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Oo6sacTh NpUMEHEHUS METOAUYECKUX YKA3aHUI

Metoauueckue ykazaHus JJi1 BBIIOJHEHHS MPAKTUYECKUX paboOT SBISIOTCA
YacThIO IPUMEPHON OCHOBHOM MpodeccuoHanbHO 00pa30BaTEIbLHON MPOrPaMMBbI B
cootBeTcTBHH ¢ PI'OC mo crnemmanbHOCcTH CIIO 15.02.12 MOHTAaXK, TEXHHYECKOE
o0cJIy’>KMBaHHe M PEMOHT NPOMBILIIIEHHOT0 000py/A0BaHus (110 OTPACJISIM).

Heau u 3a5a4u METOAMYECKHUX YKA3aHUM JIA BBINOJHECHUS MPAKTHYECKUX

pador:
B pesynbrare ocBoeHust yueOHON AUCHUIIIMHBI 00y4YatOIIUNACS JOKEH YMETh:
- BBITIOJIHATH OINEpally HaJ MAaTPULIAMH U pELIaTh CUCTEMBI IMHEWHBIX YPaBHEHUN;
- pemaTh 3a7a4M, UCII0JIb3Ysl YPABHEHUS MPSMbBIX U KPUBBIX BTOPOTO MOPSIKA HA
IJIOCKOCTH;
- IPUMEHSATh METOJIbI AP PEpEeHIINATBEHOIO U UHTETPAIbHOTO UCUHCIICHUS;
- pemath auddepeHnraibHbIe ypaBHEHUS;
- II0JIB30BATHCS MOHITHSIMHU TEOPUN KOMIUIEKCHBIX YHCEIL.
B pesynbrare ocBoeHust yueOHON AUCIUTIIMHBI 00yJarOIIUNACS JOKEH 3HATD:
- OCHOBBI MAaTEMAaTUUYECKOTO aHANIN3a, TUHEHHOU anreOphl U aHATUTUIECKON
TrE€OMETPHH;
- OCHOBBI () pepeHInaNIbHOTO M MHTETPaIbHOTO NCYUCICHUS;
- OCHOBBI TEOPHUU KOMIUIEKCHBIX YHCEN.
®opmupyemMble KOMIIETEHIUH

OK 1. BeiOupath criocoObl pemienus 3a1a4 npopecCuoOHAIbHON NeITeTbHOCTH
IPUMEHUTENBHO K PA3JIMYHBIM KOHTEKCTaM.

OK 2. OcymecTBidATh NOHCK, aHaJU3 M HWHTEpHpETalvio UH(pOpMaIH,
HEO0OXOAMMOM ISl BBIIOJIHEHUS TPO(PECCHOHATIBHOM €SI TEIbHOCTH.

OK 3. IlnanupoBaTh U peaqu30OBbIBATH COOCTBEHHOE MPOQPECCHOHAIBHOE U
JMYHOCTHOE PA3BUTHE.

OK 4. PaboTtath B KOJUIEKTUBE U KOMaHAE, 3P(PEKTUBHO B3aMMOJIEHCTBOBATH C
KOJUUIETaMH, PYKOBOJCTBOM, KIINEHTAMMU.

OK 5. OcymecTBiasiTh YCTHYHO M IHMCbMEHHYIO KOMMYHHMKAlMIO Ha
rocyJlapcTBEHHOM si3blke Poccuiickoit depepanu ¢ ydyeToM OCOOCHHOCTEH
COLIMAIIBHOTO U KYJIbTYPHOTO KOHTEKCTA.

OK 6. [IposBIATh IpakIAHCKO-NATPUOTUUECKYIO TTO3UIINIO, TEMOHCTPUPOBATH
OCO3HAaHHOE MOBEJICHHE Ha OCHOBE TPAIUIIMOHHBIX O0IIEUETIOBEUECKUX IEHHOCTEH, B
TOM 4YHUCJIE C YYETOM TapMOHHU3allMd MEXHAIMOHAIBHBIX W MEXKPEIUTHO3HbIX
OTHOUIEHUH, MPUMEHSTh CTAHIaPThl AHTUKOPPYILIMOHHOTO TOBEACHHUS.

IIK 1.1. OcyuiectBasTe paboThl MO MOATOTOBKE €AMHUI] OOOPYIOBaHUS K
MOHTaXYy.

IIK 1.2. [IpoBoAUTh MOHTaX MPOMBIIIIEHHOT'O 000PYA0BaHMS B COOTBETCTBUU
C TEXHUYECKOU TOKYMEHTALMEH.

IIK 1.3. IIpon3BoauTh BBOJ B 3KCIUTyaTalWIO U UCHBITAHUS ITPOMBIILICHHOTO
000pyI0OBaHUSI B COOTBETCTBUU C TEXHUYECKON JOKYMEHTAIIUEH.

IIK 2.1. ITpoBoauTh periaMeHTHbIE pabOThl IO TEXHUYECKOMY OOCITYKUBAHUIO
MPOMBIIINIEHHOTO 000pY/IOBaHUS B COOTBETCTBUM C JOKYMEHTAlMell 3aBoja-
WU3TOTOBUTEIIA.

K 2.2. OcyumecTBiasTh AHArHOCTUPOBAHUE COCTOSIHUSI MPOMBIILICHHOTO
000pyI0BaHUS U IEPEKTALUIO €T0 Y3JIOB U AJIEMEHTOB.



MK 2.3. IlpoBoauth peMOHTHBIE pPabOTHI MO  BOCCTAHOBJICHHUIO
PaboTOCIIOCOOHOCTH MPOMBINIIIEHHOTO 000PYA0BaHUS.

IIK 2.4. BeInoaHATh HAJIAJJOYHbBIE U PErYJIUPOBOYHBIE pa0OTHI B COOTBETCTBUU
C IIPOM3BOJICTBEHHBIM 3a/IaHUEM.

K 3.1. Onpegenste  ONTUMalbHbIE ~ METOJbI  BOCCTAHOBIICHHS
paboTOCTIOCOOHOCTH MPOMBIIIEHHOTO 000PY10BaHUSI.

K 3.2. Pa3zpabarbiBaTh TEXHOJOTHMYECKYIO JOKYMEHTAIUIO ISl IPOBEACHUS
paboT N0 MOHTaXy, PEMOHTY MU TEXHHUYECKOW OHKCIUTyaTallid MPOMBILIIEHHOTO
000pyI0BaHUs B COOTBETCTBUU TPEOOBAHUSIMH TEXHUYECKUX PETJIaMEHTOB.

K 3.3. Onpenenarp noTpeOHOCT B MaTepUAIbHO-TEXHUYECKOM
o0ecreyeHn PEMOHTHBIX, MOHT@XHBIX M HaJaJO0YHBIX pPabOT MPOMBIIUIEHHOTO
000pyI0BaHUS.

IIK 3.4. Opra"nu3oBbIBaTh BBINOJHEHUE IPOU3BOJCTBEHHBIX 3aJlaHUMN
HOJYMHEHHBIM MEPCOHAIOM C COOJIOJCHHUEM HOPM OXpaHbl TpyJa U OEpe’IMBOIrO
IPOU3BOJICTBA.



PexoMeHnayemoe KOJIHYECTBO YaCOB HA 0CBOeHHME padovell MporpaMmbl yueOHoit

TUCUHMUILTHHBI:
Bcero 72 wyaca, Teoperudeckasi pabora 28 uvacoB, mpakTuueckue paboThsl 30

JaCoB, CaMOCTOATCIIbHAsA pa60Ta 8 4aCO0B, KOHCYJIbTAallUN 6 4acoB.

IlepeyeHb npakTHYeCKUX padoT

[Ipaktrueckast pabora Nel. Onepanuu Hag MaTpuriamu. Berancnenue
onpeeNuTeNIed BTOPOTO U TPEThEro MOpsIKa.

2 | IIpaktuueckas padora Ne2. Pemenue CJIAY pa3znuuHbIMU cliocoOamu.

3 [Ipaktruueckast pabora Ne3. /lelicTBHs Ha/l KOMIUIEKCHBIMUA YUCIaMH B
anredpanyecKou, TPUrOHOMETPUUECKOM, U TOKA3aTesIbHOM hopmax.

4 [Ipaktruueckas pabora Ne4. Pemienue ypaBHeHUM Ha MHOKECTBE KOMIUIEKCHBIX
quces.

5 [Ipaktuueckas pabora Ne 5. [IponsBogHast CIOKHON HYHKIUU.
['eomeTpuyeckuii U HU3NIECKUN CMBICI TPOU3BOAHOM.

6 [Ipaktrueckas pabora Ne 6. UccnenoBanue GyHKIIUA U TTOCTpOeHUE Tpaduka
10 pe3yJpTaTaM UCCIIEIOBAHHUSL.

7 | llpaktraeckas padora Ne7. Beruncinenue miomajiei miockux Guryp.

2 [Ipaktrueckas pabora Ne§. Penienue npakTuueckux 3aay ¢ IpUMEHEHUEM
UHTErPAJIOB.

9 [Ipaktuueckas pabora Ne 9. Jludbpepenunanbubie ypaBHEHUS IEPBOTO
HOPsIJIKA.

10 [Ipaktuueckas pabora Ne 10. luddepennmaibabie ypaBHEHUS BTOPOTO
MOPSIJIKA.

11 | Ilpaktuueckas pabota Ne 11. MccnenoBanne cXOQMMOCTH YUCIOBBIX PSIJIOB.

12 [Ipaktruueckas pabora Ne 12. HaxoxxaeHue nporu3BOAHON YUCICHHBIM
METO/IOM.

13 [Ipaktrueckas padora Ne 13. Yucnennoe pemenue auddepeHuaibHOro
YPaBHEHHS.

14 | Ilpaktrueckast pabota Ne 14. Pemenue 3a1a4 Ha HAXOXKJACHUE BEPOITHOCTH.

15 [Ipaktuueckas pabora Ne 15. Cnydaiinast BennurHa. MaTtemaTtuyeckoe

0KWJIAHWE U JUCTIEPCHS CIYYAMHOW BEJIUYUHBL.




IIpakTunyeckas padora Ne 1

no reme «Onepauuu HaJg MaTpuuamMu. Bolunciienue onpenenuresned BTOPOro u

TPETHEI0 NMOPsIIKA.>»

Henab: HAyYUTHCS BHIYUCISTH ONPEACIUTEIN BTOPOTO U TPETHETO MOPSIKA.
Bpems BbinosiHenus 90 MUHYT

MarepuajbHoe obecnieueHmne
1. TeopeTuueckue cBeICHHUS

2.3ananue
3.JIuct A 4
4 KanbKyJIsITOpbI

IHopsinok BeINOJIHEHNsI padoThI

1.M3yunte 3amanue

2. I3y4nTh TEOPETUUECKHUE CBEICHUSA
3. BeimoaHuts 1 0pOpMUTH paboTy
4.IToka3aTh pe3yabTaThl MPENOAABATEIIO

JlomaiuHee 3ajaHue

1.IIoAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Xoxa padoTbl

Teopernyeckue cBeaeHusI
Omnpeaenenune. Marpuuein pasmMepa mxn, I'Ie M- YUCIO CTPOK, N- YHUCIO

CTOJIOIIOB, HA3bIBAETCS TAOJIMIIA YUCET, PACIIOJIOKEHHBIX B OMPEACICHHOM TOPSJIKE.
OTH 4YHWCIa HAa3bIBAIOTCA DJEMEHTAMHU MATpPHUIbl. MeCcTo KaXKIoro JJIEMEHTA
OJTHO3HAYHO OMPEIENICTCS HOMEPOM CTPOKH M CTOJNOIA, HAa TEPECEYCHUN KOTOPBIX
OH HAxOJMTCS. DJIEMEHThl MaTpHUIlbl 0003HAYAIOTCs ajj, IAe 1- HOMEp CTPOKH, a j-

HOMED CTOJIOLA.

Buabsl maTpuig

Martpuia MOXET COCTOSATh KaK U3 OJHOW CTPOKH, TaK U U3 OJHOro croidua. Boobuie
TOBOpsI, MaTPHIIA MOYKET COCTOSATh JaXXe U3 OJTHOTO AJIEMEHTA.

Onpenenenne. Ecnu yncno cToaOLOB Marpuibl paBHO YHCIY CTPOK (m=n), TO
MaTpHIla Ha3bIBAETCSl KBAJAPATHOIM.

Omnpeaenenne. Martpuna Bujaa:

I 0 ... 0
0 1 .. 0

=FE,
0 O 1

HA3bIBACTCS €AMHUYHON MATPHULICH.



Onpeaenaenue. Ecnu amn = anm , TO MaTpULla HA3bIBACTCS CUMMETPHYECKOM.

2 1 5
[Ipumep. 1 3 6 |- cuMMETpHUYECKas MaTpula
5 6 4
a, 0 0
Omnpenenenne. Kaaparnas marpuiia Buja 0 a5 - 0 Ha3bIBACTCS
0 0

AMATOHAJIBHOM MAaTPULICH.

JeucTBus ¢ MAaTPULIAMH

CJ10:xkeHUe U BBIYMTAHME MATPUIL CBOJUTCSA K COOTBETCTBYIOIIUM OIEpaIisaM Ha/l
ux sneMeHTaMu. CaMbIM TJIaBHBIM CBOMCTBOM ATHX OIEpaIiid SIBJSETCS TO, YTO OHU
onpeodesienvl moJ1bKo 01 Mampuy 00uHaK068020 pasmepa. Taxum o0pazoMm,
BO3MOKHO OIPEICIUTh ONEPaIMU CI0KEHUSI U BBIYUTAHUSI MATPUIL;

CymMoli (Pa3HOCTBIO) MATPHUIL SIBIIICTCA MATPULA, SJIEMEHTAMH KOTOPOM SIBIISIFOTCS
COOTBETCTBEHHO CyMMa (pa3HOCTh) 3JIEMEHTOB UCXOAHBIX MATPHII.

Cij = ajj = bij

C=A+B=B+A.

Onepanysi yMHOXKeHUs (JeJleHMs]) MaTpulbl JO00ro pasMepa Ha MPOU3BOJIBHOE
YUCJIO CBOJUTCA K YMHOXEHHUIO (IEJIEHHUIO) KaKJI0ro 3JEMEHTa MATpULbI Ha 3TO
YUCJIO.

oa, oa, .. aa,
oA oa, Od, .. 0da,,
oa, 0a, .. oa,

o (A+B) =aA £ aB
A(atpP) =aA + BA

1 2 3 1 3 4
Ipumep. lanbt matpuust A= |2 1 4|;B=|5 7 8|, naiitu 2A + B.
3 23 1 2 4
2 4 6 3 7 10
2A=14 2 8|, 2A+B=1|9 9 16
6 4 6 7 6 10

IIpousseaenuem matpuil A-B = C; Ha3pIBaeTCsl MaTpULA, DJIEMEHTBI KOTOPOH MOTYT
n

OBITH BBIYHCIICHBI 110 CIETYIOMUM GOopMyIaM: ¢, = Y a, - b,
k=1

W3 npuBeaEHHOTO ONpEeaeIeHus BUAHO, YTO ONEPALUSA YMHOKEHUS MATPHII

onpeeneHa TOJAbKO AJI1 MaTPUL, YUCJI0 CTOJI0LOB NEePBOM M3 KOTOPHIX PABHO
YHCJIYy CTPOK BTOPOM.



Omnpenenenune. Marpuily B Ha3pIBalOT TPAHCIIOHMPOBAHHOM MaTpULEh A, a
nepexos oT A k B TpaHCIIOHMpOBaHueM, €CIIN AIEMEHTBI KaKI0M CTPOKH MATPHULIBI
A 3anucarb B TOM %€ NOPAJIKE B CTOJIOLBI MAaTpUIIbI B.

al] 3]2 aln all 321 aml
a a e a a a .. a
— 21 22 2n |. — T 12 22 m2 |.
A= . B=AT= ,
aml amZ amn 3117 a211 amn

JIPYTUMU CIIOBaMH, bji = aj;.

1 0 3 1 -1
Ilpumep.  [anwsl matpuubel A =2 4 1|, B=|3|,C=]| 2 | nyucino a = 2.
1 -4 2 2 1
Haiitu ATB+aC.
1 2 1 1 2 1)1 1-1+42-3+1-2 9
AT=10 4 -4|; A™B=|0 4 —4|-|3|=]0-1+4-3-4.2|=| 4 |;
31 2 31 2)1(2 3-1+1-3+2-2 10
-2 9) (-2 7
oC=|4]|; AB+aC=|4|+| 4 |=|38
2 10 2 12

Ipumep. Haiitu npoussenenne matpu A= |4 | u B=(2 4 1).
3

1 12 1.4 1-1) (2 4 1
AB=4]-2 4 1)=|4-2 4.4 4.1|=|8 16 4]|.
3 3-2 3.4 31) (6 12 3

1
BA=(2 4 1)|4]|=21+44+13=2+16+3=21.
3

4
Ilpumep. Haiitn npoussenenue matpun A=(1 2), B= (2 6)

AB= (1 2)-@ 2j=(3+10 4+12)= (13 16).

Oﬂpe,[[e.]'ll/ITe.]'leM BTOPOro mopsAakKa HA3bIBACTCA 4YHMCIIO, KOTOPOC IIOCTABJICHO B

a, bl

COOTBETCTBHE TAOIUIBI KOIPPUIIUEHTOB 5
4 b

[0 CIEeNYIOUIEMY IIPAaBUITy: MPOU3BEICHNE 10 [TIABHOW JUAaroHaau Oepercs co
3HAKOM ILIIOC, 110 APYTOM JUArOHAINA CO 3HAKOM MHHYC.



a b
' =ajby —asby

a b,

H[!I/IMC[!: BBIYUCIIUTD OIPCACIIUTCIIbL BTOPOI'O IMOPAIKa
2 4

1) =2.2-3.4=4-12=-38
32

2) =—11-3-(=2)=-1+6=5

3

-1 —2‘

Orlpe)IeJII/lTeJIeM TpeTbeFO HOpﬂ)IKa Ha3bIBACTCA 4UCIIO, KOTOpOC IIOCTABJICHO B
COOTBETCTBHE TAOIUIBI KOY(PPHUIMEHTOB 110 CIIEAYIOMIEMY MPaBHITY:

a b ¢

a, b c¢|l=abce+abe+abe —abc—abc —abc

a, b, ¢

910 OIIpCACIICHNC ONMPCACIUTCIIA HATIAAHO MOXHO IMPEACTAaBUTh CICAYIOIIUM

o0Opazom:
b ¢
b, ¢,
b, ¢

OT0 npaBwiIa Ha3eIBaloOT eule «IIpaBuio TpeyronbHUKa»
IIpuMep. BeIuucauTh OnpeaenuTens TPETHErO MOPAaKa

3 2 1
2 4 5=34.3+2.21+1.2.5-1-4.1-2-2.3-3.2. 5=
1 2
=36+4+10-4-12-30=4
Cucremoil JIMHEHHBIX AJre0panvecKuX YpaBHEHUM, COAEPKAILE /7 YPaBHEHUHN U
1 HEU3BECTHBIX, HA3BIBACTCS CUCTEMA BUA!
ai1xX1 + A12Xy + .-+ AinXn = bl
alel + azzxz + -+ aann = bz
Ap1X1 + ApaXo + o AmpXn = by
rjae uucna a;, i = I,m, j =I1,n Ha3pIBatoTCsA KO3(pPUIMEHTaMU CUCTEMBI, yucia b; —
cBoOOAHBIMY unieHaMHU. [loanexar HaXOXKACHUIO YUCIIA X;.



3necb A — maTpuiia Ko3QPUIMEHTOB CUCTEMBI, Ha3bIBAEMasi OCHOBHOU MAMPUYeEl:

a1 Q12 - Qip
az1 Q22 .- Qpn
A=
Am1  Am2 e Amn
X1
X2
X = — BEKTOp — CTOJIOel U3 HEU3BECTHBIX X;
xn
b,
b,
B = — BEKTOP — CTOJIOel] U3 CBOOGO/IHbIX YIEHOB b;
bm

[IpousBenenue marpuil A * X ompeaeiaeHo, Tak Kak B MaTpHUIle A CTOJIOIIOB CTOJIBKO
e, CKOJIbKO CTPOK B MaTpulle X (7 IITYK).

Pacwupennoti  MaTpulleii  CHCTeMbl Has3plBaeTcsl MarTpuma A  CHCTeMsl,
JIOTIOJITHEHHAs1 CTOJIOIIOM CBOOO/THBIX YJICHOB

a1 Q2 - Qg by
| a1 azp .. azy, by
A=

aml amz amn bm

Pewenuem cucmemol Ha3pIBaeTCS 71 3HAUSHUH HEU3BECTHBIX X7 = C1, X2 = C2, ... ,
Xn = Cn, TIpU TIOJICTAHOBKE KOTOPBIX BCE YPAaBHECHHSI CHCTEMBI OOpaIIaroTCsA B
BEPHBIMH paBEHCTBA. BCsikoe perieHrne CHCTeMbl MOYKHO 3aIiicaTh B BUIC MATPHIIbI-
cToJo1a

Cucrema ypaBHEHUIN HA3bIBACTCS CO8MECHIHOI, €CIIM OHA UMEET XOTs Obl OJIHO
pELICHUE, U HeCO6MeCmUMOIL, €CIIA OHA HE UMEET HU OJTHOTO PELICHUS.

CoBMecTHas cucTeMa Ha3bIBACTCSI 0ONpedeléHHOU, €CIM OHA UMEET €IUMHCTBEHHOE
pelIeHne, U HeonpedeléHHOU, eCIT OHa UMEET 0oJiee OHOTO pemeHus. B mocnegnem
ciaydae Kaxaoe €€ pElICHHE Ha3blBACTCAd UYACMHbIM peuleHuemM CUCTEMBI.
COBOKYITHOCTh BCEX YACTHBIX PEIICHUIN HA3bIBACTCS 0OWUM peuleHUEM.

Pewwums cucmemy — 3TO 3HaUUT BBIACHWUTH, COBMECTHA OHA WJIM HECOBMECTHA.
Ecnu cucrtema coBmecTHa, HalTH €€ o01ee perieHue.

JIBe cucTeMbl Ha3BIBAIOTCS JKEUBALEHMHbLIMU (PABHOCUIBHBIMHU), €CJIH OHU
MMEIOT OJTHO U TO e oOlee peiienue. J[pyrumMu cioBaMu, CUCTEMbl SKBUBAJICHTHBI,
€CJIM KaXKJ10€ pellIeHrnEe OJIHON U3 HUX SIBJIIETCA PELICHUEM IPYToi, 1 HA00OpOT.



OKBUBAJICHTHBIE CHUCTEMBI IIOJYYarOTCsS, B YACTHOCTH, IPU 21EMEHMAPHLIX
npeobpazoeanusx CUCTEMBI NIPU YCIIOBUH, YTO NMPEOOpa30BaHMsI BBIIOIHIIOTCS JUIIb
HaJl CTPOKaMH MaTpPULBI.

Cucrema TUHEHHBIX YPaBHEHHH HA3bIBACTCS 0OHOPOOHOU, €CIN BCE CBOOOIHBIC

YJICHBI paBHbI Hy.THO:
a11x1 + alzxz + -4 alnxn == O

Am1X1 + ApaXy + - Xy = 0
OpHoposiHast cucTeMa BCErjla COBMECTHA, TaK Kak X; = X2 = ... = x, = () sBasercs
pelIeHUEeM CUCTEMBI. JTO PEIICHUE HA3BIBACTCS H)1e6bIM WU MPUBUATLHBIM.

2x1—x2=0

Ilpumep 4.3. Pemuts cucreMy {x +3x, =7
1 2 =

_ 12 0]_

PemeHne:Azﬁ _31|=7¢0, A1:|g _31|=7, b= =14

7 14
3HauuT, X = - =1, X, =—=2
’ 7 7

IHpasuao Kpamepa

Teopema. Cucmema u3z n ypaguenuti ¢ n Heu38eCmMHbvLMU
a X, +a,x,+..+a,x,=b
a, X +a,Xx +..+a,, x =b,

a,x+a,x,+..+a,x =0b,

8 cuyuae, eciu onpeoeiumenb MAMpuysbl CUCMEMbl He paseH HYIl, umeem
eOUHCMBEHHOE PeuleHue U MO peuleHue Haxo0umcs no Gopmynam:
xi = A4/A, 20e

A = det A, a Ai — onpederumenb mampuysl, NOIYYAEMOU U3 MAMPUYLL CUCTIEMbL
3amenou cmoaoya J cmonoyom c80000HbIX 4eHo8 by
CyTb Memooa I'aycca 3aknro9acTcs B IOCICIOBATSIIBHOM HCKITFOUCHHH
HEU3BCECTHBIX.

PaccMoTpum cucrtemy JIMHEWHBIX YPABHEHUM:

a X +a,x, +..+a,x,=b
a, X +a,X +..+a,x =b

a,x+a,x,+..+a, x =b,

m2

Paznenum 06e yactu 1-ro ypaBHeHus Ha a1 # 0, 3aTem:

1) yMHOXUM Ha az1 ¥ BBIYTEM U3 BTOPOT'O YPaBHEHHUS

2) yMHOXHM Ha a3 ¥ BBIYTEM U3 TPETHETO YPABHEHUS U T.I.
[Tonyuum:



X +d,x, +..+d x =d

d,x, +d.x,+..+d, x =d .
nX T dynX 20%n 2 e dij=ay/an, j=2,3, .., ntl

d,x,+d +..+d x =d
dij: aij—audjj 1=2,3, ...,0n; j=23 ..,ntl.
Jlanee moBTOpsiEM 3TH kK€ AEUCTBUS JIs1 BTOPOTO YPABHEHUSI CUCTEMBI, IOTOM — IS
TPETHETO U T.1I.
K snemeHTapHbBIM NpeoOpa30BaHUSAM OTHOCSTCSL:
1) IlpubGaBneHue k 0O6eMM YacTsIM OJHOTO YpaBHEHHUS COOTBETCTBYIOIIMX dYacTel
JIPYroro, yMHOKEHHBIX Ha OJTHO U TO K€ YHCJIO, HE PABHOE HYJIIO.
2) IlepecraHoBka ypaBHEHUN MECTaMH.
3) YnaneHue u3 cUCTEMBl YPaBHEHM, SBISIFOLIMXCS TOXKAECTBAMU JJI BCEX X.
3aganus 1A NPOBeieHUS MPAKTHYECKON padoThI
1.BprurciuTh onpenennuTenn BTOPOTo MOpsSaKa:

—K 24k -l 52 0.5 L
HAa=| ! 2, 2)A=| 3 A= 9 K640
SRS 3.k, 6 (0,5)° 42

2.Be1anuciauTh OIIPCACIINUTCIIN TPCTHCTO IMOPAIKA:

-1 3k, 2 3k, 4 -5 1 -2 k, -k,
DA={2 8 «k,|, 2)A=|8 Tk,-2 =2, 3) A=3 kg -5
1 1 2 2 -1 8 2k, 5
3.Pemmts cucremy ypaBHeHH MeTonoM Kpamepa, caenats npoBEpPKY:
2x+y+3z=17, 2x—y+2z=3, 3Ax—y+z=12, 2x—y+3z=-4,
1:32x4+3y+z=1, 2:5x+y+2z=-4, 3:ix+2y+4z=6, 4<x+3y+3z=11,
3x+2y+z=6. 4x+y+4z=-3. Sx+y+2z=3. x=2y+2z=-7.
3x-2y+4z=12, |8x+3y—-6z=-4, |[4x+y—-3z=9, 2x+3y+4z =33,
543x+4y—-2z=6, 63x+y—z=2, Tix+y—z=-2, 847x—-5y =24,
2x—y—z=-9. 4x+y—-3z=-5. 8x+3y—-6z=12. 4x+11z =309.
2x+3y+4z=12, x+4y—z=6, 3x-2y+4z=21, 3x-2y—-5z =35,
947x=5y+z=-33, 1045y +4z =-20, 1143x+4y—-22z=9, 1292x+3y—-4z=12,
4x +z=-T7. 3x=2y+5z=-22. 2x -y -z =10. x=2y+3z=-1.
4x+y+4z=19, 2x-y+2z=0, 2x—y+2z=38, 2x-y—-3z=-9,

1392x—y+2z=11, 1454x+y+4z=6, 15:ix+y+2z=11, 16:x+5y+2z=20,
x+y+2z=8. x+y+2z=4. 4x+y+4z=22. 3x+4y+2z=15.



2x—y—-3z=0, —3x+5y+6z=-8, 3x+y+z=-4, 3x—y+z=-11,
1743x+4y+2z=1, 1843x+y+z=-4, 194-3x+5y+6z=36, 20:5x+y+2z=8,
x+5y+z=-3. x—4y—-2z=-9. x—4y-2z=19. x+2y+4z=16.
3x-y+z=9, 2x+3y+z=4, 2x+3y+z=12, x—=2y+3z=14,
2145x+y+2z=11, 22:52x+y+3z=0, 23:2x+y+3z=16, 24<2x+3y—4z=-16,
x+2y+4z=19. 3x+2y+z=1. 3x+2y+z=8. 3x-2y-5z=-8.
3x+4y-2z=11, x+5y—6z=-15, 4x—y=-6,
2542x—-y—-z=4, 2643x+ y+4z=13, 2743x+2y+5z=-14,
3x-2y+4z=11. 2x-3y+z=09. x=3y+4z=-19.
S5x+2y—4z=-16, x+4y—-z=-9, Tx+4y—z=13,
284x+3z=-6, 2054x—y+5z=-2, 3043x+2y+3z=3,
2x=-3y+z=09. 3y-Tz=-6. 2x-3y+z=-10.
Bapuanm | «, K, Bapuanm | «, K, Bapuanm K, K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 | 3
3 3 -4 13 2 23 -3 2
4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KoHTpoJbHBIE BONIPOCHI:

YTo Ha3bIBACTCS ONPEACTUTEIIEM MATPHULIBI?

Kak BbIYMCIUTD ONpPENEeIUTENb BTOPOTO TOpsaKa?
Kakue cmocoObl BEIUMCICHUS OTIPEACIIUTEIIS TPETHETO MOPsAKa BaM U3BECTHBI?
[Iepeuncinre CBOMCTBA ONIPEAEIIUTEIICH.
Chopmynupyiite Teopemy Kpamepa.
AJropuT™m npuMeHeHusa meroza ["aycca.

OTtBeTbl
Bapua 1 3apanue 2 3ajaHne Bapua | | 3apmanue 2 3a1aHue
HT 1 2 3 11 2 3 HT 1231 2 3

1. - 6 - | - - | 12 | 16. -163| - |-89| -100 | 10
1 18 | 84 | 220 | 7 1 24 9
5 0 6 4

2. - -63 - | - | -68 |55 | 17. - | - |68 ]-72] -68 |45
3 24 | 63 4 |65
2 4 0




3. - 6 - | - | 237 |26 | 18. -1 4| - |-52] 232 |60
3 18 10| 2 1 1 11
9 0| 4 0 6
4. - =71 |-20| - | -68 | 63 | 19. 1| - |14]-9 -68 | 59
1 45 6179 0
6
5. - | =219 - | - | 121 | 18 | 20. -1 14| - [-64| -220 | 90
2 18 194 | 2 5 1|6 |11
4 0 0 6
6. - | 373 |-52| - | 402 | 14 | 21. 0| - |12 ]-21] 8092 | &5
4 20| 8 5 92
0 5
7. 4| -229 |14 | - | 130 |-23| 22. 2| - 1761]-24] 2500 | 9
0 0 |19 8 9130
2
8. - 162 - | - - | 28 | 23. 4123120 |-16| 1308 | -
3 37 | 13 {220 | 6 5111 4 85
0 2 |8
9. 4| -87 |39 27| -68 |-65]| 24. 3] -126] 9 -68 | -9
8 6 2 18| 8
10. 4| -8 |33 |18 | -68 |-35]| 25. 0| - |12 [-20] 10628 | 90
0 2 60
0
11. 1| -304 | 14 | - | 250 |-68 | 26. - 115 - | - =220 | 17
0 0 (24| O 218 (24110 2
0 4 | 2
12. - | =223 |-52| - | 130 | 91 | 27. 2| - 176|-18| 1308 | 27
2 36 | 8 0122
0 7
13. 3| 156 | 20 | -8 | 452 |-27| 28. 1|22 - |-73] 1212 | 12
9 4 419 |11 3
6
14. 1 63 26 | 31| - |45 29. 81 - | - |-29] 4028 | -
6 8 100 01|37 14 12
910 5
15. 4 377 |76 | - | 402 |-15] 30. 3165|3346 | -100 |55
0 26 | 8 0 2
BAPUAHT 1 3 5




A 12,36,24,12 | -6,12,18,2 -12,36,24,- | §8,-8,28.4 -60,0,240,-
12 300
X, Y, Z 3,2,1 -2,3,-1/3 3,-2,1 -1, 3,5,0,510,-3,5
BAPUAHT 6 7 8 9 10
A -1,-1,-6,-5 | 1,3,-6,-1 -261, - 61,- 96,96,0,-
1827, 1305, | 122,244,61 | 480
-261
X,Y,Z 1,6,5 3,-6, -1 7,5,1 -2,4, 1 1,0,-5
BapUAHT 11 12 13 14 15
A -60,- 58,174,116,0 |-6,-6,6,-24 |6,0,12,6 -6,-6,-12,-
300,60,-60 24
X,Y,Z 5,-1, 1 3,2,0 1,-1,4 0,2,1 1,2,4
BAPUAHT 16 17 18 19 20
A 44,- -44,-44,44,-44 | -49,49,- 49,-109,- 27,0,270,-
44,176,44 245,294 651,782 27
X,Y,Z -1,4, 1 1,-1,1 -1,5,-6 -109/49, - 0, 10, -1
93/7, 782/49
BApUAHT 21 22 23 24 25
A 27,9,- 12,-12,24,0 12,- -58,-58,116,- | -60,-180,-
60,156 12,36,60 174 60,-60
X, Y, Z 1/3,- -1,2,0 -1,3,5 1,-2,3 3, 1,1
20/9,52/9
BAPHUAHT 26 27 28 29 30
A 104,208,- | 99,-99,198,- 67,-150,- 92,-92, - 102,0,306.,-
104, 208 297 329,-84 184, 0 102
X,Y,Z 2,-1,2 -1,2,-3 -150/67, -1,-2,0 0.3, -1
-329/67,

-84/67




IIpakTnyeckas padora No 2

1o teme «Pemenne MmaTpu4HbIxX ypaBHenunid, CJIAY MaTpuYHbIM METOTOM.
Hesb: Hay4YUTHCS BBIYUCISITH MUHOPBI, alIT€OpandyecKue JOMOJIHEHUS, HAXOAUTh

oOpaTHbIe MAaTPULbI, peliaTh NpPOCTEHIINE MaTpUuHble ypaBHeHus, CJIAY

MaTPUYHBIM METO/IOM.
Bpems BbinosiHenus 90 MUHYT

MarepuajnbHoe obecneueHme

1. TeopeTnueckue cBeaCHUS

2.3amanue

3.JIuct A4

4 KanbKyJIsSITOpbI

IHopsinok BbINOIHEHHSI padOThI

1.3yunts 3ananue

2. I3yunTh TEOPETUYECKHUE CBEICHHUS

3. BeimonauTh 1 0HGOpPMUTH pabOTy

4.I1oka3aTp pe3yJIbTaThl MPENOIaBaATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Xoxa padoTsl

Teopernueckue cBeeHus

Munopom HEKOTOPOTO 3JEMEHTa a; ONPEACNUTENs n-20 TMOPSAKAa Ha3bIBACTCS
onpeaenuTeNlb 1 — 1-ro MopsiaKa, MOJYyUYEHHBIH U3 UCXOJHOTO MYTEM BBHIYEPKUBAHUS
CTPOKM W CTOJOIIA, HAa MEPECEYCHHH KOTOPHIX HAXOJUTCS BBIOPAHHBIM AJIEMEHT.

O6o3Hauaercs m;;.
a1 aq2 ag3
Tak ecniu A= |Gz1 Az Az3], TOMyq = [

azo a23]
)
az1 Az A3z

My, = |
aszp; dz3 32

aiq
azq

a13|

azs

Anzeopauueckum OonoiHeHuem dDIEMEHTA @ OIPEACIUTEN] Ha3bIBACTCS €ro
MUHODP, B3ATBIA CO 3HAKOM «ILIIOC», €CIU CyMMa [ + j — YETHOE YHCII0, U CO 3HAKOM

«MHHYC», €CIIH 3Ta cyMMa HeuéTHas. O6o3Hauaercs Ajj: Ajj= (-1)' " * myj,

Tak, A1 = +my, A2 = -m3.

