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OraBJiienue

Bseneunue

Tema 1.BBenenue.maremMaTHka B Hayke M HPAKTHYECKOH JeSITEIbOCTH.LENM M 3a7add
M3y4eHHsI MaTeMaTUuKM B yupexaeHusx CIIO.

Tema 2. Pa3zBuTie MOHATHSA O YUCIIE.

Tema 1.1. llensle n pallnOHAJIBHBIE YUCIIA.

Tewma 1.2. JleiicTBuTenbHbIC yncia./lelicTBUS HaJ IEWCTBUTEIILHBIMUA YUCTIAMHU.

Tema 1.3. IIpuGnmxenasie 3HaueHus. [lorpenmHocTr mpuOIMKEHHBIX BRIYUCICHHH. JleficTBUA
Hazjg HpI/I6JII/I)KeHHLIMI/I HqUCJIIaMHU.

Tema 1.4. KommuiekcHble uncna. Anredpandeckas popmMa KOMIUIEKCHOTO 4ucia JlefcTBus ¢
KOMIIJICKCHBIMH YUCJIaMU

Tema 3. OCHOBBI TPUTOHOMETPHH.

Tema 3.1. Panuannas mepa yria. BpamartensHoe 1BUKEHHUE.

Tema 3.2. OnpeneneHue cUHyca, KOCUHYCa, TAHT'€HCA U KOTaHI'€Hca yIia.

Tema 3.3. OCHOBHBIE TPUTOHOMETPUUECKHE TOKIAECTBA. DOPMYIIBI CIIOKEHUS.

Tema 3.4. CuHyc, KOCUHYC W TaHIE€HC JBOMHOIO U IOJIOBUHHOIO YIJIOB, (OPMYJIbI
IIPUBEJICHHUS.

Tema 3.5. Tpuronomerpuueckue GyHKINHU, UX TPa(QUKHA U CBOHCTBA

Tema 3.6. OOpaTHBIC TPUTOHOMETPUYECKUE (DYHKITMH, KX CBOMCTBA U TPAPUKH.

Tema 3.7. TpUrOHOMETPUYECKUE YPABHEHHS.

Tema 3.8.Tpuronomerpuueckasi (opmMa KOMIUIEKCHOTO 4Hcia. JIeHCTBHS ¢ KOMIUIEKCHBIMU
4KCJIaMU B TPUTOHOMETPUUECKOH popme.

Tema 4. KopHu, crenenu.

Tema 4.1. CteneHb ¢ pallMOHATBLHBIM U ICUCTBUTEIBHBIM MTOKA3aTEISIMU.

Tema 4.2. Apudmerndeckuil KOpEHb HATYPATLHON CTETICHH.

Tema 4.3. Peuienue uppaloHalIbHBIX YPaBHEHUN U HEPABEHCTB.

Tema 5. TlokazatenbHas u Jorapudmudeckas GyHKIHH

Tema 5.1.11lokazatenbHas ¢pynkuus.Ee cBolicTBa u rpaduk

Tema 5.2. Jlorapudmsi.

Tema 5.3. Jlorapupmuueckas GyHKIUS

Tema 5.4.Pemienue noxka3aTeqbHbIX U JIOTapU(PMUYECKIX YPAaBHEHUH, CUCTEM ypaBHEHUN

Tema 5.5.Pemienue moxa3aTeNbHBIX U JIOTapH(PMHUIECKIX HEPABEHCTB.

Tema 6. IlpousBoaHasi.

Tema 6.1. ynkuuu, Ux CBOMCTBA U Tpaduku (MOBTOPEHHUE).

Tema 6.2. TlocnenoBatensHocTu. [Ipenen mocneaoBaTeabHOCTH, peAen GyHKIUN

Tema 6.3. IlpousBoaHasA, €ETCOMETPUUECCKUN U (PU3MUECKUI CMBICI.

Tema 6.4. IlpumeHeHne NPOU3BOAHOM K UCCIIETOBAHUIO (DYHKIIUH.

Tema 6.5. Bropas nmpon3BoIHas, €€ TEOMETPHYECKUIA U (PU3UIECKUN CMBICIT.

Tema 7. [Ipsmbie ¥ TIOCKOCTH B MPOCTPAHCTRBE.

Tema 7.1. AKCHOMBI CTEPEOMETPHUH U TPOCTEHIITNE CIEACTBUS U3 HUX.

Tema 7.2. IlapannenbHOCTh NPSIMOM U INIOCKOCTH, NapAJJIEIbHOCTb IIIOCKOCTEH.

[MapannenbHOe MPOSKTUPOBAHUE U €TO CBOMCTBA. 300pakeHrne MpOCTPAHCTBEHHBIX (DUTYP
Ha TJIOCKOCTH (JIOTIOJTHUTEIBHBIM MaTepral)

Tema 7.3. IlepneHAUKYISIPHOCTD NPSMOM U MIJIOCKOCTH.

Tema 7.4. 1leplieHIUKYIISp U HAKIIOHHASL.




Tema 7.5. Yron Mexy NpsAIMOM U INIOCKOCThI0. OpTOrOHAJIbHOE MPOEKTUPOBAHUE.

Tema 7.6. JIByrpanHbIil yroi. Yros Mexay miockocTsmMu. [leprneHauKyasspHOCTb IIIOCKOCTEH.

Paznen 8. KoopauHaThl 1 BEKTOPHI.

Tema 8.1. Bexrtopwl. [eiictBusa Ham Bektopamu. basuc Ha miiockoctu. IIpsiMoyrosbHas
CHUCTEMa KOOPJIMHAT.

Tema 8.2. PaccTosiHME MEX1y TOUKAMM.

Tema 8.3. JIunelinple onepaluuy HaJl BEKTOPaAMHU.

Pa3znen 9. MHOrorpaHHUKH.

Tema 9.1. Muororpannuku. [IpaBunbHble MHOTOTPaHHUKHU M UX CBOWCTBA.

Tema 9.2. llpuzma u ee CBOMCTBA.

Tema 9.3. [lapannenenunen U €e CBOMCTBA.

Tema 9.4. Ilupamupa. IIpaBuiibHas nupamMua. Y cedyeHHas nupamuzaa. Terpasap.

Tema 9.5. Ceuenus Ky0a, IpU3Mbl U TUPAMUJIBI.

Tema 9.6. IlpaBuibHBIE MHOTOTPAHHUKH.

Tema 10. Tena BpalieHuss ¥ MOBEPXHOCTH TEJ BPALLCHMUS.

Tema 10.1. unuuap, KOHYC U UX CBOWCTBA.

Tema 10.2. lllap u cdepa, ux ceuenus. KacarenbHas miockocTs k cdepe.

Tema 11.9memMeHTHI KOMOWHATOPHKH.

Tema 11.1. OcHOBHBIE TOHATHA KOMOUHATOPUKU

Tema 11.2. ®opmyna OmHoma HpioroHa. CoiicTBa OWHOMHANBHBIX KO3(PUIIMEHTOB.
Tpeyronpnuk [Tackans

Tema 12. [lepBooOpa3Has u HHTErpa

Tema 12.1.

Tema 12.2.

Tema 13. 3mepeHust B reOMETpUH.

Tema 13.1. O6bem u ero nuzmepenue. MuterpanbHast popmyna oobema.

ITonooue duryp

Temal4.25eMeHTHI TEOPUU BEPOSTHOCTEN U MATEMATUYECKON CTATUCTUKU (ITPOJIOJKEHUE)

Tema 14.1. luckpetHas ciayyaiiHas BeJIMUMHA U €€ XapaKTEPUCTUKU

Tema 14.2. [Ipeacrapnenue NaHHBIX (TaONUIIbI, TUArpaMMBbl, TpadUKH)

VYpaBHEHUS 1 HEPABEHCTBA

Crnucok nmureparypel




BBenenue

OgnazieHre MpakTUIECKH JII000H COBPEMEHHOM mpodeccueid TpedyeT onpeaeIeHHbIX
MaTemaTHueckux 3HaHuil. [IpeacraBnenue o poiau MaTeMaTUKH B COBPEMEHHOM MHUPE,
MaTeMaTHYeCKUe 3HAHUS CTalTM HEOOXOAMMBIM KOMIIOHEHTOM 001Iei KyIbTyphl. s
camopeanu3alyu, BO3MOXXHOCTH YCIEIIHOMN IeATeIbHOCTH B MHPOPMAIMOHHOM MHpE TpedyeTcs
IpoYHasi MaTeMaTH4YecKasl MoAroToBka. MaremaTrueckoe o0pa3oBaHUe BKIIIOYAET B ceOsl OBIIAICHUE
CUCTEeMON MaTeMaTHYECKUX 3HAHUI, YMEHHUI U HABBIKOB, JAIOUIUX MPEICTABICHHUE O MPEAMETE
MaTeMaTHKH, O MATEMAaTUIECKOH CUMBOJIMKE, CTIEIIUAIHBIX MAaTEMAaTHIECKHIX MPUEMax, METOJaxX
MBIIUICHHUS.

Hacrosiuii KOHCIEKT JeKUMH MpeaHa3HAa4yeH Ui CTyJIeHToB choernuanbHocTH 15.02.08
«MoHTax U TeXHHYecKas HKCIUTyaTalysl MPOMBIIIIEHHOIO 000pyA0BaHus (110 OTpacisiM)». Y4eOHbIN
MaTepuaig 4€TKO TO3MPOBAH MO OJHOMY HIIM HECKOJBKHM 3aHATHSAM. Takoe MOCTPOEHHE MOMOraeT
CTYJIEHTaM U3y4aTh MHOTHE BOIIPOCHI CAMOCTOSITEILHO, OCOOEHHO €CJIH CTYIEHTOM IPOIYIIEHO KaKoe-
00 KOHKPETHOE 3aHATHE WM TeMA.

KoHcnekr nexmnuii comep XUt HeoOX0UMBIN MaTepual Mo BCEM pasziesiaM Kypca
MaTeMaTHKu: Pa3Butue noustus o uyucie; OCHOBBI TpuroHoMeTpuu; KopHu, cTeneHu u gorapu@mer;
OyHKIMH, UX CBOMCTBA U rpaduku; CTeneHHble, IoKa3aTelbHbIe, Jorapupmuieckue u
TpuroHomerpuyeckue GpyHknun; Hauano maremaTnyeckoro aHaian3a; Y paBHEHHUSI M HEPABEHCTBA,;
[Ipsmbie 1 UIOCKOCTHU B pocTpaHcTBe; KoopanHaTel 1 BEKTOPbI; MHOTOTpaHHUKH;, DJIE€MEHTBI
TEOPHH BEPOSTHOCTH U MATEMATHYECKOW CTATUCTHKH, KOTOPbIE OOBIYHO M3YyYalOTCs CTYIEHTaMU Ha
NEPBOM Kypce.

W3noxeHne TEOPETUUECKOTO MaTepualia 10 HEKOTOPBIM TeMaM  COIPOBOXKIACTCS
paccMOTpeHHeM IPUMEPOB U 3aJ1a4, BEJIETCS Ha JOCTYITHOM, [T0 BO3MOKHOCTH CTpOroM si3bike. [locoOue
IIOMOJKET CTYJICHTaM OCBOUTH | Kypc MaTeMaTHKH, OATOTOBUTHCA K Caue 3a4eTOB M IK3aMEHOB I10
MaTeMaTHYECKUM JUCIHUILTHHAM.



Mamemamuka ¢ HayKe, RPAKMUYECKOU OeAmMeIbHOCHU.

MaremaTuka — HayKa O KOJIMYCCTBCHHBIX OTHOMICHUAX U ITPOCTPAHCTBCHHBIX (bOpMaX
JIEUCTBUTEIIBHOTO MHUpA.

Posp MaTeMaTHKK B COBPEMEHHOU HayKe TIOCTOSTHHO BO3pacTaeT. ITO CBSI3aHHO C TeM, 4TO Oe3
pa3paboOTKU U UCTOIb30BaHUS MAaTEMAaTHYECKUX HAayK ObUIO Obl, HAIPUMEP, HEBO3MOKHO HH OCBOCHHE
KOCMOCa, HU CO3JAHUC DJICKTPOHHO-BBIYHUCIIUTCIBHBIX MAllIMH, HAICANINX ITIPUMCHCHHUC B CAMBIX
Pa3IUYHBIX 00JIACTIX YeIOBEUECKON AeSITENbHOCTH.

MaremMaTHKa npecTaBisieT co0oil OCHOBY (pyHIaMEHTaIbHBIX UCCIIEAOBAHUI B €CTECTBEHHBIX
¥ TYMaHUTApHBIX HayKax. MareMaTuyeckue uJieu 1 METO/Ibl MPOHUKAIOT B YIIPaBJIeHHE BECbMa
CJIO)KHBIMHU ¥ OOJIBIIIMMU CUCTEMAaMHU PAa3HOM MPHUPOJIBL: MOJIETAMU KOCMUYECKHX KopalJeid,
OTpacJISIMH MTPOMBIIIJIEHHOCTH, pab0TOM OOIIMPHBIX TPAHCIIOPTHBIX CUCTEM U IPYTHX BUIOB
ACATCIIBHOCTH. B MaTremaTnke BO3HUKAIOT HOBEIC TCOPHHU B OTBCT HA 3aIIPOCHI IPAKTUKHU U
BHYTPEHHETO pa3BUTHs caMOi MaTeMaTuku. [IpunoskeHus pa3nuyHbIX o0nacTeid MaTeMaTHKH CTalIu
HEOTHEMJIEMOM YaCThIO HAyKH, B TOM YHCIE: PUBUKH, XUMHH, T€OJIOTHH, OMOJIOTUHU, METUIIUHBI,
JIMHTBUCTUKH, SKOHOMUKH, COIIOJIOTHH U JIp.

MareMartuka Urpaer BaKHYIO POJIb B €CTECTBEHHOHAYYHBIX, HHKCHEPHO-TEXHUYECKUX U
TYMaHUTapHbBIX UcciaenoBaHusx. OHa cTana A MHOTUX OTpacieil 3HaHU He TOJIBKO OpyJIueM
KOJIMYECTBEHHOTO pacyera, HO TAK)Ke METOJ0M TOYHOTO UCCIIEIOBAHUS M CPEJCTBOM IPEIEIBHO
4eTKON (hOPMYJIUPOBKH MOHATUN U TTpoOseM. be3 COBpeMEeHHON MaTeMaTHKH C €€ Pa3BUTHIM
JIOTUYCCKHUM U BBIYUCIIMTCIIBHBIM allllapaToOM GBIH 61:1 HCBO3MOXKCH NPOTPCCC B paA3JINIHBIX 06HaCT$IX
YeJI0BEYECKOU e TEIbHOCTH.

MaremaTtuka sSBiIsIeTCSI HE TOJIILKO MOIIIHBIM CPCACTBOM PCHICHUSA NPUKIIAAHBIX 3a1a4 U
YHHUBEPCAJIbHBIM S3bIKOM HaYKH, HO TaK)K€ U 3JIEMEHTOM 0011eil KynbTyphl. JleicTBUTEIBHO,
MaTeMaTHKa MPOHUKAET BO BCE C(hephl UEIOBEUECKOM NesTebHOCTH. TpyIHO Ha3BaTh XOTs Obl OAUH
paszen HayKu WM KaKyro-Tn00 nmpodeccuoHaIbHy0 00acTh, T/Ie He MPUCYTCTBOBAJIa ObI MaTEMaTHKA
win € MeToJIbl. [loaToMy HE00OX0IUMOCTh MATEMATHYECKOTO O0PAa30BaHMS ISl YCIIEIITHOTO
(bopMUPOBaHUS TUYHOCTU HE BHI3BIBAET COMHEHUH.

1. Ilenu u 3a0auu uzyueHus MamemMamuKu 6 yupesHcoOeHusx cpeonezo npogheccuonHaibHo2o
oobpazosanusn:

» (opMupoBaHKE MPEICTABICHUN O MATEMATUKE KaK YHUBEPCAIBHOM SI3bIKE HAYKH, CPEICTBE
MOJIETTUPOBAHUS SIBJICHUI U IPOLECCOB, 00 UAESIX U METOJaX MaTeMaTHKHU;

» pa3BUTHE JIOTMYECKOTO MBIILICHHS, IPOCTPAHCTBEHHOTO BOOOPAKEHUS, aITOPUTMUIECCKON
KyJIbTYPbl, KPHTHYHOCTH MBIIUICHHUS HA YPOBHE, HEOOXOIMMOM IS Oy ayIiei
npodecCHoHaNbHOM NeATENbHOCTH, JUISI IPOIOJKEHHS 00pa30BaHUs U CaMO0OOpa30BaHUs;

» OBJIQJICHHE MAaTEMAaTHUYCCKUMHU 3HAHUSIMH U YMECHUSIMH, HEOOXOAMMBIMHU B TIOBCETHEBHOM JKU3HH,
JUTSL U3YUYEHHS] CMEKHBIX €CTECTBEHHOHAYYHBIX JUCLUHUIUINH Ha 6a30BOM YPOBHE M TUCIUILINH
MpoeCCUOHAIBHOTO UK, JIJIS TOJTyYeHHsI 00pa30BaHusl B 001aCTIX, HE TPEOYIOMNX
yrIIyOJIEHHOW MaTeMaTHYeCKOW MOATOTOBKH;

» BOCITUTaHUE CPEACTBAMH MAaTEMATUKU KYJIBTYpPHI JINYHOCTH, IOHUMAHUS 3HAYMMOCTH
MaTE€MAaTHUKU JJI1 HAYYHO-TEXHUYECKOT O IPOrpecca, OTHOIIECHHS K MaTEMATUKE KaK K 4acTH
00111eYeTI0BEUECKON KYJIBTYPhI YEPE3 3HAKOMCTBO C UCTOPUEH pa3BUTHUS MATEMAaTHKU,
3BOJIIOIIMEN MAaTEMATHUYECKUX UIEH.



Tema 1. PazBuTHe NOHATHS 0 UM CJIIE
Tema 1.1 Lesabie H panMoHAJbHBIC YHCIA

Onpeodenenue u c80UCMBa HAMYPATLHBIX U YeablX ducel. PayuonanrbHvle yucia u e2o
ceolicmaa.

Ymems: BRINOMHATH apu(METHUECKUE ACHCTBUS HAJ YUCIIAMU, PEIIaTh 3aa9H.
3Hamb.' onpez[eneHI/Ie nu CBOfICTBa HaTypaanHx U O CJIbIX YHUCCII, paLII/IOHaJIBHBIe quciia 1 uxX
CBOMCTBA.

Onpenenenune. Hamypanvusie yucna — >71o uncina Buga N={1, 2, 3, ...,}. HarypanbHpie uucma
IIOSABUIINCH B CBA3HU C HGOGXOIII/IMOCTBIO noacycTa npeamMeEToOB.
Onpenenenne. HatypanbHble yucia, 4yuciia, MPOTUBOMOJIOXKHBIE HAaTypajbHBIM, U HYJb

COCTaBJISIIOT MHOMCecmeo 7. uejolx yucei.

Ceoiicmea HamypanpHbIX U YeabIX YUCET:

1) a+b=>b+a - nepeMeCTUTEIBHBINA 3aKOH CJIIOKEHUS;

2) a+(b+c)=(a+b)+c - couerarenbHbBIN 3aKOH CIIOKCHUS;

3) a*b=>b*a -mnepeMeCTUTEIbHBINA 3aKOH YMHOKEHUS,

4) a*(b*c)=(a*b)*c - coueTaTeNbHBIA 3aKOH YMHOXEHUS,

5) a*(b+c)=ab+ac - pacupenenuTeNbHBIN 3aKOH YMHOKEHUS OTHOCUTEIIEHO CIIOKEHUS.

m
Onpenenenne. PaI,(MOHaJleble yuciaa — 5TO 4ucia, MpeaACTaBUMBbIC B BUIC ,Z[pO6I/I —,rac m-
n

oejo€ 4ucio, a n- HATypaJlbHOC YHUCIIO. I[J'IH 0003HaUYCHHS palOHAJIBHBIX YHCCII HCIIOJIB3YCETCSA

JJaTHHCKas 6y1(Ba Q . Bce HAaTYpPaJIbHBIC U LECJIbIC YUCJIa — PALIMOHAJILHBIC.
I 2 11
HpI/IMepH pallnOHAJIBHBIX YHUCECIL: 5; —, ——

77 37

Cesoiicmea payuonanpHsIx uuce.
1) a+b=b+a;

2) a+(b+c)=(a+b)+c;

3) a+0=gq;

4) a+(-a)=0;

5) a*b=b*a,

6) a*(b*c)=(a*b)*c;

7) a*(b+c)=ab+ac;

8) a*l=aq;

9) a*lzlg rae a # 0;

a
10) a*0=0.
Tema 1.2. JlelicTBUTe/IbHBIE Uncaa. JlelicTBHSI HAJ JeHCTBUTEIbHBIMH YHCIAMH.
Onpedenenue oeticmeumentuvix uucen. Uppayuonanvnuvle uucaa.

Ymemps: BeIIOMHAT apuMeTHYECKUE NEUCTBUSL HAJl YHCIAMU, peIaTh 3a1a4H.
3nams: onpeneneHne u CBOMCTBA NEHCTBUTENbHBIX YHUCEN, HPPALMOHAIBHBIX YHCET.

Onpenenenne. Jeiicmeumenvuvie yucna (6euwyecmeennple) — 4ricia, KOTOPbIE TPUMEHSIOTCS

TUTSI ©3MEPEHUS HETIPEPHIBHBIX BETUYMH. MHOKECTBO ACHCTBUTEIBHBIX YHceN 0003HaYaeTCs TATHHCKOM
OykBoit R . JlelicTBUTENBHBIC YMCIIA BKIIOYAIOT B ce0sl pallMOHAIBHBIE M UPPAIlMOHAIbHBIC YHCIIA.
7



Hppayuonanvuvie uucna — 4ucia, KOTOPHIE MOIYYarOTCs B PE3yJbTAaTe BBINOJIHEHUS Pa3IMYHBIX
orepanuil ¢ palMOHAIbHBIMU YUCJIaMU (H-p, U3BJICUEHHUE KOPHSI, BHIYHCIEHUE JIOrapu(pMOB), HO MpHU

9TOM HE SIBJISIOTCS palMOHAIbHBIMU. [IprMepbl HppallMoOHaIbHBIX YHCEIT: V2:3; 7.
JIto6oe necTBUTEIBLHOE YMCIIO MOXKHO OTOOPa3UTh HA YUCIOBOW MPSIMOM.

—_—r— ' 0 *r— *r—>

-3 2 Y2 -1 -05 0 05 1 v2 2 3 x
Bbmo@: ﬂJ‘IH nepeqncneHHHx BBIIIIC MHOKECTB UHUCECII CHpaBeI[J'II/IBO CJ'ICILYIOH_ICC BBICKA3bIBAHUC:
NcZc(QcR,

TO €CTb, MHOXXCCTBO HATYPAJIIbHBIX YHUCCI BXOAUT BO MHOXCECTBO LECJIbIX YUCCII. MHO0%€eCTBO OCIbIX
YUCCJI BXOAUT BO MHOXKXCECTBO pallMOHAJIBHBIX YHUCCIIL. A MHOXECTBO palrOHAJIBHBIX YHUCCII BXOAUT BO
MHOXCECTBO HCP’ICTBHTCHBHLIX YHUCCII.

Mooyns oeitcmeumenvhozo yucaa x o003HaUYAETCA |x| U ONIPENENACTCS TAK KE, KAK U MOYJIb

palMOHATIBHOTO YHCIIA:
x, x>0,

|x|: —-x,x<0
, .

Ceoiticmea mooyneit:
D) [a|=+a? .

2) la|=0=a=0;

3) |a|>0;

4 ld =

5) |a~b|=|a-|b;

6) |a|2:a2;

7) ﬁzﬂ,b;to;
bl b

8) |a+b|<|d|+|b];

9) |a—b|>|a|-b]

Konmponvnvie sonpocwi

1. Onpenenenuie u CBOMCTBA HATYPAIbHBIX U LENBIX YUCEIL.
2. PanimonannHbIe YKCiIa U €r0 CBOMCTBA.

3. UppanmoHanbHbie YHCTA.

Tema 1.3. IlpnéanxeHHbIe 3HAYeHUA. AOCOIOTHASL M OTHOCHTEJ/IbHASI OTPEIIHOCTH.

Hpu6ﬂu9fC€HHbl€ 3HAYEHUA. HOZp@WHOCIﬂb I’lpu6.7lu.?fC€Huﬂ. Abconomnas u omHocumenvras
nozcpewHocmu npu@zuofcenuﬂ U ux ecpanuybsl. Yucna 6EPHbLIE, COMHUMEIIbHbLE, CMPO2O 6EPHbIE U
3Hauawue.

Ymemu: HaxoauTh NpUOIMKEHHBIE 3HAYEHUS BEJIMYHUH U ITOTPELIHOCTEH BBIYMCIICHUH, IPUMEHSTh
PAKTUYECKHUE MTPUEMBI IPUOIMIKEHHBIX BBIYMCICHUH.

3namu: TpUOIVHKEHHBIE 3HAUYEHUS, TOTPELIHOCTD MPUOIMKEHHs, a0COIIOTHASI U OTHOCUTENIbHAS
MOTPEIIHOCTH PUOIIMKEHUS M UX TPaHUIIBI, YCIia BEpHBIC, COMHUTENBHBIE, CTPOTO BEPHBIE U
3HaYallue.

1.Ilpubnusicennoe 3nauenue eeaudUHbl. AOCONIOMHAA NOZPEUIHOCHD RPUOIUINCEHUS.
I'panuya adcontomnoil nozpewtnocmu.



[TycTh pe3ynbTaT u3MepeHUs WM BEIYUCICHUS BEIMYUHBI X C HEKOTOPOUW TOYHOCTHIO PaBEeH d .
Torna a Ha3pIBaeTCS NpUbIUNCEHHIM 3HAYeHUeM (AN npubaudceHuem) BeIWIuHbl X . [Ipuuem, ecim
a < X,TO a Ha3BIBACTCS NPUOTUNCEHHBIM 3HAYEHUeM ¢ Hedocmamkom (AT NPUOIUdCeHuem CHU3y), a

€ClIh a = X, TO a Ha3bIBACTCS npu6ﬂu9fC€HHblM 3HAYeHUem ¢ U30bImMKOM (I/IJIH npu6ﬂuofceHueM C@pry)

BEJIMYUHBI X .
Omnpenesnenne. Pa3HOCTh TOYHOTO W NPUOIMIKEHHOTO 3HAYEHWW BEIIMYMHBI Ha3bIBACTCS
nOCPeUHOCMbIO RPUOTIUNCEHUA.
Tak, ecnmu x- TOYHOE 3HAYCHHUE, «- NPUONKEHHOE 3HAYEHWE, TO PA3HOCTh X—da -
NOTPEIIHOCTh MpubImkenus. Ecnu ee 0603HaunM yepe3 Ax, TO MOTYYUM
X =a+ Ax,
T.€. HICTUHHOE 3HAYEHUE PABHO CyMMeE PUOIKEHHOTO 3HAUYCHHUS U TIOTPEITHOCTH MPUOITKEHUSI.
Mopynbs pa3HOCTH TOYHOTO M MPUOIMKEHHOTO 3HAYCHUN BEIIMUYMHBI HA3BIBACTCS AOCOIIOMHOU
nOCPeUHOCMbIO RPUOTIUNCEHUA.
CrnenoBarenbHO, €clii Ax = X —a - IOTPEIIHOCTh MPUOIMKESHHUS, TO |Ax| = |x - a| - a0coIIoTHAS

HOTPEIIHOCTb NPUOIMKEHUS.

Bo MHOruX mNpakTHYECKM BaXKHBIX CIIy4asX HEJIb3s HaWTH aOCOJIOTHYIO MOTPEIIHOCTb
NpUOIMKEHUST U3-32 TOTO, YTO HEU3BECTHO TOYHOE 3HAaYeHHE BeIMUYMHBI. OJHAKO MOXKHO YKa3aTh
HOJIOKHUTEIBHOE YUCIIO, OONIBIIE KOTOPOrO 3Ta a0COIIIOTHAS IOTPEITHOCT OBITh HE MOKET.

Onpeaenenue. J[1000e MOJOKUTEIBLHOE YHUCIO, KOTOPOE OOJbIIE HIM PAaBHO a0OCOIIOTHOM
HOIPEIIHOCTH, HAa3bIBACTCS SPAHUUEN ADCONIOMHOU NOZPEUHOCTU.

CrnenoBarenbHO, €CIM X- TOYHOE 3HAYEHUE, @ - NPUOJIMKEHHOE 3HAYEHHE, TO Pa3HOCTb
Ax =Xx—a - TOTrpemHOCTh NPUONMKEHUs, TO JII000e 4MCIO /i, YIAOBJIETBOPAIOLIEE HEPABEHCTBY

|Ax| < h, sSBIAETCS TpaHUIEH aOCONIOTHOW MOTPEIIHOCTH. B 3TOM ciydae roBopsT, 4TO BETUYMHA X

pHUOJIVKEHHO ¢ TOYHOCTBIO 10 /I paBHA @, M ITHIIYT

X & a € TOYHOCTBIO 10 A

Wik x = a * h. 3anuck x = a £ 7 03HAaYaeT, 9YTO HCTUHHOC 3HAUCHHC BEIIMYMHEL X 3aKIIOYCHO
MeXIy TpaHuIlaMu @ —hu a+h, T.e.

a—-h<x<a+h.

Ecimu wm3BecTHO, YTO @ SBISICTCS TPHOIMOKEHHBIM 3HAYEHUEM BEIUYHMHBI X, W TpeOyercs
OTIPENICTTUTh TPAHMIY a0CONIOTHOW TMOTPEITHOCTH JTOTO MPHUOKEHHOTO 3HAYEHUS, TO 3Ty 3aJady
00bI9HO popMynupyIOT Tak: «OnpeaenuTs (HaiTH) TOYHOCTh TPUOTMKEHHOTO PABEHCTBA X = d ».

2.0mnocumenshnan nozpeuwinocms. I panuya omuocumenvHoil nozpeuiHocmu.

Onpenenenne: OtTHOUIEHWE AOCOMIOTHOW MOTPEHTHOCTH MPUOIMKEHHS K MOIYJIIO
NPUOIMKEHHOTO 3HAYCHUS BETUYUHEI Ha3bIBACTCS OMHOCUMETbHOU NOZPEUWHOCMbI0 TIPUOIKEHUS.

CrnenoBaTenbHO, €CIIM X - TOYHOE 3HAYCHHUE, d - MPUOIMKEHHOE 3HAYCHHE, TO OTHOIIICHUE

[Ax  |x—d]

al

SIBIISICTCSI OTHOCUTEIBHOM MOTPEITHOCTHIO MPUOIMKEHUSL.

OTHOCHTENBHYIO TOTPEIHOCTD YaCTO BBIPAXKAIOT B IIPOLCHTAX.

B otnnume ot abcoMOTHON MOTPETHOCTH, KOTOPasi Yallle BCero ObIBACT pa3MEpPHO BETMUNHON,
OTHOCHTEJIbHAS MOTPEIIHOCT SIBJIAETCS O0e3pa3MepHON BEIMYMHOM.

Onpenenenune. JIro6oe MOJOKHUTEIBHOE YHUCIO, KOTOPOE OOJNbIIE MM PABHO OTHOCHTEIBHOM
HOTPEIIHOCTH, Ha3bIBACTCS ZPAHUY el OMHOCUMENbHOU NOZPEUIHOCINU.

CnemoBarenbHO, ecld Ax- TOTPEIIHOCTh MNPUONMKEHHS, TO JO0Oe dYHcio O,
YAOBJIETBOPSIOIIEE HEPABEHCTBY

A
— <9,
al
SBIISICTCSI TPAHUIIEW OTHOCUTENFHOW TOrpemHocTd. B wacTHOcTH, ecnu /- rpaHuIla aOCONIOTHOM
MOTPELIHOCTH, TO YHUCIIO



al
SBISIETCA TpaHULEH OTHOCHUTENBHOM mMOrpemHocTd npuOmmkenus a. OTciona, 3Has TPaHULYY
OTHOCHTEJIBHOM MOTPEIIHOCTH, MOXXHO HAWTH IPAHUIy aOCOIIOTHON MOTPEIIHOCTH:
h=35-|al

3.Okpyznenue u nozpeutHoCnb OKpY2i1eHUs.

Omnpenenenne. AOCOMIOTHAS MOTPEIIHOCTb, JOMYyCKaeMas IpPHU OKPYIJIEHWH, Ha3bIBaeTCs
OWUOKOIL OKPY2/IeHUSL.

Cy1iecTBYIOT TpU crioco0a OKpYIJIEHUS! MOJOKUTENbHBIX JECATUYHBIX IpOOEi: OKpyTIeHHUE C
HEJI0CTaTKOM, OKPYTJIEHHE C N30BITKOM U OKPYTJIEHHUE C HAUMEHbIIEH OMUOKOM.

Okpyenenue ¢ nedocmamkom JI0 €IUHHI] 1O HEKOTOPOTO paspsiia COCTOMT B OTOPAaChIBAaHUU
€IMHUI] BCeX MIIAAINX pa3psaaoB. [Ipu TakoM okpyrieHnu Bce LU pbl 1eCATUYHON APOOH 10 TaHHOTO
pas3psiia BKIIOUYUTEIFHO HE MEHSIOTCS, a HU(PBI MIIAAIINX Pa3psI0B 3aMEHSIOTCS HyJIsiMu. Harpumep,
ecimu  x =23,467, TO OKpPYIVIEHHS C HENOCTaTKOM JO COTBIX, JECATHIX, E€IUHMI], JECATKOB

COOTBETCTBEHHO PaBHBI
23,46; 23,4; 23;20.
OmmbKy OKPYTIAEHUSI COOTBETCTBEHHO PAaBHBI
0,007; 0,067; 0,467; 3,467.
Oxpyenenue ¢ u36bimkom IO €IWHUI] HEKOTOPOTO pa3psga OTIMYACTCS OT OKPYIJICHHS C
HEJOCTAaTKOM TE€M, UYTO YKCJIO €AUHUII JAHHOTO pa3psi/ia yBEIUNYNUBACTCS HA SUHUILY.
Hampumep, eciu x = 23,467, T0 OKpyrieHUE C HU30BITKOM JO COTBIX, JECATHIX, €IWHUII, JECCSITKOB

COOTBETCTBEHHO PaBHBI
23,47; 23,5; 24; 30.
OmuOKH OKPYTIIEHHUS COOTBETCTBEHHO PaBHBI
0,003; 0,033; 0,533; 6,533.

CaMbIM  paclpOCTpaHEHHBIM  OKpYTJICHHEM  SIBISETCS  OKpy2leHue ¢  HaumeHvluel
nozpeuwtnocmuio. OHO IPOU3BOJUTCS MO CIETYIOIINUM ITPaBUIIaM:

1) Enununs: Miaaammx pa3psioB 0TOpachIBAIOTCS;
2)49UCII0 SUHUIL TAHHOTO pa3psiaa He MEHSICTCS, €CIIH CIIeIyromas udpa TaHHOW ApoOH MEHBIIIE 5,

U YBEITMYHMBACTCS HA €AMHMUILY, €CTTU cleayromas 1udpa 6obIie Uiu paBHa 5.

Hampumep, ecnmu x =23,467,T0 OKpyIJICHUS C HAWMEHBIIEH MOTPEIIHOCTHIO JO COTHIX,
JECATHIX, €UHUI] U JIECITKOB COOTBETCTBEHHO PaBHBI
23.47; 23,5; 23; 20.
OmmOKH OKPYTIIEHHUS COOTBETCTBEHHO PaBHBI
0,003; 0,033; 0,467; 3,467.

KonmponvHule éonpocwl

1. ITpubnmxeHHbIe 3HAUCHUSL.

2. IlorpemHoCcTh NPUOIUKEHHUS.

3. AOcomoTHast U OTHOCUTEIbHAs! TOTPEIIHOCTH MPUOIMKEHHS U MX TPAHULIBL.
4. Yucna BepHbIE, COMHUTENbHBIE, CTPOIO BEPHbBIE U 3HAYALIHE.

Tema 1.4. KoMmjiekcHbIE YUCTIA

Onpedeﬂenue KOMNJIEKCHO2O0 YUcCia, norAaAmue paseHcmeda u o0eticmeaus CJLONCEHUs. U YMHOINCEHUA
KOMNJIEKCHbILX YUcell, Man]lb u apeymenm KOMNJ1eKCHOo20 Yucida.

Ymems: BEINOTHATEL NEUCTBUS HaJlT KOMIIIEKCHBIMH YKCJIAMH a anre6pa1/1quI<0171 (bopMe

Buame: OMnpeaACJICHUEC KOMIIJICKCHOI'O YuCJia, IOHATUC paBCHCTBA U JICHCTBHS CIIOKSHUS U YMHOKCHUA
KOMIIIICKCHBIX YHCCII U ACIICHNA KOMIIJICKCHBIX YHCCII.
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Kak u3BeCTHO M3 MIKOJIBHOTO Kypca, ypaBHEHHE BUIA x% +a =0 He uMeeT HeficTBUTETLHBIX
KOpHEH, HO CYIIECTBYET HEOOXOANMOCTh peliaTh YpaBHEHHUS TAKOTro BUAA. [ 3TOro mpuaymanu Tak
Ha3bIBAEMbIEC «KOMIUIEKCHBIC YHCIIaY.

JIns onpeneneHUs] KOMIUICKCHBIX YHCENI CHayaja BBEIEM HEKOTOPBIH CHMBOJ i, KOTOPBIH
HA30BEM MHUMOU eOuHuyeli. ITOMY CUMBOJY NPUIHUCBHIBAETCS CBOWCTBO YJOBJIETBOPSITH YPAaBHEHUIO

x2+1=0: i +1=0,wm i =-1; i=~/—1. IIpusrom

1 .3 2. . 4 3. .5 .
=0, =i"-i=—i,i =i -i=11i =i,..

Komnnexchoim wuciom z Ha3blBaeTCsl BhIpaxkeHHe Z =d +1b, rne a u b — nelicTBUTENLHbIE
gucna. [Ipu 3ToM umcno a Ha3bIBaeTCs delicmaumenvHol yacmoio 4ucna z (a = Re z), a b — muumotl
yacmoio (b = Im z).

Ecimu a =Re z =0, To 4ucino z Oyaer 4ucTO MHUMBIM, eciiu b = Im z = (), TO 4HUCIO z OyJeT
JNIEUCTBUTEILHBIM.

Yucna z =a +ib u Z = a — ib Ha3LIBAIOTCSA KOMNIEKCHO-CONPANCEHHBIMIU.

JlBa KOMIUIEKCHBIX 4ucna Z, =d, +ib, u z, =a, +ib, wHasbiBatoTCsl paBHBIMH, €CIH

COOTBETCTBCHHO PAaBHBI UX ,HCfICTBPITCJ'II)HBIC W MHUMBIC HaCTH: Cll = Clz; bl = b2’

MHO0eCTBO KOMIIEKCHBIX UHCEN — HEYMOPsI04eHHOE MHOKECTBO, T.€. U3 JABYX KOMIIIEKCHBIX
YyICeN HeMlb3s yKa3aTh HOCIeNyIoee U Ipeablayiee. Mesxkay AByMs KOMILIEKCHBIMU YHCIAMU HENb3s
TIOCTaBUTh 3HAKM HEPABEHCTBA > MIH <,

KoMIIeKCHOe 4YHCIO0 PaBHO HYIIO, €CM COOTBETCTBEHHO PABHBI HYIIO JAeHCTBUTENbHAS U
manMas yacti: @ = b = 0.

Heiicmeus Ha0 KOMRIEKCHbBIMU YUCTIAMU.
1) z=z %z, =(a, +ib)*x(a, +ib,)=(a, £ a,)+i(b, £b,)
2) z = z,z, = (a, +ib,)(a, +ib,) = a,a, +ia,b, +iba, +i’bb, = (a,a, —bb,)+i(ab, +ba,)
z, a,+ib
yz=—"=—"——
z, a,+ib,
_ (ay +ib)a, —iby) _(aya, +bby)+i(ab —ab)) _aa, +bb,  .ab —ab,
(a, +ib,)(a, —ib,) a; +b; a; +b; a; +b;

=X +1iy wm

Konmponvnvie 6onpocwi

1. Onpenenenne KOMIUIEKCHOTO YUCIIa

2. IlonsaTue paBeHCTBa

3. JlelicTBUS HAJl KOMIUICKCHBIMH YK CIaMH

Tema 3. OCHOBbBI TPUT'OHOMETPUU
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Tema 3.1. Paguannas mepa yria. BpamareibHoe 1BHKEeHUE.

Eounuunas oxkpyscnocmo. Y2on 6 o0un paouan. Ilosopom mouku 60Kpy2 Ha4ana KOOpOUHam.

Ymems: HaX0OUTH KOOPIMHATBHI TOUKH U YTJIOB.
3namp: eNIMHUYHYIO OKPYKHOCTb, YTOJI B OJIMH pajuaH, pOpMyIIbI Iepexoa OT pajuaH K rpajgycam u

OT I'paJycoB K paJiiaHaM, IOBOPOT TOYKU BOKPYT Hayasla KOOpAHHAT.
Onpenesienne: [{eHTpanbHBIA yroJl, OMAPAIOIIMNCA HA IYTY, IJIMHA KOTOPOW paBHA PANYCy

OKpPYHOCTH, Ha3bIBa€TCA yIjoM B | paauaH.

I'panycHas mepa yriaa B 1 paauan paBHa:

Tak kak nyra anmuHoi 77 R (OITyOKpy>KHOCTB), CTSTUBAeT LeHTpalbHbIN yros B 180°, To ayra

JUIMHOU R, cTaruBaer yrois Bz pa3 MEHbIIMNI, T.€.

1 _ (130)
pag = p
N naoboport
1o ™
~ 180"

Tak kak 7 = 3,14, T0 1 pag =57,3°

Ecnu yroin conepxur a paanuaH, TO €ro rpajycHasi Mepa paBHa

180
ora=(20-)

N naobopot
a m
a® =——-apaz
180 “P
OObIYHO MpH 0003HAYEHHH MEPHI YIJIa B paJaHaX HAMMCHOBAHUE «Paj» OIyCKAIOT

Hampumep, 360° =2 7 pan, numyt 360° =2 7

B Tabnuue ykazaHsl HanboJsee 4acTo BCTpedaromuecs yribl B IPajgyCcHOl 1 pagnaHHOi Mepe.

['pagycel 0 30 45 60 90 180
Pagnaner 0 3 3 3 3 T
6 4 3 2

12



Pagnannas Mepa yria ymoOHa sl BBIYHCIICHHS JUTMHBI IYTH OKPYKHOCTH. Tak Kak yroi B 1
paauaH CTArUBaET AYTy, JUIMHA KOTOPOM paBHA paauycCy R, TO yroil B & paj CTATUBACT Ayry JUIMHOU
[=a-R
Ocob6enHo npocToii Bua popmyiia uMeeT B ciydae, korga R =1. Torna anvuHa qyru paBHa
BEJIMUMHE [IEHTPATBHOTO yTJia, CTATHBAEMOr0 3TOW AYTroii, B paauaHax, T.e. [ =« .
[Tnomaap KpyroBoro cexropa paauyca R, o6pazoBaHHOTO yrioM B @ pall, paBHA
RZ
S=—ua
2
Iloeopom mouku 60Kpyz Hauana KOOpOuUHam

PaccMoTprM Ha KOOpIMHATHOW IIOCKOCTU OKPYXKHOCTH paiuyca | ¢ LEHTpOM B Hayaie
KoopauHAT. Ee Ha3bIBalOT €MHUYHON OKPYKHOCTBIO. BBeeM NOHATHE NMOBOPOTa TOYKHU €IMHUYHOMN
OKpY’>KHOCTH BOKPYT Hauajla KOOPJIUHAT Ha YyroJl @ paf, Tae o - J000e AeHCTBUTEIBHOE YUCIIO.

1. Ilycte 0>0. [Ipenmosnoxum, 4To TOUYKA, ABUrasiCh IO EAUHUYHON OKPYKHOCTH OT TOUKH P nmpotus
4acOBOM CTpEJKH, Mpolwia myTh JIUHOU o (puc. 1). Koneunyio Touky mytu o0o3Hauum M.

B sTOM ciiyuae GyemM roBopuTh, YTO Touka M mnosydeHa u3 Touku P moBOpoTOM BOKpYT Hayana
KOOpJMHAT Ha YroJI 0, pajiiaH.

2. Ilycts 0<0. B aTOM Citydae mOBOPOT Ha yroJj 0 paZiiaH 03Hay4aeT, YTO JBMKEHUE COBEPILAIOCH 10
4acOBOM CTPEJIKE U TOYKA IIPOLUIA ITyTh JJIMHHOU |a| (puc. 2).

[ToBopot Ha 0 pax 03Ha4yaeT, 4YTO TOYKA OCTAETCS HA MECTE.

[Ipumepsr:

1) IIpu nmoBopote Touku P(1;0) Ha yron(% )(puc. 3) momygaercs Touka M ¢ koopaunatamu (0;1).
2) Ilpu noBopote Touku P(1;0) na yron(-% ) (puc. 3) nomyuaercst Touka N(0;-1).

3) Ilpu noBopote Touku P(1;0) Ha yron(%r ) (puc. 4) nonyuaercsa Touka K(0;-1).

4) Ilpu noopote Touku P(1;0) na yron(- 7 ) (puc. 4) nonyuaercs touka [(-1;0).

m o ' Fl“

7 a>0

: /_ - P(1,0)

o<l

Puc.1 Puc.2

b | y
M(0;1)

) ~% P(;0)_ L0 /7 @pmﬂ}
— j'// X

k(o)

74
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Puc.3

% ' 30
% | L5
§ | e
7|

PR

k14 180*
32 | 2200
2n | 350°
~Z | —gge
=i =Jag*

Puc.4

[TpuBenem Tabauily MOBOPOTOB HA HEKOTOPHIE YIIIbI, BEIPAKCHHBIC
B pajiuaHHOM U rpagycHoi Mepax (puc. 5). OTMerum, 4TO NpHU
noBopore Touku P(1;0) wa 360°, TOuka BO3BpallaeTCAd Ha
NepBOHAYAIBHOE TOJIOKeHUe (cM. Tabmwmiy). [Ipu moBopoTe TouKM

Ha -360°, oHa Tak)Ke BO3BPAIIACTCS B IEPBOHAYAIIBHOE MTOJI0KEHUE.

Puc. 5
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Tema 3.2. Onpeoenenue cunyca, Kocunyca, maHzenca u KOmaHzeHca yaia.
Onpedenenus cunyca, KOCUHYCd, MAH2EHCA U KOMAH2EHCA YUCIA. SHAKU CUHYCA U KOCUHYCA.

Ymems: HaxXoauTh 3HAYCHUSA TPUTOHOMCTPHUYCCKUX BBIpa)KeHI/If/’I, OIMPCACIIATH 3HAKOB YHCCII
sina, cosa, tga, ctga

Suamo: OIIPEACIICHUS CUHYCA, KOCUHYCA, TAHTCHCA U KOTAaHI'CHCA YHCJIa, 3HAKN CUHYCAa U KOCHUHYCA.

Omnpenenenue 1. Cunycom yria o ”
HA3bIBAETCS OPIMHATA TOYKH, MTOTYYCHHON
noBopotoM ToukH (1;0) Bokpyr Hadana

KoopAuHaT Ha yroi « .O603HayaeTcs sin o
Omnpenesnenue 2. Kocunycom yria o
HazbIBaeTCs abcIucca TOUKH, MOTYyYeHHON e
noBopotoM Touku (1;0) Bokpyr Hauana ﬁ/\
KOOpJAMHAT Ha yroi ¢ .0603HavaeTcsi cos o 0(0;0) | cosa | P(1;0)

B sTux onpeneneHusx yroja MOXET BbIPaKaThCs Kak B rpajlycax, Tak U B paJaHax.

Omnpenenenne 3. TaHreHCOM yriiaor Ha3bIBaeTCS OTHOIICHHWE CHUHYCA yIila « K €ro KOCHHYCY
(o6o3HauaeTcs g ).

sin &

Taxum obpazom tga =
cosa

Onpenenenne 4. KoTaHreHCOM yrilaqr Ha3bIBaeTCs OTHOIICHUE KOCHHYCa yrila « K €ro CHHYCY
(obo3HauaeTcs ctgar ).

Taxum obpazom ctga = 09sa
sina
[TpuBeneM TabIUIly YaCTO BCTPEUAIOLINXCSA 3HAUYEHUI CHHYCa, KOCUHYCA, TAHT€HCA U KOTaHT'eHCa.
Tpagyce | 07 307 | 45° | 60° | 90° | 1807 | 270° | 3&0°
3
Pagmage | 0 z z S il e sl 25T
f 4 3 2 2
Dyarnua
: 0 ! E E 1 0 -1 0
Fhiles 2 P o
COSCE 1 /3 E l 0 -1 0 1
2 2 2
tgct 0 f 1 |42 -] 0 - 0
ctgce - ,\‘E 1 g 0 - 0 -
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3HaueHus KOCHHYCAa U CHHYCA HA OKPYKHOCTH.

3HAKHU CHHYCA, KOCHHYCA U TAHTeHcA.

v YA Yi

+ | + - | + ﬁ+
g

e . -
X a X o X

=7 = -+ + | -
Jnawxu cusyca Juanu Kecunyca Suany maneerca

U AMaNESHCH

Koumponvnvie éonpocwi
1. EnvHMYHas OKPYKHOCTb.

2. Yron B OJJUH paiuaH.
3. [ToBOPOT TOUKHM BOKPYT Hayaia KOOpJAUHAT.

4. OnpeneneHusi CHHyca, KOCUHYCa, TAHTEHCA U KOTAaHT€HCa YuCa.
5. 3HaKu CHHYCa U KOCUHYCA.
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Tema 3.3, 3.4. OcHOBHbIE TPHTOHOMETPHYECKHE TOKAeCTBA. DPMYJIbI C10KEHUS

3asucumocms mexcoy CUHYCOM, KOCUHYCOM, MAH2EHCOM U KOMAH2EHCOM 0OHO20 U MO20 JHce
yvena. Dopmynvl crosicenus.
Ymems: ipeoOpa3oBhIBATH MPOCTEHUIIINE TPUTOHOMETPUICCKUE BBIPAKECHHUS, BEIUUCIATH C IOMOIIBIO

(hOpPMYITBI CITOKECHHS.
33Hamp: 3aBUCUMOCTh MEXIY CUHYCOM, KOCHHYCOM, TAHT€HCOM U KOTAHT€HCOM OJHOTO M TOTO K€

yria, GopMyJIbl CIOKEHUS.

OcHnosHoe mpucoHomempuueckoe mooicoecmeo:

2 -2
cos“a+sin“a =1
3asucumocmop mMeHcoy CUHYCOM U KOCUHYCOM:

cos’a =+l-sin’* «a
sin? @ = +4/1—cos’ «

tga-ctga =1

1 1
— > ctg’a+1=——

1g°a+1= —
cos’ & sin” o

Cunyc, Kocunyc, mamnzenc y2noe (—a) u o.
cos(—a) =cosa
sin(—a) = —sina
tg(—a)=—-1ga
ctg(—a) =—ctga
Dopmynsl cnoxcenus

OCHOBOI1 U151 BBIBO/IA OCTAIBHBIX (POPMYIT SIBIISTIOTCS hOPMYIbl CLOMHCEHUA:
cos(ax + ff) =cosacos f+sinasin
cos(a — ) =cosacos f—sinasin
sin(a + f) =sina cos [ +cosasin
sin(a — ) =sina cos f —cosasin
tg(a+ f) = 1ga+1gf

1—-tgatgf
KonmponvHule 6onpocwi
1. 3aBUCUMOCTb MEXKIYy CUHYCOM, KOCUHYCOM.
2. 3aBUCUMOCTh MEXy TAHT€HCOM U KOTAaHT€HCOM OJTHOTO M TOTO XK€ yTJIa.
3. @OopMyIIbI CIOXKECHHUS.

Tema 3.5. CuHyc, KOCMHYC M TAHT€HC ABOMHOIO yrJa.
CuHyc, KOCHHYC ¥ TAHT€HC MOJJOBHHHOIO yIJIa

Dopmy.Jibl IPUBEICHUA

Bv1600 popmyn cunyca u Kocumnyca 080UHO20 y2id, UCNOAb3YA opmyasl croxcenus. Haxoxcoenus
NONOBUHHO20 Y2id NO U38ECMHBIM 3HAYEHUAM KOCUHYca u cunyca. Ilpumenenue ¢popmyn npugedenus.

