MUHUCTEPCTBO OBPA30BAHUS U HAYKU P®
®I'BOY BO «bpstHCKHI rOCYAAPCTBEHHBIN TEXHUYECKUN YHUBEPCUTET
(BI'TY)

[MTomurexanueckuii koyuemk (ITIK BI'TY)

YTBEPXJIAIO
4 ™) Pextop ®I'6OY BO BI'TY
OOKYMEHT NOANMCAH
3MTEKTPOHHOW NMOAMUCHIO /O.H. ®enonun
«20» anpens 2023 T.
Ceptudumkar: 00DF212636081B4AF2FEC2C849AFF43F11D
Bnageney: ®egoHuH Oner Hukonaesny
Hencteutenen: ¢ 27.07.2023 no 19.10.2024
. J

MeToauyeckne peKOMeHAAUMHU 1JIS IPOBeeHUS MPAKTHYECKUX padoT

10 y4eOHOM AUCIUTIMHE
EH.01 MaremaTHuka

CnenuaabHOCTh: 15.02.12 MoHnTax, TeXHHYECKOE
00CITy’>KUBaHUE U PEMOHT IIPOMBIIIJICHHOTO
o0opynoBanus (110 OTPACIISIM)

YpoBeHb 00pa30BaHUs BBHITYCKHHUKA:  cpefHee mpodeccrnoHaabHOoe 00pa3oBaHue

(CIIO)
[Iporpamma noaroTOBKH
CIICLIMAJIMCTA CPEAHETO 3BEHA
(ITIICC3): 6a3oBas
[TpucBanBaemas KBanuuKaIms: TexXHUK-MEXaHUK
dopma o0ydeHHS: OYHas

Cpok nonyuenus CIIO no HIICC3: 3 roga 10 mecsuen

YpoBeHb 00pa3zoBaHus,

HEOOXOMMBIN TS TprUeMa Ha

o6yuenue mo [MTICC3: OCHOBHOE 00111ee 00pa30BaHKE

bpstack 2023



Meroanueckue peKoOMeH1aluu
JUIsl TPOBEJEHUS MPaKTHUECKUX pabor mno ydeOHoM mucuurmumHe EH.01
Maremaruka mis cnerasibHOCcTH 15.02.12 MoHTax, TeXHHYECKoe 00CTy)KUBaHUE H

PEMOHT MPOMBIIITIEHHOTO 000py0BaHUs (IO OTPACIISIM)

MpEeHA3HAYEHbl /I 3aKpPEIUICHUs 3HAHUW MO HM3y4aeMOMYy Marepuaily |
(GopMUPOBaHHIO YMEHHMH, a TakXke s NPOBEPKU YCBOEHUS TEOPETHUECKOIO

Marepurala 1 yMEHHUN pelaTh pa3InuHble MATEMAaTUYECKHUE 3a/1a4N.

Pazpaboran(n):

[Ipenonasarens [IK BI'TY [Tapdenora N.II.

Meroanueckas pazpaboTka paccMOTpeHa OJI00peHa MpeaMETHON KoMHuccuen
«MareMaTuuecKkux 1 OOLIUX €CTECTBEHHO HAYUHBIX AUCITUTLIINHY
[Tpotokois Ne 9 ot «20» anpesnst 2023 T.

[Ipencenarens JI.A JlazapeBa




Oo6sacTh NpUMEHEHUS METOAUYECKUX YKA3aHUI

Metoauueckue ykazaHus JJi1 BBIIOJHEHHS MPAKTUYECKUX paboOT SBISIOTCA
YacThIO IPUMEPHON OCHOBHOM MpodeccuoHanbHO 00pa30BaTEIbLHON MPOrPaMMBbI B
cootrBeTcTBUU ¢ PI'OC mo cnenuanbHoctu CIIO 15.02.12 MoHTaXK, TeEXHHYECKOE
o0cJIy’>KMBaHHe M PEMOHT NPOMBILIIIEHHOT0 000py/A0BaHus (110 OTPACJISIM).

Heau u 3a5a4u METOAMYECKHUX YKA3aHUM JIA BBINOJHECHUS MPAKTHYECKUX

pador:
B pesynbrare ocBoeHust yueOHON AUCHUIIIMHBI 00y4YatOIIUNACS JOKEH YMETh:
- BBITIOJIHATH OINEpally HaJ MAaTPULIAMH U pELIaTh CUCTEMBI IMHEWHBIX YPaBHEHUN;
- pemaTh 3a7a4M, UCII0JIb3Ysl YPABHEHUS MPSIMbBIX U KPUBBIX BTOPOTO MOPSAIKA HA
IJIOCKOCTH;
- IPUMEHSATh METOJIbI AP PEpEeHIINATBEHOIO U UHTETPAIbHOTO UCUHCIICHUS;
- pemath auddepeHnraibHbIe ypaBHEHUS;
- II0JIB30BATHCS MOHITHSIMHU TEOPUN KOMIUIEKCHBIX YHCEIL.
B pesynbrare ocBoeHus1 yueOHON AUCIUTIIMHBI 00yJarOIIUNACs JOKEH 3HATD:
- OCHOBBI MAaTEMAaTUUYECKOTO aHANIN3a, TUHEHHOU anreOphl U aHATUTUIECKON
TE€OMETPUU;
- OCHOBBI () pepeHInaNIbHOTO M MHTETPaIbHOTO NCYUCICHUS;
- OCHOBBI TEOPUH KOMIUIEKCHBIX YHCEIL.
®opmMupyeMble KOMIETEHIUH

OK 1. Beibuparb criocoObl pemienust 3aj1a4 npopecCuOHAIbHON NeITeTbHOCTH
IIPUMEHHTENBHO K PA3JIUYHBIM KOHTEKCTaM.

OK 2. OcymecTBidATh NOWCK, aHajlu3 M HWHTEpOpETalHI0 HH(pOpManuu,
HEO0OXOAMMOM ISl BBIIOJIHEHUS TPO(PECCHOHATIBHOM IESITEIbHOCTH.

OK 3. IlnanupoBaTh M peain30BbIBaTh COOCTBEHHOE MPO(ECCHOHAIBHOE U
JMYHOCTHOE PA3BUTHE.

OK 4. PaboTaTh B KOJJIEKTUBE U KOMaH/€, 3P(HEKTUBHO B3aUMOJIEHCTBOBATH C
KOJUIETAMH, PYKOBOJICTBOM, KIIMEHTAMM.

OK 5. OcymecTtBiasTh YCTHYO M TMCbMEHHYIO KOMMYHHMKAlMIO Ha
rocyJapCTBEHHOM si3blke Poccuiickoit depepanu ¢ ydyeTroM OCOOCHHOCTEH
COLIMAJIHOIO U KYJIbTYPHOI'O KOHTEKCTA.

OK 6. [IposBIIATH IpakIAHCKO-NATPUOTHUECKYIO TTO3UIINIO, IEMOHCTPUPOBATH
OCO3HaHHOE MOBEJICHUE Ha OCHOBE TPAIUIIMOHHBIX 00II€YeIOBEYECKUX LIEHHOCTEH, B
TOM 4YHUCJIE C YYETOM T[apMOHM3alUd MEXHAIMOHAIBHBIX W MEKPEIUITHO3HbIX
OTHOILIEHUH, IPUMEHATH CTAHAAPTHI aHTUKOPPYIIIMOHHOTO MOBEACHUS.

K 1.1. OcyumiectBasTe pabOThl O MOJATOTOBKE €AMHUL 0OOPYIOBaHUA K
MOHTaXYy.

K 1.2. [IpoBOAUTh MOHTaX MPOMBIIIIEHHOT'O 000PY/I0BAHUS B COOTBETCTBUU
C TEXHUYECKOU TOKYMEHTAIUEH.

IIK 1.3. [Ipou3BoauTe BBOJ B 3KCIUTyaTalMIO U UCIBITAHUS MIPOMBIIUIEHHOTO
000pyI0BaHUSI B COOTBETCTBUU C TEXHUUECKOW TOKyMEHTAIUEH.

IIK 2.1. IIpoBoauTh periaMeHTHbIE pabOThl IO TEXHUYECKOMY OOCTY>KUBAHHUIO
IMPOMBIIINIEHHOTO 000pY/IOBaHHUS B COOTBETCTBUM C JOKYMEHTAlMell 3aBoja-
U3TOTOBUTEIIA.

K 2.2. OcyumecTBisTh AHUArHOCTUPOBAHUE COCTOSHHS IMPOMBIIUIEHHOTO
o0opynoBaHus U AePEKTAIMIO €TO y3J7I0B U DJIEMEHTOB.



K 2.3. [IlpoBoguth peMOHTHbIE pPAOOTBI 1O  BOCCTAHOBJICHHUIO
PaboTOCIIOCOOHOCTH MPOMBINIIIEHHOTO 000PYA0BaHHUS.

IIK 2.4. BpinoaHATh HaaJOYHbIE U PETYIUPOBOYHBIE padOTHI B COOTBETCTBUU
C IIPOM3BOJICTBEHHBIM 3a/IaHUEM.

K 3.1. Onpexaensits  ONTUMaldbHbIE  METOJbl  BOCCTAHOBIICHHS
paboTOCIOCOOHOCTH MPOMBIIIEHHOTO 000PY10BaHUSI.

IIK 3.2. Pa3pabarbiBaTh TEXHOJOTUYECKYIO JOKYMEHTAIUIO IS IPOBEACHUS
paboT N0 MOHTaXy, PEMOHTY M TEXHUYECKOW OHKCIUTyaTallid MPOMBILIIEHHOTO
000pyI0BaHUs B COOTBETCTBUHU TPEOOBAHUSIMU TEXHUYECKHUX PETJIAMEHTOB.

IIK 3.3. Onpenensith HOTPEOHOCTh B MATEPUATIbHO-TEXHUYECKOM 00€CIIeYeHUN
PEMOHTHBIX, MOHTQKHBIX U HaJAJ0YHBIX pa0OT MPOMBIIINIEHHOT'O 000Dy 10BaHHUS.

IIK 3.4. Opranu3oBbIBaTh BBINOJHEHUE IPOU3BOJACTBEHHBIX 3aJaHUI
MOJTYMHEHHBIM TIEPCOHAJIOM C COOJIIOJICHHMEM HOPM OXpaHbl Tpyaa U OEpekIIMBOTO
IPOU3BOJICTBA.



PexoMeHnayemoe KOJIHYECTBO YaCOB HA 0CBOeHHME padovell MporpaMmbl yueOHoit

TUCUHMUILTHHBI:
Bcero 72 wyaca, Teopetudeckasi pabora 28 uvacoB, mpakTuueckue paboThel 30

qaCoB, CaMOCTOATCIIbHAs pa60Ta 8 4aCO0B, KOHCYJIbTAallUN 6 4acoB.

Ilepeyenb npakTUYecKUX padoT

[Tpaktuueckas pabora Nel. Onepanuu Haj MaTpuiiamu. Berancnenue
ONpeIeNIUTENICH BTOPOTrO U TPEThErO NOPSIIKA.

2 | Ilpaktuaeckas paborta Ne2. Pemenue CJIAY pa3audabpIMU CITIOCOOAMH.

3 [Ipaktuueckas pabora Ne3. JlelicTBHs Ha/l KOMIUIEKCHBIMH YUCIaMH B
anredpanyecKou, TPUrOHOMETPUUECKOM, U NTOKa3aTesIbHOM (hopmax.

4 [TpakTuyeckas padora Ne4. Pernenue ypaBHeHH Ha MHOYKECTBE
KOMILIEKCHBIX YHCEJL.

5 [Ipaktuueckas pabora Ne 5. [IponsBoHas Cl10KHON (YHKIIUU.
['eomerpuyeckuii U GU3NIECKUN CMBICI TPOU3BOIHOM.

6 [Tpaktrueckas pabora Ne 6. UccnenoBanue GyHKIIUN U TOCTpOEHUE Tpaduka
110 pe3yJIbTaTaM UCCIEAOBAHHSI.

7 | IlpakTtuueckas padota Ne7. Beruucienue mioniajaen miockux Quryp.

2 [Ipaktruueckas pabora Ne§. Penienne npakTuueckux 3a1ayd ¢ IpUMEHEHUEM
MHTErPAJIOB.

9 [Ipaktuueckas padora Ne 9. JTludpepenunanbubie ypaBHEHUSI IEPBOTO
nopsJIKa.

10 [Ipaktuueckas padora Ne 10. luddepennmanbabie ypaBHEHUS BTOPOTO
opsJIKa.

11 | IIpaktrueckas padota Ne 11. MccnenoBanmne cXOAMMOCTH YUCIOBBIX PSJIOB.

12 [Ipaktuueckas pabora Ne 12. HaxoxxaeHue npou3BOAHON YUCICHHBIM
METOJOM.

13 [Ipaktuueckas padora Ne 13. Yucnennoe peuienue auddepeHuaibHOro
YpaBHEHHSI.

14 | IIpaktrueckas padota Ne 14. Pemenue 3a/1a4 Ha HAXOXKJACHUE BEPOSITHOCTH.

15 [Tpaktuueckas pabora Ne 15. Cnydaitnas BennurHa. MaTeMaTuyeckoe

0KWJIAHWE U JUCHEPCHS CITYYAMHOW BEJTUYHMHBL.




IIpakTunyeckas padora Ne 1

no reme «Onepauuu HaJg MaTpuuamMu. Bolunciienue onpenenuresned BTOPOro u

TPETHEI0 NMOPsIIKA.>»

Henab: HAyYUTHCS BHIYUCISTH ONPEACIUTEIN BTOPOTO U TPETHETO MOPSIKA.
Bpems BbinosiHenus 90 MUHYT

MarepuajbHoe obecnieueHmne
1. TeopeTuueckue cBeICHHUS

2.3ananue
3.JIuct A 4
4 KanbKyJIsITOpbI

IHopsinok BeINOJIHEHNsI padoThI

1.M3yunte 3amanue

2. I3y4nTh TEOPETUUECKHUE CBEICHUSA
3. BeimoaHuts 1 0pOpMUTH paboTy
4.IToka3aTh pe3yabTaThl MPENOAABATEIIO

JlomaiuHee 3ajaHue

1.IIoAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Xoxa padoTbl

Teopernyeckue cBeaeHusI
Omnpeaenenune. Marpuuein pasmMepa mxn, I'Ie M- YUCIO CTPOK, N- YHUCIO

CTOJIOLIOB, HA3bIBACTCS TAOJIMIIA YHCEN, PACIOIIOKEHHBIX B OMPEIEICHHOM MOPSIKE.
OTH 4YuCia Ha3bpIBAIOTCA dJEMEHTaMU MaTpuibl. MecTo KaXKIoro 3JIEMEHTa
OJIHO3HAYHO OIIPEJIEISIETCS HOMEPOM CTPOKHU M CTOJIOIA, HA IEPECEUEHUN KOTOPBIX OH
HaXOJUTCS. DIEMEHThI MaTpUllbl 0003HAYAIOTCS ajj, I/I€ 1- HOMEP CTPOKH, a J- HOMEP

cToJIONA.

Buabl maTpuig

Marpuiia MOXeT COCTOATh KaK U3 OJJHOW CTPOKH, TaK U U3 OAHOro crosubna. Boobie
rOBOPSI, MaTPHIIA MOXKET COCTOATh JaXXe U3 OJTHOTO JIEMEHTA.

Onpenenenue. Ecnu yncno cToaOLOB Marpuibl paBHO YHCIY CTPOK (m=n), TO
MaTpHIla Ha3bIBAETCS KBAJAPATHOM.

Omnpeaesenune. Martpuna Bujaa:

1 0 .. 0
0 1 .. 0

=E,
0 0 1

HAa3bIBACTCS €AMHUYHON MATPHUIIEH.



Onpeaenaenue. Ecnu amn = anm , TO MaTpULla HA3bIBACTCS CUMMETPHYECKOM.

2 1 5
IIpumep. |1 3 6 |- CHMMETpUYECKass MaTpULA
5 6 4
a, 0 0
0 a, .. O
Omnpeaenenue. KpagpatHas marpuiia BUuia 0 HAa3bIBACTCSA
0 O a

AMATOHAJIBHOM MaTPHULICH.

JeucTBus ¢ MaTpULaMu

Cii0:keHHe U BBIYUTAHME MATPUILl CBOJUTCS K COOTBETCTBYIOLIMM OIEpaLlAsIM Hal
ux 3yeMeHTaMu. CaMbIM TJIABHBIM CBOKMCTBOM 3THX OIEPALMi SBISETCS TO, YTO OHU
onpeoenenvl MmoabKo 01 Mampuy 00UHAK08020 pazmepa. Takum o6pa3om,
BO3MOKHO OINPEAEIUTH ONEPAIMU CI0KEHUS U BBIYUTAHUS MATPULL;

Cymmoii (pa3HOCTBIO) MaTPUIL SIBJIETCS MATPULA, DIEMEHTAMH KOTOPOM SIBIISIFOTCS
COOTBETCTBEHHO CyMMa (pa3HOCTh) 3JIEMEHTOB UCXOAHBIX MATPHIL.

cij = ajj £ bj

C=A+B=B+A.

Omneparysi yMHOKeHUs (JeJieHHs1) MaTpPHUIBl JIOOOTr0 pasMepa Ha MPOU3BOJIHHOE
YUCJIO CBOJUTCA K YMHOXEHHUIO (IEJEHUI0) KaKJIO0ro 3JIEMEHTAa MaTpHIbl HA 3TO
YUCJIO.

oa, oa, .. oaa,
GA=| M Odn .. A,
oa, oa, .. oa,

o (A+B) =aA £ aB
A(atB) =aA £ BA

1 2 3 1 3
Ipumep. dansl matpuubl A= |2 1 4|;B=|5 7 8|, Haiitu 2A + B.
3 23 1 2
2 4 6 3 7 10
2A=14 2 8], 2A+B=19 9 16|.
6 4 6 7 6 10

IIpousseaenuem matpuil A-B = C; Ha3pIBaeTCsl MaTpULA, DJIEMEHTBI KOTOPOH MOTYT

n
OBITH BHIYHCIICHBI 110 ClIeAYIOMUM hopMyIaM: ¢, = Y a, - b,
k=1

W3 npuBEAEHHOTO ONpPEAEIEHUS BUAHO, YTO ONEPALUS YMHOKEHUS MATPHUII
ONpeIeNIeHa TOJABKO JIJIsi MATPUIL, YHUCJIO0 CTOJIOOB EPBOil U3 KOTOPbLIX PABHO
YHUCJY CTPOK BTOPO.



Omnpenenenune. Marpuily B Ha3pIBalOT TPAHCIIOHMPOBAHHOM MaTpULEh A, a
nepexos oT A k B TpaHCIIOHMpOBaHueM, €CIIN AIEMEHTBI KaKI0M CTPOKH MATPHULIBI
A 3anucarb B TOM %€ NOPAJIKE B CTOJIOLBI MAaTpUIIbI B.

4, 4y . 4y, a4, 4
A= a4y dy e @y, |, B=AT= 4, 4y
3”71 31112 3””1 31” 3217
JIPYTUMHM CJIOBaMH, bji= aij.
1 0 3
Ilpumep. /[lawsi MmatpuustA=|2 4 1/[,B
1 -4 2
A™B+oC.
1 2 1 1 2 1 1
AT=|0 4 -4|; A™B=|0 4 -4||3]|=
31 2 31 2 2
-2 9 -2 7
oC=|4|; AB+aC=|4 |+ 4 |=]|38
2 10 2 12
IIpumep. Haiitu npousBeaenne marpui A =
1 1.2 1-4 1-1 2 4
AB=|4|-(2 4 1)=[4.2 4.4 4.1|=[8 16
3 3-2 34 3-1 6 12

aml
amZ .
amn
1 -1
=13],C=| 2 | muncno o = 2. Hantu
2 1
1-1+2-3+1-2 9
0-1+4-3-4-2|=1 4 |;
3-1+1-3+2-2 10
1
4/uB=(2 4 1).
3
1
4.
3

1
BA=(2 4 1)-|4|=21+44+13=2+16+3=21.
3

4
IMpumep. Haiitu npoussenenue matpun A=(1 2), B = (3 J

AB =

( z)-@

g: (3+10 4+12)= (13 16).

5 6

Onpez[eJmTe.HeM BTOPOro mopsiika Ha3bIBaACTCA YHUCIIO, KOTOPOC IIOCTAaBJICHO B

COOTBETCTBHUE TAOIUIBI KO3PPUIIUEHTOB

a bl
4, bz

10 CIEAYIOIIeMY MpaBUily: MPOU3BEACHHE 10 TJIABHOW JUaroHaiau Oepercs co
3HAKOM IUIIOC, 110 APYTOW JUAroHajau co 3HAKOM MUHYC.



a b
Yo =aby —aby

4, b

[Iprmep: BBIUUCIUTD OIPEAEIUTENb BTOPOTO MOPSIKa

4
| =22-34=4-12=-8

2
1
)3

2) =—11-3-(=2)=-1+6=5

Olee,Z[e.]II/ITeJIeM TPETHEro MOpPAAKa Ha3bIBACTCA YU CI0, KOTOPOC IIOCTABJICHO B
COOTBETCTBHE TAOIULLI KOAPPUIMEHTOB MO CIIENYIONEMY MTPABUITY:

a b q

a, b, o|=abgc+abqg+abe-abq-abce -aboe

a, b, ¢

910 OIIpCACIICHNC ONMPCACIUTCIIA HATIAAHO MOXHO IMPEACTAaBUTh CIICAYIOIIUM

oOpazom:
b ¢
b, ¢
b, ¢

OT0 npaBwiIa Ha3eIBaloOT eule «IIpaBuio TpeyronbHUKa»
IIpuMep. BeIuucauTh OnpeaenuTens TPETHErO MOPAaKa

3 2 1
2 4 5=343+2.21+1.2.5—1-4-1-2-2.3-3.2.5=
1 2
=36+4+10-4-12-30=4
Cucremoii JIMHEHHBIX ajredpanyecKux ypaBHeHMM, COIEpKaAILEH m YPABHEHUHN U
1 HEU3BECTHBIX, HA3bIBAECTCSI CUCTEMA BUA!
ai1X1 + A12Xy + .-+ AinXn = bl
alel + azzxz + -+ aann = bz
Ap1X1 + ApaXo + o AmpXn = by
rjae uucna a;, i = I,m, j =I1,n Ha3pIBatoTCs KO3(pPUIMEHTaMU CUCTEMBI, yucia b; —
cBoOoAHBIME uieHaMHU. [loanexar HaXOXKACHUIO YUCIIA X.



3necb A — maTpuiia Ko3QPUIMEHTOB CUCTEMBI, Ha3bIBAEMasi OCHOBHOU MAMPUYeEl:

a1 Q12 - Qip
az1 Q22 .- Qpn
A=
Am1  Am2 e Amn
X1
X2
X = — BEKTOp — CTOJIOel U3 HEU3BECTHBIX X;
xn
b,
b,
B = — BEKTOP — CTOJIOel] U3 CBOOGO/IHbIX YIEHOB b;
bm

[IpousBenenue marpuil A * X ompeaeiaeHo, Tak Kak B MaTpHUIle A CTOJIOIIOB CTOJIBKO
e, CKOJIbKO CTPOK B MaTpulle X (7 IITYK).

Pacwupennoti MaTpHUIEH CHCTEMbI HA3bIBAETCS MATPHIA A CHCTEMBI, IOMOIHEHHAS
CTOJIOIIOM CBOOOTHBIX UJICHOB

ai1 A4 a1, by
T_ | 421 Q22 azn by
A=

aml amz amn bm

Pewenuem cucmemsvr Ha3pIBaeTCA 71 3HAYCHUN HEU3BECTHBIX X7 = C/, X2 = C2, ...,
Xn = Cn, TIPU MOJICTAHOBKE KOTOPBIX BCE YPABHEHUSI CUCTEMbI 00PAIIalOTCS B BEPHBIMU

paBeHcTBa. Besikoe pellieHne cucTeMbl MOYKHO 3alCaTh B BUJIE MaTPHUIIBI-CTOI0IA
1

Cuctema ypaBHEHUN HA3bIBACTCS CO8MECHMHOU, €CIIU OHA UMEeT XOTs Obl OJHO
pelieHre, U Heco8MeCmUMOil, €CIIM OHa HE UMEET HU OJHOTO PEIICHUSI.

CoBMmecTHas cUCTeMa Ha3bIBACTCSl onpedenénHoll, €CIM OHA UMEET €IUHCTBEHHOE
pelieHue, U HeonpeodelénHoll, €Clii OHa UMeeT 0oJiee 0JHOTO perieHus. B mociaegnem
ciaydyae Kaxaoe €€ pelleHHE Ha3bIBACTCS UYACMHbIM peuleHuemM CUCTEMBI.
COBOKYITHOCTb BCEX YaCTHBIX PEIICHUN HA3BIBACTCS 0OWUM peuleHUeM.

Pewums cucmemy — 5T0 3HAUUT BBISICHUTH, COBMECTHA OHA MJIM HECOBMecCTHA. Eciu
CHCTEMa COBMECTHA, HAUTH e€ o0IIee pericHue.

JIBe cucTeMbl Ha3bIBAIOTCA 9K8UBANeHMHbIMY (PAaBHOCWIBHBIMU), €CJIM OHU UMEIOT
OJIHO M TO ke oOmiee perieHue. JpyrumMu cioBaMu, CUCTEMbl SKBUBAJICHTHBI, €CITH
KQKJI0€ pEIICHUE OJTHOM M3 HUX SIBJISIETCS PEIICHUEM IPYToi, U Ha00O0POT.

OKBHUBAJIEHTHBIE CHUCTEMbI TMOJYYalOTCs, B YACTHOCTU, TPU IIEMEHMAPHbLIX
npeobpazoeanusx CUCTEMBI MIPU YCJIOBUH, YTO MPEOOPa30BaHUS BBIMOJHSIOTCS JIUIIIb
HaJ[ CTPOKaMH MaTpPUIIbI.



Cucrema TUHEHHBIX YpaBHEHHI HA3BIBACTCS 0OHOPOOHOU, €CIH BCE CBOOOHBIC
YJIEHBI PaBHBI HYJIIO:
a11x1 + a12x2 + .-+ alnxn = O

Am1X1 + ApaXy + - AppXy =0
OnHOpoaHas cUcTeEMa BCETa COBMECTHA, TaK KaK X; = X2 = ... = X, = () sBIAETCA
pEIICHUEM CUCTEMBI. JTO PEIICHUE HA3BIBACTCS H)1€6bIM WU MPUBUATLHBIM.

2x1_x2=0

Ilpumep 4.3. Pemuthb cuctemy {x 43y =7
1 2 =

_ 12 0]_

PemeHI/Ie:A=|i _31|=7¢0, A1:|(7) _31|=7, p=|7 D] =14

7 14
3HauuT, X, =-=1, X, =— =2
’ 7 7

IIpasuao Kpamepa

Teopema. Cucmema us n ypagrneHuti ¢ n HeU38eCMHvIMU
a X, +a,x,+..+a,x, =b
a, X +anx, +..+a,,x,=b,

a,x+a,x,+..+a, x =b

8 cnyuae, eciu onpeoeiumenb MaAmpuybl CUCMEMbl He paseH HYIlo, umeem
eOUHCMBEHHOE peulenue U MO peuleHue Haxo0oUumcs no Qopmyiam:
xi = Ai/A, 20e

A = det A, a Ai — onpederumeny mampuysl, NOIYYAEMOU U3 MAMPUYLL CUCHIEMbL
3amernotl cmonoya J cmonoyom c60600HbIX UneHos by
CyTtb Memooa I'aycca 3aKn04aeTCs B NOCIEN0BATEIILHOM UCKITFOUEHNUH
HEU3BECTHBIX.

PaccMoTpuM cucrtemy JIMHEHHBIX YPAaBHEHUM:

a X +a,x,+..+a,x,=b
ayX +anx +..+a,,x, =0b,

a,x+a,x,+..+a,x =0

mn-n

Paznenum 06e yactu 1-ro ypaBHeHus Ha ai; # 0, 3aTem:

1) yMHOXHUM Ha a1 ¥ BEIYTEM U3 BTOPOT'O YPaBHEHUS

2) YMHOXXUM Ha a31 ¥ BBIYTEM U3 TPETHETO YPABHEHUS U T.]I.
[Toyunm:

x +d,x +..+d, x, =d

1n“n

d,x, +d,.x,+..+d, x =d .
2% " 5 w2 rnedy = a/ai, j=2,3, ..., ntl.

d

m2

dij: Clij—aild]j i=23 ...,n ] =23, ...,ntlL

x,+d

m3

+..+d _x =d

m



Jlanee moBTOpsIEM OTH K€ NEUCTBHS U1 BTOPOIO YPAaBHEHUSA CUCTEMBI, IIOTOM — JUIA
TPETHETrO U T.1I.

K snemenTapHbIM ITpeoOpa30BaHUSIM OTHOCSTCS:

1) IIpubGaBrnenue Kk 0OEMM YACTSIM OJHOTO ypaBHEHHUS COOTBETCTBYIOIIMX YacTeu
JIPYroro, yMHOXKEHHBIX Ha OJTHO U TO K€ YHCJIO, HE PABHOE HYJIIO.

2) IlepecTaHoBKa ypaBHEHUI MECTaMHU.

3) YnaneHue u3 cucTeMbl ypaBHEHU, SBISIFOUIUXCS TOXKAECTBAMU JJI BCEX X.
3aganus I POBeieHUS MPAKTHYECKON padoThl

1 .BBIUMCIAUTE ONPEAEIIUTENN BTOPOIO MOPsIIKa:

—K 24k K 52 0,5 <
) A= ! L, A= 3 ,3)A= 9" K,-64°¢
frky 3 3.k, 6 (05)° 42

2.BBIYUCIUTD ONPECIUTENHN TPETHETO MOPSAIKA!

-1 3k, 2 3k, 4 -5 1 -2 « -k,
DA={2 8 «x,|, 2)A=|8 Tk,-2 =2, 3) A=|3 «k, -5
1 1 2 2 -1 8 2 «k, 5
3.Pemnth cucremy ypaBHenuit merogom Kpamepa, caenatb mpoBEPKY:
2x+y+3z=17, 2x—y+2z=3, 3x—-y+z=12, 2x—y+3z=-4,
132x+3y+z=1, 24x+y+2z=-4, 33x+2y+4z=6, 4<x+3y+3z=1],
3x+2y+z=6. 4x+y+4z=-3. Sx+y+2z=3. x=2y+2z=-7.
3x-2y+4z=12, 8x+3y—-6z=-4, |[4x+y—-3z=09, 2x+3y+4z =33,
543x+4y—-2z=6, 64x+y—z=2, Tax+y—z=-2, 847x -5y =24,
2x—-y—z=-9. 4x+y—-3z=-5. 8x+3y—-6z=12. 4x+11z =39.
2x+3y+4z=12, x+4y—z=6, 3x=2y+4z=21, 3x-2y—-5z =35,
957x—=5y+z=-33, 1055y +4z =-20, 1143x+4y—-2z=9, 1242x+3y—-4z=12,
4x+z=-7. 3x=2y+5z=-22. 2x—-y—-z=10. x=2y+3z=-1.
4x+y+4z=19, 2x—y+2z=0, 2x—y+2z=8, 2x—y—-3z=-9,
1342x—y+2z=11, 1444x+y+4z=6, 155x+y+2z=11, 16:4x+5y+z=20,
x+y+2z=8. x+y+2z=4 4x+y+4z=22. 3x+4y+2z=15.
2x-y-3z=0, —-3x+5y+6z=-8, 3x+y+z=-4, 3x—y+z=-1],
1743x+4y+2z=1, 183 x+y+z=-4, 194-3x+5y+6z=36, 2055x+y+2z=8§,
xX+5y+z=-3. x—4y—-2z=-9. x—4y—-2z=19. x+2y+4z=16.
3x—y+z=9, 2x+3y+z=4, 2x+3y+z=12, x—2y+3z=14,
2145x+y+2z=11, 2252x+y+3z=0, 2332x+y+3z=16, 24:2x+3y—4z=-16,
x+2y+4z=109. 3x+2y+z=1. 3x+2y+z=8. 3x-2y—-5z=-8.




3x+4y-2z=11, x+5y—-6z=-15, 4x -y =—-6,
2542x—y—z=4, 2643x+y+4z=13, 2743x+2y+5z=-14,
3x-2y+4z=11. 2x-3y+z=9. x—=3y+4z=-19.
Sx+2y—4z=-16, x+4y-z=-9, Tx+4y—z=13,
284x+3z=-6, 2954x—y+5z=-2, 3043x+2y+3z=3,
2x-3y+z=9. 3y—T7z=-6. 2x-3y+z=-10.
Bapuanm | «, k, | Bapuanm | «x, K, Bapuanm K, K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 | 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KOHTpOJILHbIe BOIIPOCHI:

UTo Ha3bIBAETCS ONPENEIUTENEM MATPULIBI?

Kax BbIUHMCINTE ONpeneauTenb BTOPOTO nopsiKa?

Kaxkue criocoObl BEIUMCIAEHUS ONPEAETUTENS TPETHETO MOPSIIKA BaM U3BECTHBI?
[lepeuncaure CBOWCTBA ONIPENCIIUTEIICH.

Chopmynupyiite Teopemy Kpamepa.

Anroput™m npuMmeHeHus metonaa [aycca.

