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1. IacnopT KOMILIEKTa KOHTPOJbHO-U3MEPHUTEJIbHbBIX MATEPHAJIOB
B  pesynprate  OCBOEHMS ~ y4eOHOM  AMCLUIUIMHBL  «Mamemamukay

oOyyJaromuiicsi aojikeH obnanath npeaycMoTpeHHbiMU PI'OC mo cnenuaibHOCTH
CIIO 15.02.14 OcHameHne cpeacTBAMH aBTOMATH3ALUH TEXHOJOTHYECKHUX
NMPOIECCOB M MPOM3BOACTB (M0 OTPACISAM)CICAYIONIMMH YMCHUSIMH, 3HAHHUSIMH,
KoTopble  GOpMUPYIOT  NpOo(ECCHOHATBHYIO  KOMIIETCHIIMIO, W  OOIUMHU
KOMITCTEHITUSIMH:

Ymenns (Y):

VYV 1 - BBINOJNHATH omnepanuy HajJ MaTpULAMH M peliaTh CUCTEMbI JTUHEHHBIX
YPaBHEHUM;

VY 2 - pemarTh 3a1ayu, UCHOJB3YS YpPAaBHEHUS MPSIMBIX U KPUBBIX BTOPOTO
NOPSI/IKA HA IIIOCKOCTH;

VY 3 - npumeHsATh MeTOABI TU(PPEPEHIINATBHOTO U UHTETPATIbHOTO UCUUCICHUS
(GyHKIIUN ¢ OTHON TePEeMEHHOM;

VY 4- npumeHsaTh MeTo bl TudPepeHInaTbHOTO U UHTErPaIbHOTO UCUUCICHUS
(GYHKIIUNA HECKOJBKUX IEePEMEHHBIX;

VY 5 - pemath nuddepeHnraibHbIe YPaBHEHUS;

VY 6 - moJIb30BaThCS MOHATUSIMH TCOPUHU PSIJIOB.

VY 7- n051b30BaThCS MOHATUSIMU TEOPUU KOMILIEKCHBIX YUCEIT;
3nanus (3):

3 1- OCHOBBI MAaTEMATUYECKOTO aHAIK3a, TMHEWHON anreOpsl 1
AHAJINTUYECKOU T€OMETPUU;

3 2- ocHOBHI TU(hEepeHITNATBHOTO U HHTETPATFHOTO UCUHUCTIEHUS QYHKIIHM ¢
OJIHOM IIEPEMEHHON;

3 3- ocHOBHI (P hEepeHITNATBPHOTO U UHTETPATFHOTO UCUHUCTIEHUS YHKIIHH ¢
JIBYMS TIEPEMECHHBIMU;

3 4-0CHOBBI TEOPUU PSIOB.

3 5- OCHOBBI TEOPUHU KOMIUJICKCHBIX YUCET,

OK 1 BsiOupats criocoObI pemieHus 3a1a4 npoecCUOHATEHON AESITEIbHOCTH

MNPUMCHHUTCIIBHO K Pa3/INYHBIM KOHTCKCTaM
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OK2 OcyuiecTBisiTh MOUCK, aHaJUM3 M HWHTEpIpeTaurio HHpopmanuwy,
HEO0OXOIMMOM ISl BHIIOJIHEHUS 3a]1a4 MPOo(peCCUOHANBHON AESITEIbHOCTH

OK 9 HUcnonb3oBaTh HH(GOPMAIIMOHHBIE TEXHOJIOTUU B PO ECCUOHATBHON
NesTeNbHOCTH

OK 10ITonb30BaTHCA npodeccuoHaIbHON JIOKYMEHTaIuen Ha
rOCy/IapCTBEHHOM U MHOCTPAHHOM SI3bIKaX

OCHAIIIEHUE CPEJACTBAMU aBTOMATHU3AIMK TeXHoJoruueckux nporeccoB(I1K)

IIK 1.3 IIpoBoauTh BUpPTyaJbHOE TECTUPOBAHHE PAa3paOOTAHHOW MOACIH

AJIEMEHTOB CHUCTEM aBTOMATH3aIllMH JIJI OIEHKH (PYHKIIMOHAIBHOCTU KOMIIOHEHTORB

IIK 1.4 ®opmupoBaTh MaKeT TEXHUUECKOW TOKYMEHTAIIMU Ha pa3pabOoTaHHYIO
MOJIEJIb DJIEMEHTOB CUCTEM aBTOMATU3aLUU

IIK 2.3 IIpoBOAUTH UCTIBITAHUSA MOJEIU 3JIEMEHTOB CHUCTEM aBTOMATHU3allUU B
peabHBIX YCIOBHUSIX C ILEJIbIO MOATBEPXKIACHUS PabOTOCIIOCOOHOCTH M BO3MOXKHOM
ONTUMM3ALUN

I[IK 4.3 OpranuzoBbiBaTh padOTHl IO YCTPAHEHHUIO HEMOJAI0K, OTKAa30B
000pyAOBaHUS U PEMOHTY CUCTEM B PaAMKax CBOEH KOMITETEHIIHH

dopmoit aTTecTallun 10 y4eOHOM UCIUILINHE SIBIIICTCS
nudepeHITMpOBaHHBIN 3a4eT.
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2. Pe3yabTaThl 0CBOEHHMS Y4eOHOI JMCUMILUINHBI, NOAJIeKALINE IPOBEePKe

2.1. B pesynbrate arrectauiMd 1O Y4€OHOM JHMCLUMIUIMHE OCYLIECTBIISIETCS
KOMIUJIEKCHas TMpOBEpKa CIEAYIOINIMX YMEHUH M 3HAHUM, a TaKkKe JUHAMUKA

(dopMupoBaHUs 0OIIUX KOMIETEHIUNI:

Pe3yabTaThl 00y4eHUs:
yMeHMs, 3HAHUA U o01ue
KOMIIeTEHIINH

IToxka3zaTesn OEHKH
pe3yJbTaTa

DopMa KOHTPOJISA
U OLlCHUBaHUSA

YMmerh:

Y 1 - BbINONIHATH Oniepauu
HaJl MaTpULAMU U pelIaTh
CHUCTEMBI JIMHEUHBIX
YPaBHEHUM.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICATEIILHOCTb,
BbIOMpATH TUTIOBBIE METO/IBI U
CIIOCOOBI BBITIOJTHEHUS
npodeccruoHaIbHBIX 3a/1a4,
OIICHUBATh UX Y(HPEKTUBHOCTH
M Ka4eCTBO.

- BrinosiHeHue aeMcTBUN HAl
MaTpUIIAMHU: CJIIOKEHUE,
BBIYMTAHUE, YMHOXKEHHUE,
YMHO>KEHUE MATPUIIbI Ha
YUCII0

-Berancienne onpeaenuTencu
- Pemrenne cucrem JIMHEHHBIX
YPaBHEHUH METOJIOM
00paTHON MaTPHUIIbI

- Pemenue cucteM JJMHEMHBIX
ypaBHEHUM 1o popMynam
Kpamepa

- Pemenue cucteM JUHEHHBIX
ypaBHEHUN MeTon0M ['aycca.

YcTHBIN onpoc,
CaMOCTOSITeITbHBIE
paboThI;
NIPAaKTHYECKUE
paboThI, PK3aMEH

Y 2 - pemarts 3a7a4H,
UCIIOJIb3Ysl YPABHCHUS
MPSIMBIX U KPUBBIX BTOPOTO
MOPSIAKA Ha IIIOCKOCTH.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITCIIHPHOCTD,
BBIOMPATh TUIIOBBIC METOBI U
CIIOCOOBI BHITIOJTHEHUS
mpo¢eCCHOHANILHBIX 3a]1a4,
OIICHUBATH MX

3 PEKTUBHOCTHH KA4€CTBO.

- BrimosiHeHne nevicTBUM HaxQ
BEKTOpPaMHU: CJIOKEHUE U
BBIYMTAHUE BEKTOPOB,
YMHOKEHHE BEKTOPA HA YHCIIO
- Haxoxienue ckajasipHOro,
BEKTOPHOTO M CMEIIAHHOTO
MPOU3BEACHUS BEKTOPOB

- CocTaBneHue ypaBHEHUI
NPSMBIX U KPUBBIX 2 MOPSJIKA,
UX MIOCTPOCHHUE

YcTHBIN ompoc,
CaMOCTOSITEJIbHBIE
paboThI;
MPaKTUYECKUE
paboThI
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¥ 3 - npUMEHATh METOIbI
nudpepeHnanbHOTO U
WHTETPaIbHOTO UCUUCIICHUHU
U1t QYHKIMM C OTHOU
MIEPEMEHHOU

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCT,
BBIOHMPATh TUTTOBBIC METOJIBI U
CIOCOOBI BBITTOJIHEHHUS
npodeccuoHaIbHbIX 3374,
OLICHMBATh UX 3(PPEKTUBHOCTD
M Ka4eCTBO.

-Beruncnenue npeaena
(yHKUMU B TOUKE U B
OECKOHEUHOCTH

- UccnenoBanue pyHKIMM Ha
HENPEPHIBHOCTH B TOUKE
-OnpeneneHue BU10B TOUEK

pa3psiBa- HaxoxaeHue
POU3BOJIHON (DYHKLIMHU-
Haxoxzaenue nmpon3BogHON
CJIOKHOM (PyHKIIUU-
[IpuMeHeHue npasuiia
JlonuTtans A BBIYMCICHUS
IIPEAEIIOB

-Pa3yioxxeHue aneMeHTapHbIX
bynkuuit B psia Tenopa u
IpUMEHEHHE JIJISl HaX0KICHUS
npenenoB- Jlorapupmuyeckoe
nuddepeHmpoBanue -
HccnenoBanue GyHKIUY C
IIOMOIIBIO TPOU3BOAHON U
OCTpOEHUe rpadu

- Haxoxxneunue
HEONPEACIICHHBIX UHTETPAJIOB
(HEmoCpeCTBEHHOE
WHTErPUPOBAHUE ,
UHTErPUPOBAHUE
MMOJICTAHOBKOM ,
UHTETPUPOBAHKE 10 YACTSIM )
-UuaTerpupoBanne QyHKIINIA,
coAepKalrX KBaJIpaTHbIN
TpEXwIeH -
HNuTterpupoBanue
parMoHATBHBIX (PYHKITUI

- UnTerpupoBanue

palMoOHaIbHBIX APOOeii-
HNuTterpupoBanue
TPUTOHOMETPUUYECKUX
bynkuuit-UarerpupoBanue
UPPAMOHATHHBIX (PYHKITUH-
Boluncnenue onpeaeneHHbIX

YcTHBIN onpoc,
CaMOCTOSITEIbHBIC
paboThI;
NPaKTUYECKUE
paboThI, FK3aMEH
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uHTerpano-HecoOCTBEeHHbIE
UHTETpabl-Borancnenue
riomae Guryp ¢ moMoIIbo
OIPEJIETICHHOI0 UHTErpaa-
JnuHa nyru-dusnyeckoe
IPUIOKEHHUE OIPEIEeIEHHOTO
UHTErpajia

Y 4- npuMeHsATh METObI
g depeHnnasbsHOro U
UHTETPaIbHOTO UCYUCIICHUH
1St PYHKIIMI HECKOJIBKUX
nepeMeHHbIX

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEIIBHOCT,
BBIOMPATH TUIIOBBIC METOIbI U
CriocOOBI BBITIOTHEHUS
npodeccroHaIbHbIX 3374,
OIICHUBATH UX YP(HEKTUBHOCTH
1 Ka4eCTBO.

-IIpon3BOAUTE BBIUHCICHHE
npenenoB GQyHKUUN ¢ ABYMS
nepeMeHHBIMU
-HaxoxneHue

YaCThIX
npou3BoAHbIX -Haxoxaenue
YaCThIX MPOU3BOIHBIX
BBICIITUX TIOPSJIKOB-
[IpuMeHeHue oIHOTO
nuddepenuana K
npUOIMKEHHBIM
BbIUKCIIeHUsIM-Haxoxnenme
nuddepeHIranoB BICIINX
nopsiikoB-Haxoxaenue
MIPOU3BOIHOM CIIOXKHOMN
bynknun-Haxoxaenne
IKCTpeMyMa (PYHKIIUH IBYX
NepeMeHHbIX-Bbluncienue
JIBOMHOT'O MHTETpaa B
JIEKapTOBBIX KOOPAMHATAX-
Brruucinenue aBOMHOrO
WHTETpaja B MOJSIPHBIX
KoopauHarax-IIpumenenue
JIBOMHOI'O MHTErpajia JJjs
BBEIYHCIICHUS 00beMa Tela,
IJIOIIAIN TITIOCKON (DHUTYPBI,
MAacChl HEOTHOPOJHOM
TJIACTUHBI

YcTHBIN onpoc,
CaMOCTOSITeITbHBIE
paboThI;
PaKTHYECKUE
paboTHI
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Y § - pewiats
nudpepeHImanbHbIe
ypaBHEHHUS

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOMPATH TUTIOBBIC METO/BI U
crocoObI BBITIOTHEHUS
npodecCUOHANILHBIX 3a]1ad,
OIICHMBATh UX

3¢ PEKTUBHOCTHY KAa4€CTRO.

-Pemennue

g depeHunanbHbIX
YPaBHEHUU IIEPBOTO IOpPsAIKA
-Pemennue

mugdepeHnnanbHbIX
YpPaBHEHUH IIEPBOTO MOPsIKA C
pa3aensomuMucs
nepeMeHHbIMU-Permenne
OJIHOPOJIHBIX
muddepeHnnanbHbIX
ypaBHEHHI epBOTo MopsiiKa-
Pemenue nuHeHbIx
ypaBHEHHI MEpBOTo MopsiiKa-
Pemenue nuddepeHmanbHbIX
YpPaBHEHH BBICIIETO TOPSIIKA-
Pemenue ypaBHenui ,
JIOMTYCKAIOIINX MOHMKEHHE
nopsiaka-Pemenue JIOAY
BTOPOTO MOPsJIKA C
MOCTOSIHHBIMU
koa(dunuenramu- Pemenue
JIHJLY BTOpOTO nopsiaka ¢
MOCTOSIHHBIMU
Kod(PUIIMEHTaMU U TIPABOM
YacThIO CIEIUATBHOTO BU/IA

YcTHBIN onpoc,
CaMOCTOSITEIbHBIC
paboThI;
NPaKTUYECKUE
paboThI, FK3aMEH

Y 6 -- 101B30BaTHCA
MTOHSATHUSMHU TCOPUH PAIOB.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITCIIHPHOCTD,
BBIOMPATh TUIIOBBIEC METOBI U
CIIOCOOBI BBITIOJTHECHUS
mpo¢eCCHOHANILHBIX 3a]1a4,
OIICHUBATH MX

3 PEKTUBHOCTHH KA4€CTBO.

-BrimonHsaTe uccneqoBanme
PSAIOB HA CXOMMOCTh-
Haxonuts pannyc
CXOAUMOCTH , 00JIaCTh
CXOAUMOCTH -BBIMOTHATH
pasnokenne QyHKIUH B
CTETICHHBIC PSI/IbI

YcTHBINM onpoc,
CaMOCTOSITEIbHBIC
paboThI;
MIPAKTUYECKUE
paboThI
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Y 7 - nonp30BaThLCA
MOHATUSIMU TEOPUU
KOMIIJICKCHBIX YHCEJT,;

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCT,
BBIOMPATH TUTIOBBIC METO/BI U
CrocoObI BHITIOTHEHUS
npodecCUOHANIBHBIX 3a]1ad,
OIICHMBATh UX

3¢ PEKTUBHOCTHU KAa4€CTRO.

- [Ipou3BoauTh AEUCTBHUS C
KOMILJIEKCHBIMU YHCIIaMU B
anreOpanyeckou,
TPUTOHOMETPUUECKOM,
noKazaTeIbHON dhopmax-
OcymecTBasTh
FEOMETPUYECKYIO
UHTEPIPETALUIO
KOMILUIEKCHOTO YHucJa -
[lepeBOIUTH KOMITJIEKCHbBIE
quclia u3 OAHOU (OpMBbI B
npyryio-Pemars ypaBHeHUs Ha
MHO>KECTBE KOMIIJIEKCHBIX
quCcen

YcTHBIN onpoc,
CaMOCTOSITEIbHBIC
paboThI;
NPaKTUYECKUE
paboThI, FK3aMEH

3HATH:

31- OCHOBBI MATEMATHYECKOTO
aHaju3a, JUHEWHOU anreOpsl
U QaHAJIUTUYECKON reOMEeTpHH;

OK 1. [ToHumaTth CylmHoOCTh
U COLIMATIbHYIO 3HAYUMOCTh
cBoel Oynymieit npodeccun,
MPOSBJIATH K HEM YCTOMYHBBIN
UHTEpEC.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€ATEILHOCTD,
BBIOMpATH TUTIOBBIE METOIBI U
CrIOoCOOBI BBITIOTHEHUS
npodeCCHOHANILHBIX 3a]1a4,
OIICHUBATh UX d(PPEKTUBHOCTH
1 Ka4yeCTBO.

BocnponszBoanTs aaropuTMbl
pEeLIeHNs CUCTEM JTUHENHBIX
YpaBHEHUI METOJ0M
0o0paTHOI MaTPUILkI, 110
dbopmynam Kpamepa, metoiom
["aycca

- Bocipou3BoiuTh
CkansipHoe, BEKTOPHOE U
CMEILIaHHOE MPOU3BEACHUS
BEKTOpPOB
- OnpenenaTs ypaBHEHUS

KPUBBIX BTOPOTO NOPSIAKA

YcTHBIN onpoc,
CaMOCTOSITEIbHbIC
paboTHI;
MIPaKTUYECKUE
paboThl, IK3aMEeH
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32- 0CHOBBI

¢ depeHunasbHOro 1
MHTETrpajJbHOr0 UCYUCICHUS
dbyHKIMHI ¢ OJTHON
IIEPEMEHHOM.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCT,
BBIOHMPATh TUTTOBBIC METOJIBI U
CIOCOOBI BBITTOJIHEHHUS
npodeccuoHaIbHbIX 3374,
OLICHMBATh UX 3(PPEKTUBHOCTD
M Ka4eCTBO.

- Bocipou3BoauTh METObI
BBIUHCIICHUS MIPEIEIIOB,
3aMeuaTebHbIE MTPeIebl-
KnaccuduunponaTs TOUKH
pa3pbiBa PyHKIUU-
Bocnpoussoauts npasuia
nudepeHupoBaHus U
IIPOU3BOJIHBIE OCHOBHBIX
AJIEeMEHTAPHBIX (DYHKIIHHA,
CIIOXHBIX (PyKLIUIA-
BocnpousBoauts anroputm
NOCTPOEHUS TpadUKOB
GyHKIMN ¢ TOMOUIBIO
npou3BoaHOM- Ha3piBaTh
TaOJIMYHbIE UHTETPAJIbI
-Pemiats nHTETpabl METOIOM
3aMEHbI [IEPEMEHHOM,
MHTETPUPOBAHUEM ITOYACTSIM-
Hcrnonp30BaTh NPUIIOKEHHE
ONPENIEICHHOr0 UHTETpaja K
BBIYHCIICHUIO IUTOIIAAEH
IJIOCKUX (PUTYp, 00BEMOB Tell
BpallEHUs, MyTH,
MPOMJICHHOTO TOYKOM

YcTHBIN onpoc,
CaMOCTOSITEIbHBIC
paboThI;
NPaKTUYECKUE
paboThI, FK3aMEH
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33 — OCHOBBI
nudpepeHnanbHOTO U
MHTErpajJbHOTO
UCYHCIICHUAPYHKIIUI
HECKOJIbKHUX IEPEMEHHBIX

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCT,
BBIOMPATh TUTIOBBIE METOJIBI U
CIOCOOBI BBITTOJIHEHHUS
npodeccuoHaIbHbIX 3374,
OLICHMBATh UX 3(PPEKTUBHOCTD
M Ka4eCTBO.

- Haxoguts 061acTh
onpeneneHus GyHKIUN AByX
epPEeMEHHBIX
-BocnponsBoauts mpasuia
HAXOXJACHHS YaCTHBIX
IPOU3BOJIHBIX PYHKIUH C
JBYMsI TIEPEMEHHBIMU -
Bocnpouszsoauts anroputm
HAXO0XIACHUS IKCTpeMyMa
GyHKUUU € ABYMS
nepeMeHHbIMHU-
BocmnpousBoauTs cBoiicTBa
JIBOMHBIX UHTETPAJIOB U
MPaBUJIa UXBBIYUCICHUS

34-0CHOBBI TeOpUM PSi/IOB

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JIEATEIbHOCTD,
BBIOMpATH TUTIOBBIE METOIBI U
CIIOCOOBI BBHITTOJTHEHHUSI
npodeccroHaIbHbIX 3374,
OIICHUBATH UX 3PHEKTUBHOCTH
M Ka4eCTBO.

-Paznuuate psaasl o Gpopmyiie
00111eT0 YJIeHa-
Bocrnpou3BoauTh npu3HaKku
CXOIUMOCTH PSIJIOB

YcTHBIN ompoc,
CaMOCTOSITEIbHBIC
paboTHI;
MIPaKTUYECKUE
paboTHI, PK3aMEH
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35 - ocHOBBI TEOpHUH - [IpencraBiaTh YcTHBIN onpoc,
KOMILJIEKCHBIX YU CET KOMILUIEKCHOTO YHMCJia B CaMOCTOATCJIBHBIC
paboThI;
IIPAaKTUYECKUE
paboThI, FK3aMEH

anreOpanyecKou
OK 2. Opranu3oBbIBaTh P ’

COOCTBEHHYIO JICSITEILHOCT, g
BBIOMpATh THIIOBBIE METOABI 1 | TOKA3aTCIbHON dopmax,
CIIOCOOBI BBINIOJIHEHUS BBITIOJTHATH I[GﬁCTBI/IH B HHUX.
npodecCUOHANIBHBIX 3a]1ad,
OLICHUBATh UX 3(PPEKTUBHOCTD
U KaueCTBO.

TPUTOHOMETPUUECKOM,

3. OueHka ocBOeHUS Y4eOHOM AN CIUTTUHBI
3.1. ®opMbI M MeTObI OLleHMBAHUSA
[IpenmeToM OLIEHKM CITy>)KaT YMEHHUs U 3HaHus, npeaycMmoTrpennbie @I'OC no

IUCIUIUIMHE  «Mamemamuxy, HanpaBleHHble Ha (QOpMUpOBaHHE OOIIMX WU
npodeccuoHaIbHBIX KOMITETEHIIUH.

OneHka OCBOCHHS JUCHUIUITMHBI «Mamemamuxa» BKIIOYAET TEKYIIUH
KOHTPOJIb  YCIIEBAEMOCTH, TPOMEKYTOUHYIO aTTeCTallul0 B BHUJIE DK3aMeHa.
[IpoBenenne TeKyIero KOHTPOIS yCIEBAEMOCTH OCYIIECTBIISIETCS B (pOpME YCTHBIX
OINPOCOB, MUCHMEHHBIX 33JlaHUI (CAaMOCTOSITENbHBIE PA0OTHI, TECTHI), MPAKTUUECKUX
pab6or. [ns stux ueneit popmMupyroTcss GOHIIBI OIEHOYHBIX CPEICTB, BKIIOYAIOIINE
TUTIOBBIE 3aJlaHWsA, TECTHl MU METOJIbI KOHTPOJS, TO3BOJSIOININE OLICHUTHh 3HAHMS,
YMEHHS U YPOBEHb IPUOOPETEHHBIX KOMIIETEHITUH.
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BaIlaHHﬂ JJIA OICEHKH 0CBOCHUA JUCIUITJINHBI

DJIEMEHTbI JTMHEHOM aJIredpbl
IIpakTnyeckas paGora Ne 1

Tema «Pemenue cuctem nuHEHHbIX ypaBHeHUM 110 hopmynam Kpamepa.Pemenne

CCCCCC ypaBHEHUU MeToI0M ['aycca» eab: Hay4YUTHCS BBIYUCIATH
OMPENICTUTETUTEIN 2- TO U TPETHErO MOPSIKa, PEIIaTh CUCTEMbI IMHEHHBIX YpPaBHEHUN C

MOMOIIIBIO OTpeieuTenelt , MmetoioM ["aycca, hopmupoBaHue BEHIYUCITUTENBHBIX
BIKOB.3aIaHUA

Ky
1) 4=1"% 2+K2I,2)A:I 3= 5
KqK, 5

1.BBI‘{I/ICJII/ITL OHpG}]GHI/ITGHI/I BTOpOFO HOpSIJIKa: 3.’(2 6 y
1
905 x .p4%
3)4 =| L
057% 142

2.Beruncnuth OIIPCACITUTCIIN TPETHET'O ITOPAAKA:

-1 3k, 2 3k, 4 -5 1 -2 x;x,
Ha=12 8 K2|, 2)4=18 Tk,y=2 =21, 3) 4=I3 kK, =5 |
1 1 2 2 -1 8 2 k, 5

3..Pemuth cucrtemy ypaBHeHUM meTogom Kpamepa, cienath mpoBeEpKy:
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3. Kaxkue cnocoObl BEIYMCIIEHUS ONPEIETUTENS TPETHEr0 MOPsAJIKA BAM U3BECTHBI?
4. Tlepeuncnure CBOMNCTBA ONpPEACIUTENEH.
5. Chopmynupyiite Teopemy Kpamepa.

6.Anroput™M npuMeHeHus Merona ['aycca.

IIpakTnueckas padora Ne 2

Tema: Pemenue matpuunsix ypaBHeHuil, CJIAY mMaTpU4HBIM METOJIOM.

enb: HAYYUTHCS BBIUUCIATH MUHOPBI, AITeOpandecKue TOMOJHEHUS, OTIPEACIUTENN
YETBEPTOTO MOPSIIKOB , HAXOJAUTh OOpAaTHBIE MATPUIIBI ,pPEIIATh MPOCTEHIITHE MATPUUHBIE
ypaBHeHus1, CJIAY MaTpuuHbIM METOJOM .

3aganme 1
2 1l 1 -2 1 x
Da=td 23 5 972 3 K 2
3k, 21 4 1 -3 -2 4
JIaHBI OIIPEIEIUTENN -2 13 -3 1 2 3 4
iz 4y,

1) HaiiTi MUHOPBI U alreOpandecKue JTOTOTHEHHS 3JICMEHTOB j
2) BbIUHCIUTH ONPEASIUTENH, PA3I0KUB UX 0 dJICMEHTaM a) i-0i CTPOKH, 0) j-T0

cToJo1a
Bapuant | * K, i j | Bapmant | * k) [ ]
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
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10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2
14 -4 -1 1 2 29 -2 5 2 1
15 -1 5 3 1 30 -5 -1 1 3
K, -2 -1
A=|2 1 2
3ananue 2. /lana Matpuia 3 -k, 4 . Haiitu
a) A u nposepump | umo A-A'= ALA=E
6) A+ A!

Bapuanm Ky o Bapuanm K1 Ky

1 3 -2 16 4 -1

2 4 1 17 5 1

3 3 -4 18 2 0

4 2 1 19 -2 1

5 3 -3 20 2 -2

6 1 5 21 0 7

7 -2 3 22 -1 4

6 -2 23 -3 3

9 -6 1 24 -4 1

10 -5 1 25 0 8

11 -2 4 26 4 -2

12 1 3 27 -1 3

16
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4 17
A=19 2 5
4. JIns MmaTpuiisl -3 42 yKa3aTb CyMMY 3JIEMEHTOB, PACIIOJIOKEHHBIX HA

BCIIOMOTaTEJILHOU JuaroHainu

a)6 b)10 )8
5. Tlpu ymHOXeHNY MaTpuisl 4 Ha Matpuiy B 0mKHO cO6GMIONATHCS YCIOBHE:
a) umcyo cTpok Matpunsl 4 paBHO uMCIy CTPOK MaTpuIel B
b) umcio ctpok Matpunsl 4 paBHO YMCITY CTONGIIOB MATPHIEl B
¢) umcio cTonbuos MaTpuel 4 paBHO WHCTy CTPOK MaTpHIBl B
6. KBajpaTtHas MaTpuiia Ha3bIBACTCSl QUACOHANbHOU, eCI:
a) 3JIEMEHTBI, JIeXKAII[Ke Ha TJIABHOM JHarOHAIN PABHBI HYITIO
b) semeHTsI, He JIeXkaIKe Ha TJIAaBHOM JHAarOHaIH PaBHbI HYJTIO
a) 3JIEMEHTBI, JIeXKAIHe Ha TOOOYHOM JUArOHAIN PABHBI HYJIO

14 5
04 2|
7. Ilpn xakoM 3HaueHHH ¢ ONpENEIHUTEID 00 2¢-1 paBeH HyJII0?
a)2 b)0,5c) -2
8. Ecniu moMeHsTh MecTaMH JBE CTPOKH (JBa CTOJIONA) KBAAPATHONH MATPHUIIBI, TO
OTIpEICTTUTENb:
a) He U3MEHUTCS
b) craHeT paBHBIM HYJIIO
C) IOMEHSIET 3HAK
-12 0
13 7-1
9. Yemy paBeH MuHop M2 ompenenurens 542 o
ay4 b)O c) 11
-12 0
13 7-1
10. Yemy paBen munop Ma  ompenenurens 542,
a) 4 b) -2 c) 011. Yemy paBHO anreOpandeckoe TOMOTHEHUE
-12 0
13 7-1l
4y ompememurens 0 4 2 o
a)-4 Db)O ¢) -1112. Yemy paBHO anre0panveckoe JOMOIHEHHE
-12 0
13 7-1
42,

ONPEICIIUTENS



a) 4 b) -2 c¢) 013. Uemy paBeH IIaBHBII ONPEIEITUTENb

CUCTEMBI yPaBHEHUU
a) -5 b) 6 c)5
_ (2 0 ) D=( 1 2),
14. Ecnu MaTpuLsl 3 -4 g -2 0] 10 onpeneutens Matpunsl 4D
paBeH:
a) -32b) 32 ¢) -1615. HaiitTu MUHOD JUIsl 2JIEMEHTa “ 32  ONpEeTUTEeNs
-3 -2 10
Azl 2 _2 1 4|
4 0 -12
3 1 -14
a)2 b) 20 ) - 20 16. Haiitn anrebpanueckoe JOMOJHEHHE ISl dEMEHTA
-3 -2 10
Azl 2 _2 1 4|
4 0 -12
%% ompenmenuTeNs, MUHOP JJIS DJIEMEHTA & 32 3 1 -14
a)2  b)20 c)-20 a)-8 6)8 B)-5
17. Haittu anreOpanyeckoe JIOMOJTHEHUE JJIsI DJIEMEHTa Gy OTIPEICIIUTENSA
-4 0 1
£=12 -13l
3 2 2
a) -8 b)8 ¢)-5
CamocTosiTesibHasi padoTa
Bapuanr 1

A=1-2 1 8 2 41

1. Haiitu matpury C=A+3B, eciau 2 43 , 1 30

-1 3 9

C= (4 13 11

Otger: 5 133
Pemnts cuctemy TUHEWHBIX YpaBHEHUM METOJIOM 0OpaTHOM MaTPUIIBIL.

Pemnts cuctemy nMuHEMHBIX ypaBHeHuUi 1o popmynam Kpamepa.
Pemnth cucteMy JIMHENHBIX ypaBHEHUN METOAOM [ 'aycca.

2 30 -1 0 3
)B:

B whn

20



X1+ 2 X2—X3:1 )
2 X;=X,+ X3=5,
3 X1+2 X2+ X3:7 .

Otsert: (2;0;1)

BapuanTt 2
2 30 -1 0 3
A=[-2 1 8) B=|2 4 1
1. Haittu matpuity C=2A-B, eciu 2 43 , 1 30
5 6 -3
C=1-6 -2 15
Otger: 3 5 6
2. PemuThb cuctemMy JMHEHHBIX YpaBHEHHU METO0M OOpaTHON MaTpHUIIbI.
3. Pemuts cuctemy nuHeNHHbIX ypaBHeHH 1o popmynam Kpamepa.
4. Pemmmth cucTeMy JIMHEHHBIX ypaBHEHUI MeTo10M [ aycca.
X1—=Xp+2 X3=-2,
Xi+ 2 X,=Xg=T7
2 X1+ X5—3 X3=5.
Ortser: (1;3;0)
Bapuant 3
2 30 -1 0 3
A=-2 1 8 B={2 4 1
2 4 3 1 30

1. Haiitu matpury C=3A+B, eciau ,
5 9 3 )

C= (—4 [ 25
Otger: T
Pemnts cuctemMy TMHEUHBIX YpaBHEHU METOJIOM OOpaTHOM MaTpHULIBIL.

Pemuts cuctemy nuHeHBIX ypaBHEeHHI 110 hopmynam Kpamepa.
PemuTe cucteMy JIMHENHBIX ypaBHEHUI METOAOM [ 'aycca.

[Xl+ 3 X2—2 X3=4 )

oW

X+ 4 Xo=Xg=T7,
2X1+ X2+X3=3.

21



Otsert: (0;2;1)

Bapuanrt 4
2 30 -1 0 3
A=—218) B=[ 2 41)
1. Haiitu matpuny C=A-4B, eciu 2 43 , 1 30
6 3 -12
C=1-10 -15 4
OrtBerT: -2 -8 3
2. PemuThb cuctemMy JMHEHHBIX YpaBHEHHU METO0M OOpaTHON MaTpUIIbI.
3. PemuTh cucremy NuHEHHBIX YpaBHeHUH 110 popmyrnam Kpamepa.
4. Pemmmth cucTeMy JIMHEHHBIX ypaBHEHUI MeTo10M ["aycca.

X+ 3 X+ X3=6,

X1+ 2 Xo—X3=3,
[2 Xy =Xo+ X3=4 .

OtseT: (2;1;1)

Bapuanr 5

w N

2 30 -1 0 3

A=[-2 1 8) B=|2 4 1

Haiitu matpunty C=4A-B, eciu 2 43 , 1 30
9 12 -3
C=1-10 0 31
Ortger: 7131

Pemnts cructemMy TMHEUHBIX YpaBHEHU METOJIOM OOpaTHOM MaTpHULIBIL.
Pemuts cuctemy nuHeHBIX ypaBHEeHHI 110 popmynam Kpamepa.
Pemm)a FYCTEMY JYIHEHHBIX YPABHEHUH METOLOM ["aycca.

{ XXt 3%t =20

22



Otsert: (1;1;0)

Bapuant 6
2 30 -1 0 3
A=(-2 1 8 B=(2 4 1
1. Haiitu matpury C=A+2B, ecr 2 4 3] 1 30
3 6
C=[ 9 10
4 10 3

w ™

OTBeT:

Pemuth cuctemMy NTMHEMHBIX YpaBHEHU METO10M OOpAaTHOM MATPHUIIBI.
Pemuth cuctemy NMMHEWHBIX ypaBHEHUM 1o popmyinam Kpamepa.
Pemuth cucteMy JIMHENHBIX ypaBHEHUN MeTOAOM [ aycca.

X1+ Xo+ X3=3 )
2 X=X, +X3=1,
2X1+3 Xo—X3=1.

DJIeMeHThI AHAJTUTHYECKOH reoMeTpHu

YcTHBIN onpoc

1
2
3
4.
5.
6
7
8
9.
1

Uto Ha3bIBaeTCSI BEKTOPOM?

Kakue BekTOpbl Ha3bIBAIOTCS KOJJIMHEAPHBIMU?

Uto Ha3bIBaeTCS KOOPAMHATAMHU BEKTOpa?

Kak HaliTu KOOpJIMHATHI BEKTOPA, 3aIAHHOTO JIByMsI TOUKaMu ?
Kak HaliTu 1iiuHy BeKTOpa, 3aIaHHOTO0 CBOMMM KOOpAMHATAMU ?

3anumute GOopMyIIbl JEICHHS OTPEe3Ka B JAHHOM OTHOIIICHUU.

JlaTb onpenesieHne NPOEKIMU BEKTOpa Ha OCh U IEPEYUCIIUTh €€ CBOMCTBA.
JlaTh onpeniesieHne CKaasipHOTrO MPOU3BEICHUSI BEKTOPOB.

JlaTb onpenesieHre BEKTOPHOTO MPOU3BEICHHS BEKTOPOB.

0.[latb onpeaeneHne CMEIIaHHOTO MPOU3BEECHUS BEKTOPOB.

IIpakTnyeckas padora Ne 3 nmo reme

«JIeMeHTbI BEKTOPHO# ajared0pbn)

Heab: [IpoBepUTh 3HAHUA U YMEHHS IO HAXOXKIACHHUIO: KOOPIMHAT BEKTOPA, ONepaluii

HaJl BCKTOPpaMH, MOAYJId BEKTOPpa U CKAJLAPHOI'O ITPOU3BCACHH A, BEKTOPHOI'O

MMPOU3BCACHHUA, CMCIIAHHOI'O IIPONU3BCACHU .

23



3aganus

1. Ilo koopnunatam Touek A, B u C 11 yka3aHHBIX BEKTOPOB HATHU:

a) KoopauHatbl BEKTOpPOB

e) Koopaunatel Touku M, nensiiieit OTpe30K P B OTHOLLICHU U &

a=AB, b=BC, c=AC, d=BA, p=CA
b) Moxyns Bektopa k=3as —d
c¢) CkanspHoe pousBeieHHe BEKTOPOB a U b;
d) ITpoekumio BekTopa ¢ Ha BekTop d;

Koopaunar

Koopannar o

BapuaHThI | BI TOYKH KOOPHHHa}; bl TOUkH C b
A bl TOYKHU u i

1. (-2,1,3) (3, -6, 2) (-5, -3, -1) 1 3
2. (1,3,6) (-3, 4, -5) 1,-7,2) 1 2
3. (7,2,1) (5,1, -2) (-3, 4,5) 2 1
4, (3,5, 4) (-2, 7, -5) 6,-2,1) 3 2
5. (5, 3,2 (2,-5,1) (-7, 4, -3) 2 3
6. (11, 1, 2) (-3, 3, 4) (-4,-2,7) 1 2
7. (9,5, 3) (-3,2,1) 4, -7, 4) 3 1
8. (7,2,1) (3, -5, 6) (-4, 3, -4) 3 2
0. (1, 2,3) (-5, 3,-1) (-6, 4,5) 2 1
10. (-2,5,1) (3,2, -7) 4,-3,2) 4 1
11. (3,1, 2) (-4, 3,-1) (2,3, 4) 2 1
12. (3,-1,2) (-2,4,1) 4,-5,-1) 1 3
13. (4,5,1) (1,3,1) (-3,-6,7) 3 4
14. (1,-3,1) (-2,-4,3) (0,-2,3) 2 3
15. (5,7,-2) (-3,1,3) (1,-4,6) 4 3
16. (-1, 4, 3) (3, 2, -4) (-2,-7,1) 1 3
17. (5,4,1) (-3,5, 2) (2,-1,3) 3 1
18. (2,-1,4) (-3,0,-2) (4,5, -3) 2 1
19. (-1,1,2) (2,-3,-5) (-6, 3, -1) 1 2
20. (1,3, 4) (-2,5,0) (3, -2, -4) 2 3
21. (1,-1,1) (-5,-3,1) (2,-1,0) 3 2
22. (3,1, 2) (-7, -2, -4) (-4, 0, 3) 2 1
23. (-3,0,1) (2,7,-3) (-4,3,5) 1 3
24. (5.1, 2) (-2, 1,-3) (4,-3,5) 2 3
25. (0, 2, -3) 4,-3,-2) (-5, -4, 0) 1 2
26. (3,-1,2) (-2,3,1) (4, -5, -3) 3 4
27. (5,3, 1) (-1, 2, -3) (3, -4, 2) 1 2
28. (3,1,-3) (-2,4,1) (1,-2,5) 3 4
29. (6,1, -3) (-3,2,1) (-1,-3,4) 4 3
30. 4, 2,3) (-3,1, -8) (2,-4,5) 3 2

3aganue 2
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1.  Jlausl BekTOpHI @, b 1 ¢. HeoOxomumo:

a) BBIYMCIIUTHh CMELIAHHOE MPOU3BEIEHUE TPEX BEKTOPOB;

0) HaliTU MOAYJIb BEKTOPHOI'O MPOU3BE/ICHHUS;

B) BBIUKCIIUTH CKaJISIPHOE IPOU3BEJECHUE ABYX BEKTOPOB;

I') IPOBEPUTH, OYIYT JIU KOJJTMHEAPHBI WM OPTOrOHAJIBHBI JIBa BEKTOPA;

1) MPOBEPUTH, OYAYT JIM KOMIUIAHAPHBI TPU BEKTOPA.

Bapua | Bextopsl Cwmemannoe | Moaynbe | Cxansapu | Komuue | Kommnanapao
HT o€ CTb BCKTOPOB
ITPOU3BEACH | BEKTOPH APHBI
ue IMPOU3BCH | NN
IIpOU3BE HepreH;T
& K
BEKTOPO
B
1 a=2i-3j+k, a,3b, ¢ 3a,2¢ b, -4¢ a,c a,2b, 3c
b=j+4 k,
c=5i+2j-3k
2 a=3i+4 j+k, 5a,2b, ¢ 4h,2¢ a,c b, ¢ 2a,-3b, ¢
b=i-2j+7k,
c=-3i-6 j+21k
3 a=2i-4 j-2k,| a,2b3c 3a, - T6 -2a, ¢ a,c 3a,2b, 3¢
b=7 i+3 j,
c=3i+5 j-Tk
4 a=-Ti+2k, a,-2b-7¢ 4h3 ¢ 2a,-7 ¢ b, ¢ 2a, 4b 3¢
b=2i-6 j+4 Kk,
c=i-j+2k
5 a=-4i+2j-k,| a6b,3c a, 2b a,-4c a,b a, 6b,3¢
b=3i+5 j-2Kk,
c=j+5k
6 a=3i-2j+k, a,-3b, 2¢c 5a, 3¢ -2a, 4b a,c ba,4b3c
b=2]-3k,
c=-3i+2 j-k
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a=i-j+3k,
b=2i+3 -5k,
c=Ti+2 j+4Kk

Ta, -4b, 2 ¢

3a, 5¢

2hd ¢

b, ¢

Ta, 2b, 5¢

a=4i+2 j-3Kk,
h=2i+k
c=-12i-6 j+9 K

2a, 3b, ¢

43,3

b4 ¢

a,C

23, 3b, -4c

a=-i+5k,
b=-3i+2 j+2k,
c=-2i-4 j+k

3a, -4b,2¢

Ta, -3¢

20,34

6,C

7Ta, 2b, -3¢

10

a=6i-4 j+6k,
b=9i-6j+9Kk,
c=i-8k

2a,-4b, 3¢

3h,-9¢

3a,-5 ¢

a,b

3a,-4b,-9¢c

11

a=5i-3j+4k,
b=2i-4 j-2k,
c=3i+5 -7k

a, -4b, 2¢

-2b,4c

-3a,6¢

b, c

a,-2bbc

12

a=-41+3 J-Tk,
b=4i+6 ]-2k,
c=6i+9 j-3k

-2a,b,-2¢

4h,Tc

5a, -3b

b, c

-2a,4b7¢

13

a=-5i+2 j-2k,
b=7i-5k,
c=2i+3 j-2k

2a,4b,-5¢

-3b, 1lc

8a, -6c

a, C

8a,-3b,11 ¢

14

a=-4i-6 j+2k,
b=2i+3j-k,
c=-1+5 j-3k

ba, 7h,2¢

-4h1la

3a, -1¢

a,b

3a,7b,-2¢

15

a=-4i+2 -3k,
b=-3j+5Kk,
c=6i+6 j-4k

5a,-h,3¢c

-Ta,4c

33, 9b

3a,-9b,4 ¢

16

a=-3i+8 ],
b=2i+3j-2Kk,
c=81+12 j-8k

4a, -6b5¢c

-7Ta,9¢

3b, -8¢

b, c

4a,-6h,9c

17

a=2i-4 j-2k,
b=-9i+2Kk,
c=31+5 j-TKk

7a,5h,- ¢

-5a,4b

3b, -8¢

7a,5b,- ¢
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18

a=9i-3 j+k,
b=3i-15 j+21k ,
c=i-5]+k

2a,-7h,3 ¢

-6a, 4 c

5b,7a

b, ¢

2a,-Tb,4 ¢

19

a=-2i+4 -3k,
b=5i+ j-2k,
c=Ti+4 j-k

a, -6b,2¢

-8b,5¢

-9a,7c

a,b

a, -6b, 5¢

20

a=-9i+4 j-5k,
b=i-2j+4k,
c=-5i+10 j-20

-2a,7b,5¢

-6b,7 ¢

9a,4¢c

b, ¢

-2a,1b,4c

21

a=2i-7j+5Kk,
b=-i+3j-6Kk,
c=3i+2 j-4k

-3a, 6b,- ¢

5h, 3¢

7a, -4b

b, c

Ta, -4b,3¢

22

a=7i-4 j-5k,
b=i-11j+3k,
c=5i+5 j+3k

3a,-7h,2¢

2h,6¢

-4a,-5¢

a, C

-4a,2b 6 ¢C

23

a=4i-6 j-2k,
b=-2i+3j+k,
c=31-5j+7k

6a, 3b,8¢c

-7b, 6a

-5a, 4c¢

a,b

-5a,3b,4 ¢

24

a=3i-j+2k,
b=-i+5]-4Kk,
C=61-2 j+4Kk

4a, -Th,-2¢

ba, -4 c

-2a,5b

a, C

6a, -7h, -2¢

25

a=-3i-j-5k,
b=2i-4j+8 k,
c=3i+7j-k

2a,-b3 ¢

-9a,4c

5h,-6 ¢

b, c

2a,5h,-6 ¢

26

a=-3i+2 j+7k,
b=i-5k ,
c=6i+4 j-k

-2a,b,7¢

5a,-2¢

-2a,3b,7 ¢

27

a=3i-j+5k,
b=2i-4 j+6k,
c=i-2 j+3k

-3a,4b,-5¢

6h,3 ¢

a,4c

b, c

-3a,4b,-5¢

28

a=4i-5 -4k,
b=5i- j
c=2i+4 j-3k

a, h-2¢

-5a,4b

8¢,-3u

-3a,4b, 8¢

27




29

a=-9i+4Kk,
b=2i-4 j+6k,
c=3i-6 j+9Kk

3a, -5b,-4¢

6h2 ¢

-23,8¢

b, ¢

3a,6b,-4 ¢

30

a=5i-6 j-k,
b=4i+8j-Tk,

5a,3b,-4¢

4b, a

c=3j-4k

7a, -2¢

a,b

5a, 4bh, -2¢

KoHTpoJbHBIE BOPOCHI

CoNoaRrwWDE

He.]'lb: HAaY4YUTBCA COCTABIIATE YPABHCHUC IMPAMBIX, HAXOAUTDH YI'OJI MCIKIAY

IIpakTuyeckas padora Ne 4 «Ilpsimast TUHUSA»

YTto Ha3pIBaeTCsA BEKTOPOM?
Kakune BeKTOpBI Ha3bIBAIOTCS KOJUIMHEAPHBIMU?

UTto Ha3pIBaeTCs KOOPAUHATAMH BEKTOpA?

Kak HaliTh KOOpAMHATHEI BEKTOPA, 33IaHHOTO IBYMSI TOUKaMu?
Kak HaiiTu 1uHy BEKTOpa, 3aJaHHOIO0 CBOMMU KOOpAHHATaMu?
3anuiute GopMyIIbl JEICHHS OTPEe3Ka B JAHHOM OTHOIIICHHUU.
Kak HaiiTu ckanspHOE MPOU3BEAECHNUE BEKTOPOB?
Kak HaiiTh BEKTOpHOE MPOU3BEAECHUE BEKTOPOB?
Kak HaliTu cMemaHHOe MPOU3BEICHUE BEKTOPOB?

IMPAMBIMU,BBITTIOJIHATL IIOCTPOCHUS.

3aganue

1. lanbl BepiuinHbI TpeyrojbHuka ABC:

a) ypaBHEHHUE CTOPOHBI AB;

0) ypaBaenue BoicoThl CH;

B) ypaBHeHUEe Mennanbl AM;

r) ypaBHeHHe OuccekTpuchl BC;

n) touky N nepeceuenus meauanbl AM u BeicoTel CH;

A (x1,31)s B (%, 3), C (x5, y5)

HaiiTnu:

€) ypaBHEHHE NpsIMOil, mpoxosiieit uepe3 BepinHy C mapainiensHo ctopoHe AB;

x)yron mexay npsimbiMu AB u AC.

BapuanTtbl

4 (x1: J’1)

B (x2:J’2)

C (xanJ’s)

1

A(-2,4)

B (3 1)

C (10, 7)
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2 A(-3,-2) |B(14,4) |C (6, 8)

3 A(L7) | B(3 - |C(1,-3)
1)

4 A(L,0) | B(1,4)[C(9,5)

5 A(L-2) |[B7 1 |[C@B7)

6 A(-2,-3) |B(1,6) |C(6, 1)

7 A(-4,2) | B(-6, |C(5,2)
6)

8 A(4,-3) |B(7,3) |C(1,10)

9 A@ - |B(B2 [C@3 8

4),

10 A(-3,-3) |[B(5-7) | C(7,7)

11 A(L,-6) | BB |C(33)
4)

12 A(-4,2) |B(8 -6) |C(2 6)

13 A(52 | B(O,- [C(5,7)
4)

14 A4 -4) |B(62) |C(-1 8)

15 A(-3,8) |B(6,2) | C(0,5)

16 A(6,-9) |B(10,- |[C(-4 1)
1)

17 A@ 1) |[B(3-1)]C(7, -3)

18 A (-4, 2) |B(6,-4) | C (4, 10)

19 A(3,-1) |B(11,3) |C(-6,2)

20 A(-7,-2) |B(-7, 9| C (5, -5)

21 A(-1,-4) [B(9, 6) | C(-5,4)

22 A(10,-2) |B(4,-5) | C(-3 1)
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23 A(-3,-1) |B(-4,-5) | C (8,1)
24 A(-2,-6) | B(-3,5) | C (4,0)
25 A(-7,-2) | B(3,-8) | C (-4, 6)
26 A(0,2) | B(7,- [C(32)
4)
27 A(7,0) |[B(L,4) |C(8, -4
28 A(L,-3) |B(0,7) |C(24)
29 A(-51) |[B(8,-2 |C(1,4)
30 A(2,5 |B(-3,1) | C(0,4)

KonTposbHbIE BONPOCHI

NGO WDE

I[OHOJ'IHI/ITCJILHLIC 3aJaHUA

2. Pemuth cieaywinue 3aaadu

2.1. Haiitu ypaBHEeHHE IPAMOM, IPOXOAAIIEH Yepe3 TOUKY MePECCUCHUS TTPSIMBIX
3X-2y-7=0ux+ 3y-6=0wu orcekaromieii Ha ocu abCIUCC OTPE30K, PaBHBII 3.

Omeem: X=3

3anuimuTe ypaBHEHUsI OCEN KOOPIMHAT.
O61iee ypaBHEHHE MPSMOM.
VYcnoBue napaJuieIbHOCTH U EPHEHANKYISIPHOCTH IPSIMBIX.
3anumuTe ypaBHEHUS MPSMBIX, MapAJIJIEIbHBIX OCAM KOOpPJAWHAT.
Chopmynupyiite ycioBHe napamieIbHOCTH MPSMBbIX.
Chopmynupyiite ycioBrue NepHeHANKYIIPHOCTH MPSIMBbIX.

Kak HaliTu yros Mexay npsMbIMu?
Kak HaiiTu paccTosiHHEe MEXAY MPSAMBIMU?

2.2. Hatitn mpoekmuio Touku A(-8, 12) Ha npsmyro, MpoxosIyto yepe3 Touku B(2, -

3)u

C(_5’1)_ Omeem: A, (—12, 5)

2.3. Jans! ase Bepiuabl Tpeyroibanka ABC: A(-4, 4), B(4, -12) u touka M(4, 2)
Tnepeceyenus ero BeIcoT. Haitty Bepmmmy C.  Omsem: C (8, 4)

2.4. HaiiTi ypaBHEHHE MIPSIMOH, OTCEKAIOIIEH Ha OCH OpJIMHAT OTPE30K, PaBHBIN 2, U
TIPOXOJIAIIEH MapaJUIeNIbHO NPAMOit 2y - X = 3. Omeem: X=2y +4=0
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2.5. Haiitu ypaBHEHUE MpsAMOil, mpoxoAsiiei uepe3 Touky A(2, -3) 1 TOUKy

nepeceyeHus NpsiMbIX 2X -y =0ouX+y =1 Omeem: X=2

2.6. Jloka3zath, uto yeThipexyroibHuk ABCD - tpamenus, eciiu A(3, 6), B(5, 2), C(-
1, -3), D(5,5).

2.7. 3amucarh ypaBHEHHE PSIMOM, Ipoxoasiieit uepes Touky A(3, 1)
TepHeHIUKYIApHO K npsmoii BC, ecim B(2, 5), C(1, 0).  Omsem:x+5y-8=0

2.8. Haiitu ypaBHEHHUE NpsAMOU, nmpoxosinei yepes Touky A(-2, 1) mapamiensHo
npsimoit MN, ecitr M(-3, -2), N(1, 6). Omeem: 2X-y+5=0

2.9. Haiitu Touky, cummeTpudnyto Touke M(2, -1) oTHOCHTENBHO TPsMOii X - 2y + 3
Omeem: M _4.23

=0. 155 )
2.10. Haiitu Touky O mepeceueHus quaronaseii yersipexyroibaruka ABCD, ecin A(-

Omeem: I\/IO(3; l)
1, -3), B(3, 5), C(5,2), D(3, -5). 3

2.11. Yepes Touky nepeceueHus Npsmbix 6X - 4y + 5 = 0, 2x+ 5y + 8 = 0 npoBecTu
PSAMYIO, TTapajuIeIbHY0 OCH abCITCC. Omeem: y=-1

2.12. 13BecTtHbl ypaBHeHUs cTopoHbl AB Tpeyronsauka ABC 4X +y = 12, ero BBICOT
BH 5x -4y =12 u AMx + y = 6. HaliTu ypaBHeHUsI ABYX APYTUX CTOPOH TPEYroJbHUKA
ABC. Omeem:7x-7y-16=0; 4x+5y-28=0

2.13. Jlansl nBe Bepiuubl Tpeyroiasauka ABC: A(-6, 2), B(2, -2) u Touka
nepeceueHus ero Beicot H(1,2). Haiitu koopaunatel Touku M nepecedenust croponbt AC

Omeem . M(l—O;Q)

u BeICOTHI BH. 17 17

2.14. Haiitu ypaBHEeHHs BBICOT TpeyroiasrHuka ABC, mpoxongmux yepe3 BepimHbl A
i B, com A(-4, 2), B(3, -5), C(5, 0). Omeem: Tx+5y+2=0; 9x+2y-28=0

2.15. Bpraucnuth KOOPAWMHATHI TOUKH MIEPECCUEHUS TEPIICHANKYIISIPOB,
MIPOBEJICHHBIX Y€pPE3 CEPEIUHBI CTOPOH TPEYTOJBbHUKA, BEPIIUHAMHU KOTOPOT'O CIIY>KAT

Omeem: M (3 : —Z)
Toukn A(2, 3), B(0, -3), C(6,3). 3
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2.16. CoctaBUTh ypaBHEHHUE BBICOTHI, IPOBEJECHHOMN Yepe3 BEpUIMHY A TPEyrojibHUKA
ABC, 3Has ypaBHeHus ero cropon: AB -2x-y-3=0, AC-x+5y-7=0,BC-3x-2y+
13 = Q. Omeem: 2x+3y—-7=0;

2.17. Jlan tpeyronbHuk C BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
ypaBHEHHUE W BBIYUCIUTD JUIMHY €r0 MeIUaHbl, IPOBEACHHOMN 13 BepiirHbI C.

Omeem: 2 X+ y+2=0; d:£z13,1

V17

2.18. CoctaBuTh ypaBHEHHUE MPSMOIL, MPOXOAIICH Yepe3 Hayalo KOOpAUHAT U TOUKY
TepeceueHns MpAMBIX 2X + 5y -8 =0u 2x + 3y + 4 =0. Omeem: 6x+11y=0;

2.19. Haiitu ypaBHeHHs NEPIEHAUKYISAPOB K mpsimoit 3X + Sy - 15 = 0, mpoBeieHHbIX

Uepe3 TOUYKHU MCPCCCUCHUA I[aHHOﬁ HpHMOﬁ C OCAMHU KOOpAUHAT.
Omeem: 5x-3y-25=0; 5x+3y+9=0;

2.20. [laHbl ypaBHEHUS! CTOPOH YeThIpexyroibHuka: X -y =0, x+3y=0,x-y-4 =

0, 3x + y - 12 = 0. Haittu ypaBHeHus ero nuaronaneir. Omsem:y=0; x=3

2.21. CocraButhb ypaBHenusi Meauanbl CM u BeicoThl CK Tpeyronsuuka ABC, eciu
A(4, 6), B(-4, 0), C(-1, -4). Omgem: 71x-y+3=0-CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) mpoBecTy MpsIMyI0: a) OTCEKAIOIIYIO PaBHbIE OTPE3KH Ha

ocsiX KoopauHart; 0) nmapasmienbHyro ocu Ox; B) napamuienbHyro ocu Oy.
Omeem. X+y-7=0; y=2; x=5

2.23. 3anmcaTh ypaBHEHHUE MPSAMOH, Mpoxosiiei yepes Touky A(-2, 3) u
cocTaBisoIIeH ¢ ockto Ox yrou: a) 45°, 6) 90°, B) 0°.
Omeem: x-y+5=0-CM; x+2=0; y-3=0

2.24. Kakyro opauHaty uMmeeT Touka C, jexarast Ha OJHOM psiMoit ¢ Toukamu A(-

6, -6) u B(3, -1) n umeromas adermccy, pasayto 3? Omeem: y=9

2.25. Yepe3s ToUKy nepecedeHus npsMbiX 2X - Sy - 1 =0 u x + 4y - 7 = 0 nmpoBecTH
PSIMYI0, ACISIIYI0 0Tpe30K Mexay Toukamu A(4, -3) u B(-1, 2) B otHomennn =2/ 3.
Omeem: 2X-y-5=0;

2.26. V3BecTHBI ypaBHEHUS IBYX CTOPOH poMba 2x -5y - 1 =0u2x-5y-34=0wu
yYpaBHEHHUE OJTHOU M3 €ro auaroHanen X + 3y - 6 = 0. Haittu ypaBHeHue BTOpOU
JTaroOHaIN. Omeem . 3X— y—23:0 ;

2.27. Haiitu Touky E mepecedueHust MmeanaH TpeyroiabHIKA, BEPIIHHAMHI KOTOPOTO
apnsotes Touku A(3,1), B(7, 5) u C(5, -3). Omsem: E(3;1)
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2.28. 3anmcaTh ypaBHEHUS MPSMBIX, MPOXOASIUX Yepe3 Touky A(-1, 1) mox yriom
45° k nipsimoii 2X + 3y = 6. Omeem: Xx=5y+6=0; 5x+y+4=0

2.29. lanbl ypaBHeHus BbicoT TpeyronbHuka ABC 2x -3y +1=0,x+2y+1=0wu
KOOpJMHATHI ero BepiunHbl A(2, 3). Halitu ypaBHeHust cropod AB u AC tpeyronbHuKa.
Omeem: 2X-y-1=0-AB; 3x+2y-12=0-AC

2.30. [laHbl ypaBHEHUS ABYX CTOPOH napayenorpamma x -2y =0,x-y-1=0u
TOYKa HepecedeHus ero quaronaneid M(3, -1). Haiitu ypaBHeHUs IBYX IPYTHX CTOPOH.
Omeem: X—y-7=0; x-2y-10=0

IIpakTnuyeckas padora Ne 5 mo reme
«KpuBble BTOPOro nopsiaka

Heab: [IpoBepuTh YpOBEHb YCBOCHUSI MaTEpHalia IO COCTABICHUIO YPABHEHUN KPUBBIX
BTOPOTO MOpsi/iKa (OKPYKHOCTH, IITUIICA, MTapaloIibl, TUIIEPOOIIHI .

3aganus
1. CocTaBUTh KAHOHUYECKHE YPABHEHMUSI:

a) anurica; 0) runepo6odbl; B) mapadonsl (A, B - Touku, nexarniue Ha KpuBoi, F -
doxyc, a - 6oabIas (qeHCTBUTENBHAS ) TIOJIYOCh, b - Majas (MHUMas) TIOJIyOCh, € -

OKCIICHTPUCHUTET, Y=1KX - ypaBHEHHs] acCUMMTOT rurnepOoiisl, D - mupekTprica KpuBoH, 2¢

- (hOKyCHOE paccTosTHUE).

Bapuanr JLIMIIC I'unep6oJia ITapa6osna
1. b =15, F(-10, 0) a =13, ¢=14/13 D:x=-4
2. |p=2, F(#42,0) | az7 =+ D:x=5
3. A3, 0), B2, /1) |Kk=3/4,e=5/4 D:iy=-2
4 |e=+21/4 A(5,0) | A0, 3), B(@#E|3/Z) |Diy=1

5. 2a=22, ¢= ST | k=213, 2¢ = 10,13 och cummetpur OX
A(27,9).

6. b= Jﬁ’ = k=3/4,2a=16 ock cumMmetpun OX 1
A(4, -8).

1. a=4,F=(3,0) b= gﬂfﬁ , F(-11, 0) D:x=-2

8. b=4,F=(90) a=5,e=7/5 D:x=6
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9 | a@ ), B | k=+214d ¢ - 1110 D:y=-4
1)
10. e =17/8, A(8,0) AG, " ﬁ‘)’ B( 'IBf@l,G) D:y=4
11. Da=24,g=~22f6 || =2 26 =10 ocb cummeTpun OX U
A(-7, -7).
12. b=2 ¢= 5@f213 k =12/13, 2a = 26 ock cummetpuu Ox u
A(-5, 15).
13. a =6, F(-4,0) b =3 F(7,0) D:x=-7
14 b=7,F(5,0) a=11,e=12/11 D: x =10.
5. A J73] 1/3), k=1/2, & = 512 Diy=-1
B(V21/2 1/2):
16. e = 3/5, A(O, 8) A(ﬁL 0), B(- gﬂ’ |) D:y=9
17. 2a=122,¢=10/11 k = ﬁ[ﬁl 2c=12 och cummeTpun OX u
A(-7,5).
18. b=15,e=12/13 k=1/3,2a=6 ock cumMmerpun Oy 1
A(-9, 6).
19. a=9,F(,0) b =6, F(12, 0) D:x=-1/4
20. b =5, F(-10, 0) a=9,e=4/3 D:x=12
21 1 AQ,-2), B3, k=210 ¢=11/9 D:y=5

1)
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22. | &=2/3,A(-6,0) A%, 0), B(~20/3,2) |Diy=1

23. 2a=50,e=23/5 K = @/‘14’ 2¢ =30 ock cummeTpun Oy u
A4, 1).

24, b= 215 e=17/8 k=5/6,2a=12 ocb cummeTpuun Oy u
A(-2, 32).

25. a =13, F(-5, 0) b =44, F(-7, 0) D: x=-3/8

26. b=7,F(13,0) b =4, F(-11, 0) D:x=13

21 I AG3,0), B0, YOS =P o= Dy =4

)

28. | g=5/6 A®0, ¥11) A3 1), B(+B,0) |PY=-3

29. 2a=30,e=17/15 K = ﬁ/ﬁl’ 2c =18 ocb cummetpuu Oy u
A(4, -10)

30 b= 22 ock cumMmetpuu Oy u

,e=1/9

k = "Ex'/z,Za:lZ

A(-45, 15).

2. 3anucaTh ypaBHeHUE OKPYKHOCTH, MPOXOsillel Yepe3 yKa3aHHbIe TOYKHU U

HMerllell HeHTP B TOYKe A.

2.1. Bepumnsl runep6oisl 12x2 - 13y? = 156, A(0, -2).

2.2. Bepumnsl runep6oisl 4x? — 9y? = 36, A(0, 4).

2.3. ®okychsl runepbonsl 24y? — 25x2 = 600, A(0, -8).

2.4.0(0, 0), A - Bepmnra napabonsl y> = 3(X - 4).

2.5. ®okycel sanunca 9x% + 25y% = 1, A(0, 6).

2.6. JleBblil poxyc runep6onst 3x% — 4y? =12, A(0, -3).

2.7. ®okychl >anunca 3x% + 4y? = 12, A - ero BepxHss BepLIUHA.
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2.8. Bepumny rtumep6onsr  x% - 16y” = 64, A(0, -2).

2.9. ®okycel runepbomns 4x% - 5y* = 80, A(0, -4).

2.10.
2.11.

2.12

2.13.
2.14.
2.15.
2.16.
2.17.
2.18.
2.109.

2.20

2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

0O(0, 0), A - BepmHa mapabonsl y? = - (x +5)/2.
IIpassiii Gokyc amiunca 33x2 + 49y? = 1617, A(1, 7).

. JIesnlii pokyc runep6onsr 3x? - 5y? = 30, A(0, 6).

®oxycel ommmnca 16x2 - 41y? = 656, A - ero HIXHAS BEPIIUHA.
Bepmuny runep6oinsl 2X? - 9y? = 18, A(0, 4).

doxycel runepooisl 5x? - 11y? = 55, A(0, 5).

B(1, 4), A - Bepmuna napadonsl y? = (x - 4)/3.

JleBblit poxyc snmunca 3x? + 7y? = 21, A(-1, -3).

JleBy1o Bepnny runep6onsl 5x? — 9y? = 45, A(0, -6).

doxkycel damnca 24x% — 25y? = 600, A - ero BepXHss BEpIIHA.

. TIpaByto Bepmuny runep6onsl 3x2 - 16y? - 48, A(1, 3).

JleBbIil pokyc runep6onsl 7X% - 9y? = 63, A(-1, -2).

B(2, -5), A - BepimuiHa napabossl x2 = -2(y + 1).

IIpasblii Gokyc smnurnca X2 + 4y? =12, A(2, -7).

IIpaByo BepmuHy runep6oist 40x? - 81y? = 3240, A(-2, 5).
doxycel >aamnca X2 + 10y? = 90, A - ero HUXKHsS BEpLINHA.
IIpaByro BepiuHy runepbons 3x2 - 25y% = 75, A(-5, -2).
doxkycel runep6oisl 4x? - 5y? = 20, A(0, -6).

B(3, 4), A - Bepmuna napabonsl y2 = (x + 7)/4.

Jlesnlii pokyc snmmmca 13x2 + 49y? = 837, A(1, 8).

IIpaBslii pokyc runepbonsl 57x2 - 64y? = 3648, A(2, 8).

KoHnTposibHbIE BONIPOCHI

1. 3anuunMTe KAHOHUYECKOE YPABHEHUE DILIUIICA.
2. 3anummuTe KAHOHUYECKOE YPaBHEHHE THIIEPOOITHI.
3. 3anumuTe KAHOHUYECKOE YPaBHEHHE MapadoJIbl.
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4. Yto Ha3bIBAETCS IKCUETPUCUTETOM dJLIurnca’?
5. 3anumuTe ypaBHEHHUS] aCUMITOT THIIEPOOJIBI.

CamocrosiTeqbHasi padora mo teme « BekTopb»

BapuanT 1

-

Jlans BekTopsr  49:-2:1) g b(4;3:0) (st Ne 1-5).

1. Haiittu ab . (Omeem: 24)4

- Otser: ([~ —
Haiitu (‘aAb) : 5\/86)

2

3. Haiitu @ .(Omeem: 86)

4. Haiitu bl .(Omeem: 5)

5. HaliTu KOOpAMHATEI BEKTOPOB  C=a+b | d=a-b | f=-3a (Omeem:
c(13;1;1),d(5;-5;1), f(-27;6,0 )

6. B mpsAMOyroibHOM JeKapTOBOM cHcTeMe KoopauHar moctpouth Toukd A (0; 0),
B (3; -4), C (-3; 4). Onpenenuts paccrosiuue mexay toukamu A u B, B u C, A u C.

(Omeem: |ABI=5, IBCI=10,1ACI=5 |

Bapuant 2

-

Jlaner Bektopsl  3(-3:2:1) ¢ b(3;0;4) (na Ne 1-5).

1. Haiitu ab . (Omeem:-5)

, 1
2. Haiitu [aAD) (Omesem: \E4)
3. Haiitu @ .(Omeem: 14)
4. Haiitu bl (Omeem: 5)
5

-

. Haiitu koopamHaTel BekTOpoB ~ c=a+b  d=a-b f=-3a (Omeem:
¢(0;2;5], d[(-6;2;-3), f(9;-6,-3))
6. B mpsmoyroipHOW AekapToOBOW cucteme KoopawHar moctpouTh Toukum A (0; 0),
C (-3; 4), D (-2; 2) E (10; -3). Onpenenuts paccrosiaue mexay toukamu C u D, Au D, D
1 E.. (Omeem: ICDI=15, 1ADI=212,IDEI=13

TecT A151 caMOKOHTPOJIA 10 TeMe «BekTopHasi anredopa»

1. Jaubl Bexropr ¢=(2;4:1)  y &(1:2,0). Haiitu KOOpAHHATBI CYMMBI BEKTOPOB.
a) (3;6;1) b) (0 6; 1) c)(1;2;0)

2. JausiBexktopsr #1241y ¢=(1,2;0.  Hajitn koOpaHHATHI Pa3HOCTH
BEKTOPOB.
a) (3;6;1)  b)(0;6;1)  ¢)(1;2;0)
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-

3. JambiBektoper #1241y ©=(1;2; 0. Hajiti koopauHats BekTopa @ 2C
a) (=3;8;1)  b){4;8;1) ¢)(1;2;])

4. HaiiTu KOOpIUHATHI BEKTOpa AB cecmm A @2;4;-6) y B(2;-4;8)
a) (0;-4;7 b)2;-4;2 ¢)(0;4;-7)

5. Haiitu aymny Bektopa =15 25 =2)

a) 4 b)3 ¢ 1

6. Haiitu nomny Bektopa  AB |, ecnm A G371y B4:5 -1

a) 3 b) 2 c) 1l
< ey b Xy, Vo 1
7. YcroBUe KONTMHEAPHOCTH BeKTOpoB ¢ (%1 ;17 213)/ n (327 32; 7) MMEET BUJ:
C) _l:_l :_l:m
a) XiXo+ Yy Yo+ 21 2,=0 D) X1 Xo=Y1Y2,=212, X Yo 4

8. Ykaxurte BEeKTOp, KOJUTMHEAPHBIA BEKTOPY d2; -3 -1

- -+

a)b(6;-9;-3  b)b(8;12; -4 ¢)b(-4;6; -2

-

b (5;-2; -3

9. Haiitu ckamsipHOe nponsBeneHue ekropos 4 (4i -3 1)y

a) 3 b)12c) 23

10.Haiit koopAMHATBI BEKTOpa (==l Sj +ok
a)(l;=3; -5 b)(-1;-3;5 ¢)(-1;3;59

11.YcnoBre NepneHauKyIspHOCTH BEKTOpoB %17 Vii Z) g A CHEH -
BHJI:

X, Y, Z

¢c) '="1="

a) XiXp+Yi Y2+ 2;2,=0 D) X1X2=VY1Y2=212; X2 Y2 4

-

12.TTpu kakoM 3Hadernn M pekropsr @11 3:-2) g b{-1;m; 4] BEKTOPBI

MEepPHEHIUKYIISIPHBI?

a) 5 b)3 ¢) -3

13.Bepumnamu TpeyronbHuKa cayxar toukn 4 (105 -28) - BB 0;7)
C (10; 2; 8)

Haitti 1mny croporsr  AB

a) 4 b)3 ¢ 1

14.BepumHamMu TpeyronbHuKa cayxar toukn 4 (10;-28) BB 0;7) p
C (10; 2; 8)
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Haiitu nimmHy cTOpoHBI AC |

a) 4 b) 3 c) 1
15.Haiitn koopannaTh BekTopa ¢ T b ,ecnn 4= 3i + 2] -hk U
T=-00+3]+4k
a)(1;5, -1 b)[5;-1; -9 ¢)(=1;3;9)
16.Haiiti koopauHaTel Bektopa 4~ b TR 3-i + 2-j: -5k "

T=-00+3]+4k
a)(1;5;-1  b)(5;-1;-9 ¢)(-1;3;5

-

2;2,-1) i b[-3;6;6

17.Haiit yros MeXay BEKTOpaMu
a)45  Db)60 c) 90

43;5;6) u B(5;-1;0)

18. 1aHbl TOUKH . HaiiTu KoopauHATHI cepeluHbl OTpe3Ka
AB
a)(4;2;3  b)(5;,-2;2 c) (=4; 2; -3

TECT IO TEME «YPABHEHUE IIPIMOI»

1. OGuiee ypaBHEHUE PSIMON UMEET BUJL:
b) Y=Y1 _ X=Xy

a) y-yi=k (x=xy) Y-y, X27%1  ¢) Ax+By+C=0 2 Heobxomumoe 1

JI0OCTaTOYHOE yCIOBUE MapaIeIbHOCTH MPSIMBIX C YTIIOBBIMHU KO3 dUIlueHTaMu 1 u

k2 a) k]_:kz b) kl‘kzz_l C) kl+k2:0

3. Heobxonumoe 1 10cTaTouHOE YCIIOBUE MEPIIEHAUKYIISIPHOCTH TPSIMBIX C YTJIOBBIMU

k

K
kodbunmenramun 1 w2
a) k]_:kz b) kl'kzz_l C) k1+k2=0

4. VkaxuTe ypaBHEHHE NPAMOH MapajuienbHoii ~ Y=9 X+ 6

a) y=-5x b) 10 x-y+12=0 ¢) 10x-2y+8=0

5. Beibepute ypaBHeHUE, ONMUCHIBAIOIIEE MTPAMYIO, M300paKCHHYIO HA PUCYHKE
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/2 0 x|
b)x+—y =1 X ¥
a) -2x+3y=0 3 -2 -2 3 6.VkaxuTe ypaBHEHHE TIPAMOI
a)y=-1x
NePHEeHANKYIAPHOH MpsAMOi y=5x+6 5 b) 10 x -y+12=0
¢) 10 x-2y+8=0 7.COCTaBUThL ypaBHEHHUE MIPAMOM, IPOXOAALIEN

Yyepe3 Hayajao KOOPAUHAT, €CJIH €€ YIIIOBOU KO3 UIIEeHT k=5 a)5x+y=0

g ) x+5y=0 ¢c)5x-y=0 8.YKa3aTh TOUKY, IPUHAIJIEKAILYIO
psSIMOit 7Tx-3y+21=0 a) A(4;13) b) A(3;14) c)A(-4;13)9 CocraBuTh
ypaBHEHHE MPSMOM, IPOXOAIEH Yepe3 Hauaao KOOpIUHAT U 00pa3yrolei ¢ 0Chio
Ox yron 45 . a)x-y=0 b)x+y=0 ¢)x-y+1=010.Cocrasuts

ypaBHEHHE TIPSAMOIA, IpOXOsmei yepe3 Touky (95 ~1)  y mMeromeii yrioBoi
K03 PUITUEHT k=3 a)3x-y=0 a)3x+y-16=0 <¢)3x-y-16=0

Tect mo reme «KpuBbie BTOPOro mopsiaKka»

1. YpaBHeHHE duIHIICA UMEET BUI:
2 2 2 2
Xy Xy
a) - - —=1 b) =+ =1
) a’ b’ ) a® b c) ¥2=2px
2. YpaBHeHUE TUIIEPOOIIbI UMEET BUI:
2y W2 y2—1
a)a —F=1 b)g"'ﬁ_

| >

N

c) y>=2px

3. YpaBuenue napaboibl UMEET BUI:

2 2 2 2
Xy Xy
a) - —==1 b) =+ =1
) a? b’ ) a? b c) Y2 = 2px
4. Haiitn pamuyc oKpyxHocTH X + Y +4y-5=0
a) 7 b)3 ¢)5
2 2
X_ + y_ =
5. Yemy paBHa 0oJibllIasi HOMYOCh AJUIUIICA % 25
a) 6 b) 11 )5

40



6. HaiiTu SKCUEHTPUCUTET dIUTUIICA 100 o1
a)6 b)0,3 ¢)07

X _y =1
/. Yemy paBHa JOeHCTBUTEIbHAS OCbh T'MIEPOOJIBI 64 25
a) 6 b) 18 ¢)5
XYy
8. Haiitu 3KCcUEeHTpUCUTET rUnepOoIbl 2> 11
) )
9 ) bS f) 6
14
5 5
XY
144 256

9. 3%HI/IC&TI) ypa?HeHI/m ACUMIITOT  THUTIEPOOJIbI
a)y=t-x b)y=£"x
3 4 C) y=123x

10.3anucarh ypaBHeHHE MapaloIIbl C BEPIIMHON B HaUajae KOOPAUHAT, €Ciu ee POoKyc

Haxomurcs B Touke F (3;0)
a)y?=2x b)y?=12x c)y=12 x?

11.Jlnst rumepGonst 16 X° - 9y* =144 majitn paccrosiHEe MEKLy (OKycaMu.
a) 6 b) 10 ¢) 5

12.HaiiTi KOOp/IMHATbI LICHTPa OKPY)KHOCTH X + Y’ -8X - 10y -8 =0
a) (4;5) b)(5;4) ¢)(2;5)

13.HaiiTi KOOpAMHATBI Pafiiyc OKPYKHOCTH X + y'-8x - 10y -8=0
a6 b)10 o7

IIpenesibl M HeMpPepPHLIBHOCTH

YcTHbIM onpoc

=

Haiite onpenenenus npeaena GyHKIIUA B TOUKE.
CdopmynupoBaTh CBOICTBA MPE/IEIOB

3. Kakwue Tumnsl HeonpeeIeHHOCTE BaM U3BECTHBI ?
0

4. Kak n30aBUTBLCS 0 HEONPEACICHHOCTH 0 2

no

5. Uemy paBHO 3HaueHHE npeena GyHKIMH TPU HEOTIPEACICHHOCTH

oo OoOIn

Uemy paBHO 3HaU€HUE TIpeesna PyHKIUH MPU HEONIPEAEICHHOCTH

ChopmynupyiiTe IepBbIi ¥ BTOPOM 3aMedaTeIbHBIN MPEACIIbI.
*?

~No

8. UeMy paBHaA HEOIPEACICHHOCTh BHIA
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9. UeMy paBHA HEONpeneIeHHOCTs Biaa 0°C?

IIpakTnuyeckas padora Ne 6 mo reme
«Bbluuciaenue npeaeoB»

Heasb: [IpoBepuTh yMEHNS U HABBIKU CTYACHTOB B BBIYMCIIEHUH MIPENEIOB, PACKPBITHS
HEOIIPEICIIECHHOCTEN.

3amanus

1.HaiiTn yka3aHHbIe npe/iebl.

1.1, =rx* —12x+ 2'3\ 8 12 =" x4z omsem: 1
2 2
liry SHx=F)  gem: - titry 22—l e S
1.3, ¥ x* =27 27 14, *13x* —x- 5

b 2x? —Tx+4 omeem: nem i 124 %= 2" omeem : nem
1.5, #=¢ = Sx+6 pewenus 1.6, ¥ =27 peuienus

lim 3xg+2x—'_ omeemi4 tirn —x3—4x—5 omezem'u
1.7, %% 272 -1 9 1.8, ™zt —2x-3 4
o 3x2+2x—g\ omeem” -3 o 35 = 11x+6
1.9. ¥ 1-x' +x+ 3 1.10. 2x' =5x-3| omeem: 1
i x* -8 ome‘em:g ]J_mxz—x—E
1.11. =2z +x- 5 1.12. =1 =+l omeem: -1
2 2
i _1‘% omeem 8 lin %4": 12— meem: 13
1.13. = x +x-2 9 114, % x*+2x-3 4
3t —Tx—6 1 _4xt+Tx-2 9
2t M omeem: ligg —— " =] omeem:
1.15, "3 2x* = Tx +73 5 1.16. ™2 3x* +8x +4 4
 5xt4dx-1 Omgem;ﬁ _ xt—dx-5
1.17. =71 32 +x-2 5 1.18. 1328+ 2x-2  omeem: 0

o Ixi+dx-3

i firm 3x% = 3x+ 2] omeem : nem

1.19. =1 2x* +3x+1 omeem: 1 1.20. *=* x* —x—lE\ petuenus
fin 25" =9x+100 peem: -1 firm 42° + x5 omeem: nem

1.21. =% x* +3x-10 7 1.22. =1 x* —2x+1  pewenus

42



o5 +11x-2
1.23. =2 3z’ -x-10 |

lim M omeem: 24
1.25. *52x% —3x-3 17

= 2x-35 4
R omeem .
1.27. =35 2x* +11x+1 3
]
lim w omeem: ~—
1.29. *=* x*—3x—4 5

2. HaiiTu yka3aHHbIe npe/ieJibl

e 2x2+11x+1§| omeem -~
21, =3 3x* 4 5x-12 13

i 2 —3x+2

23 =1z _4x+3 omeem: 0

x—x x+

lirn .

2.5, =1 x+1 omeem . 0
fitry =243 omgem: 2
¥ 2 _

2.7. Sxt4Ex -3 23

-1

2.9, ¥l = +3x+2 omeem: -2

L ek PP
2.11, =S 2xt +11x + 3

i - 2x+1
213, =12x* = Tx+49 omsem: 0

2

firn 9x* +17x -2 - 19
2.15. =2  x® +2x 2

oo 4 -2 +54  omeem: 2
217. = 3x*+7x | 7

3x' +5x-1 omeem . Hem

219, 3 x* —5x+6

peuternus

omeem:. —

2 =5x-14

lirn omeem .

9
1.24. =7 2x* —9x-3 19

firm 4x* +3x+13  omeem : nem
1.26. ¥ x* —6x—27| pewenus

e 2xt +15x-8 omeem: L
1.28. 9 3x* +25x+8 23
2
lirn 2xt+5x-3 omeem”

1.30. 3 3x% +10x+

2xt +5x-10

litn _ omeem . Hem
2.2. =tz -1 peuienus
fim 32% +2x+1| omeem: nem
24, 1 -3 peuienus
firm 2x" —3x-1 omeem . Hem
26. =1 x*-1 peuienus
x4 2x omeem : Hem
2.8. i x* +4x+4| pewenus
firn 22" +7x -4 omeem:——3
2.10. ** x°+64 16
x =2t +x-1 omeem ' 1
2.12. =t P x-z 2
-8

]jj'ﬂ ]
214, =2 2x* —9x+10] omeem: -12

omeem . Hem
peuienus

i r4x=2
216, lx —xt—x+1

- 4zt —5x% +1
218 ¥—=1 IE _1

omeem 3

X2 — x—30 .
omsem . —

2.20. ¥ x* 4125 75

43



x4 +3x— 28 omeem 11 fie gx* —1
221, =+ x*—64 48 299 A x* =14 omeem: 6
x +3x-28 . 1L poy 2% 411 +10
2.23. = 2 —4x 4 2924 =1 x*_5x+14 | omeem: 0
. xi—4 omeem: Ixt 4 x
295 #2354 x—1 11 2.26. =0dx? —5x+1| omeem: 0
22 ~1z-6) .13 L % 4+2x-04
9 97 635" — 20x+12) 16 228 ™62x>+15x+19 omeem: 0
X —2x—4 xi—64 48
e omeem . — ]Jﬂ]_ omeem . —
2yt —11x +18 7 230, **7xt - 27x— 29
2.29.

3. HaiiTn yka3zaHHbIe npeaesibl

It —5xt 40 e 4% +7x
3.1, == 2x’ +5x% - 4 3.2, 7 lxt —dx +
4 _ 2 3 _ a
. 5x4 3x3 +7 L fx 147
33 e x* 425 +1 3.4, = 22 +5 |

2 —4x® +28x
3.5 =5’ +3x° +x-1

e Izt +10x+3

3.6, " 2x2+5x—3\
firn 2xt +7x+

3.8, " 5x° —3x+j

R
g —

3.7. = 43—z
i - +3x+ S P
3.9 *= 3xf4x-5 3.10. *= 7x° +2x+1
C dxt4sx-7 x4 ox+

lirmy

3.11. "= 2z —x +10 3.12. *ext -2 42

3.13.

3.15.

3.17.

C 3x? 4 2x+9
rw Dad e

fen x4 T7x— 2

re 3p® - x—4

4 o3 4
firn 3;{4 6x® +
¥ oyt 4y

3.14.

3.16.

3.18.

x4 5x-T7
e 3xt 4 x+1

18x% +5x

08— 3x— Ox°

C Bx*4+4x-73

ww dx? — 3x+ 3
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3.19.

3.21.

3.23.

3.25.

3.27.

440
i 8x :-lx +
e N i ol \
lirn 2x3+4x
Ll —3x+4

3 2_2
li 2x 3+?x _
Yo bx —dx+3

x—2xt +5x7
rse 04 3x? 4ot

P R
i 4 55:1: ax
¥yt +6x 48

3_
i 4x3 2;:+1
Ll i S

3.29.

3.20.

3.22.

3.24.

3.26.

3.28.

3.30.

4. HaiiTn ykazaHHbIe Npeaesibl

4.1.

4.3.

4.5.

4.7.

4.9.

4.11.

4.13.

3.17.

x —2x+4
= 2xt 4350 41
x4 7x-4
].1111 5
e N S |
- 2xt4+Tx-1
e 3xt 4+ 2% +

2% -5t 42
v 2x" +4x -5

e 722 +5x+5

e 1+ dx—x°

x4 5x+7

5x° —3x" +7
e 2xt 4+ 3570 41

4 o3 4
lin 3;{4 fx® +
¥reox +4x-3

v 3t _0xf 4y

4.2.

4.4."

4.6.

4.8.

4.10.

4.12.

4.14.

3.18.

2—
firn 3:{2 dx+
¥ +5x+1\
4
i 1+4J; x
¥ 4 Sx Y 4+ 2%

o Ix+14x*
e 14 2%+ 7x

4 no2
]j1n3x4 2xt ="
S S e ol
. 5x3—7x2+3|

lim 3
isw Q4 Qx—x

T o sy |

P

4 f—
lirn ax 2+2;'f
o 2xt 4+ xt

&
. Ax—x

lirn 3
e i

- 2t +7x +4

e x4 5x—1

7 1
i x :—5): !
¥ x4 11x —

4 1
i 3xz+x
¥ D 4 ax 4]

b 30 +4x =
e 2xd 4 7x-3 |

e Sx - 3x+1

ive 14 2x— x*

C Bx*4+4x-73

ive 4x% — 3342
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11x% +3x
4.17. == 2x* - 2x+1

. bx 4527 -3
4.19. == 2x' —x+7

5 4.3
i Bx : 4x7 +3
421, = 2x +x-T]

Cosxt-2xt 4
4.23, == 2x* 43x-7

- ixt 4224 -8
4.25, "= 8x* —4x+5

3_
i ?xg 2xr+4
427, ™ Zx'+x-5

2 —
i 2x 4+1[Jx 1
4,29, ¥ ZxT —2x+5

e Bxt +3x+5
4.18. ™= 4x - 2x° +1
- It 4 dx -7

4.20. == x* - 22" +1

- 2xt = Tx+1
4.22. %= 5 +4x =3

o Bxi4xt -7
4.24. =0 2x* —5x 43

- It +ox -4
4.26. *= 3x*—dx+1

L 4%+ 55— 3]
4.28. = 3x*+x-10 |

o Txt 43—
4.30. = 2x° —5x+1

5.HaiiTu ykazaHHble npeaesabl

- oxt 4 3x—5
5.1, == 7x" —2x* +1

i Txt—3x+
5.3, "% 3x* - 2x +1
Codxt 22t +x

lirn 2
55 #¥= Exf-x

2_
]J.mEJ: 5:§+
B.7. ¥ x +3x° —
3 1
o 2538 + 24
5.9, == x"+7Vx+1 I

o Txt et =
511, *= 2x* +6x+1

o4
o 2
5.13. == 2x +3x° =5

2_
i 3.7.; Tx+2
5.2, 7= x +2x—4
oxt = x+7

lirn 24 o 2 qn
5.4, == 3x" =5x* +10

4_
i 3x2 2x+1
56, =3z +2x—

2_
li 5x3 dx+ 2
58 =4z +2x-5

3x' —Tx+5
5.10. == 4x’ = 3x" +2

- 4—3x—2xg\
512, = x4+ 5%
4 3
i Bx 2+T"Jr
5.14. ¥+ 3x —5x+1\
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Ax+7
5.15. "= 2-3x+4x° 5.16.
10x="7
5.17. = 3x* + 227 +1 5.18.
. Sx+3
5.19. ™= x* —4x® - 5.20.
2xt ~5x+3]
5.21. e 3zt —2x% + 3 5.22.
Ix+1
5.23. e x" — 5x* +4x 5.24.
- 4x2 —10x+7
5.25, ®  2x° —3x 5.26.
iy 2X13 |
5.27. ™ x' —3x —4x 5.28.

e x —81
5.29, *w 3x° +4x+i| 5.30.

6. HaiiTu yka3aHHbIe npeaesibl

2x0 = 3x+1
¥ Tx45

Sxt - 3x°

rwe | 4 Dy 4+ 357

x4+ 5%

pw Dpd _x— 7

2xt -t

raew dx? 4 3x— 6

e ]
lirn 2 3x 3x
iyt — 16
- oxt —sx+1

e xd 44yt

xd —3x+1
i N P

i Tx+4

rw—e 3y — Gx 4

i 2 4+x-12 JxH1Z—d—A omeem: - —
6.1. "EFAx—2—J4—x| omeem:T 6.2. =+ x+2x-8 48
firn SdxH10=J4—A  omeem-— firn WE—x—afx+6 omeem:_l
6.3. *3 2x*-x-21 91 6.4, === xi_x_§ 10
] '\/5 i , _\/
e i3+2x_ﬂﬁx+4| omeem . —— H%#ﬁ—x—»\f’x+1| omeem: V3
6.5. S B Py s I 20 6.6. -
33t +dx+1 e 2xt —9x4+4
6.7. = lAfx+3—5+32  omeem:2V2 6.8, = f5—x—fx—3] omeem:-T

]jﬂl J2x+1—\.'rx+6 Omgem:ﬂ
6.9 5 2x?-—Tx-15 286

T+2— .42

L
6.11. " Nxt+1-1

omeem: 2

. \.'r3x+17—'x.lr2x+12 Omeem—ﬂ

6.10. ™=  x*+8x+13 8
R 7 SR J
litry D ==

6.12. ™"  Ix R
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6.13.

6.15.

6.17. °

6.109.

6.21.

6.23.

6.25.

6.27.

2V2

lirn € _ i 12X =31 omeem : ——
=0 fl+x—~f1-2 omeem:3 6.14. Ttafx—2— A2 3

,“15 +x-2 3 »\.';c+ -3 3

omeem . — omeem .

W —3\ 616, " 12 2

g NE=3-2 .3 o NAx=3-3 1

omeem . omeem .

ﬁ.“x+ -3 6.18. H3 -9 9
litn 5X+1 _ omeem :_5 litn 2 +4 omeem . =
3 i 2x—1 64 .20, " @ 3x* 12

2

i VF +4 -2 - 3x | -
=0 P 16-4  omeem:2 622 05— x—5+x| omsem =315
 W2x+T -5 6 R . 25
g — — omeem . — lim omeem . —
=9 3_,‘"}; 5 624 r—d f6x+1_ 24

=2 fim 14357 <1 omeem: 3
i 3x—x| omeem:-5 @26, 0 x’+x* 2

— 2 10

fim x4+ 20— omeem: i 3xt -2 omeem . IR
et x4 384 6.28. "l1B+x-3 /10-3
lim N9tx-3 omeem . lim ax+1-3 o eem:—
L 16 .30, ** x -8 18

6.29.

7.HailTn yka3aHHbIe Npeaeabl

7.1.

7.3.

7.5.

7.1,

x+4]_3
X+

OtBer: €2

Ortser: e10

Otser: €2

7.2.

7.4,

7.6.

7.8.

