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OraBJjieHune

BBenenue

Tema 1.BBenenne.maremMaTiKa B HAyKe U MPAKTUUECKOU EATENbOCTHU.IIENH U 33]]a4l U3YUECHUS
MareMaTukM B yupexaeHusax CIIO.

Tema 2. Pa3zBurre noHATHA O YHUCIIE.

Tema 1.1. llenbie u panlioOHATBHBIC YUCIIA.

Tema 1.2. JletictButenbHble yncia.JleicTBHUS Haa AeHCTBUTEILHBIMHM YUCIAMHU.

Tema 1.3. [IpuGmmwkennpie 3HaueHus. [lorpemHOCTH TPUOIMIKEHHBIX BBIUMCICHUHN. JlecTBuUs
Hazg HpI/IGHI/I)KGHHLIMI/I qucJIaMHu.

Tema 1.4. KommnekcHble yucna. Anredpandeckas (¢opma KOMIUIEKCHOro uucna JlefictBus c
KOMIUIEKCHBIMU YHCIaMHU

Tema 3. OCHOBBI TPUTOHOMETPHH.

Tema 3.1. Pannannas mepa yria. BpamarenbHoe 1BHKEHHE.

Tema 3.2. OnpeneneHue CUHyca, KOCUHYyCa, TAHT€HCA U KOTaHI€Hca yIja.

Tema 3.3. OCHOBHbIE TPUTOHOMETPUUECKHE TOXKAECTBA. DOPMYIIBI CII0KEHUS.

Tema 3.4. CuHyc, KOCUHYC ¥ TAHT€HC JIBOMHOTO U MOJIOBUHHOIO yTJIOB, (DOPMYJIbl IPUBEICHUSI.

Tema 3.5. Tpuronomerpuyeckue PyHKIUHU, MX TpaQUKH U CBOWCTBA

Tema 3.6. OOpaTHble TPUTOHOMETpUYECKHE (QYHKIINHU, UX CBOMCTBA U rpaUKH.

Tema 3.7. TpuroHoMeTpu4eCKrUE ypaBHEHUSI.

Tema 3.8. Tpuronomerpudeckas (opmMa KOMILIEKCHOTO uucia. [[eHCTBUS C KOMIUIEKCHBIMU
YHCIIAaMH B TPUTOHOMETPUIECKON opme.

Tema 4. Kophu, crenenu.

Tema 4.1. CteneHb ¢ pallMOHAIBHBIM U ACHCTBUTEIBHBIM IMOKA3aTEIISIMU.

Tema 4.2. ApudmeTndeckuii KOpeHb HATYPaTbHOM CTETICHH.

Tema 4.3. Pemienre uppalliOHAJIbHBIX YPAaBHEHUH U HEPABEHCTB.

Tema 5. llokazarenbHas u norapudmuueckas GpyHKIUN

Tema 5.1.I1okazarenbHas ¢pynkuus.Ee cBoiicTa u rpaduk

Tema 5.2. Jlorapumsi.

Tema 5.3. Jlorapudpmudeckas QyHKIHS

Tema 5.4.Penienne noka3aTenbHbIX U JIOrapu(MUYECKUX YPAaBHEHUH, CUCTEM YpaBHEHUN

Tema 5.5.Pemenne nokazaTeabHbIX U JOTapU(MHUUECKIX HEPABEHCTB.

Tema 6. IIpousBoanas.

Tema 6.1. dyHKuMU, UX CBOMCTBA U TpaduKu (TOBTOPEHHE).

Tema 6.2. IlocnenosarensHoctu. [Ipenen mocienoBaTebHOCTH, Mpeen (yHKIMNA

Tema 6.3. TlpousBoiHasA, €ETEOMETPUUECKUI U (PU3UUECKHUIT CMBICIT.

Tema 6.4. IlpumeHeHNE TPOU3BOAHON K HCCIIEIOBAHUIO (DYHKIINH.

Tema 6.5. Bropas mpon3BoHas, €€ TEOMETPUISCKUNA U (PU3NIECKHUIA CMBICTT.

Tema 7. IIpssMble U INIOCKOCTH B IIPOCTPAHCTBE.

Tema 7.1. AKCHOMBI CTEpEOMETPUH U IPOCTEUIIINE CIIEACTBUS U3 HUX.

Tema 7.2. IlapannenbHOCTh NPSIMOM U MJIOCKOCTH, MAPAJIENbHOCTh MNIOCKOCTEN.

[MapannenbHOE MPOESKTUPOBAHKE U €TO CBOMCTBA. M300paskeHne MpOCTPaHCTBEHHBIX (HUTYp Ha
IUIOCKOCTH (JIOTIOJIHUTEIIbHBII MaTepua)

Tema 7.3. TleprieHIUKYISIPHOCTH MPSIMON U TIJIOCKOCTH.




Tema 7.4. lleprieHIUKYJIp U HAKJIOHHAS.

Tema 7.5. Yron Mexy psAMOM U MIOCKOCThI0. OpTOroHaJIbHOE MPOEKTUPOBAHUE.

Tema 7.6. IByrpanHblii yroj. YTroJl MeXay IIIOCKOCTIMU. [leprneHaAnKyIspHOCTh MITOCKOCTEH.

Paznen 8. KoopauHaThl 1 BEKTOPHI.

Tema 8.1. Bextopsl. JleiicTBust Hax BekTopamu. basuc Ha miockocTH. [IpsimoyronbHas cuctema
KOOpJMHAT.

Tema 8.2. PaccTosiHME MEX1Yy TOUKAMHU.

Tema 8.3. JIuneiiHble onepanuy HaJl BEKTOPAMHU.

Paznen 9. MHororpanHukH.

Tema 9.1. MHororpanHuku. [IpaBunbHbIE MHOTOIPaHHUKHU U UX CBOMCTBA.

Tema 9.2. Ilpusma u ee CBOMCTBA.

Tema 9.3. Ilapannenenumnen U ee CBOMCTBA.

Tema 9.4. Ilupamupa. IIpaBuiibHasg nupamuzaa. Y ceueHHas nupamuaa. Tetpasap.

Tema 9.5. Ceuenus xKy0a, MpU3MBbI U TUPAMUJIBI.

Tema 9.6. IlpaBuiabHbIE MHOTOTPAHHUKH.

Tewma 10. Tena BpaieHuss ¥ TOBEPXHOCTH TEJI BpaIICHUS.

Tema 10.1. lnnuaap, KOHYC U KX CBOMCTBA.

Tema 10.2. lllap u cdhepa, nx ceuenus. KacarenbHas miIockocTh K cdepe.

Tema 11.25neMeHTbI KOMOMHATOPHUKH.

Tema 11.1. OcHOBHBIE TOHATUS KOMOMHATOPUKHU

Tema 11.2. ®opmyna Ounoma HpioTona. CBoiicTBa OWHOMHANBHBIX KO3 (UIMEHTOB.
Tpeyronpuuk [lackans

Tema 12. [lepBooOpa3Has u uHTETrpa

Tema 12.1.

Tema 12.2.

Tewma 13. 3mepeHus: B TeOMETpUH.

Tema 13.1. O6bem u ero uzmepenue. Unterpanbaas popmyia oobema.

ITonobue duryp

Temal4.OneMeHThl TEOpUN BEPOATHOCTEN U MAaTEMATHUECKON CTATUCTUKHU (TIPOJOKEHNUE)

Tema 14.1. luckpeTHast cinyyaiiHas BeJIMUMHA U €€ XapaKTEPUCTUKH

Tewma 14.2. TlpencraBnenue qaHHBIX (TaOIUIIBI, TUATPAMMBI, TPAPUKH )

YpaBHEHUS 1 HEPABEHCTBA

Criucok aurepartypsl




BBenenue

OgnazieHre MpakTUIECKH JII000H COBPEMEHHOM mpodeccueid TpedyeT onpeaeIeHHbIX
MaTreMaThuyecKkux 3HaHui. [IpencraBienue o poiar MaTeMaTUKU B COBPEMEHHOM MHUPE,
MaTeMaTHYECKHUE 3HaHUS CTaIU HEOOXOJUMBbIM KOMIIOHEHTOM O0IIeH KylIbTypbl. J{i1s
camopeanu3alyu, BO3MOXXKHOCTH YCIEIIHOMN IeATeIbHOCTH B MHPOPMAIMOHHOM MHpE TpedyeTcs
IpoYHasi MaTeMaTH4YeCcKas MOAroToBKa. MaremaTrueckoe o0pa3oBaHUe BKIIOYAET B ceOsl OBIIA/ICHUE
CHUCTEMOM MaTEeMaTUYECKUX 3HAHWI, YMEHUN U HABBIKOB, JAIOIIMX NPEICTABICHUE O IPEIMETE
MaTEMaTHKH, O MaTEMAaTUYECKON CUMBOJIMKE, CTIEUATbHBIX MATEMAaTHYECKUX ITPHUEMAX, METOAAX
MBIILICHHUS.

VYueOHbIl MaTepuas 4YE€TKO JO3UPOBAH MO OJHOMY WM HECKOJIBKMM 3aHATHSIM. Takoe
MOCTPOCHHE TOMOTaeT CTyJACHTaM H3y4yaTh MHOTHE BOIPOCHI CaMOCTOSTEIbHO, OCOOEHHO €cld
CTYACHTOM TMPOMYIICHO KaK0e-IN00 KOHKPETHOE 3aHITHE MU TeMa.

Koncnekr nexmnuii comep XUt HeoOXOUMBIN MaTepual Mo BCEM pasziesiaM Kypca
MaTeMaTHKu: Pa3Butne nousTust o uucie; OCHOBBI TpUroHOMeTpuu; KopHH, CTeTIeH! u JToTapu(MBbI;
OyHKIMH, UX CBOMCTBA U rpaduku; CTeneHHble, IoKa3aTelbHbIe, JorapudMuieckue u
TpuroHoMerpuueckue GyHkuu; Hadano MaTemMaTHueckoro aHainsa; Y paBHEHUS 1 HEPaBEHCTBA;
[IpsmbIe 1 IIOCKOCTH B pocTpaHcTBe; KoopauHaTel 1 BEKTOPbI; MHOTOTpaHHUKH;, DJIE€MEHTBI
TEOPUU BEPOSTHOCTU U MATEMATHYECKON CTATUCTUKHU, KOTOPhIE OOBIYHO U3YYAIOTCS CTYJCHTAMH Ha
NIEPBOM Kypce.

W3noxxeHne TEOPETHUYECKOro MaTepuana 10 HEKOTOPHIM TEMaM  COIIPOBOXAAETCS
paccMOTpPEHHEM NPHUMEPOB M 3a4ad, BEIAETCS Ha JOCTYITHOM, IO BO3MOYKHOCTH CTPOTOM SI3BIKE.
[Tocobue momMokeT cTyaeHTaM OCBOUTh | Kypc MaTeMaTUKH, MOJATOTOBUTHCS K clade 3a4eToB U
9K3aMEHOB 10 MATEMAaTUYECKUM JTUCLHUTIIINHAM.



Mamemamuka ¢ HayKe, RPAKMUYECKOU OeAmMeIbHOCHU.

MaremaTuka — HayKa O KOJIMYCCTBCHHBIX OTHOMICHUAX U ITPOCTPAHCTBCHHBIX (bOpMaX
JIEUCTBUTEIIBHOTO MHUPA.

Posp MaTeMaTHKK B COBPEMEHHOU HayKe TTOCTOSTHHO BO3pacTaeT. ITO CBSI3aHHO C TeM, 4TO Oe3
pa3paboOTKU U UCTIOIb30BaHUS MAaTEMAaTHYECKUX HAayK ObUIO Obl, HAIPUMEP, HEBO3MOKHO HH OCBOCHHE
KOCMOCa, HU CO3JAHUC DJICKTPOHHO-BBIYHUCIIUTCIIBHBIX MAalllMH, HAICAINX ITIPUMCHCHHUEC B CAMBIX
Pa3IUYHBIX 00JIACTIX YeIOBEUECKON AeSITENbHOCTH.

MaremMaTHKa npecTaBisieT co0oil OCHOBY (pyHIaMEHTaIbHBIX UCCIIEAOBAHHUIA B €CTECTBEHHBIX
¥ TYMaHUTApHBIX HayKax. MareMaTuyeckue uJieu 1 METO/Ibl MPOHUKAIOT B YIIPaBJIeHHE BECbMa
CJIO)KHBIMHU ¥ OOJIBIIIMMU CUCTEMAaMHU PAa3HOM MPHUPOJIBL: MOJIETAMU KOCMUYECKHX KopalJeid,
OTpacJISIMH MTPOMBIIIJIEHHOCTH, pab0TOM OOIIMPHBIX TPAHCIIOPTHBIX CUCTEM U IPYTHX BUIOB
ACATCIIBHOCTH. B MaTremaTnke BO3HUKAIOT HOBEIC TCOPHHU B OTBCT HA 3aIIPOCHI IPAKTUKHU U
BHYTPEHHETO pa3BUTHs caMOi MaTeMaTuku. [IpunoskeHus pa3nuyHbIX o0nacTeid MaTeMaTHKH CTalIu
HEOTHEMJIEMOM YaCThIO HAyKH, B TOM YHCIE: PUBUKH, XUMHH, T€OJIOTHH, OMOJIOTUHU, METUIIUHBI,
JIMHTBUCTUKH, SKOHOMUKH, COIIOJIOTHH U JIp.

MareMartuka Urpaer BaKHYIO POJIb B €CTECTBEHHOHAYYHBIX, HHKCHEPHO-TEXHUYECKUX U
TYMaHUTapHbBIX UcciaenoBaHusx. OHa cTana A MHOTUX OTpacieil 3HaHU He TOJIBKO OpyJIueM
KOJIMYECTBEHHOTO pacyera, HO TAK)Ke METOJ0M TOYHOTO UCCIIEIOBAHUS M CPEJCTBOM IPEIEIBHO
4eTKON (hOPMYJIUPOBKH MOHATUN U TTpoOseM. be3 COBpeMEeHHON MaTeMaTHKH C €€ Pa3BUTHIM
JIOTUYCCKHUM U BBIYUCIIMTCIIBHBIM allllapaToOM GBIH 61:1 HCBO3MOXKCH NPOTPCCC B paA3JINIHBIX 06HaCT$IX
YeJI0BEYECKOU e TEIbHOCTH.

MaremaTuka SBiISeTCSI HE TOJIBLKO MOIIIHBIM CPCACTBOM PCHICHUSA NPUKIIAAHBIX 3a1a4 U
YHHUBEPCAJIbHBIM S3bIKOM HaYKH, HO TaK)K€ U 3JIEMEHTOM 0011eil KynbTyphl. JleicTBUTEIBHO,
MaTeMaTHKa MMPOHUKAET BO BCE C(hephl UEIOBEUECKOM NesITebHOCTH. TpyIHO Ha3BaTh XOTs Obl OAUH
paszen HayKy WM KaKyro-Tn00 nmpodeccuoHaabHy0 00IacTh, T/Ie He TPUCYTCTBOBAJIa ObI MaTeMaTHKa
win € MeToJIbl. [loaToMy HE00OX0IUMOCTh MATEMATHYECKOTO O0PAa30BaHMS ISl YCIIEIITHOTO
(bopMUPOBaHUS TUYHOCTU HE BHI3BIBAET COMHEHUH.

1. Ienu u 3a0auu uzyuenus mamemamuru 6 yUpercOeHuUIxX cpeonezo npogheccuonanbHo2o
oobpazosanusn:

» (opMupoBaHKE MPEICTABICHUN O MATEMATUKE KaK YHUBEPCAIBHOM SI3bIKE HAYKH, CPEICTBE
MOJIETTUPOBAHUS SIBJICHUI U IPOLECCOB, 00 UAESIX U METOJaX MaTeMaTHKHU;

» pa3BUTHE JIOTMYECKOTO MBIILICHHS, IPOCTPAHCTBEHHOTO BOOOPAKEHUS, aITOPUTMUIECCKON
KyJIbTYPbl, KPHTHYHOCTH MBIIUICHHUS HA YPOBHE, HEOOXOIMMOM IS Oy ayIiei
npodecCHoHaNbHOM NeATENbHOCTH, JUISI IPOIOJKEHHS 00pa30BaHUs U CaMO0OOpa30BaHUs;

» OBJIQJICHHE MAaTEMAaTHYCCKUMHU 3HAHUSIMHU U YMECHUSIMH, HEOOXOAMMBIMU B TIOBCETHEBHOM JKU3HH,
JUTSL U3YUYEHHS] CMEKHBIX €CTECTBEHHOHAYYHBIX JUCLUHUIUINH Ha 6a30BOM YPOBHE M TUCIUILINH
MpoeCCUOHAIBHOTO UK, JIJIS TOJTyYeHHsI 00pa30BaHusl B 001aCTIX, HE TPEOYIOMNX
yrIIyOJIEHHOW MaTeMaTHYeCKOW MOATOTOBKH;

» BOCITUTaHUE CPEACTBAMH MAaTEMATUKU KYJIBTYpPHI JINYHOCTH, IOHUMAHUS 3HAYMMOCTH
MaTE€MAaTHUKU JJI1 HAYYHO-TEXHUYECKOT O IPOrpecca, OTHOIIECHHS K MaTEMATUKE KaK K 4acTH
00111eYeTI0BEUECKON KYJIBTYPhI YEPE3 3HAKOMCTBO C UCTOPUEH pa3BUTHUS MATEMAaTHKU,
3BOJIIOIIMEN MAaTEMATUYECKUX UIEH.



Tema 1. PazBuTHe NOHATHS 0 UM CJIIE
Tema 1.1 Lesabie H panMoHAJbHBIC YHCIA

Onpeodenenue u c80UCMBa HAMYPATLHBIX U YeablX ducel. PayuonanrbHvle yucia u e2o
ceolicmaa.

Ymemos: BRINOMHATH apu(METHUESCKUE ACHCTBUS HAJ YUCIIAMU, PEIIaTh 3ada9H.
3Hamb.' onpez[eneHI/Ie nu CBOfICTBa HaTypaanHx U OCJIbIX YHUCCII, paLII/IOHaJIBHBIe quciia 1 uxX
CBOMCTBA.

Onpenenenune. Hamypanvusie yucna — 371o uncina Buga N={1, 2, 3, ...,}. HarypanbHbie uucma
IIOSABUIINCH B CBA3HU C HGOGXOIII/IMOCTBIO noacycTa npeamMeEToOB.
Onpenenenne. HatypanbHble yucia, 4yuciia, MPOTUBOMOJIOXKHBIE HAaTypajbHBIM, U HYJb

COCTaBJISIIOT MHOMCecmeo 7. uejolx yucei.

Ceoiicmea HamypanpHbIX U YeIbIX YUCET:

1) a+b=>b+a - nepeMeCTUTEIBHBINA 3aKOH CJIIOKEHUS;

2) a+(b+c)=(a+b)+c - couerarenbHbIN 3aKOH CIIOKCHUS;

3) a*b=>b*a -mnepeMeCTUTEIbHBINA 3aKOH YMHOKEHUS,

4) a*(b*c)=(a*b)*c - coueTaTeNbHBIA 3aKOH YMHOXEHUS,

5) a*(b+c)=ab+ac - pacupenenuTeNbHBIN 3aKOH YMHOKEHUS OTHOCUTEIIEHO CIIOKEHUS.

m
Onpenenenne. PaI,(MOHaJleble yuciaa — 5TO 4ucia, MpeaACTaBUMBbIC B BUIC ,Z[pO6I/I —,rac m-
n

oejo€ 4ucio, a n- HATypaJlbHOC YHUCIIO. I[J'IH 0003HaUYCHHS palOHAJIBHBIX YHCCII HCIIOJIB3YCETCSA

JJaTHHCKas 6y1(Ba Q . Bce HAaTYpPaJIbHBIC U LECJIbIC YUCJIa — PALIMOHAJILHBIC.
I 2 11
HpI/IMepH pallnOHAJIBHBIX YHUCECIL: 5; —, ——

77 37

Cesoiicmea payuonanpHsIx uuce.
1) a+b=b+a;

2) a+(b+c)=(a+b)+c;

3) a+0=gq;

4) a+(-a)=0;

5) a*b=b*a,

6) a*(b*c)=(a*b)*c;

7) a*(b+c)=ab+ac;

8) a*l=aq;

9) a*lzlg rae a # 0;

a
10) a*0=0.
Tema 1.2. JlelicTBUTeIbHBIE Uncaa. JlelicTBHSI HAJ JeHCTBUTEIbHBIMH YHCIAMHU.
Onpedenenue oeticmeumentuvix uucen. Uppayuonanvnuvle uucaa.

Ymemps: BeIIOMHAT apuMeTHYECKUE NEUCTBUSL HAJl YHCIAMU, peIaTh 3a1a4H.
3nams: onpeneneHne u CBOMCTBA NEHCTBUTENbHBIX YHUCEN, HPPALMOHAIBHBIX YHCET.

Onpenenenne. Jeiicmeumenvuvie yucna (6euwyecmeennple) — 4icia, KOTOPbIE TPUMEHSIOTCS

JUISET U3MEPEHHsS] HEMpPEpBhIBHBIX BETUYMH. MHOXECTBO JIEHCTBUTENBHBIX YHCed 0003HayaeTcs
JaTUHCKOM OykBOM R . JleHiCTBUTENBbHBIC YUCIIA BKITFOUAIOT B c€0s palliOHAIbHBIC U HPPAITHOHAIBHBIC
6



yucna. HMppayuonanvuvie uucna — 4YNUCIIa, KOTOPBIE IOJIY4YalOTCSd B pe3yJbTaTe BBINOIHEHUS
pa3IMuHBIX ONepaluili ¢ pAalUOHAIBHBIMM YHUCIAMU (H-p, HU3BJIEUEHHE KOPHs, BBIUUCIICHUE
Jorapu¢pmMoB), HO TMpPH 3TOM HE SBISAIOTCS pPALMOHAIBHBIMH. [IpHMepsl HMppalMOHAIBHBIX YHCEI:

V2,435 7.

JIro6oe AeicTBUTETHLHOE YUCIIO MOXKHO OTOOPa3UTh HA YHCIOBOW MPSIMOU.
L 2 r——— L 0 - —>
-3 2 2 -1 -05 0 05 1 v2 2 3 x
Bwvieoo: JIns nepeduClIEHHBIX BBIIE MHOXECTB 4YHMCEN CIPABEIJIMBO  CIEAYIOLIEe

BbICKa3bIBaHUE:
NcZc(QcR,

TO €CTh, MHOXCCTBO HATypaJIbHBIX YHCEJI BXOAHUT BO MHOXXCECTBO ILECJIBIX YHCEII. MHOXecTBO OEJIbIX
YUCCIT BXOAUT BO MHOXKCCTBO pallMOHAJIBHBIX YHUCCIIL. A MHOXeECTBO palluOHAJIBHBIX YHUCCII BXOAUT BO
MHOXECTBO ,HefICTBHTeJIBHI)IX YHCCII.

Mooynb Oeitcmeumensvnozo uwucina x 0003HAYACTCS |x| U OmIpenelsiercs Tak ke, Kak U

MOAYJIb pallUOHAJILHOT'O YHUCJIa:

x, x>0,
x| =
—x,x<0.

Ceoiicmea mooyneii:
D |a|=a*

2) |a|=0=a=0;

3) |d|=0;

4 la=|-d

5) |a-b|=la|-|p]

6) |a|2:a2;

7) gzM,biO;
bl |p

8) |a+b|£|a|+|b;

9) |a—b|>]|a|—|p|

Koumponvnvie éonpocwi

1. Onpenenenue u CBOMCTBA HATYPAJIbHBIX U LEJBIX YHACEIL.
2. ParmonanbHbIe YKCIa U €70 CBOKMCTBA.

3. UppauroHaJIbHbIE YHCIIA.

Tema 1.3. IIpuban:keHHble 3HAYeHNsI. AOCOJIOTHAS U OTHOCUTEIbHAS NMOTPEIHOCTH.

Hpu6]lu3fC€HHbl€ 3HAYEHUA. HoepemHocmb I’lpu6]lu3f€€HMﬂ. Abconomuas u omHocumenvHas
noecpewHocmu npu@zuwcemm U ux eparuybsl. Hucna BEPHbIE, COMHUMEJIbHbLE, CMPO2CO 6€EPHbIE U
3Hauauue.

Ymems: HaXO0AUTh NPUOIM>KEHHBIE 3HAUEHUS BEJIMYMH U [TOTPELIIHOCTEH BBIYUCIICHUH, IPUMEHSTh
NPaKTUYECKHE PUEMbl IPUOIMKEHHBIX BHIYUCICHUH.

3namu: TpUOIV>KEHHBIE 3HAUYEHUS, TOTPELIHOCTD MPUOIMKEHHS, a0COIIOTHASI U OTHOCUTEIIbHAS
HOTPEIIHOCTY NPUOIMKEHUS M UX TPAaHUIIBI, YMCIia BEpHbIC, COMHUTENbHBIE, CTPOT'O BEPHBIEC U
3Hayallue.



1.Ilpubnusicennoe 3nauenue eeauduHsvl. AOCONIOMHAA NOZPEUIHOCHMb RNPUOIUINCEHUS.
I'panuya adconromnuoi nozpewinocmu.

[TycTh pe3ynbTaT u3MepeHus WM BEIYUCICHUS BEIMYUHBI X C HEKOTOPOUW TOYHOCTHIO PaBEeH d .
Torna a Ha3pIBaCTCS NpUbIUNCEHHBIM 3HAYeHUeM (AN npubaudceHuem) BennIuHbl X . [Ipuuem, ecim
a < X,TO a Ha3BIBACTCS NPUOIUNCEHHBIM 3HAYEHUeM ¢ Hedocmamkom (AT NpUOIUdICeHuem CHu3y), a

€ClIh a = X, TO a Ha3bIBACTCS npu6ﬂu9fC€HHblM 3HAYeHUem ¢ U30bImKOM (I/IJIH npu6ﬂuofceHueM C@pry)

BEJIMYUHBI X .
Omnpenesnenne. Pa3HOCTh TOYHOTO W NPUOIMIKEHHOTO 3HAYEHWW BEIIMYMHBI Ha3bIBACTCA
nOCPeUHOCMbIO RPUOTIUNCEHUA.
Tak, ecnmu x- TOYHOE 3HAYCHHUE, «- MNPUOIMKEHHOE 3HAYEHWE, TO PA3HOCTh X—da -
MOTPEIIHOCTh NMpubImkenus. Ecnu ee 0603HaunM yepe3 Ax, TO MOTYYUM
X =a+ Ax,
T.€. ICTUHHOE 3HAYEHUE PABHO CyMMeE PUOIIKEHHOTO 3HAUYCHHUS U TIOTPEITHOCTH MPUOITIKEHUSI.
Mopynbs pa3HOCTH TOYHOTO M MPUOIMKEHHOTO 3HAYCHUN BEIIMUYMHBI HA3BIBACTCS AOCOIIOMHOU
ROCPeUHOCMbIO RPUOTIUNCEHUA.
CnenoBarenbHO, ecnu Ax=Xx—a - TOTPEHIHOCTh NPUOMIDKEHUS, TO |Ax| = |x — a| -

a0COJIIOTHAS TTOTPEIIHOCTh MPUOIMKEHHS.

Bo MHOrux mNpakTHYECKM BaXKHBIX CIIy4asX HEJIb3s HaWTH aOCOJIOTHYIO MOTPEIIHOCTb
OpUOIMKEHUST U3-32 TOTO, YTO HEU3BECTHO TOYHOE 3HAYeHHE BeIMYMHBI. OJHAKO MOXKHO YKa3aTh
HOJIOKHUTEIBHOE YUCIIO, OONBIIE KOTOPOrO 3Ta a0COIIIOTHAS TOTPEITHOCT OBITH HE MOKET.

Onpeaenenue. J[1000e MOJOKUTEIBHOE YUCIO, KOTOPOE OOJbIIE HIM PAaBHO aOCOIIOTHOM
HOTPEIIHOCTH, HAa3bIBACTCS SPAHUUEN ADCONIOMHOU NOZPEUHOCTU.

CrnenoBarenbHO, €CIM X- TOYHOE 3HAUYEHHUE, @ - NPUOJIMKEHHOE 3HAYEHHE, TO Pa3HOCTb
Ax =Xx—a - TOTrpemHOCTh NPUONMKEHUs, TO JII000e 4MCIO /i, YIAOBJIETBOPAIOLIEE HEPABEHCTBY

|Ax| < h, sBISETCS TpaHUIEH aOCONIOTHOW MOTPENTHOCTH. B 3TOM cilyyae roBOpST, YTO BEIMYMHA

X IPUOJIMKEHHO C TOYHOCTHIO 10 /1 paBHA @, ¥ MHIILYT

X & a € TOYHOCTBIO 10 A

wimi x=ath 3amucr x=a*h o3HAYaeT, YTO HUCTHUHHOC 3HAYCHHC BCIIMYUHEI X
3aKJTFOYEHO MEXKy TpaHUlaMu @ —hu a+ h, T. e.

a—-h<x<a+h.

Ecimu wm3BecTHO, YTO @ SBISICTCS TPHOIMOKEHHBIM 3HAYEHUEM BEIUYHHBI X, W TpeOyercs
OTIPENICTTUTh TPAHMITY a0CONIOTHOW TMOTPEITHOCTH STOTO MPHUOMKEHHOTO 3HAYEHUs, TO JTY 3aJady
00bI9HO popMynupPYyIOT Tak: «OnpeaenuTs (HaiTH) TOYHOCTh TPUOITMKEHHOTO PABEHCTBA X = d ».

2.0mnocumenshnan nozpewinocms. I panuya omuocumenvHoil nozpeuiHocmu.

Onpenenenune: OtTHOUmIEHWE AOCOMIOTHOW TMOTPEHTHOCTH MPUOIMKEHHS K  MOIYJIIO
NPUOIMKEHHOTO 3HAYCHUS BETUYUHEI Ha3bIBACTCS OMHOCUMETIbHOU NOZPEUWHOCMbI0 TIPUOIKEHUS.

CrnenoBaTebHO, €CIIM X - TOYHOE 3HAYCHHE, d - MPUOIMKEHHOE 3HAYCHHE, TO OTHOIIICHUE

[Ax| x4

al

SIBJISIETCSL OTHOCUTEIIHOM MOTPEITHOCTHIO TPHOIMKESHUS.

OTHOCHUTENBHYIO OTPEMIHOCTD YAaCTO BBIPAXkAIOT B MPOLICHTAX.

B oramume oT abCOMIOTHONM TOTPEIIHOCTH, KOTOpas 4Yalle BCero OBIBAeT pa3MepHOU
BEIIMYMHOM, OTHOCUTEJIbHAS TIOTPEIITHOCTD SBIISETCS 0€3pa3MepHON BEITMUYUHOM.

Onpenenenune. Jto60e MOJOKHUTEIBHOE YHUCIO, KOTOPOE OOJNbIIE MM PABHO OTHOCHTEIBHOM
MOTPEUTHOCTH, Ha3bIBACTCS SPAHUYEIl OMHOCUMENbHOI NOZPEUIHOCHIU.

CnemoBarenbHO, ecld Ax- TOTPEIIHOCTh MNPUONMKEHHS, TO JO0Oe dYHcio O,
YAOBJIETBOPSIOIIEE HEPABEHCTBY

|

al



SBIISICTCSI TPAHUIIEW OTHOCUTENBHOW MOrpemHocTd. B wacTHOCcTH, ecnu /- rpaHuIa aOCONIOTHOM
MOTPELIHOCTH, TO YHUCIIO

sl
a
SBJISICTCSl TPAHUIIEH OTHOCHUTEIBHOM TMOTPEmHOCTH npubmmxkeHuss a. OTcioma, 3Has TPaHHILY
OTHOCHUTENIbHOM MOTPEIIHOCTH, MOKHO HATH IpaHUIly aOCOMIOTHOM MOTPEITHOCTH:
h=0o- |a|.

3.0Kpyznenue u nozpeutHocms OKpy2ieHus.

Onpenenenne. AOCOMIOTHAs MOTPEUIHOCTb, JOMyCKaeMash NpPH OKPYIJICHHH, Ha3bIBACTCS
OULUOKOU OKPY2IeHUA.

CymiecTByIOT TpU Croco0a OKPYTJICHHSI MOJIOKUTEIBHBIX JECATUYHBIX OpoOei: OKpYyTJIeHUe C
HEJIOCTaTKOM, OKPYTJICHHE C U30BITKOM U OKPYTJICHUE C HAUMEHBIIEH OMUOKON.

Oxpyenenue ¢ Hedocmamkom IO €IUHUI] 10 HEKOTOPOTO paspsiia COCTOUT B OTOpACHIBAHUU
€IMHUI] BCeX MJIAAIMNX pa3psaaoB. [Ipu TakoMm oKkpyriieHHH BCe IUGPHI IECATUYHON APOOH 10 JaHHOTO
pa3psiia BKIIOUUTEIBHO HE MEHAIOTCS, a HU(PBI MIIAAIINX Pa3psAI0B 3aMEHSIOTCs HyIsMu. Hampumep,
ecnmu  x =23,467, TO OKpYIJE€HHS C HEIOCTAaTKOM JO COTBIX, JECATHIX, €IWHUIl, JCCATKOB

COOTBETCTBEHHO PaBHbI
23,46; 23,4; 23;20.
OmmOKH OKPYTIICHHUSI COOTBETCTBEHHO PaBHBI
0,007; 0,067; 0,467; 3,467.
Oxpyenenue ¢ u36bimkom 10 €IWHUI] HEKOTOPOTO pa3psAla OTIMYACTCS OT OKPYIJICHHS C
HEJOCTAaTKOM TE€M, UYTO YKCJIO €ANHUII JAHHOTO pa3psiia yBEINYUBACTCS HA CUHUILY.
Hampumep, ecnmu x = 23,467, T0 OKpyIJieHHE C U30BITKOM JO COTBIX, JECSATHIX, CIUHHUII, JECSITKOB

COOTBETCTBEHHO PaBHBI
23,47; 23,5; 24; 30.
OmunbKyu OKpYIJIEHHUsS] COOTBETCTBEHHO PABHBI
0,003; 0,033; 0,533; 6,533.

CaMbpIM  paclpoOCTpaHEHHBIM  OKpYIJIEHUEM  SIBISIETCS  OKpy2leHue ¢  HaumeHbuiell
nozpeuwtnocmuio. OHO IPOU3BOJUTCS MO CIETYIOIINUM ITPaBUIIaM:

1) EnuHuib Mumaammx pa3psioB OTOpachIBAIOTCS;
2)4KCcIo eAWHUL] JAaHHOTO pa3psa HEe MEHSETCs, €CliU cleayromas udpa TaHHOH 1podu MeHble

5, ¥ yBEJIMYMBAETCS HA €AMHUILLY, €CIIH ciexyromas nudpa 6ombile Wiu paBHa 5.

Hampumep, eciu x =23,467,T0 OKpYyIJIeHHs C HauMEHbIIEH IOIPELIHOCTBIO A0 COTHIX,

JECATHIX, SIUHUI] U JICCITKOB COOTBETCTBEHHO PaBHBI
23.47; 23,5; 23; 20.

OmrOKK OKPYTIICHHSI COOTBETCTBEHHO PaBHBI

0,003; 0,033; 0,467; 3,467.

Koumponvnvie éonpocwi

1. [TpubnxeHHBIC 3HAYCHHUS.

2. IorpemHocTs NpuOIMKEHUS.

3. AGcontoTHast U OTHOCUTENIbHAS MOTPEIIHOCTH MPUOIUKEHHS U UX TPAHULIBI.
4. Yucna BEepHbIE, COMHUTENBHBIE, CTPOIO BEPHBIE U 3HAYALIHE.

Tema 1.4. KoMnjiekcHBIE YACTIA

Onpedeﬂeﬁue KOMNJIEKCHO2O0 HYUcia, norAaAmue paseHcmeda u Oeticmeust CI0HCEHUS. U YMHOJCEHUA
KOMNJIEKCHbLX YUcell, MOOyJZb Uu apcymenn KOMnjieKCHo2o 4uciua.

Ymemuw: BHINOTHATH NEUCTBUS HaJl KOMIUIEKCHBIMU YHCIIaMU a anreOpandeckoi ¢popme
3Hamy: onpeneNeHre KOMIUIEKCHOTO YHCIia, TOHSITHE PABEHCTBA U JCHCTBUS CIIOKEHHUS U YMHOKEHUS
KOMIUIEKCHBIX YHCEIN U JAeNIEHUS] KOMIUIEKCHBIX YHCElL.



Kak n3BecTHO M3 MIKOJIBHOIO Kypca, ypaBHEHHE BUA x> +a=0 ue umeer JeUCTBUTENBHBIX
KOpHEH, HO CYIIECTBYET HEOOXOJUMOCTb PElIaTh ypaBHEHHs TaKoro BUaa. Jiist aToro mpuaymanu Tak
Ha3bIBAEMbIE «KOMILJIEKCHBIE YHCIIAY.

Jlns ompeneneHnss KOMIUIEKCHBIX 4YHCEN CHayaja BBEAEM HEKOTOPbIM CHMBOJI i, KOTOPBIH
HA30BEM MHUMOU eOuHuyeli. ITOMY CUMBOJY NMPUIUCHIBAETCS CBOWCTBO YJIOBJIETBOPSTH YPAaBHEHUIO

x2+1=0:i"+1=0,um i> =—1; i=+/—1. Ilpu stom

.1 . .3 Q. . 4 3. .5 .
=i, =i"i=—i,i =i"-i=11i =i,....

Komnnexchvim wuciom z Ha3bIBAETCS BHIpaxeHHe Z =d +Ib, rae a u b — neiicTBUTEIBHEBIE
yucna. [Ipu 3ToM 4ncio a Ha3bIBaeTCs OdeticmseumenbHol yacmoio aucia z (a = Re z), a b — muumoi
yacmoio (b = Im z).

Ecmun @ =Re z =0, To 4nucno z OyAeT YUCTO MHUMBIM, eciu b = Im z = (), To 4ucio z OyaeT
JIEICTBUTENbHBIM.

Yucna z =a +1ib u Z = a — ib Ha3bIBAKOTCS KOMNIEKCHO-CONPANCEHHBIMU.

JlBa KOMIUIGKCHBIX uncna 2y =a; +ib, u z, =a, +ib, Ha3bBAIOTCS DPaBHBIMHU, €CIH

COOTBETCTBCHHO PAaBHBI UX ,HCfICTBPITCJ'II)HBIC W MHUMBIC HaCTH: Cll = az; bl = b2’

MHO)KeCTBO KOMIIJICKCHBIX YHUCCIT — HeyHOpHI[O‘{eHHoe MHOXECTBO, T.C. U3 HByX KOMIIJICKCHBIX
YyICeN HeMb3s yKa3aTh HOCIENYIOee U Ipeablayiee. Mexkay AByMs KOMILIEKCHBIMU YHCIAMU HENb3s
MIOCTABUTH 3HAKK HEPABEHCTBA > WITH <.

KoMIIeKCHOE 4YHCIO0 PaBHO HYIIO, €CIH COOTBETCTBEHHO PaBHBI HYIIO JeHCTBUTENbHAS U
manMas dacti: @ = b = 0.

Heiicmeus Hao KOMRIEKCHbBIMU YUCTIAMU.
1) z=z,tz,=(a, +ib)*x(a, +ib))=(a, ta,)+i(b, £D,)
2) z=z,z, = (a, +ib,)a, +ib,) = aya, +ia,b, +iba, +i’bb, = (a,a, — bb,) +i(ab, + ba,)

Z _ a, +ib,

3) z= =X+1iy wm

z, a,+ib,
_ (a) +ib)(a, —ib,) _(aya, +bb,)+i(ayb —ab,) _aya, +bb, .ayb —ab,
(a, +ib,)(a, —ib,) a; +b; a; +b; a; +b;

KOHmpO]leble 680NpoOCsHL

1. Onpenenenne KOMIUIEKCHOTO YUCIIa

2. IlonsiTue paBeHCTBA

3. Jle#icTBUS HaJ KOMIUICKCHBIMA YHCIIAMH
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Tema 3. OCHOBBI TPUTOHOMETPUH

Tema 3.1. Paguannas mepa yria. BpamareibHoe 1BHKeHHE.
Eounuunas oxkpyscnocmo. Y2on 6 o0un paouan. Ilosopom mouku 60Kpy2 Ha4aua KOOpOUHam.

Ymems: HaX0OUTH KOOPIMHATHI TOUKH U YTJIOB.
3namp: eNIMHUYHYIO OKPYKHOCTb, YTOJI B O/IUH pajuaH, pOpMyJIbI Iepexoa oT pajuaH K rpajgycam u
OT I'paJyCcoB K paJiiaHaM, IOBOPOT TOYKM BOKPYT Hayajla KOOPAHMHAT.

Onpenesienne: [{eHTpanbHbBIA yroJ, OMAPAIONIMNACA HA IYTY, IJIMHA KOTOPOW paBHA PANYCy
OKpPYHOCTH, Ha3bIBa€TCA yIjoM B | paauaH.

I'panycHas mepa yriaa B 1 paauan paBHa:

Tax kak nyra anmuHoi 77 R (OTyOKpy>KHOCTB), CTSTUBAeT LeHTpalbHbIN yrou B 180°, To ayra
JUMHOU R, cTaruBaet yrois Bz pa3 MEHbILMNI, T.€.

. _(13(1)
pan = | —

N naoGopot

_ T
~ 1807

Tak kak 7 = 3,14, T0 1 pag =57,3°

Ecnu yron conepxur a pajguas, To €ro rpaJgycHas Mepa paBHa

180
o= (2.

N naoGopot

a” L -a
~ 180 *P¥

OOBr4HO 1Py 0003HAYEHUH MEPHI YIila B paAlaHax HAUMEHOBAaHHE «Paj» OITyCKaloT.
Hampumep, 360° =2 7 pan, numyt 360° =2 7

B Tabnuue ykazaHsl HanOoJsee 4acTo BCTpevaromuecs yribl B IpajgyCcHOl 1 pagnaHHOi Mepe.

| Tpagycsr | 0 | 30 | 45 \ 60 \ 90 | 180 |

11



Panuanel 0 T s T T
6 4 3 2

Panuannas mepa yria yaoOHa il BBIYMCICHHS JUIMHBI IYTH OKPY)KHOCTH. Tak kKak yroi B 1
paauaH CTATMBAET AYTy, JUIMHA KOTOPOH paBHA paanuycCy R, TO yroil B & paj CTATUBAET IyTy JUIMHOU
I=a-R
Oco0OenHo mpocToii Bua (hopMyna UMeeT B ciiydae, korga R =1. Torga anuHa 1yru paBHa
BEJIMUMHE LIEHTPAIbHOIO yIJa, CTATMBAEMOI0 3TOW AYroi, B paauaHax, T.e. [ =« .
[Tnomane KpyroBoro cexropa paaunyca R, oOpazoBaHHOTO yrioM B & pall, paBHA
2
S = R—a
2
Ilosopom mouku 80Kpyz Hauana KoopouHam

PaccmoTrpuM Ha KOOpJIMHATHOM IJIOCKOCTH OKPYKHOCTh pajauyca | ¢ LIEHTpOM B Hayaie
KoopauHat. Ee Ha3pIBalOT €IMHUYHON OKPYKHOCTBHIO. BBeZieM MOHSATHE MOBOPOTA TOYKH €AMHUYHON
OKPYKHOCTH BOKPYT Hadayia KOOpJMHAT HA YTOJl @ paj, TAe o - JIIo00e NeHCTBUTEIILHOE YUCIIO.

1. Ilycts a>0. [Ipenmnonoxum, 4To TOUYKA, ABUrasiCh MO EAMHUYHON OKPYKHOCTH OT TOUKH P nmpotus
4acOBOM CTpEJKH, Mpolwia myTh AauHOoU o (puc. 1). Koneunyio Touky mytu o6o3Haunm M.

