MHUHHUCTEPCTBO HAYKHU U BBICHIEI'O OBPA3OBAHUSA POD
OI'bOY BO «bpsHCKHI roCy1apCTBEHHBIN TEXHUYECKUN YHUBEPCUTET)
(BI'TY)

[Nomrexumueckuit komwtemk ([IK BI'TY)

- N YTBEPXJIAIO
NOKYMEHT MOAMUCAH Pextop ®I'bOY BO BI'TY
3NIEKTPOHHOW NOANNCHIO
Ceptudumkar: 00DF212636081B4AF2FEC2C849AFF43F11D O.H CDGI[OHI/IH
Bnageney: ®egoHuH Oner Hukonaesny
Hencteutenen: ¢ 27.07.2023 no 19.10.2024
G y «30» aBrycra 2021 .
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Mertoauyeckre pEKOMEHAAIMHU [JIsi MPOBEACHUSI MPAKTHUYECKUX paboT 1o
yueOnoit mucrummHe EH.01 Marematuka s cnenunanbHoctu  15.02.14
OcHalleHne cpejAcTBAaMH aBTOMATHU3ALUHM TEXHOJOTHYECKMX MPOLECCOB H
Npou3BOACTB (M0 OTPACJAAM) IMpeAHA3HAYCHBI ISl 3aKpEeIUICHUs 3HAHUM TI0
M3ydyaeMoMy MaTepuany u (HOPMUPOBAHUIO YMEHUM, a TaKke IJisi MPOBEPKHU
YCBOEHUS TEOPETUYECKOr0 Marepuaja W yMEHUW pemiaTh  pas3linyHbIe

MAaTCMaTH4YCCKUC 3ada4l.

Pa3zpaboranu:

[Ipenonasarens [1IK BI'TY W.I1. Tlapdhénona

Meronnueckas pa3paboTka paccCMOTpeHa 0J100peHa MPeIMETHON KOMUCCUEH

«MaTeMaTHYeCKHUX B OOIINX €CTeCTBEHHO HAYYHBIX JUCITUILTHHY
[Iporokon Ne 1 ot «30» aBrycra 2021 r.

IIpencenarenn JI.A JlazapeBa



Oobs1acTh NPUMEHEHUS METOAUYECKUX YKAZAHUM

Metoauyeckue ykazaHus JJisl BBIIOJHEHUS MPAKTHUYECKUX PaOOT SBISIIOTCS
YacThIO MPUMEPHONU OCHOBHOM MpodecCcHoHaIbHON 00pa30BaTEIbHON MPOrpaMMBbl
B coorBerctBUM ¢ DPI'OC mo cnenuameHoctu CIIO 15.02.14 «OcHameHnue
CpeacTBAaMM aBTOMATHU3AIUM TEXHOJOTHYECKHX INPOLECCOB M NPOU3BOJICTB
(mo oTpacasam)».

1.2. esb U IJIaHUPYEMbIe Pe3yJIbTATHI OCBOCHUS] AMCIUIIUHBI:

Koo Ymenus 3HaHua

IIK,

OK

OK 1 BrinmonHaTh onepaunu Haxa OCHOBBI MATEMATHYECKOT'O

OK 2 MaTpUIlaMH U pelllaTh CUCTEMbI | aHaIK3a, JUHEWHOU anreOphl U
JIMHENHBIX YPaBHEHUU AHATUTUYECKON TEOMETPUU
Pemate 3agauu, ncnosb3ys OcHoBbI b PepeHITnaTbHOTO U
YpaBHEHUA NPSIMBIX U KPUBBIX MHTETPAIbHOTO MCUUCIICHUS
BTOPOTI0 MOpsIAKA HA OCHOBBI TEOPUHU KOMIUIEKCHBIX
TIOCKOCTH YHCell

[TpuMeHATH METOIBI
nuddepeHInanTbHOTO U
MHTETPATLHOTO UCYUCIICHUS
Pemats nuddhepeHnmanpHbie
ypaBHEHUS

[Tonb30BaThCs MOHATUSAMHA

TCOPHUH KOMIIJICKCHBIX YHCCJI

1.3. PeKomeHayemoe KO/MYEeCTBO YAaCOB Ha OCBOeHue paboueit nporpammbl

y4yebHOM AUCUUNNUHDI:

MaKCMMaNbHOM y4yebHOM Harpy3km obydatowerocs 70 4Yacos, B TOM Yuce:
ob6s3aTenbHOM ayANTOPHOM y4ebHOM Harpyskm obydatoweroca 64 yaca;
npakTMyeckue pabotbl 30 yacoB
camocToaTenbHOM paboTbl obyyatowerocs 4 yaca.



NEPEYEHb NMPAKTUYECKUX PABOT

1 [encTema ¢ KOMNIEKCHbIMUM YnCIamm B anrebpanydeckon ¢opme

2 [encTBuA ¢ KOMNAEKCHbIMUW YNCAAMU B TPUTOHOMETPUYECKOM popme

3 dnemeHTbl BEKTOPHOM anrebpbl BoluncneHne npegenos

4 NccneposaHne pyHKLUMM Ha HenpepbiBHOCTb. Knaccndukauma Touek
pa3pbiBa

5 HaxoxaeHne nponsBoAHbIX CNOXKHbIX QYHKUMIA

6 YpaBHeHMe KacaTeslbHOM U HOPManu

7 MonHoe nccnepgosaHne GyHKUMK. MNocTpoeHnerpadmka

8 BbluncneHme nepsoobpasHOM M onpegeneHHbIX MHTerpanos. Pnsnyeckoe u
reoMeTpUYECKOoE NPUIONKEHMNE MHTEMPaANOB

9 AnddepeHumpoBaHme pyHKUMN ABYX NepeMeHHbIX. iccnegoBaHne pyHKL UK
ABYX NEPEMEHHbIX Ha IKCTPEMYM

10 | BbluncneHune ABOMHbIX MHTErPanoB. [TpakTnyeckoenpmmeHeHme ABONHbIX
MHTErpasos.

11 NccnepoBaHme pagoB Ha CXO4MMOCTb

12 PeweHune anddepeHuUnanbHbiX YpaBHEHN

13 | de#ctBMA c maTpuLamm

14 BbluncneHue onpeagenntenei matpuu,

15 HaxoxkaeHune obpaTHOM maTpuLbl. PelleHre npocTenwmx MaTpUYHbIX
YPaBHEHWM

16 PeweHne cMctem NMHENHbIX YypaBHEHUN NO popmynam Kpamepa um c

NOMOLLbIO 06paTHOM MaTpULbI




17 PeweHne cMctem NMHENHbIX ypaBHEHUN meToaoMm laycca

18 dNeMeHTbl BEKTOPHOM anrebpbl

19 CocTaBneHune ypaBHEHMA NPAMOM Ha NJIOCKOCTU. YTOoN Mexay NpAMbIMU

20 CocTaB/ieHWe ypaBHEHMIN KPUBbIX BTOPOro NopsiaKa (OKPYKHOCTU, 3nNUMCa,

rmnep6bonbl, napabonbl)

IIpakTuyeckas padora Ne 1 mo reme




«/ledCTBUSI CKOMILJIEKCHBIMH YHCJIAMU B ajiredpandeckoi popme»

Ieab: HAYYUTH BBINIOJHATH JEUCTBUSA C KOMIUJIEKCHBIMU YHUCJIAMU B
anredpanuecko popme
Bpems BbinonHeHna 90 MunHyT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceegeHuA

2.3apaHue

3.JluctA4

4.KanbKynatopbl

MNopaaoK BbInoONHEHUA PaboTbl
1.3yunTb 3agaHue

2. U3yunTb TeOpeTMYECKME CBeAeHNA

3. BoinonHutb 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
JomauwHee 3apaHue

1.MoarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI

TeopeTnyeckue cBeIeHUA

Omnpenenenne. KOMIIIEKCHBIM 4YHMCJIOM ZHA3bIBAETCS BBIPAXKEHUE z=a+ib ,
rae au b — geiicTBuTeNbHBIC YKCa, | — MHUMAs €MHUIIA, KOTOPAsl OTMpeaeseTCs
COOTHONIEHHEM: i> = —1;  i=~/-1.

[Tpu 5TOM YKCIIO @ Ha3bIBAECTCS AeHCTBUTEILHOM YacThio uncia Z (2 = Rez), a
b- munmoii yacteio (b = Imz).

Ecin a =Rez =0, to umcio z Oyaer 4MCTO MHHUMBIM, eciii b = Imz = 0, To
9HCIIO Z Oy/IeT AEHCTBUTEIHHBIM.

OHpezle.HeHne. Yucima z=a+ib U Z=a—ib HA3BIBAIOTCI KOMILIEKCHO —
CONPAKEHHBIMH.
Omnpenenenue. /[Ba KOMIUIEKCHBIX 4uCHa z, =a, +ib, U z, =a, +ib, HA3bIBAIOTCS
PaBHBIMH, €CJIM COOTBETCTBEHHO PABHBI UX IEUCTBUTEIbHBIC U MHUMbIE YaCTH:

a, =a,; b =b,;
Onpepesenne. KOMIIEKCHOE YUCIO PABHO HYIIO, €CIM COOTBETCTBEHHO PABHBI
HYJIIO JCHCTBUTENIbHAS 1 MHUMAsl YacCTH.

a=b=0.



JeiicTBUSI HAX KOMILIEKCHBIMM YMCJIAMH B ajJredpanyeckoii ¢popme.

OCHOBHBIE JIEUCTBUA C KOMILUIEKCHBIMHU YMCJIAMHU BBITEKAIOT U3 JICHCTBUH C
MHOTOWIECHAMMU.

Cio:keHHne U BbIYUTAHHE

PaccMoTpuMm J1Ba KOMIUICKCHBIX YHCIIa, 3aJaHHBIX B 00IIeM BuaeZ1 =ai+iby;
Z=ar+ibyTornaz = z, + z, = (ay + iby)(a, +ib,) = (ay * a,) + i(b; £ by) =
azxib

MoxHO C(I)OpMy.HI/IPOBaTB MMpaBUJIO CIIOKCHUA W BBIYUTAHUA KOMIIJICKCHBIX YHUCCJI:
Impun CJI0KCHUHN (BBI‘II/ITaHI/II/I) KOMIIVIICKCHBIX YHUCCJI COOTBCTCTBCHHO CKJIaAbIBAIOTCA
(BBI‘II/ITaIOTCH) nux HeﬁCTBHTCHBHBIe N MHUMBIC 4aCTHU.

YMHo:KeHHEe
z=2122=(a1+ib1)(a2+ib2) =a1a2+ia1b2+ib1a2+i2b1b2:a+ib
z=2122=(a1a2-b1b2)+ i (&1b2+b13.2)

( T.e. MOXHO TOBOPHTH,  4YTO IEPEMHOKAIOTCS KOMIUIEKCHBIEUHCIA KaK
MHOTOYJIEHBI, YYUTBIBAsA, YTO i’ -1). 3HA4uT,yTOOBI IEPEMHOKUTH JBa
KOMIIJIEKCHBIX YHCJIa HEOOXOIMUMO IEPEMHOKHUTh X KaK MHOTOYICHBI, YUUTHIBAS,
yroi® = -1.

lenenue

[pu BBIMOTHEHUH JEICHIS KOMIUIEKCHBIX YHCEIT MTOJIB3YIOTCS HCKYCCTBEHHBIM
HpUEMOM: YHCIIMTEND U 3HAMEHATEb APOOH YMHOXKAIOT HA YUCIIO0, KOMILUIEKCHO -
COIPSDKEHHOE 3HAMEHATEI0 ApoOH, M MOCTYIAIOT Jajlee TaK, KaK M [IPH
YMHOKEHHH KOMIUIEKCHBIX YHCEIL.

pumep.
21= 5-1;
2,=-2+3i;
2z, _ 5-i _ (5-i)*(-2-3i) :—10+2i—15i+3i2:—13—13i:_1_i
z, —2+3i (-2+3i)*(-2-3i) 4—9i? 13

3aaHus NPaKTHYeCKOi padoThI

z
1.J{aHbI KOMIIJIEKCHBIC YUCINIA BEIYUCIHUTD Y Z =2, + 2, .2, — Z,; Z,-Z,; —
’ z

2

1.z, =5-1; z,=1+3i 16.z, =5+1i; z,=1-2i



2.2, =3-4i; z,=1+i 17.z, =3+1i; z,=5-2i

3.z,=1-5i; z,=1+4i 18.z, =1-5i; z,=1+3i
4.2, =1+3i; z,=7-i 19.z, =5-1; z,=1+3i

52, =1-i; z,=7+3i 20.z, =1+3i; z,=-2+5i
6.z, =1-i; z,=5-4i 21.z, =3+41; z,=-2+Ii
7.2, =3+4i; z,=-2+i 22.2,=5-2i; z,=-2+Ii
8.z,=—1;, z,=7+4i 23.2,=7-2i; z,=5+3i
9.2, =6-5i; z,=1+i 24.2, =7-3I; z,=-1+4i
10. z; =-1+5i; z,=2-5i 25.2, =-2+3i;, z,=5-4i
11. 2, =5-71; z,=1-3i 26.z, =-3+2i; z,=6+5i
12.2, =-3-2i; z,=-1+Ti 27.z, =-1+7i; z,=4-5i
13.2, =5+2I; z,=2-Ii 28.z,=4+51; z,=1-2i
14.z, =1+51; z,=2-3i 29.2, =-1+3i; z,=6-5i
15.z, =1-4i; z,=1+2i 30.z,=-3-2i; z,=4+3i

2. BIMOTHUTD EUCTBUS HAJl KOMIUICKCHBIMH YHCIIaMH B alreOpandeckoit popme

1)11)21) 11_+2ii —(%—%i}:

2(1-i/3)
1+iv3

2)12)22)
3)13)23) [l—“jm i
1+i ’

(L= 20)(1+20) )

ay14)2) A= 22D) _ge

5)15)25)2(1%@—(“ iV3):

6)16)26)%— (01030



2(1—iv/3) |

NI727

72 20,
8)18)28)%—%19;
9) 19)29)%;
10)20)30) 4= _g2_ i)

i8
I

KoHnTpoJibHBIE BONIPOCHI

1.

NGk WM

Uto Takoe KOMIUIEKCHOE YHUCJIO: JIEHCTBUTEIbHAS YaCTh YMACIIA, MHUMAs
4acTh ynciia?

Uto Takoe MHUMAs eTMHUIIA?

Kakue uncna Ha3pIBatOTCS CONMPSIKEHHBIMU ?

Kak npenacraBuTh KOMIUIEKCHOE YUCIIO rpaduuecku?

Uto Takoe Moaysb uncia?

UTto Takoe apryMeHT yucna?

CKOJIbKO MOXKET ObITh MOJIYJIEH U apPTYMEHTOB Y KOMIUIEKCHOTO uncia’?
Kak naiitu aprymeHT uucia?

Kak naiitn CYMMY, Pa3HOCTb, IIPOU3BCACHUC, YACTHOC KOMIIJICKCHBIX YHCCII

IIpakTuueckas padora Ne 2 o Tteme

«JleficTBUA HA/l KOMIUIEKCHBIMM YHUCJIAMU B TPUTOHOMETPUYeCKOoi ¢opMme»
Heb: HayYUTh BBINIOJHATH I€UCTBUSL C KOMIUIEKCHBIMU YHCIIAMH B

TPUTOHOMETPUUECKOU hopme

Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA

2.3apaHue

3./lInctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTmyeckune ceegeHuns

3. BoinonHutb 1 0dopMuUTbL paboTy
4.MoKasaTb pe3y/ibTaTbl NpenoaaBaTesiio
AomauwiHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI



TeopeTtnyeckue ceeaeHUnA

I'eomeTpuyeckoe n3o0paskeHne KOMILUIEKCHBIX YHCeJI.

IToHATHE KOMITJIEKCHOTO YMCJIa UMEET TEOMETPUUECKOE UCTOJIKOBAHMUE.
MHO€ECTBO KOMILJIEKCHBIX YUCEIT ABJISIETCS PACIIUPEHUEM MHOXKECTBA
JNEUCTBUTEIIBHBIX YHCEN 32 CUET BKJIFOUCHHSI MHOKECTBA MHUMBIX YHCEII.
KomMriekcHble unciia BKIIIOYAIOT B c€0s1 BCE MHOXKECTBA YMCEN, KOTOPbIE
M3ydaInch paHee. Tak HaTypalbHBIE, LIEJIbIE, pAllMOHATBHBIE, UPPALIUOHAIBHEIE,
JEWCTBUTEIILHBIC YHCIIA SBIISIFOTCS, BOOOIIE TOBOPSI, YACTHBIMU CITyYasiMU
KOMIUIEKCHBIX YHCE.

Ecnu mo6oe neiicTBUTENbHOE YHCIIO MOKET OBITh FT€OMETPUUYECKU MPEACTABICHO B
BU/JI€ TOYKU HA YUCIOBOM NPSIMOM, TO KOMIIJIEKCHOE YMCIIO MPEICTABISETCS
TOYKOW Ha MIOCKOCTU, KOOPJUHATAMU KOTOPOH OY1yT COOTBETCTBEHHO
NEHUCTBUTENIbHAS 1 MHUMAsl YaCTU KOMIUIEKCHOTO uncia. [Ipu aTom
TOPU30HTANBHAS OCh OY/ET SABISATHCS ACHCTBUTEIBHON YMCIOBOM OChIO, a
BEpPTUKAJIbHAsl - MHUMOW OCBIO.

Aa, b)

G a X

Taxum oOpazom, Ha ocu OX pacrmonararTcs 1eUCTBUTEIbHBIE YHCIIa, @ HA OCH
OY — 4nCcTO MHUMEIE.

C nomoripto o J00HOTO TEOMETPUUECKOT0 PEACTABICHUS MOKHO

IPEACTABIATh YKC/Ia B TaK HA3bIBAEMOU TPUTOHOMETPUUYECKOU popMme.

Tpuronomerpudeckasi gopma 4ucJia.

N3 reomeTprueckux cooopaxeHuit BUIHO, UYTO a =rcos¢;, b=rsin¢. Torga
KOMIUIEKCHOE YMCJIO MOXHO MPEJICTABUTH B BUE:

z=a+ib=rcosQ+irsmn ¢ =r(cos@+isin @)

Takast ¢popma 3anucu Ha3bIBa€TCSI TPUTOHOMeTPUYecKoil popmoii 3anucu

KOMIIJICKCHOI'O YHCJIA.



HpI/I 5TOM BCJIHMYMHA I HaA3bIBACTCId MOAYJE€M KOMIUICKCHOTO 4YHCJIa, a Yyroj

HAaKJIOHA ( - ApryMeHTOM KOMILUIEKCHOTO YHCJIA.

r:|z; o=Argz.

W3 reomeTpruyecKkux cCOOOpaKeHU BUIHO:

r :|a+ib| =~a’+b*; @=Argz :arctgé;
a

O‘IeBI/IIIHO, 4dTO KOMIIJICKCHO — COIIPSAKCHHBIC YMCJIa UMCIOT OAMHAKOBBIC MOIAYJIN

" IIPOTUBOIIOJOKHBIC APTYMCHTHI.

|Z| = |2; Argz=—Argz.

JleficTBHS C KOMIUIEKCHBIMU YHCJIAMU B TPUTOHOMETPHYECKOH (hopme.
z, =r(cos@, +isn @,), z, =r,(cosQ, +isin @,).
YMHOXKeHME z =z,z, =rr,(cos(p, +@,)+isin( @, +@,))
B criydae KOMITJIEKCHO — CONPSKEHHBIX YUCE:
2Z=(a+ib)a—ib)=a*+b* =|z|" =|z|".
Henenne z =1 =1 cos(o, —¢,) +isin( ¢, ~9,))
Z, n
Bo3Benenue B cTeneHb
N3 onepanny yMHOKEHHUSI KOMIUIEKCHBIX YHCEJ CIIETYET, YTO
2% = zz = r*(cos 2¢ +isin 2¢)
B o6mem ciydae momyqaum:
z" =r"(cosne+isin ne),
re N — 1eI0€e NOJ0KUTEIbHOE YHUCIIO.
OTo BhIpakeHUE Has3biBaeTcs (popmyJioii MyaBpa. (AGpaxam ne Myasp (1667 —
1754) — aHIMHACKAIA MaTEMATHK ).

H3Baeyenue KOPHA U3 KOMILICKCHOI'O YHCJIa

2z = 2/r(cos @ +isin @) = p(cos\y +isin )
Bo3Bojs B cTeneHb, MOTYYUM:

p" (cos ny +isin ny) = r(cos @ +isin @)



Orcioma: p=4r; ny=¢+2nk; keZ.

— +2nk .. @+27nk
Mz{/r(coscpﬂsm 0) =4r cos P | jgjn P
n n
Takum o00pa3oMm, KOpeHb N —OW CTENEHW U3 KOMIUIEKCHOTO YHciia UMeeT N
Pa3JINYHBIX 3HAYEHUI.3aqaHus AJI51 NPAKTHYECKON padoThl

33)13Hl/le. BoimonHuth I[CﬁCTBHH C JaHHBIMHU KOMIIJICKCHBIMH

1) Z1+72; 71-72; 7Z1-72,71:72

1. z; = 8(cos 55° +5in55°), z, = 2(cos 5° + sin 5°),

2. z; = 5(cos 48° + 5in48°), z, = 2(cos 12° + sin 129),
z; = 3(cos 70° + sin70°), z, = 2(cos20° + sin 20°),

z; = 10(cos 105° + sin 105°), z, = 2(cos 15° + sin 15°),
z; = 12(cos 145° + sin 145°), z, = 2(cos 5° + sin 5°),

z; = 7(cos 255° + sin 255%), z, = 2(cos15° + sin 15°),
z; = 9(cos 168° +sin 168°), z, = 2(cos 12° + sin 12°),
z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),

9. z; = 3(cos40° + sin40°), z, = 2(cos5° + sin5°),

10. z; = 10(cos75° +sin75°%), 2z, = 2(cos 15° + sin 15°),

© N o o ow

11. z; = 9(cos 123° +sin 123°), z, = 2(cos 12° + sin 12°),
12. z; = 5(cos 160° + sin 160°), z, = 2(cos 20° + sin 20°),
13. z; = 3(cos 235° + sin 235°), z, = 2(cos5° + sin5°),

14. z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

15. z; = 2(cos 258° +sin 258°), z, = 2(cos12° + sin 12°),
16. z; = 7(cos 115° + sin115°), 2z, = 2(cos 20° + sin 20°),
17. z; = 14(cos 310° +sin310°), z, = 2(cos5° + sin 5°),
18. z; = 8(cos45° +sin45°), z, = 2(cos 15° + sin 15°),

19. z; = 6(cos 213° +5in213°), z, = 2(cos 12° + sin 12°),
20. z; = 9(cos 70° +s5in 70°), z, = 2(cos 20° + sin 20°),

21. z; = 4(cos40° + sin40°), z, = 2(cos5° + sin 5°),

22. z; = 6(cos300° +sin300°), 2z, = 2(cos15° + sin 15°),
23. z; = 3(cos 33° +5in33°), z, = 2(cos12° + sin 12°),

24. z; = 5(cos 250° + sin 250°), 2z, = 2(cos 20° + sin 20°),
25. z; = 8(cos85° +5in85°), z, = 2(cos5° + sin 5°),

26. z; = 10(cos 165° +sin 165°), 2z, = 2(cos 15° + sin1 5°),
27. z; = 9(cos48° + sin48°), z, = 2(cos12° + sin 12°),

28. z; = 5(cos100° + sin 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos175° +s5in175°), z, = 2(cos5° + sin 5°),

30. z; = 16(cos120° +sin120°), 2z, = 2(cos 15° + sin 15°),



2.BBIMOTHUTH IEHCTBUS HaJl KOMIUIEKCHBIMU YHCIIaMHU B TPUTOHOMETPHUECKON
dopme.

1,11,21.'1;? 6.16,26. 3/—1+1
+1

212,22. ( 1o JG 727,27, (3= i)-1+i))

\6 12
313.23. 1*‘/_5' 8.18.28. J3+i
1-i 2
: 4 } 3
414,24, m 9,19,29. @
0,53 - 0,5i V3 +i
2P \3
515,25. (2 + V12i 10,20,30. (-3 /3

3.BBINONTHATE JIEWCTBUS HAJl KOMIICKCHBIMU YMCJIAMH B TPUTOHOMETPUYCCKOM
dbopme:

Diz:  2)z;
1. z,=1+i, 2, =—J3 +i; 6. z,=1-+/3i,z,=2+2i;
2. 21=1—i,22:—\/§—i; 1. zl=—1+\/§i,22:—2—2i;

3. 21:—1+i,22:%+§i;8. 2, =—1-~/3i, 2, =—2+2i;

4. 21:—1—i,22:1—£i; 9. 21:\/§+i,22:—1—£i;
2 2 2 2
5. 21=1+\/§i, z,=2-2i; 10. Zl=\/§—i,22=%+§i;

KonTposbHbIE BONIPOCHI

Yro Takoe TpuroHoMeTpudeckas (popma 3amucu KOMILUIEKCHOTO yucia?

Kak nepeBecTu 4uciao B TpUTOHOMETPUYECKYIO (popmy?

Kak naiiTu mpousBepeHUEe, YaCTHOE YUCEN B TPUTOHOMETpUYECKOM hopme?
Kak HaliTH BO3BECTHM YHCIO B TPUTOHOMETPHUYECKOW ¢GopMe B MEIYyIO
CTEIEHb?

5. Kak HallTu KOpeHb N-HOM CTENEHUW M3 4YuCia B TPUTOHOMETPUYECKOU
dbopme?

e



MpakTnuyeckan pabora Ne 3
Tema « Beruuc/jieHue npeaeaoB»
eab: HAYYUTHCSA BBIYUCIIATh MPEAEIIBI, PACKPBIBATh HEOINPEAEICHHOCTH.
Bpems BbinonHeHna 90 MunHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceeaeHUA

2.3apaHue

3.JIuctA4

4.KanbKynatopbl

MNopaaoK BbInoONHEHUA PaboTbl
1.M3yunTb 3agaHune

2. 3yunTb TEOpPETUYECKME CBEAEHMUA

3. BoinonHutb 1 opopmutb paboty
4.MoKa3aTb pe3ynbTaTbl NpenogaBaTento
DomawHee 3agaHue

1.MoaroToBUTbL OTBETHI HA KOHTPO/IbHbIE BOMPOCHI
Xox padoTsl

TeopeTuveckue MoJI0KEeHUs
IlepeMenHas u peAen — 3T0 OCHOBHBIE MOHATUS MATEMATUYECKOTO aHAIU3A.

JlocTaTOYHO HAIIOMHHTh, YTO KJIFOYEBBIM CJIOBOM B OTIPEICIICHUSAX TaKUX
W3BECTHBIX CO IITKOJIbI OHATHH KaK MPOU3BOIHAS M MHTETPAJI SBJISICTCS CJIOBO
peJIell.

IIpenea ¢pyHkuum B TOUKE.

y f(x)

A ++¢g

A-¢ -

0! a- Aaa + AX




[Tycte pynkuus f(X) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOYKHU X = a (T.€. B
caMoil ToUke X = a QyHKIUS MOXKET ObITh U HE OIpE/EIICHA)

Onpenenenune. Yuciio A HaspiBaeTcs mpeaeaoM ¢ynkiuu f(X) mpu x—a, eciu
s mro6oro £>0 cymecTByeT Takoe unciao A>0, 9To sl BCeX X TaKUX, YTO
0 <|x - al <ABepro HepasencTso |f(X) - Al <e.

To ke omnpeneneHne MOXKeT ObITh 3aITUCAHO B IPYTOM BHJIE:
Ecnu a - A<x<a + A, X#a, To BepHO HepaBeHCTBO A - e<f(X) <A + ¢.

3anuck npeaena GyHKIUHA B TOUKE: lim f(x) = 4
Omnpenenenune, Ecnu f(X) —>A; npu X — a TONBKO Npu X<a, TO lim f(x)=4, -

Ha3bpIBaeTCs mpeaeaoM ¢yHkiuu f(X) B Touke X = a cieBa, a eciu f(X) —>A2 mpu x

— a TOIBbKO MpH X>&, TO lm f(x)= 4, Ha3bIBaCTCA MpeaeaoM ¢dynkiuu f(X) B

TOYKC X = a CclipaBa.

f(

[IpuBeneHHOE BBINIE ONpECIICHUE OTHOCUTCS K cirydaro, korga ¢yHkmus f(X)
HE OIpEeJIeJIEHa B CAMOM TOYKE X = a, HO OIpPE/JeSIeHa B HEKOTOPOU CKOJIb YTOJIHO
MaJIOW OKPECTHOCTH 3TOM TOUKHU.

[Ipemenmsr A; u A, Has3pIBalOTCS TAaKXKE OAHOCTOPOHHUMM MpeaeIaMHu
¢yakmumn f(X) B Touke x = a. Takxke TOBOpAT, 4T0 A — KOHEYHBIH mpemes
bynkiun f(X).

Ipenen GpyHKUMH NPU CTPEMJIEHUH APTYMEHTA K 0eCKOHEYHOCTH.

Onpenenenue. Yncino A HazpiBaeTcs npeaeaom Gpynkmun f(X) mpu x—o0, ecnu
1151 JIr00oro ymcia €>0 cymecTByeT Takoe yucio M>0, 4To i Bcex X, \x\ >M
BBITIOJTHSETCS HEPABEHCTBO



|A—f(x)|<8

[Ipu »ToM mpenmonaraercs, 4ro ¢yHknus f(X) ompeneneHa B OKpECTHOCTH

OECKOHEUHOCTH.

3anuChIBAIOT: lim f(x) = A. AHQJIOTUYHO  MOXHO  ONPEACIUTh  MPEIEIIbl
X—>0

im f(x)= A nug moboro x>M u

X—>+0

lim f(x)=4 nust ao0doro x<M.

OcHoBHBIE TEOpeMBbI 0 Npeaesax.

Teopema 1.1m C = C, rae C = const.

x—>a

Crnenyromiye TEOpeMbl CIPABEJIMBLI MIPH MPEANON0KEeHHH, yTo (yHKIMU f(X) n
g(X) UMEIOT KOHEUHBIE MPEAEIbI IPH X—>a.

Teopema 2.1m ( f(x) + g(x)) =lim f(x) £ lim g(x)

Teopema 3. m[f(x)-g(x)]=lm f(x)-lm g(x)

CaencrBue.lim C- f(x) = C-lim f(x)

lim
Teopema 4. lim SO _ o i pu lim g(x)#0

e g(x)  lim g(x)

Teopema 5.Ecnu f(X)>0 66auzu mouxku x = a u tim f(x)= A4, mo A>0.

Amnanornyno onpezensercs 3uak npeaena mpu f(X) <0, f(x) > 0, f(x) < 0.

Teopema 6.Ecau g(X) <f(x) <U(x) 66auzu mouku x = a u tim g(x) =lim u(x)= A, mo u

Im =4.

xX—a

Onpenenenune. Oynkius f(X) Ha3zpBacTCS OrpaHWYEHHON BOJIM3H TOYKH X = a,
ecIIM CyILIecTByeT Takoe qicio M>0, uro | f(X)| <M BGmu3u Touky x = a.

Teopema 7.Eciu ¢pynxyus f(X) umeem xoneunwiii npeden npu x —a, mo ona
ocparuyeHa 601u3u mouku X = a.beCKoHe4YHo manble GYHKLUUN.

Onpenenenne. Dynakius f(X) Ha3piBaeTcs 6eCKOHEYHO MAJIO TIpH X—>a, TIE a

MOJKET OBITh YHCJIOM HUTH OJHOU M3 BEIIMYHMH 00, +00 UJIH -00, €CIIH lim f(x)=0.
x—a

CBoiicTBa 0€CKOHEYHO MAJIBIX (DYHKIIHIA:



1) Cymma (GUKCHpPOBAHHOTO YHCla OECKOHEUYHO MabIX (YHKIMH TPU X—>a TOXKE
OecKOHEe4HO Manasi GyHKIUS IPU X—>a.

2) IlpousBenenue (GUKCUPOBAHHOTO YHUCIIa OCCKOHEYHO MajblX (DYHKIUH TIpH
X—>a TOXKe OECKOHEYHO Manasi QYHKIUS PU X—>a.

3) IlpousBenenue OeckoHEUHO ManoW (YHKIUM HAa (QYHKIUIO, OTPAHUYCHHYIO
BOJIM3M TOYKH X = a SBJISETCS] OECKOHEUHO Maiol PyHKIIUEH nmpu X—a.

4) YactHoe OT JejcHHs OCCKOHEYHO Majio (YHKIMH Ha (QYHKIHIO, Mpeaes
KOTOpOl HE paBEH HYJIO €CTh BEIMUYMHA OECKOHEYHO Maiasl.

beckoneuHo 0osbIMe PYHKIUM U UX CBA3b C 0€CKOHEYHO MAJIBIMH.

Omnpenenenne. OyHKIMA Ha3bIBacTCAd 0€CKOHEYHO 00/BIION MpU X—>a, TAE a

— YUCJI0 WIM OJIHA U3 BEJIMYMH 00, +00 WUJIM -00, €CJIU lim f(x)= A4, Tie A — YHUCIO
xX—a

WM OQHA U3 BEJIUMYUH 00, +00 UJINU -0,

CBs13b 6€CKOHEYHO OOJIBIINX U OECKOHEYHO MalbIX (PYHKIIUN OCYIIECTBIISIETCS B
COOTBETCTBHHM CO CIIEAYIOLIEH TEOPEMOH.

Teopema.Ecau f(X) >0 npu x—a (eciu x—>00 ) u ne obpawaemcst 6 Hoib, Mo

IIpumep. Haiitu npexnen lim 1g5x

=08 7x

Tak kak tghX ~ 5X m sin7X ~ 7x mpu x — 0, TO, 3aMeHUB (YHKIUHU

SKBHBAJICHTHLIMHU O€CKOHEUYHO MaJIbIMH, ITOJIYUHUM:

im tg5x Zh.mS_xzé

=0gsin 7x 0 7x 7

3
Hpumep. Haiitu npegen lim

x>01—-COSX
X x\ x> x>
Tak xak 1 — COSX = 2sin*=~2 = | mpu x—0, T0 lim ——— =1lm —- =lim 2x=0.
2 2 »=»0]—cosx 0 x x>0
2
. .t .
Ipumep. Haiitn npenen lim £ oiz — o0,
X—> SN X X—> X

Ecim o m 3 - OeckoHeUHO Maibie TpU X—>a, IpudeM B - OECKOHEYHO Manas
Oonee BBICOKOTO TIOpSAKA, YeM O, TO Y = o + [ - OecKoHEYHO Maas,
DKBUBAJICHTHAsT O. OJTO MOXHO JOKa3aTh CJCAYIOIAM  PaBEHCTBOM
ﬁrnlzmn[1+ﬁj=1.

xX—a a xX—a a

Toraa roBopsT, 4TO O - IJIABHASL YACTh OECKOHEYHO MaJIOW (PyHKIIUH Y.



IMpumep. Pynkuus x°> +x — 6eCKOHEYHO Majas npu X—0, X — IJIaBHAs YacTh

1ol (Qynkmun. YToOBI MOKa3aTh 9TO, 3alHMIIEM O = X2, B = X, Toraa

2 2

X XX
lim — =0, Iim =lm(x+1)=1.
x>0 X x—0 X x—0
HexoTopble 3amMeuaTe/ibHbIE TIPe/IeJIbl.
-~ v . P(x) — n n-1
IepBbIii 3amevyaTenbHblil mpeges. im ——, rae P(X) = aox" + aix™™ +...+ap,
X—>0 Q(x)
Q(X) = boX™ + b1Xm-1 +...+bm - MHOrOYICHBI.
X (ag + 8+ Ty ag+ g+
P(x) — 0 X x" = x" " 0 X x"
b b b b
O(x) x"(by + 4.+ ) by +—+ 4.+
X x" X x"
al n
Ay +—+..+
lim X x' _ %
e bl 4 b
by+—+..+—2= 0
X x"

0, npu n<m

. P(x a
Hroro: hmﬁz 2. mpu n=m
== O(x) b,
©, npu n>m
o o . sinx
Bropoii 3aMeuaTebHbIii npeje. lim =1
X—> X

X—>00

. . . IRY
Tperuit 3ameuaTeIbHbIN Npege. im| 1+— | =e
X

YacTo ecnu HEMOCPEACTBEHHOE HAXOXKICHHE Tpeiesa Kakoh — 00 QyHKINH
MPENICTABIISETCS CI0KHBIM, TO MOKHO ITyTeM IpeoOpa3oBaHusi GYHKIIMHA CBECTH
3a/1a4y K HaXO0XkKJACHUIO 3aMeYaTelIbHbIX IPEEIIOB.

KpOMe TPCX, N3JI0KCHHBIX BBIIIC, ITPCACIOB MOKHO 3aIIMCAaTh CIICAYIOIIUC
IMOJIC3HBIC HA ITPAKTUKE COOTHOIICHMA :
. In(1+x .oat—1 . (1+x)" -1
hmgzl; Im —— =ha; th—m

N =

x—0 X =0 x X0 X
HMpumep. Haiitu npenexn.

lim —lim 2=

08N ux 0 nux n

tgmx

IMpumep. Haiitu npenen.



ﬁmtgx—tgxo_lim sin( x —x,) =11,msm(x—)co)'h_m 1 1 11

=% X=X, % (X—X,)COSXCOSX, % X—X, % COSXCOSX, cos’x, cos’x,

Hpumep. Haiitu npenen.

—isin(n'/4—x)
Sin x —cosx _ . V2 im —sin(z/4-x) 1

xor/4 g —4x xom/4 T —4x «‘*”/42\/5(7r/4—x)_ 232

Hpumep. Haiitu npenean.

y=r/2-x Iy ‘ |
cosx _ x=z/2—y :limcos(ﬂ' —y)zlimsmy:_
x—)ﬂ'/27z'_2_x y—0 Zy y—0 y 2
T—=2x=mr—mw+2y
HMpumep. Haiitu npenen.
x+3 x+3 y:X—l y+4 y 4
lim(x+3j =lim(x_1+4) — x> =1ﬁn(y+4j iy (1+i] ‘ﬁm[1+ij -
x| xy —1 x>0 x—1 Yoo h% yox y Yo y
y —>®
1 4z 1 z 4
:{z:z}:ﬁm(l+—j :(ﬁm(l+—jj =e'
4 Z—>0 z Z—>0 z
x* —6Xx+8

IHpumep. Haiitu ipenen  lim ——.
P P pedl x>2 X2 —8x+12

JJIsl HAXOJKJICHHUSI 3TOTO Tpejieia pa3IoKUM Ha MHOKHTEIU YHCIUTETb U
3HaMEHaTelb JaHHOH JPOOH.

x> —6x +8=0; x> —-8x +12=0;
D=36-32=4; D =64 - 48 = 16;

X1 = (6 +2)/2 =4, X1 =(8 +4)/2 =6;

X2=(06-2)2=2; X2 =(8-4)2=2;

Torma lim ¥=2%=4 _ i‘;‘

1
2 (X—2)(X—6) x-2 2

2
4

V14 x+x2 —V1—x+ X2

Hpumep. Haiitu npenedn. lim > JIOMHOXVM YHUCIUTENIb U
x—0 X5 —X
3HAMEHATEIb npobu Ha CONPSIKEHHOE BBIPAKCHHUE:
: 1+ X+ X =1+ x-x? : 2X
lim =lim

SOy (X=D(WL+ X+ X2 + V1= x+X2) O x(X =D)L+ X+ X +v1-x+x%)



2

T
IMpumep. Haiitu npenen.