OTtBeTbI
Bapua 1 3apanue 2 3aj1aHue Bapua | | 3aganue 2 3a7aHue
HT 1 2 3 11 2 3 HT L2 3|1 2
1. - 6 -] - - | 12 | 16. - 163| - [-89] -100
1 18 | 84 | 220 | 7 1 24
5 0 6 4
2. - -63 - | - | -68|55]17. - | - |68 -72] -68
3 24 | 63 4 | 65
2 4 0
3. - 6 - | - | 237 |26 | 18. - 4| - |-52| 232
3 18 110 2 1 1 11
9 0| 4 0 6
4 - =71 | -20| - | -68 | 63 | 19 1 |- (149 ]| -68
1 45 6 |79 0
6




5. - | =219 | - | - [121] 18 | 20. - | 14| - [-64| -220 | 90
2 18194 2 | 5 1|6 |11
4 0 0 6
6. - | =373 |-52] - | 402 | 14 | 21. 0| - |12]-21| 8092 | 85
4 200 8 | 5 92
0 5
7. 4| -229 | 14| - | 130|-23 | 22. 2| - |76]-24| 2500 | 9
0 0 19| 8 9130
2
8. - | 162 - - - | 28 | 23. 4 123|120 |-16| 1308 | -
3 37 | 13 1220 | 6 5111 4 85
0 2 | 8
9. 4 | -87 |39 |27 | -68 |-65] 24. 3] - |26 -68 | -9
8 6 2|83 8
10. 4 | -8 |33 |18 -68 |-35]25. 0| - |12 (-20| 10628 | 90
0 2 60
0
11. 1| -304 | 14 | - | 250 |-68] 26. - |15 - -220 | 17
0 0 |24 0 218 1(24110 2
0 4
12. - | =223 |-52| - | 130 | 91 | 27. 2| - 176 -18] 1308 | 27
2 36 | 8 0|22
0 7
13. 3| 156 |20 | -8 452 |-27] 28. 1 22] - [-73] 1212 | 12
9 4 419 |11 3
6
14. 1 63 26 |31 - |45 29. 81 - | - |-29| 4028 | -
6 8 100 0|37 14 12
910 5
15. 4 | 377 | 76 | - | 402 |-15] 30. 3165|3346 | -100 |55
0 26 | 8 0 2
BAPUAHT 1 2 3 4 5
A 12,36,24,1 |-6,12,18,2 -12,36,24,- | 8,-8,28,4 -60,0,240,-
2 12 300
X, Y, Z 3,2,1 -2,3,-1/3 3,-2,1 -1, 3,5, 0,50,-3,5
BAPHUAHT 6 7 8 9 10
A -1,-1,-6,-5 | 1,3,-6,-1 61,- 96,96,0,-
122,244,61 | 480




261, -

1827,
1305, -261
X, Y, Z 1.,6,5 3,-6, -1 7,5,1 2,4, 1 1,0,-5
BapHUaHT 11 12 13 14 15
A -60,- 58,174,116,0 |-6,-6,6,-24 | 6,0,12,6 -6,-6,-12,-
300,60,-60 24
X,Y,Z 5,-1,1 3,2,0 1,-1,4 0,2,1 1,2,4
BapUAHT 16 17 18 19 20
A 44, - -44,-44 44 -44 | -49,49.,- 49,-109,- 27,0,270,-
44,176,44 245,294 651,782 27
X,V,Z -1,4,1 L,-1,1 -1, 5, -6 -109/49, - 0, 10, -1
93/7, 782/49
BapUAHT 21 22 23 24 25
A 27,9,- 12,-12,24,0 12,- -58.- -60,-180,-
60,156 12,36,60 58,116,-174 | 60,-60
X,Y,Z 1/3,- -1,2,0 -1,3,5 1,-2,3 3,1,1
20/9,52/9
BAPUAHT 26 27 28 29 30
A 104,208,- |99,-99,198,- | 67,-150,- 92,-92, - 102,0,306,-
104, 208 297 329,-84 184, 0 102
X, Y, Z 2,-1,2 -1,2,-3 -150/67, -1,-2,0 0.3 -1
-329/67, o

-84/67




IIpakTnyeckas padora No 2

1o teme «Pemenne MmaTpu4HbIxX ypaBHenunid, CJIAY MaTpuYHbIM METOTOM.
Hesb: Hay4YUTHCS BBIYUCISITH MUHOPBI, alIT€OpandyecKue JOMOJIHEHUS, HAXOAUTh

oOpaTHbIe MATPULIbI, peliaTh NPOCTEHIINE MaTpUuHble ypaBHeHus, CJIAY

MaTPUYHBIM METO/IOM.
Bpems BbinosiHeHus 90 MUHYT

MarepuajnbHoe obecneueHme

1. TeopeTnueckue cBeaCHUS

2.3amanue

3.JIuct A4

4 KanbKyJIsSITOpbI

IHopsinok BbINOIHEHHSI padOThI

1.3yunts 3ananue

2. I3yunTh TEOPETUYECKHUE CBEICHHUS

3. BeimonauTh 11 0GOPMUTH pabOTY

4.I1oka3aTp pe3yJIbTaThl MPENOIaBaATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Xoxa padoTsl

Teopernueckue cBeeHus

Munopom HEKOTOPOrO SJIEMEHTA ajj OI CACIIUTCIIA n-co IIOPpsAAKa Ha3bIBACTCA
i

OIIpCACINUTCIIb 711 — I-ro ImopsAaka, l'IOJ'IyLIeHHHﬁ U3 UCXOIHOI'O I'IYTéM BI)I‘IépKI/IBaHI/IH

CTPOKH H CTOH6Ha, Ha TCPCCCUCHUU KOTOPLIX HAXOIHUTCSH BBI6paHHLIﬁ OJICMCHT.

O6o3Hauaercs m;;.
a1 aq2 ag3
Tak ecniu A= |Gz1 Az Az3], TOMyq = [

azo a23]
)
az1 Az A3z

My, = |
aszp; dz3 32

aiq
azq

a13|

azs

Anzedopauueckum OonoiHeHuem dDIEMEHTA @ ONPEACIUTEN Ha3bIBACTCS €ro
MUHOD, B3TBIM CO 3HAKOM «ILIIOC», €CIU CyMMa [ + j — 4ETHOE YNCIIO0, U CO 3HAKOM

«MHUHYC», €ClIM 3Ta cyMMa HeuétHas. O6o3HauaeTcs Aij: Ajj= (-1)'" * my

Tak, A1 = +my, A2 = -m3.

Ceoiicmeo («Pa3noxenue omnpenenurens IO 3JIEMEHTaM HEKOTOPOro psaan).
Onpenenutenb paBeH CyMME IPOU3BENCHHUIM 3JIEMEHTOB HEKOTOpPOro psja Ha

COOTBCTCTBYIOIIHNC UM aHFe6paI/I‘I€CKI/I€ JOITIOJIHCHU .

[TpousntocTpupyeM UM OJHOBPEMEHHO JOKaXeM CBOWCTBO 7 Ha TpUMEpE

ompeaenuTens 3-ero nmopsjaka. B atom ciydae cBOMCTBO 7 03HAYaeT, 4TO
a1 Aq2 Qg3
A= [Az1 Q22 Q23| =ayq xAjq +aqp ¥ Ajp + ag3 x Ags
az1 Az dsz3
B camom nene, numeem

A1 *Aqq + Ay ¥ Agy F A2 Az == a « | %22 a23|+a *(_|a21

11 * A1 12 * A1z 13 * A13 1% gy, aas 12 Q31
Az1 Q2| _

Q13 ** lasy  asyl a11(A22033 — Az3a37) — A12(A21033 — Az3a31) +

ay3(az1a3; — Azy031) =

azs
ass

)+



= 041052033 — Q11073037 — Q1021033 + A1203303; + A1303103, — Ag305,0317 = A

CBOWCTBO COIEPKUT B ceOe criocod BHIYUCIECHUS ONPEEIUTENEH BHICOKUX

IIOPSIKOB.
IIpumep. Berunciure onpeaenuTesns MaTpULibl
3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenwue: [{nst paznoskeHus onpeaenuTeis 00bIYHO BRIOUPAIOT TOT Psf, TA€ €CTh
HYJIEBBIE 3JIEMEHTBHI, T.K. COOTBETCTBYIOIIME UM CIIaraeMbI€ B pa3ioKEHUU OyayT
PaBHBI HYJIIO.

S0l 5 7 8 5 7 8 5 7 8
0532=3*532+1*532+0*701—1*
1 —1 7 a -1 7 4 -1 7 4 -1 7 4

5 7 8

7 0 1[=3* (7«3 x4+ (1) *0*x2+5*7x1-(=1)*3 =%

5 3 2
1-7%7%2-5x0*4)+ 5*x3 x4+ (—=1)*x7x*24+5x%7x
8-(-1) *3+*8-5%x7%4-5«x7%2)-(5*x0*x24+7x*1xx54+7x*

3*x8-5*%0*x8-3*x1x5-7=%7x%2)=122

Ceoticmeo. CymMa MPOU3BENICHUN SJIEMEHTOB KaKOTO- JIMOO psifia OMpeaenuTeNs Ha
areOpanyeckue OTOJHEHUS COOTBETCTBYIONIMX AJIEMEHTOB IMapajlieTbHOTO psiia
paBHA HYJIIO.

Tak, nanpumep, a1z + a2Az2 + aizAz2; = 0

HaxoxaeHue o0paTHOM MATPHUIIBI.

a1 ai, A1n

a,q aso arn
HYCTB A — KBaJipaTHas MaTpHlia 7-ro rnopsaka A=

an1 an2 v Aum

KBagpaTtHas maTpuiia A Ha3bIBAETCS HEBbLIPOMHCOECHHOM, €CIIU ONpPENeIUTeNb A =
det A ne paBen Hymo: A = det A = 0. B nmpotuBHoM ciyuyae (A = 0) maTpuma A
HA3bIBACTCS 8bIPOHCOCHHOU.

Marpuueii, coro3noit Kk mampuye A, Ha3pIBa€TCS MaTpULa

All A21 Anl
4 = 4, Ay . A,
4, 4, ... A4,
rae Ajj — aiareOpanveckoe JOMNOJHEHUE 3JIEMEHTA «; AAHHOW MaTpuibl A (OHO

OIIpEAEIIAETCS TAK )K€, KaK U alIredpandeckoe JOTOIHEHNE 3JIEMEHTA OIPENEIUTENS).
Marpuna A HazsiBaeTcs 06pammoii MaTpuLE A, €CIIU BBIIOJIHAETCS YCIOBHE

A*Al=AT1*A=E,

rie E — equHuYHas MaTpHiia TOro xe mopsjika, uto u Marpuna A. Marpuna A umeer

TE K€ Pa3MepBbl, UTO U MaTpuLa A.



[e—

OOparnas maTpuua.
Teopema Bcaxas nesbipodcoenHas mampuya umeem 0OpamHyio.

A 1 <A11 Ay; Aszg

A_l = , T.€. A_l = —% AlZ A22 A32
detA4 detA

¢ ¢ Az Ayz Ass

OTMeTHM cgoticmea 0OpaTHON MaTPUIHI:

. det (A1) =1/det A;
2. (A*B)'=B"* A,

(A-I)T — (AT)-I .

Ipumep. Haiitu A, ecin A= (_21 i)

Pemenne: 1) Haxonum det A: detA = |_21 i =24+3=5+%#0
2) Haxoaum A*: A= 1, Ar = —3, Ap=- (—1) = 1, Axn = 2,
« (1 =3
noatomy A* = (1 5 ) 1 3
3) Haxomum A™': A71 = %(1 _23) = (1/5 5 /5>
/s /s
[Iposepka:

Ax A-1 = ( 2 3) . (1/5 —3/5) _ ( 2/5+3/5 —-6/5+ 6/5) __ (1 O)
-1 1 1/5 2/5 -1/5+1/5 3/5+2/5 0 1
=F

Ipumep. Omnpenenuth Npu KaKuX 3HAYEHHUSX O CYIIECTBYET MaTpulia, oOpaTHas

JTaHHOU
1 -2 2
A= (a 3 0)
2 1 1

Pemenue: Bceskas HeBbIpoXAeHHass Marpuua uMeeT oOparnyro. Haiiném
ONPEIEINTENb MATPULLBI A

—_

1 -2 2
AA = 3 0/=3-0+ 2a-12-0+ 2a = 4a-9
2 1 1
Ecmu 40 —/9 = 0, v. o = 9/4,/ro AA = 0, T.e. MaTpuia A HEBBIPOXKIACHHAS, UMEET

o0partHy10.
IIpumep. [lokazaTs, uro MaTpuia A gBisieTcst oOpaTHoi 11t B, eciu

1 1 1 3 -3 1
A=(1 2 3>,B=(—3 5 —2)
1 3 6 1 -2 1
Pemenne: Haiiném npousBenenne matun A u B:
1 1 1 3 -3 1
A*B:(l ; 3)*(_3 ; _z)
1 3 6 1 -2 1
3—3+1 —-3+5-2 1-24+1 1 0 O
=<3—6+3 —-3+4+10—-6 1—4+3)==(0 1 0>=E
3—-94+6 —-3+15—-12 1-6+6 0 0 1
Amnanorudyno B * A = E, cnenoBatensHo, MaTpuiia A sBisieTcst 00paTHoi 11s B.



[lycTh nana cucreMa n JMHENHBIX YPABHEHUN C 71 HEU3BECTHBIMU
a11x1 + a12x2 + -+ alnxn = b1
a,1Xq + ar,>Xo + -+ aann = b2
An1X1 + ApaXy + o+ A Xy = by
WM B MaTpuuHoil popme A * X = B.

OcHoBHas MaTpulla A Takoil cucTeMbl KBaapaTHas. OnpeaenuTenb 3TO MaTPULbI
a1 - Qin

A=

Ani - Qpn
Ha3bIBACTCS onpedenumenem cucmemvl. ECIU ONpeneuTeNlb CUCTEMbl OTJIMYCH OT

HYJI, TO CUCTEMAa HA3bIBAETCS HEQbIPOHCOEHHOU.

Haiiném pernreHne 1aHHOM CUCTEMBI YpaBHEHUH B citydae A # 0.

VMHO)UB 00¢ yacTu ypaBHeHus A * X = B cnepa Ha matpuiy A, momyunm A * A
* X =A"1*B. Ilockoneky A' * A=EuE*X=X,10 X=A"*B.

OTpICKaHME penieHust cucTeMbl 1o Gopmyrie (4.1) Ha3BIBAIOT MAMPUUHBIM CHOCOOOM
pEeLIEHUs] CUCTEMBI.

3aganus 1JI BbINOJHEHUS NPAKTUHYECKOU PadOThI

3aganme 1
2 1 1 & 1 -2 1 «,
JlaHbI ONpEACTUTETH: 1) A = bz ,  2)A= B ,
3k, 21 4 1 -3 -2 4
-2 1 3 -3 1 2 3 4

1) Haiit MUHODBI 1 anreOpandecKue MOMONTHEHHS JIEMEHTOB d;3, d;;

2) BBIYUCIUTE ONIPEACIIUTEINN, PA3JIOKUB UX I10 AJIEMEHTaM a) 1-0H CTPOKH, 0) j-TO
cTONIOIa

Bapuaunr K| K, i j Bapuanr K, K, i j
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2

10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2




14 -4 -1 1 2 29 -2 5 2
15 -1 5 3 1 30 -5 -1 1
kK, -2 -1
3ananme 2. /lTana matpunia  4=|2 1 2 |. Haiitm
-k, 4
a)A™" unposepumv, umo A-A7 = A" -A=E
6)A+ A"
Bapuanm K, K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 1 17 5 |
3 3 -4 18 2 0
4 2 1 19 -2 |
5 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 |
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
3ananue 3
1. PemnTh cucteMbl ypaBHEHHH € MOMOILBbIO OOpaTHOM MAaTpULIbI (MATPUYHBIM
METO/IOM).
2x+y+3z=7, 2x—y+2z=3, 3Ax—y+z=12,
1.192x+3y+z=1, 12:5x+y+2z=-4, 1.35x+2y+4z=6,
3x+2y+z=6. 4x+y+4z=-3. Sx+y+2z=3.
2x—y+3z=-4, 3x-2y+4z=12, 8x+3y—6z=-4,
l.4sx+3y+3z=11, 1.543x+4y—-2z=6, 1.65x+y—z=2,
x=2y+2z=-7. 2x—y—z=-9. 4x+y—-3z=-5.
4x+y—-3z=09, 2x+3y+4z =33, 2x+3y+4z=12,
1.74x+y—z=-2, 1.847x—5y =24, 1.947x—=5y+z=-33,
8x+3y—-6z=12. 4x+11z =39. 4x +z=-7.




x+4y—z=6, 3x-2y+4z=21, 3x-2y—-5z=35,
1.1045y +4z = -20, 1.1143x+4y—-22z=9, 1.1242x+3y -4z =12,
3x-2y+5z=-22. 2x—-y—z=10. x—=2y+3z=-1.
4x+y+4z=19, 2x—y+2z=0, 2x—y+2z=8,
1.1352x—y+2z=11, 1.144x+y+4z =06, 1.15sx+y+2z=11,
x+y+2z=8. xX+y+2z=4 4x+ y+4z=22.
2x—y—-3z=-9, 2x—y—-3z=0, —3x+5y+6z=-8,
1.16.4x+5y + z = 20, 1.1743x+4y+2z =1, 1.1843x+ y+z =4,
3x+4y+2z=15. x+5y+z=-3. x—=4y-2z=-9.
3x+y+z=-4, 3x—y+z=-11, 3x—y+z=9,
1.194-3x+5y+ 6z =36, 1.20495x+y+2z =8, 1.2195x+y+2z=1],
x—4y-2z=19. x+2y+4z=16. x+2y+4z=19.
2x+3y+z =4, 2x+3y+z=12, x=2y+3z=14,
1.22:2x+y+3z=0, 1.2342x+y+3z =16, 1.2442x+3y—4z =-16,
3x+2y+z=1. 3x+2y+2z=8. 3x-2y—-5z=-8.
3x+4y—-2z=11, x+5y—6z=-15, 4x -y =-6,
1.2542x—-y—z =4, 1.2643x+ y+4z =13, 1.2743x+2y+5z=-14,
3x=-2y+4z=11. 2x-3y+z=09. x=3y+4z=-19.
Sx+2y—4z=-16, x+4y—-z=-9, Tx+4y—z=13,
1.284x+3z=-6, 1.2944x—y+5z=-2, 1.3043x+2y+3z =3,
2x-3y+z=09. 3y—Tz=-6. 2x-3y+z=-10.
OTtBeTbl
3ananue 1
BapuaHT | Miz | My | Ais | Azj | A |BapuanT | Miz | Myj | Aiz | Ayj | A
l. =72 | =52 72 | 52 | 58 | 16. 33115 | 33 | -15 | 24
50 | -30 | -50 | 30 | 160 251 65 | 25 | -65 | 175
2. 9 15 -9 | -15 | 18 17. 27 | 26 | 27 | 26 14
-15 | 55 | -15 | -55 | 145 50 | -15 | -50 | -15 | 160
3. 14 | -88 | -14 | 88 | 82 | 18. -19 |1 5 -19 | -5 | 47
50 | 40 | 50 | 40 | 180 -12 | 60 | -12 | -60 | 120
4. -19 6 | -19| 6 26 | 19. IS5 | -33 | -15 | 33 | 42
-19 | 10 19 10 | 115 -2 | -15 2 I5 | 55
5. 7 10 | -7 | -10 | 70 | 20. 7201024 | 72 | 24 | 89
-11 | 75 | -11 | 75 | 170 50 | 10 | -50 | 10 | 130
6. 36 | 54 | 36 | 54 | -90 | 21. 35 1 25 | 35| 25 -
200
S S -5 5 100 15 15 | -15 ] 15 | 115




7. 93 -6 93 -6 72 1 22. 74 | -10 | -74 10 -
106
50 10 50 10 &5 10 40 | -10 | -40 | 100
&. 46 | -58 | -46 | 58 | -20 | 23. -44 -6 -44 -6 -86
-8 -30 8 30 | 250 -33 10 | -33 10 80
9. -61 | -35 | 61 35 58 24. 27 | 73 | 27 | <73 | 50
-15 55 15 -55 -5 50 | -15 50 | -15 | 25
10. 27 | =30 | -27 | 30 54 25. 258 | -5 |-258] 5 -
239
50 55 -5- |1 -55 10 50 20 | -50 | -20 | 120
11. -39 | -78 | -39 | -78 - 26. 54 | -54 | 54 54 27
129
-40 0 40 0 100 30 | -30 | 30 | -30 | 190
12. 21 12 | -21 | -12 | 30 | 27. -34 -6 -34 -6 -58
7 -5 -7 5 100 -33 10 | -33 10 90
13. -40 0 40 0 20 | 28. -13 | -115| 13 |-115] 110
-10 10 10 10 60 -11 | -35 11 -35 | 135
14. -39 | -19 | -39 | -19 | 200 | 29. 21 | -15 | 21 15 -
186
50 | -25 | -50 | -25 | -25 5 35 -5 -35 | 115
15. -34 | -10 | -34 10 - 30. -39 | 42 | -39 | 42 | 222
154
-47 | 35 | 47 | -35 | 110 50 | -25 | -50 | 25 | -50
3aganue 2
1 2 3 4 5
0 6 -3 6 9 -3 4 -4 3 6 9 -3 2 -5 3
%[—2 15 —a] 7?_[—2 15 —a] —[ 2 _-15 8 7‘][—2 11 —5] I]:[ 2 _15 a]
1 —12 7 A5 _3 7 -5 18 -7)| \-5 _4 ¢ -3 15 -7
6 7 8 9 10
14 13 -3 ~10 —-11 3 0 6 -3 -6 -9 3 -6 -9 3
3—‘][—2 7 —4] ;[ 2 5 —2] %[—2 27 -14 }[ 2 21 -10 ﬁ[ 2 17 —a]
~13 -1 5 9 12 -2 1 —-18 10 “ls5 12 2 ) ls 11 1
11 12 13 14 15
-12 -12 3 10 11 -3 -8 -10 3 -2 -7 3 14 13 -3
l[ 2 5 —2] n—‘g[—z 7 -4 i[z 9 -4 ;[2 13 —ﬁ] ; —2 -1 0
11 14 -2)| ‘-9 -3 5 7 12 -1 1 2 0 ~13 -11 3




17 18 19 20
2 7 -3 6 9 -3 4 8 -3 -6 -9 3 0 6 -3
‘[—2 19 —m] —‘[—2 23 —12] i[—z 11 —5] 1[ 2 5 —2] —‘[—2 11 —5]
3 39 15 3 3
-1 -10 8 -5 -1 9 -3 -6 6 5 8 -2 1 -10 6
22 23 24 25
18 15 -3 12 12 -3 ~10 -11 3 -6 -9 3 20 16 -3
[-2 3 -2] %[-2 -1 .:.] %?[2 9 —4 ]—‘5[2 13 —5] —[-2 3 -2
-17 -6 4 ~11 -10 3 9 15 -1 5 10 0 -19 -6 4
27 28 29 30
0 6 -3 10 11 -3 2 -5 3 -14 -13 3 -2 -7 3
é[—z 19 —m] é[—z -1 D] i[z -11 f:] ]—‘1[ 2 5 —zé[z 17 —8]
1 -14 8 -9 -9 3 -3 12 -6 13 16 -2 1 1 1

KoHTpoJsbHbIE BONIPOCHI

Yo Ha3bIBAETCS MUHOPOM?

Uro Ha3pIBaeTcs alredOpanyecKuM JO0MOJHEHUEM dJIEMEHTa MATPHULIbI?
Kak pa3noXuTh onpeaenuTelpb Mo 3JeMEHTaM CTOJI01a U CTPOKU?

Kakas MmaTpuiia Ha3pIBa€TCsl HEBBIPOKAECHHOMN?
TpaHcnoHMpOBaHHAsA MaTPULIA.

Kakast MmaTpuiia Ha3pIiBaeTCs 00paTHOM MO OTHOIICHHUIO K JAHHON?
KakoB mopsok BeIYUCICHUS 00paTHON MaTpPUILIbI?

ANTOPUTM pelIeHns MPOCTENIIEr0 MATPUYHOTO YPAaBHEHHUS




IIpakTHyeckasi padora Ne 3
no teme «/leiicTBUSI HAl KOMIVIEKCHBIMH YHMCJIaMU B ajredopanyeckoii gopme»
Hesb: Hay4YuTh BBINOIHATH IEUCTBUS C KOMIUIEKCHBIMH YHUCIIAMU B alreOpandeckoit
dbopme
Bpems BbinmosiHeHuss 90 MUHYT

MarepuanbHoe obecneueHme
1. TeopeTnueckue cBeaCHUS
2.3amaHue
3.JIuct A 4
4 KanbKyJIsaTOpbl
IHopsinok BbINOIHEHHsI padOThI
1.A3yunts 3amanue
2. I3y4nTh TEOPETUYECKHUE CBEICHHUS
3. Beimonauth 1 0OpMHUTH paboTy
4 .I1oka3aTp pe3yJIbTaThl MPENOIaBaATEIIO
JomaniHee 3a1aHue
1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeeHU
Omnpenenenne. KoMIieKCHbIM YHCJIOM I HA3bIBAETCS BBIPAKEHUE z= a+ ib, TAE

a U b — JNeUCTBUTEIbHBIC YMCIA, [ — MHUMAas €JWHHUIIA, KOTOpas OIpelesieTCs
COOTHONIEHUEM: 1> =—1;  i=~/-1.

[Ipu 3TOM YMCIIO @ HA3bIBAETCS AeMCTBUTEIBLHOM YacThI0 uncia z (a = Re z), a b-
MHHMOI YacTbio (b = Im z).

Ecnu a =Re z =0, 10 uncino z OyJaeT 4ucTo MHUMBIM, €Cii b = Im z = (), TO YUCIIO
z OyJleT NeUCTBUTEIbHBIM.
Onpenenenne. Yucna z=a+ib W Zz=a-ib Ha3BIBAIOTCI KOMILUIEKCHO —
CONpSIKeHHBIMH.
Omnpeaesenne. /[Ba KOMIUIEKCHBIX 4YMUCHA Zz =a, +1b, U 2z = a, +1b, HA3bIBAIOTCS
PaBHBIMHU, €CJIM COOTBETCTBEHHO PaBHbI UX JIEUCTBUTEIbLHBIC U MHUMBIC YaCTH:

a, =4, b =b,;
Omnpenenenne. KOMIIEKCHOE YHUCIIO PABHO HYJIIO, €CJIM COOTBETCTBEHHO PAaBHBI HYJIIO
JNEeWCTBUTEbHAS U MHUMAs YaCTH.
a=b=0.

JeiicTBHsI HAl KOMIJIEKCHBIMM YHCJIAMU B ajireOpanveckoi popme.
OCHOBHBIE IEHCTBUSA C KOMIUIEKCHBIMH YHUCIIaMHU BBITEKAIOT U3 NEUCTBUU C
MHOTOYWIECHAMMU.



Cii0:xeHHe U BLIYUTAHHUE
PaccmoTpum 1Ba KOMIUIEKCHBIX YHCIIA, 33JaHHBIX B 00IIEM BUE Z1 = a1+iby;

Zr=ax+iby, TOorma
Z = Zl i Zz - (Cll + lbl)(az + lbz) = (al i az) + l(bl i bz) =a i lb

MoxHo chopMynHpOBaTh IPABUIIO CIOKEHUSI W BHIYMTAHUS KOMIUIEKCHBIX YUCEN:
MIPU CJIOKEHUU (BRIUYMTAHUH) KOMIUIEKCHBIX YHUCEJI COOTBETCTBEHHO CKJIAIbIBAOTCS
(BBIYUTAIOTCS ) X ICMCTBUTEIBLHBIC 1 MHUMbBIC YaCTH.

YMHOXxeHHne

7=717>=(a1+ib1)(az+ib2) =ajaz+ia;bo+ibiax+i’bib,=a+ib
7=717>=(aiaz-b1b2)+ 1 (a1b+biay)

( T.€. MOXXHO TOBOPUTH, YTO MEPEMHOMKAIOTCS KOMILIEKCHBIE YMCJIa KaK MHOTOUJICHBI,
YUMTBIBasg, 4TO i° = -1). 3HAUWUT, 4TOOBI IEPEMHOXMTH JBA KOMIUIEKCHBIX YHCIIA
HEOOXO0AMMO MEPEMHOKUTE MX KaK MHOTOUYIEHBI, YUYUTBIBAs, 4TO 12 = -1.

Jlesienue

[Ipu BBINOJHEHUH AEIEHHS] KOMIUIEKCHBIX YMCEII MOJIb3YIOTCSA NCKYCCTBEHHBIM
OpUEMOM: YHUCTUTENb U 3HAMEHATENb IPOOH YMHOXKAIOT HA YUCII0, KOMILIEKCHO -
COMNPSKEHHOE 3HAMEHATEN0 IpoOU, U MOCTYNAIOT Jjajiee TaK, KaK U PU YMHOKEHUU
KOMIUIEKCHBIX YHCEJL.

Ipumep.
Z1=5—i;
7,=-2+31;
z _ 5-i_ (5-)*(=2-3)) :—10+2i—15i+3i2:—13—13i:_1_i
z, —2+43i (2+3i)*(-2-3i) 4-9;* 13

3aganus NpakTH4YecKOH padoThl

b

1./laHbl KOMIUIEKCHBIE YUCHA BBIYUCIHUTD Yz =2z, +2,. Z, —Z,; Z,'Z;
2

2
l.z,=5-1; z,=1+3i 16.z, =5+1i; z,=1-2i
2.z, =3-4i; z,=1+i 17.z, =3+i; z,=5-2i
3.z, =1=-5i; z,=1+4 18.z, =1-5i; z,=1+3i
4.z, =1+3i; z,=T7-i 19.z, =5-i; z,=1+3i
S5.z,=1-i; z,=T7+3i 20.z, =1+3i; z,=-2+5i
6.z, =1-i; z,=5-4i 21.z,=34+4i; z,=-2+i
7.z, =3+4i; z,=-2+i 22,2, =5=-2i; z,=-2+i
8.z, =—1; z,=T7+4i 23.z,=7-2i; z,=5+3i
9.z, =6-5i; z,=1+i 24. 2, =7-3i; z,=-1+4i



e A il

10. z, =—=1+5i; z,=2-5i 25.z,=-2+3i; z,=5-4i

1.z, =5-7i; z,=1-3i 26.z, =-3+2i; z,=6+5i
12. 2z, =-3-2i; z,=-1+Ti 27.z,==1+T7i; z,=4-5i
13.2,=5+2i; z,=2-i 28.z, =4+5i; z,=1-2i

14.z, =1+5i; z,=2-3i 29.z, ==1+3i; z,=6-5i
15.z, =1-4i; z,=1+2i 30.z, =-3-2i; z,=4+3i

2. BoInoaHUTh AeMCTBUS HaJl KOMIUIEKCHBIMH YMCIIaMU B ajredpandeckoit popme

1)11)21)11_+2"l_ (i_zj

5 5

2(1-i3)
1+i\/§ ’

1_ A\ 20
3)13)23) (ﬁj +i'7;

2)12)22)

4)14)24) 12200520 _ 0.

241

5)15)25) 2(“’I 3 _1+i3):

6)16)26) %—(0,1—0,31‘);
1

2(1-i3)

iW3-i)’

$)18)28) a —32(1 + 3i)
l

(1+h/_)

N17)27)
-2i";

9) 19)29) 0T N2)"

10)20)30) (4;") 82— i"):
1

KoHTpoJsbHbIE BONIPOCHI

YTto Takoe KOMILJIEKCHOE YHCJIO: JEeHCTBUTEIbHAS YaCTh YMCia, MHAMAs 4acTh
yucna?

Uto Takoe MHUMas equHULA?

Kakue uncna Ha3pIBalOTCSI CONMPSIKEHHBIMU?

Kak npenacraBuTh KOMIUIEKCHOE YUCIIO IpaduuecKu?

Uto Takoe MoayJib uncia’?

Yto Takoe apryMeHT uucia?

CKOJIBKO MOXET OBITh MOJIYJICH M apTYMEHTOB Y KOMIUJIEKCHOTO YHciia?

Kak naiitu aprymeHT yucna?

Kak HaiiTu cymmy, pa3HOCTh, TPOU3BEACHUE, YACTHOE KOMIUJIEKCHBIX YUCET

Teopernveckue cBeeHUA
I'eomeTpuyeckoe n300pakeHne KOMILIEKCHBIX YK CeJI.



[IoHsiTHE KOMILIEKCHOIO YHCJIA HMEET TE€OMETPUYECKOE HCTOJIKOBAHUE.
MHOXECTBO  KOMIUIEKCHBIX  YHCEN  SIBIISIETCA  PACIIMPEHUEM  MHOMKECTBA
JNEUCTBUTENBHBIX YHCEI 33 CYET BKJIKOYCHUS MHOXKECTBA MHHUMBIX YHCEIN.
KomruiekcHbie ynciia BKIIOYAIOT B c€0s1 BCE MHOXKECTBA YMCEN, KOTOPbIE U3YYaIHCh
panee. Tak  HaTypajibHble,  L€Jble, palMOHAIBHBIE,  HUPPALHOHAIBHBIC,
NEUCTBUTEIbHBIE YHCTA SBIAIOTCS, BOOOIIE TOBOPS, YACTHBIMU CIy4YasMH
KOMIUIEKCHBIX YUCE.

Ecim  mo0oe AEHCTBUTENBHOE YHCIO MOXET OBITh T€OMETPUYECCKH
MPEICTABJICHO B BHUJE TOYKM HA YHCIOBOM MPSIMOH, TO KOMIUIEKCHOE YHCIO
NpEeACTaBIsACTCS TOYKOM HA IUIOCKOCTH, KOOpJMHATAaMU  KOTOpPOM  OynayT
COOTBETCTBEHHO JIEUCTBUTEIbHASI 1 MHUMAas 4YaCTU KOMIUIEKCHOTO uncia. [Ipu aTom
TrOPU3OHTANbHAs OCh OydeT SBIATHCS JIEUCTBUTENLHOM YMCIOBOM OChIO, a
BEPTUKAJIbHAS - MHUMOU OCBIO.

y

( a X

Takxum 06pa3zom, Ha ocu OX pacronararoTcsi AeMCTBUTENbHBIC YKcia, a Ha ocu OY
— YHCTO MHUMBIE.
C nomouib1o NoJOOHOT0 Fr€OMETPUUECKOTO MPEICTABICHHS MOXKHO MPEJICTABIATh
YKCIIa B TAaK HA3bIBAEMOM TPUTOHOMETPUYECKOH (hopMe.
Tpuronomerpuyeckasi popma ymcJjia.

N3 reomeTprueckux cooOpaxeHUi BUAHO, YTO a = rcos; b=rsing. Torma

KOMIUIEKCHOE YMCJIO MOYKHO IIPEACTABUTh B BUJIE:

z=a+1b=rcos@+ irsin @ = r(cosQ + 7sin P)

Takas opma 3anucu Ha3bIBa€TCSI TPUTOHOMETPHYECKOil (popmoii 3anucu
KOMIIZIEKCHOI'0 YHCJIA.

IIpu 5TOM BenuM4nHa 7 Ha3bIBA€TCs MOAYJAE€M KOMILIEKCHOIO YUCJIa, 4 YIOJI HAKJIOHA
- ApryMeHTOM KOMIUIEKCHOI'O YHCJIA.

r:|zf; 0= Argz.

N3 reomerpuuecknx cooOpaxeHuil BUTHO:

f=|av+1'b|=\/ez2 +b; o= Argz= arctgé;
a



OueBUIHO, YTO KOMIUJIEKCHO — COINPSDKEHHBIC YHCJIa UMEIOT OJIMHAKOBBIE MOJYJIH U
MIPOTHUBOIIOJIOKHBIE apPI'YMEHTHI.
|2f:|2|; Argz=—-Argz

JleficTBUS ¢ KOMIUIEKCHBIMH YHCJIaMH B TPUTOHOMETPHUUYESCKOM (opMme.
z =r,(cosQ, +1sinQ,), z =1,(cosQ, +1sin@Q,).

YMHOKeHNe z= 7z, = 5,5,(cos(Q, +¢,) + 7sin(o, + ¢, ))
B cnydae KOMIIEKCHO — CONPSIKEHHBIX YHUCEN:
zZ=(a+ib)a—ib)=a’+b" =4 =|H".

Teaenne z=2 =" (cos(p, —,)+isin(e, —¢,))

2}
Bo3Benenue B cTeneHb
W3 omeparum yMHOKEHUS KOMIUIEKCHBIX YHCEIT CIEIYET, 4TO
7 = zz=r’(cos2¢ + isin 2)
B o0uiem cnydae noydum:
Z" = r"(cos no + 1sin no) ,
/1€ 71 — LEJI0€ MOJ0KUTEIBHOE YUCIIO.
DT0 BeIpakeHUE Ha3bIBaeTcs (popmysioii Myaspa. (AGpaxam ne Myasp (1667 — 1754)
— QHIVIMICKUI MaTEMAaTHK).