B sTOM ciryuae OyemM roBopuTh, 4TO TOYKa M ToTy4eHa U3 Touku P TOBOpOTOM BOKpYT Havana
KOOpIMHAT Ha YTOJl 0. paJHaH.

2. Ilyctp 0<0. B aTOM citydae moBOpPOT Ha yroJ o pajuaH 03HAYAET, YTO JIBIKEHHUE COBEPIIAIOCH 10

YacOBOM CTpPEJIKE U TOYKA NPOUUIA ITyTh JJIMHHON |a| (puc. 2).

IToBopoT Ha 0 pax 03Ha4YaeT, YTO TOUKA OCTAETCS HA MECTE.

[Tpumepsr:

1) Ilpu nosoporte Touku P(1;0) Ha yron(% )(puc. 3) nonyvaerca Touka M ¢ koopaunatamu (0;1).
2) Ilpu noBopote Touku P(1;0) Ha yron(-% ) (puc. 3) momygaetcst Touka N(0;-1).

3) IIpu moBopote Touku P(1;0) Ha yron(%[ ) (puc. 4) momyuaetcst Touka K(0;-1).

4) Ilpu noBopote Touku P(1;0) Ha yron(- 7 ) (puc. 4) nonyqaercst touka [(-1;0).

vi . ' Fl”

7 a0

P(1;0) Pt'r.‘w__
x -
3 o<

Puc.1 Puc.2
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yi

M{0;1)

~%

Puc.3

P

r.rp:a,--rj

PU;0)_
X

tanE
&
% 30E
o1
@1 P
E} e
D | o [wr
&1+
@T_HW

Puc.4

[IpuBenem TabiuIly MOBOPOTOB HA HEKOTOPBIE YIJIbI, BHIPAKEHHBIE
B paJMaHHOW M TpaaycHoil Mepax (puc. 5). OTmMeTruMm, 4TO NpuU
noBopore Touku P(1;0) ma 360°, Touka BO3Bpamiaercs Ha
NepBOHAYAIBHOE MOJIoKeHUe (cM. Tabmiuiy). [Ipu moBopore TouKM

Ha -360°, oHa TaKXKe BO3BpalIaeTCi B IMEPBOHAYAIBHOE

ITOJIOKCHHUEC.

Puc. 5
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Tema 3.2. Onpeoenenue cunyca, Kocunyca, maHzenca u KOmaHzeHca yaia.
Onpedenenus cunyca, KOCUHYCd, MAH2EHCA U KOMAH2EHCA YUCIA. SHAKU CUHYCA U KOCUHYCA.

Ymems: HaxXoauTh 3HAYCHUSA TPUTOHOMCTPHUYCCKUX BBIpa)KeHI/If/’I, OIMPCACIIATH 3HAKOB YHCCII
sina, cosa, tga, ctga

Suamo: OIIPEACIICHUS CUHYCA, KOCUHYCA, TAHTCHCA U KOTAaHI'CHCA YHCJIa, 3HAKN CUHYCAa U KOCHUHYCA.

Omnpenenenne 1. Cunycom yria o
o Ha3bIBAETCS OpJMHATA TOYKH, TOJTYICHHOMN 4
noBopotom ToukH (1;0) Bokpyr Hauana
KoopauHat Ha yron ¢ .O6o3Havaercs sinae | 7 TN
Onpenesenne 2. Kocunycom yria
o Ha3bIBaeTcs abcuucca TOYKH, MOTy9eHHON e
noBopotoM Touku (1;0) Bokpyr Hauana m//\
KOOpAMHAT Ha yroll « .O603HayaeTcst cos 0(0;0) cose | P(1;0)

B stux OMPCACIICHUAX YT'OJI MOXKET BBIPAXKATLCA KaK B I'paJyCax, TaK U B paaraHax.
Onpenenenne 3. TaHreHCOM yrilar Ha3bIBAaCTCsS OTHOIICHWE CHHYCa YIJla & K €ro KOCHHYCY
(obo3HauaeTcs g ).

sin &

Taxum obpazom tga =
cosa

Onpenenenne 4. KoTaHreHCOM yrilaqr Ha3bIBaeTCsi OTHOIIEHHE KOCHHYCa yIila « K €ro CHHYCY
(obo3Hauaetcs ctgar ).

Taxum obOpaszoMm ctga = 09505
sin o
[TpuBenem Tabauily 4acTO BCTPEUAIOLIMXCS 3HAUEHUH CUHYCa, KOCHHYCA, TAHTCHCA U KOTAHT€HCa.
T'pagyce | 07| 30° | 45° | &0° | 90° | 180° | 2707 | 3607
3
Pamuage | 0 z z K b 2 2
6 4 3 2 2
Dyurmua
1
, 0] = E E 1 0 -1 0
hale) 2 o o
1
COSCE 1 E E - 0 -1 0 1
2 2 2
tacy 0 ?’@ 1|43 - 0 - 0
ctgct - |3 1 g 0 - 0 -
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3HaueHus KOCHHYCAa U CHHYCA HA OKPYKHOCTH.

v YA
+ + - +
g X 0 X
- | - -+
Jnaxu cusyco Jvany necunyca

Koumponvnvie 6onpocsi
1. EnHUYHAs OKPY>KHOCTb.

2. Yroin B OAWH pajuaH.
3. IToBOpOT TOYKM BOKPYT Hayaya KOOPIUHAT.

4. OnpeneneHus CUHyca, KOCUHYCa, TAHI'€HCA U KOTAHI€HCa YuCIa.
5. 3HaKkM cUHyca U KOCHUHYCA.

¥YA

T

oS |

)
-

manu maneeHca
U ROMaNeeHca
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Tema 3.3, 3.4. OcHOBHbIE TPHTOHOMETPHYECKHE TOKAeCTBA. DPMYJIbI C10KEHUS

3asucumocms mexcoy CUHYCOM, KOCUHYCOM, MAH2EHCOM U KOMAH2EHCOM 0OHO20 U MO20 JHce
yvena. Dopmynvl crosicenus.
Ymems: ipeoOpa3oBhIBATH MPOCTEHUIIINE TPUTOHOMETPUICCKUE BBIPAKECHHUS, BEIUUCIATH C IOMOIIBIO

(hOpPMYITBI CITOKECHHS.
33Hamp: 3aBUCUMOCTh MEXIY CUHYCOM, KOCHHYCOM, TAHT€HCOM U KOTAHT€HCOM OJHOTO M TOTO K€

yria, GopMyJIbl CIOKEHUS.

OcHnosHoe mpucoHomempuueckoe mooicoecmeo:

2 -2
cos“a+sin“a =1
3asucumocmop mMeHcoy CUHYCOM U KOCUHYCOM:

cos’a =+l-sin’* «a
sin? @ = +4/1—cos’ «

tga-ctga =1

1 1
— > ctg’a+1=——

1g°a+1= —
cos’ & sin” o

Cunyc, Kocunyc, mamnzenc y2noe (—a) u o.
cos(—a) =cosa
sin(—a) = —sina
tg(—a)=—-1ga
ctg(—a) =—ctga
Dopmynsl cnoxcenus

OCHOBOI1 U151 BBIBO/IA OCTAIBHBIX (POPMYIT SIBIISTIOTCS hOPMYIbl CLOMHCEHUA:
cos(ax + ff) =cosacos f+sinasin
cos(a — ) =cosacos f—sinasin
sin(a + f) =sina cos [ +cosasin
sin(a — ) =sina cos f —cosasin
tg(a+ f) = 1ga+1gf

1—-tgatgf
KonmponvHule 6onpocwi
1. 3aBUCUMOCTb MEXKIYy CUHYCOM, KOCUHYCOM.
2. 3aBUCUMOCTh MEXy TAHT€HCOM U KOTAaHT€HCOM OJTHOTO M TOTO XK€ yTJIa.
3. @OopMyIIbI CIOXKECHHUS.

Tema 3.5. CuHyc, KOCMHYC M TAHT€HC ABOMHOIO yrJa.
CuHyc, KOCHHYC ¥ TAHT€HC MOJJOBHHHOIO yIJIa

Dopmy.Jibl IPUBEICHUA

Bv1600 popmyn cunyca u Kocumnyca 080UHO20 y2id, UCNOAb3YA opmyasl croxcenus. Haxoxcoenus
NONOBUHHO20 Y2id NO U38ECMHBIM 3HAYEHUAM KOCUHYca u cunyca. Ilpumenenue ¢popmyn npugedenus.

Ymems: wucnonb3oBath (GopMyiibl JABOWHOTO YIia, HCIOJIB30BaTh (OPMYJIbI MOJIOBUHHOTO Yrija,
NPUMEHSTD MIPU PELICHUH 3a7a4 (POPMYJIbI IPHUBEICHHS.
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3namu: BBIBOA (hOPMYJ CUHYCA U KOCHHYCA JIBOMHOTO YIJIa, UCIOJB3Ys (POPMYIIBI CII0KEHUS,
HaXO0X/ICHHS TIOJIOBHHHOTO YTJIa [0 U3BECTHBIM 3HAYCHUSIM KOCHHYCA M CHHYCa, IPUMEHEeHne Gopmy

IMPpUBCACHUS.

Cunyc, Kocunyc u manzenc 060UHO20 y2id.

sin2a = 2sina cosa

cos2a = cos’ a —sin’ «
2tea

1g2a = 8% >

I-tg’a

CtuC, KOCUH)YC U MAHZECHC NOJIO6UHHO020 Yy2/ia

1 _l+cosa

2 2
l1-cosa

2
_1 cosa

cos
.,
sin? = =
2
; ,
g—_
2 l+4+cosa

@Dopmynvl npugedenusn

ona cunyca:
[z
sin E—a =cosa,

Sll’l(ﬂ' a = sma,

S
sin =-cosa,
2

01 Kocunyca:

(%— j—sina,
(

COS\7T — Z—COSOK,

3 )
=-sina,
( 2 j

0/151 MAH2EeHCA U KOMAH2CHCA:

T
gl —+a|=—ciga,
5+)
I Z—ozj—ct (04
4 > g,

(7

sin| —+a |=cosa,
2

sin(7 +a)=—sina,

S0
sin 5 +a |=—Cosc.

V4
ctgl —+o |=-1ga,
5]
ct, Z—ozj—t o
4 > ga.

. . V2
B mpaBoii yactu (popMysIbl CTABUTCS TOT 3HAK, KOTOPBII UMEET JieBast yacTh pu yciaoBuu 0 < o < ER

o T RY/4
Ecnu B neBoit yactu QopmyJibl yroja paBeH Ei o un 77: o, TO CHHYC 3aMEHSETCSI Ha KOCHUHYC,

TaHI'CHC — Ha KOTAHI'CHC U HaO60pOT. Ecmu YTOJI paBCH 77 * a, TO 3aMEHEBI HE IPOUCXOAUT.

Cymma u paznocme cunycos. Cymma u pazHocmos KOCUHYCOB.

sina +sin ff = 2sin

a;ﬂCOSa_ﬂ
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o — a+
ﬂCOS 'B

sina —sin = 2sin

2
cosa+cosﬂ=2cosa;’gcosa;ﬂ,
cosa—cosﬂ=—2sina+ﬂsina;ﬁ.

Koumponvnvie éonpocwi

1. BeiBox hopmyit cuHyca U KOCHHYCa JBOMHOTO yIiia, UCIONB3Ys (POPMYJIIbI CIIOKEHUSI.
2. HaXO)KILCHI/I}I IMMOJIOBUHHOTI'O YTI'Jia MO U3BCCTHBIM 3HAUYCHUAM KOCHUHYCA U CUHYCA.

3. [Ipumenenue Gopmyst MpuBEICHUS.

Tema 3.5 .Tpuronomerpuyeckue GpyHKIHH.

Onpeoenenue mpucoHOMempudecKux QYHKYUil, C60UCMEA MPULOHOMEMPUUECKUX
yukyuil, epapuxu mpucoHomempuyeckux GyHKyul

Ymemu: cTpouTh ra kil TPUrOHOMETPHUECKUX (DYHKIIMNA, OMTUCHIBATh UX CBOMCTB, IPUMEHSTh
CBOWCTBA MPHU PEIICHUU YITPAXKHECHUI

3nams. onpeneneHus TPUTOHOMETPUUECKUX (PYHKIIHIA, CBOMCTBA TPUTOHOMETPUUECKHUX (YHKITUI
OyHKIMH y = Sin X, ¥ = COS X, ¥ = tg X, y = Ctg X HA3BIBAIOT TPUTOHOMETPUICCKUMH (DYHKIIHUSIMHU.

@DyHKOMA y = sin x.
CaoiicTBa 1 rpaduk GyHKIUH Y = Sin X.
1) OGnacTh onpeeacHus - MHOKECTBO BCEX JCHCTBUTEIbHBIX YUCEN.
2) O6nacTp 3HaUCHUM - oTpe3oK [ - 1; 1].
3) OyHKUUS TIEPUOANYECKAsT; OCHOBHOM MEepUO paBeH- 27.
4) OyHKIMSA HEYETHAS .
5) @yHKIHs BO3pacTaeT Ha MPOMEXKYTKax [ -n/2 + 2xn; m/2 + 2nn] u yObIBaeT Ha
MIPOMEXKYTKaxX
[ /2 + 27n; 3n/2 + 2nn], n € Z.
I'paduk pyHkIMM y = sin x ©300pakeH HA PUCYHKE.

i 4 y=sinx
Tl

DYHKIUA y = COS X

CaoiicTBa u rpaduk QyHKIHH y = COS X.
1) O6nacts onpeneneHust PYHKIMH - MHOXKECTBO BCEX JIEHCTBUTENBHBIX YHCEIL.
2) ObnacTh 3HaUYCHUM - OTpe30K [- 1; 1].
3) @yHKIHS IepUOUYECKasi C OCHOBHBIM MEPUOAOM 27T
4) OyHKIMS yeTHasl.
5) @yHkuus yObIBaeT Ha MPOMEXKYTKaxX [27n; m+ 2 n] 1 BO3pacTaeT Ha MPOMEXKYTKAX
[-m+ 27n; 2nn], nnZ.
['paduk pyHKIHM Y = cOS X M300paKeH HA PUCYHKE.
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ro |

S

DyHkuus y = tg x.

CaoiictBa 1 rpaduk GyHKINH Y = tg X.

1) O6nacte onpenenenus: x & n/2 + nk, k€ Z.

2) O6nacTh 3HAYCHUM - BCS YUCIIOBAs MpsiMast.

3) - OCHOBHO# mepuo GyHKITUH.

4) OyHKIMSA HEYETHAS.

5) @yHKIHs BO3pacTaeT Ha MPOMEXKYTKax ( -m/2 +mn;mw/2 +mn).
I'paduk byskmmm y = tg x n300pakeH Ha pUCYHKE.

[ y=tgux

|
| |
| |
| |
| |
l :.
| 0 S
I I
| |
| |
I I
| |

DOyHkuusa y = ctg x.

CoiicTBa u rpaduk QyHKINH y = ctg X.
1) O6nacts onpeneneHus GyHkuu: x & /2 +nk, ke Z.
2) OGnacTh 3HaUYeHUN (DYHKITUH - BCS YMCIIOBAs MPsMas.
3) ®yHKuMA epruogudecKasl ¢ OCHOBHBIM IEPUOJIOM Tt.
4) dyHKIUS HEYETHASI.
5) ®yukuus y = ctg x yObIBaeT Ha MPOMEXKYTKAX (7n;m+7mn).
['paduk pyskmmm y = ctg x n300pakeH Ha PUCYHKE.

¥ |
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Tema 3.6. O0paTHbIe TPUTOHOMeTPHYECKHEe PYHKIIUH, UX
cBOMCTBaM rpapuku.

Onpeoenenue 0bpamuvlx MpueoHOMempu4eckux QyHKyui, ceoucmasa
MPUSOHOMEMPUUECKUX PYHKYUL, 2paAPUKU MPULOHOMEMPULECKUX YHKYUL

Ymemu: ctpouTh rauku 0OpaTHBIX TPUTOHOMETPHUECKUX (DYHKIIMNA, OMUCHIBATh UX CBOICTB,
MPUMEHSTh CBOMCTBA MPU PEIICHUHN YIPAKHEHUN

3uamye: onpeneneHuss o0paTHBIX TPUTOHOMETPHUYECKUX (YHKIMN, CBOHCTBA OOPATHBIX
TPUTOHOMETPUIECKUX (DYHKIIUH

OOGpatHbIe TpUTOHOMETpHUECKUE HYHKIIMH (apPKCUHYC, apKKOCHHYC,
apKTAHTE€HC M apKKOTAHTCHC) SIBJISIOTCS OCHOBHBIM 3JIEMEHTapHBIM
dbyukmmsivu. Yacto u3-3a mpucTaBku "apk' oOpaTHBIE TPUTOHOMETPHUYECKHE
¢byHKuMM Ha3bIBaOT apKPyHKIMsIMH. Ceiiuac MBI pacCMOTPUM UX rpaduku
Y MIEPEUYUCIIUM CBOMCTBA.

DyHKIMA APKCHHYC Yy = arcsinx

N306pa3um rpaduk GyHKIIUN apKCUHYC!
Y

N!ﬂ

N!;']

CpoiicTBa QPyHKIIUM apPKCUHYC ) = arcsin x
1.06nacTe onpeneneHus — oTpe3ok [-1;1].

. T T
2. MHOX€eCTBO 3HAaYEHUN — OTPE30K | — —;— |.
22
3. @yHKIMs y = arcsin x BO3pacTaer.
4. OyHKIUS y = arcsin X SBIISIETCS HEYETHOM, TaK KaK
arcsin(—x) = —arcsin x .
DOyHKIUS APKKOCUHYC Y = arccos X

['paduk PpyHKINN aPKKOCUHYC UMEET BH/I:
Y

74

IS

CBolicTBa (PYHKIMH APKKOCHHYC ) = arccos x
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1.06macth onpezenenus — oTpe3ok [-1;1].
2. MHoecTBO 3HaueHui — otpe3ok |0; 7 |.

3. OyHKIMS ) = arccos x yObIBaerT.

DYyHKUMSA APKTAHIeHC y = arcigx .

['paduk pyHKIIMK apKTaHT€HC UMEET BU/I:
z]Y

2

T

CaoiictBa QyHKUMHU y = arctgx.
1.06nacTh onpesenenns — MHOXKECTBO BCEX JEHCTBUTENbHBIX YHCEI.

. T
2. MHOX€ECTBO 3HAYEHUI — UHTEpBAN | — E’E .

3. ®yHKUHUS y = arctgx BO3pPACTAET.
4. OyHKIMA y = arctgx SBISETCS HEYETHOM, TaK Kak

arctg(—x) = —arctgx .

(I’yHKIII/IH APKKOTAHI'€HC Yy = arcrcgx .

N3o0paszum rpaduk GyHKIIUN apKKOTAHTEHC:

CroiicTBa (QYHKIMHU Yy = arcctgx .
1.065acTh onpeeneHns — MHOXKECTBO BCEX JIEHCTBUTEIBHBIX YHUCEIL.
2. MHOX€eCTBO 3HAUYE€HHUI — MHTEPBAIl (O; zr).

3. OyuKIMs y = arcctgx yObIBaeT HA BCEil 00JIaCTH ONPECIICHHS.

KonmponvHule 6onpocwl
1. Onpenenenus GyHKUMH, X CBOMCTBA U TPaQUKH.

2. IlpeoOpazoBanus rpaduKoB.
3. [NapannenbHbINA TIEPEeHOC, CUMMETPHUSI OTHOCUTEIBHO OCEH KOOPJMHAT U CUMMETPHUS OTHOCUTEIBHO

HayaJa KOOpPJAMHAT, CUMMETPUS OTHOCUTEIBHO NPSIMOM Y=X, PaCTsIKEHHs M CXKaTUE BIOJIb OCEH
KOOpJIMHAT.

Tema 3.7. Tpuronomerpuyeckue ypaBHeHHs

Ilpocmetiuue mpuzonomempuieckue ypagHeHus 8U0d cosx = a, sinx = a, tgx = a, ctgx = a, Memoobl

peuterus mpueoHOMEeMpUYecKUx ypasHeHuil

Ymemps: pemiate ypaBHEHUE BUAA: cosx = a, Sinx = a, 19X = a,ctgx = a
3nams: onpeneneHus apKkCUHyca, apKKOCHHYCa, apKTaHI'€HCa; YAaCTHbIE CIy4al TPUTOHOMETPHUUECKHUX

ypaBHeHI/II\/'I, OCHOBHBIC MCTOABI pCIICHUSA TPUT'OHOMETPHUICCKUX ypaBHeHHﬁ.
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Ypasnenue cosx = a.

ApkkocuHycoM umcaa a €[—1;1] HazwpBaeTcs Takoe yucino « €[0;7], KOCHHYC KOTOPOTO
paBeH a: arccosa =a ,ecni cosa=a u 0<a <r.
Bce kopHM ypaBHEHUS COSX = a, T |a| <1, MOXHO HaxOJUTh O hopmyIie

x =*+arccosa+2m,ne 7.
arccos(—a) = 7 —arccosa - 9ta (GopMmysia TMO3BOJSCT HAXOAWTh 3HAYCHHUS APKKOCHHYCOB

OTPULATCIIBHBIX YUCCIT YEPE3 3HAUCHUA aPKKOCHUHYCOB ITOJIOKUTCIBbHBIX YHUCCII.
Yacmmuvie cyvau:

V4
cosx=0, x:3+7m,neZ

cosx=1,x=2mne”
cosx=—-1,x=n+2mne”
Ypasnenue sinx =a.

T
ApKcuHYcOM 4Hcaa a €[—1;1] Ha3pIBaeTcs Takoe UNCIO & € [—3;5] , CHHYC KOTOPOI'0 paBeH
. . T V4
a. arcsina = o, €CIIM SInX =a U _ES (04 SE.

Bce kopHM ypaBHEeHUs sinx = a , TJe |a| <1, MO’)KHO HaxXoJUTh N0 hopmyIie

x=(-1)"arcsina+m,ne Z.

arcsin(—a) = —arcsina - 3Ta (GopMyJa MO3BOJISIET HAXOAUTh 3HAUEHHS apKCHHYCOB OTPUIATEIbHBIX

YHUCeJT Yepe3 3HAYCHUS apKCHHYCOB ITOJIOKHUTEIBHBIX YHACEI.
Yacmuvie cuyyau:
sinx=0, x=m,neZ

. V4
sinx=1, x:3+27m,neZ

) V4
sinx =-1, x=—5+27m,neZ

Ypasnenue tgx = a.

Y/
ApKCI/lHyCOM qHucaa a € R Ha3pIBaeTCsA TaKOE YHUCIO & € [—5,5] , TAHT'CHC KOTOPOI'0 paBCH

V4 V4
a: arctga = o, €Clu fga =a u —ESaSE.

Bce kopHu ypaBHEeHUs sinx =a , TA€ @ € R, MOXKHO HaXOJUTh 110 popMyJie

x=arctga+m,ne”Z .

arctg(—a) = —arctga - 3Ta (QopMyia MO3BOJAECT HAXOIUTh 3HAUCHUS APKCHHYCOB OTPUIIATEIHHBIX
qrces yepe3 3HaYCHHUSI apKCUHYCOB IOJIOKUTEIIBHBIX YUCEIT.

Tpuzonomempuueckue ypasnenus
1. YpaBHeHus, cBOASIINECS K KBAaIPaTHBIM.
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2. YpaBHeHus asinx+bcosx =c.
3. YpaBHeHHUs, peraeMble pa3I0KeHHEM JIEBOW YaCTH Ha MHOKUTEIIH.

Konmponvhuwvie 6onpocoi

1. YpaBHEeHUs BUJIA cosx = a.
2. YpaBHeHHMs BUJA sin x = a
3. YpaBHeHus BUJA tgx = a.
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Tema 4. KopHu, crenenu

Tema 4.1.CTenens ¢ paMoOHAJBHBIM H 1eCTBUTEIbHBIM NOKAa3aTeJIAIMH.

Onpedeﬂeﬂue u ceoticmea cmenenell C payuUOHRANIbHBIM U C OeticmeumesbHbIM NOKA3AMeIAMU.

yMemt;.‘ pemaTb 3aa4Yu Ha TeMyZ ((CTGHGHI: C pa]_II/IOHaJII:HBIM )41 I[eﬁCTBHTeHLHBIM IIOKa3aTCIIMHN .
3Hams: ONpeieICHUE U CBOMCTBA CTETIEHEN C PAllMOHAIBHBIM U C ICMCTBUTEIILHBIM MTOKA3aTEIISIMHU.

Cmenenp C PAUUOHAIBHBIM nOKazameliiem.

m
Ecau n — HATypaJIbHOC YHUCJIO, M — HCJI0C YUCIIO U YaCTHOC — MABJIACTCA LCJIBIM YUCIIOM, TO
n

npu a>0 cripaBeyIMBO PaBEHCTBO
m
n am — a n

m

[Tonp3ysick hopmyioit Va™ =a”", cTeNeHb ¢ paluOHAIBHBIM ITOKA3aTEIEM MOKHO
NPEJICTaBUTh B BUJIE KOPHSI U HA00OPOT.

m mk
Tak kak — = —k, rzie n M k - HaTypaJbHbBIC YUCIIA, 1 — [EJI0E YUCIIO0, TO TPH JItoooM a>0.
n o n

m mk
a =a nk
Mo>xHO MOKa3aTh, YTO BCE CBOMCTBAa CTENEHHM C HATypaJbHBIM IOKAa3aTEIeM BEPHBI IS
CTETICHH C JTFOOBIM PallMOHALHBIM ITOKA3aTeNIEM H MOJIOKUTEITLHBIM OCHOBAHUEM.
A MMEHHO, 11 TIOOBIX pallMOHAIBHBIX YHCEN P U U TI0OBIX a > 0,b > 0 BEepHBI paBEHCTBA:
1. a’a’ =a""
2. af a? =gl
3. (a?)?! =a’

4. (ab)” =a’h’

q
a) _a’
b b”
OTH CBOMCTBA MOJYYaIOTCA U3 CBOMCTB KOPHEH.

Cmenens c oelicmeumenbHbiM NOKA3AMENCM.

Ipu 1060M x € R 1 m0060M a >0 cTeneHb a* SBIACTCS MOJOKHUTEIbHBIM JCHCTBUTEILHBIM
guciiom: a* >0 npu xe R,a>0.
Ecnu ocHoBanue creneun a=0, To crenenb 0* onpenessitoT TOMbKO nMpu x > 0 ¥ CUUTAIOT, YTO

0" =0 npu x> 0. IIpu x <0 BbIpakeHHE HE UMEET CMBICTIA.
[Ipn TakoM ompeneneHUH CTENEHU C JCHCTBUTENBHBIM IIOKA3aTENEM  COXPAHSIOTCA BCE
U3BECTHBIE CBOICTBA CTENEHU C PALIMOHATIBHBIM ITOKa3aTeNIeM.

Jis mo6oro a > 1 umoboro x > 0 yucio a* 6omeme 1,1.e. a* >1 mpu a>1,x> 0.
Teopema: Ilyctb a>1 u x, <x,.Torma a” <a™.
Cneocmeue 1. Ilycts 0 <a <1 u x; <x,.Torma a™ >a™.

R

Cneocmsue 2. Ilycts a >0,a#0,a a™.Torma x, =x,.
Creocmesue 3. Ilycts 0<x, <x,. Torma, ecnu p >0, 10 x,” <x,”, a ecmu p<0, TO

p p
x5 >x,.
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Taxkum 00pa3om, TpU BO3BEJCHUN HEPABEHCTBA C IMOJIOKUTEIHHON JIEBOW U IOJIOKUTEILHON
IIPABOM YacCTSMU B IOJIOKUTEIBHYIO CTCIICHb 3HAK HEPABCHCTBA HE MEHSAETCSA, a IIPU BO3BEICHUM B
OTPULIATEIILHYIO CTEIIEHb 3HAK HEPAaBEHCTBA MEHAETCS HA IIPOTUBOIIOIOKHBIN.

Konmponwbnvie 6onpocwi
1. Onpenenenue U CBOMCTBA CTETIEHEN C PAllMOHAIIBHBIM MMOKA3aTEISIMH.
2. OnpeneneHue 1 CBOMCTBA CTENEHEHN C IEMCTBUTEIBHBIM IMOKA3aTEISIMU.

Tema 4.2. ApudmeTnyecknii KOpeHb HATYPAJIbLHOM CTENECHH.
Onpeoenenue u ceoticmea apupmemuuecko20 KOpHs HAMypaibHOl CMeneHu.

Ymemy: pemath 3a1aun Ha TeMy: « Apu(METHUECKUI KOPEHb HATYPaJIbHOM CTEHICHN»
3namu: onpeneneHre U CBOMCTBA apu(hMETHUECKOTO KOPHS HaTypaJIbHOU CTEIICHH

Onpenenenne:  Apupmemuueckum  KopHem  HATYpalIbHOM  CTETIEHM n>2 U3
HEOTPUIIATENILHOTO YUCIIA @ Ha3bIBAETCSA HEOTPUIATENILHOE YUCIIO, 71-as CTeIIeHb KOTOPOTO paBHa a.

Apudmernueckuil KOpeHb n-0i CTENEeHW M3 yucia a obo3Hadaercs Tak: A a. YHucino a

Ha3bIBAETCS TOJKOPEHHBIM BbIpakeHHeM. Ecnu n=2, T0 BMecTo a MUY T Ja. ApudmeTnaeckuii
KOpPEHb BTOPOW CTENEHU HA3bIBAIOT TAK)KE KBAApPaTHBIM KOPHEM, a KOPEHb TPEThEH CTENEeHU —
KyOnueckuMm KopHeM. JlelicTBUEe MOCPEACTBOM KOTOPOTO OTHICKMBAETCS KOpPEHb #-OM CTENeHH,
HA3BIBACTCS U3GTIeUEHUEM KOpHSA N-OU CcmeneHu. ITO JIEUCTBHUE SIBISETCS OOpaTHBIM JEHCTBUIO
BO3BEJICHHS B 711-10 CTCIICHb.

ApudpMeTHdecKHii KOPSHb  1-OM CTENEHW Oo0JIaaeT CISAYIONMMH CBOWCTBAMU: €CIIH
a>0,b >0 un,m— HaTypalbHbIe YUCIA, IpUYEM 711 > 2,m > 2, TO

1. #ab=xla¥b
2, e

b b
3. (Wa)y =#a"
4. a)="la

OtMeTuM, 4TO B CBOMCTBE | UnCIIO b MOXKET TakkKe OBITh PAaBHBIM HYJIIO; B CBOMCTBE 3 YHUCIIO M
MO3KET OBITh 1eNbIM, eciu a>0.

KOHmpO]leble 60NpoOCsHL
1.Omnpenenenue apupMeTHUECKOro KOPHS HaTypalbHOM CTETEHH.
2.CBoiicTBa apu(PMETHUECKOTO KOPHSI HATYpaJIbHON CTENIECHH.

Tema 4.3. UppanuoHajbHbIC YDABHCHUSI M HEPABEHCTBA
Memoovl pewenus uppayuoHaIbHbIX YpasHeull U HepaseHCcms

Ymemy: pemiaTh OCHOBHBIE BUIBI UPPALIMOHAIBHBIX YPAaBHEHUH
3nams. onpeneneHne nppaluoHaIbHOTO YPABHEHHSI, OCHOBHBIE METO/bI UX PELLICHUS

VYpaBHeHue, coaeprkaliee NepeMeHHYI0 O] 3HAKOM KOPHsI, Ha3bIBACTCS UPPAUUOHATILHBIM.

Pemenne nppannoHalbHOTO ypaBHEHUsI OCHOBAHO Ha MPeoOpa30BaHUM €r0 K PalOHATIBLHOMY
YPaBHEHHIO, YTO JTOCTUTACTCS] BO3BEICHHEM OOCHMX €ro 4acTeil B OJIHY M Ty )K€ CTENeHb (MHOT/a
HECKOJIBKO Pa3).
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[Tpu BO3BeneHHM 00X YacTell MPPALMOHATIHHOIO YpaBHEHHS B YETHYIO CTEIEHb IOJIy4aeTCs
ypaBHEHUE, SBJISIOIEECS CIEACTBUEM UCXOJHOTO. Y PaBHEHUIO-CIIEACTBUIO YAOBIETBOPSIOT BCE KOPHU
HCXOOHOTO ypaBHCHHA, HO MOT'YT MOABUTBCA U KOPHHU, KOTOPLIC HC ABJIAKOTCA KOPHAMU HCXOJHOI'O
ypaBHEHHUS («ITOCTOPOHHUEY» KOPHU). UTOOBI BBIABUTH «IIOCTOPOHHHME» KOPHU, BCE HailIeHHbIE KOPHU
YPAaBHEHUS-CICACTBUS IIPOBEPSIOT MOACTAHOBKOM B MCXOJHOE YPAaBHEHHE U «IIOCTOPOHHHME)» KOPHU
0TOpachIBaIOT.

HcxonHoe uppanuoHanbHOE ypaBHEHUE PABHOCWIBHO CMEIIAHHOW CHUCTEME, COCTOSIIEH H3
YPaBHEHUSA-CIEICTBUS M OTPaHUYEHHUH, OMNpeNeNseMbIX O0JacTbl0 JOMYyCTHUMBIX 3HAYEHUI
nepeMeHHoil. B 3ToM ciydae «mocTOpOHHHE» KOpHH HE OyayT BXOAWUTH B 00JACTh JIOMYCTUMBIX
3HAYCHUI MIEPEMEHHON | MPOBEPSATH WX TOJICTAHOBKOM B HCXOIHOE YpaBHEHHE HE TPeOyeTCsl.

[Tpu Bo3BeeHNM 00€UX YacTel HPPaAIOHAILHOTO YPaBHEHHS B HEUETHYIO CTEIICHb MOJIy4aeTCs
ypaBHEHHE, PaBHOCUJIBHOE HCXOIHOMY.

HNppaunoHajbHblie HEPABEHCTBA € OIHOM MepeMEeHHOM.

PemeHre uWppanMOHAIBHOIO HEPAaBEHCTBA C OJHOW IIEPEMEHHON CBOJOUTCS K PELICHUIO
PaBHOCWJIBHOM €My CHUCTEMBI PallMOHAJIBHBIX HEPABEHCTB MJIM COBOKYITHOCTH CHUCTEM PallMOHAJIBHBIX
HEPaBEHCTB.

OTH cUCTEMBl PelIatoTCs MPHU HAJI0XKEHUU OrpaHMYEHHH Ha NMEPEMEHHYI0 M BO3BEICHHM 00enx
YacTel HEPABEHCTBA B OJHY U TY 7K€ CTEIICHb.

Koumponvnvie éonpocwi

1. OcHOBHBIE IPHUEMBI UX pelIeHHs (pa3ioKeHNe Ha MHOKUTENH, BBEIEHUE HOBBIX HEU3BECTHBIX,
MOJICTAHOBKA, TPaUUECKHil METO).

2. N3oOpaxkeHue Ha KOOPAUHATHOM MIIOCKOCTH MHOYKECTBA PEIICHUA YPaBHEHUHN C ABYMS
NEPCMCHHBIMU U UX CUCTCM.

3. M3o0pakeHne Ha KOOPAMHATHOM ITIOCKOCTH MHOXKECTBA PEIICHUN HEPABEHCTB C JIBYMS
NEPCMCHHBIMU U UX CUCTCM.

Tema 4.3. Jlorapu¢msl.

Onpedenenue nozapugma nonodxcumenvrozo ducaa. Ceoticmea nozapugpmos. /lecamuunvle u
HamypaibHble 102apugmol.

Ymemu: BBIYUCIATD JTOrapu(pMBbl.
3uame: Onpenenenue norapudma nojaoxkuTeabHoro yncna. Cpoiicta norapudmos. JlecaTuuHble U
HaTypaJIbHbIE JIOTapU(PMBI.

Onpenenenue: JlorapudmMom MOIOKUTENHHOTO uncia b mo ocHoBaHuio a (rnea >0,a#0)
Ha3bIBACTCS MMOKA3aTeNb CTEIICHH, B KOTOPYIO HAaJI0 BO3BECTH YHCIIO @&, YTOOBI MOTYYUTh YHCIIO b.
Jlorapu¢m umcna b mo 0OCHOBaHHIO @ 0003Ha4aeTCs CUMBOJIOM: log, b.

Ecim a>0,a#0, 6>0, To log, bno ompenesneHuto €cTb MoKa3aTelb CTENEHH, B KOTOPYIO
HAJI0 BO3BECTHU YUCIIO @, YTOOBI MOIYy4UTh Yrciio b. [IoaToMy paBeHCTBO

1 b
a™’ =b

€CTh TOX/IECTBO, KOTOPOE HA3BIBAIOT OCHOBHLIM JI02APUPDMUYECKUM TMOHCOECHBOM.
JleiicTBus HAXOXKAEHUS Jorapru(Ma Ynciia Ha3bIBAIOT J102APUPMUPOBAHUEM.

Ceoiicmea nozapughmos.
[Tyctb @ >0,a #0,b>0,c>0,r- moboe neicTBUTENbHOE YnCiO. Torna cupaBeinuBbI

bopMyIIbL:
1. log,(bc)=log, b+log,c,
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2. loga(é) =log,b-log, c,
c

3. log,b" =rlog,b,
PaBHBIM 1TOJIOKUTEIBHBIM YHCIIAM COOTBETCTBYIOT M PaBHbIC JIOTapH (MBI ,T.€. eciti b, = b, , TO
log, b, =log, b,,

5. log,1=0,

6. log,a=1.

Jecamuunvie u namypaivHble 102apudmol.

Jns  morapuMOB UHCEN COCTaBJIICHBI CHENHAaJIbHBIE TaOMUIBI(TA0MUIBI  JIOTapH(PMOB).
Jlorapugmsl BBIYUCISIOT TAaK)KE C TMOMOIIbI0 MUKPOKAJIbKyJIsATOpa. M1 B TOM, U B JIpyrom ciydae
HaXOJATCS TOJIBKO JECATUYHbIE UM HATYyPaJIbHBIE JOrapu(Msbl.

Onpenenenue: /Jecamuunviym 102apug)mom yucia Ha3blBaIOT JOTapu(pM 3TOro YHciaa M0 OCHOBAHUIO
10 u mumyt 1gh B™MecTO log,, b.

Omnpenenenne: Hamypanbuvim 1o0eapugmom 4ucia Ha3bIBaIOT JOTapru(M 3TOTO YHCIIA [0 OCHOBAHUIO

e, T1Ie e — UppallOHATIbHOE YHUCII0, NPUOIIKEHHO paBHoe 2,7. [Ipu aTom mumyt Inb Bmecto log, b .
Dopmyna nepexoda om 102apu@dma no 00HOMY OCHOBAHUIO K JL02APUDMY O Opy2omy

b log. b

OCHOBAHUIO: log, 1
og.a

1

20e a>0,a#1,b>0,c>0,c#1.

Konmponvnule éonpocwi

1. Onpenenenue norapudma MOJTOKUTEIBHOTO YHCTIA.
2. CpoiicTBa jorapuhmMoB.

3. JlecaiTuuHbBIE M HATYpAJIbHBIE JTOTAPU(PMBIL.
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Tema S. Iloka3zaTenbHas U Jjorapupmudeckas

Tema S.1. Iloka3zarenbHas pyHkuus. Ee cBoiicTBa u rpaguk

Onpeoenenue, ceoticmea u epagux noKazamenibHoU QYHKYUU, ux npuMeHeHue npu peuteHuu
VIPAdNCHEeHUU

Ymemow: ctpouth rpaduxu NOKa3aTeabHbIX (YHKIMH, ONMUCBHIBATH MX CBOWCTBA, NMPUMEHSATh
CBOMCTBA IIPU PELICHUH YIIPAXKHEHUI
3uamye: onpeneneHue GyHKINHU, €€ CBOWCTBA U IpaUKU.

[NoxazatenpHast GpyHKIMS 3anaeTcs Gopmyinoit y =a*,rtae a>0ua # 1.

[Tepeuncnum cBoiicTBa GyHKIMH y = a* ipu a > 1.

1) OGnacth onpeneneHust GyHKIUH - BCS YUCITIOBAs IPsiMasi.

2) O6nactb 3HaueHull QyHKIUH - TpoMexyTok (0; + o).

3) OyHKUUS HE SABJISIETCS HU YETHOM, HU HEUETHOU. DTO CIEyeT U3 TOT0, UTO0 @ * #a*u a ~ # - a*.
4) dyHKIMS BO3pacTaeT Ha BCEH YMCIOBOM MPSIMOIA.

I'paduk pyHkunu y = a* npu a > 1 BRIMTIAIUT TakK, KaK MOKa3aHO HA PUCYHKE.

OtmeTuM, 4TO 3Ta PYHKIMS TPUHUMAET JIIOObIE MONOKHUTEIbHbIE 3HAUYCHUSI.

y=a*; a>{

_—-"'/I

CgoiictBa ¢pynkumu y = a*npu 0 <a < 1.

1) OGnacth onpeneneHust GyHKIMH - BCS YUCITIOBAs IpsiMasi.

2) O6nacte 3Ha4yeHwui - (0; + o).

3) ®yHKUMS HE ABISETCS HU YETHOM, HU HEYETHOM.

4) OyHkus yObIBaeT Ha BCEHl UMCIOBOM MPSIMON.

I'padux pynkumu y = a* npu 0 < a < 1 BBIMISANUT TaK, Kak MOKA3aHO HA PUCYHKE.
OTmeTtuMm, 4TO 3Ta GYHKUUSA TIPUHUMAET JIF0ObIE MOI0KUTEIbHbBIE 3HAYECHUS.

Yi

Konumponvnwvie 6onpocsi
1.Omnpenenenue nokazareabHOUPpyHKINN
2. CBoiicTBa oKa3aTenbHON QyHKINH
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Tema 5.2. Jlorapudmbl.

Onpeoenenue nocapupma . Ceoticmea noeapugmos. Jecsmuunvie u HAMypaibHvle
Jocapughmoi.

Ymembu: BIYUCTATD JTOTapUPMBI.
3nams: onpenenenue jgoraprudma mosoKUTeILHOro Yiciia, CBOMCTBA Jorapu(MoB, JeCITUUHBIE U
HaTypajbHbIE JOTapUPMBbI.

Onpenenenue: JlorapudmMom MOIOKUTENBHOTO uncia b mo ocHoBauuto a (rnea >0,a#0)
Ha3bIBAETCS MMOKA3aTeNb CTEIIEHH, B KOTOPYIO HAaJI0 BO3BECTH YHCIIO @, YTOOBI MOTYYUTH YHCIIO b.
Jlorapu¢m umcna b mo o0CHOBaHUIO @ 0003HaUaeTcs CUMBOJIOM: log, b.

Eciu a>0,a#0, b>0, To log, bo onpeneneHuIo ecTh Mokas3arelb CTEHNEHH, B KOTOPYIO
HaJI0 BO3BECTH YHCIIO @, YTOOBI OIYy4uTh Yrcio b. [loaTomy paBeHCTBO

log, b
a*" =b

€CTb TOXAECTBO, KOTOPOE HA3BIBAIOT OCHOGHBIM JI02APUPMUYECKUM MOACOECHEOM.
JlelicTBus HaxoXAeHUs JorapupMa unciia Ha3blBaIOT 102apUPMUPOBAHUEM.

Ceoiicmea nozapughmos.
IMycte @ >0,a #0,b>0,c>0,r- m0b0e aeicTBUTETHbHOE YKCIIO. TOraa crpaBeTuBbI

dbopMybL:
7. log,(bc)=log, b+log, c,

8. loga(éJ =log,b-log,c,
c

9. log,b" =rlog,b,

10. PaBHBIM MOJ0XUTEIBHBIM YHCIIaM COOTBETCTBYIOT U paBHBIE JOrapu(dMsl ,T.e. eciu b, = b,, TO
log, b, =log, b,,

11. log,1=0,

12. log,a=1.

Jecamuunvie u namypanvnsle 102apumol.

