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Oo6sacTh NpUMEHEHUS METOAUYECKUX YKA3aHUI

Metoauueckue ykazaHus JJi1 BBIIOJHEHHS MPAKTUYECKUX paboOT SBISIOTCA
YacThIO IPUMEPHON OCHOBHOM MpodeccuoHanbHO 00pa30BaTEIbLHON MPOrPaMMBbI B
cootBeTcTBHH ¢ PI'OC mo crnemmanbHOCcTH CIIO 15.02.12 MOHTAaXK, TEXHHYECKOE
o0cJIy’>KMBaHHe M PEMOHT NPOMBILIIIEHHOT0 000py/A0BaHus (110 OTPACJISIM).

Heau u 3a5a4u METOAMYECKHUX YKA3aHUM JIA BBINOJHECHUS MPAKTHYECKUX

pador:
B pesynbrare ocBoeHust yueOHON AUCHUIIIMHBI 00y4YatOIIUNACS JOKEH YMETh:
- BBITIOJIHATH OINEpally HaJ MAaTPULIAMH U pELIaTh CUCTEMBI IMHEWHBIX YPaBHEHUN;
- pemaTh 3a7a4M, UCII0JIb3Ysl YPABHEHUS MPSIMbBIX U KPUBBIX BTOPOTO MOPSAIKA HA
IJIOCKOCTH;
- IPUMEHSATh METOJIbI AP PEpEeHIINATBEHOIO U UHTETPAIbHOTO UCUHCIICHUS;
- pemath auddepeHnraibHbIe ypaBHEHUS;
- II0JIB30BATHCS MOHITHSIMHU TEOPUN KOMIUIEKCHBIX YHCEIL.
B pesynbrare ocBoeHust yueOHON AUCIUTIIMHBI 00yJarOIIUNACS JOKEH 3HATD:
- OCHOBBI MAaTEMAaTUUYECKOTO aHANIN3a, TUHEHHOU anreOphl U aHATUTUIECKON
TE€OMETPUU;
- OCHOBBI () pepeHInaNIbHOTO M MHTETPaIbHOTO NCYUCICHUS;
- OCHOBBI TEOPUH KOMIUIEKCHBIX YHCEIL.
®opmupyemMble KOMIIETEHIUH

OK 1. BeiOuparts criocoObl pemieHus 3a1a4 npophecCuOHAIbHON NEeITeTbHOCTH
IIPUMEHHTENIBHO K PA3JIUNYHBIM KOHTEKCTaM.

OK 2. OcymecTBidATh NOHCK, aHaJU3 M HWHTEpHpETalvio UH(pOpMaIH,
HEO0OXOAMMOM ISl BBIIOJIHEHUS TPO(PECCHOHATIBHOM €SI TEIbHOCTH.

OK 3. IlnanupoBaTh U peaqu30BbIBATH COOCTBEHHOE MPOQPECCHOHAIBHOE U
JMYHOCTHOE PA3BUTHE.

OK 4. PaboTtath B KOJUIEKTUBE U KOMaHAE, 3PHEKTUBHO B3aMMOJIEHCTBOBATH C
KOJUIETaMU, PYKOBOJICTBOM, KIINEHTAMMU.

OK 5. OcymecTBiasiTh YCTHYHO M THMCBMEHHYIO KOMMYHHMKAlMIO Ha
rocyJlapcTBEHHOM si3blke Poccuiickoit dexepanu ¢ ydyeTroM OCOOCHHOCTEH
COLIMAIIBHOTO U KYJIbTYPHOTO KOHTEKCTA.

OK 6. [IposBIIATh IpakIaHCKO-NATPUOTUUECKYIO TTO3ULINIO, TIEMOHCTPUPOBATH
OCO3HAaHHOE MOBEJICHHE Ha OCHOBE TPAIUIIMOHHBIX O0IIEUETIOBEUECKUX IEHHOCTEH, B
TOM 4YHUCJIE C YYETOM TapMOHM3alMd MEXHAIMOHAIBHBIX W MEXKPEIUITHO3HbIX
OTHOUIEHUH, MPUMEHSTh CTAHIaPThl aHTUKOPPYNIIMOHHOTO MTOBEACHUSI.

IIK 1.1. OcyuiectBasTe pabOThl MO MOATOTOBKE €AMHUI] OOOPYJIOBaHUS K
MOHTaXYy.

IIK 1.2. [IpoBoaAUTh MOHTaX MPOMBIIINIEHHOT'O 000PYA0BAHMS B COOTBETCTBUU
C TEXHUYECKOU TOKYMEHTAIUEH.

IIK 1.3. IIpon3BoauTh BBOJ B 3KCIUTyaTalWIO U MUCHBITAHUS ITPOMBIILICHHOTO
000pyI0OBaHUSI B COOTBETCTBUU C TEXHUYECKON JOKYMEHTAIIUEH.

IIK 2.1. [IpoBoauTh periiaMeHTHbIE pabOThI IO TEXHUYECKOMY OOCTY>KUBAHHUIO
MPOMBIIINIEHHOTO 000pY/IOBaHHUS B COOTBETCTBUM C JOKYMEHTAlMell 3aBoja-
W3TOTOBUTEIISA.

IIK 2.2. OcyumecTBiasTh AHArHOCTUPOBAHUE COCTOSIHUSI MPOMBIILICHHOTO
000py0BaHus U 1e(PEeKTALMIO €T0 Y3JI0B U 3JIEMEHTOB.



MK 2.3. IlpoBoauth peMOHTHBIE pPabOTHI MO  BOCCTAHOBJICHHUIO
PaboTOCIIOCOOHOCTH MPOMBINIIIEHHOTO 000PYA0BaHUS.

IIK 2.4. BeINoaHATh HAJIAJJOYHbIE U PErYJIUPOBOYHBIE pa0OTHI B COOTBETCTBUU
C IIPOM3BOJICTBEHHBIM 3a/IaHUEM.

K 3.1. Onpegensate  ONTUMalbHbIE ~ METOJbI  BOCCTAHOBIICHHS
paboTOCIOCOOHOCTH MPOMBIIIEHHOTO 000PY10BaHUSI.

IIK 3.2. Pa3zpabarbiBaTh TEXHOJOTHMUYECKYIO JOKYMEHTAIUIO ISl IPOBEACHUS
paboT N0 MOHTaXy, PEMOHTY M TEXHHUYECKOW HKCIUTyaTallid MPOMBILIIEHHOTO
000pyI0BaHUs B COOTBETCTBUU TPEOOBAHUSIMHU TEXHUYECKUX PETJIAMEHTOB.

MK 3.3. Onpenenarp noTpeOHOCT B MaTepUAIbHO-TEXHUYECKOM
0o0ecreyeHn PEMOHTHBIX, MOHT@XXHBIX M HaJaJOYHBIX pabOT MPOMBIILIEHHOTO
000pyI0BaHUS.

IIK 3.4. Opranu3oBbiBaTh BBINOJHEHHWE IPOU3BOJACTBEHHBIX 3aJlaHUI
HOJJYMHEHHBIM MEPCOHAIOM C COOJIOJCHHUEM HOPM OXpaHbl TpyJa U OEpeKIMBOIrO
IPOU3BOJICTBA.



PexoMeHnayemoe KOJIHYECTBO YaCOB HA 0CBOeHHME padovell MporpaMmbl yueOHoit

TUCUHMUILTHHBI:
Bcero 72 wyaca, Teoperuueckasi pabora 28 uvacoB, mpakTuueckue padoTel 30

qaCoB, CaMOCTOATCIIbHAsA pa60Ta 8 4aCO0B, KOHCYJIbTAallUN 6 4acoB.

IlepeyeHb npakTHYeCKUX padoT

[Ipaktrueckast pabora Nel. Onepanuu Hag MaTpuriamu. Berancnenue
onpeeNuTeNIed BTOPOTO U TPEThEro MOpsIKa.

2 | IIpaktuueckas padora Ne2. Pemenue CJIAY pa3znuuHbIMU cliocoOamu.

3 [Ipaktruueckast pabora Ne3. /lelicTBHs Ha/l KOMIUIEKCHBIMUA YUCIaMH B
anredpanyecKou, TPUrOHOMETPUUECKOM, U TOKA3aTesIbHOM hopmax.

4 [Ipaktruueckas pabora Ne4. Pemienue ypaBHeHUN Ha MHOKECTBE KOMIUIEKCHBIX
quces.

5 [Ipaktuueckas pabora Ne 5. [IponsBogHast CIOKHON HYHKIUU.
['eomeTpuyeckuii U HU3NIECKUN CMBICI TPOU3BOIHOM.

6 [Ipaktrueckas pabora Ne 6. UccnenoBanue GyHKIIUA U TTOCTpOeHUE Tpaduka
10 pe3yJpTaTaM UCCIIEIOBAHHUSL.

7 | Ilpaktraeckas padora Ne7. Beruncinenue miomajiei miockux Guryp.

2 [Ipaktruueckast pabora Ne§. Penienne npakTuueckux 3ajay ¢ IpUMEHEHUEM
UHTErPAJIOB.

9 [Ipaktuueckas pabora Ne 9. Jludbpepenunanbubie ypaBHEHUS IEPBOTO
HOPsIJIKA.

10 [Ipaktuueckas pabora Ne 10. luddepennmaibabie ypaBHEHUS BTOPOTO
MOPSIJIKA.

11 | Ilpaktuueckas pabota Ne 11. MccnenoBanne cXOQMMOCTH YUCIOBBIX PSIJIOB.

12 [Ipaktruueckas pabora Ne 12. HaxoxxaeHue nporu3BOAHON YUCICHHBIM
METO/IOM.

13 [Ipaktrueckas padora Ne 13. Yucnennoe pemenue auddepeHuaibHOro
YPaBHEHHS.

14 | Ilpaktrueckast pabota Ne 14. Pemenue 3a1a4 Ha HAXO0XKJACHUE BEPOSITHOCTH.

15 [Ipaktruueckas pabora Ne 15. Cnydaiinast BenmnurHa. MatemaTtuyeckoe

0KWJIAHWE U JUCTIEPCHS CIYYAMHOW BEJIUYUHBL.




IIpakTunyeckas padora Ne 1

no reme «Onepauuu HaJg MaTpuuamMu. Bolunciienue onpenenuresned BTOPOro u

TPETHEI0 NMOPsIIKA.>»

Henab: HAyYUTHCS BHIYUCISTH ONMPEACIUTETN BTOPOTO U TPETHETO MOPSIKA.
Bpems BbinosiHenus 90 MUHYT

MarepuajbHoe obecnieueHmne
1. TeopeTuueckue cBeICHHUS

2.3ananue
3.JIuct A 4
4 KanbKyJIsITOpbI

IHopsinok BeINOJIHEHNsI padoThI

1.M3yunte 3amanue

2. I3y4nTh TEOPETUUECKHUE CBEICHUSA
3. BeimoaHuts 1 0pOpMUTH paboTy
4.IToka3aTh pe3yabTaThl MPENOAABATEIIO

JlomaiuHee 3ajaHue

1.IIoAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Xoxa padoTbl

Teopernyeckue cBeaeHusI
Omnpeaenenune. Marpuuein pasmMepa mxn, I'Ie M- YUCIO CTPOK, N- YHUCIO

CTOJIOIIOB, HA3bIBAETCS TAOJIMIIA YUCET, PACIIOJIOKEHHBIX B OMPEACICHHOM TOPSJIKE.
OTH 4YHWCIa HAa3bIBAIOTCA DJEMEHTAMHU MATpPHUIbl. MeCcTo KaXKIoro JJIEMEHTA
OJTHO3HAYHO OMPEIENICTCS HOMEPOM CTPOKH M CTOJNOIA, HAa TEPECEYCHUN KOTOPBIX
OH HAxOJMTCS. DJIEMEHThl MaTpHUIlbl 0003HAYAIOTCS ajj, IA€ 1- HOMEp CTPOKH, a j-

HOMED CTOJIOLA.

Buabl maTpuig

aln

Marpuiia MOKeT COCTOATh KaK U3 OJJHOW CTPOKH, TaK U U3 OAHOro crosudua. Boobie
rOBOPSI, MaTPHIIA MOXKET COCTOATh JaXXe U3 OJTHOTO JIEMEHTA.

Onpenenenue. Ecnu yncno cToaOLOB Marpuibl paBHO YHCIY CTPOK (m=n), TO
MaTpHIla Ha3bIBAETCS KBAJAPATHOM.

Omnpeaesenune. Martpuna Bujaa:

1 0 .. O
01 .. 0

=FE,
0 0 1

HAa3bIBACTCS €AMHUYHON MATPHUILIEH.



Onpeaenaenue. Ecnu amn = anm , TO MaTpULla HA3bIBACTCS CUMMETPHYECKOM.

2 1 5
[Tpumep. 1 3 6 |- cuMMeTpHUYECKas MaTpula
5 6 4
a, 0 0
Omnpeneaenne. Keagparnas MmaTpuiia Buaa 0 a - o | HaspiBaeTes
0 O a

AMATOHAJIBHOM MaTPHULICH.

JeucTBus ¢ MaTpULAMU

CJi0:keHHe U BBIYUTAHME MATPUILl CBOJUTCS K COOTBETCTBYIOLIMM OIEpaLIAsIM Hal
ux 3yeMeHTaMu. CaMbIM TJIABHBIM CBOMCTBOM 3THX OIEPALMi SBISETCS TO, YTO OHU
onpeoeneHvl MmoabKo 01 Mampuy 00UHAK08020 pazmepa. Takum o6pa3om,
BO3MOKHO OINPEAECIUTH ONEPAIMU CI0KEHUS U BBIYUTAHUS MATPULL;

Cymmoii (pPa3HOCTBIO) MATPUIL SIBJISIETCS MATPULIA, AIIEMEHTAMH KOTOPOM SIBIISIOTCS
COOTBETCTBEHHO CyMMa (Pa3HOCTh) 3JIEMEHTOB UCXOAHBIX MATPHIL.

cij = ajj + bj

C=A+B=B+A.

Omneparnusi yMHOKeHHUs (JeJleHus) MaTpUIlbl JIO00OTr0 pasMepa Ha MPOU3BOJIHHOE
YUCJIO CBOJUTCA K YMHOXEHHUIO (IEJEHUI0) Ka)KJIO0ro 3JIEMEHTa MaTpHIbl Ha 3TO
YUCJIO.

aa, oa, .. oa,
oa, Ooa, .. oa
21 22 2
aA= “
aa, od,, .. oa,,

o (A+B) =aA £ aB
A(axpB) =aA + BA

1 2 3 1 3
Ipumep. lansl Mmatpuubl A= |2 1 4|;B=|5 7 8|, Haiitu 2A + B.
3 23 1 2
2 4 6 3 7 10
2A=14 2 8], 2A+B=19 9 16/|.
6 4 6 7 6 10

IIpousBenenuem matpui] A-B = C; Ha3pIBaeTCs MaTpHIlA, 3JIEMEHTHI KOTOPOWH MOTYT

OBITH BHIYUCIICHBI 110 ClIeAyomuM hopMyIam: ¢, = Y a, - b,
k=1

W3 npuBEAEHHOTO ONPEAEIEHUS BUAHO, YTO ONEPALUS YMHOKEHUS MATPHII
ONpeIeNIeHa TOJABKO JIJI MATPUIL, YMUCJI0 CTOJIOLOB EPBOii U3 KOTOPbLIX PABHO
YHCJIY CTPOK BTOPOM.



Omnpenenenune. Marpuily B Ha3pIBalOT TPAHCIIOHMPOBAHHOM MaTpULEh A, a
nepexos oT A k B TpaHCIIOHMpOBaHueM, €CIIN AIEMEHTBI KaKI0M CTPOKH MATPHULIBI
A 3anucarb B TOM %€ NOPAJIKE B CTOJIOLBI MAaTpUIIbI B.

4, dp .. 4y a, 4y a5
A= a4y dy e @y, |, B=AT= 4y dyp e 4 ||
3”71 31112 3””1 31” 3211 amn
JIPYTUMHM CJIOBaMH, bji= aij.
1 0 3 1 -1
Ipumep. Hanbel matpunet A =2 4 1|, B=|3|,C=|2 | uuucio o = 2.
1 -4 2 2 1
Haiitu ATB+aC.
1 2 1 1 2 1 1 1-1+2-3+1-2 9
AT=10 4 -4|; A™B=|0 4 —-4|-[3|=]0-14+4-3-4-2|=|4|;
31 2 31 2 2 3-1+1-3+2-2 10
-2 9 -2 7
aC=| 4 |; ABtaC=|4 |+ 4 |=]|8
2 10 2 12

1.2 1-4 1.1) (2
4.2 4.4 4.1|=|8 16
3.2 3.4 3.1) |6

1
Ipumep. Haiitu npousBenenue matpui A = 4} uB=(2 4 1).
3
1 1
AB= 4|2 4 1) 4
3 3
1
BA=(2 4 1)|4|=21+44+13=2+16+3=21.
3

Ipumep. Haiitu npoussenenue matpun A=(1 2), B = [2 2]
3 4
AB= (1 2)-[5 6j= (3+10 4+12)= (13 16).

OnpeneﬂnTeﬂeM BTOPOro mop#AakKa HA3bIBACTCA YHMCIIO, KOTOPOC IIOCTaBJICHO B

a, b
COOTBETCTBHE TaOJIUIIBI KOIPPUIIMECHTOB

4, h

10 CIeAyIoIIeMy MpaBUily: MPOU3BEACHHE M0 TJIABHOW JUaroHaigu Oepercs co
3HAKOM IUTIOC, 110 APYTOW JUAroHajau co 3HAKOM MUHYC.



a b
: "= a1b2 — azb1

a, b

[Ipumep: BBIUUCIUTD OIPEAEINUTENb BTOPOTO MOPSIKa

2 4

1) =2.2-3.4=4-12=-38
32
-1 -2

2) ; 1‘:—1-1—3-(—2):—1+6:5

Onpez[eJmTe.]IeM TPETHEro MOPAAKA HAa3bIBACTCA YHUCIIO0, KOTOPOC IIOCTABJICHO B
COOTBETCTBHE TaOJIUIIBI KOB(i)(bI/II_II/ICHTOB 110 CJICAYIOMIEMY IIpaBUITy:

a b ¢

4, bz G|= 3117203 + a2b3cl + 3317102 _33[7201 _31[7302 _a2blc3

a, b ¢

210 OIIPCACIICHUC OIIPCACIUTCIIA HAITIAIHO MOKHO IPEACTABUTDH CIICAYIOIIUM

oOpazom:
b ¢
b, ¢
b, ¢

OTO0 npaBwiia Ha3bIBaKOT eule «IIpaBuio TpeyroJbHUKa»
IIpumep. BEIUUCIUT ONIPEIEIIUTEINIb TPETHETO MOPSIKA

3 2 1
2 4 5=343+221+125-14-1-2.2.3-3.2.5=
1 2
=36+4+10—-4—-12-30=4
Cucremoil JMHEHHBIX AJre0panvecKuX YpaBHEHHUH, COAEpKAILEH /7 YPAaBHEHUHN U
7 HEM3BECTHBIX, HA3bIBACTCSI CHCTEMA BHUA:
a11x1 + a12x2 + -+ alnxn == bl
alel + azzxz + + aann = bz
Am1X1 + ApaXp + 0 Ay Xy = by
rae unicna a; , i = I,m , j =1,n Ha3pIBaroTCA KOADPUIIMEHTaMH CUCTEMBI, 4ynciia b; —
CcBOOOIHBIMU ueHaMu. [loiiesxaT HaX 0K ACHUIO YHUCIIA X),.



3necb A — maTpuiia Ko3QPUIMEHTOB CUCTEMBI, Ha3bIBAEMasi OCHOBHOU MAMPUYeEl:

a1 Q12 - Qip
az1 Q22 .- Qpn
A=
Am1  Am2 e Amn
X1
X2
X = — BEKTOp — CTOJIOel U3 HEU3BECTHBIX X;
xn
b,
b,
B = — BEKTOP — CTOJIOel] U3 CBOOGO/IHbIX YIEHOB b;
bm

[IpousBenenue marpuil A * X ompeaeiaeHo, Tak Kak B MaTpHUIle A CTOJIOIIOB CTOJIBKO
e, CKOJIbKO CTPOK B MaTpulle X (7 IITYK).

Pacwupennoti  MaTpulleii  CHCTeMbl Has3plBaeTcsl MarTpuma A  CHCTeMsl,
JIOTIOJITHEHHAs1 CTOJIOIIOM CBOOO/THBIX YJICHOB

a1 Q2 - Qg by
| a1 azp .. azy, by
A=

aml amz amn bm

Pewenuem cucmemol Ha3pIBaeTCS 71 3HAUSHUH HEU3BECTHBIX X7 = C1, X2 = C2, ... ,
Xn = Cn, TIpU TIOJICTAHOBKE KOTOPBIX BCE YPAaBHECHHSI CHCTEMBI OOpaIIaroTCsA B
BEPHBIMH paBEHCTBA. BCsikoe perieHrne CHCTeMbl MOYKHO 3aIiicaTh B BUIC MATPHIIbI-
cToJo1a

Cucrema ypaBHEHUIN HA3bIBACTCS CO8MECHIHOI, €CIIM OHA UMEET XOTs Obl OJIHO
pELICHUE, U HeCO6MeCmUMOIL, €CIIA OHA HE UMEET HU OJTHOTO PELICHUS.

CoBMecTHas cucTeMa Ha3bIBACTCSI 0ONpedeléHHOU, €CIM OHA UMEET €IUMHCTBEHHOE
pelIeHne, U HeonpedeléHHOU, eCIT OHa UMEET 0oJiee OHOTO pemeHus. B mocnegnem
ciaydae Kaxaoe €€ pElICHHE Ha3blBACTCAd UYACMHbIM peuleHuemM CUCTEMBI.
COBOKYITHOCTh BCEX YACTHBIX PEIICHUIN HA3bIBACTCS 0OWUM peuleHUEM.

Pewwums cucmemy — 3TO 3HaUUT BBIACHWUTH, COBMECTHA OHA WJIM HECOBMECTHA.
Ecnu cucrtema coBmecTHa, HalTH €€ o01ee perieHue.

JIBe cucTeMbl Ha3BIBAIOTCS JKEUBALEHMHbLIMU (PABHOCUIBHBIMHU), €CJIH OHU
MMEIOT OJTHO U TO e oOlee peiienue. J[pyrumMu cioBaMu, CUCTEMbl SKBUBAJICHTHBI,
€CJIM KaXKJ10€ pellIeHrnEe OJIHON U3 HUX SIBJIIETCA PELICHUEM IPYToi, 1 HA00OpOT.



OKBUBAJICHTHBIE CHUCTEMBI IIOJYYarOTCsS, B YACTHOCTH, IPU 21EMEHMAPHLIX
npeobpazoeanusx CUCTEMBI NIPU YCIIOBUH, YTO NMPEOOpa30BaHMsI BBIIOIHIIOTCS JUIIb
HaJl CTPOKaMH MaTpPULBI.

Cucrema TUHEHHBIX YPaBHEHHH HA3bIBACTCS 0OHOPOOHOU, €CIN BCE CBOOOIHBIC

YJICHBI paBHbI Hy.THO:
a11x1 + alzxz + -4 alnxn == O

Am1X1 + ApaXy + - Xy = 0
OpHoposiHast cucTeMa BCErjla COBMECTHA, TaK Kak X; = X2 = ... = x, = () sBasercs
pelIeHUEeM CUCTEMBI. JTO PEIICHUE HA3BIBACTCS H)1e6bIM WU MPUBUATLHBIM.

2x1—x2=0

Ilpumep 4.3. Pemuts cucreMy {x +3x, =7
1 2 =

_ 12 0]_

PemeHne:Azﬁ _31|=7¢0, A1:|g _31|=7, b= =14

7 14
3HauuT, X = - =1, X, =—=2
’ 7 7

IHpasuao Kpamepa

Teopema. Cucmema us n ypasHeHuti ¢ n HeU38eCMHbIMU
a X, +a,x,+..+a,x, =b
a, X +anx, +..+a,,x,=b,

ayx +a,x,+..+a,x,=b

n

8 cnyuae, eciu onpeoeiumenb MAmMpuysbl CUCMEMbl He paeeH HyIl, umeem
e0UHCMBEHHOe peuieHue U Mo peuleHue Haxo0umcs no hopmynam:
xi = A4/A, 20e

A = det A, a Ai — onpederumens mampuysl, NOIYYAEMOU U3 MAMPUYBL CUCTEMDL
3amenol cmoaoya J cmonoyom c60000HbIX UeH08 by
CyTb mMemooa I'aycca 3axkntoyaercs B MOCJIEI0BATEIIBHOM UCKIIOUCHUU
HEN3BECTHBIX.

PaccmoTpum cucteMy JIMHEWMHBIX YPABHEHUM:

anx tapx, +..+a,x, = bl
a, X +anXx, +..+a,,x, =0b,

a,Xx +a,x,+..+a, x, =0b,

n

Pazgenum 06e yactu 1-ro ypaBHeHus Ha ai1 # 0, 3aTeMm:

1) yMHOKHUM Ha a21 U BBIYTEM U3 BTOPOr'O YpaBHEHUS

2) yMHOXKHMM Ha a3] U BBIYTEM U3 TPETHETO YPABHEHHUS U T.]I.
[Tomyuum:



X +d,x, +..+d x =d,

1n“"n

d,x,+d.x, +.+d, x =d .
BB w2t rnedy = ay/an, j=2,3, .., ntl.

d,x,+d +.+d, x,=d
dij = aij — aidy i=2,3 ..,n  j=23 ..,ntl
Jlanee moBTOpsieM 3TH e JACHCTBUSI JIJI1 BTOPOTO YPABHEHUSI CUCTEMBbI, TTOTOM — JIJIsI
TPETHETrO U T.]I.
K snemeHTapHbIM npeoOpa3oBaHUsSIM OTHOCSATCS:
1) IlpuGaBnenue Kk 00€UM YACTAM OJHOTO YPAaBHEHUS COOTBETCTBYIOUIMX YacTel
JIPYroro, yMHOKEHHBIX Ha OJTHO U TO K€ YHCIIO, HE PABHOE HYJIIO.
2) IlepectaHoBKa ypaBHEHUI MECTaMHu.
3) VYnaneHue U3 CUCTEMbl YPABHEHUM, SBISIOIIMXCS TOXKIESCTBAMU ISl BCEX X.
3anaHud I NPOBeleHUs MPAKTHYECKOH padoThl
1.BBIYUCINTE ONPEAETUTEIN BTOPOTO MOPSIKA!

-K 2+K K 52 0,5 <
na=[ " a3 T 3as] O K64
K, K, 5 3k, 6 (0,5)—3 /42

2.BBIYUCIUTD ONPECTUTENIN TPETHETO MOPsIKA:

-1 3x, 2 3k, 4 -5 1 -2 «k -k,
DA={2 8 «k,|, 2)A=|8 Tk,-2 =2, 3) A=]3 -5
1 1 2 2 -1 8 2k, 5
3.Pemmmts cucremy ypaBHeHHM MeToaoM Kpamepa, caenats npoBEpPKY:
2x+y+3z=17, 2x—y+2z=3, 3x—y+z=12, 2x-y+3z=-4,
132x+3y+z=1, 2:x+y+2z=-4, 3:ix+2y+4z=6, 45x+3y+3z=11,
3x+2y+z=6. 4x+y+4z=-3. Sx+y+2z=3. x—=2y+2z=-7.
3x-2y+4z=12, 8x+3y—6z=-4, [4x+y—-3z=9, 2x+3y+4z =33,
543x+4y—-2z=6, 6x+y—z=2, Tix+y—z=-2, 847x—5y =24,
2x-y—-z=-9. 4x+y—-3z=-5. 8x+3y—-6z=12. 4x +11z =39.
2x+3y+4z=12, x+4y—-z=06, 3x-2y+4z=2], 3x-2y-5z =35,
9:47x -5y +z=-33, 1045y +4z =-20, 1153x+4y—-22z=9, 12:2x+3y—-4z=12,
4x+z=-T7. 3x=2y+5z=-22. 2x-y—-z=10. x—=2y+3z=-1.
4x+y+4z=19, 2x—y+2z=0, 2x—y+2z=8, 2x—y—-3z=-9,

1342x—y+2z=11, 1444x+y+4z=6, 155x+y+2z=11, 16:5x+5y+z=20,
x+y+2z=8. x+y+2z=4. 4x+ y+4z=22. 3x+4y+2z=15.



2x—y—-3z=0, —3x+5y+6z=-8, 3x+y+z=-4, 3x-y+z=-11,
17:3x+4y+2z=1, 1843x+y+z=-4, 194-3x+5y+6z=36, 20:5x+y+2z=8,
X+5y+z=-3. x—4y-2z=-9. x—4y-2z=19. x+2y+4z=16.
3x-y+z=9, 2x+3y+z=4, 2x+3y+z=12, x—2y+3z=14,
2145x+y+2z=11,222x+y+3z=0, 23:2x+y+3z=16, 2452x+3y—4z=-16,
x+2y+4z=19. 3x+2y+z=1. 3x+2y+z=8. 3x-2y—-5z=-8.
3x+4y-2z=11, x+5y—-6z=-15, 4x -y =-6,
2542x—-y -z =4, 2643x+y+4z=13, 2743x+2y+5z=-14,
3x-2y+4z=11. 2x-3y+z=09. x—=3y+4z=-10.
Sx+2y—-4z=-16, x+4y—-z=-9, Tx+4y—z=13,
284x+3z=-6, 2944x—-y+5z=-2, 3043x+2y+3z=3,
2x-3y+z=09. 3y—T7z=-6. 2x-3y+z=-10.
Bapuanm | «, K, Bapuanm | « K, Bapuanm K, K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KonTpoJibHBIE BOIIPOCHI:
Uto Ha3bIBAaETCS ONPENETUTEIEM MATPULIBI?

Kak BbIUHCIUTE ONpPENEIUTENb BTOPOro Nopsaka?
Kakue criocoObl BEIYUCICHUS OMPEIEIUTENS TPETHEro NopsaKa BaM U3BECTHBI?
[IepeuncnuTe CBOMCTBA ONPEACITUTEIICH.
Cdhopmynupyiite Teopemy Kpamepa.
Anroputm npumeHeHns metoaa [aycca.

OT1BeTBI
Bapua 1 3amanue 2 3aJlaHue Bapua 1 3amanue 2 3aJ1aHue
HT 1 2 3 1 2 3 HT 1|2 |3 1 2 3

1. - 6 - - - 12 | 16. - 163 - (-89 -100 | 10
1 18 | 84 | 220 | 7 1 24 9
5 0 6 4

2. - -63 - - | -68 | 55| 17. - - |68 [-72| -68 |45
3 24 | 63 4 | 65




2 4 0
3. - 6 - - | 237 | 26 | 18. -1 4| - |52 232 |60
3 18 110 | 2 1 1 11
9 0 | 4 0 6
4. - =71 |20 - | -68 | 63 | 19. 1) - 114|-9 -68 | 59
1 45 61790
6
3. - | =219 - - | 121 | 18 | 20. - (14| - [-64| -220 | 90
2 18 194 | 2 5 1|6 |11
4 0 0 6
6. - | =373 |-52| - [ 402 14 | 21. 0| - 12 ]-21| 8092 | &5
4 20| 8 5 92
0 5
7. 4| -229 | 14| - | 130 |-23 | 22. 2| - 1761-24| 2500 | 9
0 0 |19 8 9130
2
8. - 162 - - - | 28] 23. 4 123120 |-16| 1308 | -
3 37 | 13 {220 | 6 5] 1] 4 85
0 2 | 8
9. 4 | 87 |39 27| -68|-65|24. 31 -126(09 -68 | -9
8 6 2 183 8
10. 4| -8 |33 |18 | -68 |-35| 25. 0| - |12 [-20| 10628 | 90
0 2 60
0
11. 1| -304 | 14 | - | 250 |-68 | 26. -1 15 - - -220 | 17
0 0 24| O 218 (24110 2
0 4 | 2
12. - | =223 |-52| - | 130 | 91 | 27. 2| - |76 |-18| 1308 | 27
2 36 | 8 0|22
0 7
13. 3 156 | 20 | -8 | 452 | -27 | 28. 1|22 - [-73| 1212 | 12
9 4 419 11 3
6
14. 1 63 26 |31 - | 45| 29. 81 - | - |-29] 4028 | -
6 8 100 0|37 14 12
910 5
15. 4 | -377 |76 | - |402|-15| 30. 3165|3346 | -100 | 55
0 26| 8 0 2




BAPHUAHT 1 2 3 4 5
A 12,36,24,12 | -6,12,18,2 -12,36,24,- | §8,-8,28.4 -60,0,240,-
12 300
X, Y, Z 3,2,1 -2,3,-1/3 3,-2,1 -1, 3,5, 0,5 10,-3,5
BAPUAHT 6 7 8 9 10
A -1,-1,-6,-5 | 1,3,-6,-1 -261, - 61,- 96,96,0,-
1827, 1305, | 122,244,61 | 480
-261
X, Y, Z 1.,6,5 3,-6,-1 7,5, 1 -2,4,1 1,0,-5
BapHUaHT 11 12 13 14 15
A -60,- 58,174,116,0 |-6,-6,6,-24 |6,0,12,6 -6,-6,-12,-
300,60,-60 24
X,Y,Z 5,-1, 1 3,2,0 1,-1,4 0,2,1 1,2,4
BapUAHT 16 17 18 19 20
A 44,- -44,-44,44,-44 | -49,49,- 49,-109,- 27,0,270,-
44,176,44 245,294 651,782 27
X,Y,Z -1,4,1 1,-1,1 -1,5,-6 -109/49, - 0, 10, -1
93/7, 782/49
BApUAHT 21 22 23 24 25
A 27,9,- 12,-12,24,0 12,- -58,-58,116,- | -60,-180,-
60,156 12,36,60 174 60,-60
X,Y,Z 1/3,- -1,2,0 -1,3,5 1,-2,3 3, 1,1
20/9,52/9
BAPHUAHT 26 27 28 29 30
A 104,208,- | 99,-99,198.- 67,-150,- 92,-92, - 102,0,306,-
104, 208 297 329,-84 184, 0 102
X, Y, Z 2,-1,2 -1,2,-3 -150/67, -1,-2,0 0.3, -1
-329/67, ’

-84/67




IIpakTnyeckas padora No 2

1o teme «Pemenne MmaTpu4HbIxX ypaBHenunid, CJIAY MaTpuYHbIM METOTOM.
Hesb: Hay4YUTHCS BBIYUCISITH MUHOPBI, alIT€OpandyecKue JOMOJIHEHUS, HAXOAUTh

oOpaTHbIe MAaTPULbI, peliaTh NpPOCTEHIINE MaTpUuHble ypaBHeHus, CJIAY

MaTPUYHBIM METO/IOM.
Bpems BbinosiHenus 90 MUHYT

MarepuajbHoe obecneueHme

1. TeopeTnueckue cBeaCHUS

2.3amaHue

3.JIuct A4

4 KanbKyJIsITOpbI

IHopsinok BeIMOIHEHNsI padOThI

1.3yunth 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUS

3. BeimoauTh 11 0GOPMUTE pabOTy

4 .I1okazaTp pe3yJIbTaThl IPEMOJABATENIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Xoa padoTsl

Teopernueckue cBeieHus

Munopom HEKOTOPOTO 3JEMEHTa a; ONpPEACNUTENs n-20 TMOPSAKAa Ha3bIBAECTCS
onpeaenuTeNlb 1 — 1-ro MopsiaKa, MOJYyUYEHHBIH U3 UCXOJHOTO MYTEM BBHIYEPKUBAHUS
CTPOKH W CTOJOIIa, HAa TMEPECEYCHHH KOTOPHIX HAXOJUTCS BBIOPAHHBIM AJIEMEHT.