OrtBeT: €

. [x—l]z_h
X OtBer: ¢ 3

-12
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_? x4+l
im (")
7.10. 77w X OtgeT: ¢

]jnl x_1]3x+2 [Ex_'_l]iﬁﬂ
7.11, =eix+d Ortger: 1° 7.12. *==2x=1) | Orger: e

. x—ETH . [x+5]3m

litr
7.13. =eix+] Orser: €®  7.18. ™=\ * Otser: ¢ 15
w2 33
: x—?T : : [x+ 2]
lirn

7.19, = x+1] Otser: €327.20, **=\ * Ortser: ¢ ™

7.21. 77"

Orser: e

7.23. 77"

7'25' =

7.27. 7" 3+2’J OTger: e 7.28

7.29, "= OtBer: ¢ 2 7.30

8. HaiiTu yka3zaHHbIe npeaesibl

hm(Ex+3] ‘|

8.1. ™=2x+7/ | Orger: 0
h.m[x+1]3'|

8.3. =v2x—1/ | Orger: 0

8.5. 7"

firn (2x+1]
8.7. = x—1 Ortger: O

2—3;:]"’
5-3x/ |Orser:e  7.22.

| [1—x]3"
litn
**e\2=x) | Orger: e 3

(3::: ]'l
7.24, 7 3x Ortser: ¢ &3

]J.m(Ex+1T
8.2. ™\ x=1,/ Orper: O

]jrﬂ (2}{ 1]33’—]]
8.4, i dx+l] Otgert: 0

( x+1 ]2?{'+]I
8.6, " 3x—1 Otset: 0

h.m( x+1]5'|
8.8. ™22~ L1/ | Orper: 0
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x+2|
- ( +3 J e 2x +1]
8.9, " 2x—4 Ortser: 0 8.10. T 3x -1 Otsert: 0
e [5::— 3]"’*3 . [2::—3]“
8.11. ">\ x+4 . | Orger: O 8.12. ==\7x+4) Orger: 0
hn(x-ﬁ]“ (x+3]
8.13. ™™\3x+4, | Orger: 0 8.14. *=\4x =3/ | Otger: 0
]jIn (x_z]ﬁx ( 4]?: 1
8.15. **™\3x+1/ |Orger: 0 8.16. " x+é Ortger: O
o (2] o (22)"]
8.17. =\ 3x+10/ | Orger: 0 8.18. " x+4 Ortger: O
e [ x+3] b ( 5] i
8.19. *"™3x -1/ | Orger: 0 8.20. v x= 10/ | Orger: O
hn(3x+?T* mﬂ( 1]*
8.21. ™\ x+t4 . | Orger: O 8.22. "=\4x+3,/ | Orper: 0
" (5;{—?]3” hm(z 433
8.23. =™\ x+6 7 | Orper: [ 8.24. ™\ 2= % /| Orser: [l
mﬂ(l—Ex}1 [4+3x]1
8.25, =\ 3—x Ortgert: 0 i Otser: O
=] “ﬂ( =)
8.27. **™v2x+2, | Orger: O 8.28. 2= 10x, | Orger: 0

x+5 ] =4
4x=2/ | Orger: 0

2
i [ 3+J:J
8.29 e Sx—4

9.HaiiTn yka3zaHHble npeiebl

Ortger: 0 8.30. H'“

Haiitu ipenensr.
K — nopsiokoeulii Homep 6 scypHane
sin 3x k X tg (kx +3x) X2

i )i , '
)*%&+ﬂx )u%ﬁ¥5x 3) ling

1




X
lim (1+ K) . 5 lim sinkx - sin 5x 6) fim COS 2 X=C0S kx
X x -0 kx X =0 X

KoHTpoJibHBIE BONIPOCHI

1. Maiite onpenenenus npenena GyHKINUNA B TOUKE.

2. Kaxue Tunsl HeonpeeneHHOCTe BaM U3BECTHBI?
0

3. Kak uz6aButhcs o Heonpeaeaenaocty 0 ?

o I
D

4.Yemy paBHO 3HaUeHHE Npesena QyHKIUU MPU HEONPEIeIeHHOCTU

o 1o

5quy PaBHO 3HAYCHUC MIPCaACiia q)YHKI_[I/II/I IIpHu HCOMMPCACIICHHOCTHU
6. 3amucaTh 3aMe4YaTeIbHbBIC MpCaciibl.

IIpakTnueckas padora Ne 6 mo reme
«IIpenena pyuxkuun. HenpepbiBHOCTH pyHKIMH. TouKH paspsiBa»

Heab: HayuuThCs BBIUUCIATH MPEACIIbI,UCCIENOBATh G YHKIIUIO HA HETIPEPHIBHOCTD,
KJIacCU(UIUPOBATH TOUKH Pa3pbiBa, CTPOUTH I'paduku ¢yHKIUA.

3aganue 1.Haiitu npeensl, HCMONB3YS SKBUBAJICHTHBIE OECKOHEYHO MaJble (QYHKIIUH.

2 . L
firm n{1+3x700 sem: 3 fim 2550 o3 omeem: ~
2.1, =0 2 —5x° 5 22, " 3
. 3x
]jmsmjf ome‘em:Z lirn, — 1 omeem:l
2.3. ¥—=0 fgzx 2 2.4. =0 x3 +2?3 9
arcighba fim arcsin 3% opmeem: ©
25 *032x* -3y 2.6. =" iz 2
sin 5x | o 2 i P32 omgem:
9 7. *larciglx 2 2.8, =0 ginZ2x 2

22 —1

litr, omeem:Z lirpy sin{x—B)\
2.9, *" 1g3x 3 210 " X =5x+6 omgem: 1
firn Cos 33X — Cos o 1-coséx
2.11. ="  2x° omeem: =2 2.12. =0 4z
o arcizix omeem: 3 firn arcsin 4x omsem 4
2.13, 7" In(1+2x) 2 2.14, ™" t85x 5

omeem: —







2.16.

2.18.

2.24.




2.29.

3ananme 3. MccrnenoBath AaHHbIe (DYHKIIMU HA HEIPEPHIBHOCThH B YKA3aHHBIX TOYKAX

1

31 f(X)=2"3+1, x,=3,x 74

1

39 f(X)=5"%-1, x=3,x74

X+7

f(x)= , X =2, x2:3
3.3. x-2 1

f(x)= X2 x =_2, x =-3
3.4. X+ 3 !

35 f(x)=47+2, x=3,x 72
36. f(x)=92, x =0, x =2

37 f(x)= 2E+ 1, x,=5,x74

fx)= %2, X =—5, x,=—4
3.11. X+

fox)= 22 x =3, x =2
3.12. x=2 1
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2
313, f00=5"7, x,=3, x=4

f(x)= 4)‘;1'—3, x =1, x =2
3.14. 1 )

f(X): 21;52_—1, X :0, X =1
3.15. X

316, f(X)=82-1, x,;=2, x,=3

3.17. f(x):53—X+1, X =2, X.=3

1 2
f(X)=ﬁ X =5, x =4
3.18. X—4 1
f(x):ﬁ ;X =1, x,=2
3.19. x2—1

3.20. f(X)=2X+2+1, X1=—2, Xo=-1
3901 f(X)=4"2+2, x,=2,x 73
422, F(X)=3"1-2, x,=-1,x 70

3
3.23. f(x)= 5X*4+1, X1=_5, Xo=—4

f(x)= "=, x=-2, x,=-1
3.24. x+2 1
)= %7, x =-3,x z-2
3.25. x+3 1
_ X+D
3.26 Fo0= x—3 X.=3, x,=4

397, [(0=87+1, x=1x 72

A4x
f(x)= , X1=—5’ X2=— 4

3.28. X+5

329, f(x)=6"" x=3, x,=4



f(x)— X =2, x.=3
3.30. x-2

KoHTpoJsbHBIE BONIPOCHI
1.Kakue BeIMUMHBI HA3bIBAIOT OECKOHEYHO MaJIbIMU OJHOTO MOPSIKa MAJIOCTH?
2. Kakue BeMUMHBI Ha3bIBAIOT IKBUBAJIEHTHBIMU O€CKOHEYHO MaJIbIMH ?

3. Kakas pynkuus Ha3pIBaeTCSl HEMPEPHIBHOM B TOUKE?
4.CKOJBbKO U3BECTHO BaM TOUYEK pa3pbiBa GYyHKIUHU, KaKHe?

CamocrosaTenbHas padora Ne 1
BapuanT 1
1. BBI‘II/ICJ)I(IéIIIé npeaen QyHKIUN:
lim
=3 X2-8 x+15
2. Bwraucnuth npenen GyHKIUM:

lim=X+2 X+5
X—2 3X 6

3. Beraucnuts npenen QyHKIUN:
sin17x

x-0SIN12X

4. Bpraucnuth npenaen GyHKIUU:

T

I|mL1+— 3

X= 00

Bapuant 2
1. BBI‘{I/I%JII/ITI) npeaen GyHKINH:
+x-20
lim
X=4 x2-16

2. Buramcnuth npenen GyHKIUM:
i 3x+6
im
X—2 2 X 4

3. Beraucnuts npenen QyHKIUIN:
sin7x
m=
x-0SIN13X

4. Beraucnuth nipeaen QyHKINM:



]_ X
Iim(<1+_ 4

X= 00

Bapuant 3

1. BBITII/ICJIZI/I'I;lbgl'IpeI[eH byHKIMY:
X —_

Iim2
x-7 X -hx-14

2. Bpruncnuth npenen GyHKIUM:

X2+4
lim——
X-3 2X_6

3. Beraucnuts npenen QyHKIUU:

lim s.ln 9x
-0 SIN4 X

4. BprauciauTh nipeaen GyHKIUN:

15 X
Iim(<1+ 5
X= 00
Bapuanr 4
1. Beruucnuts npeaen GyHKINU:
. Xe-12x I by
lim
X5 x2_25

2. Bwramcnuth npenen GyHKIUM:

x2-1
lim
v-5 2X=10

3. Beraucnuts npenen QyHKIUN:

Iims!nSX
x—0SIN 19X

4, BprauciauTh npeaen GyHKINH:

X
Iim(1+4j
X - 00

Bapuant 5

1. BBIUII/IZCJII/ITB %peneﬂ GyHKIIUN:

[im
-6 x2_36
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2. Boruncnuth npenen GyHKIUM:
2x-3
X—4 3 X_12

3. Beraucnuts npenen QyHKIuu:
lim sin5x
x—0Sin 14 X

4. BprauciauTh nipeaen QyHKIUN:
X
lim (1+1—°j

X= 00
BapuanT 6

1. BBI‘II/ICJIIEITB {[pe;[eﬂ byHKIMY:
X —_
hm—
-9 X2-11x +18

2. Bwrauncnuth npenen GyHKIUM:

3. Beraucnuts npenen QyHKIUN:
lim sin 19x
x—-0SIN3X

4. BpIYuCIUTH Ipeacia (byHKLII/II/I:
2X

Iim(1+Ml
X= 00

CamocrosiTennbHast padora Ne2

Bapuanr 1
f(x)= 1
HccnenoBath GyHKINIO X Ha HeIpepHIBHOCTH B Touke %00
Bapuant 2

_ .y
UccnenoBath (QyHKIHIO f(X)-é[X np I X¢0‘ an Ha HENpPEpPHIBHOCTh B TOYKE

Xo=0
Bapuant 3

2 —
Uccnenosath dyukimio | (X)=X°  Ha HenmpepbIBHOCTH B Touke %o~
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Bapuant 4
Uccnenosats Gynxumio f(X) = X 3 Ha HenpepbIBHOCT B Touke  *o=0

BapuanT 5

® Ax€0 Xo=0

HccnenoBatbh QyHKIMIO f(x)= {>§( NS0 HA HENIPEPBIBHOCTD B TOUKE

BapuanT 6

—-5x,AXx€e0 _
Uccnenosats pyHKIIMIO f(X)={ x> Ax>0 Ha HENPEPLIBHOCThL B TOYKE X0~ 0

ITonsiTHe NPpOM3BOHOM U ee reoMeTpudeckuil cmbici.Iuddepenunan pynkumuu
YcTHbIN onpoc

1.Yto Ha3pIBaeTCS MPOU3BOIHON (HYHKITUHN?

2.Chopmynupyiite npasuia qudpepeHuupoBasus ?

3.Kakas QpyHKIIMS Ha3bIBAETCS CIOKHOM?

3. ChopMynupyiiTe MpaBUiIO HAXOXKICHUS MPOU3BOAHON CI0KHON (PYHKITUH.
4. Yto HazweiBaeTcs nuddepeHnranioMm ¢GyHKIITUU?

5.Kaxk naiitu npousBoubie u qudpepeHnnanbl BRICIINX TOPSIKOB?
6.11paBusio Jlonurans.

7.Yt0 Takoe F3KcTpeMyM (DyHKITUN?

8. Urto Takoe TOUKH meperuda , THTEPBAJIbI BHITYKIOCTH ,BOTHYTOCTH ?

9.Kak HaliTh acCUMIITOTHI ?

10.Paccka3ath o01IyI0 CXeMY UCCIIeI0BaHUs (PYHKITUH.

IIpakTuueckas padora Ne 7 no teme «Haxo:kaeHue Npou3BOAHOM CJI0KHOM
¢pynkuuu. I'eomerpuyeckuii cmbica npousBoaHoi. {uddepenunan pynkumnmy

«Bbruncienue IPOMU3BOAHBIX)

Hean: [IpoBepuTh 3HaAHUSA U YMEHUS 110 HAXOKICHUIO TPOU3BOIHBIX SJIEMEHTAPHBIX U
CJIOKHBIX ()YHKIIUH.



3ananue 1.Hautu npousBoaHbie (hyHKIMIA

B1 Y=x>-5x2+11

Y=x2ctgx

arctgx
Y=

Y={x%+5
Y=¢~% Inx
Y=(cosx —1)**
B2 Y=2x3-x2+17

Y=xtgx

artgx

Y=4x

Y={x2-3
Y=|n—x

B3 Y=7x3+3x2-2

Y=xarctgx

X+5

Y= Inx

1
(2 x+11)°

y=sind(4 x2+ 2 1)

2
B4 Y=-3x3+5x%-81

Y=2xsinx

X

Y= sinx

Y=1x2-3

B16 Y=x>-5x%*+11

Y=x?ctgx

arctgx

Y=X

Y={x3+5

Y=e"%Inx

B17 Y=2x3-x2+17

Y=xtgx

artgx

Y= 4 X

Y={x2-3
Y=|n—x

B18 Y=7x3+3x2-2

Y=xarctgx

X+5

Y= Inx

1
(2 x+11)°

yﬁm%4%+§—n

B19Y=-3x3+5x*-81

Y=2xsinx

X

Y_sinx

Y=1x2-3



X
_Cos—

Y X+ 1

B5 Y=7x%-3x%2+32

Y=x3 arcsinx

2
Y=3-6%°

COSX
3X

Y=
Y=In (x-x?>-6)
B6 Y=-x>+3x3-11
Y=3x2ctgx

arccosx

Y= 3X

Y={x2-3
Vzeslen 2X
B7 Y=3x*-6x+19
Y=x3sinx

tgx
~3x

Y
v={2x:-6
Y=e~* Inx
B8 Y=-4X®+9X?-12
Y=x3tgx

arcctgx
6 X

Y=
Y=V3x+6
Y=2""Inx

B9 V=5x*-2x3+65

X
_Cos

Y x+1

B20 Y=7x°-3x%+32

Y=x2 arcsinx

2
=3-6 x°

COSX
3X

Y=

Y=In (x-x*-6)

B21Y=-x>+3x3-11
Y=3x2ctgx

arccosx

Y= 3X

Y= x2-3
V=83x2 In2x

B22 Y=3x*6x%+19
Y=x3sinx

tgx

Y=3x

Y={2x3-6

Y=e"*Inx

B23 Y=-4X%+9X2-12

Y=x3tgx

arcctgx
6 X

Y=
Y=V3x+6
Y=2""Inx

B24 Y=5x*2x3+65

61



Y=x2arcsinx

5
Y_(6 x—4)3

Y={x2-5
v=3x Inx
B10 Y=-2x°-3x2+19

Y=xctgx

arctgx
Y=

Y={x3+5
Vzezlenx
B11Y=8x*6X°+1

Y=2x3arccosx

tox
Y=5x
9
Y'(6 x-5)*
Y=4‘lenx

B12 Y=3X%+11x3-87

Y=3x3ctgx
COSX

Y= 2X
-3

(4 x+9)°

Y=

V:56 ><2 Inx
B13 Y=x>+9X2-51

Y=x2arcsinx

X

Y= COSX

Y=x2arcsinx

5
Y_(G x—-4)3

Y={x2-5
v=3x Inx
B25 Y=-2x®-3x?+19

Y=x?ctgx

arctgx

Y=

Y={x3+5
Vzez;lnx
B26 Y=8x*-6X°+1

Y=2x3arccosx

tox
Y=5x
9
Y‘(a x-5)*
Y=4-%Inx

B27 Y=3X%2+11x3-87

Y=3x3ctgx
COSX

Y= 2X

-3
(4 x+9)°

V=56><2 Inx
B28 Y=x>+9X2-51

Y=x2arcsinx

X

Y= COSX
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Y={8x}-3
Vzezlenx

B14 Y=3x7-9X3+11

Y={8x3-3
Vzezlenx

B29 Y=3x7-9X3+11

Y=5x3tgx Y=5x3tgx
2X 2X
Y= arcsinx Y= arcsinx
Y={2x4-6 Y={2x*-6
\/=e3><3 Inx y=e3x3 Inx

B15 Y=x°-8X?*+16

B30 Y=x>-8X?+16

Y=4x2ctgx Y=4x2ctgx
actgx actgx
Y= 34 Y= 3y
9 9
Y22 x-15) Y202 x-15)0
V=62lenx V=62lenx

KoHTpobHBIE BOIIPOCHI

1.ChopMynupoBTH orpeieieHue IPOu3BOIHOM, paBuiIa 1uddhepeHInpOBaHHUS.
2.3HaTh TAOJIMIlYy POU3BOIHBIX AIEMEHTAPHBIX (DYHKINH.

3.ChopmynrpoBaTh MPaBUIO HAXOXKICHUS TIPONU3BOTHON CIIOKHOM (PyHKIINH.

IIpakTuuyeckas padora Ne 8 mo reme«MccinenoBanus (yHKIMHA U NOCTPOEHHE
rpagpuka»

Heab: HAy4uTHCS UCCIEA0BATh PYHKITUIO U 110 pe3yIbTaTaM HUCCIIET0BAHUS CTPOUTH
rpaduxk.

3aganue 1.VccnenoBath QYHKIMIO IO MPEIOKEHHON CXEME U TIOCTPOUTH €€ Tpaduk:
1.HaiiTu obmacth onpeaencHus QyHKITNH.

2.HccnenoBath Ha YETHOCTh U HEYETHOCTD.

3. UccnenoBath Ha EPUOTUIHOCTD.

4. HaliTh cTalMOHApHBIE U KPUTUYECKHE TOYKHU MEPBOTO POJIA.
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5.Haiitu npoMexyTKH BO3pacTaHUs U YObIBaHUS (YHKLUHU, SKCTPEMYM.
6.Haiitu crarqmonapHbple ¥ KPUTUYECKHE TOYKH BTOPOIO poAa.

/. HaliTu mpoMeXyTKH BBITYKJIOCTH (DYHKIMHU, TOUKU IIEperuoa.

8. Haiitu acuMntoTsl (BepTHUKaJIbHbIE, TOPU30HTAJIbHBIE, HAKJIOHHbIE).
9.Haiitu Touku nepeceyeHus rpapuka GyHKIHUUA C OCSIMU KOOPJIUHAT.
10.HaiiTn 1ONIOTHUTENBHBIE TOUKH.

11. Tlo pe3yabTaTam KCCiIeA0BaHUS TOCTPOUTH rpaduK HYHKIUH.

2 2 x?-2x-8 X% - 1a2x% % - 1ax?
Bl.a)y=x(2-x) ; 6)y=—"_"7 Bl6.a)y= -9x+1;

x3 X3
6)y=x*+1x3+1

2 _ 1. 1 2
B2.a)y=x/1-x; 6) y=% X+ XIS XT
B17. a)y= -2x-1;
x3 X3
X —2X — 2
6)y=
83. a) . 6)y = X =31 ~10 ARSI S
.a)y=x-arctgx; === —
Y © Y x-1 B18. a) y=
lxs-xe-3x X
3 ' *3 X3-3
; B)y=
-X%+ 3x%
B19. a)y= +9x;
8 2
— x“+3 x-10
B4.a)y=4_x2; 6)V=T xF-1
6)y= 3X+5
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x2-4 x-12
1-x 6
BS.a)y=\/ x )y= x+3
X ¥+4x-12
B6. a) y=,, 2 6)y= -3
X x*=x-20
B7. a) Y= 2,160 5)V=XT
X 2 -
B8.a) y=i;  6)y="1Z2
X x*-2x-15
B9.a) y=_.,; 6)y= vy
2 x*+2 x-15
B10. a) y =2x-x ; 6)y=
x-1
X%-3X% 14
B11. a)y= ; 6)
5 —2x
¥ I-4
y:
-X®+3x%-2
B12. a)y= ;
X3
r2-1
6)y=
x:-12x+6
B13. a)y= ;

B20.

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

5 4

a)y=x-20x ; 6) y=1-x2

2
3 2 x -1

a)y=x +15x -x-250 6)y=

6ly="

a)y=ix+2;
x2+9

3
6)y= 3x+ +5

a) y=x2-4x ;

3
a)y =3x-x ; 6)y=""7"—

|><

3

a)y =2/3x -2x=1; 6) y=- R

2 4 1-x*
a)y=2x -Xx ; 6)y= B
X
a)y=2x*8; 6)y="_"
x2—l
1
a)y = x*-8x%+3 ; 6)y=
¥ -1
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6)y = X+ 4
B14. a)y=
3 2
X3+ oxt+ Jax + 12 _ . _ x*+3x-10
B29.a)y = 4oy 6)y=""13
X3
6)y= 6x-+ 18
-X% +3x% -2
B15. a)y= ;
2
xE N b _x-2x-8

T B30.a)y =x/4-x; 6)y—7x+3

6)y=

KoHTposbHBIE BONIPOCHI:

1.Yto Takoe 06acTh onpeneneHus: GyHKIN?

2.Kakue ¢hyHKIIMH HA3bIBAIOTCS YETHBIMU , HEUETHBIMH, 0011IeTO BUa?
3.Buasl Touek pas3pblBa.

4.Yto Takoe Hylu QYyHKIMH?

5.Kak onpeaenuTs NpOMEKYTKH BBITYKIOCTH?

6.Buasl acuMIITOT.

CamocrosTeqnbHas padora Ne 1

Bapuanr 1

1.Haiiti ipon3BoHYI0 QYyHKIHH Y=sin®(4 x3-2).

2. HaliTii MpOM3BOAHYIO TPETHETO Mopaaka Gpynkuuu y=3x*+C0oS5X.
3.BerauciauTh npeaensl, UCHoab3ys npaBwio Jlomuras:

lim (== —");lim ¢ ¢¢

= ClgX 2COSX -0
2

X—

Bapuant 2
1.Haiiti mpou3BoaHyI0 pyHKIHH Y=c0s*(6 X*+9).

2. HaiiT IpOM3BOAHYIO TPETHErO Mopaaka Gpynkuuu y=3x>-sin3X.
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3.BplunciauTsh npesensl, UCIONIb3ysl NMpaBwio Jlonwrans:

- X4 -
lim22_a>0;lim;;

X— 00 e x —0

BapuanT 3
1.Hatitu npousBoanyto pyHkmu y=tg®3 x*-13).
2. HaliTu Ipon3BOIHYIO TPEThEro nopsaka GyHkmu y=4x3-e°,
3.BBIUMCINTE TIpeieNbl, UCIOb3ys MpaBuio Jlomurans:
1 1

im@G— -——); lim ;;;
x—1 Inx x-1 x— 7 /4

Bapuanrt 4

1.Haiitu mpousBoanyo GyHkmuu Y =ctg* (5 x3+6).

2. HaiiTu npou3BOIHYIO TPEThEro nopsaka GpyHkuun y=5x*- cos4x.
3.Boruncnuth npenensl, UCHoiab3ys npasuio Jlonmurans:

lim (1;-x)tg 2 ; lim (a¥*¢-1),a>0;;

x—l X — o0

CamocrosnTenbHasi pabora Ne 2

Bapuanr 1

1
1.Haiitu o0nacTs ornpeaeneHus QyHKINU y= [6—ri? -
2. Haiitu o6nacth 3HaUeHUN QyHKIIUN y=3sinX+4COSX.
3. Haiitu mpomexyTku Bo3pacTanus (GpyHKIuH Y=9x+3x2-Xx3.

4. HaliTu cTariuoHapHbIE TOYKU (YHKIUU y=X+COSX.

Bapuant 2

1

1.Ha¥iti obacte onpeneneHus QyHKIUHN y= ﬁ

2. Haiiti o6nacTh 3HaYeHUH QyHKIUN y=5sinx-12C0SX.

3. Haiitu npomexyTku yobiBanus GyHKuuu y=-18X+1,5x2+x3,
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4. HaiiTu cTalimoHapHbIe TOYKHA (DYHKIH y=X- SINX .

BapuanT 3

1
1.Haiitu o6nacTh onpenenenust GyHKIUU y= [Tr—10=22 °

2. Haiitu o6nactb 3HaueHu pyHkuuu y=12sinx+5cosx.
3. Haiitu npomexyTku yobiBanus QyHkuun y=-6x-0,5x*+1/3x3,
4. HaiiTu cTaluoHapHbIe TOYKA (DYyHKIMH y=Xx+ SiNX .

Bapuanrt 4
1

1.Haiitu o6nacthb onpeaeneHus GyHKIMHA y= ﬁ :

2. Haiitu o6nactb 3HaueHu pyHKun y=4sinx-3COSX.

3. Haiitu npomexyTku yobiBanus QyHkumu y=-10x+3,5x2-1/3x3,
4. HaiiTu cTarquoHapHble TOYKU (YHKIIMHA y=X- COSX.
CamocTosiTesibHasi padora Ne 3

Bapuanr 1

1.0mpeienuTh CKOPOCTh TOUKH, JIBHKYIIEHCS Mo mpsMoii o 3akonyx(t)=1/3t3-5t2,

2. Touka JBMKETCA 110 MPAMOI 110 3akoHy S(t)=2t%-3t-1.0npeaeanTh MTHOBEHHYIO
CKOPOCTH TIpH 1=2.

3.0npenenuTh ycKOpeHue TOUKH, ABMKYIIelcs 110 3akony S(t)=t3-5t2,

4. Teno maccoid M aBHOKETCS 1O 3aKOHY X(t)=3cos3nt. OnpenenuTs CUy ,JAeHCTBYIOLIYIO
Ha TEJI0 B MOMEHT BpeMeHu t=1/3.

Bapuant 2

1. OnpeenuTh CKOPOCTh TOUKH, ABUKYLIEHCS MO IpAMOii 1o 3akoHy X(t)=1/2t%-4t.
2. Touka IBMKETCA 110 IPAMOIL 110 3akoHy S(t)=4t?-5t+7.0OnpenenuTh MTHOBEHHYIO
CKOPOCTb TipH 1=2.

3.0mpenenuTh yCKOpeHHe TOUKH, ABMKYLIeHcs 1o 3akony S(t)=2t-t3,

4.Teno maccoii m aBmkeTcs 1o 3akoHy X(t)=-2sin2nt. OnpeneauTs CHUITY, IeHCTBYIONIYIO
Ha TEJI0 B MOMEHT BpeMeHu t=1/4.

Bapuant 3
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1. OnpenenuTh CKOPOCTh TOUKM, ABMKYLIEHCS 0 IPAMOI 1o 3aKoHy X(t)=3t3+2t2,
2. Touka IBMKETCA 110 IPAMOii 110 3aKkony S(t)=-t*+10t-7.0npenenuTs MTHOBEHHYIO
CKOpOCTb IipH t=1.

3.0npenenurs ycKOpeHue TOUYKH, ABUKYIehcs 110 3akony S(t)=1/3t3-6t.

4.Teno maccoit M aBmkercs 1o 3akony X(t)=-2sindnt. OnpeaeauTsh CUIy, ICHCTBYIONIYIO
Ha TeJIO B MOMEHT BpemeHnu t=1/8.

Bapuanrt 4

1. OnpenenuTh CKOPOCTh TOYKHM, ABMKYLIEHCS 10 IIPAMON 1o 3akony X(t)=2t3+1/4t2,
2. Touka IBHKETCA 110 IPAMOi 110 3aKkoHy S(t)=3t?+2t-1.0npenenuTh MTHOBEHHYO
CKOpPOCTb TpH t=3.

3.0npenenursh yCKOpeHUe TOUKH, ABUKYIIEics 110 3akony S(t)=t?-t.

4.Teno maccoii M aBmkeTcs 1o 3akony X(t)=-3cos2nt. OnpeaenuTs CUiy, ACHCTBYIONIYIO
Ha TeJI0 B MOMEHT BpeMeHu {=1/8.

JAuddepenunanbHoe ucunciaeHue QyHKUNH HECKOJIbKHX MePeMEeHHbIX

YcTHBIN onpoc

1.Kakast ¢pyHKkIms Ha3biBaeTCs (PyHKIMEH HECKOIBKUX TIEPEMEHHBIX ?

2.Yto Takoe 06sacTh onpeeneHus (YHKINH HECKOIBKUX MMePEMEHHBIX?

3.YT10 Takoe 4acTHbBIC MPOU3BO/IHBI?

4. ChopmynmupyiTe MPaBUIIO HAXOXKJICHHS TIPOU3BOTHON CIIOKHON (QYHKIIMH HECKOIBKHX
MIEPEMEHHBIX.

5. Uto Ha3pIiBaeTCs MOMHBIM TU(depeHrnaioM (QYHKIIMU HECKOJIbKUX MEPEMEHHBIX?
6.Kak Haitftu npousBoaHbie U AudPepeHranbl BHICIIUX TOPSIAKOB?

7.YT0 Takoe SKCTpeMyM (PYHKIIMU HECKOJIBKUX MEPEMEHHBIX?
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IIpakTnuyeckas padora 9 mo reme

«Haxoxaenne 4acTHbIX NPOU3BOAHBbIX. [lonnbli 1ud depenunamny

Lenb: npoBepUTh yMEHHE HAXOUTh U CTPOUTH 00JIaCTh ONPEAEIICHUS CI0KHON (PYyHKIUH,

HaXOJHUTb YaCTHBIC ITIPOU3BOAHBIC.

3aganus:

1. HaiiTu 1 mocTpouTh 00JIaCTh ONpe/ieIeHUs C10KHOH PyHKIMU.

2. BpluucauTh NPOU3BOIHYIO CI0KHOUH PyHKIMMN.

B1 1.z=arcsin(1-x%-y?)

2.a) z=Vinx ¥ x=e, y=1
X

6) u=x>-y?+32%, x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx)
_ Y
2.a) =V xyln_, x=1, y=2

B)u=3x%/2-y%/2+22%,x=2/3,y=2,2=2/3

B3 1.z=V Inx+Iny

1 ...
2.a)z=x""_ <y
Xy

6)u=x3/2-y3/2+823,x=2,y=2,2=3/2
B4 1.z=VVy—x+2
2.a)z=sinl/xeY,x=m/2,y=1

6)u=3/2x2+3y2-22?,
x=2,y=1/3,2=3/2

X2
B5 1.z=arcsin7

2.a)z=arcg(x2-y2)+1/V xy

VX __ vy
6)u= vy vy

B6 1.z=arcos(2x-y)

B16 1.z=In

NS X

2 x2-y?

2.3)z=(x +y)
6)u=xV y-(z+y)V x, x=1,y=1,2=-2
17 1.z=Iny-Incosx
2.a)z= xsiny+x?, x=3,y=11/2

6)u=Vxy — V4—22,x=1,y=1,2=0

B18. 1.z=Insinx-V y

u
2.a)z=arcsinv - Inv, u=0, v=1

6)u=(x2+y2+z2)3/2, x=0,y=-3,z=4
B19. 1.z=In(y?/4-x?/9-1)
2.3)z=InV x2+ y2+1/y,x=y=1/V2

6)u=2/x+3/2y-V 6/ 41
Xx=2/3,y=3/2,2=1/2

y
B20. 1.z=arcsin X

2.a)z=InyV x ,x=1,y=3/5

6)u=3/x+4/y-1/V 6x,x=1,y=2,2=1/V6

B21. 1.z=1+/1—(x-y¥
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y

X+e“xy , x=2,y=1

2.a)z=arccos

6lu= o2 - _

Ju= @2x*- 36V, x=1y=2/3,2=1/ V6

B7 1.Z=VIn(2-x~Yy),
2.a)z=tg1/x.e§,x=1/rt,y=0

6)u; 2 Vx + y+y.arctgz,x=1,y=1/3,2=1/V6

X
B8 1.z=In y
2.a)z=(x%+ yz)xz" Y
6)u=xV y-(z+y)V x, x=1,y=1,2=-2
B9. 1.z=Iny-Incosx
2.a)z= xsiny+x?, x=3,y=1/2

6)u=Vxy —V4—2%x=1,y=1,2=0

B10. 1.z=Insinx-vV y
u
2.a)z=arcsinV - Inv, u=0, v=1
6)u=(x2+y?+z%)*2, x=0,y=-3,2=4

B11. 1.z=In(y?/4-x%/9-1)

2.3)z=InV x2+ y2+1/y,x=y=1/V2

6)u=2/x+3/2y-V6/ 4 2,x=2/3,y=3/2,2=1/2

y
B12. 1.z=arcsinX

2.a)z=InyV x ,x=1,y=3/5

2.a)z=cos(1/y)-1/V xy, x=m/2,
y=2/1

6)u=xV y-yz%,x=2,y=1,2=-1
B22. 1.z=In(x?+y)

2.a)z=e" Vx2— y2, x=1,y=0

6)u=sin__, x=2,y=m,z=1

Xz’

B23. 1.z=/1—x%+/1-y?
2.a)z=yIn(x?-y?), x=2,y=1

6)u=x3/16+y?/9-
22/8,x=2,y=1/2,2=1/3

B24 1.Z=VIn(2—x-y),
2.a)z=tg1/x.e§,x=1/n,y=0

6)u; 2 Vx + y+y.arctgz, x=1,y=1/3,2=1/V6

B25 1.z=arcos(2x-y)

2.a)z=arccos o x=2,y=1

3 _ _
6)u:\/€X2_\/§_6\/222' X=1,y=2/312=1/\/6

X2
B26 1.z=arcsin;

2.a)z=arcg(x2-y2)+1/V xy

VX __yi
6)u= Xy

B271.z=/Vy—x+2

2.a)z=sin1/xeY,x=m/2,y=1
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6)u=3/x+4/y-1/V 6x,x=1,y=2,2=1/V 6

B13. 1.z=1+/1—(x-yY
2.a)z=cos(1/y)-1/V xy, x=n/2, y=2/n

6)u=xV y-yz2x=2,y=1,z=-1

B14. 1.z=In(x%+y)

2.a)z=ex2\/x2— y?, x=1,y=0

6)u=sin__, x=2,y=m,z=1

Xz’

B15. 1.z=V1—x%/1-y?
2.z=yIn(x2-y?), x=2,y=1

u=x3/16+y?/9-2%/8,x=2,y=1/2,2=1/3

6)u=3/2x%+3y2-22?,
x=2,y=1/3,2=3/2

B28 1.z=v/Inx +Iny

2.a)z=Xv%y,x=e, y=1
6)u=x3/2-y3/2+823 x=2,y=2,2=3/2
B2 9.z=In(y-Inx)

2.a) z=\/7yln)¥, x=1, y=2

B)u=3x?%/2-
v2/2+222,x=2/3,y=2,2=2/3

B30 1.z=arcsin(1-x2-y?)
2.a) z=\/ﬁ<)¥, x=e, y=1

6) u=x2-y?+3z%, x=1/2,y=1/2,2=1/2

KoHTposbHbIE BONIPOCHI:

1.CopmynupoBaTh onpesiesieHne GyHKIUH ¢ IBYMS IEPEMEHHBIMH.

2.YTo Ha3pIBaETCS 00IACTHIO ONpe/esieHNsT (DYHKIIUU HECKOJIBKUX MIEPEMEHHBIX ?
3.ChopmynrpoBaTh MPaBUIIO HAXOXKIACHHUS MTPOU3BOAHON (PYHKIIMH HECKOJIBKHX
NIepEMEHHBIX.

4.Yto Takoe nmoJHbIN quddepeninan (yHKIIMH HECKOIBKUX MMEPEMEHHBIX ?

IIpakTnuyeckas padora 10 no teme «IKCTpeMyM (PYHKIMHU ABYX NepPeMeHHBIX»
Heanb: npoBepuTh yMEHHUE HCCIIETOBATH (YHKIIUIO HA IKCTPEMYM.
3ananue 1.HaiiTu yacTHbIe NPOU3BOJAHBIE BTOPOIrO MOPSIKA

B1z=x?y2-4x-5y B16z=x3-y3-3xy

B2 z=y?-x?+xy-2x-6y B17z=0,5xy+(47-x-y)(x/3+y/4)

B3 z=xy(1-x-y) B18. Z=x%+y?+xy-3x-6y



B4

B5

B6

B7

B8

B9

B10

z=yV x-y2-x+6y

z=e*/2(x+y?)

z=x3-y3-3xy
2=0,5xy+(47-x-y)(x/3+y/4)
2=X%+y%+xy-3x-6y
z=xy*(1-x-y)

z=x3+y3-15xy

B11z=x%*+y%+xy-4x-5y

B12

B13

B14

Z=y%-X%+xy-2Xx-6y
z=xy(1-x-y)

2=y V x-y?-y+6y

B15z=¢e*/(x+y?)

B19. z=xy?*(1-x-y)

B20. z=x3+y3-15xy

B21. z=3-2x%-xy-y?

B22. z=y%-xy-2
B23.z=x%+2xy-y?+4x
B24z=2x%+2xy-y?/2-4x
B25z=x2+xy-2

B26.  z=y?-2xy-x’+4y+1
B27.  z=1-2xy+2x?

B28.  z=4x+2y+4x2+y*+6
B29  z=x’+2xy-10

B30. z=x?+2xy-y>-4x

3ananue 2.MccieaoBaTh 3aJaHHYI0 (DYHKIIHIO HA 3KCTPEMYM

B1. z=12+2xy-x?

B2.z=5x2-3xy+y*+4

B3.z=4x%+9y2-4x-6y+3

B4.z=x2-2xy-y*+4x+1

B5.z=y?+2xy-x*-4y

B6.z=x2+3y%+x-y

B7.z=x%y

B16.z=x%+2xy-10
B17.z=4x+2y+4x*+y’*+6
B18.z=1-2xy+2x?
B19.z=x2+2xy-y?+2x+2y
B20.z=y?-2xy-x*+4y+1
B21.z=x%+xy-2

B22.z=2x%+2xy-y?/2-4x
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B8.z=4-2x2-y? B23.z=x2+2xy-y?+4x

B9.z=x2/2-xy B24.z=3-2x2-xy-y?
B10.z=1+xy? B25.z=y?-xy-2
B11.z=4-2y?+x? B26.z=x>+y?+xy-4x-5y
B12.z=y%+2xy-x?-4y B27.z=y?-x?+xy-2x-6y
B13.z=x2-xy B28.z=x%+y%+xy-3x-6y
B14.z=xy(4-x-y) B29.z=x3-y3-3xy
B15.z=x2+2xy-y?-4x B30.z= x3+y3-15xy

KonTposbHbIE BONPOCHI

1.ChopmynnpoBaTh anropuTM HaAXO0XKICHUS SKCTpeMyMa (QYHKIIUN HECKOIBKUX
nepeMeHHBIX

CamocTosiTesibHasi padora Nel
Hatiti momaeie nuddepennmans GyHKITUR
Bapuanr 1.

a)  Z=X2+Xy-2
6) z=yV x-y2-x+6y

Bapuanr 2.
a)  z=x3-y3-3xy
0) z=x%/2-xy
Bapuant 3.

a)  z=yV x-y’-y+6y
0) Z =X?+y?+Xy-3X-6y

Bapuanr 4.



a) z=xy(1l-x-y)
0)z =x%+2xy-10

HNuTerpajbHoe ucunciaeHne GyHKIUMA OJHOHU NepeMeHHOo

YcTHBIN onpoc

1.Yto Ha3pIiBaeTcs nepBooOpasHoi GyHKIuu?

2.YT10 Ha3bIBAECTCS HEOMPEAECICHHBIM UHTEIPAIIOM?

3.CBolicTBa HEONPEACICHHBIX HHTETPAIOB?

4. Tabnuua HeonpeaeIeHHbIX UHTETPAJIOB .

5. UHTerpupoBanue MOACTAHOBKOW U IO YACTSIM.

6.MnTerpupoBanne panroHaIbHBIX ApoOeil. B ueM cyTh MeToma HeonpeneneHHbIX
Kod¢ punreHToB?

/.MlHTerprpOoBaHNE TPUTOHOMETPUUECKUX BBIPAKEHUH.

8. MnTerpupoBanue uppanmoHaITbHBIX BRIPAKEHUH.

9.3amaun, mpUBOIAIINE K TOHATHIO OMPECICHHOTO HHTErpaa.

10. Yto Ha3bIBaETCS OMPECIICHHBIM HHTETPATIOM?

11.CgoiicTBa onpenenenHoro uHterpaina. @opmyna Herotona-Jleitonuna.
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12.Yt1o Takoe HeCOOCTBEHHBIN UHTErpa?

13.Kakue cymecTBy0T METOAbI IPUOIMKEHHOTO BBIYUCIICHUS ONPEAEIIEHHBIX
MHTETpajoB?

IIpakTnueckas padora Ne 11 mo reme

«Bbrunciienue HEONPEIACJICHHBIX HHTECI'PAJIO0B»

IIe.m;: IMPOBCPHUTHL YMCHUC HAXOJUTHb HCONIPECACIICHHBIC MHTCTPAJIbI UCITIOJIB3YS MCTOAbI
HCTIOCPCACTBCHHOI'O MHTCIPUPOBAHUA, HHTCTPUPOBAHUC HOI[CTaHOBKOI\/'I U I10 9aCTsM.

3apanme 1.HaliTu HeonpeeneHHble HHTErpajibl UCIOJIb3Ys METO/I HEMOCPEICTBEHHOT'O

HHTCTPUPOBAHUA

Bl.jgg+1/x)dx

3 x8-x%+ x*

B2.[ —

B3.J'(6X 3%;-4)dx ;

Bl6.Igg+1/x)dx
6 x'-2 x>-x*

B18. [ (2" 5%+ 8)dx

d -1 ¢ ¢
B4. ] ( COS x‘\/l )L BIS. ) Vsinx 1yt
Bs. [ K B20. [_ X

1+16 x 1+4 X

BG,_[(G sinx +4 x3— l)dx
X

x?-3 x'+ 28

B7I#dx

BS. [ (7'2* ¢ +5)dx ;

BZl,I(—Z sinx+ 6 x*- 1 )dx
X

6X°+2x-7x°

B22. - dx

B23/ [ (3"67*:-3)dx ¢

-1
1 +1 ) -1 ;—= )dx;
1l oy :
89'-[( 1+x%¢ sinzx) Xe B24 (1+ X2 sinzx
dx dx
B10..[— — B25. [— —
J4-9x2 V9—4x2

B11. [ ¢ ;+1/x)dx
5 X'-x3+ x?

B12. jfdx

B13. . [(92°%:-6)dx ;

B14. [

B26. . [ ¢¢+1/x)dx
3x%+2x°-x3

B27. [ —————d

B28. [ (83" ;+3)dx;

+1
cos? x¢ 1 — 2

B29. [ (H =) dx
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B15. [
1+64 x

B30.[_
9+4x

3aI[aHI/I€ 2.BpauciauTh HEOIIPCACIICHHBIC MHTCTPAJIbI C IIOMOIIBIO 3aMCHBI nepeMeHHoﬁ

_sinx

B1 a)I dXb)'[(x5+3)6x4dx

cos’x
X3 4

BZa)I de)Icos xsinx dx

X 35 2

B3a) [ -6 [(1-3x) x d

3X2 5
B4 a)f 2713 dx 6).[Sin Xxcosx dx

B5.a) [ (2 x*~5)° xdxB5.

6)I x3sin (x*=3)dx

BGa)_[4 3_]-dX 6)Jx3cos(x4+5)dx

6)I xcos ( x2+3)dx
B8a) I (2x"+ 4)°x® dxB8
6)I x? cos(x3+7)dx

3xt

dx
°-3

B9 a)I2

6) I (3+ x4)5 x® dx

B10a) [ (2-4x%)° x?dx

2

B16a) [ 5 96) [ xcos(x 2 +3)dx
B8a) [ ( 2x + 4)3x dxB8
6)_[ x2 cos(x3+7)dx
3 xt 5

Bl&a)j2 ~dx 6[(1+x xdx

B19a) [ (-4 x*+2)° X dx

6)[ x* cos (x°+ 1)dx

sinx
cos®x

dx

b) [ 0+ 3)° x* dx

X
B21a) [ -

dx6) [ sinx cos * xdx
L &6) [

6 (1-3x%)° x?dx

3x? 5

B23.a) [ > O 6) [sin  xcosxdx

dx

B24a) [ pye

6)I x% cos(x*+ 5)dx

B25a) [ (5-2x%° xdx
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6)I x* cos(x>+ 1)dx

SlnX 56 4
cos® X 6).[(3”) X dx

3

)Z+1 dx6) [ sinxcos x *dx

B12.a) [ -

6) [ (1-3x% x?dx
BlOa)I(S—Z x3)° x2dx6)I X3 sin(x*=3)dx

BlSa)I 2 t_ldx6)‘[ x 2 cos(x* + 5)dx

KoHTposibHbIE BONIPOCHI:

1. Tabnu1ia HHTErpPaJIoB .

6)I x3sin(x*-=3)dx

3
X 36 2

L7 9X6) [(1-3x) x d

B26 a)J'
3x2

B27a; I dx6).[s'n xcosx dx

3x 5
sta)[ x6)j (3+x") xPdx

Bzga&J, sinx dx 56 4
cos3x 6)[(3+x) x dx

3

B30a) ‘[ 7 xic+1

dx 6) | sinxcos x tix

2. B uem cyTh MeTOos1a 106aBOYHOTO KOA(PuIiueHTa?

3.MeTo HOACTaHOBKH.

4.MeTtoa UHTETPUPOBAHHUS 11O YACTSIM.

IIpakTuyeckasi padbora Nel2 mo reme

«/HTerpupoBaHue PALIHOHAJBHBIX JP00eii»

Heab: npoBepUTh YMEHUE UHTETPUPOBATH PAllMOHATIBHBIE IPOOU

3ananue . Haiitu uHTEerpasnbl

D e ™
(x+1)(x+2) (x+3)
-6 x°+13x-6
dx
B1 )‘[ (x+2)(x— 2)
3
GZJ— x+42x +24x+2 dx

(1+x) (X +x+1)

3x-4
A x-n™

2x-5
J) (x+1)(x+2) X

©+6 x2+13 x+8

Bl6 6] dx

X(x+2)®

B4 X743 x42
géj ———dx
1+x) (x +1)

4x-3

a)IX(x 2)(x—3)
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¥+ 6 x2+13 x+ 9

d
B2 6) [ vy

2347 x°+7 x-1

8; dx
&I(2+xf(X2+2x+m

5x-2

) o
(x=1){x=2)(x=3)

xX*—6 x*+11x-10

°3 6 | (x+2)(x—2)°
X+ 6 x°+9 x +6
s i ¢

Ry
(x—=3)(x—42)(x—5)
2 x3+6 x2+7 x+6

B4 6) I dx
X(x+1)°

3 x3+6 x2+5 x-1
| b ¢

9x+2

d’) ()c—5)()c—6)(x—7)d

=6 x*+ 13x-7
BS 6) | oz ™
P+6x2+8x+8

8/ dx
J 2+ x) (x +4)

-4 x-5

J) (x+2)(x+3)(x +4) d

x3—6 x2+10x-10

B6 6) J (x+1)(x-2)°
3402 A v
GéI 2x 4jc 26x 12 dx
(=1+x) (x +4x+5)
-6x—7

J) (x+4)(x+5)(x+6)

3%+ 9x2+10 x+2

d
B7 6) [ PRI X

B+ 6 x2+14 x +10
(x+1)(x+2)°
2x3+4 x%+2 x-1

8; dx
CI(1+x)%x2+2x+2)

dx

B 17 6) |

J) 6x-1 dX
(x=2)(x—=3)(x—4)

2+ 6 x2+11 x+7

B 18 6) | a2

2x3+11 x%+16 x +10

; dx
of (2+x) (x 42 x+3)

10x+3

J) (x=6)(x=7)(x-8) "

¥+ 6x2+10 x+ 10

B 19 6) | ey

X+ 9 x°+21 x+ 21

egI dx

3+x) (x°+3)

-5x-6
d’) (x+3)(x+4)(x+5)

-6 x°+13x-8

B 20 6) [ dx
X(x-2)3
¥+5x%+12x + 4
6¢ 3 dx
2+x) (x +4)

J —7x—8
) (x+5)(x+6)(x+7)
-6 x%+ 14 x-8

B 21 6) | TR

-3 x°+13x%-13 x +11
6if

dx

2 2
(=2+x) (x —x+1)

J -9x-10
) (x+7)(x+8)(x+9)

Bt x+2

BZZ 6)J—(X+2)X3dx
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$+2x%+10
egf * ﬁxﬂ ¥ dx

(1+x) (x =x+1)

-8x-9

) rojrenen) >

2x°+6 x2+7 x+4

d
B8 6) [ w2y
3 2 _
6&[ 4 x +247x 4;20x 28 dx
(B3+x) (x +x+1)
d’ —le—ll
) (x+8)(x+9)(x+10)
23346 x%+7 x
—d
B9 6)I(x—2x+1m3 "
6; Brx o+l . dx;
(x¢e2+x+1)(x +1)
-12x-13
J) (x+10) (x +11) (x+12)
B+6x2+4x+24
B10 6) J (x=2)(x+2)°

. 2xX3+4 x2+2x+2 .
6 I > dXd
(x +1+ x5 2)(x*+x +2)
-14x-15
9

x+8)(x+9)(x+10)

B+ 6 x2+18 x-4

51l 6) J (x=2)(x+2)’

4x3+4+3x
(1+x ;5 2)(x%+ x +1)

X

. 3x%+46+x
6¢ ————dx
(-1+x) (x +9)

-11x-12
J) (x+9)(x+10)(x+11)

233+ x+1

B 23 6)Imdx

2x34+3 X243 x +2
6:f

dx ;
3 2)x *x+l)

d' —13x—14
) (X+9)(x+10)(x+11)

2346 x%+5 x

B 24 X

—d
6)I(x+2xx+n3

X+ 4x2+4 x +2 dx ;

6¢ 2(2itns 1)

(1+x)

-15x-16
J) (x+7)(x+8)(x+9)

2x°+6 x2+5x+4

B25 6) J (x=2)(x+1)’

S+x+3
6'_[( r X dx ;

1+x 54 2)(x%+ x +1)

-11x-3
J) X(x+1)(x-2)

X+ 6 x2+14 x +4

B 26 6) J (x=2)(x+2)’

_I 3x3+4 x*+6 x
(2+x ;5 2)(x*+ x +1)
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J —13x 5
) (x+3)(x—2)(x+1)
x3-6 x°+14 x-4

B 12 6) | iy ™

2 x3+1-x

; dx ;
2z (rii2+1)(2-x+1) ¢

& —9x l dX
(x—3)(x+4)(x-5)

2xX3-6x2+7 x-4

B13 6)‘[ (x=2)(x-1)° dx

I B+x+1

(L+x 3 2)(x%+x +1)

dx ;

J -5x+3
) (x—9)(x—2)(x —11)
x*+6 x*-10x +52

B 14 6) | PP

X342 x2+x+1 ]
8¢ X¢
(1+x¢02)(x*+x +1)

-x+7

d’) (x+1)(x+2) (x +3) dx

X+ 6x%+4 x+ 24
dx

81> 6) J (x+2)(x~2)’

6; [ _2x°+2x%42x+1 dx;
(Xii2+x+1)(x +1)

KonTpoJsibHBIE BOITPOCHI:

dv —7x+1 X
) (x—6)(x+7)(x—8)
¥+ 6 x%+10 x+ 12

B 27 dx

6 (x—2)(x+2)°

¥rad+l

; dx
«f (L+xg2)(-x+1) ¢

-3x+5
J) (x=1)(x—2)(x—13)
X346 x2+15 x+ 2

B 28 6) | o

J' 2x3+2 x +1
(x¢i2+1)(x*-x+1)

x+9
d’) (x—l)(x+2)(x—l)dx

2xX°—6xX°+7x

B 29 6) | Trraoy ™
4+ x
. d .
‘S e ™

8x+1

d’) (x—4)(x—5)(x—6)dx
-6 x*+13x-6
B 30 6) | iz O

3x°+7x%+12x+46 gy
(xii2+x+3)(x +2x+3)

6

1.B ueM cyTh MeTOa HEOTIPEAETEHHBIX KOA(DPUITUEHTOR?

IIpakTnuyeckas padora Ne 13 mo teme

«AHTEerpypoBaHue TPUTOHOMETPUYECKHUX PYHKIMH M HPPALHOHAJIBbHBIX
BbIPasKeHUIN»

Iesab: npoBEpUTh YMEHNE HAXOAUTH HEONPEAEICHHBIE HHTErPAJIBI TPUTOHOMETPUYECKUX
(GYHKIMI 1 UppallMOHATIBHBIX BBIPAKEHUH.

3ananue 1.HalitTu unterpansl
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B3

Isin7x dx

J’ v X dx
X - x?

B4

I 1-sinx
VX dx
==
1+V X

v X dx
I D%

B 6_[c0562xdx

Vv X +2dx
X

B 7I 3+5 cosx

BSI Xdx
VvV X +1
dx
I5—3 COSX
Xdx
B9
I\/ZX+3

Isin“Sxdx

B 5]3|n 2x dx

B 16 | x4 2- x?dx

_[cos 8 xsin5 xdx

1 JZ_ ]
|.>.17j(2_X,)2 5y

J'sin 2 Xsin6 x dx

S

dx
V(X-1)'(X-2)

B 18]

I sin® x dx
COSX

dx

B 19 IVL%

1} (X +1)

J'sin2 X c0s® xdx

dx

B20]

(1-x)/(1-x?)
J. dx
cos* x
dx .
B 21
7 ¢

Isin 2 Xsin6 x dx

B 22
I XUV (1+XY

sin 3x dx
2+C0S3 X

B23[

i

(1- wva

B 24] XV
J. tgxd
sin?x
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(VX+1+1)dx
B1 B 25
0 I Vit X+l J X3\/2 X
cosx dx J- cosx dx
1+cosx ¥sinx
B 11 = B 26 [ Vx(1+Vx)°dx
V2X-1
sin3x dx
Icos3xdx 2+C0S 3 X
B 12 [ x*V1+x2dx B 27 [ xt—ax?dx

jcos 5xcos 3 x dx

dxB 13 Ism X cos® xdx

I dx
cos? X (2 tgx +1)

dx
B 28‘[ \/1—2x—X2

Icos 6 xcos4 xdx

V1-2X
dx (v X+ 1+1)dx
Bl14) ——— B29.| ———
J’\/()(-1)3()(-2) J V14X +1
jcos“xdx Jvﬂqplx
c0s? X
dx (X-1)dx
B 15 B30. | ———
I(1—)()V(1—X2) J V2x-1
Isin“xdx J’LXdx
V' 2 sinx+3

KoHTposbHbIE BONPOCHI:

1.CpopMynupoBaTh IpaBUIa HAXOKIECHUS HHTETPATIOB UPPAIIMOHATLHBIX BEIPAKECHU.

2. ChopmynupoBaTh MpaBUiIa HAXOKICHUS HHTETPATIOB TPUTOHOMETPUUECKHX.

IIpakTHyeckas padora Ne 14 no teme

«BbluncjieHue OIIPEACJICHHBIX HHTECI'PAJI0OB»

LICJ'II)Z IMPOBCPUTH YMCHUC BBIYHUCIICHUA ONPCACIICHHBIX UHTCI'PAJIOB .



3ananue 1.Haiitu uHTErpasbI

B1 jx3dx
0 X244

B2 [ In (x2:+4)dx ;

0

2 In? xdx
B3 j =
B4 Ix3 arctgx dx

0

B5

1/2

_[ 2 arcsin 2 xdx
0

2 dx

B6 Jo V1-x2-2x

2

B7 _[cos3x/4dx
0
B8 1[Zsin (Inx)dx
2
B9 _[2arctgx/2dx
0
3
B10 .[4 15xdz<
o V(5x+1) +V5x+1
B11
/2
_[coszxdx
0
B12
/4
I tg?x dx
0
B 13

B16 Jred

0

B17 [ Va-x%dx
0

e-1

B18 l; In (x;+1)dx;

2

B19 [In (x;+2)32%dx;

-1

/4

B 20 I sin® 3 xdx
0

2 dx
B21 |
0

V1-x2-2x

27

B 22 Icos3x/4 dx
0

B 23 stin (Inx)dx
2

B 24 ‘!2arctgx/2 dx

3
LI

/2

B 26 I C0S% X
0

B27

/4

I tg? x dx

0

/2
B 28 I cos? x sin? xdx
0

o V(5x+1) +V5x+1
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/2

I cos? X sin? xdx
0

X dx C xdx
B 14 X% B29 [
}\/de ® Vee—tdx
B 15

33)13‘-]21 2. BeraucinTb OIIPCACIICHHBIC NHTCTPAJIBI.

ﬁ + 5x + 6)cos2xdx. ﬂ.r: - 4] cos 3xdx.
2.1, -2

ﬂ Xt +4dx+ 3] cos vy,

J'[.\' + 2]: cos3xely.
2.3. ! 24. -1
JT ATy + 12] cos vy, Jrj_‘{: +4x + ?] cos 2xdx.
25, -= 2.6. 1
thh': +9xv+1 1] cos 3xdy. JTH_T: +16x +17] cosd xdx.
27 { 28 {
J“[;af +5) cos 2xd. J‘(zf - 15) cos 3 xdx.
29. 1 2.10. ¢
ﬂ:a- 7x% ) cos 2 xdx. J“(1- Sx? ) cos 4xdx.
2.11. 212, 1

ﬂ.\': +2.T+1]5i1’| 3xdl. Jt."f: - 3.1]-,|1’| xdlx.
2.13. -! 2.14. 1



JT.H;: - 3x+ Z]Sil’l xdx.
2.15. ¥ 2.16.

Jf x? - 5x +6) sin3xdv.

ﬂ_r: +6x+9)sin 2xdy. JT v +17.5)sin 2 xdx.
2.17. -: 2.18. ¥

2 _ | ".'-.':]:inﬁ.'i',

JTl- 5.1"]5111 RYTAY __TJIM v s v
2.19. © 2920. =

: ? In® xdx

xIn- xdx. J' ,

221, | 220, 0 ~x

"In” xdy '

Nl )

JJ - J[.'f+l]ln-[.r+1].:a’x,

2.23. | NXY 2924 1

2.25. ‘ 2.26.

JT.\' + 2]3 In”(x+2)dx.

-

JI.‘{ + 1]2 In"(x +1) . I\EIHJ xdx.
2.27. 1 2.28.

l[.\" e < dv. I\ e dx.

2.29. - 2.30. |



KonTtposbHbie Bonpocki: 1.UTo Takoe onpeaeneHHbIN NHTErPat?
2.CopmynrpoBaTh OCHOBHBIE MPaBUJIa BEIYUCIICHUSI ONPEICTICHHBIX

UHTETPAJIOB.

CamocrosiTeqibHast padora

1 BapuanT 2 BapuaHT 3 BapuaHT

2 3
(4x%+32%+6x)dx  [(6x2-4x3+7x-9)dx [ (Bx*+5x*-7 x-3)dx
0 0

O%b—‘

T
3 dX T
S _dx ]
A I ) 4 dx
| i 7 COS* X
; Cos” 3 4 osin2X
T
2 T i
jcosxdx 2
. lcosxdx lsinxdx
6
0 0 0

f (x3+2x)dx J (2 x-x3)dx I (3 x-x%)dx

-1 -1 -1

T

‘ 4
Isin 4 xdx Icos 4 xdx Icosz xdx
0 0 0

~|a

5v3 V3 v
— 4dx (_dx ( d
I 25+ X2 J16+X2 '[
5 1 1

4

2
B-2xPdx  [@-x)'dx  [(4-3x)dx
3 0

P — N

1 1 1
Je”dx I(x3—2)5-3 x2dx I(2x3+1)4-x2dx
0 0 0

1 1 1
_[arcsin xax _[arccos Xdx J' xarctgxdx
0 0 0

xdx

O 1N Sy NN

1 1
_[xe“dx sin’x J'xe‘X dx
0 0



IIpakTnueckas padora Ne 15 no reme
«BpIuucijaeHue mJiIomagen »
Heanb: npoBepUTh YMEHUE BBIYUCIIATH IJIOIIAIMA C TOMOIIBIO OIpPEAEIIEHHBIX HHTErPAJIOB

3ananue. Haiitu muiomaab purypbl, OrpaHU4eHHOM JAHHBIMHU JIUHUAMHU

B1.y2- 2y+x?=0, y?>-4y+x?=0 B 16. y2- 4y+x2=0, y?- 8y+x?=0
X _ X
V=g =V V=30 Y =0
B2. y?- 6y+x2=0, y2- 8y+x%=0 B17. vy% 2y+x%=0, y*>- 4y+x*=0
X _ - _
y=\/3_’ y:\/BX Y= X, x=0
B 3. y?- 8y+x?=0, y?- 10y+x%=0 B 18. y2- 4y+x2=0, y2- 8y+x2=0y= X, x=0
X _
y=\/§, Y =\/3X
B4. y% 4y+x?=0, y?- 6y+x>=0 B 19. y% 2y+x?=0, y?>- 10y+x2=0
y=Xx, x=0 y=0y =V3x
B 5. y?- 6y+x?=0, y*>- 10y+x?=0 B 20. y?- 2y+x2=0, y?-4y+x?>=0
v v X _
y=x x=0 V=g ¥ =V 3K
B6. y2-8y+x?=0, y?- 10y+x*=0 B21. y?- 2y+x*=0, y>-6y+x?=0
O v=/2 X _
x=0y =V 3x =V

w|

V=\/
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B7. y2- 4y+x2=0, y?- 6y+x?=0

x=0y =V 3x

B 8. y2- 2y+x?=0, y?- 6y+x?=0

-~ 0
Vvar¥ s

BO. y2- 2y+x?=0, y?>-10y+x%=0

X _
V=30 ¥ =V 3X
B 10. y2-4y+x?=0, y2-10y+x?=0
X _
y=3, ¥ =V

B11. y?-4y+x?=0, y?>-2y+x>=0

y=X, x=0

B 12. y2- 6y+x2=0, y2-8y+x?=0
y=X, x=0

B 13. y2- 4y+x2=0, y>-8y+x?=0
y=X, x=0

B 14. y2- 4y+x?=0, y*- 8y+x?=0
x=0 y =V/3x

B 22.y%- 2y+x?=0, y>-8y+x%=0

X _
¥=3 ¥ =V

B 23.y2- 2y+x2=0, y?- 6y+x2=0

- 0
vg YT

B 24. y% 2y+x2=0, y*- 6y+x%=0

= 0
vz ¥ s

B 25. y?- 6y+x%=0, y>-2y+x?=0

y=X, x=0

B 26.y%- 4y+x2=0, y?- 2y+x*=0

x=0, y =V 3x

B 27. y2- 4y+x2=0, y2-8y+x?=0

x=0, y =V 3x

B 28. y2- 4y+x2=0, y?-8y+x%=0

x
¥=y3 Y =V

B 29. y2- 4y+x2=0, y?-6y+x*>=0

X _
y=y70 Y =/ 3x
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B 15.y?- 2y+x?=0, y?- 6y+x?=0 B 30. y2- 6y+x2=0, y?-10y+x?=0

X X _
¥y X =0 V=g =V

KoHTpoJbHBIE BOPOCHI

1.Pa3nnynbie BUABI IINIOCKHUX q)Hpr 1 c11ocOOBI BEIYHMCIICHUS UX Hnomaz[ef/'l.

IIpakTnuyeckas padora Ne 16 mo reme
«IIpubM:KeHHOE BBIYMCIEeHHE ONPeaeTeHHbIX HHTETrPATOB)»

Lenb: mpoBepUTh YMEHUE BBIYUCIIATH OMPEAeNIEHHbIE HHTETPpaJIbI 0 (hopMysiam
IpSIMOYTOJILHUKOB, Tpanenui, napadou.

3amanue. Beraucauts npuOInKeHHOE 3HAaUeHUE HHTErpajila METOIOM MPSIMOYTOJIbHUKOB
Tpanenuii, Metogom CumicoHa, B3aB =10, TouHocTh BeuKcaenuii 107

2
Bl [ t6=x?dx B16. | 2% o
0 > Inx
3 2
B 2. _[Xz\/Q—X2dx B17. 1!’\/4—X2dx
-3
4 /2
B 3. ‘[\/X3+9dx B 18. 1!'\/1—0,1lsin2xdx
2 14X+ X
B 11. J X o B 19. [ o

2 V1+x 1 ¢1+x

5
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BS.

B 6.

B7.

B 8.

B O.

B 10.

B 11.

B 12.

B 13.

B 14.

2\/2\/ 2_2

J;de

j’\/BX—Xde

j' X2sinx dx

0

1

I\/4+X2dx

0

2 1
0 \/4—3X

2
_[\/X+X2dx
0

2 \/1+X

j\/l—dex

1
I\/1+X4dx
0

Ln(1+x)

dx

dx

B 20.

B 21.

B 22.

B 23.

B 24.

B 25.

B 26.

B 27.

I 3+2 cosx dx

5
'l[\/X3—8dx

4
B 28. 1]: X®cosxdx

B 29.

i

X3
V3+x2

dx
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/3

1
B15. [ cosxdx B30. [V2+ax*dx
0 0

KoHTpoJsibHBIE BONPOCHI:

1.B 4eM cyTb MeTO/1a IPSIMOYTOIEHUKOB?
2. B yeM cyTh MeTOa Tpaneuuii?
3. . B uem cyTh MeToJ1a apabon?

CamocrosiTenbHas padora Ne 1.
Bapuanr 1.

1. BeIuucianTh HCOITPCACIICHHBIC NMHTCI'PAJIbL

_sinx
P cos®x d6;  b) [ (x*+3)°x"dx, B)(4-3x)e*"dx

2. Boraucnuts minomaas GUrypsl, orpaHndeHHoM TuHusIMU. CrienaTh 4epTex.

Y=6/x uy=-x+7.

3.BerancinTh HECOOCTBEHHBIN MHTErPAN UK JIOKa3aTh €ro PaCXOIUMOCTh
*_dx

[

) X¢¢

Bapuanr 2.

1. BeIUMCIUTB HEOIIPEIEIIEHHBIE NHTETPAJIbl

3
a) [ TEdx ) fcost xsinkdx,  p)(1-6x)e% ox

2. Beraucnuts minomaas GUrypsl, orpaHndeHHON TuHuAMA. CenaTh 4epTeK.

1, 1
YZZXI/IFZ)HI.

3.Berauciuth HECOOCTBEHHBIN MHTErPAN MITH JJOKA3aTh €r0 PACXOUMOCTh
* x dx

|
0

BapuanT 3.
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1. BeIUUCINTh HCONPEACIICHHBIC NMHTCTPAJIbI

a) [ xify dx  b)[@-3x°xdx,  B)(2-9X)e 3 dx

2. Beruucnuts minomaas GUrypel, orpaHndeHHON TuHusAMU. ClienaTh 4epTex.
V=4/ x u y=x+5.

3.BeiuncanTs HECOOCTBEHHBIN UHTETpaJl WM 10KAa3aTh €r0 pacX0UMOCTh

} X eXZdX.

0

Bapuanr 4.

1.BeIuucianTh HCOIIPCACIICHHBIC NTHTCI'PAJIbL

a) I 5 3 dx; b)‘[sin5 xcosxdx, B)(5x-2)e¥ dx

2. Borayucnuts minomaas GUrypsl, orpaHndeHHON TuHUAMH. CenaTh 4epTeK.

1,
Y=,X n y=4-x

3.Beruancanth HecoOOCTBEHHBIH HHTCTpaJI HJIIK A0KA3aTh €TI0 paCXO0AUMOCTDb

XZ
a’ dx.
Jx
HNuTerpanbHoe ucuyucjaeHue GyHKUNN HECKOJbKUX MePeMEeHHbIX
YcTHBIN onpoc

1. 3apauu, npuBOASIIME K MOHSATHIO JBOMHOTO HHTETpaa.

2.YT1o Ha3bIBa€TCS JBOMHBIM HUHTETPATIOM?

3.CRoiicTBa ABOMHOI0 MHTErpaa.

4.BpluncCiieHUE TBOMHBIX HMHTETPAJIOB B ICKAPTOBBIX KOOPIUHATAX.
5. BeruucneHnue ABOMHBIX HHTETPAJIOB B MOJISIPHBIX KOOPJWHATAX.

IIpakTuyeckas padora Ne 17 mo teme
«BbIunc/IeHre IBOWHBIX HHTETPAJIOB B 1eKAPTOBBIX KOOPANHATAX))

I_Ie.]'lb: IIPOBCPHUTh YMCHHNC BbIYUCIIATD HBOI;'IHI)Ie HHTCT'Ppalibl B JCKAPTOBBIX KOOPpAHWHATAX

3amanue 1. Beruucauts unterpan no odnactu D, orpaHnyeHHON yKa3aHHBIMU JIMHUSIMH.
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B 1] y?cosxy dxdy

D

D:x=0,y=V7@/2y=x/2

B 2H3 ysin % dx dy

D

D:x=0,y=V47x/3; y=2x/3

B 3ﬂ (3x2y2+4 xy)dx dy:
D

D:x=1y=-7Vx; y=x’

B 4_[[ (27 x2 y2+12 xy ) dx dy
D

D:x=1,y=—1x; y=x?

y2sin XY dx dy

B5[ )

D

D:x=0,y=V7; y=x

B6[[4ysin2xydxdy

B 16_II y2 cos % dx dy

D

D:x=0,y=V7/2; y=x/2

B17 H (18 x? y2+32x3 y®) dx dy
D

D:x=1,y=-Vx; y=x°

BlSH(Q X2 y2+2 xy) dx dy
D

D:x=1;y=Vx; y=—x°

B 19 [[ (182 y2+8 xy) dxdy
D

D:x=1,y={x; y=—x?

B20 , -»
J’J'y e 4 dxdy

D

D :x=0, y=4; y=2x

B Zlﬂ (27 X2 y?+12xy ) dx dy
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D

D:x=0,y=V2xr; y=2x

B7 J]4 y2sinxy dx dy
D

D:x=0,y=V7/2; y=x

BS ﬂ (49 x? y?+28 xy ) dx dy
D

D:x=1,y=—1x; y=x?
B9

_U (9 x? y?+48 x® y*) dx dy

D

D:x=1,y=Vx; y=—x2

B10 2 —x
II y e 4 dXdy

D:x=1,y=—Vx; y=x

B 22 [[ (9 x2y?+8 xy) dx dy
D

D:x=1,y=Vx; y=—x3

B 23 H y2 cosxy dx dy

D

D:x=0,y=V7;y=x

B 24H (18 x? y2+32x% y®) dx dy

D

D:x=1,y=Vx; y=-x

B 25 H (18 x? y2+32 %% y®) dx dy

D
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D:x=0, y=2; y=x

B11 [[ (36 x? y?+96 x* y?) dx dy

D

D:x=1,y={x; y=-x3

BlZIIySIn 5 x ay
D

D:x=0,y=Vx; y=x/2

B13 _[[ (12x? y?+16 x° y®) dx dy
D

D:x=1,y=—Vx; y=x?

y
B 14J] y’e & dxdy
D

D:x=0, y=2; y=x/2

D:x=1,y=—Vx; y=x°

B 26 2 —w
J’Iyez dxdy

D

D :x=0, y=1; y=x/2

B 27 ﬂ y2 cosxy dxdy

D

D:x=0,y=V7; y=2X

B 28]] (18 x? y?+24 xy ) dx dy
D

D:x=1;y=-{x; y=x°

B ZQH (9 X% y?+12 xy ) dx dy
D

D:x=1;y=Vx; y=—x?

96



B 15 H y2cos %Y dxdy B 30 ] y*cosxy dxdy
2
D D

- D:x=0,y=V7@/4; y=x
D:x=0,y=V2x; y=2X

3apaua 2. I3MeHUTDH MOPSIIOK UHTETPUPOBAHMSL.

-1 0 0 0 I 0 e .
Jqu'.l' JL_;"' dx+ |dv JL_;"' dx ﬁh J[_;‘" dx + |dv \/L_,f dx
2.1, 0 N IR L0221 W R :

J'Et'll'J'_‘f' dx+ |dv J"_,?" oy JT:h I_I' dv + [dv

Nees

-I f dx

:J:.:e".‘a' I fodv+ .:.".‘a‘b[,f' v
2.5, N5 NI T . 2.6.

UNT aresiny | I IR N =
Jq.:."ll' I fodx+ J’A.:a".l' f | odx Jd.:."j' f fdx+ |dv Jd_f' elx
1 1 142 I 27. - { -1 1 .
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2.11. "

2.13.

2.15. "

217. "

2.19.

2.21. "

-Iny

c."l J[f ch+ .:."1 If dx

‘*'j: 0 I 0
dx fdv+ | dx |
210. - fL -3 J‘[ 2

(i [ fdve fix [/ dv
ﬁ\f c1+-.:1|an “.

.Tfjic.’rj's”]: fodx+ _Icf1f 1 dx.
0 0 x4 0

-f'.' fodx :I-’.'-_f' Ix
b|“.:1:?|“ iH_HJ .:1.

1 1 g 0
J'Efj' J‘_,?" dv+ |dv l,, | dx

JAHHJ—-[ fody +J[.:h J_L f dy

| f.'.?_f' Ix Iy | 1 dx
J::Jﬂ I:‘-L+-|:1|”b:|'-‘ (X |

. 2.14,

. 218, ¢

-J-:.:.r’.\' I fodv+ :: dx If dy

fdy

212.

-Jdc.".\' I fodv+ :: dx tr_,f' dv
i JS Y S '

J’E'{r J[_f' dy + |dy J.L_,f' dx
2.16. " W S :

JT:hIf dx + :.:.".1':-..[.;.,?" dx

c.h :f fodx + Jq.:."l\[[f dx

ﬁh‘ If' dv + I.:.r’_\' I fody
22. 1 1 1 0 .

o 2 2y
J’E'{l' Jq_,f' dx + |dv Jq_,f' dx
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2.23. "

'b|“.:x_x-t|“_,f' dy + :.:e’.r}f_,f' dy

2.25. 1

JE.”.T ‘J:_f' dv + |dx JL_I' dv
7.0 & N .

2.29. U

3agaua 3. Berauciaure.

J]T 1 2.1':.1': + 1(}.\'3.1"—‘] dxdy:
* v =x.

31 Dix=Ly=x

9{311 ch.:h:_

ffeos

3.3 D x —11 V —‘\/T1 V== ."f;,

»[IT 27377 + 48y ) dxedy:

is Dix=ly=ry =

ﬂtlﬁ.\':.r: +32.\"1.1"-\].:i'f.:.{’1':_
I
Ly =-+/x.

37 Dix=ly=x

i]".:hf £ ody+ J'.:hf £ dy

J‘.:x;- [fdve [av [ fax

. 2.24.

2.28.

2.30.

:J:.:."Il' J_L fodv+ |dv J'..f' dx

JIooe2

-JEI.'-; l[f dv + |dx I 1 odv

W LR

ﬁf.x‘ J}" dv + |dx .[ 1 dy

J]T 9.1':.1': + 431"—‘.1'3] dxdy:

30 Dix=ly :J: y =- X"

ﬂtlﬂr'j" +32.\"\.1"\].:i'f.:{1':_
I
|y =-x.

34 Dix=lLy=x

J']TIR.T:J': +32.r3.1'3] dxdy;
36. D x=Ly =3x. yo=-x"

IJT 273707 + 487y ) dxedy:

38 Dix=Ly =/x, p=-x.

ftf’.\' I f u’l1'+;[.:."_‘f Jq.,?" dv

2.26. "
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J]T dxy + 3.\;:.1': ] dxdy: J]T [12x1y +9 .1‘2,1': ] dxey;

i

39 D:ix=Ly =x", y =- \IT 310 P:ix=Lvy :x/: y =- X"

J]TH.U' + 9.\':.1': ] dxdy:

3.11. D x :11 V :‘\\/T1 V== ."f;, 3.12.

J']t 24y + 13.\':.1': ] dvdy;
D:x=lv =x, y =- \/T
J]T [2xy + 2?.\':.1': ] dxedy;

3.13. D x :11 v :."L':. V== \\IT 3.14.

J]tﬁ.n' + 13.\':.1': ] dxdy;

I

D:x=lv :JT y =- X"
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49 L)
Iﬂ —x1+ ﬁ_‘-{_J'_ dxdy:

315 D: X :11 .1I :.1'1-31 .1I - '\/T 316

4 o
.m —x1y+9x7 v | dxdy:

D:x=l v =, ==

J]T 24xy - 48 .\;'-‘.1"-‘ ] dxdy,

3.17. D:x=l. v :."L':. V== JT 3.18.

J]T 6y + 24.1"-‘.1"-‘ ] dvdy:
D:x=1vy =, po=-x"

J]r dxv +1 (}.1"-‘.1"-‘ ] dxdy;

3.19. D x :11 ¥ :ﬁq V= ."f:\. 3.20.

J]r dxy +1 f}.\"-‘.r'-‘ ] dxdy:

D:x=ly =x, y =- \/'T
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Jﬂ44xr+lﬁxﬁj]dnht

3.21. D x :11 V :.\':1 Vo= \\/T

Iﬁ4xr+1?ﬁxﬁj]duhi

E}ZATZIHF::U;L}':'Ii

Lﬂxr-4xﬁj]dnht

3.23. D:ox=l, v :."f;. Vv o=- ‘\/T

Iﬁ4xr+l?ﬁxﬁj]dnhj
E}:I:ZL.r:DJ;,y::-xﬂ

. .1 .1 '.}i g -.
I Ox Vv +—x v
. S .
o

L

aps Dix=ly=d.y=+x

Lﬂ9x’y‘4—2§x;y;]dxir;
il

DZEﬂZLJT:J:MF:*I{

dxdy:

3.22.

3.24.

3.26.
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50 . .

.m 3y v+ AR
. 3

i i

dvdy,

3,7 Dix =1, y =3x, y =-x". 378

J']t'ﬁ.‘f:.r: +25x 1 ] dvdy:
D:x=ly=x,y=- \/T
ﬂT 54x7 ) +150x° v ) dxdy:

3.29. D x :11 V :.1-:1 V== "'\/T 3.30.

J']t Xy - '5'.";';.1"q ] dxdy:
D:x=1Lvy =/, po=-x

KoHTposibHbIE BONIPOCHI:
1.Kakoii uHTErpasl Ha3bIBAETCA MOBTOPHBIM?
2.Yto Ha3bIBaeTCsl 00J1aCThI0 UHTETPUPOBAHUSA?
3.Kaxk naiitu 001aCTh HHTETPUPOBAHMS?
IIpakTnueckas padora Ne 18 no teme
«BbIuuc/IeHre JBOWHBIX HHTETPAJIOB B MOJAPHBIX KOOPAMHATAX»

Ieab: mpoBEepUTh YMEHUE BHIYUCIATH JBOMHBIC MHTETPaAIbl B TOISPHBIX
KoopJMHaTax3aaaHue. BbluncJauTs HHTErpasa no odaactu D, 3axaHHoi cucTteMoi
HEPABEHCTB:

- 1300pa3uTh 00JIACTH B IEKAPTOBOM CHCTEME KOOPAUHAT;
- BBIYUCIIUTh UHTETPAJ, IEPEXO0/sl K MOJISIPHBIM KOOPJUHATAM.
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B lﬂ V16— x2— y2dx dy

B SH arctg ;_( dx dy

D
X2+ y?<4;

D:{ y>0

B 16 [[ Vx?+y2dxdy
D

>0;x>0

{Vx2+ y?<9

B 17. ﬂ pr—L
Y3 —x2—y?

B 18. [[ (x- y)dx dy
D

D: 25x2+ y2§4,
{osy

B19. [[ V16=x*=y*dxdy

D

D: X2+ y?<4;
{ 0<x

1 y
B20. | ,e"dxdy

D
1<x%+ y?<4;

D:{ 0<y
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1

B 6‘.[[. (4_ x2_Y 2)2 dXdy

D

X+ yr<2;
D‘{ y?<0

X2

B7.[ pLLY

B 8. [[ V16 -x?- y2dxdy
D
X2+ y2§1’
D'{ y'<0
BO.[[ e dxdy

D

4<x*+y?<9;

D:{ o<y

B IO.H InV16-x2— y2dx dy

1
—— L ——dxdy
B21‘ JT (4_ X2_Y2)2
D
[x2+yi<4;
D.{ U

X
B 22 [[arctg y dx dy
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B 11. [[(x- y)dxdy

D

2<x’+ y?<4;

Di{ y>0;x>0

B 12. [ (9-x2- y}dx dy
D

X2+ y2<4;
D'{ y <0

B13. [[ InV16-x?— y2dxdy

D

4<x2+y?<9;

DZ{ yEO

B 14. [[ V4-x?- y2dxdy
D

X2+ y2<9;
D'{ y->0

B 15. [ (1-x*- y) dx dy

B26.[[* axdy D
y

. >()"
D: {15 i ;92’54

2
B 27. [[ Jrdxdy

D

X2+ y2<4;
{ y=>0

B zsj]'x—iy dxdy

D

X2+ y? <4
{ y-20

1

B 29' ,[[ (X2+Y 2)2 dx dy

D

x=0;
' {x2+ y?<2

MdXd
B 30. jx2+y2 y
D

[ x+y2<4;
D'{ y<0

3aganue 2. BeiaucauTh ABOWHON WHTETPaAJl, IEPEHU IS K MOSIPHBIM KOOPUHATAM.
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dxdy

Il
«;‘i meD 1 +y =4, y=0
de + ¥ dxdy
JC

2
H”‘JI” + ’M”, oD ey =16, 120, y 20

dxdy
gzs wi oyt D xtayt =28 xz0;
-y rxt 4yt =28 x220, y20

rac

qu +y’ dudy el J:2+y2=1; xz0

ﬂ:r:; i )dxr:iy’ — x2+y2:4; x=0 yz0
XAy

quxdy rHGD: ,*::"-"‘+y2 =2¢; y 20

rHGD: X +y2:9_

Y

9_IDI Iy,meD:xg+y2:16;x£U_
[[dxddy 1.2

10. D ytoe D x +y :49;);20.
el

111.;;[ ymeD X +J" _43‘: y}ﬂ
H"g -y dxdy’ meD +yi=9, x20; y20
ﬁjdxdy

13. D reD: x? +y +2::::U_

14, g;;dxdy, meD: :::2+y2:25; 120, yz0
Jx+ vl dad

15.J.-E'|l. ) }; y,rneD:I2+y2:4y.
(x° + y* Ylxdy 2, .1
H ’meD:x +y =6

x4+ 3 Yedled
H( 7%) y’ R (x+1]2+y2=1_

H(I v )dxdy’ e D (-1 +yi=1
H‘x i )my, el ()t =4

H“Jl Xt -y dxr:iy e Dt x4yt =2

20. D
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B1.y?- 2y+x%=0, y2-4y+x?=0

V=30 ¥ =V3X

B2.y?- 6y+x2=0, y?- 8y+x?=0

Jx? + yidxd

21_'_[5'[ d y,rﬂeD:xg-l'yz-l'd‘y:n.
[ 2, .2

22_{! Y d:::r:iy’ rHGD::::E+y2+|‘5:::=(l_
Jx? + yidxd

ZB.E d y’meD:xE-l-yZ—lUy:ﬂ.

¥
arcte = dxdy
24.!! ; , r):[eD: Iz‘l'yzzl.
arcte = dxdy
25.'93. ; ,rﬂeD:xg'l'yE:g.
arcte = dxdy '
26.'g X ,r;:[eD: T =18
el
27.1.;:,'1. ; dy, FJ]GD: IE-",VE:]‘G.
Xl
28.1.;:,'1. y dy,rneD: IE"'J”E =2}’_
X 7.
zggz y,meD:x +y =16
LIJ’ * y’meD: :::E+y =4y

KonTtpoabhblie Bonpochi: 1.ChopMynrpoBaTh aaropuTM rnepexoia ot AeKapTOBBIX
KOOPJMHAT K MOJIAPHBIM KOOpAMHATAM.

IIpakTuyeckasi padora Ne 19 mo teme
«Bbruucienue miomaaei ¢ mOMoOIbI0 JIBOMHBIX HHTETPAJIOB)
Ieab: MpOBEPUTH YMEHUE BEIYUCIIATH IUIOMIANA C TOMOIIBIO JBOMHBIX HHTETPAJIOB .

3ananue. HaiiTu niiomansb Gurypbl, OrpaHMYeHHON JAHHBIMY JIUHUSAMHA

X X

y=X, x=0

B 16.y?- 4y+x%=0, y?- 8y+x*=0

y=.\/3_1 y =0

B 17.y%- 2y+x2=0, y*- 4y+x?=0
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X

V=30 Y =v/3x
B 3. y?- 8y+x%=0, y?- 10y+x*=0 B 18.y%- 4y+x2=0, y*- 8y+x%=0
X _ v v
V=y37 y =V3x y=X, x=0
B 4.y?- 4y+x2=0, y?- 6y+x%=0 B19. y% 2y+x?=0, y?- 10y+x*>=0
y=x, x=0 y=0y =V'3x
B 5.y%- 6y+x?=0, y*>- 10y+x?=0 B 20.y?- 2y+x2=0, y2-4y+x?=0
C v ye X _
y=X, x=0 y:\/g'yz\/gx
B 6.y%- 8y+x?=0, y*- 10y+x°=0 B 21.y%- 2y+x°=0, y>-6y+x*=0
x=0 y =V/3x 2
y= 30 ¥ =V
B 7.y?- 4y+x>=0, y>- 6y+x*=0 B 22.y?- 2y+x°=0, y>-8y+x*=0
Ov=1/2 X _
x=0y =V 3x y=\/§,y=\/3x
B 8.y%- 2y+x2=0, y*- 6y+x*=0 B 23.y?- 2y+x%=0, y?- 6y+x*>=0
X X
y:\/3—’ y :0 y:\/g’ y :O
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B 9. y2- 2y+x?=0, y>-10y+x2=0 B 24.y%- 2y+x%=0, y*- 6y+x%=0

X _ X
Yeyge =V ¥eyze Y=
B 10.y%- 4y+x%=0, y>-10y+x?=0 B 25.y%- 6y+x2=0, y?>-2y+x?=0
X _ = =
V= /30 Y =V3K y=% x=0
B 11.y2- 4y+x?=0, y2-2y+x?=0 B 26. y?- 4y+x?=0, y?- 2y+x?=0
y=X, Xx=0 x=0, y =\/3_X
B 12.y2- 6y+x%=0, y?>-8y+x?=0 B 27. y2- 4y+x?=0, y2-8y+x*=0
y=X, x=0 x=0, y =\/§X
B 13. y?- 4y+x2=0, y>-8y+x*=0 B 28.y?- 4y+x2=0, y2-8y+x?=0
v ye X _
y=X, x=0 y=\/§,y=\/3x
B 14.y?- 4y+x2=0, y?- 8y+x?=0 B 29.y?- 4y+x%=0, y2-6y+x?=0
O v=s/2 X _
x=0y =V/3x y=\/§,v=\/3x
B15y?2- 2y+x%=0, y2-6y+x?=0 B 30.y?- 6y+x%=0, y>-10y+x%=0
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y=" .
NARE

3ananme 2.BpunciauTh MI0maab (QUIypbl, OFPAHUYEHHON JIUHUSMU B IPSIMOYTOJbHON

CUCTECMC KOOpAHHAT.

1 y=4-x%3-y=0,y=0
2y=:::2; 2x+2y-3=0
y-2x=0 y=x2; x=1
y=x y=xy=2
yE:x; 3y2:4x—4_
y=(x-4)%; y=16-x"
y=x+1; y=cosx;, y=0

No o bk~ w D

2 :
y=—x, y=8mx; y=0
8. b o .
9, 4y:8x—x2;4y::=:+6.
0. y=¢; y=¢";1=3
1 ¥=2" 243y =8 120, y 20
12,y =y, y=-1 x=3
13. =6 x1+y=T7
14, =4 1-y=0,1-4=0
15. :::+2y2:0; ;::+3y2:1.
1.3 4
pr=at x=—

16. 3.
KoHTposibHbIE BONIPOCHI:

17.
18.

19.
20.
21,

2

2
:::=4y2; xz“%; X
y=hnx, x+y=] y=i_
y=2% y=2x-x% 0<x <2
y=aresing 0<y <, 020
y=arccosy, y20; x 20

x=arcsiny;ﬂ£x£;;y20
x=arccosy, vy 20; x <0 |
yﬂg} y=3; 220
Y=L y=k-2|
.:::=y;x=4—y2_

x=ly, y<7.29; x20
_y=;=:2+4;=:;;=:—y+4=0_

y=xtdy=xtie=92
y=xt+l y=3-xt

1.AITOpUTM HaXOXKJICHHS YaCTH TTOBEPXHOCTH S, MPOESKTUPYIOIIeics Ha obmacts D.

CamocrosiTeqibHas padora

Bapuanr 1.

1175 )by, S
1). z D —xpyr+ T ¥ <9

i+ v dva)

D —1 uetBepTh Kpyra

'Q:I':M_.-.-.:

2).

]

1). = o
vafxr+y 2l

BapwuanT 2.

f{_ﬁ:, }maj’l:-
D — nonykpyr
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'.}. 1

¥y Ed
BapuanT 3.
11 7 v,
1). z D — kpyroBoii cexTop
P 1 54,3:?:};,3:5};4@,;:2{]

12. I D KPYTOBO€E KOJIbIIO
Ay Rl L6
{x’ + 1% )dveh
bz D — xpyr
3 o
ety Ed
Bapuasr /.

j.j Fx, videa), 1
1). = D- HOJIpryr-‘*‘v ¥
v 2

i e idud )

2). % , D — kpyr Ay ed

2). 7 D — kpyroBoii cekTop
Ay El-laydf baypsd
Bapuanr 4.

[IR{ER%!
1). = D — kpyroBoe KOJIbIIO0

L 1 3
Ny el

=7
2). & w4y +lp o MOJTyKPYT
} b
1 Eﬂ,}fﬂa“ =i
Bapuanr 6.
17 ey
1). z D — xkpyr &t}
§1-37 -y,
2). & D — kpyrogoii

AR R | 1-‘2’3:

22. i ‘:D KOJIBLIO
X -i-J:‘:Z’:s, Ly =16
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AunddepeHunajbHble YpABHEHUS.

Y CTHBIN OIPOC MO TEME:

1.3agaun, npuBoasimue K 1udhepeHIuaTbHBIM YPaBHEHHUSM.

2.Kakwue ypaBHeHUS Ha3bIBalOTCS MU PepeHImanTbHbIMuU ?

3.Pemenue nud depeHnnaabHOro ypaBHEHUS.

4. TuddepennnansHoe ypaBHEHUE TIEPBOTO MOPSIIKA.

5. 3agava Komu.

6. luddepennmanbHoe ypaBHEHHE IEPBOTO MOPSJIKA C PA3IACISIIONTUMUCS IEPEMEHHBIMH.
7. JIuneitnoe nuddepeHnmanbHoe ypaBHEHUE IEPBOTO MOPSIKA

8. OnHopoaHoe nquddepeHranTbHOe ypaBHEHHUE MTEPBOTO MOPSIKA.
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9. IuddepeHunanbHble ypaBHEHHS BBICILIUX MOPSAKOB. Perienne ypaBHeHUS.

10. JluneitHble OAHOPOIHBIE U] PepeHIMaIbHBIE YPABHEHUS BTOPOrO0 MOPSIKA C
MOCTOSIHHBIMU KO3 (pHULIEeHTaMHU.

11. JIuneiiHble HEOAHOPOIHBIE U depeHIIMaTbHbIE YPABHEHHUS BTOPOTO MOPSJIKA C
MOCTOSIHHBIMU KO3 (pULIEeHTaMHU.

IIpakTnueckas padora Ne 20 mo Treme
«Iud¢epeHnuabHbIe YPABHEHUS MEPBOIO MOPSAAKA»
Heas: npoBepuTh yMeHue pemats AuddepeHinaibHble ypaBHEHUS IEPBOTO MOPSIAKA C

pa3zeJICHHBIMH U Pa3ICSIONUMUCS TEPEMEHHBIMH.
3ananue 1.Hailitu oG1ee pemeHue ypaBHeHuUu a), 0).
3apanme 2.HaiiTn yacTHOE peIICHUE YPaBHEHUS C pa3ICIISIOMIUMHUCS IEPEMEHHBIMU

B1.1.a)x?dx =3 y*dy
6)y(1+x)dx +x (1 y)dy=0

2.2 dx=e"*dy ; y=1npux=0

1 3
—_dy= _dx
B2. 1.3) V3 e

6)y2dx +(x-2)dy=0

1 1
2., dx= -, dy, y=2npux =0
'y .