H3Baeuenue KOPHA U3 KOMIUICKCHOI'O YMCJIa

3 z= {/ r(cos@ + 7sin @) = p(cosy + 7sin )
Bo3Bogs B crenens, MoJrydnm:

p"(cos my + 1sin my) = r(cos ¢ + 7sin P)
Orcrona: p=4%r; my=¢+2nk, keZ

8z =/r(cosp + ising) = W(cos pramk wj

n n

Takum o0pa3om, KOPEHb # —OM CTEMEHU U3 KOMIUIEKCHOTO YHCIIa UMEET /1 Pa3IMUHbIX
3HAYCHU.3aaHu sl JJIA IPAKTHYECKOI padoThl

3aganme. BoIoJIHUTE eiiCTBHUSA ¢ JAHHBIMU KOMIIIEKCHBIMU

1) Z1+72; 721-72; 71-72,71:72

1. z; = 8(cos 55° +5in 55°%), z, = 2(cos 5° + sin 5°),
2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 129),



©® N oo ow

9.

10.

11.

12.
13.
14.
15,
16.

17

18.

19.
20.

21.
22.

23.

24,

25;
26.

27.
28,

29.

30.
2.

z; = 3(cos 70° +5in70%), 2z, = 2(cos 20° + sin 20°),
z; = 10(cos 105° + sin 105%), z, = 2(cos 15° + sin 159),
z; = 12(cos 145° + sin 145%), z, = 2(cos 5° + sin 5°),
z; = 7(cos 255° + sin255%), z, = 2(cos1 5° + sin 159),
z; = 9(cos168° +5in168°), z, = 2(cos 12° + sin 12°),
z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),
z; = 3(cos 40° + sin40°), z, = 2(cos5° + sin 5°),

z; = 10(cos 75° + sin 75°), z, = 2(cos 15° + sin 15°),

z; = 9(cos123° +5in 123°), 2z, = 2(cos 12° + sin 12°),
z; = 5(cos 160° + sin 160°), z, = 2(cos 20° + sin 20°),
z; = 3(cos 235° +5in 235%), z, = 2(cos5° + sin5%),

z; = 4(cos 30° +5in30°), z, = 2(cos15° + sin 15°),

z; = 2(cos 258° +sin258°), z, = 2(cos12° + sin 129),
z; = 7(cos 115° +sin 115°), z, = 2(cos20° + sin 20°),
z; = 14(cos 310° + sin310°), z, = 2(cos5° + sin5°),
z; = 8(cos 45° +5in45%), z, = 2(cos 15° + sin 15°),

z; = 6(cos 213° +5in 213%), z, = 2(cos 12° + sin12°),
z; = 9(cos 70° +sin 70°), z, = 2(cos20° + sin 20°),

z; = 4(cos 40° + sin40°), z, = 2(cos5° + sin 59),

z; = 6(cos 300° + sin300°), z, = 2(cos15° + sin 15°),
z; = 3(cos 33° +5in33%), z, = 2(cos12° + sin 12°),

z; = 5(cos 250° + sin 250°), z, = 2(cos 20° + sin 20°),
z; = 8(cos 85° +sin85°), z, = 2(cos5° + sin 5°),

z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin1 5°),
z; = 9(cos 48° +5in48°), z, = 2(cos12° + sin 12°),

z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
z; = 4(cos175° +5in 175°), z, = 2(cos5° + sin5°),

z; = 16(cos 120° + sin120°), z, = 2(cos 15° + sin 15°),

BrImmonHUTE 1€MCTBUS HAll KOMIUIEKCHBIMU YHCJIAMU B TPUTOHOMETPUUYECKOM

dopMme, pe3ynbTar 3anmucaTh B TPUTOHOMETPUUIECKOM, alreOpandeckon u
MOKa3aTelbHON hopme

L=t 6,16,26. Y= 1+i
1+
1-i ) . "
21222, T—zlj 717.27. (03 - i)-1+1))
\/E‘ 6 \/g . 12
3,13.23. IY sl 8,18,28. 2*’
—1

05-053i ) 23-2i)
0,53 —0,5i J3+i

5.15.25. (2 +12i) 10,20.30. (-3 - 3i)

4,14,24. 9.19,29.




3.3anmcars KOMILIEKCHOE YUCII0 B TPUTOHOMETPHUECKOM U anrebpandeckoit hopme
2m/3. —7m/4.
1. 1ld4e ; 6. de ;

2. 2e7zi/6. 7. 56—77Zi/6.
3. (2/3)e>7m/3, 8. (2/5)e7 /4,
4. 3,703, 9. g,77/6.

4. BpInoHUTH AeicTBUs. Pe3ynbrart 3anucars BO Becex (hopmax.

(5+3i)(5+3i") o
. ’ 6. (—3+i)/2 ;
V2(cos225° +isin225°) (( i)/2)

(3+2i)*(2-3i")
1+ 27
2+i)’ .
2i(cos(37r/4) +isin(37/4))’

4. (1-iN3)/2)%; 9. -8-83i;
5. \-1+i3; 10. V7 -4i2;

5.. BBIOTHUTD IEUCTBUS, UCIIOIB3YSI TPUTOHOMETPHUUECKYIO hopMmy:

7. 2/1—i3)):;

8. ((W3+i)/2)*;

11 V2 ie) oz N
1. [Z+ZIJ(_?+TJ’ 6. 3{cos(—§)+zsm(—§)}+(3+\/§Z),
—1+i\/§
2. (1+iV3)(=2 - 2iV3); 7. :
(1+i/3)(-2 - 2i/3) e
22
3. (1+)(3+3i3); g i *i.
' ’ ) \/Eem'/s’
-3 33,
4.(6+ 2iN3)(-3 - 3i); 9. 2 2 .
(6.+2i3)(-3 - 3i) N
5. (5+5i)(cosl5” +isinl5%); 10. (g_i%}-zmm

6.BBITOTHUTE JTeHCTBHS HaJT KOMILUICKCHBIMH YUCJIaMH B TPUTOHOMETPUYECKOMN
dbopwme:

D3z;  2) z;

1. z,=1+i,z, =—/3 +i; 6. z,=1-/3i,z, =2+2i;

2. zlzl—i,zzz—\/g—i; 7. 21:—1+\/§i,22:—2—2i;
3. Zl=—1+i,22=%+§i; 8.z, =—1-~3i, z, =—2+2i;
4 le—l—l,Zz—l—gi, 9 le\/§+i922:_——£i;



9.

PN RO =

21:1+\/§i, z, =2-2i; 10. zlzﬁ—i,22=%+§i;

KonTpoJibHbIE BOIIPOCHI

Urto Takoe TpuroHoMerpuueckas (popmMa 3anucy KOMIUIEKCHOTO Yynciia?

Kak nepeBecTy 4nucio B TPUTOHOMETPUIECKYIO (hopmy?

Kaxk HaiiTi mpou3BeieHHe, YaCTHOE YHCell B TpPUTOHOMETpUYecKoi hopme?

Kaxk HaiiTi BO3BECTH YMCIIO B TPUTOHOMETPHUUIECKOU (popMe B IEITYIO CTEIICHb?

Kaxk HaifTi KOpeHb n-HOM CTENEHU U3 YKClia B TPUTOHOMETpUYecKon Gopme?
dopmyia Ditepa

Kak npenctaBuTh KOMILIEKCHOE YUCIIO B OKa3aTebHOM dhopme?

Kak cBsizanbl TpuUronoMerpuyeckasi U mnokasareiibHasi (POPMbI 3aITUCH KOMIUIEKCHBIX
yucen?

Kaxk HaiiTu mpousBe/ieHre, YaCTHOE YKCell B MOKa3aTeIbHOU opme?

10.Kak HaliTh BO3BECTH YHCIIO B MOKA3aTE€IbHON (POpME B LIENTYIO CTENEHB?
11.Kak HaliTh KOpEeHb N-HOM CTEIICHH U3 YUCJa B TTOKa3aTelbHon popme?



IIpakTnyeckas padora No 4
no teme «PemnmeHue ypaBHeHUl HA MHOKeCTBE KOMILUIEKCHBIX YHCeJ»
Hesb: Hay4uTh peniaTh ypaBHEHHUS HA MHOXECTBE KOMILJIEKCHBIX YHCET

Bpems BbinmosiHeHuss 90 MUHYT

MarepuajibHoe odecnieueHue

1. Teopetnueckue cBeaCHUS

2.3amaHue

3.JIuct A 4

4 KanbKyJIsSITOpbI

ITopsnoK BbINOJHEHUS] PA0OTHI
1.3yunts 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUS

3. BeimonauTh 11 0GOpPMUTH pabOTy
4.1Toka3aTpe pe3yapTaThl IPENOAABATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeeHUA
Keaopammnoe ypagnenue ¢ KOMni1eKCHbIMU KOPHAMU
=4

Henb3s wu3Bneub kopeHb? Ecmu pedub uIeT O ACHCTBUTENBHBIX YHCHAaX, TO
JNCUCTBUTENILHO HENb3sl. B KOMIUIEKCHBIX 4YMCIaX H3BJI€Yb KOPEHb — MOXKHO! A
TOYHEE, J1Ba KOPHSL:

Z= A=z
zZ, = ﬁ = 2

JICHCTBUTENIBHO JIM HAUJAEHHBIE KOPHU SIBIIAIOTCS] PELICHUEM YPaBHEHHUS 28 =—49
BrimmoaHuM npoBepky:

(&) =2y i =4 (-D=-4
(2 =2 " =4.(-1)=—4

Yrto u TpeboBaIoCh NPOBEPUTD.

YacTo ucnonb3yercs COKpalieHHas 3auch, 00a KOPHs 3alUChIBAIOT B OJIHY CTPOUKY

z,, =%
nox L2 .

Takue KOPHH TAKKC HA3bIBAKOT CONPANCEHHbIMU KOMNITEKCHBIMU KOPHAMU.
Kak wu3Biekarn KBaJpaTHbIC KOPHM M3 OTPULATCIBbHBIX YHUCCJI, AYyMaro, BCCM

HOHSATHO: N’f—_:ﬁ, “f__g=i33', V=36 =d6 ”E:i@, -5=1f5 T.1. Bo Bcex

ClIydadax IIOJIy4acTCAa ABAd COIIPAKCHHBIX KOMIINICKCHBIX KOPH:.

IIpumep
Pemurh KBaJpaTHOE ypaBHEHUE Z P-6z4+34=0
BBIYKCIIUM JMCKPUMHHAHT:

D=36-136=-100



I[HCKpI/IMI/IHaHT OTpHULATCIICH, U B HeﬁCTBHTeHBHbIX qUCJIaX YPABHCHUC PCIICHUA
He umeet. Ho KOPCHb MOKHO HM3BJICYb B KOMILICKCHBIX ypciax!
A D =108

[To u3BecTHBIM (hopMyJIaM TIOJTy4aeM JIBa KOPHS:

& 103
p = 5

z, = 35

— COIIPAKCHHBIC KOMILIICKCHBIC KOPHHU

2
Takum o6paszoM, ypasHenne 2 —62+34=0 pyyeer nBa conpssKeHHBIX
KOMIUIEKCHBIX KOpHs; Z1= 7% 23 =3+3
HeTpyaHO MOHATE,YTO B 710/1€ KOMIUIEKCHBIX YHCEN «IIKOIBHOE» KBAPATHOE
ypaBHEHHE BCEra pH ABYX KopHsx! Y BooOlie, 1000€e ypaBHEHHE BHA

b n-1 2 _
42 Faaz T+ +eZ 44748, =0 yyeer poBHO 7 KOMIUIEKCHBIX KOPHEH, 4acTh

KOTOPBIX (MJIU BCE) MOTYT OBITh JeHCTBUTEIHLHBIMHU.

3ajaHus NPaKTHYEeCKOM PadoThI
PemmnTh KBagpaTHOE ypaBHEHHUE:
[.x>-2x+17=0
22x2+2x+1=0
3.4x%-4x+17=0
4x2+6x+25=0
54x*-20x+29=0
6.9x*-6x+2=0
7.x%-4x+29=0
82x*-2x+5=0
94x*+4x+5=0
10.x2-4x+13=0
II.9x*-6x+17=0
12.4x2-12x+25=0
13.x>+4x+5=0
142x>—10x+17=0
15.x2-6x+13=0

16. x> +6x+18=0
17.x>-4x+40=0
18.4x%-12x+13=0
19.2x2+6x+5=0
20x%-2x+5=0
21.9x%-6x +10=0
222x*+6x+5=0
23.x*>+6x+13=0
242x%-6x +17=0
25.9x%-6x+2=0
26.x2-6x+10=0
27.x2+2x+26=0
282x*+6x+9=0



29.2x*+10x+13=0
30.x*-6x +34=0

KoHTpoJbHBIE BONIPOCHI

1.Kakue uncia Ha3bIBaIOTCA KOMIUIEKCHO COIPSYKEHHBIMH?
2.Kakue KOMIUIEKCHBIE YMClla HAa3bIBAKOTCS PAaBHBIMU?

3.Kak u3Biieub KBaJIpaTHbIA KOPEHb U3 KOMILIEKCHOTO yncia’?



IIpakTnyeckas padora Noe 5

no teme «Haxoxaenue npou3BoaHOM C10xkHON PyHKumMu. I'eomeTrpruyeckuii u
(pu3nveckuit CMBICT MPOU3BOIHOI)
Heab: HayuyuThCS HAXOXKIAUTH IPOU3BOJHBIE FJIEMEHTAPHBIX U CIOKHBIX (QYHKIHI.
Bpems BbinosiHenust 90 MUHYT

MarepuajbHoe obecneuyeHmne

1. TeopeTnueckue cBeieHUs

2.3aganue

3.JIuct A 4

4 KanbKyJIsITOphI

ITopsnok BbINOJHEHUS] pa0OTHI
1.3yunts 3amanue

2. I3y4uTh TEOPETUUECKHUE CBEACHUS

3. Bemoauuts u opopMHUTH paboTy
4.1Toka3aTph pe3yabTaThl MPENOAABATEIIO
JlomalnHee 3ajaHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
Xoa padoTbl

KpaTtkue TeopeTnyeckue cBeeHUS.
Ilpouseoonan ghynkyuu, ee 2eomempuueckuii u uzuuecKuii CMoici.
Omnpenenenune. IlpousBoanoit GpyHKIUU f(X) B TOUKE X = Xo Ha3bIBAETCAd IpeiAe

OTHOLUEHUS pUpalieHus: GyHKUIHUU B ITOW TOUKE K MPUPAIICHUIO apTyMEHTAa, €CJIU OH

CYIIIECTBYET.
£(%) = lim f(x+ Ax)— f(x)
Ax—0 AXx

[TycTh f(x) ompeneneHa Ha HEKOTOPOM MpoMexyTKe (a, b). Toraa tgf = %p — TaHTEHC
X

yTiia HakJioHa cexymieid MP k rpaduky pyHkiun.

. A , " o
lim Ef = f'(x,) =tga =K — T€OMETPUYECCKHUH CMBICJI NIPOU3BOAHOU
Ax—0

/i€ oL - YTOJI HaKJIOHA KacaTeNlbHOH K rpaduky GyHKUUU f(Xx) B TOUKe (Xo, f(X0)).



K —yrnoBoii ko punment kacaTeabHOM.

Yron Mexay KpUBBIMH MOXET ObITh ONpPENeNieH KaK yrod MEXIy KacaTellbHbIMHU,
IPOBEICHHBIMU K 3TUM KPUBBIM B KaKOM- JINOO TOUKE.
YpaBHeHHE KacCATeJbHON K KPUBOH y— y, = F(x,)(x— Xx;)
YpaBHeHHEe HOPMAJIM K KPUBOH y— ¥, = —L(x— X,).

£(x)

daxTruecku Mpou3BoHas GYHKIMH MOKa3bIBAET KaK U3MEHsIeTCS (PyHKLIUS PU
W3MEHEHUHU NIEPEMEHHOM.
Pu3nyeckuii cMbIcJ Npou3BoaAHoI pynkuuu f(t), rae t- Bpems, a f(t)- 3akon
JBUKEHUS (M3MEHEHUS] KOOPJUHAT) — MCHOBEHHASA CKOPOCMb
osuicenun. CoOTBETCTBEHHO, BTOpasi MPOU3BOAHAS (YHKUUU- CKOPOCTh U3MEHEHUS
CKOpPOCTH, T.€. yCKOpeHue.
OcHogHvle npasuna ouggepenyuposanus.
O603HaumM f(x) = u, g(x) = v- bynkuun, quddepeHnnupyemMbie B TOUKE X.
Du+tv)=u"+£v’
2)(uv)'=uv’'+u’v

!

3)(£j :M, ecmu v # ()
% V

IIpou3BoaHbLIE OCHOBHLIX DJIEMEHTAPHLIX (DVHKIIH.

HC" =0; 9) (sin X)' =COS X
2)(x™) = mx™!; 10) (cos X)' = —sin x
' 1 , 1
3 =— 11 -
) (\/;) 2V x ) (i) cos® x
1 ' 1 ' 1
4| —| =—— 12 =-
) (Xj X ) (crev) sin” x
5) (ex), =c 13) (arcsin X)’ _ !
1-x
6) (a"), =a*lna 14) (arccosx)/ __
1-x
' 1 ' 1
7)(In x) = 15) (arcigx) “1a 2
4 1 ’ l
8 = 16 -
) (os, o =L RO p——

Ilpouszeoonasn cnoxcnou pynkuyuu.
Ilycms y = f(x); u = g(x), npuuem obracme 3HaveHull GYHKYUU U 8Xx00Uum 8 061acmo
onpeodenenusi hynkyuu f.
Toeoa yv'=f'(u)-u'
Jozapugpmuueckoe oughgpepenyuposanue.



Inx, mpm x>0

PaccmoTpuM QyHKIHMIO  y=In|xf = {m(_ X), mpum x<0

Torna (1n| X | )'= 1 , T.K. (ln X)! = l; (In(—x))' = (G2l = l
X X X X

YuuThIBas MOJy4YEHHBIN PE3yIbTAT, MOKHO 3aIIUCATh (1n| f x)|) = i((X)) )
X
(%) . y
OTHoleHne ) Ha3bIBaeTCs Jorapupmmuyeckoit npousBoaHoi GpyHkuu f(x).
X

Cnoco6 aorapupmmuueckoro auddepeHIupoBaHus COCTOUT B TOM, YTO CHayaia
HAXOJAT JOrapu(pMUYECKYIO MPOU3BOAHYIO (PYHKLMHU, a 3aT€M MPOU3BOAHYIO CaMOM
byukiuu o gpopmyJie

£(x) =(n| AX))'- Ax

Cnoco6 morapudmuueckoro auddepeHIupoBaHus yIA00HO MPUMEHSTh IS
HAXOXJCHUSI TPOU3BOAHBIX CIIOXKHBIX, OCOOCHHO TMOKA3aTENbHbIX (QYHKIWN, IS
KOTOPBIX HETMOCPEACTBEHHOE BHIUUCIECHUE MTPOU3BOIHON C MCIOIB30BAHUEM TPABIUII
i pepeHIupoBaHUS IPEACTABISIETCS TPYAOSMKHUM.

Ilpou3eoonas nokazamenvHo- cmenenHol yHKyuu.

OyHKIMS HA3BIBAETCS TIOKA3aTEIbHOM, €CIITM He3aBUCHMasl IIepeMeHHasi BXOAWT B
MO0Ka3aTelb CTENECHU, U CTETICHHOM, €CTU TIEpeMEHHAs ABJISETCS OCHOBaHUEM. Ecnun
K€ ¥ OCHOBAHHUE Y TTOKA3aTellb CTEIEHU 3aBUCST OT MEPEMEHHOM, TO Takast PyHKIUs
OyJleT MmoKa3aTelbHO — CTENIEHHOM.

[Tycteb u = f(x) (f(x)>0)u v = g(x) — GyHKIIMU, UMEIOIIUE TPOU3BOJIHBIC B TOUKE
X.
Haiinem npousBoanyto yHkiuu y = u'. Jlorapudmupysi, nomydanm:

Iny = vlnu
pa Vinu+ v
y u

y = uv[vint v’lnuj

u
!
(uv) =w' v +u"VInu
IIpumep. Haiitn nmpon3BogHy0 QYyHKIHH £{x) = (X° +3x) """,
[To mony4yeHHO# BbIlIe GOpMYJIC MONydaeM: u= x +3x V= XCOS X;
[TpousBoaHbIE ATUX PYHKIUHN: o' =2x+3; V =cos x— xsin x;
OKOHYATENBHO:

(X)) = xcos x- (X +3x)" " (2x+3) + (X +3x) " *(cos x— xsin x)In(x* + 3 x)



IIpumep. Hantn

. 1
NPOU3BOMHYI0  (DYHKIMHM  y = cos xsin x + Ecosz x

) I . 1 )
npeobpazyem JaHHYIO QYHKIUIO: y= 5 sin 2x+ Scos’ x

y'= %ZCOS 2x + %2cos x(—sin x) = cos 2x —sin x cos x. _LIpumep.

2
byHKUMU y= S
e (2)(6"‘2 + X 2xe” WX +1)— (2X)X2€A2 _ 2xXe” +2xe° +2xe" +2x¢e” —2x¢e"
(X +1)° (X +1)°
C2xet (x4 1+ %)
(X +1)°
3ananue 1.Hautu npousBoanbie pyHKUMT
B1 Y=x>-5x*+11, Y=x’ctgx B16 V=x>-5x>+1, V=x’ctgx

Y= y=Ya3 45
Y=e*Inx, Y=(cosx —
1)2x
B2 V=2x3-x?+1, Y=x’tgx
Y- v 4T3
Y=In——, Y=(sinx — 2)3*
x+1

B3 YV=7x*+3x%-2, V=xarctgx

x+5 1
Y= Inx’ Y_(2x+11)5
Y=sin3(4x?* + g -1
Y=(5x + 4)*
B4 V=-3x*+5x*81, YV=2xsinx
Y:si):lx’Y:m

X

Y=cos ——Y=(tgx — 3)3¥
B5 V=7x%-3x?+32
V=x3arcsinx

2 ~_CoSx
(3-6x)8’ 3x

Y=In (x — x%2 — 6)

Y=(cosx + 4)*
B6 Y=-x>+3x3-11, V=3x’ctgx

Y:arccosx‘ Y:m

3x
Y=e3**In2x

Y= y=a3 45
Y=e*'Inx, Y=(x — 1)**

B17 V=2x3-x>+17, Y=xtgx
_artgx 37
Y= y=x7 =3

Y=In=— , Y=(Inx + 8)%*
x+1
B18 V=7x3+3x2-2, V=xarctgx

_X+5 , 1
Y Inx’ (2x+11)5
Y=sin3(4x?* + g -1
Y=(lnx — 2)**

B19Y=-3x’+5x*-81, Y=2xsinx
Y=——,Y=Vx2 -3
sinx
Y=cos =, Y=(Inx + 9)5%
x+1
B20 Y=7x5-
3x*+3,Y=x3arcsinx
2 _ COSX
(3-6x)6’ 3x
Y=In (x — x% — 6)
Y=(tgx + 2)*
B21 V=-x>+3x3-11,Y=3x’ctgx

Y:arccosx Y= m

3x
2
Y=e3*"In2x

.CHauyajia

Haiitu npoun3BogHyO



Y=(7x + 6)**
B7 V=3x*-6x?+19, Y=x>sinx
tg" = Y=32x% -

Y= ~*Inx, Y=(3x + 1)%*
B8 V=-4X5+9X%-12, V=x3tgx

Y:arcctgx, Y=3/3x + 6

Y=2"*"Inx, Y=(sinx —
4)*
B9 Y=5x4 2x3+65,Y=xarcsinx
Y= Y=Yx7=5

(6% 4)3’
Y=32""In Y=(cosx +
1)2x

B10 V=-2x%3x*+19, V=x’ctgx
Y-S v 3GTE
Y=e2"Inx, Y=(3x — 1)*

B11 V=8x*-
6X>+1,Y=2x>arccosx

_tgx 9
Y 5x’ Y (6x—5)*

Y=4"""Inx, Y=(9x +
3)4x
B12 V=3X*+11x>-
87,Y=3x3ctgx

cosx -3
Y=—o-,Y=
2x (4x+9)5

Y=5"Inx, Y=(cosx —
2)3x
B13 Y=x3+9X2-51,
V=Xzarcsinx

Y— Y—\/8x3 3
Y:er Inx, Y=(8x — 2)*

B14 Y=3x7-9X3*+11, V=5x3tgx

Y=(tgx — 6)**
B22 V=3x*-6x%+1, Y=x3sinx
tg" Y=3/2x3 —
Y= ~* Inx,Y=(tgx + 3)5"
B23 Y=-4X*9X2-12,V=x’tgx

Y:arcctgx, Y:3 ,—3)6 16
Y=2"""Inx, Y=(cosx +
3)6x

B24 V=5x*-2x°+65,
Y=x2arcsinx

Y=  Y=Vx2—5
(6x 4)3
Y=32"[nx, Y=(sinx +
2)8x
B25 V=-2x5-3x>+1, Y=x’ctgx
Y= arctgx Y \/T
Y:er Inx, Y=(sinx —
1)3x

B26 V=8x*-6X°+1,
Y=2x3arccosx

_tgx 9
Y 5x’ (6x—5)4
Y=4-% Inx, Y=(sinx +
5)4x
B27 V=3X*+11x>-87,
V=3x3ctgx
_cosx , -3
Y 2x (4x+9)5
Y=5¢"Inx, Y=(sinx —
2)2x

B28 Y=x3+9X251,
Y=x2arcsinx

y=—" ,Y=1/8x3 —

CcoSsx

Y=e2*"Inx,Y=(cosx +
6)6x

B29 V=3x"-9X3+11, Y=5x3tgx



Y=—25_ v=V2x*—6 Y=—2  v=V2x%*—6

arcsinx’ arcsinx’

Y=e3"Inx, Y=(tgx — Y=e3*’Inx, Y=(sinx +
3)2x 2)3x
B15 V=x>-8X*+16, V=4x’ctgx B30 Y=x>-8X?+16, Y=4x’ctgx
_actgx «,_ 9 _actgx «, 9
Y 3x (2x—15)6 Y 3x (2x—15)®
Y=62"Inx, Y=(lnx + 2)5* Y=62*"Inx,Y=(sinx —
6)6x

2.Haift mpoun3BoHBIE (PYHKITHH.
a — MOPAAKOBBIM HOMEP B sKypHaJIe

l.y=ax" —iajL\”/x“+6 —ax+a 2.y=ZV(a)c2 —3ax+5)° -
X

_a
(x + a)a_4

3.y =tg“(x+a)-arccosax’ 4.y =arcsin’ ax-log,(x —a)

5.y= a™ ctgax’ 6.y =ctg’ax-arctg\x’

vax® —3ax +5a B lg(ax® —2ax + 3a)

7.y= 8.y

x5 2
e arcctgax

KoHTpoJsbHBIE BONIPOCHI

1.ChopmynupoBTh onpeaeseHne Npou3BOAHON, TpaBuia 1udpepeHIInpOBaHHUS.
2.3HaTh TabINIly NIPOU3BOAHBIX AIEMEHTAPHBIX (PYHKIIMH.

3.CdopmynupoBaTh IPaBUIIO0 HAXOXKACHUS IPOU3BOIHOM CI0KHON (PyHKIINH.

TeopeTnyeckue cBeaeHs

Xoxa paéoTbl

Omnpenenenne GQyHKIUM ABYX MepeMEHHBIX

Ecnu xaxnoi nape ( X;y) 3HaueHUI ABYX HE3aBUCUMBIX APYT OT JIpyTa MePEeMEHHBIX
BEJIMYMH X U Yy U3 HEKOTOPOTO MHOK€eCTBa D COOTBETCTBYET €IMHCTBEHHOE 3HAUECHUE
BEJIMYHMHBI, TO TOBOPAT, YTO Z €CTh (DYHKIIMS IBYX HE3aBHCHUMbBIX IEPEMEHHBIX X U Y,
omnpeAereHHas Ha MHOXkecCTBe D.

Ob6o3Hauaercs: z=f(x;y) unu z=z(X;y).

Hanpumep, S=ab, S=S(a;b)- pynkun neyx nepemennsix; V=abc, V=V(a,b.c) —
GyYHKIUS TpEX MEPEMEHHBIX;

Cnoco0bl 3a1aHus1 PYHKUHMH HECKOJIbKUX MePeMEHHbIX

Uto0sI 3a1aTh PYHKIHUIO IBYX (TpEX) MEPEMEHHBIX, HY>)KHO yKa3aTh COC00, C
MOMOILBIO KOTOPOTO JJIsl KyKI0M mapkl (TPOKK) 3HaYE€HUN apryMEHTOB MOXKHO
HAWTH COOTBETCTBYIOIIEE 3HaueHue Ppyukiuu. Hanbdosnee yacto pyHKIMS 3a1aeTCs
AHATUTUYECKH - ITO SIBHOE 3aJlaHNe (PYHKIIMU WU HESIBHOE 3aJJaHUE

YacTHbIe NPOU3BOAHBbIEC NIEPBOT0 MOPSAKA

[Tycth QpyHKIUS ABYX epeMeHHbIX Z = f(X, y) onpeaeneHa B HEKOTOPOi OKPECTHOCTH
Touku M(X, y) eBkimoBa npoctpanctBa E2. Uactaas npousBonHas Gpyukimu z = f(x,
y) TO0 apryMEeHTy X SBJSETCS OOBIKHOBEHHOW MPOM3BOAHONW (YHKIIMK OHOU
NEPEMEHHOM X IPH PUKCUPOBAHHOM 3HAYEHUU NIEPEMEHHON Y U 0003HAYAETCS KaK



gi gs ZL., f.:'

AHAQJIOTUYHBIM 00pa30M OMpeaeNsIeTCsl YacTHas mpom3BojHas ¢yHkmuu f(X, y) mo
IIepEMEHHOM Y B Touke M, o003Hauaemas Kak

ﬁ ﬁ = _f'

' ay VTV
OyHKIUS, UMEIONIAs YaCTHBIC TPOM3BOHBIC, HAa3bIBaCTCS TU(DPEPEHIHPYEMOIA.
CoBepIICHHO aHAJIOTHYHO OMPEICIAIOTCS YaCTHBIC MPOW3BOAHBIC (DYHKIHMH TpeX U
Oonee mepeMeHHBbIX. YacTHas MPOM3BOAHAS (PYHKIMH HECKOJIBKHUX IePEeMEHHBIX
XapaKTepPU3yeT CKOPOCTh €€ U3MEHEHHS 110 JaHHON KOOpAUHATE MPU (PUKCUPOBAHHBIX
3HAYCHUSX APYTUX KOOPIAUHAT.

=22y +3x+5y -7

Hpumep: — (yHKIUS BYX TIEPEMEHHBIX.

o ml2 3 _
VIHOT/{a HCIIONB3YIOT 3amuch 7 ¥} = 2% 07 32+ 3y =7 Tapore Berpeuarotes 3aqanus,
T7ie BMECTO OYKBHI Z HCIIONb3yeTcs OyKBa ¥ .
HaiiTh  uyacTHble  NPOM3BOJHBIE MNEPBOr0 M  BTOPOr0  MOPSAKA

a2 3 4 _
dyHKIMHI z=2x°v +3x +0v -7

CHauara HaifieM 4acTHbIC POU3BOAHBIC MEPBOTO Mopsiaka. Ux aBe.
O0o03HaYeHUA:

%8

¥ %205
o

- qaCTHasda IMpOU3BOAHAs I10 «HKC»

. -
=z
Y U ¥ JacCcTHasdA IIpOoru3BOIHAA 11O KUI'PEK»

r
Haunem ¢ “* .Korga Mbl HAXOJMM 4YACTHYI) NPOM3BOIHYI0 IO «HKC», TO

nepeMeHHasi ¥ CYUTAETCA KOHCTAHTOM (MOCTOSTHHBIM YHCJIOM).
mo I . r NE
Z, =022 +3x +5y =) =2y (xT +30x), (5, =) =

= 2y3.2x+3.4x3+0—of4xf +12x°

KoMmmeHTapuu K BBIOJIHEHHBIM JAEHCTBUSIM:

(1) IlepBoe, 4yTO MBI JemaeM NpPH HAXOXKJIEHUU YACTHOM MPOU3BOJHOM —
3aKJIF09aeM BCIO (DYHKIIMIO B CKOOKH IMOJ IITPUX € MOACTPOYHBIM HHIEKCOM.

(2) Ucnonsdyem npasmia mudepeniupopanus & V) =u'Fv" (Lu)'=Cu" g
IPOCTOr0 MpPUMEPA, KaK ATOT, 00a MpaBUiia BIIOJIHE MOXHO NPUMEHHUTh HA OJHOM
mare. OOparuTe BHHUMaHHWE Ha I[EPBOE CjlaraeMoe: TaK Kak + CYHTAETCH
KOHCTAHTOM, a JIIOOYI0 KOHCTAHTY MOKHO BBIHECTH 32 3HAK IPOU3BOJHOM,

3 3
TO ¥ MBI BBIHOCHUM 32 CKOOKH. TO ecTh B JAHHOW CHUTyalud ¥ HHUYEM HE JydIle
06BIdHOr0 urcia. Temeps MOCMOTPHM Ha TPeThe cliaraeMoe ~ : 371ech, Ha0GOpOT,

BBIHOCUTE Heuero. Tak kak < KOHCTaHTa, TO 2 TOXE KOHCTaHTa, U B 3TOM CMBbICJIC

OHA HUYEM HE JIydllle TIOCJICHETO CJaraeMoro — «CEMEpPKM.
r_ ol -1
(3) Hcrions3yeM TabnnuHble mpon3soanble =) =9 y (F)=x25"
f
=
(4) Tenepr “». Korma mMbpl HAXOAMM YACTHYIO NPOU3BOJHYI0 MO «UTPEK», TO
nepeMeHHasl ¥ CYHUTAETCS KOHCTAHTOI (MOCTOSTHHBIM YHCJIOM).



(1 (2]
i 2.3 4 i Y ] 4oy i i
z,=(2xy" +3x +0y =T, =2x707), + 557, + 50, - (7Y, =

=2x° 045 1-0=62%" 45
+y) =
(1) Ucnmonszyem Te ke npasuia auddepeHImpoBaHus e tv)' =u
2 ~
IEPBOM CJIara€MOM BBIHOCHMM KOHCTAaHTY *  3a 3HAaK IPOHM3BOJIHOM, BO BTOPOM

‘tv (Cu)=Cu' g

4

CJIaraeMOM HMYETO BHIHECTH HENb3S MOCKOIBKY % — yiK€ KOHCTAHTA.
(2) Ucnonb3zyem Tabiuily MPOU3BOAHBIM 3JE€MEHTAapHBIX (QyHKIMI. MbICTEHHO
NoMeHsieM B Ta0JInIe BCe «MKChI» HA «MIPeKn». B yacTHOCTH, HCTIONb3yeMble HAMU

(bopMyIIbl BBITJISIAST TaK: ©)=0 y O =n™ Nrak, yacTHbBIE TPOU3BOIHBIE IEPBOTO
NOPSIAKA HAaWICHBI

[logBenemM WTOT, YE€M XK€ OTIMYAECTCS HAXOMXKIACHHUE YACTHBIX MPOU3BOIAHBIX OT
HAXOXJEHUS «OOBIYHBIX)» MTPOU3BOAHBIX (YHKIIUU OJHOU MTEPEMEHHOM:

r

1) Koraga mMb1I HaX0AMM YaCTHYI0 NPOU3BOIHYIO % nepeMeHHast Y cumraercs
KOHCTAHTOM.

t

2) Koraa MBI HaX0AMM YaCTHYIO MPOM3BOIHYIO 7, IiepeMeHHasi ¥ CYMTaeTcs
KOHCTAHTOM.