Ymems: wucnonb3oBath (GopMyiibl JABOWHOTO YIia, HCIOJIB30BaTh (OPMYJIbI MOJIOBUHHOTO Yrija,
NPUMEHSTD MIPU PELICHUH 3a7a4 (POPMYJIbI IPHUBEICHHS.
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3namu: BBIBOA (hOPMYJ CUHYCA U KOCHHYCA JIBOMHOTO YIJIa, UCIOJB3Ys (POPMYIIBI CII0KEHUS,
HaXO0X/ICHHS TIOJIOBHHHOTO YTJIa [0 U3BECTHBIM 3HAYCHUSIM KOCHHYCA M CHHYCa, IPUMEHEeHne Gopmy

IMPpUBCACHUS.

Cunyc, Kocunyc u manzenc 060UHO20 y2id.

sin2a = 2sina cosa

cos2a = cos’ a —sin’ «
2tea

1g2a = 8% >

I-tg’a

CtuC, KOCUH)YC U MAHZECHC NOJIO6UHHO020 Yy2/ia

1 _l+cosa

2 2
l1-cosa

2
_1 cosa

cos
.,
sin? = =
2
; ,
g—_
2 l+4+cosa

@Dopmynvl npugedenusn

ona cunyca:
[z
sin E—a =cosa,

Sll’l(ﬂ' a = sma,

S
sin =-cosa,
2

01 Kocunyca:

(%— j—sina,
(

COS\7T — Z—COSOK,

3 )
=-sina,
( 2 j

0/151 MAH2EeHCA U KOMAH2CHCA:

T
gl —+a|=—ciga,
5+)
I Z—ozj—ct (04
4 > g,

(7

sin| —+a |=cosa,
2

sin(7 +a)=—sina,

S0
sin 5 +a |=—Cosc.

V4
ctgl —+o |=-1ga,
5]
ct, Z—ozj—t o
4 > ga.

. . V2
B mpaBoii yactu (popMysIbl CTABUTCS TOT 3HAK, KOTOPBII UMEET JieBast yacTh pu yciaoBuu 0 < o < ER

o T RY/4
Ecnu B neBoit yactu QopmyJibl yroja paBeH Ei o un 77: o, TO CHHYC 3aMEHSETCSI Ha KOCHUHYC,

TaHI'CHC — Ha KOTAHI'CHC U HaO60pOT. Ecmu YTOJI paBCH 77 * a, TO 3aMEHEBI HE IPOUCXOAUT.

Cymma u paznocme cunycos. Cymma u pazHocmos KOCUHYCOB.

sina +sin ff = 2sin

a;ﬂCOSa_ﬂ
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o — a+
ﬂCOS 'B

sina —sin = 2sin

2
cosa+cosﬂ=2cosa;’gcosa;ﬂ,
cosa—cosﬂ=—2sina+ﬂsina;ﬁ.

Koumponvnvie éonpocwi

1. BeiBox hopmyit cuHyca U KOCHHYCa JBOMHOTO yIiia, UCIONB3Ys (POPMYJIIbI CIIOKEHUSI.
2. HaXO)KILCHI/I}I IMMOJIOBUHHOTI'O YTI'Jia MO U3BCCTHBIM 3HAUYCHUAM KOCHUHYCA U CUHYCA.

3. [Ipumenenue Gopmyst MpuBEICHUS.

Tema 3.5 .Tpuronomerpuyeckue GpyHKIHH.

Onpeoenenue mpucoHOMempudecKux QYHKYUil, C60UCMEA MPULOHOMEMPUUECKUX
yukyuil, epapuxu mpucoHomempuyeckux GyHKyul

Ymemu: cTpouTh ra kil TPUrOHOMETPHUECKUX (DYHKIIMNA, OMTUCHIBATh UX CBOMCTB, IPUMEHSTh
CBOWCTBA MPHU PEIICHUU YITPAXKHECHUI

3nams. onpeneneHus TPUTOHOMETPUUECKUX (PYHKIIHIA, CBOMCTBA TPUTOHOMETPUUECKHUX (YHKITUI
OyHKIMH y = Sin X, ¥ = COS X, ¥ = tg X, y = Ctg X HA3BIBAIOT TPUTOHOMETPUICCKUMH (DYHKIIHUSIMHU.

@DyHKOMA y = sin x.

CaoiicTBa 1 rpaduk GyHKIUH Y = Sin X.

1) OGnacTh onpeeacHus - MHOKECTBO BCEX JCHCTBUTEIbHBIX YUCEN.

2) O6nacTp 3HaUCHUM - oTpe3oK [ - 1; 1].

3) OyHKUUS TIEPUOANYECKAsT; OCHOBHOM MEepUO paBeH- 27.

4) OyHKIMSA HEYETHAS .

5) @yHKIHs BO3pacTaeT Ha MPOMEXKYTKax [ -n/2 + 2xn; m/2 + 2nn] u yObIBaeT Ha
MIPOMEXKYTKaxX

[ ©/2 + 27n; 3n/2 + 2nn], n € Z.

I'paduk pyHkIMM y = sin x ©300pakeH HA PUCYHKE.

Y y—sinx
11

' 0 ' T\ &

DYHKIUA y = COS X

CaoiicTBa u rpaduk QyHKIHH y = COS X.
1) O6nacts onpeneneHust PYHKIMH - MHOXKECTBO BCEX JIEHCTBUTENBHBIX YHCEIL.
2) ObnacTh 3HaUYCHUM - OTpe30K [- 1; 1].
3) @yHKIHS IepUOUYECKasi C OCHOBHBIM MEPUOAOM 27T
4) OyHKIMS yeTHasl.
5) @yHkuus yObIBaeT Ha MPOMEXKYTKaxX [27n; m+ 2 n] 1 BO3pacTaeT Ha MPOMEXKYTKAX
[-m+ 27n; 2nn], nnZ.
['paduk pyHKIHM Y = cOS X M300paKeH HA PUCYHKE.



IR

11

DyHKuus y = tg x.

CoiicTBa 1 rpaduk GyHKIUH ) = tg X.

1) OGnacTe onpenencHus: x & n/2 + nk, ke Z.
2) O6acTh 3HAYCHUI - BCS YHCIIOBAS MPsMasl.
3) - OCHOBHOM TIepHo (HYHKITHH.

4) OyHKIMSA HEYEeTHAS.

5) @yHKIMs Bo3pacTaeT Ha MpoMexyTKax ( -m/2 +nn;n/2 +mn).

I'padux GyHKIuH y = tg x N1300pakKeH Ha PUCYHKE.
Yy y=tgu

B

(}

|
|
|
|
|
|
|
:’l
|
|
|
|
|
|
|

DyHkuus y = ctg x.

CoiicTBa u rpaduk GyHKIUHU ) = ctg X.
1) O6nacts onpenenenus GpyHkuun: X & /2 +nk, ke Z.
2) Obnacth 3HaUeHUI (QYHKIIUH - BCSI YUCIOBAS MIPSIMAs.
3) OyHKIUS TIEPUOANYECKAsI C OCHOBHBIM ITEPHUOIOM T.
4) OyHKIMSA HEUETHAs.
5) ®yHkuus y = ctg x yObIBaeT Ha MPOMEXKYTKax (7Ttn;m+mn).
I'paduk pynkunm y = ctg x n300pakeH Ha pUCYHKE.

¥ |
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Tema 3.6. O0paTHbIe TPUTOHOMeTPHYECKHEe PYHKIIUH, UX
cBOMCTBaM rpapuku.

Onpeoenenue 0bpamuvlx MpueoHOMempu4eckux QyHKyui, ceoucmasa
MPUSOHOMEMPUUECKUX PYHKYUL, 2paAPUKU MPULOHOMEMPULECKUX YHKYUL

Ymemu: ctpouTh rauku 0OpaTHBIX TPUTOHOMETPHUECKUX (DYHKIIMNA, OMUCHIBATh UX CBOICTB,
MPUMEHSTh CBOMCTBA MPU PEIICHUHN YIPAKHEHUN

3uamye: onpeneneHuss o0paTHBIX TPUTOHOMETPHUYECKUX (YHKIMN, CBOHCTBA OOPATHBIX
TPUTOHOMETPUIECKUX (DYHKIIUH

OOGpatHbIe TpUTOHOMETpHUECKUE HYHKIIMH (apPKCUHYC, apKKOCHHYC,
ApKTAHTE€HC M apKKOTAHT'CHC) SIBJISIOTCS OCHOBHBIM 3JIEMEHTapHBIM
dbyukmmsivu. Yacto u3-3a mpucTaBku "apk' oOpaTHBIE TPUTOHOMETPHUYECKHE
¢byHKuMM Ha3bIBaOT apKPyHKIMsIMH. Ceiiuac MBI pacCMOTPUM UX rpaduku
Y MIEPEUYUCIIUM CBOMCTBA.

DyHKIMA APKCHHYC Yy = arcsinx

N306pa3um rpaduk GyHKIIUN apKCUHYC! y

CpoiicTBa QyHKIUM aPKCUHYC ) = arcsin x
1.O6nacTe onpeneneHus — oTpe3ok [-1;1].

. T T
2. MHOX€eCTBO 3HAaYEHUN — OTPE30K | — —;— |.
22
3. OyHKIM y = arcsin x BO3pacTaer.
4. OyHKIUS y = arcsin X SBIISIETCS HEYETHOM, TaK KaK
arcsin(—x) = —arcsin x .
DOyHKIUS APKKOCUHYC Y = arccos X
['paduk HyHKIMHM apKKOCUHYC UMEET BUJI:
Y

kLS

)

CBoiicTBa PYyHKIIUM aPKKOCHHYC ) = arccos X
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1.06macth onpezenenus — oTpe3ok [-1;1].
2. MHoecTBO 3HaueHui — otpe3ok |0; 7 |.

3. OyHKIMS ) = arccos x yObIBaerT.

DYyHKUMSA APKTAHIeHC y = arcigx .

I'paduk GyHKIMHM apKTaHTEHC UMEET BU:
]Y

2

b1

CeoiicTBa (QYHKIHMHU Yy = arctgx.
1.06macTh onpeesieHrs — MHOKECTBO BCEX JEHCTBUTEILHBIX YHCEI.

. T
2. MHOeCTBO 3HaUYECHUN — UHTEpBAI | — E,E .

3. OyHKUMS y = arctgx BO3pacTaer.
4. dyHKIMS Y = arctgx SBISETCS HEUETHOM, TaK Kak arctg(—x) = —arctgx

(I)yHKIII/IH APKKOTAHI'€HC Yy = arcrcgx .

N306pa3zum rpaduk GyHKIIMN apKKOTAHT€HC:

CaoiicTBa (QYHKIMHU Yy = arcctgx .
1.065acTh onpeeneHns — MHOXKECTBO BCEX JIEHCTBUTEIBHBIX YHCEIL.
2. MHOX€eCTBO 3HaUYE€HHUI — MHTEPBAl (O; zr).

3. OyHKIMs y = arcctgx yOBbIBaeT HA BCEil 00JIaCTH ONPECIICHHS.

KonmponvHule 6onpocwl
1. Onpenenenus GyHKUMH, X CBOMCTBA U TPaQUKH.

2. IIpeobpa3oBanus rpadukoB.
3. [NapannenbHbIA TEPEeHOC, CUMMETPHUS OTHOCUTEIBHO OCEH KOOPJMHAT U CUMMETPHUS OTHOCUTEIBHO

HayaJa KOOpPJAMHAT, CUMMETPUsS OTHOCUTEIBHO NPSIMOM Y=X, PaCTsIKEHHs M CXKaTUE BIOJIb OCEH
KOOpJIMHAT.

Tema 3.7. Tpuronomerpuyeckue ypaBHeHHs

Ilpocmetiuue mpueonomempuieckue ypagHeHus 8U0d cosx = a, sinx = a, tgx = a, ctgx = a, Memoobl

peuierus mpueoHOMEeMpUUECKUx ypasHeHuil

Ymemps: pemiate ypaBHEHUE BUAA: cosx = a, Sinx = q, 19X = a,ctgx = a
3nams: onpeneneHus apKCUHyca, apKKOCHHYCa, apKTaHI'€HCa; YaCTHbIE CIy4al TPUTOHOMETPUUECKHUX

ypaBHeHI/II\/'I, OCHOBHBIC MCTOABI pCIICHUSA TPUT'OHOMETPHUICCKUX ypaBHeHHﬁ.
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Ypasnenue cosx = a.

ApkkocuHycoM umcaa a €[—1;1] HazwpBaeTcs Takoe yucino « €[0;7], KOCHHYC KOTOPOTO
paBeH a: arccosa =a ,ecni cosa=a u 0<a <r.
Bce kopHM ypaBHEHUS COSX = a, T |a| <1, MOXHO HaxOJUTh O hopmyIie

x =*+arccosa+2m,ne 7.
arccos(—a) = 7 —arccosa - 9ta (GopMmysia TMO3BOJSCT HAXOAWTh 3HAYCHHUS APKKOCHHYCOB

OTPULATCIIBHBIX YUCCIT YEPE3 3HAUCHUA aPKKOCHUHYCOB ITOJIOKUTCIBbHBIX YHUCCII.
Yacmmuvie cyvau:

V4
cosx=0, x:3+7m,neZ

cosx=1,x=2mne”
cosx=—-1,x=n+2mne”
Ypasnenue sinx =a.

T
ApKcuHYcOM 4Hcaa a €[—1;1] Ha3pIBaeTcs Takoe UNCIO & € [—3;5] , CHHYC KOTOPOI'0 paBeH
. . T V4
a. arcsina = o, €CIIM SInX =a U _ES (04 SE.

Bce kopHM ypaBHEeHUs sinx = a , TJe |a| <1, MO’)KHO HaxXoJUTh N0 hopmyIie

x=(-1)"arcsina+m,ne Z.

arcsin(—a) = —arcsina - 3Ta (GopMyJa MO3BOJISIET HAXOAUTh 3HAUEHHS apKCHHYCOB OTPUIATEIbHBIX

YHUCeJT Yepe3 3HAYCHUS apKCHHYCOB ITOJIOKHUTEIBHBIX YHACEI.
Yacmuvie cuyyau:
sinx=0, x=m,neZ

. V4
sinx=1, x:3+27m,neZ

) V4
sinx =-1, x=—5+27m,neZ

Ypasnenue tgx = a.

/A
ApKCI/lHyCOM qyHCciaa a € R Ha3pIBaeTCs TaKOE YUCHIO o € [—5,3] , TAH'CHC KOTOPOI'O paBCH a:

V4 V4
arctga = o, €Clu 1ga =a u —Eéaﬁa.

Bce kopHu ypaBHEeHUS sinx =a , A€ @ € R, MOXKHO HaXOJUTh 10 popMyJie

x=arctga+m,ne”Z .

arctg(—a) = —arctga - 3Ta (QopMyia MO3BOJAECT HAXOIUTh 3HAUCHUS APKCHHYCOB OTPUIIATEIHHBIX
qrces yepe3 3HaYCHHUSI apKCUHYCOB IOJIOKUTEIIBHBIX YUCEIT.

Tpuzonomempuueckue ypasnenus
1. YpaBHeHus, cBOASIINECS K KBAaIPaTHBIM.
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2. YpaBHeHus asinx+bcosx =c.
3. YpaBHeHHUs, peraeMble pa3I0KeHHEM JIEBOW YaCTH Ha MHOKUTEIIH.

Konmponvhuwvie 6onpocoi

1. YpaBHEeHUs BUJIA cosx = a.
2. YpaBHeHHMs BUJA sin x = a
3. YpaBHeHus BUJA tgx = a.
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Tema 4. Kopun, cTenenu

Tema 4.1.Ctenens ¢ PAalIMOHAJIBHBIM U JIeHCTBUTEJILHBIM MOKA3aTEISIMM.
Onpeaeﬂeﬂue u ceoticmea cmenenell C payuOHRAaANIbHBIM U C oeticmseumesnbHbIM NOKA3AMEIAMU.

Ymems.: pemiats 3a1aun Ha Temy: «CTeneHb ¢ pallMOHAJIBHBIM U JICHCTBUTEIBHBIM MTOKA3aTEIISIMUY.
3Hamu: onpesieNieHrne U CBOMCTBA CTENEHEN ¢ PallMOHAJIBHBIM U C ACHCTBUTENBHBIM MOKA3aTEISIMU.

Cmenenp C pauUORAIbHBIM ROKA3AMETIEM.

m
Ecmun— HaTypaJbHOC YHUCJIO0, M — [EJI0C YHUCIIO U HACTHOC — SABJIACTCA LHCJIBIM YUCIIOM, TO IIpH
n

a>0 crpaBeJIMBO PaBEHCTBO

n m

a =a

S [3

m
[onw3ysicy popmyinoit Ya” =a", cTeneHb ¢ palluOHAIBHBIM ITOKa3aTeIEM MOXKHO

NPEJCTaBUTh B BUJIE KOPHS 1 HA0OOPOT.

m mk
Tak kak — = ——, r1e n ¥ k - HaTypaabHBIC YHCIIA, M — IIEJI0C YUCIIO, TO TIpH JIF0ooM a>0.
n o n

m mk
a =a nk
MO)KHO IIoKa3aThb, 4YTO BCC CBOﬁCTBa CTCIICHU C HaTypaHBHBIM IIoKa3aTeJIeM BepHBI JJIs1 CTCIICHU

C IOOBIM PaIlOHATIBHBIM TIOKA3aTeIEM U MTOJIOKHUTEIEHBIM OCHOBAHUEM.
A MIMEHHO, AJIs1 JIIOOBIX pallMOHAIBHBIX YUCEN p U U Mo0kIX a > 0,h > 0 BepHbI paBeHCTBA!
1. a’a’ =a’"
2 al gl =gl
3. (a”)! =a”*

4. (ab)’ =a’b”

a)' a’
I

OTHU CBOMCTBA MOJIy4alOTCSI U3 CBOWCTB KOPHEH.

Cmenenbs c oelicmeumenbHoiM HOKA3amesem.

[Ipu mo6oM x € R u mobom a >0 creneHb a” SBISETCS MOJIOKHUTEIBHBIM JICHCTBUTEITHHBIM

guciom: a* >0 npu xe R,a>0.
Ecmu ocHoBanue crenenu a=0, To creneHb 0 onpenessiroT TONbKO npu x > 0 ¥ CUUTAIOT, YTO

0" =0 mpu x> 0. Ilpu x <0 BeIpakeHUE HE UMEET CMBICIIA.
[Ipy TakOM ONpENENCHNN CTEIECHW C JEHCTBUTCIBHBIM II0KA3aTEIIEM  COXPAHSIOTCS BCE

U3BECTHBIC CBOMCTBA CTEIICHU C PAIIMOHATIBLHBIM ITOKA3aTEIIEM.
st mo6oro a > 1 u moboro x >0 yucno a* Goneme 1,1.e. a* >1 mpu a >1,x>0.

Teopema: Ilyctb a>1 u x, <x,.Torma a™ <a™.
Cneocmeue 1. Ilycts 0 <a <1 u x, <x,.Torma a™ >a™.
Cneocmeue 2. Ilyctb a >0,a#0,a" =a™ . Torma x, = x,.

Cneocmeue 3. Tlyctb 0 < x, < x,. Toraa, ecnu p >0, 10 x,” <x,”,aecmu p<0,710 x,” > x,”
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Taxkum 00pa3om, TpU BO3BEJCHUN HEPABEHCTBA C IMOJIOKUTEIHHON JIEBOW U IOJIOKUTEILHON
IIPABOM YacCTSMU B IOJIOKUTEIBHYIO CTCIICHb 3HAK HEPABCHCTBA HE MEHSAETCSA, a IIPU BO3BEICHUM B
OTPULIATEIILHYIO CTEIIEHb 3HAK HEPAaBEHCTBA MEHAETCS HA IIPOTUBOIIOIOKHBIN.

Konmponwbnvie 6onpocwi
1. Onpenenenue U CBOMCTBA CTETIEHEN C PAllMOHAIIBHBIM MMOKA3aTEISIMH.
2. OnpeneneHue 1 CBOMCTBA CTENEHEHN C IEMCTBUTEIBHBIM IMOKA3aTEISIMU.

Tema 4.2. ApudmeTnyecknii KOpeHb HATYPAJIbLHOM CTENEHH.
Onpeoenenue u ceoticmea apupmemuuecko20 KOpHs HAMypaibHOl CMeneHu.

Ymemy: pemath 3a1aun Ha TeMy: « Apu(METHUECKUI KOPEHb HATYPaJIbHOM CTEHICHN»
3namu: onpeneneHre U CBOMCTBA apu(hMETHUECKOTO KOPHS HaTypaJIbHOU CTEIICHH

Onpenenenne: Apupmemuueckum KopHem HATYPATHHOU CTETICHH 7 > 2 W3 HEOTPUIIATESILHOTO
YHCIIa @ Ha3bIBAETCSl HEOTPHIIATEILHOE YHCIIO, 11-ast CTENIEHb KOTOPOTO paBHA 4.

Apudmernueckuil KOpeHb 7n-0il CTENEHW M3 4ucia a obo3Havaercs Tak: A a. YHucmo a

Ha3bIBAETCS TOJKOPEHHBIM BbIpakeHHeM. Ecnu n=2, T0 BMecTo a MUY T Ja. ApudmeTnaeckuii
KOpPEHb BTOPOW CTENEHU HA3bIBAIOT TAK)KE KBAApPaTHBIM KOPHEM, a KOPEHb TPEThEH CTENEeHU —
KyOnueckuMm KopHeM. JlelicTBUEe MOCPEACTBOM KOTOPOTO OTHICKMBAETCS KOpPEHb #-OM CTENeHH,
HA3BIBACTCS U3GNIeUEHUEM KOpHSA N-OU CcmeneHu. ITO JIEUCTBHUE SIBISETCS OOpaTHBIM JEHCTBUIO
BO3BEJICHHS B 711-10 CTCIICHb.

ApudpMeTHdecKHii KOPSHb  1-OM CTENEHW Oo0JIaaeT CISAYIONMMH CBOWCTBAMU: €CIIH
a>0,b >0 un,m— HaTypalbHbIe YUCIA, IpUYEM 711 > 2,m > 2, TO

1. #ab=xla¥b
2, e

b b
3. (Wa)y =#a"
4. a)="la

OtMeTuM, 4TO B CBOMCTBE | UnCIi0 b MOXKET TakkKe OBITh PAaBHBIM HYJIIO; B CBOMCTBE 3 YHUCIIO M
MO3KET OBITh 1eNbIM, eciu a>0.

KOHmpO]leble 60NpoCsHl
1.Omnpenenenure apupMeTHUECKOro KOPHS HaTypalbHOM CTETIEHH.
2.CBoiicTBa apu(pPMETUUECKOTO KOPHSI HATYpaJIbHON CTEIIEHH.

Tema 4.3. UppannoHajbHbIe YDABHCHUSI M HEPABEHCTBA
Memoovl pewenus uppayuoHaibHbIX YpasHeull U HepaseHCcms

Ymemy: pemiaTh OCHOBHBIE BUIBI UPPALIMOHAIBHBIX YPAaBHEHUH
3nams. onpeneneHne nppaluoHaIbLHOTO YPABHEHHSI, OCHOBHBIE METO/bI UX PEILICHUS

VYpaBHeHue, coaeprkaliee NepeMeHHYI0 O] 3HAKOM KOPHSI, Ha3bIBACTCS UPPAUUOHATILHBIM.

Pemenne nppannoHalbHOTO ypaBHEHHsI OCHOBAHO Ha MPEOOpa30BaHUM €r0 K PalOHATIBLHOMY
YPaBHEHHIO, YTO JTOCTUTAETCS] BO3BEICHHUEM OOCHMX €ro 4acTeil B OJIHY M Ty )K€ CTENeHb (MHOT/A
HECKOJIBKO Pa3).
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[Tpu BO3BeneHHM 00X YacTell MPPALMOHATIHHOIO YpaBHEHHS B YETHYIO CTEIEHb IOJIy4aeTCs
ypaBHEHHE, SBIISIONIEECS CICICTBHEM UCXOIHOTO. Y paBHEHHIO-CIICICTBHIO YIOBICTBOPSIOT BCE KOPHU
HCXOOHOTO ypaBHCHHA, HO MOT'YT MOABUTBCA U KOPHHU, KOTOPLIC HC ABJIAKOTCA KOPHAMU HCXOJHOI'O
ypaBHEHHS («IIOCTOPOHHUE» KOPHH). UTOOBI BBISIBHTH «ITOCTOPOHHUE» KOPHH, BCE HailIEHHBIE KOPHU
YPAaBHEHUS-CICACTBUS IIPOBEPSIOT MOACTAHOBKOM B MCXOJHOE YPAaBHEHHE U «IIOCTOPOHHHME)» KOPHU
0TOpachIBaIOT.

HcxonHoe wuppalyioHanbHOE YpaBHEHHE PABHOCUIBLHO CMEIIAHHOW CHUCTEME, COCTOSIICH U3
YPaBHEHHSI-CIICICTBHS I OTpaHHYEHHIA, OTIPEICISIEMBIX 00J1aCThIO TOITYCTUMBIX 3HAYCHUH TIEPEMEHHOM.
B sToM ciydae «IOCTOpOHHHME» KOpPHH HE OYIyT BXOAUTH B 00JacTh JOMYCTHUMBIX 3HAYCHHUN
NEPEMEHHON U TMPOBEPSTH UX MOJICTAHOBKOM B HCXOHOE ypaBHEHHE HE TpeOyeTcs.

[Tpu Bo3BeeHNM 00€UX YacTel HPPAIMOHAILHOTO YPaBHEHHS B HEUETHYIO CTEIICHb MOJIy4aeTCs
ypaBHEHHE, PaBHOCHILHOE HCXOTHOMY.

HNppaunoHajbHbIie HEPABEHCTBA ¢ OIHOM MepeMEeHHOM.

PemeHne wWppanMOHAIBHOIO HEPAaBEHCTBA C OJHOW IIEPEMEHHON CBOIUTCS K PELICHUIO
PaBHOCWJIBHOM €My CHUCTEMBI PallMOHAJIBHBIX HEPABEHCTB MJIM COBOKYITHOCTH CHUCTEM PallMOHAJIBHBIX
HEPaBEHCTB.

OTH cUCTEMBl PelIaoTCs MPHU HAJIO0KEHUU OrpaHMYEHHH Ha MEPEMEHHYI0 M BO3BEICHHM 00enx
YacTel HEPABEHCTBA B OJ(HY U TY 7K€ CTEIICHb.

Koumponvnvie éonpocwi

1. OcHOBHBIE IPUEMBI UX pelIeHHs (pa3ioKeHNe Ha MHOKUTENH, BBEIEHUE HOBBIX HEU3BECTHBIX,
MOJICTAHOBKA, rPaUUECKHii METO).

2. N3oOpaxkeHue Ha KOOPAUHATHOM MIIOCKOCTH MHOYKECTBA PEIICHUA YPaBHEHUHN C ABYMS
MNEPCMCHHBIMU U UX CUCTCM.

3. M3o0pakeHne Ha KOOPAMHATHOM IJTIOCKOCTH MHOXKECTBA PEIICHUN HEPABEHCTB C JIBYMS
NEPCMCHHBIMU U UX CUCTCM.

Tema 4.3. Jlorapu¢msl.

Onpedenenue nozapugma nonodxcumenvrozo ducaa. Ceotlicmea nozapugpmos. /lecamuunvle u
HamypaibHbvle 102apugdmol.

Ymemu: BBIYUCIATD TOrapu(pMBbl.
3uamye: Onpenenenue norapudma nojaoxkuTeabHoro yncna. Cpoiicta norapudmos. JlecaTuuHble U
HaTypaJIbHbIE JIOTaPU(PMBI.

Omnpenenenne: JlorapudmMoM TOTOKUTENBHOTO Yncia b 1o ocHoBauuio a (tmea >0,a#0)
Ha3bIBACTCS MMOKA3aTeNb CTEIICHH, B KOTOPYIO HAaJI0 BO3BECTH YHCIIO @&, YTOOBI MOTYYUTh YHCIIO b.
Jlorapu¢m umcna b mo 0OCHOBaHHIO @ 0003Ha4aeTCs CUMBOJIOM: log, b.

Ecmu a >0,a # 0, 6>0, To log, b 110 onpeesIeHNIo eCTh OKa3aTelb CTEIEHU, B KOTOPYIO HAJl0
BO3BECTH YHCJIO @, YTOOBI MOTYUYHUTh Ynucio b. [loaToMy paBeHCTBO

1 b
a™’ =b

€CTh TOX/IECTBO, KOTOPOE HA3BIBAIOT OCHOBHLIM JI02APUPDMUYECKUM TMOHCOECHBOM.
JleiicTBus HAXOXKAEHUS Jorapru(Ma Ynciia Ha3bIBAIOT J102APUPMUPOBAHUEM.

Ceoticmea nozapughmos.
[Tyctb @ >0,a #0,b>0,c>0,r- moboe neicTBUTENbHOE YnCiO. Torna cupaBeinuBbI

bopMyIIbL:
1. log,(bc)=log, b+log,c,
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2. loga(é) =log,b-log, c,
c

3. log,b" =rlog,b,
PaBHBIM 1TOJIOKUTEIBHBIM YHCIIAM COOTBETCTBYIOT M PaBHbIC JIOTapH (MBI ,T.€. eciti b, = b, , TO
log, b, =log, b,,

5. log,1=0,

6. log,a=1.

Jecamuunvie u namypaivHble 102apudmol.

Jns  morapuMOB UHCEN COCTaBJIICHBI CHENHalIbHBIE TAOMUIBI(TA0MUIBI JIOTapH(PMOB).
Jlorapugmsl BBIYUCISIOT TAaK)KE C TMOMOIIbI0 MUKPOKAJIbKyJIsATOpa. M1 B TOM, U B JIpyrom ciydae
HaXOJATCS TOJIBKO JECATUYHbIE UM HATYyPaJIbHBIE JOrapu(Msbl.

Onpenenenue: [Jecamuunvim 102apugmom 4ucaa Ha3blBaoT JIorapu(M 3TOro yucia no ocHoBanuo 10
u nuuyt lgb Bmecro log,, b.

Omnpenenenne: Hamypanbuvim 1o0eapugmom 4ucia Ha3bIBaIOT JOTapru(M 3TOTO YHCIIA [0 OCHOBAHUIO
e, T1Ie e — UppallOHATIbHOE YHUCII0, NPUOIIKEHHO paBHoe 2,7. [Ipu aTom mumyt Inb Bmecto log, b .

Dopmyna nepexoda om 102apu@dma no 00HOMY OCHOBAHUIO K JL02APUDMY O Opy2omy
b log. b

OCHOBAHUIO: log, 1
og.a

1

20e a>0,a#1,b>0,c>0,c#1.

Konmponvnule éonpocwi

1. Onpenenenue norapudma MOJTOKUTEIBHOTO YHCTIA.
2. CpoiicTBa jorapuhmMoB.

3. JlecaiTuuHbBIE M HATYpAJIbHBIE JTOTAPU(PMBIL.
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Tema S. Iloka3zaTenbHas U Jjorapupmudeckas

Tema S.1. Iloka3zarenbHas pyHkuus. Ee cBoiicTBa u rpaguk

Onpeoenenue, ceoticmea u epagux noKazamenibHoU QYHKYUU, ux npuMeHeHue npu peuteHuu
VIPAdNCHEeHUU

Ymemu: cTpouTh rpaguKky MoKa3aTeIbHBIX (YHKIMN, OMMCHIBATh X CBOMCTBA, IPUMEHSITH CBOUCTBA
IIPU PELICHUN YIPAKHEHUN
3uamye: onpeneneHue GyHKINHU, €€ CBOWCTBA U I'paUKU.

[NoxazatenpHast GpyHKIMS 3anaeTcs Gopmyinoit y =a*,rtae a>0ua # 1.

[Tepeuncnum cBoiicTBa GyHKIMH y = a* ipu a > 1.

1) OGnacth onpeneneHust GyHKIUH - BCS YUCITIOBAs IPsiMasi.

2) O6nactb 3HaueHull QyHKIUH - TpoMexyTok (0; + o).

3) OyHKUUS HE SABJISIETCS HU YETHOM, HU HEUETHOU. DTO CIEyeT U3 TOT0, UTO0 @ * #a*u a ~ # - a*.
4) dyHKIMS BO3pacTaeT Ha BCEH YMCIOBOM MPSIMOIA.

I'paduk pyHkunu y = a* npu a > 1 BRIMTIAIUT TakK, KaK MOKa3aHO HA PUCYHKE.

OtmeTuM, 4TO 3Ta PYHKIMS TPUHUMAET JIIOObIE MONOKHUTEIbHbIE 3HAUYCHUSI.

y=aX; a=>{

_/I

CgoiictBa ¢pyakmmn y = a* ipu 0 < a < 1.

1) O6nacts onpeaeneHus: GyHKIUH - BCS YUCIOBAs MpsMasl.

2) OGnacTh 3HaueHuu - (0; + 0).

3) ®yHKUMS HE SBISETCS HU YETHOM, HU HEYETHOM.

4) ®yHkus yObIBaeT Ha BCEHl YUCIOBOM MPSIMOIL.

I'paduk pynkuuum y = a* npu 0 < @ < 1 BRIMISIUT TaK, KaKk MOKa3aHO HA PUCYHKE.
OtmeTHM, 9TO 3Ta PYHKIHS IPUHUMACT JTFOOBIC TIOJIOKUTEIIBHBIC 3HAYCHUS.

Yi

Koumponvhule 6onpocei
1.OnpeneneHue noka3areabHONPYHKINU
2. CBolicTBa noka3aTeinbHON QyHKIUU
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Tema 5.2. Jlorapudmbl.

Onpeoenenue nocapupma . Ceoticmea noeapugmos. Jecsmuunvie u HAMypaibHvle
Jocapughmoi.

Ymembu: BIYUCTATD JTOTapUPMBI.
3nams: onpenenenue jgoraprudma mosoKUTeILHOro Yiciia, CBOMCTBA Jorapu(MoB, JeCITUHUHBIE U
HaTypajbHbIE JOrapUPMBbI.

Onpenenenue: JlorapupmMom MoNOKUTENBHOrO uncia b mo ocHoBauuto a (rnea >0,a#0)
Ha3bIBAETCS MMOKA3aTeNb CTEIIEHH, B KOTOPYIO HAaJI0 BO3BECTH YHCIIO @, YTOOBI MOTYYUTH YHCIIO b.
Jlorapu¢m umcna b mo o0CHOBaHUIO @ 0003HaUaeTcs CUMBOJIOM: log, b.

Ecmu a > 0,a # 0, b>0, To log, b no onpeneneHuto ecTb NOKa3aTelb CTENEHU, B KOTOPYIO HA0
BO3BECTH YHCIIO @, YTOOBI TOIYy4UTh Yncio b. [loaTomy paBeHCTBO

log, b
a*" =b

€CTb TOX/AECTBO, KOTOPOE HA3BIBAIOT OCHOGHBIM JI02APUPMUYECKUM MOACOECHEOM.
JlelicTBus HaxoXAeHUs JorapupMa unciia Ha3blBaIOT 102apUPMUPOBAHUEM.

Ceoiicmea nozapughmos.
IMycte @ >0,a #0,b>0,c>0,r- m0b0e aeicTBUTETHbHOE YKCIIO. TOraa crpaBeTuBbI

dbopMybL:
7. log,(bc)=log, b+log, c,

8. loga(éJ =log,b-log,c,
c

9. log,b" =rlog,b,

10. PaBHBIM MOJ0XUTEIBHBIM YHCIIaM COOTBETCTBYIOT U paBHBIE JOrapu(dMsl ,T.e. eciu b, = b,, TO
log, b, =log, b,,

11. log,1=0,

12. log,a=1.

Jecamuunvie u namypanvnsle 102apumol.

Jnst nmorapudMOB YHCET COCTABJICHBI CHEIHATIbHBIC TaOIUIBI(Ta0IUIBI  JIOTapu(MOB).
Jlorapudmpl BBIYUCIAIOT TaKXe C TMOMOIIBI0 MUKPOKAIbKynsTopa. M1 B TOM, U B JIpyrom ciydae
HAXOJSATCS TOJIBKO IECATHYHBIC WITH HATypaJIbHBIC JIOTapH(pMBEI.

Onpenenenue: /Jecamuynvim 102apu@mMom 4ucia Ha3bIBaIOT JIOTapu (M 3TOro 4ncia mo ocHoBaHuio 10
u nuiyt lgb Bmecto log,, b.

Onpenenenne: Hamypanbnoim n02apugmom yucia Ha3bIBAIOT JOTapu(M 3TOro Yuciia o OCHOBAHUIO
e, IJie e — UPPalMOHAIBHOE YUCIIO, IPUOIMKEeHHO paBHoe 2,7. IIpu atoM numryt Inb Bmecro log, b .

Dopmyna nepexooa om 102apupma no 00HOMY 0CHOBAHUIO K J02APUPMY NO OPY2OMY

log, b
OCHOBAHUIO: log, b= Og—",
log, a

e0e a>0,a=1,b>0,c>0,c#1.
Konmponvhwvie 6onpocoi
1. Onpenenenue noraprudma MoJI0KUTETHHOIO YUCIIA.

2. CoiicTBa 0orapu@mos.
3. JlecaiTHuHbBIE M HATYpaJIbHBIE JTOTAPU(PMBL.
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Tema 5.3. Jlorapupmuyeckasi pyHkums.
Onpeoenenue nocapugpmuueckou hynxyuu . Ceoticmea u epaguxu no2apu@dmuyeckoii GyHKyuu

Ymemow: crpouth rpaduku  jorapupMuUecKux (QyHKIMH, OMHMCHIBATH WX CBOMCTBA, MPUMEHSTH
CBOICTBA MPU PEUICHUH YIIPAKHEHUH
3uamy: onpeneneHue GyHKINUHU, €€ CBOWCTBA U IpaduKH.

Jlorapudmuueckas pynkuus y = logs. x 061agaer ciaeayonuMi CBOHCTBAMU:
1) O6nacts onpenenenus - (0; + o).
2) O6nacTh 3HAYCHUH - ( - 00; + o0)
3) OyHKUMS HU YETHAs, HU HEYETHAsI.

4) dyukmnus Bo3pacTtaeT Ha mpoMexyTke (0; + o) mpu a > 1, yosiBaet Ha (0; + o) mpu 0 <a < 1.
I'padux dyskmmu y = logs x MOXeT ObITh MONMy4YeH H3 rpaduka GYyHKIMH Y = g C MOMOILBIO
npeoOpa3oBaHus CUMMETPUN OTHOCUTENIBHO MPSMOil y = X.

Ha pucynke a) nmoctpoeH rpaduk gorapupmudeckoit GpyHkumu aist a > 1, a Ha pucynke 0) - 11 0 < a <
l.

Yi F1

a) & ¥ rlag, x{loa<t)
@®yukous y = In x.

Cpenu mokasatenbHbIX QYHKIUNA y = a¥, Tae a > 1, 0ocoOblii MHTEpeC AT MaTeMaTHKU U ee
MPUIOKEHUH TIpeICTaBIseT QYHKIHS, O0Iaatonas CiIeIyoluM CBOUCTBOM: KacaTenbHasl K rpaduky
¢bynkuuu B Touke (0; 1) oOpasyer ¢ ockto x yroa 45°. OcHOBaHHME a TaKoW (DYHKIIMM aX MPHUHSATO
o0o3HavaTh OyKBOH e, T. €. y = e*. [logcunrano, uro e = 2, 7182818284590..., u yCTaHOBJIECHO, YTO € —
uppanroHagbHoe uyncio. Jlorapubmuueckyro QyHKIH0, 00paTHYIO MOKa3aTeIbHONH (PYHKIUH ) = €, T.
e. pyHkumio y = loge x, mpuHATO 0003HauaTh ¥ = In X (In ynraercs "Harypanpuslii torapudm"). I'paduk
dbyHkmH y = In x ©300pakeH Ha PUCYHKE.

KonmponvHule 6onpocwl
1.Onpenenenue snorapudpmudeckort (GyHKIUH.
2. CpoiicTBa norapudmMuyueckux (HyHKITHI.

Tema 5.4. PemieHue noka3zareJbHbIX U JIOrapu(pMuyeckuX ypaBHeHHil, CHCTeM YPpaBHeHMH

OcHognble npuemsl UxX peuleHus: (Pasnodxcenue Ha MHONCUMENU, 66e0eHIe HOBbIX HEU3BECTIHDIX,
noocmanoska, epaguueckuti memod). Mcnonvzosanue c80lcmes u epaghuxos hyHKyull npu peulenuu .

YMemb: peuIaTh NOKa3aTeIbHbIE U JJOrapu(pMUUIECKHe YpaBHEHUS

3Hamb: OCHOBHBIE IPUEMBI UX peLICHUs (Pa3I0KeHNe Ha MHOXKUTEIH, BBEIEHUE HOBBIX HEU3BECTHBIX,
IIOJICTAHOBKA, Irpa)uecKuil METOA), MCIIOJIb30BaHUE CBOMCTB M IpaMKoB (YHKUMN NpU pELICHUU
YPaBHEHUH.
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Ilokazamenvnuvie ypasnenusn
Pemenue noxazamenvhvix yparenuti 4acTo CBOAUTCS K PELICHUIO YpaBHEHHUS
a*=a’,
rae a > 0,a # 1, x - Heu3BeCTHOE. DTO ypaBHEHHUE PEIIAETCS C TIOMOIIBIO CBOMCTBA CTETICHU: CTEIIEHU C
OJIMHAKOBBIM OCHOBaHUEeM a > (,a # 1 paBHBI TOJBKO TOT/Ia, KOT/a PABHBI HX ITOKA3aTEIIH.

Tema 5.4. Pemienue noka3zateJbHbIX H JIOTapu(GpMUUECKNX HEPABEHCTB

Pemenue noxazamenvhvix Hepagencme 4aCTO CBOJUTCS K PEILICHUIO HEPABEHCTBA

a*>a’wm a* <a’.

DTH HEPABEHCTBA PEIIAIOTCS C TTOMOIIBI0 CBOMCTBA BO3pacTaHusl MIIM YObIBAHUS TTOKA3aTEIbHON
byHKIMM: 171 Bo3pacTrarouieil GpyHKuuu OOJblIeMy 3HAYEHHIO (PYHKIHMHU COOTBETCTBYET OoOJbllee
3HAUYCHHE apryMeHTa, a AJis yObIBaromieil (yHKIHMH OONbIIEMY 3HAYCHHIO (DYHKIIMH COOTBETCTBYET
MEHBIIIee 3HAYCHUE apTyMEHTA.
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Tema 6. IlpouszBoanas
Tema 6.1 @yukyuu ux ceoiicmea u zpaguxu (noemopenue)
DnemenmapHule hyHKkyuu, ux ceoticmea u epaguxu

Ymemu: cTtpouTts rpauku 3eMEHTapHbBIX (YHKINN, ONMCHIBAaTh CBOMCTBA (DYHKIIUH.
3namu: omnpeneneHus GyHKIHMI, UX CBOWCTBA U TpapuKH

. .(X X

HazoBem ynopsoouennoii napou (x,») JBYX3JIEMEHTHOE MHOKECTBO o,y }, B KOTOpPOM
JIEMEHT X HAaXOAMTCS Ha IIEPBOM MECTE, a 2JEMEHT ) — Ha BTOPOM. DJIEMEHT X Ha3bIBACTCS nepeoii
KOOpOUHamou yopsiI0ueHHOU Mapkl, a 3JIEMEHT Y — 8Mmopoul Koopournamot. JIBe yrnopsiioueHHbIe Mapbl

paBHBI, KOTJ1a COBMAIAIOT UX KOOPIUHATHI: (x, Y ) - (u,v) S X=U, Y= v,

. X
Dyuxyuell f Ha3pIBACTCSI MHOXKECTBO YIIO SAJJOUYCHHBIX ITap YHCCI ( ’y ) TaKHuX, 4TO X e X
YHKY y 5 ) ,

yeY yeY

¥ KaKIoMy diementy X € X CraBuTcs B COOTBETCTBHE €IMHCTBEHHDIH dIEMEHT
Ob6o3Hauenue: f: X — Y. MHOXecTBO X Ha3bIBaeTCs obracmuio onpedenenus QYyHKINH f, 2 MHOKECTBO
Y — obnacmoio 3nawenuii. O603navarot: Dru Ef. Eciiu sicHO, Kakue MHOXKECTBA X M Y UMEIOTCS B BHITY,

= X
TO MUIILYT y=1 ) DJIeMEHT X Ha3bIBACTCS ap2yMeHmoM, a y — 3HaueHuem QyHKIUH f.

Cnocoowl 3a0anun gynkyuu.
Cy1iecTByeT HECKOJIBKO CIIOCOO0B 3a1aHus (PyHKIINH.

1. Tabauynviti. Wcmonw3zyercs Toraa, Korga o0O0JIaCTh OMPENETICHUS COCTOMT W3 KOHEYHOTO
MHOXKeCTBa uucen. Torma s 3aganus (QYHKIMH TPOIIE BCETO yKa3aTh TaOJHUILy, COJEPIKAIIYIO
3HAYEHUsl apryMeHTa M COOTBETCTBYIOIIME 3HaueHus ¢yHkuuu. Hampumep, tabnuma norapudmos.
JpyruMm mpuMepoM MOTYT OBITh TaONUIBI, COAEpXKAIUE NAaHHBIE O YWCIE JKUTENEH, HACEISIOINX
3eMHOMH I1ap B OTAENbHBIEC [0JIbl, PACTIMCAHUS JBUKCHUS [TOE3/I0B U T.II.

2. Ananumuueckuu. [Tpu ananuTuyeckoMm crocoOe 3amaHusi QYHKIHMS MOXET OBITh 3aJaHa s6HO,

KOT/Ia IaHO BBIPAKEHME Y uepes X, T.e. popMyna uMeeT BUA » f(x) ; HesBHO, KOT/Ia X U ) CBSI3aHBI

MexJy co00il ypaBHEHHEM BUJIA F(x,y)= O; napamempuyeckuy, KOraa COOTBETCTBYIOILUE APYT APYTY

3HAYEHHS X U ) BEIPAKEHBI Yepe3 TPETHIO MIEPEMEHHYIO BEINIHHY /, HA3bIBAEMYIO NAPAMEMPOM.
3. Jlocuueckuii. Ecnmu ¢GyHKIMS ONMUCHIBAETCS MPABUIIOM €€ COCTAaBIICHUS, HANpuMmep, (QyHKIUS
Hupuxne: f(x)= 1, eciiu x — panpoHanbHoe; f{x)= 0, eciau x — UppaIMOHATILHOE.

o X
4. I'paguueckuti. COCTOUT B H300pAKEHUU 2cpagura GyHKyuu — MHOXKECTBA TOYEK (x,7)
IUIOCKOCTH, a0CIHUCChI KOTOPBIX €CTh 3HAYCHHS apryMEHTa X, a OpPJUHATHI — COOTBETCTBYIOIIUE UM

= X
3HaueHus (QyHKUUU y = ) [IpeumymecTBOM rpaduueckoro 3aJaHusl SABISIETCA €ro

HarjIagHOCThb, HCAOCTATKOM — €0 HCTOYHOCTD.

I'paghux pynxyuu
I'paguxom @yuxkyuu (B NIEKAPTOBOW MPSMOYTOJIBLHOW CHUCTEME KOOPAMHAT) Ha3bIBAIOT
TreOMETPUUECKOE MECTO TOUYEK, AOCIIMCCHI KOTOPBIX SIBJISIFOTCS] 3HAUEHUSIMU HE3aBUCUMON NEPEMEHHOI,
a OPIMHATHI — COOTBETCTBYIOIIUMH 3HAYCHHUSIMU (DYHKIIHH.

Ceoiicmea gpynkuuii

[To OCHOBHBIMH CBOMCTBaMU (PYHKIIUH y=1) OyZieM OHUMATh CIEAYIOLIHE:

1. uemnocmyo, Heuemnocmo. OyHKIUA y=7x) HA3BIBACTCS YemHou, €CIU ISl TF0OBIX 3HAYCHUN
X U3 o0nactu ompeneneHus f(=x)=f(x) U HeuemHoll, ecllv fx)==f (x) B npoTtuBHOM

cinydae (QyHKIUS y=/x) HasbIBaeTCs @yukyueli obweeo euda. I'paduk yetHOW (yHKUUU
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2
=X )
CI/IMMeTpI/Iqu OTHOCHUTECIBbHO OCHU Op,I[I/IHaT (HaanMep, Fpaq)I/IK q)yHKI_[I/II/I y ), a Fpa(i)I/IK HCUCTHOU

3
(GYHKIMM CHMMETPHYEH OTHOCHTEIBHO Hayalla KOOpAWHAT (Hampumep, rpaduk (yHKIHN y=x ).
ITosTOMY [UIst YETHOM (PYHKLIUK JOCTATOYHO CTPOUTH JIUIIL IPABYIO TOJIOBUHY Tpaduka (X 20 ), IeBas
nonoeuHa ero (XS 0) SBIISICTCS 3€PKANbHBIM OTpPa)KeHHEM MpaBoil oTHOcUTENbHO ocu Oy. UToObI
HOCTPOUTH Tpad MK HEYETHOU (QYHKIIUH, TOCTATOYHO H300Pa3UTh MPABYIO MOJIOBUHY €ro (X 20 ); neBast

nosopuHa rpaduka (X <0 ) moJrydaeTcsl B pe3yJibTaTe moBopoTa nmpasoit Ha 180°.
2. monomonnocmy. Ecnm pns nmi00bIX 3HAYEHUH X, X, € X u3 HepaBeHCTBa X <X,

BBITEKACT HEPABEHCTBO:
a) f(x))<f(x,), To QyHKIIUS Ha3BIBACTCS go3pacmaroujell,

6) f(x,)< f(x,), To GyHKuus Ha3bIBaCTCS HEyObIsaIOWEL;
B) f(x;)> f(x,), T0 byHkuus Ha3biBaeTcs yowleaiowelr;

r) f(x)= f(x,), 10 GyHKUMS HA3BIBACTCS HEBO3PACMAIOUENL.

Bospacratomue, HeBo3pacrtaiomue, yOBIBalOIIMEe W HeyObIBaromue (GYHKIMM HAa MHOXKeCTBe X
Ha3bIBAIOTCA MOHOMOHHbIMU HA 3TOM MHOXECTBE, a BO3pacTalOlMe M YOBIBAIOIIME — CMPO2o
MonomonHbimMu  VIHTEpBanmbl, B KOTOPBIX (YHKIMS MOHOTOHHA, HA3bIBAIOTCS UHMEPBALAMU
MOHOMOHHOCTU.

3. ocpanuuennocmy. OyHKIMS Ha3bIBACTCS O2pPAHUYEHHOU HA MPOMEXKYTKE X, €ClM CyIECTBYET

Takoe nonoxkurensuoe ancao M >0 qro ‘ f(x)y<M ‘ s moboro X € X .

= X ~
4. nepuoduunocms. DyHKIUSA y=7) Ha3bIBACTCS NEPUOOUHECKOlU, €CIH CYIIECTBYET

MOJIOKUTEIBHOE YUCiIO I Takoe, 4To fx+D)=f (x) Haumenbliee yucio ¢ TakuM CBOHCTBOM
Ha3bIBaeTcsl nepuodom GyHkuuu. [{ng nmoctpoeHus rpaduka nepuoauMyeckoid (yHKIHUU JTOCTaTOYHO
n300pa3uTh €ro Ha OTpe3Ke, JJIMHA KOTOPOIO paBHA NEPHOAY, a 3aTEM IMOCTPOUTH MEPHOAUYECKOE
MIPOAOIKEHHE TpaduKa.

Oopamnasn pynkuusn
y=fx) 3
[TycTe 3amana pyHKIHS c obnacThio onpeneneHust D 1 MHOKECTBOM 3HAUCHU M
ek
E. Ecau xaxaoMy 3HauYeHUIO Y COOTBETCTBYET €IMHCTBEHHOE 3HaueHue * D 1o
X = .
omnpeneneHa GyHKIHSI o(y) ¢ o0yiacThio onpeaeneHus £ u MHOXecTBOM 3HaueHuit D. Takas
. X
byHKIHS o(») Ha3bIBaeTCsl obpamuoi K QYHKIHHU AC) U 3alUChIBACTCS B BHJE:

_ _ -1 _ _
x=p(y)=f (y) IMpo dyHkIMK y=rx) u x=0(y) TOBOPSIT, YTO OHH SBISIIOTCS

B3aMMHO OOpaTHbIMU. ['paduku B3auMHO OOpaTHBIX (PYHKIIMH CHMMETPHYHBI OTHOCHTEIIBHO
OUCCEKTPUCHI IEPBOTO U TPETHETO KOOPAMHATHBIX YTJIOB.