B31.a)Vxdx=Vydy
6)(1+y?)dx—Vxdy=0
2.(1+y)dx=(1-x)dy,

y=3npux=-2

B4. 1.3)(3 x*-2 x) dx=dy

6) -(2xy+3y)dx + x> dy=0

B16.1.a)x?dx =3 y?dy
6)y(1+x)dx+x(1—y)dy=0

2. dx=e7*dy ; y=1 npux=0

1 3
—_dy= _dx
B17. 1a) . 7

6)y2dx +(x-2)dy=0

1
2 dx= x—z dy, y =2npux=0

B18.1.a)Vxdx=Vydy
6)(1+y?)dx—Vxdy=0
2.(1+y)dx=(1-x)dy, y=3

npux =—2

B19. 1.3)(3 x*-2 x) dx=dy

6) -(2xy+3y)dx +x?dy=0
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2.ydx=xdy, y=6 npux=2 2.ydx=xdy,y=6 npux=2

B5.1.3)(4 x-3) dx=dy B20. 1.a)(4 x-3)dx=dy
dx dx
6) (xy+x)dy=1 6) (xy+x)dy=1
2.M=% , ¥=0npux=>5 2.M=Q,y=0npux=5
y+1l dy y+1 dy
B6. 1.a)x dx=dy B21.1.a)x dx=dy
6) 2(xy+y)dx=x dy 6) 2(xy+y)dx=x dy2,

(y +1)dx—(1-x)dy=0,
2.(y +1) dx—(1-x)dy=0,

v=1 npux=0
y=1npux=0

3. Xy?yi=x®+ )8
3. .xy?yi=x®+y°

4.xy/+y =x+1
4.xy'+y =x+1
B7.1.a)x%dx =3 y?dy B22.1.a)x?dx =3 y?dy
6)y(1+x)dx+x(1—y)dy=0 6)y(1+x)dx+x(1—y)dy=0
2.2 dx=e"*dy ; y=1npux=0 2.y*dx=e*dy ; y=1npux=0
1 3 1 3
—=dy=— dx —= dy=—" dx
B8.1.a) Vx v B23.1.a) Vx e
6)y*dx +(x—2)dy=0 6)y*dx +( x—2) dy=0
1 1 1 1
2., dx= -, dy, y=2npux =0 2., dx= -, dy, y=2npux =0
Y x y X
B9. 1.a)Vxdx = ydy B24.1.a)Vxdx =y ydy
6)(1+y?)dx—vVxdy=0 6)(1+y?)dx—Vxdy=0
2.(1+y)dx=(1-x)dy, 2.(1+y)dx=(1-x)dy,
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y=3npux=-2

B10 1.a)(3 x*-2 x) dx=dy
6) -(2xy+3y)dx +x?dy=0

2.y dx=xdy, y=6 npux=2

B11.1.a3)(4 x—3)dx=dy

dx
6) (xy+x)dy—1
2x-1 _ dx

2 , ¥=0npux=5

y+1 dy

B12.1.a)x dx=dy

6) 2(xy+y)dx=x dy2.(y +1) dx—-(1-x)dy=0,

y=1npux=0

B13.1.a)x%dx =3 y’dy

6)y(1+x)dx+x(1—y)dy=0

2.y*dx=e"*dy;
y=1 npux=0

1 3

= dy=— dx
B14.1.a) Jx 5

6)y2dx +(x—2) dy=0

1 1
2., dx= Ay, y=2npux =0
y X

B15.1.a)Vxdx =1 ydy

y=3npux=-2

B25.1.a)(3 x?-2 x) dx=dy
6) -(2xy+3y)dx +x2dy=0

2.y dx=xdy, y=6 npux=2

B26.1.a)(4 x-3) dx=dy

dx
6) (xy+x) dy=1

2x—1=dX

2 , ¥=0 npux=5

y+1l dy

B27.1.a)x dx=dy

6) 2(xy+y)dx=x dy2.(y +1) dx—-(1-x)dy=0,

y=1npux=0

B28.1.a)x?dx =3 y’dy
6)y(1+x)dx+x(1—y)dy=0

2.2 dx=e"*dy ; y=1npux=0

1,3
B29. 1.a)\/;dy_ ~dx

6)y2dx +( x—2) dy=0

1 1
2., dx= -, dy, y=2npux =0
y X

B30.1.a)Vxdx=Vydy



6)(1+y?)dx— Vx dy=0 6)(1+y?)dx—Vxdy=0
2.(1+y)dx=(1-x)dy, 2.(1+y)dx=(1-x)dy, yp=3

y=3npux=-2 npux =—2

KoHTponbHBIE BOIPOCHI:

1.Kakoe ypaBHeHUE Ha3bIBaeTCs AP HepeHIaTbHBIM ?

2. Yto Ha3pIBaeTCs oOUIUM pelieHreM TudPpepeHnanbHoro ypaBHeHMs ?
3.Yrto Ha3bIBaeTCS YACTHBIM pelieHneM quddepeHnaibHOro ypaBHeHus ?

4. Ionsitue nuddepeHMaNbHbBIX YPaBHEHUN € Pa3AeIEHHBIMU U Pa3/IesOIUMHUCS
EPEMEHHBIMU.

IIpakTnueckas padora Ne 21 no reme
«Oanopoaubie nuddepeHIHAIBHbIC YPABHEHHS IEPBOT0 MOPSAIKA)

Heanb: HayunThCs pemaTh 0JHOPOAHBIE AU dhepeHIInatbHble ypaBHEHHS MEPBOTO
HOpSIKA.
3aganue. Pemuts ogHOpoaHOE MU PepeHinansHoe ypaBHEHUE.

B1.xy+1?—(2x%+xy) y¢=0 B16.xy+)%-(2x%+ xy) y¢=0
B2.(x-y)d x+xd y=0 B17. (x-y)d x+xd y=0

B3 (x2- xy)dy-y?dx=0 B18.(x2- xy)dy-? dx=0
B4.xy? yi=x3+ )7 B19.xy’yt=x+ )*

B5. (.x-y; y dx=x2dy B20.(x-y; y dx=x?dy
B6.xy yi=x3+ )3 B21.xy’ yi=x®+ )?
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B7.xy+y%-(2x%+ xy) y¢=0 B22. xy+)?-(2x%+ xy) y¢=0

B8.(x-y)d x+xd y=0 B23. (x-y)d x+xd y=0

B9. (x2-.xy)dy-y?dx=0 B24.(x2-.xy)dy - y? dx=0

B10.xy? yi=x3+ )° B25.xy? yi=x%+ ®

B11. (x-y; y dx=x2dy B26. (x-y; y dx=x2dy

B12.xy?yi=x3+ )® B27.xy? yi=x3+ ,°

B13.1.a)x%dx =3 y?dy B28.1.a)x?dx =3 y?dy
6)y(1+x)dx+x(1—y)dy=0 6)y(1+x)dx+x(1—y)dy=0

2.y%dx=e"*dy; 2.2 dx=e"*dy ; y=1npux=0

y=1npux=0 3.xy+ 12 -(2 x*+ xy ) y=0

3.Xy+y2—(2x2+xy)yé=0 4.Xy/_ Xy = (1+X2)eX

4.xy/- xy = (1+x%)e*

B14.(x-y)d x+xd y=0 B29. (x-y)d x+xd y=0

B15. (x2-.xy)dy-? dx=0 B30.(x2-.xy)dy - 12 dx=0

KonTposibHBIE BOMPOCHI:

1. Kakoe ypaBHEeHHE Ha3bIBAECTCS OJIHOPOJAHBIM YPABHEHUEM MIEPBOT0O MOPSAKA
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IIpakTnueckas padora Ne 22 no reme

«OnHopoanbie AU depeHHATbHbIC YPABHEHHS IEPBOI0 MOPSAIKA)

Heab: HayunThCs pemiaTh JIMHEHHbIE NU(depeHIIMaIbHbIE YPABHEHUS TIEPBOTO MOPSIKA.
3ananue. Pemnts nuneliHoe qudepeHnmanbHoe ypaBHEHHE.

B1.xy/- xy = (1+x?)e*
B2.y/+2 xy = x3
B3(1+x2;y/-xy =2x

B4.xy/+y =x+1

dy v
BS-dX_x_x

B6.y/+y =x+1
B7.xy’- xy = (1+x?)e*
B8.y/+2 xy = x3

B9. (1+x%;y/-xy =2x

B10.xy/+y =x+1

dy v
B11., ~ =¥

B12.xy/+y =x+1
B13.xy/- xy = (1+x?)e*
B14.y/+2 xy = x3

B15.(1+x%;y/-xy =2x

B16.xy’- xy = (1+x?)e*
B17.y/+2 xy = X3
B18.(1+x%;y/-xy =2x

B19.xy/+y =x+1

dy v
BZO-dX_x_x

B21.xy/+y =x+1
B22.xy/- xy = (1+x?)e*
B23.y/+2 xy = x3

B24. (1+x%;y/-xy =2x

B25.xy/+y =x+1

dy v
st-dx_x_x

B27.xy/+y =x+1
B28.xy/- xy = (1+x?)e*
B29. y/+2 xy = x3

B30.(1+x%;y/-xy =2x

3apaua 2. Haiitu pemrenue 3amaun Komm.
41,0 - v/x =X v =0. 4.2.

v'- yetgx =2xsinx, yla7/2) =0.

L=
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, I .
v+ peosx =—sin2x, v(0) =0.

43, I g4 v Fyigx=cosix, ylx/4) =1/2.
! , oo .
y - =x+2x, v(-1)=3/2. - y=¢'(x+1), vl0)=l
4.5. x+2 4.6, x+1
S . | T | LoV l
y - —=xsiny, v ?‘ =1. v+ —=sinx, vir)=—
4.7. A \ =) 4.8. v T
| , 2x 2y 2
v+—=x", v(l)=1. 1+ y=—— yl0o)==.
4.9 2x 4.10. [+ [+ x° 3
2x-5 _ .oy v+l
V- v =5 v(2) =4 =", yll) =e
4.11. X 4.12. X Y
) In x Co 12
y-—=-2— y(l)=I. yoe—=-Z, y(1) =4
4.13. X X 4.14. XX
2 _ Voo
VoA —y =y, j'[l_]:-};(}. v+ = =3y, pll) =1
4.15. X 4.16. X
2y , - 2x
yoo =1+, (1) =3 y+——y =1, yll)=l
4.17. L+ 4.18. X
V2 (1) =
419, ) T_\_ : B 400 v F2xy =-2x vil) =e
PP N, S g
' 7 - _:‘ ' Ty . 3 ,
sz, 2w 2 0 422,V v =-x 0(0) =3
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423  x+l 4.24.
v +2xy =xe " sinx, v(0) =1
Ve v/ y =l v S =1/
405 Y "2 I,f[.‘a +1) =(x+1)", y(0) =1/2 4.96.
v - yeosx =-sin2x, v(0) =3.
.oy Inx 1) =]
y e dyy =-4x7, v(0) =-1/2 Yoo » )=
4.27. - e . f = 4.28. 1 v
o =143 A wlo) =
499 VT 3Y = (1 X ] 3, vlo) =o0. 4.30
v - veosx =sin2x, v(0) =-1.
431 vy =-2/x", »(1) =l

KOHTpOJ'II)HI)IC BOIIPOCHI:

1. Kakoe ypaBHEeHHE Ha3bIBACTCS JIMHEHHBIM YpaBHEHUEM NIEPBOTO MOPsiAKa?

IIpakTuyeckasi padora Ne 23 mo Teme
«AnddepeHunanbHbie ypAaBHEHUS BTOPOI0 MOPSIAKA.
JInHeiliHbIe OTHOPOAHBbIC YPABHEHHSI BTOPOIr0 MOPSIAKA € MOCTOSHHBIMH

KO3(pULIHEeHTAM 1»

Heab: HAYYUTHCS pelIaTh TUHEHHBIE OJJTHOPOIHBIC YPABHEHHS BTOPOTO TIOPSAJIKA C
MOCTOSIHHBIMU KO3 puIirieHTaMu

Pemutes oqHOpOAHBIC THHEHHBIE AU( depeHITnaTbHbIe YPaBHEHHS BTOPOTO mopsiaka. B
MyHKTE a) HANTH YaCTHOE PEIICHUE MPHU 3aJaHHBIX HAYaJbHbBIX YCIOBHIX

Y=y, ¥yO=y

1,10. a)J’HJfJ’f‘ZJ’:U yi0)=1 y’r(ﬂ):S

5y +12y +36y =0
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' +9y=0
Hoa ,r
212,039 -2y -8y=0 )=l y(0)=1
6 -6y +9y=0
Y -8y +17y=0
g ,r
313.2)) —4y +3y=0 y(0)=06 y(0)=10
5 +8y +16y=0
o4y 20y + 25y =0
W ;
114,29y 7y +0y=0 y0)=2 y(0)=-1
6y +10y +25y =0
B)yﬂ+2y’r+5y=[]
i ;
515020 1y -r=0 0=l y()=-1
6)4JJ’H‘4}’!+J’=U
¥ -2y +10y=0
oL j
6,16.a)2y +3y =0 y(0)=1 y 0)=4
5 -4y +49y=0
¥ +dy=0

7,17. a)12yﬂ+5y’r=ﬂ y(0)=12 y’r(ﬁ):l
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59" -6y +y=0
w3y -6 +5y=0
g
818 )y ~0¥ +8y=0 y0=2 y{0)=-4
6)16}?’?4—8}?;4—)}:[]
oy -6y +13y=0
g
0100} ~4¥ -3y=0 (=2 y(0)=-3
6)16yﬂ+24y’r+9y:0
oy -4y +13y=0
i
10.20.2) Y ~3¥ +2y=0 y0)=1 y(0)=6
6)9yﬂ+6y’r+y:{]

ff
B)y +9_]?:U
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CamocrosiTeqbHasi padora
1 BapuaHnr.

Onpenenuts Bua aud GepeHInanb-Horo ypaBHEH s, HAUTH ero olliee penieHue, a rie
YKa3aHO YaCTHOE pEIICHHE:

) Y=x-2;
2y (Bx-dly=y;
- 1-2x.
9 Ty
g V2= Xe':
y="1{y(1)=2)
5) X , HOCTPOUTH UHTETPAIBHYIO KPUBYIO.

2 BapUAHT.

Onpenenuts B audGepeHInanpsHOro ypaBHEHUs, HAUTH ero o0lIee perieHue, a riae
yYKa3aHO YaCTHOE PEILICHHE:

1) y-4y=Bxe’;

2) Y=2x-3;
y=—"
3) 5x-2
4) yy=8 X—13i
. +
y=L2y(=0]
5)X , TOCTPOUTH UHTETPATBLHYIO KPUBYIO.

IIpakTnueckas padora Ne 24 no teme
«J/IuHeliHbIEe HEOTHOPO/AHbIE YPABHEHUSI BTOPOro NOpsiAKa »

Iesb: HAYyYUTHCS pelIaTh JUHEWHBIE HEOAHOPOIHBIE YPABHEHHUSI BTOPOTO MOPSIJIKA.

BapuanTt 1

1. Haiit o6miee pemenue auddepeHmaibHOr0 ypaBHEHUS

a) (1-x?y=xy

0)y -4 y+3y=e
2. Haiitu permenne nuddepeHInaIbHOro ypaBHEHUS, YIOBICTBOPSIONISe HaYalbHBIM
YCIIOBUSIM:

a) y'+4y—12y=8sin2x;y(0)=0, y'(0)=0

0) y'—8y+16y=¢**;y(0)=0, y(0)=1
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Bapuanr 2

1. Haiitu o6miee pemenue audpepeHmaibHOTO ypaBHEHUS :
8) 2yy +(y) +(y)'=0
0)y -6 y+9 y=e*
2. Haiitu pemienue nuddepeHiaibHOro ypaBHeH s, YA0BIETBOPSIOLIEE HaYalbHbIM
YCIOBUSIM:
a) y—6y+9y=x—x+3;y(0)=2 y(0)=-1

0) y'+4y—-5y=8cosx;y(0)=0, y(0)=0

Bapuanrt 3

1. Haiitu ob6miee pemienne nuddepeHnaaibHOr0 ypaBHEHUS
a) y+ ytgx =sin 2x
0)y +7 y+ 12 y=sinx
2. Haiitu pemenue qudgepeHmansHOro ypaBHEHUs, Y0BICTBOPSIOINICE HauaIbHBIM

YCIOBHUSAM:
a) y'+4y=e"?*;y(0)=0,y(0)=0
0) 2y"+y—-y=2e*; y(0 )= ,y'(0)=0

Bapuanr 4

1. Haiitu o6miee pemenue audpepeHImaiIbHOT0 ypaBHEHUS :
1

a) y+ N y'=X?

0)y '+ y=cos2x
2. Hatitu pemenue quddepeHnaabsHoro ypaBHEeHUs, Y0BICTBOPSIONICE HauaIbHBIM
YCIIOBUSIM:

a) y'—2y+5y=xe’*;y(0)=1,y(0)=0

0) y'—2y-3y=2x; y(0)=0, y (O)=0

Bapuant 5

1. Haitt o6miee pemenue auddepeHnaibHOr0 ypaBHEHUS

a) 1+(y) +yy'=0

0)y -4 y+8y=sin2x
2. Haiitu pemmenune nuddepeHIManibHOro ypaBHEHMS, YAOBICTBOPSIOINISE HAYaIbHBIM
YCIIOBUSIM:

a) y'+5y+6y=12cos2x;y(0)=1, y(0)=3

0) y—6y+9y=-12x;y(0)=0,y(0)=
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Bapuanrt 6

1. Haiitu o6miee pemenue audpepeHImaibHOTO ypaBHEHUS :

a) y'(1+y)-5yy?=0

0)y +y-2y=¢
2. Haiitu pemienue nuddepeHiaibHOro ypaBHeH s, YA0BIETBOPSIOLIEE HaYalbHbIM
YCIOBUSIM:

a) y'—5y+6y=(12x-7)e *; y(0)=0, y'(0)=0

0) y'+y=sin3x;y(0)=0,y(0)=1

BapuanT 7

1. Haiitu o6miee pemenue audpepeHImaibHOr0 ypaBHSHHUS:

a) xy +2 y=x

0)y -4 y-5 y=x?
2. Haiitu pemenue qudgepeHuansHOro ypaBHEeHUs, Y0BICTBOPSIOINIECE HauaIbHBIM
YCIOBUSIM:

a) y'—4y+13y=26x+5;y(0)=1,y'(0)=0

0) y+4y=x;y(0)=1,y(0)=1

BapuanT 8

1. Haiitu o6miee pemenue quddepeHnaibHOro ypaBHeHHS:
a) y-tgy=2(y/
0)y —y=2(1-x)
2. Haititu pemenue quddepeHmaibsHoro ypaBHEeHUs, Y0BICTBOPSIONICE HauaIbHBIM
YCIIOBUSIM:
a) y'—4y=6x%+1;y(0)=2,y(0)=3
0) y'—2y+y=cosx; y(0)=0,y(0)=1
KonTposibHbIE BOIIPOCHI
1. Anroput™ pelieHust TMHEHHOTO HEOJHOPOHOTO YPaBHEHHUS BTOPOTO MOPSIIKA.
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Teopus psiioB

IIpakTnueckas padora Ne 25 no teme
«HccaenoBaHue YUCIOBBIX PSIAOB HA CXOTHUMOCTb

HCJII)Z HAY4YUTBCA UCCIICA0BATh YHUCIIOBEIC PAAbI HA CXOJUMOCH
Bbinucatb TPU NepBbIX YeHa pAaaa HanNTn TPpEeTbo YaCTU4YHYHO CyMMY

> O ]
111 a) It 6) #=1 7
5= a-l
——— 5 nem Ap®
= c -1/
=m +2 .
ne 37 H§m|3mﬂ|
— 5!
313a) a=1{7 =31 5 "] n®
o 22?2 ”‘mcﬂsz 7l
1R (r+1)}!
4,14 a) #=1 ( ), 6)?2:13}15
—3 +1
# 3?2 p=o i
—1nlin+1
5,150) #=17/ (7 +1) 6) n=1n° +1.
=m . 2
= g 41 r=e
6,16 a) #=lfn-3" . 5) n=172"inn
—qpantd 2
”2 2 n=m  of
717 a) #=1 32471 12
a) 6) »=1l+e
=~ 7
HZ 2 1! ”=°°3m4 R
n ] 2
8,18a) #=1 (2n) 6) n=1 2naln
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"o (20)) -
2 N,
9,192) #71 (n!) ; 6) n=13fy 2 CCOSH

R ptin+1))

_ /
1020q) 2=1 (22} 6 n-1 7

”=°°1-|—r:.::32 b3

IIpakTnuyeckas padora Ne 26 mo teme «0061aCTh CXOAMMOCTH CTENEHHOT0 PAIA»
Heab: HAy4ynTHCSA UCCIAEAOBATH CTEIIEHHBIE PSAAbl HA CXOJIUMOCH

2. I/ICCHGJIOBaTI) paad Ha a6COJ'IIOTHy10 1 YCIIOBHYIO CXOOUMOCTD

1a | - > ie |
n=:1G%r b= o : C)Z(_l) "
n=.10n, n=1 (n+1)-3
2 -
a)n= 1(- =) 0> > > > (—1)" . L
3n+5 — n=o0 V(2n+1)
n=—,1lcv n :
3 a) z: s e
n oo
n—,4EL _ (=3, b) > c) > (—qn+1_1_,
nS—1 oo " n=1 In n
n=—.,1 e S
4. a) Z Sl
o n oo n+1 n
n=.,1-===. by > c)D(—1) .
@n+1)" = . n—1 6N+5
h= 2cu"
5. a) > - 1 Eé
e n—1 n
nelgnT e = D2
n—k,l(mé( > fyns
6 a) Z s
= 1" - o> (—u" *
n = ; H b _ ¢
2n1 > Ead — n=1 (2Nn+1)-n
n—.1 n B
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n=: Azt P e 3
T
8 a) E
= n
n=,12; b) >
n! oo
n—.1% n "2_
9 a) E
3
n=,1n; b) >
2n had n
n=—,1 ¢»
nn S
10 a) E
n=_,11; b) >t
nt oo n
n=.,1 < .
@ne1s

Hatitu 061acThb CXOJUMOCTH U MPOBCPUTH CXOAMMOCTD Ha I'paHUIIaX UHTCPBAJIA:

A= Fl

1
l.a) »122-1

}‘gm3nl H

2.a) ™ 15H2~[_

A
=X

3. a) Hlx/_fﬂ +1);
n=wm 5%
2
4. a) m=12”-(ﬂ2+1);
n=mp 2. g
E -
5. ) st (n+5)7
P .I.3n+1 o
6.a) = =5, n
nzm sj?ﬂ l_lx?ﬂ
7. a) ?2=1(?12+?1)-2H ,
HEI, %,fz?zﬂ.xn
8. a) m=1ﬂ-(/?12+1);

=) -1 1
D (1)
n=1 n-vn
oo + 2n+1 z2
C);(—l) GEES)
e

n=w 3t 1 )
6) m=15”‘1(n+1);

,-Em 5%¢x—3)"
6) wmi(n® +1)2 1.

HE?ZJH lH(I—-Z)
6) ! (2n—1)4""

n;(ﬂﬁ +2)5 x-1)"

6) (2n? 43277

HEI'(EHE +2)x—2)"
6) w=1  (n° +1J3°"
n;g”(ﬂz +2)(x—1)"

6) ! 5t 2 9
nZm§LATI 00 g )T

6) ! 32”+1(n +5)
n=w My —1)"

6) a=1 3% n? 41y
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now 2Bl el LT L S Pl

53 o2
0. a) n=13 (ﬂ—3); 6) n=1 (2n+1)5 ,
?Emi n=o3 T gl L5 )x 2 )"
10. a) m=13”(?1+2)}'; 6) =1 (502 +1)437

IIpakTnuyeckas padora Ne 27 no reme
«Pa3y10xeHul QYHKIMH B CTENICHHOM PAI»
IIpakTnuyeckas padora Ne 27 no reme
HAYUYUTHCS PacKIaAblBaTh (PYHKIIMU B CTEIICHHOU PsiJY

Tect mo Teme «Paann»

1 BapuaHT.
_ 1
3amanue 1.YeTBepThIil uieH psaaa S paseH:
_l 1 l 1
5 6) 7 B) 7 r) -7
a)
cos’x cos’x cos*x
COSX + +
BaHiHIée 2. Pan ? 6 24 " gmmsercx. ..
. CTenneHHBIM
b. ®OyHKIIMOHAIBLHBIM
B. 3nakouepenyromnmmcs
I 3HaKOHOHO>KI/IT€J'II>HIF]IM
10n+1
3amanue 3. Jlan psag 1=l . Ucrionb3yst HEOOX0IMMOE YCIOBUE CXOJIUMOCTH PsJIa,

caenanTe BBIBO
A. psia pacxogutcs
b. psan cxomurcs
B. Henb3s onpenenuTs CXOIUTCS WU PACXOIUTCS P
I'. npyrou orBer

n
3ananue 4.Psan n=1(l¥ MCCIIEIOBAIM HA CXOJAMMOCTh MO mNpu3Haky Komwm, BeMuCIHIN
k=lim{a==
n
npeaen n—eo 3 . Toraa MOKHO C/IelaTh BBIBOJ, UTO ...

A. JlaHHBIN pag CXOOUTCS

b. JlaHHBIN psi pacXoauTCs

B. JlaHHBIN psAT MOKET KaK CXOJUTHCA TaK U paCXOAUTHCS.
I'. JlaHHBIN psify HE CYLIECTBYET

130



[e9) n

)

3aganue 5. Haitgute cymmy paga -1

1.1
2. -1
3.0,5
4.-0,5
3amanue 6. YcTaHOBUTE MEXKAY PSAJIOM U €70 Ha3BaHUEM.
HazBanue Psan
1. Pag ¢ mOJIOKHATEILHBIMU 1,1 1.1
YJICHAMU A. 2 3 45
2. 3HaKouepe Ty OUUNACS B. x+xX*+x3+x*+ x*+...
pan B. 1+2+3+4+5+6+...
3. CreneHHou psn . cos X +cos?x +cos® X +C0s* X +.. .
4. OyHKIMOHATBHBIN pAJl

3aIIaHI/IC 7. YCTaHOBHUTE COOTBETCTBHE MCKAY YMUCIOBBIM PAOAOM U €TO 06H_[I/IM HYJICHOM

an
Psan ‘
O6mwmi unen psaga
F S S S 1
a =——
1. 2 4 6 8 A. " n+2
il a=_1
Z. 3 57 B. "
L,1,1.1 1
+T+ T4+, a=—"
3. 3579 B. " 2n+1
L,1,1.1
+ T+ T+ T+, a=——
4. 3 4 56 r. " an1
2 BapUaHT
i( 1)2“—1
3aymanue 1.UerBepthiii wieH paga = o'l pasen

1 ! 1
a)l 0) 13 B) ,13 9
: : l)+l x+l xi)lx%__..

3amanue 2. Psn 2 4 8 SBIISIETCS
A. 3HaKouYepeayIOmUMCS
b. ®yHKIIMOHAIIBLHBIM
B. CrenenHbIM
I'. 3HaKOIIOJIOKUTEIIHLHBIM.

S 2n+l
Zn_

3ananue 3. [lan psn nZﬂ . Ucrionb3ys HE0OX0IUMOE YCIOBUE CXOJIUMOCTH psJia
caenanTe BBIBO

A) psa cxoguTcs

b) psig pacxonutcs

B) Henb3st onpeaenuTh CXOAUTCA WA PACXOIUTCS Psif

I') npyroit oTBerT.
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3amanue 4. Pag =t

BbIYMCJINIINA IPEACI n-o 8
A. JlaHHBIN pag CXOOUTCS
b. JlanHbIM psAx pacXoauTcs

B. /laHHBIN psAg MOXKET KaK CXOAUTHCA TaK U PACXOAUTHCS.

I'. JlaHHBIN psig HE CYLIECTBYET

Al
b. 0,1

B. 0,9
1

r. 9
3ananue 6. YcraHOBUTE MEXKIY

Tp1p”

e

3aganue 5. Haiigute cymmy psapa: !

SAA0M M €I'0 Ha3BaHUCM.

Ha3zBanue Psan
1. Pag ¢ mOJIOKUTEIBHBIMUA A.  sin x+sin? x+sin® x +sin* x+.. .
YJICHAMH B. 1+2x+3x+4x%+...
2. 3HaKouepe Ty OIUNCS 111 1. 1 .
pan B. 2 4 8 16 32
3. CreneHHo psif L 1-2+3-4+5-6+...

4, OyHKIMOHAIBHBIN PsI

3a,IIHI/I€ 7. YCcTaHOBUTE COOTBETCTBHE MCIKAY YHMCIOBBIM PAJOM U €T'O 06IIII/IM YJICHOM

Psan ‘ a
OOmui wieHd psga "
I, 1 11 1
+ 5+ T+ T+ =
1 24 6 8 A. " on+2
L L, L L 1
+5+ 5+~ 4+ a=—=
/. 24 8 16 B " 2n
1+deded o a =1
3. 4 9 16 B. "2
L4 L 1 _1
+ T+ T+ T+ an—z
4 34 56 T n

a,
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OcHOBBI TCOPUHN KOMIUIEKCHBIX YHUCEJ

IIpakTnuyeckas padora Ne 28 no Treme
«/ledicTBUA HAJ KOMIJIEKCHBIMM YHCJIAMH B ajiredpanuyeckoii popme

Ileab: HAYYUTH BBITOTHATE JICHCTBUS C KOMIUIGKCHBIMH YMCJIAMH B areOpanvecKou
dbopme

Bapuant Nel

1. BeIOTHUTE JeHCTBUS B alnredpandeckoit hopme.
Z1=2-7i, Z2=3+51.Hawitu: Z1+72;71-22;Z1-22, Z1:72
Bapuant Ne2

1. BeimosHUTh IeHCTBUA B anreOpandeckoi popme.
Z1=3+4i, Z2=-1-2i.Havitn:Z1+72; Z1-22; Z1:72, Z1-Z2
Bapuant Ne3

1. BeImoTHUTE AeHCTBHS B anredpandeckon Gpopme.
Z1=3-4\, 72=2+5i.Haiitu: Z1+Z2; Z1-72; Z1-Z2,Z1.Z2.
Bapuant No4

1. BeImorHUTE ACHCTBHS B anredpandeckou Gpopme.
Z1=3-2i, Z2=-3+5i.Havitu: Z1+Z22; Z1-72; Z1:722,71-72
Bapuant No5

1. BemmonHuTh AeWCTBUS B anredpandeckoit popme.

Z1=2-5i, Z2=2+4i.Haiitu: Z1+72; Z1-22; 7Z1-72,71:72.

133



Bapuant Ne6

1. BeinonHUuTh 1eMCTBUA B aireOpandeckoit popme.
Z1=1+2i, Z2=-5-2i.Havitu: Z1+72; Z1-72; Z1:72, Z1-72
BapuanTt Ne7

1. BeimoHUTE AeHCTBUS B aire0panyeckoi ¢popme.

Z1=2-6i, Z2=3+4i.Haiitu: Z1+72; Z1-72; 7172, 71:72 .

BapuanTt Ne§

1. BeinmosHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=1+2i, Z2=-1-7i.Haittu: Z1+722; Z1-72; 71:72, 7Z1-72
BapuanT Ne9

1. BeimotHUTE AecTBUS B anreOpandeckoi ¢popme.

Z1=2-4i, Z2=3+2i.Haiitu: Z1+72; Z1-72; Z1Z-2,71:72 .

Bapuant Nel0

1. BeimomHUTh 1eUCTBUA B aireOpandeckoi popme.
Z1=1-2i, Z2=-1-31.Haittu:Z1+72; Z1-Z2; Z1:22, Z-1Z2
BapuanTt Nel 1

1. BeimosHUTh 1eHCTBUS B anredpandeckou Gpopme.

Z1=1+7i, Z2=2+2i.Haiitn: Z1+22; 7Z1-722; 7Z1Z-2,71:72

BapuanTt Nel2

1. BeimomHUTh TeHCTBUS B anreOpandeckou Gpopme.
Z1=3+i, Z2=-1-2i.Hawttu:Z1+722; Z1-22; Z1:72, Z172:
Bapuant Nel3

1. BeImorHUTE ACHCTBHS B anredpandeckon Gpopme.

Z1=1-4i, Z2=-2+5i.Haiitu: Z1+722; Z1-72; 7Z1-72,71:72.

Bapuant Nel4
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1. BeinonHUTh 1eMCTBUA B aireOpandeckoit popme.
Z1=3+2i, Z2=-3+2i.Haittn:Z1+72; Z1-7Z2; 7Z1:722, Z1Z-2
Bapwuant Nel5

1. BeimoHUTE AeHCTBUS B aireOpanyeckoi ¢popme.
Z1=3-51, 72=2+4i.Haiitu: Z1+Z2; Z1-722; Z1Z-2,Z1:Z2.
BapuanT Nel6

1. BeImoHUTE AecTBUS B anreOpandeckoi ¢popme.
Z1=-1+3i, Z2=-5-3i.Haiitu: Z1+Z2; Z1-Z2; Z1:72,717-2
Bapuant Nel7

1. BeimotHUTE AecTBUS B anreOpandeckon ¢popme.
Z1=2-6i, 7Z2=3+4i.Haittn: Z1+Z2; Z1-Z2; Z17Z2-, Z1:Z2 .
BapuanTt Nel8

1. BeimosmHUuTh 1eMCTBUA B aireOpandeckoi popme.

Z1=1+2i, Z2=-1-7i.Haiitn:Z1+722; Z1-22; 71:72,717Z-2

Bapuant Nel9

1. BeImortHUTE AeHCTBHS B anredpandeckon ¢popme.
Z1=1-4i, 72=3+4i.Haittu: Z1+Z2; Z1-Z2; Z1Z-2,71:7Z2 .
BapuanT Ne20

1. BeImotHUTE AeHCTBHS B anredpandeckon Gpopme.
Z1=-1-2i, Z2=2-3i.Haiitn: Z1+Z2; Z1-722; Z1:Z2,717Z-2
BapuanTt Ne21

1. BeimomHUTE IeHCTBUS B anreOpandeckou Gpopme.
Z1=2-i, Z2=3-51.Hawitu: Z1+72; 71-22; Z172,21:72
BapuanTt No22

1. BeimmonHuTh AEHCTBUS B anredpandeckoit popme.
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Z1=3+4i, Z2=-1+2i.Hautn:Z1+72; Z1-72; 71:72,717-2
BapunanT Ne23

1. BeinonHUuTh 1eMCTBUA B aireOpandeckoit popme.
Z1=3-i, Z2=2+5i.Hawttu: Z1+72; Z1-22; Z1Z-2, Z1:Z2.
BapuanT Ne24

1. BeinmomHuTh 1eUCTBUA B asireOpandeckoi popme.
Z1=3+2i, Z2=-3+i.Havitu: Z1+72; Z1-72; Z1:Z2, Z1Z-2
Bapuant Ne25

1. BeimoHUTE AecTBUS B anredpandeckon ¢popme.
Z1=2-3i, Z2=1+4i.Hawntn: Z1+Z22; Z1-Z2; Z1-72,71:Z2.
BapuanTt Ne26

1. BeimosmHuTh 1eUCTBUA B asireOpandeckoi popme.
Z1=1+2i, Z2=-2-2i.Haiitu: Z1+72; Z1-72; 71:72, Z172:
Bapuant No27

1. BeImotHUTE AeiCTBUS B areOpandeckon ¢popme.

Z1=2-5i, Z2=2+4i.Hawitu: Z1+72; Z1-72; Z17-2,71:72 .

BapuanTt No28

1. BeimosHUTh IeHCTBUA B areOpandeckoi popme.
Z1=1+2i, Z2=-1-4i.Havitn:Z1+7271-22; Z1:72, Z1-72
Bapuant Ne29

1. BeImotHUTE AeHCTBHS B anredpandeckon Gpopme.
Z1=2-4i, Z2=-3+5i.Havitu: Z1+Z22; Z1-72; Z17-2, 7Z1:72
BapuanTt Ne30

1. BeimomHUTE IeHCTBUS B anreOpandeckoi Gpopme.
Z1=3+i, Z2=-3-2i.Haiitu: Z1-22; Z1+72; Z1:72, Z1-Z2

KOHTpO.]]beIe BOIIPOCHI:
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1. Yto Ha3bIBaeTCS MHUMOW eIMHUIIEH ?

2.CBOMCTBO MHUMOMU €IUHUIIBI.

2.1IpaBwi10 BO3BENCHUS MHUMOW €AUHULIBI B HATYPAJIBHYIO CTEIIEHB N.
3.JlaTe onpeaeneHne KOMILUIEKCHOTO yucia?

4.]JIeficTBUS ¢ KOMIUIEKCHBIMU YUCJIaMU B alredpandeckoit popme.

IIpakTnuyeckas padora Ne 29 no reme
«/ledcTBUA HAl KOMILJIEKCHBIMM YUCJIAMU B TPUTOHOMETPHYECKOM U
NnoKasareJbHON Gopmax»
Iesb: HayYUTh BBIIOJIHATH IEUCTBUS C KOMIUIEKCHBIMH YMCJIAMH B

TPUTOHOMETPUUYECKOMN U MoKa3zaTeibHOU opmax3ananue. BoIMoIHUTE AEHCTBUS C
AHHBIMH KOMILJIEKCHBIMH . 1) Z1+Z2; Z1-Z2; Z1-Z2,
21:72

1. z; = 8(cos 55° +5in 55%), 2z, = 2(cos5° + sin 5°),
2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 12°),
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3
4
5;
6
7
8.

9.
10

11
12,
13.
14.
15.
16.
17
18.
19.
20.
21,
22
23.
24.
25:
26.
27.
28.
29,
30.

. 23 = 3(cos 70° + sin70°), z, = 2(cos 20° + sin 20°),
. z; = 10(cos 105° +sin 105°), z, = 2(cos15° + sin 15°),

z; = 12(cos 145° + sin 145°), z, = 2(cos 5° + sin 5°),

. 2y = 7(cos 255° + sin 255°), z, = 2(cos15° + sin159),
. 23 = 9(cos 168° + sin 168°), z, = 2(cos12° + sin12°),

z; = 6(cos40° + sin40°), z, = 2(cos20° + sin 20°),
z; = 3(cos 40° +sin40°), z, = 2(cos5° + sin 5°),

. z; = 10(cos 75° + sin 75°), z, = 2(cos 15° + sin 15°),

z; = 9(cos 123° +5in 123%), z, = 2(cos 12° + sin 12°),
z; = 5(cos 160° + sin 160°), z, = 2(cos20° + sin 20°),
z; = 3(cos 235° + sin 235%), z, = 2(cos5° + sin 59),

z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

z; = 2(cos 258° + sin 258°), z, = 2(cos 12° + sin 12°),
z; = 7(cos 115° +sin 115°), z, = 2(cos 20° + sin 20°),
z; = 14(cos 310° + sin310°), z, = 2(cos5° + sin 5°),
z; = 8(cos45° +sin45°), 2z, = 2(cos 15° + sin 15°),

z; = 6(cos 213° +5in 213%), z, = 2(cos 12° + sin 12°),
z; = 9(cos 70° +sin 70°), 2z, = 2(cos 20° + sin 20°),

z; = 4(cos 40° + sin40°), z, = 2(cos5° + sin 5°),

z; = 6(cos 300° + sin300°), z, = 2(cos15° + sin 15°),
z; = 3(cos 33° +5in33°), z, = 2(cos12° + sin 129),

z; = 5(cos 250° + sin 250°), z, = 2(cos 20° + sin 20°),
z; = 8(cos 85° +s5in85°), z, = 2(cos5° + sin5°),

z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin1 5°),
z; = 9(cos 48° + s5in48°), z, = 2(cos12° + sin 12°),

z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
z; = 4(cos 175° +sin 175°), z, = 2(cos5° + sin 5°),

z; = 16(cos 120° +sin 120°), z, = 2(cos 15° + sin 15°),

KoHTpOoJIbHBIE BOITPOCHI

IIpakTuueckas padora Ne 30 mo Teme
«Pemenue ypaBHeHUIT HA MHOKeCTBEe KOMILIEKCHBIX YHCED)
eab: HAyYuTh peniaTh ypaBHEHUS HA MHOXKECTBE KOMITJICKCHBIX YHACEI

3agaua 1

PemnTh KBasipaTHOE ypaBHEHHE:
.x2-2x+17=0
22x2+2x+1=0
3.4x%4x+17=0

138



4.X°+6x+25=0
5.4x?>-20x+29=0
6.9x°-6x+2=0
7X2-4x+29=0
8.2x°-2x+5=0
94x*+4x+5=0
10.x°-4x+13=0
II.9x% -6x+ 17=0
12.4x%-12x+25=0
13.x2+4x+5=0
14.2x°—10x+17=0
15.x°-6x+13=0
16. x*+6x + 18 =0
17.x°-4x +40=0
18.4x°-12x+13=0
19.2x2+6x+5=0
20> -2x+5=0
21.9x%-6x+10=0
222x*+ 6x+5=0
23.x°+6x+13=0
24.2x%- 6x+17=0
25.9x%-6x+2=0

26. x> -6x+10=0
27.x>+2x+26=0
28.2x2+6x+9=0
29.2x2+ 10x+13=0
30.x°-6x+34=0

CaMocTosiTeabLHas padoTa
BAPUAHT 1

1. JlaHbI KOMIUIEKCHBIC Yncaa: Z1=2-3I,

2,=21+3, z3=3-2I.
Berunciure: a)Zt Z; 0) 7t
-2, T) L=y )Ll €))L .

B)

2. Boeramcmmre: (2-1)(2+1)-(3-2i) +

1.

3. Haiitu 4YacTHOE KOMILIEKCHBIX
1! 1 L

ancen: a) i | ;  0) 1+i 27 B)

BAPUAHT 2

. JIaHBl KOMIUIEKCHBIE 4YHCIIA: Z;=2+i,

Zz=3i+ 1’ Z3=_2_i_
6) Z,+ 23; B)

Beraucnure: a)Zt Z;
2,=Z; T) I~

n) 21°%; €)%,

. Beramcomre: (3+1)(3-1)- (6 + 2i) +
1.

. Hantu JacTHOE KOMILUJIEKCHBIX

YyuCcel: a) i 0) 1-i; B) 272
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2421 _g,9j. 4. N300pa3uTh Ha KOOPJUHATHOU
IUIOCKOCTH U TIPEICTaBUTh
CJIEYIOIUE KOMIUIEKCHBIE YUCIIA B
TPUTOHOMETPUYECKOH (hopme:

a) -4, 6)i; B)1-i; r)-V3+i.
5. Haiitu  koopaunatel  Touku M,

4. W300pa3uth HA KOOPAMHATHOU
IUIOCKOCTH U IIPENCTABUTh CIIETYIOINE
KOMILJIEKCHBIE Yncia B
TPUTOHOMETpPUYECKOH (hopme:

a) -3: 6) -i: B) 1+ r) M300paKaroIel KOMIIJIEKCHOE YHCIIO:
~141 V3, ’ ’ ,.2-3i _, 6i-4
5. Haiitn koopaumHaTel TOuKH M, 2i+1 i+2
M300paxarolie KOMIUIEKCHOE YUCJIO: 6. Pemmure ypaBHEHHS B KOMIUIEKCHBIX

5i-2 8i—-3 5+i —2+i yHuciiax:
= i i+ . 2 A
z=""3is1 " oo 2-i 3-20 _ a) x’-8x+17=0; 0)
X2+ ix +20=0.

6. Pemure ypaBHEHHsS B KOMILUIEKCHBIX
yyciax:
a) x°-4 x+8=0; 0)

X2+ ix +6=0.

Tect mo Tteme « KOMILIEKCHBIE YHCJIA)»

Bapuant I
o=+ o =3 7 .7
Al. JlaHbsl KOMIUIGKCHBIC yncaa ~' ~ ~ 7~ ", Torma ~' ~
a) 9+7i
b) 6-7i
c) 2-3i
d) 4+6i
A2. U300paxeHne KOMILIEKCHOro uncna = =~ 3 pumeer BUJ
a
) y v o
3
C) v
0 1 ) 0 1 )
y y
103
-3
v +— |
v
1
A‘ > ‘ >
. 0 0
3 X -1 X
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b) d)

A3. Eciu = =4+/ TO CONpsKEHHOE EMY YHCIIO -~ PABHO

a) 1+4i
b) 5+i
c) 4-i
d) 1-4i

o=+ =2 N oo+,
A4. Ecim ~! : ,TO 71 7

a) 2+3i
b) 3-i
c) 3
d) 3+6i

AS. JlaHO KOMIUIEKCHOE YUCIIO = =4- 3 , TO €ro MOAYJIb PaBCH

a) 8
b) 16
c) -5
d) 5

0=

s
A6. Moy KOMITJIEKCHOTO YMCJIa =2, a apTyMEHT 4. Torna B TpUrOHOMETPUUYECKON

(1)OpM€ KOMIIIICKCHOC YHCJIO UMCCT BHU/

a . T,
eos —- ¢ =1 —)

a)

. T T
25 —- i -cos—)

b)

—_

R
2ocos —+ 7 51—

c)

- T
2ism —+ /¢ cos—)

d)

Zy

o=l o, =34 o
: . Hatiqure Z

B1. /laHbl KOMILJIEKCHBIEC Yucia ~'

C1. Pemure ypasHeHnex>-6x+25=0

5-2,+47,

37, 2,=5-21i; z,=2-6 i

C2. Berauciure , €CIIN

BapuanT I1
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IIpu BoinosiHeHnH 3a1aHuil Al - A8 HE00X0AMMO IPOCTABUTH HOMEP
BAPHAHTA 0TBETAa, KOTOPbIA COOTBETCTBYET HOMEPY BbIOpaHHOro Bamu
oTBETa

o4& - —2_ Ay - -
Al. JlaHbI KOMIIICKCHBIC YHCIa ~ ! =450z, =3- 4 . Torma ~! ~
a) 15+8i

b) 23+11i

c) 23-3i

d) 20+6i

A2. U300paxeHne KOMILIEKCHOTO umcna = == +3i

HUMCCT BU

a) c) ’

> 0 2

0 2

-3 v
4 y
B) v ) 5

2

I — >
_3 0 0
X -2 X

v _ v
A3. Eciu = =2+3i | 10 CONPSIKEHHOE EMY YUCIIO - PaBHO

a) 2-3i
b) 3+2i
c) 3-2i
d) 4+6i

R B i T/ oo+,
A4. Ecau ™ : ,TO =1 7
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a) 7+3i
b) 4+6i
c) 7-3i
d) 4-6i
A5. J[aHO KOMIIIEKCHOE uuciao =~ =12+ | 10 ero MOLysb paBeH

a) 2
b) 5
c) Vi2
d) 13

T
&=

A6. Moaynp KOMIUIEKCHOTO YMCIIa =3, @ apryMEHT 3. Toraa B TPUTOHOMETPUUECKOM

(opMe KOMIUIEKCHOE YUCIIO UMEET BUJT

T . T
Jlcos—- ¢ SN —)

a) 3 3

T R
_‘E[SJ[]T+.' ‘cos—|

- -

. T . . T
Heos —+i S0 —)

C) 3 3

T T
3sIn—- ¢ cos—)

:j - ']'llln. Z, :3 + I:'\Illl

B1. JlaHbI KOMIIJIEKCHBIC YUCTIa ~! . Hatimure “2

C1. Pemure ypasHeHnex>-4x+29=0

5-Z,+42,
C2. Boruncnure 32, cecmu L=Atl ;=243
Bapuanr 111
z, =244z, =1 +3 ooz

Al. JlaHbl KOMILIEKCHBIC Yncaa "~ : . Torma !

a) 8+6i

b) -10+10i

c) 4-3i
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d) -2+8i
A2. N3o0paxeHne KOMIUIEKCHOrO Ynuciaa = =-

| ]

+iyMmeeT BUI

a) y

\ 4
<

b) 7 d) ~ |1t

v

v
1

N

x

A3. Eciu = =345 18 conpsskeHHOE €My YHCIIO - PaBHO

a) -3+5i
b) 3-5i
c) 5-3i
d) -5+3i
Ad. Femm -1 =37 5 =4+ 10 i +z,

a) 7-i

b) 5+3i
c) 5-2i
d) 7-3i

A5 S =243
. HaHO KOMIIJICKCHOEC YHUCJIO , TO €0 MOAYJIb PaBCH

a)4
b) Vi3

c) 5
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d) 9
a) ;

s
i :T o
A6. Moaynb KOMIIJIEKCHOTO YKciia =4, a apryMeHT 2 . Torna B TpUrOHOMETPUYECKON
dbopMe KOMIUIEKCHOE YHCIIO UMEET BUJ]
) 4{cos ;+ i sin %]
a 2 2
4(sin T+ cos i]
2 2
) 4(=in %— i Cos %]
c 2 2
A cos T isin 1]
2 2
Zy
z, =2- 3z, =4+ . 7.
B2. /lanbl KOMILJIEKCHBIC Yucia ~' : . Halitute 2
C1. Pemurte ypaBHeHHeXx? -4x+13=0
C2. Beruncnure 82, ecan  4a=3* 51 2,=6-21
Bapuanr IV
o o=l+2iz, =3- 4 Z, 2
Al. JlaHbl KOMIJIEKCHBIC Ynclia ~! : . Torma ~!
a) 3+6i
b) 3-8i
c) 11+2i
d) 4-2i
A2. V306paskeHne KOMIUIEKCHOTO uicia - = - 2i umeer By
y 2
a)
c)
> 0 1 X
0 1 )
-2 —
v y
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b) d)

A3. Eciu = =3- 2| TO CONpsKEHHOE €My YHUCIO -
paBHO

a) 5+2i
b) 2-5i
c) 2-5i
d) 1+6i

-o=2- Yo =445 S et
A4. Ecom ~' T TS ,T0 T T

a) 4+6i
b) 6+2i
c) 4-3i
d) 6-2i

S B
AS. JIaHO KOMIIJIEKCHOE YUCIIO - =4+ ‘J'_' , TO €0 MOIYJIb PaBCH

a) 10
b) 8
c) 6
d) -6
p =2
A6. Monyinb KOMIUJIEKCHOTO YKcia =4, a apryMeHT Y TE Torga B TPUrOHOMETPUUECKOM

(bopMe KOMIUIEKCHOE YMCIIO UMEET BUJT

T T
disin—- 7 -cos—)

a) ha) he)

T . T
d{cos —+ ¢ 811 —)
5 5

R
Aicos —- ¢ s1n—)
C) A B

LT T,
451 —+ ¢ cos—)
a2 a2

~
-

3-dz, =443

B2. JlaHbI KOMIIJIEKCHBIC YUCTIA ~! . Hatiniure “2

C1. Pemnre ypaBHeHue2,5x*+x+1=0
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5-2,+4Z,

37, 2,=1+2i; 2,=3-4 i

C2. Beiuuciure , €CIIN
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Jlekuust Ne 1. MaTpunsbl. [eiicTBUs ¢ MATPpUIIAMM.
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1.1 OcHoBHBIEC MOHATHA.

Mampuyeri Ha3bIBaeTCs NMPAMOYroJibHas TaOJIUIA YMCENl, COAEpKallas m CTPOK OJMHAKOBOM

JUTMHBI( WA 71 CTONOIIOB OIMHAKOBOH JUTMHBI). MaTpHIla 3amuchbIBACTCs BUJIC:

8 &, .. a4,
a22
A= a?nll Az .. gr%r%
WiH, cokpaiénno, A = (aij), tae i =1, m (t.e. 1 = 1,2,3,...,m) — HOMep cTpokH, | = L,n (1.e. j = 1,2,3,...,n)

— HOMED CTOJIOI1A.

Marpuiia A Ha3bIBaIOT MaTPULIEN pazmepa m X n M TUILYT A, x ». Uucna aij,coCTaBIAIONME MATPUILY
Ha3bIBAIOTCA €€ 21emenmamu. DIEMEHTHI, CTOSIINE HA AUAroHaau, UAYyIIEeH U3 BEPXHEro JIEBOTO YIIIa,
00pasyIoT 21a6HYI0 OUA2OHATD.

Matpuiisl pasnvt mexicoy coooii, €Ciii paBHBI BCE COOTBETCTBYIOIINE JIEMEHTHI ATUX MATPHII, T.€.

A =B, ecmaij= bij, rnei = 1,m, j=1,n.

Martpuiia, y KOTOPOH YUCIO CTPOK PaBHO YUCITY CTOJIONOB, Ha3bIBaeTCA Keaopamnoii. KBaapaTHyro
MAaTPHUILy pa3Mepa 1 X 7 Ha3bIBAIOT MATPUILIEH 1-TO HOPAOKaA.

KBanparnas marpuiia, y KOTOpOH BCE 3JIEMEHTBI, KPOME 3JEMEHTOB TJIaBHOW JMAaroHaid, pPaBHbBI
HYJII0, HA3bIBACTCS OUACOHAIbHOIL.

JnaronanpHas MaTpuId, Y KOTOPOW Ka)KIbIA 3JIEMEHT TJIaBHOM JWaroHaaud paBeH €IUHUIIE,

Ha3bIBaeTCs eounuynou. O6o3navaercs OykBoi E.

Ilpumep 1.1
1 0 0

Es«s=|0 1 O|exuruunas matpuna 3-ro nopsxa.
0 0 1

KBaI[paTHaH MaTpulia Ha3bIBACTCs mpeyzonbuoﬁ, €CJIN BCC DJICMCHTHI, PACIIOJIOKCHHBIC 110 OJHY
CTOpPOHY OT rJIaBHOM AuaroHaJivi, paBHbI HYJIIO.

Marpuua, Bce 3JI€MEeHThl KOTOPOH PaBHbI HYJIO, Ha3blBaeTcsi Hysaegoui. O6o3Hayaercss OykBoi O.

HNmMmeet Bua:
O 0 .. O
0

o=|8 o .. B
MaTpuyHOM ndduciaeHun marpuubl O u E urpator posts uncen O u 1 B apudmeruxe.

ManI/IL[a, coZcpiKallasd OAnH CTOHGGI_I WK OJJHY CTPOKY, HA3bIBACTCS 6€KMOPOM (I/IJ'II/I BCKTOD-

cTo0el], WiIK BEKTOP-CTPOKa COOTBETCTBEHHO). VX BU:
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&
T o . by

_|a|p_
A= a. B=(b b

arpuiia pasmepa 1 x 1, cocrosiias U3 OJAHOTO YHCIIA, OTOXKACCTBIISIETCS C 3TUM YHUCIOM, T.€. (5)ixi
€CTh O.
Martpuna, rmoxydeHHasi U3 JaHHOM 3aMEHOU KaxJ0i €€ CTPOKH CTOJIOIIOM C TE€M K€ HOMEpOM,

Ha3BIBAETCS MATPULIEH mpancnonupogannoii x 1annoil. O6o3nagaercs Al

TaKeCﬂuA=(g5, %),mOAT=(% ﬁ),emuA=(6),moAT=(l 0)

TpaHCIOHMPOBaHHAs MaTpHIIa 00J1aaeT cileayomuM cBoiicTBoM: (AT) = A.
1.2. lelicTBusI HAJ MATPULIAMU.

Ciaoxenne:
Ormepalyst CII0KEHHs MATPHIL BBOAUTCS TOJBKO JUIS MATPHI[ OJWHAKOBBIX Pa3MEPOB.
Cymmoti 08yx mampuy Amsn= (@ij) 1 Bm x» = (bij) HassiBaeTcs mMarpuia Cmxn= (Cij) Takas, uTo Cjj = aijt bij (i =
1,m, j = 1,n). 3anuceBator C = A + B.
Hpumep 1.2. (2 -3 0)+( 3 3 —1)_(5 0 —1)

4 5 6] \-2 -5 4] \2 0 10

AHaJIOTUYHO OTIPEICISICTCS PA3ZHOCHb MAMPUY,.
YMHO:XeHMe HA YHCJI0:

TIpouseedenuem mampuyvl Am xn = (aij) Ha uucio KuaspiBaercs matpuia By, = (i) Takas, uato bj = k*ajj (i

= 1,m,j=1,n). 3anucvisarom B =k * A.

(0 =1 2\, _ _[0 -2 4
Ipumep 1.3. A—(3 4 5),k—2,A*k—(6 3 10)

Marpuna — A = (-1) * A Ha3bIBaeTCs npomusononodcrol MaTpuue A.
Pasnocts Matpui A — B MoxHO onpeienuTh Tak: A — B = A + (-B).

Onepam/m CJIOKCHHUA MaTpUIl U YMHOKCHUA MATPULIBI HA YU CJIO 06.]'[8.]_'[8.IOT CIICAYyIOMnMHU CBOUCMEAMU.

1. A+B=B+A; 5.1*A=A;
2. A+(B+C)=(A+B)+C; 6. a* (A+B)=0aA + aB;
3. A+O=A; 7.(a+pB)*A=0A+PBB;
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4. A-A=0; 8.a* (BA)=(ap) * A,
I'me A, B, C — maTpuiibl, o ¥ 3 — gucna.
DJleMeHTapHble IPeo0pa30BaHUs MATPHUIL:
DnemenmapHuiMu NPeoopazo8anuaAMU MAMPUY AGIAIOMCA:
» TlepecranoBka MecTaMu ABYX NapaJlyICIbHBIX PSIOB MATPHUIIHI;
*  YMHOXEHHE BCEX IEMEHTOB PsiJia MATPHUIIGI HA YUCIIO, OTIUYHOE OT HYJIS;
» IlpubaBneHue KO BCEM DJIEMEHTaM psiia MaTPUILI COOTBETCTBYIONIUX 3JIEMECHTOB IMapaJIICIIBHOTO
psiia, YMHOKEHHBIX Ha OJTHO U TO K€ YHCJIO.
e matpuubl A u B Ha3pIBalOTCS SKBUBAJICHTHBIMH, €CIM OJIHA M3 HUX MOJIY4YaeTcs U3 JAPYrou c
MTOMOTIIIBIO AJIEMEHTAPHBIX MpeoOpa3oBaHuil. 3amuceiBaeTcs A ~ B.
[Ipu momomu »MeMeHTapHBIX TpeoOpa3oBaHMil JIOOYI0 MATPUIy MOXKHO TPHBECTH K MaTpuie, Yy
KOTOPOM B Hayayie TJIaBHOM JUAroHadu CTOSIT MOJPSJ HECKOJIBKO €IMHMUII, a BCE OCTAIbHBIC JJIEMEHTHI

paBHbI HyJt0. Takyro MaTpuUIly Ha3bIBAIOT KAHOHUYECKOU, HATIPUMED

(]
O O o
O OO

OO

Ilpumep 1.4. [IpuBecT K KAHOHUYECKOMY BUAY MATPUILY

2 3 1 2
A=l0 0 -1 1
4 0 5 1

Pemenue: BoinonHss aneMeHTapHble IpeoOpa3oBaHus, MOIy4aeM
2 3 1 2 1 322 1 3 2 2 1 O 0 O

2 8 sl 1|5l 84 1|8 -5 B H||6 -5 5 D
10 0 0 1000 1000

6 5 B B8 bbb (BdO B

IIpousBenenne MmaTpui:
Omnepanuyst yMHOXEHHs JIByX MaTpHI] BBOJAUTCS TOJBKO JUIS Cydas, KOIJIa YHCJIO CTOJOLIOB HEepBOii

MaTpUIbl PABHO YUCIY CTPOK BTOPOM MAaTPHIIBIL.

[poussenennem Matpuisl Ay x,= (aij) Ha Matpuny B, x , = (bjk) HasbBaercs marpuia Cy xp = (Cjk) Takasd,

9TO Cik= @i1* b1k+ ai2 * bak + ...+ ainbnk , e 1=1,m, k =1,p,
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T.e snement i-it crpoku u K-ro cronbma matpuinbl npousBeneHus C paBeH CyMMe IMPOHM3BEICHUMN
AJIEMEHTOB |- CTPOKHM MaTpHIbl A Ha COOTBETCTBYIOIIME 3JeMeHThl K-ro crosnbia marpumsl B.

[Tomydenue 31eMeHTa Cij CXeMaTHYHO M300paxaeTcs Tak

Ecnu marpuusl A u B kBajpatHbie oHOro pazMepa, To npousseaeHus AB u BA Bcerna cymecTByror

Jlerko noka3atb, uTo A * § = E * A = A, rne A — kBajpaTHas marpuua, E — equHu4Has mMaTpuua Tor
e pasmepa.
Ilpumep 1.5

a a a by b, ap+ab+ab ab+a b +ab

11 12 13 —_ 11, 11 12 21 13 31 11, 12 12, 22 13, 32
(3-21 dp 323)* %21 Bzz _(3-21 b1+, 05 +8x Dy @y D1y +82 b+ Qg5 by

31 32
12 1y, (1 3 .

Hpumep 1.6. A= 31 0 ,B= 1 o) - Torma mpomseenenne A * B He onpeieneHo,Tak Kak 4Mcio

cToJIOIOB MaTpuilkl A(3) He coBmagaeT ¢ YMCIoM CTpPoK maTpuilsl B(2). IIpu aToM ompeneneHo
npou3BeneHne B X A, KOTOpoe CYMTAIOT CIEAYIONIUM 00pa3oMm:

B*A=(1 3)*(1 2 1)_(1+9 2+3 1+O)_(10 5 l)

1 2/ \3 1 0/ \1+46 2+2 1+0) \7 4 1

Marpuisl A 1 B Ha3bIBaroTCA epecTaHOBOYHBIMU, eciiu AB = BA.
YMHOKEHHEe MaTpull 001a1aeT CAeAYIOUUMU CBOMCTBAMU:

1. A*B*C)=(A*B) *C; 3. (A+B)*C=AC +BC;

2. A*(B+C)=AB+ AC; 4. o(AB) = (0A)B,

Ecnu, koHEe4HO, HallMCaHHBIE CYMMBI M IPOU3BEACHUSI MATPHI] UMEIOT CMBICIT.
Jliig onepaiiuu TpaHCIOHUPOBAHMS BEPHBI CBONCTBA!

1. (A+B)T=AT+B"; 2. (AB)T =BT * AT,

BOIIPOCHI 1J15s1 CAMOIIPOBEPKHA
1. UYro Ha3zwiBaeTcs MaTpulieit?
Kakue maTpuiipl Ha3pIBatOTCS paBHBIMU?

Kakast maTpuiia Ha3bpIBaeTCSl € AMHUYHON ?

2
3
4. Kakast MaTpuIa Ha3bIBaeTCs TPAHCIIOHUPOBAHHOM K JaHHON?
5. Kakue neficTBUSI MOXKHO BBITIOJIHATH HAJl MaTpULIAMH?

6. Ilepeuncnure aneMeHTapHbIE IPEO0OPa30BaHUS MATPHIL.

7

Bceraa a1 BEIIIOJIHUMO JEHCTBHUE YMHOKCHUSA IBYX ManI/II_I?
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8. Ilepeuncnure cBOICTBA, KOTOPHIMU 00JIIAET YMHOKEHUE MATPHILI.

Jlexus Ne 2. Onpenenurenu.

2.1. OcHOBHBIE TOHATHS.

KBaapaTtHoii MaTpuiie A HopsiaKa 7 MOXHO COMOCTaBUTh uncio detA (wim |A|, wiu A), Ha3pIBacMOe

€€ OIPEICIUTENEM, CICIYIOIUM 00pa3oM:

1. n=1 A=(a1);det A=as.

a a a a
2. n=2,A=( 1 lz);detA= 1 P=a *a —a a
11 22 12 21
a'Zl aZZ aZl a22
all alZ al3 all alZ al3

3. n=3,A=(631 a,, 6.33];detA=am Az Qg3 = A1189833781, 83851 ¢

+8, 85, 8,3785 85, 81378, 8y, 833785,8,3

OnpeneJmTenL MaTpHIbI A Takke Ha3BIBAIOT €€ JACTCPMUHAHTOM. HpaBI/IJ'IO BBIYUCJICHUS

ACTCPMHUHAHTA IJIA MaTPHUIBI MOpAOKa N sBnseTcs JOBOJIBHO CJIOKHBIM IJIsI BOCHPUATHA U IPUMCHCHUA.

O,Z[HaKO HU3BCCTHBI MCTOJBI, IIO3BOJIAIOIIMUEC PpE€alu30BaTb BbBIYHUCICHUC onpenenmeneﬁ

BBICOKHX

MOPSZIKOB HAa OCHOBE ONpeAeauTeNel HU3MMX MopsakoB. OIWH W3 METOJOB OCHOBAaH Ha CBOMCTBE

pa3oXKeHusl ONpeAeNuTeNs Mo 3JIeMEeHTaM HeKOToporo psna. IIpu 3TomM 3ameTHM, 4TO OMpEeAeTUTEeNN

HEBBICOKHX NOpsAaKoB(1,2,3) jkenareabHO yMETh BBIYUCIIATH COTIIACHO ONPEAETICHHIO.

Brruncnenue onpenenurens 2-ro nopsijaka WUTIOCTPUPYETCS CXEMO:

[ N} [ N ) [ I )
[ N} [ N ) [ I )
N 2 -3 cosa Sina
Ilpumep 2.1. HaiiTu onipeeTe M MaTPUIL
5 6 -sina CcoSa

J— |2 _3|=2*6—5*(—3)=12—(—15)=27
5 6

coSa Sina | =cos? g +sinfa =1

-sina CcoSa

HpI/I BBIYHUCJICHUU OIIPECACITIUTECIIA 3-ro MopsaKa y,I[O6HO MOJIb30BAaTHCA NPABUIIOM TPEYT'OJIbHUKOB (I/IJ'II/I

Capproca), KOTOPO€ CUMBOJIMYECKH MOKHO 3aIUCaTh TaK:

Ilpumep 2.2. BpaucnuTh ONpEAEIUTENb MATPULIBI
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5 -2 1

A=[3 1 -4
6 0 -3
Pemenue:

detA=5%1%(-3)+(-2) *(-4) *6+3*0*1-6*1*1_3*(-2)*(-3) —0*(-4) *5=-15++ 48 6
~18=48-39=0.

2.2. CpoiicTBa onpeeinTeIei.

CdhopmynrpyeM OCHOBHBIE CBOWCTBA OMpPEEITUTENICH, MPHUCYIINE OINpPEISIUTEeNIEM BCEX MOPSIIKOB,
HCEKOTOPBIC U3 3TUX CBOYICTB IIOSICHUM Ha ONpECaACIUTEIIAX 3'F0 nopsaka.
Csoticmeo 1(«PaBHOIIPABHOCTH CTPOK M CTOJOIOB»). OmpeaeauTenb He U3MEHHUTCS, €CJH €ro CTPOKH

3aMEHUTH CTOJIOIaMU, U HA0OOPOT.
a a a a

HHBIMH clIOBaMH, |a2111 aig|=|a41 ay |2 2 = 22 =
21 [Ba1 B B|T|%s 8 8

B nanpHelineM cTpoKu U CTOJOIBI OyIeM TTPOCTO HA3BIBATh PSIaAMH OMIPEIACTUTENS.

Ceoticmeo 2. Ilpu mepecTaHOBKE JBYX NapaJlICIbHBIX PSJIOB ONIPEACTUTEIh MEHSET 3HAK.

Ceoticmeo 3. OnpenenuTenb, UMEIOIINI ABa OJIMHAKOBBIX Psijia, paBEH HYJIIO.

Ceoticmeo 4. OO MHOKUTEH SJIEMEHTOB KaKOTO-JTHO0 psisia ONPEACIIUTENs MOKHO BBIHECTH 3a 3HAK
OTIPEICTTUTES.

N3 cBoiicTB 3 1 4 ciieayeT, 4TO €CJIM BCE 3JEMEHTHI HEKOTOPOTO Psijia MPOTIOPIIHOHATBHBI

COOTBETCTBYIOIMM 3JIEMEHTAM MapaJLIEILHOTO PsIa, TO TAKOW ONPENETUTEND PABEH HYJTIO.
11 a12 al3 a'll alZ al3

JleiictButensro, |Kagy Kag, Kagns|~ k * &y 8y 8ylT k=0=0

Cesoticmeo 5. Ecim 31eMeHTBl Kakoro-immOo psijia ONpeaeuTelNs MPEACTaBISIOT CO00W CYyMMBI JIBYX
CllaraeMbIX, TO OIPEHCIUTEIb MOXET OBITh pa3JoKEH Ha CYMMY JBYX COOTBETCTBYIOIIHUX
OIIPEAEIUTENEN.

a‘ll a‘lZ a13+ b a'll a12 a13 a'll a‘lZ
Hampumep, [8z 82 83+C[T|8y 8p 8y Flay 8, C

a‘Sl a‘32 a33+ d a‘Sl a32 a33 a‘31 a'32 d
Cesoticmso 6 («IneMeHTapHbIe peodpazoBaHus onpeaenurtess»). OnpeaenuTenb He U3MEHUTCS, eCi K
AJIEMEHTaM OJIHOTO psijia MPHUOaBUTh COOTBETCTBYIONIKME 3JIEMEHTHI TApaUIeTILHOTO Psla YMHOKEHHBIC Ha

JIF000€ YuCIo.
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all alZ al3 all a12 al3+ k*a12
Ipumep 2.3. Jlokazath, uto  A=|az ax ax=[an ax» axs+k+ax
a3l a32 a33 a3l a32 a33+ k*a32

Pemenwue: JlelicTBUTENBHO, HCIIONB3Ys CBOUCTBA 5, 4 1 3, MoTyduM

all al3 k a12 all alZ al3 a‘ll alZ a12
a21 a22 k*a22 = a21 aZZ a23 + ko 21 a22 a22 =A +k*O=A
aSl a32 k a32 a3l a32 a33 a3l a32 a32

JlanbHeime cBOMCTBa ONpeeIUTENEH CBSI3aHbl C MOHITHUSIMUA MUHOPA U alre0pandecKkoro JA0MOJTHEHHUS.
Munopom HEKOTOPOTO 3JIEMEHTA ajjOIIPENEIUTENS n-20 TOPAIKA Ha3bIBAETCS ONpeNenuTens n — 1-ro
j
MOPSKA, TIOJYYEHHBIH W3 MCXOJHOTO MYyTEM BBIUEPKUBAHUS CTPOKHM W CTOJOIA, HA TIEPECEUCHUH

KOTOPBIX HaXOAUTCS BbIOpAaHHBIN eMeHT. OO03HavaeTcs mij.

a a, a

dy aééﬁl

a22

Tax echuA= a a a
21 22 a;; ’momﬂ:[asz ag , Myy=

&y 8y

Anzebpauueckum OononHeHuem >IEMEHTA ajjONIPENEIUTENsT Ha3bIBAETCSd €r0 MHUHOpP, B3SATHIH €O
3HAKOM «IUTFOC», €CIIM CyMMa | + j— 4€THOE YHCII0, B CO 3HAKOM «MHHYC», €CJIM 3Ta CyMMa HEe4YETHas.
O6o3Havaetcs Ajj: Ajj= (-1)' "1 * my;

Tak, A11 = +ma1, Azz2 =-m32.

Ceoticmeo 7 («Pa3nokeHHe OMpENeIuTeNsl M0 3JIEeMEHTaM HEKOTOpOTo psnay). OmpenenuTens paBeH
CyMM€ MpOM3BEACHUI 3JEMEHTOB HEKOTOpPOro psAa Ha COOTBETCTBYIOIIME WM aireOpanyeckue
JOTIOJTHEHUS.

[IpquiutrocTpupygM U OJTHOBPEMEHHO JI0Ka)XKEM CBOMCTBO 7 Ha MpHUMepe onpeAenuTels 3-ero nopsaka. B
3TO} cilydae CBOYCTBO / O3HAYAET, 4TO

11 a‘lZ al3

=A% A+ 8o *Ag, +arAg

a
A=a, a, ay,
8y 8y dy
B camom ziente, umeeM

ap*Ap+ta, A, +ag*Ap=say,

*

Ay Ay
az agz

8z §§§|+a”*(— )+a“*¢'

a, a
a31

92|=a(a%a®—a® Qg)—12(821 833 ~Az3831) + 813 (Bp1 Bz ~A051) = ¢
2

¢
¢ 84y 8y 8337871853 85,78, 8, Aggt Ay, Ay Ayt Q433,853,733 asle
CBOMCTBO 7 COAEPKUT B cede CrIocoO BHIUMCIICHUS ONPEAeTUTENCH BEICOKUX MOPSIKOB.

Ilpumep 2.4. Boruucaute onpeaenuTenb MaTpHIIbI
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3 5 78
-1 7 01
0 5 3 2
1 -1 7 4

Pemenue: Jlns pa3iioskeHUs ONpenenuTeliss 0ObIYHO BBIOMPAIOT TOT Psill, TJ€ €CTh HYJEBBIC JIEMEHTHI,

T.K. COOTBETCTBYIOIIUE UM CJIaraeéMbI€ B Pa3JIOKEHUH OYAYT paBHBI HYJIIO.

8 5 7 8 5 7 8 5 7 8

53 a5 3 2 Jlea‘—l*%@é

+1* +0=

=

(IS

3#(7T+3%4 +(—1)*x0%2+5+7+1 —(—=1)*3*1 —7+7+2— 5+%0%4)+(5+3*4 +(-1)*7*2+5*7+8 — (-1)*3*8 — 5%
Csoticmeo 8. Cymma TpOHM3BEICHUI DJIEMEHTOB KaKOTO- OO psifa OTMpeAeIuTeNs Ha aaredpandecKue
TOTIOJTHEHHSI COOTBETCTBYIOIINX JIEMEHTOB MapajuIeIbHOTO Psijia paBHA HYJIIO.

Tak, Hanipumep, a11421 + a12422 + a13423 =0

BOITPOCHI AJ1s1 CAMOITPOBEPKH
1. ChopmynupyiiTe npaBUiIo BEIYUCICHHS OIIPEACIUTENSI BTOPOTO HOPSIKA.
2. CdopmynupyiiTe npaBuiia BBIYUCICHUS ONPEACTUTENS TPETHEro MOPsIKa.
3. Tlepeuncnure CBOKWCTBA OMPEICTUTEICH.
4. JlaiiTe ornpeneieHre MUHOPAa HEKOTOPOTO AJIEMEHTA OINPEIETUTEIS.
5

JlaiiTe onpesenenne anreOpandecKoro JOTOTHEHHUS JIEMEHTA OTIPEICTUTES.
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Jlexnus Ne 3. Haxoskaenue oOpaTHoOil MaTpHUIbI.

OcHOBHbIE NOHATHS.

Ilycts A — KBagpaTHas MaTpULA 71-TO TOPAIKA

11 a12 e al n

A=lBn B o &y

a;, a, .. a,

KBanparnas marpuiia A Ha3bIBaeTCS HEGbIPOHCOeHHOU, eciu onpenenutenbA = det A He paBeH
uymo: A = det A = 0. B mpotuBHOM citydae (A = 0) MaTpuia A Ha3bIBACTCS 8bIPOHCOCHHOU.

Martpuueit, coro3noit Kk mampuye A, Ha3bIBaeTCs MaTpuLa

All A21 Anl
By By e By
A= a12 a22 e anZ e s e T
ﬁ% }4% i 514znn
aln a2n ann

rae Ajj — anreOpanueckoe JOTOJHEHHUE 3JIEMEHTA @jjlaHHOM MaTpulibl A (OHO OMpeeNnseTcsl Tak Ke, Kak
1 anreOpandecKoe JOMOTHEHUE DJIEMEHTA ONIPEACITUTEIs).
Marpuna A HaswIBaeTCs 0Gpamuoii MaTpuIie A, el BHITOTHSETCS YCIOBHE
A*Al=Al*A=E,
rae E — equHnuBas MaTpuIa TOro e Mmopsjka, uto 1 mMatpuna A. Marpuna A umeer Te xe pasmepsl,

YTO M Matpuia A.
OopaTHast MmaTpuia.

Teopema 3.1. Beakas nesvipodicoenHas mampuya umeem 0Opamuyo.
[TpoBeném n0Ka3aTeNIbCTBO s Clydast MATPUIl 3-T0 mopsiaka. [Tycth
all a'12 a‘lS
A=la, a,, a,|npuuemdetA=0
a‘31 a‘32 a‘33

CocTaBuM COIO3HYIO MaTpHILY
Ay Ay A3

4
0y R

A23

1 HalIEM IPOU3BEACHUE MaTpull A U A

158



all a12 alS All AlZ Al3 all All +a12 A12+ a13 A13 all A31 +a12 A32+ a13 A33

AxAt=la, & 8| | Au Ay Ay

a31 a32 a33 A3l A32 A33

=

311ech MBI HCIIOJIL30BAIIN CBOMCTBA 7 U 8 OompeenuTesei.
AHanoru4HO yOexaaemcsi, 94To
A"* A=det A*E.
Pasenctna (3.2) u (3.3) nepenuinem B Bujie
A*(A"/detA)=E u (A" det A)* A=E.
CpaBHUBasI OJIYYCHHBIC Pe3ybTaThl ¢ onpeaencuuem (3.1), nomygaem

Al 1 An Ay Ay

A= garam-e. A= got p [P A, A
A13 A23 A3
OtmeTuM ceoticmea 0OpaTHOU MaTpPULIBI:
1. det (A1) =1/det A;
2. (A*B)y1=B1* A%
3. (AT = (AT,

2 3

Hpumep 3.1. Haiitu A, ecnim A= ( )
-1 1

Pemrenne: 1) Haxoaum det A: det A=| 2 3|:2+3:57EO
-1 1

-3

2) Haxoaum A Au=1 An=-3 Ap=- (-1) =1, A» = 2, nos1oMy A‘=(1 5 )

1 =3

3) Haxomum A™: A_lzi(1 ‘23)= % §

IIpoBepka:

A*A_lz(z 3)*(1/5 —3/5)=(2/5+3/5 —6/5+6/5)_(1 0)=E

-1 1/ \1/55 2/5 -1/5+1/5 3/5+2/5 /) \0 1

Ilpumep 3.2. Onpenenuthb, NIpU KaKMX 3HAUEHUSX O CYLIECTBYET MaTpuLla, oOpaTHas TaHHOM.

a, Ay +a,, A + Ay An o a,, Ay +ay, A + Ays Ay
Ay Aptag Aptag A 8y Ay tag Aptag Ay

A

det A

0
0

159

0

det
0



1 -2 2

A= 3 0
2 1 1
Peme+ne: Bcsncali HEBBIPOXKACHHAS MaTpulia uMeeT obparnyro. Haiiném onpenenurens MaTpuisl A:
1 -2 2
AA=a 3 0=3-0+2a-12-0+2a=4a-9
2 1 1

Ecmn 40— 9 =0, 1.e. o =9/4, o AA =0, T.c. MaTpuIia A HEBBIPOXKICHHASI, UMEET OOPATHYIO.

Ilpumep 3.3. lokazate, 4To MarpuIia A sBisieTcss o0patHoO# st B, ecm
111 3 -3 1

A=

i 3 é)’B=(13 > 12)

Pemenne: Haitném npoussenenue matuil A u B:
111 3 -3 1 3-3+1  -3+45-2 1-2+1 1 00

A*B=(1 3 é)* B 2 -12)=(§:@¢§ B350 l:é¢§)=é(@ b Q)=E

Ananornuno B * A = E. CnenoBatenbHo, MmaTpuiia A siBisieTcst oOpatHoi is B.

3.3.  Panr marpuibl (caMOCTOSITeJIbHOE U3yYeHHe)

Paccmotpum matpuily A pasmepa m X n.

a;, a, .. a,
a, &, .. 8
A=la, a, .. a,,
An, Ay, . Ay,

Boigenum B Heit k cTpok u k cTosionoB (x < min(m,n)). M3 351eMEHTOB, CTOSIIMX HA MEPECCUCHUU
BBIJICJICHHBIX CTPOK W CTOJIOIOB, COCTaBMM OIPEACIUTENb K-TO TOpsjaka. Bce Takue omnpenenutenu
HA3bIBAKOTCS MUHOpamu >mol mampuyvl. B marpuiie A TYHKTHPOM BBIICICH MHHOpP 2-TO TOPSJIKA.
(3ameTuM, 4TO TaKMX MHHOPOB MOXHO coctaButh C*, * C), mryk, rne C5, = n!/ / x!/(n — x)! — uucno
COYETAaHUH U3 71 HIIEMEHTOB IO K.)

HaubGonpmmii U3 mopsaKoB MUHOPOB JAaHHOW MaTPHIIBI, OTIWYHBIX OT HYJS, Ha3bIBACTCS PAH2OM
mampuywt. O603ua4aetcs r, r(A) wim rangA.

OueBuano, uto 0 <r < min(m;n), rae Min (M;N) — MeHbIIIEE U3 YUCEI M U N.

MuHOD, TOPSIIOK KOTOPOTO OMPEAEsIeT PaHl MaTPUIlbl, Ha3bIBAaeTCs Oa3HCHBIM. Y MAaTPHULBI MOXKET
OBbITh HECKOJIBKO 0a3MCHBIX MUHOPOB.
Ilpumep 3.4. HaiiTi paHr MaTpULbL:
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2 0 4 O

A=3 0 6 O

(1 0 -3 O)
Pemenune: Bce MuHOpPBI 3-T0 mopsiika paBHbI HyI0. ECTh MHHOD 2-T0O MOPSIIKA, OTIIMYHBIA OT HYJIA
=-15 #0. 3nauwur, r(A) = 2. ba3ucHbI MHHOP CTOUT HA MEPECCYCHUU 2 U 3
1-3
ctpoku ¢ 1 u 3 ctonbmamu.
OT™meruM ceoiicmea panza mampuybi:

1. Tlpu TpaHCHOHMPOBAHUU MATPHULIBI €€ PAHT HE MEHSETCS.

2. Ecnum BBIYEpKHYTH U3 MATPHUIIBI HYJIEBOU PsiJI, TO PAHT MAaTPUIBI HE H3MEHHUTCS.

3. Panr maTpuipl He U3MEHSETCS TIPU AIIEMEHTAPHBIX TPE0OPA30BAHUSIX MATPHUIIHL.

36

PaHr xkaHOHMYECKON MaTpPHIBI PABEH YMCIYy €AWHUI] Ha IVIABHOM auaroHanu. Ha 3ToM OCHOBaH OJMH U3

CIO0COOOB BBHIYMCIIEHUS PaHTa MATPHULBL.

Ilpumep 3.5. Haiitu panT MaTpuIs!

2 3 1 2
A=0 2 -1 1
4 0 5 1
WCIIOJIB3Ysl pe3yabTaThl mpumepa 1.4.
1 000
Pemrenue: B mpumepe 1.4 mokazano, uto A 10
0 oo @
Toects A (1 00 0)
0100

Takum oOpa3om, panr mMaTpuibl A paBeH r(A) = 2.
BOIIPOCHI JIs1 CAMOITPOBEPKHA
1. Kakas xkBajpaTHas MaTpulla Ha3bIBACTCSI HEBBIPOXKICHHOM (BBIPOKICHHOMN)?
Kaxkast MmaTpu1ia Ha3pIBaeTCst 0OpaTHON JaHHOM?

JIro6as 11 Matpuiia uMeeT oOpaTHyro?

[lepeuncnure cBONCTBA OOPATHOM MaTPHIIBI.

2
3
4. Kak nmpoBepuTh, MPaBUIBHO JIU HaliieHa oOpaTHas maTpuna’?
5
6. UYto Ha3pIBaeTCs pAaHIOM MaTpPHUIIbI?

7

[lepeuncnure cBOWCTBA paHra MaTPULIbI?
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Jlexuust Ne 4. CucreMbl THHEHBIX YPABHEHMI.

OcHOBHbIE NOHSATHSI.

Cucmemotl nuHelnbIX aneedpauyeckux ypaeHeHull, COACpXaiied m YpaBHCHHW W 7 HEH3BECTHBIX,

Ha3bIBACTCS CUCTEMA BUOA.
ay Xy +a, X, +...+a;, X,=b,

Ay Xy +8y Xo +...+ Ay X, =D,

A1 X+, Xo+ e By Xy =Dy,
rjae uncia aij , 1 = I,m , ] =1,n Ha3pBalOTCI KOA(DQUIIMEHTAMH CHCTEMBbI, Yncia Di — cBOOO HBIMU
wieHaMmu. [loanexxaT HaX0XKACHUIO YUCIIA X

Taxyro cuctemy yn00OHO 3aNuChIBaTh B KOMIIAKTHON Mampuunou popme A * X = B.

3nech A — matpuiia Ko3(pPHUIIMEHTOB CUCTEMBI, HA3bIBAEMAsI OCHOBHOU MAMPUYELL.

a,, 4, .. a;,

a22
_ _ aéi cee cee
A - A - aml am2 épnn

Xy

_ %
X= —B8eKmMop —cmonbey u3 Heu38eCmubix X
j

Xn

b,

b
B= ("2 |-sexmop—cmonbey uz ce0600nbix urenos b
j

by,
Ipoussenenne marpuir A * X onpeeeHo, Tak Kak B MaTpuiie A CTOJIOIOB CTOJIBKO XK€, CKOJIBKO CTPOK
B Marpuiie X (n mTyK).
Pacuupennoti MaTpuliel CHCTEMbI HAa3bIBAETCS MAaTpHLa A CHCTEMBI, JOMOJHEHHAS CTOJIOIOM

CBO6OI[HBIX YJICHOB

a, a, .. a, b
e a‘22 a2n
eulenuem cucmemsl HAZBLIBAETCA 71 3HAUEHUU HEU3BECTHBIX X1 =¢C, X2 =¢C2, ..., Xn = Cn, IIpHU

MOACTAaHOBKE KOTOPBIX BCC YPAaBHCHUS CUCTCMBbI 06pamanTc51 B BCpHBIMU pPAaBCHCTBA. Bceskoe PCHICHUC

CHUCTCMBI MOXXHO 3a11iMCaTh B BUC ManI/ILIBI-CTOHGI_Ia
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Cucrtema ypaBHEHHII HAa3bIBACTCS COBMECHMHOI, €CIH OHA HWMEET XOTs Obl OJHO peIICHHE, U
HecoeMecmuMOll, €CIT OHA He UMEET HU OJTHOTO PEUICHHUS.

CoBMecTHasi cHcTeMa Ha3bIBACTCA ONpeOeléHHOU, €CIM OHAa HMMEET eIWHCTBEHHOE peIICHHEe, |
HeonpeoenénHoll, eClIi OHA UMeeT OoJiee OHOTrO pemeHus. B mocnenHem ciydae kaxaoe €€ perieHue
Ha3bIBACTCS YacMHbIM peuteHuem cucTeMbl. COBOKYITHOCTh BCEX YAaCTHBIX PEIICHUI HA3bIBACTCS 0OWUM
peuieHuem.

Pewumv cucmemy — 5TO 3HAYUT BBIICHUTH, COBMECTHAa OHA WJIM HecoBMecTHa. Ecmm cucrema
COBMECTHA, HATH e€ 00IIee pereHue.

JIBe cucTeMBbl Ha3bIBAIOTCS IKEUBANEHMHbIMYU (PAaBHOCHIBHBIMH), €CIIM OHH MMEIOT OJHO U TO XKe
obmiee perienne. J[pyrumMu ClIoBaMH, CHCTEMbI SKBHBAJICHTHBI, €CIM KaKJI0€ PEIICHUE OJHOW W3 HUX
SIBJISIETCS] PEIICHUEM JIPYroi, 1 Ha00OpOT.

OKBHUBAJICHTHBIC CHUCTEMBI TIOJYYalOTCS, B YACTHOCTH, TIPU 2IEMEHMAPHLIX NPeoOpa308aHUsX
CHUCTCMBI ITPU YCIIOBHUH, YTO Hp606p330BaHI/ISI BBITIOJIHAKOTCA JIMIIb HAJL CTPOKAMU MaTpHUIIbI.

Cucrema TUHEWHBIX YpaBHEHUN HA3BIBACTCS 0OHOPOOHOU, €CITH BCE CBOOOHBIC YWICHBI PAaBHBI HYJIIO:
Ay Xy + A, X+ ...+, X,=0
ami X1+ @mz X2+ ... amn Xn=0
OpHopoHas cucTeMa BCerjla COBMECTHA, Tak KakK X1 = x2 = ... = X, = 0 ABJIsSETCS pelIeHueM CHCTEMBI.

DTO pelieHre Ha3bIBACTCS H)/1e8bIM UITH MPUBUATIbHBIM.
Pemenne cucrem JIMHEHHBIX YPABHEHUI.

Teopema Kponekepa-Kanesasn:
[TycTh naHa MPOU3BOJIbHASL CHCTEMA /71 JIMHEHHBIX YPABHEHUH C 71 HEM3BECTHBIMH
Ay Xy +agp X+ ...+ ag, X,=by
Ay Xy +ay Xy +...+ Ay, X, =D,
A1 Xy Fago X+ oo 8 X, =0y,
VcuepripiBaromuii OTBET Ha BOTPOC O COBMECTUMOCTH JTOW CHCTEMBI HaéT meopema Kpownexepa-
Kanennu.
Teopema 4.1. Cucmema nuHeliHbIX aneeOpauieckux YpasHeHull COBMeCcmHa mo20a U MOJbKO moeod,
K020 pame pacuupeHHol Mampuybl CUCEMbl PAGeH PAHSY OCHOBHOU MAMPULbL.

[Tpumem e€ 6e3 noKa3aTeNbCTBA.
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[IpaBuiia MpakTUYECKOrO pa3bICKAHMS BCEX PELICHUN COBMECTHOM CUCTEMBI JIMHEHHBIX YPAaBHEHUI
BBITEKAIOT U3 CIEIYIOIIUX TEOPEM.
Teopema 4.2. Echu pane coemecmHoll cucmemvl pager 4uciy Heu3geCmHulx, mo cucmema umeem

eOUHCMBEHHOE peutenue.

Teopema 4.3. Ecu paHe COBMECMHOU CUCTNEMbl MEHbULE YUCTA Heus3BecniHvlXx, mo cucmema umeem

becuuciennoe MHONCECMBO peweHm?.

IIpaBuiio perieHUs1 MPOU3BOJILHON CHCTEMbI JTMHEHHBIX YPABHEHUI.

1. Haiitu panru ocHOBHOW M pacmmpeHHOW wmatpul cuctembl. Ecimu r(A) # r(A), To cucrema

HECOBMCCTHA.

2. Ecm r(A) = r(A) = r, cucrema coBMmecTHa. Haiitm kakoi-mmOo Oa3ucCHBIE MUHOp ToOpsiaka I

(HamoMUHaHUE: MHUHOD, MOPSAOK KOTOPOTO ONpEIENseT PaHI MaTpHIlbl, HAa3bIBAETCS OAa3HCHBIM).
B3sTe I ypaBHeHuil, u3 KOIPOUIMEHTOB KOTOPHIX COCTaBJieH Oa3MCHBI MHHOpP (OCTajbHBIE
ypaBHeHUs oTOpocuTh). HeusBectHble, k03()PUIMEHTH KOTOPBIX BXOAAT B Oa3UCHBIA MHHOD,

Ha3bIBAIOT 2/1a6HbIMYU U OCTABJIAIOT CJIEBA, & OCTAJIbHBIE 7 — FTHEU3BECTHBIX HA3bIBAIOT C80000HBIMU T

IIEPEHOCHT B IIPaBbl€ YaCTU YPAaBHEHUI.

3. Haiitu BbIpakeHUS TI1aBHBIX HEU3BECTHBIX Yepe3 cBoOoaHbIe. [lomydueHno oliee pemieHrne CUCTEMBI.

4, Hpm[aBaﬂ CB06OI[HI)IM HCU3BCCTHBIM IMPOM3BOJIBHBIC 3HAYCHHA, IIOJIYYHM COOTBCTCTBYIOLIUC

3HAQYCHMS TJIAaBHBIX HEW3BECTHBIX. Takum 06p330M MOJXHO HaWTH YacTHBIC peICHNA PICXOI[HOP'I

CHUCTEMBbI YpPaBHEHUHU.

Ilpumep 4.1. ViccnienoBaTh Ha COBMECTHOCTb CUCTEMY

X+y=1
{3x+3y:—2
a1 1 .+ (1 1 1 _ 11 1
Pemenue: A—(3 3),r(A)—1,A—(3 3 _2),r(A)—2(A—|3 _2|¢0)

Taxum obOpazom, r(A)#r(A), ciemoBareabHO, CUCTEMa HECOBMECTHA.

Ilpumep 4.2. Petuntsh cuctemy

X;=2 Xp + Xg + X,=1
X;=2 X, + X3+ X,=3

Pemrenue: I (A)#r(A)=2. Bepém /iBa EPBBIX YPABHEHUS:
{ X1—=2 Xo+ X3+ X4=1 { X3+ Xa=1-X1+2 X2

X, =2 X+ Xg=X,==1 |X; =X,==1-X,+2 X,

1-x,+2X 1 1 1-x,+2X
A=|i —11|=—2¢0,A1=|—1—>61++2>%2 C1|=2x-axe,A0={T S1X D |= -2
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CnenoBarenbHO, x3 = -x1 + 2x2 , x4 = 1 — oOmee pemenue. [lonoxus, Hanpumep, x1 = 0, x2 = 0, momyyaem

OJIHO M3 YacCTHBIX perneHuii: x1 = 0, x2 = 0, x3= 0, x4 = 1.
4.3. PemnieHue HeBbIPOKIEHHBIX JUHEHHBIX CHCTEM.

[IycTh nana cuctema n TMHEHHBIX YPAaBHEHUM C 77 HEU3BECTHBIMU
Ay Xy +agp X+ ...+ Ay, X,=by
Q1 Xg +8pp Xp + ...+ By Xy =,
An1 Xy +8pp Xo F .o @pp X =D,
Wy B MaTpU4HOi] popme A * X = B.

OcHoBHast MaTpujia A Takoi cuctemsl KBaapatHas. OnpeaennuTenb 3TOH MaTPULIbI

a, .. 4,
a, .. a,

Ha3BIBACTCS onpedenrumenem cucmemvl. ECIU ONpeneUTeIh CUCTEMBl OTIMYCH OT HYJSA, TO CHCTEMa

Ha3bIBACTCS HEBbIPONCOEHHOU.