O6o3Hauaercs m;;.
a1 aq2 ag3
Tak ecniu A= |Gz1 Az Az3], TOMyq = [

azo a23]
)
az1 Az A3z

My, = |
aszp; dz3 32

aiq
azq

a13|

azs

Anzeopauueckum OonoiHeHuem dSIEMEHTA @ OIPEACIUTEN] Ha3bIBACTCS €ro
MUHODP, B3ATBIA CO 3HAKOM «ILIIOC», €CIU CyMMa [ + j — YETHOE YHCII0, U CO 3HAKOM

«MHHYC», €CIIH 3Ta cyMMa HeuéTHas. O6o3Hauaercs Ajj: Ajj= (-1)' " * myj,

Tak, A1 = +my, A2 = -m3.

Ceoiicmeo («Pa3noxenue omnpenenurens IO 3JIEMEHTaM HEKOTOPOro psaan).
Onpenenutenb paBeH CyMME IPOU3BENCHHUIM 3JIEMEHTOB HEKOTOpPOro psja Ha

COOTBCTCTBYIOIIHNC UM aHFe6paI/I‘I€CKI/I€ JOITIOJIHCHU .

[TpousntocTpupyeM UM OJHOBPEMEHHO JOKaXeM CBOWCTBO 7 Ha TpUMEpE

ompeaenuTens 3-ero nmopsjaka. B atom ciydae cBOMCTBO 7 03HAYaeT, 4TO
a1 Aq2 Qg3
A= [Az1 Q22 Q23| =ayq xAjq +aqp ¥ Ajp + ag3 x Ags
az1 Az dsz3
B camom nene, numeem

A1 *Aqq + Ay ¥ Agy F A2 Az == a « | %22 a23|+a *(_|a21

11 * A1 12 * A1z 13 * A13 1% gy, aas 12 Q31
Az1 Q2| _

Q13 ** lasy  asyl a11(A22033 — Az3a37) — A12(A21033 — Az3a31) +

ay3(az1a3; — Azy031) =

azs
ass

)+



= 041052033 — Q11073037 — Q1021033 + A1203303; + A1303103, — Ag305,0317 = A

CBOWCTBO COIEPKUT B ceOe criocod BHIYUCIECHUS ONPEEIUTENEH BHICOKUX

IIOPSIKOB.
IIpumep. Berunciure onpeaenuTesns MaTpULibl
3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenwue: [{nst paznoskeHus onpeaenuTeis 00bIYHO BRIOUPAIOT TOT Psf, TA€ €CTh
HYJIEBBIE 3JIEMEHTBHI, T.K. COOTBETCTBYIOIIME UM CIIaraeMbI€ B pa3ioKEHUU OyayT
PaBHBI HYJIIO.

S0l 5 7 8 5 7 8 5 7 8
0532=3*532+1*532+0*701—1*
1 —1 7 a -1 7 4 -1 7 4 -1 7 4

5 7 8

7 0 1[=3* (7«3 x4+ (1) *0*x2+5*7x1-(=1)*3 =%

5 3 2
1-7%7%2-5x0*4)+ 5*x3 x4+ (—=1)*x7x*24+5x%7x
8-(-1) *3+*8-5%x7%4-5«x7%2)-(5*x0*x24+7x*1xx54+7x*

3*x8-5*%0*x8-3*x1x5-7=%7x%2)=122

Ceoticmeo. CymMa MPOU3BENICHUN SJIEMEHTOB KaKOTO- JIMOO psifia ONpeaeuTeNs Ha
areOpanyeckre OTOJHEHUS COOTBETCTBYIOIIMX AJIEMEHTOB MapajlieTbHOTO psiia
paBHA HYIIIO.

Tak, nanpumep, a1z + a2Az2 + aizAz2; = 0

HaxoxaeHue o0paTHOM MATPHUIIBI.

a1 ai, A1n

a,q aso arn
HYCTB A — KBaJipaTHas MaTpHlia 7-ro rnopsaka A=

an1 an2 v Aum

KBagpaTtHas maTtpuiia A Ha3bIBAECTCS HEBbIPOMHCOECHHOU, €CIU ONPENEIUTeNb A =
det A ne paBen Hymo: A = det A = 0. B nporuBaOoM ciyuae (A = 0) matpuma A
HA3bIBACTCS 8bIPOHCOCHHOU.

Marpuueii, coro3noit Kk mampuye A, Ha3pIBa€TCS MaTpUla

All A21 Anl
. |4, 4, .. A
A — 12 22 n2
A4, 4, ... 4,
rae Ajj — anreOpanyeckoe JONOJHEHUE 3JIEMEHTA «; AAHHOW MaTpuibl A (OHO

OIIpEAEIIAETCS TAK )K€, KaK U alIredpandeckoe JOTOIHEHNE 3JIEMEHTA OIPENEIUTENS).
Marpuna A HazsiBaeTcs 06pammoii MaTpuLEe A, €CIIU BBIIOJIHAETCS YCIOBHE

A*Al=AT1*A=E,

rie E — equnuyHas MaTpuiia TOro Ke Mmopsjaka, uTo W marpuna A. Marpuma A’

UMEET T€ K€ pa3Mephl, UTO U MaTpua A.



[e—

OOparnas maTpuua.
Teopema Bcaxas nesbipodcoenHas mampuya umeem 0OpamHyio.

A 1 <A11 Ay; Aszg

A_l = , T.€. A_l = —% AlZ A22 A32
detA4 detA

¢ ¢ Az Ayz Ass

OTMeTHM cgoticmea 0OpaTHON MaTPUIHI:

. det (A1) =1/det A;
2. (A*B)'=B"* A,

(A-I)T — (AT)-I .

Ipumep. Haiitu A, ecin A= (_21 i)

Pemenne: 1) Haxonum det A: detA = |_21 i =24+3=5+%#0
2) Haxoaum A*: A= 1, Ar = —3, Ap=- (—1) = 1, Axn = 2,
« (1 =3
noatomy A* = (1 5 ) 1 3
3) Haxomum A™': A71 = %(1 _23) = (1/5 5 /5>
/s /s
[Iposepka:

Ax A-1 = ( 2 3) . (1/5 —3/5) _ ( 2/5+3/5 —-6/5+ 6/5) __ (1 O)
-1 1 1/5 2/5 -1/5+1/5 3/5+2/5 0 1
=F

Ipumep. Omnpenenuth NMpu KaKuX 3HAYEHHUSX O CYIIECTBYET MaTpulia, oOpaTHas

JTaHHOU
1 -2 2
A= (a 3 0)
2 1 1

Pemenue: Bcesikas HeBbIpOXkIEHHass Marpuua uMeeT oOparnHyro. Haiiném
ONPEIEINTENb MAaTPULBI A

—_

1 -2 2
AA = 3 0/=3-0+ 2a0a-12-0 4+ 2a = 4a-9
2 1 1
Ecmu 40 —/9 = 0, v. o = 9/4,/ro AA = 0, T.e. MaTpuIia A HEBBIPOXKIACHHAS, UMEET

oOpartHy10.
IIpumep. [lokazaTs, uro MaTpuia A gBisieTcst oOpaTHoi it B, ecin

1 1 1 3 -3 1
A=(1 2 3>,B=(—3 5 —2)
1 3 6 1 -2 1
Pemenne: Haiiném npousBenenne matu A u B:
1 1 1 3 -3 1
A*B:(l ; 3)*(_3 ; _z)
1 3 6 1 -2 1
3—3+1 —-3+5-2 1-2+4+1 1 0 O
=<3—6+3 —-34+10—-6 1—4+3)==(0 1 0>=E
3—-94+6 —-3+15—-12 1-6+6 0 0 1
Amnanorndyno B * A = E, cnenoBarensHo, MaTpuiia A sBisieTcst 00paTHoi 11 B.



[lycTh nana cucreMa n JMHENHBIX YPABHEHUN C 71 HEU3BECTHBIMU
a11x1 + a12x2 + -+ alnxn = b1
a,1Xq + ar,>Xo + -+ aann = b2
An1X1 + ApaXy + o+ A Xy = by
WM B MaTpuuHoil popme A * X = B.

OcHoBHas MaTpulla A Takoil cucTeMbl KBaapaTHas. OnpenenuTens 3TO MaTPULbI
a1 - Qin

A=

Ani - Qpn
Ha3bIBACTCS onpedenumenem cucmemvl. ECIU ONpeneuTeNlb CUCTEMbl OTJIMYCH OT

HYJI, TO CUCTEMAa HA3bIBAETCS HEQbIPOHCOEHHOU.

Haiiném pernreHne 1aHHOM CUCTEMBI YpaBHEHUH B citydae A # 0.

VMHO)UB 00¢ yacTu ypaBHeHus A * X = B cnepa Ha matpuiy A, momyunm A * A
* X =A"1*B. Ilockoneky A' * A=EuE*X=X,10 X=A"*B.

OTpICKaHME pelieHust cucTeMbl 1o Gopmyrie (4.1) HA3BIBAIOT MAMPUUHBIM CHOCOOOM
pEeLIEHUs] CUCTEMBI.

3aganus 1JI BbINOJHEHUS NPAKTUHYECKOU PadOThI

3aganme 1
2 1 1 & 1 -2 1 «,
JlaHbI ONpEACTUTETH: 1) A = bz ,  2)A= B ,
3k, 21 4 1 -3 -2 4
-2 1 3 -3 1 2 3 4

1) Haiit MUHODBI 1 anreOpandecKue MOMONTHEHHS JIEMEHTOB d;3, d;;

2) BBIYUCIUTE ONIPEACIIUTEINN, PA3JIOKUB UX I10 AJIEMEHTaM a) 1-0H CTPOKH, 0) j-TO
cTONOIa

Bapuanr K| K, i j Bapuaunr K, K, i j
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 | 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2




14 -4 -1 1 2 29 -2 5 2
15 -1 5 3 1 30 -5 -1 1
kK, =2 -1
3ananme 2. Jlana maTpuia A=|2 1 2 |. Haiitn
3 -k, 4
a)A™" unposepumo, umo A-A” = A" -A=E
6) A+ A"
Bapuanm K, K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 1 17 5 |
3 3 -4 18 2 0
4 2 1 19 -2 |
5 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
3ananue 3
1. Peminth cucteMbl ypaBHEHH € MOMOILbIO 0OPAaTHOM MAaTPHULIbI (MATPUYHBIM
METO/IOM).
2x+y+3z=7, 2x—-y+2z=3, 3x—y+z=12,
1.142x+3y+z =1, 125x+y+2z=-4, 1.35x+2y+4z=6,
3x+2y+z=6. 4x+y+4z=-3. Sx+y+2z=3.
2x—y+3z=-4, 3x-2y+4z=12, 8x+3y—6z=-4,
l4<x+3y+3z=11, 1.543x+4y-2z=6, 1.6sx+y—z=2,
x=2y+2z=-7. 2x—y—-z=-9. 4x+y—-3z=-5.
4x+y—-3z=09, 2x+3y+4z =33, 2x+3y+4z=12,
1.74x+y—-z=-2, 1.847x -5y =24, 1.947x -5y +z=-33,
8x+3y—-6z=12. 4x +11z =39. 4x+z=-7.




x+4y—-z=6, 3x-2y+4z=2], 3x-2y-5z=35,
1.1045y +4z =-20, 1.11:3x+4y-2z=9, 1.1242x+3y -4z =12,
3x=2y+5z=-22. 2x—y—-z=10. x=2y+3z=-1.
4x+y+4z=19, 2x—-y+2z=0, 2x—y+2z =24,
1.1342x—y+2z =11, 1.14<4x+ y+4z =6, 1.15sx+y+2z=11,
x+y+2z=8. x+y+2z=4. 4x +y+4z=22.
2x—y—-3z=-9, 2x—y—-3z=0, —3x+5y+62z=-8§,
1.164x+5y + z = 20, 1.17<3x+4y+2z=1, 1.1843x+y +z =4,
3x+4y+2z=15. xX+5y+z=-3. x—4y—-2z=-9.
3x+y+z=-4, 3x—y+z=-11, 3x—y+z=9,
1.194-3x+5y + 6z =36, 1.2045x+y+2z =38, 1.2145x+y+2z=1],
x—4y-2z=19. x+2y+4z=16. x+2y+4z=19.
2x+3y+z =4, 2x+3y+z=12, x—2y+3z=14,
1.2242x+y+3z=0, 1.2342x+ y+3z =16, 1.2442x+3y -4z =-16,
3x+2y+z=1. 3x+2y+z=8. 3x-2y—-5z=-8.
3x+4y-2z=11, xX+5y—6z=-15, 4x—y=-6,
1.2542x-y—-z=4, 1.263x+ y+4z =13, 1.2743x+2y+5z=-14,
3x-2y+4z=11. 2x-3y+z=0. x—=3y+4z=-19.
Sx+2y—4z=-16, x+4y—-z=-9, Tx+4y—z=13,
1.284x+3z=-6, 1.2944x—y+5z=-2, 1.3043x+2y+3z=3,
2x-3y+z=09. 3y—T7z=-6. 2x-3y+z=-10.
OTtBeTbI
3aganmue 1
BapuaHT | Miz | Myj | Aiz | Ay A | BapuaHT | Miz | My | Az | Ay A
l. S72 0 -52 1 72 ) 52 | 58 16. 33 15 | 33 | -15 | 24
50 | -30 | -50 | 30 | 160 25 1 65 | 25 | -65 | 175
2. 9 15 9 | -15 ] 18 | 17. 27 1026 | =27 | 26 14
-15 | 55 | -15 | -55 | 145 50 | -15 | -50 | -15 | 160
3. 14 | -88 | -14 | 88 | 82 | 18. -19 5 -19 | -5 | 47
50 | -40 | 50 | 40 | 180 -12 | 60 | -12 | -60 | 120
4. -19 6 -19 6 26 | 19. 15 | -33 | -15 | 33 | 42
-19 | 10 19 10 | 115 -2 | -15 2 15 | 55
5. 7 10 -7 | -10 | 70 | 20. 721024 | 72 | 24 | 89
-11 | 75 | -11 | 75 | 170 50 10 | -50 | 10 | 130
6. 36 54 | 36 | 54 | -90 | 21. 35 | 25 | 35 | 25 |-200
5 5 -5 5 100 15 15 | -15 | 15 | 115
7. 93 -6 93 -6 | <72 | 22. 74 | -10 | -74 | 10 |-106




50 10 50 10 85 10 40 -10 | -40 | 100
8 46 -58 | -46 58 20 | 23. -44 -6 -44 -6 -86
-8 -30 8 30 | 250 -33 10 -33 10 &0
9 -61 | -35 61 35 58 24. 27 73 | =27 | -73 50
-15 55 15 -55 -5 50 -15 50 -15 25
10. 27 =30 | 27 30 54 25. 258 -5 | -258 5 -239
50 55 -5- | =55 10 50 20 50 | =20 | 120
11. -39 | 278 | -39 | -78 [-129 | 26. -54 | -54 54 54 27
-40 0 40 0 100 -30 | -30 30 -30 | 190
12. 21 12 21 | -12 | 230 | 27. -34 -6 -34 -6 -58
7 -5 -7 5 100 -33 10 -33 10 90
13. -40 0 40 0 20 | 28. -13 | -115| 13 |-115] 110
-10 10 10 10 60 -11 | -35 11 -35 | 135
14. -39 | -19 | -39 | -19 | 200 | 29. 21 | -15 21 15 | -186
50 25 | 50 | 25 | -25 5 35 -5 35 | 115
15. 34 | -10 | -34 10 | -154| 30. -39 | 42 | -39 | 42 | 222
-47 35 -47 | 35 | 110 50 25 | -50 | 25 -50
3aganue 2
1 2 3 4 5
0 6 -3 6 9 -3 4 -4 3 6 9 -3 2 -5 3
%[—2 15 —a] 7?_[—2 15 —a] 1—‘3[ 2 _-15 8 7‘][—2 11 —5] I]:[ 2 _15 a]
1 —12 7 A5 _3 7 -5 18 -7)| \-5 _4 ¢ -3 15 -7
6 7 8 9 10
14 13 -3 ~10 —-11 3 0 6 -3 -6 -9 3 -6 -0 3
3—‘][ -2 7 —4] ;[ 5 -2] %[-2 27 -14 ;[ 2 21 -10 i1[ 2 17 -s]
~13 -1 5 9 12 -2 1 —-18 10 “ls5 12 2 ) ls 11 1
11 12 13 14 15
-12 -12 3 10 11 -3 -8 —-10 3 -2 -7 3 14 13 -3
l[z 5 —2] ﬁ—‘g[-z 7 -4 #[2 9 —4 ;[2 13 —ﬁ] L | c.]
11 14 -2)| \-9 -3 5 7 12 -1 1 2 0 ~13 -11 3
16 17 18 19 20
2 7 -3 6 0 -3 4 8 -3 -6 -9 3 0 6 -3
—[—2 19 —m] —‘[—2 23 —12] i[—z 11 —5] 1[ 2 5 —2] —‘[—2 11 —ﬁ]
=] 15 3 3
-1 -10 & -5 -1 9 -3 -6 6 5 8 _2 1 —10 6
21 22 23 24 25




18 15 -3 12 12 -3 —10 —11 3 -6 -9 3 20 16 -3
7‘1[—2 3 —2] i[—z -1 .:.] %_[2 9 —4 ]—‘5[2 13 —5] i[—z 3 _2

-17 -6 4 ~11 -10 3 9 15 -1 5 10 0 -19 -6 4
26 27 28 29 30

0 6 -3 10 11 -3 2 -5 3 ~14 -13 3 -2 -7 3
é[—z 19 —m] %[—2 -1 D] %[2 -11 f:] ]—‘][ 2 5 —2;‘;[2 17 —8]

1 -14 8 -9 -9 3 -3 12 -6 13 16 -2 1 1 1

KonTpoJibHBIE BONIPOCHI

Yrto Ha3bIBAE€TCSI MUHOPOM?

Yto Ha3bIBaeTCI anre6pa1/1quKHM JOITIOJIHCHUEM DJICMCHTA ManI/II_II)I?

Kak pa3noxuTh onpeaenuTeipb o 3JIeMEeHTaM CTOJIOLA WU CTPOKU?

Kakas maTpuna Ha3pIBaeTCs HEBBIPOKIACHHON ?

TpaHcioHMpOBaHHasA MaTpPULIA.
Kakast MmaTpuna Ha3pIBaeTCss 00OpaTHOM MO OTHOLLIEHUIO K JAHHOW?
KakoB nops10k BeIYKMCIIEHUS 0OpaTHON MaTpHILIbI?
ANTOpUTM peleHus NPOCTEUIIEr0o MATPUYHOTO YPAaBHEHHUS




IIpakTHyeckasi padora Ne 3
no teme «/leiicTBUSI HAl KOMIVIEKCHBIMH YHMCJIaMU B ajredopanyeckoii gopme»
Hesb: Hay4YuTh BBINOIHATH IEUCTBUS C KOMIUIEKCHBIMH YHUCIIAMU B alreOpandeckoit
dbopme
Bpems BbinmosiHeHuss 90 MUHYT

MarepuanbHoe obecneueHme
1. TeopeTnueckue cBeaCHUS
2.3amaHue
3.JIuct A 4
4 KanbKyJIsaTOpbl
IHopsinok BbINOIHEHHsI padOThI
1.A3yunrts 3amanue
2. I3y4nTh TEOPETUYECKHUE CBEICHHUS
3. Beimonauth 1 0OpMHUTH paboTy
4.Iloka3aTp pe3yJIbTaThbl MPENOIaBaATEIIO
JomaniHee 3a1aHue
1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeeHU
Omnpenenenne. KoMIIEKCHBIM YHCJIOM I Ha3bIBAETCS BBIPAXKEHUE z= a + ib, TAE

a U b — nelcTBUTENbHBIE YWCA, [ — MHHMasi €IMHUIA, KOTOpas OMNpEeaeseTcs
COOTHOIIEHHEM: 7> =-1;  i=+/-1.

[Ipu 3TOM 4YMCIIO @ Ha3bIBAEeTCS IeliCTBUTENbHON YacThblo uncia z (a = Re z), a
b- MuuMoOi yacTtbio (b = Im z).

Ecnu a =Re z =0, T0 uncino z OyaeT 4ucTo MHUMBIM, €Cii b = Im z = (), TO YUCIIO
z OyJleT NeUCTBUTEIbHBIM.
Omnpenenenne. Yucina z=a+ib U Zz=a-—ib Ha3BIBAIOTCA KOMILIEKCHO —
CONPSKEHHBIMM.
Onpenenenue. /[Ba KOMIUIEKCHBIX YHCHA z =a, +1b, W z = a, +ib, HA3bIBAIOTCA
PaBHBIMM, €CJIM COOTBETCTBEHHO PaBHbI UX ACHCTBUTEIbHBIE I MHUMBIE YaCTH:

a, =4, b =b,;
Onpenenenue. KoOMIUIEKCHOE YHCIIO PaBHO HYJ, €CIIM COOTBETCTBEHHO DPaBHBI
HYJIIO JICHCTBUTENIbHAS 1 MHUMAs YacCTH.
a=b=0.

JeiicTBHSI HAl KOMIJIEKCHBIMM YHCJIAMU B ajiredpanyeckoii popme.
OCHOBHBIE JICHCTBUA C KOMIUIEKCHBIMHA YHUCIIaMHU BBITEKAIOT U3 NEHUCTBUU C
MHOTOYJIEHAMH.



Cii0:xeHHe U BLIYUTAHHUE
PaccmoTpum 1Ba KOMIUIEKCHBIX YHCIIA, 33JaHHBIX B 00IIEM BUE Z1 = a1+iby;

Zr=ax+iby, TOorma
Z = Zl i Zz - (Cll + lbl)(az + lbz) = (al i az) + l(bl i bz) =a i lb

MoxHo chopMynHpOBaTh IPABUIIO CIIOKEHUSI W BRIYMTAHUS KOMIUIEKCHBIX YUCEN:
MIPU CJIOKEHUU (BRIUYMTAHUH ) KOMIUIEKCHBIX YHUCENI COOTBETCTBEHHO CKJIABIBAIOTCS
(BBIYUTAIOTCS ) X ICMCTBUTEIBLHBIC 1 MHUMbBIC YaCTH.

YMHOXxeHHne

7=717>=(a1+ib1)(az+ib2) =ajaz+ia;bo+ibiax+i’bib,=a+ib
7=717>=(aiaz-b1b2)+ 1 (a1b+biay)

( T.€. MOXXHO TOBOPUTH, UYTO MEPEMHOKAIOTCS KOMILIEKCHBIE YMCJIa KAK MHOTOUJICHBI,
y4HTBIBasg, 4TO 1> = -1). 3HAUMT, 4TOOBI IIEPEMHOXMTH JBAa KOMIUIEKCHBIX YHCIIA
HEOOXOAMMO MEPEMHOKUTE MX KaK MHOTOUYIEHBI, YUYUTBIBAs, 4TO 12 = -1.

Jlesienue

[Ipu BBINOJHEHUH AEIEHHS] KOMIUIEKCHBIX YMCEI MOJIb3YIOTCSA NCKYCCTBEHHBIM
OpUEMOM: YHUCTUTENb U 3HAMEHATENb IPOOH YMHOXKAIOT HA YUCII0, KOMILIEKCHO -
COMNPSKEHHOE 3HAMEHATEN0 IpoOU, U MOCTYNAIOT Jjajiee TaK, KaK U PU YMHOKEHUU
KOMIUIEKCHBIX YHCEJL.

Ipumep.
Z1=5—i;
7,=-2+31;
z _ 5-i_ (5-)*(=2-3)) :—10+2i—15i+3i2:—13—13i:_1_i
z, —2+43i (2+3i)*(-2-3i) 4-9;* 13

3aganus NpakTHYeCKOH padoThl

b

1./laHbl KOMIUIEKCHBIE YUCHA BBIYUCIHUTD Yz =2z, +2,. Z, —Z,; Z,'Z;
2

2
l.z,=5-1; z,=1+3i 16.z, =5+1i; z,=1-2i
2.z, =3-4i; z,=1+i 17.z, =3+i; z,=5-2i
3.z, =1=-5i; z,=1+4 18.z, =1-5i; z,=1+3i
4.z, =1+3i; z,=T7-i 19.z, =5-i; z,=1+3i
S5.z,=1-i; z,=T7+3i 20.z, =1+3i; z,=-2+5i
6.z, =1-i; z,=5-4i 21.z,=34+4i; z,=-2+i
7.z, =3+4i; z,=-2+i 22,2, =5=-2i; z,=-2+i
8.z, =—1; z,=T7+4i 23.z,=7-2i; z,=5+3i
9.z, =6-5i; z,=1+i 24. 2, =7-3i; z,=-1+4i



e A il

10. z, =—=1+5i; z,=2-5i 25.z,=-2+3i; z,=5-4i

1.z, =5-7i; z,=1-3i 26.z, =-3+2i; z,=6+5i
12. 2z, =-3-2i; z,=-1+Ti 27.z,==1+T7i; z,=4-5i
13.2,=5+2i; z,=2-i 28.z, =4+5i; z,=1-2i

14.z, =1+5i; z,=2-3i 29.z, ==1+3i; z,=6-5i
15.z, =1-4i; z,=1+2i 30.z, =-3-2i; z,=4+3i

2. BoinoaHUTh A€MCTBUS HAJl KOMIUIEKCHBIMH YHCIIaMU B ajiredpandeckoit popme

1)11)21)11_+2"l_ (i_zj

5 5

2(1-i3)
1+i\/§ ’

1_ A\ 20
3)13)23) (ﬁj +i'7;

2)12)22)

4)14)24) 12200520 0.

241

5)15)25) 2(“’I 3 _1+i3):

6)16)26) %—(0,1—0,31‘);
1

2(1-i3)

iW3-i)’

$)18)28) a —32(1 + 3i)
l

(1+h/_)

N17)27)
-2i";

9) 19)29) 0 N2)"

10)20)30) (4;") 82— i"):
1

KoHTpoJsbHbIE BONIPOCHI

YTo Takoe KOMILJIEKCHOE YHUCJIO: JEeHCTBUTEIbHAS YaCTh YMCia, MHAMAs 4acTh
yucna?

Urto Takoe MHUMas equHULA?

Kaxkue uncna Ha3pIBalOTCSl CONMPSIAKEHHBIMU?

Kaxk npencraBuTh KOMIUIEKCHOE YUCIIO IpaduuecKu?

Uto Takoe MoayJib uncia’?

UYTto Takoe apryMeHT uncia?

CKOJIBKO MOXET ObITh MOJIYJIEH M apTYMEHTOB Y KOMIUJIEKCHOTO YHciia?

Kak naiitu aprymeHT yucna?

Kak HaifTu cymmy, pa3HOCTh, TPOU3BEACHUE, YACTHOE KOMIUJIEKCHBIX YUCET

Teopernveckue cBeeHUA
I'eomeTpuyeckoe n300pakeHne KOMILIEKCHBIX YK CeJI.



[IoHsiTHE KOMILIEKCHOIO YHCJIA HMEET TE€OMETPUYECKOE HCTOJIKOBAHUE.
MHOXECTBO  KOMIUIEKCHBIX  YHCEN  SIBIISIETCA  PACIIMPEHUEM  MHOMKECTBA
JNEUCTBUTENBHBIX YHCEI 33 CYET BKJIKOYCHUS MHOXKECTBA MHHUMBIX YHCEIN.
KomruiekcHbie ynciia BKIIOYAIOT B c€0s1 BCE MHOXKECTBA YMCEN, KOTOPbIE U3YYaIHCh
panee. Tak  HaTypajibHble,  L€Jble, palMOHAIBHBIE,  HUPPALHOHAIBHBIC,
NEUCTBUTEIbHBIE YHCTA SBIAIOTCS, BOOOIIE TOBOPS, YACTHBIMU CIy4YasMH
KOMIUIEKCHBIX YUCE.

Ecim  mo0oe AEHCTBUTENBHOE YHCIO MOXET OBITh T€OMETPUYECCKH
MPEICTABJICHO B BHUJE TOYKM HA YHCIOBOM MPSIMOH, TO KOMIUIEKCHOE YHCIO
NpEeACTaBIsACTCS TOYKOM HA IUIOCKOCTH, KOOpJMHATAaMU  KOTOpPOM  OynayT
COOTBETCTBEHHO JIEUCTBUTEIbHASI 1 MHUMAas 4YaCTU KOMIUIEKCHOTO uncia. [Ipu aTom
TrOPU3OHTANbHAs OCh OydeT SBIATHCS JIEUCTBUTENLHOM YMCIOBOM OChIO, a
BEPTUKAJIbHAS - MHUMOU OCBIO.

y

( a X

Takum ob6paszom, Ha ocu OX pacrmonaratotrcsi JeHCTBUTEIbHBIC YUCIA, a HA OCU
OY — 4ucTO MHUMBIE.
C nomouib1o NoJOOHOTO T€OMETPUUECKOTO MPEACTABICHHUS MOXKHO MTPEICTaBIATh
YKCIIa B TaK HA3bIBAEMOM TPUTOHOMETPUYECKOH (hopMeE.
Tpuronomerpuyeckasi gpopma umcJa.

N3 reomeTprueckux cooOpaxeHUi BUIHO, UYTO a = rcosg; b=rsing. Torma

KOMIUIEKCHOE YUCJIO MOYKHO IIPEACTABUTh B BUJIE:

Zz=a+ ib= rcos@+ irsin @ = r(cos @ + 7sin @)

Takas (opma 3anucu Ha3bIBa€TCsl TPUTOHOMETPHYECKOil (popmoii 3anucu
KOMIIZIEKCHOI'0 YHCJIa.

[Ipn »TOM BeaMYMHA ¥ HA3BIBAETCA MOAYJIEM KOMILJIEKCHOTO YMCIIA, & YTOJ HaKJIOHA
¢ - apPryMeHTOM KOMIUIEKCHOT'O YHCJIA.

r:|zf; 0= Argz.

N3 reomeTpruecknx cooOpakxeHuil BUTHO:

f=|av+1'b|=\/ez2 +b; o= Argz= arctgé;
a



OueBUIHO, YTO KOMIUJIEKCHO — COINPSDKEHHBIC YHCJIa UMEIOT OJIMHAKOBBIE MOJYJIH U
MIPOTHUBOIIOJIOKHBIE apPI'YMEHTHI.
|2f:|2|; Argz=—-Argz

JleficTBUS ¢ KOMIUIEKCHBIMH YHCJIaMH B TPUTOHOMETPHUUYESCKOM (opMme.
z =r,(cosQ, +1sinQ,), z =1,(cosQ, +1sin@Q,).

YMHOKeHNe z= 7z, = 5,5,(cos(Q, +¢,) + 7sin(o, + ¢, ))
B cnydae KOMIIEKCHO — CONPSIKEHHBIX YHUCEN:
zZ=(a+ib)a—ib)=a’+b" =4 =|H".

Teaenne z=2 =" (cos(p, —,)+isin(e, —¢,))

2}
Bo3Benenue B cTeneHb
W3 omeparum yMHOKEHUS KOMIUIEKCHBIX YHCEIT CIEIYET, 4TO
7 = zz=r’(cos2¢ + isin 2)
B o0uiem cnydae noydum:
Z" = r"(cos no + 1sin no) ,
/1€ 71 — LEJI0€ MOJ0KUTEIBHOE YUCIIO.
D10 BbIpakeHue HasbiBaeTcs ¢opmyJtioilr Myaspa. (AOpaxam ae Myasp (1667 —
1754) — aHrIMICKUII MaTEMATHK).

H3Bieuenue KOPHA U3 KOMIUICKCHOI'O YACJIa

3 z= {/ r(cos@ + 7sin @) = p(cosy + 7sin )
Bo3Bogs B crenens, MoJry4ynm:

p"(cos my + 1sin my) = r(cos ¢ + 7sin P)
Orcrona: p=%r; my=¢+2nk, keZ

8z =/r(cosp + ising) = W(cos pramk wj

n n

Takum o0pa3om, KOPEHb # —OM CTEMEHU U3 KOMIUIEKCHOTO YHCIIa UMEET 71 Pa3IMUHbIX
3HAYCHM.3aaHus JJI IPAKTHYECKOI padoThl

3aganue. BeINOIHUTE AEHCTBUSA C JAHHBIMA KOMIUIEKCHBIMU :
1) Z1+722; Z1-72; Z1-22,71:72

1. z; = 8(cos 55° +5in 55°%), z, = 2(cos 5° + sin 5°),
2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 129),



©® N oo ow

9.

