bbilwe
3HaKo4epegyrumeca paabl ABNAKOTCA HaCTHbIM Ciyd4aem 3HaKOoNnepemMeHHOro paaa,

MOHATHO, YTOHE BCAKMUIM 3HAaKOMEpPEMEHHbIM paa ABNAETCA 3HaKoUYepeayoLWMMCS.

1 1 1 1 1 1 .
Hanpumep, pag 1-——=+—+=-—=——= ... — 3HAKOMNEepPEeMEHHbIN, HO He

234567

ABNAIOLWMIACA 3HaKoYepeayoLWUMCA PAAOM.

OTMeTUM, YTO B 3HAKONEPEMEHHOM PAZE YNEHOB KaK CO 3HAaKOM (+), TaK U co
3HaKoM (—) 6eckoHe4yHo MHoro. Eciv 3To He BbINONHAETCA, HAaNpPUMeEp, PAL COAEPHKUT
KOHEYHOE YMCN0 OTPULATE/bHBIX YIEHOB, TO UX MOXHO OTOPOCUTbL M paccMaTpUBaTb

pAaa, COCTABJ/IEHHbIN TO/ILKO M3 MONIOXKUTE/IbHbIX YysieHoB, 1 HaO60pOT.
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o0
Onpeodenenue 1. Ecniy 4uCI0BOU psijl Zun CXOJIUTCA U €r0 CyMMa paBHa S,
n=1

a YaCTHYHas cyMMa paBHa Sp, To I, =S — S|, HaseBaercs ocmamxom psaoa, npuusm

lim r, = lim (S-S,)=S—-S=0, r.e. ocrarok cxomsmerocs psna crpemutcs K 0.
N—0 N—0

PaccMOTpuM CXOIAIIMICS 3HAKOYEPEAYIOIIUICS Psil KaK YaCTHBIM CIIy4dan
3HAKOIIEPEMEHHOI0 Pl

o0 0 0

_ 1 n-1 O _ _

Zun = Z(— ) -, , rae dy > V. 3anumiem ero B Buae S= Z U, = Sn +1,, Torma

=1 n=1 n=1
no npu3Haky Jleiiouua ‘I’n‘ = ‘S - Sn‘ <an,g;TakkakS, > S, 10 I, > 0, Tee.
OCTaTOK cXodIerocs psajaa crpemurcs k 0.

JUJis 3HaKONIEPEMEHHBIX PSII0B BBOASITCS MOHATHS a0COJIFOTHOM U yCIIOBHOM

CXOJTUMOCTH.

(0.0
Onpeoenenue 2. Psan Zun HA3BIBACTCS CXOOAUUMCS ADCONIOMHO, €CIU CXOIUTCS
n=1

o0
psAa, COCTAaBJICHHBIN U3 a0COJFOTHBIX BEJIMYUH €TI0 YICHOB Z‘Un‘.
n=1

o0 0
Onpeodenenue 3. Ecnu 4icioBoi psn Zun CXOJIUTCS, a PsIf Z‘Un , COCTaBJICHHBIN

n=1 n=1
U3 A0COJIFOTHBIX BEJIUYHH €TI0 YJICHOB, PaCXOIUTCs, TO UCXOOHBIN psa Ha3bIBACTCA

yenosro (Heabcontommuo) cxo0aumumcs.

Teopema 2 (0ocmamounblil PUHAK CXOOUMOCHIU 3HAKONEPEMEHHBIX PAO0E).

(e 0]
3HaKONEepEMEHHbIN PsJl Zun CXOJUTCS, NpUUEM aOCOJIIOTHO, €CIIU CXOIUTCS P,
n=1

0

COCTaBJICHHBIN U3 aOCOJIOTHBIX BEJIMYUH €T0 YICHOB Z‘Un‘ .
n=1
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0]
Jlokazamenbcmeo. O603HaYMM yepes Sn YACTUYHYIO CYMMY pAda Zun :
n=1

0
Sp, =U; +Ujy +Ug +...+ Uy, d Yepe3 Op — YaCTUYHYI0 CYMMY pAaaa Z‘Un‘:
n=1
On :\ul\+\u2\+\u3\+...+\un\. O603Haunm yepes Sr'] CYMMY BCEX MONOXKNUTENbHbIX

"
Y/1€EHOB, a Yepe3 Sn Cymmy abCoNOTHbIX BENUYUH BCEX oTpnuaTeZiIbHbIX YHNEHOB,

BXOAAWMX B 5. OueBnaHo, uto Sy =5, =Sy, 6, =5, +5;.

0
Mo YCNOBUIKO TEOPEMDI pPAL Z‘un‘ cXoAamTCA, TorAa CywecTtsyeT |im o, =c, N TAK KakK
n=1 n—o0
_ S’ S”
nocnenoBaTeNnbHOCTb Op =9 + n — MOHOTOHHO BO3pacTaoWwan n
! "
HeoTpuLaTenbHas, To 0y <0. OyeBUAHO, YTo O <6, Sy <0G, Toraa
! "
nocnenoBatTe/sibHOCTU {Sn} Z {Sn } ABNAKOTCA MOHOTOHHO BO3pacCTalolMMmmn 1

M ! ! M 4 4
OrpaHMYEeHHbIMM, MPUYEM WX Npeaenbl pasHbl M Sp=5"wn lim Sy =S". Torpa
N—0 N—o0

lim Sn = lim (Sr'1 —Sr';) = lim Sr'] — lim Sr,{ =5'-§"=8S, 3HAYUT, UCXOAHbIN
N—>o0 N—>o n—o0 n—>o
o0
3HaKonepeMeHHbIN paj, Zun cxoamuTcs U cxoaumTtca abcontotTHo. Teopema
n=1

[lOKa3aHa.

3ameyaHue. Teopema 2 Aa€T TONbKO AOCTaTOYHOE YC/N0BME CXOAMMOCTH

3HaKonepemeHHbIX paaoB. ObpaTHasa Teopema HeBEpHa, T.e. ecu

e8]
3HaKonepemMeHHbIN psaj, Zun CXOAMTCA, TO He 06A3aTeNbHO, YTO CXOAUTCA pAa,
n=1

0
COCTaB/IEHHbIN U3 Mmoayne Z\un\ (oH MOoXKeT bbITb KaK CXOAALWMMCA, TaK U

n=1
1 0 (_1)n—1
paCXOp,ﬂLLI,MMCFI). HaI'IpMMGp, pag 1_5+§—Z+ = Z— cxoauTca no
n=1
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npu3Haky JleitbHuua (cm. npumep 1 gaHHOM NeKuumn), a paa, COCTaB/EHHbIN 13

|
abCoNOTHbBIX BEZIMYUH €r0 YNEHOB, z — (rapmoHWYeCcKui paa) pacxoauTcs.
n=1
[e'9) n n
-9
I'Ipumep 2. Mccnep,OBaTb Ha YCNOBHYIO A a6c0m0THyro CXOOMMOCTb pﬂ,u,z—'.
n!
n=1

PeweHue. ,ﬂ,aHHblﬁ pAa ABNAETCA 3HAaKONEPEMEHHDbIM, O6U.I,Mﬁ Y/1€H KOTOpPOTo

0 gh

—pnh.gn o0
% =U, . CoctaBum pag 13 abCoONOTHbIX BENUYNH Z\un\ = F "
n! -

0603Haumm:

o 8ni
npMMeHUMm K Hemy npusHak anambepa. Coctasum npegen lim =, rae ap =—,

n—wo ap n!
9n+1
a,,; = ——— lNpoBeasa npeobpasosaHua, Nnosyyaem
(n+D!
1 n
. a .9 . 9".9.nl .9
lim 2L — |im —= lim ——= lim ——=0. Takum o6pasom, pag,
n—oo dp n—oo (n +1) 19 n—o0 n!.(n _|_]_) .9 n—wo N+1
o0 0 9n
Z\un\ = 2.~ CXOAMTCA, a 3HauuT, NCXOAHbIM 3HAKONEPEMEHHbIN pAd CXOANTCA
n=1 n=1 n:
abconoTHO.
0 _1 n .gn
Omeem: pap, Z% abcontoTHO cxoaUTCA.
n
n=1

00 (_1)n . /n
Mpumep 3. UccnepoBaTb Ha aBCONOTHYIO M YCNOBHYHO CXOAMMOCTb pﬂﬂzﬁ .
+
n=1

PeweHue. A) Uccneayem psg Ha abcontoTHyto cxoanmocTb. O603Haunm

)" -vn

L =Up ¥ COCTaBUM pAf, U3 abCONIOTHBIX BEINYMH A, = |un| =,
n+

Jn

o0 o0
|_|O!'Iy'«IaEM pAaa Z‘Un‘ = Z —l C MONNOXUNTENbHbIMWN YN1eHaMU, K KOTOPOMY
_|_
n=1 n=1

NPUMeHsieM npeaesbHbIN NPU3HAK CPaBHEHMA pPALOB (TeopemMa 2, ekuma 2, pasa.
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0 0

2.2). Ana cpaBHEHMA C paaoOM Zan Z —— PacCMOTPUM pAag, KOTOpbI nmeet
n=1 n=1

o0 o0
1
na z bn = Z ﬁ . ITOT pAfd ABnaeTca pagom [vpuxne c nokasatesem P = E <1,
=l =

T.€. OH pacxXxoguTcAa. CoctaBm un Bbl‘-IVICJ'IVIMCerLI,yIOIJ.I,Ml\;I npeagen

Jnn L1

. a .
im 21— Jim lim —— =1. TaK KaK npefen cylecTsyeT, He paseH 0 U He
n—o b, n-ow n+l n—w 4

n

0
paBeH oo, To 06a paaa Z a, v Z b, BeayT ceba oanHakoso. Takum obpasom, paj,

n=1 n=1
Z‘ n‘ = Z — pacxop,mca a 3HAYUT, UCXOAHbIN pAA He ABnAeTcA abCcontoTHO
CXO4ALWMMCA.
< (=1)"-n
B) danee uccneayem ncxoaHbin pag, Z— Ha YCNOBHYIO CXOAMMOCTb. [AnA

- n+l

3TOro NPOBEPMM BbINOJIHEHWE YCNOBUI NpU3HaKa JleibHuua (Teopema 1, pasa, 3.1).

Jn

Ycnosue 1): u, =(-1)" -a,, roe a, = 1 >0, T.e. 3TOT psj, 3HaKoYepeayoLLncA.
n+

[na NnpoBepKM ycnoBma 2) 0 MOHOTOHHOM YObIBaHWUM Y/IEHOB PAAA UCNONb3yeM

Jx

cneayowmnin metos,. PaccmoTpum BcnomoraTenbHyto GyHKumio f(X) = 1
X +

onpeaeneHHyto npu X € [0;+0) (byHKUMA TaKkoBa, uTo Npn X=N nmeem

Jn

f(n)= 1 a,, ). Ana uccnenosaHna 3ToM GYHKUMM Ha MOHOTOHHOCTbHANAEM eé

2./X B 1-X

= . 9Ta nponsBoaHan f '(X) < Onpu
(X +1)? 24/ (x +1)2

npoussogHyto: f'(x) =

Jx
X >1. ChepgoBatenbHo, dpyHKumna f(x) = i1 MOHOTOHHO Y6 bIBaeT NPU yYKa3aHHbIX
X +
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n
3HayeHuax x. Monaraa x=n<n+1, nonysaem f(n)= P a,>f(n+)=a,,,
n+

roe N 21,2,3,4, ... 3TO O3HAYaeT, YToycnosme 2) BbINoNHEHO. 1A NpoBEPKMU

. . Jn 1
lim a, = lim 1 lim —1:0
N—o0 n—o N+ n—>oo\/ﬁ+

Jn

ycnosua 3) Haxo4um npefenobLiero uneHa a,:

, T.e. TpeTbe ycnoBume BbINOJIHAETCA. TaKum o6pa30M, ANnA UCXoaHOro pAaga
BbIMOJ/IHEHDbI BCE YC/IO0BUA NPU3HAKa ﬂeVl6HMLLa, T.€. OH CXOA4UTCA.

Omeem: pAaa YCNOBHO CXOoAUTCA.

< (D" -n
Z:‘i n+1

3.3. CBoiicTBa a6CONOTHO U YC/IOBHO CXO4ALLUXCA PALOB

(0.0
Ceoitcmeo 1. Ecnu psin Zun a0COTFOTHO CXOAMUTCS, TO OH a0COJIFOTHO CXOJIUTCS MPU
n=1

M000# MepecTaHOBKE €T0 YICHOB, MPU ATOM CyMMa psifia He 3aBUCHUT OT TOpPSIKa
pacnoJiokeHus WieHoB. Eciu S’ — cyMMa BCeX €ro Mmoja0KUTEIbHbIX YIEHOB, aS" —
(e 0]
CyMMa BCeX a0COJIFOTHBIX BEIMUUH OTPUIIATEIBHBIX YICHOB, TO CyMMa psija Zun
n=1
paBHa S=S'—-S".
o0 o0
Ceoiicmeo 2. Ecnu psn Zun abcomotHO cxoautest © C = const, To psi ZC U,
n=1 n=1
TaK)ke a0COJIFOTHO CXOJUTCHI.
o0 o0
Ceoiicmeo 3. Ecniv psibl Zun u an a0COJIFOTHO CXOJSATCS, TO PSbI

n=1 n=1

o0
D (U £V,) TaKKe aGCOTIOTHO CXOSTCS.
=1
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Cesoitcmeo 4(meopema Pumana). Ecnu psifi yCIIOBHO CXOJUTCS, TO KaKOe ObI MBI HE
B3SUTU YUCJIO A, MOXHO TIEPECTABUTH YWICHBI JAHHOIO PsijJia TaK, YTOOBI €ro cymma
OKa3ajiach B TOUHOCTH paBHOU A4; 00Jjiee TOro, MOKHO TaK

MEPECTABUTH YIEHBI YCIOBHO CXOJAILIErOCs psAsia, YTOOBI MOCIIE 3TOr0 OH

pacxoaHIICs.

Jleknus 4. ®yHKUuOHAJbHbIE psiabl. CTeneHHble psiabl. Popmysia
Teiisiopa
4.1. ®yHKUMOHAJbHbIE PSAAbI: OCHOBHBIC MOHATHS, 00J1aCTh CXOAUMOCTH
Onpeoenenue 1. Pan, 4neHbl KOTOPOTO SBIAAIOTCS (QYHKIUSIMU OJHOMN WU
HECKOJIbKUX HE3aBUCUMBIX MIEPEMEHHBIX, ONPEACIEHHBIMU HA HEKOTOPOM
MHO>KECTBE, Ha3bIBACTCAQDYHKYUOHANHBIM PAOOM.
0
PaccMOTpuM ()YHKIMOHATEHBIA PsJL Zun (X) = Uy (X) + Uy (X) +ug(X) +...,
n=1

YJIEHbI KOTOPOTO SBJISIOTCS (PYHKIIUSIMU OJHON HE3aBUCUMOM nepeMeHHoi x. Cymma

IIEPBBIX N WICHOB PsAAa Sn (X) = Ul(X) +Us (X) +...+U, (X) SIBJISICTCS YaCTUYHOM

CyMMoii JaHHOTO (BYHKIHOHANBHOTO psixa. O6mmii wien U, (X) ects dpyHkmms or x,

onpenenéHHas B HEKOTopoi obmactu. PaccMoTpuM (hyHKIIMOHAIBHBIN PSI/T B TOUKE

0

X=Xp. Ecnii coOTBETCTBYIONINI YUCIOBOM psifg Zun (Xp) cxomutes, T.€. CymiecTByeT
n=1

npeen yacTHaHbIXx cymm storo psiga M S, (Xg) = S(X) (tme S(Xg) < — cymma
N—o0

YHUCJIOBOTO psiia), TO TOUuKa X(Ha3bIBACTCS MOuUKOU cxooumocmuy HyHKIIMOHATBHOTO

o0 o0
pana Zun (X). Ecnu uncnosoii pan zun (Xg) pacxoamtcs, To Touka X) Ha3bIBaeTCH
n=1 n=1

mouKou pacxooumocmu PyHKIMOHATIBLHOTO psijia.
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Onpeodenenue 2. Obracmoio cxooumocmu HYHKIIMOHATBHOTO psija Zun (x)
n=1

Ha3bIBAE€TCS MHOXECTBO BCEX TAKUX 3HAYECHUH X, MPU KOTOPBIX (PYHKIIMOHAIBbHBIN
psa cxogutcest. O61acTb CXOAMMOCTH, COCTOALIAS U3 BCEX TOUEK CXOJUMOCTH,

obo3Havaercss D(x). OTmMeTum, 4to D(x) —R.
@OyHKIMOHAIBHBINA PsI CXOAUTCS B 00JaCTH D(x), €CJIN AJs JII000ro x e D(x) OH

CXOJIUTCS KaK YUCIIOBOH pAJl, IPU ITOM €ro CyMMa OyAeT HEKOTOpor (pyHKIHMEH S(x)

. DTO TaKk Ha3bIBaeMas npeoenbHas hyHKyus MoCcae10BaATEIbHOCTH {S n(X)}:

lim S, (x) =S(X).
n—o0
Kak HaxoanTb 06nacTb CXxoAMMOCTU GYHKLMOHANBHOTO paaa D(x)? MoOXHO

o0
MCMONb30BaTb NPU3HAK, aHANOTMYHbIN Npu3Haky Janambepa. Oas paga Zun(x)

n=1
coctasnsem Uy, (X) u paccmatpusaem npesen npu GUKCMpOBaHHOM X:

"m l"|n+1 (X)

= \I(X)\. Torga D(x) ABNAETCA peleHMeM HepaBeHCTBa ‘I(X)‘ <1lwu
n—oo| U, (X

peLeHneM ypaBHEHUS ‘I(X)‘ =1 (6epém TONbKO Te pelleHuns ypaBHEeHUs, B

KOTOPbIX COOTBETCTBYHOLWMNE YMCNOBbLIE PAAbI CXOAFITCFI).