Ceoiicmeo («Paznoxenue omnpenenurtens IO 3JIEMEHTaM HEKOTOPOro psaan).
Onpenenutenb paBeH CyMME IPOU3BENCHHUIM 3JIEMEHTOB HEKOTOpPOro psja Ha

COOTBCTCTBYIOIIHNC UM aHFe6paI/I‘I€CKI/I€ JOITIOJIHCHU .

[TpousntocTpupyeM UM OJHOBPEMEHHO JOKaXeM CBOWCTBO 7 Ha TpUMEpE

ompeaenuTens 3-ero nmopsaka. B atom ciydae cBOMCTBO 7 03HAYaeT, 4TO
a1 Aq2 Qg3
A= [Az1 Q22 Q23| =ayq xAjq +aqp ¥ Ajp + ag3 x Ags
az1 Az dsz3
B camom nene, numeem

A1 *Aqq + Ay ¥ Agy F A2 Az == a « | %22 a23|+a *(_|a21

11 * A1 12 * A1z 13 * A13 1% gy, aas 12 Q31
Az1 Q2| _

Q13 ** lasy  asyl a11(A22033 — Az3a37) — A12(A21033 — Az3a31) +

ay3(az1a3; — Azy031) =

azs
ass

)+



= 041052033 — Q11073037 — Q1021033 + A1203303; + A1303103, — Ag305,0317 = A

CBOWCTBO COIEPKUT B ceOe criocod BHIYUCIECHUS ONPEEIUTENEH BHICOKUX

IIOPSIKOB.
IIpumep. Berunciure onpeaenuTesns MaTpULibl
3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenwue: [{nst paznoxkeHus onpeaenuTeis 00bIYHO BRIOUPAIOT TOT Psifl, TA€ €CTh
HYJIEBBIE 3JIEMEHTBI, T.K. COOTBETCTBYIOIIME UM CIIaraéMbI€ B pa3ioKeHUU OyayT
PaBHBI HYJIIO.

S0l 5 7 8 5 7 8 5 7 8
0532=3*532+1*532+0*701—1*
1 —1 7 a -1 7 4 -1 7 4 -1 7 4

5 7 8

7 0 1[=3* (7«3 x4+ (1) *0*x2+5*7x1-(=1)*3 =%

5 3 2
1-7%7%2-5x0*4)+ 5*x3 x4+ (—=1)*x7x*24+5x%7x
8-(-1) *3+*8-5%x7%4-5«x7%2)-(5*x0*x24+7x*1xx54+7x*

3*x8-5*%0*x8-3*x1x5-7=%7x%2)=122

Ceoticmeo. CymMa MPOU3BENICHUN JIEMEHTOB KaKOTO- JIMOO psiia ONpeaenuTeNs Ha
areOpanyecke OTOJHEHUS COOTBETCTBYIOIIMX AJIEMEHTOB MapajlieTbHOTO psiia
paBHA HYIIIO.

Tak, nanpumep, a1z + a2Az2 + aizAz2; = 0

HaxoxaeHue o0paTHOM MATPHUIIBI.

a1 ai, A1n

a,q aso arn
HYCTB A — KBaJipaTHas MaTpHlia 7-ro rnopsaka A=

an1 an2 v Aum

KBagpaTtHas maTtpuiia A Ha3bIBAECTCS HEBbIPOMHCOECHHOU, €CIU ONPENEIUTeNb A =
det A ne paBen Hymo: A = det A = 0. B nporuBaOoM ciyuae (A = 0) matpuma A
HA3bIBACTCS 8bIPOHCOCHHOU.

Marpuueii, coro3noit Kk mampuye A, Ha3pIBa€TCS MaTpUla

4, 4, ... A4,
. |4, 4, ... A
A — 12 22 n2
Aln AZn Ann
rae Ajj — anreOpamyeckoe JONOJHEHUE 3JIEMEHTA «; AAHHOW MaTpuibl A (OHO

OTpeeNsIeTCs TakK ke, Kak U alre0Opanveckoe TOMOJIHEHUE AIeMEHTa ONPEACIIUTENs).
Marpuua A HaseiBaeTcs 06pammoii MaTpuLe A, €CIIU BBIIOIHAETCS YCIOBHE

A*Al=A1*A=E,

rae E — equnuunas MaTpuiia TOro ke MOpsaka, 4ro ¥ marpuina A. Marpuma A

MMEET T€ K€ Pa3MepPhL, YTO U MaTpuua A.



[e—

OOparnas maTpuua.
Teopema Bcaxas nesbipodcoenHas mampuya umeem 0Opamuyio.

A 1 <A11 Ay; Aszg

A_l = , T.€. A_l = —% AlZ A22 A32
detA4 detA

¢ ¢ Az Ayz Ass

OTMeTHM cgoticmea 0OpaTHON MaTPUIHI:

. det (A1) =1/det A;
2. (A*B)'=B"* A,

(A-I)T — (AT)-I .

Ipumep. Haiitu A, ecin A= (_21 i)

Pemenne: 1) Haxonum det A: detA = |_21 i =24+3=5+%#0
2) Haxoaum A*: A= 1, Ar = —3, Ap=- (—1) = 1, Axn = 2,
« (1 =3
noatomy A* = (1 5 ) 1 3
3) Haxomum A™': A71 = %(1 _23) = (1/5 5 /5>
/s /s
[Iposepka:

Ax A-1 = ( 2 3) . (1/5 —3/5) _ ( 2/5+3/5 —-6/5+ 6/5) __ (1 O)
-1 1 1/5 2/5 -1/5+1/5 3/5+2/5 0 1
=F

Ipumep. Omnpenenuth NMpu KaKuX 3HAYEHHUSX O CYIIECTBYET MaTpulia, oOpaTHas

JTaHHOU
1 -2 2
A= (a 3 0)
2 1 1

Pemenue: Bcesikas HeBbIpOXkIEHHass Marpuua uMeeT oOparnHyro. Haiiném
ONPEIEINTENb MAaTPULBI A

—_

1 -2 2
AA = 3 0/=3-0+ 2a0a-12-0 4+ 2a = 4a-9
2 1 1
Ecmu 40 —/9 = 0, v. o = 9/4,/ro AA = 0, T.e. MaTpuia A HEBBIPOXKIACHHAS, UMEET

o0paTtHy10.
IIpumep. [lokazaTs, uro MaTpuia A gBisieTcst oOpaTHoi it B, eciu

1 1 1 3 -3 1
A=(1 2 3>,B=(—3 5 —2)
1 3 6 1 -2 1
Pemenne: Haiiném npousBenenne matu A u B:
1 1 1 3 -3 1
A*B:(l ; 3)*(_3 ; _z)
1 3 6 1 -2 1
3—3+1 —-3+5-2 1-2+4+1 1 0 O
=<3—6+3 —-34+10—-6 1—4+3)==(0 1 0>=E
3—-94+6 —-3+15—-12 1-6+6 0 0 1
Amnanorndyno B * A = E, cnenoBarensHo, MaTpuiia A sBisieTcst 00paTHoi 11 B.



[lycTh nana cucreMa n JMHENHBIX YPABHEHUN C 71 HEU3BECTHBIMU
a11x1 + a12x2 + -+ alnxn = b1
a,1Xq + ar,>Xo + -+ aann = b2
An1X1 + ApaXy + o+ A Xy = by
WM B MaTpuuHoil popme A * X = B.

OcHoBHas MaTpulla A Takoil cucTeMbl KBaapaTHas. OnpeaenuTenb 3TO MaTPULbI
a1 - Qin

A=

Ani - Qpn
Ha3bIBACTCS onpedenumenem cucmemvl. ECIU ONpeneuTeNlb CUCTEMbl OTJIMYCH OT

HYJI, TO CUCTEMAa HA3bIBAETCS HEQbIPOHCOEHHOU.

Haiiném pernreHne 1aHHOM CUCTEMBI YpaBHEHUH B citydae A # 0.

VMHO)UB 00¢ yacTu ypaBHeHus A * X = B cnepa Ha matpuiy A, momyunm A * A
* X =A"1*B. Ilockoneky A' * A=EuE*X=X,10 X=A"*B.

OTpICKaHME pelieHust cucTeMbl 1o Gopmyrie (4.1) HA3BIBAIOT MAMPUUHBIM CHOCOOOM
pEeLIEHUs] CUCTEMBI.

3aganus 1JI BbINOJHEHUS NPAKTUHYECKOU PadOThI

3aganme 1
2 1 1 & 1 -2 1 «,
JlaHbI ONpEACTUTETH: 1) A = bz ,  2)A= B ,
3k, 21 4 1 -3 -2 4
-2 1 3 -3 1 2 3 4

1) Haiitn MUHODBI 1 alreOpandyecKue JOMOIHEHHUS JJIEMEHTOB d;5, dy;

2) BuruaucauTh onpenenuTend, pa3iokKuB X 0 dJIEMEHTaM a) i-0i CTPOKH, 0) j-TOo
cToJiO1a

Bapuant K, K, i j Bapuanr K, K, i j
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2




14 -4 -1 2 29 -2 5 2
15 -1 5 1 30 -5 -1 1
kK, -2 -1
3ananue 2. Jlana matpua 4= 2 1 2 |. Haiitu
3 -k, 4
a)A™" unposepumo, umo A-A”" = A" -A=E
6) A+ A"
Bapuanm K| K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 1 17 5 |
3 3 -4 18 2 0
4 2 1 19 -2 |
5 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 |
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
3aganue 3
1. PemnTh cucteMbl ypaBHEHHH € TOMOILIBIO OOpaTHOM MAaTpULIbI (MATPUYHBIM
METOJIOM).
2x+y+3z=7, 2x—-y+2z=3, 3x—y+z=12,
[.142x+3y+z=1, 1.25x+y+2z=-4, 1.35x+2y+4z=6,
3x+2y+z=6. 4x+y+4z=-3. Sx+y+2z=3.
2x—y+3z=-4, 3x-2y+4z=12, 8x+3y—6z=-4,
l45x+3y+3z=11, 1.543x+4y-2z=6, 1.6,x+y—2z=2,
x=2y+2z=-7. 2x—y—z=-9. 4x+y—-3z=-5.
4x+y—-3z=9, 2x+3y+4z =33, 2x+3y+4z=12,
1.74x+y—z=-2, 1.847x -5y =24, 1.997x =5y +z=-33,
8x+3y—-6z=12. 4x+11z =309. 4x+z=-7.




x+4y—z=6, 3x-2y+4z=21, 3x-2y—-5z=35,
1.1045y + 4z = -20, 1.11:3x+4y—-2z=9, 1.1242x+3y -4z =12,
3x-2y+5z=-22. 2x—-y—-z=10. x=2y+3z=-1.
4x+y+4z=19, 2x-y+2z=0, 2x—y+2z=8,
1.1352x—y+2z =11, 1.14<4x+y+4z =6, [.15sx+y+2z=11,
x+y+2z=8. x+y+2z=4. 4x+y+4z=22.
2x—y—-3z=-9, 2x—y—-3z=0, —3x+5y+6z=-8,
1.16.4x+5y + z = 20, 1.1743x+4y+2z =1, 1.1843x+ y+2z =4,
3x+4y+2z=15. x+5y+z=-3. x—4y-2z=-9.
3x+y+z=-4, 3x—y+z=-1], 3x—y+z=9,
1.194-3x+5y + 62z =36, 1.2045x+ y+2z =8, 1.2145x+y+2z =11,
x—4y-2z=19. x+2y+4z=16. x+2y+4z=19.
2x+3y+z=4, 2x+3y+z=12, x—=2y+3z=14,
1.2242x+y+3z=0, 1.2342x+ y+3z =16, 1.2452x+3y -4z =-16,
3x+2y+z=1. 3x+2y+z=8. 3x-2y—-5z=-8.
3x+4y-2z=11, x+5y—6z=-15, 4x—y=-6,
1.2542x—y—z =4, 1.2643x+ y+4z =13, 1.2743x+2y+5z=-14,
3x-2y+4z=11. 2x-3y+z=9. x—=3y+4z=-19.
5x+2y—4z=-16, x+4y—z=-9, Tx+4y—z=13,
1.284x+3z =6, 1.2944x—y+5z=-2, 1.3043x+2y+3z=3,
2x-3y+z=09. 3y—Tz=-6. 2x-3y+z=-10.
OTBeTHI
3aganue 1
BapuaHT | Miz | Myj | Aiz | Ay A | BapuaHT | Miz | My | Az | Ay A
1. -72 1 52 1 72 52 58 16. 33 | 15 | 33 | -15 | 24
50 | -30 | -50 | 30 | 160 25 1 65 | 25 | -65 | 175
2. 9 15 9 | -15 | 18 17. 27 | 26 | <27 | 26 14
-15 | 55 | -15 | -55 | 145 50 | -15 | -50 | -15 | 160
3. 14 | -88 | -14 | 88 82 | 18. -19 5 -19 | -5 47
50 | -40 | 50 | 40 | 180 -12 | 60 | -12 | -60 | 120
4. -19 6 -19 6 26 | 19. 15 | -33 | -15 | 33 | 42
-19 | 10 19 10 | 115 -2 | -15 2 15 | 55
5. 7 10 -7 | -10 | 70 | 20. =721 24 | 72 | 24 | 89
-11 | 75 | -11 | 75 | 170 50 10 | -50 | 10 | 130
6. 36 54 | 36 | 54 | 90 | 21. 35 | 25 | 35 | 25 |-200
5 5 -5 5 100 15 15 | -15 | 15 | 115
7. 93 -6 93 -6 | <72 | 22. 74 | -10 | -74 | 10 |-106




50 10 50 10 85 10 40 -10 | -40 | 100
8 46 -58 | -46 58 20 | 23. -44 -6 -44 -6 -86
-8 -30 8 30 | 250 -33 10 -33 10 &0
9 -61 | -35 61 35 58 24. 27 73 | =27 | -73 50
-15 55 15 -55 -5 50 -15 50 -15 25
10. 27 =30 | 27 30 54 25. 258 -5 | -258 5 -239
50 55 -5- | =55 10 50 20 50 | =20 | 120
11. -39 | 278 | -39 | -78 [-129 | 26. -54 | -54 54 54 27
-40 0 40 0 100 -30 | -30 30 -30 | 190
12. 21 12 21 | -12 | 230 | 27. -34 -6 -34 -6 -58
7 -5 -7 5 100 -33 10 -33 10 90
13. -40 0 40 0 20 | 28. -13 | -115| 13 |-115] 110
-10 10 10 10 60 -11 | -35 11 -35 | 135
14. -39 | -19 | -39 | -19 | 200 | 29. 21 | -15 21 15 | -186
50 25 | 50 | 25 | -25 5 35 -5 35 | 115
15. 34 | -10 | -34 10 | -154| 30. -39 | 42 | -39 | 42 | 222
-47 35 -47 | 35 | 110 50 25 | -50 | 25 -50
3aganue 2
1 2 3 4 5
0 6 -3 6 9 -3 4 -4 3 6 9 -3 2 -5 3
%[—2 15 —a] 7?_[—2 15 —a] 1—‘3[ 2 _-15 8 7‘][—2 11 —5] I]:[ 2 _15 a]
1 —12 7 A5 _3 7 -5 18 -7)| \-5 _4 ¢ -3 15 -7
6 7 8 9 10
14 13 -3 ~10 —-11 3 0 6 -3 -6 -9 3 -6 -0 3
3—‘][ -2 7 —4] ;[ 5 -2] %[-2 27 -14 ;[ 2 21 -10 i1[ 2 17 -s]
~13 -1 5 9 12 -2 1 —-18 10 “ls5 12 2 ) ls 11 1
11 12 13 14 15
-12 -12 3 10 11 -3 -8 —-10 3 -2 -7 3 14 13 -3
l[z 5 —2] ﬁ—‘g[-z 7 -4 #[2 9 —4 ;[2 13 —ﬁ] L | c.]
11 14 -2)| \-9 -3 5 7 12 -1 1 2 0 ~13 -11 3
16 17 18 19 20
2 7 -3 6 0 -3 4 8 -3 -6 -9 3 0 6 -3
—[—2 19 —m] —‘[—2 23 —12] i[—z 11 —5] 1[ 2 5 —2] —‘[—2 11 —ﬁ]
=] 15 3 3
-1 -10 & -5 -1 9 -3 -6 6 5 8 _2 1 —10 6
21 22 23 24 25




18 15 -3 12 12 -3 —10 —11 3 -6 -9 3 20 16 -3
7‘1[—2 3 —2] i[—z -1 .:.] %_[2 9 —4 ]—‘5[2 13 —5] i[—z 3 _2

-17 -6 4 ~11 -10 3 9 15 -1 5 10 0 -19 -6 4
26 27 28 29 30

0 6 -3 10 11 -3 2 -5 3 ~14 -13 3 -2 -7 3
é[—z 19 —m] %[—2 -1 D] %[2 -11 f:] ]—‘][ 2 5 —2;‘;[2 17 —8]

1 -14 8 -9 -9 3 -3 12 -6 13 16 -2 1 1 1

KonTpoJibHBIE BONIPOCHI

Yrto Ha3bIBAE€TCSI MUHOPOM?

Yto Ha3bIBaeTCI anre6pa1/1quKHM JOITIOJIHCHUEM DJICMCHTA ManI/II_II)I?

Kak pa3noxuTh onpeaenuTeipb o 3JIeMEeHTaM CTOJIOLA WU CTPOKU?

Kakas maTpuna Ha3pIBaeTCs HEBBIPOKIACHHON ?

TpaHcioHMpOBaHHasA MaTpPULIA.
Kakast MmaTpuna Ha3pIBaeTCss 00OpaTHOM MO OTHOLLIEHUIO K JAHHOW?
KakoB nops10k BbIYKMCIIEHUS 0OpaTHON MaTpHILIbI?
ANTOpUTM pelIeHns NPOCTEUIIEr0o MATPUYHOTO YPABHEHHUS




IIpakTHyeckasi padora Ne 3
no teme «/leiicTBUSI HAl KOMIVIEKCHBIMH YHMCJIaMU B ajredopanyeckoii gopme»
Hesb: Hay4YuTh BBINOIHATH IEUCTBUS C KOMIUIEKCHBIMH YHUCIIAMU B alreOpandeckoit
dbopme
Bpems BbinmosiHeHuss 90 MUHYT

MarepuanbHoe obecneueHme
1. TeopeTnueckue cBeaCHUS
2.3amaHue
3.JIuct A 4
4 KanbKyJIsaTOpbl
IHopsinok BbINOIHEHHsI padOThI
1.A3yunts 3amanue
2. I3y4nTh TEOPETUYECKHUE CBEICHHUS
3. Beimonauth 1 0OpMHUTH paboTy
4 .I1oka3aTp pe3yJIbTaThl MPENOIaBaATEIIO
JomaniHee 3a1aHue
1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeeHU
Omnpenenenne. KoMIIEKCHBIM YHCJIOM I Ha3bIBAETCS BBIPAXKEHUE z= a + ib, TAE

a U b — nelcTBUTENbHBIE YWCA, [ — MHHMasi €IMHUIA, KOTOpas OMNpEeaeseTcs
COOTHOIIEHHEM: 7> =-1;  i=+/-1.

[Ipu 3TOM 4YMCIIO @ Ha3bIBAEeTCS IeliCTBUTENbHON YacThblo uncia z (a = Re z), a
b- MuuMoOi yacTtbio (b = Im z).

Ecnu a =Re z =0, T0 uncino z OyaeT 4ucTo MHUMBIM, €Cii b = Im z = (), TO YUCIIO
z OyJleT NeUCTBUTEIbHBIM.
Omnpenenenne. Yucina z=a+ib U Zz=a-—ib Ha3BIBAIOTCA KOMILIEKCHO —
CONPSKEHHBIMM.
Onpenenenue. /[Ba KOMIUIEKCHBIX YHCHA z =a, +1b, W z = a, +ib, HA3bIBAIOTCA
PaBHBIMM, €CJIM COOTBETCTBEHHO PaBHbI UX ACHCTBUTEIbHBIE I MHUMBIE YaCTH:

a, =4, b =b,;
Onpenenenue. KoOMIUIEKCHOE YHCIIO PaBHO HYJ, €CIIM COOTBETCTBEHHO DPaBHBI
HYJIIO JICHCTBUTENIbHAS 1 MHUMAs YacCTH.
a=b=0.

JeiicTBHSI HAl KOMIJIEKCHBIMM YHCJIAMU B ajiredpanyeckoii popme.
OCHOBHBIE JICHCTBUA C KOMIUIEKCHBIMHA YHUCIIaMHU BBITEKAIOT U3 NEHUCTBUU C
MHOTOYJIEHAMH.



Cii0:xeHHe U BLIYUTAHHUE
PaccmoTpum 1Ba KOMIUIEKCHBIX YHCIIA, 33JaHHBIX B 00IIEM BUE Z1 = a1+iby;

Zr=ax+iby, TOorma
Z = Zl i Zz - (Cll + lbl)(az + lbz) = (al i az) + l(bl i bz) =a i lb

MoxHo chopMynHpOBaTh IPABUIIO CIIOKEHUSI W BRIYMTAHUS KOMIUIEKCHBIX YUCEN:
MIPU CJIOKEHUU (BRIUYMTAHUH ) KOMIUIEKCHBIX YHUCENI COOTBETCTBEHHO CKJIABIBAIOTCS
(BBIYUTAIOTCS ) X ICMCTBUTEIBLHBIC 1 MHUMbBIC YaCTH.

YMHOXxeHHne

7=717>=(a1+ib1)(az+ib2) =ajaz+ia;bo+ibiax+i’bib,=a+ib
7=717>=(aiaz-b1b2)+ 1 (a1b+biay)

( T.€. MOXXHO TOBOPUTH, UYTO MEPEMHOKAIOTCS KOMILIEKCHBIE YMCJIa KAK MHOTOUJICHBI,
y4HTBIBasg, 4TO 1> = -1). 3HAUMT, 4TOOBI IIEPEMHOXMTH JBAa KOMIUIEKCHBIX YHCIIA
HEOOXOAMMO MEPEMHOKUTE MX KaK MHOTOUYIEHBI, YUYUTBIBAs, 4TO 12 = -1.

Jlesienue

[Ipu BBINOJHEHUH AEIEHHS] KOMIUIEKCHBIX YMCEI MOJIb3YIOTCSA NCKYCCTBEHHBIM
OpUEMOM: YHUCTUTENb U 3HAMEHATENb IPOOH YMHOXKAIOT HA YUCII0, KOMILIEKCHO -
COMNPSKEHHOE 3HAMEHATEN0 IpoOU, U MOCTYNAIOT Jjajiee TaK, KaK U PU YMHOKEHUU
KOMIUIEKCHBIX YHCEJL.

Ipumep.
Z1=5—i;
7,=-2+31;
z _ 5-i_ (5-)*(=2-3)) :—10+2i—15i+3i2:—13—13i:_1_i
z, —2+43i (2+3i)*(-2-3i) 4-9;* 13

3aganus NpakTHYeCKOH padoThl

b

1./laHbl KOMIUIEKCHBIE YUCHA BBIYUCIHUTD Yz =2z, +2,. Z, —Z,; Z,'Z;
2

2
l.z,=5-1; z,=1+3i 16.z, =5+1i; z,=1-2i
2.z, =3-4i; z,=1+i 17.z, =3+i; z,=5-2i
3.z, =1=-5i; z,=1+4 18.z, =1-5i; z,=1+3i
4.z, =1+3i; z,=T7-i 19.z, =5-i; z,=1+3i
S5.z,=1-i; z,=T7+3i 20.z, =1+3i; z,=-2+5i
6.z, =1-i; z,=5-4i 21.z,=34+4i; z,=-2+i
7.z, =3+4i; z,=-2+i 22,2, =5=-2i; z,=-2+i
8.z, =—1; z,=T7+4i 23.z,=7-2i; z,=5+3i
9.z, =6-5i; z,=1+i 24. 2, =7-3i; z,=-1+4i



e A il

10. z, =—=1+5i; z,=2-5i 25.z,=-2+3i; z,=5-4i

1.z, =5-7i; z,=1-3i 26.z, =-3+2i; z,=6+5i
12. 2z, =-3-2i; z,=-1+Ti 27.z,==1+T7i; z,=4-5i
13.2,=5+2i; z,=2-i 28.z, =4+5i; z,=1-2i

14.z, =1+5i; z,=2-3i 29.z, ==1+3i; z,=6-5i
15.z, =1-4i; z,=1+2i 30.z, =-3-2i; z,=4+3i

2. BoinoaHUTh A€MCTBUS HAJl KOMIUIEKCHBIMH YHCIIaMU B ajiredpandeckoit popme

1)11)21)11_+2"l_ (i_zj

5 5

2(1-i3)
1+i\/§ ’

1_ A\ 20
3)13)23) (ﬁj +i'7;

2)12)22)

4)14)24) 12200520 0.

241

5)15)25) 2(“’I 3 _1+i3):

6)16)26) %—(0,1—0,31‘);
1

2(1-i3)

iW3-i)’

$)18)28) a —32(1 + 3i)
l

(1+h/_)

N17)27)
-2i";

9) 19)29) 0 N2)"

10)20)30) (4;") 82— i"):
1

KoHTpoJsbHbIE BONIPOCHI

YTo Takoe KOMILJIEKCHOE YHUCJIO: JEeHCTBUTEIbHAS YaCTh YMCia, MHAMAs 4acTh
yucna?

Urto Takoe MHUMas equHULA?

Kaxkue uncna Ha3pIBalOTCSl CONMPSIAKEHHBIMU?

Kaxk npencraBuTh KOMIUIEKCHOE YUCIIO IpaduuecKu?

Uto Takoe MoayJib uncia’?

UYTto Takoe apryMeHT uncia?

CKOJIBKO MOXET ObITh MOJIYJIEH M apTYMEHTOB Y KOMIUJIEKCHOTO YHciia?

Kak naiitu aprymeHT yucna?

Kak HaifTu cymmy, pa3HOCTh, TPOU3BEACHUE, YACTHOE KOMIUJIEKCHBIX YUCET

Teopernveckue cBeeHUA
I'eomeTpuyeckoe n300pakeHne KOMILIEKCHBIX YK CeJI.



[IoHsiTHE KOMILIEKCHOIO YHCJIA HMEET TE€OMETPUYECKOE HCTOJIKOBAHUE.
MHOXECTBO  KOMIUIEKCHBIX  YHCEN  SIBIISIETCA  PACIIMPEHUEM  MHOMKECTBA
JNEUCTBUTENBHBIX YHCEI 33 CYET BKJIKOYCHUS MHOXKECTBA MHHUMBIX YHCEIN.
KomruiekcHbie ynciia BKIIOYAIOT B c€0s1 BCE MHOXKECTBA YMCEN, KOTOPbIE U3YYaIHCh
panee. Tak  HaTypajibHble,  L€Jble, palMOHAIBHBIE,  HUPPALHOHAIBHBIC,
NEUCTBUTEIbHBIE YHCTA SBIAIOTCS, BOOOIIE TOBOPS, YACTHBIMU CIy4YasMH
KOMIUIEKCHBIX YUCE.

Ecim  mo0oe AEHCTBUTENBHOE YHCIO MOXET OBITh T€OMETPUYECCKH
MPEICTABJICHO B BHUJE TOYKM HA YHCIOBOM MPSIMOH, TO KOMIUIEKCHOE YHCIO
NpEeACTaBIsACTCS TOYKOM HA IUIOCKOCTH, KOOpJMHATAaMU  KOTOpPOM  OynayT
COOTBETCTBEHHO JIEUCTBUTEIbHASI 1 MHUMAas 4YaCTU KOMIUIEKCHOTO uncia. [Ipu aTom
TrOPU3OHTANbHAs OCh OydeT SBIATHCS JIEUCTBUTENLHOM YMCIOBOM OChIO, a
BEPTUKAJIbHAS - MHUMOU OCBIO.

y

( a X

Takum ob6paszom, Ha ocu OX pacrmonaratotrcsi JeHCTBUTEIbHBIC YUCIA, a HA OCU
OY — 4ucTO MHUMBIE.
C nomouib1o NoJOOHOTO T€OMETPUUECKOTO MPEACTABICHHUS MOXKHO MTPEICTaBIATh
YKCIIa B TaK HA3bIBAEMOM TPUTOHOMETPUYECKOH (hopMeE.
Tpuronomerpuyeckasi gpopma umcJa.

N3 reomeTprueckux cooOpaxeHUi BUIHO, UYTO a = rcosg; b=rsing. Torma

KOMIUIEKCHOE YUCJIO MOYKHO IIPEACTABUTh B BUJIE:

Zz=a+ ib= rcos@+ irsin @ = r(cos @ + 7sin @)

Takas (opma 3anucu Ha3bIBa€TCsl TPUTOHOMETPHYECKOil (popmoii 3anucu
KOMIIZIEKCHOI'0 YHCJIa.

[Ipn »TOM BeaMYMHA ¥ HA3BIBAETCA MOAYJIEM KOMILJIEKCHOTO YMCIIA, & YTOJ HaKJIOHA
¢ - apPryMeHTOM KOMIUIEKCHOT'O YHCJIA.

r:|zf; 0= Argz.

N3 reomeTpruecknx cooOpakxeHuil BUTHO:

f=|av+1'b|=\/ez2 +b; o= Argz= arctgé;
a



OueBUIHO, YTO KOMIUJIEKCHO — COINPSDKEHHBIC YHCJIa UMEIOT OJIMHAKOBBIE MOJYJIH U
MIPOTHUBOIIOJIOKHBIE apPI'YMEHTHI.
|2f:|2|; Argz=—-Argz

JleficTBUS ¢ KOMIUIEKCHBIMH YHCJIaMH B TPUTOHOMETPHUUYESCKOM (opMme.
z =r,(cosQ, +1sinQ,), z =1,(cosQ, +1sin@Q,).

YMHOKeHNe z= 7z, = 5,5,(cos(Q, +¢,) + 7sin(o, + ¢, ))
B cnydae KOMIIEKCHO — CONPSIKEHHBIX YHUCEN:
zZ=(a+ib)a—ib)=a’+b" =4 =|H".

Teaenne z=2 =" (cos(p, —,)+isin(e, —¢,))

2}
Bo3Benenue B cTeneHb
W3 omeparum yMHOKEHUS KOMIUIEKCHBIX YHCEIT CIEIYET, 4TO
7 = zz=r’(cos2¢ + isin 2)
B o0uiem cnydae noydum:
Z" = r"(cos no + 1sin no) ,
/1€ 71 — LEJI0€ MOJ0KUTEIBHOE YUCIIO.
D10 BbIpakeHue HasbiBaeTcs ¢opmyJtioilr Myaspa. (AOpaxam ae Myasp (1667 —
1754) — aHrIMICKUII MaTEMATHK).

H3Bieuenue KOPHA U3 KOMIUICKCHOI'O YACJIa

3 z= {/ r(cos@ + 7sin @) = p(cosy + 7sin )
Bo3Bogs B crenens, MoJry4ynm:

p"(cos my + 1sin my) = r(cos ¢ + 7sin P)
Orcrona: p=%r; my=¢+2nk, keZ

8z =/r(cosp + ising) = W(cos pramk wj

n n

Takum o0pa3om, KOPEHb # —OM CTEMEHU U3 KOMIUIEKCHOTO YHCIIa UMEET 71 Pa3IMUHbIX
3HAYCHM.3aaHus JJI IPAKTHYECKOI padoThl

3aganue. BeINOIHUTE AEHCTBUSA C JAHHBIMA KOMIUIEKCHBIMU :
1) Z1+722; Z1-72; Z1-22,71:72

1. z; = 8(cos 55° +5in 55°%), z, = 2(cos 5° + sin 5°),
2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 129),



©® N oo ow

9.

10.

11.

12.
13.
14.
15,
16.

17

18.

19.
20.

21.
22.

23.

24,

25;
26.

27.
28,

29.

30.
2.

z; = 3(cos 70° +5in70%), 2z, = 2(cos 20° + sin 20°),
z; = 10(cos 105° + sin 105%), z, = 2(cos 15° + sin 159),
z; = 12(cos 145° + sin 145%), z, = 2(cos 5° + sin 5°),
z; = 7(cos 255° + sin255%), z, = 2(cos1 5° + sin 159),
z; = 9(cos168° +5in168°), z, = 2(cos 12° + sin 12°),
z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),
z; = 3(cos 40° + sin40°), z, = 2(cos5° + sin 5°),

z; = 10(cos 75° + sin 75°), z, = 2(cos 15° + sin 15°),

z; = 9(cos123° +5in 123°), 2z, = 2(cos 12° + sin 12°),
z; = 5(cos 160° + sin 160°), z, = 2(cos 20° + sin 20°),
z; = 3(cos 235° +5in 235%), z, = 2(cos5° + sin5%),

z; = 4(cos 30° +5in30°), z, = 2(cos15° + sin 15°),

z; = 2(cos 258° +sin258°), z, = 2(cos12° + sin 129),
z; = 7(cos 115° +sin 115°), z, = 2(cos20° + sin 20°),
z; = 14(cos 310° + sin310°), z, = 2(cos5° + sin5°),
z; = 8(cos 45° +5in45%), z, = 2(cos 15° + sin 15°),

z; = 6(cos 213° +5in 213%), z, = 2(cos 12° + sin12°),
z; = 9(cos 70° +sin 70°), z, = 2(cos20° + sin 20°),

z; = 4(cos 40° + sin40°), z, = 2(cos5° + sin 59),

z; = 6(cos 300° + sin300°), z, = 2(cos15° + sin 15°),
z; = 3(cos 33° +5in33%), z, = 2(cos12° + sin 12°),

z; = 5(cos 250° + sin 250°), z, = 2(cos 20° + sin 20°),
z; = 8(cos 85° +sin85°), z, = 2(cos5° + sin 5°),

z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin1 5°),
z; = 9(cos 48° +5in48°), z, = 2(cos12° + sin 12°),

z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
z; = 4(cos175° +5in 175°), z, = 2(cos5° + sin5°),

z; = 16(cos 120° + sin120°), z, = 2(cos 15° + sin 15°),

BrImmonHUTE 1€MCTBUS HAll KOMIUIEKCHBIMU YHCJIAMU B TPUTOHOMETPUUYECKOM

dopMme, pe3ynbTar 3anmucaTh B TPUTOHOMETPUUIECKOM, alreOpandeckon u
MOKa3aTelbHON hopme

L=t 6,16,26. Y= 1+i
1+
1-i ) . "
21222, T—zlj 717.27. (03 - i)-1+1))
\/E‘ 6 \/g . 12
3,13.23. IY sl 8,18,28. 2*’
—1

05-053i ) 23-2i)
0,53 —0,5i J3+i

5.15.25. (2 +12i) 10,20.30. (-3 - 3i)

4,14,24. 9.19,29.




3.3anmcars KOMILIEKCHOE YUCII0 B TPUTOHOMETPHUECKOM U anrebpandeckoit hopme
2m/3. —7m/4.
1. 1ld4e ; 6. de ;

2. 2e7zi/6. 7. 56—77Zi/6.
3. (2/3)e>7m/3, 8. (2/5)e7 /4,
4. 3,703, 9. g,77/6.

4. BpInoHUTH AeicTBUs. Pe3ynbrart 3anucars BO Becex (hopmax.

(5+3i)(5+3i") o
. ’ 6. (—3+i)/2 ;
V2(cos225° +isin225°) (( i)/2)

(3+2i)*(2-3i")
1+ 27
2+i)’ .
2i(cos(37r/4) +isin(37/4))’

4. (1-iN3)/2)%; 9. -8-83i;
5. \-1+i3; 10. V7 -4i2;

5.. BBIOTHUTD IEUCTBUS, UCIIOIB3YSI TPUTOHOMETPHUUECKYIO hopMmy:

7. 2/1—i3)):;

8. ((W3+i)/2)*;

11 V2 ie) oz N
1. [Z+ZIJ(_?+TJ’ 6. 3{cos(—§)+zsm(—§)}+(3+\/§Z),
—1+i\/§
2. (1+iV3)(=2 - 2iV3); 7. :
(1+i/3)(-2 - 2i/3) e
22
3. (1+)(3+3i3); g i *i.
' ’ ) \/Eem'/s’
-3 33,
4.(6+ 2iN3)(-3 - 3i); 9. 2 2 .
(6.+2i3)(-3 - 3i) N
5. (5+5i)(cosl5” +isinl5%); 10. (g_i%}-zmm

6.BBITOTHUTE JTeHCTBHS HaJT KOMILUICKCHBIMH YUCJIaMH B TPUTOHOMETPUYECKOMN
dbopwme:

D3z;  2) z;

1. z,=1+i,z, =—/3 +i; 6. z,=1-/3i,z, =2+2i;

2. zlzl—i,zzz—\/g—i; 7. 21:—1+\/§i,22:—2—2i;
3. Zl=—1+i,22=%+§i; 8.z, =—1-~3i, z, =—2+2i;
4 le—l—l,Zz—l—gi, 9 le\/§+i922:_——£i;



9.