10.

11.

12.
13.
14.
15,
16.

17

18.

19.
20.

21.
22.

23.

24,

25;
26.

27.
28,

29.

30.
2.

z; = 3(cos 70° +5in70%), 2z, = 2(cos 20° + sin 20°),
z; = 10(cos 105° + sin 105%), z, = 2(cos 15° + sin 159),
z; = 12(cos 145° + sin 145%), z, = 2(cos 5° + sin 5°),
z; = 7(cos 255° + sin255%), z, = 2(cos1 5° + sin 159),
z; = 9(cos168° +5in168°), z, = 2(cos 12° + sin 12°),
z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),
z; = 3(cos 40° + sin40°), z, = 2(cos5° + sin 5°),

z; = 10(cos 75° + sin 75°), z, = 2(cos 15° + sin 15°),

z; = 9(cos123° +5in 123°), 2z, = 2(cos 12° + sin 12°),
z; = 5(cos 160° + sin 160°), z, = 2(cos 20° + sin 20°),
z; = 3(cos 235° +5in 235%), z, = 2(cos5° + sin5%),

z; = 4(cos 30° +5in30°), z, = 2(cos15° + sin 15°),

z; = 2(cos 258° +sin258°), z, = 2(cos12° + sin 129),
z; = 7(cos 115° +sin 115°), z, = 2(cos20° + sin 20°),
z; = 14(cos 310° + sin310°), z, = 2(cos5° + sin5°),
z; = 8(cos 45° +5in45%), z, = 2(cos 15° + sin 15°),

z; = 6(cos 213° +5in 213%), z, = 2(cos 12° + sin12°),
z; = 9(cos 70° +sin 70°), z, = 2(cos20° + sin 20°),

z; = 4(cos 40° + sin40°), z, = 2(cos5° + sin 59),

z; = 6(cos 300° + sin300°), z, = 2(cos15° + sin 15°),
z; = 3(cos 33° +5in33%), z, = 2(cos12° + sin 12°),

z; = 5(cos 250° + sin 250°), z, = 2(cos 20° + sin 20°),
z; = 8(cos 85° +sin85°), z, = 2(cos5° + sin 5°),

z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin1 5°),
z; = 9(cos 48° +5in48°), z, = 2(cos12° + sin 12°),

z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
z; = 4(cos175° +5in 175°), z, = 2(cos5° + sin5°),

z; = 16(cos 120° + sin120°), z, = 2(cos 15° + sin 15°),

BrImmonHUTE 1€MCTBUS HAll KOMIUIEKCHBIMU YHCJIAMU B TPUTOHOMETPUUYECKOM

dopMme, pe3ynbTar 3anmucaTh B TPUTOHOMETPUUIECKOM, alreOpandeckon u
MOKa3aTelbHON hopme

L=t 6,16,26. Y= 1+i
1+
1-i ) . "
21222, T—zlj 717.27. (03 - i)-1+1))
\/E‘ 6 \/g . 12
3,13.23. IY sl 8,18,28. 2*’
—1

05-053i ) 23-2i)
0,53 —0,5i J3+i

5.15.25. (2 +12i) 10,20.30. (-3 - 3i)

4,14,24. 9.19,29.




3.3anmcars KOMILIEKCHOE YUCII0 B TPUTOHOMETPHUECKOM U anrebpandeckoit hopme
2m/3. —7m/4.
1. 1ld4e ; 6. de ;

2. 2e7zi/6. 7. 56—77Zi/6.
3. (2/3)e>7m/3, 8. (2/5)e7 /4,
4. 3,703, 9. g,77/6.

4. BpInoHUTH AeicTBUs. Pe3ynbrart 3anucars BO Becex (hopmax.

(5+3i)(5+3i") o
. ’ 6. (—3+i)/2 ;
V2(cos225° +isin225°) (( i)/2)

(3+2i)*(2-3i")
1+ 27
2+i)’ .
2i(cos(37r/4) +isin(37/4))’

4. (1-iN3)/2)%; 9. -8-83i;
5. \-1+i3; 10. V7 -4i2;

5.. BBIOTHUTD IEUCTBUS, UCIIOIB3YSI TPUTOHOMETPHUUECKYIO hopMmy:

7. 2/1—i3)):;

8. ((W3+i)/2)*;

11 V2 ie) oz N
1. [Z+ZIJ(_?+TJ’ 6. 3{cos(—§)+zsm(—§)}+(3+\/§Z),
—1+i\/§
2. (1+iV3)(=2 - 2iV3); 7. :
(1+i/3)(-2 - 2i/3) e
22
3. (1+)(3+3i3); g i *i.
' ’ ) \/Eem'/s’
-3 33,
4.(6+ 2iN3)(-3 - 3i); 9. 2 2 .
(6.+2i3)(-3 - 3i) N
5. (5+5i)(cosl5” +isinl5%); 10. (g_i%}-zmm

6.BBITOTHUTE JTeHCTBHS HaJT KOMILUICKCHBIMH YUCJIaMH B TPUTOHOMETPUYECKOMN
dbopwme:

D3z;  2) z;

1. z,=1+i,z, =—/3 +i; 6. z,=1-/3i,z, =2+2i;

2. zlzl—i,zzz—\/g—i; 7. 21:—1+\/§i,22:—2—2i;
3. Zl=—1+i,22=%+§i; 8.z, =—1-~3i, z, =—2+2i;
4 le—l—l,Zz—l—gi, 9 le\/§+i922:_——£i;



9.

PN RO =

21:1+\/§i, z, =2-2i; 10. zlzﬁ—i,22=%+§i;

KonTpoJibHbIE BOIIPOCHI

Urto Takoe TpuroHoMerpuueckas (popmMa 3anucy KOMIUIEKCHOTO Yynciia?

Kak nepeBecTy 4nucio B TPUTOHOMETPUIECKYIO (hopmy?

Kaxk HaiiTi mpou3BeieHHe, YaCTHOE YHCell B TpPUTOHOMETpUYecKoi hopme?

Kak HaiiTi BO3BECTH YMCIIO B TPUTOHOMETPHUUIECKOU (pOopMe B IIEITYIO CTEIICHB?

Kaxk HaifTi KOpeHb n-HOM CTENEHU U3 YKClia B TPUTOHOMETpUYecKon Gopme?
dopmyia Ditepa

Kak npenctaBuTh KOMILIEKCHOE YUCIIO B OKa3aTebHOM dhopme?

Kak cBsizanbl TpuUronoMerpuyeckasi U mnokasareiibHasi (POPMbI 3aITUCH KOMIUIEKCHBIX
yucen?

Kaxk HaiiTu mpousBeieHre, YaCTHOE YKCell B MOKa3aTeIbHOU opme?

10.Kak HaliTh BO3BECTH YHUCIIO B MOKA3aTE€IbHON (POpME B LIENTYIO CTENEHB?
11.Kak HaliTh KOpEHb N-HOM CTEIICHH U3 YuCia B TTOKa3aTelbHon (popme?



IIpakTnyeckas padora No 4
no teme «PemnmeHue ypaBHeHUl HA MHOKeCTBE KOMILUIEKCHBIX YHCeJ»
Hesb: Hay4uTh peniaTh ypaBHEHHUS HA MHOXECTBE KOMILJIEKCHBIX YHCET

Bpems BbinmosiHeHuss 90 MUHYT

MarepuajibHoe odecnieueHue

1. Teopetnueckue cBeaCHUS

2.3amaHue

3.JIuct A 4

4 KanbKyJIsSITOpbI

ITopsnoK BbINOJHEHUS] PA0OTHI
1.3yunts 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUS

3. BeimonauTh 11 0GOpPMUTH pabOTy
4.1Toka3aTpe pe3yapTaThl IPENOAABATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeeHUA
Keaopammnoe ypagnenue ¢ KOMni1eKCHbIMU KOPHAMU
=4

Henb3s wu3Bneub kopeHb? Ecmu pedub uIeT O ACHCTBUTENBHBIX YHCHAaX, TO
JNCUCTBUTENILHO HENb3sl. B KOMIUIEKCHBIX 4YMCIaX H3BJI€Yb KOPEHb — MOXKHO! A
TOYHEE, J1Ba KOPHSL:

Z= A=z
zZ, = ﬁ = 2

JIeCTBUTENBHO JIM HAWJICHHBIE KOPHU SABJISIOTCS PELICHUEM YPaBHEHHUS z'=-49
BrIimoaHuM npoBepky:

(&) =2y i =4 (-D=-4
(2 =2 " =4.(-1)=—4

Yrto u TpeboBaIoCh NPOBEPUTD.

YacTo uCHONB3yeTCsl COKpallEHHAsl 3aluch, 00a KOpPHS 3alUCBIBAIOT B OJIHY

Z, =X
CTPOYKY IO/ :

Takue KOPHH TAKIKC HA3bIBAKOT CONPANCEHHbIMU KOMNITEKCHBIMU KOPHAMU.
Kak wu3Biekarnb KBaJIpaTHBIC KOPHWU W3 OTPHULATCIIbHBIX YHCCII, AyMar0, BCCM

HOHSATHO: N"{—_lzﬁ, “4!__9=i3i, W= 36 =i “4L_3:i“~“§i, -5=tlE T.1. Bo Bcex

ClIydasaXx 1moJiyqdacTCs ABa COIPAKCHHBIX KOMIIJICKCHBIX KOPH:.

IIpumep
Pemurh KBaJpaTHOE ypaBHEHUE Z P-6z4+34=0
BBIYKCIIUM JMCKPUMHHAHT:

D=36-136=-100



I[HCKpI/IMI/IHaHT OTpHULATCIICH, U B HeﬁCTBHTeHBHbIX qUCJIaX YPABHCHUC PCIICHUA
He umeet. Ho KOPCHb MOKHO HM3BJICYb B KOMILICKCHBIX ypciax!
A D =108

[To u3BecTHBIM (hopMyJIaM TIOJTy4aeM JIBa KOPHS:

& 103
p = 5

z, = 35

— COIIPAKCHHBIC KOMILIICKCHBIC KOPHHU

2
Takum o6paszoM, ypasHenne 2 —62+34=0 pyyeer nBa conpssKeHHBIX
KOMIUIEKCHBIX KOpHs; Z1= 7% 23 =3+3
HeTpyaHO MOHATE,YTO B 710/1€ KOMIUIEKCHBIX YHCEN «IIKOIBHOE» KBAPATHOE
ypaBHEHHE BCEra pH ABYX KopHsx! Y BooOlie, 1000€e ypaBHEHHE BHA

b n-1 2 _
42 Faaz T+ +eZ 44748, =0 yyeer poBHO 7 KOMIUIEKCHBIX KOPHEH, 4acTh

KOTOPBIX (MJIU BCE) MOTYT OBITh JeHCTBUTEIHLHBIMHU.

3ajaHus NPaKTHYEeCKOM PadoThI
PemmnTh KBagpaTHOE ypaBHEHHUE:
[.x>-2x+17=0
22x2+2x+1=0
3.4x%-4x+17=0
4x2+6x+25=0
54x*-20x+29=0
6.9x*-6x+2=0
7.x%-4x+29=0
82x*-2x+5=0
94x*+4x+5=0
10.x2-4x+13=0
II.9x*-6x+17=0
12.4x2-12x+25=0
13.x>+4x+5=0
142x>—10x+17=0
15.x2-6x+13=0

16. x> +6x+18=0
17.x>-4x+40=0
18.4x%-12x+13=0
19.2x2+6x+5=0
20x%-2x+5=0
21.9x%-6x +10=0
222x*+6x+5=0
23.x*>+6x+13=0
242x%-6x +17=0
25.9x%-6x+2=0
26.x2-6x+10=0
27.x2+2x+26=0
282x*+6x+9=0



29.2x*+10x+13=0
30.x*-6x +34=0

KoHTpoJbHBIE BONIPOCHI

1.Kakue uncia Ha3bIBaIOTCA KOMIUIEKCHO COIPSYKEHHBIMH?
2.Kakue KOMIUIEKCHBIE YMClla HAa3bIBAKOTCS PAaBHBIMU?

3.Kak u3Biieub KBaJIpaTHbIA KOPEHb U3 KOMILIEKCHOTO yncia’?



IIpakTnyeckas padora Noe 5

no teme «Haxoxaenue npou3BoaHOM C10xkHON PyHKumMu. I'eomeTrpruyeckuii u
(pu3nveckuit CMBICT MPOU3BOIHOI)
Heab: HayuyuThCS HAXOXKIAUTH IPOU3BOJHBIE FJIEMEHTAPHBIX U CIOKHBIX (QYHKIHI.
Bpems BbinosiHenust 90 MUHYT

MarepuajbHoe obecneuyeHmne

1. TeopeTnueckue cBeieHUs

2.3aganue

3.JIuct A 4

4 KanbKyJIsITOphI

ITopsnok BbINOJHEHUS] pa0OTHI
1.3yunts 3amanue

2. I3y4uTh TEOPETUUECKHUE CBEACHUS

3. Bemoauuts u opopMHUTH paboTy
4.1Toka3aTph pe3yabTaThl MPENOAABATEIIO
JlomalnHee 3ajaHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
Xoa padoTbl

KpaTtkue TeopeTnyeckue cBeeHUS.
Ilpouseoonan ghynkyuu, ee 2eomempuueckuii u uzuuecKuii CMoici.
Omnpenenenune. IlpousBoanoit GpyHKIUU f(X) B TOUKE X = Xo Ha3bIBAETCAd IpeiAe

OTHOIICHUS TpUpaeHus GyHKIUU B 3TOM TOYKE K MPHUPAIICHUIO apTyMEHTa, €CIU
OH CYIIIECTBYET.

. H(x+Ax)— f{
f(x) = lim (xt A9 = (%)

Ax—>0 AX

[Tycth f(x) onpeneneHna Ha HEKOTOPOM MpoMeXyTKe (a, b). Torma zgh = % — TaHTEHC
X

yria HakJioHa cekyiueid MP k rpaduky QyHkuuu.

Af

lim e f'(x,) = tga =K — reOMeTPU4eCKHN CMBICJI IPOU3BOTHOMI
Ax—0

TJIe O, - YTOJI HaKJIOHA KacaTeabHOU K rpaduky QyHKIUH f(x) B ToUke (Xo, f(X0)).



K —yrnoBoii ko punment kacaTeabHOM.

YToa1 Mexay KpUBBIMH MOXKET OBITh OIpENeleH KaK yroJ MEeXIy KacaTeIbHBIMHU,
IPOBEJICHHBIMHU K ATHM KPUBBIM B KaKOH- THOO TOUKE.
YpaBHeHHE KacaTeJbHON K KPUBOH y— y, = (x,)(x— x,)

YpaBHeHUe HOPMAJIHM K KPUBOH y— y, = —%(x— X,).
X,

daxTruecku Mpou3BoHas GYHKIMH IMOKa3bIBAET KaK U3MEHsIeTCS (PyHKLIUS IPU
W3MECHECHUHU MIEPEMEHHOM.
Pu3znyeckuii cMbIcJ Npou3BoaHoI pynkuuu f(t), rae t- Bpems, a f(t)- 3akon
JBUKEHUS (MI3MEHEHUS] KOOPJUHAT) — MCHOBEHHAA CKOPOCMb
osurcenun. CoOTBETCTBEHHO, BTOpasi MPOU3BOAHAS (YHKUUU- CKOPOCTh U3MEHEHUS
CKOpPOCTH, T.€. yCKOpeHue.
Ocnognvle npasuna ouggepenyuposanus.
O603HaumM f(x) = u, g(x) = v- bynkuun, quddepeHnnupyemMbie B TOUKE X.
Dwztv)'=u"£v’
2)(uv)'=uv’'+u’v

!

3)(£j =M, ecmu v # ()
v V

IIpou3BoaHbLIE OCHOBHLIX DJIEMEHTAPHLIX (DVHKIIHN.

HC" =0; 9) (sin X)' =COS X
2)(x™) = mx™!; 10) (cos X)! = —sin x
’ 1 , 1
3 =—— 11 -
) (\/}) 24/x ) () cos’ x
1 ' 1 ! 1
4) (;) == 12) (ctgx) =i
! ' 1
5) le¥) =¢” 13) (arcsin x) =
) () ) aresin x) ==
’ ' 1
6) (a*) =a*lna 14) (arccos x) =—
) () ) {arocos ) =———
4 1 ' 1
7)(In x) = 15) (arcigx) = e
8) (loga x), = ! 16) (arccz:gx), = —;

xlna 1+ X
Ilpouszeoonasn cnoxcnou hpynkuyuu.
Ilycms y = f(x); u = g(x), npuuem obracme 3HaveHull GYHKYUU U 8X00Um 8 06a1acmo
onpedenenusi hynkyuu f.
Tozoa y'=f'(u)u'
Jozapugpmuueckoe oughgpepenyuposanue.



In x, >0
PaccMoTpuM yHKIMIO  y=In|x = {ﬁé X)HPI;HX x<0

Torza (In| x| )= i, T (nx) = i; (In(-x))’ = (__;‘)’ _1

X
N " f(x)
YuuTeIBas MOJYUYEHHBIN PE3YJIBTAT, MOKHO 3aIUCATh (1n| f(X)|) = ey
X
f(x) . .
OTtHoleHne ) Ha3bIBaeTCs Jorapupmmuyeckoit npousBoaHoi GpyHkuuu f(x).
X

Cnoco6 nmorapupmmuyeckoro audgepeHIUPOBaAHUA COCTOUT B TOM, UYTO CHayaia
HaXOJST JIOTapU(MHUUECKYIO MPOU3BOAHYIO (DYHKIIMHU, a 3aT€M MPOU3BOJIHYIO camMoil
byHkIMu o popmyJie

)" f(X]

£(x) = (In| f(x)

Croco6 norapudmuueckoro auddepenuupoBanuss yaoO0HO MPUMEHATH IS
HAXOXKJECHUSI TPOU3BOAHBIX CIIOXKHBIX, OCOOCHHO MOKA3aTENbHbIX (QYHKIUN, IS
KOTOPBIX HETMOCPEACTBEHHOE BHIUUCIECHUE MPOU3BOIHON C MCIOIB30BAHUEM TPABHUI
i epeHIUpOBaHUS TTPEACTABISIETCS TPYAOCMKHUM.

Ilpouseoonas nokazamenvno- cmenennou GynKyuu.

OyHKIM Ha3bIBACTCS NIOKA3ATEIbHOM, €CIIM HE3aBUCUMAas [IEPEMEHHAsL BXOIUT B
MOKa3aTeNb CTENEHU, U CTENIEHHOM, €CJIN NIEpEMEHHAs SIBJISIETCS. OCHOBaHUEM. Ecin
K€ ¥ OCHOBAHHUE U TTOKa3aTellb CTENEHU 3aBUCST OT MEPEMEHHOM, TO Takast PyHKIUs
OyJeT moka3aTeabHO — CTEIIEHHOM.

[Tycte u = f(x) (f(x)>0)u v = g(x) — GyHKIUHU, UMEIOLIME MPOU3BOIHBIE B
TOUKE X.
Haiinem npousBoanyto @ynkiuu y = u'. Jlorapudmupys, nomydaum:

Iny = vlnu
z: Vinu+ v
Vv u

y = uv(Vi+ V’lnu}

u
!
(uv) =w' v +u"VInu
IIpumep. Haiitn nmpon3BogHy0 QYyHKIHH £{x) = (X° +3x) """,
[To mony4yeHHO# BbIlIe GOpMYJIC MONydaeM: u= x +3x V= XCOS X;
[TpousBoaHbIe ATUX PYHKIUHN: o' =2x+3; V =cos x— xsin x;
OKOHYATENBHO:

() = xcos x- (X +3x)™" . (2x+3) + (X +3x) " *(cos x— xsin x)In(x* +3x)



Haiitu .Crauyajna

IIpumep. MPOU3BOJHYI0  (DYHKIIMU y = cosxsinx + %cosz x
1 o,
npeoOpa3yeM JaHHYI0 QYHKIUIO: y= Ssin 2x+ Seos” X

Haiitu npownsBoaHyo

1 1 . .
y' = 5 2cos2x + 52 cos x(—sin x) = cos 2x —sin xcos x. Ilpumep.

byHKIMU y= et .
X +1
e Qxe” +X2xe" (X +D)-2x)xe” _2xe” +2xe" +2xe” +2xe” —2xe”
(X +1)° (X +1)°
C2xet (x4 1+ %)
(1)
3ananue 1.Hautu npousBoanbie pyHKUMMH
B1 V=x’-5x>+11, V=x’ctgx B16 Y=x-5x>+1, V=x’ctgx

Y=““xtgx, Y=Vx3 +5

Y=e*Inx, Y=(cosx —
1)2x
B2 V=2x3-x+1, Y=x’tgx
Y:artfx’ Y=3 /—xz 3

4
Y=In—, Y=(sinx — 2)3*
x+1

B3 YV=7x*+3x%-2, V=xarctgx

x+5 1
Y= Inx’ Y_(Zx+11)5
Y=sin3(4x? + g -1
Y=(5x + 4)**
B4 V=-3x3+5x*-81, Y=2xsinx
Y:si);x’Y:m

X

Y=cos ——Y=(tgx — 3)3*
BS V=7x°%-3x%+32
V=x3arcsinx

2 COoSX
_(3—6x)6’ " ax

Y=In (x — x? — 6)

Y=(cosx + 4)*
B6 V=-x>+3x’-11, Y=3x’ctgx

Y:arccosx- Y:m

3x
Y=e3*"In2x

Y=““;g", Y=Vx3+5
Y=e *'Inx, Y=(x — 1)%*

B17 Y=2x3-x+17, Y=x3tgx
Y:art;ng ’ v=i/x2_3

4
Y=In—=— , Y=(Inx + 8)2*
x+1

B18 V=7x>+3x2-2, V=xarctgx

x+5 1
Y= Inx’ _(2x+11)5
Y=sin3(4x? + g -1
Y=(Inx — 2)**
B19V=-3x>+5x*-81, Y=2xsinx
Y= Y437 =3

Y=cos —, Y=(Inx + 9)°*
x+1
B20 Y=7x°-
3x%+3,Y=x3arcsinx
2 _cosx
(3-6x)6° 3x
Y=In (x — x%? — 6)
Y=(tgx + 2)*
B21 YV=-x>+3x3-11,V=3x’ctgx

Y:arccosx’ Y:m

3x
Y=e3*"In2x




Y=(7x + 6)**
B7 V=3x*-6x>+19, V=x’sinx
tg" = Y=32x% -

Y= ~*Inx, Y=3x + 1)°*
B8 V=-4X5+9X%-12, V=x’tgx

Y:arcctgx’ v=33x + 6 16

Y=2"""Inx, Y=(sinx —
4)*
B9 Y=5x4-2x3+65 V=x?arcsinx
Y= Y=Vx2 -5

(6x 4)3’
Y=32"In Y=(cosx +
1)2x

B10 V=-2x%3x*+19, V=x’ctgx
_aretgx <, _3/.3
Y ~ Y=Vx>+5
Y=e2**Inx, Y=(3x — 1)*

B11 V=8x*-
6X>+1,V=2x>arccosx
_tgx 9
Y 5x”’ (6x—5)*
Y=4‘lenx, Y=(9x +
3)4x
B12 V=3X*+11x°-
87,Y=3x3ctgx
_cosx , -3
Y 2x (4x+9)5
Y=5¢"Inx, Y=(cosx —
2)3x

B13 Y=x3+9X251,
Y=x2arcsinx

X 4
— 5 = 8x3 —_—

Y=e2**Inx, Y=(8x — 2)*

B14 Y=3x7-9X3+11, V=5x3tgx

Y=(tgx — 6)**
B22 V=3x*-6x%+1, Y=x’sinx
tg" . Y=X2x3 —
=’ Inx,Y=(tgx + 3)5"
B23 Y=—4X6+9X2—12,Y=X3tgx

Y:arcctgx, Y=3 ’—3x T6
Y=2"*"Inx, Y=(cosx +

3)6x

B24 V=5x*-2x°+65,
V=X2arcsinx

Y= ,Y=VYxZ -5
(6x 4)3
Y=32"Inx, Y=(sinx +
2)8x
B25 V=-2x%3x?+1, V=x’ctgx
Y= arctgx Y \/.9(37
Y:er Inx, Y=(sinx —
1)3x

B26 V=8x*-6X+1,
Y=2x3arccosx

_tgx 9
Y 5x'Y (6x—5)%

Y=4‘x2lnx, Y=(sinx +

5)4x
B27 V=3X?+11x3-87,
V=3x3ctgx
_cosx «, -3
Y 2x (4x+9)5
Y=5"Inx, Y=(sinx —
Z)Zx

B28 V=x3+9X2-51,
V=Xzarcsinx

=— ,Y=1/8x3 -3

Y=e2*"Inx,Y=(cosx +
6)6x

B29 V=3x7-9X3+11, Y=5x>tgx



Y=—2_ v=V2x*—6 Y=—25_ v=V2x%*—6

arcsinx’ arcsinx’

Y=e3"Inx, Y=(tgx — Y=e3*’Inx, Y=(sinx +
3)2x 2)3x
B15 V=x>-8X?+16, V=4x’ctgx B30 Y=x>-8X?+16, Y=4x’ctgx
actgx 9 actgx 9
Y= 35 ’ _(Zx—15)6 Y= 35 > _(Zx—15)6
Y=62"Inx, Y=(Inx + 2)®* Y=62% Inx,Y=(sinx —
6)6x

2.Haift mpoun3BoHBIE (PYHKITHH.
a — MOPAAKOBBIM HOMEP B KypHaJIe

l.y=ax" —ia+\”/x“+6 —ax+a 2.y=2§/(ax2 —3ax+5)’ -
x

_a
(x + a)a_4

3.y=tg’(x+a)-arccosax’ 4.y =arcsin® ax-log,(x - a)

S.y= o ctgax’ 6.y =ctg’ax - arctg x*

Vax® - lg(ax® -2
7.y = ax 3cﬁzx+5a 8.y = g(ax c12x+3a)
e arccig”ax

KoHTpoJsbHBIE BONIPOCHI

1.ChopmynupoBTh onpeaeseHne Npou3BOAHON, TpaBuia 1udpepeHIInpOBaHHUS.
2.3HaTh TabINIly NIPOU3BOAHBIX AIEMEHTAPHBIX (PYHKIIMH.

3.CdopmynupoBaTh IPaBUIIO0 HAXOXKACHUS IPOU3BOIHOM CI0KHON (PyHKIINH.

TeopeTnyeckue cBeaeHs

Xoxa paéoTbl

Onpenesienne GyHKIHMHA ABYX NepeMEeHHBIX

Ecnu xaxnoi nape ( X;y) 3HaueHUI ABYX HE3aBUCUMBIX APYT OT JIpyTa MePEeMEHHBIX
BEJIMYMH X U Yy U3 HEKOTOPOTO MHOK€eCTBa D COOTBETCTBYET €IMHCTBEHHOE 3HAUECHUE
BEJIMYHMHBI, TO TOBOPAT, YTO Z €CTh (DYHKIIMS IBYX HE3aBHCHUMbBIX IEPEMEHHBIX X U Y,
omnpeAereHHas Ha MHOXkecCTBe D.

Ob6o3Hauaercs: z=f(x;y) unu z=z(X;y).

Hanpumep, S=ab, S=S(a;b)- pynkun neyx nepemennsix; V=abc, V=V(a,b.c) —
GyYHKIUS TpEX MEPEMEHHBIX;

Cnoco0bl 3a1aHus1 PYHKUHMH HECKOJIbKUX MePeMEHHbIX

Uto0sI 3a1aTh PYHKIHUIO IBYX (TpEX) MEPEMEHHBIX, HY>)KHO yKa3aTh COC00, C
MOMOIIBIO KOTOPOTO JJIsl KKI0M maphl (TPOMKK) 3HaYE€HUN apryMEHTOB MOKHO
HAWTH COOTBETCTBYIOIIEE 3HaueHue Ppyukiuu. Hanbdosnee yacto pyHKIMS 3a1aeTCs
AHATUTUYECKH - ITO SIBHOE 3aJlaHNe (PYHKIIMU WU HESIBHOE 3aJJaHUE

YacTHble NPOU3BO/IHbIC NIEPBOI0 NOPSAKA

[lyctp ¢ynkums aByx mnepeMeHHblIx z = f(X, y) ompenerneHa B HEKOTOPOH
OKpECTHOCTU TOYkH M(X, y) eBkimmoBa npoctpanctBa E2. UacTHas mpou3BoHas
bynkuun z = f(X, y) mo aprymeHTy X SBISeTCS OOBIKHOBEHHOW MPOU3BOIHON
(yHKUMHA OJHOM MEpPEeMEHHOW X MpH (PUKCUPOBAHHOM 3HAUYEHHHM NEPEMEHHOU y U
0003HayaeTcs KaK



o= of L
ar' oz T °F

AHAQJIOTUYHBIM 00pa30M OMpeaeNsIeTCsl YacTHas mpom3BojHas ¢yHkmuu f(X, y) mo
IIepEMEHHOM Y B Touke M, 0003Hauaemas Kak

ﬁ ﬁ = _f'

' ay VTV
@OyHKIMS, UMEIOMIAst YaCTHBIC TPOM3BOHBIC, HAa3bIBaCTCS TU(DPEPEHIHPYEMOIA.
CoBepIICHHO aHAJIOTHYHO OMPEICISIOTCS YaCTHBIC MPOW3BOAHBIC (DYHKIMH TpeX U
Oonee mepeMeHHBbIX. YacTHas MPOW3BOAHAS (PYHKIMH HECKOJIBKHUX IePEeMEHHBIX
XapaKTepU3yeT CKOPOCTh €€ M3MEHEHHS 110 JaHHOW KOOpJMHATE TIpH
(UKCUPOBAHHBIX 3HAUCHUSX JIPYTHX KOOPMHAT.

=22y +3x+5y -7

HHpumep: — (yHKIUS BYX TIEPEMEHHBIX.

Con _no 2.3 _
VHOra HMCIOIB3YIOT 3amuch J oY) = 2%y +3x+3y -7

3aJjaHusl, TIe BMECTO OYKBBI Z HCIIONB3yeTcs OyKBa * .
Haiitn YaCTHbIC IMPON3BO/JIHLIC nmepBoro u BTOpPOTO nmopsiaka
z=2x" +3x +5v -7

Takxe BCTpedaroTCs

byHKIIMHU
CHauvana HailieM YyacTHbIE POM3BOIHBIE MIEPBOIO Mopsiaka. Mx nse.

O003HaYEeHUA:
o=

. -
2 NN o - qaCTHasia IMpOU3BOAHAsA 110 «HKC»
oz

. -
=z
Y U ¥ JacCTHasd IIporu3BOIHAA 110 KUI'PEK»

f
Haunem ¢ % .Korga Mbl HAXOAMM YACTHYI0 NPOHM3BOAHYIO IO «HKC», TO

nepeMeHHasi ¥ CYUTAETCA KOHCTAHTOM (MOCTOSTHHBIM YHCJIOM).
mo I . r NE
Z, =022 +3x +5y =) =2y (xT +30x), (5, =) =

= 2y3.2x+3.4x3+0—of4xf +12x°

KoMmmeHTapuu K BBIOJIHEHHBIM JAEHCTBUSIM:

(1) IlepBoe, 4yTO MBI JenaeM NPH HAXOXKJIEHUU YaCTHOM MPOU3BOJHOM —
3aKJIF09aeM BCIO (DYHKITMIO B CKOOKH IMOJ IITPUX € MOACTPOYHBIM HHIEKCOM.

(2) Ucnonesyem npasuna auddeperuupopanus & FV) =#'Ev" (Lu)'=Cu" g
IIPOCTOr0 MpUMEpPA, KaK ATOT, 00a MpaBUiia BIIOJIHE MOYXXHO NPUMEHHUTh HA OJHOM
mare. OOparuTe BHHMAaHWE Ha TMEPBOE CllaraeMoe: TaK Kak < CYHTAETCH
KOHCTAHTOM, a JIIOOYI0 KOHCTAHTY MOKHO BBIHECTH 32 3HAK IPOU3BOJHOM,

3 3
TO ¥ MbI BBIHOCHM 3a CKOOKH. TO €CcTh B ﬂaHHOﬁ CUTyannuunu Y HUYeM He Jydqmaie

06BI4HOr0 uncna. Ternepb MOCMOTPUM Ha TPEThe ciiaraemoe - : 37ech, Ha0GOPOT,

BBIHOCUTE Heuero. Tak kak + KOHCTaHTa, TO 2 TOXE KOHCTAaHTa, U B 3TOM CMBbICJIC

OHA HUYEM HE JIyUlIlle TIOCJICHET0 CJaraeMoro — «CEMEpPKM».
r_ ol -1
(3) Ucrions3yeM TabnnaHble mpon3soanble =) =9 y (X =5
f
Z
(4) Tenepr 7. Korma mMbl HaAX0AMM YACTHYH) NMPOM3BOIHYIO MO «HI'PEK», TO
nepeMeHHasl ¥ CYHUTAETCS KOHCTAHTOM (MOCTOSTHHBIM YHCJIOM).