Omnpenesnenne 1. OcHoeHbIMu INNeMeHMAPHLIMU @YHKYUAMU HAZBIBAIOTCS CJEAYIOIINE

dbyHKIIN:
a) nocmosinnas Pynkus f(x)=c, c € R;

0) cmenennas dynkuus f(x)=x“,rae o — 1000€ JCHCTBUTEILHOE YHCIIO;

B) nokazamenvuas Qyukuus f(x)=a”, rne a > 0,a #1;

r) 102apugmuyeckas pynkuus y =log, x, rae a > 0,a #1;

1) mpueoromempuveckue PyHKIIUNA ) = Sin X, y = COSX, ¥ = IgX, } = CIgX;

€) obpamuule mpuzoHomempuieckue QyHKIMA ) = arcsin x, y = arccosXx, y = arctgx, y = arcctgx.

PaccmMoTpuM OCHOBHBIE CBOMCTBA U IpapKM OCHOBHBIX JIEMEHTAPHBIX (DYHKITHIA.
a) nocmosinnas Gyakuus f(x)=c, ¢ € R.
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OOnacTe  ompeneieHus (— oo;+oo), f(x)=c HeBo3pactaromass W HeyOBIBaromas,
MEepUoOIMYecKas, HEe WMEKIas HauMeHblnero nepuona. I[paduk GyHKIME y =c- npsaMasd,
napaiensHas ocu Ox,oTcekaromas oT ocu (Jy OTpe30K BEIUYMHOU C.

Yi
y==4
b
y=0
[7] X
y=-2
—2

0) cmenennas Qynkums f(x) = x“. Ecim mokazarenb @ =n - HaTypajJbHOE YHCIO, TO CTETEHb X"
ompezaeneHa ans Jroboro x € R,cnepoBarenbHo, D(y)=R. Eciu o =-n,ne N, TO creneHHas

¢byHkuusa y =x " omnpeaernena aus moboro x € R, x # 0.

Ecnu a siBnsieTcst ApOOHBIM YHCIIOM, TO 00J1aCTh ONPEICICHUS CTEIIEHHON (PYHKIIMU ¥ = x“ COBMajacT
C MHOXECTBOM JICMCTBHUTENBbHBIX 3HAYEHUW X, JUISI KOTOPBIX ) TNPUHUMAET TAKXKE JEHCTBUTEIbHBIE

snauenus. Hanpumep, QyHkims y = +/x onpenenena npu x>0, GyHkuus y =3/x onpenesieHa mnpu
aroboM aeiicTBUTeNnbHOM XU T.J. Ecim o - uMppanyoHanbHOE YHCIO, TO CTENeHHas (QYHKUHUS
f(x) =x“ onpeneneHa sl BceX HEOTPUIIATENLHBIX ACHCTBUTEIBHBIX 3HAYCHUHN X.

Cmenennasa (pyHKyusa c HAMypanbHLIM NOKA3amMenem.

@OyHKIUA y = X", TA€ 1 - HaTypaJbHOE YHUCIIO, HA3bIBAETCS CTENEHHON (QYHKLUEH ¢ HaTypaJbHBIM
MIOKa3aTeIIeM.
IIpu n = 1 nonyyaem QyHKIHIO ¥ = X.

IIpu n = 2 nonyyaeM QYHKIHUIO Y = x°.

DyHkuusa y = x2.

I[Tepeuncium cBoiicTBa (YHKIHUHU Y = X°.

1) O6acTs onpeneneHuss GYHKITUH - BCS YHCIIOBAS MPsMasi.

2)y = x* - yetnas pyukuus (f (- x) = (- x)> = x2 = f(x)).

3) Ha npomexytke [0; + o0) ¢pyHKkus Bospactaer ecau 0 <x, <Xx,,T0 xl2 < )cz2 , @ OTO U O3HA4aeT
BO3pacTanue PyHKIUN).

4) Ha npomexyTtke ( - o ; 0] ¢dyHkuus yOwiBaer ( ecnu x, <x, <0, 10 xl2 > x22 , @ 9TO W O3HA4aeT

yObIBaHHE (QYHKIINN).

I'padukom GyHKIHA y = X°

SBIISICTCS mapadoJia (cM. puc)

¥
=z
y=x7

-3 —Z—7 O r 2 -

IIpu n = 3 nonyyaeM QYHKIHUIO y = x°.
®yuknus y = x°
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I[Tepeuncium cBoicTBa (YHKIHUHU Y = X°.

1) Ob6nactb OIIpEEICHUS byHKIHU - BCS 4HCIIOBast npsimasi.
2)y =x° - neuerHas Qpynkuus (£ (- x) = (- x)*=-x* = - f(x))

3) ®yHKIuMs y = x> BO3pAcTaeT Ha BCeil UMCI0BOM MPAMOii.

I'padux GpyHKIMM y = x° n300paxeH Ha pucyHke. OH Ha3bIBaeTCA KyOH4ecKoii mapadoioii.

ymx?

-

[TycTh 1 - MPOU3BOJIBHOE YETHOE HATYpaTbHOE YHCIIO, Oobiee ABYX: n =4, 6, 8, ... . B aTom
ciydae GpyHKIHMS y = X" 00J1aJaeT TEMH ke CBONCTBAMH, 9To U QyHKIMS y = x°. ['paduk Takoii GpyHKIHHI
HaNOMHHAET Mapaboiy y = X, TOJbKO BeTBU rpaduka npu |x| > 1 TeM Kkpyue HIyT BBEpX, UeM OOJblIe
n, anpu jx| < 1 Tem "TecHee NPIKUMAIOTC" K OCH X, 9eM OOJbIIe #. (pHC. a).

ﬂ',j v ﬁ}

-1

AN

[Tycth n - IPOU3BOIBHOE HEUETHOE YMCIIO, Oombinee Tpex: n = 5, 7, 9, ... . B aTom ciydae
GyHKIHA y = x" 061agaeT TeMH Ke CBOWCTBAaMH, 4To M (QyHKIMS y = x°. I'paduk Takoi (yHKIMH
HaNlOMUHAeT KyOHUecKyro mapadoiy (ToJIbKO BETBH rpaduka TeM Kpyue UIYyT BBEpX, BHHU3, 4eM OOJIbIIIe
n) (puc. 6). OrmMeruM Tarke, uto Ha mpomexyTke (0; 1) rpadux creneHHoit GyHKIUH Yy = X" TeM
MeIJICHHEE OTAASAETCA OT OCH X C POCTOM X, YeM OOJIbIIIE 7.

Cmenennas (yynKyus ¢ ueavim OmpuyamenIbHbIM HOKA3ameiaem.
Paccmotpum dyHKINIO ¥ = X ™, T/IE 7 - HATYPaAILHOE YHUCIIO.
IIpu n = 1 nonyuaem y = x ! unm y = 1/x. CBoiicTBa 3TOM (QYHKIUM PpacCMOTPEHBI BBIILE.
[TycTh n - HeYeTHOE YncIiIo, Ooblee eIUHUIBL, 1 =3, 5,7, ...
B atom cnywae gyHkmust y = x " o0nagaeT B OCHOBHOM TEMH )K€ CBOMCTBAaMU, 4TO U (QyHKIUA y = 1/x.
I'paduk pyakmmm y =x ™" (n =3, 5,7, ...) HanomuHaeT rpaduk pysknun y = 1/x (puc. a).
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b ]

y=x"" = WX~
{E-HENTMHIE) (i = s@mvwiae )
i I
=ra

TR }

a) é)

[TycTp n - yeTHOE yHnCIO, HATIpUMED 1 = 2.

TlepeuncauM HeKOTOphIe CBOIMCTBA QYHKIMHU y = X 2, T. €. QyHKuuU y = 1/x.

1) ®yukuus onpeenena nmpu Beex x # 0

2) y =1/x* - ueTHas QyHKIHSL.

3) y = 1/x? yowBaeT Ha (0; + o) 1 Bo3pacTaer Ha ( - ©; 0).

Temu xe cBocTBaMHU 00J1a1at0T JTI00BIE (PYHKIIMK BUJIA Y = X ' TIPH YETHOM N, OOJIBIIIEM JBYX.
I'padux pynxuun y = 1/x* u300pakeH Ha pUCyHKe 6. AHAIOTHYHBIA BUJ UMeeT Tpaduk GyHKIHH y =

x ™ ecnun=4,6, ..
1

DOyHKIMUA Yy = x2
[epeuncnum cBoiicTBa GYyHKIUU Y = Jx

1) O6macts onpezenenus - ayd [0; + c0). DTO CIeqyeT U3 TOTO, 4TO BHIpaKeHHe YX ONpeIeIeHo UMb
npu x > 0.

2) @yHKUUS y = Jx Hu uerHa, HU HeveTHa.

3) OyHkuus y = Jx BO3pacTtaet Ha nyde [0; + o).

I'padux pynkuum y = Jx n300pakeH Ha PUCYHKE a.

y
J y=Vi 4| ;
2 2 ¥= ﬁ__
! !
al 1 g 71 3 X
a) 2)

1
DOyHKIMA y = x3.

[Tepeuncnum cBoiicTBa GyHKIMH y = Vx

1) Obnactp onpeneneHus: GyHKLIUH - BCS YUCIOBAs MpsiMast.
2) OyHKIMA y = 3/x HeuerHa.

3) ®yHkuus y = Yx BO3pAacTaeT Ha BCEH YUCIIOBOU MTPSMOM.

I'paduk pyakmm y = Vx n300pakeH Ha pUCYHKE O.

1

DyHKIUA Y = X7,
[Tpu yetHOM 7 QyHKUUA Y = 4/x o6nagaer Temu Ke CBOHCTBaMH, UTO M byHKIMA Y = Wx ., u
rpaduk ee HaoMuHaeT rpaduK GYHKIUU Y = 2x .
[Tpu HeueTHOM £ GyHKIUS Y = 4/x obnanaer Temu Ke CBOMCTBAaMH, 4TO U (DYHKIUS y = 3\/;, u

rpaduk ee HarloMuHaeT rpaduk GyHKIUH Y = Vx .
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y=Vx (I1- wug_mw?}
]

Crenennas (l)yHKIH/Iﬂ C IMOJIOKUTECJIBbHBIM I[pOﬁHLIM nmoxka3saTeJjieM.

PaccmoTtpum dyHKIHIO y = X', TI€ 7 - TIOJOKUATEIbHAS HECOKpAaTUMast IpoOb.
[Tepeunciarm HEKOTOpPbIE CBOMCTBA ATOM (PYHKITHH.

1) OGnacte onpeneneHus - ay4 [0; + o).

2) @yHKIUSA HUA YETHAas!, HU HeYeTHasl.

3) Oynkuums y = x” Bo3pactaet Ha [0; + o).

Ha pucyHke a u3o6pasen rpaguk QyHKmuu y = x>° |

15
y=X

¥ 5 }rlr Yi
!!"-‘z
a f y=x"
N2
/ y=X
7| = ! x o0 7 E
a) d) 8)
Koumponwvnvie éonpocwi

OyHKIMUY.
OO0nacTp ornpeneneHus] © MHOYKECTBO 3HAUCHUIA.
I'padux Gynkumu.

[Moctpoenwue rpadukoB QyHKINI, 3aJaHHBIX PA3TUIHBIMUA CIIOCOOAMH.
CoiicTBa (hyHKIHH.
OO6patHbie QyHKIHH.

S e

Tema 6.2 IlocaenoBareasHocTH. Ilpenes nociaenoBaTeJbHOCTH, peaes] QyHKIUA

Ilocnedosamenvrnocmu. Cnocodwl 3a0anus u C80UCMEA YUCTIO8bIX NOCIE008AMENbHOCELL.
Ilonsamue o npedene nocnedosamenvrocmu. Cyujecmeosanue npeoena MOHOMOHHOU 02PAHUYEHHOL
nocnedosamenvHocmu. Cymmuposanue nocie008amenbHoCmel.

Ymems: BEIUUCTATH MPEEN YHCIOBON OCIEA0BATEIHHOCTH, BBIYUCIIATE TIpeen (PyHKIINUH.

3uameb: TOCIENOBATENLHOCTH, CIOCOOBI 3aJaHUs M CBOMCTBA YHCJIOBBIX ITOCJIEIOBATEIBHOCTEH,
MOHSATUE O TMpeAesie MOCIEI0BATEIbHOCTH, CYIIECTBOBAHUE Ipeaesia MOHOTOHHOM OrpaHHMYE€HHON
MOCJIeI0BATENILHOCTH, CYMMHPOBAHHE MOCIIEA0BATEIILHOCTEH.

Ecnu kaxa0My HaTypaJlbHOMY YHCITY 72 TOCTABJIEHO B COOTBETCTBHUE BELIECTBEHHOE YUCIIO Xn, TO
TOBOPAT, YTO 331aHA NOC€008AMENbHOCHb

XisXysueesX, = {X,}.
Yucna X;,X,,...,X, Ha3bIBAIOTCS 21emenmamu (4ieHamit) OCIeJ0BaTeIbHOCTH, CHMBOI {X, }

— 0bwum snemenmonm (41eHoM), & 1 —HOMEPOM DIEMEHTA.
JI7st mocsie10BaTeIbHOCTE MOYKHO ONPE/ICITUTD CICAYIOIINE Onepayuu:
1) VMHOXEHHE OCIeJOBATEIBHOCTH Ha HCio m: M - {X, } = {mx, }, T.e. mXx,,mx,,...
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2) Cnoxenue (BblunTaHue) NOCHENOBaTenbHocTei: {X, } £{y, } ={x, £y, }.

3) IlpousseneHue mocienoarensHocreit: {X, §-{y,} ={x, - y,}.

) _ | %,

4) YacTHOe NOCIIeA0BATENBHOCTEM!: { }= —>mpu {y,} #0.
Yn

n

Ozpanuuennsvle u HeoZpanu4ueHHvle NOC1E006AMENbHOCHIU.
TTociIe10BaTeNBHOCTD {X, } HAa3bIBACTCS 02PAHUUECHHOU CEEPXY, €CIIH JUTS JTF0OOTO 11 CYIEeCTBYEeT

Takoe uncno M, uro x, <M .

TTociIe10BaTeNbHOCTD {X,, } HA3bIBACTCH 0ZPAHUYEHHON CHU3Y, €CITH ISl T00OTO 11 CYLECTBYeT
TaKO€ 4uCJIo M, 9To X, = M.

[Tocne10BaTeIbHOCTD {X,} HA3BIBACTCS OZPAHUYEHHOU, SCIM OHA OTPAHHYEHA W CBEPXy M

CHU3Y, T.€. CYILIECTBYIOT TaKue 4ucia M u m, 410 [1i1s 1000ro n BepHo HepaBeHcTBo: M < X, < M .

IIpenen nocienoBaTeIbHOCTH.
Uwuco a Ha3bIBaeTCS npedenom MOCIeA0BaTeIbHOCTH {xn} , €CJIM JIJ1s1 JTI0O0T0 MOJIOKUTEIBHOTO

£ >0 cymectByer Takoit Homep N, uTo st Beex X > N BBINOJHAETCS YCIOBUE: ‘xn—a‘ < é&. Oro

3aIIMChIBACTCA:

limx, =a.
n—>0

B 9TOM city4ae roBOpsIT, 4TO MOCIEIOBATENBHOCTD {X, | CX00umcsi K a P n—>o.

OcHoenule ceoiicmea cxodﬂmuxc;l nocneoosamenvHoCmeil.
1. CXOI[HIJ.[&HCH MoCJICAO0BATCIIBHOCTL OI'paHUYCHA.

2. Oyers limx, =a, limy,=b, rtorma lim(x,ty )=axb, lim(x,-y,)=a-b,
n—>o0 n—»o0

n—>0 n—>0
lim| X [=% (b20).
n—o\ y b
3. Eemm limx, =a, limz, =a wu ana Beex n BBINONHAIOTCS HepaBeHCTBa X, <), <z, TO
n—»0 n—»o0
limy,=a.

n—0

4. Ecin ILHOIO X, = d W IOCIEN0BATENbHOCTD {), | — OPPaHUYCHHASL, TO li_I>IolO (x,-y,)=0.
n n

penea pyHkuuu B TOUKeE.
[ycte pynxmus f(X) onpenenena B HEKOTOPOH OKPECTHOCTH TOUKH X = d (T.€. B CaMOM TOUKE

X = a GyHKIUs MOXKET ObITh U HE OTpe/IeicHa)
Yucno 4 HaseiBaetcs npederom Gynkimu f(X) npu x—>a, ecnu aist moGoro € > 0 cymectyer

takoe uncao A > 0, uro mns Beex x Takux, uto 0 <| X — a |< A BepHO HepaBeHCTBO ‘ f(x)- A‘ <Eg.
B stom cinydae mumyt: lim f(x) = A4
xX—a
Ecin f(x) — A, npux—a tonsko npu X < a, 1o lim f(x) = A, — naseiBaercst npedenom
x—>a—0

YHKIIUHT X) B TOUKE X =d cleea, a €CIu X)—> A, upu x—a TONBKO TpH X > d, TO
2

lim f(x)= A, naseiBaercs npedenom pyuxuun f(x) B T0uKe X =a cnpasa.
x—a+0

[penenst A1 u A2 Ha3BIBAIOTCS TAKKE 00HOCMOponHumu npederamu Gynkimu [ (X) B Touke

X = a . Taxxke roBOpAT, 4T0 A — Koneunwiti npeden Gynkuuu f (X).
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OcHognvle meopemul 0 npedenax.
Teopema 1. lim C = C, rae C = const.

xX—>a

Crieyrolye TeopeMbI CIIPABE MBI TIPH MpeNosokennu, uto pyukuun f(x) u g(X) umeror

KOHCYHLIC IPCACIIbI IIPU xX—>a.
Teopema 2. lim[ f(x) + g(x)]=lim f(x) + lim g(x)
Xx—a x—a xX—a

Teopema 3. lim[ f(x)- g(x)]=1lim f(x)-lim g(x)
Caencreue. IImC - f(x)=C-lim f(x)

lim f(x)
Teopema 4. lim S(x) = x=d npu lim g(x) # 0
Sig() limg(n

beckoneyHo maJjible pyHKIMH.
cI)yHKI_II/HI f(X) HA3BIBAETCS OECKOHEUHO MAaol IIpu x—>a, rA¢ a MOXET OBLITH YHCIIOM HIH

OJIHOM U3 BEJIMYHUH 00, +00 mim —oo, ecim lim f(x) =0.
x—a

Ceoilicmea 6ecKOHEUHO MABIX PYHKYUIL:

1) Cymma GUKCHPOBAaHHOTO YKCiIa OECKOHEYHO MaNbIX (PYHKIUHI HpU x—>a TOKe OECKOHEYHO Mauas
GbyHKIMS IpU X—>4.

2) IlpousBenenue GUKCHPOBAHHOTO YKCIIa OECKOHEYHO MAIIBIX (PYHKITUH TIPH X—>@ TOXKE OECKOHETHO
Mautasi QyHKIUS TIPU X—>d.

3) IlpousBenenne GeCKOHEYHO Manoi (GYHKIMH Ha (QYHKIHIO, OTPAaHUYEHHYIO BOJIM3U TOUKA X = d
SIBIIIETCS OECKOHEYHO Majiol (yHKITUEH Mpu x—>a.

4) YacTHoe OT JeneHusi 0ECKOHEYHO MaJIoi (PyHKIIUN Ha (PYHKIUIO, PEIe] KOTOPOW HE PAaBEH HYJIO
€CTb BeJINYMHA OECKOHEYHO Maiasl.

beckoneuno 6onvuiue hynKyuu u ux céa3b ¢ 66CKOHEUHO MAIBIMU.
OyHKIMS Ha3bIBACTCS HeCKOHeUHO 00IbUIOl TIPU X—>d, TIE @ — YUCIIO WU OJIHA U3 BEJIMYUH O,

+oo win —o0, eciu 1im f(x) = A, rae A — 9ucno win ojiHa U3 BETHYKH 00, +00 HITH —00.
xXxX—>a

CBs13p OECKOHEYHO OOJIBIINX U OECKOHEYHO MATBIX (YHKIIUHA OCYIIECTBIISIETCS B COOTBETCTBUM
CO CIIEAYIOLIEH TEOPEMON.
Teopema 5. Ecnu f(x) = 0 npu x—a (eciu x—00) 1 He 0OpaNIAETCs B HOMb, TO

1
J(x)

CpasHnenue 6ecKOHEUHO MANbIX PyHKUUIL.
[ycre a(x), f(x) u y(x) — Geckoneuno manbie GyHKIMEU TP X —> d . DTH GECKOHEYHO

y= —

MaJlbI€ (1)YHKI_II/II/I MOKHO CpaBHUBATH 110 6LICTpOTe nux y6BIBaHI/IH, T.C. IIO 6LICTpOTe HUX CTPEMJICHUA K

HYJTIO.
. a(x
Ecmu lim (x)

i f(x)

=0, To Qynxkuus o(Xx) HazbIBaeTCS OecKkoHeuHo Manol boiee 8blCOKOZO0
nopsaoka, uem gynkuus [F(x) .

Ecmn lim a(x)
x—a ﬂ(x)

=A, A#0, A=const, o a(x) u [(X) HasbBaWOTCI beckoHeuHO

MAnbIMU 00H020 NOPSOKA.
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Ecmu lim a(x)
x—>a ﬁ(x)

=1,t0 pynkuun (x) u [(X) HasbBarOTCA SKEUEANEHMHBIMU OECKOHEUHO

Mmanvimuy. 3aUCHIBAIOT & ~ f.
Beckoneuno mManas GpyHKuus o(X) Ha3bIBAETCSA OECKOHEUHO MAAOU NOPAOKA k OTHOCHTEIBHO

. a(x
Geckoneuno manoit Gpynkunn [(X), ecnu npenen hm(—) =A+#0.

x—a ﬂk (x)

OnHako cieyeT OTMETHTD, YTO HE BCe OECKOHEYHO MaJible (PYHKIIUH MOXKHO CPABHUBATH MEXTY

y a(x)
coboii. Harmpumep, ecim oTHOIIICHHE

B(x) HE UMeEeT Ipejena, TO PyHKIUU HECPaBHUMBI.
X

Cesoiicmea IK6UBAIEHMHBIX DECKOHEUHO MAIbIX.

) a~a, limwzl
x—ma(x)
. alx) . [a(x) p(x)
2)EBemn a~ Bu B~y10 aa~y, | Im——==lim| —=-——= |=1-1=1
’ wap(x) o fx) 7(x)

3)Ecm a~ B 10 B~ a, | lim p) =lim =
x—a C((X) x—a (.X)

B (x)

4)Ecmu a~ a1 u B~ fru lim a(x) =k,mom limM =k wm lim o(x) = lim % (x) :
xa () xa f(x) wa f(x) e fi(x)
CBoiicTBO 4) 0COOCHHO Ba)KHO Ha MPAKTHKE, T.K. OHO (DaKTMYECKH O3HAYAET, YTO MpPee
OTHOIICHUS OECKOHEYHO MAJIbIX HE MEHSETCS MPH 3aMEHE X Ha DKBUBAJICHTHBbIC OECKOHEYHO MalbIe.
OToT (aKT AaeT BO3MOXKHOCTH IPH HAXOXKICHHU TPEAEIOB 3aMCHATh OECKOHEYHO Majble Ha
SKBHUBAJICHTHBIC UM (YHKITUH, YTO MOKET CHJIBHO YIIPOCTUTH BBIYUCIICHUE TIPEIEIIOB.

3ameuaTebHbIE nmpeaejabl

Ilepeuvlit 3ameuamenvhulii npeden
[Ipenen oTHOMIEHUS CHHYCAa OECKOHEYHO MaJIoH IyT'M K CaMOM yre, BRIpaKEHHOHN B pajiaHax,
HA3BIBACTCS NePEbiM 3ameuameibHblm npedeiom. ITOT MpeAell PaBeH eIUHHIIC.

. sInx ) X
lim =1 WIN Iim——=1
x—>0 Xx x—=>0SIn x
Bmopoii 3ameuamenvusiii npeoen
X
lim{1+—| =e
X—>%0 X
rne e~ 2,71828.... Ecnu — =, 1o @ — 0 u BTopoii 3aMeuaTenbHbIN TPENen MOKHO 3alliucaTh B
X

BUJIE:
1
lim(1+a)e =e
a—0
KpOMe TPEX, H3JIOKCHHBIX BBIIIC, IIPEACIIOB MOYKHO 3alUCAThb CICAYIOMHEC II0JIC3HBIC Ha
MMPAKTUKEC COOTHOMICHUSA:
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limM ~1; im? =l g a 1imw
x>0 X x>0 X x—>0 X

Konmponvnvie 6onpocwi

1. ITocnegoBaTebHOCTH.

2. Crioco0BbI 3a4aHns ¥ CBOMCTBA YMCIOBBIX IIOCJIEA0BATEIHLHOCTEMN.

3. llousATue o npenene nocie 0BaTEeIbHOCTH.

4. CyuiecTBOBaHHUE Mpeiesia MOHOTOHHOW OMPaHUYEHHOM MOCIE0BATEIbHOCTH.
5. CyMMupoBaHUE MOCJIEI0BATEIbHOCTEMH.

Tema 6.3. [IpousBognas pyHKI UM, ee reOMeTPUYCCKUH M (PU3NUECKHIT CMBIC]

Onpeoenenue npouzso0HOU PYHKYUU, ee 2eOMEMPUUECKUL U PUIUYECKUTL CMBICI, YPAGHEHUEe
KacamenvHou K epaghuxy Qyukyuu, npasuia HaxodcoeHus NPOU3B00HbIX, MAOIUYA NPOUBOOHBIX
SNIEMEHMAPHBIX QYHKYULL, NPOU3E0OHASL CLONCHOU PYHKYUU

Ymems: HaX0AUTh NPOU3BOJHBIE JIEMEHTAPHBIX U CIOKHBIX (YHKLUH, TUCaTh ypaBHEHHE
KacaTeNbHOU K TpapuKy (QyHKIMH, TPUMEHITh T€OMETPHUECKUI U (PU3NUECKUNA CMBICI IPOU3BOTHON
IIPY PEIICHUN 3a]a4
3uame:paBuna audepeHurpoBaHus, TAOIUILy TPOU3BOIHBIX HJIEMEHTAPHBIX (DYHKIIMH, YpaBHEHUE
KacaTeJIbHOU, TTPaBUJIO0 HAXOXKICHHSI IIPOUXBOTHON CII0KHON (yHKIIMH

I[lyctb x1 M x2 — 3HaYeHus aprymenra, a ), = f(x;) u y, = f(Xx,) — coorBercIByOLIHNE
sHaueHnss Qpynkuun ) = f(X). PasHocts AX = X, — X, Ha3bIBACTCS npupauyeruem apeymenmd, a
pasuocts Ay =y, — y; = f(x,) — f(X;) — npupawenuem pynxyuu na orpeske [x, X, |

Ipoussoonoii pyukuun f(X) B TOYKe X = X, Ha3bIBACTCS NPEAEN OTHOLICHHUS IIPHPALICHHAS
(GyHKIMHU B 5TOM TOYKE K MPUPALIEHUIO apTyMEHTa, KOT/Ia TIOCIENHEE CTPEMUTCS K HYJTIO.

1oy = i S AY) = f(x)
760 = Jim 250

T'eomempuueckuii cmuici.

[pousomuas Gynxkimu ) = f(x) B Yy
TOYKE X0 paBHa YrIoBOMYy Ko3hduuueHty
KacaTenpHOW K TpaduKy (QYHKIUHM B TOUKE

4 —_—

Mo(xo,f(xo)), Te. f'(x,)=tga, e a—
yroJl HakJIOHA KacaTedbHOW K rpaduky My
dynxmuu y = f(x) B Touxe Mo. o

['eomeTpuyeckuil CMBICIT TPOU3BOIHOU
COCTOMT B TOM, YTO 3HAaY€HHE MPOU3BOIAHOMN
GyHKIMM B TOYKE  PAaBHO  YIJIOBOMY

kod(pduimenty KacatenpHOH K  rpaduKy
(GYHKIMHU B 3TOM TOUKE.

y=f(x0) = f'(x)x—x,) -

ypaBHEHHUE KacaTEIbHOM.
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Du3zuueckuii cmuici.
[Ipeanonoxum, yTo QyHKIUSA § = S(t ) ONUCHIBAET 3aKOH JBM)KCHUSI MAaTEPUAIBHON TOYKH IO

IpsAMOit uHnH, T.€. § = §(f) — MyTh, MPOHIEHHBIN 3TOW TOYKOH OT Hayaia OTcYeTa 3a Bpems £. Torma
3a Bpems fo mpoiineH myts S =S(f,), a 3a Bpems /1 — mytb S =S(Z;). 3a IPOMEKYTOK BpeMeHH

At =t, —t, Touka npoiiner orpe3ok mytu As = s5(t, + At) —s(¢,).

s(to) s(to + At)
As

OcHoBHblIe npaBuia AuddepeHunpoBaHus.
OGoznaunm U =u(x), v=v(x) u w=w(x) — dyukuuu, nudppepeHInpyeMbIE B TOUKE X.

1) C' =0, rae C — nocTosHHAS BEJIMYHHA. y ! 1
2) x'=1 8) (—] =—u'
3) (u+v—w)’:u'+v'—w' C ' C
4 (u-v)=uv+uw' 0 cy C,
5) (u-v-w) =u'vw+u'w+uvw' ) v) 32 Y
6) (C-u)=C-u' 10) Eew  v=v(u), wu=u(x), e
o v —vu . v=v[u(x)], o v(xv):v(u)-u(x)—
) N 2 , CCIIU Y # IPOM3BOIHAS CIOKHON (QYHKIIUH.
Tabanna npou3BogHBIX.

1) (x”) =nx""! 12) (arcsinx) = 1 -

' 1 l1-x
2 (Vx) =—— , |

2x 13) (arccos x) =
NGO, o
X x2 14) (arctgx) = 3

' 1+x
4) (ex) =e" ' 1

, 15) (arcctgx) =— 3
5) (ax) =a*Ilna 1+x

D 16) Mycre u =u(x), v=v(x), Torma

6) (Inx x (uv) =v-u"" u'+u’ v - Inu
7 (log, x) =—

xlna
8) (sinx) =cosx
9) (cosx "= sinx

' 1
10) (tgx = 3
cos” x

11) (ctgx), =— 12

sin” x
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KoumponvHuvie éonpocwi
1.IlonsTre o mpou3BOAHON (PYHKITHH, €€ TEOMETPUICCKUN U (PU3HIECKUN CMBICIL.
2.YpaBHeHHE KacaTelbHOU K TpaduKy (QyHKIIHH.

Tema 6.4. [IpumeHeHre NPOU3BOIHOM K HCCIeI0BAHNIO PyHKIMH.

Tpumenenue npouzeo0Hol K nocmpoenuio epaguros gyukyuil. Bospacmanue u yovieanue
@yHryuu. Ixkcmpemymol QyHKYUU.

Ymemu: HaXOAUTh TPOMEKYTKH BO3pAcTaHUs U yObIBaHMA. HaXxoIuTh TOUKM SKCTpEMyMa.
3namyo: TlpuMeHeHHEe TPOU3BOJAHON K MOCTpOoeHUI0 rpadukoB GyHkiuii. Bo3pacranue u yObiBaHMe
GyHKIHU. DKCTPEMYMBI (QyHKIIHH.

Yci0Busi Bo3pacTaHus M yObIBaHUS (PYHKIHIA.
Teopema 1. Jlns toro uto6sl nuddepenmupyemas Ha unrepsaie (a,b) pynkuus f(x) Gbuia

neybuisaiowell (esozpacmaroujeri) Ha TOM UHTEPBAIE, HEOOXOUMO U OCTATOYHO, YTOOBI [ "x)=0
(f'(x)<0) ana Beex x € (a,b).
Teopema 2. Ecm dynkmusa f(x) muddepenmmpyema na untepsane (a,b) n f'(x)>0 (

f'(x) <0) nnsa eex x € (a,b), 10 51a bynxuus sospacmaem (y6visaem) na unteppaie (a,b).

Touku 3xcTpeMyma.
Toukn MakcuMyMa U MUHUMYMa (D)YHKIIUW Ha3bIBAIOTCS MOUKAMU IKCMpemMyma.
Teopema 3. (neobxooumoe ycnosue cywecmeosanus skempemyma) Ecom gynxums  f(x) B

!
TOYKE X0 IMEET SKCTPEeMyM, To pousBonHast f (X,) obpalaercs B Hylb HIIM HE CYLIECTBYET.

Crnedcmeue. ObpaTHOE yTBEp)KIeHHE HEeBepHO. Ecim mpowsBoiHast (GYyHKIHH B HEKOTOPOH
TOYKE PaBHA HYJIIO, TO ATO €IIe HE 3HAYMUT, YTO B 3TOU TOUKE (QYHKIHSI UMEET SKCTPEMYM.

Kpumuueckumu mouxamu GyHKIMHA HA3BIBAIOTCS TOYKH, B KOTOPBIX MPOM3BOIHAS (GYHKINU HE
CYIIECTBYET WJIM paBHA HYJIIO.

Teopema 4. (Oocmamounoe ycnosgue cywecmsosanus sxcmpemyma) Ecinm npu nepexojie uepes

!
KPUTUYECKYIO TOUKY X0 CJIEBa HAmpaBo npousBoaHas pynkimu f (X) Mmenser 3Hak ¢ “+” Ha “—*, 10 B

Touke xo Qpynkmus f(X) uMmeer makcumym, a €CIu MPOM3BOIHAS MEHSET 3HAK C “— Ha “+” — TO

(bYHKLIUS UMEET MUHUMYM.

Ilpasuna naxoscoenusn IKCmpemymos pynKkyuu.
1) Haiitu npou3BogHYIO QYHKIIHH.
2) Haiitu kpuTHYeCKHE TOYKU (DYHKITHH.
3) HccnenoBaTh 3HaK NPOM3BOAHOM B IPOMEXKYTKAX, HA KOTOPHIE HaWJCHHBIE KPUTUUYECKUE
TOYKH JCJISAT 00JIaCTh ONpeACIICHHs (PyHKITUU.
4) Omnpenenuth CyIIeCTBOBAHWE MAaKCUMYMOB U MHUHUMYMOB U HAaWTH 3Ha4YeHHE (YHKIIUU B
3TUX TOYKAX.
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Cxema ucciaenoBanusi pyHkumi

[Tpouecc wuccrnenoBanusi (YHKIMH COCTOUT W3 HECKOJNbKHMX JTamoB. [l Haubomnee
MOJTHOT'O MTPECTABICHHS O MOBEIeHUH (PYHKIINHU U XapakTepe ee rpaduka HeoOXOAMMO OTHICKATh!
1) Obnacte cymiecTBOBaHUA (YHKIIMU (3TO MOHSITHE BKIIOYAET B ce0s U 00JIacTh 3HAYEHUH, U
o0nacTth onpeneneHus QyHKINN).
2) UccnenoBaTh ()yHKIMIO HA YETHOCTh U IEPUOIUYHOCTD.
3) KoopaunaTsl Touek nepeceyeHus rpaduka GyHKINUU ¢ OCIMH KOOPAUHAT (€CIH OHU UMEIOTCS).
4) aTepBaiibl BO3pacTaHus U yOBIBaHMS.
5) Touku MmakcuMyma U MUHUMYMa.
6) [TocTpoenue rpaduka.

Konmponvnvie 6onpocwi

1. YcnoBus Bo3pacTaHus U yObIBaHUS (PYHKIUIL.
2. Touku sKCcTpEMyMa.

3. IlpaBuiia HaXOKACHUS SIKCTPEMYMOB (DYHKITUH.
4. CxeMa uccienoBaHusi QyHKHH.

Tema 6.5. Bropas npon3BoaHas, ee reomeTpuueckuii 1 pu3nyecKuii CMbICII.
Bmopas npouzeoonas, ee 2ceomempuueckuii u puzuuecKuti CMoici.

Ymems: HaXOIWUTh MPOMEXKYTKH BO3pAcTaHUS W yObIBaHHS (YHKIHH WCIIOJIB3YS BTOPYIO
Ipou3BOJHY0. HaxoauTe TOUKHM 3KCTpeMyMa.
3uames: IlpumeHeHe BTOPOM MPOU3BOAHON K HAX0XK/IEHUS IPOMEKYTKOB MOHOTOHHOCTH.

Mycre ¢ynxkums f(X) — muddepenmupyema Ha HEKOTOpPOM HHTepBane. Torna,
muddepeHupys ee, moiydaeM MepByIo MPOU3BOIHYIO

¥ = f(x)—df(x)

Ecnu waiitn npousosnyio ot dynkuuu  f(X), TOdyuMM 6mopyio npouseoomyio
byrkmun f(x).

y= =S

2
e " = () u dy d (dy
dx dx
9TOT Hpouecc MOXXHO HpOI[OJI)KI/ITB Hn Jajiec, Haxogsa HpOI/I3BO,Z[HLIe CTCIICHH n.
dny _ i dn—ly
dx"  dx\ dx™!

Hccneoosanue (hynkyuu na skcmpemym ¢ RHOMOUuLbio RPOU3800HOI 6MOPO20 NOPAOKA.
!
Teopema 5. Ecu f'(x) =0, 10 pynkiuusa f(X) B TOUKe xo UMEET Makcumym, €Ciu

”( "
f"(xg) < 0w munumym, ecma f"(x,)>0.
0 > 0
Ecmu f"(x,) =0, 10 xapakrep KpuTHYECKOIl TOUKM HeM3BECTEH. JIJIst €TO ONpE/IEeHus

TpeOyeTCs JanbHEHIIee HCCleI0BaHuE.
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BeinmykyocTh ¥ BOTHYTOCTH KpUBOii. Touku neperuda.
Kpupas obparuena svinykiocmoio éeepx Ha unrepsane (da,b), ecinn Bce ee TOUKH Jexkar
HIDKE JTI000M €€ KacaTelbHOW Ha 3TOM MHTepBajie. KpuBas, oOpaiieHHasi BHITYKJIOCTBIO BBEPX,
Ha3bIBACTCS 8bINYKIIO, 3 KPUBasi, OOpaIleHHas BHITYKIOCTHIO BHU3 — HA3bIBACTCS 8OCHYMOU.
Teopema 6. Ecu pynxuus f(X) umeer na unrepsaine (@,b) BTopyro NpoM3BOAHYIO

f"(x)>0 (f"(x,) <0) Bo Bcex Toukax JaHHOTO MHTEPBaa, TO rpaduK (YHKIMH UMEET Ha
(a,b) BBIIYKIIOCTH, HATIPABIEHHYIO 6HU3 (66€pX).

Touka, oTaensiomias BHIMYKIYIO YacTh KPUBOW OT BOTHYTOM, HA3bIBACTCS MOUKOU
nepecuda. Toukamu neperuda MOryT CIYXHUTb TOJIBKO KpUmMuyeckue moyku 6mopozo pood, T.€.

TOYKH, B KOTOPBIX BTOpas npom3soanas f (X) obpaliaercs B HOMb MM HE CYIIECTBYET.
Teopema 7. Ilycte kpusas ompenensiercs ypasuenuem )V = f(x). Ecnu Bropas
/4 ”
npoussoaHas [ (x) =0 wmm He cymecTByer u mpH mepexoje Yepes TOuKy X =X, [ (X)

MEHSET 3HAK, TO TOYKA KPUBOM ¢ aOCIMCCOM X = X, ABJIAETCA TOUKON nepernoa.

Ilpasuna naxosxcoenus mouex nepecuoa.
1) Haiitu BTopy1o IpOu3BOIHYIO (PYHKIIHUH.
2) Haiitu KpuTHYECKHE TOUKH BTOPOrO POJA.
3) HccnenoBarh 3HaK BTOPOM MPOW3BOJHON B MPOMEKYTKAX, Ha KOTOPHIC HalJICHHBIC
KPUTUYECKHE TOUKH JIEJIAT 00JIaCTh onpeaencHus QyHKIHH.
4) OmnpenenuTh TOYKH Meperunda U HAUTH 3HaYeHUE (PYHKIIUU B STUX TOUYKAX.

Koumponvnvie éonpocwi

1.MccnenoBanre GyHKIIMU Ha SKCTPEMYM C IMOMOIIIBIO TPOU3BOAHOM BTOPOTO TOPSIIKA.
2.BBIyKJI0CTh ¥ BOTHYTOCTh KpuBOH. Touku neperuoa.

3.IIpaBuiia HaXOXIEHUS TOUYEK IIeperuoa.
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Tema 7. IIpsiMble U IJIOCKOCTH B IPOCTPAHCTBE

Tema 7.1. AKCHOMBI CTEpEOMETPUH M MPOCTEHIIIUE CIeACTBUS U3 HUX.
OcHosnvie nouamus. Akcuomsl cmepeomempuu. Cnredcmeus U3z aKCUOM.

Ymems: mpuMeHSATh aKCHOMBI CTEPEOMETPHUH TIPH PEIICHUH 3a/1a4.
3namob: OcCHOBHBIE TOHATHS. AKCHOMBI cTepeoMerpuu. CrneactBusi M3 akcuoM. OCHOBHbBIE
MOHATHUS. AKCHOMBI CTEPEOMETPHUHU.

1. OcHosHbie nonamus. Akcuomsl cmepeomempuu.

Onpeodenenue. CTepeoMeTprel Ha3bIBA€TCA pa3fei TEOMETPUH, B KOTOPOM H3yHarOTCs
burypsl, pactojoKeHHbIe B MpocTpaHcTBe. OCHOBHBIMU MOHATHSIMHU CTEPEOMETPUU SBIISIFOTCS
TOYKA, IpsiMasi ¥ TUIOCKOCTb.

CnoBO «CTEpPEOMETpHS» TMPOUCXOIUT OT TPEUYECKUX CIIOB «OTEPEOC» — OOBEMHBIH,
MIPOCTPAHCTBEHHBIN U «UETPEDY» — UIMEPSTh.
1. [IpencraBieHue o MIOCKOCTH JAET I1a/iKasi MOBEPXHOCTh CTOJIA UITU

cteHbl. [IMOCKOCTh Kak reoMeTpuieckyro Gpurypy cieayer npeacTaBiiaTh
ce0e mpocTuparolieiics HeOrpaHMUEHHO BO BCE CTOPOHBI.

Ha pucynkax miockocTu n300pakaroTcs B BUJe apajijieiorpaMMa WiId B BHJIE
MIPOU3BOILHOM 00J1aCTH M 0003HAYAIOTCS TPEUYESCKUMU OyKBamHu o, 3, Y ¥ T.1.
Touku A u B nexat B mitockocTH B (TII0OCKOCTH B IPOXOAUT Yepe3 3TH TOUKN),
a toukn M, N, P He nexat B 310l mi1ockocTu. KOpoTKO 3TO 3anMChIBAIOT TAK:

AEB,BEB,M&‘“& N'fﬁ P‘fﬁ

Puc. 1. a)

ITpocTpaHCTBO COCTOUT M3 OECKOHEUHOTO MHOKECTBa TOueK. JIF000e MHOXKECTBO TOUYEK
INPOCTPAHCTBA  HA3BIBACTCSA  IMPOCTPAHCTBEHHOW  Qurypoid wminm  TenoM. [Ipumepamu
IPOCTPAHCTBEHHBIX (DUTYD SIBIISIOTCS TOUKA, MPsIMast ¥ INIOCKOCTh. [IpsMble ¥ IIIOCKOCTH COCTOSIT
13 OECKOHEUHOI0 MHOXKECTBA TOYEK IIPOCTPAHCTBA U HE COBMAJAIOT CO BCEM IIPOCTPAHCTBOM.

CdhopmynupyeM OCHOBHBIE aKCHOMBI CTepeoMeTpuu. HamomHuMM, akCMOMBI — 3TO
YTBEPKACHUSI, TPUHUMAaeMble 0€3 oKa3aTelbCcTBa. AKCHOMBI T€OMETPUN BbIPAXKatOT OCHOBHbBIE
CBOMCTBA HEONPEIENSEMBIX TOHATHI: TOUEK, IPSMBIX U IIJIOCKOCTEH.

AKCHOMBI:
1) Yepes mo0Oble 1Be pa3auyuHble TOYKU MPOXOAUT €AUHCTBEHHAs IpsMasi.
2) Ecnum nBe pasnuuHble TOYKHU NPSAMON MpHUHALJIEXKAT B
IUIOCKOCTH, TO BCE TOYKHM MPSAMON MNPUHAAIEKAT 3TOM
IJIOCKOCTH. A
a
Puc. 2
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3) UYepe3 moOble TpU TOYKH, HE JISKAIIME HA OJIHON B,

OPSAMOM, IPOXOJUT OFHA U TOJIBKO OJ[HA TIIOCKOCTb. Y
[}
o
/4
Puc. 3.
4) Ecnu 1Be pa3nuyHbIe TNIOCKOCTH UMEIOT OOIIYIO TOUKY,
TO OHM UMEIOT OOITYIO TIPSIMYIO. #
fars
(2
Puc. 4.

2. ITlpocmetiwue cnedcmeus uz akcuom cmepeomempuul.

W3 nepBoii akCHOMBI CIIEAYET, YTO JIBE PA3IMUHBIE IIPSIMBIE B IPOCTPAHCTBE WM HE UMEIOT HU
OJTHOM OOIIEH TOYKH, WIIK UMEIOT TOJIBKO OJTHY OOIIYIO TOUKY.

[Tpsimble, IMEOIINE TOJIBKO OJIHY OOIIYIO TOUKY, Ha3bIBAIOTCS MEPECEKAIOITMHUCS.

W3 BTOpOI akCMOMBI CleAyeT, YTO MpsiMasi U IUIOCKOCTh B MPOCTPAHCTBE WM HE UMEIOT HU
OJIHOM 00IIel TOYKH, WM UMEIOT TOJIBKO OJHY OOIIYIO0 TOUKY, WM, HAKOHEI, BCE TOYKU IMPSIMOM
ABJISIOTCSA TOUKAMM IJIOCKOCTH.

Ecnu mpsiMmas ¥ MJIOCKOCTh HMMEIOT TOJIBKO OJHY OOIIyI0 TOYKY, TO TOBOPST, YTO OHH
nepeceKaroTcsl.

Ecnu Bce TOUkH MpsSMOil SIBISIFOTCSI TOYKAMU TUIOCKOCTH, TO TOBOPSAT, YTO MpsAMast JICKHUT B
IUIOCKOCTH (IIPUHAJIEXKUT TUNIOCKOCTH) MIIM YTO IUIOCKOCTh MPOXOJUT Yepe3 MPSIMYIO.

Teopema 1. Yepe3 mpsMylo U HE NPUHAANEKAIIYIO €il TOYKY MPOXOAUT €IWHCTBEHHAsS
IJIOCKOCTb.

Hokaszamenvcmeo:

[IycTe 3amanbl npsiMasl a M He MPHUHAJIEKAIIAS €M TOYKa
A (puc. 5). Ha npssmoli a Bo3bMeM Kakue-HUOYIb TBE TOYKH
Cwu D. Ilo akcuome 3 uepe3 Tpu Touku A, C, D npoxoauT
€IMHCTBEHHAs IUIOCKOCTh; 0003HaunM ee «. [lo akcuome 2
BCE TOUYKHU
NpsIMON a TIPHUHAJIEKAT TNIOCKOCTH .

CrnenoBaTenbHO, MIOCKOCTh « MPOXOAUT yepe3 MNpsMyro a U Touky A.Jlpyroi takoit
IUIOCKOCTH HET, TaK Kak JIF00ast INIOCKOCTh, MPOXOASIIAs yepe3 NpsSMYyI0 d U TOUKY A, IPOXOJHUT

yepes Touku C, D, A, He nexanye Ha OJJHOM MPSMOM, U O3TOMY COBMAIAET C TUIOCKOCTHIO .

Teopema 2. Yepe3 1Be NiepeceKaromuUecs MpsiIMbIe IPOXOAUT €AUHCTBEHHAS TNIOCKOCTb.
Hoxkazamenvcmeo:
ITycte npsimble a u b nepecekatorcst B Touke M (puc. 6). Ha npsaMbIx a u b Bo3bMeM
Kakue-HuOybp Touku P u N, ornmuHbie oT Touku M. Torma depe3 tpu touku P, N u M

HPOXOINT €AMHCTBEHHAS IUIOCKOCTh . B cHily akcnoMBbl 2 MIIOCKOCTh MPOXOAUT Yepe3 JaHHbIC
npsiMbie a u b .

W3 nmocneqHux IBYX aKCHOM M TEOpPEMBI | clieyeT, 4To ABE Pa3IUYHbIe TNIOCKOCTH WX HE
UMEIOT HA OJHOU

o01Iel TOUKH, WK UMEIOT OOIIYIO IPSMYIO U APYTUX OOIIUX TOUEK HE UMEIOT.

JIBe pa3nuyHbIe MII0CKOCTH, UMEIONTNE OOIYI0 MPSMYI0, HA3bIBAIOTCS MEPECEKAIOIIMHUCS.
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Puc.6 Obwas npamas nasvieaemcs npsamou nepeceyenus SMux na0CKoCmel.
Konumponvnwvie 6onpocwi

1. OCHOBHEBIE TIOHSATHS.
2. AKCHOMBI CTEPEOMETPHUH.
3. CnencTBUA U3 aKCHOM.

Tema 7.2. [lapajiieIbHOCTh NPSIMOM M MJIOCKOCTH, MAPALJIEJIBLHOCTh IVIOCKOCTENH.

Onpeoenenue napannenvHocmu npsamou u niockocmu. Ilpusnax napannensnocmu
npamot u niockocmu. Ilapannensnocmo niockocmeu. Ceotcmea napanienibHblx NI0CKOCME.

Ymems: puMeHTHh IPU3HAKU MAPAJIJICTIBHOCTH MPSMON U INIOCKOCTH TIPH PEIICHUU 3a]1a4.
3namy: OmnpeneneHue NapalieIbHOCTH MOpsiMOM M TuiockocTd. [Ipu3Hak mapamienbHOCTH
psIMOM ¥ TIockocTH. [TapamiensHOCTh IockocTel. CBOKMCTBA MapajyieIbHbIX MIOCKOCTEH.

ITapannenbHbie NpsiMble B IPOCTPAHCTBE
/IBe npsAMbIE B IPOCTPAHCTBE HA3BIBAIOTCS MapalIeIbHbIMM, €CIIM OHU JIEXKAT B OAHON
IUIOCKOCTH U HE NEPECEKAIOTC.

Teopema o napannenpbHbIX NPAMDbIX.
Yepes 1100yr0 TOUKY IPOCTPAHCTBA, HE JISKAIYIO HA TAHHOW NPSIMOM, TIPOXOAUT TpsiMasi,
napajuieJbHasl JaHHOM, U MPUTOM TOJIBKO OJIHA.

b o)

A

Puc. 1.

Jlemma o nepeceuyeHm NJI0CKOCTH napajajieJbHbIMA NMIPAMBIMMA.

Ecnn onHa w3 IBYyX mapasuiesibHBIX b o
MPSIMBIX IIEPECEKAECT NAHHYIO IUIOCKOCTH, TO
U IpyTras npsaMmas nepecekaer 3Ty INIOCKOCTb. \ l A
1
i
1
o L
l\
Puc.2.

Teopema o Tpex NpsiMbIX B IPOCTPAHCTBeE.

Ecim nBe mpsiMble mapaliesibHbI
TpPEThel MPSMOM, TO OHU TAPATIJICIBHBI (€CIn
allcub/ c,toall b).
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Puc. 3

IMapa/ieJbHOCTH PSAIMOM M MJIOCKOCTH

HpHMaH " INIOCKOCTBb HA3bIBAKOTCA napajiejibHbiMu, CCJI1 OHU HC UMCIOT O6H_II/IX TOYCK.