Jnst nmorapudMOB YHCET COCTABJICHBI CHEIHATIbHBIC TaOIUIBI(Ta0IUIBI  JIOTapu(MOB).
Jlorapudmpl BBIYUCIAIOT TaKXe C TMOMOIIBI0 MUKPOKAIbKynsTopa. M1 B TOM, U B JIpyrom ciydae
HAXOJSATCS TOJIBKO IECATHYHBIC WITH HATypaJIbHBIC JIOTapH(pMBEI.

Onpenenenue: /Jecamuunviym 102apug)mMom yucia Ha3bIBAIOT JOTApH(PM 3TOrO YHCIa M0 OCHOBAHUIO
10 u numyt 1gb Bmecto log, b .

Onpenenenne: Hamypanbnoim n02apugmom yucia Ha3bIBAIOT JOTapu(M 3TOro Yuciia o OCHOBAHUIO
e, IJie e — UPPalMOHAIBHOE YUCIIO, IPUOIMKEeHHO paBHoe 2,7. IIpu atoM numryt Inb Bmecro log, b .

Dopmyna nepexooa om 102apupma no 00HOMY 0CHOBAHUIO K J02APUPMY NO OPY2OMY

log, b
OCHOBAHUIO: log, b= Og—",
log, a

e0e a>0,a=1,b>0,c>0,c#1.
Konmponvhwvie 6onpocoi
1. Onpenenenue noraprudma MoJI0KUTETHHOIO YUCIIA.

2. CoiicTBa 0orapu@mos.
3. JlecaiTHuHbBIE M HATYpaJIbHBIE JTOTAPU(PMBL.
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Tema 5.3. Jlorapupmuyeckasi pyHkums.
Onpeoenenue nocapugpmuueckou hynxyuu . Ceoticmea u epaguxu no2apu@dmuyeckoii GyHKyuu

Ymemow: crpouth rpaduku  jorapupMuUecKux (QyHKIMH, OMHMCHIBATH WX CBOMCTBA, MPUMEHSTH
CBOICTBA MPU PEUICHUH YIIPAKHEHUH
3uamy: onpeneneHue GyHKINUHU, €€ CBOWCTBA U IpaduKH.

Jlorapudmuueckas pynkuus y = logs. x 061agaer ciaeayonuMi CBOHCTBAMU:
1) O6nacts onpenenenus - (0; + o).
2) O6nacTh 3HAYCHUH - ( - 00; + o0)
3) OyHKUMS HU YETHAs, HU HEYETHAsI.

4) dyukmnus Bo3pacTtaeT Ha mpoMexyTke (0; + o) mpu a > 1, yosiBaet Ha (0; + o) mpu 0 <a < 1.
I'padux dyskmmu y = logs x MOXeT ObITh MONMy4YeH H3 rpaduka GYyHKIMH Y = g C MOMOILBIO
npeoOpa3oBaHus CUMMETPUN OTHOCUTENIBHO MPSMOil y = X.

Ha pucynke a) nmoctpoen rpaduk sorapudpmudeckoit GpyHkuuu 1 a > 1, a Ha pucynke 0) - 11 0 < a
<1.

i"“ F1

-ngg‘ Lﬂ’”

ﬂ/ | : f I\

@) & Y mdogy x(Ceg=<i)

®Oyukums y = In x.

Cpenu mokasatesnbHbIX QYHKUUN y = @, rae a > 1, ocoOblit MHTEpeC ANl MaTeMaTHKH U ee
NPWIOKEHUHN TpeCcTaBiseT PyHKIMs, 00aaaonas cleayonM CBOMCTBOM: KacaTelnbHas K rpaduky
¢ynkuuu B Touke (0; 1) oOpasyer ¢ ocbto x yrou 45°. OcHoBaHMEe a TakoW (YHKIMH aX MPUHIATO
0003Hauath OYKBOH e, T. €. y = €*. [loncunrtano, uro e = 2, 7182818284590..., u ycTaHOBIIEHO, YTO € —
UppanyoHaibHOe yncio. Jlorapupmuueckyro QyHKIUIO, OOpaTHYIO MOKa3aTeIbHOH (QyHKIHHU y = e,
T. €. QyHKIUIO y = loge X, mpuHsATO 0003HauaTh ¥ = In x (In ymraercs "HaTypanbHBIN JOTapUPM").
['paduk pynkuuu y = In x u3006pakeH Ha pUCYHKE.

Konmponvhuwvie 6onpocoi
1.0Ompenencaue norapudmMudeckoil GyHKIHM.
2. CpoiicTBa norapu(Mu4eckux QpyHKIUi.

Tema 5.4. PemieHne noka3areJbHbIX M JJOrapu(pMUYECKNX YPABHEHU I, CHCTEM YPaBHEHH I

OcHogHble npuembsl Ux peuletust (Paznodcerue Ha MHONCUmMenu, 866e0eHue HO8bLX HeU38eCMHbIX,
noocmanoska, epaguyeckuti memoo). Mcnonvzosanue c8olucmes u epaghuxos oyHKyull npu peulenuu .

YMemb: peuaTh oKa3aTeabHble U JIOTapu(PMUUECKUE YpaBHEHUS

3HamMb: OCHOBHBIE NPUEMBbl MX pelIeHus (pa3lioKeHHEe Ha MHOXKUTENIH, BBEJCHHE HOBBIX
HEHM3BECTHBIX, TOACTAHOBKA, Ipad)MuecKUii METOM), MCIIOJIB30BaHNE CBOMCTB M I'padMKOB (YHKIUI
IIPY PEIICHUN YPaBHEHHM.
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Ilokazamenvnuvie ypasnenusn
Pemenue noxazamenvhvix yparenuti 4acTo CBOAUTCS K PELICHUIO YpaBHEHHUS
a*=a’,
rae a > 0,a # 1, x - Heu3BeCTHOE. DTO ypaBHEHHUE PEIIAETCS C TIOMOIIBIO CBOMCTBA CTETICHU: CTEIIEHU C
OJIMHAKOBBIM OCHOBaHUEeM a > (,a # 1 paBHBI TOJBKO TOT/Ia, KOT/a PABHBI HX ITOKA3aTEIIH.

Tema 5.4. Pemienue noka3zateJbHbIX H JIOTapu(GpMUUECKNX HEPABEHCTB

Pemenune noxazamenvhvix Hepagencme 4acTo CBOJUTCS K PEILICHUIO HEPABEHCTBA

a*>a"wm a* <a’.

OTH HEpaBEHCTBA pEMIAIOTCS C TOMOIIBI0 CBOWHCTBA BO3pAcTaHUs WM yObIBaHUSA
noKa3aTeabHOM (yHKIMM: JUis Bo3pacTaromied (QyHKUuMM OoJblleMy 3HAa4eHHI0 (QYHKIUU
COOTBETCTBYET OoJiblllee 3HAUEHHWE apryMeHTa, a Juisl yObIBaromield (QpyHKuMM OOJbLIEMY 3HAUEHUIO
(YHKLIHNU COOTBETCTBYET MEHbIIIEE 3HAUEHUE apTyMEHTA.
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Tema 6. IlpouszBoanas
Tema 6.1 @yukyuu ux ceoiicmea u zpaguxu (noemopenue)
DnemenmapHule hyHKkyuu, ux ceoticmea u epaguxu

Ymemuw: cTtpouTts rpauku 3eMEHTAapHBIX (PYHKINH, ONMCHIBAaTh CBOMCTBA (DYHKIIUH.
3namu: omnpeneneHus GyHKIHMI, UX CBOWCTBA U TpapuKH

HazoBeM ynopsadouennoii napoti (X,y) IByX3IEMEHTHOE MHOXKECTBO {X,)}, B KOTOpOM

BJIEMEHT X HAXOAMTCS HA MEPBOM MECTE, a DJIEMEHT ) — Ha BTOPOM. DJIEMEHT X HA3BIBAETCA NEPEOLL
KOOpOUHamoti yNopsIOYeHHOM Mapbl, a JIEMEHT Y — 6mopoi Koopounamotl. JIBe yIopsiioueHHbIe
apbl PaBHbI, KOTJIA COBIAAAIOT UX KoopauHatel: (X,)) = (U, V) &S X =u,y =v.

@ynxyueli f HA3bIBAETCS MHOKECTBO YIIOPAMOYEHHBIX map uucen (X, )), Takux, uto X € X,
yeY wu kaxknomy snementy X € X CTaBUTCS B COOTBETCTBUE €IMHCTBEHHBINH djieMeHT ) € Y .

O6o3nauenue: f: X — Y. MHOxecTBO X Ha3zbIBaeTcs obiacmovio onpedenerus GyHKINHA f, a MHOXKECTBO
Y — obnacmoto 3nauenuti. O603navarot: Dru Er. Ecnu sicHO, Kakue MHOKECTBa X U Y UMEIoTCS B BHILY,
To mumyT Y = f(X). DIeMEHT X Ha3bIBAETCA apayMeHmom, ay — snauenuem QyHKIUH f.

Cnocoowvl 3a0anun gynkyuu.
CymiecTByeT HECKOJIBKO CIIOCOOOB 3a1aHus (PyHKIINH.

1. Tabauynviti. Wcmonw3yercs Toraa, Korga o0O0JIaCTh OMPENETCHUS COCTOMT W3 KOHEYHOTO
MHOXKeCTBa uucen. Torma s 3agaHus (QYHKIMH TPOIIE BCETO yKa3aTh TaOJHUIly, COJCPIKAIIYIO
3HAUEHUSl apryMEHTa M COOTBETCTBYIOIIHME 3HA4YCeHHsS (QyHKIWH. Hampumep, Tabnwma JiorapudmMos.
JpyruMm mpuMepoM MOTYT OBbITh TaONMUIBI, COAEpIKAlllhe NaHHBIE O YWCIE JKUTENEH, HaCeNSIomuX
3eMHOH II1ap B OTACIBHBIC TOJIbI, PACIIMCAHUS JBYKCHHUS ITOC3/I0B U T.II.

2. Ananumuyeckuu. [Tpu ananutTuyeckoMm crocoOe 3amaHus QYHKIHMS MOXET OBITh 3aJaHa s6HO,
KOTJla IaHO BBIpa)KEHHUE y 4epe3 X, T.e. hopmyiia uMeeT Bu y = f(X), Hesa6HO, KOTAA X U ) CBSI3aHbI

MeXIy co0oit ypaBHeHueM Buna F(x,y)=0; napamempuuecku, KOraa COOTBETCTBYIOIIUE APYT APYTY
3HAYCHUS X U Y BBIPAKCHBI UePe3 TPETHIO IEPEMEHHYIO BEJIMUHMHY ¢, HA3bIBAEMYIO nApamempoMm.

3. Jlocuueckuii. Ecnu ¢GyHKIMS ONMUCHIBAETCS MPABUIIOM €€ COCTAaBIICHUS, HANpuMmep, (QyHKIUS
Hupuxite: f(x)= 1, ecnu x — panponanbHoe; f{x)= 0, eciu x — uppamoHaILHOE.

4. Ipaguueckusi. CocTouT B U300paKeHUH 2paguka @ynkyuu — MHOXKeCTBA Touek (X, ))
IUIOCKOCTH, a0CIHUCChI KOTOPBIX €CTh 3HAYCHHS apryMEHTa X, a OpPJUHATHI — COOTBETCTBYIOIIUE UM
snauenns ¢Qynkmun V= f(X). IlpenmymecTBOM TpadUUECKOTO 3aJaHus SABIAETCS €TO

HarjIaJHOCTb, HEAOCTATKOM — €0 HCTOYHOCTD.

I'paghux pynxyuu
I'pagpukom Gynxyuu (B ACKAPTOBOM MPSIMOYTOJIBHOW CHUCTEME KOOPJIWHAT) HAa3bIBAIOT
TeOMETPHUECKOE MECTO TOUYEK, AOCIIMCCHI KOTOPBIX SIBISIFOTCS] 3HAUEHUSIMH HE3aBUCHUMON TIEPEMEHHO,
a OPJIMHATHI — COOTBETCTBYIOIIUMH 3HAYCHHUSIMU (DYHKITHH.

Ceoiicmea pynkuyuii
I[lox ocHOBHBIMHE cBolicTBamMu Qynku Y = f(X) GyaeM MOHMMATh CIIELYOIIHME:

1. uemnocme, newemnocmo. ®ynxius Y = f(X) HasbIBa€TCA YemHO, €CIW JUIS TFOOBIX 3HAYECHUMH

x m3 obmactu onpenenenus f(—x)= f(x) u nevemmnoi, ecrm f(—x)=—f(x). B nporusrOM

cnydae Qynkums = f(x) naswBaercs @ymkyueii obweco euda. I'paduk 4veTHON (yHKIMH

2
CUMMETPHUYCH OTHOCHUTEIIPHO OCH OpAMHAT (Hampumep, rpaduk ¢QyHKIUH ) =X"), a rpadux

HEYETHOH (YHKUMU CHMMETPUYEH OTHOCHTEIBHO Hayalla KOOpAHMHAT (Hampumep, rpaduk (yHKIUN
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3 .
y=x"). [losromy nans deTHOM (YHKIMU JOCTATOYHO CTPOUTH JIMILIB MPAaBYIO HOJOBHUHY rpaduka

(x> 0), neast nonosuna ero (x < 0) sBisieTCs 3epKATBHBIM OTPAKEHUEM NIPABOM OTHOCHTENBHO OCH
Oy. YtoObl MOCTPOUTH TpapuK HEUETHOH (YHKIHH, JOCTATOYHO M300pa3uTh MPaBYIO MOJIOBUHY €0
(x > 0); nesas nonosuna rpapuka (X < 0) monyyaercs B pesyabraTe NOBOpoTa npasoit Ha 180°.

2. monomonnocmy. Ecnm 1as m100bIX 3HAYEHUH X;,X, € X w3 HepaBeHcTBa X <X,

BBITEKACT HEPABEHCTBO:!
a) f(x))<f(x,), To QyHKIIUS Ha3BIBACTCS go3pacmaroujell,

6) f(x)< f(x,), 10 QyHKUNS HA3BIBACTCS HeYObIGAIOWEL;
B) f(x;)> f(x,), ro Gynkuus HassiBaercs yowiearouei,

r) f(x)2 f(x,), T0 GyHKUMS HA3BIBACTCS HEBO3PACMAIOWEIL.

Bospacratomue, HeBo3pacraiomue, yOBIBaIONIMEe W HeyObIBaromue (GYHKIMM HAa MHOXKecTBe X
Ha3bIBAIOTCA MOHOMOHHbIMU HA 3TOM MHOXECTBE, a BO3pacTaloliue M YOBIBAIOIIME — CMPO2o
MonomonHbimMu  VIHTEpBanbpl, B KOTOPBIX (YHKIMS MOHOTOHHA, HA3bIBAIOTCS UHMEPBALAMU
MOHOMOHHOCTU.

3. ocpanuuennocmy. OyHKIMS Ha3bIBACTCS O2pPAHUYEHHOU HA MPOMEXKYTKE X, €ClIM CyIECTBYET

Takoe nonoxkurensHoe unciao M >0, aro ‘ f(x)<M ‘ ni1st moboro X € X .

4. nepuoduunocme. ®yuxkuus Y = f(X) HaspiBaeTcs nepuoduueckol, €CIM  CyLIECTBYET

nonoxutensHoe uucao I takoe, uto f(x+7) = f(x). HaumeHslee 9ucio ¢ TaKuM CBOWCTBOM

Ha3bIBaeTCsl nepuodom GyHkuuu. [{ns moctpoeHus rpaduka MepuoOAMYECKON (YHKIMU JTOCTaTOYHO
n300pa3nuTh €ro Ha OTpe3Ke, UIMHA KOTOPOTO paBHA MEPHOAY, a 3aT€M IOCTPOHUTH IEPHOIUIECKOE
MIPOAOIDKEHHE TpaduKa.

Oopamnasn pynkyus
Hycts 3amana ¢Gyukuus Yy = f(x) ¢ obnacteio ompemeneHuss D W MHOKECTBOM

3HaueHuil E. Eciam KaxaoMy 3HAYEHUIO yEE COOTBETCTBYET E€JIWHCTBEHHOE 3HA4YEHHE
xe€ D, to onpenenena ¢pymkuus X =@(y) ¢ obmacteio omnpenencHus E U MHOKECTBOM

snauennit D. Takas Gyukuus @(y) HaszeiBaeTcs obpamnoti k pynkuuu f (X) u 3anuceiBaeTcs

-1
B Buge: x=@(y)=f (y). lpo dyukuun y = f(x) u x=@(y) rosopsar, 4ro OHH
ABISIIOTCS  B3aUMHO OOpaTHbIMH. ['paQukd B3auMHO OOpaTHbIX (YHKUMHA CHMMETPUYHBI
OTHOCHTENILHO OUCCEKTPUCHI IEPBOTIO M TPETHETO KOOPAMHATHBIX YIJIOB.

Onpenenenue 1. OcHoenvimu 3I1eMeHmMaApHbIMU  QYHKYUAMU HAZBIBAIOTCA CIEIYIOINE

GbyHKIUU:
a) nocmosinnas yakmus f(x)=c, c € R;

0) cmenennas dyukuus f(x)=x“,rae o — 1000€ ACHCTBUTEILHOE YHCIIO;

B) nokazamenvuas Qyakumst f(x)=a”, tne a > 0,a #1;

r) 102apugmuyeckas pynkuusa y =log, x, rae a > 0,a #1;

) mpucoHomempuyeckue GyHKIUNA Y =Ssin X, y = COSX, y = IgX, V = CIgX;

€) oopamuvle mpueoHomempuieckue QyHKIIMHA ) = arcsin x, y = arccosXx, y = arctgx, y = arcctgx.

PaccMoTpuM OCHOBHBIE CBOMCTBA M Ipa)MKU OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIUH.
a) nocmosannaa Gynkuus f(x)=c, c € R.

O6mactp  ompeaeneHus (— oo;+oo), f(x)=c HeBo3pacTaromas W  HEyOBIBaIoIIas,
NepuojuYecKas, He HMelas HauMeHbllero nepuona. Ipaduk GyHKIMM y =c- mnpsamasd,
napaienbHas ocu Ox, oTcekaroniasi oT ocu (Jy OTpe30K BEIUYUHOH C.
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Yh
y=>4
b
y=0
[7] X
y=-2
—2

0) cmenennas ¢dynkuus f(x)=x“. Ecnau mokasatenb o =n - HaTypaJbHOE YHCIO, TO CTEICHb

x" onpenenena st moboro x € R, cnenosarensHo, D(y)=R. Ecnu a =-n,n € N, TO cTenecHHas

¢byHkuusa y =x " omnpeaernena ais moboro x € R, x # 0.

Ecnu a siBnsieTcst ApOOHBIM YHCIIOM, TO 00JIaCTh ONPEICICHUS CTEIIEHHON (YHKIIMU y = X“ COBMajacT

C MHO>XKECTBOM I[CﬁCTBHTCJ'II)HBIX 3HAYCHHI X, IJIA KOTOPBIX y MHNPHUHHUMACT TAKXKE ,HGP'ICTBHTCHBHI)IC

3HavyeHus. Hampumep, pyHkums y = Vx ompenenena mpu x>0, QyHkius y =3/x ompeneneHa npu
aroboM neiicTBuTeNnbHOM XU T.J. Ecim o - uMppanuoHanbHOE YHCIO, TO CTENeHHas (QYHKUHUS

f(x)=x" onpexnencHa AJis BCEX HEOTPUIATEIIBHBIX JCHCTBUTCIBHBIX 3HAUYCHUN X.

Cmenennasa (pyHKyusa c HAMypanbHLIM NOKA3amMenem.

OyHKIUA y = X", TA€ n - HaTypaJbHOE YHUCIIO, HA3bIBAETCS CTENEHHON (QYHKLUEH ¢ HaTypaJbHBIM

MOKa3aTeIIeM.
IIpu n = 1 nonyyaem QyHKIHIO ¥ = X.

IIpu n = 2 nonyyaeM QYHKIHUIO Y = x°.

DyHkuusa y = x2.

I[Tepeuncium cBoiicTBa (YHKIHUHU Y = X°.

1) O6acts onpeneneHust GYHKIUH - BCS YHCIIOBAS MPSMasi.
2)y = x* - yetnas pyukuus (f (- x) = (- x)> = x2 = f(x)).

2 2
3) Ha npomexytke [0; + o0) dyHKImsa Bo3pactaeT ecau 0<x, <Xx,,T0 Xx,” <X, , a 3TO U O3HAYAET

BO3pacTaHue PyHKIUN).

2 2
4) Ha npomexyTtke ( - o ; 0] ¢pynkuus yOwiBaer ( ecnu x, <x, <0, T0 x,” >Xx,”, a 3T0 U O3HAYaeT

yObIBaHUE (QYHKLINN).
I'padukom GyHKIMN y = X° BIsIeTcs napado.a (cM. puc)

vy
o
y=x%

—F —Z =¥ O r 2 3 o

IIpu n = 3 nonyyaeM QyHKIHUIO y = x°.

®yukuus y = x°
ITepeuncium cBoiicTBa (YHKIUH Y = X°.
1) Ob6nactb OIIpeEICHUS byHKIIH - BCS qUCIIOBast
2) y = x> - geuernasa pynxims (£ (- x) = (- x)°=-x* = - £ (x))

npsiMas.
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3) ®yHKIuMs y = x> BO3pACTaeT Ha BCeil UMCI0BOM MPAMOii.

I'padux GpyHKIMK y = x° n300paxeH Ha pucyHke. OH Ha3bIBaeTCA KyOH4ecKoii mapadoioi.

ymx®

-

[TycTh 1 - MPOM3BOJIILHOE YETHOE HATYpaJIbHOE YUCIIO, Oonbliuee AByX: n =4, 6, 8, ... . B aTom
ciydae GyHKIHS y = x" 00IafaeT TeMH Xe CBOMCTBamMHM, 4To M (yHKIms y = x°. I'paduk Takoi
(QyHKIMM HamoMMHAeT mapaboiy y = X2, TOIbKO BeTBU rpaduka 1pu |x| > 1 TeM Kpyde HMIyT BBEpX,
yeM Oodplie 7, a ipH |x| < 1 Tem "TecHee mpmkuMaroTcs" K OCH X, 4eM OoJibiie 7. (puc. a).

l"l',,l v ﬁ)

AN

[Tycth n - IPOU3BONIBHOE HEUETHOE YMCIIO, Oombiee Tpex: n = 5, 7, 9, ... . B aTom ciydae
¢yHKIHA y = x" 061agaeT TeMH Ke CBOWCTBaMH, 4To M (QyHKIMS y = x°. I'paduk Takoi (yHKIMH
HallOMHHAET KyOWUYecKyio mapaboiry (TONBKO BETBH Trpaduka TeM Kpyde HIyT BBEPX, BHU3, UM
oompiie n) (puc. 6). OTmeTuMm Takxke, 9yTo Ha npomexyTtke (0; 1) rpaduk creneHHoOW GyHKIMH y =
X" TeM MeJIeHHEee OTAAISETCS] OT OCH X C POCTOM X, UeM OOJIbIIIE 7.

Cmenennasa yynKyua c yeavim OompuyameabHblM NOKa3amenem.
Paccmorpum dyHkmmio y = x ™, rie n - HaTypaJibHOE YUCIIO.
Ipu 7 = 1 nonyyaem y = x ~' wim y = 1/x. CBoiicTBa 3Toii (PYHKIIMU PaCCMOTPEHBI BHIILE.
[TycTp n - HeYeTHOE uncio, Oonbiiee equHuIl, n =3, 5,7, ...
B sTom ciyuae dpyHkimst y = x ™ o0nagaeT B OCHOBHOM TE€MH K€ CBOMCTBaMU, 4TO U QyHKIHS y = 1/x.
I'paduk ynkuum y =x " (n =3, 5, 7, ...) HanomuHaeT rpaduk GyHkuu y = 1/x (puc. a).

¥ — Yi —

{A-HESEMNIE) (e = w@mrnie )

L]
L
=Y
~
=
-
™

a) 9)

[TycTp n - yeTHOE yHnciO, HATIpUMED 1 = 2.
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IlepeuncauM HEKOTOphIe CBOMCTBA QYHKIMHU y = X 2, T. €. QyHKuuU y = 1/x.

1) ®yukuus onpeneneHa nmpu Beex x # 0

2) y =1/x* - ueTHas QyHKIHSL.

3) y = 1/x? y6wBaeT Ha (0; + o) 1 Bo3pacTaer Ha ( - ©0; 0).

Tewmu xe cBoMcTBaMHU 00J1a1at0T JTI00BIE (PYHKIIMK BUJIA Y = X ' TIPH YETHOM N, OOJIBIIIEM JBYX.
I'padux Gpynxmun y = 1/x> u300pakeH Ha pUCyHKe 6. AHAOTMUHBIA BUJ UMeeT Tpaduk GyHKIHH y =

x ™ ecnun=4,6, ..
1

DOyHKIMUA Yy = X2
[epeuncnum cBoiicTBa GyHKIUU Y = Jx

1) O6macts onpezenenus - ay4 [0; + o0). DTO CIeayeT U3 TOTo, YTO BHIpakeHHe YX Ompe/IeIeHo Kb
npu x > 0.

2) Oyuknus y = Jx Hu YeTHA, HU HEYETHA.

3) OyHkuus y = Jx BO3pacTtaet Ha iyde [0; + o).

I'padpux pynkuum y = Vx n300pakeH Ha PUCYHKE a.

Y
J y=Vx g ;
2 2 y=V¥ _
7 !
71 ] & X 77 ] X
a) 2)

1
DyHKIMA y = X3,

[Tepeuncnum cBoiicTBa GYHKIMH Y = Vx
1) Ob6nacts onpeneneHust PYHKIMH - BCS YUCTOBAsI MPsMasi.
2) @yHKIMA y = 3/x HeuerHa.

3) ®dyukys y = /X BO3pacTaeT Ha BCEH YHUCIOBON MPAMOIA.

I'paduk pyHkuuu y = VYx 1300paXkeH Ha pUCYHKeE 0.

1

DyHKIUA Y = X",
[Tpu yetHOM 7 QyHKUUSA Y = 4/x o6nagaer Temu Ke CBOHCTBaMH, UTO M byHKIUA Y = x ., u
rpaduk ee HaoMuHaeT rpaduK GYHKIUU Y = 2x .
[Tpu HeueTHOM £ HyHKIUS Y = 4/x obnanaer Temu Ke CBOMCTBaMH, 4TO U (PYHKIUS Y = 3\/;, u

rpaduk ee HarloMuHaeT rpadguk GyHKIUH Y = Vx .

y= .rfn-wiir_HWJ / Y=V (11- sevemuoe)

ol 7 X y_ﬂﬂ}‘ X

a) )

CreneHHasi PYHKIMS C NMOJ0KUTEIbHBIM IPOOHBIM IOKA3aTe eM.
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PaccmoTrpuM dyHKIHIO y = X', T€ 7 - MOJI0XKUTENIbHAs HECOKpaTUMast 1poOb.
[epeurcnum HEKOTOpPBIE CBOICTBA ATOM (PyHKITUH.

1) O6nacts onpenenenus - ayd [0; + o).

2) OyHKIMSA HU YeTHas, HU HEYeTHasl.

3) @yHkuus y = x” Bo3pacrtaet Ha [0; + o).

Ha pucyHke a u300paxeH rpaguk GpyHKIUT y = x>
15
v y=X }rlr YA
3
Y=n 2
y=x
! / y=x"
JLE
! y=A
7| 1% @8 ! x a1 7 E
a) d) 6)
Konmponwnsie sonpocel
DyHKIMUY.
OG6acTh ONpeaeIeH st 1 MHOKECTBO 3HAYEHUIA.
I'padux Pynkumu.

[Moctpoenwue rpadukoB QyHKIUI, 3aJaHHBIX PA3TUIHBIMUA CIIOCOOAMH.
CoiicTBa (hyHKIHH.
OO6patHbie QyHKIHH.

S e

Tema 6.2 IlocaegoBareabHocTH. Ilpenes mociaenoBaTe1bHOCTH, Mpeaes] PyHKIUA

Ilocneoosamenvuocmu. Cnocobvl 3a0anus u c80UCMEA YUCTIOBbIX NOCAE008AMENbHOCELL.
Ilonsamue o npedene nocnedosamenvrocmu. Cyujecmeosanue npeoena MOHOMOHHOU 02PAHUYEHHOU

nocae008amenbHOCmi. CyMMupoeaHue nocne008amenbHoCcmell.

Ymems: BeruncnsaTh npeaci YUCIIOBOM MMOCJICA0BATCIIbHOCTHU, BBIYHUCIIATD IPCACII (I)YHKI_II/II/I
Buame: OCICO0BATCIIBHOCTH, CITOCOOBI 3aJaHusl U CBOMCTBA YHCJIOBBIX HOCJ'IGI[OBB.TCJH)HOCTGI\/JI,
NOHATHUEC O HOPCACIC MOCICHOBATCIIBHOCTHU, CYIICCTBOBAHUC IIPCACIIA MOHOTOHHOM OrpaHI/I‘leHHOﬁ

mocaca0BaTCIIbHOCTH, CYMMHUPOBAHNUC MOCJIEIOBATCILHOCTEIA.

Eciu ka)xaoMy HaTypaabHOMY YHCIY 71 IOCTAaBICHO B COOTBETCTBUE BELIECTBEHHOE YUCIIO Xn,

TO T'OBOPAT, YTO 3aJlaHa nocne008amenbHoCmb
XisXysuees X, = {X,}.

Yucna X] 5 X2 geees xn Ha3bIBAKOTCA OSJjiemeHmamu (HJZBHCIMM) nocCJIICJ0BaTCIbHOCTH, CHMBOJI

{x,} — obwum snemenmon (unenom), a n —Homepom EMeEHTA.
Jl11g mocneaoBaTeabHOCTEH MOYKHO ONPEEIUTD CIEeYIOIINE Onepayuu:

1) YMHOXeHHe [0CIeN0BaTeNBHOCTH Ha uucno m: m-{x, } = {mx, }, 1.e. mx,,mx,,...

2) Cnoxenue (BblunTanue) nocnenosarensuocreii: {x, }+{y }={x, £y, }.

3) Ilpoussexnenue nocnenoBarensHocTeit: {x,§-{y,} =1{x, y,}.

) _ | %,

4) YacTHOE MOCIe0BaTENbHOCTEIH: ﬁ =<+ npu {y,} #0.
n

n

Ozpanuyennsvle u HeOZpaHUYEHHbBLE NOC1E006AMENbHOCHIU.
[loce0BaTenbHOCTE  {X,} HA3bIBACTCA O2PAHUUECHHOU C6EpXy, €CIH Ul

CyILIecTByeT Takoe 4ucio M, urto x, < M .

JIF000r0 1
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Tlocie10BaTeIbHOCTD {X, | HA3BIBACTCS 02PAHUYEHHOU CHU3Y, ECITH JUIS JIFOOOTO 1 CYIIECTBYET
TaKO€ 4UCJIo M, 9To X, = M.
ITocmenoBaTenbHOCTE {xn} HA3bIBACTCS OZPAHUYEHHOU, €CJIM OHA OTPAHWYCHA M CBEPXY U

CHU3Y, T.€. CYILIECTBYIOT TaKue 4ucia M u m, 410 [iIs 1000ro n BepHo HepaBeHcTBo: M < X, < M .

IIpenen nociexoBaTeIbHOCTH.

Uncino a  HaskIBaCTCS  npedenom  TOCICAOBATENBHOCTH  {X,}, ecnmd s  JE06Oro
nonoxurensHoro £ >0 cymectByer Takoi Homep N, 4To Mt Bcex 7> N BBINOJNHAETCS YCIIOBHE:
‘xn—a‘ < €. DTO 3aIHCHIBACTCA:

limx, =a.
n—>0

B 9TOM city4ae roBopsIT, 4TO MOCIEIOBATENBHOCTD {X, | CX00umcsi K a P n—>o.

OcHoenule ceoiicmea cxodﬂmuxc;l nocneoosamenvHocmeil.
1. CXOI[HIJ.[B.HCH MOoCJICAOBATCIIBHOCTL OIpaHUYCHA.

2. Oyers limx,=a, limy,=b, rtorma lim(x,*ty, )=axb, lim(x,-y,)=a-b,
n—>o n—»o0

n—»0 n—»0
lim| X2 |=2 (b 20).
n—o\ b
3. Eemm limx, =a, limz, =a u pus Bcex n BBINONHSIOTCA HepaseHcTBA X, <V, <z, TO
n—»0 n—»o0
limy,=a.

n—>0
4. Ecin li_r){.lO X, =@ ¥ IIOCIEN0BATEIBHOCTD {), } — OrpaHHYEHHAs], TO li_r)ElO (x,-y,)=0.
n n

Ipenen pyHkunu B TOUKE.
[ycte Gpyrkuus f(X) ompeneneHa B HEKOTOPOM OKPECTHOCTH TOYKH X =@ (T.€. B Camoi

TOYKE X = @ (YHKIHMS MOXET ObITh U HE OIpeieicHa)
Yucno A wuaseiBaetcs npedeiom Gymkuun f(X) mpum x—a, ecnm mna mobdoro £ >0

cymectByer Takoe uncno A >0, uro mma Bcex x takux, uto 0 <| X —a|< A BepHO HepaBeHCTBO
‘ f(x)— A‘ < & . B arom ciyuae mumyrt: lim f(x) = 4
x—a
Ecimu f(x) = A, npu x—a Tonsko npu X < a, 10 xl_ig}o f(x) = A, — nassiBaercs npedenom

YHKIUA X) B TOUKC X =d caesa, a €CIn X)— IIpU X—>a TOJBKO IIpHU xX>a, 10
A2

lim f(x)= A, nassBaercs npederom pynxkumn f(X) B TOUKE X = a cnpasa.
x—a+0

[penenst A1 n A2 Ha3BIBAIOTCS TAKKe 00HOCMOpoHHuMu npederamu Gpyaxkuuu f(X) B Touke

X = a. Takxe roBOpsT, uTo A — Koneunsii npeden Gpynkuuu [ (X).

Ocnoesnvle meopemuvt 0 npedenax.
Teopema 1. lim C = C, rue C = const.

xX—>a

Crenyrolye TeopeMbl CIPaBeIMBBI NPU Tpeanonoxkennd, uto ¢ynkmmu f(x) n g(x)

HUMCIOT KOHCYHBIC MMPCACIILI ITPU Xx—a.
Teopema 2. lim[ f(x) £ g(x)] = lim f(x) + lim g(x)
xX—>a xX—>a xX—>a

Teopema 3. lim[ f(x)- g(x)] = lim £(x)- lim g(x)
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Caencreue. IimC - f(x)=C-lim f(x)

lim f(x)
Teopema 4. lim JSx) = x=d mpu lim g(x) # 0
wag(x)  limg(x) e
xX—a

beckoneyHo maJjible pyHKIMH.
cI)yHKI_II/HI f(.X') HA3BIBAETCS OECKOHEUHO MAaol IIpu x—>a, rA¢ a MOXET OBLITH YHCIIOM HIH

OJIHOW U3 BEJIMYHUH 00, +00 mim —oo, ecim lim f(x) =0.
x—a

Ceoiicmea 0eCKOHEUHO MANbIX QYHKUUIL:

1) Cymma pUKCHpPOBaHHOTO YMClIa OECKOHEYHO MaJIbIX (DYHKIMHA MPH X—>a TOKe OECKOHEUHO Majiast
byHKIMS IpU X—>a.

2) IlpousBeneHne GUKCUPOBAHHOTO YUCIIA OECKOHEYHO MAIIBIX (YHKIUH MPU X—>@ TOKE OECKOHEYHO
Masiast QyHKIUS TIPH X—>d.

3) IlpousBenenue GeCKOHEUHO Mol (GYyHKIMM Ha (QYHKIHMIO, OTPAaHUYEHHYIO BOJIU3U TOUKU X = d
ABJISIETCS OECKOHEYHO Majol pyHKLUEH MpH x—a.

4) YactHOoe OT AeyieHHs] OECKOHEYHO Masiol (QyHKIIMHK Ha (QYHKIIHIO, TIPEACSI KOTOPOW HE PaBEH HYIIIO
€CTb BEJIMYMHA OECKOHEYHO MaJlasl.

beckoneuno 6onvuue pynkyuu u ux céa3p ¢ 60€CKOHEYHO MATBIMU.
DYHKINS Ha3bIBACTCS OECKOHEYHO OObULOL TIPU X—>a, TAC @ — YUCJI0 WX OJHA U3 BEJIMYUH O,

+oo 1 —o0, ecim 11m f'(x) = A, rne A — 4nceno uiny oHa U3 BETUYUH 00, +00 HITH —o0.
xX—a

CBsi3p O€CKOHEUHO OO0JIBIINX U OECKOHEUYHO MAIbIX (DYHKIHN OCYLIECTBIISIETCA B COOTBETCTBUU
CO CIEAYIOLIENH TEOPEMOM.
Teopema 5. Ecnu f(x) — 0 npu x—a (ecnm x—o0) 1 He 00paIIaeTCcs B HOJIb, TO

y=—< oo

J ()

Cpasnenue 6ecKoneuHo manvix YyHKuuil.
Hycts a(x), F(x) u y(x) — 6eckoneuno manbie GpyHKIUU TIPH X —> @ . DT GECKOHEYHO

MaJible (DYHKITMHM MOYKHO CPaBHHMBATh MO OBICTPOTE WX YOBIBaHUS, T.€. TIO OBICTPOTE WX CTPEMJICHUS K
HYJTIO.
. a(x) .
Ecmm lim——= =0, 1o Qpynkuus (X) HasbIBaeTcs OGeckomeuno Manoti boiee 6blCOK020
x—a ﬁ(x)
nopsoka, uem pyukuus [F(x) .
a(x)

Ecmu lim

=A, A#0, A=const, o a(x) nu [(x) wHasbBaOTCI Heckoneuno
x—a [F(x)

ManeiMu 00H020 NOPAOKA.

. a(x)
Ecmu lim
x—a ,B(x)

=1,10 pyukuun a(x) u S(X) Ha3BIBAIOTCA SKEUSANEHMHBLMU HECKOHEUHO

Manvimu. 3aUCHIBAIOT o ~ .
Beckoneuno manas GpyHkuus o(X) HasbIBAETCA HECKOHEUHO MOl NOPAOKa k OTHOCHTENBHO

. a(x
Geckoneuno manoit Gpynkuun [(X), ecnu npenen hmk(—) =A+#0.
x—a ﬂ ( x)
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O,Z[HaKO CJICAYyCT OTMCTUTL, YTO HC BCC OECKOHEUYHO MaJIble (I)YHKI_II/II/I MOKHO CpPaBHHUBATb
a(x)

Mexy coboii. Hampumep, ecnu oTHOIIEHHE HE UMEET Ipenena, TO PyHKIUNA HECPABHUMBI.

f(x)

Ceoiicmea IK6UBAIEHMHBIX DECKOHEUHO MAIbIX.

) a~a, | lim a(x) =1
xX—a a(x)

a) _, (a) f)
2)Ecmn a~ Bu f~y10 a~y, | i =lim =1-1=1
: i e i [ S e B )

3) Ecmm a~ f,10 B~ a, }333 ﬁgx; )lcla a(IX)

B (x)

4)Ecm a~a1u B~ Piu hma( ») =k,ton lim—— % (x) =k wm lim alx )—1 al(x).
a f3(x) =a f5(x) a f(x) e fi(x)
CBoiicTBO 4) 0COOEHHO Ba)XHO Ha MPAKTHKE, T.K. OHO ()aKTUYECKH O3HAYAET, YTO Ipene
OTHOIICHHS OECKOHEYHO MaJIbIX HE MEHSETCs NP 3aMeHe UX Ha 3KBUBAJICHTHbIE OECKOHEUHO Mallble.
9toTt (1)aKT JacT BO3MOXHOCTb IIPpHW HaAXOXICHHU IIPCACIIOB 3aMCHATH OECKOHEYHO Malble Ha
9KBUBAJICHTHBIE UM (DYHKIMH, YTO MOKET CUJIBHO YIIPOCTUThH BBIYMCICHHE MIPEEIIOB.

3ameuaTeJibHbIE NPeaesIbl

Ilepeviit 3ameuamenvhulii npeode
[Ipenen oTHOIIEHUSs cUHYCca OECKOHEYHO MaJIo TyTu K caMOi JIyre, BRIpaXKEHHON B pajuaHax,
Ha3bIBAETCS NEPBbIM 3aMeYamenbHbiM npedenom. ITOT Ipeesl paBeH eJUHHULIE.

. sinx )
lim =1 WIN Iim——=1
x—>0 Xx x—=>0SIn x

Bmopoiu 3ameuamensnuiit npeden
X

Iim|1+—| =e
X—>00 X

1
rne e~ 2,71828.... Ecou —=a, 10 & — 0 n BTOpOI1 3aMeUaTenbHbIA MIPEIET MOKHO 3aIUcaTh B
X

BUJIE:
1
lim(l1+ )« =e
a—0
KpOMe TPEX, HM3JOXKCHHBIX BBIIIC, IPEACITIOB MOXKHO 3alucCaTb CICAYIOINHUE II0JIC3HBIC HaA
MMPAaKTUKEC COOTHOMICHUSA:
. In(l+x .oat -1 . Q+x)" -1
hmg =1; lIim—— =Ina; th =
x—0 X x—>0 X x—0 X

Koumponvhnvie sonpocwi
1. ITocnenoBaTenbHOCTH.
2. CrnocoOBI 3a1aHUS U CBOMCTBA YMCIOBBIX IIOCIIEI0BATEIILHOCTE.
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3. [lonsTe o mpezene Nocaea0BaTeIbHOCTH.
4. CymecTBOBaHUE NPeeIa MOHOTOHHON OrpaHUYEHHON MOCIEA0BATEIbHOCTH.
5. CymmupoBaHH€ NOCIEI0BATEIbHOCTEN.

Tema 6.3. [IpousBoanas pyHKuUN, ee reoMeTPpHYCCKUH M PU3NUECKHIT CMBIC]T

Onpeoenenue npouzsooHoll PyHKYUU, ee 2eoMempudecKull U Gusuieckuti CMbiCil, ypaeHeHue
KacamenvHou K epaghuxy Qyukyuu, npasuia HaxodcoeHus NPOU380OHbIX, MAOIUYA NPOUIBOOHBIX
I/IeMEeHMAPHBIX QYHKYULL, NPOU3BOOHASL CLOHCHOU QYHKYUU

Ymems: HAXOAUTH POU3BOTHBIE SJIEMEHTAPHBIX U CIIOKHBIX (YHKIWH, MUCATh ypaBHEHHE
KacaTeJlbHOU K TpapuKy (QyHKIMH, TPUMEHSITh T€OMETPHUUECKUI U (PU3NUECKUN CMBICI IPOU3BOTHON
IIpU pELICHUH 3a]a4
3namu:npaBuia qudpepeHIMpoBanus, TaOIUIy TPOU3BOIHBIX IEMEHTAPHBIX (PYHKIMH, ypaBHEHHE
KacaTeabHOU, IPAaBUIIO HAXOXKACHHSI IPOUXBOJIHOMN CII0KHON (PYHKIIMH

I[lyctb x1 M x2 — 3HaYeHus aprymenra, a ), = f(x;) u y, = f(x,) — coorBercIByIOLIHNE
sHaueHnst Qpynkuun ) = f(X). PasHocts AX = X, — X, Ha3bIBACTCS npupauyenuem apeymenmad, a
pasnocte Ay =y, —y, = f(x,)— f(x,) — npupawenuem gynxyuu ua orpeske [x,,x, |

Ipoussoonoii pyukuun f(X) B TOYKe X = X, Ha3bIBACTCS NPEAEN OTHOLICHHUS IIPHPALICHHUS

(YHKIMHU B 3TOM TOYKE K MPUPALICHUIO apTyMEHTa, KOTa MOCIeIHee CTPEMUTCS K HYJIIO.

oo i J (X AX)— f(x)
f(X)_Al)}TO Ax

T'eomempuueckuii cmoici.
[poussognas Qyrkmun )y = f(X) B
TOYKE X0 pPaBHA YIJIOBOMY KO3()(UIMEHTY
KacaTenpHOW K rpaduky (GYHKIMHM B TOYKE
4 —_—
yrojl HakJIOHa KacaTelbHOM K TIpauky
dyukuun ¥y = f(x) B TOUKE Mo.
['eomeTpuyeckuil CMBICT TPOU3BOIHOU
COCTOMT B TOM, 4YTO 3HAa4€HHE IPOU3BOIAHON
GyHKIMM B TOYKE  pPAaBHO  YIJIOBOMY

kod(puimenty KacatenpHOH K  rpaduKy
(GYHKIMU B 3TOM TOUKE.

y=f(x0) = f'(x)x—x,) -

ypaBHEHHUE KacaTEIbHOM.