2 p— J— J— p—
Al P SRV VR 1 G e ) e L
3 x" -9 =3 (x=3)(x+3) 3+3 6

3 2 _
Hpumep. Haiitu npenen lim al ?x i 6.
X" =3x+2
Paznoxum 4rCanTeNh U 3HAMEHATEb Ha MHOXKHTEIIH.
X2 —-3x+2=(x-1)(x-2)
X3 —6x2+ 11x -6 =(X—1)(x - 2)(x — 3), T.x.
x3-6x2+11x-6 x-1
x3— x2x2 —5Xx + 6
- 52 + 11X
- 5x2 + 5x
6x -6
6x - 6
0
X2 —5x+6=(X—2)(X-3)
Torza lim (x—=D(x—-2)(x-3) _ 5
=l (x=1)(x—-2)

IMpumep. Haiitu npenen.

. 2a+2h 2h .
sin(a+2h) —2sin(a+h)+sna 2S5 cosm2si(ath) o et By (cosh—1)
hm = hm = hm =
h—0 h? h—0 h? h—0 h?

J— 1 2
— 2lim sin(a+h)-lim2sm—(hz/2):2$ina-(—l/2):—sina
h—0 h—0 4(h/2)
3aaHus NpaKTH4YecKoil padoThI
1.HaiiTn yka3aHHbIe NpeaeJibl.
1 R
1.1. lim ;:5—}:4_6 omeem:l 1.2. lim % omeem :1
=3t —12x+20 8 =0 oyt 4x
1.3. lim Stx-x omeem:—i 1.4. lim 22 —x-l omeem . —

R Y, 27 1 3x% —y -2 5



2% —Tx+ 4 omeem.Hem

1.5. lm —— 1.6. lim -
=2 x? _Sx4 6 peuwenus ¥=3  xF 97 pewenus
2 _ T4
1.7. lim 31{-'-—329:1 omeem . — 1.8. lin womeemig
L K=l gt Dy g 4
3 _ 7
1.9. lim w omﬁ'em:—ﬁ 1.10. lim WOmeemil
el x4+ 2 3 *=3 Pxt —5ox -3
N R
111, m —* % omeem: 2 112, fim * 25" omeem:—1
=lattx-6 ) =yt +1
z 2 _
1.13. lim :—16 omeem:§ 1.14. tin w omeem:E
=t xt - 20 9 = pt +2x-3 4
2 A 2 _
1.15. lim M omeem . — 1.16. lim w omeem . —
Lt = Tx+3 S ¥==2 3xt +dx +4 4
2 _ ERNY P
117, fim 22 L om:8 1.18. fim = 272 gem:0
E=l Tt b2 5 E=llyt p Dy 2
2 - 2_ omeem . Hem
1.19. lim w omeem :1 1.20. lim w
il 2x® 4+ 3x 41 #d xt —x—12 peueHus
2 _ E — = omeem .Hem
1.21. lim w omeem:—l 1.22. lim M
=2 x4 3x-10 7 =1 x¢ _ Dx 41 pewenus
_ = 2 _ 25,
1.23. lim 52 Fllx—2 omﬁ'em:—g 1.24. lim xz‘j—xl-’-l omgemig
=1 Iyt —x—10 1 #2T 2yt —9x— 35 19
? _gr— z omeem . Hem
¥3 Pp® —Zx— 35 17 ¥=+3 x* _fx— 27 peuieHus
p 2
—2x-—35 . 2z +15x-8
1.27. lim xj—x omgem:ﬂ 1.28. tim XE—X )
=3 2t +11lx+ 5 3 I Rl e
2 _ A, 2 -
1.29. lim 3?:22—?:40 meem'g 1.30. lm w omeem . —
Ll R 5 Fo3 s L 10x 4+ 3 8
2. HaiiTu yka3zaHHbIe npeaeibl
o 2xt #11x415 1 . 2x* +5x—10 omeem:nem
2.1. ——————— omeem:__ 2.2. —_—
¥=3 Ayt +5x-12 13 w1 =1 peuieHus
3_ 2 omeem . Hem
2.3. lim w omeem:0 2.4, 1 w
=l oyt —dx 43 =i xT -4 peweHus

124 x— x* omeem.Hem

meem .——

23



4 _ 3 2 _ 2y _1 omeem:.uem
2.5. lim w omeem 0 2.6. lim w
¥—=-1 41 ¥l ¥t =1 peuierus
2 x4 _ 2 omeem . 1em
27 tim I em: S 28 g EtE
=2 5x° 435 -3 23 =2 x* +4x+ 4 pewienun
2 _ 2 -
2.9. lim jx—lomeem:—Z 2.10. & WOmeem:—i
¥l S 42 e A e | 16
_ 4xt +19x- X —xt -
211, fim S0 el 242t T et
=5 0x® +11lx 45 3 =l -2 2
2 3_
2.13. lim XE—EX-H omeem 0 2.14. lim ;{—8 omeem :—12
=l 2x" —TTx+5 =2 axt =9x+10
2 - 3 - omeem . Hem
2.15. fim X T2 L emt® 216w I
¥=—2 x4+ 2 2 ¥l et e 4] peutenus
3 A2 4 o2
217, i AT em:® 218 5m E E H gem:s
=0 3xf 4+ Tx 7 =Looxt -1
2 — 1 omeem :Hem 2
2.19. lim w 2.20. lin xz—xf‘)[] omﬁ'em:—E
¥=3 xd Sy 4§ pewenus ¥=-i x® 4125 75
2 _ 3
2.21. lLm M omeem:E 2.22. lm Bj ! omeem .6
e . 48 Pl s 104
x4 Ex- . :
2.23. lim xg—xE'S omeem:E 2.24. lin Mam@emio
-4 = dx 4 =2 ot —Ax+14
1_4 _ 3
2.25. lim ;{—omeem:i 2.26. % omeem:0
=29yt + x—10 11 =04 pd —5x 41
o 2xt-11x-6 . 4 -
2.27. lim J;—x omeem:E 2.28. lin x3+2—x24 omeem 0
¥f Apt — Dx 412 16 ¥=-6 Dp® 4 155+ 18
P _2x-4 . -
2.29. Z—x omeem:—E 2.30. lim ;—64 omeem . —
=2t —11x+18 7 W g Wiy 4 29

3. Haiitu yka3aHHbIe npeaeJibl

R E]

3.1, fim 2% % *2 3.2, fim — % TTE
e 2xt+5x" - x P 2xt —4xt 4+ 5

33 ]J.mix'*—3f+? 3.4 ]J.In?x3—2x2+4x

ANy Py R P



2 —dx? 428 X +10x+3

3.5, lim — - 3.6. lim ———-——
e T 5t a1 Fow 2xt 4+ 5x-3
a4 2 2
3.7, fm X tE X 3.8, fim 22 F15H3
Pow x4+ 3x—2 ¥ow hrt - 3x+4
_ .2 3o 2
3.9 lm x2+3x+1 3.10. fim * 33x +10
Pow Ext 4+ x5 e Tt +dx+ 1
2 _ 4
3.11. fim 2% FE7 3.12. fim Sx F2rtl
P 2xt —x+10 eyt — X0 tax
2 2 _
3.13. fim 2% 52 3.14. fim X 12577
e 2xt—x+4 e 3xt +a+l
3 _ 2
3.15. fim 2% 1772 3.16. fim 10X *IT
row Ext—x—4 =0 —Ex—9x
4 _ g2 2 _
3.17. fim 22 0% *2 3.18. fim o *4%70
e xt +dx—-3 e drt =34 2
Bxt —d4x?+3 3x' —4x+2
3.19. lm ————— 3.20. lin ———
e 2x 41 e fx 4+ 5x +1
3 _ 4
3.21. fim % 4T 3.22. fim T
Fow pt —3x+ 2 e x4+ 3xT 4+ 2x
3 2 _ 2
3.23, fim X X 72 3.24. fim 2T
e bx —dx+3 e 1+ 2x+Tx
a2 4 4 _n 2
3.25. fim % 3.26. lim w
Fow 24 3x% +x ¥ow 3xT +3x+5
R S 342
3.27. lm 4553{—?“ 3.28. lim w
e gt +6x+8 e 24+ dx—x
3 2 _
3.29. fim w 3.30. fim w
P 2xt +3xT + 2 e dxt+x -5

4. HaiiTu yka3aHHbIe Npeae/ibl

41 fm = 2x+4 49 Hm3x“+2x—5

T oree 2t 1327 41 T e 2% x4 7
2 _ _ &

43 fim 2F t7x=4 A4 G X TE

P 0 4 0x—1 R P



pxt 4+ Tx-1 2t 4+ 7x +4

45, fim 25 T 1X2 4.6. lm 2=
¥oe 3xT +2x 45 oyt +5x-1
6 o2 7 2
47 tm 3x3 Sxt 42 48, T x :—5x dx
S i o F s L S N
2 4 7
49, fm D 4.10. fim 22520
¥ (4 dy—x ¥ D3 4 ax 4]
2 3 2
411, i 22 FAFT 412, fim 2 FAX TR
r=—e AT —2xt +x ¥=e Dyt 4 lx -3
Sx° —3x 47 5x% —3x+1
413, fm XX 7 4.14, fm X
P 2xT +3x7 +1 e 1+ Z2x—x
o 2x 43245 . Ext—Sx42
415, fm 221X T 4.16. tim O %2
row 3xt —4x 41 e 4yt 4 2x—1
3 p
417, fm 3T 4.18. fim 22 _¥ITED
i Pyt — x4 iw A p® — 2xt 4]
. exT4+5x -3 o E3xt4dAx-7
419, tm T 2 4.20. fin 22 4277
Eme Dyt — x4 Ew xt — Pxt 4]
5 4.3 2
421 fm w 492 fim w
S o eyt +d4xt -3
4 A3 3 2 _
4.23. fim 5):2 2xT+3 494 b 8x2+x 7
¥ Dyt 4 35— ¥ Dad Oy 43
Co3xt4zxt - . 3t 4ix-4
4.25. fm 2 X 28 4.26. tan 2 X4
2w Bx —4x+5 ¥ow 3xt —d4x+1
N 3 2
4.97 tim w 4.28. tm 4’[:5—"‘?“
o dxt x-S e 3xt +x—-10
2 _ 3 _
429 fim 2x 4+1Ux 11 430 ?xz+3x 4
¥ Syt — 2x 45 I |

S5.HaiiTu ykazaHHbIe Npeaeabl

4 _ 2
5.1, fim =% T30 5.2. fm 22 _/5¥2
e iyt =220 +1 eyt 4 dx—4
53 h.m?x"—3x+4 54 fim 2x% - x+7

rww Ixd — 2x 41 r= 3xY - 522 410



3 2 4
55 fin 4x 22:{ +x 56 lm 3):2 ax+1
Fow 3xt-x Fow 3xt +2x -5
. o2xt-sx+2 . 5xt—dx+2
5-7- ].11-.[1 ﬁ 5-8- ]JIn 3—
Pyt + 357 -9 ¥ dxt + 2x -5
3_n.2 1 _
5.9, fim ZF 2% *27 5.10. fim —% 2t
e xt+7x+1 eyt —3xT 44
5 4 3 L DR
5.11. fim X 0% % 5.12. fim S35 2%
e 2xt +6x+1 ¥eee o 3y +5x
o4 4 £
5.13. fm — % 5.14, fim Sx Y1073
¥ JxT 4+3x% -5 e 3xt —Sx+1
3_
5.15. fim — 2t 5.16. fim == _22*1
¥we D3y 4+dx e x40
. 10x-7 5x* - 3x°
5.17. ]:ﬂoﬁ 5.18. En_m—j
3x + 27 +1 1+2x+3x
3x* +5
5.19. fim — 27 5.20. fim —0 2%
¥ gt Ayt — g voow Jxt = 3x=7
1 5.3
5.21. fim —x —2%*3 5.22. fm —& X
v ST — x4+ x e 4yt +3x—6
2.2
5.23. lin — 21 5.24. fim 27X
¥=wop® — 5xt +4x et 16
2 I
525, i 410547 526, f 250!
¥ 2y —3x L S
— 2_
5.27. fin — 2217 5.28. tm 22 o1
v pt = 3xT —dx Ll ol S
3_
5.29. fim — o1 5.30. fim — 22

re 3?4 4x 42

6. HaiiTu ykazaHHbIe npeae/ibl

re—e 30— Gx 41

2 — — —_—
6.1. lim — rxole omeem T 6.2. limn wfx-l;lE M4 eem:—@
2R [ R Y, Kt 4+2x-A 48
6.3. lim Jx+2|10—\f4—x omeem:—ﬂ 6.4. lin "2_;_ x+6 omeem . —
¥ Pxt —x—21 91 e . 10



Y YT Ty

6.5. lim . meem . —
=l 3xt —4x+1 2
3x* +4x+1
6.7. lLm il il omeem: 2+/2
=1 fr+3- .5+ 3x
6.9, e \fzle—\fﬁa m:\/l_l
¥ 2xt=Tx—-15 286
6.11. lim M omeem 2
=0 ogxt 11
6.13. lim i omeem:3
T e -l .
6.15. lm M omeem . ——
r=-l By 3 2
Y -
6.17. lim NAToTe omeem . —
L 2
6.19. lim M omeem . —
¥=3 iy —15 64
7
. 472
6.21. lim I ) omeem 2
=0t 416 -4
. oA2x+7 =5
6.23. lim perv 7o omeem . ——
=9 3‘*\.]';
x 27
6.25. lim omeem:—5 6.26.
I Sx—x
6.27. lim w omeem.i
e I e 384
6.29. lim w omeem . —
e U 4 1

7.HaiiTu yka3aHHbIe Npeaeabl

3%
(x + 4] Otaer: €12
x+8

7.1. lim

K=

2= 3x+2

6.6. lim omeemi—\/g
™2 57— dxt1
2_
6.8. lim 2x” —8x+4 omeem . — 1

L N L e

J3x 17 = f2x 12
omeem

6.10. lm

=5 xf 4+ 8x+15
6.2, fim VI EATHE e L
¥—=0 xffx
6.14. lim ofextl-3 omeem:&
x—ﬂqn'x_z_ﬁ 3
6.16. lim ﬂ omgem:E
=35 |'x_1_2 2
6.18. lim ﬁ omeem . —
N A 9
{2
6.20. lm 2 xj +4 omeem —i
x—=0 S 2
6.22. lim 5 35
22, omeem . —
=0 S04
6.24. lim i omeem:—é
=t b +1-5 24
- 2 —_—
litn, #omeem:—
=0 T4
N 10
6.28. lin ——— omeem:
1B x -3 J10-3
6.30. lm ﬁom em:i
=2 =8 18

7.2. mn[ al
vl % +1

-3
] OtBerT: ¢ 12



7.3. lim [152 ] Otger: €2
x

2x . 410

7.5. ( o ] OTtBeT: €

1+2%

7.7. lim [x+ 2] Otger: €2
2x Y

7.9. lin [2 3] OTtBeT: €

= x—

7.13. lim

OTBeT: g32

7.19.

Ax-3
] Ortger: e

7.23. lim

7.25. lim

7.27. lm

K=

7.29. ]jm[ x ] Otser: ¢ 27.30.

¥ —

8. HaiiTu ykazaHHbIe Npeaeibl

8.1. lim

K=

[2x+3

%+l
] Otsert: 0
Sx+7

L
8.3. lim ( XHJ Ortser: 0

ped Zx—1

OtgerT: !
OTBeT: e®27.26.

OTBeT: e 7.28.

el
(5
=[5
12112 Bx] Omerse 72
(53
=
{

- I—l a3 . 3
7.4, lin OTtBeT: €

x—4
7.8. 1 [XHJ OtBet: e *

. x ? Ix+l "
7.10. lim OTtBeT: €
= x
+2
7.12. hm@x_l_l] OTtBeT: €
—m xX—-

2—x

344y
7.24. hm( il ] Otser: ¢ 873
K=o Tx
3x +473
fim | 22 Otser: e 13
rwl 3x 45




tx
8.7. limn [EXHJ OTtBeT: ©

8.13. fm [

Sx
8.15. lim (x_z] Otser: 0

ix
8.17. ]jm( x=2 ] OtgeT: 0

ax
8.19. tim (JH_?’J Ortser: 0

8.21. tm (

8.23. tm [

8.25. lim [1_ Ex]_ Otsert: 0

3x
8.27. ]jm[Bx 1] OTtBeT: ©
r=wl 2r 45

3+ x
Sx—4

8.29. ]jm[

N—Fm

pts
] Otsert: 0

9.HaiiTu ykazaHHbIe NpeaeJibl
Haiitu ipenensr.

K — nopsiokoeuwiii nomep 6 acypnane

K=

3x—1

8.6 ]jm[x+l]2

8.8. fin [ x
8.10.
8.12.

8.14. lim

8.16.

e

=

8.18. lm

8.20. lim

8.22.

8.24.

8.28.

8.30.

+1 ]5”
2x—1

x—

2x+1
3x-1

2x—3
Tx+4

¥+l
OtBeT: 0

OtseT: 0

x-1
] OtBeTt: 0

] OtseT: 0




sin 3x k x? tg (kx + 3x) x*

D.lim , 2) Iim , ) lim

A (k +2)x ), sin?5x gt 5x

4) lim (1+Ej '5) lim sin kx—sin 5x’ 6) lim c0s2X — cos kx
X—>00 X x—0 kx x—0

KouTpoJsbHbIC BONIPOCHI

1. Maiite onpenenenus npeaena pyHKIUHA B TOUKE.
2. Kaxkue Tunsl HeonpeneaeHHOCTe BaM U3BECTHBI?

0
3. Kak n36aBuTHCS 0 HEONPEIETEHHOCTH 0 ?
c
4.Yemy paBHO 3HaueHUE npejena GQyHKUUN MPU HEONIPEACIIEHHOCTH 0 ?

0
5.Yemy paBHO 3HaUeHHE Mnpeena GyHKIMU TPU HEONIPEACIIEHHOCTH — 7
c

6. 3anucarh 3aMevaTeIbHbIC MPEICIIbI.

IIpakTuyeckasi padora Ne 4 mo reme

Tema «UccienoBanue pyHKUMM HA HeMpepbIBHOCTH. Kinaccupukauus Touex
pa3pbiBa»

Henab: HayyuThCS BBIUMCIATH HCCIENOBATH (YHKIHMIO HA HEPEPHIBHOCTD,
KJIacCU(UIUPOBATH TOUYKH Pa3phIiBa .

TeopeTnyeckue MoOJI0KEHU

HenpepbIBHOCTH (PYHKIIMH U €€ pa3pbIBbI.

Onpenenenune. Oynknus f(X), onpeneacHHas B OKPECTHOCTH HEKOTOPOI TOYKH Xo,
HA3bIBACTCS HENMPEPbIBHOM B TOUKeE Xo, €CIIU Mpeen GyHKIMU U €€ 3HaYCHUE B
3TOM TOYKE PABHHI, T.€.

im 7(x) = f(x,)

X—>X

Tor ke pakT MOXHO 3ammcaTh HHa4Ye: lim f(x) = f(lm x)
XX,

%
Onpenenenue. Ecmu Gynknus f(X) onpenenena B HEKOTOPOW OKPECTHOCTH TOYKH
X0, HO HE SBIIACTCS HEMPEPHIBHOM B caMOW TOYKE Xo, TO OHA HAa3bIBACTCS
pa3pbIBHOI (QYHKIUEH, a TOUKA Xo — TOUKON pa3phIBa.

[Tpumep HenpepbIBHON (DYyHKIUU:



f(xo)+e
f(xo)
f(Xo)-¢ /

0| Xo-AXoXo+AX

[Ipumep pa3pbrIBHOUN PyHKIUU:

f(Xo)+e
f(xo)
f(xo)¢

\x
S
X

CaoiicTBa HeNMpPePbIBHBIX (PYHKIHUIA.

1) Cymma, pa3HOCTh M IIPOU3BEIICHHE HEMPEPHIBHBIX B TOUKE Xo (PYHKIIHH —
ecTh (YHKIIUS, HETIPEPhIBHAS B TOUYKE Xo.

2) YacTtHOE ABYX HENPEPBHIBHBIX (DYHKIIHIA — €CTh HempepbIBHAs (QYHKIUA

()
(

npu yciioBuH, uTo ¢(X) He paBHA HYJIO B TOYKE Xo.

3) Cynepno3uiiusi HEMpPePbIBHBIX (PYHKIINI — €CTh HETIPEPBIBHAS (PYHKITHSI.
DTO CBOWCTBO MOKET OBITh 3aMMCAHO CICAYIOIIUM 00pa3oMm:

Ecmu u = f(X), v = g(X) — HenpepbIBHBIC QYHKIMH B TOYKE X = Xo, TO (PYHKIIHSI
v = g(f(x)) — Toxxe HenpepbIBHASI PYHKIIHAS B OTOW TOUKE.

Touku pa3pbiBa U UX KIaccuPpuKaLMS.

Paccmotpum HekoTopyio GyHkIiuio f(X), HEMpephIBHYIO B OKPECTHOCTH TOYKH
X0, 3@ MCKIIOYECHHEM MOXKET OBITh camMoi 3TOoM Touku. M3 ompeneneHus TOYKH
paspbiBa QYyHKIIUU CIEAYET, YTO X = Xo SIBJSCTCS TOUKON pa3phiBa, €Ciau (YHKIUS

HE OIpEJIeJICHAa B 3TOM TOUYKE, WU HE SBJISETCS B HEM HENPEPBIBHOM.



Crnenyer OTMETUTH TAKXKE, YTO HEMPEPHIBHOCTh (PYHKIIUU MOXKET OBIThH
onHocTtopoHHel. [losicHuM 3TO craeayronuM 00pa3oMm.

Ecnun omgnocTopoHHMit mipeden (CM. BBIIIIE) ]jm0 f(x)=f(x,) , TO (QyHKIUS

Ha3bIBAETCS HETIPEPHIBHOM CITpaBa.

-

Ecnu opHocTopoHHM mipenen (CM. BBIIIE) ljm0 f(x)=f(x,) , TO GyHKIHUSA

Ha3bIBAETCSl HEMIPEPHIBHOM ClIEBA.
Omnpenenenue. Touka Xo Ha3bIBaeTCsA TOYKOI paspbiBa ¢yukimu f(X), ecnu f(x)
HE OTpeJIeJICHa B TOUKE Xo UJIU HE SIBJISICTCS] HETPEPHIBHOM B ATOM TOUKE.
Onpenesenune. Touka xo Ha3bIBAE€TCA TOYKOM pa3pbiBa 1- ro poma, eciu B 3Tol
Touke GpyHknus f(X) uMeeT KOHEUHBIE, HO HE paBHBIC APYT APYTY JCBBINA U MPaBbIii
IIPEIEIIbI.

dm )= Bm f(x)
JInsi BBITIOJTHEHUS YCIIOBHM ATOTO OIpeeieHus He TpeOyeTcs, 4yToObl (yHKIIHS
ObLJ1a ompenesieHa B TOUKE X = Xo, JOCTATOYHO TOTO, YTO OHA OMpEJeicHa ClieBa U
crpaBa OT Hee.

W3 omnpeneneHus MOKHO cIenaTh BBIBOJ, YTO B TOYKE pa3pblBa 1 — ro poxaa
(GyHKIMS MOXET HMMETh TOJIBKO KOHEYHBIH CKauoOK. B HEKOTOpBIX YacTHBIX
Ciydasix TOYKY pa3pbiBa | — ro poja emie nHOrAa Ha3blBalOT YCTPAHUMOM TOYKOU
pa3pbiBa, HO MOJIPOOHEE 00 3TOM MOTOBOPUM HUXKE.

Omnpenenenune. Touka Xo Ha3bIBAETCS TOUKOM pa3pbiBa 2 — ro pojaa, €ciiu B 3TOU
touke QyHkms f(X) He mMeeT XOTsI ObI OJJHOTO U3 OJHOCTOPOHHUX MPEICIIOB HIIH
XOTs1 ObI OJTMH M3 HUX OECKOHEUEH.

Mpumep. Oyuxmus Jupuxie (dupuxie Ilerep 'ycraB(1805-1859) — Hemernkmii

MaTeMaTHK, 4ieH- koppecnonaeHT Iletepoyprckoit AH 1837r)

1, X — payuoOHAIbHO€E YUCII0

f(X)={

0, x—uppayuonanvroe 4ucio

HE SBJISIETCSI HEPEPHIBHOM B JIIOOON TOUKE Xg.



Mpumep. Oyuknus f(x) = 1 imeer B Touxe Xo = 0 TOUuKy pa3psiBa 2 — ro poja,
X

T.K. Im f(x) = +o0; ]jl})q_of(x)=—oo.

x—0+0

-10

sin x

Mpumep.f(x) =

X
(DYHKIII/ISI HC OIIPCACIICHA B TOYKC X = O, HO HMMEET B HEHM KOHCUHBIM npecacia

lim f(x)=1, T.¢. B TOUKE X = 0 ¢yHKIUS UMEEeT TOUKy pa3pbiBa 1 — ro poga. 1o —

yCTpaHuMas TOYKa pa3pbiBa, T.K. €CIU JOONPEIETUTh PYHKIUIO:

sin x
—, npu x#0

S =9 x
I, npu x=0

I'paduk ol pyHKINN:

e - WA
\Jof WV

Mpumep.f(x) = =

x:{l, npu x>0
[

-1, npu x<0



D

-1
Ota GyHKIMS Takke o0o3HadaeTcs Sign(X) — 3Hak X. B Touke x = 0 hyHKIUS HE
ompenencHa. T.K. JIeBbIi W TpaBblii mpeaenbl (QYHKIUH pa3IddHbI, TO TOYKa
paspeiBa — 1 — ro poxa. Eciau poonpenenuts QyHKIMIO B Touke X = (), MOJI0XKHUB
f(0) = 1, To pyHkuus OyaeT HenpepbiBHA crpaBa, ecnu nojoxutsh f(0) = -1, To
¢GyHKIMs OyneT HEempephIBHOM ClieBa, eciu moinoxuTh f(X) paBHOEe Kakomy- 0O
YHCTy, OTIIMYHOMY OT 1 miau —1, To QyHKIMs He OyaeT HEenpephIBHA HU ClieBa, HU
CIpaBa, HO BO BCEX CIIy4asiX TeM He MeHee OyaeT uMeTh B Touke X = 0 pas3pwiB 1 —
ro pozaa. B atom nmpumepe Touka paspbiBa 1 — ro pojaa He SBISIETCS YCTPaHHUMOM.
Taxum oOpaszom, Jis TOro, 4ToObI TOUKa pa3peiBa 1 — ro poma Obuta
YCTPaHUMOU, HEOOXOIUMO, YTOOBI OJTHOCTOPOHHHUE MPEIEIIbI CIIpaBa U CJieBa
ObUTM KOHEYHBI M PaBHBI, a (YHKIMs ObLIa ObI B 3TON TOYKE HE OIpe/IeicHa.
IMpumep. MccnenoBath Ha HEMPEPHIBHOCTh (DYHKIMIO M OMPEACITUTH THIT TOUYEK

pa3pbiBa, €CJIN OHU CCThb.
x+4, x<-1

f(x)=4{x"+2, —-1<x<1
2x, x21

fim f(x)=3 lm_f(x)=3

x—>—1-0

fim f(x)=3 fm f(x)=2

x—>-1+0
B TOYKE X = -1 QyHKIHs HEmpepbIBHA B TOUKE X = | Touka pa3psiBa 1 —ro

pona




IIpumep. VccnenoBaTh Ha HENPEPHIBHOCTh (PYHKIUIO U ONPEAEINUTH TUIl TOYEK

pa3phiBa, €CJIM OHU €CTh.

cosx, x<0
f(x)=<x*+1, O0<x<l1
X, x>1

i, T00=1 iy 10 =2
im f(x) =1 lim_f(x)=1

x—0+0

B Touke X = 0 yHKIMS HEMpepbIBHA, B TOUKE X = 1 Touka pa3psiBa 1 — ro pona

™, il

-m -m/2 0 1 X




4.4.10. T abmmia 3K BHBAJIEHTH BIX 0ecK OHEeYHO MAaJIBIX.

3meck MEH C MOMOLBIO paccMoTpeHHHX B 4.4.7 Ipefenor cocTaBuM TabIHLY sKBHBATEHTHEX

EM pyuxnuil ¥ BHIMUEM CIESVIOLHE W3 HUX BHPaKEHUA ONA [IABHEX JacTeH (OHH MONYEPKHYTEHL).

OKBHBATEHTHOCTE NpHXx—0 Tnagnad yacte npu x—0
1 sinx ~x 1. sinx =x+o(x)
2 . 2 - 2 2
2. 1-cosx ~x"/2 2. 1-cosx=x%2+o(x)=cos x = 1-x"2+o (x*)
3tgx ~x 3. tgx =xto(x)
4 arcsinx ~x 4. arcsin x =x+oix)
5. arctgx ~x 5. arctg x =x+o(x)

6.d-1~xlnae-1~x 6.d—1=xIn ato(x)= " = 1+x In atolx)

e =1 =x+o(x) )= " = 1+ x +o(x)

tg5x

IIpumep. Haiitu npexnen lim

¥=08in 7x
Tak kak tgbx ~ 5X m sin7x ~ 7x mpu x — 0, TO,

SKBHBAJICHTHLIMHU O€CKOHEUYHO MaJIbIMH, ITOJIYUHUM:

7. log, (1+x) ~x log.e; In{1+x) ~x 7. loga (14x) =x logseto(x); In(1+x) =x+o(x)

8. (14x)*-1~ ax 8. (14x)*- 1 = ax+o(x)= (1+x)*=1 + a x+o(x)

9 shx~x 9. shx =x+o(x)

10.chx - 1~ x2 10. chx - I=x¥f2to(d)= chx =1 +xf24eed) |

3aMEeHUB (DYHKIHH

fim 5% g X5
=0gin 7x 0 7x 7
3
IMTpumep. Hantu npenen lim ————.
P P P x->071 —COoS X
.2 X x\ . x® .ox .
Tak xak 1 — €c0OSX = 2sin* = ~2/ — | mpu X—0, T0 lim ———— =lim —- =lim 2x = 0.
2 2 x>0 ] —cosx x=0 x x—0
2
tgx

= lim

X
x—0 x2

Hpumep. Haiitu npenen lim —
x=>0 81N X

= 0
2 .



3aiaHus NpaKTHYeCKOU padoThl

3aganue 1.Halitu npenensl, HCNIONb3Ys SKBUBAJICHTHBIE OECKOHEUHO MaJble
(GyHKIMH.

2 .
. ) 5
2.1. lm M omeemi—§ 2.2. lim artelm A% omeem:§
=l 7 —hx 5 w0 iy 3
: I
2.3. lim sin 7 omeiem:Z 2.4, lin f—l omeem . —
=0 ggzx x=0 X +2F."|x
2.5. lim %gﬁx 2.6. lin M omeem . —
Bl Qs 2 #=0 2x
. im 5 )
2.7. lim 227 omgem:§ 2.8. lim Momgem:§
=0 qrefg2x =0 gin 2x 2
ax _ ] —
2.9. lim i ! omeem . — 2.10. lm M omeem 1
¥—=0 fggx =3 oxt —hx 46

2.11. lim cos3x—cosx omeem . — 2 2.12. lm 1~ cosbx omeem:g

¥—=0 2:&’2 x=0 4?:2
. fo 3 . i <
2.13. lin Aregox omgem:§ 2.14. lim e Ay omeem . —
=01+ 2x) 2 =0 foix 5
3x
2.15. tim E_ ! omgem:§ 2.16. lim .Qg(;r_+2) omeem:—l
"0 gin 2x 2 Pl opt - 4
. i . it 2
2.17. tim Sm(;—_'_z} omeem:i 2.18. lim ALEm 2 omeem . —
¥=2d oy 4+8 12 =0 fody 2
3 _
2.19. lim Rl omeem .48 2.20. lim cosex ;QS&H omeem 2
=4 ;g(x—d}j x—=0 S
3
2.21. tim M omeem 2 2.22. lim arctgsx omeem . —
=0 2x w0 fElx 2
2.23. lim _sin3x omeem:E 2.24. lim arcsin 8x omaem 2
=0In{14+2x) 2 =0 fedx
Sx _
2.25. lim Z ! omgem:§ 2.26. lim M omgem:ﬂ
=0 fedx 2 =0 ain 2x 2
2.27. lim M omeem:i 2.28. lim M

A s 27 v+ x? - 25



2.29. lim ﬂ omeem :1
=0 2X

3apanme 2. VccnenoBarh TaHHbIE (YHKIMU HA HEMPEPBIBHOCTH U MOCTPOUTH UX

rpaduxu.

2.1. f(x) =

2.3. f(x)=

2.5. f(x)=

2.7. f(x)=

2.9. f(x)=

X+4,x<-1
X2 +2-1<x<1,
2X, X >1.

X+2,x<-1
X2 1< x<1
—-X+3,Xx>1

-2(x+1),x<-1
(x+1)°%-1<x<0
X, x>0

x?+1,x<1
2X1<x<3
X+2,X>3

Vv1-Xx,x<0
00<x<2
X—2,X>2

sin x,x<0

211, f(x)=4x0<x<2

23.13. f(x) =

2.15. f(x)=

0,x>2

Xx-1x<0
x?0<x<?2
2X, X =2

—-X,Xx<0
x2+10<x<2
X+1,x>2

2.30. fim 2AI¥5D)

w0 o A

eem . —

Xx+1,x<0
2.2. T(X)={(x+D)?*0<x<2
—X+4,Xx>2

—-X,X<0
24 . f(x)=4-(x-1D*0<x<2
X—=3,Xx>2

-X,X<0
2.6. f(x)={x*0<x<2
X+1Lx>2

Xx-3,x<0
2.8. f(x)={x+10<x<4
3+X,X>4

2x3,x<0
2.10. f(x)=+x,0<x<1
2+X,x>1

T
COSX, X< —
2

2.12. f(x)= Q%<X<ﬂ

2 X271

Xx+1,x<0
2.14. f(x)={x*-1,0<x<1
-X,x>1

X+3,x<0
2.16. f(x)=4110<x<2

x2—2x>2



x—1,x<0 -X+1Lx<-1
2.17. f(x)=1{sinx,0<x<rx 2.18. f(x)={x*+1-1<x<2
3X=>x 2X,X>2
1,x<0 —X+2,X<-2
2.19. f(x)=420<x<2 2.20. f(x)=x*-2<x<1
X+3,Xx>2 2,x>1
IXx+4,x<-1 X, Xx<1
2.21. f(x)=4x?-2-1<x<2 2.22. f(x)=4(x-2)1<x<3
X, X=2 —-X+6,x>3
x-1x<1 X3, x< -1
2.23. f(X)=9x*+21<x<2 2.24. f(x)={x-1-1<x<3
—2X,X> 2 —-X+5x>3
X, X < —2 X+3,x<0
2.25. f(x)=1-x+1-2<x<1 2.26. f(x)=4-x*+40<x<2
X2 -1,x>1 X—2,X>2
0,x<-1 ~1,x<0
2.27. f(x)=1x*-1-1<x<2 2.28. f(x)=4cosx,0<x<rxw
2X, X > 2 l1-xX,x>nxn
2 x<-1 -X,X<0
2.29. f(x) ={1-x~1<x<1 2.30. f(x)=1x}0<x<2
Inx,x>1 X+4,Xx>2

3aganue 3. ccnenoBarh qanHble (YyHKIIMU HA HEMPEPHIBHOCTH B YKa3aHHBIX
TOYKAX

1
3.1 f(x)=2x3+1 x, =3, x,=4

1

3.2. f(X)=5 -1 x,=3 x,=4

3.3. f(x)z“; X, =2, X, =3

X—5
34, f(x)=—=, x,=-2, x,=-3
) x+3" " 2



1

3.5, f(x)=4%*+2, x =3, X,=2
L

3.6. f(x)=9%*, x,=0, x,=2
1

3.7. f(x)=2*°+1, x =5 x,=4
1

3.8. f(x)=5x*-1 x,=3 x,=4
1

3.9. f(x)=6*3+3, x,=3, x,=4

1
3.10. f(x)=75*+1, x, =5, x, =4

3.11. f(x)=;(T_j, X, =5, X, =—4

3.12. f(x):;(—Jrg, X, =3, X, =2

2
3.13. f(x)=5%2%, x,=3 x,=4

2

3.14. f(x)=4*1-3 x, =1 x,=2
5

3.15. f(x)=2**-1, x =0, x,=1
A

3.16. f(x)=8*2-1, x,=2, X, =3
4

3.17. f(x)=5*+1, x,=2, X,=3

3.18. f(x):%, X, =5 X, =4

2X
71 X =1 X, =2

3.19. f(x) =

3

3.20. f(x)=2%2+1, x, =-2, X, =—1

3

3.21. f(x)=4"2+2, x, =2, x,=3

2

4.22. f(x)=31-2, x, =-1, x,=0



3

3.23. f(x)=5"4+1, x =-5 x,=-4

4

3.24. f(x)::;r L X =2, X, =-1

N

3.25. f(x):%, X, =—-3, X, =-2

3.26. f(x):z((—tg, X, =3, X, =4

4

3.27. f(x)=3"*+1, x =1 x,=2

3.28. f(x)=%, X, =5 X, =—4

2
3.29. f(x)=6%*, x,=3 x,=4

3.30. f(x):%, X, =2, X, =3

KoHTpoabHbIE BONIPOCHI
1.Kakue BennYMHBI Ha3bIBAIOT OECKOHEYHO MaJIBIMH OJHOTO MOPSIKAa MaToCTH?
2. Kakue BennymHbI Ha3bIBAIOT YKBUBAJICHTHHIMUA O€CKOHEYHO MaJIbIMH ?

3. Kakas yHKIMS Ha3bIBa€TCS HEMPEPHIBHOW B TOUKE?
4.CKOJIBKO M3BECTHO BaM TOYEK pa3pbiBa GyHKIIMH, KaKue?

IIpakTHyeckas padora Ne 5 mo Teme
Tema «HaxoxaeHue npou3BOAHOM CJA0KHONH PYHKIMH »

Ieab: HayduThCS HAXOAUTH IMMPOU3BOJIHBIC JIEMEHTAPHBIX U CIOKHBIX () YHKITHH.
Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune



2. U3yunTb TEOpPETUYECKME CBEAEHUA

3. BbinonHutb 1 opopmutb paboTty

4.MoKa3aTb pe3ynbTaTbl NpenogaBaTento
AomalwiHee 3apaHue

1.MoAroToBUTb OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Xox padoTsl

KpaTkue TeopeTndyeckue cBegeHusl.
Ilpouszeoonan hynkyuu, ee 2eomempuueckuil u Qpuzuueckuii CMbiCI.

