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O0Js1acTh NPUMEHEHUS METOAUYECKUX YKAZAHUM

Metoauyeckue yka3zaHusl JJisl BBIMIOJHEHUS MPAKTHUUECKUX PAOOT SIBISIIOTCS
YaCThIO IPUMEPHON OCHOBHOM MPO¢eCCUOHAIBHONW 00pa30BaTeIbHOM MpOrpaMMbl B
coorBerctBUM ¢ PDPI'OC mo cnenmampHocTr CIIO  15.02.08 Texnosorus
MAaIIUHOCTPOEHHUS.

ean u 3a1a4u MeTOAMYECKUX YKA3aHUH VISl BHITIOJTHEHUS MPAKTHYECKHX
pabor:
B pe3ynbraTe ocBOeHUS yUCOHOM NUCITUIIIIMHBI 00 YJaIOIIHMICA JOJDKEH YMeTh.
- BBITIOJIHATH OMEpPAllUK HAJl MATPUIIAMU U peliaTh CUCTEMbI TUHEHHBIX YPaBHEHUH;
- pemiaTh 3a7a4u, UCTIONb3Ys YPABHEHHUSI MPSMBIX M KPUBBIX BTOPOTO MOPSIKA HA
MIOCKOCTH;
- PUMEHSITh METOJIbI TU(DPEPEHITUATHPHOTO U UHTETPAILHOTO UCYUCIICHUSI;
- pemath nuddepeHIuaibHbIe YpaBHEHUS;
- MOJIH30BATHCSI MOHATUSIMH TEOPUU KOMIIJICKCHBIX YHCEI.
B pe3ynbTaTe ocBoeHUSs Y4EOHOM JUCITUTIIIMHBI 00YUYaAIOIMUNACS JOJDKEH 3HATH.
- OCHOBBI MATEMaTHYECKOTO aHaJIU3a, JJMHEHHOUN anreOphl U aHATUTHIECKON
T€OMETPUU;
- OCHOBHI AU PepeHITNaTLHOTO U HHTETPATLHOTO UCYUCTICHNUS,
- OCHOBBI TEOPUH KOMIUICKCHBIX YHUCEIL.
dopmMupyeMble KOMIIETEHIUH

OK 4. OcymiecTBiiaTh MOUCK M KCIOJb30BaHWE HH(POPMAIUU, HEOOXOAUMON IS
3G ()EKTUBHOTO BBHINOJHEHUS TNPOPECCUOHANBHBIX 3a7a4, MNPOPECCHOHAIBHOTO U
JUYHOCTHOTO Pa3BUTHSI.
OK 5. Ucnonb3oBaTh HMHPOPMAIMOHHO-KOMMYHUKALIMOHHBIE TEXHOJOTUH B
npodeccuoHaIbHOM 1eITeTbHOCTH.
OK 8. CamocrosiTenbHO ompenesnsiTh 3afauu MNpodecCHOHANIBHOTO M JIMYHOCTHOTO
pa3BUTH, 3aHUMAThCS CaMOOOpa30BaHHMEM, OCO3HAHHO IUIAHUPOBATH IOBBIIICHUE
KBaTH(pUKAITHH.
IIK 1.4. PazpabaTbeiBaTh U BHEAPITH YIPABISIONINE POTPaMMbl 00paOOTKH JeTaci.
IIK 1.5. Hcnons3oBaThb CHUCTEMbl aBTOMATHU3UPOBAHHOTO  IPOCKTUPOBAHUS
TEXHOJIOTMYECKHUX MPOIIECCOB 00PAOOTKH JeTaNICH.
IIK 3.2. IIpoBoauTh KOHTPOJb COOTBETCTBUSI KadyecTBa JeTajed TpeOOBaHUSM
TEXHUYECKOU IOKYMEHTAI[UU.



PexoMeHnayemMoe KOJIMYECTBO YaCOB HA OCBOCHUE padoueil MporpaMmsbl Y4eOHOM
AUCHHUIIMHBI:
MakcumanbHas yueOHas Harpy3ka 90 wyacoB, camocTosATenbHas paborta 62

yaca, 00s13aTeNibHas ayAuTOpHas yueOHas Harpy3ka 28 4acoB, U3 HHUX: JIEKIIMOHHBIX
pabot 16 yacoB, npakTudeckux padoT 12 yacos.

IlepeyeHb npakTHYECKUX padoT

1 | IIpaktuueckas padota Nel. Pemenue CJIAY ¢ TpeMsi HEM3BECTHBIMM.

[Ipaktuueckas padora Ne2. JlelicTBUS HaJl KOMIIJIEKCHBIMU YHCIIAMHU B
pa3IUYHbIX (popMax.

[Tpaktuueckast padota Ne 3. Tlpenen dyukiuu. [IporsBoaHast ClI0KHON
3 | dyukuu. UccnenoBanue GyHKIMHU U TOCTPOCHKE rpaduka 1o pe3ynbTaTaM
UCCIIEJOBAHUSI.

[Ipaktuueckas pabora Ned. Beruncienue HeonpeaeIeHHOT0 HHTErpaa.
4 | BeruuciieHne onpeieIeHHOro HHTerpaia. BeiunciaeHue miomnaaen miockux

dburyp.

5 | Ilpaktnyeckas pabora Ne 5. Pemenue auddepeHmanbHbIX ypaBHEHHH.

[Ipaktuueckas pabora Ne 6. Uucnennoe peurenue qudpepeHnnansHoro
ypaBHEHHS.




IIpakTnueckas padoora Ne 1

no reme «Pemenne MmaTpu4HbIX ypapHeHui, CJIAY MaTpHYHBIM METOAOM».
Henab: HAYYUTHCS BBIYUCIATH MUHOPBI, alreOpandeckue JOMOTHEHHS, HAXOAUTh

oOpaTHbIe MaTpUIbl, pEIIATh MpOCTeine MaTpuuHble ypaBHeHus, CJIAY

MAaTPUYHBIM METOJO0M.

Bpems BbinosHeHus 90 MUHYT
MarepuajnbHoe odecnieueHmne

1. TeopeTnueckue cBeaeHUS

2.3aanue

3.JIuct A4

4.KanpKyIaTopsl

IHopsinok BbINOJIHEHHS PA0OTHI
1.3yuuts 3ananue

2. 3y4nTh TEOPETUUECKUE CBEAECHUS

3. BoimonHuTh ¥ 0pOpMUTH paboTy
4.1Toka3aTp pe3ynbTaThl IPENO1aBATEIIO
JlomamHee 3aganue

1.IToAroToBUTH OTBETHI HA KOHTPOJIbHBIE BOIIPOCHI
Xox padoThl

TeopeTnyeckue cBeeHUs

MMHOPOM HCKOTOPOT0 3JICMCHTA daijj OHPCACIUTCIIA 7-20 TOPAAKa HA3bIBACTCS
OIIPCACINUTCIIb N — 1l-ro ImopAaaka, HOHyTIGHHLIﬁ N3 UCXOOAHOTIO HYTéM BBILIépKI/IBaHI/IH
CTPOKH H CTOJI6Ha, Ha ICPCCCUCHUU KOTOPBIX HAXOIHUTCA BLI6p3HHBII>i OJICMCHT.

O6o3Hauaercs mij.
ai; A1z A4g3
Tak eci A= Q21 Az A3, TOMyq = [
31 dzz 0Azz

m =
asz; ds3 32

0¥, a23] . |a11
’ az1

aq3
a3

Anzebpauueckum Oononnenuem 3JEMEHTA aij ONPENETUTENS Ha3bIBA€TCSA €ro
MHHOD, B3SATBHI CO 3HAKOM «ILTIOCY, €CJIM CyMMa | + | — 4€THOE YKCII0, B CO 3HAKOM

«MMHYCY», €CJi 3Ta cymMmMa HeuéTHas. O6o3Hauaercs Aji: Ajj= (-1)' "1 * m;j.

Tak, A11 = +m11, Az = -m32,

Ceoucmeo («Pa3noxeHuwe omnpenenuTens MO BJIEMEHTaM HEKOTOPOro psiaay).
Onpenenutens paBeH CyMME IPOMU3BEIICHHI 3JIEMEHTOB HEKOTOPOro psla Ha

COOTBCTCTBYIOIIUEC UM anreraI/Iqecm/Ie JOITIOJIHCHMUS.

[IponmmrocTpupyeM H©  OJHOBPEMEHHO JIOKaXX€M CBOWCTBO 7/ Ha TIpUMEpe

onpenenuTens 3-ero nopsjaka. B aTom ciaydae CBOMCTBO 7 03HAYAET, YTO
aj;; A12 Ag3
A= a’Zl a’ZZ a'23 = a11 * All + a12 * A12 + a13 * A13
asz; dazz ds3
B camomMm nene, nmeem

Gy % Ayy + Qgp * Arg + Qyg * Ags == gy * |22 a23|+a *(_|a21

11 * A1 12 ¥ A1z T Qg3 * A3 11 % (gay  agq 12 A1
z1 Q22|

Q13 ** lasy  asyl a11(A22033 — Az3a32) — a12(Az1a33 — Az3a31) +

ay3(az1as3, — az,a31) =

a3
sz



= (41037033 — Q1103303 — Q1021033 + Q12023035 + A1302103; — A1307,03; = A

CBOWCTBO COEPKUT B ceO€ cocoO BHIYUCICHUS ONPEAEIUTENEH BICOKUX

MOPAIKOB.
Ipumep. Beruuciure onpeaenurenb MaTpULIbI
3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenue: Jlyig paznoxxkeHust onpeaenuress 0ObIYHO BEIOMPAIOT TOT Psijl, T/I€ €CTh
HYJIEBBIE 3JIEMEHTBI, T.K. COOTBETCTBYIOLIUE UM CllaraeMble B Pa3I0KEHUU Oy1yT
PaBHBI HYJIO.

S0l 5 7 8 5 7 8 5 7 8
0532:3*5 3 2|+1x|5 3 214+0x|7 0 1| —1=*
1 -1 7 4 -1 7 4 -1 7 4 -1 7 4

5 7 8

7 0 1{=3* 7 *3*x4+ (-1)*0x*x2+5*7x*1-(=1) =3 *

5 3 2
1-7x7x2-5%x0+x4)+ G *x3 x4+ (=1)*«7*2+5%7+
8-(—-1) *3*8-5*x7x4-5x7x2)-(5*x0*x2+7x1xx5+7 %

3x8-5x0+8-3*1*5-7x*7x%2)=122

Cesoticmeo. Cymma NMpou3BEICHUN 3JIEMEHTOB KaKoro- MO0 psAlla OnmpenenuTes Ha
anredpanyecKke JIOMOJHEHUs COOTBETCTBYIOIIMX JJIEMEHTOB MapajlieIbHOro psiaa
paBHA HYJIIO.

Tak, nanpumep, ai11dz1 + aipA2 + a13Az3 =0

Haxo:x1eHue o0paTHO MATPpHUIIBI.

a1 A1z - Qun

az1 Qzz ... Q2p
ITycth A — kBagpaTHas MaTpulia n-ro nopsaka A =

An1 Anz2 - Apm

KBagpaTHas maTpuiia A Ha3bIBAC€TCS HEBbIPOHCOEHHOI, €CIU ONPENEIUTENb A =
det A He paBen Hymto: A = det A = 0. B nporuBHOM citydae (A = 0) marpuma A
HA3bIBACTCS 8bIPOHCOCHHOU.

Marpuuei, coro3non k mampuye A, Ha3bIBa€TCA MaTpULIA

A, 4, ... A,
S = Ay, Ay o Ay,
A4, A4, .. A4,
rae Ajj — anreOpanyeckoe JOIOJIHEHUE DJIEMEHTa ajj NaHHOM Marpuubl A (OHO

ompenensaeTcs TaK e, Kak U alredpandeckoe JOMOTHEHUE PJIEMEHTA ONPEASTUTENS).
Marpuna A naseiBaeTcs 06pamnoii matpune A, eClii BBIIOIHIAETCS YCIOBUE

A*Al=A1l*A=E,

rae E — enmuHW4HAs MaTpMia TOro e Mopsaka, 4rto u marpunma A. Marpuma A

HMMEET TE K€ pa3Mephl, YTO U Matpuia A.



N =

OopaTHast maTpuuA.
Teopema Bcaxas negvipodicoennas mampuya umeem oopammyio.

) A* . 1 <A11 Az1 Az
A = , T. €. A= * A12 A22 A32
detA det A
) T g 4y Ag
OtmeTuM ceoticmea 0OpaTHON MaTPUILIBI:
det (A1) =1/det A;
(A*B)t=B1* Al
(A= (AN
. 1 _(2 3
IIpumep. Haiitu A™, ecniu A (_ 1 1)
Pemenne: 1) Haxoqum det A: det A = _21 i =2+3=5%#0

2) HaXOIII/IM A*Z A11: 1, Agl = -3, A12 =- (-1) = 1, Azz = 2,

nostomy A* = (1 _23)

i1 =3y (Vs s
1. 4-1 1 =) _
3) Haxonqum A™: A —5(1 2)—<1/5 2/5>
IIpoBepka:

A*A_lz(z 3)*<1/5 —3/5)_(2/5+3/5 —6/5+6/5)__(1 0)

-1 1 1/5 2/5) \-1/5+1/5 3/5+2/5 0 1
=E

Ipumep. Omnpenenutb Npu KakKUX 3HAUYCHHUSIX 0 CYIIECTBYET MaTpuila, oOparHas

JTaHHOM
1 -2 2
A= (a 3 O)
2 1 1

Pemenne: Bcesikas HEBBIpOXKIEHHas Marpuiia uMeeT oOpaTHyro. Haiiném
ONpEIENUTENb MAaTPULIBI A

1 -2 2
AM=|la 3 0[/=3-0+ 2a0a-12-0+ 2a = 4a-9
2 1 1
Ecmu 40 —/9 = 0, €. o = 9/4,/10 AA = 0, T.e. MaTpuia A HEBBIPOKICHHAS, HMEET
oOpatHyIo.

IIpumep. [Tokazate, yTo MaTpuna A siBiseTcss 00patHO 175 B, eciu

1 1 1 3 -3 1
A=(1 : 3),B=(_3 ; _z>
1 3 6 1 -2 1
Pemenue: Haliném npousBenenue Matuil A u B:
1 1 1 3 -3 1
A*B:<1 2 3)*(—3 5 —2)
1 3 6 1 -2 1
3—3+1 —3+5-2 1-2+1 1 0 O
=<3—6+3 —-3+10—-6 1—4+3>==<0 1 0>=E
3-9+6 —-3+15—-12 1-6+6 0 0 1
Ananornuno B * A = E, cnegoBarenbHo, MaTpuiia A sBisieTcss oopatHou 1t B.



[lycTh naHa cucreMa n TMHEMHBIX YPAaBHEHUM C 7 HEU3BECTHBIMU
a11x1 + alzxz + + alnxn - bl
ar1X1 + Ar7Xo + -+ AoynXny = b2
Ap1X1 + ApaXy + - AppXy = by
WK B MaTpuyHOil popme A * X = B.

OcHoBHas MmaTpua A Takoil CUCTEMBI KBaapaTHas. OnpeneauTens 3TOW MATPULIbI
a1 e Aqn

A=

p1 - Qnn
Ha3BIBACTCS onpedenumenem cucmemsvl. ECIM ompenenuTenb CUCTEMbI OTIHYECH OT

HYJISl, TO CUCTEMa Ha3bIBACTCS HEGbIPOMNCOEHHOLI.

Haiiném pereHne 1aHHOW CUCTEMBI ypaBHEHUH B citydae A # 0.

YMHO)HB 00¢ yacTu ypaBHeHus A * X = B cnesa Ha Matpuiy A, momyuum A * A
* X =Al*B. IMockonbky A1 *A=EuE*X=X, 10 X=A'*B,

OTteIcKaHue penieHus cucteMsl o Gpopmyse (4.1) HA3BIBAIOT MAMPUUHBIM CHOCOOOM
pELIEHUsI CUCTEMBI.

3anaHus 1/ BBINOJHEHUS] NPAKTHYECKOH padoThl

3axanue 1
2 11 k 1 -2 1 «xk,
1 2 3 -2 3 «x 2
AHBI OIIPEACIIUTEIN: 1) A = 2)A= ' ,
A bed ) 8%, 2 1 A=l 3 2 4
-2 1 3 -3 1 2 3 4

1) Haiitu MMHOpBI M anreOpandecKre AOMOIHEHHUS JIEMEHTOB diz, dy,

2) BBIUHCIUTH ONPEACIUTENH, PA3I0KUB X 10 3JICMEHTaM a) I-0i CTPOKH, 0) J-Tro
croJo1a

Bapuanr | «x; K, i j | Bapmanr | «; K, [ ]
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2

10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2




14 -4 -1 2 29 -2 5 2
15 -1 5 1 30 -5 -1 1
kK, —-2 -1
3ananme 2. Jlana matpuna A= 2 1 2 |. Haitu
3 -k, 4
a)A™" unposepums, umo A-A" = A" A=E
6) A+ A7
Bapuanm K, K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 1 17 5 1
3 3 -4 18 2
4 2 1 19 -2 1
5 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 3) 30 -5 -1
3ananmue 3
1. PemmuTh cucTeMbl ypaBHEHUM C IIOMOITBI0 00paTHON MaTpPHUIIbl (MATPUIHBIM
METOJIOM).
2X+y+3z=1, 2X—-y+22=3, X-y+z2=12,
1.142x+3y+z =1, 129X+ y+2z2 =4, 1.34X+2y+4z =6,
3X+2y+2z=6. 4X+y+4z=-3. SX+Yy+2z=3.
2X—Yy+3z =4, 3X—2y+4z=12, 8x+3y -6z =-4,
145x+3y+3z=1], 1.543x+4y -2z =6, 164X+y—z2=2,
X—2y+2z=-1. 2X—-y—-z=-9. 4x+y—-3z=-5.
4x+y—-3z=09, 2X+3y+4z =33, 2X+3y+4z=12,
17iX+y—-2=-2, 1.847x -5y =24, 1.947x-5y+z=-33,
8x+3y—-6z=12. 4x +11z = 39. 4X+17=—7.




X+4y—-7 =6, 3X—-2y+4z=21, 3X—-2y-5z=5,

1.1055y +4z =-20, 1.11:53x+4y -2z =9, 1.12:2x+3y -4z =12,
3X—2y+52 =-22. 2x—-y-1z=10. X—2y+3z=-1.
AX+Yy+4z =19, 2X—-y+22=0, 2X—-y+22=8,

1.13:2x -y +2z =11, 1.14:<4x+y+4z =6, 115X+ y+2z =11,
X+y+2z=8. X+y+2z=4. AX+y+4z =22.
2X—-y—-3z=-9, 2x—-y—-3z2=0, —3X+5y+6z=-8,

116 x+5y+z =20, 1.17:<3x+4y+2z =1, 1.18<3x+y+2z=-4,
3X+4y+2z=15. X+5y+z=-3. X—4y -2z =-9.
X+Yy+2z=-4, X-y+z=-11 X-y+z2=9,

1.194-3x+5y+6z =36, 1.2045x+y+2z =8, 1.21:<5x+y+2z =11,
X—4y -2z =19. X+2y+4z =16. X+2y+4z =10.
2X+3y+z2=4, 2X+3y+z=12, X—2y+3z =14,

1.22:2x+y+32=0, 1.23:42x+ Yy +3z =16, 1.24:2x+3y -4z =-16,
3X+2y+z=1. 3X+2y+z=8. 3X—-2y—-5z=-8.
3X+4y—-2z =11, X+5y -6z =-15, 4x —y =—6,

1.25:2x—-y—-z=4, 1.26:<3x+Yy+4z =13, 1.27:53x+2y+5z =-14,
3Xx—-2y+4z=11. 2Xx-3y+z=9. X—-3y+4z =-19.
59X +2y—4z =-16, X+4y—-z=-9, IX+4y—-z=13,

1.28.4x+ 3z = -6, 1.2944x—-y+5z2=-2, 1.3043x+2y+3z=3,
2x—-3y+2=0. 3y—-7z=-6. 2x -3y +z=-10.

OTBeTHI

3ananue 1

BapuaHT | Miz | My | Ais | Ay A | BapuaHT | Mis | My | Aiz | Ay A

1. -72 | -52 72 52 58 16. -33 15 33 | -15 | 24

50 | -30 | -50 | 30 | 160 25 | 65 | 25 | -65 | 175

2. 9 15 -9 -15 18 17. 27 | 26 | -27 | 26 14

-15 55 -15 | -55 | 145 50 | -15 | -50 | -15 | 160
3. 14 -88 | -14 88 82 18. -19 5 -19 -5 47
50 | 40 | 50 | 40 | 180 -12 | 60 | -12 | -60 | 120
4, -19 6 -19 6 26 | 19. 15 | -33 | -15 | 33 | 42
-19 10 19 10 | 115 -2 -15 2 15 55
5. 7 10 -7 | -10 | 70 | 20. 72 | 24 | 72 | 24 | 89
-11 75 -11 75 | 170 50 10 | -50 | 10 | 130
6. 36 | 54 | -36 | 54 | -90 | 21. 35 | 25 | -35 | 25 |-200
5 5 -5 5 100 15 15 | -15 | 15 | 115
7. 93 -6 93 -6 | -72 | 22. 74 | -10 | -74 | 10 |-106




50 10 50 10 85 10 | 40 | -10 | -40 | 100
8. 46 | -58 | -46 | 58 | -20 | 23. 44 | -6 | 44 | -6 | -86
-8 | -30 8 30 | 250 -33 | 10 | -33 | 10 | 80
0. -61 | -35 | 61 35 58 | 24. 27 | -73 | -27 | -73 | 50
-15 | 55 15 | -55 | -5 50 | -15 | 50 | -15 | 25
10. 27 | -30 | -27 | 30 54 | 25. 258 | -5 |-258| 5 [-239
50 55 | -5- | -55 | 10 50 | 20 | -50 | -20 | 120
11. -39 | -78 | -39 | -78 | -129 | 26. -54 | -54 54 54 27
-40 0 40 0 100 -30 | -30 | 30 | -30 | 190
12. 21 12 21 | -12 | -30 | 27. -34 -6 -34 -6 -58
7 -5 -7 5 100 -33 | 10 | -:33 | 10 | 90
13. -40 0 40 0 -20 | 28. -13 | -115| 13 | -115| 110
-10 | 10 10 10 60 -11 | -35 | 11 | -35 | 135
14. -39 | -19 | -39 | -19 | 200 | 29. -21 | -15 21 15 |-186
50 | -25 | -50 | -25 | -25 5 35 -5 | -35 | 115
15. -34 | -10 | -34 10 | -154 | 30. -39 | 42 | -39 | 42 | 222
-47 | 35 | -47 | -35 | 110 50 | -25 | -50 | 25 | -50
3aganue 2
1 2 3 4 5
0 6 -3 6 9 -3 4 -4 3 6 9 -3 2 -5 3
%[—2 15 —a] ﬁ—‘__[—z 15 —a] 1—‘3[ 2 -15 8 ;[—2 11 —5] I]:[ 2 -15 B]
1 -12 7 “l_5 _3 7 5 18 -7)| " \-5 _4 ¢ 3 15 -7
6 7 8 9 10
14 13 -3 ~10 —-11 3 0 6 -3 -6 -9 3 -6 -0 3
3—‘][-2 7 —4] ‘[ 2 5 -2] %[-2 27 -14 :[ 2 21 -10 i1[ 2 17 -a]
-13 -1 5 ‘Lo 12 -2 1 —18 10 L5 12 2 L5 11 1
11 12 13 14 15
-12 -12 3 10 11 -3 -8 —-10 3 -2 -7 3 14 13 -3
1[2 5 —2] ﬁ—‘g[-z 7 -4 #[2 9 —4 ;[2 13 —ﬁ] L B | c.]
11 14 -2)| V-9 -3 &5 7 12 -1 1 2 0 ~13 -11 3
16 17 18 19 20
2 7 -3 6 0 -3 4 8 -3 -6 -9 3 0 6 -3
—[—2 19 —m] —‘[—2 23 —12] i[—z 11 —5] 1[ 2 5 —2] —‘[—2 11 —ﬁ]
=] 15 3 3
-1 -10 & -5 -1 9 -3 -6 6 5 8 _2 1 —10 6
21 22 23 24 25




18 15 -3 12 12 -3 —10 —11 3 -6 -9 3 20 16 -3
7‘1[—2 3 —2] i[—z -1 .:.] %_[2 9 —4 ]—‘5[2 13 —5] }3[—2 3 _2
-17 -6 4 ~11 -10 3 9 15 -1 5 10 0 -19 -6 4
26 27 28 29 30
0 6 -3 10 11 -3 2 -5 3 ~14 -13 3 -2 -7 3
é[—z 19 —m] %[—2 -1 .:.] %[2 -11 ﬁ] ]—‘][ 2 5 -2 —‘[2 17 —8]
1 -14 8 -9 -9 3 -3 12 -6 13 16 -2 1 1 1

KoHnTpoJibHBIE BONIPOCHI

YTto Ha3pIBa€TCA MUHOPOM?