PN RO =

21:1+\/§i, z, =2-2i; 10. zlzﬁ—i,22=%+§i;

KonTpoJibHbIE BOIIPOCHI

Urto Takoe TpuroHoMerpuueckas (popmMa 3anucy KOMIUIEKCHOTO Yynciia?

Kak nepeBecTy 4nucio B TPUTOHOMETPUIECKYIO (hopmy?

Kaxk HaiiTi mpou3BeieHHe, YaCTHOE YHCell B TpPUTOHOMETpUYecKoi hopme?

Kaxk HaiiTi BO3BECTH YMCIIO B TPUTOHOMETPHUUIECKOU (popMe B IEITYIO CTEIICHb?

Kaxk HaifTi KOpeHb n-HOM CTENEHU U3 YKClia B TPUTOHOMETpUYecKon Gopme?
dopmyia Ditepa

Kak npenctaBuTh KOMILIEKCHOE YUCIIO B OKa3aTebHOM dhopme?

Kak cBsizanbl TpuUronoMerpuyeckasi U mnokasareiibHasi (POPMbI 3aITUCH KOMIUIEKCHBIX
yucen?

Kaxk HaiiTu mpousBe/ieHre, YaCTHOE YKCell B MOKa3aTeIbHOU opme?

10.Kak HaliTh BO3BECTH YHCIIO B MOKA3aTE€IbHON (POpME B LIENTYIO CTENEHB?
11.Kak HaliTh KOpEeHb N-HOM CTEIICHH U3 YUCJa B TTOKa3aTelbHon popme?



IIpakTnyeckas padora No 4
no teme «PemnmeHue ypaBHeHUl HA MHOKeCTBE KOMILUIEKCHBIX YHCeJ»
Hesb: Hay4uTh peniaTh ypaBHEHHUS HA MHOXECTBE KOMILJIEKCHBIX YHCET

Bpems BbinmosiHeHuss 90 MUHYT

MarepuajibHoe odecnieueHue

1. Teopetnueckue cBeaCHUS

2.3amaHue

3.JIuct A 4

4 KanbKyJIsSITOpbI

ITopsnoK BbINOJHEHUS] PA0OTHI
1.3yunts 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUS

3. BeimonauTh 11 0GOpPMUTH pabOTy
4.1Toka3aTpe pe3yapTaThl IPENOAABATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeeHUA
Keaopammnoe ypagnenue ¢ KOMni1eKCHbIMU KOPHAMU
=4

Henb3s wu3Bneub kopeHb? Ecmu pedub uIeT O ACHCTBUTENBHBIX YHCHAaX, TO
JNCUCTBUTENILHO HENb3sl. B KOMIUIEKCHBIX 4YMCIaX H3BJI€Yb KOPEHb — MOXKHO! A
TOYHEE, J1Ba KOPHSL:

Z= A=z
zZ, = ﬁ = 2

JIeCTBUTENBHO JIM HAWJICHHBIE KOPHU SABJISIOTCS PELICHUEM YPaBHEHHUS z'=-49
BrIimoaHuM npoBepky:

(&) =2y i =4 (-D=-4
(2 =2 " =4.(-1)=—4

Yrto u TpeboBaIoCh NPOBEPUTD.

YacTo uCHONB3yeTCsl COKpallEHHAsl 3aluch, 00a KOpPHS 3alUCBIBAIOT B OJIHY

Z, =X
CTPOYKY IO/ :

Takue KOPHH TAKIKC HA3bIBAKOT CONPANCEHHbIMU KOMNITEKCHBIMU KOPHAMU.
Kak wu3Biekarnb KBaJIpaTHBIC KOPHWU W3 OTPHULATCIIbHBIX YHCCII, AyMar0, BCCM

HOHSATHO: N"{—_lzﬁ, “4!__9=i3i, W= 36 =i “4L_3:i“~“§i, -5=tlE T.1. Bo Bcex

ClIydasaXx 1moJiyqdacTCs ABa COIPAKCHHBIX KOMIIJICKCHBIX KOPH:.

IIpumep
Pemurh KBaJpaTHOE ypaBHEHUE Z P-6z4+34=0
BBIYKCIIUM JMCKPUMHHAHT:

D=36-136=-100



I[HCKpI/IMI/IHaHT OTpHULATCIICH, U B HeﬁCTBHTeHBHbIX qUCJIaX YPABHCHUC PCIICHUA
He umeet. Ho KOPCHb MOKHO HM3BJICYb B KOMILICKCHBIX ypciax!
A D =108

[To u3BecTHBIM (hopMyJIaM TIOJTy4aeM JIBa KOPHS:

& 103
p = 5

z, = 35

— COIIPAKCHHBIC KOMILIICKCHBIC KOPHHU

2
Takum o6paszoM, ypasHenne 2 —62+34=0 pyyeer nBa conpssKeHHBIX
KOMIUIEKCHBIX KOpHs; Z1= 7% 23 =3+3
HeTpyaHO MOHATE,YTO B 710/1€ KOMIUIEKCHBIX YHCEN «IIKOIBHOE» KBAPATHOE
ypaBHEHHE BCEra pH ABYX KopHsx! Y BooOlie, 1000€e ypaBHEHHE BHA

b n-1 2 _
42 Faaz T+ +eZ 44748, =0 yyeer poBHO 7 KOMIUIEKCHBIX KOPHEH, 4acTh

KOTOPBIX (MJIU BCE) MOTYT OBITh JeHCTBUTEIHLHBIMHU.

3ajaHus NPaKTHYEeCKOM PadoThI
PemmnTh KBagpaTHOE ypaBHEHHUE:
[.x>-2x+17=0
22x2+2x+1=0
3.4x%-4x+17=0
4x2+6x+25=0
54x*-20x+29=0
6.9x*-6x+2=0
7.x%-4x+29=0
82x*-2x+5=0
94x*+4x+5=0
10.x2-4x+13=0
II.9x*-6x+17=0
12.4x2-12x+25=0
13.x>+4x+5=0
142x>—10x+17=0
15.x2-6x+13=0

16. x> +6x+18=0
17.x>-4x+40=0
18.4x%-12x+13=0
19.2x2+6x+5=0
20x%-2x+5=0
21.9x%-6x +10=0
222x*+6x+5=0
23.x*>+6x+13=0
242x%-6x +17=0
25.9x%-6x+2=0
26.x2-6x+10=0
27.x2+2x+26=0
282x*+6x+9=0



29.2x*+10x+13=0
30.x*-6x +34=0

KoHTpoJbHBIE BONIPOCHI

1.Kakue uncia Ha3bIBaIOTCA KOMIUIEKCHO COIPSYKEHHBIMH?
2.Kakue KOMIUIEKCHBIE YMClla HAa3bIBAKOTCS PAaBHBIMU?

3.Kak u3Biieub KBaJIpaTHbIA KOPEHb U3 KOMILIEKCHOTO yncia’?



IIpakTnyeckas padora Noe 5

no teme «Haxoxaenue npou3BoaHOM C10xkHON PyHKumMu. I'eomeTrpruyeckuii u
(pu3nveckuit CMBICT MPOU3BOIHOI)
Heab: HayuyuThCS HAXOXKIAUTH IPOU3BOJHBIE FJIEMEHTAPHBIX U CIOKHBIX (QYHKIHI.
Bpems BbinosiHenust 90 MUHYT

MarepuajbHoe obecneuyeHmne

1. TeopeTnueckue cBeieHUs

2.3aganue

3.JIuct A 4

4 KanbKyJIsITOphI

ITopsnok BbINOJHEHUS] pa0OTHI
1.3yunts 3amanue

2. I3y4uTh TEOPETUUECKHUE CBEACHUS

3. Bemoauuts u opopMHUTH paboTy
4.1Toka3aTph pe3yabTaThl MPENOAABATEIIO
JlomalnHee 3ajaHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
Xoa padoTbl

KpaTtkue TeopeTnyeckue cBeeHUS.
Ilpouseoonan ghynkyuu, ee 2eomempuueckuii u uzuuecKuii CMoici.
Omnpenenenune. IlpousBoanoit GpyHKIUU f(X) B TOUKE X = Xo Ha3bIBAETCAd IpeiAe

OTHOLUEHUS MpupalieHuss GyHKIUH B 3TOM TOUKE K MPUPALICHUIO apryMEHTa, €Clid
OH CYLIECTBYET.

£(x) = iin}) f(x+ AAX)— £(x)
X—> X

[TycTh f(x) ompeneneHa Ha HEKOTOPOM MpoMexyTKe (a, b). Toraa tgh = %v— TaHT€HC
X

yTiia HakJIoHa cexymeid MP k rpaduxy QyHkiun.

Af

lim Ar f'(x,) = tga =K — reOMeTPUYECKUI CMBICJI IPOU3BOAHOM
Ax—0

IJIe O - YTOJI HaKJIOHA KacaTelbHOU K rpaduky GyHKIUHU f(Xx) B TOUKe (Xo, f(X0)).



K —yrnoBoii ko punment kacaTeabHOM.

YToa1 Mexay KpUBBIMH MOXKET OBITh OIpENeleH KaK yroJ MEeXIy KacaTeIbHBIMHU,
IPOBEJICHHBIMHU K ATHM KPUBBIM B KaKOH- THOO TOUKE.
YpaBHeHHe KacaTeabHON K KPUBOH y— y, = (x,)(x— x,)

YpaBHeHHe HOPMAJIM K KPUBOH y— y, =— (x—x,).

(x)

daxTruyecku nmpou3BoAHas GyHKIUU MMOKA3bIBACT KaK U3MEHAETC (DYHKIIHUS MpU
W3MECHECHUHU IEPEMEHHOM.
du3nueckuii cMbIcJ Npou3BoaHoi pynknuu f(t), rae t- Bpems, a f(t)- 3akon
JBWKEHUS (M3MEHEHUSI KOOPJIUHAT) — MCHOBEHHASA CKOPOCHLb
osuicenun. COOTBETCTBEHHO, BTOpast Mpou3BoAHAS QYyHKIIUUA- CKOPOCTh U3MEHEHUS
CKOpPOCTH, T.€. yCKOpeHue.
Ocnognvle npaguna ouggepenyuposanusi.
O6o03HaunM f(x) = u, g(x) = v- Gynkuuu, muddepeHupyemMbie B TOUKE X.
Dwztv)'=u"£v’
2)(uv)'=uv’'+u’v

'

3)(£j A R
% e

IIpou3BoaHbIE OCHOBHBIX 3JI€EMEHTAPHBIX (DYHKIIMIA.

HC' =0; 9) (sin x) =cosx
2)(x™)" = mx™!; 10) (cos X), = —sin x
’ 1 , 1
=—F 11 =
3 (\/;) 2V x ) () cos’ x
(5] = 12) (eree) =
X X sin” x
! ' 1
S)le*) =e" 13) (arcsin x) =
) () ) (aresin x) ==
! ' 1
6) (a") =a“lna 14) (arccosx) =—
1-x
' 1 ' 1
7)(In x) = 15) (arcigx) "2
[ 1 1] 1
8) (IOga x) T iIna 16) (arccz:gx) =T 2

IIpou3zeoonasn cnoxcnou hynkyuu.
Ilycmo y = f(x); u = g(x), npuuem obaracmo 3naueHull GyHKYuU U 6xo0um 6 ooaacmo
onpedenenusi hynkyuu f.
Tozoa y'=f'(u)-u'
Jozapugpmuueckoe oughgpepenyuposanue.



Inx, mpu x>0

PaccmoTpuM QyHKIHMIO  y=In|Af = {ln(— X), mpuw x<0

Torna (In| x| )= i, T.K. (In X)' :i; (In(—x))’ =(__;‘)':%(,

. ' f
Y4uTeIBas MOJy4YEHHBIN pPE3yJIbTAT, MOKHO 3aIIMCaTh (1n| f(x)|) = %
X
f(x) . .
OTHoueHue ) Ha3bIBaeTCA Jorapupmuueckoii npousBoaHoi Gpyukmun f(x).
X

Cnoco6 morapupmmuyeckoro aupgepeHIUPOBAHUA COCTOUT B TOM, UTO CHayaia
HAXOJAT JOrapu(pMUUYECKYIO MTPOU3BOAHYIO (YHKLHHU, a 3aT€M MPOU3BOIHYIO CaMOM
byukiuu o popmyJie

f(x)=(n| Ax))- Ax

Cnoco0 norapudmuueckoro guddepeHurpoBanuss yaoOHO NPUMEHATH A
HAXOXKICHUS TPOM3BOJIHBIX CIOXKHBIX, OCOOCHHO IOKa3aTeNbHBIX (QyHKUIUH, Is
KOTOPBIX HEMOCPEICTBEHHOE BBIYHMCICHHUE MPOM3BOIHON C UCIOIb30BAHUEM IPABUII
Qg QepeHIIMPOBaHUS PEACTABISACTCA TPYAOEMKUM.

Ilpouseoonan nokazamenvHo- cmenenHoul QynxKyuu.

OyHKIMS HA3bIBAETCS MTOKA3aTENbHOM, €CIIM He3aBUCUMasl IEpeMEHHAsi BXOJIUT B
MOKAa3aTesb CTEIEeHH, U CTETICHHOM, €CJIM IIEpeMEHHasl sBJisieTcsl ocHoBaHueM. Ecnu
K€ U OCHOBAHUE U MOKa3aTellb CTEIIEHU 3aBUCAT OT MIEPEMEHHOM, TO Takasi PyHKIUS
OyJeT MoKa3aTeabHO — CTEIIEHHOM.

[Tycts u = f(x) (f(x)>0)u v = g(x) — QyHKIIUK, UMEIOIIHE TPOU3BOIHBIC B
TOYKE X.
Haiinem npousBoanyto yHkuuu y = u'. Jlorapudmupys, nomydaum:

Iny = vinu
P Vinu+ ve
Yy u

!
v u
y=u'|v—+Vnu
u
!
(uv) =w''v'+u"VInu
IIpumep. Haiitu npou3BoaHy0 QYHKIHUA £{x) = (X +3x) ™",
[To mony4eHHO# BbIlIe GOpMYyJIC MMOJTydaeM: u= x +3x V= XCOS X,
[IpousBoanbie 3TUX QYHKIUN: ' =2x+3; V =cosx— xsin x,
OKOHYATENBHO:

£1(x) = xcos x- (X +3x) " (2x+3) + (X +3%)**(cos x— xsin x)In(x* +3x)



Haiitu .CHauaja

) 1
IIpumep. MPOU3BOJIHYIO  (YHKIIUH = cosxsin x +—cos” x
1 . 1 2
npeoOpazyem JaHHYIO QYHKIUIO: y= o sin 2x+ Seos” x

Haittu npownsBoHyrO

1 1 . .
y' = 52005 2x + EZcos x(—sinx) = cos2x —sinxcosx. Ilpumep.

o
byHKIMU y= T
e 2xe” + X2xe" )X +D)-2x)xXe" _2xe" +2x°¢” +2xe" +2x¢" —2x¢”

(X +1)° (X +1)°
B 2xe" (x' +1+ x)
(X +1)°

3ananue 1.Hautu npousBoanbie pyHKUMT
B1 V=x’-5x?+11, V=x’ctgx B16 Y=x>-5x’+1, VY=x’ctgx

Y=‘”fog", Y=Yx3 +5

Y=e*"Inx, Y=(cosx —
1)2x
B2 V=2x3-x*+1, Y=x’tgx
Y:artfx’ Y:3 X2 —3

4
Y=In——, Y=(sinx — 2)3*
x+1

B3 Y=7x*+3x%-2, V=xarctgx

x+5 1
Y= Inx’ _(2x+11)5
Y=sin3(4x? + g —1)
Y=(5x + 4)%*
B4 V=-3x3+5x*-81, Y=2xsinx
Y:siflx’Y:m

= X v= _ 3x

Y=cos x+1,Y (tgx — 3)
B5 V=7x%-3x2+32
V=x3arcsinx

2 __cosx
(3-6x)°’ 3x

Y=In (x — x? — 6)

Y=(cosx + 4)*
B6 Y=-x>+3x3-11, V=3x’ctgx

Y:arccosx. Y:m

3x
Y=e3*"In2x

Y= y=Ya3 45
Y=e*’lnx, Y=(x — 1)2*

B17 V=2x3-x*+17, Y=xtgx
Y:artgx , Y:3 xz _ 3
ax

Y=In—=- , Y=(Inx + 8)2*
x+1
B18 V=7x’+3x2-2, V=xarctgx

- x+5 , 1
Y Inx’ (2x+11)5
Y=sin?(4x? + g - 1)
Y=(Inx — 2)**

B19Y=-3x>+5x*-81, Y=2xsinx
Y=——, Y=Vx2 -3
Sinx
Y=cos =, Y=(Inx + 9)5*
x+1
B20 V=7x¢-
3x%+3,Y=x3arcsinx
2 __cosx
(3-6x)6° 3x
Y=In (x — x? — 6)
Y=(tgx + 2)*
B21 Y=-x>+3x3-11,V=3x’ctgx

Y:arccosx, Y:m

3x
Y=e3*"In2x




Y=(7x + 6)**
B7 V=3x*-6x>+19, V=x’sinx
tg" = Y=32x% -

Y= ~*Inx, Y=3x + 1)°*
B8 V=-4X5+9X%-12, V=x’tgx

Y:arcctgx’ v=33x + 6 16

Y=2"""Inx, Y=(sinx —
4)*
B9 Y=5x4-2x3+65 V=x?arcsinx
Y= Y=Vx2 -5

(6x 4)3’
Y=32"In Y=(cosx +
1)2x

B10 V=-2x%3x*+19, V=x’ctgx
_aretgx <, _3/.3
Y ~ Y=Vx>+5
Y=e2**Inx, Y=(3x — 1)*

B11 V=8x*-
6X>+1,V=2x>arccosx
_tgx 9
Y 5x”’ (6x—5)*
Y=4‘lenx, Y=(9x +
3)4x
B12 V=3X*+11x°-
87,Y=3x3ctgx
_cosx , -3
Y 2x (4x+9)5
Y=5¢"Inx, Y=(cosx —
2)3x

B13 Y=x3+9X251,
Y=x2arcsinx

X 4
— 5 = 8x3 —_—

Y=e2**Inx, Y=(8x — 2)*

B14 Y=3x7-9X3+11, V=5x3tgx

Y=(tgx — 6)**
B22 V=3x*-6x%+1, Y=x’sinx
tg" . Y=X2x3 —
=’ Inx,Y=(tgx + 3)5"
B23 Y=—4X6+9X2—12,Y=X3tgx

Y:arcctgx, Y=3 ’—3x T6
Y=2"*"Inx, Y=(cosx +

3)6x

B24 V=5x*-2x°+65,
V=X2arcsinx

Y= ,Y=VYxZ -5
(6x 4)3
Y=32"Inx, Y=(sinx +
2)8x
B25 V=-2x%3x?+1, V=x’ctgx
Y= arctgx Y \/.9(37
Y:er Inx, Y=(sinx —
1)3x

B26 V=8x*-6X+1,
Y=2x3arccosx

_tgx 9
Y 5x'Y (6x—5)%

Y=4‘x2lnx, Y=(sinx +

5)4x
B27 V=3X?+11x3-87,
V=3x3ctgx
_cosx «, -3
Y 2x (4x+9)5
Y=5"Inx, Y=(sinx —
Z)Zx

B28 V=x3+9X2-51,
V=Xzarcsinx

=— ,Y=1/8x3 -3

Y=e2*"Inx,Y=(cosx +
6)6x

B29 V=3x7-9X3+11, Y=5x>tgx



Y=—2_ v=V2x*—6 Y=—25_ v=V2x%*—6

arcsinx’ arcsinx’

Y=e3"Inx, Y=(tgx — Y=e3*’Inx, Y=(sinx +
3)2x 2)3x
B15 V=x>-8X?+16, V=4x’ctgx B30 Y=x>-8X?+16, Y=4x’ctgx
actgx 9 actgx 9
Y= 35 ’ _(Zx—15)6 Y= 35 > _(Zx—15)6
Y=62"Inx, Y=(Inx + 2)®* Y=62% Inx,Y=(sinx —
6)6x

2.Haift mpoun3BoHBIE (PYHKITHH.
a — MOPAAKOBBIM HOMEP B KypHaJIe

l.y=ax"’ —%W‘ x“ —ax+a 2.y=2”\/(ax2 —3ax+5)° -
x

. a
(x + a)‘k4

3.y=tg"(x+a)-arccosax’ 4.y =arcsin’ ax-log, (x —a)

S5.y= a™ ctgax® 6.y =ctg’ax-arctg\x"

2 2

Vax® —3ax+5a lg(ax” —2ax + 3a

7.y = — 8.y= &( > )
e arcctg”ax

KoHTpoJsibHbIE BONIPOCHI

1.ChopMynupoBTh onpeiesieHre MPOrU3BOIHOM, paBuia AudGepeHITupoBaHus.
2.3HaTh TAOJUITY MPOU3BOIHBIX DIEMEHTAPHBIX (PYHKITHA.

3.ChopmynnpoBaTh MPaBUIIO HAXOKICHUS IIPOU3BOTHOM CIIOKHOM (PYHKITHH.

Teopernveckue cBeeHUA

Xoa padoTbl

Onpenesenne GyHKIHMHA ABYX NepPeMEHHBIX

Ecnu kaxnoit nape ( X;y) 3HaU€HUI JBYX HE3aBUCHUMBIX JIPYT OT JIpyra NepeMeHHbIX
BEJIMYMH X U Y U3 HEKOTOPOTO MHOK€eCTBa D COOTBETCTBYET €IMHCTBEHHOE 3HAUECHHE
BEJIMYMHBI, TO TOBOPAT, YTO Z €CTh (PYHKLHS IBYX HE3aBHCHUMbBIX IEPEMEHHBIX X U Y,
OIpelIeJIEHHAsl Ha MHOXKeCTBe D.

Oo6o3Hauaercs: z=f(x;y) unu z=z(x;y).

Hampumep, S=ab, S=S(a;b)- dbynkuun n18yx nepemennsix; V=abc, V=V(a,b.c) —
(YHKIMS TpeX MEPEMEHHBIX;

Cnoco0bl 3a1aHus1 PYHKIUI HECKOJIBKHX MEePeMeHHbIX

Yrto6sl 3a71aTh PYHKIMIO IBYX (TPEX) MEPEMEHHBIX, HY>)KHO YKa3aTh CIIOCO0, C
MOMOIIbI0 KOTOPOTO JJISl KXKJI0M Mapkl (TPOMKHM) 3HAYEHU apTyMEHTOB MOKHO
HAWTH COOTBETCTBYIOIIEE 3HaUeHne PpyHkiuu. Hanbomnee yacto pyHKIMS 3a1aeTcs
aHAJIMTUYECKHU - 3TO SIBHOE 3a/1aHre (YHKIUU WM HESIBHOE 3a/1aHue

YacTHble NPOU3BOAHbIC NIEPBOI0 NOPSAKA

[Tycte ¢yHKUMS 1ByX mnepeMeHHbIXx z = f(X, y) ompexaeneHa B HEKOTOPOM
OKpecTHOCTU TOYKM M(X, y) eBkiauaoBa mpoctpaHcTBa E2. YacTHas mpousBojHas
¢ynkunn z = f(X, y) mo aprymeHTy X sBJISeTCS OOBIKHOBEHHOW IPOHU3BOIAHOU
GyHKUMHA OJHOM MEepeMEHHOW X MpH (PUKCUPOBAHHOM 3HAYEHUM NEPEMEHHOW Yy U
o0o3HauvaeTcs Kak



o= of L
ar' oz T °F

AHAQJIOTUYHBIM 00pa30M OMpeaeNsIeTCsl YacTHas mpom3BojHas ¢yHkmuu f(X, y) mo
IIepEMEHHOM Y B Touke M, o003Hauaemas Kak

ﬁ ﬁ = _f'

' ay VTV
OyHKIUS, UMEIONIAs YaCTHBIC TPOM3BOHBIC, HAa3bIBaCTCS TU(DPEPEHIHPYEMOIA.
CoBepIICHHO aHAJIOTHYHO OMPEICIAIOTCS YaCTHBIC MPOW3BOAHBIC (DYHKIHMH TpeX U
Oonee mepeMeHHBbIX. YacTHas MPOM3BOAHAS (PYHKIMH HECKOJIBKHUX IePEeMEHHBIX
XapaKTepU3yeT CKOPOCTh €€ M3MEHEHHS 110 JaHHOW KOOpJWHATE TIpH
(UKCUPOBAHHBIX 3HAUCHUSX JIPYTHX KOOPUHAT.

=22y +3x+5y -7

Hpumep: — (yHKIUS BYX TIEPEMEHHBIX.

Con _no 2.3 _
VHOrZa HMCIOIB3YIOT 3amuch o oY) = 2%y +3x+3y -7

3aJjaHusl, T BMECTO OYKBBI Z HCIIONB3yeTcs OyKBa * .
Haiitn YaCTHbIC IMPON3BO/JIHLIC nmepBoro u BTOpPOTO nmopsiika
z=2x" +3x +5v -7

Takxe BCTpedaroTCs

byHKIIMU
CHauana HaiiieM YyacTHbIE POU3BOIHBIE MIEPBOTO Mopsiaka. Mx nse.

O003HaYEeHUA:
o=

. -
2 NN o - qaCTHasia IMpoOnU3BOAHAA 110 «HKC»
oz

. -
=z
Y U ¥ JacCTHasdA IIpOU3BOJHAA 11O KUI'PEK»

f
Haunem ¢ % .Korga Mbl HAXOAMM YACTHYI0 NPOHM3BOAHYIO IO «HKC», TO

nepeMeHHasi ¥ CYUTAETCA KOHCTAHTOM (MOCTOSTHHBIM YHCJIOM).
mo I . r NE
Z, =022 +3x +5y =) =2y (xT +30x), (5, =) =

= 2y3.2x+3.4x3+0—of4xf +12x°

KoMmmeHTapuu K BBIOJIHEHHBIM JAEHCTBUSIM:

(1) IlepBoe, 4yTO MBI JemaeM NpPH HAXOXKJIEHUU YACTHOM MPOU3BOJHOM —
3aKJIF09aeM BCIO (DYHKIIMIO B CKOOKH IMOJ IITPUX € MOACTPOYHBIM HHIEKCOM.

(2) Ucnonesyem npasuna auddeperuupopanus & FV) =v"Ev" (Cu)'=Cu" g
IIPOCTOr0 MpUMEpPA, KaK ATOT, 00a MpaBUiia BIIOJIHE MOYXKHO NPUMEHHUTh HA OJHOM
mare. OOparuTe BHHMaHWE Ha TMEPBOE CllaraeMoe: TaK Kak < CYHUTAETCH
KOHCTAHTOM, a JIIOOYI0 KOHCTAHTY MOKHO BBIHECTH 32 3HAK IPOU3BOJHOM,

3 3
TO ¥ MbI BBIHOCHM 3a CKOOKH. TO €cTh B ﬂaHHOﬁ CUTyanmuu Y HUYeM He Jydqmie

06BI4HOrO uncna. Tereph MOCMOTPUM Ha TPEThe ciaraemoe - : 37ech, Ha0GOPOT,

BBIHOCUTE Heuero. Tak kak < KOHCTaHTa, TO 2 TOXE KOHCTAaHTa, U B 3TOM CMBbICJIC

OHA HUYEM HE JIydlIlle TIOCJICHET0 CJIaraeMoro — «CEMEPKM.
r_ ol -1
(3) crions3yeM TabnnaHble mpon3soanble =) =9 y (X =x5"
f
Z
(4) Tenepr 7. Korma mMbl HaAX0AMM YACTHYK) NMPOM3BOIHYIO MO «HIPEK», TO
nepeMeHHasl ¥ CYHUTAETCS KOHCTAHTOM (MOCTOSTHHBIM YHCJIOM).



(1 (2]
i 2.3 4 i Y ] 4oy i i
z,=(2xy" +3x +0y =T, =2x707), + 557, + 50, - (7Y, =

=2x° 045 1-0=62%" 45
+ ) =
(1) Ucnonszyem Te ke mnpaBmia auddepeHnnpoBaHus tv)=u
2 ~
B mepBoM ciaracMoM BBIHOCMM KOHCTAaHTY % 3a 3HAK MPOU3BOJHON, BO BTOPOM

+yf (Cu) = Cu

4
CJIaraeMOM HMYETO BHIHECTH HENb3S MOCKOIBKY % — yiK€ KOHCTAHTA.
(2) Ucnonb3zyem Tabiuily MPOU3BOAHBIM 3JE€MEHTAapHBIX (QyHKIMI. MbICTEHHO
NoMeHsieM B Ta0J/ule BCe «MKCh» Ha «MIPpeKkm». B 4acTHOCTH, MCHOJIb3yeMble

HaMU (QOpPMYJIbI BBITJISIAST Tak: ©)=0 y O =n™ Wtak, yacTHbIE MPOU3BOJHBIC
NIEPBOIO MOPsIKA HAUJEHBI

[logBeneM WTOr, YE€M XK€ OTIMYACTCS HAXOXKIAEHUE YACTHBIX MPOU3BOAHBIX OT
HAXOXJICHUS «OOBIYHBIX)» MPOU3BOJIHBIX (PYHKIIUN OJTHON NIEPEMEHHOM:

r

1) Koraga mMbl HaX0AMM YaCTHYH0 NPOU3BOIHYIO % nepeMeHHast Y cumraercs
KOHCTAHTOM.

t

2) Koraa MbI HAX0AMM YaCTHYIO MPOM3BOAHYIO 7, MiepeMeHHasi X CYMTaeTcs
KOHCTAHTOM.

3) HpaBumaa u Tadiuna NPOU3BOAHBIX JJIEMEHTAPHBLIX (YHKUMH
CnpaBelJIMBbI M NPUMEHHMBI IJIsi JI000ii mepemenHoit ( %, ¥ aub0 KakKoii-
HUOYIb APYIOii), M0 KOTOPOi BeAeTcs AuddepeHIupOBaHKeE.

[ITar Bropoit. Haxoaum 4yacTHbIE TPOU3BOJHBIE BTOPOTO Nopsiaka. Mx yeTeipe.

Oo6o3HaueHus:

8z
" 3
o HITH ol — BTOpast IPOM3BOTHAS 10 KHKC»
Fz
=" @;2
Jﬂ' NJiIn — BTOpaH HpOI/ISBOI[HaH 110 «I/IFpCK»
Fz
z! Sy
& NN — CMeuaHHaA HpOI/I3BOI[Haﬂ «HUKC I10 I/IrpeK»

Az

Zon o _
W CMewanHas IPOU3BOJHAS «UTPEK T10 UKCH
B moHsTAM BTOpOW NPOU3BOJHOM HET HHUYErO CIIOXKHOTO. ['0BOpPS MPOCTHIM
A3bIKOM, BTOPasi IPOU3BOJAHAS — 3TO MPOU3BOAHAS OT MEPBOU MMPOU3BOAHOM.

YacTHbie IPOU3BOIHBIE IEPBOTO nopsiaKa:
t 3
" =dn’ +12x
¢ so21
z,=6x"y +5
Cnauvana HaeM CMEIIIaHHBIE MIPOU3BO/IHBIE:

zl, = (z1), = (4 +12x7), = 4x(p"), +(1227), = 4x - 3y" + 0 = 121/

E

r
Kak Bumute, Bc€ mpocTo: OepeM YacTHYIO MPOU3BOAHYIO “* M nuddepeHnupyemM
ee eIle pa3, HO B JAHHOM CJIydae — yiKe 10 «UTPEK».

AHAaJIOTUYHO:

zh = (2 = (657 + 51, = 657 ()L 4+ (5), =6 - 2x +0= 121



B mnpakTunyeckumx mnpuMepax MOKHO OPHEHTHPOBATbHCS Ha Cclieaymouiee

PABECHCTBO!:
o K
ny = Z}w

Takum 00pa3om, dYepe3 CMeElIaHHbIE MPOU3BOJIHBIE BTOPOrO MOpsAJKAa OYECHBb
yA00OHO MPOBEPUTH, & MPABUJILHO JIM Mbl HAILJIM YaCTHBIC MPOU3BOJIHBIE MEPBOTO
nopsJIKa.

HaxouM BTOPYIO MPOU3BOJIHYIO MO «HUKCH.

zl = dxy +12x°

Huxakux n3obpereHuii, oepem u quddepeHnupyem e mo «MKey» emie

pas:
zy = (20 = (4xy’ +12x7), =47 (2, +12(2°), = 47 1412 3x" = 4y° +36x7
AHaNOru4Ho:

28, = (z,), = (6x°y" +5), = 62 (5), +(5), = 6 2y + 0= 122"y

i sz
CJ'IGI[yeT OTMCTUTDB, YTO IMPHU HAXOKIACHUU Z’”‘, » HY>XHO IMPOSABHUTDH HOBBLIIMICHHOC

BHUMAHHE, TaK KaK HUKAKUX 4yJE€CHBIX PABEHCTB JUIsl X MIPOBEPKHU HE CYILECTBYET.

[Tpumepsl HaXO0XKICHUSA YACTHBIX  IPOU3BOJAHBIX  IIEPBOIO HopsJIKa.
IIpumep 1. z = r* — 2ry + 2%,

Pemenne. uddepenuupyem ¢ynkuuio z = f(x, y) cHavama mo X, moniaras y

(UKCHPOBAHHON BETUYMHOM, TOTOM MOBTOPSIEM 3TY K€ MPOIEAYPY, MEHSS POJIU X U

y. IHonyuaem

b E ., 5 iz )
r'J:r_"x - 21, % = 4y — 2.
iz ¥ gz r
IIpumep 2. 2z = arctgxry, — = —M — — = ——
p p g 1y, 9z 1+ (eg)® By 1% (2y)°
IIpumep 3. u = ye¥* + In(z? — 2y + z).

Pemenue. YacTHble MPOU3BOIHBIE 3TON (DYHKIIMHM TPEX MEPEMEHHBIX BBIPAKAIOTCS
cieayomumMu popmynamu:

u 2r u . 2
3= T o oA = (1 +y2)e¥ = — !
dr x2-2y+2 8y Té — 2y + 2
du 2002 | 1
a: V° 22 -2+ 2

3aiaHus NpakTH4ecKou padoThI
1. Haiitu 1 mocTpouTh 00J1aCTh ONPEETCHUS CI0KHON QPYHKITUY.
2. BpuucauTh IPOU3BOIHYIO CIOKHOU (DYHKITHH.