o0
x"
Mpumep 1. Haitn 061aCTb CXOAMMOCTU pAAA z ?
n=1

n n+1

X
PeweHue. O6o3HauMm U, (X) =—, U, ,1(X) = . CoctaBuM K1 BblUMCANM Npeaen
n

n+1

1
lim Up.1(X) T x""-n

o Torga obnactb CXo4MMOCTM pAga onpeaensaeTca
n—ol U, (X) n—oo X' - (n _|_1)

:|X,

HepaBeHCTBOM ‘X‘ <1, xe(-L1) v ypasHeHnem ‘X‘ =1. Uccnepyem gononHutenbHo

CXOAMMOCTb MCXOOHOrIo pAAaa B TOYKax, ABAARWMMNCA KOPHAMW YPaBHEHUA:
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1

1 o0
a) ecm x =1, U, (1) ==, To nonyyaetcsa pacxogalmics pag Z —;
n
n=1

6) ecim x=-1, u,(-1) =

(=) , TO pag, Z% CXOAMUTCA YCNOBHO (MNo
n n=1

npu3Haky JleibHuua, npumep 1, nekyma 3, pasa. 3.1).

ooXn

Takum obpasom, obnactbexogMmMocT D(x) pAaa Z — umeetBua: —1<x<1.

n=1

4.2. CTenieHHbIE PAAbI: OCHOBHbIE IOHATHUS, TeopeMa AGeJist
PaccMOTpMM YacTHbIM Cly4an PYHKLUMOHANBHOTO PAAA, TaK Ha3biBaeMbli

o0
cmeneHHoli pad Zun (X), rae u,(x) =a,(x —x)".
n=1

Onpeoenenue 3. CmenenHvim psioom Ha3bIBaeTCs QYHKIMOHAIBHBIN Pl BUAA

(e8]
8+ (X—Xg) + 8 (X = X0)? +..t-8y (X=X0)" +...= D2, (x =),
n=0

rae dg, dp, dy, ... — MOCTOSIHHBIC YUCIIA, HAa3bIBAEMbIE KO3 Puyuenmamu psoa.
CteneHHOM pAag ecTb «6eCKOHEeYHbIN MHOTOYNEHY», PACNOJIOXKEHHbIM MO
o0
BO3pacTaloWMM CTEMEHAM (X - Xo) . Ttoboit yncnosom pag, zan ABnaeTca
n=1

YaCTHbIM Cly4aeM cTeneHHoro paga npu X — Xy = 1.
PaccMmoTpMM YacTHbIN Cly4al cteneHHoro paga npu Xg = 0:
< 2
Zanx” =dg+taX+a)X +....+anx“ +.... BbIACHUM, KakoW BUA UmeeT

n=0

obnacTb CXOAMMOCTM AAHHOTO pAaa D(x).
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o0
Teopema 1 (meopema Abens). 1) Ecnu cTennieHHON psif Zan X" cxomuTest B TouKe
n=0

X=a(a#0), To ou aGcomorHo cxoauTCs IIPU BCSIKOM X, JUIsl KOTOPOT'O CIIPaBEIMBO

HEPABCHCTBO ‘X‘ < ‘a‘ .

2) Ecnu e creneHHo# psa pacxoaurces npu X = B, To om PacXOIUTCS IIPU BCAKOM X,

JUTSL KOTOPOTO ‘X‘ > ‘B‘ :

Lokazamenvcmeo. 1) I1o ycinoBuio cTeneHHOM psall CXOaUTCs B Touke X =0,

T. €.CXOAUTCs YHCIOBOM paa

S 2

Y an0" =ag + o +ae +..+ama” +.. (1)
n=0

H 110 HGO6XO]II/IMOMy MMPU3HAKY CXOAUMOCTH €TO O6IIII/Iﬁ YICH CTPEMUTCA K O, T.C.

lim (a,a") =0. Ciie0BaTeNBHO, CYIIECTBYET TAKOE YKCIO M >0, 4TO BCE UIEHBI
N—o0

psija OrpaHUYCHBI 3THM YHCIIOM: anOLn <M, (Vn=0,1,23,..).

PaccmoTpum Tenepb N0boe x, A41A KOTOporo ‘X‘ < ‘XO , U COCTaBMM psa U3

0
2

abCoNIOTHbIX BE/INYNH: Z\an x”‘=\a0\+\alx\+‘a2x ‘+....+ aan +....

n=0
3anuwem 3TOT paj, B APYrom BuAe: Tak Kako =0, To
0 n

X X
3 JanX"|=[ag| +lasol- - +laz0®|- | .. +|aga|E .. (2).
= o o o
N3 HepaBeHCTBa anan‘SM, n=0,12,3,.. nonyyaem

lag| <M, |ago| <M, ‘azaz‘g M, .., T.e.pag
© Ox) X x|? x|"
M= | =M+M-SH+M-5 +..+M-5 +.. (3)
-0 \a a o o
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COCTOMT M3 YNEeHOB, KOTopble 60/blle COOTBETCTBYIOLIMX YieHoB paaa (2). Paa

n
o0
X o o o
Z M (—j npeacrtasasaeTr cobom cxogAawmmnea paa reomeTpmnyecKkon nporpeccun co
n=0 o

3HameHaTesleM q = ‘1 , NPUYEM \q\ <1, Tak KaK‘X‘ <‘a‘. CnepoBatenbHo, pag, (2)
a

o0
o n
cxoamTca npu ‘X‘<‘a‘. Taknm obpasom, cTeneHHOM pag, E apX abconoTHO
n=0

cXoauTcAa.

o0
2) NycTb pag, Z:{:lnxn pacxoguTca npu XZB, MHbIMM CNOBaMMW,
n=0

0
pacxoauTca YNCNOBOW pAL, Zaan_ [okaxem, yto gna nroboro x (‘X‘ >‘B‘) pAasg
n=0

pacxoauTcs. [JoKasaTenbCcTBO BeAETCSA OT NPOTUBHOrO. MNyCcTb NpY HEKOTOPOM
dUKCMpoBaHHOM Xq (‘Xl‘ >‘B‘) pAL cXxoauTca, Torga OH CXO4MTCA Npu BCex ‘X‘ < ‘Xl‘

(CM. NepByIo YacTb AaHHOI Teopembl), B YactHocTH, npu X =, uto npoTusopeunt

ycnosuio 2) Teopembl 1. Teopema AoKasaHa.

Creocmesue. Teopema AGers TO3BOJISET CYUTh O PACTIONIONKEHUHU TOYKHA CXOAUMOCTH

creneHHoro psaa. Ecim touka X =00 SBJISETCS TOYKOM CXOJUMOCTH CTEIIEHHOTO

psaaa, TO UHTEPBAI (—\a\;\a\) 3aIl0JIHEH TOUYKAMHU CXOJIMMOCTH; €CJIU TOUKOMH
PacXoIUMOCTH SIBIIIETCS TOUKA X = B , TO

0ECKOHEYHbIE UHTEPBAJIbI (—00;—‘[3‘), (‘B‘,OO) 3aI10JIHEHBI TOUKAMU PACXOAMMOCTH

(puc. 1).

= i
pPACEONHTCA " PamgcxomumToa | pPACHONHTCA

1 1 1 1 1 L.

-1 Al — el 0 |z |81 X

Puc. 1. UHTepBanbl CXO4MMOCTM M PACXOAMMOCTH pAaa
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MO»HO NoKasaTb, YTO CyLLEeCTBYeT Takoe uncio R > 0, Yto npu Bcex
o0
o n
‘X‘ <R (-R<x<R) creneHHoi1 pag, ZanX abconoTHO cxoamuTca, a Npwm ‘X‘ >R -
n=0
pacxoauTca. byaem cumtaTtb, YTO eCau PAf CXOAUTCA TONbKO B 04HOM TouKe 0, TO

R =0, a ecnun pag cxoauTca Npu Bcex x e (—oo,+0), To R =00.

e}
n
Onpeodenenue 4. Humepeanom cxooumocmu CTETICHHOTO psijia Zan X' Ha3bpIBaeTCA
n=0

TaKON MHTEpBal (=R, R), uro npu Bcex X € (=R, R) sror PA CXOOUTCS M IPUTOM

a6COHIOTHO, a i BCCX X, JICKAIIUX BHC 3TOT0 MHTCPBAJIA, PAL PACXOAUTCA. Yucno

R Ha3pIBaeTCA paouycom cxooumocmu CTETICHHOTO psijia.

3amevarue. Ha koruax untepsana (—R, R) sonpoc o exopmmoctu nam
PacXO4MMOCTU CTEMEHHOIO PAAA PELLAeTCA OTAENbHO AR KaXKA0r0 KOHKPETHOrOo
pAaa.

lNoKkaxkem oguH u3 cnocobos onpeaneneHna nHTepsaia U pagmnyca CXoanmMmocCcTtu

CTeneHHOoro paaa.

o0
o n
PaccmoTpum cteneHHOM pAag, Zanx n o0bo3Haumm a, X" = U .
n=0

CocTtaBum pAaa s abCcoNOTHBIX BEIMYMH €70 Y/1EHOB:

o0 e8]
. nl _ 2 n

D lugl=> Janx —\a0\+\a1x\+‘a2x ‘+....+ anX"| +...
n=0 n=0
N NPUMEHUM K HEMY Npu3HaK Oanambepa.
MycTb cywecTeyeT

u a,  x" a a
lim 22 = fim |22 = gim | [ 2K | =[x lim (2 =],
n—o| Up n—oo aan n—ool | ap n—oo| ap
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roe

an+1

an

| = lim
n—o0

, 1 #0.

Mo npusHaky Janambepa pag cxoamtea, ecau | ‘X‘ <1, n pacxogutca, ecnm | ‘X‘ >1.

1
OTctoga psg, cxoanTcs npum ‘X‘ < I TOrAa MHTEePBaN CXOANUMOCTH: (_%%j Mpwu

un+1
up

1 )
X| > = pag pacxogutes, Tak kak lim >1.

I N—oo

Mcnonb3ys o603HauyeHne R =|1, nony4yum popmyny Ana onpeseneHusa paguyca

CXOOAUMOCTU CTENEHHOTO pAada:

1

an+1
dp

lim
nN—oo

’

roe dn dnpy1 — KO3GPUUMEHTbI CTENEHHOTO pAAa.

an+1

an

Ecnu okaxketca, uto npegen lim =1=0, To nonaraem R=o0.

n—o0

Ona onpegeneHnAa nHTepsasna n pagnyca CXoaMMoOCTM CTENEHHOro paga TaKkxe

MOXHO MCNONb30BaTb PagMKanbHbIM NPU3HAK Kowu, pagnyc cxogMumocTu paga

: 1
onpegaensetca u3 cootHowenus lim 7 \an\ =—.
n—o R

OnpedeneHue 5. 0606weHHbIMCMeneHHbIM PA0OM Ha3bIBaeTCA psj BUAA

o0
Zan (X—=Xo)". Ero Takke Ha3biBatoT pagom no creneHam (X —Xp).
n=0

[nsa Takoro pasa MHTepPBan CXOAUMOCTM UMEET BUA,: (Xo -R, Xy + R), rne R>0 -

paanyc CXo4MMOCTMU.
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MoKaXKem, Kak HaxoAnTcA paamyc CXoAMMOCTM AnA 0606LWeHHOoro

cteneHHoro pAaaa.

Up, a1 (X — %)™ a,.
lim |Uns] — fim (Bns (X = Xo0) =[x = Xo|- im |2 = |x — xo| -1 <1,
n—o un n>ol a- (X —Xy)" ‘ nN—o0 an
1 a
Te. [X—Xo|<R,rge ==1= lim |72+,
R n—wol a,

Echrm | =0, T0 R=00, 1 06nactb cxogmmocTn D(X) =R;ecnm =0, T0 R=0wn

obnactb cxogmMmocTm D(X) = {XO}.

0 n
. (x+1)
Mpumep 2. Haiitn 061aCcTb CXOAMMOCTH pAAA Z T :
n=1 N-
Pewerue. O603HauMM % =u,_(X). CoctaBum npegen
n-
n+1 n
. Unq (X : X+ 57N n X+
lim L():Ilm x+4 —=|x+1- lim ‘ ”
n—o| Ug(X) [ > (n42).5™ x+1) n—>o5(N+1) 5

Pewaem HepaBeHCTBO:

M<1’
3)

CXOAMMOCTN UMeeT BUA: —6 < X <4, npuyém R = 5. [lononHUTENBbHO ncchegyem
KOHLbl MHTEPBAsA CXOAMMOCTMU:
a) x=4, U,(4) ==, nonyyaem psag Z , KOTOPbIN PacXoanTCS;
n
n=1

(-D)"

, KOTOPbIM cXoAuTCA

n o0

6) x=-6, u,(-6)= (_r? , nonlyyaem pag,
n=1

ycnoBHO. Takum obpa3om, 061acTb CXOANMOCTH: [—6;4), R =5.

Omeem: 0bnacTb CXOAUMOCTH [—6;4).
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0
Mpumep 3. Pap, Z (nX)" pacxoputcs ans Beex x =0, Tak kak (NX)" — o0 npu
n=1

N — o0, pagnyc cxoagumoctn R =0.

n

o0
X
lMpumep 4. Papg, E F cxoamTtea npm Bcex X €R, paguyc cxoammoctn R =oo.
n=1 '"

4.3. CBOMCTBA CTENIEHHbIX PAAOB

o0
o n
PaCCMOTpMM CTENEHHOU pAL Zanx , Y KOTOPOro nHTepBaa CXogammocCctTu
n=0

(—R; R), TOrAa Cymma CTeneHHoro paga S(x) onpegeneHa ana scex x € (—R;R) U

o0
n
MOXHO 3anucaTb paBeHcTBo S(X) = Zanx .
n=0

o0

o o n
Ceolicmeo 1. CteneHHOM pAL, Zanx cxoamTca abcontoTHo B t0BboMnpomeKyTKe
n=0

[a;b] (=R;R), neskawem B uHtepsane cxoaumocty, mpuuém cymma creneHHoro

pAaga S(x) ABNAeTCA HenpepbiBHON PyHKLUMeN npu Bcex x [a;b].

Ceolicmeo 2. Echun oTpe3ok [a; b] C(—R; R) , TO CTEMEHHOM’ pAA, MOXKHO

NnoYaeHHO UHTErpnpoBaTb OT a A0 b, T.€. eCnn

o0
S(X)= Y a,x" =ag+a,X+a,X° +..., 70

n=0
b o b b b b
[S()dx= > janxn dx=fa dx + [a xdx+...+ janxn X + ...
a n=0g a a a

Mpw 3TOM pagmyc CXOANMOCTN HE MEHAETCA:
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a

!
Any1

a,(n+2)
(n+Day4

= lim
N—o0

R'= lim
N—o0

a
roe ap = n+”1

- KO3PPUUMEHTbI NPOUHTETPUPOBAHHOIO PsAAaA.

Ceolicmeo 3. Cymma cTeneHHOro psaa ectb PyHKLUMA, UMetoLLaa BHYTPU MHTEepBaa
CXOAMMOCTM NPOn3BOAHbIE NH060ro nopaaka. MponsBoaHbIe OT CYMMbl CTENEHHOTO
paga byayt cymmamm pAaaos, NoNyvYeHHbIX U3 AAaHHOMO CTENEHHOro pAAa NOYNEHHbIM
anoddepeHUMpoBaHMEM COOTBETCTBYHOLLLEE YMCIO Pa3, NPUYEM PAAUNYCbl CXOANMOCTH

TaKUX pAJOB BYAYT Te e, YTO U Y UCXOAHOro pAaa.
o0
Ecm S(X) =8y +a X +8X +...+a X" +..= Y. a,-x",
n=0
o0
10 S'(X) =8y +2a,X +..+Na X" +..= > n-a, X",
=1
o0
S"(x) =2a, +6azx+...+n(n —1)anx”‘2 +..= Z n-(n-1)-a, X" uTa
n=2

4.4. ®opmy.aa Tensaopa
PaccMOTpMM BaXKHYIO 334,34y, KOTOpas pelaeTca B TEOPUUDYHKLMOHANbHbIX

PAAO0B: NO 3a4aHHOMN PYHKLUMN HAUTU CXOAAWMNCAPYHKUMOHANBbHbIN PAL TOro Uun
WMHOro TUMa, CYyMMa KOTOpPoro B 061acTn cxoaMmMoCTu paBHANACb bbl 3a4aHHOM
dyHKUMK. TaKasa 3a/a4a Ha3bIiBAETCA PA3/I0HEHUEM PYHKUUU 8 PO, Hanpumenp,

CTeneHHoM!.

MycTb PyHKUMA y = f (x) onpeaeneHa B HEKOTOPOM OKPECTHOCTUN TOUKM

Xo: UE,(XO) = (X0 -0, X, + 0), roe 6>0, NpUuEM B 3TOM OKPECTHOCTU BYHKLMA UMeeT

BCe NPOU3BOAHbIE A0 (n +1)-ro NOpAAKa.

3adaya: Nopbepém MHOTOUYNEH N-N CTENEHU
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P.(X) =Co + ¢ (X—Xg) +Co(X—Xg)? +....4+C, (X—X,)" o cTenenam (X —Xg) Tak,

4TOB6bI B TOUKE Xo COBMaan sHaueHusa P, (X) n f (x), @ TaKXe 3Ha4YeHUnA nx
nNpPouM3BOAHbIX A0 (N +1)-ro nopsaKa BKAOUMTENbHO. TOraa cunTaem, 4yto B
OKPECTHOCTU TOUKM Xo TaKoM MHorouneH P, (X) 6yger npubauKaTh AaHHYIO

GYHKLMIO C HEKOTOPOM TOYHOCTBIHO.

KoapodumumeHTtbl MHOrounena Cy, Cq, Cy,..., C, ABNAOTCA HeonpeaeneHHbIMM

KO3 PMUMEHTaMU, KOTOPble HEOHBXOANMMO HAUTU UCXOAA U3 CIeAYHOLWNX YCAOBUN:

f (o) =Py(X), T'(Xg) =Pn(X), T"(X0) =Py(X0), ..., T (x) =P (xp).