Haiiném pemenne nanHo# cucteMbl ypaBHeHUH B ciydae A # 0.

YMHOXHB 00e yacTu ypasHeHus A * X = B cneBa Ha mMatpuiyy A, momyunm AT * A * X = A1 * B,

Iockomsky A1 * A=EuE*X=X,10 X=A1*B,.

OTpICKaHue perIeHust CUCTEMBI 10 hopmyiie (4.1) Ha3BIBAIOT MAMPUUHBIM CHOCOOOM PEIICHUSI CHCTEMBI.

MartpuvHoe paBeHCTBO (4.1) 3anuieM B BUC
Xl a'll a‘21 te a‘n 1 bl

EYP .
Rl=t82 B2 o Ge|b

nn njy

X,  (@ubi+azbf | +fan bn)/ A
TO €CTh *a|= ( %E’bj’fa%?gj+-_-__++aa§nk?yn§)/ ﬁ
Orcropa\cngmyer, 4ro
x1= (Aub1 + Aoiby + .. +A4,0,) 1A,

Xn = (A]nb1+ Aznbz + ...+ Annbn) IA.

Ho A11b1 + A2ibo + ... + A,;b1 ecTh pasnoskenue onpenenurens
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10 3JeMEHTaM TepBoro croidoua. Onpeaenutens A1 MOTy4aeTCsl U3 ONpPEACTHTENs] A IMyTéM 3aMeHBI
MepPBOTro cToJIONA KO3(PPHUIIMEHTOB CTOIOIOM U3 CBOOOHBIX WICHOB.

Urak, x1 = A1/ A.

Ananornyno: x2 = A2 / A, riae A2 nonydeH u3 A nyréM 3aMeHbl BTOPOro cTojbia KodpQuiueHToB
CTOIOIIOM U3 CBOOOIHBIX YWIECHOB; X3 = A3/ A, ..., xn =An/A.

Dopmynsl xi=AilA 1=1n

Ha3bIBatOTCA popmynamu Kpamepa.

I/ITaK, HCBBIPOXKACHHAA CHUCTEMA 7 JIMHENHBIX ypaBHeHI/Iﬁ C n HCU3BCCTHBIMH HMCCT CAUHCTBCHHOC
pereHue, KOTopoe MOXKET ObITh HalJAeHO MAaTpudHbIM criocoboom (4.1) mmbo mo dopmymnam Kpamepa

(4.2).

2 X;=%,=0

Ilpumep 4.3. Pemnth cuctemy {X +3 x.=7
1 27

2 -1
PemeHne:A=| |=7¢0,A o 1 20
1 3
7 14
7:1,)(2: 7 :2

BOIIPOCHI U1 CAMOITPOBEPKHU

l=é|7 3|=7,Az=|1 7|:14¢'

X
3HauuT, 1=

Kaxoit Bu nMeeT cucteMa JTUHEHHBIX alreOpandyecKux ypaBHEeHUN?

Kak 3anmcarh cuctemy JIMHEHHBIX aJIreOpandecKuX ypaBHEHU B MaTpUIHOU popme?
Cdhopmynupyiite Teopemy Kponekepa-Kamnemnu.

Kakas cucrema ypaBHeHU HA3bIBAETCSI COBMECTHON (HECOBMECTHOI)?

UTo 3HAYUT PEUIUTh CUCTEMY JIMHEWHBIX allreOpandyeckux ypaBHEHH?

o g~ w N PF

CoopmynupyiiTe npaBuia pelieHHs MPOU3BOJBHONM CHCTEMbl JHMHEHHBIX alreOpandeckux
YpaBHEHUM.
7. Cdopmynupyiite mpaBuia peeHus CUCTEM C TOMOIIBI0 00OpaTHON MaTPUILIBL.

8. Cdopmynupyiite mpaBuiia pelieHusi CUCTEM MeTo10M onpeaenutens (popmynsl Kpamepa).
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Jlexuua Ne 5. [IpsiMmasi IMHEA HA NJIOCKOCTH.

B 3TOM NEKUUN Mbl MPUCTYNAEM K PaCCMOTPEHMUIO aHAIUTUYECKON FEOMETPUM, KOTOPAs U3yvaeT CBOICTBA
reomeTpuyeckux puryp cpeacrtsamm anrebpbl Ha OCHOBE MeToAa KOopAMHaT. [JaHHbIN MeToa No3BoNsET
KarK0M TOUKe NAOCKOCTM NOCTaBUTb B COOTBETCTBME YNOPALOYEHHYIO TPOMKY Yncen. OCHOBHbIM
WHCTPYMEHTOM METOLa KOOPAMHAT CAYXKMUT CUCTEMA KOOpAMHAT. B 3TOM nekumm mol byaem paccmaTpmsaTthb
TO/IbKO NPAMOYTO/IbHYIO, N AlEKAPTOBY, CUCTEMY KOOPAMHAT. PaccmoTprm, Kak MOXKHO 3aaTb NPOCTENLLYIO
durypy — npAMyLo Ha NAOCKOCTMU.

5.1. YpaBHeHue npsAAMoi HA MJIOCKOCTH.

Onpenenenue. JIro6as npsimasi Ha MIIOCKOCTH MOXET ObITh 3a7jaHa YpaBHEHUEM IIEPBOT0 MOPSIKa
Ax+By+C=0,

IIpHYeM MOCTOSHHBIE A, B He paBHBI HymIO 0JHOBpeMeHHO, T.e. A’ + B2 0. DTo ypaBHEHHE NEpBOTO
MOPSIJIKA HA3BIBAIOT OOIIUM ypaBHEHUEM MPSIMOIA.
B 3aBMCMMOCTM OT 3HaUEHMI1 NOCTOAHHDBIX A,B 1 C BO3MOMKHbI C/1eAyIoLMe YacTHbIE CyHau:
- C=0,A00,B0OO0 - npsmas mpoxXoauT Yepe3 Ha4aaI0 KOOPJAUHAT
- A=0,BO0,COO0{By+ C =0} npsmas napamieapHa ocu Ox
- B=0,A00,COO0{Ax+C =0} - npsmas napamiensta ocu Oy
- B=C=0, A0OO-mnpamas coBmamgaet ¢ ocsto Oy
- A=C=0,B0O0-mnpamas coBmamaet ¢ ockto OX

YpaBHeHme FlpFIMOﬁ MOXKET bbITb npeacraBneHo B Ppa3/IMdMHOM BUAE B 3aBUCUMOCTU OT KaKUX - nmnbo 3a4aHHbIX
Ha4a/ibHbIX YCI'IOBMl\;I.

5.2. YpaBHeHUe NPAMOIi N0 TOYKe U BEKTOPY HOPMAJIH.

Onpenenenue. B nekapToBoii MpsSMOYroabHOM CUCTeME KOOPAMHAT BEKTOp ¢ KoMrmoHeHTamu (A, B)
MePIeHIUKYISPEH MPSMOH , 3a1aHHO# ypaBHeHHeM AX + By + C = 0.
IMpumep. Haiitu ypaBHeHHe psMOU, poxosiiei yepe3 Touky A(l, 2) mepneHauKyIsspHO BEKTOPY
(3, -1).

Coctasum npun A =3 n B = -1 ypaBHeHue npamoii: 3x —y + C = 0. lna HaxoxgeHua koaddpuumneHta C nogctaBum
B NOJIy4EHHOE BblparKeHMEe KOOpAMHaTbl 3a4aHHOM TOYKM A.

[Momyuaem: 3 — 2 + C =0, cnegoBarensHo C = -1.

Wtoro: uckomoe ypapaenue: 3x —y—1=0.

5.3. YpaBHeHue NpSAMONi, NpoXoasileil yepe3 ABe TOYKH.
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ITycth Ha mIO0CKOCTH 3a7aHbl 1Be TOYkH Mi(X1, Y1) 1 Ma(X2, ¥2), TOora ypaBHEHHE HPSIMOI,
MPOXOSIICH Yepe3 ITU TOUYKH:
X=X; =¥ %

X =X y -V
2 1 2 1

Ecnu Kakon- (b0 U3 3HameHaTeNen paBeH HyO, CeayeT NPUPABHATb HY/10 COOTBETCTBYIOLNIA YACUTESTb.

3anucaHHoe Bbllle ypaBHEHWE NPAMOW ynpoLaeTcs:

Yoo V1
Y=¥Yi= ——x-x,)
X,—X
2 ™1
ecan X1 0 x2 M X = X1, ecluxy = Xo.
Yom Y1
HpoOb X27X1 = K naseiBaetcs YIJI0BBIM KO3 GUIHEHTOM IIPSIMOIL.

IIpumep. Haiitu ypaBHeHnue npsmoi, npoxoasuieii uepe3 Touku A(1, 2) u B(3, 4).

[IpuMensist 3anMcanHyto BbIIe GopmMymy, MOTydaeM:

4-2
y-2=""(x-1)
3-1
y-2=x-1
X=-y+1=0

5.4. YpaBHeHHe NPSIMOM MO TOYKeE U YIJI0BOMY KO3 (pPULMEHTY.

Ecnu obmiee ypaBuenue npsimoit Ax + By + C = 0 mpuBecTH K BU1Y:

A C
y=- " x-
B B
“Bak; —C=b; mee. y=kx+b
1 0003HAYUTH B B y TO TIIOJIYYCHHOC YPAaBHCHUC HAa3bIBACTCA

ypaBHeHHEeM NPSIMOii ¢ YIJI0BbIM Ko3(ppuuuentom K.

5.5. YpaBHeHHne NpsAMOii 10 TOYKe M HANPABJISIOIEMY BEKTOpY.

o ananornym ¢ MyHKTOM, pacCMaTPUBAOLINM YpaBHEHHE MPSIMOH Yepe3 BEKTOP HOPMATIM MOKHO BBECTH 3aJJaHUE MPSMOH

Yyepe3 TOUKY U HANpaBJISIOLIUN BEKTOP NPSMOM.

Onpenenenue. Kaxnapiii HenyneBoir Bekrop ¢ (a1, a2), KOMIIOHEHTHI KOTOPOTO YIIOBJIETBOPSIOT
ycnoBuio Aai + Baz = 0 HazpIBaeTCsl HANIPABIISAIOUIMM BEKTOPOM MPSIMOi

Ax+By+C=0.
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IIpumep. Haiitu ypaBHEHME IPSIMOM C HANPABIISIOIIMM BEKTOPOM a (1, -1) u npoxoxsuiei yepes
Touky A(1, 2).
YpaBHEHHE UCKOMOM TIpsiMoii OyzieM uckath B Buze: AX + By + C = 0. B cooTBeTcTBHH €
ornpeneneHueM, Ko3pPpUuuueHTs! JOIKHBI YA0BIETBOPSTH YCIOBUAM:
10A +(-1)0B =0, T.e. A=B.
Torna ypaBuenue npsimoit umeet Bua: Ax + Ay + C =0, mmu x + y+ C/A=0.
npu X = 1, y = 2 momyqaem C/A = -3, T.e. ICKOMOE ypaBHEHHE:

x+y-3=0
5.6. YpaBHeHue NpsIMOii B OTpe3Kax.

Ecmu B o0mem ypaBHeHun npsimoid Ax + By + C = 0 CO 0O, To, pasnenuB Ha —C, TOTyYIHM:

4 B
- x-"y=1
C C NN
Xy
+ =1
a b , TIe
a=—g; b=—Q
A B

['eomeTpuueckuii cMbICT KO3PGUIIMEHTOB B TOM, YTO KOADOUIIMEHT a SBISICTCS KOOPAUHATONW TOUYKU
nepeceueHus mpsamoii ¢ ockio Ox, a b — koopanHaTo# TOUKH MepecedeHus mpsamoii ¢ ocbio Oy.
IIpumep. 3amano obmiee ypaBHeHue mpsimor X — y + 1 = 0. Halitu ypaBHeHHe 3TO# mpsiMOl B

OTpEC3Kax.

, a=-1 b=1.

5.7. HopmasnbHoe ypaBHeHHe NPSIMOIA.

Ecnmu o6e ywactu ypaBHeHuss Ax + By + C = 0 pa3aenuTh Ha 4HCIIO A2+ Bz , KOoTOpoe
Ha3bIBA€TCs HOPMHUPYIOLIEM MHOKHUTEIEM, TO ITOJTYyIUM
XCose +ysing -p=0-
HOpMAaJIbHOE ypaBHEHHUE MPSMOM.
3Hak 0 HopmUpyloLLEero MHOXMUTENA HaAo BbIbMpPaTb TaK, uTobbl OOC < 0.

p — JUIMHA NEepIEeHIMKYIApa, OMYIIEHHOTO U3 Hayajla KOOpAWHAT Ha MPSAMYIO, a ¢ - yroJi, 00pa30BaHHbBIN

OTUM IECPIICHAUKYIAPOM C MOJIOKUTCIIbHBIM HAIIPABJIICHUCM OCH Ox.
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Ipumep. ano obuiee ypaBHeHue npsimoit 12x — Sy — 65 = 0. TpeOyercst HanncaTh pa3Iu4HbIC THUIIBI

YPaBHEHUH 3TOU NPSIMOH.

2.5,

65 65
2 4 =1

YPaBHEHHUE 3TOU IPSIMOM B OTPE3KaX: (65/12) (-13)

ypaBHEHUE TOM MPSIMOM C yrioBbIM K03 duireHToM: (1enum Ha 5)

y=1—2 x—® 12 x-13.
5 5 5
HOPMAJIBHOE YPAaBHEHHE MPSIMOM:
ﬂz—l =_1 1_2)6—_5 y-=5=0
\/122+(—5)2 13 13 13 ; cose = 12/13; sing = -5/13; p = 5.

Crnemyer OTMETHTh, YTO HE KaXKIYIO MPSMYI0 MOHO TPEJCTaBUTHh ypaBHEHUEM B OTpPE3Kax,
HaIpuMep, MPsSMbIE, TapaJlIeIbHBIC OCSAM HIIA TIPOXOISIINE Yepe3 Hauallo KOOPIUHAT.
IMpumep. [Ipsmas oTcekaeT Ha KOOPAMHATHBIX OCSX PaBHBIC TOJIOKHUTEIBbHBIE oTpe3ku. COCTaBHTH
ypaBHEHHeE TPAMOif, €CIM TIOMA b TPEYTOIBHNKA, 0OPa30BAHHOTO STHMH OTPE3KaMH paBHA 8 cM>.
Xy
y + =1
VpaBHeHue npsAMoOi uMeer Bua: a b , a=b=1;, ab/2=8§; a=4; -4
a = -4 He MOAXOIUT MO YCIOBHIO 33Ja4H.
Xy
+ =1
Hroro: 4 4 nwmx +y—4=0.
Ipumep. CoctaBuTh ypaBHCHHE MIPSIMO#, TPOXOIAIIeH depe3 Touky A(-2, -3) ¥ Ha4aja0 KOOPAUHAT.
X_X]_ =Y- y]_
xX—=%x Y=y
VYpaBHeHHE NPSIMON UMEET BU/I: 2 1 2 1 ,taex1=y1=0; X2=-2;y>=-3.

x=0 __y-0. X __y.
-2-0 -3-0" -2 -3’

3x-2y=0.

st camocToATeIbHOro0 pemieHusi: CoOCTaBUTh ypaBHEHUS MPSAMBIX, MPOXOIALINX Uyepe3 TOUKy M(-
3, -4) ¥ mapannenbHbIX 0CSIM KOOPAMHAT.

OtBer: {X+3=0; y+4=0}

5.8. ¥YroJ1 Mexkay NpssMbIMH Ha MJIOCKOCTH.

Onpenenenue. Eciau 3amanst a8e npsambie Y = KiX + by, y = KoxX + by, To ocTpblit yron Mexay sTUMu

MpsAMBIMHA 6y,I[CT ONpCHACIIATHCA KaK

k2_k1|

1+k K,

tg a=I
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JIBe npsiMble napajuiejbHbl, ecan K1 = Ko.
JIBe mpsiMble MepHeHIuKyIsApHbI, ecan K = -1/ko.
Teopema.llpamwvie Ax + By + C = 0 u Aix + Biy + C1 = 0 napannenvuvl, ko20a nponopyuoHatbHul

koagppuyuenmor A1 = 04, B1=0OB. Eciu ewe u C1 = OC, mo npsmvie cognaoaiom.

KoopaunaTtsl TOYKH nepecevyeHus ABYX NPSIMBIX HAXOAATCSA KaK pelleHHe CHCTEeMbI ABYX YPaBHEHMIA.

5.9. YpaBHeHue npsiMoii, mpoxojasieii yepe3 TaHHYI0 TOUYKY NepHeHANKYISAPHO JaHHOM
NPsAMOii.

Onpenenenue. [Ipsmast, mpoxoxasiias yepe3 Touky Mi(X1, y1) ¥ NepHCHIUKYISpHAs K IPsAMOi y = KX

+ b mpezcTaBnsieTcss ypaBHEHHUEM:

1
Yy=Yi=- K (X_Xl)

5.10. PaccTosinne OT TOYKH 10 MPSAMOM.

Ecnu 3a0ana mouxa M(xo, yo), mo paccmosnue 0o npsamoi Ax + By + C =0 onpedensiemcs kax
|AX, + By, +ClI
V AL B
Ipumep. OnpenenuTs yroa MeXIy NpsAMbIMA: Y = -3X + 7; Y =2X + 1.
12-(-3) |=1
——3)2
Ki=-3; ko=2 tgp = ;@ =uld.

IIpumep. Ilokazate, uto npsimeie 3x — Sy + 7 =0 u 10x + 6y — 3 = 0 nepneHANKYISAPHBI.

Haxomum: k1 = 3/5, k2 =-5/3, kiks = -1, ciienoBarenbHo, IpsMbIe MEPIEHAUKYISIPHBL.
Ipumep. Jausr Bepmuasl Tpeyroasuuka A(0; 1), B(6; 5), C(12; -1). Haiitu ypaBHEHHE BBICOTHI,
npoBeaeHHON U3 BepuiuHbl C.

x=0_y-1.

Haxonum ypaBHeHue ctoponsl AB: 6- 5-1°

y=Zx+L

2x -3y +3=0; 3

-y-1
4 4x=6y-6

o IX

HckoMoe ypaBHeHHE BBICOTHI MMeeT BUa: Ax + By + C =0 umu y = kx + b.

_3 3 X+b
k = 2  Tormay = 2 . T.x. BBIcOTa MpoXoauT 4epe3 Touky C, TO ee KOOpAMHATHI
~1=-3124p, y=—3 x+17
YJIOBJIETBOPSIOT IJAHHOMY yPaBHEHHMIO: 2 oTkyma b = 17. Uroro: 2

Otser: 3x +2y—34 =0.
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JIJ1s1 caMOCTOSITEILHOTO perenus: /laHbl CTOPOHBI TPEyroJibHUKa X +y — 6 = 0,
3X—5y+ 15 =0, 5x — 3y — 14 = 0. CocTaBUTh ypaBHEHUS €r0 BHICOT.

VYka3anue: CHavaja ClieyeT HalTH KOOPAMHATHI BEPIIWH TPEYroJbHHKA, KAK TOUYEK MEpPeceUCHUs
CTOPOH, 3aTE€M BOCIIOJIb30BAThCSA METOIOM, PACCMOTPSHHOM B MPEIBIIYIIEM ITPUMEPE.

Oter: { X—y=0;5x+ 3y—26 =0; 3x + 5y — 26 = 0}.
BOITPOCHI J1Jis1 CAMOITPOBEPKHA

1. /[aiite onpeneneHue ypaBHEHUS JIMHUN Ha IUIOCKOCTH.

2. Hammmute o01iee ypaBHEHHE MPSMOT.

3. VYkaxuTe pasiauyHble CIy4ad TOJIOKEHHS TIPSAMOM OTHOCHUTENFHO OCeHd KOOpJAWHAT H
COOTBETCTBYIOIINE UM YPaBHEHUS.

4. Kak nmpoBepuTh, JIEKUT JIU JaHHAsI TOYKA Ha JAaHHOU MpsMoii?

5. UYTto Ha3bIBaeTCs YriioM HaKJIOHA MPSIMOM?

6. UYro HazpIBaeTCs YTIOBBIM KOAPPHUIIMEHTOM IPSIMOiA, KAKOB €0 T€OMETPHUECKUI CMBICIT?

7. UYemy paBeH yrioBoi ko3hGUIMeHT npsMoii, napauieasbHo ocu OX?

8. HanmmuTe ypaBHeHHE TIPSIMO¥, IPOXOIAIICH Yepe3 JaHHYIO TOUKY B JAHHOM HaIpaBJICHUH.

9. Hamumure ypaBHEHHE MPSIMOM, MTPOXOSIICH Uyepe3 ABE JaHHBIC TOYKH, OOIee ypaBHEHUE

MPSMOI.
10. Hanmummure dhopMyily TaHT€HCA YIIa MEXKTY IBYMS MPSMBIMHU.
11. Chopmynupyiite yciaoBHs NapaICTbHOCTH U TIEPIICHINKYISIPHOCTH ABYX HPSMBIX.
12. Kak onpeienuTth TOYKY ePECCUCHHS IBYX MPSIMbBIX?
13. B 4eM COCTOUT reOMETPUIECKUI CMBICIT HEPABEHCTBA MIEPBOM CTETICHH C JIBYMSI HEU3BECTHBIMU?
14. B 4yeM COCTOUT T€OMETPHUYECKHI CMBICI CHCTEMbI HEPAaBEHCTB IEPBOM CTETNICHU C JABYMsI

HEU3BECTHBIMU?
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Jlexnus Ne 6. KpuBbie BToporo nopsiaka.

KpuBasi BTOPOro nNopsiZika MOXeT OBITH 3aZlaHa ypaBHEHHEM

Ax? + 2Bxy + Cy? + 2Dx + 2Ey + F = 0.

CyuiecTByeT cucTema KoopamHar (He 06a3aTeNlbHO AeKapToBa NPAMOYToJ/ibHas), B KOTOPOM JaHHOE YpaBHEHUE
MOKeT 6bITb NPeACTaBeHO B OAHOM U3 BUAOB, MPUBEAEHHbIX HUXKE.

XY
ot b2 -
1) @ - YpaBHECHHE JJLTUTICA.
XY _
2t 2~
2) @ b - YpaBHEHHUE “MHUMOTO” JUIHIICA.
2 2
XY,
2 w2
a“ b

3)

4) a’x? — Czy2 = 0 — ypaBHEHHE JIBYX MIEPECEKAFOIIUXCS TPSIMBIX.

- ypaBHEHHE TUTIEPOOIIBI.

5) y? = 2pX — ypaBHEHHe MapadoIIBL.

6) y?—a’=0- ypaBHeHHE ABYX MAPaIIETbHBIX MPIMBIX.

7) y?+ a? =0 — ypaBHeHHE ABYX “MHUMBIX" MAPAIIETbHBIX TIPAMBIX.
8) y?=0— mapa COBNAAIONINX NPIMBIX.

9) (x—a)?+ (y—b)?=R?— ypaBHeHHE OKPYKHOCTH.

6.1. OKpY:KHOCTD.

OHpe,ZLEJIEHI/Ie. Onpywcuocmbro HaA3bpIBae€TCAaA MHOIXKECTBO TOYEK

IIAOCKOCTH, pABHOYZAAaA€HHBIX OT ZaHHOH TOYKH (yeHmpa).

B oxpyxHOCTH (X - a)? + (y - b)2 = R2 meHTp HMeeT KOOpAHHATHI (a; b).

HpnMep. Haiitn KOOPAUHATBI ICHTPA U PAANYC OKPYKHOCTH, €CJIN €€ YPABHCHHUC 3a1aHO B BUJC:
2x2 + 2y —8x +5y -4 =0.

OnAa HaxoXXAeHnA KoopAMHAT LeHTpa 1 paanyca OKPYKHOCTU AaHHOe ypaBHeHune HEO6XOAMMO npmeBecTtu K
BMnAy, YKadaHHOMY Bblill€E B n.g. [na aToro BblaeiMm NoaHble KBaapaThbl:

X2+y?—4x+25y-2=0
X2 —4x +4 -4 +y*+25y+25/16 - 25/16 -2 =0
(Xx—2)2+ (y +5/4)>-25/16 -6 =0
(x—2)2+ (y + 5/4)?=121/16
Otcrona vaxoaum O(2; -5/4); R =11/4.
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6.2. Dummric.

Onpenenenue. Jriuncom Ha3bIBACTCA MHOKECTBO TOUEK INIOCKOCTH, CyMMa PAacCTOSIHUI KOTOPBIX 10
JIBYX JTAHHBIX TOYEK, HA3bIBAEMbIX (POKYCcamu, €CTh BETMUYMHA MIOCTOSTHHAS, paBHAs 2a.

YpaBHeHue anaunnca umeet BUA;:

Onpenenenue. @oxycamu Ha3bIBAIOTCS TaKUE JIBE TOUKU, CyMMa PAaCCTOSIHUM OT KOTOPBIX A0 JIF000H

TOYKH 3JIIIHMIICA €CTh ITIOCTOSIHHAsA BCJIIMYHNHA.

y

N\ M

N

-

F10F;

Fi, F2 — dokycer. F1=(c;0); Fo(-c; 0)
C — MMOJIOBUHA PACCTOSHHS MEX Ty HOKycaMu;
a — OoJIBIIIAs TTOTYOCH;
b — manas monyocs.
Teopema.@okycroe paccmosinue u NOIYOCU IIIUNCA CEAZAHBL COOMHOULEHUEM.
a?=h?+c%

I[OKaI}aTeJIbCTBO: B ci1ydac, €CJIM TOYKa M HaxXoaUuTCd Ha NMEPECCUCHUM SJIIUIICa C BCpTHKaHBHOﬁ

oceto, Il + I, = 2 \/bz + C2 (mo teopeme ITudaropa). B ciyuae, eciau Touka M HaxoAuTCs Ha
MIEPECeUCHUH JUIUIICA C TOPU3OHTAIBHOM OChIO, I'1 + 2 = a — C + a + C. T.K. 1o onpenaeneHuo cymma Iy
+ I, — MOCTOSIHHAS BEJIMYHMHA, TO , IPHPABHUBASL, TIOJTY4aeM:
a2 =Db?+ c?
r+r.=2a.
Onpenenenue. Dopma dUTHIICA ONIPEICIACTCS XaPAKTEPUCTHKOM, KOTOPast SIBJISICTCS OTHOLIICHUEM
(OKYCHOTO PacCTOSIHUS K OOJIBIICH OCH M Ha3bIBACTCS IKCHEHTPUCHTETOM.
E =c/a.
Tk.c<a,Toe<l.
Onpenenenne. Bennunna K = b/a naspiBaercs ko3 puimentom cxkatusi dutunca, a BenuunHa 1 — K
= (a —b)/a HaspIBaeTCS cKATHEM DIUIHIICA.
Koo (pUIHEnT c:kaThs 1 SKCIIEHTPUCHTET CBA3aHbI cOOTHOmeHneM: k2 = 1 — e,

Ecima=b (c=0, e =0, pokychl cCIUBAIOTCS), TO JIJIHIIC MPEBPALIAETCS B OKPY’KHOCTb.
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2 2

N
Ecnu nns Touku M(X , y ) BBIIIOJIHSIETCS YCIOBHE: g2 2 , TO OHA HAXOJIUTCSl BHYTPH 3JUIMIICA,
1 1
2 2
4N
5 +—2 >1
accu @ b , TO TOUKA HaXOJUTCsI BHE 3JUIUIICA.

C >JuMTIcOM CBSI3aHBI JBE NPSMBIC, Ha3bIBaEMbIC TUPEKTPUcAMU. VIX ypaBHEHHS:
X =ale; x =-ale.

Teopema./[11 moeo, umobvl mouxa nedxcaia Ha SAAunce, HeoOX00UMO U OOCMAMOYHO, YMOObL
OmHOWeEeHUe paccmoanus 00 oxKyca K paccmosHuio 00 COOmeemcmeayowel OUpeKmpucsl pagHsIOCh
IKCYeHmpucumemy e.

IIpumep. CocraBuTh ypaBHEHHE HPSIMON, MPOXOIALIEH uyepe3 JeBbld (OKYC U HUKHIOIO BEPIINHY

X2y

% 151

IUIUTICA, 32]AHHOTO YPAaBHEHUEM:
1) Koopauuatel HWwkHe# BepumHbl: X = 0; y° = 16; y = -4.
2) KoopmuHaTs! neBoro doxyca: ¢ =a2—b>=25-16=9; ¢ =3; Fa(-3;0).
3) VYpaBHeHHE MPSIMOH, MPOXOASIICH Yepe3 ABE TOUKH:
X=0 _ u; X = M; 4x=-3y-12; 4x+3y+12=0
-3-0 0+4 -3 4
Ipumep. CocraButh ypaBHeHHUe 3jutuica, eciu ero ¢pokycsl F1(0; 0), F2(1; 1), 6onbliras ock paBHa 2.

X2 y2

AN A
2 2
VpaBHEHHE DIUTUIICA UMEET BUI: b . Pacctosinue mexny hokycamu:

; _
2c = \/(1_0) +(1-0) =12 , TaKUM 00pazoM, a2 — b = ¢? =

Ja®-c2=y1-1/2=y2/2.

0 YCIIOBHIO 2a = 2, ciefoBarenbio a =1, b =

2 2
X

+
Hroro: 12 1/2

6.3. T'unepbona.

Onpenenenue.I'mnep00s10ii Ha3bIBACTCI MHOMKECTBO TOYEK IUIOCKOCTH, A KOTOPBIX MOJIYJIb
Pa3HOCTH pPACCTOSIHMHA OT JBYX IAHHBIX TOYEK, HA3bIBa€MbIX (JOKyCaMM €CThb BEIMYHMHA ITOCTOSHHAf,
paBHas 2a, MEHbIIAs PACCTOSTHUS MeX 1y (hoKycamu.

ITo onpenenenuto Ir1 — r2l= 2a. F1, F2 — poxycer runepbossr. F1F2 = 2c.
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\ M(X, y)

r

= a F2

BriGepem Ha runep6oiie mpou3BosIbHYI0 TOUKY M(X, y). Torna:

r1=\/(x+c)2+ y2

r2=\/(x—c)2+ y?

\/(x+c)2+y \/(x—c)2+y2=2a
(x+C)*+ y2=4a2+4a\/(x—c)2+ y2+(X—C)*+y?
4ay(x—c)’+ ye=—4a2+4xc
a?( x-c)*+a? y2=a*-2 a% xc +x%c?
a2 x?-2a2xc +a’ c2+a’ y?=a*-2a’ xc +x2c?
a?x2+a’c’+a’? y2-at-x%?=0
~x2(c?-a2) +a%(c2-a?)+a? y2=0
XZ(CZ_aZ)_aZ y2=a2(c2_a2)

2

0003HAYUM C~ — 32 - b2 (l"eOMeTpI/I‘IGCKI/I 9Ta BCJIIMYMHA — MCHbIIIas HOJ'IYOCB)

a2 b2=b? x2-a? y?

X2 y2 )
a’ b’

1

[TonyunnukaHoHHYeCKOe ypaBHEHHE THIIEPO0JIbI.
I'unepOosia cMMMETpUYHA OTHOCUTEIBHO CEpEeIMHBI OTPE3Ka, COEAUHSAIONIET0 (POKYChl M OTHOCUTEIHHO
0Ce KOOpIAUHAT.

Ocsb 2a Ha3pIBaeTcs AeHCTBUTEIbHON OCHIO rUINIEep0oJIbI.

Ocb 2b Ha3bIBaeTCsi MHMMOIi 0CHIO THIIEPOOJIBI.
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=y

y=1" X.
['unepOosia UMEeT JJBE aCUMIITOTHI, YPAaBHEHHUSI KOTOPHIX a
C
e=_>1
Onpenenenue. OTHOLIEHME a

Ha3bIBACTCA IKCHCHTPUCUTETOM I‘I/IH€p6OJIBI, ric ¢ —

TIOJIOBUHA PACCTOSHUS MEX1y GOKycaMH, a — JIeiiCTBUTENIbHAS OTyOCh.
C y4eToMm TOTO, uTO ¢ — a2 = b?:

2 a2+bh? p?
2 C

e = :——

8.2
b_
a

= =\e?-1
Ecma=Db,e=

V2 , TO TuTnIep0O0Ia Ha3bIBACTCS PABHOOOYHOI (DPABHOCTOPOHHEIH).
Onpenenenue. JIBe npsiMble, TNEpHEHAUKYISPHbIE JEHCTBUTENBHONM OCH THOEpOOSBI U

PACIIOJIOKCHHBIE CUMMCTPHUYHO OTHOCHUTCIIBHO HEHTPA Ha paCCTOAHUHA ale or HET'0, HA3bIBAKOTCA

x=+2

AUpeKTpucamMu runepoossl. X ypaBHeHus: e

Teopema.Ecnu r — paccmosinue om npouszeonvrot mouku M eunepbonvl 0o kakoeo- 1ubo goxyca, d —
paccmosinue om motul dce MouKu 00 COOMEEmcmayouell 3mMomy QoKycy OupeKmpucsl, mo omuouleHue
r/d — seruuuna nocmosiHnas, pagnas SKCYeHmpucumenty.

Ipumep. Haiitu ypaBHEeHHE

runepoosbl, BepIIMHBL M (OKYChl KOTOpPOMl HaxodsTcs B

X2 Y2
COOTBETCTBYIOIIMX BEpUIMHAX U QoKycax sumnca 8 5

Jnst smmanca: €2 = a2 — b2,

Jlnst tunep6ossl: €2 = a2 + b2,

//// _

xz_)f
5

YpaBHeHHE THITEPOOIBL: 3

I
[EEN
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Ipumep. CocTaBUTh ypaBHEHHE TUIEPOONBI, €CIM €€ SKCUEHTPUCHTET paBeH 2, a (OKYCHI

X2y
—t—=
25 9 L

COBIIAIAIOT C (POKYCaMU 3JUTUIICA C YPAaBHEHUEM

Haxoaum ¢pokycHoe paccrosaue ¢2 = 25 — 9 = 16.

Jlnsrunep6oast: ¢2 = a2 + b? = 16, e=cla=2, c=2a; c?=4a% a’=4;
b?>=16-4=12.
X2 y?
T
Uroro: 4 12 - ICKOMO€ ypaBHEHHUE THIIEPOOJIbL.

6.4. ITapa6ouna.

Onpenenenne.llapadosioii  Ha3pIBa€TCS MHOMXKECTBO TOYEK IUIOCKOCTH, Kaxjaas W3

KOTOPBIX

HaXOJMTCSI HAa OJIMHAKOBOM PAacCTOSIHUU OT JAHHOM TOYKHU, Ha3bIBaeMOU (OKycOM, U OT JaHHOU MPSIMOH,

Ha3bIBAEMOU TUPEKTPUCOIN U HE TIPOXOIsIIel dyepe3 hoKyc.

Pacnosioxunm Hayano KOoOpAMHAT nocepegmHe mexay GOKyCcom U ANPEKTPUCOMN.

y

>
<

1(x,y)

Benuuuna p (paccrosiHue oT ¢okyca 10 IUPEKTPUCHI) HA3bIBACTCS MapaMeTpoM MapadoJibl.

BrIBeieM KaHOHUYECKOE ypaBHEHHE TapadOIIbI.
3 reometpuue¢kux cootHomeruii: AM = MF; AM =X + p/2;
MF? = y? + (x — p/2)?
(X +pl2)? =y + (x—pl2)?

X2 +Xp + P24 = y? + X2 — xp + p?l4

y? = 2px

VYpaBHEHUE TUPEKTPHUCHL: X = -p/2.

Tpumep. Ha napa6ose y* = 8X HaliTH TOUKyY, pacCTOSHUE KOTOPOil OT AUPEKTPHUCH PaBHO 4.
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M3 ypaBHeHUA napabonbl nosyyaem, yto p = 4.
I =X+ p/2 = 4; cnenoBaresbHO:
X =2; y-=16; y=04. Uckomsie Touku: M1(2; 4), M2(2; -4).
Ipumep. [Jana napabona y* = 6x. CocTaBUTh ypaBHEHHE €€ JUPEKTPHUCH U HaiiTH ee GoKyC.

CpaBHHBas JaHHOE YpaBHEHHE C KaHOHWYECKHM ypaBHEHHEM MapadoJbl, BUIUM, 4To 2p=6, p = 3.

Tak KaK ypaBHEHHC TUPEKTPHUCHI MMEET YpaBHECHHE X = — . a hOKyC — KOOPIHUHATHI P u0, To ansa
2 2
=3 3.
paccMaTpUBAEMOro Cliydast MOJTydHM YPaBHEHHE JUPEKTPUCHT X = u doxyc F( ;0.
2 2
=3 (3
Omeem.x = X F(2 ,O)

BOITPOCHI IJ1s1 CAMOITPOBEPKH

JlaiiTe onpeneneHne IMHUM BTOPOTO TOPSIAKA.

Kakwne nuHMM BTOPOTO MOPSAIKA BBl 3HAETE?

BriBenure ypasaenue okpy:xkHocTd ¢ meHtpoM B Touke C (1;2) u paguycom R=4.

Jaiite onpeneneHue IuIca.

Kaxkyro dhopmy nmeer ammurc? YKakuTe Ha pUCYHKE U HA30BUTE €r0 OCHOBHBIC DJIEMEHTHI.
Uto npeacraBisieT co00it IITUIIC, €CITU €0 MOJIYOCH PaBHBI?

JlaiiTe onpezenenue mapadoJIbl.

© N o g B~ w DR

Kaxyro ¢opMy umeeT napa6osia, onpeseisemMas ypaBHeHHeM Y =2 pX, uiu X°=2 gy? Kak Bausior

napameTpsl P u J Ha popMy mapaboIib1?

9. Yro mpexcrariser coboii Ha rpaduke B cucteme koopauHat OXYnuHUs, 3aJaHHasi ypaBHCHUEM
y=a x?+bx +c?

10. JTaiiTe onpeneneHrue runepOoIbl.

11. Kakyto popmy umeeT runepoosa? YKaKuTe Ha pUCYHKE M HA30BUTE €€ OCHOBHBIC 3JICMCHTHI.

12. HanmumuTe ypaBHEHUSI aCUMITOT rUepOOJIbL.

13. HamumuTe ypaBHEHHE PaBHOCTOPOHHEH THIEPOObI, aCUMITOTAMH  KOTOPOU SIBISIOTCS OCU
KOOpJMHAT.

14. TlpuBeauTe mMpuUMeEpPHl HCIOIH30BAHMS YPAaBHEHHMI JTUHHUI BTOPOTO TMOPSIKA IS HU3y4eHUS

KOHKPCTHBIX 3aBHCUMOCTEH.
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Jlekuus Ne 8. [lpenesn pyHkuuu.

I'IepelvteHHaﬂ nnpeaen —3To OCHOBHblE NOHATUA MaTEMATUYECKOIro aHa/in3a. ﬂ,OCTaTO‘-IHO HaNnOMHWTb, YTO
Kto4YeBbIM CZIOBOM B onpeaeneHmnAax Taknx n3BeCTHblX CO LLWKO/Ibl NMOHATUM KaK npon3soaHaA U UHTerpan
ABNAETCA CNOBO npeaen.

8.1. Ilpenen ¢pyHKUMHU B TOUKE.

y f(x)
A+¢ ! :
A 1
A-¢ i E

a - Oaa + Ox

[Tycts dynkuums f(x) onpeaeneHa B HEKQTOPOI OKPECTHOCTH TOYKH X = a (T.€. B caMO# TOUKE X = a
(YHKIIUS MOXKET OBITh M HE OTIpE/IeieHa)
Onpenenenne. Yucmo A nassiBaercs mpeaeaom dyuxmuu f(X) npu x—a, ecnu mist moboro £>0
cymecTByeT Takoe uncio 0>0, uto ams Bcex X Takux, 4To
0<Ix-al<l
BEPHO HEPABEHCTBO If(x) - Al<e.
To e onpegeneHne MoXeT BbiTb 3anNncaHo B APYrom BUAE:

Ecmu a - O<x<a + 0O, xOa, To BepHO HepaBeHCTBO A - £<f(X) <A + ¢.

limf(x)=A
3al’II/ICI> npeacia (I)YHKI_[I/II/I B TOUKC: X-a

lim f(x)=A;
Onpenenenue. Ecau f(X) — A1 npu X — a TOJNBKO OpU X<, TO  x-a-0 - Ha3bIBACTCS

npeaesom ¢dynkimu f(X) B Touke x = a caesa, a ecnu f(X) — A2 npu X — a TOJNBKO HPH X>3, TO

lim f(x)=A,
X - a+0 Ha3bpIBaeTcs nmpeaeaom ¢GyHkuuu f{(x) B Touke X = a cnpasa.
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f(x)

—_——

[IpuBeneHHOE BhIIIE ONpEEIICHNEe OTHOCUTCS K CIyHaro, koraa ¢pyHkius f{(X) He onpeneneHa B camoit

TOYKE X = a, HO OIpeieJieHa B HEKOTOPOH CKOJIb YIQIHO MAJIOW OKPECTHOCTH ATOH TOUKH.
IMpenensr A1 1 A2 Ha3BIBAIOTCS TAK)KE OHOCTOPOMHUMH mpeneiamu ¢yukinuu f(X) B Touke X = a.

Taxke roBopsT, 4To A — KOHe4HbIii npeaea pyHkuuu f(x).
8.2. [Ipenen pyHKIIMHU TPU CTPEMIICHUH apryMeHTa K OECKOHEYHOCTH.

Onpenenenne. Yucno A uassiBaercs mpeaejom ¢pyukuuu f(X) mpu x—0 , ecnu s ar000ro yucia

&>0 cymectByeT Takoe yucio M>0, uro /i Bcex X, |xI>M BbITIoIHSIETCS HEPABEHCTBO
IA-f(x)lee

ITpu sToM mpeanonaraercs, uro Gyukuus f(X) onpenenena B OKpeCTHOCTH OECKOHEYHOCTH.
limf(x)=A.

3amuCEIBAIOT; X-®

I'padmyeckn MOKHO MIPEICTABUTH:

y y

A A

0 0
X X
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y A
A A
0 0
X X
lim f(x)=A
AHAJIOTUYHO MOKHO ONPEETUTD MPEIAETbl X+ TSt Jiro6oro x>M u
lim f(x)=A
X =00 U1 1r060ro x<M.

8.3. OcHOBHBIE TeopeMbl 0 Mpeaeax.

limC=C
Teopema 1. x-a , rne C = const.

Crenyromie TeOpeMbl CIIpaBeIIMBEI IPpH mpeanoiaoxennn, uyro ¢pyuaknuu f(X) u g(X) umeror

KOHCYHBIC IIPEACIIbI ITPU X—4a.

lim(f (x)xg(x))=limf(x)xlimg(x)
Teopema 2. x-a x-a x-a

Jloka3zaTenbCTBO 3TOM TeOpEMBI OyIeT MPUBEACHO HUKE.

lim[f(x)-g(x)]=limf(x)-limg(x)

Teopema 3. x-a x—a X ~a

IimC-f(x)=C-limf(x)
CaencrBmue. x-—a x— a

limf(x

|imf(><):¢

x—a g(x) limg(x) limg(x)#0
Teopema 4. x-a opu  x-a

limf(x)=A

Teopema 5.Eciu f(X)>0 66ausu mouxux =au x-a , mo A>0.

Amnanorununo onpenensercs 3uak npeaena mpu f(X) <0, f(x) O 0, f(x) O 0.

limg(x)=limu(x)=A lim=A
Teopema 6.Ecau g(x) Of(x) Ou(X) e6nusu mouxku x = au  x-2 x-a ,mou x-a

Onpenenenne. Oynkiums f(X) Ha3piBaeTCs OorpaHMYeHHO# BOJIM3M TOYKH X = a, €CJIM CYIIECTBYET

takoe yrcio M>0, uro If(X)|<M BOMM3M TOUKH X = a.
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Teopema 7.Ecau ¢hynxyus f(X) umeem xoneunwiii npeden npu x—a, mo ona o2panuiena 6o1u3u moyxku

X =a.

Jloka3zarenbcrBo. [Iycth Ixi?;f(X):A , T.€. If(X)-Alee
F()1=1F (x)-A+ AI<IF ()- AL+,
If(x)lee+IAl .

If (x)leM

Teopema noka3zana.

, TOr1a

' tie M = ¢+ [Al

8.4. BeckoHeyHO MaJible QYHKIMH.

Onpenenenue. Oynkius f(X) HazpiBaeTCss 6€CKOHEYHO MaJIO# IPU X—a, TJI€ @ MOXKET ObITH YHCIIOM

limf(x)=0
nin ogHor u3 Benmnuud O, +0 wnu -0, em x—a

CaoiicTBa 0€CKOHEYHO MAJIBIX (DYHKIIUI:

1) Cymma (pUKCHPOBAHHOTO YHCIIa OECKOHEYHO MallbIX (QYHKIIUH MPH X—a TOXKe OECKOHEYHO Majas
GbyHKIIMS TpU X—a.

2) IlpousBencHre (HUKCHPOBAHHOTO YHCIa OECKOHEUHO MalbIX (QYHKIUH MPU X—a TOXKE OCCKOHEYHO
Majasi QyHKIIUS PU X—a.

3) IlpousBencHre OECKOHEUHO MajIoi QYHKIMK Ha (YHKIIHIO, OTPAHUYEHHYIO BOJIIM3H TOYKH X = a
SIBIISIETCSI OECKOHEYHO Majlol (PyHKIHEH MpH X—a.

4) YactHoe OT JeficHHUs OECKOHEYHO Majiol (YHKIMU Ha (YHKIIMIO, IPEAeT KOTOPOil He paBeH HYIIO

€CTh BEJIMYMHA OSCKOHEYHO Majas.

8.5. beckoHeuHO Go/ibIIMe GYHKIIUM H UX CBA3b ¢ 0€CKOHEYHO MAJILIMH.

Onpenenenue.OyHKIMSA Ha3bIBACTCA 0€CKOHEYHO 0OJIBIION MTPU X—a, TJIe a — YUCIIO WUJIM OJIHA U3

limf(x)=A
Bexuuund [, +1 wu -0 | en Xx-a , Tme A — auciio win oxHa u3 Bennyud O, +0 wium -0.

CBs3b O€CKOHEYHO OOJIBIINX U OECKOHEUHO MaNbIX (PYHKIMI OCYIIECTBISIETCS B COOTBETCTBHH CO
CIIEIYIOLIEN TEOPEMO.

Teopema.Ecau f(X)—0 npu x—a (eciu x—0 ) u ne obpawaemcs 6 nonv, mo

y:——>oo
f(x)

8.6. CpaBHeHHE OECKOHEYHO MaNbIX () yHKITHA.
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Nyctb a(x), p(x) n 0 (x) — beckoHeuHo manble dyHKUMM NpU X — a. byaem 0603Ha4aTh 3TM GyHKUMK @, p K |
COOTBETCTBEHHO. 3TN BECKOHEYHO Masible PYHKLUM MOKHO CpaBHMBATL NO HbicTpoTe ux ybbiBaHMA, T.€. NO
ObICTPOTE UX CTPEMNEHUSA K HYIHO.

Hanpuwmep, pynxius f(x) = x'° crpemurcs k Hymo 6sicTpee, yem pynkmus f(X) = X.
.0
lim = =0
Onpenenenune. Eciu X2 p , TO QYHKIMSA @ Ha3bIBAETCS 0ECKOHEYHO MaJIOi §0J1ee BHLICOKOIO

nopsAaKa, 4eM QyHKIUS p.

lim*=A, A#0, A=const
Omnpenesenue. Eciu v-af , TO @ ¥ P Ha3bIBAIOTCS 0€CKOHEYHO MAJIBIMU
OHOT'0 MOPAJKA.
lim %=1,
Onpenenenne. Eciu r-a f TO (YHKIIMHM @ U P Ha3bIBAIOTCS IKBUBAJEHTHBIMH 0€CKOHEYHO
MAaJIBIMH. 3aIlliChIBAIOT A ~ P.

Ipumep. Cpaanm 6eckonedno mansie mpu x—0 dpyaxmmm f(X) = X2 u f(x) = x.

o
limZ_—limx®=0
X—-a X X —a

1.¢. pynkms f(X) = x'° — 6eckoHeuno Manas Gonee BEICOKOTO Mopska, geM f(X) = X.

Onpenesnenue. beckoHeuno wanas GYHKIMA « Ha3bBaeTCs OECKOHEYHO MAaJIoil mopsiaka

. [¢4
lim—

k
koTHOCHTETEHO OECKOHEUHO MaJIOi (DyHKIIUH P, €CIIU Mpeaes -2 komeuen u oTIMHEH OT HYJIS.

OI[HaKO CJICAYET OTMCTUTH, YTO HEC BCE OECKOHEYHO MaJIbIe (byHKHI/II/I MOXHO CpaBHHUBATb MCKIY

a

co0oii. Hampumep, eciu oTHOIIIEHKE p HE UMeeT mpefiena, To (yHKIIMH HECPAaBHUMBI.

lim® =lim **H =1
Mpumep. Eciu  @=XSiNX, B=X 10 ppy x—0 X0 fron X , T.e. QyHKIUA Q -
OECKOHEYHO Majlas MOPAIKa 2 OTHOCUTEIHHO (DYHKIMH .
a=XSinl, B=X im
Ipumep. Eciu X , TO Tipu X—0 =08 ge CYIIECTBYET, T.e. QYHKUUS & U P

HECpAaBHUMBI.

CBoiicTBa 9KBUBAJICHTHBIX OECKO! HO MaJIbIX.

lim==1

a~a, (X*aa )
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2)Ecua~pup~l,toa~I, (“m%:lm(g_‘g)zl‘l:l)

: .1
jim £=lim £ =1
x-al
x->aOC ﬂ
3)Ecmma~p,10p ~Q,
1 a M a - - a
lim = =k lim =k lim #=lim _*
4) ECJII/Ia'“'alI/Ip"plI/I X-’ﬁﬂ , TOU x—»aﬁl WIN x—>aﬁ anﬁl
i a . . a
lim = =k lim ¢ =lim *
CuencrBue: a)ecnua ~ a1 U w-a p tou x-af x-af
. .0 o O
lim = =k lim = =lim—
0)ecnmup~piu x-a P | TO x-af  x-afBy

CBoICcTBO 4 0OCOBEHHO Ba)KHO Ha NPakKTuKe, T.K. OHO d)aKTVI‘-IECKVI O3Ha4aeT, yYTo npeaen oTHoweHuA
6eCcKoOHEYHO ManbiX HE MeHseTcs Npuv 3aMeHe X Ha 3KBUBAJIEHTHbIE 6eckoHeyHo manbie. IToT d)aKT Aaet
BO3MOXHOCTb NPU HaxoxXgeHnn npenenoB 3aMeHATb 6eCKOHEeYHO Ma/ible Ha SKBUBAJIEHTHbIE UM dDYHKLI,MM, 4yTO
MOXET CUIbHO yNPOCTUTb BbliNC/IEHME NMPEOENOB.
. tg5Xx
lim- 22X
Mpumep. Haiiti npegen  x-0SIN7 X
Tak kak tgbxX ~ 5X m Sin7xX ~ 7X mpu x — 0, To, 3aMeHMB (PYHKIMHM SKBHUBAJCHTHBIMH OCCKOHEYHO

MaJlbIMH, IMOJIYYHUM:

lim-92X _jim 32X _3
«-0SINTX 407X 7

3
lim__ X
Ipumep. Haiitu npegen  x-0 1-cosx
2 I X3 l X3 lim 2 0
im =lim =lim2 x=
. T-cos X =z
2sIn -0 0 X x-0
Tak kak 1 — COSX = 2 - ( 2) mpu x—0, T0 2
lim—2—im = =0 .

. 2 2
IMpumep. Haittu npenen x—0SIN X" x=0 X
Ecnu a u p - 6eckoHeuHO Mable IPU X—a, IPUYEM P - 0eCKOHEUHO Masiasi 0oJiee BBICOKOTO MOPSIIKa,

yeM a, TO O0=a+ p - OCCKOHEYHO Maliasgd, SKBHBAJICHTHasA «. OTO MOXKHO JA0Ka3aThb CIICAYIOIIUM

lim =Iim(1+£)=1
paBeHCcTBOM X2 O y-a a

Toraa roBopsIT, 4TO @ - rJIaBHAsA YacTh OeCKOHEUHO Manoi ¢pyHkuuu 0.

Mpumep. dynknus x +x — 6eckoHeyHo Manas pu X—0, X — I7aBHas YacTh 310l GpyHKuun. YToOb!

II0Ka3aTh 3TO, 3alIUIIEM O = X2, p =X, Torga
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Y XX
lim—=0, lim

x-0 x—0

=lim(x+1)=1

x—=0

8.7. HCKOTOpLIe 3aME€YaTEIbHBIC ITPEICIIBI.

P
fim o)

Q(X) = box™ + b1Xm-1 +...+bm - MHOTOUICHBI.

IlepBblii 3amMeuaTeabHBbIN NPeaeI. , rae P(X) = aox" + arx" +.. +ap,

a‘1 an a1 an
x”(a0+_+ +_) a+ “+..+
P(x) - X xno_ o 0 oy n
Q(x) b e
X™(b +_ '+ ...+ M) b+ 1+, . +_"
0 X Xm 0 X Xm
a +314, 4+
i 0 x X7 &
b — b— by
b0+_l+ +_ M
X XM
L
0, ) e
ol )
Hroro:
lim > =1
Bropoii 3aMeuaTesbHbIii npegea. x-0 X
X
Iim((1+l =e
Tpertuii 3amMeuaTeJIbHbIN Npegess. X

YacTto ecnm HenocpeacTBeHHOE HaxoXaAeHne npegena Kakol — nmbo (I)yHKLI,MM npeacraBnAeTcAa CN0XKHbIM, TO

MOXHO nyTem npeo6pa303aHMﬂ d)YHKLI,MM CBECTU 3a4a4y K HaXOXOEHUNIKO 3amMmedaTe/IbHbIX Npeaenos.

Kpome TPEX, N3NOXKEHHDbIX BbllWe, NpeaeioB MOXXHO 3anncatb chegyrowmne none3Hble Ha NpakTuke

COOTHOLWeHHA:
~In(1+x) Cax-1 C (1+x)"-1
lim =1; lim——=lna; Ilim— -n.
x—0 X x-0 X x— 0 X

IIpumep. Haittu npenen.

|Im_t9M =lim mx_m
n

x=0SINNX  y—g NX

ITpumep. Haittu npenen.

. tox—taxo .. sin(X—Xo) sin(X—Xo) . 1 1
lim =lim =lim lg lim—————=1. —
x=x, X —Xg x-x (X—X0) COSXCOSXo x-x  X— X, x-x, COS X COS Xo C0S2 X

0

1

=—2
C0S” X,
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IIpumep. Haittu npenen.

_%Lﬁin(n/ﬂf—x)

lim SINX=COSX _ lim = lim —sin(n(4—x)=_ 1
xor/4  T—4X X1/ n—4 X x—n/4 2V2(7/4=X) 242

IIpumep. Haittu npenen.

008X 00s(x2-Y) . siny !
i ==;ly=1/2-x;[x=1/2-y }; {=lim i -
H[/M-ZX -0 2y -0 Y 2
”n?[&aea;gHaﬁm mn.m y.|._4 " 4 y 4 4

-1 :Iim( :x-l'xﬁoo"{}:lim( ) :Iim(1+_)-lim(1+_):
» M1 y=x-1glx-ogl; i, im{L+, ]I

y 142 124 .
a[z=4}=llm(1+z) =(|{lm(1+z)) =g

lim X6 x+8

Mpumep. Haiitu npenen *-2 X -8 x+12
[LNA HaXOMAEHMA 3TOFO NPeAeNa PasNoXKUM Ha MHOXKUTENM YUCAUTENb U 3HAMEHaTe b AaHHOI APO6M.

X2 —6x+8=0: X2 —8x+12=0:

D=36-32=4; D =64 -48 =16;
X1=(6+2)/2=4; X1 = (8 +4)/2 =6;
X2=(6-2)2=2; X2 =(8-4)2=2;

Ilm _(X;z)_(x;4).=“m X_4 - 2_ 1
Torma Xx—2 (X=2)(x=6) y-2Xx-6 4 2

ITpumep. Haiitu npegen.

lim Vi+x+x2—V1—x+x2

2
x=0 X =X JOMHOXHUM YHUCIIUTCIIb U 3HAMCHATCIIb I[pO6I/I Ha COIIPSZKECHHOC

lim 1+ X+ X°-1+ x-x? —lim 2X

BBIpaKEHHE: X"OX(X—l)(\/l+X+X2+\/1—X+X2) x-0 X(X—l)(\/1+X+X2+\/1—X+X2)
2

= —1<(1+1)

ITpumep. Haittu npenen.
X2-5 X +6 2 (x=2)(x=3) 3-2 1

im— g = ~SXB=CDh=lim s T sesTe

=-1
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lim X3-6 x2+11x-6

Ipumep. Haiitu mpenen -1 X2=3 X+2

Pa3noxum yncnmtenob n 3HameHaTeslb Ha MHOXKUTEN.
XX—3X+2=(Xx-1)(x-2)
X3 —6x2+ 11X — 6= (X — 1)(Xx — 2)(x — 3), T.K.

XC—6x2+11x—6 x-1
X2 —X?x2—5x+6

-5x% + 11X
- 5x2 + 5x
6x - 6
6X - 6
0 -
X2 —5x +6 = (X—2)(x—3)
m (X=1)(x=2)(x=3)
Torma *-1 (X-1)(x-2)
IIpumep. Haittu npenen.
. 2a+2h 2h .
_ _ _ ) sin=———— cos— -2sin(a+h) _
i sin(a+2h)-2sin(a+h)+sina . = 2 2 _im2 Sin(a+ h)(cosh-1) _
im lim
h-0 h? h- 0 h2 h-0 h?
. _=2sin’(h/2) .
¢2limsin(a+h)-lim _—_ =2sina-(-1/2)=-sina
h=0 h-04(h/2)

I[JIH CaAMOCTOATEJIBHOI'O PCIICHUA .

~2X%4+2 x°+5x-6
lim

2o X342 X =0

1) 2,07 -1
_ (2X3+4 X +5)(x2+x+1)
lim =2

2) x=o0 (X+2)(X*+2 X3 +7 X2+ x-1)
. x2-7x+10 -3
lim2_— ~ =7

3) X_.zx—8X+12
i VTFXFXE-2 1
im— =——

4 x--i X+1 4
im V1+xsinx-1_1

5)  x-0 X2 2
lim—2—=3

6) =0 ¥1+x-1
lim VrFExFxe—|7F2x=x2 _ {7
oo X2—-2 X 4
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. 3 2
X°=2x°-4 x+8
lim g Ty

g) x-23X =16X +24x -16 - ye onpenenen.
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BOIIPOCHI JIs1 CAMOITPOBEPKH

Haiite onpenenenue npeaena GyHKIHMA TOUKE.

Haiite onpeneneHue npeaena GyHKIUA Ha OECKOHEYHOCTH.

w e

UYro Takoe 0JTHOCTOPOHHUE Mpenebl pyHKIun?

CdhopmynupyiiTe OCHOBHBIC TEOPEMEI O TIpeeiax (pyHKIUH.

UYro Takoe nepBblil, BTOPON U TPETUI 3aMedaTeIbHbIE IPEIeIIbl?
Haiite onpeneneHue 06ECKOHEYHO MaION PyHKIUY.

CdopmynupyiiTe OCHOBHBIE CBOMCTBA OECKOHEYHO MaJIbIX ()YHKITUH.

ChopmynupyiiTe MPpUHIUI SKBUBAIEGHTHOCTH OECKOHEYHO MaJIBIX (PYHKITHH.

© 0o N o g b

Haiite onpenenenue 0eCKOHEYHO OOIBIION PYHKIUY.
10. ChopmynupyiiTe OCHOBHBIC CBOMCTBA OCCKOHEUHO OOJBIIMX (PYHKITHH.

11. B 4yem 3akitouaeTcs CBsi3b OECKOHEUHO OOJBIIHMX M OECKOHEUHO MaNBIX (PYHKITHI?
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Jlexkuus Ne 9. HenpepbsIBHOCTh GYHKIMH U ee pa3pbIBbI.

9.1. HenpepbIBHOCTH (DYHKITHU B TOUKE.

Onpenenenue. Oynkuus f(X), ompeneneHHas B OKPECTHOCTH HEKOTOPOH TOYKH Xo, HA3bIBACTCS

HeNMpepPbIBHOI B TOYKE Xo, €CIU Mpeel GYHKIIMH U ¢ 3HAUCHUE B 3TOM TOYKE PaBHBI, T.C.
lim f (x)=f (Xo)

X = Xq

lim f (x)=f (lim x)
Tor e (hakT MOKHO 3amKcaTh HHAYE: X~ Xo X=X

Onpenenenue. Eciu dynkius f(X) onpenenena B HEKOTOPO OKPECTHOCTH TOUKH X0, HO HE SIBIISIECTCS
HENpPEephIBHOW B CaMOW TOYKE Xo, TO OHA Ha3bIBaeTCs pPa3pbIBHOM (QYHKIMEW, a TOYKa Xo — TOUYKOM
paspbiBa.

[Ipumep HenpepbIBHON QYHKIINU:

y
f(X0)+4
f(xo) L1 |
f(xo)-¢

0 X XX+l X

Mpumep paspbiBHOMN GYHKLMK:

y -
f(xo)+e
f(Xo)
f(Xo)-€

XY X

Onpenenenne. Oyuknus f(X) Has3piBaeTcss HENMpepbHIBHOH B TOYKE Xo, €CIM Ui JFOOOTO

MMOJIOXKHTEIbHOro uncia &£>0 CyHIECTBYCT TAKOC YHUCIIO D>O, 4qTO OJId THO0OBIX X, YAOBJICTBOPAIOIIHUX

YCIIOBHIO
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IX—Xol €A

If (x)-f(x;)l€e

BEPHO HEPABEHCTBO

Onpenenenne. Dynkius f(X) Ha3pIBaeTCsI HeMPEPBHIBHOM B TOUKE X = X0, €CIIM MIPUPALICHUE
(GYHKIMU B TOUKE X0 SBISETCS OECKOHEYHO MaJO BETMUNHOM.
f(x) = f(xo0) + a(x)

rae a(x) — 6eCKOHEYHO Maasi MpU X —Xo.
9.2. CBoiicTBa HenmpepbIBHBIX (PYHKIHIA.

1) Cymma, pasHOCTh M NPOM3BEICHUE HEMPEPHIBHBIX B TOYKE Xo (QYHKIHHA — €CTh (YHKIIHS,
HETPePBIBHAS B TOUKE X0.
f(x)
2) acthoe nsyx menpepsisubix Gyncmmii  9(X) _ ecry HENpEphIBHASA (YHKIMS TIPH yCJIOBUH, UTO
g(X) He paBHA HYJIIO B TOUKE X0.
3) Cynepnosuumsa HenpepbIBHbIX GPYHKLWMA — €CTb HEMpepbiBHasA GYHKLUMA.
DTO CBOMCTBO MOKET OBITH 3aMKMCAHO CIEAYIOMNUM 00pa3oMm:
Ecmu u = f(X), v = g(X) — HenpepbiBHBIC QYHKIMK B TOYKE X = Xo, TO QyHKIms V = ¢(f(X)) — Toxe
HenpepbiBHAS (QYHKIUS B 3TOM TOUKE.

CI'IpaBeAJ'IVIBOCTb npuBeaeHHbIX Bbille CBOMCTB MOKHO NIerko A0Ka3aTb, UCNOJIb3yA TEOPEMbBI O nNpeaenax.
9.3. HenpepbIBHOCTH HEKOTOPBIX 3JIEMEHTAPHBIX (PYyHKIIHIA.

1) ®dynknus f(X) = C, C = const — nenpepriBHas GyHKIMS Ha BCEi 00IaCTH ONpEAeICHHUS.

a x"+a xX"'+..+a
f(X): 0 1 n

4
m=1r

box"+b, X" T+, + Db,

2) PanuoHanbHas QyHKIHS HENpephIBHA U1 BCEX 3HAYCHUH X,
KpoMe TeX, NMPU KOTOPBIX 3HaMEHaTeJdh oOpalaercs B HOMb. TakuM oOpa3oM, (QyHKIUS 3TOTO BHIA

HCIIPCpPbIBHA HA Bcel o0acTu OIIPCACIICHUS.

3) Tpuronomerpudeckue HYHKIUU HEMPEPHIBHBI HA CBOCH 00IaCTH ONPEICIICHEISL

JlokazxkeM cBoiicTBO 3 1uist GyHKIHH Y = SiNX.

Zanuiem npuparienue pyakmun Oy = sin(x + OX) — Sinx, wiu mocse mpeodpa3oBaHus:

AX\ . AX
Ay =2C0S|X+=|sIin =
y o(+2) )

dim 4y =2 )im (cos(x+ 4z>§)sin 4%):0
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Ax
. . COS{ X+ 2
JleicTBUTENBHO, UMEETCS MPeIes MPOU3BeIeHUs IBYX (pyHKINH U . IIpu 3TOM

Icos (x + %X)Is 1

¢GyHKIMsA KOcHHYC — orpanndeHHast Gynkuums npu 1 x—0 , A T.K.

lim sin X =0

npenen pyHKouu cuHyc — 4x~0 2

, TO OHa sBJIETCS OeckoHeuHo Mayoi mpu [ x—0.

Takum o00pazoMm, HMeeTCs TPOU3BEICHHE OTPAaHWYCHHOH (QYHKIMM Ha OECKOHEYHO Malyio,
CJIeIoBaTeNIbHO 3TO Tpou3BeneHue, T1.e. (Pynkmus Oy — Oeckoneuno wmanas. B cooTBercTBUM C
PacCMOTPEHHBIMU BBIIIE ONpEAETICHUSAMHU, (QYHKIUS y = SINX — HempepbiBHAs (QYHKUMS Ui J1I0OOOTO
3HAUEHUs X = Xo U3 00JACTH ONpENEeNeHUs, T.K. €€ MpUpalleHue B ITOH TOUKE — OECKOHEYHO Maas

BCJIMYMHA.

AHANOrMYHO MOXKHO A0Ka3aTb HeNpepbIBHOCTb OCTAJ/IbHbIX TOUTOHOMETPUNYECKUX d)yHKLI,Mﬁ Ha Bcei obnactu
onpegeneHua.

BOO6IJJ,€ cnenyet 3amMeTuTb, YTO BCE OCHOBHbIE 3/IEMEHTAPHbIE d)yHKLI,I/II/I HenpepbiBHbI HA BCel cBoel obnactu
onpegeneHua.

9.4. Touku pa3pbiBa U UX KIacCU(UKAITHUS.

Paccmotpum HekoTOpyro GyHKIHIO f(X), HEMPEPHIBHYIO B OKPECTHOCTH TOUYKH X0, 32 UCKIIIOYCHHEM
MOJKET OBITh caMO¥ 3Toi TOUKH. M3 onpeneneHust TOUKU pa3pbiBa (DYHKIHUHU CIIEAYET, YTO X = Xo ABJSICTCS
TOYKOH pa3pbiBa, eciid (YHKIIHSI HE ONpeJiesieHa B 3TOW TOYKE, WM HE SBISICTCS B HEW HEPEPHIBHOM.

CnepyeTt OTMETUTL TaKKe, YTO HeNpPepbIBHOCTb GYHKLMN MOXKET HbITb OAHOCTOPOHHEMN. MOoACHMM 3TO
cnepyrowmm obpasom.

lim f(x)=f(Xo)
Ecmu omHOCTOpOHHMI TIpeaen (CM. BBIIIE) X=X +0 , TO (YHKIUS Ha3bIBACTCS

HEMpPEepHIBHOM CITpaBa.
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lim f(x)=f(xo)
Ecnu opHOcTOpoHHMI mpenen (cM. $LIH_I€) X—x-0 , TO (QYHKIOHS Ha3bIBACTCS

HEIIPEPBIBHOM CIIEBA.

-/1

X0

Omnpenenenune. Touka xo Ha3pIBackcs TOUKoi paspbiBa ¢ynkuuu f(X), ecnu f(X) He ompenencHa B
TOYKE X0 WJIH HE SBIIAECTCS HENPEPBIBHOM B\QTON TOUKE.

Omnpenenenune. Touka Xo Ha3bIBaeTCS TOYKOM pa3pbiBa 1- ro poaa, eciiu B 310# Touke Qpykuus f(X)
HUMEeT KOHEUHbIE, HO HE PaBHBIC IPYT JPYTY JIEBBIN U MPABbIH MPE/ICIIbI.

lim f(x)z lim f(x)

X=Xo+0 X=Xo=0

JIy1s1 BBITIOJTHEHUSI YCJIOBUH 3TOTO OMpeAesieHnus He TpeOyercs, uToObl pyHKIMs OblIa ompeneicHa B
TOYKE X = X0, IOCTATOYHO TOTO, YTO OHA OTIpPEiesieHa CJIeBa U CIpaBa OT Hee.

W3 onpenenenrs MOKHO clienaTh BBIBOJ, YTO B TOUKe pa3pbiBa 1 — ro poaa (QpyHKIUS MOXKET UMETh
TOJIBKO KOHEYHBIN CKauoK. B HEKOTOPHIX YACTHBIX Clydasx TOYKY pa3pbiBa 1 — ro poja eimie MHOTAA
Ha3bIBAIOT YCTPAHUMOI TOUYKOI1 pa3peiBa, HO MOoApoOHEee 00 ITOM OTOBOPUM HUXKE.

Omnpenesienue. Touka Xo Ha3bIBa€TCS TOYKOW pa3pbiBa 2 — ro pojaa, €clid B 3TOH TOUKe (yHKITUS
f(X) He uMeeT XOTs ObI OIHOTO M3 OJHOCTOPOHHHUX PEICIIOB UM XOTs ObI OJTUH U3 HUX OCCKOHEYEH.

Mpumep. Oyukuus Jupuxie (Jupuxie IMerep I'yeras(1805-1859) — Hemenkuii MareMaTHK, 4YjIeH-

koppecnonaeHt [lerepOyprckoit AH 1837T)

F{i)=;1L, - powonansioe weno;
HE SBJISIETCS HEMIPEPHIBHOM B JII000# TOUKE Xo.

1

Ipumep. Oynkius f(X) = X umeer B Touke xo = 0 TOuKy pa3psiBa 2 —T0 poja, T.K.

lim f(x)=+o0; lim f(x)=-o00
x—0+0 x—=0-0
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LT

Ln

()]

¥
Ln

sin X
Mpumep.f(x)= X

limf(x)=1
Oyakus He ompezaeneHa B Touke X = 0, HO UMeeT B HEW KOHEUYHBIA mpeaest  x-0 , T... B

touke X = 0 QyHKIMS UMeeT TOUKy pa3pbiBa 1 — ro poaa. DTo — ycTpaHUMasi TOUKa pa3pbiBa, T.K. €CIH

JOOTIPENEIIUTH (DYHKITHIO:

SinX
f0X)=g |—, mpu X204

X

I'padux sToM PyHKIIIN:

20 A0 Yo 20
| I
Mpmepico= Il - L 005
Yy
1
0 X
1
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Ota ¢yHKIMs Takke obo3Hauaercs sign(x) — 3HaK X. B Touke x = 0 ¢yHkuus He ompenenceHa. T.k.
JIeBBIN M MpaBbIi Ipeaensl GYHKIUH pa3inyHbl, TO TOYKa pa3pbiBa — 1 — ro poma. Ecnu noonpenenuts
¢yukiuio B Touke X = 0, nmonoxus f(0) = 1, To pyHkuus Oyaer HenpepbIBHA ClpaBa, eciu mojoxuth f(0)
= -1, To ¢yHkumMs OymeT HenpephIBHOHM cieBa, eciu mosiokuTh f(X) paBHOe kakomy- nuOO wYHCIY,
otauuHOMY OT | mim —1, To QyHKIMS He OyaeT HenmpepbIBHA HU CJIeBa, HU CIpaBa, HO BO BCEX CIIydasix
T€M He MeHee Oyner umeTh B Touke X = 0 pa3psiB 1 — ro pona. B atom npumepe Touka paspsiBa 1 — ro
poJa He ABIISIETCS yCTPAaHUMOM.

Taxum 06pa3zom, a7t TOro, YT0OBI TOUKA pa3pbiBa 1 — T0 poja OblIa yCTpaHUMOM, HEOOXOIUMO, YTOOBI
OJIHOCTOPOHHUE IPEJIENIbl CIIPaBa U cjeBa ObUIM KOHEYHBI U PaBHbI, a GyHKINS Obliia OBl B 3TOM TOUKE
HE OIpeIeIICHA.

9.5. HenpepbIBHOCTH (PYHKIIMM HA WHTEpPBAJE U HA OTPE3KE.

Onpenenenue. Oynkuus f(X) HaspiBaeTcs HempepbIBHOW Ha MHTepBajie (0Tpe3Ke), e€civ OHA
HeTpephIBHA B JIFOO0M TOUKE WHTEpBaja (OTpe3Ka).

[Ipu 3ToM He TpeOyeTcss HempephIBHOCTH (DYHKIIMK Ha KOHIIaX OTpe3Ka WM HHTEpBalla, He00XoauMa
TOJIBKO OJTHOCTOPOHHSSI HEMPEPBIBHOCTh HA KOHI[AX OTPEe3Ka WIM HHTEPBAJIA.

CaoiicTBa QyHKIHI, HEIPEPHIBHBIX Ha OTPE3Ke.

CpoiictBo 1: (Ilepsas Teopema Beiiepmrpacca (Beitepmtpacc Kapm (1815-1897)- nemerkuii
MareMmartuk)). OyHKIKS, HeTpephIBHAS HA OTPE3KE, OTPAaHUYCHA HA ATOM OTpE3Ke, T.€. Ha OTpe3Ke [a, b]
BoInostHsgercs yemosue —MUOT(X) OM.

Jloka3aTenbCTBO ATOrO CBOMCTBA OCHOBAaHO Ha TOM, YTO (DYHKIIMS, HENpEepbIBHAsA B TOYKE Xo,
OTrpaHHuYEHa B HEKOTOPOH €€ OKPECTHOCTH, a €ClIi pa30uBaTh OTPE30K [a, b] Ha GeCKOHEUHOE KOJINYECTBO
OTPE3KOB, KOTOPHIE “CTSATUBAIOTCS K TOUKE X0, TO 00pa3yeTcsi HEKOTOPast OKPECTHOCTh TOUYKH Xo.

CpoiictBo 2: DyHkius, HempepbiBHas Ha oTpe3ke [a, D], mpuHUMaeT Ha HeM HauOoJblce U
HauMeHbIIIee 3HAUeHUSI.

T.e. cyIIecTBYIOT Takue 3HaUCHHS X1 U X2, uTo f(X1) =m, f(X2) = M, npuuem

mi f(x) 0 M

OTtMmeTuM 3TH HauOOJNBIIME W HAaMMEHbIINE 3HAYeHHS (DYHKIHMS MOXKET NMPUHUMATh HAa OTPE3Ke U
HECKOJIBKO pa3 (Hampumep — f(X) = sinx).

PazHocTe Mexay HamOONBIIMM W HAaWMEHBIIMM 3HaueHHWEeM (YHKIIMM Ha OTpE3Ke Ha3bIBAeTCA
KoJe0anneM (PyHKITUU Ha OTPE3KeE.

CeoiictBo 3: (Bropas teopema bombiano — Komm). ®@yHkius, HenpepbiBHas Ha oTpeske [a, D],
MIPUHUMAET Ha 3TOM OTPe3Ke BCE 3HAYCHHS MEXKTy TBYMS IPOU3BOJILHBIMH BEIMYMHAMH.

CoiictBo 4: Eciiu ¢pynkius f(X) HenpepsiBHa B TOUKE X = Xo, TO CYIIECTBYET HEKOTOpAs

OKPCCTHOCTH TOYKH Xo, B KOTOpOﬁ (IJYHKI_[I/ISI COXPAHSCT 3HAK.
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CaoiicTBo 5: (IlepBas Teopema bonbuano (1781-1848) — Komm). Ecnu pynkius f(x)- HenpepbiBHas
Ha oTpe3ke [a, b] U MMeeT Ha KOHIAX OTpPE3Ka 3HAUCHHS MPOTHUBOIOJIOKHBIX 3HAKOB, TO CYIIECTBYET
Takas TOYKa BHYTpHU 3TOT0 oTpe3ka, rue f(X) = 0.
T.e. eciu sign(f(a)) O sign(f(b)), ToExo: f(xo) = 0.
Onpenenenue. Oynknus f(x) Ha3pIBaeTCS pABHOMEPHO HENMPEPBIBHOI Ha oTpe3ke [a, b], ecnu s
aroboro >0 cymectByer 0>0 Takoe, 4to 1y1s1 m00BIX Touek x1€[a,b] u X2€[a,b] Takux, uro
Ix2 — x11<l
BEPHO HEPABCHCTBO If(x2) — f(xq)l<e
OTAn4mne paBHOMEPHOM HENPEPbIBHOCTUN OT “06bIYHOI” B TOM, YTO AN1A Mtoboro € cywectsyeT cBoe [, He
3aBUCALLEE OT X, a NpU “06bI4HOI” HenpepbiBHOCTM [ 3aBUCUT OT £ U X.
CaoiictBo 6: Teopema Kanropa (Kauntop I'eopr (1845-1918)- nemerkuii mMatematuk). DyHKIuS,
HeTIpepbIBHAS HA OTPE3KE, PABHOMEPHO HEMPEPHIBHA HA HEM.

(D10 CBOMCTBO CITpaBeIMBO TOJILKO JJIsi OTPE3KOB, a HE I MHTEPBAJIOB U NOJYWHTEPBAJIOB.)

1
y=sin

Ipumep. X

1
y=sin
OyHKIHA X menpepoiBHa Ha uHTepBaie (0, a), HO He ABIAETCA HA HEM DPaBHOMEDPHO

HEMPEPBIBHOM, T.K. CYIIECTBYET Takoe 4mcio 0>0 Takoe, YToO CYIIECTBYIOT 3HAUCHHS X1 M X2 TaKHe,
urolf(X1) — f(x2)1>¢, € - 060 YnCIIO IPU YCIOBHH, YTO X1 U X2 OJU3KH K HYJIIO.
CeoiicTBo 7: Eciu ¢yukius f(X) onpenenena, MOHOTOHHA U HENIPEPhIBHA HA HEKOTOPOM
MPOMEKYTKE, TO U 0OpaTHas el pyHkims X = g(Y) ToKe OJHO3HAYHA, MOHOTOHHA M HETIPEPBIBHA.
IMpumep. VccrenoBars Ha HEMPEPHIBHOCTh (DYHKIIMIO M ONPEICIUTh TUI TOYEK PaspbiBa, €CIH OHH

€CTh.

(SR

lim f(x)=3 lim f(x)=3
x—--1-0 x—-1-0
lim f(x)=3 lim f(x)=2

X—--1+0 x-1+0
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B TOUKe X = -1 pyHKIMS HEmpepbIBHA B TOuke X = 1 Touka paspsiBa 1 —ro poaa

IIpumep. VMccnenosare Ha HenmpepbIBHOCTh (YHKIMIO U ONPENENIUTh TUIl TOYEK pa3pbiBa, €CIIU OHU

€CTh.

lim f(x)=2
x-0-0 x-1-0
lim f(x)=1 lim f(x)=1

x-0+0 x-1+0

B Touke X = 0 hyHKIIMS HEMpephIBHA, B TOUKE X = 1 Touka paspeiBa 1 — ro pona

198



N o o ~ wDnh e

BOIIPOCHI 1JIs1 CAMOIIPOBEPKH

JlaiiTe onpeeneHne HEMPEPbIBHOCTH (DYHKIIUU B TOUKE.
[TpuBenute mpuMepsl PyHKIMNA HEMPEPHIBHBIX B TOUKE.

Jaiite onpeseneHue HEMPEPHIBHOCTH (DYHKITMN HA HHTEPBAJIC.

Uto Takoe Touka pa3psiBa? TOUKM pa3pbiBa MEPBOTO U BTOPOTO POJaA.

[IpuBenuTe nmpuMepsl TOUEK pa3pbiBa MEPBOTO U BTOPOTO PoOja.
CdhopmynupyiiTe 0CHOBHBIE CBOWCTBA HETIPEPHIBHBIX (DYHKITHH.

[IpuBeauTe npuMepsl HEMPEPHIBHOCTH SJIEMEHTAPHBIX (PYHKIUI.
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IIpakTHyeckas padora Ne2.

Tema: Onpeznenenne HEMPEPHIBHOCTH (PYHKLUHU, TOYEK pa3pbiBa PyHKIUU.

Henanb: PazBuBaTh 1 COBEPILIEHCTBOBATH YMEHUE ONPEIEIATh HENPEPHIBHOCTD (DYHKIIHH,
HAXOJUTh TOYKH pa3pbiBa (PYHKLUUH, 3aKPEIUTh HABBIK BHIYMCIICHUS MPEEIIOB C
NOMOIIBI0 (POPMYJI IEPBOIO U BTOPOT'O 3aMEYATENBHBIX ITPEIETIOB.

Obecneyenne NPaKTUHYECKON padOTHhI:
Teopetnueckuit MaTepral METOANYECKON peKOMEHAAINH K PAKTUYECKOH padoTe.
VYue6nuk. boromonos H.B. «Marematuka». — M.: [Ipoda, 2006.

NuauBuayaibHble KAPTOYKH C BAPUAHTOM MPAKTUUYECKON PaOOTHI.

TeopeTnueckuii MaTepuaJjl, NpUMepbl HA oNpeAe/ieHHe HeNPePbIBHOCTH (PYHKIIUM,

Onpedenenue nenpepvieHOCIMU YHKYUU
fz) (a;)
Onpenenenue Ilycts QyHkIus orpeJieieHa Ha HEKOTOPOM MHTEpBae :

Ig flz)

JUTSL KOTOPOTO | -- BHYTPEHHsA Touka. DyHKIMs HA3BIBACTCS HENpPePbli8HOU 8 MOUKe

Ig flz) T — I flza)
, €CIIM CYILECTBYET MPEIEI pu ¥ DTOT TIPEJIEN PABEH 3HAYEHUIO , TO

C€CTh

lim f(z) = f(zd).

I—T0

f(z) [2a;b)

[lycts dyHKITUSA OmpeAeseHa Ha HEKOTOPOM IOJIyHMHTEpBAJe , IS

Zg N f(=) 3
KOTOPOIo -- JICBbIM KOHCII. (DYHKHI/Iﬂ HAa3bIBACTCA Henpepvlie6HOoU cnpasa 6
Ig f(I:J I —* Iu‘l_
mouke , C€CJIIM CYHICCTBYCT IIPCACI IIpu H OTOT IIPCAC] PaBCH

f(2a)

3HAa4YCHUIO y TO €CTb

Im f(z)= f(za).

T—a0+

f(z) (as2d
[lycTh, HakoHel, PyHKIUS ONpeAeseHa Ha HEKOTOPOM MOJIyHUHTEPBaJe :

Ig . f [I } .
JJIA KOTOpOFO -- HpaBLII/I KOHCII. (DYHKI_[I/IH HA3bIBACTCSI HenpepbvleHoUu cieea 6
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Ig f(z) I —* Ig—)
mouke [, CCJIMN CYHCCTBYCT IIPCACII 1140)5¢ N OTOT MPCACI PaBCH

f{Iu}

3HAa4YCHUIO y TO €CTh

Im f(z)= f(za).

I—I0—

W3 TeopeMbl 0 CBSI3M IBYCTOPOHHETO IMpeJiena ¢ OJHOCTOPOHHUMU (Teopema 2.1)
Cpa3dy cleayeT, Kak YK€ OTMEYalloCh B TJIaBe 2, YTO HMMEET MECTO CIeayloliee
NpeIOKCHHE.

f [I 3' Ig
[pennoxenue : Dyuxyus mo2oa u mobko mo20d HenpepvieHa 6 mouke |,

Ig
KOZ@CZ OHA HENpEPLIEHA 6 NMOYKe cnpaesa u cieea, no ecniob KOZ()G 6blNOJIHEHbl

creoyroujue yCioeus.:

i Ig
1) ¢yHKZ4uﬂ Ol’lpeaeﬂeHa 6 moukKe ue H€K0m0p0u OerCMHOCI’nu amou

mo4Ku,

Im f(z)= flze—)

2) cywecmayem npedesl 3HaueHull YynKyuu ciesa; =m0 ;

- km f(z) = f(z0+)
3) cywecmayem npeoeil 3HaueHUull GyHKyuu cnpaga: * == :

4) smu 0sa npedena cosnadarom mexcoy codoll u co 3Ha4eHueM QYHKYUU 6 mouke

zd, flza—) = flzat) = ﬂm}.

f{Iu]

Puc.®yHKkus HenpepbIBHA: NPEAENBI CJIEBA U CIIPABA COBMAAAIOT C
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Ry
Touka , 'B  KoOTOpoW  (yHKUMS  HENpepbiBHA,  HA3bIBAETCA  TOYKOM

f(z)

HEIIPEPBLIBHOCTH (bYHKI_[I/II/I ; TaK K€ OIPCACIAIOTCA TOYKHU HEIPCPBIBHOCTU
CJICBA U CIIpaBa.

f@)=VIz| z,=0 ]jmf(f]=¥£1um=ﬂn

Ipumep 1 Ilycts u . Torga *°

f(0)=v0=a

. OTH 3HAUCHUSA COBIIaAAIOT, 3HAYUT, (i)yHKHI/IH HCTIPCPBIBHA B TOUKC

Iﬂ:D

_ _ .2yt
flz) = /lz| = (z%)3 zq =0 )
(DynKIHS -- DJeMeHTapHas (QyHKIIHS; -- TOukKa €€
D(f)=R
obyacTu orpejeneHus . Bce anemenTapHubie GyHKIIMU HENPEPHIBHBI BO
BCEX BHYTPEHHUX TOYKAX CBOMX OOJIacTel OMpeeieHus, B TOM Yucie 1 3Ta. Tak 4To
flz) . . .
B 9TOM IIpUMEPE MOXKHO OBLJIO OB 3aMEHUTH 0001 2JIeMeHTapHOU QyHKIIHMEH, a

Ig — D‘ o o o P(f}
-- TT000W BHYTPEHHEH TOUKOI 001acTu , ¥ BBIBOJI OCTAJICS ObI TEM Ke€.)

flz) = Ei:I, mpu x # 0

s mp x =0 zg =0
Ilpumep 2 PaccMoTpum ¢GyHKITHIO Y TOUKY

z#0 ) . I
[Tpu byaknus 3anaércs hopmysoi , TIPH 9TOM MEEM
. sinz

lim f(z) = lim

T —{ T—i] r

=1
(mepBbIi 3aMeyYaTeNbHbIN MPeAen). ITO 3HAUYEHUE COBMAIAET C

F0)=1  Imf(z)= £(0) =1

TEM, KOTOPOEC 3a4aHO IIPHU z — (J. . Urak, =9 , YTO O3Ha4YacT

‘IU == D’
HEMPEPBBIHOCTH PYHKITUU | IPU

Tem, KTO BHUMATENbHO M3YYWJI JaHHOE B I1aBe 2 oOiee moHsATHe 0as3bl Mpejena,
MOYKHO MPEIIOKUTH NPOJIYMATh U JI0Ka3aTh CIEAYIONIEE YTBEPKACHHUE:

Onpedenenue mouex paspoiea
JlaguM Tereph onpejieieHue TOYEK pa3phiBa (yHKITUH.
Ig . f (I}
Onpenesenne Touka Ha3BIBAETCS MOUKOU pa3pbléd GYHKIUH , €CII OHa

OIpezieNieHa B HEKOTOPOU IMPOKOJIOTON OKPECTHOCTH TOUKH ~9(TO €CTh Onpe/eacHa Ha
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Iy o o o
HGKOTOpOM I/IHTepBaJ'Ie, JJIA KOTOpOFO CJ'IY)KI/IT BHYTpeHHeI/I TOYKOH, HO B CAMOHU TOYKEC
Ig o
y BOBMO>XHO, HE onpez[eneHa) U BBITIIOJIHACTCA XOTHA 6]31 OJHO M3 CJ'ICI[yIOHII/IX YCJ'IOBI/II/II

Im f(z)
1) He cylIecTBYyeT Ipe/erna ciaeBa =~ ;
im f(z)
2) He CyIIeCTBYeT Ipe/erna cnpapa ==+ )
f(zo=) = lm f(z) f(zot) = lm f(z)
3) mpenensl clieBa T U cIIpaBa Tzot CYIIECTBYIOT,
flzo—) # f(zot)|
HO HE paBHBI IpYyr APYTY: :
flzo—) = lLm f(z) f(zot) = lm f(z)
4) npenensl cieBa e U crpasa =—zot CYLLIECTBYIOT
flza—) = f(zat)
U paBHBI ApYyT APYTY: , HO HE COBMAJAIOT CO 3HaUYe€HHEM (YHKIUU B
zd flza) # flza—) = flza+) flz) Ia
TOUYKE | , WM PYHKITUS HE OIIpe/eIeHa B TOUKE

Ig
Ecim umeer mecto nmmbo cmywait 3, nmubo ciydail 4, TO TOYKa pa3phiBa

HA3BIBACTCS MOUKOU pA3pbléa nepeoco podd, a nopejacHue QYHKIIMU B OKPECTHOCTHU
Ig Iy

TOYKHU HA3BIBACTCSl paA3pvbléOM Nep8oco pood B TOUYKE ; B ciiydae 4 Touka

paspbiBa TNEPBOrO pOJia HA3BIBACTCS YCMPAHUMOU MOYKOU pa3pvléd, a Pa3pbiB

(YHKIIUU B 3TOU TOUKE -- YCMPAHUMBIM PA3PLIBOM.

Ecom xe mmeer mecro nubo ciydair 1, nubo ciyuair 2 (mubo ¥ TOT W APYrou
Ig .
cpa3y), TO TOYKa pa3pbiBa HA3BIBACTCA MOYKOU pa3zpuléa 8mMopozo poodd, a
noBeieHre QYHKIIMU B OKPECTHOCTU 3TON TOUKH -- pA3pbléOM 6MOp020 pood B TOUKE
Ig

f (I ::' Ig
Utak, ecom dyHkuus MMEET pa3pblB IMEPBOrO poJa B TOYKE , TO
CYIIIECTBYIOT, KaK 4acTO TOBOPSAT, 3HadeHus GyHKIMU '"Ha Oeperax paspbiBa':
f(za—) flzat) zg N
u , HO TOYKa  'HE SIBJISIETCS TOUKON HEMPEPBHIBHOCTH.

¥ F 3
fxgth ¢--------- -”{x]
flxg) \*

0 Xn Xx
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ey
-- TOYKa pa3phlBa IIEPBOIO poaa

Ig
Ecnu 3Hauenus Ha Oeperax pas3pbiBa pas3Hble, TO 3HAUCHHE (DYHKIHMH B TOUKE
.. Ta
MOXXET OBbITh JIIOOBIM (KMJIM BOOOILE OTCYTCTBOBAaTh), BCE PAaBHO  (OyAeT JaBaTh
pa3psiB niepBoro poaa. Ecinu e 3HaueHus Ha Oeperax paspbiBa COBIAJAIOT, TO AJIS
HaJIM4YUs pa3pbiBa HY>KHO, YTOOBI TMOO 3TH COBMAJAIOUIUE 3HAUECHUS ObUTA OTIMYHBI

Iy
OT 3Ha4YeHMUs] (PYHKIUU B TOUKE |, TUOO (PyHKIMS B 3TOM TOUKEe Oblja BOBCE HE

onpezenena. Eciiv B 3TOM cilydae mepeornpeaeanTh (UiId JOOIMpPeaenTb) (YHKIIUIO

f(z) zq f(z0) = f(za—) = f(zat)

B TOYKC , OJIOKHUB , TO HOHy‘IeHHaH I/ISMeHéHHaH
Ig Iyg
¢yHKuMs OyleT yXKe HelpepbiBHA B TOUKE M Pa3pbiB B TOUKE MCYE3HET; OTCIOfA

N HA3BAHUC TAKOI'O pa3pbiBa -- yCTpaHHMBIﬁ.
y &

S O I

:

Ig
-- TOYKA YCTPAHUMOT'O pa3pbiBa

Haxkoner, k pa3pbiBaM BTOPOrO poja, Kak BHJIHO U3 OIpPEAENICHUs, OTHOCSITCS BCE
pa3phIBbl, KOTOPHIE HE MPHUHAAJIEkKAT K paspblBaM IEPBOTO POJa; HEKOTOpPHIE W3

Iy
BO3MOXHBIX CHOCO60B IIOBCACHUS (bYHKI_II/II/I B OerCTHOCTI/I TOYKHA , TIEC
IIPOUCXOIUT pa3pbIB BTOPOI'0 pOJa, IIPEACTABICHBI HA CIEAYIOIIEM PUCYHKE.
y & v . y &
1 [ 1
i y=fix) y=ﬂx) ':' i
1 ] 1
| e’ o
; : s
1 . 1
- h 1 -— |
} > Ko X /__, »
0 Xp x m M 0 xp x

Ig
-- TOYKa pa3pbiBa BTOPOro poaa. Hekoropeie BO3MOXKHbBIE BAPUAHTHI
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_ 2 —al

/ (I} i —1zx
IIpumep 3 Paccmotpum yHKIMIO , U1 KOTOpOH

Dify={zeR:z* -z #0} =(—o0; 0) U (0; 1) U (1;:4co0).