IIpu3Hak napajjieIbHOCTH NPAMOM U IVIOCKOCTH

Teopema. Eciu mnpsimasg, He Jexaimas B ¢
JJAHHOW IIOCKOCTH, MapajyiejbHa KaKOM- p -
HUOyIb  TpSAMOM, JIeXamed B ATOH y R
IJIOCKOCTH, TO OHA NapajieibHa JaHHOMN Y 4
IJIOCKOCTH. s 7
r 4 Puc. 4.
Teopema. Eciu miIoCKOCTb IPOXOJIUAT
yepe3 JIaHHYK MpSIMYl0, MapauieIbHYyI0
JIpYyrod TUIOCKOCTH, M TIEPECEKaeT ATy
IUIOCKOCTb,  TO  JIMHUSA  IEPECEUCHUS 3
IJIOCKOCTEN MapasuiesIbHa JaHHOM IIPSIMOM.
Teopema. Ecnum omHa wu3  AByx A
napajuieJbHbIX  MPSAMBIX  HapajlieiabHa o
JAHHOM IJIOCKOCTH, TO Apyras mpsMasi 1100
TaKKe MapajuieJbHa JaHHOW IUIOCKOCTH,
7100 JIEKUT B 3TOM MJIOCKOCTH.
B
Puc. S
B3aumHoe pacnoJioskeHue NPSIMbIX B IPOCTPAHCTBE
b a
¢ ) I
t
o i b
{ [ A
Puc.6 Puc. 7 "
Puc. 8
Ilepecexkaomuecs: npsimbie: |[lapasnenbubie mnpsimble: CkpelminBalonuecs
JexaT B OJHOM IUIOCKOCTH, |JIEKAT B OJHOM IUIOCKOCTH, | MPSIMbIe:
UMEIOT OJTHY OOIIYIO TOYKY |HE UMEIOT OOIUX TOYeK (He | He  Jie)karT B OJHOH
MEPECEKAOTCS IUIOCKOCTH, HE HUMEIT
0o0mux TOYEK (1e
MIePECEKAFOTCS )
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IMapanieJbHOCTDH IJIOCKOCTEH
JIBe MI0CKOCTH Ha3bIBAIOTCS MapalIeIbHBIMU, €CJIM OHU HE NMEPECceKaroTCsl, T.€. HE UMEIOT HU
O/1HO# 001wel ToukH. o // P.

B / 4

Puc. 9.

IIpu3Hak mapanieJbHOCTH ABYX MJI0CKOCTe
Teopema. Ecnu 1Be nepecekaromuecs npsMble OJHON TNIOCKOCTH MapaljIeIbHbI IBYM
MEpeCCKAOIMMUMCA TPAMBIM I[perﬁ IJIOCKOCTH , TO 3TU IIJIOCKOCTH IapalJICIIbHBI.

Ecmua/laiub |/ b, 1o o /| B. Puc. 10.
@

b,

N

CBoiicTBa mapa/ule/IbHBIX IVIOCKOCTEI.

Ecnu o // P 1 oHU IepecekaroTcs ¢ ¥, TO
allb.

- Ecmu ABC TMapaJlJICJIbHBIC TIJIOCKOCTU
mepeceyeHbl  TpeThell, TO JMHMM — HX
& TIepeceveH s apauIeNbHbL.
o
f

2.Ecmna // pu AB// CD, To AB = CD.OTpe3ku napajienbHbIX MPsAMBIX, 3aKII0YCHHbIE
MEKTy apasIenbHbIMU TIOCKOCTSMHU, PABHbL.

51



o

1

KOHmpO]leble 680NpoOCsHL

1. Onpenenenue napayuieabHOCTH MPSIMON U TNIOCKOCTH.
2. IIpu3HaK napajuieIbHOCTH MPSIMOH U IUIOCKOCTH.

3. [NapamienbsHOCTh TUIOCKOCTEM.

4. CpolicTBa napajuieNbHbIX MIIOCKOCTEH.

Tema 7.3. llepneHANKYJIAPHOCTH NPSAMON M MJIOCKOCTH.

Onpedenenue nepneHOUKYIAPHOCMU NPAMOU U naockocmu. Ilpusnaxu
NePReHOUKYIAPHOCIU NPAMOU U NIOCKOCTU.

Ymems: npuMeHATh IPU3HAKU MEPIEHIUKYISIPHOCTH MPSMOM M IUIOCKOCTH JIJISl PELLIEHUS 3a]1a4.
3nams:  OnpenencHue  NEPHEHIUKYISAPHOCTH  OpAMOM M IulockocTH.  IIpusHakum
NEPIEHIUKYISPHOCTH MPSIMON U TJIOCKOCTH.

Onpenesienune
[Ipsimas, MepeceKaroast IJIOCKOCTb, a
Ha3bIBACTCS nepneHOUKYIAPHOU ITOU
IUIOCKOCTH, €CJIM OHa IEepIeHIUKYJIspHa /
KQKJIOM NMPsIMOM, KOTOpasi JIEKUT B JAHHOMN é, [
IUIOCKOCTH W NPOXOAUT 4Yepe3 TOUKY i '
IIepECEUYCHMS.

Puc. 1.
Teopema

IIpuznax nepnenouKyIApHOCmMU NPAMOL U NIOCKOCTU.

Ecin mnpsmas, nepecekaromasl IUIOCKOCTb,
NEPHEHANKYJSIPHA JBYM IpPSIMBIM B 3TOH
IUIOCKOCTH, IPOXOIALIUM 4Yepe3 TOUYKY
IIepeCedYeHMs TaHHOW MPSAMOM U IUIOCKOCTH,
TO OHA MEPHEHANKYJIISIPHA MIJIOCKOCTH.
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Puc. 2.
a

/e
Jd >I<b

Puc. 3.
Jlokazamenvbcmeo:

A

[TycTs a mpsiMast, HepueHIUuKYIpHas IPSAMbIM b U ¢ B IIIOCKOCTU « . Toraa npsMas a
IPOXOJUT Yepe3 TOUKY A mepecedeHus MpsiMbIX b u c. JlokaxeM, 4To mpsiMas a
HEepHEHINKYJIIPHA IUIOCKOCTH ¢ .

[IpoBeneM npon3BOIBHYIO MPSMYIO X YEpe3 TOUKY A B INIOCKOCTH ¢ U IOKAKEM, YTO OHA
NEPIEHIUKYIISIpHA IpsAMoi a. [IpoBesieM B INIOCKOCTH ¢ IPOU3BOJIBHYIO IPSMYIO, HE
IPOXOJIALIYIO Yepe3 TOUKY A M IepeceKaromlyto npsimbie b, ¢ u X. IlycTh ToukaMu nepeceueHus
oyayt B, Cu X.

OT10XMM Ha IPSIMOM @ OT TOYKU A B pa3Hble CTOPOHBI paBHbIE 0Tpe3ku AA1 1 AAx.
Tpeyronsauk A1CA2 paBHOOEIpEHHBIN, Tak Kak 0Tpe30K AC sBIISETCS BBICOTOM MO YCIOBHIO
TEOpEMbI U MeZaHOM 10 nocTpoeHuIo (AA1=AA>). o TOil ke npuyuHe TpeyroabHUK A1BA2
Toke paBHOOeApeHHbI. CnenoBatenbHo, TpeyronbHuku A1BC u A2BC paBHbI o TpeM
CTOPOHAM.

N3 pasenctBa TpeyroasHukoB AiBC n A2BC cnenyer paBencTBo yriioB AiBX n AoBX u,
CJIEI0BATENILHO PABEHCTBO TpeyroiapHUKOB A1BX 1 A2BX o 1BymM CTOpOHaAM U yIiy MEXIy
HUMH. 13 paBeHCcTBa cTOpOoH A1X 1 A2X 3TUX TPEyroJbHUKOB 3aKJII0YAEM, UTO TPEYTOJIBHUK
A1XA> paBHoOenpenHsblil. [loaTomy ero Menuana XA sBIs€TCS TaKkKe BBICOTON. A 3TO U
3HAYMT, 4TO MpsIMas X MeprneHAuKyIsIpHa a. [lo onpenenenuto npsmas a nepneHIuKyJIsIpHa
iockocty & . TeopeMa noka3aHa.

Cesoticmea nepneHOuKyIsapHuIX NPAMOU U NIIOCKOCHU.
Teopema 2
1 - oe. Ceoticmeo nepneHOuKyIApHbIX NPAMOU U NIOCKOCTU
Ecnu mnockocTh nepneHauKyJisipHa OJXTHOM

U3 IBYX MapajlIeNIbHBIX IPSIMBIX, TO OHA
NEPIEHANKYJISIPHA U JPYTOMH.
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Puc. 4.
Hoxazamenvcmeo: Ilyctb a, W a,- 2 mnapalienpHble MNPsMBIE U INIOCKOCTb,

NEPIEHIUKYIIApHAs NpsIMON a, . JlokakeM, 4TO 3Ta IJIOCKOCTh NEPIEHIUKYJIPHA U IPSIMOU @, .
ITpoBenem uepes Touky A4, mepecedeHus MPsIMOM d, C INIOCKOCTBIO ¢ IPOU3BOJIBHYIO MPSIMYIO
X, B INIOCKOCTH « . [IpoBeneM B IJIOCKOCTH « 4epe3 TOUKY A, mepeceueHus npsmon a, ¢ o
OPAMYIO X, IapauIEIbHYIO MIPSIMOU X, . Tak Kak npsiMas a1 NEepIeHANKYISIPHA IUIOCKOCTH ¢ , TO
OpsMble @, U X, NEPHEHAUKYJISApHbL. A 1o Teopeme | mapajulenpHble UM IEPECEKAIOIINECs
OpsMbIE a, U X, TOXKe NEPHEHANKYJIApHBL. Takum o0pa3oM, npsmast a2 NEpIEHANKYIIIpHA JTH000H

IpPSIMOH X, B IUIOCKOCTH ¢ . A 3T0 ( 10 ONIPEAEIEHUIO )3HAYUT, UTO IIpsiMasi a, NEepPHEeHANKYIISIpHA

IINIOCKOCTH & . TeopeMa JOKa3aHa.

Teopema
2 - oe. CeoticmBo nepneHOUKYIAPHbIX NPAMOU U NIIOCKOCTIU.
JIBe mpsiMble, NEPIEHAUKYJISIPHBIE OJTHOM U TOM k€ IJIOCKOCTH, MMapAJLIIEIbHBI.

a \i
| E,ABI
4. 51N
b b,
Puc. 5
ﬂOKClS’CZmeJZbCWl@O.'

[lycte a u b - 2 npsiMble, TIEPIICHAUKYISAPHBIE TUIOCKOCTH ¢ . JlomycTuM, 9TO
npsMble a U b He mapalieIbHbl.

Bribepem Ha nipsimoit b Touky C, He JIexalryio B INockocTu « . [Ipoenem uepes
touky C npsiMyto b1, mapajuienbHyo IpsaMoii a. [Ipsmast b; mepneHuKyIspHa IIOCKOCTH
a 1o Teopeme 2. [lyctb B u B/ - TOUKH NepecedeHus NpsMbIX b U bi € IIIOCKOCTBIO ¢ .
Torna npsimas BBi1 mepnenaukysispHa mnepecekaromuMmcst npsiMbiM b u bi. A 3T0
HEBO3MOKHO. MBI IpUIIUTK K TPOTUBOpeunto. Teopema nokazaHa.

KoumponsHule 6onpocwl

1.Onpenenenuie nepneHIUKYISIPHOCTH MPSIMOU U IUNIOCKOCTH.
2. [Ipu3Haky nepneHAuKYIIPHOCTH NPAMOUN U TIIOCKOCTH
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Tema 7.4. IlepnieHAUKYJISAP U HAKJIOHHAS.

Onpeodenenus nepneHOuKyIsApa U HAKIOHHOU. Ymeepacoenus 0Jisi NepneHOUKyaIapa u
HAaKJIOHHOU, NPOBEOEHHBIX Yepe3 0OHY MOUKY K 00HOU niockocmu. Teopema o mpex
NepneHoOUKyIapax.

Ymemu: npuMeHATh onpenesaeHuss U TEOPEMBI IIPU PELICHUH 3a/1a4.

3nams. onpeneneHns NepHeHINKYIsIpa U HAKIIOHHOW, TBEPKACHUS 171 IEPIIEHANKYJIsApa U
HAKJIOHHOM, POBEJICHHBIX YEPE3 OJIHY TOUKY K OJJHOM INIOCKOCTH, TEOPEMA O TPEX
NEPIEHIUKYIIApax

[IycTh 1aHbl INIOCKOCTH M HE JIeXkKalas Ha HEN TOYKA.

Ilepnenoukynapom, OynieHHbIM U3 JAHHOW TOYKM Ha JAHHYIO TUIOCKOCTb, HAa3bIBAETCS
OTPE30K, COCIUHAIOIINMI TaHHYIO TOYKY C TOYKOH IUIOCKOCTH U JICXKAILHUK Ha NIPSIMOH,
MEePIECHANKYISIPHON TII0cKOCTH. KOoHell 3Toro oTpeska, jgexaniui B II0CKOCTH,

Ha3bIBACTCSI OCHOBAHUEM NEPNEeHOUKYIAPA.

Ha pucynke 1 u3 Touku 4 npoBeJeHBl K IIOCKOCTU

A
Q TEepHeHIUuKyIsp AB u HaxsionHas AC. Touka B - A
OCHOBaHWE  MepHeHAuKyaspa, Touka C-  OCHOBaHHUE /
HakJIOHHOH, BC - npoekuys HakIoHHOM AC Ha MJIOCKOCTh « . - M B
Jd
Puc.1

Haknonnoii, TpoBeICHHON W3 TaHHOW TOYKHU K JAHHOW TUIOCKOCTH, Ha3bIBAETCS JIFOOOH
OTPE30K, COETUHSIOMI JaHHYIO TOUKY ¢ TOYKOH IIJIOCKOCTH, HE SBJIAIOIINICS MEPIEHIUKYISIPOM
K mnockocTu. KoHer oTpeska, Jieskaluil B MII0CKOCTH, Ha3bIBAETCS OCHOBAHUEM HAKIOHHOU.

OTpe30K, COCAUHAIONIMIA OCHOBAHUS MEPNEHAUKYJSAPAa U HAKIOHHOM, IMPOBEAEHHBIX W3
OZHOM M TOM K€ TOUKH, HA3bIBAETCS HPOEKUUell HAKIOHHOU.

Tak kak B nmpsiMOYroibHOM TpeyroiabHuke ABC kater AB menbiie runoteny3sl AC, TO
CHPABEJIUBO CIICAYIOIIEE YTBEPKACHUE: NEPNEHOUKYNAD, ONYWEHHbIU U3 MOYKU HA NIOCKOCHYb,
MeHbute 11000U HAKIIOHHOMU, NPOBEOEHHOU U3 MO Jce MOUKU K MO NIOCKOCMIU.

JInst mepneHAMKYyJisipa W HaKJIOHHBIX, MPOBEACHHBIX 4Yepe3 OJHY TOYKY K OJHOH
IJIOCKOCTH, CIIPABEIIUBBI CJIIETYIOIINE YTBEPKICHHUS:

1) nepneHIuKyIsp MEHbILE JII000H HAKIOHHOM;

2) HaKJIOHHBIE PAaBHBI TOT/Ia ¥ TOJIBKO TOTJa, KOTJa PaBHBI UX MPOEKIUH;

3) o/lHa HaKJIOHHAsI MEHbIIIE JPYrol HAKIIOHHOM TOT/Ia ¥ TOJIBKO TOT/a, KOTJla MPOEKIIHs
MEpPBOM HAKJIOHHON MEHbIIIE TPOCKIIUH BTOPO HAKIIOHHOM.

JlniHa TEepneHAuKyJigpa, OMYIIEHHOIO M3 TOYKH A Ha IUIOCKOCTh «, Ha3bIBaeTCs
paccmoanuem om mouku A 00 naockocmu. PacctosiHue OT TOUKH, Jiexkallel B INIOCKOCTU A,
JIO TUIOCKOCTH (¢ CUYUTAETCS] PaBHBIM HYJIIO.

B cnydae, xorna npsimas napajuieiabHa INIOCKOCTH, PacCTOSHUE OT MPOU3BOJIBHOM TOYKH
IPSIMOM JI0 MJIOCKOCTU HA3bIBAECTCSI PACCMOAHUEM MENHCOY RPAMOI U RIAOCKOCMbI0. PaccTosHNE
MEXy NePEeCEKAOIIUMUCS MPSAMOM U INIOCKOCTBIO PABHO HYJIIO.

Mo:kHO 10Ka3aTh, UTO €CIU JIBE IUIOCKOCTH NapaJljIebHbl, TO BCE TOYKU OJTHOM IJIOCKOCTH
PaBHOyAQJIEHBl OT Apyrod IockocTu. [loaTomy paccmoanuem mesrcoy napannenvnoimu
NJI0CKOCMAMU HA3BIBACTCS PACCTOSHUE OT IIPOU3BOJIBHON TOYKH OJHOM U3 HUX 10 APYTOM.

Paccmoanuem merncoy ckpeujusaromumuca npAMsIMU Ha3bIBa€TCs PACCTOSTHUE MEXKTY
napajuieIbHbIMU MIOCKOCTSMH, B KOTOPBIX JIEKAT 3TU MPSIMBIE.

55



Teopema o Tpex nepneHIUKyasApax.

Teopema. llpsamas, mnpoBeAcHHAas B IUIOCKOCTH Y€pe3 OCHOBAHUE HAKIOHHOM,
NEepHeHANKYJISIPHA 3TOM HAKJIOHHOM TOTr/a M TOJBKO TOrJa, KOTJa OHA NEPHEeHAMKYJISpHA
MPOEKIINU HAKIIOHHOM.

Jdoka3aTenbcTBO:

Ilyctb AB - nepneHAnKysp MWIOCKOCTU @ , AC - HaKJIOHHAA U ¢ - IpAMas B
IUIOCKOCTH « , Ipoxosias uepe3 ocHoBanue C (puc. 2). [Ipoenem npsamyto CA,
napajuiensHyo npsMoit AB. OHa neprneHauKyIspHa MmiIockocTu « . [IpoBeaem dyepes
npsmbie AB u CA:1 miockocts . Ipsamas ¢ nepnenaukysisipHa npsimoid CA:. Eciau ona
nepneHAnKysipHa npssMmoid CB, To OHa epIEHANKYIISIPHA INTIOCKOCTH [, a 3HAYHT, U
npsimoit AC.

Ananmornuno. Ecmm mnpsmas ¢ meprieHaukyasipHa  HakioHHOM AC To  oHa, Oyayuu
neprneHaAuKysapHa u npsmoit CA1 HeprneHAuKyIsIpHa IUIOCKOCTH £, a 3HAYUT, U TPOCKIHH

HakJIOHHOU CB.
Teopema noka3aHa.

Puc. 2

Koumponvnuvle sonpocei

1.OnpeneneHus neprneHAUKYIsIpa U HAKJIOHHOH.

2. YTBepkaeHUs 1715 NepIEeHANKYJIsIpa U HAaKJIOHHOM, IPOBEICHHBIX Yepe3 OJIHY TOUKY K OJHON
TUTOCKOCTH.

3. Teopema o Tpex NepHeHAUKYISAPAX.

56



Tema 7.5. Yroa mexay npsaMoi 1 IJI0CKOCTBIO.

Yaon meancoy npamoii u nnockocmoio. llpoexyus mouku u npoexyusi npamou. Ceovicmea
npoexyuu npamuix. Ilpoexyus gueypol. [lnowads npoexkyuu MHO20Y20bHUKA.

Ymems: npoektupoBath (HUTyphl; HAXOAUTH IJIOLIAAb MPOEKIIMH MHOTOYTOJIbHUKA.
3nams: Yron Mexay HpsMOW M IUIOCKOCThIO. [Ipoekmust Touku u mpoekuus npsimoil. ColicTBa
npoekuuu npsimMbix. [Ipoekuust Gurypsl. [Inomaabs NpoeKIy MHOTOYTOJIbHUKA.
YroJ Mexkay NpsAMOi U IJIOCKOCTHIO.
Ilycte MN - HakiIOHHas, NIPOBEACHHAs U3 TOYKU M K IJIOCKOCTH )y, a M| N - ee npoekuus Ha

wiockocTs ¥ (puc.l). Torna yron MNM, - Ha3bIBaeTCs y2inom mexncoy npamoi MN u niockocmoio
¥ . Takum 00pazoM onpeaesnseTcs yrojl Mex,y NpsiMOd U IJIOCKOCTBIO, EPECEKAIOUIEH ATy IPAMYIO U

HE MEPIECHAUKYIISIPHOMN €Hl.
¥roa Mexay MpAMOH M TAOCKOCTE

Puc.1.
Omnpenesienne.

Yroa mMexay npsiMmoil U IJIOCKOCTBHIO, TIEPECEKAIONICH 3Ty NPSAMYIO M HE MEPIEHIUKYISIPHOU K
HEH, - 3TO YIoJI MEKy NPSAMOU U €€ IPOECKIUUEN Ha ATy IJIOCKOCTb.

Omnpenenenue yriia MeXay NpsSMOU U MJIOCKOCTBIO MO3BOJISET 3aKIOYUTh, YTO YOI MEXAY MPAMOI
U IUIOCKOCTBIO TPEACTaBIsAET COOOW yros Mexay JBYMs MNEPECEKarolMMUCA MPSIMBbIMU: CaMOM
NpsIMOM M €€ MPOEKIMeN Ha MI0CKOCTh. ClieI0BaTENbHO, YOI MEXIY NPSIMOM M MIIOCKOCTBIO €CTh
OCTPBIN YTOJI.

VYron Mexay NneprneHIuKyJISpHbIMH MPSIMOM U IUIOCKOCTBIO CUMTAIOT paBHBIM 90°, a yron
MEXIy MapajuleIbHBIMH TNPSMONW U TUIOCKOCTBIO JHOO HE ONpEAESIOT BOBCE, JHOO CUUTAIOT
paBHBIM 0°.

Tema 7.6. [IByrpanHbIii yroj. YroJ Mexay miockoctaMu. [lepneHaukyJasspHOCTD
IVIOCKOCTEH.

Onpedenenue 08yzpannoeo yena. Buowl 0gyepannozo yena. Onpedenenue y2na mexncoy
nepecexarowumucs niockocmamu. Onpedenenue nepneHOUKyIApHocmu naockocmei. Ilpusnaxu
NepneHOUKyIAPHOCMU O8YX NIOCKOCTEU.

Ymems: pemats 3aaun Ha IBYTPaHHbIE YTIIBL
3namu: onpeneneHue IByrpaHHoOro yria

Onpenenenue. J[ByrpaHHbIM yIiIOM Ha3blBaeTcsl Gurypa, oOpa3zoBaHHAs TPSMOW a M JIByMs
HOJIYTIOCKOCTSIMH € 00IIel TpaHuIeH a, ¥ He MPUHAUIeKAIIMMHI OJHOU TIOCKOCTH.

57


http://www.cleverstudents.ru/angle_between_intersecting_lines.html#definition

4 a - peOpo IBYTpaHHOrO yria, MOJYIUIOCKOCTH - TPaHH €ro.

£
[}
puc. 1
Yron AOB - nuneiHblii yronm aByrpaHHoro yria. YrtoObl ero
MIOCTPOUTH, HY>)KHO BbIOpaTh MpOU3BOJIbHYIO TOUuKy O Ha pebpe, a myun OA
1 OB #0mKHBI OBITh IEPIEHAUKYIISIPHEI K pe0py.
4
i
puc. 2

Onpenenenue. ['pagycHoii Mepoii ABYTpaHHOTO yIila Ha3bIBACTCS IPayCcHasi Mepa JI000ro 13 ero
JIMHEWHBIX YIJIOB.

JIByrpaHHBIN yroJ Ha3bIBACTCS MPSIMBIM (OCTPBIM, TYITBIM),
ecau oH paBeH 90° (menbIe 90°, 6onbire 90°).

[TycTs ¢ - TOT M3 yIJIOB, KOTOPHI HE MPEBOCXOAUT JIOOOr0 M3
TPEX OCTAIBHBIX YrioB. Torga yroa Mexay NnepeceKarolMMUcs
mockocTsMu paseH $. (0°<$=9(0°)

puc. 3

Onpenenenue. /[Be nepecekaronmecs MIOCKOCTH Ha3bIBAKOTCS NEPIEHANKYJIIIPHBIMU, €CIIU YTOJI
MEXy HUMH paBeH 90°.

IIpu3HaK nepneHANKYJISIPHOCTH JABYX MJI0CKOCTEH.

Ecnu omna u3 nByX IIOCKOCTEM ( ) TPOXOIUT dYepes
psAMYIO (2), MEPIeHIUKYISIPHYIO IPYTO# MI0CKOCTH (B), TO TaKue
IJIOCKOCTHU MECPICHANUKYIISIPHBI.

puc. 4
B ; = IpsaMoyroybHblii  mapasienenunes. [lapannenenumnen
gt 0 HA3bIBACTCSl MPSMOYTOJNBHBIM, €CIM €ero OOKOBhIE pedpa
1
i i NEePHEHANKYJSIPHBI K OCHOBAHUSIM, & OCHOBAHMS NPEICTABIISIOT
Pt c000i1 MPSMOYTOJIHHUKH.
1
1 i
Br---3d---IC
- e
Adﬁ =
puc. 5
CaoiicTBa.

1. B mpsiMoyroipHOM NapasuieNienureie Bce MIeCTh TpaHel MpeAcTaBIsioT cOO00H MpSIMOYTOIbLHUKH.
2. Bce nmByrpaHHbI€ YIITbI IPSIMOYTOJFHOTO TApaISNICTUIIE A SIBISIOTCS MPSMBIMU

3. KBazpar quaroHanu npsiMOyTrOJIbHOTO TIapajuIeNienuIe/ia PaBeH CyMMe KBaapaToB TPEX €ro
M3MEPEHU.

Konumponvnwvie 6onpocwi

1. Onpenenenue AByrpaHHOTO yria.

2. OnpeneneHue yria MeXay NepeceKatoUMUCs TIOCKOCTIMH.

4. Onpenenenue NepneHAUKYIIPHOCTH IIOCKOCTEN. [ [pu3HaKky NepIEeHIUKYISIPHOCTH  TIOCKOCTEH.
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Tema 8. KoopanHatsl 4 BEKTOPBI.

Tema 8.1. BexrTopsl. [deiictBus Hag BekTopamu. basuc Ha miockoctu. IlpsimoyrosbHas cucrema
KOOp/AUHAT.

Ionamue eexmopa. /leticmeusi nao éexkmopamu. bazuc na nnockocmu. Ceoticmea 6eKmopos.
IIpsimoy2onvbHas cucmema KOOpouHam 6 RPOCmMpancmee.

Ymemu: BEINONHATH NEWCTBUS HaJ BEKTOPAMM.
3nams: Ilonarue BekTopa. JlelictBua Hax BekTopamu. basuc Ha 1utockoctH. CBOMCTBA BEKTOPOB.
[IpssMoyTOIBHAS CUCTEMA KOOPAUHAT B IPOCTPAHCTBE.

[TonsiTHe BEKTOpA B CTEPEOMETPUM BBOAMTCS TAK XK€, KAK U B INTAHUMETPUU.

PaccmoTtpuMm ynopsaodueHnyio mnapy (4, B) Hecomagaromux Touek. OHa ompenenser
HanpaBJIEHHBIH OTpe30K ¢ HauyajioM 4 u koHUoM B (puc. 1). C momompto napsl (4, B) 3agaaum
npeoOpa3oBanue npoctpaHcTBa. Kaxmoil Touke M mocTaBUM B COOTBETCTBHE TOUYKY N, KOTopas
MOJIyYUTCS B PE3YJIbTATE CIACAYIOMIETO IOCTPOCHUS.

[TpunsB Touky M 3a Hadajao, IPOBOAUM JIyY 7, COHANPaBIEHHBIN ¢ 1y4oM AB (puc.2). Ha myde

m UMeeTCsl SIMHCTBEHHAs Touka NN, yAaJICHHAasA OT M na pacCTosAHNC |AB| . 910 IMMOCTPOCHUC 3a4acT

npeoOpa3oBaHKEe MPOCTPAHCTBA, OTOOpAXKAIOMIETO TOYKY M Ha TOUKY M.

N

A A
Puc. 1. Puc. 2.

Onpenenenue. Bexmopom (napanienvHvim neperocom), onpeoeisemvim napou (A, B)
Heco8nadarnwux moyex, Hazvleaemcs npeoopaz08anue NPOCMpPAHCMEd, NPu KOMOPOM Kaxcoas moixa

M omobpasxcaemcs na makyio mouky N, umo nyy MN conanpasnen ¢ nyvom AB u paccmosinue |MN |

PABHO PACCMOAHUIO |AB| .

BexTop, 3amanHblii mapoil (4, B) HecoBHajawIUX TOYEK, 0OO3HAYAETCS CUMBOJIIOM AB.

Hanpasnenue, onpenensemMoe iyaom A B, Ha3bIBaeTCs HanpasieHuem eekmopa AB , a pacctosHue |AB|

- 0nuHol sekmopa AB .

YcnoBuMces, yTo nmobas mapa COBMAAAIOIIMX TOUYEK 33JaeT TOXKIECTBEHHOE MpeoOpazoBaHUE,
KOTOpOE€ MBI OyZieM Ha3bIBaTh TEIEPb HYJIE8bIM 6eKMOpoM. JIMMHa HyJIEeBOTO BEKTOpa paBHA HYIIIO,
TIOHSTUE HANIPABIICHHS VI HETO He BBoaUTCs. HyneBoii BekTop, 3aaanHbli napoii (A, A), 0003Ha4aoT

_—

CHUMBOJIOM AA.

—

[TpumensiroTcs U MHBIE 0003HAYEHUS: @, b, c...- BEKTOPBI;

—

a‘ WJIn a - AJInHa BCKTOpa a; 0 -

HYJIEBOU BEKTOD.
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Ka)K,Z[bII/I BCKTOp, OTJIMYHBIA OT Hy.HeBOI‘O BIIOJIHC XapaKTCPU3YCTCA CBOUM HAIIPABJICHUCM U

I[J'II/IHOI/I H03TOMy, €ClIin HeHy.TIeBBIe BCKTOPLI a " b COHAIpaBJICHbI © UMCIOT PAaBHBIC NJIMHBI, TO 3TU

BEKTOPbI paBHbI (COBNAAAIOT): @ = b.

JlelicTBHS HA/l BEKTOPaMHU.

VYnobHee Bcero paboTaTh ¢ BEKTOpaMH B MPSIMOYTOJIBHON CHCTEME KOOPJIWHAT — TOW CaMOH,
B KOTOpoil pucyem rpapuxu ¢yHkuuif. Kaxnol Touke B cucTeMe KOOpPAMHAT COOTBETCTBYIOT [JBa
4yHuClla — €€ KOOPAMHATBI noxuy, abcrmcca Y OpAMHATA.

Bekrop Taxxke 3agaercs AByMs KOOpAUHAaTaMu: a(x,;y,)

—

3,[[60]: B CKOOKax 3aIMCcaHbI KOOpAUHATBI BEKTOpa a — M0 X U 110 ).

HaxonsTcs onn MMPOCTO: KOOpAWHATA KOHIIA BEKTOpAa MUHYC KOOpAMHATaA €TI0 Havaa.

B zﬁr_ﬁrﬁ— X Vg ¥,/

0 X
Cnooswcenue 6ekmopos

I[J'IH CJIOKCHU BEKTOPOB €CTh ABA croco0a.

1. IIpaBuno mapamnenorpamMma. YToObl CIOXKHUTH BEKTOPHl @ U b, MOMEIIaeM Hadaia o0OuX B OAHY
Touky. JlocTpamBaeMm [0 mapajieliorpaMMa M U3 TOW )K€  TOYKHM  TNPOBOAMM  JHaroHalb

napajuiesgorpamMma. 1o u OyJeT CcyMMa BEKTOPOB a U b .
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2. Bropoii crocob crnokeHus BEKTOPOB — MPaBUIIO TPEyroibHUKA. Bo3pMeM Te jke BEeKTOpbl au b .
K koHIly mepBoro BEKTOpa MPUCTPOUM HAYaslo BTOpOro. Temeps COeIUHUM HAauaiao MEPBOTO U KOHEI
BTOPOT0. DTO U €CTh CyMMa BEKTOPOB au b .

b

.-—'/
%

L C

[To Tomy e MpaBUITy MOXKHO CIIOKUTH M HECKOJBKO BEKTOpOB. IIpucTpanBaeM uX OAMH 3a IPYTHM,
a 3aTeM COEUHSEM Hayayo MepBOTo C KOHIIOM MOCIEIHETO.

D
C— E  AF-AB+BC+CD+DE+EF
/‘ﬁf
A

[IpencraBbre, uto BeI unere u3 nyHkra A B myHKT B, u3 B B C, u3 C B D, 3atem B E u B F. Koneunsiii
pe3yabTaT 3TUX AeHCTBUN — nepeMenienue u3 A B F.

ITpu cnoxenun BEeKTOPOB d(x,;y, )H b (x,;y,) HoTy4aeM:
c=d+b
c=(x,+x,)+(, +)

Boiuumanue 6E6KmMopoe

_— —_—

BekrTop — c HanpaBiIeH NPOTUBOIIOIOKHO BEKTOPY ¢ . JIJIMHBI BEKTOPOB €U — C PABHBI.

zf/ /-z-*

Tenepb MOHATHO, YTO TaKOC BHIMUTAHUC BCKTOPOB. PazHocTh BCKTOPOB a U ¢— 3TO CyMMa BCKTOpa a

—_—

¥ BEKTOpa —cC.

H'E”’:(?_(—Fj - |

o)
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Ymnoorcenue 6eKmopa Ha 4ucio

[Tpu YMHOKEHHH BEKTOp2 4 Ha 1HCII0 knonyqaeTcsi BEKTOp, JJIMHA KOTOPOro B k pa3 OTIIYaeTeA

OT JUIHBI @ . OH COHAIPaBJIEH C BEKTOPOM d , €CJIH k OOJIbIle HYJIS, U HAIIPaBJIEH IPOTHUBOIOIOKHO a
, €CTIM kK MEHBIIIEe HYJIS.

p A
= - fr - - — -y
u/ 2a/ 05a/ /— a /r -3a ¢ -0.3a
/ f
/
/
¥
ba3uc na nnockocmu.
Omnpenenenne.

1) Ba3ducoM B TpOCTpaHCTBE HA3BIBAIOTCS JIIOObIE 3 HEKOMIUIAHAPHBIX BEKTOpA, B3SATHIC B
OTIpeICIEHHOM TOPSIJIKE.

2) Bba3ucoM Ha IUIOCKOCTH HA3BIBAIOTCS JIOOBIE 2 HEKOJUIMHEAPHBIC BEKTOPHI, B3STHIC B
OTIpeICIEHHOM TOPSIJIKE.

3)ba3ucoM Ha npsAMOi Ha3bIBACTCS JIFOOOW HEHYJIEBOUW BEKTOP.

BekTopsl Ha3bIBAIOTCS KOMUAAHAPHBIMU, €CITA OHH TapaJIeTbHBI OHOM U TOM e MIOCKOCTH. Takum
00pa3oM, BEKTOPHI Ha3bIBAIOTCS KOMIUTAHAPHBIMU, €CITU PABHBIE UM BEKTOPBI, OTIOKEHHBIE OT OJHOU
TOYKH, JICKAT B OJHOM IIJIOCKOCTH.
B npoTuBHOM city4yae BEKTOPHI HA3bIBAIOTCS HEKOMNIAHAPHBIMU.

JIroOble TpU HEKOMIUIAHAPHBIX BEKTOpa B MPOCTPAHCTBE, B3SIThIE B ONPEIEICHHOM MOPSIKE,
HAa3bIBAIOTCS OA3UCOM.

2180,

Omnpenenenne. Ecnu - Oasuc B mpoctpanctBe HOM , TO Yncia a, b U g - Ha3BIBAIOTCS

KOMIIOHEHTAMH MJIM KOOPIAMHATAMH BEKTOPA 2 g 3TOM Gasuce.
B cBs3UM ¢ 3TUM MOKHO 3amucaTh CIEAYIONME CBOMCTBA:
- paBHI:Ie BGKTOpBI UMCHOT OJMHAKOBBIC KOOpI[I/IHaTBI,
- MIPU YMHOXKEHHUU BEKTOpA HA YHCJIO €r0 KOMIIOHEHTHI TOXE YMHOXKAIOTCS Ha 3TO YHCIIO,

T (Ade +(A8) &; + () e,
- HpI/I CJ'IO)KGHI/II/I BCKTOpOB CKJ'IaI[BIBaI-OTCH X COOTBCTCTBYIOIIHME KOMIIOHCHTBI.

a—a el+a e2+a3e3, ﬁlel+ﬂzez+ﬁ3e3,

45 _ (@t e+ + B +(a + &)e;

Ilpamoyzonvnan (0exapmoeasn) cucmema KOOpOUHAmM 6 RPOCMPAHCHIBE.

IIpsmoyeonvHas cucmema KoOpOuHam 6 npocmpancmee — 00pa3yercss Tpems B3auMHO
neprnesaukynsapasivMa ocamu koopaurar (X, OYn O Z . Ocu xoopaunat nepecekarorcs B Touke (J
, KOTOpasi Ha3bIBaeTCSl HA4aJloM KOOPJMHAT, HAa Ka)XXJI0H OCH BBIOPAHO TOJOKUTEIBHOE HAMPaBJICHHE,
yYKa3aHHOE CTpeJlKaMHu, M €IWHUIA MU3MEPEeHHs OTPE3KOB Ha ocsAx. EnuHuUIBI m3MepeHus OOBIYHO
ommHaKoBH s Beex oceit. (JX — ocw abermec, (VY — ock opaunar, (J £ — ock anmmkar.
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http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82

B
» X
&
Puc. 2
[onoxenue Touku A B MPOCTPAHCTBE ONPEACIACTCSI TpEM KoopauHaTaMu I, Yuz. Koopaunara T
pasra mmune otpeska () B, xoopaunara Y — mmme orpeska (O C') koopamnata 2 — mmuHe oTpeska
O Dg sri6pannsix equannax usmepenus. Otpeskn (JB, OChwu O Donpenensiores mnockoctsamu,
npoBenéHHEIME 13 ToukH ~Anapanrensro mockoctam Y O 2, X O Zu X OY coorsercrrenso.

KoopaunaTa T'Ha3pBaeTcs abcuccoi Toukn A,

koopuHaTa ¥ — opamnatoii Toukn A,

KOOpAMHATA Z — allUIMKaTON TOUKHU A
CHMBOJIMYECKH 3TO 3alMCHIBAIOT TaK:

Alx, y, z)
WIH

A=(z, y, z)
WJIM NIPUBS3BIBAIOT 3alIUCh KOOPAMHAT K KOHKPETHOW TOUYKE C IOMOIIBIO MHIEKCA:

Ta, Ya, 24
UT. I
Kaxxnas ock paccMaTpuBaeTcs Kak 4YuCIOBas IpsMasi, T. €. UMEET IOJOKUTEIbHOE HaIlpaBlICHUE, a
TOYKaM, JIEKAIMM Ha OTPULIATEIBHOM JIyde MPUITMCHIBAIOTCS OTPULIATENBHBIE 3HAYEHUS KOOPAUHATEI
(paccTosiHMe Gepercst co 3HaKOM MHHYcC). To ecTh, eci 6bl, HapUMep, Touka [3 Texana He Kak Ha
pucyske — Ha nyue ()X, a na ero npoomxennu B 06patHyo cropory ot Touku (J (a oTpuuaTensHOM
qactu ocu (J.X), 1o abcumcca Trouxn A 6puta 681 oTpunaTensHoit (Mumyc paccrosmmo (JI5).
AHaJIOTMYHO U U1l IBYX JPYTHX OCEH.

Konmponvnvie 6onpocwi

1. [TonsTHe BeKTOpA.

2. [leficTBUS HaJl BEKTOPAMH.

3. ba3uc Ha IIOCKOCTH.

4. CBoiicTBa BEKTOPOB.

5. IlpsimoyrosnpHast cucTeMa KOOpAHMHAT B MTPOCTPAHCTBE.

Tema 8.2. PaccTosiHue MexK1y TOUKAMM.

Dopmyna paccmoanus mexncoy 08ymMsa mouKamu. Ypaenenus cghepol, n10CKOCmMU U NPAMOI.
Koopounamer cepeounvt ompeska.

Ymems: HaXOAUTh PACCTOSHUE MEXY IBYMsI TOUKAMH; COCTABISATh YpaBHEHHE C(epbl, INIOCKOCTH U
IPSIMOM; HAXOAUTh KOOPIMHATHI CEPEIMHBI OTPE3Ka.

3uamo: GopMyna pacCTOSHUS MEXKAY IByMs TOUKaMH, YpaBHEHUs c(epbl, MIOCKOCTH U NMPSIMOH,
KOOPJMHATHI CEPEANHBI OTPE3KA.

ITycts A 1 B - 1Be TOYKH IJIOCKOCTH, KOOPJIMHATHI KOTOPBIX B JICKAPTOBOM CUCTEME
KoopauHar: (x,;y,) 4 (x,;y,), Torna
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http://commons.wikimedia.org/wiki/File:Descartes_system_3D.png?uselang=ru
http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Descartes_system_3D.png

2 2
AB = J(xz —xp) + (¥ - ¥
VYkazannast popMya, 1o CymecTBy, siBiisieTcs Teopemoit [Iudaropa, 3anvcaHHoN B KOOPAMHATHON

dopme. B camom nene, mycts 4, u B, -- COOTBETCTBEHHO IpoeKLuu Touek A u B Ha ock abcuucc, M -

npoekuys 4 Ha npsaMyro BB, .

Nmeem: AB -- rUnOTeHy3a NPSIMOYTOJIBHOTO TPEYroJbHHUKA ¢ KareTaMu AM u BM, Ho AM = 4,

B, = |x2 —x1|.T0qH0 TaK xe BM :|y2 —y1|.
CrnenoBaTebHO,

AB® = AM* + BM* = (x, —x,)” +(y, —¥,)° u popMmy/a joka3aHa.
KOHmpOJZbele 680NpoOCsHL

1.®opMyIta pacCcTOSHUSA MEXKIY ABYMS TOYKAMH.

2. VpaBHenus chepbl, IIOCKOCTH ¥ HPAMO.

3. KoOpIMHATHI CEpPETMHEI OTPE3KA.

Tema 8.3. JIuneiinble onepanyu HaJ BEeKTOPaMH.

Bexmopul. Mooynw éexkmopa. Pasencmeo eekmopos. Cnosxcenue 6eKmopos. Y mHoxcenue
sekmopa Ha yucio. Paznoocenus 6ekmopa no HanpagieHusm. Y2on mexcoy 08yms 6eKmopamu.
IIpoexyus eexkmopa na ocv. Koopounamul éexmopa. CxanapHoe npousgeoenue 6eKmopos.

Ymems: HaxoauTh MOAYJH BEKTOPA; BHITIOJIHSTH JIMHEWHBIE OTICPAIIMH HAJl BEKTOPAMU;

Bbraucnsate ckansipHoe Mpou3BeeHHE BEKTOPOB.

3Hamb: BEKTOPHI, MOJIYJIb BEKTOPA, PABEHCTBO BEKTOPOB, CII0KEHHUE BEKTOPOB, YMHOKEHHE BEKTOPA
Ha YKCJI0, Pa3JIOKEHUS BEKTOPA 110 HAMPaBJICHUIM, YTOJI MEXAY ABYMsI BEKTOPaMH, IPOEKIIHs BEKTOpa
Ha 0Ch, KOOPAMHATHI BEKTOPA,CKAISIPHOE TPOU3BEEHUE BEKTOPOB.

Ceoticmea 6ekmopos.

JIBa BekTOpa au b Ha3bBIBAIOTCS KOJUTMHEAPHBIMU, €CJIH OHU PACTIONOKEHBI Ha MapalIeIbHBIX
MPSMBIX UM HAa OJHOM MIPSMOI.

Hynesoit Bektop 0 KoJUTHMHEApEH JI000MY BEKTODY.
Teopema 1. ]IBa HEHYJEBBIX BEKTOpa a U b KoimuHeapHbl, U KOTIa OHU MTPOMOPIMOHANBHEI T.€.

b= k, ,k — cxansp.

—_ - -

Tpu BekTopaa,b,c, Ha3bIBAIOTCA KOMIUIAHAPHBIMH, €CIIM OHHU MapajjIeIbHbl HEKOTOPOM
IUIOCKOCTH MJIY JIEXKAT B HEH.

-

Teopema 2. Tpu HEHYNIEBBIX BEKTOpa a ,b , ¢ , kKoMIuiaHapHbl, U KOTJ1a OJTMH U3 HUX SIBIISETCS JTMHEHHOM
KOMOHMHAaLMEeN ABYX APYTHUX, T.€.

c=k, +1;,k | — cxanspslL
Monynb BeKTOpa — 3TO JIHHA oTpe3ka AB.
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|AB| = \/(xz _x1)2 +(y, _y1)2 .
HpoeKl/ﬂl}l 6€Km0pa HAa OCb.

Teopema 3. IIpoekiust BeKTOpa Ha OCh (HampaBiieHHas NpsiMasi) / paBHa IPOU3BECHUIO JUIUHBI
BEKTOpAa Ha KOCHHYC YIJIa MEX/1y HalpaBJIeHUEM BEKTOpa U HaIllpaBJICHUEM OCH, T.€.

np.l=axcosa ?aZD(;, 1).

CKCZJZ}ZprlM np0u36e()eHueM ABYX HCHYJICBBIX BCKTOPOB a 1 b. u Ha3bIBacTCA YuCJo0, paBHOC
IMPOU3BCACHUIO JJIMH 3THX BCKTOPOB HAa KOCHUHYC yIJia MCKAY HUMU:

ab= |&| . ‘5‘(005&,5).
Konumponvnwvie 6onpocsi

1. BexTopsr.

2. Mopaynb BeKTOpa.

3. PaBeHCTBO BEKTOPOB.

4. CnoxeHue BEKTOpPOB.

5. YMHOXEeHUE BEKTOpa Ha YUCIIO.

6. Pa3noxxeHust BEKTOpa Mo HalpaBJICHUSAM.
7. Yros MexXy 1ByMsl BEKTOPAMH.

8. IIpoekius BEKTOpa Ha OCh.

9. Koopaunatsl BeKTOpa.

10. CkanspHOE POU3BEIEHUE BEKTOPOB.
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Tema 9. MHOrOrpaHHMKH
Tema 9.1. Muororpannuku. [IpaBujibHbIe MHOTOTPAHHUKH M UX CBOMCTBA.

Onpeoenenus 6HympeHHel moyky, OMKpbIMO20 MHONHCECMBA, 001ACU, SPDAHUYHOU MOYKU,
02PAHUYEHHO20 MHONCECMBA, 2eOMEMPUYECKO20 MeNd, MHO20SPAHHUKA, 2PAHU, pedpa, 6epuiUHbl,
OUA2OHANIU MHO202PAHHUKA, 8bINYKI020 U NPABUILHO20 MHO202paHHUK08. Pazeepmia.

Ymems: npUMEHATh TEOPETUYECKHUE 3HAHUS IIPHU PELIECHUH 3a/1a4.

3nams: omnpenencHUs BHYTPEHHEH TOYKU, OTKPHITOTO MHOXECTBA, OONACTH, TPAaHUYHOW TOYKH,
OTPaHMYEHHOTO MHOKECTBA, I'€OMETPHUYECKOro Tejla, MHOTOTpaHHHKa, IpaHu, pedpa, BEpILUHBI,
JMaroHajli MHOTOTPaHHUKA, BBITYKJIOTO U MPAaBUJIBHOIO MHOTOTPAaHHUKOB, pa3BepTKa.

MHOFOFpaHHI/IKI/I, B HU3BECTHOM CMBICIJIC, ABIIACTCA IMPOCTPAHCTBCHHBIM dHaJI0T'OM
MHOTI'OYyT'OJIbHHKA. Tem He MCHCC, IJIsI CTpPOTro C€ro OInpeACIICHHUA HaM HOHaIIOG}ITC}I HECKOJBKO
BCIIOMOT'aTCIbHBIX ITOHSTHI.

B 1mkonpHBIX y‘-I€6HI/IKaX reoMCTpun MHOI'OI'paHHHUKAaMHU OOBIYHO HA3BIBAIOTCS TCI1a,
IMOBEPXHOCTU KOTOPBIX COCTOAT M3 KOHCYHOI'O 4YHCJIa MHOT'OYT'OJIbHHUKOB, Ha3bI-BACMbLIX TI'paHAMHA
MHOTI'OI'paHHHKa. CTOpOHI:I 1 BCPIIHMHBI 9TUX MHOTOYTOJIbHUKOB HAa3bIBAKOTCA COOTBCTCTBCHHO peraMI/I
1 BEpUHIMHAMH MHOTI'OI'paHHUKA.

HpCZ@I/UZbele MHO20CPDAHHUKU

BBIHyKJII:II\/'I MHOT'OTpaHHUK HA3bIBACTCA IMPABUJIBHBIM, CCJIHW €r0 I'paHAMH SABJIAIOTCA PABHBIC
IMPAaBUJIbHBIC MHOTI'OYT'OJIBHUKH, U BCC MHOI'OI'PAaHHBIC YTJIBI paBHBI.

PaccMoTpuM BO3MOXHBIE MPaBUIIbHbIE MHOTOTPAHHUKHM U TPEXKIE BCEro T€ U3 HUX, TPaHIMHU
KOTOPBIX SIBIISIIOTCS  MIPABWJIbHBIE TpEyroiibHUKW. Hanbomee TPOCTBIM TakKUM TPABUIHHBIM
MHOTOTPaHHUKOM SIBJIIETCS TpPEyToJibHAas MUpaMuaa, TPaHSAMH KOTOPOH SBISIOTCS TMpaBUIIbHBIC
TpeyronbHUKU (puc. 1). B xaxoii ee BepuInHe CXOOUTCS MO TpU I'paHu. VIMest Bcero 4eTwipe TpaHu,
3TOT MHOTOTPAaHHUK Ha3bIBACTCS TAK)KE MPABUWIIBHBIM TETPAdAPOM, UIH MPOCTO TETPA’APOM, UYTO B
MEPEBOJIE C IPEUECKOTO SI3bIKA 03HAUAET YEThIPEXTPAHHUK.
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g
Puc.1. Puc.2. Puc.3.

MHoOrorpaHHuKk, TpaHsSIMHU KOTOPOTO SBJISIIOTCS TMPAaBWIbHBIE TPEYrOJbHUKH, U B KaXKIOH
BEpILKHE CXOIUTCS YEThIpe TpaHU, U300pakeH Ha pucyHKe 2. Ero moBepXHOCTh COCTOUT U3 BOCHMU
MPaBUJIBHBIX TPEYTOJIBHUKOB, TIO3TOMY OH Ha3bIBACTCS OKTadAPOM.

MHoOrorpaHHuK, B KaKI0W BEpIINHE KOTOPOTO CXOJIUTCS MATh NMPABUIBHBIX TPEYTOJbHHUKOB,
n300paxkeH Ha puUCyHKEe 3. Ero moBEepXHOCTh COCTOMT W3 JBAIIATH MPABWIBHBIX TPEYTOJBHHUKOB,
MO3TOMY OH Ha3bIBAETCS HKOCAdIPOM.

3amMeTuM, 9TO MOCKOJIbKY B BEPIIMHAX BHIMYKJIOT0 MHOTOTPAHHUKA HE MOXKET CXOAUThCS Oojee
MSTH TPaBUIBHBIX TPEYTOJIbHUKOB, TO APYTUX MPABUIBHBIX MHOTOTPAHHHMKOB, TPAHSAMH KOTOPBIX
SIBJISIFOTCS TIPaBUJIbHBIC TPEYTOJIBHUKH, HE CYIIECTBYET.

AHAJIOTUYHO, TTOCKOJIbKY B BEPIIMHAX BBIMTYKJIOTO MHOTOTPAaHHHUKA MOXKET CXOIUTHCS TOJBKO

TpU KBajpaTa, To, kpome Ky0a (puc. 4), Ipyrux MpaBUJIbHBIX MHOTOT'PAHHUKOB, Y KOTOPBIX TPaHIMHU
SBJISIIOTCSL KBaJpaThl He cymecTByeT. KyO MMeeT miecTh IpaHeil M MOITOMY Ha3bIBaeTCs TaKKe

TeKCadIpoOM.
' oy,
|
|
I
|
|
|

Puc.4. Puc.5.

MHoOrorpaHHHUK, TPaHSIMH KOTOPOTO SIBIISIOTCS NMPABWIbHBIC TSITHYTOJBHUKH, M B KaKIOH
BEPILIMHE CXOAUTCS TPHU T'paHH, N300pakeH Ha pUCYHKE 5. Ero moBepXHOCTh COCTOMT U3 JBEHAILATH
NPaBUIBHBIX MATHYTOJEHUKOB, TOITOMY OH Ha3bIBACTCS JOACKAdIPOM.