Yrto HazbIBaeTcs anreOpanyeckuM JOMOTHEHUEM DIIEMEHTA MATPHUIIbI?
Kak paznokuTh onpeneauTesnpb Mo 31EMEHTaM CTOJI01A WU CTPOKH?

Kakast maTpu1ia Ha3bIBa€TCSl HEBBIPOXKACHHOW?
TpancnoHMpoOBaHHAs MaTPUIIA.

Kaxkast maTpuiia Ha3pIBaeTCsl 0OpAaTHOM MO OTHOIICHUIO K JTaHHOM?
KakoB nopsiiok BeIuncaeHUss OOpaTHON MaTPHUIIbI?

AJNTOPUTM pELICHUS MPOCTEUIIETO MATPUYHOTO YPABHEHUS




IIpakTuyeckas padora Ne 2
1o teMe «/leficTBUSA Ha/l KOMILIEKCHBIMHU YMCJIAMH B ajiredpandyeckoii ¢gopme»
Iesb: HAyYUTH BBIIOJTHATH IEUCTBUSL C KOMIUIEKCHBIMU YHCIIAMHU B aJire0pandecKkon
dbopme
Bpems BbimosHeHuss 90 MuUHYT

MartepuajnbHoe odecnieueHmne
1. TeopeTnueckue cBeaeHUS
2.3aanue
3.JIuct A 4
4.KanpKyIaTopsl
Iopsaaok BbINOJTHEHUS] pA0OTHI
1.3yuuts 3amanue
2. I3yunTh TEOpETUYECKUE CBEICHUS
3. BommonHuTh ¥ 0QOpMUTH paboTy
4.Tloka3aTh pe3yibTaThl MPENOJaBATEIIO
JlomamHee 3aganue
1.IToAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
TeopeTnyeckue cBeIeHUs
Omnpenenenue. KoMIIeKCHbIM YMCJIOM Z Ha3bIBAETCS BBIPAXKEHUE z =a+ib, TJE

a u b — gedicTBuTeNBbHBIC YHCIA, | — MHUMAas €IWHMIIA, KOTOpas OMPECIIsIeTCs
COOTHOIIIEHUEM: i’ =—I; i=+-1.

[Tpu >TOM YKCI0 @ Ha3bIBaETCS JAEMCTBHTEILHOM YacThlo uncia Z (a = Re z), a
b- muanmoii yacteio (b = Im 2).

Ecmu a =Re z =0, To yucino z 6yaeT 4ncto MHUMBIM, ecii b = Im z = 0, To uucio
Z Oy/IeT NeHCTBUTEIbHBIM.
Onpepenenne. Yucna z=a+ib U Zz=a—ib HA3BIBAIOTCA KOMIUIEKCHO —
CONpsizKEeHHBIM M.
Onpepesienne. /[Ba KOMIUIEKCHBIX 4YHCIA z, =a, +ib, U z, =a, +ib, HA3BIBAIOTCSA
PaBHBIMU, €CJIM COOTBETCTBEHHO PAaBHBI UX JEUCTBUTEIbHBIC U MHUMBIE YACTHU:

a, =a,; b, =b,;
Onpenenenune. KoMImIEKCHOE YHUCIO PaBHO HYIIO, €CIIM COOTBETCTBEHHO PAaBHBI
HYJTIO ICCTBUTEIbHAS 1 MHUMAs YacCTH.
a=b=0.

JdedcTBUS HAJl KOMIUIEKCHBIMH YMCJIAMH B ajJreopandyeckoi popme.
OCHOBHBIE JEUCTBUS C KOMIUICKCHBIMU YHCJIAMU BBITEKAIOT U3 JIEUCTBUU C
MHOTOWICHAMM.



CioxeHue M BbIYMTAHUE
PaccMoTpum J1Ba KOMIUIEKCHBIX YHCIIA, 33JJAaHHBIX B 00IEeM BUE Z1 = a1 +ibs;

Z,=ay+ib, Torma
Z =271 i Zy = (al + ibl)(az + lbz) = (a1 i az) + l(bl i bz) =a i lb

MoxHO chopMyTUPOBATH MPABUIIO CIOKEHUS U BHIYUTAHUS KOMIUJIEKCHBIX YUCEI:
MIPU CJIOKEHUM (BRIUUTAHUH ) KOMILIEKCHBIX YHMCENT COOTBETCTBEHHO CKJIABIBAIOTCS
(BBIYUTAIOTCS ) X ICMCTBUTEIBLHBIC 1 MHUMBIC YaCTH.

YMHo:KeHne

z=2122=(a1+ib1)(ag+ibg) =a1ag+ia1b2+ib1a2+i2b1b2:a+ib
z=2122=(a1a2—b1b2)+ i (&1b2+b18.2)

( T.C. MOJXHO I'OBOPHUTB, YTO ICPCMHOKAIOTCA KOMIIJICKCHBIC YN CJIda KadK MHOT'OYJICHHI,

YUHUTBIBAA, YTO i2 = -1) 3Ha‘{I/IT, YTOOBI MCPCMHOKUTDL J1Ba KOMILUICKCHBIX YHCJIa

HE0OXO0/MMO MEPEMHOKUTH UX KAK MHOTOUJIEHBI, YUUTBIBAS, UTO i% = -1,
Jenenue

HpI/I BBIIIOJITHCHUHN ACJICHHA KOMIIJICKCHBIX YHUCCII ITOJIB3YIOTCS HCKYCCTBCHHBIM
HpI/IéMOM: YUCJIHNTCIIb 1 3HAMCHATCJIb ,HpO6I/I YMHOXKAI0T Ha YUCJIO, KOMIIJICKCHO -
COIIPSAKCHHOC 3HAMCHATCIIIO Ilp06I/I, " IMOCTYIAIOT OAJICC TAK, KaK U IIPpU YMHOXKCHHUHA
KOMIIIICKCHBIX YHCCIJI.

IMpumep.
21=5-i;
2,=-2+3i;
2z, _ 5-i _ (5-i)*(-2-3i) :—10+2i—15i+3i2:—13—13i:_1_i
z, —2+3i (-2+3i)*(-2-3i) 4-9j? 13

3anaHus NPaAaKTHYECKOH padoThI

1.JlaHbI KOMIUIEKCHBIE YKMCJIa BHIYUCIUTH YI=2,42,: ,-2,; 7,2, z—l
2

1.z, =5-i; z,=1+3i 16.z, =5+i; z,=1-2i

2.2, =3-4i; z,=1+i 17.z, =3+i; z,=5-2i

3.2, =1-5i; z,=1+4i 18.z, =1-5i; z,=1+3i

4.7, =1+3i; z,=7-i 19.z, =5-i; z,=1+3i

52 =1-i; z,=7+3i 20.z, =1+3i; z,=-2+5i

6.z, =1-1; z,=5-4i 21. 2, =3+41; z,=-2+I

7.2, =3+41;, z7,=-2+I 22.2,=5-2i; z,=-2+I

8.z, =-; z,=7+4 23.2,=7-21;, z,=5+3

9.z, =6-5; z,=1+i 24.2, =7-31; z,=-1+4i
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10. z, =-1+5i; z,=2-5i 25.2, =-2+3i; z,=5-4i

11.z, =5-7i; z,=1-3i 26.z, =-3+2i; z,=6+5i
12. 2, =-3-2i; z,=-1+Ti 27.z, =-1+T7i;, z,=4-5i
13.z, =5+2i; z,=2-i 28.2,=4+5i; z,=1-2i

14.z, =1+51; z,=2-3i 29.z, =-1+3i; z,=6-5i
15.z, =1-4i; z,=1+2i 30.2z,=-3-2i; z,=4+3i

2. BIMOTHUTD IEUCTBUS HAJl KOMIUIEKCHBIMH YHCIIaMU B alnreOpandeckoit popme

111)21)- L+i (g-é j

2)12)22)%?;

3)13)23) (E) 4
) A-20)0+20)

4)14)24

5)15)25) 2(1+'f 3) _(w+iV3);

6)16)26) 2*') —(01-0,3i);
2(1—|\/§)_

717)27) 24=13).

20 5 )

8)18)28)% 2i19;

9) 19)29)%;

10)20)30) (4i‘8i)2 _82-i%):

KonTposibHbIE BONIPOCHI

UTo Takoe KOMIUJIEKCHOE YHCIIO: ACHCTBUTENbHAS YACTh YUCJIa, MHUMAs 4acTb
yucna?

Uto Takoe MHUMAas eAruHUIA?

Kakue uncna Ha3pIBatOTCS CONPSIKEHHBIMU ?

Kak npencraBuTh KOMIUIEKCHOE YUCIIO Tpadudecku?

UTto Takoe MOyJb YKcia?

UTto Takoe apryMeHT yucia’?

CKOJIBKO MOXKET OBITh MOJIYJIEN M apryMEHTOB Y KOMIUIEKCHOTO unciia?

Kak naiitu aprymeHnT uucna?

Kak Haiftu cymMMy, pa3HOCTb, MPOU3BEJCHUE, YACTHOE KOMILIEKCHBIX YHCEI

TeopeTnueckue cBeaeHMsI
I'eomeTpuyeckoe u300pakeHne KOMILIEKCHBIX YHCeJI.



[loHsAiTHE KOMIUIEKCHOTO 4YHMCJIAa HMEET TIE€OMETPUYECKOE HCTOJIKOBAHHUE.
MHOXECTBO  KOMIUIEKCHBIX  YHCEJI  SBIIETCS  PACIIMPEHHEM  MHOKECTBA
NEUCTBUTENIBHBIX YHCEJ 3a CYET BKJIIOYEHHS MHOXKECTBA MHHMMBIX YHCE.
KommuiekcHble uncia BKJIIOYAIOT B €01 BCE MHOYKECTBA YHUCEJ, KOTOPBIE N3Yy4alIUCh
panee. Tak  HarypanpHble,  LE€Nble, palUUOHAIbHBIE,  HPPALMOHAIBHBIE,
JNEUCTBUTENbHBIE 4YHUCHA SBISAIOTCS, BOOOIIE TOBOpPS, YACTHBIMU CIy4yasiMu
KOMILIEKCHBIX YHCEIL.

Ecniu mo0oe fAeMCTBUTENBHOE YHCIO MOXET ObITh T'€OMETPUYECKH
OPEACTaBIEHO B BUJAE TOYKM HA YHUCIOBOM MpPSAMOW, TO KOMIUIEKCHOE YHCIIO
NpE/ICTaBIsAECTCd TOYKOM HAa  IUIOCKOCTH, KOOpPAMHATAMH  KOTOpOM  OyayT
COOTBETCTBEHHO JEUCTBUTENbHAS U MHUMAs YaCTU KOMIUIEKCHOTO yucia. [lpu satom
TOPU30OHTANIbHAS OCh OyneT SBIATHCS JIEWCTBUTEIBHOM YUCIOBOW OCBIO, a
BEpPTUKAJIbHASl - MHUMOW OCBIO.

y

7z

G a X

Takum oOpazom, Ha ocu OX pacronaratorcs JEHCTBUTEIbHBIC YHCIA, @ HA OCH
OY — 4uCTO MHUMBIE.
C nomo1pio moJ00HOr0 FTeOMETPUIYECKOTO MPEICTABICHUS MOXKHO MPEACTABIATh
quciia B TaK Ha3bIBAGMOW TPUTOHOMETPHUIECKOH (hopme.
Tpuronomerpuueckasi gopma yucJa.

N3 reoMmerprueckux cooOpakeHUi BUJIHO, UTO a =rcos®; b=rsin@. Torma

KOMIUIEKCHOE YUCJIO MOXHO IMPEJICTABUTH B BUE:

z=a+ib=rcos@+irsin ¢ =r(cos+isin @)

Takas popma 3amucu Ha3pIBa€TCSI TPUTOHOMETPHUYECKOI (popmoii 3anucu
KOMILJIEKCHOI'0 YHCJIA.

[Ipn 3TOM BenuumHa I' HA3bIBACTCSI MOAYJIEM KOMILIEKCHOIO YHCIIA, & YroJl HAKJIOHA
¢ - apryMEHTOM KOMILJIEKCHOT'O YHUCJIA.

r=|z

; Oo=Argz.
N3 reometrprueckux cooOpaxeHUu BUIHO:

r :|a+ib| =Ja’+b*; ¢= Argz:arctgé;
a



O‘IGBI/II[HO, 9TO KOMILUICKCHO — COIIPsI’KCHHBIC YHCJIa MMCKOT OAWHAKOBBIC MOJYJIHU U

IMPOTUBOITIOJIOKHBIC aPIr'YMCHTEI.

|z| = |E; Argz=—Argz.

JleficTBHS C KOMIUIEKCHBIMU YUCJIAMU B TPUTOHOMETPHUYECKOH hopme.
z, =r(cos@, +ism @,), z, =r,(cosQ, +isn @,).
YMHOXKeHNE z =z,z, =rr,(cos(p, +@,)+isin( @, +@,))

B ciiyyae KOMILJIEKCHO — CONPS)KEHHBIX YUCE:
2z =(a+ib)a—ib)=a*+b* =|z| =|2".
2 _h o
Henenune z=—"= —(cos(@, —@,) +ism( @, —9,))
Z, n
Bo3Benenue B cTeneHb
N3 onepanmym yMHOKEHHUSI KOMIUICKCHBIX YHCEI CIICTYET, 4TO
2% = zz = r*(cos 2¢ +isin 2¢)
B o6mem ciydae mosnyaum:
z" =r"(cosn@+isin ne),
r7ie N — 1eJI0€ MOJI0KUTEIHHOE YUCIIO.
D10 BBIpaXKEeHHE Ha3biBaeTcs ¢opmyaoii MyaBpa. (AbGpaxam ae Myasp (1667 —

1754) — aHrIMHACKHUIA MaTEMATHK).

H3BIaeyenue KOPHA U3 KOMILICKCHOI'O YHCJIa

8z = \/r(coscp+isin ¢) = p(cos\y +isn )
Bo3Bogas B cTeneHsb, MOIyYUM:
p" (cos ny +isin ny) = r(cos @ +isin @)

Orcioma: p=4%r; ny=¢+2nk; keZ.

8z = 1fr(cos @ +isin @) :w(coswﬂ'sm LGkj

n n

Takum o0Opa3omM, KOpeHb N —OH CTEMEHU U3 KOMIUIEKCHOI'O YMCIa UMEET N pa3IMuyHbIX
3HauYCHUI.3aJaHuA JJI PAKTU4eCKOH padoThI
3ananue. BeINOTHUTH 1EMCTBUSA C TAHHBIMH KOMIUJIEKCHBIMH :

1) Z1+72; 71-72; 7Z1-72,71:72

1. z; = 8(cos 55° +5in55°), z, = 2(cos 5° + sin 5°),
2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 129),



z; = 3(cos 70° +sin70°), 2z, = 2(cos20° + sin 20°),

z; = 10(cos 105° + sin 105°), z, = 2(cos 15° + sin 15°),
z; = 12(cos 145° + sin 145°), z, = 2(cos 5° + sin 5°),

z; = 7(cos 255° + sin 255%), z, = 2(cos15° + sin 15°),
z; = 9(cos 168° + sin 168°), z, = 2(cos 12° + sin 12°),
z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),

9. z; = 3(cos40° + sin40°), z, = 2(cos5° + sin5°),

10. z; = 10(cos 75° +sin75°), z, = 2(cos 15° + sin 15°),

© N oo ow

11. z; = 9(cos 123° +5in 123%), 2z, = 2(cos 12° + sin 12°),
12. z; = 5(cos 160° + sin 160°), 2z, = 2(cos 20° + sin 20°),
13. z; = 3(cos 235° + sin 235%), z, = 2(cos5° + sin5°),

14. z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

15. z; = 2(cos 258° + sin 258°), 2z, = 2(cos12° + sin 12°),
16. z; = 7(cos 115° +sin115°), 2z, = 2(cos 20° + sin 20°),
17. z; = 14(cos 310° + sin310°), z, = 2(cos5° + sin 5°),
18. z; = 8(cos45° +sin45°), z, = 2(cos 15° + sin 15°),

19. z; = 6(cos 213° +5in213°), z, = 2(cos 12° + sin 12°),
20. z; = 9(cos70° +s5in70°), z, = 2(cos 20° + sin 20°),

21. z; = 4(cos40° + sin40°), z, = 2(cos5° + sin 5°),

22. z; = 6(cos300° +s5in300°), z, = 2(cos15° + sin 15°),
23. z; = 3(cos33° +5in33°), z, = 2(cos12° + sin 12°),

24. z; = 5(cos 250° + sin 250°), 2z, = 2(cos 20° + sin 20°),
25. z; = 8(cos85° +5in85°), z, = 2(cos5° + sin 5°),

26. z; = 10(cos 165° +sin 165°), 2z, = 2(cos 15° + sin1 5°),
27. z; = 9(cos 48° + sin48°), z, = 2(cos 12° + sin 12°),

28. z; = 5(cos100° + sin 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos175° +5in175°), z, = 2(cos5° + sin 5°),

30. z; = 16(cos120° +sin120°), 2z, = 2(cos 15° + sin 15°),
2. BImoIHUTE HeﬁCTBHﬂ HaJ KOMIIJICKCHBIMHA YHUCJIIaMHU B TpI/IFOHOMeTpI/IquKOﬁ
(bopMe, pe3yabTaT 3aucaTh B TPUIOHOMETPUYECKOM, aare0pandeckoi u
MoKa3aTeabHON hopme

1112171 616,263~ 1+ ]
1+1
. -6

212,22, (1—'2J 717,27, (3 -i)-1+1)f

—~2-2i

A2
313.23, (“‘/_' 81828 ‘E;'j
N

a14.24.| 22~ 053 | 919,29, —2“6__2'

0,543 —0,5i J3+i

5,15,25. (2+ V12if 10,20,30. (-3-/3if



3.3anucaTh KOMIUIEKCHOE YHCIIO B TPUTOHOMETPUYECKON U anredpanyeckoil popme
1. 14e27/3. 6. e~ 7/4.

5 9o l6. 7 o 1716,
3. (2/3)e~2A/3, 8. (2/5)e>m /4.
5. e_5””6; 10. 2,2e_3””4;

4.BbIMOJHUTE AehcTBUsI. Pe3ynbrar 3anucath BO Bcex Ghopmax.
. (5+3i)(5+3i") 6. (—V3+)/2)™:
V2(cos 225° +isin 225°) ’
(3+2i)*(2-3i%).
1+2i*
(2+i)° :
" 2i(cos(3r7/4) +isin(3z/4))’

4. (1-iv3)/2)%; 9. \-8-83i;

N

7. IL-iV3));

8. ((f3+i)/2)%;

5. v-1+i/3; 10. V7 -4iV2;
5.. BBINOJIHKTE JAEUCTBHSI, UCIIOIB3YsI TPUTOHOMETPHUYECKYIO (hOpMY:
1. [l+1ij(—£+£} 6. 3{cos(—£)+isin(—z)}+(3+\/§i);
4 4 6 6 8 8
. . ~1+i/3
2.(1+iv3)(-2-2i/3); . :
@+i~/3)( iv/3) 7 BENG
2 2
3. (1+1)(3+3i3); g I+
) ! ' \/Eem'/s !
-3_3V3,
4. (6 + 2i/3)(—3 - 3i); 9 2 2 .
(6+2iV3)( i) 12
5. (5+5i)(cos15° +isin15°); 10. [g—i%je*””“

6.BBINMOTHUTD J1EMCTBUS HaJl KOMIJIEKCHBIMU YUCJIAaMHU B TPUTOHOMETPUUECKOM
dopme:
1) V7, 2) z3;

1. z,=1+i,z,=-J/3+]i; 6. 21:1—\/§i,22=2+2i;
2. z,=1-i,7,=—/3-i; 7. 7, =-1++3i, 7, =-2-2i;
3. 21:—1+i,22:1+£i; 8.z, =-1-4/3i, 2, =—2+2i;
2 2
1 3. 1 3.

4, zl:—l—i,22=5—7|; 9. z,= 3+i,22:—§—7|;



9.
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5. 21=1+\/§i, z,=2-2i; 10. lex/§—i,22:%+§i;

KoHnTpoJsbHbIE BONIPOCHI

Urto Takoe TpuroHomMeTpudeckas opma 3anucu KOMIUIEKCHOTO yucia?

Kak nepeBecTu 41ciio B TPUTOHOMETPHUUECKYIO popmy?

Kak HaifTu npousBeieHrne, 4aCTHOE YUCE B TPUTOHOMETpUYECKOU popme?

Kaxk HaifTi BO3BECTH YHCIIO B TPUTOHOMETPUUECKOHN (hopMe B 1IENIYIO CTEEHB?

Kak HaiiTi KOpeHb N-HOMW CTETEHU U3 YKciia B TPUTOHOMETpUYECKON hopme?
®opmyna Ditsiepa

Kak npenacraBuTh KOMIIEKCHOE YHCJIO B MOKA3aTeIbHOU hopme?

Kak cBsizanbl TpuroHoMeTpuiecKkasi U mokazareiabHas (GOpMbI 3aMUCH KOMITJIEKCHBIX
yucen?

Kaxk HaiiTu npousBeieH1ne, 4acTHOE Yrcell B MoKa3aTelbHou (popme?

10.Kak HailTH BO3BECTH YHUCJIO B MOKA3aTEIbHOM (hOopMeE B LIETYIO CTECTICHB?
11.Kak HaillTH KOpeHb N-HOM CTETICHU M3 YKCJIa B TTOKa3aTeIbHON dhopme?