Omnpenenenue.llpousBoanoii pynkuu f(X) B Touke X = Xo Ha3bIBaCTCS MpeeI

OTHOIIICHUSI TTPUPAIICHUS (PYHKIIMU B ATOM TOUKE K MPUPANEHUIO apTyMEHTa, €CIIU
OH CYIIIECTBYET.

fl(x):AlirEOf(x—}_AAx)z_f(x)

f(x0) Aff(xo+AX) ——
yd

Af

[Tycte f(X) ompemenmena na HEexkoTOopoM mpomexyrtke (a, b). Torma tgﬂ:E_

TAaHTEHC yTJia HakJoHa cekymei MP k rpaduky ¢pyHkiun.

. Af . "
|Im0A— = f'(X,) =tga =K — reoMeTpHM4eCKHUN CMBICJI MPONU3BOIHOU
AX—> X

TJIe O - YTOJI HAaKJIOHA KacaTeIbHOH K Tpaduky ¢pyHkuu f(X) B Touke (Xo, f(Xo)).
K —yrnoBoii ko purmeHT KacateabHOM.

VYron MCIKAY KPHUBBIMH MOXKCT OBITH OIIPCACIICH KaK YIoJl MCXKAY KaCaTCJIbHbIMU,
IIPOBCACHHBIMU K 3THUM KPHBLIM B KaKou- 1o TOoYKe.

YpaBHeHHe KacaTeJbHOH K KPUBOM y — v, = f'(x,)(x—x,)

YpaBHeHHE HOPMAJIU K KPUBOH y — y, = (x—x,).

1
Sf1(x)



dakTuyecky Mpou3BoAHas (YHKLIMU MMOKA3bIBAET KaK U3MEHAETC (DYHKLMS NpU
U3MEHEHHUU TIepeMeHHOM. du3nveckuii cMbic npousBoanoi Gpynxuunf(t), rue t-
Bpems, a f(t)- 3akon aBroKeHUs (M3MEHEHHUS KOOPJAUHAT) — MCHOGEHHAA CKOPOCHIb
osuincenun. COOTBETCTBEHHO, BTOpasi MPOU3BOIHASI (PYHKIIUU- CKOPOCTh
W3MEHEHUS CKOPOCTH, T.€. yckopenue.OcnogHvle npasuna ougppepenyuposanus.

O06o03naunm f(x) = u, g(x) = v- pyakum, guddepeHIIpyeMbie B TOUKE X.
1) (u#v)’'=uzv’

2) (Uv)’'=uv’+u’v

u u'v—v'u
3) (—] =———,ecm Vv~ 0
v V

IIpon3BoAHBIC OCHOBHBIX DJIEMEHTAPHBIX (hVHKIIHNMA.

!

HC' =0; 9) (sin x) =cosx
2)(xM)" = mx™1; 10) (cos x)’ = —sin x
’ 1 , 1
W) =57 1) e =55
4) (ljl L 12) (ctgx) =-
x x? sin 2 x
5) (ex )’ =e" 13) (arcsin x)' !
1—x?
6) (a")’ =a"na 14) (arccosx)’ _ -
1-x
' 1 ’ 1
7) (ln x) = ; 15) (arctgx) = i
’ ’ 1
8) (Iog a X) ~na 16) (arcctgx) =— e

Ilpouszeoonasn cnosxcnoii pynkuuu.

Ilyemv y = f(X); u = g(X), npuuem obnacme 3nauwenuii Gynkyuu U exooum 8
oonacme onpeoenenusi Gynxyuuf.

Toeoa y' = f'(u)-u’



Jozapughmuueckoe ougpghepenyuposanue.

Inx, npu x>0
Paccmotpum QyHKIMIO y = In|x| = b(—x), mpu <0’

Torma (In|x|)'= % T (nx) =%- (in( =)y = & :é.

s
X

S C))

YuursiBas NOJYYEHHBINA PE3yJIbTAT, MOYKHO 3aIMCaTh (h1| f (x)|) TR
X

S

(x)

OTtHOIICHHE Ha3bIBaCTCs JiorapudpMudeckoii mponsBoauoii ¢pyuxiuu f(X).

Cnoco6 Jorapugpmudeckoro augdepeHUpPoOBaHUs COCTOUT B TOM, YTO CHauasa
HaXOASAT JOrapuMUYECKYI0 MPOU3BOAHYIO (DYHKIHMH, a 3aTeM MPOU3BOAHYIO
camoil pyHkIuu 1o popmyie

[0 = (In|f (x)

)"+ (%)

Cnoco6 norapudmuyeckoro auddepeHIUpoBaHrsS yA00HO TPUMEHATH ISl
HaXOKJIEHUSI TTPOU3BOIHBIX CIIOKHBIX, OCOOCHHO IMOKA3aTeIbHBIX (PYHKIIHHA, IS
KOTOPBIX HETOCPEICTBEHHOE BBIYMCICHUE TIPOM3BOMHON C HCIOJIB30BAaHUEM
npaBui nudepeHITMpoBaHUs PEICTABIACTCS TPYAOEMKHM.

Ilpou3eoonan nokazamenvno- cmenennou gynkyuu. OyHKIns Ha3bIBACTCS

TIOKa3aTeJIbHOM, €CIIM He3aBUCHMasl IIEPEMEHHAsI BXOJUT B TIOKA3aTENb CTETICHH, U
CTETICHHOM, eCJI IMepeMEeHHAs SIBJIICTCS OCHOBaHHWEM. EcIu jke 1 OCHOBaHHE U
TIOKa3aTellb CTETICHH 3aBUCST OT IIEPEMEHHOM, TO Takas QyHKIUsS OyaeT
II0OKA3aTEJIbHO — CTEIIEHHOM.

[Tycte U = f(x) (f(X)>0)u v = g(X) — dbyHKIHMK, UMEIONTHE TIPOU3BOIHBIC B
TOYKE X.

Hatinem npousBoanyto pyukiuu Y = U'. Jlorapudmupys, momyaum:

Iny = vinu

’ !
u
L:v'lnquv—
y u

y' :uV(vu—+v’]n uj
u

!
—1
(uv) =vu" u'+u'vhu



IIpumep. Haiitu npou3BoAHYIO QYHKIIUU f(x) = (x* +3x)" .

[To momy4eHHO# BhIIIE POpMyJIe MOTYIaeM: u = x° +3x;

[IpousBosiHbIe ATUX QYHKIUN: u'=2x+3; V' =cosx—xsin x;

OKOHYATENBHO:

V= XCOSX,

f(x) =xcosx-(x* +3x) " (2x +3) + (x7 +3x)"* (cos x — xsin x)In(x* + 3x)

IIpumep.

1 . 1 2
npeodpasyemM aHHYI0 QYHKIHIO: y = S sin 2x+ Scos’x

y' = %Zcos 2X +%2cos X(—sin X) = Ccos2x —sin X oS X.

2 X2

byHKIMH y = x2 :
x°+1

. (2xex2 +x22xe" Yx* +1)— (236))626’“2 B 2x’e” +2x%e" +2xe" +2x%e”

Ipumep.Halitn

—-2x

Sexz

(x> +1)?
B 2xe" (x* +1+x%)
(x* +1)

(x> +1)°

3ananue 1.Hautu npousBognbie QyHKIMA

B1 Y=x°-5x?+11, Y=x%ctgx

Y=arctgx’ Y=3’—x3 5

X

Y=e " Inx, Y=(cosx — 1)%*

B2 Y=2x3-x2+1, Y=x°tgx

_artgx 3

Y Y=Vx2%2 -3
4x

Y=ln —, Y=(sinx — 2)3*
x+1

B3 Y=7x3+3x%-2, Y=xarctgx

x+5 1

Y= =
Inx’ (2x+11)5

Y=sin3 (4x? + g -1

B16 Y=x>-5x?+1, Y=x’ctgx

Y=arctgx’ Y=3 /—x3 =

X

Y=e " Inx, Y=(x — 1)2*

B17 Y=2x3-x>+17, Y=xtgx

_artgx 3

Y ,Y=Vx%2 -3
4x

Y=ln =, Y=(Inx + 8)%*
x+1

B18 Y=7x3+3x%-2, Y=xarctgx

x+5 1

Y= =
Inx’  (2x+11)5

Y=sin3 (4x? + % - 1)

o . 1
Haiitu npou3BoAHYI0 (QYHKIUHU Y =COSXSin X + Ecos2 x .CHauana

MPOU3BOIHYIO



Y=(5x + 4)**
B4 Y=-3x3+5x*-81, Y=2xsinx

_Y ,/xZ

sinx’

- X y- _ 2)3x
Y—cosx+1,Y (tgx —3)

B5 Y=7x5-3x2+32 Y=x3arcsinx

_ 2 _COSX
T (3-6x)¢"  3x

Y=In(x — x? — 6)
Y=(cosx + 4)*

B6 Y=-x>+3x3-11, Y=3x’ctgx

arccosx
3x

Y= Y=x2 =3

Y=e3* In2x
Y=(7x + 6)%*
B7 Y=3x*-6x%+19, Y=x3sinx
V=12 2
=e_lenx, Y=3x + 1)%*
B8 Y=-4X%+9X?-12, Y=x3tgx

Y=33x + 6

arcctgx
6x '

Y=

Y=2"%"Inx, Y=(sinx — 4)*

B9 Y=5x*-2x3+65,Y=x2arcsinx

5

_5/x2 _
e Y=Vx 5

Y=

Y=32%"In Y=(cosx + 1)2*

B10 Y=-2x°-3x%+19, Y=x2ctgx

Y=(Inx — 2)%*

B19Y=-3x3+5x%-81, Y=2xsinx

X

4
=Vx2 -3

" sinx’
Y=cos =, Y=(Inx + 9)5%
x+1

B20 Y=7x5-3x2+3 Y=x3arcsinx

2 COSX
(3 6x)6’ 3x

Y=In(x — x? — 6)
Y=(tgx + 2)*

B21 Y=-x>+3x3-11,Y=3x%ctgx

YzarCCO&X’st xz __3
3x

Y=e3%" In2x

Y=(tgx — 6)**

B22 V=3x*-6x%+1, Y=x3sinx
N P

=e " Inx,Y=(tgx + 3)%*

B23 Y=-4X5+9X2-12,Y=x3tgx

Y=3/3x + 6

arcctgx
6x '

Y=

Y=2"%"Inx, Y=(cosx + 3)5%

B24 Y=5x*-2x3+65, Y=x2arcsinx

5

32 _
e Y=Vx 5

Y=

v=32%"Inx, Y=(sinx + 2)8*

B25 Y=-2x5-3x%+1, Y=x’ctgx



Y=“”;gx Y=Yx3 +5

Y=e2** Inx,Y=(3x — 1)*

B11 Y=8x*6X>+1,Y=2x3arccosx

_tgx 9

Y= 5x’ =(6x—5)4

Y=4""Inx, Y=(9x + 3)**

B12 Y=3X?+11x3-87,Y=3x3ctgx

coSsx -3

Y 2x ' =(4x+9)5

Y=56%"Inx, Y=(cosx — 2)3*
B13 Y=x>+9X2-51, Y=x%arcsinx

y=—"—y=1/8x3 — 3

COoSXx

Y=e2** Inx, Y=(8x — 2)*

B14 Y=3x7-9X3+11, Y=5x3tgx

2 v=32x*—6

arcsinx’

Y=e3* Inx, Y=(tgx — 3)%X

B15 Y=x>-8X2+16, Y=4x’ctgx

_actgx |, 9
©3x 7 (2x-15)6

Y

Y=62%"Inx, Y=(Inx + 2)5*

Y=“’”Cxtgx Y=Vx3+5

Y=e2%" Inx, Y=(sinx — 1)3*

B26 Y=8x*-6X>+1, Y=2x3arccosx

tgx 9
5x’ (6x—5)*

Y=4""Inx, Y=(sinx + 5)**

B27 Y=3X%+11x3-87, Y=3x3ctgx

coSsx -3

Y 2x ' =(4x+9)5

Y=56%"Inx,Y=(sinx — 2)%*
B28 Y=x>+9X2-51, Y=x?arcsinx

y=—— v=%/8x3 -3

CoSx

Y=e2% Inx,Y=(cosx + 6)5%

B29 Y=3x7-9X3+11, Y=5x3tgx

2 v=32x*—6

arcsinx’

Y=e3% Inx, Y=(sinx + 2)3%

B30 Y=x°-8X?+16, Y=4x%ctgx

_actgx , 9
T o3x ' (2x-15)6

Y

Y=62*" Inx,Y=(sinx — 6)5%

2.Haiitn mpon3BoaHBIC ()YHKIIHH.

a — NOPS/IKOBbIN HOMEP B JKypHaJie

l.y=ax" —ia+“ X —ax+a 2.y:2‘(/(ax2 —3ax +5)° -
X

a

(x+a)™

3.y =tg“(x+a)-arccosax® 4.y = arcsin “ ax-log , (X — a)



5.y= a™ -ctgax® 6.y = ctg®ax - arctg\/F
vax® —3ax +5a lg( ax® — 2ax + 3a
7.y = — 8.y= « 5 )
e™* arcctg“ax

KouTpoJibHbIC BONIPOCHI

1.ChopMynupoBTH onpeiesieHne Mpou3BOAHOM, MpaBmia aAuddepeHIInpoBaHusl.
2.3HaTh TabJIMIly TPOU3BOIHBIX dJIEMEHTAPHBIX QYHKIIUH.

3.ChopmynupoBath NpaBUI0 HAXOKIACHUS MPOU3BOTHON CIIOKHOMN (YHKITUH.

IpakTuyeckas padora Ne 7 mo reme«Mcciienopanusi GyHKIMUA U IOCTPOEHHUE
rpaguxa»

Heab: HayyuThCs MCCIEA0BATh QYHKIMIO U MO pe3yibTaTaM MCCIEI0BaHUs
CTpOUTH Tpaduk.

Bpems BbinosniHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue

1.TeopeTnyeckune ceepeHuA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi

1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHuns

3. BoinonHntb 1 opopmutb paboty

4.lToKa3aTb pe3ynbTaTbl NpenoaasaTesito

AomawHee 3apaHune

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
TeopeTnyeckue ceeaeHUA.

Cxema uccneoosanun pyukyuii

1) O6nacTh cymecTBOBaHUS (YHKITHH.
OTO MOHATHE BKIOYAET B ce0s W 001acTh 3HAUYCHUUW W OOJACTh OMpEeeICHUS
byHKIHH.

2) Toukw paspeia. (Eciiim oHM HMeroTCS).

3) NuTepBanbl Bo3pacTaHus U yObIBAaHUSI.

4) Touku MakCHMyMa U MHHHMYyMa.

5) MakcuMajabHOE M MHUHUMAJIbHOE 3HauYeHHWE (QYHKIMH Ha ee¢ o0JacTu

OTIpEe/ICTICHHUSL.



6) OO6xacTu BHITYKIOCTH M BOTHYTOCTH.
7) Touku nepernda.(Eciu oHU UMEIOTCS).
8) AcumnTotsl.(Eciu oHr nMeroTcs).

9) IMoctpoenue rpaduka.
3

X
" U TIOCTPOUTH €€ rpaduk.

IIpumep. ccnenosats GyHKIMIO y = —
X

Haxomum oGnacte cymectBoBanus (PpyHKIuU. OYEBHIHO, YTO 00.1ACMbIO
onpedenenusi GyHKIUH ABIsseTcs 00acTh (-0; -1) U (-1; 1) U (1; ).
B cBowo ouepenb, BHAHO, 4YTO TmpsiMble X = 1, x = -1 sBIsgtOTCS
BEPMUKAILHBIMU ACUMNMOMAMU KPUBOM.
Obaacmuio 3nauenuil TaHHOW QYHKITUH SIBJISICTCS HHTEPBAJ (-00; 00).
Touxamu pazpviea GyHKIUU ABISIOTCS TOYKH X = 1, x = -1.
Haxomum kpumuueckue mouxu.
Haiinem npou3BoaHy0 QYyHKIUU y' = 37" —D=2x-x" _ 3x'-3xt-2at 234
(x* =1 (x* =1 (x* =1

Kpurnueckue touku: X = 0; X = -3 x=43; x=-1; x=1.

HaxonuMm mpoMexXyTKH 6o3pacmanusi W yovieawus GyHKIUU. Jas  3Toro
OTpeJIeIsIeM 3HaKH TPOU3BOTHON (PYHKITUU HA TPOMEKYTKAX.

-00<X< -+/3, Y'> 0, QyHKIHUS Bo3pacTaeT  -+/3 <X< -1, y'<0, dbyHKIUA
yOBIBaeT

-1 <x< 0, y'<0, pynkiusa yosiBaer 0 <x<1, y'< 0, pyHKIIUS
yOBIBaeT

1 <x<4/3, y'< 0, QyHKIUS YOBIBAaeT /3 <X<oo, y>0, ¢dynakuus
BO3pacTaeT

BujmHo, 4To TOuKka X = - /3 sABIAETCA TOUKOH Makcumyma, a Touka X = /3
SIBIISICTCST TOUKOU MuHuMyma. 3HaAUCHUS QYHKIIMHA B ITHX TOUKAX paBHBI

COOTBETCTBEHHO 3 /3 /2 u -3+/3 /2.

Haiinem BTOpYyIO Mpon3BOAHYIO G YHKIIUN
, (40 —6x)(x* 1) = (x* =3x)dx(x’ - 1) (4x® —Bx)(x* —2x% +1) — (x* =3x*)(4x° —4x) _
a o) i (< -1)° )
_4x7 —8x +4x° —6x° +12x° —6x—4x7 +4x” +12x7 —12x°
. (-
B 2x° +4x° —6x B 2x(x* +2x* =3) B 2x(x* +3)(x* = 1) B 2x(x* +3)
e o A G N G 1
OnpenenuM BBITYKJIOCTh U BOTHYTOCTh KPUBOM Ha MPOMEKYTKaX.
-00<X< -+/3, Y"'<0, kpuBas BhIIyknas -~3<X<-1, Yy"<0, kpuBas BbIIyKjIas
-1 <x< 0, Yy">0, kpuBas BorayTas 0 <x<1, y''< 0, xpuBas BbIIYyKJas
1<x<+3, y'">0, xpuBasi BOTHyTas +/3<X<oo, Y''>0, KpuBas BOTHyTas
Haxomum mpomexyTku eospacmanus M yovieanus (Gyakmuu. Jms 3toro
oTIpesieNsieM 3HaKM MPOU3BOTHON (PYHKITUN HA TPOMEKYTKAX.




-00<X< -+/3, Y'> 0, QyHKIUA Bo3pacTaeT  -+/3 <X< -1, y'<0, ¢yHKuus

yOBIBaeT

-1 <x< 0, y'<0, ¢ynkuus yosiBaer 0 <x<1, y'<0, ¢yHkuus
yOBIBaeT

1 <X<4f3, y'< 0, (yHKIUA YOBIBAET /3 <X<00, y>0, ¢dynkuus
BO3pacTaer

BUIIHO, YTO TOYKA X = -+/3 SIBISIETCS] TOUYKOM Maxkcumyma, a ToYKa X = 3
ABJIAETCS TOUKOU MuHuMyma. 3HadyeHus: QYHKIMHU B 3TUX TOUKaX PaBHBI
COOTBETCTBEHHO 3 +/3/2 1 -3/3 /2.
[Ipo BepTUKaNIbHBIE acumnmomyl OBLIO YK€ CKa3aHO BhIIIE. Tenepb Haiiem
x’ 1

HAKJIOHHbIE ACUMNMOMbL. k = lim — " = lim = 1;
x—)OOx p— X—>00
xz
3 ([ xX*=x*+x
b=Ilim| — —X [=1lim 5 =
x—o| X° — X—>00 X =1
1
=lim —~——=1lim—*-—-=0
X—00 X ° — X—>0 1
1-5
X

Htoro, ypaBHEeHHE HAKIIOHHOW aCUMITOTHI — Y = X.

CrpouM epaghux GyHKIINN:

B

3aganue 1.VcciaenoBats QyHKITHIO IO TPEITIOKEHHON CXEME B TIOCTPOUTH €€
rpaduk:

1. Haiitu oGnacth onpeaeneHus GyHKIIUHN.



2. HccaenoBaTh Ha YETHOCTh U HEYETHOCTD.

3. HccnenoBars Ha NEPUOIUYHOCTb.

4. HaiiTu cTalMOHAapHbIE M KPUTUYECKUE TOYKHU NIEPBOTO POJA.

5. Halitu npoMexyTKu Bo3pacTaHusi U YObIBaHUS (PYHKIIUU, SKCTPEMYM.

6. Haiitu craiimoHapHble U KPUTHYECKHAE TOYKH BTOPOTO POAA.

7. HaliTu mpOMEKyTKH BBITYKIOCTH (DYHKIIMH, TOYKH TIeperuoa.

8. HaliTi acuMIITOTHI (BepTI/IKaJ'IBHBIG, TOPHU30OHTAJIBHBIC, HaKJIOHH]':Ie).

9. Haiitu Touku nepeceyeHus rpaduka GyHKIUUA ¢ OCIMU KOOPAMHAT.

10.Haiiti 1OTIOTHUTEILHEBIE TOUKH.

11. ITo pe3ynbpTaTaM HUccieI0BaHUs TOCTPOUTH rpaduK HYHKITUU.

Bl.a) y=x%(2-x)%0)y =

B2.a)y=xv1 —x;
_x%242x-8
T x+3

B3.a) y=x-arctgx;

x2—=3x-10
x—1

B4.a) y =——;

4—x2°

B5.a)y= /%x

x%2—4x-12
x+3
x2

B6.a) y=———:

14x2’

0)y

x2—2x—8

x+1

0) y

0)y=

_x%+3x-10
x+3

0)y=

x—3

_ x%+4x—12

B16. a) y= X* - 12X% -9x+1;

-

x?
O)y=x*+1

1oa,1., X3
B17. a)y=3" T2 -2x-1; 6)y=x -2

L | X2
Bl8.a)y=3" ~* " *t3 6)y=x7-3

B19. a)y=—X% + 3X% +9x;

xi-1
0)y=3x +5

4
B20. a) y= x>-20x ; 6) Fl-;

x2-1

B21. a)y=x>+15x%-x-250 6)y=

X



2_x—20
B7.a) y :x2i16; 0)y= - xiZ
)ﬁ x2+x-20
B8.a) y=e+; 0)y= —
2_2x-15
BY. a) y =—; 0)y=—01)
B10. a) y =2x-x%; 0)y=
x%+42x-15
x—1
5 —2x

Bll.a)y=X*-3x¥*+4; 6) y=x7-2

B12. a)y=-X*+3x*-2; Q)y=
X
XE-1
B13. a)y:.Ks -l2x + 6 ; 6) y _XZ):-4

Bl4. a)y=X®+9x* + 2ax + 12

-

x*
0)y=6x + 18
B15. a)y:—.‘tfg +3x%-2 ;

X3
Xz-1

0)y=

KoHTposibHbIE BOIIPOCHI:

B22.

B23.

B24.

B25.

B26.

B27.

B28.

B29.

B30.

X

a)};i/m ; 6)Fx2+9
a) y=x2-4x ; 0)y= 3x+§+5
2_ 9y
a)y=3x-x3; 6) y = xii 8
a)y = 2/3x%2x=1;  6) y=—
2.4 _ 1P
a) y= 2x°-x" ; 0)y=—
a)y =2x>8; 0)y =55
a)y = x*-8x%43 ; 0)y= le_l
_ 3 _ x*4+3x-10
a) y L 6) y= x+3
2 _9y
ay=xVE-x 6 y=——

1.Yto Takoe o0nacTh onpeaeneHus GyHKIuu?
2.Kakne QyHKIIMN Ha3bIBAIOTCS YETHBIMU , HEUETHBIMH, OOIIETO BUa?

3.Bunsl TOYEK pa3phiBa.
4.Yt1o Takoe HynH QyHKIHU?

5.Kak onpeneanTts TpoOMeXYyTKH BBITYKIOCTH?

6.Buaer acuMnToT.




Tema «PeweHue cuctem nMHeHbIX ypaBHeHU no popmynam Kpamepa m
metoaom lNaycca»

U,EHbZHayLIMTbCFI BbIYUCNATb onpeaeintesin BTOporo U Tpetbero nopAaankKa

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceegeHumA

2.3apaHue

3.JlIuctA4

4.KanbKynatopbl

MNopaaoK BbInoHEHUA PaboTbI
1.3yunTb 3agaHue

2. U3yunTb TeopeTMUYECKMe cBeaeHUA

3. BeinonHute 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
JomauwHee 3apaHue

1.MoAarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
Xop, pabotbli

TeopeTunyecKkue ceegeHun

IIpakTuyeckas padora Ne 8 mo reme

Tema «BbluuciaeHue nepBoodpa3Hoii M onpeaeJeHHbIX HHTETPaJioB.
DuznyecKoe U reoMeTpu4ecKoe MPUI0KEHHEe HHTETPAJI0B»

[lenb: mpoBEpUTH YMEHHUE BHIYUCICHUS ONPEICICHHBIX UHTETPAJIOB, HAX0XKICHUE
TUIOIIaAeH.

Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA

2.3apaHue

3./lInctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTMyeckne ceegeHuns

3. BoinonHutb 1 0dopMuTb paboTty
4.MNoKasaTb pe3y/bTaTbl NpenoaasaTesnto
AomalwiHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI



TeopeTuyeckue cBeeHUs

Onpeodenennviii unmezpan.

[Tycts Ha oTpe3ke [a, b] 3agana nenpepwiBaas Gynkuus f(X).

0 axibx

O6o3HaunM M u M HaumeHblllee U HaumOoJbIIee 3HAUCHHE (DYHKIMH Ha
otpeske [a, b]
Pa3zo0bem oTpe3ok [a, b] Ha yacTh (He 00sA3aTeIbHO OIMHAKOBBIE) N TOYKAMH.
Xo<X1<Xo< ... <Xp
Torma X1 — Xo = AX1, X2 — X1 = AXo, ... ,Xn— Xn-1 = AXp,
Ha kaxmoM ©3 TONYYEHHBIX OTPE3KOB HaliJleM HaWMEHbIee W HauOoJbIlIee
3Ha4YeHUE (YHKIUH.

[X0, X1] = m1, My1; [X1, Xo] &> m2, M2, ... [Xn-1, Xn] = Mp, M.

CocTaBUM CyMMBI:

§n = mlAX]_ + mZAXZ + ... +mnAXn: ZmiAxi

i=l1
En = M]_AX]_ + MZAXZ + + MnAXn = ZMiAxi
i=1
CymMa S Ha3bIBaeTCsd HHMKHEll MHTerpajbHOil CyMMOii, a cymmMa S — BepxHei
HHTErpajibHOM CyMMON.
T.k. m|S Mi, TO §n£ Sn, a m(b—a)S_nS Sns M(b—a)

BHyTpH Ka)I0ro oTpe3ka BHIOEPEM HEKOTOPYIO TOUKY E.
Xo<€1<Xj, X1<e<Xz, ... , Xp-1<€<Xp.



Haiinem 3HayeHHsT (QYHKIMU B ITUX TOYKAX M COCTAaBUM BBIPAXKEHHUE, KOTOPOE
Ha3bIBACTCSl HHTErPaIbHOI cymmoii st pyrkiuu f(X) Ha otpeske [a, b].

Sh=f(e1)Ax1 + f(e2)AX2 + ... + f(en) AXp = Z f(e)Ax,

i=1

Torma moxxHO 3anucath: MiAX<f(&)AXi<M;AXx;

CrnenoBatenbHO, » mAx, <Y f(e)Ax, <> M Ax,

i=1 i=1 i=1

['eomeTpuuecku 53TO MPEACTABISETCS CIEAYIOMIMM 00pa3oM: rpaduk
¢yukuun f(X) orpaHuueH cBepXy ONMUCAHHOM JIOMAHOHW JIMHUCH, a CHH3Y —
BIIMCAaHHOW JIOMaHOM.

O0o3HaunM MaxAX; — HauOONBIIMIA OTPe30K pa3OueHus, a minAdx; —
HanMmeHbui. Ecan maxAx;— 0, To 4ucio oTpe3koB pa3bueHus orpe3ka [a, D]
CTpEeMHTCS K OECKOHEUHOCTH.

Ecmu S, =) f(g,)Ax,, TO mlﬂﬁao; f(e)Ax, = S.

i=1

Omnpenenenue: Eciau npu J1o0bIX pa30OMEHHUIX OTpe3Ka [a, D] Takux, uro maxaxi—

n
0O M mpoOM3BOIBHOM BBIOOpPE TOYEK € HHTErpaibHas cymma S, =Y f(g,)Ax,
i=1

CTPEMUTCS K Ipesey S, KOTOPBIH Ha3bIBaeTCs OMpeIeeHHbpIM nHTerpagom ot f(X)
Ha oTpe3ke [a, b].

b
O06o3HaueHue : I f(x)dx.

a — HIOKHHHW TIpesien, b — BepXHUi mpesen, X — IepeMeHHas HHTerpupoBanus, [a, D]
— OTPE30K HHTETPUPOBAHHSI.

Omnpenenenne: Ecmu g ¢yskmuun f(X)  cymectByer  mpenmen

n b
lim z f(e,)Ax; = J. f(x)dx, TO QyHKIHSI HA3bIBACTCS MHTETPUPYEMOIl Ha OTpE3Ke
=1 a

max Ax; >0 i

[a, b].

max Ax; —0

n b
Tak:ke BepHBI yTBEpKACHUS:  lim Zmle[ = f f(x)dx
i=1 a

max Ax;—0

fim Zn:Ml.Ax,. = [ f(x)dx



Teopema: Eciu ¢ynkums f(X) HenpepsiBHa Ha otpeske [a, b], To oHna
HHTETpUpyeMa Ha 3TOM OTPE3Ke.

CBoJCTBA OIIPEACICHHOrO HHTErpaja.

1) jAf (x)dx = Ai f(x)dx;
2) [(fi0)= fo(0)dx = [ fi(0dx [ £, (x)dx
3) j f(x)dx=0

b b
4) Ecmu f(X) <¢(X) Ha otpeske [a, b] a<b, To I f(x)dx < I o(x)dx
5) Jlns ipou3BOJIbHBIX YKcen @, b, C cripaBeIsIMBO paBEHCTBO:
j F(x)dx = j F(x)dx + j F(x)dx

PasyMeeTcsi, 9TO PAaBCHCTBO BBIINMOJHACTCA, CCIIN CYHICCTBYCT Ka}KﬂBIﬁ n3
BXOIAIIUX B HCT'O MHTCTPAJIOB.

6) j F(x)dx = —j F(x)dx

Buotuucnenue onpeOeﬂelmozo unmezpana.

b
IIycte B umHTETrpase I f(x)dx HIWKHHIA Tpeaen a = const, a BepxHuii mpeaen b

a

N3MCHSACTCA. OHCBH,Z[HO, YTO €CJIHU U3MCHACTCA BerHI/Iﬁ npecaci, To UBMCHACTCA U
3HAYCHUC MHTCIrpalia.

O603HaYNM I f(@)dt = d(x). Haitmem npousBonnyto QyHkiuu D(X) 1o

MIePEMCHHOMY BECPXHEMY MpPEACITY X.
d X
— j f(@Odt = f(x)

AHEU'IOFI/I‘-IHYIO TCOPEMY MOXKHO JAOKa3aTb g CcCliydad IICPCMCHHOI'O
HHXKHCTO IIpCaciia.

Teopema: Jlns Bcskoit ¢ynkumm f(X), HempepbiBHOW Ha oTpeske [a, D],
CyIIECTBYET Ha JTOM OTpe3Ke IMepBooOpa3Has, a 3HA4YUT, CYIICCTBYET
HEOIPEICIICHHBIN NHTETPAIL.

Teopema: (Teopema Hrrotona — JleiiOHuia)



Ecmn ¢yskums F(X) — kakas- imbo mepBooOpasHass OT HENpPEpBIBHOM
¢ynkuuu f(x), To

i f (x)dx = F(b) - F(a)

ATO BRIPA)KEHHUE U3BECTHO N0/ Ha3zBaHueM (popmyibl HetoToHa — JleitOHua.

b
Wnorna npumensitor odozHagenne F(b) — F(a) = F(X)| .

a

®opmyna Hpiotona — JlelitOHuna mnpencraBisieT co0oMl 0OOmMI MOAXO0M K
HAXOXJICHHUIO ONPEICIICHHBIX HHTETPAJIOB.

UYro KacaeTcsi MPUEMOB BBIUMCICHHUS OMPEACIICHHBIX MHTETPAIOB, TO OHH
NPAKTHYCCKH HHYEM HE OTJIMYAIOTCS OT BCEX TEX NMPHEMOB U METOOB, KOTOPHIC
OBLIM PacCMOTPEHBI BHIIIC PU HAXOXKICHUU HEOTIPEICIICHHBIX HHTETPAJIOB.

TouyHO Tak ke MPUMEHSIOTCS METOJIbI TIOJICTAHOBKH (3aMEHBI TIEPEMEHHOM ),
METOJI MHTEIPUPOBAHUS 10 YaCTSIM, T€ )K€ MPUEMBbl HAXOXKICHUS MEPBOOOPA3HBIX
JUISI  TPUTOHOMETPHUYECKUX, HPPAIMOHAIBHBIX W TPAHCIICHICHTHBIX (QYHKIUH.
OCOOCHHOCTBIO SBIISCTCS TOJIBKO TO, YTO NPH MPUMEHEHUHU 3THX MPHUEMOB HAJ0
pacnpocTpaHsaTh MPeoOpa30BaHKE HE TOJBKO Ha MOJBIHTETPATbHYIO (DYHKITHIO, HO
M Ha Tpeaeiibl MHTCTPUPOBAHMS. 3aMCHSS TEPEMEHHYIO HHTCTPUPOBAHMS, HE
3a0BITh U3MEHUTH COOTBETCTBEHHO TIPE/IEIIBl HHTETPUPOBAHHSI.

3amena nepemeHHblX.,

b
IIycts 3amaH umHTETpal J‘ f(x)dx , tne f(X) — HenpepbIBHas (GyHKIUSA Ha

otpeske [a, b].
BBeaeM HOBYIO TEPEMEHHYIO B COOTBETCTBUU ¢ opmyaoi X = @(t).
Torma ecnn

1) o(a) =a, ¢(B)=b
2) ¢o(t) u ¢'(t) HenpepbIBHBI Ha OTpe3ke [a, []
3) f(p(t)) ompenenena Ha otpeske [a, B], TO

b B
[ rGodx = flo@)]e'(@)ar

B p
Torna If [e()]e'(t)dt = Flo(0)]] = Flo(B)] - Flo(c)] = F(b) — F(a)

[Tpumep.

1 x:Sint; n/2 n/2 111/2
.[ 1-x*dx = = J.\/l—sinztcostdt: Jcosztdt=— I(l+cos2t)dt=
a=0;p=m/2 0 0 29

1 1. R A T
=—|t+—sn 2t =—+-—snmw=—.
2 2 o 4 4 4



[Ipu 3aMeHe NepeMEeHHON B ONPEJEICHHOM HMHTErpalie ClIeAyeT MOMHHUTh O
TOM, 4YTO BBOAMMAs (PyHKIUS (B pacCMOTPEHHOM mpuMmepe 3To (yHKIus Sin)
J0JKHA OBITh HENpEpbhIBHA HA OTPE3KE MHTETPUpPOBaHUA. B mpoTuBHOM ciydae
(opManbHOE MpUMEHEHHE (POPMYJIIbI IPUBOJUT K a0Cypay.

[Ipumep.

n T
_f dx=x |=n , C Jpyroi CTOPOHBI, €CIH THPHMEHUTh TPHUIOHOMETPHYECKYIO
0 0

MOJICTAHOBKY,
Pt dx i dx ¢ di

d = = = = = =
'([ * '([sinzx+coszx '([cos2 x(1+1g°x) ter=1} '(|)‘1+t2

T.e. nBa cnocoba HAXOXKAEHWsS HMHTErpajga AAIOT Pa3IUYHbIE PE3ylbTaTbl. IJTO
OPOU30LLIO U3-3a TOTO, YTO HE ObUT yuTeH TOT (haKT, YTO BBEJCHHAS NEpEMEHHAas
tgX MMeeT Ha OTpe3Ke MHTErpUpOBaHMs pa3phiB (B Touke X = m/2). [loatomy B
JAHHOM Cclly4ae Takas IOJCTaHOBKa HemnpuMmeHuMa. [Ipu 3ameHe nepeMeHHOU B
ONPEJCIICHHOM MHTErpajie CJIeyeT BHUMATEIbHO CJIECIUTh 3a BBIIOJHEHUEM
NEPEUYHUCIICHHBIX BBILIE YCIOBUM.

HNuTerpupoBanue 1mo 4acTsam.

Ecmu pynkuun U = @(X) u V = y(X) HenpepsIBHBI Ha oTpe3ke [a, b], a Taxxke
HENpPEphIBHBI Ha A3TOM OTpe3Ke WX MPOU3BOJIHBIE, TO clpaBenauBa (opmyia

HHTCTPHUPOBAHUA 110 HACTAM:
b b

b
Iudv:uv| —Jvdu.
a a a
BeiBom 9roit  hopMysibl  aOCONIOTHO aHAJIOTHYEH BBIBOAY (OPMYIIBI
WHTETPUPOBAHUS 110 YACTAM JUISI HEONPEEICHHOTO0 WHTErpanga, KOTOPHIA ObLI

BEChMa MOJAPOOHO pacCMOTPEH BBIIIE, TOATOMY 3€Ch IPUBOIUTH €r0 HET CMBICIIA.

[Inomans KpUBOJMHEHMHON Tpamneluuyd, OrpaHMUYCHHOM HENPEPhIBHOM KPUBOU
y=f(x), nBymMs npsAMBIMH x=a 1 Xx=D M OCBIO aOCIHCC, BBIYUCISIETCS C ITOMOIIBIO
OIPEJICIICHHOT 0 MHTErpaJia 1o popMyJsiam:

E

ba ) S
‘y A ' B ' - f;(x]:fz(x):} X =a,x
. W %fflm | §= jﬂ(x)dr-j,ﬁ(x)dt

N




k 21

fx)F0=>x=c '

8= 5, - 16| M

fx0=>x=c

§=5,+8, = ]f(x)dx+

o

IIpumep 4: Beraucnure mwiomaas GUrypbl, OrpaHUUEHHON JTMHUSMH y = — x>~ 2x+3,

OCSIMM KOOpAWHAT U IIpsiMOn  x=_2.

Pemenne: [ToctponManHbIe JIMHAN

Y=0

S

Haiinem Touku nepecedenus rpaduka GyHKImu ¢ ocbto Ox: y =—x"—2x+3,

—x2—2x+3=0, X1:11 X2 =_3
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1

3anaHus npakTHYecKo padoTbIBbIUMCINTD ONIPEEIICHHBIN HHTETPal

a)_j;(x2 — xHix

' b) ”js 6dx

cos?2x

-11/6

NN

a) I3cos xadx
3. 5

b):[(l—g)“dx

dx

T
4 -([coszx
T X
b)| 1+ 2)8dx
)_jl< )

a)j(4x3 + 2x ix

1

5. 1 3dx

b)j .
0 2 f_H
oS (2 3)

11.