PaCCMOTpI/IM MOHATHUC TIPABHUIILHOI'O MHOTI'OIpaHHHUKAa C TOYKH 3pCHUA TOIIOJIOTMHU HAYKH,
n3ydJaromei cBoicBa (huUryp, He 3aBUCSIINX OT Pa3IWYHBIX nedopmaruii 6e3 pa3psiBoB. C 3TO# TOUKH
3peHHsI, HApUMep, BCE TPEYTrOJbHUKHN SKBUBAJICHTHBI, TAK KaK OJJUH TPEYTOJILHUK BCETJ]a MOXKET OBITh
MOJY4YeH M3 JF000T0 JAPYroro COOTBETCTBYIOIIMM CXKAaTHEM HIIM PACTSHKEHHUEM CTOpoH. BooOmie Bce
MHOT'OYT'OJIbHUKU C OAMHAKOBLIM YHCJIOM CTOPOH 3KBHUBAJICHTHEI 11O TOH Ke IIpHUYHNHC.

MHOTOrpaHHHK HA3bIBACTCS 8bINYKIbIM, €CIIA OH SIBIIICTCS BBIMYKIIOW (QUTYpOIi, T.€. BMECTE C
J'IIOGI:IMI/I ABYMs CBOMMHU TOYKAMHU COACPIKUT U COGIII/IHSHOH_II/Iﬁ HX OTPE30K

67



r)

Puc. 1 A)

CaoiicTBO 1. B BBINyKJIOM MHOTOIpaHHUKE BCE TPAHU SIBJISIFOTCS BHITYKJIBIMU
MHOT'OYTOJIbHUKAMH.
CBoiicTBO 2. BBIyKITBII MHOTOTPAaHHUK MOKET OBITH COCTAaBIICH M3 MUPaMHU/] ¢ O0IIeH
BEPILIMHOMN, OCHOBaHMsI KOTOPBIX 00pa3yloT HOBEPXHOCTh MHOT'OTPaHHHUKA.
CBoiicTBO 3. BhINyKJblii MHOTOIpaHHUK JIEXKHT 110 OJHY CTOPOHY OT INIOCKOCTH KaX /10 CBOEH
IpaHH.

Konmponvhuvie 6onpocwi
1.OmpeneneHust BHYTpPEHHEH TOYKH, OTKPBITOIO MHOXECTBa, OOJacTH, TpPaHUYHOM TOYKH,
OTPaHUYEHHOTO0 MHOXKECTBA, T'€OMETPUUYECKOr0 Tejla, MHOTOTpPaHHUKA, TpaHM, peldpa, BEPIIHHBI,
JMaroHaJId MHOTOTPaHHMKA, BBITYKJIOIO U IMPaBUJILHOTO MHOTOI'PaHHUKOB.
2. Pa3Beprka.

Tema 9.2. Ilpusma u ee cBoiicTBA.

Onpeoenenue npusmsl, 8b1COMbl NPU3MbL, Ouazoranu npusmul. Ceoticmea npusMbi.
H306padicenue npuzmvl u nocmpoenue ee cevenus. llpavas npuzma. Ilpasunvnas npuzma.

Ymems: npuMeHATh TEOPETUYECKUE 3HAHUS TIPU PELICHUM 3a/1ay.
3uamy: onpeaeneHUe NPU3Mbl, BBICOTHI IPU3MBI, TUAarOHAIN IPU3MBbI, CBOWCTBA IPU3MBbI, H300paXKeHHE
IIPU3MBI U TIOCTPOEHUE €€ CEUEHUS, TpsiMasi IpU3Ma, IIpaBUIbHAs [IPU3Ma.

[Tpu3ma (ot mp.-rped. mpicpa (JIaT. prisma) «HEYTO OTHHIIEHHOE») - MHOTOTPAHHUK, JIBE TPaHH
KOTOPOTO SBJIIOTCS KOHTPYPHTHBIMH (PaBHBIMH) MHOTOYTOJIbBHUKaMH, JEKAIIMMH B MapaijiesIbHbIX
IUIOCKOCTSIX, @ OCTaJbHBIE TPaHU - MapajuleIorpaMMaMK, HUMEIOIIUMU OOIIHWe CTOPOHBI C 3TUMU
MHOTOYTOJIbHUKaMU. Miu (paBHOCHUIIBHO) - 3TO MHOTOTPAaHHHK, B OCHOBAHHUSAX KOTOPOTO JIeXkKaT paBHbIE
MHOTOYTOJTbHUKH, 2 OOKOBBIC TPAHU - MapaIeIOTPAMMBI.
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HazBaunue

Onpenenenue

0O0o03HaueHUsA
Ha YepTEKE

Yeprex

OcHoBaHus

JIBe rpanu,
ABJIAIOLINECS
KOHI'PYSHTHBIMU
MHOT'OYT'OJIbHUKAMH,
JeXKaI¥MU B
HapaiyIeIIbHBIX
IIJIOCKOCTSIX.

ABCDE,

BoxoBbie rpanu

Bce rpanu, kpome
ocHoBanuii. Kaxxmasg
OOKOBas TPaHb
00s13aTeNLHO
SBIISIETCS
MapayIeIOrPaMMOM.

ABLK,
BCML,
CDNM,
DEPN,
EAKP

bokoBag
MMOBEPXHOCTh

O0benuueHne
OOKOBBIX I'paHeH.

Iloxnasa
MMOBEPXHOCTH

O0benuueHne
OCHOBAaHWI U
OOKOBOI
MTOBEPXHOCTH.

BokoBrie pebpa

OO01ure CTOpOHbI
OOKOBBIX I'paHeH.

AK,BL.CN,
DM ,EP

Bricora

Otpe3ok,
COCIMHSIOIIUI
TUIOCKOCTH, B
KOTOPBIX JIEKAT
OCHOBAHHS TPU3MBI
u
NepIECHIUKYISPHBIN
9THM IUIOCKOCTSIM.

KR

Jlnaronane

OTtpe3ok,
COCIUHSIIONINI 1BE
BEPIIUHBI IPU3MBI,
HE TIpUHAIeKAINe
OJIHOW TpaHH.

BP

JwnaronanpHas
TJIOCKOCTh

IInockocTs,
MPOXOAsIIast uepes
TepeceKaronuecs
JUaroHanab
OCHOBaHHMS U
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06okoBoe pedpo
MIPU3MBIL

JwnaronanpHoe
ceyeHue

[Iepeceuenue
MIPU3MBI U
IUaroHaJIbHOU
IJIOCKOCTH. B
ceueHun odpaszyercs
napajieorpamm, B
TOM YHCJIE €r0
YaCTHBIE CITy4an —
pomo,
MPSAMOYTOJIbHUK,
KBaJpar.

EBLP

[MepnienaukynsapHoe
(opTaroHanapHOE)
CCUcHUE

[Iepeceuenue
MIPU3MBI U
IJIOCKOCTH,
MEepIEHIUKYIIAPHON
ee OOKOBOMY peOpy.

Ceoticmea npusmvl

1. OcHOBaHMsI IPU3MBI SIBJISIFOTCSI PABHBIMH MHOTOYTOJIBHUKaMH.
2. BokoBbIe rpaHy MPU3MBI ABJISIOTCS MapaljielorpaMMaMHu.

3 boxkoBsie pebpa mpu3Mbl NapasieIbHbl U PaBHBIL.

4. O0bEM MPU3MBI PaBEH MPOU3BEICHUIO €€ BBICOTHI HA IUIOIIAIb OCHOBaHUs: V =S -h

5. Ilnomane MONMHONW MOBEPXHOCTH MPU3MBI paBHA CyMMeE IUIONMIAd €€ OOKOBOM MOBEPXHOCTH H
y2[BO€HHOI71 momaanu OCHOBaHUA.

6.I1nomans 60KO0BOM MOBEPXHOCTU MPOU3BOJIBHOM NpU3MbLS = P -/ r1e P - nepumerp
MEePIEHANKYISIPHOTO ceueHus, [ - nimuHa O0KoBOro pedpa.

7. Ilnomab 60KOBOM MOBEPXHOCTH MPSIMON MPU3MBLS = P -/, Tae P - IepuMeTp OCHOBaHUS MPU3MBI,

h - BbICOTa MPU3MBI.

8. [leprieHANKYIIpHOE CEUEHUE TIEPIICHIUKYISIPHO KO BCeM OOKOBBIM pE&OpaM MPU3MBI.
9. VYribl nepneHIuKyIsIPHOTO CEUEHUS - 3TO JIMHEIHBIE YIJIbI IBYTPAHHBIX YTJIOB IIPU

COOTBETCTBYIOIINUX OOKOBBIX pEOpax.

10. IlepnenauKyIsipHOE CEYCHUE TIEPIICHIUKYIIIPHO KO BCEM OOKOBBIM I'PaHsIM.

KoumponvHule 6onpocwl

1. OHpC,I(eJ'ICHI/Ie MMPU3MBbI, BBICOTHI ITPU3MBI, AUAT'OHAJIN IIPU3MBI.

2. CBolicTBa IPU3MBI.

3. M300paxeHne NpU3MBbl U IIOCTPOCHUE €€ CEUCHHUS.

4. Ilpsimas npusma. [IpaBunbHas npusma.

Tema 9.3. Ilapajuienenumnen u ee CBoiicTBA.

Onpeodenenue napannenenuneoa. Ceoticmea napanneienuneda ¢ ookazamenbcmaeamu. Kyo.

Ymemn: MPUMCHSATH TCOPCTUICCKUEC 3HAHWA IIPpHU PCIICHUHU 3a1a4.
Suamo: OIIPECACIICHUC ITapaJlJICIICIIUIICAA, CBOICTBa MapajjiejicnumIic1a, H306pa>1<eHHe
Mnapajjaeiacnuicaa U moCTpoOCHUC €€ CCUCHU .

Ilapannenenunedom Ha3bIBAETCS MIPU3MA, OCHOBAHUEM KOTOPOU CIIy’KUT MapaljIeIorpaMMm.
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[TapamienorpaMMsbl, U3 KOTOPBIX COCTaBIICH NapajUIeieNuUIe]], Ha3bIBAKOTCS €r0 T'PaHsAMH, UX
CTOPOHBI — pebOpamu, a BEPIIMHBI TapajuIeJIOTPaMMOB — @epuiuHamMy Tapaienenunena. Y
napajuiejenunesa Bce rpaHu — MapajuieorpaMMBl.

[Mapannenenuneapl, KaKk U BCAKUE MIPU3MBI, MOTYT OBITh npsimble U HAKIOHHbIE.

OOBIYHO BBIACNSIIOT Kakue-HUOyIb JIB€ MPOTUBOIMOJOXHBIE TpaHM U Ha3bIBAIOT UX
OCHOBaHUSIMU, a OCTAJIbHBIE TPaHU — OOKOBBIMU IPaHSIMHU Mapaienenunena. Pedpa mapannenenuresa,
HE MpUHAJIeKAIIe OCHOBAHUSAM, Ha3bIBAIOT OOKOBBIMU peOpami.

JIBe rpaHu napajuieNienumne1a, uMerolue ooiiee pedpo, Ha3bIBAIOTCS CMEKHBIMU, @ HE UMEIOIIIHE
00mux pedep — MPOTHUBOIIOIOKHBIMHU.

OTpe3ok, COEOUHSAIONIMKI JBE BEPIIMHBI, HE MPUHAJICKAIIUE OJHON TIpaHH, HaA3bIBAETCS
JIMAarOHAJIBIO MapaUIeNICINIIEA.

Ipsmotl napannenenuned, y KOTOPOTO OCHOBAaHUEM SBISICTCS MPSMOYTOJBHHK, Ha3bIBACTCS
NPSMOYTOJIBHBIM ~ NApaJUIeenune oM. Y MpsAMOYTOJIbHOTO Mapajulelieluiena BCEe TpaHu —
OPSIMOYTOJIbHUKHU.

JUiHBI He mapajuieNbHBIX pedep MNPSAMOYroJbHOrO Mapajulefienuiena Ha3bIBalOTCS €ro
JUHEWHBIMU pa3Mepamu (M3MEpeHHUsMH). Y MPSMOYTOJBHOTO Mapajulefienuneaa TP JTHUHEHHBIX
pasmepa.

Cesoticmea napanienenuneoa:
1. [IpoTHBOMNOJIOKHBIE TPAHU MTApAJUIEIEIIUIIEIA PABHBI U MTapaJlIeIbHBbI.
2. Bce ueThlpe nuaroHav mapajulesienueia NepecekaroTcs B OAHOW TOYKE M ACNATCS 3TOW TOUYKOH
MOTIOJIaM.
3. BokoBbI€ rpaHy MPAMOro MapasuieNenurea — MpSIMOYTOJIbHUKY.
4. KBagpar auaroHanu MHOpsSIMOYTOJIBHOIO MapajuieieNuIle]a paBeH CymMMe KBaJpaTOB TpeX €ro
U3MEPECHUM.
Konmponvnwvie sonpocwi
1. Onpenenenue napauieaenunea.
2. CBoiicTBa napajyesenuiena ¢ 10Ka3areibCTBaMHU.
3. Kyo0.

Tema 9.4. [Impamupna. IlpaBunbHas nupamuaa. Y cedyenHas nupamuja. Terpasap.

Onpedenenus nupamuobl U e20 OCHOBHBIX deMeHmos. Yceuennasn nupamuoa. Ilpasunvras
nupamuoa. Tempasop.

Ymemu: mpuUMeHSATh TEOPETUUECKHUE 3HAHUS TIPU PEIICHUU 3a/1a4.
3nams. onpeneneHus MUPaMHIbl U €r0 OCHOBHBIX 3JIEMEHTOB, YCEUEHHAsl MUPaMUIa, TPaBUIIbHAS
NUpaMUJIa, TETPAdIP.

Hupamuoa
PaccmoTpuM MHOroyrosnbHuk A, 4,,...,A, ¥ TO4Ky P, HE JleXallyl0 B INIOCKOCTH 3TOr0

MHOroyroiapHuka. CoequHHB TOYKYy P OTpe3kamMH C BepIIMHAMU MHOTOYTOJIbHUKA, IMOJYYHM n
TpeyronbHUKOB (puc.l.): PA A,,PA,A;,...PA A, .
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A,

r Ay
Ay puc.l.

MHOrorpaHHuK, COCTaBICHHBIH W3 N - yronbHWKAa A4,,A4,,..,4A, # n TPEeyroabHUKOB
PA A,,PA, A,,..PA, A, Ha3piBacTca  nupamuodou. MuoroyronbHuk A, A4,,...,A, Ha3bIBaeTCsa
OCHOBAaHMEM, a TpeyronbHUKU PA A,,PA,A;,..PA A, - 60okosbimu cpansamu nupaMuisl. Touka P —
BEPILIMHON MUpaMubl, a oTpe3ku PA,, PA,,...PA, - ee 6okosvimu pebpamu. Ilupamuny ¢ OCHOBaHUEM
A, 4,,...,A, nBepmnHoi P 0003HauatoT Tak: PA A,...A, - 1 Ha3bIBalOT N — YTOJILHOM MUPaMUAOH.

Ha pucynke 2 u300pa’keHbl YeTHIPEXYrojibHas M LIECTUYIOjbHAas NUpamMuabl. SICHO, 4TO
TpEeyTroJibHas MUpaMUa — 3TO mempasop.

5 i

As

Aj
Aa

As A4 - Aa

Puc.2.

[lepnienauKkymnsip, IPOBEICHHBIN W3 BEPIIMHBI MUPAMUJIBI K TNIOCKOCTH OCHOBAHUS, HA3bIBACTCS
BbICOTOM TTUpamubl. Ha (puc 1) orpe3ok PH siBnsieTcst BBICOTOM MUpaMuIb.

[nomanpro MOJHONM MOBEPXHOCTU NMUPAMHUJIBI HA3BIBAETCA CyMMa IUIOLIAZEH BCEX €€ IpaHeu

(T.e. ocHOBaHHMS M OOKOBBIX TpaHEl), a IUIONIaJbI0 OOKOBOW IMOBEPXHOCTH MUPAMHUILI — CyMMa

Iomaael ee 60koBbIx rpanet. Ouesuano, S, =S, +S5,., -

NoJiH

Ilpasunvnas nupamuoa
IInpamua Ha3bIBaeTCS MPABUIIBHOM, €CIIH
1) ee ocHOBaHME — IPABUIIbHBII MHOTOYT OJIbHUK;
2) ee BbICOTa — OTPE30K, COEAUHSIOINN BEPUIMHY MUPAMUBI C €€ LIEHTPOM.

OpHUM U3 IPUMEPOB MPABUIIBHOM MUPAMUIBI SBISIIOTCS €TUNETCKUE TUPaMUbL. ITO
YETHIPEXYTOJIbHBIE TUPAMU/IBL.

Cesoticmea npagunvbHot NUPaAmMuobi.

Bce 60koBbIe pebpa mpaBHIIbHOI MHpaMUIbl PaBHbBI, @ OOKOBBIE TPAHU SIBISIFOTCS] pABHBIMU
paBHOOEIPEHHBIMU TPEYTOJIbHUKAMH.

Jloka3aTenbCcTBO NaHHBIX (DAKTOB MIPOBOAUTCS YCTHO:

72



1. Jlto6oe 6oxoBOE pedpo MpeCTaBIsAeT COO0H THIOTEHY3Y MPSIMOYTOJIBLHOTO TPEYTOJIbHHUKA, OJHIUM
KaTE€TOM KOTOPOT'O CIIY)KHT BBICOTA MMUPAMUJIBL, a IPYTUM — PAJINYC ONIMCAHHOH OKOJIO OCHOBAHUS
OKPYXHOCTHU. DTH NPSAMOYIOJIbHBIE TPEYTOJIbHUKY paBHbI. ClIe10BATEIbHO, PABHBI UX TUIIOTEHY3BI.

2. Tak kak O0KOBBIEC peOpa MpaBUIHLHON MUPAMUJIBI PABHBL, TO €€ OOKOBBIC TPAaHU - PaBHOOEAPEHHBIC
TpeyroiabHuku. Tak kak 4,, 4, ,..., A, - IPaBUIbHBIA MHOTOYTOJIbHUK, TO OCHOBAHHUS ITUX

n

TPEYTOJIBLHUKOB TAK)KE PaBHBI APYT OPYTY. 3HAYUT, OOKOBEIE TPaHH PaBHBI (IO TPEM CTOPOHAM).
Anoghema.

Anodema — BeIcOTa OOKOBOI I'paHH MPABUIBHON MUPAMU/IbI, IPOBEICHHAS U3 €€ BEPIINHBL.
JlaHHBIN TepMHUH yHIOTPEOISETCS 1Tl MPABUJIBHON MTUPAMUJIBI, XOTS Y HEMPABUILHOM MUPAMHUTBI
TaKXe MOTYT OBITh PaBHBI BBICOTHI OOKOBBIX T'PaHEH.

Teopema: T1nomaas OOKOBOI MOBEPXHOCTH MPABUIBHON MUPaMU/Ibl PaBHA TOJIOBUHE
IIPOU3BE/ICHUS IEPUMETPa CHOBAHUS Ha arogemy.

Jlokazamenbcmeo

BokoBble rpanu MpaBUILHON MUPAMUIBI — PABHBIE PABHOOEIPEHHBIC TPEYTOJIbHUKH, OCHOBAHHS
KOTOPBIX — CTOPOHBI OCHOBAaHHS NHUPAMU[bI, a BBICOTHI paBHbI amodeme. [lnomanp S GokoBoi
MOBEPXHOCTH MHUPaMHJIbl PaBHA CyMME MPOU3BEACHUN CTOPOH OCHOBAaHUS HA IOJIOBHHY arnogemsl d.
BriHocs MuHokuTenb 0,5d 3a ckoOKH, MOJTYYHUM B CKOOKax CyMMY CTOPOH OCHOBAaHUS MUPAMMIIBI, T.C.
ero nepuMerp. Teopema 10ka3zaHa.

Yceuennasn nupamuoa

Yceuennoii nupamuooii Ha3pIBaeTCS MHOTOTPAHHUK, Y KOTOPOT'O BEPIIMHAMU CITYKaT BEPIIMHbI
OCHOBaHUS U BEPIIMHBI €€ CEYEHUS TUIOCKOCThIO, NapaJlIeIbHOW OCHOBAHUIO.

Cesoticmea yceueHHOU NUpamuobl.

1. OcHOBaHMS YCEUEHHON MTUPaMHUIbl — MOA00HBIE MHOTOYTOJIbHUKH.
2. BokoBbIE IpaHH yCEUEHHOM NUPaMHUIbl — TPAIEIUH.
3. BokoBrIe pebpa nMpaBUIILHON YCEUCHHON MTUPaMUIbl PaBHBI M OJJMHAKOBO HAKJIIOHEHBI K OCHOBAHHIO
MUpaMU/IbL.
4. BokoBbIE TpaHU TPABUIILHON YCEUEHHON MUPAMHIBI — PaBHBIC MEXTy COO0H paBHOOEIPECHHBIC
Tpaneuuu U OJIMHAKOBO HAKJIOHEHBI K OCHOBAHUIO MUPAMHU/IBI.
5. JIByrpaHHbIe YTJIbI IPU OOKOBBIX peOpax MpaBWJILHON YCEUCHHOW MTUPaMUIbI PABHEI.

ITnowaos nosepxnocmu u 00vEM yceueHHOU NUPAMUObl

IIycte CH__ gpicora YCE€YEHHOW MUPaMHU/IBI, Pry Py IIEpUMETPBI OCHOBAaHUMN yCEUEHHON
NUpPaMHUIBI, SiyS2 IJIOIIAAN OCHOBAHUM YCEUEHHOW MUPaMU/IbI, Stowx IUIOIAlb OOKOBOM
ITOBEPXHOCTH YCEUYEHHOU MUPAMUBI, Snonn— IJIOIIA/b TIOJIHOW MOBEPXHOCTH YCEUEHHOM TMPAMHU/IBI,
V _ o6mem YCE€UEHHOM nupamubl. Torga UMET MECTO CIIEAYIOIINE COOTHOLLICHHUS:

Sm}nn - 51 + 52 + Sﬁnx

1 —
V= SCH(S1+ Sy + v/515)
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Ecin Bce IBYTPAHHBIE YIIIBI IIPH OCHOBAHMHU YCCUCHHOM TMPAMU/IBI PABHBI /7, a BEICOTHI BCEX
OOKOBBIX I'paHel TUPaMU/Ibl PaBHBI hox | 10

1
Seox = ;':Pl + Fo ) hgox
51 — Sq
Stox = 151 — 5| .
cos 7

CuMmMeTpuu B Ky0e, B mapaJjiesienuiesne, B Ipu3Me U mupaMue.
(OononnumenvHwili Mamepua)

Ilocmpoenue cummempuii 6 Kybe, 6 napanienenuneoe, 8 Npume u nNUpamuoe.

Cummempusn Kyba

1.IlenTp cumMmmMeTpun — LEHTP KyOa (TOUKa MepecedyeHus AuaroHaneit kyoa) (puc. 4).

L
1

-

E
E
E ot
3
L |

[ -

ot
I
1
1
-

2.I1ImocKOCTH CUMMETPUU: TPU IIOCKOCTH CUMMETPHUH, NIPOXOISALINE YEPE3 CEPEAUHBI NTapaJIJIeIIbHbBIX

pebep; mecTh MITOCKOCTEH CUMMETPHUH, MPOXOIAIINE Yepe3 MPOTUBOISKamue pedpa (puc. 5).
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l. Ocu cUMMETpUH: TPU OCH CUMMETPUH, IPOXOASIINE YEPE3 LEHTPHI IPOTUBOJIEKALUX [PAHEH;

YEeThIPEe OCU CUMMETPHH, IPOXOISAIINE Yepe3 MPOTUBOJISKAIINE BEPUINHBI; IIECTh OCEH CHMMETPHH,

MPOXOIAIINE Yepe3 CepeIHbI MPOTUBOJISKAIINX pedep (puc. 6).




Cummempun npamoyzoavHo20 napasieienuneoa

1. LleHTp cUMMETpUHN — TOYKA NIEPECEUCHHMSI TMaroHalIel MPsIMOYTOJIBHOTO Mapauienenumnena (puc. 7).

§
\l
fy

2. IInockocTH CUMMETPHUM: TPU INIOCKOCTH CUMMETPHHM, MPOXOASIINE YEPE3 CEPEAUHBI NTapalJIeIbHbBIX

pebep (puc. 8).
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3. Ocu cUMMETpUH: TPU OCH CUMMETPUH, IPOXOASIINE YEPE3 TOUKH [IEPECEUEHUS AUAaroHaIel
MIPOTHUBOJICKAITUX TpaHeit (puc. 9).

Cummempun npamoi npusmol

[TnockocTs cUMMETpPHUH, POXOSIIAs Yepe3 cepeJuHbl 00KOBBIX pebep (puc. 11).

_-_.'l.--_
|
|

1

Cummempusi npagunbHOU NPU3MbL

1. IlenTp cuMMeTpUH MPU YETHOM YHCIIE CTOPOH OCHOBAHUS — TOYKA MEPECEUCHUs quaroHaien
IIPaBWJIBHOM Npu3MsI (puc. 12)
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2. [T1ockoCcTH CUMMETPHH: THIOCKOCTb, IPOXOISINAs Yepe3 CepeTuHbI OOKOBBIX pedep; P YeTHOM
YlcJie CTOPOH OCHOBAHUS — IJIOCKOCTH, IIPOXOJIAIINE Yepe3 MpoTUBoJIeKamue pedpa (puc. 13).
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HJ rud

3. Ocu cuMMeTpUU: TIPU YETHOM YHUCJIE CTOPOH OCHOBAHHS — OCh CHUMMETPHUH, MPOXOIAIIAs Yepes3
HEHTPbl OCHOBAHHI, W OCH CHMMETPHH, MPOXOJAIIME 4Yepe3 TOYKU TMepecedyeHus TuaroHaien
MPOTUBOJICKAIINX OOKOBBIX I'paHeit (puc. 14).

Cummempun npasuivbHOl NUPAMUObL
1. [T1ockoCcTH CHMMETPHUH: TIPU YETHOM YHCJIE CTOPOH OCHOBAHUS — TUIOCKOCTH, TPOXOISIINE
4yepe3 MPOTHBOJISKAIUE OOKOBBIE pedpa; U MIIOCKOCTH, MPOXOASIINE Yepe3 MEeIUaHbl, TPOBEICHHBIC K
OCHOBAHUIO MTPOTHUBOJICKAITUX OOKOBBIX I'paHeit (puc. 15).

2. Ocb CUMMCTpPUU: IIPU YETHOM YHCJIC CTOPOH OCHOBAHUA — OChb CUMMCTPHHU, IPOXOAAIIasa
yepe3 BEPIIMHY NMPaBUIIbHON MTUPaMUIBI U IIEHTP OCHOBaHUs (puc. 16).
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Tema 9.5. Ceyenust Ky0a, npu3Mbl 1 MUPAMHUABI.
Ceuenus kyba, npusmvl u NUPAMUODL.

Ymems. cTpouTh ceueHus KyOa, MPU3MbI U TUPAMHU/IBI.
3namo: Cedenus KyOa, MPU3MBI U THPAMUIBI

Ceuenue npusmoi
1. Ceuenue mpu3Mbl IJIOCKOCTHIO, MTApaJIeTbHON OCHOBaHUIO. B ceueHnn o0pasyeTcst MHOTOYTOJIbHUK,
PaBHBIM MHOTOYTOJIBHUKY, JIEXKAIEMy B OCHOBaHUH.

2. CedyeHue pu3Mbl TUIOCKOCTBIO, TIPOXOJIAIIEH Yepe3 JBa HEe COCEAHMX OOKOBBIX peOpa. B ceuenum
oOpa3yercs mapasuienorpamMMm. Takoe ceueHHe Ha3bIBAeTCs IUArOHAIBHBIM CEYCHHEeM NpU3MBL. B
HEKOTOPBIX CITydasx MOXET Moy4aTbcsi poMO, MPSIMOYTOJIbHUK UM KBAApaT.

Paccmotpenne npaBuiIbHON MPU3MBI BO3MOKHO TOJIBKO MOCIIE BBEACHUS MOHATHUS TPABUIIbHBIN
MHOIOYrojJpHUK. OJHAKO C INpaBWJIBHON TPEYrojbHOW MPU3MON MOXKHO IO3HAKOMHUTH YYalUXCs
ropas3zio paHblie. A ¢ MPaBUIbHOMN YETHIPEXYTOJIbHON MPU3MOM MbI 3HAKOMBI €I1I€ U3 Kypca MaTEMaTUKHU
5—6-X KJaccoB, TaK Kak OHA MPEACTaBIAET cOO0M MPsIMOYTOIbHBIN MapauleenuIe]] ¢ KBaapaTaMu B
ocHoBaHusX. [IpaBunbHas nprusma — mpsiMasi MpyU3Ma, OCHOBAHUSIMU KOTOPOM SIBJISIFOTCS ITPABUJIbHBIE
MHOTOYT'OJIbHUKH.

Ceoticmea npasuibHOU NPU3Mbl

1. OcHoBaHMsI IPaBUIIBHOM NIPU3MBI SABJISAIOTCS IPABUJIBHBIMA MHOTOYTOJIBHUKAMH.
2. BokoBbIe rpaHy MPaBUIbHOM MPU3MBI SIBJISIFOTCS] PABHBIMH NPSMOYTOJIbHUKAMHU.
3. bokoBble peOpa MpaBUIbHON NMPU3MBI PABHBI.

Ceuenue npasuibHol nPUIMbBL
1. Cedennie mpaBUJIBHOW MPHU3MBI TJIOCKOCTHIO, MapaJlIeIbHOM OCHOBaHHUIO. B ceuennn oOpasyercs
MPAaBUJIbHBIN MHOTOYTOJILHUK, PABHBIA MHOTOYTOJIBHUKY, JIE)KAIIEMY B OCHOBAHHHU.

2. CeueHue NpaBUWIbHOW MPU3MBI IJIOCKOCTHIO, MPOXO/AIIEH Yepe3 J1Ba HE COCETHUX OOKOBBIX pedpa.
B cedenun obpa3zyercst mpsSMOYTOJIEHUK. B HEKOTOPBIX CITydasx MOKET 00pa3oBaThCs KBapaT.

N3 kypca matemaTuku 5—6-X KJIaccoB yyalluecs y>K€ 3HAKOMbl C OMMCAHMEM NUpaMUIbl. A
MMEHHO: TNHpaMuJa — MHOIOTPaHHHUK, IOBEPXHOCTb KOTOPOTO COCTOMT M3 MHOIOYTOJIBHHKA,
Ha3bIBAEMOT'0 OCHOBAHWEM IUPAMU/IbI, U TPEYTOJBbHUKOB C 00I1IeN BEPIINHON, HA3bIBAEMBIX OOKOBBIMU
IpaHAMH NUPAMHUJIBL. 3HAKOMCTBO C IPABUIBHONM IUPAaMUIOW BO3MOXKHO TOJBKO IIOCJIE H3Y4YECHHS
MNOHSATHUSA TPaBWIbHBIA MHOrOyrojibHUK. OJHAaKO € MpPaBWIBHOM TPEyroibHOM U MNpaBUIbHOU
YETBIPEXYTOJIBHON NMHUPAaMUAONH MOXKHO MO3HAKOMUTH YYalllUXCsl 3HAUMUTENbHO paHbuie. [IpaBunbHas
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nupamMuia — MUPaMUa, B OCHOBAaHUHM KOTOPOI JISKUT MPaBUIbHBIA MHOTOYTOJIBHUK U Bce OOKOBBIE
pebpa paBHBL.

Ceoticmea npasuibHOU NUPAMudvl

lo. OcHOBaHME MPABUILHON MUPAMUILI — MPABWIbHBI MHOTOYTOJIbHUK.
20. BokoBbIe rpaHy MPaBUIBHON NMUPAMU/IBI — PaBHOOEIPEHHBIE TPEYTOIbHHUKH.
30. bokoBbIe pebpa MpaBUILHON MUPAMUIBI PABHBI.

Ceuenue npagunbHoOl RUPAMUObL
1. Ceuennie mpaBMWIbHOM MUPaMHIBI TNIOCKOCTHIO, TTapaIlIeIbHOW OCHOBaHMIO. B ceuennn obpasyercs
IPaBUIbHBIN MHOTOYTOJIBHUK, IIOAOOHBII MHOTOYTOJIBHUKY, JIEXKAIleMy B OCHOBAHHUU.

2. Ceuenue nMpaBUWJIBHOW MUPAMHUIBI TIFIOCKOCTHIO, IPOXOIAIIECH Yyepe3 1Ba He COCEAHMX OOKOBBIX pedpa.
B ceuenun obpa3zyercsi paBHOOSAPEHHBIN TPEYroJbHUK. B HEKOTOPHIX Cilydasx MOKET 00pa3oBaThCs
PaBHOCTOPOHHUMN TPEYTOJIbHUK.

C HEKOTOphIMH MpPaBUJIBHBIMM MHOTOTPAaHHUKAMM YYalIUecs YyXKE€ BCTPEHYAINCh. OJTO
TpeyroipHas mnHpamuga M KyO. ['paHsMu TpeyroabHOH NHpaMHIbl SBISIOTCS TMpPaBUIbHBIC
TpEYroNbHUKNA. E€e Ha3bIBalOT NMPaBWIBHBIM TETPAa3JpOM, YTO B NEPEBOJE C I'PEYECKOr0 O3HAYAET
yeTblpexrpaHHuK. Ky0 mMmeeT miecTb rpaHei, MOATOMY Ha3bIBaeTCs MPAaBHIBHBIM T'eKCa’apoM (I0-
IPEYECKU «TeKCa» O3HaYaeT 1IecTh). PaccMoTpeHne npaBuiIbHBIX MHOTOTPAHHUKOB CIIEyeT HaUYMHATh
C TE€X WU3 HUX, TIpaHsAMH KOTOPBIX SIBJISIOTCS NpPAaBUIbHBIE TPEYyroiabHUKUM. OOMH W3 TakuXx
MHOTOIPAHHUKOB Yy4alllUMCs YK€ 3HAKOM — 3TO IpaBUJIbHBIN TeTparap. Jpyrod MHOIOrpaHHHUK,
IpaHsAMH KOTOPOTO SIBJISIOTCS NPaBUIIbHbBIE TPEYTOJIHUKH, H300pakeH Ha pUCYHKe 1.

Ero moBepXHOCTH COCTOMT M3 BOCBMH NPAaBWIBHBIX TPEYTOJBHUKOB, IO3TOMY €ro Ha3bIBalOT
NPaBUIBHBIM OKTa3IPOM («OKTa» — BOCEMB).

N Tpernii MHOTOTpaHHHMK, TpaHSIMH KOTOPOTO SIBJSIFOTCS NPABWIBHBIE TPEYTOJBHHKH — 3TO
NPaBUIBHBIN UKOCadAp (KHKOCa» — NBajIaTh). ETo MOBEpXHOCTh COCTOWT W3 ABAALATH MPABUIBHBIX
TPEYTroJIbLHUKOB (pHC. 2).

MHororpaHHHK, FpaHsIMU KOTOPOTO SIBJISIOTCS KBaAPaThl — 3TO KyO. YUaluMcsl OH XOPOLIO 3HAKOM.
MHororpaHHMK, TpaHsIMU KOTOPOTO SIBJISIFOTCS MPABUJIbHBIE TISTUYTOJIBHUKHU, H300pakeH Ha PUCYHKE 3.

<>

Ero moBepXHOCTh COCTOMT W3 JIBEHAIATH MPABWIBHBIX MSATHYTOJBHUKOB, TIOOTOMY €r0 Ha3bIBAIOT
MPaBUJILHBIM JI0JIEKAIPOM («I0JIe» — IBEHAALATH).
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Koumponvnvie éonpocwi
1. Ceuenus xyoa.

2. CevyeHus IpU3M.

3. CeueHust nupaMu/ibl.

Tema 9.6. IIpaBuibHbIE MHOTOTPAHHUKH.

IIpeocmasnenue o nPasuIbHLIX MHO202PAHHUKAX (Mempa’op, Kyo, okmasop, 000eKa’op u uKocasop).

Ymemn: IMPUMCHSATD TCOPCTUUCCKUC 3HAHUS IIPU PCIICHUU 3aa4 HAa JaAHHYIO TCMY.

3nams. TpencTaBiIeHHE O MPAaBWIBHBIX MHOTOTpaHHHKaX (TeTpa’ap, KyO, OKTa’ap, MOAEKa’ap U

UKOCAdIP).

Onpedeﬂenue npasujlbHoc0 MHO20CPaHHUKA.

MHoOrorpaHHuK Ha3bIBa€TCA NPABUIBHBIM, €CJIM: OH BBITYKJIbII; BCE €r0 TPaHU — PaBHBIE APYT
JpyTy MpaBUIbHBIE MHOTOYTOJIBHUKH; B KaX/101 €ro BepIIrHEe CXOJUTCS OJJMHAKOBOE YHCIIO pedep; Bce
€ro JByI'PaHHBIE YIJIbl PaBHBI.

Teopema:

CymiecTByeT MSTh pa3dUYHBIX (C TOYHOCTBIO 1O TMOAOOMS) THIOB MPAaBUIBHBIX

MHOTOT'PAaHHHMKOB: MPaBUJIBHBIM TETpa’ap, MpPaBUJIBHBIN rekca’ap (Ky0), MpaBUIIBHBIN OKTa’.p,
MIPABWJIBHBIN JOJIEKA’P U MPABUIIbHBIA UKOCAMP.

Ta6mmma 1. HekoTopble CBOMCTBA MPaBUILHBIX MHOTOTPAHHUKOB MTPUBEICHBI B CJIE]T

FoLIel Tadure.

Bun rpanu IInockuit Bun Cymma B P r Hassanue
yroJa opu MHOT'OI'paHHOI'O IIIOCKHX MHOTOIr'paHHUKa
BEpLIUHE | yrja IpH BEpLIMHE | yIJIOB IpU
BCPLIMHC
[IpaBunbHeld | 60° 3-rpaHHbIN 180° 4 6 4 [IpaBunbHBIM
TPEYTOIBHHUK TETPadsAp
[IpaBunsHbi | 60° 4-rpaHHBIN 240° 6 12 8 IIpaBunbHBII
TPEYrOJIbHHUK OKTadp
[IpaBunbHbd | 60° S-rpaHHbIN 300° 12 30 20 [IpaBunbHBIM
TPEYTOIBHHUK HKOCadIp
KBanpar 90° 3-rpa"HbBIN 270° 8 12 6 IIpaBunbHBII
rexca’ap (ky0)
[IpaBunbheli | 108° 3-rpaHHbIN 324° 20 30 12 [IpaBunbHBIM
TPEYTOJIBHHUK JoJIeKadIip

P ACCMOTPUM BUJbI MHOTOI'PAHHHUKOB!

[IpaBuneHBIN TETpad AP

[IpaBunpHBIN OKTAd AP
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[IpaBUnIBbHBIN UKOCAYAP [IpaBunbHBIN Tekcadap (KyO)

o e

IIpaBuibHBIN ToAEKa’Ip

Tabnuna 2. ®opMybl 1715 HAX0XKIEHUS 00BEMOB MTPaBUIIBHBIX MHOTOI'PAaHHUKOB.
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Bua mHororpaHHKKa Obbem MHOrorpaHHHKa
[MpaewneHEI TETpa3LP a%@
12
MpaBunbHLIR okTasap a3qf§
E]
MNpaBEvneHEIR MKOCA3APD at
MpaewneHeli rekcasgp (kyb) 54713 + £'|
12
MNpaeWnbHEIl qogekasnp o [15 +?£'|
4

Koumponvnvie éonpocwi
1. Telépaanp

2. Ky

3. OkTarap

4. lexarap
5. %Kocaaﬂ
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Tema 10. Tesia BpanieHusi ¥ NOBEPXHOCTH TeJI BPallleHUsI.
Tema 10.1. lnamHap, KOHYC M UX CBOICTBA.

Onpeoenenus yununopa, konyca u ux 21emenmos. Ceoticmea yununopa u konyca. Cevenus
YUNUHOPA U KOHYCA NIAOCKOCHAMU.

Ymemu: pUMEHATH TEOPETUYECKUE 3HAHUS IIPU PELICHUHU 3a/1a4 HA JAHHYIO TEMY.
3nams. onpeneneHns HUINHIPA, KOHyCa U UX 3JIEMEHTOB, CBOMCTBA HUIMHJPA U KOHYCA, CEYCHHUS
LUINHAPA U KOHYCA IUIOCKOCTIMHU

[Munuaapudeckass MOBEPXHOCTh oOpasyercst mpu JBWKeHUM Tnpsmoil (AB, puc.l),
COXpaHSIOIIECH CBOE HAIIPABJICHUE U TIEPECEKAONIeHCs ¢ 3amanHon uHueH (kpuoit) MN. Jluaus MN
Ha3bIBacTCs Hanpasistoueil. IlpsaMble, COOTBETCTBYIONIME Pa3IMUHBIM MOJIO0XKEHUAM IpsiMoii AB nipu
e€ npwkennu (A’B’, A”B” u T.1., puc.2), Ha3pIBaIOTCS 00pa3yOMMMH IUITHHIPHIECKON TOBEPXHOCTH.

1]
ﬁ' |

Puc.1. Puc.2

Lununop. Teno, orpaHUYEHHOE WINHAPHYECKON MOBEPXHOCTHIO C 3aMKHYTOM HaIpaBIsAIONIeH
U JBYMs MapajulebHBIMU IJIOCKOCTSMH, Ha3blBaeTcs HUIMHAPOM (puc.2). YacTu 3TUX MIIOCKOCTEH
(ABCDEFG wu abcdefg) Ha3piBatoTcs ocHOBaHUSIMU UIUHApA. PaccTostare Mexy ocHoBanusMu (KM,
puc.2) — BeicoTa nmauHApa. LumuHap — npsmMoi, eciu ero oO0pa3yroliue IMepIeHIUKYIISPHBI
OCHOBaHHIO; B IPOTUBHOM ClTydae IMIMHAP — HAKJIOHHBIN. [{UIuHAp Ha3bIBa€TCS KPYTrOBBIM, €CIIH €r0
OCHOBaHue — Kpyr. Eciiu nuanHap sBiseTcs 0JJHOBPEMEHHO U MPSIMBIM, U KPYTOBBIM, TO OH Ha3bIBAETCS
KpyribiM. [Ipru3ma sBiisieTcss 4acTHBIM CiIy4aeM HuauHapa(modemy?).

Hunuaapudeckue cedeHus: OOKOBOM MOBEPXHOCTH KpyroBoro mwiuHapa (puc.3). CedeHwus,
napajuieNibHbIe OCHOBAaHHWIO - KpyrH TOro ke paaumyca. CeueHus, mapajuielbHbIe OO0pa3yrOIIUM
IUIMHApPA - napel napawieabHbiXx npsMbeix  (AB || CD). Cedenusi, KoTopbsle HE MapajuIebHBl HU
OCHOBaHUIO, HU 00Pa3yIOIIUM - SJUIUTICHI.

E

IInowaow 6oxo6o0t nosepxHocmu YUIUHOpa
[Mnomane GOKOBOI TOBEPXHOCTH LWIMHIpPA PaBHA MPOU3BEICHUIO BBICOTHI IWIHHIpA HAa JIUHY
OKPY>KHOCTH OCHOBaHHUSI.

dopmya A BEIYHCICHNUS OOKOBOW OBEPXHOCTH LIMIMHIPA!
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S =27Rh,

60k
rac R - pa,Z[I/ch Opr)KHOCTI/I OCHOBAaHUA, I’l - BBICOTA I_[I/IJII/IHI[pa.

[ToHas mIomMAaL MOBEPXHOCTH IIJIMHIpA PaBHA CyMMe OOKOBOM MOBEPXHOCTH MIJIMHJIPA U TBOWHOM
IJiomaan OCHOBAHUA anHana.

CDopMyna JJIs1 BBIYUCJICHUA MOJIHOU rjaonraay MOBCPXHOCTH HNUIIMHAPA:
S, =2nRh+27R>,

rzae R - paanyc OKpy>KHOCTH OCHOBAHUS, /1 - BBICOTA LIMJIMHAPA.

Konnueckas moBepxHOCTb 00pa3yeTcsi pH ABMKeHUM npsiMmoit (AB, puc.1), npoxonsmiei Bcé
BpEMsI uUepe3 HEMOJBIKHYIO TOUKYy (S), U mepecekaroiie 3a naHHyro JuHuio MN, Ha3biBaeMylo
Harnpasisoneil. [IpsmMbie, COOTBETCTBYIONINE PA3IINYHBIM MOJI0KEHUAM NpsiMoi AB nipu e€ nBumxeHuun
(A’B’, A”B” u T.1.), Ha3pIBatoTCsl 00pa3yroUMHU KOHUYECKOM MOBEPXHOCTH; TOUKA S — €€ BEPLINHOM.
Konnueckas MoBEpXHOCTh COCTOMT M3 JIBYX 4acTE€W: OJHA ONMCHIBAETCS JydoM SA, apyras — €ro
npojopkeHreM SB. OObIMHO B KaUeCTBE KOHMYECKOM MMOBEPXHOCTH PACCMATPUBAIOT OJIHY U3 €€ YacTeu.

5

B B

Puc.1 Puc.2
Konyc — 310 Teno, orpaHM4eHHOE OJHOM M3 4YacTel KOHUYECKON MOBEPXHOCTH C 3aMKHYTOH
HaIPaBJIAIOLIEH U NIEPECEKAOIIEH KOHUYECKYIO IIOBEPXHOCTD INIOCKOCTBIO (ABCDEF, puc.2), ne

mpoxoasime udepe3 BepmuHy S. YacTh 3TOM IUIOCKOCTH, PACMOJIORKEHHOW BHYTPU KOHHUYECKOM
MOBEPXHOCTH, Ha3bIBACTCsl OCHOBaHUEM KoHYyca. [lepnennukyinap SO, onmylmieHHbIN U3 BEPIIMHBI S Ha
OCHOBaHHE, Ha3bIBACTCS BHICOTOM KOHyca. [lupaMua siBIsieTCS 4aCTHBIM cllydaeM KoHyca (rmodyemy?).
KoHyc Ha3piBaeTCsi KpyroBbIM, €CIM €ro OocHOBaHHWeM sBisieTcss kpyr. [Ipsmas SO, coenuusromas
BEPIINHY KOHYCa C IIEHTPOM OCHOBAaHHSI, HA3bIBAETCSA OChIO KOHyca. Eciu BbICOTa KpyroBoro KoHyca
COBIIQJAET C €0 OChIO, TO TAKOW KOHYC HA3bIBAECTCS KPY2IbIM.

Konnueckue ceuenus. CeueHHs: KpyroBoro KoHyca, IapajjleIbHbIE €0 OCHOBAHUIO - KPYTH.
CedeHue, mepecekaroniee TOJIbKO OJHY 4YacTh KPYyroBOrO KOHyCa M HE TNapajuleIbHOe HH OJHOH ero
oOpazytomieii - amunc (puc.3). CedeHue, nepecekaroniee TOIbKO OJHY YacTh KPYyroBOro KOHyca U
napajuieJbHOe OJIHOM M3 ero oOpasyromux - napadona (puc.4). Cedenue, nepecekaroniee 00e 4acTh
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KPYTOBOTO KOHyca, B OOILIEM ciy4ae sIBIseTcs THiepOoJiol, cocTosmield u3 AByX BeTBeil (puc.5).B
YaCTHOCTH, €CIHM 3TO CEYCHHE MPOXOAMT Yepe3 OCh KOHyCa, TO IOJy4aeM Iapy MepeceKarommxcs
IpsSMBIX (00pa3yoIuX KOHyCa).

M e mm e ————————

KoHnveckue cedeHHs NPENCTABISAIOT OOJBIION HMHTEpEC Kak B TEOPETHYECKOM, TaK U B
IPAKTUYECKOM OTHOLICHHH. Tak, OHU IIMPOKO UCIOJB3YIOTCS B TEXHHKE (JUIMIITHYCCKUE 3yOdaThie
Konéca, MapaboIMYECKUe MPOKEKTOPHl U AHTCHHBI); IUIAHETHI M HEKOTOPBIE KOMETHI JIBHXKYTCS 110
SJUMITHYECKAM OpOMTaM; HEKOTOPhIE KOMETHI JIBIKYTCS IO MapabOIMYeCKUM MU THHEpPOOTHISCKUM
opouram.

ITnowaows 60x0601 nogepxHOCMU KOHYCA

[Tnomaasr 60KOBOI MOBEPXHOCTH KOHYCA paBHA IPOU3BEACHUIO YHCIIA T HA PAJyC OKPYKHOCTH
OCHOBAHHMSA U Ha JJIMHY 00pa3yloliel KoHyca.

72_[2

®opmyna miomany 60KOBOM OBEPXHOCTH KOHyca: S, = 360

a,

rZe 7 - paanyc OKpY>KHOCTH OCHOBaHMS, / - ATuHA 00pasyroliei KoHyca.

7l _ 360r

,a .

S, =ml

[Inomans MoIHOM NMOBEPXHOCTH KOHYCa paBHA CyMMeE IUIOLIAZCH OCHOBAaHUS KOHYCa U €ro
060K0BOM MoBepxHOCTH. OCHOBaHHEM KOHYCA SIBISIETCS KPYT.

dopmyia WIOWAIN MOJTHON MOBEPXHOCTH KOHYCA:
_ 2
S, =7RI+7R",
T/ 7 - palyCc OKPYKHOCTH OCHOBaHUS, / - IMHA 0Opasyrolieil KoHyca.
Koumponvnvie sonpocsi
1. Onpenenenus MWIMHIPA, KOHYCA U UX 3JIEMEHTOB.
2. CBolCTBa UIMIMHApPA U KOHYCA.
3. CeueHust UMIMHAPA U KOHYCA MJIOCKOCTSAMHU.
Tema 10.2.111ap u cdepa, ux ceyenus. KacarenbHas niaiockoctsb K cepe.
Onpeodenenus wapa, cpepwvl u ux snemenmos. Bnucannasn u onucannas cepwi. Ceuenus

wapa u cghepol. Kacamenvuas niockocms k cghepe.

Ymemu: mpuMeHATh TEOpETUUECKUE 3HAHUS IIPU PEIICHHUHU 3a7a4 Ha JaHHYIO TEMY.
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3namy: onpeneneHus mapa, chepsl 1 UX IEMEHTOB, ONMCAHHAS U OMMCaHHast c(hepbl, CEUSHUs 1apa
u cdepsl, KacaTenbHas TWIOCKOCTh K cdepe.

Cdepuueckasi TOBEPXHOCTh — 3TO T€OMETPHUUECKOE MECTO TOUEK (T.€. MHOKECTBO BCEX TOUECK) B
IPOCTPAHCTBE, PABHOYAANEHHBIX OT OAHOM TOYKM O, KOTOpas Ha3bIBAETCS IEHTPOM ChepUdecKoi
noBepxHocTH (puc.l). Pagnyc AO u nuamerp AB onpenemnstoTcs Tak ke, Kak U B OKPYKHOCTH.

Puc.1 Puc.2

[ap (cepa) - 3T0 TENTO, OTPAHUUEHHOE CPEPUUECKON MOBEPXHOCTHIO. MOYXKHO MOITY4YUTH 1Iap,
Bpalas MOJyKpyr (WM Kpyr) BOKpYr nuamerpa. Bce muiockue ceuenus mapa — Kpyra (puc.l).
Haubonpmmii Kpyr JIKHT B CEYCHHH, NMPOXOMANIEM dYepe3 LEHTP IIapa, W Has3bIBaeTCs OOJBIIMM
kpyrom. Ero paauyc paBeH paauycy mapa. JIroOble 1Ba OOJbIIMX Kpyra MepeceKaroTcs 1Mo JUaMeTpy
mapa (AB, puc.2). OToT AMaMeTp ABISETCS U JUAMETPOM IEpeceKarolmxcsi OonbIuX Kpyros. Yepes
JIBE TOUKH CPepruuecKOil MOBEPXHOCTH, PACIIOIOKEHHbIE Ha KOHILIAX OJHOro nuamerpa (A u B, puc.2),
MOJKHO TIPOBECTH OECUMCIIEHHOE MHOKECTBO OOJbIIMX KpyroB. Hampumep, depe3 moimoca 3emun
MOYKHO IIPOBECTH OECKOHEYHOE YHCIIO MEPUIUAHOB.