(1 (2]
i 2.3 4 i Y ] 4oy i i
z,=(2xy" +3x +0y =T, =2x707), + 557, + 50, - (7Y, =

=2x° 045 1-0=62%" 45
+ ) =
(1) Ucnonszyem Te ke mnpaBmia auddepeHnnpoBaHus tv)=u
2 ~
B mepBoM ciaraeMoM BBIHOCMM KOHCTAaHTY % 3a 3HAK MPOU3BOJHON, BO BTOPOM

+yf (Cu) = Cu

4
CJIaraeMOM HMYETO BHIHECTH HENb3S MOCKOIBKY % — yiK€ KOHCTAHTA.
(2) Ucnonb3zyem Tabiuily MPOU3BOAHBIM 3JE€MEHTAapHBIX (QyHKIMI. MbICTEHHO
NoMeHsieM B Ta0J/ule BCe «MKCh» Ha «MIPpeKkm». B 4acTHOCTH, MCHOJIb3yeMble

HaMU (QOpPMYJIbI BBITJISIAST Tak: ©)=0 y O =n™ Wtak, yacTHbIE MPOU3BOJHBIC
NIEPBOIO MOPsIKA HAUJEHBI

[logBeneM WTOT, YE€M XK€ OTIMYAECTCS HAXOMXKIAEHUE YACTHBIX MPOU3BOAHBIX OT
HAXOXJCHUS «OOBIYHBIX)» MTPOU3BOAHBIX (YHKIIUU OJHOU MTEPEMEHHOM:

r

1) Koraa Mb1I HaX0AMM YaCTHYI0 NPOU3BOAHYIO % nepeMeHHast Y cumraercs
KOHCTAHTOM.

t

2) Koraa MBI HaX0AMM YacCTHYIO MPOM3BOIHYIO 7, IiepeMeHHasi X CYMTaeTcs
KOHCTAHTOM.

3) HpaBuaa u TadJuna NPOU3BOAHBIX JJEMEHTAPHBLIX (YyHKUMH
cnpaBelJIMBbI M NPUMEHHMBI JIsi JI000ii mepemenHoit ( %, ¥ aubo Kakoii-
HUOYAb APYIoi), 0 KOTOpPOi Beaercs a1 depenuupoBanue.

[ITar Bropoi. Haxoaum 4yacTHbIE TPOU3BOJHBIE BTOPOTO Nopsiaka. Mx yeTkIpe.

Oo6o3HaueHus:

8z
" 3
o HITH ol — BTOpast IPOM3BOIHAS §() KHKC»
Fz
=" @;2
Jﬂ' NJiIn — BTOpaSI HpOI/I3BOI[HaH 110 «I/IFPCK»
Fz
z! Sy
& NN — CMeuaHHaA HpOH3BOI[HaH «HUKC I10 HrpeK»

Az

Zon o _
WA CMewanHas IPOU3BOJHAS «UTPEK MO UKCH
B moHsTHM BTOpOW NPOU3BOJHOM HET HHUYErO CIOXKHOTO. ['OBOpPS MPOCTHIM
A3bIKOM, BTOPasi IPOU3BOJAHAS — 3TO MPOU3BOAHAS OT MEPBOU MPOU3BOAHOM.

YacTtHble IPOU3BOIHBIE IEPBOIO nopsiaKa:
t 3
" =dn’ +12x
¢ so21
z,=6x"y +5
Cnauvana HaeM CMEIIIaHHBIE MIPOU3BO/IHBIE:

zl, = (z1), = (4 +12x7), = 4x(p"), +(1227), = 4x - 3y" + 0 = 121/

r
Kak BuguTe, BCE MPOCTO: OGEPEM YACTHYIO NPOU3BOIHYIO “* U nuddepeHupyem
ee eIle pa3, HO B JAHHOM CJIydae — yKe 10 «UTPEK».

AHAaJIOTUYHO:

zh = (2 = (657 + 51, = 657 ()L 4+ (5), =6 - 2x +0= 121



B mnpakTunyeckumx mnpuMepax MOKHO OPHEHTHPOBATbHCS Ha Cclieaymouiee

PABECHCTBO!:
o K
ny = Z}w

Takum 00pa3om, dYepe3 CMEIIaHHbIE MPOU3BOJHBIC BTOPOrO TOPSIKA OYEHBb
yA00OHO MPOBEPUTH, & MPABUIBHO JIM Mbl HAILJIM YaCTHBIC MPOU3BOJIHBIE MEPBOTO
nopsJiKa.

HaxouM BTOpYIO MPOU3BOJIHYIO MO HUKCH.

zl = dxy +12x°

Huxakux n3zobperenuii, bepem u quddepeHnupyem e mo «MKey» emie

pas:
zy = (20 = (4xy’ +12x7), =47 (2, +12(2°), = 47 1412 3x" = 4y° +36x7
AHaNOrn4Ho:

28, = (z,), = (6x°y" +5), = 62 (5), +(5), = 6 2y + 0= 122"y

i sz
CJ'IGI[yeT OTMCTUTDB, YTO IMPHU HAXOKIACHUU Z’”‘, » HY>XHO IMPOSABHUTDH HOBBLIIMICHHOC

BHUMAHHE, TaK KaK HUKAKUX 4yJE€CHBIX PABEHCTB JUIsl X MIPOBEPKHU HE CYILECTBYET.

[Tpumepsl HaXO0XKICHUS YACTHBIX  IPOU3BOJAHBIX  IIEPBOIO HopsJIKa.
IIpumep 1. z = r* — 2ry + 2%,

Pemenne. uddepenuupyem ¢ynkuuio z = f(x, y) cHavama mo X, moniaras y

(UKCHPOBAHHON BETUYMHOM, TOTOM MOBTOPSIEM 3TY K€ MPOIEAYPY, MEHSS POJIU X U

y. IHonyuaem

b E ., 5 iz )
r'J:r_"x - 21, % = 4y — 2.
iz ¥ gz r
IIpumep 2. 2z = arctgxry, — = —M — — = ——
p p g 1y, 9z 1+ (eg)® By 1% (2y)°
IIpumep 3. u = ye¥* + In(z? — 2y + z).

Pemenue. YacTHble MPOU3BOIHBIE 3TON (DYHKIIMHM TPEX MEPEMEHHBIX BBIPAKAIOTCS
cieayomumMu popmynamu:

u 2r u . 2
3= T o oA = (1 +y2)e¥ = — !
dr x2-2y+2 8y Té — 2y + 2
du 2002 | 1
a: V° 22 -2+ 2

3aiaHus NpakTH4ecKou padoThI
1. Haiitu 1 mocTpouTh 00J1aCTh ONPEETCHUS CI0KHON QPYHKITUY.
2. BpruucauTh IPOU3BOAHYIO CIOKHON (DYHKITHH.

B1 1.z=arcsin(1-x2-y?) B16 1.z=In*
2.a) z=Vinx %, x=e, y=1 2.a)z=(;2 + yz)xz_yz
0) u=x2-y*+3z%, x=1/2,y=1/2,z=1/2 6)u=x \/}_(Z FyWE, x=1,y=1,2=-2
B2 1.z=In(y-Inx) B17 1.z=Iny-Incosx
2.8) z=/xy InZ, x=1, y=2 2.a)z= xsiny+x2, x=3,y=n/2
X

B)u=3x%/2- O)u=,/xy — V4 — z2 x=1,y=1,z=0



y2/2+2722,x=2/3,y=2,2=2/3

B3 1.z=,/Inx + Iny

2 . a) Z:Xyi,x=e, y=1
Xy

O)u=x>/2-y*/2+82> x=2,y=2,7z=3/2

B41.z=|\/y —x+2

2.a)z=sinl/xeY ,x=m/2,y=1
6)u=3/2x>+3y2-27?,
x=2,y=1/3,2=3/2

. x?
B51 .z=arcsm7

2.a)z=arcg(x>-y>)+1/,/xy

_Vx _ _yz
O)u Yy xHJy
B6 1.z=arcos(2x-y)

2.a)z=arccos%+em, x=2,y=1
—\/2x2 2
6)u=v2x = 6vV272,

x=1,y=2/3,z=1/\/€
B71.Z=/In(2 — x — ),

Yy
2.a)z=tgl/x.ex,x=1/m,y=0
0)u= 2,/x + y+y.arctgz,
x=1,y=1/3,z=1//6
B8 1.z=In>
y
2.2)z=(x2 + y2) ¥ ~¥°
6)u=x\/§—(z+y)\/§ , x=1,y=1,7=-2
B9. 1.z=Iny-Incosx

2.a)z= xsiny+x2, x=3,y=n/2

o)u=,/xy — V4 — z2 x=1,y=1,z=0

B10. 1.z=lnsinx—\/§
2.a)z=arcsin% - Inv, u=0, v=1
0)u=(x*+y*+z2)*2, x=0,y=-3,z=4

B18. 1.z=Insinx-/y
2.a)z=arcsin% - Inv, u=0, v=1
0)u=(x*+y*+z2)*2, x=0,y=-3,z=4
B19. 1.z=In(y?*/4-x*/9-1)
2. a)ZZIn\/Wy2 +1/y,x=y=1/2
0)u=2/x+3/2y-
J6/42.x=2/3,y=3/2,2=1/2

B20. 1.z=arcsinZ

X
2.a)z=Inyv/x ,x=1,y=3/5
0)u=3/x+4/y-
16x,x=1 ,y=2,7=1 6
B21. 1.z=1+/1 — (x — y)2
2.a)z=cos(1/y)-1/\/xy, x=n/2,
y=2/m
6)u=x,/y-yz2,x=2,y=1,z=-1
B22. 1.z=In(x*+y)

2.a)z=e*"\[x% — y2, x=1,y=0

—cinY x=) v=1 7=
6)u—smxz,x 2,y=m,z=1

B23. 1.z=V1 — x2+,/1 — y2
2.a)z=yln(x?-y?), x=2,y=1
0)u=x>/16+y?/9-
72/8,x=2,y=1/2,2=1/3
B24 1.7=,/In(2 — x — y),

Yy
2.a)z=tgl/x.ex,x=1/m,y=0

O0)u= 2,/x + yty.arctgz,
x=1,y=1/3,2=1\/6
B25 1.z=arcos(2x-y)
2.a)z=arccos§+em, x=2,y=1

_ 2.3 2
6)u=v2x> = 6722,



B11. 1.z=In(y?*/4-x*/9-1)

2.a)z=In\/x2 + y2+1/y,x=y=1/2

0)u=2/x+3/2y-
J6/42,x=2/3,y=3/2,2=1/2
B12. 1 .z=arcsin§
2.a)z=InyV/x ,x=1,y=3/5
0)u=3/x+4/y-
1V6x,x=1 ,y=2,z=1/\/€

B13. l.z=1+,/1 — (x — y)?

2.a)z=cos(1/y)-1/\/xy, x=mn/2,

y=2/m

6)u=x,/y-yz’,x=2,y=1,z=-1

B14. 1.z=In(x*+y)

2.a)z=e*"\[x2? — y2, x=1,y=0

= 1 l = — pu—
6)u—smxz,x 2,y=n,z=1

B15. 1.z=V1 — x2+,/1 — y2
2.z=yIn(x*-y?), x=2,y=1

u=x/16+y*/9-72%/8 x=2,y=1/2,z=1/3

KonTpoJbHbIE BOIIPOCHI:

x=1,y=2/3,2=1\/6

2
B26 1 .z=arcsinx7

2.a)z=arcg(x>-y*)+1//xy
Vx_ vz
0)u S s

B27 l.z= |\[y —x +2

2.a)z=sinl/xe¥,x=n/2,y=1
0)u=3/2x>+3y2-27?,
x=2,y=1/3,2z=3/2

B28 1.z=\/lnx + Iny

2.a)z=xy$="=e= y-
0)u=x>/2-
y3 /24823, x=2,y=2,z=3/2
B2 9.z=In(y-Inx)
2.a) z=,/xy ln%, x=1, y=2
B)u=3x%/2-
y2/24+27% x=2/3,y=2,2=2/3
B30 1.z=arcsin(1-x3-y?)
2.a) z=VlInx %, x=e, y=1
0) u=x>-y*+372,
x=1/2,y=1/2,2=1/2

1.ChopmynupoBats omnpeaeneHrne GyHKIMHU C TBYMs TIEPEMEHHBIMHU.
2.Uto Ha3bIiBaeTcs 001acThio onpeeiaeHus: GyHKIUU HECKOJIbKUX MePEMEHHBIX?
3.ChopmynnpoBaTh MPaBUIO HAXOKICHUS IIPOU3BOTHON (QYHKIINN HECKOIBKHUX

IIEPEMEHHBIX.

4.Yto Ttakoe nonHbIN quddepeniinan GyHKIUNA HECKOIbKUX MEPEMEHHBIX ?



)

2)
3)
4)
S)
6)

8)
9

IIpakTnyeckas padora Ne 6

no teme «MUcciaenopanus pyHKIUU M IOCTpPOoeHUE rpaguKa
Heab: HayyuThCS UCCIEA0BATH PYHKIUIO U MO Pe3yJIbTaTaM UCCIIEI0BAHUS CTPOUTh

rpaduxk.

Bpems BbinosiHenusi 90 MUHYT
MarepuanbHoe obecneueHme

1. TeopeTnueckue cBe1eHUS

2.3aganue

3.JIuct A 4

4 KanbKyJIsITOpbI

Iopsinok BeINOJIHEHNsI padOThI
1.3yunts 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHHUS

3. Bemmoauuts u opopMHUTH paboTy
4.1loka3atpb pe3ynbTaThl MPENOIaBATEIIO
JlomalnHee 3aj1aHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
TeopeTuuyeckue cBeeHMsl.

Cxema uccneoosanusn yukyui

OO6nacthb cymiecTBOBaHUS (DYHKITHH.

DTO TOHATHE BKIIOYAeT B ceOf M 00JacTh 3HAYCHUN W 00JIACTh OMpEICIICHHS
byHKINN.

Touku pa3peiBa. (Eciu oHM BMeroTCs).

WNHuTepBansl Bo3pacTanus U yObIBaHUS.

Touku MakcMMyMa U MUHUMYyMa.

MaxkcuMallbHOE 1 MUHUMAJILHOE 3HAUCHUE (QYHKIIMU Ha €€ 00JIaCTH OTPEICIICHHS.
OO6racTH BBITYKIIOCTH i BOTHYTOCTH.

Touku nepernda.(Ecau onu numerorcs).

AcumrroTsl.(Eciu oHM HMEROTCS).

[Toctpoenue rpaduka.

IIpumep. UccnenoBarsh PyHKIUIO y= U TIOCTPOUTH €€ rpaduk.

X -1
Haxonum oOmacte cymectBoBaHud (yHKuuH. O4YeBUOHO, UYTO  001ACMmbIO
onpedenenusi GyHKIUU sBIIsSIETCS 0051acTh (-00; -1) U (-1; 1) U (1; ).

B cBow ouepenp, BHAHO, yTO mpsAMble X = 1, x = -1 sABIsIOTCA
BEePMUKANLHBIMU ACUMRINOMAMU KPUBOIL.

Obnacmvio 3nauenuti TaHHOW PYHKIUU SIBJSICTCS HHTEPBAT (-00; ).
Touxkamu paspviéa GyHKUNU ABIAIOTCS TOUKH X = 1, x =-1.
Haxonum kpumuueckue mouxu.
3X (X -1)-2x-x 3 3x' -3x -2x' 3 X' -3x

x-n (XD (P

Kpurnueckue Touku: X = 0; X =-43;x = 3; x=-1; x=1.

Haiinem npousBoaHy0 QyHKIUU ¥ =



Haxogum mpoMexyTku eospacmanusi W yowvieanus GyHKIuu. s  3TOro
oTIpeziesisieM 3HAKH MPOU3BOIHON (PYHKIIMU HA TPOMEXKYTKaX.
-0 < X <-+/3, y' >0, pyHKIMS BO3pacTaeT
-3 <x<-1, y' <0, dpyHkuus yosiBaer

-1 <x <0, y' <0, dbyHKIUS yOBIBACT

0<x<1, y' <0, dyHKuus yobiBaeT

1 <x<43, y' <0, ¢dynkuus yobiBaer

V3 <x <o, y' >0, ¢dyHkus Bo3pacTaet

BuiHO, YTO TOUKA X = -+/3 ABISETCA TOUKOM Makcumyma, a ToUKa X = /3 apjseTcs
TOYKON MuHumyma. 3HaueHUs (YHKIUU B ITUX TOUYKaX paBHBI

COOTBETCTBEHHO 3+/3/2 1 -3+/3 /2.

Haiinem BTOpyIO MpOU3BOIHYIO (PYHKIIUU
, (4x —6x)(x 1) - (x' -3 )4x(x" -1) (4x’ —6x)(x" —2x° +1) - (x* —3x?)(4x’ —4x) _
- (x -’ i (" =D’ )
_ 4x —8x +4x —6X +12xX —6x—4x +4x +12x —12x% B
- (X -1)* -
L 2X 44X —6x 2x(X' +2X -3) 2x(X+3)(X —1)  2x(X +3)
e N T e e
OnpenenuM BBITYKIOCTh U BOTHYTOCTh KPUBOW Ha MTPOMEKYTKAX.
-0 <X <-4/3, y"<0, kpuBas BIyKnasg -+/3 <x<-1,
y'' <0, KpuBas BbIIYKJIAsi
-1 <x<0, y">0, kpuBas Boruytass 0<x <1,
y"" <0, KpuBas BbIIyKJIas
1<x<3, y">0, xpusasBoruyras +/3 <X <oo,
y'" >0, kpuBas BOrHyTas
Haxonum mnpomexyTku eospacmanusi M yowvieanus QyHkuuu. Jns sToro
OmpeielisieM 3HaKU MPOU3BOAHON PYHKIIMH HA MPOMEKYTKaX.
-0 < X <-+/3, y' >0, pyHKIMS BO3pacTaeT
-3 <x<-1, y' <0, ¢yHKIus yObIBacT

-1 <x <0, y' <0, ¢yHKUHS yObIBaET
0<x<1, y' <0, ¢ynkuus yobiBaer
1 <x<43, y' <0, ¢yHKIIUA yOBIBACT
3 <x<o, y' >0, QyHKIMS BO3pACTAET

BuIHO, UTO TOUKA X = -~/3 SABJIAETCSA TOUKON MAKCUMYMA, A TOYKA X = +/3
SIBJSIETCS TOYKOU MuHumyma. 3Ha4eHUus: PYHKIUU B ITUX TOYKAX PABHbI
COOTBETCTBEHHO 3+/3/2 u -3+/3/2.

[Ipo BepTUKAIBHBIE acumnmomsl ObLIO YK€ CKa3aHo BhIlIe. Teneps HalieM

3 3 3
b =1im 2x —x |=1lm XZX—H =
x—o| x _1 X—>0 X _1




. X . 1
HAKJIOHHbLE acumnmomeol. k= lim = 1:hm I =1;
X—® j— X—0 1 b
X

Hroro, ypaBHEeHHE HAKIIOHHON aCUMIITOTHI — Y = X.
Ctpoum epagux pyHKIIH:

T

3ananue 1.MccnenoBaTh GyHKIMIO IO IPEJIOKEHHON CXEME U TIOCTPOUTH €€
rpaduk:

. Haittu obnacTh onpeneneHust pyHKINH.

. MccienoBarh Ha YETHOCTh U HEYETHOCT.

. MccenoBars Ha NEPUOAUYHOCTb.

. Halitu cTanmonapHble M1 KpUTHUYECKUE TOUKHU IIEPBOTO poAa.

. HaliTu mpomexyTku Bo3pacTaHus U yObIBAHHS (PYHKLUHU, SIKCTPEMYM.

. Haitu cranmoHapHbIe U KPUTUYECKUE TOYKA BTOPOTO poAa.
. HaiiTu mpoMexyTKH BBITYKJIOCTH (PYHKIUHU, TOUKHU Ieperuoa.

03 N D B~ W N~

. HaiiTn acuMnitoTsl (BepTUKAIIbHBIE, TOPU30HTAIIbHBIC, HAKJIOHHBIE).
9. HaiiTu Touku nepeceueHus rpaduka GyHKIMHA ¢ OCSIMU KOOPJIUHAT.
10.HaiiTi 1ONOIHUTEIbHBIE TOUKHU.

11. TTo pe3ynpTaTam UCCIEIOBAHUS IOCTPOUTH TPaPUK DYHKITHH.

x?—2x—8 = x%-l2x3. :
Bl.a)y = x*(2-x)% 6)y:T B16. a)}:;: 9x+1;

O)y=x3+1

— /T — % 1., 1 . x3
B2 a)y=xvl-x B17. a)y=3" *3% 2x-1;6)y=t—2

_ x%+2x-8
0 y="
B3.a) y =x - arctgx ; es_yz_gygl X3
x%—3x—10 Bl8.a)y=3" " T3 0)y=x7-3
0y="—""
__ 8 . =X2+3X_10 B19. a)yz—-‘»'E + 3X*40x;
Bd.a)y 4—x2’ 0)y x+3 ¥i-1

0)y=3x + 5



BS.a)y=|—:
2_4x-12
6) y= - x-i(3
’ 244x-12
B6.a) y =1ix2; 0)y= - X_Xs
- X . _ x2—x-20
B7.3) y_><2+16’ 0)y= x+2
ﬁ x2+x—20
B8.a) y=e+; 6)y= o
- *. _ x?-2x-15
B9.a) y =— 6)y= =
B10. a) y =2x-x%
24+2x-15
6) y= - x—Xl
5 —2x
B12. a)y= —X® +3x*-2 ;
X3
O)y=x%-1

X
x2+4

B13. a)y=x*- l2x +6 ;

0)y=

B14. a)y=x®+9x* + 24x + 12
x*
0)y=6x- + 18
B15. a)y:—.h’g +3x%-2 ;
X3
O)y=x7-1
KoHTpoJibHBIE BOIIPOCHI:

B20.

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

B29.

B30.

4
a) y=x>-20x ; 0) y=1-—

—u3 2 _x*-1
a)y=x"+15x"-x-250 0)y= .
a)y=3VX +2; 6)y=X2):_9
a) y=x>-4x ; 0)y= 3x+§+5

2oy
a)y =3x-x>; 6)y="- XJZ:;S
a)y =2/3x*-2x=1; 6) y=—
2 b _ 1%
a) y= 2x"-x"; 0)y= .
a)y =2x>8; 0)y =5
a)y = x*-8x>+3 ; 0)y= X21_1
_ 3 6) v = x%+3x—-10
a) y T 4—x2’ ) y= x+3
x%2—-2x—8
a)y=xv4 —x; 0) y= —

1.Yro Takoe o0nacTh onpeaeneHust GyHKIuu?
2.Kakue QpyHKIIMM HA3bIBAIOTCS YETHBIMU , HEUETHBIMH, 00IIIeT0 BUa?

3.Buasl Touek paspbiBa.
4.Yto Takoe HynH QPyHKITUU?

5.Kak onpenenuTs NpOMEXYTKH BBITYKIOCTH?

6.Busr acuMnTor.
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1o TeMe « BprunciieHue miomaaei mNIocKux Gpuryp»
Ilesb: IpOBEPUTH YMEHHUE BBIYUCIIATH IJIOIIAAN C IIOMOIIBIO OIIPEIEIICHHBIX
UHTErpajioB
Bpems BbinosiHenusi 90 MUHYT

MarepuajbHoe obecnieueHmne

1. Teopernueckue cBeIECHUS

2.3ananue

3.JIuct A 4

4 KanbKyJIsITOpbI

ITopsanok BeINOJHEHUSI padOTHI
1.M3yuuts 3ananue

2. I3y4uTh TEOPETUYECKHUE CBEAECHUS

3. BolnonHUTh ¥ 0(hOPMUTH pabOTy
4.IToka3aTph pe3yabTaThl MPENOAABATEIIO
JlomainHee 3a1aHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJILHBIE BOIPOCHI

TeopeTudeckue cCBeCHUS

ITnomans KpUBOIMHEHHOM TpanelyHi, OrpaHMYCHHON HEIPEpPBIBHOM KPUBOH V=f(X),
IBYMSI NOpPSAMBIMA X=a W X=b W OCBIO aOCIMCC, BBIUYHMCISICTCI C IIOMOIIBIO
ONPEeJICIICHHOIO HHTErpaja 1o (popmynam:

A

. ‘y A : B o f;(x}=f;{x)=>xlua,x_

fx)F0=>x=c '

8= 45, - [r6Mee| ek

fx0=>x=c

o
)
()
=V

S=5,+5, = [ lekic+

o




Ipumep 4: Beraucnure mwiomaas GUrypbl, OrpaHUIEHHON JTMHUSAME y = — > —2x +3, OCSAMH

KOOpAMHAT U IpsIMON x=2.
Pemenne: [ToctporM naHHBIE TUHUA

Y=0

Haiinem Touku nepeceucHust rpaduka GyHKIUH ¢ 0Chio OX: y =—x’—2x+3,

1 2 3 3
S =j(—x2—2x+3)dx—j(—x2—2x+3)dx=(—x?—x2+3x) +(—x?—x2+3x) =

0 1

0 1

1
:___1+3_(_§_4+6)+(_l_1+3)=§+g+§:£:4(1«3.ed)
3 3 3 3 3 3 3

3aganus npakTudeckoi padorsl Haiitu miiomanb GUrypsl, orpaHu4eHHON

JaHHBIMHW JINHUAMHA

3amanue 1

1,11,21. y=8x—x>—7 ¥ OCBIO OX
2,12,22. y=x'-1,y=0,x=0
3,13,23. y=x"=3x—4 noceio OX
4,14,24. yi=4x u x> =4y

5,15,25. y=5x—x"+6 uockio OX
6,16,26. y=x, y=x",x=-1,x=0
7,17,27. y=x>—6x+8 uochio OX
8,18,28. y=x" H y=x+2

9,19,29 y=x"—4x-5 moceio OX
10,20,30.  y = 6x —3x° u ocvio OX
3ananue 2

L1121, y=x>+2 Hy=2x+2 2,1222. y=x%m y=2-x*

3,13,23. xy=6 U y+x-7=0 4,1424. y=2", y=2x-x",x=0, x=1



5,15,25. y=Inx,x=¢,y =0 6,1626. y=" x=1,y=x—1

X
71727 y=x"+x, y=1-x>,x=0,x=1 8,18,28. y=x",x=2
9,19,29. y=cosx ,x=0,x=2n,y=0 10,20,30. y = \/;,y=2,x=03a):[aHI/Ie3
1,L11,21. x-y+3=0, x+y—-1=0,y=0
2,1222. 2x—3y+6=0,y=0m x=3
3,1323.  y=x-2x+3wm y=3x—1
4,1424. x-y+2=0,y=0,x=-1,x=2
5,15,25.  y?=4x,x=1wuoce0 OX
6,16,36. y=x’uny=-3x
7,1737. x—-y+3=0,x+y-1=0,y=0
8,18,28. x2=3yum y=x
9,19,29. Xx—y-2=0, x+ty+1=0,y=0
10,20,30. y?2=9x, x =3 u ocero OX
KoHTpoJibHBIE BOPOCHI

1.Yto Takoe KpUBOJIMHENHAS Tparenus?

2.®opmyna HeroTona-Jleioaua

3.I'paduku snemeHTapHBIX QYHKITUH.

4. Pa3nmuyHbIie BUABI TUIOCKUX (DUTYP U CITOCOOBI BRIYUCICHUS WX TUIOIIAICH.
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no teMe «Penrenue npakTuyecKuX 3a/1a4 ¢ IpUMeHeHHeM UHTETPAJIOB)
Hesb: mpoBepuTh YMEHHE HAXOIUTh HEOTIPEICTICHHBIC U ONIPEACIICHHBIC HHTETPAJIbI
UCIOJIb3YsI METO/IbI HETIOCPEACTBEHHOTO MHTETPUPOBAHUS, HHTETPUPOBAHHE
MOJICTAHOBKOM U IO YaCTSIM.
Bpems BbinmosiHeHust 90 MUHYT

MarepuajbHoe obecnieueHme

1. Teopetnueckue cBeaecHUS

2.3ananue

3.JIuct A 4

4. KanpKyJIsITOpbI

IHopsiioK BbINOJIHEHUS Pa0OTHI
1.3yunth 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHUSI

3. Boinonuuth U 0OpMHUTH paboTy

4 .Iloka3aTp pe3yJbTaThl IPENOJABATETIO
JlomalnHee 3ajaHue

1.IToATOTOBUTH OTBETHI HA KOHTPOJILHBIE BOMPOCHI
Xoxa paéoTbi

TeopeTnveckue cBeeHUA

f(z)

Omnpenenenue Ilycthb -- (pyHK1MS, 3aaHHAs HA OOBEIUHEHUN UHTEPBAJIOB

f(z)

BelllecTBeHHOM ocu. Habop Bcex mepBooOpa3HbIX JIst Ha3bIBACTCS

f(z) J f(z)dz

HeonpeoeneHHbIM UHMe2Paniom OT n 0003HavaeTcs . Onepanus

flz)

HAXOXKJCHUSI HEOTPEIeIEHHOTO HHTETPpaJIa M0 33JJaHHON QYHKIIUN Ha3bIBACTCS
unmezpuposaruem 3To QyHKIUU; HAUTHU HEONPEAEIEHHBI NHTErPAJT 03HAYAET

f(z)

npounmezpuposams 1aHHYI0 QyHKUINI0. OyHKIMS , 3aIIMCaHHas MOCJe 3HaKa
UHTErpasa (Wiv, Kak 4acTo TOBOPIT, 700 3HAKOM MHTETpaa), Ha3bIBaeTCs
noovinmezpanvHotl ynkyuer. COriiacHO JOKa3aHHBIM BBIIIE TEOPEMaM O BHJIE

f(z)
nepBOOOPa3HbIX, HEONPEIEIEHHBIM UHTETPATl OT PYHKIIUU COCTOUT U3 (PyHKIUI
F(I:J-l—Cf F(I:J f{I:J
BHUJA , T1Ie -- Kakasg-1100 pukcupoBaHHas IEpBOOOpa3Has st ,a

C -- BEJIMYKWHA, IOCTOSTHHAA HA KaXXJI0OM U3 HCTICPECCCKAIOMNXCA NHTCPBAJIOB, HA

f(=)

KOTOPBIX 3a1aHa (PYHKITUS . [ToaTOMYy MOKHO HamucaTh Takyro HopMyIty:



ff[x] dz — F(z) + C.

Tabiamnua MHTErpagoB 3JIeMEHTAPHBIX (PYHKIMT

1 _[El'afx:=C 11 _[chxdx:=shx+€
2 Jlrdx=x+C 12 Ia;r e hx+C
sh x .
+1 dr
3 [xidc =X _+c P [z ~thxrC
e+l (a=-l), ch
4 1 dx 14 1 dx 1 x
—dv=[—=lhk/+C dx = = —arctg — +C
Ix Ix d ' Ixz+a2 Ix2+a2 e
5 x 15 dx 1, |x-a
xp _ & =_1In +C
J'aa&: ]nﬂ+C. Ixz—az 28 |x ta
J'exafr=ex+(?
6 ’[smxdr=—|:osx+c. 16 J‘—dx =arcsﬁ1£+€=—arccos£+c
a’ - x? @ @
7 _[l::osxdr,=smx+(?. 17 b le + ofx? +al+

J-L=
«,l'x2+05
8 J' d;: =-ctgx +C 18 _l-ﬂ,l'xz+a¢£x=§xﬂx2+a+%h‘1‘x+wix2+a‘

dx 1 R e
9 [—— =tgx+C ? _|' az_xzd’c:% az—x2+%arcsin£+c

il

10 Ishxdx:=|::hx+(?. 20 Ia&: =]ntg£+(?
5N X 2 .
J- dx =]n’tgx+ﬂ2‘+tf
COsX 2

3aMeHa mepeMeHHOI B HeonpeaeJIéHHOM HHTerpaJe
(MHTErpHpOBaHMeE MOACTAHOBKOI).
ITycTs ff(x}dr =Flx)+C . Torna J'f(if(x}')f(x]-'ir = Ft(x)) + C. 3mech K(x) -

muddepennupyemasi MOHOTOHHAST (yHKIIHS.