IIpakTuyeckast padora No 3

no reme «HaxoskaeHue npou3BoaHOM CJI0KHOM PpyHKUMHU. ['eoMeTpuYecKuii 1
(puznyecKknii CMbICJI POU3BOIHON»
Henab: HayuynThCS HAXOXKAUTH MPOU3BOJHBIE HIEMEHTAPHBIX U CIOKHBIX (DYHKIIHIA.
Bpems BbimostHeHuss 90 MuUHYT

MarepuajbHoe odecneueHmne

1. Teopetnueckue cBeaeHUS

2.3aanue

3.Jluct A 4

4.KanpKynaTopsl

IHopsinok BbINOJIHEHHS PA0OTHI
1.3yuuts 3ananue

2. I3y4nTh TEOPETUUECKHUE CBENECHUS

3. BoimonHuth ¥ 0QopMUTH paboTy
4.1TokazaTe pe3ynabpTaThl IPENO1ABATEIIO
JlomamHee 3aganue

1.IToAroToBUTH OTBETHI HA KOHTPOJIbHBIE BOIIPOCHI
Xox padoTsl

KpaTkue TeopeTndeckue cBeaeHMsI.

Ilpouszeoonas ghynkyuu, ee 2eomempuyeckuil u puzuvecKuil cmulci.
Omnpenenenue. [pousBoanoii ¢pynkimu f(X) B Touke X = Xo Ha3bIBACTCSA Mpee
OTHOIICHUS TpupaiieHus GyHKIUUA B ATOM TOUKE K MPUPAIICHHUIO apryMeHTa, €Cliu

OH CYIIIECTBYET.

(e = i L8021

Af

[Tycte f(X) onpenencHa Ha HEKOTOpOM TIpOMexyTKe (a, D). Torma tgf = ~ ~ TaHreHe

yria HakioHa cekynieit MP k rpaduky dyHkuuu.

. Af . "
AIlmoA— = f'(X,) =tga =K — reoMeTpU4eCKNN CMBICJI IIPOU3BOAHOU
X—> X

TJIe O - YTOJI HAaKJIOHA KacaTeIbHOH K Tpaduky ¢pyHkiuu f(X) B Touke (Xo, f(Xo)).



K —yrnoBoii ko3 puuueHT KacareabHOM.

VYron Mexay KpUBBIMU MOXET OBITh OMPENENICH KaK yroj MEXIy KacaTelbHBbIMH,
MPOBEJICHHBIMU K 3TUM KPUBBIM B KaKO#- JIMOO TOUKE.
YpaBHeHHe KacaTeJIbHOM K KPUBO#N y—y, = f'(x,)(x—x,)

(x—xp).

YpaBHeHHE HOPMAJIUM K KPUBOH y—y, = — :

S (%)
dakTuyecKu MPOU3BOAHAS PYHKIIMU MOKA3BIBAET KaK U3MEHsETCs QYHKUUS IPU

W3MEHECHUU IEPEMEHHOM.

duznyeckuii cMbic npousBoaHoii pyuxuun f(t), rae t- Bpems, a f(t)- 3akon

IBUXKEHUS (MI3MEHEHUSI KOOPAUHAT) — MCHOBEHHAA CKOPOCHLb

osuicenuna. COOTBETCTBEHHO, BTOpasi MPOU3BOAHAS QYHKIIMU- CKOPOCTh U3MEHEHUS

CKOpPOCTH, T.€. yCKOpeHue.

Ocnognvle npaguna oughgpepenyuposanus.

O06o03uaunm f(x) = u, g(x) = v- yakuu, guddepeHIrpyeMbie B TOUKE X.

1) (uzv)'=u’+v’

2) (Uv)’=uv’+u’v

2 5

3)@ I
A% vV

IIpon3BoaHLIE OCHOBHBIX DJIEMEHTAPHBIX GVHKIINH.

1HC" =0; 9) (sin x)’ =cosx
2)(x™)’ = mx™1; 10) (cos x)’ = —sin x
' 1 ' 1
3) (\/;) —m 11) (tgx) - COSZX
1 , 1 ' 1
& (;j TN 12) (etex) = “sin? x
' oy |
5) (e*) =e" 13) (arcsin x) =
1-x?
’ , 1
6) (a") =a‘lha 14) (arccosx) =— 5
I-x
' 1 '
7) (ln x) = 15) (arctgx) 1
8) (log, X)’ = 16) (arcctgx), — 5

xIna 1+x
Ilpouszeoonasn cnosxcnoii pynkuuu.

Ilycmo ¥y = 1(X); U = g(X), npuuem obracme 3nauenuii pyukyuu U 6xooum 6 obiacme

onpeoenenus gynukyuu T

Toeoa y' = f'(u)-u’

Jozapugpmuueckoe oupghepenyuposanue.



Inx, npu x>0
Paccmotpum QyHKIMIO y = In|x| = b(—x), mpu <0’

Torna (Inlxly= L, 1k () =25 @n(-ny =L =1

X
SACY
/()

Ha3bIBacTCA Jiorapugmuveckoii npousBoanoi Gyukuun f(X).

YuursiBas MOJYYEHHBINA PE3yJIbTAT, MOYKHO 3aIMCaTh (h1| f (x)|)

/')

(x)

OTHOILIEHUE

Cnoco6 gorapudpmmuueckoro auddepeHIuPoOBaHUs COCTOUT B TOM, UYTO CHadaJia
HAXOJAT JIOTapU(PMUUYECKYIO TTPOU3BOJIHYIO (PYHKIIMH, a 3aTeM MPOU3BOJAHYIO CaMOM

byakmu no Gpopmye

[0 =[£G fx
Cnoco6 norapudmuueckoro auddepeHuupoBaHuss yAOOHO TPUMEHSTh IS
HAXOXJACHUS TPOU3BOJHBIX CIIOKHBIX, OCOOEHHO TMOKa3aTeabHBIX (YHKIMHM, s
KOTOPBIX HEMOCPEICTBEHHOE BBIYMCIICHHE MPOU3BOJIHON C MCIIOJIH30BAaHUEM IPaBUI
b depeHIrpoBaHus MPEICTABIAETCA TPYIO0EMKHIM.

Ilpou3eoonas nokazamenvno- cmenennoil QyHKyuu.

(DYHKLII/I}I Ha3bIBACTCA HOKaSaTGHBHOﬁ, €CJIN HC3aBHUCHUMaAsA IICPCMCHHAA BXOIUT B
ITOKa3aTcCJIb CTCIICHHU, U CTGHGHHOﬁ, €CJIK ICPCMCHHAS ABJIACTCA OCHOBAHHCM. Ecau
KC M OCHOBAHHUC U I10Ka3aTCJIb CTCIICHU 3aBUCAT OT HepeMeHHOﬁ, TO TaKasd q)YHKLII/IH
6y,II€T MOKa3aTEeJIbHO — CTCIICHHOM.

IMycte u = f(X) (f(X)>0)u v = g(X) — GyHKIHH, UMEOIINUE MPOU3BOIHBIE B
TOYKE X.
Hatinem npousBoanyto Gyukiuu Y = U'. Jlorapudmupys, momydaum:

Iny = vinu
L evhurvL
y u

V' :uV(vu—+v’]n uj
u

’
—1
(uv) =vu" u'+u'vhu

Ipumep. Haiitu npousBogayro GyHKkmun f(x) = (x° +3x)*",

[To nmosy4yeHHO# BbIie GOpMyJIe MOMydaeM: u =x’ +3X; vV =XCOSX;
[IpousBosiHbIE ATUX QYHKIUN: u'=2x+3; V' =cosx—xsin x;
OkoHYaTEeNbHO:

F(x) =xcosx-(x* +3x) " (2x +3) + (x* +3x)" " (cos x — xsin x) In( x> + 3x)



IIpumep.

Haiitu npousBoaHyro (QYHKIMH Yy = COSXSin X + %cos2 X

.CHauaia

1 . 1 2
npeoOpa3yem JaHHYI0 QYHKIUIO: y = S sin 2x+ Soos’x

y' = %Zcos 2X +%2cos X(—sin x) = cos2x —sin xcosx. IIpumep.

2 X2

byHKIMH y = xze :
x°+1

2 2 2 2 2 2 2 2
. (2xe” +x?2xe” )(xP+1)—(2x)x’e"  2x’e” +2x°e" +2xe" +2xe” —2x’e”

HaiitTn 1npousBoaHyO

(x> +1)?
B 2xe" (x* +1+x%)
(x* +1)°

(x> +1)°

3ananue 1.Hantn npousBoanbie PyHKIUMI

B1 Y=x>-5x+11, Y=x?ctgx
_arctgx _3/3
Y= — Y=Vx3+5

Y=e‘lenx, Y=(cosx —
1)2x
B2 V=2x3-x?+1, Y=x%tgx
Y:artfx’ Y:3 /—xz —3

4

Y=in——, Y=(sinx — 2)3%
x+1
B3 Y=7x3+3x2-2, Y=xarctgx
ARV
T (2x+11)5

Y=sin3(4x* + g - 1)
Y=(5x + 4)*

B4 V=-3x3+5x%-81, YV=2xsinx
Y= Y= 3

" sinx’ ;
Y=cos ——Y=(tgx — 3)3*
B5 V=7x5-3x*+32
V=x3arcsinx
2 cosx
=(3—6x)6’ ~ax
Y=In(x — x% — 6)
Y=(cosx + 4)*
B6 V=-x>+3x3-11, Y=3xctgx

YzaT'CCOSXI Y=5/x2 — 3

3x
Y=e3*"In2x

T inx’

B16 Y=x>-5x?+1, V=x’ctgx
_arctgx _3/3
Y= — Y=Vx3+5
Y=e**Inx, Y=(x — 1)%*

B17 Y=2x3-x?+17, Y=x°tgx
_artgx 37
Y= ol Y=Vx 3

4
Y=ln—=— , Y=(Inx + 8)%*
x+1
B18 Y=7x3+3x2-2, V=xarctgx
Y_x+5 _ 1
Tinx' 0 (2x+11)5
Y=sin3(4x? + g -1
Y=(lnx — 2)?*
B19V=-3x3+5x*-81, Y=2xsinx

=, y=4xT =3

" sinx’
Y=cos—=—, Y=(Inx + 9)%*
x+1
B20 V=7x°-
3x2+3,V=x3arcsinx
_ 2 _cosx
T(3-6x)8 " 3x
Y=In(x — x2 — 6)
Y=(tgx + 2)*
B21 V=-x>+3x3-11,Y=3x%ctgx

Y:arccosx’ Y:5/x2 —_ 3

3x
Y=e3*"In2x




Y=(7x + 6)%*
B7 V=3x*-6x2+19, Y=x3sinx

Y:’f—;, Y=3¥2x3 -6

Y=e *’Inx, Y=(3x + 1)%*
B8 V=-4X5+9X2-12, Y=x3tgx

Yzarcctgx’ Y=33x ¥+ 6

6X
Y=2‘lenx, Y=(sinx —
4)*
B9 V=5x*-2x3+65, Y=x?arcsinx
Y=—° _ v=37"3

=(6x—4)3’
Y=3%**In Y=(cosx +
1)2x

B10 Y=-2x5-3x2+19, Y=xctgx
V=L =331 5

X

Y=e2**Inx, Y=(3x — 1)*

B11 Y=8x*-
6X°+1,Y=2x3arccosx
_tgx 9
Y= s5x'  (6x—5)*
Y:4_x2lnx, Y=(9x +
3)4x
B12 Y=3X%+11x°-
87,Y=3x3ctgx
_cosx ,_ -3
Y= 2x ' (4x+9)5
Y=55%"Inx, Y=(cosx —
2)3x
B13 Y=x>+9X?2-51,
V=x%arcsinx

Y=—"-v=38x3 -3

cosx'

Y=e2*’Inx, Y=(8x — 2)*

B14 V=3x"-9X3+11, Y=5x%tgx

Y=(tgx — 6)%*
B22 V=3x*-6x?+1, Y=x3sinx
Y:tf—;, Y=32x3 -6
Y=e % Inx,Y=(tgx + 3)%*
B23 V=-4X5+9X2-12,V=x3tgx
_arcctgx ,_3
Y——6x ,Y=V3x+6

Y=2‘x2lnx, Y=(cosx +

3)6x
B24 Y=5x*-2x3+65,
Y=x2arcsinx
_ 5 _5 2 _
Y—(6x_4)3, Y=Vx 5
Y=32"Inx, Y=(sinx +
2)8x
B25 V=-2x5-3x?+1, Y=x?ctgx
V=T T
Y=e2** Inx, Y=(sinx —
1)3x

B26 V=8x*-6X5°+1,

V=2x3arccosx

_tgx ,_ 9
Y= 5x’ Y_(6x—5)4

Y:4_lenx, Y=(sinx +
5)4x
B27 Y=3X?%+11x3-87,
V=3x3ctgx

_cosx ,_ -3

Y= 2x ' (4x+9)5

Y=56"Inx, Y=(sinx —
z)Zx
B28 V=x°+9X2-51,
y=x%arcsinx

v=—"_ Y=38x3 -3

COSXx
Y=e2*" Inx,Y=(cosx +
6)6x

B29 V=3x"-9X3+11, Y=5x3tgx



vy=—2_ v=32x*—6 vy=—2_ v={2x*—6

arcsinx’ arcsinx’

Y=e3*"Inx, Y=(tgx — Y=e3*’Inx, Y=(sinx +
3)2)6 2)3x
B15 V=x>-8X%+16, V=4xctgx B30 Y=x>-8X?+16, Y=4x?ctgx
_actgx ,_ 9 _actgx ,_ 9
Y= 3x ' (2x—15)6 Y= 3x ' (2x—15)8
Y=62"Inx, Y=(Inx + 2)%* Y=62x2lnx,Y=(sinx —
6)6x

2.Haiitu mpou3BojiHbIE (DYHKITUU.
a — IOPAAKOBbIN HOMEP B sKypHaJe

a

ly=ax’ L rg/x —ax+a 2.y:2‘(/(ax2 —3ax+5)° - ————
X (x+a)

3.y =tg“(x+a)-arccosax® 4.y =arcsin“ ax-log , (X —a)

5.y= a™ -ctgax® 6.y =ctg’ax- arctg\/F
vax® —3ax +5a lg( ax® — 2ax + 3a
1.y= — 8.y= « 5 )
g* arcctg“ax

KoHTposbHbIE BONIPOCHI

1.ChopmynnpoBTh onpeiesieHue TPOU3BOIHOM, TpaBmiia TudPepeHIIMpoBaHU.
2.3HaTh TabJIUIly TPOU3BOIHBIX dJIEMEHTAPHBIX QYHKIUH.

3.ChopmynupoBaTh MPaBUIO0 HAXOXKIEHUS MPOU3BOJHOM CIIOKHON (DYHKITUH.

TeopeTnyeckue cBeeHUs

Xox padoThl

Onpenesienue GyHKUMH ABYX NepeMEeHHbIX

Ecnu xaxnoi nape ( X;y) 3Ha4€HUM ABYX HE3aBUCUMBIX JAPYT OT Apyra nepeMeHHBIX
BEJIMYMH X U Yy U3 HEKOTOPOT0 MHOKECTBAa D COOTBETCTBYET € AMHCTBEHHOE 3HAUEHUE
BEJIMYUHBI, TO TOBOPST, YTO Z €CTh (PYHKIUS JBYX HE3aBUCUMBIX ITIEPEMEHHBIX X U Y,
omnpeJiesicHHas Ha MHOecTBe D.

O6o3nauaercs: z=f(x;y) unu z=z(x;y).

Hampumep, S=ab, S=S(a;b)- bynkuun nByx nepemennsix; V=abc, V=V(a,b.c) —
(GYHKITUS TpeX MEPEMEHHBIX;

Cnoco0b1 3a1aHus PYHKIMHA HECKOJIbKUX NePeMeHHbIX

Uto0OsI 3a1aTh PYHKIHIO ABYX (TpeX) MEPEeMEHHBIX, HY’KHO YKa3aTh CIIOCO0, C
MIOMOIIBI0 KOTOPOTO JJISl KXKI0W Mapkl (TPOHMKH) 3HAYEHU apTyMEHTOB MOXKHO
HaWTH COOTBETCTBYIOMIEE 3HaUeHne pyHkuu. Hanbonee yacto pyHKIus 3amaercs
AQHAJIUTUYECKH - 3TO SIBHOE 3aJjaHre (PYHKIIUH WIIA HESIBHOE 3a/IaHUE

YacTHble NPOU3BOAHBIE IEPBOT0 MOPSIAKA

Ilycte Qynkuus aByx mnepemeHHbix z = f(X, y) ompeneneHa B HEKOTOPOM
OKpecTHOCTH TOYkH M(X, y) eBkiuaoBa mpoctpanctBa E2. YacTHas mpousBogHas
bynkuun z = f(Xx, y) mo aprymMeHry X sBISeTCS OOBIKHOBEHHOM MPOU3BOIHOU
GyHKIMM OAHOM NMEPEMEHHOW X MpU (PUKCUPOBAHHOM 3HAYECHUU NEPEMEHHOM y U
0003HayaeTcs KaK



L
ar' o' T °F
AHanornyHsIM 00pa3oM OmpezensieTcsl 4acTHas npou3BogHas QpyHkuuu f(x, y) mo
NepeMeHHoI y B Touke M, o003Hauaemas Kak
ﬁ ﬁ = _f'
gy oy VTV
DyHKIMS, UMEIOLIasl YaCTHbIE TPOU3BOIHbBIE, HA3bIBAETCA TU(DPEpEeHIIUPYEMON.
CoBepIIEeHHO aHAJOTMYHO OMPENENSIOTCA YacTHbIE NMPOU3BOJAHbBIE (QYHKIUU TpeX U
Oonee mnepeMeHHbIX. YacTHass Npou3BOAHAS (YHKUHUHU HECKOJIBKUX MEPEMEHHBIX
XapaKkTepu3yeT CKOpOCTb €€ M3MEHEHHMs 10 JaHHOM KOOpAMHATE TMpuU
(pUKCUPOBAaHHBIX 3HAUCHUAX APYTHX KOOPJIUHAT.

=22y +3x+5y -7 _q)

IIpumep: YHKLHS IBYX [IEPEMEHHBIX.

Con _nl 2.3 _
VHOria WCIONB3YIOT 3alich o oY) =2x°y" +3x+3y—7

3aJlaHus, I7ie BMECTO OyKBbI Z HCIOJIb3yeTcs OykBa .
Haiitn YacTHBIE NPOMU3BOJHBIE 1epBoro " BTOpPOro nopsiaka
S 4 _
DYHKIHH z=2x°v +3x +0v -7
Cuauasna HaiiieM 4acTHbIE POU3BOIHBIE NTEPBOro NopsAaka. Mx nse.
O06o3Havenus:

Taxxe BcTpedaroTCA

P ¥

¥ 50|
o

- qaCTHasid IMpOU3BOaAHAA I10 «HUKC»

. -
=z
¥ UIIHN ¥ _ HacCTHasd IIPOU3BOJHAA 110 «UT'PCK»

f
Haunem ¢ % .Korma ™Mbl HAXOAMM 4YACTHYI0 TNPOHM3BOIHYIO IO «HKC», TO

nepeMeHHasi ¥ CYNTAETCS KOHCTAHTOM (IOCTOSTHHBIM YHCJIOM).
o . I . r NE
Z, =022 +3x +5y =) =2y (xT +30x), (5, =) =

= 2y3.2x+3.4x3+0—of4xﬁ +12x°

KoMmeHTapuu K BBIIOJTHEHHBIM JIEHCTBUSIM:

(1) IlepBoe, 4yTO MBI J€faeM TMPU HAXOXKAEHUM YaCTHOM NPOU3BOJHON —
3aKJII0YaeM BCI (QYHKIIMIO B CKOOKH IO IITPUX € MOACTPOUYHBIM HHIAEKCOM.

(2) Ucnons3yem mnpasmia nuddepenmupopanns & TV =uEvt (Cu)'=Cut g
MIPOCTOr0 MpHMEpa, KaK 3TOT, 00a IpaBujia BIIOJHE MOXHO MPUMEHUTHh HA OJTHOM
mare. OOpaTtuTe BHHMaHHE Ha IIEPBOC CjaraeMoe: TaKk Kak < CUYHTaeTcsl
KOHCTAHTOM, a JIIOOYH) KOHCTAHTY MOKHO BBIHECTH 32 3HAK NPOM3BOIHOM,

3 3
To ¥ MBI BBIHOCHM 3a CKOOKH. TO ecTh B JaHHOM CHUTYyallH Y HU4YeM He Jy4aic

0GbIuHOro umcna. Tenepb MOCMOTPUM Ha TpeThe claraemMoe - : 31ech, HA06OPOT,

BBIHOCHTE Heuero. Tak kak -+ KOHCTaHTa, TO 2 TOXXC KOHCTaHTa, U B OTOM CMBICJIC

OHa HUYEM He JIy4IIIe TIOCICTHETO CIIaragMoro — «CeMEpPKI».
r_ ol -1
(3) Ucnons3yem Tabamunble npoussogusie =) =0 y (2 =5
f
Z
(4) Tenepp “?. Korma Mbl HaAX0AHM YACTHYH) NMPOU3BOAHYIO MO «HIPEK», TO
nepeMeHHasi * CYMTAETCS] KOHCTAHTOM (MOCTOSIHHBIM YHCJIOM).



zy,=(2xy" +3x* +5y =T, szﬁr:f); +(3x%), + 5007, - (?);T

=2x° 045 1-0=62%" 45

(1) Hcroms3yeM Te ke mpasmia auddepenmuposanms & V) =u
B INEpBOM CJ1aracMOM BBIHOCHM KOHCTAHTY & : 3a 3HaK HpOI/ISBOI[HOﬁ, BO BTOpPOM

4
ClIaraeMOM HHYETO BBIHECTH HEIB3S MMOCKOJBKY X — yiKe KOHCTAHTA.
(2) Ucnonb3yem Tabauily HPOM3BOJIHBIM 3JeMEHTapHbIX (GyHKUUNA. MBbICTEHHO
NnoMeHsieM B Tal0Jiule Bce «MKChbD» Ha «UrpeKw». B 4acTHOCTH, HCMONb3yeMble

‘v (Cu)'=Cu'

HaMU (HOPMYJIBI BBITJISIAT TaK: €y =0y O =™ Ntak, yacTHbIE TPOU3BOJHBIC
NEpPBOro MOPSAKa HAWUICHBI

[TonBeneM WTOT, YeM K€ OTIMYAETCS HAXOXKIEHUE YACTHBIX IMPOM3BOJHBIX OT
HAXOXJICHUs «OOBIYHBIX)» MPOU3BOAHBIX PYHKIIUU OHON IEPEMEHHOM:

r

“r, MepeMeHHast » CYUTAETCS

1) Koraa Mbl HAX0AMM YacCTHYH NMPOU3BOIHYI0
KOHCTAHTOM.

t

2) Koraa Mbl HaX0AMM YACTHYIO NPOM3BOJHYI0 7, TIepeMeHHast X CUMTaeTCs
KOHCTAHTOM.

3) IIpaBuaa u Tadauuma TPOU3BOAHBIX JJIEMEHTAPHBIX  (QYHKIUIA
CIpaBeJIMBbI M NMPUMEHHMBI JUIA JII000ii mepemMenHoii ( *, ¥ 100 Kakoii-
HUOYAb APYIoii), 0 KOTOPOii BeneTcsa nuddepeHIupoOBaHuIE.

[Tar Bropoil. Haxoaum yacTHbIE IPOU3BOIHBIE BTOPOTO Nopsiaka. X yeTsipe.