12.

13.

14.

15.

3

S :}(_x2_2x+3)d><—f(—X2—2X+3)dX:(_Xg_x2+3x)
1

:———1+3—(—§—4+6)+(—l—1+3):§+E+§
3 3 3 3 3 3

b)j'(l— x)* dx

3
-

2 1
a) | cos =xdx
) | .

b)i(1+§)8dx

a)j:(Bx2 - 2x}ix

/2
b) _f3sin Xdx
-I1/2

a)I(3sin %xjdx

b)j'(l— 2x)*dx

1

j‘. 3605 2x Jdx
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21.
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23.

24.
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a) [ (2cos3x)dx
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) (108sin 6x dx

o'—.m

b) j (7 - 5x)dx

4
cos? 2x

a) dx

P Ot |y

b) j (4x3 +6x)dx

a).z[(Sx4 —6x° Jix
b) [ /8x— 5dx
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a)jt (4cos2x)dx

b) [ /ox —1dx

a) | (6sin 2x)dx
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0
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1. fx3\/1+ x2dx
0
1/2 XdX
2.
! V1—x2
tIn?x
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0
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a) | cos xdx
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(3-x2)dx

a)[(2sin x)x

=
o

b)| (x* +1)dx

O e o'—.mm

w N

a)_[sin Xax
19. o

b)j(? —2x)*dx

a)_i‘(x3 - x):lx

20. /3

b) [3sin 3xdx
0

2.

1
11. Ix3\/4+5x4dx
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g5, [ N(2230)

2-3Xx
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26.

b) [ (x°® —3x?)

a) | (2sin x)dx

27.

N ey

0)[ (%~ S)dx

a)j-(S X% + 4x3)1x

28.
I1/8
cos4dx
b) j

[1/4

dx

a) JS.(ZX3 - 2x)ix
29. I1/6
b)

0

4dx
cos? 2x

a) | (2 sin 3x)dx

‘N'—.O\N

30.
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D

dx

b)

21.
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23.

24.
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o §/(1—sin 3x)°



10.

10.

w
s
o
w
| o
>
aN
>

>
S

o

>

w
iy
|
>
3}

S
—~
=
><o.> (o]
2|
>
>
~
~
w

x

g 7
+
EaN

Ol VP Oy O A Ot

iy
|
bad
N

—— = dx
x*(x—1)

’Lt—.._\ NC— 0 N— w0 N——w O %
X
+
N
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X3 — X
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3
2.1 len(x—l)dx
2

0

2.2 Ixze’x’zdx
-2
l2

2.3 '[xcos xdx

0
wl2

2.4 Ixz sin xdx

1/2
2.5 Iarccos 2xdx

-1/2
2

2.6 j(x—l) In xdx
1

0
2.7 Ixe‘zxdx

-1/2
2

2.8 jxexdx
1

-2/3

2.9 j X dx

a)j(4x3 +1f x2dx
119
b)J' x%e* dx
0

"¢ cos3x

'[2/(1 sin 3x)5

32xdx
b)j x +1)5
5.

j\/; In xdx
l1

j arctg~/xdx
0

I(x+ 2)cos§dx
0 2

718

Ixzsin 4xdx

2
szln xdx

j.(x+1) In xdx

1

2

jarctg(Zx —3)dx
3/2

72

_[(x + 3)sin xdx
0
In2

I xe *dx
0

0
j (x —2)e™"3dx
-3

10xdx

416 -x%)°

fot

x%dx
V31(x* 1)

“xdx

1.29

2
'—uw\N e R

b)

N

\_/

O
~

o'—oH P e— U o

i(B— x)e*dx

1
Iarcsin( 1-x)dx

1/2

'
Iarctg =dx

1 X

0

j X In(1— x)dx

sinx

e¥'" cos xdx

oty L

0
I(Zx +3)edx
a

0
I(x +1)e >*dx
-1

1/2
Iarccos 2xdx
-1/2

1
I xarctgxadx
0

2
[In(3x + 2)dx
1

3agaHus npakTuyeckoi padorbiHaiiTu miomans Gurypsl, OorpaHUICHHON

JTAHHBIMHU JIMHUAMUA
3amanue 1

1,11,21. y=8x—x’ -7 ¥ OCBIO OX



2,1222. y=x*-1,y=0,x=0

3,13,23. y =x* —-3x—4 u ocero OX
4,14,24., y* =4x u x* =4y

5,15,25. y =5x—x* +6 u ocero OX
6,16,26. y=x>, y=x>,x=-1,x=0
7,17,27. y =x*—6x+8 u ocero OX
8,18,28. y=x> U y=Xx+2

9,19,29 y=x*—-4x-5 u ocero OX
10,20,30. y = 6X—3%?u ocvio OX
3amanue 2

1,11,21. y=x2+2 my=2x+22,1222.y=x>u y=2-x?
3,13,23. xy=6 u y+x-7=0 44,1424, y=2*, y=2x-x*,Xx=0, x=1

5,15.25. y=Inx,x=e,y=0 6,16,26.y - Xi x=1,y=x—17,17,27.

y=x"+x, y=1-x*,x=0,x=1 8,18,28. y=x*,x=2 9,19,29.
y=cosx ,X=0,x=2ry=010,20,30.y = \/;,yZZ,XZOSaI[aHI/Ie:;

1,11,21.x-y+3=0, x+y—-1=0,y=0
2,12,22.2x—3y+6=0,y=0m x=3
3,1323. y=x"-2x+3u y=3x-1
41424, x—-y+2=0,y=0,x=-1,x=2
5,15,25. y2=4x,x=1 u ocsio OX
6,16,36. y=x*>my=-3X

7,17,37. x—-y+3=0,x+y-1=0,y=0
8,18,28. x*=3ymu y=X

9,19,29. x—-y-2=0, x+y+1=0,y=0
10,20,30. y?=9x, X = 3 u ocbto OX



KoHnTpoJsbHbIE BONIPOCHI

1.YT0 Ha3BIBAIOT ONpeIeiCHHBIM HHTETpasioM GyHKImu f(X)?

2.B 4em coCTOUT reOMEeTPUYECKUM CMBICII OMPEAEICHHOTO HHTerpaia?
3.Chopmynupyiite HeoOxonumoe yciaoBue uHTerpupyemoctu Gynkimu f(X) Ha
otpeske [a,b].

4.ChopmynupyiTe HEOOXOAUMOE U TOCTATOYHOE YCIOBUS HHTETPUPYEMOCTH
dbyukuuu f(X) Ha oTpeske [a, b].

5.3anumuTe CBONHCTBA ONPEAEICHHOT0 HHTErpaia.

63anumure popmyny Hetotona-JleiiOnuiia.

7Pacckaxute 00 OCHOBHBIX METO/IaX HHTETPUPOBAHHSI ONIPEICIICHHOTO
UHTETrpana.

8.Urto Takoe KpUBOJIMHEHAS Tpameus?

9.®opmyna HetoTona-JlelOnuna

10.I'paduku s1eMeHTapHBIX QPYHKIUH.

11. Pa3nuaHbIe BHIBI INIOCKUX (DUTYP M CTIOCOOBI BRIYHUCIICHHSI X TUIOIACH.

IIpakTHyeckas padora 9 mo reme
«Haxoxaenne 4acTHbIX Npou3BoAHbIX. [loanbiil nuddepenumann»

HGHB: IMPOBCPUTH YMCHHUC HAXOAUTH U CTPOUTDH 001acTh OIIpCACICHUA CIIOJKHOM
(1)YHKLII/II/I, HaXOJAUTb YaCTHBIC IIPON3BOJIHLIC.

Bpems BbinosnHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3./lIuctA4

4.KanbKynatopol

MopAapoK BbinoNIHEHUA paboTbi

1.M3yunTb 3agaHune

2. I3yunTb TeopeTUyeckme ceeaeHmns

3. BoinonHutb 1 opopmutb paboty
4.lMoKa3aTb pe3ynbTaTbl NpenoaasaTesito
AomaliHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
TeopeTnyeckue cseaeHuA

Xoa padboThI

Onpenesienue GyHKIMH ABYX NepeMeHHBIX



Ecnu xaxnoit mape ( X;y) 3Hau€HHM ABYX HE3aBUCUMBIX JIPYT OT Apyra
MEPEMEHHBIX BEJIMYHH X U Y U3 HEKOTOPOr0 MHOXkKECTBA D COOTBETCTBYET
€IMHCTBEHHOE 3HAYEHUE BEJIMUUHBI, TO TOBOPAT, YTO Z €CTh QYHKIIUS ABYX
HE3aBUCUMBIX IIEPEMEHHBIX X U Y, ONIPEAEIIEHHAs: HA MHOKECTBE D.
O6o3Hauaercs: z=f(x;y) unu z=z(x;y).

Hanpumep, S=ab, S=S(a;b)- dbynkuuu nByx nepeMennnix; V=abc, V=V(a,b.c) —
(GYHKIHS TpeX MEPEMEHHBIX;

Cnoco0bl 321aHus1 YHKIUH HECKOJIBKUX MEePeMEHHbIX

Yrto0Osl 3a1aTh PYHKIUIO IBYX (TpEeX) NEPEMEHHBIX, HY’)KHO yKa3aThb CIOCo0, ¢
TIOMOIIIBIO KOTOPOTO /ISl KXKAOW Naphl (TPOHKH) 3HAYCHHIA apryMEHTOB MOKHO
HaWTH COOTBETCTBYIOLIEe 3HaueHue pynkuun. Hanbonee yacto pyHkuus 3agaercs
AHAIMTUYECKH - 3TO SIBHOE 3aJlaHNe (PYHKIIMU WM HESIBHOE 3aJ]aHUE

YacTHble MPOM3BOAHBIE EPBOI0 MOPSAIKA

[lycts QyHkms nByx nepeMmeHHbix z = f(X, y) ompeneineHa B HEKOTOPOU
OKpPECTHOCTH TOYkM M(x, y) eBkiauaoBa mpoctpaHcTtBa E2. Yacrhas
npou3BoaHas ¢yHKUMU z = f(X, y) IO apryMeHTy X SIBISETCS OOBIKHOBEHHOM
IPOU3BOJHON (DYHKIMU OJHOM NMEPEMEHHOH X NMpH (UKCHUPOBAHHOM 3HAYEHUU
HepeMEHHON y U 0003HaYaeTCsl Kak

dz af , .
Ei Es Zrs f.r

AHaJIOTUYHBIM 00pa3oM OMpeeNsaeTcsl YacTHas nmpousBoaHas QpyHkiuu f(x, y)
10 TIEpeMeHHOH y B Touke M, o603Hadaemast Kak

gz 8f
ot .1 =z
dy Sy

OyHKIIHS, IMEIOIAasi YaCTHBIC MPOU3BOIHBIC, Ha3bIBaeTCs TUDPEpeHIIUPYESMOM.

CoBepIICHHO aHAJTIOTMUYHO OMNPENENSIOTCS YaCcTHBIE MPOU3BOAHBIC (GYHKIIUN
Tpex U OoJsiee mnepeMeHHbIX. YacTHas mNpou3BOAHAS (YHKIUU HECKOJIbKUX
IIEPEMEHHBIX XapaKTEPU3YET CKOPOCTh €€ MU3MEHEHHs MO JTAHHOM KOOPAMHATE
py PUKCUPOBAHHBIX 3HAUYCHUSAX APYTUX KOOPIUHAT.

z=22y +3x+5v-7

Hpumep: — GYHKIUS JBYX MTEPEMEHHBIX.

R _
WHorga HCHOIB3YIOT 3alKCh Syl =2y  +3x+5y =T

3a/1aHus, TJIe€ BMECTO OYKBbI Z HCHOJB3yeTcsl OyKBa * .

Takxe BcTpedaroTcs



HaiitTu  vacTHble TNPOM3BOAHbIE NEPBOr0 M  BTOPOro  MOPSIAKA
z=2x% +3x 45y -7

byHKIIIN
Cuauasa HaiiieM 4acTHBIE IPOU3BOIHBIE ITEPBOTro nopsaka. Mx nse.
O0o3Havenu:
*
z WU o — yacTHas IIPOU3BOIHAs 10 CHKC»
oz

. _—
ot
Y U & _ JacTHasd IIpou3BOaAHAA 10 KMI'PEK»

r
Haunem c Z". KOFI[a MbI HaXO0AMM YAaCTHYH NPOHU3BOAHYIO IO «HKC», TO

nepeMeHHasi ¥ CYNTAETCS KOHCTAHTOH (MOCTOSTHHBIM YHCJIOM).
rl:l:l 3 3 4 rl:z:l 3 up 4y r rl:3:|
z,=(2x°y +3x +5y =T =2 (2T + 3 + Oy - (U =
(4]
=2y 2x+3.4x +0-0=4x/ +12x
KOMMeHTapI/II/I K BBIITOJIHCHHBIM JIGfICTBI/ISIMi

(1) IepBoe, 4TO MBI jAefaeM MPH HAXOXJICHUM YACTHON MPOM3BOIHOW —
3aKJII0YaeM BCIO (DYHKIIMIO B CKOOKH MO/ IITPUX € MOACTPOYHBIM HHIEKCOM.

(2) Ucnonssyem npaswia muddeperuuposanns @ TvY=u'Ev’ (Cu)'=Cu"

Jliist mpocToro npumepa, Kak 3ToT, 00a MpaBuiia BIIOJIHE MOXKHO MPUMEHUTH Ha
ofHOM 1irare. OOpaTuTe BHUMaHKE Ha TIEPBOE ClIaraéMoe: Tak Kak » CYHTAeTCs
KOHCTAHTOM, a JIIO0YI0 KOHCTAHTY MOKHO BbIHECTH 32 3HAK NMPOMU3BOJIHOM,

3 k]
TO ¥ MBI BBIHOCHM 3a CKOOKH. TO €CTh B JaHHOM CHUTyalMy » HUYEM HE JIydlle
oObraHOro umcia. Temeph [OCMOTPHM Ha TpeThe ciaraemMoe -V @ 37ech,
HA0GOPOT, BEIHOCUTD Hedero. Tak Kak ¥ KOHCTAaHTA, TO ¥ — TOXKE KOHCTAHTA,
M B 9TOM CMBICJIC OHA HUYEM HE JIUIIe TOCICTHETO CIIaraeMoro — «CEMEPKU».
r_ Byt n-1
(3) Ucnonbsyem tabmmunbie npomnssomuee ©) =0y (BN =22

f
(4) Teneps “». Korja MbI HAXOAMM 4YACTHYIO NPOHM3BOJHYIO MO «HIPEK»,
TO NMEPeMEeHHast * CYUTAETCH KOHCTAHTOMN (IOCTOSTHHBIM YHCJIOM).

i1 (2
i 2.3 4 i PRIy L3 i i
Z,=(2xy +3x +0y -7, =2xT ), + 327, + 50, - (), =

=2x% B H045.1-0=6x"" 45

(1) Hcrmomesyem Te xe mpasmia auddepenmupopanms & V) =1t

Cuy=cu' X
, . HepBOM cJaracMomM BBIHOCHUM KOHCTaHTy 34 3HAK

o 4
NPOM3BOIHOM, BO BTOPOM CJIAra€MOM HUYETO BBHIHECTH HENB3S IMOCKOJILKY % —
yKe KOHCTaHTa.

(2) Ucnonb3zyem TabIuIy MIPOU3BOJAHBIM AIIEMEHTAPHBIX
¢yHkuuii. MpICIeHHO TOMeHsieM B Ta0jHIe Bce «MKChD) HA «HIpeKkm». B



r_ Bt n-1
YaCTHOCTH, UCTIONb3yeMble HAMHU (DOPMYJIbI BBITISIAT TaK: ©F=0y O =n
I/ITaK, JaCTHBIC ITPOU3BOAHBIC IICPBOI'O IMOpAAKa HaﬁILeHBI

[logBeneM uTOr, 4em K€ OTINYAETCA HAXOKJICHHE YAaCTHBIX NMPOU3BOJHBIX OT
HAXO0XKIEHUS «OOBIUYHBIX)» MPOU3BOIHBIX (PYHKIIUU OJTHON MEPEMEHHOM:

1) Korna MbI HAXO0UM YaCTHYIO NMPOU3BOAHYIO ¥
, IepeMeHHast » CYHMTAeTCs] KOHCTAHTOIA.

2) Korna MbI HAXO0UM YaCTHY IO MPOU3BOAHYIO %y
, IepeMeHHasi * CYMTAETCH KOHCTAHTOM.

3) IlpaBuiaa u TaduauUAa NPOM3BOAHBIX JJIEMEHTAPHBIX (YHKIUI
cnpaBeVIMBbI H MPUMEHUMBI 115 J1I000i mepeMenHoi (¥, ¥ 1n00 KaKoii-
HUOYAb APYIoii), M0 KOTOPOoii BeaeTcs nuddepeHIUPOBaAHHE.

[ITar BTOpoW. Haxoaum yacTHblE NPOU3BOAHBIE BTOPOro Imopsaka. Mx
YeThIpe.

O0o3HaAUYCHUA .
Az
L 2
L WIN Jx — BTOpast MIPOU3BOJIHAS 1o KHKC»
Fz
ft ]
=
» 150107 ay — BTOpas MIPOU3BOIHAS 1o CHUTPEK»
Fz
"
=
w 150107 oy — cMeuwlanHas TIPOU3BOIHAS «HUKC 1o UTPEK»
2z

i
=
U Pdx _ cmeutanrnas IpoOru3BOAHAA KUI'PCK IO UKCH»

B moHsTMM BTOpOW MPOM3BOJHOM HET HUYETO CJIOXKHOTO. [ 0OBOpsS MpOCThIM
S3bIKOM, BTOPas MPOM3BOIHAS — 3TO NPOU3BOIHAS OT MEPBOil MPOU3BO/IHOIA.

YacTHbIE IPOM3BOIHBIE IIEPBOIO HOPSIIKA:
zb =4z +12x°
z),= 6x°y° 45

Cuayvana HaiizeM CMEIIaHHbIC IIPOU3BOIHEIC:

25, = (z0), = (4n +12x7), = 4z, + (1227), = 4x 3" + 0 =121/

r
Kak Buaure, Bcé MpocTo: OEpeM YACTHYIO IMPOU3BOJHYIO “* H

muddepeHnmpyeM ee emre pa3, HO B JAHHOM CIIydae — YKe 10 «UTPEK».

AHaJIOTUYHO:
2t = (20, = (627  + 5, = 657 () + (5, =657 - 2x +0=12n°

B NPaKTHYCCKUX NpHUMEpax MOKHO OPHCHTHPOBATHCHA Ha CJICAYIOIIECC
PABEHCTBO.

Ko
T = I



Takum 00pa3zoM, yepe3 CMEIIaHHbIE MPOU3BOJHBIE BTOPOrO MOPSIKAa OYEHb
yI00HO MpOBEPUTh, A& MPABWIBHO JIM Mbl HAlUUIM YacTHbIE INPOU3BOJHBIC

IIEPBOrO MOPSAIKA.
Haxonum BTOpYI0 MPOU3BOIHYIO MO «HUKC».

o 3
Huxkakux n3o0perenuii, 6epem + = 47 +125 nuddepeHIrpyeM eé 1o «UKC»

elle pas:
2zl =(2) = (4x” +1227) =457 (2 +12(x°) = 4y - 1412 32% = 4y +36%°

AHaJIOTUYHO:
8, =(z}), = (6x"y" +5), =62y, +(5), = 61" 2y + 0 =12x"y
" [
CJIeIIyeT OTMCTHUTD, qTo npu HaXO0XICHHUH “m ) Zw HYXHO
MPOABUTH HOBLIMMCHHOC BHHUMAHHNC, TdK KdK HHUKAKHX YYACCHBLIX PABCHCTB JIA

HX IPOBCPKH HC CYIICCTBYCT.

HpI/IMCpI)I HaXO0XKIACHUS YaCTHBIX IMPONU3BOAHBIX IIepBOTO nmopsaxka.
IIpumep 1. z = r* — 2ry + 2%,

Pemenue. [{uddepenupyem dynkuuo z = f(x, y) cHavana mo x, mnonaras y
(UKCUPOBAHHOM BEIMYMHOM, MOTOM IOBTOPSIEM JTY K€ IMPOLEAYPY, MEHSS

ponu x U y. [lonyuaem

dz tz

o

iz ¥ gz r
IIpumep 2. 2z = arctgxry, — = —M — — = ——
dniae B B T T (ay) By 1+ (aw)?
IIpumep 3. u = ye¥* + In(z? — 2y + z).

Pemenue. YacTHble TPOU3BOMHBIE ATOW (PYHKIIMM TpPEX TMEPEMEHHBIX
BBIPAXKAIOTCS CIETYIOMIMME (POPMYITaMHU:

HaXOI[I/IM YaCTHBIC ITPOU3BOAHBIC BTOPOI'O ITOPAAKA. Hx 4YCTBIPC.

O0o3HaUYeHNA !
Az
i 2
L WA ox - BTOpast [IPOU3BOJIHAS o KUKC»
Fz
z" 2
w Ui ay - BTOpas [IPOU3BOAHASA o «UTPEK»
Fz
z" e
w 150071 e — cMeuwanHas IPOU3BOAHA «UKC 1o UTPEK»
2z

=
" WU Yo _ cmeutanrnas Mporu3BoaHasA «KMI'PCK IO UKCH»



B nonsATHM BTOpPON IIPOM3BOAHOM HET HUYEIrO CIIOKHOrO. I'0oBOps MPOCTHIM
A3bIKOM, BTOPas MPOM3BOIHAS — 3TO IPOU3BOIHAS OT EPBOM NMPOU3BOIHOIA.

YacrHbie MIpOU3BOJHBIC IIepBOTo nopsiaka:
=dxy +12x°

r

I

r_ a2 3
z,=6x"y +5

Chayana HailieM CMEIIaHHbIE IPOU3BO/IHbIE:
20, = (1), = (4x +12x7), = 4x(™), +(122°), = 4x 3" +0 = 12n)/

r
Kak Bumure, BcE mTpocTo: OepeM UYaCTHYIO MNPOU3BOJHYI % H

auQepeHnrupyeM ee ele pas3, HO B JAHHOM CIIy4ae — YK€ M0 «UTPEK».

AHaJIOTUYHO:
20 = (20), = (62" + 5, = 65 (x"), + (5), = 6" - 2x +0=12xy"

B NPAKTHYECCKUX NPpUMEPAX MOKHO OPHMCHTHPOBATHCA HaA CJCAYIOIIEE
PABEHCTBO.

fo_
T = I
TaKI/IM 06pa30M, I16})63 CMCHIAHHBIC HpOI/ISBOJIHI)IG BTOpOFO HOpSIJIKa OYCHBb
yIIO6HO IIPpOBCPUTHh, a4 IPABMJIBHO JIM MBI HaIJIXA YaCTHBIC IIPOU3BOJIHEIC

IICPBOI'o IMopAaKa.

HaXO,III/IM BTOPYIO ITIPOU3BOJIHYIO IIO «KHKC».

r_ 3
Hukakux n3zo0perenuii, 6epem + =~ Azy’ +12x

CHIC pa3:
zy = (200 = (4xy +1227), =4y* (D) +12(2°), = 4y° 1412 3x% = 4)° + 36x7

u quddepeHIupyem e€ o «UKC»

AHaJIOrn4HO:
2y, = (2}, = (6x"y" +5), =6x" (™), +(5), = 62" - 2y +0=12x"y
R
Cnenyetr OTMETHUTD, UTO MPU HAXOXKICHUHU z o Zw HY>KHO
IIPOABUTD MOBLIMMCHHOC BHUMAHHUC, TAK KAK HUKAKHUX YYACCHBIX PABCHCTB IJIA
HUX IIPOBEPKU HE CYILIECTBYET.

Anzopumm uccnedosanusn YyHKyuu 08yx nepemenHvixX Ha IKCmpemym

Oynknus z = f(X,y) umeer makeumyM B Touke Mo(Xo;Yo), eciu f(Xo;Yo) > f(x;y) ans
BCEX TOYEK (X;y), AOCTATOYHO OJIM3KUX K TOUYKE (Xo;Y0) M OTIUYHBIX OT HEE.
Oynknus z = f(X,y) umeer MuaEMYM B Touke Mo(Xo;Yo), eciu f(Xo;Yo) < f(X;y) mst
BCEX TOYEK (X;y), JOCTATOYHO OJIM3KUX K TOUKE (Xo;Y0) M OTIUYHBIX OT Heg.
MakcumyM 1 MUHUMYM (DYHKIIMH HA3bIBAIOTCSA IKCTPEeMYMaMu QyHKIMH.
UccnenoBanne GyHKIMH IBYX MEPEMEHHBIX HA SKCTPEMYM MPOBOJSIT MO
CIEYIOLIEH CXEME.

1. Haxonsat yactHble ipou3BoaHbie dz/dX u dz/dy.

2. Pemaror cucteMy ypaBHEHUN:



http://math.semestr.ru/math/derivatives.php

= _n
5y
_q
Gy

Y TaKUM 00pa30oM HaXOJAT KPUTHYECKUE TOUKHU (PYHKIIUH.
3. HaxonsT yacTHbIE IPOMU3BOHBIE BTOPOTO MOPSIKA!

Az @'z A%z
& Ay oyt

4. BeIYUCHAIOT 3HAUCHUS dTUX YACTHBIX IMPOU3BOAHBIX BTOPOT'O IMOPsAIKa B KaH(ﬂOﬁ

U3 HalICHHBIX B I1.2 KPUTHYECKHUX TOUKax M(Xo;Yo).

2 2 2
(BB
gx" )., axdy J ., &,

5. Jlenaror BbIBOJ O HAJIMYUHU DKCTPEMYMOB:

a) ecmu AC —B2>0u A <0, 10 B Touke M uMeercs MakcumyMm;

6) eciu AC —B?>0uA >0, 1o B Touke M uMeeTcss MUHUMYM;

B) ecii AC — B2 <0, To 5KCTpeMyMa HeT;

r) ecin AC — B? = 0, T0o BONIPOC 0 HAIMYUK SKCTPEMYMA OCTAETCS OTKPBITBIM;

IIpumepsl ucciiegoBanus QYHKIUM IBYX EPEMEHHBIX HA IKCTPEMYM.

IIpumep Nel. UccnenoBath Ha SKCTpEMYM (DYHKITHIO
z=13 +3xy 2 —15x-12 y.

Pemienue.
1) Halinem yacTHbIE TPOU3BOHBIE:

Bz
= =3x* +3y? —15,
&

bz
—=6xy—-12y,
oy

2) Torjga cuctemMa Juisl OTBICKAHUS CTAlMOHAPHBIX TOYEK UMEET BUJ
2
12 +y  —-5=0
xy—-2=0

PemuB cucteMy, MOIy4uM YETHIPE CTAIMOHAPHBIC TOYKH:
P1(1,2), P2(2,1), P3(-1,-2), P4(-2,-1). Halizem npou3BoagHbIEC 2-T0 HOPSAIKA

322 322 622

x By Bxdy

1A COCTaBUM JUCKPUMHUHAHT AAB-C? s kaxoit CTAIMOHAPHOUN TOYKH.




1) dns Touxu P1(1,2) A=36-144<0, B P1(1,2) sxcTpeMymMma HeT.

2) dns touku Pa(-1,-2), A =144 — 36 >0, A>0, B P2(2,1)dyHKIMs uMeeT
MUHUMYM, Zmin = -28

3) s Touku P3(-1,-2), A = 36-144 <0, B P3(-1,-2) axcTpeMyma HeT.

4) s touku Pa(-2,-1), A=144 — 36 >0, A<O B P4(-2,-1) dpyHkums umeer
MaKCUMYM Zmax=28

Ipumep Ne2. Haiiti HauGobInee 1 HAUMEHbLIEE 3HAYCHHS QYHKIMU Z = X~ +
4Xy — y? — 6X — 2y B TPEYTroJbHHUKE, OTPAHMIEHHOM OCSIMHU KOOPMHAT U IPIMOM
2Xx+3y-6=0.

Pemenue.

Haiinem kpuTnieckue TOUKH JIOKaJbHOTO AKCTpEMyMa BHYTPU YKa3aHHOU
o0nacT 1 3HaYeHus JaHHOU QyHKuMH z = f(X,y) B 3THX Toukax. Tak

oz & oy

= 2x+4y-6 ay—“I 2y-2
KakK ox ) , TO CUCTEMA AJI1 OTBICKAHUA
KpHTquCKHX TOYCK UMECT BU]L

x+2y-3=0 x=1

2x-y-1=0 —~ |¥y=1
Touka Po(1;1) Haxoautcs BHyTpu obOaacth, npuueM z(Po) = -4. Uccneayem
dbyHkuuio z Ha rpanuie oosnactu. Ha orpeske OA4 umeewm : y=0, z = {(x;0) unu

010=x2  6x, tae * € 1% g 1=ax-6; 1(3)=0 gu(3)=1(3:0)=-9. Ha
otpeske OB umeeM: x=0. z=f(0;y) umu z=g>(y)=-y>-2y,

e YEO2E g(MN=-2y-2% g3(-D=0 —12[0:2] yy, ..

19 5 , 38
Z = X)=——x +6x— X)=——x+6
33( ) 9 8: HeIE[ﬂ;?’]; 33( ) 9

T

(=) Az2)
£3l 19 19°19 19
Haiinem 3nauenus ¢pynkmuu z B Toukax O, A u B. z(0) = f(0,0) = 0; z(A) =
f(3;0) = -9, z(B) = f(0;2) = -8.
27 20

00, f(02)., fG0), f(: 7). SN

CpaBHUBas 3HAYECHUS 19°19
MIPUXOJIUM K BBEIBOJTY:

Haunbompiiee 3HaueHue zmax=0 B 1. O(0,0);

HaMMeHbIIIee 3HaueHue zmin=-9 B 1. A(3,0).



u B 2 iu

— =, —=(1+yz)e" — —
dr x?-2y+ 2 by (1+y2)e 2

L]

3ajaHus NpaKTH4YeCcKOH padoThI

-2+ 2

1. HaiiTu u mocTpouTh 001aCTh ONpeAeICHUs CI0KHON (YHKIHH.

2. Bbluucnuth Npou3BOJHYIO CIOXKHOW QYHKIUU.

B1 1.z=arcsin(1-x%-y?)
2.a) z=VInx %, x=e, y=1

6) u=x2-y?+3z2%, x=1/2,y=1/2,2=1/2
B2 1.z=In(y-Inx)

= X = =
2.a) z—,/xylnx, x=1, y=2

B)u=3x?%/2-
v2/2+22?,x=2/3,y=2,2=2/3

B3 1.z=,/Inx + Iny

2.a)z=xV—*=e, =1
xy

6)u=x3/2-y3/2+823,x=2,y=2,2=3/2

B4lz= [\/y —x+2

2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/2x%+3y2-22?,
x=2,y=1/3,2=3/2

. x?
B5 1.z=arcsm?

2.a)z=arcg(x-y?)+1/,/xy

Vx _ yz
6)u—y =

B16 1.z=In~
y
2.a)z=(x% + y2)X**
6)u=x,/y-(z+y)Vx, x=1,y=1,2=-2
B17 1.z=Iny-Incosx

2.a)z= xsiny+x?, x=3,y=m/2

6)u=,/xy — V4 — z? x=1,y=1,2=0

B18. 1.z=|nsinx-\/§
2.a)z=arcsin% - Inv, u=0, v=1
6)u=(x2+y%+z2)%2, x=0,y=-3,2=4
B19. 1.z=In(y?/4-x?/9-1)
2.a)z=|n\/m+1/y,x=y=1/\/§

6)u=2/x+3/2y-
\J6/4z,x=2/3,y=3/2,2=1/2

B20. 1.z=a rcsin%

2.3)z=InyVx ,x=1,y=3/5

6)u=3/x+4/y-1/V/6x,x=1,y=2,2=1//6



B6 1.z=arcos(2x-y) B21. 1.2=1+,/1 — (x — ¥)?

y
2.a)z=arccos”+eV*, x=2,y=1 2.a)z=cos(1/y)-1/\[xy, x=n/2,

y=2/m
6)u=x/§x2-%-6\/§zz, x=1,y=2/3,2=1//6

6)u=x\/§-yzz,x=2,y=1,z=-1

B71.2=\/In(2 — x — y), B22. 1.z=In(x?+y)
y —pX? [32 — 02 y=1 y=
2.a)z=tgl/x.ex,x=1/m,y=0 2.a)z=e X y<4, x=1,y=0
6)u= 6)U=Sin5—z, x=2,y=m,z=1

2./x + y+y.arctgz,x=1,y=1/3,z=1/\/8

B8 1.z=In- B23. 1.z=v1 — x2+/1 — )2

2.a)z=(x? + y2)**7° 2.a)z=yIn(x*-y?), x=2,y=1

6)u=x3/16+y?/9-

6)u=x./y-(z+y)Vx, x=1,y=1,2=-2
\/; 22/8,x=2,y=1/2,2=1/3

B9. 1.z=Iny-Incosx B24 1.7=,/In(2 — x — y),

2.a)z= xsiny+x?, x=3,y=m/2

6)u=,/xy — V4 — z%,x=1,y=1,2=0

Yy
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1//6

B10. 1.z=Insinx-,/y B25 1.z=arcos(2x-y)
y
2.a)z=arcsin% - Inv, u=0, v=1 2-3)2=arCC05;+€W, x=2,y=1
6)u=(x2+y2+z2)3/2, x=0,y=-3,z=4 6)u=\/§x2-%-6\/§zz,

x=1,y=2/3,2=1//6
B11. 1.z=In(y?/4-x?/9-1) B26 1.z=arcsin®.
y

2.a)z=Iny/x2 + y2+1/y,x=y=1//2

6)u=2/x+3/2y-
\6/4z,x=2/3,y=3/2,2=1/2

2.a)z=arcg(x>-y?)+1/,/xy

_Vx _ _yz
6)u= y X+y



.y
B12. 1.z=arcsin®
Zmaresing B271.2= |\/y — x + 2

2.a)z=InyVx x=1,y=3/5
Jz=Iny y 2.a)z=sinl/xeY,x=m/2,y=1

6)u=3/x+4/y-1/V6x,x=1,y=2,2=1/V6 6)u=3/2x*+3y2-272

x=2,y=1/3,2=3/2

B13. 1.z=1+,/1 — (x — ¥)>? B28 1.z=,/Inx + Iny
= - = - i,x:e, =1
2.a)z=cos(1/y)-1/,/xy, x=n/2, 2.a)z vay y
y=2/m

6)u=x3/2-y3/2+823,x=2,y=2,2=3/2
6)u=x\/;-yzz,x=2,y=1,z=-1

B14. 1.z=In(x%+y) B2 9.z=In(y-Inx)

X% [2 _ 2 y=q y= - Y =1 v=
2.a)z=e” /x y4, x=1,y=0 2.a)z ,/xylnx,x 1, y=2
6)u=siné, x=2,y=m,z=1 B)u=3x?%/2-

v2/2+272?,x=2/3,y=2,2=2/3
B15. 1.z=V1 — x2+,/1 — y2 B30 1.z=arcsin(1-x*y?)
2.z=yIn(x%y?), x=2,y=1 2.a) z=Vinx i, x=e,y=1
u=x3/16+y%/9-z2/8,x=2,y=1/2,2=1/3 6) u=x2-

y2+322,x=1/2,y=1/2,2=1/2

3ananue 1.HaiiTn yacTHbBIE NPOU3BOAHBbIE BTOPOI0 MOPSAKA

B1z=x?y2-4x-5y B16z=x3-y3-3xy
B2 z=y%-x*+xy-2x-6y B17z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x%+y?+xy-3x-6y

B4 z=y\x-y?-x+6y B19. z=xy*(1-x-y)



B5 z=e*/?(x+y?)

(%]

B6 z=x3-y3-3xy

B7 z=0,5xy+(47-x-y)(x/3+y/4)
B8  z=x%*t+y’+xy-3x-6y

B9  z=xy*(1-x-y)

B10 z=x3+y3-15xy
B11z=x%+y%+xy-4x-5y

B12 z=y2-x%*+xy-2x-6y

B13  z=xy(1-x-y)

B14  z=y/x-y>-y+6y

B15z=e*/%(x+y?)

B20. z=x3+y3-15xy

B21. z=3-2x2-xy-y?

B22. z=y2-xy-2
B23.z=x?+2xy-y?+4x
B24z=2x>+2xy-y?/2-4x
B25z=x2+xy-2

B26.  z=y?-2xy-x’+4y+1
B27.  z=1-2xy+2x?

B28.  z=4x+2y+4x2+y’+6
B29  z=x%+2xy-10

B30. z=x%+2xy-y2-4x

3amanue 2.UcciienoBaTh 331aHHYI0 (PYHKIIHIO HA IKCTPEMYM

B1. z=12+2xy-x?
B2.z=5x2-3xy+y*+4
B3.z=4x%+9y2-4x-6y+3
B4.z=x2-2xy-y*+4x+1
B5.z=y?+2xy-x-4y
B6.z=x%+3y%+x-y
B7.z=x%y
B8.z=4-2x2-y?

B9.z=x%/2-xy

B16.z=x%+2xy-10
B17.z=4x+2y+4x*+y%*+6
B18.z=1-2xy+2x?
B19.z=x2+2Xxy-y?+2x+2y
B20.z=y?-2xy-x*+4y+1
B21.z=x%+xy-2
B22.z=2x%+2xy-y?/2-4x
B23.z=x2+2xy-y*+4x

B24.z=3-2x%-xy-y?



B10.z=1+xy? B25.z=y?-xy-2

B11.z=4-2y%+x? B26.z=x2+y?+xy-4x-5y
B12.z=y?+2xy-x>-4y B27.z=y?-x?+xy-2X-6y
B13.z=x2-xy B28.z=x>+y?+xy-3x-6y
B14.z=xy(4-x-y) B29.z=x3-y3-3xy
B15.z=x2+2xy-y?-4x B30.z= x3+y3-15xy

KoHTposbHBIE BONIPOCHI:

1.ChopmynupoBath onpeenacHue GyHKIUU C IBYMS IEPEMEHHBIMHU.

2.Urto Ha3wiBaeTCst 001aCThIO ONpeneeHus PYHKIIMN HECKOIBKHIX

NEPEMEHHBIX ?

3.CopmynrpoBaTh MPABUIO HAXOXKICHUS MPOU3BOTHON PYHKIIMHA HECKOIBKUX

EPEMEHHBIX.