IIpu pemennu 3axa4 3aMEeHy IEPEMEHHOU MOYKHO BBIIIOJIHUTD JBYMs
CHOCO0aMHU.
1. Ecinu B mojbIHTErpaibHOM PYHKIMU yIaéTcs cpa3y 3aMEeTUTh 00a

coMHOXuUTENS, U f{t(x)), n (x) , TO 3aMeHa MePEMEHHOM OCYIIECTBIISICTCS

HOIBEIEHIEM MHOXKHTEIS © (x) oz 3HaK auddepenimana; * (x)de = d‘i, U 3a7a4a
CBOJIMTCS K BRIYHUCIICHUIO HHTETpAJIa [ £@ade Hampuwmep,
sth X - sin xdx dicosx) off
_[tg xdx = _[—afx: = —_[ = - = =
COS X COSX CosX  (3a7aya CBEJICHA K BBIYUCIICHUIO ~ £ |

= - +
rae t=cosx) - 105X *C Guanoruuno maxomutes naterpan or ©E X );
sit1 x — r,SE ¢ . — ¢ .
Je " cosxdx = [e™ " d sin x (3a1a4a CBeJIcHA K BEIYMCIICHUIO [ede , TJ€e ¢ = sin Xx)
_ _§ihx
=e " +C B Gonee cI0KHBIX 3a]a4ax onepanys MOoABEIEHUS MO 3HAK

muddepeHnmana MoKeT BBITTOHITHCS HECKOIBKO pas:

Iﬂaﬂ.fu:u:tgs.!n:2 arcctg4x2 de _

I+x (camoe HEMPUATHOE B MOJILIHTErPATBHON (PYHKIINH -
MATasi CTENEHb apKKOTAHTeHCa M0 3HAKOM SKCTIOHEHTBI; €CJIM TaJIbIlle HE HAAETCS
nuddepentuan 3Toil GyHKIIUU, TO MHTETPajl, BO3MOXKHO, B35Th BOOOIIE HE yAaCTCs;
B TO )K€ BpeMs CIIeAyIOIIMI MHOXKHUTENL (arcctg? x?) - mpousBoaHas (C TOYHOCTHIO [0
MOCTOSIHHOT'O MHOXUTEJISI) CTENIEHHON (QYyHKIUU; 3aTEM CIIETYIOT IPOU3BOIHbBIE
(OIATH ¢ TOYHOCTBIO J0 MOCTOSHHBIX MHOXKUTENEH) QyHKIMI arcctg x* u x* 1o
CBOUM apTyMEHTaM)

1 5.2 1 1 )
= —_[ear':':tg * aru:u:tg4 x* (Zxdc) = —_[ear':':tg * aru:u:tg4 x* dc® =
2 1+x* 2 1+ x*
2
1 5.2 — 1 ]
= ——_[em':tg * arcct54 :JL:2 = ——_[em':tgs * a:rcl:tg'i1 xzd arcctz xE =
2 1+ x4 2

5.2 5.2 5.2
—%Iem“g * l(551ru::u::tg4 xzdarcctgx2)=—%_[em“g * l(.lcfarlz:t:tgj x2j=—1—1|:|em':tg * 10

2. 3aMeHy MepeMEeHHONU MOYKHO OCYIIECTBISATh (DOPMaTbHBIM CBEICHUEM

st x
MO/BIHTErPATLHOTO BHIPAKEHNS K HOBOH nepemennoit. Tak, B J€  S99* pyeer

CMBICJI IEPEUTH K MEPEMEHHOM (C/IeNaTh MOJICTAHOBKY) £ = sin X. Beipaxkaem Bce
MHOKHTEJIN TTOIBIHTETPATLHOTO BBIPAKEHUS Yepe3 EPEMEHHYIO 7:

x=arcsmx;dx=L2;cosx=w{l—sm2x =«f1—r2
1-¢

it X —

. B pesynbrare J€  COSXAx
ot

= _[et 1-¢2 &

=_[etd£=et +C =
1- ¢

(BO3BparaemMcsi K MCXOJIHON TIEPEMEHHOM )

gih x
&g

+C . Jlpyrue npumeps:
dx

IJx—Sﬂ+

3

Vx =5 [ToxpiHTErpanbHas PYHKITUS CONEPIKUT IBAa MHOXKHUTEIS, HA OJUH
U3 KOTOPBIX HE SIBJISCTCS IPOU3BOJIHON APYTrOro, MO3TOMY MOJBOIUTE UX IO 3HAK
nuddepennana 6ecrione3Ho. [lonmbiTaeMcesi BBECTH HOBYIO IIEPEMEHHYIO, TaKYIO,



x — 5—: 6.1:—5;

x = ¢ +5;dx:=6:5aii _

dx
Ifx 5(1+4fx - 5)

YTOOBI KOPHU U3BJICKIIHCH:
68 dt tdt (£5 +1-Dde _

=§ =f
£il+e4) J'1t2+1 / £+l

—E[J'tﬂ - ] (¢ —arctg £)+ C = 6/x =5 - arctg§fx -5 )+ C

£ +1 PaccmoTpum

Ja® - x dx (uaTerpan Nel9 u3 TadJ.). 3nech NoAbIHTErpaibHasA (PYHKIIUSI COCTOUT
U3 €IMHCTBEHHOTO MHOYXHUTEJS; MOXKHO OIISITh MIOMBITAThCA ClIeNaTh TaKyI0 3aMEHY
MePEMEHHOM, YTOOBI KOPEeHb U3BIEKCA. CTPYKTYpa MOJKOPEHHOTO BRIPAKEHUS
TI0JICKA3BIBAECT 3Ty 3aMEHy: X=@sin t(yqy * =acost a>0):

X =5 £ dx = acos £dE

‘\II ~x? —aw'l—sm E=@cost

MHTErpaly OT KBaapara KocuHyca. [Ipu uHTerpupoBaHuy 4ETHBIX CTENIEHEN CUHYCA U

J'a ~xtde = 2y di

. MuTerpan ceéncs k

.2 2
KOCHHYCa 9acTO MPUMEHSIOTCS (POPMYIIBI, BRIpaXaromue - £y £95° fyepe3
. 1-cos2f 5 1+cos2f
= o = —

sin £
KOCHHYC JIBOMHOTO yTJa: 2 2 [TosToMy
2
azjcoszt'dr=a2_[# ——Udt+_[|::052£d.r:| ; [r+ _[cosE.t d,Er]

) X
2 s £ = —, CcosE=

et 1. af 1 a
=2 e+ Zsin2e |+ € =E g+ Zsin 2|+ € = E (¢ +sin reose)+ € = =
2 2 2 2 2

f 2 2
S R
[+

2
= %arn:sin x +%xm,|'a2 —.:vr,2 +

il

[Tpumepsr: 1.

t=x+fxltoz-x=+x?to-x)? =x? + g
dx £ - £ -
I—dx=i2—2tx+x2=x2+m;x= m;w,ﬂx2+m=£— > =]n|1E|+C=]n‘x+x|'x2+m

2f 2F

2 2
o 5t
= Lide = 5 o
of 2f

TSV I NI AL L LU _
2. sz—az 2a° x2 - a° Za (x +ea)x —a) '[[ x+a]ﬂk




LA @) L xoa) - fxta )+ C = oln

Ea x-da x+ta 2 2

x—da
+C

xta
Humezpuposanue no uwacmsanm.

HNuTerpupoBaHue 1o 4acTsAM - IPUEM, KOTOPBIM IPUMEHSETCS IIOYTH TaK Ke
4acTo, Kak 1 3aMeHa nepemeHHou. [1ycTs u(x) u v(x) - GyHKIIUN, UMEIOIINe
HEIpepbIBHbIE YacTHBIE TPou3BoAHbIE. Toraa no popmyne auddepeHupoBaHus

= u-dv=duv)—v du . Haxomum

npousseneHus d(uv) = u-dv + v-du
HEeoTpeeIEHHBIC MHTETPAITBI 1711 00€UX YacTe STOTO PaBEHCTBA (TIpH STOM

_[d(uv} =uv+C):
Iu-dv =uv—-|.v-d.u

Orta opmyra U HazbIBaeTCs (HOPMYIION MHTETPUPOBAHUS TI0 YacTsAM. YacTo ee
3aMUCHIBAIOT B TPOU3BOJHBIX (dv = v’+dx , du = w’ -dx):
Iu-v'dx: =uv—Iv -3

[Ipumepsr:
i = x, dv = sin xdx;
J‘xsin xdx = , =x(—cosx) —\I‘(—cosxja&: =-xcosx +sin x+ ¢
di = dx v =J'sm xdx = —cosx
=In x; dr =dx; e
_[]nxdr,= g =xh1x—_[x—=x]nx—_[dx:=x]nx—x+(?
= v=x x
x

dopMya MHTETPUPOBAHUS MO YaCTAM MOXKET MPHUMEHSITHCS HEOJHOKPATHO.
[Ipn Hanuuuu HEOONBLIOTO OMNbITA B MPOCTBIX HHTErpajiax HET HEOOXOAUMOCTH

BBIIIUCHIBATH IPOMEXKYTOUYHBIE BBIKJIAJIKHU (# = ..., dv = ...), MOXKHO Cpa3y IPUMEHATh
bopmyy, IIPEICTABHB MHTETPa B BHIE u: dv ;
J'exxEtfr = J'x3 (e™dx) = IxEdex - x'e —.I'exafxg = x°e® —J'e 3xlde = xoe® 3]'.1:2 (e¥dx) =
=x3€x—3]'x2t£ex—xe —3(.1: —J'e .af:c:2 =xe —3(x e~ —J'e 2xex) =

~3x%e® + ﬁj'xaiex = x'e® - 3xte* + fixe™ - J'exdh:) = x ¥ - 3x’e® +6xe® - 6J'exafx =
3

xe® - 3xie® +6xe® - Ge® +C=€x(x3 —3x2+6x—6}+c

[TpuBen€nubie MpUMeEpPHI MOKA3BIBAIOT, A1 KaKUX (GYHKIIUA HAJI0 PUMEHSTh
(MJIM TOTIBITAThCS IPUMEHUTD) (HOPMYITy HHTETPUPOBAHHMS 110 YACTSIM:

o [P coser e [Bu) s [Py a” e e p(y)

u=F,(x), dv = cosexdx

HNuTterpanst BUj

MHOTO4JIEH n-0ii crenenu. Tak, 1uis [ Bolx) cosem de ooy
= (B (x))'de = By (x)dbe, v = (sin ax) (&,

IPH (x) cosexde = P (x) (s m:]lfa—lfa_[PH_l (27 sin aoe e . B pesyubrare Ml

MOJIYYHJIM UHTCTPAJl TOTO K€ TUIIA C MHOI'OYJICHOM CTCIICHU HAa CAWHUIY MCHBIIIC.
ITocne n-KpaTHOIr o IMMPUMCHCHUA q)OpMy.]ILI CTCIICHb MHOT'OYJICHA YMCHBIINUTCA 10



HYJIS, T.€. MHOTOYJICH IPEBPATHUTCS B TIOCTOSTHHYIO, U MHTETPA CBEAETCS K
Ta0JIUIHOMY.

WHTerpas [Pt} fx) dx e @) TpaHCIUEHACHTHAS (PyHKIUS, MMEIOIAs
JIPOOHO-PAITMOHABHYIO WIIN APOOHO-UPPAIIMOHATIEHYIO TTpon3BoAHYIO (In X, arctg x,
arcctg x, arcsin x, arcos x). B aTom ciyuae umeeT cMbICT B3ATh # = f(x), dv =

velu ..
Pu(x)dx, nnst Toro, 9TOOBI B MHTETpAJIe I ydacTBoBaJia He f(x), a €€ MpOn3BOTHAS.

[Tpumep:
i = arcsin x. dv = xdx, 5 ¢ dy Iaff.
X = gin = cog
_[x'arcsmx'fix:= ax x? =x—art:sinx— G
"ﬁﬁﬁ;":? 5.f] - x 2 «fl x? =cost
-x

2 2 3 :
x—a.rl:sin x—ljsm2m=x—arcsm x —l_[(l—cos 26l =x—ar|:sin x —l i- 0 & +C =
2 2 2 4 o 4 9
xE . £ osin foosk ;vc2 } arcsn X X 1—:1:2
—arcsm x——+——  + (' =_—__arcan x — + +

4 > 4 4

JJ1st HeKOTOPBIX (DYHKIMM MPUMEHSETCS PUEM “CBEJICHUS UHTErpasia K

camomy ce6e”. C moMOoIIbI0 HHTETPUPOBAHUS TI0 YACTSIM (BO3MOXKHO,
HEOTHOKPATHOTO) MHTETPAJ BBIPAKACTCS Yepe3 TAKOU KE MHTETPa; B PE3yJIbTaTe
MOJIy9aeTCsl YypaBHEHHE OTHOCHTEIILHO 3TOT0 MHTETPaJIa, peiias KOTOPoe, HaXO UM
3HaueHue uHTerpaia. [Ipumepsr:

I= J-m,l'az - x* dx

HHTErpajioB; B IPeIbIAyLIEM Naparpade Mbl BBIYUCIWIA 3TOT HHTETPaJl ¢ TOMOILBIO

Haittu (ato nnrerpan Nel9 u3 tada. 10.3.Heonpeae e HHbIX

TPUTOHOMETPUYECKOM MMOJACTAHOBKH X = &8ifl 2),

w = a —xz;dv = dx;
7 _ 2 T 2 x4dx 7.2 —x 2

I=I ' —xdx = dx =x+a’ - x" +| Y= = xvja® —x° - | ——dx=
dy = - — p = x ﬂ2_x2 ﬂz_xz

El

= x4 (a: —xj d = x+ja? —x? +
7= - [ fﬁfﬁ: -

=x az—xz—_l- az—xzdx:+a2_|' 2

X
= x-Ja® —x® -F+a® arcsin =

I|' gl t .

B pesynpraTre Ui MCKOMOTO WHTErpaja Mbl TOJYYWIU ypaBHEHHE

. x
IF=x az—xz—f+a2 arcsin —
Py

X
2f = xoja® - x*° +a® arcsin =+ C
pemiasi KOTOpoe, MoxydaeM @  (koHcTaHTa C TOSBUIIACH
BCJICJICTBHE TOT0O, YTO HWHTerpajbl { B MpaBoil ¥ JIEBOW YacTAX YpaBHEHUSI
OIIPCACIICHDBI C TOYHOCTBIO a0 HpOI/I3BOHBHOﬁ HOCTOHHHOﬁ) n



2
1 a X C
T=—xva? -x?+Z_aresin =+ C —
2 2 @ (koHcTanTa 2 1epeobo3HaueHa uepes  O).
CBenenue uHTerpaia K camMmomy cede — camblil MPOCTON COCOO0 HAXOXKJICHHS
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npuMeHeHUn (OpMyJbl HMHTETPUPOBAHMSI MO YacTAM 3aroHATh IMOJA  3HaK
muddepenunana GyHKIMIO TOTO K€ THMA, YTO U IPHU NEPBOM (IMOKA3ATENbHYIO WIH
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peKYPPEeHTHbIe COOTHOIIeHHMs. Ecinu mnoaplHTErpangbHas (QYHKIUS 3aBUCUT OT
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2. Haiimu unmeepan I (K‘x + K)e” dx,TIe K — IMOPSAIKOBBIM HOMED B )KypHaJe
3. Haiimu unmezpan I (Kx - 4)sinkxdx , TIIe K — IMOPSAKOBBIM HOMED B KypHAJIE

KoHTpoJsbHBIE BONIPOCHI:

1. Tabnuua uHTETpPasoB .

2. B yem cyTh MeToaa 100aBouHOr0 K03 duimenta?
3.MetoJ1 TOJICTAHOBKH.

4.MeTo 1 MHTETPUPOBAHUS TI0 YACTSIM.
TeopeTnyeckue cBeaeHMs

Onpeodenennwlii unmezpa.

[TycTh Ha oTpeske [a, b] 3amana HenpepsiBHas GhyHKIus f(X).



O6o3HaunM m u M HaummeHblllee W HauOosbllee 3Ha4YeHHE (DYHKIIMU Ha
oTpe3ke [a, b]
Pa3o6neM oTpe3ok [a, b] Ha yacTu (He 00A3aTEIBLHO OJIMHAKOBBIC) N TOUKAMHU.
X0<X1<X2<...<Xp
Torma x1 — Xo = AX1, X2 — X1 = AX2, ... ,Xn — Xn-1 = AXp;
Ha xaxaom u3 noayd4eHHbIX OTPE3KOB Hal/IeM HaMMEHbIIIee U HanOoJIbIllee 3HAaUCHNE
byHKIINN.

[Xo, X1] —> my, M1; [Xl, Xz] — My, Mz; [Xn-l, Xn] — My, M.

CocraBuM CYMMBI:

Sn=miAX] + mpAXx; + ... TmuAX, = ZmIAXI.
=1

Sn=MAXI + MaAx: + ... + MaAxa = > MAx,

=1
CymMa S Ha3blBaeTCs HMsKHeHl HMHTerpajbHOil CyMMOi, a cymMMa S — BepxHeii
HHTErPaJIbHONH CYMMOM.
Tk m<M;,T0 $n< Sn, a mb—2a)< Su< Sa<M(b—a)
BHyTpu Kaxaoro orpe3ka BbIOEpEM HEKOTOPYIO TOUKY €.
Xo<ég <Xi, X1<&e< X2 ... ,Xnl<E&<Xpn
Haiinem 3HaueHus (QyHKIMM B 3THUX TOYKAX M COCTABUM BBIPAKEHHUE, KOTOPOE
Ha3bIBAE€TCS MHTErpajbHoOi cymMmoii 1 Gynkuuu f(x) Ha oTpeske [a, b].

S =f(e)AXi + f(&2)Ax:2 + ... + fEAxa= 3 fle)Ax,
=1

Tornma MoxHO 3anucath: m;Ax; <f(&)Axi < M;Ax;

CrnenoparenbHo, Y mAx, <Y fle,)Ax; <Y MAx,
=1 =1

=1

5,<8,<8,



['eoMeTpudecky 3TO MPECTABISAETCS CIEAYIOMUM 00pa3oM: rpaduk QyHKIUU

f(x) orpanuueH cBepxXy ONUCAaHHOW JIOMaHOW JWHUEH, a CHHU3Yy — BIHMCAHHOU
JIOMaHOM.
O6o3HauuM maxAx; — HauOOJIBIIUNA OTPE30K pazdueHus, a minAx; —

HauMmeHbIui. Ecmu maxAxi— (0, TO 4uca0 OTpe3KOB pa3OMeHHs OTpe3ka [a, b]
CTPEMUTCS K OECKOHEUHOCTH.

Eciu S, = f(e,)Ax;, TO _lim Z e )Ax, =
=1

max Ax;—0

Omnpenenenune: Ecou npu J'IIO6I>IX pazomeHusx orpeska [a, b] Takux, yro maxAx;— 0

¥ TIPOU3BOJIBHOM BBIOOPE TOUEK € MHTErpajbHasi CyMMa S, = Z f(e;)Ax; CTPEMUTCS K
=1

npeneny S, KOTOPBIM Ha3bIBAE€TCA OMPECICHHBIM MHTETpaioM ot f(X) Ha oTpeske [a,

b].

b
O0o3HaucHuUeE : j f(x)dx.

a — HIDKHUM npenen, b — BepxHuil npenen, X — nepeMeHHas UHTerpupoBaHud, [a, b] —
OTPE30K NHTETPUPOBAHUSI.

Onpenenenue: Ecim s ¢yskmuun  f(x)  cymiecTByeT — mpenen
b

lim Z fle))Ax, = j f(x)dx, TO GyHKIIHS Ha3bIBAETCS HHTErPUPYEMON Ha OTpe3Ke [a,

max Ax;—0

b].

a

n b
Takke BEpHBI YTBEPKICHUS: lim Zm,AX, = I (x)dx

max Ax;—0 o

lim ZMAX —j Ax)dx

max Ax;—0
a

Teopema: Ecim ¢dynkmus f(x) HenmpepbiBHa Ha oTpe3ke [a, b], To oHa
WHTETpUpyeMa Ha 3TOM OTPE3KeE.
CBOMCTBA ONPEACICHHOIO UHTErPAJIA.

1) JIZAf(X)dX= AjZ f(x)dx,

b

2) [(£(0+ f(x)dx= f(x)dxt [ f(Rdx

B

3) jﬁ f(x)dx=0

b b
4) Ecnm f(x) < @(x) Ha oTpe3ke [a, b] a<b, TO j Ax)dx< j o(x)dx

5) s npou3BOJIBHBIX YHCEN a, b, ¢ CIIpaBeJIMBO PABEHCTRO:

J[Z f(X)dXZJC. f()()a’x+jZ (x)dx

a a



Pa3yMeeTc;1, 9TO PaBCHCTBO BBIIIOJIHACTCA, CCIN CYHICCTBYCT Ka)K,HBIﬁ H3
BXOAIMIMX B HETO MHTCTPAJIOB.

6) j’. Ax)dx= —j Ax)dx

Botuucnenue onpedeﬂermozo unmezpana.

b
[lycte B uHTErpase J.f(x)dx HUKHUN Tipenen a = const, a BepxHUU mpenen b
a

HU3MCHACTCA. O‘ICBI/II[HO, qTO C€CJIM HU3MCHACTCA BerHI/Iﬁ npeaci, TO U3MCHACTCA U
SHAYCHUC MHTCIpaia.

O603HaYNM Jf(t)dt = @®(x). Haiinem npousBoanyo ¢yHkuuun D(X) M0

[IEPEMEHHOMY BEPXHEMY MPELENY X.
d X
2&!“””:“”

AHAJIOTUYHYIO0 TEOPEMY MOXHO JI0Ka3aTh VISl Cilydasi IEPEMEHHOTO HUKHETO
npenena.

Teopema: Jlns Bcskod ¢(ynkuuum f(X), HempepblBHOM Ha oTpe3ke [a, b,
CyLIECTBYET Ha O3TOM OTpe3Ke IepBooOpa3Has, a 3HA4YUT, CYLIECTBYET
HEOIIPEICIICHHBIN UHTETPAIL.

Teopema: (Teopema HetoTona — JleliOHuiia)

Ecnu ¢pynkuus F(x) — kakasd- 1ubo nepBooOpa3Hasi OT HEMPEPbIBHON (PYHKIIUU
f(x), To

[ f(o)dx = F(b)- F(a)

3TO BBIpaKEHHE U3BECTHO 101 Ha3BaHueEM (opmyisl HetoToHa — Jleitoawua.

b
Wuorna npumensior o6o3nauenue F(b) — F(a) = F(x)| .

a
®opmyna Herorona — JleliOHuma mpeacraBisieT co0ol  oOmuMiA  MOaXoa K
HaXO0XKJICHUIO OIPECICHHBIX HHTETPAJIOB.

Uto Kacaercss IMPUEMOB BBIYHCICHHUS OIPEACICHHBIX HHTETPAJIOB, TO OHU
MPAKTUYCCKA HUYEM HE OTIMYAIOTCS OT BCEX TEX MPHUEMOB U METOJIOB, KOTOPHIC
OBLITM paCCMOTPEHBI BHIIIIE MPU HAXOXKJICHUU HEOTPEICIICHHBIX HHTETPAJIOB.

TouHo Tak ke MPUMEHSIOTCS METOJBI MOJACTAHOBKH (3aMEHBI TIEPEMEHHON),
METOJI HHTETPUPOBAHMUS TI0 YACTSAM, T€ e MPUEMbI HAXOXKICHUS TIEPBOOOPA3HBIX IS
TPUTOHOMETPHUYCCKUX,  HPPAMOHAIBHBIX M TPAHCUCHJCHTHBIX  (DYHKITWH.
OCOOCHHOCTBIO SBIISICTCS TOJBKO TO, YTO NMPU NMPUMEHEHUU ITHX IMPUEMOB HAIO
pacmpocTpaHsATh peoOpa3oBaHre HE TOJBKO Ha MOJBIHTETPAIbHYIO (QYHKIIHIO, HO U
Ha TIpeJeibl UHTETPUPOBAHUS. 3aMEHss TePEMEHHYI0 WHTECTPUPOBAHUSA, HE 3a0BIThH
U3MCHHTH COOTBETCTBEHHO IIPEJICIIbl HHTCTPUPOBAHHUS.
3amena nepemeHHbIX.



b
Ilycts 3anaH uHTETpal I f(x)dx, e f(x) — HenpepbIBHAs PYHKIIMSA HA OTPE3KE

[a, b].

BBeaem HOBYIO MEpeMEHHYIO B COOTBETCTBUHU € (HOpMyJI0it X = @(t).
Torma ecu

Do) =a, ¢B)=b

2) @(t) 1 @'(t) HEIPEepBIBHBI Ha OTpe3ke [, 3]

3) f(p(t)) onpenenena Ha otpeske [, B], TO
b i
[ fAndx=[ fo(0le'(0dt

b p
Torza f Ae(Dle'(ndt= Flo(9]| = Flo(B)]— Flo(a)] = F(b) ~ F(a)

o

[Tpumep.
1 x= Sint; n/2 n/2 1 n/2
jxll—xzdxz = lel—sinz tcos tdt = J.cos2 tdt =— J-(1+cos2t)dt=
0 a=0;p=m/2 0 0 2

1 1. j“/z T 1. T
=—|t+—sin2¢|| =—+—sinw=—.
2 2 o 4 4 4

[Ipu 3ameHe mepeMEHHOW B OMPEACIICHHOM HHTErpaje CieayeT MOMHUTb O
TOM, 4TO BBOJIUMast GyHKIIUS (B paCCMOTPEHHOM IpHUMeEpe 3TO (YHKIHS Sin) AOHKHA
OBITH HEMPEPHIBHA HA OTPE3KE MHTETpUpOBaHUs. B mpoTuBHOM ciydae hopMabHOE
npuMeHeHue GopmyJibl TPUBOJIUT K a0Cypay.

[Tpumep.
]EdXZ Xn| =7 , C JPYrod CTOPOHBI, €CIU MPUMEHUTh TPUTOHOMETPHUUECKYIO
0 0
MOJICTAaHOBKY,
n n n 0
IdXZI . 2 & 2 :I 2 & 2 :{th:t}:I dtzzo
7 , sin” x+cos” x ¢ cos” x(1+£g” x) o 1+

T.e. aBa crnocoba HAaXOXJEHUS HWHTErpaja JdaloT pa3uyHble pPe3yJNbTaThl. ITO
IIPOU30IILIIO U3-3a TOTO, YTO HE ObUT YUTEH TOT (aKT, UTO BBEJICHHAs MEpeMEeHHas tgx
UMEET Ha OTPE3KE MHTErpUpOBaHUS pa3phiB (B Touke X = 7/2). [loaToMy B 1aHHOM
Claydae Takasd IOACTaHOBKa HenpumeHunma. [lpm 3ameHe 1nepeMeHHOW B
ONPENEIICHHOM HHTErpajie CJIEAYeT BHHUMATENbHO CIEAUTH 34 BBINOJHEHUEM
IIEPEYUCIIEHHBIX BBIIIE YCIOBUU.
HNHuTerpupoBanue mo 4acTsam.

Ecnu ¢ynkuum u = @(x) 1 v = y(X) HepepbIBHBI HAa OTpe3ke [a, b], a Takxke
HENpPEepBhIBHBI Ha 3TOM OTpPE3Ke WX MPOM3BOJHBIE, TO cHpaBe;iuBa (opMyia

HHTCI'PUPOBAHMNA 110 YaCTAM:
b

b
I udv= uvlb— I vdl.
a a a

BeiBon aTOMt  dopmynibl  aOCOJNIIOTHO AaHAJIOTHYEH BBIBOLY  (OPMYJIbI
WHTETPUPOBAHUS 10 YACTSIM JJI1 HEOMPEAEIEHHOTO HHTErpajia, KOTOPbI ObLI BechMa
oAPOOHO PAaCCMOTPEH BBIIIIE, TOITOMY 3/1€Ch MPUBOIUTH €TI0 HET CMBICTIA.



3anaHus npakTu4yecko padoTbl BhIYUCINTE ONpenesieHHbI HHTETpaj
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1.5
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1.7
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/2 /8 0
2.4 Ixz sin xdx Ixzsin Axdx Jxln(l — x)dx

0 0 -1

1/2 2 6
2.5 I arccos 2xdx Ixz In xdx J‘esm cos xdx
-1/2 1 0
2 e 0
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1 1 -1
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KoHTpoJibHBIE BONIPOCHI

1.Yto Ha3wIBaIOT OMNpe/eIeHHBIM HHTETrpajaoM GyHKIUH f(x)?
2.B yeM cOCTOUT reOMETPUUECKUI CMBICIT ONPEICICHHOTO UHTErpasia?
3.ChopmynupyiiTe He0OOX0AUMOE yCIIOBHUE HHTErpUpyeMocT PyHKIuH f(x) Ha
oTpe3ke [a,b].
4.ChopmynupyiiTe HEOOXOAUMOE U JOCTATOYHOE YCIOBHS HHTETPUPYEMOCTH
byskuu f(x) Ha oTpe3ke [a, b].
5.3anummuTe CBOMCTBA ONPEACICHHOTO HHTErpaJIa.
63anumure popmyny HeroTona-JIeitObuua.
7Pacckaxkute 00 OCHOBHBIX METOJ[aX MHTEIPUPOBAHUS ONIPEACIICHHOTO HHTErpaa.



IIpakTueckas padora Ne 9
no teme «AudPepeHunanbHbie ypaBHeHHs IEPBOI0 MOPSAAKA»
Heab: npoBepuTh yMeHHE pemiaTh AU(depeHIraibHble YpaBHEHUS IEPBOTO
NOPSAKA C Pa3IEIICHHBIMU U Pa3AeISIIOIMMKCS IEPEMEHHBIMH.
Bpems BbinosiHeHuss 90 MUHYT

MarepuajnbHoe obecneueHme

1. TeopeTnueckue cBeaCHUS

2.3amaHue

3.JIuct A 4

4 KanbKyJIsaTOpbl

IHopsinok BeINOJIHEHHsI padOThI
1.M3yunts 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUSI

3. Beimonauth 1 0OpMHUTH paboTy
4.IlokazaTp pe3yJIbTaThl MPENOIaBATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckunit MaTepuas

Huggdepenyuanvnviv ypasnenuem Ha3bIBa€TCd YpaBHEHHUE, CBS3BIBAIOIICE
MEXIy €000l HE3aBUCUMYIO TEPEeMEHHYI x , HUCKOMYIO GYHKUHIO y H ee
MPOU3BOJIHbIC WU AU PepeHInabI.

CumBomnuecku auddepeHnnaibHoe ypaBHEHUE 3aTUChIBACTCS TaK:

F(x, v, y'): 0, F(x, ¥, y"): 0, F(x, v, V', y”,...,y(”))z 0.

HuddepennnansHoe ypaBHEHHE HA3BIBACTCS 0ObIKHOBEHHBIM, €CIU HWCKOMast
GyHKIMS 3aBUCUT OT OJHOTO HE3aBUCUMOTO IMEPEMEHHOTO.

Topsiokom nuddepeHInaIbHOT0 ypaBHEHHUS Ha3bIBAETCS MOPSAIOK CTapIien
npousBoaHON (Wm nuddepennmana), BXOAAIEH B JaHHOE YpaBHEHUE.

Pewenuem (unmu unmeepanom) nudp@depeHIINaTbLHOTO YPAaBHEHUSI HA3bIBACTCS
Takasi PyHKIHUS, KOTOpast 00paIlaeT 3TO ypaBHEHUE B TOKIECTBO.

Obwum  pewenuem (Unma  odbwum  unmeepaiom) nudpdEepeHINATHEHOTO
ypaBHEHUS! HA3bIBAETCS TaKOE€ pPELICHUE, B KOTOPOE BXOJMUT CTOJIbKO HE3aBUCHUMBIX
MPOU3BOJIBHBIX TIOCTOSIHHBIX, KaKOB TOPSJIOK ypaBHeHUs. Tak, oOiee pelieHue
mudpepeHnanTsHOTO YpaBHEHHUS IEPBOTO TOPSIKA COMEPKHUT OJIHY MPOU3BOIHHYIO
MOCTOSTHHY1O.

Yacmuvim pewenuem nudPepeHnanbHOr0 ypaBHEHUSI Ha3bIBaCTCs PEIICHNUE,
MOJIYYCHHOE M3 OOIIEro TMPHU PA3THYHBIX YHCIOBBIX 3HAYCHUSX TPOU3BOJIBHBIX
MOCTOSIHHBIX. 3HAYEHHS MPOU3BOJIBHBIX TTOCTOSHHBIX HAXOAATCS MPHU OINpPEACIICHHbBIX
HaYaJIbHBIX 3HAYEHUSX apryMEHTa U (DYHKIIUH.

Huggepenyuanvuviv ypasnenuem nepeoco nopsioka Ha3bIBaeTCs ypaBHEHUE, B
KOTOPOE BXOJAT MPpou3BOAHBIC (WK T PepeHIraibl) He BBIIIE TIEPBOTO MOPSIKA.



Pemenne:

3aganue 2:

Pemenmne:

Hupppepenyuanonvin  ypasuenuem ¢ pazoensilOWUMUCT — NepeMEeHHbIMU
Ha3bIBAETCS YpaBHEHHUE BUJIA

d
Y= 1(x)-0y).
dx
JI1s peleHus STOr0 YPaBHEHUS HYKHO CHA4asa Pa3e/IuTh IEPEMEHHBIC:

% = f(x)adx,

a 3aTe€M IPOUHTETrPUPOBATH 00€ YACTH MOJYYEHHOI'O PABEHCTBA:

I%=J‘f(x)dx.

IIpuMmepbl
3apanue 1: Haiinure oOuiee pernieHue ypaBHEHUS x - (1 + yz)dx = ydy .
Pa3nenuB nepemeHHbIE, UMeEM xdleyiz. HuTerpupyem o6e 4acTu MOIYyYEHHOTO
+y
YpaBHEHUS:
1 1
jxdx=j ydyz; x—:—ln(1+y2)+—1nC.
14y 2 2 2

Tak kak IMPOU3BOJIbHAsA TTOCTOAHHAA C MOXKET IIPUHUMATDb JIIOOBIE YHUCJIOBBIE
3HA4YCHH, TO AJIsA y,Z[O6CTBa I[@.J'IBHGIZHIHX HpCO6p330BaHI/Iﬁ BMeCTO C MBI Harmcaiu

%mc . TloTeHumpys mocieHee paBeHCTBO, momyduM x> = In|C-(1+ 7).

DTO0 U ecTh 00I1Iee penieHue JaHHOTO YpaBHEHUS.
Haiitu yacTHOe pelienne ypaBHEHUS s -tgtdt +ds =0, YAOBIECTBOPSIOIIEE HaYaIbHBIM

T
YCIOBUSAM s =4 TIPH ¢ = 3

ds
PasnenuB mepemenHble, umeeM tgtdt+—=0 . Ilpounterpupyem o0e wyacTu
S

MOJIYYCHHOI'O YPAaBHEHMUS:
ds
J.tgtdt+f—=lnC; —Incost+Ins=InC,
S
Unu Ins=InC +Incost, s =Ccost.
D10 o0liee penieHWe JaHHOTO ypaBHEHHs. [J[ns HaxoXIeHWs 3HauYeHUS

o v T
IIPOU3BOJILHOU IMTOCTOAHHOU C 1OACTaBUM 3HAUCHUA ¢ = ? Us=4B BBIPAXKCHUC JJIA

00111eT0 pelIeHUs: 4 = Ccos{%) , AN 4 = % , OTKyga C =8.

CrnenoBaTeNbHO, HMCKOMOE YAaCTHOE pEIICHHE, YIOBJICTBOPSIONICe YKa3aHHBIM
HAYaJIbHBIM yCIIOBUSIM, UMEET BHJT s = 8COS? .

3aganusi NPaKTHYECKOH PadoThI

3apanue 1.Haiitu olmiee pernienue ypaBHEHH a), 0).