B1 1.z=arcsin(1-x2-y?) B16 1.z=In*
2.a) z=Vinx %, x=e, y=1 2.a)z=(;2 + yz)xz_yz
0) u=x2-y*+3z%, x=1/2,y=1/2,z=1/2 6)u=x \/}_(Z FyWE, x=1,y=1,2=-2
B2 1.z=In(y-Inx) B17 1.z=Iny-Incosx
2.8) z=/xy InZ, x=1, y=2 2.a)z= xsiny+x2, x=3,y=n/2
X

B)u=3x%/2- O)u=,/xy — V4 — z2 x=1,y=1,z=0



y2/2+2722,x=2/3,y=2,2=2/3

B3 1.z=,/Inx + Iny

2 . a) Z:Xyi,x=e, y=1
Xy

O)u=x>/2-y*/2+82> x=2,y=2,7z=3/2

B41.z=|\/y —x+2

2.a)z=sinl/xeY ,x=m/2,y=1
6)u=3/2x>+3y2-27?,
x=2,y=1/3,2=3/2

. x?
B51 .z=arcsm7

2.a)z=arcg(x>-y>)+1/,/xy

_Vx _ _yz
O)u Yy xHJy
B6 1.z=arcos(2x-y)

2.a)z=arccos§+em, x=2,y=1
—\/2x2 2
6)u=v2x = 6vV272,

x=1,y=2/3,z=1/\/€
B71.Z=/In(2 — x — ),

Yy
2.a)z=tgl/x.ex,x=1/m,y=0
0)u= 2,/x + y+y.arctgz,
x=1,y=1/3,z=1//6
B8 1.z=In>
y
2.2)z=(x2 + y2) ¥ ~¥°
6)u=x\/§—(z+y)\/§ , x=1,y=1,7=-2
B9. 1.z=Iny-Incosx

2.a)z= xsiny+x2, x=3,y=n/2

o)u=,/xy — V4 — z2 x=1,y=1,z=0

B10. 1.z=lnsinx—\/§
2.a)z=arcsin% - Inv, u=0, v=1
0)u=(x*+y*+z2)*2, x=0,y=-3,z=4

B18. 1.z=Insinx-/y
2.a)z=arcsin% - Inv, u=0, v=1
0)u=(x*+y*+z2)*2, x=0,y=-3,z=4
B19. 1.z=In(y?*/4-x*/9-1)
2. a)ZZIn\/Wy2 +1/y,x=y=1/2
0)u=2/x+3/2y-
J6/42.x=2/3,y=3/2,2=1/2

B20. 1.z=arcsinZ

X
2.a)z=Inyv/x ,x=1,y=3/5
0)u=3/x+4/y-
16x,x=1 ,y=2,7=1 6
B21. 1.z=1+/1 — (x — y)2
2.a)z=cos(1/y)-1/\/xy, x=n/2,
y=2/m
6)u=x,/y-yz2,x=2,y=1,z=-1
B22. 1.z=In(x*+y)

2.a)z=e*"\[x% — y2, x=1,y=0

—cinY x=) v=1 7=
6)u—smxz,x 2,y=m,z=1

B23. 1.z=V1 — x2+,/1 — y2
2.a)z=yln(x?-y?), x=2,y=1
0)u=x>/16+y?/9-
72/8,x=2,y=1/2,2=1/3
B24 1.7=,/In(2 — x — y),

Yy
2.a)z=tgl/x.ex,x=1/m,y=0

O0)u= 2,/x + yty.arctgz,
x=1,y=1/3,2=1\/6
B25 1.z=arcos(2x-y)
2.a)z=arccos§+em, x=2,y=1

_ 2.3 2
6)u=v2x> = 6722,



B11. 1.z=In(y?*/4-x*/9-1)

2.a)z=In\/x2 + y2+1/y,x=y=1/2

0)u=2/x+3/2y-
J6/42,x=2/3,y=3/2,2=1/2
B12. 1 .z=arcsin§
2.a)z=InyV/x ,x=1,y=3/5
0)u=3/x+4/y-
1V6x,x=1 ,y=2,z=1/\/€

B13. l.z=1+,/1 — (x — y)?

2.a)z=cos(1/y)-1/\/xy, x=mn/2,

y=2/m

6)u=x,/y-yz’,x=2,y=1,z=-1

B14. 1.z=In(x*+y)

2.a)z=e*"\[x2? — y2, x=1,y=0

= 1 l = — pu—
6)u—smxz,x 2,y=n,z=1

B15. 1.z=V1 — x2+,/1 — y2
2.z=yIn(x*-y?), x=2,y=1

u=x/16+y*/9-72%/8 x=2,y=1/2,z=1/3

KonTpoJbHbIE BOIIPOCHI:

x=1,y=2/3,2=1\/6

2
B26 1 .z=arcsinx7

2.a)z=arcg(x>-y*)+1//xy
Vx_ vz
0)u S s

B27 l.z= |\[y —x +2

2.a)z=sinl/xe¥,x=n/2,y=1
0)u=3/2x>+3y2-27?,
x=2,y=1/3,2z=3/2

B28 1.z=\/lnx + Iny

2.a)z=xy$="=e= y-
0)u=x>/2-
y3 /24823, x=2,y=2,z=3/2
B2 9.z=In(y-Inx)
2.a) z=,/xy ln%, x=1, y=2
B)u=3x%/2-
y2/24+27% x=2/3,y=2,2=2/3
B30 1.z=arcsin(1-x3-y?)
2.a) z=VlInx %, x=e, y=1
0) u=x>-y*+372,
x=1/2,y=1/2,2=1/2

1.ChopmynupoBats omnpeaeneHrne GyHKIMHU C TBYMs TIEPEMEHHBIMHU.
2.YUto Ha3biBaeTcs 001acThiO onpeeiaeHus: GyHKIIMU HECKOJIbKUX MePEMEHHBIX ?
3.ChopmynrpoBaTh NMPaBUIO HAXOKICHUS MPOU3BOTHON (QYHKIIMN HECKOIBKHUX

IIEPEMEHHBIX.

4.Yto Ttakoe nonHbIN quddepeniinan GyHKINNA HECKOIbKUX MEPEMEHHBIX ?



)

2)
3)
4)
S)
6)

8)
9)

IIpakTnyeckas padora Ne 6

no teme «Mcciaenopanus pyHKIUU M IOCTPOoeHUE rpaguKa
Heab: HayuyuThCs UCCIEA0BATh PYHKIUIO U MO PE3yJIbTaTaM UCCIIEI0BAHUS CTPOUTH

rpaduxk.

Bpems BbinosiHenusi 90 MUHYT
MarepuanbHoe obecneueHmne

1. TeopeTnueckue cBe1eHUS

2.3ananue

3.JIuct A 4

4 KanbKyJIsITOpbI

Iopsinok BeINOJIHEHNsI pad0ThI
1.3yunts 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHHUS

3. Bemoauuts u opopMHUTH paboTy
4.1loka3atpb pe3ynbTaThl MPENOIaBATEIIO
JlomalnHee 3ajaHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
TeopeTuuyeckue cBeeHMsl.

Cxema uccneoosanusn yukyui

OO6nacthb cymiecTBOBaHUS (DYHKITHH.

DTO TOHATHE BKIIOYAeT B ceOf M 00JacTh 3HAYCHUN W 00JIACTh OMpEICIICHHS
byHKINN.

Touku pa3peiBa. (Eciu oHM BMeroTCs).

WNHuTepBansl Bo3pacTanus U yObIBaHUS.

Touku MakcMMyMa U MUHUMYyMa.

MaxkcuMallbHOE 1 MUHUMAJILHOE 3HAaUCHUE (QYHKIIMU Ha €€ 00JIaCTH OTIPEICIICHHS.
OO6acTy BBITTYKJIOCTH U BOTHYTOCTH.

Touku neperuda.(Eciam onu numerorcs).

Acumnrotsl.(Ecau oHM UMEIOTCH).

[Toctpoenue rpaduka.

IIpumep. UccnenoBath PyHKIUIO y= U TIOCTPOUTH €€ rpaduK.

X
x -1
Haxogum oOnacte cymiectBoBaHusi  (yHKIuU. O4YeBUIHO, YTO 00.14CMbIO
onpedenenus GyHKIUU gBisieTcs 00nacTh (-00; -1) U (-1; 1) U (1; o).

B cBowo ouepenp, BUIHO, 4TO mOpsiMble X = 1, x = -1 gBisOTCA
8EePMUKANLHBIMU ACUMRINOMAMU KPUBOIL.

Obnacmwio 3nauenuti TaHHOU PYHKIUU SIBJSICTCS HHTEPBAT (-00; 0).
Toukamu paspviéa GYHKIIUU SABJISIIOTCS TOUKH X = 1, X = -1.
Haxonum xpumuueckue mouku.

3 (X —1)-2x-x :3X4—3X2—2X4 X' -3x

(x* —1) (-1 (X -1’

Kputnueckue touku: x = 0; x=-43:x=43; x=-1; x=1.

Haiinem npousBogHy0 QYHKIUU ¥ =



Haxogum mpoMexyTku eospacmanusi W yowvieanus GyHKIuu. s  3TOro
oTIpeziesisieM 3HAKH MPOU3BOIHON (PYHKIIMU HA TPOMEXKYTKaX.
-0 < X <-+/3, y' >0, pyHKIMS BO3pacTaeT
-3 <x<-1, y' <0, dpyHkuus yosiBaer

-1 <x <0, y' <0, dbyHKIUS yOBIBACT

0<x<1, y' <0, dyHKuus yobiBaeT

1 <x<43, y' <0, ¢dynkuus yobiBaer

V3 <x <o, y' >0, ¢dyHkus Bo3pacTaet

BuiHO, YTO TOUKA X = -+/3 ABISETCA TOUKOM Makcumyma, a ToUKa X = /3 apjseTcs
TOYKON MuHumyma. 3HaueHUs (YHKIUU B ITUX TOUYKaX paBHBI

COOTBETCTBEHHO 3+/3/2 1 -3+/3 /2.

Haiinem BTOpyIO MpOU3BOIHYIO (PYHKIIUU
, (4x —6x)(x 1) - (x' -3 )4x(x" -1) (4x” —6x)(x* —2x° +1)— (x* —3x%)(4x’ —4x) _
- (x -’ i (" =D’ )
_ 4x —8xX +4x —6X +12xX —6x—4X +4x +12x —12x B
- (X -1)° -
22X 44X —6x  2x(x*+2X -3) 2x(X +3)(X¥ -1) 2x(x* +3)
N T e e
OnpenenuM BBITYKIOCTh U BOTHYTOCTh KPUBOW Ha MTPOMEKYTKAX.
-0 <X <-4/3, y"<0, kpuBas BbIyKnasg -3 <x<-1,
y'' <0, KpuBas BbIIYKJIAsi
-1 <x<0, y">0, kpuBas Boruytass 0<x <1,
y"" <0, KpuBas BbIIyKJIas
1<x<3, y">0, xpusasBoruyras +/3 <X <oo,
y'" >0, kpuBas BOrHyTas
Haxonum mnpomexyTku eospacmanusi M yowvieanus QyHkuuu. Jns sToro
OmpeielisieM 3HaKU MPOU3BOAHON PYHKIIMH HA MPOMEKYTKaX.
-0 < X <-+/3, y' >0, pyHKIMS BO3pacTaeT
-3 <x<-1, y' <0, ¢yHKIus yObIBacT

-1 <x <0, y' <0, ¢yHKUHS yObIBaET
0<x<1, y' <0, ¢ynkuus yobiBaer
1 <x<43, y' <0, ¢yHKIIUA yOBIBACT
3 <x<o, y' >0, QyHKIMS BO3pACTAET

BuIHO, UTO TOUKA X = -~/3 SABJIAETCSA TOUKON MAKCUMYMA, A TOYKA X = +/3
SIBJSIETCS TOYKOU MuHumyma. 3Ha4eHUus: PYHKIUU B ITUX TOYKAX PABHbI
COOTBETCTBEHHO 3+/3/2 u -3+/3/2.

[Ipo BepTUKAIBHBIE acumnmomsl ObLIO YK€ CKa3aHo BhIlIe. Teneps HalieM

3 3 3
b =1im 2x —x |=1lm XZX—H =
x—o| x _1 X—>0 X _1




. X . 1
HAKIOHHbIE acumnmomsl. k= lim =lim =1

X0 -1 X—>0 1

X
Htoro, ypaBHeHUE HaKJIOHHON aCUMIITOTBI — Y = X.
Crpoum epagux GyHkimu:

p

3ananue 1.MccaenoBaTh GyHKIMIO MO IPEJIOKEHHON CXEME U TIOCTPOUTH €€
rpaduk:

. Halitn obnacTe onpenenenus GpyHKUUU.

. UccenoBarh Ha YETHOCTh U HEYETHOCT.

. UccnenoBars Ha NEPUOAUYHOCTD.

. Hantu cranmoHapHbIe U KpUTUYECKUE TOYKH IIEPBOrO POJA.

. Haiitu nmpomexyTku Bo3pacTaHus U yObIBaHUS (DYHKLUHU, SKCTPEMYM.

. Haitu cranmoHapHbie U KPpUTUYECKUE TOYKH BTOPOTO poAa.
. HaiiTu mpoMexyTKH BBITTYKIOCTH (DYHKITUU, TOYKH MTeperuoda.

0 3 O D KW

. HaliTn acuMntoTsl (BEpTUKAIBHBIE, TOPU3OHTAIIBHBIE, HAKJIOHHBIE).
9. Haiftu Touku nepeceuenus rpadpuka GyHKINUN C OCIMU KOOPIMHAT.
10.HaitTn 1OoNOIHUATENBHBIE TOUKH.

11. ITo pe3ynpTaTaM UCCieI0BaHUS MIOCTPOUTH FPAPUK QYHKIIUH.

W27 )2 _x*-2x-8  B[6.a) y=X*-12x7_9x+];

Bl.a)y=x*(2-x); 0)y — )2
O)y=x3+1

= /1 — x- 1. 1. x3
B2 @)y ==X B17. a)y=3" *2% 2x-1; 6)y=x -2
6) Y= x+3
B3.a) y =x - arctgx ; | | X3

)}:(2_3)(_10 s B18.a)y=3" ~* "3 *3. G)y=x7-3

0)y=—7—

_ _x*+3x-10 B19. a)y=—x* + 3x*+0x;
B4.a) y =—; 0)y — o

0)y=3x + 5



BS.a)y=|—:
2_4x-12
6) y= - x-i(3
’ 244x-12
B6.a) y =1ix2; 0)y= - X_Xs
- X . _ x2—x-20
B7.3) y_><2+16’ 0)y= x+2
ﬁ x%+x—20
B8.a) y=e+; 6)y= o
X _ x?-2x-15
B9.a) y =— 6)y= =
B10. a) y =2x-x%
242x—-15
6) y= - x—Xl
5 —2x
Bl 1 a)y=-¥5 -3X% 14 ; 6) yzﬁ
B12. a)y= —X® +3x*-2 ;
X3
O)y=x2-1

X
x2+4

B13. a)y=x*- lax +6 ;

0)y=

B14. a)y=x®+9x* + 24x + 12
x3
0)y=6x + 18
B15. a)y:—.h’g +3x%-2 ;
x@
O)y=xz-1
KoHTpoJibHBIE BOIIPOCHI:

B20.

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

B29.

B30.

4
a) y=x>-20x ; 0) y=1-—

—u3 2 _x*-1
a)y=x"+15x"-x-250 0)y= .
a)y=3VX +2; 6)y=X2):_9
a) y=x>-4x ; 0)y= 3x+§+5

2oy
a)y =3x-x>; 6)y="- XJZ:;S
a)y =2/3x*-2x=1; 6) y=—
2 b _ 1%
a) y= 2x"-x"; 0)y= .
a)y =2x>8; 0)y =5
a)y = x*-8x>+3 ; 0)y= X21_1
_ 3 6) v = x%+3x—-10
a) y T 4—x2’ ) y= x+3
x%2—-2x—8
a)y=xv4 —x; 0) y= —

1.Yro Takoe o0nacTh onpeaeneHust GyHKIuu?
2.Kakue QpyHKIIMM HA3bIBAIOTCS YETHBIMU , HEUETHBIMH, 00IIIeT0 BUa?

3.Buasl Touek paspbiBa.
4.Yto Takoe HynH QPyHKITUU?

5.Kak onpenenuTs NpOMEXYTKH BBITYKIOCTH?

6.Busr acuMnTor.
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1o TeMe « BprunciieHue miomaaei mNIocKux Gpuryp»
Ilesb: IpOBEPUTH YMEHHUE BBIYUCIIATH IJIOIIAAN C IIOMOIIBIO OIIPEIEIICHHBIX
UHTErpajioB
Bpems BbinosiHenusi 90 MUHYT

MarepuajbHoe obecnieueHmne

1. Teopernueckue cBeIECHUS

2.3ananue

3.JIuct A 4

4 KanbKyJIsITOpbI

ITopsanok BeINOJHEHUSI padOTHI
1.M3yuuts 3ananue

2. I3y4uTh TEOPETUYECKHUE CBEAECHUS

3. BolnonHUTh ¥ 0(hOPMUTH pabOTy
4.IToka3aTph pe3yabTaThl MPENOAABATEIIO
JlomainHee 3a1aHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJILHBIE BOIPOCHI

TeopeTudeckue cCBeCHUS

ITnomans KpUBOIMHEHHOM TpanelyHi, OrpaHMYCHHON HEIPEpPBIBHOM KPUBOH V=f(X),
IBYMSI NOpPSAMBIMA X=a W X=b W OCBIO aOCIMCC, BBIUYHMCISICTCI C IIOMOIIBIO
ONPEeJICIICHHOIO HHTErpaja 1o (popmynam:

A

. ‘y A : B o f;(x}=f;{x)=>xlua,x_

fx)F0=>x=c '

8= 45, - [r6Mee| ek

fx0=>x=c

o
)
()
=V

S=5,+5, = [ lekic+

o




Ipumep 4: Beraucnure mwiomans GUrypbl, OrpaHUIEHHON JTMHUAMH y = — 2 —2x +3, OCIMH

KOOpAMHAT U IpsIMON x=2.
Pemenne: [ToctporM naHHBIE TUHUA

Y=0

Haiinem Touku nepecedeHus rpaduka QyHKIuu ¢ ocbio OX: y =—x"—2x+3,

— 2 =2x+3=0, 5 =1, x» =3

1 2 3 3
S =f(—x2—2x+3)dx—j(—x2—2x+3)dx=(—x?—x2+3x) +(—%—x2+3x) -

0 1

0 1
:—l—1+3—(—§—4+6)+(—l—1+3)=§+g+§=£=4(1<6.ed)
3 3 3 3 3 3 3

3aganus npakTudyeckoii padorsl HaiiTu ruromans GUTypsl, OorpaHUYCHHON
JTAHHBIMU JIMHUSMHA

3amanue 1

1,11,21. y=8x—x"—7 M OCBIO OX
2,12,22. y=x-1,y=0,x=0
3,13,23. y=x"-3x—4 uoceio OX
4,14,24. yi=4x u x> =4y

5,15,25. y=5x—x>+6 uocsro OX
6,16,26. y=x,y=x",x=-1,x=0
7,17,27. y=x"—6x+8 uockio OX
8,18,28. y=x"H y=x+2

9,19,29 y=x"—4x-5 moceio OX
10,20,30.  y = 6x —3x u ocvio OX
3ananue 2

1,L11,21. y=x>+2 uy=2x+2 2,12,22. yZXZI/I y=2-x"

3,13,23. xy=6 U y+x-7=0 4,1424. y=2", y=2x-x",x=0, x=1



5,15,25. y=Inx,x=¢,y =0 6,1626. y=" x=1,y=x—1

X
71727 y=x"+x, y=1-x>,x=0,x=1 8,18,28. y=x",x=2
9,19,29. y=cosx ,x=0,x=2n,y=0 10,20,30. y = \/;,y=2,x=03a):[aHI/Ie3
1,L11,21. x-y+3=0, x+y—-1=0,y=0
2,1222. 2x—3y+6=0,y=0m x=3
3,1323.  y=x-2x+3wm y=3x—1
4,1424. x-y+2=0,y=0,x=-1,x=2
5,15,25.  y?=4x,x=1wuoce0 OX
6,16,36. y=x’uny=-3x
7,1737. x—-y+3=0,x+y-1=0,y=0
8,18,28. x2=3yum y=x
9,19,29. Xx—y-2=0, x+ty+1=0,y=0
10,20,30. y?2=9x, x =3 u ocero OX
KoHTpoJibHBIE BOPOCHI

1.Yto Takoe KpUBOJIMHENHAS Tparenus?

2.®opmyna HeroTona-Jleioaua

3.I'paduku snemeHTapHBIX QYHKITUH.

4. Pa3nmuyHbIie BUABI TUIOCKUX (DUTYP U CITOCOOBI BRIYUCICHUS WX TUIOIIAICH.
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no teMe «Penrenue npakTuyecKuX 3a/1a4 ¢ IpUMeHeHHeM UHTETPAJIOB)
Hesb: mpoBepuTh YMEHHE HAXOIUTh HEOTIPEICTICHHBIC U ONIPEACIICHHBIC HHTETPAJIbI
UCIOJIb3YsI METO/IbI HETIOCPEACTBEHHOTO MHTETPUPOBAHUS, HHTETPUPOBAHHE
MOJICTAHOBKOM U IO YaCTSIM.
Bpems BbinmosiHeHust 90 MUHYT

MarepuajbHoe obecnieueHme

1. Teopetnueckue cBeaecHUS

2.3ananue

3.JIuct A 4

4. KanpKyJIsITOpbI

IHopsiioK BbINOJIHEHUS Pa0OTHI
1.3yunth 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHUSI

3. Boinonuuth U 0OpMHUTH paboTy

4 .Iloka3aTp pe3yJbTaThl IPENOJABATETIO
JlomalnHee 3ajaHue

1.IToATOTOBUTH OTBETHI HA KOHTPOJILHBIE BOMPOCHI
Xoxa paéoTbi

TeopeTnveckue cBeeHUA

f(z)

Omnpenenenue Ilycthb -- (pyHK1MS, 3aaHHAs HA OOBEIUHEHUN UHTEPBAJIOB

f(z)

BelllecTBeHHOM ocu. Habop Bcex mepBooOpa3HbIX JIst Ha3bIBACTCS

f(z) J f(z)dz

HeonpeoeneHHbIM UHMe2Paniom OT n 0003HavaeTcs . Onepanus

flz)

HAXOXKJCHUSI HEOTPEIeIEHHOTO HHTETPpaJIa M0 33JJaHHON QYHKIIUN Ha3bIBACTCS
unmezpuposaruem 3To QyHKIUU; HAUTHU HEONPEAEIEHHBI NHTErPAJT 03HAYAET

f(z)

npounmezpuposams 1aHHYI0 QyHKUINI0. OyHKIMS , 3aIIMCaHHas MOCJe 3HaKa
UHTErpasa (Wiv, KaK 4acTo TOBOPIT, 700 3HAKOM MHTETpaia), Ha3bIBaeTCs
noovinmezpanvHotl ynkyuer. COriiacHO JOKa3aHHBIM BBIIIE TEOPEMaM O BHJIE

f(z)
nepBOOOPa3HbIX, HEONPEIEIEHHBIM UHTETPATl OT PYHKIIUU COCTOUT U3 (PyHKIUI
F(I:J-l—Cf F(I:J f{I:J
BHUJA , T1Ie -- Kakasg-1100 pukcupoBaHHas IEpBOOOpa3Has st ,a

C -- BEIMYKWHA, IOCTOSTHHAS HA KaXXJI0OM U3 HCTICPCCCKAIOMNXCA NHTCPBAJIOB, HA

f(=)

KOTOPBIX 3a/1aHa (PyHKIIHS . [ToaTOMYy MOKHO HamMcaTh Takyro HoOpMyITy:



ff[x] dz — F(z) + C.

Tabiamnua MHTErpagoB 3JIeMEHTAPHBIX (PYHKIMT

1 _[El'afx:=C 11 _[chxdx:=shx+€
2 Jlrdx=x+C 12 Ia;r e hx+C
sh x .
+1 dr
3 [xidc =X _+c P [z ~thxrC
e+l (a=-l), ch
4 1 dx 14 1 dx 1 x
—dv=[—=lhk/+C dx = = —arctg — +C
Ix Ix d ' Ixz+a2 Ix2+a2 e
5 x 15 dx 1, |x-a
xp _ & =_1In +C
J'aa&: ]nﬂ+C. Ixz—az 28 |x ta
J'exafr=ex+(?
6 ’[smxdr=—|:osx+c. 16 J‘—dx =arcsﬁ1£+€=—arccos£+c
a’ - x? @ @
7 _[l::osxdr,=smx+(?. 17 b le + ofx? +al+

J-L=
«,l'x2+05
8 J' d;: =-ctgx +C 18 _l-ﬂ,l'xz+a¢£x=§xﬂx2+a+%h‘1‘x+wix2+a‘

dx 1 R e
9 [—— =tgx+C ? _|' az_xzd’c:% az—x2+%arcsin£+c

il

10 Ishxdx:=|::hx+(?. 20 Ia&: =]ntg£+(?
5N X 2 .
J- dx =]n’tgx+ﬂ2‘+tf
COsX 2

3aMeHa mepeMeHHOI B HeonpeaeJIéHHOM HHTerpaJe
(MHTErpHpOBaHMeE MOACTAHOBKOI).
ITycTs ff(x}dr =Flx)+C . Torna J'f(if(x}')f(x]-'ir = Ft(x)) + C. 3mech K(x) -

muddepennupyemasi MOHOTOHHAST (yHKIIHS.



IIpu pemennu 3axa4 3aMEeHy IEPEMEHHOU MOYKHO BBIIIOJIHUTD JBYMs
CHOCO0aMHU.
1. Ecinu B mojbIHTErpaibHOM PYHKIMU yIaéTcs cpa3y 3aMEeTUTh 00a

coMHOXuUTENS, U f{t(x)), n (x) , TO 3aMeHa MePEMEHHOM OCYIIECTBIISICTCS

HOIBEIEHIEM MHOXKHTEIS © (x) oz 3HaK auddepenimana; * (x)de = d‘i, U 3a7a4a
CBOJIMTCS K BRIYHUCIICHUIO HHTETpAJIa [ £@ade Hampuwmep,
sth X - sin xdx dicosx) off
_[tg xdx = _[—afx: = —_[ = - = =
COS X COSX CosX  (3a7aya CBEJICHA K BBIYUCIICHUIO ~ £ |

= - +
rae t=cosx) - 105X *C Guanoruuno maxomutes naterpan or ©E X );
sit1 x — r,SE ¢ . — ¢ .
Je " cosxdx = [e™ " d sin x (3a1a4a CBeJIcHA K BEIYMCIICHUIO [ede , TJ€e ¢ = sin Xx)
_ _§ihx
=e " +C B Gonee cI0KHBIX 3a]a4ax onepanys MOoABEIEHUS MO 3HAK

muddepeHnmana MoKeT BBITTOHITHCS HECKOIBKO pas:

Iﬂaﬂ.fu:u:tgs.!n:2 arcctg4x2 de _

I+x (camoe HEMPUATHOE B MOJILIHTErPATBHON (PYHKIINH -
MATasi CTENEHb apKKOTAHTeHCa M0 3HAKOM SKCTIOHEHTBI; €CJIM TaJIbIlle HE HAAETCS
nuddepentuan 3Toil GyHKIIUU, TO MHTETPajl, BO3MOXKHO, B35Th BOOOIIE HE yAaCTCs;
B TO )K€ BpeMs CIIeAyIOIIMI MHOXKHUTENL (arcctg? x?) - mpousBoaHas (C TOYHOCTHIO [0
MOCTOSIHHOT'O MHOXUTEJISI) CTENIEHHON (QYyHKIUU; 3aTEM CIIETYIOT IPOU3BOIHbBIE
(OIATH ¢ TOYHOCTBIO J0 MOCTOSHHBIX MHOXKUTENEH) QyHKIMI arcctg x* u x* 1o
CBOUM apTyMEHTaM)

1 5.2 1 1 )
= —_[ear':':tg * aru:u:tg4 x* (Zxdc) = —_[ear':':tg * aru:u:tg4 x* dc® =
2 1+x* 2 1+ x*
2
1 5.2 — 1 ]
= ——_[em':tg * arcct54 :JL:2 = ——_[em':tgs * a:rcl:tg'i1 xzd arcctz xE =
2 1+ x4 2

5.2 5.2 5.2
—%Iem“g * l(551ru::u::tg4 xzdarcctgx2)=—%_[em“g * l(.lcfarlz:t:tgj x2j=—1—1|:|em':tg * 10

2. 3aMeHy MepeMEeHHONU MOYKHO OCYIIECTBISATh (DOPMaTbHBIM CBEICHUEM

st x
MO/BIHTErPATLHOTO BHIPAKEHNS K HOBOH nepemennoit. Tak, B J€  S99* pyeer

CMBICJI IEPEUTH K MEPEMEHHOM (C/IeNaTh MOJICTAHOBKY) £ = sin X. Beipaxkaem Bce
MHOKHTEJIN TTOIBIHTETPATLHOTO BBIPAKEHUS Yepe3 EPEMEHHYIO 7:

x=arcsmx;dx=L2;cosx=w{l—sm2x =«f1—r2
1-¢

it X —

. B pesynbrare J€  COSXAx
ot

= _[et 1-¢2 &

=_[etd£=et +C =
1- ¢

(BO3BparaemMcsi K MCXOJIHON TIEPEMEHHOM )

gih x
&g

+C . Jlpyrue npumeps:
dx

IJx—Sﬂ+

3

Vx =5 [ToxpiHTErpanbHas PYHKITUS CONEPIKUT IBAa MHOXKHUTEIS, HA OJUH
U3 KOTOPBIX HE SIBJISCTCS IPOU3BOJIHON APYTrOro, MO3TOMY MOJBOIUTE UX IO 3HAK
nuddepennana 6ecrione3Ho. [lonmbiTaeMcesi BBECTH HOBYIO IIEPEMEHHYIO, TaKYIO,



x — 5—: 6.1:—5;

x = ¢ +5;dx:=6:5aii _

dx
Ifx 5(1+4fx - 5)

YTOOBI KOPHU U3BJICKIIHCH:
68 dt tdt (£5 +1-Dde _

=§ =f
£il+e4) J'1t2+1 / £+l

—E[J'tﬂ - ] (¢ —arctg £)+ C = 6/x =5 - arctg§fx -5 )+ C

£ +1 PaccmoTpum

Ja® - x dx (uaTerpan Nel9 u3 TadJ.). 3nech NoAbIHTErpaibHasA (PYHKIIUSI COCTOUT
U3 €IMHCTBEHHOTO MHOYXHUTEJS; MOXKHO OIISITh MIOMBITAThCA ClIeNaTh TaKyI0 3aMEHY
MePEMEHHOM, YTOOBI KOPEeHb U3BIEKCA. CTPYKTYpa MOJKOPEHHOTO BRIPAKEHUS
TI0JICKA3BIBAECT 3Ty 3aMEHy: X=@sin t(yqy * =acost a>0):

X =5 £ dx = acos £dE

‘\II ~x? —aw'l—sm E=@cost

MHTErpaly OT KBaapara KocuHyca. [Ipu uHTerpupoBaHuy 4ETHBIX CTENIEHEN CUHYCA U

J'a ~xtde = 2y di

. MuTerpan ceéncs k

.2 2
KOCHHYCa 9acTO MPUMEHSIOTCS (POPMYIIBI, BRIpaXaromue - £y £95° fyepe3
. 1-cos2f 5 1+cos2f
= o = —

sin £
KOCHHYC JIBOMHOTO yTJa: 2 2 [TosToMy
2
azjcoszt'dr=a2_[# ——Udt+_[|::052£d.r:| ; [r+ _[cosE.t d,Er]

) X
2 s £ = —, CcosE=

et 1. af 1 a
=2 e+ Zsin2e |+ € =E g+ Zsin 2|+ € = E (¢ +sin reose)+ € = =
2 2 2 2 2

f 2 2
S R
[+

2
= %arn:sin x +%xm,|'a2 —.:vr,2 +

il

[Tpumepsr: 1.

t=x+fxltoz-x=+x?to-x)? =x? + g
dx £ - £ -
I—dx=i2—2tx+x2=x2+m;x= m;w,ﬂx2+m=£— > =]n|1E|+C=]n‘x+x|'x2+m

2f 2F

2 2
o 5t
= Lide = 5 o
of 2f

TSV I NI AL L LU _
2. sz—az 2a° x2 - a° Za (x +ea)x —a) '[[ x+a]ﬂk




LA @) L xoa) - fxta )+ C = oln

Ea x-da x+ta 2 2

x—da
+C

xta
Humezpuposanue no uwacmsanm.

HNuTerpupoBaHue 1o 4acTsAM - IPUEM, KOTOPBIM IPUMEHSETCS IIOYTH TaK Ke
4acTo, Kak 1 3aMeHa nepemeHHou. [1ycTs u(x) u v(x) - GyHKIIUN, UMEIOIINe
HEIpepbIBHbIE YacTHBIE TPou3BoAHbIE. Toraa no popmyne auddepeHupoBaHus

= u-dv=duv)—v du . Haxomum

npousseneHus d(uv) = u-dv + v-du
HEeoTpeeIEHHBIC MHTETPAITBI 1711 00€UX YacTe STOTO PaBEHCTBA (TIpH STOM

_[d(uv} =uv+C):
Iu-dv =uv—-|.v-d.u

Orta opmyra U HazbIBaeTCs (HOPMYIION MHTETPUPOBAHUS TI0 YacTsAM. YacTo ee
3aMUCHIBAIOT B TPOU3BOJHBIX (dv = v’+dx , du = w’ -dx):
Iu-v'dx: =uv—Iv -3

[Ipumepsr:
i = x, dv = sin xdx;
J‘xsin xdx = , =x(—cosx) —\I‘(—cosxja&: =-xcosx +sin x+ ¢
di = dx v =J'sm xdx = —cosx
=In x; dr =dx; e
_[]nxdr,= g =xh1x—_[x—=x]nx—_[dx:=x]nx—x+(?
= v=x x
x

dopMya MHTETPUPOBAHUS MO YaCTAM MOXKET MPHUMEHSITHCS HEOJHOKPATHO.
[Ipn Hanuuuu HEOONBLIOTO OMNbITA B MPOCTBIX HHTErpajiax HET HEOOXOAUMOCTH

BBIIIUCHIBATH IPOMEXKYTOUYHBIE BBIKJIAJIKHU (# = ..., dv = ...), MOXKHO Cpa3y IPUMEHATh
bopmyy, IIPEICTABHB MHTETPa B BHIE u: dv ;
J'exxEtfr = J'x3 (e™dx) = IxEdex - x'e —.I'exafxg = x°e® —J'e 3xlde = xoe® 3]'.1:2 (e¥dx) =
=x3€x—3]'x2t£ex—xe —3(.1: —J'e .af:c:2 =xe —3(x e~ —J'e 2xex) =

~3x%e® + ﬁj'xaiex = x'e® - 3xte* + fixe™ - J'exdh:) = x ¥ - 3x’e® +6xe® - 6J'exafx =
3

xe® - 3xie® +6xe® - Ge® +C=€x(x3 —3x2+6x—6}+c

[TpuBen€nubie MpUMeEpPHI MOKA3BIBAIOT, A1 KaKUX (GYHKIIUA HAJI0 PUMEHSTh
(MJIM TOTIBITAThCS IPUMEHUTD) (HOPMYITy HHTETPUPOBAHHMS 110 YACTSIM:

o [P coser e [Bu) s [Py a” e e p(y)

u=F,(x), dv = cosexdx

HNuTterpanst BUj

MHOTO4JIEH n-0ii crenenu. Tak, 1uis [ Bolx) cosem de ooy
= (B (x))'de = By (x)dbe, v = (sin ax) (&,

IPH (x) cosexde = P (x) (s m:]lfa—lfa_[PH_l (27 sin aoe e . B pesyubrare Ml

MOJIYYHJIM UHTCTPAJl TOTO K€ TUIIA C MHOI'OYJICHOM CTCIICHU HAa CAWHUIY MCHBIIIC.
ITocne n-KpaTHOIr o IMMPUMCHCHUA q)OpMy.]ILI CTCIICHb MHOT'OYJICHA YMCHBIINUTCA 10



HYJIS, T.€. MHOTOYJICH IPEBPATHUTCS B TIOCTOSTHHYIO, U MHTETPA CBEAETCS K
Ta0JIUIHOMY.

WHTerpas [Pt} fx) dx e @) TpaHCIUEHACHTHAS (PyHKIUS, MMEIOIAs
JIPOOHO-PAITMOHABHYIO WIIN APOOHO-UPPAIIMOHATIEHYIO TTpon3BoAHYIO (In X, arctg x,
arcctg x, arcsin x, arcos x). B aTom ciyuae umeeT cMbICT B3ATh # = f(x), dv =

velu ..
Pu(x)dx, nnst Toro, 9TOOBI B MHTETpAJIe I ydacTBoBaJia He f(x), a €€ MpOn3BOTHAS.