O6o3HaueHus:

8z
" 3
o HITH clx — BTOpAst IPOM3BOHAS 0 KHKC»
Fz
=" @;2
» WU - BTOpast POM3BOIHAS 10 CUTPEK»
Fz
z! Sy
w Nniin — CMeUuLlaHHasA HpOH?)BOI[HafI «HKC I10 I/IrpeK»

Az

Zn i PO cyewannas npousso
p JTHASI «UTPEK 10 UKC»
B noHsTHM BTOpPOM NPOM3BOMHOM HET HHUYErO CJIO0XKHOTo. ['0BOpsS IpOCTHIM
S3bIKOM, BTOPasi IPOU3BOAHAS — 3TO IPOU3BOAHAS OT NIEPBOM NPOM3BOJIHOI.

YactHbIe MIPOU3BOJIHBIE IIEPBOTO MOPSIAKA:
t 3
" =dn’ +12x
R
z,=6xy +5
Cnayvana HalgeM CMEIIaHHBIE IIPOU3BOIHBIE:

zl, = (z1), = (4 +12x7), = 4x(p"), +(1227), = 4x - 3y" + 0 = 121/

E

f
Kax Buamre, Bc€ mpocTo: 6epeM YacTHYIO MPOM3BOAHYIO “* W auddepeHmpyem
€e elIe pas, HO B JJAHHOM CJTy4ae — YXKe 10 «UTPEK».

AHAJIOTHYHO:

zh = (2 = (657 + 51, = 657 ()L 4+ (5), =6 - 2x +0= 121



B nmnpakrnyeckux mnpuMepax MOKHO OPHEHTHPOBATBLCH Ha cjeayloliee

PaBEHCTBO:
o K
ny = Z}w

Takum o00pa3oM, uepe3 CMEIIAHHbIE MPOU3BOJHBIE BTOPOIrO IMOPSAKA OYEHb
yI00HO TPOBEPUTH, a MPABWIBHO JIM Mbl HAILJIM YAcCTHbIE MPOM3BOJIHBIE MEPBOTO

nopsiKa.
Haxoaum BTOpYIO MPOU3BOJIHYIO MO «HUKC.
Huxkakux nzo0perenuii, 6epem ° p=dnt e, nuddepeHIupyeM e 110 «UKC» EILE
pas:
2z = (2 = (dn” +1220°) =4y° (00 +12(x°) = 4y 1412 3x% = 4" +367°
AHaJIOTUYHO:

28, = (z,), = (6x°y" +5), = 62 (5), +(5), = 6 2y + 0= 122"y

" "
Z
CH@IIYCT OTMCTUTD, YTO IIPHU HAXOKIACHHUH Z""", » HY>KHO IMPOABUTDH IMOBLIIMCHHOC

BHUMaHHE, TaK KaK HUKAKUX YyJCCHBIX PABEHCTB JJI UX MPOBEPKU HE CYIIECTBYET.

[Tpumepnl HAXO0XICHUS YACTHBIX IPOU3BOJIHBIX  TEPBOTO MopsJIKa.
IIpumep 1. z = r* — 2ry + 2%,

Pemenue. udpdepenuupyem dynkuuio z = f(X, y) cHavama mo X, mojaras y

(UKCUPOBAaHHOIN BETMYUHOM, TOTOM MOBTOPSIEM 3Ty K€ MPOIEAYPY, MEHSS POJIH X U

y. [lomyyaem
dz 9 — iz )
e T Y P = 4y — 2z.
oz 0z r
Upmvep 2. z = arctgay, 5, = '1?’?@? "By 1% (@9)F
IIpumep 3. u = ye¥* + In(z? — 2y + z).

Pemenne. YacTHbie MPOM3BOIHBIE 3TON (YHKIIUU TPEX MEPEMEHHBIX BBIPAKAIOTCS
CIeAyIMUMHU (HOPMYIIaMHu:

Ju 2r P i 2

dr 22 -2+ 2 By (1+yz)e’” - -2+ 2
du - |
a: V° +::'2—2y+z'

3aaHus NPaAaKTUYECKOH padoThl
1. HaiiTu u mocTpouTh 001aCTh ONPEAETICHUs CI0KHON ()YHKITHH.
2. Bpryucnuth MpoM3BOIHYIO CIOXKHOW (PYHKITUH.
B1 1.z=arcsin(1-x?-y?) B16 1.z=In*
2.a) z=\/ﬁ%, x=e, y=1 g

2.2)z=(x? + y2)* 7Y
0) U=x2-y?+3z%, x=1/2,y=1/2,z=1/2

6)u=x/y-(z+y)Vx, x=1,y=1,2=-2

B2 1.z=In(y-Inx) B17 1.z=Iny-Incosx
2.a) z=/xy In%, x=1, y=2 2.a)z= Xsiny+x?, x=3,y=mn/2

B)U=3X?/2- 6)u=,/xy — V4 — z2 x=1,y=1,2=0



y2[2+272,x=2/3,y=2,2=2/3

B3 1.z=,/Inx + Iny

2.8)z=xY—>=® ¥=1
Xy

0)u=x3/2-y32+82%,x=2,y=2,2=3/2

B41lz=|[y—x+2
2.a)z=sinl/xe¥,x=n/2,y=1
0)u=3/2x%+3y2-272,
x=2,y=1/3,2=3/2
B5 1.z=arcsinx;2
2.a)z=arcg(x>-y?)+1//xy
6)u=ﬁ -2

y  x+/y
B6 1.z=arcos(2x-y)

2.a)z:arccos§+e\/x_y , x=2,y=1
_ 2. 3 2
6)u=v2x = 6v222,
x=1,y=2/3,2=1/\/6
B7 1.2=/In(2 —x — y),

2.2)z=tgl/x.ex,x=1/m,y=0
o)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1\/6
B8 1.z=|n§

2.a)z=(x2 + y2)* Y°

6)u=x/y-(z+y)Vx, x=1,y=1,2=-2

B9. 1.z=Iny-Incosx
2.2)z= Xsiny+x?, x=3,y=mn/2

6)u=,/xy — V4 — 2% x=1,y=1,2=0

B10. 1.z=Insinx-/y
2.a)z=arcsin% - Inv, u=0, v=1

6)u=(x>+y>+z%)*?, x=0,y=-3,z=4

B18. 1.z=Insinx-/y
2.a)z=arcsin% - Inv, u=0, v=1

6)u=(x>+y>+z%)%?, x=0,y=-3,z=4

B19. 1.z=In(y?/4-x?/9-1)

2.2)z=Iny/x2 + y2+1ly,x=y=1/v/2

0)u=2/x+3/2y-
\6/4z,x=2/3,y=3/2,2=1/2

B20. 1.z=arcsin%
2.2)z=Inyv/x ,x=1,y=3/5
0)u=3/x+4/y-
16x,x=1,y=2,2=1\/6
B21. 1.2=1+,/1 — (x — y)?
2.a)z=cos(1ly)-1/\/xy, x=n/2,
y=2/n
6)u=x,/y-yz2x=2,y=1,z=-1
B22. 1.z=In(x?+y)
2.a)z:ex2\/ryz, x=1,y=0

—cinY x=) v=1r 7—
6)U—Slnxz, x=2,y=m,z=1

B23. 1.2=V1 — x2+,/1 — y?2
2.2)z=yIn(x2-y?), x=2,y=1
6)u=x3/16+y?/9-
7218,x=2,y=1/2,z=1/3
B24 1.Z=\/In(2 — x — y),

2.a)Z=tgl/X.e%,XZI/n,y=O
o)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1\/6
B25 1.z=arcos(2x-y)
2.a)z=arccos§+em ,x=2,y=1

_ 2.3 2
6)u=v2x = 6v22?,



B11. 1.z=In(y?/4-x?/9-1)

2.2)z=In\/x2 + y2+1/y,x=y=1/\/2

0)u=2/x+3/2y-
J6/42,x=2/3,y=3/2,2=1/2
B12. 1.z=arcsin§
2.2)z=Iny\/x ,x=1,y=3/5
0)u=3/x+4/y-
16x,x=1,y=2,2=1\/6

B13. 1.2=1+,/1 — (x — y)?
2.a)z=cos(1ly)-1/\/xy, x=n/2,
y=2/n
6)u=x,/y-yz2x=2,y=1,z=-1
B14. 1.z=In(x?+y)

x=1,y=2/3,z=1"/6

2
B26 1.z=arcsinx7

2.a)z=arcg(x>-y?)+1/,/xy
_Vx _ yz
0)u= Yy xHy

B271z= |\/y —x+2

2.a)z=sinl/xe¥,x=mn/2,y=1

0)u=3/2x%+3y2-272,
x=2,y=1/3,2=3/2
B28 1.z=,/Inx + Iny

2.8)z=xY—>=2 ¥=1

Xy
6)u=x3/2-

y3/2+873 x=2,y=2,2=3/2
B2 9.z=In(y-Inx)

2.a)z=e*"\[x? — y2, x=1,y=0

—_ 1 l = — pu—
6)U—Slan,X 2,y=m,z=1

2.a)z=\/xy In%, x=1, y=2
B)U=3X?%/2-
y2[2+272 x=2/3,y=2,2=2/3
B30 1.z=arcsin(1-x2-y?)
2.a) 2= lnx%, x=e, y=1

B15. 1.2=v1 — x2+,/1 — y?2
2.z=ylIn(x?-y?), x=2,y=1
u=x3/16+y?/9-z%/8,x=2,y=1/2,z=1/3 6) U=x2-y?+372,
x=1/2,y=1/2,z=1/2
KoHTpoabHbIE BONPOCHI:

1.ChopmynupoBats onpeneneHne GyHKIUH C TBYMS IEPEMEHHBIMH.
2.YT0 Ha3bIBaeTCs 001aCThIO OnpeeeHus GYHKIIMN HECKOJIBbKUX MePEMEHHBIX?
3.ChopmynupoBaTh MPaBUIO HAXOXKICHUS MPOU3BOIHON (PYHKIIUU HECKOIBKUX
MEePEMEHHBIX.
4.Yto Takoe moyHbIN auddepeHuan QyHKIUH HECKOIbKUX IEPEMEHHBIX ?
Cxema uccneoosanus pynkuyuil

1) O6nacTh cymecTBOBaHUS (YHKITHH.
OTO MOHATHE BKJIKOYAEeT B ceOs M 00JlacTh 3HAYEHUW M 00JIaCTh OIpeeSICHUs
byHKIHH.

2) Toukw paspeia. (Eciin oHM HMeroTCS).

3) NuTepBainbl Bo3pacTaHus U yObIBAaHUSI.

4) Touku MakCHMyMa U MHHHMYyMa.

5) MakcuMaibHOE 1 MHHUMAaJIbHOE 3HaUCHHE (PYHKIIMU Ha €€ 00JIACTH ONPEICIICHHUS.

6) OO0JsacTH BBITYKJIOCTH ¥ BOTHYTOCTH.



7) Touxu neperuda.(Eciu oHr UMEIOTCS ).
8) AcumnTotsl.(Eciu oHM HMEIOTCS).
9) IMoctpoenue rpaduka.

3

X
= U TIOCTPOUTH €€ rpaduk.

Ipumep. UccnenoBars PyHKIUIO y =

Haxomum oOnacte cymiectBoBanus  GyHKOUU. OUYEBUIHO, UYTO  00.1aCMbIO
onpedenenusi GyHKIMH ABIsseTcs 001acTh (-o0; -1) U (-1; 1) U (1; ).
B cBowo ouepenb, BUAHO, 4YTO mpsMble X = 1, x = -1 gBiasOTCA
BEPMUKAILHBIMU ACUMNMOMAMU KPUBOM.
Obaacmuio 3nauenuil JTaHHON (QYHKITUH SIBJISICTCS HHTEPBAJ (-00; 00).
Toukamu pa3zpviéa QYHKIIUU SABISIIOTCS TOUKU X = 1, x = -1,
Haxonum kpumuuecxkue mouku.
o ;3P =) —2x-x 3x*-3x"-2x* x*-3x’
Haiinem npousBoaHy0 QYHKIUU )’ = —— = =
(x* -1 (x*—=1) (x* -1
Kpurnueckue touku: X = 0; X = -J3rx=43; x=-1; x=1.

HaxomuM TmpoMeXYyTKH 603pacmanus W yoviganusi GyHKOuH. s  3TOro
oTpeieTisieM 3HAKH MPOU3BOAHON (DYHKITUU Ha MPOMEKYTKAX.
-0 < X < -4/3, Y >0, QyHKIHSA BO3pacTaeT
-3 <x<-1, y' <0, QyHKius yObIBaeT

-1 <x <0, y' <0, dyHkius yosiBaeT

0<x<1, y' <0, dyHkius yosiBaeT

1<X<43, y' <0, QyHkuus yObBaeT

V3 <X <o, y' >0, ¢yHKIHSI BO3pacTaeT

BujHO, 4TO TOYKA X = -+/3 ABIAETCA TOUKON MaKCuMyMa, a TOUKa X = ~/3 sBiseTcs
TOYKOU MuHumyma. 3HauyeHUs (YHKIMH B ITUX TOYKAX paBHBI

COOTBETCTBEHHO 3 /3 /2 u -3+/3 /2.

Hatimem BTOpYyIO Mpon3BOAHYIO (DYHKITUN

, (4 —6x)(x* 1) = (x* =3x)dx(x* - 1) (4x® —6x)(x* —2x* +1) — (x* =3x*)(4x° —4x) _
- - ) " -1)* i
_4x7 —8x +4x° —6x° +12x° —6x—4x7 +4x7 +12x7 —12x°

(x* =D*
B 2x° +4x° —6x B 2x(x* +2x* =3) B 2x(x* +3)(x* = 1) B 2x(x* +3)
I N T e
Ornpenenum BBITYKIOCTh U BOTHYTOCTh KPUBOU HA MPOMEKYTKAX.

-0 < X< -4f3, Y’ <0, kpuBas BRITyKTass -~/3 <X < -1,
y'" <0, KpuBas BBITYKJIas

-1<x<0, Yy">0, kpuas Boraytas 0<X<1,
y"" <0, kpuBas BbIIyKJIas
1<X<+3, y’>0, xpupas BOTHyTas +/3 < X< o,
y"" >0, KpuBas BOrHyTas




HaxoguM npoMexyTku eospacmanus WU yowviganus (QpyHKuuu. s 3Toro
oInpeJensieM 3HaK1 NPOU3BOJHON (PYHKIIMU HA TPOMEKYTKAX.

-0 < X < -4/3, Y >0, QyHKIHSA BO3pACTaeT
-3 <x<-1, y' <0, QyHkuus yObiBaeT

-1 <x<0, y' <0, QyHkuus yObIBaeT
0<x<1, y' <0, QyHkius yObIBaeT
1<Xx<43, y' <0, QyHkuus yobiBaeT
V3 <X <o, y' >0, ¢yHKUMA BO3pacTaeTr

BuIHO, UTO TOYKA X = -+/3 ABISETCS TOUKOH MakcuMyma, a TouKka X = /3
ABJISIETCS TOYKOM MunumMyma. 3Ha4eHUs PYHKIMU B OTUX TOUKAX PABHBI
COOTBETCTBEHHO 3+/3/2 u -3+/3/2.

I[Ipo BepTUKAILHBIE acumnmomsl ObLIO YK€ CKa3aHo BhIIIE. Temneps HalaeM

x? 1

HAKJIOHHbIE ACUMNMOMbL. k = lim — = lim =1
X—>00 X _1 X—>00 1 1
-
Hroro, s s 3 YpaBHEHUE HAKIIOHHOU
i X . [ X=X+ X —
b=Iim > — X |=Ilim — |= ACHUMIITOTHI — Y = X.
Crpoum o X5 -1 om0 X0 -1 epagux QyHKIIH:
A \ 1
X\ X
1
\

\
‘ \
\

N\ ! \l\
\ , i

3aganue 1.VcciaenoBath QyHKITHIO IO TPEITIOKEHHON CXEME M IIOCTPOUTH €€
rpaduk:

. Haiitn o6nacTe onpeneneHus GyHKIUU.

. UccnenoBath Ha YETHOCTH U HEYETHOCTb.

. UccnenoBath Ha NEPUOIUYHOCTD.

. HaliTu ctanimoHapHble U KPUTHUECKHUE TOUKHU IEPBOTO POJA.

. HaliTn mpoMexyTKku Bo3pacTaHus U yObIBaHUS QYHKIIUU, YKCTPEMYM.
. Halitn cranimoHapHbIe B KpUTHUECKUE TOYKH BTOPOTO poAa.

. HaiitTu mpoMexyTKU BBITYKIOCTH (DYHKIIMU, TOUKHU TIeperuoda.

. Haiftu acuMntoTsl (BepTUKAJIbHBIC, TOPU3OHTAIbHBIC, HAKIIOHHBIE).

. Haiftu Touku nepeceuenus rpaduka QyHKIUU C OCSIMU KOOPIUHAT.

1
2
3
4
5
6
7
8
9
10.Haiti JOOJHUTEIbHBIC TOUKU.



11. ITo pe3ynbpTaTaM UcciieI0BaHUs TOCTPOUTH rpaduK HYHKIUU.

L Y2(0 N2 :x2—2x—8
Bl.a)y=x%(2-x)5; 0)y 1
B2.a)y=xVv1 —x;

24+2x-8
6) y - - x+);

B3.a) y=x-arctgx ;

2-3x-10
6) Y= - X—X1

_ ) _ x?+3x-10
Bd4.a)y= — 0)y= 3
B5.a)y= ?

2—4x-12
6) Y= - X:3

_ X2 . N X2 44x—12
B6.a) y T 0)y= —

X _ x%—x-20
B7.a) y x2+16’ 0)y= X+2

2 x%+x-20
B8.a) y=e+; 0)y= s

X _ x%-2x-15
BO. a) y _E’ 6) y= )
B10. a) y =2x-x?;

2+2x—15
6) y= - x—Xl

5 —2x

B11. a)};.‘{g -3X% +4 : 6) Fﬁ

B12. a)y= —Xx% +3x*-2
X3
O)y=x?-1
B13.a)y=Xx*-12x+6 ;

X
x2+4

0)y

B16. a) y= X* - 12X% -9x+1;
x*
O)y=x*+1
1., 1 . X3
B17. a)y=3" t2% -2x-1; 6)y=x -2

[y

-3 _ 32 _ - 1 'r:
Bl8.a)y=3" ~* " *t3 6)y=x7-3

B19. a)y=—%% + 3X% +9x;
xX3-1
0)y=3x + 5

B20. a) y= x>-20x ; 0) Fl—%

XZ—
B21. a)y=x3+15x%-x-250 0)y= - -
B2.a)y=3x+2: Oy
B23. a) y=x%-4x ; 0)y= 3X+§+5
2 _ —
B24.2)y =3x-x%; 6)y =~ Xii -
B25. a)y = 2/3x*2x=1;  6) y—mos
2 4. _ 1
B26. a) y= 2x%-x* ; 0)y= "
2. Q. =X
B27.a)y = 2x°-8 ; 0)y=12=
B28. a)y = x*-8x%+3 ; 6)y =

x2—1



Bl4. a)y=X®+9x* + 2ax + 12 _ 3. _ x243x-10
x3 B29.a)y 4-x2’ 0)y X+3
0)y=6x + 18
— 8 2 _g . 2 oo
BIS. a{_}f YAz B30.a)y = xV4 — x; 6) y="= Xiz i
O)y=x3-1

KoHTpoJibHBIE BOIPOCHI:

1.Yt0 Takoe o0nacTh onpeaeneHust GpyHKuum?

2.Kakue QyHKIMHN Ha3bIBalOTCA YETHBIMH , HEYETHBIMHU, 00ILIEr0 BUAA?
3.Buasl Touek pas3pbiBa.

4.Yto Takoe HyIu QyHKIHUH?

5.Kak onpenenanTts NTpOMEKYTKHU BBITYKIOCTH?

6.Buasl acumMnToT.



IIpakTnueckas padoora Ne 4

1o teme «PelreHne NnpakTHYEeCKUX 32124 C IPUMEHEHUEM MHTErPaJIoB»
Ilesb: MpoBEpUTH YMEHHE HAXOAUTH HEONIPEIEICHHBIE U ONPEAEIECHHBIE HHTErPAJIBI
HCIIOIb3YSl METOJIBI HEMTOCPEACTBEHHOIO MHTETPUPOBAHUS, UHTETPUPOBAHUE
IIOJICTAHOBKOU U 110 YacCTsM.

Bpems BbinmosiHeHuss 90 MuUHYT

MarepuajnbHoe obecneueHmne
1. TeopeTnueckue cBeaeHUS
2.3anaHue
3.JIuct A 4
4.KanpKyaaTopsl
Iopsaaok BbINOJTHEHUS] pA0OTHI
1.3yuuts 3amanue
2. I3yunTh TEOPETUYECKHUE CBEICHHUS
3. Bommonuuth ¥ 0QopMUTH paboTy
4.Tloka3aTh pe3yJbTaThl IPENOJABATEIIO
JlomamHee 3aganue
1.IToAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
Xox padoTsl
TeopeTnveckue cBeIeHUA
f(z)
Onpenenenue IlycThb -- (hyHKIIMS, 3aaHHAs HA O0BEMHEHUU MHTEPBAJIOB

f(z)

BGHIGCTBGHHOﬁ OoCH. Ha60p BCCX HGpBOO6p33HBIX JJIA Ha3bIBACTCsL

f(=) J f(z)d=

HeonpeoeNéHHbIM UHMEeSPALIoM OT U 0003HavYaeTCs . Onepanus

) y flz)
HAXOXJACHHS HEONPEAEIEHHOTO NHTErpaja Mo 3aJaHHOu (PyHKIHH Ha3bIBACTCS
unmezpuposanuem O PyHKIINHN; HAUTH HEONPEACIEHHBIA HHTETPal O3HAYAET

f(z)

npounmezpuposams 1aHHYI0 GyHKINI0. OyHKIMS , 3allMCaHHas MOCJe 3HaKa
MHTErpaia (Ui, Kak 4acTo TOBOPST, 700 3HAKOM MHTErpasia), Ha3bIBaeTCs
noovinmeepanvHol gyHxkyueu. COrIacHO JOKa3aHHBIM BBIIIE TEOPEMaM O BUJE

f(z)

NepBOOOPA3HBIX, HEOTPEAEIEHHBIM UHTETPANl OT PYHKITUU COCTOUT U3 (HYHKIIUN

F(I:J-l—Cf F(I:J f{I:J
BHUJA , TIe -- Kakas-m00 GUKCHUpOBaHHAS MTEPBOOOpa3HAS JIJIs ,a
C -- BEIMYMHA, TIOCTOSTHHAS HA KAKJIOM M3 HEMEPECEKAIOMINXCSl MHTEPBAJIOB, Ha

f(=)

KOTOPBIX 3a/1aHa PYHKIIUS . [ToaTOMy MOXXHO HanmucaTh Taky GopMyny:



fﬂ:] dz — F(z) + C.