ONns HaxoXaeHuns 3TuX KoadPUUMEHTOB HaNAEM NPOMU3BOAHbIE A0 N-To NOpPAAKa OT

Pn(x)3
P/(X) =Gy +2C, (X — Xg) +3C3(X—Xg)? +.occA NGy (X —X)" T,

P/(X) =2C, +3-2-C3(X—Xg) +....+n(n=1) ¢, (X=X, )" 2,

PM(x)=n(n-1)(n-2)..3-2-1.c, =¢c, -n!,
P (x)=0
n =0, npnscex X ER.

MoacTaBum B 3TN cooTHOoWweHUA X = Xy 1 npupaBHAEM f(k)(xo) = Pn(k)(xo) , rae

k=0123...n:
f(Xg) =Py(Xg) =Co, T'(Xg)=Pr(Xg) =01, "(Xg) =P (Xp)=2c,,
f"(Xg) =Py (Xg) =2-3-C5, ... 1™ (x0)=P{M(xy)=c,-nl.

Haxogum BbipaxkeHus gna Cy, C, Cy,..., G, pewan nonyyeHHyto cucremy

YPaBHEHMUN:

315



(%), . _ f"(x) _ f"(x). .. _f"(x)
2 77 2.3 3 n!

Co =T (%) c1="F'(X); €y =
Monyyaem obwyto dopmyny ana onpegeneHmsa koapduumeHTos mHorouneHa Gy :

(k)
¢ = kf“ k=0123. (4)

Torga MHOroYNeH NPUMET CieayoLWwmin BUA,

§ () (k)
P,(X)=f(xg)+ f’(xo)(x—x0)+...+ ( O)(x X ) = Zﬂ(x—xo)k

9TOT MHOro4/IeH Ha3blBaeTCA MHo2o4s1eHom Telinopa pna GyHKLUUKN f (X)

(k)
no cTeneHaAm (X — Xo) , TAe ¢, :% Ha3bIBalOTCA KO3ghpuyueHmMamu

MHozouneHa Teiinopa, K =0,n.

Takum obpasom, AnA Kaxgon PyHKUMK f (x), YA0BNETBOPAIOLLEN
NocTaB/NIEHHbIM ycnoBuam npu X EUS(XO), MOHO HalTKU MHorouneH Tennopa Pn (X)

(B TOUKe Xo YHKLMA f (X) M MHOFOYEH P (X) cosnagatot co cBonmm

NPOW3BOAHbIMM [0 N-TO NOPAAKA).

PasHoctb | (X) — Pn (X) , 0603HayeHHylo yepes Rn (X) , Ha3bIBalOT 0OCMAMOYHbLIM

ysneHom popmynbl Telinopa, KoTopaa MMeeT BUA,:
f(k)(Xo)
f(x)=P,(x)+R,(x)= Z (X — xo) +R,(X) (5)

dopmyna (5) HasbiBaeTca popmyrnoli Telinopa 08 yHKYuUU f(x) o

cmeneHAm (X - Xo) nopaaka n. OTMeTnMm, 4YTo

R (X0) = Ri(Xo) = RA (Xg) =...= R{M (%) = 0.

316



Be/MumMHa ocTaToYHOro YneHa popmynsl Teitnopa R, (X) urpaet BaskHyto ponb B

oueHKe TOYHOCTU I'IpVI6IIVI)-I-(eHVIFI 3aﬂ,aHHOVI d)yHKLI,MM MHOTO4Y/1EHOM Tei/’mopa.

CyLLI,eCTBVET ABa BNAa OCTAaTOYHbIX YNEHOB.

1) OcTaTouHbIN YneH B gpopme MeaHo. Mpeobpasyem ocTaToUHbIN YieH Gopmybl

Tel‘/'mopa, MCNOJZIb3yA HEKOTOPbLIE MOHATUA N3 TEOPUU NPEOENOB.

a) dyHKUmA 0(X) HasbiBaeTca GeckoHeuHo Manoii npu X = Xp, ecam lim a(x) =0.
X—>X,

6) beckoHeyHO Mmanasa GyHKuUUS B(X) Ha3blBaeTcA 6ecKoHe4YHO manon bonee
BbICOKOIO NopsaKa MasioCTU OTHOCUTENIbHO 6ECKOHEYHO Manoit GyHKUMK (X(X) npu

i X
X —> Xp, ecnm cywectsyet lim B
X=X, 0(X

=0 u 3anucbiBaeTca cneayowmm obpasom:
B = 0((1) (4To YMTaeTCA TaK: «B ecTb 0 Manoe oT a).

Paccmotpum dopmyny Temnopa ana GyHKUMKU f(x) NO CTeNEeHAM (X — XO)

n ¢ (k)
nopaaka n: f(x)=P,(x)+R,(X)= Z f(Xp)

: (x - Xo)k + R, (X). OcTaTouHbIi1
o K

yneH B dopmyne Tennopa UMeeT BUA: Rn(X) = f(X) - Pn(X). N3 nocTpoeHus

mHorouneHa Teitnopa cneayet R (X)) =R!(X,)=R’(X,)=...=R™(x,) =0.Toraa
RN . RY(Y) Ry ROy
lim — = lim n 7= lim ——— = lim — =0, oTKyaa
X=% (X=Xg)"  *>% n-(X—=Xp)"" x=% nk(x—%)"  xo% N

OCTaTOYHbIN YneH dopmynbl Tennopa MOXKHO 3anmcaTtb B BUAE:

R, (X) =0((X —X)"), T.e. BeAMuUMHa OCTaTOUHOTO YNeHa ecTb HecKoHeYHo Manas

6os1ee BbICOKOro NopaaKa ManocTi oTHocutenbHo (X —Xo)" npu X = X;.

dopmyna Teitnopa f(X) =P, (X)+R,(X), 8 kotopoit R, (X) =0o((x - X,)"),

Ha3blBaeTca popmynoli Telinopa c ocmamoyHsim YneHos 8 gpopme leaHo.
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MOCKONbKY OCTaTOYHbIM YieH Nnpu X — Xy ABnAeTcA 6€CKOHEYHO Masio BEIMUUHOM,

TO MOXHO CYUTaTb, YTO PA3HOCTb f (X) — Pn (X) 6eCcKoHe4YHOo Mana, T.e.

f(x) > P,(X).

2) OcTaTo4HbIN YneH B popme JlazpaHica. 3anuwem ocTaToYHbIM YeH B BUAE

(X _ XO)I’H-].

(n+1)!

onpeaeneHuto. MoxHo gokasaTb, uto Q(X) = f (n+1) (&), roe Touka € 3akntoyeHa

Q(X), roe Q(x) ecTb HekoTopas GYHKLMA, NoANeKaLLanA

Rn (X) =

MEXAY X U Xo: £ =Xy +O(X—Xg), 0<O6<1,T.E OCTATOYHbIM YNEH UMeeT BunAa:

(X_X )n+1 1 o
R, (X) =(—01)| f ("D () . Toraa popmyna Teiinopa npumert BUA
n+1)!

(k) _ n+1l
f (XO) )+—(X %) f(n+1)(?;),K0Topbll>'1

(n+1)!

Ha3biBaeTcA gpopmynol Telinopa c oCMAMOYHbIM Y1eHOM 8 hopme JlazpaHi(a.

f(x)=P,(X)+R,(X)= Z

PaccmoTpuM YacTHble cnydaun dopmynbl Ternopa.

— Ecnn B dopmyne Tennopa c octatodHbIM YneHom B popme JlarpaHrKa
nonoutb N =0, To NoNy4aem popMynyKOHEYHO20 NMPUPAUEHUS:

f(X) = (X0)+(x—xp) f'(&) (Mmeopema JlazpaHia).

— Ecnu B dopmyne Teitnopa nonoxuts Xg =0, To nonyunum popmyny, Kotopyto

Ha3bIBalOT popmynoli MaknopeHa:

f(x)= f(0)+ X"+ R, (X),

f(O) LA NI Sl ()
2! T

rAe OCTaTOUHbIV YNeH MOXHO 3anucaTb B popme MeaHo: R, (X) =o(x") nan s

dopme JlarpaHKa:
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£ Ox) naa

R (%)= (n+1)!

dopmyna MaknopeHa ABAAeTCA pasnoxKeHnem GyHKLUUKU f(x) B BUAE

MHOTO4,1€Ha nNo CTerneHAam X.

Mpumep 5. Paznoxutb pyHKkumio f(x) = iz B BUAE MHOro4Y1eHa TPeTbero
X

nopagKa no cTeneHAM (x — 2) € OCTaTOYHbIM YneHoM B popme JlarpaH:xa.

PeweHue. 3anvwem popmyny Teinnopa ana yHKumm f(x) B Touke Xg =28

BMAE MHOro4YneHa 3-ro nopAaaKa € OCTaTO4YHbIM 4YJ1EHOM B d)opme JlarpaH»ka

( ). L "(2) f"(2)

3

f(x)=f(2)+ (x=2)2+—

{(x=2)°+Ry(x),

(4
rae Ry(X) = %-(x— 2)4.

HaxoamMm npou3BoAHbIE HYXKHOTO NOPAAKA B TOYKE X =2:

1 1 2 , 2 1
f(x)zﬁr f(z):Zl f (X):_F, f (2):—52—2;
" 6 4 " 24 m 24 3 ] 120

() = 150 rae §=2+0(x-2), 0e(01).

Mony4yeHHble AaHHble noacTaBadaem B dopmyny Tennopa
1 1 3 2 1 3
f(X)==+| = |[(X=2)+—(x=-2)°+| == |(x=2)" + R3(X) n BbluMcnsem
(0= +(~7 Jo- 2 S 027+ (L -2+ Retw

(x— 2) 120 5-(x-2)*

Ra(x)= ge (2+6(x=2))°

, 0e(01).
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1
MoxHo cKasaTb, 4To PpyHKUMA f (X) = — 3amMeHAETCA MHOTOU/IEHOM C TOYHOCTbIO,
X

KOTOPYIO MOXXHO ONpeae/inTb, OLLEeHMB OCTAaTOUYHbIN YneH popmynbl Telinopa

~(x-2)* 120
Rg(X)—T'a—G npu X—2.
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Jlekuus 5. Pansl Tenopa u Maknopena

5.1. Paaspl Tein1iopa u Mak/iopeHa. Y CJiOBUSI CXOAUMOCTH
paaoB Tennopa K uCXoAHOU GyHKIIMU

MycTb pyHKUMA y = f (X) onpefeneHa B HEKOTOPOM OKPECTHOCTU TOUKMXo:
Ur(Xg)=(Xg—R, X +R), R>0 u umeet nponssogHbie noboro nopaaka,

TorAa AnA 3Toi GYHKLMM GOPMabHO MOXKHO COCTaBUTL pag no cTeneHam (X —Xg)

f(X) ~ Co +C(X=Xg) .4 Co (X=Xg)" +...= D€ (x=%),

f 0 (xg)
rae ¢, :TO.
(k)( )
OnpedeneHue 1. O606WEHHBLIN CTeNeHHOW pAa BUAA Z " Xo (x—x )
k=0 :

Ha3blBaeTca padom Telsnopa Ana GyHKUMKM f(x) NO CTENEHAM (x— Xo) . Ecnn

& 90

k o
Kl X", KOTOPbIMHOCUT Ha3BaHuUe
k=0 '

nonoXuTb Xg = 0, To nonyuum pag,

pAdaMaknopeHa ana GyHKUMU f (x) NO CTENEHAM X.

3adaya. MNycTtb 3agaHa GyHKUMA f(x), beckoHeuHo anddepeHumpyemasn B

OKPECTHOCTU TOUKMU Xo: (X9 —R, Xg+ R), 1 nycTb ana aton dbyHKUMM cocTaBneH pag,

0

y 8 (x)
Teitnopa no crenenam (X—Xp): Z—(X X )

N ero cymma paBHa S(x).
k=0 k!

Echn nHtepsan (Xg —R, Xg+R), R>0 aBnaerca uHTepBanom cxoAnMMOCTU JAHHOTO

pAaja ¢ pagMycom CXOAMMOCTM R, TO MOMKHO 3anuncaTb PaBeHCTBO:
£ Kk
S(x) = z ( 100 (g

npuBcex Xe(Xg—R, Xg+R) .
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BblACHUM, NpPY KaKUX YCIOBUAX TAKOW CTEMEHHOM pAa MMeeT CBoel CyMMoM
GYHKUMIO f(X), T.e. Korga f (x) = S(x), MOCKO/IbKY CYLLEeCTBYIOT GYHKLMMU, ANA

KOTOpbIX cymma paga Tennopa He coBnagaeT ¢ AaHHOM GYHKUMEN.

1

2
X", X#0, koTopas asnaetca

0, x=0

PaccmoTtpum npumep. faHa ¢yHkuma f(x) =

b6eckoHeuHo anddepeHumpyemon VX € R. Bolumcamm npomssogHbie 3ToM GyHKLMK

B TOYKe X =0:

1
ag="1(0)=0;a, =f'(0)=Ilime XZ[XZSJ 0;..;a, = f™M(0): a,,, = f "D (0)=0;..

x—0

Taknm 06pa3om, Bce BblUUCNEHHbIE KO3IPPUUMEHTbI paaa Telinopa—MaKnopeHa ans
AaHHOM QYHKLUMM paBHbl 0, NOSTOMY 3TOT pPAA, CXOAUTCA Ha BCEM OCU, €r0 CyMMa
TOXAECTBEHHO paBHa 0: S(x) =0, ogHakKo f(x) =0 npu x =0 ( f (x) =0 TONbKO B

Havyasne KoopAauHar).

o 5 (K)(y
MycTb psag Tennopa Z%(X — XO)k nmeeT MHTepBasl CXO4UMOCTH
k=0 .

(Xo—R, Xg+R), rae R—paaunyc cxoammocTn. Toraa, ecnm
f (Xo)
S, (X)= Z (X=X ) — 4acTMYHas Cymma 3Toro psaaa, To ana noboro

Xe(Xg—R, Xg+R) cywectsyet lim Sy (X) =S(X) . PaccmoTpum Teopemy, KoTopas
N—o0
AAET ycnoBuA Toro, 4To f (x) = S(x).

Teopema 1 (Heobxo0umbliii u docmamoyHsili Npu3HaK cxodumocmu pada Telinopa

f (k)
K ¢pyHKYuu f(x)). Ona Toro ytobbl pag Teitnopa Z%(X Xo) S(x),
k=0 -

VXxeUgr(Xg)=(Xg —R, Xg+R), umen ceoen cymmon pyHKUMIO f(X), T.€.

f(X)=S(X), Heo6xogumo u gocratouro, uTobbl
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ana scex X EUR(XO) CyLLecTBOBanN npeaen lim R, (X)=0, rge Rn (X) - OCTaTOK
N—00
psaga Tennopa.

Jokaszamenbcmeo. 1) Heobxodumocme. MycTb GyHKUMA f(X) €CTb CymMa paga

f &) (x
Telinopa Ha ykasaHHom npomexyTke: f(X)= Z ( 0) (x— Xo)

k=0

f(x)= Sy (x)+ Rn(X) ,roe S, (X) - yactuHan cymma paga Teitnopa, Rn(X) -
ocTaToK paaa Tennopa. 3 ycnosua cxogumoctn paga VxeUr(Xg) =(Xg—R, Xy +R)

cywecTByeT npeaen lim Sn (X) = S(X) , N TaK KaK S(x) = f (x), TO cyllecTByeT
N—o0
npeaen

lim R, (x) = lim (f (x)-S,(x))= f(x)— lim S,(x)= f(x)-S(x)=0,

N—o0 N—o0

1.e. Ry(X) > 0 VX eUg(Xg). HeobxoammocTts gokasaHa.

2) AocmamoyHocme. MycTb cylecTByeT lim Rn (X) =0. Tak Kak byHKUMA f(X)
N—o0

6eckoHe4yHo anddepeHumnpyema npu scex X EUR(XO) , TO ANA HEE UMeeT MecTo

(k)
dopmyna Tenopa f(X)= Z%(X XO) + R, (X) ana scex
k=0 -

Xe(Xp—R, Xg+R), roe Rn (X) - ocraTouHbIit uneH dbopmynbl Tennopa, KOTOPbIN

coBMagaeT c ocTaTkom paga Telnopa. Torga 4YaCcTMYHAA CYMMa COOTBETCTBYHOLLENO

psga Tennopa umeeT BUA;:

S, (x) = Z f(k)(x‘))(x—xo)k = £(X) =Ry (x).

323



PaccmoTpum npegen S, (X), KoTopbiit 0603HaYMM Yepes S(x), Y4uTbIBaA, YTO

lim R,(X)=0: S(x)= lim S,(x) = lim (f (x)=R,(X))= f(X), T.e. s(x) = ().
Nn—o0 N—0 N—00
,U,OCTaTO‘-IHOCTb AOKa3aHa.

3ameyaHue. Echu I|m Rn (X) * O, TO CyMMa pAaaa Teﬁnopa MOXeT He coBNnaaaTb
N—oo

C faHHON PyHKUMEN, T.e. S(X) = f (X), XOTA cam pAL, MOXKET CXOAUTLCA K APpYron

OYHKUMMN.

Heobxoaumoe 1 goCTaTOYHOE YCN0BME CXOAMMOCTU paaa Tennopa K
NCXOAHOM GYHKUMM HeyA0BHO ANA NPOBEPKM Ha NPAKTUKE KOHKPETHbIX PALOB;
CyLLecTBYylOT 6o/siee NpocTbie, XOTA M 6onee KECTKME, AOCTAaTOYHbIE YCI0BMUA

pasnoxeHua PyHKUMK f(x) B paabl Teimnopa—MaknopeHa. CHavana chopmynmpyem

nemmy.

n

Jlemma. Ona noboro X €R cywecTsyeT cnegyrowmii npegen: lim = 0.
n—oo N!