3ananue 2.HaiiTi yacTHOE pellIeHHE YPAaBHEHUS C Pa3/ICTIOIIMMUCS IEPEMEHHBIMU

B1.1. a)x? dx = 3y*dy
O)y(1+x)dx +x(1 —y)dy =0
2yldx =eXdy; y=1npux =0

TdX

6)y2dx + (x —2) dy = 0
1 1

B3 layxdx =,[ydy
6)(1+y>)dx —V/xdy = 0
2.(1+y)dx =1 —x)dy,
y=3 npux= -2
B4. 1.2)(3x? — 2x)dx = dy
0) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux = 2

B2. l.a)\/i; dy =

=2npux=0

BS5. 1.a)(4x — 3)dx = dy
0) (Xy—i-x)z—;:l

2x-1  dx
T y+1 dy’

y=0npux=>5

B6. l.a)xdx = dy
0) 2(xyty)dx = xdy
2(y+1D)dx—(1-x)dy =0,
y=1npux=0
B7.1.a)x% dx = 3y*dy
O)y(l1+x)dx + x(1—y)dy =0
2.y¢dx = e‘Xdy, y=1npux=0

1
0)y*dx + (x —2)dy =0

1 1

B9. La)yVxdx = \[ydy

6)(1+y?)dx — VX dy = 0
2.(1+y)dx =1 —x)dy,

=2npux=0

B16.1.a)x%* dx = 3y*dy
O)y(1+x)dx +x(1—y)dy =0

2.dx =e*dy; y=1npux=0

1
0)y*dx + (x —2)dy =0
1
2.dx =X—2dy,y= 2npux =0

B18. La)xdx = \[ydy
6)(1+y?)dx —Vxdy = 0
2.(1+y)dx =1 —x)dy,
y=3npux =—2
B19. 1.a)(3x? — 2x) dx = dy
0) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux = 2

B20. 1.a)(4x — 3) dx = dy
0) (Xy—i—x)z—;:l

2x-1 _ dx
T y+1 dy’

y=0npux=>5

B21.1.a)xdx = dy
0) 2(xyty)dx = xdy
2(y+1D)dx—-—(1-x)dy =0,
y=1npux=20
B22.1.a)x%? dx = 3y? dy
O)y(1+x)dx + x(1 —y)dy =0
2.ytdx = e'Xdy, y=1npux=0

1
0)y’dx + (x —2)dy =0

1 1

B24.1l.a)Vxdx = \[ydy

6)(1+y?)dx — VX dy = 0
2.(1+y)dx =1 —x)dy,

=2npux=0



y=3n0pux =—2 y=3npux =—2

B10 1.a)(3x* —2x)dx = dy B25.1.2)(3x? — 2x)dx = dy
0) -2xy+3y)dx + x> dy = 0 0) -(2xy+3y)dx + x> dy = 0
2ydx =xdy,y=6npux =2 2.ydx =xdy,y=6npux =2
Bl1.1.a)(4x —3)dx = dy B26.1.a)(4x — 3)dx = dy
6) (xy+x) =1 6) (xy+tx)-=1
2x-1 dx 2x-1 dx
THT a4y’ y=0npux=>5 T 4y’ y=0npux=>5
Bl12.l.a)xdx = dy B27. l.a)xdx = dy
0) 2(xyty)dx = xdy 0) 2(xyty)dx = xdy
2(y+1)dx—-—(1—-x)dy =0, 2(y+1D)dx—(1—-x)dy =0,
y=1npux=20 y=1npux=0
B13.1.a)x? dx = 3y%dy B28.1.2)x? dx = 3y% dy
O)y(Itx)dx + x(1 —y)dy =0 0)y(1+x)dx + x(1 —y)dy =0
2.yt dx = e *dy; 2yldx=eXdy,y=1npux =
y=1lnpux=0 0
1 3 1 3
0)y’dx + (x —2)dy =0 0)y’dx + (x —2)dy =0
2.yi2dxlezdy,y=2npnx=0 2.yi2dxlezdy,y=2npnx=0
B15.l.a)Vxdx = \[ydy B30.l.a)Vxdx = \[ydy
6)(1+y*)dx —vVxdy = 0 6)(1+y*)dx —Vxdy = 0
2.(1+y)dx = (1 —x)dy, 2.(1+y)dx =1 —x)dy,
y:3npnx:—2 y=3HpI/IX=—2

KoHTpoJsbHbIE BONPOCHI:

. Kakoe ypaBHeHue Ha3biBaeTcs quddepeHIanbHbIM?

. Yro Ha3bIBaeTcs peweHueM 1udpepeHIualbHOr0 ypaBHEHU ?

. Kakoe pemenune nuddepeHmaibHOro ypaBHeHUs Ha3bIBaeTCs 00IUM?

. Kakoe pemenune nuddepenimaibHOro ypaBHeH!S Ha3bIBACTCA YACTHBIM?

. Kakne puddepenunanbuple ypaBHEHHS Ha3bIBAIOTCS YPaBHEHUSIMH IEPBOIO
nopsijaka?

. Kakne  nmuddepeHunansHpie  ypaBHEHHMs  Ha3bIBAlOTCS  YPAaBHEHUSAMH  C
Pa3aeNAOIMMHUCS TIEPEMEHHBIMU?



IlpakTnyeckas padora Ne 10
no teme «upPepeHunanbHbie ypaBHeHHsSI BTOPOT0 MOPAAKA»
Henb: HayuuThCA peIIaTh JMHEWHBIE OJJHOPOIHBIE YPAaBHEHHUS BTOPOTO MOPSAKA C
MOCTOSIHHBIMU KO3 PUIIIEHTaMU
Bpems BbinmostHeHuss 90 MUHYT

MarepuanbHoe obecneueHme
1. Teopetnueckue cBeaCHUS
2.3amaHue
3.JIuct A 4
4 KanbKyJIsaTOpbl
IHopsinok BeINOJIHEHHsI padOThI
1.A3yunts 3amanue
2. I3y4uTh TEOPETUYECKHUE CBEICHHUSI
3. Beimonauth 1 0OpMHUTH paboTy
4.Iloka3aTp pe3yJIbTaThl MPENOIaBaATEIIO
JomaniHee 3a1aHue
1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeeHU
VYpaBHeHue, conaepxkaliee Mpou3BojHbIe (Uiau AuddepeHuaibl) HE BBIIIE

BTOPOTO TOPSIIKA, HA3BIBACTCA OuUhhepenyuanvHbimM ypasHeHuem 6mopoco nopsaokda.
B o6miem Buzie ypaBHEHHE BTOPOTO MOPSAKA 3aMUCHIBACTCS CIEAYIOIIMM 00pa3oMm:
d’y dy
i)
Obmee pemenue aUdPEpEeHIIMATBHOTO YpPaBHEHUS BTOPOTO  MOPSIKA
COJICPKUT JIBE MPOU3BOJLHBIC MTOCTOSHHEIE.
Jlunetinvim 00HOPOOHBIM OUPGePeHYUATbHBIM VPABHEHUEM 8MMOPO2O NOPAOKA
¢ NOCMOSIHHbIMU KO3 puyuenmamuy Ha3bIBACTCS YPaBHCHHE BUIA:

2
%ﬂ?%ﬂy:m (1)
TA€ p U g - TOCTOSIHHBIC BEJIMYUHBI.
Jns  oteickanus oOumiero  pemeHust  ypaBHeHus (1)  cocraBisiercs
xapaxmepucmuieckoe ypagHeHue

PP +pr+q=0, (2)

d’y dy
—, —— U y Ha COOTBETCTBYIOIIIE
dx dx

KOTOpOE Toiy4yaeTcsi u3 ypaBHeHnus (1) 3ameHoi

CTENEHU 7, IpUYeM caMa QYHKIMS y 3aMEHSAETCS €IMHULICH.

Torna obmee pemenue auddepennuransHoro ypaBHenus (1) crpoutcs B
3aBUCHUMOCTH OT KOpHEW 7, U 7, XapaKTEepUCTHUYECKOro ypaBHeHus (2). 3xech

BO3MOXXHBI TPU CIIyyYas.
I cnyuaii: Kopau r, u r, - NEHCTBUTENBHBIE U pa3iauyHble. B sTOM Ciyuae

obmiee penieHure ypaBHeHus (1) umeer Bua



Pemenne:

3aganue 2:

Pemienmne:

Pemienne:

y=Ce"™ +Ce™. 3)
IT cnyuaii: KopHu r, v r, - IEUCTBUTENBHBIE W PaBHBIC: 7, =7, =r . Torma
obmee pemenue ypaBHeHus (1) 3amucbiBaeTcs Tak:
y=(C, +C,x)-e™. (4)

III cnywyau: Kopau n U r, - KOMIUIEKCHO — CONpPSDKEHHBIE: 1, =a+ -0,

r,=a-p-i . B atom cnyyae oOmee pemenue ypaBHeHus (1) 3amuceiBaercs
cleAyIoIUM 00pa3oM:
y=e"-(C, cos fx+ C, sin fBx). (%)
IIpumepsni

2

3aganue 1: Pemnts ypaBHEHUE: %— 7%+ 10y =0.
X X

CocTaBUM XapaKTepUCTUYECKOE ypaBHEHHWE M HaMeM ero KOpHU: r’ —7r+10=0.
Orcrona cnenyer, 4To r, =2, r, =5. Tak Kak KOPHA XapaKTEPUCTUUECKOTO YPABHEHHUS
NEHCTBUTENbHBIE U pa3Hble, TO O0Ilee pelleHUue AAHHOTO AUQPepeHnaIbHOro
ypaBHEHUs coriacHo ¢popmyiie (3) 3anumercs Tak: y = Ce™* +C,e™

dy

a y de 0,eciit y=1u —=-1 10pHa x=0.
dx dx

Haiitn yacTHOE pelieHne ypaBHEHUST —- 1
X

CocTaBUM XapaKTepUCTHUYECKOE ypaBHEHHUE r° —5r =0. Pemas ero, momyuum, r =0,
r,=5 . Tak Kak KOpPHM XapakTE€PUCTUUYECKOIO YPABHECHUS JCHUCTBUTEIIBHBIE U
paziuuHble, TO oOmiee pemieHue auddepeHInaTIbHOr0 ypaBHEHUS HUMEET BUJI:
y=Ce" +C,e™, To ectb y=C, +C,e™

JIns HaxOoXIEeHUST MCKOMOI'O YAaCTHOTIO PELICHUS HYXKHO OIPEICIIUTh 3HAYCHUS
nocrosHHbIX C, U C, . IloncraBuB B oOmiee pemieHue 3Ha4YeHWs x=0 U y=1,
nonyymMm 1=C, +C,.

[MponuddepennrporaB o01Iee pelieHre U MOJACTABUB B TMOJYYCHHOE BBIPAKCHHE

3Ha4YeHUus x=0 u %:—1 , IMeeM %:SCZe“, OoTCrOJa ciuenyer, 4yro —1=5C,. U3
X X

JJAHHOT'O BBIPAXKCHUA HaX0auM: C, = —% , C,=1-C, =1 —(— %j = g
1 Sx

6
Takum 00pa3oM, HCKOMOE YaCTHOE PEIICHUE UMEET BU y = — s

3ananue 3: Pemnth ypaBHEeHUE Z,y 8?; +16y=0.

CocTaBUM XapakTEpUCTUYECKOE ypaBHEHHE W HaijeM ero KOpHH: r’> —8r+16=0,
1, =r, =4. XapaKTepUCTUICCKOE ypaBHCHNE UMEET PaBHBIC JCHCTBUTEIHHBIC KOPHHU;
no3ToMy corjacHo (opmyne (4) oOmiee pemieHue AaHHOTO aUdepeHInaTbHOrO
yPaBHEHHUS 3alUChIBaeTCs B BUIE y = (C, + C,x)-e*



3ananme 4: Haiigure yacTHOE pellieHUE YpaBHEHUS y"+8y'+16y =0, eclii y=1 1 y' =1 1ipu x=0

Pemienne:

Tak Kkak XapaKTepUCTHUECKOE ypaBHEHHE 7’ +8r+16=0 HMEET paBHbIC
NEUCTBUTEIbHBIE  KOpPHU 71, =r,=-4 , TO oOlee peleHue JaHHOTO
G pepeHInaTbHOTO ypaBHEHMS 3aIIMChIBAETCS B BUJIE
y=(C, +C,x)-e™*™ =Cie™ +C,xe™.
Huddepenmupys obiee penieHue, UMeeM
y'=—4Ce™ +C,e™ —4C,xe™.

HOI[CTaBI/IB HaYaJIbHBIC JaHHBIC B BbIPAXKCHHC A y H y' , HOJIYYHUM CHCTCMY

YpPaBHEHUM
1=Ce’+C,-0-¢° 1=C,
, WIH , Orkyma C, =1 m C,=5
1=-4C e’ +C,e’ -4C,-0-¢° 1=-4C, +C,

CrenoBaTelIbHO, HCKOMOE YaCTHOE PEIICHUE UMEET BUJ y = e  + 5xe .

3ajaHus NpaKTHYeCKOH padoThI
3aganus Pemmth ogHOpOHBIE IMHEHHBIE AU(dEepeHLInaIbHbIe YPaBHEHUS BTOPOTO

nopsiika. B myHKTe a) HAMTH YaCTHOE pelIeHUE MPU 3aJaHHBIX HaYaJbHbBIX YCIOBUSIX

Yo =y Y ©O=yy

1,10, a) y'+y-2y=0 y@)=1 y'©)=3 5) vy +123y 436y =0
5) 4y"+9y=0
ping W W =0 O YO
5) v -6y +9y=0 ) v'-8y 417y =0
g Y =0 0=6 Y O-10
6) yﬂ+8y’r+16y=ﬂ B) 4y”—2Dy’r+25y=D
alag Y TS0 yO=2 yO=-1
6) yﬂ+lﬂy’r+25y=[} B) yﬂ+2y’r+5y=ﬂ
s1s.a Y -r=0 0= Y O©=-1
i f i f
6) 4y -4y +y=0 B)y -2y +10y =0
i i _ F oy
6.16. 2) 2y +35y' =0 y0)=1 y ©)=4
i ! i
6)y 14y + 49y =0 B)y + 4y =0
12" +53' =0 y(0)=2 3(0)=2

7,17. a)



8,18. a) y'-6y'+8y=0 y©0=2 y'(0)=—4
5 16" +8y' +y=0 o y"-6y'+13y =0
9,19. a) y'-ay'-sp=0 y©0)=2 y'(0)=-3
5 16y" +243'+9y=0 s 3" -4y’ 413y =0
10,20. a) y'=3y'+2y=0 y@=1 y'©)=6

6) Qyﬂ+6y’r+ r=0 B) yﬂ+ 9y =0
KoHTpoJsibHbIE BONIPOCHI
1.JatiTe onpenenenue nudPepeHnanrbHOro ypaBHeHUs.
2.Yt0 Ha3bIBaIOT NOPAAKOM AU pepeHnanbHOTO ypaBHEHUS ?
3.JaiiTe onpenenenue oob1iero pemieHus AuddepeHnaaILHOT0 YPaBHEHHUS.
4.Yto Ha3biBaloT yciaoBusaMu Komm?
5.Yto Ha3pIBaroT 3amauer Komm?
6.JlaiiTe onpeeneHue 4acTHOTO pemeHus AudGepeHnaaIbHOr0 ypaBHEHHUS.
7.Kakue ypaBHeHHs Ha3bIBatoTCA AU depeHInanbHbIMUA ypaBHeHusaMu 11 mopsaka?
8.IloHsITHE XapPAKTEPUCTUUECKOTO YPABHEHHS.
9.00u1€ee pelieHne ypaBHEHUS XapaKTePUCTUUECKOTO YPaBHEHUSI.



IlpakTudyeckast padora No 11

no teme «UcciaenoBanue YUCJIOBBIX PSII0B HA CXOAUMOCTD)
Hesb: Hay4yuTHCS UCCIIEA0BATh YUCIOBBIEC PSJIbI HA CXOJAUMOCTh
Bpems BbinosiHenusi 90 MUHYT

MarepuajnbHoe obecneueHmne

1. TeopeTnueckue cBe1eHUS

2.3ananue

3.JIuct A 4

4 KanbKyJIsaTOpbI

Iopsinok BeINOJIHEHNsI padoThI
1.A3yunrts 3amanue

2. I3y4uTh TEOPETUUECKHUE CBEICHUS

3. Boimonauth U 0()OPMUTH pabOTY

4 .IlokazaTp pe3yJIbTaThl IPEMOJABATETIO
JlomainiHee 3a1aHue

1.ITonroToBUTH OTBETHI HA KOHTPOJILHBIE BOIIPOCHI
Teopernveckue cBeeHn

Omnpenenenne. CymMMa 4YjIeHOB OECKOHEYHOM YHCIIOBOM IOCIIEI0BATECIBHOCTH
u,U,,...,U,,... HA3bIBAETCSI YU CJIOBBIM PSAIOM.

o0
WU, = ),
n=1

[Ipu »ToM umcna u,,u,,.. OyJAemM Ha3bpIBaTh WICHAMU pANA, a U, — OOIUM UYJICHOM

pana.

Onpenenenne. CyMMBl S, =u +u, +...+u, = Y u,, n = 1, 2, ... Ha3bIBAIOTCS
k=1

YACTHBIMHU (YACTHYHBIMH) CyMMAaMM PSJA.
Takum 00pa3zoM, BO3MOKHO pacCMaTpUBaTh MOCIEAOBATEILHOCTH YaCTUUHBIX
cyMM psiaa Sy, Sz, ...,Sn, ...

Onpenenenne. Psax u +u,+..+u,+..=) u, Ha3BIBAETCA CXOASIIUMCS, €CIIHU
n=1

CXOAUTCA IMOCICAOBATCIIBHOCTb €0 YaCTHBIX CYyMM. CyMMa CXoadauIerocs psiza —
npeaci NoCiaca0BaTCIbHOCTH €TI0 YaCTHBIX CYMM.

limS, =8, Sziun.
n=l1

Onpeaenenue. Ecim mociaeqoBaTeIbHOCTh YaCTHBIX CyMM psa pacxoauTcsia, T.C. HC

UMEeT TMpenesia, WIM UMeeT OECKOHEYHBIM mpenes, TO psii  Ha3bIBaeTCs
pacxoasilMMcsi ¥ eMy He CTaBsIT B COOTBETCTBUE HUKAKON CyMMBI.

Ceoiicmea psaooe.
1) CxonuMocTh WIIM PacXOAUMOCTh psila HE HAPYLIUTCS €CIH H3MEHUTD,

0T6pOCI/ITI> 500041 I[O6aBI/ITB KOHCYHOC YHCJIO YICHOB psa.



2) PaccmotpuM 1iBa psina Y u, ¥ Y Cu,, riae C — IOCTOSHHOE YHCIIO.
Teopema. Ecnu pad ) u, cxooumcs u eco cymma pasna S, mo paod Y Cu, mooice

cxooumcs, u e2o cymma pasua CS. (C #0)
3) PaccmotpuM aBa paga ) u, U Y v,. CyMMO#i WM Pa3HOCTBIO 3THX DSJIOB

OyIeT Ha3bIBaThCA PN Y (u,+ v,), TAE BIEMEHTHI OIyYeHBI B PE3y/IbTaTe CIOKCHHUS

(BBIUMTAHUS) UCXOAHBIX AJIEMEHTOB C OJMHAKOBBIMU HOMEPAMHU.
Teopema. Eciu psost D u, i ). v, CXOOAMCA U UX CYMMbL PAGHbI COOMEEMCMEEHHO S

u o, mo pso Y (u,*v,) Modtce CXOOUMcs u e2o cymma pasua S + o.

Z(un+vn)=2un+21/;]:5+c

Pasznocmw 06yx cxoosawuxca psoos makaice 6yoem cxoo0auumcs psiooM.
Cymma cxoosawezocs u pacxoosnue2ocs psaoos 6yoem pacxoosamumcst psoom.
O cymme 08yX pacxo0auuxcs psaoos 0ouje2o ymeepicoeHus cOeiams Helb3s.

[Ipn wu3ydyeHMHW pSJIOB pEIIAlOT B OCHOBHOM JIBE 3aJayd: HCCIICIOBAaHHE Ha
CXOJUMOCTh ¥l HAXOKJICHHE CYMMBI psJia.
1) Ecnu psan Z”n CXOJIUTCSI, TO HEOOXOIUMO, YTOOBI OOIIMM YJIeH U, CTPEMUJICA K

HYJIO. OI[HaKO, 9TO YCJIOBUC HC ABJICTCA NOCTATOYHBIM. MoxHO IrOBOPUTDH TOJIBKO O
TOM, 4YTO €CJIN 06HII/H>'I YJICH HC CTPCMHUTCA K HYJIIO, TO PAA TOYHO pPACXOIUTCA.

. . > 1
HaanMep, TaK Ha3bIBACMbIM T'apMOHHYCCKHUU PO Z— ABJACTCA PACXOIAIINMCA,

n=1

XOT4 €10 O6IIIHﬁ YJICH U CTPEMHUTCA K HYJIHO.

IIpumep. MccienoBaTe cXOOUMOCTD psilia %+ % + % +..+ 1 +...
I]_
o ) ) 1 1 o
Haiinem lim m_ hm—1 = § #0 - HEOOXOIUMBIN MIpU3HAK CXOAUMOCTH HE
n—o 3711 — n—0
n

BBIIIOJIHAETCS, 3HAUYUT P PACXOIAUTCS.

2) Ecnu psaz cXoauTcs, TO MOCIEN0BATEIbHOCTh €70 YACTHBIX CYMM OI'PaHHYEHA.
OpnHako, 3TOT NpU3HAK TAK)KE HE SBJIAECTCS JOCTATOYHBIM.

Hanpumep, psng  1-1+1-1+1-1+ ... +(-1)"'+... pacxoaurcs, T.K. pPacxomurcs
MOCJIEJOBATENBHOCTh €r0 YACTHBIX CYMM B CHJIY TOTO, YTO

S:

n

0, mpm d4er HBIX n
1, mpum Hewer HbIX n

O,IIHaKO, Inpu 5TOM IIOCIACAOBATCIIBHOCTL YdCTHBIX CYMM OI'PpaHHM4YCHA, T.K.
S,

<2 mpu 11000M 7.

Psowl ¢ HeompuuameslbHbIMU UJICHAMU.
HpI/I HN3Y4YCHHUHN 3HAKOIIOCTOAHHBIX PAAOB OTPAHUYHUMCS PACCMOTPCHUCEM PAI0B

C HCOTPHULATCIIbHBIMU YJICHAMHU, T.K. IIPpU IIPOCTOM YMHOKXCHHH Ha —1 u3 3THX pAI0B
MOJKHO IIOJIYUHUTD PpAJAbI C OTPUIATCIIBHBIMU YJICHAMMH.



Teopema. /[us cxooumocmu psoa ) u, ¢ HCOMPUYAMENbHBIMU YTIEeHAMU HeOOXOOUMO

U 00CMAamo4Ho, 4moobl YaCMHbLE CYMMbL PAO0A ObLIU 0O2PAHUYEHDL.
[TpusHaK CpaBHEHUS PAJIOB C HEOTPULIATEIbHBIMHU YJICHAMMU.

ITycTs naHbl Ba psfa Y u, U v, TPH Uy, Vu = 0.
Teopema. Eciu u, < v, npu moO0OM n, TO U3 CXOAUMOCTU psiia Zvﬂ CIelyeT
CXOIMMOCTb pPsia Y u,
Do,

1

IIpumep. MccienoBars Ha CXOAUMOCTD PSif L + 1 Fot— ..
In2 1In3 Inn

, @ U3 PACXOJIMMOCTH PsiJia Z u, CICAyEeT PacXoJAUMOCTh psijia

L

1 1 o |
T.k. — >—, a TApMOHMYECKUH PN D) — PACXOAUTCS, TO PACXOTUTCS U PAJL Zl
n nn

Inn n

|
IIpumep. VccienoBaTe Ha CXOAUMOCTD PSifl z TR
n=1 n

1
T.x. , a pan Zz—n cxomutcss ( Kak yObIBaromias TeoMeTpuyecKas

H2H 21]

1
porpeccus), T psia 27 TOXE CXOJIUTCS.

n=1

Taxxe HCIIOJIB3YCTCA CJICI[YIOH_II/Iﬁ IMPHU3HAK CXOANMOCTHU

Teopema. Eciu u, >0, v,>0 u cywecmeyem npeoei lim% =4, 20e h — uucno,

n—>0 Vn
OMAUYHOE OM HYJA, MO PAOLL Y. u, U YV, 6e0yN 00UHAKOBO 8 CMBLCIE CXOOUMOCTI.
Ilpusnax /lanamoepa.

(Kan Jlepon Janamb6ep (1717 — 1783) — ¢ppaniry3ckuil MaTeMaTuK)
Ecnu Ona pada ) u, ¢ NON0ACUMENLHOIMY YIEHAMU CYUECTNEYemm MAKOe YUCILO

q<], umo 0151 6cex 00CMAMOYHO OOJILUUUX N GbINOJIHACMCA HepaeeHcmeo

u
—L < g, mo pso Z u, CX00UMCcs, ecau duce 0jisl 6cex 00CMAMOUHO OONLUUUX N

n

u
bINONIHACMCA YCl06Ue —1>1, mo pad Y u, pacxooumcs.
u n

n

Ilpeodenvuwtit npusnax /lanamoepa.
[Ipenenbubiii mpu3Hak JlamamOepa SIBISIETCS CIEICTBHEM W3 MPUBEICHHOTO

BbIIIE NTpu3HaKa JlaimamOepa.

Ecnu cywecmeyem npeoen lim 2+t = p, mo npu p < I psao cxooumcs, a npu p > 1 —

11—>0
ull

pacxodumc;z. Ecnu P = ], mo Ha eonpoc o CXOOUMOCMU OMBEMUMb HEIb3A.

1
H[!I/IMCE. OHpGI[GJ'H/ITI) CXOAUMOCTD psaaa z Y .
n=1



u, :i; u,, :11_+11; Jim 2zt = m(11+11)2 o+l n :l<1
2" 2" e g H—>°° 2™ n 2n 2 2

BriBoa: psia cxoaurcs.

IIpumep. OnpeneauTs CXOAUMOCTD psiaa 1+ 11 - % +..+ l' -
m

1 .u . bl . 1
u =—; u,, = ; lim—21 = lim = lim =0<1
bl (n+1)!" wo>e gy o= (pn+1)! m=p+l

BeiBoa: psin cxoauTcs.

Ilpusnax Kowu. (paouxkanvhuliit npu3HaK)
Ecnu 0ns pada Y u, ¢ HeOMPUYameibHbIMU YIeHAMU CYWecm8yem mMaKoe Yucio

q<lI, umo 015 6cex 0ocmamouno OOILULUX N BbINOJHAEMCS HEPABEHCMEB0 iu, < g,
mo ps0 ZU” CXO0UMCA, ecau dce Ol 6cex 00CMAMOYHO OObUUX N BbINOJHACMCA
HepaseHcmeo ilu, > 1, mo pso Zun pacxooumcsi.

CaencrBue. Ecnu cymectByeT npenen limg/u, =p, To ipu p<l psaa cXOIUTCs, a IpH

p>1 psig pacxoguTcs.

2n° +1
IIpumep. OHpeI[eJ'II/ITB CXOIUMOCTD psiga Z(—J

~\ 30" +5

1
2+ —

2n +1 22

lim4/u, =lim——=1im 7 _ =

n—o n—0 31] +5 17—>°03 5 3
2
n

BriBonx: psan cxogurcs.
0 1 n
IIpumep. Onpenennuts CXOAUMOCTh psiaa Z(l +—j .
n=1 n
limz/u —hm(1+ jzl.
T.e. mpusHak Komm He maer orBera Ha BOmpoc O cxoguMoctu pspa. [IpoBepum

BBINIOJIHEHWE HEOOXOJIMMBIX YCIIOBUN cxoaumocTH. Kak ObUIO CKa3aHO BbINIE, €CIH
PAI CXOAUTCS, TO OOLIUI YIIEH psifa CTPEMUTCA K HYJIIO.

n—>0 n—>x

limu, =1im(1+lj =e#0,
n

TakKUM 00pa3oM, HEOOXOJUMMOE YCIOBUE CXOAUMOCTH HE BBITIOJIHSIETCS,
3HAYMT,
psII pacXOaUTCS.

Humezpanvnuotit npusnax Kowu.



Ecnu @(x) — nenpepvisnas nonosxcumenvHas Qyukyus, yovlearowas Ha NPOMENCYmKe

[1;00), mo psio ¢(1) + ¢(2) + ..+ ¢(n) + ... = i(p(ﬂ) U HecoOCMBeH bl UHmMe2pall

n=1

I @(X)dx 0OUHAKOBbLL 8 CMbICIE CXOOUMOCTIUL.
1

1 1 1
[Tpumep. Psn 1+2—a+3—a+...+—a+... cxoautcd npu a>1 um pacxogurcs o<l T.K.
n
o o T dx
COOTBETCTBYIOIINI HECOOCTBEHHBIN MHTETpal I - CXOIUTCS TIPU o>1 M pacxoauTcs
1

=1
a<l.Psax > — Ha3piBaeTCsA 00LIErapMOHUYECKHM DSIOM.

n=1
CaencrBue. Ecnu f(x) u ¢(x) — HenpepbiBHbIe (yHKIMA Ha WHTEpBase (a, b] u

lim @

b b
Vol ):]1, h#0, TO HUHTErpaIbl If(x)dx u J' o(x)dx BeayT ceOsi OJMHAKOBO B
Xx—a+ (p X A A

CMBICJIE CXOAUMOCTH.

3nakonepemennwle pAaodvl. (3HaKouepeoyruuecs paovt).
3HaKOoYepEeYIONINICS Psii MOKHO 3aIucaTh B BUIE:

u—u, +uy—u, .+ (D),
rope u, >0, n=123,..
Ilpusnak Jlenonuua.
Ecnu y 3unaxouepeoyroweeocs psoa u —u, +u,—u, +...+(-1)""u, +... abconomuvle

BENUYUHBL U; YOLIBAIOM U, > U, > Uy > ... U 00WULL YIeH CIMpeMumcs K Hyo u, — 0, mo

PA0 cxooumcsi.

Abconromuan u ycioeHas cxooumocms paooe.
PaccMoTpyM HEKOTOpPBIM 3HAKOMEPEMEHHBIH Pl (C WiIEHaMU TPOU3BOJIBHBIX

3HAKOB) U + i, +...+U,+..= D u, (1)
n=1

U PSJ, COCTABJICHHBIN M3 a0COMIOTHRIX BEJTMYUH WieHOB psaa (1):

o0

- 2)

n=1

Teopema. /13 cxooumocmu psoa (2) cnedyem cxooumocms psoa (1).

||+ || + ...+

ulI

Onpenenenune. Psn Z u, Ha3bIBAETCSl A0COJTIOTHO CXOASIIUMCS, €CJIH CXOJIUTCS P

2w

O‘IGBI/IILHO, 4qTO AJIs1 3HAKOIIOCTOAHHBIX PAAOB IMOHATHUA CXOAHUMOCTH U a0COJIFOTHOM

CXOJIMMOCTH COBIAJAIOT.
Omnpenenenne. Psiy ) 1, Ha3pIBAaCTCS YCIOBHO CXOASIIIMMCS, €CIIM OH CXOIHUTCA, a

psn Y |u,| pacxommres.

Ilpusnaku /lanamoepa u Kowiu 015 3HaKkonepemeHHbIX pA00e.



ITycTb )" u, - 3HAKONIEPEMEHHBIN PsI.

Un+l

Ilpusznak lanamoepa. Eciu cymectByer npeaen lim =p, TOo ipu p<I1 psixa Z u,

Oynet abCoN0THO cXoAsMIMMEs, a ipu p>1 psia Oyaer pacxoasummces. [pu p=1
MIPU3HAK HE JJA€T OTBETA O CXOJAUMOCTH psia.

IIpuznak Komu. Ecnu cymectByeT npenen 1im41/|un| =p, To npu p<l psix ZUH

Oyner aOCoOMOTHO cxoasmuMcs, a pu p>1 psg Oyner pacxomsummcs. [Ipu p=1
NPU3HAK HE TaeT OTBETA O CXOAMMOCTH Psilia.

Ceoiicmea adcotOmHO CXO00AWUXCA PAOOB.
1) Teopema. /{5 abcomomunoi cxooumocm paoa Y., u, Heo0X00UMO U OOCMAMOUHO,

UmooObL €20 MONCHO ObLIO NPEOCMABUMb 8 BUOE PAZHOCIU 08YX CXOOAWUXCS PAOO8 C

HeompuyamenbHbiMU 4IeHAMU.

CaeacrBue. YCIOBHO CXOJSIIUICS DS SBJISETCS PAa3HOCTBIO JBYX PACXOJSIIUXCS

PSZIOB C HEOTPUIIATEIIBHBIMU CTPEMSIIIUMUCS K HYJTIO WICHAMH.

2) B cxomsmemcs psime mro0asi TPYNIIAPOBKA WICHOB psifia, HE M3MEHSIONIAsS WX

MOPSIJIKA, COXPAHSET CXOAUMOCTh U BEJTUYHHY Psa.

3) Ecnu psin cxoauTcst abCOTIOTHO, TO PSII, TOJYYSHHBIA U3 HETO JIFOO00H

NIEPEeCTaHOBKOM YICHOB, TAKXKE a0OCOIIOTHO CXOJIUTCS M UMEET Ty KE CYMMY.

[lepecTaHOBKO YJIEHOB YCIOBHO CXOJAIIEIOCS psiia MOKHO TMOJYYUTh YCIOBHO

CXOJSIIUICS psl, UMEIMUNA o0yl Hamepel 3aJaHHyl CyMMy, H JIaXe

pacxXoasuIuics psia.

4) Teopema. IIpu 11000t epynnuposke 4ieH08 aOCOIOMHO CX00AUe20cs paoa (npu

IMOM HUCTO 2PYNN MOdicem OblMb KAK KOHEeUHbIM, MAaK U OeCKOHeYHbIM U YUCTO

YleHO8 8 2pynne Moxcem Oblmb KAK KOHEYHbIM, MaK U OeCKOHeUHbIM) NOYUAemcs

CXOOAWUICS PO, CYMMA KOMOPO20 PABHA CYMME UCXOOHO20 PAOd.