4.Yto Takoe noHbIN quddepeHnnan GyHKIUU HECKOIBKUX TTEPEMEHHBIX ?
5.ChopmynupoBaTh adrOPUTM HAXOXKJIECHUS dKCTpeMyMa (QyHKIIUU

HECKOJIbKUX MIEPEMEHHBIX
IIpakTuyeckasi padora Ne 10 mo reme
Tema «BbIluuciieHre IBOMHBIX HHTETPAJIOB»

Iesab: TpOBEpUTH YMEHUE BBIYUCIATH ABOWHBIE UHTErPAJIbI B JEKAPTOBBIX
KOOpAUHATaX

Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. N3yuunTb TeopeTnyeckme ceegeHuns
3. BoinonHutb 1 0dopMuTb paboTty
4.lMoKa3aTb pe3ynbTaTbl NpenoaasaTesto
AomalwiHee 3apaHue



1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BONPOCHI

Teopernueckuii MaTepuall

IIycTh B HEKOTOPOW OrpaHUYEHHOMN 3aMKHYTON 00J1acTi D TUIOCKOCTH xOy 3a/aHa
HenpepbiBHas Qynkuus z=f(P), rme Touka PeD . Pa3o0beM 5Ty 001acTh

MIPOU3BOJIBHBIM 00pa3oM Ha N YaCTUYHBIX IJIOCKHUX siYeeK S, S,,..., S,, UMEIoIue

n?’

wiomaau AS,, AS,,..., AS B kaxpoil Takoil sdeiike BbIOEpeM IO OJHOMU

n
MPOU3BOJIBHON TOUYKE P, P,,..., P, U BBIUUCIUM 3HAYEHUS PYHKIIUU f(P) BO B3STbIX
Toukax. COCTaBUM TaK Ha3bIBAEMYIO UHMESPANbHYIO CYMMY (PYHKIHMU f(P) 1o

obnactu D
Zf (P)AS, + f(P,)AS, +...+ f(P,)AS, . (1)

Heotinbim unmezparom ot ¢yukiuuu f(P) mo obnactu D Has3bIBaeTCS Mpee

UHTETpaibHOM cyMMbI (1) MpU CTpeMIIEHHH K HYJI0 HauOOJbILIEro U3 JUaMETPOB
BCEX sIYEEK JIaHHOTO pa30ueHus:

[[t(P)s = lim ZfP)AS (2)

rrade

OcHOBHBIE CBOWCTBA NBOWHOTO MHTErpama

1. JIBoiiHO¥ wmHTerpan 1o obiactu D oT anreOpandeckord CyMMBbI (YHKITUH
paBeH anreOpamyecKoil CymMMe JBOWHBIX WHTETPAJIOB OT ClIaracMbIX
byHKIHI 110 3TOM ke 00J1acTH:

[[I£.(P)= £,(P)lds =[[ f,(P)ds + [[ f,(P)ds

2. TlocTOSSHHBIM MHOKHTENIb K MO>XKHO BBIHECTH 3a 3HAK JIBOMHOTO MHTETpasia:

[[k-f(P)ds =k-[[ f(P)ds

3. OOnacTh MHTETPUPOBAHUS TBOWHOTO WHTErpajia MOXHO pa3OWTh Ha YacTH,
TO €CTh €CJIM 00JacTh D COCTOMT M3 JBYX Hemepecekaroumxcs odmacteit D,

T e frems e

Ipumepsl



x2+4

y h 1
3aganue 1: BelunucauTh MOBTOPHBIN HHTErpal _f dx _[ —dy.
1 2 X
Pemienue: BerunciauM cHayaia BHYTPEHHUHM MHTErpajl 10 INEPEMEHHON Yy , CUUTasd

X IIOCTOSHHBIM:

3aganme 2: BpluuciauTe ABOWHOW HMHTErpal _U(x+ y)dxdy mo o6mactu D
D

OTPaHUYEHHOU NPSAMBIMU X =2, X=6, y=1HU y=4.

Pemenue: O6nacte D siBisieTCS MPOCTOM OTHOCHUTENIBHO oceil Ox u Oy (pwuc.

1), I[MO3TOMY IJIA BBIYUCIICHUA UHTCTPaAla MOXKHO HUCIIOJIB30BATh JIIO6YIO

b d
W3 dbopmyn I j f(x, y)dxdy = I dxj f(x, y)dy WIN
D a c
H f(x, y)dxdy = I dyj X, y)dx . CHayana BBIYMCIUM JIBOIHOH MHTErpan
D

6 4
mo mepBod  Qopmye: ” (x+ y)dxdy = I dxj (x+y)y . Beruucnus
D 2 1

BHYTPEHHUN WHTETpajl IO TEPEMEHHOM Yy TMPU MOCTOSHHOM X ,
HaxoJauM

1

. y? |4 1 15
I X+ y)dy = Xy+-| = (4x+8)—(x+§j = 3x+? . IloxcTaBuB 5TO BBIPAKEHHE BO
1

+ =78.
2 2

2

. 15 3x> 15 |®
BHCIITHUM UHTETPAJI, IIOJTYYUM I 3x+5 dx=| —+=—x

Teneppr  BBIUMCIUM  JIBOMHOW  HWHTErpaJl 10  BTOpoH  dopmylie

4 s
” (x+ y)dxdy = jdy f (x+ y)dx : Haiinem BHYTPCHHHUIA WUHTETPA:
D 1 2



6 2
I (x+y)dx = {X? + xy} g (18+6y)—(2+2y)=4y+16 . Jlanee HaiileM BHEIIHHII
2 2

4 4
UHTETrpa: I (4x +16)dy = [2y2 +16 y] 78, TO €CTh IMOJYYHIIM TOT K€ OTBET.
1 1

TeopeTuvyeckuii cBeIeHUS

[Inomaaer S 1wuiockol obOmactu D B MOPAMOYTOJBHBIX KOOPJIMHATaX
BBIUUCIISIETCS 110 opMyIie

S =ﬂdxdy; 1)

a B TIOJISIPHBIX KOOpJMHATaX — MO opMyIie

S=Hrdrdgo. 2

O0beM LUIMHIPUYECKOTO TENd, OrPAHUYEHHOIO CBEPXY MOBEPXHOCTHIO
z=1(x,y) , cHm3y o0mactei0 z=0 W COOKy TpPAMOH IMJIMHIAPUYECKON

TIOBEPXHOCTBIO, BBIPE3AIONIEH HA IUIOCKOCTH XxOy (z=0) obmacte D (puc. 1),

BBIUHCIIAECTCS 1O popmyiie

V= H zdxdy (3)

z A

2= 1(xv)




IIpumepsl

3aganme: Beruncnurh o0beM Tena, OrPaHUYEHHOTO IMOBEPXHOCTAMHU
z=2x+1, x=0, y=4, y=x°.

Pemienue: Teno, orpaHM4EHHOE 3aJaHHBIMU TOBEPXHOCTAMHU, MTPEACTABIISAET
co0Ol BepTHKAJIbHBIM MapabOJMYECKUil LWIUHIP, PACIOJIOKEHHBIM B TNEPBOM
oktaHTe. CBepxy TeJlO OrpaHMYEHO IUIOCKOCThIO z=2X+1 , CcOOKy
napaboIMICCKUM IIUIUHIPOM Y = X* M TUIOCKOCTAMU X=0 U y = 4. Haiinem Touku

y=x°

nepeceucHuss mapaboibl y =X U NOPIMOH y=4 : { Takum o06pazom,

TOJTy49UM OJIHY TOYKY nepecedeHus M(2; 4).

3HaucHHEe X =-2 HE pacCcMaTpUBaeM, TaK KakK IWIMHIAP PpACIOIO0KEH B
nepBoM okrtadre. O6macTh D 3ammileM B BHIE CHUCTEMbBI HEPABEHCTB 0<X<2 W
x*<y<4,

Cornacuo dopmyie (3), moaydaum

V= H zdxdy = Jz.dle(ZX +1)dy = i[ny+ y] "ax = j'(8x+ 4-2x% - x° Jx :13% (xy0. en.)
D 0 X 0 x? 0

3aganue 1. Berunicnuth uaTErpan mo oomactu D, orpaHndeHHON yKa3aHHBIMH

JTUHUSAMH.
B1f[ y?cosxydxdy B16[ y?cos = dx dy
D D

D:x =0,y = \/FV X/2 D:x:O,y=\/n_/2;y=x/2
B2ff 3yzsin%dx dy B17[[(18x%y? + 32x°y®) dx dy
D D



D:x =0,y =./4m/3; y=2x/3

B 3[[(3x%y? + 4xy) dx dy:
D

Dix=1 y=—Vx;y=x?
B4[[(27x*y? + 12xy) dx dy
D

Dix = 1,y = V% y=x?
BSffyzsin%dxdy

D

D:x =0,y = vr; y=x

B6[[ 4y2sin2xy dx dy

D

D:x =0,y =+V2m; y=2x

B7[[ 4y*sinxy dx dy

D

D:x=0,y =,/m/2; y=x

B8[[ (49x2y? + 28xy) dx dy
D

D:x=1,y=—-Yx; y=x?
B[ (9x%y? + 48x3y3) dx dy

D

B18 [ (9x2y? + 2xy) dx dy

D

D:x=1; y=+/x; y=—x3

B 19 [[(18x2%y? + 8xy) dx dy
D

D:x =1,y = Vx; y=—x2
Bzoffyze_xzydx dy

D

D:x =0,y = 4; y=2x

B21[[(27x%y? + 12xy) dx dy
D

D:x =1,y = —/x; y=x3

B 22[[(9x%y? + 8xy) dx dy

D

D:x =1,y = Vx; y=—x3

B 23 ([ y?cosxy dx dy

D

D:x =0,y = m; y=x

B 24 [ (18x%y? + 32x3y3) dx dy

D



D:x =1,y =+/x; y=—x?

B10 [ yze_% dx dy
D

D:x =0,y = 2;y=x

B11[[(36x%y? + 96x3y3) dx dy
D

D:x=1,y=3x; y=—x3
B12([ yzsin%dx dy

D

D:x =0,y = m; y=x/2
B13[[(12x%y? + 16x3y3) dx dy

DD:x =1,y = —/x; y=x?

Bl4ffyze_%dxdy
D

D:x =0,y = 2; y=x/2
Blsﬂyzcos%dxdy
D

D:x =0,y =+2m; y=2x

D:x=1,y=3x; y=—x?

B 25 [ (18x2%y? + 32x3y3) dx dy
D

D:x =1,y = —/x; y=x3

BZfoyZe_Xz_ydx dy

D

D:x=0,y=1;y=x/2

B 27/ y?cosxy dx dy

D

D:x =0,y = m; y=2x

B 28/ (18x2y? + 24xy) dx dy

DD:x = 1;y = —3/x; y=x3

B 29[ (9x%y? + 12xy) dx dy
D

D:x=1y= \/E; y=—x2

B 30/[ y*cosxy dx dy

D

D:x =0,y =m/4;y=x



3aaaua 2. VI3MEHHUTH NOPSAIOK UHTETPUPOBAHUA.

21. [ dy T i dx+fdy f fdx. 22 [dy [ f dx+fdy f fdx.
-2 vy -1 [y 0 -y 1 -y
ey Jy 2y
2.3 jdyff dx + fdy ij f dx. 2.4, jdyjyf dx+idy ijf dx .
0 0 1 0 0 0 1 0
-1 0 0 0
2.5. I dx j f dy+_[dx_[f dy .2.6.
-2 _W -1 X
12 arcsiny arccos y \/_ \/_

jdyj fdx+jdyj f dx2.7. jdyjfdx+jdyjfdx

j j f dx+jdy Ijnyf dx 2.9

0 Jy
0 0 x° -3 0 0 0
jdx j fdy+jdxjf dy. 2.10. jdx j fdy+jdx j fdy .
2 0 -1 0 2 42 B Ji2o

1 ¥y 2 2y
2.11. jdxj fdy+jdxjfdy 2.12.£dy'([fdx+1[dy'£ f dx.

1x

z/4  siny z/2  cosy -1 0 0 0
213jdyffdx+fdyjfdx 214. [dx [ fdy+[dx[ fdy.
/4 -2 —(2+x) -1 ¥y
2.15. jdyjfdx+jdyjfdx 2.16. jdyjfdx+jd T f dx
1 Iny -Jy 1 J2-y



1 0 2 0 1y 2 2y
2.17. jdyjfdx+jdy j f dx. 2.18.jdyjfdx+jdyjfdx.
0 -y 0 0 1 0

1 o2

Ng) 0 2 0 -1 0 0 0
2.10. jdx j fdy+jdx j f dy.2.20. jdy j fdx+jdyj f dx.
4

0 4-x2-2 B 4 -2 ~(2+y) -1y

201 jdyjf dx+jdyj f dx. 222 jdxxff dy+fdx zj f dy.
1 Iny 0 0 1 0
/4 sinx 72 cosx - 0 0 0
zzsjdxjfdy+jdxjfdyzz4 jdyj fdx+[dy [ fdx.
z/4 0 -2 -y -1 y

1 x? 2 2-x N 2 a2
z.z5.jdxjf dy+jdxj fdy. 226 jdx j f dy+jdx j f dy.
0 0 1 0 0 0 3

0

Z 2

2.27. _l[dxj. f dy+fdx f fdy. 228 jdxff dy+jdx j f dy.
0 —Jx N 0 o0 1 0
N N N 2 Vox
z.zg.jdyjfdx+jdy j f dx. 2.3o.jdxjfdy+jdxj f dy.
0 0 1 0 0 0 1 0
3amava 3. BeruuciaunTe.
“ 12x y® +16x° y dxdy; H 9x y® +48x° y dxdy;

D: x=1 y=x? y=-/x. D: x=1 y=+x, y=-x



ﬂ(36x2y2 —96x3y3)dxdy;
3.3. D

D: x=1y=%x, y=-x.
_U 27x y® +48x° y dxdy;

D: x=1 y=x° y——\&.

H 18x y* +32x°y° dxdy;

D: x=1y=x, y_—\/§.

H Axy +3x°y? dxdy;

D: x=1, y_x , y:—\/§.

H 8xy + 9x° y dxdy;
3.11. b

D: x=1 y=3x, y=-x%

_U 12Xy + 27X°y? dxdy;
3.13. b

D: x=1 y=x° y=—§/§.

- J.J.( xy+—xyjdxdy;

D: x=1, y—x , y=—\/§.

II(24xy—48x3y3)dxdy;
3.17. b

D: x=1y=x% y=—-x.

H 18x y® +32x%° y dxdy;

D: x=1, y_x , y——\&.

” 18x yZ +32x°y° dxdy;

D: x=1y=3%x, y=-x%

” 27x y* +48x°y° dxdy;

D: x=1 y=+x, y=—x%.

ﬂ 12Xy + 9x°y? dxdy;
3.10. o

D: x=1 y=+x, y=—x

ﬂ 24xy +18x° y dxdy;
3.12. o

D: x=1, y=x , y=—€/§.

” 8xy +18x°y? dxdy;
3.14. o

D: x=1y=3%x, y=-x%

16 ”( Xy +9x°y jdxdy;

D: x=1 y=+x, y=-%%.

” 6Xy + 24x° y dxdy
3.18. b

D: x=1 y=+X, y=—x



H(4xy +16x°y* ) dxdy;
3.19. o

D: x=1y=%x, y=-x°

”(44xy +16x3y3)dxdy;
3.21. D

D: x=1y=x% y=-%x.

H xy —4x°y® dxdy;
3.23. D

D: x=1y=x% y=-x

2o H(6x y° +—x y jdxdy;

D: x=1], y=x , y=—\/§.

J' J' (SX jdxdy,

D: x=1, y:§/§, y=-Xx

3.27.

”(54x2y2 +150x4y4)dxdy;
3.29. D

D: x=1 y=x2, y=-%x.
” Xy —9x°y dxdy,

D: x=1y=3%x, y=-x

3amaHus MpaKTH4YeCKOH PadoThI

ﬂ(4xy +16x°y* ) dxdy;

3.20. D

D: x=1y=x%, y=-%Xx.

”(4xy +176x3y3)dxdy;

3.22. D

D: x=1y=3%x, y=-x°

”(4xy +176x3y3)dxdy;

3.24. D

D: x=1 y=+X, y=—x

”(9x2y2 +25x"y* ) dxdy;

3.26. D

D: x=1 y=+X, y=-x

”(9x2y2 +25x"y* )dxdy;

3.28. D

D: x=1 y=x% y=-¥x.

3.30.

3ananme 1.Halitu momaaes Gurypsl, OrpaHUuYE€HHON JAHHBIMU JTUHUSIMU



B1. y2- 2y+x2=0, y?>-4y+x?>=0
X

y_\/_gl V _\/§X

B2.y2- 6y+x2=0, y>- 8y+x>=0
X

V=7 ¥ =V3x

B 3. y2- 8y+x2=0, y?- 10y+x?=0
X

V=7 ¥ =V3x

B 4.y2- 4y+x2=0, y?- 6y+x%=0

y=X, x=0

B 5.y%- 6y+x2=0, y?- 10y+x?=0

y=X, x=0

B 6.y%- 8y+x%=0, y?- 10y+x?=0

x=0y =1/3x

B 7.y%- 4y+x%=0, y?- 6y+x*=0

x=0y =1/3x

B 8.y%- 2y+x%=0, y?- 6y+x*=0

X
y_\/_gr y= 0

B 9. y?- 2y+x?=0, y2-10y+x2=0
X

y_\/_gr Yy _\/§X

B 10.y*- 4y+x%=0, y?-10y+x*=0

X
y_\/_gl V _\/§X

B 16.y%- 4y+x2=0, y?- 8y+x?=0

V=75 =0

B 17.y?- 2y+x%=0, y%- 4y+x?=0

y= X, x=0

B 18.y%- 4y+x?=0, y%- 8y+x?=0

y=X, x=0

B19. y% 2y+x?=0, y>- 10y+x*=0
y=0y =v/3x

B 20. y2- 2y+x2=0, y?-4y+x?=0
V=75 ¥ =V3x
B 21. y2- 2y+x2=0, y?-6y+x?=0
V=7 ¥ =V3x
B 22.y?- 2y+x%=0, y?-8y+x*=0

X
=7 =/3x

B 23.y%- 2y+x%=0, y?- 6y+x?=0

X
y_\/_gi y= 0

B 24.y*- 2y+x?=0, y?- 6y+x?=0
X

y_\/_gi y= 0

B 25.y%- 6y+x%=0, y?-2y+x*=0

y=X, x=0



B 11.y?- 4y+x?=0, y?-2y+x*=0
y=X, x=0

B 12.y%- 6y+x%=0, y2-8y+x2=0
y=X, x=0

B 13. y2- 4y+x2=0, y2-8y+x>=0
y=X, x=0

B 14.y?- 4y+x?=0, y*- 8y+x*=0
x=0y =v/3x

B15y2- 2y+x2=0, y>-6y+x>=0

X
y_\/_gl X = O

B 26. y?- 4y+x%=0, y?- 2y+x?=0

y =V3x

y2- 4y+x2=0, y>-8y+x2=0
y =V3x

B 28.y?- 4y+x%=0, y2-8y+x2=0

x=0,
B 27.

x=0,

X

V=75V =V3x

B 29.y?- 4y+x?=0, y?-6y+x%=0
X

V=75 v =V3x

B 30.y%- 6y+x%=0, y?-10y+x?=0

X
V=7 ¥ =/3x

3aganue 2.Boryucnuts miomaas GUrypsl, OrpaHUY€HHON JTUHUSMU B
IPSIMOYTOJILHOM CUCTEME KOOpAMHAT.

1.

No g b~ D

©

10.
11.

12

13.
14.

y=4—x2; 3x—-y=0; yzﬂ.
2y=x2; 2x+2y-3=0
y-—2x=0; y=x2; x=1
y=x% y=x y=2x

yg = x; 3}:2 =4x-4
y=(x-4% y=16-x"

y=x+1; y = cosx; y=ﬂ_
2 )

y=—x y=smx, y=0
T

4y=8x—x2; 4y =x+06

y=e¢; y=¢"; x=3

y=2"%2x+3y=8 x=0, y=0

Cy=lnxg y=-1, x=3
=6 x+y=T7
=4, x—y=0; :::—4=U_

2
x=4y2; :::=y—; r=2

17. 9 :
18, y=Ix; x+y=1 y=1
19. ¥ =2% y=2x—x% 0=x=2
og Y =aresinx; 0<y<a, x20
21. y=a.rccnsx;y3_>ﬂ;x2_>ﬂ_

x=arcsiny;ﬂ£x<_:g;y3_>ﬂ

22,
o3 X =arccosy,y 20, x <0

y=fg;—:; y=13; x20

24,
25, ¥ =x-1 y=p-2|
26. * = Vb I=4—J”2

o7 Xx=Iy; y £7.29; x 20

8. y=x2+4x; x—y+4=ﬂ'

2

29. y=x2; 4y =x*, c=i2'

30. y=x2+1; y=3—x2



15. 3::+2y2 =0 ;ac+3y2 =1

p? =5 x= 4
16. 3.
3ananmue 3
Bbruuciure 0o0BEeMBI  TEN, OrPAaHWYEHHBIX  3aJaHHBIMH  TOBEPXHOCTSIMH
(IOTIOTHUTEIBHOE 3a/IaHHE)

1) z=6, y=x*, y=4, x=0, z=0;

2) z=3-x-y, x=0, y=x*+1, y=2, z=0;

3) z=4x+1, y=x*, x=0, y=4, z=0;

4) z=4-x*, x+y-4=0,x=0, y=0, z=0;

5) z=2-x, y*=9x, y=3x*, z=0.
KoHnTpoibHbIE BONIPOCHI:

1.Yto Ha3pIBAETCS MHTErPANLHON cymMMoii pyukiuu f(X, y) B obnactu D ?2.JlaiiTe

OIIPpCACIICHUC I[BOﬁHOFO HHTCTpalia.

3.Ilepeuniciure OCHOBHBIE CBOMCTBA IBOWHOTO MHTETpaa.

4. Kakue ciiydam pacroyio)keHuss oOnacTk D OTHOCHTENBHO OCEeH KOOpIWHAT
BO3HUKAIOT TpPU BBIUYKUCICHUU [JIBOWHBIX HWHTErpajgoB? 3anumure (HOopMybl
BBIUMCIICHUS IBOMHBIX UHTETPAJIOB JIJISl KAXKJOTO U3 ITUX CITy4yaes.

5.Kakue nHTerpanbsl Ha3pIBAIOTCS MOBTOPHBIMU MU IBYKPATHBIMU ?

6.1To xakoii ¢popmysie BRIUYUCIAETCS TUIOMIA b TUIOCKOW 00JIACTH B MPSMOYTOJIBHBIX
KOOpAUHATaX?

7. Tlo xakoi (opmyie BBIYHCISICTCS ILUIONIAAb TUIOCKOM OOJACTH B TMOJSPHBIX
KOOpAUHATaX?

8. ITo xako#i hopmyse HaxoauTCsi 00bEM Teja, OTPAHUYEHHOTO TTOBEPXHOCTSIMU ?

IIpakTuyeckas padora Ne 11
Tema «HUccienoBanue YMCJI0BbIX PSIOB HA CXOAUMOCTb»
eab: HAYYUTHCSA UCCIIENOBATH YUCIOBBIE PSAIBI HA CXOJUMOCH
Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA
2.3apaHue

3./lInctA4

4.KanbKynatopol



MopAaaoK BbINONAHEHUA PAbOTbI

1.3yunTb 3agaHue

2. 3yunTb TEOpETUYECKME CBEAEHUA

3. BoinonHutb 1 opopmutb paboTty

4.MoKas3aTb pe3y/bTaTbl NpenogaBaTento
AdomalwHee 3apaHne

1.MoAroToBUTb OTBETbI HAa KOHTPOIbHbIE BOMPOCHI
TeopeTuyeckue cBeeHU

Onpenenenue. CyMMa YJEeHOB OECKOHEYHON 4YHCIOBOM IIOCJIIEAOBATCIIBHOCTHU

Uy, Uy eyl ... HA3BIBAETCSH YHCIOBBIM PSIOM.
Uy Uy U, = DU,
n=1

[Ipu 3TOM umcHa u,,u,,.. OyleM Ha3bIBaTh WICHAMH psiia, a U, — OOLIUM YJICHOM

pana.

Omnpenenenne. CyMMBbI S, =u, +u, +..+u, = u, , n =1, 2, ... Ha3BIBAKOTCA
k=1
YaCTHBIMHU (YACTUYHBIMH) CYMMAaMHU Psijia.

Takum  00pa3oM, BO3MOXKHO  pacCMaTpuBaTh  IOCJICAOBATEIBHOCTH
YaCTUYHBIX CYMM psifia Si, Sy, ..., S, ...

Onpenenenue. Psag wu, +u, +...+u, +..= Zu Ha3bIBACTCS CXOAAIIMMCSH, CCIIU
n=1

CXOOUTCA MOCIICAOBATCIBbHOCTD €TI0 YaCTHBIX CYMM. CyMMa CxoaAamerocsd psaaa —
Impeacii MoCJICA0BATCIIbBHOCTU €TI0 YaCTHBIX CYMM.

Onpenesenue. Eciu nocnenoBaTeIbHOCTh YACTHBIX CYMM psifila PacXOAUTCH, T.€.

HC HMCCT IIpCAciia, HIK HMCCT OCCKOHEYHBII npcacii, TO psgad Ha3bIBACTCA
PACXOAAIUMCH U €EMY HC CTaBAT B COOTBETCTBUEC HUKaKOM CYMMEI.

Ceoiicmea ps0oe.
1) CXomuMOCTh WIIH PACXOAUMOCTh pPsia HE HAPYIIUTCS €CJIM HW3MEHHUTb,

OT6pOCI/ITB %0041 ,Z[06aBI/ITB KOHCYHOC YMCJIO YICHOB pAaa.

2) Paccmotpum 1Ba psga » u, u Y, Cu,, rae C — MOCTOSHHOE YUCIIO.



Teopema.Eciu psad D u, cxooumes u e2o cymma pasua S, mo pao » Cu, modice

cxooumest, u e2o cymma pasna CS. (C=0)

3) Paccmotpum nBa paga » u, © Y v, . CyMMoii MM Pa3sHOCTBIO 3THX
psIOB OyaeT Ha3kBaThCA P (1, +v,), TJ€ DIEMEHTHI ONYYEHBI B PE3y/IbTaTe

CJIOKCHUA (BBI‘H/ITB.HI/ISI) HNCXOOHBIX 3JICMCHTOB C OAMHAKOBBIMHU HOMCPaMHU.

Teopema.Ecau psdbl D u, U Y v, CXOOAMCA U UX CYMMbL PABHbL COOMEENCINBEHHO

Su o, mopao D (u,*v,) modce cxooumcs u e2o cymma pagua S + o.

Z(un +vn)=2un +Zvn =S+o

Paznocmu 08yx cxooawuxcs psaooe maxaice 6yoem cxo0aumumcst psioom.
Cymma cxo0sawe2ocst u pacxoosue2ocs psioos 6yoem pacxooauumcst psoom.
O cymme 08yX pacxooauuxcs psaoos ooue2o YmeeprucoeHus coeiamnb Helb3s.

IIpy u3yyeHuH pSAOOB pEIIAIOT B OCHOBHOM JIBE 33Ja4yd: MCCJIEAOBaHUE Ha
CXOJMMOCTh U HAXOXKJAEHUE CYMMBI PSa.

1) Ecmm psin Z”n CXOJIUTCS, TO HEOOXOUMO, YTOOBI OOIIMIA WIeH Un CTPEMUIICS K
HyJ10. OIHAKO, 3TO YCJIOBHE HE SBISIETCS TIOCTATOYHBIM. MOKHO TOBOPUTH TOJIBKO
O TOM, YTO €CJU OOIIUH 4JIeH HE CTPEMHTCS K HYJIO, TO PSI TOUHO PACXOJIUTCS.

. o > 1
HaHpI/IMep, TaK HA3bIBACMbIUM T'AapMOHHUYCCKHU P Z— ABJECTCA paCXOooAIIUMCH,

n=1

XOTsI €r0 OOIIMIA YJIeH U CTPEMUTCS K HYIIIO.

1 2 3 n
IIpumep. McciieqoBats CXOIUMOCTD Psilia 5 + 5 + 3 + .ot 1 +...
n J—
o . . 1 1 .
Haiinem lim 3 " " = lim —7 = 5 #0 - HEOOXOIUMBIN IIpU3HAK CXOAUMOCTHU HE
n—>0 n J— n—>

oc3_7
n

BBIIIOJHACTCSA, 3BHAYUT PAIA PACXOOUTCH.
2) Ecnu pAd CXOOAUTCA, TO IOCIICAOBATCIIBHOCTD €TI0 YaCTHBIX CYMM OI'paHHUYCHA.

OI[HaKO, 9TOT IIPU3HAK TAKKC HC ABJIACTCA 1OCTATOYHBIM.

Hampumep, psag 1-1+1-1+1-1+ ... +(-1)™+... pacxomurcs, T.K. pacxommTcs
MOCJIEIOBATEIIBHOCTD €TI0 YACTHBIX CYMM B CHITY TOTO, UTO

n

s _{O, npu  4emHvix Hn

l, npu Heuemmuvix n



OI[H&KO, IIpHU 3TOM IOCJICAOBATCIIbHOCTh YAaCTHBIX CYMM OI'paHHMYCHA, T.K.

S,

<2 mpu Jar00om N.

Paovi c neompuyamenvHviMU YneHAMU.
[Ipy W3ydYeHUM 3HAKOMOCTOSIHHBIX PSJOB OIPAHUYHMMCS PAacCCMOTPEHHEM

PAIOB C HEOTPULATEIBHBIMU WIEHAMH, T.K. IIPU IIPOCTOM YMHOXEHHUH HAa —1 U3
ATUX PSANOB MOYKHO IOJYUYUTH PAJIBI C OTPULIATENBHBIMYU YWICHAMM.

Teopema./[1a cxodumocmu psda Y u, C HEOMPUYAMETLHLIMU — UIEHAMU

He0OX00UMO U 0OCMAMOYHO, YMOObl YACMHbIE CYMMbL P0a ObLIU 02PAHUYEHDL.

IIpu3HaK cpaBHEHUS PSJIOB C HEOTPUIATSIIHbHBIMM YICHAMM.

ITycTh aHbl 1Ba psifa » u, ¥ ».v, HPH Un, Vp>0.

Teopema. Ecin Un<Vy mpu m060M N, TO M3 CXOAMMOCTH psjfa ».v, CIELyeT

CXOIMMOCTb psifa » u

psa . v,.

a U3 PacXOAMMOCTH PsAfa » u, CIEAyeT PacXoAUMOCTh

n 2

1 1 1
Ilpumep. McciaenoBaTh Ha CXOAUMOCTD PAJl —— + —— +...+ —— +...

h2 In3 Inn

1 1 . 1
T.k. ln_>_ , 4 TAapMOHHNYCCKUU PAO z— PacCxXoguTCsda, TO PACXOOAUTCA WU PO
n n n

b
Inn

= 1
IIpumep. McciienoBats Ha CXOAUMOCTD P Z TR
n=1 n

1 1 1
T.x. <— , a pan 22— cxogutcs ( Kak yObIBaroIiass TeoMeTpUdecKas

n2" 2"

1
MIpOrpeccus), TO psij ZT TOXE CXOJUTCA.
n

n=1

TakKe UCIONB3yEeTCs CIEAYOINN IPU3HAK CXOIUMOCTH

. u
Teopema.Eciu u, >0, v, >0 u cywecmeyem npeoen lm —-=h, 20e h — uucno,
n—»0 Vn
omauuHoe om Hyms, mo padel Y u, U D.v, 6e0ym OOUHAKOBO B CMbICIe
CXOOUMOCU.

Ilpusnax /lanamoepa.
(OKan Jlepon damam6ep (1717 — 1783) — dpanIy3cKuii MaTeMaTuK)



Ecnu ona paoa ) u, ¢ NOLOJNCUMENbHBIMU UIEHAMU CYWeCmEyem makoe

qyucio q<1, ymo 015 86cex 00CMamo4Ho OOIbUUX N BLINOIHACCS HEpABeHCcmeo

u
—L < g,mo pso Y u, CXOOUMCS, ecu dice Ol 6¢ex 00CMamoyHo GonbULUX N
u

n

u
6bINONIHACMCA YCI06Ue —*1 > 1,m0 pA0 D u, pacxooumcs.
u

n

Ilpeoenvuwrit npusnax /lanamoepa.
[IpenenwHblil pusHak JlanmamOepa siBAsSETCS CIEACTBUEM M3 MPUBEICHHOTO

BbIIIE MTpU3HaKa JanambGepa.

Ecnu cywecmsyem npeoen lm LTI p, mo npu p< I psao cxooumcs, a npu p> 1 —

n—»0 u
n

pacxodumc;z. Ecnu P = ], mo Ha eonpoc o CXOOUMOCMU OMEEMUMb HENb3A.

)
Hpumep. Onpenenutrs CXOAUMOCTb psifia Z >
n=1

" :n; " _n+l, limu”—+1:1im(n+1)2 :n+1: n_1

noe gy n—o 2”+1 n 2n 2 2

n+l 2n+1 s

BriBo: psin cxoauTes.

1 1 1
IIpumep. Onpenenurs CXOAUMOCTD psia 1+ 1 + o Fob =t

|
e Y I e SN S| S
(n+D)! ooy, e (n+1)! en+d

BeiBox: psanx cxoautces.

Hpuznaxk Kowu. (paoukanvnulit npusnax)
Ecnu ons psaoa ) u, ¢ HeOMPUYamerbHblMu YIeHAMU CYWeCmsyem makoe Hiucio

<1, umo 0ns 6cex docmamoyno 6onbwUX N GLINOIHAEMCS HEPABEHCMEO tfu, < q ,

mo psd Y u, cxooumces, eciu dce Ons 6cex OOCMAMOUHO GONbUIUX N GbINOTHACMCA

Hepasencmeo iu, >1,mo psao » u, pacxooumcs..

Caeacrsue. Eciu cymectByeT npeaen lm \/Z =p, T0 ipn p<l psAxg cxogurcs, a

pu p>1 psa pacxoauTcs.



3n?+5

n=1

= (2n> +1)
Hpumep. Onpenenuts CXOAUMOCTD psiaa z .

2n* +1 n?
Iim 2/u_ = lim = lim n
n—o0 " n—o0 37’12 +5 n—0 5 3

BeiBOA: psax cxogutces.

© 1 n
Ipumep. OnpenennTs CXOAUMOCTb psiia Z(l + —) .
n

n=1

m%:mn(uljﬂ.
n

n—>0 n—>00

T.e. mpusznak Komu He gaet oTBeTa Ha BONPOC O CXOAUMOCTH psiaa. [Ipoepum
BBITIOJIHEHUE HEOOXOIUMBIX yCIIOBHH cXonuMocTH. Kak ObUIO Cka3aHO BhIIIE, €CIU
PSAIT CXOJIUTCSI, TO OO WICH psijia CTPEMUTCS K HYJIIO.

lim u, :]jm[1+lj =e#0,

n—>0 n—>0 n

TaKUM 06pa30M, HCO6XOI[I/IMO€ YCIIOBUC CXOOAUMOCTH HC BBIIIOJIHACTCA, 3HAYHT,
pAOpPaACXOaNUTCA.

Humezpanvnwtit npusnax Kowu.

Ecu  @(x) — nenpepvienas nonodxcumenvhas —@Qyukyus, yovlearowas Ha
npomesxicymke [1l;©), mo pso (1) + ¢2) + ..+ o(n) + .. = i(p(n) u
n=1

HecoOCMBEeHHbIIL UHMe2Pal I o(x)dx 00UHAKOBLI 8 CMBICIE CXOOUMOCTIU.
1

1 1 1
[Ipumep. Psn 1+2—a+3—u+...+—a+... cxogutcs npu o>1 m pacxogurcs o<l T.K.
n

o . T dx
COOTBETCTBYIOIIMK HECOOCTBEHHBIH HMHTETPAI I_a cxomurcs mnpu o>1 wm
X
1

0

1
pacxomutcs a<l. Pax ) — Ha3bIBaeTCS 00IIerapMOHHYECKHM PSIOM.

n=1

CaencrBue. Eciu f(X) u ¢(x) — HenpepbiBHBIE (YHKIMH Ha WHTEpBaye (a, b] u
AC))

b b
o?:h’ h#0, TO MHTETrpaIbI I f(x)dx n I ¢(x)dx BemyT ce0s OJMHAKOBO B
xX—>a+! (P x Y Y

CMBICJIC CXOOANMOCTH.



3nakonepemennbvie paovl. (3HaxKouepedyrouuecs pAaosl).
3HaKOYePEeAYIOIIUICS PSJT MOXKHO 3alKUCcaTh B BUJIE:

Uy =y +uy —uy +.+ (=), +
roe u, >0, n=123,.. Ilpusnax Jleiionuya.

Ecnu y 3naxouepeoyroweeocs psaoa u, —u, +u, —u, +...+(=1)""u, +... abcomommvie
genuyuHbl Ui YObl8arom u, >u, >u, >... U 00OWUL YleH CmpemMumcs K Hyao u, —> 0,

Mo psi0 CXOOUMCAL.

Abconromnan u ycnoeHas cxooumocms pAaooe.
PaccmMoTpuM HEKOTOpBINM 3HAKOMEPEMEHHBIN psif (C 4ieHAaMU MPOU3BOJIBHBIX

3HAKOB) u, + Uy + ...+ U, +..= D U, (1)
n=l1

U pAan, COCTaBJICHHBIN U3 a0COJIOTHBIX BEJIMYUH YICHOB pAaaa (1)

)

u

n

]+ + o[+ = S

n=l1
Teopema.l3 cxooumocmu psioa (2) ciedyem cxooumocmo psoa (1).
Onpenenenne. Psn ) u, Ha3piBaeTCs aGCOMIOTHO CXOAAMIMMCS, SCIH CXOIHUTCS

pan Y

O‘IGBI/II[HO, 4dTO i1 3HAKOIIOCTOAHHBIX PAAOB IIOHATHA CXOOAMMOCTH H

ui’l

a0COJIFOTHOM CXOQMMOCTH COBITAAIOT.

Onpenenenne. Psx > u, Ha3bIBACTCS YCIOBHO CXOASIIMMCSH, SCIIH OH CXOIUTCS,
a pan Y |u,| pacxomurcs. Ipusnaxu Janambepa u Kowu ons

3HAKONEPEeMEHHbIX p}l008.

Ilycth Zu - 3HakonepeMeHHbId psaa. llpusnak lanamoepa. Ecnu cymectByer

un+l
un

npenaea hm

n—>0

=p, To nput p<I pax » u, Gyaer abCOMOTHO CXOAMMMCS, a TIPHU

p>1 psa Oynet pacxoasamumcs. [Ipu p=1 npusHak He HaeT OTBETA O CXOAUMOCTH
psana.

Ipusnak Komu. Ecnu cymectByer npenen lim z/ju,|=p, T0o npu p<l psng Zu

Oyner aOCONIOTHO cxoasuuMces, a pu p>1 psa Oyner pacxoasimumces. [lpu p=1
MPU3HAK HE JTAeT OTBETA O CXOJUMOCTH PsIA.



Ceoiicmea adconNoOmuo cxooamuxcsa paooe.
1) Teopema.)[na abcomomuoi cxooumocmu psaoda Y u, HeoOX0O0UMO U

00CMAamoyHo, 4mobvl €20 MOJHCHO OblLI0 NPedCcmasums 8 ude pPAa3HOCMU 08YX
CXOO0AUUXCSL PAO08 C HEOMPUYAMETLHBIMU UTIeHAMU.