Lokazamenbcmeo. PaccmoTpum cTeneHHoOM pag,
o N 2 3 n n

X X® X
Z— =14+ X+———+-——+...4+—+..., 06Wwit uneH kotoporo u,(x) =X Hanpém
o nt 2t 3 n! n!

paanyc n 061acTb CXOAUMOCTM 3TOTO PAAA, UCMONb3YA NPU3HAK

n+1
HNanambepa. Bbluncnsem npegen, yuutbisas, uto Uy 1(X) = (n+1)! :
+1)!
n+1
- Ju (% -n! : X
lim n+1( ): = lim L =0,
n—w| U, (X) n—|(n+1)- x| noe(n+l
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T.e. paguyc cxognmocTu paga R =o0. ChegoBatenbHO, paCCMOTPEHHbIN pAs,

cxoauTca ana scex X €ER, Toraa no Heob6xoaMMOMY NPU3HAKY CXOAMMOCTU 06LW Mt

n n

X X
YneH paga u (x)_——>0 n— o0, 1e. lim — =0 ans aboro
n! n—w Nl

X €ER.

Teopema 2 (docmamoyHble ycaoeus pasaoxcumocmu ¢pyHKyuu f(x) e psao

MaknopeHa). MNycTb GyHKLMA f(x) onpeaeneHa n beckoHeuHo anddepeHLMpyema

Ha MHTepBane (—a;a), a>0. Ecam cywecTsyet Takoe uncio M >0, uto ans

Kaxaoro HaTtypanbHoro N €N u Bcex X € (—8;a) sbinonnserca HEepPaBEeHCTBO:
n
‘f ( )(X)‘ <M (370 03HauaeT, 4To NPOU3BOAHbIE NHOBOr0 NOPAAKA OrpaHUYEHbI

OOAHUM U TEM Ke l-II/ICI'IOM), TOraa oCTaTtok paga MaknopeHa

0 (k) vk
Rn(x): z m

k=n+1 k!

f () (0)

—0 npu N — 0, a 3HauwuT,

X¢ ¥xe(-aa).

F(x)=S(x)= Z

Lokazamenbcmeo. NoKaxKem, 4To 0CTaToK pAga MaknopeHa CTPEMUTCA K HY/HO Npu

N — 0. 3anuwem ans GyHKLUMM f(x) bopmyny MaKnopeHa ¢ 0OCTaTOYHbIM Y/IEHOM

Q) 0, f ()
B dopme JlarpaHxa: f(x)= zf ©) XK+ R, (X), Z '(0) =P, (x) -

k=0 k! k=0 k!

f (n+1) (E_,)

( ) .x"*1. OTmMeTum, 4TO YacTMUHaA CymMa
n+1)!

MHorouneH MaknopeHa, a R, (x) =

paga Maknopera Sy, (X) cosnagaer cmHorounerHomMaknopena P, (X), a ocratok

paga ectb R, (X) . BbINOSHMM €ro OLEHKY, UCMIO/b3YA YCA0BUS TEOPEMBI 2 1

YUUTbIBASA, UTO ‘f (n)(x)‘ <M gns cex X€(—8;a):
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n+1

| £ (n+D) (©)- Xn+1|

_ (n+1)
Rotl= gt |” (n+1),\ (&)\
‘ ‘I‘H—l
Mo nemme -~ >0 npu N = o, Toraa lim R (x)=0, VX e(-a;a).
(n +1)! n—o0

CnepoBaTtenbHO, Mo Teopeme lo HeO6XOAVIMOM 1N 0OCTAaTOYHOM MNMPU3HaKe

490
CXOAMMOCTH pAaa Teinopa K ncxogHon dyHkumm nonyvaem f(X) = Z kl( ). x|
k=0 K

Teopema goKasaHa.

5.2. Pazo:keHne OCHOBHBIX 3JIEMEHTAPHBIX QYHKIUI B CTeNICHHbIE PSAAbI

Mcrnonb3yem U3N0XKEHHYIO Bbllle TeoPUIo /1A Pa3N0XKeHUA OCHOBHbIX

aNleMeHTapHbIX PYHKLMI B CTeneHHble paabl. na pasdnoxkeHua GyHKUMK f ()

B CTENEHHOM psg, NO CTENEHAM (X — XO) MOHO PEKOMEHA0BATb CAeayoL M
NnopAAoK AENCTBUNA:

1) Haxoanm npomnssogHblie pyHKUMM f(x) B ToUuKke X = Xg:
f™(x), VneN.

(n)(

2) CoctaBnsaem pag Teinopa ZTO)(X Xo)" .

n=0

3) Haxogum nHTepBan cxogmMmocTn gaHHoro paga: (Xg —R, Xg+R), rae R—

paanyc CXo4MMOCTMU.

4) Ncchepyem noBeaeHMe ocTaTka paaa Rn(X) AnAa Bcex
Xe(Xg—R, Xy +R).

Eciu okaxercs, uro lIm R, (x) =0, 1o Ha ocHOBanHuH TeopeM 1 u 2 nenaem BBIBO/,
N—o0

f(n)(Xo)
gyro f(X)= Z (X—Xg)" mpm Bcex xe(xg—R, Xg+R).

B pesynbrare nonydyaem hopmyiy paznoxeHust GyHKIIMU B CTEIEHHOU Ps/I.
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1
e PasnoskeHue B cteneHHom pag dyHkumm f(X) = 1oy UMeeT Bua;

i:1+x+x2+,,,:ZXn, Xe(—l;l) (1)
1-X n=0

3

Bbigod. PaccMoTpum pag, reomeTpuueckoit nporpeccun 1+ X+ X2 X%+ X"+ e,

3HaMeHaTe/1b KOTOpOVI g=Xwu b]_ :1. MOXHO NOoKa3aTb, YTO UHTepBa

: 1
CXOAMMOCTM 3TOro pPsAaa (—1,1) , R=1 1 cymma storo paga S(X) = 1 x (cymma paga

6eckoHeYyHo ybbiBatoLWEe reoMeTpUYeCcKom NpPorpeccmMm BblumcaaeTca no popmyne

S(x) = 1& ). OueHMm ocTaToK psaaa:

Xn+1

1-x

n+1

Ry(X) = x" 4+ x"2 4 =x" 1A+ x+x2.)=

Mpn X€(=L1) R,(X) >0, n — oo, Toraa Ha ocHoBaHMM Teopembi 1

PAaCCMOTPEHHbIN PAS UMEET CBOEN CYMMOW GYHKLMIO f (X) :%.
—X

PasnoxeHue (1) umeeT mecTo.

e PasnoxeHue B cTeneHHoi pag dyHkummn f(X) =e* umeert sua;

2 n o N

X X X X
ef=1+"+ 4.+ —+..= ) —, X€ER (2)
1 2 n! —on

10

Bbigod. Ansa paHoi dpyHKumm T (X) =e* sanuwem pag Maknopena: v
n=0 )

TakK Kak dyHKUMA f (x) — 6eckoHeuyHo anddepeHumpyema, TO BCe NPOU3BOAHbIE

cywectsytoT v pasHbl F'(X) = f"(x) =...= f (MW (x) =e*,

Ynen.
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Haxoaum 3T npoussBoaHble B Touke X =0; nonyyaem f (n)(O) =¥ =1 AN1A BCex

N €N, Toraa pag MaknopeHa npunobpeTtaeT BuAa;

o N 2 n

X X X X
D=l o
—on 1 2 n!

IT0T pAg cxoautca ana Bcex X €R.MoKaxkem, YTo cymma 3TOro psaja paBHa

f(x) =e”. dukcupyem HekoTopoe uncno a ER 1 paccMOTPUM HEKOTOPbIN OTPE3OK

XI<e? =M pgns noboro N EN. B atom cayuae no

[~a;a], Ha KoTOpOMm ‘f(n)(x)‘ =le
Teopeme 24aHHbIN pag MaknopeHa 6yaeT cXoAnTbCA Ha YKa3aHHOM OTpesKe K

nexogHoii dyHkummn f(X) =e*. OtmeTm, uto 310 BepHO AnA No6Oro

duMKcnpoBaHHOro unucna a €R. PasnoxkeHue (2) umeeT mecto npm Bcex X €R.

e PasnoxeHwue B cTeneHHON pag GyHKUMM f (X) =sin x UMeET BUA;

3 5 7
: x> x> X
SINX=X=—+ o=t = E (A

3 5 7 ~ (2n- 1)l X eR B)

& 00

Bbigod. ina dyHKUMK f (x) =sinx 3anuwem pag MaknopeHa y

n=0
2 - T
Haxoamm Bce nponssBoaHblie: f(x)=sin X, f(x)=cosx=sm(x+5),
" i n H " H TC
f (x):sm(x+2-§j:—smx, f (x):sm(x+3-§j=—cosx, ey

f (“)(x) :sin(x+ ngj . Bbluncnaem 3tm npounssogHblie B Touke x = 0:

f(0)=0, f'(0)=1 f"(0)=0, f"(0)=-1, .., f(”)(0)=sinn-g-

MNoacTtaBuB 3TK 3HaYeHUA B pag MaknopeHa, nosiydyaem paa;
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X3 N X5 X? (_1 n—lX2n—l

0 n-1,,2n-1
- — ..t +.._:Z(_1) X
3 5 7 (2n 1) ~ (2n-1)!

[aHHbIl paacxoguTca npu ntobom X € (—00, + 00); MOKaXeMm, YTO OH CX0AMTCA K

dYHKUMKN f (x) =sin x .CornacHo Teopeme 2 (NOCKO/bKY

; T
sin| x+n-=
( 2)

¥Ke uncnom) AaHHbIn pag MaknopeHa byaeTt cxoauTbca K UCXOAHOM GYHKLUN

)

<1=M, 1.e. Bce Npon3BoOAHbIE OrpaHNYEHbI OAHUM U TEM

f (x) =sin x npu Bcex X €ER. Takum obpasom pasnoxkeHune (3)umeet mecTo.

e PasnoxeHwue B cTeneHHON pag GYHKUMM f (X) = cosx UMEET BUA:

2 4 6

cosx=1-> 4 X X Z(

2" 4 Z om0 SR )

Bbisod. PaccmoTpum pasnoxkeHue (3)

3 5 7 n-1 2n1
SinX = X — 2+ 2 _ X— Z( )
3 sl = (2n-1)!

, XER. MpoanddepeHymnpyem

AAHHbINCTENEHHOW PAA; NONYYMUBLUMNIACA HOBbIN pAd ByaeT TaKKe CXoAUTbCA Npu
Bcex X €ER K dyHKLMK, KOTOpaA paBHA NPOMU3BOAHOM OT Sin X (cBOMCTBO 3, nekuus 4,

pa3an.4.3), T1.e.

2 X4 X6 ( 1)n 2n

i X
f(x)=(sinx)' =cosx=1-—+———+...
(x)=(sinx) X 2! i 41 o i (2n)!

Takum obpasom, pasnioxkeHue (4) umeeT mecTo.

e PasnoxeHue B cTenenHoit pag dyHkumn f(X) =1+ X)™ umeer ua;

@+x)™ =1+ mx MM =Y o Mm-HM=2) 3 _
2! 3!
m(m-1)(m-2)...(m— n+1)

n!

(5)

Z

, X[ <1

329



Pa3noxxeHue (5) npuBoamutcs 6e3 BbiBoga. OTMETUM, YTO OHO BEPHO NpMU
¢ukcmpoBaHHom M ER 1 Ha3biBaeTcss BUHOMUQATbHLIM PAOOM.
Mpu HaTypanbHom M EN 3TOT pAaa npeacTaBnaeT cob0i KOHEYHYIO CyMMY,

M3BECTHYHO KaK buHom HeromoHa:

A+x)" =1+CLx+C2x* +..+C"x™, meN.

[na Heuenbix m umeeT mecto popmyna Telnopa:

m(m-1)

L+ X)™ =1+ mx + > XzerJrm(m—l)(m—2)...(m—n+1)Xn

n!

+ R, (X).

Mpu N — 00 K3 310N PopPMYNbI NoNyY4aem BeCKOHeUYHbIN cTeneHHoMpsag, (5). Hanaém
paanyc ero CXoaMmMOoCTH, NPUMeHAs Npu3Hak Janambepa.YunTbiBas, uto

_m(m—l)(m—2)...(m—n).xn+1 ! :m(m—l)(m—2)...(m—n+1)xn

- ’ , BblUUCNAEM
nH (n+1)! n n!
npegen:
- Jup,g(x ~1)(m-2)..(m-n)nt x"*1 . -
lim Una1 (X) = m(m—1)(m —2)..(m—n)nt x |: lim M=« = x|,
0| Uy (X) | noo|m(m-2)(m—-2)..(m-n+1)(n+1)!x"| noefn+l

TOrga npu ‘X‘ <1 pag cxoautca v ero paguyc cxogumoctm R =1, a uHtepsan

cX0aMMOCTH (—1;1);MOKHO MOKa3aTb, 4to VX E(—]-;l), lim R, (x)=0-.
n—oo

Utak, pasnoxenue (5) BepHo ans scex VX E(—]-;l). B wacTHom cnyyae, Korga

m = —1, u3 pasnoxeHusa (5) nonyyaem pag :

LS Y B )Mo =Y
1+Xx ]

KOTOPbIN Npn ‘X‘ <1 abconoTHo cxoamTca. Ecam B KaXkaom uneHe paaa 3amMeHuUTb X

Ha (- x), To noay4ynm pasnoxenue (1):
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%_1+x+x +.. Zx” 2 xe(-1)).
e Paznoxenue B crenerHol pag dyHkumn T (X) =N (1+X) umeer sua;

2 X3 X4 x"

In(1+x)—x—x7+?——+ Z( —pmt —, xe(-L1  (6)

Bbi600. U3 pasnoxkeHusa (5) buHOMManbHOro psaa npu m = —1 nonyyaem psag,

I'EOME'TpW-IECKOVI nporpeccnun Co 3HameHaTenem (g =-—xX:

1 2 3 n-1 .,n-1 n-1 .n-1
—— =1-X+X"=x"+...+(-1 - X +...= E -1 - X
1 X ( ) _( ) ’

KOTOpbI cXoaAUTCA Npu ‘X‘ <1, 1.e. 3TOT psAg umeeT MHTepBan cxogmmoctu (-1;1)

c paguycom cxogmmoctn R=1.

Mony4YeHHbIN pAa NOYNEHHO UHTETPUPYEM HA OTPe3Ke [0, X] - (—1;1) ,

NCNonb3ya cBOUCTBO 3 (nekuua 4,pasa. 4.3); Nnpy 3TOM UHTEPBAA CXOA4MMOCTH

COXPaHUTCA:

2 3 4

X 0 n|X 0 n
[pnttntar = 2(_1)”—1.t_ =Syt o XX L s(x)-
5 ] Nl n= n 2 3 4

[Ms

n=1

Cymma nony4eHHOro paga pasHa
S(x) :f—dt — I+t = Infi+ X
oL+t 0

(Mam In(1+ x), TaK KaK‘X‘ <1).

x> x3 x4

Takum obpasom, In(1+ x) = x Ty +? vy +..., T.€. UMeeT MeCTO pa3/ioKeHune

(6) npu X€ (—1;1) . ccnepya cxoamMmocTb AaHHOIO pAaga B ToYKe X =1, nosydaem
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_1 n-1

4YMCNOBOM pAa, Z , KOTOPbI YCNOBHO cxoauTca. Takum obpasom, ob6i1acTb

n=1

CXOAMMOCTM psfia B pPasfioxKeHun (6) nmeeT Bug, (-11], a paguyc cxoammoctn R=1.

e Pa3noxeHue B cTeneHHOM paa pyHKUMM f (X) =arctg X wmeer sua;

NCINCI o X2n—1
arctgx:x—?+———+ Z( H". -l X<l (7)

Bbi6od. W3 pasnorxkeHus (5) BUHoMmnanbHOro paga npy m=—1 noay4yaem

pa3noxeHune

1 2 3 n-1 ,n-1 S n-1 ,n-1
——=1-X+X"=X"+. (D) X =) (D)X
T (-1 X ,

o 2 o
13 KoToporo 3ameHoit X Ha X BbITeKaeT cieaytowmnii paa;:

1 _ _
2_lx+x4—x+ 2(1)1 2n

1+x n=1

o 2 .
cxogAawmimica npu ‘X ‘<1,a MMEHHO, Npu ‘X‘ < 1. Mony4yeHHbIN pAg NOYNEHHO

MHTETPUPYEM Ha OTPE3KE [0; X] - (_1,1) , NCNONb3yA CBOMCTBO 3 (neKLI,VIFI 4, pasa.
2n-1

2n-1

4.3); npy 3TOM MHTEPBAN CXOAUMOCTU COXPAHUTCA, 0603HAYNM =t:

2n-1

J‘Z( 1) n-1 2n 2dt Z( l) n-1 J‘th Zdt—Z( l) n-1 X

onol o1 2n 1

Cymma nony4yeHHoro paga
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X
S(x) = J'iz =arctgt]; =arctgx.
ol+t

x2 x> x!

Takum obpasom, arctgx =S(x) = x—?+?—7+... , T.e. pasnoxeHue (7)

umeeT MecTo npu ‘X‘ <1. WNccnepya pasnoxeHue (7) B Toukax x=-1un x=1,

n 1
nony4yaem ABa yCAOBHO CXOAALLMXCA YUCNOBbIX pada Z(—l)

: n

4 1
Z(—l)n L. on_q COOTBETCTBEHHO. Takum obpasom, obiacTb cxogumocTu paaa (7)

n=1

ABNAETCAOTPE3KOM [-11], a paguyc cxoanumocTu R paseH 1.

e PasnoxeHwue B cTeneHHON pag GYHKUMK f (X) = arcsin X UMeeT BUA;

0 —_1\N 2n+1
arcsinx=x+ »_ (2n-D x ,
o (@mi 2n+1

xe(-11) (8)

1
Bbig0od. V3 pasnoxeHusa (5) BuHomuanbHoro psaaa npyu M :_E n Npu 3ameHe X Ha

2 o
— X" nonyyaem pasnosKeHue B CTENEHHOM psaa;

1

(-1t o
2 2.4° 7 2.4.6-...-(2n) '

(Zn)H

MonyymBLUNIACA pag, CXOANTCA NpU ‘X‘ <1. 3toT pag,

NOYNEHHOMNPOUHTErPUPYEM HA OTPE3KE [O, X] - (—1;1) , NICNoNb3yA CBOMCTBO 3

(nekums 4, paza.4.3); npu 3TOM MHTEPBAA CXOAMMOCTM COXPAHUTCA:

1% @n-on Zen-nu 2z onogn 218
gnz_o @2n)! Mt = nzo(zn)n 2n+1 nzo(zn)u 1 (tpg sk
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X
dt .
Cymma nonyyeHHoro paga S(x) = I \/72 =arcsin X . Takum obpasom,
1-t

0

. 1 %3 1-3:5-..-(2n-1) x>
arcsinX=xX+—-—+...+ : +o
2 3 2:4-6-..-(2n) 2n+1

T.e. UMeeT MecCTo pa3noxeHue (8) Ha nHTepBane cxoanmoctn X € (—1;1).