Tabianna MHTErpaIoB 3JIeMEHTAPHBIX QYHKIUI

1 _[El'afx:=C 11 _[chxdx:=shx+€
2 e 2 s
sh* x .
3 w+l 13 dbx
[xtde =Z—+cC [z =thx+C
w+l (e=-1), ch
4 1 dx 14 ! & ™
“de =2 |+ C dx = = —arctg —+C
Ix Ix ad . Ix2+a2 Ix2+a2 e
5 o~ 15 dx 1, |x-a
xp _ & =—ln +C
J'aa&: ]na+c' Ixz_az 2 |xta
J'exafr=€x+c
5) ISInxtfr:—EOSJCJFCI 16 IL=arcgm£+C=—arccos£+C
az_xz L &
7 _[l::osxdr,=sinx+(?. 17 ol +dx2 + o+ C

o=

x2+05

8 dx 18 [z x [ 7 o [z
[——=-ctgx+C I x +-:m&:=§ x +0:+E]n‘x+ x +-:x‘

9 dx 19 -
[—F—tex+C Iﬂn'az—xgdx:=§w‘a2—x2+%arcsm i

il

10 _[shx::ix=|::hx+(?. 20 Ia&: =]ntg£+(?
5N X 2 .
J- dx =]n’tgx+ﬂ2‘+ﬂ'
COSX 2

3aMeHa mepeMeHHON B HeoNpeaeJJEHHOM HHTerpaJe
(MHTerpupoOBaHUe MOACTAHOBKOM).
IlycTs ff(x}dr =Flx)+C . Torna J'f(if(x}')f(x]-'ir = Ft(x)) + C. 3necs t(X) -

muddepeHupyemas MOHOTOHHAsE (PYHKIIHSL.



IIpu pemrennu 3a1a4 3aMeHy IIEPEMEHHONU MOKHO BBIIIOJIHUTH ABYMS
crnocobamu.
1. Ecau B moJbIHTErpanbHOM (PYHKIMHU YOAETCs cpa3y 3aMeTUTh 00a

comuoxurens, u f(t(x)), u ¥} 1o samena MEPEMEHHOM OCYIIECTBIISACTCS

nozxseeHreM MHOXHTENs £ ) o suak quddepenunana; £ =y sanaug
CBOJHUTCS K BRIYUCIICHUIO MHTErpaia [f@adt Hanpumep,
5N X - sin xex dicos x i
[t e = [22% g = - _ - deosx) i
CO5 X COS X cosx  (3a7a4ya CBEJCHA K BBIUYMCICHHUIO = £ |

rae t=cos x) - "I leosx | *C (quanornuno maxoaures nnrerpan or St X):

sifh X _ p.5nx z _ ¢ ]
Jeo T cosxdx = [e7d s X = (30 1104q cpesiena k Bbrumcennto J€ % rae t = sin X)

=™ ¥ +C B Gonee cI0KHBIX 321a9aX oriepalus Mo BEICHUS TO/1 3HAK
g depeHnrana MOKET BbIIOIHATHCS HECKOJIBKO pa3:
'['_ﬁ_,as'l.fu:u:tgs.!c2 arcctg4x2 Ldr _

I+x (camoe HeMpUATHOE B MOJBIHTETPAIbHON (DYHKIIUH -
nsiTasi CTENeHb apPKKOTAHTeHCa M0J] 3HAKOM SKCTIOHEHTHI; €CJIH JIajibllie He HauAETC s
muddepeHiman 3To GyHKIUH, TO HUHTETPasl, BO3MOXHO, B3SITh BOOOIIE HE YaCTCS,
B TO 7K€ BpeMsl CIeyIOIMil MHOKHUTENb (arcctg? X?) - mpousBoaHas (¢ TOYHOCTEIO 10
MOCTOSIHHOTO MHOHTEJIS1) CTENEHHON (PYHKIIMU; 3aTeM CIIEIYIOT MPOU3BOIHBIC
(OIATH C TOYHOCTBIO 10 MOCTOSHHBIX MHOKHTENEH) (QYHKIMIA arcctg X2 U X2 1o
CBOMM apryMeHTaMm)

1 5.2 1 1 )
= —_[ear':':tg * aru:u:tg4 x* (Zxdc) = —_[ear':':tg * aru:u:tg4 x* dc® =
2 1+x* 2 1+ x*
2
1 5.2 — 1 ]
= ——_[em':tg * arcct54 :JL:2 = ——_[em':tgs * a:rcl:tg'i1 xzd arcctz xE =
2 1+ x4 2

5.2 5.2 5.2
—%Iem“g * l(551ru::u::tg4 xzdarcctgx2)=—%_[em“g * l(.lcfarlz:t:tgj x2j=—1—1|:|em':tg * 10

2. 3ameHy MepeMEeHHON MOKHO OCYIIECTBIATH (hOPMAJIbHBIM CBEJICHUEM

it X
[O/IBIHTErPATBEHOTO BHIPAKEHUA K HOBOH repemennoil. Tak, B J¢ 99 ¥% pyeer

CMBICJI IIEPEHTH K MIEPEMEHHOH (C/1enaTh moacTaHoBKY) t = Sin X. Beipaxkaem Bce
MHOKHUTENH NOABIHTErPAIbHOIO BBIPAXKEHUS Yepe3 NEPEMEHHYIO L

. Fe .
x=arcsmx;dx=—2;cosx=w{1—sm2x =«f1—r2

st x
1-¢ . B pesynbrate J¢

cosxedx =

=_[et 1- £ —‘ﬂz =_[etd£=et+(?=

1-1 (BO3BpalllaeMcsi K HICXOAHOUN epeMEHHOMN)

gih x
g

+C', Jlpyrue mpuMepsi:
dx

IJx—Sﬂ+

Y —

Ux = 5) [TogpraTerpanbHas GYHKIMS COASPIKUT JBA MHOXKHUTEIISA, HU OJUH
13 KOTOPBIX HE SBIISIETCS MPOU3BOJIHOM APYroro, Mo3TOMY MOJABOAUTH MX MO 3HAK
nuddepenimana 6ecnone3no. [lompiTaemMcsi BBECTH HOBYIO MTEPEMEHHYIO, TaKyIO,



x-5=4 6.1:—5;

x =i +5;t£:c=6£jd.t _

dx
Ifx 501+ 3% - 5)

YTOOBI KOPHU U3BJIEKIIKCH:
68 dt tdt (£5 +1-Dde _

=§ =f
£il+e4) J'1t2+1 / £+l

—E[J'tﬂ - ] (¢ —arctg £)+ C = 6/x =5 - arctg§fx -5 )+ C

#+1 PaccMoTpum

Jola® - x dx (uaTerpan Nel9 u3 Ta6.1.). 3nech noabIHTErpaibHast PYHKIMS COCTOUT
U3 €IMHCTBEHHOT'O MHOXKUTEJISI; MOKHO OIIATH MOMBITATHCS CACIATh TAKYIO 3aMEHY
NepEeMEHHOMN, YTOObI KOpeHb U3BIEKCI. CTPYyKTYypa MOJAKOPEHHOTO BhIPAXKEHUS
IIOJICKA36IBACT OTY 3aMEHy: X= @sin & (yqy X = acost a>0):

X =5 £ dx = acos £dE

‘\II ~x? —aw'l—sm E=@cost

HHTCTpaIy OT KBaJApaTa KOCHHYCA. HpI/I HHTCTPUPOBAHHUHA YETHBIX CTCICHEH CHUHYyCa U

J'a ~xtde = 2y di

. MuTerpain ceéncs k

2 2
KOCHHYCA YaCTO MPUMEHSAIOTCS (POPMYJIbl, BRIpaKatOIIKe M~ £y to8° fyepes
. 1-cos2f 5 1+cos2f
=05 T ———

s £
KOCHHYC JIBOMHOTO yIJja: 2 2, [TosTomy
o2
azjcoszt'dr=a2_[# ——Udt+_[|::052£d.r:| ; [r+ _[cosE.t d,Er]

) X
2 s £ = —, CcosE=

et 1. af 1 a
=2 e+ Zsin2e |+ € =E g+ Zsin 2|+ € = E (¢ +sin reose)+ € = =
2 2 2 2 2

f 2 2
S R
[+

2
= %arn:sin x +%xm,|'a2 —.:vr,2 +

il

[Ipumepsr: 1.

t=x+fxltoz-x=+x?to-x)? =x? + g
dx £ - £ -
I—dx=i2—2tx+x2=x2+m;x= m;w,ﬂx2+m=£— > =]n|1E|+C=]n‘x+'\|'x2+m

2f 2F

2 2
o 5t
= Lide = 5 o
of 2f

e ulp 2 gl e, _
2 sz—az 2a° x2 - a° 2a (x +a)(x —a) '[[ x+a]ﬂk




o P e R CIERTI NERPY YR

Ea x-a x+a 2 2

X —

+C

xta
Humezpuposanue no wacmsam.

HNHTerpupoBaHue Mo 4acTsaM - IPUEM, KOTOPBIA IIPUMEHSIETCS [IOYTH TaK K€
4acTo, KaK U 3aMeHa nepeMeHHou. ITycts U(X) 1 V(X) - GyHKIMH, UMEIOLIUE
HEIpepbIBHbIE YacTHbIE Ppou3BoiHbIe. Toraa no hopmyne auddepeHuupoBaHus

= u-dv=duv)—v du . Haxomum

npousBeaenus d(uv) = u-dv + v-du
HEOMpPeACIEHHBIC MHTETPAIbI I 00E€UX YaCTeH 3TOro paBeHCTBa (IIPU 3TOM

_[d(uv} =uv+C):
Iu-:fv =uv—Iv i)

Dta Gopmyiia U Ha3bIBaeTCs (OPMYIION MHTErPUPOBAaHHMS 10 YacTsaM. YacTo ee
3aMUChIBAIOT B mpou3BoaHbIX (dv = v’-dx , du = u’-dx):
Iu-vh&: =uv—Iv u'd

IIpumepsr:
i = x, dv = sin xdx;
J‘xsin xdx = , =x(—cosx) —\I‘(—cosxja&: =-xcosx +sin x+ ¢
di = dx v =J'sm xdx = —cosx
=In x; dr =dx; e
_[]nxdr,= g =xh1x—_[x—=x]nx—_[dx:=x]nx—x+(?
= v=x x

X

dopmyna UHTETPUPOBAHUA IO YACTAM MOXKET MPUMEHATHCA HEOAHOKPATHO.
[Ipy Hanuyuu HEOONBIIOTO OMBITA B MPOCTHIX HHTETpajax HET HEOOXOAMMOCTU

BBINKACHIBAThH MPOMEKYTOUYHBIE BBIKIaAKK (U= ..., dV =...), MOKHO Cpa3y IpUMEHATh
Gopmyay, Ipe/ICTaBHB MHTErpa B BHJIE Joudv :
J'exxEtfr = J'x3 (e™dx) = IxEdex - x'e —.I'exafxg = x°e® —J'e 3xlde = xoe® 3]'.1:2 (e¥dx) =
=x3€x—3]'x2t£ex—xe —3(.1: —J'e .af:c:2 =xe —3(x e~ —J'e 2xex) =

~3x%e® + ﬁj'xaiex = x'e® - 3xte* + fixe™ - J'exdh:) = x ¥ - 3x’e® +6xe® - 6J'exafx =
= x7e® - 3x%e® + fxe® 63x+C=ex(x3 —3x? +éix -6+
[TpuBeaéHubIe MPUMEPHI MOKA3BIBAIOT, TSI KAKUX (DYHKIIUA HAJI0 IPUMEHSTH

(W1 TOTIBITATHCS PUMEHUTD) (OPMYITy HUHTETPHUPOBAHUS 110 YaCTSM:

jPH(xj'cosax'dr’ IPH(x)'smmr'dr’ J'Pﬂ(x)'a dx,r,[[e Pn(X) -

u=F,(x), dv = cosemdx

HuTerpaner Buga

q _[Pﬂ(x} ‘cosax - dr

MHOTOYJICH N-0M cTerneHu. Tak, 1 MEEeM

= (P (x)Vex = Py (x)ex, v = (sin eex) [ & 1

IPH (x) cosexde = P (x) (s m:]lfa—lfa_[PH_l (x) sin ax:'dx. B pesyibraTe Mbl

MOJYYHJIM UHTETPAJl TOTO K€ TUIIA C MHOTOYJICHOM CTEIICHHU Ha €IMHUILY MEHBIIE.
[Tocne N-kpaTHOro MpUMEHEHUs POPMYJIIbI CTENIEHb MHOTOUJIEHA YMEHBIIUTCS J10



HYJISI, T.€. MHOTOYJICH IPEBPATUTCS B MIOCTOSHHYIO, M HHTETPAJI CBENETCS K
TaOTMYHOMY.

HHTerpasl [ B} f () e e £ TpaHCleHAeHTHAs ()YHKIHS, UMEIOIAs
JPOOHO-pAIMOHATILHYO MU IPpOOHO-UppaMOHaAIbHYO0 ipou3BoanHyto (In X, arctg X,
arcctg x, arcsin x, arcos X). B atom cinyuyae umeer cmbici B3aTh U = f(X), dv =

Pn(X)dX, aist Toro, 4To0BI B HHTETpasie [rdu yuactBoBasia He f(X), a e€ mpousBogHas.
ITpumep:
u = arcsin x, dy = xdx; 2 7y X =i £, dx—msmﬁﬁ
_[x'arcsmx'dx:=du= fexd _v=ﬁ=x—arcsinx— x - «f
1_x2= 5 a1 — 1 1-x% =cosz

2 2 3 :
x—a.rl:sin x—ljsm2m=x—arcsm x —l_[(l—cos 26l =x—ar|:sin x —l i- 0 & +C =
2 2 2 4 o 4 9
xE . £ osin foosk ;vc2 } arcsn X X 1—:1:2
—arcsm x——+——  + (' =_—__arcan x — + +

4 > 4 4

J71st HeKOTOPBIX QYHKIMN TPUMEHSETCS IPUEM “‘CBEJICHUS MHTErpaja K

camomy cebe”. C moMoIbi0 UHTErPUPOBAHHUS TI0 YACTSIM (BO3MOXKHO,
HEOJTHOKPATHOT'0) MHTETPaJl BBIPAXKAECTCsl Uepe3 TAKOW e MHTErpai; B pe3ysbTaTe
HOJy4YaeTcsl ypaBHEHHE OTHOCUTENIBHO 3TOT0 UHTETpajia, peliast KoTopoe, HaXOuM
3HayeHue unrerpana. [lpumepsi:

[2__2
F=|va® —x“dx .
I (ato uaTerpas Nel9 u3 tadua. 10.3.Heonpeae e HHBIX
HHTErpaJioB; B MPEbIAyIIeM naparpade Mbl BBIYUCIUIN STOT UHTErPAJl ¢ TOMOIIBIO

Haitn

TPUTOHOMETPUYECKOM MOJICTAHOBKU X = asi ¢ ).

w = a —xz;dv = dx;
7 _ 2 T 2 x4dx 7.2 —x 2

I=I ' —xdx = dx =x+a’ - x® + | == xja —x° -
dy = - — p = x ﬂ2_x2 ﬂz_xz

El

= x4 (a: —xj d = x+ja? —x? +
7= - [ fﬁfﬁ: -

2 X
-F+a® arcsm —

=X ﬂ', 2
I| _x i

B pe3yiabTare Ajdsd HCKOMOI'O HHTCIpala Mbl IIOJIYYWIM YPAaBHCHHUC

= xja® —x* —_[ a’ - x* dx +a2_[

. x
IF=x az—xz—f+a2 arcsin —
Py

. x
2= xw;‘az -x? +.ﬂ!2 arcainn — +
pelasi KOTopoe, MoJiydyaeM i (koHctanTa C TOSBUIACH

BCIICJICTBHE TOTO, YTO MHTerpanbl { B MpaBoii ¥ JIEBOW YacTAX YypaBHEHMS
OIIPEIIECIIEHBI Cc TOYHOCTBIO 10 MIPOU3BOJIBHOU MTOCTOSTHHOM ) 51



2
1 a X C
F=—xva?-x?+Z aesin =+ C —
2 2 @ (koHcTaHTa 2 mepeobo3HaueHa uepe3d  C).
CeneHue uMHTErpajia K camMmomy ce0e — caMblii MPOCTON CIOCO0 HAXOXKJICHUS

a2y ax
e coshydx e’ ah hxedx =
94acTO BCTPCUAIONIUXCS HHTETPAIOB BHJIA f " I ("'""3I const ),

Hanpuwmep,
— . _ o ax
I=_|'eﬂr’|:os.bx't£r= BRI SC S = e®™ 2 +.-5 @ g b =
= —Jan dxde vy =™ fa Tcos x a_.l-e Sl X B
— 5 = % ax ax
| sin bie; dy = edx =II?—lz:rc-s.-ﬁ'.:vr:+E E—smbx—ile“cosbx'a&: =
=proshude,y =™ fa = a| & -
ax ax 2
= e—cosbx+ ¢ sin Bx —b—f
¢ c @” . Hrak, mocine IBYKPAaTHOTO WHTETPUPOBAHUS II0
2% ax 2
F=—coshx + sinbx——zf
4acTsAM IIOJIydE€HO ypaBHEHHE OTHOCHUTENbHO { : @ a @
a® .
I=—2 2Ila:n::c::sfalx+.-!1'sm.-?JI:J::II+C'
pelieHue KOTOPOI0 a” +h

[Tpy HAXOKICHUHM DTH HHTErPAIOB HE MPUHIMIIAAIBHO, IOJOKHM JIH MBI U =
cos bx, dv = e dx wim u = e, dv = cos bx dX; BaXXHO TOJBKO IPH BTOPOM
IpUMEHEHHH (DOPMYIIBI HHTETPUPOBAHUSA 110 YacTIM 3arOHATH O] 3HAK
muddepennmana GyHKIHIO TOTO K€ THUIIA, YTO M IPH MEPBOM (IIOKA3aTEIBHYIO WIIH
TPUTOHOMETPUIECKYIO).

Emé omuu Bum ¢GopMmys, KOTOpPbIE OOBIYHO IIOJIYYAIOTCS C ITOMOIIBIO
HHTETPUPOBAHMS II0 YaCTAM, M MCIIOIB3YIOTCS IS HAXOXIECHUS HHTErPajoB -
pPeKyppeHTHBbIEe COOTHOIEHHsI. Eciu momslHTErpaibHas (YHKIHUS 3aBHCHT OT
HEKOTOPOro mapameTpa N, U MOJIY4EHO COOTHOIIEHHE, KOTOPOE BBIPAKAET MHTErPall
yepe3 aHaJOTHYHBIA HMHTErpaj ¢ MEHBIIMM 3HA4€HHEM N, TO 3TO COOTHOIICHHE H
Ha3bIBACTCS PEKYPPEHTHBIM COOTHOIIECHUEM. [Tpumepsr:

= H '
Iy = Jeos™ xdx [lpencrtaBuM  NOABIHTErpalbHYX0  (QYHKIUIO B BHJE

-2 o2 n-2 : -2
cos®x = cos® % xocost x = COS x'(1-sn” x)=rcos X — S5 X cos X5 X .

; UHTErpas
OT IIEPBOr0 CJIAra€MOI'0 AHAJIOTMYEH MCXOJAHOMY C 3HAUYEHUEM IlapaMmeTpa N Ha JBE
CAVHUIIBI MEHbBINE, K HHTETpaly OT BTOPOTO CclaraeMoro mpuMeHUM (opmyry

HHTCIPUPOBAHHA 110 YaCTAM:
2

= zin x dy = cos® © xsin xdn
_ n o, - n-2 ., N n-2 : - _ -
Iy —In:os x - dx Ic:os x dx Ismxcos x sin xdx cos® ! g
=cosxdo, v =—————;
-1
cos® 1 x cos® 1 x sin xcos® | x 1
=fy g x| - —m8 +_[ ——|cosxde =f,, 9 + - Icosx"'d):=
-1 - -1 -1
g n-1 g n-1 _ : -l
:IH_2+smx|:|:usl x_l_lfr::}'(“ 1 )IH=IH_2+SmeDS x=}_j,ﬂ=ﬂ! 1IH_2+Smxcos Xx
n- n-

-1 n-l1 s )



£ =_[n::c::-sx‘a§c =zn x +C

Teneps, 3Had :
IE_J-':QS v d = Il+c052xdx=l[x+sm Ex] e
2 2 , MBI MOYKEM BBININCATh
_ , 3-1 , 2
13=Ic053x'dm=33111+5mxc';s X _2. o fmxcostx . |
_ ) -1 3
I4=Icos4x'dr=4 112+smx|::os x=E l[2x+sm2x) g X Cos X, e
4 4 4 4 4 ;
_ - 5-1 - 4
15=Icoij'dr=5 1}'3 4 S X ros x_4, 1(25mx+smxcoszx:|+w+ﬂ'
5 5 5 3 5 ¥ TL
3aganus npakTHdeckoi padorel Halith HeonpenenéHHbIE HHTErPaIbl
p p p p
1.
L1 [x*(3x+1) dx L11. [ 4x*(4x+2) dx 1.21. [3Jx(2-3x) dx
2 _ny3 7 3 4 g6
12, [-2Jx(a-axfox 112 [Ty 1.2, [ 2Ty,
X X
4% +x* —-8x° 7x* —4x* +6x* x% + xg - x%
13.f - d 113 : dx 123, [ =7 "dx
X X X
3 1 3 3 2 \/_ \/_
4_ 7 _ 3 4_ 5 3 3/y2 41,5 _
1.4, [0 1.14j4dX XX ax 1.24. [ YK X g
X
i/?ﬁ/?-z& R/x? +2dx —¥x 2
15. d«  115.] dx 125, dx
X X V1-x?
1 3
1.6. | ———=dx 1.16. | ——=dx 1.26. 4dx
V3-x? V4 —4x° VX2 +4
17.] o 1.47.[ > dx 1.27. dex
1+x 25+ X + 3x
1 _2
1.8.J(ex+2x—4x+3x2]dx; 1.18.I(Z+8ex+5"—x 3]dx; 1.28. jwd
X sin® x
19J-2cos x+5 1.19I2COS X— 4d 1'29I1+BCOS xI
cos® x cos® X COS” X
1.10.I§W—6cos xdx 1.20.J'Esin x+4/x7dx 1.30.[(1—x)(2—\/;)1x
2.
2.11. j#dx 1 x
V5x? +3 -2
1 1 1
2.2. | ———dx 212, | ——dx dx
‘[\/9x2 +3 I\/4—7x2 243



dx
. j(2x +18/In2(2x +1)

dx
(x+1R/In?(x +1)

33. dx

(1-xR/In?(1-x)

3.2.

V5 1
dx 2.23. dx
\3-4x? J.\/4x2 +3
1 1
dx 2.24. dx
N2x2 -9 J.\/3—4x2
1 1
1 2
mdx 2.26. jrsxzdx
1 2
X 2.27.jmdx
V2 1
mdx 2.28. j4x2 —
“/ZE dx 2.29.j%dx
2X° =17 8x° -9
1 1
- 2.30. d
x2+9dx J.,lg_gx-’- X
3.
dx "(x=7)
3.11. 3.21. dx
I(l—x)\/lns(l X) I -7)
3
312, L+ x) g 322j (x=8) 4,
(1+x) -8)
3.3, | h (2x-1), 323j X+9)dx
(2x-1) +9)
3.14. | dx 3.24. j?’—”s)dx
(x+18/In (x+1) (3x+5)
3.15. IV'” 6+x) 4 3.25. jﬂdx
(3x+1)
3
3.16. jV'” X+4 3.26. [ %
(x+1)In?(x+1)
dx dx
3.17. 3.27.
I (x+2)/In (x+2) I(x—3)|n4(x—3)
w/In 1+x dx
1 3.28.
318 [y ey
- x) dx
3.19. j ) dx 3.29.j(x_4)|n5(x_4)



4.1.Isin 4 2% - cos 2xdx

4.2.J'cos7 2X - sin 2xdx

4.3.Isin 3 4x - cos 4xdx

4I cost
sin 2x

45,[ S|n3x
cos* 3x

46.[ Sln X
COSX

sin X
47j
COS X
COS X

3—sin x

sin x
4.9.
I ~JCOSX+3

410]

4.8..[ dx

sin X

51 Iw/arctg 3x

52.[ rctgx

53J- arctg X

arcsm

\/ﬁ

arccos x
5.5.
'[ V1+x?