5) Ecmm psasl iun " i v, CXOHIATCA aOCOMIOTHO M WX CYMMBI paBHBI
n=1 n=1

COOTBETCTBEHHO S U G, TO psAJ, COCTABJICHHBIM M3 BCEX MPOU3BEACHUIN BHUJA

uv,, ILk=12,. B3SITBIX B KAKOM YIrOJHO MOPSJIKE, TAKKE CXOIAUTCI a0COJIIOTHO U €TI0

CyMMa paBHa S-0 - IPOU3BEICHUIO CYMM MEPEMHOKAEMBIX PSJIOB.
Ecnu e mpou3BoIUTh NEPEMHOKEHUE YCIOBHO CXOIAIIUXCS PSJIOB, TO B pe3yJibTaTe
MOYKHO MOJYYUTh PACXOISIIUNCS PSIL.
3ajanusi NPaKTHYECKOH PadoThI
1.Beimucath Tpu NEpBBIX WICHA Psijia HANTU TPETHIO YaCTUUHYIO CYMMY

n=cw oR 2=®nn
f Z
1,11,21a) #=17"%5 6) n=1 7




Z ;
212200 A1 (R=1)1

s 3)2+2

M

3,13,23a) #= H/H 5)1.
A= 22?3

41424 q) n=17(n+1)7.

B =0 3."3"’1

7,1727a) #=1 377 .

?3=*I'23'}2 !
2—2 f
8,18.28 a) ne1 (212)1

==y )]

2
9.19.29 a) #=1(7!)
REOp i n+1))

102030 ay #=1 {21}/

2. I/ICCJIG,IIOBaTL Ha CXOOAUMOCTD, ITPUMCHAA HGO6XOI[PIMI>Iﬁ IMPpU3HaK CXOANMOCTH

111,21 a)z

n—I1 n + 5

2,12,22. a
)nz_IIOn—l

3n +1

3,13,23. )Z

= 5n+2

4,14,24. a)zw

=1 n = Sn

5,15,525. )Z

n=l n +2n

nze 4p3

n= 1(?1 +4)2

"= 'I'|.S‘.EF1 ?1|

,-»31\/_

6)

H=w B

6) #= 1n° +1

n=m ]

6) n=1h-inn

n=aom E”?

Z #e
6) n=11+e""

”i‘x‘smdlﬂ
6) #=l 2?1’\./{?_1

}EED

n= H'{_ COSH

*‘3“1‘1+r:.:::32 23

6) #=1 7

6,16,26. —_—
a),;(zn 1)-2"
7,17,27.
¥
818,28 a)S
n=1 N\ N
9,19,29.
a)nz_:l Tn+1
2
10,20,30.
a),;?m—l

3. HCCJ’I@I{OBaTB Ha CXOJUMOCTh, UCTIOJIB3Ys NMpu3HaK Jamambepa

n—l

6,16,26. )Z

n+1



SNk W=

- 2n—1

2,12,22. a)zW
n=1+/3

2

3,13,23. a)z

n—1

414,24, a)zlo

n=1 N

n—l

KOHTpOJIbeIe BOIIPOCHI
Ornpenenenne 4ucaoBoOro psaaa.
CBolicTBa ¥ BUBI PSAOB.
Onpenenenne cyMMBI psja.

7,17,27. a)Z%

n—1

818.28. a)> >

=n n+1)

9,19,29. a)z

n—l

+1)
571
10,20,30. a)Z—

n—1

Heo0xoaumblii Mpu3HAK CXOJUMOCTH.
ITpusnaku cpaBHeHus1, npusHaku Jlanam6epa u Komu.



IIpakTnyeckas padora Ne 12
no teme «Haxoxaenue npou3BoIHOM YUCIACHHBIM METOA0M.)
Heab: HAy4yuTHCS pelIaTh OAHOPOAHbIE AU (DHEepeHInaTbHbIE YPAaBHEHHUS [IEPBOTO
NOpSAKA.
Bpems BbinosiHeHuss 90 MUHYT

MarepuajnbHoe obecneueHme

1. Teopetnueckue cBeacHUS

2.3amanue

3.JIuct A 4

4 KanbKyJIaTOpbl

IHopsinok BeINOJIHEHHsI padOThI
1.M3yunts 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUS

3. BeimonauTh 11 0GOPMUTE pabOTy
4.I1oka3aTp pe3yJIbTaThl MPENOIaBATEIIO
JomaniHee 3a1aHue

1.IToaroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernueckue cBeeHUA.

Omnpenenenue. Dynknusa f(x, y) Ha3pIBaeTCs OAHOPOJAHOW N — Io HU3MepPEHUSA

OTHOCUTEJIFHO CBOMX apTyMEHTOB X W Yy, €CJIM JJI JHO00r0 3HA4YEeHHs mapamerpa t
(Kpome HyJIsI) BBIIOJIHSETCS TOXKIECTBO:
A ty)=1" f(x, y).
IIpumep. SIBisgercs v OMHOPOIHON QYHKIHS £(x, )= X +3x y?
At t)=(&x) +3(x)°ty=£x +38X y=(xX +3xX ) =F f(x,y)
Takum obpazom, pyHkus f(X, y) sBAsSETCS OJHOPOIHON 3- TO TOPSIIKA.
Omnpenenenue. /ludbdepeHnuansHoe ypaBHEHUE BHUAA y = f{(x, y) HA3bIBACTCS

OJHOPOAHBIM, €CJIM €ro mnpasas 4yacTh f(X, y) ecTb ofHOpOHAs (PYHKIMS HYJEBOIO
U3MEPEHUS OTHOCUTEIbHO CBOMX apIyMEHTOB.

JIroboe ypaBHeHHME BUIA P(x, y)dx+ (x, y)dy=0 SIBISETCS OAHOPOIHBIM, €CIU
byukuu P(x, y) u Q(x, y) — OMHOPOAHBIC PYHKIIUHM OJTMHAKOBOTO U3MEPEHUSI.

Pemenne n10060ro 0JHOPOJHOTO YpaBHEHHUS OCHOBAHO Ha NMPUBEICHUM 3TOrO
YPAaBHEHUS K YPABHEHUIO C Pa3JECISOIUMUCS IEPEMEHHBIMU.

PaccMmotpum 0ogHOPOIHOE YpaBHEHUE y = £(x, y).
T.x. dpynkuus f(X, y) — 0oIHOpOHAS HYJIEBOTO U3MEPEHUS, TO MOXKHO 3aIUCaTh:
A ty) = f(x ).

o 1
T.x. mapamerp t BoOOHIE TOBOpPsS MPOU3BOJBHBIA, MNPEANOIOKUM, YTO f=— .

X
f(x y) = /(1,1]
X

[Tonyuaem:



HpaBa;I 4aCTb IOJYUYCHHOI'O paBCHCTBA 3aBUCHT (1)aKTI/I‘-IeCKI/I TOJBKO OT

OJHOI'O apryMeHTa u= X, T.C. fx, y) = (p( yj = o(u);
X

X
Hcxonnoe nuddepeHuanbHOe ypaBHEHUE TAKUM 00pa30M MOYHO 3alIMCaTh B BUJIE:
Y =0(u)

[anee 3amensieM y = ux,

V=ux+ux. uvx+uxX=9(); udx+u=o¢(u); u= o) —u U;
TakuM 00pa3oM, TIOJNYYWIH YPaBHEHHE C Pa3ICISIONMUMUCT TEPEMEHHBIMHU
OTHOCHUTEJIbHO HEU3BECTHOMN (DYHKIUU U.
du  dx du  rdx
o(u)—u T x J.(p(u)—u U x
Jlanee, 3aMEeHHUB BCTIOMOTATEIIbHYIO (DYHKIIMIO U Ha €€ BBIPAYKCHHE Yepe3 X U Y

+ C;

Y HaliJisi MHTErpalibl, MOJIYyYUM OO0IIee pelieHue OAHOPOIHOTO MU depeHInaTbHOTO

YpaBHEHHUS.
IIpumep. Pemints ypaBHeHUE y = Z[lnZ + 1].
X X

Breaem BcriomoratenbHy0 GyHKIIHIO U.

u:Z; y=ux, y=ux+u,
X

OTMeTI/IM, 4YTO BBCJACHHAsA HaMH ®YHKHHH u BCCraa IOJOXUTCIbHA, T.K. B

NPOTUBHOM CIllyd4ae TEpPSIET CMBICA UCXO0AHOe JuddepeHunalbHOE YpPaBHEHUE,

coaepkauiee lnu= an .

X
[ToxcraBisiem B HCXOQHOE YPABHEHUE:
Ux+tu=ullnu+l); vx+u=ulnu+u, ux=ulngy
dx du dx

du
PaszenseM nepeMeHHbIE: =2 j - [ £,
ulnu x ulnu X

Nuterpupys, nomydaeM: Inlnu =+ C; Inu=Cx u=e™;
[lepexons ot BcmomoraTenbHOW (PYHKIMU 00OpaTHO K (QYHKLUHH Yy, TIOJydaeM olliee
peuienue: y= xe .
Ypaenenusn, npueooawueca k 00nopoonwvim.
Kpome ypaBHEHMH, ONMCaHHBIX BBIIIE, CYLIECTBYET KJIACC YPaBHEHUH,
KOTOpbIE C IIOMOILBIO OINpPEACNIEHHbIX IOACTAHOBOK MOIYT NPHUBEACHBI K
OJIHOPOJIHBIM.

ax+by+c
ax+bytc )

DTO ypaBHEHHUS BUJA Y = 1(



a b

Ecnmu  onpenenurens 5
a, b

#0, TO TIEpEeMEHHbIE MOTYT OBITb pa3feliCHbI

MMOJCTAaHOBKOH
X=u+aq; y=v+[;
. {ax+ by+c=0
T7e o ¥ 3 - pelIeHns: CUCTEMBl ypaBHECHUIMA
ax+by+c=0
IIpumep. Pemntes ypaBHeHue (x—2y+3)dy+(2x+ y—1)dx=0.

[Tosmyuaem (x—2y+ 3)%: 2x— y+1; ﬂ’z —2x-y+1,
X

dx x-2y+3’
Haxonum 3HaueHune onpenennuTesns B _2‘ =4+1=5=0.
. |—2x=y+1=0 |y=1-2x x=-1/5
Pemraem cucremy ypaBHEHUH ; ; ;
x-2y+3=0 x-2+4x+3=0 |y=7/5

[IpuMeHsieM MOJICTAHOBKY x=u—1/5; y= v+7/5; B UCXOJIHOE YPABHCHUE:
(u—1/5-2v—-14/5+3)dv+Qu—-2/5+ v+ 7/5-1)du=0;
dv_ 2u+v _2+viu

(u—2v)dv+ (2u+v)du =0; —= = ;
du  2v—u 2v/u-1

|4
3amMeHseM IEPEMEHHYI0 — = £ v=uf; V ={u+ t, IPU NOJICTAHOBKE B BhIPAXKECHUE,
u

2+t
3alIMCAHHOE BHIIIEC, UMEEM. fu+t= Y
d 2+t 2+t=2F+t 2(1+t-1)
Paznensiem nmepemMeHHbIE: —u= —t= = :
du 2t—-1 2t—1 2t-1

du_ 1 1-2t Iﬂz_lj(l—zr)dp

w2 1+t-F u 23 1+i-¢

_%1n‘l+t—tz‘:ln|u|+lnCl Infl +1 12| =21n]Cyu

C.
; 1+t =—2;

2
2
u

ln‘1+t— tz‘ =In G
u

[lepexoaum Tenepp K NEpPBOHAYATBHON PYHKIUHU Y U IEPEMEHHOM X.
_v_y=7/5_5y-7,

= = ;o ou=x+1/5;
u x+1/5 5x+1

N A o2se
S5x+1 \5x+1 Gx+1)?’

Gx+1)> +Sy-7Gx+1)-(5y—17)* =25C,
25X +10x+1+25xy+5y-35x-7-25y" +70 y—49 = 25C,
25X —25x+25xy+75y—25y" =25C, +49—-1+7



X —x+ xy+3y— 5 =CZ+§:C;

Htoro, BeIpakeHUe x° — x+ xy+3y— y° = C SBJIACTCA OOUIUM HHTETPAJIOM HCXOHOTO

nuddepeHnanTbHOr0 YpaBHEHUS.

/[ ax+by+c j
B ciywae ecim B HCXOOHOM ypaBHEHMM Bujaa y=f]————

ax+by+c

ONpeEIUTENb

‘ =0, TO EPEMEHHBIE MOTYT OBITH Pa3€lICHbI II0ICTaHOBKOM
a.

ax+by =t.

Ipumep. Pemnts ypaBHeHUE 2(x+ y)dy+ (3x+3y—1)dx=0.
dy _-3x-3y+l_ 3x+3y-1

[Tonywyaem 2(x+ y)%/ =-3x-3y+];
X

dx 2x+2y 2x+2y
HaxonauMm 3HadueHne onpenemuTesns - _2 ‘ =—6+6=0;
dy [t
[IpumeHsieM ITOACTAHOBKY 3x+3y =t o3 L;
X
[ToxacraBisiem 3TO BBIPaXEHHE B MCXOJHOE YPABHEHHUE:
%—1 _ —3(;—;1); QA7 —3) = —9t+9; 24t =61—9t+9; 24 = —31+9;
t t 3
Pa3znensem nepeMeHHbI€: dt = dx ——dt=—-=dx
-3t+9 t-3 2
| 1+ dt:—éjdx; (430 -3 =—2x+C,
t-3 2 2

Jlanee Bo3BpalaeMcs K NepBOHAYaIbHON (YHKUINU Yy U IEPEMEHHOH X.
2x+2y+2IP3(x+ y—1)| = —x+ C;;
3x+2y+2In3+2Inx+ y-1|=C;

3x+2y+2In|x+ y—-1=C

TakKUM 00pa3oM, Mbl MOJYYHJIA OOIIMNA WMHTErpajl UCXOAHOTO Au(hepeHIIuaTbLHOTO
ypaBHEHHUSI.
3aganusi NPaKTHYECKOH PadoThI

3aganme. Pernth ogHopoaHoe quddepeHnnanbHoe ypaBHEHHE.

B1. xy+y? — (2x% + xy)y/=0 B16. xy+y? — (2x% + xy)y/=0
B2. (x-y)dx+xdy=0 B17. (x-y)dxtxdy=0

B3 (x% xy)dy-y? dx=0 B18. (x*- xy)dy-y? dx=0



B4. xyYy/ =x3+y° B19. xyYy/ =x3+y°

BS. (x-y)ydx =x*dy B20. (x-y)ydx = x%dy
B6. xyYy/ =x3+y° B21. xy’y/ = x3 +y°
B7. xy+y? — (2x% + xy)y/=0 B22. xy+y? — (2x% + xy)y/=0
B8. (x-y)dx+xdy=0 B23. (x-y)dx+xdy=0
BY9. (x*-xy)dy-y? dx=0 B24. (x>-xy)dy-y? dx=0
B10. xyYy/ =x3+y? B25. xy’y/ = x3 +y3
B11l. (x-y)ydx = x* dy B26. (x-y)ydx = x*dy
B12. xy’y/ = x3 +y3 B27. xy’y/ = x3 +y°
B13. 4.xy- xy = (1+x?)e* B28. 4.xy- xy = (1+x?)e*
B14. (x-y)dx+xdy=0 B29. (x-y)dxtxdy=0
B15. (x%-.xy)dy-y? dx=0 B30. (x%-.xy)dy-y? dx=0

KOHTpOJIBHBIE BOIPOCHI:
1. Kakoe ypaBHEHHE Ha3bIBAETCSI OJHOPOAHBIM YPAaBHEHUEM IIEPBOTO MOPSIAKA U €r0
peuieHue?



IIpakTnuyeckas padora Ne 13
1o teme «HYucaenHoe peureHue 1u@pepeHUaATbHOT0 YPABHECHUN
Heab: HAyuyuTHCS pelIaTh JUHEHHbIE TU(PepeHIIMaTbHbIE YPAaBHEHUS TIEPBOTO
NOPSAKA.
Bpems BbinmostHeHuss 90 MUHYT

MarepuanbHoe obecneueHme

1. Teopetnueckue cBeaCHUS

2.3amanue

3.JIuct A 4

4 KanbKyJIaTOpbl

IHopsinok BeINOIHEHNsI padOThI
1.A3yunts 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHHUS

3. Beimonauth 1 0OpMHUTH paboTy

4 .Iloka3aTp pe3yJIbTaThl MPENO1aBaATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeIeHUA
Omnpenenenue. luddepeniinanbHoe ypaBHEHHE HA3bIBACTCS JIMHEHHBIM

OTHOCUTEJILHO HEM3BECTHON (DYHKIIMH U €€ TPOU3BOJIHOMN, €CITH OHO MOXKET OBITh
3amrcaHo B BUJIE:

Y+ P y=Ax),
IIpY 3TOM, €CJIM TpaBas 4acTh (J(x) paBHA HYIIO, TO TaKOE YPAaBHCHHE HA3bIBACTCS
JUHEHHBIM OJHOPOAHBLIM AU depeHIInaTIbHBIM YPaBHEHUEM, €CJIM TIpaBas 4acTh
Q(x) HEe paBHA HYJIIO, TO TAKOE YPAaBHCHHE HA3BIBACTCS JUHEHHBIM HEOTHOPOIHBIM
nuddepeHnanbHbIM YPaBHECHUEM.
P(x) n Q(x)- bynkuuu HenpepbIBHBIC HA HEKOTOPOM MTPOMEKYTKE a < X < b.
Jluneitnvie 00HOpoOHbBIE OUPhepenyuanvHvle ypasHeHU. PaccmoTtpum
METOJIBI HAXOXICHUS OOIIETO PEIICHUs IMHEHHOTO OJTHOPOTHOTO
g depeHInaTbHOTO YPaBHEHHS MIEPBOTO MOPSIIKa BUIA

Y+ P(x)y=0.

st aTtoro Ttuma auddepeHIuaIbHbIX YPaBHCHUNA pa3CICHHE TEPEMEHHBIX HE
NPEJICTABIISIET CII0XKHOCTEH.

ﬂ/: —P(x)dx
Y

lnM = —J. P(x)dx+ ln|C1;

In

ﬂ:{mgm

OGuiee peleHue: y= ce o

Jluneiinvle HeoOHOpoOHble OudhhepenyuanvHvle ypagHeHus.



JInsi uHTEerpupoBaHUs JIMHEHHBIX HEOJAHOPOAHBIX YypaBHeHUM (Q(x)#0)
MIPUMEHSIIOTCSI B OCHOBHOM J[Ba MeToj1a: MeTol bepHyinu u meron Jlarpanxa.

Memoo bepuynnu.
(Axo06 bepnynnu (1654-1705) — mBelapckuii MaTeMaTHK. )

CyTp MeTOJIa 3aKJII0YaeTcs B TOM, YTO MCKOMas (hYHKIHMS MPEACTABISICTCS B
BU/IE MIPOU3BEIACHUS JIBYX byHKUIMN y=uv

dv du
[Tpu 3TOM 0YEBHUIHO, UTO ¥ = v - muddepeHpoBaHUE IO YACTSIM.
X X

[ToncTaBiisisi B MCXOAHOE YpaBHEHUE, MOJIyYaeM:

ui+ Vi+ P(x)uv= Q(x)

u—+ v(—+ P(X)Uj A x)

Jlanee cnepyer BakHOE 3aMeyaHu€ — T.K. MEepBOHAYaJbHAs (QYyHKUUs ObLia
IpeicTaBlieHa HaMM B BUJE MPOU3BEICHUSA, TO KaXAbIH K3 COMHOXHUTENEH,
BXOJSIIMX B 3TO IPOU3BEACHHUE, MOXKET ObITh NPOU3BOJIBHBIM, BBIOPaHHBIM IIO
HalIeMy YCMOTPEHUIO.

Hampumep,  ¢yHKmms  y=2x MOXeT OBbITh  MpEICTaBICHA  Kak
y=12x; y=2-X;
y=2x-x, U T.II.

Takum 00pa3oMm, MOXXKHO OJIHY W3 COCTaBIISIONIMX IPOU3Be/eHUE (DYHKIUI

du
BBIOpATh TaK, YTO BBIPAKECHUE o + P(x)u=0.
X

Takum o00pa3om, BO3MOXXHO TONYYUTh (YHKUIUIO U, TPOUHTEIPUPOBAB,
NOJIy4EHHOE COOTHOUIEHHE KaK OJHOPOJHOE IU(PepeHLHaIbHOE ypaBHEHHUE IIO

OITUCAHHOMU BBIIIE CXEME:

du _ dau _ __
— ==y [Podx I =—[ P(x)dx

1n|q|+1n|u|=—jp(x)dx, u=cel" c=1/c;
JIAA HaXOXJICHHA BTO Oli HEM3BECTHOU HKIIMK vV IIOACTAaBUM IIOYUYCHHOC
p y y

dv du
BBIpOKEHUE IS (DYHKIMU U B HCXOIAHOE ypaBHEHHE u7+ 7+P(X)u =Q(x) C
X X

Y4C€TOM TOI'O, YTO BBIPA’KCHHUC, CTOAILICC B CKO6KaX PaBHO HYIIIO.
Co -[Poax dv

P(x) dx

= Cdv= 0e’

WHuTerpupys, MOkeM HalTH (QPYHKLHIO V:

jo(x)ef”‘”)"‘ +C; y= %j o e



T.e. Obuta moyuYeHa BTOpasi COCTABJISIONIAS MPOU3BENICHUS y= uv, KOTOPOE U

ONpeeIsieT HCKOMYIO (PYyHKIIHIO.
[ToacraBisist HOMydYeHHbIEC 3HAYCHHUS, TOJIyYaeM:

y=uv= CG_IP(X)dX %(I O(X)@IP(X)dXdX-l- Cz)

OKoHYATEABHO moayJYaeM hOopMyny:

y= o e (J' A X)ej POE gt Cz) , | Ca - mpou3sBoabHLIN KO)UIHMEHT.

DTO COOTHOIIEHUE MOXET CUUTAThCA PEIICHHEM HEOJHOPOIHOTO JIMHEWHOTO
muddepeHnnansHOTO ypaBHEHHUST B 00I[eM BUJIE 10 criocoOy bepryiu.

Memoo Jlazpanirca.
( JTapranmx XKozed JIyu (1736-1813) - ppaniry3ckuit MaremaTuk, mpes. bepiaunckoi

AH, mou. un. I1et. AH (1776)).

MeTtoa Jlarpanska penieHust HEOJHOPOIHBIX JIUHEUHBIX TUdPepeHIInanIbHbIX

YPaBHEHH €I1le Ha3bIBAIOT METOJOM BapHAIlUH MPOU3BOJIbHON NOCTOSIHHOM.
Y+ P(y=QAx)

[lepBblii AT JAHHOTO METOJA COCTOUT B OTOpAaChIBAHUU ITPABOM YaCTU yPAaBHEHUS U
3aMEHE €€ HyJIEM
Yy+P(x)y=0
Jlanee HaXOAUTCS PEIICHUE MOJTYYUBILIETOCS OAHOPOIHOTO TudPepeHInanIbHOrO
YpaBHEHUS:

7J' P(x)dx

y=Ge
Jlst TOrO, 4TOOBI HAWTH COOTBETCTBYIOIIEE PEIICHUE HEOTHOPOIHOTO
muddepeHnansHOr0 ypaBHEeHHs, OyIeM CUUTATh MOCTOSIHHYIO C1 HEKOTOPOit
byHKIMEH OT X.
Torna no npaBunam auddepeHupoBaHus TPOU3BEACHUS (YHKIIUN MOITydaeM:
Y= Q/: dC (x) e—IP(X)dX
dx dx
[TogcTaBisieM MOTyYeHHOE COOTHOIICHHUE B HCXOAHOE YPaBHEHUE

r e )

di(X) e’jp(x)dx_q(X)P(X)e’j”(")dx + P(X)G(X)e—jp(x)dx - o)
X
CD A o,

N3 storo ypaBHeHus onpeaenum mnepemeHnyro ¢pyHkuuio Ci(x):
4C, (% = o "

WuTerpupysi, moaydaem:

G =[and" axr ¢

HOI[CT&BJI?IH 9TO 3HA4YCHHNC B UCXOJHOC YPABHCHUC, I10J1yHaCM:



y e_jp(x)dx“ O(X)GIP(X)dXdX+ C).

Takum oOpa3oM, Mbl TOJYYMIIM PpE3YyJbTaT, IMOJTHOCTHIO COBMAJAIOMIUNA C
pe3yabTaToOM pacyera 1no meroany bepnyim.
[Ipu BbIOOpE MeTona pemieHus JUHEHHBIX AuddepeHInanbHbIX ypaBHEHUN

CJIeyeT PYKOBOJCTBOBATHCS MPOCTOTOW HMHTErpUPOBAHUA (DYHKLMHA, BXOISALINX B
VCXOJIHBIN UHTErpall.

Jlanee paccMOTpUM NMPUMEPHI PELICHUS pa3IMYHbIX JU(pPepeHInanbHbIX YPABHEHUN
Pa3IMYHBIMU METOJJAMHU U CPABHUM PE3YJIbTATHI.

1
Ilpumep. Pemwmth ypaBHeHHE X'y + y= ax’e*.
1
CHauasa npuBe/ieM JaHHOE YPaBHEHHE K CTaHJIapTHOMY BUIY: y + L y= ae*.

X

1
[TpumeHuM noJy4eHHYI0 BhIle Gopmyiy: P= %; Q= ae*;

- de 1 de
y=e e (Iae*ej"z dx+ CJ

y= el[J‘aeieidXJr CJ = ei(j adx+ C)

1
y=e*(ax+ ).
3aganme. Pemnth nunelinoe nuddepeHuanbHoe ypaBHEHHE.

B1.xy- xy = (1+x?)e* B16. xy- xy = (1+x?)e*
B2. y+2 xy =x° B17. y+2 xy =x°
B3 (1+x?)y-xy =2x B18. (1+x%)y’-xy =2x
B4. xy+y =x+1 B19. xy'+y =x+1
Bs. 2 Y-y B20. 2 Y=y

dx X dx X
B6. y+y=x+1 B21. xy'+y =x+1
B7. xy- xy = (1+x%)e* B22. xy'- xy = (1+x?)e*
B8. y+2xy=x> B23. y+2xy=x°
B9. (1+x?)y-xy =2x B24. (1+x?)y-xy =2x
B10. xy-+y =x+1 B25. xy'+y =x+1
BIL. 2 Y-y B26. 2 Y-y

dx X dx X

B12. xy'+y =x+1 B27. xy+ty=x+1
B13. xy'- xy = (1+x?)e* B28. xy'- xy = (1+x%)e*
Bl4. y+2 xy =x° B29. y+2xy=x?

B15. (1+x?)y/-xy =2x B30. (1+x?)y/-xy =2x



3agaua 2. Haiitu pemenue 3anauu Koy,

4.1. y'—y/x:xz, y(1)=0.

y'—yctgx =2xsinx, y(z/2)=0.

4.2.

|
4.3. y'+ycosx:531n2x, y(0)=0. 44.

V' +ytgx=cos’x, y(z/4)=1/2.

45. y' —

4 x+2
y'—ﬁyzex(erl), y(0)=1.
4.7. y'—lzxsinx, y(zjzl.

X 2

' y 2
4.9. - = 1)=1.

Y+ —o=x, y(1)

2x 2x? 2
' = 0)=—.

+1+x2 1+x*° »(0) 3

4.11.y'—2x2_5y—5, y(2)=4
X

a1z y -2 =2 y=t,
X X

415. y'+=y=x", y(1)=-5/6.

4.17. y'— 2%y =1+x7, y(1)=3.

1+x

, 3y 2
419. y'+ ===, y(1)=1
y+=—=—=, (1)

421. y'+ =

Yy +2x, y(—l) =3/2.4.6.

48. y'+2 =sinx, y(7)= l
X 4

4.10.

4.12. y' +
4.14. y'—
4.16. y'+==3x, y(1)=1.

4.18. y +

420. y' +2xy =-2x°, y(1)= ¢

422. y'+xy=—x", y(0)=3.



4.23y'—ﬁy=ex(x+l)2, y(0)=1.

424y"+2xy = xe ™ sin x, y(O) =1.

4.25. y'—2y/(x+1) =(x+1)3, y(O)

4.26. y'—ycosx =—sin2x, y(0)=3.

1/2.

427. y'—4xy=-4x’, y(0)=-1/2. 4.28. y'—%z—lnTX, y()=1.

4.29. y'—3x2y=x2(1+x3)/3, y(0)=0.
4.30. y'—ycosx =sin2x, y(0)=-1.

KoHTpoJsibHBIE BONPOCHI:

1. Kakoe ypaBHEeHUE Ha3bIBACTCSl JTMHEHHBIM YPABHEHHEM IEPBOIO MopsiaKa’?
2.Kakoe ypaBHeHHe Ha3bIBaeTCs AU(depeHInaIbHbIM YPaBHEHUEM.

3.Yro HaspiBaeTcs penieHrueM audhepeHmaibHOr0 YpaBHeHHUS.

4.061ee pemenne qudPpepeHInanTbHOTO ypaBHEHUS.

5.Hamucarp o6mmii Bua nuddepennuanbHoro ypaBHeHus 1-ro mopsijaka ¢
pa3IesIONUMUCS TTIEPEMEHHBIMHU.

6.3anaya Komm.

7.KakoB ob6muii Bus1 0THOPOIHOTO AuddepeHITnaIbHOr0 ypaBHeHHs 1-To mopsiaka?
8. AJTOPUTM pelieHus OHOPOIHOTO AU HEepeHITNaTLHOTO YPABHEHHSI TIEPBOTO
MopsiJIKa.



IlpakTnyeckas padora Ne 14
1o Tteme «Pemienue 3aqa4 Ha HAXO0KIeHHE BEPOATHOCTH
Leab: HAYYUTHCA HAXOAUTh BEPOSITHOCTh COOBITHIA.
Bpems BbinmosiHenuss 90 MUHYT

MarepuajibHoe odecnieyeHue

1. Teopetnueckue cBeaCHUS

2.3amaHue

3.JIuct A 4

4 KanbKyJIsaTOpbl

IHopsinok BeINOJIHEHNsI padOThI
1.M3yunts 3ananue

2. 3y4uTh TEOPETUYECKHUE CBEICHHUS

3. Beimonauth 1 0OpMHUTH paboTy
4.1Toka3atp pe3yabTaThl IPENOIABATEIIO
JdomainHee 3a1anue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teoperuueckue cBegeHUA
Kaaccnueckasn BEPOATHOCTHaAdA MOACJ/Ib. FCOMeTpl/I‘IeCKaﬂ BECPOATHOCTD

3amava 1. B smuxke 5 anenscuHoB U 4 si6;10Kka. Haynauy BeiOuparotcs 3 dpykra.
KakoBa BeposSITHOCTB, UTO Bce TpU (HpYyKTa — aneabCUHbI?

Pemenue. DnemMeHTapHBIMUA UCXOIAMHU 3/IECH SIBIISIIOTCS HA0OPHI, BKITIOUYatomuye 3
dbpykra. [Tockonbky mopsiiok PpykToB Oe3pasznuyeH, OyJeM CUUTaTh UX BBIOOD
HEYTOPSA0UYCHHBIM (1 0ecrioBTOpHBIM). O0111ee YMCIIO 2JIIEMEHTAPHBIX UCXO0JI0B
n=[0)] paBHO YHCITy cIocO0O0B BRIOpaTh 3 GpykTa U3 9, T.€. YUCITy COYETAHUN G,
m=|4

Yucno O61aronpusTCTBYIONUX UCXOO0B PaBHO YUCIy c1oco00B BbIOOpa 3

3
aneJIbCUHOB M3 UMEIOIUXCA 5, T.€. ¢ . Torma uckomast BEpOSITHOCTb

5!

o
P(a)=—2=23_012
W= =" =%

316!

3agaua 2. [IpenopaBarenp npeaiaraeT KaxxJaoMy U3 TPEX CTYJICHTOB 3a1yMaTh
mto60e uucio ot 1 go 10. Cauras, 4To BBIOOP KaKIIM U3 CTYICHTOB JIO0O0T0 Yncia
U3 33JJaHHBIX PABHOBO3MOKEH, HANTU BEPOSTHOCTh TOTO, YTO Y KOTO-TO U3 HUX
3alyMaHHbIC YKCJIa COBMAIYT.

Pemenune. Brauane moacuntaem o0Iree KOJIMIECTBO UCXO0B. [IepBbIii U3 CTYJCHTOB
BbIOMpaeT oHO U3 10 yucen u umeer nl=10 Bo3MOXKHOCTEN, BTOPOil TOKE UMEET
n2=10 BO3MOXHOCTEM, HAKOHEL, TPETHUI Takke uMeeT n3=10 Bo3moxkHOCTEN. B crty
MpaBUJia YMHOXEHHUS 00I1Iee YUCIIO0 crmoco0oB paBHO: n=nlxn2xn3=103 = 1000, T.e.
Bce npocTpaHcTBO coaepkuT 1000 ameMeHTapHbIX UCXO0B. {7151 BRIUUCICHUS
BEPOSITHOCTU COOBITHSA A yI00HO MEPENUTH K MPOTHBOMOI0KHOMY COOBITHIO, T.€.
MOACUYUTATh KOJUYECTBO TEX CIIy4aeB, KOT/Ia BCE TPU CTYJICHTA 3a{yMbIBAIOT pa3HbIE
yucina. [lepBbiil u3 HUX no-npexxuemy nMmeer ml=10 cnoco0oB BbIOOpa UKcCA.



BTopoii cTyaeHT uMeeT Tenepsh Juilb m2=9 BO3MOKHOCTEH, MOCKOJIBKY EMY
IPUXOJUTCS 3200TUTHCS O TOM, YTOOBI €r0 YHCIIO HE COBIAJIO € 33 lyMaHHbIM YHCIIOM
nepBOro cryjeHTa. Tperuil CTyieHT enle 0osee OrpaHUYeH B BBIOOpE — y HETO BCETro
m3=8 Bo3MokHOCTeH. [ToaToMy 0O111ee uncio KoMOMHALIMN 33 yMaHHbIX YHCEI, B
KOTOPBIX HET coBNaaeHui, paBHo m=10-9-8=720. CiryyaeB, B KOTOPBIX €CTh
coBnazeHus, ocraercsa 280. CrnengoBarenbHO, ICKOMAasi BEPOSITHOCTh paBHA
P=280/1000= 0,28.