B 3akntoyeHune ﬂ,06aBMM, YTO BCe nepeyncneHHble B pasaene 5.2 pa3noxeHumA

Ha3bIBalOT OCHOBHbLIMU PA3/10XEHUAMU SNEMEHTAPHbIX PYHKUMI B
CTeNneHHOM pAs, KOTOPble NCMOIb3YIOTCA KaK 3TaloOHHbIE ANA PA3/10XKeHUA
APYTUX GYHKLUN.

3apgaHuna no teme «Pagbi»

Bblpaﬂ(eH ne snaa

o0
Uy +Up +Ug +...+Up +..= DU,
]

roe — U; yneHbl psga, Up— n-u nnu odwnnm 4neH pAaAga, Ha3blBaeTCHd

6€eCKOHEYHbIM PSIOOM.

Ecnn uneHbl psaa:

e 4Yuycna, TO pAL Ha3blBae€TCA YUC/108bIM,
e YuyCna OAHOrIo 3HaKa, TO pAA4 Ha3blBae€TCA 3HAKOMNMOCMOAHHbIM,
e YKCNa pPa3HbIX 3HAKOB, TO PAA HAa3blBA€TCA 3HAKOMNEPEMEHHbIM;

e [ONI0OXWUTENNbHbIE YNCNQA, TO PAL HAa3blBAE€TCA 3HAKOMO/IOHUMESTbHbIM;

Yymncna, 3HaKN KOTOPbIX CTPOro YepeaytoTcs, TO pAj Ha3biBaeTcs
3HaKoYepeoyrUuUMcH;

e OYHKUMK, TO pAA, Ha3blBaETCA (PYHKUUOHANbHbLIM;
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e C(CTE€NneH"n X, TO pA4 Ha3blBAE€TCA CMereHHbLIM;

e TPUroHOMETpPUYECKNEe GYHKLUMU, TO PSS Ha3blBAETCA MPU2OHOMEMPUYECKUM.

1. Yncnosble psaabl. Pagbl ¢ NonoXuteribHbIMU YrieHaMu
1.1. OCHOBHbIe MOHATUA YUCNOBOro psaaa
YHucrnoebim pss0oM Ha3blBaeTCs CymmMa Buaa

o0
zul = ul —|—UZ +u3 +...+Un +--- ’(1)
i=1

roe U; Ha3blBaeMble 4yrieHamu psda, obpasyioT

6eCKOHe‘-IHyPOI'IOCJ'Ie,El,OBaTeJ'IbHOCTb; yneHU, Ha3biBaeTcA obWUM YrieHOM

psida.
CyMMbil:

Sl=u1,
82 =U1+U2,
S3=U1+U2 +U3,

Sp=Up +Up +Ug +..+ Uy,

COCTaBfieHHble M3 NepBblX uYneHoB psiga (1), HasbiBalOTCA

Yacmu4HbIMU CyMMamMu 3Mmoeo pﬂda.

KaxxgoMy psigy  MOXHO — COMOCTaBUTb  110c/ie0o8amesibHOCMb

yacmuyHbIx cymm Sp{Sy}-

Ecnu npn 6eckoHe4HOM BO3pacTaHUM HOMepa N YacTU4yHasi cymMmma
psiga S, cTpeMutcs K npedeny S, To pag HasblBaeTcs CXO0SWUMCS, a

qucrio S — cyMmou cxodsiujezocs psoda, T.e.
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limS,=SW IimS, =u;+u, +ug+...+u, =S -
n—oo n—oo

OTa 3anncb paBHOCUIbHA 3anuncu

0
2Uj =U; +Uy +Ug +...+ Uy +
i=1

Ecnn yactuyHas cymma psga (1) npm HeorpaHMYeHHOM
BO3pacTaHuMu N He MMeeT KOHeYHOoro npegerna (CTPEeMUTCH K 1o UM —

), TO Takon psg HasblBaeTCs pacxo0suuMcs.

3aodaHue 1. HaliTn 06w KA YneH YMCNoBOro paaa:

1 2 3 1 2 3
1) Z4+Z24+24+.. B) —+—+—+...
3 4 5 4 5 6
2)z+i+i+... 7)§+§+g+
5 25 125 2 4 8
|
3)1+3 +5—+... 8)E+i+£+...
4 16 64 4! 71 10!
4)1+2+3+... 9)1+2+4+
2 5 8
5)1+2+3+.. 10)1+3+9+
4 6 8 6

1.2 Heo6x0AMMbIN NPU3HAK CXOA4UMOCTHU psiga

o0
PFUJ, Zun MOXeT CXOOUTbCA TOJIbKO TnNpun YCJoBunM, 4YTO €ro
n=1

OOLUNNYNEHNPN HEOrPaHMYEHHOM YBENUYEHUM HOMepa N CTPEMMUTCS

oe)
KHYMO: limu, =0 .ECAM limu, =0, TO pag Yu, pacxogutca — 37O

n—oo n—oo n=1

AOCTaTOYHbIN NPU3HaK pacxoanMMmoCTn psaaa.

3adaHue 2. MNpoBepuTb BbINOJAHEHNE HEOHXOAMMOTO YCNOBMA CXOANMOCTM pAaa:
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o n © 2n

n=110n~ +1 n=13n“ +8

2) OZO: 12 7) - 12
n=1(2n+1)In“(n+1) n=1(12n+1)In“(5n+1)
© In(4n+1 © 4n-1

5 3 nn+l) 5 3
n=1 2n+1 n:12n+1
o 3 0 5

4y 3” 9) ¥ fn
n=1n~+10 n=1n- +10
© 12n @©

5) 2. 10) >,
n=14n-1 n-14n® -1

1.3. [loctaTo4Hble NMPU3HAKN CXOAMMOCTU pAaa C NONI0XKUTE/IbHbIMU YeHaMU.

I7pu3HaKu CpPpaeHeHus pﬂdoe C noJsioXxXKumeJibHbIMU 4Yl1eHaMu

o0 o0
1-0 rpu3Hak CpaSHeHUFI.l_lyCTb Zan n an = pAa4bl C NMNOJTIOXKUTESIbHBIMA
n=1 n=1

uneHamu, npuyém a, <D, Ans Bcex HOMEPOB N, HauMHas C
HekoToporo. Toraa:

1) ecnn pag §bn CXOOUTCHA, TO CXoOAUTCA 1 pAaAa Ozolan;
n=1 n=1

2) ecnn pag Zan pacxoanTtcd, TO pacxoaunTca n pag an.
n=1 n=1

o) 0
2-U rpusHak cpasHeHus. [lycTb Ya,n Y.b, —pAabl C NOMOXUTENbHLIMU
n=1 n=1

4yrieHaMu, NPUYEM CyLLECTBYET KOHEYHbIN N OTNIMYHbIN OT HyNs npenen

o)

. a ©
lim = , TOorga pAObl Z a, n Z bn CXOoOATCHA nnn pacxoadTcA
n—oo Oy, =1 n=1

O[JHOBPEMEHHO.
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Psid fupuxne

1 1 1
Pag 1+—+—+..+—+.., rge p>0, HasbiBaetca psoom
2P 3P nP

Hupuxne.OToT psg cxoauTtcs npu p>1 U pacxoguTcsl NMpu O< p<1.

YacTHbIM cnyyaem psga Oupuxne (npy p=1) ABNASETCS rapMOHUYECKUN

1 1 1
A0 1+ =+ =+ +=+... .
P 2 3 n

3a0aHue 3.NccnepoBatb Ha CXOAMMOCTb NO NPuU3HaKam CpaBHEHUA!

1)HZ.:‘Bn;L—l 6)2‘ 42nr; :1n
2) g‘ 4n1+1 7) :1%
3’)g'zn?-l 8’% 42:-]1+01n
9% i ¥
S)nzlenZLrLl 10)[,21 n\/sﬁn+1

lpusHak [anambepa.Ecnn ana psga ¢ NONOXUTENbHbIMU YNEeHaMum

o0
Zlun =U; +Up +U3 +...+ Uy +Up g +...(uy >0) BbIMOSTHAETCA ycnosue
n=.

. u
lim =21 |, T0 pAg cxoguTcsa Npu | <1 U pacxoautca npu | >1.
n—oo Up

Mpu3Hak Oanambepa He OaéT peweHund, ecnn |=1. B aTtom cny4yae

ANs MccnegoBaHus psiaa NPUMEHSIIOTCA Apyrne Npu3HaKku.

3adaHue 3. iccnepoBaTtb Ha CXOA4MMOCTb MO NpU3Haky danambepa:
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© n ® 2.4.6-----(2
1) 4 6)). (an)

~ 3"n!

w
=

Z)i% 7)51 n_n

n=1

5

0 3 0 nn
3 8) Y —
)nz_l“(n+1)I )n_ln!
s} 4n 0 2nn
9
);(2n+1)! )nzzi‘ 3
1-3-5----(2n+1) 2, 3
5 10
)HZ_;‘ 4"n! );2%

UHmeepanbHbil npusHak Kowu.lycTb dyHkuma f(x) npn x =1

yOO0BNETBOPSET YCIOBUSAM:
1) HenpepbIBHa,
2) nonoXKuTenbHa,

3) MOHOTOHHO Yyb6bIBaeT.

Torpa yncnoBow pag ZUn ,rae U =f(n),n 21 cxogntca unu pacxogmrcs
n=1

+00
OAHOBPEMEHHO CO CXOAMMOCTbIO UM PACXOAMMOCTbIO MHTErpana J f (x)dx.
1

3adaHue 4. ViccheaoBaTtb Ha CXOAMMOCTb MO MHTErpasbHOMY Npu3HaKy Kowwn

cneayoume paabi:
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© 1
2D = >Z

n(n +1)

Inn 2 1
— 8
3’,2; n? );(n+1),/|n(n+1)

~n?t9 )Z(n+1)(n+2)

2. 3HaKonepeMeHHble psabl

2.1. MNMoHATMe 3HaKoNepeMeHHOro psaa

Yucnosoim psa U +Up +Ug+...+Up +...
Ha3blBaeTCHA 3HaKoNepemMeHHbIM, eCrn cpeamn ero YneHoB UMEnTCH Kak
MonoXuTenbHble, Tak W oTpuuaTenbHble 4Yucna.vucnoson psan

Ha3blBaeTCHA 3HaKO'-IepeanyLuUMCFI, ecnn niobble aBa croswmne paaoom

YyyieHa UMeoT NPOTUBOMOJTIOXHbIE 3HAKWU:

Up—Uy +Uz —Ug +..+ (D)™ u +. =3 )™y

)
n=1 n

roe U, >0pns Bcex neN, T.e. paa, NoONoXuTenbHble U oTpuLaTeNbHbIe

YrieHbl KOTOPOro CreayT Apyr 3a ApyroMm nooyepeaHo. Hanpumep,

1 1 1
1-—+=——+..,

2 3 4
}—E+§—ﬁ+...+(—l)”+l-L+---,
1 3 5 7 2n-1
1_2 §_i+._.+(—1)n+1-1+....
2 4 8 16 2n
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Ana  3HakodepenywLMxcs psiaoB MMeeT MEeCTO [A0CTaTOYHbIN

NPU3HaK CXOOMMOCTU — npuaHak JlenbHmua.

2.2. NMpusHak JlenbHunua. A6conoTHaaA M ycroBHass CXOAUMOCTb
psapa

Teopema (npu3Hak JlelibHuya).3Hako4epeayoLWmnncs psag CXxoamTcs,
ecnu:

1) nocnepoBaTenbHOCTb abCOMOTHLIX BENWYMH  YIIEHOB psaa
MOHOTOHHO ybbIBaeT, T.e. Uy > Uy >..>Up....

2) o0WKWI YneH psaga CTPEMUTCH K HYMIO: lim u,_, -[1py 3TOM cymma

n—oo

S psina yoosnetsopsieT HepaseHcTBam 0< S <Uj.

o0
MycTb AaH 3HaKOMEpPeMEHHbIN psig .2, , rae &, — NPON3BOSIbHbIE
n=1

o0
yucna (oencTBuTENbHbIE WM KOMMNEKcHble). Ecnu  pan Z\an\,
n=1

COCTaBJfIEHHbIN N3 abCOMITHBLIX BEMIMYUH €ro YfeHoB, CXOAUTCs, TO

o0
AaHHbIN Psif D, a8p Talke CXOAMTCS.B 3ToM cryyae 3HaKonepeMeHHbI
n=1

o0
psag Zan Ha3blBaeTca abcosmomHo cxoosuwumcs.CrnegoBaTenbHO,
n=1

o0 o0
€Cfnn  Xe 3HaKoMNepeMeHHbINn psa Zan cxoauTtcd, a pag Z\an\
n=1 n=1

[00]
PaCXOAUTCS, TO Aa@HHbIV Psif Y, &y HAa3bIBAETCS YCIOBHO CXOOSUUMCS.
n=1
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Mpumep 1.MccnepoBaTb Ha CXOOMMOCTb  Psaf Z( )"

= 2J_1

e8]
PeweHue. 1. Wccnegyem Ha cxoguMMOCTb psag Zan n3 abComnoTHbIX
n=1
o0

1
BEMWYMH YNEHOB [aHHOro psiga: ».an = ».——— .CpaBHUM 3TOT psif C
o pa2dn-1

A00M Tak kak 2x/ﬁ—1<2\/ﬁ, 0 1 >_1 nng Bcex n.Psa
PAA Zl x/ﬁ 2Jn-1 2Jn A A

00

1
—— pacxogouTcd, TaK KaK pacxoguTtcd A KaK p4A npmxne
nZ:12 - pacxon pacxon psn Z J—( psin Avp

0

z_nplﬂ p— <1) 3H8‘-|I/1T no 1- -MYy MNMPpn3HaKy CpaBHEHUA pacXodnTCA U
_1n

pﬂz&/’l

NTak, UcXoaHbIl paa He aBnseTca abconioTHO CXOOALLIMMCS.

2. BbigcHuM, cxogutcsa nn OaHHbIM  3HAKo4Yepeaylwuncsa psa,
npuMeHasa npusHak JlenbHuua.

e [1poBepuM, BbINOMHAETCA NN HEPABEHCTBO &> 8,1 AN abCONTHBLIX

BeEINMM4YNH 4reHoB JaHHOIo pdna.

1 1
> =a )
2dn-1" 2Jn+1-1 "t

dn =

[laHHoe HepaBeHCTBO OKBMBAINIEHTHO HepaBEeHCTBY 2Jdn-1 <

2n+1-1, kotopoeBepHo ans nwoboro n=1,2....3Haunt a, >a, OnA BCE

HomepoB nN=1,2...

e Hanpém npenen obuiero unexa paga: lim a,= lim

=0.
n—oo nN—o0 2\/— +1

342



Takum obOpasom, [OnNs  [aHHOro 3Hakodepegyloulerocss psiga
BbINofHeHbl O0b6a ycnoBus, cogepXawmeca B npudHake JlenbHuua,
OTKyda cnegyeT, YTO UCXOAHbIN P CXOAUTCS, O4HAKO OH He siBRsieTcs

abCoMTHO  cXOAsaWMMCSsl, NO3TOMY  [aHHbIM  psag  CXoAuTCS

2 1
cnoBHo.Omeem: psi -" CXoAOuTC4A yCI1OBHO.
y pan 2(-)" = cxopuros y

n=1

3adaHue 6. ccnepoBaTb Ha aBCONOTHYIO M YCIOBHYHO CXOAMMOCTb PAAbI:

= (-D)° = (=D)"
1)2:‘ 2"n 6)nZ:;nln2n

S (=1)"n (=13
2); n?+1 7)§ n!

2 ~n(n+1)
& (=1)" & (-1)"Vn
4)nZ=;nlnn 9)%: n+1
& (D) & (D'
S)nZ:;‘nzlnn 10); nJn +1

3. DyHKUMOHarbHbIe pAabI
3.1. NMoHaTHe chbyHKUMOHaANbLHOro psaa

Pan, yneHamm KOTOpOro  SIBASAKOTCA doyHKLNK oT X,

Ha3blBaeTCHA d)yHKL{UOHafIbeIMZ

DU (X)=ug(Xg) +Us (Xp) +..+ Uy (Xy) +.... TpupgaBasi x OnNpeaeneHHoe
n=1

3Ha4YeHue X, , NONY4nUM YNCNoBOM psg
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Uy (Xg) +Up(Xg) +.. +Up(Xg) +.y  kOTOPBIN  MOXET  BbiTb  Kak
cxoaAWwmMMed, Tak U pacxogawmmcsa.Ecnyv nonyyvyeHHbIn YUCIOBOU pag,
cxXoauTcs, TO TOYKa X Ha3blBaeTCs mMoyKou

cxo0uMocmu OYHKLMOHAINBbHOrO psaa; €cnv e psan pacxoguTtca —
moukou pacxodumocmudyYHKLMOHaNbHOIro psiga.CoBOKYMHOCTb
YUCIIOBbIX 3HAYEHWW aprymeHTax, Npu KOTOpbIX (OYHKUMOHASbHBIN pag,
CXOOUTCHA, HasbliBaeTca ero obsacmero cxooumocmu.B  obnactu
CXOANMOCTU (PYHKLMOHANbLHOro psga ero cymma fABnsieTcAa HEKOTOPOMU

dyHKUMEN OT «: s=5(x) .Onpegensietca oHa B obnactn CxoguMOCTU

PaBEHCTBOM  S(x)= lim S, (x) » rae  Sp(X)=Up(X)+Up(X)+...+U,(X) -
Nn—oo
yacTu4yHasa cymma psaa.