@yHKIHS UMEET Pa3pbIBbl IPU z = (U OpH z = 1. HeTpyaHO BUIETH, 4TO pH

[I]=sign[:2—1]={ 1, eomiz<Ommz>

I?égjl?élf -1, eem0<z<l

Broukax z=0u z = 1
GbyHKIMS UMEeT HeYCTpaHUMBbIE Pa3phIBHI IIEpBOTro pojaa. B Touke z = Oumeem:

Im f(z)= lim 1=1; lim f(z)= lm (-1)=-1

x—+0— z—0— x—04+ —04
(3HaYeHMs Ha KpasiX pa3biBa CYIIECTBYIOT, HO HE COBNAAIOT); B TOUKE z = 1 --

Im f(z)= lim (-1)=—1; lim f(z)= lm 1=1

z—1— T—1— —14+ z—14+

(CHOBa Mpeaciibl CJICBA U CIIpaBad CYIICCTBYIOT, HO HC COBHa)laI-OT).

y A
: _ |X:E - Xl
1 i s r-x
— Lo
| -
0 11 x
-1 -'—I-—E
TE—T
= T—
I'paduk QyHKIIMN
1
fla) =~
Hpumep 4 Dynkuus uMeeT npu z = Opa3pbIB BTOPOro pojaa, Tak Kak
flz) = 40 z— 04 flz)—= —0oo r — 0—
npu u npu
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1
r)=73
Puc.3.6.I'padux pynkumu i
1
flz) = s
Hpumep S Dynkuus uMeeT npu z = 0pa3pbIlB BTOPOIro poja, TaK Kak
flz) = 40 r — 0+ r — 0—

npu U Ipu

llepeuviti 3ameuamensusiii npeoen pageH 1

sinx
lim

T—0 I

=1

Bm0pbl.7l/l 3amedaneilibHbim I’lp€0€JZOM HAa3bIBACTCA IIPCACIT
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g= lim (l-l—l) ;
n—oo 7L

Yucno g, 3aJlaHHOC 5TUM IIPCACIIOM, UTPACT OYCHb 60J'IBHIYIO POJIb KaK B MATCMAaTU4YCCKOM

aHaJIM3C, TaK U B APYIrUX pasaciiax MaTCMaTHKH. Yucno e4acTo HA3BIBAIOT OCHOBAHUEM

HamypanbHuIX 102apu@mos.

Bmopoii 3ameuamenvuuiii npeden cywecmsyem. Eeo snauenue e -- uucno, nesxcauee
medxncoy 2 u 3.

bonee HOI[pO6HO€ N3YUYCHHC YNCJIa ellOKAa3bIBACT, YTO & -- UPPATUOHAJIBHOC YHUCJIO,
HCCKOJIBKO TICPBLIX JCCATUYHBIX 3HAKOB KOTOPOTO TAKOBBI:

e = 2,7182818285. ..

z 41\ 2H
im ( )
z—oo |\ g+ 3

IIpumep 6. Haitném npenen

3II€CI> OCHOBAHHUC CTCIICHU UMCCT IIPCACIT

I—I—l_

1+1 140
+3 1+ _1

im = lim T = =1,
x—eo I + 3 :'—rmj_-f-; 140
2r + 1 == o0
a MmoKasarellb CTENEeHN . ITo3TOMy MOKHO IIPUMEHSATH TOT K€ IPUEM

CBEJICHUS KO BTOPOMY 3aMe€UaTelIbHOMY IIpeeily, 4YTO B IpeAbIAyIIeM npumepe. s
Hayvasa HaiAEM, 4TO CIeAyeT B3sITh 32 OECKOHEUHO MaIyl0 BEMYUHY a. [locKONbKY

14+ a
OCHOBAHUE CTEIEHU CTPEMUTCS K 1, TO OHO paBHO , TIe o — pl(cM. Teopemy 2.4).
3HAYMT,
r+1 z+1—xz—-3 —2
0 = — 1 = = .
r+3 r+3 r+3

Teneps mpeoOpazyem GyHKIINIO, CTOSTIYIO O] 3HAKOM TpeIena;

=2 (2z41)

2741 _ =27 =
im z+1 = lim 1+ 2
oo \ T + 3 T—o0 T+ 3
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BripaxeHue, crosiiee B KBaJpaTHBIX CKOOKax, UMEET BU/T

[:1-|—cx:;%

Unpu a — 0

CTPEMHUTCS K UHUCTY €(3TO BTOPOM 3aMeyaTeNbHbIN MPeei), a MPeAell oKa3aTes CTENeHU

MBI HAUJIEM OTHEJILHO:

— 2441
]ij:_g]jm +§ _ 5. 2t0_
T—o0 r+3 T —|—; 140
IToaTomy
2z41
im (I-'_l) =e_'l"=i.
oo | + 3 gt
tim (14 23 = [1°]= tim [ (14 2} L
¥—=0 =0
_—
m(ngj = [1*]=t [[1+E]2 .y
Filrd =) x 3w x
4
4y AR
]JI‘H[1+—] =[°°]=]jm [14__] —g3
Ffrd'=] x W= x
1 1 2x-4 alx-2)
tim (22-3)73 =[1° |= lim (1422~ )5 77 =lim e 2 =¢’
x43 343 2133 45412
]’m[x+3J =[m]:]jm[x—1+4J =]jm(1+i]4 o
r=uwl r—1] = r—1 ¥ xr—1 ¥
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Metoaudeckne peKOMEHIAIMU K MpakTudeckoit padote Nel

«Bpruncnenue npeneaoB QyHKIUN»
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[Tpaktuyeckas padora Ne 1.

Tewma: Beruncnenue npenenoB QyHKITHA.

Leunb: [TpoBepka yCBOCHUsI 3HAHHIA TI0 BBIYUCIICHHIO TIPEIENIOB (QYHKIUI C TIOMOIIBIO PACKPBITUS
HeonpeaeaéHHocTed. IIoBTOpUTh U cucTeMaTu3upoBaTh 3HAHUS 110 JaHHOU TEME.

ObecrieyeHye NpaKTUIECKON padoThI:

TeopeTnueckuii MaTeprual METOANYECKON PEKOMEHAALINU K PAaKTUYECKON padoTe.

VYuebnuk. boromonos H.B. «kMaremaruka». — M.: JIpoca, 2006.

WHnuBuIyaibHbIC KAPTOYKH C BAPHAHTOM MPAKTUYECKON paOOTHI.

Teopernueckuii MaTepua, IPUMEPbI BBIYUCICHHS TIPEICIIOB.

Onpenenenune npeaena.Yucno b — npenen ¢pyukiuu f(X) mpu X crpemsiimemMcst K a, €Clii s KaXI10To
MOJIOKUTENBHOTO Yrcna [ [JMOKHO yKa3aTh TaKoe MOJIOKUATENBHON Ynciio L], 9To 1 BceX X, OTIIMYHBIX
OT & W Y/IOBJICTBOPSIIOLINX HEPaBEHCTBY |X-a|<[], nmeeT Mecto HepaBeHCTBO [f(X)-b|<[[]

O6o3nauenue npenena. Eciu b ects npenen ¢yukimm f(X) mpu X crpemMsimnemMcs K &, TO 3al1UChIBaOT
3TO TaK:

lim f(x)=b.
X
Omnpenenenue HenpepbiBHOH (yHKIMKU. DyHKIUs f(X) HeMpepbIBHA B TOUKE &, €CIIN

lim f(x)= f(a).
i
Brruncnenue npeaenoB QyHKIUNA OCHOBaHO HA IPUMEHEHUH CIIEAYIONINX OCHOBHBIX TEOPEM:
TEOPEMA 1.Ilpeaen cyMMbl ABYX (DyHKIMN IPU X CTpEMsIIIEMCS K & paBEH CyMMeE MPEIEIOB 3TUX
GyHKIM, TO ecTh

lim (f(x)+ g(x))= lim f(x)+ lim g(x).

iI—a X I—a

TEOPEMA 2.I1penen npousBeaeHus AByX QYHKIIUN TIPH X CTPEMSIIEMCS K 8 paBeH MPOU3BEACHHUIO
MpeieioB 3TUX (QYHKIHI, TO €CTh

lim (£ (x)g(x))= lim f(x)- lim g(x).

A= I—a iI—a

TEOPEMA 3.Ilpenen wacTHOTO ABYX (PYHKITUH TIPU X CTPEMSIIIEMCS K @ paBE€H YaCTHOMY MPEJIEIIOB,
€CJIM TIpeJieN 3HaMeHaTeNsl OTIMYEH OT HYJIS, TO €CTh

sy MW

lim = — , ecmH lim g(x)=0
x—e g(x)  limg(x) x—a
X—a
" paBCH ILIIOC (MI/IHYC) 6GCKOHe‘lHOCTI/I, CCJIM IIPCAC)I 3BHAMCHATCIIA 0, a [Mpeacia YUCIUTCIId KOHCUYCH U
OTJIMYCH OT HYJIA.

BBIYMCIIEHUE HECJIOXKHBIX ITPEJIEJIOB

ITpumep 1.

lim(x +3)= lim x + lim 3= 7+ 3=10.

=7 =7 =7

Kommenmapuui. 3necw Oblia ucmonb30BaHa TEOPEMA O NPEAETIE CYMMEL.
ITpumep 2.
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http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B01%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B01

lim(3x + 2) llm(S.x)+ lim2 lim3-limx+2

lim 3x+12 — x>l x—>1 x—1 _x—=1  x—l —
x—>12x—7  lim(2x - ?) lim{(2x ¢ llm( 7y lim2-limx—7
x—1 =1 x—1 x—>1 x—1
32 s,
2.1-7

Kommenmapuii. Ha nepBoM 1mare Oblia npuMeHeHa T€OpeEMa O MPEJEI€ YaCTHOT'O, Tak Kak
npeJen 3HaMeHaTels He paBeH Hyito. Ha BTropoM mare ncnosp3oBanack TEOPEMaA O MPEJIEIE CYMMBI
IUTSL YUCIIUTENIS ¥ 3HaMeHarenst qpoou. [locne Obima mpuMeHeHa TEOpPEMa O MPeaesIe IPOU3BEACHUS.

[Tpumep 3. Haiitu npenen

i
. X" -4
lim :
=2 X—2
3HaMeHaTeIb U YUCIUTEIb JPOOU P X CTpeMALIeMcs K 2 CTPEeMSATCS K HYJII0, I03ToMy T€OpeMa O

IIpEJIeJIC YACTHOTO 3/1€Ch HEMPUMEHNMA. B TakuXx ciydasiX Hy»KHO MONBITaThCs YIIPOCTUTH JPOOb.
Nmeem

-4 _(x-2)x+2)_
x—2 x—2

D10 IpeoOpa3zoBaHUE CIPABETMBO MPU BCEX 3HAUYEHUAX X, OTIIMYHBIX OT 2, TO3TOMY B COOTBETCTBUH
c onpeneneHI/IeM npejena MOKeM HalucaTh

+ 2.

2
N X—20x+2
lim >4 — ( Jat2)_ lim(x+2)= limx+ lim 2=
—2 X—2 x%? x—2 x—>2 x—2 a2
=24+2=4.
BBIUMCJIEHME ITPEJIEJIOB C I[IOMOILBIO TEOPEMBI O IIEPBOM 3AMEYATEJIbHOM
[IPEJIEJIE

[Tpumep 1.

te(x . {sin(x 1 . sin(x) . 1
lim g():llm ()- = lim ()-llm—:
=0 X =0 x  cos®)) =0 X x=0cos(x)

1 1

=1 —  =1.-=1

lim cos(x) 1

x—=0

a
—0, ecau kK =m
Pe(n) 0
Ilm n) 0, ecau kem
n—oo aO
00-sgn B ecau K>m

Ilpumep.. Haiitu nipenensr:

Sn+a - o+ 2 Ilmn 5n?+4
! n*+3

lim

a) » 40" +n+ 5 6)  new
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http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B02%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B02
http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03
http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03

Ilm n*+ n+1l

n*-2n%+5
B) )
Pemenue.

1. S+t -3+ 2 1 3-'?. 3
2) M ss Im=—p=="7
_ 2 _ I _5n2
||mn_n%ﬂ_-b4§||m - _

n -0 n—oo

Ilmn“+$1 lim
B) n-w n 2n3+5_ e —20°

Crnenyet OTMETHTD, 9yTO opmyisl (1.5) u (1 6) cripaBeUTHBBI HE TOJIHKO JIJIS1 MHOTOUYJICHOB HIEJI0M
1

[im—=0
CTENEHH, HO U JUIsl MHOTOUYICHOB IPOOHOM CTENeHu, Tak Kak » - tst Tro6oro a>0.
IIpumep . Haiitn npeeist.
Flon +1- 3fsn” +5+n+4
lim 5 -
e - «\. 2500+ ,
I I m \/ n+ynd+l
| 5-3n1-7. 5"+1
Im 8-5" +3- 4n+2
B) n-» ,
Pewrenne:
6_3 2 1
== .
a) B unciurene Tpu ciaraeMblX COOTBETCTBEHHO crenenn: 4 2 3 2 CrnenoBaresnbHo,
3 1 3

= y (16n°)*=2n 2
— , A TJTaBHbIX YJICH B YHUCJIUTCJIC paBeH . AHaJ'IOFI/I"IHO,
1 3

CTCIICHb YHUCIIMTCIIA paBHA

_ 2
IIaBHBIT WieH B 3HaMenatene  ~(20N°) ==5N I/IMeeM o ¢popmynam (1.5) u (1.6):

||m\/lbn FI-ignt +b+\/n+4_||m 2n 2

n oo Vn +2-V25n +7 e g 3 5
a) s n
lim /m=er lim* lim .
e m—— —z " n12 -,
e yn=yn +5 1w 3 n-e
0) -n
3 n—1—7-5)

I 5"«5) _ 35
limses—gsz 1M -
N—-o00 5 n—oo 4 " 8

5 5%8+341(5))
: ETR : 4
| | =0 u ]1111|?| =0,
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311ech TakKe MOKHO OBLIO MCIOIB30BaTh UCI0, UTO TIIABHBIN WIEH 3TO cTapmui wieH. Mmeem:

Iim 5_3n—1_7_5n+1 Iim _7_5n+1 3_5

n-oo
8-5"+3-4"+2 g5" 8
Ipumep 1.4. (HeonpeaeneHHOCTH o —< )
li]’n[:\-"u” +n 1= n -0 +1) Ml’Il”[‘-"”: + 1+ )

a) N ¥ ,6) Tp——

Perrenue. /Iy n30aBiacHus OT HEONPEACACHHOCTH ~-~  37eCh CIACAYET U30aBUTHCS OT
HUPpPpaluOHAIIBHOCTH B UM CIUTCIIC, YMHOXHB U Pa3ACJIMB JAaHHOC BEIPAKCHUC HAa COOTBCTCTBYIOIICC
COIIPSAKCHHOC BBIPAKCHUC.

a) Ucnone3yem popmyiry

a' - b =(a- Wa vad by a0

n-o

Jlnst maHHOTO IMpHUMepa
a - b =(a- ba aheah sab + 40
I/IMGGI_\/II
Ilm(?/n°+n“+1—§’/n°—n‘*+1)=
a) n-e (vn5+n4+1—an5—n4+1)(?/(n5+n4+1)4+?/(n5+n4+1)3(n5—n4+1)+
=|Im 3 5 4 2 5 4 2
snqe (%5t 1) T(n%n 1), (n —n +1)+V(p%n % 1) (n —n +1) +
+Q(n +n +1) (n =n +1) +E\/(n +n +1)(n —n +1) +\/(n -n+1))
t\/(n°+n“+1)(no—n4+1)°+\7(no—n4+1)4 -

:||m n°+n*+1-n>+n*-1 2
5 [~ = 4 _5
o Amy
(=l
6) HamomuHaeM, 4To - wnpu N==%® [uf=-n,
HNmeem: .
2 = 2 2 n
M, v lim a2y 1M _
n-oe N L n--oo Inldl+ B -n
n? -
, " , " 1
im————=lm————7=73

+—+1

1|I| T

|
- Hal+—-n -n

l'l,| n

214



215



[Ipaktuueckas padora Ne 8.

Tewma: BoluncieHne HEONPEAEIEHHBIX UHTETPAJIOB METOAOM BBEICHHS HOBOM
IIEPEMEHHOM.

Llens: IIpoBepuTh Ha NMPAKTUKE 3HAHUE MOHATUSA HEONPEACIEHHOIO UHTErpaia,
YMEHHUE BBIYUCIIATH TaOJIUYHBIE UHTETPAJIbl, YMEHUE BBIYUCIIATH HEONPEAEIEHHBIN
MHTETPAJl METOJOM BBEICHHUSI HOBOM IIEPEMEHHOM.

ObecnieueHne NPaKTUIECKON pabOThI:

TeopeTnueckuii MaTeprall METOAMYECKON PEKOMEHIAlMU K MPAKTHYECKOU padore.

VYue6nuk. boromonos H.B. «Marematuka». — M.: [Ipoda, 2006.

NuauBuayanbHble KAPTOYKH C BAPUAHTOM MPAKTUYECKON PaOOTHI.

TeOpCTI/I‘IeCKI/Iﬁ MaTCpUuaI U IPUMCPBI BBIYHUCIICHU S HCOHpCI[eJ'IéHHOFO HHTCI'paJia
MCTOAOM BBCACHMUA HOBOH HepeMeHHOﬁ.

Heonpenen€uuplii uHTETpa u TabauIa HEOTIPEACIEHHBIX HHTETPAJIOB
f(z)
Omnpenenenue Ilyctsb -- (DyHKIIWSA, 3a/TaHHAs] HA 00BCTMHCHUH WHTEPBAJIOB
5 flz) .
BelecTBeHHOM ocu. Habop Bcex mepBooOpa3HbIX JJIs HA3BIBACTCSl HEONPeOeNEHHbIM
flz) J f(z)dz
UHmMe2paiom Ot 1 0003HaYaeTCs . Oneparust HaXx0XKJICHHS
) . f(z)
HEONPEeACIEHHOTO MHTETpasia 1Mo 3aJaHHON (PyHKIIUH HA3BIBACTCSl UHMESPUPOBAHUEM
9TOM yHKIMU; HAWTH HEOTIpeeAEHHBIN HHTETPaJl O3HAYACT NPOUHMEeSPUPOBamb TaHHYIO
f(z)

byakuo. OyHKIUSA , 3allUCaHHas MMOCJe 3HaKa HHTerpayia (Uiv, Kak 4acTo TOBOPSIT,
100 3HAKOM MHTETpaja), Ha3bIBACTCS NOObIHMe2palbHOU QyHKYUEl.

CornacHo TI0Ka3aHHBIM BBIIIE TEOPEMaM O BHJIC IIEPBOOOPA3HBIX, HEOPEICIEHHBIN

f(z) . F(z)+C F(z)

UHTETpa OT P YHKIIUH COCTOWT U3 (PYHKIIUI BHUJIA , TIe -- Kakasg-JIm0o

fz)
(bukcupoBaHHas IEPBOOOpA3HAs IS , a C|-- BeIMYMHA, TIOCTOSTHHAS Ha Ka)KJIOM U3
f(z)
HETIePECEKAIOIMNXCS HHTEPBAJIOB, HA KOTOPBIX 3a/1aHa (YHKITUS . [ToaToMy MOKHO
HaIMCaTh TaKy GopMyIy:

ff(I] dz — F(z) + C.

J flz)dz = {F(z) + C}
(Tounee ObLTO OBI , HO (purypHbIe CKOOKH, 0003HAYAIOIIHE
y F(z)+C y
MHOYKECTBO BceX (DYHKITHIA BUIA , TINCATh B IAHHOW CUTYallUH HE MPUHSTO. )
[ f(z)dz = F(z) +C
Wrak, s Toro yToOBI JOKa3aTh PABEHCTBO , TOCTaTOYHO
F(z) flz) F'(z) = f(=z)

MIPOBEPHUTH, YTO -- IepBOOOpa3Hast JJIst , TO €CTh YTO
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1 _[D'fix:=C'. 1 _[l:hxafr=shx+cl

1
] [tds=x+C . I
2 sh? x
0 i+l 1 x
3 o, _X =thx+¢
J'x & o+ 1 +C(c¢=&—1). 3 Ichzx
S =% |+ C dx = = —arctg —+C
[LaemZomplec | N e [ - Ja
5 x 1 dx 1, |x-a
be =_—1In +(
J'axdx:=ﬂ+c_ 5 Ixz—az 2 |xta
J'exafx:=€x+c_
G _[smxrix:=—cosx+(?. 1 I _arcgm£+c—_aIECO5£+C
6 If i
1 _[u:osxafx:=sinx+cl 1 Il + x2 + ol + €

7 fﬁ

x+w,|'x2+cr_'

+1

8 Id’; =-ctgx+C 1 [+x? toade =2 m'x +0:+§]n

9 dx 1 2
[ =tex*C _[ az—xzdﬁc=£w'a2—x2+a—arcsm Xic
cos® x . 9 5 o e _
1 _[shxafr=n::hx+(? 2 x
. =t |+
0 0 '[sinx 32 .
J- dx =]n’!gx+ﬂ2‘+(?
COSX 2

3ameHa nepeMeHHOI B HeoNpeaeJJéHHOM HUHTerpale
(MHTerpupoBaHue MOACTAHOBKOM).

Myers JF@de=F+C pop [FE)E ) =FE)+C 3000 ) -

muddepennmpyemas MOHOTOHHAsI byHKIMS.
[Ipn pemeHnn 3amad 3aMeHy TIEPEMEHHOM MOJXKHO BBITIOJHUTH JIBYMS
crnocobamu.
1. Ecim B mnoablHTErpaibHOM (QyHKIMU ynaé€rcs cpa3dy 3aMeTuTh o00a

comHoxkutens, u f(t(x)), m * (x) | 1o 3amena MIEPEMEHHON OCYIIECTBIISICTCS
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noxsegeHneM MHOxHTEns ' mox smak nuddepenumana: £ XX =4y sanaug
CBOJUTCS K BBIYHMCIICHUIO UHTErpaa [ £yt Hampumep,
_[tg.mfx=_[smxf =_I—smxtfx:=_d(cosx)= ar
COEX CosX CosX (3az[aqa CBEICHA K BBIYUCIICHUIO ~ £ | TIIE
t = cos x) - Ileosx[*Capanoriuno maxommTcs mETerpan  or S X);

Je™ cosxde = [¢™*dsin x ~(3a7a4a cBelieHa K BBIYMCIICHHIO f‘?t‘ﬁ, rae t = sin X)
=¥ +C B Gomee CIOKHBIX 3a/layax omnepauusa INOABCACHHS MOJ 3HaK
muddepenunana MOXKET BBIITOJIHATHCSA HECKOJIBKO pas:
IEMCCthxz arcctg4x2 Lafx: _

T+x (camoe HEmpHsTHOE B MOABIHTETPATBLHON (DYHKIUU -
nsATas CTeTNeHb ApKKOTAHTEHCA 0] 3HAKOM DKCIIOHEHTHI; €CIIU Jajbllle He HaaETCs
nuddepenman 3Toi GyHKIMU, TO UHTErpall, BOBMOXKHO, B3SITh BOOOIIE HE YIaCTCH;
B TO € BpeMs CIeyIoIuii MHOKHUTENb (arcctg?X?) - mpousBoaHas (¢ TOYHOCTHIO J10
MOCTOSTHHOTO MHOXKHUTENS) CTEEHHON (QYyHKIMH; 3aTeM CICAYIOT MPOU3BOIHBIC
(OHATH ¢ TOYHOCTBIO O MOCTOSHHBIX MHOKUTeeil) (yHKuuii arcctg X2 m X? 10

CBOUM apryMeHTaMm)

1 5.2 1 1 5.2
= —_[em':tg * arn:n:tg4 x? (Zxdc) = —_[ear':':tg * aru::t:tg4 x? dx? =

2 1+x* 2 1+ x*

2
1 5.2 — 1 5]
== E_[em':tg x arcct34 xE — = —E_[emctgs * a:rt:n:tg'i1 :r,zaf arccte ;1:2 =
1+x

5 2 5 2 5 2
=—%Ieﬂ“tg * (5ar|:|:tg4 xzdarcctgxzj=—%_[eﬂ“tg * (darcctgszj=—;—ﬂeam:tg N

2. 3aMeHy IEpeMEeHHONM MOKHO OCYIIECTBIISITH (POPMATILHBIM CBEICHUEM

ity X
MO/IBIHTETPAIBHOTO BBIPaKEHUS K HOBOi mepemennoif. Tak, B € 595 ¥% yyeer embicn

HepeiTH K TIepeMEHHOM (cIenaTh MoACTaHOBKY) t = Sin X. BripakaeM Bce MHOKUTEIIN
MOJABIHTErPATILHOTO BBIPAXKEHUS Yepe3 NEPEMEHHYIO t:

x=arcsm£;dx=L2;cosx=u{l—sm2x =~J[1—£2

sit1 x =
1-¢ . B pesynprate | CosxXdx =
df
=_[et 1—I2—=Ietdx=et+ﬂ'= _
1- £ y ) =S¥ 4o
(Bo3BpalaeMcsi K UCXOIHOU MePEMEHHO) :
Jpyrue npumepsl:
J. dx
_ 3 —
Vx-5(1+3x - 5) [ToapiHTEerpanbHas GyHKIUS CONECPKUT JBA MHOKUTENS, HA OJUH U3

KOTOPBIX HE SIBJISIETCS MPOU3BOJIHON JIPYTOro, MO3TOMY MOJBOUTH UX MO/ 3HAK
muddepennmana 6ecrone3Ho. [lonbiTaemMcsi BBECTH HOBYIO IEPEMEHHYIO, TAKYIO, YTOOBI
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dx _x—5=£6;£=6x—5;

Imfx—5(1+3{f’x—5} x =% +5 dc=68de —

KOPHH U3BJICKIIMCH!:

5 2 2,
Cd__ g b (21D
£il+ety T+ £+l
= 6| [dt - [~ | = (¢ - arctg )+ € = 65 =5 - arctg 8= 5)+ €
£ +1 PaccMoTpum

I la? - x? dx (uaterpan Nel9 u3 Tab..). 3nech noAbIHTErpaibHas PYHKIMS COCTOUT U3
€IMHCTBEHHOTO MHOUTEJIS; MOXHO OISITh MOMBITATHCA ClI€NIaTh TaKyI0 3aMEHY
NepEMEHHOM, YTOObI KOpeHb U3BIEKCI. CTPYKTypa MOAKOPEHHOTO BHIPAKEHUS
IIOJICKA3bIBAET DTy 3aMeHy: X = &sifl 2(yyy X =acost «>0):

J'“u,l'az —xidy =

OT KBaJlpaTa KOCHHYCa. HpI/I HHTCIPUPOBAHNHA YETHBIX CTEIICHEH CHUHYCa U KOCHUHYCa

x =gsin £ de = acos idE

=a,2]'|:052 £ o

w{az—xz =aw{1—sﬁ12£=acosi ..
. MaTerpan cBéncs xk uHTErpaty

-2 2 .
4acTO NPUMEHSIOTCS (DOPMYJIbI, BRIpaKAIOIIMe 1~ £ 05 £yepe3 KOCUHYC JABOMHOIO

.32 1-cos ¢ 2 1+ cos2s
sm- = —— o8 5 ——

yria: 2 2, [TosTomy

2

2
1+C052Ia’: =%U&+Jmszm)=%[;+12_[c052r'd2:]=

a?'_[coszr':ﬂ=a2_[ >

) x
Sl F = —, CoskE =

/4
73

ﬂ'.z ﬂIE ﬂ;z

= e Lon ot v 0= [+ Loin 2 +C = ——[f+sin £cosg)+ € =
2 2 2 2 2

2
= %arn:sin x +%xw,|'a:2 —xz +

v

[Tpumepsr: 1.

r=x+~\fx2+m;r—x=«,|'x2+U,;(.t—xj2 - x* +
2 2

_[Lafx=r2—2ﬁx:+x2=x2+u;x=£ z;m;w,l'x2+w,=i—£ 2;0',= =]11|£|+C=]n‘x+x|'x2+0',

+C

2 2
£t o P v
= cde =

. dt
2f 2
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dx 1 et 1 . (x+a)-(x-a 1 1 1
=== 2"5‘::_( Lt )d’c=_f[ - ]‘fx:

2 "x*-a 2T x —a 27 (x+ai(x —a) g’ lx-—a x+ta
Lz _ a1 | y-a|-h |z +al)+ €= [T +C
et X Xt 20t 2 |xta

Humezpuposanue no uacmsam.
HNHTerpupoBaHue no 4acTsaM - IPUEM, KOTOPBIA IIPUMEHSIETCS [IOYTH TaK K€ 4acTo,

KaK ¥ 3aMeHa nepeMeHHol. [Tycth U(X) u V(X) - pyHKIIMH, UMEIOIINE HEITPEPhIBHBIC
YyacTHbIC MPou3BoIHbIe. Toraa mo ¢popmyne auddepenimpoBanus npousseaeHus d(uv) =

wdy + yedu= ¥ @ =dav) =y di Hayonum HeonpenenéHHble MHTErpaIbl A 00enx

o =y +
qacTeil 9TOro paBeHCTBa (IPU STOM [duv) =ur+C ):

Iu-dvmv—lv-dx%.

Ota popmMyia u HazbBaeTcs (OPMYJIOH HHTEIPUPOBAHHUS 110 YyacTsaM. JacTo ee
3aMMCHIBAIOT B MPOou3BOAHBIX (AV = V’+dx, du = U’-dx):

J-u-v’afr =uv—Iv -u’ab{:

[Tpumepsr:
= x,dy = sin xdx;
J‘xsjn xdx = _ =x(—cosx) —I(—cosx}aﬁr =-xcosx+snx+¢
i = v =‘|‘sm xdx = —cosx
=l x; dv =dx; e
_[]nxdx:= v =x]nx—_[x—=x]nx—_[d1:=x]nx—x+(?
=—.v=x x
x

dopmyna HHTETPUPOBAHUS [0 YaCTSIM MOXKET NPUMEHSITHCS HEOIHOKPATHO.
[Ipy Hanuuuu HEOONBIIOrO OMbITA B MPOCTHIX HHTETpaiax HET HEOOXOAMMOCTU

BBIITACHIBATh MIPOMEKYTOUHBIC BBIKIATKH (U = ..., dV = ...), MOXHO cpa3sy
MIPUMEHSTh dbopmyiy, HpeI[CTaBI/IB HHTerpaJI B BH,ue Jurdv )
j'ex.x:Eafx: = J':.t:3 (e™dx) = Ix3dex - x'e —j'exafx:E = x°e* —J'e 3xidx = xoe® BJ'xE (e¥dx) =
= x'e* —BIxzdex = x'e¥ - 3(x —J'exafrz = xle —3(.1: e~ —J'e 2xdx) =

= xle® - 3xle® + ﬁj'xaiex = x'e® - 3xte® + blxe™ — J'exafx:) = x e® - 3x’e® +6xe® - 5J'exafx: =
= xle® —3x’e® +6xe* —6e® +C = &* (x ~3x% +6x -6+

[IpuBenéunbie MpUMEpPbI MOKA3bIBAIOT, JIJIs1 KAKUX (PYHKIHMM HA10 TPUMEHATH (WIIH
MONBITATHCS MPUMEHUTH) (POPMYITYy HUHTETPUPOBAHUS 110 YACTSIM:

I/IHTeraJILI BHIA _[PH (x) cosem dx ’ _[PH (2 sin e e 1 J'PH (x) a® e
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_[PH(x}'cosax'd:c =P, (x), dr = cosaxdx

Pn(X) - MHOTOUWICH N-0it cTenenu. Tak, s uMeeM

= I:Pnlzx]]"dx: =PH—1':x:'dr= ¥ = I:sinax]fa "

_[PH (x) cosem de =P, (x) (s ax)/a —lfa_[PH —1(x) s e dx . B pesybTaTe Mbl OTY4HIN

MHTErpaJl TOro K€ TUIIA C MHOTOWIEHOM CTENIEHU HA €IUHMIY MeHbIle. [lociie N-kpaTHOro
npuMeHeHus! (POPMYJIbl CTENIEHb MHOTOUYIEHA YMEHBIIUTCS 1O HYJIS, T.€. MHOTOWJIEH
MPEBPATUTCS B IOCTOSIHHYIO, U UHTETpajl CBEAETCS K TaOIMYHOMY.

HHrerpaist [Pulx) f(x) e ,rae ) TpaHCLEHAEHTHAS (PYHKIHS, UMEoIIast
JAPOOHO-pAIMOHATILHYO HITH IPOOHO-UPppaMOHAIbHYIO Tipou3BoanHyto (In X, arctg X,
arcctg x, arcsin X, arcos x). B arom ciydae umeet cmbici B3saTh U = f(X), dv = Pn(X)dX, mst

vili ..
TOTr0, YTOOBI B MHTEIPaje I yuactBoBasia He f(X), a e€ npousBoanas. [Ipumep:

= arcsin x, dy = xdx;
%2 e x = sin £, dm—t:os.tdi

X arcsin xdx = cx x? |="—arcsin x -
,[ du=—— " "p=_"_ 2 '[2 1_x2 V{l .:\‘.: =rcosk

2 2 2 :
=x—arcsﬁ1x—l_|'sﬁ12rdx=x—arcsﬁ1x—l_|'(1—c0521)d.r=x—ar|::sinx—l -2 2 +( =
2 2 2 4 2 4 2

2 - 2 . 2
Xx ) £ s Ecosk X ) arcsin x xdJ1l-x
= —arcsnx-——+— +C = —arcsin x — + +C

4 2 ¥ 4

JI1st HeKOTOPBIX QYHKIIUNA MPUMEHSETCS TPUEM “‘CBEJIEHUSI MHTErpaja K CaMoOMy
ce6e”. C moMOIIbI0 HHTETPUPOBAHUS 110 YaCTIM (BO3MOYKHO, HEOJHOKPATHOTO) HHTETpal
BBIPAXKAETCS YEPE3 TAKOM K€ MHTETPall; B pe3yJbTaTe MNOJy4aeTCs] ypaBHEHUE
OTHOCHUTEJIBHO 3TOT0 UHTETpaja, pemasi KOTopoe, HaX0AUM 3HaU€HHE MHTErpaa.
[Tpumepsr:

2__12
Y -x“dx .
Haiitn Jra® - (aTo mnTerpan Nel9 u3 tada. 10.3.Heonpenesé HHbIX
HHTErpaJioB; B MPEIbIAYIIEM maparpade Mbl BBIYUCIUIN 3TOT UHTErPaJl C TTOMOIIBIO
TPUTOHOMETPUUYECKOMN MTOJACTAHOBKH * = ¢ sin 1),

u = ﬂz—xz;dv = dx;

2 2
F=lva® —x"de= dx =xa-x v =xaat —x® - _dx=
'[ du=——x W= x l 2 2 l ﬂ2 2

k]

(:z —.:r,]l a’

= X dx =x a —x +
N D P
-F+a a:ru:sinE

ol = - [la? - et [ - i - “

B pe3yiabTaTe A4 HCKOMOI'0O HHTCIrpala Mbl IIOJYYWIH YPAaBHCHHUC

2
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2 2

.X
arcsil —
il

]
.x
of = x+ja® - x* +a arcsin =+ C
peuias KOTopoe, IOoJIyd4aeM e (xoHctanta C MOSIBUJIACh
BCJIEJICTBHE TOrO, YTO HHTErpadbl B NpaBO H JIEBOW YacTAX ypaBHEHHUS
OTpEeIeNIEHbl C TOYHOCTHIO /10 MPOU3BOJILHOMN MOCTOSTHHON) U

2
1 P . x [
F=—xa® -x* +Z arcsin =+ €

@  (koHcTaHTa 2 mepeoOo3HaueHa yepe3 C).
CenieHue uHTErpajia K caMoMy cebe — camblif TPOCTOM CIOCOO HAXOXKICHUS

F=x-a*-x*-T+a

Ieﬂx cos bxdx ‘I‘eﬂx sin Bxdx ;4 B = const
4acTO BCTPEYAIONIUXCS HHTETPAIOB BHUA u (% ).

Hanpuwmep,
— . _ X
I=Ieﬂcosbx'dx:= SR S s =™ A +IJ % g e =
= Qs dude, v =™ fa Tcos X E.[e Sl X B
- TN - ax ax
i LR E) =G =€—cosbx+£ e—smbx—ije“cosbx'dm =
=hcoshude, vy =e® fa = a)| 4 =
22 ax 2
= —coshx + sm.bx——zf
@ @ «” . Hrak, mnocime JIBYKPaTHOTO WHTETPUPOBAHUS TIO
22 ax 2
I=—coshxe + sin Bx —— F
4acTAM IIOJYYCHO YpPAaBHCHUC OTHOCUTCIBHO I: @ i i ,
e™ .
I=—2 E(acosbx+bsmbx)+c
peIIcHHe KOTOPOTO a” +h

[Tpu HaXOXIEHUH 3TH MHTETPAJOB HE MPUHIIUITHAIBHO, TIOJOKUM JH MBI U =
cos bx, dv = e dx mam u = e®, dv = coS bX dX; BaXHO TOJBKO IPH BTOPOM
NpUMEHEHUN (GOpMyIBl HWHTETPUPOBAHUS TI0 YaCTAM 3aroHATh TOJ 3HAK
muddepenimana pyHKIIUIO TOTO e THIIA, YTO U MPHU MEepBOM (ITOKA3aTCIbHYIO WIIH
TPUTOHOMETPUUECKYIO).

Emé omuna Bum Qopmyi, KOTOpble OOBIYHO MOIYYAIOTCS C TOMOIIBIO
MHTETPUPOBAHUA [0 YaCTSAM, U MCIHOJB3YIOTCS U1 HAaXO0XIACHHS HMHTErpajioB -
PeKyppeHTHbIe cOOTHomeHus. Eciu moasiHTerpanbHas (QYHKIUS 3aBUCHUT OT
HEKOTOPOro napaMmeTpa N, U MOJIy4eHO COOTHOLIEHUE, KOTOPOE BBIPAKAET MHTErpall
Yyepe3 aHaJIOTMYHbIM MHTErpaJl C MEHBIIMM 3HAYEHHUEM N, TO 3TO COOTHOLUICHUE U
HAa3bIBACTCS PEKYPPEHTHBIM COOTHOILICHUEM. [Ipumepsr:

f, = Icos" x dx
. [IpeacraBum moABIHTETPATBHYIO (DYHKIIMIO B BHIIC

- _ -2 L q_ 2 _ -2 n-2 .
costx = cog® %y pogt x = COS x (1-smn* x)=rcos X —sn xcos XS0 X pyrerpal

OT NEPBOTrO CJIAraeéMoro aHaJOTMYE€H MCXOJHOMY C 3HAYEHUMEM IapaMmeTpa N Ha JBe
€UHULIBI MEHbIIE; K HHTErpajgy OT BTOPOTO CJIaraéMoro MpUMEHHM (opMyy
WHTETPUPOBAHUSA 1O YACTSIM:
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-2

=zin x, d = cos™ “ xsin xdx,
I, =_|'cos"x'dr,=_|'|:c::s"_2x'dx—jsmxcos"_zxsm xdx = cos® !y =
=cosxde, v =——m,
n-1
. cos™ 1 x cos®  x sin xcos® | x 1
=f, g —amnx|-——— +I ———|rosx de =S, 5 + - Icosx"'a&:=
n-1 n-1 m-1 m-1
_ sinxcos® Tx 1 (l 1 )‘ _ sinx cos® 1 x _n-1 sin x cos® L x
= Iy-2 a1 E‘ru;" Y =y -2 a1 = Iy . n-2 n
5= dx =sinx +C
Teneps, 3Has : I FosE i ,
1+cos2 1 n 2
£y =_|'|:052x'dr,=j'—ms T =—[x+ X
2 2 2 ) MBI MOXKEM BBIIINUCATH
_ . 3-1 ; 2
I3=Ico53x'dr=3 lfl_l_smxl:os x=55mx+smxcos X, e
3 3 3 3 :
: 4-1 : 3
4-1 31 .
I4=Icos4x'dx= I2+smx|:c:s x=—'—(2x+sm2x;l+—smxcos TiC
4 4 4 4 4 :
_ : 5-1 - 4
fs =Icoij'dr SE 11’3 fELXE0S X =i'l(25inx+sin xcoszx)+w+c
5 5 53 5 u T.]I.

MpaKktuueckana pabora Ne 16

Tema: BbluucneHme nHTerpanos

OcHOBHasA uenb:

- ¢OpMMpOBaHMe npeACTaBHEHMVI O NMOHATUU nepBoo6pa3H0171, HeonpegeneHHoro nHTerpana,

onpegeneHHoro nHTerpana.

+ OsBnageHne ymeHuem npumeHeHusa nepBoobpasHoi GyHKUUKU MPU PELEHUN BbIYUCIUTENBHbIX
3aJau.

MayquMe AaHHOﬁ TéMbl No3Bos1AeT

+ CTyneHTam oOBNafeTb KOHKPETHbIMM MaTEMATUYECKMMM 3HAHUAMW, HeobXxoAMMbIMK ANs
NMPUMEHEHUA B NPAKTUYECKON AeATeNbHOCTU, ANA U3YYEHUS CMEXKHbIX AUCUMMNIWH, Pa3BUTUA
YMCTBEHHbIX CMOCOBHOCTEN, YyMeHWe WU3BNeKaTb Yy4yebHylo WHPOpMaLMIO Ha OCHOBe
COMOCTaBUTENIBHOTO aHanM3a rPaduKoB, CaMOCTOATENIbHO BbIMOMHATL Pa3/iMyHble TBOPYECKME

paboTbl.

+ CTyZeHTbl AEMOHCTPUPYIOT TeOPEeTUYECKME N NPAKTUYECKNE 3HaHUA No Teme «lepBoobpasHan u
WHTerpan». MoryT npueecTy nNpumepsbl, NogobpaTb aprymeHTbl, CHOPMYyAMpPoOBaTb BbIBOAbI.
YMeIT COCTaBAATb TEKCT HAy4YHOro cTuaa. YmeroT popmmpoBaTb BOMPOCHI, 3a4a4M, CO34aBaTbh

Npob6/IeMHYIO CUTYaLUIO

+ CTyneHTbl cBOOOAHO NPUMEHAIOT 3HAHUA U YMeHMA no Teme «[lepBoobpasHas M MHTErpan».

YmeloT nepegasaTb, MHGOPMALMIO CXKATO, NOAHO, BbIBOPOUYHO. YMEIOT 06BACHUTL U3YYEHHblE
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NMONOXEHUST Ha CaMOCTOATENIbHO NOAOOPaHHbIX KOHKPETHbIX NpuMepax. YMEeoT y4acTBOBaTb B

Ananore, NOHMMaTb TOYKY 3pPEHUA CO6€CELI,HVIK3, NPMU3HaBaTb NPaBO Ha NHOE MHEHWE.

Tema "lMepBoobpasHaa u uHTerpan" 3aBeplaeTca Komniaekcom YuyebHo-
TPEHUPOBOYHbIMbI TecToBbIMM 3agaHuamu EMno paHHOU Teme (cm.
MpunoxeHune 1).

YyebHasa uenb:

+ @opMupoBaHHE MPEACTABJICHUN O PA3JIMYHBIX TUIIAX TECTOBBIX 3aJaHUM, KOTOPHIE
BKitouaroTest B EI'D mo marematuke.

* OBJ'la}IeHI/Ie HaBbIKAMHU U YMCHUSMMU PCUHICHUIA SaI[aHI/Iﬁ PasHOTO YPOBHA: TCCTOBBIX
SaﬂaHI/Iﬁ C BBI60pOM OTBC€Ta MW Ka4YCCTBCHHBLIX TCCTOBBIX BaHaHI/Iﬁ C YHUCJIIOBBIM
OTBCTOM.

+ Pa3BuUTh TBOpYECKHE CIIOCOOHOCTM NPUMEHEHUS 3HAHUW M YMEHUl B pEIICHHUU
BapuaHToB EI'D no maremaTuke.

Ilaan:
|. MeTonuueckue yka3aHus K BBIMOJHEHHUIO TPAKTUUECKON pabOThI

1) IlepBooOpa3Has ¥ HeONpeACICHHBIN HHTETPal

2) Tabmuia HHTETpaioB

3) Hekoropsie CBOWCTBA HEOMPEICIICHHOTO HHTErpaa

4) VHTerpupoBaHUE METOJOM 3aMEHBI IIEPEMEHOM MIIH CIIOCOOOM MOACTaHOBKH

5) MuTerpupoBaHue 1Mo 4acTsaM

6) ParmonansHbie apodu. [IpocTeiinine paroHaabHbIC IPOOH U UX HHTEIPUPOBAHUE
7) HuTerpupoBaHue parloOHAIBHBIX IPOOCH

8) HMurterpaisl OT HPPALMOHATBHBIX ()YHKITHI

Il. [TpakTrueckas pabora

I1. Utor

X0/l YPOKA

|. MeToguyeckne yKa3aHUs K BHINOJHEHUIO MPAKTHYECKOH padoThl

1) IIepBooOpa3Hasi U HeonpeaeJTeHHbIH HHTErpaJl

Paccmorpum  3amauy: Jlana ¢ynkmms f(x);TpeOyercss HaWTH Takyloo  (QYHKIHIO
F(x),mpousBognas kotopoii pasHa f(x),r.e. F (X)= f(X).

Onpenenenue: 1. dynukus F(X) HaspiBaeTcs nmepBoodOpa3Hoi oT ¢pyHkiuu f(X) Ha oTpeske
[a,b], ecnu Bo Bcex Toukax 3TOro oTpeska BhIMONHAETCS paBeHcTBo F (X)= f(X).
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IHpumep.Haiitn nepsooOpasnyto ot Gynkuuu f(x)=x2M13 omnpeneneHus nepBooOpa3HOIl
caenyert, uto Gpynkuus F(x)=x3/3 aBnsercsa neppoobpa3Hoi, Tak Kak (x°/3)'= x2.

Jlerko BUAETH, UTO €CHM i JaHHOM pyHkumMH f(X) cymiecTByeT nmepBooOpasHas, TO 3Ta
nepBooOpa3Hasl He SBISAETCA €IMHCTBEHHOU. Tak, B MpeaplIylieM MpuMepe MOKHO ObLIO
B35Th B KAUECTBE MEPBOOOPA3HBIX CleAyIonIne QyHKIUNU:

X X X
F(X)= =—+1,F(x)=2-7 F(x)=2+C
3 3 , WIH BOOOIIE 3 (rme C- mpou3BOJIbHAS
X3 9
(_+C) =x . C Japyroéi CTOpOHBI, MOXXHO J0Ka3aTh, YTO
OCTOSIHHAS), TaK Kak 3

X +C
GyHKUMAMH BUAQ 3 MCUEPIBIBAIOTCSA BCE MEPBOOOPA3HBIE OT YHKIUM X> . DTO

BBITEKAET U3 CJIEAYIOUIEH TEOPEMBI.

Teopema. Eciiu F1 (X) u F2 (x)- aBe nepBooOpasubie ot pyHkiuu f(X) Ha otpeske [a,b], To
Pa3HOCTh MEX/Y HUIMH paBHA MIOCTOSTHHOMY YHUCITY.

JlokazaTeJbcTBO. B cuity onpeneneHust nepBooOpa3Hoit uMeem
F1'(x)= f(x), F2"(x)= f(x) D)
[Tpu mr060M 3HaUYEHUH X Ha OTpe3ke [a,b].

O003HaYUM

F1(x)- F2(x) =o(x). )

Torna Ha ocHoBanum paBeHcTB (1) Oyner F'1 (X)- F'2 (x)= f(x)- f(x)=0 wm ¢'(X)=[ F'1 (x)-
F'> (x)]'=0 npu moboMm 3HaueHuu X Ha oTpeske [a,b]. Ho u3 paBeHncrBa ¢'(x)=0 cimemyer,
910 ((X) €CTh MOCTOsSIHHAs. [[eWCTBUTENBHO, MPUMEHUM TeopeMy Jlarpamka Kk QyHKIHUH
¢(x), KoTOpasi, OYeBUIHO, HENPEephIBHA U quddepeHmpyema Ha otpeske [a,b]. KakoBa Ob1
HU ObllIa TOYKa X Ha OoTpe3ke [a,b], Mbl uMeeM B cuity TeopeMbl Jlarpanxka @(x)- ¢(a)= (x-
a) ¢'(z), rtne a <z<x.Tak kak ©0'(z)=0, 1O OKX%)- o¢(@)=0, nm ox)= o).
3)

Taxum o6pazom, GyHKIMSA G(X) B IFOO0K TOUKE X OTpe3Ka [a,b] coxpaHseT 3HadeHHE ¢(a),
a 9TO 3HAYUT, 4To GYHKIUA @(X) SABISETCA MOCTOSHHON Ha oTpe3ke [a,b]. OOGo3Hauas
noctosHHYIO ¢@(a) uepe3 C, u3 paBeHCTB (2) u (3) monyuaem F1 (x)- F2(x) = C.

W3 nmokazaHHOUW TEOpEMBI CIENYET, YTO €Clu il JaHHOW QyHkmuu f(X) HaligeHa Kakas-
HUOYb onHA TiepBooOpasHas F(x), To mobas apyras mepBoobOpaszHas mis f(x) uMmeeT BuI
F(x)+ C, rne C = const/

Omnpenenenue 2. Eciu pynkuus F(x) sBasiercs nepBooOpa3zHoi s f(X), To BeIpakeHue
F(x)+ C maspiBaeTCsl HeolpeneaeHHBIM HMHTerpasioM oT (GyHkmuu f(X) m obo3HagaeTcs

[f(x)dx.Takum 06pasom no onpexererno, | f(X)dx= F(x)+ C, ecu F (x)= f(x). [Ipu 310M
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¢ynkuuio f(X) HaswpiBatoT moABIHTETpanbHON (yHKnmeH, f(X)dX- mombIHTETpaTbHBIM
BBIP@KCHHEM, 3HAK |- 3HAKOM HHTErpana.

Takum oOpa3oMm, HEOIpPEAEICHHbI UHTErpan MPEeACTABISET COO0OW CeMENUCTBO (pyHKUUN

y=F(x)+ C.

C reomMeTpu4ecKOM TOYKM 3PEHUS HEONPEAEJIECHHBIM HMHTErpajl  IpPeICTaBiIsSET
COBOKYIHOCTh (CEMEMCTBO) KPHUBBIX, KaxxJas M3 KOTOPHIX MOJy4aeTcsl IMyTeM CJIIBUra
OJIHOM M3 KpUBBIX NAapaJuIEIbHO caMOoil ce0e BBEPX WM BHU3, T. €. BNoJb ocu Oy.

EcrecTBeHHO BO3HMKaeT Bompoc: s Beskod s ¢yHkumu f(X) cymecTByroT
nepBooOpa3Hbie( a 3HAUMT, U HeompeneneHHbId uHTerpan)? Oka3pIBaeTcs, YTO Ha JUJIs
BCSKOW. 3aMeTuM, OJIHaKo, 0e3 J0Ka3aTeNbCcTBa, 4To ecinu QpyHkuus f(X) HempepbiBHA Ha
oTpe3ke [a,b],To mma dSTOM (QyHKIMH CYIIECTBYeT IepBoOOpa3Has (a 3HAYWUT, U
HEOMpeICICHHbIA HHTErpa).

Haxoxxnenue nepBooOpa3zHoi anst nanHod ¢yHkiuu f(X) Ha3bIBaeTCs MHTETPUPOBAHUEM
bynxun f(x).

3aMeTHM cleyrollee: eCciau MPOU3BOJIHAS OT dJIEMEHTapHOW (DYHKIIMHM BCerja SBIsSeTCS
AJIIeMEHTapHON (YHKIMEH, TO MepBOOOpasHas OT dSJIEMEHTAapHOW (YHKIMU MOXET
OKa3aThCsl U HE MPEJICTAaBUMON C MOMOIIBI0 KOHEUYHOTO YHCiIa AJIEMEHTapHBIX (DYHKLIUM.
W3 onpenenenus 2 cienyer:

1.ITpousBogHas OT HEONPENENEHHOr0 HHTErpaia paBHA IIOJBIHTErPATLHON (YHKIMHY,
T.e.ecma F (X)= f(x), To u

( fx)dx)'= (F)+C)=f(x). (4)

[TocnenHee paBeHCTBO HY)KHO MOHMMATh B TOM CMBICJIC, YTO TPOW3BOJHAS OT JIFOOOM
nepBooOpa3HON paBHA TOABIHTETPAIBLHON (DYHKITHH.

2. Jludpdepenmman OT HEONPEACICHHOTO HWHTErpaja pPaBeH MOJBIHTETPAILHOMY
BBIPAKCHUIO:

d([f(x)dx)= f(x)dx. (5)
D10 ToTydaeTcsi Ha OCHOBaHUH (HOpMYyITHI (4).

3. Heomnpenenennoro uuterpan ot nuddepenimana HeKOTOpor (YHKIIMH paBeH 3TOM
(GYHKITUY TUTFOC TIPOM3BOJIbHAS TIOCTOSTHHAS :

JdF(x)= F(x)+C.

CrpaBelsTUBOCTh  MMOCJICTHETO PAaBEHCTBA JIETKO TIPOBEPUTH MU (HEpPCHIINPOBAHUEM
(muddepentmansr oT 00eux yacteld paBeHcTBa paBHbI AF(X)).

2) Tadauma HHTErpasioB.
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[Ipexxe yeM NpUCTYNUTh K U3J0XKEHHI0 METOJAOB MHTEIPUPOBAHUS, MPUBEIEM TaOIUIly
MHTETPajoB OT MPOCTEUIINX QYHKIUH.

X%+ 1

LI T e

o+l

MIPOU3BOJIbHAS TOCTOSIHHASL. ).

dx
[x = lixi+C

3 jsinx-dx = —cosx+C

4. JCOSX'dX = sinx+C

Iﬂ
5 cos’x = tgx+C
_ax

6 sinx =

~-ctg x+C
o Jgxax _ -Inlcosxl+C

8 [ctgx-dx _ Inlsinxl+C

0. Jex-dx = ¢+C

X
a_+C

10. IaX.dX — Ina

_dx
11.1 1+x* = arctgx+C

.[ dx larctgx+C
= a a

1, .a+x
dx = InI=—1+C
I 2 2

1p1 "@x =23 a-X

131 J1-x2 = arcsinx+C
3

_dx . X
I arcsin _+C
13" " a?-x2 = a

.(3necpy u B mocneayromux popmynax nog C moHUMaeTcs
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_ Inlx+zadsC
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CnpasegymuBocth dopmyn 7,8,11°,12,13'u 14 nerko ycTaHAaBIMBAETCS C MOMOIIBIO

g depeHurpoBaHusl.
=sin x
-—  =1gx
B cinyuae popmyisl 7 umMeem (~Inlcos x| =  COSX ; ,
cnenosarensio, ) 19x°dx= =Inlcosxl+C
B cnyuae popmynbr 8
. m=c'[gx
(Inisinxl) _ i
CIIEJIOBATEIBHO J'ctgx-dX: Inlsin xI+C .
B cnyuae popmynbr 12
atX
(—1 In=—1) 1 [InIa+xI—InIa—x]':—l[ 1,1 = 1
28 a-X = 2a 2a a+x a-x = a?-x*
dx 1 &2 4c
cJIeJOBATEIIbHO, a-x2 = 23 a-X
B cnyqae dopmyner 14
(Inlx +/X2Ea2) = 1 (1+—2—)= 1l
x+Vx2+a2  x2xa? |x2+a?
dx -
CIIEIOBATEJIbHO, x?+a? = |n|X+\/X ta®+C :

3)HekoTopnie cBoiicTBA HeONpPeaeJeHHOIr0 HHTerpaJja

Teopema 1.HeonpeneneHHpId UWHTErpaj oOT aireOpandeckod CyMMBI JIBYX WU
HECKOJIBKHUX (DYHKIIUI paBeH ajare0panvyeckoil cyMMe UX MHTETPaJIOB:

JF00t0000x= [ 1000 [ x00x (1)

N3 nokazarenbcTBa HaiaeM NPOU3BOJIHBIE OT JIEBOM M IIPABOM YAaCTEW 3TOr0 PABEHCTBA.
Ha ocnoBanum paBeHctBa (4) mynkra Nel Haxoaum

[

Takum oOpa3om, MPOU3BOJHBIE OT JIEBOM U MpaBoil yacTeil paBeHCTBa (1) paBHBI MEXAY

coOOM, T. €. MPOU3BOAHAS OT JIEOOOM MepBOOOPa3HOM, CTOsIIAs B IEBOW YaCTH, PABHSIETCS
MPOU3BOAHOM OT JIFOOOM (DYHKIIMH, CTOSIIECH B MpaBoi yacTu paBeHcTBa. Clie0BaTEIBHO
o teopeme m3 myHkTa Nel Jro0ast QyHKIMs, CTOsIIasl B JIeBOW 4yacTh paBeHcTBa (1),
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OTIMYaeTcs OT 000N (hyHKIMH, CTOSLIEH B MpaBOM yacTu paBeHcTBA(1), HA TOCTOSIHHOE
ciaraeMoe. B 3TOM cMbICiie M HyKHO MOHUMATh paBeHCTBO (1).

Teopema 2. ITocTOSHHBI MHOXKUTEIb MOYKHO BBIHOCHTH 3a 3HAK MHTErpaja, T. €. €ClH
a=const, to
(J’af (x)dx :aJ’f (x)dx. (2)

Jlnst nokaszarenbcTBa paBeHCTBa (2) HaijeM MPOW3BOJAHBIC OT JICBOW W TPABOM €ro
YacTeu:

| ] e O

[IpousBoiHbIE OT IPaBOM U JIEBOM YacTEW paBHBI, CJIEIOBATEIIBHO, KaK U B paBeHCTBE (1),

pasHOCTh ABYX JIIOOBIX (YHKIIMH, CTOSIIUX CJAeBa M CIpaBa, €CTh MOCTOSHHAs. B aToM
CMBICJIC | CJIEIyeT MOHMMATh PaBEHCTBO (2).

HpI/I BBIYMCIICHUU HCOIIPCACIICHHBIX HWHTCTPAIIOB ObIBaeT II0JIE3HO HMETh B BHUOY
CICAYromue 1mpaBuJia.

1).Ecau
[ f(x)dx=F(x)+C,

TO

_[f dx——F ax)+C .
a 3)

Jle#icTBUTENBHO, nudPepeHIIUpPYs IEBYIO U MMPABYIO YaCTH paBeHCTBA (3) MOaydnuM
(lF(ax 1 F (ax)) 1 F (ax)a=F (ax)=f (ax).

(If (ax)ax {) =f (ax), ; a )= a( X a [IpousBogHBEIE  OT
MPaBOM U JIEBOU YacTeil paBHBI, 4YTO U TPEOOBAIOCH JOKA3aTh.
2). Ecim

jf (x)dx=F (x)+C

TO

[ H(x+b)dx=F (x+b)+C. ()
3. Ecnin

If (x)dx=F (x)+C

TO
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1
f b)dx==F b)+C
J' (ax +b)dx N (ax+b)+ )

PaBenctsa (4) u (5) mokaspiBatorcs audQepeHInpoBaHUEeM MPABOM U JIEBOH YacTei
PaBEHCTB.

Ilpumep 1.
_[(2 X3-3sin X +5 \/_x)dx=J’2x3 dx—I3sin xdx+IS \/x—dx=2j X dx—3jsin xdx+SIx1/2dx=

0= X 5 —lx+3cosx+1 Vx+C.
+ = +
31 3(—-cos x) i+_1 3 X VX
= 2
Ilpumep 2.
_14 14 541
3 2
J_(_3 1 1 3X1 +12X1 +£)'>( +C
Lt axA0dx=3 [ x Bk o [ xV2dx + [ 30 dx= _= _ =+l
X 2vx k=3 2| J gttty -
g\3/X‘2+\/7¢+4x24¥/7¢+c.
= 2 9
Ilpumep 3.
J’ _dx =InIx+3l+ C
X+3
Ilpumep 4.

c0s 7 Xdx= 1 sin7 x+C
7

ITpumep 5.

J'sin(2 X—6)dx=- 1 cos(2x-6)+C.
2

4)HTerpupoBaHie MeTOA0M 3aMeHbI NePeMEHO WU CIIOCO00M MOJACTAHOBKH

[Tycth TpeOyeTcss HaWTH WHTErpaj I f(x)dx , IPHUYEM HETOCPEICTBEHHO T0I00paTh
nepBooOpa3Hyto st f{(X) MbI HE CMOXEM , HO HAM U3BECTHO, YTO OHA CYIIECTBYET.

CnenaeM 3aMeHYy MIEPEMEHHOM B MOJIBIHTETPAIBHOM BBIPAKCHUH, MTOJIOKHUB
x=(t), (1)
rae ¢(t)-HempepbiBHAS (PYHKIMS C HEMPEPHIBHOM MPOM3BOJIHOM, HMMEIOIIas OOpaTHYIO

¢ynkuuto. Torga dx= ¢'(t)dt;nokaxkem, 4TO B 3TOM Clydae UMEET MECTO CIEayIOlee
PaBEHCTBO:
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Jt(xd= [ 160019 (1)t 2)

31ech Noapa3yMeBaeTcs, YTO MOCIe UHTErPUPOBAHUS B MIPABOM YacTH paBEHCTBA BMECTO t
OyZeT MOACTaBJICHO €ro BhIpaXKEHUE Yepe3 X Ha OCHOBaHWU paBeHCTBA (1).

I[JISI TOTO YTOOBI YCTaHOBUTD, YTO BBLIPAXCHUA, CTOAINHUC CIIpaBa M CJICBA, OJHMHAKOBLI B
YKa3aHHOM BBIIIC CMBICIIC, HYKHO A0Ka3aTb, YTO HX IPOHU3BOAHBIC IIO X PaBHLI MCKIY

co0oii . Haxomum mnpou3BOAHYIO OT JIEBOW YacTu (J F(x)dx) =1 (x). IIpaByro yactb
paBeHcTBa (2) Oymem auddepeHMpoBaTh MO X Kak CIOKHYHO (QyHKIUIO, rae t-
MPOMEXYTOUHBIA apryMeHT. 3aBUCUMOCTh t OT X BbIpaxkaercsi paBeHCTBOM (1), mpu 3TOM
dx dt__ 1
dt =¢ (1)

u 1o npaBwiy auddepeHupoBanuss 00paTHoi QyHKIIUN dx ¢ (t)

Takum obpa3zom, umMeem

(i o =([fraona @ fgersn—-=f o= .
X o 1
CrenoBaTenbHO, MPOU3BOHBIC OT X OT MPABO i 1 1eBO#t yacTeit paBeHcTBa (2) paBHbI,
YTO U TpeOOBAIOCh I0KA3aTh.
OYHKIHIO X=¢(t)  cmemyer BBIOMpaTh TaK, 4YTOObI MOKHO OBLIO BBIYUCIHTE

HEOTpeICIICHHBI MHTETpaJjl, CTOSALIUI B IPaBOM YacTu paBeHCTBA (2).

3ameuanme. [lpu wuHTErpUpOBaHMM HHOI/AA IlieJiecooOpa3Hee ToaAOUpaTh 3aMEHy
nepemenHoii He B Buae X=¢(1)  asBuge =¥ (X). [Ipoummoctpupyem 3To Ha mpHMepe.
[TycTh HY’KHO BBIYHCIUTDh HHTETPAJI, UMCIOIINN BUL

w(X)dx

y(x)
31ech y100HO MOJI0KHUTh

w(X)=t

torma w(x)dx=dt,
y(x)dx gt

= [ = Inltl+C=Inly (x)I+C
I w(X) ‘[t ’

[IprBeaEM HECKOIHLKO IPUMEPOB HA MHTETPUPOBAHKUE C TOMOIIBIO 3aMEHBI IEPEMEHHBIX.
Ilpumep 1.
I V/sin x cos xdx =?

Cnenaem mojacTaHoBKy t=Sinx; torma dt= COSXAX u, cIemoBaTelIbHO,
_ _ 12 o2 2 3
Vsinxcosxdx=[ Vtdt={t dt="""4c= gin X+C
I fhasfe o= —c..
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Ilpumep 2.

Jﬂ :?
1+% [Monaraem t=1+x? ;Torga dt=2xdx u
[ L _Lniic=Linas)+c
1+ 2 t 2 2
Ilpumep 3.
Izdxzzlz.[ » 2’ t=2
a“+x- a™” 1+(x/a)"  Tlomaraem a8 : rtorma dx=adt,
I dx :lf adt =l‘|’ﬁ =larctgt+c=larctgx+c.
aZ+ x? 1+t2 a 1+t2 a a a
X
IIpumep 4. I\/az_xz a.[ I(I-xJa)’ x/a) Tlonaraem '=

- torma dx=adt,

I dx _1_adt :I 0t oresint+C=arcsin X +C

Ja2-x2 @ 1-t2 = 1-¢2 a
(mpeamomnaraetcs, uto a>0).

B npumepax 3 u 4 BoifiesnieHbl (HOpPMYIIbI, TPUBEICHHBIE B TAOIUIE HHTETPAJIOB MO
HoMepamu 11'u 13'(cm. Bbie, myHKT No2).

J’(Inx)3d—x=’? dt=ﬂ,
Ilpumep 5. X ITomaraem t=Inx; Torma X
3 dX 3 t4 1 4
Janx) =]t dt=, +C= , (Inx) +C
J' _xdx _
Ipumep 6. * 1+x* 2 omaraem t=x" ;roraa dt= 2xdx,
I xdx = 1 _[ a _1 arctgt +C = 1 arctgx®+ C
1+x* 2 1+t2 2 2

MGTO)_I 3aMCHBbI IICPCMCHHBIX MABJICTCA OJHHMM M3 OCHOBHBIX MCTOAOB BBIYHCIICHHA

HEOoMpeeIeHHBIX MHTETpaoB. [laxe B TeX ciaydasx, KOT/Ia Mbl HHTETPUPYEM KaKUM -JTU00

APYIruM MCETOAO0M, HAM 4aCTO IMPHUXOAUTCA B IIPOMCIKYTOYHBIX BBIYHCIICHUAX HpI/I6eFaTI> K

3aMCHC IICPCMCHHBIX. Ycenex HHTCTPHUPOBAHNUA 3aBUCHUT B 3HAYUTEIILHON CTENEHU OT TOrO,

CyMEeM JI MbI TOA00paTh TaKyl0 YAaUHYIO 3aMEHY MEPEMEHHBIX, KOTOpasi YIpOCTUiIa Obl

JNaHHbIM MHTErpall. [lo cymecTBy roBopsi H3y4yeHHEe METOIOB HHTETPUPOBAHUS CBOJAUTCA K

BBIAACHCHHIO TOI'O, KaKyI0 HaJ0 CACIAaTb 3aMCHY nepeMeHHoﬁ IIpun TOM HWJIM HHOM BHIC

IMOABIHTCIPAJIBHOI'O BBIPAXKCHUA. 3TOMy ITOCBAIICHBI OoJbIIas 9acTh HaCTOAIICTO ITYHKTA.

S5)HTerpupoBaHue MO YaCTAM



I[lycte U u V 1Be nuddepeHuupyembie ¢GyHKOMM OT X. Torma, Kak H3BECTHO,
g depenuman IIPOU3BEICHUS uv BBIYMCIISIETCS 1o CIEeAYIOIIEN

dopmye :d(uv)=udv+vdu.OTcrona, UHTErpUpPYys, MOIydaeM uv= _[ udv + _[ vau WIN

_[udv:uv—Jvdu | 1)

[locnenusia popmyna HaszbiBaeTca (poOpMylia MHTEIPUPOBAHUS MO yYacTAM. JTa (opmysa
Yalie BCEro MPUMEHSETCSs K HWHTEIPUPOBAHUIO BBIPAXKEHUH KOTOpPbIE MOXHO TakK
NpPEJCTaBUTh B BHJEC NPOM3BEACHUS [BYX COMHOXHUTeNed UM dv, 4ToObl OTBICKAThH

. Ivdu
yukuuio viio eé nudpdepenipany dv U BBIUYUCICHUS HWHTErpasia COCTaBJISUTH B

COBOKYITHOCTH 3aJavy Ooiee MMpOCTYI0, YCM HCIIOCPCACTBCHHOC BBIYUCIICHUC MHTCTPAJIA

udv
I . YMeHue pazouBaTh pa3yMHBIM 00pa3oM JaHHOE MOJBIHTETPATbHOE BBIPAKEHUE

Ha MHOXHTEIH U U 0V BbIpaOaThiBaeTCs B MPOIECCE PEUICHUS 3a7a4H, U MbI TOKKEM Ha
psiie IPUMEPOB, KaK 3TO JEJIAETCs.

L Ix sin - xdx =,

Ipumep [Monoxkum  u=x,dv=sinxdx;rorma  du=dx,v= -

COSX.CHGHOB&TCHBHO,

I X Sin XdX = - c0s x+J 00S XdX=—X COS X+Sin X +C

3ameuanme. [Ipu omnpenenenun Gyakuuu v o auddepenunany dv Mbl MoxeM OpaTh
TH00YI0 TIPOU3BOJIBHYIO MMOCTOSIHHYTO, TAK KaK B KOHEYHBIN Pe3yJabTaT OHA HE BXOJIHUT (UTO
JIETKO TIPOBEPHUTH, TMOACTaBUB B paBeHCTBO(1) BMecTo V BhIpakeHue V+C). I[lostomy
yI00HO CUUTATh 3Ty IMOCTOSTHHYIO PAaBHOH HYITIO.

[IpaBuio UHTErpUPOBAHHKS 1O YACTSIM IIPUMEHSETCS BO MHOTHX CilydyasX. Tak, Hanpumep,
WHTErpajbl BUIA

jxksin axdx I xkcosaxdx,J'xk e&‘xdx,J'xk Inxdx,

HEKOTOpbIE MHTErpalibl, COJAEpXkallre OOpaTHbIE TPUTOHOMETPUYECKHE (YHKIIHH,
BBIYUCIISIIOTCS C TIOMOIIBIO HHTETPUPOBAHUS IO YACTSIM.

Ilpumep 2.Tpebyercss BBIYUCITUTH I arctgxax . Tlonmoxum u= arctgx, dv=dx;rorma
dx
du= ,V=X
1+x° . Clle1oBaTeNbHO,
XX _yarctgx— L+ s+

arctgxdx =xarctgx—
,[ I 1+ X 2

2, VAR G
Ilpumep 3. TpeOyeTrcsi BBIYHUCIUTH I Ked Honosxum ~ U=X dv=e"dx; TOr1a

du=2xdx,v=e*,
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IXZeX dx =x2 eX—ZJxeX dx
IlocnenHuit HHTErpaJl CHOBA HHTETPUPYEM 10 YACTSIM, I10JIaras

u, =X, du,;=dx, dv,=e* dx, v,=e*. Torna

X _ X_ X — X_ X
Ixe dx =xe _[e dx=xe’~e"+C . OKOHYATENLHO OyJEM MMETH

_[ x2eXdx =x? eX-2( xe*-e*)+C=x? e*-2 xe*+2e *+C=g* (x?-2 x+2)+C

6) Pamnonanbubie apodu. IIpocreiimine panuoHaJbHbIE JpoOM M HX
HHTErpUpPOBaHUE

Kak Mbl yBUIIUM HMKE, JaleKo HE BCSKas 3JeMeHTapHas (yHKUHS HMMEEeT HHTErpal,
BBIPAXKAIOIIUKCA B JIEMEHTApHbIX (PyHKIUAX. [103TOMy OYeHb Ba)KHO BBIICIUTH TAKUE
KJIacchl (PYHKUMN , MHTETpaJibl KOTOPHIX BBIPAKAIOTCS Yepe3 AJIeMEHTAapHble (DYHKIIMH.
[IpocTeliuM 13 3TUX KIACCOB SIBISETCS KIACC PAlMOHATBHBIX (QYHKIIUM.

Besikyro panoHanbHY0 (QYyHKIMIO MOKHO MPEJICTaBUTh B BUJE PallMOHAJILHON Ipo0u, T.
€. B BUJIC OTHOIIEHHUS JBYX MHOTOWJICHOB:
Q(x) B x™+B x™'+...+B
0 1

m

FOX) " Ag X+ A X"+ A,

He orpanuunBas oOUIHOCTH pacCykaeHus, OyaeM mpeanoiaratb, 4To TH MHOTOUYJICHBI HE
UMEIOT OOIINX KOpPHEH.

Ecnu crenens 4HCIWTENs HUXKE CTENEHM 3HAMEHATeNls, TOo JpoOb  Ha3bIBACTCS
NPaBWIBHON, B TIPOTUBHOM CIIy4ae ApOoOb Ha3bIBACTCS HEMPABUIHHOM.

Ecmu npoOb HempaBwibHas, TO, pa3fciiiB YHCIWTEIh HA 3HAMEHATENb (TI0 TPaBHITY
JCJIEHUS MHOTOWICHOB), MOXHO TIPECTaBUTh JAHHYIO IPOOb B BUJE CyMMBl MHOTOWICHA
¥ HEKOTOPOU MPaBUIHLHOUN ApOOH:

Q(x)_ EX)
t0 MO+

F(x)
f(X) - npaBunbHas 1pOOE.

3nech M(X)-MHOro4sI€eH, a

Ilpumep.Ilycth nana HempaBUIbHAS pallMOHATbHAS IPOOH
x4-3
X2+2x +1
PaznenuB uncnuTenb Ha 3HaAMEHATEb (110 MPaBIITY JEJICHUS MHOTOWICHOB), TTOTYyYUM
X4—3 2 4X+6

=X —-2X+3-
X2+ 2x+1 X2+2 x+1
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Tak Kak HMHTErpHpPOBAHHE MHOTOWICHOB HE NPEACTABIACT 3aTPYAHEHHI, TO OCHOBHAs
TPYAHOCTb PY UHTEIPUPOBAHUU PALMOHAIBHBIX P00 3aKI0YaeTCsl B UHTErPUPOBAHUN
MPaBUJIBHBIX PALIMOHATIBHBIX TPOOEH.

Omnpepenenue. [IpaBuibHbIe palMOHANIbHBIE APOOU BUIA

_A
(]_) X—a
A
(2). (x-2)"  (K-esnoe MOIOXKUTEIBHOE YHCIO &2
_Ax+B p>
(3) x®+ px+q (KODHHU 3HAMEHATEs KOMIUIEKCHBIE, T.6. 4 °).
AxX+ B

(4)  (x?+ px+a* (K-1lefoe NOJ0KUTENbHOE YUCIO (2 ;KOPHHM 3HAMEHATess
KOMILUIEKCHBIC), Ha3bIBalOTCs npocteimumu apobsmu (1),(2),(3) u (4) tumnos.

WuterpupoBanue mpocteimux apobert tuma (1),(2) u (3) He cocraBimseT OOJBIION
TPYAHOCTH, TO3TOMY MbI TNPHUBEAEM HUX HHTEIPUPOBaHHE 0e€3  KaKUX-TH0O0
JOTIOTHUTEBHBIX ITOSCHEHHMIA:

[—2 dx=Alnix-al+C
(1) X—a
R A

dx= AJ’ x—a) “dx= A(—+C=
-k +1 (1-k)(x-a)**

+C
(2) (x-a)

A (2x+ p)+(B- AQ)
I Ax+B dXI 2

I 2%+ dx +(B- JQ)J' dx —

(3) X2+ px+ g X2+ X+ X2+ pX 44 Xo+ px+ q
A Inix2+ px+ gl+(B- Ap )j dx > _A Inlx?+ px+q|+ rctg
2 2 p. P 2 ﬂﬂ—pg V
] (x+ 2) +(g- 4)

Bonee cnoxKHbIX BblYMCNEHWNI TpebyeT MHTErpupoBaHMe npocTeimnx apobein (4) Tuna. MycTb Ham AaH
WHTEerpan Takoro Tuna:

Ax+B d
I(X2+ px+q )"
(4)

Mpousseaem npeobpasoBaHuUs:

A 2x+ p)+(8- )

j Ax+B dX=I 2 2 dx:AJ' 2X+] dx_l_(B_Ap_)J' dx
(X34 px+)f (x2+ px+q)* 27 (x2+ px+q)t 277 (x2+ px+q)t
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2
MepBblin MHTErpan bepetcs nop,CTaHOBKoﬁ X+ X+ q:t ’(2 K+ p)dX:dt

J, 2%+ de It dt_ﬁ 1

(X% preq) +C= +C
1k (1-K)(x+ px+g)!

BTopoit uHTerpan- obosHaumm ero yepes lg-3anvwem B Buae

dx

S Receaeryal R = [ wmy
[(x+ ) +<q— >]
2
nonarasn
2
p [
+ =t,dx=dt,g-  =m
2 7y
_R2>0

(I'IO npeanonoxeHn KOPHU 3HaMeHaTesNlIA KOMMNJEeKCHble, a CneaoBaTe/ibHO, q 4 ) ﬂ,anee

nocTynaem cieayowmm obpasom:

_dt 1 (F+m)- 1 dt 1 2

= = [ —F—dt= - dt
ly I(t2+m2)k mz,[ (t2+m?)* mz,[ (t24+m2)k-t sz (t2+m?) ¥

Mpeobpasyem nHTerpan:
2t ttdt 1 d(t+md) 1 1
'[(t2+m

td ( ).
MHTerpupys no yactam, byaem umeTb

Z)kz.[ (t2+m2)k =2 It (t2+m2)k = Z(k_l)I (t2+m2)k—1
t2dt 1 1 dt

Im_ 2(k -1) It (t2+m2)k—1_.[ (2+m2)k?

MoAcTaBNsAA 3TO BblpaxkeHue B paBeHCcTBO (1), nonyynm

_(—dt
Ik_I (t2+m2)k_

1 t dt . _
ZI +m)k1 2(k-1) ! (t2rme)! I(t+m)kl]

t 2k-3 J'
2m?(k=1)(t2+m2)k-1 T2m2k-1)d (t%+m )k !
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B NpaBoOW YaCTW COAEPXKUTCA MHTErpan TOro e TWna, 4To K , HO MokasaTeNb CTENeHW 3HameHaTens
NOAbIHTErPaNbHOW QYHKUMM HA eAMHMULY HUXKe (k=1)  rakum obpa3om, Mbl Bbipasuan kK uepes

k-1" MNpoponkan MATM Tem e nyTem, 4OWAEM [0 M3BECTHOrO MHTErpana:

1= dt__1arctgt +C
1 t2+m2 m m

MoactaBnaa 3aTem BClOAY BMECTO t U M MX 3HAYEHUSA, MONYYUM BblpaxKeHne UHTerpana (4) yepes x u
3adaHHble uncna A, B, p,q.

7) WHTerpupoBaHUe pauMOHasbHbIX gpobei

X

X
,m.e.unmeepaﬂJ QI_)dx.

f(x) f(x)
AaHHasA Apobb HenpaBW/ibHasA, TO Mbl MPEACTaB/ASIEM €€ B BUAE CYMMbl MHOro4YseHa M(x) u npaBmnabHOM

F(x)

MycTb TpebyeTca BbIMUCAUTL MHTErpan OT paunoHaabHON Apobu Ecam

pauMoHanbHON Apobu f(x) . NMocnepHiolo Xe npeactasndem no dopmyne B BUAE CYMMbI
npoctenwmx apobeii. Takum 06pasom, MHTErPUPOBAHNE BCAKOM paLMOHaNbHOM Apobu cBOAUTCA K
MHTErPUPOBaHMIO MHOTOYIEHA N HECKONIbKMUX NPOCTENLINX ApOo6e.

Bug, npocteiiwmnx apobent onpenensetca KOpHAMM 3HameHaTens f(x). 3a4ecb BO3MOXKHbI cieaytouime
cnyyau.

1.Cnyyan.
KopHUM 3HameHaTens AenCcTBUTENIbHbI U Pa3NINYHbI, T. €.

F(x)=(x-a)(x-b)...(x-d).

B aTom cnyyae apobb f(x) pasnaraeTcs Ha npocTeliwmne Apobu 1tuna:

FOO__A , B D

f(x) x-a x=b " x-d,

ntorga

I de:f—A dx+'|'—B dx+..._[ D dx= A Inlx —al+ B Inlx=bl+...+ D Inlx-dI+C
f(x) X—a x—b x—d

2. Cnyyaii.

KOpHVI 3HaMmeHaTenAa AGVICTBMTGI’IbeIe, npnyem HeKOTopble U3 HUX KPATHbIE:
f(x)=(x-a)4(x-b)’...(x-d)’.
F(x)

B aTom cnyyae apobb f(x) pasnaraeTtca Ha npocTenwme apobu 1n 2 TMnos.

lMpumep 1.
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X242 g« 1 dx 2 dx 2 dx 1 1 1 2 2 2x-1 2 x=2

Inlx +11+ _ Inlx-2[+C=- + _Inl

[
(x+1y°(x-2)
3. Cayyvan.

Cpenm KopHel 3HaMeHaTeNa eCTb KOMMNEKCHbIe HEeNOBTOPAOLWMECA(T.e. pa3nnyHble):
f(xX)=(0+ px+)...(x+Ix+s)(x -a)"...(x-d)’.
F(x)

B aTom cnyyae apobb f(X) passiaraeTcsa Ha npocTtenwmne apobu 1,2 n 3 Tnnos.
Mpumep 2.TpebyeTca BbIYUCNTb UHTETPaA
I xdx
(X2+1)(X -1} Pasnomum noAbIHTerpanbHyto Apobb Ha npocTenwme:
X _Ax+B . C
(X+1)(x-1) x>+1 x-1

CnepoBaTesibHO,
X=( Ax+B)(x-1)+C (x*+1)
Monaras x=1, nonyumm 1=2C, C=S; nonarasa x=0, nony4mum 0= -B+C, B=1/2.

MpupasHMBaa KoapdULMeHTbI Npu X , nonyynm 0=A+C, oTkyaa A= - S. Takum obpasom,

xdx _ 1 dx  __1 xdx
I(x2+ 1(x-1), 2'[ x2+1 2‘[ ZI x2+1 ZI 2+1 2'[X 1
—-= InIx?+11+= arctgx += Inlx-11+C
4 2 2
4. Cnyyai.

Cpep,M KOpHeﬁ 3HameHaTeNA eCTb KOMNIEKCHbIE KPATHbIE:
fOO=03 g ) (X Ix+s)(x-a)" .. (x=d )’
)

B aTom cniyyae pasnoxkeHune apobu f(x) byaeT cogepikaTtb M npocTeiwme apobu 4 Tuna.

lMpumep 3. TpebyeTcs BbIMUCAUTb UHTErPAN
x4+ 4 x3+11 x2+12 x+8

Jz » dx

(X +2x+3) (x+1)

PeweHwne. Pasnaraem gpobb Ha npocTenwme:
X*+4x3+11x2+12x +8 Ax+B Cx+D E

= + + ,
(X2+2X+3)2(x+1) (X242 x+3)?  x2+2x+3 x+1
OTKyJa

_J(x+1)3+3J'(x+1 9Ix+1 QIXZ 2(x+1)2 3(x+ 1) 9 9 Bx+1) 9 x+l

239



X*+4 3411 x2+12 X+8=( AX +B)(x+1)+(Cx+ D)(x2+2 x+3)( X +1)+E( x2+2 x +3)°.
KombuHMpys yKasaHHble Bbllle MeToabl onpegeneHms KoapduumeHTos, Haxoanum A=1, B= - 1, C=0, D=0,
E=1.
Taknm obpasom, nosiy4aem

x4+4 x3+11 x2+12 x+8 x=1 dx X+2 V2 x+1

dx + =- - arct
I (X2 +2x+32)(x +1) J’(x2+2x+3)2 ‘[X+1 2(xX%+2x+3) 4 9 V2

M3 BCEro M3N0XKEHHOro caeayeT, YTo MHTerpan oT Ntboin pauyoHaibHON GYHKLMM MOXKET bbITb

+ Inlx+11+C

BbIPa)KeH yepes 3/ieMeHTapHble GYHKLUUN B KOHEYHOM BUAE, @ UMEHHO:

1) yepes norapndmbl- B Cyvasx npocrerwmnx apodei 1 tuna;

2) yepes paunoHanbHble PyHKUUK- B CNydae npocTenwmx gpobeit 2 Tuna

3) yepes norapudPmbl 1 apKTaHTEHCbI- B C/ly4ae nNpocTenlumx agpoben 3 Tmna

4) yepes paumnoHasibHble GYHKLIMK MU aPKTAHTEHCbI- B C/ly4ae NpocTerwunx apobei 4 Tuna.

5) WHTerpanbl oT MppauuoHaNbHbIX GYHKLMUIMA

He OT BCAKOW MppauMOHanbHON OGYHKUMM WHTErpan BbiparkaeTca 4yepes3 3/1eMeHTapHble QYyHKLUWN.
Ceiluac Mbl PacCMOTPUM Te UppaUMOHanbHble QYHKUUW, WHTErpasbl OT KOTOPbIX C MOMOLLbIO
NOACTAHOBOK MPUBOAATCA K MHTErpanam OT PaUMOHaNbHbIX QYHKUMA M, CnepoBaTesibHO, 40 KOHUA
NHTErpUpYyTCS.

[R(X,Xm/m...X”ﬂdX

1.PaccMoOTpUM MHTErpan , Tae R-paumoHanbHas GyHKLMA CBOUX apryMeHTOB ).

Myctb R-06wmii 3HameHaTenb apobeir m/n,...r/s.Coenaem nNoacCTaHOBKY X=L ’dX:kt dt .Torpa
Kaxkaan ApobHas cTeneHb X BbIPa3wUTCA Yyepes LLenyto cTeneHb t 1, cneaoBaTeslbHO, NoAblHTErpaAbHan
byHKUMA NnpeobpasyeTca B pauMoHanbHYo GYHKUMIO OT t.

XUZdX
.[X3/4+l
Mpumep 1.TpebyeTca BbIMUCAUTDL UHTETPAN
PeweHune. O6wWMiA 3HameHaTenb ppoben 1/2,3/4, ectb 4; no3atomy Jgenaem nNOACTAHOBKY
—t4 —/#3
X=t%, dx=4tdt .50
X2 dx t? 4 £ t
[T = s 4j di= 4j )dt=
X34+ 1 t3+l t +1 £ +1

4
4jt dt- 4_[—dt 4 glnlt H+11+C= D= e 1i1+C

2.PaccmoTpum Tenepb UHTErpan Buaa
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ax+h )m/nl N l( aX—+b)”S]dx

RUx(
cx+d cx+d

3TOT MHTErpan cCBOAMTCA K MHTErpany oT pauyMoHaAbHON GYHKLUKM C NOMOLLbIO NOACTAHOBKM

ax+b .«
=t
cx +d

roe k. ob6lWmin 3HameHaTenb gpobeint m/n,...r/s.

Mpumep 2. TpebyeTcA BbIYNCANTb MHTETPAN

J'\/x+4dX
X
22 _ .
PeweHwne. Jlenaem noaCcTaHOBKY X+4_t 1X_t -4,dX—2tdt, Toraa
e t2 4 _dt
dx=2 dt=21(1+ dt=2| dt+8 =
I X 152_4 I( t2_4) \/J. £t2_4
2t+2INIE2 14 C =2V x+a+2In1 242 ¢
= t+2 VX+4+2

Y4eOHO-TPeHNPOBOUYHBbIE TecTOBbIE 3aganns EI'D

TectoBble 3amaHusi 6a30BOTO YPOBHS

ITPUJIOKEHME 1

Al. IlepBooOpa3Has ajnredopanveckux QpyHKuu

A1.1 Haiinure f(-2), ecmm f?(x) = 6x3 — 8x + 3, f(2) = 0.
A) 10 B) 12 C) -12 D) 18 E) -18

A1.2 Haitnute nmepBooOpa3Hy0 QyHKIIHH |

33 £ EN
A) AGRFAOR B) 2”"'?"“4*‘*9[ 3‘5*43‘5*4

C)

2 By
D) %‘”{Kﬂﬂmﬂ‘
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7)==

A1.3 Haiigute Bce nepBooOpa3Hbie ISl PyHKIUU x
| . B
A) |+C B)3 +C Q) i+C D)-l i+cC E)y6 +C
A1.4 Haiiyiute nepBooOpasHyio GpyHKIMIO st + = 2 (2x+5 :'*|
=(2x+5j’+c F=(2x+5}’+c F=(2x+5j’+c
A) Y=(2x+5P°+C B) 3 C) 4 D) ¥ E) Y

=4(2x + 53+ C

A1.5 Haiinute nepsoobpasnyio gpynkuuu f(X) = 8x3 — 5, rpadguk KoTOpoii IPOXOJUT Uyepes
touky M(1; 4).

A) 2x* -5x+7 B) 24x? + C) 2x*-5x D) 2x*-5x+1 E) 4x*-5x +7

A1.6 Haiinure f(0), eciu £(x)=6x2-3x+5 u f(4)=130.
A6 B4 C) 4 D) 6 E) 8

flx)= H
A1.7 JIna yHkiun (3-221" | maitaure nepBooOpazHyro, rpaguk KOTOPOU MPOXOIUT
1 1J
Yyepes TOUKY { Z 16
4 9 4 49 717 8 33 27
— + — + = —  + = —  += -—
A) 3-2x 16 B) -3-2r 18] C) -3-2x 16| D) 3-2x 1§ E) 3-2r 16

1
fix=
A1.8 Haitnute nepBooOpa3Hyo GyHKIIHH -2

Touky A(3;5).

, TpaUK KOTOPOM MPOXOAUT Yepe3

1
.
A) +4 B)2 +3 C) +3 D)2 +4 E) x—21

A2. BolunciieHre HHTErpaJioB ajredpanyecKux QyHKumMu

A
A2.1 Bpruucnure: 1 4
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A) 4 B) -4 C) |D)2 E)!

(3x-1)" dx

O ey, -

A2.2 Breuuciaure:

A) 3B 10 -iD) iE) 2!

1
A2.3 Brruuciure: 1@%#13 &ﬁ'

A) i B) C) 1 D) | E) -1
A2.4 Briuucaure: —J;UHI:I @
A) 1B) -1C0) | D) ’ E) I

v 1
Infx +—Jd¢|
A2.5 Bperuuciaure 'L{ x
A) 45 B) 52 C) 54 D) 56 E) 60

B

A2.6 Bpruucnure ¥¥FCY.

C)HD)ZE)’

A) 1 B)
'jamx‘
A2.7 Boruucaute 1 .
A)18 B9 27 D61 B9

“2x 1
= d
A2.8 Boruuciure '![5 2vx ] +
A)7 B)8 C 10 D)12 E) 15

A3. [lepBooOpa3Hasi TPUTOHOMETPUYCCKHUX (PYHKIMI

A3.1 [Ins xaxoit u3 cnexyronux GyHkui, pyaknus F(X) = 3tgx + 5X + ¢ sBiseTcs
1epBOOOpa3HOI?
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3+5 y=3

A) # B)"’=ﬁﬂi C) D)’ Wi E) mu*%

A3.2 Jlng kakoil u3 cieayromux GyHKIUN GyHKIus i SABJISIETCS
nepBoOOpa3HOL?
1 E E _L: = _L
A) ””‘smu“ B)JfF ) §| C)f ‘Te&% D) f”-m*‘ E)
f[xj ) _Si.ti:x_zl
Fix)= —- l:-:nsxl
A3.3 Ykaxute nepBoodpa3Hyro GyHKIUN x
‘LEHHE: - Lo gays 1 dnx+ Lisinr+c ‘Liﬁﬁ%;’ri

A) B) #~ C) D) > E)
A3. 4 HaI/mI/ITe HepBoo6pa3Hy}0 byHKUIMU: T} =x+etg?
A) f%'f%% B) ﬂ{'%% C) —3—_1:_':' 3 % D) g—:xic’;gi% E) ?ix:cggi%

foy= %“
A3.5 Haiinute niepBooOpasHyro 1ist QyHKIUH @ |

fa_x+cl “"EJ,CI

A) B) C) D) cfgr E) fax

5 1
A3.6 Ykaxute nepBooOpa3Hyr QyHKIUU sin2 (35 +1

A):%;E%E%ﬁi}ii‘é ) SRRk o) brtreee oy R Rt 5

1

.J_? =
CI:IS1 -
A3.7 YKEDKI/ITCF nepBoo6pa3qu byHKINU: [3 +1J

—fg[—+1]+ 3tg i+1 + 1 (x 3fg[£+1]+f| tely e

A) 3 3 C) _31‘3[3+1]+% D) _ 3 E) EE
cosdx

A3.8 Haiinure neppooOpasHyo GyHKIHIO IS G YHKITHH |= sinx-cosx

A) |B) ctg2x+ C  C) cos2x-sinx+ CD) E) |

Briime

15. HecoOcTBeHHbIe HHTErpaJjibl. HecoGcTBeHHbIE HHTErPAJIbI IEPBOIO
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OBLIT OIpeIeNIEH UHTETpai Il OTPAaHUYECHHBIX U 3aIaHHBIX HA OTPAHUYEHHOM OTpPE3KE
¢yHkuuii. PacipocTpaHuM MOHATUE UHTErpaja Ha cliydad, KOTria OJHO Uin 00a 3TUX
YCIIOBUSL HAPYIIAKOTCS.