3) IIpaBuiia 1 Ta0 M LA NPOU3BOAHBIX 3JIEMEHTAPHBIX QYHKIUMA CIIPABEAJINBBI
M MPUMEHUMBI VIS J11000i nmepeMenHoi (%, ¥ Ju00 Kakoil-HUOY b APYroii), Mo
KoTOpoii Beaercs nuddepeHuupoBaHue.

[ITar BrOopoi. Haxonum yacTHbIE NPOU3BOIHBIE BTOPOTO Mmopsiaka. X dersipe.

Oo6o3HaueHus:

Az
" 7
o 170031 olx — BTOpast IPOM3BOTHAS 11(0) HKC»
Fz
=" ,53};2
Jﬂ' Hnin — BTOpaH HpOI/ISBOI[HaH 110 «I/IFPCK»
Fz
z! Sy
& NJINn — CMeUulaHHAaA HpOI/IBBO,HHaﬂ «HUKC 10 I/IrpeK»

Az

Zon o _
WA cMewanHas IPOU3BOJHAS «UTPEK MO UKCH
B moHsTHM BTOpOW NPOM3BOJHOM HET HHUYETO CIOXKHOTO. ['OBOpPSA MPOCTHIM
SI3bIKOM, BTOPasi POU3BOJAHAS — 3TO MPOU3BOAHAS OT NEPBOM MMPOU3BOAHOM.

YacTtHble IPOU3BOJIHBIE MIEPBOIO nopsiaKa:
t 3
" =dn’ +12x
¢ so21
z,=6x"y +5
Cnauvana HalgeM CMEIIIaHHBIE MPOU3BOJHBIE:

zl, = (z1), = (4 +12x7), = 4x(p"), +(1227), = 4x - 3y" + 0 = 121/

E

r
Kaxk Bunute, BcE€ mpocTo: 6epeM 4acTHYIO MPOU3BOAHYIO “* U nuddhepeHIrpyeM ee
eIle pa3, HO B JAHHOM CJIy4ae — y¥Ke 10 «UTPEK».

AHaJIOTUYHO:

zh = (2 = (657 + 51, = 657 ()L 4+ (5), =6 - 2x +0= 121



B mnpakTunyeckumx mnpuMepax MOKHO OPHEHTHPOBATbHCS Ha Cclieaymouiee

PABECHCTBO!:
o K
ny = Z}w

Takum 00pazoM, yepe3 cMelIaHHbIE MPOU3BOIHBIE BTOPOTO NOPSAIKAa OY€Hb YA0OOHO
POBEPUTH, & TPABUIIHHO JIM Mbl HALIUTK YAaCTHBIE MPOU3BO/IHBIE IEPBOrO MOPSAKA.
Haxoaum BTOpYIO POU3BOIHYIO O «HKCH.

zl =4z +12x°

Huxkakux n3zobperenuii, bepem u quddepeHupyem e mo «MKey» erie

pas:
Zh = (20 = (4 +12x7)0 =407 (00 + 120270 = 4y - 1+12. 3% = 4y +36%°
AHaI0TUYHO:

28, = (z,), = (65" +5), = 627 (), +(5), = 6 2y + 0= 122"y

CesyeT OTMETHTb, 4TO NPU HAXOXKICHUM %, % Hy»KHO HPOSBHUTH IIOBBIIIEHHOE
BHUMAHME, TaK KaK HUKAKUX 4yJ€CHBIX PABEHCTB JUIsl X IPOBEPKHU HE CYILECTBYET.
[Tpumepbl ~ HAXOXKAEHHSI ~ YacTHBIX  TMPOU3BOJHBIX  I[EPBOIO nopsJiKa.

IIpumep 1. z = % — 2ry + 2%,

Pewenune. lupdepenuupyem ¢ynkuuro z = f(x, y) cHavana mo X, moJsaras y
(PMKCHUpPOBAHHOM BEIIMYMHOM, TOTOM MOBTOPSIEM 3TY K€ MPOUEAYPY, MEHSA POJIH X U
y. [lonygaem

dz 9 — 3 iz )
HI——I = LY, % = 4y — 2=z,
iz ¥ oz r
IIpumep 2. z = arctgzry, — = —— — — = ——
p P BTY: 5 15 @) 3y~ 17 (5]
IIpumep 3. u = ye¥* + In(z? — 2y + z).

Pemenue. YacTHble MPOU3BOIHBIE ATON (DYHKIIMHM TPEX MEPEMEHHBIX BBIPAKAIOTCS
cienyonumMu GopMyiaMu:

u 2r i . 2
T T o o = (L +yz)e = —— s
dr 2229+ 2 By Té — 2y + 2
i — y2ev 4 1
a: V°¢ 22 -2+ 2z

3ajanusi NPaKTHYECKOH PadoThI
1. Haiitu 1 mocTpouTh 00J1aCTh ONPEETCHUS CIOKHON QPYHKITUY.
2. BwuucauTh TPOU3BOIHYIO CIOKHON (DYHKITHH.
B1 1.z=arcsin(1-x>-y?) B16 1,2:11%

prm— X = —
2.a) z=Vinx -, x=e, y=1 2 a)z=(x? + y2)** Y’

0) u=x2—y2+3 72 Sy o
9 u—Xx - Z+ x’ X—l R —1 ,Z_'2

x=1/2,y=1/2,2=1/2 JU=X\y(z+y)V y

B2 1.z=In(y-Inx) B17 1.z=Iny-Incosx

2.a) z=,/xy ln%, x=1, y=2 2.a)z= xsiny+x*, x=3,y=n/2



B)u=3x%/2- 6)u=1/xy —

y2/2+2722,x=2/3,y=2,2=2/3 VE— 22 x=1y=1.2=0
B3 1.z=\/Inx + Iny B18. 1.z=Insinx-,/y
2.a)z=xy$°"=e’ y=1 2.a)z=arcsin% - Inv, u=0, v=1
6)u=x>/2-y3/2+82% x=2,y=2,7=3/2 O u=(x+y*+z*)*?, x=0,y=-
3,z=4

B19. 1.z=In(y*/4-x%*/9-1)

B4 1.z= —x+2
\/; 2.2)z=In/x2 + y2+1/y,x=y=1//2

2.a)z=sinl/xe¥,x=n/2,y=1 6)u=2/x+3/2y-
0)u=3/2x>+3y2-27>
’ \ 6/4z,x=2/3,y=3/2,z=1/2
x=2,y=1/3,2=3/2 / Y
B5 1.z=arcsinx—yz B20. 1.z=arcsin%
2‘a)Z:ang(X2_y2)+1/\/x_y 2.3)2211’1}7\/} ,X=1,y=3/5
i yz 0)u=3/x+4/y-
6)u=? x4y 1/\/gx,x=1,y=2,z=l/\/€
B6 1.z=arcos(2x-y) B21. 1.z=1+/1 — (x — y)?
_ y —" e
2.a)z=arccos teV¥, x=2,y=1 2.2)z=cos(1/y)-1/,/xy, x=m/2,
6)u=\/§xz-%-6\/722, y=2/n
_ 2 4 ] e
x=1,y=2/3,7=1/ NG 6)u—x\/§-yz Xx=2,y=1,7=-1
B71.Z=/In(2 —x — ), B22. 1.z=In(x*+y)
y —oX% [x2 Z 2 x=].y=
2.a)z=tgl/x.ex,x=1/m,y=0 2a)z=e > x°—y%x=1Ly=0
0)u= 2,/x + y+y.arctgz, O)u=sinz, x=2,y=n,z=1
x=1,y=1/3,z=1/6
B8 1.z=In_ B23. 1.z=V1 — x2+,/1 — y?
2.a)7=(x2 + y2)¥* =V 2-2))Z=y13r/1§>;2-y2,9x=2,y=1
u=Xx +Ty</9-
0)u=x,/y-(z+ =1,y=1,z=-2
-y, x=1y=1.z 2/18x=2,y=1/2,2=1/3
B9. 1.z=Iny-Incosx B24 1.Z=\/ln(2 —x—v),

2.a)z= xsiny+x?, x=3,y=n/2

Yy
2.a)z=tgl/x.ex,x=1/m,y=0
o)u=,/xy — V4 — z2 x=1,y=1,z=0 J=te Y

O0)u= 2,/x + y+y.arctgz,
x=1,y=1/3,z=1/\/€
B10. 1.z=Insinx-/7 B25 1.z-arcos(2x-y)
2.a)z=arcsin% - Inv, u=0, v=1 2.a)z=arccos§+em, x=2,y=1

0)u=(x*+y*+z2)*2, x=0,y=-3,z=4



—/ox2. 3. 2
6)u=v2x 5 6V222,

x=1,y=2/3,z=1//6

2

B11. 1.z=In(y*/4-x*/9-1) B26 1.z=arcsin—
y

2.a)z=In/x? + y2+1/y x=y=1 A2 -
= -yA)+
6)u=2/x+3/2y- 2.a)z=arcg(x’-y*)+1/\[xy

= — 22
J6/4z,x=2/3,y=3/2,2=1/2 n=r"-05
B12. 1.z=arcsin§

2.a)z=InyVx ,x=1,y=3/5

0)u=3/x+4/y-
16 )—ul —); —yl/\/E Ou=3/2x"+3y2-22"
ny_ )y_ )Z_ X:Z’y:1/3,zz3/2

B13. 1.z=1+\/1 —(x —y)? B28 1.z=,/Inx + Iny

B27 l.z= |\/ly —x +2

2.a)z=sinl/xe¥ x=n/2,y=1

2.a)z=cos( l/y)-l/\/x_ , X=T/2, 2.a)z=xy$”‘:e° y=1

y=2/m 0)u=x>/2-
6)u=x,/y-yz*,x=2,y=1,7=-1 V324823 x=2,y=2,7=3/2
B14. 1.z=In(x*+y) B2 9.z=In(y-Inx)
2.a)z=ex2\/x2 —y?, x=1,y=0 2.a) z=,/xy ln%, x=1, y=2
6)u=sin;—z, x=2,y=m,z=1 B)u=3x?/2-
y2/2+27% x=2/3,y=2,2=2/3

B15. 1.z=V1 — x2+,/1 — y2 B30 1.z=arcsin(1-x*-y?)
2.z=yIn(x*-y?), x=2,y=1 2.a) z=VInx %, x=e, y=1
u=x>/16+y*/9-7%/8 x=2,y=1/2,z=1/3 6) u=x>-y*+372,

x=1/2,y=1/2,2=1/2
KonTpoJbHbIE BOIIPOCHI:
1.CopmynupoBats onpeaesieHue QYHKINH C ABYMSI IEPEMEHHBIMHU.
2.Yrto Ha3wIBaeTCA 00JIACTHIO ONPEACTICHUS (PYHKIIMH HECKOIBKUX MEPEMECHHBIX ?
3.ChopmynrpoBaTh NMPaBUIO HAXOKICHUS MPOU3BOTHON (QYHKIIMN HECKOIBKHUX
MEPEMEHHBIX.
4.Yto Ttakoe nonHbIN quddepeniinan GyHKINNA HECKOIbKUX MEPEMEHHBIX ?



)

2)
3)
4)
S)
6)

8)
9)

IIpakTnyeckas padora Ne 6
no teme «Mcciaenopanus pyHKIUU M IOCTPOoeHUE rpaguKa

Heab: HayuyuThCs UCCIEA0BATh PYHKIUIO U MO PE3yJIbTaTaM UCCIIEI0BAHUS CTPOUTH

rpaduxk.

Bpems BbinosiHenusi 90 MUHYT
MarepuanbHoe obecneueHmne

1. TeopeTnueckue cBe1eHUS

2.3ananue

3.JIuct A 4

4 KanbKyJIsITOpbI

Iopsinok BeINOJIHEHNsI pad0ThI
1.3yunts 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHHUS

3. Bemoauuts u opopMHUTH paboTy
4.1loka3atpb pe3ynbTaThl MPENOIaBATEIIO
JlomalnHee 3ajaHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
TeopeTuuyeckue cBeeHMsl.

Cxema uccneoosanusn yukyui

OO6nacthb cymiecTBOBaHUS (DYHKITHH.

DTO TOHATHE BKIIOYAeT B ceOf M 00JacTh 3HAYCHUN W 00JIACTh OMpEICIICHHS
byHKINN.

Touku pa3peiBa. (Eciu oHM BMeroTCs).

WNHuTepBansl Bo3pacTanus U yObIBaHUS.

Touku MakcMMyMa U MUHUMYyMa.

MaxkcuMallbHOE 1 MUHUMAJILHOE 3HAaUCHUE (QYHKIIMU Ha €€ 00JIaCTH OTIPEICIICHHS.
OO6acTy BBITTYKJIOCTH U BOTHYTOCTH.

Touku neperuda.(Eciam onu numerorcs).

Acumnrotsl.(Ecau oHM UMEIOTCH).

[Toctpoenue rpaduka.

IIpumep. UccnenoBarsh PyHKIUIO y= U TIOCTPOUTH ee rpaduK.

x -1
Haxonauwm o0nacts cymiectBoBanus QyHKIuu. OUeBUIHO, YTO 001aCMbI0 ONpedeneHus
dbyHKIuu sABiIseTcst 06acTh (-00; -1) U (-1; 1) U (1; ).

B cBoro ouepens, BUIHO, 4TO NpsiMble X = 1, X = -1 ABAAI0OTCA 6epmuxanbHbimu
acumnmomamu KpuBOU.

Obnacmvio 3nauenuli TaHHOW PYHKIUU SIBJSICTCS HHTEPBAT (-00; ).
Touxkamu paspviéa GyHKUNU ABIAIOTCS TOUKH X = 1, x =-1.
Haxoaum kpumuueckue mouxu.
3X (X -1)-2x-x 3 3x' -3x -2x' 3 X' -3x

x-n (XD (P

Kpurnueckue Touku: X = 0; X =-43;x = 3; x=-1; x=1.

Haiinem npousBoaHyt0 QyHKIUY ¥ =



Haxoaum npoMexyTku go3pacmanus 1 yovieanus GyHKIuu. s 3Toro onpeaenseM
3HAKH MMPOU3BOIHON (PYHKIIMK HA TPOMEXKYTKAX.
-0 < X <-+/3, y' >0, pyHKIMS BO3pacTaeT
-3 <x<-1, y' <0, dpyHkuus yosiBaer

-1 <x <0, y' <0, dbyHKIUS yOBIBACT

0<x<1, y' <0, dyHKuus yobiBaeT

1 <x<43, y' <0, ¢dynkuus yobiBaer

V3 <x <o, y' >0, ¢dyHkus Bo3pacTaet

BuiHO, YTO TOUKA X = -+/3 ABISETCA TOUKOM Makcumyma, a ToUKa X = /3 apjseTcs
TOUKON Munumyma. 3HaueHUs QyHKIIUU B STUX TOUKAX paBHBI COOTBETCTBEHHO

332 u-3-3/2.

Haiinem BTOpyIO MpOU3BOIHYIO (PYHKIIUU
, (4x —6x)(x 1) - (x' -3 )4x(x" -1) (4x” —6x)(x* —2x° +1)— (x* —3x?)(4x’ —4x) _
- (x -’ i (- )
_ 4x —8x +4x —6X +12xX —6x—4x +4x +12x —12x% B
- (X -1)* -
L 2X 44X —6x 2x(X' +2X -3) 2x(X+3)(X —1)  2x(X +3)
e N T e e
OnpenenuM BBITYKIOCTh U BOTHYTOCTh KPUBOW Ha MTPOMEKYTKAX.
-0 <X <-4/3, y"<0, kpuBas BIyKnasg -+/3 <x<-1,
y'' <0, KpuBas BbIIYKJIAsi
-1 <x<0, y">0, kpuBas Boruytass 0<x <1,
y"" <0, KpuBas BbIIyKJIas
1<x<3, y">0, xpusasBoruyras +/3 <X <oo,
y'" >0, kpuBas BOrHyTas
Haxonum mnpomexyTku eospacmanusi M yowvieanus QyHkuuu. Jns sToro
OmpeielisieM 3HaKU MPOU3BOAHON PYHKIIMH HA MPOMEKYTKaX.
-0 < X <-+/3, y' >0, pyHKIMS BO3pacTaeT
-3 <x<-1, y' <0, ¢yHKIus yObIBacT

-1 <x <0, y' <0, ¢yHKUHS yObIBaET
0<x<1, y' <0, ¢ynkuus yobiBaer
1 <x<43, y' <0, ¢yHKIIUA yOBIBACT
3 <x<o, y' >0, QyHKIMS BO3pACTAET

BuHO, UTO TOUKA X = -+/3 ABIAETCSA TOUYKOH MAKCUMYyMd, 3 TOUKA X = /3
ABJIACTCS TOUKOH Munumyma. SHaueHNs QyHKIMH B THX TOUKAX PABHbI
COOTBETCTBEHHO 3+/3/2 u -3+/3 /2.



[Ipo BepTuKalIbHBIE acumnmomsl ObBUIO YK€ CKa3aHo BhIIe. Teneps Haiinem

X 1
HAKJIOHHblE acumnmomubl. k= lim =lim =1;
X—>00 X2 -1 X—>0 1 1
b'e
Hroro, 3 s 3 YPaBHEHUE HAKJIIOHHOU
b =1lim —x |=1im %ﬂ — ACUMIITOTHl — y = X.
Crpoum oo xT 1 e x 1 epagux GyHKUUU:

SRS

3aganue 1.McciaenoBath QyHKIUIO TIO IPEJIOKEHHON CXeMe U TIOCTPOUTH €€
rpaduk:

0 3 O U KW —

. Haiiti oGacte onpeaeneHust GyHKITUN.

. UcciienoBars Ha 4ETHOCTh M HEYETHOCTD.

. UccienoBars Ha NEPUOANYHOCTb.

. Halitu cTanmonapHble M1 KpUTHUYECKUE TOUKHU IIEPBOTrO poAa.

. HaliTu mpomexyTku Bo3pacTaHus U yObIBAHUS (PYHKIUHU, IKCTPEMYM.
. Hantu cranmoHapHble U KpUTUYECKUE TOYKH BTOPOTO poAa.

. HaliTu mpoMeKyTKH BBITYKIOCTH (PYHKIMH, TOUKH IIeperunoa.

. HaliTn acuMIToThl (BEpTUKAIBHBIE, TOPU30HTAIIbHBIE, HAKJIOHHBIE).

9.

Haiitu Touku nepeceuenus rpaduka GyHKIMH ¢ OCSIMU KOOPIUHAT.

10.Haiiti 1omotTHUTEILHBIE TOUKH.

11. Tlo pe3ynpTaTam UCCIIEIOBAHUS TOCTPOUTH TPaPUK HYHKITHH.

L 2(7 )2 _ x*—2x-8 B16. a) y= X% - 12x% _9x+1;
Bl.a)y=x*(2-x)"; 0)y — -
O)y=xz+1

B2.a)y=xV1—x; a1 x?

VY - B17. a)y=3" *2% 2x-1; 6)y=x _2
6) y= x+3
B3.a) y =x - arctgx ; L | X3
6) SO BI8.a)y=3" ~* T3 6)y=x7-3

y:

x—1



8 _ x%+3x-10

B4.a)y “ 0) —
B5.a)y= /? ;
2—4x-12
6) y= - x-:(3
2 % +4x—12
B6.a) y :1:(-x2; 0)y= z X_X3
2-x-20
B7.a) y :xzj-(16; 0) Y= - xiz
_ x2 _ x2+x-20
B8.a) y=e+; 0)y= —
2-2x—15
B9.a) y =ﬁ; 0)y= z X:4
B10. a) y =2x-x%;
24+2x-15
6) y= - x—Xl
b —2x

B11. a)y:.‘+.'E -3X% +4 ; 6) y:ﬁ

B12. a)y: -X% +3x% -2 ;
X3
O)y=x*-1
B13.a)y=x*-12x +6 ;

X
x2+4

0)y=

B14. a)y=x®+9x* + 24x + 12
x3
0)y=6x- + 18
B15. a)y=—X® +3x%-2 ;
x3
O)y=x2z-1
KoHTpoJbHBIE BOIPOCHI:

1.YTo Takoe obnacte onpeaeneHus GyHkuuu?

B19. a)y=—%x% + 3X* +0x;

Xi-1

0)y=3x + 3
B20.a) y=x°-20x ; 6)y=1-3

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

B29.

B30.

a)y=x>+15x2-x-250 0)y

a)y=Vx+2;

a) y=x2-4x ;

a)y =3x-x>;

a)y = 2/3x3-2x=1;

a) y= 2x>-x*;

a)y =2x%-8 ;

a)y = x*-8x*+3 ;

3

4-x2’°

a)y=

a)y=xv4 —x;

X

X
x2+49

0)y=

1

6) y = 3x+=+5

6y =
6) =21
6)y ="
0)y =5
0)y= X21_1
6)y = x2+X3:<3—10
Oy

2.Kakue QpyHKIIMM Ha3bIBAIOTCS YETHBIMU , HEUETHBIMH, OOIIEro Buaa?

3.Buael Touek paspbiBa.
4.Yto Takoe HyIu GyHKIIIU?

5.Kaxk onpenennTs NpoMexyTKH BBITYKIOCTH?



6.Bunpl acCHMIITOT.
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1o TeMe « BprunciieHue miomaaei mNIocKux Gpuryp»
Ilesb: IpOBEPUTH YMEHHUE BBIYUCIIATH IJIOIIAAN C IIOMOIIBIO OIIPEIEIICHHBIX
UHTErpajioB
Bpems BbinosiHenusi 90 MUHYT

MarepuajbHoe obecnieueHmne

1. Teopernueckue cBeIECHUS

2.3ananue

3.JIuct A 4

4 KanbKyJIsITOpbI

ITopsanok BeINOJHEHUSI padOTHI
1.M3yuuts 3ananue

2. I3y4uTh TEOPETUYECKHUE CBEAECHUS

3. BolnonHUTh ¥ 0(hOPMUTH pabOTy
4.IToka3aTph pe3yabTaThl MPENOAABATEIIO
JlomainHee 3a1aHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJILHBIE BOIPOCHI

TeopeTudeckue CBeCHUS

ITnomans KpUBOIMHEHHOW Tpaneluy, OrpaHMYEeHHON HENPEPBIBHON KpUBOH y=f(X),
JIBYMS MPSIMBIMU X=a U X=b 1 0ChI0 a0CIMCC, BEIYUCIISICTCS C IIOMOIIBIO OIPEACIICHHOTO
WHTErpajia 1mo GgopMyJam:

#

4, ;y

Cyehx) R
B, =)= =ax

. A
X s o

! L 5

=
o -

fx)F0=>x=c '

8= 45, - [rMee] 1ol

.b fx)0=>x=c

o
)
()
=V

S=5,+5; = [flxhie+

o




Ipumep 4: Beraucnure mwiomaas GUrypbl, OrpaHUIEHHON JTMHUSAMH y = — 2 —2x +3, OCAMH

KOOpAMHAT U IpsIMON x=2.
Pemenne: [ToctporM naHHBIE TUHUA

Y=0

Haiinem Touku nepeceucHust rpaduka GyHKIUH ¢ 0Chio OX: y =—x’—2x+3,

1 2 3 3
S =j(—x2—2x+3)dx—j(—x2—2x+3)dx:(—x?—x2+3x) +(—x?—x2+3x) =

0 1

0 1
=—l—1+3—(—§—4+6)+(—l—1+3)=£+£+§=£=4(K6.60.)
3 3 3 3 3 3 3

3aganus npakTudyeckoit padorsl Haiitu ruionaas Gurypsl, orpaHu4eHHOM
JNAHHBIMHU JINHUSIMU

3amanue 1

1,11,21. y=8x—x"—7 M OCBIO OX
2,12,22. y=x-1,y=0,x=0
3,13,23. y=x"-3x—4 noceio OX
4,14,24. yi=4x u x* =4y

5,15,25. y=5x—x>+6 uocsro OX
6,16,26. y=x,y=x",x=-1,x=0
7,17,27. y=x"—6x+8 uochkio OX
8,18,28. y=x" U y=x+2

9,19,29 y=x"—4x-5 moceio OX
10,20,30.  y = 6x —3x° u ocvio OX
3ananue 2

1,L11,21. y=x>+2 uy=2x+2 2,12,22. yZXZI/I y=2-x"

3,13,23. xy=6 U y+x-7=0 4,1424. y=2", y=2x-x",x=0, x=1



5,15,25. y=Inx,x=¢,y =0 6,1626. y=" x=1,y=x—1

X
71727 y=x"+x, y=1-x>,x=0,x=1 8,18,28. y=x",x=2
9,19,29. y=cosx ,x=0,x=2n,y=0 10,20,30. y = \/;,y=2,x=03a):[aHI/Ie3
1,L11,21. x-y+3=0, x+y—-1=0,y=0
2,1222. 2x—3y+6=0,y=0m x=3
3,1323.  y=x-2x+3wm y=3x—1
4,1424. x-y+2=0,y=0,x=-1,x=2
5,15,25.  y?=4x,x=1wuoce0 OX
6,16,36. y=x’uny=-3x
7,1737. x—-y+3=0,x+y-1=0,y=0
8,18,28. x2=3yum y=x
9,19,29. Xx—y-2=0, x+ty+1=0,y=0
10,20,30. y?2=9x, x =3 u ocero OX
KoHTpoJibHBIE BOPOCHI

1.Yto Takoe KpUBOJIMHENHAS Tparenus?

2.®opmyna HeroTona-JIeibaua

3.I'paduku snemeHTapHBIX QYHKITUH.

4. Pa3nmuyHbIie BUABI TUIOCKUX (DUTYP U CITOCOOBI BRIYUCICHUS WX TUIOIIAICH.
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no teMe «Penrenue npakTuyecKuX 3a/1a4 ¢ IpUMeHeHHeM UHTETPAJIOB)
Hesb: mpoBepuTh YMEHHE HAXOIUTh HEOTIPEICTICHHBIC U ONIPEACIICHHBIC HHTETPAJIbI
UCIOJIb3YsI METO/IbI HETIOCPEACTBEHHOTO MHTETPUPOBAHUS, HHTETPUPOBAHHE
MOJICTAHOBKOM U IO YaCTSIM.
Bpems BbinmosiHeHust 90 MUHYT

MarepuajbHoe obecnieueHme

1. Teopetnueckue cBeaecHUS

2.3ananue

3.JIuct A 4

4. KanpKyJIsITOpbI

IHopsiioK BbINOJIHEHUS Pa0OTHI
1.3yunth 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHUSI

3. Boinonuuth U 0OpMHUTH paboTy

4 .Iloka3aTp pe3yJbTaThl IPENOJABATETIO
JlomalnHee 3ajaHue

1.IToATOTOBUTH OTBETHI HA KOHTPOJILHBIE BOMPOCHI
Xoxa paéoTbi

TeopeTnveckue cBeeHUA

f(z)

Omnpenenenue Ilycthb -- (pyHK1MS, 3aaHHAs HA OOBEIUHEHUN UHTEPBAJIOB

f(z)

BelllecTBeHHOM ocu. Habop Bcex mepBooOpa3HbIX JIst Ha3bIBACTCS

f(z) J f(z)dz

HeonpeoeneHHbIM UHMe2Paniom OT n 0003HavaeTcs . Onepanus

flz)

HAXOXKJCHUSI HEOTPEIeIEHHOTO HHTETPpaJIa M0 33JJaHHON QYHKIIUN Ha3bIBACTCS
unmezpuposaruem 3To QyHKIUU; HAUTHU HEONPEAEIEHHBI NHTErPAJT 03HAYAET

f(z)

npounmezpuposams 1aHHYI0 QyHKUINI0. OyHKIMS , 3aIIMCaHHas MOCJe 3HaKa
UHTErpasa (Wiv, KaK 4acTo TOBOPIT, 700 3HAKOM MHTETpaia), Ha3bIBaeTCs
noovinmezpanvHotl ynkyuer. COriiacHO JOKa3aHHBIM BBIIIE TEOPEMaM O BHJIE

f(z)
nepBOOOPa3HbIX, HEONPEIEIEHHBIM UHTETPATl OT PYHKIIUU COCTOUT U3 (PyHKIUI
F(I:J-l—Cf F(I:J f{I:J
BHUJA , T1Ie -- Kakasg-1100 pukcupoBaHHas IEpBOOOpa3Has st ,a

C -- BEIMYKWHA, IOCTOSTHHAS HA KaXXJI0OM U3 HCTICPCCCKAIOMNXCA NHTCPBAJIOB, HA

f(=)

KOTOPBIX 3a/1aHa (PyHKIIHS . [ToaTOMYy MOKHO HamMcaTh Takyro HoOpMyITy:



ff[x] dz — F(z) + C.

Tabiamnua MHTErpagoB 3JIeMEHTAPHBIX (PYHKIMT

1 _[D'afx:=C 11 _[l::h:r,afx:=shx+C'
2| fraerc 2 & e
sh* x .
m+l dx
3 [z =X _+C P [z ~thx*C
e+l (me-l), ch
4 1 dx 14 1 dx 1 x
—dx=—=hk/+C dx = = _—arctg — +
Ix .[x fe| . Ix2+a2 Ix2+a2 bk i
5 e 15 d 1, |x-a
Xxp % =_—1In +C
J'aafx: ]na,+c- Ixz—az 2 |x+tea
J'exa&:=ex+(?
6 ’[smxdx=—cosx+c' 16 J‘—a&: =arn::sin£+(?=—arccos£+(?
a’ - x* @ @
7 Ic@sxdx=sﬁ1x+ﬂ'. 17 e +~fx? + ol + C

="
x2+cz
8 J'd;: =-ctgx +C 18 _I'f\fx2+cxdx=£xl'x2+c~:+%]n‘x+w,n‘x2+cx‘

s < x . 2

cdx 1 2
? [ —=—tex+C ? Iwn‘ag—xzdx=%w'a2—x2 +%arn:sin Xic

il

10 _[shxdx:=|::hx+C. 20 Ia&: =]ntg£+C'
SN X 2 .
J- x =]n’!gx+ﬂ2‘+ﬂ'
COsX 2

3aMeHa mepeMeHHOI B HeonpeaeJIéHHOM HHTerpaJe
(MHTErpHpOBaHMeE MOACTAHOBKOI).
ITycTs ff(x}dr =Flx)+C . Torna J'f(if(x}')f(x]-'ir = Ft(x)) + C. 3mech K(x) -

muddepennupyemasi MOHOTOHHAST (yHKIIHS.



IIpu pemennu 3axa4 3aMEeHy IEPEMEHHOU MOYKHO BBIIIOJIHUTD JBYMs
CHOCO0aMHU.
1. Ecinu B mojbIHTErpaibHOM PYHKIMU yIaéTcs cpa3y 3aMEeTUTh 00a

coMHOXuUTENS, U f{t(x)), n (x) , TO 3aMeHa MePEMEHHOM OCYIIECTBIISICTCS

HOIBEIEHIEM MHOXKHTEIS © (x) oz 3HaK auddepenimana; * (x)de = d‘i, U 3a7a4a
CBOJIMTCS K BRIYHUCIICHUIO HHTETpAJIa [ £@ade Hampuwmep,
sth X - sin xdx dicosx) off
_[tg xdx = _[—afx: = —_[ = - = =
COS X COSX CosX  (3a7aya CBEJICHA K BBIYUCIICHUIO ~ £ |

= - +
rae t=cosx) - 105X *C Guanoruuno maxomutes naterpan or ©E X );
sit1 x — r,SE ¢ . — ¢ .
Je " cosxdx = [e™ " d sin x (3a1a4a CBeJIcHA K BEIYMCIICHUIO [ede , TJ€e ¢ = sin Xx)
_ _§ihx
=e " +C B Gonee cI0KHBIX 3a]a4ax onepanys MOoABEIEHUS MO 3HAK

muddepeHnmana MoKeT BBITTOHITHCS HECKOIBKO pas:

Iﬂaﬂ.fu:u:tgs.!n:2 arcctg4x2 de _

I+x (camoe HEMPUATHOE B MOJILIHTErPATBHON (PYHKIINH -
MATasi CTENEHb apKKOTAHTeHCa M0 3HAKOM SKCTIOHEHTBI; €CJIM TaJIbIlle HE HAAETCS
nuddepentuan 3Toil GyHKIIUU, TO MHTETPajl, BO3MOXKHO, B35Th BOOOIIE HE yAaCTCs;
B TO )K€ BpeMs CIIeAyIOIIMI MHOXKHUTENL (arcctg? x?) - mpousBoaHas (C TOYHOCTHIO [0
MOCTOSIHHOT'O MHOXUTEJISI) CTENIEHHON (QYyHKIUU; 3aTEM CIIETYIOT IPOU3BOIHbBIE
(OIATH ¢ TOYHOCTBIO J0 MOCTOSHHBIX MHOXKUTENEH) QyHKIMI arcctg x* u x* 1o
CBOUM apTyMEHTaM)

1 5.2 1 1 )
= —_[ear':':tg * aru:u:tg4 x* (Zxdc) = —_[ear':':tg * aru:u:tg4 x* dc® =
2 1+x* 2 1+ x*
2
1 5.2 — 1 ]
= ——_[em':tg * arcct54 :JL:2 = ——_[em':tgs * a:rcl:tg'i1 xzd arcctz xE =
2 1+ x4 2

5.2 5.2 5.2
—%Iem“g * l(551ru::u::tg4 xzdarcctgx2)=—%_[em“g * l(.lcfarlz:t:tgj x2j=—1—1|:|em':tg * 10

2. 3aMeHy MepeMEeHHONU MOYKHO OCYIIECTBISATh (DOPMaTbHBIM CBEICHUEM

st x
MO/BIHTErPATLHOTO BHIPAKEHNS K HOBOH nepemennoit. Tak, B J€  S99* pyeer

CMBICJI IEPEUTH K MEPEMEHHOM (C/IeNaTh MOJICTAHOBKY) £ = sin X. Beipaxkaem Bce
MHOKHTEJIN TTOIBIHTETPATLHOTO BBIPAKEHUS Yepe3 EPEMEHHYIO 7:

x=arcsmx;dx=L2;cosx=w{l—sm2x =«f1—r2
1-¢

it X —

. B pesynbrare J€  COSXAx
ot

= _[et 1-¢2 &

=_[etd£=et +C =
1- ¢

(BO3BparaemMcsi K MCXOJIHON TIEPEMEHHOM )

gih x
&g

+C . Jlpyrue npumeps:
dx

IJx—Sﬂ+

3

Vx =5 [ToxpiHTErpanbHas PYHKITUS CONEPIKUT IBAa MHOXKHUTEIS, HA OJUH
U3 KOTOPBIX HE SIBJISCTCS IPOU3BOJIHON APYTrOro, MO3TOMY MOJBOIUTE UX IO 3HAK
nuddepennana 6ecrione3Ho. [lonmbiTaeMcesi BBECTH HOBYIO IIEPEMEHHYIO, TaKYIO,



x — 5—: 6.1:—5;

x = ¢ +5;dx:=6:5aii _

dx
Ifx 5(1+4fx - 5)

YTOOBI KOPHU U3BJICKIIHCH:
68 dt tdt (£5 +1-Dde _

=§ =f
£il+e4) J'1t2+1 / £+l

—E[J'tﬂ - ] (¢ —arctg £)+ C = 6/x =5 - arctg§fx -5 )+ C

£ +1 PaccmoTpum

Jra® - x* (urTerpan Nel9 u3 TadJ.). 3nech noAbIHTErpabHAA (PYHKIUS COCTOUT
U3 €IMHCTBEHHOI'O MHOXHTEJISI; MOYKHO OIAThH MOMBITATHCS CAENIATh TAKyI0 3aMEHY
nepeMeHHOM, YTOObI KOpeHb U3BIEKCS. CTPYKTypa NOJKOPEHHOTO BhIPAXKEHUS
TI0JICKA3BIBAECT 3Ty 3aMEHy: X=@sin ¢ (yqp X ~acest a>0):

X =5 £ dx = acos (4t

-,|' —x? —aw'l—sm E=@rcost

MHTETpaly OT KBaapara KocuHyca. [Ipu uHTerpupoBaHuy 4ETHBIX CTENIEHEN CUHYCA U

j'a—xaf): —aj'cosrdr

. InTerpan ceéics

.2 2
KOCHHYCa 4aCcTO MPUMEHSIOTCS (hOPMYJIIbI, BRIpaKaromue it~ £y Cos™ Zyepes

.9 1-cos2é 5 1+ cos2f
sm- = ——— cos T S ——

KOCHHYC JBOMHOIO YIJIa: 2 2 [TosTomy
azjcoszt'dr=a2_[# ——Udt+_[|::052£d.r:| ; [r+ _[cosE.t d,Er]
i ¥ =£; cosE=
=£[r+lsin 2:]+C=£[r+lsin 2:]+C=£(r+smrcosr)+c= “ =
2 2 2 2 2

f 2 2
l-sinlg=2% 7%
it

2
= %arn:sin x +%xm,|'a2 —.:vr,2 +

il

[Tpumepsr: 1.

t=x+fxltoz-x=+x?to-x)? =x? + g
dx £ - £ -
I—dx=i2—2tx+x2=x2+m;x= m;w,ﬂx2+m=£— > =]n|1E|+C=]n‘x+x|'x2+m

2f 2F

2 2
o 5t
= Lide = 5 o
of 2f

& _ 1 EaE_ (x+e)-(x-a) -
2. sz—az 2a° x2 - 2a (x +ea)(x —a) '[[ x+a]dx




LA @) L xoa) - fxta )+ C = oln

Ea x-da x+ta 2 2

x—da
+C

xta
Humezpuposanue no uwacmsanm.