3.2. CTeneHHbIe psaabl

CmeneHHbIM pFIOOM Ha3blBaeTCA pAd Buaa.
)
2: n_ 2 n
anX = aO +a1X+a2X +...+anX +....
n=0

Obrnacmero cxoOuMOCmu CTENEHHOIO pAaAda Ha3blBaeTCA MHOXECTBO

BCEX 3HAYEHUN , Nnpun KOTOPbIX AaHHbIN pAaa CXoouTcA.

Uncno RHasbiBaetcss paduycoMm cxodumocmu CTENEHHOro psaa,

ecnv npw |X <R psg cxoauTcst M nputom a6conioTHo, a npu |x|>R pag

pacxoautcsa.Paguyc  cxoguMMoCTU Hanaew, MCnonb3yst  NpuU3Hak

Hanambepa:

n+1
A X

apx"

an
an41

Ani1

an

lim
N—>00

=[x/ lim
N—>00

<1, |x|< lim
N—00
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T.€. €CNnn CTEeNEHHON PSS CXOAUTCHA NPU NoObIX x, YOOBNETBOPSOLLMX

an

an+1

[aHHOMY YCroBMIO M pacxoautcs npu |x/ < lim
N—>00

.OTcioga cnepyer,

an

yTo ecnu cyulecteyeT npegen R=lim
N—o0

(ap #0,n=123,..) ,To pagnyc

An+1
CXOAMMOCTY psiaaR paBeH 3TOMy Npedeny U CTeneHHoW psa CXOAWTCS
npy |x|<R , Te. B npomexytke (-R,R) ,  KOTOpbIV

Ha3blBaeTCH MPOMEXYMKOM (UHmMepeaasioM) cxodumocmul.

Ecnn R=0, TO cTeneHHOW psa CXoAUTCS B € AUHCTBEHHOM TOYKE X =0
.Ha koHuax npomexyTka pag MOXeT cxogutbesi (abcontoTHO wunu

YCIOBHO), HO MOXET U pacxoauTbCsl.

CXxoauMoCTb CTEeneHHOro psoa npux=R WU x=-R unccnegyetcda c

NOMOLLbI Kakoro-nmbo m3 NPMU3HaKoB CXOOUMOCTW.

NMpumep 2. Hanmtn obnactb cxoammoctu psiga.PeweHue. Hangém

2 (x+1)"
paanyc cxognmMmocCTun psaaa: Z 2n_1
n=1 N

n n
n fim| L 1 |:Iim (n+1-2" . (+D-2"2 o 2:(n+D)

n—oo|n.2"1" (n+1)-2"| now n.2n-1 noo n-2" nsow N

CnepoBaTtenbHO, psig cxoouTcs NpuU —2<x+1<2, T.e. Npu —3<x<1

0 _1n 5
TNpu x=-3 umeem psa 22% KOTOpbI CXOAWUTCA MO MPU3HAKY
n=1

NenbHunuya.

2.
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0 2n
[Mpy x=1 meemMm pacxogsawmnmnca paa: Z on-1
=n-

o1
=2-> = .Omeem:
n=1"

obnacTtblo CXOOAMMOCTU MCXOOHOro psiga SBMAeTCH NPOMEXYTOK [—3,1)

3adaHue 7. Hantn obnactb CXo4MMOCTM CTENEHHOrO psiaa:

0 _1)n Xn
V2

n=1

» (—1)"x"3"
z)z( )nX3

0 Xn2n
32

n=1

o0 (X_2)n
6)2 3"nJ/n

n=1

7) i—(x +4§)”n

g) i (2x3jnt 1)

4)ix”(r:ﬂ) z(x+1)2n
= 4'n
© (X_|_1)n (X 2)2n+1
5 10) Y ——
)zl 2"Jn )Z:' 4"
Omeemeil:
3adanue 1. 1)— z) n 5 (n-D 1)' a5 —— g 53N
TR 2n+2" T n+3’ 7 0!’
n+1 n-1
8) 2n 9) 2 10 3

@Bn+1)!" "'3n-1 2n+2°
3adaHue 2. 1) pa, 2) pa, 3) aa, 4) HeT, 5) HeT, 6) Aa, 7) Aa, 8) HeT, 9) HeT, 10) aa.

3adaHue 3. 1)cxoauTca , 2) pacxoanTtcs, 3) pacxoauTea, 4) pacxoautcs, 5)

cxoauTea, 6) cxoautcsa, 7) pacxoauTtcs, 8) pacxoautca, 9) cxoautcs, 10) cxoauTes.

3a0aHue 4. 1) pacxoautca, 2) cxoanTtcs, 3) cxoautea, 4) cxoauntces, 5) cxoamTes,

6) cxogutcsa, 7) cxoanTtea, 8) pacxoauTesa, 9) cxogutcs, 10) pacxoguTca.

3a0aHue 5. 1) pacxoautcsa, 2) cxoanTtcs, 3) cxoautcesa, 4) pacxoautcs, 5)
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cxoauTea, 6) pacxoautca, 7) cxoamntcs, 8) pacxoautea, 9) pacxoautca, 10)
pacxoauTcs.

3adaHue 6. 1) abcontoTHO cxoamuTcs, 2) YCAOBHO €X0AMTCS, 3) YCIOBHO
cxoauTca, 4) ycnoBHO cxoamuTces, 5) abcontoTHo cxoamuTea, 6) abcontoTHo cxoauTesa, 7)
abcontoTHo cxoanTca, 8) abcontoTHo cxoauTca, 9) ycnosHo cxoantea, 10) ycnosBHO

cXoauTcAa.

3adanue 7. 1) (-2;2], 2) (—% %} 3) [—% ﬂ 4) (-4:4), 5) [-3:1), 6) [-1;5], 7) (-

6:2), 8) (-2;1), 9)( J3-143- ) 10) (0;4).

Ilpaxmuueckan paboma Ne 11
Tema: KomniiekcHble ync/ia M 1€HCTBUA ¢ HUMM.
Heab: cdopMupoBaTh yMEHHE BBINIOJIHATh apuMeTHUYecKhue AeHCTBUS C
KOMILIEKCHBIMU YHUCJIAMH.
MeTtoanyeckue yKazaHus 1JIs NPAKTHYECKOl padoThI
TeopeTnueckue cBeieHUsI K MPAKTUYECKOH padoTe

1. Ilonamue KOMNAEKCHO20 Yuc1a
Komnnexcnoimu yuciamu Ha3pIBarOTCS YKCIIa BHUaa

zZ=X+1y, (1.1)
rae X, Y — JCUCTBUTENBbHBIC (BEIICCTBEHHBIC) YHCIIA, a YHUCIIO IOMpeaesieMoe

pasecTBoM i°=—1 (I =~/— ) HAa3bIBA€TCS MHUMOW €IUHULICH.
Yucno X Ha3pIBaeTCs OellcmeumenvHoll (6ewecmeenton) 4acmpio KOMIUIEKCHOTO
yrcia (MCIoJib3yeTcss o0o3HaYeHHe X =Rez); Y-MHUMOH YacThl0 KOMIUIEKCHOTO

ancna z(Y = IM2),

Boipaxenue (1.1) Ha3bIBaIOT aneebpauieckou opmotil 3anucu KOMNiIeKCHO20
yucna.
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Ecan X=0, To uncio Z HA3bIBAIOT YMCTO MHHMMbLIM; €CJIU y 0, TO TOJy4YaeTCs

BEIIECTBEHHOE YUCIIO z=X+01=X .

Z=X+NY y 2=X-1Y yaspparorest compsKEHHBIMH.

J[Ba KOMILIEKCHBIX 4YHMCIIA
Vcrionb3yst GopMyILy pasHOCTH KBaJApaToB, MOIYYaeM, 4To ZZ = X° + y°.
MOXHO [0Ka3aTh, YTO KOPHAMHU KBAIPATHOIO yPABHEHUS C OTPULATEIBHBIM
JUCKPUMUHAHTOM SIBISIOTCS [[BA CONMPSKEHHBIX KOMILIEKCHBIX YHCIIA.
2
Ipumep 1. Pemuts ypaBaenne X~ —6X+18=0.

Pewenue. JIMCKPUMHHAHT naHHOro ypapHenns: D=(-6)°—4-1:18=36-72=-36
MEHBIIIE HYJISI, HO TEMePh MBI MOXKEM BOCIIOJIB30BATHCS MHUMOW €THHHIICH:
 6++4/-36 6++/36-J-1 6+6i
’ 2 2 2
4

, T.€. X =3+3i ;X =3-3i,

JIBa KOMIUIEKCHBIX umcna 1~ AWy =% 1, PaBHBI IPYT APYrY, €CIIA X1 = X2

n 1= Y2 kommexcHoe uncno z cauraercs PaBHBIM HYJIIO, eciin X=Y =0,

Besikoe KOMIIEKCHOE YMCIIO MOYKHO M300pa3sHuTh Ha MIIOCKOCTH, T.K. KAXKIOMY Z
COOTBETCTBYET YIOPAL0UYEHHAs MApa BEIeCTBEHHBIX
Xy) -
¥, gucen (xY);

M(xy)

X

L 3

Uucno z=0 craBUTCS B COOTBETCTBUE HaYaIy
KOOPAUHATHOM MIOCKOCTHU. Takyro IIIOCKOCTh MbI B JaibHENIEM Oy1eM Ha3bIBaTh
KOMITJIEKCHOH TUIOCKOCTBIO, OCh a0CITUCC—IEMCTBUTEIBHON, @ OCh OPIMHAT-MHUMOMN
OCBI0 KOMIUIEKCHOM IIJIOCKOCTH.

Z=X+ly

2 2
Yucmo VX TV HaspiBaeTCs MOIYyJIeM KOMIUIEKCHOTO YHCIIa 1 0003HaYaeTCs

‘Z‘ W r3f=x/><2fy2.

2. Tpuconomempuueckan popma KOMnIEKCHO20 UUCA
Tpueonomempuueckas gpopma Komniekcho2o yucia. KaxxaomMmy KOMIIEKCHOMY
grciy Buja (1.1) MOXKHO ITOCTaBUTh B COOTBETCTBHE TOUKY M(X;Y) Ha nekapToBoi
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IINTOCKOCTH (HpI/I sToM Ha ocH Ox pacnojgararoTcsa BEIICCTBCHHBIC YU CJIa

Z = X+i0= X, a Ha ocut OY — uncro Munmsre ancma Z=0+1y =1y).
Mooynem xomnaexcho2o uucia Ha30BEM JUIMHY OTpe3ka |OM | (uiu

2 2
paccTosHUE OT Hauana KoopauHat 10 Touku M), T.e. | Z|=+/X" + Y° . Aprymentom

xoMIUekcHoro uucia (@ =ArQZ) uasosem yrom, koropsiii Bekrop OM o6pasyer

C TOJIOKUTENBHBIM HampasieHueM ocu Ox. ['71aBHOe 3HAYEHHE ApryMEHTAa,
KOTOpOE€, KaK NpaBUJIO, HCMOJb3YEeTCS IPU OCYLIECTBIECHUHM JIEUCTBUH C

KOMILUICKCHBIMH YHCIIAMH, YIOBJICTBOPSICT YCIOBHUIO 0<p<2r.
[Tpu 3TOM BBIp@KEHHE BUIA
Z5z|(cosp+ising) (1.2)
HA3BIBACTCS MPULOHOMEMPULECKOU (POPMOTL 3aNUCU KOMNIEKCHO20 YUCIA.
[Ipeobpazyem (1.1)

X . X .
[\2 2+|/2y2 > 2 2y2
X“+y X“+y \/ X +y \/ X +y
U, cpaBHuBas ¢ (1.2), momyyaem, 4YTO @—apryMEHT KOMIUIEKCHOTO YHCIaZMO>KHO
HAWTH, pEIIUB CUCTEMY

Z=X+iy=+/x>+Yy?

= z|

X
COSQ = ——— X
[ 2 2 CoOSpp =—
Ty 17001 4 |Z|(1.3)
S y Y
T ey BT

3aMeTHM, 4YTO TMpPHU BHIOOpPE 3HAYCHUH ¢ W3 MOCJIEIHEr0 YpaBHEHUS HEOOXOJMMO
YUYUTBHIBATH 3HAKU X U Y.

¢—apryMEHT KOMILIEKCHOTO UHCIAZMOKHO Haiit dopmyn COS@P :F , Sing =

tgp = y Q= arctg(lj
(1.3) miu B cuiry TOTO, YTO X, X/,

y
.

Ilpumep 2. 3anmcath KOMIUIEKCHOE YHCIIO B TPUTOHOMETPUYECKOHN (hopme:

a) 6i; b)1- l\/g, YKa3aTh MOIYJIb U API'yMEHT KOMILIEKCHOTO YUCIIA.
Pewenue. a) 3aecy x=0, y=6 |z| = 6
[TockonbKy 4YHCIIO 6IIEKUT HAa TOJIOXKHUTENBbHON monmyocn Oy, TO 3HAYCHUE
T . T . . T
ApryMeHTa ¢) = ., Tlo3ToMy 60 = 6(cos; + i sin ;)).

b) 3mecs x=1, y=—1/3.
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Ilo ompenenenuio |Z|= 12 +(—3)2 =4=2. Jna OIpeseNeHus apryMeHTa

COSp =
BOCIIOIB3yeMcsl  hOpPMYJION:

o
Ilonyyaem, 4ro @=argz= 3

glmll—\
w

sing =
Tpuronomerpuueckas @opMa 3aJaHHOTO KOMILUIEKCHOI'O YHCIa UMEET BHI:
o7 . . brx
Z=2 cos— +isin— |.
3 3
Ilpumep 3. 3anucatb B TPUTOHOMETPUUECKON PopMe KOMITJIEKCHOE YHUCIIO
z=-1+i/3 _

Pewenue. Halinem Moayiib 1 apryMeHT KOMILIEKCHOI'O YMCIIa: ‘Z‘ =+1+3=2.

- y
Yron ¢ HailieM U3 COOTHOIIECHUI COS ¢ = F Sing = ? . Torna nmonyuum
-1 . 3 _
COSp = r} ;SN @ = PR OueBHIHO, TOUKA Z =—1+i+/3 HAXOZHUTCS BO BTOPOIA

yerepTH: @ =120° = %n.

[Moxacrasiss B popmyny (1.2) HalineHHbIe I U @, umeeM £ = 2(0055” +isin §7T j :

3. Jleiicmeus Ha0 KOMRNIEKCHbIMU YUCIAMU
1) CymmanByx KOMIUICKCHBIX uncen Z, = X, +1y, u Z, =X, +1y, onpeneinsercs
corsiacHo gopmyine Z, +2Z, = (X1 +X, )+ i(yl +Y, )

2) Onepayus ébluumaHnus KOMILICKCHBIX YHCEIT ONPEICIIACTCS KaK Oreparus,

obOpatHas ciioxeHnro. KoMIiekcHoe uucio 2 =%~ 22, eclid 22 +Z =7, BIACTCS

Pa3HOCTBIO KOMILIEKCHBIX YHCeN Z1 U Zp. Torna Z = (X1 =X, )+ i(y1 — yz) :
IIpumep 4. BemoaHuTs neictBus: a) (4+2i)+(1+5i); b) (3+5i)-(6+3i).
a)llo mpaBuiy CI0KEHHUSI KOMIUIEKCHBIX YK CEJT ITOITYIUM
(4+2i)+(1+5i)=(4+1)+(2+5) i=5+7i.

b) [To mpaBuTy BEIYMTAHHS KOMIUIEKCHBIX YUCEI TOIYIUM

(3+5i)-(6+3i)=(3-6)+(5-3)i=-3+2i.
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L=X%+W g 2, =x, +iy, onpezensercs

3) IlpouseedenueByx KOMILUIEKCHBIX YHCEI

. . . . ,
o dopmyre 2,2, =(X, +iy, X, +iy, )= XX, +y,X, +iX,Y, + +i%y,y, =
(XX, = Y, ¥, )+i(X, Y, + X, ). B uactroct - 7 = (x + iy x —iy) = X2 + y2.
MO3KHO TOYInuTH HOPMYITY YMHOKEHHST KOMILUIEKCHBIX YKCENT B
TPUTOHOMETpPUYECKOH (hopMme.

Umeem 7,2, =11, [cos(g, + ¢, ) +isin (o, + o, )].

IIpumep5. Bommonuuts neiicteus:a) 2i-3i; b) (2-31)-(2+3i), ¢)(5-4i)-(3+2i).
a) 2i-3i=6i°=-6;

b) (2-3i)-(2+3i)=4-9i°=4+9=13;

c) (5-4i)-(3+2i)=(5-3-(-4)-2)+ i(5- 2+3(-4)=23-2i.

MO3KHO BBITIOJHUTH YMHOKEHHUE T10 MPABHITY YMHOKEHHS MHOTOUJICHOB:
(5-4i)-(3+2i)=15+10i-12 i +8=23-2i.