[Tpumep:
i = arcsin x. dv = xdx, 5 ¢ dy Iaff.
X = gin = cog
_[x'arcsmx'fix:= ax x? =x—art:sinx— G
"ﬁﬁﬁ;":? 5.f] - x 2 «fl x? =cost
-x

2 2 3 :
x—a.rl:sin x—ljsm2m=x—arcsm x —l_[(l—cos 26l =x—ar|:sin x —l i- 0 & +C =
2 2 2 4 o 4 9
xE . £ osin foosk ;vc2 } arcsn X X 1—:1:2
—arcsm x——+——  + (' =_—__arcan x — + +

4 > 4 4

JJ1st HeKOTOPBIX (DYHKIMM MPUMEHSETCS PUEM “CBEJICHUS UHTErpasia K

camomy ce6e”. C moMOoIIbI0 HHTETPUPOBAHUS TI0 YACTSIM (BO3MOXKHO,
HEOTHOKPATHOTO) MHTETPAJ BBIPAKACTCS Yepe3 TAKOU KE MHTETPa; B PE3yJIbTaTe
MOJIy9aeTCsl YypaBHEHHE OTHOCHTEIILHO 3TOT0 MHTETPaJIa, peiias KOTOPoe, HaXO UM
3HaueHue uHTerpaia. [Ipumepsr:

I= J-m,l'az - x* dx

HHTErpajioB; B IPeIbIAyLIEM Naparpade Mbl BBIYUCIWIA 3TOT HHTETPaJl ¢ TOMOILBIO

Haittu (ato nnrerpan Nel9 u3 tada. 10.3.Heonpeae e HHbIX

TPUTOHOMETPUYECKOM MMOJACTAHOBKH X = &8ifl 2),

w = a —xz;dv = dx;
7 _ 2 T 2 x4dx 7.2 —x 2

I=I ' —xdx = dx =x+a’ - x" +| Y= = xvja® —x° - | ——dx=
dy = - — p = x ﬂ2_x2 ﬂz_xz

El

= x4 (a: —xj d = x+ja? —x? +
7= - [ fﬁfﬁ: -

=x az—xz—_l- az—xzdx:+a2_|' 2

X
= x-Ja® —x® -F+a® arcsin =

I|' gl t .

B pesynpraTre Ui MCKOMOTO WHTErpaja Mbl TOJYYWIU ypaBHEHHE

. x
IF=x az—xz—f+a2 arcsin —
Py

X
2f = xoja® - x*° +a® arcsin =+ C
pemiasi KOTOpoe, MoxydaeM @  (koHcTaHTa C TOSBUIIACH
BCJICJICTBHE TOT0O, YTO HWHTerpajbl { B MpaBoil ¥ JIEBOW YacTAX YpaBHEHUSI
OIIPCACIICHDBI C TOYHOCTBIO a0 HpOI/I3BOHBHOﬁ HOCTOHHHOﬁ) n



2
1 a X C
T=—xva? -x?+Z_aresin =+ C —
2 2 @ (koHcTanTa 2 1epeobo3HaueHa uepes  O).
CBenenue uHTerpaia K camMmomy cede — camblil MPOCTON COCOO0 HAXOXKJICHHS

ax ax -
e coshedx 2" ain Aedx =
9aCTO BCTPEYAIOMIMXCS HHTErPajoB BHJA [ u | (),

Hanpuwmep,
= cosdx, dv = eTelx
I=-I-€ﬂx S6EL3 %63 = B icosbx+£j'e‘“ sin Bx e =
= —Jan dxde vy =™ fa . e
1 =zin b, dy = dx L Il ™ F
= = cosdx +—| —sin Irx——j'eﬂxcosi:x'tfx: =
=proshude,y =™ fa = a| & -
ax ax 2
& be . )
=__coshx+ sin by ——F
¢ @ & . Wrak, mocime IBYKPaTHOIO HWHTETPUPOBAHUSA 10
22 ax 2
F=——rcoshx+ sinbx——zf
YaCcTsSIM IOJYYEHO YpaBHEHHE OTHOCHUTENbHO I : ¢ “« a
Eﬂx
I= ﬁ(acosbx + han bx:l+C'
pelIeHune KOTOPOTO a” +b

[Tpu HAXOXAEHUHM 3TH MHTETPAJOB HE MPUHLMUIHUAIBHO, TOJOKUM JIH MBIl U =
cos bx, dv = €™ dx v u = €*, dv = cos bx dx; BaXHO TOJBKO IPH BTOPOM
npuMeHeHUn (OpMyJbl HMHTETPUPOBAHMSI MO YacTAM 3aroHATh IMOJA  3HaK
muddepenunana GyHKIMIO TOTO K€ THMA, YTO U IPHU NEPBOM (IMOKA3ATENbHYIO WIH
TPUTOHOMETPHUUECKYIO).

Emé omun Bua Qopmyn, KOTOpble OOBIYHO MOIYYarOTCSl € IOMOIIBIO
UHTETPUPOBAHUS IO YaCTAM, U HCIOJB3YIOTCA JJIsl HAXO0XACHHUS MHTErpajoB -
peKYPPEeHTHbIe COOTHOIIeHHMs. Ecinu mnoaplHTErpangbHas (QYHKIUS 3aBUCUT OT
HEKOTOPOIo MapaMmerpa m, U MOJYyYEHO COOTHOILIEHUE, KOTOPOE BhIPAXKAE€T MHTErpall
4yepe3 aHaJOTMYHBbIA MHTErpaJl ¢ MEHBIIMM 3HAYEHUEM M, TO 3TO COOTHOILECHHE U
Ha3bIBaeTCS PEKYPPEHTHBIM COOTHOILIEHHEM. ITpumepst:

f, = Icos" xdx
[IpencraBuM  HOJBIHTETpalbHYH0  (PYHKUHMIO B  BHJE

-2 T -2 e 2 - -2 _ -2
X Ccogt x = COs x (l-sh* x)=cos X St xcos xsmx;I/IHTerpaJI

OT IICPBOIro cjiaracMoro aHaJoru4ceH UCXOJHOMY C 3HAYCHHCM IlapaMCTpa n Ha IBC
CAWHHUIBI MCHBIIC, K HHTCIpally OT BTOPOTO <CjllaracMoro ImnpuMCHHM (bOpMy.Hy
HHTCIPUPOBAHUA 110 HACTAM:

EOSH X = EOSH

2

= zin x dy = cos® © xsin xdn
_ n o, - n-2 ., N n-2 : - _ -
Iy —In:os x - dx Ic:os x dx Ismxcos x sin xdx cos® ! g
=cosxdo, v =—————;
-1
cos® 1 x cos® 1 x sin xcos® | x 1
=fy g x| - —m8 +_[ ——|cosxde =f,, 9 + - Icosx"'d):=
-1 - -1 -1
g n-1 g n-1 _ : -l
:IH_2+smx|:|:usl x_l_lfr::}'(“ 1 )IH=IH_2+SmeDS x=}_j,ﬂ=ﬂ! 1IH_2+Smxcos Xx
n- n-

-1 n-l1 s )



£ =Icosx'dr =gin x +C

Teneps, 3Has ’
1+cos2x 1 it P
I, —_[n:c:s x de = I—afx = |x+ +C
2 2 MBI MOXEM BBIIIUCATDH
_ 3-1 . 2
13=_[c053x-¢£x=331}1+5mx'3;’5 x=_5mx S X Cos x+C’
— q 4_1 3
14=‘[C054x'dx=4 112+smx|::os x_3 l[2x+sm2x) Si1 X 008 L
4 4 4 4 4 :
_ : 5-1 _ i
15=J‘C055x'dr=5 lfg_l_smxl::os x=4 (25mx+smxcoszx:|+smxms X, e
> > = < 5 nuT.I.

3ananus npakTuyeckou padorbl Halith Heonpenen€HHbIe MHTErpabl

L1 [ Gx+1) dr

12, [~2vx(4-3x) dv

3 4 .5
1.3.J~4x +Xx 8x

3
X

31

1
1,4_1de
X
5 2 3 2
I.S.J‘\/x_+\/x——
X

dx

ol

1.7. izdx
1+x

1
I.S.I(ex +2x—4" +3x2de;

2cos x+5
1 9I cos?

1.10.!53\/)6_2—6cosxdx

2.1.[ V3

9x~ -3

1
22 | ——dx
J‘\/9x2 +3

dx

1.
111, j4x2(4x+2)2dx

112'[ —3x7 +2x7 ”

4 4.4 4
1.13.J‘7x 4x" + 6x

2
X

3 3 2

114]%

115‘[3\/——%2\/_ \/_

dx

116j4dx

V4 —4x°

117, [~ —dx
25+x

2 2
1.18.J(—+8e)‘ +55— 3}dx;
X

2cos X— 4
119'[ cos’ x

1.20.j§sinx+4\/x_7dx
2.

2.11.j

1
——dx
N5x2 +3
B S
N4 —Tx2

2.12.[

121, [3x(2-3x) dx

3 4 6
122, I I,
X

1 4 1

1.23. de

_[B\/x_z+<{cx_5_\/;dx

1.24.

125j4dx

Vi-2*

126j4dx

Vxi+4

1 .27. %dx
2+3x

198, j2sm x+3 5

Sll’l X

1.9, I1+3COS X ,

COS X

1.30. (1 x)2—x Jix

1
dx
243



dx
3.1.
J (2x+1}/In*(2x +1)

dx
S P vy

dx
ey v ey
34. j3—\'h112£1;x)dx

35 J-illn 1+x

1+x

3.6.]7—le”dx
37 J-W/In 1+x

1+x

38 J%/ln 1+3x

l+3x

39, leln 3+x

3+x

dx

dx
>4 J.(l—x)\/ln3(l—x)
3.12. j—Vl(ri(rl:x)dx

3.14.j

S sy vy oy

318 leln7(1+x)d
.18. —(l+x) X

3.19. jln(i(l_x)dx

)

J5 1
dx 2.23. dx
N3 —4x? ‘[\/4x2 +3
1 1
— dx 2.24. j — dx
x21+ —dx 2.25. j 1_3 dx
L 2.26. j —dx
A3xt+1 4+3x°
1
2.27. d
3x2+2dx I,/4x2_3 3
V2 1
mdx 2.28. j4x2 o
‘/zﬁ dx 2.29. LN
2x- =17 8x“ -9
1 1
g 2.30. Imdx

3.21. jln(7(x_7)dx

x—7)
3.22. j x8)8)dx
3.23. j x;)g)dx
3.24. j’3—x+5)dx
(3x+5)
3.25. jj—ﬁ)l)dx
3.26. | (x+1)ff;(x+1)
3.27. I(x—3)10111)i‘(x—3)
328 | (x+3)1f3(x+3)
329. | dx

(x - 4)ln5 (x - 4)



310, [N (x=5)
10, [ERE =S

4.1 .jsin4 2x-cos 2xdx

4.2.J‘cos7 2x -sin 2xdx

4.3.J‘sin3 4x - cosdxdx

44J~ Ccos2x e
sin’ 2x

45J- sm3x
cos 3x

46J‘ Sll’lX
COSX

47I s1nx
COS X

48j cosx
3—sinx

SlIl)C
49]
COSX+

4.10. j;dsmx

Vcosx+1

arctg 3x
SII 1+9x°

52J~ arctg X

53I arctg X

54J' arcsmx

55 J- arccos X
1+x
arccos 3x
5.6.
‘[\/1 9x?

57 J-arccos )C

V1-9x?

3.20. jm;(x_s)dx

x—S)

4
4.11. J‘ COS X I

(sm xX— 4)

4'12_[ sin 5x e

A/cosS5x
4.1 3.J.\3/ cos 2x -sin 2xdx

4.14. j sin’ 5x - cos 5xdx

4'ISI cosSx e

+/sin’® 5x
4.16.+/cos7x -sin 7xdx
IR

4.17.[\/ cos® 2x - sin 2xdx

cos 6x

418j dx

sin’ 6x
sin 4x

A cos 4x

cos 6x

419]

420j dx

SlIl 6x

S.

511, jm’g 3% 105.00.

6
5.lz.J-arccos 3x e
1+ 9x?

arcsin 2x

\J1—4x?

arcsin* x
A= x?

arccos4x 23

J1-16x7

arccos’ x
VI=x?

517 J~arcctg 5x
1+25x°

5.13j

5.14j

5.15j

dx

5.16.I

dx

330 [ 6Ty

421_[ s1n3x (
cos?

4.221- cos4x e

sin® 4x

4.23.[\/ cos® 2x - sin 2xdx

4-24j sin 5x e
cos® 5x
425! sin4x "

Vcos? 4x

4.26. j sin® 3x - cos 3xdx

4.27. I sin® 8x - cos 8xdx

4.28.Isin5 4x - cosdxdx

429I sin 2x e

Jcos* 2x

4.30..‘ cos6x e

A/sin® 6x

dx
1 +Xx )\/arctgx

dx
5'22"[ il +x° Erctgsx
5.23.
N

521j

arcsm X

3arccos2x

5.25. j;d

N1 —4x?

5.26.
J‘\/1 25x )arcsinSx

arctg®3x
1+9x°

5.27. j dx



58 Iarctg 2x
1+4x

50 J-arcsm 2x

V1—4x?

arccos 2x

V1—4x?

5.10j

dx

ol J.7)c +4
6.2.[1_22’“ dx

6.3, J~ 2x+l
5x* +1

6.4." x+3

Wi

65J‘3x 2
2x+7

66-'.3)6 +1

67j x+5
3x? +1

6.8"‘ 2x-5

N7x*+3

69J-2x 3

Vx“+9

3x - 21dx

610j

7.1..[ sin xdx

1+cos® x

7.2, [3/(1+2x) dx

1
7.3._[de

7.4.[(8x+5) dx

75!4&1)6

V1+x?
76 jsm\/_

arcsin Sx

V1-25x7

5.18j

5.19.f ILE ¥
il+x Erctg x
5.20. N
il+x );rctg X
6

x—1
6.11..|. =

2x+3 Jx
+2

612j

6.13.

5x2

614j

1-2x

N3xP +

2x3

Nrecy

3x+4

6.15j

6.16_[

dx

617j

5x+2

Jx—+

dx

6.18J‘

619I
X

3x+2

N2x® -

6.20. j

7.

7.11.Isin2x-cosxdx

7.12.[3)(7 - 3x) dx

7.13.J.;dx

(2+5x)
7.14.[2(3x—5) dx

715j—dx

N2+ x°

7.16.jx2 cos(4 - x3}lx

arccos’ 7x

V1-49x7
599 Jw/arctg X

5.12]

arctg*8x

dx
1+ 64x°

5.30.j

2x+3

621.[ dx

6.22.]4 2_+

7.21.J‘x2 sin x*dx

7.22.[;*/ 1—4x) dx

723, [——
J(1-6x) i

7.24.3(5x—8)'dx

725j—dx

V2 —x*

7.26.jx2 cos()c3 + S)Jx



7.7.J.x3 sin3x*dx
7.8.] _sin2x
1—-cos2x

7.9._[(2x3 + 1)4 x’dx

7.10.jde

Jx

l.jxcos 6xdx

2.J-xsin (x—5)dx
3 I arcsin 3x dx

4.j arctg 8x dx
S.stin (x—2)dx

6. arcsin8x dx
7.[ xsin (x+3)dx
8. xcos (x+4)dx
9.[arccos 7x dx

10.[In (2x — 4)dx

7. 17.“.x2 sin 2x3dx

7.18.f (2 +1) x?ax

7.19..'.67%2“ - xdx
7.2o.j(e—)dx
e +1
8.

ll.J.xcos(x—7)dx

12.fIn(x+12)dx

13.I (x—4)e" dx
14.jxe_6x dx

15 J. arctg 7xdx

1. 16.j arcsin Sx dx

117.[In(x—7)dx

1.18.[ xcos (x + 6)dx

1. 19.J. arctg%dx

1.20.[ In (x +8) dx

7.27. _sindx
2+cos3x

728.[ (32" —1) x?ax

7.29.Iex3+l - x*dx
eBx
7.30. (—)dx
J‘ e3x _1

1.21 I arctg%dx

22._[ arcsin X dx
5

23.I arccos 2x dx
1.24.[In(2x ~ 1)
1.25._[ In (2x + 3)dx

1.26.J‘arccos£dx
5
X
1.27.\ arctg —dx
Jareig
1.28.Iarcsin£dx
7
1.29.J.arctg6xdx

1 .BO.J. arccos?dx

2. Hatimu unmeepan I (kx +x)e"™ dx, TH€ K — MOPSAKOBBIA HOMED B JKypHaJIe
3. Haiimu unmezpan I (Kx - 4)sinkxdx , TII€ K — MOPSAKOBBIM HOMEP B )KypHAJIE

KoHTpoJsibHbIE BONIPOCHI:

1.Tabnuiia UHTETpasoB .

2. B yem cyTh MeTona 106aBouHOro K03 duimenta?
3.Meroa MOACTaHOBKH.

4. MeTo MHTErPUPOBAHUS IO YACTSIM.
TeopeTnveckue cBeaeHMs

Onpeoenennslit unmezpan.

ITycTh Ha oTpeske [a, b] 3amana HenpepoiBHAs GyHKIHA f(X).



O6o3HaunM m W M HamMmeHbIllee W HauOoNbIIee 3Ha4YeHHWE (DYHKIIMU Ha
oTpeske [a, b]
Pa3obnem oTpe30k [a, b] Ha yacTu (He 00s3aTENBHO OJIUHAKOBHIE) N TOYKAMH.
Xo<X1<X2<...<Xp
Torma x1 — X0 = AX1, X2 — X1 = AX2, ... ,Xn — Xn-1 = AXn;
Ha kak7ioM U3 TTOTy4eHHBIX OTPE3KOB HaljleM HauMEHbBIIee 1 HanOoJIbIee 3HAUCHUE
byHKIUN.

[Xo, X1] —> my, M1; [X], Xz] —> My, Mz; [Xn_l, Xn] — My, M.

CocraBuM CYMMBI:

Sn=miAX] + MAX2 + ... TMnAXa= > mAx,
=1

Sn=MAX| + MaAx: + ... + MaAxa = > MAx,
=1
CymMMa S Ha3blBaeTCsd HMsKHeHl HWHTerpajbHOil CyMMOi, a cymMMa S — BepxHeii
HHTErpajbHON CYMMOIA.
Tk m<M;,T0 Sn< Sn, a mb—a)< Sn< Sa<M(b—a)
BHyTpu Kaxaoro orpe3ka BbIOEpEM HEKOTOPYIO TOUKY €.
Xo<ég <X, X1<&e< X2 ... ,Xnl<E&<Xpn
Haiinem 3HaueHus (QyHKIMM B STUX TOYKAX M COCTaBUM BBIPAXKEHHE, KOTOPOE
Ha3bIBAE€TCS MHTErpajbHoOi cymMmoit st pynkuuu f(x) Ha oTpeske [a, b].

Sn=feNAx + f(E2)Ax2 + ... + fE)Axn = > fe,)Ax,

Tornma MoxHO 3anucath: m;Ax; <f(&)Axi < M;Ax;

CrnenoBarenbHo, Y mAx, <Y fle;)Ax; <Y MAx,

=1 =1 =1



§ <8 <S8
['eoMeTpuyecKu 3TO MPECTABIAETCS CleayomuM o0pa3oM: rpaduk QpyHKIUU
f(x) orpaHuueH cBepXy OINHMCAHHOW JIOMAaHOW JIMHWEW, a CHHM3Yy — BIIMCAHHOM
JIOMaHOWM.
O6o3HaunM maxAx; — HauOONBIIMKA OTpPE30K paszOueHus, a mindx; —
HauMmeHbui. Ecnu maxAx;i— (0, TO 4ucio OTpe3KOB pa3OueHusi oTpeska [a, b]
CTPEMHUTCS K OECKOHEYHOCTH.

Ecmu §,=) fle)Ax,, T0 lim > flg))Ax; = S.
i=1 =1

max Ax;—0
I

Omnpenenenue: Eciu pu mo0bIx pa3OueHusx oTpeska [a, b] takux, yto maxAx;— 0

n
¥ TIPOM3BOJILHOM BBIOOPE TOYEK &i MHTErpaibHas cyMMa S, = Y f(g;)Ax; CTPEMHUTCS K

=1
npeneny S, KOTOPBIM Ha3bIBaeTCA ONpPEEICHHBIM MHTErpaioM ot f(x) Ha oTpeske [a,
b].

b
OO6o3HaueHue : J. A(x)dx

a — HIDKHUAM mipefien, b — BepXHUil peien, X — mepeMeHHas UHTeTpUpoBaHus, [a, b] —
OTPE30K NHTETPUPOBAHUSI.

Omnpenenenune: FEcim  ans ¢yskinuum  f(x)  cymiecTtByeT  mpenen
b

lim > fle)Ax, = I f(x)dx, TO QyHKLMS HA3bIBAETCS HHTErPUPYEMOM Ha OTpe3Ke [a,
=1

max Ax;—0
a

bl.

n b
Taxoke BEpHBI yTBEPXKJICHUA: lim Y mAx, = I A(x)dx
max Ax;—0 o /

n b
ma)l(iAI}rile() ; MAXI = j f(X) dx

Teopema: Eciu ¢ynkums f(x) HempepblBHa Ha oTpe3ke [a, b], To oHa
WHTETpUpyeMa Ha STOM OTpE3Ke.
CBO¥CTBa ONIPE/IEICHHOTO UHTErpaa.

1) Jb.Af(X)dXZ AJb. A x)dx

2) [(£(0= £dx=[ f(xdxx [ £(xdx

D C—y

3) jf f(x)dx=0

4) Ecmu f(x) < @(x) Ha oTpeske [a, b] a<b, To I f(x)dx< I o(x)dx

5) st mpou3BOJIbHBIX YKCEIN a, b, C CIIpaBe/IJIMBO PAaBEHCTRBO:



b c b
jf(x)dx= j AX)dx+ j AX)dx
a a C
Paszymeercs, 3TO paBEHCTBO BBIIOJIHAETCA, €CIM CYIIECTBYET KaXIbl W3
BXOIAIIINX B HETO I/IHTCI‘paHOB.

6) .lf f(x)dx= —j A x)dx

Bvtuucnenue onpedeﬂeunozo unmezpana.

b
[Iycte B wmHTETpane J.f(x)dx HWKHUU mpenen a = const, a BepxHUM mnpenen b

HU3MCHSCTCA. O‘IGBI/IIIHO, qTO €CJIM HU3MCHIACTCA BerHI/Iﬁ npeaci, ToO U3MCHACTCA U
3HAUYCHUEC MHTCTpaJia.

O603HaYNM j f(Hdt = O(x). Haitnem npousBognyto ¢yukuu D(x) mo

IIEPEMEHHOMY BEPXHEMY IPENEIY X.

d ~
— j Abdt= (%)

AHaJOTHYHYIO TEOpEeMy MOXKHO JIOKa3aTh LIS CIIydas MEPEeMEHHOTO HUKHETO
npenena.

Teopema: Jlns Bcskod ¢(ynkiuu f(X), HempepblBHOW Ha oTpeske [a, b,
CYIIECTBYeT Ha JTOM OTpe3Ke IMepBOooOpa3Has, a 3HAYUT, CYIIECTBYET
HEOIpeIeTICHHBI MHTETpall.

Teopema: (Teopema HrtoTona — JleitOnua)

Ecnmu dynkuus F(x) — kakas- mu6o nepBooOpasHasi OT HEMPEPHIBHON (PYHKITUU
f(x), To

jf(X)dx =F()-F(a)

ATO BBIPAXKEHUE U3BECTHO MO/ HazBaHueM (popmyiisl HeroToHa — JleiiOHua.

b
Nuorna npumensior obo3nauenue F(b) — F(a) = F(x)| .

a

®opmyna Herotona — JleliOHuma mnpeacraBisieT coOod  oOmMA  MOAXO0d K
HAXOXKJCHUIO OTIPEICTICHHBIX HHTETPAJIOB.

Yro kacaeTcsi NMPHEMOB BBIUMCICHUS ONPEICICHHBIX WHTETPAJIOB, TO OHU
MPAKTUYCCKA HUYEM HE OTIUYAIOTCSA OT BCEX TEX MPHUEMOB M METOJIOB, KOTOPBIC
OBLITM paCCMOTPEHBI BHIIIIE MPU HAXOXKJICHUU HEOTPEICIICHHBIX HHTETPAJIOB.

ToyHO Tak k€ MPUMEHSIOTCS METOJBI IMOJCTAHOBKU (3aMEHBI TIEPEMEHHOM ),
METO]] MHTETPUPOBAHUS TI0 YACTSIM, T€ Ke TMPUEMbI HAXOXKJICHHS TIEPBOOOPA3HBIX IS
TPUTOHOMETPUUYECKUX,  HUPPALMOHAIBHBIX W TPAHCICHACHTHBIX  (YHKITHH.
OCOOEHHOCTBIO SBIISIETCS TOJBKO TO, YTO NMPU MPUMEHEHUU ITHX MPUEMOB HAJO
pacmpocTpaHsATh peoOpa3oBaHre HE TOJIBKO HA MOJABIHTErPaIbHYIO (QYHKIIUIO, HO U



Ha TIpelie]bl UHTETPUPOBAHUA. 3aMEHssI MEPEMEHHYI0 MHTETPUPOBaHUS, HE 3a0BITh
V3MEHUTH COOTBETCTBEHHO IPEIEIIbl HHTETPUPOBAHMUS.
3amena nepemeHHbIX.

b
ITycts 3anaH uHTETpal j f(x)dx, tae f(x) — HenpepbIBHAsT QYHKIMSA HA OTPE3KE

[a, b].

BBeneM HOBYIO IEpEeMEHHYIO B COOTBETCTBHH ¢ (GOpMYJION X = @(t).
Torma ecnu

Do(a) =a, ¢(PB)=b

2) o(t) u @'(t) HETpepBIBHBI HA OTpe3Ke [aL, B]

3) f(o(t)) onpenenena Ha otpeske [a, B], To
b B
| fndx=[ Ao(ole' (e

B p
Torna I fo()]le'(Ddt= Flo(n]| = Flo(B)]— Flo(a)] = F(b) ~ F(a)

o

[Tpumep.
1 x= Sint; n/2 n/2 11‘[/2
j\/I—xde: = J-\/l—sin2 tcos tdt = Jcosz tdt = — J‘(1+cos2t)dt:
0 oa=0;p=m/2 0 0 29

1 1. SN A T
=—| {+—sin2¢ =—+—sInw=—.
2 2 o 4 4 4

[Ipu 3ameHe mepeMeHHOW B OINpPEACICHHOM HHTErpajie cieAyeT NOMHHUTh O
TOM, 4TO BBOJIUMast GyHKUHUA (B paCCMOTPEHHOM IpHUMepe 3TO (YHKIHMS Sin) AOJHKHA
OBITh HEMpPEpPbIBHA HA OTPE3KE MHTErpupoBaHus. B mpoTuBHOM ciydae (opMalibHOE

npuMeHeHue GopMyJibl IPUBOAUT K abCypay.

[Tpumep.
]de: Xn| =n , C Jpyroi CTOPOHBI, €CJIH TPUMEHHTb TPUTOHOMETPHUUECKYIO
0 0
OJICTAaHOBKY,
T T T 0
J‘dxzquinz XiXCOSZ XZICOSZ X((lb—i to’ - {tgx= t}=j dtz B
0 0 0 'g” X) o 1+t

T.e. aBa cmocoba HaxXOXJEHUS HWHTErpaja JNalT pa3uyHble pPe3yJbTaThl. ITO
MIPOU3OIILIO U3-3a TOTO, YTO HE ObLIT YUTEH TOT (haKT, UTO BBEJICHHAS IEpeMEeHHas tgx
UMEET Ha OTpe3Ke MHTErpupoBaHUs pasphiB (B Touke x = m/2). [loaTomy B qaHHOM
Cllyyae Takas [OJCTaHOBKAa HenpumeHuma. Ilpu 3aMeHe mniepeMeHHOW B
ONpEJEICHHOM MHTErpaje CcleIyeT BHUMATEIbHO CIEIUTh 3a BBIIOJHEHUEM
MEPEYUCIICHHBIX BBIIIE YCIOBUH.
NHTerpupoBanue mo 4acTam.

Ecou dyskmum u = @(x) 1 v = y(X) HeNpephIBHBI Ha OTpe3ke [a, b], a Taxxke
HEMPEPHIBHBI HAa ATOM OTpPE3KEe UX TMPOW3BOJHBIC, TO CIpaBe/mBa (Gopmya

HHTCTPUPOBAHMA 110 YaCTAM:
b

I udv= uvlb— J[Z vdu.

a



BriBon ool

dbopmyIbI

a0COJIFOTHO

AHaAJIOTN4CH

BBIBOAY  (OpMYyIIBI

UHTETPUPOBAHUS IO YACTSIM JIJIsl HEOTIPEAEIEHHOTO UHTErpaja, KOTOpbIil ObUT BecbMa
0IpOOHO PACCMOTPEH BBIILIE, TO3TOMY 3[€Ch IPUBOJUTH €TI0 HET CMBICIIA.
3aganus npakTH4YecKoil padoTbl BbIYMCIUTh OnpeneeH bl HHTEerpal
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b):[(l +§)8dx
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a) [ (6 sin 2x Jdx

b)Y (3-2x)*dx

X
—— Nm'—.a

11.

12.
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b)i[ (1-x)"dx
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a) | cos—xdx
)| 3

0

b)[(l+§)8dx

a)i[ (3x2 — Zx)ix

[1/2
b) [3sin xdx
-I1/2
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10.

J- xdx
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p dx
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a)| (2 sin xJx

18.

b (x* +dx

sin xdx

a)
19.

b (7 -2x)*dx

R ) O 0 [y O b O 0|y

a)j)‘ (x3 — x)ix

I1/3
b) j 3sin 3xdx

20.

[}

1
J
0

1. j-1+lnx
i
13.]
0

1
14. | InGx=1) ;.
/

2/33 1 2_3
15. | n(2 - 3x)
0

16, J- 7smxa’x

7z/2\VCOS X
1
dx
17.
1'/[29\/1—2)6
1/4
dx
18.
;[ V1—4x
19, J'l—i-lnx i
X
ve dx

20. | —
'!xxll —In*x

28.

29.

30.

21.

22.

23.

24.

25.

26.

27.

28.

30.

/s
cos4x
b) j

a)i (3 x* +4x° ):Zx

1

dx
/4

a) j.(2x3 - 2x)1x

b)nfé 4dx

2
, Cos” 2x

a) j‘ (2 sin 3x )x

cos3x

§/(1=sin3x)’
dx

© sin xdx

22 cos? x

dx



1.1

1.2

1.3

. J~3x 30+ j
. xT+l S (x— 1) (x+1)
) j-2x4—5x2+3 » . j~ (x* +2)dx
: "
> x* =1 L (P +D)(x-1)
3 1
x+2 x*+3x° —1
3 13.
'Ixz(x—l) '([ (x+1)
4. j dx 14. j .
S xP(x=1) ) X~ +3x+2
1 5 10
s (X 1. JM
y+2 e X° —x" —6x
342 V3
3x"+2x-3 dx
6. ———dx 16.
-! x’—x J;x +x
1/2 3 7
7. | xdr 17. [ = ax
g3 (x=1) > 1—x
5 3
8. IL 18. &
2 (x=D(x+2) o x =1
4 0
9, IL 19, [
> (x+1)(x—2) Sxt =1
o, @M e,
0 (x=3)° ) X —x’ 4341
4.
NE] ¢ 6xdx
a)fx3V1+x2d a)J;(xs _5)2
X LI,
4
,[ b)J.\/Ecosxdx
0
0
)j f xdx
a
3 a)| —
UG '([\/16x4+1
x 1.12 A
b)j Cosxdx b) [xv/25-3x7dx
0 3 smx 0
dx 0 \/7
a 4+ 5x"dx
)1'[33\/1+3x 113 )'([
f (2x2 +1)dx (x—1)dx
D= b){ S

dx
x*(x=1)
dx
(x+1)(x* +4)

2
23, [ X2

x*=5x?+4

xdx

24,
x*—6x2+16-6

26. | RIS
27,

28.

29.

0
30.




1.4

1.5

1.6

1.7

1.8

1.9

1.10

1
dx
a)'[ a)-[6x 3x l)zdx a)_[
N3—4x
3/4 z
114 7 o 1.24 N o
b) b b)|y(2x+1)d
sz +4) )J;\3/8—7x3 )! : :
1 4dx 1 1/4
_[ a)j 2x° +1) *dx a)J. ; dx
V-2 115 ° 125 o VITH
2 Cosxdx b)j' X dx bj(4_ yd
bj (5—sinx)’ 0 V9 +2x° )4 e
4/3 d 1/2 d 1/2 d
a)J- 2)c G)I xx2 a)J. x2
X +1 L6 0 1-x 126 o 2x-1)
V3 9 ) e 2
b) [ <31+ dx b)fildx b)jSln x4
0 aNX— X
T dx p 4 ¢ dx
T—1)e'd
N G5 o1 erar N i
3 L7, ; 127
cos3x X 3
b b -4
‘[ 16/(1 sin3x)’ )'([ V1-4x );[(x )dx
j’ . dx p
—_— \Nx+1d
o'+ 1 18a)‘3j’4 et 12860! o
z : : )
2 b 10xdx b xdx
! cos 2xdx _(.;4 (16—x°) ).([( 2 _1)3
¢ 10xdx
e 2 1
a)j3ln * dx a)J-(4x3 +1)5x2dx a)~(|)‘4 (16—x)°
1 X 0
) g 1.19b . » 1.29 : 7[
)£5 g7 )E‘:x e ax b)ZJ. sin 3x—5
9
[ dx " cos3x ; d
a) a) | —————dx x ax
! V2-4x ’! ¢/(1-sin3x)’ a)! 31(x° -1)
, 5 os xdx 1 20b)f 32xdx 1 30b)j‘ex dx
)'([ (8—sinx)’ | (x2 +1)5 0
5.
3 3
2.1 Ix In(x —1)dx Vx Inxdx I(3 —Xx)e'dx
2 2
0 1
2.2 .[ xle ™ ?dx arctgxdx J. arcsin(l — x)dx

-2
/2

2.3 jxcos xdx
0

N

(x+2) cosgdx

S e D L —

—_

/2
v
I arctg —dx
1 X



/2 /8 0
2.4 Ixz sin xdx Ixzsin Axdx Jxln(l — x)dx

0 0 -1

1/2 2 6
2.5 I arccos 2xdx Ixz In xdx J‘esm cos xdx
-1/2 1 0
2 e 0
2.6 [(x—1)Inxdx [ e+ in xax [(@x+3)edx
1 1 -1
0 ) 0
2.7 J‘xe*“dx J’arctg(zx ~3)dx J.(x +1)e¥dx
-1/2 372 |
2 /2 1/2
2.8 I xe'dx ‘[ (x + 3)sin xdx jarccos 2xdx
1 0 -1/2
-2/3 X In2 1
2.9 I dx I xe “dx Ixarctgxdx
/3¢ 0 0
e 1112 % 0 ! 2
2.10 [=~dx j (x—2)e ™ 3dx [In3x + 2)ax
X 3 |

KoHTpoJibHBIE BONIPOCHI

1.Yto Ha3wIBaIOT OMNpe/eIeHHBIM HHTETrpajaoM GyHKIUH f(x)?
2.B yeM cOCTOUT reOMETPUUECKUI CMBICIT ONPEICICHHOTO UHTErpasia?
3.ChopmynupyiiTe He0OOX0AUMOE yCIIOBHUE HHTErpUpyeMocT PyHKIuH f(x) Ha
oTpe3ke [a,b].
4.ChopmynupyiiTe HEOOXOAUMOE U JOCTATOYHOE YCIOBHS HHTETPUPYEMOCTH
byskuu f(x) Ha oTpe3ke [a, b].
5.3anummuTe CBOMCTBA ONPEACICHHOTO HHTErpaJIa.
63anumure popmyny HeroTona-JIeitObuua.
7Pacckaxkute 00 OCHOBHBIX METOJ[aX MHTEIPUPOBAHUS ONIPEACIICHHOTO HHTErpaa.



IIpakTueckas padora Ne 9
no teme «AudPepeHunanbHbie ypaBHeHHs IEPBOI0 MOPSAAKA»
Heab: npoBepuTh yMeHHE pemiaTh AU(depeHIraibHble YpaBHEHUS IEPBOTO
NOPSAKA C Pa3IEIICHHBIMU U Pa3AeISIIOIMMKCS IEPEMEHHBIMH.
Bpems BbinosiHeHuss 90 MUHYT

MarepuajnbHoe obecneueHme

1. TeopeTnueckue cBeaCHUS

2.3amaHue

3.JIuct A 4

4 KanbKyJIsaTOpbl

IHopsinok BeINOJIHEHHsI padOThI
1.M3yunts 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUSI

3. Beimonauth 1 0OpMHUTH paboTy
4.IlokazaTp pe3yJIbTaThl MPENOIaBATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckunit MaTepuas

Huggdepenyuanvnviv ypasnenuem Ha3bIBa€TCd YpaBHEHHUE, CBS3BIBAIOIICE
MEXIy €000l HE3aBUCHMYIO TIIEPEMEHHYIO X , HCKOMYIO (QYHKIUIO y H €€
MPOU3BOJIHbIC WU AU PepeHInabI.