HNuTerpupoBaHue 1o 4acTsAM - IPUEM, KOTOPBIM IPUMEHSETCS IIOYTH TaK Ke
4acTo, Kak 1 3aMeHa nepemeHHou. [1ycTs u(x) u v(x) - GyHKIIUN, UMEIOIINe
HEIpepbIBHbIE YacTHBIE TPou3BoAHbIE. Toraa no popmyne auddepeHupoBaHus

= u-dv=duv)—v du . Haxomum

npousseneHus d(uv) = u-dv + v-du
HEeoTpeeIEHHBIC MHTETPAITBI 1711 00€UX YacTe STOTO PaBEHCTBA (TIpH STOM

_[d(uv} =uv+C):
Iu-dv =uv—-|.v-d.u

Orta opmyra U HazbIBaeTCs (HOPMYIION MHTETPUPOBAHUS TI0 YacTsAM. YacTo ee
3aMUCHIBAIOT B TPOU3BOJHBIX (dv = v’+dx , du = w’ -dx):
Iu-v'dx: =uv—Iv -3

[Ipumepsr:
i = x, dv = sin xdx;
J‘xsin xdx = , =x(—cosx) —\I‘(—cosxja&: =-xcosx +sin x+ ¢
di = dx v =J'sm xdx = —cosx
=In x; dr =dx; e
_[]nxdr,= g =xh1x—_[x—=x]nx—_[dx:=x]nx—x+(?
= v=x x
x

dopmysia HHTErPUPOBAHHUS 110 YACTAM MOXKET PUMEHSITHCSI HEOTHOKpATHO. [Ipu
HATMYUU HEOONBIIOTO OMNbITAa B MPOCTBIX HHTETpaAlax HET HEOOXOIUMOCTH

BBIIIUCHIBATH TPOMEXKYTOUYHBIE BBIKIAJIKHU (# = ..., dv = ...), MOXKHO Cpa3y IPUMEHATh
bopmyy, IPEICTABHB MHTETPal B BHJIE Ju-dv ;
J'exxEtfr = J'x3 (e™dx) = IxEdex - x'e —.I'exafxg = x°e® —J'e 3xlde = xoe® 3]'.1:2 (e¥dx) =
=x3€x—3]'x2t£ex—xe —3(.1: —J'e .af:c:2 =xe —3(x e~ —J'e 2xex) =

~3x%e® + ﬁj'xaiex = x'e® - 3xte* + fixe™ - J'exdh:) = x ¥ - 3x’e® +6xe® - 6J'exafx =
3

xe® - 3xie® +6xe® - Ge® +C=€x(x3 —3x2+6x—6}+c

[TpuBenénubie MpuMeEpsI MOKA3BIBAIOT, A1 KaKUX (QYHKIHUA HAJ0 PUMEHSTh
(MJIM TOTIBITAThCS IPUMEHUTD) (HOPMYITy HHTETPUPOBAHHMS 110 YACTSIM:

o [P cosar e [Bu) s i [Py a” e e p(y)

u=F,(x), dv = cosexdx

HNuTterpanst BUj

MHOTO4JIEH n-0ii crenenu. Tak, 1uis [ Bolx) cosem de ooy
= (B (x))'de = By (x)dbe, v = (sin ax) (&,

IPH (x) cosexde = P (x) (s m:]lfa—lfa_[PH_l (27 sin aoe e . B pesyubrare Ml

MOJIYYHJIM UHTCTPAJl TOTO K€ TUIIA C MHOI'OYJICHOM CTCIICHU HAa CAWHUIY MCHBIIIC.
ITocne n-KpaTHOIr o IMMPUMCHCHUA q)OpMy.]ILI CTCIICHb MHOT'OYJICHA YMCHBIINUTCA 10



HYJIS, T.€. MHOTOYJICH IPEBPATHUTCS B TIOCTOSTHHYIO, U MHTETPA CBEAETCS K
Ta0JIUIHOMY.

WHTerpas [Pt} fx) dx e @) TpaHCIUEHACHTHAS (PyHKIUS, MMEIOIAs
JIPOOHO-PAITMOHABHYIO WIIN APOOHO-UPPAIIMOHATIEHYIO TTpon3BoAHYIO (In X, arctg x,
arcctg x, arcsin x, arcos x). B aTom ciyuae umeeT cMbICT B3ATh # = f(x), dv =

velu ..
Pu(x)dx, nnst Toro, 9TOOBI B MHTETpAJIe I ydacTBoBaJia He f(x), a €€ MpOn3BOTHAS.

[Tpumep:
i = arcsin x. dv = xdx, 5 ¢ dy Iaff.
X = gin = cog
_[x'arcsmx'fix:= ax x? =x—art:sinx— G =
"ﬁﬁﬁ;":? 2 5.f] - x 2 «fl x? =cost
-x

2 2 3 :
x—arcsmx—l_[smztdi=x—arcsmx—lj(l—c052xjﬂ=x—arcsmx—l I_sm 2 +C =
2 2 2 4 o 4 2

2 . 3 ) ~
x ) £ sm fcosk x . arcsin x x+1-x
—arcsm x——+——  +¢=_—arcan x — + +

4 2 4 4

JJ1st HEKOTOPBIX (DYHKIIMMA MPUMEHSAETCS MPUEM “‘CBEJIEHUS UHTErpalia K
camomy ce6e”. C moMoIIbIo HHTETPUPOBAHUS TI0 YACTSIM (BO3MOKHO,
HEOJHOKPATHOT'0) MHTETPaJ BRIPAXKAETCS Yepe3 TAaKOU K€ MHTErpai; B pe3yabTare
MOJTy4aeTCAd YPAaBHEHHE OTHOCUTEIIBHO 3TOT0 MHTETPAJIA, peliasi KOTOPOE, HaXOAUM
3HaYeHue uHTerpana. [Ipumepsr:

2
o F=|va® —x“dx .
Haittu I (ato unterpan Nel9 u3 tadia. 10.3.Heonpeae e HHbIX
HHTErpPaJioB; B IPeAbIIyIIEM Naparpade Mbl BBIYUCIIIN 3TOT UHTETPa C HOMOIIBIO
TPUrOHOMETPHYECKOM IOICTAHOBKY X = &3ifi £),

w = ﬂz—xz;dv = dx, 3 3
I=.|'"n,|'f£2—x2dr= xdx =x fzz—x2+[—xd‘ = x az—xz—j—x d =
du:—ﬁ;v = x ﬂ2_x2 ﬂ2_x2
2 - X

= Xla (d —xj d dx = xja’ - x* +
7= [ e [

=X ﬂ - x? J-‘-.ll - X tir*‘az_l-vl{i—xﬂm x2 -F+g* aru::sinz
-x

B pe3yjbTarce i HCKOMOI'0O HHTCTrpaJla Mbl TIIOJYYWIM YPAaBHCHHUC

X
I =x+a®-x%-7T+a* arcsin =
t

. x
2f = :vr,w,n'a:2 -x? +a2 atrcsin — + €

peuiadg KOTOpOoEC, IToJIydacM 2 (KOHCTaHTa C mnosBHIACh
BCJICACTBUC TOI'O, YTO HHTCT'PAJIbI ip HpaBOfI U JIEBOM YaCTIX YPaBHCHUS OIIPCACIICHBI

2
I=lx~..|'a2 —x? +%arcsin £+('J'

C TOYHOCTBIO JO MPOM3BOJILHOM IOCTOSIHHOM) U 2 @



C

(koHCTaHTa 2 nepeo0o3HayeHa yepes 0.
CBenenue mHTErpaja K camMmoMy cebe — caMblil MPOCTON CIOCOO HAXOXKICHUS

iy ax -
e coshxdx e sin bxdx =
9YacTO BCTPEYAIOIIMXCS HWHTErPajoB BHIA I u I (),

Hanpumep,
— . _ X
I=Ieﬂxcosfm'dx= eLaBE) S = e 3 +.-5' % g g =
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[OJIYYEHO ypaBHEHHE OTHOCHTEIBHO I : @ @ @” | pelieHue
eﬂx
I=ﬁ[acosbx +bsin bx | +C
KOTOPOT'O a” +h

[Ipu HAXOXKIEHUH ST UHTETPAIOB HE MPUHIIUNUAIIBHO, TIOJIOKUM JIU MBI U = COS
bx, dv = ™ dx viiu u = e**, dv = cos bx dx; BAXXHO TOJBKO IIPU BTOPOM HNPUMEHEHUU
(bopMyJIbl MHTETPUPOBAHUS IO YACTSAM 3arOHATH M0/ 3HAK Au(depeHIuana QyHKIUo
TOTO K€ TUIIA, YTO U MPH MEePBOM (ITOKA3aTEIbHYIO UM TPUTOHOMETPUUYECKYIO).

Emé omun Bumg Qopmyn, KOTOphle OOBIYHO TOIYYAIOTCS C TOMOIIBIO
WHTETPUPOBAHUSA MO YacCTSAM, M HCHOJB3YIOTCS JUIsl HAXOXKIAEHUS HWHTErpalioB -
peKyppeHTHbIe cooTHomeHusi. Eciu mnonpiHTerpanbHas (QyHKIMS 3aBUCUT OT
HEKOTOPOTO MapaMeTpa m, U MOJYYEHO COOTHOIICHUE, KOTOPOE BBhIPAXKAET UHTETpaj
yepe3 aHaJOTUYHBIA HMHTErpaj ¢ MEHBIIUM 3HAYEHHUEM M, TO 3TO COOTHOIICHUE U
Ha3bIBACTCS PEKYPPEHTHBIM COOTHOIIICHUEM. [Tpumepsr:

f, = _[n::os" xdx
[IpeacraBuM  TONBIHTETPAIbHYIO  (QYHKIMIO B BHJE

- _ -2 42 _ -3 n-2 :
cos®x = cos® % xcogt x =GOS x(1-sm* x)=cos X —s5in X cCos X3 X . pyrerpal

OT IEPBOTO CJIAra€MOr0 aHAJIOTUYEH UCXOJHOMY C 3HAUEHUEM IapameTpa n Ha JBE
CAMHMIIBI MEHbBINE, K HWHTErpajy OT BTOPOTO CIAraeMoro MPUMEHUM (OPMYITY
VHTETPUPOBAHUS IO YACTSM:

=smx;dv=cos"_2xsﬁ1xdx;
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2. Hatimu unmeepan I (kx +x)e"™ dx, TH€ K — MOPSAKOBBIA HOMED B JKypHaJIe
3. Haiimu unmezpan I (Kx - 4)sinkxdx , TII€ K — MOPSAKOBBIM HOMEP B )KypHAJIE

KoHTpoJsibHbIE BONIPOCHI:

1.Tabnuiia UHTETpasoB .

2. B yem cyTh MeTona 106aBouHOro K03 duimenta?
3.Meroa MOACTaHOBKH.

4. MeTo MHTErPUPOBAHUS IO YACTSIM.
TeopeTnveckue cBeaeHMs

Onpeoenennslit unmezpan.

ITycTh Ha oTpeske [a, b] 3amana HenpepoiBHAs GyHKIHA f(X).



O603HaunM m 1 M HanMeHbIIIee 1 HanboJIbITee 3HaUeHNE (DYHKIIMH HA OTPE3KE
[a, b]
Pa3obnem 0Tpe30k [a, b] Ha yacTu (He 00s3aTENBHO OJIMHAKOBHIE) N TOYKAMHU.
Xo<X1<X2<...<Xp
Torma x1 — X0 = AX1, X2 — X1 = AX2, ... ,Xn — Xn-1 = AXn;
Ha xaxJ1oM 13 MOoJy4eHHBIX OTPE3KOB HaliJIeM HauMEHbIIIee U HauOOoJIbIlIee 3HAaUCHUE
byHKIUN.

[Xo, X1] —> my, M1; [X], Xz] —> My, Mz; [Xn_l, Xn] — My, M.

CocraBuM CYMMBI:

Sn=miAX] + MAX2 + ... TMnAXa= > mAx,
=1

Sn=MAX| + MaAx: + ... + MaAxa = > MAx,
=1
CymMa S Ha3blBaeTCsi HMJKHell MHTerpajbHOil CymMMoii, a cymMMa S — BepxHeii
HHTErpajbHON CYMMOIA.
Tk mi<M;,T0 Sn< Sn, 2 mb—a)< Sn< Sa<M(b—a)
BHyTpu Kaxaoro orpe3ka BbIOEpEM HEKOTOPYIO TOUKY €.
Xo<ég <X, X1<&e< X2 ... ,Xnl<E&<Xpn
Haiinem 3HaueHus (QyHKIMM B STUX TOYKAX M COCTaBUM BBIPAXKEHHE, KOTOPOE
Ha3bIBAE€TCS MHTErpajbHoOi cymMmoii st Gpynkuuu f(x) Ha oTpeske [a, b].

Sn=feNAx + f(E2)Ax2 + ... + fE)Axn = > fe,)Ax,

Tornma MoxHO 3anucath: m;Ax; <f(&)Axi < M;Ax;

CrnenoBarenbHo, Y mAx, <Y fle;)Ax; <Y MAx,

=1 =1 =1



§ <8 <S8
['eoMeTpuyecKu 3TO MPECTABIAETCS CleayomuM o0pa3oM: rpaduk QpyHKIUU
f(x) orpannueH cBepxy ONMUCAHHOM JIOMAaHOMW JIMHUEH, a CHU3Y — BIUCAHHOM JIOMaHOM.
O6o3HaunM maxAx; — HauOONBIINKA OTpPE30K paszOueHus, a mindx; —
HauMmeHbIui. Ecnu maxAx;— (0, TO 4yucio OTpe3KoB pazOueHusi oTpeska [a, b]
CTPEMHUTCS K OECKOHEYHOCTH.

Eciu §, = z f(e,)Ax;, TO lim z flg;)Ax; = S.
=1 =1

max Ax,—0 <=

Omnpenenenue: Eciu npu mo0bIx pa3OueHusIx oTpeska [a, b] Takux, yto maxAx;— 0

n
¥ TIPOM3BOJILHOM BBIOOPE TOYEK &i MHTErpaibHas cyMMa S, = Y| f(g;)Ax; CTPEMHUTCS K
=1

npeneny S, KOTOPBIM Ha3bIBaeTCA ONpPEEICHHBIM MHTErpaioM ot f(x) Ha oTpeske [a,
b].

b
OO6o3HaueHue : J. A(x)dx.

a — HIDKHUAM mipefien, b — BepXHuil mpeen, X — mepeMeHHas UHTeTpUpoBaHus, [a, b] —
OTPE30K UHTETPUPOBAHUS.

Omnpenenenune: Ecim  ans ¢yskimuum  f(x)  cymiecTtByeT — mpenen
b

lim > fle)Ax, = I f(x)dx, TO QyHKIIMS HA3bIBAETCS MHTETPUPYEMOI HA OTPE3KE [a,
=1

max Ax;—0
I

bl.

a

n b
Taxoke BEpHBI yTBEPXKJICHUA: lim Y mAx, = j AX)dx
=1

max Ax;—0
a
n b
lim > MAx, = [ Ax)dx
max Ax;—0 =
- a

Teopema: Eciu ¢ynkums f(x) HempepblBHaA Ha oOTpe3ke [a, b], To oHa
UHTErpUpyeMa Ha 3TOM OTpE3Ke.
CBo¥icTBa ONpeIeSIECHHOr0 HHTErpaa.

1) Jb.Af(X)dX: AjZ f(x)dx,

2) [(£(x* £dx=] f(xdxx [ £(dx

D C—y

3) i A(x)dx=0

4) Ecnu f(x) < @(x) Ha oTpeske [a, b] a<b, To I f(x)dx< I o(x)dx

5) s mpou3BOJIbHBIX YKCEN a, b, C ClIpaBeIlIMBO PAaBEHCTBO:
b c

j AX)dx= j f(x)dx+f Ax)dx

a a



Pa3yMeeTc;1, 9TO PaBCHCTBO BBIIIOJIHACTCA, CCIN CYHICCTBYCT Ka)K,HBIﬁ H3
BXOAIMIMX B HETO MHTCTPAJIOB.

6) j’. Ax)dx= —j Ax)dx

Botuucnenue onpedeﬂermozo unmezpana.

b
[lycte B umHTETpalE _[f(x)dx HIWOKHUM TIpefien a = const, a BEepXHWUM mpenen b

HU3MCHACTCA. O‘IGBI/II[HO, qTO C€CJIM HU3MCHIACTCA BerHI/Iﬁ npeaci, ToO U3MCHACTCA U
SHAYCHUC MHTCIpaJia.

O603HaYUM If(t)dt = ®(x). Haiinem npousBognyro (yHkmuu D(x) no

[IEPEMEHHOMY BEPXHEMY MPELENY X.
d X
2&!“””:“”

AHAJIOTUYHYIO0 TEOPEMY MOXHO JI0Ka3aTh JUISl Cilydas NIEPEMEHHOIO HUKHETO
npenena.

Teopema: Jlns Bcskod ¢(ynkuuum f(X), HempepblBHOM Ha oTpe3ke [a, b,
CyLIECTBYET Ha O3TOM OTpe3Ke IepBooOpa3Has, a 3HA4YUT, CYLIECTBYET
HEOIIPEICIICHHBIN UHTETPAIL.

Teopema: (Teopema HeroTona — JleliOHuiia)

Ecnu ¢pynkuus F(x) — kakasd- nubo nepBooOpa3Hasi OT HEMPEPHIBHON (PYHKIIUU
f(x), To

[ f(o)dx = F(b)- F(a)

3TO BBIpaKEHHE U3BECTHO 101 Ha3BaHueEM (opmyisl HetoToHa — Jleitoawua.

b
Wuorna npumensior o6o3nauenue F(b) — F(a) = F(x)| .

a
®opmyna Hetotona — JleitbauIa npeacTaBisieT co00i 00muiA oIX0/1 K HAXOXKICHUIO
ONPEACICHHBIX HHTETPAJIOB.

Urto kacaercsi NMPUEMOB BBIYMCICHHS OIPEICIICHHBIX WHTETPAIOB, TO OHU
MPaKTUUYECKHA HUYEM HE OTJIMYAIOTCS OT BCEX TEX MPUEMOB U METOJIOB, KOTOPBIE ObLITN
PacCMOTPEHBI BhILIE IMPHU HAXO0KJACHUHA HEONIPEAECICHHBIX HHTETPAJIOB.

TodHO Tak k€ MPUMEHSIIOTCSI METOJbI MOJCTAHOBKU (3aMEHBlI MEPEMEHHOM),
METOJ] UHTETPUPOBAHUS 110 YACTSIM, T€ e MPUEMbl HaX0XKACHUS MEPBOOOPA3HBIX IS
TPUTOHOMETPUUECKUX,  HUPPAlMOHATIBHBIX W TPAHCIEHACHTHBIX  (DYHKIUH.
OcOOEHHOCTBIO SIBIISCTCS TOJIBKO TO, YTO NPU MPUMEHEHHH JTHX MPUEMOB HAJO
pacrpocTpaHsITh NMpeoOdpa3oBaHUe HE TOJBKO Ha MOJBIHTErpAIbHYIO (DYHKIIMIO, HO U
Ha TIpeliebl UHTErPUPOBAHUA. 3aMEHssl TIEPEMEHHYI0 MHTETpUPOBaHUS, HE 3a0bITh
MU3MEHUTh COOTBETCTBEHHO MPEEIbl UHTETPUPOBAHUS.
3amena nepemeHHbIX.



b
Ilycts 3anaH uHTETpal I f(x)dx, e f(x) — HenpepbIBHAs PYHKIIMSA HA OTPE3KE

[a, b].
BBeseM HOBYIO IEPEMEHHYIO B COOTBETCTBUHU € (hOPMYJIOi X = @(t).
Torma ecin
Do) =a, oP)=b
2) @(t) 1 @'(t) HEIPEepBIBHBI Ha OTpe3ke [, 3]
3) f(p(t)) onpenenena Ha otpeske [, B], TO
b i
[ fAndx=[ fo(0le'(0dt

b p
Torza f Ae(Dle'(ndt= Flo(9]| = Flo(B)]— Flo(a)] = F(b) ~ F(a)

o

[Tpumep.
1 x= Sint; n/2 n/2 1 n/2
jxll—xzdxz = lel—sinz tcos tdt = J.cos2 tdt =— J-(1+cos2t)dt=
0 a=0;p=m/2 0 0 2

1 1. R A T
=—| t+—sin2f|| =—+—sinw=—.
2 2 o 4 4 4

[Ipu 3ameHe nepeMeHHOM B ONIPEACIICHHOM HHTErpalie CAeAY€eT IOMHUTH O TOM,
YTO BBOUMAs PYHKITHS (B PACCMOTPEHHOM MpUMeEpe 3TO (DYHKITHS Sin) TOKHA OBITH
HEMpephiBHA Ha OTpPE3KE HHTErpupoBaHusi. B mnpoTuBHOM ciiydae ¢dopmaibHOE

npuMeHeHue GopMyJibl IPUBOAUT K abCypay.

[Tpumep.
]EdXZ Xn| =n , C JpYroil CTOPOHBI, €CIU TPUMEHHUTh TPUTOHOMETPHUUECKYIO
0 0
MOJICTAaHOBKY,
n n n 0
IdXZI . 2 & 2 :I 2 & 2 :{th:t}:I dtzzo
7 , sin” x+cos” x ¢ cos” x(1+£g” x) o 1+

T.e. aBa crnocoba HAaXOXJEHUS HWHTErpaja JdalT pa3uyHble pPe3yJbTaThl. ITO
IPOU30IILIIO U3-3a TOTO, YTO HE ObUT YUTEH TOT (aKT, UTO BBEJICHHAs MEepeMeHHas tgx
UMEET Ha OTPE3KEe MHTErpUpOBaHUS pa3phlB (B Touke X = 7/2). [loaTOMy B JaHHOM
ClIy4ae Takas I10JICTaHOBKa HenmpuMeHnMa. [Ipu 3amMeHe nepeMeHHoN B ONIPEACIEHHOM
WHTETpaJIe CIEeAyeT BHUMATEIBHO CIIEINUTH 33 BBINOJHEHUEM IEPEYUCIEHHBIX BBIIIE
YCIIOBHI.
HNHTerpupoBanue mo 4acTsam.

Eciu ¢ynkuum u = @(x) 1 v = y(X) HepepbIBHBI HAa OTpe3ke [a, b], a Takxke
HENpPEepBhIBHBI Ha 3TOM OTpPE3Ke WX MPOM3BOJHBIE, TO cHpaBe;uBa (opMyia

HHTCI'PUPOBAHMNA 110 YaCTAM:
b

b
I udv= uvlb— I vdl.
a a a

BeiBon aTOMt  dopmynbl  aOCOJNIIOTHO AaHAJIOTHYEH BBIBOAY  (OPMYJIbI
MHTErPUPOBAHUS 10 YACTSIM JIJI1 HEOMPEAEIEHHOTO HHTErpalia, KOTOPbI ObLI BechMa
NoAPOOHO PAaCCMOTPEH BBIIIIE, TOITOMY 3/1€Ch MPUBOJIUTH €TI0 HET CMBICTIA.



3anaHus npakTu4yecko padoTbl BhIYUCINTE ONpenesieHHbI HHTETpaj
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b) [ (4x° + 6x)dx
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a)| (2 sin xJx

18.

b (x* +dx

sin xdx

a)
19.

b (7 -2x)*dx

R ) O 0 [y O b O 0|y

a)j)‘ (x3 — x)ix

I1/3
b) j 3sin 3xdx

20.

[}

1
J
0

1. j-1+lnx
i
13.]
0

1
14. | InGx=1) ;.
/

2/33 1 2_3
15. | n(2 - 3x)
0

16, J- 7smxa’x

7z/2\VCOS X
1
dx
17.
1'/[29\/1—2)6
1/4
dx
18.
;[ V1—4x
19, J'l—i-lnx i
X
ve dx
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29.
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22.
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24.
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28.

30.
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a)i (3 x* +4x° ):Zx

1

dx
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a) j.(2x3 - 2x)1x

b)nfé 4dx

2
, Cos” 2x

a) j‘ (2 sin 3x )x

cos3x

§/(1=sin3x)’
dx

© sin xdx

22 cos? x

dx



1.1

1.2

1.3

. J~3x 30+ j
. xT+l S (x— 1) (x+1)
) j-2x4—5x2+3 » . j~ (x* +2)dx
: "
> x* =1 L (P +D)(x-1)
3 1
x+2 x*+3x° —1
3 13.
'Ixz(x—l) '([ (x+1)
4. j dx 14. j .
S xP(x=1) ) X~ +3x+2
1 5 10
s (X 1. JM
y+2 e X° —x" —6x
342 V3
3x"+2x-3 dx
6. ———dx 16.
-! x’—x J;x +x
1/2 3 7
7. | xdr 17. [ = ax
g3 (x=1) > 1—x
5 3
8. IL 18. &
2 (x=D(x+2) o x =1
4 0
9, IL 19, [
> (x+1)(x—2) Sxt =1
o, @M e,
0 (x=3)° ) X —x’ 4341
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NE] ¢ 6xdx
a)fx3V1+x2d a)J;(xs _5)2
X LI,
4
,[ b)J.\/Ecosxdx
0
0
)j f xdx
a
3 a)| —
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x 1.12 A
b)j Cosxdx b) [xv/25-3x7dx
0 3 smx 0
dx 0 \/7
a 4+ 5x"dx
)1'[33\/1+3x 113 )'([
f (2x2 +1)dx (x—1)dx
D= b){ S

dx
x*(x=1)
dx
(x+1)(x* +4)

2
23, [ X2

x*=5x?+4

xdx

24,
x*—6x2+16-6

26. | RIS
27,

28.

29.
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1.4

1.5

1.6

1.7

1.8

1.9

1.10

1
dx
a)'[ a)-[6x 3x l)zdx a)_[
N3—4x
3/4 z
114 7 o 1.24 N o
b) b b)|y(2x+1)d
sz +4) )J;\3/8—7x3 )! : :
1 4dx 1 1/4
_[ a)j 2x° +1) *dx a)J. ; dx
V-2 115 ° 125 o VITH
2 Cosxdx b)j' X dx bj(4_ yd
bj (5—sinx)’ 0 V9 +2x° )4 e
4/3 d 1/2 d 1/2 d
a)J- 2)c G)I xx2 a)J. x2
X +1 L6 0 1-x 126 o 2x-1)
V3 9 ) e 2
b) [ <31+ dx b)fildx b)jSln x4
0 aNX— X
T dx p 4 ¢ dx
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N G5 o1 erar N i
3 L7, ; 127
cos3x X 3
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2.1 Ix In(x —1)dx Vx Inxdx I(3 —Xx)e'dx
2 2
0 1
2.2 .[ xle ™ ?dx arctgxdx J. arcsin(l — x)dx
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2.3 jxcos xdx
0

N

(x+2) cosgdx
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v
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/2 /8 0
2.4 Ixz sin xdx Ixzsin Axdx Jxln(l — x)dx

0 0 -1

1/2 2 6
2.5 I arccos 2xdx Ixz In xdx J‘esm cos xdx
-1/2 1 0
2 e 0
2.6 [(x—1)Inxdx [ e+ in xax [(@x+3)edx
1 1 -1
0 ) 0
2.7 J‘xe*“dx J’arctg(zx ~3)dx J.(x +1)e¥dx
-1/2 372 |
2 /2 1/2
2.8 I xe'dx ‘[ (x + 3)sin xdx jarccos 2xdx
1 0 -1/2
-2/3 X In2 1
2.9 I dx I xe “dx Ixarctgxdx
/3¢ 0 0
e 1112 % 0 ! 2
2.10 [=~dx j (x—2)e ™ 3dx [In3x + 2)ax
X 3 |

KoHTpoJibHBIE BONIPOCHI

1.Yto Ha3wIBaIOT OMNpe/eIeHHBIM HHTETrpajaoM GyHKIUH f(x)?
2.B yeM cOCTOUT reOMETPUUECKUI CMBICIT ONPEICICHHOTO UHTErpasia?
3.ChopmynupyiiTe He0OOX0AUMOE yCIIOBHUE HHTErpUpyeMocT PyHKIuH f(x) Ha
oTpe3ke [a,b].
4.ChopmynupyiiTe HEOOXOAUMOE U JOCTATOYHOE YCIOBHS HHTETPUPYEMOCTH
byskuu f(x) Ha oTpe3ke [a, b].
5.3anummuTe CBOMCTBA ONPEACICHHOTO HHTErpaJIa.
63anumure popmyny HeroTona-JIeitObuua.
7Pacckaxkute 00 OCHOBHBIX METOJ[aX MHTEIPUPOBAHUS ONIPEACIICHHOTO HHTErpaa.



IIpakTueckas padora Ne 9
no teme «AudPepeHunanbHbie ypaBHeHHs IEPBOI0 MOPSAAKA»
Heab: npoBepuTh yMeHHE pemiaTh AU(depeHIraibHble YpaBHEHUS IEPBOTO
NOPSAKA C Pa3IEIICHHBIMU U Pa3AeISIIOIMMKCS IEPEMEHHBIMH.
Bpems BbinosiHeHuss 90 MUHYT

MarepuajnbHoe obecneueHme

1. TeopeTnueckue cBeaCHUS

2.3amaHue

3.JIuct A 4

4 KanbKyJIsaTOpbl

IHopsinok BeINOJIHEHHsI padOThI
1.M3yunts 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUSI

3. Beimonauth 1 0OpMHUTH paboTy
4.IlokazaTp pe3yJIbTaThl MPENOIaBATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckunit MaTepuas

Huggdepenyuanvnviv ypasnenuem Ha3bIBa€TCd YpaBHEHHUE, CBS3BIBAIOIICE
MEXIy CcOOOM HE3aBUCUMYIO TEPEMEHHYI0 X , HMCKOMYK (QYHKIHMIO )y U €€
MPOU3BOJIHbIE WU AU PepeHIInabI.

CumBonmyecku qudpepeHnnanbHoe YpaBHEHHE 3aITUChIBACTCS TaK:

F(x, ¥, y') =0, F(x, v, y") =0, F(x, v, V', y”,...,y(”))z 0.

HuddepennnanbHoe ypaBHEHHE HA3BIBACTCS 0ObIKHOBEHHBIM, €CITU WCKOMAas
GyHKIIMS 3aBUCUT OT OJHOTO HE3aBUCUMOTO IEPEMEHHOTO.

Topsiokom nuddepeHInaIbHOT0 ypaBHEHHUS Ha3bIBAeTCS MOPSAIOK CTapIien
npousBoaHON (Wm nuddepennmana), BXOAAIEH B JaHHOE YpaBHEHUE.

Pewenuem (unmu unmeepanom) nudp@depeHIINaIbLHOTO YPAaBHEHUSI HA3bIBACTCS
Takasi PyHKIHUs, KOTOpast 00pallaeT 3TO ypaBHEHUE B TOKIECTBO.

Obwum pewernuem (Mau 0owum unmezpaiom) MuphHepeHInaIbHOTO YPaBHCHHS
HA3bIBAETCS TAKOE PEIICHHE, B KOTOPOE BXOJUT CTOJIHKO HE3aBUCUMBIX MPOU3BOJIbHBIX
MOCTOSIHHBIX, KAKOB TIOPSAJIOK ypaBHeHUs. Tak, ob1iee pernenue nuddepeHmaibHoro
ypaBHEHUS TIEPBOTO TOPSAIKA COACPIKUT OJTHY TIPOU3BOJIBHYIO MIOCTOSTHHYTO.

Yacmuvim pewenuem nuddepeHInanibHOTO YpaBHEHUS Ha3bIBACTCS PEILICHUE,
MOJIYYCHHOE M3 OOIINEro TMPHU PA3THYHBIX YHCIOBBIX 3HAYCHHUSX TPOU3BOJIBHBIX
MIOCTOSTHHBIX. 3HAYCHHS MPOU3BOJIBHBIX TTOCTOSHHBIX HAXOMATCS MPHU OMPEACICHHBIX
HaYaJIbHBIX 3HAYEHUSX apryMeHTa U (PYHKIUH.

Jugpepenyuanvrviv ypasuenuem nepeo2o nopsaoxa Ha3blBaeTCsl ypaBHEHUE, B
KOTOpPOE BXOJIAT MPou3BOAHBIC (WK MU PepeHIraibl) He BbIIIE IEPBOTO MOPSIKA.

Hupppepenyuanonvin  ypasuenuem ¢ pazoensiiOWUMUCT — NepeMeHHbIMU
HA3BIBACTCS YPaBHEHUE BUA



Pemienmne:

3ajganue 2:

Pemienue:

L~ r)-0ly).

I[.Hﬂ peIHeHI/ISI 3TOTO ypaBHeHI/IH HY)KHO CHa4yaJia paSI[eJII/ITb HepeMeHHBIe:
dy F(x)dx,
o(y)

a 3aTe€M MPOUHTETPUPOBATH 00€ YACTH MOJTYICHHOTO PAaBEHCTBA:

I%=If(x)dx.