O0BEM 1Iapa B TOJITOpa pa3a MEHbIIE 00bEMA ONMMCAHHOTO BOKPYT HEro IwinHapa (puc.3), a
MOBEPXHOCTh IIapa B IOJITOpa pa3a MEHbILE IOJIHOM MOBEPXHOCTH TOTO e IMIMHApa (Teopema

Apxumena):
2
oy wapa =— yun -
3
2
Vwapa = Vuwz
3

Puc.3
3nech Smapa u V mapa - COOTBETCTBEHHO IMOBEPXHOCTh U 00BEM I1apa;
Stun u Voun - mosiHast MOBEPXHOCTh M 00BEM OITMCAHHOTO IUJIMH/IPA.

Yacmu wapa. Yacts mapa (chepsl), oTcekaemas OT Hero kakoi-nmubo miaockoctbio (ABC, puc.4),
Ha3bpIBaeTCs mapoBbiM (cepuueckum) cermeHToM. Kpyr ABC Ha3bIBaeTCsI OCHOBAaHHEM HIAPOBOTO
cermenTa. Otpe3ok MN mepneHaukyisipa, nposegaeHHoro u3 ueHrpa N kpyra ABC no nepecedenus
co cepudeckoll MOBEPXHOCTHIO, HA3BIBAETCS BHICOTOW MIAPOBOTO cerMeHTa. Touka M Ha3bIBaeTCs
BEPILIMHOMN IapOBOI'O CETMEHTA.
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Puc.4
Yacte cdepbl, 3akmou€HHAs MeXIy AByMs mnapamuienbHbiMH miiockocTssMu ABC u DEF,

MePeCceKAOIUMHA  CPEPUICCKYI0 TIOBEPXHOCTh (puc.4), Ha3bIBAeTCS MIAPOBBIM CIIOEM; KpHUBas
MIOBEPXHOCTH LIIAPOBOT'O CJI0S Ha3bIBaeTCs MapoBbiM nosicoM (30Ho#). Kpyru ABC u DEF — ocHoBanus
maposoro nosica. Paccrossane NK mMexny oCHOBaHMsAMM IIapOBOIO Iosica — €ro BbICOTA. HacTh miapa,
OrpaHUYEHHasi KPUBOM MOBEPXHOCTbIO cepuueckoro cermeHra (AMCB, puc.4) u KOHHYECKOH
nosepxHocThio OABC, ocHoBaHMEM KOTOpO#l ciaykuT ocHoBaHue cermeHtra (ABC), a BepuimHON —
ueHTp mapa O, Ha3bIBaeTCs IMIAPOBBIM CEKTOPOM.

VYpasnenue cepu
B npsimoyrosbHOI cucTeMe KOOpAUHAT ypaBHeHHE cdepsl paaunyca R ¢ nentpom C(x,, y,,z, ) IMeeT

2 2 2 2
BUL (X —xy)" + (V=) +(z—z))" =R".
Kacamenvnasa nnockocms K cghpepe

[TmockocTs, wmMeromass co cdepoit TOIBKO OIHY
OOIIYI0 TOYKY, HA3BIBAETCS KACATEILHOM TIIOCKOCTBIO K
chepe, a ux oOmias ToUKa HA3BIBACTCA TOYKOW KAacaHHS
IUTIOCKOCTH U C(HepBhl.

Ha pucynke mmockocTe « - kacartenbHas Kk cdepe ¢
uentpom O, A — Touka kacanusi. KacarenabHas MJI0CKOCTh
K chepe obOnamaeT CBOWCTBOM, aHAJIOTHYHBIM CBONCTBY
KacaTeIbHOM K OKpPYKHOCTH. OHO BBIpaXXEHO B
CIEYyIOLIEH TeopeMe:

Teopema: Pammyc cdepsl, TpOBEACHHBIH B TOUYKY KacaHUs cdepsl U IIJIOCKOCTH,
NEPHEHANKYIISIPEH K KacaTeIbHOMN IIOCKOCTH.

Lokazamenvcmeo:
PaccmoTtpum mimockocTh o , kacatomrytocs cdepsl ¢ ieHtpoM O B Touke A. Jlokakem, uro paaumyc OA
SBIISIETCS. HAKIOHHOW K TUIOCKOCTH ¢ , W, CJEIOBATEIbHO, PACCTOSHUE OT CQepbl M0 MIOCKOCTH o
MeHbIe paamyca cdepbl. [loaTomMy cdepa U MIOCKOCTh MEPECceKarTCsl MO OKpYXKHOCTH. Ho 37O
MIPOTUBOPEUYHUT TOMY, UTO TUIOCKOCTh @ - KacaTellbHasl, T.€. cpepa v IIIOCKOCTh & MMEIOT TOJIBKO OJHY
oOuryro Touky. [lomydeHHOe mpoTMBOpeuue AOKas3biBaeT, 4To paauyc OA mneprneHauKkyyIspeH K
iockocTH « . Teopema joka3aHa.

Teopema: Ecnu paanyc chepbl NEpIEHIUKYISAPEH K IIIOCKOCTH, IPOXOIAIIECH Yepe3 ero KoHell,
Jexanieit Ha cepe, To 3Ta IMIIOCKOCTh SBJSETCS KacaTeIbHOH K cdepe.
Hoxazamenvcmeo:
W3 ycnoBust TeOpeMBI ClIeAyeT, UTO JAHHBIN painyC SBISETCS NEPIEHINKYISIPOM, IPOBEIEHHBIM
U3 LeHTpa cdepbl K JaHHOH miiockocTH. [1oaToMy paccTosiHUE OT LieHTpa chepbl A0 IIOCKOCTH PABHO
panuycy chepsl, U, ClIeI0BaTeNbHO, cepa U MIIOCKOCTh KMEIOT OAHY OOIIYI0 TOUKY. DTO 03HAYAET, UTO
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JaHHAas TIOCKOCTH SIBIISIETCS KacaTeNbHOU K cdepe. Teopema mokazaHa.
Inowaow cghepor
3a miomanbk cdepsl TpUMEM Tpeaen IMOCIeJOBATeTbHOCTH IUIOMIA[EH MOBEPXHOCTEH
OIMCAHHBIX OKOJIO C(hepbl MHOTOTPAHHUKOB MPH CTPEMIICHHH K HYJIFO HAaHOOJBIIETO pa3Mepa KaKaoh
TpaHu.

[nomans chepsr: S = 47zR>.

Konumponvnwvie 6onpocsi

1. Onpenenenus mapa, cepsl U UX IEMEHTOB.
2. BnucanHas v onucaHHas cepsl.

3. Ceuenwus mapa u cepsl.

4. KacarenpHasl IIIOCKOCTH K cdepe.
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Paznen 11. DiieMeHTbl KOMOMHATOPUKHA M TEOPUH BEPOSATHOCTEH
Tema 11.1. D1eMeHTBI KOMOMHATOPUKH.

Ocnognble noHsmus KOM6MHClm0puKu.' pasmeuienusl, nepeCcmaHo6KU, CO4emanusl.

3Hamb: OCHOBHBIC TTOHATHS KOM6I/IHaT0pI/IKI/IZ pasMCIICHUA, ICPECTAHOBKH, COUYCTAHUS.
Ymems: HOACYUTBIBATH YHCJIa paSMCH_ICHI/II\/'I, MEPECTaHOBOK, COYCTAHUU.

Komﬁuuamopuka — pa3acii MaTCMAaTHUKHU, B KOTOPOM HU3YHarOTCs 3aJa4un BLI60pa QJICMCHTOB U3
3aIaHHOT'O MHOKECTBA U PACIIOJIOKCHUA UX B I'PYIIHLI 11O 3aJaHHBIM IIpaBUJIaM, B YaCTHOCTHU 3aJa4dH O
noacCdYeTeC 4Yucia KOM6I/IHaLII/II\/'I (BH60pOK), MMOoJIyda€MbIX M3 JBJIEMCHTOB 3aJaHHOTO KOHCEYHOI'O
MHOKecTBa. Eciau u3 HCKOTOPOr'0 KOJHUYCCTBA J3JICMCHTOB, PA3JIMYHBIX MCKIY CO601>1, COCTaBJIATH
pa3JInYHbIC KOM6I/IH8.I_[I/II/I, TO CpE€AN HUX MOKHO BBIACIUTH TpU THUIIA KOM6I/IHaLII/II\/'I, HOCAIIINX o6mee
Ha3BaHUC — COCAUHCHUS.

PaCCMOTpI/IM nosz06Hee 9T COCAMHCHUA:

1) Ecim B HEKOTOPOM MHOXECTBE d,,d,,...,d, TEPECTaBIIATh MECTAMHU D3JIEMEHTBI, OCTaBIsA

m
HCHU3MCHHBIM HX KOJUYCCTBO, TO Ka)XJAasd IOJYUYCHHAd TaKUM 06pa30M KOM6I/IHaLII/ISI Ha3bIBACTCA
nepectanoBkoii. O01Iee YMCIIO IEPECTAHOBOK M3 M DJIEMEHTOB 0003HavaeTcsi P M BeIUncIseTcs 1Mo
dbopmyie:
P =m!
2) Ecau cocTaBiasTh U3 m pa3INdHbIX 3JIEMEHTOB IPYIIIILI 110 72 3JIEMEHTOB B KaXKIOMU, pacrosaras B3siTble
9JICMCHTBLI B  PA3JIMYHOM  IMOPAOKC. HOJIy‘-II/IBH_II/IGCH npu 9STOM KOM6HHaHHH Ha3bIBAIOTCA
pa3sMelleHUusAMHM U3 7 3JIeMEHTOB 1o n. OOlee 4HCIO0 TaKUX pa3MENIeHHH pacCUMUTHIBACTCS IO
dbopmyie:
A" = m(m—1)(m —2)...(m—(n—1)) = —"™"
" !

IlepecTaHOBKM SIBJIAIOTCSI YACTHBIM CIIy4aeM pa3MEICHUH.
3) Ecnu u3 m 371€MEHTOB COCTaBIIATH TPYIIBI MO # AIIEMEHTOB B KaXKIOH, HEe oOpalias BHUMaHUs Ha
MOPSZIOK AJIIEMEHTOB B IPYIIIE, TO MOJYYUBIINECS IPU 3TOM KOMOMHAIIMY HA3BIBAIOTCS COYETAHUSIMHU
U3 m 3JIEMEHTOB 110 7. O01Iee YUCI0 CoueTaHul HaXOIUTCs o hopmMyIie:

. P m!

" PP, . nl(m—n)!
4) Taxke OJHMM U3 BApPUAHTOB KOMOWMHALUN SBISIOTCS NEPECTAHOBKH € TOBTOPSIOIIUMUCS
yjemMeHTaMH. Eciu cpenu m 3JIEMEHTOB MMEETCS 11, OIMHAKOBBIX JJIEMEHTOB OJHOIO THIIA, 712

OJTMHAKOBBIX DJIEMEHTOB JPYIrOro TUIA U T.J., TO IIPU MEPECTAHOBKE ITUX 3JICMEHTOB BCEBO3MOKHBIMHU
crocobamu MmojiydaeM KOMOMHAITUH, KOJIMYECTBO KOTOPBIX OMpeAesieTcs o hopmyIie:
P m!

m

Pm(ml,mz,...mk):PP 5 mm .
BB mytmy Lm !

5) Ecin pu BLI60pKe m 3JICMCHTOB U3 71 3JICMCHTBI BO3BPAIIAOTCA O6paTHO " ynopaaouuBaroTcs, TO
TOBOPAT, UTO 3TO pasMe€I€CHUsSA C MIOBTOPCHUAMM. Pazmerenus ¢ MMOBTOPCHUAMU MOT'YT OTJINYATHCA
Apyr OT JApyra 3JIEMCHTAMU, HUX MNOPAAKOM H KOJUYCCTBOM HOBTOpCHHI’I aJIeMeHTOB. UMcCIIo Bcex

pa3MeL[[eHI/II>'I H3 n 3JICMCHTOB IO m C IMOBTOPCHUAMUA 0003HaYaeTCsi CHMBOJIOM A,;n U BBIYUCIACTCA I1IO

dbopmye:

m __ _m
A" =n".
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6) Ecnu mpu BeIOOpKE m 3IIEMEHTOB M3 7 3JIEMEHTHI BO3BpAIIAIOTCS 0OpaTHO 0€3 MOCIeqYyOIIEro
YOOPSAOYMBAHUS, TO TOBOPAT, YTO 3TO COYETAHUSI C MOBTOPeHMAMH. UHCIIO BCeX cOUETaHUM U3 n

3JICMCHTOB 110 m C TIOBTOPCHUSIMU 0003HaYaeTCsI CUMBOJIOM ]\7}:” W BBIYUCIIACTCS 110 q)OpMyJICZ

N ="

n+m—1
.

Koumponvnvie éonpocwi
1. Onpenenenre KOMOMHATOPUKH.
2. DneMeHThl KOMOMHATOPUKH.

Tema 11.2. ®opmyna 6mHoma HeroTona. CBolicTBa 0MHOMHAIBHBIX KO3()(PHUIIHEHTOB.
Tpeyroasnuk Iackans.

Dopmyna bunoma Hotomona. Ceoticmea dbunomuanvhvix ko3gpuyuenmos. Tpeyeonvnux Ilackans.
3uamo: popmyna 6mHOMa Hpl0TOHA, CBOMCTBA OMHOMHAIBHBIX KOX(PPHUIIMEHTOB, TPEYTOIHHUK

ITackans.
Ymems: Beranciasgts OuHOM HBIOTOHA.

Bunom Hotomona. 910 popMyna, npecTaBisiomas BeipaxkeHne (a +b)" mpu NonoXuTeIbHOM
[IEJIOM N B BHJIC MHOTOYJICHA:

1 2
(a+EB)"=a"+C a® 12+C a” 222 +
H M
3 n-1
+C a3+ 40 ekl
H H

3aMeTuM, 4TO CyMMa IoKa3aTesiel CTeneHen uisi @ U b TMOCTOSIHHA U paBHA 7.

Yucna * i) it i) HAa3bIBAIOTCS OMHOMHMAILHBIMH KOB(b(I)I/II_II/IeHTaMI/I.

WX MOXKHO BBIYMCIIMTb, IPUMEHSS TOJIBKO CI0XKEHHUE, €CIIH M0JIb30BaThCsI CIEAYIOIIEH CXEMOM.
B BepxHeii cTpoke nuuiem JBe eAUHULBL. Bce mocnenyromuye cTpOKH HAUMHAIOTCS U 3aKaHUKMBAIOTCS
eaununeil. [IpomexxyTouHble yrcia B 3TUX CTPOKAX MOJYyYarOTCsl CYMMHPOBAHUEM COCETHUX YUCET U3
HpelbIayIIel CTpOKU. JTa cXeMa Ha3blBaeTcs TpeyrojabHUKoM [lackais:

[TepBas cTpoka B 3T0i Ta0nHIle COAEPKUT OMHOMUATBHBIE KOIPPUIIMEHTHI Al #n = 1; BTOpas - A1 n
=2; Tpeths - ;s n =3 u T.4. [loaTromy, eciii He0OXOAMMO, HATIPUMED, PA3JIOKHUThH BIPAKECHUE:

(a+b)’,

MBI MO’KEM IOJIyYUTh PE3YJIbTAT MOMEHTAIBHO, UCTIONb3Y sl TA0JIUILY:
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7 T a8 S I I P 105 a6 7
(a+b) =a +T7ab+2lab +353a’b +35ab” +2lah +Tab” +b
CBoiicTBa OMHOMHAIIBHBIX KO3 (OUITHEHTOB.

1. CymmMma ko3¢ dunmeHToB pasnoxenus (a +b)"pasa 2".

Jlyist moka3aTeNnbCcTBa JOCTATOYHO MONOKHUTh @ = b = 1. Torga B mpaBoil yacTu pa3ioxeHus OnHOMa

HrroToHa MBI Oy/1IeM UMETh CYyMMY OMHOMHAJIBHBIX KO3((UIIUECHTOB, a CJICBa:
{1+137=2"7.

2. Koa¢puumeHTs! uneHoB, paBHOYJAIEHHBIX OT KOHIIOB Pa3JI0’KEHHS, PABHBI.
OTO CBOWCTBO CIEAYEeT U3 COOTHOLIEHMS:

M H

3. CymMa k03 pUIIMEHTOB YETHBIX YWICHOB Pa3/I0’KEHHsI paBHA CyMMe K03(h(PpULIMEeHTOB HEUETHBIX
YWICHOB Pa3JIOKEHUS; KaKasi U3 HUX PaBHA

pn-1

— NH="= o
JI1st mokaszaTenbCTBA BOCIIOJIB3YyEeMCSl OMHOMOM: (1-1) 0 CI'3I[€CI) YETHBIC YJIEHBI
UMEIOT 3HaK « +» , a HEUETHBIC - « - ». Tak Kak B pe3yNbTaTe paznokeHus nomyyaercs 0, To

CJIEZIOBATEIIbHO, CYMMBI UX OMHOMHAJIBHBIX KOO(PPHUIMEHTOB paBHBI MEKIY COOOH, MOITOMY KaXKaast

1yr=0n=0,

U3 HUX paBHa! (1- YTO ¥ TpeOOBAJIOCH 10KA3aTh.

Konmponvhwvie 6onpocoi

1. ®opmyna 6bunoma HeroToHa.

2. CaoiicTBa OMHOMHUANBHBIX KO3((UIIMEHTOB.
3. Tpeyronbuuk Ilackarsi.

Tema 11.3.271eMeHTBI TEOPUH BEPOSITHOCTEH M MATEMATHYECKOM CTATHCTHKH.

Cobvimue. Bepoamnocms cobbimusi, ciodiceHue u YMHONICEHUe 8ePOImMHOCElL.
Ilpedcmasnenue 0anuviX, 2eHEPAIbHASL COBOKYNHOCHb, 8bIOOPKA, Cpednee apugdmemuyeckoe,
Meouaxa.

Suamo: CO6BITI/IG, BCPOATHOCTDH CO6LITI/IH, CJIO)KCHUC U YMHOKCHHUC BepOHTHOCTeI\/'I, MMPEaACTaBJICHUC

JAHHBIX, TeHEepaIbHas COBOKYITHOCTh, BEIOOPKA, CpeHee apuMeTHIecKoe, MeANaHa.
Ymems: pemiats 3a71aun 0 TEOPUU BEPOSATHOCTH U MATEMATUYECKOM CTaTUCTHUKHU.

Cnyuaiinple codbimusa ux eepoamuocmu

Ol’lblm0]l/l, uiu ucnolmanuem, Ha3blBatOT BCAKOC OCYHICCTBIICHHUEC OIPCACIICHHOTIO KOMIIJICKCA YCHOBI/Iﬁ

WIN IEUCTBUH, IPU KOTOPBIX HAOIIOIAETCs COOTBETCTBYIOIIEE SIBICHUE.

Cobvimuem Ha3bIBa€TCS BCAKUN (DAKT, KOTOPBIA MOMKET TMPOU3OHTH WM HE MPOU3OUTH B

pe3ynbTare OIbITa.
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IIpumep 1. TlonOpacsiBaHNE MOHETHI — OTIBIT, HCX0/. Brimanenue rep6a mim nudpsl — COOBITHE.
31ech ¥ B TANBbHEHIIIEM IpeIoaraeM, 4To ImaeHrne MOHETHl Ha peOpo HE paccMaTpUBAETCs, TaK Kak
3TO HEYCTOHYMBOE COCTOSIHAE PAaBHOBECHS, a M3ydaeMasi MOHETA JJOCTATOYHO TOHKAsI.
DnemenmapHuimu ucxooamu (coovbimusamu) () ONbITA HA3bIBAIOTCS TaKHUE PE3yJIbTaThl OIbITA, KOTOPHIE
B3aMMHO MCKIIIOYAIOT JIPYT Jpyra U B pe3ysbTaTe OMbITa MPOUCXOAUT OJHO M3 ATUX COOBITHH, TaKKe
KaKoBO Obl HU OBUIO COOBITHE A, IO HACTYIHBILEMY 3JI€MEHTAPHOMY HMCXOJY MOXKHO CYIUTh O TOM,
MPOMCXOTUT WIH HE TIPOUCXOINT 3TO COOBITHE.

COBOKYITHOCTh BCEX AJIEMEHTApHBIX HCXOJOB OIBITA HA3BIBACTCS MPOCMPAHCNBOM 31eMEHMAPHbIX
cobvimuii. O6o3navaercs 2.

Bce coObiTust (s1BII€HUS) NEHCTBUTEIBHOCTH MOYKHO TTOJIPA3/ICIUTh HA TPU BUAA: TOCTOBEPHBIE,
HEBO3MOXHBIC U CITyJaifHbIC.

CoObITHE Ha3BIBACTCS OOCTMOBEPHLIM, €CITN OHO 0053aTEIBHO MPOU30MAET B YCIOBUSAX JAHHOTO
OTIbITA.

CoObITHEe HA3BIBACTCS HEBO3MOMNCHBIM, €CIIM OHO B YCIIOBHSIX JAHHOTO OIBITA 3aBEJOMO HE
MIPOU3OUJIET.

CoObITHE Ha3BIBACTCS C1YUALHbIM, €CIIA OHO MOXET JHOO0 MPOHM30MTH, MO0 HE MPOM30HTH B
JTAHHOM OTIBITE.

CoOBITHSI HA3BIBAIOTCS PABHOBOZMONCHBIMIU, €CITH UMEIOTCS OCHOBAHUS CYUTATh, YTO HHA OJTHO U3
ATUX COOBITHI HE SIBISETCS O0JIee BOZMOXHBIM, YeM JII000€ IPyroe U3 HUX.

JIBa COOBITHSI HA3BIBAIOTCS MPOMUBONONONCHLIMHA, €CIIM TIPU HACTYIUICHUH OIHOTO W3 HHX,

BTOpOE coObITHE HE TporcxoauT. Eciiu coOpiTie 0003HaYEHO A, TO IPOTUBOMIOIOKHOE €My 0003HAYAIOT

A.

B oTHOmeHuu Apyr apyra cOOBITHS TaKKe€ MUMEIOT OCOOCHHOCTH, T.€. B OAHOM cilyyae coObITHE A
MOKET MPOU30UTH COBMECTHO C COOBITHEM B, B Ipyrom — HeT.

CoObITHS HA3BIBAIOTCS COBMECHMHbIMU B TAHHOM OIIBITE, €CJIH MOSBICHHUE OJTHOTO U3 HUX HE UCKII0YaeT
MOSIBJIICHUE JAPYTHUX.

CoObITHST HA3BIBAIOTCS HECO8MECMHbIMU, €CIU TOSBICHHE OJHOTO M3 HHUX HUCKIIIOYAeT MOSIBICHUE
TPYTHX.

Ecau mo6oe n3 coObITHI MPOUCXOIUT HE3aBUCUMO OT peaTu3aIliy 000 KOMOMHAITUH IPYTHUX
COOBITHIA, TO OHU HA3bIBAIOTCA HE3ABUCUMBIMU 8 COBOKYNHOCMU. ECIN MOSBICHHE OJHOTO U3 COOBITUN
BJIMSICT HA BOBMOYKHOCTH TIOSIBIICHUS IPYTOTO, OHU HA3BIBAIOTCS 3A8UCUMBIMU.

Heckonpko coOBITHIA B TAaHHOM OTIBITE 00Pa3yIOT NOJHYIO 2pYNnY cOOblmuil, €CIIA B PE3yJIbTaTe
OTIBITa 00513aTETLHO MPOU3OUIET XOTs ObI 071HO U3 HUX. Eciu coObITHs, 00pa3yroliye MOJHYIO TPYIIY,
HECOBMECTHBI, TO MOSBIEHUE OJHOTO U TOJIBKO OJHOTO U3 HUX SIBISIETCSA JOCTOBEPHBIM cOOBITHEM. [[Ba

HECOBMECTHBIX COOBITHS, 00pa3yIolye MOJHYIO TPYIITy COOBITUH, SBISIOTCS NPOMUBONONOHCHBIMU.
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Knaccuueckoe onpedenenue eepoamnocmu coovimus

CymiecTByeT TPOCTOH CHOCOO ONpPENeiICHUS BEPOSTHOCTH COOBITHS, OCHOBAaHHBIM Ha
PaBHOBO3MOXKHOCTH JTFOOOT0 U3 KOHEYHOT'O YHCIIa HCXOJIOB OITBITA.
[TycTh MpOBOAUTCS OMBIT C 4 HCXOJAMH, KOTOPbIE MOXHO MPEACTaBUTh B BHJIE IMOJHON TPYMIIbI
HECOBMECTHBIX PAaBHOBO3MOXHBIX COOBITHH. Takue WMCXOIbI HA3BIBAKOTCS CAYYAAMU, UWAHCAMU,
anemenmapuvimu coovimusmu, (@ ). CaMm ONBIT Ha3bIBaeTCs Kiaccuyeckum. [Ipo Takol OMBIT TOBOPSIT,
YTO OH CBOJMTCS K CXEME CITyJacB.
Crnyuaii @ Ha3bIBaCTCS 01A2ONPUAMHBIM UIU O1ALONPUAIMCIEYIOUUM COOBITHIO A, €CITU OH MPUBOIUT
K HACTYTUICHHUIO COOBITHSA A.
Beposmuocmuio cobvimuss A Ha3pIBaeTCS MaTeMaTHUYeCKas OIICHKA BO3MOXKHOCTH ITOSIBJICHHS 3TOTO
COOBITHS B PE3yJIbTATE OIBITA.
BeposiTHOCTE cOOBITHSI 4 paBHA OTHOIICHHIO YHCIA, OJAroNpHUATCTBYIOIIUX COOBITHIO A HCXOIOB
OTbITa K OOIIEeMy YHCITy MOMapHO HECOBMECTHBIX HCXOJOB OIBITA, O0pa3yIOMUX MOIHYI TPYIIY

COOBITHH.
m
P(A4)=—. (1)
n

®dopmyna (1) sBisiercst kraccuueckoul ¢hopmynoi ONPEACIICHUs BEPOITHOCTH COOBITHSI.
O4eBUIHO, 4YTO BEPOSAMHOCMb OO0CMOBEPHO20 COObIMUs PaBHA EAMHULIE, A B6epPOAMHOCb
He8O3MOJICHO20_— PaBHA HYIIO. TakuM 00pa3oM, 3HaUYE€HUE BEPOATHOCTHU JIIOOOTO COOBITUS — €CTh
MOJIOKUTETHHOE YHCIIO, 3aKIIFOUEHHOE MEXKIY HYJIEM U STUHUIICH.
0<P(A)<1. @)

[ToHsTHE BEPOSATHOCTH MO3BOJISIET JaTh HOBBIC OINPEACICHUS AJI Pa3HBIX BHUJIOB COOBITHI. A
UMEHHO, COOBITHE B Ha3bIBACTCS He3d8UCUMBIM OT COOBITHS A, €CIT BEPOATHOCTH COOBITUS B HE 3aBUCHT
OT TOTO, MPOMU30ILIO0 cOObITHE A Uau He npou3onio. CoObiTue B Ha3bIBA€TCSA 3aBUCUMBIM OT COOBITHS
A, eciau BEpOSITHOCTh COOBITHS B 3aBUCUT OT TOT'O, TPOU3OIILIO WU HE MMPOU30ILIO0 COOBITHE A.

Teopemvi ymHodICeHUA U CIOMHCEHUA 6EPOAMHOCMEN

CoOwiTHst A ¥ B Ha3BIBAIOTCS pagHblMU, €CITU OCYIIECTBICHUE COOBITUS A BI€UET 3a CO00i
oCyIecTBiieHne coobIThs B 11 HA060pOT.
Cymmotui 1ByX coObITUH A 1 B Ha3bIBalOT coObITHE C=A+B, cocTosiIee B OSABICHUU COOBITUS A, NN
coObITUs B, nimu 060ux 3Tux coObiTuil. [lo-apyromy, mnosiieHue XoTs ObI OHOTO COOBITHSI.
Teopema 1 (cnooicenus seposimnocmeti). BEeposTHOCTh CyMMBI IBYX HECOBMECTHBIX COOBITHI paBHA

CyMMe BEpPOSITHOCTEH STUX COOBITHIA.

P(A+ B)=P(A)+ P(B).
Cneocmeue 1: Ecnu cobbitust A4, A, ,..., A, 00pasyioT HONHYO rpyIIly HECOBMECTHBIX COOBITHI, TO

CyMMa UX BEpOSITHOCTE! paBHA €AUHMUIIE:
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Y P(4)=1.

TeopeMa 2. BepOHTHOCTL MOSIBJICHUS XOTS OBl OIHOTO U3 IBYX COBMCCTHBIX COOBITHI paBHa CyMME

BEPOATHOCTEH ITUX COOBITHIA 0€3 BEPOSITHOCTH UX COBMECTHOTO MOSIBIICHUS:
P(A+ B)=P(A)+ P(B)— P(AB).
Teopema 3. (Ymuooicenusn sepossmuocmeti). BeposTHOCTb IPOU3BEICHUS ABYX COOBITHI (COBMECTHOTO

MNOABJICHUA 3TUX C06LITPII>'I) PpaBHa IPOU3BCACHUIO BEPOATHOCTHU OJHOI'0 U3 HUX HA YCJIOBHYIO

BEPOSTHOCTB IPYTOT0, BEIMUCIEHHYIO NIPU YCJIOBHH, 9TO TIEPBOE COOBITHE yKE HACTYIIUJIO.
P(AB)=P(A)P(B/ A) = P(A)P,(B).
Taxoke MOXKHO 3aIMCaTh:
P(AB)=P(A)P(B/ A)=P(B)P(A/B)=P(B)P,(A).
Ecnu cobbitus Hesasucumbie, 10 P(B/ A) = P(B), u TeopemMa yMHOKEHHS BEPOSITHOCTEH
PUHUMAET BUIL;:
P(AB) = P(A)P(B)
Eciu B pe3ynbTaTe UCTIBITAHKS MOYKET TIOSIBUTHCS /1 COOBITHI, HE3ABUCUMBIX B COBOKYITHOCTH, TO

GQPOﬂmHocmb NOABIEHUS XOMA 6bl 0()H020 N3 HUX paBHa
P(A)=1-gq4q,..4q,.

3nech cobbiTHe 4 0003HAYACT HACTYILUICHHE XOTs Obl OHOTO U3 cOObITHII A, ¢ BeposTHOCTIMU

HACTYIUICHUs P,,a ¢, = | — p, — BEPOSATHOCTb IPOTUBONOIOXKHBIX coObITHil A, A, ,..., 4 .

n
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Tema 12. IlepBooOpa3nasi 1 HHTErpaJ

Tema 12.1. IlepBooOpa3Has u HHTErpa.

Ilepsoobpasnas. Ilpasuna naxodcoenus nepgoobpasznvix. Tabiuya unmezpanos

Ymems: HaXoAUTh HEONPEACICHHBIC HHTETPAJIBI PA3THUHBIMUA METOIaMHU

3namu: onpeneneHne NEpBOOOPA3HON; IPAaBUIIA HAXOKICHUS IEPBOOOPA3HBIX, ONIPEACIICHHE
HEOIPE/ICICHHOTO HHTErpaia U ero CBOWCTRA, TAOJUIy HHTEIPAJIOB, METO/IbI HAXOXKICHUS
WUHTETPAJIOB.

®ynxuus F(x) maseiBaetcs nepsoobpasmoii hynxyueti dynxkuun f(x) ma orpeske [a,b],
€CIM B JTIO0OM TOYKE STOTO OTPE3Ka BEPHO PABEHCTBO:

F'(x)=f(x).

Hanmo otMeTHTh, 94TO IEPBOOOPA3HBIX VIS OJHOM M TOH K€ (QYHKIUU MOXKET ObITh OECKOHEYHO
MHOro. OHM OyoyT oTiaMuyaTbes Jpyr OT Jpyra Ha HEKOTOpOe IOCTOSHHOE 4YHCIO, T.€.

F(x)=F(x)+C.

Heonpedenennvim unmezparom Gynkumn f(X) Ha3pIBaeTCs COBOKYIHOCTH IEPBOOOPA3HBIX

(yHKIMIA, KOTOpbIE ONpeeNeHbl COOTHOMEHUEM:

Flx)+ C.
3anKCHIBAIOT: j f(x)dx =F(x)+ C;3necs _[ — 3Hak wmHTerpanma, f(X) — mombHTErpanbHas
dynkums, f(X) dx — moABIHTErpaTbHOE BHIPAKEHHE.

Brranciaenue HCOMMPCACICHHOT'O HHTCIrpaia oT 3aﬂaHHOfI (i)YHKIII/II/I Ha3bIBACTCA
UHmezcpupoeaHuem.

Ceoiicmea nHeonpeodeeHHbIX UHMEZPAI08

1. IlpousBogHast OT HEOIPEIEIEHHOIO HHTErpala paBHA MOJBIHTETPATbHON (PYHKIIUH.

([ f()dx) = (F(x)+C) = £(x);
2. Muddepenuman oT HeonpeaeIeHHOT0 HHTErpalla paBeH MOABIHTEIPATbHOMY BBIPAKEHHIO.
d(] £ (0)dx)= f (x)dx:

3. HeonpeneneHHblil nHTETpai oT quddepeHiraia HeKOTOpoi PyHKIIUN paBeH dTON (PYHKIINH C
TOYHOCTBIO J10 TIOCTOSTHHOT'O CJIaraeMoro.

[dF(x)=F(x)+C;

4. aTerpan oT CyMMBI MM Pa3HOCTH JIBYX M OoJiee (QYHKIMIA paBeH CyMME HITH Pa3HOCTH HHTETPAJIOB
OT 3TUX (QyHKUIUH

I(u +v—w)dx = _[udx + J.vdx — dex;
5. IlocTOSIHHBIN MHOXHUTEIb MOKHO BBIHOCHTB 3a 3HAaK MHTErpaia

[C- f(x)dx=C- f(x)dx;
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Tabuira HTETpaIOB

No WNuTterpan 3HayeHue No WNuTterpan 3HayeHue
| i e 0 j dx arcsinx + C =
. _“
V1-x? =—arccosx + C
il dx 1. |x—a
2 x"dx +Conz—-1 |12 —_ —In +C
'[ n+1 M J.xz—azz 2a |x+a
dx
3 ax 1n‘x‘+C 13 jz— 1n‘x+\/x2 tal+C
X VX" ta
a’ . X
4 a”dx —+C 14 arcsin—+ C
I Ina J.\/i a
d. 1
5 jexdx e~ +C 15 jaz -fx ;arctg§+ C
: 1
6 jsmxdx —cosx+C 16 j —dx lntgngC
sin x
1
7 fcos xdx sinx +C 17 f dx In tg(g + %) +C
COSX
8 j L tgx+C 18 j tgxdx — ln‘cos x‘ +C
COS X
9 I . 12 dx —ctgx+C 19 fctgxdx ln‘sin x‘ +C
sin” x
10 [ dx areerrC= [ i Tl X |4c
1+ x° = —arcctgx + C x(a—x) a |la—x

MeTtoabl HAX0K/1eHUS] HHTErPajioB

Cnoco0 moacTaHOBKHM (3aMeHbI IlepeMEHHbIX).

Ecnu TpeGyercs HaiiTi uHTErpat J. f(x)dx, no cnoxHo oTBICKaTh MEPBOOOPA3HYIO, TO HHOT/IA

¢ momokio 3amensl X = @(1) u dx = @'(t)dt moxHo HONyUnTH:
[ f(x)dx =] f (@)’ (t)dt

HNHTerpupoBanue mo 4acram.

Bcnomaum dopmyny mpou3BoIHOM MPOU3BEACHUS:
wv) =u'v+uw'

IJie 4 U v — HeKoTopkie GpyHKIMU oT x. B nuddepennmansuoit popme:

d(uv) =vdu + udv
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[IpouHTErpUpoOBaB, MOIyYaeM: J.d (uv) = Ivdu + J.udv, a B COOTBETCTBUU C NPUBEICHHBIMU

BBIIIIE CBOMICTBAMHU Heonpe,ueneHHoro I/IHTeraJ'IaZ
uv=jvdu+fudv WIN .[udv=uv—_|.vdu;
[Momyuynnu Gopmyiry HHTETPUPOBAHUS IO YaCTSAM, KOTOpast MO3BOJSIET HAXOIUTh MHTETPAITBI
MHOTHUX 3JIEMEHTAPHBIX (PYHKITHI.

[Ipy wucmonp30BaHMHM METOAAa MO YacTsAIM 3a u Oeperca Takas (yHKIHs, KOTOpas TIpU
T pepeHIMPOBAHNYN YIPOILAETCS, a 32 dV — Ta YacTh MOJBIHTErPAJILHOIO BBIPAXKEHUSI, UHTErpal OT
KOTOPOW M3BECTEH WUJIM MOXKET OBbITh HAlCH.

EOJ'IBH_IyIO JaCTb UHTCTPaJIOB, BBIYHUCIACMBIX 110 9aCTAM, MOXKHO paS6I/ITL Ha TpH I'pyHIIbL:
1. WnTerpansl Buaa I P(x)arctgxdx , I P(x)arcctgxdx , J.P(x) In xdx, J.P(x) arcsin xdx ,

IP(x) arccos xdx , rue P(x) — MHOrounes. JIus UX BBIYUCIEHUS CIEMYET 3a U IPUHAMATL OIHY W3

BbIIIIEyKa3aHHbIX QyHKUIUH, a dv = P(x)dx.

2. UnTerpansl Buaa IP(x)eaxdx , J.P(x) sin axdx , jP(x) cosaxdx, tne P(x) — MHOTO4JIEH, & a —

HEKOTOpoe uucio. JIJisi X BBIYUCICHUS CIEayeT MpusTh u =P(x), a dv = e®dx, dv = sinaxdx, dv =
cosaxdx.

Kak BUJHO, MOCJICAOBATCIIBHOC IMPUMCHCHUC q)OpMyJII)I HUHTCIPpHUPOBAHUA II0 YaCTAM IMO3BOJIACT
TOCTENEHHO YIPOCTHT (BYHKIUIO U TIPMBECTU HHTETPAl K TaOIHYHOMY.

ax ax e
3. UnTerpansl Buja _[e cosbxdx, J-e sinbxdx , rne a u b — HeKOTOPBIE YKCIA. DTU MHTEIPAIIBI
BBIYUCIIAIOTCA IBYKPATHBIM MHTCTPHUPOBAHUCM 110 YACTAM.

KOHmpO]leble 680NpoOCsHL
1. I[lepBoobOpazHas.
2. TlpaBuiia HAXOXKICHUS TIEPBOOOPA3HBIX.
3. OmnpezeneHrie HEONPEACICHHOTO UHTETpaIa.
4. CBoiicTBa HEOMpeeIEHHOTO HHTErpaa.
5. Meroasl MHTErpUPOBAHUS.

Tema 12.2. OnpeneeHHbIH HHTETPAJI U €ro NPpUMeHeHne

Buwiuucnenue onpeoenennvix unmezpanog ¢ nomowpio gopmynst Heromona-Jleiibnuya.
Haxooicoenue nnowaoeu ghucyp.

Ymemu: BBMMCIATH  ONpENENIEHHbIE HMHTErpayibl ¢ Mnomouibio ¢opmynsl HbroToHa-JleiiOHuma,
BBIYUCIIATH TUIONIAh KPUBOJIMHEHHON Tparenun, Guryp, orpaHUuIeHHBIX 33 JaHHBIMH JTHHASMHU.

3namy:  anrOpUTM BBIYMCICHUS OIPEICJIICHHBIX WHTErpajoB C MOMOIIbI0 (opmyasl HbroToHa-
JleiiOHMII, METO/IbI BEIYHCIICHHUS ONIPEISIIEHHBIX HHTETPAJIOB AITOPUTM BBIYUCIICHUS IIOMIAaei Guryp.

[ycte pynkuus f(X) onpenenena na otpeske [a,b]. Pazobbem otpesok [a,b] na n mpon3BonbHBIX

4acTel TOUKaMu d = X, < X; <X, <...<X;; <X; <...<X, = b . Ha kaxxaom

96



M3 YACTHYHBIX OTPE3KOB BBIOEPEM HPOM3BOJIBHO MO OAHOM Touke: ¢ €[a, X, |, ¢, €[X},X,],

e €, €[x,4,b].

fie)
fie)).

al D% X7 b {

1 X G C

n
Beenem obosnauenus: Ax, =x, —a, Ax, =x, —x,, ..., Ax, =b—x,_,.

n
CocTaBuUM CyMMYy: O = z f (Cl- )Axl- , KOTOpasi Ha3bIBACTCS UHMEPANbHOU CyMMOU HYHKIIUN
i=1
f(x) na orpeske [a,b].

I'eomempuueckuit cmoicn o: Kaxnoe cnaraeMoe MHTETPAIbHON CYMMBI TIPEICTaBISIET COOOU
IUIOIA/b HPSIMOYTOJIbHUKA ¢ OCHOBaHWeM AX; u BbICOTOH f(C;), MOKPBHITOrO IITPUXOBKOI Ha
PHCYHKE.

O603nauum uepe3 A = max(Axi), i = 1, 2, ..., n — IIUHY HaAHOOJBIIETO YaCTUYHOTO OTPE3KA.

Bennuuny A MHOT]a HA3BIBAIOT nApamempom pazouenus.

PaccmoTpuM mporiecc, pu KOTOPOM YUCIIO TOYEK pa30MeHHs HEOTPaHUYEHHO BO3PACTAET TAKUM
00pa3oM, YyTO BEJIMYMHA A CTPEMUTCS K HYJIIO.

Eciu cymecTByeT npejen uaterpanbHoii cymmel [ = lim o, To on HassIBaeTCs onpedenenivim
A—0

unmezpanom ot GyHkuun f (x) na otpeske [@,b] u o6o3nauaercs

b

I:jf(x)dx

B stom ciyuae Qynxumus f(X) HaseiBaeTcss ummezpupyemoti na ompeske [a,b]. Yucno a
HA3BIBAETCS HUJICHUM NPEOeOM UHMESPUPOSAHUSL, & YUCIIO b — 6epXHUM NPe0eNoM UHMEZPUPOBAHUSL.

Eciu Takoii mpeen CymecTBYeT, TO OH HE 3aBUCHT OT MEPBOHAYAILHOTO Pa3OMEHHs OTPE3Ka
[a,b] un BBIGOpa Touek ci. U3 ompeseneHus ONpeNeNeHHOr0 HHTETpaa CIEAYET, YTO €r0 BETHYMHA
3aBMCHUT TOJBKO OT Bujaa GyHkuun f(X) u or uucen a u b. CnenosatensHo, ecnu 3anansl f(X) u

Ipe/IeNbl UHTETPUPOBAHYS, TO HHTETPAJ ONPEIEIAeTC OAHO3HAYHO U IPEICTABISET CO00I HEeKOTOpoe
YHCJIO.
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T'eomempuueckuil cmvici onpedeneHHO20 UHmMezpand.

\ Ecm  f(x) >0 ma orpeske [a,b], To onpenenenusrii
y=fx) b
MHTErpa _[ £ (x)dx reomerpuuecku npeacrasnser coboit
a
IWIOmaab KPUBOJIMHEHHOH Tpamemuu —  (QUIYpHI,
4 p X orpanndenHod ymmmamu V= f(x), x=a, x=b,
> y=0.
YA

a b
Ecmu f(x) <0 ua orpeske [a,b], 10 S = —lff(x)dx. ~ % X
y=f(x)

Ceoiicmea onpedenennozo unmezpana

1 lff(x)dx = —I f(x)dx ;

2. Lff(x)dsz;

3. Ecmu c €[a,b], To Iff(x)dx = Tf(x)dx+?f(x)dx;

b b b
4. [Lf(G)+ gl =] f () + g (x)dx:
5. lj)kf (x)dx = klf f (x)dx , T11€ k — TIPOM3BOJIBEHOE YHCIIO.

®opmy.aa Herorona-Jleiionnna

Ecim ¢ynkums [ (x) menpepeiBHa Ha otpeske [a,b] m dynkums F'(x) ssnsercsa ee
NepBOOOPA3HOI HAa TOM OTPE3KE, TO UMEET MeCTO hopmyaa Hviomona-Jletibnuya

i F()dx = F(x)’ = F(b) - F(a),

TO €CTh ONpPE/IEICHHBIM NHTETpall PaBEH Pa3HOCTH 3HAUYEHUI IepBOOOPA3HON NMPH BEPXHEM U HUKHEM
npejienax HHTErpUpOBaHUs

3ameHna MEPEMECHHBIX B OIIPEACJICHHOM HHTErpaljie

b
IIycTh 3aaH MHTErpa J. f(x)dx, rne f(x) — menpepsiBHas Qpynkims Ha otpeske [a,b].
a

BBeneM HOBYIO [IEPEMEHHYIO B COOTBETCTBHIU ¢ (popmysioit X = @(t) . Torma ecnu:

Doa)=a, p(f)=b;
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2) @(t) u @'(t) menpepriBHbI Ha oTpeske [, F];

3) f ((p(t )) ompenenena Ha otpeske [, ],

TO

b s
[ f(x)dx = [ flp@)]p'(t)dr

Ota popmyiia Ha3bIBACTCS hopMYI0L 3aMeHbl NEPEMEHHOU 8 ONPEOeleHHOM UHmezpae.

3ameuanue. Ecnu Tpu BBIYHUCICHUU HEONPENEICHHOIO HUHTErpaja C IOMOILBIO 3aMEHbI
HepEeMEHHOH clieyeT OT HOBOM NepeMEHHOW ¢ BO3BpalllaThCsl K CTapoi MEpeMeHHOH X, TO Mpu
BBIUHCIICHUH OTIpEIEIEHHOTO MHTErpaja 3TOTO JenaTh HEHYXHO, T.K.

A s
[ lo@)p'(0)dt = Flp@)]| = Flp(B)]- Flp(a)l=F(b) - F(a)

HNuTerpupoBanue no 4acram.

Ecmu ¢yrkumn # = u(x) u v =v(X) HenpepblBHBI Ha oTpe3ke [d,b], a Takke HEMPEPHIBHEI
Ha TOM OTPE3Ke UX IIPOM3BO/IHbIE, TO CIIPaBeInBa (POpMyJIa:

b b b
judv = uv‘ — J.vdu.
a a a

KOTOpasi Ha3bIBACTCS YOPMYNOU UHMESPUPOBAHUS NO YACMAM 8 ONpeOesieHHOM Unmezpaie.

Taxxe IMPU BBIYUCIICHUHN ONPCACICHHOTO MHTCIPAJIa UCIIOJIB3YIOTCA CIICAYIOIIUC ITpaBUJia:

Ecmu f(X) — neuernas, To _[ f(x)dx =0, ecnu neuernas, I f(x)dx =2 _[ f(x)dx
i Za 0

I'eomeTpuyeckue NpuI0KeHUs oNpeaeIeHHOT0 HHTerpaJa.
IInowaow nnockoi ghuzypel.

a) [T1ommaas KPUBOJIMHENHOW Tpaleuy, OrpaHMYeHHoi KpuBoi y = f(X), npaMeIME X =a u
b

x =b wuotpeskom [a,b], Beraucnsercs no opmyne S = I f(x)dx
a

(1313

Ecan rpaduk pacmosiosxeH Hmke ocu Ox, T.e. X) <0, To mIomanabs UMeeT 3HaK , ecu rpaduk
b
pacnonoxen Beime ocu Ox, T.e. f(X) > 0, To muomaas UMeeT 3HaK “+”.

y

0l lg \—/ lh X

Taxum oOpazom, A1 HAXOXKACHUSA CYMMapHOM MJIOMAAH UCTIONb3yeTcs hopMyia

Szjj.f(x)dx.
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0) [ommaas Gurypsl, orpaHuueHHoN kpuBbiMu ), = f1(X) u ¥, = f,(x) ( fi(x) < £, (x)) u
IpSAMBIME X = d U X = b, Haxoaurcs no Gopmyie

b
S =[[f2() = f;(x)]ax

B) Ecnu kpuBas 3a1aHa mapamMeTpudyecKuMu ypaBHeHusmMu X = X(¢) u y = y(¢), 10 miomans

KPMBOJIMHENHOM TpaIeny, OrpaHMYeHHON 3TOH KPUBOM, NpIMBIMUA X = d U X = b u otpeskom [a,b]
5

, BeIpakaercs Gopmyson S = J‘ y(®)x'(t)dt , tne i u t» onpenensiiores u3 ypasnennit @ = x(¢,) u
4

b=x(t,).

Konmponvnvie éonpocwi

1. OnipenenieHrie oNpenesIeHHOr0 HHTerpana.

2. CBolicTBa ONpEAEIEHHOr0 HHTErpaa.

5. Beruucienue onpeneneHHbIX HHTETPaIoB ¢ moMoIisio popmynsl HetoTona-Jlenonuma.

4. MeTtonbl HaxOXAECHUS ONPEECICHHBIX HHTETPAJIOB.

5.0mnpeneneHne KPUBOJIMHEHHOM TpaTeIuu.

6. AITOpUTM HAaXOXAEHUS Mo U GUTyphl, OrpaHUYEHHOH 3alaHHBIMU JTUHUSIMHU.
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Tema 13 .U3mepeHusi B reoMeTpHu.
Tema 13.1. O0beM u ero usmepenne. UurerpasbHas ¢popmyia odbema.

Tousmue oowvema u ezo ceéoticmsa. Unmeepanvnas ¢hopmyna odvema. Dopmynvi odvema
Ky0a, npamoy201bH020 napaiienenuneod, NPusmol, YUIuHoOpa.
Dopmynvl 06vema nupamudsl u Konyca. Popmynvl niowadu nNOGePXHOCMel YUIUHOPA U KOHYCA.
Dopmynvl obvema wapa u niouaou cgepol.

Ymemu: BIUMCHATH 00BEM MHOTOTPAaHHUKOB U 00BEM I1apa; BEIYUCIATH TUIONIA1b TOBEPXHOCTEH
IWJIMH/PA U KOHYCa U CHEpHI.
3namy: moHsATHE 00BEMA U €TO CBOMCTBA, MHTETpalibHast popmyiia oobeMa, hopMyisl 00beMa Kyoa,
IPSIMOYTOJIBHOTO NapaJuIelenuIea, IPU3Mbl, IITHHIPA, GopMysl 00beMa MUpaMuIbl U KOHYyCa,
(dbopMyIIBI IIIOLIAIM TOBEPXHOCTEH HMIMHAPA U KOHYca, popMyIibl 00beMa I1apa U IIomaan chepsl.

Tena paBHoBenukue. IIpocTpaHcTBO, 3aHMMaeMoOe KaKMM-HHUOYAb TEJIOM, WJIH BMECTHMOCTb
9TOrO Teja Ha3. ero o0beMoM. Moryt ObITh Takue Teja, KOTOPbIe MMEIOT OJMHAKOBBIH 00BEM, HO
Pa3IUYHbIN BUJ, TaK 4TO XOTS OHM U 3aHUMAIOT OJIMHAKOBOE IPOCTPAHCTBO, HO HEJNb3S BIOKUTH OJHO
TEJIO B IPYroe TaK, YTOOBl OHU COBMECTHIINCH. Bo3bMeM Hamp. iBe IpsiMble TpeyroybHble Mpu3Msl AB
u EF (puc.l.), KOTOpPBIX OCHOBaHMSI U BBICOThI PaBHBI;

v N

A E

Puc.1
Puc.2.
MBI MOEM MPUCTABUTh ATH MPU3MBI OJIHY K APYroH Tak, 4To oOpazyercs omna npusma MN (puc.2.),
KOTOpPOil OCHOBaHHME TO JK€ CaMO€, a BBICOTa BJBOE OOJBIINEC; MOXKEM TaKKe COCTaBUTh W3 HHUX
napawtenenunen KL; o0bem mapamienenurena. OyaeT, 04eBUIHO, paBeH 00beMy pu3Mbl MN, Tak Kak
o0a 3TH Tena COCTOSAT W3 OOHMX M TeX JK€ NPU3M; HO MapajUieNenurie]l, KOHEYHO, HE MOXKET
COBMECTHUTBCS ¢ MMPU3MOM. Tena, UMeroIie paBHbI 00bEM, Ha3. pPABHOBEIIMKUMU.
Eounuya ons usmepenust 06vemos.