Y

My

x
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Du3zuueckuit cmuici.
[Ipeanonoxum, yTo QyHKIUSA § = S(t ) ONUCHIBAET 3aKOH JBM)KCHUSI MAaTEPUAIBHON TOYKH IO

IpsAMOit uHnH, T.€. § = §(f) — MyTh, MPONIEHHBIN 3TOW TOYKOH OT Hayayia OTcYeTa 3a Bpems £. Torma
3a Bpems fo mpoiineH myts S =S(f,), a 3a Bpems /1 — mytb S =S(Z;). 3a IPOMEKYTOK BpeMeHH

At =t, —t, Touka npoiiner orpe3ok mytu As = s5(t, + At) —s(¢,).

s(tg) s{to + At)
As

OcHoBHblIe npaBuia AuddepeHunpoBaHus.
O6oszraunm U =u(x), v=v(Xx) u w=w(x) — pynkuun, udppepeHIupy€eMBIE B TOUKE X.

1) C' =0, rae C — moCTOSHHAS BEIMYNHA. y ! 1
2) x'=1 8) (—j =—u'
) (u+v—w)=u"+v' - ¢ . ¢
4 (u-v) =uv+w' 0 C) ,
5) (u-v-w) =u'vw+uw'w+uvw' ) v) 32 Y
6) (C-u)=C-u' 10) Ecu  v=v(u), u=u(x), e
y Y — 'y v=v[u(x)], o v'(x)=v'(u) -u'(x) -
N|i—| = 7 ,ecmu v #0 MIPOU3BOIHAS CIIOKHOU (YHKITHH.
v v
Tabdauua npou3BOIHBIX.
1) (x") = nx""! 12) (arcsin x) :%
' 1 l1-x
N i
2x 13) (arccosx) =— -
NI, o
X X2 14) (arctgx) = 3
' 1+x
4) (e") =e" ' 1
' 15) (arcctgx) =—1 5
5 ) — g7 + X
) (a ) , al na 16) lycrs u =u(x), v=v(x), Ttorma
6) (1 =— '
) (In) X (uv) =v-u'""u'+u" v 1lnu
' 1
7 (log, x) =
xlna
8) (sinx) =cosx
9) (cosx) =—sinx
' 1
10) (tgx) =—
cos” x
11) (ctgx) =—— 12
sin” x
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KoumponvHuvie éonpocwi
1.IlonsTre o mpou3BOAHON (PYHKITHH, €€ TEOMETPUICCKUN U (PU3HIECKUN CMBICIL.
2.YpaBHeHHE KacaTelbHOU K TpaduKy (QyHKIIHH.

Tema 6.4. [IpumeHeHre NPOU3BOIHOM K HCCIeI0BAHNIO PyHKIMH.

Tpumenenue npouzeo0Hol K nocmpoenuio epaguros gyukyuil. Bospacmanue u yovieanue
@yHryuu. Ixkcmpemymol QyHKYUU.

Ymemu: HaXOAUTh TPOMEKYTKH BO3pAcTaHUs U yObIBaHMA. HaXxoIuTh TOUKM SKCTpEMyMa.
3namyo: TlpuMeHeHHEe TPOU3BOJAHON K MOCTpOoeHUI0 rpadukoB GyHkiuii. Bo3pacranue u yObiBaHMe
GyHKIHU. DKCTPEMYMBI (QyHKIIHH.

Yci0Busi Bo3pacTaHus M yObIBaHUS (PYHKIHIA.
Teopema 1. Jlns toro uto6sl nuddepenmupyemas Ha unrepsaie (a,b) pynkuus f(x) Gbuia

Heyovisaowetli (Heso3pacmaroweti) Ha OSTOM HWHTEpBaje, HEOOXOAMMO H JOCTATOYHO, YTOOBI
f'(x)=0 (f'(x)<0) nna seex x € (a,b).

Teopema 2. Eciu dynxims f(x) nuddepenuupyema na untepsane (a,b) u f'(x)>0
( f'(x) < 0) ana Beex x € (a,b), 1o 51a GpyHKIMs 603pacmaem (y6ricaen) na untepsaie (a,b).

Touku 3xkcTpeMyma.
Toukn MakcuMyMa U MUHUMYMa (D)YHKIIUU Ha3BIBAIOTCS MOYKAMU IKCMpemMymd.
Teopema 3. (neobxodumoe ycnosue cywecmeosanus skcmpemyma) Ecim dynxkmms  f(x) B

!
TOYKE X0 IMEET SKCTPEMyM, TO ipousBoiHas f (X,) oOpalaercs B HyJlb WIN HE CYLIECTBYET.

Credcmeue. O6paTHOE yTBepkKIeHHE HeBepHO. Ecou MpousBogHas (yHKLIMH B HEKOTOPOM
TOYKE PaBHA HYJIIO, TO ATO €Ille HEe 3HAYHUT, YTO B 3TOU TOUKE (QYHKI[HSI HMEET SKCTPEMYM.

Kpumuueckumu mouxamu QYHKIUN HAa3bIBAIOTCA TOUKH, B KOTOPBIX HPOU3BOAHAS (YHKIUM HE
CYILIECTBYET UM PaBHA HYJIIO.

Teopema 4. (Oocmamounoe ycnogue cywecmsosanus sxcmpemyma) Eciu pu nepexozie uepes
KPUTHYECKYIO TOUKY X0 ClleBa HAMpaBo Npou3BoaHas Gpynkmuu f (X) MeHseT 3HaK ¢ “+” Ha “—, To B

(1313

Touke xo Qpynkmus f (X) uMeer makcumym, a eCim TPOM3BOIHAS MEHSET 3HAK C Ha “+” — TO

GYHKIUS UMEET MUHUMYM.

Ilpasuna naxoscoenun IKcmpemymos Qyuxkyuu.
1) Haiitu npou3BOgHYIO0 QPYHKINH.
2) Haiitu kpuTHYECKHE TOUKH (PYHKIIHH.
3) HccrnenoBaTh 3HaK MPOU3BOIAHON B MPOMEXKYTKaX, Ha KOTOpPHIC HalJICHHBIE KPUTHUECKUE
TOYKH JAEJAT 0071aCTh ONpeesIeHUus] PyHKIUH.
4) Ormpenenuts CyIeCTBOBAaHHE MAKCHMyMOB U MUHUMYMOB M HAaWTH 3Ha4eHHE (QYHKIIMH B
9THX TOYKaX.
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Cxema ucciaenoBanusi pyHkumi

[Tpouecc wuccrnenoBanusi (YHKIMH COCTOUT W3 HECKOJNbKHMX JTamoB. [l Haubomnee
IOJTHOTO TIPEJICTaBJICHUs] O TMOBeIeHMM (QYHKIMHM M XapakTepe ee rpaduka HeoOXoIumo
OTBICKATh:
1) O6nacth cymecTBoBaHUS (YHKIIUU (3TO MOHATHE BKIIIOYAET B ce0s M 00JacTh 3HAYCHUU, U
obsacTh onpeneneHus QyHKINN).
2) UccnenoBath (hyHKIMIO HA YETHOCTh U EPUOIUIHOCTb.
3) Koopaunatel Todek mnepecedeHus rpaduka (YHKIUH C OCSIMU KOOpPAWHAT (€CIu OHHU
UMEIOTCS).
4) aTepBaiibl BO3pacTaHus U yOBIBaHMS.
5) Touku MmakcuMyma U MUHUMYMa.
6) [TocTpoenue rpaduka.

Konmponvnvie éonpocwi

1. YcnoBus Bo3pacTaHus U yObIBaHUS (PYHKLHUIL.
2. Touku sKCcTpEMyMa.

3. IlpaBuiia HaXOKACHUS SIKCTPEMYMOB (DYHKITUH.
4. CxeMa uccienoBaHus QyHKHH.

Tema 6.5. Bropas npon3BoaHas, ee reomeTpuueckuii 1 pu3nyecKuii CMbICII.
Bmopas npouzeoonas, ee 2ceomempuueckuii u puzuuecKuti CMoici.

Ymems: HaXOIWUTH MPOMEXKYTKH BO3pAcTaHUS W yObIBaHHS (YHKIHH HCIIOJIB3YSl BTOPYIO
Ipou3BOJHY0. HaxoauTe TOUKHM 3KCTpeMyMa.
3uames: IlpumeHeHe BTOPOM MPOU3BOAHON K HAX0XK/IEHUS IPOMEKYTKOB MOHOTOHHOCTH.

Mycte ¢ynxkmms  f(X) — muddepenmupyema Ha HEKOTOpPOM HHTepBane. Torna,
muddepeHIupys ee, mojydaeM MepByIo MPOU3BOIHYIO

¥ = f(x)—m

Ecnu maiith npomssojnyro or dynkuuu [ (X), TOIyuHM 6mopyio npousoomyio
bynkmmm f(x).

y= =S

d? d d
T.e. ¥ =(y") um g} o4
dx dx\dx
DTOT IPOIECC MOKHO NPOJOIDKHUTH U Jajiee, HaX0s IPOU3BOIHBIE CTENEHH 7.
dn d dn -1

dx" dx dx”1

Hccneoosanue (hynkyuu na skcmpemym ¢ RHOMOuLbio RPOU3800HOIL 6MOPO20 NOPAOKA.
!
Teopema 5. Ecu f'(x) =0, 10 pynxuuss f(X) B TOUKE X0 UMEET Makcumym, €Ciu

S"(x) <0 mmunumym, ecma f"(x,) > 0.
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14 v
Ecim f"(x,) =0, o xapaxrep KpUTHYIECKON TOUKN Hen3BecTeH. JluIst ero onpeneneHus
TpebyeTcs JanbHelllee uccue0BaHue.

BeinykJiocTh 1 BOTHYTOCTH KpuBOi. Touku nepernda.
KpuBas oGparuena svinykiocmoio éeepx Ha uarepsane (a,b), ecnn Bee ee TOUKM jexkar
HIKE JTI000M ee KacaTelbHOM Ha 3TOM MHTepBajie. KpuBas, oOpaiieHHasi BBITYKJIOCTBIO BBEPX,
HA3BIBAETCS 66INYKIIO01L, 4 KpUBAs, 0OpAILlEHHAs BBITYKIOCTBIO BHUA3 — HA3BIBAETCS 602HYMOIL.
Teopema 6. Ecu pynxuust f(X) umeer na unrepsane (@,b) BTopyro Npou3BoaHYyIO U

S"(x)>0 (f"(xy) <0) BO Bcex TouKax JAHHOTO MHTepBaNa, TO rpaQuK (yHKUMH NMEET Ha
(a,b) BBHIMYKIIOCTB, HATIPABIEHHYIO 6HU3 (66€pX).

Touka, OTHENAIOIIAs BBIIYKIYK) 4YacTh KPUBOM OT BOTHYTOM, HAa3bIBACTCS MOYKOU
nepecuda. Toukamu meperuda MOTYT CIYXKHUTh TOJIBKO Kpumuyeckue moyku 6mopozo pood, T.e.

TOUKH, B KOTOPBIX BTOpas Tpous3Boanas f (X) obpaiaeTcs B HOMb UM He CYIIECTBYeT.
Teopema 7. Tlycte kpuBas ompenensercs ypasuenuem Y = f(x). Eciu Bropas
npoussonas [ (x) =0 wuim He CylecTBYeT M NIpU MEPEXOJE 4epe3 TOUKYy X =X, f (X)

MEHSET 3HaK, TO TOYKa KPUBOM ¢ aOCLMCCOM X = X, ABJIAETCA TOUKOH neperunoa.

Ilpasuna naxoicoenus mouek nepezuoa.
1) Haiitu Bropyto Npou3BOJHYIO (PYHKIIHH.
2) HaiiTu KpuTHUYECKHE TOYKU BTOPOTO poJa.
3) HUccnenoBaTh 3HaK BTOPOW IMPOM3BOJHOW B NMPOMEXKYTKaX, HA KOTOpBIE HaillleHHbIE
KPUTHYECKHE TOUKH JIEJIAT 001acTh onpeeneHus QyHKIHH.
4) OnpenenuTh TOYKH Mepernda U HAWTH 3HAYCHUE (DYHKITUU B ITHX TOYKAX.

Konmponvnvie 6onpocwi

1.UccnenoBanue GyHKIMHA HA SKCTPEMYM € TIOMOIIBIO TIPOU3BOIHON BTOPOTO MOPSIKA.
2.BBIyKI0CTh M BOTHYTOCTH KpuBOM. Touku neperuoa.

3.IlpaBuina HaXOXKJICHHUS TOUYEK Tepernoa.
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Tema 7. IIpsiMble U IJIOCKOCTH B IPOCTPAHCTBE

Tema 7.1. AKCHOMBI CTEpEOMETPUH M MPOCTeHIIIUE CIeACTBUS U3 HUX.
OcHosnvie nouamus. Akcuomsl cmepeomempuu. Cnredcmeus U3z aKCUOM.

Ymems: mpuMeHSATh aKCHOMBI CTEPEOMETPHUH TP PEIICHUH 3a/1a4.
3namob: OcHOBHbIE TOHATHS. AKCHOMBI cTepeoMerpuu. CrneactBusi U3 akcuoM. OCHOBHBIE
MOHATHUSA. AKCHOMBI CTEPEOMETPHHU.

1. OcnosHule nonsamus. AKCuomvl cmepeomempui.

Onpeodenenue. CtepeoMeTpuell Ha3bIBAETCS pa3liell T€OMETPUH, B KOTOPOM H3y4aroTCs
¢Gurypsl, pacnojoXeHHble B NpocTpaHcTBe. OCHOBHBIMU MOHATHSIMHU CTEPEOMETPUU SIBIISIFOTCS
TOYKa, IpsiMasi ¥ MJI0CKOCTb.

CH0BO «CTEpEeOMETpHs» MPOUCXOIUT OT TPEUYECKHX CIIOB «OTEPEOCH» — OOBEMHBIH,
HPOCTPAHCTBEHHBIN U «UETPEDY — U3MEPSATh.
1. [IpencraBneHne o MIIOCKOCTH JIAET I Kasi TOBEPXHOCTH CTOJIA MM cTeHBl. [lmockocTh

KaK F€OMETPUUECKYI0 (QUTYpY CIIEyeT NMPeICTaBIATh ce0e MPOCTUPAIOIIEHCS HEOTPaHUUEHHO
BO BCE CTOPOHBI.

Ha pucyHkax miockocTy M300pakatoTcsi B BUJE NapajieslorpaMMa WIN B BUJAE IIPOU3BOJILHON
oOnactu U 0003HAYaAIOTCS TpeuecKuMH OykBamu a, 3, Y u T.A4. Toukn A u B nexar B rmuockoctu
B (mockocTh B MPOXOOUT Yepe3 ITH TOUkH), a Touku M, N, P He nexar B 3TOH IIOCKOCTH.

Kopotko 310 3anmuceiBaroT Tak: A € 3, BE, Mggs NgB FPg@

Puc. 1. a)

ITpocTpaHCTBO COCTOUT M3 OECKOHEUHOTO MHOKECTBAa TOoueK. JIF000e MHOXKECTBO TOUEK
IOPOCTPAaHCTBA  HA3bIBACTCA  IMPOCTPAHCTBEHHOW  Qurypoir wumm  TenoM. [Ipumepamu
IPOCTPAHCTBEHHBIX (UIYp SBISIIOTCA TOYKa, IpsAMas M IUIOCKOCThb. IlpsMble u miockocTtu
COCTOAT W3 OECKOHEYHOTO MHOXKECTBA TOYEK IPOCTPAHCTBA M HE COBMAJAIOT CO BCEM
IIPOCTPAHCTBOM.

CdhopmynupyeM OCHOBHBIE aKCHOMBI CTepeoMeTpuu. HamomMHuMM, akCMOMBI — 3TO
YTBEpKJICHUs, IPUHUMAaeMble 0e3 oKa3aTeabCcTBa. AKCHOMBI T€OMETPUH BBIPA)KalOT OCHOBHBIE
CBOMCTBA HEOIIPEACIIAEMBIX IIOHATHUI: TOYEK, IPSAMBIX U INIOCKOCTEH.

AKCHOMBI:
1) Yepes no0ble ABe pa3nUYHbIC TOUKU IPOXOIUT €AUHCTBEHHAS MpsMast.
2) Ecnu nBe pa3nuuHble TOYKW MPSIMOM TPUHAIJICKAT B
IUIOCKOCTH, TO BCE TOYKH MPSIMOW NPUHAIIICKAT OSTOU
TUTOCKOCTH. A
a
Puc. 2
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3) Uepe3 moOble TpU TOYKH, HE JeXallue Ha OIHOU
PSIMOM, TIPOXOMT OJTHA ¥ TOJBKO OJHA IJIOCKOCTb.

B,

A

4 e
1

Puc. 3.
4) Ecnmum nBe pasnuyuHBIE TUIOCKOCTH HWMEIOT OOIIyIo
TOYKY, TO OHU UMEIOT OOIIYIO IPSAMYIO.

Puc. 4.

2. Ilpocmetiwue credcmsusi u3 akCUom cmepeomempuu.

W3 nepBoii akCMOMBI CIIEYET, YTO JIBE Pa3IMYHbIE MPAMbBIE B MPOCTPAHCTBE UM HE UMEIOT
HU OJTHOM OOIIel TOYKH, HITM UMEIOT TOJIBKO OJHY OOIIYIO TOUKY.

[Ipsimble, UMEOIIKE TOJIBKO OJIHY OOIIYIO TOUKY, Ha3bIBAIOTCS MEPECEKAIOIIMHUCS.

W3 BTOpOI aKCHOMBI CIIEYET, YTO MpsiMast U TJIOCKOCTh B MPOCTPAHCTBE WJIM HE UMEIOT HU
OJIHOM 0011Iel TOYKH, WM UMEIOT TOJIBKO OAHY OOLIYIO TOUKY, WM, HAKOHEI, BCE TOUKU MPSIMOM
SIBJISIIOTCS TOYKAMHU TJTIOCKOCTH.

Ecniu mpsiMmas U MJIOCKOCTh MMEIOT TOJIBKO OJHY OOIIyI0 TOYKY, TO TOBOPST, YTO OHH
HepeCceKaroTCsl.

Ecnu Bce TOUKM NpsIMOM SBJISIOTCS TOYKAMH IUIOCKOCTH, TO TOBOPST, YTO IpsiMas JICKUT B
IUIOCKOCTH (IIPUHAJIEKUT TUIOCKOCTH) WIIM YTO IUIOCKOCTh IPOXOJAUT YEpE3 MPSIMYIO.

Teopema 1. Yepe3 mpsiMyl0 M HE NPUHAIJICKANLYI0 €l TOYKY MPOXOAUT E€IUHCTBEHHAS
IJIOCKOCTb.

Joxazamenvcmeo:

IIycts 3amanbl npsAMasi a ¥ HE NMPUHAIICKAIAS € TOYKa
A (puc. 5). Ha npsiMoii @ Bo3bMeM Kakue-HUOYIb JIBE TOUKH
Cu D. Ilo akcuome 3 uepe3 Tpu Touku A, C, D npoxonut
€IMHCTBEHHAs IIOCKOCTH, 0003HauuM ee ¢. Ilo axcuome 2 Puc. 5.
BCE TOUKHU
IPSIMOM @ NPUHAMJIEKAT IUIOCKOCTH .

CnenoBaTenbHO, IUIOCKOCTh ¢ TPOXOAWUT uepe3 MpsMylo a u Touky A.Jlpyroil Takoit
IUIOCKOCTH HET, TaK Kak Jo0as IUIOCKOCTh, MPOXOJAlIas 4yepe3 MNpsSMyl0 a U TOYKYy
A, npoxogut yepe3 Touku C, D, A, He nexamiye Ha OJAHOW MPAMOW, U MO3TOMY COBIAJIAET C

IUIOCKOCTBIO .
Teopema 2. Yepe3 nBe nepecekaroyecs npsMble MPOXOINUT €IUHCTBEHHAS TIJIOCKOCTbD.

Lokazamenvcmeo.

Ilycts mpsimble a u b nepecekatorcst B Touke M (puc. 6). Ha npsimbix @ u b Bo3bMeM
Kakue-HuOynp Toukn P u N, omimuHble or Touku M. Torma uepe3 tpu Touku P, N u
M TpoXOIWUT €OUHCTBEHHAsI IUIOCKOCTh «.B cuily akcnombl 2 IUIOCKOCTh HPOXOAMUT ue€pe3
JaHHBIC TIpSIMbIE @ U b .
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W3 nocneqHux OBYX aKCHMOM U T€OpeMbl 1 ciemyer, uyTo /B€ pa3iuydHble TNIOCKOCTH WX
HE UMEIOT HU OHOU

o01Iel TOUKH, WIK UMEIOT OOIIYIO IPSMYIO U APYTUX OOIIUX TOUEK HE UMEIOT.

JIBe  pasnuuHBIE  IJIOCKOCTH,  HMMEONMe  OOIIyl0  MpsSAMyl0,  Ha3bIBAIOTCA
HepeceKaroUMUCS.

Puc.6 O6was npsamas nazvieaemces npsamou nepecevenus Smux nioCKocmell.
Konumponvnwvie 6onpocwi

1. OCHOBHBIE TTOHATHS.
2. AKCMOMBI CTEPEOMETPHH.
3. CencTBuUA U3 aKCHOM.

Tema 7.2. [lapansiesbHOCTH NPSAMOM U MJIOCKOCTH, MAPAIJIEIbHOCTD MJIOCKOCTEM.

Onpeoenenue napannenviocmu npamou u niockocmu. Ilpuznax napannensnocmu
npamou u niockocmu. Ilapannenvnocms niockocmeu. Ceoucmea napaniebHblx nI0CKOCHEU.

Ymems: IpUMEHTh NIPU3HAKY NTAPAJIJIEIBHOCTH MIPSIMON U IUNIOCKOCTH IIPH PEIICHUH 3a]1a4.
3nams: OmnpenesieHUE MNapajyIeIbHOCTH MNPSIMON M MIOCKOCTH. [IpH3HaK mapanieabHOCTH
npsiMoii M rtockocTu. IlapamnensHocTs miockocTeil. CBOMCTBA MapalIeIbHbBIX INIOCKOCTEMH.

IMapanienbHble NPsIMble B IPOCTPAHCTBE
JIBe npsiMble B IPOCTPAHCTBE HA3bIBAIOTCA MAapa/liIeJIbHBIMM, €CIIM OHHU JIEXKaT B OJJHON
IUIOCKOCTH U HE TIEPECEKAIOTCSL.

Teopema o napannenbHbIX RPAMBIX.
Yepes 1100yr0 TOUKY IPOCTPAHCTBA, HE JISKALLYIO HA JAHHOW MPSIMOM, MPOXOAUT IpsimMas,
napaiesibHasi JaHHOM, ¥ IPUTOM TOJIBKO OJTHA.

b o

M

Puc. 1.

JlemMa o NMEPECCUYCHUH MJIOCKOCTH NMapaJiI€JIbHBIMHA IIPAMBIMUA.

Ecnn omHa w3 nByX NapajuieiabHbIX b il
MIPSAMBIX IIEPECEKAET TAHHYIO IIIIOCKOCTB, TO
A Jpyras IpsiMasg  [EpeceKaeT  ITy \ lM
IIOCKOCTBE. :
o 11
1

Teopema o Tpex NpsIMbIX B MPOCTPAHCTBE.
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Ecim nBe mpsiMble mapaliesibHbI
TPETbEel MpsSMON, TO OHM MAPAIIIEITbHBI
(ecnma/lcub |/ c,t0allb).

oy
]

Puc. 3

IMapannenbHOCTH NPSIMON U MVIOCKOCTH

HpHMaH " INIOCKOCTBb HA3bIBAIOTCA napasjiejibHbiMu, CCJIn OHU HC UMCIOT 06IHI/IX TOYCK.

HpI/I3HaK mapamuieJIbHOCTH l'[pﬂMOifl H IIJJOCKOCTH

Teopema. Eciu mnpsimasg, He Jexamas B ¢
JJAHHOM IIJIOCKOCTH, IapajulejbHa KaKOW- . -
HUOYIb  TOpsAMOM, JNexamed B ITOH P e B
IUIOCKOCTH, TO OHA NapajulelbHa JaHHOMN y 7
IUIOCKOCTH. S 7
£ g Puc. 4.
Teopema. Eciii 110CKOCTh MPOXOJIUT
yepe3 JaHHYK MpSIMYH0, IapaJuIeIbHYIO
JpYrol IUIOCKOCTH, W II€pPEeceKaeT ITy 3
IUIOCKOCTb,  TO  JIMHUSA  II€PECEUECHMS
IJIOCKOCTEN MapajuiesibHa JaHHON IIPSIMOM.
0
Teopema. Eciu ogHa wu3  AByX o
NapaJUICIbHBIX  MNPsAMBIX  IApaJuleibHa
JAHHOM IIOCKOCTH, TO Apyras mpsiMas JTudo
TaK)Ke€ IapajuleJibHA JIaHHOW IUIOCKOCTH,
7100 JEKUT B ITON IMIIOCKOCTH. B
Puc. 5
B3anmMHoe pacnosiokeHue NpsAMbIX B IPOCTPAHCTBE
b . aI
/ 1
t
o Q [ 2
ﬂ a
Puc.6 Puc. 7 ]
Puc. 8
Ilepecexarommecs npsimblie: |[lapannenbHble  npsivble: CKpelMBAaOIIHeCs
JeKaT B OJHOM INIOCKOCTH, |JIe)KAaT B OIHOM IUIOCKOCTH, | IPAMBbIE:
UMEIOT OJIHY OOIIYIO TOUKY HE MMEIOT OOIMX TOuYeK (He | He  JeKaT B OJHOM
IIEPECEKAIOTCS IUIOCKOCTH, HE  HMMEIOT
001X TOYCK (ue
MIePECEKAIOTCS)
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IMapanieJbHOCTDH IJIOCKOCTEH
JIBe MI0CKOCTH Ha3bIBAIOTCS MapalIeIbHBIMU, €CJIM OHU HE NMEPECceKaroTCsl, T.€. HE UMEIOT HU
O/1HO# 001wel ToukH. o // P.

B/ 4

Puc. 9.

IIpu3Hak napajiieJJbHOCTH ABYX IJIOCKOCTEH
Teopema. Eciu 1Be nepecekaroniyecs npsiMble OAHOMN IIOCKOCTH MapajlIeNIbHbI IBYM
nepeceKarouMes MPSIMBbIM JPYTO# MIOCKOCTH , TO 3TH IJIOCKOCTHU MapaslieIbHbI.
Ecnua/l aiub [/ b1, o a /| B. Puc. 10.

dy

B b,
s

A

CaoiicTBa nmapaJjieJibHbIX IJIOCKOCTEI.

Eciu o // B u oHn mepecekarorcs ¢ v,
T0 a // b.

= Ecin nBe mnapaielbHble IIIOCKOCTH
nepeceyeHbl TpeTbed, TO JIMHUU HX
& NIEPECEUCHMSI TapalICIIbHBI.
o
I'|r|‘

2.Ecmna // pu AB// CD, To AB = CD.OTpe3ku napajienbHbIX MPsAMBIX, 3aKII0YECHHbIE
MEKTy TapasIelbHbIMU TIOCKOCTSMHU, PABHbL.
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KoumponvHule 6onpocwl

1. Onpenenenne napayuieabHOCTH MPSIMON U TNIOCKOCTH.
2. [Ipu3Hak napanieabHOCTH MPSAMOU U TIIOCKOCTH.

3. IlapamienbHOCTh IIOCKOCTEM.

4. CpoiicTBa mapaJuIeIbHBIX MIIOCKOCTEH.

Tema 7.3. IlepneHANKYJISAPHOCTD NPSIMOM M IJIOCKOCTH.

Onpeoenenue nepneHOUKyIapHocmu npamotl u niockocmu. Ilpusnaxu
NepneHOUKYIAPHOCIU NPAMOU U NIOCKOCHU.

Ymemes: MNPUMCHATH ITPU3HAKU NCPICHAUKYIAPHOCTU HpHMOI\/'I " IJIOCKOCTHU AJid pCHICHUSA 3a1a4.
3nams:  OmnpenesneHHEe  MEPHECHAMKYISIPHOCTH  NpAMOM W IUIOCKOCTH.  [Ipu3Haku
NEPIEHANKYJISIPHOCTH IIPSIMOM U INIOCKOCTH.

Omnpenenenne
[Tpsmas, IepeceKaroas IUIOCKOCTB, a
Ha3bIBACTCS nepneHoOuKyIApHoL ITOH
IUIOCKOCTH, €CJIA OHa IEPHEHANUKYISIpHA /
KQKJIOM NPSIMOM, KOTOpask JIEKUT B JAHHOHN ::f [
IUIOCKOCTH M TPOXOOUT Yepe3 TOUYKY i '
[IepECCUCHMUS.

Puc. 1.
Teopema

Ilpusnak nepneHOUKyIApHOCMU NPAMOU U HIOCKOCTU.
Ecnu npsimas, nepecekaromiasi IMIOCKOCTb,
NEePHEHANKYJSIPHA ABYM MPSIMBIM B 3TOH
IJIOCKOCTH, TPOXOJAIIUM 4YEpPe3 TOUKY
NepecevyeHus] JaHHOW MPSAMOM U IIOCKOCTH,

TO OHA NEPIEHIUKYJISIPHA MIJIOCKOCTH.
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Puc. 2.
a

/G
Jd >I<b

ﬂoxas’ameﬂbcmeo:

Puc. 3.

[Tyctsb a mpsimasi, IeprneHAUKYIsIpHas MPSIMBIM b U ¢ B TWIOCKOCTH ¢ . Toraa mpsimas a
IPOXOJHUT Yepe3 TOUKY A mepeceueHus MpsMbIX b u c. JlokaxeM, 4To mpsimMas a
NEPIEHIUKYIISIPHA TUIOCKOCTH ¢ .

[TpoBenemM MpOU3BONIBHYIO MIPSIMYIO X UYepe3 TOUKY A B IJIOCKOCTH @ U TIOKaXKEM, 4TO OHA
NEPIEHIUKYIISIpHA IpsAMoii a. [IpoBesieM B INIOCKOCTH ¢ IPOU3BOJIBHYIO IPSMYIO, HE
POXOJALIYIO Yepe3 TOUKY A U IepeceKarollyto npsmsie b, ¢ u X. IlycTs ToukaMu nepeceueHus
oynyt B, Cu X.

OT1510kMM Ha IPSIMOM @ OT TOYKU A B pa3Hble CTOPOHBI paBHbIE 0Tpe3ku AA1 1 AAo.
Tpeyronbauk A1CA2 paBHOOEIPEHHBIH, Tak Kak 0Tpe30k AC SBJsSETCS BBICOTOM O YCIIOBUIO
TEOpEMBbI U MeAMaHOH 10 ocTpoeHuto (AA1=AA?). IO TO¥1 ke mpuYnHe TpeyrodbHUK A1BA2
TOXXe paBHOOepeHHBINH. CrienoBaTenbHO, TpeyronbHUKA A1BC u A2BC paBHBI 110 Tpem
CTOpPOHAM.

N3 paBenctBa TpeyroasHukoB A1BC u AxBC cnenyer paBenctso yrinoB AiBX n A2BX u,
CJIEIOBATENILHO PAaBEHCTBO TpeyroidpHUKOB A1BX 1 A2BX 1o 1ByM cTOpoHaM U yrity MExy
HuMH. U3 paBercTBa cTOpoH A1X 1 A2X 3THX TpEYroJbHUKOB 3aKJIFOYAEM, UTO TPEYTOJIbHUK
A1XA2 paBHoOeapenHbIi. [ToaToMy ero mennana XA siBISeTCS TakKe BBICOTOH. A 3TO U
3HAYUT, YTO IpsiMast X mepreHanKyspHa a. [lo onpenenenuto npsimas a nepneHAUKyJIsIpHA
IUIOCKOCTH . Teopema 10Kka3aHa.

Cesoticmea nepneHOuKyIsapHuIX NPSIMOU U NIOCKOCHU.
Teopema 2
1 - oe. Ceoticmeo nepneHOuKyIAPHLIX NPAMOU U NIOCKOCU
Ecnu minockocTs neprneHAnKyIsipHa OqHON

U3 JIByX NapajuleJIbHBIX NPSAMBIX, TO OHA
HEepHEeHINKYJIIpHA U APYTOH.
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Puc. 4.
Hoxazamenvcmeo: Ilyctb a, M a,- 2 mnapalieinpHble MNPsMBIE M INIOCKOCTb,

NEPIEHIUKYIIApHAs NpsIMON a, . JlokakeM, 4TO 3Ta IJIOCKOCTh NEPIEHIUKYJIPHA U IPSIMOU @, .
ITpoBenem uepes Touky A4, mepecedeHus MPsIMOM d, C INIOCKOCTBIO ¢ IPOU3BOJIBHYIO MPSIMYIO
X, B Iulockoctd o« . IIpoBeneM B IUIOCKOCTH @ uepe3 TOUKY A, mepecedyeHus: mpsMou a, c
O TIPSIMYIO X, TApAJUIEBHYIO IPSAMON X, . Tak Kak mpsiMas ai NepleHauKyysipHa INIOCKOCTH & ,
TO MpSIMBIE @, U X, NEPIEHAUKYJSAPHBL. A 1o TeopeMe | mapasuienabHble UM IEpeceKaroImecs
OpsMblE @, W X, TOXE NEpHeHAUKYJSApHbl. Takum oOpa3oM, mpsmas a2 NEpHEHIUKYJISIpPHA

ar000#1 mpsAMON X, B MJIOCKOCTHM « . A 3T0 ( IO ONpENeNeHUI0 )3HAYUT, YTO IpsAMas da,

NepIeHINKYIISIPHA TUIOCKOCTH « . Teopema Jtoka3aHa.

Teopema
2 - oe. Ceoticmeo nepneHOUKyIApHLIX NPAMOU U NAOCKOCTU.
/IBe npsiMble, NEPIICHIUKYJIIPHBIE OJJTHOM U TOM K€ TNIOCKOCTH, TapaJlJICIbHBI.

(] \i
| \B,
4 BTN
b by
Puc. 5
,ZZOKGS’ClmeJZbCWlBO.'

[lyctb @ u b - 2 mpsiMble, IEPIEHAUKYISIPHBIE MJIOCKOCTH ¢ . JlomycTuM, 4TO
npsiIMbIC a ¥ b HE TapaljIeIbHBI.

BriGepem Ha mpsimoit b Touky C, He Jexallyro B IUIOCKOCTH « . [IpoBeaem
yepe3 Touky C mpsimyto b;, mapamiensHyto npsmoit a. [lpsimas b; neprneHaukynspHa
mwiockoct o 1o teopeme 2. Ilycte B u B; - TOUKM TiepecedeHust mpsMbIX b u b; ¢
miockocThio « . Torna npsimas BB1 nepnenaukysnsipHa nepecekaromumcs NpsMeiM b u
bi. A 370 HEBO3MOXKHO. MBI IPUIIUTH K TPOTUBOpeunto. Teopema 1okazaHa.

KoumponvHule 6onpocwl

1.Onpenenenuie nepneHIUKYISIPHOCTH MPSMOU U TUIOCKOCTH.
2. [Ipu3Haky nepneHAuKYIIPHOCTH NMPAMOUN U TIIOCKOCTH
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Tema 7.4. IlepnieHAUKYJISAP U HAKJIOHHAS.

Onpeodenenus nepneHOuKyIsApa U HAKIOHHOU. Ymeepacoenus 0Jisi NepneHOUKyaIapa u
HAKJIOHHOU, NPOBEOEHHBIX Yepe3 0OHY MOUKY K 00HOU niockocmu. Teopema o mpex
NepneHoOUKyIapax.

Ymemu: npuMeHATh onpenesaeHuss U TEOPEMBI IIPU PELICHUH 3a/1a4.

3nams. onpeneneHns NepHeHINKYIsIpa U HAKIIOHHOW, TBEPKACHUS 171 IEPIIEHANKYJIsApa U
HAKJIOHHOM, POBEJICHHBIX YEPE3 OJIHY TOUKY K OJJHOM INIOCKOCTH, TEOPEMA O TPEX
NEPIEHIUKYIIApax

[IycTh 1aHbl INIOCKOCTH M HE JIeXkKalas Ha HEN TOYKA.

Ilepnenoukynapom, OynieHHbIM U3 JAHHOW TOYKM Ha JAHHYIO TUIOCKOCTb, HAa3bIBAETCS
OTPE30K, COCIUHAIOIINMI TaHHYIO TOYKY C TOYKOH IUIOCKOCTH U JICXKAILHUK Ha NIPSIMOH,
MEePIECHANKYISIPHON TII0cKOCTH. KOoHell 3Toro oTpeska, jgexaniui B II0CKOCTH,

Ha3bIBACTCSI OCHOBAHUEM NEPNEeHOUKYIAPA.

Ha pucynke 1 u3 Touku 4 npoBeJeHBl K IIOCKOCTU

A
Q TEepHeHIUuKyIsp AB u HaxsionHas AC. Touka B - A
OCHOBaHWE  MepHeHAuKyaspa, Touka C-  OCHOBaHHUE
HakJIoHHOH, BC - npoekius HakIoHHON A C Ha MJIOCKOCTh « . },/ P L,JJ B
Jot
Puc.1

Haknonnoii, TpoBeIeHHON U3 TaHHOM TOYKHU K JAHHOW TUIOCKOCTH, Ha3bIBAETCS JIOOOM
OTPE30K, COCOUHAIOIMNA JAaHHYH TOYKY C TOYKOW IUJIOCKOCTH, HE  SBISIOLIUKCS
NEepHOeHANKYISIpOM K  miIockoctd.  KoHenm — oTpe3ka,  Jexamuili B IUJIOCKOCTH,
HAa3bIBACTCSI OCHOBAHUEM HAKIOHHOU.

OTpe30K, COeAUHSIOMUNA OCHOBaHUS MEPHEHANKYJSIPa U HAKIOHHOM, MPOBEICHHBIX W3
OJHOM M TOM K€ TOYKH, HA3bIBACTCS HPOEKUUell HAKIOHHOUL.

Tak xak B npssMoyroiasHoM TpeyroibHuke ABC karer AB menbuie runorenyssl AC, TO
CIIpaBEUTMBO CIEAYIOIICE YTBEPKIACHUE: NePneHOUKYIAp, ONYWEHHbIU U3 MOUYKU HA NJIOCKOCD,
MeHbue 110001 HAKIOHHOLL, NPOBEOEeHHOU U3 MOl Jce MOYKU K IMOU NIOCKOCIU.

Jns nepneHauKyisgpa M HAKIOHHBIX, NPOBEACHHBIX 4YEpe3 OJHY TOYKY K OIHOM
MJIOCKOCTH, CIIPABEIJIUBBI CIEIYIOIINE YTBEPKICHHUS:

1) neprneHauKyIsip MEHbIIIE 000N HAKJIOHHOI;

2) HaKJIOHHBIE PAaBHBI TOTIa ¥ TOJIBKO TOTJA, KOTa PaBHBI UX MPOEKIUH;

3) ollHa HAKJIOHHAs MEHBIIIE JPYTrOol HAKIOHHOM TOT/Ia M TOJIBKO TOT/a, KOT/Ia MPOSKIIHS
IIEPBOY HAKIIOHHOM MEHBIIIE IPOCKLIUU BTOPOU HAKIIOHHOM.

JlniHa TEepneHAuKyJigpa, OMYIIEHHOIO M3 TOYKHM A Ha IUIOCKOCTh «, Ha3bIBAeTCs
paccmoanuem om mouku A 00 niockocmu. PacctosiHue oT TOUKH, JIeKaleH B MIIOCKOCTH « ,
JIO TUIOCKOCTU ¢ CYUTAETCSA PaBHBIM HYJIIO.

B cnydae, xorna npsimas napajuieiabHa MIIOCKOCTH, PaCCTOSIHUE OT MPOU3BOIBHOM TOUKHU
MPSIMOM 10 TUTOCKOCTH HA3bIBACTCS PACCHOAHUECM MEHCOY NPAMOU U NAOCKOCMbI0. PaccTosiHIE
MEXy MEePEeCeKArOIMMUCS MPSAMOM U MIIOCKOCTHIO PABHO HYJIIO.

MoXHO pAOKa3aTh, YTO €CJIH JBE€ IUIOCKOCTH MapajulesibHbl, TO BCE€ TOYKH OJHOM
IUIOCKOCTH  PaBHOYAAQJIEHBl OT Jpyrod Iuiockoctu. Iloatomy paccmoanuem  mesncoy
napannenbHbiMu NJA0CKOCMAMU HA3bIBACTCSA PACCTOSIHUE OT MPOW3BOJIBHOM TOYKH OAHOM W3
HUX 10 IPYTOM.

Paccmoanuem mexncoy cKpeujusaroumuMuca nPAMbIMU Ha3bIBACTCA PACCTOSHUE MEKITY
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napajijiCJIbHbIMU IIJIOCKOCTSAMU, B KOTOPBIX JICKAT 3TU MPAMBIC.

Teopema o Tpex nepneHIUKyAsApax.

Teopema. llpsamas, mnpoBeAcHHAas B IUIOCKOCTH Y€pe3 OCHOBAHUE HAKIOHHOM,
NEepHEHANKYJISIPHA 3TOM HAKJIOHHOM TOr/Ja M TOJNBKO TOTJAa, KOTJa OHAa NEPHeHAMKYJISpHA
MPOEKIINU HAKIIOHHOM.

Jdoka3aTenbcTBO:

Ilyctb AB - nepneHANKYsAp MWIOCKOCTU @ , AC - HaKJIOHHAA U ¢ - IpAMas B
IUIOCKOCTH & , Ipoxojsiias uepe3 ocHoBanue C (puc. 2). [Ipoenem npsamyto CA,
napajuienpHyo npsMoit AB. OHa neprneHauKyiIspHa Mmiockoctu « . [IpoBeaem dyepes
npsmbie AB u CA:1 miockocts . Ipsamas ¢ nepnenaukyisipHa npsimoid CA:. Eciau ona
nepneHANKysipHa npssMoid CB, To OHa IepIEHANKYIISIPHA INIOCKOCTH [, a 3HAYHT, U
npsimoit AC.

Ananmornuno. Ecmm mnpsmas ¢ meprieHaukyasipHa  HakioHHOM AC To  oHa, Oyayuu
neprneHauKyisapHa u npsmoid CA1 meprneHAMKYIsipHa IJIOCKOCTH [, a 3HAYUT, U THPOCKIHUU

HakJIOHHOU CB.
Teopema noka3aHa.

Puc. 2

KoumponvHule 6onpocwl

1.Omnpenenenus nepneHANKYISpa U HAKJIOHHOM.

2. YTBepxKIAeHUs 1) NePHeHIUKYJIIApa U HAKIIOHHOM, TPOBEJICHHBIX YEPE3 OHY TOUKY K OJHOMI
IJIOCKOCTH.

3. Teopema o Tpex nepHeHIUKYIIsIpax.
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Tema 7.5. Yroa mexay npsaMoi 1 IJI0CKOCTBIO.

Yaon meancoy npamoii u nnockocmoio. llpoexyus mouku u npoexyusi npamou. Ceovicmea
npoexyuu npamuix. Ilpoexyus gueypol. [lnowads npoexkyuu MHO20Y20bHUKA.