IIpumepsbl
3apanue 1: Haiinure oO1ee pernieHue ypaBHEHUS x - (1 + yz)dx = ydy .
d
Pa3znenuB nepemeHHble, UMEEM xdx = 1y 4 —. Vlaterpupyem 00e 9acTH IOJYy4EHHOTO
+y
YpaBHEHMUA:
2
_[xdx=_[ ydyz; x—=lln(l+y2)+llnc.
I+y 2 2 2

Tak kak mpow3BodbHAs MOCTOSHHAS C MOXKET NPUHUMATh JIOObIE YHCIOBBIC
3HAY€HUs, TO JJI1 yA0OCTBa JajdbHEHIINX MpeoOpa3oBaHuii BMecTo C Mbl HalUCalIH

%lnC. [ToreHIupyst mocieaHee paBEHCTBO, MOIYYUM x° = ln[C : (1 +y° )]

DTO0 U ecTh 0011Iee pelIeHUe JaHHOTO YpaBHEHUSI.
Haiitu yacTHOE penieHne ypaBHEHHUS s -tgtdt +ds = 0, YAOBIECTBOPSIOLIEE HaYaIbHbIM

T
YCIOBHUSAM s =4 TIpH ¢ = 3

ds
Pa3nenuB mnepemeHHble, uUMeeM tgtdt+—=0 . llpouHrerpupyem o00e dactu
N

MOJIyYEHHOI'0 YPAaBHEHMUS:
ds
_[tgtdt+f—=lnC; —Incost+Ins=InC,
S
Nan Ins=InC +Incost, s =Ccost.
910 O6IH€€ PCHICHUC NAaHHOI'O YPABHCHU . I[J'ISI HaAXO0XKIACHUSA 3HAUYCHU S HpOH3BOHBHOﬁ

o T
NOCTOAHHOU C MOJCTAaBUM 3HA4YCHUSA t:; U s=4 B BBIPpAKCHUC JIA 06H_ICFO

pemenus: 4=C cos(%j , WA 4 = %, oTKyza C =8.

CrnemoBaTelbHO, HWCKOMOE YaCTHOE pEIICHHE, Y/IOBJICTBOPSIONICEe YKa3aHHBIM
HAYaJIbHBIM yCIIOBUSIM, UMEET BHJI s = 8COS? .

3anaHus NpakTH4ecKo padoThl

3ananme 1.Haiitu obmiee pemnenne ypaBHeHuUH a), 0).

3aganme 2.Haiitu yacTHOE perieHre ypaBHEHUS C Pa3IesaIONMMUCS TePEMEHHBIMU



B1.1. a)x? dx = 3y?dy
0)y(1+x)dx + x(1 —y)dy =0
2yldx=eXdy,;y=1npux=0

1 3
B2. la)ﬁdy = EdX
O)y’dx + (x—2)dy =0
1 1
2.y—2dx = X—zdy,y =2npux =10

B3 layxdx =.[ydy
6)(1+y?)dx — VX dy = 0
2.(1+y)dx =1 —x)dy,
y=3 npux=-—2
B4. 1.a)(3x* — 2x) dx = dy
60) -(2xy+3y)dx + x> dy = 0
2iydx =xdy,y=6npux =2

BS. 1.a)(4x — 3)dx = dy
0) (Xy+x)2—§=1

2x-1 _ dx
T y+1 dy’

y=0npux=>5

B6. l.a)xdx =dy
0) 2(xy+ty)dx = xdy
2.(y+1D)dx—(1—-x)dy =0,
y=1lnpux=20
B7.1.a)x% dx = 3y*dy
O)y(1+x)dx + x(1 —y)dy =0
2y*dx =e*dy; y=1npux =0

3
ﬁdx
O)y’dx + (x—2)dy =0

1 1
2.y—2dx =X—2dy,y= 2npux =0

BY. La)Vxdx = [y dy

6)(1+y?)dx — Vxdy = 0
2.(1+y)dx =1 —x)dy,
y=30pux = —2

B8.1.a)% dy =

B16.1.2)x? dx = 3y%dy
0)y(1tx)dx + x(1 —y)dy =0
2.dx =e*dy; y=1npux =10

B17. l.a)% dy = %dx

O)y’dx + (x—2)dy =0
1
2.dx =X—2dy,y= 2npux =0

B18. LayVxdx = \/ydy
6)(1+y?)dx — VX dy = 0
2.(14+y)dx =1 —x)dy,
y=3npux =—2
B19. 1.a)(3x? — 2x) dx = dy
0) -(2xy+3y)dx + x*dy = 0
2ydx =xdy,y=6npux =2

B20. 1.a)(4x — 3) dx = dy
0) (Xy—i—x)z—;:l

2x-1 _ dx
T y+1 dy’

y=0npux=>5

B21.1.a)xdx = dy
0) 2(xyty)dx = xdy

2(y+1D)dx—-—(1-x)dy =0,
y=1lnpux=20
B22.1.a)x%? dx = 3y? dy

O)y(1+x)dx + x(1 —y)dy =0

2y?dx =e*dy; y=1npux =
0
B23. l.a)i dy = = dx

VX VY

O)y’dx + (x—2)dy =0
1 1
2.}7dx = X—Zdy,yz 2npux =0

B24.1.a)Vxdx = \[ydy
6)(1+y?)dx — Vxdy = 0
2.(1+y)dx =1 —x)dy,
y=30pux = —2



SNk W=

B10 1.a)(3x? —2x)dx = dy
0) -(2xy+3y)dx + x> dy = 0
2ydx =xdy,y=6npux =2
Bl11.1.a)(4x — 3)dx = dy
6) (Xy+x)3—§=l
2x—-1 __Ef
y+1 dy’
B12.1.a)xdx = dy
0) 2(xy+y)dx = xdy
2(y+1D)dx—(1—-x)dy =0,
y=1npux=0
B13.1.a)x* dx = 3y*dy
0)y(1tx)dx + x(1 —y)dy =0
2.y¢dx = e *dy;
y=1npux=20

Bl4. l.a)\/% dy = %dx

0)y’dx + (x —2)dy =0

y=0npux=>5

1 1
2.y—2dx =X—2dy,y =2npux =10

B15.1.a)Vxdx = \[ydy

6)(1+y*)dx —vVxdy = 0
2.(1+y)dx =1 —x)dy,
y=3npux =—2

KoHTpoJsibHbIE BONPOCHI:

B25.1.2)(3x? — 2x)dx = dy
0) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux =2
B26.1.a)(4x — 3)dx = dy
dx
0) (Xy+X)E:1
2x—-1 __Ef
y+1 dy’
B27. l.a)xdx = dy
0) 2(xyty)dx = xdy
2(y+1D)dx—(1—-x)dy =0,
y=1npux=0
B28.1.2)x? dx = 3y% dy
0)y(1+x)dx + x(1 —y)dy =0
2yldx=eXdy,y=1npux =

y=0npux=>5

0

B29. l.a)=dy = —dx
- La)= y—\/;
0)y’dx + (x —2)dy =0
2.yi2dxlezdy,y=2npnx=0

B30.l.a)Vxdx = \[ydy

6)(1+y*)dx —Vxdy = 0
2.(1+y)dx =1 —x)dy,
y=3npux =—2

Kaxkoe ypaBHeHue Ha3biBaeTcs auddepeHiuaibHbIM?

Uro Ha3bIBaeTcs pernieHueM auddepeHImaibHOro ypaBHeH s ?

Kaxkoe pemenue auddepeHnmaibHOro ypaBHeHUs Ha3bIBAETCS 001IUM ?
Kaxkoe pemenue auddepeHmanbHOro ypaBHeHUs Ha3bIBACTCS YaCTHBIM ?
Kaxkue muddepennmanbubie ypaBHEHUS Ha3bIBAIOTCS YPaBHEHUSMH TIEPBOTO MOPSIIKA?

Kakue  muddepenunansubie
pa3eSIOMUMUCS TIEPEMEHHBIMU ?

YpPaBHEHUS

Ha3bIBAIOTCs YPaBHCHUAMU



IlpakTnyeckas padora Ne 10
no teme «upPepeHunanbHbie ypaBHeHHsSI BTOPOT0 MOPAAKA»
Henb: HayuuThCA peIIaTh JMHEWHBIE OJJHOPOIHBIE YPAaBHEHHUS BTOPOTO MOPSAKA C
MOCTOSIHHBIMU KO3 PUIIIEHTaMU
Bpems BbinmostHeHuss 90 MUHYT

MarepuanbHoe obecneueHme
1. Teopetnueckue cBeaCHUS
2.3amaHue
3.JIuct A 4
4 KanbKyJIsaTOpbl
IHopsinok BeINOJIHEHHsI padOThI
1.A3yunts 3amanue
2. I3y4uTh TEOPETUYECKHUE CBEICHHUSI
3. Beimonauth 1 0OpMHUTH paboTy
4.Iloka3aTp pe3yJIbTaThl MPENOIaBaATEIIO
JomaniHee 3a1aHue
1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeeHU
VYpaBHeHue, conaepxkaliee Mpou3BojHbIe (Uiau AuddepeHuaibl) HE BBIIIE

BTOPOTO TOPSIIKA, HA3BIBACTCSA OughhepenyuanvubimM ypasuenuem emopoco nopsaokda.
B o6miem Buzie ypaBHEHHE BTOPOTO MOPSAKA 3aMUCHIBACTCS CIEAYIOIIMM 00pa3oMm:

d> d
s f[x, y,—y].

dx> dx
Ob6mee pemenue auddepeHInaaTbHOT0 YPaBHEHUS BTOPOTO MOPSIAKA COAEPIKUT
JIBE TIPOU3BOJIbHBIC TIOCTOSTHHBIC.
Jlunetinvim 00HOPOOHBIM QU PepeHyUanbHbIM yPagHeHUEM 8MOPO20 NOPAOKA C

HOCMOAHHLIMU KO3 Puyuenmamuy Ha3bIBAECTCS ypaBHEHUE BUA!
2
%ﬂ?%ﬂy:m (1)
TA€ p U g - TOCTOSIHHBIC BEJIMYUHBI.
Jns  oteickanus oOumiero  pemeHust  ypaBHeHus (1)  cocraBisiercs
xapaxmepucmuieckoe ypagHeHue
PP +pr+q=0, (2)

. d’y d
KOTOpO€ Toytyyaercs u3 ypaBHeHus (1) 3ameHoi CX Yy COOTBETCTBYIOLIUE
dx* dx

CTENEHU 7, IpUYeM caMa QYHKIUS y 3aMEHSETCs eIUHULEH.

Torna obmee pemenue auddepennunanbHoro ypaBHenus (1) crpoutcs B
3aBUCHUMOCTH OT KOPHEH 7, U r, XapaKTEPUCTUUYECKOro ypaBHeHHs (2). 3aech

BO3MOXXHBI TPU CIIyyYas.
I cnyuaii: KopHu r, U r, - IEUCTBUTENIbHBIE U pa3InyHbIEe. B 3TOM Ciydae

ob1iee perieHue ypaBHeHus (1) umeer Bua



Pemenne:

3aganue 2:

Pemienmne:

Pemienne:

y=Ce"™ +Ce™. 3)
Il cnyuai: KopHu r, 1 r, - JEHCTBUTENBHBIE U PABHBIE: 1, =7, =r . Torma
obmee pemenue ypaBHeHus (1) 3amucbIBaeTcs Tak:
y=(C, +C,x)-e™. (4)

III cnywyan: KopHu r, U r, - KOMIUIEKCHO — CONPSDKEHHBIE: 1 =a+f-i,

r,=a—--i . B a3Tom ciyudae oOmiee pemienue ypaBHeHus (1) 3amucwiBaercs
CJIeAYIOIUM 00pa3oMm:
y=e™-(C, cos fx + C, sin fix). ®))
IIpumepsbi

2

3aganue 1: Pemnts ypaBHEeHUE: C:;—y 7Z—y+10y =0.
X

x2
CocTtaBUM XapaKTEPUCTHUUECKOE YPABHEHUE W HAUJEM €ro KOpPHHU: r° —7r+10=0 .
Orcrona cienyer, uto r, =2, r, =5. Tak Kak KOPHU XapaKTEPUCTUUECKOTO YPABHEHUS

NENUCTBUTEIbHBIE M pa3Hble, TO 0O0Ilee penieHue AaHHOro AuQGdepeHIIuaTIbLHOTO
ypaBHEHUs coriacHo ¢opmyiie (3) 3amuiercs Tak: y = Ce™ +C,e™*.

HaiiTi yacTHOE pelienre ypaBHEHUS d—zf— SQ =0,ecmu y=14 P -1 opu x=0.
dx dx dx

CocTaBUM XapaKTEPUCTUUYECKOE yYpaBHEHUE r° —5r=0. Pemas ero, momyuum, r, =0,

r,=5 . Tak Kak KOpHHM XapaKTE€PUCTUUYECKOI0 YpPAaBHECHUS JCHUCTBUTEIIBHBIE U

paziuuHble, TO oOmiee perieHue audhepeHInaTbHOTO ypaBHEHUS HMEET BUJI:

y=Ce" +C,e™, To ecTh y=C, +C,e™.

JIns HaxOoXIEeHUST MCKOMOI'O YAaCTHOTIO PELICHUS HYXKHO OIPEICIIUTh 3HAYECHUS

noctossHHbIX C, u C,. [logcTaBuB B o01iee penieHne 3Ha4eHust x =0 U y =1, TOIy4IUM

1=C, +C,.

[TponuddepennrpoBaB o0IIee pelieHre U MOJACTABUB B TMOJYYCHHOE BBIPAKECHHE

3HAUYECHUA x=0 H %:—1, HMEEM Z—yzsczes" , OTCIOJa cienyer, uro —1=5C,. U3
X X

1) 6
JIJAaHHOT'O BBIPAXXCHUS HAXOOUM: C, = —% , C=1-C,=1- [— gj = 3

6 1
Taxum 06pa3oM, HCKOMOE YaCTHOE PEIICHHE UMEET BUJ y = 5 ges" .

2
3ananue 3: Pemnth ypaBHEeHUE % - 8;l—y +16y=0.
X X

CocTaBUM XapaKTEpUCTUYECKOE ypaBHEHHWE W HAWIEM €ro KOpHU: r’ —8r+16=0,
r, =1, =4. XapaKTepUCTUYCCKOE YPaBHCHUE UMEET PaBHbIC JCHCTBUTEIbHBIC KOPHHU;
mo3ToMy corjacHo ¢opmyne (4) obmee pemieHne MaHHOTO IU(GEPEHITNATEHOTO
yPaBHEHHUS 3AIUCHIBAETCS B BUIE y = (C, + C,x)-e*.



3ananme 4: Haiigure yacTHOE pellleHUE YPaBHEHUS y”" +8y +16y =0, €ClIM y=1 1 y' =1 1IpA x =0

Pemienne:

Tak Kkak XapakTepUCTUYECKOE YypaBHEHUE 7’ +8r+16=0 HMEET paBHBIC
NEUCTBUTEIbHBIE  KOPHU 1, =r,=—4 , TO 0Ollee pelieHue JaHHOTO
i pepeHInaTbHOTO ypaBHEHMS 3aIIMChIBAETCS B BUJIE
y=(C, +C,x)-e™*™ =Cie™ +C,xe™.
Huddepenmupys obiee penieHue, UMeeM
y'=—4Ce™ +C,e™ —4C,xe™.

HOI[CTaBI/IB Ha4YaJIbHBIC JAaHHBIC B BBIPAXCHUC OJI1 y H vy, IIOJIYyYHUM CHUCTEMY

YpPaBHEHUM
1=Ce’+C,-0-¢ 1=C,
, MWIH , Oorkyna C, =1 u C,=5
1=-4Ce’ +C,e’ —4C,-0-¢° 1=-4C +C,

CrenoBaTelIbHO, HCKOMOE YaCTHOE PEIICHUE UMEET BHIT y =e  +5xe ™.

3ajaHus NpaKTH4YeCcKOH padoThI
3aganus Pemuth onHOpOAHBIE IMHEHHBIE AU PEpEeHLInaIbHbIE YPAaBHEHUS BTOPOTO

nopsiika. B myHKkTe a) HAMTH YaCTHOE pEelIEHUE MPU 3aJaHHBIX HaYaJbHbBIX YCIOBUSIX

yxd =Yy YO =y,

1,10. a) y'ey -2y=0 y©0)=1 y'(©)=3 6) y 4123 +36y =0
9 4}’H+9y=[}

2,12. a) 3y" -2y’ -8y =0 y0)=1 y'(0)=1
) yﬂ—ﬁy’r+9y=[] » yﬂ_gyf_l_l?y:ﬂ
3,13. a) y'-ay'+3p=0 »(©)=6 3'(0)=10

6) yﬂ+8yf+16y=[] B) 4}’H—2D_}’I+25y=ﬂ
4,14. a) ¥ =Ty 6y =0 y@=2 y'©)=-1
6) yﬂ+lﬂy’r+25y=[} 5) }’H+2y’r+5y=[}
5,15. a) 25" +y' -y =0 y©@=1 y'©=-1
i i i ;
6y 4¥ 4y +y=0 _ 3"-2y +10y=0
it ;o _ o
6,16. a) 2y +3y =0 y@0)=1 y =4
" 4 i
0) y -14y +49y=0 B) P +4y=0
129" +53'=0 y(0)=2 y'(0)=2

7,17. a)



8,18. a) y'-6y'+8y=0 y©0=2 y'(0)=—4
5 16" +8y' +y=0 o y"-6y'+13y =0
9,19. a) y'-ay'-sp=0 y©0)=2 y'(0)=-3
5 16y" +243'+9y=0 s 3" -4y’ 413y =0
10,20. a) y'=3y'+2y=0 y@=1 y'©)=6

6) Qyﬂ+6y’r+ r=0 B) yﬂ+ 9y =0
KoHTpoJsibHbIE BONIPOCHI
1.JatiTe onpenenenue nudPepeHnanrbHOro ypaBHeHUs.
2.Yt0 Ha3bIBaIOT NOPAAKOM qupepeHInaabHOTO ypaBHEHUS ?
3.JaiiTe onpenenenne oo1iero pemeHus: AuddepeHnaIbHOT0 YPaBHEHHUS.
4.Yto Ha3bIBaloT yciaoBusaMu Komm?
5.Yto HazbiBatoT 3a1auei Komm?
6.JlaiiTe onpezenenue 4acTHOro pemeHus JudGepeHnaIbHOr0 ypaBHEHHUS.
7.Kakue ypaBHeHHs Ha3bIBatoTCA UG depeHInanbHbIMU ypaBHeHusaMu 11 mopsaka?
8.IloHsATHE XapAKTEPUCTUUECKOTO YPABHEHHS.
9.00u1ee peleHre ypaBHEHUS XapaKTepUCTUUECKOTO YPABHEHUSI.



IlpakTudyeckast padora No 11

no teme «UcciaenoBanue YUCJIOBBIX PSII0B HA CXOAUMOCTD)
Hesb: Hay4yuTHCS UCCIIEA0BATh YUCIOBBIC PSJIbl HA CXOJAUMOCTh
Bpems BbinosiHenust 90 MUHYT

MarepuajnbHoe obecneuyeHmne

1. TeopeTnueckue cBe1eHUS

2.3aganue

3.JIuct A 4

4 KanbKyJIsaTOpbI

Iopsinok BeINOJIHeHNsI padOThI
1.A3yunts 3amanue

2. I3y4uTh TEOPETUUECKHE CBEICHUS

3. Boinonauth U 0OPMUTH pabOTy

4 .IlokazaTp pe3yJIbTaThl IPEMOJABATETIO
JlomaniHee 3a1aHue

1.ITonroToBUTH OTBETHI HA KOHTPOJILHBIE BOIIPOCHI
Teopernveckue cBeeHn

Omnpenenenne. CymMMa 4YjIeHOB OECKOHEYHOM YHCIIOBOM IOCIIEI0BATECIBHOCTH
u,U,,...,U,,... HA3bIBAETCSI YU CJIOBBIM PSAIOM.

WU, = ),
n=1
[Tpu 5ToM uncna u,,u,,... 0yJIeM Ha3bIBATh WICHAMH P, a U, — OOIIMM YICHOM psija.
Onpenenenne. CyMMbl S, = u +u, +...+u, = D u, , n = 1, 2, ... Ha3pIBAKOTCS

k=1

YaCTHBIMH (‘IaCTI/I‘lelMI/I) CyMMaMum psja.

Takum 00pa3zoM, BO3MOKHO pacCMaTpUBaTh MOCIEAOBATEILHOCTH YaCTUUHBIX
CyMM psiaa Si, Sz, ...,Sn, ...

Onpenenenne. Pang o +u, +..+u,+..=) u, HaA3BIBACTCA CXOAAIMMCH, €CIH
n=1

CXOOUTCA IMOCICAOBATCIIBHOCTD €0 YaCTHBIX CYMM. CYMMa cxXoasmerocst psiaa —
npeacia nociICJ0BaTCIbHOCTH €TI0 YaCTHBIX CYyMM.

limS, =8, S:iun.
n=1

Onpenenenune. Eciii mociie1oBaTeIbHOCTh YACTHBIX CYMM psila pacXOAUTCH, T.€. HE

UMeeT Ipenena, WIM UMeeT OECKOHEYHbIM Tpenes, TO psJ Ha3bIBAeTCA
PacXoASIIMMCSH U €My HE CTaBAT B COOTBETCTBUE HUKAKON CYMMBI.

Ceoiicmea psaooe.
1) CxoauMoOCTh WM PaCcXOJUMOCTh psiia HE HAPYILIUTCS €CIH W3MEHUTH,

OTOPOCHTH WK JOOABUTH KOHEYHOE YUCIIO YWIEHOB PSa.
2) PaccMoTpuM 1iBa psiga » u, ¥ Y Cu,, rae C — HOCTOSHHOE YHCIIO.



Teopema. Eciu psaod » u, cxooumcsa u e2o cymma pasua S, mo pao Y. Cu, modice

cxooumces, u eco cymma pasua CS. (C #0)
3) PaccmorpuM 1Ba psana Y u, U Y v,. CyMMO#i Wi pa3HOCTBIO 3THX DSJIOB

Oyner Ha3wIBaThCA P Y (u,+ v,), TAE IEMEHTHI MOTyYEHBI B PE3yIbTaTe CIOKECHHUS

(BBIYMTAHUS) UCXOHBIX AJIEMEHTOB C OJMHAKOBBIMU HOMEPAMH.
Teopema. Eciu psobl D u, u Y. v, CXOOAMCSA U UX CYMMbL PAGHBI COOMEEMCMEEHHO S

u o, mo pso Z(un +v,) modxce cxooumcs u e2o cymma pagua S + o.

Z(H"+V")IZLIH+ZVHIS+G

Pasznocms 06yx cxoosawuxcs psioos makaice 6yoem cxo0auumcsi psioom.
Cymma cxooawe2ocs u pacxoosaue2ocs psaoos 6yoem pacxooauumcs paooM.
O cymme 08YX pacxooauuxcs psioos 00ue2o ymeepHcoeHus: COelams Helb3sl.

[Ipu n3ydeHuu psiioB pelIatoT B OCHOBHOM JIBE 3aJ]aUM: UCCIICIOBAHUE HA CXOUMOCTD
Y HaXO0XKJIEHUE CyMMBI psijia.
1) Ecnu psin z u, CXOJUTCS, TO HEOOXOIUMO, YTOOBI OOIIMIA WICH U, CTPEMHIICS K

HYJIIO. OI[HaKO, 9TO YCJIOBHUC HC ABJIACTCA AOCTATOYHBIM. MosxHO TOBOPHUTH TOJIBKO O
TOM, 4YTO €CJIN O6HIHI>1 YICH HC CTPEMHUTCA K HYJIIO, TO pdad TOYHO PaCXOIAUTCA.
o o < |
HaHpHMep, TaK Ha3bIBACMbIN T'apPMOHHUYCCKUUN DA Z— SABIIACTCA PACXOOAIIUMCA,

n=1

XOTSI €ro OOIIMI WIEH U CTPEMUTCS K HYJIIO.

IIpumep. VMcciieqoBate CXOIMMOCTD psia %+ % + % +..+ 1 +...
H_
o ) ) 1 1 o
Haiinem lim 31 = hm—1 = § #0 - HEOOXOIUMBIA IIPpU3HAK CXOOUMMOCTH HE
11—>0 H_ 11—>0

n
BBITIOJTHSIETCS, 3HAYUT PsiJl PACXOIUTCHL.
2) Ecnu psan cXxoauTes, TO MOCIEeI0BATEIbHOCTh €r0 YACTHBIX CYMM OIpaHUYEHA.
OpHako, 3TOT NPU3HAK TAK)KE HE SBIIAETCS IOCTATOYHBIM.
Hanpumep, psng  1-1+1-1+1-1+ ... +(-1)"™'+... pacxomurcs, T.K. pacxomurcs
MOCJIEI0BATEIBHOCTD €r0 YaCTHBIX CYMM B CHIIy TOTO, YTO

{O, IIpH H€T HBIX 11

1, mpu Heuer HbIX n
OnaHako, mpu 3TOM IOCIEAOBATENBHOCTh YACTHBIX CYMM OIPAHWYEHA, T.K.
|8, <2 npu mo6om n.
Psaowt ¢ HeompuuameslbHbIMU YJICHAMU.
[Ipu n3ydyeHnn 3HAKOMOCTOSIHHBIX PSJIOB OTPAHUYUMCSI PACCMOTPEHUEM PSIIOB
C HEOTPHUIIATEILHBIMU YWICHAMH, T.K. IPU MPOCTOM YMHOXKEHUHU Ha —1 U3 3TUX PSAJIOB
MOYKHO ITOJIYYHUTH PSAABI C OTPULIATEIbHBIMU YICHAMU.



Teopema. /{5 cxooumocmu psoa ) u, ¢ HCOMPUYAMENbHBIMU YTEeHAMU HeOOXOOUMO

U 00CMAamo4Ho, 4moobl YaCMHbLE CYMMbL PAO0A ObLIU 0O2PAHUYEHDL.
[TpusHaK CpaBHEHUS PAJIOB C HEOTPULIATEIbHBIMHU YJICHAMMU.

ITycTs naHbl Ba psfa Y u, U v, TPH Uy, Vu = 0.
Teopema. Eciu u, < v, npu ar000M n, TO U3 CXOJUMOCTU psiia Z"n CIenyer
CXOIMMOCTb pPsia Y u,
Do,

1

IIpumep. MccienoBars Ha CXOAUMOCTD PSif L + 1 Fot— ..
In2 1In3 Inn

, @ U3 PACXOJIMMOCTH PsiJia Z u, CICAyEeT PacXoJAUMOCTh psijia

L

1 1 o |
T.k. — >—, a TApMOHMYECKUH PN D) — PACXOAUTCS, TO PACXOTUTCS U PAJL Zl
n nn

Inn n

|
IIpumep. VccienoBaTe Ha CXOAUMOCTD PSifl z TR
n=1 n

T.x. <

1
— < apsan 22— cxoauTcs ( Kak yObIBarouiasi FeOMeTpUYecKasi Iporpeccus),

|
TO Psift 27 TOXE CXOJUTCH.

n=1

Taxxe HCIIOJIB3YCTCA CJICI[YIOH_II/Iﬁ IMPHU3HAK CXOANMOCTHU

Teopema. Fciu u, >0, v,>0 u cywecmgyem npeoei lim2 =4, 20e h — uucno,

n—w I/H
OMAUYHOE OM HYJA, MO PAOLL Y. u, U YV, 6e0yN 00UHAKOBO 8 CMBLCIE CXOOUMOCTI.
Ilpusnax /lanamoepa.

(Kan Jlepon Janamb6ep (1717 — 1783) — ¢ppaniry3ckuil MaTeMaTuK)
Ecnu Ona pada ) u, ¢ NON0ACUMENLHOIMY YIEHAMU CYUECTNEYemm MAKOe YUCILO

q<], umo 0151 6cex 00CMAMOYHO OOJILUUUX N GbINOJIHACMCA HepaeeHcmeo

u
—L < g, mo pso Z u, CX00UMCcs, ecau duce 0jisl 6cex 00CMAMOUHO OONLUUUX N

n

u
bINONIHACMCA YCl06Ue —1>1, mo pad Y u, pacxooumcs.
u n

n

Ilpeodenvuwtit npusnax /lanamoepa.
[Ipenenbubiii mpu3Hak JlamamOepa SIBISIETCS CIEICTBHEM W3 MPUBEICHHOTO

BbIIIE NTpu3HaKa JlaimamOepa.

Ecnu cywecmeyem npeoen lim 2+t = p, mo npu p < I psao cxooumcs, a npu p > 1 —

11—>0
ull

pacxodumc;z. Ecnu P = ], mo Ha eonpoc o CXOOUMOCMU OMBEMUMb HEIb3A.

1
H[!I/IMCE. OHpGI[GJ'H/ITI) CXOAUMOCTD psaaa z Y .
n=1



u, :i; u,, :11_+11; Jim 2zt = m(11+11)2 o+l n :l<1
2" 2" e g H—>°° 2™ n 2n 2 2

BriBoa: psia cxoaurcs.

IIpumep. OnpeneauTs CXOAUMOCTD psiaa 1+ 11 - % +..+ l' -
m

1 .u . bl . 1
u =—; u,, = ; lim—21 = lim = lim =0<1
bl (n+1)!" wo>e gy o= (pn+1)! m=p+l

BeiBoa: psin cxoauTcs.

Ilpusnax Kowu. (paouxkanvhuliit npu3HaK)
Ecu 0ns psida ) u, ¢ HEOMPUYAMenbHbIMU YIEHAMY CYuecmsyem maxoe yucio q<lI,

umo 011 6cex 00CMAMoO4HO OOIbUIUX N BbINOJHAECMCSL HePaABeHCmME0 ilu, < g,
mo pso Zu" CX00UMCA, ecau e O 6cex O0CMAMOYHO OONbUWUX N 6bINOJIHAEMCA
HepaseHcmeo ilu, > 1, mo pso Zun pacxooumcsi.

CaencrBue. Ecnu cymectByeT npenen limg/u, =p, To ipu p<l psaa cXOIUTCs, a IpH

p>1 psig pacxoguTcs.

2n° +1
IIpumep. OHpeI[eJ'II/ITB CXOIUMOCTD psiga Z(—J

~\ 30" +5

1
2+ —

2n +1 22

lim4/u, =lim——=1im 7 _ =

n—o n—0 31] +5 17—>°03 5 3
2
n

BriBonx: psan cxogurcs.
0 1 n
IIpumep. Onpenennuts CXOAUMOCTh psiaa Z(l +—j .
n=1 n
limz/u —hm(1+ jzl.
T.e. mpusHak Komm He maer orBera Ha BOmpoc O cxoguMoctu pspa. [IpoBepum

BBINIOJIHEHWE HEOOXOJIMMBIX YCIIOBUN cxoaumocTH. Kak ObUIO CKa3aHO BbINIE, €CIH
PAI CXOAUTCS, TO OOLIUI YIIEH psifa CTPEMUTCA K HYJIIO.

n—>0 n—>x

limu, =1im(1+lj =e#0,
n

TakKUM 00pa3oM, HEOOXOJUMMOE YCIOBUE CXOAUMOCTH HE BBITIOJIHSIETCS,
3HAYMT,
psII pacXOaUTCS.

Humezpanvnuotit npusnax Kowu.



Ecnu @(x) — nenpepvisnas nonosxcumenvHas Qyukyus, yovlearowas Ha NPOMENCYmKe

[1;00), mo psio ¢(1) + ¢(2) + ..+ ¢(n) + ... = i(p(ﬂ) U HecoOCMEeH bl UHmMe2Pall

n=1

I @(X)dx 0OUHAKOBbLL 8 CMbICIE CXOOUMOCTIUL.
1

1 1 1
[Ipumep. Psan 1+2—a+3—q+...+—a+... cxoautcd npu o>1 u pacxomurca o<l T.k.
n
o o ©dx
COOTBETCTBYIOIINI HECOOCTBEHHBIN MHTETpal I - CXOIUTCS TIPU o>1 M pacxoauTcs
1

=1
a<l.Psax > — Ha3piBaeTCsA 00LIErapMOHUYECKHM DSIOM.

n=1
CaencrBue. Ecnu f(x) u ¢(x) — HenpepbiBHbIe (yHKIMA Ha WHTEpBase (a, b] u

lim @

b b
Vol ):]1, h#0, TO HUHTErpaIbl _[f(x)dx u I(p(X)dX BEeIyT ce0s OIMHAKOBO B
Xx—a+ (p X A A

CMBICJIE CXOAUMOCTH.

3nakonepemennwle pAaodvl. (3HaKouepeoyruuecs paovt).
3HaKOoYepEeYIONINICS Psii MOKHO 3aIucaTh B BUIE:

u—u, +uy—u, .+ (D),
rope u, >0, n=123,..
Ilpusnak Jlenonuua.
Ecnu y 3uaxouepeoyiowezocs psoa u —u, +u,—u, +...+(=1)""u, +... abcomomuuvle

BENUYUHBL U; YOLIBAIOM U, > U, > Uy > ... U 00WULL YIeH CIMpeMumcs K Hyo u, — 0, mo

PA0 cxooumcsi.

Abconromuan u ycioeHas cxooumocms paooe.
PaccMoTpyM HEKOTOpPBIM 3HAKOMEPEMEHHBIH Pl (C WiIEHaMU TPOU3BOJIBHBIX

3HAKOB) U + i, +...+U,+..= D u, (1)
n=1

U PSJ, COCTABJICHHBIN M3 a0COMIOTHRIX BEJTMYUH WieHOB psaa (1):

o0

- 2)

n=1

Teopema. /13 cxooumocmu psoa (2) cnedyem cxooumocms psoa (1).

||+ || + ...+

ulI

Onpenejaenue. Psan Z”n Ha3bIBaETCA a0COJIOTHO CXOASIIUMCS, €CIIU CXOAUTCS Pl

2w

O‘IGBI/IILHO, 4qTO AJIs1 3HAKOIIOCTOAHHBIX PAAOB IMOHATHUA CXOAHUMOCTH U a0COJIFOTHOM

CXOJIMMOCTH COBIAJAIOT.
Omnpenenenne. Psiy ) 1, Ha3pIBAaCTCS YCIOBHO CXOASIIIMMCS, €CIIM OH CXOIHUTCA, a

psn Y |u,| pacxommres.

Ilpusnaku /lanamoepa u Kowiu 015 3HaKkonepemeHHbIX pA00e.



ITycTb )" u, - 3HAKONIEPEMEHHBIN PsI.

Un+l

Ilpusznak lanamoepa. Eciu cymectByer npeaen lim =p, TOo ipu p<I1 psixa Z u,

Oynet abCoN0THO cXoAsMIMMEs, a ipu p>1 psia Oyaer pacxoasummces. [pu p=1
MIPU3HAK HE JJA€T OTBETA O CXOJAUMOCTH psia.

Hpusnak Komu. Ecnu cymectsyer npenen lim4/|u,| = p, 0o npu p<I psg ) u, Oyzer

abCoOMIOTHO cxoasmuMcest, a ipu p>1 psig Oyaer pacxoasmmmcs. [Ipu p=1 npusnak He
JaeT OTBETA O CXOIUMOCTH Psza.