3anaua 3. HaiiTu BepOsSITHOCTH TOTO, YTO B 8-3HAYHOM YHKCIIE POBHO 4 U(PPHI
COBIAJAIOT, @ OCTAJIbHBIE PA3JINYHBI.

Pemenue. CobpiTHe A={BOCEMHU3HAYHOE YHCIIO COJIEPKUT 4 OJTMHAKOBBIC IU(PPHI}.
N3 ycnoBus 3aa4uu CIIEYET, YTO B UKCIE MATh PA3TUYHBIX HU(P, OAHA U3 HUX
noBTopsierca. Yucno cnocoOoB e€ BpI0Opa paBHO YKCITy CIOCOO0OB BIOOpA OIHOM
mugpsel u3 10 qudp. Ota nudpa 3aHuMaert J1roobie 4 MecTa B UUCIIE, YTO BO3MOXKHO

caenaTb G crnoco0amu, Tak Kak NOPAJIOK 3/1ech He BakeH. OcraBmuecs 4 mecta
3aHUMAIOT PA3IHMYHbIE ITUGPBI U3 HEUCTIOIB30BAHHBIX JICBATH, M TaK KaK YHCIIO
3aBUCHUT OT MOPSJIKA PACIIONOXKEHUS ITU(DP, TO YUCIO CITOCOOOB BEIOOPA YETHIPEX

4
1udp paBHO YUCITY pa3MeIeHUN A Torma uncio OJIaronpUATCTBYIOIIHUX UCXOIOB

_ 4
[ AR10G7 4 . Bcero e croco6oB coctaBineHus 8-3Ha4HBIX yuces paBHo |(2[=108.

HckomMast BEpOSATHOCTh paBHA
4 44 | |
plAI_W0GA_ 8910
Q| 10 414151 10 _
3anaya 4. lllectb KIMEHTOB ciydyailHbIM 00pa3oM oOpamatorcs B 5 ¢pupm. Haiitu
BEPOSATHOCTH TOT'0, YTO XOTs OBl B OJIHY PUPMY HUKTO HE OOPATUTCS.

Pemenwne. PaccMoTpuM poTHBOIONIOXKHOE COOBITHE A, cOCTOsIIEEe B TOM, YTO B
KOKIYI0 U3 5 pupm oOpaTHiics KIMEHT, TOT/Ia B KaKyl0-TO U3 HUX 00paTUIIUCH 2
KIIMEHTA, a B OCTalbHbIE 4 (DUPMBI — IO OJJTHOMY KJIMEHTY. Takux BO3MOKHOCTEH

_ . 6!
A= Sx N, 2L = -2
IM2! " O6mmee koaruecTBO CIIOCOOOB paCIpPeNeIuTh 6 KIMEHTOB
— . 6!
—_ PA)=2% 1 _o1152
o 5 pupmam 1Q2=5" Orciona 2t s . CirenoBaTensHO,

P(A)=1- P(A4)=0,8848

3amaua 5. [Tycts B ypHe umeercs N mapos, u3 HuX M 6enbix 1 N-M geprbix. 13
YpHBI U3BJIEKaeTCs n wapoB. HaliTu BEpOSTHOCTH TOTO, YTO CPEAM HUX OKAKETCS
POBHO m O€JIbIX 1APOB.

Pemenue. Tak Kak NOPsAIOK 2JIEMEHTOB 3/1€Ch HECYLIECTBEHEH, TO YUCIO BCEX
BO3MOXHBIX HA00pOB 00beMa n 13 N 3JIEMEHTOB PaBHO YHUCITY COYETaHUI v,
Uucio uCHBITAHUM, KOTOPBIE OJIArONpUSTCTBYIOT COOBITHIO A — ""m O€JbIX IIapoB, N—

m n—m

m 4epHBIX", paBHO ~¥ ~N-M | J, CJIEJI0BATEIbHO, HICKOMAasi BEPOSITHOCTh paBHA P(A)=
CuCnm

Cy



3anmaua 6. Touky Haygady Opocuin Ha oTpe3ok [0; 2]. KakoBa BeposTHOCTH ee
nornaaanus B orpe3ok [0,5; 1,4]?
Pelenne. 31ech POCTPAHCTBO HIEMEHTAPHBIX HCX010B Bech otpesok 2 =10:21 4

A=

MHOXECTBO 6J'IaFOHpI/I$ITCTBy}OI]_II/IX HCxXoa0B 0.5;1,4] , IIPHU O3TOM OJIMHBI 9TUX

otpeskoB papupr () =2y ((4)=0.9

Pay="D 09 _ 45

Q) 2
3anauda 7 (3amaya o Bctpeue). J(Ba nmuna A u B ycnoBUIuCh BCTPETUTHCS B
omnpeaesieHHoM mecte Mexay 12 u 13 yacamu. [Ipuiieamnii nepBeIM XAET APYroro B
TeueHuu 20 MUHYT, IOCJIE Yero yXoAauT. YeMy paBHA BEPOSITHOCTh BCTPEUH JIUI] A U
B, ecnu mpuxoa KaXa0ro U3 HUX MOXKET MPOU30MTH Haylayy B TEUEHUH yKa3aHHOTO
yaca 1 MOMEHTBI IPUX0Ja HE3aBUCUMBI ?
Pewenne. O603HauM MOMEHT Npuxojia jauna A yepes X u uua B —depes y. s
TOT'0, 4YTOOBI BCTpEYa MPOU301LIa, HEOOXOAUMO U AOCTATOYHO, YTOOBI | X-y | <20.
N3006pa3uM X 1 y Kak KOOpJMHATHI Ha MJIOCKOCTH, B KAUECTBE €MHUIIBI MaciTadba
BbIOEpeM MUHYTY. BceBO3MOXKHBIE MCXOAbI PEACTABIAIOTCS TOUKAMH KBaJpara co
cTopoHOit 60, a 6IaronpUITCTBYIOLINE BCTPEUE PacloaraloTcs B 3alITPUXOBAHHON
obmnactu. Mckomast BEpOsITHOCTh paBHA OTHOLIEHMIO TIOMIAAH 3aIITPUXOBAHHON
¢burypsl (puc. 2.1) x mnomaau Bcero kajapara: P(A) = (602—402)/602 = 5/9.

COOTBCTCTBCHHO. HOBTOMy

3
60
NN
el
20
N
20 60 X
Puc. 2.1.

OcHoBHbIE (pOpMYJIbI TEOPUH BEPOSITHOCTEH

3aoaua 1. B smuke 10 KpacHBIX U 5 CUHUX yTOBUL. BEIHMMAarOTCA Hay1ady JABE
nyroBulibl. KakoBa BEpOSTHOCTh, UTO MYTOBUIbI OyAYT OJHOLBETHBIMU ?

Pewenue. CoobiTrie A={BBIHYTHI IIYTOBUIIBI OJHOTO I[BETA} MOXHO MPEICTABUTH B

A=A +4 4 . A

BHUAC CYMMBI 2, Tae coOBITHS I U “2 0O3HAYAIOT BBI60p IIYTOBHII] KPACHOI'O U

CHUHECTO IB€TA COOTBETCTBCHHO. BepOSITHOCTb BBITAIIUTL IBC KPACHBIC ITYT'OBUIIBI
2 2
Co C;

P(A4)= =
(4) C Cls

paBHa

P(4,)=

, 4 BEPOATHOCTD BbITAIUTH ABC CUHUC ITYT'OBUIIBI . Tak



Kkak coGbrtist 4 u: He MOT'YyT IIPOU30UTH OAHOBPEMEHHO, TO B CUILY TEOPEMBI
CJIIOXKCHUSA
10! N 5!
Co+Cs _om1 28
P A — 10 5 — «:0. L - 24
W T T
213!

3aoaua 2. Cpeau coTpyiHUKOB GUpMbI 28% 3HAIOT aHTIUNCKUM 3bIK, 30% —
HeMelKui, 42% — dhpaHIly3CKUM; aHTTIMUCKUNA U HEMEIKUI — 8%, aHTTTUHCKUN 1
dbpaniry3ckuii — 10%, nHemenxuit u ¢ppaniry3ckuii — 5%, Bce Tpu s3bika — 3%. Haiitu
BEPOSITHOCTH TOTO, YTO CIIYYailHO BHIOPAHHBINA COTPYAHUK (DUPMEL: a) 3HAET
AHTIIMHACKUN WM HEMEIIKHi; 0) 3HAaeT aHTTTMICKUA, HEMEUKUH Win (PpaHITy3CKuii; B)
HE 3HACT HU OJINH U3 MEPEUUCTICHHBIX S3bIKOB.

Pewenue. O603naunm uepe3 A, B u C coObITHSI, 3aKITIOYAIONINAECS B TOM, YTO
CIIy9aifHO BBIOPAHHBIN COTPYIHHUK (PUPMBI BIIaJICET aHTITMIACKUM, HEMEIIKHM HJTH

(G paHIy3CKHM COOTBETCTBEHHO. OUYEBUIHO, IOJIH COTPYIHUKOB (DUPMBI, BJaICIOIINX
TEMH WJIM UHBIMU S3BIKAMH, ONIPEACIISIOT BEPOITHOCTH 3TUX COObITHIA. [Tomydaem:

a) P(AUB)=P(A)+P(B) —P(AB)=0,28+0,3-0,08=0,5;

6) P(AUBUC)=P(A)+P(B)+P(C)—~(P(AB)+P(AC)+P(BC))+P(ABC)=0,28+0,3+0,42—
—(0,08+0,1+0,05)+0,03=0,8;

B) 1-P(AUBUC)=0,2.

3aoaua 3. B cembe — n1Boe niereil. KakoBa BepOsSTHOCTB, UTO CTapIINN PEOCHOK —
MaJb4MK, €CJIU U3BECTHO, YTO B CEMbE €CTh JI€TU 000€ero moja?

Pewenue. Ilycts A={crapmmuii pedbeHOK — MaJIb4HK }, B={B ceMbe ecTh 1eTH 000ero
nona}. bysneM cuuTaTh, 4TO pOXKICHHE MAIbUYMKA U POXKJICHUE JIEBOYKHU —
paBHOBepOsITHBIE cOOBITHA. Ecii poskieHne Manpunka 0603HauuTh OyKkBOM M, a
pOXIIeHre AeBOYKHU — [, TO TPOCTPAaHCTBO BCEX JIEMEHTAPHBIX UCXOJI0B COCTOUT U3

YETHIPEX Map: Q= {MM, ML, IM, T } B sTom npocTtpancTse nuib ABa ucxoaa (M/]
u JIM) otBeuatot coObiTuio B. CoObiTe AB 03HauaeT, 4To B CEMbE €CTh JACTH
o6oero nosa. Crapiuii pe0eHOK — MaJIbUUK, CIIEOBATEILHO, BTOPOM (MIIaIIITHiA)

pebeHoK — aeBouka. Itomy coobiTuio AB otBewaer oaun ucxon — M. Takum
obpazom, |AB|=1, [B|=2 u

|4B| _1

P(A|B)= B 2

=0,5.



3aoaua 4. Mactep, umes 10 neraneil, U3 KOTOPbIX 3 — HECTaHJAPTHBIX, IPOBEPSIET
JeTay OJHY 3a Ipyroi, IIoKa eMy He Ionajaercs ctanaapTHas. KakoBa BEposSTHOCTS,
YTO OH MPOBEPUT POBHO JABE JETAIN?

Pewenue. CobbiTrie A={MacTep NpoBEpUI POBHO JIBE JIETANIM } O3HAYAET, YTO MPHU
TaKOW MPOBEPKE MepBast AeTallb OKa3ajlach HECTAHIAPTHOM, a BTOpasi — CTaHAapTHAas.

A=A44 4,

3Hauur, 2, rae ={ mepBasi ieTajgb OKa3ajach HECTAHJAPTHOMU } U

={BTOpas JeTaib — cTaHAapTHas }. O4eBUAHO, YTO BEPOSITHOCTh COOBITHSA A| paBHA

P(4) =310, epore toro, P(4:14)=7/9

, TaK KaK Tepes] B3sITUEM BTOPOU JieTalu y
MacTepa 0CTajoch 9 neranei, U3 KOTOPBIX TOJIBKO 2 HECTaHAAPTHBIE U 7

CTaHIapPTHBIX. IIo TCOPCMC YMHOKCHHA

3

P(A4) :P(A1A2)=P(A1)P(A2 |A1) = 10

=7/30.

NeREN

3adaua 5. B ogHOM sitiuke 3 O€IbIX U 5 YEPHBIX IIApOB, B APYTOM SIIUKE — 6 OEJIBIX
U 4 yepHbIX 1mapa. HaliTu BepoSITHOCTH TOTO, UTO XOTS OBl U3 OJHOTO SIIIUKA OyJIeT
BBIHYT O€JbId 1Iap, €CIM U3 KaXKI0ro SIIMKA BEIHYTO IO OJHOMY IIapy.

Pewenue. CoobiTrie A={X0Ts ObI U3 OJTHOTO SAIIUKA BEIHYT OCJBIN 1IAP } MOYKHO

NpEACTABUTH B BUJIE CYMMBbI A=4+4 e cobbrrus b u 4 o3nauaror nmoseHNe
0eJoro 1mapa u3 NepBoro U BTOPOro AlMKa COOTBETCTBEHHO. BeposTHOCTh

P(4)=3/8

BBITAIIUTH O€JIBIN MIap U3 TIEPBOTO SIIIUKA paBHA , & BEpOSITHOCTh

BBITAIIUTH O€JIbIN Iap U3 BTOPOTO SALIUKA P(4,)=6/10 Kpowme Toro, B crity

. P(A44) = P(A)P(4) =2 0= 2
HE3aBUCHMOCTH ‘1 M 2 mMeeM: 8 10 40 TIo Teopeme
CJIOKCHHUS TTOTyIaeM:

P(A4) = P(4, + 4,) = P(4,)+ P(4,) ~ P(4,4,)=3/8+6/10-9/40=3/4

3adaua 6. Tpu 3K3aMeHaTOpa NPUHUMAIOT IK3aMEH 10 HEKOTOPOMY MPEAMETY Y
rpynmnsl B 30 4es0BEeK, IPUYEM NIEPBBIM ONPAIIMBAET 6 CTYyIEHTOB, BTOPOU — 3
CTYIEHTOB, a TpeTuii — 21 cTynenTa (BbIOOp CTYJEHTOB MPOU3BOIUTCS CITydYailHBIM
o0pa3oM u3 crnucka). OTHOUIEHUE TPEX IK3aMEHATOPOB K €1a00 MOATOTOBUBIIMMCS
Pa3IMYHOE: AHCHI TAKUX CTYJEHTOB CIAaTh SK3aMEH y MEPBOIo MpEenoaaBaTelis
paBHbl 40%, y BToporo — tosbko 10%, y Tperbero — 70%. HaliTu BEpOATHOCTB
TOTO, YTO CJIa00 MOArOTOBUBILUNACSA CTYACHT CIACT IK3aMEH.

Pewenue. O603Ha4UMM Uepes i, 1, 1,

TUIIOTE3bl, COCTOSIIIUE B TOM, YTO CJ1a00
MOJATOTOBUBIIMICS CTYAEHT OTBEYAJ IEPBOMY, BTOPOMY U TPETHEMY IK3aMEHATOPY

cooTBeTcTBEeHHO. I1o YCJIIOBUIO 3aa491



P(H)=6/30=02 P(H,)=3/30=0,1 P(H,)=21/30=0,7

[TycTh coObiTHEe A={c1a00 MOATOTOBUBIIMIACS CTYICHT Cllall k3aMeH }. Torma cHoBa
B CUJTY YCJIOBHS 3aJ1auu

P(A|H,) =04 P(A|H,)=0,1 P(A|Hy)=0.7

[To dhopmysie moTHOM BEPOSATHOCTH MOTYyUAEM:

P(4)=0,4-0,2+0,1-0,1 +0,7-0,7 = 0,58

3aoaua 7. dupma uMeeT TpU UCTOYHUKA MOCTABKU KOMIUIEKTYIOIUX — (upMbl A, B,
C. Ha nomto pupmer A npuxoautcs 50% obimiero oobema noctaBok, B —30% u C —
20%. U3 mpakTUKu U3BECTHO, YTO CPEU NocTaBisieMbIx dhupmoit A neraneit 10%
OpakoBaHHBIX, pupmoii B — 5% u ¢pupmoii C — 6%. KakoBa BepoSITHOCTB, UTO B3sTas
HayTraj JIeTallb OKAXKETCs TOJTHON?

Pewenue. ITycth coObiTHEe G — MOSIBIICHUE TOJHOM AeTanu. BeposTHOCTH rUnoTes3 o
TOM, 4YTO JieTajp nocrasieHa Gupmamu A, B, C, paBHbl cotBeTcTBeHHO P(A)=0,5,
P(B)=0,3, P(C)=0,2. YcioBHbIe BEpOSITHOCTH MOSIBICHUSI IPU 3TOM FOJAHOM JIeTalu
paBubl P(G|A)=0,9, P(G|B)=0,95, P(G|C)=0,94 (kak BeposiTHOCTU
MPOTUBOIOJIOKHBIX COOBITUH K MOSIBJICHUIO OpakoBaHHOM). [To dhopmyrie nmoaHo#M
BEPOSITHOCTHU TOJIyYaeM:

P(G)=0,5-0,9+0,3-0,95+0,2-0,94=0,923.

3adaua 8 (cm. 3amauy 6). [lycTh U3BECTHO, YTO CTYJICHT HE Cllall SK3aMEH, T.€.
MOJIy4YMJI OLIEHKY «HEYAOBJIETBOPUTENBHO». KOMy M3 Tpex mpenoaaBareneit
BEpOSITHEE BCETO OH OTBEYaN’

Pewenue. BepoATHOCT NOTYYUTh «HEY» PaBHA P(A)=1-P(A)=1-0,58 =042
TpeOyeTcst BBIUUCIUTD yCIIOBHBIE BeposTHOCTH. [1o popmynam baiieca momydaem:

P(H))-P(A|H,) 0,2-0,6

P(H, | )= — = 0,285
e 0,42 , U QHAJIOIMYHO,
P, | A =2100 _0014 pa, | =270 _0s
0,42 0,42

5

Otcroza cienyer, 4To, BEpOsTHEE BCET0, cI1ab0 MOArOTOBUBIIUNCS CTYICHT ClaBajl
9K3aMEH TPEThEMY IK3aMEHATOPY.



IIpakTHyeckas pabora Ne 15
o teme «Cay4daiiHasi BeJinunHa. MaTeMaTH4yecKoe 0KMIaHue U TUCIIePCHs
CJIYYailHOM BeJMYNHBD)
Leab: HAYYUTHCSA HAXOIUTD CIy4YalHbIE BEJIMYHUHBI.
Bpems BbinmosiHeHuss 90 MUHYT

MarepuanbHoe odecneueHmne

1. Teopetnueckue cBeaCHUS

2.3amaHue

3.Jluct A 4

4 KanbKyJIsaTOpbl

IHopsinok BeINOJIHEHNsI padOThI

1.3yunts 3amanue

2. I3y4uTh TEOPETUUECKHUE CBEICHUS

3. Beimonauth 1 0OpMHUTH paboTy

4.Iloka3aTp pe3yJIbTaThl MPENOIaBATEIIO

JloMamnHee 3a1aHue

1.IToarotoBUTH OTBETHI HA KOHTPOJIBHBIE BOIPOCHI

Teoperuueckue cBegeHUA

3anaya 1. B cBs3ke u3 3 KiItoueil TOJIBKO OJIMH KJII0Y MOAXOIUT K ABepu. Kimrouun
nepeduparoT 0 TeX Mop, MOKa HE OTHIMIETCS MOIXO AU KiTtod. [locTpouTh 3aKoH
pacripeiesieHus sl CIy4aifHOM BETMYMHBI & — 4Kclia OPOOOBaHHBIX KITHOUEH.
Pemenue. Uncno onmpoOOBaHHBIX KITOUEH MOXKET paBHATHCS 1, 2 wnu 3. Eciu
VCIIBITAJIN TOJIBKO OJIMH KJIKOY, 3TO 03HAYAET, UTO ATOT MEPBBIM KIII0U Cpa3y MOJOIIEI
K JIBEPH, a BEPOSITHOCTh TAaKOT'0 COOBITHA paBHa 1/3. UTak, P(E=1)=1/3. Jlanee, ecnu
OnpOOOBAHHBIX KIIOYEH ObLIO 2, T.€. E=2, 3TO 3HAYUT, UTO NEPBHIN KIIIOY HE
MoJOIIIeN, a BTOPOM — mojoiiesl. BeposTHOCTb 3Toro coObiTust paBHa 2/3x1/2=1/3. To
ects, ¥ (£=2)=1/3. Apanoruuno BerUKCIAETCS BEPOSITHOCTh P(E=3)=1/3. 8
pe3yJIbTaTe MOJy4aeTCs CACAYOUUN PAI pacpeacIICHUS:

cl1 [2 [3
Pl [1/ |1
3 13 |3

3anaua 2. [Toctpouts hyHKIMIO pacupeneneHus FE(X) as ciaydyaltHON BETHYUHBI
u3 3a1auu 1.

Pemenue. Cnyuaiinas BennuuHa & UMEET TpU 3HaYeHus 1, 2, 3, KOTOpbIE AETAT BCIO
YHCIIOBYIO OCh Ha YeThipe mpomexytka: (—>s[1L21[23):[3.49) "Eeny x<1, 1o
HEPABEHCTBO <X HEBO3MOKHO (JIeBee X HET 3HAUCHUI CIydyallHOW BEJIMYUHBI &) U
3HAYMT, 1J1 Takoro X ¢pyHkmus FE(x)=0.

Ecmu 1<x<2, T0 HEpaBeHCTBO <X BO3MOYKHO TOJBKO €CIIH =1, a BEpOATHOCTh
TaKoro coObITHA paBHa 1/3, moaTOMY AJI TaKMX X QYHKUHUS pacupeneaeHus
FE(x)=1/3.

Ecnu 2<x<3, HepaBeHCTBO <X O3HA4aeT, 4YTO WM =1, miu =2, N03TOMy B 3TOM
ciydae BepoaTHocTh P(E<x)=P(E=1)+P(£=2)=2/3, 1.e. FE(x)=2/3.



W, nHakoHen, B ciiy4ae X=>3 HEpaBEHCTBO <X BBINOJIHAETCS JIJIs1 BCEX 3HAUEHUI
ciydaiiHou BenmuuuHbI &, moatomy P(E<x)=P(E=1)+P(£=2)+P(£=3)=1, T.e. FE(x)=1.
Wtak, Mbl IOTYUNIIH CIASAYIOUIYIO (PYHKIIHIO:

0, x<1

1/3, 1<x<2
F.(x)=

2/3, 2<x<3

1, x>3.

3anaya 3. COBMECTHBIN 3aKOH PACTIPEICIICHUS CIIyYailHbIX BEJIUYHH & U 1] 33/1aH C
MOMOILBIO TAOTUIBI

1 2
N
-1 1/16 3/16
0 1/16 3/16
1 1/8 3/8

BprauciauTe 4acTHBIC 3aKOHBI pacpCaAcjaCcHus COCTAaBJIAIOIMINX BCIINYNH E_, unmn.

>
OINpe/ieIUTh, 3aBHCHMbI JTH OHH. BBIYHCIHTD BeposSTHOCTD £ (+n=> 2).
Pemenue. YactHoe pacnipenenenue s & MoxydyaeTcsi CyMMHUPOBaHUEM

BEPOATHOCTEU B CTPOKAX:
P(E=-1)=P(E=-1np=1)+P(E=-1,7=2)=1/16+3/16=1/4.

P(E=0)=P(=0,7=1)+P(E=0,7=2)=1/16+3/16=1/4.
P(E=1)=P¢E=1n=1)+P(E=17=2)=1/8+3/8=1/2

AHajornyHo MOJIy4acTCA 4aCTHOC PACHPCACICHUC IJIA M.
Pln=1)=1/16+1/16+1/8=1/4.

P(n=2)=3/16+3/16+3/8=3/4

[Tomy4ueHHBIC BEPOSATHOCTH MOXKHO 3aIIUCATh B TY )K€ TaOJIUIly HAIIPOTHB
COOTBETCTBYIOIIMX 3HAYEHUM CIIyYaNHBIX BEJINYNH:

1 2 p&
L
-1 1/16 3/16 1/4
0 1/16 3/16 1/4
1 1/8 3/8 1/2
pn 1/4 3/4 1

Tenepb OTBETUM Ha BOIIPOC O HE3aBUCUMOCTH CITyYalHBIX BeHUUH & U 1. C 3TOM
LEJIBIO JJIS1 KaXK0M KJIIETKH COBMECTHOIO PACIPEAEICHUS BBIYUCINM TPOU3BEICHUE

P& =x)Pln=,) (T.e. CyMM O COOTBETCTBYIOIIEH CTPOKE U CTOIOILY) M CPAaBHUM €ro

P(fzx,ﬂ?:yj) 3 H
CO 3HAYCHHUCM BCPOATHOCTHU B 9TOH KIJICTKC. NaIlipuMep, B KICTKC IJIA

3HaueHui E=—1 u =1 crout BeposaTHOCTh 1/16, a mpousBeeHNEe COOTBETCTBYIONTUX
YacTHBIX BeposiTHOcTel 1/4%1/4 paBHo 1/16, T.e. coBnagaer ¢ COBMECTHOMN



BEPOSITHOCTBIO. DTO YCJIOBHE TAK )K€ IPOBEPSIETCS B OCTABIIMXCS IIATH KJIETKaX, U
OHO OKa3bIBa€TCsl BEPHBIM BO BceX. CII€10BATENBHO, CIyYaiiHbIE BETUYUHBIL & U M
HE3aBUCUMBI.

3amMeTuM, 4TO eciii Obl Hallle YCJIOBUE HAPYIIANIOCh XOTsI Obl B OJTHOM KJIETKE, TO
BEJIMUMHBI CJIE10BAJIO Obl IPU3HATH 3aBUCUMBIMHU.

>
I[JDI BBIYHCJICHUA BCPOATHOCTH P(§ = 2) OTMCTUM KIICTKHU, JIsI KOTOPBIX

BBITIOJTHEHO YCJIOBHE S+122 Takux KIETOK BCETO TPH, U COOTBETCTBYIOIINE
BEpPOSITHOCTHU B 3THUX KJIETKax paBHbI 1/8, 3/16, 3/8. Ux cymma paBHa 11/16, 310 u

€CTb NCKOMas BCPOATHOCTD. Breruncnenune »Ton BCPOATHOCTH MOKHO 3allMCaThb TaK:
P(E+n>2)=PE=1n=1)+P(E=0,n=2)+P(E=1,n=2)=1/8+3/16+3/8=11/16.

3anaya 4. [lycTh ciyyaitHas BenmuurHa & UMeeT CIEAYIONINI 3aKOH pacipeieIeHus:

e [-1]0 ]2
P |1 |1/ |V
4 |4 |2

Boruucnuts marematudeckoe oxuganue ME, aucnepcuto DE u
CPEIHEKBAPATUYECKOE OTKIOHEHHE G.
Pemenue. 1o onpenenenuto MareMaTuueckoe 0XKUIaHKue & paBHO

3
ME=Yx,p,=—1-1/4+0-1/4+2-1/4=1/4
i=1

anee

3
ME* =3 x2p, =(-1)*-1/4+0% 1/4+2%-1/4=5/4
i=1

a IIoToMy
D& =ME* —(M§)* =5/4-1/16=19/16

CpeniHee KBaJpaTHUECKOe OTKIOHeHHe © ~ D& =+19/4 )

3amada 5. Jyist mapbl CIydalHBIX BEJIMYMH U3 33]1a4d 3 BHIYUCITUTH M(sn)

M(fﬂ) = zxiyjpgj
ij

Pemenne. Bocrionb3yemcs hopmyiioi . A IMEHHO, B KaXX701

KJIETKE TaOIMIbI BHIIOIHAEM YMHOKEHUE COOTBETCTBYIONIMX 3HAUYEHUM * 1 77
pe3yibTaT YMHOXAEM Ha BEPOSITHOCTH Pij, U BCE 3TO CYMMHUPYEM IO BCEM KIIETKaM
Tabnuibl. B utore nonyvaem:
MEn)=-1-1-1/164+(-1)-2-3/164+0-1-1/16 +0-2-3/16 +1-1-1/8+1-2-3/8 =
=-1/16-3/8+1/8+3/4="7/16.

3agaya 6. JlJ1st mapel Clly4alHbIX BEJIWYHH U3 33J1a41 3 BBIYUCIUTH KOBAPUALIUIO
cov(S,n).

Pemenue. B npeapiayieii 3a1ayue yxe ObUI0 BEIUMCIECHO MATEMAaTHUYECKOE 0XKUIAHHE
Msn=19/16 _Ocranocs Bsrauciurs M u M7 Hcnonb3ys MOJydYEeHHBIE B PELLICHUU
3a/1a4M 3 YaCTHBIE 3aKOHBI pACTIPEICIICHUS], OJy4aeM
ME=-1-1/4+0-1/4+1-1/2=1/4. Mn=1-1/4+2-3/4=7/4.

1 3HAYMT,



cov(&,n)=M(En)—ME-Mn=7/16-1/4-7/4=0

YETo U CJICIOBAJIO 0KHUIATh BCICICTBUE HE3aBUCUMOCTH CITyYailHBIX BETUYHH.
3anauva 7. Cnywaiinbiit Bektop (&,n) npunumaet 31adenus (0,0), (1,0), (-1,0), (0,1) u
(0,—1) paBHOBEPOATHO. BBIUMCIUTH KOBApUAIMIO CTyYalHBIX BEJIMYUH & U ).
IIokxa3atb, YTO OHU 3aBHUCHUMBI.

Pemenue. [lockonesky P(E=0)=3/5, P(E=1)=1/5, P(§=1)=1/5; P(n=0)=3/5,
P(m=1)=1/5, P(M=1)=1/5, To M&=3/5%0+1/5x1+1/5x(-1)=0 u Mn=0;
M(EN)=0x0x1/5+1x0x1/5-1x0x1/5+0x1x1/5-0x1x1/5=0.

[Tonyuaem cov(E,n)=M(EN)-MEMN=0, u ciryyaliHbple BEJIMUUHBI
HeKoppenupoBaHHbL. OqHaKo oHM 3aBUCHMBL. [IycTh E=1, TOra ycinoBHas
BeposTHOCTh coObITUA {N=0} paBHa P(N=0|6=1)=1 u He paBHa Oe3ycI0BHOM
P(m=0)=3/5, unu BepostHoCcTh {{=0,1=0} He paBHA MPOU3BEACHUIO BEPOSITHOCTEH:
P(£=0,m=0)=1/5#P({=0)P(n=0)=9/25. CnenoBarenbHo, & U 1 3aBUCUMBI.

3anaua 8. Ciy4aitHble IPUPAIICHUS [IEH aKIUi ABYX KOMIIAHUM 32 JIEHb & U 1] UMEIOT
COBMECTHOE paclpesiesieHue, 3aJaHHOE TaOJIuIeH:

-1 +1
N
-1 0,3 0,2
+1 0,1 0,4

Haiitu xoaduiimeHT koppensinm.
Pemenue.ITpexnae Bcero Beruncisiem MEn=0,3-0,2—-0,1+0,4=0,4. [Tanee Haxoaum
YaCTHBIC 3aKOHBI PacCIpeIeNICHUs & U 1:

-1 +1 p&
N
-1 0,3 0,2 0,5
+1 0,1 0,4 0,5
pn 04 0,6

Omnpenensem ME=0,5-0,5=0; Mn=0,6—0,4=0,2; D&=1; Dn=1-0,22=0,96;
cov(§,n)=0,4. [Tonyyaem
0,4

Jrdoss

3agauda 9. Ciiyyaiinble TpUpalleHus IeH aKIui TBYX KOMIIAaHUH 3a JIEHb UMEIOT
mucnepcu DE=1 nu Dn=2, a ko3gdunuent ux xoppensuuu p=0,7. Haiitu
JTUCIIEPCHIO TIPUPAIEHUs IEHbI MOPTQes U3 5 akiuii NepBoil KOMIaHUU U 3 aKIHii
BTOPON KOMITaHUHU.

Pemenue. Mcnonb3ys cBoicTBa AMCIIEpCUU, KOBApUALIMU U OTIPEICIICHUE

K03 pULIIeHTa KOPPESIIIU, TOTyYaeM:

D(5E+37)=5"DE+32Dn+2-5-3p[DEDy =25-149-2+30-0,7-1-42 x 72,7

3anaua 10. Pactipenenenue q1ByMEpHON CIydyaiiHON BEJTMYMHBI 33]1aHO TaOIUIICH:

~ 0,408



n\§ 1 3 4 8

3 0,15 0,06 0,25 0,04

6 0,30 0,10 0,03 0,07

Haittu ycnoBHOE pacnipenieneHre U yCI0OBHOE MATEMATUYECKOE OXKUIAHHUE 1] PU
E=1.

Pemenue. YcinoBHOe MaTeMaTHUECKOE OXXHMIaHUC PABHO
M@n|&=x)= y1P§m(y1 | x,)+ yng\n(yz | x,)

W3 ycioBus 3aaun HaiiieM pacrpeiesieHne COCTaBISIIoNUX 1| U §
(mocnenHMii cTon0€L U MOCIEIHSAS CTPOKA Ta0JIULIbI).

n\& 1 3 4 8 Pn

3 0,15 0,06 0,25 0,04 0,50
6 0,30 0,10 0,03 0,07 0,50
P 0,45 0,16 0,28 0,11 1

TTOCKOTBKY P.(x)) = P(x,y)+ P(x,y,)=0,15+0,30=0,45

HaxoJsATcs 1o hopmysiam

P(x,y,) 015 1
Pé\n(y1|x1): B:(lxl)l =0’45:§ Péln(y2|x1)=

, TO YCJIIOBHBIC BCPOATHOCTHU

P(x,y,) 030 2
P(x) 045 3

> 5

1.2
M@|E=1)=3-2+6--=5
(le=D=3-2+6-2 |

a HCKOMOC YCJIOBHOC MAaTCMAaTHYCCKOC OKUIaHUC PABHO
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