56 Iarccos 3x

V1-9x2

57 Iarccos X

V1—-9x?

54]

dx
Yeosx+1

n*(x—5)

&20.]'(X_5) dx

COS X

w/ sin X — 4

4-12J' sin 5x I

1/ €0S5X
4.13.[3\/cos 2X -sin 2xdx

4.14.Isin ®5x - cos 5xdx

411[

cos5x

Jsin® 5x
4.16.I\/0057x -sin 7xdx

4.17. [ +/cos® 2x -sin 2xdx
K

cosBx
sin”’ x
sin 4x

\/COS4

cosz
sin? x

415[

418j

419]

420j

5.

arctg 3x dx5.20.

511]

6
512]§E§5§%dx
1+9x?

arcsin 2x

V1—4x?

arcsin * x
N1-x?

arccos 4x dx 23.
VJ1-16x2
arccos’ x

N

arcctg“5x
1+ 25x?

513]

514[

515j

51&j dx

511]

dx
(x+5)In*(x+5)

330j

sin 3x
cos? 3x

dx

421j

Cos 4x
sin

4.23. [ +/cos® 2x -sin 2xdx
K

424 jsm5x
cos* 5x

sin 4x

cos? 4X

4u26.jsh163x-c033xdx

422]

425[

4.27.Isin 48x - cos8xdx

4.28.Isin ® 4x - cos 4xdx

sin 2x

Ycos* 2x

cosz

vsin?® 6x

429[

430j

dx
1+ X )\/arctgx

521j

dx
5'22'-[ 1+ x? Jarctg®
i )5 g°x

5.23.
J. \/ arcsm X

594, I,/arcthx

595 J- 3/arccos 2x i

V1-4x*

5.26.
J\/l 25%* )arcsin 5x

arctg 3x dx

527j



58 Iarctg 2X
1+4x°

arcsin 2x
5.9.
'[ V1—4x?

arccos® 2X

VJ1—4x?

5.10[

71I sin xdx
1+ cos?x

7.2.[3/(2+2x) dx

1
7.3.Imdx

7.4.[ (8x+5)dx

75j—dx

NED'G
76 jsm \/_

arcsin 5x

NJ1-25x2

5.18. j

1
5.109. dx
Iil+ x? Jarctg®x
1
5.20. dx
-[il+ x Jarctg’x
6

6.1 [~ X 12 dx

2X+3

612j 2olx

5x2

614_[

1-2x
NV3X2 +
2X — 3

Jax

617j 3“4 5

6.15j

6.16j

5x+2

N

de

6.18J.

6.19._[ -

3X+2

V2x7 —

6.20. j

7.

7.11.J'sin 2 x - cos xdx

7.12.]%/ (7 -3x Y dx
7.13.

I\/ 2+5x
7.14.[ 2(3x—5)dx

715J'4dx

V2+ X3

7.16.J‘ x? cos(4 — x3}ix

arccos® 7x

V1—49x?
5.29. j 4dVarCt9X

5.12. j

arctg*8x

dx
1+64x°

5.30. j

6.1 J‘ 2X+3

6.22. j

623[3X Lax

2X+5

V5x? +1

2x4

6.24. j

625_[

2x-1

J5-3x?

3x3

Ny

32x
dx

6.26. j

6.27. j

628J.

629_'. X+4

dx
+3

6.30. j

X_
dx
V4 —-9x?

7.21..fx2 sin x3dx

7.22.]4\/ (1-4x)’dx

7.23. 4dx

3(1-6x)

7.24.[ 3(5x—8)'dx

725J'4dx

V2-X

7.26.J‘ x? cos(x3 + S)jx



7.7.Ix3sin 3x*dx

78| SN 2X_ g,

1-cos2x
7.9.J.(2x3 +1)4 x2dx

7.0, %x
X

1.f X C0S 6x dx

2..|. xsin (x—5)dx
3. _[ arcsin 3xdx

4.I arctg 8xdx
S.Ixsin (x—2)dx

G.Iarcsin 8x dx
Y.Ixsin (x +3)dx
8.J‘xcos(x+4)dx
9. j arccos 7x dx

10.[In (2x - 4)dx

7.17.J.x2 sin 2x3dx
7.18.[(2x3 +1)' x2dx

7.19. j e xdx
7.20. (Xe—x)dx
e" +1
8.

11._[ x c0s (x —7)dx

12.{In (x+12)dx
13.j (x—4)e* dx
14.] xe ** dx

15. _[ arctg 7x dx

1.16.I arcsin 5x dx
1.17.fIn (x - 7)dx
1.18.j x c0s (X + 6)dx
1.19.j arctg X dx

2

1.20.[In (x+8)dx

7.2, _SIN3X 4y

2+ c0s3x
7.28.[(3‘»x3 —~1f x2dx

7.29.jex3+1 - x2dx
e3x

7.30. X

e

l.Zl.I arctggdx

22.I arcsin g dx

23. _[ arccos 2x dx
1.24.[In (2x—1)dx
1.25.[In (2x + 3)dx

1.26.J‘arccos§dx
5

1.27.I arctgﬁdx
4
X

1.28. j arcsin —dx
7

1.29._[ arctg 6x dx

1.30. j arccosgdx

2. Haiimu unmezpan I (rx + x)e** dx, TJie K — HOPSIKOBBIA HOMED B JKypHAJIE
3. Haiimu unmezpan J' (rx —4)sin kxdx, e K — MOPSAKOBBIA HOMED B JKypHAJIE

KoHTposbHBIE BONIPOCHI:

1. TabGnuia HHTETPAJIOB .

2. B yem cyTh MeTona no6aBouHoro kKodddunmeHra?
3.MeTo MOJACTaHOBKH.

4.Meto1 HHTETPUPOBAHUS IO YACTSAM.
TeopeTnveckue cBeeHMs

Onpeoenennslii unmezpan.

[Tycth Ha oTpe3ke [a, b] 3agana HenpepwiBHas pynkmus f(X).



O6o3HaunM M u M HauMeHblllee W HauOoJblllee 3HAYCHUWE (YHKIIMU Ha
otpeske [a, b]
Pazo0nem oTpesok [a, b] Ha yacTu (He 00s3aTeIBPHO OJJUHAKOBBIC) N TOUKAMH.
Xo< X1 <Xo<...<Xp
Torma X1 — Xo = AX1, X2 — X1 = AXo, ... ,Xn— Xn-1 = AXp,
Ha ka)k7ioM 13 moTydeHHBIX OTPE3KOB HalijleM HauMeHbIIee U HauOoJIbIee 3HAUCHHE
byHKIIH.

[X0, X1] = m1, My1;  [X1, Xo] > m2, M2; ... [Xn-1, Xn] = Mp, M.

CocTaBUM CYMMBI:

Sn=MAXy + MAXy + ... +MAXy = ZmiAxi

i=l1
Sn= MiAX; + MaAXp + ...+ MoAXy = M Ax,
i=1
CymMa S Has3blBaeTCs HHMsKHeHl MHTerpajibHoOli cyMMoii, a cymMmma S — BepxHeii
HHTErpajibHOM CyMMON.
Tk M<Mi,T0Sh<Sn, a mMb-a)< 5,< Sp<M(b-a)
BuyTpu kaxxaoro orpeska BbIOEpEM HEKOTOPYIO TOUKY €.
Xo < €1 < X, X1<e< Xo, ... ,Xn1 < €< X
Haiinem 3nHauenuss (QyHKOHM B 3THX TOYKaX M COCTABUM BBIPAKEHHE, KOTOPOE
Ha3bIBaCTCS MHTErPaJbHOI cymmoii 1t Gynknuu f(X) Ha otpeske [a, b].

Sn = f(en)Axy + f(e2)AXz + ... + fen)AXn = 3 f(e))Ax,

Torma moxxHO 3anucarb: MiAX; <f(&)Ax <MiAx;

CnenosarensHo, Zn:m,Ax,. < Zn:f(s,.)Axi < ZH:MI.AXI.

i=l1 i=l1 i=l1



SHSS}'ISS_H

['eoMeTpuuecku 3TO MPEACTABISAETCS CIEAYIOIUM 00pa3oM: rpapuk GyHKIHUH

f(X) orpanuveH cBepxXy ONKMCAHHOW JIOMAHON IMHHEH, a CHH3Y — BIIMCAHHOM
JIOMaHOM.
O0o3HaunM MaxAX; — HauOOJBIIMIA OTPE30K pazOueHus, a minAx; —

HauMmeHbImuid. Ecmu maxAaAxi— 0, To 4ucio oTpe3koB pa3OueHus orpeska [a, b]
CTpPEMHUTCS K OECKOHEUHOCTH.

Bemt 5, =3 /(e)A%, 10l 3 /(z)Ax =5,

Onpenenenune: Ecnu npu m00bIX pa3oreHusx oTpeska [a, b] Takux, yro maxAxi— 0

n
M TIPOM3BOJILHOM BBIOOPE TOUEK € HHTEIPANIbHAS CyMMa S, = Y f(g,)Ax, CTPEMUTCS K

i=l1
npeaeny S, KOTOPhI Ha3bIBACTCS OMpe/elieHHbIM nHTerpaiom ot f(X) Ha otpeske [a,

b].
b
OO6o3HaueHue : I f(x)dx.

a — HWKHUH nipesen, b — BepxHuUil npezen, X — nepeMeHHasi HHTerpupoBanus, [a, b] —
OTPE30K MHTETPUPOBAHUSI.

Omnpenenenne: Ecmu g dyskmum  f(X)  cymectByer  mpenen

max Ax; —

b].

n b
lim OZ f(e,)Ax, = I f(x)dx, TO GYHKIIMS HA3BIBACTCS HHTErPUPYEMOI Ha OTpe3Ke [a,
i=1

a

; b
TaxoKke BEPHBI YTBEPIKICHUA: lim > m,Ax, = I £ (x)dx
=1 a

max Ax; —0 ;

fim Z":Mim[ = j F(x)dx

max Ax; —0

Teopema: Ecmu ¢ynkmms f(X) nHempepwiBHa Ha oTpe3ke [a, D], To oHa
UHTETPUpyEeMa Ha TOM OTPE3Ke.
CBo¥CTBa OIIPEICACHHOTO HHTETpaIa.

1) iAf (x)dx = Aji f(x)dx;
2) [(fi0)£ fo(dx = [ fi(0)dx [ £, (x)dx
3) jﬁ f(x)dx=0

4) Ecmu f(X) < o(X) Ha oTpeske [a, b] a<b, Toj‘ f(x)dx < j(p(x)dx

5) J1nst mpowu3BOJILHBIX YHCEN @, D, C CIIpaBeIlTUBO PaBEHCTRO:



[ fGodx = j f@)dx+ [ f(x)dx

Pasymeercs, 3TO paBEHCTBO BBINOJHAETCS, €CJIH CYLIECTBYET KaKIbIM U3
BXOJSIINX B HETO UHTETPAJIOB.

6) j F(x)dx = —T F(x)dx

Botuucnenue onpeoeﬂelmozo unmezpana.

b
IIycte B umHTErpane j f(x)dx HWKHMA TIpenen a = COnst, a BepxHuid mpezaen b

a

N3MCHACTCA. O‘ICBI/II[HO, qTO C€CJIM HU3MCHIACTCA BerHI/Iﬁ npeacii, ToO U3MCHSCTCA U
3HAYCHUC UHTCTpaJia.

O603HauNM I f(dt = ®(x). Haiinem npousBoanyr Qynkuuu D(X) 10

IICPEMECHHOMY BEpPXHEMY IpEACIy X.
d X
- j f(0)dt = f(x)

AHAJIOTHYHYIO TEOPEMY MOXKHO J0Ka3aTh IS CIydasl IEpEMEHHOT0 HIDKHETO
npesena.

Teopema: Jlns Beskoit ¢yukuuu f(X), HenpepsiBHOH Ha otpeske [a, b],
CyIIECTBYeT Ha O3TOM OTpE3Ke IepBOOOpa3Has, a 3HAYUT, CYIIECTBYET
HeOoIpeIeJICHHBIN HHTErpall.

Teopema: (Teopema HrroTona — JleliOHuia)

Ecmu pyukuus F(X) — kakas- 1100 mepBooOpasHast OT HEMPEPHIBHON ()YHKIIUH
f(X), To

])- f(x)dx=F(b)-F(a)

ATO BBIPAXKEHHE U3BECTHO 01 Ha3BaHUEM (opmyisl HeroTona — Jleitoawuia.

b
NHorna npumMensitot odozHadenne F(b) — F(a) = F(X)| .

®opmyna Helotona - Jleitbauia mnpeactaBiaseT coOoit oOmuid  Moaxon K
HAXO0XCHUIO OTIPEICTICHHBIX HHTETPAJIOB.

Uro kacaeTcsi TPHEMOB BBIUMCICHHUS ONPEICICHHBIX WHTETPAJIOB, TO OHU
MPAKTUYECKA HUYEM HE OTIMYAIOTCS OT BCEX TeX MPHUEMOB M METOJIOB, KOTOPHIC
OBLITM PacCMOTPEHBI BHINIE MPU HAXOXKICHUU HEOTPEICICHHBIX HHTETPAJIOB.

ToyHO Tak ke TMPUMEHSIOTCS METOJBI MOJCTAHOBKH (3aMEHBI TEPEMEHHOMN ),
METOJI HHTETPUPOBAHUS TI0 YACTSIM, T€ KE TMPUEMbl HaXOKICHUS MTePBOOOPA3HBIX IS
TPUTOHOMETPUUYECKUX,  WPPANMOHATBHBIX W TPAHCHEHICHTHBIX  (DYHKITHIA.
OCc0OEHHOCTBIO SIBISIETCSI TOJIBKO TO, YTO MPU MPUMEHEHUW ATHX MPHUEMOB HAJIO
pacIpoCTpaHsITh MpeoOpa3oBaHUE HE TOJIHKO HA TOJBIHTETPATBHYIO (PYHKITUIO, HO H



Ha OpEaciibl MHTCTPUPOBAHMA. 3amMeHss MNEPEMCHHYIO MHTCIPUPOBAHUA, HE 3a0BITh
HU3MCHHUTH COOTBETCTBCHHO IPCACIIBI MHTCTPUPOBAHUA.
3amena nepemeHHblX.,

b
[TycTh 3aaH UHTErpa _[ f(x)dx, tiae f(X) — HenpepbIBHAs QYHKIMS HA OTPE3KE

[a, b].
BBeeM HOBYIO MEPEMEHHYIO B COOTBETCTBUU ¢ opmyion X = @(t).
Torna ecinu

1) o(a) =a, ¢(B)=b
2) o(t) u @' (t) HenpepsIBHBI Ha oTpe3ke [a, B]
3) f(¢p(t)) onmpenencHa Ha oTpeske [a, B], TO

b B
[ rGodx = flo@)]e @)t

B B
Torna If [e)]e'(t)dt = Flo(®)]| = Fle(B)] - Flo(e)] = F(b) - F(a)

[Ipumep.
1 x:Sin t /2 /2 11‘[/2
I\/I—xzdx: ’ = J.\/l—sinztcostdt: Icosz tdt =— J-(1+cos2t)dt:
0 oa=0;p=m/2 0 0 29

1 1. LIEIE T I i
=—|t+—sm 2t =—4+—smm=—.
2 2 o 4 4 4

HpI/I 3aMCHC HepeMCHHOﬁ B OIIPCACIICHHOM HHTCIpaJIC CJICAYCT IIOMHHUTHL O
TOM, YTO BBOAMMAs QYHKIUS (B PACCMOTPEHHOM IpuMepe 3T0 GYHKIUS SiN) J0KHA
OBITH HETIPEPHIBHA HA OTPE3KE MHTETPUpOBaHUs. B mpoTuBHOM ciiydae (popManbHOe

npuMeHeHne GOopMYJIbl TPUBOIUT K adCypay.

[Ipumep.
I dx=x | =n , C JPyrom CTOPOHBI, €CIW IPUMEHUTb TPUTOHOMETPUUECKYIO
0 0
MIOJICTAaHOBKY,
T dx T dx ¢ dt
sin”x+cos’x % cos’ x(1+1g°x) 1+¢£°
0 0 0 0

T.e. nBa cmoco0a HaxOXIEHHUS MHTErpajia AT pa3NuHble PE3yNbTaThl. ITO
MIPOU3O0IILIO M3-3a TOTO, YTO HE OBLI yUTEH TOT (aKT, UTO BBEJIEHHAS MIepeMeHHas gX
MMEEeT Ha OTpe3Ke MHTETPUPOBaHHS pa3pbiB (B Touke X = 7/2). [loaToMy B gaHHOM
cllyyae Takas IIOJICTAHOBKAa HemnpumeHuma. llpu 3ameHe miepeMeHHOM B
ONpENICICHHOM MHTErpajie CjeAyeT BHUMATEIbHO CIEIUTh 3a BBIIOJIHEHUEM
MEPEYUCIICHHBIX BBIIIE YCIOBUH.
HNuTerpupoBanue no 4acTsam.

Ecmu ¢pyakmum U = o(X) u V = y(X) HepepbIBHBI Ha OTpe3ke [a, b], a Taxxke
HEMpPEpPhIBHBI HAa 3TOM OTpEe3Ke HUX MPOU3BOAHBIC, TO cIpaBeiIuBa (opmyna

HHTCIPUPOBAHHA 110 YaCTAM:
b b

udv = uv ' — | vdu.
|

a a g



BeiBog aToil  popmyiibl

a)j(?;x2 - 2x)jx

a)Jl.(x2

.b) HJfG 6dx

2
_[1/6 COS” 2X

i3cos xdx

b)£(1+§)8dx

a)j.(4x3 + 2x)jx
1
5. 1 3dx

b) o

X
0cos®(=——
(2 3)

Va

a)i (4cos2x)dx

b) [ ox ~1dx

a) | (6 sin 2x)x

b) [ (3—2x)*dx

~
= C— N N\N'—.N

1.

b
)]
11. 0 cOos® x

b)J%(l— x)* dx

3

2"

j os—xdx
12. 0

b)j1(1+§)8dx

a)j'(sz - 2x)1x
3. 7,

b) I3sin X dx
-I1/2

a)ﬂssin %xjdx

b)i(l— 2x)*dx

14.

36c0s 2x Jx

ji:.
15. o
3
I
2

16.

N Sy 0 o'—.m\-ﬁ

17.

O
~

N W O 0 |
(@]

a0COJIFOTHO

AQHAJIOTMYEH BBIBOAY  (OPMYIIBI
MHTETPUPOBAHUS 0 YACTAM JJIs HEOIPEAEIEHHOr0 UHTETpaia, KOTOpbIid ObUT BEChbMa
NOJPOOHO PACCMOTPEH BBIIIE, IOITOMY 31E€Ch IPUBOJIUTD €70 HET CMBICIIA.
3aiaHus NpaKTHYeCcKOU padoTbl BBIYMCINTE ONpENEICHHbIA HHTETPal

21.

22.

23.

24.

25.

26.

27.

X3 —3x2):ix

s3]
~—
—_—
N

(=)
N
O ey N
o
>
w

>
+

a) [ (2cos3x)dx

O
~

Sk by o'—,@\a

X
1—2)*dx
( 2)

a) | (108sin 6x)dx

o'—.S\N

b) j (7 —5x)dx

4

5 dx
COS* 2X

a)

R O t——— |y

b) [ (4x® + 6x)dx

—6x° )1x

Hc_.m
A

QD
~

o Oy

(=)
~

(x5 —3x?%)

a) [(2sin x )

O 0 | N r\)

b)| (X?—X—zs)dx



a)j.(x4 -x%+ 2)dx

1 ij 1+ x2dx
0
1/2 XdX

. E[ 1-x?
“In?x

3. Jl. . dx

" } xdx

o
—_—
o
>

~
(31
w
|
N
>

w
[y
|
>
o

10.

OtV | O] Ot——h Ot——r @
N
o
(o]
|
>
N
~—
w

a)[(2sin x)x

18.

b)| (x? +1)dx

a)|sin xdx

19.

O
~

N ) O [y OB Oy

(7 —2x)"dx

a)}')z.(x3 — xHix

/3
b) J.3sin 3xdx
0

20.

2.

12.

13.

1
14. | I(3x=1) 4

213 3 _
15. .[de

2—3X

16.

17. j o

18. Uf ox

19.

20. | ——
'!.xxfl—ln2 X

a)Js'(3 X2+ 4x° Jix

28. /8

b) |

I1/4

cos4x dx

a) i(ZX3 — 2x Hix

29. 2
I1/6
b 4dx

cos? 2x

g
a)j(Z sin 3x)dx
30. =

21.

2. | X
1
23,

24.

30. ]5 sin xdx

212 7/c0s% X




1.1

1.2

1.3

1 J-3x +3x? +1
. X2+l
3
5 '[ 5x +3
2
3
3.
'Z[X 2(x— 1)
3
4,
[0
5, j ydy
Ly+2
6. 23x% +2x-3
> X3 =X
1/2
7 j xdx3
1/3(X_1)
5
8. IL
o (X=1D(x+2)
4
9. J‘L
3 (X+1)(x-2)
10 J-(2x+3)dx
(x-3)°
3
a) I X1+ x*dx

dx 16.

11.j—OIX
> (X=1)°(x+1)
(x? + 2)dx
(x* +D(x -1

5
[~ rn
3
ext+3x° 14
oo
1
==
0

12.

13.
(x +1)

14.

x2 +3x+2

10
15.} (x? +3)dx

s X* — x> —6X

&

dx

—_—
>
o
+
>

>
u

o

>

17.

[N
|
>
~

18.

X
o
>

19.

o .Ll—.o NC— W N — W
x >
w R}
| [
= |

w

2 +4
X -xt+x+1

N
o
[y S—

Le—r
o
x
N
o
>

(=)}
N
e | N
O
o
w
x
o
X

x3dx

\/16x +1
\/ 25— 3x%d

o-_.ﬂ‘ o'—.l—- o

dx

x2(x-1)

dx
(x+1)(x* +4)
X*—X+2
x* —5x* +4

xdx
x® —6x>+16-6

25. J.x +1

26.

22.
23. dx

24,

It
|
!
!

27.

28.

29 !x“ 1

30.