Ceoiicmea adcotOmHO CXO00AWUXCA PAOOB.
1) Teopema. /{5 abcomomunoi cxooumocm paoa Y., u, Heo0X00UMO U OOCMAMOUHO,

UmooObL €20 MONCHO ObLIO NPEOCMABUMb 8 BUOE PAZHOCIU 08YX CXOOAWUXCS PAOO8 C

HeompuyamenbHbiMU 4IeHAMU.

CaeacrBue. YCIOBHO CXOJSIIUICS DS SBJISETCS PAa3HOCTBIO JBYX PACXOJSIIUXCS

PSZIOB C HEOTPUIIATEIIBHBIMU CTPEMSIIIUMUCS K HYJTIO WICHAMH.

2) B cxomsmemcs psime mro0asi TPYNIIAPOBKA WICHOB psifia, HE M3MEHSIONIAsS WX

MOPSIJIKA, COXPAHSET CXOAUMOCTh U BEJTUYHHY Psa.

3) Ecnu psan cxoautces abCOMIOTHO, TO PSIL, MOTYYCHHBIN U3 HETO 000

NIEPEeCTaHOBKOM YICHOB, TAKXKE a0OCOIIOTHO CXOJIUTCS M UMEET Ty KE CYMMY.

[lepecTaHOBKO YJIEHOB YCIOBHO CXOJAIIEIOCS psiia MOKHO TMOJYYUTh YCIOBHO

CXOJSIIUICS psl, UMEIMUNA o0yl Hamepel 3aJaHHyl CyMMy, H JIaXe

pacxXoasuIuics psia.

4) Teopema. IIpu 11000t epynnuposke 4ieH08 abCONOMHO CX00AUWe20cs paoa (npu

9MOM HUCTIO 2PYNI MOdACEm ObIMb KAK KOHEUHbIM, MAK U OeCKOHeUHbIM U YUCIIO YIeHO8

8 epynne Mmoodcem ObiMb KAK KOHEUHbIM, MAK U OeCKOHeuHbiM) NOLyYaemcs

CXOOAWUICS PO, CYMMA KOMOPO20 PABHA CYMME UCXOOHO20 PAOd.

5) Ecim psiabt i u, v i v, CXOISTCSI aOCOJIOTHO ¥ KX CYMMBI PaBHBI COOTBETCTBEHHO
n=1 n=1

S ¥ G, TO psia, COCTaBICHHBIN U3 BCEX MPOU3BEIACHUN BUIA u,v,, I,k=1,2,.. B3SIThIX B

KaKOM YTOJIHO MOpsIZIKE, TakKe CXOAUTCS abCONIOTHO M €ro cymma paBHa S-O -
IIPOU3BENCHUIO CYMM IEPEMHOKAEMBIX PSIOB.
Ecnm ke npou3BOIUTH NEPEMHOKEHUE YCIOBHO CXOIAIINUXCA PANOB, TO B PE3YyJIbTATE
MOYHO MOJIYYUTh PACXOIAIANCS PSIA.
3aaHus NPaKTHYeCKOH padoThI

1.Bemmucats Tpu NepBBIX WICHA PsIia HAMTH TPETHIO YaCTUYHYIO CYMMY

n=w 9% 2-®nn
Z R

L1121 a) #=17-R!, 6) »=1 7




Z ;
212200 A1 (R=1)1

s 3)2+2

M

3,13,23a) #= H/H 5)1.
A= 22?3

41424 q) n=17(n+1)7.

B =0 3."3"’1

7,1727a) #=1 377 .

?3=*I'23'}2 !
2—2 f
8,18.28 a) ne1 (212)1

==y )]

2
9.19.29 a) #=1(7!)
REOp i n+1))

102030 ay #=1 {21}/

2. I/ICCJIG,IIOBaTL Ha CXOOAUMOCTD, ITPUMCHAA HGO6XOI[PIMI>Iﬁ IMPpU3HaK CXOANMOCTH

111,21 a)z

n—I1 n + 5

2,12,22. a
)nz_IIOn—l

3n +1

3,13,23. )Z

= 5n+2

4,14,24. a)zw

=1 n = Sn

5,15,525. )Z

n=l n +2n

nze 4p3

n= 1(?1 +4)2

"= 'I'|.S‘.EF1 ?1|

,-»31\/_

6)

H=w B

6) #= 1n° +1

n=m ]

6) n=1h-inn

n=aom E”?

Z #e
6) n=11+e""

”i‘x‘smdlﬂ
6) #=l 2?1’\./{?_1

}EED

n= H'{_ COSH

*‘3“1‘1+r:.:::32 23

6) #=1 7

6,16,26. —_—
a),;(zn 1)-2"
7,17,27.
¥
818,28 a)S
n=1 N\ N
9,19,29.
a)nz_:l Tn+1
2
10,20,30.
a),;?m—l

3. HCCJ’I@I{OBaTB Ha CXOJUMOCTh, UCTIOJIB3Ys NMpu3HaK Jamambepa

n—l

6,16,26. )Z

n+1



SNk W=

- 2n—1

2,12,22. a)zW
n=1+/3

2

3,13,23. a)z

n—1

414,24, a)zlo

n=1 N

n—l

KOHTpOJIbeIe BOIIPOCHI
Ornpenenenne 4ucaoBoOro psaaa.
CBolicTBa ¥ BUBI PSAOB.
Onpenenenne cyMMBI psja.

7,17,27. a)Z%

n—1

818.28. a)> >

=n n+1)

9,19,29. a)z

n—l

+1)
571
10,20,30. a)Z—

n—1

Heo0xoaumblii Mpu3HAK CXOJUMOCTH.
ITpusnaku cpaBHeHus1, npusHaku Jlanam6epa u Komu.



IIpakTnyeckas padora Ne 12
no teme «Haxoxaenue npou3BoIHOM YUCIACHHBIM METOA0M.)
Heab: HAy4yuTHCS pelIaTh OAHOPOAHbIE AU (DHEepeHInaTbHbIE YPAaBHEHHUS [IEPBOTO
NOpSAKA.
Bpems BbinosiHeHuss 90 MUHYT

MarepuajnbHoe obecneueHme

1. Teopetnueckue cBeacHUS

2.3amanue

3.JIuct A 4

4 KanbKyJIaTOpbl

IHopsinok BeINOJIHEHHsI padOThI
1.M3yunts 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUS

3. BeimonauTh 11 0GOPMUTE pabOTy
4.I1oka3aTp pe3yJIbTaThl MPENOIaBATEIIO
JomaniHee 3a1aHue

1.IToaroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernueckue cBeeHUA.

Omnpenenenue. Dynxnus f(X, y) Ha3bpIBacTCs OAHOPOAHON N — ro HU3MepPEHUSA

OTHOCUTEJIFHO CBOMX apTyMEHTOB X W Yy, €CJIM JJI JHO00r0 3HA4YEeHHs mapamerpa t
(Kpome HyJIsI) BBIIOJIHSETCS TOXKIECTBO:
A ty)=1" f(x, y).
IIpumep. SIBisgercs v OMHOPOIHON QYHKIHS £(x, )= X +3x y?
At t)=(&x) +3(x)°ty=£x +38X y=(xX +3xX ) =F f(x,y)
Takum obpazom, pyHkus f(X, y) sBAsSETCS OJHOPOIHON 3- TO TOPSIIKA.
Omnpenenenue. Jlubdepenuanbuoe ypaBHEHUE BUAA ) = f(x, y) HA3bIBA€TCS

OJHOPOAHBIM, €CJIM €ro mnpasas 4yacTh f(X, y) ecTb ofHOpOHAs (PYHKIMS HYJEBOIO
U3MEPEHUS OTHOCUTEIbHO CBOMX apIyMEHTOB.

JIroboe ypaBHEHUE BHIA P(x, y)dx+ Q(x y)dy=0 SBISAETCS OJHOPOIAHBIM, €CIIU
byukuu P(x, y) u Q(x, y) — OMHOPOAHBIC PYHKIIUKM OJTMHAKOBOTO U3MEPEHUSI.

Pemenne n110060ro 0JHOPOHOTO YpaBHEHHS OCHOBAHO Ha NMPUBEICHUM 3TOrO
ypaBHEHUS K YPAaBHEHHUIO C PA3ACIAIOLIUMUCS TIEPEMEHHBIMU.

PaccMoTpuM 0THOpOIHOE YpaBHEHUE y = £(x, ).
T.x. dpynkuus f(X, y) — 0oIHOpOHAS HYJIEBOTO U3MEPEHUS, TO MOXKHO 3aIUCaTh:
it ty) = (% ).

o 1
T.x. mapameTp t BOOOIII€ TOBOPS MTPOU3BOIBHBIN, MPENOJIONKUM, UTO f=—. [lomydaem:

f(x,y) = f(LZj
X



[IpaBast yacTh MOTYYEHHOT'O PABEHCTBA 3aBUCHUT (DAKTHUECKU TOIBKO OT OJJHOTO

apryMeHTa u= Z, T.€. fix, y)= (p(lj = o(u);
X X
Hcxoanoe nuddepeHiraibHoe ypaBHEHUE TAKUM 00pa3oM MOKHO 3alUCaTh B BUJIE:
Y =o(u)

[anee 3amensieM y = ux,
u)—u
V=ux+ux, uvx+uxX=0o(u); ux+u=o¢u);, u= ew—u ;
TaKUM 00pa3oM, MOJYYWIH YypaBHEHHE C pa3fCiAIONIMMUCA IEPEMCHHBIMH

OTHOCUTEIBbHO HEM3BECTHON (DYHKILIUH U.
du dx I du  rdx

—— == [———=[Z+C
o(w)-u  x “o)-u J x

Jlanee, 3aMEHUB BCITOMOTATEIbHYIO (PYHKITHIO U Ha €€ BRIPAKECHHE Yepe3 X U y
Y HaiJisi MHTErpaJibl, OJIYyYUM OOIIee pelieHue oOgHOPOIHOTO nuddepeHInanIbHOro

YpaBHEHHUS.

Ipumep. Petnts ypaBHeHue y = Z(lnZ + lj.

X X

BBeneM BcrioMoraTenbHy0 (QYHKIHUIO .
u==; y=ux, y=ux+u,
X

OTtMeTuM, 4TO BBEJEHHas HaMU (PYHKUMS u BCErJa MOJIOKUTEIbHA, T.K. B
IPOTUBHOM CJyyae TEpsieT CMbICI MCXOJAHOE JudepeHInaibHOe ypaBHEHUE,

coaepxkauee Inu= .

X
[ToacraBiseM B MCXOTHOE YpaBHCHHE:
Ux+u=ullnu+l), vx+u=ulnu+u, uvx=ulnuy
. du dx du dx
PasnenseM nepeMeHHbIE: == j ==,
ulnu x ulnu X

Murerpupys, nomydaeM: Inflnuy=In[4+C Inu=Cx u=e™;

[lepexons ot BcomoraTenbHOW (PyHKIIMU 0OpaTHO K (QYyHKIMH Yy, TIOJydaeM oOliee
peurenue: y= xe .
Ypaeuenua, npusooawueca k 00HopooHvIM.
Kpome ypaBHeHHM, ONTMCAaHHBIX BHIIIE, CYIIECTBYET KJIACC YPaBHEHUH, KOTOPHIE
C TIOMOIIIBIO OMPEEICHHBIX MMOJICTAHOBOK MOTYT MIPUBEICHBI K OJTHOPOIHBIM.

ax+ by+c
ax+byte )

OTO ypaBHEHHUs BUjaa Y = 1(

a b

p|#0; TO mepeMeHHbie  MoryT OBITH  pasJieleHbl
a. b

Ecin  onpenenurens

MMOJCTAaHOBKOH



X=u+aq; y=v+p;
. |ax+by+c=0
r7e o ¥ 3 - peleHus: CUCTEMbl YpaBHEHUIM
ax+by+c=0
IIpumep. Pemnts ypaBHEHUE (x—2 y+3)dy+ (2x+ y—1)dx=0.
Q/_ -2x-y+1

dy
ITonyuyaeM (x—-2y+3)—==-2x— y+1; ;
Y ( > )dX > dx x-2y+3

HaXOI[I/IM 3HAYCHUEC ONPCACIINTCIIA

-2 -1
=4+1=5=#0.
1 -2

. |—2x=y+1=0 |y=1-2x x=-1/5
Pemraem cucremy ypaBHeHHM ; ; ;
x=2y+3=0 x—-2+4x+3=0 |y=7/5
HpI/IMCHHCM MOACTAHOBKY x=u—-1/5; y=v+7/5; BACXOOHOC YPABHCHHUC:
(u—1/5=-2v—-14/5+3)dv+ RQu—-2/5+v+7/5-1)du=0;
dv _2u+v _ 2+viu
du 2v—u 2v/u-1

(u—-2v)dv+ Qu+v)du = 0;

|4
3aMEHsAEM NIEPEMEHHYIO0 —=¢ v=uf, V ={u+ t, IpU IOJCTAHOBKE B BHIPAKCHUE,
u

3aIlIMCaHHOE BHIIIIE, UMEEM:. Fu+t= 22: tl
d 2+t 24120+t 20+t-1)
Pa3nensiem mepemeHHbIe: — u= —t= = ;
du 2t-1 2t-1 2t-1
1 1-2 -
du _ 1 t dr J' J‘ (1 Zt)dt
u 2 1+t- 2 1+t-7F

—%ln‘1+t—12‘:ln|u|+lnCl Il +7 2| = ~21n]Cyu

C
S =—§;

C
ln‘1+t—t2‘=lnu—22 p

[lepexoaum Tenepp K NepBOHAYANBHON PYHKIUU Y U IEPEMEHHOM X.

t=z y=7/3 Sy 7, u=x+1/5;
u x+1/5 5x+1

3T (Sy 7} 25C,
Sx+1 Sx+1 (5x+ 1)
Sx+1)> +Sy-7Gx+1)—-(5y-7) =25C,
25X +10x+1+25xy+5y—35x—7-25y" +70 y— 49 = 25C,
25X —25x+25xy+75y—25y" =25C, +49-1+7

X —x+xy+3y—y = C+E—C

HToro, BeIpakeHUE X — x+ xy+3y— )y’ = C SABISICTCS OOIIUM HHTEIPAJIOM HCXOJIHOIO

nuddepeHnanTbHOr0 YpaBHEHUS.



ax+by+c
B ciywae ecim B MCXOOHOM ypaBHeHMH Buaa Y= f|l————
ax+by+c

b
OIIPEIEITUTEIID

‘ =0, TO IMCPCMCHHBIC MOI'YT OBITH Pas3acCiICHBI HOHCT&HOBKOﬁ
a 1

ax+by =t.

IIpumep. Pemnts ypaBHEHUE 2(x+ y)dy+ (3x+3y—1)dx=0.
dy _=3x-3y+1_ 3x+3y-1
dx 2x+2y 2x+2y

[Tosmyuaem 2(x+ y)%/ =-3x-3y+];
X

HaXOI[I/IM 3HAUYCHUEC OMMPCACINUTCIIA

-3 -3
=—6+6=0;
2 2

[IpumeHsieM ITOACTAHOBKY 3x+3y= ¢ % = % -1
X

HOI[CTaBJ'I}IGM 9TO BBIPAKCHUC B UCXOAHOC YPABHCHUC!
¢ 3(-1)

3 -1= YIE 201 =3)=-9t+9; 2t/ =6t-9t+9; 2t =-3t+9;
.2t t 3
Paznensem nepemeHHble: dt=dx, ——dt=—=1dx
-3t+9 -3 2
[ 1+ijdt=—§jdx; z+31n|t—3|=—3x+c1
t-3 2 2

JHanee Bo3BpalaeMcs K IepBOHAYaIbHON (DYHKITUN y ¥ TIEPEMEHHOH X.
2x+2y+2IP3(x+ y—1)| = —x+ C;;
3x+2y+2In3+2Inx+ y-1|=C;

3x+2y+2In|x+ y-1=C

TakKUM 00pa3oM, Mbl MOJYYHJIA OOIIMNA MHTErpajl UCXOJHOTO Au(depeHIInaTbLHOTO
ypaBHEHHUSI.
3aganusi NPaKTHYECKOH PadoThI

3apanue. Pemuth omHOpOAHOE MU depeHIMAIBPHOE YPaBHCHHE.

Bl. xy+y? — (2x% + xy)y’=0 B16. xy+y? — (2x% + xy)y/=0
B2. (x-y)dx+xdy=0 B17. (x-y)dxtxdy=0

B3 (x% xy)dy-y? dx=0 B18. (x*- xy)dy-y? dx=0

B4. xyYy/ =x3+y3 B19. xy%y/ =x3+y?

BS. (x-y)ydx =x*dy B20. (x-y)ydx = x> dy



B6. xyYy/ =x3+y3

B7. xy+y? — (2x% + xy)y’/=0
B8. (x-y)dx+xdy=0

B9. (x*-xy)dy-y? dx=0
B10. xyYy/ =x3+y3

B11. (x-y)ydx = x*>dy
B12. xy’y/ =x3 +y3

B13. 4.xy- xy = (1+x?)e*
B14. (x-y)dx+xdy=0

B15. (x*-xy)dy-y? dx=0

KOHTpOIBHBIE BOIPOCHL:

B21.

B22.

B23.

B24.

B2S.

B26.

B27.

B28
B29

B30

xy’y! = x> +y

xy+y? — (2x% + xy)y’=0
(x-y)dx+xdy=0
(x%-.xy)dy-y? dx=0
xy’y/ =x* +y?
(x-y)ydx = x* dy

xyly! = x> +y°

. 4.xy- xy = (1+x?)e*
. (x-y)dx+xdy=0

. (xX*-xy)dy-y? dx=0
y

1. Kakoe ypaBHEHME HA3bIBAETCS OJHOPOIHBIM YPABHEHUEM IIEPBOTO MOPSIAKA U €T0

peuieHue?



IIpakTnuyeckas padora Ne 13
1o teme «HYucaenHoe peureHue 1u@pepeHUaATbHOT0 YPABHECHUN
Heab: HAyuyuTHCS pelIaTh JUHEHHbIE TU(PepeHIIMaTbHbIE YPAaBHEHUS TIEPBOTO
NOPSAKA.
Bpems BbinmostHeHuss 90 MUHYT

MarepuanbHoe obecneueHme

1. Teopetnueckue cBeaCHUS

2.3amanue

3.JIuct A 4

4 KanbKyJIaTOpbl

IHopsinok BeINOIHEHHSI PadOThI
1.A3yunts 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHHUS

3. Beimonauth 1 0OpMHUTH paboTy

4 .Iloka3aTp pe3yJIbTaThl MPENO1aBaATEIIO
JomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeIeHUA
Omnpenenenue. luddepeniinanbHoe ypaBHEHHE HA3bIBACTCS JIMHEHHBIM

OTHOCHUTEJIbHO HEU3BECTHON (PYHKIIMH U €€ POU3BOAHOM, €CIIU OHO MOXKET OBITh
3alKiCcaHo B BUJIE:

Y+ P(x)y=Ax),
IpU 3TOM, €CJM MpaBasg 4yacTb (J(x) paBHA HYJIO, TO TAKOE YPAaBHEHHE Ha3bIBACTCS
JIMHEHBIM OJHOPOAHBLIM JH(PEpEeHIINATBHBIM yYpaBHEHUEM, €CIU IIpaBas 4acTb
O(x) He paBHA HYJIIO, TO TAKOE YpaBHEHHE HA3bIBACTCS JIMHEHHBIM HEOJTHOPOIHbIM
muddepeHnnanTbHbBIM YPAaBHEHHUEM.
P(x) n Q(x)- bynkuun HepepbIBHBIC HA HEKOTOPOM MTPOMEKYTKE a < X < b.
Juneiinvie 00HopooHvle Ougepenyuanvrvle ypasHeHus. Paccmotpum
METO/1bl HAXOXAEHUSI OOLIETr0 PelIeHUs TMHEHHOTO OJTHOPOIHOTO
muddepeHInanbHOr0 ypaBHEHHs IEPBOTro MOPsAKa BUA

Y+ P(x)y=0.

Hnst sTtoro Ttuna auddepeHuanbHbIX YpPaBHEHUN pa3ielieHHe TNEpPeMEHHBIX He
IPE/ICTABIIAET CIOKHOCTEM.

ﬂ/= - P(x)dx
Y
lnM = —J. P(x)dx+ ln|C1;

ﬁ:{mg@

—I P(x)dx

In

OO6uiee pelieHue: y=_Ce

Jluneiinvlie HeoOHopoouvie oughpepenyuanviovle ypasHeHus.



JInsi uHTEerpupoBaHUs JIMHEHHBIX HEOJAHOPOAHBIX YypaBHeHUM (Q(x)#0)
MIPUMEHSIIOTCSI B OCHOBHOM J[Ba MeToj1a: MeTol bepHyinu u meron Jlarpanxa.

Memoo bepuynnu.
(Axo06 bepnynnu (1654-1705) — mBelapckuii MaTeMaTHK. )

CyTp MeTOJIa 3aKJII0YaeTcs B TOM, YTO MCKOMas (hYHKIHMS MPEACTABISICTCS B
BU/IE POU3BENCHUS IBYX QYHKIHMN y= uv. [Tpu

dv du
TOM OYEBHUAHO, YTO y = w— v - muddepeHpoBaHUe TI0 YACTSIM.
’x X

HOI[CTaBJIHH B UCXOOHOC YPABHCHUC, ITIOJIYHACM:

ui + Vi-i- P(x)uv= A x)

u—+ v(—-i— P(X)Uj A x)

Jlanee cnepayer BakHOE 3aMeyaHuE — T.K. MEepBOHAYalbHAs (QyHKIUs ObLIa
Ipe/iCTaBlieHa HaMU B BUJIE MIPOU3BEACHHUS, TO KAXKAbIA U3 COMHOXKUTENEH, BXOAIINX
B OTO IMPOU3BEICHUE, MOXET OBITh MPOU3BOJIBHBIM, BBIOPAaHHBIM IO HAIIEeMy
YCMOTPEHHUIO.

Hampumep,  ¢ynkims  y=2x  MOXeT ObITh  NPEACTaBIeHA  Kak
y=1-2x; y=2-X;
y=2x x U T.I.

Takum 00pa3oM, MOKHO OJIHY M3 COCTaBISIIOIIMX IMPOU3BEIEHUE (DPYHKIUI

du
BBIOpATh TaK, YTO BBIPAKECHUE & + P(x)u=0.
X

Takum o00pa3oM, BO3MOXKHO TMOJYYUTh (PYHKIUIO u, MPOUHTETPUPOBAB,
MOJIYYeHHOE COOTHOIIECHUE KaK OJHOpOoJHOE nudepeHnraibHOe ypaBHEHHE TIO

OITMCAHHOM BHIIIIE CXEME:

du
< =—P(xdx —_—J.P(X)a’X Infuf = ~[ P(x)dx

1n|C1|+ 1n|11| = —I P(x)dx u= Ce_jp(x)dx; C=1/C;
JIiss HaxOXKJIeHUST BTOPON HEM3BECTHOW (DYHKIIMHM V TOJCTABUM IOYyYECHHOE

BbIpOKEHUE M1 (YHKIMM 4 B UCXOJHOE YpaBHEHUE u—+v(—+P(X)uj Ax) ¢

Y4E€TOM TOTI'O, YTO BBIPAKCHHUC, CTOALICC B CKO6KaX PaBHO HYIIIO.

_[P(x)dx dV P(X)dx

Ce = Q(x); Cdv= O(X)é’[

HNuTterpupyst, MokeM HauTu (byHKuI/Ho v

cv=| oe s y= lc | o9 dxr



T.e. Obuta moyuYeHa BTOpasi COCTABJISIONIAs MPOU3BENICHUS y= uv, KOTOPOE U

ONpeeIsIeT UICKOMYIO (PYyHKIIHIO.
[Toacrapisist HoMydYeHHbIE 3HAYCHHUS, TOJIyYaeM:

y=uv= Cefjp(x)dx %U Q()ﬂefp(x)dxdx+ Cz)

OkoHYaTeIbHO MojiydaeM hopMyy:

y= SEEE ( I A x)eI O et Czj, C> - IPOM3BOIIBHBIN KO PUIKEHT.

DTO COOTHOIIEHUE MOXKET CUYUTAThCS PEIICHUEM HEOIHOPOJAHOTO JIMHEHHOTO
nuddepeHnanTbHOro YpaBHEHUs B 00IIIeM BHJIE 1O crioco0y bepnyiuu.

Memoo Jlazpanaica.
( JTapramx XKozed JIym (1736-1813) - ppaniy3ckuit MaTeMaTuk, mpe3. bepiauHckoi

AH, mou. un. Ilet. AH (1776)).
Merton Jlarpanaxa penieHus HEOTHOPOIHBIX JUHEHHBIX AU(depeHInaIbHbIX

YPAaBHEHHUM €I11€ HAa3bIBAIOT METOJOM BapHALMH NPOU3BOJILHON OCTOSHHOM.

Y+ P(x)y=Ax
[IepBsIii mar JaHHOTO METOJIa COCTOUT B OTOpPacChIBAHUH MPABOM YACTH YPABHEHHUSI U
3aMEHE €€ HyJIeEM

Y+ P(x)y=0
Jlanee HaxoAUTCA pellIeHUE MOIYYUBIIEr0Csl OAHOPOIHOTO U (HepeHIIMATBEHOTO

YpaBHEHUS:
—I P(x)dx

y=Ge

JInst Tor0, 9YTOOBI HAWTH COOTBETCTBYIOIIEE PEIICHUE HEOHOPOIHOTO

mudepeHnnansHOTO ypaBHEHHS, OyIeM CUUTATh MOCTOSTHHYIO C1 HEKOTOPOit

GyHKIHEH OT X.

Torna o npaBunam auddepeHInpoBaHus TPOU3BEACHUS (YHKIIUN MOTydaeM:

[ToacraBnsiem MOTy4eHHOE COOTHOIICHHUE B ICXOAHOE YPaBHEHUE

%ejp(x)dx o

M e—J' P(x)dx
dx

W3 atoro ypaBHeHus onpenenum nepeMennyto Gyskiuio Ci(x):

dC, (%) = (e " d
HHuTerpupys, nosy4aem:

qzquémmﬁ+a

{P(x)dx

+ G (He

{P(x)dx

G(OPET " 4 PG (e

= QAx);

[ToacTaBiisist 3TO 3HaYEHUE B UCXOIHOE YPABHEHHE, MTOTYYaEM:



b e‘f”“‘)d"(j 008 s C).

Takum 00pazom, Mbl HOJYYMIM PE3YJbTaT, MOJHOCTBIO COBMAJAIOLIUN C
pe3yiabTaTOM pacyera 1o merony bepnyim.
[Ipu BbIOOpE MeTOna pemieHus JUHEHHBIX Au(depeHIraIbHbIX ypaBHEHUN

CIeAyeT PYKOBOJCTBOBATHCS MPOCTOTOM MHTEIPUPOBAHUS (DYHKIIUM, BXOISIIUX B
MCXOJIHBIN UHTErpall.

Jlanee paccMOTpUM MPUMEPHI PEIICHUS Pa3IMYHbIX TudPepeHInanbHbIX YpaBHEHUN
PAa3IMYHBIMUA METOJAMU U CPABHUM DPE3YJIbTATHI.

1
IIpumep. Peruth ypaBHeHHE X° Y + y= ax e*.
1 1
CHauayia mpuBeIEM JaHHOE YPaBHEHHUE K CTAHAAPTHOMY BUAY: J +— y= ae”.

X
1
[TpumeHuM nosty4eHHy1o Bbilie Gpopmyiy: P = %; Q= ae™;
LN ol g
y=e o [J‘ae"ej*zd dx+ C]
1 L. I
y= e"[f ae*e *dx+ CJ = e"(j adx+ C)
1
y=e*(ax+ C).
3aganme. Pemuth nuneliHoe nuddepeHImanbHOe ypaBHEHUE.
B1.xy- xy = (1+x?)e* B16. xy'- xy = (1+x?)e*
B2. y+2xy=x B17. y+2 xy=x
B3 (1+x%)y-xy =2x B18. (1+x?)y/-xy =2x
B4. xy'+y =x+1 B19. xy'+y =x+1
Bs. ¥ _Y_y B20. 2 _Y—
dx X dx X
B6. y+y=x+1 B21. xy+y =x+1
B7. xy-xy=(1+x?)¢* B22. xy-xy = (1+x%)¢e*
B8. y+2xy=x’ B23. y+2xy=x
BY9. (1+x?)y’-xy =2x B24. (1+x%)y'-xy =2x
B10. xy'+y =x+1 B25. xy+ty=x+1
BIl. 2 Y=y B26. 2 -Y=x
dx X dx X
B12. xy'+y =x+1 B27. xy+y=x+1
B13. xy'- xy = (1+x?)e* B28. xy'- xy = (1+x?)e*
Bl4. y+2 xy=x> B29. y+2xy=x?

B15. (1+x?)y-xy =2x B30. (1+x?)y-xy =2x



3agaua 2. Haiitu pemenue 3anauu Koy,

41.y'—y/x=x*, y(1)=0. 4.2.
y'—yetgx =2xsinx, y(z/2)=0.
4.3, y’+ycosx:%sin2x, y(O):O. 4.4.
V' +ytgx=cos’x, y(z/4)=1/2.
4.5. y'—xi2=x2+2x, y(-1)=3/2.46.
y'—ﬁyzex(x+l), y(0)=1.
4.7. y’—szsinx, y(zjzl. 4.8. y'+Z:sinx, y(ﬂ):l.
X 2 X T
49. y'+2=x*, y(1)=1. 410,
2x
2x 2x° 2
' == y(0)==.
I+ 142 »(0) 3
4.11.y'—2x2_5y—5, y(2)=4 12,y 4L =X e y(1)=e.
x X ox
, Y Inx , Y 12
413,y —Z =22 p(1)=1. 414y —L=—2 y(1)=4.
y-—=-2— (1) y-—=——, »(1)
4.15. y'+%y=x3, y(1)=-5/6. 4.16. y'+1=3x, y(1)=1.
X x
a7y~ 2 e y()=3. 4as o1 ()=
1+ x
4.19. y'+3—y:%, y(1)=1 420. y'+2xy=-2x", y(I)=e’".
X X

421. y'+ _

422. y'+xy=-x", y(0)=3.



4.23y'—%y=ex(x+l)2, y(0)=1.

424y +2xy = xe ™ sin x, y(O) =1.

425. y'=2y/(x+1)=(x+1), y(0)=1/2.

4.26. y'—ycosx =-sin2x, y(0)=3.

427, y' —dxy =—4x>, y(0)=-1/2. 428 y,_gz_me, y()=1.

4.29. y'—3x2y:x2(1+x3)/3, y(O)zO.
430. y'—ycosx=sin2x, y(0)=-1.

KonTposbHbIE BONPOCHI:

1. Kakoe ypaBHeHHE Ha3bIBACTCA JMHEWHBIM YPABHEHUEM IIEPBOTO MOpsAIKa?
2.Kaxoe ypaBHeHue Ha3bIBaeTcs quphepeHInanbHbIM YPAaBHECHHEM.

3.Yrto Ha3pIBaeTcs penieHueM audQepeHuanbHoro ypaBHeHus!.

4.06mee pemenne audepeHImaIbHOrO ypaBHEHHUS.

5.Hanucarp o6mmii Bua nuddepennnanbHoro ypaBHeHus 1-ro nopsiaka ¢
pa3JIeSOIMMUCS TIEPEMEHHBIMHU.

6.3amaga Komn.

7.KakoB o01uit Bua ogHOpogHOTO 1u(hepeHIMaIbHOr0 ypaBHeHUs 1-ro nopsaka?
8.AJIrOpUTM pelIeHust OAHOPOIHOTO U HEepEeHIIMATBHOTO YPaBHEHUSI IEPBOTO
HopsJIKa.



IlpakTnyeckas padora Ne 14
1o Tteme «Pemienue 3aqa4 Ha HAXO0KIeHHE BEPOATHOCTH
Leab: HAYYUTHCA HAXOAUTh BEPOSITHOCTh COOBITHIA.
Bpems BbinmosiHenuss 90 MUHYT

MarepuajibHoe odecnieyeHue

1. Teopetnueckue cBeaCHUS

2.3amaHue

3.JIuct A 4

4 KanbKyJIsaTOpbl

IHopsinok BeINOJIHEHNsI padOThI
1.M3yunts 3ananue

2. 3y4uTh TEOPETUYECKHUE CBEICHHUS

3. Beimonauth 1 0OpMHUTH paboTy
4.1Toka3atp pe3yabTaThl IPENOIABATEIIO
JdomainHee 3a1anue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teoperuueckue cBegeHUA
Kaaccnueckasn BEPOATHOCTHaAdA MOACJ/Ib. FCOMeTpl/I‘IeCKaﬂ BECPOATHOCTD

3amava 1. B smuxke 5 anenscuHoB U 4 si6;10Kka. Haynauy BeiOuparotcs 3 dpykra.
KakoBa BeposSITHOCTB, UTO Bce TpU (HpYyKTa — aneabCUHbI?

Pemenue. DnemMeHTapHBIMUA UCXOIAMHU 3/IECH SIBIISIIOTCS HA0OPHI, BKITIOUYatomuye 3
dbpykra. [Tockonbky mopsiiok PpykToB Oe3pasznuyeH, OyJeM CUUTaTh UX BBIOOD
HEYTOPSA0UYCHHBIM (1 0ecrioBTOpHBIM). O0111ee YMCIIO 2JIIEMEHTAPHBIX UCXO0JI0B
n=[0)] paBHO YHCITy cIocO0O0B BRIOpaTh 3 GpykTa U3 9, T.€. YUCITy COYETAHUN G :
m=|4

Yucno O61aronpusTCTBYIONIUX UCXOO0B PaBHO YUCIy c1oco00B BbIOOpa 3

3
aneJIbCUHOB M3 UMEIOIUXCA 5, T.€. & . Torma uckomast BEpOSITHOCTb

5!

o
P(a)=—2=23_012
W= =" =%

316!

3agaua 2. [IpenopaBarenp npeaiaraeT KaxxJaoMy U3 TPEX CTYJICHTOB 3a1yMaTh
mto60e uucio ot 1 go 10. Cauras, 4To BBIOOP KaKIIM U3 CTYICHTOB JIO0O0T0 Yncia
U3 33JJaHHBIX PABHOBO3MOKEH, HANTU BEPOSTHOCTh TOTO, YTO Y KOTO-TO U3 HUX
3alyMaHHbIC YKCJIa COBMAIYT.

Pemenune. Brauane moacuntaem o0Iree KOJIMIECTBO UCXO0B. [IepBbIii U3 CTYJCHTOB
BbIOMpaeT oHO U3 10 yucen u umeer nl=10 Bo3MOXKHOCTEN, BTOPOil TOKE UMEET
n2=10 BO3MOXHOCTEM, HAKOHEL, TPETHUI Takke uMeeT n3=10 Bo3moxkHOCTEN. B crty
MpaBUJia YMHOXEHHUS 00I1Iee YUCIIO0 crmoco0oB paBHO: n=nlxn2xn3=103 = 1000, T.e.
Bce npocTpaHcTBO coaepkuT 1000 ameMeHTapHbIX UCXO0B. {7151 BRIUUCICHUS
BEPOSITHOCTU COOBITHSA A yI00HO MEPENUTH K MPOTHBOMOI0KHOMY COOBITHIO, T.€.
MOACUYUTATh KOJUYECTBO TEX CIIy4aeB, KOT/Ia BCE TPU CTYJICHTA 3a{yMbIBAIOT pa3HbIE
yucina. [lepBbiil u3 HUX no-npexxuemy nMmeer ml=10 cnoco0oB BbIOOpa UKcCA.