CaeacrBue. YCI0BHO CXOASAIIMICS psifl SABISETCS PA3HOCTBIO IBYX PACXOISIIUXCS
PSAZIOB C HEOTPUILIATEIbHBIMU CTPEMSIIIIMMHUCS K HYJIIO YJE€HAMHU.

2) B cxonsmemcst psae yrobasi TPYNIUPOBKA WICHOB psjia, HE M3MEHSIIONAs UX
NnopsiJIKa, COXPaHIET CXOAUMOCTh U BEJIMUMHY psija.

3) Ecnu psin cxoauTcst abCOTIOTHO, TO PsiJI, MOTYyUYESHHBINH U3 HETO JII0O0H
NEePECTAHOBKOM UJIEHOB, TaKKe a0COJIFOTHO CXOJUTCS U UMEET TY K€ CYMMY.

[lepecTaHOBKOW WICHOB YCIOBHO CXOISIIETOCS PSAJIa MOXKHO IOJIYYUTh YCJIOBHO
CXOJIAIIUNACS Psii, UMEKIHUA JII0OYI0 Hamepes 3aJaHHyl CyMMy, U JaXe
pacXoIsIucs psa.

4) Teopema./Ipu 110601 epynnuposke uieHo08 abCoaOmMHO CX005Ue20cs paoa (npu
IMOM HUCTIO 2PYNN MOdCem OblMb KAK KOHEUHbIM, MAK U OECKOHEUHbIM U YUCIO
YIEeHO8 8 epYynne Modicen Oblmb KaK KOHEYHbIM, MAK U OeCKOHeUHbIM) NOyYAemcs
CXOOAUUUCSL PO, CYMMA KOMOPO20 PABHA CYMMe UCXOOHO020 PAOd.

5) Ecim psgel Y u, ¥ Y v, CXOOATCS aOCOMIOTHO M HUX CYMMBI DaBHBEI
n=1 n=1

COOTBETCTBEHHO SH G, TO psl, COCTABJICHHBIH W3 BCEX MPOU3BEACHUIA BHUAA
uyv,, i,k=12,. B3ATBIX B KAKOM YTOJHO MOPSJKE, TAK)KE CXOIUTCS aOCOIIOTHO U

€ro CymMMa paBHa S-0 - IPOU3BEJICHUIO CYMM MEPEMHOKAEMBIX PSIOB.

Ecin xe npou3BOAWTH MEPEMHOXKEHHE YCJIOBHO CXOISIIUXCS PSJI0B, TO B
pe3yIbTaTE MOXKHO MOJYYUTh PACXOISIIUNCS PSI.

3aaHus NPaAaKTHYECKOH padoThI

1.BeinucaTh TpU NEPBBIX WiCHA Psiia HAUTU TPETHIO YACTUUHYIO CYMMY

—cn M
2 Ol 18]
11121a) #=17°70, 6) n=1 %
5 =co 11
. : n=e 4p3
= . -1 a4 T
21222q) #10°(R=1)1, we1(nt +4)°

0)



T 3n+2

HEI'|SIHH|
/.
313230) A1(7=5)!, 6 *n’
—c 2n
§ 2 ?3=°°r:.::32ﬂ
—1H- J
414240) n=17(RF1)7, 5 "1 303
— +1
it 3';|€ H=cw "
Z !
51525a) #=1% (n+l), 5) w=1n® +1
Z " =
6,1626a) " 1 Vn-3" . 5 ni7i-inn
?32002?2"'2 2 I E.?E
— 2n-1
7,17,272) #=1 3 6 ail+e™
P
# = o =
s R *‘Emszﬂ4 )
_ ]
8.18.28a) #-1 (21)7 6) i 20l
M=Dc'lf/2'}°3); ngﬂ 1
—1{ 1!
9,19,29 a) ” 1fn!) : 6) n=1 3‘”12 - COSH

Beplin+1)) 2

=l 4+ ooz R

=1 (2?1)." .
10,20,30 a) *# , 6 =1 *

Z.HCCHGI[OBaTB Ha CXOOUMOCTD, IIPUMCH:A HGO6XOI{HMBII>1 IIPpU3HAK CXOJUMOCTHU

2

111,21, a)z IniE 6,16,26. a)zm
212,22. a); o = 717,27. a) _1n21
31323 a )r,z_:lsrr]1++21 818,28, a)zn\/_
414,24, a);%snﬂ 9,19,29. a)z ]



2
5,15,525. )25” 1 10,20,30. a )Z

=N’ +2n =3

3.MccrnenoBath Ha CXOJMMOCTb, UCTIOJIB3YS Mpu3HaK [Jamambepa

111,21, a)i%l 6.16,26. a)z ”+1)'
n:]_ -
2n-1 =1
212,22. a 717,27. )y =
"L o
o 2n ) n2 0 3n
313,23 818,28.
a)nZ:l - a)z (1)
10"
414,24, a )nz_l 9,19,29. a)nz_:1 2n+1)!

10,2030. 2)> >

KoHTposbHbIE BONIPOCHI

Ornpenenenue YuciaoBoro psjaa.

CBoiicTBa 1 BUIIBI PSAIOB.

Onpenenenue cymMMBI psija.

Heo6xoauMplii TprU3HAK CXOAUMOCTH.

[Ipusnaku cpaBHeHus, npu3Haku Jamambepa u Komu.

b whE

IIpakTuyeckas padora Ne 20
Tema «Pemenue 1u¢pepeHnanbHbIX yPpaABHEHUN»
Heanb: npoBepuTh yMeHHE pemaTh AuddhepeHIuaIbHble YpaBHEHUS IEPBOTO
MOpSJIKA C Pa3ACICHHBIMU U Pa3IEISIIOIIUMUCS IEPEMEHHBIMU.
Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTmnyeckne ceegeHuns
3. BbinonHutb 1 opopmutb paboty



4.MoKasaTb pe3ynbTaTbl NpenoaasaTento
AomalwiHee 3apaHue
1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BONPOCHI

Teopernuecknii MaTepuall

Jugdepenyuanvnviv ypasnenuem Ha3bIBaeTCs ypaBHEHME, CBSI3bIBAIOIEE
MEXAy CcOOOM HE3aBUCUMYIO0 NEPEMEHHYIO0 X , HCKOMYIO (YHKIHMIO y U €€

MPOU3BOIHBIC WU AUdPepeHIInATIbI.

CumBonuuecku 1udpepeHnranbHOe YpaBHEHHE 3aUCHIBAETCS TAK:
F(x, y,y')=0, F(x,y,y")=0, F(x, v,V Y y(”))=0.

HuddepeHunanbHoe ypaBHEHUE HA3bIBAETCS 0ObIKHOGEHHBIM, €CIIA NCKOMast
(GYHKIIMS 3aBUCUT OT OJIHOT'O HE3aBUCUMOTO MTEPEMEHHOTO.

Ilopsoxkom nuddhepeHInaIbHOTO YpaBHEHUS HA3bIBACTCS MOPSIOK CTapIiei
npou3BoHON (Wn nuddepeHnrana), BXoAsAIel B JaHHOE YpaBHCHHE.

Pewenuem (vmm unmeepanom) nudhepeHInaIbHOTO ypaBHEHUS Ha3bIBACTCS
Takas QyHKIUS, KOTOpast oOpaIiaer 3To ypaBHEHHE B TOXKIECTBO.

Oowum pewenuem (W odwum uumezpaiom) auddepeHInanbLHOTrO
ypaBHEHUS HA3BIBAETCS TAKOE PElICHHE, B KOTOPOE BXOJUT CTOJIEKO HE3aBUCHMBIX
MPOM3BOJIBHBIX TIOCTOSTHHBIX, KaKOB TOPSIIOK ypaBHEHUs. Tak, oOiee perieHue
TupPepeHINaIbHOIO  ypaBHEHUS  IEPBOTO  TMOPSAIKAa  COJACPKUT  OJHY
POU3BOJIBHYIO TTOCTOSTHHYO.

Yacmueim  pewenuem nu@hepeHIINANIBHOTO  YPaBHEHUS  Ha3bIBACTCA
pelIeHre, TOJNyYeHHOE W3 OOIIero MpH pPa3IUYHbIX YHCIOBBIX 3HAYCHUSIX
MIPOU3BOJIbHBIX MOCTOSHHBIX. 3HAYEHUSI MPOU3BOJBHBIX MOCTOSHHBIX HAXOISTCS
MIPY OTIPEICIICHHBIX HaYaIbHBIX 3HAUYEHUSAX apryMeHTa U (PyHKITUH.

Huggepenyuanvuviv  ypasuenuem  nepgoeo  nopsaoka — Ha3bIBaeTCS
ypaBHEHHE, B KOTOPOE BXOISAT MPOM3BOJHBIC (Wi mudepeHnnansl) He BBIIIE
MIEPBOrO MOPSIKA.

Huggepenyuanvnoiv  ypasnenuem ¢ pazoensirOWUMUC NnepeMeHHbIMU
Ha3bIBACTCS YPaBHCHHE BHA

& 19-0ly).

JIns perenns 3Toro ypaBHEHHUsI Hy KHO CHA4aJIa pa3eiinTh IEPEMEHHBIE:



a 3aTeM MPOUHTErPUPOBATH 00€ YACTU MOJYYEHHOI'O PaBEHCTBA:

Iﬂ=.[f(x)dx.

o(y)
Ipumepsl

3apanue 1: Haiinute oOuiee penieHne ypaBHEHUS X - (1+ yz)dx =ydy .

d
Pemienue: Pa3genuB nepeMeHHbIE, UMEEM XdX = y_yz Wurerpupyem obe yacTtu

1+y
MOJYYEHHOTO YPaBHCHHMS
2
dex: Lyz; X—:lln(1+y2)+ilnc.
1+y 2 2 2

Tak kak IMPOU3BOJIbHAA ITOCTOAHHAA C MOXeT IIpUHUMAThb JIFOOBIE
YHCJIOBBIC 3HAUYCHUA, TO AJISA y,Z[O6CTBa ,IIEU'II)HGﬁHIPIX Hp606pa30BaHI/Iﬁ

1
BMecTO C MBI Hamucamt - C. [ToTeHnupys mocienHee pPaBeHCTBO,
nomyaum x° =h|C-[1+y?)].
OT0 U ecTh 0o0lIee pelIeHne JaHHOTO ypaBHEHUS.

3ananme 2: HalitTu  yacTHOe  pellleHWEe  ypaBHEHUA  s-tgtdt+ds=0

T
YAOBJIETBOPAIOLIECE HAYaIbHBIM YCIOBUSIM S=4 TIpU t = 3

ds
Pemienne: PazgenuB nepemeHHbie, uMeeM tgtdt+-— =0. [IpounTerpupyem obe
S

YaCTH IIOTy4EeHHOTO yPaBHEHNUS:
ds )
Itgtdt+j?=lnc, —Ihcost+ins=InC,

Nma Ins=InC+Incost, s=Ccost.

Oto oO0mee pemnieHHe JaHHOTO ypaBHEeHHsS. JIIs HaXOXKICHHS

o o T
3HAYCHUA ITPOU3BOJIBHON ITOCTOAHHOU C moacraBuM 3HAYCHUSA tZE

U S=4 B BBIpOXEHHUE JIJIA OOIIEro pelieHus: 4 = Ccos[%), WUIN 4 = %

otkyna C =8.



CrnenoBarenbHO, WCKOMOE 4YaCTHOE pEIICHHE, YAOBJICTBOPSIOIICE

YKa3aHHbIM Ha4aJIbHBIM YCJIOBUAM, HMCCT BUJL S = 8cost .

3aaHus NpaKTHYeCKOU padoThI

3ananue 1.Haiitu oluiee pernienue ypaBHEHuUi a), 0).

3ananue 2.HaiiTh yacTHOE pelIEHHE YPaBHEHUS C Pa3IEIAIOIIUMUCS

TIepeMeHHBIMH

B1.1. a)x* dx = 3y*dy

6)y(1+x)dx + x(1 —y)dy =0
2y¢dx=e*dy; y=1npux =0

B2. l.a)%(dy = %dx

6)y’dx + (x —2)dy =0

1 1
2.y—2dx = X—Zdy,y= 2 npux =0

B3l.a)Vxdx = +/ydy

6)(1+y?)dx —Vxdy = 0

2.(1+y)dx =1 —-x)dy,
y= 3 npux=—2

B4.1.a)(3x* — 2x) dx = dy

6) -(2xy+3y)dx + x*dy = 0

2.ydx = xdy,y = 6 npux = 2

B5.1.a)(4x — 3) dx = dy

6) (xy+x)3—;=1

2x—1 dx
L T 4y y=0npux =5

B6. l.a)xdx = dy

B16.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy = 0
2.dx =edy; y=1npux =0

B17. 1.a)% dy = %dx

6)y’dx + (x—2)dy =0

1
2.dx =;dy,y=2npux= 0

B18.1.a)Vxdx = \ydy

6)(1+y2)dx —xdy = 0
2.(1+y)dx =0 —-x)dy,

y = 3 npux = =2

B19. 1.a)(3x?> — 2x) dx = dy

6) -(2xy+3y)dx + x> dy = 0
2ydx = xdy,y = 6 npux = 2
B20. 1.3a)(4x — 3) dx = dy

6) (xy+x)z—;=1

2x—1 dx
L = 4y y=0npux =5

B21.1l.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +



6) 2(xy+y)dx = xdy Ddx—-(1—-x)dy =0,

2(y+1)dx—(1—-x)dy =0, y=1npux=20
y=1npux=20
B7.1.a)x* dx = 3y*dy B22.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy = 0
2ytdx=e*dy; y=1npux =0 2y%dx=e*dy; y=1npux=0
B8.1.a)%(dy = %dx BZ3.1.a)% dy = %dx
B)y’dx + (x—2)dy =0 6)y’dx + (x—2)dy =0
2.yizdx=xizdy,y:2npux=0 2.yi2dx=x—12dy,y=2npux=0
B9. 1.a)vxdx = +/ydy B24.1.a)Vxdx = /ydy
6)(1+y2)dx —vxdy = 0 6)(1+y2)dx —Vxdy = 0
2.(1+y)dx=(1—-x)dy, 2.1 +y)dx=0—-x)dy,
y =3 npux = —2 y = 3 npux = —2
B10 1.a)(3x* — 2x) dx = dy B25.1.a)(3x? — 2x) dx = dy
6) -(2xy+3y)dx + x* dy = 0 6) -(2xy+3y)dx + x> dy = 0
2.ydx = xdy,y = 6 npux = 2 2ydx = xdy,y = 6 npux = 2
B1l.1.a)(4x —3)dx =dy B26.1.a)(4x —3)dx =dy
6) (xy+x)3—§=1 6) (xy+x)z—;=1
.Zyx+_11=z—;, y=0npux =5 .Zy);l:z—;, y=0npux =5
B12.1.a)xdx = dy B27.1.a)xdx = dy
6) 2(xy+y)dx = xdy2.(y + 6) 2(xy+y)dx = xdy2.(y +
Hdx—-—(1—-x)dy =0, Ddx—-—(1—-x)dy =0,

y:lnpux:() y=1npux=0



B13.1.a)x* dx = 3y*dy B28.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0
2.y%dx = e ¥ dy; 2y%dx=e*dy; y=1npux=0
y=1npux=20
Bl4.1.a)%(dy = %dx B29. 1.a)% dy = %dx
B)y’dx + (x—2)dy =0 6)y’dx + (x—2)dy =0
2.y12dx=)%dy,y:2npux=0 2.ylzdx=x—12dy,y=2npux=0
B15.1.a)Vxdx = \ydy B30.1.a)Vxdx = \ydy
6)(1+y?)dx —Vxdy = 0 6)(1+y2)dx —Vxdy = 0
2.(1+y)dx =1 —-x)dy, 21 +y)dx=(1—-x)dy,
y = 3 npux = —2 y = 3 npux = —2

KoHTposibHbIE BONPOCHI:

Ok whE

o

Kaxkoe ypaBHeHnue HazpiBaeTcs audpepeHImaibHbIM ?

Uro HazbIBaeTcs pernieHneM audhepeHIuanbHOro ypaBHeHUs ?

Kaxkoe pemenune nuddepeHnanbHOro ypaBHeHHS Ha3bIBACTCS OOIIIM ?

Kaxkoe pemenue auddepeHuanbHOro ypaBHEHUS! Ha3bIBA€TCS YACTHBIM ?
Kakue nuddepennnansubie ypaBHEHHs] HA3bIBAIOTCS YPaBHEHUSIMU TIEPBOTO
nopsijka?

Kakune muddepennmanpaple ypaBHEHUS HA3bIBAIOTCS  YPaBHEHUSIMH  C
pa3IeSIONMMUCS TIEPEMEHHBIMU?

MpaKTuueckasa pabora Ne 14.

Tema « BbluucneHue onpeaenutenemn»

U,enb:HayLIMTbCFIBbIHMC!'IﬂTb onpeaennTenn BTOporo n Tpetbero nopAaakKa,

Bpemsa BbinoIHEHUAO0 MUHYT

MatepuanbHoe obecneyeHnel.TeopeTnyeckme ceegeHmnn



2.3apaHue

3.JlIuctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi
1.M3yuuntb 3apaHue

2. N3yuunTb TeopeTnyeckmne ceegeHuns

3. BeinonHntb 1 opopmuts paboty
4.Noka3aTb pe3ynbTaTbl NpenogasaTento
AdomalwHee 3apaHne

1.MoarotoBUTb OTBETbI HA KOHTPOJ/1IbHbIE BONPOCHI
Xopa paborbi

TeopeTtnyeckue ceeaeHuA

Omnpenenenune.Matpuueit pasMepa MxN, rae M- 4UCIO CTPOK, N- YHUCIIO
CTOJIOLIOB, Ha3bIBAaeTCsl TaOJIMIA YHUCEN, PACIOJIOKEHHBIX B OMNPEICICHHOM
nopsiike. OTH 4YHUCIa Ha3bIBAKOTCA JJIEMEHTAMU MaTpulbl. MecTo KaXaoro
AJIEMEHTa OJHO3HAYHO ONpEJeNsieTcsl HOMEPOM CTPOKM M cTonlua, Ha
NepPEeCcCeueHUr KOTOPBIX OH HAaXOAUTCS. DJIEMEHThl MaTPUIbl 0003HAYAIOTCS djj, T/IE
I- HOMep CTpOKH, a |- HOMep CToJIOIA.

Buabl maTpun

Martpuiia MOXKET COCTOSTh KaK W3 OJHOM CTPOKH, TaK U W3 OJHOTO CTOJIOIA.
Boo011ie roBopsi, MaTpuila MOXET COCTOSITh JakKe U3 OJTHOTO AJIEMEHTA.
Omnpenenenue.Ecii guciao cToiabIoB MaTpUIlbl paBHO YHUCIY CTPOK (M=n), TO
MaTpula Ha3bIBAETCS KBAJAPATHOM.

Onpenesenue. Matpuiia BUjaa:

1 0 0
0 1 0

:E’
0 0 1

Ha3bIBACTCSeAUHUYHON MATPULIEH.

Onpeaesaenue. Eciu amn = anm, TO MaTpULIa HA3bIBAETCS
21 5

cummerpudeckou.llpumep.| 1 3 6 |- cuMMeTpUUecKas
5 6 4




0
MatpuiaQupeaenaenue.KBagparnas marpuna Buaa o | FAIEIBRETCA

nn
AMATOHAJIbHOM MAaTPULIEH.

HeiictBus ¢ matpunamuCiokeHre M BbIYUTAHUE MATPUL] CBOJUTCS K
COOTBETCTBYIOIIUM OIEpaIusM HaJ UX deMeHTaMu. CaMbIM TJIaBHBIM CBOMCTBOM
ATUX ONEpaLMil ABISIETCS TO, UTO OHU OHPEOEeHbl HOJIbKO 0151 MAmMPUy
00uHaK06020 pazmepa. Takum 006pa3zoM, BOSMOKHO ONIPEACIIUTH OTEPaAIUU
CJI0’KEHUS U BBIYUTAHUS MATPHUII;

CymMmoii (pa3HOCTBIO) MaTpull SIBISIETCS MATpUIlA, DSJIEMEHTaMH KOTOpPOH
SIBJISIFOTCSI COOTBETCTBEHHO CyMMa (Pa3HOCTh) DJIEMEHTOB UCXOIHBIX MaTPHII.

Cij = ajjEhij

C=A+B=B+A.

Omnepanusi yMHOKeHH sl (IeJieHHs) MaTPUIIBI JTFOOOTO pa3Mepa Ha MPOU3BOIILHOE
YUCIIO CBOJAMUTCSA K YMHOXEHMIO (JICJICHUIO) KaXKAOTO JIEMEHTAa MATpPHUIlbl HA 3TO
YHUCIIO.

oa,, oa, .. oa,
od = 0d, Od, .. 0Od,,
oa,, oa oa

ml m?2 o mn

o (A+B) =0 A taB

2 3 1 3 4
A(oxp) = oA +fAllpumep. Jlaus Mmatpuiisi A= |2 1 4|;B=|5 7 8|, naiitu
3 23 1 2 4
2A + B.
2 4 6 3 10
2A=14 2 8|, 2A+B=19 9 16
6 4 6 7 6 10

IIpousBenenuem matpuil A-B = C;Ha3zpiBaeTcAMaTpuIla, JIEMEHTH KOTOPO
n

MOTYT OBITH BBIYHCIICHBI 110 CICAYIOWMM GopMynam: ¢; = »_a, -b, U3
k=1

MPUBEAEHHOTO ONPEAEIIEHNS BUTHO, YTO ONEPALIMS YMHOKECHUS MATPULL
ONpeAeseHa TOJIbKO JJIsl MATPHULL, YMCJI0 CTOJOLOB NEPBOM U3 KOTOPbIX PABHO
YHCJIy CTPOK BTOpoOii.Onpenenenue. Martpunyy B Ha3biBaroT
TPAHCIIOHMPOBAHHOM MaTpulel A, a mepexoa oT A k B TpancnoHupoBanuem,




€CJIM DJIEMEHTHI KKIOW CTPOKM MATPHUIIBI A 3aucaTh B TOM XK€ MOPSIIKE B
CTONOIIBI MaTpHIlbl B.

a, a,, e ag, a, a, e Ay
A= Ay Ay e Gy, |, B=AT= iy Gy e Ay |,
aml am2 amn aln a2n amn
APYTUMH CIIOBaMHU, Dji = &j.
0 3 1 -1
Ilpumep. /[lanbl matpunet A =2 4 1|, B=|3|,C=|2 | 1 uucimo a = 2.
-4 2 2 1
Haiitu ATB+o.C.
1 2 1 1 2 1 1 1-1+2-3+1-2 9
AT=10 4 —4|; AB=|0 4 —4||3]|=]0-1+4-3-4.2|=]4 |;
2 31 2 2 3-1+1-3+2-2 10

ATB+aC =| 4 |+| 4 JIpumep. Haiitu npousBeneHue

Q

(@)

11
w-h['\)
/—\\

1
Marpun A= 4| uB=(2 4 1).AB=
3

1.2 14 1-1) (2 4 1
2 4 1)=|42 4.4 4.1|=|8 16 4
3.2 3.4 3.1) (6 12 3

W K~ =

;/

1
BA=(2 4 1)-|4]|=21+44+13=2+16+3=21.
3

4
Ipumep. Haiitn nponssenenune Marpun A=(1 2), B = [z 6]

AB= (1 2)-@ 2j:(3+10 4+12)= (13 16).

Onpezxe.]mTe.]IeM BTOPOro mopsjakKa Ha3bIBa€TCA YHCJI0, KOTOPOC IOCTABJICHO B

a, b

COOTBETCTBHE TAOJIUIIBI KOA(PPUIIUEHTOB 5
a, b,

M0 CIEAYIOUEMY MpaBUly: MPOU3BEACHUE MO TJIABHOM TUaroHaiu Oepercs
CO 3HAKOM IUIIOC, 110 IPYTOW THUAroHaIu CO 3HAKOM MUHYC.



a, b
! "= albz — azbl

a, b,

H[}I/IMG[ZI BBIYUCJIINTH OMPCACIUTCIIb BTOPOI'O IMOpsAKa

2 4
1) =2.2-3.4=4-12=-8
3 2
-1 -2
2) X 1‘:—1-1—3-(—2)=—1+6=5

OHpe}IeHHTeJIeM TPETHEI0 MOPHAAKA HA3BIBACTCS YHUCJII0, KOTOPOC IMOCTABJICHO B
COOTBETCTBHE TAOJIHUIIBI KO (HHUIIMEHTOB TI0 CIICAYIOIIEMY IPABUIY:

a b ¢

a, b, c,|=ab,c;+a,bc,+abc, —a,b,c, —ab;c, —a,bc,

a; by, ¢

9T0 OIIPCACIICHUC OIIPCACIUTCIIA  HAT'JIAIHO MOXHO MpeaACTaBHUTH

CJICTYIOIIHUM 00pa3oM:

b, ¢
b, «¢,
by ¢,

D10 nmpaBuiia Ha3bIBaIOT elle «[IpaBuiio TpeyroabHUKa»
IIpumep BoIUUCINTh OPEICTUTENIb TPETHETO MOPSIKA

3 21

2 4 5/=34-3+2-21+1-2-5-1-4-1-2-2-3-3-2.5=
1 2 3

=36+4+10-4-12-30=4

3anaHus 1J14 NPoBeeHUs MPAKTUYeCKO padoThI

1.BeIarcCanuTh ONpeieIuTeN BTOPOTO NOPSIKA:

1

_ 2+ "1 2 il
1) A= Kl Kz ’ 2)A= 3 5 1 3)A= 90’5 Kl.646
Ky'Kp 9D 3k, 6 (05)° a?



2.BbIYHCIUTE ONPEAECTUTENN TPETHETO NOPSIAKA:

-1 3k, 2 %, 4 -5 1 -2 «,x,
DA=|2 8 x|, 2)A=|8 Tx,-2 -2, 3)A=]3 x, -5
1 1 2 2 -1 8 2 K, 5

Bapuanum | «x, k, | Bapuanm | «x, K, Bapuanm K, K,

1 3 -2 11 4 -1 21 -2 4

2 4 1 12 5 1 22 1 3

3 3 -4 13 2 0 23 -3 2

4 2 1 14 -2 1 24 -4 -1

5 3 -3 15 2 -2 25 -1 5

6 1 5 16 0 7 26 4 -2

7 -2 3 17 -1 4 27 -1 3

8 6 -2 18 -3 3 28 2 -3

9 -6 1 19 -4 1 29 -2 3)

10 -5 1 20 0 8 30 -5 -1

KoHTposbHbIE BONIPOCHI:

1. Yto Ha3zwpIBaeTCs ONMpeACIUTEIEM MATPHUIIbI?

2. Kak BBIUMCIIUTH ONpeeIuTe b BTOPOro mopsiaKa?

3. Kakwue criocoObl BEIYUCICHUS ONPEACTUTENS TPETHETO MOPSAKa BaM
W3BECTHHI?

4. Tlepeuncnute CBONCTBA ONpEAEIUTENCH.

IIpakTnuyeckas padora Ne 15 -16-17

Tema«Haxoxaenue oopaTHoil MaTpulbl. Penienne MaTpuUHbIX ypaBHEHUN»
Henab: HAYINTHCS BHIYUCIATH MUHOPBI, aITe0OpandecKue TOMOTHCHUS,
OTIPEJICTUTENIN YETBEPTOTO MOPSAJIKOB , HAXOIUTh 0OpaTHBIE MATPHUIIHI ,peIaTh
MPOCTEUIIINE MATPUYHBIE YPABHECHUS

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneueHue

1.TeopeTnyeckune ceegeHuA

2.3apaHue

3.JluctA4

4.KanbKynatopol




MopaaoK BbINO/IHEHUA PaboTbI

1.3yunTb 3agaHue

2. U3yunTb TEOpPETUYECKME CBEAEHNA

3. BoinonHutb 1 opopmutb paboTty

4.loKa3aTb pe3ynbTaTbl NpenogaBaTento
AdomalwHee 3apaHne

1.MoAroToBUTbL OTBETLI HA KOHTPObHbIE BOMPOCHI
Xox padoThl

TeopeTnyeckue cBeaeHMs

Cucremoii JTMHEHBIX AJIred0pandyecKuX yYpaBHEHU, COAEpKallleil m ypaBHEHUN
Y 1 HEU3BECTHBIX, HA3bIBACTCS CUCTEMA BUA!

A11X1 + 1% + -+ aypXxy, = by

Ap1X1 + Xy + -+ Appx, = by

Ap1X1 + ApaXa + o A Xy = by
e uncna aij, i = I,m, j_=1,n Ha3bIBAIOTCS KO DUIMCHTAMU CUCTEMBI, yrcia bj —

CcBOOOHBIMH usieHaMH. [loiexaT HaX0XKICHUIO YUCTIA X,
3neck A — maTpuiia Ko3hPUITMEHTOB CUCTEMBI, Ha3bIBaEMasi OCHOBHOU MaAMpuyel.

a1 A4q2 A1n
az1 Qp Arn
A=
aml amZ amn
X1
X2
X = — 8eKmMop — cm0ﬂ6euu3Heu3eecmezxxj
le
b,
b,
B = — BeKmMop — Cm0ﬂ6€14u36’60600HleWZ€H08bj
bm

[IpousBenenue matpui; A * X ompeneneHo, Tak Kak B Marpuie A CTOJIOIOB
CTOJILKO €, CKOJIBKO CTPOK B MaTpuiie X (7 MTyK).

Pacwupennoii MaTpuiieli cUCTeMbl HasblBaeTcs MaTpulia A CHCTEMSI,
JOTIOJTHEHHAS CTOJI0IIOM CBOOOIHBIX YJICHOB

aq1 Qg2 ai, by
T_ | 21 Qp dzn by
A=

aml amZ amn bm

Pewenuem cucmemspr Ha3zbIBa€TCS 1 3HAUCHUN HEU3BECTHBIX X1 = C1 , X2 = C2,
., Xp = Cp, IPHU IMOACTAHOBKC KOTOPBIX BCC YPABHCHHA CHUCTCMbI o6pa1uaI0Tc;[ B



BEPHBIMU pPaBEHCTBA. BcCsAKOe pelIeHne CHCTEMBl MOXKHO 3amucaTb B BHIIE
MaTpUIBI-CTOJIONA

Cucrema ypaBHEHHI HA3bIBAETCS COBMECHMHOIL, €CIIM OHA UMEET XOTs Obl OJJHO
pELICHHE, U HeCO8MEeCHUMOIl, €CIIi OHA HE UMEET HU OJIHOTO PEILICHHUS.

CoBMmecTHass cHUCTeMa Ha3bIBACTCA  ONpPeOeNéHHOU, €eCIh OHAa  HMEeT
€AMHCTBEHHOE pElIeHUe, U HeonpeOoeléHHOU, €Clli OHa HMMeeT Oojee OIHOTO
pemienus. B mocnegHem ciywyae Kaxkaoe €€ pelleHHe Ha3bIBAeTCS YaCHMHbIM
peuweruem cucteMbl. COBOKYITHOCTh BCEX YACTHBIX PEUICHUN Ha3bIBAECTCA 00WjUM
peuleHuem.

Pewums cucmemy — 3TO 3HAUUT BBISICHUTH, COBMECTHA OHA MJIM HECOBMECTHA.
Ecnu cucrema coBMecTHa, HalTH e€ o011iee penieHue.

JIBe cucTembl Ha3bIBAIOTCS JKEUGANCHMHbIMY (PABHOCWIBHBIMU), €CIH OHU
UMEIOT OJHO M TO K€ ofmee pemeHue. JIpyrumu ciaoBamMu, CHUCTEMBI
SKBUBAJICHTHBI, €CITM KaXK/10€ PEIIeHNEe OJHON U3 HUX SBJISICTCS] PEIIICHUEM JIPYTOH,
¥ Ha00OpOT.

OKBUBAJICHTHBIE CHUCTEMBI IOJY4YalOTCS, B YAaCTHOCTH, TPHU I1eMEeHMAPHbIX
npeobpazoéanusx CHUCTEMbl TPU YCIOBHM, YTO NMPEOoOpa3OBaHUS BBITIOIHSIIOTCS
JUIIb HAJl CTPOKaMU MaTpPHUIIBI.

Cucrema ITMHEHHBIX YpaBHEHUN Ha3bIBACTCS 0OHOPOOHOL, €CIIU BCe CBOOOHBIC

YICHBI paBHbI HYJIIO:
a11x1 + a12x2 + -+ alnxn = O

Am1X1 + ApaXy + - A Xy, = 0
OnHopoHas cucTeMa BCET/ia COBMECTHA, TaK Kak X1 = X2 = ... = x, = 0 aBmsgeTcs
PEILICHUEM CUCTEMBI. JTO PEIICHNUE HA3BIBACTCS H)N€8bIM WIN MPUBUATILHBIM.

le_szo

Ilpumep 4.3. Pemintsb cucremy {x +3x, =7
1 2 =

_12 0]

_1| 1 7_14

; =7¢0,A1:|(7) _31|=7, A,

Pemenune: A= | i

7
3HAUUT,X; = o= 1, x, = - = 2

Ipasuio Kpamepa

Teopema.Cucmema uz N ypagnenuti ¢ N Heuz8eCMHbIMU
a, x, +a,x, +..+a,x, =b,
Ay X, +ayx, +...+a,,x, =b,

a,x, +a,x,+..+a,x, =b,

nn"n



8 csy4yae, ecnu onpedesumesns MAMpPuUUbl CUCMeEMbl HE PaseH Hyst, umeem
eo0UHCMeeHHoe pewieHue U 3mo peweHue Haxoo0umcs rno hopmynam:
xi = A/A, 20e

A =detA, a A — onpedenumenb mampuybl, Noay4aemol U3 Mampuuybl cCUCmemsl
3ameHoli cmonbya J cmonbyom ceob00HbIX YneHo8 by
CyTb mMmemoda laycca 3aknto4yaeTcs B Nocaea0BaTe/IbHOM UCKIOYEHUU
HEeW3BECTHbIX.

PaccmoTpuMm cUCTEMY NTMHEMHbBIX YPAaBHEHUN:

a,x, +a,x, +..+a, x, =b
Ay X, +ayx, +...+a,,x, =b,

a, x, +a,,x,+.+a,x, =b

ml mn”"n m

Paszgenum obe yactn 1-ro ypaBHeHMA Ha ai1# 0, 3aTem:

1) YMHOXMM Ha a1 M BbI4TEM U3 BTOPOrO ypaBHEHMUS

2) YMHOXMM Ha a3; U BbIYTEM M3 TPETLErO YPaBHEHUA U T.A4,
Monyumm:

X, +d,x, +..+d, x, =d,

1n""n

dyx,+dyx;+...+d, x, =d,

, r,u,edl,-: 01j/011, j= 2,3, .. n+l.

dij= ajj— aildlj i= 2/ 3/ ., Ny j= 21 3’ e n+1.

[anee noBTOpAEmM 3TW Ke AeNCTBMA ANA BTOPOro ypaBHEHUA CUCTEMbI, MOTOM —
ANA TPeTbero u T.4,
K anemMeHTapHBIM MpeoOpa30oBaHUSM OTHOCSATCS:
1) IlpubGaBrnenune Kk 00€MM YaCTSIM OJIHOTO YPaBHEHHS COOTBETCTBYIOIIUX YaCTEH
JIPYroro, yMHO>KEHHBIX Ha OJTHO U TO K€ YUCJI0, HE PABHOE HYJIIO.
2) IlepectaHOBKa ypaBHEHHI MECTAMH.
3) YnaneHue U3 CUCTEMBl YPaBHEHUM, ABISIOMIMNXCS TOXKIESCTBAMU JJISI BCEX X.
Munopom HEKOTOPOTO 3JEMEHTA ajjONPEEIUTEN n-20 MOPSIKAa HA3bIBACTCS
ompenenurens n — 1-ro TOpsiAKa, MOJYYEHHBIM M3 HMCXOAHOTO MYTEM
BBIUEPKUBAHUSA CTPOKM U CTONOIA, HA TIEPECEYEHUU KOTOPBIX HAXOAUTCS
BbIOpaHHbIN 351eMeHT. O003HauaeTcs mij.
A1 A2 4g3
TakecaulA= |Az1 Q22 Q23|,momqyq = [
a3z; dzz 0az3

azz a23] m _|a11 a13|
az; aszl’ 32 Az1 Qz3

Anzebpauueckum O00noIHeHUeM SIIEMEHTA @ijOTIPEACTUTENsI HA3bIBACTCS €ro
MUHOP, B3SThIi CO 3HAKOM «ILTIOCY», €CJIM CyMMa | + J— 4€THOE YUCIIO0, U CO 3HAKOM
«MHHYCY», ecii 3Ta cymma HeuétHast. O0o3Hauaercs Ajj: Ajj= (-1)' 1 * my;,



Tak, A1 = +ma1, Az2 = -m32.
Cesoticmeo(«Pa3noxenue omnpeaenuTenss MO 3JIEMEHTaM HEKOTOPOTo psaay).
Onpenenurenb paBeH CyYMME MPOU3BEIECHUN 3JIEMEHTOB HEKOTOPOro psijia Ha
COOTBETCTBYIOILIME UM aJIreOpanvyecKkue JOMOJTHEHHUS.
[IpousttocTpypyeM W OJHOBPEMEHHO JOKa)X€M CBOMCTBO 7 Ha mpuMepe
onpeaenuTens 3-ero nopsaka. B aTom ciydae CBOMCTBO 7 O3HA4YaET, 4TO

a1 412 Q13

A= (A21 Q22 Q3| =aqq ¥ A1 +aqp ¥ Aqp + a43 * A43
a3y dzz 0dz3

B camom ACJIC, UMCCM a1 * All + aqp * A12 + aqz * A13 == aq1 *
|a22 a23| Lo (_ |az1 a23|) 4 Gen w az1 a22| = ay1(Gyrlins —
a3z Az3 12 31 dzz 13 dz; Az 113 *22733

a23a32) — ay(a31a33 — Ap3a31) + a13(Az1a3; — Apya31) =
= 0411022033 — A11A3032 — Q120210433 T A120,303; + 41301037 — A1303031
=A

CBOMCTBO COJEPKUT B ceOe CrIocO0 BBIYUCIICHUS OMPEACTUTENCH BEICOKHUX

HOPSIIKOB.
IIpumep Brruncnure onpeaenuTensb MaTPULbI
3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenue: I[JBI Pa3JI0KCHUA OIIPCACIIAUTCILA 0OBIYHO BI>I6I/IpaIOT TOT PO, A €CThb
HYJICBBIC 3JICMCHTHBI, T.K. COOTBCTCTBYIOIIIHUEC UM CJIAaraCMbIC B PA3JIOKCHUU 6y,HYT

S0 e 5 7 8 5 7 8
pPaBHBI HYJIIO. =35 3 2|+1*(5 3 2/+0x
0 5 32 -1 7 4 -1 7 4
1 -1 7 4
5 7 8 5 7 8

7 0 1[—1%[7 0 1{=3x (7 *3 x4+ (=1)*0*2+5%*7 %
-1 7 4 5 3 2
1-(1) *3x1-7%7+2-5x0x*x4)+ (5«3 x4+ (—1) 7 *
2+5%7%8-(-1)*3*«8-5*x7%4-5x7%2)-(5+0x2+
7154+ 7x3*x8-5%x0*+x8-3*1x5-7%73x%2)=122
Cesoticmeo . Cymma TIpoU3BEJICHUHN AJIIEMEHTOB KaKOro- JTUO0 psija OmpeaeauTens
Ha aIreOpandecKkue JOMOTHEHHUS COOTBETCTBYIONIMX AJIEMEHTOB MapajuIeIbHOTO
psizia paBHA HYIIO.
Tax, nanpumep, a11421 + a12422 + a13A23 = 0
Haxoxaenue o0paTHO MaTpUIIbI.
a1 A1z - Qun
| Q@21 Qz2 .- Q2pn
ITIycts A — kBagpaTHast MaTpulla n-ro nopaakad =

an1 Ap2 Apm



KBanparnast maTpuiia A Ha3bIBAECTCS HEBbLIPOHCOEHH O, ECITA OTIPENCIUTENBA =
det A He paBen Hymo: A = det A = 0. B npotuBHoM ciydae (A = 0) marpuna A
HAa3bIBACTCS 6bIPOHCOCHHOI.