4
a) J'Sx\/ x? —7dx
242
121 .,
2
b)_[ZSin xdx




14

1.5

1.6

1.7

1.8

1.9

1.10

a).l[ dx
3/45\'3_4)(

b)j (2x? + 4
Jl» 4dx
O

b) J- Cosxdx

5 smx
4/3 dX

a)_[ 5

3,x+1

e
b)J'XS\/1+ x2dx

w
~

J‘\/25+3x

o ”J’ﬁ cos3x

8/(L—sin 3x)5

3dx

cos 2xdx

SR
of

Cos xdx
8—sin x)°

=
ol

3
2.1 len(x—l)dx
2

0
2.2 sze‘x’zdx

wl2

2.3 Ixcos xdx

0

a)J?: 6x3(3x4 —1)2 dx

a)j- dx

0 L 4X 2_9
1.14 . 2 1.24 ;
X“dX 3
b) b)|+(2x+1) dx
e [V
1 1/4 dX
a)j(2x3+1) x2dx a)J —
115 7 g 125 ° 1-4x
X"ax 3
b b)| (4 —x) dx
)lrmg ){( )
a)l/ 2 xdx a)lj‘z dx
116 ° VX 126 ° (2x-1)°
' 9 ' e 2
b)J" Jx dx b)J-SIn X4
2 VX—1 T X
1 1
X X d
a)j(e —1)4e dx a)j 4_)(3)(
1.17 10/4 ; 1.27 f
X
b bY[(x* -4
).(')‘ 311_4)( )!)‘(X )jx
8
a 1d
)JM ijt a)J;\/x+ X
18 18,
xdx xdx
b
J“‘ 16— x%) )l‘(xz—lf'
¢ 10xdx
1 a
a)'|.(4x3 +1)5 x2dx )-([4 (16— x?)?
119 129 =
b) | x*e*dx b) | sin 3X—£)
! Jonl35
9
a)ﬁje C0S 3X d a)ff x2dx
190 ° 8/(1-sin 3x)° 130 31(x* -1)
' J3 ' 1
b)J. 32xdx b)_[eX xdx
1(X2+1)5 0
5.
e? 3
J.\/;In xax .f(3— x)e*dx
1 2
1 1
_[ arctg Jxdx jarcsin(l— X)dx

1/2

¥
_[ arctg —dx
1 X



7l2 718

0
2.4 sz sin xdx Ixzsin 4xdx _[xln(l— x)dx
0 0 -1

1/2 2 6

2.5 Iarccos 2xdx szln xdx _[es'”x cos xdx
-1/2 1 0
2 e 0

2.6 [(x—1)In xdx [ (x+1)1n xdx [(2x+3)edx
1 1 -1

0 2 0

2.7 Ixe_zxdx Iarctg(ZX —3)dx j(X + 1)eizde
-1/2 3/2 -1
2 w2 1/2

28 [ xedx J'(x +3)sin xdx Iarccos 2xdx
1 0 12
-2/3 X In2 1

2.9 I 5 OX Ixe‘xdx j xarctgxdx
-1/3 € 0 0
2 x r z

2.10 | X j (x —2)e™"3dx [In(3x +2)dx
1 -3 1

KoHTposbHbIE BONIPOCHI

1.YTo Ha3BIBAIOT OMpEaACACHHBIM HHTerpasioM ¢yHkiwu f(X)?
2.B 4eM COCTOHUT T€OMETPUUYECKUI CMBICI ONPEICIICHHOTO HHTErpaja?
3.Chopmyaupyiite HEOOX0IUMOE YCIIOBUE HHTErprpyeMocTu ¢yHkimu f(X) Ha
otpeske [a,b].
4.ChopMynupyiiTe HEOOXOAUMOE B IOCTATOYHOE YCIOBUSI HHTETPHUPYEMOCTH
dyuxuuu f(X) Ha oTpeske [a, b].
5.3anumuTe CBOMCTBA ONPEIeICHHOTO HHTETpaIa.
63anumure popmyny Herotona-JleiiOnuma.
7Pacckaxxute 00 OCHOBHBIX METO/IaX HHTEIPUPOBAHHS ONPEICIICHHOTO HHTErpaJa.

Teopernyeckre CBEACHUS

[I1omanb KpUBOJIMHEHHONW Tpalleliii, OrPaHUYEHHON HEpephIBHON KpuBoil y=Ff(x),
IBYyMs TMpPSAMBIMH Xx=a ¥ x=D ¥ OCBIO aOCIHCC, BBIYKMCISAETCI C IIOMOIILIO
OIpeJIeJICHHOI0 NHTErpaja o (popMynam:

e e
RS S : B, - M= A= ox = ax)
Csefls g oty . %8
I T s e
Ca N A

'ﬂ&ﬂ;vm' .

8= 45, - [r6Mee| ek




5, y=flx)=x=0]

fx=0=>x=c 3
o i 5= [ebk

o

S=5,+5; = [lekies

v

IIpumep 4: Beraucnure mwiomaab GUrypbl, OrpaHU4€HHON TUHUAMH y = — > —2x+3, OCAMHU

KOOpAMHAT U IpsIMON  x=2.
Pemenue: [locTpouM JaHHbBIE TMHAN

A7

Y=0

Haiinem touku nepeceuenus rpaduka GyHKIUH ¢ 0cbio OX: y =—x*—2x+3,

—x2—2x+3=0, xlzl, X2 =_3

1 2 2 2 X’ 2 X’ 2
S =[(-x?-2x+3)dx—[(~x —2x+3)dx=(—§—x +3X) +(—§—x +3x)| =

0 1

0 1
2

1

=———l+3—(—§—4+6)+(—1—1+3)=E E+E L
3 3 3

+ =— =4(ks.€0.)
3 3 3 3

3aganus npakTudeckoi padorsl Haiitu muiomans Gurypsl, orpaHnueHHON

JaHHBIMHA JIMHUAMNU

3aganue 1

1,11,21. y=8x—x"—7 H OCBIO OX
2,12,22. y=x>-1,y=0,x=0
3,13,23 . y=x>-3x—4 u ocpro OX
414,24, y2=4x u x* =4y
5,15,25. y =5x—x*+6 u ocero OX

6,16,26. y=x} y=x*,x=-1,x=0



7,17,27. y =x*—-6x+8 u ocero OX

8,18,28. y=Xx*> M y=Xx+2

9,19,29 y=x"-4x-5 u ocero OX

10,20,30. y =6x —3X%u ocvio OX

3ananue 2

1,11,21. y=x*>+2 Hy=2x+2 212,22, y=x?u y=2-x?
3,13,23. xy=6 M y+x-7=0 4,1424., y=2", y=2x-x*,x=0, x=1
5,15,25. y=Inx,x=e,y =0 6,16,26. y:%,X:l,y:X—l

7,17,27. y=x>+x, y=1-x*,x=0,x=1 8,18,28. y=x*,x=2
9,19,29. y=cosx ,Xx=0,x=2m,y=0 10,20,30. y = Vx,y =2, x = 0 3aganue 3
1,11,21. x—-y+3=0, x+y-1=0,y=0

2,1222. 2x—-3y+6=0,y=0u x=3

3,13,23.  y=x*-2x+3u y=3x-1

41424, x—-y+2=0,y=0,x=-1,x=2

5,15,25. y2 =4x, X=1 u ocrro OX

6,16,36. y=x>uy=-3X

7,17,37. x—-y+3=0,x+y—-1=0,y=0

8,18,28. Xx2?=3ym y=X

9,19,29. X—y-2=0, x+y+1=0,y=0

10,20,30. y2=9x, X =3 u ocsio OX

KoHTpoabHbIE BONIPOCHI

1.YTo Takoe KpUBOJUHEHHAS Tpaneuus?

2.®opmyna HeroTona-JIeboHua

3.I'padmku 31eMeHTapHBIX (QYHKIIHH.

4. Pa3nuyHbie BUJIBI TUIOCKUX (DUTYP U CIIOCOOBI BBIYMCICHUS UX TUIOMIAACH.



IIpakTnyeckas padora Ne 5
no reme «Pemenue nupPpepeHuMANBbHBIX YPABHEHUM»
Heanb: npoBepuTh yMeHKE pemiaTh AU depeHIuaNbHbIE YPaBHEHHS TIEPBOTO
MOPSIAKA C Pa3ICIICHHBIMU U PA3IAEIAIOIUMUCS TEPEMEHHBIMH.
Bpems BbimosHeHuss 90 MuUHYT

MartepuajnbHoe odecnieueHmne

1. TeopeTnueckue cBeaeHUS

2.3aanue

3.JIuct A 4

4.KanpKyIaTopsl

IHopsinok BbINOJTHEHUS PA0OTHI
1.3yuuts 3amanue

2. I3y4nTh TEOPETUUECKHUE CBEAECHUS

3. BommonHuTh ¥ 0QOpMUTH paboTy
4.1Toka3aTp pe3ynbTaThl IPENO1aBATENIO
JlomamHee 3aganue

1.IToAroToBUTH OTBETHI HA KOHTPOJIbHBIE BOIIPOCHI
Teopernyecknii MaTepual

Huppepenyuanvnvim  ypasueHuem Ha3bIBACTCSI YpaBHEHHE, CBS3BIBAIOIICE
MEXIy CcOOOM HE3aBUCUMYIO TMEpPEeMEHHYI0 X , HUCKOMYI (QYyHKIHMIO y H ee
IPOU3BOJIHBIE WK TUDPEpeHIIHATBI.

CumBonuyecku qudpepeHnnanbHoe ypaBHEHUE 3aUChIBACTCS TaK:

F(x, v, y)=0, F(x,y,y")=0, F(x, y, ¥, y"....y"")=0.

HuddepennmansHoe ypaBHCHHE HA3bIBACTCS 00bIKHOBEHHbIM, €CIU HCKOMas
(GYHKITMS 3aBUCUT OT OJTHOT'O HE3aBUCUMOTO TIEPEMEHHOTO.

llopsokom nuddepeHImaIbHOTO YpaBHCHHUST HA3bIBACTCS IMOPSJIOK CTapIieit
npousBoHOM (iu auddepeniana), BXOASAIICH B JaHHOE ypaBHEHHUE.

Pewenuem (umu unmeepanom) auddepeHInaIbHOTO ypaBHEHHUST HA3bIBACTCS
Takas QyHKIUS, KOTopasi oOpaIaeT 3T0 ypaBHEHHE B TOXJIECTBO.

Oowum pewenuem (UMM obOwum uumeeparom) aUGGHEPEHIIUATHEHOTO
YpaBHEHUS] HA3bIBAETCS TaKOE PEIICHUE, B KOTOPOE BXOJUT CTOJBKO HE3aBUCUMBIX
MPOU3BOJIBHBIX TIOCTOSTHHBIX, KAaKOB TOPANOK ypaBHeHHs. Tak, oOliee permieHue
muddepeHnnaabHOT0 ypaBHEHHS MEPBOTO MOPSAKA COACPKUT OAHY MPOU3BOIBHYIO
MTOCTOSIHHYO.

Yacmuwvim pewenuem nudpepeHnnaIpHOTO ypaBHEHHS HA3bIBACTCS PEIICHHE,
MOJIYYCHHOE M3 OOIIEro TMpU Pa3IMYHBIX YHUCIOBBIX 3HAYCHUSX TPOU3BOIBHBIX
MMOCTOSIHHBIX. 3HAYCHMSI MPOU3BOIBHBIX TTOCTOSSHHBIX HAXOJATCS MPH OMpPEIeIICHHBIX
HAYaJIbHBIX 3HAUCHUSIX apryMeHTa U (DYHKITHH.

HHuppepenyuanonvim ypasnenuem nepeoco nopsoka Ha3bIBaeTCsl ypaBHEHUE, B
KOTOPO€ BXOJAT NMPOU3BOAHbBIC (Miau AU PepeHInaibl) He BbIIIE IEPBOro MOpsIKa.



Penienue:

3ajanue 2:

Pemenne:

Jugdepenyuanonviv  ypasnenuem ¢ pazoenstiowumMucs — nepemMeHHuIMU
Ha3bIBACTCSl YpaBHEHHE BUJA

Y= 1) 0ly),

dx

I[JIE[ pCH_IeHI/ISI 3TOTO ypaBHeHI/ISI Hy)KHO CHa4dalia paSI[eJ'H/ITB HCPCMGHHBICI
i =f (x)dx ,
oly)

a 3aTeM MPOUHTErPUPOBATH 00€ YACTU MOJYYEHHOI'O PaBEHCTBA:

Iﬂ=jf(x)dx.

oly)

IIpumepsl
3ananme 1: Haiinure obinee perieHne ypaBHEHHS X - (1+ yz)dx = ydy .
PasnenuB mepeMeHHble, UMeEM XdX = 1yiy2 WurerpupyeM obe 4acTH IMOJYYEHHOTO

+y
ypaBHEHUS:

2
dex:jﬂyz; X—:lln(1+y2)+ilnc.
1+y 2 2 2

Tak kak IMPpOU3BOJIbHAA ITOCTOAHHAA C MOXeT IMPpUHHUMATb JIOOBIC YHCIIOBEIC
3HA4YCHUA, TO IJIA y,Z[06CTBa ,IIEU'II)HGﬁHIPIX Hp€06pa30BaHHﬁ BMeCTO C MBI Hamucaiu

%In C . TloteHImpys NoCeHee PaBEHCTBO, omyduM X = In|C-(1+y?)].

370 U ecTh 0011Iee PENICHHE IAaHHOTO YPABHEHHUS.
Haiitn yactHoe pemieHne ypaBHeHuUs s-tgtdt+ds =0, yZOBIECTBOPSIOLIEE HAYAIbHBIM

YCIOBHUSIM S=4 TIpU t = %

PaznenuB mnepemeHnHbie, umeeMm tgtdt+ ds_ 0 . [Ilpounrterpupyem o00e dYacTH
S
MOJyYEHHOT'O YPAaBHEHHUS:
ds
Itgtdt+j?:lnc; —Ihcost+ins=InC,

Nma Ins=InC+Incost, s=Ccost.
Oro ofmee pemieHWe JaHHOTO ypaBHEHHWs. JInsg HaXOXIACHUS 3HAUYCHUS

o o T
IIPOU3BOJIbHOU IMOCTOSAHHOU C mojacTaBUM 3HAYEHHUA t = E Uus=48B BBIPAKCHUC IJIA

obmero pemenns: 4=C cos(%), WK 4 = %, oTkyna C =8.

CienoBaTenbHO, HMCKOMOE YAaCTHOE PEUIEHHUE, YIOBICTBOPSIOUICE YKAa3aHHBIM
HayaJIbHBIM yCIIOBUSIM, UMEET BUJ S =8cost .

3aiaHus npakTu4ecKoi padoTbl

3apanme 1.Haiitu ob1iee penieHne ypaBHEeHHi a), 0).



3ananue 2.HaiiTh yacTHOE pellIeHHE YPaBHEHUS C Pa3ICIIOIIMMUCS IEPEMEHHBIMU

B1.1. a)x? dx = 3y?dy
O)y(1+x)dx + x(1 —y)dy =0
2y*dx=e*dy; y=1npux=0
B2. l.a)% dy = de
0)y?dx + (x —2)dy =0
2.ylzdx = Xlzdy,y =2npux=20

B3 lawxdx =,/ydy
6)(1+y?)dx —vVxdy =0
2.(1+y)dx =1 —-x)dy,
y=3 mnpux=—2
B4. 1.a)(3x? — 2x)dx = dy
6) -2xy+3y)dx + x*dy = 0
2ydx = xdy,y=6npux =2

BS. 1.a)(4x—3)dx = dy
o) (Xy+X)Z—$:1

2x—1 dx
T = 3 y=0npux=>5

B6. l.a)xdx =dy
0) 2(xyt+y)dx = xdy
2.(y+1dx—(1—-x)dy =0,
y=1lopux=0
B7.1.a)x? dx = 3y* dy
0)y(1+x)dx +x(1 —y)dy = 0
2y?dx = e *dy; y

1
B8.1.a)ﬁ dy = de
O)y?dx + (x—2)dy =0

1 1
BY. Layxdx = /ydy

6)(1+y?)dx —vxdy =0
2(1+y)dx =1 —x)dy,

=1lnpux=0

=2npux=0

B16.1.a)x? dx = 3y? dy
0)y(1+x)dx + x(1 —y)dy =0
2.dx =e*dy; y=1npux=0
1
B17. l.a)ﬁ dy = de
6)y’dx + (x —2)dy =0
2.dx =Xi2dy,y= 2npux =0

B18. layxdx = \[ydy
6)(1+y?)dx —vVxdy =0
2.(1+y)dx =1 —-x)dy,
y=30pux = —2
B19. 1.a)(3x? — 2x) dx = dy
6) -2xy+3y)dx + x*dy = 0
2ydx = xdy,y=6npux =2

B20. 1.a)(4x — 3)dx = dy
6) (xy+x)z—;:l

2x—1 dx
A1 4y’ y=0npux=>5

B21.l.a)xdx = dy
0) 2(xyty)dx = xdy
2.(y+1Ddx— (1 —-x)dy =0,
y=1lnpux =0
B22.1.a)x? dx = 3y* dy
0)y(1+x)dx + x(1 —y)dy =0
2y?dx = e *dy; y

1
B23. l.a)ﬁ dy = ?dx
0)y’dx + (x—2)dy =0

1 1
2}; dx = X—zdy,y
B24.l.a)Vxdx = [ydy

6)(1+y?)dx —vVxdy =0
2.(1+y)dx = (1 —x)dy,

=1lnpux=0

=2npux=0



y=3npux =—2 y=3mnpux=—2

B10 1.2)(3x? — 2x)dx = dy B25.1.a)(3x% — 2x) dx = dy
6) -(2xy+3y)dx + x*dy = 0 6) -2xy+3y)dx + x*dy = 0
2ydx =xdy,y =6npux = 2 2.ydx =xdy,y=6npux =2
Bll.1.a)(4x — 3)dx = dy B26.1.a)(4x — 3) dx = dy
d d
6) (Xy+X)d—;=1 6) (Xy+X)£=l
2x—1 dx 2x—-1 dx
D y=0npux=>5 Srreiiaes y=0npux=>5
Bl12.l.a)xdx = dy B27. l.a)xdx =dy
0) 2(xy+ty)dx = xdy 0) 2(xyty)dx = xdy
2.(y+1)dx—(1—-x)dy =0, 2.(y+1)dx—(1—-x)dy =0,
y:lnpp{x:() y=1l'IpI/IX=0
B13.1.a)x% dx = 3y*dy B28.1.a)x%* dx = 3y* dy
0)y(1+x)dx + x(1 —y)dy =0 O)y(1+x)dx + x(1 —y)dy =0
2.y*dx = e *dy; 2y?dx =e*dy; y=1npux =
y=1lnpux=20 0
1 3 1 3
B14. 13)3 dy = ﬁdx B29. la)ﬁ dy = de
O)y?dx + (x—2)dy =0 0)y’dx + (x —2)dy =0
2.yizdx=xizdy,y=2npnx=0 2.}%dx=xizdy,y=2npnx=0
B15.l.ayWxdx = \[ydy B30.1.a)Vxdx = \[ydy
6)(1+y?)dx —vVxdy = 0 6)(1+y?)dx —Vxdy = 0
2(1+y)dx =1 —x)dy, 2(1+y)dx =1 —x)dy,
y=30pUx = —2 y=30pux = —2

KonTposibHbIE BONPOCHI:

. Kakoe ypaBuenue HaszpiBaetcs nuddepeHinaibHbm ?

. Uro HazpIBaeTcs pemenneM nuddepeHnaibHOro ypaBHEeHUS ?

. Kaxkoe pemenune auddepeHimanbHOro ypaBHEHUS HA3bIBACTCS OOIIIM?

. Kakoe pemenune quddepennmaibsHOro ypaBHEHUS Ha3bIBACTCS YaCTHBIM ?

. Kakne muddepennmanpaple ypaBHEHHS HA3BIBAIOTCS YPaBHEHUSMHU IIEPBOTO
nopsiaka’?

. Kakne  muddepenumanpapie  ypaBHEHHS  HA3bIBAIOTCS ~ yPaBHEHUSIMU  C
Pa3IeSIONUMUCS TTIEPEMEHHBIMU?
TeopeTnyeckue cBeeHHs



Pemenue:

VYpaBHeHue, conepiaiiee MNpousBojHbIe (Wiu auddepeHnuansl) He BbIIIE
BTOPOTO TOPsIIKA, HA3BIBACTCA OuUheperyuanohbim ypasHeHuem 6mopo2o nopsoKd.
B o0miem Busie ypaBHEHHE BTOPOTO MOPSIIKA 3aITUCHIBAETCS CIIEAYIOIUM 00pa3oM:

d—zzl = f(x, Y, ﬂj
dx dx

O6miee pemienne aud@PepeHIIMATBLHOTO  ypaBHEHUS BTOPOTO  MOpPsIKa
COJICPYKHT JIBE MPOU3BOJIHbHBIC IOCTOSTHHBIE.

Jlunetinolm 00HOPOOHBIM OUPhepeHYUATIbHbIM YPABHEHUEM 8MOPO20 NOPAOKA
¢ NOCMOAHHBIMU KO3 Puyuenmamuy Ha3bIBaCTCS YpaBHEHUE BUA:

d?y = dy
—+p-—=+qy=0, 1
o TP T (1)
rac p u q - IOCTOJAHHBIC BCIIMUUHBI.
Jnst  orbickaHusi  oOmiero  pemeHuss  ypaBHenust (1)  cocraBisercs

xapakmepucmuieckoe ypasHernue

r’+pr+q=0, (2)
. d’y dy
KOTOpOE IoTy4aeTcs u3 ypaBuerus (1) 3aMeHoi 7 dx U y Ha COOTBETCTBYIOIINE

CTCIICHH I, IIPUYUCM CaMa q)YHKHI/IH y 3aMCHIACTCA GHHHHHGﬁ.

Torga oOmee pemenue auddepenunansHoro ypaBHeHusi (1) cTpoutcs B
3aBUCUMOCTH OT KOpHEH I, W r, XapaKTepUCTHYeCcKoro ypaBHeHus (2). 3mech

BO3MOJKHBI TPH CIIyYas.
| cnyuaii: KopHu r, u r, - N€lCTBUTENIbHBIE U pa3iuuHble. B 3TOM cityuae
obmee pemienue ypaBHenus (1) umeer Bua
y=Ce™ +C,e%. (3)
Il cnyuaii: Kopau r, u r, - nelicTBUTENbHBIE U paBHbIE: I, =T, =r . Toraa
oOmee pemenue ypaBHeHus (1) 3anmucbeIBaeTcs Tak:
y:(C1+C2X)'erX' (4)

Il cnmyuaii: KopHu r, ¥ r, - KOMIUIEKCHO — CONpSDKEHHBIE: I, =a+ -1 ,

r,=a—/f-i. B arom ciydae oOmee pemenue ypaBHeHus (1) 3amuceiBaeTCs
CJIEIYIOIIUM 00pa30oM:
y =e™ -(C, cos x +C, sin fx). (5)
Ipumepsl

2

3ananue 1: Pemuth ypaBHEHHE: % - 73—y +10y =0.
X X

CocTaBUM XapakTepUCTHUECKOE ypaBHEHHE M HaWJEeM €ro KOpHHU: r’—-7r+10=0.
Ortcrona cnenyert, 4to r, =2, r, =5. Tak Kak KOPHH XapaKTEPUCTUUECKOTO YPABHEHUS
JNEUCTBUTENIbHBIE W pa3HbIe, TO O0OIee pelieHrue AaHHoro auddepeHInaIbHOTrO
ypaBHEeHHs corytacHo hopmyie (3) 3amuiercs Tak: y =C,e* +C,e*.