BTopoii cTyaeHT uMeeT Tenepsh Juilb m2=9 BO3MOKHOCTEH, MOCKOJIBKY EMY
IPUXOJUTCS 3200TUTHCS O TOM, YTOOBI €r0 YHCIIO HE COBIAJIO € 33 lyMaHHbIM YHCIIOM
nepBOro cryjeHTa. Tperuil CTyieHT enle 0osee OrpaHUYeH B BBIOOpE — y HETO BCETro
m3=8 Bo3MokHOCTeH. [ToaToMy 0O111ee uncio KoMOMHALIMN 33 yMaHHbIX YHCEI, B
KOTOPBIX HET coBNaaeHui, paBHo m=10-9-8=720. CiryyaeB, B KOTOPBIX €CTh
coBnazeHus, ocraercsa 280. CrnengoBarenbHO, ICKOMAasi BEPOSITHOCTh paBHA
P=280/1000= 0,28.

3anaua 3. HaiiTu BepOsSITHOCTH TOTO, YTO B 8-3HAYHOM YHKCIIE POBHO 4 U(PPHI
COBIAJAIOT, @ OCTAJIbHBIE PA3JINYHBI.

Pemenue. CobpiTHe A={BOCEMHU3HAYHOE YHCIIO COJIEPKUT 4 OJTMHAKOBBIC IU(PPHI}.
N3 ycnoBus 3aa4uu CIIEYET, YTO B UKCIE MATh PA3TUYHBIX HU(P, OAHA U3 HUX
noBTopsierca. Yucno cnocoOoB e€ BpI0Opa paBHO YKCITy CIOCOO0OB BIOOpA OIHOM
mugpsel u3 10 qudp. Ota nudpa 3aHuMaert J1roobie 4 MecTa B UUCIIE, YTO BO3MOXKHO

caenaTb G crnoco0amu, Tak Kak NOPAJIOK 3/1ech He BakeH. OcraBmuecs 4 mecta
3aHUMAIOT PA3IHMYHbIE ITUGPBI U3 HEUCTIOIB30BAHHBIX JICBATH, M TaK KaK YHCIIO
3aBUCHUT OT MOPSJIKA PACIIONOXKEHUS ITU(DP, TO YUCIO CITOCOOOB BEIOOPA YETHIPEX

4
1udp paBHO YUCITY pa3MeIeHUN 4 Torna uucio OJIaronpUATCTBYIOIIUX UCXOIOB

_ 4
[ AR10G7 4 . Bcero e croco6oB coctaBineHus 8-3Ha4HBIX yuces paBHo |(2[=108.

HckomMast BEpOSATHOCTh paBHA
p_lAl_10Ci4 8 9 1

== = = 0,021168
Q| 10° 44! 510

3anaya 4. lllectb KIMEHTOB ciydyailHbIM 00pa3oM oOpamatores B 5 ¢pupm. Haiitu
BEPOSATHOCTH TOT'0, YTO XOTs OBl B OJIHY PUPMYy HUKTO HE OOPATUTCSI.

Pemenue. PaccMoTpuM npoTHBONONIOXKHOE COOBITHE A, COCTOsLIEE B TOM, UTO B
KaXayro 13 5 pupM o0paTHIICs KIMEHT, TOTJa B KaKyl0-TO U3 HUX 00paTHIINCh 2

KJIMEHTA, a B OCTajIbHbIE 4 (PUPMBI — [10 OJJTHOMY KJIHEHTY. TaKuX BO3MOKHOCTEH

_ . 6!
| A|=5xNy(2,LL11) = >- 6
M2 O6mee komuuecTBO CIIOCOOOB pacIpeneIuTh 6 KIHEHTOB
— 6!
S Py =9 -iﬁzo,nsz
no 5 pupmam | 2= Orcrona 12t 5 . CiemoBaresbHO,

P(A=1-P(A=03848

3anmaua 5. [1ycth B ypHe umeercs N mapoB, u3 HuUX M 6enbix 1 N-M gepnbix. 13
YPHBI U3BJIEKaeTCs n wapoB. HaliTh BEpOSTHOCTH TOTO, YTO CPEAN HUX OKAKETCS
POBHO M OEJNBIX IAPOB.

Pewmenne. Tak kak nOpsAI0K 371EMEHTOB 37€Ch HECYILIECTBEHEH, TO YHUCIIO BCEX
BO3MOKHBIX HA0OpOB 00beMa n U3 N 3JIEeMEHTOB PaBHO YMCITY COYCTAHHM v,
Yucno ucnbITaHuN, KOTOPBIE OJIAaroNpUATCTBYIOT COOBITHIO A — "'m OenbIX apoB, n—

CuCi , U, CIIEI0OBATENIbHO, UCKOMasi BEpOSATHOCTh paBHa P(A)=

m 4YepHbIX'", paBHO
CHCi

Cy
3anada 6. Touky Haymauy Opocusid Ha oTpe3ok [0; 2]. KakoBa BepOsSITHOCTD €€
nornaaanus B orpe3ok [0,5; 1,4]?



Pemenne. 31ech MPOCTPAHCTBO AEMEHTAPHBIX HCXO0B Bech oTpesok 2 =10:2] 3
A=10.51.4] '11py sroM mumEET 9THX

COOTBETCTBEHHO. [TIoaTOMY

MHOKECTBO 0JaronpHusATCTBYIOUIMX UCXO/I0B
OTPE3KOB PaBHBI H(Q)=2 y [(4)=09
P(A) = M = % =
() 2 ]
3anava 7 (3amaya o Bctpeue). [[Ba muna A u B yciioBUIIUMCh BCTPETUTHCS B
onpeneneHHoM MecTte Mexay 12 u 13 yacamu. [Ipuienmmii nepBeIM )KIET APYTOro B
TedeHuH 20 MUHYT, I1OCJIE Y4ero yxoauT. Yemy paBHa BEpOSATHOCTb BCTPEUX JUL A U
B, eciu puxop KaXa0ro U3 HUX MOXKET POU30MTH Haylayy B TEUEHUH yKa3aHHOTO
yaca 1 MOMEHTHI IPUXO0Ja HE3aBUCHMBI ?
Pemenue. O603HauMM MOMEHT MpuXo/a Juia A depes X u nuna B — gepes y. Jlns
TOT'0, 4YTOOBI BCTpEYA MPOU301LIa, HEOOXOIUMO U JOCTATOYHO, YTOOBI | X-y | <20.
N306pa3uM X U y KaK KOOpJUHATHI Ha MJIOCKOCTH, B KAUECTBE €AMHUIIBI MaclTadba
BbIOEpEM MUHYTY. BCEBO3MOMXHBIE HCXO/1bl TPEICTABIIAIOTCS TOUKAMH KBaJIpaTa co
cTopoHoH 60, a 6;1aronpUATCTBYIONIME BCTPEUE PACIOIAraloTCs B 3alITPUXOBAHHON

obnactu. Mickomasi BEpOsSITHOCTh PaBHA OTHOIIEHUIO TUIOIIAIU 3aIITPUXOBAHHOM
burypsl (puc. 2.1) k momraau Bcero kBajapara: P(A) = (602—402)/602 = 5/9.

0,45

5
1/
¢ SN
N
20
NN
20 60 X
Puc. 2.1.

OcHoBHBIE (POpPMYJIBI TEOPUH BEPOSATHOCTEH

3aoaua 1. B smuke 10 KpacHBIX U 5 CUHUX yTOBUI. BeIHUMAalOTCS Hay1auy JABE
nyroBuiibl. KakoBa BEpOSTHOCTH, UTO MYTOBUIIEI OYAYT OJTHOIBETHHIMU ?

Pewenue. CoobiTrie A={BBIHYTHI TyTOBUIIBI OJTHOTO I[BETAa} MOXKHO MPE/ICTABUTH B

A=A +4 4, A

BHJIE CYyMMBI 2, T/I€ COOBITHUS 2 03HAYaIOT BHIOOP MYTOBUI] KPACHOTO U

CHHCTO IIBCTA COOTBCTCTBCHHO. BepOHTHOCTB BBITAIIUTDH IBC KPACHBIC ITYT'OBUIIbI

2 2
P(A1)=% p(A2)=g_;
paBHa 15 | 2 BEPOATHOCTD BHITAIUTH JJBE CHHKE ITyTOBHIIbI 15, Tak
A A

KaK COOBITHS 1 1“2 HE MOI'yT HpOHBOﬁTH OJHOBPCMCHHO, TO B CUJIy TCOPCMBbI

CJIOKCHUA



1ot 50
Ch+C: 2”1 2nl
15

15 bl
213!

P(A) = = 0,524.

3aoaua 2. Cpenu coTpyaAHUKOB (pupMbl 28% 3HAIOT aHTIUICKU s3bIK, 30% —
HeMelKuid, 42% — dhpaHIy3CKU; aHTTIUUCKUNA U HEMEIKUI — 8%, aHTTTUHCKUHN U
dbpaniysckuii — 10%, HeMenkuii u Gpaniry3ckuit — 5%, Bce Tpu si3bika — 3%. Halitu
BEPOSITHOCTb TOTO, UTO CIIy4ailHO BHIOpaHHBIA COTPYAHUK (PUPMBI: a) 3HAET
AHTTIMHACKUM WM HEMELIKHi; 0) 3HaeT aHTJTMHCKUI, HEMEUKUH Wi (PpaHIly3CKuii; B)
HE 3HAECT HU OJINH U3 MEPEUUCIICHHBIX S3bIKOB.

Pewenue. O603naunm uepe3 A, B u C coObITHS, 3aKITI0YAIONINAECS B TOM, YTO
CIIy4aiiHO BBIOpaHHBIN COTPYIHUK (PUPMBI BIaI€€T aHTTHIUCKAM, HEMEIIKUM I

b paHITy3cKuM COOTBETCTBEHHO. OUEBHUIHO, JOIU COTPYAHUKOB (DUPMBI, BIAJCIONTNX
TEMU WM UHBIMU S3bIKAMU, OTIPEIEIISIIOT BEPOSITHOCTH dTUX coObITHiA. [Tomyyaem:

a) P(AUB)=P(A)+P(B) —-P(AB)=0,28+0,3—-0,08=0,5;

0) P(AUBUC)=P(A)+P(B)+P(C)-(P(AB)+P(AC)+P(BC))+P(ABC)=0,28+0,3+0,42—
—(0,08+0,1+0,05)+0,03=0,8;

B) I-P(AUBUC)=0,2.

3aodaua 3. B cembe — 1Boe nereil. KakoBa BEpOATHOCTD, UTO CTapIInil peOCHOK —
MaJIbYUK, €CJIA U3BECTHO, YTO B CEMbE €CTh JIETH 000ero mosa?

Pewenue. Ilyctb A={ctapmmii pebeHOK — MaJIbuuK }, B={B ceMbe ecTb neTu 000ero
nona}. byneM cuutarh, 9TO pOXKIEHUE MATbYMKA U POXKICHUE IEBOYKH —
paBHOBepOsATHBIE cOObITH. Ecnu poskaenne Manpunka 0603HaunTh OykBoit M, a
poXIeHue 1eBOYKU — JI, TO MPOCTPAHCTBO BCEX 3JIEMEHTAPHBIX UCXOJIOB COCTOHT U3

YeThIpeX nap: Q= {MM . MA, M. ]I } B stom npoctpanctBe nuiiib 1Ba ucxona (M/]]
u JIM) otBeyatot coOwiTuio B. CoObiTHEe AB 03HavaeT, 4To B ceMbe eCTh JIeTU
o6oero nosa. Crapuinii pe0eHOK — MaJIbUUK, CIIe0BaTEIbHO, BTOPO (MIIaIINi)
pebeHok — neBouka. Itomy coobiTuio AB otBevaet oaun ucxon — MJI. Takum
oOpasowm, |AB|=1, |B|=2 u
P(A;B)=@=l=o,5.

| B] 2
3aoaua 4. Mactep, umes 10 neraineil, U3 KOTOPbIX 3 — HECTAaHAAPTHBIX, TPOBEPSIET
JeTaJIM OAHY 3a IPYro, Moka eMy He nomnajaercs cranaaptHas. KakoBa BEpOATHOCTS,
YTO OH IPOBEPUT POBHO ABE JETAIN?



Pewenue. CobbiTrie A={MacTep mMpoBEpPUJI POBHO JIBE JIETATN} 03HAYAET, YTO MPHU
TaKOW MPOBEPKE MepBast AeTallb OKa3ajlach HECTAHIAPTHOM, a BTOpasi — CTaHAapTHAs.

3uaunt, 4= 44 e 4={ nepeas nerans oxasanace HecrangaprHoit } u
={BTOpas neTanb — cTaHAapTHas . O4eBUAHO, YTO BEPOSTHOCTh COOBITUS A| paBHA

P(4) =310, epore Toro, P(4:14)=7/9

, TaK KaK mepesl B3sITUEM BTOPOM A€Talu y
MacTepa OCTajoch 9 neranei, u3 KOTOPBIX TOJIBKO 2 HECTaHAAPTHBIE U 7
craHaapTHeiX. [1o Teopeme yMHOKEHUS

3

P(A) = P4 4y) = P(A)P(A, [ 4) = 15

7

—=7/30.

9

3aodaua 5. B ogHOM f1iuKe 3 O€NbIX U 5 4YEpHBIX MIAPOB, B IPYTOM SIIHKE — 6 OeIbIX
U 4 yepHbIX 1apa. HaliTu BEpOATHOCTH TOr0, YTO XOTS OBl U3 OJTHOTO SILIUKA Oy1eT
BBIHYT O€Jbli 1ap, €Cu U3 KaXKJI0ro SIIMKa BEIHYTO IO OJHOMY LIapy.

Pewenue. CobbiTie A={X0Ts Obl U3 OJTHOTO SIMKA BBIHYT O€JIbIN AP} MOKHO

A=4+ 4, , T71e COOBITUS 4y 4 o3mavaror nmossnenue

MPEICTaBUTh B BUJE CYMMBbI
0eJioro 1Iapa U3 NepBOro U BTOPOTO SIMKA COOTBETCTBEHHO. BeposiTHOCTh

P(4)=3/8

BBITAIITUTH OeJIBIN map U3 ICpBOToO AIIMKA paBHA , 4 BCPOATHOCTDH

BBITALUTH O€JIBIN IIap U3 BTOPOTO SIIIUKA P(4,)=6/10 Kpowme Toro, B criry
36 9
P(4,4,) = P(4)P(4,)=—-—=

A 2 UMEEM: 8 10 40 []o Teopeme

II/IA

HC3aBUCHUMOCTHU
CJIOKCHUA IIOJTydacM:

P(A4) = P(4, + 4,) = P(4)+ P(4,)~ P(4,4,)=3/8+6/10-9/40=3/4

3aodaua 6. Tpu >k3aMeHaTOpa MPUHUMAIOT K3aMEH 110 HEKOTOPOMY MPEIMETY Y
rpynimsl B 30 yenoBek, MpUYeM MepBbIN onpammBaeT 6 CTyJeHTOB, BTOPOil — 3
CTYJICHTOB, a TpeTuii — 21 cryaeHTa (BbIOOp CTYIEHTOB MTPOU3BOAUTCS CIIyYaHBIM
o00pa3om u3 crrcka). OTHOIIEHHUE TPEX IK3aMEHATOPOB K ¢J1a00 MOArOTOBHUBIIIMMCS
pa3IMYHOE: MIAHCHI TAKUX CTYJEHTOB CJIaTh K3aMEH Yy MEPBOro MpenoaaBaTes
paBHbl 40%, y BTOporo — Toabko 10%, y tpetbero — 70%. HaliT BeposSATHOCTH
TOT0, YTO CJ1a00 MOATOTOBUBIIMICS CTYJAEHT CHACT YK3aMEH.

Pewenue. O603naunM uepes i, 1y, 1,

TUIOTE3bl, COCTOAIINE B TOM, UTO CJIa00
ITOATOTOBUBIIMUICS CTYAEHT OTBEYAN IEPBOMY, BTOPOMY U TPETHEMY IK3aMEHATOPY

CcoO0TBeTCTBEHHO. 1o YCJIOBHIO 3a1a4r

P(H,)=6/30=02 P(H,)=3/30=01 P(H,)=21/30=0,7

[TycTth coObITHE A={Ca00 MOATOTOBUBIIUICS CTYACHT CJal dk3aMeH }. Tormaa cHoBa
B CHJIy YCJIOBHS 33/1a4U



P(A|H,)=04 P(A|H,)=0, P(A|Hy)=0.7

[To ¢popmyre noaHOM BEPOATHOCTH MOTYyYAEM:

P(4)=0,4-0,2+0,1-0,1+0,7-0,7 = 0,58

3aoaua 7. OupMa nMeeT TPU UCTOYHUKA MOCTABKU KOMIUIEKTYOIUX — (pupMbl A, B,
C. Ha nonto pupmst A npuxoautcs 50% odiiero oobema noctaBok, B —30% u C —
20%. U3 npakTUKH U3BECTHO, YTO CPEU NocTaBisieMbIx pupmoit A neraneit 10%
OpakoBaHHbBIX, pupmoii B — 5% u ¢pupmoit C — 6%. KakoBa BepoSITHOCTb, UTO B3sTas
HayTraj IeTallb OKAXKETCS TOJHON?

Pewenue. Tlycts coObiTie G — OsIBIGHUE TOAHOM AeTayiv. BeposiTHOCTH TUIOTE3 0
TOM, 4TO JIeTajib nocraBiieHa ¢upmamu A, B, C, paBHbI coTBeTcTBeHHO P(A)=0,5,
P(B)=0,3, P(C)=0,2. YciioBHbIE BEpOSITHOCTH MOSIBJICHUS IIPU 3TOM FOJAHOM JIeTaln
paBubl P(G|A)=0,9, P(G|B)=0,95, P(G|C)=0,94 (xak BeposiITHOCTU
MPOTUBOIOJIOKHBIX COOBITUH K MOSIBJIECHUIO OpakoBaHHOM). [To dhopmyrie nomHo#
BEPOSITHOCTH TMOJTyYaeM:

P(G)=0,5-0,9+0,3-0,95+0,2-0,94=0,923.

3aoaua 8 (cm. 3amauay 6). [lycTh U3BECTHO, UTO CTYJICHT HE CJajl SK3aMeEH, T.e.
MOJIYUYUJI OLICHKY «HEYAOBJIETBOPUTENbHO». KoMy U3 Tpex mpemnoaBareneit
BEpOSITHEE BCErO OH OTBEYal’

Pewenue. BeposITHOCTB MOJYYUTh «HEY» PABHA P(A)=1-P(4)=1-0,58=042
TpeOyeTcst BBIUUCIUTD yClIOBHBIE BeposaTHOCTU. [1o popmynam baiieca momydaem:

P(H))-P(A|H,) 0,2-0,6

P(H, | ) = ( = 0,285
P(4) 0,42 , ¥ AHAJIOTMYHO,
e, | Ay =22%2 _o014 pe, 4y =210 o5
0,42 0,42

b

OTcroa cieryeT, 4To, BEpOsTHEE BCEro, ¢J1ad0 MOArOTOBUBIIMICS CTYACHT CAaBajl
AK3aMEH TPEThEMY IK3aMEHATODY.



IIpakTHyeckas pabora Ne 15
o teme «Cay4daiiHasi BeJinunHa. MaTeMaTH4yecKoe 0KMIaHue U TUCIIePCHs
CJIYYailHOM BeJMYNHBD)
Leab: HAYYUTHCSA HAXOIUTD CIy4YalHbIE BEJIMYHUHBI.
Bpems BbinmosiHeHuss 90 MUHYT

MarepuanbHoe odecneueHmne

1. Teopetnueckue cBeaCHUS

2.3amaHue

3.Jluct A 4

4 KanbKyJIsaTOpbl

IHopsinok BeINOJIHEHNsI padOThI

1.3yunts 3amanue

2. I3y4uTh TEOPETUUECKHUE CBEICHUS

3. Beimonauth 1 0OpMHUTH paboTy

4.Iloka3aTp pe3yJIbTaThl MPENOIaBATEIIO

JloMamnHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOITPOCHI

Teoperuueckue cBegeHUA

3anaya 1. B cBs3ke u3 3 KiItoueil TOJIBKO OJIMH KJII0Y MOAXOIUT K ABepu. Kimrouun
nepeduparoT 0 TeX Mop, MOKa HE OTHIMIETCS MOIXO AU KiTtod. [locTpouTh 3aKoH
pacripeiesieHus sl CIy4aifHOM BETMYMHBI & — 4Kclia OPOOOBaHHBIX KITHOUEH.
Pemenue. Uncno onmpoOOBaHHBIX KITOUEH MOXKET paBHATHCS 1, 2 wnu 3. Eciu
VCIIBITAJIN TOJIBKO OJIMH KJIKOY, 3TO 03HAYAET, UTO ATOT MEPBBIM KIII0U Cpa3y MOJOIIEI
K JIBEPH, a BEPOSITHOCTh TAaKOT'0 COObITHSA paBHa 1/3. UTak, P(e=1)=1/3. Jlanee, ecnu
OnpOOOBAHHBIX KIIOYEH ObLIO 2, T.€. E=2, 3TO 3HAYUT, UTO NEPBHIN KIIIOY HE
MoJOIIIeN, a BTOPOM — mojoiiesl. BeposTHOCTb 3Toro coObiTust paBHa 2/3x1/2=1/3. To
€CTb, P(¢=2)=1/3. Apanornuno BEMUCISETCS BEPOSITHOCTD P(¢=3)=1/3.
pe3yJIbTaTe MOJy4aeTCs CACAYOIUN PAI pacpeacIICHUS:

el1 [2 ]3
Pl1/ [1/ |1
3 (3 |3

3anaua 2. [Toctpouts hyHKIMIO pacupeneneHus FE(X) as ciaydaitHON BETHUUHBI
u3 3a1auu 1.

Pemenue. Cnyuaiinas BennuuHa & UMEET TpH 3HayeHus 1, 2, 3, KOTOpbIE AETAT BCIO
YHCIOBYIO 0Ch Ha ueThipe npomexytka: (T1:[12).[2.3).[3.4%) Ecny x<1, 10
HEPaBEHCTBO <X HEBO3MOXKHO (JIeBe€ X HET 3HAUCHUH CIIy4ailHOW BETMYUHBI §) U
3HAYUT, A1 Takoro X ¢pyHkuus FE(x)=0.

Ecmu 1<x<2, To HEpaBeHCTBO <X BO3MOXKHO TOJBKO eciiu =1, a BEpOATHOCTh
TaKoOTro COOBITHS paBHA 1/3, MOATOMY AJI TaKuX X GYHKIIUS pacipenaeaeHus
FE(x)=1/3.

Ecmu 2<x<3, HepaBeHCTBO £<X 03Ha4aeT, 4yTo Wi =1, win £=2, m03TOMy B 3TOM
ciyuae BepoaTHocTh P(E<x)=P(&=1)+P(£=2)=2/3, T.e. FE(x)=2/3.



W, nHakoHen, B ciiy4ae X=>3 HEpaBEHCTBO <X BBINOJIHAETCS JIJIs1 BCEX 3HAUEHUI
ciydaiiHou BenmuuuHbI &, moatomy P(E<x)=P(E=1)+P(£=2)+P(£=3)=1, T.e. FE(x)=1.
Wtak, Mbl IOTYUNIIH CIASAYIOUIYIO (PYHKIIHIO:

0, x<1

1/3, 1<x<2
F.(x)=

2/3, 2<x<3

1, x>3.

3anaya 3. COBMECTHBIN 3aKOH PACTIPEICIICHUS CIIyYailHbIX BEJIUYHH & U 1] 33/1aH C
MOMOILBIO TAOTUIBI

1 2
N
-1 1/16 3/16
0 1/16 3/16
1 1/8 3/8

BprauciauTe 4acTHBIC 3aKOHBI pacpCaAcjaCcHus COCTAaBJIAIOIMINX BCIINYNH E_, unmn.

>
OINpe/ieIUTh, 3aBHCHMbI JTH OHH. BBIYHCIHTD BeposSTHOCTD £ (+n=> 2).
Pemenue. YactHoe pacnipenenenue s & MoxydyaeTcsi CyMMHUPOBaHUEM

BEPOATHOCTEU B CTPOKAX:
P(=-1)=PE=-1np=1)+P(E=-1,7=2)=1/16+3/16=1/4.

P(E=0)=P(E=0,7=1)+P(£=0,7=2)=1/16+3/16=1/4.
P(E=1)=P¢E=1n=1)+P(E=17=2)=1/8+3/8=1/2

AHajornyHo MOJIy4acTCA 4aCTHOC PACHPCACICHUC IJIA M.
Pln=1)=1/16+1/16+1/8=1/4.

P(n=2)=3/16+3/16+3/8=3/4

[Tomy4ueHHBIC BEPOSATHOCTH MOXKHO 3aIIUCATh B TY )K€ TaOJIUIly HAIIPOTHB
COOTBETCTBYIOIIMX 3HAYEHUM CIIyYaNHBIX BEJINYNH:

1 2 p&
L
-1 1/16 3/16 1/4
0 1/16 3/16 1/4
1 1/8 3/8 1/2
pn 1/4 3/4 1

Tenepb OTBETUM Ha BOIIPOC O HE3aBUCUMOCTH CITyYalHBIX BeHUUH & U 1. C 3TOM
LEJIBIO JJIS1 KaXK0M KJIIETKH COBMECTHOIO PACIPEAEICHUS BBIYUCINM TPOU3BEICHUE

P& =x)Pln=,) (T.e. CyMM O COOTBETCTBYIOIIEH CTPOKE U CTOIOILY) M CPAaBHUM €ro

P(fzx,ﬂ?:yj) 3 H
CO 3HAYCHHUCM BCPOATHOCTHU B 9TOH KIJICTKC. NaIlipuMep, B KICTKC IJIA

3HaueHui E=—1 u =1 crout BeposaTHOCTh 1/16, a mpousBeeHNEe COOTBETCTBYIONTUX
YacTHBIX BeposiTHOcTel 1/4%1/4 paBHo 1/16, T.e. coBnagaer ¢ COBMECTHOMN



BEPOSITHOCTBIO. DTO YCJIOBHE TAK )K€ IPOBEPSIETCS B OCTABIIMXCS IIATH KJIETKaX, U
OHO OKa3bIBa€TCsl BEPHBIM BO BceX. CII€10BATENBHO, CIyYaiiHbIE BETUYUHBIL & U M
HE3aBUCUMBI.

3amMeTuM, 4TO eciii Obl Hallle YCJIOBUE HAPYIIANIOCh XOTsI Obl B OJTHOM KJIETKE, TO
BEJIMUMHBI CJIE10BAJIO Obl IPU3HATH 3aBUCUMBIMHU.

>
I[JDI BBIYHCJICHUA BCPOATHOCTH P(§ = 2) OTMCTUM KIICTKHU, JIsI KOTOPBIX

BBITIOJTHEHO YCJIOBUE ¢+122 Tagux KIETOK BCETO TPH, U COOTBETCTBYIOIINE
BEpPOSITHOCTHU B 3THUX KJIeTKax paBHbI 1/8, 3/16, 3/8. Ux cymma paBHa 11/16, 310 u

€CTb NCKOMas BCPOATHOCTD. Breruncnenune »Ton BCPOATHOCTH MOKHO 3aIllMCaThb TaK:
P(E+n>2)=P(E=1n=1)+P(E=0,n=2)+P(E=1,7=2)=1/8+3/16+3/8=11/16.

3anaya 4. [lycTh cinyyaiiHas BenuunHa & UMEeT CIEAYIOIINI 3aKOH pacipeleIeHus:

e [-170 ]2
P11/ |1
4 14 |2

Beruucnute maTematuueckoe oxxunanue ME, nucnepcuto DE u
CPCAHCKBAAPATUICCKOC OTKIIOHCHHUC G.
Pemenue. I1o OIIPCACIICHUIO MAaTCMATHYCCKOC OKUTaHUC Z:, paBHO
3
ME=Y x,p,=—1-1/4+0-1/4+2-1/4=1/4
i=1
Jlanee
3
ME* = xlp, =(-1)*-1/4+0>-1/4+2%-1/4=5/4

i=1
s

a IOTOMY
DE=ME* —(M&) =5/4-1/16=19/16

CpeniHee KBaJpaTHUeCKoe OTKIOHeHHe © ~ VDS =~N19/4
3amaua 5. J[ist mapsl Cay4aiHBIX BEIUUYMH U3 3a1a4u 3 Boraucauts M (67)

M) = inyjpg/
i,

Pemenne. Bocrionb3yemcs hopmyiioi . A UMEHHO, B KaX101

KJIETKE TaOIMIbI BBIIOIHAEM YMHOKEHUE COOTBETCTBYIONIMX 3HAUYEHUM ' 1 77
pe3yibTaT YMHOXAEM Ha BEPOSTHOCTD Pij, U BCE 3TO CYMMHUPYEM I10 BCEM KIIETKaM
Tabnuibl. B utore nonyvaem:
M(En)=-1-1-1/16+(-1)-2-3/16+0-1-1/16+0-2-3/16+1-1-1/8+1-2-3/8 =
=-1/16-3/8+1/8+3/4="7/16.

3agaya 6. Jly1st mapel CIy4alHbIX BEJIWYHH U3 33J1a41 3 BBIYUCIUTH KOBAPHUALUIO

cov(&,n).
Pemenue. B npenpiaymieit 3anaye yxe ObUTO BBIYMCIEHO MATEMAaTHYECKOE OKUJaHUE

M =19/16 ‘Ocranock Berancants M5 u M7 Pcnons3ys noiydeHHbIe B PEIICHAH

3a/1a4M 3 YaCTHBIE 3aKOHBI paCTIPEICIICHUS], TOJIyYaeM
ME=-1-1/4+0-1/4+1-1/2=1/4. Mn=1-1/4+2-3/4=T/4.
b b

1 3HAYMT,



cov(&,n)=M(En)—ME-Mn=7/16-1/4-7/4=0

YETo U CJICIOBAJIO 0KHUIATh BCICICTBUE HE3aBUCUMOCTH CITyYailHBIX BETTUYHH.
3amauda 7. Cnywaiinbiit Bektop (&,n) npunumaet 31auenus (0,0), (1,0), (-1,0), (0,1) u
(0,—1) paBHOBEPOATHO. BBHIUMCIUTH KOBapUAIMIO CTyYalHBIX BEJIMYUH & U ).
IIokxa3atb, YTO OHU 3aBHUCHUMBI.

Pemenue. [lockonwsky P(E=0)=3/5, P(E=1)=1/5, P(§=1)=1/5; P(n=0)=3/5,
P(m=1)=1/5, P(M=1)=1/5, To M&=3/5%0+1/5x1+1/5x(-1)=0 u Mn=0;
M(EN)=0x0x1/5+1x0x1/5-1x0x1/5+0x1x1/5-0x1x1/5=0.

[Tonygaem cov(E,1n)=M(EN)-MEMN=0, u cirydaifHble BETUYHHBI
HeKoppenupoBaHHbl. OqHaKo oHM 3aBUCHMBL. [IycTh E=1, TOrna ycioBHas
BeposTHOCTh coObITUA {N=0} paBHa P(N=0|(=1)=1 u He paBHa Oe3ycI0BHOU
P(m=0)=3/5, unu BepostHOCTh {{=0,N=0} He paBHA MPOU3BEACHUIO BEPOSITHOCTEH:
P(E=0,m=0)=1/5#P({=0)P(n=0)=9/25. CnenoBarenbHo, & U 1 3aBUCUMBI.

3anmaua 8. Ciy4aitHble IPUPAIICHUS [IEH aKIUi ABYX KOMIIAHUM 32 JIEHb & U 1] UMEIOT
COBMECTHOE paclpesiesieHue, 3aJaHHOE Ta0JuIen:

-1 +1
N
-1 0,3 0,2
+1 0,1 0,4

Haiitu xoaduiimeHT koppensinm.
Pemenne.lIpexne Bcero eruncissem MEN=0,3-0,2—-0,1+0,4=0,4. [lanee Haxoaum
YaCTHBIC 3aKOHBI pacCIpeieNICHUs & U 1:

-1 +1 p};
N
-1 0,3 0,2 0,5
+1 0,1 0,4 0,5
pn 04 0,6

Omnpenensiem ME=0,5-0,5=0; Mn=0,6—-0,4=0,2; D&=1; Dn=1-0,22=0,96;
cov(§,n)=0,4. [Tonyyaem
0,4

V140,96

3agauda 9. Ciiyyalinble TpUpalleHus eH aKIui TBYX KOMIIAaHUH 3a JIEHb UMEIOT
mucniepcun DE=1 u Dn=2, a ko3 dunment ux xoppemsuu p=0,7. Halitu
JUCIIEPCHUIO TPUPALEHUs LEeHbI NOPTQens U3 5 akuuil NepBOil KOMIAHUU U 3 aKLUii
BTOPON KOMITaHUU.

Pemenne. Mcnonb3ys cBoicTBa AMCTIEPCHUU, KOBAPUALIMU U OTIPEICICHHIE
Kod(hpUIIeHTa KOPPEIISIIIIU, TTOTYYaeM:

D(5E+31)=5*DE+3°Dn+2-5-3p[DEDn =25-149-2+30-0,7-1-4/2 = 72,7

3anaua 10. Pactipeenenue q1ByMEpHOM CIydyaiiHON BEJTMYHMHBI 33]1aHO TaOIUIICH:

~ 0,408



n\& 1 3 4 8

3 0,15 0,06 0,25 0,04

6 0,30 0,10 0,03 0,07
Haittu ycnoBHOE pacnipenieneHre U yCI0OBHOE MATEMATUYECKOE OXKUIAHHUE 1] PU
E=1.

Pemenue. YcinoBHOe MaTeMaTHUECKOE OXXHMIaHUC PABHO
M@n|&=x)= y1P§m(y1 | x,)+ yng\n(yz | x,)

W3 ycioBus 3aaun HaiiieM pacrpeiesieHne COCTaBISIIoNUX 1| U §
(mocnenHMi cTon0€L U MOCIEIHSAS CTPOKA Ta0JIULIbI).

n\g 1 3 4 8 Pn

3 0,15 0,06 0,25 0,04 0,50
6 0,30 0,10 0,03 0,07 0,50
P& 0,45 0,16 0,28 0,11 1

TTOCKOTBKY P.(x)) = P(x,y)+ P(x,y,)=0,15+0,30=0,45

HaxoJsATcs 1o hopmysiam

P(x,y,) 015 1
Pé\n(y1|x1): B:(lxl)l =0’45:§ Péln(y2|x1)=

, TO YCJIIOBHBIC BCPOATHOCTHU

P(x,y,) 030 2
P(x) 045 3

> 5

1.2
M@|E=1)=3-2+6-2=5
(7le=1)=3-3+6-2 .

a HCKOMOC YCJIOBHOC MAaTCMAaTHYCCKOC OKUIaHUC PABHO
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