N3meputh 00beM Kakoro-HuOynp — Tela,  3HAYUT  HAMTH, CKOJBKO pa3 B HEM MOXKET
IIOMECTHTBCS JPYroe Teo, 00BEM KOTOPOTo MPUHUMAETCS 3a €NUHHILY. Takoil eAuHUIeH CITyKUT
Ky0, KOTOpOTro Kaxaoe pedpo = JMHEHHOW eAMHHIE, HAIp., CaXEHHU, apIIMHYy W T. MOJ. Takum
o0pa3oM, OmpeAenuTh O00bEeM WM BMECTUMOCTh KOMHATHI 3HAUUT y3HATh, CKOJIBKO MOMECTUTCA B
Hel KyOMueckux cax., KyO. apmL u 1. mon. /[l aToro Hamo ObI MOCTaBUTH B KOMHATE OJHY KYO.
CaX. WJIM OJUH KyO. apul. psJIOM C 3TOM eIUHHULIEH MOCTaBUTh APYToil Takoil KyO, MOTOM TPETUH U T.
n., TIOKa BCS KOMHaTa He HamosHutcs. Ho Takoe m3mepenue Oyner M HEyJoOHO, U BecbMma
MPOJOKUTETIFHO; MBI TIOKQ)KEM ceddac, KakuM o0pa3oM MOXKHO HU3MEpSATh 00BEMBI TN, HE
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nomerias B HuX Ky0. mep.

Ceoticmeo 06vemos:

1. PaBHBIEC TeNla UMEIOT pPaBHBIC OOBEMBI.

2. Ecnim Teno cocTaBiIeHO U3 HECKOJIBKUX TEJ, TO €ro 00beM paBeH CyMMe 00bEMOB ITHX Tell.

Obvem npsamoy201vHo20 napanieienuneod.

Urak, urob onpenenuts 00beM HMPSIMOYTOJIBHOTO Mapajuieenunesia, Hal0 U3MEPHUTh OAHON 1
TOM XK€ JTMHEHHON eIUHUIICH TpU pedpa ero, BHIXOMAIINE U3 00IIel BEpPIINHBI, U TOJyYCHHBIC YHCIIa
MIEPEMHOXXHTD; PON3BEICHUE TTOKAXKET, CKOJIBKO COJEPIKUTCS B MaP-/1€ COOTBETCTBYIOIINX KYOUIECKIX
eauHUll. B mpsmMoyrojasHOM napaluienenumneae Tpu pedpa, UAyIre U3 OJHOW BEPIIMHBI, Ha3bIBAETCS
U3MEPEHUSIMH 3TOTO Mapajulesienuesia; Mo3TOMY Ipeblaylee NpaBuwiIo 00 ompeaesieHun oobeMa
KOpOYe BBIpAXKAIOT TaK: 00bEM MPSAMOYTOJBHOTO Mapajljiesienuneaa MPOU3BEICHUI0 TpPeX €ro
U3MEPECHUM.

MoxHO cKa3zaTh TakXe, 4TO O00beM MPSMOYTOJbHOIO Mapajulesienunea MPOU3BEACHUIO
rmjaonrazayn €ro OCHOBAaHUS Ha BBICOTY.

E

. 7

' C ) . J
__‘;e.‘ﬁ:'_:;_-'_'__;;-?.";/ D

A B

Cneocmesue 1. O6beM NMPSMOYTOJIBHOTO MapajieNienuIeia paBeH MPOU3BEACHUIO IO OCHOBAHUS
Ha BBICOTY.

V=Sh,

rze S — iomaab OCHOBaHMs, /1 — BbICOTA MapauleenuIeaa.

Cnedcmeue 2.00beM NPSIMON TIPU3MBI, OCHOBAHUEM KOTOPOH SBIISIETCS IPSMOYTOJIBHBIA TPEYTOJIHHHUK,
paBeH MPOM3BEACHUIO TUIONIAAN OCHOBAHHUS Ha BBICOTY.

V=S8ch
Obvem nupamuowi.

Beskas nupamuaa  cocraBisieT 1/3 mpu3Mbl TOTO K€ OCHOBAaHUS U TOM ke BbICOTHI. YTOOBI MPOBEPUTH
3TO, BO3bMEM SIIMK A, UMEIOUIMI BuA MNpusMsl (puc.3.), u nupamuay B, BHyTpu mycTyio; ocHOBaHUe
e€ Takoe ke, KaK y MPU3MBbl, U BBICOTA TaKasl >K€; HACHIIJIEM B HEE MECKY MM HAJIbeM BOABI (IJIs1 3TOTO,
pasymeercs, ee HaJio OOEpHYTh BEPIIMHONH BHHW3) Tak, YTOOBI HAMIOJHHUTH €€; IOTOM BBUIBEM OTY
BOJly B MPU3MY; 3aT€M OIISITh HAIIOJHUM MUPAMUAY U ONSATh BBUIBEM; MBI YBHIUM, YTO HaJ0 TPU
pasa mepeiuTh BOAY W3 THPAMHIbl B MPHU3MY - U TOT/Ia TOJBKO MpU3Ma HanoiHUTCs. [loaTomy
06vem nupamuobi=1/3 npouszeedenus n10Waou eé 0CHOBAHUS HA BbICOMY.

v=Ls.n
3

Obvem yceuennoll nupamuosl, BBICOTa KOTOPOH paBHa /1, a IUIOIIAAX OCHOBaHUM paBHBI S U S,

, BRIYUCTISIETCS 110 (hopMyIie
V:%h(S+Sl +4/5-S))
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Puc.3.
Obvem yurunopa.

HumHAp MOXKHO CYHMTATh 32 NPU3MY, Y KOTOPOH B OCHOBAaHWM HE MHOTOYTOJBHHK, a KPYT;
ClIeIOBAaTENbHO, 00BEM LWJIMHAPA ONPEIEIeTCs TOYHO TaK K€, Kak M 00beM NPH3MBI; T.e. 00beM =
MPOM3BEICHUIO TUTOIIAIA OCHOBAHHUS Ha BBICOTY.

V=S -h

Obvem koHyca.
KoHyc MOXHO  cyMTaTh 3a MPaBUIBHYIO MHPAMHUIY, Y KOTOPOH B OCHOBAaHHUHU KpYT, a HE
MHOTOYTOJILHHUK; TIOATOMY 00BEM KOHYCa ONPEIENISIeTCs TaK Ke, Kak U 00beM MUPAMUJIBI; T.€. 00beM =
OJTHO# TPETH MPOM3BEICHHUS TUIOIAH OCHOBAHHS HA BBICOTY.

V:lS-h
3

Obvem yceuenno2o KoHyca, BBICOTAa KOTOPOH paBHA /1, a IUIOIIAAN OCHOBAHUM paBHBI S H S|,

V=%h(S+S1 +4/S-S)).

BBIUUCISETCS 110 hopMyIie

Obvem wapa.

[ToBepXHOCTh IIapa MOXKHO CYUTATh COCTOSIICH W3 YPE3BBIUAMHO OOJBIIOTO KOJIMYECTBA
BEChbMa MaJbIX IUIOCKUX (UTYp, HAmp. TPEYTOJbHUKOB; €CIM MBICICHHO COEJAMHUM BEPIIMHBI ITHX
TPEYTrOJIbBHUKOB C LEHTPOM Ilapa, TO IOJYYUM MHOXKECTBO IHPAMHUJ, KOTOPbIE BCE BMECTE U
COCTaBJIAIOT 00BEM ILIapa; BCE ITH MHUPAM. UMEIOT OJIHY BBICOTY, UMEHHO painyc Iapa, a OCHOBAHUS HX
COCTaBIISIIOT MOBEPXHOCTH 11apa. Ho uToObl HaliTH 00beM MUpPaMUIbL, JOJHKHO IUIOIA/lb €€ OCHOBAHUS
YMHOXXUTB Ha 1/3 BBICOTHI; ClleOBAaTENbHO, MBI HailleM cymMMy 00BEMOB BCEX MHUpaMUJ, WK 00beM
1Iapa, ecii yMHOKHM CyMMY BCEX OCHOBaHHM MIJIM TOBEPXHOCTH 11apa, Ha TpeTh paauyca. Mtak, oobeM
11apa = NOBEPXHOCTH Il1apa, yMHOKEHHOW Ha TPETh paauyca.

y=2m
3

Konmponvnvie 6onpocwi
1. [TonsiTue o6beMa U €ro CBOMCTBA.
2. UnTerpanbhas popmyrna oobema.
3. ®opmyiel 00BeMa Ky0Oa, IPSMOYTOJIEHOTO TTapajlIeNIeTUIIe 1a, IPU3MBI, IIAIHHPA.
4. ®opMynbl 00beMa MUPAMHUIBI U KOHYCA.
5. @opMyIbl IIOMAM TOBEPXHOCTEN UIMHAPA U KOHYCA.
6. ®opmynsl 06beMa Iapa U miomaau chepsl.
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ITonoOue Tesa (10MOJIHUTEIbHBIA MaTepPHAaJI)

Jlea mena no0o6OHbL, €CITA OJHO U3 HUX MOXKET OBITh OMYyYEHO U3 JPYTOro MyTEM yBEITHMYCHUS
(UM yMEHbILIEHUS ) BCEX €ro JIMHEHHBIX Pa3MEPOB B OHOM U TOM K€ OTHOLIEHUH. ABTOMOOUIIb U €ro
MoJeNlb — Mojo0HbIe Tena. J[Ba Tenma (purypsl) 3epkagbHO MOJOOHBI, €CIM OAHO M3 HHUX MOIO00HO
3epKaJbHOMY OTpakeHHIO Apyroro. Hanpumep, kaptuHa u e€ GOoTOHETaTuB 3epKaJIbHO MOIOOHBI APYT
ApyTy.

B momoOHBIX M 3epKambHO MOJO0OHBIX (UTYpax BCE COOTBETCTBEHHBIC YIJIBI (JIMHEWHBIE U
JIByTpaHHbIE) PABHBI.

B noo0HBIX Terax MHOTOTpaHHbIE U TEJIECHBIE YTIIbI PaBHBI; B 3€PKAIbHO NMOA00HBIX TEJIaX OHU
3epKaJIbHO PaBHBI.

Eciu  0sa mempasopa (06e mpeyeonvHble  nupamuovl) HUMEIOT  COOTBETCTBEHHO
MPOMOPIIMOHANIEHBIC pEOpa (MM COOTBETCTBEHHO MOJAO0HBIE TPAHU), TO OHU MOJOOHBI W 3€PKATHHO
nono6Hel. Hampumep, ecnu rpaHu nepBoil mupaMuibl BIABOE OOJbIIE, Y€M y BTOPOM, TO BBICOTHI,
anodembl, paiiyc OMUCAHHOTO Kpyra MEpBOW MUPaMUIBI TaKXe BIBOE OOJbIIE, YeM Y BTOpPOW. JTa
TeopeMa He MMeeT MecTa JJii MHOTOTPAaHHHUKOB ¢ OOJBIIUM 4HCIOM IpaHei. [Ipeanonaoxkum, 4To Mbl
coenuHWIH Bce péOpa KyOa B €ro BepIIMHAX MOCPEACTBOM IIAPHUPOB; TOT/A MBI MOXEM W3MEHHUTH
dbopMy 3T0i1 PUrypsl, HE pacTAruBas €€ CTep>KHU, U MOIYYUTh U3 HAYaIbHOTO Ky0a mapasiesenumnes.

Jlee npasunvhvie npusmvl uiu nupamudsbl ¢ OJAUHAKOBBIM YHCIIOM TpaHeW MOJOOHBI, €CIu
paanychl UX OCHOBaHHMI MPOMOPLMOHANBHBI MX BbICOTaM. JIBa KpyTJbIX HWJIMHApPAa WIM KOHYyca
M0TI0OHBI, €CTIU PAINyChl X OCHOBaHHH MPOMOPIIMOHAIBHBI KX BBICOTAM.

Ecnu 0s6a u 6onee men nooobmsi, TO TIIOMATN BCEX COOTBETCTBYIOMIUX IUIOCKMX M KPHBBIX
MOBEPXHOCTEH ITUX TEJ MPOTOPIIMOHATBHBI KBaJIpaTaM JTIOOBIX COOTBETCTBYIOIIUX OTPE3KOB.

Ecnu 0sa u bonee men no0obHwvl, TO UX 00BEMBI, @ TAKKE 00BEMBI JTIOOBIX X COOTBETCTBYIOIIUX
4acTel, MPOMOPIMOHATLHBI Ky0aM JIF0OBIX COOTBETCTBYIOIINX OTPE3KOB.

I[Ipumep. Yamka qguamerpom 8 cMm u BeicoToM 10 cM Bmemaer 0.5 nutpa Boasl. Kakux pazmepon
JOJI’KHA OBITH MTOI00OHAS Yalllka, BMeIaroias 4 JJurpa BoIbI?

Pemenue.llockonbKy 4Yamku — MOAOOHBIE HWIMHAPHI, TO OTHOIIEHHE HX OOBEMOB pPaBHO
OTHOIICHHUIO KyOOB COOTBETCTBYIOIIMX OTPE3KOB ( B HAIIEM CIy4yae — BBICOT M JIUAMETPOB YAIIeK ).
CrnenoBarenbHO, BBICOTa /i HOBOM YaIIKU HAXOJIUTCS U3 OTHOIICHUS:

(h/10)°= 4/05. Toecte h°=8-10°, omxyma k=20 cu:

dHAIOTHHYHO, IIAd OHManMeTpa d TTOJIYHIIM

(d/8)°=4/05. Toecrs d° =8-8°, otryna d=16cu .
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Tema 14. JjieMeHTHI TEOPHH BEPOATHOCTEH M MATEMATHYECKOM CTATHCTUKH
(mpoaoskeHune)

Tema 14.1. luckpeTHble caydaiiHble BeJTNYMHbI

Tlousmue ouckpemuou CayuaiHol genudunsl. 3aKoH pacnpeodenenusi OUCKPeMmHOU CIY4atiHOU
genuyunvl. Beposmnocms Ouckpemmuou cay4yaiHou eenudunsl. Xapakmepucmuku OUcKpemHou
CAVUAUHOU BETIUYUHDL

Ymemsb:HaxoUTh BEPOATHOCTD JUCKPETHOM CllydaliHOM Benn4uHbI 10 opmynie bepHynu, HaXoauTh
€€ XapaKTEPUCTUKH.
3namu:onpeeneHne TUCKPETHON CIlydalfHON BEJIMYMHBI,3aKOH €€ PACIIPEIEIICHUS U XapaKTEPUCTUKY

3axon pacnpedenenus ciyyanHol 8eIUYUHbL

Cnyuatinou éenuyunoii (c.B) X Ha3pIBaeTCA BETUUYMHA, KOTOPAsi B pe3yibTaTe ONbITA MOXKET
OPUHUMATH TO WIM UHOE 3HAUYEHUE, IPUYEM 3apaHee U3BECTHO KaKOE UMEHHO.
Ciyualinple BETMYMHBI MOXKHO PAa3ACINTh HA 1BE KATETOPUH: TUCKPETHBIC U HETIPEPBIBHBIC.

JIuckpeTHO ciydallHOM BETUYHHOM ([1.C.B.) HA3bIBAETCS TaKas BEJIMYUHA, KOTOpas B
pe3ysbTare OIbITa MOXKET IPUHUMATh OIPEEIICHHbBIE 3HAUEHUS C OIIPEIEICHHON BEPOSTHOCTHIO,
o0pa3yromiye CYeTHOE MHOXKECTBO (MHOKECTBO, 3JIEMEHTHI KOTOPOT'O MOTYT OBITh 3aHYMEPOBAHBI).

Psoom pacnpeodenenus n.c.B. X Ha3pIBaeTCs TaOIUIIA COOTBETCTBUS 3HAUCHUI CITy9alfHON

BCJINYHHBI U UX BepOHTHOCTeﬁ.

3necy p, = P(X =x,); ipl =1.

i=1

bunomunanvuoii 3axon pacnpedenenuss ChnydyaiiHas BenwunHa X  HUMEET OUHOMUANbHOE
pacnpedeneHue, €CIM OHA 03HAYaeT KOJIMYECTBO MOSBICHUM COOBITUS 4 B 7 HE3aBUCHUMBIX OIBITAX.
BeposaTHOCTB Kax10ro 3HaYeHHsI 3TOU cy4yaifHOW BETMYHUHBI MOXKHO HalTH 1o ¢popmyne bepHysu.

P(X=k)=P(k)y=C'p*q"*, k=01.2,..
Yucnoevle xapakmepucmuxku OUCKPEMHbIX CYUAUHBIX 6ETUYUH
Mamemamuueckoe odxcudarue 0.c.8.

[Ipu pemennn MHOTMX 3a7a4 ObIBa€T JOCTAaTOYHBIM 3HAHWE HECKOJBKHX YHCIIOBBIX
XapaKTEPUCTUK CIydyalHOM Benu4yMHbL. OJHON M3 TakUX Ba)KHEWIIMX YHCIOBBIX XapaKTEPUCTHK
SIBIISICTCSL.  Mamemamuyeckoe O0XiCuoanue, KOTOPOE TPUOMMKEHHO paBHO CpeIHEMY 3HAYCHHIO

CIIy4allHOM BEJIWYHMHBI, BOKPYT KOTOPOTO IPYIIIIAPYIOTCS BCE €€ OCTANBHBIE 3HaUeHUsA. Tak, HanpuMep,
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IpU M3YyYEHUH pacCIpeie]ieHUs] HEKOTOPOro SKOHOMHYECKOro IMoKazarenst paboTel manHoro CMY
IPEKIE BCETO UHTEPECYIOTCS €r0 CPETHUM 3HAUECHUEM.
Mamemamuueckum odcudaruem TACKPETHON CITydaifHOW BEJTMYMHBI HA3bIBACTCS CyMMa MPOU3BEICHHI

BCEX BO3MOXKHBIX 3HAYCHUU CquaﬁHOﬁ BCJIMYHUHBI HAa UX BepOHTHOCTI/I:
n
M(X) :xlpl +'x2p2 +"'+xnpn = inpi'
i=l1

Hucnepcus u cpednee keadpamuueckoe OMKIOHEHUE
Ha mpaktuke wacto TpeOyeTcsl OLIEHUTh pacCesSHHE BO3MOXHBIX 3HAYCHHM CIydaiHOM
BEJIMYUHBI BOKPYT €€ cpelHero 3HaueHus. Hanpumep, B apTuiuiepun BaXXHO 3HaTh, HACKOJIBKO KYYHO
JATYT CHAapsAAbl BOIM3H LI€TU, KOTOpas JOJKHA ObITh Opa)KeHa.
Jlucnepcueii (pacceusanuem) NTUCKPETHOW CIy9allHOW BEJIWYWHBI HA3bIBAETCS MAaTEMaTHYECKOE

OXKHJaHHE KBaJpaTa OTKIOHCHUS CIy4YailHON BEHMUMHBI OT €€ MaTEMaTHUECKOTO OXKUIaHMS.
2
D(X)=M[X -M(X)].
JI1st BRIUMCTIEHUS TUCTIEPCUH YacTO OBIBAET Y00HO MOJIb30BAThCS CIEAYIONIECH TEOPEMOIA:

Teopema. [lucnepcusi paBHa Pa3HOCTH MEXIY MaTeMaTHYECKUM OKHIAHUEM KBajJpaTa CiIydyalHOU

BCJIIMYHNHBI X nu KBa,Z[paTOM €€ MaTEMAaTUYCCKOI'O OXKUAAaHUA:
2 2
D(X)=MX*)-[MX)].
Cpeonum KkeadpamuyecKkum OMKIOHeHUeM CIydYaliHOW BEWYUHBI X HA3bIBACTCS KBAJPATHBIN

KOPCHb U3 TUCTICPCHUH:
(X)) =D(X).

Tema 14.2. OcHOBHBIE NOHATHS MATEMATHYECKOH CTATUCTHKHU

Onpeoenenue mamemamuyeckou cmamucmuxu. [lonamue 2enepanvbholi COBOKYRHOCHU.
Bapuayuonnvwuii pso. @yuxkyuu pacnpedenenus. [Ipeocmasnenue danHvlx (madbauysl, ouazspammol,
epaguxu, NOIUSOH, 2UCMOPaAMMA)

Ymems: ipeicTaBNsATh TaHHBIC CTATUCTHYECKOTO PACIIPEICIICHUS

3namub: OCHOBHBIE OHATHSA MAaTEMAaTHUYECKON CTATUCTUKHU

Mamemamuueckasi cmamucmuxa — pasfell MaTEeMAaTHKH, B KOTOPOM H3Yy4alOTCs METOABl cOopa,
cUcTeMaTH3alud W OO0padOTKM pe3yJIbTaTOB HAONIOJCHUA MAaCCOBBIX CIYYalHBIX SIBICHHHA IS
BBISIBJICHUS CYLIECTBYIOIIUX 3aKOHOMEPHOCTEM.

1lpeomemom mamemamuueckol Ccmamucmuky SBISETCS W3YYCHUE CIIYYaWHBIX BEIWYMH (MU
CITy4alHBIX COOBITHM, TTPOIIECCOB) MO pe3yJIbTaTaM HAOIOICHUN.

I'enepanvHoil co80KYNHOCMbIO HA3BIBACTCS — COBOKYITHOCTh BCEX IMOMJICIKAIINX M3YUCHHUIO OOBEKTOB
HUJIN BO3MOXHBIX peByHBTaTOB BCEX MBICIIMMBIX HaGHIOIIeHI/Iﬁ, HpOI/ISBOI[I/IMI:IX B HCU3MCHHBIX YCJIOBI/IHX
HaJ{ OHUM 00BEKTOM. 3a4acTyIO TPOBOJIUTH CIUIONTHOE 00CIeIOBaHUE, KOT[a U3y4YatoTCsl BCE OOBEKTHI,
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TPYAHO WJIK JJOPOTO, @ MHOTIa U HEBO3MOXKHO. B 3THX cilydasx HaMIy4IIuM cocoOoM 0Ociie10BaHUs
SBIISIETCS BBIOOPOYHOE HaOJIO/IeHUE: BBHIOMPAIOT M3 TEHEPAJbHONH COBOKYMHOCTH YacTh €€ O0BEKTOB
(«BBIOOPKY») M TIOJBEPTaIOT €€ U3YUCHUIO.

Buvibopounoii  cogokynnocmsto  (6bl00pKol) HA3BIBAIOT COBOKYIHOCTh OOBEKTOB, OTOOpPaHHBIX
cCillydailHBIM 00pa3oM M3 TIeHEepaJbHOM COBOKYMHOCTH. bomee crporo: BbeIOOpKa — 3TO
IIOCJIEIOBATEIBHOCTD X1, X2, ... Xn HE3aBUCUMBIX OJIMHAKOBO PACIIPEACICHHBIX CIyYalHbIX BEJIWYUH,
pacnpenesieHue KaKI0d M3 KOTOPBIX COBMAAAET C paCMIpEelIeICHUEM TEeHEpaJIbHON CiIydyalHOU
BEJIMYMHBI.

Yucno oO6bexToB (HAOMIOACHUN) B COBOKYHMHOCTH, F€HEpPAJIbHOW WM BBIOOPOYHOM, Ha3bIBACTCS ee
06vemom; 0003HaYaETCsl COOTBETCTBEHHO uepe3 N u n. KoHKpeTHbIe 3HaueHUs] BBIOOPKH, ITOJTydYeHHBIE
B pe3ysbTaTe HaOMI0IeHNH (MCIIBITAHNH ), HA3BIBAIOT peanusayueti 6bl00pKU 1 0003HAYAIOT CTPOUYHBIMHU
OyKBaMH X1, X2 ...Xn.

MeToa CTaTUCTHYECKOTO HCCIEI0BaHMS, COCTOSAIIMKA B TOM, YTO Ha OCHOBE M3YyYEHHUS BBIOOPOUHOM
COBOKYITHOCTH JIEJIA€TCs 3aK/II0UYEHHUE O BCEHl FeHepaibHONH COBOKYITHOCTH, HA3bIBAETCS 8b100POUHBIM.
PaznmuuaroT BEIOOpKH ¢ BO3BpaiieHueM (ITOBTOPHBIE) U O3 Bo3BpalieHus (6ecnoBTopHbIE). B mepBom
cilydyae OTOOpaHHBIH OOBEKT BO3BpAlllaeTCsd B T'€HEPAIbHYIO COBOKYIMHOCTb MEpe]] H3BJICUEHHUEM
CJIEZYIOLIEeT0; BO BTOPOM — HE Bo3Bpamiaerca. Ha mpakTuke wyaiie HCHONb3yeTcsi OecroBTOpHas

BBIOOpKA.

Cmamucmuuyeckoe pacnpedeneHue blOOPKU

[TycTe u3y4daercst HekoTopas ciydaitHas BenuunHa X. C 3TO 1eNbIo Ha/l CITy4yaiHOM BETUYUHOMN
X TPOU3BOIUTCS PsJl HE3aBUCUMBIX ONBITOB (HAOMIOACHUH). B Ka)X7I0M M3 3THX OMBITOB BelMWYnWHA X
MPUHUMAET TO WIM UHOE 3HaueHue. [lycTh OHa puHsIa 11 pa3 3HAY€HUE X1, 12 a3 — 3HAYCHUE X2, ... Mk
pa3 — 3HaueHue xx. [lpu 3ToM n1 + n2 +...+ nk = n— 00beM BBIOOPKHU.

3HAUYEHUS X1, X2 ...Xx HA3bIBAOTCS 6apuanmamiu ClrydaiiHoN BENUUUHBL X.

Bes COBOKYMHOCTh 3HAa4eHWH CITydailHOH BENMMYMHBI X TPENCTaBIsET OO0 TMepBHYHBIN
CTATUCTUYCCKUA MaTepuaj, KOTOPHIH TOMJICKHUT JaJbHEHIer o0paboTke, Mpexae BCEro —
YHOPSAI0UEHHUIO.

Onepanus pacroyiOKEHUs 3HAYCHUW CIydyailHOW BENWYWHBI (NpHU3HAKa) MO HEYOBIBAHUIO
Ha3bIBACTCS PAHMNCUPOBAHUEM CTATUCTUUECKUX JTAHHBIX.

[TonydyeHHas TakuM 00pa3oM IMOCJIEOBATEIBLHOCTD X1, X2 ...Xn 3HAUEHUHN CIIy4ailHON BEIHMYMHBI

X (roe x, < n, <...< X, ) Ha3bIBACTCA BAPUAYUOHHBIM PAOOM.

Yucna ni, TOKa3bIBAIOIINE, CKOJBKO pa3 BCTPEYAIOTCS BApUAHTHI Xi B psle HAOIIOJICHHIA,

Ha3bIBAKOTCA Yacmomamu, a OTHONICHUEC UX K 06'I)eMy BI)I60pKI/I — OMHOCUMEJIbHbIMU Yacnmomamu (Wi),

n
T.C. W; = #, e n =y~ n,.
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Cmamucmuyeckum pacnpeoenenuem 6bl00pKU WIH CMAMUCMUYeCKUM pPs0OM Ha3bIBAIOT
NepevyeHb BApUAHT X; BAPUAIIMOHHOTO Psifla U COOTBETCTBYIONIUX MM YacTOT #; WJIW OTHOCHUTEIIBHBIX
4acToT W;.

3anuchIBaeTCsl CTAaTUCTUYECKOE pacrpezenieHue B Buae Tabmuibl. [lepBas cTpoka comepkKut

BAPpHAHTHI, 4 BTOpAas — UX YaCTOTHI 1 (I/IJ'II/I OTHOCHUTCIIBHBIC IIa.CTOTI:»I).

Omnupuueckas yHkyus pacnpeoeneHust

OnmHUM U3 CIOCOOOB 0OPaOOTKM BaPHAIIMOHHOTO Psilia SBISICTCS MOCTPOCHUE SMITHPUYCCKOM
(GyHKIMU pacnpeaeIeHHs.

Omnupuueckoti (CTaTHCTHUECKON) pynryuell pacnpedenenus HaszpiBaeTcs QyHKims F*(x),
onpenessiomas Uil KaKIOr0 3HA4E€HHs X OTHOCUTEIbHYIO 9acToTy coObitusa {X < x}: E,"(x) =
p*{X < x}.

Jnist HaXOXKACHUS 3HAUCHUH SMIMPUIEcKOi QyHKIMH y100HO MOIb30BaThes (hOpMyIIon
F n* (x) = %7

rze n — 00beM BBIOOPKH, #x — YUCIIO HAOMI0IeHui, MeHbIINX X (X € R).

OMnupuueckast QyHKIMs 00JaaeT CiaeayoIMMI CBONCTBAMU:

1. 3HaueHus SMIMUpUYECKOr (YHKIMH MPUHAIIICKHUT oTpe3ky [0,1].

2. F*(x) — neyOsbiBatomiast QyHKITHSL.

3. Ecimt x; — HauMeHbIIast BApHAHTa, a X, - HaunboJbmiast, To F*(x;) = 0mpux < x; u F*(x,) =

1opu x > xp, .

Ilonucon u cucmoepamma

CraTucTHYeCKOE paclpeeieHue n300paxkaeTcsi rpaduvecku (Ui HArJSIIHOCTH) B BUJIE TaK
HA3BIBAEMBIX NOJIUCOHA Y 2UCTNOSDAMMDL.
Jluckpemnoe pacnpeodenenue npusnaxa X

[Tonmuron, Kax MpaBwIIO, CIYXKHUT ISl ©300payKEHHSI IUCKPETHOTO (T.€. BAPUAHTHI OTIUYAIOTCS Ha
MIOCTOSIHHYIO BEJIMYHMHY) CTATHCTUYECKOTO psfa. [loaucoHom uacmom Ha3bIBAIOT JIOMAHYIO, OTPE3KH
KOTOPOM COSUHSIOT TOUKH C KOOpAUHATAMH (X1,11), (X2,/12), ..., (Xk,1k);

Ionueonom omuocumenvbHbiX yacmom Ha3BIBAIOT JIOMAHYIO, OTPE3KH KOTOPOW COCTUHSIOT
TOUYKH C KOOpAUHATaMU (X1,w1), (x2,w2), ..., (Wk,pk), TOE Xi - BApUAHThI BEIOOPKHU;

BapuaHThbI X; OTKIIQIBIBAIOTCS HA OCH a0CIIUCC, & YaCTOThI H, COOTBETCTBEHHO, OTHOCUTEIIHHBIE
YaCTOTbI — HAa OCHU OpAHHAT. IlonuroH OTHOCHUTEILHBIX YacTOT SBJISIETCS CTATUCTHYECKHUM aHaJIOroOM
MHOTOYTOJIbHUKA PacIpeICICHHUS.

Henpepuigenoe pacnpedenenue npusnaxka X
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Jlnist HEeNpepbIBHO PACIPECIIEHHOTO NMpHU3HaKa (T.e. BapUAHThl MOTYT OTJIMYAThCS OAMH OT
JPYroro Ha CKOJIb YIOJHO Majyl0 BEJIIMYMHY) MOYKHO IOCTPOUTH MOJUIOH YacTOT, B3SIB CEPEIMHBI
MHTEPBAJIOB B KAUECTBE 3HAYECHUH X1, X2,....,Xk. bosiee ynorpeOuTenpHa Tak Ha3blBaeMasi THCTOrpaMMa.

T'ucmoepammoti wacmom Ha3bIBAIOT CTYNEHUYATYIO (PUTYPY, COCTOSILYIO U3 MPSMOYTOJILHUKOB,

ni
OCHOBAHHAMHM KOTOPBIX CIIYXXAaT YaCTUYHBIC MHTCPBAJIbI AJIWHBI ]’l, a BBICOTBI PaBHbI OTHOIICHUIO # -

IJIOTHOCTB YaCTOTHI.

[Inomane 4YacTUYHOrO i-rO MPSMOYTOJIbHUKA paBHA h% =mn; — CyMM€ 4YacTOT BapHaHT,
MOMNABIIUKI B I-il HHTEPBAJL.

O4eBUHO, IIOMIAb TUCTOTPAMMBI HYaCTOT paBHA CYMMeE BCEX YacTOT, T.e. 00beMY BBIOOPKH.

l'ucmoepamma omunocumenvuvix yacmom HA3bIBAIOT CTYNEHYATYIO (DUTYpPY, COCTOSIIYIO U3

MpAMOYT'OJIbHUKOB, OCHOBAHUSAMMU KOTOPBIX CIIYXKAT YHaCTUYHBIC UHTCPBAJIbI AJIMHbBI h, a BBICOTHI paBHBI

Wi
OTHOIICHHIO # — IINIOTHOCTH OTHOCHUTCIIBHBIX YaCTOT.

. wi
[Inomane 4aCTUYHOrO i-ro NPSMOYIOJbHHKA paBHA h# =mn; — CyMME YacTOT BapHaHT,

IIOIABIIUH B i-i UHTEPBAJL.
OdeBuaHO, IUIOLIA[b THUCTOTPAMMBI OTHOCHUTEIIBHBIX 4YacTOT paBHa CyMME€ BCeEX
OTHOCHTEJIBHBIX YaCTOT, T.€. CANHULIE.

3amaaureNel. [TocTpOUTh MOJUTOH YAaCTOT O JJAHHOMY PaCTIPEICIICHUIO BBIOOPKHU: Pemenue.

Ormerum Ha ocu abcuucc BapuaHTtel X;, a Ha OCH OpAMHAT —

COOTBETCTBYIOILIME UM YaCTOTHl M;, COCAUHHUB TOYKHU (X;,M;) OTpEe3KaMu

n; 120 |10 |14 |6 MIPSAMBIX, ITOJIyYUM MCKOMBIM IIOJINTOH YacTOT.

L 4
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3ananue Ne2. ITocTpoUTh FHCTOrpaMMy YacTOT IO JAHHOMY PacIpeesIeHHIO BHIOOPKH 00beMa

n=100:

Homep UacTH9HEl HHTEPEAT CwnMa 9aCTOT BAPHAHT IlnoTHOCTE 9ACTOTE
HHTEpPEATA HHTEpPEATA
i Ly 7 Xipq L i
h
1 1-3 10 2.5
2 3-9 20 3
3 0-13 30 12,5
4 13-17 12 3
3 17-21 g 2

Pewenue. Tloctpoum Ha ocu abcumcce 3aaHHbIe HHTEPBANIBI JUTHHBI 1=4. [IpoBeaem Haa dSTUMHU
MHTEpBaJlaMU OTPE3KH, MapajielibHble OCH abCIUCC M HAXOMASIINECs OT Hee Ha PACCTOSHUSX, PaBHBIX

COOTBETCTBYIOIIMM IUIOTHOCTAM 4yacToT. Hanpumep, Hax nntepsasiom (1,5) moctpoum

= | 2

[
]

|

L J

1 5 9 13 17 21 X

OTpCSOK, HapaJ'IJIeJ'ILHBIﬁ oCcHu a6CI_[I/ICC, Ha pacCTOAHUUN

nl_10_25

h 4

I'ucrorpamMma yacToT M300pakeHa Ha pHC.

KoumponvHule 6onpocwl
1. IlpencraBneHue JaHHBIX, TeHEpPAIbHAs COBOKYIMHOCTh, BHIOOPKA, CpeHee apupMeTHIeCcKoe,
MeauaHa.
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YpaBHeHMs U HepaBeHCTBA ( IOMOJHUTEILHBIN MaTepran)

PaBHOCH/IbHBIE YPABHEHHS M HEPaBeHCTBA.
Pagnocunvnvie ypaguenus.

YpaBHenud, uMewoLive 0JHO U TOXe MHOXKeCTBO KOPHeH, Ha3bIBAlOTCA PABHOCUJIBHBIMH.
Hanpumep, ypaBHenus 4x-3=2x+3 u 2x=6 paBHOCHUJIbHBI, TAK KaK KaXX/10€ U3 HUX UMEET TOJIbKO

o1uH KopeHb x=3. YpasHenus (x-2)(x+5)=0 u x> + 3x —10 = 0 Takke paBHOCHUIILHEI, TAK KaK OHM HMEIOT
OJIHU U Te e KOPHH X, = 2,X, = —5. YpapHenus 2x=4 u 3x° =12 He paBHOCHIIBHBI, TaK KakK TEPBOE
UMeeT KOpeHb X=2, a BTOpoe — KOpHH X, = 2,X, = —2. V3 onpeneneHust paBHOCHIBHOCTH YPaBHEHUIN

CJIElyeT, 4YTO [IBa YPaBHEHUS PABHOCWIBHBI, €CIM KaKIbli KOPEHb IIEPBOIO YPaBHEHUS SIBIISIETCA
KOpPHEM BTOPOTO ypaBHEHHs M, HA000pOT, KaKABI KOPEHb BTOPOTO YpaBHEHHS SBISACTCS KOPHEM
IIEPBOrO YPAaBHEHUS. YpasHeHus, He umeoujue KOpHeu, makice Cuumarom pagHoCUlIbHbIMU.

U3 kypca 7 xacca Bl 3HAETE, YTO MOKHO CIENATh CIEIYIONIUe MpeoOdpa3oBaHus ypaBHEHUN:

JI1060ii unen ypagHueHuss MOICHO NEPEHOCUMb U3 OOHOU Yacmu 6 Opy2eyio, USMEHUE e20 3HAK HA
NPOMUBONONIOINCHDLI.

Obe yacmu ypasHeHUus MONCHO YMHONCUMb UNU PA3OENUMb HA OOHO U MO JHCe YUCTIO, HE PABHOe
HYTIIO.

[Ipu »>THX npeoOpa3oBaHUSAX MCXOAHOE YpaBHEHHE 3aMEHSETCd Ha PABHOCHIBHOE €My
ypaBHEHHE. 3aMETHM, YTO €CJIM HEKOTOPOE BhIPAKECHHUE B JIEBOM YaCTH WJIM IIPABOM YAaCTH YPaBHEHUS
3aMEHHUTH TOXJIECTBEHHO PAaBHBIM €My BBIPAXCHHEM, TO IMOJYYHUTCS YPABHEHHME, PaBHOCHIIBHOE
ucxonHomy. OHAKO HE MpH JTFOOOM MTpeoOpa30BaHNN YPaBHEHUE 3aMEHSETCS] Ha PaBHOCHIIBHOE.

Hanpumep, npu Bo3BeACHHWM B KBagpaT 0OEWX YacTell ypaBHEHHS +/X = X —2 TIOJydaeTcs
ypaBHeHHe X = (x —2)°, He PaBHOCHIILHOE HCXOJHOMY: TIEpBOE yPaBHEHHE HMEET TOIbKO OJUH KOPEHb
x=4, a BTOpoe — 1Ba KOpHA X, =4,x, =1. B 3TOM ciay4ae BTOpoe ypaBHEHUE HA3bIBAIOT CIECICTBUEM

IIEPBOrO YPaBHEHUS.

Ecnu npu nepexode om 00HO20 YypasHeHus K Opy20My nomepu KOpHell He HpOUcXooum, mo
6mMopoe ypasHeHue HA3blearom cleocmeuem nepeo2o ypasHuenus. HMuaue, ecnu ece KOpHu nepgoco
YPasHeHUs ABIAI0OMC KOPHAMU 6MOPO20 YPAGHEHUS, MO 6MOPOe YPAGHEHUEe HA3bIBAEMC sl Cle0Cmeuem
nepeo2o ypasHeHus.

W3 31010 onpenesneHus U ONpeneeHus paBHOCUIBHOCTH YPaBHEHUN CIEAYET, YTO:

1. ecnu nBa ypaBHEHHs PaBHOCHIIBHBI, TO KAKIOE U3 HUX ABIIACTCS CIEICTBUEM APYTOro;
2. ecIu KaxJ0€ U3 ABYX YPaBHEHMH SIBISETCS CIEACTBUEM JAPYroro, TO 3TH ypaBHEHUs
PaBHOCHJIBHBI.
[Ipu pemeHun ypaBHEHHUH TIIaBHOE — HE NOTEPATh KOPHHU, 4 HAJIMYUE IIOCTOPOHHUX KOPHEH MOKHO
YCTaHOBUTH NMpOBepKOH. [loaToMy BakHO ClieUTH 3a TeM, 4TOObI IPU MpPeoOpa3oBaHUM ypaBHEHUS
KaXJ10€ CIeaylolee ypaBHEeHHE ObLIO CIIEACTBUEM MPEIbIIYIIETO.
2x  x+1 4

x=2 x-1 (x-D(x-2)
YMHOXHMB 00€ yacTH ypaBHEHHUS Ha OOLIMI 3HaMeHaTedb BCeX Tpex ApolOei, T.e. Ha (x —1)(x—2),

Ilpumep: Pemnts ypaBHEHUE

nonmydaem 2x(x —1) - (x +1)(x —2) =4 ,otkyna x* —x-2=0,x, =2,x, =—1.

ITpoBepka.

1) Ilpu x=2 3HameHaTenu IBYX ApoOeil ypaBHEHHs paBHBI HYIO. [loaTOMy X=2 He SBIISETCS KOPHEM
JTAHHOTO YpaBHEHMS.

2 2
2) IIpu x=-1 neBas 4acTh ypaBHECHHUS paBHA 3 MpaBasi 4aCTh paBHA 3

Ortser: x=-1.
3aMeTuM, 4TO ISl MPOBEPKH KOPHS x=-1 JTOCTaTOYHO YBHJETh, YTO 3HAMEHATENH Jpo0Oeil ypaBHEHUs
npu x= -1 He paBHBI HYJIO (€CIIH, KOHEUHO, TIPU PEIICHUH ypaBHEHHS HE AOMYIIeHBI omuoOKH). [Ipn
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2x  x+1
x=2 x-1 (x—-D(x-2)
2x x+1 4
x-2 x-1 (x-D(x-2)
Kopenp  x, =2ypaBHenus 2x(x—1)—(x+1)(x—2)=4 He sBIdeTCs KOPHEM YypaBHEHUs
2x x+1 4
x=2 x-1 (x-D(x-2)
Ilocmoponnue KopHu MoO2ym HOAYUUMbBCA NPU YMHOICEHUU 0beux uacmel ypasHeHus Ha
svipasiceHue, cooepaicaujee Heu3eecmHoe.
Ilomeps xopuetl modcem npouszoumu npu OeleHuu obeux dacmeti YpasHeHUus HA GblpadiceHue,
cooepoicawyee HeussecmHoe.
Wrak, npu penieHnn ypaBHEHUS MOXKHO JIENIaTh TOJIBKO TaKUe MpPeoOpa3oBaHusl, MPU KOTOPHIX
HE MPOUCXOAUT MOTEpU KOpHEH. Eciu mpu 3TOM moiyyaroTcs YpaBHEHHsI - CIEACTBUS JAHHOTO, TO
HeoO0XxouMa MpoBepKa HalIEHHBIX KOPHEH.
Pagnocunvuvie nepasencmea.

PaBHOCHIBHOCTE HCPABCHCTB C HCHU3BCCTHBLIM ONPCACIIACTCA aHaJlOTM4HO. HepaBeHCTBa,
UMCIOITHUEC OAHO U TO XE€ MHOXXCCTBO pemeHI/Iﬁ, HAa3bIBAKOT pAGHOCUIbHbIMU.

pelieHuu 3a/1a4uu u3 ypaBHEHUS

MOJTy4EHO ypaBHEHUE

2x(x—1)—(x+1)(x —2) =4, KOoTOpOE ABISAECTCS CICICTBUEM ypaBHEHUS

. Ero Ha3pBarot NnOCMOPOHHUM KOPHEM.

IIpumep: Pemiuts HEpaBEHCTBO 52—1 >1.
X"+

Tak kak x° +1>0 Opu Bcex NEHCTBUTENBHBIX 3HAYEHMSX X, TO, YMHOKUB HEPABEHCTBO Ha x~ +1,
TIONTy4aeM HEPaBeHCTBO 5x —3 > x* +1, paBHOCHIBHOE JAHHOMY. Pelrast 3T0 HepaBEeHCTBO, MOYyYaeM
x—=5x+4<0,(x—1)(x—4)<0,0rkyma 1 <x<4.

Pemienne cucrem ABYX JHHEHBIX YPABHEHHUI € IBYMsI lepeMEeHHbIMH.

Pewenue cucmem ypasnenuii ¢ nomowwto hopmynvt Kpamepa.
Onpedenumens émopozo nopsioxa. Popmyna Kpamepa.

VpaBHEHHE ¢ IByMs IEPEMEHHBIMY X U Y 3aliChiBaroTcs B Buae f(x,y) = 0, rae f— Bepaxkenue
C IEPEMEHHBIMH X U y. PellleHneM Takoro ypaBHEHHs Ha3bIBAETCS YIIOPAIOYEHHAs apa ncen (X,,V,)
, IOpHU MHNOACTAHOBKEC KOTOPBIX B JAaHHOC YPABHCHUC IIOJYHACTCA BCPHOC HYHCIOBOC PABCHCTBO
Sf(x,39)=0.
Cucrema ypaBHeHI/Iﬁ C ABYyMA IIEPCMCHHBIMU X U Y B O6H_IeM BHUAC 3aIlIMChIBACTCA TaK:
f(x,y)=0

g(x,y)=0
Pemennem cuctembl ypaBHEHHH Ha3bIBACTCS YHOPSJIOYEHHAs Iapa YHUCEN, SBIISIONIAsICS PEIICHHEM
Ka)KJJOT0 U3 yPaBHEHHI, BXOSIINX B CUCTEMY. /IBe cHCTEMBI ypaBHEHUI HAa3bIBAIOTCSI PABHOCHIIBHBIMH,
€CJIM MHOYKECTBA PEIICHUH STUX CHCTEM COBIA/IAIOT.

Onpeodenumens 6mopoeo nopsodka pPaBeH TPOHU3BEICHUIO 3JEMEHTOB, PACIOJIOKEHHBIX Ha
[JIABHOW JHMaroHad MHHYC TIPOM3BEJCHHE DJIIEMEHTOB, PACIIOJIOKEHHBIX Ha JIOTIOJHUTEILHOU
nuaroHanu. s 0003HAUYEHHs ONPENeNUTENs MCIIOIb3YIOTCSI BEPTHKAJIbHBIE YEPTOUYKHA U MPONUCHAS
oykBa A. T.e.

b
A =det(4) =" | =ab,—ab.

a, )

112



Hnin, CXeMaTH4YCCKHU

"+" mpsmoe npousBesICHUE (TmaBHas IUaroHasb)

n_n

KOCO€ MPOU3BEIECHUE (JOMOJHUTEIbHAS JUArOHAIIb)

ax+by=c
) -~ 1 1 1
Cucrtema JBYX JIMHEHHBIX ypaBHEHHUH C JBYMS MEPEMEHHBIMU 5 " IpU yCJIOBUH,
a,x+b,y=c
2 2 2

4YTO OHNPCACIUTCIIb CUCTCMbI OTIIMYHEBIA OT HYJIS, UMCCT CAMHCTBCHHOC PCIICHUC, KOTOPOC HAXOAUTCA

¢, b a, ¢
¢, b| Ax a, G| Ay
no ¢opmyiaam x = =—,y=1———=—— O3TH paBEHCTBA HAa3BIBAIOTCI (HOPMYIaMU
. b A a b| A
a, b, a, b,

Kpamepa.
Ecnu ke ompenenuTenb paBeH HYINIO, TO CUCTeMa SBISETCS, TUOO HECOBMECTHOM (Koraa
Ax # 0,Ay # 0), tu60 Heonpeaenennou (kormaAx = Ay =0). B mocnegHem ciyyae cucteMa CBOJIUTCS

K OJTHOMY YPaBHEHHIO, a IPYroe SIBJISETCS CIEACTBUEM 3TOI0 YPaBHEHHUS.
Pemlenue cucreM Tpex JIMHEHHBIX YPAaBHEHHH ¢ TpeMsl TepeMEeHHbIMH.

Pewenue cucmem ypasnenuii ¢ nomowwto hopmynvt Kpamepa.
Onpedenumens mpemve2o nopsioka. Popmyna Kpavepa.

ay dp dp

IIycTh naHa KBaJApaTHAs MATPHIIA TpeThero mopsiaka A =| a,; a,, sy,

a3 d3p ds
Onpeodenumens mpemve2o nopsodka PaBeH NPOU3BEICHUIO 3JEMEHTOB, PACIOJIOKEHHBIX Ha
FJ'[aBHOI\/’I auaroHajnd INIFOC JOBa HpOI/I3BeI[eHI/IH DJIEMCEHTOB, OTBCYAIOIINX TpeerJ'II)HI/IKaM C
OCHOBAHMAIMH, HapaHHeHLHBIMI/I TJIaBHOM JUuaroHaliu, MI/IHYC HpOI/I3BeI[eHI/IC 3JICMCHTOB,

PACIIOJOKCHHBIX Ha I[OHOJ'IHI/ITGJ'IBHOﬁ JAuaroHaii M MHHYC JBa IIPOU3BCIACHUA JSJICMCHTOB,
OTBCHUAOMIUX TPCYTI'OJIbHUKAM C OCHOBAHUSAMU, ITAPAJIICIIbHBIMU HOHOHHHTCHLHOﬁ JuaroHaiau.

a dyp a4
Ay Ay Ay3| = Ay Ayydss + AppAy3dsy) + 4130503, — Ay30yd3 — 4110303, — d1Hdy A3
a3 dzp dszg

FCOMeTpI/I‘IeCKI/I 9TO BBIIIAJHUT TaK:

"+" "n_n

Cucrembl THHEHBIX YPABHECHMI.
Cucmema nunetinbix ypasHeHuili AMEET BUT:
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ay X, +ax, +...+a,x, =b,
Ay X+ apXy +...+a,,x, =b,,

(D
A, X +a,,%,+...+a,,x,=b,.
3nech ajj — k03¢ GULHUEHTH IPU HEU3BECTHBIX, bi — CBOOOIHBIE YJIEHBI, a Xj — HEU3BeCTHBIE. Ecnu
BCE CBOOOTHBIE WICHBI PaBHBI HYIIIO, TO CUCTEMa HA3bIBACTCS 0OHOPOOHOI, €CITH 3K, XOTS OBbI OTHO U3
HUX OTJIMYHO OT HYJIS, TO HEOOHOPOOHOU.

Hcnonb3ys noHsTHE NMPOU3BEACHUS MaTPULl, MOXKHO nepenucarh cuctemy (1) B Bune: AX = B,

all alz cee aln

a a .o a
e A=| "2 722 2n | — MaTpwIa, COCTOAIIAs U3 KOO()DHUIMEHTOB PH HEU3BECTHBIX CHCTEMBI
a, 4, - a,,

(1), koTopast Ha3bIBACTCS Mampuyeu cucmembl,

X by
X2 b,

X=|"7|,B=| "7 | — BEeKTOpP-CTOJIOIbI, COCTABJICHHbBIC COOTBETCTBEHHO M3 HEU3BECTHBIX Xj U
‘xn bm

W3 CBOOOIHBIX YJIEHOB b.

VYropsioueHHass COBOKYITHOCTh 7 BEIECTBEHHBIX 4HCelN (C1, €2,..., Cn) HA3BIBACTCS peuleHuem
cucmemnwi (1), €Ciiu B pe3ysbTaTe MOCTAHOBKH 3TUX YHUCE] BMECTO COOTBETCTBYIOIINX MTEPEMEHHBIX X1,
X2,..., Xn K&XKJIO€ YPAaBHEHUE CHCTEMBI 00OpaTUTCS B apU(PMETHUECKOE TOXKICCTBO; APYTUMH CIOBAMH,

G

c o
ecnu cymectByer Bektop C= | 2 | Takoi, uto AC = B.