4) /lenenuexoMIUICKCHBIX YHCEIT OTPeIeIIsIeTCs Kak oneparus, oopaTHast

z
z=-L

YMHOKEHHIO, TO €CTh YHCJIO Z2 Ha3pIBae€TCS YACTHBIM OT AEJICHUS Z1 Ha Zo, €CIIU
X iy (X1+iy1)(X2 —'Y2) _

h=1-1 Torma 22 X2 +iy, (Xz +iy2)(X2 _iY2)

XX Y X — XY, —1%YiY, (X + YaYa ) Fi(= XY, + X, Y1)
Xz2 + Y22 X22 + y22

Z, XX, + =X, Y, + X

Oxonuatenpho 2t =2 T hYe 7RV T XN
23 X, Y, X, +Y,

B tpuronomerpuueckoit popme:

z, T i
L =t[cos(py — ¢, )+isin(p, ~ ,)]

Z2 2

Oneparus nejneHus BO3MOXKHA TOJIBKO B CiIydae, Korja £y # 0+10=0 ).
1 A+i [ 2-70
+i 3+41

. 2
IIpumep 6.BpimonHATH I[eI/ICTBI/I}IZa);;b) = 91 )
i —i
M yKa3aTh BCIIECTBEHHYI0 W MHHMYIO YacTH TOJIYYCHHOTO KOMIUIEKCHOTO
qHCIa.
Pewenue.
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. 2 2i 2i 2,
a) Ymnoorcaem denumoe u oenumens Hai, nomyuUM L = o = T = T3 L.

b)YMHOXaem jgenumMoe W JENUTENh HAa  MHOXHUTEIb, COIPSDKCHHBIN
1 1(1-i)  1-i _ 1-i 1

=-—Zi

1+i  (A+)@A-i) 1-i2 2 2 2

JOCIIUTEIIO.

c)YMHOXkaeM JeluMO€ U JCJNHUTEIb Ha MHOXHUTEIb, CONPSKEHHBIN
1+ (14040 1+42i+i% 20 i
1-i  (1-i)(1+0) 1-i2 2 '

JOCIIUTEIIO.

d)YMHO}KaeM ACJIIMMOC U OCIIUTCJIb Ha MHOXKUTCIIb, COHpH)KCHH]'::Iﬁ JOCIIUTCIIIO.
C2-7i (2-7i)(3-4i) 6-8i—21i+28i> 6-20i-28 -22-29i 22 29..

3440 (3+4i)(3-40) 9-16i° 9+16 25 25 25 '
BGIIIGCTBGHHaSI N MHHMas 9aCTH paBHBIL: Rez = —? , Imz= —%-

5) Bossedenue ¢ cmenenv u uszéneuenue Kopueil. ECIN KOMIUIEKCHOE YHCIIO
3aJ]aH0 TPUTOHOMETPHUECKOM (HopMoii z9z|(cosp+ising) | o CIpaBeIInBa
dbopmyna Myaspa

2" = z|" (cosng +isin ng). (1.4)

6) s uszeneuwenus xopus N-u cmenenu (N — 1el0e 4ucio, Ooibinee 1) w3

KOMIUIEKCHOTO 4YHCJIa, 33JaHHOTO0 B TPUTOHOMETpUYECKOW (opme, mnpumeHsercs
dbopMmya, naromasi N 3Ha4YEHUN 3TOr0 KOPHSI:

2, =¥z =1z |(cosL2k7r+ isin wj k=0,1,...,n-1.(1.5)
n n

Hpumep 7. Berauciurs: (—1+1)2.

Pewenue. UYtoObl Bocmonb3oBaThes  Qopmynodr  MyaBpa, HE0OX0IUMO
MPEAICTaBUTh KOMIUIEKCHOE YHCIIO B TPUTOHOMETPUIECKOU (opMme.

Nmeem: |Z|= \/(—1)2 +12 =42 cosp=-1/2 u sinp=1/J2 , te.
@=37rl4 (tak kak cOOTBETCTByIOmas TOYKA JEKHT BO BTOPOH UETBEPTH).

CrnenosatenbHo, —1+i=+2 (00537” +isin 3%) u

(—1+i)13:\/213(0053'13ﬂ+isin3'::37[j (8 cuny (1.4)). VYuuTeBas, 4TO

397 T

7 =107 — 1 U UCIIOJIb3Ysl CBOMCTBA TPUTOHOMETPUUYECKUX (PYHKIIHMM, MOTydaeMm:
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148 = 7y isin= T | = 1 iy _ea_eai.
(—1+1i) _64\/5(003( 4)+|S|n( 4)] 64\/§(ﬁ 'ﬁ) 64 — 64i

Ilpumep 8. Bo3BecT 4uCHO 7 = J3-iB IATYIO CTEIEHb.
Pewenue. Tlonydnum TpuroHomMeTpuueckyo Gopmy 3arnucu yucia Z.

T
r=+3+1=2, cos(ng, sin (p:—%,omma (p__E,a

T\ ... T
Z= Z{COS(— Ej +13In (— Eﬂ . Torna no gpopmysne MyaBpa nosy4nm:

s 5 . 5 5 .. 5
2> =2/CoS| ——m |+ISIN| ——7x ||=2| COS—m —1ISIn — |=
6 6 6 6

:2(—cosg—isin %j:2{—£—ilJ:—2(£+i%j:—(\/§+i).

Ilpumep 9. BeraucnuThb: 3-1.

Tpuronomerpuyeckas GopmMa 3alaHHOTO YHCJIa UMEET BUA —1=COSz +isinz
(|z|=1), mosTomy B cuity (1.5)

Zy = %(cosw +isin LZI(”) _cos™ KT isin L?’Zk” , k=0,1,2.

BrinuceiBaeM TPHU NCKOMBIX KOPHA:

7z .. 1 \/§
Zp =COS—+isSin—==+1—;,
3 3 2 2
T+2r . . TH+2w ..
Z; =CO0S +1sin =cosz +Isinz =-1;
T+4r . m+4r 1 .3
Z, =CO0S +1isin =——1—

2 2
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1. MuuMas eguHMIa. Ajreopandeckasi GopmMa KOMILUIEKCHBIX YHCeJI.

HepaspemmmMocTts ypaBHeHHST X2 + 1 = 0 Ha MHOXECTBE JEHCTBUTENBHBIX UHCET NPHBENA K

BBCACHHUIO TakK Ha3bIBAEMOW MHHMOM C¢AMHUIbI I , T... MHHMOI'O (HpI/I,Z[YMaHHOFO) qucijia,

o 2 1
oOiamaroniero ceoiicreom: I = —1,
Torma X°+ 1 =0 umeer aBa pelIeHuUs: Xl =1, X2 =-—1.
Yucna, Bupa bi, roe beR,| — MHUMas eauHUIA, HA3BIBAIOT MHMMBIMHI YHCJIAMH.
Hanpuwmep, 4i, —3i, 045i, \/EI , MT.IL
Yucnma, Buga a—+bi, rme a,beR, | — MHUMas eauHMIA, HA3BIBAIOT KOMILIEKCHBIMH
YHUCJIAMH.

Hanpumep, 5+4i, 7—3i, 25+45i, —2—\/§i , HT.IL
®opma zamcn £ = A + bi Ha3bIBAETCs AJIredpanvecKoi.

A — neiicTBuUTENBHAS YacTh: Re(z) bi _ MHHMast 9acTh: 1m(z)

Takas 3amuCh MO3BOJIAT 3alMCBIBATH HE TOJIBKO KOMILUIEKCHBIE YMCIIA, HO U YUCMO MHUMblE U
oeticmeumensbHule, HaIPUMED:

AEﬁCTBMTeanbIe ynucna MHumble uncna
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5+0i =5 O+4i=4i

—J5+0i=-/5 0—7,8i = —7,8i

Bo MHOXECTBE KOMIUICKCHBIX YHCEI HET IOHSATHH <<6OJH)HIG)), «MECHBUIC», «IIOJIOXKUTCIBHOC),
«OTPULATCIIBHOCH .

Yucma Z; =3 + bll ul,=a,+ b2i Ha3BLIBAIOTCS PABHBIMH, ecii & =d, u bl = b2_

Yucna z=a+biu —z=—a—Dbi Ha3pBarOTCS MPOTHBOMOJIOKHBIMH.

Yucma Z=a+ bi u Z=a—Di nassisatorcs COMPSKEHHBIMH.

1.1. PemieHue KBaIPaTHbIX YPAaBHEHHUI ¢ OTPULATEJIbHBIM JTUCKPUMHHAHTOM

Pemennem KBagpaTHOIO YpPaBHCHUA C OTPpULATCIBbHBIM JHUCKPHUMHWHAHTOM BCErja 6YJIYT JBa
CONPSKEHHBIX KOMIIJIEKCHBIX YHCJIA.

[Ipumep 1: pemuTh KBaJpaTHOE YPaBHEHUE X*+4x+29=0.

Pewrenue.

BBIYHCIUM JUCKPUMHHAHT

D=b?-4ac=4?-4-1-29=16—-116=-100<0.

[IpencraBiseM OTPULATENBHOE YHCIO Kak MNpousBeaeHHe (—1) M MOJNOKHUTENBHOTO YHCIA U

-2
samensieM (—1)ma | :
D=-100=-1-100=i?-10%.

Haiinem +/D =+/i2-10% =+/i2 - 1102 =i -10.

Haxoaum xopHu ypaBHEHHUS:

—b+JD —4+i-10 -4 10i .
X, = = = +—=-2+bi:
2a 2 2 2
, _—b-VD _-4-i-10 -4 10i _
2 2a 2 2 2

OTBET: 1Ba CONMPSKEHHBIX KOMIUIEKCHBIX YnCIa: X = —2+9 u X, = —2-51 .

—2—-5I,

1.2. ApudpmeTnyeckue onepanuu HajJ KOMIJIEKCHBIMH YHCJIAMUB
ajnredpanyeckoi gpopme

cymmaZ +Z, =(a, +hi)+(a, +bi)=(a,+a,) +(b +Db)i

Pasnocrs Z, — Z, = (& +i) —(a, +0,i) = (a, —a,) + (b, —b,)i
Mpomssenenne Z; - Z, = (3, +byi) - (8, +b,i) = (a3, —bb,) + (a)b, +a,b)i

Zl Zl . 22 (‘-II/ICHI/ITCHL U 3HAMCHATCJIb YMHOXAOT Ha YHUCIIO,
YacTHoe _ e — COIIPSPKECHHOC  3HAMCHATCIIIO, yTOOBI HM30aBHUTHCI OT
2 22 . 22 KOMIIJICKCHOT'O 4HCJia B 3HaMeHaTCJ'IC)
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PexomentyeTcst Asi yrpouieHUs BBIYMCICHUN TIPU JIENICHUH, BHIBECTH (POPMYIY Ul YMHOXKCHHUS
JBYX COIPSIKEHHBIX KOMIUIEKCHBIX YHACEIL:

z -z =(a+bi)-(a—bi)=a®-b%?=a?-b* - (-1) =a® +b?

[pumep2. BroimoaauTh apudmeTrueckue IEHCTBHUS HaJl KOMILIEKCHBIMU YHCIAMH z,=4+51 H
z,=6-9i.
Pemenue.

) z,+2,=(4+5)+(6-9i)=4+6+5 -9 =10—4i;
) 2,-7,=(4+5)—(6—9i)=4—6+5i+9i =-2+14i.
3) 7,-7,=(4+5i)-(6-9i)=24—36i +30i — 45i> = 24— 6i —45-(—1) =69 —6i ;

2 27, A+5i  (4+5i)-(6+9i) 24+36i+30i+9i° 15+66i 5+22i _5 22
z, 6-9i (6-9i)6+9i) 36+81 117 39 39 39°
Orser. 2, +2,=10-4i; z,-2,=-2+14i; 2,-7,=69-6i; L_>5 .2
z, 39 39

1.3. HatypaibHasi cTenieHb MHUMOM e THHUIIBI |

Haiinem nepBbIiii 4eThIpe CTEMEHH i:

=i, iP=-1i®=ii=-1li=—i I'=i"i"=-1(-1)=1

=4
VyuteiBasg, uto | = 1, HalJIeM CTapIlne CTENEHU:

.5 .4 - - - - - -

P=1"-1=1-1=1, i°=i*i?=1-(-1)=-1,

; 4 - - 8 4 a4

i"=i*i’=1.(-)==i, iI=i"-i"=11=1

OueBHIHO, YTO BCE OCTAlbHBIC CTEIEHH | OyAyT paBHBI OJHOMY M3 MPEIBIAYIIHX YETHIPEX
3HAYECHUU.

Yrto ObI BO3BECTH iB HATYPAJbHYIO CTeNeHb, HAJ0 MOKa3aTe/lb CTENeHH pPa3aejuTh Ha 4, U
BO3BECTH IB CTelleHb, PABHYIO OCTATKY OT JIeJICHUS.

. =16 =11 =22 =37
Ipumep 3: Haiitu | ’ [ | [

Pemienue.

i16 — i4-4+0 — iO :1
ill — i4-2+3 — i3 :—i :
i22 :i4~5+2 — i2 :_1_
i37 — i4-9+1 — il =i .

=16 =11 = =22 =37 H
Omer. I =1 I"'==1 1”"==-1 1°" =1

2. FCOMeTpH‘leCKaH HHTEpHPETAIINA KOMIIICKCHBIX YUCEJI
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I110CKOCTh HA3BIBACTCS KOMILIEKCHOM, eCli KaxIoMy Komiiekchomy umcay £ = X+ 1Y

CTaBUTCA B COOTBCTCTBHUC TOYKHU IINIOCKOCTHU C KOOPpAHMHATAMU Z(Xl y) , IPpUYCM, 3TO COOTBCTCTBUC

B3aMMHO-0JIHO3HauHOE (puc. ).
Ocp OX Has3piBaeTcsd /AeMCTBUTEJIbHOM OCbIO, T. K. Ha HEHW pACIOJIOKEHbl TOYKH,

COOTBETCTBYIOIIME YHCIIAM, Y KOTOPEIX Y = 0.

Ocp OY Ha3biBaeTCs MHMMOM OCbIO, T. K. Ha HEM pacrojokeHbl TOYKH, COOTBETCTBYIOIIHE
yuciaM, y KoTopeix X = 0.
Takum 00pa3zom, J000C KOMILIEKCHOE YUCIO Z = a + DI MoxHO HM300pa3uTh Ha IUIOCKOCTH

TOYKOI C KoopAuHaTaMn (a, b), IMPpUYEM B3aMMHO OJJHO3HAYHO.

C kax/101 TOUKOM Z(X, Y) KOMIUJIEKCHOU TIJIOCKOCTH CBSI3aH paouyc-6ekmop 3TOu Touku (puc. 1).

VA
O
(x.7)

z(x.) y

.} . T

0 % 0 X %
Pucynok 1

CrnosxeHre M BBIYUTAaHHE KOMILJIEKCHBIX YHMCEI MOKHO BBIMIOJHUTH MO MPaBWIIy MapajjiesiorpaMMa
(MpaBUJIO CIIOKEHUS M BBIYUTAHHUS BEKTOPOB), KOTOpPOE 3aKIIOYAETCS B CICAYIOIIEM: HYXHO
MOCTPOUTH MApaJJIEIOrpaMM Ha BEKTOpaX, MOJYYEHHBIX MPU TEOMETPUYECKOM IpeICTaBICHUU
3TUX 4Hcen. Pe3ynbraTy cymMMuUpoBaHHA OydeT COOTBETCTBOBATH  BEKTOP-AMArOHalb 3TOTO

napaenorpamMa. [Ipy  BBIIOJHEHUH BHIYMTAHMSA HY)KHO yUUTBIBATH, YTO PA3HOCTh Z; M Z, Gymer

COOTBETCTBOBATh cymme Z; u —Z,. Te. Z;—2Z, =12+ (— Z, )

Ipumep 4. Jlanbr aBa Kommiekchbx ncaa: 2, =1-51 n 2, =2-31.

N300pa3uTh WX Ha KOMIUIEKCHOM TIUIOCKOCTH M pPE3yabTaTbl HMX CIOXKEHHS U
BbIUMTaHUA (pHC. 2).
Pemenue.

z,+2, = (1+5i)+(2-3i)=3+2i
2, -7, = (1+5i)+(-2+3i)=-1+8i
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I
3
é \
g 1450

-2+3i

Pucynok 2
Jlnuna I Bextopa, cooTBeTcTByrOmEro KOMIIEKCHOMY 4Hcldy Z  Ha3blBaeTcs MOJyJieM

KOMIUIEKCHOTO 4ucaa £ u 06o3Haqaercs ‘Z‘

Vron @ , OOpa30BaHHBIM paJNyC-BEKTOPOM C IMOJIOKUTEIbHBIM HampasieHueM ocu OX

Ha3bIBAETCA APryMEHTOM KOMILIEKCHOTO uncia Z u 0603HavaeTcs arg L (puc. 3).

"

0 x = Relz) X

Pucynok 3

PaCCManI/IBaSI Ha pHcC. 3 BBIJICIICHHBIN HpSIMOYTOJ'ILHHﬁ TPEYrOJIbHUK, ITO0JIydaeM COOTHOUICHHUS:

r=z|=yx*+y

COS(0=§;Sin¢)=X tgp = =.

r r X’
X=r-C08¢.y=r-sinp.x=y/tgp,y=X-10¢p
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IIpumep 5: 3agaHo komiuiekcHoe uncno Z =1—1i . Haiitu ‘Z‘ u arg L

Pemienue.
z=1—1,3Hauwr, X= 1 y—_l
2| =/x* +y? =12 +(-1F =2, A
COS(D_K_i \
r \/E T 0 1
r=>@p=——=—-45 :
Sin¢—l— i 4 ! 0 —JU4:
ro V2 EANGE
S B
o T
OTBeT: |Z|=\/§; argz—(ﬁ—_z (puc. 4) Pucynok 4

3. Tpuronomerpuyeckasi popMaKOMILIEKCHOT0 YHCIA

3aMeHHMB B anreOpamdeckoil (opMe 3amucH KOMIUIEKCHOTO 4YHCIIa Z=X+Yl X

COOTHOIICHUSMH X=Tr-COS@ y=r-singe ,

uy

MOJTyYUM:

Z=X+Yi=r-cosp+r-sing-i=r(Cosp+i-sinp) , re rpuronomerpricckyio

(opMy 3armucH KOMIUIEKCHOTO YHCIIA.
Tpuronomerpuueckas gpopma: Z = r(COS(D +1-sin @)

[pumep 6. [lepeBecTH B TPUHTOHOMETPHUYECKYIO (POPMY KOMIUIEKCHOE YHCI0 Z = \/§ +1,

Pemrenue.

Z—\/_-H , 3HaunuT, X = \/_, y=1;

7| = x+y \/(\/_)2+12 J3+l=A/4=2:
J3

T2 0
= :—:30
=%

2

CoSQ =

sin @ =

“|‘< ﬁ|><

Takum o6pa30M, TPUTOHOMETPUICCKAs (1)0pMa JaHHOI'O KOMIIJICKCHOT'O YU CJia UMCCT BU

z=r(cosg+i-singp)= 2(cos€+ i -sin Ej

9] z—2(cos£+i-sin ZJ
TBCT. 6 6 |
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Ipumep 7. TlepeBect B anreOpandeckyr0 (GOpMy KOMIUICKCHOE 4HCIO, 33/IaHHOEC B

TPUTOHOMETPHUECKOH popme Z = 10(0031500 +1-8in 1500).
Pemenue.