Onpeoenenue. IlycTh |3azlaHa HA 0ECKOHEYHOM MPOMEKYTKe ln JJIS1 BCAKOT O
A
| Fx)dx bn | F(x)cdx
: —Ho0
lcymecTByeT HuTerpan = Ipenea @ Ha3bIBAETCH HECOOCTBEHHBIM

HHTErPaJioM NMepBOro poaa (MHTErpajoM 1o HeOrpAHMYEHHOMY NMPOMEKYTKY) H
= A

| F(x)dx lim | f(x)dx
o0o3HauaeTCs ° Eciu “7a CylIeCTBYeT M KOHEUYeH, TO HecOOCTBEHHbI
MHTErPaJl IePBOro Poaa HA3BLIBAETCH CXOASLIMMCS, €CJIH 5Ke OH He CYIIeCTBYeT HIH
paBenbecKOHEUHOCTH, TO HECOGCTBEHHBII HHTErPaJ MepBOro poaa Ha3bIBaeTCs
PaCXOASIIHMCS.

Ipumepo.

2 2 Iy : .:fx

| 2F (45 _ = lim | (]n;dlj—hmﬂnfl ni=

Do ox Alsen: X A—sm
1. Paccmotpum ! * | IlycTh ITorga 1 1
Takum oOpa3zoM, pacCMOTPEHHBIN UHTETPAI IPU [pacxoaures. ITycTh Teneps !
Torna
L) A - es) Ha =l

dx Sdr . A Ty :
| == lm |—== lhm =
lxﬂ A_;m-lxﬂ A-—sen 1-a — mpHa =],
o

N MBI OKOHYATENBHO MOJYYUIIU, YTO PACCMATPUBAEMBIN UHTETPAI IIPU |pacx0z[mcsi 151
pu lexomuTes. Imom UHmMez2pa 4acmo UCnoIb3yemcs 6 NPU3HaKe CPAGHeHUs 6

Kadyecmee omajlOHRHOZ2O0.

D? o
7;2 2x+ 2
2. BeISICHUM CXOMMOCTH MHTETrpasia 1
A A
D? dx [ dx r ax

L AP
Hnmeem 1):2 2x+ 2 Aamlrj‘ 2x+2 Ao (x-1)% 41

= lim (arctg(x— D}’ = lim (arcta{ 4- 1) - arctg0) =
Ao Ao CJIGI[OBaTe)IBHO WHTETPAJI CXOAUTCS U €TO

3HA4YCHUC PAaBHO . I
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o o
| xe " dx= |xexp(—x2}.:fx
3. BBIsICHUTH CXOAMMOCTB UHTETpaia ! 1 . I[lo onpenenennto nomyyaem

MI

oo _xjd B ]ltn A _xjd B ]Jrﬂ (_1)44 _xzd{_ 2}_= ]Jﬂl —lg_x
| X& A= | X& A= E | & X = e 7

A
2 =L firm AZE: 1
i A= A—sco i de

A—en 2o

CJICIIOB&TGJ'IBHO, HHTErpall CXOAUTCA U €TI0 3BHAYCHUC paBHO I

I e
xfln x

4. ]Ins uHTerpana ¢ UMEEM

)

ax .:I'lnx . .
= lim | = lim 2.ln = lim (2.Jln A- 2 =co
- xﬁ.'ﬁ ﬂ—:-':o Jhox o A | Aem( )

CHC}IOB&TGHBHO, HHTCTPpAJI paCXOaUTCA.

oo

&%
2
“xlntx
5. Jlis uuTerpana ¢ 0 OTIPEICIICHUIO HMEEM

o A A
s dx . rdlnx 1 . 1

= lirn =lim|-—| =ln|[-—+1|=1
-I xln? x J‘1—3*'35';:]1121{ 4‘1—3*“’( ]nxl “1—3"’“[ ]nfl-'_]

-3
CnenoBaTenbHO, MHTETPAJI CXOJUTCS U €ro 3HaUeHUE paBHO 1.

=
| ™ dx
6. BBIACHUTE CXOIUMOCTh HHTErpajia o , 1.

ITo onpenenennto

@ A A

| e %idx = bim Ie_mdx—hm(—ljl e d(~ox) = _ (—leﬁ|ﬁJ=L—]ij _1
0 A= 0 Asw 0) @ Aex o

CrnemoBaTellbHO, MHTETPAJI CXOIUTCS U €r0 3HAUCHHUE PABHO ‘
3aoanue 2.4

Buruucints HECOOCTBEHHBIE HHTCTPaJibl IICPBOI'0 POAA WJIM AOKA3aThb UX PACXOAUMOCTD.
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"I‘.:' dx T' dx T' dx T (x + Dalx
1 exin®x. o iz . g ga?+2x+10. 4 px®+2x+10.

= dx

= dx
%%
5 éﬁ#x+2 6. 0.(x+1)° _

OtBetnl: 1. ; 2. pacxoaurcs; 3. I; 4. pacxomutes; 5. pacxomurest; 6. |

Hawm B nanpHeiiem nmoHago0ouTcs Caeayonui BaXKHbIA pe3yiIbTar.

Teopema 2.8. (Kpurepuit Komn). Heco6cTBEeHHBIN MHTETpall IEPBOTO POJA CXOIUTCS
TOTJ]a ¥ TOJBKO TOT/1a, KOTJa AJIS BCAKOTO lcymectsyer | Taxoe, uto 115t Beex

I
| BBIIIOJIHCHO HECPaBCHCTBO

I[OK&?)&TCJII)CTBO 9TOI'0 PC3yJIbTaTa OIIYCTUM.

? Fixidx

Onpeodenenue. HecoOCTBEHHBIH MHTErPaJj NepPBOro pojaa ¢ Ha3bIBAETCS

|Gk

a0COJIIOTHO CXOAAIIMMCH, €CJIH CXOAUTCH HHTErpaa @

OtmeTuM, 4TO eciii HeCOOCTBEHHBIN MHTETPaJl MEPBOT0 POJa CXOAUTCS aOCOIIOTHO, TO OH

1|7 (9l

cxoauTcs. [leucTBUTENbHO, TOTAA U1 HHTErpana 2 BBINOJIHEH KpuTepuid Komu, a B

2 2
| flxdn = | (] F (D]

CHILY CIIPaBEUIMBOCTH HEPaBEHCTBA 4 , kputepuii Komm BIMOTHEH U 1S
| fixdx
UHTETpalia @
OOpaTHOe yTBEepKICHUE HEBEPHO.
2
| fixdx
CXOI[I/IMOCTB HECOOCTBEHHOI'O HHTCI'pada — OIIPCACIACTCA aHAJTIOTUYIHO.

HpezmaraeTCH npoAciIaTb 3TO CaMOCTOATCIBHO.

1] w 2 w
| F(xdx | Fixidx= | f(xdx+| Fix)dx
I[Hﬂ HeCO6CTBeHHOFO I/IHTerpaHa —= MOXEM 3aliucaTrb — —o a 41

Ha3BaThb 3TOT I/IHTeraII CXOOAIIUMCHA, €CIIN CXOOATCA 063 cJiaracMnbIXx. ECHH XOTA 6BI OJIHNH

246



w
| f(x)dx

W3 STHX MHTETPAIOB PACXOAUTCH, TO OyJIE€M CUMTATH HHTErPal — pacxoasmumcs. B

KauecTBe TOUKU IBbIOMparoT 00b1yHO O.

xdx
e xt
Ipumep. PaccMoTpuM UHTETpAT ~= [To onpeaeIeHn 0 CXOAMMOCTH 3TOr0 HHTErpaa
oJay4aeM

o 0 4
[ 7 = [ 7+ i | 5
—wmltx 2‘11—?'—“”}'1 T+x* A—=+eog 1+ x

xdx xdx xdx

i . 1 . 2 *AE
=5 litn ]n(x +1]| +j lim In(x*+1)
f].]_ ——0 ﬂg —+Ha0 0

Tak kak 063 ClIaraCMbIX pacxodsAaTCAa, TO HCXOHHLIﬁ HHTCTpaJI paCXOdUTCH. HOquaeMaH

IIPY 5TOM HEOIIPENEIEHHOCTh Inpu pa3HbIX cCKOpOCTSIX cTpeMiieHus Ik Iu IK

11aéT pasHble pe3ynbTaThl. B uacTHOCTH, eciu : , TO

1 . 1 . 2 Aﬂ
L fim lnf 22 +1} +1 fm Iz +1)|D
21‘11—)—'33 ]_ 2142—)—@

blm (nn-2ln)=]lm 1= n]jf}lm%:_ml

t\_'ll'—"

2

Ecmn , , TO a0COIIOTHO aHAJIOTUYHO IMOKA3bIBACTCS, YTO ATOT

npenen pasen 1. [TogoGpaB CKOPOCTH CTpEMIIEHHS IK u !K IMOKHO MOTYYUTH
B IIpezeNie T000€ 3apaHee 3aJaHHoe uucio or  Imo 1.

C npyroii CTOpOHBI, IPU COTNIACOBAHHOM CTPEMJIEHUU BEPXHETO U HUYKHETO MPEAEIIOB K
MOYKEM 3aIUCaTh

o0 A
|' — lim 111(;9 +1)‘: -

1+;.{'2 A= 'A1+x2 Ao 2

xdx xdx

2 2
_Eﬂhm (In(d* + D -In{ A*+ 1 =0

910 Ja€T BO3MOKHOCTBb BBECTH HOBOC IIOHATHC.

T Fixdx

Onpeoenenue. I 0BOPAT, YTO HECOOCTBEHHbIII HMHTEIPaJ MEPBOro poaa —~
CXOJUTCS B CMbICJIE IIaBHOT0 3HaUeHus Komm, ec/in cymecTByeT M KOHeUYeH Mpejies
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PaccMoOTpeHHbIH BbIIIE IPUMEP MMOKA3BIBAET, YTO HECOOCTBEHHBIM MHTErPaJl IEPBOrO PO

| Fixdx
o MOXET CXOJIUThCS B CMBICJIE€ TJIaBHOTO 3HaueHus Kol u pacxoauTses B
00OBIYHOM CMBICIIE.

| F(x)dx
OTMeTUM HECKOJIBKO CBOMCTB HECOOCTBEHHBIX MHTETPAJIOB NIEPBOT0 pojia 2
| f(x)dx | fixdx
1. Ecnu uHTETpan = CXOOUTCS, TO JUISL BCAKOTO |HHTeraJI ? CXOOUTCA U

w A w
[ f(x)dx= | f(Rdrs | f(x)dx
a a -]

w L=}
| F(x)edx e fix)dx
2. Eciu HHTCTpall = CXOOUTCA, TO CXOOUTCA UHTCIpAJT =2 U UMECT MCCTO

| o f(xdx=a| fxdx
PaBEHCTBO 2 a

w

| FiDdx | g(xdx V(A0 + glx))dx
3. ECJII/I I/IHTGFpaJILI a nu = CXOOATCA, TO CXOOATCA I/IHTeraJIBI a U
HUMECT MECTO paBGHCTBO

170t ga)ds— | fimns | g

a [ a

OOpatHOE yTBEpKACHHE HEBEPHO, TO €CTh, €CIIU MHTETPaI OT anreOpandeckoil CyMMBbI
(GYHKIIUN CXOUTCS, TO UHTETPaJbl OT CIaraeMbIX CXOJIUThCS HEe 00s13anbl. Hanpumep,

jdx e (e

- x v x+l - - x{x+1)
AHTETpaIsl 1~ u ! pacxoznsrcs, a uHTerpai ! 1
IIOKA3aHO MMO3/IHEE, CXOIUTCH.

x x+l
, Kak Oyner

JIJist IpyruX TUTIOB HECOOCTBEHHBIX HMHTETPAJIOB MIEPBOTO POJ/Ia CBOWCTBA aHATIOTUYHBI.

CxoaMMOCTh HE BCEX HECOOCTBEHHBIX MHTETPAJIOB MEPBOI0 POAa MPOCTO BBIICHUTH MO
onpeaeneHuro. [103ToMy 4acTo HCNIONB3YIOT TaK HAa3bIBAEMbIE TPU3HAKU CPABHEHHUS B
HEMpeaeTbHON U peaenbHon (popmax.

Teopema 2.9. IlycThb a5t BCAKOTO BrImoiHeHO HEpaBEHCTBO . Torna,

| g{x)dx | Fix)ex
eCIIM UHTEeTpaj 2 a0COJIFOTHO CXOJUTCSI, TO MHTETpaj 2 a0COJIFOTHO CXOUTCH,
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a €CJIn

| F(Ddx

UHTErpan =

PacXOIUTCA.

i gixdx

aOCOJIFOTHO PACXOIUTCS, TO UHTErpall @ abCOJIIOTHO

Jlokazamenvcmeo. JIeNCTBUTENIBHO, B YCIOBUAX TEOPEMBI I BCEX liMeem

A

A

{17 (ol = [ |g@]dx

[y

@ . Torma, ecnu uHTETpaN #

oo A

§ etz el

CXOI[I/ITCSI TO ¢

BO3paCTarollasi OTPaHNYCHHAs CBEPXY QYHKLMS OT | 1 TO2TOMY HMeeT npe):[en npu
A

. Ecom

I | ()

HHTEIrpal a

Teopema 2.10. Ecnn

C€CTh

S it oo

x—too Z(X)

, TO HHTETPAJIBI 2

pacxoauTcs, To A==,

I|f{x}|¢1’x @ lirn I|g(x)|.:fx o

U Mo3ToMy A%,

€CThb MOHOTOHHO

|I/I - OECKOHEYHO MaJjible B bI[HOFO nopsaaka MajloCTu, TO

1160 00a abCOTIOTHO PACXOATCS.

Jlokazamenvcmeo. Tak Kak

i SO g

x—too g(X)

OIIPCACICHUIO ITPpCaciia cymecmyeT

HCPABCHCTBO

[&]-&

g()

YTBEPKICHUE TEOPEMBL.

|K'|+.5'

%J Jz)
To gx)

|TaK0€, 49TO AJIA BCEX

w

nl?f (xdx | g(xjdx

- 1100 00a aOCOJIFOTHO CXOJISATCS,

=[x
. BozpbmMem .Ilo
lBBImONTHEHO

d, CJICJOBATCIIbBHO, U HCPABCHCTBO

| N3 IMMOCJICAHCTO HCPABCHCTBA U TCOPCMEI 2.9 Imojay4dacm

3ameuanue. Ilocne n3yuenust reopeMsl 2.10 MOKET CI0KUTHCS BIIEYATIICHHUE, UTO JJIS
CXOAMMOCTH HECOOCTBEHHOTO MHTETpasa MepBoro pojia, B TOM 4Kciie U aOCOTIOTHOM,

HE0OX0IMMO, YTOOBI TOABIHTErpaibHasA (PYHKIIHS ObliIa OECKOHEUHO MaJION TIPH 1

To, 4To 3TO HE Tak, MOKa3bIBaCT CIEMyrOINA mpumep [15].

Bossmem dyHKIINIO, TpaduK KOTOPOH COCTOUT M3 OTPE3KOB MPSIMBIX, COSTUHSIOIINX

[PE— 1— 1]
oM inli

TOYKH

fixi=g

Mryl-m2h

—2”x+1+fz2”,

Xe

Ae

g

PE+L,|:|

I. Ee ananutudeckoe BBIPA’KCHUC NMCCT BU/I

[1o1ma 1b, 3aKTIOYEHHAS MKy rpadrKoM 3Toi GhyHKIHK 1 ockio |, paBHa cymme
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[ﬂ_l_,u [mi,u

o ] H

IUTOIIAJIeH TPEYTrOJbHUKOB C BEPIIUHAMH B TOUKAX 4 il E , I
Tak Kak II0Iaah KaKI0ro TAKOr0 TPEYroabHUKa paBHa ‘, I, TO

(v )

| Fixidr= l+ 0,25 =E

i 4 1-05 4

. 3aMeTUM, 4TO YCIIOBHE OrpaHHueHHOCTH QyHKiHH %'

HCCYIICCTBCHHO, TaK KaK BEPIINHBI TPCYTOJIbHUKOB MOKHO B34Th, HAIPUMEP, B TOUKAX

1 1
m- . nte — 00
na" im0l na" |
) ) ) ..

Ilpumepoi
w .
l4s8n x
| T dx
. X

1. BBIACHUTH CXOJIUMOCTh UHTETpasa !

. o 3
@ Pl | 2 dx

Taxk kak x x 11 BCeX Ia HHTErpai 1 CXOJUTCS, TO U UCXOJHBIM HHTETPAl

TOXE CXOOUTCA.
°;-’ 1
Cx(x+1)

2. BBIICHHUTH CXOAUMOCTDb HHTCI'paJia 1

Haxops nmops1ok MajgocTy MOABIHTErPaTbHON (YHKIIUKA OTHOCUTEIBHO (PYHKITUH |
IIOJIy4aem

0, ecioic < 2,
=21

€0, BCIH k> 2

x

sz xix+1)

ECIH & = 2]

»

Taxum 006pazoM, MOPSIOK MAIOCTH MOABIHTETPAIBHON (DYHKIIMA OTHOCUTENILHO | pPaBEH 2
= dx
'

" TaK KakK 1 CXOOHUTCA, TO HCXOI[HBIﬁ I/IHTeraJ'I CXOOAUTCH.

w

[ 1
|—d
a1 (x+1Dayx+ 2 *

3. BBISICHUTD CXOIMMOCTDH HHTETPAIT

Haxops mopsmok MagoCcTy MOABIHTETPadbHON (YHKIIMA OTHOCUTENHHO (DYHKIIHH :
MoJiy4yaem

250



0, ecomice <15,
l, ecmice=14,

. =
tm — = =
e (x4 D+ 2

oo, BCImH > 1A

Takum 06pa3oM, HOPSI0K MAIOCTH IOBIHTErPATLHOM (YHKIIMI OTHOCUTENBHO | PaBeH
= dx
' 13

1,5 u Tak kak ! * " cXOAMTCS, TO HCXOAHBINA HHTErPAJ CXOMUTCA.

b 1
I—3 : X
x4+ 2RI+
4. BBISICHUTH CXOAUMOCTb UHTErpajia ! (x+2)

Haxona MopAd0K MAJTIOCTH HOI[BIHTeraHBHOfI q)yHKI_[I/II/I OTHOCHUTCIIBHO q)YHKHI/II/I .
Imojydyacm

. 0 ecmice <3
il 1

oo, BCIM O >

ECIH & =

E E

i+ 2Afx+ 5

Ll Ll L]

Taxum oOpazoM, TOPSIOK MATOCTHU MOJBIHTETPAIbHON (YHKIUHU OTHOCUTEIBHO | paBeH
I

| I/I, CJICOO0BATCIbHO, HHTCTPAJl CXOOAUTCA.

calx+ i

-I x%+ 4
5. BBIAICHUTH CXOAUMOCTH UHTETpaja !

Haxops nmops1ok MajgocTu MOABIHTErpaTbHON (YHKIIMKA OTHOCUTEIBHO (PYHKITUH |
IIOJIy4aemM

0, ecomice <1,5

]ijMa= |, ecmi=15
s xf g

o eCIHo > 15

Takum o0OpazoM, MOPSAIOK MAIOCTU MOABIHTETPaIbHON (PYHKIIMK OTHOCUTEIBHO | paBeH
1,5 u, cnenoBaTeNnbHO, MHTETPAT CXOAUTCA.

G?—XE *+2 ax

'I x4 5
6. BBIICHUTB CXOTUMOCTh HHTETpasIa |

Haxons mopsmok MagoCcTy MOABIHTETPaabHON (YHKIIMU OTHOCUTEIHHO (DYHKIIHH !
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MOJIy4aeM

0, ecmie <05
i A+ 2

=+1, ecmHa=1075
s x4 45
oo ecIm e = 0,5

2

Taxum 06pa3oM, TOPSAAOK MaTOCTH MOJBIHTETPATBHON (QYHKIIMU OTHOCUTEIBHO | paBEeH
0,5 u, ciegoBaTeNbHO, MHTETpal pacXoIUTCA.

=}

" a
le " dx \ .
7. Nuterpan 1 CXOJIMTCS, TaK KaK MMECT MECTO OIleHKa ¢ = =xe " ]I BCeX ,a
()
; _ .2
| xe * dx
UHTETpAN 1 , KaK OBLIO TIOKA3aHO paHee, CXOISIIIUICS.
=
J 'I]I'.I. x =
8. UuTterpan ¢ pPacXOIUTCs, TaK KAK UMEET MECTO OLICHKA oz xfnx TJIST BCEX ,
':;'j dx
va.n'ﬂi

) X
a MHTCrpal« , KaK OBLIIO TTOKA3aHO paHEC, paCXOAUTCA.

3aoanue 2.5

I/ICHOHBSY}I IMPU3HAK CPABHCHUS BBIICHUTD CXOAUMOCTD HECOOCTBEHHBIX HHTCT'PAJIOB. B
OTBCTC YKa3aHa CXOAUMOCTD U ITOPAAOK MAJIOCTU HO,HBIHTeraHBHOﬁ (1)YHKLII/II/I

OTHOCHUTEJIBHO | .
e x4+ 3 o =1 I:,"j-ﬂ\.,l?f+2 ff = I+ 2 d o xarctg_t;
x| ——dx [e=dx [o—dr [ E dx
1, 1T+ Ddx+2 .o X + 4z -1 -3, 1Wx 45 -4 14xT+8 -5 12+ Ax+ 2 -6,
°I-D A+ 2 I
1(7x+ 8)(3*4 x4 1]
OtBeThl: 1. cxomures, |; 2. CXOJIUTCH, I;
3. pacxoauTcs, : 4. CXOJIUTCH, |; 5. cxomgurcs, f;
6. cxoauTcH, L
I_\_ :r:ﬂ _l
16. HecoOGcTBEeHHBIE HHTETPAIIBI BTOPOTO poja -
Ecmmn |HeorpaHquHa Ha | TO 0COGEHHOCTh MOKET ObITh B Toukax  lumm
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BHYTPEHHEH TOYKE 3TOro OTpe3ka. Mbl pacCMOTpUM Citydail ¢ 0COOEHHOCTBIO B TOUKE

Onpeoenenue. TlycThb hagana na MOJIyHHTEpBAaJie | |HyCTb
s bog
| Fixdx Eﬁlﬂ | Fixdx
aajiee I BCSIKOTO lcymecTByer mHTerpan @ Ipenen a
HA3bIBAETCS HECOOCTBEHHBIM MHTErPajioM BTOPOro poaa (MHTErpajioM oOT
3

e
| /(R lim | F(x)dx
HEOrpaHMYeHHON PyHKUMHU) U 0003HAYAETCH *° Ecim 2 CyLIeCTBYyeT
H KOHEYeH, TO HeCOOCTBEHHbIM HHTErpajJd BTOPOr0 PpoAa Ha3bIBaeTcs
CXOASIIIUMCH, €eCJH Ke OH He cywmecTByeTHiam paBeH 0eCKOHEYHOCTH, TO

HeCOOCTBEHHBbI MHTErpaj BTOPOro poa HA3bIBAETCH PACXOAALIMMCS.

AHaJOTUYHO OMPEJICNSIOTCS HECOOCTBEHHBIE HHTErPAJIbl BTOPOTO POJia B CIIyYasXx,
KOr/ia TOABIHTETpaibHas (YHKIHMS OSCKOHEYHO OOJjbIlas Ha HUIKHEM Mpejelie, BO
BHYTpPEHHEH TOUKE OTpe3Ka , HA BEpXHEM M HIDKHEM TIpejenax OJHOBPEMEHHO.
Jlist ynoOGcTBa M3J0KEHUS MBI pacCMaTpUBaeM Cilydail OCOOCHHOCTHM Ha BEpPXHEM
npenene. [ octaabHBIX BapHAHTOB MPEAIaraeTcs MpojieaaTh 3T0 CAMOCTOSTENBHO.

Ipumeppoi.
1 1

[ 4 (9 (2

= ' T T x ]jm(]nx)=]jm(]nl—]n.s')=m|
1. Paccmorpum ™ . Ilycth IToma 0 £ 10 Il =0

Takum 00pa3oMm, pacCMOTPEHHBIH HMHTETpall MpPH |pacxozmTc;1. [Tycth Tenepn
ITorzLa

(D [ gy 2 Loy memacy
0 X =0 d % a0l i e mpH & > 1,

N MBI OKOHYATENBHO MOJYYWIM, YTO PACCMATPUBAEMBIA WHTETPAI IIPU |
CXOIMUTCA W IIpU pacxomuTCs. AHATOTMUYHBIC BBIBOABI MOKHO CAENATH IIPO

EJ-.:I’;{ 'El-r:fx

|
. 4 J X
HecoOCTBEHHBIE HHTETpaibl 2 (X~ a)" o B-x"

1

CRNE Iy

|
S - T b Ch- %
Humeepanor ** 2 (5= 3) : 2 b= UCRONL3YIOMCA 6 NPUSHAKE CPAGHEHUS. 6

Kauecmee 5mdajlOHHblX.

'chx

- xafln x
2. B unTerpaie ! MOIBIHTETpabHAS (PYHKITUS UMEET OCOOCHHOCTh B TOYKE
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5!- ax . E1-.:1’].111':
, IOTOMY II\JI x 5%[!1_'_5 n']nx

. [ .
= lim 2/l x|1+5 = lim (2lnz - 2 finfl+ 1) =2 |

CrnenoBatenbHO, MHTErPAJI CXOAUTCS U €r0 3HAaUeHUE PaBHO 2.

1|' dx
3.B unterpane 0¥ In x NoJIbIHTETrpaibHas (QyHKIHS UMEET OCOOCHHOCTh B TOUKaX
I , TOATOMY UHTerpain pa3OuMBaeM Ha CyMMYy [IBYX, HalpuMmep,
1
L o T dx 1 x

= |
pav-lnx grd-lnx 1xf-hnx
2 : Jlist IIEPBOTO 3 HHX

0,5 0.5

< dx dln x : .5
| ———=lm —=—]JI'112*\|'—]IIXF =
g rd-lhx -0, /-lnx —0

= lim (-2~ 0,5+ 24~ &) = —c:I
& =0 . Ciie10BaTeNIbHO, UHTETPANl PACXOAUTCS M II0ITOMY
HCXOHHBIﬁ HHTCTPAJI TAKXKC paCXOAUTCA.

1!
Fodx
| 2
~ xln<x
4. B unterpane MOJIBIHTETpaibHas (YHKIIUS UMEET OCOOCHHOCTh B TOUKE
I, HOE)TOMy

”I_s & ”I *dinx (1 Lie N CiemoBaTeibHO,  HHTErpail
hoxln?x 6-0 5 mPx a0\ lx) 60 111% hd| CXOJIUTCA U €ro 3HaYECHUE PaBHO
1.
1
I‘ dx
' *-,l'l—xz
5. BeISICHUM CXOAMMOCThH MHTErpajia " . IlogsiaTerpanbHas QyHKINAS UMECT
1
i dx
2
0COGEHHOCTh B Touke . [losTomy 0¥1~Z%

i ]Jm arn::smxl ]jriln(arcsin(l - &) — arcsin () =%
- [

CHGI{OB&TCJ’IBHO, HHTCTpall CXOOAUTCA U €TI0 3HAYCHHUC PABHO
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| -1
6. BEISICHUTB CXOMMOCTB HHTErpana 1 ™7

[lonpiHTerpanbHas GyHKUMS UMEET OCOOEHHOCTh B TOUKE . Ilo onpenenennto
uMeeM

2.:1’;*:

Vi-x

7. BEISICHUTH CXOIMMOCTH HHTETpaja !

[HonpaTerpanbHas GyHKUMUS UMEET OCOOCHHOCTh B TOUKE |. TTo onpenenenuro
UMEEM

T L

8. BrIsicHUTE CXOAUMOCTDb HUHTCTI'paJia 1

[lonpiaTerpansHas ¢GyHKIUS UMEET OCOOCHHOCTh B TOUKE | ostomy
pa30uBaeM MHTETpall Ha CyMMY JIBYX

3|- dx _EI- dx +? dx
i%f?!—x i%f?!—x 23.,.'[2—3:

. 111 mepBOro u3 HUX UMEEM

2 2-é

D dx . S dx 33 ‘
=——= lim «,|| - ==
iIEqJ'E—x &0 'I 3«? -z (2 ( x} ) 2

rS el

AHanoru4Ho AOKa3bIBACTCA CXOAUMOCTb BTOPOro cjaracmMoro. CJ'ICI[OBaTeJ'II)HO
PICXOI[HI)Iﬁ HHTCTpall CXOOUTCH.

3aoanue 2.6

Hcnonb3yst onpeneiieHue BbISICHUTh CXOJMMOCTh HECOOCTBEHHBIX MHTEIPAJIOB
BTOPOTO POjIa.

& dx L dx b ax 3 dx 5 dx 4 dx 4 ax

' ax Loan dr _dx
1_1';:%; Z.E'ij; 3.5';5"5@; 4.33‘43‘3‘; 5.¥’|’-4x‘2 ; 6. i|3x‘3; 7. 14@-»7 ; 8.

3| dx dx
03ja-2* . g 143"
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Otsetnl: 1. 1; 2. pacxomutcs; 3. ‘; 4, I; 5. ‘; 6. I; 1.
pacxonurcs; 8. pacxoaurcs; 9. pacxoauTcs.

AHaJIOTUYHO CJIy4al0 HEeCOOCTBEHHBIX MHTETPAJIOB MEPBOro pojia GOpMyIUPYIOTCS
U JoKa3biBaloTCs KpuTepud Kolu W mpu3HaKu CpaBHEHUS JJIsi HECOOCTBEHHBIX

MHTErpajoB BTOPOTO poja.

Teopema 2.11.(Kputepuit Komm). HecoOCTBeHHBI HWHTErpaid BTOPOro poja

CXOOUMTCA TOrAa M TOJIBKO TOraa, Korga Ajisi BCIKOI'O |cy1ue(:TByeT ITaKOC,
-5
| f(x)edn < =

YTO 15 BCEX IBBIHOJIHsIeTCH HEpPaBEHCTBO ¢

I[OK&S&TCJIBCTBO 9TOT0 pC3yJibTaTa OITyCTUM.

Teopema 2.12. TlycTh 1 BCSIKOTO I BbironaeHo HEPaBEHCTBO
A A
| g(xjcix | F{z)dx
. Torpma, ecnu wuHTErpayn = CXOIUTCS, TO HWHTETpan @
E E
| fixedx | g(x)dx
CXOJUTCS, a €CIIU UHTErpall 2 pacxouTcs, TO UHTETpan 2 pPacxXoIUTCA.

,HOKaSaTGJILCTBO AHAJIOTH4YHO CJIy4aro HECOOCTBEHHOT'O HHTCI'paJia IICPBOTO poaa.

Teopema 2.13. Ecnu b - OCCKOHEYHO OOJIBIIIHME OJTHOTO MOPSAKA pOCTa, TO
3 A
fin L5 g o | F@dx | glx)dx
ectTp F? E(X) , TO UHTETpaNbl 2 Ne= anbo oba cxomgrcs, aubo oda
pacxoasTcs.

Jloka3aTeabCTBO aHAJIOTUYHO CIy4ar0 HECOOCTBEHHOTO MHTETpaja MepBoro poja.
IIpumepsl

3 ax

D= 3l 2
1. nst wHTerpana zVi- 4 V- x MOJIBIHTETpaIbHasT (YHKIUSI UMEET OCOOCHHOCTh

B TOYKax I I Toukn IB IIPOMEXYTOK MHTETPUPOBAHUSA HE BXOIAT.
[ToaToMy, HaxOas MOPSAOK POCTA ATOW (PYHKITUU OTHOCUTEIIHHO I, AMEEM
o ecmc <05
(x-2)%

3 =4¢—1, ecmict=105%
x_ﬂ“\-'x_z"h_xz 0, ecmic.>0,5
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Taxum oOpazoM, nopsaok pocta paseH 0,5 U UHTErpasl CXOIUTCA.

3

dx
Lo a3y 2
2. B unterpane 2%¥*~1'N? =X ponpinrerpanbHas QyHKIUS UMEET 0COOEHHOCTD B
TOUYKaX u |. Touku u [B IpOMesKyTOK MHTErpHpPOBAHUS HE BXOJIAT.
[loaToMy, Haxolsd THOPANOK pocTa 3TOH (YHKUMU OTHOCUTEIBHO , UMEEM

(3-x%

g ————
=3 13— £

1.
| (3 2 m, ECII &t -::1_._‘r
= lim = EEJ'JI'IEE—E'

=3afx-130-x x| ar

ECIH X > -3.

Takum 06pa30M, IMOpAI0K pOCTa paBCH II/I HHTCTpaJl CXOAUTCA.

1 -
a3 X adx

|
3. BeisicauM cxonumocTh HHTETpajia °

HOIII)IHTGFpaJILHaH (1)yHKHI/IH MMEET 0COOCHHOCTh B TOYKE I Haxozm IMOPAI0K

pocTta 3Toi (QYHKIIMM OTHOCUTENIBHO , HUMEEM

o, BCIHA <15

sin x-x% . Wsinx . x®

It 257 % =y T 7 =41 eoma= 15
0 a 0 “Eﬂ? 0, ecomer 15,

Taxum oOpazom, mopsI0K pocta paBeH 1,5 v uHTErpanm pacxoauTcs.

L5g
Iq"lismx.:fx

: X
4. B unterpane " MOJIBIHTETpaIbHas (PYHKIMS UMeeT OCOOCHHOCTh B TOUKE

| Haxons mopsimok pocrta 3T0oi QyHKIIMA OTHOCUTEIBHO —, IMEEM

oo, En::.]'JI/IEr:-:i2

3 o 3 o
. owlEsmmx-x S XX
i — = = =gy —— = 3 |, ecomic=
| x a—=0 3 ||
“'"f_ 0, ecimHa =

Laba LA.'Ilt\.'F L

Takum oOpa3zoM, nopsaok pocta paBed 1M unterpan cxoaurcs.
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1
| M,ﬁ

5. BEIICHUM CXOZMMOCTH HHTeTpasa o

[ToapinTerpanbHast GyHKIUS UMEET OCOOCHHOCTh B TOUKE |. Haxoxns mopsinox
pocta 3TOM byHKIIIU OTHOCHUTEIIBHO : MMEEM
oo et o < 0,8

o+ 2 In(l+ 230 xS

lirn ¢= litny %= l, ecmie =08
—0 x =0 3 {

' 4 fx Az 0, ecomic = 0,8

Taxum 06pazom, NOPsIIOK POCTa paBEH

L oJx
et —]
| o
- x
6. B unrerpase © NOJIbIHTErpaibHas (PyHKIMS UMEET 0OCOOEHHOCTh B TOUKE

W uHTETpan cxonures.

| Haxons mopsigok pocrta 3T0i QyHKIIMKM OTHOCUTENBHO —, IMEEM

eo, ecam e < 0,5
i *
0

ecami ot = 0.5

ecrma >0, 5.

E

Takum 006pa3om, MOPSAIOK POCTa paBeH | M MHTErpas CXOAUTCs.

l
|
/. BBISICHUTH CXOAUMOCTh UHTErpajia °

dx
xix-1)

[ToasiHTETpanbHAsS QYHKIUS HUMEET OCOOCHHOCTh B TOUKaX b l06e Bxomsar
B IIPOMEKYTOK HHTETPUPOBaHKs. Pa30nBaeM MHTErpas Ha JiBa

0.5 1

g dx I ax

Lo,
;!ﬁlzx—n B .f. i1 slx(x-1)

[IepBBIil U3 ATUX UHTETPAIOB CXOAUTCS, TAK KaK MOPSAIOK POCTA MOABIHTErPAIbHOU

byHKIIMKU TIpH OTHOCHUTEIIBHO aBEH |, a BTOPOM pACXOJIMTCS, TaK Kak

. |
MOPSAJIOK POCTA MOJBIHTETPATBHON (QYHKIIMH TpU | orrocurensro ! pasen 1.
[TosToMy HHTETrpaNI pACXOIUTCH.

3aoanue 2.7

Hcnons3ys TeopeMy CpaBHEHHUSI BBISICHUTH CXOJUMOCTb HECOOCTBEHHBIX
UMHTErpasioB. B oTBeTe ykaszaHbl: TOUKa, B KOTOpPO (hyHKIUs OECKOHEUHO OOoJiblas;
MOPSIAOK POCTa MOJBIHTErPAIBHON (PYHKIIMM OTHOCUTENIBHO MPOOHON (DYHKIUU;
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CXOOUMOCTB.

2 dx %S«n'sinzx T xAm—x
[ dx | ————dx
1. a4 — x 35 3 III x £3, 0 S X

1 7 2,5 2
: In(1+ 4z i o dx dx
1

o Sl et | .::_f’
a0 N o g 12 7116x

? o 3 o 4 o
1

| | — 4
g 1432-2 .9 2fx—2.9-x% . 10, 2 Jxr2 AWs-2*

OtBeTsl: 1. , |, CXOIHTCSH; 2. |, CXOIHTCH; 3. |,

|, cxonurcs; 4. |, cxommTes; 5. | pacxoaurcs; 6. |,

|, cxonutcs; 1. |, cxonuTcs; 8. , cxomutest; 9. H,
! H, cxomurcs; 10. ! H, CXOJUTCS;

Tema: [IudpepeHuuanbHbie ypaBHEHHS.

OnddepeHumanbHbiMm ypaBHEHUEM NEPBOro NopAAKa Ha3blBaeTCA YpaBHEHME,
CBA3bIBAlOLLEE HE3AaBUCUMYIO MEPEMEHHYIO X, UICKOMYIO PYHKLMIO y(X) 1 ee

NPOU3BOAHYO y , T.€. YpaBHeHue Bnaa
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(1) F(X,y,y')=0 WU y,:f(X,y),

rie f— QyHkms 1ByX nepeMeHHsbIX, a F — pyHKIIMOHAT OT TpeX nepeMeHHbIX.

OO0mmM pemrenueM 1 pepeHINATBHOIO yPaBHEHUs HA3bIBACTCA TaKask PyHKIUS,
y=y(x) | kotopast oOparaet ypaBaenue (1) B ToxmecTBo, T.c.

Fix, yx),y (x)=0 o Y IXIEF(yIX)

Yro6s! pemnth qud pepeHnranbHoe ypaBHEHHE €ro He00X0IMMO MPOUHTETPUPOBATh, HO
Npex/Ie ero HeoOX0AMMO UICHTU(PUIIMPOBATH (OIMPEAEIUTD €ro BUJl) U MpeoOpa3oBaTh.

Huddepenumanbabie ypaBHeHHUs 1-ro mopsijika, onpeieieHHbIe BbIlIe, YA00HO
3aMKChIBATh B CIEAYIONIeH Gopme:

(2) MIx, yldx + Nl x, yldy =0

Jlugppepenyuanvusie ypagnenus c pazoenaiouiumuca nepemeHHblMu.

[Mycte M yI=u,(x)g,(y) g NOGY)I=U,000,(y) | torga ypaBHeHHe (2) Ha3bIBaeTCs
nuddepeHIratbHbBIM YPaBHCHHEM C pa3Ie/SIFOIIUMUCS TEPEMEHHBIMU U IPUMET BUJL:

u, I xlg,lyldx =u,lxlg,l yldy

[Tytem nenenus Ha mpousBeaeHue Y:(X)9:(¥)  oHO MPUBOAMTCS K CICAYIOIIEMY BHIY:

u, (x) OIngz(y)
UZ(X) 91()’)

dy

OOmwmif MHTETrpaj 3TOT0 YPAaBHEHUS UMEET BUI:

9,(y) u, (x)
dy= dx+C
’[gl(y) g qum "

1. Pemiurnb anddepeHnnabHbIEe YPABHEHHS ¢ Pa3AesilOIMMHUCS ePeMeHHbIMM .
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Henv: Hayyumocsa naxooums obuee pewienue oughghepenyuanvHo2o ypasHeHus ¢
PA30eNA0UUMUCS NePEMEHHBIMU, UCNOIb3YS 8 C80el pabome Memoobl
oughhepenyuanvbHo2o u UHMe2PAIbHO20 UCHUCTICHUS.

1y (Lx)y+y=0
y=I
Pewenue: npusedem ypasnenue x 6udy (1) (vuumsieas, umo dx ):
(1) 8% + y=0

ydx +(1+ x)dy =0

B oannom ypaenenuu Ul(X)=1,gl(y): Y UZ(X):]"I'X’ gz(y) =

Pa3zoensa nepemennsvie, nonyuum:

o _dy
I+x vy
Hnmeepupys, natioem 06u;u1/7 uHme2pa:
dy .
1+X I
dy 1+x
'[ '[ 1+X
InIyI Inl1+xI+InC ;
Inlyl=InIC-(1+x]I;
y =C(1+x)-06uee pewenue dudh. ypasnenus
1 .
2 * W+ =0 6) yigy-x=1,
y=X+2. 7 ysiniEy;
3) * y '’ y_Y
' X
5y =1=X; 8)
5 5yy=1-2x;

. HajiTm yacTtHoe pemieHue AuddepeHINAJILHOI0 YPABHEHUS, VIOBJIETBOPSIONIET0
HAYaJbHbIM VCJIOBHSIM, M €0 MHTEIrPaJbHYI0O KPUBYIO.

Henv: Hayuumocs naxooums yacmmuoe pewerue ougppepenyuaivioco ypasHenus ¢
PAa30eNAWUMUC NEPEMEHHBIMU, UCHOTIb3YS 8 C8Oell pabome Memoovl
oupgepenyuaibHo2o U UHMeSPaIbHO20 UCYUCTEHUS U CIPOUMb UHMESPATLHYIO
KPUBYIO 9MO20 PEULEHUSI.
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1) YEX2 . y-1
Pewenue: Ilpusedem ypasuenue k sudy (1) u pazoenum nepemennvie:
dy
dx
dy=(x+2)dx.

=X+2

Hnmeepupys, natioem oowuii unmezpai.:
Idy:I (x+2)dx ;
dy=[ xdx+ | 2dx;
for= [ xous

y :2—+2 X+C-obwee pewenue ough . ypasnenus .

Tx. YO=1 'mo noocmasnsis smo nauaibHoe yciosue 8 obwee peuterue oug.
ypasHenus, Hatidem 3Havernue C:
02
y(0)= ?+2-O+C =1-C=1.

3Hauum yacmmuoe pewenue 0aHH020 OuQp. ypasHeHus umeem uo:

X2

= —+2x+1
y2+x+l

Ymoobwvl natimu uHmezpaibHy0 KPUyo OAHHO20 OUQ. YPABHEHUS HYHCHO
2

y= X 42x+1
ROCMpOUms 2paghux e2o 4acmHo20 peulenus, 8 Haulem cuyyae dmo
(epaghux — napabona).
Haﬁdeﬂ/é KOOPOUHAMbL 8epUIUHbBL NAPADOIbL!
X==— __ 2 ==-2 (_2)2

© 2a . Y= —— _ _
a 2 , t2(-2+1=2-4+1=-1.

2
I'papux umeem caedyrowuii 6uo:

¥

-4‘\-5/,{_1012345 .
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3) * y =2x+4{y(0)=1};
g V=3xyl1=2).

Juneiinvie oughpepenyuanvuvie ypaenenus 1-20 nopsaoka.

JIuneitnbsiM A depeHnnanbHbIM YpaBHEHUEM 1-T0 MopsiiKa Ha3bIBA€TCsl ypaBHEHUE

y +pxy=fix rae P(X), f(X) — uzBecTHbIE QyHKIUH.

JluneitHoe nuddepeHIanTbHOe ypaBHEHHE HA3bIBACTCS OAHOPOIHBIM, ecii | (X)=0
B IIPOTUBHOM CJIy4a€ OHO HEOJHOPOJHOE.

3. HaiiTn o0uiee penienue JuHeHOro 1uddepeHnnanbLHOr0 ypaBHenus 1-ro
MOPSUIKA
Henwv: Hayuumoscs naxooums odwee peuteHue MuHelHbix OugpeperyuanbHulx
VPasHeHull, UCNONIL3YSL 8 C8oell pabome Memoovl OUPhepeHyUuaIbHO2O0 U
UHME2PATbHO20 UCHUCTEHUS.

, 2
_ _oX
1) Y-2xy=e
Pewenue: Obwee peutenue neoOHopoOH020 YPaABHEHUS MONCHO HAUIMU
Memooom eapuavuu nOCMOAHHOU.

* Paccmompum o0HOpoOHOe ypasHeHue

y -2 xy—O , coomeemcmeyiouiee 0aHHOMY He0OHOPOOHOMY VPABHEHUIO.
Omo ypasHenue ¢ paz0ensirouumMucs nepemenHbIMU.

dy _
ax 2%
g3[=2xdx
y
dy _

= | 2xdx
jo-

X2

Inlyl=2—+InC

2
Inlyl-InC=x?
2
Y 1=x2= ¥ e’ y=Ce*?,
C C

2
_ X
*  Oobwee peuierue HeOOHOPOOHO2O YPABHEHUS UUEM 8 BUOE y=Clx)e (*) ,e0e Cix)
— Heuzsecmuas Gyuxkyus om x. [lpouzsoonas
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2 2 , 2 2 . . 2
y =C'(x)e¥ +C(x)(eX | =C (x)e* +C(X)2%e" . ovemasnsn v u | e Y —2Xy=€
Hauioem C(x):

C'lx)eX +C(x)2xer - 2xC (x)e" =¢*
C'(x)eX +C(x)(2xe ~2xe" )= ¢
C'(x)eXZ:eX
C'x)=1—Clx= [ Cx)dx= [ 1-dx=x+C
T.k. CX=x+C  'mo noocmasnsisn eco 6 (*) obwee pewrenue
2
_ X
HeOOHOPOOHO20 YpasHeHUs 6yoem y= ( x+C )e , 20e C — nocmosnHast
UHMe2PUPOBAHUSL.
. 2 LY 2
+9 yy= X - y + =(3—x)°.
2) * Y+2Xy 2x3e ; A * 3-x

' 3 2 X
g V3V
4. Onpeaenutsb BuA 1uddepeHINaNbLHOI0 YPABHEHN S, HAWTH ero odlee penieHue, a
rJie YKa3aHO YacTHOE pPelleHne.
Henwv: Hayuumscs onpedensams U0 oup@depeHyuaibHoco ypasHeHus, Haxooums e2o
obwee u yacmuoe peuieHue.

y o+ Y +2y=e7";

) * Xyy =1-x%;

3) = xrxy=y{yl1=0};

gy Xth=yh

5 Y-2y=4x,

6) Y +ycosx=cosx{y(0]=1};
y=—{y(0)=4)

7 * X+ 2 , IOCTPOUTH UHTETPAIBHYIO KPUBYIO;
g) * 12-3xly=y;
o) e'[1+x}dy-2x[1+e’)dx=0;
10) . Y- ye=2xe;
1y =3
y'—i=(1+x)2.
12) * 1+x

AuddepenunanbHbie ypaBHeHHs] B MeAMLIUHE U OMOJIOTUH.
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1) JuddepeHumanbiple ypaBHEHUS, BBIPAXKAIOT COOTHOIICHHS MEXIYy H3MEHEHUSMU
OCHOBHBIX N€peMEeHHBIX. [IpuMepoM omucaHusi TEUEHUs NPOLECCOB B CEPAECYHO —
COCYIUCTOM CUCTEME MOXKET CIIy’)KUTh HE3aBUCUMasi MOJEIb MIACTUYHOIO pe3epByapa

— MHelHoe nud@epeHnanbHoe ypaBHEHUE TUIA!

1 _dP
k dt

=

—[— =—

R

+ Wit

rae nepemenHasi P — mruoBenHoe 3nauenue A/l, koapdunuent R — obmree

COIPOTHBIICHHE KPOBEHOCHOTO pyciia TOKY KpoBH, ko3 dunueHT K — ko3 dunmeHT

yrnpyroctu aopthl, W(t) — 00beMHast MTHOBEHHASI CKOPOCTh BIOPOCA KPOBH U3 CEP/IIIA.

2) TuddepeHaabHbIM ypaBHEHHEM ONUCHIBACTCS Pa3ioKeHUE OaKTepHii,

paguoaKkTUBHBIN pacna.
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JlomamHee 3aaaHue:

Onpenenuts Bua aud GepeHImaipsHoro ypaBHEeH s, HAUTH ero olliee penieHue, a rie
YKa3aHO YaCTHOE pEIICHHE:

1y (L+ y2)dx +xydy=0;
)« +Yy=e7C0sX;
3) » Xy +y-e*=0{yla)=b};

g - y=10
L
y=""{yl1)=1
5) * X , TOCTPOUTH UHTETPATBHYIO KPUBYIO.

6 V=E-Ey;

7) * Xy =yl=(Lextes;

8) Y+ 00SX=S5in XCOS X.
_1-2x.

o) * W=y
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IIpoBepounasi padora

Tema: u¢ppepennuanbubie ypaBHEHHS.

1 BapuaHur.

Onpenenuts Bun quddepeHnanbHoro 2 BapuAaHT.
ypaBHEHUS, HANTH €To 0011Iee pelleHue, a

Onpeaenuts BUa quddepeHnaibHOro
r7ie YKa3aHO YaCTHOE PEIICHUE:

ypaBHEHUSI, HANUTH €ro ooIee perieHue, a
rJie yKa3aHO YaCTHOE PEeIIeHHE:

? %x:—)i)_y'zz;y; 6) J-4y=8xe'"

) y=12%. 7 Y=2 x-3;

8) y y——y—

9) y'-2lxy=yxex2: 2; W=85-5:

10)01 y=X[y(1=2] , IOCTPOUTH y'=Y+1{y(1)=0}
I)/IHTGFpaJILHy}O KPUBYIO. 10) X , IOCTPOUTH

UHTETPaJIbHYI0 KPUBYIO.

JlonmosiHuTEIbHOE 3a]aHHE

Onpenenuts BUa aud GepeHImai-HOTO ypaBHEHUsI, HANTH ero o011ee penieHue:

2X\/1 y2-y 1+x)
1) -
y +xe'y=e’ . 1) e-v{1+y)1 (%

2) 2)
2) Lx y=2xy=1+x ;
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Jexkmusa Ne 7. KoMmIiekcHEIe Ynca.

3HAaKOMCTBO € KypCOM MbI Ha4HEM C HEKOTOPBIX HCTOPUYECKHX COOBITHH, KOTOpHIC
MOCIIY)KUJIM TPUYMHOW IOSIBJIEHUS HOBOIO, IIOKa HeW3BecTHoro s Bac kmacca uwmcen -
KOMILJIEKCHBIX.

B X Beke B Uramuum ObulM pacrpoCTpaHEHbl MaTEMAaTUYECKUE TYPHUPBI, HAa KOTOPBIX
YYaCTHUKU B NPUCYTCTBUU MyOJIMKH M3JIarajiy pelieHus 3ajad, IpeIoKEHHbIX PaHee KaXI0My
€ro nMpoTUBHUKOM. Kak M3BeCTHO, B TO BpeMsi 3TO ObLII HE €IMHCTBEHHBIN U3 BUJOB TYPHHUPOB - B
T€ BpEMEHAa COXPAaHSJIUCH €Ille BOCHHbIE TYPHHUpPHI, HA OJHOM W3 TaKUX TYpHUPOB B 1547 romy
ObUT cMepTeNnbHO paHeH (paHiy3ckuil koposb 'enpux Banya. Urak, 12 ¢espans 1535 roga
WUrtanuu cocTosyioch MaTeMaTU4YecKOoe COPEBHOBaHME MEXIy Maremarukamu @uope u
Tapranbeit. ®uope Obul yueHuKOM mpodeccopa 00I0HCKOTO yHUBepcuTera, CIUIHUOHA JIETh
deppo (1456 -1526), Hukkona Taprames (1500 - 1557) - mnpemomaBarenb MaTeMaTHKH.
Tapranbs (3auka) - ero npo3suile (Hactosmas ¢pamumins - QoHTaHa), .KOTOPOE OH MOJIYYUIT U3-
3a TOr0, YTO MOCJI€ BOGHHOTO PaHEHHUs B TOPJIO OH HE MOT CBabOJIHO pa3roBapuBaTh. TapTaiibe
OBUTO TIpeUTO’KeHO pemmuTh okosio 30 anreOpandyecKux ypaBHEHHH TpPEThe CTENeHH BUA
x>+ax=b; a>0; b>0. B Te BpeMeHa He ObLIM M3BECTHBI 00IIHEe (HOPMYIIBI PEIICHUS yPABHEHMI
TpeTbel CTENeHH, M[O3TOMY 3aJaud, MpeUloKeHHble Tapranbe, OKa3aluch BecbMa
cepbe3HbiMu .OnHAKo, Kak y3Han Taptanbs, mpodeccop nenb Deppo ymen pemarb HEKOTOPHIC
YPaBHEHMsI YKa3aHHOTO BHJA. A TIOCKOJIBKY 3TH pELIeHUs ObUIM CPEACTBOM KOHKYPEHTHOM
00pb0BI, Mpodeccop He CTan MyOIMKOBATH MOJIYYEHHBIE PE3yJbTaThl, HO COOOLIMJI MX CBOUM
yueHHMKaM, B 4Hcle KOTOpbIXx Haxomwics ®Puope. 3a Henemto 1o copeBHOBaHuil Tapranbe
yainoch HalTH OOIIMI BUJ PELICHMs 3THUX YpaBHEHUH U ¢ OiieckoM NoOeIuTh Ha TypHupe. Tak
410 ke npeioxua Tapranbs? Ecin gonycTuts (IpeamnoiaokuTh), YTO CYIECTBYET HEKOTOpas
MHUMas euHMIA (0003HAauMM ee i), KBaapaT KOTOpO# paBeH MuHyC 1, T.e.i, TO MOKHO
rOBOPUTH O uMCiIe pelleHuil ypasHenus x> + 1 = 0, ux Oyjer apa + i. Takum o6paszoM, Kiacc
NEUCTBUTENBHBIX YHCeNl ObUl paclIMpeH BBEJICHHEM B HEro OJHOIO 3JIEMEHTa - MHHMOM
€IMHUIIBI, B pe3yJbTaTe 4Yero MOJY4YMIM HOBBIM Kacc YuCeNl - KOMIUIEKCHBIX, KOTOpBIE
oOo3HauaroT saTuHCKON OykBoi C. CerojHs, KOorjaa BO MHOTMX pa3/ielax MaTeMaTHUKU U ee
MIPWIOKEHUH HEBO3MOXKHO OTPAHUYMTHCS PACCMOTPEHHMEM JIMIIb JACHCTBUTENBHBIX YHCEN,
KOMIIJIEKCHBIE YHCJIa TIO3BOJISAIOT PELIaTh MHOTHE CEPBE3HBIE 3aaUu.

OnHomy M3 cosnateneil TudQepeHINaIbHOI0 U MHTErPaJIbHOTO WCYUCIEHUH, HEMEIKOMY
matematuky . JleitOnuiy (1546 - 1715) npunaiexar takue ciopa:«KoMIiekcHOe Ynciio - 3To
TOHKOE€ U TOPA3UTENBbHOE CPEACTBO OOKECTBEHHOTO AyXa, MOYTH aM(puOUs MEXAy ObITHEM U

HeObITHEMY. Celyac OT BCel 9TOM MHCTHUKH HE OCTallach HHUYCTO, KpOMCE, HO)KaHYﬁ, Ha3BaHUA
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«MHHMBIC uyucna». Yxke Bo BpemeHna K. I'aycca (1777 - 1855) ObulO JaHO TreOMETPHYECKOE
HCTOJIKOBAHME KOMIUIEKCHBIX YMCEI KaK TOYEK IUIOCKOCTU. TpyznamMu — BBIAAIOIIUXCS
matemaTukoB XIX Beka O. Komu, B. Pumana, K. BeliepmTpacca Ha 6a3e KOMIUIEKCHBIX YHCEI
OBUIO TOCTPOEHA OJIHA M3 CaMBIX KPAaCHBBIX MAaTEMaTHUECKUX AUCHUIUIMH - TEOpHs (QyHKIUH
KOMIIJIEKCHOM IEPEMEHHOM.

PaccMoTpMM OCHOBHbIE OMNpeaeieHNA 3TOrO KAacca YMCen U BbIACHMM, KaK BbINOHAIOTCA AeUCTBUA
HaZ, KOMIMJIEKCHbIMU YMCIaMMN.

Onpenenenne. KoMmieKCHbIM YHCJIOM ZHA3bIBACTCS BHIPAKECHUE z=a+ib ,rae am b —

JCWCTBUTEIbHBIC YNCIIA, | — MHAMAS ¢IMHMIIA, KOTOPas ONPEACISCTCS COOTHOIIICHUEM
.2_ \ ._\/
1©=-1; 1=y-1.
[Tpu 3TOM YHKCIIO A Ha3bIBACTCS AEHCTBUTEIbHOIM YacThio uKcia Z (& = Rez), a b- muumoii

gactbio(b = Imz).

Ecmu a =Rez =0, To 4mcno zZ OymeT 4ucTo MHUMBIM, ecii b = Imz = 0, To uncno z Gyaer

JENCTBUTEIbHBIM.

Onpenesnenne. Ywucna z=a+ib u Z=a—ib pgaspBaroTcs  KOMIIIEKCHO —
conpsiKeHHbIMHU.

Onpeneienne. JIBa KOMIUIEKCHBIX upcia =&+, 7,=3,+ib, Ha3BIBAOTCS

PaBHBIMH, €CJIM COOTBETCTBCHHO PaBHBI UX I[eﬁCTBI/ITeHI)HI)Ie U MHHUMBIC HaCTH:
a1= a2 ; b1= b2 ;
Oﬂpeﬂeﬂeﬂl/le. KomiiekcHoe yucio paBHO HYIIIO, €CJIKM COOTBETCTBCHHO PAaBHBI HYJIIO

HeﬁCTBHTeHBHaﬂ N MHHUMas 4acCTH.

a=b=0.

7.1. feiicTBUA Ha[ KOMNJIEKCHBIMU YUCNaMK B anrebpaunyeckoii popme.

OCHOBHblE AEVICTBMH C KOMMNJIEKCHbIMU YNCNNTAaMU BbITEKAKOT U3 AEVICTBMI\;I C MHOro4vsneHamu.
CnojkeHue U BbluUTaHue
PaCCMOTpI/IM JABa KOMIIJICKCHBIX 4YHCJIa, 3aJaHHBIX B O6H.[CM BHC
Z1=ai+iby; zp=ar+ib»
TOTJa
z=12,*7,=(a,+ib,)(a,+ib,)=(a,*a,)+i (b, xb,)=azxib

Mo»xHo Cd)OpMyﬂMpOBaTb NpPaBuUI0 CIOXKEHNA U BblMUTAHNA KOMMNNEKCHbIX YUCEN: NPU CNOXKEHUN
(Bbl‘-l MTaHMM) KOMNZIEKCHbIX YNCeN COOTBETCTBEHHO CK/N1a4blBAlOTCA (Bbl‘-IMTaIOTCFI) nx
AeﬁCTBMTeﬂbele N MHUMbIE YaCTu.

270



YMHOKeHue
z=212,=(as+ib1)(az+iby) =a1az+iaibo+ibiaz+i’hibo=a+ib
7=7177=(a1a2-b1b2)+ i (arb2+b1ay)
( T.e. MOYKHO TOBOPHUTD, YTO MEPEMHOMKAIOTCSI KOMIUIEKCHBIEUUCIIA KAK MHOTOWICHBI, YUUTHIBAS,
4T0 i? = -1). 3HAUNT,uTOOBI MEPEMHOKUTH JIBA KOMIUIEKCHBIX YHCIIA HEOOXOUMO TIEPEMHOKHTh
MX KaK MHOTOUIEHBI, YIUTHIBas, 4T0i’ = -1.

Jlenenue

Mpu BbINOAHEHUN AENEHMUA KOMMIEKCHbIX YNCE MO/b3YHOTCA UCKYCCTBEHHbBIM MPUEMOM: YNCANTESb
Y 3HaMeHaTe b APOBU YMHOMKAIOT Ha YMCN0, KOMMIEKCHO - CONPAMKEHHOEe 3HameHaTeNto 4pobu, 1
MOCTYNatloT Aanee Tak, KaK U NPU YMHOMKEHUN KOMMIEKCHbIX YMCen.

IIpumep.
71= 5-;
2,=-2+3i;
Z; 5-j G-1)*(=2-31) -10+2i-15i+3i> -13-13i
7 2430 (=24 30)x(-2-3i) = =-1-i

4-9i? 13
BBe)IeHHBIe HaMHU onepam/m CIIOKCHUA U YMHO)KGHI/U{ KOMIIJICKCHBIX YHUCCII O6J'IaJIaIOT

CBOWCTBAMM:

1) TlepemecTHTEIBLHOE CBONCTBO:

21%277=77+17;;

21%25=122*11,

2) CoueTarebHOE CBOMCTBO:

(Z1+)+zz3=20+(22+23)

(21*22)*23 = 21 *(22*23)

3) PacnpenenureibHOE CBOMCTBO:

21%(22 + 25)= 21*22 + 71*23

4) Jlnst 106010 KOMIUIEKCHOTO YKCJa CYIIECTBYET YHCIIO MY IPOTHUBOIOJIOKHOE, TAKOE, 4TO Z +

(-2)=0.

Bo3Beaenue B cTeneHb

CornacHo ompefeNneHuI0 CTEeNEeHH YHcla, HEOOXOTUMO 3TO YHCIO YMHOXHUTh Ha cebd
CTOJIBKO pa3, KakoB MMOKa3aTeslb CTENEHU YKclia. DTU MPaBUIIa BaM U3BECTHBI U3 Kypca CpeIHen
mwKoJbl. OHM K€ OCTAalOTCA CHPaBEUIMBBIMM W JJs1 KOMIUIEKCHbIX yucen. C OAHOW JMIb
pa3HUIIEH B TOM, YTO OCHOBAaHMEM CTEINEHU 3/1eCh BBICTYNAEeT HE OJHOWIEH, a JAByuwieH. s
nmokaszarenel cremeHn 2 W 3 CYyHIECTBYIOT (OpPMYIbl, H3BECTHBIE BaM Kak (QOpMYIbI

COKpAIIEHHOTO YMHOXEHMS: KBajpaT CYMMbI (pa3sHOCTH); KyO CyMMbI (pa3HOCTH); pa3HOCTb
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(cymma) kyOoB. YOemumcsi, Kak MOXKHO BO3BOJHUTH KOMIUIEKCHOE YHCJIO B CTEIEHbB, MMOJIb3YsCh
(dhopMyiaMu COKPAIIEHHOTO YMHOKEHHUSI.

HaiTn Kyb pasHOCTM KOMMJIEKCHOTO YMca:
(3-2i)% = 3%-3*32*2i+3*3*(2i)? — i*=27-54i+ 36i%- i3=-9-54i+i=-9-54i-i*i?=-9-54i+i=-9-53i

HpI/I BBIINIOJIHEHHUH 3TOI'O I[CflCTBHfI MBI Y4JI4, 4TO

iB=i*i?=i*(-1) =-i

Ecnu e HaM HeoOXoauMo, HarpuMep, Haittu (2+5i)%, To cormacHo ompenenenuio creneHu
MBI JIOJDKHBI 3Ty CKOOKY YMHOXUThH camy Ha cebst 21 pa3, uro ouyeHb Tpynoémko. [loaromy
npuderatoT K Apyroi gopme 3amucu yucia — TPUTOHOMETPUUYECKON U B HEW BBIMOJIHSIOT 3TO
neiicteue. Ho 06 ’TOM MBI TOTOBOPUM HEMHOTO TO3KE.

N3BiieyeHne KOPHSA U3 KOMILIEKCHOTO YHCJIa

T. K. KOMIIJIEKCHOE YHCIIO B aireOpandeckoil popmemmeer BuI z=a+ib; TO HU3BJIEKaTh U3
HEro KOpeHb KaKkoi - JINOO CTENeHH Mbl HE MOKEM, T.K. HEJb35 U3BJI€Yb KOPEHb U3 CYMMBI.

Takum 06pazom, IOIBOAS UTOT AEUCTBUAM HaJl KOMIUIEKCHBIMU YMCIIAMU B alredpandeckoin
dbopmMe, 3akiIOyaeM, UYTO U3BJIEKaTh KOPEHb 000U CTENEHW W3 KOMIUIEKCHBIX YHCEN B
anreOpandeckoil (opmMe Henb3s; BO3BOAWTH B JIFOOYIO CTENEHb MOXKHO, HO €CIIM TIOKa3aTelb
cTeneHu OoJiblie 3, TO palMOHAIbHEE TEPEBECTH YHCIO B TPUTOHOMETPHUYECKYIO (opMy U
BO3BOJUTH B CTENEHb YHCIIO B 3T0i Gopme. Bece ocTanibHble 1EHCTBUS BBIMOIHSIOTCS O paHee

OTMCYCHHBIM IIpaBUJIaAM.

Beceaysa 0 KOMMNAEKCHbIX YMCNax, HEOBX0AMMO OTMETUTb TaKoe BayKHOE MOHATUE, KaK LLMKANYHOCTb
MHUMOW eaUHULbI. 3aKA0YAETCA OHO B C/leAyIoLWeM:

i’= —1(onpenenenue);

B=i*i2=i (-1)=-i;
i = %2 =(-1)*(-1) =1;
P=i*t=i*1=i,

7.2. FeomeTtpuyeckoe M306pa)KEHMe KOMMNJIEKCHbIX Yucen.

NMoHATME KOMNNEKCHOrO YMCNA UMeeT reoMeTpUYeCcKoe UCTONIKoBaHWE. MHOXeCTBO KOMMNNEKCHbIX
Yyncen ABNAETCA paClWlnpeHnem MHOXKECTBa AEViCTBMTEJ'IbH bIX YNCEN 3a CHET BKIIOYEHNA MHOXeCTBA
MHUMbIX Yncen. KomnieKkcHble Yncia BKAKOYAOT B cebsA Bce MHOXKeCTBa Yyncen, KotTopbie N3y4yaancb
paHee. Tak HaTypanbHble, Lesnble, paumMoHanbHble, MPPaLMOHabHblE, AEﬁCTBMTEI'IbeIe 4Yyncna
ABNAKOTCA, BOO6UJ,e roeopA, YaCTHbIMU CAy4aaAMU KOMNNEKCHbIX YNcen.

Ecnmn noboe AGVICTBMTeﬂbHOG YMCNO MOXKET BbITb reomeTpunyeckun npeacrtasieHo B Bnge TO4KM Ha
4yncnoBsom I'IpFIMOﬁ, TO KOMMNJIEKCHOE YNCNO NpeAacTtaBaaeTca TOYKOM Ha NJIOCKOCTH, KoopAunHaTaMu
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KOTOpOM byayT COOTBETCTBEHHO AEUCTBUTE/IbHASA U MHMMAA YaCTU KOMMJIEKCHOTO Yuca. Mpu aTom
ropM3oHTa/IbHan oCb byaeT ABNATLCA AEeNCTBUTENBHOM YMCN0BOM OCbIO, @ BEPTUKAIbHAA - MHUMOM
oCblo.

y
A, b)
r )
0] |
0 a X
Takum o6pazom, Ha ocu OX pacrnosiarafjorcst [eHCTBUTEIbHBIE Yncia, a Ha ocu OY — uncto
MHHUMBIC.

C nomoubto Nof06HOr0 reoMeIpYHECKOro NPeACTaBeHUA MOXHO NPeACTaBAATb YAC/A B TaK
Ha3blBaeMoW TPUroHoMeTpuyeckoin dopme.

7.3. Tpuronomerpuueckas Gpopma 4ucia.

N3 TeoMeTpUuYecKnX COOOpaKeHHii BUAHO, uyTo  a=rcosé; b=rsing  Torpa
KOMIUIEKCHOE YHCJIO MOXHO IIPEACTaBUTh B BUJIE:
z=a+ib=rcos¢ +irsing=r (cos¢ +isin ¢)
Takas ¢hopma 3anmucu Ha3bIBACTCS TPUTOHOMETpHYecKoil (opMoii 3anucH KOMILJIEKCHOTO
yuca.
[Ipu sTOM BenMuMHA I Ha3bIBAE€TCS MOAYJIEM KOMIUIEKCHOIO YMCJIA, a yroJ HAKJIOHA ¢ -

APryMmeHTOM KOMIIJICKCHOI'O 4YHCJIa.
r=lzl; ¢=Argz
M3 reomeTpuyeckmx coobparkeHnin BUAHO:

r=|a+ib|=\/a2+b2; ¢= Arg z=arctg Q;
a

OquI/II[HO, 4TO KOMIUICKCHO — COIPsDKCHHBIC 4YHCIa HWMCIOT OJUHAKOBBIC MOAYIU U

IIPOTUBOIIOJIOKHBIC apT'YMCHTHI.

2=1"2l; Arg 2=-Argz.

7.4. JleficTBHS ¢ KOMILIEKCHBIMH YU CIAMHU B TPHIOHOMETPHUIECKOH (opMe.
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z,=r(cos ¢, +isin ¢,) , L= r,(cos ¢,+isin ¢,).
YMHoOKeHHe
Z=23 Z,=r 1 r(COS( P+ ¢ ) +i SiN( P+ ¢5))

B c/iyyae KOMMIEKCHO — CONPAMKEHHbIX YMCE:
7 7=(a+ib)(a-ib)=a’+b*=1zI°=1"zl°.
Jlenenue

B 1_]’1 ..
z= "= “(cos(¢ —¢ )+isin(¢ —¢ ))
1 2 1 2

r

Bo3Benenue B creneHpb

"3 onepanri YMHOXCHHUA KOMIIJICKCHBIX YHUCCII CIICAYECT, YTO

1°=11=r(c0S2¢+i 5in 2¢)

B o01iem ciydae monydnm:

2'=1"( cosng+isin ng)
e N — IeJI0€ TOJIOKHUTETBHOE YHCIIO.
D10 BhIpakeHHEe Has3biBacTcs (opmysaoii Myaspa.(AGpaxam e Myasp (1667 — 1754) —
AHTJIMUCKUN MaTEMaTHK).

dopmyny MyaBpa MOXKHO MCNO/b30BATL 4151 HAXOXKAEHUA TOUTOHOMETPUYECKUX QYHKL MM
OBOWHOro, TPOMHOro U T.4. YrN0B.

Ipumep. Haiitu dpopmysast Sin2¢ u C0S2¢.

PaccMOTpUM HEKOTOPOE KOMILIEKCHOE ukciio  Z=F (Cos g+isin ¢).
22=r*(c0s’g+2i cos gsing-sin’g)

zz=r2(c032¢+i sin2g)

Torma ¢ 0JJHOM CTOPOHBI

ITo popmyne Myaspa:
Mpupasmmsas, oy COS20+iSiN 2=008° ¢-sinZg+2 icos gsin ¢
T.k. Ba KOMIUICKCHBIX YKCJIa PABHBI, €CIIM PABHBI UX JICHCTBUTEIbHBIC U MHUMBIC YACTH, TO
£0S2¢=C08%p-Sin’¢
sin2¢=2sin ¢ cos ¢
[Mony4nnu u3BecTHBIE GOPMYIIBI TBOWHOTO YTJIa.

H3Bjaeyenue KOPHHA U3 KOMIIJICKCHOI'0 YU 1A

T2=Yr(cosg+ising)=p(cosy+isiny)
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BOSBO[[SI B CTCIICHDb, IIOJIYYHM:
p"(COSmy +isIn ny )=r( COSP+isin ¢)
Orcroza: P:Q/F, Ny :¢+27L'k; kel.

Tz=r(cos¢ +i sin¢)=r\‘/?(cosg5+nﬂ+isin g§+$]7zk)

Takum oOpa3zoM, KOpeHb N —OM CTENEeHN U3 KOMILJIEKCHOTO YKCa UMeeT N pa3IuyHbIX
3HAYEHUI.

7.5. Iloka3zarenbHast hopMa KOMIUIEKCHOTO YU CIIA.

YA . _ .
PaccMoTpuM mokazarenbHyo (QyHKIHIO w=e, =X +|y'

Mo3>xHO 1oKa3aThb, YTO GYHKIHS W MOKET ObITh 3alrcaHa B BUAE:

w=e"""=gX(cos y+isin y)
JlaHHO€ paBEeHCTBO HA3bIBAETCA YPaBHEHUEM Jiljiepa.

[na KomnaekcHbIX Ynucen byayT cnpaBeavBbl cneaylolime CBOWCTBA:

1,+1 1, 1
n o' oglph:
2) e’
Z\m_ mz
3) (e) =€ ’

Ecnu B ypaBHeHuu Diiyiepa mokasareib CTCIIEHH MPUHATH 38 YMCTO MHUMOE 4rciio (x=0), To

II€ M — LET0E YHUCIO.

IoJIydacm:

e¥=cos y+isin y

LAnAa KOMNAEKCHO — CONPAXKEHHOro YNCIa NolyYaem:

eV=C0s y-isin y

M3 3TUX ABYX YpaBHEHWI nonyyaem:
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Iy, ol
¢ee”
)=y Ll
ITUMKM popmMynamm NONbIYIOTCA SNA HAXOXKAEHNA 3HAYEHUI cTeNeHe TPUFOHOMETPUYECKUX
bYHKLMI Yepes GYHKLMM KPaTHbIX YT10B.

Ecnv npeacTaBuTb KOMIMJIEKCHOE YMC/I0 B TPUTOHOMETpUYEcKon hpopme:

z=r(cos¢+ising)

if o
U Bocmosb3yemes hopmyoit Ditnepa: € =C0S ¢+| SN ¢
z=re”
[ToydeHHOE paBEHCTBO M €CTh MOKa3aTebHast (popMa KOMILIEKCHOTO YK CJIA.

PaccMoTpuM HECKOIBKO IPUMEPOB IEUCTBUN ¢ KOMIUIEKCHBIMHU YHCIIAMHU.

yA =1—Zi; 7 =—7-2i

1 2
IIpumep. /laHbl 1Ba KOMIUIEKCHBIX 4YHCIIA 2 . TpeGyercst a)

HaWTH 3HAYCHHE BBIPAKCHUS B anreOpamveckodt Qopme, 0) I gucia

1=0-23i

w3+ 2z=0.

HaWTH TPUTOHOMETPUYECKYI0 (opMmy, Haiitu z%°, HaiiTu KOpHM ypaBHeHHUs

a) OueBHUIHO, CIIPABEIMBO CIEAYIOIEe MPpeoOpa3oBaHue:

Ly

2 =2'—7i’4_(-14-41)4=16(—7-2i)4
~7-2i (—14—4i 2-7i 2-7i

[[anee MMPOU3BOAUM ACIICHUC NIBYX KOMIIJICKCHBIX YU CCIL:

~7-2i _(=7-20)(2+71)_-14-49i-4 i+14 _-53i _

2-T1 (2-T1)(2+71) 4+49 53

TonyyaeM 3HaueHHe 3ajJaHHOTO BhIpaxenus: 16(-i)*= 16i* =16.

0) Yucno Z=2_2\/3| npejacTaBuM B Buge Z=r(cosg+ising)  rpe

r=lzI=\4¥12=4; g¢=arctg b:arctg (—V3)=-60°
a
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2=4(c0s60°-isin 60°)

Torna

20 o
st Haxoxxaenust 2 BOCILIB3yeMcsl popmynoit Myaspa.

720=4%(c0s1200°-i $in1200%=4%(cos(3-2 7+120%-isin (3-2 7+120%)=

=42°(c03120°—isin1200)=—42°(l+£’ i).

2 2

Eciu w3+z=0 | 10 w={z

L _ _aN0 _ano
?/z=?/r(cos¢+2”k+isin¢+é”k)=\3/4(cos 60 ;2”k+isin 60 +327'L'k); Ke7.

BOIIPOCHI JIs1 CAMOITPOBEPKHA

Jlaiite onpenenenne KOMIIJIEKCHOTO YUCIa.
Kaxkue unciia KoMIIeKCHO-CONPSIKEHHBIMU ?
Kakne koMIIeKCHbIE YnCTa Ha3bIBAIOTCSI PAaBHBIMH?

Kaxk reomerpuyecku n300pakaroTcsi KOMILIEKCHBIC Yrcia?

a &~ Wb PE

Kakne neiicTBus HajJ KOMIUICKCHBIMH YWCJIAMHU BBITIOJHSIOTCS B aireOpandeckoi

bopme?

6. JlaiiTe ompeneneHrne TPUTOHOMETPHIECKON (POPMBI KOMIUIEKCHOTO YHCIIA.

7. Kakue neiicTBusS HaJ KOMIUICKCHBIMH YHCJIAMHU BBITIOJIHSIOTCS B TPUTOHOMETPHUYECKOU
hopme?

8. Kak ocymecTBisieTcsi mepexoj OT 3amiCH KOMIUIEKCHOTO YHCIa, 33aJaHHOTO B
anredpandeckoit popmMe, K €ro TpUroHOMeTprudeckon Gopme?

9. Kak 3anmucarh KOMIUIEKCHOE YHCIIO B ITOKa3aTeIbHOU opme?

10. YTo Ha3wIBaeTCH TOKIASCTBOM Diinepa?
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8.
8.1.

8.2.
8.3.

YIIPA’ZKHEHUA

HOCTpOI/ITB Ha KOMILJICKCHOM IIJIOCKOCTHU BCKTOPbI, COOTBCTCTBYIOIUC KOMIIJICKCHBIM

YHCIIaM:
1.1. z=3+41i;
1.2.z2=3;
1.3. z2=-3;
1.4. z=-4i;

1.5. z=41;
1.6. z=-3-41i;
1.7. z=3-4i:

1.8. z=-3+41.

Haittn I[Gf/iCTBI/ITGJ'IBHBIG 4uCiia XM Y U3 yCJIIOBUMS PABCHCTBA JBYX KOMIIICKCHBIX YUCEII.

2.1. -2+5i-3iy=9i+2 x-4 y;
2.2. 9+2ix+4iy=10i +5 x-6 v;

2.3. 17+2ix+3iy=18i +3x +2 y;
2.4. 5x-2 y+ix+iy=4+5i.

Haiitu MOAYJib, I'NITaBHOC 3HAYCHUC apryMCHTa WM BCC 3HAYCHHA APTryMCHTA KOMIIJICKCHBIX

YHCe:

3.1. z=3+41; 3.5. z=41i;

3.2.2=3; 3.6. z=-3-41;

3.3.z2=-3; 3.7. z=3-41i;

3.4. z=-4i; 3.8. z=-3+4i.

J171s1 3a1aHHBIX YHCENT HA30BUTE YHCIIA, CONPSHKEHHBIC U IIPOTHUBOTIOIOKHBIC JaHHBIM:

4.1. z=-2+51; 4.3. z=8;

4.2. 1=-2; 4.4. 2=-8i.

Jlana Touka, wu3oOpaxaromas ugucio J3-2i. Kakue umcna u300pakaloT  TOYKH,

CHUMMETPUYHBIE JAHHOW OTHOCHUTEIBHO JEHCTBUTEILHOW OCH? MHHMOW OCH; Hadaja
KOOpJIMHAT?
Uemy paBeH apryMeHT: 1) 4uCcTO MHUMOTO 4YHcIia; 2) J000T0 OTPUIATEILHOTO YHCIa; 3)

J000T0 MOJIOKUTENHHOTO uncina; 4) nyns?

Brrauciuth:
7.1. i16;
7.2.i%;

Brinonauts aeiicTBus:

(=2+450)+(=2-=51); 8.4.
(6+8i)—(3-=51I); 8.5.
-2i-5i;

8.6.

(=2+510)(-2-51);

(6+ 8i)(3-5i);
3

25

9. IlpencraBUTh B TPUTOHOMETPHUECKOH hopme uuncrna:

9.1. 2;
9.2.61;

7.3. (-i)?
7.4. (=)
g7 At
4-i
3.8, 2+3|.
4-5ij
9.3. -2+2V3i:
9.4. 2-2i.
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10. IIpexncraButh B anredpandeckoii popme uncna:
10.1.2;
10.2.2;;
10.3.5¢;
10.4.4 ;.

11. BeimosHUTE IEHCTBUS:

11.1. 2(cos(3Z +i-sm£—” )-3(cos |, ) +i-sin
11.2. 3(cos(” )i-sin( )L)l( os(— )(+1|2)sm( (;2)

8 24 24
> () (3—”) =) )
11.3. o Fii y. 11.6. (cos , Hsin ) -
5
Neivsinl 11.7. (2-2i) ;
6 (cos (471[) sm(4—)7)r 3 /3%
9(003(_) ! (_)) 118, (-7 ;
11.4. = S 11.9. ¥24;
cos( ) sm( 6 )) 11.10.§1:
115 ¢4 11.11.7;
11.12.9-2+2i.
12. TpencraBuB uncna ;=2 iy Z,=—3+ 4 ip nokasatenpHO# GopMe, BBIUNCIIHUTE:
12.1.2,2;; 1249z,
z
12.2.7%; 125.(n1)"
2 1262,y
12.3.9 23,
13. Pemute ypaBHEHUS:
13.1. x>+ 16=0;
13.2. x3-8=0;
13.3. x>+ 32=0;

13.4. X%+ x+1=0;
13.5.x*+ x2+1=0;
13.6. x6-28 x3+ 27=0.
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14. N300pa3uTh Ha KOMIUIEKCHOHN TUIOCKOCTH MHOXECTBA TOYEK, YIOBJICTBOPSIONINX CIIETYIOIIHM
YCIIOBUSIM:

14.1.121=2;
142.argz=":
3

14.3.0<9z€1,5;
14.4Rz>1;

[z,

14.5. ~_carg ze 8.
4 4

KOHTPOJIbBHAA PABOTA

Bapuant 1

1. Bemuucnure j60+j183,
8+2i

5-3i

a. TMOCTPOWTE TOYKU HA KOOPAMHATHOM IUIOCKOCTH Z,~Z,7;

2. Jlns umcna Z=

b. maiimure Rz, 9z
C. HalauTe MOIYJIb U apryMEHT YHCIIA Z;

d. 3anuIIMTe YMCIO B TPUTOHOMETPUYECKOH U MMOKa3aTeIbHON GopMax.
5421 3-4i

3. BbINOJHKATE JCHCTBHUS: .
2-51  4+3i
4. Jlnst uncna z=—1+V3i naiigure 2° B TPUTOHOMETPUYECKO U MMOoKa3aTeabHON (hopMax.
5. PemnTh ypaBHEHHE Ha MHOKECTBE KOMIIIEKCHBIX uncel: z3—27=0.
6. Haiismre neifcTBUTENBHBIE 4YHCIA XM Y TaK, YTOOBl BHIIONHAIOCH PABEHCTBO: 3
X—2 Yy +ix—-iy=4+51.
7. M306pa3uTh Ha KOOPIMHATHOMN IIOCKOCTH MHOXECTBO BCEX TOUEK Z, YIOBJIETBOPSIONINX

ycaosuio: zI=9, Amz>2,

Bapuant 2

1. Boruucnute j261+jl8,

2. Jlns gncna Z=ﬁ :
2+3i

a. TMOCTpO¥TEe TOUYKK HA KOOPAWHATHOMN IUIOCKOCTH Z,~Z,Z,
b. maiigure Rz, Iz

C. HalauTe MOIYNb U apryMeHT 4ucia Z,
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o o >~ w

d. 3amuIMTe YKMCIIO0 B TPUTOHOMETPHUYECKOH M IMOKA3aTeIbHOM (opMax.

y 4+3i _5-4i
Brimonnute neictBus: - .
3-4i 4+5i
3 V3 9
Hasunena = _ — _ i HaliquTe 7 B TPUTOHOMETPUYECKOM M MOKA3aTesbHO#M hopmax.

2 2
Peluth ypaBHeHHE HAa MHOYKECTBE KOMILIEKCHBIX uncel: z°—1=0.
Haiimure neiicTBUTENbHBIE 4YHCIAa XM Y Tak, YTOOBI BBHINOJHSUIOCH PaBEHCTBO: 3
X=2 Yy +ix+iy=4-5i.
N3006pa3uth Ha KOOPAMHATHON TIJIOCKOCTH MHOXECTBO BCEX TOYEK Z, YOBJIETBOPSIOIIUX

yenosuio: 1z1=16; Rz>2.

BapwuanTt 3
Borunciure i +i%.
Jns ancna Z2=(3—41i)+(=2+51):
a. TMOCTPOWTE TOYKH HA KOOPAMHATHOM IUIOCKOCTH Z,~Z,7;
b. maiimure Rz, 97z
C. HaiiuTe MOIYNb U apryMeHT yucina Z,
d. 3anuIIUTe YMCIO B TPUTOHOMETPUYECKOH U MMOKa3aTesIbHON GopMax.
Boinonnaute neiicteust: (3—41)-(3+41).
Jlnst uncna Z=-1gaiigure z3 B TPUrOHOMETPUYECKOM U TIOKA3aTelbHOM GopMax.
Pemuth ypaBHEHHE HA MHOXECTBE KOMIUIEKCHBIX yucel: z2—4=0.
Haiigure neiicTBUTeNnbHbIE YUCIA XU Y TaK, YTOOBI BHITIOJIHSIOCH PAaBEHCTBO: (
X+Yi+(X=y)i=1+i.
N300pa3uth Ha KOOPAMHATHOM MIOCKOCTH MHOXECTBO BCEX TOUEK Z, YIAOBIIETBOPSIIOIMINX

ycnosuio: |z[=1,

Bapuant 4
Beryuciure B+,
Jns yncna Z2=(3—41)—(2-5i):
MOCTPOUTE TOYKHM HA KOOPAMHATHOM IIIOCKOCTH Z ,~Z,Z;

a
b. naitgure Rz, 9z,

o

HailiuTe MOAYNIb M ApTyMEHT Yucia Z,

d. sammmmuTe Yuco B TpHFOHOMGTpPI‘-IGCKOfI U OKa3aTeIbHOMI (bopMax.
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Boinonaute aeiictust: (2—41)-(2+41).
Jlnst uucna z=1naiiaure 7° B TpUroHOMETpUYECKOi U MOKa3aTeIbHOH hopMax.

Pemnth ypaBHEHHE HA MHOXKECTBE KOMILIEKCHBIX yHcel: 72—1=0.

o o~ w

Haiinure neiictBuTeNbHBIC Ynca X U Y TakK, YTOOBI BBITIOJIHSJIOCH PABEHCTBO:
(X+2y i+(x=-2y)i=3-i.
7. W300pa3uTh Ha KOOPAUHATHON TUIOCKOCTH MHOXKECTBO BCEX TOYEK Z, YIOBJICTBOPSIONINX

ycrosuro: [z1=36.

3aHaHI/IH A1 CaMOCTOATCIIBHOTO PCHICHUA.

Haiitn o0mee pemenue nupepeHUNANBHBIX YPABHEHNI, a I1e YKA3aHO
YacTHOE pelleHue:

yy
X

(1+e2 y2dy=e*dx,y(0)=0;
y

3. Y
4 0Ly 2oy 140y =0;
xdy N ydx -0:

5 V1-y2 Y1-x2
6. y':(j)?x+y+eX(j-yy’y(0):O;
=0,y(1)=1;

=Iny,y(2)=1;

7. xly-1) y(x+2)
g. Y cos’x+y=tgx,y(0)=0;

y +———arcsinx +x ;
9 1-x2

10.xy-y=x>c0sX;
11.y cosx+ y=1-sinx;
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1.1.

12.(1+x3) y'+ y=arctg x.
KoHTponbHbIE BOIPOCHL:

1. Yro Ha3zpiBaeTcs nuddepeHuanbHbIM ypaBHEHUEM EPBOIO MOpsiiKa?

YTo HY>KHO clienaTh, 4TOObI peluTh AU(depeHIInalIbHOE ypaBHEHHE.

3. Kakoit Bua wumeer nuddepeHIralIbHOE ypaBHEHUE C Pa3aesIOMIUMUCS
epeMEHHBIMH.

Kaxoe ypaBHenue Ha3piBaeTcst AuddepeHuuanbHbIM ypaBHeHueM 1-ro nopsika?
UYro Takoe ob1iee U yacTHOE pelieHre qudpepeHunaabHOro ypaBHEHHUS.

N

o B

Jlexmus 1. YucnoBo# psisi. OCHOBHBIE MTOHATHS, CBOMCTBA CXOISIIUXCS

PAIOB. 3HAKOMOJIOKHUTENbHBIE PAbL. MHTerpansHbii npuzHak Komm

HekoTopble cBeaeHUA 0 Nocnea0BaTeNIbHOCTAX

MycTb Ka*KaoMy 3HayeHuto N € N nocTaB/IeHO B COOTBETCTBUE (MO

onpeaenéHHbIM NpasBunam) onpeaenéHHoe AencTBuTenbHoe Yncno a< R; toraa
y dy, dy, dy, .
MHOECTBO YNOPALOYEHHbIX AENUCTBUTENbHbLIX YMCEN Ha3blBaeTcs

00
y a ] a y
4YMCNOBOM NOCNEA0BaTE/IbHOCTbIO N 0603HAYaeTcA { Njn=l ,rpe N - o6wWwmni yneH

1 l
L5 il
nocnenoBaTezibHOCTH. Harllemep, nocnenoBaTte/sibHOCTb 2 34 5 nmweet
1
a =
n

obwmununeH " ,roe NE N.

{a.} N
Onpeoenenue 1. IlocnenoBaTeIbHOCTD Ha3BIBACTCS yObIBaioujel, eCiu

>
an an+1 , Vne N, u so3pacmaioweii, eciu a,€4,1 vne N.
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a .
Onpeoenenue 2. IlocnenoBatenbHOCTh { “} HA3bIBACTCS 02PAHUYEHHOU C8EPX),

a, €EM,Vne

ecnu cymecTByeT Takoe unucio M, ME R, uro N, 1 oepanuuennou

a2M, Vne

CHU3Y, €CITH CcyIIecTByeT Takoe uncio M, M€ R, uro N.

a .
Onpeodenenue 3. IlocnenoBaTeabHOCTh { ”} Ha3bIBACTCS 02PAHUYEHHOU, €CIIA OHA

OorpaHUyYeHa Kak CHU3Y, TaK U CBEpXY, T.€. CyIIEeCTBYeT Takoe uucio M> 0

( ME R) uro Vn:lal<M

a
Onpeoenenue 4. Yucno a Ha3bIBaeTCs npedesom Mocie0BaTeIbHOCTH [ “] :

CCJIN IJIA JF000r0 CKOJIb YIroaHo MaJIoro IMOJIOKUTCIIBHOI'O YMUCiia €

o . n,& .
HanJACTCA TaKOU HOMCEPD 0 N, 3aBUCAIINU OT 8, 4TO IJI BCCX HATYpPAJIbHBIX YUCCII

n>n o o a=lim a,
— 0 BwIMOJHAETCS HCPABCHCTBO d d . Torna n—oo O3Ha4vacT,

= > ) )
4To Ve>0 EnO nO(g)E N Takoe, 4To 11s Beex n_no,ne N: (—(a - Hpn

a
9TOM T'OBOPAIT, 4TO ITOCIICTOBATCILHOCTD [ n} CXOOUTCA K YucCiiyd.

[IprBenéM HEKOTOPBIE CBOMCTBA CXOASAIIUXCS MOCIEA0BATEIbHOCTEN.

—Ecnu nocnenoBaTenbHOCTh UMEET MPEIEII, TO OH €AUHCTBEHEH.

—Ecnm nocnenoBaTebHOCTh UMEET KOHEUHBIN MTPEJIEII, TO 3Ta
MOCJIE/IOBATEILHOCTh OTPAHUYCHA.

—Ecnu mocnegoBaTenbHOCTD Bo3pacTaeT (YObIBaeT) M OrpaHUYCHA CBEPXY
(cHU3Y), TO OHA UMEET KOHEYHBII Ipeell.

—Ecnu nocnenoBarenbHOCTh Bo3pacTaeT (yObIBA€T) M HE OTPAHUUYEHA CBEPXY

(cHM3Y), TO OHA MMeeT OeckoHewHbIi npenen + O (— O).

1.2. YucaoBoi psan. OCHOBHBIE NMOHSITHSI TEOPHH YHCAOBBIX
pAOOB:
CXOAHMOCTB, PACXOAHMOCTB, CyMMa psazna. [I[pumeps

ar. c
MycTb 3aaHa 6ecKoHeYHaA NOC1eA0BaTeIbHOCTb YMcen { “}”‘1' an R.
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Onpeodenenue 5. beckoneunvim 4ucn08bim psi0OM Ha3bIBAETCS BhIPAXKEHUE BUIA

i
0 a,

+a,+a,+.+a.+ ..
at a, +a an , 0003Hauaemoe kak N=1 . Yucna

ay, 8y, g, ..
HAa3BIBAIOTCS UleHaAMU (IJleMeHMAMU) YUCTI08020 PSJQ.