Cn
a, a, ... a,|b
* ayy Ay ... dy, | Dy
Marpuna A = , OOpa3oBaHHas IyTeM IMPUIMCHIBAHUS CIpaBa K
Ay Apyy oo Ay |D,

MaTpuiie A cToi01a CBOOOTHBIX YWICHOB, HA3bIBACTCS PACUUPEHHOU MAMpPuyell CUCTEeMbl.
Cucrema (1), umeromiast Xots Obl OJJHO pEIlIEHUE, Ha3bIBACTCS COBMECMHO, UMEIOIIAsl TOIBKO
OJIHO pelIeHHE onpedeieHHOll, UMeIoIast 0oJiee OJJHOTO PEIICHUs] — HeonpeodeleHHOl, He UMEIoIas HU
OJIHOT'O PELIEHUS] — HECOBMECHHOL.
Pewums cucmemy (1) — 3T0 3HAUHUT yKa3aTh BCE MHOXECTBO €€ pEIICHUN WM JO0Ka3aTh €e
HECOBMECTHOCTb.
Ecnu nag cucremoii (1) BEIOTHUTH Kakue-Iu00 U3 CIAEAYIOUINX MPeoOpa3oBaHU:
1) moMeHsATh MECTaMH ypaBHEHUS,
2) yMHOXHUTb 00€ 4acTu JTF0O0r0 ypaBHEHUSI CUCTEMBI Ha TI000€ HE paBHOE HYJIIO YHCIIO;
3) mpubaBUTH K 00EUM YaCTSIM OJHOTO M3 YPAaBHEHUI CHCTEMBI COOTBETCTBYIOIIHE YaCTH JAPYTOTO
ypaBHEHHUS, YMHOKEHHbBIE Ha JTF000€ NEHCTBUTENHHOE YUCIIO,
To cuctema (1) mepexoauT B paBHOCHIBHYIO €Ml cuctemy. [lepednciieHHbIe BBINIE MPeoOpa3oBaHUs
HA3bIBAIOTCSL  9eMEHMAPHbIMU  Npeobpazosanusmu cucmemsi. B pe3ynpTaTe 3leMEHTapHBIX
npeoOpa3oBaHUil MOXKET CIIYYHUTBhCS, YTO B CHCTEME TIOSBUTCS YpaBHEHHE, Bce KOI(PPHUIMEHTHI
KOTOPOTO paBHBI Hy 0. Toraa, eciau 1 cBOOOIHBIN YJIeH 3TOTO YpaBHEHUS PaBeH HYJIO, TO YpaBHEHHE
CHIPaBETUBO TIPH JIFOOBIX X1, X2, ..., Xn H, CIEOBATEIBHO, €0 MOXKHO OTOpOoCHTh. Ecin sxe cBOOOTHBIH
YJIeH HE PaBEH HYII0, TO 9TO YpaBHEHHE HE yIOBJIETBOPSICTCS HUKAKUMU 3HAYCHUSIMH HEU3BECTHBIX,
CJIEJIOBATENIbHO, MOJIY4YEHHas CHUCTEMa SIBISIETCS HECOBMECTHOW. Torja HECOBMECTHA M MCXOJHAs
CUCTEeMA.
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Teopema Kpouekepa-Kanennu. (Jleononwo Kpownexep (1823-1891) nemeyxuii mamemamux)
CucreMa JTMHEMHBIX ypaBHEHUMH COBMECTHA TOrJla M TOJIbKO TOrJa, KOrJa paHru MaTpul A u A"
COBITaJAIOT.

PaccMoTpuM cHCTEMBI JTMHEWHBIX ypaBHEHHI, B KOTOPBIX YHCJIO YPaBHEHUH PABHO YHUCITY
a, X, + a;x, +...+a,x, =b

Ay X, +ayX, +...+a,,x,=b,

HEU3BECTHBIX . (2)

a,x, +a,x,+..+a,x, =b,
Takue cuCTeMbI pemaroTcst OTHUM H3 CIEIYIOIUX CIOCO00B:

1) memooom Kpamepa;

2) memooom I'aycca, i Memooom UCKIIOYEHUs. HEUIBECIHbIX,

3) mampuyHvLIM MemoooMm.

Meton Kpamepa.
(I'abpuenv Kpamep (1704 — 1752) weetiyapcruti mamemamux)
JlaHHBIM MeTOJ TMPUMEHUM TOJBKO B clydae, eciiu cuctema umeetr Bun (4). Kpome storo,
HEO0XO0IMMO, YTOOBI OTIPEICITUTENIb MATPHUIIBI CHCTEMBI He paBHsuics 0.
det A=0;
Teopema. Eciu onipeienuTeb MaTPULIBI CUCTEMBI (4) OTIIMYEH OT HYJIS, TO 3Ta CUCTEMa UMEET
€IMHCTBEHHOE pelleHHe, KOTopoe HaxoauTcs 1o Gpopmynam Kpamepa:

X
A

rae A = det A, a Aj — onipefieNUTeNb MAaTPHUIIBI, TOTYYAEMON U3 MAaTPHUIBI CUCTEMBI 3aMEHOM CTOJIONA j
CTOJI0IIOM CBOOOHBIX YJICHOB b

ayy - Gy byoayy ay,
p = |2t e 2 by ay;y - ay,
anl anj—l bn anj+1 ann

Xy + Ay X, + a3x3 = by
Tax, HanpuMep, ISl CACTEMBI U3 TPEX YPABHEHUH < dy X, + Ay Xy + Ay Xy = b,

(31X + a3y, + ag3x; = by

ay dp a3 b a, ap ay, b ap ay, apy b
A=|ay ay axy |; Ai=by ay ayl; Ao=lay by ayl; As=lay ay byl;
a3 Az dsz by as, as ay; by ay; as; ay, by
A A, _ A
xX1=—; xX2=—; xX3=—.
A A A

PanuoHabHbIe H HPPALMOHAIbHBIEC YPABHEHHUS.
OcnosHble npuembl ux peuieHus (PaznodceHue Ha MHOMCUMENU, 66e0eHUe HOBbIX HEU3BECHHbIX,

nOOCmManoexa, epaguyeckutl memoo). Mzobpasicenue na KOOpOUHAMHOU NIOCKOCIU MHONCECMEA
peulenuli ypagHeHull U HepageHcmea ¢ 08YMsL NePeMEeHHbIMU U UX CUCTHEM.
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@®ynkuus Buna P(x) =a,x, +a,x, —1+a,x, =2+...+a,—x+a,,
rie n — HarypaibHOE, d,,d,,d,,...,d,— HEKOTOpbIC JIEHCTBUTENIbHbIE YMCIA, HA3bIBACTCA LEJIOH
panmoHanbHON (yHKIMEH.

VYpaBuenne Buma P(x)= 0, rmeP(x) — uenas pamnuoHanbHas (QYHKIHS, HA3BIBACTCS IIEIBIM
palMOHaIbHBIM YPAaBHEHUEM.

RO PG P _
0. 0, T 0,(

2

YpaBHeHue Buaa

rae P (x),P(x),....,P (x),0,(x),0,(x),...,0, (x) — 1einble paluoHaIbHbIE (DYHKINHU, HA3bIBACTCS
paIMOHATILHBIM YPABHEHUCM.

P
Pewenue payuonanvnoco ypaemenus (x) =0, 20e P(x) uQ(x)— mnozounenvi(Q(x)#0),

O(x)
ceooumcs Kk pewsenuio ypasnenus P(x)= 0 u npogepke mozo, ymo KopHu YO081eMEOPsAIOM YCI08UIO
0 (x) #0.
OchosHble MemoOobl peulenus payuoHaibHbIX YPAaAGHeHUU.
1) Ilpocreiimme: pemaroTcs MyTEM OOBIUHBIX YIPOLIEHHA — TpPUBEACHUE K 001IemMy

3HAMEHATeNo, TIPUBEICHNE MOI0OHBIX WIEHOB U Tak nanee. KBagpaTHsle ypaBHeHHs ax> + bx + ¢ =0

—b++/b* —4dac

2a

PEWIAIOTCs M0 BBIBEJICHHOH HaMu popmyne X, , =

c
Taxke ucnons3zyercs reopema Buera: x, +x, =—, xx, =—
a

2) I'pynnupoBka: myTéM TpyNIUPOBKHU CJIaraéMbIX, NPUMEHEHHUS (QOPMYN COKpAIIEHHOTO
YMHOXXEHUSI TPUBECTH (€CIU YAACTCs) ypaBHEHME K BUIY, KOI/la CJI€Ba 3alMCAHO IPOU3BEJCHHE
HECKOJIbKMX COMHOJKUTENIEH, a CIpaBa — HOJb. 3aT€M IPUPAaBHUBAEM K HYJIO KaXAbld U3
COMHOXHTEJIEH.

3) IloncraHoBKa: MINEM B YpPaBHEHUU HEKOTOPOE IIOBTOPSIOLIEECS BBIPAKEHUE, KOTOPOE
0003HaUYUM HOBOH IEPEMEHHOM, TEM CaMbIM YINpolias BHJ ypaBHEHHs. B HEKOTOpBIX ciydasx
OUYEBUJIHO YTO YJ00HO 0003HaunTh. Hanpumep, ypaBHeHue

2 2
X" +x-5 3x x“+x-5
+— +4 =0, nerxko pemaeTcs ¢ MOMOMIbIO MOJACTAHOBKH ——— =1,
X (x"+x-5) X
3
[0JIy4aem t+—+4=0
t

Wmu: 21/ (x2 —4x +10) - x> + 4x = 6. 31ech MOYXKHO C/IENATh IOJCTaHOBKY x> —4 =t. Torna
21/(t+10)-t=6wur.nm.

B Oonee crnoxHBIX cilyyasiX MOACTAHOBKA BHJHA JIMIIL IOCJIE HECKOJBKUX HpeoOpa3oBaHUil.
Hanpuwmep, nano ypaBHeHue

(x2+2x)? — (x +1)* = 55.

Iepenucas ero uHaue, a MMeHHO (x2+ 2x)? — (x> + 2x + 1) = 55, cpa3y yBUIUM HOJCTAHOBKY X°
+ 2x=t.

Umeem t> —t—56 =0, t1 =— 7, t2 = 8. OcTanock pemuTs X° + 2Xx=—7 u x> +2x=8.

B psine npyrux ciyuyaeB y100HYI0 OACTaHOBKY JKeJIaTeNbHO 3HATh “3apanee’. Hanpumep

1) Vpasuenue (x + a)* + (x + b)* = ¢ cBomurcs Kk OMKBaZPaTHOMY, €CIU CHEIATh
HOJICTAaHOBKY

x=t—(at+b)/2.
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2) CuMMeTpHUYecKoe ypaBHeHME (Bo3BpaTHoe) aox" + aix” ~ '+ ... + aix + a0 = 0
(k03¢ HUIMEHTHI YJICHOB, PABHOCTOAIINX OT KOHIIOB, PABHBI) PEIIAECTCS C MTOMOIIBIO MOACTAHOBKHU X +
1 /x=t, ectu n —4éTHOE; €CITU N — HEUYETHOE, TO YPABHEHUE UMEET KOPEeHb X = — 1.

3) VYpasuenue Buga (X +a)(x +b)(x +c)(x + d) =1 cBoaurcs k kBaapaTHOMY, €CITH a
+b=c+d urt.n

4) TlogOop: mpu pelieHuH YPaBHEHHWM BBICHIUX CTEIICHEW palMOHaNIbHBbIE KOPHU YPaBHECHHS

anX" + an—1X" "'+ ...+ aix + a0 = 0 ummem B BHJE p/q, TOe p — ACTUTENb a0,  — ACTUTEIb an,
P ¥ q B3auUMHO IpOCThL, peZ, qeN.

5) “UckyccTBO”, T.€. pemaTh NpuMep HECTaHJaPTHO, IPUAYMATh “‘CBOM METOJ’, IOTaAaThCs YTO-
TO MPUOABHUTH U OTHSTh, BBIJICIUTH ITOJHBIA KBaJpaT, HA YTO-TO PA3EIUTh M YMHOXHTH  T.]I.

6) YpaBHEeHHsI C MOJIyJIeM: MPH PEUICHUH YPaBHEHHUI C MOIYyJIEM HCIOJB3YETCs OMpeelieHue

f(x),ecnuf (x) =0,
MOZYJISI U METO MHTepBasioB. HanomHuMm, 4To | f (x)| =
— f(x),ecauf (x) <O0.
PanuonanbHble HepaBeHCTBA.
[Tycth f(x) — umnciioBast (yHKIUS OJTHOTO WJIM HECKOJIBKUX MMEPEMEHHBIX (apryMeHTOB). PemmTh
HEPABEHCTBO
fx)<0 (f(x)>0) 6]
— 9TO 3HAYUT HAWTH BCE 3HAYCHHUS apryMeHTa (apryMeHTOB) (QYHKIHMH f, TIPH KOTOPBIX
HepaBeHCTBO (1) cpaBenmuBo. MHOKECTBO BCeX 3HAUCHUH apryMeHTa (apryMeHTOB) GyHKIMH f, TPH
KOTOPBIX HEpaBEeHCTBO (1) cripaBeyinBO, Ha3bIBAETCS MHOKECTBOM PELIEHUH HEPABEHCTBA WM IIPOCTO
pelleHneM HepaBeHCTBa.
MHOK€eCTBO pEIICHUI HECTPOIO HEPABEHCTBA
f0 (f(x)20) @)
IpeCTaBisieT co00il 00beTMHEHNE MHOXKECTBA pellieH i HepaBeHeTBa (1) M1 MHOXKeCTBa pelIeHUH
ypaBHeHus f(x) = 0.

JIBa HEpaBEHCTBA CUUTAIOTCS SYKBUBAJIEHTHBIMHU, €CJIM MHOKECTBA X PEIICHUIN COBMAIAIOT.

[Tox MHO>kECTBOM JOMYCTUMBIX 3HAYECHUN HEM3BECTHBIX, BXOSAIINX B HEPABECHCTBO, TIOHUMAIOT
obnacte onpenencaus Gyakuun f(x).

HepasenctBa Buga (1) wim (2), coctaBineHHbIC ISl pa3IMdHbIX (QYHKIUH fi(x), MOTYT OBITh
CBEJICHBI B CCTEMY HEPaBEHCTB. PeluTh CUCTEMY HEPaBEHCTB — ATO 3HAYUT HAUTH MHOXKECTBO BCEX
3HaYeHUU apryMEHTOB (YHKIMH fi(X), MPH KOTOPHIX CIPaBEIJIMBBI BCE HEPABEHCTBA CHCTEMBI
OJIHOBPEMEHHO.

['oBopsIT, 4TO CHCTEMBI HEPABEHCTB AKBUBAJICHTHBI, €CJIM MHOYKECTBA X PELLIEHUI COBIAAlOT.

CBoiicTBa paBHOCH/IBHBIX HEPABEHCTB.
[Ipu penieHnn HEpaBEHCTB UCIIOJIB3YIOT CBOMCTBA paBHOCWIBHOCTH. HepaBeHCTBa C OTHOM IEpEMEHHON
HA3bIBAIOTCSl PABHOCUJILHBIMU, €CITH MHOXKECTBA MX PEIICHUH COBIAIAIOT.

Hanpumep, HepaBencTBa 3x > 6 u X — 2 > () UMEIOT OJIMHAKOBBIE MHOXECTBA PEIICHUU X €[2;
+00]. DTH HEpaBEHCTBA — PaBHOCUJIbHBIE.

HepasenctBa X > 0 u x> > 0 — HepaBHOCUIIBHEIE, TAK KAaK PELICHHE TIEPBOI0 HEPABEHCTBA €CTh
MHOX€ECTBO X€[0; +0o0], a pelieHne BTOPOro HEPaBEHCTBA €CTh MHOXKECTBO X €[-00; 0]U[0; +oo]. DT
MHO>KECTBa HE COBIAJIAIOT.

[Ipu permeHnr HEPABEHCTB BBIMOJHSIOTCS TOJBKO TaKHe MPEOOPA30BaHMS, MPH KOTOPHIX
nojryyarorcs OoJsiee MPOCTble PABHOCUIIbHBIE HEPABEHCTBA. OJTH IMPEoOpa3oBaHUS BO3MOXKHBI MpHU
BBITIOJIHEHUH CIIEIYIOIINX CBOMCTB PABHOCUJILHBIX HEPABEHCTB:

CgoiictBo 1. Ecii k 06enM 4acTsiM HEpaBeHCTBA MPUOABUTH OJTHO U TO YK€ YHCIO WM OJHO H
TO %€ BBIpAXKEHUE, KOTOPOE UMEET CMBICI TP BCEX 3HAUCHUSIX IEPEMEHHOM, TO OJyYHM HEPABEHCTBO,
PaBHOCHJILHOE TAaHHOMY.

Hano. P(x) > Q(x) — HepaBeHCTBO, T(X) — BbIpaxeHHE, KOTOPOE HUMEET CMBICI IpPHU BCEX
JIEUCTBUTEIIbHBIX 3HAYEHUAX X, XER.

Hoxkazats. HepaBenctsa P(x) > Q(x) u P(x) + T(x) > Q(x) + T(x) — paBHOCHIIbHEIE.
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JHoxka3zatenbcTBo. a) [lycts ipu X = a HepaBeHcTBO P(a) > Q(a) — BepHOE UnCI0BOE PaBEHCTBO, T.€. X =a
— OJTIHO U3 penieHuu HepaBeHcTBa P(x) > Q(x), T(a) — 3nauenue T(X) mpu x =a.

ITo cBoiicTBY urcnoBsix HepaBeHCTB P(a) + T(a) > Q(a) + T(a) — BepHOE YHCIOBOE HEPABEHCTBO.

CrnenoBaTenbHO, X = a — OJTHO U3 pemeHuit HepaBeHcTBa P(x) + T(x) > Q(x) + T(x). [TosTomy,
€CJIM X =a eCTh PEIICHHE IMEePBOTO HEPABEHCTBA, TO ATO 3HAYCHHE €CTh TAKXKE PEIICHHE BTOPOTO
HEPaBEHCTBA.

0) IIycts X = b — ogHO U3 pemennii HepaBeHcTBa P(x) + T(x) > Q(x) + T(x), T.e. P(b) + T(b) >
Q(b) + T(b) —BepHOE unciaoBoe HepaBeHCTBO. [1o cBoOlCcTBY unciaoBbIX HepaBeHCTB P(b) > Q(b) — Toxke
BEpPHOE YHCIIOBOE HEPaBeHCTBO. ClieioBaTeNlbHO, X = b — penienue HepaBeHcTBa P(x) > Q(X).

Tak kak MHOXKecTBa pemnieHui HepaBeHcTBA P(x) > Q(x) u P(x) + T(x) > > Q(x) + T(x)
COBIMAJIAIOT, TO TH HEPABEHCTBA PABHOCUIIBHEIE.

CpoiictBo 2. Ecnim B HepaBeHCTBe Jt00O€ ciiaraeMoe, KOTOPOE€ MMEET CMBICT MpPU BeX XE€R,
MEPEeHEeCTH W3 OJHO YacTU B JAPYTyl0 C MPOTHUBOIOJIOXKHBIM 3HAKOM, TO MOJIYYHM HEPABEHCTBO,
PaBHOCUJILHO TAHHOMY.

Hano. P(x) + T(x) > Q(x) — HepaBeHCTBO, T(X) — ciaraemoe, KOTOpOE UMEET CMBICI MPH BCEX
xeR.
Hoxazats. HepaBenctsa P(x) + T(x) > Q(x) u P(x) > Q(x) — T(X) — paBHOCHUJILHEIE.
Hoxka3zatenbctBo. [1o cBolicTBY 1 MOXKHO K 00euM yacTsm HepaBeHcTBa  P(x) + T(x) > Q(x) mpubaBuTh
cmaraemoe (-T(x)), Tak Kak 3TO claraeMoe MMEET CMBICH MPH BCeX XER; momyduuM paBHOCHUIBHOE

HEPaBEHCTBO:
P(x) + T(x) — T(x) > Q(x) — T(x), orctoga P(x) > Q(x) — T(x).

CgoiictBo 3. Ecin 00e yacTu HepaBEeHCTBA YMHOXKHUTH Ha OJTHO U TO YK€ TOJIOKUTEIIbHOE YUCIIO WU Ha
OIHO W TO € BBIPAKEHHUE, MOJIOKUTEIHHOE TMPU BCEX 3HAYCHUAX IEPEMEHHOH, TO MOIyYUM
HEpPaBEHCTBO, PAaBHOCHIIBHOE JTAHHOMY.

Hano. P(x) > Q(x) — HepaBeHcTBO (1),

T(x) >0, xeR,

P(x)-T(x) > Q(x)-T(x) — HepaBeHCTBO (2).

JHoxka3zats. HepaBenctsa (1) u (2) paBHOCHUIIBHBIE.

HoxazarenbctBo. [Iycth ipu X = a P(a) > Q(a) — BepHOE YMCI0BOE HEPABEHCTBO, T.€. X = a — OJHO U3
pelieHnu nepBoro HepaBeHcTBa. T(a) — 3Hauenue T(x) mpu x =a T(a) > 0.

ITo cBoiictBy umcnoBbix HepaBeHCTB P(a)-T(a) > Q(a)T(a) — Toxke BepHOE YHCIOBOE
HEPAaBEHCTBO, T.€. X = a —OJHO M3 PELIEHUH NepBOro HepaBeHCTBa. ClenoBaTEeNbHO, €CIU X= a —
pelIeHre IEPBOro HEPABEHCTBA, TO X = a — TAK)KE PEIICHHNE BTOPOTO HEPABEHCTBRA.

[Tycts mpu x = b HepaseHcTBO P(b)-T(b) > Q(b)-T(b) — BepHOE UnCIOBOE HEPABEHCTBO, T.€. X =
b — 0JIHO U3 pelIeHnH BTOPOTO HEPABEHCTBA.

ITo cBoiicTBY uncioBBIX HepaBeHCTB P(b) > Q(b) — ToXe BepHOE YHCI0BOE HEPABEHCTBO, TaK KaK
T(b) > 0. CnenoBarenbHO, X = b — OZJHO U3 pEIIEHUH [IEPBOI0 HEPABEHCTBA.

[TockonbKy MHOXKECTBAa pEIICHHWH MEPBOTO W BTOPOTO HEPABEHCTB COBNANAIOT, TO OHHU
pPaBHOCUJIBHBIE.

CoiicTBo 4. Ecii 06€ yacTr HepaBeHCTBA YMHOXKUATH Ha OJTHO H TO K€ OTPHUILIATEIEHOE YUCIIO WITH
Ha OJIHO U TO K€ BBIPAXKEHME, OTPULIATEIBHOE MPH BCEX 3HAYCHMSIX MEPEMEHHON, U M3MEHHUTH 3HAK
HEpaBEHCTBA Ha MPOTUBOIIOJIOKHBIN, TO MOJIyYUM HEPABEHCTBO, PABHOCHIILHOE TAHHOMY.

DTO CBOMCTBO JIOKA3bIBAETCS AHAJIOTUYHO 3 CBOMCTRBY.

AJiredpanyecKue HepaBeHCTBA.
JIuHeHbIMU (CTPOrMMH U HECTPOTMMHU) Ha3bIBAIOTCS HEPABEHCTBA BUJA
ax+b>0, ax+b<0,ax+b=>0,ax+b<0,a#0,
peIIeHUsIMH KOTOPBIX OYIyT:
npua>0
Xe(—g;oo),xe(—oo; —g ), X€[ —g;oo), xe( -oo; -2

1,
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npua<0
. b b b L
XE(-OO,-a),XE(-a,OO),XE(-OO,-a], XE[-a,OO).

KBagpaTHpIMU (CTPOTHMHU ¥ HECTPOTUMU ) HA3bIBAIOTCS HEPABCHCTBA BHJIA
ax’>+bx+c¢>0, ax’>+bx +¢ <0,
ax>+bx+c>0, ax>+bx+c¢ <0,
rzae a, b, c — HeKkoTopkle NeiCTBUTENbHBIC Yyncia u a # (.
KBaapaTHOe HepaBeHCTBO ax” + bx + ¢ > 0 B 3aBHCUMOCTH OT 3HAUEHUH CBOMX KOA()(HUIIMEHTOB a, b u
C IMECT PEIICHUS:
npua>0uD=b>-4ac>0

b-~/D U(—b+JB o

x€( -0; Ommoka! 3aknaaka He onpenenena.- 72 ) 5 );
a

npua>0uD <0 x—moboe AeiCTBUTENHHOE YUCIIO;
npua<0uD2>0

b+4D -b-4D
E( 23. s 2a )9

X

npua<0uD<0
X = (T. €. pelICHUH HET).
Pemenne HepaBeHCTBa ax’ + bx + ¢ < () CBOOMTCA K PELIEHHIO PACCMOTPEHHOTO HEPABEHCTBA, €CIIU 00€
4acTH HEPaBEHCTBA YMHOXKUTH Ha (-1).
MeToa MHTEPBAJIOB.

[Tycth Pn(X) — MHOTOWIEH N-i CTENEHU C JEHCTBUTEILHBIMEU KO3PPHUITUEHTAMH, A Cl, C2, ... , Ci

— BCE JICHCTBUTEIBHBIC KODHU MHOTOWICHA C KpaTHOCTAMH ki, k2, ... , Ki COOTBETCTBEHHO, IpUUYeM C1
> 2> ... > ci. MHOrousneH Pn(X) MOKHO MpeACTaBUTH B BUJIE

Pa(x) = (x - ¢1) ¥1(x - c2)*? ... (x — ¢i)" Qm(x), (3)

rae MHOTOWIEH Qm(X) MeHCTBUTENBHBIX KOPHEH HE UMEET W JTUOO MOJOXKUTENEH, JTU00 OTpHUIIaTeIeH
npu Beex XxeR. [Tonoxxum nist onpeneneHHOCTH, 4To Qm(Xx) > 0. Torna npu X > ¢1 Bce COMHOKUTENH B
paznosxeHuu (3) monaoKuTeNbHbI U Pn(x) > 0. Eciiu ¢1 — kopeHb HedeTHOH kpaTtHOCTH (ki — HeueTHoe),
TO MpHU XE(C2; C1) BCE COMHOXHTENU B paszyioxkeHuu (3), 32 UCKIIIOUEHUEM TIEPBOTO, MOJIOKUTEIBHBI U
Pu(x)<0. B 3TOM cnydae ToBOpSIT, YTO MHOTOUJIEH Pn(X) MEHSIET 3HaK IpPH MEpexoJie Yepe3 KOPEHb Cl.
Ecnu ke ¢c1 — KopeHb 4eTHO# kpaTHOCTH (ki — 4eTHOE), TO BCe COMHOKHUTENH (B TOM YHCIIE U TICPBHIiA)
pu X €(C2; C1) NOJOKUTENBHBI U, CIEA0BaTeNbHO, Pn(x) > 0 mpu xe(c2; c1). B aToMm ciayuae roBopsr,
YTO MHOTOUJIEH Pn(X) HE MEHsIET 3HAK IIPU MEPEX0/Ie YePE3 KOPEHb Cl.

AHaJOTUYHBIM CTIOCOOOM, HUCTIONB3Ys pasiokeHue (3), HeTpyIHO YOeIUTCs, 4TO TPH MEepPexoie
yepe3 KOpEeHb C2 MHOTOWIeH Pn(X) MeHsieT 3Hak, eciiu ko — HeyeTHOe, U He MEHSIET 3HaKa, eciu ko —
4yeTHOE. PaccMOTpeHHOE CBOWCTBO MHOTOWICHOB HWCIIOJB3YETCS JJISi PEIICHUS] HEPABEHCTB METOJOM
uHTEepBaoB. /71t TOro 4ToObI HAWTH BCE PELICHUS

Pn(x) > 0, 4)

JIOCTaTOYHO 3HATh BCE JCHCTBUTENbHBIE KOPHM MHOTOWIEHa Pn(X) WX KpaTHOCTH U 3HAK

MHorousieHa Pn(X) B IpOM3BOJIBHO BEIOPAHHON TOUKE, HE COBIAJAIONIEH ¢ KOPHEM MHOTOYJICHA.
HepaBencTBa ¢ napamerpamu.

HepaBencTBa ¢ mapameTrpamul SIBISIFOTCS HanOoJee TPYIHBIMHU 3aJadaMu Kypca 3JeMEHTapHOU
MaTEeMaTHKU. DTO OOBICHAETCA TeM, YTO HMX PEHICHHs CJleIyeT MOoNydaTh MPU BCEX AOMYCTUMBIX
3HAUCHUSAX BXOJSIINX B HUX MTAPaMETPOB.

CucremMbl palliOHATbHBIX HEPABEHCTB.

[TycTe HamO HAWTH YMCIIOBBIC 3HAYEHHS X, TIPU KOTOPHIX NMPEBPALIAIOTCS B BEPHBIC YHCIIOBBIC
HEPAaBEHCTBA OJHOBPEMEHHO HECKOJIBKO paIlMOHAJIbHBIX HEPAaBEHCTB. B Takux ciydasx TOBOPST, YTO
HAJIO PEIINTh CUCTEMY PAIllHOHAILHBIX HEPABEHCTB C OJTHUM HEU3BECTHBIM X.

UToOBl pemuTh CUCTEMY pallOHATbHBIX HEPABEHCTB, HAJ0 HANTH BCE PEHICHHS KaXXIOTO
HEepaBEHCTBA CUCTEMBI. Torma o0mas 4acTh BceX HalIGHHBIX PEIICHUH 1 Oy/IeT pelIeHUEeM CUCTEMBI.
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I'pajdnueckoe pelieHne HePaABEHCTB.
HepaBeHncTBa ¢ 01HOM WU IBYMsI IEPEMEHHBIMU MOXHO PEIIaTh TpadUIecKH.
HepaBeHcTBO ¢ 0/1HOM TEpeMEeHON MOYKHO 3amucaTh Tak: f(X) > g(x), rae f(X) u g(x) — BeIpakeHus,
coJieprKallie MEPEMEHHYIO.
[TocTpouMm B oHOM cucTeme KoopauHaT rpaduku pyHkmmii y = f(x) wum  y = g(x).
Pemienne HepaBeHCTBa €CThb MHOXKECTBO 3HAUEHHUM MEPEMEHOH X, MpU KOTOPBIX Tpaduk (yHKIHUN
y=g(x), Tak kak f(x)>g(x).2T0 mokazaHo Ha pucyHkax 1 u 2.

y=8lx

Y =glx]

L

Pemenne HepaBeHcTBa C AByMsl nepeMeHHbIMH f(X,y)>0 €cTh MHOXXECTBO TOYEK IUIOCKOCTH,
KOOPJAMHATHI KOTOPBIX YAOBJIETBOPSAIOT 3ITOMY HEPABEHCTBY.

HppannoHaabHble ypaBHEHMS.

VYpaBHeHue, coaepKallee NIEPEMEHHYIO 0] 3HAKOM KOPHS1, Ha3bIBACTCS UPPAUUOHATIbHBIM.

Pemenue uppannoHaqbHOIO ypaBHEHUS] OCHOBAHO Ha MPeoOpa3oBaHUU €ro K PallMOHAIBLHOMY
YPaBHEHHIO, UYTO JOCTUTAETCs BO3BEJACHHEM O0EMX €ro yacTedl B OJHY M Ty JK€ CTeleHb (MHOTrAa
HECKOJIBKO Pa3).

[Tpu BO3BenEHUM 00€UX YacTed MpPpalMOHAIbHOIO YPaBHEHHS B UYETHYIO CTENEHb IMOJIy4aeTcs
YPaBHEHHE, SABJISIOLIEECS CIEACTBUEM UCXOJHOTO. Y PaBHEHHIO-CIIEACTBHIO YAOBIETBOPSIOT BCE KOPHU
UCXOJHOI'O YpaBHEHHS, HO MOTYT INOSIBUTHCS U KOPHH, KOTOPbIE HE SBISAIOTCA KOPHAMU HCXOAHOIO
ypaBHEHUs («IIOCTOPOHHUE» KOPHH). UTOOBI BBIIBUTH «IIOCTOPOHHUE» KOPHH, BCE HailleHHbIE KOPHU
YPaBHEHHUA-CJIE/ICTBUS MPOBEPSIOT MOJCTAHOBKOW B HMCXOJHOE YpaBHEHUE M «IIOCTOPOHHUE» KOPHH
0TOpachIBaIOT.

HcxonHoe uppannoHanbHOE YpAaBHEHUE PABHOCWIBHO CMEIIAHHOW CHUCTEME, COCTOSIIEH W3
YPaBHEHUSI-CIIEICTBHS M OTpaHUUYEHUMN, OTIpeIesieMbIX 00aCcThIO JOMyCTUMBIX 3HAaUEHUH IEpEMEHHOI.
B sTOoM ciywae «mocTOpOHHHE)» KOpHUM HE OYyIOyT BXOAWUTh B O0JIaCTh JOMYCTHUMBIX 3HAYEHHM
NEepPEMEHHOI U MPOBEPSATH UX MOJICTAHOBKOM B HCXOAHOE ypaBHEHHE HE TpeOyeTcs.

[Tpu Bo3BeneHNN 00EMX YacTel MpPaAMOHAILHOTO YPaBHEHHS B HEUETHYIO CTETICHD MOJTy4aeTCs
ypaBHEHHE, PABHOCUIIBHOE UCXOJHOMY.

HppanunonajbHble HEPABEHCTBA ¢ OJAHOM NepPeMEeHHOM.
Pemenne wppanMoOHaIBHOIO HEPAaBEHCTBA C OAHOW IIEPEMEHHON CBOIUTCS K PELICHUIO
PaBHOCHJIIBHOM €My CHCTEMBI PAallMOHAIBHBIX HEPABEHCTB MJIM COBOKYIHOCTH CHCTEM PallMOHAIbHBIX
HEPABEHCTB.
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OTH CHCTEMBI PeUIaloTCs MPHU HAIOKEHUH OrpaHMYCHHI HA TIEPEMEHHYIO M BO3BEICHHM 00enX
4acTe HEPABCHCTBA B OJHY U Ty 7K€ CTEIICHb.

Iloka3aTenbHble M TPUTOHOMeETPHYECKHE YPABHEHHSI U HEPABEHCTBA.

OcHhosHble npuemvl ux peuteHus (PaznoNiceHue Ha MHOJMCUMENU, 66e0eHUe HOBbIX HEeU3BECHIHbIX,
noocmanosxa, epagpuyeckuti memod). Fcnoavzosanue c80UCm8 U 2paghuxos hyHKyull npu peutenuu
HepaseHcms. Memoo unmepeanos.

Ilokazamenvnvle ypasnenus u HepageHcmed.
Pemenne noxazamenvHuvlx ypagnenuti 4aCTO CBOAUTCS K PEIICHUIO YPABHEHUS
a*=a’,
rae a > 0,a # 1, x - Heu3BecTHOE. DTO YpPaBHEHUE PELIACTCS C IOMOIIBIO CBOMCTBA CTEIICHU: CTENIEHH C
OJIMHAKOBBIM OCHOBaHHEM a > 0,a # 1 paBHBI TOJBKO TOT'/1a, KOTJa PaBHbBI UX IIOKA3aTEIH.
Pemenue noxazamenvhvix Hepagerncme 4aCTO CBOAUTCS K PEIICHUIO HEPABEHCTBA
a*>a’'wm a* <a’.

OTH HEPABEHCTBA PEIIAIOTCS C TOMOIIbIO CBOWCTBA BO3PACTaHMs MIIM yObIBaHHUS TOKA3aTEIbHON
¢yHKIMU: UIsT Bo3pacTaromeld (yHKIUU OOJNbIIeMYy 3HAYEHHIO (YHKIIMH COOTBETCTBYET OOJbIlEe
3HaYeHHEe apryMeHTa, a Juisd yObiBaromed (QyHKUIUM OOoJblIeMy 3HAYEHHIO (DYHKIMM COOTBETCTBYET
MEHBIIIEE 3HAUYEHUE apIyMEHTAa.

Tpuzonomempuueckue ypagHeHus U HEPAGEeHCMEA.
1. YpaBHeHus, cBOASIINECS K KBAaIPaTHBIM.
2. VpaBHeHus asinx+bcosx=c.
3. YpaBHeHus1, penraeMbie pa3ioKeHUEM JIEBOM YaCTHU HA MHOXKHUTEJIH.

IIpumMeHeHNe MaTeMATHYECKUX METOA0B /IJIfl PelIEHUsI COIePKATENbHBIX 32/1a4 U3 Pa3IHYHBIX
o0J1acTeil HAYKH M MPAKTUKH (IOMOJTHUTEIbHBINA MaTepUaJ)

Ipumenenue mamemamuyeckux Memooos 01 peueHUs co0ep*HCAmenbHblX 3a0a U3
PAa3UYHbIX 0O1acmell HAyKY U npakmuku. Mnmepnpemayus pe3yibsmama, yuem peaibHbix
02paHuyeHul.

Pewumos mamemamuueckyto 3a0auy — 3TO 3HaAYUT HAMTHU TaKylo MOCIEIOBATEIbHOCTh OOIINUX
MOJIOKEHUI MaTEMaTUKH, IPUMEHSI KOTOPBIE K YCIOBUSIM 33Jauu MOJIy4aeM TO, YTO TpeOyeTcs HaluTu
— OTBET.

OCHOBHbLIMU  MemOoOaMU  peuleHuss MeKCmogblX 3a0ay SBISIOTCS  apuUPMETHYECKUH |
anreOpanvecKuii METO/, a Tak K€ KOMOMHUPOBAHHBIM.

Pewums 3a0auy apugpmemuueckum memooom — 3HAUUT HAWTH OTBET Ha TpeOOBaHHE 3a/lauu
MOCPEACTBOM BBINOJIIHEHUS apu(pMeTHIeCKuX AeCTBUI HaJ JaHHBIMU B 3a/1ade yrciamu. OJHy U Tyke
3aa4y MOXHO PELIMTh PA3IMYHBIMU apH(PMETHUeCKUMU crioco0amu. OHU OTIIMYAIOTCS IPYT OT Ipyra
JIOTUKOM PacCyJIE€HUI B MPOIIECCE PEIICHUS 3aJaUH.

Pewums 3a0auy ancebpauveckum memooom — 3HAUUT HAMTHU OTBET HA TpeOOBaHHE 3a/1aud
MyTEM COCTABJICHUSI U PEIICHUS YPaBHEHUS WIH CUCTEMbl YpaBHEHUH.

Texcmosvle 3a0auu ancedpauieckum Memooom peuiarom no ciedyruell cxeme:

1) BBIIETSIOT BETUYMHBI, O KOTOPBIX HJIET P€UYb B TEKCTE 33/1a4H, U YCTAHABIMBAIOT 3aBUCUMOCTb MEXTY
HUMU;

2)  BBOJAT mepeMeHHbIC (0003HaYal0T OYKBAaMU HEH3BECTHBIC BETMUNHBI);

3) ¢ MOMOIUIBIO BBEJIEHHBIX NMEPEMEHHBIX U JAHHBIX 3a/1a4l COCTABIISIIOT YpaBHEHHE WU CHUCTEMY
YPaBHEHU;
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4) pemarT NOJIy4EeHHOE YPaBHEHHUE UM CUCTEMY;
5) npoBepsIOT HalIEHHbIE 3HAUYEHUS 110 YCJIOBHIO 3a/1a4M U 3alHChIBAIOT OTBET.

Kombunuposannwiti MeTOJ1 pelieHus BKIIIOYAET Kak apu(MeTHUECKui, Tak 1 alnredpanyeckuii cnocoObl
pemeHus.

B HavanbHON 1IKOJNIE 338a4M Oenam no Koauuecmey Oeticmeuti IPU PELIEHUH Ha MPOCThIE U
COCTaBHBIC. 3a7auy, B KOTOPBIX JJIsI OTBETa HAa BOIPOC HYKHO BBIIOJIHUTH TOJBKO OJHO ICHCTBHE,
Ha3bIBAIOT npocmuimu. ECIu UIst OTBETa Ha BOIIPOC 3a7auyd HY’KHO BBIIIOJHUTH JBa U OoJiee 1EHCTBHIA,
TO TaKHeE 3a/1a41 HA3bIBAIOT COCMAGHBIMU.

CocraBHy1o0 3a/1a4y, TEK e KaK U IPOCTYI0, MOKHO PEIIUTb, UCTIONb3Ys Pa3IUUHbIE CIIOCOOBI.

3aoaua. Pri6ak noiman 10 pe16. U3 Hux 3 nema, 4 oKyHs, ocTajabHble — ITyKH. CKOJBKO IIyK HOHMa

pb16ax?
O

Ipakxmuueckuii cnocob
. - - -
0O603HaynM Kaxay1o pei0y kpyrom. Hapucyem 10 kpyroB u 0603Ha4YMM OMMaHHBIX PHIO.

——

(X

r

J JI J O O O O
Jlyist oTBETa HA BOMPOC 33]]a4 MOKHO HE BBIMIOJIHATH apUPMETHUECKHUE JCHCTBHS, TaK KaK KOJIHMYECTBO
MOMMAaHHBIX HIYK COOTBETCTBYET HE 0003HaYEHHBIM KpyraM — UX TpH.
Apugpmemuuecxuii cnocoo.
1) 3+4=7(p) — moliMaHHbIE PHIOHI,
2) 10 —7 = 3(p) — noiiMaHHBIC LTyKH.
Anrebpanyeckuii crmocoo.
[TycTh x — moiiMaHHBIE IIyKU. TOT1a KOJTUYECTBO BCEX PHI0 MOXKHO 3aMKCaTh BRIpaKEHUEM: 3 +
4 + x. Ilo ycnmoBHIO 3a7a4u U3BECTHO, YTO pbibak moitmain Bcero 10 pei6. 3uauut: 3 +4 + x = 10. Pemus

3TO ypaBHEHHUE, OJIYYUM X = 3 ¥ TEM CaMbIM OTBETHM Ha BOIIPOC 3aauu.

I'paguueckuii cnocoo.

JICIIn OKYHH ITYKH
*--'\W“""-h,_ = \"un_,_m_.,..u-"""-r L
L} L} L} L} L} L} L} L} L}

OTOT crmocol, Tak e Kak M MPaKTUYECKUH, MMO3BOJIAT OTBETUTh HA BOIIPOC 3aJadd, HE BBITOJIHSSA
apu(METHUECKUX ACUCTBUI.

B MaTemartuke oOIIENPUHATO CleayIollee AefieHHEe Mpoliecca peieHus 3a1ay:

1) ananu3 Tekcra 3ajaud, CXeMaTU4ecKas 3aluch 3aJauu, UCCIe0OBaHNE 3aauH;
2) moucK crocoba peleHus 3aJaun U COCTAaBJICHUE TIJIaHa PeIleHMS;

3) ocyuiecTBIeHNE HAWIEHHOTO TUTaHA,

4) aHanW3 HAMJIEHHOTO pelIeHUs 3a/1auu, IPOBEPKA.
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Memoouvl noucka PpeULernu 3a0a4U MONCHO HA36AMb Cﬂedyiou;ue:

1)  Amnanm3: a) Korja B pacCyKICHHIX JBUTAIOTCS OT HCKOMBIX K JaHHBIM 3a/auM; 0) KOrja 1esoe
pacuJIeHsIOT Ha YacTH;

2) Cunres:

a) KOTJia IBUTAIOTCS OT JAHHBIX 33J1a4H K HICKOMBIM;

0) Kor/1a 2JIeMEHThI OOBEMHSIOT B IIEJIOC;

3) IlepedopmynupoBka 3amauu (4eTKO (HOpMyIHpPOBATH TPOMEKYTOUHBIE 3aJJaHUsI, BOSHUKAIOIINE T10
XOJy NTOMCKA PELIEHUS);

4) NHOyKTUBHBIA METON pEIIeHUs 3aadyd: Ha OCHOBE TOYHOI'O YEpPTEk)a YCMOTPETh CBOWMCTBA
burypsl, cieiaaTh BEIBOIBI M IOKA3aTh UX;

5) Ilpumenenne aHaoruu (BCIOMHHUTH AaHAJIOTHYHYIO 3a1a4Y);

6) IlporHoszupoBaHHe — NPEABUACHUE TEX PE3YJIHTATOB, K KOTOPHIM MOXET MPUBECTH IMOUCK.

Paccmompum 6onee noopobno npoyecc pewenus 3adauu:
3anmava Ha ABMKEHUE. JIo/Ka MpoIuia Mo TEYCHHUIO PEKU PACCTOSTHIE MEXIY ABYMS MIPUCTAHSIMU 32 6 4,
a o0patHO — 3a 84. 3a CKOJILKO BPEMEHHU MPOUIET PaCCTOSHUE MEXITY NMPUCTAHAMH TIJIOT, MyIIEHHBIN
M0 TEUECHUIO PEeKU?

Ananu3z 3adauu. B 3aade pedb UIIET 0 IBYX 00BEKTaX: JIoJIKa U TIIOT. JIo/ika iMeeT cOOCTBEHHYIO
CKOPOCTB, a IUIOT U peKa, MO KOTOPOM IUTBIBYT JIOJIKA H TUIOT, UMEET OMPEICICHHYIO0 CKOPOCTh TEUCHHUS.
HMeHHO MOATOMY JI0/IKa COBEpIIAET MyTh IO TEYCHHIO PEKH 3a MEHbIlIee BpeMs (64), ueM MpOTUB
tederus (84). Ho 3T ckopocTu B 3ajade HE JaHBI, TaK K€ KaK HEU3BECTHO M PACCTOSIHUE MEXKITY
npuctansaMu. OHaKo TpeOyeTcs HalTH He 3TU HEU3BECTHBIE, @ BPEMS, 3a KOTOPOE IJIOT MPOILUIBIBET ATO
paccrosiHue.

Cxemamuueckas 3anucs:

v
F 5

*: Nlogka 6 ]

A
v
F 3

.................... J—
nogka

[Touck crocob6a pemenus 3axaun. Hy>kHO HallTH Bpems, 3a KOTOPOE IJIOT MPOIUIBIBET PACCTOSHUE
MeXy npuctansMu 4 U B. J{nst Toro, 4ToOBI HAWTH ATO BpeMsl, HaJl0 3HATh PacCTOsIHUE AB U CKOPOCTh
TedeHus peku. O6a OHM HEU3BECTHBI, IOITOMY 0003HAYMM paccTosiHie AB OykBo# S (KM),a CKOPOCTh
Te4eHUs: a KM/4.YToObI CBA3aTh ATH HEU3BECTHBIE C JAaHHBIMU 33/1a4H, HY’KHO 3HAaTh COOCTBEHHYIO
ckopocTh JoAKu. OHa TOXKEe HEU3BECTHA, MOJIOKUM, OHA paBHA V kM/4. OTclofla BO3HUKAeT IUIaH
pelIeHts, 3aKIII0YaIOUINIiCs B TOM, YTOOBI COCTaBUTh CUCTEMY YpaBHEHHUI OTHOCHUTEIHHO BBEICHHBIX
HEU3BECTHBIX.

OcymiectBienue pemieHus 3aaaun. [IycTs pacctossHre paBHO S (KM), CKOPOCTh TEUCHHS PEKU d
KM/4, COOCTBEHHAsi CKOPOCTh JIONKH V KM/4, @ MCKOMOE BpEeMsl IBU)KEHUS TIJIOTA PABHO X Y.

Torma ckoOpoCTh JIOJKH IO TEUCHHIO peku paBHa (V+a) km/4. 3a 64 jmoaka, WAs ¢ ITOH
CKOPOCTBIO, mporia pacctosiue B S (km). CiaenoBatensho, 6 (V + a) =S (1). [IpotuB Teuenus sta
JI0JIKa UJIET CO CKOPOCThIO (V —a) KM/4 | JaHHBIN ITyTh OHA TPOXOJHUT 32 8 4, modTomy 8(V—a) =S (2).
[110T, IIIBIBS CO CKOPOCTHIO TEUEHUS PEKU a KM/, IPOTLIBLI paccTostHUE S (KM) 3a X 4, CJI€Z0BATENBHO,

ax=S (3).

[TonmyueHnsle ypaBHEHHsS 00pa3yIOT CUCTEMY YpPaBHEHUH OTHOCHTEIBHO HEM3BECTHHIX a, X, S, V. Tak
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Kak Tp€6yeTC}I HaWTHU JTUIIH X, TO OCTAJIbHBIC HCU3BCCTHLIC TOCTApPACMCA UCKIIIOYNUTD.

Jlig atoro u3 ypasuenuii (1) u (2) vaiinem: V+a=, V—a=. Bplunras u3 nepBoro ypaBHeHHs BTOPOE,
nonyunm: 2a = — . Orcrona a = . [logcraBuM HaiiIeHHOE BBIpaXKEHHE B ypaBHeHHE (3): X =.
Otkyna x=48 .

[IpoBepka pemieHusi. Mbl HalluUIM, YTO TUIOT MPOIUIBIBET PACCTOSIHME MEXKIy NpHUCTaHAMHU 3a 48 u.
CrnenoBaTenbHO, €r0 CKOPOCTh, PaBHAs CKOPOCTH TEYCHMS PEKH, paBHa . CKOPOCTH e JIOJKH II0
TEUYEHHUIO PEKU paBHA KM/4, a IPOTUB TeueHHUs kM/4. [[ns Toro, 4roObl yOEIUTHCS B MPAaBUIBHOCTH
pelIeHns, JOCTaTOYHO MPOBEPUTH, OYIyT JIM paBHBI COOCTBEHHBIE CKOPOCTH JIOJKH, HAICHHBIC IBYMS
cnocobamu: + u  — . [IpousBezst BHIYMCIICHUS, ITOJIyYUM BEpPHOE PABEHCTBO: = . 3HAYMUT, 3ajaua
peleHa MpaBUILHO.

OTBeT: IJIOT NPOIUIBIBET PACCTOSIHUE MEXKTY MPUCTAHIMU 3a 48 4acoB.

Ananu3 pemieHusi. Mpl CBENM pelieHrue 3TOW 3aJa4i K PEUICHUI0 CUCTEMBbI TPEX YpaBHEHUH C
YeThIpbMs Hen3BeCTHRIMU. OTHAKO HAWTH HaJ0 OBUIO OJJHO Heu3BecTHOE. [103TOMy BO3HHMKAET MBICIb,
YTO JaHHOE pelIeHHe He caMoe yIayHoe, XOTs U pocToe. MOKHO MPEeNIOKUTh APYTroe peuieHue.

3Has, 4TO JIO/IKa MPOILIbLIa paccTosiHue AB 110 TeueHuto peku 3a 64, a MpoTUB — 3a 84, HAlAEM,
4yTO B 14 J10Ka, UAS IO TEYCHHUIO PEKU MPOXOJUT 4YacTh 3TOTO PACCTOSIHUS, a MPOTUB TeueHus. Toraa
pPa3HOCTb MEXIY HUIMH — U = €CTh YABOEHHAs 4acTh paccTosiHusi AB, mpomibiBaemast IioromM 3a 1.
3nauut. [lnot 3a 14y mpormbiBeT YacTh paccrosHus AB, cienoBarenbHO, Bce pacctosinue AB on
IPOIUIBIBET 3a 48 u.

[Ipu Takom pemieHWHM HaAM HE MOHATOOMIIOCH COCTaBIATH CUCTEMYy ypaBHeHHMH. OmHAKO 3TO
pELIEHNE CI0XKHEE MPUBEIEHHOTO BBILIE (HE BCAKHUI 10ralaeTCsl HAMTH pa3HOCTh CKOPOCTEN JIOJKHU 110
TEYEHHIO U MPOTUB Te€YeHMs peku). Ho ecnu BBl Tak M HE CMOTJIM pa300paThCs C pPElICHUEM aHHOM
3a/1aud, WIM K€ Y Bac MPOCTO HET Ha ATO BPEMsl, a Ha HOCY €II€ Kyya KOHTPOJbHBIX, TO Bbl MOXETE
3aKa3aTh peUIeHHE KOHTPOIbHBIX pabOT Ha ClielUaIbHBIX OUpKaXx.
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	Тема 3.6. Обратные тригонометрические функции, их свойстваи графики.
	Угол между прямой и плоскостью.
	Пусть  - наклонная, проведенная из точки M к плоскости , а  - ее проекция на плоскость  (рис.1). Тогда угол  - называется углом между прямой  и плоскостью . Таким образом определяется угол между прямой и плоскостью, пересекающей эту прямую и не перпен...
	Сложение векторов
	Вычитание векторов
	Умножение вектора на число
	Тема 14.2. Основные понятия математической статистики
	Статистическое распределение выборки
	Эмпирическая функция распределения
	Полигон и гистограмма
	Решение рационального уравнения , где   и— многочлены(Q(x)(0), сводится к решению уравнения  = 0 и проверке того, что корни удовлетворяют условию          Q (x) ( 0.
	Также используется теорема Виета:
	Рациональные неравенства.
	Свойства равносильных неравенств.

	При решении неравенств используют свойства равносильности. Неравенства с одной переменной называются равносильными, если множества их решении совпадают.
	Доказать. Неравенства P(x) + T(x) > Q(x) и P(x) > Q(x) – T(x) – равносильные.
	P(x) + T(x) – T(x) > Q(x) – T(x), отсюда P(x) > Q(x) – T(x).
	Дано. P(x) > Q(x) – неравенство (1),
	T(x) > 0, x(R,
	P(x)(T(x) > Q(x)(T(x) – неравенство (2).
	Доказать. Неравенства (1) и (2) равносильные.
	Это свойство доказывается аналогично 3 свойству.
	Алгебраические неравенства.

	Линейными (строгими и нестрогими) называются неравенства вида
	Квадратными (строгими и нестрогими) называются неравенства вида
	Метод интервалов.
	Неравенства с параметрами.

	Системы рациональных неравенств.
	Графическое решение неравенств.

	Неравенства с одной или двумя переменными можно решать графически.
	Решение неравенства с двумя переменными f(x,y)>0 есть множество точек плоскости, координаты которых удовлетворяют этому неравенству.
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