CumBomnuecku auddepeHnnaibHoe ypaBHEHUE 3aTUChIBACTCS TaK:

F(x, v, y'): 0, F(x, v, y")= 0, F(x, vy, y",...,y(”))z 0.

HuddepennnansHoe ypaBHEHHE HA3BIBACTCS 0ObIKHOBEHHBIM, €CITU HWCKOMas
GyHKIIMS 3aBUCUT OT OJHOTO HE3aBUCUMOTO IMEPEMEHHOTO.

Topsoxkom nuddepeHnaIbHOT0 YpaBHEHHUS Ha3bIBAeTCS MOPSAIOK CTapIien
npousBoaHON (Wm muddepennmana), BXOAAIIEH B JaHHOE YpaBHEHUE.

Pewenuem (unmu unmeepanom) nudpdepeHInanbHOTO YPaBHEHUSI HA3bIBACTCS
Takasi PyHKUHUsS, KOTOpast 00pallaeT 3TO ypaBHEHUE B TOKIECTBO.

Obwum  pewenuem (unma  odbwum  unmeepaiom) nuddepeHInaTHLHOTO
ypaBHEHUSI HA3bIBAETCS TaKOE€ pPELIEHUE, B KOTOPOE BXOJMUT CTOJIbKO HE3aBUCHUMBIX
MIPOU3BOJIBHBIX TIOCTOSIHHBIX, KAaKOB TOPSANOK ypaBHeHUs. Tak, oOiee perieHue
mudpepeHnanTsHOTO YpaBHEHUS IEPBOTO TOPSIKA COAEPIKHUT OJIHY MPOU3BOIHHYIO
MOCTOSTHHY1O.

Yacmuvim pewenuem nudPepeHnanbHOr0 ypaBHEHUSI Ha3bIBACTCs PEIICHNE,
MOJIYYCHHOE M3 OOIIEro MPHU PA3THYHBIX YHCIOBBIX 3HAYCHUSX TPOU3BOJBHBIX
MOCTOSIHHBIX. 3HAYEHHS MPOU3BOJIbHBIX TTOCTOSHHBIX HAXOAATCS MPHU OINpPEACIICHHbBIX
HAYaJIbHBIX 3HAYEHUSX apryMEHTa U (DYHKIIUH.

Huggepenyuanvuvim ypasuenuem nepeoco nopsioka Ha3bIBaeTCs ypaBHEHUE, B
KOTOPOE BXOJIAT MPOou3BOAHBIC (WK T PepeHITraibl) He BBIIIE TIEPBOTO MOPSIKA.



Pemienne:

3ananme 2:

Pemenne:

Hupppepenyuanonvin  ypasuenuem ¢ pazoensilOWUMUCT — NepeMEeHHbIMU
Ha3bIBAETCS YpaBHEHHUE BUJIA

dy
= = f(x)- ().
dx
JI71s1 pelieHust 3Toro ypaBHEHHsI HY>KHO CHaJasia pa3/ieJIuTh IepeMEHHbIC:

dy _
m = f(x)ax,

a 3aTe€M IMPOUHTETPUPOBATH 00€ YACTH MOJTYICHHOTO PAaBEHCTBA:

I%zjf(x)dx.

IHpumepsl
3aganme 1: Haiinute oOuiee penieHne ypaBHEHHS x - (1 + yz)dx = ydy .
PaznenuB nepeMeHHble, UMEEM xdx = ly dy —. MuTerpupyem 00e 4acTH MOJy4EHHOTO
Ty
YPaBHEHUS:
2
[xdx = o L y?)e b
1+y 2 2 2

Tak kak MPOU3BOJIbHAS TMOCTOSIHHAsE C MOXKET MPUHUMATh JIFOObIE YHCIIOBBIE
3HAYEHMS, TO JJIsI yI0OCTBAa JaJIbHEHIIMX MpeoOpa3oBaHuil BMecTOo C Mbl HAMMCAIU

%lnC. [ToTeHMpYs MOCIIEIHEE PABEHCTBO, MOJIYYUM x° = ln[C - (1 +y° )]

DTO0 U ecTh 00111Iee pEelIeHUE JAHHOTO YPaBHEHUS.
Halitn yacTHOe penieHue ypaBHEHUS s -tgtdt +ds = 0, yJAOBIETBOPSIOLIEE HAYATIbHBIM

T
YCIOBUSM s =4 IIpH ¢ = 3

ds
PasnenuB mnepemeHHble, uMeeM tgtdt+-—=0 . IlpounTterpupyem o006e dYacTu
N

[IOJIYYEHHOI'0 YPaBHEHUS:
ds
'[tgtdt+j—:1nC; —Incost+Ins=InC,
S
Nnn Ins=1InC +Incost, s =Ccost.
DOto ob0miee pernieHWe JaHHOTO ypaBHEHMs. [l HaXOXIEeHHS 3HA4YeHUs

o ) T
IMPOU3BOJIbHOH ITOCTOAHHOH C 1oACTaBUM 3HAUYCHUSA 123 UHs=4B BBIPAXXCHUC JIA

0011Iero pelIeHus: 4 = Ccos(%j, WIN 4 = %, oTkyna C =8.

CrnenoBaresnbHO, HCKOMOE YAaCTHOE pEIIEHUE, YJOBJIETBOPSIOIIECE YKa3aHHBIM
HayvaJbHBIM yCIIOBUSM, UMEET BUJ s = 8cOS? .

3aganus NpakTH4YeCcKOH padoThl

3ananue 1.Haiitu oOuiee pernienue ypaBHeHHi a), 0).



3ananue 2.HaiiTi yacTHOE pellIeHHE YPAaBHEHUS C Pa3/ICTIOIIMMUCS IEPEMEHHBIMU

B1.1. a)x? dx = 3y*dy
O)y(1+x)dx +x(1 —y)dy =0
2yldx =eXdy; y=1npux =0

TdX

6)y2dx + (x —2) dy = 0
1 1

B3 layxdx =,[ydy
6)(1+y>)dx —V/xdy = 0
2.(1+y)dx =1 —x)dy,
y=3 npux= -2
B4. 1.2)(3x? — 2x)dx = dy
0) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux = 2

B2. l.a)\/i; dy =

=2npux=0

BS5. 1.a)(4x — 3)dx = dy
0) (Xy—i-x)z—;:l

2x-1  dx
T y+1 dy’

y=0npux=>5

B6. l.a)xdx = dy
0) 2(xyty)dx = xdy
2(y+1D)dx—(1-x)dy =0,
y=1npux=0
B7.1.a)x% dx = 3y*dy
O)y(l1+x)dx + x(1—y)dy =0
2.y¢dx = e‘Xdy, y=1npux=0

1
0)y*dx + (x —2)dy =0

1 1

B9. La)yVxdx = \[ydy

6)(1+y?)dx — VX dy = 0
2.(1+y)dx =1 —x)dy,

=2npux=0

B16.1.a)x%* dx = 3y*dy
O)y(1+x)dx +x(1—y)dy =0

2.dx =e*dy; y=1npux=0

1
0)y*dx + (x —2)dy =0
1
2.dx =X—2dy,y= 2npux =0

B18. La)xdx = \[ydy
6)(1+y?)dx —Vxdy = 0
2.(1+y)dx =1 —x)dy,
y=3npux =—2
B19. 1.a)(3x? — 2x) dx = dy
0) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux = 2

B20. 1.a)(4x — 3) dx = dy
0) (Xy—i—x)z—;:l

2x-1 _ dx
T y+1 dy’

y=0npux=>5

B21.1.a)xdx = dy
0) 2(xyty)dx = xdy
2(y+1D)dx—-—(1-x)dy =0,
y=1npux=20
B22.1.a)x%? dx = 3y? dy
O)y(1+x)dx + x(1 —y)dy =0
2.ytdx = e'Xdy, y=1npux=0

1
0)y’dx + (x —2)dy =0

1 1

B24.1l.a)Vxdx = \[ydy

6)(1+y?)dx — VX dy = 0
2.(1+y)dx =1 —x)dy,

=2npux=0



y=3n0pux =—2 y=3npux =—2

B10 1.a)(3x* —2x)dx = dy B25.1.2)(3x? — 2x)dx = dy
0) -2xy+3y)dx + x> dy = 0 0) -(2xy+3y)dx + x> dy = 0
2ydx =xdy,y=6npux =2 2.ydx =xdy,y=6npux =2
Bl1.1.a)(4x —3)dx = dy B26.1.a)(4x — 3)dx = dy
6) (xy+x) =1 6) (xy+tx)-=1
2x-1 dx 2x-1 dx
THT a4y’ y=0npux=>5 T 4y’ y=0npux=>5
Bl12.l.a)xdx = dy B27. l.a)xdx = dy
0) 2(xyty)dx = xdy 0) 2(xyty)dx = xdy
2(y+1)dx—-—(1—-x)dy =0, 2(y+1D)dx—(1—-x)dy =0,
y=1npux=20 y=1npux=0
B13.1.a)x? dx = 3y%dy B28.1.2)x? dx = 3y% dy
O)y(Itx)dx + x(1 —y)dy =0 0)y(1+x)dx + x(1 —y)dy =0
2.yt dx = e *dy; 2yldx=eXdy,y=1npux =
y=1lnpux=0 0
1 3 1 3
0)y’dx + (x —2)dy =0 0)y’dx + (x —2)dy =0
2.yi2dxlezdy,y=2npnx=0 2.yi2dxlezdy,y=2npnx=0
B15.l.a)Vxdx = \[ydy B30.l.a)Vxdx = \[ydy
6)(1+y*)dx —vVxdy = 0 6)(1+y*)dx —Vxdy = 0
2.(1+y)dx = (1 —x)dy, 2.(1+y)dx =1 —x)dy,
y:3npnx:—2 y=3HpI/IX=—2

KoHTpoJsbHbIE BONPOCHI:

. Kakoe ypaBHeHue Ha3biBaeTcs quddepeHIanbHbIM?

. Yro Ha3bIBaeTcs peweHueM 1udpepeHIualbHOr0 ypaBHEHU ?

. Kakoe pemenune nuddepeHmaibHOro ypaBHeHUs Ha3bIBaeTCs 00IUM?

. Kakoe pemenune nuddepenimaibHOro ypaBHeH!S Ha3bIBACTCA YACTHBIM?

. Kakne puddepenunanbuple ypaBHEHHS Ha3bIBAIOTCS YPaBHEHUSIMH IEPBOIO
nopsijaka?

. Kakne  nmuddepeHunansHpie  ypaBHEHHMs  Ha3bIBAlOTCS  YPAaBHEHUSAMH  C
Pa3aeNAOIMMHUCS TIEPEMEHHBIMU?



IlpakTnyeckas padora Ne 10
no teme «upPepeHunanbHbie ypaBHeHHsSI BTOPOT0 MOPAAKA»
Henb: HayuuThCA peIIaTh JMHEWHBIE OJJHOPOIHBIE YPAaBHEHHUS BTOPOTO MOPSAKA C
MOCTOSIHHBIMU KO3 PUIIIEHTaMU
Bpems BbinmostHeHuss 90 MUHYT

MarepuanbHoe obecneueHme
1. Teopetnueckue cBeaCHUS
2.3amaHue
3.JIuct A 4
4 KanbKyJIsaTOpbl
IHopsinok BeINOJIHEHHsI padOThI
1.A3yunts 3amanue
2. I3y4uTh TEOPETUYECKHUE CBEICHHUSI
3. Beimonauth 1 0OpMHUTH paboTy
4 .Iloka3aTp pe3yJIbTaThl IPEMOJABATENIO
JomaniHee 3a1aHue
1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOITPOCHI
Teopernyeckue cBeJIeHUA
VYpaBHeHue, conepxkaliee Mpou3BoJHbIe (Wiau AuddepeHIuanbl) HE BBIIIE

BTOPOTO TOPSIIKA, HA3BIBACTCA OuUhepernyuanrvubim ypasHeHuem emopoco nopsaokd.
B o6miem Buzie ypaBHEHHE BTOPOTO MOPSAKA 3aMUCHIBACTCS CIEAYIOIIMM 00pa3oMm:

d? d
u f(x, y,—yj-

dx® dx
O6mee pemenue aud@PepeHIIMATBLHOIO ypaBHEHUS BTOPOTO  MOpPSJKa
COJICP>KHT JIBE MMPOU3BOJILHBIC IOCTOSTHHBIC.
Jlunetinvlm 00HOPOOHBIM U hepeHyUaIbHbIM YPAGHEHUEM 8MOPO20 NOPSAOKA
€ NOCMOSIHHbIMU K02 Puyuenmamy Ha3bIBAETCS YPaBHEHHE BUIA:

2
%w%w:o, (D)
I7I€ p U g - HOCTOSIHHbIE BEJTUYHUHBI.
Jnst  oreickaHuss  oOmero  pemeHuss  ypaBHeHuss (1)  cocraBisercs
xapaxkmepucmuieckoe ypagHeHue

P +pr+q=0, (2)

d’y dy
s T u y Ha COOTBCTCTBYI'OHII/IC
dx dx

KOTOpOE€ mostydaercsi u3 ypaBHeHusd (1) 3ameHoit

CTENEHU 7, IpUYEM caMa (DYHKLHMS y 3aMEHSIETCS €IMHMIICH.

Torma obmee pemenue auddepennmransHoro ypaBHenus (1) crpoutcs B
3aBHCHMOCTH OT KOpPHEH 7 W r, XapakTepHUCTUYeCKoro ypaBHeHHs (2). 3aech

BO3MO>KHBI TP CIIy4asl.
I cnyuaii: Kopau r u r, - JEHCTBUTENBbHBIE U pa3inu4Hble. B aTOM Ciiydae

obmee pemenue ypaBHeHus (1) umeer Bun



Pemienue:

3ajganue 2:

Pemenne:

Pemenne:

y=Ce"™ +Ce™. 3)
II cnyuaun: Kopau n u r, - ACUCTBUTEIbHBIE U PaBHBIC: 1, =7, =7 . lorna
obmee pemenue ypaBHeHus (1) 3amucbIBaeTcs Tak:
y=(C, +C,x)-e™. (4)

IIl cnywyau: Kopau n M r, - KOMIUIEKCHO — COIPSDKEHHBIE: 1, =+ [0,

r,=a-pB-i . B atom cnydyae oOmee pemenue ypaBHeHus (1) 3amuceiBaercs
CJIeAYIOIUM 00pa3oMm:
y=e™-(C, cos fx+ C, sin fix). ®))
IIpumepsbi

2
3aganme 1: Pemuth ypaBHEHUE: i’; 2 _ Z—y+10y =0.

X2 X
CocTaBUM XapaKTEPUCTHUUYECKOE YPABHEHUE U HAWJIEM €ro KOpHH: r° —7r+10=0 .
Otcrona cieayert, 4to 7, =2, r, =5. Tak Kak KOPHH XapaKTePUCTUICCKOTO YPaBHEHUS
NEHCTBUTEIBHBIE W pa3Hble, TO OO0IIee pelieHre AaHHOTO auddepeHINAITHFHOTO
ypaBHEHUs coriacHo ¢opmyiie (3) 3anumiercs Tak: y = Ce™ +C,e’™".

. d’ d
Haiiti yacTHOE pelleHre ypaBHEHNs d—f - Sd—y =0,ecm y=1H Z—y =-11pu x=0.
X X X

CocTaBUM XapaKTEpUCTUYECKOE YpaBHEHHE r° —5r =0. Pemas ero, nomyuyum, r, =0,

r,=5 . Tak Kak KOpHU XapaKTEPUCTUUYECKOTO YpPABHEHHUS JCHCTBUTEIbHBIE U

paznuyHbie, TO oOmee pemieHne audGepeHIINaNIbHOTO YpPaBHEHUS HMMEET BUJI:

y=Ce" +C,e™, T0ectb y=C, +C,e™.

JIisi HaxoXJE€HUS HUCKOMOI'O YaCTHOTIO PELIEHUS HYKHO OINPEIENIUTh 3HAUYECHHUS

nocrosHHblX C, U C, . IlogcTtaBuB B oOliee penieHue 3HauYeHUs x=0 U y=1,

noiryunM 1=C, +C,.

[Tponuddepenuripoa o01Iee pelieHHEe U MOACTABUB B IOJYYEHHOE BBIPAXKEHHE
dy dy

3HAUCHUS x=0 U d—:—l , IMeeM d—=5C2e5x , OTCIOJa cienyer, 4ro —1=5C,. U3
X X

JTAaHHOT'O BBIpaXXCHMUA HaxoguM: C, = —%, ¢ =1-C,= 1—(— %} = §

6 1
Takum 00pa3om, HCKOMOE YaCTHOE PEIICHUE UMEET BUJ y = 3 —ges“‘ :

2
3ananue 3: Pemnts ypaBHEHHE Z s 82—y+ 16y =0.
X

x2
CocTaBUM XapaKTepUCTUUYECKOE ypaBHEHHE W HalieM ero KOpHH: r° —8r+16=0,
1 =r, =4. XapaKTepUCTUUYECKOE YPaBHEHUE UMEET PaBHbIE JIEHCTBUTEIbHBIE KOPHHU;
no3TomMy corjacHo (opmyne (4) oOmiee pemieHue AaHHOTO aUddepeHInaTbHOrO
ypaBHEHUs 3aMUChIBAETCA B BUAE y = (C, + C,x)-e*.



3ananme 4: Haiigure yacTHOE pellieHUE YPaBHEHUS y”"+8) +16y =0, €CIM y =11 y' =1 1Ipu x=0

Pemienne:

Tak Kak XapaKTepUCTHYECKOE YpaBHEHHUE r° +87+16=0 HMEET pPaBHBIC
NEeUCTBUTEIbHBIE  KOPHU 1 =r,=-4 , TO 0OIIee pelIeHHuEe JaHHOTO
i pepeHInaTbHOTO ypaBHEHMS 3aIIMChIBAETCS B BUJIE
y= (Cl + sz)- e = Cle_‘” + sze_‘”.
Huddepenmupys obiee penieHue, UMeeM
y'=—4Ce™ +C,e™ —4C,xe™.

HOI[CTaBI/IB Ha4YaJIbHBIC JaHHBIC B BBIPAKCHHUC JI1 y H y' , HOJIYYHUM CHCTCMY

YpPaBHEHUM
1=Ce’+C,-0-¢° 1=C,
, WIH , OTkyma C, =1 m C,=5
1=-4C,e’ +C,e’ —4C, -0-¢° 1=-4C, +C,

CrnenoBatellbHO, HCKOMOE YaCTHOC PEIICHUE UMEET BUJT y =e " +5Sxe ™.

3ajaHus NpaKTHYeCKOH padoThI
3aganmsa Pemuth ogHOpoaHBIE NHHEHBIE AU depeHlnaIbHble YpaBHEHUSI BTOPOTO

mopsaka. B ITYHKTC a) HAWTHU YaCTHOE PCHICHUC TIPpU 3aJaHHBIX HAYAJIbHBIX YCIOBUAX

YD) =y Y@=y

1.10. a) y'+y'-2y=0 y@)=1 y'©)=3 5) y"+129 436y =0
) 4y"+9y=0
ping W 20 O YO
6) y'-6y'+9y=0 ) v'-8y'+17y=0
s Y S0 06 Y ©-10
) v’ +8y +16y =0 ) 4y" 209 + 25y =0
alag ¥ TV 02 YO
6) yﬂ+lﬂy’r+25y=[} B) yﬂ+2y’r+5y=ﬂ
S50 2 Y r0 @1 YO
i f i f
6) 4y -4y +y=0 B)y -2y +10y =0
i I _ f ey
6.16. 2) 2y +5y =0 y»0)=1 y (0)=4
i ! o
6)y 14y + 49y =0 B)y +4y=0
123" +53' =0 y(0)=2 3 (0)=2

7,17. a)



8,18. a) y'-6y'+8y=0 y©0=2 y'(0)=—4
5 16" +8y' +y=0 o y"-6y'+13y =0
9,19. a) y'-ay'-sp=0 y©0)=2 y'(0)=-3
5 16y" +243'+9y=0 s 3" -4y’ 413y =0
10,20. a) y'=3y'+2y=0 y@=1 y'©)=6

6) Qyﬂ+6y’r+ r=0 B) yﬂ+ 9y =0
KoHTpoJsibHbIE BONIPOCHI
1.JatiTe onpenenenue nudPepeHnanrbHOro ypaBHeHUs.
2.Yt0 Ha3bIBaIOT NOPAAKOM AU pepeHnanbHOTO ypaBHEHUS ?
3.JaiiTe onpenenenue oob1iero pemieHus AuddepeHnaaILHOT0 YPaBHEHHUS.
4.Yto Ha3biBaloT yciaoBusaMu Komm?
5.Yto Ha3pIBaroT 3amauer Komm?
6.JlaiiTe onpeeneHue 4acTHOTO pemeHus AudGepeHnaaIbHOr0 ypaBHEHHUS.
7.Kakue ypaBHeHHs Ha3bIBatoTCA AU depeHInanbHbIMUA ypaBHeHusaMu 11 mopsaka?
8.IloHsITHE XapPAKTEPUCTUUECKOTO YPABHEHHS.
9.00u1€ee pelieHne ypaBHEHUS XapaKTePUCTUUECKOTO YPaBHEHUSI.



IlpakTudyeckast padora No 11

no teme «UcciaenoBanue YUCJIOBBIX PSII0B HA CXOAUMOCTD)
Hesb: Hay4yuTHCS UCCIIEA0BATh YUCIOBBIEC PSJIbI HA CXOJAUMOCTh
Bpems BbinosiHenusi 90 MUHYT

MarepuajnbHoe obecneueHmne

1. TeopeTnueckue cBe1eHUS

2.3ananue

3.JIuct A 4

4 KanbKyJIsaTOpbI

Iopsinok BeINOJIHEHNsI padoThI
1.A3yunrts 3amanue

2. I3y4uTh TEOPETUUECKHUE CBEICHUS

3. Boimonauth U 0()OPMUTH pabOTY

4 .IlokazaTp pe3yJIbTaThl IPEMOJABATETIO
JlomainiHee 3a1aHue

1.ITonroToBUTH OTBETHI HA KOHTPOJILHBIE BOIIPOCHI
Teopernveckue cBeeHn

Omnpenenenne. CymMMa 4YjIeHOB OECKOHEYHOM YHCIIOBOM IOCIIEI0BATECIBHOCTH
u,U,,...,U,,... HA3bIBAETCSI YU CJIOBBIM PSAIOM.

o0
WU, = ),
n=1

[Ipu »ToM umcna u,,u,,.. OyJAemM Ha3bpIBaTh WICHAMU pANA, a U, — OOIUM UYJICHOM

pana.

Onpenenenne. CyMMBl S, =u +u, +...+u, = Y u,, n = 1, 2, ... Ha3bIBAIOTCS
k=1

YACTHBIMHU (YACTHYHBIMH) CyMMAaMM PSJA.
Takum 00pa3zoM, BO3MOKHO pacCMaTpUBaTh MOCIEAOBATEILHOCTH YaCTUUHBIX
cyMM psiaa Sy, Sz, ...,Sn, ...

Onpenenenne. Psax u +u,+..+u,+..=) u, Ha3BIBAETCA CXOASIIUMCS, €CIIHU
n=1

CXOAUTCA IMOCICAOBATCIIBHOCTb €0 YaCTHBIX CYyMM. CyMMa CXoadauIerocs psiza —
npeaci NoCiaca0BaTCIbHOCTH €TI0 YaCTHBIX CYMM.

limS, =8, Sziun.
n=l1

Onpeaenenue. Ecim mociaeqoBaTeIbHOCTh YaCTHBIX CyMM psa pacxoauTcsia, T.C. HC

UMEeT TMpenesia, WIM UMeeT OECKOHEYHBIM mpenes, TO psii  Ha3bIBaeTCs
pacxoasilMMcsi ¥ eMy He CTaBsIT B COOTBETCTBUE HUKAKON CyMMBI.

Ceoiicmea psaooe.
1) CxonuMocTh WIIM PacXOAUMOCTh psila HE HAPYLIUTCS €CIH H3MEHUTD,

0T6pOCI/ITI> 500041 I[O6aBI/ITB KOHCYHOC YHCJIO YICHOB psa.



2) PaccmotpuM 1iBa psina Y u, ¥ Y Cu,, riae C — IOCTOSHHOE YHCIIO.
Teopema. Ecnu pad ) u, cxooumcs u eco cymma pasna S, mo paod Y Cu, mooice

cxooumcs, u e2o cymma pasua CS. (C #0)
3) PaccmotpuM aBa paga ) u, U Y v,. CyMMO#i WM Pa3HOCTBIO 3THX DSJIOB

OyIeT Ha3bIBaThCA PN Y (u,+ v,), TAE BIEMEHTHI OIyYeHBI B PE3y/IbTaTe CIOKCHHUS

(BBIUMTAHUS) UCXOAHBIX AJIEMEHTOB C OJMHAKOBBIMU HOMEPAMHU.
Teopema. Eciu psost D u, i ). v, CXOOAMCA U UX CYMMbL PAGHbI COOMEEMCMEEHHO S

u o, mo pso Y (u,*v,) Modtce CXOOUMcs u e2o cymma pasua S + o.

Z(un+vn)=2un+21/;]:5+c

Pasznocmw 06yx cxoosawuxca psoos makaice 6yoem cxoo0auumcs psiooM.
Cymma cxoosawezocs u pacxoosnue2ocs psaoos 6yoem pacxoosamumcst psoom.
O cymme 08yX pacxo0auuxcs psaoos 0ouje2o ymeepicoeHus cOeiams Helb3s.

[Ipn wu3ydyeHMHW pSJIOB pEIIAlOT B OCHOBHOM JIBE 3aJayd: HCCIICIOBAaHHE Ha
CXOJUMOCTh ¥l HAXOKJICHHE CYMMBI psJia.
1) Ecnu psan Z”n CXOJIUTCSI, TO HEOOXOIUMO, YTOOBI OOIIMM YJIeH U, CTPEMUJICA K

HYJIO. OI[HaKO, 9TO YCJIOBUC HC ABJICTCA NOCTATOYHBIM. MoxHO IrOBOPUTDH TOJIBKO O
TOM, 4YTO €CJIN 06HII/H>'I YJICH HC CTPCMHUTCA K HYJIIO, TO PAA TOYHO pPACXOIUTCA.

. . > 1
HaanMep, TaK Ha3bIBACMbIM T'apMOHHYCCKHUU PO Z— ABJACTCA PACXOIAIINMCA,

n=1

XOT4 €10 O6IIIHﬁ YJICH U CTPEMHUTCA K HYJIHO.

IIpumep. MccienoBaTe cXOOUMOCTD psilia %+ % + % +..+ 1 +...
I]_
o ) ) 1 1 o
Haiinem lim m_ hm—1 = § #0 - HEOOXOIUMBIN MIpU3HAK CXOAUMOCTH HE
n—o 3711 — n—0
n

BBIIIOJIHAETCS, 3HAUYUT P PACXOIAUTCS.

2) Ecnu psaz cXoauTcs, TO MOCIEN0BATEIbHOCTh €70 YACTHBIX CYMM OI'PaHHYEHA.
OpnHako, 3TOT NpU3HAK TAK)KE HE SBJIAECTCS JOCTATOYHBIM.

Hanpumep, psng  1-1+1-1+1-1+ ... +(-1)"'+... pacxoaurcs, T.K. pPacxomurcs
MOCJIEJOBATENBHOCTh €r0 YACTHBIX CYMM B CHJIY TOTO, YTO

S:

n

0, mpm d4er HBIX n
1, mpum Hewer HbIX n

O,IIHaKO, Inpu 5TOM IIOCIACAOBATCIIBHOCTL YdCTHBIX CYMM OI'PpaHHM4YCHA, T.K.
S,

<2 mpu 11000M 7.

Psowl ¢ HeompuuameslbHbIMU UJICHAMU.
HpI/I HN3Y4YCHHUHN 3HAKOIIOCTOAHHBIX PAAOB OTPAHUYHUMCS PACCMOTPCHUCEM PAI0B

C HCOTPHULATCIIbHBIMU YJICHAMHU, T.K. IIPpU IIPOCTOM YMHOKXCHHH Ha —1 u3 3THX pAI0B
MOJKHO IIOJIYUHUTD PpAJAbI C OTPUIATCIIBHBIMU YJICHAMMH.



Teopema. /[us cxooumocmu psoa ) u, ¢ HCOMPUYAMENbHBIMU YTIEeHAMU HeOOXOOUMO

U 00CMAamo4Ho, 4moobl YaCMHbLE CYMMbL PAO0A ObLIU 0O2PAHUYEHDL.
[TpusHaK CpaBHEHUS PAJIOB C HEOTPULIATEIbHBIMHU YJICHAMMU.

ITycTs naHbl Ba psfa Y u, U v, TPH Uy, Vu = 0.
Teopema. Eciu u, < v, npu moO0OM n, TO U3 CXOAUMOCTU psiia Zvﬂ CIelyeT
CXOIMMOCTb pPsia Y u,
Do,

1

IIpumep. MccienoBars Ha CXOAUMOCTD PSif L + 1 Fot— ..
In2 1In3 Inn

, @ U3 PACXOJIMMOCTH PsiJia Z u, CICAyEeT PacXoJAUMOCTh psijia

L

1 1 o |
T.k. — >—, a TApMOHMYECKUH PN D) — PACXOAUTCS, TO PACXOTUTCS U PAJL Zl
n nn

Inn n

|
IIpumep. VccienoBaTe Ha CXOAUMOCTD PSifl z TR
n=1 n

1
T.x. , a pan Zz—n cxomutcss ( Kak yObIBaromias TeoMeTpuyecKas

H2H 21]

1
porpeccus), T psia 27 TOXE CXOJIUTCS.

n=1

Taxxe HCIIOJIB3YCTCA CJICI[YIOH_II/Iﬁ IMPHU3HAK CXOANMOCTHU

Teopema. Eciu u, >0, v,>0 u cywecmeyem npeoei lim% =4, 20e h — uucno,

n—>0 Vn
OMAUYHOE OM HYJA, MO PAOLL Y. u, U YV, 6e0yN 00UHAKOBO 8 CMBLCIE CXOOUMOCTI.
Ilpusnax /lanamoepa.

(Kan Jlepon Janamb6ep (1717 — 1783) — ¢ppaniry3ckuil MaTeMaTuK)
Ecnu Ona pada ) u, ¢ NON0ACUMENLHOIMY YIEHAMU CYUECTNEYemm MAKOe YUCILO

q<], umo 0151 6cex 00CMAMOYHO OOJILUUUX N GbINOJIHACMCA HepaeeHcmeo

u
—L < g, mo pso Z u, CX00UMCcs, ecau duce 0jisl 6cex 00CMAMOUHO OONLUUUX N

n

u
bINONIHACMCA YCl06Ue —1>1, mo pad Y u, pacxooumcs.
u n

n

Ilpeodenvuwtit npusnax /lanamoepa.
[Ipenenbubiii mpu3Hak JlamamOepa SIBISIETCS CIEICTBHEM W3 MPUBEICHHOTO

BbIIIE NTpu3HaKa JlaimamOepa.

Ecnu cywecmeyem npeoen lim 2+t = p, mo npu p < I psao cxooumcs, a npu p > 1 —

11—>0
ull

pacxodumc;z. Ecnu P = ], mo Ha eonpoc o CXOOUMOCMU OMBEMUMb HEIb3A.

1
H[!I/IMCE. OHpGI[GJ'H/ITI) CXOAUMOCTD psaaa z Y .
n=1



u, :i; u,, :11_+11; Jim 2zt = m(11+11)2 o+l n :l<1
2" 2" e g H—>°° 2™ n 2n 2 2

BriBoa: psia cxoaurcs.

IIpumep. OnpeneauTs CXOAUMOCTD psiaa 1+ 11 - % +..+ l' -
m

1 .u . bl . 1
u =—; u,, = ; lim—21 = lim = lim =0<1
bl (n+1)!" wo>e gy o= (pn+1)! m=p+l

BeiBoa: psin cxoauTcs.

Ilpusnax Kowu. (paouxkanvhuliit npu3HaK)
Ecnu 0ns pada Y u, ¢ HeOMPUYameibHbIMU YIeHAMU CYWecm8yem mMaKoe Yucio

q<lI, umo 015 6cex 0ocmamouno OOILULUX N BbINOJHAEMCS HEPABEHCMEB0 iu, < g,
mo ps0 ZU” CXO0UMCA, ecau dce Ol 6cex 00CMAMOYHO OObUUX N BbINOJHACMCA
HepaseHcmeo ilu, > 1, mo pso Zun pacxooumcsi.

CaencrBue. Ecnu cymectByeT npenen limg/u, =p, To ipu p<l psaa cXOIUTCs, a IpH

p>1 psig pacxoguTcs.

2n° +1
IIpumep. OHpeI[eJ'II/ITB CXOIUMOCTD psiga Z(—J

~\ 30" +5

1
2+ —

2n +1 22

lim4/u, =lim——=1im 7 _ =

n—o n—0 31] +5 17—>°03 5 3
2
n

BriBonx: psan cxogurcs.
0 1 n
IIpumep. Onpenennuts CXOAUMOCTh psiaa Z(l +—j .
n=1 n
limz/u —hm(1+ jzl.
T.e. mpusHak Komm He maer orBera Ha BOmpoc O cxoguMoctu pspa. [IpoBepum

BBINIOJIHEHWE HEOOXOJIMMBIX YCIIOBUN cxoaumocTH. Kak ObUIO CKa3aHO BbINIE, €CIH
PAI CXOAUTCS, TO OOLIUI YIIEH psifa CTPEMUTCA K HYJIIO.

n—>0 n—>x

limu, =1im(1+lj =e#0,
n

TakKUM 00pa3oM, HEOOXOJUMMOE YCIOBUE CXOAUMOCTH HE BBITIOJIHSIETCS,
3HAYMT,
psII pacXOaUTCS.

Humezpanvnuotit npusnax Kowu.



Ecnu @(x) — nenpepvisnas nonosxcumenvHas Qyukyus, yovlearowas Ha NPOMENCYmKe

[1;00), mo psio ¢(1) + ¢(2) + ..+ ¢(n) + ... = i(p(ﬂ) U HecoOCMBeH bl UHmMe2pall

n=1

I @(X)dx 0OUHAKOBbLL 8 CMbICIE CXOOUMOCTIUL.
1

1 1 1
[Tpumep. Psn 1+2—a+3—a+...+—a+... cxoautcd npu a>1 um pacxogurcs o<l T.K.
n
o o T dx
COOTBETCTBYIOIINI HECOOCTBEHHBIN MHTETpal I - CXOIUTCS TIPU o>1 M pacxoauTcs
1

=1
a<l.Psax > — Ha3piBaeTCsA 00LIErapMOHUYECKHM DSIOM.

n=1
CaencrBue. Ecnu f(x) u ¢(x) — HenpepbiBHbIe (yHKIMA Ha WHTEpBase (a, b] u

lim @

b b
Vol ):]1, h#0, TO HUHTErpaIbl If(x)dx u J' o(x)dx BeayT ceOsi OJMHAKOBO B
Xx—a+ (p X A A

CMBICJIE CXOAUMOCTH.

3nakonepemennwle pAaodvl. (3HaKouepeoyruuecs paovt).
3HaKOoYepEeYIONINICS Psii MOKHO 3aIucaTh B BUIE:

u—u, +uy—u, .+ (D),
rope u, >0, n=123,..
Ilpusnak Jlenonuua.
Ecnu y 3unaxouepeoyroweeocs psoa u —u, +u,—u, +...+(-1)""u, +... abconomuvle

BENUYUHBL U; YOLIBAIOM U, > U, > Uy > ... U 00WULL YIeH CIMpeMumcs K Hyo u, — 0, mo

PA0 cxooumcsi.