Onpeodenenue 6. Cymma nepBbIX N 4JICHOB psiJia Ha3bIBACTCS N-1i YACMUYHOU CYMMOU

oq: Sn =81 8 +ag+..+ay oSy =8y, S) =8+, S3 =8 @y T3,

pAoa A
[Tonydyaem nocnen0BaTENbHOCTh YACTUUHBIX CYMM SITR/IRY {Sn} .
0
0 a,
Takum 006pazom, KaxKAOMY UUCIOBOMY psly N=1  MOXHO MOCTAaBUTH B
n
(s} Sy =0 a
COOTBETCTBHE MOCIEA0BATEIBHOCTh YACTUYHBIX CyMM * N/ k=1
Onpeodenenue 7. Eciu cymniecTByeT KOHEUHBINA WM OCCKOHEUHBIN TIpeaet S
0
0 a,

IIOCJIEA0BATEIILHOCTHA YaCTUYHBIX CYMM { ”} , TO OH Ha3bIBaCTCS CymMmou psoan=1

i
limS, =S =a; +a, +as +.. =] a,

re. " n=1

Ecmu S koneuno (S<0O), To psix Ha3pIBaeTcs cxooswumcs; ecmu S= O wim Se
CYIIECTBYET, TO PSiJ HA3BIBACTCAPACXOOAUUMCA U CYMMBI PSJTHE UMEET.

WNTaK, echu gaH psagd, To BCerga MOMKHO NOCTaBUTb BOMPOC, CXOAUTCA N OH (MHbIMM

CNI0BaMMU, CYLLLECTBYET 1M KOHEYHbIV npeaen { n} ) unn pacxogutca?

MpuBeaém NpuUmepbl UCCNeJoBaHUS PAAA Ha CXOAMMOCTb U HaxoXJAeHuA ero

CYMMbl.
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0

1 1 1

+ + ...

1 1

= +_ +

lMpumep 1. UccnepoBaTb Ha CXO4MMOCTb paa n=1 n(n +1) 2 6 12 20 U
HAaWTWU ero cymmy.

1
n(n +1)

PeweHue. O603HaYMm - 06wmi uneH paga. Torga YacTUYHaAA Cymma

S =a +a +..+a + 1 1 1

n 1 2 n

NN +1) 7ok kak NN +1) n+1’To

S|

1 14,
=— 4+ —
2 6

S 0 117 11 11 11 1 7 1
- - = — n+1
= - +h, - oo+ - =1-
) hl 2|J h2 3|J IDn n+1|J . Torpa

lims, =tim"1- % " =1en

n—1 n—[f n 4 , T.e. pag cxogmTca v ero cymma S = 1.

Ly 4 4 4

=+ +__*..
2
Mpumep 2. NccnepoBaTb Ha CXO4MMOCTb pag, n=1 4n“+4n-3 5 21 45 “n

HaWTK ero cymmy.

4
. :an
PeweHue. 0603Haumm 4n? +4n - 3 - 06bwunii uneH paga. Toraa,
S =i +i b4
yacTWuHas cymma paga | 5 21 4n2 +4n - 3 Tak Kak

4 1 1

4n* +4n-3 2n-1 2n+3 1o
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Sellﬂlﬂlllﬂﬂllﬂﬂl 1101 11
=11 |+ =-- = [

"0 5y 13 7)tisTo)thon-3 n+tf i -1 203 T
1+ 1 1 4 4n+4

1
3 2n+1 2n+3 3 (@1+)@1+3) 1oraa

I
i—1 " n-0]3 J(2n+1)(2n+3)

limS =lim! 4- n+4 1-4 \
- o4
3 , T.€. pAag cxoanTca n ero cymma 3

0

I n=1+2+3+...+n+..
lMpumep 3. UccnepoBaTb Ha CXOAMMOCTb PAL, n=1

N n =a,
PeweHue. 0603HauMm obWwmii YneH psaga . Toraa, 4acTu4yHasa cymma paga

S =142+ +n=0*DN jing _im (+DN _ g

n n
2 n— 1 n—1 2 , T.e. Cymma paja

0
S =[n =0

n=1 N pAa pacxoanTca.

Mpumep 4. UccnenosaTtb Ha CXOAMMOCTb PAl, COCTaBAEHHbIN U3 YNEHOB

reomeTpMYecKomn nporpeccum.

b,ba,bg?,bgS,....bg"" 1,

PeweHue. TlycTb gaHa reomeTpuyeckan nporpeccus L, rae g -

0
b +bq +bg? +bg® +...+bg"?* +... =[] bg?
n=1

3HameHaTeNb nporpeccun. Paa

bq"' ! =a

Ha3blBaeTcA psoom eceomempu4eckoli npoepeccuu. O6o3HauUMm n - obwumn

unen paga. Npu 99 1n-qyacTuunas cymma storo paga pasHa

b(l1-¢q") b b

Sp=—r— T —

1-¢g 1-q 1-g¢
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PaCCMOTpMM YaCTHble C/y4aHl.

lim S b

q] €l ot "

—Ecnn 1-9q , T.€. PSIIL CXOOUTCH.

‘ q‘ limS, { }
_Ecmu ,T0o "— 1  He cyIIeCcTBYeT, T.€. IOCIEJ0BATENLHOCTE | 1

pacxoauTCs, a 3HAYUT PACXOAUTCA U I/ICCJIGI[yeM]':Jﬁ paa FGOMeTpI/I‘{eCKOﬁ

IIPOIPECCHH.
i
b+b+..+b+..=[b s —pp limS, =1
TIpu 9=1 psagumeer Bun n=1  Torma “N =, n—I
, T.€. Ps1l paCXOAUTCS.
—ITpu b=1 g=-1 PAI UMEET BUJT b-b+b- b+.. torna $1=1,5, =0,

53 :1, 54 :0, vy SZn—l :1, SZI’] :0

, T.C. IpE€ICiia MoCJICA0BATCIIbBHOCTH

{s)} =1,0,10,10...

HC CYIICCTBYCT, 4 3HAYUT, HCKOMBIN pAd pacxoauTCA.

Takum 06pa3om, psAg reoMeTPUYECKOo NPOrPeCcCHM CXOAUTCA TOFAA U TONBKO TOrAa,
\q\ el
Korga , B OCTa/IbHbIX CIY4anAX PAJ, PACXOAMUTCA.

1.3. OCHOBHBEIE€ CBOHCTBA CXOASIIIHUXCS PAAOB,
HEeOOXOAMMBIH NPH3HAK CXOAHMOCTH

0

0 a
MycTb AaH yncnosom pag "=1 . Chopmynmpyem ero oCHOBHbIE CBOMCTBA.
Ceoiicmeo 1. Ecniu cxoauTcs psii, NOJYyYEHHBIN U3 TaHHOTO psijia OTOpackiBaHUEM
WJIU IPUCOEIMHEHUEM KOHEUHOT'O YKCIIa YIEHOB, TO CXOAUTCS U caM JaHHBIN psij, U

HaobopoT. MabIMU cliOBaMu, OTOpachIBAaHUE WITH

MNPUCOCAMHCHNEC KOHCYHOI'O Y1CJjia YICHOB PsAJda HC BIMACT HAa CXOAMMOCTD psaa.
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0
S U &, C
Lokazamenscmeo. MNyctb ~ N —4yacTUyHaA cymma paga n=1 k — CyMma k

Gn. S
OT6POLLEHHBIX YneHoB U N~ K —cymma uneHoB paga, BXOAAWMX BCyMMY “N 1 He

BxogAwmx B cymmyCy. Mpun A0CTaTOYHO 6ONbLIOM N BCe OTOPOLLEHHbIE YNeHbl byayT

e. Sp =Gy +0p-

S, Cy
coAepsKaTbea B cymme N, T, (k— duKcMpoBaHHOE YKCO,

lim On- k
- const). Torp,a, ecnu cyuwectsyet n— a , TO CYLWLECTBYET U

0
lims, =1im(Cy +o, ) I a
n— 0 n— I , T.e. ucxogHbIn paan=1  cxogutca. N HaoboporT, ecan

lim S, lim o, .
cywecrtsyet n— 1 , TO cywiecrtsyet n n— 0 , T.€. CXO0ANTCA COCTaB/1EHHbIN PAA.

i
0 a,

AHaNOrM4yHoO A0KasbIiBaeTCA CXOAMMOCTb Npu ,D,O6aB!'IeHMM K paay n=1 KOHEeYHOoro

YUCNa YN1EHOB.

I i
0 a, =S 0Cl

Ceoiicmeo 2. Ecnu cxonutest psn n=1 , To psig n=1 (C — koHCTaHTa)

TaKoKe CXOUTCSA, MPUUEM ero cymma pasha CUS,

0
S 0 an s =a +a +..+a
Jokazamenscmeo. Nyctb N —yactnyHaa cymma paga n=1 n 1 2 n

7 )

0

= [ Clg

= + +...+
M ~N - yacTMyHaa cymma paja n=1 ,Sn Ca; +Cap +... + Ca,

. Torga
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0
limS, =S 0 a, =S

OTctopa,ecan cywectsyer N1 (pag n=1 CX0AuTCA), TO CyLLecTByeT
0
lim S, =COlim S, =C [S [ Cla,
n—1 n—| ,T.e.pag n=1 TaKXKe CXOAUTCA.
0 0
0a, 0b

Ceoiicmeo 3. Ecnu psiibl =1  pn=1  CXOASATCA U UX CYMMBI paBHBI A U

BCOOTBCTCTBCHHO, TO UX MOXXHO ITOYWICHHO CKJIaAbIBATb (I/IJ'II/I BI::IIH/ITaTB), HpI/I‘léM

0

1 (a, 0B) S =AIB

pAObI n=1 TAKKEC CXOIATCA U UX CYMMBI paBHBI

An Bn 5
Myctb , 7 — Y4aCTUYHblE CYyMMbI 3TUX PAOO0B, TOrda

Lokazamenbcmeo’

S,=(a; 0 b)) +(a, 0 by) +... +(a, 0 by) =(ar +az2 +...+an)0 (b1 +b2 +... +bn) =
ZA”D B”. MepexogAa K npeaeny npu n— D, NoAy4Ynm

limS, =lim(A,0B,)=limA, 0 lim B, =Al B.

n— 0O n— n— 0 n— 0

0
0 a,
pAaodos). NycTtb psag N=1

Teopema 1 (Heobxodumblili npu3sHaK cxooumocmu
lima, =0

, TOrAa ero obLwmii uneHa, crpemutca k 0 (mpu N — [ )n—1[
cXoamTCs

(obpaTHOE He Bceraa BEPHO).
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0
0 a,
Jokazamenocmeo. TaKk Kak pag, n=1  cxoauTcAa n ero cymma pasHa S, To ana ero

Sni S 8y =Sy - Sy 1.

YaCTUYHbIX CYMM N-1 ymetor mecto paseHcTBa

lima, =limS,- limS,.;, =S- S=0

n— [ n— | n— [

Yto n Tpe6OBaJ'IOCb AO0Ka3aTb.

Ycnosue cxogmMmoctu, cpopmMynpoBaHHoe B Teopeme 1, ABnseTca

a, — 0
HE’O6XO0UMbIM, HO He docmamqub/M, T.€. Npun BbINOJIHEHUN YCNOBUA pAaa

0
1 -
nzl\/ﬁ ﬁ

» TAE

an

MOXeT pacxogmTbca. PaccmoTpum npmmep Takoro paaa:

1

||m al’] = Ilm T =O
obwmnii uneH paga. Toraa n— n— /N . HYacTnyHaa cymma paga nmeet

1
S, =1+ L + L ..+ I 1
GEl et — —
BUA, J2 43 Jn . O4yeBUAHO, KaXKAbIN Y1IEH 3TON CYMMbI Jn

,TOraa oueHKka ~"N naéT HepaBeHCTBO:

1 11 11 n
SDF + + +o. 4 — = =1
Ry e e A v AR

, ClegoBaTenbHo,

lim$S Dlim\/ﬁ:[] a =-1 __¢

n—1[ n n— |

n
, T.€. UCXOAHbIV pAA, pacxoauTca, XoTa Jn

Credcmeue uz meopems: 1. Ecinu oOmmit nen psaa an (mpn N — I]) HE CTPEMUTCS K

i
0 &,

0, To psim n=1 pacxoautcs (docmamounwlil NPU3HAK PACXOOUMOCMU PsLOQ).
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2n-1 1 3 5
|:| =+ 4+ 4.
lMpumep 5. UccnepoBaTb Ha cXxoaMMOCTb pag, n=1 2n 2 4 6
2n-1
:an
PeweHue. O603HauUMm 06N YNeH paaa 2n . Tak Kak
. 2n-1
lima, =lim =limf1- 17 =110
n—1 n—1 20 g 2n | , TO U3 CNeacTsma Teopemsl 1
cneayeT, uTo pAL PacXoaAnTcA.
d 1 1 1 1
_ n 2 3 n
Mpumep 6. NccnepoBaTb Ha CXOA4MMOCTb pAag n=1
1
an =
PeweHue. ObwmniA YneH paga MMeeT BUA, N NaHHbIN pag Ha3biBaeTcA

rapMOHUYECKMM, TaK KaK KaXKAbli €ro YaeH paBeH cpeaHeMy rapMOHMYECKOMY ABYX

1 111 110

P L —
cocegHux: N 20 .y a“+1J.OquM/J,Ho HepaBeHCTBO:
1 1 1 1 1
i+ ! +...+i>_+_+---+_=n|]_=_
n+l n+2 2n @ BN @ 2n 2

n . YneHbl rapmoOHMYecKkoro
pAda, HauMHaa ¢ TpeTbero, o6beaAMHMM B rpynnbl no 2, 4, 8, 16, ..., 2k uneros 8

Kaxkgoh rpynne. O4eBUAHO, CYMMa KaXKA40W rpynnbl MOXHO OLLEHUTb

1 1 1 11 1 1 1 1 1 1
> A+ F_F_>_ _4__*.+__>

1
cneaytowmmobpasom: 3 4 2; 5 6 7 8 2. 9 10 16 2 te

7

1

Ka)X[an U3 3TUX CYMM B OTAENbHOCTM Bosblue 2 . Takum 06pa3om, AR YaCTUYHBIX

cymMmM ¢ Homepamu =2, k=23, g nonnsiorca HepaBeHCTBa:
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111 1111 1 1 1 1
Sg =1+ 4+ +_+ A+ >1+ 4+ 4" :1+3D—
2 pyqp4 Puborré 2.2 2
1 2+Kk
Szk >1+k|]— =
2 2 T.e.4aCTMYHble CYMMbI FAPMOHMYECKOTrO pAAa HeOrPaHUYEHHO
_nk lim S =0
pactyT ¢ ysenunyeHuem N =2 — [ npu K — T, apayur, k— 2 . Monyyaem,

i

o n
YTO rapMOHUNYECKNUN PAL, n=1"" pacxoamTca.

1.4. 3HaKOMNOCTOAHHDbIE pAaAabl, pAAabl C NON0XKUTENNIbHbIMU Y1€HaMU

YcTaHOB/IEHUE CXO4UMMOCTU UM PACXOAUMOCTM YUCNOBOTO pAdad —
OCHOBHOWM BOMpPOC TEOPUN PAAOB, HAXOXKAEHNE CYMMbI PpAda B CZIy4ae ero
CXOAMMOCTM — BTOPOCTeNeHHaA 3aga4a. Bonpoc cxoaMmocTm npolye Bcero

pelwaeTca ANA 3HAKONOCTOAHHbIX PAAOB, KOrA4a BCe YJieHbl pAaaa 04HOro 3Haka. [na

.. a
onpeAenéHHoCcT Byaem paccmaTpusath pagsl ¢ nonoxutensHbimn (N > 0) yanc

a o
HeoTpuuaTensHbiMmu yneHamu (N 00), XapaktepHbim cBoiicTBOM Takux pagos
ABNSETCA MOHOTOHHOE BO3pacTaHue (He ybbiBaHWE) nocneaoBaTe/IbHOCTH

YaCTUYHbIX CYMM!

0
0a, @ >0 S =5.1+a, >S5, §€5,€5,€..€85, €..
n=1
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Pag c nNonoXutenbHbIMM YneHamMu BCerga MMeeT CyMmMy; ecin 3Ta CymMma

KOHEeYHa, TO pA4 CXO04UTCA.

BbiscCHEHME CXOAMMOCTU PAAOB C NONOMKUTENbHBIMU Y1leHaMW OnupaeTca Ha
NPU3HaKM CXOAMMOCTM, KOTOpble ABAAOTCA ANMbo Heobxogumbimu, nnbo
[OCTAaTOYHbIMK, MO0 HEobXoAMMbIMM M AOCTAaTOYHbIMU. B 4YACTHOCTM, K TaKum
pAAam NPUMEHUM NPUBEAEHHbIN Bbllle HEOBX0AMMbIM NMPU3HAK CXOAMMOCTU PAA0B
(Teopema 1). CywecTsyeT NpuU3HaK, ABAAIOWMNCA HEOOXOAMMbBIM M AOCTAaTOUYHbIM,

KOTOpPbIN YCTaHAaBAMBAETCA CNeAyoLWEe TEOPEMOMN.

Teopema 2. JIns CXOAMMOCTH psda C TOJOXKHUTEIBHBIMU WICHAMH HeOoOX0O0UMO
uoocmamouro, 9To0bl OCICIOBATEIIBHOCTD €TI0 YaCTUYHBIX CYMM ObLiIa OrpaHWYEHA
CBEPXY.

Lokazamensbcmeo (Heobxodumocmes). MycTb pas cxoanTes, Toraa
nocnenoBaTe/IbHOCTb €ro YaCTUYHbIX CYMM CXOAWUTCA, @ 3HA4YMUT, OHa OrpaHu4YeHa

CBEpXy.

Jokazamenscmeo (0ocmamoyHocms). TaK KaK NocneaoBaTelbHOCTb YaCTUYHbIX
CYMM MOHOTOHHO BO3pacTaeT M OrpaHMYyeHa CBepxXy, TO OHa MmeeT npejen,

T.€.COOTBETCTBYIOWMI psAg, cxoantcs (Teopema Beliepwtpacca 419 YMCNOBbIX
nocnegoBatenibHocTel). Teopema goKasaHa.

CneayeT OTMETUTb, YTO Ha NPAKTMKE 3TOT NPU3HAK TPYAHO NPUMEHMM, XOTA U

npeacTaBnaeT coboi 60nblION TEOPETUYECKMIN MHTEPEC.

[anee paccmaTpuBalOTCA HEKOTOpble MPU3HAKM CXOAMMOCTM pPAdoB C
NONOXUTENIbHLIMW YNeHamu, yaobHble ANnA NPakKTUYEeCKoro NPUMeEHEHUs, KOTopble
ABNAKTCA TONbKO A0CTAaTOYHbIMM MPU3HAKAMWU (MHTErpanbHbIi U pagUKasbHbIM

npu3HaknMKoLlmn, NpM3HaKkM CpaBHEHUS, Npu3Hak danambepa).
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1.5. HHTerpaAbHbIH Npu3Hak KoIlln CXOAHMOCTH pana
C MOAOXHTEABHBIMH YA€CHAMH

0
0 a,
Teopema 3 (unmezpanvnutit npusznaxk Kowu). Ilycts nan psig n=1 | wieHsl

KOTOPOI'O YIOBJIETBOPSIIOT TPEM yCIOBUSAM:

y >0 n0l

, T.C. PICXOI[HBIP'I pAaa € HOJTOXKUTCIbHBIMHA YJICHAMM,

> >..>a,.1>8, >.>0.

0) WIeHBI psiJla MOHOTOHHO YOBIBAIOT, T.€.

lima, =0
B) OOIMI YWIEH PsAfla CTPEMHTCS K Hyro: 11

HYCTB CymeCTBYCT HCIIPCPbIBHAA, MOHOTOHHO Y6BIBaIOHIa$I, OHpe)ICHéHHaSI IIpu x01

(I)yHKIII/ISI f(X), TaKast 4To fﬂlﬂ =ai, f2[ =az, ... fn :an’ e T
0 0 +0
[ =010 [
n=1 n=1 . TOI‘,IIa,GCJII/I HECOOCTBEHHBIHN HHTETpall CXOOHUTCA, TO pAL

a
0 a,
n=1  TOXKeE CXOAMUTCS; €CIIN YKA3aHHbIM MHTETPaJl PACXOIAUTCS, TO 3TOT P

pacxoIuTCs.

Jlokazamenbcmeo. V3 ycnoBuii Teopembl finl =a, >0 cnepyet x>0 npu X 01,

PaccMOTPUM KPUBOMMHENHYIO Tpaneumio, orpanuyennyto anHuamn Y = (X), x =1,

[1;n +1]

X =n+1y ocbio Ox(puc.1). Pa3obbém oTpe3okK

x=k (k =12,...,n +1) N .
TOYKaMM M PAaCCMOTPUM N KPUBOJIMHEWHbIX Tpanewuumn.
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)

H"’

00 1 2 3 w k ktl w nm nmtl

Puc. 1. Mnowaab KPMBOAMHENHOM TPaneunm

N3 reomeTpmnyecKoro cMbiC/ia MHTErpana naowasb KPUBOJNHENHOM
n+1
Sip = r[f[x[ok
Tpaneuunmu . 3aMeHuMM 3Ty Naowaab CYMMOMW naowaaen n
NPAMOYro/IbHUKOB C € AMHUYHbIMM OCHOBAHUAMM:

su:fﬂ1ﬂ+f12ﬂ+...+fﬂn" SI=fl2 + fl3+...+fln+1

’

n+l n+l n+l

n n
St =[] f(k):ﬂfkl =S, SI=0fK =0k =0 ac a=Si1-a
NPUYEM k=1 k=1 k=2 k=2 k=1 _

le
N3 rpadmka (puc. 1) cheayert: S1ESy , T.e.

n+1

Sn > I[f[x[ dx > Sn+1' al, On :1,2,...

PaccmoTpum gBa cnyyas.
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+0

r|’1‘ﬂxﬂdx

1) Nyctb CX0AuTCA, T.e. UMeeT KOHEeYHbIN npeaen
n+1 1 n+1 0
lim If[x[ dx = J'f (x)dx =A J'f[x{ dx [ If(x)dx =A
n— 1
1 1 . Tak Kak 1 1 , TO

0 0
(Sn+1 “a)l If (x)dx =A Sp+1 [ Jf (x) dx + a; =A+al
1 n .

NTaK, YaCTUUHbIe CyMMbl pAga orpaHuyeHsl ON €N, Toraa no Teopeme 2

(HE‘O6XOAMMbII‘/‘1 7 ICI,OCTaTO‘-IHbII‘/Ji NPU3HaAK CXOAMMOCTU pALa C NOJTOKUTE/NIbHbIMHU

0
[ a, lim S,,; =S €1
yneHamm) pag N=1  cxoguTcsa, 3HaumT, cylwecreyeT !

+0 n+1

I[fﬂxﬂdx

I[f [ Xl dx
2) MycTb uHTErpan pacxoguTca, T.e. HeorpaHM4YeHHO Bo3pacTaeT

n+1

Sp > J’f(x)dx

npu n— 0O . Toraa n3 HepaBeHCTBA cnepyert, uTo

{80} —
nocnenoBaTeIbHOCTb n HeorpaHM4YeHHo Bo3pacraet: N , T.e. pag,

pacxoautcs. Teopema AoKa3aHa.

3ameyaHue 1. Teopema OCTaéTcA BEPHOM M TOrAa, Koraa eé ycaoBuMA BbINOHAKTCA

He ANA BCeX YNeHOB pPAaaa, a NLb HaunHan ¢ k-ro (N Ok ), B TaKOM c/iy4yae

+0

J’f [ Xl dx
paccMaTpUBaeTCA MHTErpan K

3ameyaHue 2. IHTerpanbHbin Npu3sHaK Kowu cylwectBeHHO obneryaer

nccnegosaHme CXooMMOCTU pAda, TaK Kak NO3BOAET CBECTU 3TOT BOMPOC K
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BbIACHEHMIO CXOAMMOCTM UHTErpana oT yaayHo nogo6paHHON COOTBETCTBYIOLLEN
dyHrumm F(X)| uto nerko BoinonHAETCA, NPUMEHSA METOAbI MHTErPaNbHOTO

ncHyncineHuna.

Jlexmmst 2. [Ipu3Haku CXOIUMOCTH PSJIOB C TIOJOKUTEIBbHBIMH YJICHAMHU:

MPU3HAKY CpaBHEHUs, Tpu3HaK JanamOepa, pagukaibHblii npu3Hak Ko

2.1. Psaasl Jlupuxiie U uX CXOJAUMOCTh, TAPMOHUYECKUH Pl

i 1

p
Onpeodenenue 1. Yucnosoi psi Buga n=1 N HaswiBaercs psaoom {upuxie ¢

01
pe p=1 L -
TIOKA3aTENEM P, R. 3amerum, uTO mpHU nosydaeM psa n=1" | KOTOpBIi
HA3bIBACTCHA eapMOHMLlQCKUM.
1

p
1 N

lpumep 1. iccneposatb pag Aupuxne n= Ha CXO4MMOCTb B 3aBUCUMOCTU OT p.

b1
ilo) : n®
PeweHue. 1) B cnyuae, ecam P YUY uynensbl paga n=1 06pasytoT HeybbiBalOLLYIO
noc/iefoBaTeIbHOCTb, @ Cam PA PacXoAUTCA NO HEOBXOAMMOMY NPU3HAKY
lima, 00
cxoaumocTu (n—10 ).

P >0 pns uccnegosaHus cxoaMMOCTH pPAAA UCTIOAb3YEM

2) B cnyyae

f(x) =l, x01

WMHTerpanbHbIf npusHak Kowwn. Beegém dyHKLUMIO xP , KOTOpasn
yO0BNETBOPAET BCEM YCNOBMAM Teopembl Kown (Teopema 3, nekuma 1, pasg. 1.5):

npu P > O0oHa HenpepbiBHa, NONOKMUTENBHA M MOHOTOHHO Y6bIBaET,
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i
1
fm==L=a, nn i
n . BbluMcnnm HecobCTBEHHbIN MHTErpan Xp B ABYyXCNy4aax

a)0€pe€l ) P>1 16 korga PL1L:

0 n -p+1n -p+l
[ vdx=lim x5 = lim X Clim Pt

W i
; 1] —1- P Y —1l- p+l 1- pJI n—1)1- p p—lj|

1-
fcm 0€PEL1-p>0 10 NP = Oy n— 1 o4

a 1-
J-X—pdx =[lim inP .

n—ofl-p P-1

1 , cneaoBartenibHo, HecobCTBEHHbIN UHTErpan

pacxoanTcAa U pacxoguTca MCXO,CI,HbIlZ pAaAa.

1-
—Ecom P>L1-pe0 on P — Onpu N— T torpa

: 1 1 b
_p T I
J’x dx = lim t
1!

1 n_’Dﬂln‘“'l(l- p P- p-1 .
J , CNefloBaTeNbHO, HeCOBCTBEHHbIN

MHTErpan cXo4uTCs U CXOAUTCA UCXOAHbIN pAaAa,.

a
ot

3) Beayyae P =1 ymeem rapmoHuYeckuii psg n=1 n » 8NA KOTOpOro

TaKXXe NPUMEHUM UHTErpanbHbI Npu3HaKk Kowu, T.e. pacCMOTPUM UHTErpan

n
dx ax | ni I I

Jx :Jlnﬂ i =i In |x”11 =diay Inn- Inl = limy Inn =[

, CNhefloBaTeNbHO,
HecobCTBEHHbIN MHTErpan PacxoAnTcs, a 3HAYUT, FAPMOHUYECKUI pAAPACXOAUTCA.
01
D p

Bbigod: pag Aupuxne n=1N" cxonurea, ecam P>1, u pacxogutes, ecan PU L,
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2.2.[Ipu3HakKH CPaAaBHEHHS PANOB C NMOAOXKHTEABHBIMH
YA€HaAMH

PaCCMOTpMM HEKOTOpPblIE NMPU3HAKHU, YCTaHAB/AUBAOWMNE CXOANMOCTb UTN
pPacxoanmMmocCTb pAAOB C NONOXKUTENbHbIMU YNEHAMU I'IYTéM CpaBHEHUNA UX CpALaMMW,

CXOOAUMOCTb NN PACXOAUMOCTb KOTOPbIX N3BECTHA.

Teopema 1 (| npuznax cpasnenus psooe c nonoxcumenvHsimu wienamu). Iyctob

0 0
0a, [Ob
JaHbI 2 psaaa € MOJIOKUTCIIbHBIMU YJICHAMUA n=1 u n=1

ECJII/I, Ha4YrHas ¢ HCKOTOPOT O HOMCEpaA N, JJIs1 BCEX nON BBITIOJIHACTCA HCPABCHCTBO

an : b” , TOrz1a
0 0
0 b, [ a,

1) U3 cXoMUMOCTH psiia N=1  cleayeT CXOOUMOCTh psiia n=1

0 0
0 a, 0 b,
2) U3 pacXoAMMOCTH psifa N=1  cleayeT pacXoJUMOCTh psijia n=1

Joka3zamesnocmeo. Ha ocHOBaHWK TOro, 4YTO OT6paCbIBaHMe KOHEYHOro 4Yncna

yneHos (ceBoictBo 1, nekuma 1, pasa. 1.3) He BAUSIET HA CXOAMMOCTb UK

a, db
PacXxoAMMOCTb PAAa, MOXKHO CYUTaTb, HE HapyLaa 0bLWHOCTK, YTO ycnoBme N n
0
0 a
n0O01 Ah k= Bn
BbIMO/IHEHO ANA BCEX . MycTb - YacTM4YHadA cymma paga k=1 3 -

0
0 by
YyacTMyHaa cymma paga k=1 . Mo ycnosuto

A,=a; +a, +..+a,0b; +by, +..+b, =B,
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i
0 b,

B
1) Echmpsag n=1 cxoauTca, TO NOCNeA0BaTe/IbHOCTb { ”} OorpaHunyeHa

A
CBepXy, a 3Ha4YUT, orpaHnN4eHa CcBepxy U nocaeanoBaTesibHOCTb { n} .

CnepoBaTenbHo, no Teopeme 2 (nekumsa 1, pasa. 1.4) o Heobxoaumom um
0
0 a,
AOCTAaTOYHOM YC/I0BMMN CXOAMMOCTU pAAa C NOIOXKUTENIbHbIMU YneHamum pag, n=1
; {A}
CXO4MTCA, TaK KaK CyLLeCTBYeT KOHeYHbIM npeaen nocnenosaTe/ibHOCTU .
0
2) Echmpag n=1  pacxopmuTca, To nocnefoBaTenbHOCTb * 17 He orpaHuyeHa,
{Bn}
a 3HAYuT, He OrpaHMYeHa U NOCNea0BaTeNbHOCTb . Torga no Teopeme 2

i
0 b,

(nekuma 1, pasa. 1.4) pag n=1  pacxogutca. Teopema goKasaHa.

0
I 1 LI

Jno T V2 B

Mpumep 2. VicchepoBaTb Ha CXOAMMOCTb pag nN=1

1 =b ﬁ bn
N
PeweHue. O603Haunm V1 .CpaBHum pag, "=1  crapmoHuyeckum pagom
A by =1 11 =2
n=1" n=1 Npu N 02 n , @ TaK KaK rapMOHMYECKU pag,
o1
n

pPacxoAmTcsa, TO PacXoAuTCa U pAg, n=1
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0

1
0

Omeem: pap n=1 pacxoauTca.

Mpumep 3. iccneposaTb Ha CXOAMMOCTb pag, k=

i :ak D @
Pewenue. 0603Haunm KI X . CpaBHUM AaHHbIN psag k=1 ¢ pagom

1
D b =[| + 1 + 1 + 2 1
k — _ vee — ] =
k=1 k=12k "o 48 -7 +1
reoMeTpuYecKom nporpeccum 2 , KOTOpbI

CXOOUTCA, TaK KaK 3HaMeHaTE/1b Nporpeccunn 2 ,TO NepBble YNEeHbI pAAa PaBHbI, a

0
i
npu k12, & Ebk,3Ha‘-IMT, pag k=1 k02 cxoamTca no | NpM3HaKy cpaBHeHus.
0
g -1
kIX

Omeem: psapg, k=1 cxoamuTcs.
Teopema 2 (npedenbHblit HPUZHAK CPABGHEHUA P0G C NOTIOHCUMETTbHBIMU WICHAMU).

i i
0a [b,

JlaHbl 2 psiga ¢ TOJOKUTEIBHBIMU WICHAMH n=1 p N=1 ¥ IyCTh CYIIECTBYET

lim 2 =c, c10, coo

n—1 by , TOTJIa 3TH JBa PsAJa JTUO0 CXOIATCS, MO0 PaCXOaATCS

OJIHOBPEMEHHO.
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a C =lim &n
[lokazamenscmeo. Tak kak no ycnosmio n >0, by >0, In=123,... PR

00

U

T0 cornacHo csovictay npeaena C 00 . Mo ycnosuio ,3naunt, C >0 no

- +
onpegeneruio npegena ans scex € > 0 cyuwectayet okpectHoCTb (C-e C+e

Touku C Takas, yto C - € >0 y cywecrayer Takoe HatypansHoe uncio N,

an
C-¢€ —eC+e
sasucawee ot €, uto ana scex NN ghinosHseTca HepaseHcTBo bn

wnq C-elby €y €lC+elby

0 O
O b 0 by(C+e)
Ecam pap "=N+1  cxoputca, To cxoautea u pag N=N+1 (cBOMCTBO 2,

nekuma 1, pasa. 1.3), otkyaa no | npMsHaky cpaBHEHMA PAAOB cneayeT CXOAMMOCTb

0
0 a a elC+elb
paga =N+l rakkak N n,
) I
D b‘ 0 bn (C - ¢)
Ecam e pag n=N+1  pacxoamuTca, To pacxogutca u pag, N=N+1 , aTaK
i
C-¢lb ea 0 a
KaK N N tonolnpusHaky cpasHeHua pagos pag =N+l Ttakxke

pacxoautcs. Teopema AoKa3aHa.

. a
lim " =C

3ameuanue. Ecam " b , C =0 yan C =0 10 npesenbHbii npusHak He
NPMMeHUM (Teopema 2 B 3TUX CyYasx He BepHa).
DD 1

2
+
Mpumep 4. UccnepoBaTtb Ha CXoAMMOCTb pag, =1 n 3n .
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0 0 1
;=an Dbn:D—g—

2
PeweHue. 0603Haunm N° +3n . Paccmotpum pag n=1  n=1n .TakKak

ca, . n2
lim ™™ =lim =100 ul10

2
- n— [
n—1 By n® +3n , TO 3TV ABa pAAa OAHOBPEMEHHO CXOAATCA,

DI:I

1
n2

N =251

WA pacxoaaTcs (Teopema 2). MocKobKy N - pag Oupuxnec P
! 1
. D n? +
CXOAUTCA, CNeA0BaTENbHO, UCXOAHBIN pag, n=1 TOXe CXOAUTCA.

! 1
2
+
Omeem: pag, N=1 "+ 3 CXOAUTCA.

Mpumep 5. iccnepoBaTb Ha CXOAUMMOCTb pAg N=2 Inn .

1 : 01
— =a Dbn— -

~—“n o - n’
Pewerue. 0603Haumm 1NN . PaccmoTpum rapmoHuueckuii pag =1 n=1

a -1 >E:b
n

KOTOPbI pacxoamTtcs. Tak Kak Inn

pAag n=2 pacxoauTca.

1 L

Omeem: pap, n=2 Inn pacxoauTca.

n
(n>Inn In03 16no Teopeme 1
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2.3.IIpusHak [anamMbepa CXOOAHMOCTH PAOOB C
IIOAOXKHTEABHBIMH YA€HAMH

Teopema 3 (npusnaxk /lanaméepa). Ilyctsb 1an psij C MOTOKUTEIbHBIMU YWICHAMHU
0

03 (@>0 lim Zn+l

n=1 , ¥ CYILIECTBYET KOHeuHsIi mpeen "' an

0
0 a,

1) pan n=1  cxomurcs, ecmu | €1
0

0 a,

2) psag n=1  pacxomutcs, eciu | >1

, TOrIa:

3) ecim | =1, 1o st BeIICHEHMS cXOmMMOCTH psina mpusHak JlanamGepa He

IMPUMCHHM.

. a
lim 21 =)

Jokazamesnbcmeo. 1) Myctb npegen "—! an cywecrayet n 0 Olel

PaccmoTpum uuncio g takoe, uto | € 4€1 s onpegenenus npepena cnegyer, uto

Oe=q-1>0 cyniecrayer NEEN, naummas c kotoporo ININ =N(e)

a
L leq- |
a
BbINO/IHAETCA HEPABEHCTBO | ,
| - (S an+1 - a‘n+l an+1
q leqg-1, 21- ge—™eq —=€(
an A . Takum o6pazom, ON N @n ,T.e.

2
a1 €9l a, . bepém n = N, N+1, N+2,..., Toraa a1 €0l aN, 4 +2€0av, €0y

7

3 k
av+z €qlay. €0y ay.k E0°an

i
0 & (a,>0)

3anuiiem ncxoaHbli pag, =1 B BUAE:

0

0 a, =a;+a, +..+q *ans +tane e
n=1 . Paccmotpum HoBbIN pAg
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0

_ 2
0 ayd =ay +0ay +Qg7ay +..
k=0 . 3TOT pAL, ecTb PAA reOMeTPUYECKON Nporpeccum

c b, =ay n 0€ A €L woTopblit cxoANTCA, @ 3HAYUT, CXOANTCA PAL

i

[ anw =an +ay.g +aysg o

- takkak ek €%y (k=1,2,3..)

i i
0 ayx [ a,
OCHOBaHUW Teopembl 1. Pag =0 NOJIY4eH U3 UCXOAHOro N=1

I
0 a,
0T6 al’az ,..-,a N_l :1
pacbiBaHNeEM KOHEYHOrIO YM1Csla YNeEHOB , Torga pag n cxXoauTcA

i
0 a,

(cBomctBo 1, nekums 1, pasa. 1.3). Takum obpasom, UcxoaHbi pag n=1  cxoautces,

. a
lim 20+1 = | e1
ecnm " @n . MepBas YacTb TeOpembl AOKa3aHa.

a
lim L =1>1
2) Nycts " @n . PaccmoTpum umncno g Takoe, uyto | >d>1 e=1-9>0 5

onpeaeneHusa npegena cneayer: an , an @n

a a a
e ™ jegl-ce M™Mlelsg Mgy

>a. > .
1 >y >0 non " — 0 0Bumit unen paga & we crpemures K

Takum obpaszom,
0
[ a,
0, T.e. pag n=1  pacxogmuTcA, TaK Kak He BbIMOAHAETCA Heobxogumoe ycnosne

cxoaumocTu paga (Teopema 1, nekums 1, pasa. 1.3). Bropada 4acTb Teopembl

[lOKa3aHa.
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lim &n+1
3) Ecaum | =1 n— @ paBeH eAUHULE WU He CYLW,eCcTBYeT, B 3TOM

cnyyae ANnA BbIACHEHUS CXOAMMOCTU pAaaa NpusHak Janambepa He NPUMEHUM.
El n
2_n
Mpumep 6. iccneposaTtb HA CXO4UMMOCTb pag =1 |

n n+1

— a =
— =Qp a, 0 n+1 £+1

> -
PeweHue. 0603Haumm 2" , ; HANAEM . CoctaBum npegen

| =lim &+ =lim

_€el
n—0 a, n—0 2 [2h 2n—1 n 2

n 1. n+1 1
n +1)[| 2 = lim —
, T.e. no npu3Haky Janambepa pag

cxoamTcA.
i
Omeem: pag n=12 CXOAUTCA.
0 n|

0

Mpumep 7. icchepoBaTb Ha CXOAMMOCTb pasa =1 5

ol (n +1)!
T =a,,a, >0 A1 = a1
PeweHue. O603Haunum 5 ; HANAEM 5 . CoctaBum npegen

I =lim &+1 =lim (n +1!|:U 5n —lim n!l]sn +1)05 —lim N +1 —0>1

»—1a =0 5 Inl = 505W =1 5

T.e. No Npu3Haky Janambepa pag pacxoanTcs.

" nt
N—

n
Omeem: pag, n=1 5 pacxoamTcs.
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2.4. PanukaAbHBIH NpH3HaK Kolln CXOAHMOCTH pSAOOB
C MOAOXHTEABHBIMH YA€CHAMH

Teopema 4 (paouxanvhutit npuznax Kowu). Ilycts naH psij ¢ NOJOXKUTEILHBIMU

I
[ a, & >0 lim 1/a, =I.

yieHamu n=1 Y IIyCTh CYLIECTBYET KOHEUHBIN ITpeaen N— Torna:

1) ecnu lel P CXOIUTCH,

2) ecou I >1 P paCXOIUTCH,

3) ecim | =1, 10 must BBISICHEHMS cxOMMMOCTH psiia paauKaibHbIi mpu3HaK Komu
HE TIPUMEHHM.

lim E‘/an =l el a. >0
Jokaszamenbcmeo. 1) MycTb cyuwjectsyer N— | ;TaK Kak "N ,10 100,

PaccmoTpum umncno g takoe, uto | € 4 €1 U3 onpepenenus npegena cneayer, uto
Oc=q-1>0 cypiecteyer N =N €N, paumman ¢ kotoporo HNIN  rinonnsetcs
Va, - I‘eq— I (o
- en -leq- n I n
HEDBBEHCTBO‘ n - gela, -leq I’\/an 4 a, €q" InIN.

Pacnuiwem ucxoaHbii pag,

a
D an :al +a2 +... +aN +a.N +1 + aN +2 +...
n=1 ) (1)

CocTaBMM HOBbIV pAA,

0

;D qu :qN +qN+1+q
=0

N +2 +

(2)
Pap (2) npeactaBnaeT cobom pag reoMeTpuyeckor nporpeccum

cosnamenatenem 9: 000 €1 1o 5107 pag cxoputes, a 3HaunT, pag (1) cxoauTes

no | NpM3HaKy cpaBHeHUA pAAOoB (Teopema 1 AaHHOM NeKuun).
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lim na, =l >1

2) MycTb cylwecTByeT N— . Hauunnas c Hekotoporo N =NEeNININ
NS lima, O
V" noTre n—l , TOr 1@ UCXOAHbI pAS, pacXoauTca no

HeobxoaMMoMy NPU3HAKY cxoammocTu (Teopema 1, nekums 1, pasa. 1.3).

lim n/an =1=1
3) Echn n— (nnn He cywecTByeT), TO ANS BbIACHEHUA CXOAMMOCTU psAaa
paauKanbHbIA NpM3HaK Kowun He npumeHum. Teopema goKasaHa.

04 " i

n

2n+1
Mpumep 8. UccnepoBaTb HA CXO4MMOCTb PAS, =11 J
j nogn
2r+1 =a,, a, >0
PeweHue. 0603Haumm | J . CoctaBum npegen:
: ) n 1
| =limpfa =lim— =€l
n—1 — 2+l 2 re no pagnKanbHOMY Npu3HaKky Kowwn pag cxogurtcs.
gy "y
2n—+1
Omeem: pag n=1l J cxoauTca.

Nekuusa 3. 3HaKkouepepyowmeca pagbl. A6CONIOTHAA U YCNOBHaA

CXOAMMOCTb 3HAaKOoMNepemeHHbIX pAaaoB

3.1. 3HaKouepeayowmecsa pagbl. MpusHak JleitbHuua

I
n-1
O(-1)" Tay=a- ap+a3z- ay +..
Onpeodenenue 1. Yncnooit psan n=1 :

a, >0

e , Ha3BIBACTCS 3HAKOUEPEOYOUUMCAPIOOM.
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I[JI?[ YCTAHOBJICHUA CXOAUMOCTH TAKUX PAA0OB CYHICCTBYCT I[OCTaTO‘-IHBII\/'I

MPU3HAK CXOJMMOCTH, Ha3bIBa€MbIi Ipu3HakoM JleiOHua.

O
0 up
Teopema 1 (npusznax Jlenonuua). Iycts yncnosoii psg =1  ynosnerBopser

YCIOBUSIM:

n-1
u, =(-1 0an,, >0 o
1) n=C1 n' an , T.€. OTOT psAJl 3HAKOYCPECAYIOIIHUUCS,
2) YJICHBI DTOI'0 psila MOHOTOHHO y6BIBaIOT 110 a0COJIIOTHOU BEINYUHE:

‘Ul‘ > ‘Uz‘ >‘U3‘ > .. an > an+1, n :1,2,....

T.C. )

aa lima, =0
3) o6umii unen psga N "crpemurcs k 0, T.e. 11

i
0 u,

Tormapsim n=1  CXOAUTCS U €ro cymMMa S al.

Jokazamenbcmeo. 1) CHayana pacCMOTPUM YaCTUYHYIO CYMMY YETHOIO NopAAKa
Sn =Som =8y - @ ta3- 8y ..ty -

d ..
2M 1 3anuwem eé B BUAE:

Som =(81- ) + (33~ ) + . + (@1 - a2m)_ B cuny ycnoswa 2) Teopembl 1 Bce

Son>0
BblpaXeEHNA B CK06KaX NONOXHUTENbHbI, TOr4a CyMmma 2m N nocnenosaTteNIbHOCTb

{Syn} MOHOTOHHO BO3pacTaer: 0€S5, €5, €3 €..€ 5 €.

Tenepb 3anuwem 3Ty CyMMy MHaYe:

Som =81~ (83~ 83)- (84~ @)~ .. (m.2 - Bop.1) - o

B nocneaHem BbipaxKeHUM KaxKa0e U3 BblPaxKeHMMN B CKOOKaxX NONOXKUTENbHO,

€ =
nosTomy Sam 1 43 yero crieayer, UTo NOCEAOBATENLHOCTD {8} ={Son}
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ABNAETCA orpaqueHHoﬁ, M TaK KaK OHa MOHOTOHHO BO3pPacCTaeT, TO OHa CXO4AUTCA.

lim S, =1lim S,,, =S Sla
Jpyrumu cnosamu cyuiectsyet 1| m— | , NPUYEM 1

2) PaccMOTPUM YaCTUYHYO CYMMY HEYETHOTO NOPAAKa

S

=S =S,, +a
n —Y2m+1 T¥2m 2m+1 kotopas nonoxutenbHa. MoXHO NoKasaTb, YTO

MOCNELOBATENBHOCTD { 2m+1} MOHOTOHHO BO3pacTaeT, Tak KaK MOHOTOHHO

{Som} , @oms1 >0 3
BO3paCTaeT NocsneaoBaTeNbHOCTb n . danunuem BblpaxXeHne anAa

S —q, - - - .
{ 2m+1} B BUAE: Some1 =81~ (82~ @) - .- (3om - Bgme1) , TaK KaK Bce BblpaXKeHus
S Da lima, =0
B CKOBKax nonoxuTensHol, 7o 2M1 1 Mo ycnosuio 3) Teopembr 1110 ,
lim a,;,,, =0
Torga M—L , OTKyAa

lim Syn,q = lim (Syy + Agmeq) = liM Sy + lim B2me1 =5
m— [ m— [ m— [ m— [

limS,, =S Oa,
UTaK, npu BCeX N(YETHbIX UK HeuéTHbIxX), N1 , CNefoBaTensHo,

NCXOAHbIN paa cxoauTca. Teopema JoKasaHa.

3ameyaHuel. NMpu3HaK JIeMbHULA MOXKHO TaKKe NPUMEHATb K pAdam, ANAKOTOPbIX
YCNOBUA TEOPEMbI BbINONHAIOTCA C HeKoToporo Homepa N €N.
3ameuaHue2. Ycnosue 2) Teopembl 1(npusHak /1eiibHMLua) 0 MOHOTOHHOCTU YNEeHOB

pAda CYLWEeCTBEHHO.

I (- 1)n-1 1
0 ——=1- — +
Mpumep 1. Uccneposatb Ha cxoaumocTb pag n=1 N 2

wl
N
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PeweHue. O603Haumm N . K paHHOMY psay npMmeHMM Npu3HaK JlenbHuua.

MpoBepuM BbINOSIHEHWE YCNOBUIM Teopembl 1: ycnosue 1) psa 3Hakodepeaytowmncs

1 .
a, =, U, :(-1)”1Dan, ap >0 1> >1>1>...

n ; YCNoBUe 2) BbINOAHEHO: ;

N| -
w
Ny

.1
lim =0
ycnosme 3) Takxke BbinonHero: "0 N . ChepoBaTtenbHO, No Npu3HaKy JlembHuua

S Dal :1.

ﬂ,aHHbII\;i pAaa cxoaumtca, npu4em ero Cymma

0 (- 1)t

[
Omeem: pap, N=1 n CXOAUTCA.

3.2. 3HaKonepemeHHble pAabl. AGCONOTHAA U YCIOBHAaA CXOA4MMOCTb.

ﬂ,OCTaTO‘-IHbIﬁ NMPU3HAK CXO04UMMOCTU 3HAKONepemMeHHbIX pAaos

0
0 uy
Yucnosoi pag N=1 ,4neHbl KOTOPOro MMEIT NPOMU3BO/IbHbIE 3HAKM (+), (=),
Ha3blBaAETCA 3HAKONEepeMeHHbIM pAOOM. PacCMOTPEHHbIE Bblille

3HaKouepeayoLwmecs paabl ABAAKTCA YACTHbIM C/ly4aeM 3HAKOMNEPEMEHHOTo paaa;

MOHATHO, YTOHE BCAKUI 3HAKONEPEMEHHbIN paj ABNAAETCA 3HaKoYepeayoLWMMCS.

+_+

1
1- -
2

gl
|
~N| e

1
4

wl|

Hanpumep, paa - 3HAaKOMNepeMeHHbIN, HO He

ABNAOLLNINCA 3HAKoUYepeayoLWMMCA PAAOM.
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OTMETUM, YTO B 3HAKONEPEMEHHOM PAAE Y/IEHOB KaK CO 3HAKOM (+), TaK 1 co
3HaKOM (-) becKoHeYHO MHOT0. ECiK 3TO He BbINONHAETCS, HANPUMEP, PAL COAEPHKUT
KOHEYHOE YMCNO0 OTPMLATE/NbHbIX YIEHOB, TO MX MOYKHO OTOPOCUTL M paccMaTpPmBaTb

pAaa, COCTaB/IEHHbIN TO/IbKO N3 MONOXKUTENbHbIX Y1EHOB, U HaO60pOT.

0
0 u,
Onpeodenenue 1. Ecniu uncnoBol psig n=1  CXOAUTCS M €70 CymMMa paBHa S,
r,=S-3S

a yacTUYHas CymMMma paBHa Sy, TO N Ha3BIBACTCS OCMAMKOM PAOaA, TPUUEM

limr, =lim(S-S)=S-S=0
n—1 n—1 , T.€. OCTATOK cxojsuierocs psjaa crpemurcs k 0.
PaccMoTpuM cXoadmmincs 3HakOYepEAYOIMNCS Pl KaK YACTHBIN CIydai

3HAKOIICPCMCHHOI'O psiaaa
0 I

(-1)""la 0 S=0 uy =S, +§
1

an > _
, TI€ . 3aluIeM ero B BUJE n=1 , TOrI1a

r) =[5 S,|ea S, — S h—0

o npu3Haky JleiioHua N+l rag kak , T.€.
OCTaTOK cxojsIerocs psana crpemurcs k 0.
J171s1 3HaKOTIEPEMEHHBIX PSJIOB BBOJSTCS MOHATHS a0COTIOTHON U YCIIOBHOM
CXOJUMOCTH.
0
0 u,
Onpeoenenue 2. Psn n=1  Ha3bIBaeTCH CX00AWUMCA AOCONOMHO, €CTTU CXOIUTCS

0

0 |

P, COCTaBJICHHBIN M3 a0COMIOTHBIX BEJIMYMH €0 WICHOB N=1
0 I
0 IN'y
Onpeodenenue 3. Eciu uncnoBolt psig n=1  cxoautes, a psag =1 | cocTaBiIeHHBIN

13 a0COJIFOTHBIX BEJIUYHH €0 YICHOB, PACXO0aUTCA, TO HCXOI[HLIﬁ pAd Ha3bIBACTCA

yenosro (Heabcomomno) cxo0auuMcs.
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Teopema 2 (0ocmamounblii RPUIHAK CXOOUMOCHIU 3HAKONEPEMEHHBIX PAO0B).

0
0 u,
3HaKonmepeMeHHbIN psg N=1  cXoauTcsl, mpuuéM aOCOIIOTHO, €CIIM CXOAUTCS Psij,

0
[ v

COCTaBJICHHBIN M3 a0COJIFOTHBIX BEJIWYWH €ro 4jieHoB N=1

I
S Dun

Lokazamenbcmeo. O603HauMm yepe3 N YyacTUYHYO Cymmy paga n=1

0
[ v

= c
Sn SUp+Uz +Ug +..+Un 3 yepes N - yacTuHylo cymmy paga n=1

On :P1‘+ ‘uz ‘ +‘u3‘ o ¥ ‘u”‘. 0603HaunMMm yepes Sl CYMMY BCEX MONOXKUTENbHbIX

Syt
4Y/21€EHOB, a 4epes n cymmy abCONOTHLIX BEANYUH BCEX OoTpUUaTENbHbLIX Y/1E€HOB,

S, =Sh- Si, o, =S} +S}

Sp
BXoAAwmx 8 ~N. OueBUAHO, 4YTO :

I
D ‘Lh ‘ limo, =c
Mo ycnosuto Teopemsl pag "=1  cxoputcs, Toraa cywecrsyer 1—! , U TaK Kak

o, =S} +S}
nocnefoBaTeIbHOCTb — MOHOTOHHO BO3pacTaloLLasn 1

Shlag Sllo

o 0

)
HeoTpuuaTenbHasd, TO . OueBMaHO, YTO , Toraa

NnocNenoBaTENbHOCTU [ M 7 {SWU} ABNIAKOTCA MOHOTOHHO BO3pacTaloWwmMMn 1

ims} =S lim s =S¢

OrpaHUYEHHbIMU, NPUYEM UX Npeaebl paBHbl N—1 nn—1 .Torpa

lim$S, =lim (S}, - S]) =lim S}- lim Sf =SI- S[=S

n— 1 n— [ n— [ n— [ . 3HAYUT, UCXOAHbIM
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0
0 u,
3HaKonepemeHHbIl paa n=1 cxoauTca u cxoautca abcontoTHo. Teopema

AOKa3aHa.

3ameyaHue. Teo pema 2 0AéT TONbKO A0CTaTo4YHOoe ycnosue CXoanmocTtu

3HaKoMNepemeHHbIX pAaO0B. O6paTHaﬂ Teopema HeBEPHa, T.e. eC/n

0
0 u,
3HaKOI'Iep8ME'HHbIl\;1 pAag n=1 CXOOUTCA, TO HE obszaten bHO, YTO CXO4AUTCA pAL,

I
I ‘lr{ ‘ (OH MOXKeT bbITb Kak CXOAALWMMCA, TaK U

COCTaBNE€HHbIN U3 moaynei n=1

1 11 0 g1
T R Gl

3 4 n=1

pacxoaswmmca). Hanpumep, paa, CXOANTCA NO

npu3Haky JleibHuua (cm. npumep 1 gaHHOM NeKkunmn), a paga, CoCTaBAEHHbIN U3
01

n o
abCONIOTHDBIX BEIMYUH ero uneHos, =1 (rapmMoHMYECKUI paa) pacxoguTca.

0

0

Mpumep 2. ViccnegoBaTb Ha YCNOBHYHO M aBCONKOTHYIO CXOAMMOCTb pAgn=1

(-p)roon
n!

PeweHue. [laHHbIN psag, ABAAETCA 3HAaKONEpeMeHHbIM, 06LWMI YieH KOTOpPoro

n_.n O 0 gn
(-1) o9 _
- =t O =0
0603HaYnM: . CoctaBuM pag, 13 abcoNtoTHbIX BEANYUH n=1 n=1'" p
. a gn
lim Sn+l 8y =
NPUMEHUM K Hemy npu3Hak Janambepa. Coctasum npegen " an ,rae n-,

315



9n+1

ans1 :—I
(" +D!  nposens npeo6pasosanms, nonyuaem

. . +1 . . 9
lim &1 = lim 970N = jim _F0900! — jim =0
n—0 a n—1 (n +09 n—0nll(n+1)9 n—0n+l Takum o6pazom, pas
] | 9n
0 w|=0 "
n=1 n=1"" cxoAunTca, a 3HA4YUT, UCXOAHbI 3HAKONEPEMEHHbIN pAL CXOAUTCA
abconoTHO.

0

D (' l)n [:I 9n

n!

Omeem: pap nN=1 abcontoTHO cxoamTCA.

S N
D A e
+1

Mpumep 3. ViccnepoBaTtb Ha aBCONKOTHYIO U YC/IOBHYHO CXOAMMOCTb pagn=1

PeweHue. A) Uccneagyem pag Ha abcontoTHy cxoammocTb. O603HauYMm

(@R} =u an =|Un| :_\,E
n+l " W coctaBuMm pag 13 aBCONIOTHBIX BEAMUMH n+1,
0 0
: M ‘ =l n\/fl
Monyyaem pag n=1 n=1 C NONOXKUTE/IbHLIMU YIEHaMU, K KOTOPOMY

NPUMeHAEM NpeaenbHbI NPU3HAK CPaBHEHUA PALOB (Teopema 2, nekums 2, pasa,

12 0

+ o
2.2). OnAa cpaBHeHus ¢ pagom n=1 n= N +1 PacCMOTPUM pAL, KOTOPbIA UMmeeT

0
S| 1

D Q :I:l T p =_ €l

Bug n=1 n=1VN . DTOT pag AsnaeTca pagom [vpuxse c noKasatenem 2 ,

T.e. OH pacxoautca. CoCTaBMM U BbIYUCAUMCAEAYIOWNI Npeaen
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. a . )
lim " =lim novn —gim 1 21
n—0f n— o+l n—1g 1
n . TaK KaK npeaen cywecreyeT, He paBeH O 1 He

0a [0R

paBeH oo, To0ba paga N=1  ,n=1  BeayT ceba oanHakoso. Takum obpasom, pas

0 0

Sl
= n+1

n=1 n=1 pacxoaAnTCA, @ 3HAYUT, MCXO,D,Hbll‘/Jl pAaa He ABAAETCA a6COf||'OTHO

CXOAALLMMCS.

D”(-l)ﬂWﬁ

+1

B) Janee uccnegyem UcxodHbin pag n=1 Ha YCNOBHYIO CXOAUMOCTb. NS

3TOro NPOBEPMM BbIMOJIHEHWE YCNOBMI NPU3HaKa /leibHuua (Teopema 1, pasa. 3.1).

_n

a, = >0

—(_1\N no
=(-1) Daﬂ,rp,e n+1 , T.€. 3TOT pAA 3HaKoYepeayoLWwmincs.

Ycnosue 1): Un

[na npoBepKu ycnoBmaA 2) 0 MOHOTOHHOM YObIBAHUKM YNEHOB pPAZa UCMOJb3yeEM

F(x) =X

cneayowmnin metoa. PaccmoTpmum BCcnomoraTtesibHyo GyHKLUIO x+1

X €[0;

+10) X =N
onpeaeneHHyo npu (dYyHKLMA TakoBa, 4TO Npw nmeem

Jn

f(n)=—" =a,
n+1 ). Ana uccneposaHusa 3Ton GYHKUMN Ha MOHOTOHHOCTbHAMAEM eé

X+1
£1(x) =2~ A

+
2 2
NMPOU3BOAHYIO: (x+1) 2J/x(x +1) . 3Ta npounsBoAHan fi (x) € Oan

f(x):&

X >1 CneposatenbHo, GyHKLMS X +1 MOHOTOHHO ybblBaeT MpM yKa3aHHbIX
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Jn

f(n)=——=a, > f(n+1) =an+1

3HaueHuax x. Monaraa X =N €N +1 nonyyaem n+1 ,
n=1234,...

rae 9TO 03HAYaET, YTOYCNOBME 2) BbINMOSHEHO. [1NA NPOBEPKM

lim a, = Iim—vM = lim 1 =0

- = — 1

n— I n—in+l n—t oL
ycnosua 3) HaxoAMM npeaenobuyero yneHa 2n: Jn

, T.e. TpeTbe yc/N0BUe BbINOAHAETCA. TaKum o6pasoM, AnAa ncxoaHoro pAaga
BbIMOJ/IHEHDbI BCE YCN1O0BUNA NMPU3HAKaA ﬂelz6HI/ILl,a, T.€. OH CXO4UTCA.

0 n
7 (0 N

+
Omeem: psap, n=1 1 YCJIOBHO CXOAMTCA.

3.3. CBoiAcTBa a6CONOTHO U YCIOBHO CXOAALLUXCA PAAOB
0
0 uy
Ceoiicmeo 1. Ecnmu psin n=1  aGCOJIFOTHO CXOIUTCS, TO OH a0COIIOTHO CXOJIUTCS TTPH

00011 MepecTaHOBKE €T0 YJICHOB, MPU ATOM CyMMa psifia HE 3aBUCHUT OT TIOPSIKA

PacCIIOJIOKCHUA YJICHOB. Ecan sl — CyMMa BCCX €TI0 ITOJOKUTCIbHBIX YJICHOB, aSD -

0
0 u,
CyMMa BCCX a0COJIFOTHBIX BEJIMYMH OTPHULATCIIbHBIX YICHOB, TO CYMMa psaaad n=1

pasua S =S0- SO,
i i
D Un |:| Cl u,

Ceoiicmeo 2. Ecnv psg =1 aGCOJIIOTHO CXOIUTCS U C =const 1o psag =1

TakXe a0COJIFOTHO CXOIUTCS.
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i i
0u, 0w

Ceoiicmeo 3. Ecnu psgpl =1  yn=1  aOCONIOTHO CXOIATCS, TO PSIbI
0

0 (ua0vy)
n=1 TaK>Ke a0COTIOTHO CXOJIATCH.
Csoucmeo 4(meopema Pumana). Eciv psifi yCJIOBHO CXOJHUTCS, TO KaKOE OBl MBI HE

B3SUTU YUCJIO 4, MOXHO TIEPECTAaBUTh YJIEHBI JAHHOTO Psifia TaK, YTOOBI €T0 CyMMa
OKa3ajiach B TOYHOCTH PaBHOU A; 60Jee TOro, MOXKHO TaK
NEPECTABUTH YJICHBI YCIIOBHO CXOSIIETOCS psijia, YTOOBI MOCTIE ATOTO OH

pacxoauiiCH.

Jlekuus 4. ®yHknuoHajgbHble psiabl. CTenenHblie psaabl. DopmyJia
Teitlsiopa

4.1. PyHKUMOHAJIbHBbIE PAIbI: OCHOBHBbIE MOHATHS, 00J1aCTh CXOJUMOCTH
Onpeoenenue 1. Psij, 4ieHbl KOTOPOTO ABIAIOTCS (PYHKIIUSMU OJTHON WMITH
HECKOJIbKUX HE3aBUCUMBIX MIEPEMEHHBIX, ONPEACIIEHHBIMU HA HEKOTOPOM

MHOECTBE, Ha3bIBACTCIPDYHKYUOHAILHBIM PIOOM.
I

0 uy(X) =ug(X) + Uy (X) +Us(X) +...
PaccMoTpumM GyHKIIMOHATBHBIN psijn=1 :

YJIEHbI KOTOPOTO SIBJISIIOTCSA (DYHKIMSIMU OJTHOM He3aBUCUMOM niepeMeHHoi x. CymMmma

Sp(X) =uy(x) + Uz (X) +... + Uy (X)

IEPBLIX N YICHOB psaa SIBIISIETCS] YACTUYHOM

3 —
CyMMOU JaHHOTO (PyHKITMOHAIBHOTO psiaa. OOt uieH ecTh QYHKITUSA OT X,

onpesenéHHas B HEKOTOpou obsactu. PaccMoTpuM (pyHKITMOHATIBHBIN PSJT B TOUKE

0
0 u, (0

X =Xo. Ecnn cooTBeTcTBYIOMMK YUCIOBOW panx N=1 CXOUTCS, T.€. CYLLIECTBYET
iim $,060) =S06) g ey
pezel YacTHYHEIX CyMM 3Toro pagan— [ (rme “\'0 — cymMma
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X .
YKCIIOBOTO PAZIA), TO TOUKA 0 HA3BIBAETCS MOUKOU Cxooumocmu (yHKIHOHAILHOTO

i i
0 u: @ 0 us (%)

. X
psina n=1 . Ecnu uucnoBoit psa n=1 PacXOIUTCH, TO TOUKa ~ 0 HA3BIBAETCSA

mouxou pacxooumocmu GyHKIIMOHATBHOTO Psa.

a
0 un(x)

Onpeodenenue 2. Obnacmvio cxooumocmu PyHKIIMOHATBLHOTO psifa N=1
HA3bIBAETCS MHOYKECTBO BCEX TAKMX 3HAUCHHH X, MPU KOTOPBIX (DYHKIIMOHATLHBIH

psia cxomutest. O0IacTh CXOAMMOCTH, COCTOSIIAS U3 BCEX TOUYEK CXOAMMOCTH,
o6o3uauaercs P(X). Ormerum, uro D(X) €R.
OyHKUMOHANBHBI psia cxoautes B obmactu P(X) | econu anst moGoro X € D(X) om

CXOAMTCS KaK YUCJIOBOM Psifi, IPU 3TOM €ro CyMMa OyJieT HEKOTOpo# GyHKIIUEH S(x)

{S,00)}.
. DTO TaK Ha3pIBaeMas npeoenbHas (yHKyus MOCIeN0BaTeILHOCTH n(X) ;

lim S, (x) =S(x)

n— 1

Kak HaxoauTb 061aCTb CXOAMMOCTU byHKUMOHanbHoro paga P(X) ? MoskHo

0
0 un(x)

MCNO/Ib30BaTb NPU3HAK, aHAaNOTrMYHbIN NpU3HaKy Janambepa. Ana paga n=1

un+1(x) .
COCTaB/IiIEM M paccmaTpmBaem npegen npu PUKCUPOBAHHOM X:

li un+1(X)
m|l—— '( )‘ ‘I(X)‘Elm

.Toraa P(X) asnaetca pewernem HepaseHcTsa

I(x)| =1 )
peleHnem ypaBHEHMA ‘ ( )‘ (6epém ToNbKO Te pelleHna ypaBHEHUS, B
KOTOPbIX COOTBETCTBYHOLLME YMNC/IOBbIE PAAbI CXOAATCA).

i

Mpumep 1. HainTn ob61acTb CXOAMMOCTM pAZA n=1 n
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Xn Xn+1
Uy (X) =7 un+1(X) =

PeweHue. O603Ha4YMM , N +1. CocraBum 1 BbluMCAMM Npesen

n+1
i Y+ O i X EN =[x
— | — 0| xn +
! Uy (x) | n—2]x"O(n +1) , Toraa 061acTb CXOAMMOCTM pAAa onpeaenaerca
X €1, xe(-1;1) x| =1
HEPaBEHCTBOM nypaBHeEHUNEM . Vlccnep,yeM AO0NOJIHUTE/IbHO

CXOOUMOCTb UCXOAHOIo pAda B TOYKax, ABAAOWMMNCA KOPHAMU YPaBHEHUA!

11
u @=L 1=
a)ecnm x =1 n N, To nonyyaetca pacxogawminca pag n=1 N ;
LGy
up(-1) = i
6) ecan X =-1, N topap n=1 n CX0AMUTCs YCNOBHO (Mo

npusHaky JleibHuua, npumep 1, nekumsa 3, pasa. 3.1).

Dxn

Takum obpasom, obnactecxoammoctut D(X) papa n=1 N ymeer sug: - 10X €1,

4.2. CTEeneHHbIE PAAbI: OCHOBHBIE IIOHSITHS, TeopeMa AGeas
PaccMoTpMM YacTHbIM cyv4an PYHKLMOHANBHOMO pAAa, TaK Ha3blBaeMbli

0
0 u,

= - n
cmeneHHoli padn=1 rae Un (X) =an (x- Xo)"

Onpeoenenue 3. CmeneHubvim psdom Ha3bIBaeTCS QyHKIIMOHATBHBINA DSl BUIA

0

g tay(X - Xo) + (X~ Xo)’ +.ta(X- x) +... =[] a,(x- Xo)"
n=0

ay, ay, dy, ...

rae — MOCTOSIHHBIC YMCJIa, Ha3bIBAEMBIC K03 uyuenmamu psoa.
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CteneHHOM psaA, ecTb «6ECKOHEYHbI MHOTOY/IEH», PACNOMOXKEHHbIN NO

0
(- %) 0 a,
BO3pacTaloLWMM CTENEHAM 07 No6oit uncnosoii pag "=1  asnaetca

X- Xq =1
YaCTHbIM C/ly4aem CTeNeHHOro paga npu 0~

. . Xn =0
PaCCMOTpMM YaCTHbIN Caiy4an CTENEHHOrO pAda Npu 0 .

i
0 a0 =8 +aX+ax’ +..+ax" +..
n=0 . BbIACHUM, KaKoW BUA umeeT

061aCTb CXO0AMMOCTH AaHHoro paga P(X)

0
Oa,x"
Teopema 1 (meopema Abensn). 1) Ecnu crenennoi psg n=0 CXOJIUTCSI B TOUKE

X =0 (a0 0)

y TO OH a0COJTIOTHO CXOOUTCA IPU BCAKOM X, I KOTOPOIO CIIPABCIOINUBO

HCPABCHCTBO ‘X‘ € ‘(X‘ .

. X
2) Ecin sxe cTeneHHOM psijl pacXouTCs pH p , TO OH PaCXOIUTCS IPU BCAKOM X,

X/ > 1B

IUTs1 KOTOPOTO
Hokazamenvcmeo. 1) I1o ycIIoBUIO CTETICHHOH P CXOIUTCS B TOUKE X=0,

T. €.CXOJIUTCA YUCITIOBOU PSI

i

N —ag + a0+ a0’ ..+ aa” +
0 aa 0 +a10 + a3 ..+ au +..
=0

1)
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1 TI0 HEOOXOIUMOMY IIPHU3HAKY CXOJUMOCTH €ro oOuuii ujieH ctpemMurcs K 0, T.e.

lim (a,a") =0
n—1 . CnenoBaTenbHO, CYHIECTBYET TAKOE YHUCIIO M > 0, YTO BCC YJICHBI

aa”

1M, (@n=0123.)

psAaaa orpaHUYCHbI 9TUM YHUCIIOM!:
p 6 X €[xd
dCCMOTPUM TeNepb ZIKDOOE X, 4NA KOTOPOro , N COCTaBUM pAaL U3

i

0 |a, X ‘=\a0\+\a1x\+‘a2x2‘+....+ a, X" +...
abCONMIOTHBIX BENYMH: N=0
3anuiem sToT paa, B Apyrom suae: Tak kak® 00 1o
i X2 X|n
I ‘an)? ‘:Fov‘alaw_ +‘a2(x2‘|2‘]_ + ...+ aya" E‘]_ +...
n=0 o o o

(2).
apa"|0 M, n=0,1,2,3,..
N3 HepaBeHcTBa nonyyaem
[20/OM, Jay| OM, [az0?|OM,
,T.e. pag

O pxpn X X2 X"
0 M4 =sM+MI—+MI|—- +..+MI +..
=0 1% a a o (3)

COCTOMT U3 YNEHOB, KOTOPble 6oNbLUEe COOTBETCTBYHOLIMX YNeHoB paaa (2). Paa

n

O 1
OMI—|

a o o o
n=0 0™} npepncrasnser coboii cxopawwmiica psza reoMeTprUueckoii Nporpeccum co

X

(04

q:

3HaMeHaTesiem , MPUYEM ‘q‘ < 1, Tak KaK‘X‘ E‘ ¢ . ChepoBatenbHo, pag (2)
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0
el H o
CXoAnTCA Npwm . Takum o0bpasom, cteneHHoM pag n=0 abcontoTHO

cxoauTcea.

0
Oa,x" X =p
2) NycTtb psg n=0 pacxoauTca npu , UHbIMUM CN0BaMMU,
a
ap"
0 n

o >
pacxoamuTtca uncnosoim pag "=0 | [lokaxkem, 4to ana noboro x ( ‘X‘ ‘B‘ ) pag,

pacxoautca. [lokazaTenbCTBo BeAEeTcA oT NPOTUBHOTO. [1yCTb NPU HEKOTOPOM

dUKCUMpPOBaHHOM X1 (‘Xl‘ >‘B‘ ) pAa, cxoanTcA, TorAaa OH CXOAUTCA NPU BCex ‘X‘ < ‘Xl‘

o X =
(cm. nepsyro 4acCTb AaHHOU TeopeMbI), B HaCTHOCTH, NpPH B, 4TO NPOTUBOPEYUT

ycnosuio 2) Teopembl 1. Teopema gokasaHa.

Cneocmeue. TeopeMa AOens 1o3BoJIIeT CYAUTD O PACIIOJIOKCHHUN TOYKHU CXOAUMOCTHU

CTCIICHHOT'O psAaa. Ecmm Touka X =0 00 SIBIISIETCSI TOUKOM CXOAUMOCTH CTCIICHHOTI'O

- [o:]of .
paga, TO HHTCpBAJl ( ‘ i ) 3aIllI0JIHEH TOYKaMH CXOOUMOCTH, €CJIM TOYKOHU

X =
PacXxoaIuMOCTH SBISACTCS TOYKa B y TO

OECKOHEYHbBIEC MHTEPBAJIBI (- * ‘BD’ (‘B "D) 3aII0JTHEHBI TOYKaMH PACXOIUMOCTHU

(puc. 1).

e g3
PACKOOHTCA ' Pan cxonuTcA pacHogHTCA

1 1 1 1 1 [

—| Al —|ex| 0 |ex| |41 X

Puc. 1. UHTepBanbl CXOAMMOCTU M PACXOAMMOCTHM pAaA
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MO3HO noKa3aTb, 4To cywecTayeT Takoe uncno R >0, yto npm scex

0

‘X‘ER(-RGXGR) 0 ax" ‘x‘>R
cTeneHHoi pag N=0 abconoTHO cxoaunTcA, a Npu -

pacxoauTtca. bygem cumtaTb, UTO €CAUN PSS, CXOAUTCA TONbKO B 0AHOM Touke 0, To

R =0, a eciu psag cxogures npu scex X €0 +0) o R =0,

0
Oa,x"
Onpeodenenue 4. Hnmepsanom cxooumocmu CTENEHHOTO psia Nn=0 Ha3bIBAETCA

xe(-R, R)

TaKOW MHTEPBAI (- R, R) , UTO TIPU BCEX ATOT PSIA CXOAUTCA U IPUTOM

a6COJIIOTHO, a I BCCX X, JICKAIIUX BHC 3TOI'0O MHTCPBAJIA, pAd paCXOdUTCA. Yucno

R HasbIBaeTCs paouycom cxooumocmu CTETIICHHOTO Psa.

3ameyaHue. Ha KoHLax MHTEpBaAia ( ! ) BOMpPOC O CXOoANMOCTU Unun

PacxXxoANMMOCTUN CTEMEHHOIO pAda pelaeTca OTAE/NIbHO A1A4 KaXK40ro KOHKPETHOro

paga.

lNoKkaxkem oguH n3 cnocobos onpeneneHna nHTepsasaa N pagmnyca CXoanmmocTtu

cteneHHoro paaa.

0
[ a, x"

n _
PaccmoTpum cteneHHom pag, n=0 1 0603HaUUM N Ox =Up

CocTtaBum pAaa s abCcoNIOTHbIX BE/INYNH €0 YNEHOB:

X" +...

0 0
OW(=0 fa,® ‘=\a0\+\a1x\+‘a2x2‘+.,,,+
n=0 n=0

N NPUMEHUM K HEMY Npu3HaK danambepa.

MNycTb cywecTyeT
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an+1
an

. n+1 .
=lim |Qn+1X =I|mD|
n —
n—10 a,x n DU

an+1
an

lim
n— 1

un+1
Un

|]|X|F =>H lim

I
n— I
J

=1

roe

. |4
| =lim |21 g0
n— 1| a,

| T * ‘e 1 I D){ ‘ >1
Mo npusHaky [anambepa pag cXoauUTCa, ecau , N PacXoAuTCa, ecau .

1 0
X E I-llljI

OTcioaa psaa, cxoauTca npu |, rorpa untepsan cxogumoctu: O L1y Mpwn

U

X J1 lim |F+L > 1
n—0|U

pAaa pacxognTcCAa, TaK Kak n

R =-
Mcnonb3ys 0603HaYeHue I', nonyunm popmyny ans onpegeneHmsa paamyca

CXOOMMOCTU CTENEHHOTO pAaa:

lim %+t ==
ap, An+1
roe ¢ - KO3bPUUMEHTbI CTENEHHOrO pPAAa.

. la
lim |2+l —| =0

n— || a

Ec/iM OKakeTcs, YTo npegen ,Tononaraem R =0 .

[na onpeaeneHna nHTepBana u paanyca CxoaMMOCTU CTEMEHHOIO pAAa TaKXKe

MOXHO MCNONb30BaTb PaAMKa/bHbIM NpU3HaK Kowu, pagumyc cxoaMMocCcTU paaa

Iimr{/m:%

onpeaenseTca M3 cootHoleHua N— 1
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OnpedeneHue 5. 0606uweHHbIMCMeENneHHbIM pA0OM Ha3blBaeTcs paa BMaa

0

I & %0 (X - Xo)
n=0 . Ero TakKe Ha3biBatoT paaom no cteneHAm 0 .

[N TaKoro paaa UHTepBan CXOAMMOCTM UMeeT BUA; (%o~ Rixg + R), rpe RO O —

paguyc CXOAMMOCTM.

MoKaKem, Kak HaxoauTca paanyc cXxoamMmocTu ana ob6obueHHoro

ctreneHHoro paaa.

) ) _ n+1|
lim Uns1 =lim |an+1(X XO) :'x— XO‘D"m an—+1 =|X' X0 |D |l el
n— un n— an (X _ Xo)n n— | an
7
1 .
L :I :||m an+1
- €R R n—1I| a
re. X= % , TAe "

Ecam | =0, 70 R =0,  o6nactb cxommmocty D(x) “Riecm | =0 p R=0y

061acTb CXOAUMOCTH D(X) :{XO} :

(x +1)"

Mpumep 2. Haitn obnactb cxoanmocTtn paga n=1 nis"

(x +1)" —u (%)
PeweHue. 0603Hauum NIS ’ . CoctaBum npegen
u (x) +1 n
lim |1 | =fim X +1[705"0n = +10 lim =[x +1
= [ U (X) [ =0 (n+2)05™ ox+1 " —15(n+1) 5

x +1]
5 €l ‘X+1‘65

Pewaem HepaBeHCTBO: , cnenoBaTesibHO, UHTepBan
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cxoamMmocTv umeeTBug: ~ 6 € X € 4 npyuém R = 5. lononHUTeNbHO UCCAeayem

KOHLUbI NHTEpPBAJZ1a CXOAUMOCTW:

1
_4 un (4) :l ﬁ
a) X =4, N, nonyuaem paa n=1 '  kotopslii pacxoauTcs;
[ n
(- 1)" D (-1)
u,(-6) =
6) X =- 6’ n( ) n , lony4yaem pag, n=1 L , KOTOprI;I cxoaunTca

ycnosHo. Takum obpasom, 061acTb CXOAUMOCTH: [-6:4) , R =5,

[-6:4)

Omeem: obnacTb CXO0ANUMOCTH

0

0 o L

(nx)"
Mpumep 3. Pag, n=1 pacxogutes ana seex X 10 tak kak npu

N— 10 paamyc cxogumocn R =0,

0 N
X
|:| A

|
Mpumep 4. Papg n=1 n: CXOAUTCA NpU BCeX X ER, pagnyc CXoamMmocTu R=0.

4.3. CBOHCTBAa CTEII€EHHBIX PSIAOB

0
[a,x"

PaccmoTpum cTeneHHol psaga N=0 , Y KOTOPOro MHTEepBaa CXOANMMOCTH

(_ R R), TOrfa Cymma CTeneHHoro paga S(x) onpegenena ana scex X €(- RiR)

a
S(x) =[] a,x"

MOXHO 3annCaTb paBeHCTBO n=0
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0
Oa,x"
Ceolicmeo 1. CteneHHoM pag, n=0 cxoaumTca abcontoTHO B Nt06oMNpPoOMEIKYTKE

[a;b] €(- R;R)

, IeXalWem B UHTepsaie CXOANMMOCTH, I'IpM‘-IéM CyMMa CTeNEHHOro

paga S(X) asnsertca HenpepbisHoi dyHKLmel npu Beex X €[a;P],

[ab] €(- R} R)

Ceolicmeo 2. Ecnun oTpe3ok , TO CTEMEHHOW pA4 MOXHO

NoOYNEeHHO UHTErpunUpoBaTb OT a A0 b, T.€. eC/U

a
S(x) =[Ja,x" =a, +a;x +a,x? +..

n=0 , TO
b 0 b b b b
[S(x)dx = [ janxn dx =Ja dx + faxdx + ..+ faxdx +..
a n=0g a a a

Mpy 3TOM pagunyc CXo4MMOCTU HE MEHSeTCA:

R =lim| 8h | =lim|&(+2) |_r
n—1apsg| n=0[(n+1Dany
a
a, ="
rae N+1 - koaddpuUMEHTbI NPOUHTErPUPOBAHHOTO PAAA.

Ceolicmeo 3. Cymma cTeneHHoro paga ecTb GyHKLMA, UMeloLWwan BHYTPU UHTepBana
CXOAMMOCTM NPoun3BoAHbIe Nt060ro nopaaKka. MponsBoaHbIE OT CYMMbl CTENEHHOTO
paga byayT cymmamu pagoB, NOYYEHHbIX U3 AaHHOMO CTEMEHHOro pAAa NOY/IEHHbIM
AnddepeHLMpoBaHMEM COOTBETCTBYIOLLEE YMCIO Pa3, MPUYEM PaaNyCbl CXOAMMOCTHU

TaKUX PAAo0B OyayT Te Ke, YTo U Y UCXOAHOTOo pPAaaa.
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0

S(X) =ag + agX + aX2 +...+a, X" +...=[] a,0x"
Ecau n=0
I
SO (x) =a; + 28X +...+na,x" 1 +... =[] nla,0x"?
TO n=1
I

SO (x) =2a, +6agX +...+n(n- a,x" 2 +...=[] nl(n-1)0a,0#
n=2 , ey NT.A.

4.4. Popmyaa TeHaopa

PaccmoTpMM BarkHYO 3a/1a4y, KOTOPana peLllaeTca B TEOPUNPYHKLUNOHANbHbIX
PAAO0B: NO 3a4aHHOMN PYHKLUMN HAUTU CXOAALMNCAPYHKUMOHANBbHbBIN PAL TOro Uun
WMHOrO TMNa, CyMmMa KOTOPOro B 061acTu CXo4MMOCTU paBHANACh Obl 3a4aHHOM
dyHKUMK. Takasa 3aZ,a4a Ha3bIBAETCA PA3/10#EHUEM (hyHKUUU 8 pAo, Hanpumenp,

CTeneHHoM!.

Nyctb dyHkuma Y =T (X) onpegenena B HEKOTOPOI OKPECTHOCTY TOUKM

Us(xo) :(Xo - 9, Xy * 0)

Xo: ,rae 9> 0 npuyém B 3T0I OKpPeCTHOCTM GYHKLMA UMeeT

sce npomssogblie o (N +1)-ro nopagxa.

3aodaya: Nopbepém MHOTOYNEH N-1 CTENEHMU

Pn(X) =CO +C1(X_ XO) +C2 (X - X0)2 T +Cn (X_ XO)n Nno ctTeneHam (X - XO) TaK,

P, (X
YyTOObI B TOYKE Xg COBMNAAANN 3HAYEHUS ”( ) 7 f(x)' a TaKXXe 3HayeHUA nx

npoussogHbix Ao (N +1)-ro nopagka skatounTenbHo. Torga cuntaem, 4to B

. P, (x
OKPECTHOCTU TOYKMU Xo TAKOU MHOTOYNEH n( ) o6yaeT npmubnunxKaTtb AaHHYO

GYHKLMIO C HEKOTOPOM TOYHOCTbIO.

Cy, Cppeees ©

CO’ 1 én
KoapdnuymeHTbl MHOrouYeHa ABNIAIOTCA Heonpeae/ieHHbIMU

KoadPUUMEHTaMM, KOTOPblE HEOBXOAMMO HAaUTU UCXOAA U3 CeAYHOLWNX YCAOBUN:
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f(xo) =Pn(Xo) fl(xo) =Ri(xo) fl(xo) =Ri(xo) =~ F®(x0) =P (%)

7 7

,ﬂ,l’lﬂ HaXoXA4eHnA 3TUX KOSCI)(I)VILI,VIGHTOB HaVIAéM npomn3BoaHble 40 N-ro NnopAgKa ot

P (X).

PM(x) =n(n- 1)(n- 2)..3020% =c, On!

P0+1) (x) =0 X€
n , pn BCex R.

= (k) —pk)
MoAcTaBMM B 3TU COOTHOLLEHMUA X=X, npupaBHAEM P50 0%) =Pr " (x g

k =0,1,2,3,...1.

,» TAE

f(xo) =Pn(xo) =Co  fl(Xg) =Pi(xo) =0 T1(xg) =Pi(xo) =2¢,
f0(x)=Pal (%) =2030c; £ (x9) =P (x0) =c,, On!

C1, Cpyeey C

C
Haxogum Bbipaxenusa gaa 0’ ' "N pewasn NoNyYeHHy cuctemy

YPaBHEHWIA:

(000). o _f100)_ fl00). . _f20x)

2 37 o3 31 n!

Co =f(Xp); ¢ =Ff0(x); ¢ =

Monyyaem obuiyto dopmyny ans onpeaeneHna KoapPpmuMeHTOB MHOFOYEHA Ck:

f (K (%)

o=, k=0123..n

k (4)
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Toraa MHOroYneH NPUMET caeayowuin Bua.:

f O (xo) R L)
ETE 2 S

Pn(X) =f(x0) + FI (xo)(x - x0) + (x- xo)"

3TOT MHOTOY/IEH Ha3blBaeTcs MHozo4sneHom Telinopa ans dymkumm | (X)

09 (%)

X
no cTeneHAm ( Xo) Ck = " Ha3bIBaOTCA KO3 PuyueHmMamu
, TAE :

k =0,n

MHozo4neHa Telinopa,

Taknm 0b6pa3om, ANa Kaxkaom GpyHKUMK f(9, YO,0B/IETBOPAIOLLEN

xeU, (x,)

. . P, (x
NOCTaB/AEHHbIM YCNO0BUAM NMPU ;, MOXHO HAaUTU MHOrIou4sieH Tevmopa n( )

P (x
(B TOUKe X, GyHKUMA F(X) u mHorounen “( ) COBMNaAatoT CO CBOMMMU

NPOW3BOAHbIMM 10 N-TO NOPAAKA).

PasHOCTb F(x)- Pn(x) , 0603HaYeHHyIo Yepes Rn (X) , Ha3bIBAOT OCMAMOYHbIM

ynieHom popmynbl Tennopa, KOTopaa UMeeT BUA;:

" @(w
fU)P(@+R(@ﬂ —— (X~ Xp)* + R, (x)
' (5)

dopmyna (5) HasbiBaeTca gpopmynol Telinopa 008 pyHKUUU f() no

(X- Xp)
cmerieHAam I'IOpﬂLI,Ka n. OTMeTVIM, YyTo

Rn (%) =Rh(Xg) =Rj(Xo) =... =R (x¢) =0

y R, (X
BennumHa octatoyHoro uneHa popmynbl Teinopa N () UrpaeT Ba*kHYO POJb B
OLLEHKEe TOYHOCTM NPUBAUIKEHUA 3a4aHHON GYHKLMKN MHOrouneHom Tennopa.

CyuwecTByeT [iBa BUAa OCTaTOYHbIX Y/IEHOB.
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1) OcTaTouHbIM YneH B popme lMNeaHo. NMpeobpasyem oCcTaToUHbIM YneH GopMy bl

Telinopa, UCNONb3YA HEKOTOPbIE MOHATMA U3 TEOPUM NPEeaenos.

a(X) X — X lim a(x) =0
a) PyHKUMA Ha3blBaeTcA BECKOHEYHO Manon Npu 0, ecin *%

X o
6) beckoHeyHo manasa GyHKUMSA ) Ha3blBaeTcA 6eckoHeYHo manoit bonee

o oux
BbICOKOTIO nopAaaka maanoCctn oTHOCUTENBbHO 6eCcKoHeYHO Mmanon dDYHKLI,MM ( ) npu

X — X . -
0, ecam cywectsyer *—% a(x) M 3anucbiBaeTcAa caeayowmm obpasom:

B =0(a) (4To uMTaeTcA TaK: «B ecTb 0 Manoe ot a).

PaccmoTpum dopmyny Teitnopa ansa dyrkumm | (X) no crenenam (X- Xo)
n

“( Xo)
f () P(x)+R(x)=[| ———=(x~ X0)* + Ry (X)

nopaaka n: ! . OCTaTOUHbIN

yneH B popmyne Teinopa UMeeT BUA, Ra(x) =1 (x) - Py (X) M3 nocTpoeHus

R,(x;) =Ri(x, ) =RI(x; ) =... =R}" (x,) =0.

MHoroyneHa Tennopa cnegyet Torga
R (X RI (x) R (x R™ (x)
fim —0® i SOy RET e R
-1
= (- Xo)" X nl (- Xp)" =% nl(x- Xo)" x—x N OTKYAQ

OCTaTOYHbIN YneH ¢opmynbl Tennopa MOXKHO 3anucaTb B BUAE:

— _ n
Rn (x) =0((X - xo) ), T.€. Be/INYMHA OCTAaTOYHOIO Y/1eHa eCcTb becKoHeYHo manas

- n X— X
6onee BbICOKOTO nopAaaKa maaioCtn OTHOCUTENTbHO (X XO) npu 0.

®opmyna Tennnopa F(x) =Py (x) + R, (X), B KOTOPOIA Rn (X) =0((x - Xg )n),

Ha3biBaeTca popmynoli Telinopa c ocmamoyHsim YneHos 8 hopme lNeaHo.

333



" X— X v "
I'Iocxoany OCTAaTO4YHbIN YNeH NpU 0 ABnseTcA 6eCKOHeYHO ManoW BE€/INYMNHOMU,

TO MOXHO CYMTaTb, YTO Pa3HOCTb F(x)- Pn(x) 6eckoHe4YHo mana, T.e.
() = Pa(x)

2) OcTaTouHbIN YneH B popme JlaepaHica. 3annLLiem OCTaTOUHbIM YNeH B BUAE

(X - n+1l
R, (X) =(n+°1))!Q(X)

, Tae Q(x) ectb HeKoTopasa GyHKUMA, NoaANeKalllas

_ £ (n+1)
onpeaeneHuto. Mo»XHo AOKa3aTb, 4YTO Q(X) =f (é), roe To4Ka E 3aK/1l0YeHa

0Oefel

MEXKAY X U Xo: & =0 +0(x- Xo), , T.€. OCTaTOYHbI Y/leH MMeeT BUA;

(X -yt ¢ D)

Ra(X) =————— ©
"0 (n+1)! . Toraa dopmyna Teitnopa npumert BuA
n f & (XO)( )k (x - Xo)n+1 f(n+1)
fX)=P,(X)+Ry(X) =0 —y X-X) +—— ©
n " k=0 K! (n +1)! , KOTOpbI

Ha3biBaeTca gpopmynol Telinopa c oCMaAMOYHbIM Y1eHOM 8 hopme JlazpaHi(a.
PaccmoTpum YacTHble cnydam popmynbl Ternopa.

— Ecnun B popmyne Ternopa ¢ OCTaTOYHbIM YieHOM B popme JlarpaH:Ka
nonoxutb N =0, to nonyuaem popmynykoreuHozo npupaweHus:

F ) =1 xo0) +(x- %)0Q (meopema /lazpara).

o XO =O
— Ecnu B popmyne Teitnopa NoNoKUTb , TO NOIYy4UM GOPMYAY, KOTOPYIO

Ha3bIBalOT popmynoli MaknopeHa:

fl (0)

f(x)=f(0) + 0x+

@)
o 12 4. + wﬂx” + Ry (X)
2! n!

’

334



Rn (x) =o(x")

roe OCTaTOYHbIM YNEH MOKHO 3anuMcaThb B d)optv\e MNeaHo: nnn B

dopme JlarpaHrKa:

(n+1)
Rn (X) — f (GX) Xn+1
(n +1)!

dopmyna MaknopeHa snsetcs pasnoskeHuem dyHkumn | () 8 Buge

MHOTro4seHa no CteneHAaAm X.

1
)=
Mpumep 5. Pa3noxutb GyHKLMIO X" B BMAE MHOroYneHa TpeTbero

nopAaaKa no CteneHAm (x-2) C OCTAaTO4YHbIM YNEHOM B d)opN\e NarpaH»xa.