Marpunei, cor3noii Kk mampuye A, Ha3bIBACTCS MaTpULA

All A21 Anl
. |4, Ay .. A
A = 12 22 n2
Aln A2n e Ann
rae Ajj — anreOpandecKkoe JONOJHEHUE AJIEMEHTA @jjlaHHOM MaTpullbl A (OHO
ompejieNnsieTcss Tak ke, KaK U anreOpanyeckoe JOMOJHEHHE JIIEMEHTa
OTIpeIeTIUTENIS ).

Marpuna A HaseiBaeTcs 06pamnoii matpuie A, eclii BBINOIHIAETCS YCIOBUE
A*Al=A1*A=E,
rae E — eqMHMYHAs MaTpulla TOTO K€ MOpAjKa, 4yTo U Matpuua A. Marpuna A
UMEET TE K€ pa3sMephl, YTO U MaTpuiia A.
OobpaTHas maTpuua.
Teopema Bcaxas HegbipodicOenHas mampuya umeenm oopamuyio.
-1 A* -1 1 (ﬁn ﬁ21 ﬁ31>
= ,m.e. = * 12 22 32
detA det A Az Aps Ass

OTMeTHM ceoticmea 0OpaTHOW MaTPHIIHI:
1. det (A1) =1/det A;
2. (A * B)-l =RB1=* A'l;
3. (A-l)T — (AT)-l .

IpumepHaiitu A, ecin A= (_2 1 i)

Pemenne: 1) Haxoquwm det A: det A = |_21 :i| =24+3=5%#0
2) HaXOILI/IM A*I A11: 1, A21 = -3, Alz = - (-1) = 1, Azz = 2, IIO3TOMY A" =

(1 _23)3) Haxomum A A™1 = 1(1 _3) _ (1/5 _3/5>

1 501 2 1/5 2/5

IIpoBepka:
Axat=(

2 3)*(1/5 —3/5)_(2/5+3/5 —6/5+6/5)
-1 1 1/5 2/5/) \-1/5+1/5 3/5+2/5

3 Y-

IpumepOnpenennTsb, IpU KaKWX 3HAYEHUAX O CYIMIECTBYET MaTpuiia, oOpaTHas

TaHHOU
1 -2 2
A= (a 3 0>
2 1 1



Pemenue: Bceskas HeBbIpoXkAeHHas Marpuua uMeeT oOpaTtHyro. Haiiaém
ONpPENENINTENb MATPULIBI A:

1 -2 2
AA = 3 0[/=3-0+ 20-12-0 + 20 = 40-9
2 1 1

Ecm 40 -9 =0, 1.€. o = 9/4, 10 AA = 0, T.e. MaTpuIia A HEBBIPOXKICHHAS, UMEET
oOpatHyIo.
IIpumepllokazate, yto MaTpua A sBisieTcss oOpaTHoit 17151 B, ecnu

1 1 1 3 -3 1
A= (1 2 3>,B =<—3 5 —2>
1 3 6 1 -2 1

Pemenue: Haliném npousBeaenne matuil A u B:

1 1 1 3 -3 1
A*B=<1 2 3)*(—3 5 —2)
1 3 6 1 -2 1
3-3+1 -3+5-2 1-2+1 1 0 0
=(3—6+3 -34+10-6 1-4+4+3)==(0 1 0])=E
3—-94+6 —-3+15-12 1-6+6 0 0 1
Ananornuno B * A = E. CnenoBarenbHo, MaTpuiia A siBisieTcst oOpaTHoi s B.

[lycTh nana cucreMa n JMHEWHBIX YPaBHEHUMN C 77 HEU3BECTHBIMU
aq1X1 + ay2X9 + -+ ayp Xy, = by
Ap1Xq + AppXy + -+ AypX, = by
Ap1X1 + QpaXy + oo QunXy = by
WM B MaTpudHoit popme A * X = B.
OcHoBHas MaTpula A Takoil cuCTeMBbI kBaapaTHas. OnpeaeanTenb 3TOW MaTPUILIbI

Air - Qin
A=

An1 - Qnn
Ha3bIBACTCA Onpeaeﬂumeﬂeﬂ/l cucmemol. Ecnmn OIpeaACIUTCIIb CUCTCMbI OTJIIMYCH OT

HYJISI, TO CUCTEMA HA3bIBAECTCS HEBbIPOHNCOEHHOU.

Haiiném pemenune qaHHOW CUCTEMBI YpaBHEHHM B cirydae A # 0.

YMHOXkHUB 00€ yacTu ypaBHeHus A * X = B cneBa Ha matpuny A | momyunm A
*A*X=Atl*B. Iockombky A * A=EuE*X=X,10 X=A1*B,
Otbickanue pemeHuss cucteMbl 1o (opmyrne (4.1) Ha3BIBAIOT MaAMpUuHbIM
Ccnoco6oM PEIICHNs] CUCTEMBI.

3anaHus 1J19 BbINOJHEHUS IPAKTHYECKOH padoThI

3ananue 1
2 11 x 1 -2 1 «k,
J1aHBI OIIpECIIUTENN: 1) A = 1 23 2) A= -2 3 x 2
pen : = 0 21 : =1 3 _5 a4l



1) HaiiTu MUHOpBI B anreOpandecKre NOTOTHEHNUS JIEMEHTOB diz, dy,

2) BBIYUCITUTH ONPEICTUTENH, PA3JIOKUB UX TI0 DJIEMEHTaM a) I-0i CTPOKH, O)
J-ro cronbua

BapuanTt K, K, i ] BapuanTt K K, [ ]
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2
14 -4 -1 1 2 29 -2 5 2 1
15 -1 ) 3 1 30 -5 -1 1 3
kK, -2 -1
3ananme 2. Jlana matputia A= 2 1 2 |. Halitu
3 -«x, 4

a)A™" unposepumo, umo A-A"=A"-A=E
6)A+A™

Bapuanm K, K, Bapuanm K, K,




1 3 -2 16 4 -1
2 4 1 17 5 1
3 3 -4 18 2 0
4 2 1 19 -2 1
3) 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 3)
15 -1 3) 30 -5 -1
3ananmne 3
1. PemmuTh cucTeMbl ypaBHEHUH C IIOMOIIBI0 0OpaTHON MaTPHUIIBI
(MaTpUYHBIM METO/IOM).
2X+y+3z=7, 2X—-y+22=3, X—-y+12z=12,
1.152x+3y+z =1, 125X+y+2z2=-4, 139x+2y+4z2=6,
3X+2y+1z=06. 4Xx+y+4z=-3. SX+y+2z=3.
2X—-y+3z=-4, 3X—-2y+4z =12, 8x+3y -6z =4,
145x+3y+3z=1], 1.543x+4y -2z =6, 164X+y—2=2,
X—2y+2z=-1. 2X—-y—-z2=-9. 4x+y—3z=-5.
4x+y—-3z=9, 2X+3y+4z =33, 2X+3y+4z =12,
175x+y—z2=-2, 1.8:7x—-5y =24, 19:47x-5y+z=-33,
8x+3y—-6z=12. 4x +11z = 39. 4X+z=-1.




1.10.

1.13.

1.16.

1.19.

1.22.

1.25.

1.28.

X+4y—-7=06,
5y+4z =-20,
3X—2y+5z =-22.

4x+y+4z =19,
2X—y+2z =11,
X+Yy+2z=8.
2X—y—-3z=-9,
X+5y+z =20,
3Xx+4y+2z=15.

3X+y+z=-4,
—3X+5y+6z =36,
Xx—4y -2z =19.
2X+3y+z2=4,
2x+y+3z=0,
3X+2y+z=1
3X+4y—-2z =11,
2X—y—72=4,
3X—-2y+4z=11.
5X+2y -4z =-16,
X+ 3z = -6,
2x—-3y+z=09.

1.11.

1.14.

1.17.

1.20.

1.23.

1.26.

1.29.

KoHTposbHbIE BONIPOCHI

Nk W

UTto Ha3bIBa€TCA MUHOPOM?

3X—-2y+4z =21,
3X+4y—-2z2=9
2x—y—1z=10.
2X—-y+22=0,
4X+Yy+4z =6,
X+y+2z=4.
2x—-y—-32=0,
3X+4y+2z =1,

X+5y+z=-3.

X-y+z=-11,
SX+Yy+2z=8,
X+2y+4z =16.
2X+3y+1z=12,
2X+ Yy +3z =16,
3X+2y+z=8.
X+5y -6z =-15,
3X+y+4z=13,
2X—-3y+2=09.
X+4y—-z=-9,
4Xx -y +5z2=-2,
3y—-7z=-6.

1.12.

1.15.

1.18.

1.21.

1.24.

1.27.

1.30.

3Xx—2y -5z =5,
2x+3y -4z =12,
X—-2y+3z=-1.
2X—-Yy+22=8,
X+Yy+2z=11,
AX+y+4z =22,
—3X+5y+6z=-5,
X+Yy+z=-4,
X—4y -2z =-9.
3X—-y+2z2=9,
5x+y+2z=11,
X+2y+4z=19.
X—2y+3z =14,

2x+3y —4z =-16,
3x—2y—-5z=-8.

4x -y = -6,
3X+2y+5z=-14,
X—-3y+4z=-19.
IX+4y—-1z=13
3X+2y+3z=3,
2x -3y +z=-10.

Urto Ha3pIBaeTCs anreOpanvdecKuM JOTIOTHEHHUEM dJIEMEHTa MaTPHUIIhI?

Kak pa3noxuTh onpeaenuTeb o 3JIeMEHTaM CTOJIONA Ui CTPOKU?

Kakast maTpunia Ha3bIBa€TCsl HEBBIPOKIACHHOM ?

TpaHcrioHMpOBaHHAs MaTPULA.
Kaxkast MmaTtpumia HazpiBaeTCsi 0OpaTHOM 1O OTHOIICHHUIO K JJAHHOM?
KakoB nopsiiok BelunciaeHus 00paTHOM MaTpuUIlbl?
AJTOPUTM peLICHUS MPOCTEUIIETO MATPUYHOIO YPABHEHHUS

IIpakTuyeckast padora Ne 18 mo reme

«JJIeMeHThI BEKTOPHOH aJredpbn)



Iean: [IpoBepuTh 3HAHUA U YMEHUS 110 HAXOKICHHUIO: KOOPAUHAT BEKTOPA,
omnepanui HaJ BEKTOPaMH, MOJYJSl BEKTOpA U CKAJIPHOIO NPOU3BEACHUSA,
BEKTOPHOT'O MPOU3BEICHHS], CMEIIAHHOTO IIPOU3BEACHUS.

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceegeHumA
2.3apaHue
3.JIuctA4
4.KanbKynatopbl
MNopaaoK BbinoNHEHUA paboTbl
1.M3yunTb 3agaHue
2. U3yunTb TeOpeTMYECKME CBeAeHNA
3. BoinonHutb 1 opopmutb paboty
4.MoKasaTb pe3ynbTaTbl NpenogasaTento
JomauwHee 3apaHue
1.MoarotoBnTb OTBETHI HA KOHTPOJ/IbHbIE BOMPOCHI
Xop, pabotbli
TeopeTnyecKkue ceepeHuUA

BekTopHOE npon3BeaeHUe BEKTOPOB.

Onpenenenne. BeKTOpHLIM NPOU3BeAeHHEM BEKTOPOB GU b HA3HIBAETCS

BEKTOP ¢, YAOBJIETBOPSAIOIINMI CIEAYIOIIUM YCIOBUSAM:

1) || :|z§|-‘5‘ sin @, TJIe (¢ - YTl MEKly BEKTOPAaMU GU b , sihp>0; 0<p<r

2) BEKTOp ¢ OPTOrOHAJIEH BEKTOpaM au b

3) d@, b u ¢ 006pa3yloT NpaByIo TPOiiKy BekTopoB.O603HaYAETCA: ¢ =adxb
Wi ¢ =[a,b].
axh
CBoiicTBa BEeKTOPHOI0 MPON3BeIeHUsSI BEKTOPOB:
1) bxd=-ixbh; :
— — — fj — .
2) Gxb=0,ecim || b wm a= 0w b =0; a
3) (ma)xb=ax(mb)=m(axb);
- - bxa
4) ax(b+ ¢)=axb+ axc; 1

5) Ecnu 3anasb1 BEKTOPHI & (Xa, Ya, Za) B b (Xo, Yo, Zb) B A€KAPTOBOH



6) ['eoMeTpuUEeCKUM CMBICIIOM BEKTOPHOTO POU3BEACHMS BEKTOPOB SBIISIETCS

n10uiadb napanienoZpamma, IOCTPOCHHOTO HAa BEKTOpaxX au b .
[TycTh TOuka A

7) MexaHMYeCKUM CMBICT BEKTOPHOT'O MPOU3BEACHUS .

TBEPJIOTO TeJla 3aKPEIUIEHA, a B ero Touke B npuiioxena cuna F. Torga
BO3HUKAET BpalaTeIbHbIi MOMEHT M (MoMeHT cuibl). [1o onpenenenuto

MOMEHT CHJIbI OTHOCHTEILHO TOUKU A HaxoauTcs 1o Gpopmysie M = ABx F -

BEKTOPHOE MPOU3BEICHUE BEKTOPOB AB 1 F

IIpuiio:keHusi BEKTOPHOI 0 MPON3BeeHUsI BEKTOPOB.

Ycmanosnenue Konnuneapnocmu 6eKmopos:
Ecmm al|lb, To axb=0 ( u HaobopoT ), T.C. :

P
. _ i a i} .
axb=|a o a. =ﬂﬁb—r=—”=b—2=rﬁ||h.
by b, b e by :

Haxoostcoenue nnowyaou napanienozpamma u mpey2oibHuKa.

CoracHo OIpeeIeHHI0 BEKTOPHOIO IIPOM3BEIEHUS BEKTOPOB a U b
dxb =|d -‘B‘Sin ¢ , T.c. Smap.= ‘éxﬁ‘ U 3HAYWT, STpeyr.Zl/Z*‘éxB‘

Ipumep. HaiiTu BEeKTOPHOE IPOU3BENECHHUE BEKTOPOB @ =2 +5) +k U

b=i+2j-3k.

i=(2,51); 5=(1 2 -3)
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IIpumep. Boruncnuts miomans TpeyrojibHUKa ¢ BepiinHamu — A(2, 2, 2),

B(4, 0, 3), C(0, 1,0).

—_—

AC = (0-21-20-2) = (-2-1-2)
AB=(4-2:0-23-2) = (2-21)
ik
ACxAB=l-2 —1 —2=7 " AP AR’ _1=?(—1—4)—T(—2+4)+
T T R S /
2 -2 1
+k(4+2)=-5] =2 +6k.
‘ACXAB‘ = J25+4+36 =/65. S, =@ ().

IMpumep. HaiiTu miomane nmapamieaorpaMma, HOCTPOEHHOTO Ha BEKTOPAX
G+3b; 3d+b,ecmn [d|=|p|=1; @b =30".
(G+3b)x(3d+b)=3GAxd+dxb+9bxd+3bxb=-bxa+9bxad=8bxa

S =8p|jdlsin 30° = 4 (ex?).

Cmewannoe np0u36e0enue 6EKmMoOpoe.

—

Omnpenenenue.CMeIIAaHHBIM NPOM3BeIeHUEM BEKTOpOB a , b U ¢
a Ha BEKTOD,

Ha3bIBAETCS YHUCIIO, PABHOE CKAIIPHOMY IPOU3BEIICHHIO BEKTOpPa
PaBHBI BEKTOPHOMY ITPOM3BEICHUIO BEKTOPOB b U C .

Ob6o3navaercs a-b-¢ w (a, b ,c).
CMelIaHHOE MPOM3BEIEHHE & -b-¢ 0 MOIYII0 PAaBHO 00beMy NapajielienuIea,
IIOCTPOEHHOI'0 HAa BEKTOpax a, b U ¢, T.e. V :‘5-6-6‘
Ceoiicmea cmewiannozo npouseedenus:

1.CmemanHoe Tpou3BeICHHE PaBHO HYJIIO, €CJIM:a) XOTh OJIUH U3 BEKTOPOB
paBeH HYJ10;0) JIBa U3 BEKTOPOB KOJUIMHEAPHBIE;B) BEKTOPHI KOMILJIAHAPHBI.



o (ax b)-€=a-(bx¢)=¢-(bxa) cmemannoe MPOU3BE/ICHUE HE MEHSETCS MpHU
IIUKIINYECKON TIEPECTAHOBKE BEKTOPOB;

3. (ax 5) C=4a- (6>< C) CMCIIaHHOE TMPOM3BEACHHEC HE MCHSCTCS IpH
NIEPECTAHOBKE 3HAKOB BEKTOPHOTO U CKAJIIPHOTO YMHOXECHHUSI.

4 (a@,b,é)=(b,é,d) = (¢,a,b) =—(b,a,c)=—(c,b,d) =—(a,c,b)

5 (Ad, + i, ,b,¢) = A(G,,b,) + u(d,.b,c)

—

6. O0BeM TpeyrojbHOM NMUpaMubl, 00pa30BaHHOW BEKTOPAMH d, b U ¢, paBEH
Ly~ ~ -
sladc]
6
XN g

1. Ecnua = (x,,,2), b=(x,,9,,2,), €=(x3,)5,23), T0(d,b,¢) = Xy Vo I

X3 V3 Iz
g abc=-ach =—bac=cha - cmemaHHOEe NPOM3BEIECHHE MEHSET 3HAK Ha
MPOTUBOTIONIOKHBI  MPU  TEPEMEHE MECT JIOOBIX  JIBYX  BEKTOPOB-
COMHOHUTEJIEN
9. Ecmu ab¢ >0, To 4,b,¢ - npaBas Tpoiika

Mpumep. Joxkasats, uro Touku A(5; 7; 2), B(3; 1; -1), C(9; 4; -4), D(1; 5; 0)
JIe)atr B OJHOM TUIOCKOCTH.

AB = (-2:-6])

Haiinem koopimHaThl BEKTOPOB: AC = (4;-3;-2)
AD = (—4;-2;2)

Haiinem cMmenmannoe npou3BeIeHUE MOJTYYEHHBIX BEKTOPOB:

2 -6 1| -2 -6 1| |0 -6 1
AB-AC-AD=|4 -3 -2/=|0 ~-15 0=0 —15 0/=0
~4 -2 2/ |0 10 0 0 10 0

Takum 00pa3om, MONYYEHHBIC BBIIIE BEKTOPHI KOMILIAHAPHBI, CJICA0BATEIHHO
touku A, B, C u D nexart B 04HOH INIOCKOCTH.

IIpumep. Haiitin 06beM nupaMuibl U IJIMHY BBICOTHI, OMyIIIeHHOW Ha rpans BCD,
ecnu BepuuHbl uMeroT koopauHaTel A(0; 0; 1), B(2; 3; 5), C(6; 2; 3), D(3; 7; 2).

BA = (-2;-3;:—4)
Haiinem koopiiHaThl BEKTOPOB: BD = (1,4;-3)
BC = (4—1;-2)



—2 -3 —4
1 4 -3
-1 -2

1

= %(—2(—8 —3)+3(2+12)—4(-1-16)) =

o)}

O06beM nupaMuIbl

I[JISI HaXOXIACHUA OJIMHBI

= é(zz +30 + 68) = 20(e0”)

ocHoBanusg BCD.

i

@xﬁ: 1

ik

4 —3|=i(-8-3)—j(-2+12)+k(-1-16)=—11i =10 —17k.

4 -1 -2

BBICOThI

ImUupaMuJbl

‘B_D'xB—c" =112 4102 +17% =/121+100+ 289 =+/510

Soer = V/510/2 (ex1?)

S

Tk V=0
3

h. 3V _ 120 _ 44510
’ Spew 510 17

3aAaHuA NpaKTU4YecKkou pabotbl

3aganusa

1. ITo xoopaunaTtam Touek A, B u C a1 yka3aHHBIX BEKTOPOB HAWTHU:

a) KoopauHatel BEKTOPOB a= AB,b=BC, c=AC,d =BA, p=CA

b) Monynb BekTOpa X =3d+6—d
¢) CkamspHoe MMPOU3BeICHHE BEKTOPOB a 1 b;
d) Ipoekuuio BexTopa ¢ Ha BekTOp d;

e) Koopaunatsel Touku M, gensieii OTpe30K P B OTHOIICHUU ¢

(em)

L B

HaWJIeM cHayajla IUIoNnIaab

K K Koopaunatsl o
Bapuantur oopauHaTthbl | Koopannarsl rouKu C

TOYKH A TOuku B a A
1. (-2, 1,3) (3, -6, 2) (-5, -3, -1) 1 3
2. (1, 3,6) (-3, 4, -5) (1,-7,2) 1 2
3. (7.2, 1) (5.1, -2) (-3,4,5) 2 1
4, (3,5, 4) (-2, 7, -5) (6,-2,1) 3 2
5. (5,3.2) (2,-5,1) (-7.4, -3) 2 3
6. (11,1, 2) (-3, 3, 4) (-4,-2,7) 1 2
1. (9.5, 3) (-3,2. 1) (4, -7, 4) 3 1
8. (7.2, 1) (3,-5,6) (-4, 3, -4) 3 2




9. 1, 2, 3) (-5, 3,-1) (-6, 4, 5) 2 1
10. (-2,5. 1) (3.2, -7) (4, -3, 2) 4 1
11. (3.1.2) (-4, 3.-1) (2.3.4) 2 1
12. (3,-1, 2) (-2,4, 1) (4,-5,-1) 1 3
13. (4.5,1) (1.3.1) (-3.-6.7) 3 4
14. (1.-3.1) (-2, -4, 3) (0. -2, 3) 2 3
15. (5,7.-2) (-3.1,3) (1,-4,.6) 4 3
16. (-1, 4, 3) (3,2, -4) (-2,-7.1) 1 3
17. (5.4.1) (-3.5.2) (2,-1,3) 3 1
18. (2,-1, 4) (-3, 0, -2) (4,5, -3) 2 1
19. (-1,1. 2) (2. -3.-5) (-6. 3. -1) 1 2
20. (1.3.4) (-2.5,0) (3, -2, -4) 2 3
21. (1,-1. 1) (-5,-3.1) (2,-1,0) 3 2
22. (3,1.2) (-7, -2, -4) (-4, 0, 3) 2 1
23. (-3.0.1) (2, 7.-3) (-4, 3.5) 1 3
24. (5,1, 2) (-2,1,-3) (4, -3, 5) 2 3
25. (0,2, -3) (4, -3, -2) (-5. -4, 0) 1 2
26. (3,-1, 2) (-2.3.1) (4, -5, -3) 3 4
27. (5.3.1) (-1, 2, -3) (3.-4,2) 1 2
28. (3,1, -3) (-2,4,.1) (1,-2.5) 3 4
29. (6,1, -3) (-3.2,1) (-1.-3. 4) 4 3
30. (4, 2, 3) (-3, 1, -8) (2, -4, 5) 3 2
3aganue 2

1. Jlaubl BexTOpHI &, b 1 ¢. HeoOxoaumo:

a) BBIYHUCIIUTh CMENIAHHOE ITPOU3BEICHUE TPEX BEKTOPOB;
0) HaliTK MO/YJIb BEKTOPHOT'O ITPOU3BEICHNUS;
B) BBIYUCIIUTH CKAISIPHOE MMPOU3BEAEHUE IBYX BEKTOPOB;

T') IPOBEPUTD, OYIYT JIM KOJUTMHEAPHBI WJIM OPTOTOHAJILHEI JIBa BEKTOPA;
1) IPOBEPUTH, OYAYT JIM KOMIUIAHAPHBI TPH BEKTOPA.

Bapua | Bextopsl Cwmemanno | Monyn | Ckansp | Kommun | Kommnanapa
HT e b HOE e OCTb
BEKTOPOB
MPOU3BENIC | BEKTOP | IPOU3BE | ApHBI
HUE H hi§ Wi
nepreH
IPOU3B
K
en.
BEKTOP
OB
1 a=2i-3j+k, | a,3b,c 3a,2c b,—4c a,c a,2b,3c
b=+ 4k,
c=51+2j-3k




a=31+4j+Kk,
b=i-2j+7k,
c=-3i—-6]+2]

5a,2b,c

1k

4b,2c

a,C

b,c

2a,—3b,c

a=2i—4j—2k,
b=7i+3j,
c=3i+5j-7k

a,2b,3c

3a,—7¢

—2a,c

a,C

3a,2b,3c

a=-7i+2Kk,
b=2i-6j+4Kk,
c=i—-j+2k

a,—2b,—7c

4h,3¢c

2a,—7c

b,c

2a,4b,3¢c

a=—4i+2j—k,
b=3i+5j-2Kk,
c=j+5k

a, 6b,3c

a,2b

a,b

a,6b,3c

a=3-2j+k,
b=2j-3k
c=-3i+2j—k

a,—3b, 2c

5a,3c

—2a,4b

5a,4b,3c

a=1—-j+3k,
b =2i+3j-5k,
c=7i+2j+4k

7a,—4b,2c

3a, 5¢

2b,4c

b,c

7a,2b,5¢c

a=4i+2j-3k,
b=2i+k,
c=-12i—6j+

2a, 3b, c

Dk

4a,3b

a,C

2a,3b,—4c

a=—i+5k,
b=-3i+2j+2k
c=-2i—-4j+k

3a,—4b,2c

7a,—3c

2b,3a

6,C

7a,2b,—3c

10

a=6i—-4j+6k,
b=9i-6j+9Kk,
c=i-8k

2a,—4b,3c

3b,—9c

3a,—-5c

a,b

3a,—4b,-9c




11 a=51-3j+4k, | a,—4b,2c —2b,4c | —3a,6¢ b,c a,—2b,6¢
b=2i-4j-2Kk,
c=3i+5j-7k

12 a=-4i+3j—-7kl, —2a,b,—2c 4b,7¢ 5a,—3b b,c —2a,4b,7¢
b=4i+6j-2k,
c=6i+9j-3k

13 a=-51+2j-2k, 2a,4b,—5c —3b,11c | 8a,—6¢ a, c 8a,—3b,11c
b =7i-5k,
c=2i+3j-2k

14 a=-4i-6j+ 2k, 5a,7b,2c —4b1la | 3a,-7c a,b 3a,7b,-2¢
b=2i+3j-Kk,
c=-i+5j-3k

15 a=-4i+2j-3k|, 5a,—b,3c —7a,4c | 3a,9%b a,c 3a,—9b,4c
b =-3j+5k,
c=6i+6]j—4k

16 a=-3i+8]j, 4a,—6b,5¢ —7a,9¢ | 3b,—8c b,c 4a,—6b,9c
b =2i+3]j—2k,
c=8i+12j-8K

17 a=2i-4j-2k,| 7a,5b,—c —5a,4b | 3b,—8c a,c 7a,5b,—c
b =-9i+ 2k,
c=3i+5j-7k

18 a=9-3j+k, | 2a,—-7b,3c —6a,4c | 5b,7a b,c 2a,—7b,4c
b=3i-15j + 21k,
c=i-5j+k

19 a=-2i+4j-3k| a,—6b,2c —-8b,5¢ | —9a,7c a,b a,—6b,5c
b=5i+ j-2k,

C=Ti+4j—k




20

a=-9i+4]j—5k
b=i-2j+4k,
C=-5i+10] -2

0K 2a,7b,5¢

—-6b,7cC

9a,4c

b,c

—2a,7b,4c

21

a=2i—7]j+5k
b=—i+3j-6k,
c=3i+2j- 4k

—3a,6b,—c

5b, 3c

7a,—4b

b,c

7a,—4b,3c

22

a=7i—4j-5k,
b=i-11j+ 3k,
c=5i+5j+3k

3a,—7b,2c

2b,6¢C

—4a,—-5c

—4a,2b,6¢c

23

a=4i-6j-2k,
b=-2i+3]+k,
c=3i-5j+7k

6a,3b,8¢c

—7b,6a

—ba, 4c

a,b

—5a,3b,4c

24

a=3i—j+ 2K,
b=-i+5j-4k,
c=6i—-2j+4k

4a,—7b,—2c

6a,—4c

—2a,5b

6a,—7b,— 2¢c

25

a=-3i—j-5k,
b=2i-4j+8Kk,
c=3i+7j-k

2a,—b,3¢c

—9a,4c

5b,-6¢C

b,c

2a,5b,—6¢C

26

a=-31+2j+7k
b =1i-5k,
c=6i+4]-k

, —2a,b,7c

ba,—2c

3b,c

—2a,3b,7¢c

27

a=3i—j+5k,
b=2i—4j+6k,
C=i-2j+3k

—3a,4b,-5c¢c

6b,3¢c

a,4c

b,c

—3a,4b,-5c¢c

28

a=4i-5j— 4k,
b=5i— ],
C=2i+4j-3k

a,7b,—2c

—5a,4b

8c,—3a

—3a,4b,8¢c




29

a=-9i+ 4Kk, 3a,—5b,—4c | 6b,2c —2a,8¢c
b=2i-4j+6k,
c=3i-6j+9k

b,c

3a,6b,—4c

30

a=5-6j—k, | 5a,3b,—4c 4b,a 7a,—2c
b=4i+8j-7k,
c=3j-4k

a,b

5a,4b, - 2c

KouTpoJsbHbIE BONIPOCHI

Heﬂb:Hay‘{I/ITBCH COCTAaBJIATH

CoNoOR~WLNE

Uto Ha3bIBa€TCSI BEKTOPOM?
Kakue BeKTOpbI HAa3bIBAIOTCS KOJUIMHEAPHBIMU?
Uto Ha3bIBaETCSI KOOPAMHATAMU BEKTOpa?

Kak naiitu KOOPAHWHATHI BEKTOPA, 3aIaHHOTO IBYMA TOYKaMHu?
Kak naiitu IJIMHY BCKTOpPA, 3a1dHHOT'0O CBOMMH KOOp)II/IHaTaMI/I?
3anumunTe (i)OpMy.III)I ACJICHUA OTPC3Ka B JAHHOM OTHOIICHUH.

Kax naiiTu ckansipHoe nmpousBe/IeHne BEKTOPOB?
Kax HaliTn BeKTOpHOE TPOU3BEIECHUE BEKTOPOB?

Kak Halitu cMelansoe IMPOU3BCACHHUC BGKTOpOB?

IIpakTuyeckas padora Ne 19

Tema «CocTaBjieHHe YPABHEHUS NMPSAMOil HA MJIOCKOCTH»

IMPAMBIMUA,BBIIIOJIHATE IMOCTPOCHUA.

Bpems BbinonHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3./lInctA4

4.KanbKynatopol

MopsapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune

2. I13yunTb TeopeTmyeckune ceegeHuns

3. BoinonHutb 1 0dopMuTb paboTty
4.MoKasaTb pe3y/ibTaTbl NpenoaaBaTesiio
AomauwiHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPOJ/IbHbIE BOMNPOChI

YPaBHEHUE MPAMBIX, HAXOIUTh YTrOJ MEXKIY




Xop, pabotbl
TeopeTuyeckue cBeeHUs

YpaBHeHHe IPAMOM HA IVIOCKOCTH.

Onpepenenue. Jlrobas npsimMas Ha IUIOCKOCTU MOXXET OBITh 3aJjaHa YpaBHEHHEM
nepBoro nopsakaAx + By + C = O,npuueM nocrossHHble A, B He paBHBI HYIIIO
OIHOBpeMEHHO, T.e. A? + B%: (. DT0 ypaBHEHHE IIEPBOrO IOPAAKA HA3HIBAIOT
001IMM ypaBHEHHEM MPAMON.
B 3aBucumocTtu ot 3HaueHH NOCTOSSHHBIX A,B 1 C BO3MOKHBI CIIETYIOIIUE
YacTHbBIE CIyYau:
- C=0,A=#0,B=#0—npsamas npoxoJuT yepe3 Hayaao KOOpIUHAT
- A=0,B#0,C=0{By+ C =0} npsmas nmapayieibia ocu Ox
- B=0,A#0,C#0{Ax+ C =0} — npsamas napamienpaa ocu Oy
- B=C=0, A #0- npsamas coBnagaer ¢ ocsio Oy
- A=C=0,B # 0-npsamas coBnanaer ¢ ocsto OX
VYpaBHeHUE PSIMOI MOXKET OBITh PEJICTABIICHO B PA3JIMUYHOM BUJE B
3aBUCUMOCTH OT KaKUX — JIMOO 33JJaHHBIX HAYAJIbHBIX YCIOBHIA.
YpaBHeHue NPAMOM 10 TOYKE U BEKTOPY HOPMAJIU.

Omnpenenenne. B nekapToBoil MpSIMOYroJIbHOM CHCTEME KOOPIHHAT BEKTOP C
KoMrnoHeHTamu (A, B) nepneHaukyasapeH npsamoi , 3alaHHON ypaBHEHUEM AX +
By +C=0.

Ilpumep. Haiitu ypaBHeHue mnpsiMoil, mpoxojsmeir deped Touky A(l, 2)

HePICHIUKYIAPHO BekTOPY 17 (3, -1).
CocraBum nipu A =3 u B = -1 ypaBHenue npsimoii: 3x —y + C = 0. s

HaxoxieHus koddduimenta C moACTaBUM B TIOJIYYCHHOE BBHIPOKCHUE
KOOPJMHATHI 3aJJAaHHON TOUKHU A.

[Tomyuaem: 3 — 2 + C =0, cnemoBarensHo C = -1.
Uroro: uckomoe ypaBuenue: 3x —y — 1 =0.

YpaBHeHue NpAMON, NpoxoAsiel Yyepe3 ABe TOYKHU.IlycTh Ha TIIIOCKOCTH
3amanbl ABe TOUKU M1(X1, Y1) 1 Ma(X2, Y2), TOTIa ypaBHEHHE MIPSIMOM, TIPOXOISIIEH
4yepes 3TH TOUKH:

X=X — Y-V,
=% Yo=Y

Ecnu kakoii- mnbo U3 3HaMeHaTeNel paBeH HyIIO, CIEIYyeT MPUPABHATH HYIIO
COOTBETCTBYIOIIUI YNCIIUTEID.

3anrCcaHHOE BbIIIE YPABHEHHUE MPSIMOW YIIPOIIAETCS:

Yoy
Y=W :#(x—xl)
Xy =X



€CIIN X1 # X2 U X = X1, €CIIUX1 = X2.

Hpob6b Y2 7N = K paspiBacrcs YIJIOBBIM KO3 PUIUEHTOM IIPAMOM.

Xy =X
IIpumep. Haiitu ypaBHeHue npsamoi, npoxoasien yepe3 Touku A(1, 2) u B(3, 4).
[Ipumensisa 3anucaHHy1o Bblle (HOPMYITy, MOTYyYaeM:
4-2
x—1
31 (x=1)
y—2=x-1
x—y+1=0

y-2=

YpaBHeHuHe NPAMOM 110 TOYKE U YII0BOMY KOI(PPHUIHEHTY.
Ecnu o61iee ypaBHenue npsimoit Ax + By + C = 0 npuBecTu K BUAY:

A C A C
y=—Ex—EI/IO6O3Ha‘{I/ITB _E:k’ _E:b’ m.e. Y =KkXx+b, TO IIOJy4E€HHOE

YPAaBHEHUE HA3BIBACTCS YPABHEHUEM MPAMOM € YIVIOBBIM K03 (ppuumeHTom
YpaBHeHUe NPAMOM 110 TOYKE U HANPABJIAIOLIEMY BEKTOPY.

[lo ananoruu ¢ MyHKTOM, PacCMAaTPUBAIOIINM YPaBHEHHE MPSIMOM depe3 BEKTOP
HOPMaJIM MOKHO BBECTHU 3aJlaHUE MPSAMOW 4Yepe3 TOUYKY M HaIpaBISIIOLIUNA BEKTOP
IIPSMOM.

Onpenenenne. Kaxaplii HeHYJIEBOW BEKTOp & (01, O2), KOMIOHEHTBI KOTOPOTO

yIIOBIIETBOPSIOT ycioButo Aoy + Bo = 0 Ha3pIBaeTcs HaNpaBiSIOMIUM BEKTOPOM
npsMoiiAx + By + C = 0.

Ipumep. Haiitu ypaBHeHHME OpsMO# ¢ HampabisiomuM BektopoM a (1, -1) u
npoxosiiei yepes3 Touky A(1, 2).

VYpaBHeHue mckoMmoi mpsiMoit Oynmem uckath B Bume: AX + By + C = 0. B
COOTBETCTBHHM C oOmpeneieHueM, KOI(PPUIMEHTH JOHKHBI  yIOBIETBOPATH
yermoBusim:1-A + (-1)-B=0, .e. A=B.

Torna ypaBHenue npsimoit umeet Bua: AX + Ay + C=0,mmu X +y + C/A=0.

npu x = 1, y = 2 monyuaem C/A = -3, T.e. ICKOMOE ypaBHCHHE:

x+ty-3=0

YpaBHeHue NpAMOM B 0Tpe3Kax



Ecnu B o6miem ypasuenuu npsimoit Ax + By + C =0 C # 0, To, pa3nenus Ha —

C HOJ'Iqu/IM‘—éx—E =1 wim
> T Cy

y
—+==1,11¢
b A
a:—g, b:—g
A B

['eomeTpuueckuit cMbIci KO3(PPUIUEHTOB B TOM, YTO KOA(D(DUIIMEHT a sBAsETCS
KOOPJIMHATOM TOUYKHM MepecedeHus npsMoit ¢ oceto Ox, a b — xoopaunaToit Touku
nepecevyeHus npsamou ¢ ocbto Oy.

IIpumep. 3anano obuiee ypaBHeHue npsamoi X —y + 1 = 0. Haiftu ypaBHeHHe
JTOM IPSIMOU B OTPE3KAX.

c=1,_f+%=1 =-1, b=1.

b

HopmajibHOe ypaBHeHHEe NIPSAMOIA.