Ymems: npoektupoBath (HUTyphl; HAXOAUTH IJIOLIAAb MPOEKIIMH MHOTOYTOJIbHUKA.
3nams: Yron Mexay HpsMOW M IUIOCKOCThIO. [Ipoekmust Touku u mpoekuus npsimoil. CpoiicTBa
npoekuuu npsimMbix. [Ipoekuust Gurypsl. [Inomaabs NpoeKIy MHOTOYTOJIbHUKA.
YroJ Mexkay NpsAMOi M IJIOCKOCTHIO.
Ilycte MN - HakiIOHHas, NIPOBEACHHAs U3 TOYKU M K IJIOCKOCTH )y, a M| N - ee npoekuus Ha

wiockocTs ¥ (puc.l). Torna yron MNM, - Ha3bIBaeTcs yinom mexncoy npamou MN u niockocmoio
¥ . Takum 00pazoM onpeaesnseTcs yrojl Mex,y NpsiMOd U IJIOCKOCTBIO, EPECEKAIOUIEH ATy IPAMYIO U

HE MEPIECHAUKYIISIPHON €.
¥roa MexAy MpAMOoH M MAGCKOCTEO

Puc.1.
Omnpenenenne.

Yroa mexay npsiMoil U IJIOCKOCTBHIO, NIEPECEKAIOIIEH 3Ty NPAMYIO M HE NMEPIEHIUKYIIPHOU K
HEH, - 5TO YroJI MEKy NPSAMOU U €€ IPOEKIUEN Ha ATy IIJIOCKOCTb.

OmnpeneneHne yriia MeXay NpAMOU U MJIOCKOCTBIO MO3BOJISET 3aKI0YUTh, YTO YOI MEXIY MPAMOI
U IJIOCKOCTBIO TPEJCTABISET COOOW Yo MEXJIy JBYMS NEpPECeKalOMUMUCS MPSIMBIMH: CaMOU
NpsIMOM M €€ IMPOEKIMEeN Ha IIOCKOCTh. ClIeI0BaTENbHO, YTOJI MEXKY NPSIMOM U IIOCKOCTBIO €CTh
OCTPBIN YTOJI.

Yrosm Mexay NEepHeHIUKYISAPHBIMU NPSAMOW M INIOCKOCTBIO CUMTAIOT paBHBIM 90°, a yrou
MEXIy MapajUleIbHBIMU TPSIMON U IJIOCKOCTBIO JIMOO HE OIpEeAessioT BOBCE, JUOO CUYUTAIOT
paBHBIM 0°.

Tema 7.6. [IByrpanuslii yroa. YroJ Mexay miockoctssmu. llepnenguxyasipaocts
IUIOCKOCTEI.

Onpedenenue 08yepannoco yena. Buovl 0eyepannoeo yena. Onpedenenue yena meicoy
nepecexarowumucs niockocmamu. Onpeoenenue nepneHOUKyIapHocmu niockocmeil. Ilpusnaxu
NepReHOUKYIAPHOCIU 08YX NIOCKOCMEL.

Ymemy: pemats 3a1a4n Ha IBYTPaHHBIC YTJIbI.
3namu: onpeneneHue IByrpaHHOTO yriia
Onpenenenue. JIByrpaHHbIM yIJIOM HasbiBaeTcsl Gurypa, oOpazoBaHHas MPSIMOW a U ABYMS
MOJYTUTOCKOCTSIMU C 0OIIe TpaHHIeH a, M He PUHAIJISKAIIUMHU OJHOH IJIOCKOCTH.
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4 a - peObpo IBYTrpaHHOIO yria, MOJYIUIOCKOCTH - TPaHH €ro.

£
i
puc. 1
Yron AOB - nuHeiHbBI yron nByrpaHHoro yria. UtoObl ero
HOCTPOMTH, HY’KHO BBIOpaTh NMpou3BONIbHYIO TOUKy O Ha pebpe, a tyun OA
n OB 10mKHbI ObITh IEPIEHAUKYJIISIPHBI K PEOPY.
4
6
puc. 2

Onpenenenue. ['pagycHoii Mepoil TBYTrpaHHOTO yrjla Ha3bIBaeTCs TpajyCcHas mepa Jro0oro u3
€ro JIMHEHHBIX YTJIOB.

JIByrpaHHBIN yTOJI Ha3bIBACTCS TIPSIMBIM (OCTPBIM, TYITBIM),
eciu oH paBeH 90° (menbIne 90°, Gonbire 90°).

[TycTs ¢ - TOT U3 yrJIOB, KOTOPHI He MPEBOCXOAUT JIOO0r0 M3
TPEX OCTAIBHBIX YIJIOB. Torma yroia Mexay NnepeceKaronuMUcs
mockocTsamu paseH §. (0°<¢$=90°)

puc. 3

Omnpenesienne. /[e mnepecekaronyecss MIOCKOCTA HA3bIBAIOTCS MEPIEHAUKYJISAPHBIMU, €CIIU
YTOJ MEXIy HUMHU paBeH 90°.
IIpu3HaK nepneHINMKYJISAPHOCTH JABYX IIOCKOCTEIA.

Ecnmu omna w3 nByX IWIOCKOCTEH ( ) MPOXOIUT dYepes
npsMyto (a), TepHeHIUKYISpHYI0 Apyroid miockoctd (), TO
TaKHe IIOCKOCTH IEPIIEHUKYISPHEL.

puc. 4
B ; o IIpsaMoyroabHblii mapasuienenunen. [lapannenenunen
Py - HA3bIBAETCS MPSMOYTOJNBHBIM, €CIH ero OOKOBbIE pebpa
1
P NEPIEeHIUKYISIPHBI K OCHOBAHMSIM, @ OCHOBAHHSI NPEACTABISAIOT
| v
Pt co00i1 MPSAMOYTOJIHHHUKH.
1
=T o
- Ty
Adﬁ =+
puc. 5
CaoiicTBa.

1. B npsmoyroiapHOM napajiielenune/ie BCe MeCTh rpaHeil MpeICTaBIIIOT COO0H MPSIMOYTOJIbHUKH.

2. Bce aByrpaHHbI€ yIUIbl IPSIMOYTOJIBHOTO MapajlieNenuIe a iBasoTCs IPSIMbIMU

3. KBazpar quaroHanu npsiMoyrosibHOTO apajulesienuieia paBeH CyMMe KBaJpaToB TPEX €ro

U3MEPEHUN.

Konmponvhvie 6onpocwi

1. Onpenenenue ABYrpaHHOrO yIia.

2. OnpeneneHue yria MeX1y NepeceKatomMUMHUCS TUIOCKOCTIMH.

4. Onpenenenue NepHeHANKYISIPHOCTH Tu1ocKocTel. [Ipu3Haky nepneHauKyIsipHOCTH  TUIOCKOCTEH.
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Tema 8. KoopanHatsl 4 BEKTOPBI.

Tema 8.1. BexrTopsl. [deiictBus Hag BekTopamu. basuc Ha miockoctu. IlpsimoyrosbHas cucrema
KOOp/AUHAT.

Ionamue eexmopa. /leticmeusi nao éexkmopamu. bazuc na nnockocmu. Ceoticmea 6eKmopos.
IIpsimoy2onvbHas cucmema KOOpouHam 6 RPOCmMpancmee.

Ymemu: BEINONHATH NEWCTBUS HaJ BEKTOPAMM.
3nams: Ilonarue BekTopa. JlelictBua Hax BekTopamu. basuc Ha 1utockoctH. CBOMCTBA BEKTOPOB.
[IpssMoyTOIBHAS CUCTEMA KOOPAUHAT B IPOCTPAHCTBE.

[TonsiTHe BEKTOpA B CTEPEOMETPUM BBOAMTCS TAK XK€, KAK U B INTAHUMETPUU.

PaccmoTtpuMm ynopsaodueHnyio mnapy (4, B) Hecomagaromux Touek. OHa ompenenser
HanpaBJIEHHBbIH OTpe30Kk ¢ HauyajioM 4 u koHUoM B (puc. 1). C momompto napsl (4, B) 3agaaum
npeoOpa3oBaHue npoctpaHcTBa. Kaxmoil Touke M mocTaBUM B COOTBETCTBHE TOUYKY N, KOTopas
IOJIyYUTCS B PE3YJIbTATE CICAYIOMIETO IOCTPOCHUS.

[TpunsB Touky M 3a Havajao, MPOBOAUM JIyY /7, COHANPaBIEHHBIN ¢ 1y4oM AB (puc.2). Ha myde

m UMeEeTCsl ¢IMHCTBEHHAs Touka N, yAaJICHHAasA OT M na pacCTosAHNC |AB| . 910 IMMOCTPOCHUC 3aaacT

nmpeoOpa3oBaHKE MPOCTPAHCTBA, OTOOpAXKAIOMIETO TOUKY M Ha TOUKY N.

N

A A

Puc. 1. Puc. 2.

Onpenenenue. Bexmopom (napannenvnvim nepenocom), onpeoensemvim napou (A, B)
Heco8naoaruux modex, Ha3vléaemcs npeobpazoeanue nNpoCmMpaHcmed, Npu KOMopoM Kaxcodsi modxka
M omobpasxcaemcs na maxkyro mouky N, umo ayy MN conanpasnen c ayvom AB u paccmosinue
|MN | PABHO paACCMOAHUIO |AB| .

_—

Bekrop, 3amannbiii mapoii (4, B) HECOBMAaJalIIMX TOYEK, 0003HAYAETCS CUMBOJIOM AB .

—_—

Hanpasienue, onpenensemoe ydoM AB, Ha3bIBaeTCs HanpaeieHuem eekmopa AB, a paccrosiHue
|AB| - 0n1uHotl gekmopa AB .

YcnoBumMes, 4To J1r00ast mapa COBHANAIONIMX TOYEK 33aJaeT TOKIECTBEHHOE MpeoOpa3oBaHue,
KOTOpOE€ MblI OyZieM Ha3blBaTh TENEPb HYIEGbIM 6eKMOpoM. JINMHA HyJIEeBOTO BEKTOpa paBHAa HYJIIO,
NOHSATHE HAIPaBJICHUA JUI HETO He BBoauTCs. HyneBoii BekTop, 3aaanHbIi napoii (A, A), 0003HadaoT

—_—

CHUMBOJIOM AA.

— >

HpI/IMeHHI-OTCSI Y MHBIE 0003HAYEHHS: a, b C - BEKTOPBI;

‘ WIM a - anuHa Bektopa a; 0 -
HYJIEBOU BEKTOD.

Kaxxnplii BEKTOp, OTIMYHBIN OT HYJIEBOTO, BIIOJHE XapaKTEPU3YETCs CBOMM HAIPABICHNEM H

JHou. [Toaromy, ecnu HEHYJIEBBIC BEKTOPBI a M b COHAIPABJICHBI U UMEIOT PABHBIC JJIMHBI, TO 3TH

BEKTOPbI paBHbI (COBNAAAIOT): @ = b.
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[eiicTBUS HaJl BEKTOPaAMM.

Yno6Hee Bcero paboTarh ¢ BEKTOpaMHU B IPSIMOYTOJIBHON CHUCTEME KOOPJAHHAT — TOW CaMOM,
B KOTOpoil pucyeM rpaduku ¢yHkiumil. Kaxxnolr Touke B cUCTeMe KOOpPIMHAT COOTBETCTBYIOT JBa
yucna — €€ KOOpIMHATHI MOXH Y, abcucca Y OpJIMHATA.
Bexkrop Takxke 3aiaeTcs AByMs KOOpAUHAaTaMu: da(x,;y,)

—

31ech B CKOOKax 3amMCcaHbl KOOPAWHATHI BEKTOpPA @ — IO X U TIO ).

HaxozasTcst oHu npocTo: KoopArHaTa KOHIIA BEKTOpa MUHYC KOOpAMHATA €ro Havasa.

B .E{.TB— X, VgV,

0 X
Cnooswcenue 6ekmopos

I[J'IH CJIOKCHU BEKTOPOB €CTh ABa croco0a.

1. IpaBuno nmapamwiensorpamma. UToObl CI0KUTH BEKTOpPHI @M b, IOMENIaeM Hadaja 00OMX B OJIHY
Touky. JlocTpamBaeM 0 mapajieiorpaMMa M U3 TOW )K€  TOYKH  TNPOBOAMM  JHaroHalb

napauesnorpaMma. 1o u OyJeT cyMMa BEKTOpPOB au b .

. T
- :;”f
G e
__,_-—"-)‘::':' = [1' . ,»"
L n
. =
b

2. Bropoii croco0 crmokeHus BEKTOPOB — TMPABUJIO TPEYrojbHUKA. Bo3bMeM Te ke BEKTOpBl a | b .
K koHIly mepBoro BeKTOpa MpUCTPOUM Hayasio BTOporo. Temeps COeIUHUM Hayanao MEPBOTO U KOHEIl

BTOPOr0. DTO U €CTh CyMMa BEKTOPOB au b .
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[To Tomy e mpaBUIly MOXKHO CJIIOKHTh M HECKOJIBKO BEKTOpPOB. IIpucTpamBaeM MX OJWH 3a IPYTUM,
a 3aTeM COEUHAEM Hayaylo EPBOT0 ¢ KOHIOM IOCIEIHETO.

D
C— E  AF-AB+BC+CD+DE+EF
/‘ﬁf—
A

[IpencraBpTe, uTo BBl MaeTe M3 MyHKTa A B myHKT B, u3 B B C, u3 C B D, 3atem B E u B F. Koneunsrit
pe3yabTaT 3TUX JeHCTBUM — nepemMenienue u3 A B F.

IIpu crnoxeHun BEKTOPOB d(x,;y,)H b (x,;y,) HoIy4aeM:
c=d+h
c=(x,+x,)+(, +)

Boiuumanue eexm opoe

—_—

Bekrop — c HanpaBieH NPOTUBOIOJIOKHO BEKTOPY ¢ . JIJIMHBI BEKTOPOB €U — C PABHBI.

— -

Teneps MOHATHO, YTO TAKOE BBIUUTAHHME BEKTOPOB. Pa3HOCTH BEKTOPOB @M ¢— 3TO CymMMa BEKTOpa
a ¥l BEKTopa —cC.

— — — =)
a-c=a+(-c)
— =
a-c
Ymnoowcenue 6exkmopa na uucno

[Ipn yMHOXXEHUHM BEKTOpa « HA YUCIIO Kk MOJIydaeTcsi BEKTOp, JUIMHA KOTOPOro B k pa3 OTJIMYAeTCs

oT uuHBl a . OH COHAIPaBJIEH C BEKTOPOM @, €CIIU k OOJIbIIe HyIs, ¥ HAlpaBJIeH MPOTUBOIIOJIOKHO
a , €CIIM kK MEHBIIIE HYJIS.
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ba3uc nHa narockocmu.

Omnpenenenne.

1) Ba3ducoM B TpOCTpaHCTBE HA3BIBAIOTCS JIIOObIE 3 HEKOMIUIAHAPHBIX BEKTOpA, B3SATHIC B
OTIpeICIEHHOM TOPSIJIKE.

2) Bba3ucoM Ha IUIOCKOCTH HA3BIBAIOTCS JIOOBIE 2 HEKOJUIMHEAPHBIC BEKTOPHI, B3STHIC B
OTIpeICIEHHOM TOPSIJIKE.

3)ba3ucom Ha npsAMOii Ha3bIBACTCS JIFOOOW HEHYJIEBOW BEKTOP.

BekTopsl Ha3bIBAIOTCS KOMHAAHAPHBIMU, €CITA OHH TapaJICTbHBI OHOM U TOM e MIOCKOCTH. Takum
00pa3oM, BEKTOPHI Ha3bIBAIOTCS KOMIUTAHAPHBIMU, €CITU PABHBIE UM BEKTOPHBI, OTIOKEHHBIC OT OJHOU
TOYKH, JICKAT B OJHOM IIJIOCKOCTH.
B npoTuBHOM cily4ae BEKTOPHI HA3bIBAIOTCS HEKOMNIAHAPHBIMU.

JIroOble TpU HEKOMILIAHAPHBIX BEKTOpa B MPOCTPAHCTBE, B3SIThIE B ONpPEIEICHHOM MOPSIKE,
HAa3bIBAIOTCS OA3UCOM.

1. 80,93

e

Omnpenenenne. Ecnu - Oa3uc B mpoctpanctBe ©OM , TO uucna a, b U g - HA3BIBAIOTCSA

KOMIIOHEHTAMH WJIM KOOPIAMHATAMH BEKTOPA @ B 9TOM Gasuce.
B cBs3UM ¢ 3TUM MOKHO 3alucaTh CIEAYIONIME CBOMCTBA:
- paBHI:Ie BGKTOpBI UMCHOT OJMHAKOBBIC KOOpI[I/IHaTBI,
- MIPU YMHOXKEHUY BEKTOpPA Ha YHMCJIO €r0 KOMIIOHEHTHI TOXKE YMHOXKAIOTCS Ha 3TO YHCIIO,

15— (ADe +(AB) ey + (V) ey

- IMpU CIOKCHUH BCKTOPOB CKIAABIBAIOTCA UX COOTBCTCTBYIOIINEC KOMIIOHCHTBI.

—

a=ae ta,e, +tase; a=pe +pe, + fe;

o4 b tagt+ Gle oy + Gle, Hias + ey )

Ipamoyzonvnas (Oexapmosas) cucmema KOOpouHam é RPOCMpPancmee.

Ipsimoyeonvbras cucmema Koopouwam 6 npocmpancmee — 00pasyeTrcss TPeMsi B3aHMHO
nepnenaukyasaprasivu ocamu koopaunaar VX, OY u O Z. Ocn xoopmunar nepecexarorest B Touxe (J
, KOTOpasi Ha3bIBACTCSl HAYaJOM KOOPIMHAT, Ha KaXI0W OCH BBIOPAHO IOJOXKHMTEILHOE HAIpaBIICHHE,
yKa3aHHOE CTpEeJIKaMH, M CIWHHUIIA M3MEPEHHS OTPE3KOB Ha OCAX. EJMHMIBI M3MEpEHHS OOBIYHO

OJIWHAKOBBI IJIs1I BCEX OCCfI. OX — OChb a6cuncc, OY — OChb OpI[I/IHaT, OZ — OCb aIlIlJINKarT.
'z

» X

&

Puc. 2
[onoxenne Toukn A B IIPOCTPAHCTBE ONPEACIIACTCS TPpEMA KOOpAUHATaMu ., Yuz Koopaunara
paBHA JIUHE OTpE3Ka OB, KOOpauHaTa Y — nnune OTpe3Ka ocC , KoopauHaTa 2 — JJIUHE OTpe3Ka

61


http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%B1%D1%81%D1%86%D0%B8%D1%81%D1%81
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%BE%D1%80%D0%B4%D0%B8%D0%BD%D0%B0%D1%82
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82
http://commons.wikimedia.org/wiki/File:Descartes_system_3D.png?uselang=ru
http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Descartes_system_3D.png

() D ei6pannbix emuannax usmepenns. Otpeskn (OB, OCwu O Donpenensrores muockoctsmu,
npoBenEHHEIME 13 ToukH Anapantensro mockoctam ¥ O 2, X O Zu X OY coorsercrrenno.

Koopauuara T'Ha3sIBaeTCs abciuccoil Toukn A,

koopuHaTa ¥ — opannatoii Toukn A,

KOOpAMHATA Z — aIIUINKATON TOUKHU A
CHUMBOJIMYECKH 3TO 3alHMCHIBAIOT TaK:

‘_1($ y Y, 2 )
1003

A=(z, vy, z)
WM TIPUBSI3BIBAIOT 3aMMCh KOOPAMHAT K KOHKPETHOW TOYKE C IOMOIIbIO HHJIEKCA:

Ta, Ya, 24
UT. 1.
Kaxmas ock paccmarpuBaeTcsi Kak YUCIOBast IpsMasi, T. €. UMEET IMOJIOKUTEIHHOE HaIlpaBleHHE, a
TOUYKaM, JISKAIIUM Ha OTPULIATEIHHOM JTyde MPUITUCHIBAIOTCS OTPULIATEIbHBIC 3HAUEHUS KOOPAUHATHI
(paccrosiare Gepercst co 3HakoM MuHYyc). To ecTh, ecim Obl, HampuMep, Touka J3 Texana He Kak Ha
pucynke — Ha nyde (JX, a ma ero mpomomkeHumnm B oOparHylo cropoHy or Toukn () (Ha
orpuniarenshoii wactu ocu (JX), To abemmcca TTouxu A 6buta 6Bl oTpuIaTENnBHON (MHHYC
paccrosamto (J[3). Ananoruano u 11s 1BYX Apyrux oceid.

Konmponvhnvie 6onpocwi

1. [TonsTHe BEeKTOpA.

2. [lelficTBUS HaJl BEKTOPAMH.

3. ba3uc Ha IIOCKOCTH.

4. CBoiicTBa BEKTOPOB.

5. IlpsimoyrosnpHast cucTeMa KOOpAMHAT B MTPOCTPAHCTBE.

Tema 8.2. PaccTosinue Mex1y TOUKAMM.

Dopmyna paccmoanus mexcoy 08ymMa moukamu. Ypaenenus cghepol, n10CKOCMU U NPAMOI.
Koopounamer cepeounvt ompesxka.

Ymems: HaXOAUTh PACCTOSHUE MEXY IBYMs TOUKAaMH; COCTABISATh YpaBHEHHE C(epbl, IIOCKOCTH U
IPSIMON; HAXOAUTh KOOPJIMHATHI CEPEIMHBI OTPE3Ka.

3uamo: GopMyna pacCTOSHUS MEXKAY IByMs TOUKaMH, YpaBHEHUs c(epbl, IOCKOCTH U NMPSIMOH,
KOOPAMHATHI CEPEANHBI OTPE3KA.

IIyctb A 1 B - 1B€ TOUKH MJIOCKOCTH, KOOPJUHATHI KOTOPBIX B AEKAPTOBOM CUCTEME
KoopauHar: (x,;y,) 4 (x,;y,), Torna

:Il

2
AB = foz -x) tiv -0
VYkazannas Qopmyna, 1o CyuiecTBy, sBiseTcs TeopeMoii [Iudaropa, 3anucanHol B KOOpAUHATHON
¢dopme. B camom nene, myctb 4, U B, -- COOTBETCTBEHHO Npoekuuu Touek A u B Ha ock aOcuuce, M -

npoekuusa 4 Ha npsamyo BB, .

NmeeMm: AB -- runoteHy3a NpsIMOYTOJIBHOTO TpEyToybHUKaA ¢ KaretaMu AM u BM, no AM =
4, B, :|x2 —x1|.T0qH0 TaKk xxe BM :|y2 —y1|.

CrnenoBaTebHO,

AB® = AM® + BM* = (x, —x,)> +(y, —¥,)° u popMmya joka3aHa.
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http://ru.wikipedia.org/wiki/%D0%90%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82%D0%B0
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Koumponvnvie éonpocwi

1.dopmyna pacCTOSHUS MEXKIY ABYMS TOUKAMHU.
2. YpaBHeHHA cepbl, IUIOCKOCTH U MIPSIMOIA.

3. KoopiuHaThl cepeiMHbI OTPE3KA.

Tema 8.3. JIuHeiiHbIe onepanuu HAl BEKTOPAMHU.

Bexmopuol. Mooynw éexkmopa. Pasencmeo eekmopos. Cnoscenue 6eKkmopos. Y mHoxcenue
eexmopa Ha yucno. Paznoocenus eekmopa no HanpasieHusam. Yeon mexcoy 08yms 6eKMopami.
IIpoexyus eexmopa na oco. Koopounamul éexkmopa. CkanapHoe npoussedenue 6eKmopos.

Ymems: Haxo0qUTh MOIYJIb BEKTOPA; BHIMOIHATH TUHEIHBIE ONepallii HaJl BEKTOPaMU;

BoerancnsaTes ckaasipHOe MPOU3BECHIE BEKTOPOB.

3nams. BEKTOPBI, MOJLyJIb BEKTOPA, PABEHCTBO BEKTOPOB, CIIOKEHHE BEKTOPOB, YMHOXKEHHE BEKTOpa
Ha YKCJI0, PA3JIOKEHUS BEKTOPA 110 HAMPABICHUSIM, YTOJI MEXKAY ABYMSI BEKTOPaMHU, IPOCKIIHS BEKTOpa
Ha 0Cbh, KOOPAMHATHI BEKTOPA,CKAISIPHOE IMPOU3BEACHUE BEKTOPOB.

Csoticmea 6ekmopos.

lBa BekTtopa au b Ha3bIBAIOTCSA KOJUIMHEAPHBIMHU, €CIIM OHU PAacIOJIOKECHBI Ha
NapaJuIeIbHBIX IIPSAMBIX WU HA OJTHOM MPSIMOM.

HyneBoii Bektop 0 KoJuIMHEapeH JI000My BEKTOPY.
Teopema 1. ]IBa HEHYIEBBIX BEKTOpa au b KoymuHeapHbl, U KOr1a OHU IPONOPLUOHAIIBHEI T.€.

b= k., k — cxansp.

- - -

Tpu BekTopaa,b,c, Ha3BIBAIOTCS KOMIUIAHAPHBIMH, €CIM OHHU MapajjieNbHbl HEKOTOPOM
IUTIOCKOCTH WJIU JIEKAT B HEU.

- - ~

Teopema 2. Tpu HeHyleBbIX BeKTOpa a,b,c, xommiuaHapHbl, U Korjga OJWH W3 HUX SBISETCS
JUHEWHON KOMOWHALIMEH IBYX IPYTHUX, T.C.

Z’ =k, +l];,k,l— CKaJISIPHI.

Monynb BEKTOpa — 3TO AjauHa oTpe3ka AB.

|AB| = \/(xz _x1)2 +(y2 _yl)2 .
HpOeKI/ﬂ/lﬂ 6eKmopa Ha ocCo.

Teopema 3. Ilpoekuus BeKTOpa Ha och (HampaBlieHHas MpsMas) / paBHA MIPOU3BEACHUIO JTTMHbI
BEKTOPa Ha KOCHHYC YIJIa MEX/1y HallpaBJICHUEM BEKTOpa U HaIIPpaBJIEHUEM OCH, T.€.

np.l=axcosa?a= D(;, 1).
Cranspuvim npouzeedeHuem TBYX HEHYJIEBBIX BEKTOPOB au b. u HasbBaeTes YHCJI0, PABHOE
IMMPOU3BCACHUIO JJIMH 3THX BCKTOPOB Ha KOCUHYC yI'Jla MCKAY HUMMU:
ab= |ﬁ| . ‘5‘(005&,15).
Koumponvhule éonpocoi

1. BexTopsl.
2. Moy BEKTOpA.
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3. PaBeHCTBO BEKTOPOB.
4. CnoxeHue BEKTOPOB.
5. YMHOXEHHUE BEKTOpa Ha YUCIIO.

6. PaznoxeHust BEKTOpa 1O HAMPABICHUSM.

7. Yroa Mexay AByMsl BEKTOPaMH.

8. [Ipoekius BEKTOpa Ha OCh.

9. KoopauHatsl BEKTOpa.

10. CxansipHO€ NpoU3BEI€HUE BEKTOPOB.
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Tema 9. MHOrOrpaHHMKH
Tema 9.1. Muororpannuku. IIpaBujibHbIe MHOTOTPAHHUKH M UX CBOMCTBA.

Onpeoenenus 6HympeHHel moyky, OMKpbIMO20 MHONMCECM8a, 001ACU, SPDAHUYHOU MOYKU,
02PAHUYEHHO20 MHONCECMBA, 2eOMEMPUYECKO20 Meld, MHO20SPAHHUKA, 2PAHU, pedpa, 6epuiuHbl,
OUA2OHANIU MHO202PAHHUKA, 8bINYKI020 U NPABUILHO20 MHO202PAHHUK08. Pazeepmia.

Ymems: npUMEHATh TEOPETUYECKUE 3HAHUS TP PELICHUH 3a/1a4.

3nams: omnpenencHUs BHYTPEHHEH TOYKU, OTKPHITOTO MHOXECTBA, OONACTH, TPAaHUYHOW TOYKH,
OTPaHMYEHHOTO MHOKECTBA, I'€OMETPHUYECKOro Tejla, MHOTOTpaHHHKa, TIpaHu, pedpa, BEpILUHBI,
JMaroHald MHOTOIPAaHHUKA, BBITYKJIOTO U MPAaBUJIBHOIO MHOTOTPAaHHUKOB, pa3BepTKa.

MHoOrorpaHHUKd, B H3BECTHOM CMBbICJE, SBJISETCS  MPOCTPAHCTBEHHBIM  aHAJOTOM
MHOTOYTOJIbHUKA. TeM He MeHee, IS CTPOTO €ro ONpEeNeICHHUs HaM IOHAJ00STCS HECKOJIBKO
BCIIOMOTaTeNbHbIX TOHATUH.

B mKonpHBIX ydeOHMKAaX TEOMETPUHM MHOTOTPpAaHHUKAMU OOBIYHO HAa3bIBAIOTCS TEIa,
MOBEPXHOCTU KOTOPBIX COCTOST M3 KOHEYHOrO0 YHCIa MHOTOYTOJBHUKOB, HA3bI-Ba€MbIX TpaHSIMU
MHOrorpaHHuka. CTOpPOHbI WM BEpPUIMHBI ATUX MHOTOYTOJBHUKOB HA3bIBAIOTCS COOTBETCTBEHHO
pebpaMu U BeplIMHAMU MHOTOIPaHHUKA.

IIpasunvHvle MHO202paHHUKU

BBIHyKJII:II\/'I MHOT'OTpaHHUK HA3bIBACTCA IMPABUJIIBHBIM, CCJIM €r0 I'paHAMHU SABJIAIOTCA PABHBIC
IMPAaBUJIbHBIC MHOT'OYT'OJIBHUKH, U BCC MHOI'OI'PAaHHBIC YTJIBI paBHBI.

PaccmMoTpuM BO3MOJKHBIE NPAaBUIIbHBIE MHOTOTPAHHUKU U IPEXKE BCEro T€ U3 HUX, IPAHAMU
KOTOPBIX SIBJISIFOTCA INPaBUJIbHBIC TpeyroibHUKU. Hanbonee mNpOCTBIM TaKUM IPABUIBHBIM
MHOTOIPAaHHMKOM SIBJIIETCSl TPEyroJibHas NHUpaMHuJa, TIpaHsAMH KOTOPOH SBISIOTCS IPaBUJIbHBIE
TpeyrojabHUKH (puc. 1). B xaxxaoil ee BepinHe cXOAUTCA 1O TpU rpaHu. Mmes Bcero uerslpe rpaHu,
9TOT MHOTOTPaHHMK Ha3bIBAETCS TAK)KE NPABUIBHBIM TETPA3ApPOM, WU MPOCTO TETPa’IpoM, YTO B
NEPEBOJIE C IPEUYECKOTO SI3bIKA O3HAUAET YEThIPEXTPAHHHUK.

Puc.1. Puc.2. Puc.3.

MHOrorpaHHuK, TIpaHsIMH KOTOPOTO SBIIAKOTCS IPAaBWIbHBIE TPEYrOJbHUKH, U B KaXIOH
BEPIIMHE CXOJUTCS YEThIpE IpaHH, N300pakeH Ha pucyHKe 2. ETo moBepXHOCTh COCTOMT M3 BOCHMH
HpaBI/IJIBHI:IX TPCYIrOJIbHHUKOB, IIOOTOMY OH HA3bIBACTCA OKTA3APOM.

MHororpaHHuk, B KaXKI0W BEpPIIMHE KOTOPOTO CXOJIUTCS TSATh MPABUIBHBIX TPEYTOJbHUKOB,
n300pakeH Ha pucyHKe 3. Ero moBepXHOCTh COCTOMT M3 JBAJALIATH MPABUIBHBIX TPEYTOJIHHHUKOB,
MO3TOMY OH Ha3bIBAETCSI HKOCAdIPOM.

3aMeTI/IM, YTO IMMOCKOJIBKY B BEPIIMHAX BBIITYKJIOIO MHOI'OI'PpaHHHKA HC MOXKCT CXOAUTLCA 60nee
MSATA TPABWIBHBIX TPEYTOJLHUKOB, TO JPYTHUX MPABUIBHBIX MHOTOTPAaHHUKOB, TPAHSAMH KOTOPBIX
SIBJIAKOTCA HpaBI/IHI:HBIe TprFOHBHI/IKI/I, HEC CYH_IGCTByCT.
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AHaJIOrM4HO, MOCKOJIBbKY B BEPIIMHAX BBIIYKJIOTO MHOTOTPAHHHUKA MOYET CXOAMTHCS TOJIBKO
TpH KBajpaTa, To, kpome Ky0a (puc. 4), Ipyrux MpaBUIbHBIX MHOTOTPAHHUKOB, Y KOTOPBIX TPaHIMHU
SBIISIIOTCSL KBaJpaThl He cymiecTByeT. KyO mmeer miecTp rpaHeil M IMO3TOMY HA3bIBAETCS TaKXkKe

TEKCadIPOM.
I
| Yy,
|
i
I
I
I

Puc.4. Pnc.5.

MHoOrorpaHHukK, IpaHsMHd KOTOPOIO SIBJISIFOTCSI IIPABHJIBHBIE NSATHUYTOJBHUKH, U B KaKIOU
BEpILMHE CXOAUTCSA TPU I'paHu, U300pa’keH Ha pUCyHKe 5. Ero moBepXHOCTh COCTOMT M3 JBEHAALATU
IIPABWIBHBIX IATUYTOJBHUKOB, IIO9TOMY OH Ha3bIBAETCS TOAEKA3IPOM.

PaccMoTpuM MOHSTHE NPaBUIBHOIO MHOTOTPaHHMKA C TOYKM 3pPEHUS TOIOJIOTMM HayKH,
u3yvaromiel cBoiicBa Gpuryp, He 3aBUCALINX OT pa3lIUYHbIX Jedopmanuil 6e3 pa3peiBoB. C 3TON TOUKH
3peHusi, HalpuMep, BCE TPEYTOIbHUKU 3KBUBAJIEHTHBI, TaK KaK OJIUH TPEYTOJIbHUK BCETJa MOXKET ObITh
HOJy4YeH M3 JI000ro APYroro COOTBETCTBYIOIIMM C)KaTHEM MJIM PAaCTSHKEHHEM CTOpoH. Boobuie Bce
MHOTOYT'OJIbHUKU C OJJUHAKOBBIM YHCIIOM CTOPOH 3KBUBAJIEHTHBI 0 TOW K€ MPUUHHE.

MHOrorpaHHMK Ha3bIBA€TCS 8bINYKIbIM, €CIIA OH SIBJISETCS BBIMYKIOW (UTYpOii, T.e. BMECTE C
JTH00BIMU ABYMSI CBOUMH TOYKAMU COJAEPKUT U COEAUHSAIOIINN UX OTPE30K

[

r)

Puc. 1 A

CaoiicTBO 1. B BBINyKJIOM MHOTOIpaHHUKE BCE TPAHU SIBJISIFOTCS BHITYKJIBIMU
MHOT'OYT'OJIbHUKAMH.
CBoiicTBO 2. BBIMyKITBII MHOTOTPAaHHUK MOKET OBITH COCTAaBIICH M3 MUPaMHU/] ¢ O0IIeH
BEPILIMHOMN, OCHOBaHMsI KOTOPBIX 00pa3yloT HOBEPXHOCTh MHOI'OTPaHHHUKA.
CpoiicTBO 3. BbIMyK/Ibli MHOTOTPaHHHUK JIEKUT MO OJHY CTOPOHY OT IUIOCKOCTH Ka)AOH
CBOEH I'PaHU.

Konmponvhuvie 6onpocwi
1.OmpeneneHust BHYTpPEHHEH TOYKH, OTKPBITOIO MHOXECTBa, OOJacTH, TpPaHUYHOM TOYKH,
OTPaHUYEHHOTO0 MHOXKECTBA, T'€OMETPUUYECKOr0 Tejla, MHOTOTPaHHUKA, TpaHM, peldpa, BEpIIHHBI,
JaroHaJId MHOTOTPaHHMKA, BBITYKJIOTO U MPaBUIILHOTO MHOTOI'PaHHUKOB.
2. Pa3Beprka.
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Tema 9.2. IIpusma u ee cBoiicTBa.

Onpedenenue npuzmol, 8b1COMbL NPU3MbL, OuazoHaru npuzmvl. Ceolucmea npusmbl.
Hzo6pasicenue npusmvl u nocmpoenue ee cevernus. Ilpamas npusma. llpasunvuas npuzma.

Ymemsb: pUMEHSTh TEOpPETUUECKHE 3HAHUSI TIPH PEIICHUH 3a]1a4.
3namy: omnpeneneHUue MPU3MBL, BBICOTHl NPHU3MbI, JIUATOHATM TPU3MbI, CBOWCTBA MPU3MBI,
n300pakeHHe MPU3MBbI U TIOCTPOCHUE €€ CeUeHUs, MpsMas pu3Ma, MpaBuiibHas IPU3Ma.

[Ipusma (ot mp.-rped. mpicpo (JaT. prisma) «HEUTO OTIHIICHHOE») - MHOTOTPAaHHHUK, JBE TPaHU
KOTOPOTO SIBJISIFOTCS. KOHIPYSHTHBIMHU (PaBHBIMH) MHOTOYTOJIBHUKAMHU, JICKAIIMMHU B HapaljIeIbHBIX
TUTOCKOCTSIX, @ OCTaJbHbIC TPaHW - TMapajUIeIorpaMMaMH, MMEIONIMMH OOIIHEe CTOPOHBI C 3TUMHU
MHOTI'OYyTr'OJIbHUKaMH. N (paBHOCI/IHBHO) - OTO MHOTOI'paHHUK, B OCHOBAHHAX KOTOPOIO JICKAT
paBHBIE MHOTOYTOJIbHUKH, @ OOKOBBIC TPaHH - MTAPAIICIIOTPAMMBI.

Hazpanue Omnpenenenue O06o3Hauenus | Yeprex
Ha YepTexe

OcHoBaHUs JIBe rpanu, ABCDE,
SIBJISTFOTITHECST
KOHTPY HTHBIMH
MHOTOYTOJIbHUKaMH,
JeKAIIMMH B
napajieTbHbIX
TIJIOCKOCTSIX.

bokoBsle rpaHu Bce rpanu, kpome ABLK,
ocHoBanuii. Kaxxgas | BCML ,
O0KOBas rpaHb CDNM,
00s13aTEJILHO DEPN,
SIBIISICTCS EAKP
rapajuieIorPaMMOM.

bokosasg OO0ObBenHEHNE
MTOBEPXHOCTh OOKOBBIX TPAHEH.

IMomHas O0bpeanHeHne
TIOBEPXHOCTH OCHOBaHHUU U
OOKOBOI
TTOBEPXHOCTH.

BbokoBsie pedpa OO6mue CTOpOHBI AK,BL,CN,
OOKOBBIX TpaHei. DM LEP

Bricota OTtpe3soxk, KR
COEUHSAIOLINN
IIJIOCKOCTH, B
KOTOPBIX JISKAT
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OCHOBAHUS IIPU3MBI
u
NIEPIEHIUKYIISPHBIN
9THUM ILIOCKOCTSIM.

Jwnaronanp

OTtpe3ok,
COCOUHSIONIUIN JIBE
BEPILUUHBI IPU3MBEI,
HE TpUHAJIeKAIINE
OJIHOW IpaHH.

BP

JlmaroHaiapHas
MJIOCKOCTh

IImockocTh,
MPOXOASIIas uepes
nepeceKaronmecs
JMaroHajab
OCHOBaHHMS U
06oxoBOE pedpo
MIPU3MBL.

JnaronanpHoe
ceyeHue

[Iepeceuenue
MIPU3MBI U
IUaroHaJIbHOU
IJIOCKOCTH. B
ceueHun obpaszyercs
napajieorpamm, B
TOM YHCJIE €r0
YaCTHBIE CITy4Yan —
pomo,
MPSAMOYTOJIbHUK,
KBaJpar.

EBLP

[eprienaukynsipHOE
(opTaroHanabHOE)
CeUucHHE

[Iepeceuenue
MIPU3MBI U
IJIOCKOCTH,

MEepIEHIUKYIIIPHON
ee OOKOBOMY peOpy.

Ceoticmea npusmol

1. OcHOBaHMS PU3MBI SIBJSIIOTCS PABHBIMA MHOTOYTOJIbHUKAMU.

2. BokoBbIe rpaHy MPU3MBI ABIISIOTCS MapaljieiorpaMMaMHu.

3 boxkoBsie pebpa mpu3Mbl NapasieIbHbl U PaBHBIL.

4. O06bEM MPU3MBI PaBEH MPOU3BEICHUIO €€ BBICOTHI HA IUIONIAIb OCHOBaHUs: V = §-h

5. Ilnomane MONMHOW MOBEPXHOCTH MPU3MBI paBHA CyMMeE IUIONMIAad €€ OOKOBOM TMOBEPXHOCTH H
YABOCHHOM IJIOIIAIA OCHOBAHUSI.

6.11momratb 60KOBOI MOBEPXHOCTH MPOU3BOJILHON IPU3MBIL S = P -/ ,rae P - mepumeTp
NEPIEeHIUKYISPHOTO ceueHus, [ - niauHa 60KoBOro pedpa.

7. Inomaap GOKOBOI MOBEPXHOCTH MPSAMON IPU3MBL S = P -/, Te P - mepuMeTp OCHOBAHUS TIPU3MBIL,
h - BBICOTA TIPU3MBI.

8. IlepneHIuKyIsIpHOE CEUCHUE TIEPIICHIUKYIISIPHO KO BCEM OOKOBBIM PEOPAM MPU3MBI.

9. Vbl nepneHIuKyIsIPHOTO CEUEHUS - 3TO JIMHEIHbBIE YIIIbI IBYTPAHHBIX YTJIOB IIPH
COOTBETCTBYIOIIUX OOKOBBIX pEOpax.

10. IlepnenAuKyISIpHOE CEUEHNE NEPIIEHANKYIISIPHO KO BCEM OOKOBBIM I'PAHSIM.

KoumponvHule 6onpocwl
1. Onpenenenne Npu3Msl, BEICOTHI TPU3MBI, JUATOHAJIA IPU3MBI.
2. CBolicTBa IPU3MBI.
3. M300paxkeHne NpU3MBbl U IIOCTPOCHUE €€ CEUCHHUS.
4. Ilpsimas npusma. [IpaBunbHas npusma.
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Tema 9.3. [lapansienenunen u ee cBoicTBA.
Onpeoenenue napannenenuneoa. Ceoticmea napaineienuneda ¢ ookazamenvcmeamu. Kyo.
Ymems: IPUMEHSATH TEOPETHUECKUE 3HAHUS TIPU PEIICHUH 3a]1a4.
3nams. onpeneneHne napauieNienuea, CBOMCTBA MapaieNienuneaa, n300paKeHmne

napajaciacnuicaa U MoCTpOCHUC €€ CCUCHU .

Ilapannenenunedom Ha3bIBaeTCs MpU3Ma, OCHOBAHUEM KOTOPOU CIIY>KUT MapajieIorpaMM.
1

A
B
[Tapannenorpammel, U3 KOTOPBIX COCTaBJIEH Mapajule/ICUIE], HA3bIBAIOTCS €ro I'PaHsIMH, UX
CTOPOHBI — pebpamy, a BEPIIMHBI MapauieJOrpaMMOB — @epuiuHamy Tapaijenenunena. Y

napajuiejenunesa Bce rpaHd — MapaieorpaMMBl.

[Tapamienenurieipl, Kak ¥ BCSIKHAE MTPU3MBI, MOTYT OBITh npsimbie U HAKIOHHbIE.