Abconromuan u ycioeHas cxooumocms paooe.
PaccMoTpyM HEKOTOpPBIM 3HAKOMEPEMEHHBIH Pl (C WiIEHaMU TPOU3BOJIBHBIX

3HAKOB) U + i, +...+U,+..= D u, (1)
n=1

U PSJ, COCTABJICHHBIN M3 a0COMIOTHRIX BEJTMYUH WieHOB psaa (1):

o0

- 2)

n=1

Teopema. /13 cxooumocmu psoa (2) cnedyem cxooumocms psoa (1).

||+ || + ...+

ulI

Onpenenenune. Psn Z u, Ha3bIBAETCSl A0COJTIOTHO CXOASIIUMCS, €CJIH CXOJIUTCS P

2w

O‘IGBI/IILHO, 4qTO AJIs1 3HAKOIIOCTOAHHBIX PAAOB IMOHATHUA CXOAHUMOCTH U a0COJIFOTHOM

CXOJIMMOCTH COBIAJAIOT.
Omnpenenenne. Psiy ) 1, Ha3pIBAaCTCS YCIOBHO CXOASIIIMMCS, €CIIM OH CXOIHUTCA, a

psn Y |u,| pacxommres.

Ilpusnaku /lanamoepa u Kowiu 015 3HaKkonepemeHHbIX pA00e.



ITycTb )" u, - 3HAKONIEPEMEHHBIN PsI.

Un+l

Ilpusznak lanamoepa. Eciu cymectByer npeaen lim =p, TOo ipu p<I1 psixa Z u,

Oynet abCoN0THO cXoAsMIMMEs, a ipu p>1 psia Oyaer pacxoasummces. [pu p=1
MIPU3HAK HE JJA€T OTBETA O CXOJAUMOCTH psia.

IIpuznak Komu. Ecnu cymectByeT npenen 1im41/|un| =p, To npu p<l psix ZUH

Oyner aOCoOMOTHO cxoasmuMcs, a pu p>1 psg Oyner pacxomsummcs. [Ipu p=1
NPU3HAK HE TaeT OTBETA O CXOAMMOCTH Psilia.

Ceoiicmea adcotOmHO CXO00AWUXCA PAOOB.
1) Teopema. /{5 abcomomunoi cxooumocm paoa Y., u, Heo0X00UMO U OOCMAMOUHO,

UmooObL €20 MONCHO ObLIO NPEOCMABUMb 8 BUOE PAZHOCIU 08YX CXOOAWUXCS PAOO8 C

HeompuyamenbHbiMU 4IeHAMU.

CaeacrBue. YCIOBHO CXOJSIIUICS DS SBJISETCS PAa3HOCTBIO JBYX PACXOJSIIUXCS

PSZIOB C HEOTPUIIATEIIBHBIMU CTPEMSIIIUMUCS K HYJTIO WICHAMH.

2) B cxomsmemcs psime mro0asi TPYNIIAPOBKA WICHOB psifia, HE M3MEHSIONIAsS WX

MOPSIJIKA, COXPAHSET CXOAUMOCTh U BEJTUYHHY Psa.

3) Ecnu psin cxoauTcst abCOTIOTHO, TO PSII, TOJYYSHHBIA U3 HETO JIFOO00H

NIEPEeCTaHOBKOM YICHOB, TAKXKE a0OCOIIOTHO CXOJIUTCS M UMEET Ty KE CYMMY.

[lepecTaHOBKO YJIEHOB YCIOBHO CXOJAIIEIOCS psiia MOKHO TMOJYYUTh YCIOBHO

CXOJSIIUICS psl, UMEIMUNA o0yl Hamepel 3aJaHHyl CyMMy, H JIaXe

pacxXoasuIuics psia.

4) Teopema. IIpu 11000t epynnuposke 4ieH08 aOCOIOMHO CX00AUe20cs paoa (npu

IMOM HUCTO 2PYNN MOdicem OblMb KAK KOHEeUHbIM, MAaK U OeCKOHeYHbIM U YUCTO

YleHO8 8 2pynne Moxcem Oblmb KAK KOHEYHbIM, MaK U OeCKOHeUHbIM) NOYUAemcs

CXOOAWUICS PO, CYMMA KOMOPO20 PABHA CYMME UCXOOHO20 PAOd.

5) Ecmm psasl iun " i v, CXOHIATCA aOCOMIOTHO M WX CYMMBI paBHBI
n=1 n=1

COOTBETCTBEHHO S U G, TO psAJ, COCTABJICHHBIM M3 BCEX MPOU3BEACHUIN BHUJA

uv,, ILk=12,. B3SITBIX B KAKOM YIrOJHO MOPSJIKE, TAKKE CXOIAUTCI a0COJIIOTHO U €TI0

CyMMa paBHa S-0 - IPOU3BEICHUIO CYMM MEPEMHOKAEMBIX PSJIOB.
Ecnu e mpou3BoIUTh NEPEMHOKEHUE YCIOBHO CXOIAIIUXCS PSJIOB, TO B pe3yJibTaTe
MOYKHO MOJYYUTh PACXOISIIUNCS PSIL.
3ajanusi NPaKTHYECKOH PadoThI
1.Beimucath Tpu NEpBBIX WICHA Psijia HANTU TPETHIO YaCTUUHYIO CYMMY

n=cw oR 2=®nn
f Z
1,11,21a) #=17"%5 6) n=1 7




Z ;
212200 A1 (R=1)1

s 3)2+2

M

3,13,23a) #= H/H 5)1.
A= 22?3

41424 q) n=17(n+1)7.

B =0 3."3"’1

7,1727a) #=1 377 .

?3=*I'23'}2 !
2—2 f
8,18.28 a) ne1 (212)1

==y )]

2
9.19.29 a) #=1(7!)
REOp i n+1))

102030 ay #=1 {21}/

2. I/ICCJIG,IIOBaTL Ha CXOOAUMOCTD, ITPUMCHAA HGO6XOI[PIMI>Iﬁ IMPpU3HaK CXOANMOCTH

111,21 a)z

n—I1 n + 5

2,12,22. a
)nz_IIOn—l

3n +1

3,13,23. )Z

= 5n+2

4,14,24. a)zw

=1 n = Sn

5,15,525. )Z

n=l n +2n

nze 4p3

n= 1(?1 +4)2

"= 'I'|.S‘.EF1 ?1|

,-»31\/_

6)

H=w B

6) #= 1n° +1

n=m ]

6) n=1h-inn

n=aom E”?

Z #e
6) n=11+e""

”i‘x‘smdlﬂ
6) #=l 2?1’\./{?_1

}EED

n= H'{_ COSH

*‘3“1‘1+r:.:::32 23

6) #=1 7

6,16,26. —_—
a),;(zn 1)-2"
7,17,27.
¥
818,28 a)S
n=1 N\ N
9,19,29.
a)nz_:l Tn+1
2
10,20,30.
a),;?m—l

3. HCCJ’I@I{OBaTB Ha CXOJUMOCTh, UCTIOJIB3Ys NMpu3HaK Jamambepa

n—l

6,16,26. )Z

n+1



SNk W=

- 2n—1

2,12,22. a)zW
n=1+/3

2

3,13,23. a)z

n—1

414,24, a)zlo

n=1 N

n—l

KOHTpOJIbeIe BOIIPOCHI
Ornpenenenne 4ucaoBoOro psaaa.
CBolicTBa ¥ BUBI PSAOB.
Onpenenenne cyMMBI psja.

7,17,27. a)Z%

n—1

818.28. a)> >

=n n+1)

9,19,29. a)z

n—l

+1)
571
10,20,30. a)Z—

n—1

Heo0xoaumblii Mpu3HAK CXOJUMOCTH.
ITpusnaku cpaBHeHus1, npusHaku Jlanam6epa u Komu.



IIpakTnyeckas padora Ne 12
no teme «Haxoxaenue npou3BoIHOM YUCIACHHBIM METOA0M.)
Heab: HAy4yuTHCS pelIaTh OAHOPOAHbIE AU (DHEepeHInaTbHbIE YPAaBHEHHUS [IEPBOTO
NOpSAKA.
Bpems BbinosiHeHuss 90 MUHYT

MarepuajnbHoe obecneueHme

1. Teopetnueckue cBeacHUS

2.3amanue

3.JIuct A 4

4 KanbKyJIaTOpbl

IHopsinok BeINOJIHEHHsI padOThI
1.M3yunts 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUS

3. BeimonauTh 11 0GOPMUTE pabOTy
4.I1oka3aTp pe3yJIbTaThl MPENOIaBATEIIO
JomaniHee 3a1aHue

1.IToaroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernueckue cBeeHUA.

Omnpenenenue. Dynknusa f(x, y) Ha3pIBaeTCs OAHOPOJAHOW N — Io HU3MepPEHUSA

OTHOCUTEJIFHO CBOMX apTyMEHTOB X W Yy, €CJIM JJI JHO00r0 3HA4YEeHHs mapamerpa t
(Kpome HyJIsI) BBIIOJIHSETCS TOXKIECTBO:
fltx, ty) = t" f(x, ).
IIpumep. SIBisgercs U OMHOPOIHON QYHKIHUS £(x )= X +3x y?
At t)=(&x) +3(x)°ty=£x +38X y=(xX +3xX ) =F f(x,y)
Takum obpazom, pyHkus f(X, y) sBAsSETCS OJHOPOIHON 3- TO TOPSIIKA.
Omnpenenenue. JlubdepeHnuanbHoe ypaBHEHUE BHUJA y = £{(x, y) HA3bIBACTCS

OJHOPOAHBIM, €CJIM €ro mnpasas 4yacTh f(X, y) ecTb ofHOpOHAs (PYHKIMS HYJEBOIO
U3MEPEHUS OTHOCUTEIbHO CBOMX apIyMEHTOB.

JIroboe ypaBHeHHME BUIA P(x, y)dx+ Q(x, ))dy=0 SIBISETCSI OJAHOPOIHBIM, €CIU
byukuu P(x, y) u Q(x, y) — OMHOPOAHBIC PYHKIIUHM OJTMHAKOBOTO U3MEPEHUSI.

Pemenne n10060ro 0JHOPOJHOTO YpaBHEHHUS OCHOBAHO Ha NMPUBEICHUM 3TOrO
YPAaBHEHUS K YPABHEHUIO C Pa3JECISOIUMUCS IEPEMEHHBIMU.

PaccmoTpum oqHOpPOIHOE YpaBHEHHE Y = f(x, J).
T.x. dpynkuus f(X, y) — 0oIHOpOHAS HYJIEBOTO U3MEPEHUS, TO MOXKHO 3aIUCaTh:
At ) = f(x ).

o 1
T.x. mapamerp t BoOOIIE TrOBOpS MPOU3BOJbHBIA, MPEANOIOKUM, UYTO f=— .

X
f(x y) = /(I,Zj
X

[Tomygaem:



HpaBa;I 4aCTb IOJYUYCHHOI'O paBCHCTBA 3aBUCHT (1)aKTI/I‘-IeCKI/I TOJBKO OT

OJHOTO apTryMCHTA u= Z, T.€. fx, )= (p[ y) = o(u);
X

X
Hcxonnoe nuddepeHimanbHoe ypaBHEHUE TAKUM 00pa30M MOXHO 3aIUCcaTh B BUJIE:
Y =o(u)

[lanee 3aMeHsieM y = ux,
’ u)—u
V=ux+ux K uvx+uxX=o(u); vx+u=¢(u); u= ew-u ;
TakuM 00pa3oM, TIOJYYWIM YPaBHEHHE C Pa3ICISAIOMUMUCT TEPEeMEHHBIMH
OTHOCUTEJILHO HEM3BECTHON (QYyHKIIUHU U.
du dx I du  rdx
o(u)—u X
Jlanee, 3aMEHHB BCIIOMOTATEIbHYIO (PYHKITMIO U HAa €€ BBIPAXKECHHE Yepe3 X U y

— == +G
o(n)-u  x

Y HaWJs MHTErpajbl, MOJTyYUuM OOIlee PEelIeHHEe OJHOPOAHOr0 IU(PepeHInaIbHOIO
YpaBHEHHUS.

Ipumep. Pemnts ypaBHeHUE Y = Z(lnZ + lj.

X X

Beeaem BcriomoratenbHy0 GyHKIIHIO U.
u==; y=ux, y=ux+u.
b'e

OtmeTuM, 4TO BBeIE€HHAs HamMu (GYHKLIMS u BCETJa MOJOXHUTENIbHA, T.K. B
IPOTUBHOM CJyyae TEpsieT CMBICH HCXOAHOEe JudepeHInaibHOe ypaBHEHUE,

cojaepkauiee lnu= an .

X
IloxacrasisieM B HCXOHOE YPaBHEHHUE:
Ux+u=ullnu+l), vx+u=ulnu+u, uv'x=ulnu,
dx du dx

. du
PazznenseM nepeMeHHbIe: == j e
ulnu x ulnu X

Unterpupyst, nomy4aeM: Inflny =In[4+C; Inu=Cx u=e™;
ITepexons oT BcioMoraTenbHOM (QYyHKIUU O0paTHO K (YHKIUH Y, IOJIy4yaeM olliee
peuienue: y= xe.
Ypaenenusn, npueooawueca k 00nopoonwvim.
KpoMe ypaBHEHMH, ONMCaHHBIX BBIIIE, CYLIECTBYET KJIACC YPaBHEHUH,
KOTOpbIE C TIOMOILIBIO OMNpPEAETIEHHbIX MOACTAHOBOK MOTYT NPHUBEACHBI K
OJIHOPOJIHBIM.

ax+by+c
ax+byre )

DTO ypaBHEHHUs BUJa Y = I[



a b

. #0, TO IIEPEMEHHLIE MOIYT OBITh pa3ElICHEI
a. b

Ecim  onpenenurens

MOJICTAHOBKOU
X=u+a; y=v+;

. |ax+by+c=0
T7Ie O U 3 - peleHusi CUCTEMbI ypaBHEHUIM
ax+by+c =0

IIpumep. Pemnth ypaBHeHUE (x—2y+3)dy+ (2x+ y—1)dx=0.

[Monydaem (x—2y+ 3)§/ = 2x— y+1; v ﬂ;
dx dx x—2y+3
Haxonum 3HaueHune onpeaenuTens - _2‘ =4+1=5=0.
. |-2x=—y+1=0 |y=1-2x x=-1/5
Pemraem cucremy ypaBHEHUH ; ; ;
x-2y+3=0 x-2+4x+3=0 |y=7/5

[IpumeHsseM MOACTAHOBKY x=u—1/5; y= v+7/5; B ACXOJJTHOE YPAaBHEHHUE:
(u—=1/5-2v—-14/5+3)dv+ Qu—-2/5+ v+7/5-1)du = 0;
dv 2u+v  2+v/u

(u—-2v)dv+ Qu+v)du =0; —= = ;
du 2v—u 2v/iu-1

|4
3amMeHsAeM NEPEMEHHYIO — =, v=uf; V ={u+ , IPU NOJICTAHOBKE B BbIPAXKECHUE,
u

2+t
3alIMCAHHOE BBIIIIE, UMEEM: [fu+ (= 1
dt = 2+t 2420+t 2(0+t-1)
Pa3nensieMm mepeMeHHbIe: — u= —t= = ;
du 2t—-1 2t—1 2t-1
1 1-2 1-2
du_ 1 172 4 I f( Ht.
u 2 1+ttt l+¢t-7

—%ln‘l +t— 12‘ = ln|u| +InC, ln‘l +t— 12‘ =-2 1n|C1u|

C
; 1+t-1 =—%;

C
ln‘l+t—t2‘=lnu—§ -

[lepexoauMm Tenepb K NEPBOHAYATBLHON (PYHKUINU y U IEPEMEHHOM X.

t:V y=7/5 5y 7, u=x+1/5;
u x+1/5 5x+1

LT (Sy 7) 25C,
S5x+1 S5x+1 (5x+ 1)
Gx+1)>+By-7Gx+1)-(5y-7) =25C,
25X +10x+1+25xy+5y—-35x-7-25y" +70y—49 =25C,
25X —25x+25xy+75y-25y" =25C, +49—1+7




X —x+xy+3y—-y = C+§§ G,

HToro, BeIpaxkeHUEe x° — x+ xy+3y— y* = C ABIIAETCA OOIIMM MHTEIPAJIOM HCXOHOTO
g depeHInaTbHOTO YPABHEHHUS.

ax+ by+c )

B ciyuae ecim B HCXOJHOM YypaBHEHMM BUIa Y =
ax+by+c

a
OTIPENIeITUTEINb

‘ =0, TO EPEMEHHBIE MOTYT OBITh Pa3eIeHbl OACTAHOBKOM
a

ax+by =t.

Ipumep. Pemnts ypaBHeHUE 2(x+ y)dy+ (3x+3y—1)dx=0.
dy _—3x-3y+1 _ 3x+3y-1

[Tosmyuaem 2(x+ y)%/ =-3x-3y+],
X

dx 2x+2y o 2x+2 v’
Haxonum 3HaueHue onpenenuTens - _2 ‘ =—6+6=0;
II dy ¢
PpUMEHAEM IOJACTAHOBKY 3x+3 y= 1. 3 ;
X

HOI[CTaBJ'IﬂeM 9TO BBIpa)KeHI/IC B UCXOJHOC ypaBHeHI/Ie:
%—1 =— 3“2; D oqr—3)=—0r+9; 26/ =6£-9+9; 248 = —3¢+9;

di=dv L dr=-2ax
(—3 2

Paznensiem nepeMeHHbI€:
-3t+9

j(1+—jdt_——jdx t+3ln|t—3|:—%x+Cl
Jlanee Bo3BpaliaeMcs K NepBOHAYAIbHON GYHKIIUU Y ¥ TIEPEMEHHOH X.
2x+2y+2InB(x+ y-1)| =-x+ C;;
3x+2y+2In3+2In[x+ y-1|= C
3x+2y+ 2ln|X+ y- 1| =C

TakuM 00pa3oM, MbI MOJYYWIM OOLIMKA HMHTETrpajd UCXOAHOro auddepeHnaibHOTro
ypaBHEHHUSI.
3aaHus NpaKTHYeCKOH padoThI

3aganme. Peruth oqHopoaHoe qudepeHnnanbHoe ypaBHEHHE.

Bl. xy+y? — (2x% + xy)y/=0 B16. xy+y? — (2x% + xy)y’=0
B2. (x-y)dx+xdy=0 B17. (x-y)dxtxdy=0

B3 (x* xy)dy-y? dx=0 B18. (x*- xy)dy-y? dx=0



B4. xyYy/ =x3+y° B19. xyYy/ =x3+y°

BS. (x-y)ydx =x*dy B20. (x-y)ydx = x%dy
B6. xyYy/ =x3+y° B21. xy’y/ = x3 +y°
B7. xy+y? — (2x% + xy)y/=0 B22. xy+y? — (2x% + xy)y/=0
B8. (x-y)dx+xdy=0 B23. (x-y)dx+xdy=0
BY9. (x*-xy)dy-y? dx=0 B24. (x>-xy)dy-y? dx=0
B10. xyYy/ =x3+y? B25. xy’y/ = x3 +y3
B11l. (x-y)ydx = x* dy B26. (x-y)ydx = x*dy
B12. xy’y/ = x3 +y3 B27. xy’y/ = x3 +y°
B13. 4.xy- xy = (1+x?)e* B28. 4.xy- xy = (1+x?)e*
B14. (x-y)dx+xdy=0 B29. (x-y)dxtxdy=0
B15. (x%-.xy)dy-y? dx=0 B30. (x%-.xy)dy-y? dx=0

KOHTpOJIBHBIE BOIPOCHI:
1. Kakoe ypaBHEHHE Ha3bIBAETCSI OJHOPOAHBIM YPAaBHEHUEM IIEPBOTO MOPSIAKA U €r0
peuieHue?



IIpakTnuyeckas padora Ne 13
1o teme «HYucaenHoe peureHue 1u@pepeHUaATbHOT0 YPABHECHUN
Heab: HAyuyuTHCS pelIaTh JUHEHHbIE TU(PepeHIIMaTbHbIE YPAaBHEHUS TIEPBOTO
NOPSAKA.
Bpems BbinmostHeHuss 90 MUHYT

MarepuanbHoe obecneueHme

1. Teopetnueckue cBeaCHUS

2.3amanue

3.JIuct A 4

4 KanbKyJIaTOpbl

IHopsinok BeINOIHEHHSI PadOThI
1.A3yunts 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHHUS

3. Beimonauth 1 0OpMHUTH paboTy

4 .Iloka3aTp pe3yJIbTaThl MPENO1aBaATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeIeHUA
Omnpenenenue. luddepeniinanbHoe ypaBHEHHE HA3bIBACTCS JIMHEHHBIM

OTHOCHUTEJIbHO HEU3BECTHON (PYHKIIMH U €€ POU3BOAHOM, €CIIU OHO MOXKET OBITh
3allMCaHo B BUJE:

Y+ P(x)y=Ax,
IpU 3TOM, €CJIM TpaBasg 4yacTb ((x) paBHA HYIIO, TO TAKOE€ YPAaBHEHHE HA3bIBACTCS
JMHEHHBIM OJHOPOAHBIM AuddepeHInaIbHbIM YPaBHEHUEM, €CJIM TpaBas 4acTh
(Q(x) He paBHa HYJIIO, TO TAKOE YPABHEHNE HA3bIBACTCS JIMHENHHBIM HEOTHOPOIHBIM
mudpepeHnnanTbHBIM YPAaBHCHUEM.
P(x) u Q(x)- GbyHKIIMU HETIPEPHIBHBIE HA HEKOTOPOM MPOMEXKYTKE a < X < b.
Jluneiinvle 00HOpoOHbBIE QU hepenyuanvHnovie ypasHeHus. PaccmoTtpum
METO/1bl HaXOXAEHUS OOLIETr0 PEeIIeHUs] TUHEHHOTO OJTHOPOIHOTO
muddepeHnanbsHOTO ypaBHEHHS IEPBOTro MOPsAKa BUIA

Y+ P(x)y=0.

Hst sTtoro Ttuma auddepeHuanbHbIX YPaBHCHUN pa3ieiieHHEe TEPEeMEHHBIX HE
MPEJICTABJISICT CIOKHOCTEM.

ﬂ/: - P(x)dx
Y

lnM = —j P(x)dx+ 1n|CI;

In

ﬂ:{m@@

7I P(x)dx

OG6iee penieHue: y=Ce

Jluneiinvie HeoOHopoOHble OughhepenyuanvHvle ypasHeHus.



JInsi uHTEerpupoBaHUs JIMHEHHBIX HEOJAHOPOAHBIX YypaBHeHUM (Q(x)#0)
MIPUMEHSIIOTCSI B OCHOBHOM J[Ba MeToj1a: MeTol bepHyinu u meron Jlarpanxa.

Memoo bepuynnu.
(Axo06 bepnynnu (1654-1705) — mBelapckuii MaTeMaTHK. )

CyTb MeTOJa 3aK/II04YaeTcsl B TOM, YTO MCKOoMasi ()YHKITUS TIPEACTaBISCTCS B
BHUJIE MIPOU3BEACHUS JIBYX byHKIUH y=uv

dv du
[Ipu »TOM OUEBUAHO, YTO y = w— v - b depeHpoBaHUE TI0 YaCTSIM.
X X

HOI[CTaBJ'IHH B UCXOOHOC YPABHCHUC, ITIOJIYHACM:

u%+ V%+ P(x)uv= QA x)

uﬂ/—i- v(ﬂ+ P(X)llj =(x)
dx dx
Jlanee cinemyeT BakHOE 3aMeyaHuE — T.K. MEpPBOHAYabHAs (PYHKIMS ObLIa
NpeACTaBlIieHa HAaMU B BHUJIE€ MPOU3BEICHUS, TO KaXIbIi W3 COMHOXHUTEIEH,
BXOASIIMX B OTO MPOU3BEACHUE, MOXET OBbITh MPOU3BOJILHBIM, BHIOPAHHBIM IIO
HallleMy YCMOTPEHHUIO.
Hanpumep,  ¢yHKIMS  y=2x MOXET ObITh  MpEACTaBICHA  Kak
y=1-2x; y=2-x;
y=2x-Xx, U T.II.

Takum 00pa3oM, MOXXHO OJIHYy W3 COCTaBIJIIOIIMX IMpOU3BEJeHUE (DPYHKIUN

du
BBIOPATH TaK, YTO BHIPAKCHUE i + P(x)u=0.
X

Takum o00pa3om, BO3MOXXHO TOMYYUTh (YHKUIUIO U, TPOUHTEIPUPOBAB,
MOJlyYEHHOE COOTHOIIEHHE Kak OJHOPOJHOE AuddepeHnnaIbHOoe ypaBHEHHE IO

OITUCAHHOMU BBIIIE CXEME:

du du
—=-Pdy [“o=—[P(9ds Inju=—] P(x)dx

—| P(x)dx
In|G;|+ Injuf = [ P(x)dx; u=cel™, c=1/c;
JIJis HaxOXKJIeHUs BTOPOM HEM3BECTHOW (YHKIMH V TOJCTaBUM IOYYEHHOE
dv du
BBIpOKEHUE I (QYHKIMU U B HMCXOAHOE ypaBHEHHE u?+ 7+P(X)u =Q(x) ¢
X X
y4€TOM TOT0, UTO BBIpAXKEHUE, CTOAIIEE B CKOOKAX, PABHO HYJIIO.

Ce_ I P(x)dx ﬂ/
dx

WuTerpupysi, MOXeM HaAUTH QyHKIUIO V:

S 0% Cdv= (e dx

Cv=_[O(X)e[ "t v= %j o dxr ¢ ;



T.e. Obuta moMydeHa BTOpasi COCTABJISIONIAS MPOU3BENCHUS y= uv, KOTOPOE U

ONpeeIIsieT HCKOMYIO (PYyHKIIHIO.
[Toacrapisist HOMy4YeHHbIEC 3HAYCHHUS, TOJIyYaeM:

y=uv= celre U Ax)e Jron e ¢ )

OxoHYaTeaBbHO noay4aeM hopMyIy:

y= SECE U A X)e[ R Cz) , | C2 - npou3BoOIbHBIA KOIP(UIIHEHT.

OTO COOTHOLIEHUE MOXET CUUTAThCA PEIIEHHEM HEOJHOPOJHOIO JIMHEWHOIO
g depeHInaTbHOTO YpaBHEHU B 001IeM BHUE 1o crioco0y bepryim.

Memoo Jlazpaniica.
( JTapranx XKozed JIyu (1736-1813) - ppaniry3ckuit maremaTtuk, mnpes. bepiaunckoin

AH, mou. un. ITer. AH (1776)).
Merton Jlarpanxka perieHus HEOTHOPOIHBIX JUHEHHBIX AU depeHInaIbHbIX

YPABHEHHUM €I11€ HA3bIBAIOT METOJOM BapHALMH NMPOU3BOJIbHON OCTOSHHOM.

Y+ P(x)y=QAx
[lepBblii mar JaHHOTO METOAA COCTOUT B OTOpachIBAHUM MPAaBOW YaCTH YPAaBHEHUS U
3aMEHE €€ HyJIEM

Y+ P(x)y=0
Jlanee HaxoAUTCS pelIeHUE MOMYUYUBIIETOCS OJTHOPOJHOTO AU depeHIInanbHOTO

YPaBHEHHS:

ye Clefjp(x)dx‘

JInst Toro, 4TOO0BI HAWTH COOTBETCTBYIONIEE PEIICHUE HEOJHOPOIHOTO
G epeHInanbHOro ypaBHeH s, Oy1eM CUUTaTh MOCTOSIHHYIO C1 HEKOTOPOit
byHKUMEH OT X.
Toraa no npaBunam nuddepeHIMpoBaHUS NPOU3BEACHUS (DYHKIMH [TOJIydaeM:
dy dC(x) -[rwa
y= @G0 Aty el powy,
dx dx
[ToxcraBiisieM NOJYyYEHHOE COOTHOIIEHHE B HCXOAHOE YPABHEHUE
dC (x) -[rxa
l( )6 J. X)ax — QX)
dx
dC (x) -[rwd
1( ) e _[ X ax
dx

W13 sTOr0 ypaBHEHU onpeaenuM mnepeMeHHyro QyHkiuio Ci(x):
IP(X)dX

—J'P(x)dx

—J' P(x)dx

—G (N P(x)e

—J'P(x)dx

+ P(x)C (x)e

= A(x);

dC (x) = A x)e
HNuTterpupys, noitydaem:
8 :IO(X)GIP(X)dX

HOI[CTaBJI}IH 9TO 3HAYCHHUC B UCXOIHOC YPABHCHHUC, I10JIYy4aCM:

dx,

dx+ C;



y= e-jp(x)de Q(X)ejp(x)dxdx-l- C) .

Takum o00pazoM, MBI MOJYYHJIM pE3YyJbTaT, IOJTHOCTBIO COBIAJAIOLIUNA C
pe3yJIbTaTOM pacueTa o Mmetoxy bepryinim.
[Ipu BbIOOpE MeTona pemieHus JAUHEHHBIX AuddepeHInanbHbIX ypaBHEHUN

clielyeT PYKOBOJICTBOBATHCS MPOCTOTOW HMHTETPUPOBAHUS (PYHKUUN, BXOASIIUX B
VCXOJHBIA UHTETrPAl.

Jlanee paccMOTpUM MPUMEPHI PEMICHHS pa3IUIHbIX TudPepeHIInanbHbIX YpaBHEHUH
pPa3IMYHBIMHA METOJAMH U CPABHUM DPE3YJIbTATHI.

1
Ilpumep. Pemuth ypaBHeHHE x° ) + y= ax’e*.
1 1
CHauasia MpuBe/IeM JaHHOE YPaBHEHHE K CTAHAAPTHOMY BUAY: Y +— y= ac”.

X
1

[IpUMEHHM MOJIYYEHHYIO Bbile GOpMyITy: P = %; Q= ae™;

(L oL
y=e 3 (J‘ae"ejfdxdmr CJ

1 1 1
y= e{j ae*e *dx+ C] = ex(j adx+ C)

1
y=e*(ax+ ).
3aganme. Pernth nunelinoe nuddepeHuanbHoe ypaBHEHHE.
B1.xy- xy = (1+x?)e* B16. xy- xy = (1+x?)¢e*
B2. y+2 xy =x° B17. y+2 xy =x°
B3 (1+x?)y-xy =2x B18. (1+x%)y’-xy =2x
B4. xy+y =x+1 B19. xy'+y =x+1
Bs. 2 Y-y B20. 2 Y=y

dx X dx X
B6. y+y=x+1 B21. xy'+y =x+1
B7. xy- xy = (1+x?)e* B22. xy'- xy = (1+x?)e*
B8. y+2xy=x> B23. y+2xy=x°
B9. (1+x?)y-xy =2x B24. (1+x?)y-xy =2x
B10. xy-+y =x+1 B25. xy'+y =x+1
BIL. 2 Y-y B26. 2 Y-y

dx X dx X

B12. xy'+y =x+1 B27. xy+ty=x+1
B13. xy'- xy = (1+x?)e* B28. xy'- xy = (1+x%)e*
Bl4. y+2 xy =x° B29. y+2xy=x?

B15. (1+x?)y/-xy =2x B30. (1+x?)y/-xy =2x



3agaua 2. Haiitu pemenue 3anauu Koy,

41.y'—y/x=x%, y(1)=0. 4.2,
y' —yetgx =2xsinx, y(z/2)=0.
4.3. y’+ycosx=%sin2x, y(0)=0. 44.
V' +ytgx=cos’x, y(z/4)=1/2.
4.5. y,_xi2 =x"+2x, y(-1)=3/2.46.
y'—ﬁyzex(erl), y(0)=1.
4.7. y'—szsinx, y(zjzl. 4.8. y’+Z:sinx, y(ﬂ)zl.
X 2 X T
49. Y+ =2, y(1)=1. 4.10.
2x
2x 2x’ 2
' = , y(0)=—.
27 1+ »(0) 3
. 2x-5 p LYy x+l
411, y' — =5 y(2)=4 412. y+2="""¢", p(1)=
V=—=r=5 »(2) Vo=, y(l)=e
;Y Inx .y 12
413y —Z=2—"2_ y(1)=1. 414y —Z=—2 y(1)=4
y-==2==, () V=== (1)
4.15. y'+gy=x3, y(1)=-5/6. 4.16. y'+Z:3x, y(1)=1.
X X
,  2xy , 1-2x
4.17.y—1+x2:1+x2, y(l):3. 4.18. y' + 2 y=1, y(l)zl
4.19. y'+3—y:%, y(1)=1 420. y'+2xy=-2x", y(l)=e.
X X

421. y' + =

422. y'+xy=-x", y(0)=3.



4.23y'—ﬁy=ex(x+l)2, y(0)=1.

424y +2xy = xe ™ sin x, y(O) =1.

425. y'=2y/(x+1)=(x+1), y(0)=1/2.

4.26. y'—ycosx =—sin2x, y(0)=3.

427,y —4xy=-4x, y(0)=-1/2. 428, y’—%z—me, (1) =1.

429,y =3x’y =2 (1+x") 3, y(0)=0.
430. y'—ycosx=sin2x, y(0)=-1.

KoHTposabHBIE BONPOCHI:

1. Kakoe ypaBHEeHHE Ha3bIBACTCA JMHEWHBIM YPABHEHUEM IIEPBOTO MOpsIKa?
2.Kaxoe ypaBHeHue Ha3bIBaeTcs quphepeHInanbHbIM YPABHECHHEM.

3.Yrto Ha3bIBaeTcd penieHueM AuddhepeHnaibHOro ypaBHEeHUS.

4.06mee pemenne audepeHImaIbHOTO ypaBHEHHUS.

5.Hanucarp o6mmii Bua nuddepenunanbHoro ypaBHeHus 1-ro nopsiaka ¢
pa3IeAOMUMHUCS TIEPEMEHHBIMHU.

6.3amaua Komn.

7.KakoB 001uit Bua ogHOpogHOTo 1 hepeHIMaIbHOr0 ypaBHeHus 1-ro nopsaka?
8.ANropuTM petieHust OAHOPOIHOTO U dHepeHIINATBHOTO YpaBHEHHSI IEPBOTO
nopsJIKa.



IlpakTnyeckas padora Ne 14
1o Tteme «Pemienue 3aqa4 Ha HAXO0KIeHHE BEPOATHOCTH
Leab: HAYYUTHCA HAXOAUTh BEPOSITHOCTh COOBITHIA.
Bpems BbinmosiHenuss 90 MUHYT

MarepuajibHoe odecnieyeHue

1. Teopetnueckue cBeaCHUS

2.3amaHue

3.JIuct A 4

4 KanbKyJIsaTOpbl

IHopsinok BeINOJIHEHNsI padOThI
1.M3yunts 3ananue

2. 3y4uTh TEOPETUYECKHUE CBEICHHUS

3. Beimonauth 1 0OpMHUTH paboTy
4.1Toka3atp pe3yabTaThl IPENOIABATEIIO
JdomainHee 3a1anue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teoperuueckue cBegeHUA
Kaaccnueckasn BEPOATHOCTHaAdA MOACJ/Ib. FCOMeTpl/I‘IeCKaﬂ BECPOATHOCTD

3amava 1. B smuxke 5 anenscuHoB U 4 si6;10Kka. Haynauy BeiOuparotcs 3 dpykra.
KakoBa BeposSITHOCTB, UTO Bce TpU (HpYyKTa — aneabCUHbI?

Pemenue. DnemMeHTapHBIMUA UCXOIAMHU 3/IECH SIBIISIIOTCS HA0OPHI, BKITIOUYatomuye 3
dbpykra. [Tockonbky mopsiiok PpykToB Oe3pasznuyeH, OyJeM CUUTaTh UX BBIOOD
HEYTOPSA0UYCHHBIM (1 0ecrioBTOpHBIM). O0111ee YMCIIO 2JIIEMEHTAPHBIX UCXO0JI0B

n= |Q| . C?
aBHO YHCJIy CIIOCOOOB BHIOPATh KTa U3 9, T.€. YUCITY COUCTAHUH ~°.
y 0 0 3 dpy 9 y s

m=|A|

Uucno 651aronpuaTCTBYIOMUX UCXOI0B PaBHO YKCITy CIOCOO0B BhIOOpA 3

3
AlICJIBCHMHOB U3 UMCHOIIINXCA 5, T.C. C5 . Torz[a HNCKOMas BepOHTHOCTB
51
C; ol
P(Ad)=—>=22-0]12
;9
316!

3amaua 2. [Ipenonasareins nmpeayiaraeT KaXxao0My U3 TPEX CTYyACHTOB 3aJyMaTh
nr060e uncino ot 1 1o 10. Cuuras, 4To BEIOOP KaXAbIM U3 CTYJEHTOB JHOO0I0 Yucia
U3 3a/IaHHBIX PABHOBO3MOJKEH, HAUTH BEPOSITHOCTD TOT'O, YTO Yy KOTO-TO U3 HUX
3alyMaHHBbIE YHCIIa COBOAAYT.