Eciu o06e wactu ypaBHenus Ax + By + C = 0 pa3menuTb Ha 4YHCIO

, KOTOPOC Ha3bIBACTCA HOPMHUPYIOIIEM MHOKUTEIEM, TO ITIOJTYYHUM

VA* + B?
XCOSQ + ysing - p = 0 —HopmanbHoe ypaBHEHWE NPAMOIA.

3HaK + HOPMUPYIOIIETO MHOKUTENS HAZ0 BBIOUpPATh Tak, 4Toosl W-C < 0.
p — AJIMHA NEPIEHANKYJIIApA, OMYIEHHOTO U3 Havaja KOOPJIWHAT Ha MPSMYIO, a ¢ -
yroJi, 00pa30BaHHBIA STUM MEPIEHIUKYISIPOM C MOJOKUTEIHHBIM HapPaBICHUEM
ocu Ox.
Ilpumep. Jlano oGmee ypaBHeHue mpsimor 12x — S5y — 65 = 0. TpeOyercs

HAMMCaTh Pa3JINYHbBIC TUIIbl YPABHEHUM STOU MPSMOM.

12 5
—x-——y=1
o . 65 65
YpaBHEHHUE 3TOU NPSIMOU B OTPE3KAX: )

+ =1
(65/12) (-13)

ypaBHEHHUE 3TON MPSIMOU C YTIIOBBIM KO3 hUimeHTom: (1enum Ha 5)

yzzx—gzzx—li
5 5 5
HOPMAJIBHOE YPAaBHEHUE MPAMOM:
,u=; 1 2x—iy—5=0; cose = 12/13; singp = -5/13; p = 5.

[12% +(=5)? =13 13 13



Crnenyer OTMETUTH, YTO HE KaXAYIO MPAMYIO MOKHO MPEACTABUTH YPABHEHHEM
B OTpE3Kax, HalpuMmep, MpsiMble, MapauieIbHbIe OCSM WM MPOXOJSIIUE Yepes3
HA4aJio KOOpJUHaT.
IIpumep. Ilpsamas oTcexkaeT Ha KOOPJAMHATHBIX OCSX DPABHBIE MOJOKHUTEIbHBIE
orpe3ku. CoOCTaBUTh ypaBHEHHE NPsIMOM, €ciau IUIOWA[b TPEYroJbHUKA,
00pa30BaHHOTO STUMH OTPE3KAMH PaBHa 8 CM>,
Y

YpaBHEHUE PSIMON UMEET BH/I: f+z =1,a=b=1; ab/l2=8; a=4; -4
a

a = -4 He MOAXOMUT MO YCJIIOBHIO 3aaa4M.

Hroro: %+%=1 wmx +y—4=0.

IIpumep. CoctaBuTh ypaBHEHHE NpsIMOM, mpoxondiei yepe3 Touky A(-2, -3) u

Ha4vaJI0 KOOpJAWHAT.

YpaBHeHHE IPIMON UMEET BUJL: H _ VA ,Tnex1= y1=0; X2 =-2;y2=-3.
Xy =X V=)

=0 _y=0. X V. 3oy

-2-0 -3-0 -2 -3

V1o MexIy NPSIMBIMH HA MJI0CKOCTH.
Onpenenenune. Eciu 3amanbl 18e npsMbie Y = KiX + b1, ¥ = KoX + by, TOo ocTphIii
YTOJI MEKIY 3TUMH TPAMBIMH OYyJIET OMPEAEISTHCS KaK

kz _kl

1go =|———
& 1+ k k,

JIBe mpsiMble MapaJuIeJbHbI, ecin K1 = Ko,

JIBe mpsiMble NepHeHauKYJIsApHbI, ecin K1 = -1/ko.

Teopema.llpsuvie Ax + By + C = 0 u Aix + By + C1 = 0 napannenvrul, ko2oa
nponopyuonaivrsl kKoagguyuenmor A1 = AA, B1 = AB. Eciu ewe u C1 = AC, mo
npsiMble CO8NAOarom.

KoopanHaTel TOYKHM mnepecedyeHUs JABYX NPSAMBIX HAXOASATCH KAK pelleHHe
CHCTEMBI IBYX YPAaBHEHMUIA.

YpaBHeHue NPAMOM, NPOXOASIIECH Yepe3 JAHHYI0 TOUKY NePHeHAUKYISIPHO
naHHo# nmpsiMmoii.Onpenesenne. [Ipsimas, npoxonsias yepe3 Touky Mi(X1, y1) 1
MEPIICHIUKYIIIpHAs K IpsiMoi y = KX + b mpecTaBisercss ypaBHEHUEM:

1
Y=>n =_%(x_xl)

Paccrosinne oT TOUKH 10 MPAMOM.



Ecnu 3a0ana mouxa M(xo, yo), mo paccmosanue oo npsmoti Ax + By + C =0
M%+B%+q
Ja2 B

IIpumep. Onpeaenuts yroia Mexay npsamMbiMu: Y = -3X + 7; y = 2xX + 1.

onpeodensiemcs Kak d =

2-(3)|_

(372 =1; ¢ =nm/4.

K1=-3; k2=2 tg(p=‘
Ipumep. Ilokazarb, yto mpsimbie 3x — Sy + 7 =0 u 10x + 6y — 3 = 0
HEePICHINKYIAPHBI.

Haxomum: k; = 3/5, ko = -5/3, kiko = -1, cnemoBarenbHO, NpsSMBbIC
HEePICHINKYISAPHBI.

Mpumep. Jlansr Bepmmasl TpeyroiasHuka A(0; 1), B(6; 5), C(12; -1). Haiitu
ypaBHEHHUE BBICOTHI, IIPOBEJACHHOMN 13 BepinuHbI C.

Haxonum ypaBHeHue cropoHbl AB: 2_8 = %5}—_11; % = yT—l ; 4X = 6y — 6; 2x — 3y +

3=0; y= %x +1.
3
Hckomoe ypaBHeHHE BbICOTHI uMeeT BUA: AX + By + C=0ummuny = kx + b.k =

3 _ 3
-5 Tormay = - St b . T.k. BbIcOTa POX0OaUT uepe3 Touky C, TO ee KOOpIUHATHI

yIIOBJIETBOPSIIOT JAaHHOMY YPAaBHEHHIO: —1 = —%12 +b,0TKyna b = 17. Utoro:

3
=——x+17.
YT

OtBeT: 3Xx+ 2y — 34 =0.
3anaHus K NpaKkTU4eckoii padore
1. Janbl BepmuHbl Tpeyroabuuka ABC: A(x,y,), B(x,,y,), Clx,,y,) HaliTh:
a) ypaBHEHHUE CTOpOHbI AB;
0) ypaBaenue BoicoThl CH;
B) ypaBHEeHUE MeanaHbl AM;
r) ypaBHeHHe ouccekrpuchkl BC;
n) Touky N nepeceuenust meauanbl AM u BeicoTsl CH;

€) ypaBHEHHUE NpsIMOH, mpoxoAsiiel yepe3 BepiinHy C napajijiebHO CTOPOHE
AB;



K)yroa mexay npsimeimu AB u AC.

Bapnantet | A(v, ) | B(5.0,) | Clorrs)
1 A(-2,4) |B@ 1) [C(10,7)
2 A(-3,-2) |B(14,4) |C (6, 8)
3 A(1,7) | B(-3,- |C(11,-3)

1)
4 A(1,0) | B(-1,4)[C(9,5)
5 A(1,-2) |B(7,1) |C@3,7)
6 A(-2,-3) |B(1,6) |C(6, 1)
7 A(-4,2) | B(-6, |C(6,2)
6)
8 A(4,-3) |B(7,3) |C,10)
9 A@ - |B@,2) |C@3, 8
4),
10 A(-3,-3) |[B(5,-7) |C(7,7)
11 A(L,-6) | B3, |C(33)
4)
12 A(-4,2) |B(8,-6) |C(2,6)
13 A(52) | B(,- |C(5,7)
4)
14 A4, -4) [B(6,2) |C(-1, 8)
15 A(-3,8) |B(-6,2) |C(0,5)
16 A(6,-9) |B(10,- |C (-4, 1)
1)
17 A1) |[B(3,-1)|C(7,-3)
18 A (-4, 2) |B(6,-4) | C (4, 10)
19 A(3,-1) |B(11,3) |C(-6,2)




20 A(-7,-2) [B(-7, 4 [ C 5, -5)
21 A(-1,-4) |B(©O, 6) |C(-5,4)
22 A(10,-2) [B(4,-5) | C(-3,1)
23 A(-3,-1) |B(-4,-5)|C (8, 1)
24 A(-2,-6) |B(-3,5) |C(4,0)
25 A(-7,-2) |B(3,-8) | C (-4, 6)
26 A(0,2) | B(-7,- |C(@3,2)
4)
27 A(7,0) |B(1,4) |C(8,-4)
28 A(L-3) |B(07) |C(2 4
29 A(-51) |B(8 -2) |C(l,4)
30 A(2,5) |B(-3,1) | C(0,4)

KoHTpoabHbIE BONIPOCHI

3anumuTe ypaBHEHUS OCEW KOOpJAUHAT.

OO61iee ypaBHEHUE TPSIMOM.

YcoBue napasieabHOCTU U NEPIEHAUKYIAPHOCTH IPSAMBIX.
3anumuTe ypaBHEHUS NMPAMBIX, TapaUICIbHBIX OCSIM KOOPAUHAT.
Chopmynupyiite ycioBHe MapamiieNbHOCTH MPIMbIX.
Cdopmynupyiite ycinoBue MepreHIuKYISIPHOCTH TPSIMBIX.

Kak HaiiTu yroa Mexay npsMbiMu?

Kak Haiit pacctosiHre MeXAy NPSIMbIMU?

NGO~ WNE

JlonoJiHuTeIbHbIE 3aIaHUS
2. Pemuts ciienyromue 3a1a4u

2.1. Haittn ypaBHEHUE NPSIMOM, MPOXOASIIIEN YEPE3 TOUKY NIEPECCUCHUS
npsiMbIX 3x -2y -7=0 ux+ 3y - 6 =0 u orcexkaronieil Ha ocu adCIUcC O0TPE30K,
paBHBIN 3. Omeem X =3

2.2. Havitu npoekuuio Touku A(-8, 12) Ha mpsAMYyI0, TPOXOISIIYIO Yepes
touku B(2, -3) u

C(-5,1). Omeem A, (-12,5)



2.3. Janbl aBe BepuiuHbl TpeyroibHuka ABC: A(-4, 4), B(4, -12) u Touka
M(4, 2) nepeceuenus ero BeicoT. Haiitu Bepmmny C. Omeem :C (8,4)

2.4 HaiitTu ypaBHEHUE NPSIMOI1, OTCEKAIOIIEH Ha OCU OpJUHAT OTPE3O0K,
PaBHBIN 2, ¥ IPOXOALIEH TapaJlyIeIbHO TPAMOi 2y - X = 3. Omeem :x—2y +4=0

2.5. Haiitn ypaBHEeHuHe NpsAMOH, npoxosauieil uepes Touky A(2, -3) u TOUKy
nepecevyeHus nNpsMbIX 2X -y =5ux+y=1. Omeem:x =2

2.6. [lokazats, uto ueThipexyroibHuk ABCD - tpanenus, ecnu A(3, 6), B(5,
2), C(-1, -3), D(5,5).

2.7. 3anucarh ypaBHEHHUE IPsIMOH, Tpoxoasieit yepe3 Touky A(3, 1)
nepneHauKysipHo K npsimoit BC, eciiu B(2, 5), C(1, 0). Omsem :x+5y—-8=0

2.8. Haiitu ypaBHEHHE TIPSMOiA, IpoXoslie yepe3 Touky A(-2, 1)
napasuieabHo npsmoit MN, eciau M(-3, -2), N(1, 6). Omeem :2x—y+5=0

2.9. Haiitu Touky, cummeTpuuHyto Touke M(2, -1) oTHOCUTENBHO NPSAMOH X -
4 23

+3=0. O M| —=;—
2y +3=0. Omsem l(SSj

2.10. Haittu Touky O nepeceueHus: nuaronaneit yeteipexyroiabuuka ABCD,

ecm A(-1, -3), B(3, 5), C(5,2), D(3, -5). Omsem :MO(3; %}

2.11. Yepes Touky nepeceyeHus npsiMbix 6x -4y +5=0, 2x+ 5y +8 =0
MIPOBECTHU MPSAMYIO, TAPAIIETBHYIO OCH a0CIIUCC. Omeem:y = —1

2.12. 3BecTHbI ypaBHeHUs1 cTopoHbl AB TpeyronpHuka ABC 4x +y =12,
ero BeicoT BH 5x - 4y = 12 u AMX + y = 6. Halitu ypaBHEeHUS ABYX IPYTHX
cTtopoH TpeyroiabHuka ABC. Omeem :7x—7y—-16=0; 4x+5y—-28=0

2.13. lanb! aBe BepmmHbl Tpeyroiasauka ABC: A(-6, 2), B(2, -2) u Touka
nepeceuenus ero BeicoT H(1,2). Halitu koopaunatel Touku M niepeceueHus
10 62

ctopossl AC u BeicoTel BH. Omeem :M [ﬁﬁ}

2.14. Haiitu ypaBHeHuUs BbICOT TpeyrojibHrka ABC, npoxonasimux yepes
BepmnHbl A u B, eciiu A(-4, 2), B(3, -5), C(5, 0).
Omeem :7TX+5y+2=0; 9x+2y—-28=0



2.15. BelunucianuTe KOOPAUHATHI TOYKH MEPECEUEHUS TEPIICHIUKYIIAPOB,
IIPOBEJEHHBIX YEPE3 CEPENNHBI CTOPOH TPEYTOJbHUKA, BEPIIMHAMU KOTOPOTO

ciayxat Touku A(2, 3), B(0, -3), C(6,3). Omesem :M(B;—gj

2.16. CocTaBuTh ypaBHEHHE BBICOTHI, IPOBEAECHHON Yepe3 BEpUIMHY A
tpeyroibHuka ABC, 3Has ypaBHeHus ero ctopoH: AB - 2x -y -3 =0, AC -X + by
-7=0,BC-3x-2y+ 13 =0. Omeem:2x+3y—7=0;

2.17. Naun tpeyronbHuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
ypaBHEHUE U BBIUUCIUTD JIJTMHY €r0 MEJANaHbl, MPOBEICHHON U3 BepiuHbI C.

Omeem :2Xx+y+2=0; d :ﬂzl&l

V17
2.18. CocTaBuTh ypaBHEHUE NMPAMON, MPOXOASIIEH Yepe3 Hayano KOOpAUHAT

U TOUKY IepecedeHus npsaMbix 2x + 5y -8 =0u2x + 3y +4 =0.
Omeem :6X+11y = 0;

2.19. Haiitu ypaBHEHUs MEPHEHAUKYIIAPOB K npsimMoit 3x + Sy - 15 =0,

MIPOBEAECHHBIX YEPE3 TOUKH NEPECECUYEHUS TAaHHOW IIPSMOM C OCSIMH KOOpPJIMHAT.
Omeem :5X —3y —25=0; 5x+3y+9=0;

2.20. [Ja"bl ypaBHEHHUS CTOPOH YEThIpEeXyroyibHUKa: X -y =0, x + 3y =0, x -
y-4=0,3x+y-12 = 0. Haiitu ypaBHeHUs ero AuaroHajged. Omsem:y=0; x =3

2.21. CoctaButh ypaBHeHUs Mearanbl CM u BbicoThl CK TpeyroibHUKa
ABC, eciiu A(4, 6), B(-4, 0), C(-1, -4).
Omeem :71X—y+3=0-CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) npoBecTu NpsMYIO: a) OTCEKAOIIYI0 pPaBHbIE
OTPE3KH Ha OCSIX KOOpAUHAT; 0) napamienbHyto ocu OX; B) NapaJlIeIbHYIO OCH
Oy. Omeem:x+y—-7=0;, y=2; x=5

2.23. 3anucaTh ypaBHEHHUE NMPSAMO, MPOXOadlel yepe3 Touky A(-2, 3) u
cocTaBJstoIIeH ¢ ocbio Ox yrou: a) 45°, 6) 90°, B) 0°.
Omeem :X—Yy+5=0-CM; x+2=0;,y-3=0

2.24. Kakyto opauHaty uMmeeT Touka C, nexanas Ha OJJHON psIMOM ¢
toukamu A(- 6, -6) u B(3, -1) u umeromas abcruccy, paBHyIo 3? Omeem: y =9

2.25. Yepes Touky nepeceueHus mpsaMbeix 2x - S5y - 1 =0ux+4y-7=0
MIPOBECTH TPSMYIO, JICISIIYIO0 OTPE30K Mex Iy Toukamu A(4, -3) u B(-1, 2) B
oTHOmICHUU = 2/ 3. Omeem :2x—y—-5=0;



2.26. M3BecTHBI ypaBHEHHUS IBYX CTOPOH pomba 2x -5y - 1 =0 u 2x - Sy - 34
=0 u ypaBHEHUE OAHOU U3 ero auaroHaneu x + 3y - 6 = 0. Halitn ypaBHeHue
BTOPOM IMArOHAIU. Omeem :3Xx—Yy —23=0;

2.27. Haiitu Touky E nepeceyenns MeauaH TpeyrojibHUKA, BEPIIMHAMU
xoToporo seistorcs Touku A(3,1), B(7, 5) u C(5, -3). Omeem:E(3]1)

2.28. 3anucath ypaBHEHHs NPAMBIX, IpOXoaamux yepe3 Touky A(-1, 1) mox
yriaoM 45° k npsaMont 2xX + 3y = 6. Omeem :x—5y+6=0; 5x+y+4=0

2.29. lanbl ypaBHeHUs BbICOT TpeyronbHuka ABC 2x -3y +1=0,x+ 2y + 1
= 0 u KoopAuHaTHI ero BepunHbl A(2, 3). Haittu ypaBuenus cropon AB u AC
TPEYTrOJIbHUKA. Omeem :2X—y—-1=0—-AB; 3x+2y-12=0-AC

2.30. Jlanbl ypaBHEHHUS JBYX CTOPOH Mapamienorpamma x - 2y =0, x-y-1=
0 u Touka nepeceueHus ero quaronaneit M(3, -1). Haiitu ypaBHeHus IByX Ipyrux
CTOPOH. Omgem:Xx—y—-7=0; x-2y—-10=0

IIpakTuyeckas padora Ne 20

Tema «CocTaBiieHHe YPAaBHEHHUII KPUBBIX BTOPOr0 NOPSAKA (OKPYKHOCTH,
3JUIHICA, TUIEPOO0bI, Mapadosbl)»

Iesab: npoBEpUTH YPOBEHD YCBOCHUS MaTepHUaIa IO COCTABICHUIO YPaBHEHHU I
KPHUBBIX BTOPOTO MOPSIIKA (OKPYKHOCTH, SJUTHIICA, Tapa0OJIIbl, THIIEPOOIIHI ).

Bpemsa BbinonHeHua 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHue

3./lInctA4

4.KanbKynatopol

MopAapoK BbinoNIHeHUA paboTbi
1.M3yunTb 3agaHune



2. U3yunTb TEOpPETUYECKME CBEAEHUA

3. BbinonHutb 1 opopmutb paboTty

4.MoKa3aTb pe3ynbTaTbl NpenogaBaTento
AomalwiHee 3apaHue

1.MoAroToBUTb OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Xox padoTsl

TeopeTnyeckue cBeaeHUs
Kpusasi BTOporo nopsiika mos;ker ObITh 32JaHAa YPAaBHEHUEM

Ax?+2Bxy + Cy? + 2Dx + 2Ey + F=0.

CymuiecTByeT cucteMa KOOpJMHAT (He 00s3aTeNIbHO JeKapToBa NPSIMOYTOJIbHAas),
B KOTOPOU JaHHOE YpaBHEHHUE MOXKET OBITh MPEJICTABICHO B OJTHOM U3 BUJIOB,
MIPUBEICHHBIX HUXKE.

2 2

X
1) =+ y_2 =1 - ypaBHEHHE DJUTUTICA.
a b
2 2
x y (13 29
2) = +=5=-1 - ypaBHEHHE “MHHMOI0” JILIUIICA.
b

2 2
3) LA Ay ypaBHEHUE TUTIEPOOJIHI.

a’> b’
4) a?x? — c?y? = 0 — ypaBHeHHE JIBYX MEPECEKAIOMINXCS TPIMBIX.
5) y? = 2pX — ypaBHEeHHE NapaboJIbL.
6) y?> —a? = 0 — ypaBHeHHe ABYX NapasiebHbIX IPSIMBIX.
7) y? + a? = 0 — ypaBHeHME JBYX “MHUMBIX” HapaJIeIbHBIX IPAMBIX.
8) y? = 0 — napa cOBMNaJAIOMIUX MPSAMBIX.
9) (x—a)?+ (y — b)? = R2 — ypaBHEHHUE OKPYKHOCTH.
OKpY:KHOCTB.

Omnpenenenune. OkpyocHoCcmbio HA3bIBAETCS MHOKECTBO TOUEK MJIOCKOCTH,
pPaBHOYIAJICHHBIX OT JJAHHOM TOYKH (yeHmpa).
B okpyxkHocTtH (X — a)2 + (Y — b)? = R?(1) uentp umeer koopauHatsl (a; b).
IMpumep. Halitm KoOpAMHATHI LEHTPA W PAAUYC OKPYKHOCTH, €CIIH €€

ypaBHEHHE 33]]aHO B BUJIE:
2x% + 2y —8x + 5y -4 =0.

JInst HaXOXKAEeHHST KOOPAMHAT UEHTPA U PAINYyCa OKPYKHOCTH TAHHOE
ypaBHEHHUE HEOOX0MMO TipruBecTH K BUAy (1)/1y1st 3TOr0 BBIACINM MOJTHBIC
KBaJIPaThI:

X2+y?—4x+25y-2=0



X2 —4x+4 -4 +y*+25y+25/16 -25/16 -2=0
(X—2)>+ (y+5/4)>-25/16 -6=0
(X —2)% + (y + 5/4)? = 121/16
Otcrona Haxoaum O(2; -5/4); R =11/4.

DJLITHIIC

Onpenesienne. Iniuncom HA3BIBACTCS MHOXKECTBO TOYEK IUIOCKOCTH, CyMMa
pPacCTOSIHUM KOTOPBIX JI0 JABYX JaHHBIX TOYEK, Ha3bIBaeMbIX (QOoKycamu, €CTh
BEJIMYMHA [TOCTOSTHHASI, paBHas 2a.

YpaBHeHME IITUIICA UMEET BUI:

2 2

+—=1

=

QN|><

Onpezle.neHne. (I)OKycaMI/I Ha3bIBAIOTCA TAKUC ABC TOYKH, CyMMa paCCTOSIHI/Iﬁ oT

KOTOPBIX o0 JIFOOOM TOYKH DJUIUIICA €CTh IIOCTOSHHAS BEJIMYMHA.

F1, F2 — dokycer. F1 =(c; 0); Fu(-c; 0)

C — MOJIOBUHA PACCTOSIHUS MEXay hOKycamu;

a — OoJIBIIIas TOTYOCH;

b — manas nmoayocs.

DokycHoe paccmosanue u noayoCl dJIUNCA CEA3aHbl coomuouenuem a2 = b? + c2,

Joka3zatenbcTBo: B ciydae, ecnm Touka M HaxOIWUTCS Ha IMEPECECYEHUU

SIUTMIICA C BEPTHKAJIBHOU OCHIO, I + I = 24/b° +¢? (mo Teopeme Iludaropa). B
cllydae, eciad Touka M HaxXoIMTCs Ha IEPECEUYEHHH DIUIMICA ¢ TOPU30HTAILHOM
OChIO, I'1 + ', =a—C + a + C. T.x. no onpeaeneHuto cymma Iy + r, — MOCTOSTHHAA
BEIIMYKMHA, TO , IPUPABHHUBAS, [IOTYYAEM:

a2 =h? + c?

ra+ r, = 2a.



Omnpenenenune. dopma »dyumIica ONpeAeIsIeTCS XapaKTEPUCTHUKOH, KOTOpas
SBIIIETCSI OTHOIICHHEM (POKYCHOTO PACCTOSHUS K OONbIIeH OCH M Ha3bIBACTCS
IKCIEHTPUCUTETOM.

e=c/aT.k.c<a,toe<lI.

IIpumep. CocTaBUTh ypaBHEHHE NPSIMOW, MPOXOIALIEH depe3 JIeBbId (OKyC U

2 2

X
HWXHIOIO BEPIIWHY OJIJIMIICA, 3aJaHHOI'O YPABHCHUCM E + y_ =1.

16
1) Koopaunate! HukHeit Bepumsel: X = 0; y? = 16; y = -4,
2) Koopaunatsl neBoro ¢okyca: ¢2 = a2 —-b?=25-16=9; ¢ =3; Fx(-3;0).
3) YpaBHEeHHE NPSIMOM, POXOASIIEH Yepe3 ABE TOUKH:

X0 _yrds X _YFA 4 3y-12 4x+3y+12=0
—3-0 0+4 3 4

Mpumep. CocraButh ypaBHeHue duuica, eciu ero ¢pokycer F1(0; 0), Fo(1; 1),

OombIIast OCh paBHa 2.
2 2
X Y

T = 1. Paccrostnue Mexny ¢poxycamu:

YPaBHeHI/Ie SJIJIMIICAa UMCCT BUA .

N

2¢ = J(1-0)* +(1-0)> =2, TakuM o6pasom, 8> — b?> = c? =¥

10 YCIIOBHIO 2a = 2, ciemoBarenbHo a = 1, b = va® —¢> =4/1-1/2 =42/2.

2 2

Hroro: )16_2+y_:1

1/2

I'mnep6oJia.

Onpenenenue.I'unep6o0id Ha3bIBA€TCSI MHOXKECTBO TOYEK IUIOCKOCTH, JJIA
KOTOPBIX MOAYJb Pa3sHOCTU PACCTOSIHUM OT JABYX JAHHBIX TOYEK, HA3bIBAEMBIX
(dpoxkycamm ecTb BeIMUMHA NMOCTOSIHHASA, paBHAs 2a, MEHbILIAsl PACCTOSIHUS MEXKIY
doxycamu.

ITo onpenenenuto lri—r2l=2a. Fy, Fo— dboxkych Tunepbosl. F1F, = 2c.




2 2
X
=- y_2 =1 KAHOHHYeCKO0e YPABHEHHUE Tunepooibl.
a

['unepbosia cUMMETpUYHA OTHOCUTENBHO CEPEIMHBbI OTPE3Ka, COEIUHAIOIIETO
(OKyCHhI 1 OTHOCUTEJILHO OCEH KOOp/IMHAT.

Ocp 2a Ha3pIBaeTCH AeHCTBUTEIbHON OCHI0 TMIIEPOOJIbI.

Ocb 2b Ha3bIBaeTCSI MHMMOIi 0CHIO THIIEPOOJIBI.

2¢ — poKycHOE paccTOsIHUE

DokycHoe paccmosnue u noayocu cunepoo.ivl C8A3anbl COOMHOULEHUEM

c?=a®+ b2

X.

Q| >

['unepOoiia MeeT JBE€ aCUMIITOTHI, YPABHEHHS KOTOPBIX y =+
C

OTtHolleHHE e=—>1 Ha3bIBACTCS IKCHEHTPUCHTETOM TUIEpPOOJbI, TAE C —
a

MOJIOBUHA PACCTOSIHUA MEXIy (pokycamu, a — JneicTBuTeabHas noiayoch. [lpumep.

Haiitu ypaBHeHue rumnep060sbl, BEepIIMHBI U (DOKYChl KOTOpPOW HAXOIATCAd B

2 2

X
COOTBETCTBYIOIIMX BEPIIUHAX U (HOKycax 3IUIUICA <+ y? =1.

Tt snumca: ¢ = a2 — b2,

Jlns runep6onsl: €2 = a2 + b2,

N

—
N
J

V8 V8

2 2
X
VYpaBHeHMe runepOobl: R 1.

Ipumep. CocTtaBuTh ypaBHEHUE TUNEPOOIBI, €CJIM €€ IKCIICHTPUCUTET paBeH 2, a

2 2

X
(doKyChI COBIAJAOT ¢ POKYyCaMHU 3JUIUIICA C YPaBHEHUEM 55 + % =1



Haxonum pokycHoe paccTosnue ¢ = 25 — 9 = 16.
Jnsrunepbonel: ¢2 = a2+ b?=16, e=cla=2;c=2a;, c>=4a% a’=4;
b2=16-4=12.

2 2

Uroro: % —f—z =1 - ICKOMOE ypaBHEHUE TUIIEPOOJIHI.

ITapa6oaa.

ITapa0oJi0il Ha3pIBa€TCSI MHOMXECTBO TOYEK IIJIOCKOCTH, KaXkJash U3 KOTOPBIX
HaXOJMUTCS Ha OJIMHAKOBOM PACCTOSIHUU OT JaHHOW TOYKH, Ha3bIBaeMoOM (hokycom,
U OT JIaHHOU MPSMOM, Ha3bIBAEMOU TUPEKTPHUCOMN U HE MPOXOsIieit uepe3 (hokyc.

Pacnonoxxum Hayano KOOpJWHAT MOCepeuHe MEX Ty (POKYCOM U TUPEKTPHUCOM.

y
A M

p/2 P

Bemmuuna p (paccrosHue oT (Qokyca J0 JUPEKTPHCHI) Ha3bIBACTCS
napameTpom mapaboibl. BeiBegem kaHOHHYECKOE ypaBHEHHUE TTapaOoIIb.
N3 reomeTtprdeckux cootHomenunii: AM = MF;, AM = X + p/2;
MF? = y? + (X — p/2)?
(X + p/2)* = y* + (x — p/2)*

X2 +Xp + p?/4 = y? + x> — xp + p?l4

y? = 2px
YpaBHEHUE AUPEKTPHUCHL: X = -P/2.
Ipumep. Ha napabone y?> = 8X HalTH TOUKY, pPACCTOSIHUE KOTOPOH OT

JUAPEKTPUCHI PaBHO 4.



W3 ypaBHeHus napadoJibl MOIyvYaem, uto p = 4.
I =X+ p/2 = 4; cnenoBaTenbHO:
X=2; y>=16; y==4. Uckomsle Touku: M1(2; 4), Ma(2; -4).

Ipumep. Jlana mapaGona y?> = 6x. COCTaBUTh ypaBHEHHE €€ NUPEKTPHCHI U
HalTu ee PoKyc.

CpaBHUBasi JaHHOE YpaBHEHHWE C KAaHOHMYECKUM YypaBHEHHEM Napalobl,

BUUM, uTO 2Pp=6, p = 3. Tak kaK ypaBHEHHE TUPEKTPUCHI UMEET YpaBHCHHUE X =

P
—g, a OKyC — KOOpJIHUHATHI Sou 0, TO I paccMaTpuBaeMoro ciydas MojayqyuM
3 3
YPaBHEHHE JIMPEKTPUCHI X = — U doxyc F(E; 0).

Omeem.:x = — %, FG; 0).

3agaHus NpakTH4YecKou padoThl
1. CocTaBUTh KAHOHNYECKHE YPABHEHUSA:

a) anurica; 0) runep6odibl; B) mapabossl (A, B - Touku, jgexariue Ha
KkpuBoii, F - pokyc, a - 6osbinas (1eicTBUTEbHAS) TIOAYOCh, b - Maas (MHIMasT)
TIOJTyOCh, € - IKCIIEHTPHUCHUTET, y=*KX - ypaBHEHUSI aCHMIITOT rUnepOoisl, D -
TUPEKTPUCA KPUBOH, 2¢ - POKYCHOE pacCTOSTHUE).

Bapuanr CHNII I'unep6oJia ITapa6osna
1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4
2. b=2,F(442,0) a=7,¢e=A85/7 D:x=5
3. A3, 0), B(2, -/5/2) | k=3/4,e=5/4 D:y=-2

4, e=421/5, A(-5,0) | A(+50, 3), B(4+/6 ,3,/2) |D:y=1

5. 2a=22,e= 45711 | k=2/3,2c= 1013 ock cummeTpun OX u
A27,9).

6. b=.15,e=10/25 | k=3/4,2a=16 ock cuMmeTpun OX U
A4, -8).

7 a=4,F=(3,0) b= 2,10, F(-11, 0) D:x=-2




8. b=4,F=(90) a=5,e=7/5 D:x=6
9. A0, +3), B(,14/3 | k= 421/10,e=11/10 D:y=-4
1)
10. | £=7/8,A(8,0) AGB, -35),B(,i55 | D:y=4
,6)

11. 2a=24,e=.22/6 | k=.2/3,2c=10 ock cummerpuu OX 1
A(-7, -7).

12. b=2,e=5.29/20 |k=12/13,2a =26 ock cummerpun Ox u
A(-5, 15).

13. a=0, F(-4, 0) b=3, F7,0) D:x=-7

14 b=7, F(5, 0) a=11,e=12/11 D: x = 10.

15. A(-.f17/3, 1/3), k=1/2,e=./5/2 D:y=-1

B(+21/2, 1/2);

16. | &=3/5A(0,38) A(+6,0), B(-2+42, I) |D:y=9

17. 2a=22,6=10/11 |k = 11/5,2c=12 ock cummMeTpud OX H
A(-7, 5).

18. b=35,e=12/13 k=1/3,2a=6 ock cumMmerpuu Oy u
A(-9, 6).

19. a=9,F(@,0) b=6, F(12, 0) D:x=-1/4

20. b=5, F(-10, 0) a=9,e=4/3 D:x=12

21. A(0, -2), B(+15/2, |k=2410/9,6=11/9 D:y=5

1)




22. e=2/3, A(-6, 0) A(+2,0),B(+20/3,2) |D:y=1

23. 2a=50,¢g=13/5 k= .28/14, 2c =30 ock cummeTpuu Oy u
A4, 1).

24, b=2./15,6=7/8 |k=5/6,2a=12 ock cummerpuu Oy u
A(-2, 3./2).

25. a=13, F(-5, 0) b =44, F(-7, 0) D: x=-3/8

26. | b=7, F(13,0) b =4, F(-11, 0) D: x = 13

27. A(-3, 0), B(1, k=.2/3,e=15/3 D:y=4

40/3)

28, |£=5/6,A(0, 411) |A(J5273,1),B(5,0) |D:y=-3

29. 2a=30,e=17/15 |k=.17/8,2c=18 ock cummeTpuu Oy u
A(4, -10)

30 b= 22,e=7/9 k=.2/2,2a=12 ock cummetpun Oy

u A(-45, 15).

2. 3anucaTh ypaBHEeHHE OKPYKHOCTH, NPOXO/sleii Yyepe3 YKa3aHHbIE TOUYKH U

HMerllel HeHTP B TO4YKe A.

2.1. Bepmnsl runep6oins 12x2 - 13y? = 156, A(0, -2).

2.2. Bepimnsl runep6onst 4x2 — 9y? = 36, A(0, 4).

2.3. ®okycel runepbons 24y? — 25x% = 600, A(0, -8).

2.4.0(0, 0), A - Bepmnna napabonst y? = 3(X - 4).

2.5. ®oxkycel smminca 9x? + 25y? = 1, A(0, 6).

2.6. Jlesblii pokyc runepbons 3x2 — 4y? = 12, A(0, -3).

2.7. ®okycel smmunca 3X? + 4y? = 12, A - ero BepXHss BepIIUHA.




2.8. Bepmmny rumepOonsl  x° - 16y? = 64, A(0, -2).

2.9. ®okyce runepbonsl 4x? - 5y? = 80, A(0, -4).

2.10.
2.11.
2.12.

2.13.

2.14

2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

0O(0, 0), A - BepmnHa napabonsl y? = - (x +5)/2.
[IpaBeii Qoxyc smwmrnca 33x% + 49y? = 1617, A(1, 7).
Jlesnit pokyc runep6ons 3x? - 5y% = 30, A(0, 6).

doxycel ommmnca 16X? - 41y? = 656, A - ero HUXHsS BEPUIUHA.

. Bepmny runep6onsr 2x% - 9y? = 18, A(0, 4).

doxycel runepbonsl 5X° - 11y? = 55, A(0, 5).

B(1, 4), A - BepmmHa napabons y? = (x - 4)/3.

Jlesnlit pokyc ammunca 3x% + 7y? = 21, A(-1, -3).

JleBy1o BepiuHy runep6onsl 5x2 — 9y? = 45, A(0, -6).
doxychl >amnca 24x% — 25y% = 600, A - ero BepxHss BEpIIUHA.
IIpaByto BepmuHy runep6oms 3x2 - 16y? - 48, A(1, 3).
JleBblit pokyc runep6onst 7X2 - 9y? = 63, A(-1, -2).

B(2, -5), A - BepmuHa napadonsl x2 = -2(y + 1).

IIpasblii Gokyc amunca X2 + 4y? = 12, A(2, -7).

IIpasyio BepmuHy runep6omnst 40x? - 81y? = 3240, A(-2, 5).
®oxycsl smmmnca X2 + 10y? = 90, A - ero HUKHAS BepLINHA.
IIpaByro BepmuHy runep6ois 3X? - 25y? = 75, A(-5, -2).
doxycel runepoosl 4x% - 5y? = 20, A(0, -6).

B(3, 4), A - Bepmuna mapabonsl y? = (x + 7)/4.

Jlesnlii poxyc smmmnca 13x? + 49y? = 837, A(1, 8).

ITpaBslil pokyc runepoonn 57X2 - 64y? = 3648, A(2, 8).

KOHTpO.]] BbHbBIE€ BOIIPOCHI

1. 3anumuTe KAHOHUYECKOE YPaBHEHHE JILIUIICA.
2. 3anummuTe KAaHOHHYECKOe YpaBHEHUE TUIIEPOOITHI.



3. 3anumuTe KAHOHMYECKOE YpaBHEHUE NapadoIbl.
4. Yto Ha3bIBACTCS IKCIETPUCUTETOM AJIUICa?
5. 3anummuTe ypaBHEHUS aCUMIITOT THIIEPOOJIBI.

IleyaTHble U31aHUA

1. I'puropwes B.I1. Dnements! Boiciieit matematuku. —M.: OUL] «Akanemusi»,
2019.

2. I'puropreB B.I1. COopHuK 3amay 1o BbIcHIEH Maremaruke: Yueb. rmocolue
st ctynentoB yupexa. CIIO / B.ILI'puropee, T.H.CaGypoa. — M.:
N3narensckuii neHTp «Axagemusi», 2020. — 160 c.

3. Cenpix N.1O., I'pebenmukoB 10.b., lllerener A.KO. MaremaTuka: yueOHUK
u npaktukym ais CI1IO M.. MzparensctBo FOpaiit. 2019.-443 c.

DJIeKTPOHHBbIE U3IaHMsI (3JIEKTPOHHBbIE PeCYPChI):
http://school-collection.edu.ru/
. http://fcior.edu.ru/
http://college.ru/matematika/
http://www.mce.su
http://www.exponenta.ru
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