OOBIYHO BBIACNSIOT KaKUe-HUOYIb JIB€ MPOTHBOIOJIOXKHBIE TpPaHH U Ha3bIBAIOT HX
OCHOBAHUSIMHU, a OCTaJbHbIE TpaHHW — OOKOBBIMH TpaHsAMHU TMapasuienenumnena. Pebpa
napajuieNienuneia, He MpUHaAIeKAIMe OCHOBAHUSAM, Ha3bIBAIOT OOKOBBIMU peOpamm.

JIBe TpaHuM mnapaiienenumneaa, UMeEIHMe oobmee pedpo, HA3BIBAIOTCA CMEXHBIMH, a HE
UMEIOIIIE 00IHUX pedep — MPOTHBOIMOIOKHBIMHU.

OTpe30K, COCNMHSIONMIMI JIB€ BEPIIMHBI, HE NPUHAJJICKANIME OJHOW TpPaHW, HA3bIBAECTCS
JIMArOHAJIbIO MapaJlIesIeUIe1a.

Ipsamoii napannenenuned, y KOTOPOTO OCHOBAHHUEM SIBJSICTCS TPSIMOYTOJBHUK, Ha3bIBACTCS
NPSIMOYTOJIbHBIM ~ MapaJUielenune oM. Y MpSAMOYTOJbHOTO Mapajulelienunena BCe TpaHu —
MPSIMOYTOJIbHUKH.

JUIMHBI HE mapaieNbHBIX pebep MNPSAMOYTOJIBHOTO Tapajulelienunea Ha3bIBAIOTCS €Tro
JUHEHHBIMU pa3MepaMu (M3MEpEeHHsIMHU). Y TMPSIMOYTOJBLHOTO TapajUleyienuneaa TPH JTUHEHHBIX
pasmepa.

Ceoticmea napannenenuneoa.
1. [IpoTHBOMONIOXKHBIE TPAHU MApaAJLIENEIUIIEIa PABHBI U MapasliebHBbI.
2. Bce yeTkIpe auaroHanu napajuiesienuiie/ia IepeceKkaroTcsl B OHOM TOYKE W ACJSATCA 3TOW TOUKOM
TIOIIOJIaM.
3. BokoBbIe rpaHy MPSMOTO MapajuieenuIeia — MPSIMOYTOJIbHUKH.
4. KBagpar auaroHanau MOpsSIMOYTOJBHOTO TMapajliefieNuIie]a paBeH CyMMe KBaJpaTOB TpeX €ro
W3MEPEHU.
Konmponwnvie 6onpocwi
1. Onpenenenue napasnienenuiena.
2. CpoiicTBa napajienenumnesa ¢ 10Kka3aTelbCTBAMU.
3. Ky®.

Tema 9.4. [Iupamuna. [lIpaBuiabHas nupaMuaa. Y cedyeHnas nupamuaa. Terpasap.

Onpeodenenus nupamuobvl U e20 0CHOBHBIX JleMeHmos. Y ceuennas nupamuoda. llpasunvuas
nupamuoa. Tempasop.

Ymemu: pUMEHATh TEOPETUUECKUE 3HAHUS IIPU PELICHUHU 3a/1a4.
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3name: OIMPCACIICHUA MUPaMUIBbI U €0 OCHOBHBIX 3JICMCHTOB, YCCUCHHAA MMUpaMUiad, ITpaBUJIbHAA
nUpamMuIa, TeTpadap.

Hupamuoa
PaccMoTpyM MHOrOyronbHUK A,,4,,...,4, W TO4Ky P, He JeXallylo B IIJIOCKOCTH 3TOrO

MHOroyrosibHuka. CoeJUHUB TOUKy P OTpe3kaMH C BEpIIMHAMU MHOTOYTOJIbHHMKA, IOIYy4UM n
TpeyronbHUKoB (puc.l.): PA A,,PA,A;,..PA A, .

A,
Ay puc.1.

MHOrorpaHHyMK, COCTaBICHHBIM M3 N - YroiabHHUKa A, 4,,..,A, ¥ N TPeyroibHUKOB
PAA,,PA, A,,..PA A, Ha3biBacTcd  nupamuoou. MuoroyronsHuk A, A4,,...,A, Ha3bIBaeTCA
OCHOBaHMEM, a TpeyronbHuku PA A,,PA,A,,..PA A, - 6okoevimu epanamu nupamuasl. Touka P —
BEPIIMHON MUpaMUIbl, a 0Tpe3ku PA,, PA,,...PA, - ee bokogvimu pedpamu. IlupamMmuny ¢ oOCHOBaHHEM
A4,,4,,...,A, nsepmuHoi P o603HauaroT Tak: PA A4,...A, - ¥ Ha3bIBAIOT N — YTOJIbHOM MUpPaMUIOMN.

Ha pucynke 2 wn300pa’keHbl 4YETHIPEXYrojibHAsi M IIECTUYTOJIbHAS MUPAMUJIBL. SICHO, 4TO
TpEyTroJibHas MUpaMUIa — 3TO Mempasop.

5

Asz
Aj

A
Puc.2.

[lepnenauKyms1p, MIPOBEIEHHBINA U3 BEPIIMHBI MUPAMUABI K INIOCKOCTH OCHOBAHMSI, Ha3bIBAETCS
BbIcOTOM TTupamubl. Ha (puc 1) orpe3ok PH siBnsieTcst BBICOTOM MUpaMmuIb.

[Inomanero MOTHOW MOBEPXHOCTU MUPAMMABI HA3BIBAETCSA CyMMa ILIOLIAJLEH BCEX €€ IpaHei
(T.e. OCHOBaHMsI W OOKOBBIX TpaHEH), a IJIOMAAbI0 OOKOBOW IMOBEPXHOCTH MHUPAMHIBI — CyMMa
Iomaael ee 60koBbIx rpaneit. Ouesuauno, S, =S, +5S,., -

Ilpasunvnas nupamuoa

IInpamua Ha3bIBaeTCS NPABUIBHOM, €CIIN
1) ee ocHOBaHME — IPABUIIBHBII MHOTOYT OJIBHUK;
2) ee BbICOTa — OTPE30K, COEAUHSIOINN BEPUIMHY MUPAMUBI C €€ LIEHTPOM.

OpHUM U3 IPUMEPOB MPABMIBHOM NMUPaAMUIBI SBJISIIOTCS €TUNIETCKUE TUPaMUbL. ITO
YETBIPEXYTOJIbHBIEC TUPAMUBL.

Cesoticmea npagunvbHol NUPAMuob.
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Bce 60okoBbIe pebpa npaBUIIbHON MTHUPAMU/IbI PaBHBI, @ OOKOBBIC TPAHHU SBJISIIOTCS PABHBIMH
paBHOOEIPEHHBIMU TPEYTOJIbHUKAMH.

Jloka3aTelnbCTBO TaHHBIX (DAKTOB IIPOBOJAMUTCS YCTHO:

1. Jlro6oe 6oxoBOE pedpo MpencTaBIseT COO0H THIOTEHY3Y MPSIMOYTOIBHOTO TPEYTOJIbHHUKA, OTHIM
KaTE€TOM KOTOPOT'O CIIY)KHT BBICOTA MUPAMUJIBL, & APYTUM — PAJNYC OMUCAHHON OKOJIO OCHOBAHHUSI
OKPY’KHOCTH. Ot MMpAMOYTOJIBHBIC TPCYT'OJIbHUKW PABHBI. CJ'IeI[OBaTeJ'II)HO, PaBHbI UX TUITIOTCHY3bI.

2. Tak xak O0KOBbIe peOpa MpaBUIBLHON MUPAMHIBI PABHBL, TO €€ OOKOBBIEC TPaHU - PaBHOOEIPEHHBIC
TpeyroabHuKu. Tak Kak 4,, 4,,..., A, - IpaBUIbHBI MHOTOYTOJIbHUK, TO OCHOBaHUS ITUX

n

TPEYTOJILHUKOB TAKXKe PaBHBI APYT APYTy. 3HAYUT, OOKOBBIC TPAHU PABHEI (110 TPEM CTOPOHAM).
Anoghema.

Anodema — BeIcOTa OOKOBOI TpaHH MPABUILHON MTUPAMHUIBI, TIPOBEICHHAS U3 €€ BEPIINHBL.
JlaHHBII TepMUH yHnoTpeOIseTcs Uil MPaBUIbHON MUPAMU/BI, XOTS Y HEPABUIBHOM MUPaMUIbI
TaK)K€ MOTYT OBITh PaBHBI BEICOTHI OOKOBBIX I'PAHEH.

Teopema: T1nommans OOKOBOI MOBEPXHOCTH MPABUIBHON MUPaMU/IbI PaBHA TIOJIOBUHE
NPOM3BEICHUS NIEPUMETPA CHOBAHUS Ha anodemy.

Jokazamenbcmeo

BokoBBIE TpaHW TPaBWIBHOW THpPaMHIBI — paBHBIE PAaBHOOEIPEHHBIC TPEYTOJIbHUKH,
OCHOBaHHUSI KOTOPBIX — CTOPOHBI OCHOBAaHHS MUPAMHIBI, a BBICOTHI paBHBI amodeme. [lmomans S
OOKOBOW TOBEPXHOCTH MHUPAMUIBI PaBHA CyMME IPOU3BEICHUN CTOPOH OCHOBaHHS Ha IOJIOBHHY
armodemsl d. BeiHOCS MHOXUTenb 0,5d 3a cKOOKH, MOJy4YHM B CKOOKax CyMMYy CTOPOH OCHOBAaHHS
MUPaMHUJIBL, T.C. €ro epuMeTp. TeopeMa goka3aHa.

Yceuennan nupamuoa

Yceuennou nupamuooii Ha3pIBaeTCI MHOTOI'PAHHHK, Y KOTOPOT'O BEPLIMHAMU CITY’>KaT BEPILIUHBI
OCHOBAaHUS U BEPILIUHBI €€ CEUEHUs IUIOCKOCThIO, MapajlieIbHON OCHOBAHUIO.

Cesoticmea yceueHHOU NUpamuobl.

1. OcHOBaHMS YCEUEHHON MUPaMHUIbl — MOA00HBIE MHOTOYTOJIBHUKH.
2. BokoBbIE IpaHM yCEUEHHOM NMUPaMHUIbl — TPAIEIUH.
3. BokoBsie pebpa nMpaBUIILHON YCEUCHHON MTUPaMUIbI PaBHBI M OJJMHAKOBO HAKJIIOHEHBI K OCHOBAHHIO
MUpaMU/IbL.
4. BokoBbIE TpaHU NMPABUIILHON YCEUEHHOM MUPAMHIBI — PaBHBIC MEXTy COO0H paBHOOEIPECHHBIC
Tpaneuuu U OJIMHAKOBO HAKJIOHEHBI K OCHOBAHUIO MMUPAMHU/IBI.
5. JIByrpaHHbIe YTJIbI IPU OOKOBBIX peOpax MpaBWILHON YCEUSHHOW MTUPaMUIbI PABHEI.

ITnowaos nosepxnocmu u 00vEM yceueHHOU NUPaAMuosl

Ilycth CH__ picora YCEUECHHOW MUpPaMUJIbI, PryPa_ MepUMETPHI OCHOBAHUHN yCEUEHHOU
MAPaMUIbI, Siy Sz IJIOIaA OCHOBAHUM YCEUEHHOW MUPaMU/IbI, Stox Iomanabs OOKOBOM
MOBEPXHOCTH YCECUCHHON MTUPAMUJIBI, Shons— MI0MAIb TOTHOM MMOBEPXHOCTH YCEYCHHOM MUPAMU/IBI,
V _ o6mem yCEeueHHOU nmupamuabl. Toraa IMEIT MECTO CIEAYIONINE COOTHOIICHHUS:

Snfm}l - Sl + 52 + Sﬁnx
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1 .
V= ZCH(S1+ 52+ V/5.5)

.f

Ecau Bce ABYTPAHHBIC YTJIBI TP OCHOBAHUU ycequHoﬁ nUpaMHuIbl paBHEBI  , @ BBICOTBI BCEX

OOKOBBIX I'paHell MUPaMU/Ibl PaBHBI hgox | 1o

1
Seox = ;_(Pl + P ) hgox
51 — 59
Stox = 151 — % .
cos 3

CummeTtpuu B Ky0e, B mapaJjiesienumnesne, B Ipu3Me U nupamMuje.
(OononnumenvHwili mamepuan)

Ilocmpoenue cummempuii 6 Kybe, 6 napanienenuneoe, 8 npusMe U RUpamuoe.

Cummempusn Kyoa

1.IlenTp cumMmmMeTpun — LEHTP KyOa (TOUKa MepecedeHus AuaroHaneit kyoa) (puc. 4).

2.IIm0cKOCTH CUMMETPUU: TPHU INIOCKOCTH CUMMETPHUH, NIPOXOISAIINE YEPE3 CEPEANHBI NTapaJIJIeIIbHbBIX
pebep; mecTh MITOCKOCTEH CUMMETPHUH, MPOXOIAIINE Yepe3 MPOTUBOIeKamue pedpa (puc. 5).

/; ' 7
o

AN

E
I
I ). N\
I / \ ;
’{’—\——; ;.— ,,“wu - - e = -
L A _,(
l. Ocu cUMMETpUH: TPU OCH CUMMETPUH, IPOXOASIINE YEPE3 LEHTPI MPOTUBOJIEKALUX [PAHEH;

YEeThIPE OCH CUMMETPHUH, MTPOXOJSIINE Yepe3 MPOTUBOJICKAIUE BEPIINHBI; IIIECTh OCCH CUMMETPHH,
MPOXOIAIINE Yepe3 CepeIUHBI MPOTUBOJICKAIIIX pedep (puc. 6).
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Cummempun npamoy201bH020 napasiieienuneoa

1. IleHTp cuMMeTpUM — TOYKA MEPECEUEHUs] TUaroHaje MpsMOYroJbHOrO napajulienenunena (puc.

7).

E ol oo

2. IT10CKOCTH CUMMETPHUH: TPH IIOCKOCTH CUMMETPHUH, MIPOXOIAIINE Y€Pe3 CEPEAMHBI MapaIeTbHbIX
pebep (puc. 8).

ymmmp e -
[ -

I I

3. Ocu CUMMETpPHUU: TPU OCU CUMMETPHUH, TPOXOAIINE YepPE3 TOUKU NEPECCUCHHS JUAroOHAIeH
IIPOTUBOJIEKAIINX TpaHel (puc. 9).

Cummempus npamoil npu3mol

[TnockocTh CUMMETPHUH, TPOXOASIIAS Yepe3 CePeTUHBI OOKOBBIX pedep (puc. 11).

Cummempus npaguibHOU NPUIMBL
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1. LlenTp cuMMeTpUH MPU YETHOM YMCIIE CTOPOH OCHOBAHUS — TOYKA IEPECEUECHUS JUaroHanen
MpaBUJILHOM MPU3MBI (puc. 12)

s :

wo--Ld-1

- ¥ L) -

\ r! b /
2. ITI0CKOCTH CHMMETPHH: IIIOCKOCTh, IPOXOASINas 4Yepe3 CEepPearHbl OOKOBHIX pebep; MpH
YETHOM YHCIIC CTOPOH OCHOBAHUSA — IUIOCKOCTH, MPOXOISIIHME Yepe3 MPOTUBOJICKAIIHEe pebpa (pHc.

e

13).
<_...-"“_7 "
!
_ -
- X ]
. 1
; 1
3 1
; '
fl 1
; '
W — - — _ -
’-"---:"*’:{;‘/:5
3. OCI/I CI/IMMeTpI/II/I: HpI/I YCTHOM 4YHCIIC CTOpOH OCHOBaHUsA — OCbH CI/IMMeTpI/II/I, HpOXOI[HH_[aﬂ

yepe3 LIEHTPbl OCHOBaHWM, U OCHU CUMMETPHH, MPOXOJAIINE Yepe3 TOUYKH MEepecedeHus] JuaroHaien
IPOTHUBOJIEKAIUX OOKOBBIX rpaneit (puc. 14).

Cummempun npaguibHON NUPAMUObL
l. [InockocT CHMMETpHM: IIPU YETHOM YHCIIE€ CTOPOH OCHOBAHMS — IIJIOCKOCTH, MPOXOJSIINE
yepe3 NpoTHBOJIEXkKaIue OOKOBbIE pedpa; U MIIOCKOCTH, MPOXOAAIINE Yepe3 MeANaHbl, IPOBEIECHHbBIE K
OCHOBaHUIO MTPOTHUBOJICKAITNX OOKOBBIX IrpaHeit (puc. 15).
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2. Ocb CUMMCTPUU: IIPU YETHOM YHCJIC CTOPOH OCHOBAHUA — OChb CUMMCTPHHU, IPOXOAAIIasa
yepe3 BEPIIMHY NMPaBUIbHON MUPaMUIBI U IIEHTP OCHOBaHUs (puc. 16).

Tema 9.5. Ceyenusi Ky0a, npu3Mbl 1 MUPAMHUABI.
Ceuenus kyba, npusmvl u NUPAMUODL.

Ymems. cTpouTh cedeHus KyOa, MIPU3MbI U TUPAMHU/IBI.
3namo: Cedenus Kyoa, MPU3MBI U THPAMUIBI

Ceuenue npuszmol
1. Ceyenue mpHU3MBI IUIOCKOCTBIO, TapaJUIeNbHOW OCHOBaHMIO. B ceueHunm oOpasyercs
MHOTOYTOJIbHUK, PaBHBII MHOTOYTOJIbHUKY, JIEJKAIlEeMy B OCHOBAaHUHU.

2. Cedyenue mpu3Mbl TUIOCKOCTBIO, TIPOXOJIAIIEH Yepe3 JBa HEe COCEAHMX OOKOBBIX peOpa. B ceuenum
oOpa3yercs mapasuienorpamMMm. Takoe ceueHHe Ha3bIBACTCs IUArOHAIBHBIM CEYCHHEM NpU3MBL. B
HEKOTOPBIX CITydasx MOXET MoIydaTrbcsi poMO, MPSIMOYTOJIbHUK UM KBAApaT.

Paccmotpenune npaBUiIbHON MPU3MBI BO3MOKHO TOJIBKO MOCIIE BBEACHUS MOHATHUS TPABUIIbHBIN
MHOTOYrojJpHUK. OJHAKO C INpaBWJIBHON TPEYrojbHOW MPU3MON MOXKHO IO3HAKOMHUTH YyYalUXcCs
ropa3io paHeplie. A ¢ TPaBWIbHON YETHIPEXYTrOJbHOW MPU3MOW MbI 3HAKOMBI €IIE€ U3 Kypca
MaTeMaTHUKU 5—6-X KJIAccoB, TaK KaK OHA MPEACTaBILECT cO00I NMPSAMOYTOIBHBIM Mapaijenenune] ¢
KBaJpaTaMi B OCHOBaHMsX. [IpaBuibHas mnpusma — mpsiMas IpU3Ma, OCHOBAaHUAMH KOTOPOM
SIBJIIFOTCSI IPABUJIBHBIE MHOTOYTOJIbHUKH.

Ceoticmea npasuibHOU NPU3Mbl

1. OcHoBaHMs MTPABUIBLHON MPU3MBI SBJISIOTCS MPABUIBHBIMH MHOTOYTOJIbHUKAMHU.
2. BoKOBBIE TpaHK MPABIIILHOMN NMPU3MBI SBJISIFOTCS] PABHBIMU IPSIMOYTOJTbHUKAMH.
3. bokoBble peOpa MpaBUIBHON MPU3MBI PABHBI.

Ceuenue npasunvHoil npu3mol
1. Cedenne mpaBWIBHOW MPHU3MBI TJIOCKOCTHIO, MapaJlJIeIbHOM OCHOBaHWIO. B cedennn oOpasyeTcs
IIPaBUJIbHBIM MHOTOYT'OJIBHUK, PABHBIM MHOTOYT'OJIBHUKY, JIEXKAIEMy B OCHOBAaHUU.

2. CeueHnie MpaBUWIBHON MPU3MBI IJIOCKOCTHIO, MPOXO/AIIEH Yepe3 1Ba HE COCETHUX OOKOBBIX pedpa.
B ceuennn obpazyeTcs npsAMOYTroJbHUK. B HEKOTOPBIX ciTydasix MOXKET 00pa3oBaThCs KBaapar.

N3 xypca mMaremaTuku 5—6-X KJIACCOB YyYaIlIMECS YK€ 3HAKOMBI C ONMMCAHWUEM MUpPaAMHIbL. A
HMCHHO: TMHUpaMHuJia — MHOI'OI'paHHUK, IOBCPXHOCTbL KOTOPOro COCTOUT U3 MHOIOYIOJIbHHKA,
HA3bIBAEMOTO OCHOBAaHHEM MHPAMUAbI, M TPEYroJbHUKOB C OOILIel BEpIIMHOW, Ha3bIBaEMBbIX
OOKOBBIMU TPAHSAMH MHPAMHIbL. 3HAKOMCTBO C IMPAaBUIBHONM MUPAMHUI0N BO3MOXKHO TOJBKO IOCIE
M3YUYEHUS MMOHSITHUS MPABUILHBIA MHOTOYTOJbHUK. OAHAKO C MTPABHJIBHOW TPEYTOJIbHON M MPAaBUIIBHOM
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I-IeTpreXYI‘OJ’H:HOI\/'I HHpaMHI[OfI MOKHO IMO3HAKOMUTH Yy4YalllUXCAd 3HAYHUTCIBHO PAHBIIC. HpaBI/I.HBHaH
nupamMuIa — MUPaMHIA, B OCHOBAHUHM KOTOPOMH JISKUT NMPABUIIBHBIH MHOTOYTOJILHUK H Bce OOKOBBIC
pebpa paBHBI.

Ceoticmea npasuibHOU NUPAMUOLL

lo. OcHoBaHuUE MPaBUIBLHON NTUPAMUIBI — MPABUIBHBII MHOTOYTOJIbHUK.
20. BokoBbI€ TpaHy MPaBUWIIBHOW MUPAMUIbI — PaBHOOEPEHHBIC TPEYTOJIBHHUKH.
30. bokoBbie pebpa npaBUIIbHON TUPAMU/IbI PABHBI.

Ceuenue npaguibHoil RUPAMUOb
1. Ceuenure paBUIHLHOM MTUPAMUIBI TUIOCKOCTHIO, MAapalIeIbHON OCHOBaHUIO. B cedenun obpasyercs
NPaBUIbHBII MHOTOYTOJIBHUK, IIOAOOHBII MHOTOYTOJIBHUKY, JIEXKAIlleMy B OCHOBAHHUU.

2. CeueHne MpaBWIBHOW MHUpPaMHIBI IJIOCKOCTHIO, MPOXOJIIEH 4Yepe3 J1Ba HE COCETHHX OOKOBBIX
pebpa. B cedenum oOpa3yeTcss paBHOOCAPECHHBIH TPEYyroJbHUK. B HEKOTOPBIX ClydasXx MOXKET
00pa30BaThCsl PABHOCTOPOHHUH TPEYTOJILHUK.

C HEKOTOphIMM MpaBUIBHBIMA MHOTOTPAaHHUKAMHM YydYallMecs YK€ BCTpEYaUCh. ITO
TpeyrojbHasi nupaMujga W KyO. ['paHsMH TpeyrosbHOM NUPAMHUIBI SBISIIOTCS IPAaBHIbHBIC
TpPEeyrojabHUKU. Ee Ha3pIBalOT MpPaBUIBHBIM TETPA3JpOM, YTO B IEPEBOJE C I'PEYECKOTO O3HAYAET
yeTblpexrpaHHuk. Ky0 mMeeTr miectb rpaHeil, MOATOMY Ha3bIBA€TCSl MPAaBHIBHBIM TeKca’IpoM (IIo-
IPEUYECKU «TE€KCa» O3HAYaeT IIECTh). PaccMoTpeHne npaBUiIbHBIX MHOTOTPAHHUKOB CJIEyeT HAUYMHATh
C TeX U3 HHUX, TPAHAMU KOTOPBIX SBIAIOTCS MpaBUJIbHbIE TPEYroJbHUKU. OAMH U3 TaKUX
MHOTOTPaHHMKOB YYaIIUMCSl Y€ 3HAKOM — 3TO NPaBUJIbHBIA TeTpa’ap. [Ipyroii MHOrOrpaHHUK,
IpaHSAMU KOTOPOTO SIBJISIOTCS MPaBUIIbHBIE TPEYTOJBHUKH, H300paXkeH Ha PUCYHKeE 1.

Ero moBepXHOCTh COCTOMT M3 BOCBMH NPAaBWIBHBIX TPEYTOJBHHKOB, IO3TOMY €ro Ha3bIBalOT
NPaBUIBHBIM OKTa3IPOM («OKTa» — BOCEMB).

W Tpetnii MHOTOTpaHHHMK, TpaHSIMH KOTOPOTO SIBJSIFOTCS NPABWIBHBIE TPEYTOJBHHKH — 3TO
NPaBUIBHBIN UKOCadAp (KHKOCa» — NBajIaTh). ETro MOBEpXHOCTh COCTOMT W3 ABAALATH MPABUIBHBIX
TPEYTroJIbLHUKOB (pHC. 2).

MHororpasHuK, rpaHsiMu KOTOPOT'O SIBJISIIOTCS KBAJIPaThl — 3TO KyO. YUalluMcsl OH XOpPOIIO 3HAKOM.
MHoOrorpaHHyK, IpaHsIMH KOTOPOTO SBJISIOTCS NMPAaBUWIbHbIE MATHYTOJIBHUKH, H300paXKeH HA PUCYHKE

3.
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Ero moBepxHOCTh COCTOMUT W3 JABEHAIUATH MPABUIBHBIX MSATUYTOJIHHUKOB, MOATOMY €r0 Ha3bIBAIOT
MPaBUJILHBIM JIOJIEKA3IPOM («I0/Ie» — IBCHAANATH).

KonmponvHule 6onpocwi
1. Ceuenus xyo0a.

2. CeueHus pu3M.

3. CedeHust TUPaAMUIBbIL.

Tema 9.6. IlpaBuiIbHbIC MHOTOTPAHHUKH.

Ilpeocmasnenue 0 npasuiIbHLIX MHO202PAHHUKAX (Mempasop, KyO, OKmasop, 000eKa’op u ukocasop).

Ymems: IPUMEHATH TEOPETHUECKUE 3HAHUS TIPU PEIICHUH 3a/1a4 Ha TaHHYIO TEMY.
3namy: TIpencTaBlieHHE O TMPABUJIBHBIX MHOTOTPAaHHUKAX (TeTpasap, KyO, OKTa’Ap, MOAEKa’Jp U
HUKOCAdIP).

Onpeoenenue npasuibHO20 MHO20SPAHHUKAL.
MHororpaHHiK Ha3bIBa€TCs IPAaBUIIbHBIM, €CJIM: OH BBIIIYKJIBIH; BCE €r0 I'PaHu — PaBHbBIE APYT
JIpyry NpaBUIbHbIE MHOTOYTOJIbHUKH; B KaXKJI0M €ro BepUIMHE CXOAMTCS OJUHAKOBOE YMCIIO pedep;
BCE €T0 JIBYI'PaHHBIE YIJIbl PaBHBI.

Teopema: CymecTByeT TMITh pa3TUYHBIX (C TOYHOCTBIO 10 TMOAOOMS) THUIIOB TPABUIBHBIX
MHOTOTPaHHHUKOB: TMPAaBUJIbHBIA TETpa’Ap, NpPaBUIbHBIM rekca’ap (KyO), NpaBUIBHBIA OKTadJp,

IIPaBUJIBHBIN TOACKAdP U NIPABUIILHBIA UKOCAMP.

Tabnuua 1. HekoTopble CBOHCTBA MPaBHIBHBIX MHOTOTPAaHHUKOB MTPHUBEICHBI B CISAYIOIIEH Ta0nuIE.

Bun rpanun ITnockuit Bun Cymma B P T HaszBanue
yTOJI IIPH MHOTOIPaHHOT'O IUTOCKHX MHOTOTPaHHHUKA
BEpLIMHE | yIJia IPH BEpIUMHE | YIJIOB IPH
BEpIIMHE
IIpaBuneHbiil | 60° 3-rpaHHBIN 180° 4 6 4 IIpaBunbHBII
TPEYTOJIBHUK TeTpa’Ap
IIpaBunpHeIl | 60° 4-rpaHHBIN 240° 6 12 8 [IpaBunbHBI
TPEYTOJIBHUK OKTasap
IIpaBuneHbiil | 60° S-rpaHHbIN 300° 12 30 20 IIpaBunbHBII
TPEYTOJIBbHUK HUKOCAdIP
Ksagpar 90° 3-rpaHHbIi 270° 8 12 6 [IpaBunbHBIM
rexcadp (ky0)
IIpaBunpHeni | 108° 3-rpaHHBIN 324° 20 30 12 IIpaBunbHBII
TPEYTOJIbHUK J0AEKa’Ip

PaCCMOTpI/IM BUJbI MHOTOT'PAHHHUKOB!

[IpaBuibHBIN TETPAIP [IpaBUIIBHBIN OKTA’AP
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[IpaBunbHbIN UKOCAAP [IpaBunbHEI rekcadap (Kyo)

e

[IpaBuibHBIN goaEKadAp

Tabnuna 2. @opMybl 715 HAX0XKIEHUS 00BEMOB MTPaBUIIBHBIX MHOTOI'PaHHUKOB.
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Bua mHororpaHHKKa Obbem MHOrorpaHHHKa
[MpaewneHEI TETpa3LP a%@
12
MNpaennkHLR okTasap 0:3«\,-@
E]
MNpaEvneHEIR MKOCA3AP at
MpaerneHEIR rekcasap (kyb) 5a2%13 + £'|
12
MNpaBEuWnkHEIR 4ogekasnp 2 [15 +?£'|
4

Konmponvnvie 6onpocwi
1. Te'%paanp
2. Ky

3. OkTarap
4. lexarap
5. Uxocann

79



Tema 10. Tesia BpanieHusi ¥ NOBEPXHOCTH TeJI BPallleHUsI.
Tema 10.1. lnamHap, KOHYC M UX CBOICTBA.

Onpeoenenus yununopa, konyca u ux 21emenmos. Ceoticmea yununopa u konyca. Cevenus
YUNUHOPA U KOHYCA NIAOCKOCHAMU.

Ymemu: pUMEHATH TEOPETUYECKUE 3HAHUS IIPU PELICHUHU 3a/1a4 HA JAHHYIO TEMY.
3nams. onpeneneHns HUINHIPA, KOHyCa U UX 3JIEMEHTOB, CBOMCTBA HUIMHJPA U KOHYCA, CEYCHHUS
LUINHAPA U KOHYCA IUIOCKOCTIMHU

[Munuaapudeckass MOBEPXHOCTh oOpasyercst mpu JBWKeHUM Tnpsmoil (AB, puc.l),
COXpaHSAIONIECH CBOE HaIpaBJICHUE U IMepeceKaronieiics ¢ 3amaHHoi auHued (kpuBoit) MN. Jluaus
MN HassiBaeTcs Hanpasistomed. lIpsmble, COOTBETCTBYIOIUE PA3IUYHBIM ITOJIOKEHUSAM IPSIMOU
AB npu eé¢ nwxkenuu (A’B’, A”B” u T.4., puc.2), Ha3bIBAIOTCS 00pa3yONIUMHU ITWIHHAPUIECKON

!,/5

a3

A E

3 F
Puc.1. Puc.2

Lununop. Teno, orpaHUYeHHOE IWINHAPHYECKON MOBEPXHOCTHIO C 3aMKHYTOM HaIpaBIsIOIeH
U JIByMs MapajuleIbHBIMU IJIOCKOCTSMH, Ha3blBaeTcs HUIMHApPOM (puc.2). YacTu 3TUX MIIOCKOCTEH
(ABCDEFG wu abcdefg) nHa3piBatOTCSI OCHOBaHMSIMH LUIUHIApa. PaccrosiHMe MEXIy OCHOBaHUSIMU
(KM, puc.2) — Boicota nunuHapa. LumuHap — mpsMol, eciin ero o0pa3yroliue NepreHINKYISPHbBI
OCHOBAHHMIO; B MPOTHBHOM CJIy4ae LUWIMHADP — HAKIOHHBIA. L{MIMHIp Ha3pIBaeTcs KPyroBbIM, €CIIU
€ro OCHOBaHME — Kpyr. Eciu nunuHap sBiseTCS OAHOBPEMEHHO M IPSMBIM, U KPYTOBBIM, TO OH
Ha3bIBaeTCs KpyribIM. [Ipu3ma sBisieTcs 4acTHBIM clydaeM IuIuHapa(mnouemy?).

Hunuaapudeckue cedeHus: OOKOBOM MOBEPXHOCTH KpyroBoro mwiuHapa (puc.3). CedeHwus,
napajuieNibHble OCHOBaHHWIO - Kpyr'M TOoro ke paauyca. CeueHus, mapajuielbHble O0pa3yrIIUM
IIMHApa - mapel mapawienbHblX OpsMeix  (AB || CD). CeueHus, KOTOpbIe HE MapajuleIbHBI HU
OCHOBaHHIO, HU 00Pa3yIOIIUM - SJUIUTICHI.

E

IInowaow 6oxo601 nosepxHocmu YUIUHOPA
[Mnomane GOKOBOI TOBEPXHOCTH LWJIMHIpPA PaBHA MPOU3BEICHUIO BBICOTHI HWIMHIpA Ha JIUHY
OKPY>KHOCTH OCHOBaHHUSI.
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dopmyiia a5 BBIYMCICHUS OOKOBOW TOBEPXHOCTH IIMJIHHPA:
S_ =2xRh,

6ok
rae R - paanycC OKpYyKHOCTU OCHOBAHUS, h - BBICOTA NUWJIMHIpPA.

[TonHast mmomaab MOBEPXHOCTH LMJIMHAPA PaBHA CyMMe OOKOBOM MOBEPXHOCTH LWJIMHIPA U ABOWHON
IUTOIIAIA OCHOBAHUS LIWINHIPA.

dopmyiia 11 BBIYUCICHUS MTOTHOM TUIOIIAIN TOBEPXHOCTH [IUIMHIpA:
S, =2aRh+27R>,

rzae R - paauyc OKpy>KHOCTH OCHOBAHMS, /1 - BBICOTA LIMJIMHAPA.

Konunueckas moBepxHOCTh 00pa3yeTcs npu ABMKeHUU npsamoit (AB, puc.l), npoxonsmieit Bcé
BpeMs depe3 HEMOJABWXHYI0 Touky (S), W mepecekaromieil 3a gaHHyro JuHMIO MN, HazblBaeMylo
Hampasisaomend. [IpsMble, COOTBETCTBYIOIIME pa3IMYHBIM IIOJIOKEHUsIM Ipsmon  AB npu eé
neuxkeHnn (A’B’, A”B” u T.4.), Ha3bIBalOTCS 00pa3yIONIMMH KOHUYECKOW MMOBEPXHOCTH;, TOUKa S — e
BepiinHOM. KoHHuYeckass MOBEpXHOCTh COCTOMT M3 JIBYX 4YacTed: OJHA OIHUCHIBaeTCs JIydoM SA,
apyras — ero mnpojoibkeHueM SB. OObIYHO B KauecTBE KOHWYECKON MOBEPXHOCTH PAacCMATPHUBAIOT
OJIHY M3 €€ YacTei.

B B

=

Puc.1 Puc.2
Konyc — 370 Teno, orpaHMYeHHOE OJHOW M3 YacTe KOHHYECKOH MOBEPXHOCTH C 3aMKHYTOH
HaIIPaBJIAIOIIEH U NepeceKarolell KOHMYECKYH0 ITOBEPXHOCTh INIOCKOCTHIO (ABCDEF, puc.2),

HE IpoxoJsiied depe3 BepmMHy S. YacTb 3TOM IUIOCKOCTH, PacHOJOKEHHOW BHYTPH KOHHUYECKOU
MIOBEPXHOCTH, Ha3bIBaeTCsl OCHOBaHUEM KoHyca. [lepnenaukymnsap SO, onyIieHHbIN U3 BEPIIMHBI S Ha
OCHOBaHME, Ha3bIBAETCS BBICOTOM KOHYyca. [Iupamuna sBiseTcst 4acTHBIM CilydaeM KoHyca (modemy?).
Konyc Ha3bpiBaeTCsi KpyroBbIM, €CiU €ro ocHoBaHHueM siBisieTcst Kpyr. [lpsmas SO, coeausstomast
BEpILMHY KOHYyCa C LIEHTPOM OCHOBaHMs, Ha3bIBA€TCsl OChIO KOHyca. Ecim BbIcOTa KpyroBoro KoHyca
COBIIAZIAET C €T0 OCBIO, TO TAKOW KOHYC HA3BIBACTCS KPY2AbIM.

Konnueckue ceuenus. CeueHHs: KpyroBoro KoHyca, IMapajielIbHbIE €0 OCHOBAHUIO - KPYTH.
CeueHne, nepecekaroliee TOJIbKO OJHY 4acThb KPYrOBOIO KOHyCa M HE IapajuleIbHOE HU OJHOM €ro
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oOpazytorieii - amunc (puc.3). CedeHue, mepecekaroniee TOIbKO OJHY YacTh KPYyroBOro KOHyca U
napajuieJIbHOe OJIHOM M3 ero oOpasyromux - napadona (puc.4). CedeHnue, nepecekaroniee 00e 4acTh
KPYTOBOTO KOHyca, B OOIIEM ciy4ae sIBIseTcs TurepOoJiol, cocTosmeld u3 aAByX BeTBeil (puc.5).B
YaCTHOCTH, €CIHM 3TO CEYCHHE IPOXOAMT Yepe3 OCh KOHyca, TO IOJy4aeM Iapy MepeceKarolmmxcs
IpsSMBIX (00pa3yoIuX KOHyca).

N e m e ——————————

Konnueckue ceuennsa npeaACTaBJIAIOT OOJILIIION HHTCPEC KaK B TCOPCTHYCCKOM, TaK U B
NPaKTUYECKOM OTHOIICHHU. Tak, OHM IIUPOKO HMCIOJB3YIOTCS B TEXHHKE (JUTUNTUYCCKHE 3yOuaThie
Koséca, mapaboIMYecKue MPOKEKTOPhl M AHTEHHBI); IJIAHETHl U HEKOTOPbIE KOMEThI JBMXKYTCS IO
AIUTUNITUYCCKUM OpOUTaM; HEKOTOPBIE KOMETHI JBMKYTCS 1O MapaOOJTMUYECKUM U THIEPOOINICCKUM
opOuTam.

IInowaow 6oxo601 nosepxHocmu KoHyca

[Tnomanp OOKOBOM TMOBEPXHOCTH KOHyCa paBHa IMPOU3BEACHUIO YHWCIA T Ha pPaauyc
OKpPYHOCTH OCHOBAHHS M Ha JUIMHY 00pa3yolleil KoHyca.

72_[2
dopmya wiomaau 60KOBOW NOBEPXHOCTH KOoHyca: S, =——

a,
00K 360

IJIe 7 - paJnyCc OKPY>KHOCTH OCHOBaHMUS, [ - JyTMHa 00pa3yroliei KoHyca.

7 360r
2mr=—a,a = .
180 /

S, =ml

[lmomane MoJHOM MOBEPXHOCTHM KOHYCa paBHA CyMMeE IUIOIIAJEH OCHOBAaHHMS KOHYcCa U €ro
00K0BOI MOBepXHOCTH. OCHOBaHHEM KOHYCa SIBISIETCS KPYT.

dopmyna TIoIaau MOJHONH TOBEPXHOCTH KOHYCA!
_ 2

S, =R+ 7R,
rAe 7 - paAnyc OKPY>KHOCTH OCHOBaHUs, [ - yiMHA o0pa3yloliei KoHyca.
KoumponvHule 6onpocwl
1. Onpenenenus UUIMHIPA, KOHYCa U UX SJIEMEHTOB.
2. CBoiicTBa IUIUHIPA U KOHYCA.
3. CeueHust IMIUHAPA U KOHYCA IIOCKOCTSAMHU.

Tema 10.2.111ap u cpepa, nx ceuenns. KacarenbHasi ni1ockocTh K chepe.

Onpedenenus wapa, cpepvi u ux snemenmos. Bnucannas u onucannas cgepol. Ceuenus
wapa u cghepol. Kacamenvnas niockocms k cghepe.
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Ymems: IpUMEHATH TEOPETUUECKUE 3HAHUS NIPU PELICHUH 33/1a4 Ha JAaHHYIO TEMY.
3uamu: onpeneneHus mapa, chepsl U UX JIEMEHTOB, OIIMCAHHAs U ONHUCaHHasl c(hepbl, CEYEHUs 1apa
u cepsl, KacaTenbHas IIOCKOCTh K cepe.

Cdeprueckast MOBEpXHOCTb — 3TO T€OMETPHUECKOE MECTO TOYEK (T.€. MHOYKECTBO BCEX TOUEK)
B MPOCTPAHCTBE, PAaBHOYIAJIEHHBIX OT OAHOW Touku O, KOTOpasi HA3bIBACTCS IIEHTPOM ChEpHUIECKOI
nosepxHocTH (puc.l). Pannyc AO un nuametrp AB onpeznenstorces Tak ke, Kak U B OKPY>KHOCTH.

Puc.1 Puc.2

[ap (cdepa) - 310 TEN0, OrpaHUUCHHOE C(HeprUUECKON MOBEPXHOCTHIO. MOXKHO MOYYHUTh 1ap,
Bpallias MoJyKpyr (WiM Kpyr) BOKpYr Auamerpa. Bce muiockue cedeHusi mapa — Kpyru (puc.l).
HaubGonpmuii Kpyr J€XUT B CEUEHUH, MPOXOIAIIEM dYepe3 LEHTp Iapa, W Ha3bIBaeTCid OOJIBIIUM
kpyrom. Ero pagumyc paBeH panuycy mapa. JIroOble 1Ba OOJIBIIMX KPyTa MEePeCceKaroTcs Mo AUAMETPY
mapa (AB, puc.2). DToT AMamMETp ABISIETCS U JUAMETPOM TEPECEKAOIIMXCS 00NbINX KpyroB. Yepes
JIBE TOUKH CPepUUECKON TTOBEPXHOCTH, PACIIONIOKEHHBIE Ha KOHIIaX OJHOTO Auamerpa (A u B, puc.2),
MOKHO TPOBECTH OECUMCIEHHOE MHOXECTBO OoibIIMX KpyroB. Hampumep, uepe3 momoca 3emun
MOYKHO TIPOBECTH OECKOHEYHOE YHCIIO MEPHINAHOB.

O06BEM 1Iapa B ToJITOpa pa3a MEHbIIE 00bEMa ONMMCAHHOTO BOKPYT HETo ImiuHapa (puc.3), a
MOBEPXHOCTh IlIapa B IOJITOPA pa3a MEHBIIE TMOJHON MOBEPXHOCTH TOTO K€ IIIWHApa (TeopeMa
Apxumena):

Puc.3
3nech Smapa u V mapa - COOTBETCTBEHHO IMMOBEPXHOCTh M 00BEM I1apa;
Suun u Viun - moiHasi MOBEPXHOCTh U 00BEM OMMCAHHOTO UIHHIIPA.

Yacmu wapa. Yacte mapa (cdepsl), oTcekaeMas OT HEro Kakou-ianbo rmiaockocteio (ABC, puc.4),
Ha3bIBaeTcs mapoBbiM (cepuyeckum) cermenToM. Kpyr ABC Ha3bIBaeTCsi OCHOBaHHEM IIaPOBOTO
cermenta. Otpezok MN mepnenaukysipa, mposeneHnoro u3 nearpa N kpyra ABC mo nepeceueHus
co cepuyeckoil MOBEPXHOCTHIO, HA3BIBAETCS BHICOTON MIAPOBOr0O cermMeHTa. Touka M Ha3bIBaeTcs
BEPUIMHON IAPOBOT'0 CETMEHTA.
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Puc.4
Yacte chepbl, 3akmou€HHAs MeXIy AByMs mapauienbHbiMu 1utockocTsimMu ABC um DEF,

IepeceKaroluMu  CepUvecKyl0 MOBEPXHOCTh (puc.4), Ha3bIBaeTCs UIAPOBBIM CIIOEM; KpHUBas
MOBEPXHOCTh IIIAPOBOrO CJIOs HasbiBaeTcsl wwapoBbiM mnosicoM (3oHoW). Kpyru ABC u DEF —
OCHOBaHHUs 1apoBoro nosica. Paccrossuue NK Mexxay ocHOBaHMSMH IIapOBOTO MOsica — €ro BBICOTA.
Yactp mapa, orpaHuyeHHass KpUBOW IMOBEPXHOCThIO cepuyeckoro cermeHta (AMCB, puc.4) u
KoHMuYeckoi noBepxHocThio OABC, ocHOBaHMEM KOTOpOHM Cily’kUT ocHoBaHue cermeHta (ABC), a
BEPILIMHOM — 1eHTp 1mapa O, Ha3bIBAETCs LIAPOBBIM CEKTOPOM.