2 =10(c0s150° +i -5in 150°), syauur, [ =10, ¢ =150° = %”

X = r-coswzlo-cos%:10-(—§J:—5\/§

) /4 1
=r-sinp=10-sih—=10-—=5
y Q 5 5 .

Takum oOpaszom, anredpanyeckas GpopMa JaHHOTO KOMIUIEKCHOTO YKCia UMEET BUJ:

Z=X+Yi=-5/3+5i.
Otser. Z =—5\/§+5i_

3.1. [JeiicTBHSI HA/l KOMILIEKCHBIMH YHMCJIAMHM, 32IaHHBIMH B
TPUIOHOMETPUYECKOH popme

Ymuoxenne Z, - Z, =1 - T, (COS((Dl + @, )+ i-sin ((pl + @, ))

Jenenne L = L (cos(p, — @, )+i-sin(p, - 0,))

22 r2
Bo3Benenne B crenenn Z "=r" (COS Ny + I-sinn (0) (popmyna Myaspa)

+27K . . @+27K
H3BieyeHne KOpPHA vz =wr [COSQ— +1-SIn prem

k=012,...,n-1
n n

4. Iloka3zareabHast GOPMAKOMILIEKCHOIO YHCJIa

B 1740 rony Jleonapa OJinep omybnukoBan ¢GopMyny, CBSI3BIBAIOIIYI0 KOMILIEKCHYIO
AKCMOHEHTY C TPUTOHOMETPUUYECKUMHU (PYHKITUSIMU:

|(0 _ = .
€" =C0S @+ 151N Q _ Gopmyna Diinepa.
Takum o00pazoMm, eciaM KOMIUIEKCHOE YHCJIO 33/IaH0 B TPUTOHOMETpUYECKOil ¢opme

L= r(COS§0+i -Sin (D), TO Ha OCHOBaHUM (OpMyYITbI Diliiepa, BBIPAKEHHE B CKOOKaX MOXKHO

3aMCHUTbL Ha TIMOKAa3aTCIILHOC BbIPAXKCHUC. B pe3yibTaTC IMOJYUYUM IMOKA3aTCIbHYIO (I)OpMy
KOMINIJICKCHOT'O YHCJia:

_ lp
Ioxa3zaTenbnas popma: Z=1TI-¢€
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4.1. /leiicTBMSI HAl KOMILIEKCHBIMH YHCJIaMM, 32JJaHHbIMHI B MIOKA3aTeJIbHOH
popme.
i i
Myers 2, =1, -€7 u Z,=1,-€'%

YMHoOKEeHHEe Zl * 22 = rl . r2 . el((p1+(pz)

4 _h

_ 11 ailee)
Jlenenue 22 r

N

n _ .n ing
Bo3BeieHne B cTeNneHb (Z) =r -e

i¢)+27zk
UsBiaeuyenne kopuss ¥V & — VI ° e k=0,1,2,...,n-1

[Ipumep 8. JaHbl 1Ba KOMIUIEKCHBIX yncia Z; u Z,.

. 1 .
Z = 4(0031500 +1-sin 1500) z, = E(cos 90° +i-sin 900)

[poussectn nevictBus Zy * Z, , Z; / Z, B TPUTOHOMETPUYECKOH M IMOKA3aTENLHON (OpME.
Pesynbrar 3anucats B anredpandeckoit popme.

Pemenue.
13 sammcn uncen umeem: [, =4, I, = o1 P = 150°, ¢, =90°

Tpuronomerpuyeckas d)ODMaZ

2,-2, =1, - 1,(cos(p, + @, )+i-sin(p, +¢,))=4 -%(005(1500 +90°)+i-sin(150° +90° )) =
= 2(c0s240° + i -sin 240° )= 2{—%“(—?}} —-1-4/3i.

;_1 = :—1(cos(¢)1 —p,)+i-sin(p,—p,))=4: %(005(1500 —90°)+i-sin (150° - 90° )) =
2 2

= 8(c0s60° +i-sin 600):8(%+§iJ =4+430.

IlokazatenbHas d)ODMaZ

. 1 P 0
i150° — i-90
Z, = 4e Z, =—¢€
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i 1 P 0 0 ; 0
Z,-2, =1, -, .el((ol+(02) _ 4-—-6'(150 +907) _ 2pi240° _

2(cos240° + i - sin 240° ) = 2 —%+ i(— ?j = -1-43i.

4 _Ngilee) _g- %9(1500 o) _ geioo’ _8(cos60°+| -Sin 600)

Z, I

=8 %+§i = 4+ 443,

OtsBer. 21-222—1—\/§i Z—1= +4\/_I.

Kak BuaHO W3 mnpuMepoB, mokasarejbHas ¢opMa ynpoumaer 3anuch BbIYMCICHUH, H
odopMIiIeHHE pelIeHus Aes1aeT 00/1e¢ KOMIIAKTHBIM.

[Ipumep 9. Brrunciuts (\/§ - \/E | )10.

Peurenue.
3anuiiemM JaHHOE KOMIUIEKCHOE YMCII0 B MTOKa3aTebHOU GopMme:

z =~/2 —/2i, 3Hauwmr, X =42, y=—\/§;

=y (2] + (V2f =vzr2=a=2;

y —~2 T 0
tgp=="=—+=-1 = gp=arctg(-1)=—-=-45
9=2=""7 @ 9D =-7

Taxum o6pa30M, IoKa3arcjibHasn (bopMa JaHHOI'O KOMIIJICKCHOTI'O 4KUCjJIa UMCCT BHU/:

()

z=re'¥=2e" 4/,
10

Beruncium Z

10 10 104 (_Zlo)
7% =r'%"1% =2

HepeBeL[eM HOJIY‘IGHHBIFI pe3yiIbTaT B anre6pa1/1qec1<yro (I)OpMy X+ Iy .
.( 57

1024e[ 7 1024(005(— E)—I—I sin (— ED 1024(0+i-(-1)) = —1024i .

Omer: (V22" =-1024i

4
Hpumep 10. Haiitn Bce KopHM ypaBHeHHs L — 16=0.

Pemenue.
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N0
ammmenm wncio 16 B noxasarensroii opme: 16 =16€'° re. r=16, @ =0°.

Torna
o2k
z=%Yre o k=012 . .n—1
0+27k
z=416=416¢ * K=01 2 3
Ipuk =0:

z—‘{/ie4 4¢' =2(cos0+i-sin 0)=2(1+i-0)=2
IMpuk =1:
.0+27

z,=%16e * = 2=2(cos%+i-singj=2(0+i-1)=2i

Ipuk =2

.0+4rx
z,=416e * =2e" =2(cosz+i-sin7)=2(-1+i-0)=—-2
Hpnk =3.

.0+67 37r

z,=416e ¢ =2¢2 —Z(COS%[—H S|n37j=2(0+i-(—1)):—2i

Ortser. Zl=2, Zz=2i, Z3:_2 Z4=—2i,

BoiBoa:

e Auredpauueckasi popma ynoOHa MPH CIOKEHUU U BBIYUTAHUH,

o [Jloka3zarenbHas (bopMa yz[06Ha npu YMHOXCHHH, ACJICHUHU, BO3BCACHUU B CTCIICHD,

U3BJICYCHUU KOPHS,

e Tpuronomerpuyeckass  Qopma CIYKUT s I[epeBoja IoOKa3aTeabHON (opMbl B

aHre6DaI/IquKVIO.
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5. 3apaum I CaMOCTOATEIBHOIO PelICHUSA
1. Pemuts ypaBHEHHME:

) XC+4x+29=0 )  X°+36=0
3 X°—13x+48=0 5 X +6x+18=0
5 X +4=0 6 X +7x+20=0
) X+7=0 g X +8=0
g X —2x+10=0 0 X —2x+11=0

2. JlaHbl 1Ba KOMIUIEKCHBIX uncna Zju Z,.

Haitu 2, +2, ,2,—2, , 2,-2, , 2,12,

1) z,=2-8i 2) 2, =1-2i 3) 2, =2-i
z,=3-2i Z,=1+2i z,=2i-3
4) Z, =4+5i ) 2,=3 6) 2, =3-4i
z,=6-9i z,=1-3i Z,=3+4i
7) 2, =3-5i 8) z,=4 9) z,=-2
2, =21-4 z,=2i z, =1-1
3. BBIIONHUTS NeHCTBHS:

4, BLIYHCIUTE:
1)i16 Z)ill 3)i22 4)i37 5)il4 6)i24 7)i34 8)i35
0 % +2-1% =314 5.0i% 10 i® +i% 4P +i% 4%
1) P+ =4 -2 43i% 122 +2i% 3. +5.
2 _ 3 1+i
5 1) B

5. I/I3o6pasnTe Ha KOMILIEKCHOH INIOCKOCTH YHCIIa
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1) z=3+2i 2)z=-4+3i 3 z=2 4) z =—6i

6. 3amano komruiekcHoe uncino Z . Haiftn ‘Z‘ n AQZ

) Z=1+i 2 2=2i 3 I=-2 4 I1=—3+I

7. IlepeBecTy B TPUTOHOMETPUYECKYIO M B IIOKA3aTENBHYIO (GOPMY KOMILIEKCHOE YHCIIO
) Z=1-1 2 z=+3+i 3 z=5 4 Z=—4i
5) Z=-1+iv3 6) z=5-5i

8. IlepeBectu B anredpandeckyro GopmMy KOMIUIEKCHOE YHCIIO

z =10(cos150° +i -sin 150°)

9. lanbl 1Ba KOMIUIEKCHBIX uncia Z; u Z, . Haitu £, * £, |, Z; / Z,

. 1 .
1) Z, = 4(0031500 +1-sin 1500) 2) Z,= E(cos 90° +1i - sin 900)

10. BeINOJHATE NEHCTBHS U pE3YJbTAT MPEICTABUTh B allreOpandeckoit popme:
1) 6(cos19° +i -sin19°)-8(cos31° +i - sin 31°)- 2—14(005400 +i-sin 40°)
1/2(c0s210° +i-sin 210°)  2(cos72° +i-sin 72°)-3(cos 28° +i-sin 26°)
?) /4 (cos150° +i-sin150°) 0.3(c0s160° +i-sin 160°)

2 1 5) 10ei15° .12ei30° 5 27ei86° :18ei26°
0.2(cosZ +i-sin Zj

7y 10+10i) 8 [2(cos60°+i-sin 60°|f o (cos120° +i-sin120°f
o 1 .V3Y) @—if-i
10) (\/5_\@)1 1) | 51— 12) = 7

2 2 2ei~z

—1+i\@]6+[—1—i\@j6 :2

11. IlpoBepuTh paBEHCTBO ( 2 2

3 -
12. BeIYHUCINTE BCE 3HAYECHHUS KOpHA V 27' " IOCTPOUTH UX TCOMETPUUCCKUC I/I306pa)KeHI/I}I.

13. HaiiT Bce KOpHM ypaBHEHHUS U TIOCTPOUTH UX T€OMETPUUYECKHE N300paKeHUSL.

1y 2'-16=0; 2 z'-81=0
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	1. Паспорт комплекта контрольно-измерительных материалов
	3. Оценка освоения учебной дисциплины
	3.1. Формы и методы оценивания

	Задания для оценки освоения дисциплины
	Кривая второго порядка может быть задана уравнением
	Определение. Окружностью называется множество точек плоскости, равноудаленных от данной точки (центра).
	В окружности (x – a)2 + (y – b)2 = R2  центр имеет координаты (a; b).
	М
	8.5. Бесконечно большие функции и их связь с бесконечно малыми.


	D = 36 – 32 = 4;        D = 64 – 48 = 16;
	Определение непрерывности функции
	Определение точек разрыва

	Практическая работа № 1.
	Тема: Вычисление пределов функций.
	Цель: Проверка усвоения знаний по вычислению пределов функций с помощью раскрытия неопределённостей. Повторить и систематизировать знания по данной теме.
	Обеспечение практической работы:
	Теоретический материал методической рекомендации к практической работе.
	Учебник. Богомолов Н.В. «Математика». – М.: Дрофа, 2006.
	Индивидуальные карточки с вариантом практической работы.
	Теоретический материал, примеры вычисления пределов.
	Определение предела.Число b – предел функции f(x) при x стремящемся к a, если для каждого положительного числа можно указать такое положительной число , что для всех x, отличных от a и удовлетворяющих неравенству |x-a|<, имеет место неравенство |f...
	Обозначение предела. Если b есть предел функции f(x) при x стремящемся к a, то записывают это так:
	Определение непрерывной функции. Функция f(x) непрерывна в точке a, если
	Вычисление пределов функций основано на применении следующих основных теорем:
	ТЕОРЕМА 1.Предел суммы двух функций при x стремящемся к a равен сумме пределов этих функций, то есть
	ТЕОРЕМА 2.Предел произведения двух функций при x стремящемся к a равен произведению пределов этих функций, то есть
	ТЕОРЕМА 3.Предел частного двух функций при x стремящемся к a равен частному пределов, если предел знаменателя отличен от нуля, то есть
	и равен плюс (минус) бесконечности, если предел знаменателя 0, а предел числителя конечен и отличен от нуля.
	ВЫЧИСЛЕНИЕ НЕСЛОЖНЫХ ПРЕДЕЛОВ
	Пример 1.
	Комментарий. Здесь была использована теорема о пределе суммы.
	Пример 2.
	Комментарий. На первом шаге была применена теорема о пределе частного, так как предел знаменателя не равен нулю. На втором шаге использовалась теорема о пределе суммы для числителя и знаменателя дроби. После была применена теорема о пределе произведения.
	Пример 3. Найти предел
	Знаменатель и числитель дроби при x стремящемся к 2 стремятся к нулю, поэтому теорема о пределе частного здесь неприменима. В таких случаях нужно попытаться упростить дробь. Имеем
	Это преобразование справедливо при всех значениях x, отличных от 2, поэтому в соответствии с определением предела можем написать
	ВЫЧИСЛЕНИЕ ПРЕДЕЛОВ С ПОМОЩЬЮ ТЕОРЕМЫ О ПЕРВОМ ЗАМЕЧАТЕЛЬНОМ ПРЕДЕЛЕ
	Пример 1. (1)
	Пример.. Найти пределы:
	а)   б) ,
	в)
	Решение.
	а)
	б),
	в) .
	Следует отметить, что формулы (1.5) и (1.6) справедливы не только для многочленов целой степени, но и для многочленов дробной степени, так как  для любого a>0.
	Пример .  Найти пределы.
	а) ,
	б) ,
	в) ,
	Решение:
	а) В числителе три слагаемых соответственно степени:  Следовательно, степень числителя равна , а главный член в числителе равен . Аналогично, главный член в знаменателе  Имеем по формулам (1.5) и (1.6):
	а) (1)
	б)
	в) (1)
	т.к.
	Здесь также можно было использовать идею, что главный член это старший член. Имеем:
	Пример 1.4. (Неопределенности )
	а) ,  б)
	Решение. Для избавления от неопределенности  здесь следует избавиться от иррациональности в числителе, умножив и разделив данное выражение на соответствующее сопряженное выражение.
	а) Используем формулу
	Для данного примера
	Имеем:
	а) (2)
	б) Напоминаем, что  и при .
	Имеем: (1)
	=.
	Практическая работа № 8.
	Тема: Вычисление неопределённых интегралов методом введения новой переменной.
	Цель: Проверить на практике знание  понятия  неопределённого интеграла, умение вычислять табличные интегралы, умение вычислять неопределённый интеграл методом введения новой переменной.
	Обеспечение практической работы: (1)
	Теоретический материал методической рекомендации к практической работе. (1)
	Учебник. Богомолов Н.В. «Математика». – М.: Дрофа, 2006. (1)
	Индивидуальные карточки с вариантом практической работы. (1)
	Теоретический материал и примеры вычисления неопределённого интеграла методом введения новой переменной.
	Неопределённый интеграл и таблица неопределённых интегралов
	Определение   Пусть  -- функция, заданная на объединении интервалов вещественной оси. Набор всех первообразных для называется неопределённым интегралом от и обозначается . Операция нахождения неопределённого интеграла по заданной функции назыв...
	Согласно доказанным выше теоремам о виде первообразных, неопределённый интеграл от функции состоит из функций вида , где  -- какая-либо фиксированная первообразная для , а  -- величина, постоянная на каждом из непересекающихся интервалов, на которых з...
	(Точнее было бы , но фигурные скобки, обозначающие множество всех функций вида , писать в данной ситуации не принято.)
	Итак, для того чтобы доказать равенство , достаточно проверить, что  -- первообразная для , то есть что .
	Интегрирование по частям.
	Умножение
	Деление
	Возведение в степень
	Извлечение корня из комплексного числа
	Извлечение корня из комплексного числа (1)

	Лекция 1. Числовой ряд. Основные понятия, свойства сходящихся рядов. Знакоположительные ряды. Интегральный признак Коши
	1.2. Числовой ряд. Основные понятия теории числовых рядов: сходимость, расходимость, сумма ряда. Примеры
	1.3. Основные свойства сходящихся рядов, необходимый признак сходимости
	1.5. Интегральный признак Коши сходимости ряда с положительными членами

	Лекция 2. Признаки сходимости рядов с положительными членами: признаки сравнения, признак Даламбера, радикальный признак Коши
	2.1. Ряды Дирихле и их сходимость, гармонический ряд
	2.2. Признаки сравнения рядов с положительными членами
	2.3. Признак Даламбера сходимости рядов с положительными членами
	2.4. Радикальный признак Коши сходимости рядов с положительными членами
	4.2. Степенные ряды: основные понятия, теорема Абеля
	4.3. Свойства степенных рядов
	4.4. Формула Тейлора

	Лекция 5. Ряды Тейлора и Маклорена
	5.1. Ряды Тейлора и Маклорена. Условия сходимости рядов Тейлора к исходной функции
	5.2. Разложение основных элементарных функций в степенные ряды
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