PeweHue. 3anuwem dopmyny Teitnopa ans dyHkumm | () g touke Xo =2 B

BMAE MHOToY/1eHa 3-ro NopsaZKa C 0OCTaTOYHbIM YneHoM B dopme JlarpaHiKa

fn(Z)D(x— 2) + fDZEZ)D(x— 2)”%52)%(- 2)*+ Ry (x)

f(x)=f(2)+

’

4)
Ra() = &1 2)*
rae 4l

HaxoAMM NpoM3BOAHbIE HYXKHOTO NOpAAKa B Touke X =2:

f0=2 t@=r nw=2 f1@Q="="1
X2' 4, Xs, 8 4'
6 6 3 24 3 120
fM@=—; fl(2)=_="_ fﬂm=-Z§ fl@=- —=-- ") =
x* 16 8, x>, 32 4, X
120

™€) =
(®_§6’me§:2+ea—2%06wﬂf
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MonyyeHHble AaHHble noacTaBasem B popmyny Tennopa

f(x) 1 [0 11 23 22D1D 3
_Z+|'Z|(X' )+E(X‘ ) +|}|-§J|(X_2) + R3(X)

I N BblYUCIAEM

(- 2)* 120 51(x- 2)°
Rl =5 "o et OF 66(0,1).

f (x) :iz

MOXHO CKa3aTb, YTO (I)yHI-(LI,I/IFI X" 3ameHAeTCA MHOrOYNEHOM C TOYHOCTbIO,

KOTOPYIO MOXHO ONpeaenTb, OLEHUB OCTaTOUHbIN YieH popmynbl Telinopa

(x- 2)* 120

R3 (X) = Al D_ﬁ

npu X — 2,
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Jlexmus 5. Psanpl Telnopa u MaknopeHa

5.1. Pansel Teinopa 1 MakAopeHa. YCAOBHA CXOAHMOCTH
panoB TerdAopa K HCXOAZHOH GyHKIHH

Mycts dyHrums Y = F(X) onpepenena B HeKOTOPOIt OKPECTHOCTM TOUYKMXD:

Ur (Xo) =(Xo - R, %o +R), R>0 ) viear npoussoAaHble Ntoboro nopsaaxa,

o X- X
TOoraa anAa sTou (I)yHKLI,I/IM (I)OpMaﬂbHO MOXHO COCTaBuUTb pAL NO CTeENEHAM ( 0) :

0

f(X) ~Cot+ca(x- Xo) .. +Cu(X- x)" +... =[] ¢ (X- X )*
k=0

_ M (%)

i k!

roe

T 100x)
—t— (X~ Xo)¥

OnpedeneHue 1. 0606WEHHbIN cTeneHHOM pag Buaa k=0

Ha3blBaeTcA padom Telnopa pna GyHKLUK F(X) no crenensm (X~ XO) . Echm

T £ )
D—f kl(o)ﬂx"

Xp = o
nonoxutb 0 ", To nonyunm pag, k=0 , KOTOPLIMHOCUT Ha3BaHMe

padaMaknopera pns dyHkumn | (X) no crenensm x.

3adaya. MNMycTb 3agaHa GyHKLUUA f(X), 6eckoneuno andpdepeHumpyemas B

Xo‘R, X0+R)

OKPECTHOCTU TOYKM Xo: ( , U NYCTb ANA 3TOM GYHKLMKN COCTABNEH pAL,

(k)
0y

Telinopa no cteneHam (X X) . k=0 M ero cymma pasHa S(X)

Xo- R, X0+R), R>0

Ecnun MHTEpBan ( ABNAETCA UHTEepPBa/IOM CXOANMOCTU AaHHOIO

pAfa c pagnycom CXo4MMOCTU R, TO MOXKHO 3anncaTb PaBeHCTBO:
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(x- X )"

Npu BCex Xe(Xo - R, xg +R) _

BbIACHWUM, MPMX KaKNX YCNOBUAX TaKOW CTENEHHOMN pad UMeeT CBOEe CYMMOW
dyrrumio () 1e.korma T (¥ =3(X), nockonbkry cywectsyior dyHKLMM, Ans

KOTOPbIX CyMMa paaa Tennopa He coBMaaaeT ¢ 4aHHOW QyHKUMEN.

0- 1
f (x) :Dle X x00
PaccmoTtpum npumep. [aHa GyHKUMA 10, x =0 , KOTOpan ABAAeTCcA

6eckoHeuHo anddeperumpyemoit UX € R Buuncanm npounssogHbie 3toi dyHKLUmMM

B Touke X =0:

1
3 I el 21 () (n+1)
0=f(0)=0;a;=f (0) =lime | —=0;...;a, =f (0); @,y =f (0) =0;...
=0 X3 Tak
nm o06pa3om, Bce Bbl4MCNEHHbIE KO3dPULUMEHTbI paaa Tennopa—MaknopeHa ana
AaHHOM PYyHKUMM paBHbl 0, NOSTOMY 3TOT PAL CXOAUTCA Ha BCeM OCK, ero cymma

ToskgectseHHo pasHa 0: ()00 onpako TII0 qpy X00 (f(X) =0 ronpkoe

Havyane KoopAamHar).

0
f () (x
( 0) (X _ XO)k
k!
MycTb pag Tennopa k=0 UmeeT NMHTepBa/l CXOANMOCTH

(X0 - R, X +R) , Fae R — paanyc cxoaumocTu. Toraa, ecnm

k=0 ' - YaCcTMYHaA cymma 3Toro paaa, To Ana ntoboro
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lim S, (x) =S(X)

X€(Xo - R, X0 +R) cywecrayer NI . PaccmoTtpmm Teopemy, KoTopas

[AET yCNOBUA TOTO, YTO f(x) =S(x),
Teopema 1 (Heobxodumblii u d0cMamoyYHbIli NPU3HAK cxodumocmu pada Telinopa

SR A0
) g =500

K ¢pyHkyuu f(x)). Ana Toro utobsl pag Teirnopa k=0 )

Ix€Ug (xo) =(xo - R Xp + R), umen ceoeii cymmoii dyHkumio T (9 e

f (X) =S(X) , HeobXo0AMMO M A0CTAaTOYHO, YTOOBI

xeU (x) limR,(x) =0 R ()

ANA BCex R0 cyuecrsosan npegen "1 ,rae N - ocTaTokK

psga Tennopa.

Lokazamenscmeo. 1) Heobxodumocmeo. MycTb GyHKUUNA F) ecrb Cymma paaa

R0
f(x) <] %(x - %o )¥
k=0 )

Telnopa Ha yKa3aHHOM MPOMEKYTKE: , n

F(x) =5y (x) + Ry (x) , Tae Sn () 4yacTuyHaa cymma paga Tennopa, Ra(X) _

OCTaTOK pAaa Tennopa. M3 ycnoBmua cxoaumocTu paaa Ox€Up(Xg) =(Xo - R, %o +R)
lim S, (Xx) =S(x)

cywectsyet npegen N1 ,uTak kak S(X) =T (X) 10 cywecrayer
npeaen

lim R, (x) =lim{ f(x)- S,(x). =f(X)- lim S,(x) =f(x) - S(x) =0

n— I[ n— 1 n—1[

’

R,(X) — 0 0xeU

T.C. R (%) . HeobxoaumocTb foKa3aHa.
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lim R, (x) =0

2) locmamoyHocme. MNycTb cywectayet N— 1 . TaK Kak pyHKUMA F(x)

x€Ug(Xo)

6eckoHe4yHo anddepeHUMpyema Npu Bcex , TO ANA HEE UMeeT MecTo

n )
f(x) k(O) (X- Xo)* + Ry (X)

dopmyna Tennopa k=0 ! ONA BCex

XE€(Xo - R, Xo + R), roe Ry () - OCTaTOYHbIN YneH popmysnbl Tennopa, KOTOPbIN

coBnagaeT C OCTaTKOM pALa Te|7|nopa. Torpa YacTM4yHasa cymma COOTBeTCTBYHOLWEro

paga Teinopa umeeT BuA;

) (k) ( 0) _ k _ _
Sn (X) —IZI X )* =f(X) - Ry (x)

P Sn (X) 1 06 S(x)
ACCMOTpUM npeanen , KOTOPbIK ODO3HAYUM Yepes , Y4UTbIBAA, 4TO

lim R (x) =0 S(x) =lim S, (x) =liml f(x)- R,(x) =f(x)

n— I . n— | n— [ T.e. S(x) =f(x).

Jl0CTaTOYHOCTb AOKa3aHa.

lim R, (x) D

3ameuaHue. Ecnn N— | , TO cymMma psaga Ternopa MOXKET He cCoBNaaaThb
C AaHHOM PYHKUMEN, T.€e. S(X) B (%), xora cam PAA MOXKET CXOANTLCA K APYrondyHKUUN.

Heobxogmmoe n gocTaTtouHOe yCA0BUE CXOANMMOCTHM pAga Tennopa K
NcxoaHOM GyHKLUKM Heya0bOHO ANnA NPOBEPKM HA NPAKTUKE KOHKPETHbIX PsAA0B;
cywecTBytoT 6bonee npocTbie, XOTA M 6oNee KECTKME, A4OCTAaTOUHbIE YCNOBUA
pa3noXKeHua GyHKUMM F() 8 psaabl Tennopa—-MaknopeHa. CHayana chopmynmpyem

nemmy.
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n
. X
lim = =0.

Jlemma. Ana noboro X ER cywecrsyer cneayiownii npegen: n—1 n!

Lokazamenbcmeo. PaccMmoTpmm CTeNeHHOM pAas,

n X2 X3 XN
I Xo=l+x+_ + ot 4

! 21 3l n!

n
X
. Un (X) =_| o .
, 06LWMIN uneH KoToporo n . Hanpgém

pagnyc u obnacTtb CXOOUMOCTHU 3TOTO pAaaa, UCNMo1b3yAa NPU3HAK

Xn+l
un+1(X) = |
Nanambepa. Bbluncnaem npegen, yuutbisas, 4to (n+1)!.
lim [Une2 (9 pim | x200! | _pin 11X 2o
Il u,(x) | =0 +1)0x" | n—0pn+1j

T.e. paguyc cxogumoctu paga R =0, CneposatensHo, paccmoTpeHHbIit pag,

cxoautes ans scex X €R, Torga no Heo6X0AMMOMY MPU3HAKY CXOAMMOCTU OBLLMIf

n

lim X" =0
() == 0 g -
yneH paja n! ) , T.e.n—0inl Ana noboro

XER.

Teopema 2 (docmamoyHble ycaoeusa paszsnoxcumocmu ¢pyHKyuu f(x) e pad

MaknopeHa). TycTb pyHKUUSA f(x) onpeaeneHa n beckoHe4yHo audpdepeHumpyema

(-aa), a>0

Ha UHTepBane . Ecam cywectayet Takoe uncio M >0 yro gas

X € (- aa)

kawgoro HatypanbHoro M EN 1 scex BbINO/IHAETCA HEPABEHCTBO:

‘f Q (x)‘ M

(370 03HayaeT, yTO Npomn3BoAHbIE NHOOOro NOPAAKA OrPaHUYEHbI

OAHWM U TEM e YMCNOM), Toraa OCTaToK paga MaknopeHa

341



0 &) xk
R,(x) = L —K'— —0 n— I

k=n+1 npwm , @ 3HaYuT,

i
f(x) =S(x) = |:| (k).()nxk 0xe(-a;a)

Lokazamenbcmeo. NoKaskem, YTo OCTaTOK pAga MaknopeHa CTPeMUTCA K HY0 Npu

N— 1 3anuwem ANA GYHKLMM f(x) bopmyny MaknopeHa ¢ 0OCTaTOYHbIM Y/IEHOM

n ¢ (k) 1§00
0=l Qs re 02 =)

B popme JlarpaH:xa: k=0 ™ , roe k=0 : —

fOD @ nn

Rn(x) = +1)!

MHoroudneH MaknopeHa, a ( . OTmeTum, 4YTO YaCcTHUYHaA CyMMa

Sn (X) I:)n (X)
paga MaknopeHa cosnafaeTt cMHoroysieHomMaknopeHa , @ OCTaToK

R, (X
pAaga ectb ”( ) . BoinonHnm ero oueHKy, ucnonb3ya ycaosBuA Teopembl 2 u

‘f " (X)‘ OM X € (- a:a)
yyYUTbIBaA, YTO ONA BCex S

n+1 (n

Rn (9 =[f D) xt|  |x

| _ ‘ | |n+1
\ (n +1)! \ (n +1)!

+1)(d ()] OMm

‘X‘m—l — O 1 —
1M R =0 1ye(-a)

Mo nemme (N +1)! non "= 0 torma

CnepoBaTtenbHo, No Teopeme 1 0 HEOH6XOAMMOM M AOCTAaTOYHOM NpPU3HaKe

0

f (k)
f00 -0 9

Oxk
CXOAMMOCTM psiga Ternnopa K UCXoaHom GpyHKUUM NOJTy4aem

Teopema goKasaHa.
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5.2. Pa3jio:keHHe OCHOBHBIX JIECMEHTAPHBIX (DYHKIUI B CTENICHHbIE PSAAbI

Mcrnonb3syem U3N0XKEHHYIO Bble TEOPUIO ANA PA3/I0OKEHNA OCHOBHbIX

3N1eMEeHTapHbIX GYHKLUMI B CTeneHHble pagpl. Ans pasnoxkenus dyHkumm | (X)

(X - X

B CTENEHHOW pAA, No CTeneHAM 0) MOXHO PEKOMEHA0BATL C/leAy LN

nopAAOK AENCTBUN:

1) Haxogum npoussogHblie dyHkumn | (X) B Touke X=X,

fM(xg), IneN.

0
i) n
—nt—(X- Xo)
2) CoctaBnsiem pag Tenopa n=0

- R, X +R)

3) HaxoaMm MHTepBan CXOAMMOCTU AAHHOIO pAAaa: (%o , The R-

pPaanyc CXogmmMmocCTHu.

4) Ucchepyem noBefeHUe ocTaTKa psga R“ (X) Ana Bcex

X€(Xo - R, X +R).

lim R, (x) =0

Ecnu okaxercs, yro N— | , TO Ha OCHOBaHUU TeopeM 1 u 2 jenaeM BhIBOI,

f(x) —|:| (0) (x- X))

9TO ! IIPH BCEX X€(Xo - R, Xo +R).

B pesynbrare nmomydaem dhopmMyiny pa3inokeHus PyHKIHH B CTETICHHOHN PSI.

="

* Pa3noxeHue B cTeneHHOM pas GyHKLUK 1- X umeetBua:

_:l+X+X2 +.“:D Xn’ XE('].;].)

[N
]
X
=
1l
o
E

2 3 n
Bbig0d. PaccMOTpUM Pz, reomeTpuueckoii nporpeccmn L+ X + X7 + X7+ 4+ X0 +..

o = b =1
snamenatens kotopoit 4 =X 1 M1 T MoskHo nokasaTb, uTo MHTepBan
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1) S(x) =+

CXOAMMOCTM 3TOro PAJaA , R =1 1 cymma storo paga 1- X (cymma psga

6eCKOHEeYHO ybbIBatoLLE reoMeTPUUYECKOM NPOrpeccum BblumucaaeTca no popmyne

S() ="t

1-q ). OueHMM OCTaToK pAaaa:

n+1
Rp(X) =X+l | one2 + . o=xXn+l(L+x +x2..) =X
1- x.
e(-1
Mpw ( 1’1) R (X) — 0, n— D, TOrga Ha OCHOBaHWKM Teopembl 1
oL -
PAaCCMOTPEHHbIN psag UMeeT CBOer CYMMOMN QYHKLMIO I - x,

PasnoxeHue (1) umeeTt mecTo.

— X
* PasfioXKeHue B cTeneHHoW psag, GyHKLUM F(X) =€ neer BMA:

X X X2 Xn 0 X"
e =1+ —+—+. + D —
1 2! n' n!

X €R (2)

’

f 0 (0)

0
o f (x) =e* U n!
Bbigo0. Ana paHHOM GYHKUNMU 3anuwem psg MaknopeHa: n=0
TaK KaK pyHKUMA F(X) - 6eckoneuro anbdepeHumpyema, To BCe NPOM3BOAHbIE

- = —fMy =
CYLLLEeCTBYIOT U paBHbI Fle)=fI()=..=F"(x) =

DneN

_ (n) —a0 —
Haxoaum 3T NPon3BoAHbIE B TOYKe X —0; noayyaem f(0) =e” =1 ANA Bcex

n eN, Toraa psga MaknopeHa npuobpeTaeT BuA:
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D N X X2 Xn
D _:1+_+_+....+_+".
n=o M 1 2 n!

3707 pag cxoantea ans Beex X ER.Mokaxem, 4To cymma 3TOro paga pasHa
f(x) =¢* a e Y
. duKkcnpyem HekoTopoe 4Yncno R 1M paccmoTpum HEKOTOPbIN OTPe30oK
Oe? =M

1O (x)] =|er

[-a;a], Ha KoTopoMm ans noboro NEN, Bstom cay4yae no

Teopeme 24aHHbIN pag MaKknopeHa byaeT cXoauTbCa Ha YKa3aHHOM OTpesKe K

_ X
ncxogHom GyHKLMM F(x) =e", OTMeTUM, YTO 3TO BEPHO ANA Ntoboro

duKkcuposarHoro umcna & €R. Paznoxenue (2) umeer mecto npm scex X ER.

« Pa3noxeHwe B cTeneHHoi pag dyHkuun | (X) =SINX yyeetgun:

X3 X5 X7 i (_ 1)n— 1 X2n— 1

sinX =x- —+—- — e
31 5 7!+"':E1 -1 xepq )

)

AN (0)
1100,
e |
Bbigod. ins dyrkumm T (X =SINX 330,1em pag Maknopena n=0 n:

fI(x) =cosx :sinﬂ| X + 7TH|

Haxoaum Bce npoussogHble: | (X) =sinx I )
fI(x) =sin[| X +2Dnﬂ| =-sinx f [(x) =sinu| X +3Dnﬂ| =- COSX
0 2] , I 2 )
J

£ ™ (x) =sinﬂ| X+N Dnﬂl

0 2) . Bbluncnaem st npomnssogHbie B Touke x = 0:

(n) —qi T

f(0)=0, fOO)=1, fO@O)=0, fOO)=-1 .. f ~(0)=sinng_

2.

MNoacTtaBuB 3TU 3HaYeHUA B pag MaknopeHa, nonydaem pas;
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3 5 7 -1,2n-1 0 -1,2n-1
X-X_+X_-X poa D)X (- D" X

31 51 71 @n-1r ﬂzl @n- 1)
xe(-0,+10)

ﬂ,aHHblﬁ pAaacxoguTca npuv nobom ; MOKa*xem, 4To OH CXOAUTCA K

dyHkummn T (X) =S8N X corpacHo Teopeme 2 (nockonbky

‘f(n)(x)‘ S|nﬂx+nEH]‘D 1=M

i 2]

, T.e. BCE NPOM3BO/HbIE OrPaHMYEHbI OAHUM U TEM
e UMcnom) AaHHbin pag MaknopeHa byaeT cXxoAUTbCA K UCXOAHOM GYHKLNM

f(X) =sinX npyecex X ER. Takum o6pasom pasnoxerue (3)umeer mecro.

« PasnoseHue B cTeneHHol pag dyHkumm | (X) =COSX ymeer Bua;:

2 4 6 i _ n v2n
COS X :l_X_+X_—X_+." =D &
21 41 6 = @' xeq @)

Bbigod. PaccmoTpum pasnioxkeHue (3)

W3 8 X7 D ()t

sinx:x——+X—-X + .. 4]
Lo n=1 (Zn'l)!

, X €R. MpoanddepeHumpyem
AAHHbINCTENEHHOW PAA; NONYYMBLUMNCA HOBbIN pAag byaeT TaKKe cxoaMTbCA Npu
Bcex X €R k dyHKUMM, KoTOpas pasHa npowmssogHoit ot SIN X (ceoiicTso 3, nekuus 4,
pa3n.4.3), T.e
2 4 6 N y2n
T X X L (1) N

f (x) =(sin x)l =cosx 1-E+$ 5! (2n)!

Taknm obpasom, pasnoxeHue (4) umeet mecTo.

f(x)=(1+x)"

* Pa3noxeHue B cTeneHHOM pag GyHKLUK MMeeT BUA:
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mm-1) o, mm-1)m- 2,3, -

1+x)" =1 =
(1+x) +mx + 3

m(m- 1)(m- 2)....m- n+1
(- Hm- 2).( )0, x| et
n=0 " (5)
Pa3snoxxeHue (5) npusoautcs 6e3 BbiBoga. OTMETMM, YTO OHO BEPHO NpU
dMKCMPOBAHHOM M €R 1 HasbiBaeTCA BUHOMUGBHBIM pAdom.

Npw HatypansHom M €N ator pag npeactasaner coboit KoHeuHYIO cymmy,

M3BECTHYHIO KaK buHom HboromoHa:

(1+x)" =1+C!x+C?x? +...+C™x™, me
m m m N.

Ana Heuenbix m umeeT mecto dopmyna Teinopa:

(L+x)" =1+mx + m{m - 1) mz-l 1 X2 4.+ m(m - 1)(m - 2)...(m- n +1) x"

+ R, (X).
n!

N N — O 13 370t dopmynbl nonydyaem 6eCKoOHeYHbI cteneHHonpsaa, (5). Hangém

paAnyc ero CXoAMMOCTU, MPUMEHSAA NpU3HaK anambepa.YuntbiBas, 4To

_m(m-1)(m- 2)...(m - mﬂxmu mm-1)(m- 2)..(m - n+1)Xn
n+l — -
(n +1)! ’ n! , BblUMCAAEM
npegen:
lim Un+1 (X) | _ lim | m(m - 1)(m - 2)...(m - n)n! x"*? | _ lim |M-N D{ =|x|
=1 Un () | n—0{m(m- 1)(m- 2)..(m- n+1)(n+1"| =1 n+1

7

X € _
TOrAa Npu X pAL cxoAnTcs U ero paguyc cxogumoctn R =1 a unrtepsan

Dxe(_ 1; ) IImD R, (xX) =0

’

cxoammocTu (-1;1);MO*KHO NoKasaTb, YTO

0xe(-1;1)
WTak, pasnoxeHue (5) BepHo Ana Bcex . B yactHom cnyuvae, Koraa

M =-1 n3 pasnoxenns (5) nonydaem pag, :
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1 0
— =1l K () 2
1+x n=1

o Xxlel
KOTOPbIN NpPU ‘ ‘ a6COJ1POTHO cXoauTcAa. Echns KaXX4oM 4sieHe pAaaa 3aMeHUTb X

Ha (- X), To nony4YmMm pasnoxkeHue (1):

_ 2 .
__1+X+X + ... :D Xn 11 XE(' 1,1)
1_ X n 1

f(x) =In(1+x)

* Pas3noxeHue B cTeNeHHOM paa, GyHKLMK nmeert BMA;:
2 43 (4 O no1 Xn
In(L+x) =x- —+—-—4+ =[] (-1 —, xe(-1;1]
2 3 4 n=1 (6)

Bbigod. N3 pasnoxeHus (5) uHomuansHoro paga npu M =-1 noayuaem pag,

reoMeTpUYEcKoil nporpeccum co sHameHatenem 9 = X-

0

L=1— X+x2- X+ ("I =) (- X
1+
X n=1

’

. X €1
KOTOpPbIN CXO4UTCA NPU ‘ ‘ , T.€. 3TOT pA4 UMeeT MHTepBan cxogmmoctm (-1;1)

¢ pagnycom cxogmumoctn R =1,

[0, x] € (- 1;1)

MonyyYeHHbIV pag NOYNEHHO UHTErPUPYEM HA OTpe3Ke

Mcnosb3ys cBOMCTBO 3 (nekuma 4,pasa. 4.3); npu 3TOM MHTEPBAN CXOAUMOCTHM

COXpaHUTCA:
1, 101, ° oL 1 X" x2 x5 X
INIC Dot g =0 0™ | =0 )"t 2 o=x- 2 40 -0 4l =S5 ()
n=10 n=1 no n=1 : 2 3 4

Cymma nonyyeHHOro pAaa paBHa
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X dt X
su)=II:E=mn+wo=mn+x|
0

€ 1).

(man N+ %) 1ak kak ‘X‘

2 3 4
X
In(1 + X) =x - _+__XT+"

Taknum obpasom, 2 3 ', T.. UMeeT MecCTO Pas/ioXKeHue
xe(-1;1) x =1
(6) npu . Uccnepys cxoammocTb AaHHOMO pAda B TOYKe , nonyvyaem

Lt

o n o
yncnosoi pag =1 , KOTOPbIN YC/IOBHO cxoauTca. Takum obpasom, obnactb
CXOAMMOCTU pAfa B PasNoXKeHun (6) umeet Bua ( ’ ], a pagwnyc cxogumoctn R =1,

f (x) =arctg x

 PasnoeHue B cTeneHHOWM pag, GyHKLMM MmeeT BUA;
O
arctgx N X3 .\ X5 X7 n-1 X2n- 1 ‘ ‘ a
=X- - 2] (- — |x
3 5 7 03 1

(7)

Bbigod. W3 pa3noskeHus (5) bBuHommanbHoro paga npu M =- 1 nonyyaem

pa3noxeHune

0

1
. =1- X+X2 _ X3 + +(_ 1)“‘1 n Xn_-l_l :D (_ ln—l N Xn-l
1

1+x n=

’

2
N3 KOTOPOro 3aMeHOM X na X* gbiTekaer cnepyowmmn paa;:

1
1+ X

2, 4 n-1
7=l X0+ = (-0 X
n
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x|t X el u
,d UMEHHO, Npu . MonyyeHHbIN pAL NOYNEHHO

[0.x] €(-1,1)

CXOAALMNCA NpU

WHTErpupyem Ha oTpeske , UICNonb3ya cBoicTBO 3 (nekuusa 4, pasa,

2n- 1
X
=t

4.3); Npn 3TOM MHTEpPBaa CXOAMMOCTM COXPaHUTCA, 0603Haumnm 2n- 1

0 i
X0 n-1. 2n-2 n-1 X 2n-2 n-1 _.2n-1
0 (-1 "t dt =[] (- dt =[](- O =
n=1 nzl:ll( :) E n:Dl( :D 2n-1
3 5 7
=X - X—+X—-X—+... =S (x)
3 5 .

Cymma nosy4yeHHoro paga

X dt X
S(x) = [ —— =arctgt|, =arctgx
J’O1+t2 |0

3 5 7
X
arctgx =S(x) =x - —+—- X—+...

Takum o6pasom, 3 5 7 , T.e. pa3noxkeHue (7)

X| €l

MMeeT MeCTO Npu Uccnepya pasnoxenue (7) B8 Toukax X =-1p x =1,

Be-oro t

nony4yaem [Ba YCA0BHO CXOAALMXCA YMCNOBbIX paja N=1 2n-1 "

[
[ (-dn1g 1
n=1 2n-1 COOTBETCTBEHHO. Takum obpasom, obnactb cxoaumoctu paga (7)

ABNAETCAOTPE3KOM [_ 1’1], a paguyc cxogmmocTtu R paseH 1.

« PasnoskeHue B cTeneHHom pag GyHKumm T (X) =arcsin X yyeer gya;:
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0 2n+1
arcsinx =x + [ @0-DU X e 1)

n=1 (@M 2n+1 (8)

m =-

Bbi800. U3 pasnoxkeHusa (5) bBMHommnanbHOro paaa npu 2 v npv 3amene X Ha

- x2 o
X nony4vyaem passioxkeHmne B CteneHHOU pAaAa:

0

1
2o 4.1, 1, 10 30 50 5, (2n- N on
1- X =1+ Zx° + X+ + X =N ——20 X
( ) 2 N O (2n_1) +... nD=O (2n)||
3 20 40 60
20 O (2n)
n y x| e1
ONIlYYMUBLLUMUCA PAL, CXOAUTCA NPU . JTOT pAag,

el(-1,; o
NOYSEHHONPOMHTErPUPYEM Ha OTpe3Ke [0, x] € (- 1;1) , MICNO/b3ys CBOMCTBO 3

(nekums 4, pasa.4.3); Npyv 3TOM UHTEPBAA CXOAMMOCTU COXPAaHUTCA:
3

O @2n- Den-gn e BEn-u one 1 X
J0 O t*"dt= O = O =x+ . =5(x)
S (20! (ntt 20 +1 7T, @) 2n+1 2 3
n=0
X dt
S(x) :6]’ =arcsinx
/ 2
Cymma noay4yeHHoro paaa 1-t . Taknm obpaszom,

1 x3 n+1
arcsinx=x+Jﬂ—+,,,+1EI 30 50 a'ﬁ +...
2 3 20 40 0. 2n+l

O (2n)

xe(-1,1)

T.€. UMEET MEeCTO pa3noXKeHue (8) Ha MHTepBaie CXOAUMOCTH

B 3akntoueHne nobaBmMm, 4TO BCE NepeYnCIeHHble B pasaene 5.2 pa3noxeHuns

Ha3bIBalOT OCHOBHbLIMU PA3/10HEHUAMU INEMEHTAPHbIX PYHKUUI B

CTeNneHHOW pAA, KOTOPble MCNOb3YIOTCA KaK 3TaJIOHHbIe A1A Pa3/IoXKeHUA
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ApYyrnx GYHKUMMA.
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3anaHus no teme «Pagbi»

BoipaxeHne Bnga

i
Up +Up +U3 +.. + Uy +... =0 Uj
i=1

Uj U

roe — ! Jnedbl psga, "— n-0 unu obLWMI uYneH psiga, HasblBaeTcs

6eCKOHeYHbIM PSTOOM.

Ecnu uneHbl paga:

-+ Yucna, To pAL Ha3bIBAETCA YUC/I08bIM;

- Yucna 04HOro 3HaKa, TO PAA Ha3bIBAETCA 3HAKOMOCMOAHHbIM;

- YMcNa pasHbIX 3HAKOB, TO PAZ HA3bIBAETCA 3HOKONEPEMEHHbIM;

- MOJIOXKMUTE/NbHbIE YMUCNA, TO PAL HA3bIBAETCA 3HAKOMNOAOHUMENbHbIM;

- 4YMcna, 3HAKM KOTOPbIX CTPOro YepeayrTca, TO pAj Ha3blBaeTCs
3HaKo4YepeoyrwuMcs;

- YHKUMMK, TO psAA Ha3bIBAETCA (hYHKUUOHANbHbIM;

- CTENeHU X, TO pAL, Ha3bIBAETCA CMerNeHHbIM;

- TPUroHomeTpuyeckmne GyHKUUK, TO PAL HA3bIBAETCH MPU20HOMEMPUYECKUM.

1. YucnoBble pagbl. Paabl ¢ NONOXUTENbHbIMU YNIeHaMuU
1.1. OCHOBHbIE NOHATUSA YNCIIOBOIro psaa

Hucnosbimv pFIaOM Ha3blBaeTCA CyMMa Buaa

a
Dl,l =Uy +Uy +U3 +...+U, +...
i=1 ’(1)
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roe Ui Ha3blBaeMble yrieHamu psida, obpasytoT

DeckoHeYHylonocnenoBaTenbHOCTb; YNeH Un yaswisaetcs 06WUM YrIeHOM

psioa.
CyMMbl:

Sl =Uq,
82 =Uq + Uo,
83 =Uq + Uy +Ug,

Sy =Up +Up+ Uz +..+Up,

COCTaBJIEHHbIE N3 MNEepBbIX 4YEeHOB pdaia (1), Ha3bIBAOTCA

Yacmu4HbIMU CyMMamu 3moeao psida.
KaxxgoMy psgy MOXHO  COMOCTaBUTb  10c/ie0o8amesisHoCmb
Sn{Sp}
4Yacmuy4HbIX CYyMM niSn}

Ecnn npun GeckOHEeYHOM BO3pactaHnm HomMepa n YaCtnyHad cymma

pFI,D,aSnCTpeMVITCFI K npegeny S, TO pAn HasblBaeTtcs cxodsawumcs, a

qucrio S — cyMmou cxoosiujezocs psida, T.e.

limS, =S limS, =u; +u, +uz +... +uU, =S
n—10 N n—1I

OTa 3anucb paBHOCUITIbHA 3anncu

I
0Uj=Up+Up +U3+..+U, +..
i=1
Ecnn yactuyHas cymma psga (1) npu HeorpaHUY4EHHOM
BO3pacTaHuUM N HE UMeEeT KOHEeYHOro npeaena (CTpeMmnTcda K +L Unm - 0

), TO Takou psag, Ha3bIBaETCH pacxoo0suuMcs.
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3adaHue 1. HainTn o6WmMin YneH YNCNOoBOro pAaa:

1 2 3 1
R — 4
1)3 4 5 6) 4 5 6
2 4 6 3 6 9
e+, e+
2)5 25 125 7)2 4 8
1 3! b5l 2 4 6
— 4 +.. — et +
3)4 16 64 g)4! 7! 10!
1 2 3 1 2 4
4 —t—t—+
42 5 8 992 5 8
1 2 3 1 3
4+ 4
5)4 6 8 4 6
10)

1.2 Heo6xoauMbIi NPU3HaK CXO4UMMOCTHU psiaa

0
1 th
Pgﬂn=1 MOXeT CXOoOuTbCA TOJIbKO TnNpu ycrioBun, Y10 €ro

o6u.|,vu7|qneanM HeorpaHn4eHHomM yBelin4eHnMn HomMepa N CTPEMUTCA

0
limu, =0 lim u, 00 0
KHYMH: n—1 .Ecnnn—1 , To pagnh=l pacxoauTcda — 9TO

AOCTaTOYHbIN NnpuM3HaK pacxoanmMmocCTn paga.

3adaHue 2. NMpoBepuTb BbINOJIHEHWE HEOHXOAMMOrO YCA0BMA CXOANUMOCTU paja:

0 n I 2n
[ —— I —
1n=110n" +1 6)n=13n" +8
S L : L
2)n=1(2n +1) In? (n +1) 7 =1 (12n +1)In?(5n +1)
0 0 -
. In(4n +1) : dn-1
3) n=1 2n +1 8) n:lzn +1
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0 p3 DD 4n°

4)n=1 n® +10 9)n=1 nd +10
DD 12n DD n
5) n=1 4n-1 10) n=1 4n? -1

1.3. [loctaTo4yHble NPU3HAKMU CXOA4UMOCTU PAAA C NOJIOKUTENIbHbIMU YNeHaMU.

lMpu3sHaku cpaeHeHuUs1 psi0oe C MoJIoKUMesIbHbIMU YjIeHaMu

I a
01a, 0Ok
1-U npu3Hak cpagHeHus.MNyctb "=1 1 n=1 — paabl ¢ NONOXUTENbHLIMY

YyrieHaMu, I'Ipl/l‘-IéM an Dth ana Bcex HOMepoB N, Ha4vnMHaa C
HEKOTOpPOro. Torpa:

0 I
ab, 0 a,;
1) ecnn psg n=1  cxoguTcs, TO cxoauTcs u psg n=1

0 0
n=1

2) ecnu psaa pacxoauTcs, TO pacxoauTca u pag n=1

0 I
0a, 0Ok
2-U rpu3Hak cpasHeHUHA. |_|yCTb n=1 p n=1 —pAabl C NOJTIOXKUTESTbHBIMU

YrieHaMmuy, I'IpMHéM cyulecTByeT KOHEYHbIA U OTNINYHbIN OT Hyn4a npegen

_a, 0 0
lim B l]an EIR
—1 b torga psgel M= M 1=l CXOBATCA WM pacxopsTes
OLHOBPEMEHHO.
Psi0 Qupuxne
bLtolt,
Pag 2P " g nP roe  p>0, HasbiBaeTcs  psidom

[upuxne.dtoT pag cxogutcs npu P>l u pacxogmtcs npu 0€ P01
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YacTHbiM criyqaem paga Oupuxne (npu P =1) asnaetcs rapmoHnueckuin

1
ST R

1+ i
3 n

psia

1
T+
2

3adaHue 3./iccnepoBaTb HA CXO4MMOCTb NO NPU3HAKAM CPaBHEHMA:

Iu] 1 r 2n +1
= n°-1 6) n-1 4n’+n
i 1 i \/ﬁ
2)n=14n +1 et 2n/n +1
i n ro2n +1
3)52”2'1 8)9214+1On
Dﬂ 1 DD 2n? +1
An 21001 4
a)n-1 4n +1001 o) -t An“ +n
g g
on’ +1 n/n +1
5)n:1 10)n:1

I7pu3HaK ,ﬂanaM6epa.Ech aOna pdana C rnonoXxutesibHbIMU YieHaMn

0
0 Uy =Uy +Up +U3 +... + Uy +Uypp +...(Uy >0

n=1 BbINOSHAETCS ycrnosue
] u

lim "=,

n—10 U TO psag cxoamtes npu | €1 n pacxoautes npu 1> 1,

MpusHak Janambepa He gaét pewenust, ecnn | =1, B atom cnyvae

O5Aa ncecnegoBaHnAa pdaga npuMeHArTCA Apyrne npu3Haku.

3adaHue 3. \ccnepoBaTb Ha CXOAMMOCTb MO Npu3Haky danambepa:
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s g 20 40 60 O O O O (2n)

0 — 0
1)ns n+1 6)n-1 3"n!
0 2 0 3n-1
— 0 —
2)n=1 2 7)n=t n2"
0 n3 ] rln
0 O
n+1)! I
3)n=1 ) 8)n=1 n:
i n ! 2"n
4
0 ——— O
2n +1)! 4
4) ”=l( ¥ ) 9)n=1 3
10 30 58)) ﬁ 30
5)n=1 4"n! 10)n:12 n

UHmeepanebHbil npusHak Kowu.lyctb dyHkuma f(x) npu x =1

yOO0BNETBOPSET YCITOBUAM:
1) HenpepbIBHa,
2) NONOKUTENbHA,

3) MOHOTOHHO ybbIBaeT.

1
0 u,

Torga uncnoBow pag, n=1 |, rae un=f(n),n 21 cX04UTCA MW pacxoamTca
+0
I[f (X)dx.

oAHOBPEMEHHO CO CXOANMMOCTbIO TN PAaCXOAUMMOCTbIO UHTErpaaa

3adaHue 4. iccnepoBaTtb Ha CXOAMMOCTb MO MHTErpasbHOMY Npu3HaKy Kowwm

cneayouwme paabi:

i 1 i n2

1)n:2nlnn
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L1 L 1

. -
2=z Nn"n Syt n(n +1)
[ O
Inn 0 L
gyne2 N’ g =1 (n+1)/In(n +1)
0 n 1 In?n
9:1 n’+4 [ n
4) 9) n=2
D” 1 D“ n
s n®+9 10) =2 (n+1)(n +2)

2. 3HaKonepeMeHHble psaabl

2.1. TloHATUe 3HaKonepeMeHHOro psaa
. +Uy + U +...+ Uy +...
Yucnoson pag U1 F U2 T U Un
Ha3blBaeTCA 3HaKoriepemMeHHbIM, eClin Cpean ero YreHOB MMEKTCHA Kak

nonoXumTternbHble, TaK W OTpuUUaTEllbHbIE yucna.“vucnosomn pan

Ha3blBaeTCHA 3HaKO'-IepeayI-OLL4UMCFI, ecnn nobble aBa crosilme pagoom
YyyieHa UMeroT NPOTUBOMOJTOXKHbIE 3HAKW:

i
Up- Up +U3 - Ug +... + (- 1)n+1 O +..=0 (- l)n+1 0 u

n
un n=1

u, >0
roe N ons scex N€EN  te. pAa, NONOXUTENbHbIE U OTpULaTENbHbIE

YneHbl KOTOPOro CriegytoT APYr 3a APYroM nooyepenHo. Hanpumep,

1 11
1- "+ - " +..,

2 3 j
P S S O | PSR
1 3 5 7 2n-1
1.2 3 4 n+1 N
— —+—-—+.+(-1) O—+
2 4 8 16 2n
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Ana 3HakoyepenywLMXCs PsSOoB MMeeT MEeCTO A0CTaTOYHbIN

NPU3HaK CXOOMMOCTU — NMpu3Hak JlenbHuua.

2.2. NMpusHak JlenbHnuya. AGconoTHaaA U yCnoBHasA CXOAUMOCTb

psaa

Teopema (npu3Hak JlelibHuua).3Hako4epenyLmMncs pag CXoanTcs,
ecnu:

1) nocrnefoBaTesibHOCTb abCoOSOTHBLIX BESIMYMH  YNEeHOB psja

>Uy >0 > U,
MOHOTOHHO yBbisaeT, T.e. U1 ~ 12 Un

. lim Un=0
2) 06Kt YNeH psaa CTPEMUTCA K HYmMo: n—! .Mpn atom cymma

S psa yaosnetsopsier Hepaserctaam 0 € 5 € Ut

0
0 & .
[MycTb gaH 3HakonepemMeHHbIn pag "=1 | roe ™" — Npou3BOSibHbIE

0 |ay|
uicna (OencTBUTEnbHblE WNW  KOMMMekcHole). Ecnm  psg  n=l |

COCTaBIIEHHbIN N3 abCOMTHLIX BENMYMH €ro 4YneHoB, CXOAMUTCS, TO

i
0 &

AaHHbIn pag =1  Takke cxoamtca.B aTom cny4vae 3HakonepemMeHHbIn

[ |

1
-

HasbiBaeTca abcomomHo cxoosuwumcesi.CneqoBaTernbHO,
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0 0
0 & 0 |an]
n

eCcnu e 3HakonepemMeHHbln psg  h=1 cxogutcda, a psag  n=l

0
0 a3
pacxoauTcs, TO AaHHbIV pAa =1  HasbIBAeTCH YCI08HO CXOOAWUMCS.

NMpumep 1.MccnepoBaTb Ha CXOOMMOCTb  pPan
0

Oa,

PeweHue. 1. Vccnegyem Ha cxogumocTtb psg h=1 N3 abComnTHbIX
0

Ta [~
BENUYMH YNeHoB AaHHoro psaa:n=1 :n:12*/ﬁ' 1.CpaBHI/IM 3TOT psg C
0
0 -+ 9 11
pPSOOM n=12*/ﬁ. Tak Kak Jn - 1<2ﬁ, 10 2Vn .15 20 ana scex n.Pan

S| 01
0 — I —
_12Jn oqin
n pacxoauTCs, Tak Kak pacxoautcsa psag (kak psa Oupwuxne
O
1
O 1
=1 npun p=2 <1). 3HauuT, No 1-mMy NpPU3HaAKy CPaBHEHUS PaACXO4UTCS U
I
1

O
o5 - 1

NTak, ucxoaHbI psa He ABNsieTcss abCOMOTHO CXOASALLMMCS.

2. BbigcHuM, cxoguTcs nNW gaHHbIM  3HAKOYepeaywunca psg,
npuUMeHasa npusHak JlenbHuua.

 [lpoBepuM, BbINONHAETCS N HEPABEHCTBO n > an+1 anst abcontoTHbIX

BEINMM4YNH 4YJ1eHOB OaHHOIo pdna.

1 1
=ap 1

a =
n:2\/ﬁ-1>2\/n+1—1 +_
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[laHHOoe HepaBeHCTBO 93KBMBANEHTHO HEpPaBEHCTBY 2n - 1

a, >a

2n+1 -1 yoropoesepHo ans nio6oro n=1,2....3Haunt "+l pns see

HomMmepoB n=1,2...

. 1
lima lim
- Haiiném npepen obuero unexa psipa; ~—! ="—" 2Jn +1 =0.
Takum obpasom, AnNsg  [aHHOro  3Hakodepeayluieroca psga
BbINONHEHbl 0b6a ycnosus, cofepxawmecsa B npusHake JlenbHuua,
OTKyda crnefyeT, YTO UCXOAHbIN PS CXOAUTCH, OOHAKO OH He SBIAeTCS

abCoONITHO CXOAALIMMCS, NO3TOMY AaHHbIA pPsig CXoauTcs

0 (_ 1)n

Dl2\/_1

ycrnoBHo.Omeem: pag, n=

cXoaunTcHd yCIrioBHO.

3adaHue 6. ViccnepoBaTtb Ha abCONOTHYIO U YCIOBHYIO CXOAMMOCTb PAAbI:

0 (_ 1)n

n 2
1)t 2"n 6)n=2n|n n
g G (1)
n® +1 - !
2) n=1 7) n=2
0 n O n
(-1)"Inn (-1)
0 0
3) n=2 n 8)n=1 n(n + )
I n
D (' 1) []D (_ 1)n\/ﬁ
4) n2nnn gpnr M HL
Y DD (- l)n\/ﬁ
5) ne2 n“Inn yopnes MM +1

3. ®yHKUMOHaNbHbIE psabl
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3.1. NoHsTHe hpyHKUMOHANBLHOro psiga

Pago, 4yneHamMm  KOTOpOro  4ABNAKOTCA  QYHKUMM  OT X,

Ha3blBaeTCs yHKUUOHAIIbHbIM:

0

0 un(x) =u(xg) + Up(X2) +... + Up (Xp) ...
n=1 MpnoaBas x onpegeneHHoe

3HaueHMe "0, Momy4nM YMCTIOBON PsiA

Uy(X) + U (Xg) .+ Un (Xo) +.., KOTOPbIN MOXeT ObITb Kak

cXogAaAWnMMeCd, Tak U paCXO,D,FILLI,I/IMCFI.ECJ'II/I I'IOJ'Iy‘-IeHHbIIZ YMCnoBoOmn pan

cxoguTces, TO TOYKa X0 yaabiBaeTcs moykoli
cxo0uMocmu PyHKLUMOHaNbHOrO psaga; €ecnv Xe psag  pacxoguTcs
— moykoli  pacxodumocmudpyHKLMOHanNbHoro  psiaa.CoBOKYMNHOCTb
YMCMOBbLIX 3HAYEHWUI aprymeHTax, Npu KOTOpbIX (PYHKLUMOHAamNbHbLIN psa
cxXxoOuTcs, HasbiBaeTca ero obnacmelo cxodumocmu.B  obnactu
CXOAMMOCTU (DYHKLIMOHANBHOIO psifa ero cymma sIBNseTCs HEeKOTOpPOM
dyHKumen ot x: S =5K) Onpepensietca oHa B 06nacTu CXOAUMOCTM

59 = 1im 5,9 S5 () =Uy(8) + Uy () +...+ Uy (1) -

paBeEHCTBOM ) roe

YyacTn4Had CymMMa pgaa.

3.2. CTeneHHble psaabl

CmerieHHbIM psi0OM Ha3biBaeTCca psa Buaa:

0
0 a,f =ag +ax+ax +. +ax" +..
n=0

Obrnacmbro cxoOumocmu CTENEHHOro psaga Ha3blBaeTCA MHOXECTBO

BCEX 3HAYEHUN x, NPU KOTOPbIX AAHHbIN PO CXOOUTCA.
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Uncno RHasbiBaeTca paduycom cxoOumMocmu CTEMEHHOro psaaa,

x| € R X| >R
ecnu npu | | psg cxoamTca U NpUTOM abConTHO, a npu | |

paCXOLI,I/ITCFl.PaD,I/IyC CXOOMMOCTU Hanaew, NCMNonb3yA NPU3HaK

[anambepa:

An+1 an

lim M |X| I|m
an

€l, |X|eI|m
n—1 a,x"

n— 1[0

an+1

T.€. €CNU CTENEHHOW PR CXOAMUTCH NpU MobbIX x, yAOBNETBOPSAOLLMX

‘x € lim

n— |

an+1

[laHHOMY YCMOBUIO M pacxoauTcs npwu .OTcloga cnepyer,

R =1lim

a_”ran 10,n=123,.)

uyto ecnu cywectByet npegen " lan ,TO paaunyc

CXOOUMOCTHU pﬂp,aR paBeH 3TOMY npeneny v CTeneHHoMn paa cxoautcd

x| e R [ -RRI[

npu T.e. B NpPOMEXyTKe S KOTOPbIN

Ha3bIBAE€TCA NMPOMEXXYIMKOM (UHmepeanom) cxooumocmu.

Ecrim R=0 1o creneHHoi psg cxoanTtcst B eAUHCTBEHHOM Toyke X =0
.Ha koHuax npomexyTka psg MOXeT cxoauTbesi (abCOnMTHO UnK

YCINOBHO), HO MOXET N PacXOAUTbCS.

CxoOMMOCTb cTeneHHoro psga npuX =R un x=-R uccnegyetca c

NMOMOLLbK KaKoro-nmdo n3 npn3HakoB CXOANUMOCTH.
Mpumep 2. Hantn obnactb cxoaumoctn psipa.PeweHue. Hanpém
C(x+1)"

D n2n-1
pagnyc cxogmmocCcTun paaa: n=1

364



1

R = lim | 1 ..
(n +1) |

2

n—0 n n— [

nkb n— | npe n—1l n

CnepnoBatenbHo, psag cxoautcs npu-2€Xx+1€2 1o npu-3€x€l

I
2C

Mpnx=-3umeem psag 0=l

JNlenbnuuya.

NpnX =lumeem pacxogsawminca psaq:

obnacTtblo CXOAMMOCTU WCXOOHOro paoa 4aBnAaAeTCcA MNMPOMEXYTOK

1)

I 2I’1

n:lnD 2”‘1

[-31

3adaHue 7. Hantn obnactb CXOAUMOCTW CTEMNEHHOro psaaa:

g COx  (x-2)
1) n=1 n2 6)n=1 3 nd_

DD (- 1)"x"3" DD (X +2)"n
2)n=1 n 7) n=1 4

I:T Xnon IU](ZX +1)n

2 n

3)n=1 f 8)n=1

ID] X" (n +1) [T (x +1)*
4)n=1 4n 9)n=1

DD (X +1)n [I“ (X- 2)2n+1
5)n=1 Z”Jﬁ 10)n=1 4n

Omeemeil:
n 2n (2n- 1)! n n 3n

3a0aHue 1.1) N+2 2) 5" 3)

4" 4),5)2n+2 g n+3 7 2_”,

|= lim 0 +D P i (0+)O X2 _ 20 09 o,

KOTOPbIA CXOOAUTCA MO NPU3HaKY
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2n 2n+1 3”-1
g) Bn+1)! gy3n-1 10) 2n+2,

3adaHue 2. 1) pa, 2) aa, 3) Aa, 4) Het, 5) HeT, 6) Aa, 7) aa, 8) HeT, 9) HeT, 10) Aa.

3adaHue 3. 1)cxogutcsa , 2) pacxoauTtcs, 3) pacxoguTca, 4) pacxoauTes, 5)

cxoauTcn, 6) cxoamutes, 7) pacxogutcsa, 8) pacxoaumtca, 9) cxoantcesa, 10) cxoauTces.

3adaHue 4. 1) pacxoautcsa, 2) cxoautcs, 3) cxogutcesa, 4) cxoauTea, 5) cxoaunTtes,

6) cxogutcs, 7) cxogutesa, 8) pacxoauTtca, 9) cxoautces, 10) pacxoauTcs.

3adaHue 5. 1) pacxoauTcsa, 2) cxoautces, 3) cxoautcesa, 4) pacxoauTtes, 5)
cxoauTcs, 6) pacxoauTcs, 7) cxoauTea, 8) pacxoauTtca, 9) pacxoautcs, 10)
pacxoamTcs.

3adaHue 6. 1) abcontoTHO cxoauTca, 2) yCNOBHO cxoaumTea, 3) yCNOBHO
cxoauTcs, 4) ycnosHo cxoamutea, 5) abcontoTHo cxoauntea, 6) abcontoTHo cxoanutes, 7)
abcontoTHO cxoamuTcs, 8) abcontoTHO cxoamnTea, 9) ycnosHo cxoautcs, 10) ychoBHO

CXOAUTCS.

j 1.1 111l

3adanue 7.1) (-2;2,2) T ',
adaxue 7. 1) (-2;2], 2) 3 3f 3) 2 2} ,4) (-4;4), 5) [-3;1), 6) [-1;5], 7) (-

J3

6;2), 8) (-2;1),9) ﬂ 3ot ]j 10) (0;4).

Ilpakmuueckan paboma Ne 11
Tema: KoMmjiekcHbBIE YHCJIA U AeHCTBUA ¢ HUMH.
Heab: chopmupoBaTh yMEHHE BBHITIOIHATh apUPMETHUCCKUE JCHCTBHUS C

KOMIIJICKCHBIMH YK CJIaMHU.
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MeToauveckue YKazanusa Qs npaRanecxoifl paﬁoTLI
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Teopernueckue cBeieHUs K MPAKTHYECKON padoTe

1. llonamue komnaekcnozo yucna
Komnnexcuvimu yuciamu Ha3bIBalOTCS YUCia BUIA
Z=X+iy (1.1)
rae X» Y — AEHCTBUTENbHbIE (BEIIECTBCHHBIC) YHMCIA, a YMCIO lompenenseMoe
iP=_1 (1 =+/- y y
pasercToM I =—1 ( 1 ), Ha3bIBACTCSI MHUMOM €IMHUIICH.
Uucmo X HasbIBaeTCs Oeticmeumenvrol (eewecmeennotl) uacmolo KOMILIEKCHOTO

ypciia (MCIoNb3yeTcst 00o3HaueHne X =ReZ): y_muuMO#i 4acThIO KOMILICKCHOTO

qmcia Z(y =Imz).

Bripaskenue (1.1) Ha3bIBAIOT aneebpauieckoii hopmotl 3anucu KOMNaIeKCHO20

wucna.
Ecii X=0, T 4HCIIO Z HA3BIBAIOT YHCTO MHHMBIM; ecii  © , T0 noJyyaercs
=X + | =
BemecTBenHoe wucio - X Or =x
L=X+1l  7=x-1iy
JIBa KOMILIEKCHBIX YHCJIA u HA3BIBAOTCS CONPSKEHHBIMH.

72 =X% + y?
Hcnons3ys GopMyIly pa3HOCTH KBaPATOB, IOJIYYAEM, UYTO :

Mo>xHO A0Ka3aTb, 4YTO KOPHAMH KBAJPATHOI'O YPAaBHCHUS C OTPULIATCIIBHBIM
AUCKPUMHWHAHTOM ABJIAIOTCA ABA COIPSKCHHBIX KOMIIIICKCHBIX YHUCJIA.

IIpumep 1. Pemuth ypaBHEHUE X2~ 6x +18 =0 .
D=(-6)-40 10 18 =36- 72 =-8

Pewenue. JIMCKpUMUHAHT JaHHOTO YPaBHECHUS:
MEHBIIIE HYJISI, HO TEMEPb MBIl MOKEM BOCIIOJIb30BAaThCSI MHUMOW €TMHUIIEH:

?_U«/ﬁ 60./36J -1606 X =3+3i X =3- 3i
X =- = =
1

2 2 2 2 re ! -2

:X]_ + |y1 " 22 :X2 + |y2

yA —
JIBa KOMIUIEKCHBIX YHCIa L PaBHBI APYT APYTY, €ciau *1 =Xz

¥
u Y1=Y2: xommmexcroe uncno z cuntaetes pPaBHBIM
Hymo, ecimu X =Y =0,
¥ Bcesikoe KOMIUTEKCHOE YHCII0 MOYKHO H300pa3uTh Ha
M(xp) MJIOCKOCTH, T.K. K&KJIOMY Z COOTBETCTBYET
*YIIOPSAA0YCHHAS Mapa BEIIeCTBCHHBIX aucen’ !
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X

Yucno z=0 craBUTCS B COOTBETCTBHE HAYAIIy KOOPAUHATHOM MJIOCKOCTH. Takyto
IJIOCKOCTh MBI B JlajibHEeIIeM OyeM Ha3bIBaTh KOMIUIEKCHOM MJIOCKOCTHIO, OCh a0CIMCC—
JNIEUCTBUTEIIBHOM, a OCh OPIMHAT-MHUMOM OChK0 KOMIUIEKCHOU IIOCKOCTH.

[v2 o 2 =X+l
Yucmo V¥ * Y HasbiBaeTcst MOIyJIEM KOMILIEKCHOTO YHCIIA Y ou

0003HaYaeTCs d i TSV Y

2. Tpuzonomempuueckasn ¢popma KOMNIEKCHO20 Yucia
Tpuconomempuueckas gpopma KomniekcHo2o yucia. Kaxxaomy KOMIUIEKCHOMY
yrciy Bujaa (1.1) MOKHO IMOCTaBUTh B COOTBETCTBHE TOUKy M(X;y) Ha JeKapTOBOM
IUIOCKOCTH (Tipy 3TOM Ha ocu Ox pacroiaraiTcs BEIIECTBEHHBIE Yncia

Z:0+W=W)

Z =X +10 =X 3 ga ocu OY — YMCTO MHUMBIE YHCIIA

Mooynem KomniekcHoeo uwucia Ha30BEM JJIMHY OTpe3Ka |OM | (wn

|Z|=4/%% +y?
paccTosTHUE OT Havajia KOOPAMHAT 10 TOYku M), T.e. . AprymeHTOM

=Arqz .
KOMIIJICKCHOI'0 4YHciIa (<,0 g ) Ha30BEM YroJ, KOTOPBIA BEKTOP OM obpaszyer
C TOJIOKUTENbHBIM HampaBieHueM ocu Ox. ['naBHOe 3HaueHHE apryMeHTa,
KOTOpPO€, KAaK MPABHIJIO, UCIOJIb3YETCS MPU OCYIIECTBICHUU ICUCTBUHU C

Olpe2u

KOMILIEKCHBIMU YHCIIAMH, YAOBJIETBOPSIET YCIOBHIO
[Ipu 3TOM BBIpaKEHUE BUIA

Z =|z|(cosep + ising) (1.2)
HA3bIBACTCS MPUSOHOMEMPUYUECKOU POPMOTL 3aNUCU KOMNIIEKCHO20 YUCTA.
[Tpeobpazyem (1.1)

SR LR
+1 =z

o wi_ T +i
DI \/xz + y2 \/Xz + yz J| HI \/Xz + yz \/Xz + yz IJ
U, cpaBHuBas ¢ (1.2), moimydaem, 4TO ¢p—apryMEeHT KOMILICKCHOTO YHCIaZMOXKHO
HaWTH, PEIIUB CUCTEMY

Z=XHY = x2 4 y2
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X
X 0 X
0SQ = CoSQ =
IR 1

z
I QSinrp =Yy

I|n(p :L Yy
[v2 4 2
X +y° |Z| (1.3)

3aMeTHM, 4TO MPHU BHIOOPE 3HAUECHUH @ U3 TIOCIEIHETO YPABHEHHSI HEOOXOIUMO

C

O—0O

[%2]

YYUTBIBATh 3HAKU X 1 Y.

COSP =_  sing =

(@—apTYMEHT KOMIUIEKCHOT'O YHCIAZMOXKHO HAWTH (QopmMyn r : r
Yy Lyl
lgp =~ ¢ =arcty 5,

(1.3) uau B cui1y TOTO, YTO X, 0,

IIpumep 2. 3anmcaTh KOMIUIEKCHOE YKMCJIO B TPUTOHOMETPHUECKOH (hopMme:
a) 61; b) 1-i V3, yka3aTh MOIYJIb M apPTYMEHT KOMIUIGKCHOTO 4HCIIA.
Pewenue. a) 3aecy x=0, y=6 1z1=6 .
ITOCKOJIBKY YHCIIO OIIEKUT Ha MOJOXKHTEIbHON monyocu Oy, TO 3HaYEHHE

aprymenta ¢=", mostomy 6i=6(cos * +isin %),
2 2 2

b) 3nech x=1, y=—\/§.

|2|=\1 + (- V3)? =4 =2

[Io ompenenenuto . [na omnpeneneHus apryMmeHra

. COSQ L
! 2
fsing =~ ° @ =argz =24
BOCTIOJIB3yeMcCsl  (hOPMYIIOIA: O 2 [lonywaem, d4rtO 3.
Tpuronomerpuueckas QopmMa 3aJlaHHOTO KOMIUIEKCHOTO 4YHWCIa MWMEET BUJ:
z =2D cos=* + isin—uH
Y]

IIpumep 3. 3anucath B TPUTOHOMETPUUIECKON (hOpPME KOMIUIEKCHOE YHCIIO

z=—1+i\/§_
z|=V1+3 =2

Pewenue. Halinem Monynp 1 apryMeHT KOMIUIEKCHOTO YHCIIA:

COSQ =X_ sing =X

Yron ¢ HalieM U3 COOTHOLLICHU I r r Torma noyunm
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oS¢ =i,sin<p =§F

2 2 OueBuaHo, Touka Z =- 1+ iv3 HAaXOIUTCS BO BTOPOI
@ =120° =2/«
YETBEPTH: A . y)

z=2ﬂlc032u +1isin uﬂI
13 3

[Moncrapnsist B popmyity (1.2) HaliieHHBIC I' U @, UMEEM

3. Meiicmeus Hao KOMNIAEKCHLIMU YUCIAMU

Ly =X tly, , 4, =

X, +1
1) CymmanByx KOMIUICKCHBIX YUCEIT 2 * 1Y, onpenensaercs

cormacHo popmyne Z; T2, =X + X LY+ Y,

2) Onepauuﬂ eébluumanui KOMIUICKCHBIX YHUCCII OIIPCACIIACTCA KaK OIICpalu:i,

Z,

obpatHas cinoxenuro. KomruiekcHoe unciao Z =217 %2, ecau 2“2 74, gBisieTcs

Pa3HOCTBHIO KOMIUICKCHBIX YHUCEN Z1 U Zp. Torma z=| X - Xz[ + Yi- Vzﬂ .

IIpumep 4. Boinoauuts aeicTBus: a) (4+2i)+(1+5i); b) (3+5i)-(6+3i).
a)[To mpaBUITy CIIOKEHHST KOMIDIEKCHBIX YHCEN MOIYIHM
(4+2i)+(1+5i)=(4+1)+(2+5) i=5+7i.

b) ITo npaBuIy BEIYUTAHUSA KOMIUIEKCHBIX YHACEIT TTOJTYYHM

(3+5i)-(6+3i)=(3-6)+(5-3)i=-3+2i.

Zy =Xy +1 o 4
3) IlpouszsedenuenByx KOMILIEKCHBIX uncen 1~ 1 N1y 2 =x +iy, OIpEAEIIETCS

1o opuyse 4% =lx, +iylx, Hiv [ o=axx, +iyX +ixy, + +ityy, =

XX - VYo L4y Xyl 20 z =lx+ -yl =X +y?

.B yactHOoCTH

MO>KHO TTOJTYYUTH POPMYITY YMHOKCHHUS KOMITICKCHBIX YHCEN B
TPUTOHOMETPUUIECKOHN (hopMme.

Veen 422 =nr,coslp, +o,! +isinlg, +,!]

IIpumepS. Bemomuuth nevicteusi:a) 2i-3i; b) (2-31)-(2+3i), ¢)(5-4i)-(3+2i).
a) 2i-3i=6i%=-6;
b) (2-3i)-(2+3i)=4-9i°=4+9=13;
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¢) (5-4i)-(3+2i)=(5-3-(-4)-2)+ i(5-2+3(-4)=23-2i.
MO)KHO BBIIIOJIHUTH YMHO)KGHI/IG 110 HpaBI/IJ'Iy yMHO)KCHI/IH MHOT'OYJICHOB:
(5-4i)-(3+2i)=15+10i-12 i +8=23-2i.

4) ﬂeﬂeHueKOMHJIeKCHBIX YHUCCI OMIPCACIIACTCA KaK OIicpanus, 06paTHa;1
2
Z =

YMHOKEHHIO, TO €CTh YHCIIO 2 Ha3bIBACTCS YACTHBIM OT JEICHHS Z1 Ha Zo, ©CIIH
2, xq+iy;_Dx+iglx - iyl

4 =2, 0 L g 2 Xty 0 x+iy, 00 %, - iy, [
XX +iyx -ixy -ilyy Ixx +yyl+i-xy +xyl
—_ 1 2 1 2 1 2 1 2 — 1 2 1 2 1 2 2 1

2 2 2 -
2+y2 X2 +y2

Ly _ XX +Yi¥s | i X1Yo + X ¥,
2 2 2 2
X"ty X" Y,

X 2

z
OKOHYaTenpHO 2
B Tpuronomerpuueckoit popme:

YA I
1t =_1[COS[(p1 -, +isinlp; - ‘PZD]
z, I,

10+i0=0,

Oneparus neneHus BO3MOXKHa TOJIB;(O B clJIyIIael, I_<01“I[a2 272_
1+l |

IIpumep 6.BbIONHATE NEHCTBUS:A) 4; :b) 1+ i_ s &) q_ind) g4 g

" yKa3aTb BCHICCTBCHHYIO 1 MHUMYIO YaCTH ITOJYYCHHOI'O KOMIIJICKCHOI'O
quciia.

Pewenue.
} 2 ]
a) Ymmuooicaem oenumoe u oenumens nai, noyyum -~ = 21

3 3ii -3

b)YMHOXaeM nenMMoe U ACTUTENb Ha MHOXKHTENb, COTIPSIKCHHBIN JTETUTEIIO:

T N el ) I el S et R A

L+ (1+i)(1-i) 1-2 2 2 2°

c¢)YMHOXKaeM JIeTUMOE U JICIIMTENIb HA MHOXKHUTEIb, CONPSKEHHBINA JISTUTEIIO:
1+i (A+i)(@+i) 1+2i+i%2  2i

1-i (1-i)@+i)  1-i# 2

d)yMHO)KaeM JEJIMMOE U JICJIUTENIb HA MHOKHUTEIIb, CONPSIKEHHBIN JETUTEINIO:
, _2-Ti D2-7103-40  6-8i-21i+28i° 6-29i-28 -22-29i 22 29.
3+4i [3+4ill3-4 T 9-168 T 9+16 25 <~ 25 25 .
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22 29
Rez=- — Imz=-
BemiecTBennas 1 MHUMAast YaCTH PABHBL: 25, 25,

5) Bossedenue ¢ cmenenv u uzeieyenue Kopei. ECIM KOMIUIGKCHOE YHCIIO

33J]aH0 TPUTOHOMETPHUYECKOH OpMOi z=|z|(cosp + |5|n€0),

dbopmyna MyaBpa

TO CIIpaBCIJIMBa

z" 5 z|" lcosng +isinng! (1.4)
6) Jns uszenewenuss xopus N-u cmenenu (N — 1emoe 4ucio, Oonbmiee 1) u3

KOMIIJICKCHOI'O 4ucCJja, 3aAaHHOI'O B TpPII“OHOM@TpPI‘ICCKOfI q)opMe, MMPUMCHSACTCA

dopMyia, naroias N 3Ha4Y€HUN 3TOro KOPHSI:

_ _ I o +R
zk _\/Z—\)_LLI cos visin2 +2kuDI
N N}, k=01..,n-1.(15)
1113
Ipumep 7. BoraucauTh: -1+0)7

Pewenue. Ytobbl Bocmonb3oBaThcs  Gopmynoid  MyaBpa, HeoOX0IUMO
NPEICTAaBUTh KOMIUIEKCHOE YMCJIO B TPUTOHOMETpHUECKO (popme.

Hmeem: |2]=1/(- 1) +1° :\/E; cosp =-1/~2 a Sing =1/\/§,
¢ =3ul4

T.C.

(TaK KaK COOTBCTCTBYIOIIAA TO‘IKa JIC}KI/IT BO BTOpOH tIeTBGpTI/I)

3u [
-1+ —\/2 cos— +isin =
CrenoBaTenbHO, 4 | u
113 —
(-1+1) _ﬁnﬂ| cos S 4 jgin S 13U
[ 4 4 ) (8 cuny (1.4)). VuureBasg, uTO

u

U =10u-~
4 4 y chonb3yﬂ CBOIiCTBa TpHFOHOMeTpI/I‘{eCKI/IX (GYHKIUH, TOTydJaeM:
(-1+10)8 —64\/2 cos(- —)+|S|n( —) —64\/2( 1 -1 1) =64- 64i
4 4 J V2 2

IIpumep 8. Bo3BecTH 4nciio z :\/é - | B [ISITYIO CTEICHb.
Pewenue. Tlonyunm TpI/IFOHOMeTpI/I‘—IeCKYIO dbopmy 3amucu yucnia Z.

r=/34+1 =2, COSQ _ Tf smgo--_ o="

2 . Otcrona 6 . a
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7= 01 7l [ 0l

Zuﬂcosl |J + |smh 6J[’
25 = D 5 ﬂ 5 F]ﬁ(ﬂl“l[a jio (bg)pMyne l\gI%/aBpa MOJTYYUM:
2[cosl- _u jj +ising- =2jcos _u - isin | =
) 7|rD Guljnu F Gu” 1n! - 1n o/
=2|- cos_-isin_| =2|—ﬁ-i_l =-2||ﬁ+| ﬂ\/‘+lﬂ
0 6 6] d 2 2] 0 2 2J

Ipumep 9. BeIuncauTh: - 1

TpuroHoMeTpryeckas (popMa 3aJaHHOTO YKMCIa UMeeT Buj - 1 =@ +isinu
(|z|=1), mostomy B cuy (1.5)

z =3\/’anosu& Cou+2kul  u+R . U+ 2ku
K | +isin | =C0S +isin
3 3 3 k=012

BriniceIsaem TpH HCHOMBIX KOPHS:
z, =cos- +isin™ _ 7 i ;

_+
3 3 2 2
u+2 u+2’
Z =C0s , +isin T =cosu +isinu =-1
Z :cos—u + & +isinu +4=1_— if
2 3 3 2 2
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1. MauMas equHuIa. Ajireopandeckasi GopmMa KOMILIEKCHBIX YHCeJI.

HepaspemmmMocTts ypaBHeHus X> + 1 = 0 Ha MHOXeCTBe NeHCTBHTENBHBIX YMCET TIPHBENA K

BBEJICHUIO TaK HAa3bIBAEMOW MHHUMON eIWHHIbI , T.e. MHEUMOTO (TIPUJAYMaHHOTO) 4YHCIIA,

2
o6nanaromero csoiicteom: | = 1 . .

) X, =i, X,=-—Ii
Torma x°+ 1 = 0 umeeT aBa pEIICHUS: 1 2
Yucma, suma Pl | rne PER 1 _ vpmvas epmvma, Ha3sIBatoT MHMMBIME 9HCIAMME.
Yucna, BUma atbi e a,beR 0 _ yppmas eIMHUIIA, HA3bIBAIOT KOMILIEKCHBIMH
YHCcIaAMM.

Z=a+ bi

®dopwma 3anucu Ha3bIBACTCS aJIredpanveckoil.

@  _ neiicTBUTenbHas yacTh: Re(z) bl — MHUMas 4acTh: Im(z)

Takas 3amuch IO3BOJIAT 3aAIMCHIBATH HE TOJIBKO KOMIUJIEKCHBIE YMCIIA, HO U YUCTO MHUMblE U
OeticmaumeinbHbvle, HATIPUMED:

AeﬁCTBMTEI'IbeIe ynucna MHumble uncna

b=0 a=0

5+0i=5 0+4i=4i

_/5+0i=—/5 0-7,8i=—78i
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Bo MHO>ECTBE KOMINICKCHBIX YHCE HET IOHSATUH «OOJBIIE», «MCHBIIC», «IIOJOKHUTCIHHOC,
«OTPHULIATEIBHOECY.

n=a bl 7,=a,+D,l a=a, Db=h,

Ywucna Ha3bIBAOTCA paBHBIMHU, CCJIN

Upcma Z=a+bi y - Z=-a- bi yaypaores MPOTHBOMOJI0KHBIMH.

Yucna Z=a+ bl n Z=a- bi Ha3bIBAIOTCS CONMPHAKEHHBIMH.

1.1. PemieHue KBaApaTHBIX YPABHEHHH C OTPHUATENbHBIM JUHCKPUMHHAHTOM

Pemennem KBaApaTHOI'O0 yYpaBHCHHUSA C OTPULATCIIbHBIM AWMCKPUMHWHAHTOM BCEraa 6y21yT JBa
CONPSKECHHBIX KOMIIJICKCHBIX YK CJIA.

X2 +4x +29 =0

[pumep 1: peminTh KBaJpaTHOE YpaBHEHUE

Pemrenue.

BBI'—II/ICJ'II/IM )II/ICKpI/IMI/IHaHT

D =b* - 4ac =4* - 40 10 29 =16- 116 =- 100 €0

[IpencraBisieM OTpHIATENFHOE YHUCIO Kak Hpou3BeneHue (—1) M TOJIOKHUTENHHOTO 4YHCIA |
-2

3amenseM (—1) Ha I

D =-100=-10 100 =i* 0O 10%,
HaﬁHeM\/B:\/iz D =\/|_2|3/ ﬁ =||:| 10

HaxonuMm kopHU ypaBHEHUS:

_-b+y/D _-4+i0 10 _-4 10i

! 2a 2 2 ,

(—b- D _-4-i0 10 - 4100 _ 5 g

2 2a 2 2 2

=-2+5i

X1=-2+5 X =-2- 5

OTBeT: JABa CONMPSAKEHHBIX KOMILJICKCHBIX YHUCJIA:

1.2. ApudmMeTHyecKue onepanuu HaJl KOMILIEKCHBIMH YHCJIAMUB
ajredOpanveckoi popme

Cymma 21+ 2 =(a, + bji) + (a, + b,i) =(a, +a,) + (b, +b,)i

Pasnocrs 21~ 2, =(8; +byi) - (8, +b,i) =(a, - &,) + (b, - )i
IIpousBenenue ) D_ 23 :(al * bli) = (aZ * tj):@_ blbz) + (ale + aZbl)i

Z, Z, |:|; (uncnuTens W 3HAMEHATeNh YMHOXKAIOT Ha YHUCJO,
—_— = COTpSHKEHHOE 3HaMEHaTeNto, 4YToObl W30aBUTHCA OT
z
KOMILJIEKCHOTO YHC/Ia B 3HaMEHaTeJIe
YacTHoE 2 Z, DZ )

PCKOMCHI[yCTCSI I yOpOIICHUSA BBIYMCIICHUI npu ACJICHUH, BBIBECTU (I)OpMy.TIy AJI1 YMHOXKCHU A
ABYX COHpH)KéHHLIX KOMIIJICKCHBIX YUCCII:
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z O z =la+bilOa bil =a?-b%i2 =a?-b*0O (-1) =a?+b?

[Ipumep2. BhINONIHUTE apudMeTHUECKUE NEHCTBUS HaJ KOMIUIEKCHBIMU YUCIaMU 21 =4+51

2, =6- 9i
Pemenne.
1) Zl+22 :.4+5i.+.6' 9| :4+6+5i'9i:10‘ 4|,
2 LT 7, =l4+5i - .6- 9l =4- 6+5i+0i=-2+14i
5 20 2, =14+510 [6- 9il =248+ 30i 451" =24- 6i- 4500 (-1)=69- 6,
2, 4+5i l4+5il0 l6+  24+36i +30i +9i® 15+66i 5+22i 5 +22i
2 7, 6.9 ) 36 + 81 117 39 39 39
16- 9ill6 +9i :
z, 5 22
. . ) — =+
Omer. 14 T2 =10-4i. z,- 2 =-2+14i. 2,0 7,8 6i. ; 39 39

1.3. HarypaibHasi cTenieHb MHUMOM e JHHULBI |

Haiinem nepBslii 4eThIpe CTETIECHH i

. . . . . . 14 —32 —=_ - —

it=i i2=-11i=i’0 i=-O=- 1" =I" = 10 (-1) =1
[ . O -

.4 _
VauTeIBas, 4To I _1, HailieM CTapuive CTENCHHU:
. . . .. 16 —7 4 — - -
i°=i‘0 i=10 i4 i° =i * =10 (-1)=-1
i’ =0 =20 g=-i O -10 1 =1
, 8 —ij4
OueBHIHO, YTO BCE OCTalbHBIC CTEMEHH | OyayT paBHBI OJJHOMY M3 MPEABIAYIINX YEThIPEX

3HAYEHU.
YT1o ObI BO3BECTH IB HATYPAJIbHYK CTeNeHb, HAJI0 MOKAa3aTe/ib CTENEeHH pa3ieiuTh Ha 4, u
BO3BECTH IB CTeleHb, PABHYIO OCTATKY OT JIeJICHHUS.

i 16 ill | 22 | 37
Ipumep 3+ Ha#TH , , ,

Pemenue.

=16 =049

i =j =i =1.
11 a2z :
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=1 i =-j i2=-1 ¥ =i

2. 'eomeTpuyecKass HHTEPHPeTANUA KOMIJIEKCHBIX YHCeJI
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Z=X+1y

IInockoCTh Ha3bIBACTCA KOMHJIGKCHOFI, CCJIM KAXIOMY KOMIUICKCHOMY YHUCITY

Z(x, y)
CTaBUTCA B COOTBETCTBUC TOYKH IIJIOCKOCTHU C KOOpAUHATAMHA ! y , IpUYEM, 3TO COOTBCTCTBUC
B3aMMHO-0JIHO3HauHOoe (puc. 1).

Ocs OX  naspisaercs NEefCTBUTEJBbHOM OCHbIO, T. K. Ha HEH paclojio)KEHbl TOYKH,

COOTBETCTBYIOIME YMCIIaM, Y KOTOPHIX y =

Ocb OY HaspiBaetcs MHHMOIi 0CbIO, T. K. HA Heil PACIIONOKEHBI TOUKH, COOTBETCTBYIOLUE
unciam, y kotopeix X =0
Taxum oGpasoM, moGoe kommiekcHoe ancao Z =& + Bl yoxno mso6pasurs  Ha mmockocrn

TOYKOI1 C KOoOpJAuHAaTaMU , IpUYEM B3aUMHO OJHO3HAYHO.

. . (X . o
C xax10¥ TOuKOn ( ! y) KOMITJICKCHOM TJIOCKOCTH CBSI3aH paoduyc-gekmop 3Toi Touku (puc. 1).

BA
(x.7)

z(x,y)

.T I

0l ¥ “x
Pucynok 1

CrnosxeHre M BBIYUTAaHHE KOMILJIEKCHBIX YHMCEJ MOKHO BBIMIOJIHUTH MO MPaBWIly MapajjiesiorpaMma
(MpaBUJIO CIOKEHUS U BBIUUTAHUS BEKTOPOB), KOTOPOE 3aKIIOYAaeTCs B CIEAYIOUIEM: HYXKHO
MIOCTPOUTH TMapajljieIorpaMM Ha BEKTOpaX, MOJYYEHHBIX MPU T€OMETPUYECKOM MPEICTaBICHUU
9TUX 4ucen. Pe3ynbraTy cymMMupoBaHHs OyleT COOTBETCTBOBATH BEKTOP-AHWAroHajib 3TOTO

Z Z
ImapajjieiorpaMmma. HpI/I BBITIOJTHCHUU BBIYUTAHUA HY)XHO YUUTBIBATh, YTO PA3HOCTDb 1I/I 2 6YIICT

- Z _ _ _
COOTBETCTBOBATh CyMMe€ 2 U 2. Te 417 2, =1 +ﬂ ZZH

[Ipumep 4. JlaHbl 1Ba KOMIUIEKCHBIX YHCIIA! z1=1-3l u 2 =2- 3l :
N300pa3uTh NX Ha KOMIUIEKCHOH MJIOCKOCTH M PE3yJIbTaThl UX CIOXKCHHS U
BbIuuTaHu (puc. 2).

Pewienue.

7, +2, =.1+5il +.2- 3ii =3+2i
z,- 22 =.1+50 +- 2+3i =-1+8i
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1+5i

-2+3i

X

Pucynok 2
JnHa r BEKTOpa, COOTBETCTBYIOIIETO KOMIUIEKCHOMY YHCITY Z  jaswiBaercs MOyJIeM
Z Z
KOMIIIEKCHOTO 4ncia & u o003HavaeTcs :
Yron <p, 00pa3oBaHHBIA PAANyC-BEKTOPOM C TOJOKHTEIBHBIM HANpaBICHHEM  OCH ox,

HA3bIBAETCS ApryMEHTOM KOMITJIEKCHOTO YHUCIIa Z y o6o3nauaercs g (puc. 3).

N

-
0 x = Rel(z) x

Pucynok 3

PaCCManI/IBaH Ha puc. 3 BBIHCHCHHLIﬁ HpﬂMOYFOHLHLIﬁ TPEYTOJIbHUK, ITOJIYy4Ya€M COOTHOIICHUA:
r=lz] =x% +y?

X .
cosp = sing =’ tgep =
r.

= <-

y
7 )

X=r0 cos¢ y=rO sing x=y/tgp .y =x0O tg¢o
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7| argz

[Ipumep 5: 3amaH0 KOMIUIEKCHOE YHCIO £ =1- | Haiiru
Pemrenue.
z=1- i,3Han/1T, x =1, y=_1; m
2] =y/x2 +y2 =417 +[- 1° =2
x 1 7
COSp =_ =___ |
r 2 u _ 0 1 x
) y 1 1 —9¢= A 45 O -TT/4 | >
S”’](p =7 =- _I |
. I
r 2l | PANG
) _ 1 _____
u
arg Z = =- _ PucyHok 4
OTBeT:|Z| =\/§; 4 (puc. 4)

3. TpuronoMmerpudeckas (pOpMaAKOMILIIEKCHOI0 YHCJIA

Z=X+Yix vy

3ameHuB B anreOpamdeckod (opme 3amMcu KOMIUIEKCHOTO YHCIIa

= =rQd sin

COOTHOILICHUAIMHU X r Ds y <p y IMOJIYyYUM:

z=x+yi=rO cosg +rO singO i=ricose +i0 sing| e
TPUTOHOMETPUYECKYIO

(bOpMy 3aIIMCl KOMIIJICKCHOI'O 4YHMCJia.

Tpuronomerpuueckasi popma: Z = rﬂ Cosy +1 L sin (pﬂ

z=43+i

[Ipumep 6. [lepeBecTr B TPUTOHOMETPUUYECKYIO POPMY KOMILIEKCHOE YHCIIO
Pemenue.

Z= 3+i,3Han/IT, X =3, y=1;

2] =[x + y? =D\/ﬂ\/§:2 11 =43+1 =44 =2
. ,

oS \/l u ;

:2D|—></J= - 30
sin<p=i=£| 6
r 2 1

Taxkum O6pa3OM, TpI/IFOHOMeTpI/Iq?CKaH @OpMa ,I[aHHOr(lLKfMHHeKCHOrO qucjia UMECT BU.
z =rlcose +i0 sing] TZ cos— +iO Isin—

16 6),
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[ [

u . . u

z :Zlcos— +10 sml—
OTBeT. O 6 6 )

Ipumep 7. TlepeBectn B anreOpandeckyrd (OpMy KOMIUICKCHOE 4YHCIIO, 3aJaHHOE B

puronomerpuucckoii popme Z =10. cos150° +i0 sin150°. _

Pemenue.

0 1 @ =150° _Su
z=10cos150 +iOD«d =10 6
x =r0 cosg =10 =10 E £D| =-35.[3

5 I 21
. I ) ,
¥~rd sinp =10@ =10 5
U 0- —
6 2

Takum oOpaszom, anredpandeckas Gpopma JaHHOTO KOMIIJIEKCHOTO YHCIIa UMEET BU/I:

Z=xX+Yyi =-5\/§+5i_
Otser. £ :_5\/§+5i.

JlelicTBUSI HAJI KOMILJIEKCHBIMHU YMCJIAMH, 32IaHHBIMH BTPUTOHOMETPHYEeCKOM
dopme

Vamonenme 4 0 22 =6 00 r,lcoslp, +¢,. +i0 sinlp, +@,.!

A ="cosp -l +i0 sinlg - ¢ |
1 2 1 2

Jlenenune N

2" =rhlcosng +i O dm

Bo3Benenne B cTeneHn (¢popmyna Myaspa)
+2uk . @+
='1/LH cos = +in Slng)—ﬂ:J k=0,1,2.,n-1
Yz ! |
U3Bjedenne KOPHs [ n n |

4. Iloka3zaTenbHasi OPMAKOMILIEKCHOTO YHCJIA

B 1740 romy Jleonapn Oiinep omyOnukoBan — (opMyily, CBSI3bIBAIOLIYIO KOMIUIEKCHYIO
HKCTMIOHEHTY C TPUTOHOMETPHUUECKUMH (PYHKIHSIMHU:

e'? =cosp +ising

— opmyra Dunepa.
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Takum oOpa3om, eciay KOMIUIEKCHOE YHCIIO 3aJaHO B TPUTOHOMETpPHYECKOW (opme

z =r COSQ +1 O sin QDH , TO Ha OCHOBaHMH (POopMyJbl Difsiepa, BHIPAKEHHE B CKOOKaX MIKHO

3aMEHUTh Ha TIOKa3aTeIbHOE BhIpaKeHne. B pe3ynapTare moiaydnM nokasaTeiabHylo Gopmy

KOMIIJIEKCHOTO YUCIIA:
— 10)
IMoka3zareabHast popma: Z=r I:I €

4.1. leficTBMSI HAJl KOMILIEKCHBIMH YHCJIaAMM, 32IJAaHHBIMY B NOKAa3aTeJIbHOM

_ popme.
Myers 21 =T e"”; z, =r, 0 e*
ooz 0 =r,00 e"
2 I
4 :r_lei:gal-(pz:
Henenne L1

D ‘Zn :rn D ein<p

Bo3Benenue B creneHn

igg+2uk
D\/E :Wlile” K =0,1,2,.,n-1

H3BJIeYeHne KOPHSI

yA VA
[pumep 8. [lansl 1Ba KOMIUIEKCHBIX Ykciaa L H 2.

 —dleosts0’ + i 0 5@ ] —L1 05900 im0 sin90®,
1 =4 I 2

z, D7

Pesynbrar 3anucats B anrebpanyueckoit popme.

y z, 12 . .
[IpousBectn aeicTBUs 172 B TPUrOHOMETPHYECKON W IOKA3aTeJbHOU (POpME.

Pemenue.

=4, r, =%, ¢ =150°, ¢, =90°.

W3 3anucu dncen uMeeM:

TDI/IFOHOMCTDI/ILIGCKaH (bODMaZ -

200 7 =r ¥ +g . +i0a+p [=4 Llcosl1500 +900] +i T sinl150° +90°]] =
.COS.@ Ey

1 2 1 2 1 2 1 2 2

[EN

0
0 0 .
=2lcos240 +iO sh® ﬂ:2||' Eﬂé-
l
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T N 1 .
2 =20c0sg -] +iD@ -@, =4:7.c0s150% 900l +im qur ]l -

Z2 r-2 2
1 )
~8.cos60° +i0 6 | :8q|—+ﬁ'qI =4+4 [3j,
12 2 ok
asarenpHas (dopma:
o :1eiEI 90°
Zl :4e||:| 1501 E
i l H (0] H (0]
z, k=r,0 0O e*¥ =4 _O ™" =224 =
r, . 2
1 1 [
2lc0s240° +i0 sin2 | =2F|' — +il - V3 pl=-1- 3i.
2 2
[ J)
Zi _ O igigs a1 ils0000 _guie _ 0 L ; in60% =
— =—8 =4:—¢ =8e"™ =8.cos60” +1 0 sin60°l =
z, T, 2
01 [
=8H\§+§iﬁ =4 + 4./3i.

i:4+4J§i.
z,0 z, & «/§i, z

OTtBeT. 2

Kak BuaHO u3 mpuMepoB, NoOKa3aTejdbHas ¢opMa ynpouaer 3alUcChb BbIYMCJIEHHI, U
oopMiIeHHEe pelieHNs esiaeT 00Jiee KOMIIAKTHBIM.

110
Hpumep 9. BrruuciauTsb \/E - \/EI[ .

Pemenue.
3anuiieM JaHHOE KOMILJIEKCHOE YHCIIO B MIOKa3aTeNbHOU opMe:

z=v2-2i spauur, X :\/E’ y :_ﬁ;
2| =yx* +y =\/[«/E[2 f- V2P =V2v2 =42 =2,

_ u
_—_=_450
4

tgp =Y V2 =-1 — ¢ =arctg(-1)

x 2

Takum O6p2130M, IokxKasaTcjibHas Q)opMa JAaHHOI'O KOMIIJICKCHOI'O 4rcCJjia UMCCT BU/I:

Qoul
I|- |

z=re? =2e" %
Z10

Brraucimm : D ;

i-—0 10
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X+ly

[lepeBeneM noay4eHHBINA PE3YALTAT B AlIreOpandeckyto Gopmy
1 Bl 1 “ul I ull

2 - . .
10246°1 ) ~1024)cosp- B ' 5 ) =10240+i0 [ 1] =- 10241,
o | 2 2" = 10041

4 -
Ipumep 10. HaiiTi Bce KOpHHU ypaBHEHUS - 16 =0 .

Pemenue.

— i0° =00
3anumiem ynciio 16 B mokasaTelIbHOM q)opMe:16 =16¢' re. ¥ =16 ¢ =0 .
Torna
L@ +2uk

z=0re n k=012 .. n-1
. 0+2uk

z =416 =416 o k =0,1, 2,3
Hpnk =0.

.0
z, =Afl6e 4 =4e® =2lcos0+i0 sin0 =2/1+i0 0l =2
HpI/Ik =1.

0+ 2u U I u ull
Z, —4M16e * =2e2 =2|cOS —+ | —I =210+i0 1 =2i

2o 2)

HpI/Ik =2

- 0+4u
z, =416e 4 =2e" =2lcosu +i0 sinul2 1+i0 0l =-2
k =3
pu .

II
0+6u 3u 0 3 3u [
z, =416e * =2e? =21C0S— ppi —|=20+i0 -1 =-2i
I 2 2 |
OrtBerT. 2, :2, Z, :2i, Z3 =-2 Zy :_Zi.
BeiBoOx:

* Auredpamnueckasi Gopma ynoOHa pu CIOKEHUH U BLIYUTAHUH,
* Iloka3zarenbnas Qopma ynoOHa TpuU YMHOXKEHHH, AEJICHUHU, BO3BEJICHUN B CTENEHb,
U3BJICYCHUH KOPHS,

* Tpuronomerpuueckasi dbopMa cayXKUT A IepeBoja MoKa3aTeabHOW (opMbl B
AIreOpandecKyo.
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5. 3axaum I CAaMOCTOSAATEIbHOTO pelleHus!
1. Pemuuts ypaBHEHHUE:

)y X2 +4x+29=0 ) X?>+36=0

3 X?-13x+48=0 s X2 +6x+18=0

5 X2 +4=0 5 X>+7x+20=0
27 X2 +7=0 g X +8=0

9 X?-2x+10 =0 100 X~ 2x+11=0

Z
2. JaHbI JBA KOMIUIEKCHBIX UUclIa 1u 2.

2,+2, 1,-2, 4 z, 1 z,
Haiitu !
0z
1) z, =2- 8i 2) z,=1-2i 3) Z, =2- |
 =3-2i 2 =1+2i  =2i-3
4) Z, =4 +5i 5) z,=3 6) z, =3- 4i
2 =6- 9i 2 =1-3i Z =3+ 4i
7) z,=3 - bi 8) z,=4 9) z, =-2i
Z, =2i- 4 z, =2i Z, =1-1
3. BEBIIOJIHUTE AeCTBUS: _ _ _
1) 3-2i g l4+illz-2 5 [2+3illL+il
4. BBIYUCIIUTE:
) ] ] - 37 ] ] . ]
1) I16 2) I11 3) I22 4)' 5) I14 6) I24 7) |34 8) |35
9 2+ 2 30 i +&1f 10) i° +720 +§%0 4§36 4>
O §-
P42l 137 _ 42 +55 £ 42 i71 108
gy 1 - 4Pt - 17 + 3 1+ 2 30 17 +50 1
 {-
2 _ 3j 1+t

5+1 388



13) j23
14)
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5. N300pa3ute Ha KOMIUIEKCHON TNIOCKOCTH YHCIia
1) z =3+ 2i 2)z2=-4+3i 3)z=2 4) Z =-6i

;o E| o argz
6. 3amano komriuiekcHoe yucio & . Haiitu u )

1)2:1+i 2) Z:2i 3)Z:-2 4)Z=—\/§+i

7. IlepeBecTr B TPUTOHOMETPUYECKYIO U B IMOKA3aTENbHYIO (POPMY KOMIUIEKCHOE YHCIIO

1)Z:l—i 2) Z2=V3+i g3 z2=5 ) Z=-4i
5)Z=-1+i\/§ 6)Z=5-5i

8. IlepeBectu B anreOpandecKyio GopMy KOMIUIEKCHOE YUCIIO

7 =10,c0s150° +i O sin150°]

9. Jlanbl 1Ba KOMILJICKCHBIX YHCIIa Zy 51 Z . Haiitit ZDl Zy / Z;
£
+i0 sin & z 21100590°+iD sin 90°,
) 22 =4c0s150° y 7 2

[

10. BeImoytHUTH IEHCTBUS U PE3YNIBTAT MPEACTABUTH B alreOpandeckoit popme:

6.c0s19° +i 00 sin19° 00 8.cos310 +i 1% c0s40° +i00 sin40°.

.0 .
1) 24
1/2.c0s210° +i O sind1 2.cos72° +i0 sin72°. 0 3.cos28%4
2 4/cos150° +iO sin150° 3 O sin28°.0.3.c0s160° +i
H O sin160°.
y ul L
O.ZICOS‘ +iO o | i15° i30° i86° i 26°
4) 0 4 4] 5) 10e 0O& 6) 27e :18e
7 10+101° g [2:c0360°+iEI siné]6 9):0031200+iI:| §in120°,”
31 +iJ§n” 1-il°
- 10 A A
2e ¢
6 I
1 -1+i /3 1° 1.1
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i 2

11. IlpoBeputh paBEeHCTBO

3271

12. BpIyucnuTh Bce 3HAUECHUS KOPHS U TIOCTPOUTH UX T€OMETPUUECKUE N300PaKCHHUS.

391



13. Haiitu Bce KOpHU ypaBHEHHUS M IOCTPOUTH UX T€OMETPHUECKHE NU300paKEeHUSI.

p 7-16=0. 5 7*-81=0
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	(ln∣sin x∣)
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