VYpasnenue cghepuot
B nmpsiMoyronbsHOH cucTteMe KOOpAMHAT ypaBHeHHe cdepsl paanyca R ¢ nentpom C(x,, y,,z, ) AMeeT

2 2 2 2
BUL (x— X))  +(¥—yy) +(z—z))" =R".
Kacamenvnan naockocms K chpepe

[Inockocte, uMeromas co cgepoil TONbKO OAHY
OO0IIyI0 TOYKY, Ha3bIBAETCS KACATEIbHOU IUIOCKOCTBIO K
cdepe, a ux oOuiasi Touka Ha3bIBAETCSl TOUKON KacaHUs
IUIOCKOCTH U C(EpBHI.

Ha pucynke miockocTh « - KacatenbHas K cdepe ¢
nenrpoM O, A — touka kacanud. KacarenbHasi IIIOCKOCTh
K cdepe oOmamaeT CBONCTBOM, aHAIOTUYHBIM CBOHCTBY
KacaTeJIbHOW K OKpPY>XHOCTH. (OHO BBIpaXE€HO B
CIEAYIOLIEH TeopeME:

Teopema: Pammyc cdepbl, TNPOBEACHHBIN B TOYKY KacaHus c(epbl HW IUIOCKOCTH,
NEePHEHANKYIISIPEH K KacaTeIbHOM MIOCKOCTH.

Jokazamenvcmeo:
PaccmoTpuM miockocTs @ , kacarorytocs cdepsl ¢ ieHTpoMm O B Touke A. Jlokaxewm, uro paguyc OA
SIBJISIETCS. HAKJIOHHOM K IJIOCKOCTH & , W, CIEIO0BaTEIbHO, PACCTOSHUE OT CQEephbl 0 MIOCKOCTH o
MeHbIe paamyca cdepbl. [loaToMy cdepa W MIOCKOCTh MEPECeKarTCsl MO OKpyX)HOCTH. Ho 37O
MPOTUBOPEYUT TOMY, YTO IUIOCKOCTh ¢ - KacarejbHas, T.e. cdepa U MIOCKOCTb @ HMEIOT TOJBKO
onHy oOmryto Touky. [lomydeHHOE mpOTUBOpEUHe J0Ka3bIBaeT, 4To paanyc OA meprneHIuKyIsIpeH K
IUIOCKOCTH ¢« . Teopema J10Ka3aHa.

Teopema: Ecnu paanyc chepbl NEpIeHIUKYISAPEH K IIIOCKOCTH, IPOXOIAIICH Yepe3 ero KOHell,
Jexaiei Ha cdepe, To 3Ta IIIOCKOCTh SBJISETCS KacaTelIbHOM K cdepe.

Lokaszamenvcmeo:

N3 ycrmoBust TEOpEeMBI CIEAyeT, 4YTO JaHHBIM paguyc SBISETCS IEPHEHAUKYISPOM,
NPOBEICHHBIM M3 IIEHTpa cdepbl K JaHHOU miockocTd. [loaromy paccrosHue OT HeHTpa cdepbl 10
IUIOCKOCTH PaBHO Paguycy c(epsl, U, CIeA0BaTEIbHO, chepa U INIOCKOCTh UMEIOT OJHY OOIIYIO TOUKY.
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DT0 03HAYAET, YTO AaHHAS IJIOCKOCTH SBJISETCS KacatenbHOU K cepe. Teopema nokazana.
Inowaow cghepor
3a miomanbk cdepsl TpUMEM Tpeaen IMOCIeNOBATeTbHOCTH IUIOMIAJEH TMOBEPXHOCTEH
OIMCAHHBIX OKOJIO C(hepbl MHOTOTPAHHUKOB MPH CTPEMIICHHH K HYJIFO HAaHOOJBIIET0 pa3Mepa KaKIoh
TpaHu.

[nomans chepsr: S = 47zR>.

Konumponvnwvie 6onpocwi

1. Onpenenenus mapa, cepsl U UX IEMEHTOB.
2. BnucanHas v onucaHHas cepsl.

3. Ceuenwus miapa u cepsl.

4. KacarenbHasl IIIOCKOCTH K cdepe.
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Paznen 11. DiieMeHTbl KOMOMHATOPUKHA M TEOPUH BEPOSATHOCTEH
Tema 11.1. D1eMeHTBI KOMOMHATOPUKH.

Ocnognble noHsmus KOM6MHClm0puKu.' pasmeuienusl, nepeCcmaHo6KU, CO4emanusl.

3Hamb: OCHOBHBIC TTOHATHS KOM6I/IHaT0pI/IKI/IZ pasMCIICHUA, ICPECTAHOBKH, COUYCTAHUS.
Ymems: HOACYUTBIBATH YHCJIa paSMCH_ICHI/II\/'I, MEPECTaHOBOK, COYCTAHUU.

Komﬁuuamopuka — pa3acii MaTCMAaTHUKHU, B KOTOPOM HU3YHarOTCs 3aJa4un BLI60pa QJICMCHTOB U3
3aIaHHOT'O MHOKECTBA U PACIIOJIOKCHUA UX B I'PYIIHLI 11O 3aJaHHBIM IIpaBUJIaM, B YaCTHOCTHU 3aJa4dH O
noacCdYeTeC 4Yucia KOM6I/IHaLII/II\/'I (BH60pOK), MMOoJIyda€MbIX M3 JBJIEMCHTOB 3aJaHHOTO KOHCEYHOI'O
MHOKecTBa. Eciau u3 HCKOTOPOr'0 KOJHUYCCTBA J3JICMCHTOB, PA3JIMYHBIX MCKIY CO601>1, COCTaBJIATH
pa3JInYHbIC KOM6I/IH8.I_[I/II/I, TO CpE€AN HUX MOKHO BBIACIUTH TpU THUIIA KOM6I/IHaLII/II\/'I, HOCAIIINX o6mee
Ha3BaHUC — COCAUHCHUS.

PaCCMOTpI/IM nosz06Hee 9T COCAMHCHUA:

1) Ecim B HEKOTOPOM MHOXECTBE d,,d,,...,d, TEPECTaBIIATh MECTAMH D3JIEMEHTBI, OCTaBIISA

m
HCHU3MCHHBIM HX KOJUYCCTBO, TO Ka)XJAasd IOJYUYCHHAd TaKUM 06pa30M KOM6I/IHaLII/ISI Ha3bIBACTCA
nepecTanoBkoii. O01Iee YMCIIO IEPECTAHOBOK M3 M DJIEMEHTOB 0003HavaeTcst P M BeIUncIseTcs 1Mo
dbopmyie:
P =m!
2) Ecnu cocTaBisiTh M3 m Pa3IUYHBIX AJIEMEHTOB TPYIIBI 10 7 3JIEMEHTOB B KaXKJI0#, pacmoiaras
B3ATBIC J3JICMCHTBI B Pa3JIMYHOM HOPSAAKEC. HOHy‘-II/IBH_II/IeCSI npu 35TOM KOM6I/IHaL[I/II/I Ha3bIBAIOTCA
pa3sMelleHUusAMHM U3 7 3JIeMEHTOB mo n. OOIee 4HCIO0 TaKUX pa3MENIeHHH pacCUMUTHIBACTCS IO
dbopmyie:
A" = m(m—1)(m —2)...(m—(n—1)) = —"™"
" !

IlepecTaHOBKM SIBJIAIOTCSI YACTHBIM CIIy4aeM pa3MEICHUH.
3) Ecnu u3 m 371€MEHTOB COCTaBIIATH TPYIIBI MO # AIIEMEHTOB B KaXKIOH, HEe oOpalias BHUMaHUs Ha
MOPSZIOK AJIIEMEHTOB B IPYIIIE, TO MOJYYUBIINECS IPU 3TOM KOMOMHAIIMY HA3BIBAIOTCS COYETAHUSIMHU
U3 m 3JIEMEHTOB 110 7. O01Iee YUCI0 CoueTaHul HaXOIUTCs o hopmMyIie:

. P m!

" PP, . nl(m—n)!
4) Taxke OJHMM U3 BApPUAHTOB KOMOWMHALUN SBISIOTCS NEPECTAHOBKH € TOBTOPSIOIIUMUCS
yjemMeHTaMH. Ecim cpenu m 3JIEMEHTOB MMEETCS 11, OIWHAKOBBIX JJIEMEHTOB OJHOIO THIIA, 712

OJTMHAKOBBIX DJIEMEHTOB JPYTrOro TUIA U T.J., TO IIPU MEPECTAHOBKE ITUX 3JICMEHTOB BCEBO3MOKHBIMHU
crocobamu MmojiydaeM KOMOMHAITUH, KOJIMYECTBO KOTOPBIX OMpeAesieTcs o hopmyIie:
P m!

m

Pm(ml,mz,...mk):PP 5 mm .
BB mytmy Lm !

5) Ecin pu BLI60pKe m 3JICMCHTOB U3 71 3JICMCHTBI BO3BPAIIAOTCA O6paTHO " ynopaaouuBaroTcs, TO
TOBOPAT, UTO 3TO pasMe€I€CHUsSA C MIOBTOPCHUAMM. Pazmernenus ¢ MOBTOPCHUAMU MOT'YT OTJINYATHCA
Apyr OT JApyra 3JIEMCHTAMU, HUX MNOPAAKOM H KOJUYCCTBOM HOBTOpCHHI’I aJIeMeHTOB. UMcCIIo Bcex

pa3MeL[[eHI/II>'I H3 n 3JICMCHTOB IO m C IMOBTOPCHUAMUA 0003HaYaeTCsi CHMBOJIOM A,;n U BBIYUCIACTCA I1IO

dbopmye:

m __ _m
A" =n".
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6) Ecnu mpu BeIOOpKE m 3IIEMEHTOB M3 7 3JIEMEHTHI BO3BpAIIAIOTCS 0OpaTHO 0€3 MOCIeqYyOIIEro
YHOPSAOYMBAHUS, TO TOBOPAT, YTO 3TO COYETAHUSI € MOBTOPeHMAMM. UHCIIO Bcex coUeTaHUM U3 n

3JICMCHTOB 110 m C TIOBTOPCHUSIMU 0003HaYaeTCsI CUMBOJIOM ]\7}:” W BBIYUCIIACTCS 110 q)OpMyJICZ

N ="

n+m—1
.

Koumponvnvie éonpocwi
1. Onpenenenre KOMOMHATOPUKH.
2. DneMeHThl KOMOMHATOPUKH.

Tema 11.2. ®opmyna 6mHoma HeroTona. CBolicTBa 0MHOMHAIBHBIX KO3()(PHUIIHEHTOB.
Tpeyroasnuk Iackans.

Dopmyna bunoma Hotomona. Ceoticmea dbunomuanvhvix ko3gpuyuenmos. Tpeyeonvnux Ilackans.
3uamo: popmyna 6mHOMa Hpl0TOHA, CBOMCTBA OMHOMHAIBHBIX KOX(PPHUIIMEHTOB, TPEYTOIHHUK

ITackans.
Ymems: Beranciasgts OuHOM HBIOTOHA.

bBunom Hotomona. 910 popMyna, npeacTaBisiomas BeipaxkeHne (a +b)" mpu NoiIoXuTeIbHOM
[IEJIOM N B BHJIC MHOTOYJICHA:

1 2
(a+EB)?"=a?+C a® 1p+C a" 222 +
M H
3 n—1
+C @3R3+ 40 gk laam,
M ke

BaMeTI/IM, 4qTO CyMMa Mokazartejieil cTeneHeu s a u b mocTosgHHA U paBHa n.

1z 3 n-1
a2 O

Uucma » = M n Ha3bIBAIOTCS OMHOMHAIBHBIME KO PHUIIMEHTAMH.

x moxHo BBIYUCIIUTh, IPUMCHAA TOJIBKO CJIOXKCHUC, CCIIN IT10JIb30BATHCA CJ'IGI[y10HI€fI CXEMOH.
B BepxHeli cTpoke muiieM aBe eAUHULBI. Bee mocneayronme CTpoKM HAaUWHAIOTCA U 3aKaHYUBAIOTCS
GIIPIHPILIeﬁ. HpOMC)KYTOLIHLIC YUCjia B 9TUX CTPOKAX MOJYHAOTCA CYMMHUPOBAHUCM COCCAHUX YUCCIT U3
MPEIbIAYILEH CTPOKU. JTa cXeMa Ha3bIBaeTCA TpeyroJibHUKOM [lackans:

[TepBas cTpoka B 3T0i TabnuIle COAEPKUT OMHOMUATbHBIE KOOPPUIIMEHTHI A # = 1; BTOpas - A1 n
=2; Tpeths - ;s n =3 u 1.1. [loaTromy, eciii He0OXOAMMO, HATIPUMED, PA3JIOKHUThH BIPAKECHUE:

(a+b)’,

MBI MO’KEM IOJIyYUTh PE3YJIbTAT MOMEHTAIBHO, UCTIONb3Y sl TA0JIUILY:
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7 T m B 512 aeatnd L oae it 205 =6 7
(a+=b) =a +Ta'b+2lab +35ab" +353a’h” +2lab +T7ab” +b
CBoiicTBa OMHOMHATBLHBIX KOO PHUIINEHTOB.
1. CymmMma ko3¢ dumeHToB pasinoxenus (a+b)"pasaa 2"

Jlnis jokazaTesbCTBa JOCTaTOYHO MONOXKUTh a = b = 1. Toraa B mpaBoit yacTu pasiokeHHust OMHOMa
HeroTona Mbl OyieM UMETh CyMMY OMHOMHAIBHBIX KOO QHUIIMEHTOB, a CIeBa:
(1+13"=2"

2. KoadpunmeHTs! 1WIeHOB, paBHOYJAICHHBIX OT KOHIIOB Pa3JIOKEHUS, PABHEI.

DTO CBOMCTBO CELyeT U3 COOTHOLICHHUS:

" H

3. CymMma k03 puIineHTOB YETHBIX WICHOB PA3JIOKEHHs paBHAa CyMMe K03 (pHUIIMeHTOB HEYETHBIX
YJIEHOB PA3JIOKEHU; KaKasi U3 HUX PaBHA
an-1

—1y"=Q"= .
Jlnis 1oKa3aTeNnbCTBa BOCIOIb3YeMCsl OMHOMOM: (1-1)7=0%=03pec uéTHble wieHb!
UMEIOT 3HaK « 1 » , a HEUETHBIC - « - ». Tak Kak B pe3yibTaTe pa3ioxeHus noixydaercs 0, To

CJIEIOBATENIbHO, CYMMBI UX OMHOMHAIIbHBIX KO3((MHUIIMEHTOB pPaBHBI MEKIY COOOM, MOATOMY KaXK1ast

_ H—[1H" =
N3 HUX paBHA: ( 1 1 :I 0 0. qTO U Tpe6OBaJ'IOCL J0Ka3aTh.

KoumponvHule 6onpocwl

1. ®opmyna 6unoma HeroToHa.

2. CgoiicTBa OWHOMHUAIBHBIX KO (UITMEHTOB.
3. Tpeyronpnuk Ilackansi.

Tema 11.3.2/1eMeHTHI TEOPUU BEPOSATHOCTEH M MATEMATHYECKON CTATHCTHKH.

Cobvimue. Beposmnocms cobbimusi, ciodxicenue u YMHONCEHUe 6ePOSMHOCEIL.
Ilpeocmasnenue OaHubIX, 2eHEPAIbHASL COBOKYNHOCHIb, 8bIOOPKA, Cpednee apugmemuyeckoe,
Meouaua.

3namu: cOOBITHE, BEPOSITHOCTb COOBITHS, CII0KEHNUE U YMHOKEHUE BEPOATHOCTEH, IPEACTABICHHUE
JTAHHBIX, T€HEepaJIbHasi COBOKYITHOCTh, BBIOOPKA, CpeiHee apu(pMeTHIECKOe, MeIMaHa.
Ymempw: pemiats 3a1aun 10 TEOPUN BEPOATHOCTU U MATEMATUYECKOM CTaTUCTHKHU.

Cnyuaiinple codblmusa ux eposasmuocmu
Onvimom, unu ucnvimanuem, Ha3bIBAIOT BCIKOE OCYIIECTBICHUE OMPEICIICHHOTO KOMIUIEKCA yCIOBUI
WU ICHCTBUM, TIPH KOTOPHIX HAOIIOIACTCS COOTBETCTBYIONIEE SIBICHHE.
Cobvimuem Ha3bIBaeTCsi BCAKUM (DaKT, KOTOPBIA MOXKET NMPOU30HTH WM HE MPOU3OUTH B
pe3yJbTare OIbITa.
Ilpumep 1. TlomOpaceiBaHME MOHETHI — OIBIT, MCXOJ. Brimamenue repba wimm THPpPel —

coObiTHe. 37ech W B JaJbHEHIIEM TMpeamnojiaraeM, 4YTO IaJieHHe MOHEThI Ha pebpo He
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paccMaTpuBaeTcs, TaK Kak 3TO HEYCTOWYMBOE COCTOSIHUE pPAaBHOBECHs, a H3ydyaemass MOHETa
JIOCTAaTOYHO TOHKas.
OnemenmapHvimu ucxooamu (cobvimuamu) () OTNbITA HA3bIBAIOTCS TAKUE PE3YJIbTAThI OIbITAa, KOTOPHIE
B3aMMHO HCKJIIOYAIOT JPYT JApyra U B pe3yibTaTe OMNbITa MPOUCXOIUT OJHO U3 ITUX COOBITUH, TaKKe
KaKoBO OBl HU OBLIO COOBITHE A, MO HACTYNMUBIIEMY 3JIEMEHTAPHOMY HCXOJy MOXHO CYIHUTh O TOM,
OPOMCXOTUT WIH HE TIPOUCXOIUT 3TO COOBITHE.
COBOKYITHOCTh BCEX 3JIEMEHTAPHBIX HCXOJOB OIbITA HA3BIBACTCS MPOCHIPAHCMBOM 2JIeMEHMAPHLIX
cobvimuii. O6o3nauaercs ().

Bce coObiTust (siBIIeHUS) NEHCTBUTEIBHOCTH MOYKHO TMOJIPA3/ICIUTh HA TPU BUAA: TOCTOBEPHbIE,
HCBO3MOXXHBIC N cnyqaﬁHHe.

CoObITHE Ha3bIBACTCS OOCHOBEPHbIM, €CITU OHO 0053aTeIbHO MPOU30UIET B YCIOBHUSIX JAHHOTO
OTIBITA.

CoObITHE HA3BIBACTCS HEBO3MOICHHIM, €CITU OHO B YCIOBHSX JaHHOTO OIBITa 3aBEIOMO HE
MIPOU3OUJIET.

CoObITHE HA3BIBACTCS CIYYAUHBIM, €CITH OHO MOXKET JIMOO MPOU30MTH, THOO HE MPOU3ONTH B
JTAHHOM OTIBITE.

CoObITHST HA3BIBAIOTCS PABHOBO3MONCHHIMU, €CITU UMEIOTCS OCHOBAHHS CUUTATh, YTO HU OJTHO
U3 ITUX COOBITHIA HE ABJISETCS 00JIee BO3MOXKHEIM, YeM JII000€ IPyroe U3 HUX.

JIBa cOOBITHSI HA3BIBAIOTCS HPOMUBONOJIONCHHIMU, €CIIM TPU HACTYIUIEHUU OIHOTO M3 HHUX,

BTOpOC COOBITHE HE MMPpOUCXOAUT. Ecin coObiTHe 0003HAYEHO A, TO TIIPOTHBOIIOJIOXKHOC CMY

0603HAYAKT A .

B otHomenuu apyr apyra coOBITHSI TakKe UMEIOT OCOOCHHOCTH, T.€. B OJHOM ciiyyae coObiTHEe A
MOJKET IPOU30MTH COBMECTHO C COOBITHEM B, B IPyroM — HeT.

CoObITUSI Ha3BIBAIOTCA CO8MECMHbIMYU B JAHHOM OIBITE, €CIM MOSIBJIEHHWE OJHOr0 M3 HUX HE
WCKJIIOYAET MOSBJICHUE JPYTHUX.

CoObITHsI Ha3BIBAIOTCS HECOBMECMHbIMU, €CIU TIOSBIEHUE OJHOTO0 M3 HHMX MCKIIOYAET MOSBICHUE
JIpYTHUX.

Ecnu mroboe 13 cOOBITHI MPOUCXOAUT HE3aBHCHUMO OT pealn3aluu J1I000H KoMOMHAIMU
JIPYTUX COOBITUH, TO OHM HA3BIBAIOTCS HE3ABUCUMbBIMU 8 CO80KYnHOoCcmuU. ECIu MOsBIEHUE OJHOTO U3
cOOBITHIA BIUSET HA BOBMOKHOCTh TIOSBIICHUS APYTOT0, OHU HA3BIBAIOTCS 3A8UCUMbBIMIU.

Heckonbko coOBITHIA B JAaHHOM OTIBITE€ 00Pa3yIOT NOJHYIO 2pYNnYy cOObimuil, €CIIU B Pe3yJIbTaTe
OTIbITa 00S3aTEIBHO MPOU30UIET XOTS ObI OHO U3 HUX. Eciu coObITHA, 00pa3yromnye NoTHYIO TPYIILY,
HECOBMECTHBI, TO MOSBJIEHUE OJHOTO U TOJIBKO OJHOTO U3 HUX SIBISIETCA JOCTOBEPHBIM cOObITHEM. [[Ba
HECOBMECTHBIX COOBITHSI, 00pa3yIoNIHe MOJHYIO TPYMITY COOBITUMN, SIBISIOTCS NPOMUBONOTIOHNCHBIMU.

Knaccuueckoe onpedenenue eepoamnocmu coovbimus
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CymiecTByeT TpPOCTOH CHOcoO OmpelneieHuss BEPOSTHOCTH COOBITHS, OCHOBAaHHBIM Ha
PaBHOBO3MOKHOCTH JIFOOOTO M3 KOHEYHOTO YUCIIA HCXO/IOB OTIBITA.
[TycTp MpOBOJMTCS OIBIT C # WCXOJaMH, KOTOPBIE MOXKHO IPEJACTABUTHh B BHJE ITOJHOW TPYIIIBI
HECOBMECTHBIX PaBHOBO3MOXKHBIX COOBITHH. Takue HCXOIbI HA3BIBAIOTCS CAVYAAMU, WAHCAMU,
anemenmapuvimu cobvimuamu, (). CaM onbIT Ha3bIBaeTCA Kraccuyeckum. ITpo Takol OmbIT rOBOPST,
YTO OH CBOJHTCS K CXEME CITy4acB.
Crnyvail @ Ha3bIBaETCS 01A20NPUAMHBIM UNU OIALONPUAMCIEYIOWUM COOBITHIO A, €CITU OH MPUBOAUT
K HACTYIUICHHIO COOBITHS A.
Beposmnocmuio cobbimus A Ha3bIBacTCS MaTeMaTH4eCKas OIIEHKAa BO3MOXXHOCTH IOSIBICHHUS 3TOTO
COOBITHS B pE3yJIbTATE OIBITA.
BepositTHOCTh COOBITHS 4 paBHA OTHOUICHUIO YHCIA, OMAronpHUATCTBYIOIIMX COOBITHIO A HCXOIOB
ompITa K OOIIEMy YHCIy MOMapHO HECOBMECTHBIX HMCXOJOB OMBITAa, OOPa3yIOIIUX IOJHYIO TPYIIIY

COOBITUH.
m
Py =" (1)
n

®opmyna (1) sBrsiercs kiaccuueckoul hopmynou OnpeaesieHus: BEPOITHOCTH COOBITHSI.
O4eBHUIHO, YTO 6EPOSAMHOCHb OOCMOBEPHO20 COObIMUsL PaBHA EIWHUIEC, a BepOAMHOCHIb
HeB803MOJCHO20_— paBHA HyNI0. TaknM 00pa3oM, 3HAYEHHE BEPOSTHOCTH JHOOOTO COOBITHS — €CTh

MMOJIOKUTCIIBHOC YUCIIO0, 3aKIITFOYCHHOC MCIKAY HYJIEM U e,[[HHPII.IefI.
0<P(A)<1. )

[ToHsITHE BEPOSATHOCTH MO3BOJSIET AaTh HOBBIE OINpPEAENCHUS AJ1 Pa3HBIX BHJIOB COOBITHI. A
UMEHHO, COOBITHE B HAa3BIBACTCS HE3d8UCUMbBIM OT COOBITHS A, €CIM BEPOSTHOCTh COOBITUS B He
3aBUCHT OT TOTO, IPOU3OILIO COObITHE A MU He npou3onuio. CoObITHE B HA3BIBACTCS 3aBHCHMBIM OT
coObITUS A, €CITU BEPOSITHOCTh COOBITHUS B 3aBUCUT OT TOTO, MPOU30ILIO WM HE MPOU3OILIO COOBITHE
A.

Teopemvi ymHodICCHUA U CIOMHCEHUA 6EPOAMHOCMEN
CoOwiTHst A U B Ha3BIBAIOTCS pagHblMU, €CITU OCYIIECTBICHUE COOBITUS A BI€UET 3a CO00i
oCyIecTBiieHne coobIThs B 11 HA060pOT.
Cymmotui 1ByX coObITUl A 1 B Ha3bIBalOT coObITHE C=A+B, cocTosIIIee B OSABICHUU COOBITUS A, NN
coObITUs B, nimu 060ux 3Tux coObiTuil. [lo-apyromy, mnosiieHue XoTs ObI OHOTO COOBITHSI.
Teopema 1 (cnooicenus seposimnocmeti). BEeposTHOCTh CyMMBI IBYX HECOBMECTHBIX COOBITHI paBHA

CyMMe BEpPOSITHOCTEH STUX COOBITHIA.
P(A+ B)=P(A)+ P(B).
Cneocmeue 1: Ecnu cobbitust A4, A, ,..., A, 00pasyioT HONHYO rpyIIly HECOBMECTHBIX COOBITHI, TO

CyMMa UX BEpOSITHOCTE! paBHA €AUHMUIIE:
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Y P(4)=1.

TeopeMa 2. BepOHTHOCTL MOSIBJICHUS XOTS OBl OIHOTO U3 IBYX COBMCCTHBIX COOBITHI paBHa CyMME

BEPOATHOCTEH ITUX COOBITHIA 0€3 BEPOSITHOCTH UX COBMECTHOTO MOSIBIICHUS:
P(A+ B)=P(A)+ P(B)— P(AB).
Teopema 3. (Ymuooicenusn sepossmuocmeti). BeposTHOCTb IPOU3BEICHUS ABYX COOBITHI (COBMECTHOTO

MNOABJICHUA 3TUX C06LITPII>'I) PpaBHa IPOU3BCACHUIO BEPOATHOCTHU OJHOI'0 U3 HUX HA YCJIOBHYIO

BEPOSTHOCTB IPYTOT0, BEIMUCIEHHYIO NIPU YCJIOBHH, 9TO TIEPBOE COOBITHE yKE HACTYIIUJIO.
P(AB)=P(A)P(B/ A)=P(A)P,(B).
Taxoke MOXKHO 3aIMCaTh:
P(AB)=P(A)P(B/ A)=P(B)P(A/B)=P(B)P,(A).
Ecnu cobbitus Hesasucumbie, 10 P(B/ A) = P(B), u TeopemMa yMHOKEHHS BEPOSITHOCTEN
PUHUMAET BUIL;:
P(AB) = P(A)P(B)
Eciu B pe3ynbTaTe UCTIBITAHKS MOYKET TIOSIBUTHCS /1 COOBITHI, HE3ABUCUMBIX B COBOKYITHOCTH, TO

GQPOﬂmHocmb NOABIEHUS XOMA 6bl 0()H020 N3 HUX paBHa
P(A)=1-gq4q,..4q,.

3nech cobbiTHe 4 0003HAYACT HACTYILUICHHE XOTs Obl OHOTO U3 cOObITHII A, ¢ BeposTHOCTIMU

HACTYIUICHUs P,,a ¢, = | — p, — BEPOSATHOCTb IPOTUBONOIOXKHBIX coObITHil A, A, ,..., 4 .

n
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Tema 12. IlepBooOpa3Hasi u HHTErpaJ

Tema 12.1. IlepBooOpa3Has u HHTErpa.

Ilepsoobpasnas. Ilpasuna naxodcoenus nepgoobpasznvix. Tabiuya unmezpanos

Ymems: HaXoAUTh HEONPEACICHHBIC HHTETPAJIBI PA3THUHBIMUA METOIaMHU

3namu: onpeneneHne EpBOOOPA3HON; IPAaBUIIA HAXOKICHUS IEPBOOOPA3HBIX, ONIPEACIICHHE
HEOIPE/ICICHHOTO MHTErpaia U ero CBOWCTRA, TAOJUIy HHTEIPAJIOB, METO/IbI HAXOXKICHUS
UHTETPAJIOB.

®ynxuus F(x) maseiBaetcs nepsoobpasmoii hynxyueti Gynxkuun f(x) ma orpeske [a,b],
€CIM B JTIO0OM TOYKE STOTO OTPE3Ka BEPHO PABEHCTBO:

F'(x)=f(x).

Hanmo otMeTHTh, 94TO IEPBOOOPA3HBIX VIS OJHOM M TOH K€ (QYHKIUU MOXKET ObITh OECKOHEYHO
MHOro. OHM OyoyT oTiaMuyaTbes Jpyr OT Jpyra Ha HEKOTOpOe IOCTOSHHOE 4YHCIO, T.€.

F(x)=F(x)+C.

Heonpedenennvim unmezparom Gynkumn f(X) Ha3bIBaeTCs COBOKYMHOCTH IEPBOOOPA3HBIX

(yHKIMIA, KOTOpbIE ONpeeNeHbl COOTHOMEHUEM:

Flx)+ C.
3anKCHIBAIOT: j f(x)dx =F(x)+ C;3necs _[ — 3Hak wmHTerpanma, f(X) — mombHTErpanbHas
dynkums, f(X) dx — moABIHTErpaTbHOE BHIPAKEHHE.

Brranciaenue HCOMMPCACICHHOT'O HHTCIrpaia oT 3aﬂaHHOfI (i)YHKIII/II/I Ha3bIBACTCA
UHmezcpupoeaHuem.

Ceoiicmea nHeonpeodeeHHbIX UHMEZPAI08

1. IlpousBogHast OT HEOIPEIEIEHHOIO HHTErpala paBHA MOJBIHTETPATbHON (PYHKIIUH.

([ f()dx) = (F(x)+C) = £(x);
2. Muddepenuman oT HeonpeaeIeHHOT0 HHTErpalla paBeH MOABIHTEIPATbHOMY BBIPAKEHHIO.
d(] £ (0)dx)= f (x)dx:

3. HeonpeneneHHblil nHTETpai oT quddepeHiraia HeKOTOpoi PyHKIIUN paBeH dTON (PYHKIINH C
TOYHOCTBIO J10 TIOCTOSTHHOT'O CJIaraeMoro.

[dF(x)=F(x)+C;

4. aTerpan oT CyMMBI MM Pa3HOCTH JIBYX M OoJiee (QYHKIMIA paBeH CyMME HITH Pa3HOCTH HHTETPAJIOB
OT 3TUX (QyHKUIUH

I(u +v—w)dx = _[udx + J.vdx — dex;
5. IlocTOSIHHBIN MHOXHUTEIb MOKHO BBIHOCHTB 3a 3HAaK MHTErpaia

[C- f(x)dx=C- f(x)dx;
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Tabuira HTETpaIOB

No WNuTterpan 3HayeHue No HNuTterpan 3HayeHune
| i e . j dx arcsinx + C =
x X A
V1—x? =—arccosx + C
nil dx 1. |[x—a
2 x"dx +Cn#—-1 |12 —_ —In +C
I n+1 M J‘xz—a2 2a |x+a
dx
3 ax ln‘x‘+C 13 jz— 1n‘x+\/x2 tal+C
X VX ta
x dx
a . X
4 a’dx —+C 14 —— arcsin—+ C
'[ Ina jm a
d. 1
5 Iexdx " +C 15 Iﬁ ;arctg§+C
. 1
6 Ismxdx -cosx+C 16 I —dx lntg§+C
sin x
1
7 fcos xdx sinx+C 17 I dx In tg(g + %) +C
COSX
8 j 12 dx tgx+C 18 Itgxdx - ln‘cos x‘ +C
COS X
9 I . 12 dx —ctgx+C 19 Ictgxdx ln‘sin x‘ +C
sin” x
10 | dx areer €= | i Tl X |4c
1+x° = —arcctgy + C x(a—x) a |la—x

MeTtoabl HAX0K/1eHUS] HHTErPajioB

Cnoco0 moacTaHOBKHM (3aMeHbI IlepeMEHHbIX).

Ecnu TpeGyercs HaiiTi uHTErpat J. f(x)dx, no cnoxHo oTBICKaTh MEPBOOOPA3HYIO, TO HHOT/IA

¢ momokio 3amensl X = @(1) u dx = @'(t)dt moxHo HONyUnTH:

[ f()dx =] f(p)p'(t)dt

Bcnomaum dopmyny mpou3BoIHOM MPOU3BEACHUS:

HNHTerpupoBanue mo 4acram.

wv) =u'v+uw'

IZie U ¥ v — HeKOoTopble QyHKIMM OT x. B muddepentmansHoit popme:

d(uv) =vdu + udv
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[IpouHTErpUpoOBaB, MOIyYaeM: J.d (uv) = Ivdu + J.udv, a B COOTBETCTBUU C NPUBEIACHHBIMU

BBIIIIE CBOMICTBAMHU Heonpe,ueneHHoro I/IHTeraJ'IaZ
uv=jvdu+fudv WIN .[udv=uv—_|.vdu;
[Momyuynnu Gopmyiry HHTETPUPOBAHUS IO YaCTSAM, KOTOpast MO3BOJSIET HAXOIUTh MHTETPAITBI
MHOTHUX 3JIEMEHTAPHBIX (PYHKITHI.

[Ipy wucmonp30BaHMHM METOAAa MO YacTsAIM 3a u Oeperca Takas (yHKIHs, KOTOpas TIpU
T pepeHIIMPOBAHNYU YIPOILAETCS, a 32 dV — Ta 4acTh MOJBIHTErPAJILHOIO BBIPAXKEHUSI, UHTErpal OT
KOTOPOW M3BECTEH WUJIM MOXKET OBbITh HAlCH.

EOJ'IBH_IyIO JaCTb UHTCTPaJIOB, BBIYHUCIACMBIX 110 9aCTAM, MOXKHO paS6I/ITL Ha TpH I'pyHIIbL:
1. WnTerpansl Buaa I P(x)arctgxdx , I P(x)arcctgxdx , J.P(x) In xdx, J.P(x) arcsin xdx ,

IP(x) arccos xdx , rue P(x) — MHOrouneH. JIns UX BBIYUCICHUS CIEMYET 3a U IPUHUMATH OIHY U3

BbIIIIEyKa3aHHbIX QyHKUUH, a dv = P(x)dx.

2. UnTerpansl Bua IP(x)eaxdx , J.P(x) sin axdx , jP(x) cosaxdx, tne P(x) — MHOTO4JIEH, & a —
HEKOTOpoe uucio. JIJisi X BBIYUCICHUS CIEayeT MpusTh u =P(x), a dv = e®dx, dv = sinaxdx, dv =

cosaxdx.

Kak BuzmHO, mocnenoBareilbHOE NpPUMEHEHHE (OPMYJIBl HMHTETPUPOBAHUS IO YaCTSAM TO3BOJISIET
HOCTENEHHO YIPOCTUTH (DYHKIIUIO U IPUBECTH UHTETPAJl K TAOIUIHOMY.

3. UnTerpansl Buja _[eax cosbxdx, Ieax sinbxdx , rne a u b — HeKOTOPBIE YKCIA. DTU MHTEIPAIIBI
BBIYUCIIAIOTCA IBYKPATHBIM MHTCTPHUPOBAHUCM 110 YACTAM.

KOHmpO]leble 680NpoOCsHL
1. I[lepBoobOpazHas.
2. TlpaBuiia HAXOXKICHUS TIEPBOOOPA3HBIX.
3. OmnpezeneHrie HEONPEACICHHOTO UHTETpaIa.
4. CBoiicTBa HEOMpeeIEHHOTO HHTErpaa.
5. Meroasl MHTErpUPOBAHUS.

Tema 12.2. OnpeneeHHbIH HHTETPAJI U €ro NPpUMeHeHne

Buwiuucnenue onpeoenennvix unmezpanog ¢ nomowpio gopmynst Heromona-Jleiibnuya.
Haxooicoenue nnowaoeu ghucyp.

Ymemu: BBMMCIATH  ONpENENIEHHbIE HMHTErpayibl ¢ Mnomouibio ¢opmynsl HbroToHa-JleiiOHuma,
BBIYUCIIATH TUIONIAh KPUBOJIMHEHHON Tparenun, Guryp, orpaHUuIeHHBIX 33 JaHHBIMH JTHHASMHU.

3uamy:  anrOpPUTM BBIYMCICHUS OIPEICIICHHBIX WHTErpajoB C MOMOIIb0 (opmynasl HbroToHa-
JleiiOHUL, METOABl BBIYMCIICHUS OINPEACIICHHBIX HMHTETPAJOB aJTOPUTM BBIUHUCICHUS ILUIOLIAAEH

dburyp.

[Mycrs pyukuus f(Xx) onpenenena na orpeske [a,b]. Pazobbem otpesok [a,b] Ha n mpousBoIbHBIX

gacTel ToukaMu d = X, < X; <X, <...<X,; <X; <...<x, =b. Ha xaxzuom
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M3 YACTHYHBIX OTPE3KOB BBIOEPEM HPOM3BOJIBHO MO OAHOM Touke: ¢ €[a, X, |, ¢, €[X},X,],

e €, €[x,4,b].

fie)
fie)).

al D% X7 b {

1 X G C

n
Beenem obosnauenus: Ax, =x, —a, Ax, =x, —x,, ..., Ax, =b—x,_,.

n
Cocrasum cymmy: 0 = »_ f (Cl- )Axl- , KOTOpasi HA3BIBAETCS UHME2PALbHOL CyMMOti (yHKIUHN
i=1
f(x) na orpeske [a,b].
TIeomempuueckuii cmoicn o: Kaxuoe crnaraeMoe MHTETPAIBHONW CyMMBI MPEICTABISET COBOM
IUIOIA/b HPSIMOYTOJIbHUKA ¢ OCHOBaHWeM AX; u BbICOTOH f(C;), MOKPHITOrO IITPUXOBKOI Ha
PHCYHKE.

O603nauum uepe3 A = max(Axi), i = 1, 2, ..., n — IIUHY HaAHOOJBIIETO YaCTUYHOTO OTPE3KA.
BennunHy A MHOT/Ia HA3BIBAIOT NAPAMEMPOM Pa3oueHusl.

PaCCMOTpI/IM mnponecc, I1mpu KOTOPpOM HYHUCIIO TOYCK p336I/IeHI/I$I HCOTPAHNYCHHO BO3pACTACT
TaK1UM 06pa30M, YTO BeJIMYMHA A CTPEMUTCA K HYJIHO.

Ecium  cymecTByeT mpeden MHTerpanbHoii cymmbl [ =limo, To oH Ha3sbiBaeTcs
A—0

onpedenennvim unmezpaiom oT GyHkuun f (x) Ha orpeske [a,b] u o60o3nauaercs

I:if(x)dx

B stom ciyuae Qynxumus f(X) HaseiBaeTcss ummezpupyemoti na ompeske [a,b]. Yucno a
HA3BIBAETCS HUJICHUM NPEOeOM UHMESPUPOSAHUSL, & YUCIIO b — 6epXHUM NPe0eNoM UHMEZPUPOBAHUSL.

Eciu Takoii mpeen CymecTBYeT, TO OH HE 3aBUCHT OT MEPBOHAYAILHOTO Pa3OMEHHs OTPE3Ka
[a,b] un BBIGOpa Touek ci. U3 ompeseneHus ONpeNeNeHHOr0 HHTETpaa CIEAYET, YTO €r0 BETHYMHA
3aBMCHUT TOJBKO OT Bujaa GyHkuun f(X) u or uucen a u b. CnenosatensHo, ecnu 3anansl f(X) u

Ipe/IeNbl UHTETPUPOBAHYS, TO HHTETPAJ ONPEIEIAeTC OAHO3HAYHO U IPEICTABISET CO00I HEeKOTOpoe
YHCJIO.
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T'eomempuueckuil cmvici onpedeneHHO20 UHmMezpand.

Ecm  f(x) >0 ma orpeske [a,b], To onpenenenusrii
vt N\

b
MHTETpal _[ f (x)dx TE€OMETPUYECKHA  IPEIACTABIIACT
a
co0oil TIoIanb KPUBOJIMHEHHOW Tpameuuu — QUrypsl,
orpanndenHod ymmmamu V= f(x), x=a, x=b,

a
>
v <

y=0.

A
Ya b

Ecmu f(x) <0 ua orpeske [a,b], 10 S = —lff(x)dx. ~ % X
y=f(x)

Ceoiicmea onpedenennozo unmezpana

1 lj)f(x)dx = —i f(x)dx,

2. cfzf(x)dxzo;

3. Ecmu c €la,b], 1o Iff(x)dx = ff(x)dx+ljjf(x)dx;

b JL7)+ o= (e + [l
5. ljkf (x)dx = klf f (x)dx , TI€ k — ITPOM3BOJILHOE YHCIIO.

®opmy.aa Herorona-Jleiionnna

Ecim ¢ynkums [ (x) menpepeiBHa Ha otpeske [a,b] m dynkums F'(x) ssnsercsa ee
NepBOOOPA3HOI HAa TOM OTPE3KE, TO UMEET MeCTO hopmyaa Hviomona-Jletibnuya

i F()dx = F(x)’ = F(b) - F(a),

TO €CTh ONpPE/IEICHHBIM NHTETpall PaBEH Pa3HOCTH 3HAUYEHUI IepBOOOPA3HON NMPH BEPXHEM U HUKHEM
npejienax HHTErpUpOBaHUs

3ameHna MEPEMECHHBIX B OIIPEACJICHHOM HHTErpaljie

b
IIycTh 3aaH MHTErpa J. f(x)dx, rne f(x) — menpepsiBHas Qpynkims Ha otpeske [a,b].
a

BBeneM HOBYIO [IEPEMEHHYIO B COOTBETCTBHIU ¢ (popmysioit X = @(t) . Torma ecnu:

Doa)=a, p(f)=b;
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2) @(t) u @'(t) menpepriBHbI Ha oTpeske [, F];

3) f ((p(t )) ompenenena Ha otpeske [, ],

TO

b s
[ f(x)dx = [ flp@)]p'(t)dr

Ota popmyIia Ha3bIBACTCS hopMYI0L 3aMeHbl NEPEMEHHOU 8 ONPEOeleHHOM UHmezpaie.

3ameuanue. Ecnu Tpu BBIYUCICHUU HEONPENEICHHOIO HWHTErpaja C IOMOILBIO 3aMEHbI
HepEeMEHHOH clieyeT OT HOBOM NepeMEHHOW ¢ BO3BpalllaThCsl K CTapoi MEpeMeHHOH X, TO Mpu
BBIUHCIICHUH OTIpEIEIEHHOTO MHTErpaja 3TOTO JenaTh HEHYXHO, T.K.