3aganue 2: Halith yacTHOE penieHrue ypaBHEHHS

Penienue:

Pemienue:

2
a7y 5ﬂ:0,ecnn y=1H %:—1 npu x=0.

dx®  dx
CocTaBUM XapaKTEPUCTUUYECKOE ypaBHEHHE r’ —5r =0. Pemas ero, nmomyuum, r, =0,
r,=5. Tak Kak KOpHH XapaKTEPUCTUUYECKOTO YpPAaBHEHUS JEUCTBUTENIBbHBIE M
pasziuuHble, TO oOImiee pemieHue audPepeHIMaIbHOIO0 YpaBHEHUSI HMMEET BHI:
y=C.e* +C,e™, 1o ectb y=C, +C,e’™.

JIns HaxXOXIAEHUS HCKOMOTO YaCTHOTO PEIICHUS HYKHO ONPEACIUTh 3HAYEHUS
nocrossHHbIX C, U C, . IlogcraBuB B oOmiee pemeHue 3HaueHus Xx=0 U y=1,
nonyyuM 1=C, +C,.

[IponudpepenunpoBaB o0IIee pelIeHHE W MOJACTABUB B MOJYYEHHOE BBIPAXKEHUE

3Ha4YeHUsd X=0 U %:—1, UMEEM %:SCZeSX, oTcroaa ciuenyer, uro —1=5C,. U3
X

X

JTAHHOI'0 BBIpAXXEHUA HaxoauM: C, = —% , C,=1-C, =1- [— %J = g )

6 1
Takum 00pa3oM, HCKOMOE YaCTHOE PEIIeHUE UMEET BUJI Y = c —gef’x.

2

3ananme 3: Peminth ypaBHEHUE (; 2/ —8% +16y =0.
X X

CocTaBuM XapakTEpPUCTHUECKOE YpaBHEHWE W HaWJIeM ero KOpHHU: r>—8r+16=0,

r,=r, =4. XapaKTepuCTUYECKOE YpaBHEHUE UMEET paBHbIC JACHCTBUTEIbHBIC KOPHHU;
o3TOMY corjiacHo Qopmyne (4) oOmiee pelieHre AaHHOTO IudQepeHIaTbHOTO
ypaBHEHHMs 3amuchiBaeTcs B Buze y =(C, +C,x)-e**.

3ananme 4: Haiinnre yacTHOE pellieHUE YpaBHEHUS y” +8y +16y =0, ecid y=1 4 y' =1 npu x=0

Pemenue:

Tak Kak  XapaKTEPUCTHUUYECKOE YpaBHEHHE r°+8r+16=0 HWMEET paBHbIC
NEUCTBUTENbHBIE KOPHU I, =r,=—4 , TO oOmee peleHue JaHHOTO
b depeHnnaaTbHOT0 YpaBHEHHMSI 3aITMCHIBAETCS B BUJIC
y=(C, +C,x)-e™ =Ce™ +C,xe™*.
Hudbdepenupys odiiee penieHue, UMeeM
y'=-4Ce ™ +C,e ™™ —4C,xe™.

HOI[CTaBI/IB Ha4YaJIbHBIC JAaHHBIC B BBIPAKCHHUC I Yy U y', [IOJIy4YuM CHCTCMY

YpaBHEHUU
1=C,e’+C,-0-€° 1=C,
, WU , orkyma C,=1 m C,=5
1=-4C,e°+C,e’-4C,-0-¢° 1=-4C, +C,

CremoBaTebHO, HCKOMOE YAaCTHOE PEIICHUE UMEET BH Y = e +5xe ™.

3ajaHus NPaKTUHYEeCKOH PpadoThI



3aganmsa Pemute oqHOpOAHBIE NMHEIHBIE U PepeHlInanbHble YpaBHEHUSI BTOPOTO
nopszika. B myHkTe a) HallTH YacTHOE pelleHre IPU 33JJaHHBIX HaYalbHbBIX YCIOBUAX

yxd =y Y@=y,

1,10. 2) yi+y -2r=0 y©=1 y'©)=3 5 V' +12y +36y =0
B) 4y”+9y=ﬂ
2,12. a) 3y -2y -8y =0 y@=1 y'©)=1
6 y”—ﬁy’r+9y=[} 5 yﬂ—SyulTy:[}
3,13. a) y'-4y'+3y=0 y@=6 ¥ (0)=10
5 '8y +16y=0 4y’ 205+ 25y =0
4,14. a) ' =73+ 6y =0 y@=2 y'(@©=-1
5 ¥ +10y +25y=0 L y"+2y 45y =0
5,15. a) 29" +y' -y =0 y©) =1 3'(0)=-1
6) 4y" -4y’ +y=0 5) y'—29'+10y=0
6,16. a) 2" +59'=0 y@=1 y'(©0)=4
5) vy’ -14y" 149y =0 5 v ay=0
7,17. a) 12y"+5y =0 y0=2 3y ©=2
. gyff_ﬁyf+yzﬂ » Syﬂ—ﬁy’r+5y=[}
8,18. a) yﬂ_ﬁyug}’:ﬂ y(0)=2 y’r(ﬂ)=_4
6) 169" +83y + y=0 5) ' -6y +13y =0
9,19. a) y'-ay'-sy=0 =2 y'©=-3
5) 169" +243 +9y=0 3" -4y’ +13y =0
10,20. a) y'-3y'+2y=0 y©@=1 y'©0)=6

6) Qyﬂ+6y’r+ y=0 B) yﬂ+ 9y =0
KonTpoJibHbIe BOpoChI
1.Jlaitte onpenenenue nuddepeHnnanbHOro ypaBHeHUS.
2.YT10 Ha3bIBAIOT MOPSAKOM Tu(depeHInaTbHOrO0 YpaBHEHUS ?
3.Jaiite onpenenenue oo6miero pemeHus qudPepeHuarIbHOr0 ypaBHEHUSI.



4.Yto Ha3bIBaroT ycsnousamu Komm?
5.Yto0 HaszpiBaroT 3anauer Kommn?
6./laliTe onpezaeneHne yacTHOro pemeHus: qudepeHunanbHOro ypaBHeHUS.

7.Kakue ypaBHeHUs Ha3bIBalOTCs AuQdepeHuuanbHbiMu ypaBHeHussMH 11 mopsiaka?
8.IloHsATHE XapaKTEPUCTUUECKOTO YPABHEHUS.

9.0011ee pelleHrne ypaBHEHHS XapaKTePUCTUUECKOTO YPABHEHHUS.



IIpakTHyeckas padora Ne 6
1o reMe «HYucaennoe peureHue 1MpPpepeHHATBLHOI0 yPAaBHEHUAY
Henab: HayuuThCs pemiath JuHEHHbIe TU(depeHIanbHble YpaBHEHUS IEPBOTO
MOPSAKA.
Bpems BbimosHeHuss 90 MuUHYT

MartepuajnbHoe odecnieueHmne

1. TeopeTnueckue cBeaeHUS

2.3aanue

3.JIuct A 4

4.KanpKyIaTopsl

IHopsinok BbINOJTHEHUS PA0OTHI
1.3yuuts 3amanue

2. I3y4nTh TEOPETUUECKHUE CBEAECHUS

3. BommonHuTh ¥ 0QOpMUTH paboTy
4.1Toka3aTp pe3ynbTaThl IPENO1aBATENIO
JlomamHee 3aganue

1.IToAroToBUTH OTBETHI HA KOHTPOJIbHBIE BOIIPOCHI

Teopernueckue cBeAeHUA
Omnpenenenue. J(uddepeHnnaibHOe ypaBHEHUE HA3bIBACTCS JIUHEHHBIM

OTHOCHUTEIHHO HEU3BECTHON (PYHKIIUU U €€ MPOU3BOIHOM, €CIIM OHO MOXKET ObITh
3aMurcaHo B BUJIE:

Y+ P(x)y =0(x),
IpU 3TOM, eciM TpaBas 4acTh Q(X) paBHa HyIIO, TO TAKOE YpPaBHEHHE HA3bIBACTCS
JIMHEIHBIM OJHOPOAHBLIM Ju(depeHnaTbHbIM YpaBHEHUEM, €CIIM IpaBas 4acTb
Q(X) He paBHA HYJIIO, TO TAKOEC YPaBHCHUE HA3bIBACTCS JIMHEHHBIM HEOTHOPOIHBIM
muddepeHIanbHbBIM YPaBHEHHEM.
P(X) u Q(X)- dbyHKIIMK HEIPEPHIBHBIE HA HEKOTOPOM IPOMEKYTKe a < X < b.
Jluneiinvie 00Hopoouvie oughhepenyuanvhnovle ypasHenus. PaccmoTpum
METOJIbl HAXO0XJACHHS OOIIETO PEIICHUS] IMHEHHOTO OTHOPOIHOTO
muddepeHnnaIbHOr0 YpaBHEHUS MIEPBOTO MOPSAKA BUIA

y'+P(x)y=0.

Hnst storo tuma auddepeHIMaNbHbBIX YpaBHEHUN pa3/ieJIeHUe TMEePEMEHHBIX He

MPEICTABISET CI0KHOCTEH.

& =—P(x)dx
Y

[y =~ P(x)dx + n|C

b

m‘%‘ = [ P(x)dx;

OGuiee penieHue: y= ce 7o

Jluneiinvie neoonopoonvie oudghepenyuanvrvie ypasHenus.



JInst WHTErpUpOBAaHHS JIMHEHHBIX HEOMHOPOAHBIX ypaBHeHmid (Q(X)=0)
NPUMEHSIOTCS B OCHOBHOM JIBa MeToJIa: MeTol bepHyium u meron Jlarpanxa.

Memoo bepuynnu.
(AAx00 bepuymmm (1654-1705) — mBeitapckuii MaTeMaTHK. )

CyTp MeTOJa 3aKJII0YaeTcs B TOM, YTO MCKOMas (YHKIUS MPEACTaBIAETCA B
BUJIE MIPOU3BEACHUS JIBYX byHKUIMH y=uv

dv du
IIpu 3TOM OYEBUAHO, YTO y' =u oAbl muddepeHurpoBaHue MO YacTsIM.
X X

[ToacTaBisisi B MICXOIHOC YPaBHEHHE, MOJTyYaeM:
u v + v@ + P(x)uv = O(x)
dx dx

u ? + v(% + P(x)uj =Q0(x)

X
Hanee ciegyeT BaKHOE 3aMedaHue — T.K. NEpBOHadajgbHass (yHKIUS Obuia
Ope/icTaBiieHa HaMU B BHUAEC NPOU3BEACHUS, TO KaXAbIH W3 COMHOXHUTENEH,
BXOJSIIMX B O3TO MPOU3BEICHHUE, MOXKET OBITh MPOU3BOJILHBIM, BBIOPAHHBIM 10
HalIeMy YCMOTPEHHUIO.

Hampumep,  ¢yHkius  y=2x> MOXeT ObITh  MNpEICTaBIeHA  Kak

y=1.2x* y=2-x%
y=2x-x; U T.IIL

Takum 00pa3oM, MOXXKHO OJHY M3 COCTaBISIOIIMX MpPOU3BeAeHUE (QYHKIIMI

du
BBIOPATH TaK, YTO BBIPAYKCHHE o +P(x)u=0.
X

Takum o00pa3oM, BO3MOXKHO TOJYYHTh (QYHKIHUIO U, TPOMHTETPUPOBAB,
MOJTy4YEHHOE COOTHOIICHHE KaK OJHOpPOJHOE audQepeHInanbHOe ypaBHEHHE IIO

OINMCAHHOW BBIIIE CXEME:
du = —P(x)dx; du = —I P(x)dx; 1n|u| = —J. P(x)dx;
u u
In|C,|+ I =—[ P(r)dy;  u= ce1™, c=1c;

JIisi HaXOKIIEHHUsS BTOPOM HEW3BECTHOM (YHKIMHM V TIOJICTABUM IOYYEHHOE

dv du
BbhIpakKeHHE i1 (QYHKIMM U B HCXOJHOE ypaBHECHHE ud— +v d_ + P(x)u |=Q(x) ¢

X X

Y4€TOM TOI'O, 4TO BBIPAKCHUC, CTOAIICC B CKO6KaX, PaBHO HYIJIIO.

Ce—jp(x)dx dv — 0(x): Cdv — Q(x)eIP(X)dxdx;
dx
Nuterpupysi, MoxxeM HaluTH (QYHKIIUIO V:
Cv=| ol axrc;; y= % | o axtc,;



T.e. Obula moOJyyeHa BTOpasl COCTABIISIONIAS MMPOU3BEAEHUS y = uv, KOTOPOE U

onpeneNsaeT HCKOMYIO (PYHKIIHIO.
[ToacTaBnsist mojly4eHHbIE 3HAUCHHUSI, TOTydaeM:

yew=cel™ L o™ acs .

OkoHuaTeNbHO nojaydaeM GopMyay:

y= oo U 0 et C, ), C2 - IpoN3BOIBHBIH KOIPDHINEHT.

OTO COOTHOIICHHE MOXET CYHTAThCS PEIICHUEM HEOIHOPOJHOTO JMHEWHOTO
¢ depeHnraIbHOr0 ypaBHeHUs B 00111eM BUje 1o croco0y bepnymu.

Memoo Jlazpanixca.
( JTapramxk Xozed Jlyu (1736-1813) - ppaniy3ckuii MaTeMaTHK, Mpe3. bepanHckoit

AH, mou. un. [Ter. AH (1776)).
MeTton Jlarpan:ka pemnieHus HSOJHOPOIHBIX JTUHEHHBIX AU(depeHITnaTbHbIX

YPaBHCHHH €IlI¢ HAa3bIBAIOT METOJIOM BapHAalMU MPOU3BOJIbHOI MOCTOSIHHOM.

y'+P(x)y =0(x)
[lepBbIii mar JaHHOTO METOa COCTOUT B OTOpPaChIBAHMH MPABON YaCTH YPABHCHHS U
3aMEHE €€ HyJIeM

y'+P(x)y=0
Jlajiee HaXOIUTCS PEIICHUE TOTYYUBIIETOCS OJHOPOIHOTO U PEpEeHIIHATEHOTO
yYpaBHCHHS:

7J.P(x)dx

y=Cie
J151st TOro, YTOOBI HAWTH COOTBETCTBYIOIIEE PEIICHUE HEOTHOPOIHOTO
muddepeHnraIbHOr0 ypaBHeHUs, OyieM cuuTaTh NOCTOSSHHYIO0 C1 HEKOTOPOit
dbyHKIHEH OT X.
Torna o npasuinam auddepeHupoBaHus TPou3BeeHUs (HYHKITUN TTOTyYaeM:
dy dC,(x) -[pwa
Ay _dG(X) Jre (=P(x));

dx dx
[loncraBnsem moaydYeHHOE COOTHOIIIEHUE B UCXOTHOE ypaBHEHUE
dC (x) -[pPx)dx

1( )e I X

+C e

Jre pec, e 1 = o

o —C, (x)P(x)e
dC,(x) -[rwax .
— © = 0(x);

W3 sToro ypaBHeHHs onpeaenuM rnepeMeHnyto GyHknuio Ci(x):
4, ()= 0(wye! "

HNHuTterpupys, noinydaem:

¢, = [owel "

HOI[CT&BJ'IHH 9TO 3HAYCHHUC B UCXOAHOC YPABHCHUC, 110 IYyHaCM!:

dx+C;



y= eijp(x)dx U Q(x)efp(x)dxdx + C) .

Takum 00pa3om, Mbl NOJYYWIH PE3YyJbTaT, IOJHOCTBIO COBMAJAIOUINI C
pe3yapTaTOM pacueTa o metony bepryiim.
[Ipu BBIOOpEe MeTONa pelieHHs JIMHEWHBIX Iu(PepeHIraTbHbIX YpaBHEHUM

cleayeT PYKOBOJICTBOBAThCA IPOCTOTON HMHTETpUPOBaHUS (YHKIMH, BXOASIIUX B
WCXOJIHBIN MHTETPal.
Jlanee pacCMOTpUM IPUMEPHI PEIICHUs] Pa3IUUHbIX AU PepeHITnanbHbIX YPaBHECHUN

Pa3IUYHBIMH METOIaMH U CPABHUM PE3yJIbTATHI.
1
IIpumep. Pemuth ypaBHeHHE x°)'+ y =ax’e”.
1

1
. ! _ X
Chagaia MNPHUBEACM JAHHOC YPABHCHUC K CTAHAAPTHOMY BUAY: y + —xz y=ae".

i il

[TpumeHnM noy4eHHy0 Beime Gopmyny: P=—; Q=ae*;

X
1

- de 1 —dx
y=e sz Uaexej"2 dx+CJ

1 1 1 1
y= e"Uaexe xdx+C] :ex(jadx+C)

1

y :e;(ax+C).

3aganue. Pemnth nuneiinoe nuddepeHimaibHoe ypaBHEHHE.

B1.xy- xy = (1+x%)e* B16. xy'- xy = (1+x?)e*
B2. y+2xy=x° B17. y+2 xy =x8
B3 (1+x?)y-xy =2x B18. (1+x?)y’-xy =2x
B4. xy'+y =x+1 B19. xy'+y =x+1
Bs. ¥ _Y_y B20. 2 Y=

dx X dx X
B6. y+y=x+1 B21. xy'+y =x+1
B7. xy-xy = (1+x?)e* B22. xy- xy = (1+x?)e*
BS. y+2xy=x3 B23. y+2xy=x°
BY9. (1+x?)y/-xy =2x B24. (1+x%)y-xy =2x
B10. xy'+y =x+1 B25. xy-y=x+1
BIL. 2 _Y_y B26. Y-y

dx X dx x

B12. xy'+y =x+1 B27. xy-y=x+1
B13. xy'- xy = (1+x°)e* B28. xy'- xy = (1+x?)e*
B14. y+2 xy=x8 B29. y+2xy=x°

B15. (1+x?)y/-xy =2x B30. (1+x%)y’-xy =2x



3anaua 2. Haiitu pemienue 3anaun Komm.

41,y —y/x=x*, y@)=0. 4.2.
y'—yctgx=2xsinx, y(z/2)=0.

43. Yy + ycosx:%sinZX, y(0)=0. 4a4.
y'+ytgx=cos’x, y(z/4)=1/2.

i y 2
45 Yy ————= 2X, -1)=3/2.4.6.

y X+ 2 X rex y( ) /
y’—iy:ex(x+1), y(0)=1.
X+1
47. y’—X:xsinx, y(z):l. 4.8 y'+X:sinx, y(ﬂ):i.
X 2 X T
’ y 2
4.9, 2 =x* y(1)=1. 4.10.
er2X X y()
2X 2X° 2
' . ’ O _ -
AR TR T ¥(0) 3
4.11. y’—2X2_5y—5, y(2)=4 4.12. y’+X:X—+1eX, y(l)=e
X X X

, Y In x , Yy 12
413. y' - =-2—", y(1)=1 414,y -L=-2 y(1)=4.

y'=—=-2=—= y({) y="=="5 ¥()
415. y'+=y=x’, y(1)=-5/6 4.16. y’+%=3x, y(1)=1.

' 2Xy ’ — X
4.17.y—1+x2—1+x2, y(1)=3. 418 y'+ = y=1 y(1)=L1
4.19. y’+7y=%, y(1)=1 420. y'+2xy =-2x>, y(1)=e™.

: Xy X 2 : 3
421. y + =—, 0)=— 4.22. Y + Xy =—X", 0) =3.

y 2(1—x) 2 ¥(0)=3 y'+xy y(0)



2 2
423y ——=_y=e*(x+1)", y(0)=1.
y-—y=e (x+1)", y(0)

424y +2xy = xe ¥ sinx, y(0)=1.

. y’—2y/(x+1):(x+1)3, y(0)=1/2.
4.26. y'—ycosx =—sin2x, y(0)=3.

4.2

o1

427. y' —4xy =-4x°, y(0)=-1/2. 428 y’—lz—ln—x, y(1) =1.
X X

4.29. y’—3x2y:x2(1+x3)/3, y(0)=0.
4.30. y'—ycosx =sin2x, y(0)=-L1.

KonTpoibHbIe BONpoCkI:

1. Kakoe ypaBHEeHWE HA3bIBACTCS JUMHEHHBIM YpaBHEHHUEM IIEPBOTO TOPsIKa?
2.Kakoe ypaBHEeHHE Ha3bIBacTC U PEPEHITMATBHBIM YPaBHECHUEM.

3.Yrto Ha3pIBaeTcs penieHueM audhepeHITMaIBHOTO YPaBHEHUS.

4.06mee pemenue auddepeHInaTbHOT0 ypaBHEHUS.

5.Hamucatp o6muii Bun quddepeHnnaibHoro ypaBHeHus 1-ro nopsiaka c
pa3eNsIoIUMUCS TIEPEMEHHBIMHU.

6.3amaga Komn.

7.KakoB 001uii BUJ 0THOPOIHOTO AU(depeHIIUaNbHOr0 YpaBHEeHUs 1-To mopsaka?
8. ANropuT™ perieHus: OTHOPOIHOTO AU HEepPEHITNATBHOTO YPaBHEHUS IEPBOTO
HOpsIKA.



Ilepeuennb pexkoMeHayeMbIX Y4eOHBIX U3IAHUI, HHTEPHET-PeCypCoB,
JAOIOJTHUTEJIbHOU JIUTEPATYPbI

OCHOBHBIC HICTOYHHUKH:
1) I'puropseB B.I1. «Onements! Boiciield matematuku», 2019 OHLL «Axanemus».
2) I'puropreB B.I1. «COopHuk 3a1a4 1o Beicuieit Matematukey, 2019 OHIL]
«AxanemMus».
3) Omenbuenko B. 1., MaremaTuka: yueOHoe mocooue / Omenbuenko B. I1.,
Kyp6arosa 3. B. -PoctoB n//1.: ®enuxc, 2018.
4) boromosioB H.B. IlpakTrueckue 3aHATHS 110 BBICIICH MaTeMaTuke. - M.: Beiciias
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Bricmias mkoma, 2019.
6) Banyip W.W. u 1p. MatemaTrKka 1Jisi TEXHUKYMOB Ha 0a3¢ CpeHe IKOJIbI: yueo.
noco0. - M.: Hayka, 2019.
7) Hanasia A.A. Matemaruka: yue0. - M.: ®DOPYM: UH®PA-M, 2018
Marematuka /it TEXHUKYMOB. AnreOpa 1 Hadyasia ananu3a: B 2-x yactsx, yueoO.
/Kauenosckuit M.U. u ap. nox pen. I'.H. fAxosnesa. - M.: Hayka, 2018.
JonoJHUTeIbHbIE HCTOYHHUKH:
1)Bricias matematuka ais s3koHoMuctoB. [lox pen. H. L. Kpemepa. - M.: KOHUTH,
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2)Crnupuna M.C. JluckpeTHas mateMaTuka: yuaeb. - M.: Axkanemus, 2020.
3)['onuaposa I'.A., Mouanun A.A. DieMeHThI TUCKPETHON MaTeMaTUKH: y4ueb. 1moco0. -
M.: ®opym: UHOPA-M, 2019.
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1) www.fcior.edu.ru (MudopmaririonHbie, TPEHUPOBOYHBIC M KOHTPOJIbHBIE
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www.school-collection.edu.ru (Equnas KoyieKiuu MuGpPOBbIX 00pa30BaTEIbHBIX
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2) http://www.mathnet.spb.ru/
3) http://www.exponenta.ru/educat/class/class.asp
4) http://www.mathem.h1.ru/index.html

5) http://www.bymath.net/studyguide/tri/tri_topics.html
6) http://festival.1september.ru/
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