Pemenne. Brauane moacunTaeM o0111ee KOTMIECTBO MCX010B. [IepBhIif U3 CTyACHTOB
BbIOMpaeT 04HO U3 10 yucen u umeer n1=10 BO3MOKHOCTEMN, BTOPOIl TOKE UMEET
n2=10 BO3MOXHOCTEN, HAKOHEL, TPETHM Takke nMmeeT n3=10 Bo3mokHOCTEN. B cnmy
paBuiIa YMHOKEHHS o0LIee Yuciio cnocodoB paBHo: n=nlxn2xn3=103 = 1000, T.e.
Bce IpocTpaHcTBO conepkuT 1000 anteMeHTapHbIX HCX0M0B. I BBIYMCIICHUS
BEPOSATHOCTU COOBITHSI A yT00HO NEPENUTH K IPOTUBOINOIOKHOMY COOBITHUIO, T.€.
MOJICYUTATh KOJIMYECTBO TEX CIIy4aeB, KOT1a BCE TP CTYAEHTA 33 {yMBbIBAIOT PAa3HbIC
yucina. [lepBorit u3 Hux no-npexxaemy nmeetr m1=10 cmoco0oB BbIOOpa Unca.



BTopoii cTyaeHT uMeeT Tenepsh Juilb m2=9 BO3MOKHOCTEH, MOCKOJIBKY EMY
IPUXOJUTCS 3200TUTHCS O TOM, YTOOBI €r0 YHCIIO HE COBIAJIO € 33 lyMaHHbIM YHCIIOM
nepBOro cryjeHTa. Tperuil CTyieHT enle 0osee OrpaHUYeH B BBIOOpE — y HETO BCETro
m3=8 Bo3MokHOCTeH. [ToaToMy 0O111ee uncio KoMOMHALIMN 33 yMaHHbIX YHCEI, B
KOTOPBIX HET coBNaaeHui, paBHo m=10-9-8=720. CiryyaeB, B KOTOPBIX €CTh
coBnazeHus, ocraercsa 280. CrnengoBarenbHO, ICKOMAasi BEPOSITHOCTh paBHA
P=280/1000= 0,28.

3anaua 3. HaiiTu BepOsSITHOCTH TOTO, YTO B 8-3HAYHOM YHKCIIE POBHO 4 U(PPHI
COBIAJAIOT, @ OCTAJIbHBIE PA3JINYHBI.

Pemenue. CobpiTHe A={BOCEMHU3HAYHOE YHCIIO COJIEPKUT 4 OJTMHAKOBBIC IU(PPHI}.
N3 ycnoBus 3aa4uu CIIEYET, YTO B UKCIE MATh PA3TUYHBIX HU(P, OAHA U3 HUX
noBTopsierca. Yucno cnocoOoB e€ BpI0Opa paBHO YKCITy CIOCOO0OB BIOOpA OIHOM
mugpsel u3 10 qudp. Ota nudpa 3aHuMaert J1roobie 4 MecTa B UUCIIE, YTO BO3MOXKHO

4
caeaarp 8 CHOCO6aMI/I, TaK KakK IMOPAAOK 31CCh HC BAKCH. OcraBmuecs 4 mecta
3aHUMArOT Pa3JINYHBIC III/I(I)pBI N3 HCUCIIOJIB30BAaHHBIX ACBATH, U TAK KaK YHUCIIO

3aBUCHUT OT ITOPAAKA PACIIOJIOKCHUA I_II/I(i)p, TO YHCJIO CIIOCOOOB BBI60pa YCTBIPCX

4
G p paBHO YUCITY pa3MelIeHUN 4 Torna uncio 0JIaronpUATCTBYIOIIHUX UCXOI0B

_ 4
[AR10G 4 . Bcero ke cnoco6oB cocTaBieHus 8-3Ha4HbIX uncen paBHo |Q2[=108.

HckomMast BEpOSATHOCTh paBHA
Al 10Ci4; 8 9 1

polAl_10GA 8 O 1 601168

Q| 10° 44! 5 10
3anaua 4. lllectsp KIMEHTOB ciydaiiHbIM 00pa3oM obparatores B 5 ¢dupm. Haittu
BEPOSITHOCTh TOTO, YTO XOTsA OBbI B OJJHY (PUPMY HUKTO HE OOpaTUTCSI.
Pemenne. PaccMOTprM mpOTHUBOTIONOKHOE COOBITHE A, COCTOSAIIEE B TOM, YTO B
KKyt U3 5 GupM 00paTHiICs KIMEHT, TOT/1a B KaKyl0-TO U3 HUX 00paTHINCh 2
KITMEHTA, a B OCTAJILHBIE 4 (DUPMBI — IO OJJTHOMY KJIMEHTY. Taknx BO3MOXKHOCTEH

_ . 6!
A= 5x Ny2LLL) = -2
2! O6mee koaMyecTBO CIIOCOOOB paCIpPeIeIuTh 6 KIHEHTOB
— . 6!
Olss Py =9 -%:0,1152
o 5 pupmam 121=5" Orcrona 2t s . CirlenoBaTenbHO,

P(A)=1-P(A)=08848

3amaua 5. [Tycts B ypHe umeercs N mapos, u3 HuX M 6enbix 1 N-M geprbix. 13
YpHBI U3BJIeKaeTcs n mapoB. HailTu BeposSTHOCTh TOTO, YTO CPEI HUX OKAKETCS
POBHO M OEIBIX MIAPOB.

Pemenue. Tak kak NOpsAIOK JIIEMEHTOB 3/1€Ch HECYLIECTBEHEH, TO YUCIO BCEX

i

BO3MOXHBIX HA00pOB 00BbeMa n u3 N 3JIEMEHTOB PaBHO YKCITY COUETAHHM v,
Uucio CIBITaHUM, KOTOPBIE OJIArONPUSTCTBYIOT COOBITHIO A — ""m O€JbIX IIapoB, N—

m n—m

m 4epHBIX", paBHO ~ M~ N-M J, CJIE€A0BATENIbHO, ICKOMAasi BEpOSITHOCTh paBHA P(A)=
Chei

Cy



3anmaua 6. Touky Haygady Opocuin Ha oTpe3ok [0; 2]. KakoBa BeposTHOCTH ee
nornaaanus B orpe3ok [0,5; 1,4]?

Pemmenue. 371ech POCTPAHCTBO HIEMEHTAPHEIX HCX0I0B Bech otpesok 2 =10:2] 5

MHO>KecTBO GuaronpusterByroumx ucxogos 4 =105 141 mpy srom mmast sTHx
otpeskoB paubl (=2 y [(4)=0.9

Py =LA 09 _ 45
Q) 2 -
3anava 7 (3amava o Bctpeue). [[Ba nmuna A u B yclioBUITUCh BCTPETUTHCS B
onpeneneHHoM Mecte Mexxay 12 u 13 yacamu. [Ipuinenimii nepBbIM KIET APYTOro B
TedeHuu 20 MUHYT, MOCJE Yero yxoauT. Yemy paBHa BEpOSTHOCTh BCTPEUU JUI] A U
B, ecnu npuxox kKaxa0ro U3 HUX MOKET MPOU30MTH Haylayy B TEUEHUU YKa3aHHOTO
yaca ¥ MOMEHTHI IPUX0/1a HE3aBUCHUMBI?
Pemenue. O603HauMM MOMEHT Mpuxo/a Juia A depes X u nuna B — gepes y. Jlns
TOT'0, 4YTOOBI BCTPEYA MPOU3011LIa, HEOOXOIUMO U JOCTATOYHO, YTOOBI | X-y | <20.
N3006pa3uM X U y Kak KOOpJMHATHI Ha MJIOCKOCTH, B KAYECTBE €AMHUIIBI MaclTadba
BbIOEpEeM MUHYTY. BCEBO3MOXKHBIE HCXO/Ibl TPEICTABIIAIOTCS TOUKAMH KBaJIpaTa co
cTopoHoii 60, a 6;1aronpUATCTBYIOIIME BCTPEUE PACIIOaraloTcs B 3alITPUXOBAHHON
obnactu. Mickomasi BEposITHOCTb paBHA OTHOILIEHHUIO TUIOIIA/IM 3aIITPUXOBAHHON
burypsl (puc. 2.1) x momraau Bcero kBajapara: P(A) = (602—402)/602 = 5/9.

COOTBETCTBEHHO. [IoaTOMY

5
1/
¢ SN
N
20
NN
20 60 X
Puc. 2.1.

OcHoBHBIE (pOpMYJIBI TEOPUH BEPOSTHOCTEH

3adaua 1. B smuke 10 KpacHBIX U 5 CUHUX TyTOBUI. BeIHMMAalOTCS Hay1auy JBE
nyroBuilbl. KakoBa BEpOSTHOCTh, UTO MYTOBUIIEI OYAYT OJTHOIBETHHIMU ?

Pewenue. CoobiTrie A={BBIHYTHI ITyTOBUIIBI OJTHOTO I[BETAa} MOXKHO MPE/ICTABUTH B

A=4+4 Ay A

BHUAC CYMMBI 2, TaC COOBITHS 2 O3Ha4aroT BI)I60p IIYT'OBHI] KPaCHOI'O U

CHUHECT'O IBE€TA COOTBETCTBCHHO. BepOHTHOCTI) BBITAIIUTDL IBC KPACHBIC ITYT'OBUIIbI
2 2
Co C;

P(4)= et
e G

paBHa

P(Az) =

, 4 BCPOATHOCTD BBITAIIIUTH ABC CUHUC ITYT'OBUIIbI . Tak



Kak cobbrtus 4 u: ne MOTYT IPOU30UTH OJJHOBPEMEHHO, TO B CHIIY TEOPEMBI
CJIOKEHUS
10! N S!
Co+Cs _ 28 28l
P(A) =105 = 28230 0504,
() == =20,
213!

3aoaua 2. Cpenu coTpyIHUKOB (hupMbl 28% 3HAIOT aHTTUNCKUH s3bIK, 30% —
HeMelKuid, 42% — GhpaHIly3CKUM; aHTTIMUCKUNA U HEMEIKUI — 8%, aHTTTUHCKUN U
dpanirysckuii — 10%, Hemeukuit u ¢ppaniry3ckuii — 5%, Bce Tpu s3bika — 3%. Halitu
BEPOSITHOCTH TOTO, YTO CIIy4ailHO BHIOpAHHBINA COTPYAHUK (DUPMEL: a) 3HAET
AHTIIMHACKUN WIIM HEMETIKHi; 0) 3HAaeT aHTTIMICKUA, HEMETKUH W (PpaHITy3CKuii; B)
HE 3HACT HU OJIMH U3 MEPEUUCICHHBIX SI3bIKOB.

Pewenue. O603naunm uepes A, B u C coObITHS, 3aKITIOYAIOIITAECS B TOM, YTO
CITy4aitHO BBIOpaHHBINA COTPYIHUK (DUPMBI BIaI€E€T aHTTHIUCKAM, HEMEIIKUM I

b paHITy3cKUM COOTBETCTBEHHO. OYEBHUIHO, JOIU COTPYAHUKOB (DUPMBI, BIAJCIONTNX
TEMU WJIM WHBIMH SI3IKAMU, OTIPEIEISIIOT BEPOSTHOCTH dTUX coObITHiA. [Tomyuaem:

a) P(AUB)=P(A)+P(B) -P(AB)=0,28+0,3-0,08=0,5;

0) P(AUBUC)=P(A)+P(B)+P(C)—(P(AB)+P(AC)+P(BC))+P(ABC)=0,28+0,3+0,42—
—(0,08+0,1+0,05)+0,03=0,8;

B) I-P(AUBUC)=0,2.

3aoaua 3. B cembe — n1Boe nereil. KakoBa BepOsSTHOCTB, YTO CTApIIN peOEHOK —
MaJb4MK, €CJIM U3BECTHO, YTO B CEMbE €CTh I€TU 000€ro mnoja?

Pewenue. Ilycts A={crapmmuii pebeHOK — MaIb4uK }, B={B ceMbe ecTh 1eTH 000€ero
nojna}. byieM cuuTarth, 9TO pOXKIEHUE MATbYMKA U POXKIICHUE IEBOYKHU —
paBHOBepOsITHBbIE cOOBITHA. Ecii poskieHne Manpunka 0603HauuTh OykBOr M, a
pOXJIeHre AeBOYKHU — [], TO MPOCTPaHCTBO BCEX DJIEMEHTAPHBIX UCXOJI0B COCTOUT U3

YyeThIpex nap: Q= MM, M1, IM , JUT } B stom npocTtpancTBe nuiib 1Ba ucxonaa (M/]]
u JIM) otBeuarot cooniTuio B. CoObiTHie AB 03HavaeT, 9To B ceMbe eCTh JIeTH
o6oero moa. Crapiuii pe0EHOK — MaJIBUUK, CIIEOBATEIBHO, BTOPOH (MITaIIITHiA)
pebeHok — aeBouka. Itomy coObiTuio AB oTBeuaet oaun ucxon — M/I. Takum
oOpazom, |AB|=1, B2 u

|AB| 1

P(4|B)= —=0,5.
(418) B 2



3aoaua 4. Mactep, umes 10 neraneil, U3 KOTOPbIX 3 — HECTaHJAPTHBIX, IPOBEPSIET
JeTay OJHY 3a Ipyroi, IIoKa eMy He Ionajaercs ctanaapTHas. KakoBa BEposSTHOCTS,
YTO OH MPOBEPUT POBHO JABE JETAIN?

Pewenue. CobbiTrie A={MacTep NpoBEpUI POBHO JIBE JIETANIM } O3HAYAET, YTO MPHU
TaKOW MPOBEPKE MepBast AeTallb OKa3ajlach HECTAHIAPTHOM, a BTOpasi — CTaHAapTHAas.

3maunt, 4= 44 rpe ={ nmepBasl JieTallb OKa3ajlachb HECTAaHJAPTHOH } U 4,
={BTOpas JeTaib — cTaHAapTHas }. O4eBUAHO, YTO BEPOSITHOCTh COOBITHSA A| paBHA

P(4)=3/10, poue Toro, P | 4)=7/9

, TAK KaK nepeJi B3ATUEM BTOPOU JA€Talu y
MacTepa 0CTajoch 9 neranei, u3 KOTOPBIX TOJIBKO 2 HECTaHAAPTHBIE U 7

crangapTHbIX. [Io TeopeMe yMHOXEHUS

3
10

P(A) = P(4,4,) = P(4,)P(4, | 4,) = =7/30.

NR RN

3adaua 5. B ogHOM sitiuke 3 O€IbIX U 5 YEPHBIX IIapOB, B IPYTOM SIIUKE — 6 OEJIbIX
1 4 yepHbIX 1mapa. HaiiTu BeposSTHOCTH TOTO, YTO XOTsI ObI M3 OJHOTO SITHKa OyIeT
BBIHYT OCJIBIN 1Iap, €CJIM U3 KKJIO0TO SIIIMKA BBIHYTO 1O OJTHOMY IIIapy.

Pewenue. CoobiTrie A={X0Ts ObI U3 OJTHOTO SAIIUKA BEIHYT OCJBIN MIAP } MOKHO

MPEACTABUTH B BUJIC CYMMBI A=4+4 rne cobprrust 4 n 4 osnavaror nosiBieHue
OeJoro mapa 13 MepBOro U BTOPOTO SAIIHKA COOTBETCTBEHHO. BeposTHOCTH

P(4,)=3/8

BBITAIITUTH OeJbIi map U3 ICpBOTo AIIMKA paBHA , 4 BCPOJATHOCTDH

BBITALUTH GelIblil wap u3 roporo smuka £ (4) =6/10 Kpome toro, B cuny
W P(AA) = P(A)YP(4) = 2= -
HE3aBUCUMOCTH ‘1 ¥ “2 uMeeM: 8 10 40 TIo Teopeme
CIIOKEHHS TTOTyYaEM:

P(A) = P(4, + 4,) = P(4)+ P(4,) — P(4,4,) =3/8+6/10-9/40=3/4

3adaua 6. Tpu 3K3amMeHaTOpa NPUHUMAIOT IK3aMEH [0 HEKOTOPOMY MPEAMETY Y
rpymnmnsl B 30 4eloBek, Ipu4eM NepBbIi onpalmnBaer 6 CTy1IeHTOB, BTOPOd — 3
CTYJEHTOB, a TpeTuii — 21 cTyneHTa (BbIOOp CTYJEHTOB MPOU3BOIUTCS CIydYailHBIM
00pa3om u3 cnucka). OTHOLIEHHE TPEX IK3aMEHATOPOB K €J1a00 MOATOTOBUBIINMCS
pa3IUYHOE: MAHCHl TAKUX CTYAEHTOB C/IaTh SK3aMEH y MEPBOI0O MPEnoaaBaTelis
paBHbI 40%, y BToporo — tosbko 10%, y Tperbero — 70%. Halitn BepoATHOCTB
TOTO, YTO CJIa00 MOArOTOBUBILIUNACSA CTYACHT CIACT IK3aMEH.

Pewenue. O603nauNM uepes i, 1, 1, TUIOTE3bI, COCTOAIINE B TOM, UYTO CJIa00
MMOATOTOBUBIIMICS CTYAEHT OTBEYAJ IEPBOMY, BTOPOMY U TPETHEMY IK3aMEHATOPY

Cco0TBeTCTBEHHO. 1o YCJIOBHIO 3a1a4r



P(H,)=6/30=02 P(H,)=3/30=01 P(H;)=21/30=0,7

[TycTh coObiTHE A={Cc1a00 MOATOTOBUBIIMNACS CTYJICHT cllall k3aMeH }. Torna cHoBa
B CIJTY YCJIOBUS 3a/1auu

P(A|H,)=04 P(A|H,)=0,1 P(A|Hy)=0.7

[To popMmyiie MoOMHON BEPOSTHOCTH MOTYUYAEM:

P(4)=0,4-0,2+0,1-0,1+0,7-0,7=0,58

3aoaua 7. Oupma uMeeT TpU UCTOYHUKA MOCTABKU KOMIUIEKTYIOIUX — (upMbl A, B,
C. Ha nomto dupmer A npuxoautcs 50% oOmiero oobema noctaBok, B —30% u C —
20%. U3 mpakTuKu U3BECTHO, YTO CPEU NoCcTaBiIsieMbIx ¢hupmoit A neraneit 10%
OpakoBaHHBIX, pupmoii B — 5% u dupmoii C — 6%. KakoBa BeposITHOCTb, UTO B3siTast
HayTraj JIeTallb OKAXKETCs TOJIHON?

Pewenue. ITyctb cobpiTHe G — NOSIBIEHHE TOJAHON AeTaId. BeposTHOCTH rumoTes o
TOM, 4YTO JieTajb nocrasieHa pupmamu A, B, C, paBHbl cotBeTcTBeHHO P(A)=0,5,
P(B)=0,3, P(C)=0,2. YciioBHbIE BEPOSITHOCTH MOSIBJICHHUS MIPU 3TOM F'OJTHOM JIeTaln
paBubl P(G|A)=0,9, P(G|B)=0,95, P(G|C)=0,94 (kax BeposiTHOCTU
IIPOTUBOIOJIOXKHBIX COOBITUH K NOSIBIIEHUIO OpakoBaHHON). [1o ¢popmyne nonHoi
BEPOSITHOCTHU TOJIyHYaeM:

P(G)=0,5-0,9+0,3-0,95+0,2-0,94=0,923.

3aoaua 8 (cm. 3amauy 6). [lycTh U3BECTHO, YTO CTYJICHT HE ClIall SK3aMEH, T.€.
MOJIYYHJI OIIEHKY «HEYJOBJIETBOPUTEILHO». KoMy U3 Tpex mpenojaBarenei
BEPOSITHEE BCETO OH OTBEYaN?

Pewenue. BeposiTHOCTh IOTYUUTh «HEY» paBHA P(A)=1-P(4)=1-0,58=0,42
TpeOyeTcst BBIUUCIUTD yCIIOBHBIE BeposTHOCTU. [1o popmynam baiieca nomydaem:

_P(H,))-P(A|H,) 02-0,6

P(H, | A) it 0,285
P(4) 0,42 , W aHAJIOTUYHO,
P(H, | A) = 0.1-09 _ 0,214 P(H,|A)= 0.7:03 _ 0,5
0,42 0,42

b

Otcroza cienyer, 4To, BEpOsTHEE BCET0, ¢1ab0 MOArOTOBUBIIUNCS CTYICHT ClaBajl
’K3aMEH TPEThEMY IK3aMEHATOPY.



IIpakTHyeckas pabora Ne 15
o teme «Cay4daiiHasi BeJinunHa. MaTeMaTH4yecKoe 0KMIaHue U TUCIIePCHs
CJIYYailHOM BeJMYNHBD)
Leab: HAYYUTHCSA HAXOIUTD CIy4YalHbIE BEJIMYHUHBI.
Bpems BbinmosiHeHuss 90 MUHYT

MarepuajbHoe odecnieueHue

1. Teopetnueckue cBeaCHUS

2.3amaHue

3.JIuct A 4

4 KanbKyJIsaTOpbl

IHopsinok BeINOJIHEHNsI padOThI

1.3yunts 3amanue

2. I3y4uTh TEOPETUUECKHUE CBEICHUS

3. Beimonauth 1 0OpMHUTH paboTy

4.1Toka3aTpe pe3yapTaThl IPENOAABATEIIO

JloMamnHee 3a1aHue

1.IToarotoBUTH OTBETHI HA KOHTPOJIBHBIE BOIPOCHI

Teoperuueckue cBegeHUA

3anaya 1. B cBs3ke u3 3 KiItoueil TOJIBKO OJIMH KJII0Y MOAXOIUT K ABepu. Kimrouun
nepeduparoT 0 TeX Mop, MOKa HE OTHIMIETCS MOIXO AU KiTtod. [locTpouTh 3aKoH
pacripeiesieHus sl CIy4aifHOM BETMYMHBI & — 4Kclia OPOOOBaHHBIX KITHOUEH.
Pemenue. Uncno onmpoOOBaHHBIX KITOUEH MOXKET paBHATHCS 1, 2 wnu 3. Eciu
VCIIBITAJIN TOJIBKO OJIMH KJIKOY, 3TO 03HAYAET, UTO ATOT MEPBBIM KIII0U Cpa3y MOJOIIEI
K JIBEPH, @ BEPOSTHOCTb TAKOr0 coObIThst paBHa 1/3. Utak, (¢ =D =1/3. NTanee, ecin
ONpOOOBAaHHBIX KIIOYEH ObLIO 2, T.€. E=2, 3TO 3HAYMT, YTO MIEPBBIN KIIIOY HE
MOIOIIIeNI, @ BTOPOM — mojo1iesl. BeposTHOCTB 3Toro coObITust paBHa 2/3x1/2=1/3. To
€CTh, P(&=2)=1/3. Aganormuno BerUHCISICTCS BEpPOSATHOCTh P(E=3)=1/3.8
pe3yJIbTaTe MOoJy4aeTcs CACAYOUUN P pacpeaeICHUS:

1 [2 [3
Pl1/ [1/ |1/
3 13 |3

3amaua 2. [Toctpouts hyHKIHIO pacupeneneHus FE(X) ms ciaydaitHON BETHMYUHBEI
u3 3a1a4u 1.

Pemenue. Ciyuaiinas BenuuuHa & uMeeT Tpu 3HaueHus 1, 2, 3, KOTOpbIe AETAT BCIO
YHCIOBYIO 0Ch Ha deThipe mpomexyTka: (~Di[12).[2.3).03:49) "Eeny x<1, To
HEPaBEHCTBO <X HEBO3MOJKHO (JIEBEE X HET 3HAUEHUH CITy4yallHOM BETUYMHBI &) U
3HAUUT, A Takoro X ¢pyukmus FE(x)=0.

Ecnu 1<x<2, To HEpaBeHCTBO <X BO3MOXKHO TOJBKO €CiH =1, a BEpOATHOCTh
TaKOT0 COOBITHA paBHaA 1/3, mo3TOMY JUIsl TAKUX X (DYHKLHUS paclpeaeaeHus
FE(x)=1/3.

Ecnu 2<x<3, HepaBeHCTBO £<X O3HA4aeT, 4YTo WiH =1, unu =2, m03TOMy B 3TOM
ciydae BepoaTHocTh P(E<x)=P(E=1)+P(£=2)=2/3, 1.e. FE(x)=2/3.



W, nHakoHen, B ciiy4ae X=>3 HEpaBEHCTBO <X BBINOJIHAETCS JIJIs1 BCEX 3HAUEHUI
ciydaiiHou BenmuuuHbI &, moatomy P(E<x)=P(E=1)+P(£=2)+P(£=3)=1, T.e. FE(x)=1.
Wtak, Mbl IOTYUNIIH CIASAYIOUIYIO (PYHKIIHIO:

0, x<1

1/3, 1<x<2
F;(x):

2/3, 2<x<3

1, x=>3.

3anaya 3. COBMECTHBIN 3aKOH PACTIPEACIICHMS CIIyYailHbIX BEIUYHH & U 1] 33/1aH C
MOMOILBIO TAOTUIBI

1 2
N
-1 1/16 3/16
0 1/16 3/16
1 1/8 3/8

BprauciauTe 4acTHBIC 3aKOHBI pacpCaAcjaCcHus COCTAaBJIAIOIMINX BCIINYNH E_, unmn.

OnpenenuTs, 3aBUCUMBI JIM OHU. BBIYMCINTE BEPOSATHOCTD P (98 2 2).
Pemenue. YacTHoe pacripeaenenue Jyis & morydaeTcs CyMMUPOBaHUEM
BEPOSAATHOCTEN B CTPOKAX:
P(E=-1)=P(¢=-1p=1)+P(E=-1,7=2)=1/16+3/16=1/4 ;

P(E=0)=P(E=0,7=1)+P(£=0,7 :2):1/16+3/16:1/4;
P(E=1)=P(E=1n=1)+P(E=17=2)=1/8+3/8=1/2

AHAJIOTUYHO MOJy4YaeTCsl YaCTHOE pacipeiesICHUE JJIA 1):
P(n=1)=1/16+1/16+1/8=1/4.
P(n=2)=3/16+3/16+3/8=3/4

[TonyueHHbIE BEpOATHOCTH MOKHO 3alIUCATh B TY K€ TaOJIUIly HAITPOTUB
COOTBETCTBYIOIIMX 3HAYEHUM CIIyYaNHBIX BEJIUYHH:

1 2 p&
N
-1 1/16 3/16 1/4
1/16 3/16 1/4
1 1/8 3/8 1/2
pn 1/4 3/4 1

Tenepb OTBETUM Ha BOIIPOC O HE3aBUCUMOCTH CITyHYalHbIX BEIHYUH & U 1. C 3TOM
LEJIBIO T KaXI0M KJIETKH COBMECTHOIO PACIpPEEICHNs BBIYUCINM IPOU3BEICHHE

P& =x)Pln=)) (T.€. CyMM 10 COOTBETCTBYIONIEH CTPOKE M CTOJIOILY) M CPABHHUM €ETO

P(é::xianzyj) & H
CO 3HAUYCHHUECM BCPOATHOCTH B 3TOHU KJICTKC. HallpUMCP, B KIICTKC IJIsA

3HaueHu E=—1 u n=1 cTout BeposTHOCTH 1/16, a MpousBeiIeHNEe COOTBETCTBYIOITUX
YaCTHBIX BeposTHOCTeH 1/4%1/4 paBHo 1/16, T.€. coBmagaeT C COBMECTHOM



BEPOSITHOCTBIO. DTO YCJIOBHE TAK )K€ IPOBEPSIETCS B OCTABIIMXCS IIATH KJIETKaX, U
OHO OKa3bIBa€TCsl BEPHBIM BO BceX. CII€10BATENBHO, CIyYaiiHbIE BETUYUHBIL & U M
HE3aBUCUMBI.

3amMeTuM, 4TO eciii Obl Hallle YCJIOBUE HAPYIIANIOCh XOTsI Obl B OJTHOM KJIETKE, TO
BEJIMUMHBI CJIEI0BAJI0 Obl IPU3HATH 3aBUCUMbBIMHU.

>
I[J'ISI BBIYUCJICHUA BCPOATHOCTHU P(§ = 2) OTMCTHUM KJICTKHU, IJISI KOTOPBIX

BBIMOJIHEHO ycitoBue 5 722 Takux KIETOK BCErO TPH, M COOTBETCTBYIOIIHE
BEPOSITHOCTHU B ATUX KJIeTKax paBHbl 1/8, 3/16, 3/8. Ux cymma paBna 11/16, 3to u
€CTh HICKOMasi BEPOSITHOCTh. BrIuncieHune 3Toi BeposITHOCTA MOKHO 3alUcaTh Tak:
P(E+n>2)=P(E=1n=1)+P(E=0,n=2)+P(=1,7=2)=1/8+3/16+3/8=11/16.

3anaya 4. [lycTh ciyyaiiHas BenuunHa & UMEeT CIEAYIOIINI 3aKOH pacipeieeHus:

e [-1]0 ]2
P |1 |1/ |V
4 |4 |2

Boruucnuts marematudeckoe oxuganue ME, aucnepcuto DE u
CPEIHEKBAPATUYECKOE OTKIOHEHHE G.
Pemenue. 1o onpenenenuto MareMaTuueckoe 0XKUIaHKue & paBHO

3
ME=Yx,p,=-1-1/4+0-1/4+2-1/4=1/4
i=1

Hanee

3
ME* =" x2p, =(-1)*1/4+0>-1/4+2% 1/4=5/4
i=1

a IIoToOMYy
D& =ME —(M&) =5/4-1/16=19/16

Cpennee KBaapaTUYECKOE OTKIIOHCHHE o=yD¢ = V1974 )

3agada 5. Jlyist mapbl CIy4aHbIX BEJIMUMH U3 33/1a4d 3 BBIYUCIUTH M) |

MEn =Y xy,p;
i,j

Pemenne. Bocnionb3yemcs hopmyiioi . A UMEHHO, B KaX101

KJIETKE TaOIMIbI BBIIOIHAEM YMHOKEHUE COOTBETCTBYIOIMX 3HaYeHui ~i 1 i |
pe3yJIbTaT YMHOKaeM Ha BEPOSITHOCTH Pij, U BCE 3TO CYMMHUPYEM IO BCEM KJIETKaM
Tabauikl. B utore nomyyaem:

MEn)=-1-1-1/16+(-1)-2-3/16+0-1-1/16+0-2-3/16 +1-1-1/8+1-2-3/8 =
=-1/16-3/8+1/8+3/4="7/16.

3agaya 6. J[J1st mapel CIy4alHbIX BEJIWYUH U3 33]]a41 3 BBIUUCIUTH KOBAPHUALUIO
cov(E,n).

Pemenne. B peapinytieit 3agade yxe ObLIO BEIYUCICHO MAaTEMATHYECKOE OKHTaHUE
MEn=19/16 'Ocranocs Beraucuts M4 u M7, Hcnonb3ys monydyeHHbIE B PELICHUN
3a71a4¥ 3 YaCTHBIC 3aKOHBI PACTIPEACICHHUS, TOTydaeM
ME=-1-1/4+0-1/4+1-1/2=1/4. Mn=1-1/4+2-3/4=T7/4.

Y 3HAYMT,



cov(&,n)=M(En)—ME-Mn=7/16-1/4-7/4=0

YETo U CJICIOBAJIO 0KHUIATh BCJICICTBUE HE3aBUCUMOCTH CITyYailHBIX BETTUYHH.
3amauva 7. Cnywaitnbiit Bektop (&,n) npunumaet 31Havenust (0,0), (1,0), (-1,0), (0,1) u
(0,—1) paBHOBEPOATHO. BBHIUMCINTH KOBapUAIMIO CTyYalHBIX BEJIUYUH & U ).
IIoka3ath, YTO OHU 3aBHUCHUMEBI.

Pemenue. Ilockoneky P(E=0)=3/5, P(E=1)=1/5, P(§=1)=1/5; P(n=0)=3/5,
P(m=1)=1/5, P(M=1)=1/5, To M&=3/5%0+1/5x1+1/5x(-1)=0 u Mn=0;
M(EN)=0x0x1/5+1x0x1/5-1x0x1/5+0x1x1/5-0x1x1/5=0.

[Tonyuaem cov(E,n)=M(EN)-MEMN=0, u cimyyaliHbple BEJIMUUHBI
HekoppenupoBaHHbl. OHaKko oHM 3aBUCHUMBI. IlycTh =1, TOraa ycinoBHas
BeposATHOCTH coObITHs {N=0} paBHa P(N=0/£=1)=1 u He paBHa Ge3yCIIOBHOM
P(m=0)=3/5, unu BepostHocTh {{=0,N=0} HEe paBHA MPOU3BEIAECHUIO BEPOSITHOCTEN:
P(E=0,n=0)=1/5#P(E=0)P(n=0)=9/25. CnenoBarenbHo, & U N 3aBUCUMBI.

3anmaua 8. Ciy4aitHble IPUPAIICHUS [IEH aKIUi ABYX KOMITAHUM 32 JIEHb & U 1] UMEIOT
COBMECTHOE paclpesiesieHue, 3aJaHHOE TaOJuIeH:

-1 +1
n
-1 0,3 0,2
+1 0,1 0.4

Haiitu koadpummeHT koppesiuu.
Pemenue.IIpexae Bcero Beruncisiem MEn=0,3-0,2—-0,1+0,4=0,4. [Tanee Haxoaum
YaCTHBIE 3aKOHBI pacrpeeseHus & u n:

-1 +1 p&
N
-1 0,3 0,2 0,5
+1 0,1 0,4 0,5
pn 04 0,6

Omnpenensem ME=0,5-0,5=0; Mn=0,6—0,4=0,2; D&=1; Dn=1-0,22=0,96;
cov(§,n)=0,4. [Tonyyaem
0,4

P~ o5

3anava 9. CiryqaiiHble IPUPALLIECHUS LIEH aKIUI IBYX KOMIIAHUM 3a IEHb HUMEIOT
mucnepcun DE=1 u Dn=2, a xoagdunuent ux xoppemnsuu p=0,7. Halitu
TUCTIEPCUIO TPUPAIICHUS LIEHBI TOPTdEns U3 5 akiuuii MepBoil KOMIIAHUU U 3 aKIuil
BTOPOU KOMITAaHHH.

Pewmenne. Mcnons3ys cBOMCTBA QUCIIEPCHUN, KOBAPUALIUN U OIIPEICIICHUE
Kod(ppuLeHTa KOPPEALNH, TOJTydaeM:

D(E+3n) =52 DE+3Dn+2-5-3p/DE[DN =25-1+9-2+30-0,7-1-4/2 ~ 72,7

3anauda 10. Pacnipenenenue 1ByMEpHOU CIy4ailHON BETUYMHBI 33/]JaHO TaOIUIECH:

~ 0,408



n\§ 1 3 4 8

3 0,15 0,06 0,25 0,04

6 0,30 0,10 0,03 0,07

Haittu ycnoBHOE pacnipenieneHre U yCI0OBHOE MATEMATUYECKOE OXKUIAHHUE 1] PU
E=1.

Pemenue. YcinoBHOe MaTeMaTHUECKOE OXXHMIaHUC PABHO
M@m|é=x)= WE., (v | x,)+ V2Pa, (5 | x,) .

W3 ycnoBus 3a1aun HailieM pacipeiesieHue COCTaBISIIoIUX N U §
(mocnenHui cToa0EI U OCIEAHSSE CTPOKA TaOIUIIbI).

N\ 1 3 4 8 Pn
3 0,15 0,06 0,25 0,04 0,50
6 0,30 0,10 0,03 0,07 0,50
P 0,45 0,16 0,28 0,11 1

TTOCKOMBKY P.(x)) = P(x;,y)+ P(x,,y,)=0,15+0,30=0,45

HaXOATCA 10 (popMyiam

P(x,y,) 015 1
P, (| x) =) 50 1 p
(1 X)) P(x) 045 3 2 (

, TO YCIIOBHBIC BEPOATHOCTH

P(x,, 030 2
»lx)= (lyZ): =
Pg(xl) 0,45 3

b 5

12
M@n|E=)=3-—+6-==5
(nl&=D 3 370

a HICKOMOC€ YCJIOBHOC MaTEMATHICCKOC OKNAAHUEC PABHO
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