A s
[ lo@)p'(0)dt = Flp@)]| = Flp(B)]- Flp(a)l=F(b) - F(a)

HNuTerpupoBanue no 4acram.

Ecmn dynkumn ©# =u(x) u v = v(X) HenpepsBHBI Ha oTpe3ke [d,b], a Takxke HeNpephIBHBI
Ha TOM OTPE3Ke UX IIPOM3BO/IHbIE, TO CIIPaBeInBa (POpMyJIa:

b b b
judv = uv‘ — J.vdu.
a a a

KOTOpasi Ha3bIBACTCS YOPMYNOU UHMESPUPOBAHUS NO YACMAM 8 ONpeOesieHHOM Unmezpaie.

Taxxe IMPU BBIYUCIICHUHN ONPCACICHHOTO MHTCIPAJIa UCIIOJIB3YIOTCA CIICAYIOIIUC ITpaBUJia:

Ecmu f(X) — neuernas, To _[ f(x)dx =0, ecnu neuernas, I f(x)dx =2 _[ f(x)dx
i Za 0

I'eomeTpuyeckue NpuI0KeHUs oNpeaeIeHHOT0 HHTerpaJa.
IInowaow nnockoi ghuzypel.

a) [T1ommaas KPUBOJIMHENHOW Tpaleuy, OrpaHMYeHHoi KpuBoi y = f(X), npaMeIME X =a u
b

x =b wuotpeskom [a,b], Beraucnsercs no opmyne S = I f(x)dx
a

(1313

Ecan rpaduk pacmosiosxeH Hmke ocu Ox, T.e. X) <0, To mIomanabs UMeeT 3HaK , ecu rpaduk
b
pacnonoxen Beime ocu Ox, T.e. f(X) > 0, To muomaas UMeeT 3HaK “+”.

y

Ql g \_./ Ih X

Takum o0pa3om, JUIsl HAXOXKACHHUSI CyYMMapHOH IIOIIA U UCTIONb3yeTcs hopMyia

Szjj.f(x)dx.
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0) [ommans Gurypsl, orpaHuueHHON kpuBbiME ) = f1(X) u ¥, = f,(x) ( fi(x) < £, (x)) u
IpSAMBIME X = d U X = b, Haxoaurcs no Gopmyie

b
S =[[f2() = f;(x)]ax

B) Ecnu kpuBas 3aqaHa mapamMeTpudyecKuMu ypaBHeHusmu X = X(¢) u y = y(¢), 10 miomans

KPMBOJIMHENHOM Tparelnn, OrPaHUYEHHOM 3TOM KPUBOM, MpIMBIMH X =d W X =b u oTpe3kom
5

[a,b], Bepaxaerca ¢opmymoit S = I y()x'(t)dt, rne t1 u t» ompemensoTcs U3 ypaBHEHHit
tl

a=x(t,) nb=x(1,).

Koumponvhule 6onpocol

1. OnpeseneHne onpeiesieHHOro HHTErpaa.

2. CBoiicTBa ONPEEIECHHOI0 HHTErpaJia.

5. BeruncneHue onpeeneHHbIX HHTErpajioB ¢ IoMolIbio popmynsl Hetotona-Jlelionuna.

4. Meroapl HaXOXIEHHUS ONPEICIICHHBIX HHTETPAJIOB.

5.0mnpeneneHye KpUBOIMHEWHON TpaneIuH.

6. AITOPUTM HAaXOXAEHUS IJIOUIA U (PUTypBl, OTPaHUYEHHOH 3alaHHBIMU JIUHUSIMHU.
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Tema 13 .U3mepeHusi B reoMeTpHu.
Tema 13.1. O0beM u ero usmepenne. UurerpasbHas ¢popmyia odbema.

Tousmue oowvema u ezo ceéoticmsa. Unmeepanvnas ¢hopmyna odvema. Dopmynvi odvema
Ky0a, npAamoy201bH020 napaiieienuneod, NPusmvl, YUIuHoOpa.
Dopmynvl 06vema nupamudsl u Konyca. Popmynvl niowadu nNOGePXHOCMel YUIUHOPA U KOHYCA.
Dopmynvl obvema wapa u niouaou cgepol.

Ymemuw: BIUMCHATH 00BEM MHOTOTPAaHHUKOB U 00BEM I1apa; BEIYUCIATH TUIONIA1b TOBEPXHOCTEH
IWJIMH/PA U KOHYCa U CHEpHI.
3namy: moHsATHE 00BEMA U €TO CBOMCTBA, MHTETpalibHast popmyiia oobeMa, hopMyisl 00beMa Kyoa,
IPSIMOYTOJIBHOTO NapaJuIelenuIea, IPU3Mbl, IITHHIPA, GopMysl 00beMa MUpaMuIbl U KOHYyCa,
(dbopMyIIBI IIIONIAIM TOBEPXHOCTEH HMIIMHAPA U KOHYca, popMyIibl 00beMa 11apa U Iomaian chepsl.

Tena paBHoBenukue. IIpocTpaHcTBO, 3aHMMaeMoOe KaKMM-HHUOYAb TEJIOM, WJIH BMECTHMOCTb
9TOrO Teja Ha3. ero o0beMoM. Moryt ObITh Takue Teja, KOTOPbIe MMEIOT OJMHAKOBBIH 00BEM, HO
Pa3IUYHbIN BUJ, TaK 4TO XOTS OHM U 3aHUMAIOT OJIMHAKOBOE IPOCTPAHCTBO, HO HENb3S BIOKUTH OJHO
TEJIO B IPYroe TaK, YTOOBl OHU COBMECTHIINCH. Bo3bMeM Hamp. iBe IpsiMble TpeyroybHble Mpu3Msl AB
u EF (puc.l.), KOTOpPBIX OCHOBaHMSI U BBICOThI PaBHBI;

N

A E

Puc.1
Puc.2.
MBI MOEM MPUCTABUTh ATH MPU3MBI OJIHY K APYTroM Tak, 4To oOpazyercs omna npusma MN (puc.2.),
KOTOpOIl OCHOBAaHHE TO JXK€ CamoOe, a BBICOTAa BJBOE OOJIBIIE; MOXEM TaKXe COCTaBHTb M3 HHX
napawtenenunen KL; oobem mapamnenenunena. OyaeT, 0O4eBUIHO, paBeH 00beMy mpu3smMbl MN, Tak
Kak 00a 9TH Teja COCTOAT U3 OJHUX M TeX K€ MPU3M; HO NapaiesienuIe], KOHEYHO, HE MOXKET
COBMECTHUTHCS € MPU3MOM. Temna, UMeroIie paBHbIM 00bEM, Ha3. pPABHOBEIIMKUMU.
Eounuya ons usmepenust 06vemos.

N3meputh 00bEM Kakoro-HuOynp — Tela,  3HAYUT  HAMTH, CKOJBKO pa3 B HEM MOXKET
IIOMECTHTBCSA  JPyroe Telo, O00beM KOTOPOro NMPHHHUMAETCA 3a €AWHUIy. Takod emuHMIIEH
CIIyX)HUT Ky0, KOTOPOro Kaxaoe peOpo = JMHEHHON eIUHMIIE, HAIMp., CaXEHH, apUIMHY U T. MOJ.
Takum  oOpa3om, ompeneiauth 00bEM  WIM BMECTUMOCTh KOMHATHI 3HAYUT y3HATh, CKOJIBKO
MOMECTUTCS B HEl KyOMuYecKHX cax., KyO. apu. u T. moa. Jlng storo Hago Obl MOCTaBUTH B
KOMHATe OJIHYy KyO. Cak. WJIM OJMH KyO. apIil. psOM C 3TOH eIMHHIIeH IOCTaBUTh APYroi Takoi KyO,
OTOM TpeTud M T. JA., TIOKa BCS KOMHaTa He HamnoiHutcia. Ho takoe m3mepenue Oyzaer u
HEYZ00HO, 1 BeCbMa MPOJIOJKUTEIBHO; MBI TIOKaXeM ceiiuac, KakuM o0pa3oM MOXHO H3MepATh
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00BEMBI TEJI, HE TIOMeNIas B HUX Ky0. Mep.

Ceoticmeo 00vemos:

1. PaBHBIEC TeNla UMEIOT pPaBHBIC OOBEMBI.

2. Ecnu Teo cocTaBieHO U3 HECKOIBKHX TEJl, TO €ro 00beM paBeH CyMMe 00bEMOB ITHX TEl.

Obvem npsamoy201vHo20 napanieienuneod.

Urak, urob onpenenuts 00beM HMPSIMOYTOJIBHOTO Mapajuieenunesia, Hal0 U3MEPHUTh OAHON 1
TOM XK€ JTMHEHHON eIUHUIICH TpU pedpa ero, BHIXOMAIINE U3 00IIel BEpPIINHBI, U TOJyYCHHBIC YHCIIa
NEPEMHOXHTh; TPOU3BEACHUE TMMOKAXKET, CKOJIIBKO COACPKUTCS B Map-I€ COOTBETCTBYIOIIUX
KyOHueckux enuHull. B mpsMoyronsHOM napaiienenumneae Tpu pedpa, Uaynue U3 OJHONW BEPILUHBI,
Ha3bIBACTCA U3MCPCHUSAMU I3TOTI'O IMapaJlJICICIUIICAA,; ITIO3TOMY IMPECABIAYIICC ITPABUIIO 06 OMpCaACIICHUU
o0beMa KOpoue BBIPAXAIOT TaK: 00BEM MPSMOYTOJIBHOTO Mapalljiesienumeaa NPou3BeACHUIO TPEX €ro
U3MEPECHUM.

MoxHO cKa3zaTh TakXe, 4TO 00beM MPSAMOYTOJbHOIO Mapajulesienuneaa MPOU3BEACHUIO
rmjaonrazayn €ro OCHOBAaHUS Ha BBICOTY.

E

. 7

ble |
_:;r?ﬁ;‘,;;'_'__;;:f."E;/ D

A B

Cneocmsue 1. O0BEM MPSMOYTOIHHOTO TIAapaJIIEIeUIea PaBeH IPOU3BEICHUIO TUIONIAIM OCHOBAHUS
Ha BBICOTY.

V=Sh,
rze S — miomaab OCHOBaHUs, /1 — BbICOTA MapauleIenuIeaa.
Cnedcmeue 2.00beM TpsIMOI MPU3MbI, OCHOBAaHHEM KOTOpPOHl SABISAETCA MPSMOYTOJbHBIN
TPEYTOJbHUK, PAaBEH MPON3BEACHUIO IUIOIIAAN OCHOBAHHUS HA BBICOTY.
V=_8ch

Obvem nupamuowi.

Beskas nupamuga  cocraBisieT 1/3 mpu3Mbl TOTO K€ OCHOBAaHUS U TOM ke BbICOTHI. YTOOBI TPOBEPUTH
9TO, BO3bMEM SIIMK A, uMmerommii  Bua  npusmsl (puc.3.), u nupamuay B, BHyTpu mycTyto;
OCHOBaHUE €€ TaKoe *ke, KaK y MPU3MbI, U BBICOTA TaKas JKe€; HACHIIIEM B Hee MECKy WJIH HallbeM
BOJIBI (IUISI 9TOTO, pa3syMeeTcs, ee HaJlo OOCpHYTh BEPIIMHONH BHHU3) TakK, YTOOBI HANOJHHUTH €€
IIOTOM BBUIBEM 3Ty BOJY B IPHU3MY; 3aT€M  OINATh HANOJHUM NHUPAMHIy M ONATh  BBUIBEM; MBI
YBHUJIUM, YTO HAJO TPU pa3a MepeliuTh BOJY W3 MNUPAMUIBl B MPHU3MY - H TOTJA TOJBKO MPHU3Ma
HanonHuTcs. [loatoMy 0b6vem nupamuovi=1/3 npoussedenus niowjaou e€ 0CHOBANUS HA GbLICOM).

V:1S~h
3

Obvem yceuennou nupamuosl, BRICOTa KOTOPOU paBHA /i, a TUIOIIAI OCHOBAaHUHN paBHBI S WU
S|, BeIUMCHsAeTCA 1O (hopMyJie

V=%h(S+Sl+1/S-S,)
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Puc.3.
Obvem yununopa.

[uauHIp MOXKHO CYMTATh 3a MPU3MY, Y KOTOPOH B OCHOBAaHMHM HE MHOTOYTOJIbHHK, a KpPYT;
CJIeIOBaTeNIbHO, O0BEM IMIUHAPA ONpPEAeTSeTCS TOYHO TaK K€, KaK U 00hEeM MPHU3MBI; T.€. 00beM =
MIPOM3BEICHUIO TIOIIAM OCHOBAHHUS Ha BBICOTY.

V=S -h

Obvem Konyca.
KoHyc MOXHO cyWTaTh 3a MPABUIBHYIO MHPAMHUIY, Y KOTOPOH B OCHOBAaHHWHU KpYT, a HE
MHOTOYTOJILHHUK; TIOATOMY 00BEM KOHYCa OMPEIENIIeTCs TaK ke, Kak 1 00beM MUPAMHUJIBI; T.C. 00beM =
OJTHO# TPETH MPOM3BEICHHUS TUIOIIAM OCHOBAHKS HA BBICOTY.

VzlS-h
3

Obvem yceuenHo2o KoHyca, BbICOTa KOTOPOH paBHA /i, a IJIOLAAN OCHOBAaHUM paBHBI S U S,

V=%h(S+S1+1/S-S1).

BBIYHCIISIETCS IO (popmyiie

Obvem wapa.

[ToBepxHOCTH IIapa MOXHO CUUTATh COCTOSIICH W3 YpPe3BBIYANHO OONBIIOTO KOIWYECTBA
BEChMa MaJbIX IUIOCKUX (UTYp, HAmp. TPEYTOJBHUKOB; €CIM MBICICHHO COSJIWHUM BEPIIUHBI ITHX
TPEYrOJbHUKOB C MEHTPOM Iapa, TO MOJIYYHUM MHOKECTBO NHpPaMHUJ, KOTOpbIE BCE BMECTE H
COCTABJIIOT OOBEM IIapa; BCE STH MUPaM. UMEIOT OJHY BBICOTY, HIMEHHO PaJHycC IIapa, a OCHOBAHUS
UX COCTaBISIOT MOBEPXHOCTHh Imapa. Ho 4ToOBl HaiTH 00BEM NUpPaMUIBI, OJDKHO IUIOMIAAL €€
OCHOBAaHMS YMHOXXHTH Ha 1/3 BBICOTHI; CI€IOBATENBHO, MBI HaliZleM CyMMY OOBEMOB BCEX MHUPAMUJI,
WK 00beM Iapa, ecI YMHOKUM CYMMY BCEX OCHOBAHMI WUJTM TTOBEPXHOCTH IIapa, Ha TPETh paanyca.
Hrak, 00BbeM 11apa = MoBEpXHOCTH 11apa, YMHOKEHHOM Ha TPETh paanyca.

=2

3

Koumponvnvie éonpocwi
1. [TonsiTue o6beMa U €ro CBONCTBA.
2. UnterpanbHas ¢popmyna o0bema.
3. ®opmynsl 06beMa Kyba, IpSIMOYTOJIbHOTO Mapalieienuneia, IpU3Mbl, HUINHApPA.
4. ®opMyIbl 00beMa MUPAMUIBI U KOHYCA.
5. ®opMyIbl IUIOIAAU TOBEPXHOCTEN HIMJIMHAPA U KOHYCA.
6. ®opmyiel 00BEMa II1apa U TUIOIAAN CHEPHI.
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ITonoOue Tesa (10MOJIHUTEIbHBIA MaTepPHAaJI)

Jlea mena no0o6OHbL, €CITA OJHO U3 HUX MOXKET OBITh OMYyYEHO U3 JPYTOro MyTEM yBEITHMYCHUS
(UM yMEHbILIEHUS ) BCEX €ro JIMHEHHBIX Pa3MEPOB B OHOM U TOM K€ OTHOLIEHUH. ABTOMOOUIIb U €ro
MoJeNlb — Mojo0HbIe Tena. J[Ba Tenma (purypsl) 3epKajgbHO MOJOOHBI, €CIM OAHO M3 HHUX MOIO00HO
3epKaJbHOMY OTpa)keHHIO Apyroro. Hanpumep, kaptuHa u e€ pOoTOHETaTUB 3epKaIbHO MOIOOHBI APYT
ApyTy.

B momoOHBIX M 3epKambHO MOJO0OHBIX (UTYpax BCE COOTBETCTBEHHBIC YIJIBI (JIMHEWHBIE U
JIByTpaHHbIE) PABHBI.

B nogo6HBIX Tenax MHOTOTpaHHBIE U TEJIECHBIE YIJIBI PaBHBI; B 3€pKAJIBbHO MOAOOHBIX Telax
OHHM 3€pKAJIbLHO PaBHBI.

Eciu  0sa mempasopa (0se mpeyeonvHble  nupamuovl) HUMEIOT  COOTBETCTBEHHO
MPOMOPIIMOHANIEHBIC pEOpa (MM COOTBETCTBEHHO MOJAO0HBIE TPAHU), TO OHU MOJOOHBI W 3€PKATHHO
nonoOHel. Hampumep, ecnu rpaHu nepBoil mupaMuibl BABOE OOJbIIE, Y€M y BTOPOM, TO BBICOTHI,
anodembl, paiiyc OMUCAHHOTO Kpyra MEpBOW MUPaMUIBI TaKXe BIBOE OOJbIIE, YeM Y BTOpPOW. JTa
TeopeMa He MMeeT MecTa JJii MHOTOTPAaHHHUKOB ¢ OOJBIIUM YHCIOM IpaHei. [Ipeamnonaoxkum, yTo Mbl
coenuHWIH Bce péOpa Kyba B €ro BepIIMHAX MOCPEACTBOM IIAPHUPOB; TOT/A MBI MOXEM HW3MEHHUTH
dbopMy 3T0i1 PUrypsl, HE pacTAruBas €€ CTep>KHU, U MOIYYUTh U3 HAYaIbHOTO Ky0a mapasiesenumnes.

Jlee npasunvhvie npusmvl uiu nupamudsbl ¢ OJAUHAKOBBIM YHCIIOM TpaHeW MOJOOHBI, €CIu
paanychl UX OCHOBaHHI NPOMOPLMOHANBHBI MX BbICOTaM. JIBa KpYyTJbIX HWJIMHApPA WIH KOHYyca
M0TI0OHBI, €CTTU PAINYChl X OCHOBAHHH MPOMOPIIMOHATBHBI KX BBICOTAM.

Ecnu 0os6a u 6onee men nooobmsi, TO TIIOMATN BCEX COOTBETCTBYIOMIUX IUIOCKMX M KPHUBBIX
MOBEPXHOCTEH 3TUX TEJ MPOTOPIIHOHATBHBI KBaJIpaTaM JTIOOBIX COOTBETCTBYIOIIUX OTPE3KOB.

Ecmu o0ea u 6onee men noodobmvi, TO HX OOBEMBI, a TaKkKe OOBEMEI JIOOBIX HX
COOTBETCTBYIOIIUX YaCTEH, MPOIMOPIHOHAIBHBI KyOaM JTFOOBIX COOTBETCTBYIOIIMX OTPE3KOB.
I[Ipumep. Yamka qguamerpom 8 cMm u BeicoToM 10 cM Bmemaer 0.5 nutpa Boasl. Kakux pazmepon
JOJIKHA OBITH MTOI00HAS Yallika, BMeIaroias 4 JJurpa BoIbI?

Pemenue.llockonbKy 4Yamku — MOAOOHBIE NWIMHAPHI, TO OTHOIIEHHE HX OOBEMOB pPaBHO
OTHOIICHHUIO KyOOB COOTBETCTBYIOIIMX OTPE3KOB ( B HAIIEM CIy4yae — BBICOT M JIUAMETPOB YAIIEK ).
CrnenoBarenbHO, BBICOTa /i HOBOM YalIKU HAXOJIUTCS U3 OTHOIICHUS:

(h/10)°= 4/05. Toecte h°=8-10°, orxyaa k=20 cu:

dAHANOTHHNHO, OId OHaMeTpa d TTOTYHIIM

(d/8)°=4/05. Toects d° =8-8°, omyna d=16 cm .
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Tema 14. JjieMeHTHI TEOPHU BEPOATHOCTEH M MATEMATHYECKOM CTATHCTUKH
(mpoaoskeHune)

Tema 14.1. luckpeTHble caydaiiHble BeJTNYMHbI

Tlousmue ouckpemuou CayuaiHol genudunsl. 3aKoH pacnpeodenenusi OUCKPeMmHOU CIY4atiHOU
genuyunvl. Beposmnocms Ouckpemmuou cay4yaiHou eenudunsl. Xapakmepucmuku OUcKpemHou
CAVUAUHOU BETIUYUHDL

Ymems:HaxoIUTh BEPOATHOCTH JUCKPETHOM CllydaliHOM Benn4yuHbI 0 hopmyne bepHynu, HaXoauTh
€€ XapaKTEPUCTUKH.
3namu:onpeeneHue TUCKPETHON CilydalfHON BEJIMYMHBI,3aKOH €€ PACIIPEICIICHUS U XapaKTEPUCTHKY

3axon pacnpedenenus ciyyanHol 8eIUYUHbL

Cnyuatinou éenuyunoii (c.B) X Ha3pIBaeTCA BEIUUYMHA, KOTOPAsi B pe3yibTaTe ONbITA MOXKET
IPUHUMATH TO WIM UHOE 3HAUYEHUE, IPUYEM 3apaHee U3BECTHO KaKOE UMEHHO.
Ciy4alinple BETMYMHBI MOXKHO PAa3ACiIUTh HA 1BE KATETOPUH: TUCKPETHBIC U HETIPEPBIBHBIE.

JIuckpeTHO ciydallHOM BETUYHHOM ([1.C.B.) HA3bIBAETCS TaKas BEJIMYUHA, KOTOpas B
pe3ysbTare OIbITa MOXKET IPUHUMATh OIPEEIICHHbBIE 3HAUEHUS C OIIPEIEICHHON BEPOSTHOCTHIO,
o0pa3yromiye CYeTHOE MHOXKECTBO (MHOKECTBO, 3JIEMEHTHI KOTOPOT'O MOTYT OBITh 3aHYMEPOBAHBI).

Psoom pacnpeodenenus n.c.B. X Ha3pIBaeTCs TaOIUIIa COOTBETCTBUS 3HAUCHUM CITy9alftHON

BCJINYHHBI U UX BepOHTHOCTeﬁ.

3necy p, = P(X =x,); Zn:pl =1.
i1

bunomunanvueiii 3axon pacnpedenenuss CrnydaiiHas BenuuuHa X HMEET OuHOMUATbHOE
pacnpeoeneHue, €CIA OHA 03HAYAET KOJIMYECTBO MOSIBIICHUN COOBITHS A B 7 HE3aBUCHMBIX OIBITAX.
BeposSTHOCTB Kax10r0 3HAYCHHS 3TOW CIydalHOW BEJTMYMHBI MOXKHO HAUTH 110 popmyiie bepHysuim.

P(X=k)=P(k)y=C‘p*q"*, k=01.2,..
Yucnoevle xapakmepucmuxku OUCKPEMHbIX CYUAUHBIX GEITUYUH
Mamemamuyeckoe odxcuoanue 0.c.s.

[Ipn pemieHnr MHOTMX 3amad  ObIBa€T JOCTATOYHBIM 3HAHWE HECKOJBKHX YHCIOBBIX
XapaKTEePUCTUK CIIy4YalHOW BeIWYUHBL. OJHON M3 TaKMX Ba)XHEWIIHMX YHCIOBBIX XapaKTEPUCTHK
ABIIICTCS Mamemamuieckoe 0dcuoaHue, KOTOpoe TMPUOTMKEHHO paBHO CpeJHEMY 3HAYEHUIO

CIIy4allHOM BEIWYHMHBI, BOKPYI KOTOPOTO IPYIIIUPYIOTCS BCE €€ OCTANIbHBIC 3HaUeHus. Tak, Hanpumep,
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IpU M3YyYEHUH pacCIpeie]ieHUs] HEKOTOPOro SKOHOMHYECKOro IMoKazarenst paboTel manHoro CMY
IPEKIE BCETO UHTEPECYIOTCS €r0 CPETHUM 3HAUECHUEM.
Mamemamuueckum  oxcudanHuem  TUCKPETHOW  CIydyalHOW  BEJIWYWMHBI  HA3bIBAGTCA CyMMa

HpOI/ISBeI[eHI/Iﬁ BCEX BO3MOJKHEBIX 3HAYCHUN CﬂyqaﬁHOﬁ BCJIMYHUHBI HA UX BepOHTHOCTI/I:
n
M(X) :xlpl +'x2p2 +"'+xnpn = inpi'
i=l1

Hucnepcus u cpednee keadpamuueckoe OMKIOHEHUE
Ha mpaktuke wacto TpeOyeTcsl OLIEHUTh pacCesSHHE BO3MOXHBIX 3HAYCHHM CIydaiHOM
BEJIMYUHBI BOKPYT €€ cpelHero 3HaueHus. HanpumMep, B apTuiuiepun BaXXHO 3HaTh, HACKOJIBKO KYYHO
JATYT CHAapsAbl BOIM3H LI€TU, KOTOpas JOJKHA OBITh Opa)KeHa.
Jlucnepcueii (pacceusanuem) NTUCKPETHOW CIy9allHOW BEJIWYWHBI HA3bIBAETCS MAaTEMaTHYECKOE

OXKHJaHHE KBaJpaTa OTKIOHCHUS CIy4YailHON BEHMUMHBI OT €€ MaTEMaTHUECKOTO OXKUIaHMS.
2
D(X)=M[X -M(X)].
JI1st BRIUMCTIEHUS TUCTIEPCUH YacTO OBIBAET Y00HO MOJIb30BAThCS CIEAYIONIECH TEOPEMOIA:

Teopema. [lucnepcusi paBHa Pa3HOCTH MEXIY MaTeMaTHYECKUM OKHMIAHUEM KBajJpaTa CIIydyalHOU

BCJIIMYHNHBI X nu KBa,Z[paTOM €€ MaTEMAaTUYCCKOI'O OXKUAAaHUA:
2 2
D(X)=MX*)-[MX)].
Cpeonum KkeadpamuyecKkum OMKIOHeHUeM CIydYaliHOW BEWYUHBI X HA3bIBACTCS KBAJPATHBIN

KOPCHb U3 TUCTICPCHUH:
(X)) =D(X).

Tema 14.2. OcHOBHBIC MOHATHS MATEMATHYECKOH CTATUCTUKHU

Onpeoenenue mamemamuyeckou cmamucmuxu. [lonamue 2enepanvbholi COBOKYRHOCHU.
Bapuayuonnvwuii pso. @yuxkyuu pacnpedenenus. [Ipeocmasnenue danHvlx (madbauysl, ouazspammol,
epaguxu, NOIUSOH, 2UCMOPaAMMA)

Ymemos: pencTaBiATh TaHHBIE CTATUCTUYECKOTO PACTIPEICTICHHS

3nams. OCHOBHBIE MOHSATHUS MATEMATUYECKON CTaTUCTUKU

Mamemamuyeckas cmamucmuka — pa3liel MaTeMaTHKH, B KOTOPOM HM3YYarOTCs METOIbl cOopa,
cUcTeMaTH3alud W OO0padOTKM pe3yJIbTaTOB HAONIOJCHUA MAaCCOBBIX CIYYalHBIX SIBICHHHA IS
BBISIBJICHUS CYLIECTBYIOIIUX 3aKOHOMEPHOCTEM.

1lpeomemom mamemamuueckoi cmamucmuky SBISETCS W3YYCHUE CIyYalHBIX BENWYHH (WM
CITy4alHBIX COOBITHM, TTPOIIECCOB) MO pe3yJIbTaTaM HAOIOICHUN.

I'enepanvHoil co80KyNHOCMbIO HA3BIBACTCS — COBOKYITHOCTh BCEX IMOMJICIKAIINX M3YYCHHUIO OOBEKTOB
UM BO3MOXHBIX PC3YJIbTATOB BCCX MBICJIUMBIX HaGHIOI[eHI/II\/JI, NPOU3BOAUMBIX B HCU3MCHHBIX
YCIIOBHSAX HaJ OJHUM OOBEKTOM. 3a4acTy0 MPOBOAMTH CILUIOIIHOE OOCIEeIOBaHME, KOTAAa M3Y4aroTCs
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BCE OOBEKTHI, TPYAHO WM AOPOTO, @ MHOT/IA M HEBO3MOXKHO. B 3THX cilydasx HauiIy4IIdM CIIOCOO0M
o0cIieIoBaHus SIBISIETCS BHIOOPOYHOE HAOJIOACHUE: BEIOMPAIOT U3 TEHEPATbHONH COBOKYIMHOCTH YaCTh
ee 00BEKTOB («BBIOOPKY») U MOABEPTAIOT €€ U3yUCHHUIO.

Buvibopounoii  cogokynnocmsto  (6bl00pKol) HA3BIBAIOT COBOKYIHOCTh OOBEKTOB, OTOOpPaHHBIX
cCillydailHBIM 00pa3oM M3 TIeHEepaJbHOM COBOKYMHOCTH. bomee crporo: BbeIOOpKa — 3TO
IIOCJIEIOBATEIBHOCTD X1, X2, ... Xn HE3aBUCUMBIX OJIMHAKOBO PACIIPEACICHHBIX CIyYalHbIX BEJIWYUH,
pacnpenesieHue KaKI0d M3 KOTOPBIX COBMAAAET C paCMIpEelIeICHUEM TEeHEpaJIbHON CiIydyalHOU
BEJIMYMHBI.

Yucno oObexToB (HAOMIOACHHUN) B COBOKYHMHOCTH, F€HEpPAJIbHOW WJIM BBIOOPOYHOM, Ha3bIBACTCS ee
06vemom; 0003HaYaETCsl COOTBETCTBEHHO uepe3 N u n. KoHKpeTHbIe 3HaueHUs] BBIOOPKH, ITOJTydYeHHBIE
B pesynbTaTe HaOMOICHWA (WCIIBITAHWHN), HA3BIBAIOT peanuzayuell 6vl00pKu W 0003HAYAIOT
CTPOYHBIMU OYKBAMH X1, X2 ...Xn.

MeToa CTaTUCTHYECKOTO HCCIEI0BaHMS, COCTOSAIIMKA B TOM, YTO Ha OCHOBE M3YyYEHHUS BBIOOPOUHOM
COBOKYITHOCTH JIEJIA€TCs 3aK/II0UYEHHUE O BCEHl FeHepaibHONH COBOKYITHOCTH, HA3bIBAETCS 8b100POUHBIM.
PaznmuuaroT BEIOOpKH ¢ BO3BpaiieHueM (ITOBTOPHBIE) U O3 Bo3BpalieHus (6ecnoBTopHbIE). B mepBom
clly4ae OTOOpaHHBI OOBEKT BO3BpAIlla€TCsi B TeHEPAIbHYIO COBOKYMHOCTh Tepel] H3BICUYCHHUEM
CJIEZYIOLIEeT0; BO BTOPOM — HE Bo3Bpamiaerca. Ha mpakTuke wyaiie HCHONb3yeTcsi OecroBTOpHas

BBIOOpKA.

Cmamucmuuyeckoe pacnpedeneHue blOOPKU

[lyctp wu3ywaercss HekoTopas ciydaiiHas BenauuunHa X. C 3TOH Ienbl0 HajJ ciydailHOM
BEITMYMHON X TIPOU3ZBOAMTCS DS HE3aBUCUMBIX OIBITOB (HaOMIOAeHM). B KakIoM M3 ATHX OIBITOB
BeMYMHA X NPUHUMAET TO WM MHOE 3HaueHue. [lycTh oHa mpuHsna ni pa3 3HAYEHUE X1, K2 Pa3 —
3HAUCHUE X2, ...,k Pa3 — 3HaueHUe xx. [Ipu atom n1 + n2 +...+ nk = n— 00bEM BBIOOPKHU.

3HAUYEHUS X1, X2 ...Xx HA3bIBAOTCS apuanmamiu ClrydaiiHoN BEIUUUHBL X.

Bes COBOKYMHOCTh 3HAa4eHWH CITydailHOH BENMMYMHBI X TPENCTaBIsET OO0 TMepBHYHBIN
CTATUCTUYCCKUA MaTepual, KOTOPHIH TOMJICKUT JaJbHEHIer o0paboTke, Mpexae BCEro —
YHOPSAI0UEHHUIO.

Onepanus pacroyiOKEHUs 3HAYCHUW CIydyailHOW BENWYWHBI (NpHU3HAKa) MO HEYOBIBAHUIO
Ha3bIBACTCS PAHIICUPOBAHUEM CTATUCTUIECKUX JTAHHBIX.

[TonydyeHHas TakuM 00pa3oM IMOCJIEOBATEIBLHOCTD X1, X2 ...Xn 3HAUEHUHN CIIy4ailHON BEIHMYMHBI

X (rme x, < n, <...< X, ) Ha3bIBACTCS BAPUAYUOHHBIM PSOOM.

Uucna ni, MOKa3bIBAIOIINE, CKOJBKO pa3 BCTPEYAIOTCS BAapUAHTBI Xi B psAlie HaOJIOJIECHUH,
Ha3bIBAIOTCS YaACmMomamu, a OTHOIIEHUE UX K OOBEMY BBIOODKH — OMHOCUMENbHLIMU YACHOMAMU

.
(w)), T.e. w;, = ;‘, e n = Li_ n..
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Cmamucmuyeckum pacnpeoeieHuem 6blOOPKU WU CMAMUCMUYECKUM pPsiO0OM HA3BIBAIOT
NepevyeHb BapUAHT X; BAPUAIIMOHHOTO PSJa U COOTBETCTBYIOIIUX MM YacTOT #; WJIW OTHOCHUTEIIBHBIX
YacTOT W;.

3anuchIBaeTCs CTaTUCTUYECKOE paclpezeneHue B Buae Tabmuibl. [lepBas cTpoka comepkKuT

BApHAHTHI, 4 BTOpAas — UX YaCTOTHI 1 (I/IJII/I OTHOCHUTCIJIBHBIC I-IB.CTOTBI).

Omnupuueckasn hynkyus pacnpeoeieHus

OnHuM U3 cnoco0oB 00pabOTKM BapHALIMOHHOTO Psilia ABISETCA MOCTPOCHUE SMIHPUYECKOM
(GyHKIMU pacnpeaeIeHHs.

Omnupuueckoti (CTATUCTUYECKOH) ¢hymryueii pacnpedenenus HaszpiBaerca (yHkmus F™(x),
ompenensiomas g KKAOr0  3HA4eHWs X  OTHOCHTEIbHYIO  4acTOTy  COOBITHSA
(X < x}kF (x) =p"{X < x}.

Jlisl HaXOXKACHUS 3HAUYEHUH SMIMpUIecKoil GpyHKIMK y100HO Mmob30BaThes GopMysIon
B =2,
rzae n — o0beM BBIOOPKH, /x — YUCIIO HAOII0IeHUH, MeHbIINX X (X € R).

OMnupuueckast QyHKIMs 00JagaeT CiaeayoIMMI CBONCTBAMU:

1. 3nauenus sMnupuveckor GyHKIIUU TPUHAIIECKHUT 0Tpe3Ky [0,1].

2. F*(x) — neyObiBaromast QyHKIHs.

3. Ecou x; — HauMeHblIas BapuaHTa, a X, - Haubonpmas, To F(x,)=0 mpu

x=x, u F*(x,)= lnpux > x,.

Ilonucon u cucmoepamma

CraTucTHYeCKOE paclpelieieHue n300pakaeTcsi rpaduvecku (Ui HArSIIHOCTH) B BUJIE TaK
HA3BIBAEMBIX NOJIUCOHA Y 2UCTNOSDAMMDL.

Jluckpemnoe pacnpeodenenue npusnaxa X

[ToyMroH, Kak MpaBWIIO, CIYKHT IS U300paKEHUS TUCKPETHOTO (T.€. BAPHAHTHI OTIUYAIOTCS
Ha TIOCTOSIHHYIO BEJIMYHMHY) CTaTUCTHYECKOTO psaa. [lonueonom uacmom Ha3bIBAIOT JIOMaHYIO,
OTPE3KH KOTOPOH COSAUHSIIOT TOYKH C KOOPAUHATAMH (X1,11), (X2,12), ..., (Xk,1k);

Ionueonom omuocumenvbHbiX yacmom Ha3BIBAIOT JIOMAHYIO, OTPE3KH KOTOPOW COCTUHSIOT
TOYKH C KOOpAUHATaMU (X1,w1), (x2,w2), ..., (Wk,pk), TOE Xi - BApUAHThI BEIOOPKHU;

BapuaHThbI X; OTKIIIBIBAIOTCS HA OCH a0CIIUCC, @ YaCTOThI H, COOTBETCTBEHHO, OTHOCUTEIILHBIE
YacTOThl — Ha OCH OpAMHAT. [10JIMTOH OTHOCHUTENBHBIX YaCTOT SIBJISIETCS CTATUCTHYECKUM aHAJIOTOM
MHOTI'OYT'OJIbHHUKA PacCIpeaeIeHHUs .

Henpepuisnoe pacnpedenenue npuznaxa X
JIJIs HenpephIBHO PACIPENICIICHHOTO TpH3HaKa (T.€. BapHAHTBl MOTYT OTJIMYATHCS OIUH OT

APYyroro Ha CKOJIb yroaHo MaJIyro BCJ'II/I‘{I/IHY) MOKHO IHOCTPOUTH IMOJIUTOH YaCTOT, B34AB CCPCANHBI
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UHTEPBAJIOB B KauecTBE 3HAUYEHMH X1, X2,.....Xk.  boiee ymorpeOUTeNbHA TakK Ha3bIBacMas
TUCTOIpaMMa.

T'ucmozpammori yacmom Ha3bIBAIOT CTYIIEHYATYIO (DUTYPY, COCTOALIYIO U3 MPIMOYTOJILHUKOB,

=

&
R

OCHOBAaHHUAMHM KOTOPLBIX CIIYKAT YaCTUYHBIC HWHTCPBAJIbI JJIMHBL h, a BBICOTLI paBHbBI OTHOIICHHIO

IIIIOTHOCTB 4YaCTOTHI.

. ng
[Inomans 4YaCTMYHOIrO i-ro MPSIMOYTOJbHHMKA paBHA hf =mn; — CyMME 4YacTOT BapHaHT,

IIONABIIUH B i-i UHTEPBAJ.
O4eBHIHO, IIIOMIA(h TUCTOTPAMMBI YaCTOT paBHA CYMME BCEX 4acTOT, T.e. 00BEMY BBIOOPKH.
l'ucmoepamma omunocumenvuvlx yacmom HA3bIBAIOT CTYNEHYATYIO (DUTYpPY, COCTOSIIYIO U3
IPSMOYTOJIbHUKOB, OCHOBAaHUSIMH KOTOPBIX CITy’KaT YaCTUUHbIE HHTEPBAJIbI JUIUHBI /1, @ BBICOTHI PaBHbI

OTHOILIEHUIO % — IUIOTHOCTH OTHOCUTEJIBHBIX 4aCTOT.
. Wi
[Inomans 4aCTUYHOrO i-ro MPSMOYIOJbHUKA paBHA h?‘ =m; — CyMME 4YacCTOT BapHaHr,

IIOIABIIUH B i-i UHTEPBAJL.
OdeBuaHO, IUIOLIAAb THUCTOTPAMMBI OTHOCHUTEIBHBIX 4YacTOT paBHAa CyMME€ BCeEX
OTHOCHUTEIIBHBIX YaCTOT, T.€. CANHULIE.

3amaaueNel.  IlocTpoWTh  TMONHMIOH  YacTOT MO  JAHHOMY  PacHpelesieHHI0  BBIOOPKH:

Pemenue.
x| 1 4 5 7 OtMeTM Ha ocu abcuucc BapuaHThl X;, a Ha OCH OpAWHAT —
n, 1201014 |6 COOTBETCTBYIOIIME MM YaCTOTHI ™;, COCIWHUB TOYKU (X, 7;) OTpEe3KaMH

MMPAMBIX, ITOJTYUYUM WCKOMBIN ITOJIMTOH YacTOT.

L d

107



3ananue Ne2. ITocTpoUTh FHCTOrpaMMy YacTOT IO JAHHOMY PacIpeesIeHHIO BHIOOPKH 00beMa

n=100:
Homep YacTH9HEIH HHTEPEAT Cwnva 9acTOT BapHAHT IIm0THOCTE 9ACTOTEL
HHTEpEATA HHTEpEATA

i X T X LT -
h

1 1-3 10 2.5

2 5-9 20 3

3 9-13 50 12,5

4 13-17 12 3

3 17-21 8 2

Pewenue. Tloctpoum Ha ocu aOcice 3aaHHbIe UHTEpBaibl IUHBI A=4. [IpoBenem Haa 3TUMU

HWHTCPpBAJIaMU OTPC3KH, MapaJJICIIbHBIC OCHU a6cuncc N HaXoOdgmuruecsd OT HEC Ha PACCTOSHUAX, PABHBIX

COOTBETCTBYIOIINM IUIOTHOCTAM 4yacToT. Hanpumep, Hax untepsasiom (1,5) moctpoum

= | 2

|
Lh

k-2

OTpe30k, mapauieabHbIN OcHu a0CIUCC, HAa PACCTOSTHUN

7n, 10

L
—=—=25
R 4

['ncTorpamma yacToT n300pa’keHa Ha puc.

KOHmpOJZbele 60NnpocCyHl

1. IlpencraBneHue JaHHBIX, TeHEpaAIbHAs COBOKYITHOCTh, BIOOPKA, cpeHee apupMeTHIECKOoe,

MeauaHa.

17

L 2
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YpaBHeHMs U HepaBeHCTBA ( IOMOJHUTEILHBIN MaTepran)

PaBHOCH/IbHBIE YPABHEHHS M HEPaBeHCTBA.
Pagnocunvnvie ypaguenus.

YpaBHenud, uMeroniye 0JHO U TOXe MHOXKeCTBO KOPHeH, Ha3bIBAOTCA PABHOCUJIBHBIMH.
Hanpumep, ypaBHenus 4x-3=2x+3 u 2x=6 paBHOCWIbHBI, TaK KaK KaXX10€ U3 HHUX HMEET

TOJBKO OMH KOpeHb x=3. YpaBHeHus (x-2)(x+5)=0 u x* +3x —10 = 0 Tak)ke pPaBHOCUIBHBI, TAK KaK
OHM MMEIOT OJIHH M T€ %Ke KOPHU X, = 2,x, = —5. YpaBHenus 2x=4 u 3x’ =12 He paBHOCHIIBHBI, TaK
KaK IIepBO€ MMEET KOPEHb X=2, a BTOPOE — KOPHU X, = 2,x, = —2. W3 onpeneneHus paBHOCHIbHOCTU

YPaBHEHHH CJIEYET, YTO [1Ba YPAaBHEHUS PAaBHOCWIBHBI, €CIM KaK[Iblii KOPEHb NEPBOr0 YpaBHEHHUS
ABJIIETCS. KOPHEM BTOPOTO YPaBHEHMs U, HA00OPOT, KaXKJblii KOPEHb BTOPOIO YpaBHEHUS SIBISETCS
KOPHEM IIEPBOTO YPABHEHHUSA. YpagHeHus, He umeloujue KOPHel, MakKdice Cuumarom pasHOCUIbHbIMU.

N3 xypca 7 kiacca BbI 3HAaeTe, YTO MOXKHO CHIENIaTh CIEAYIOIUe MpeoOpa3oBaHus ypaBHEHUI:

JI1060ii unen ypagueHuss MOXCHO NEPEHOCUMb U3 OOHOU Yacmu 6 Opy2yio, USMEHUE e20 3HAK HA
NPOMUBONONIOINCHDLI.

Obe yacmu ypasHeHUus MONCHO YMHONCUMb UNU PA3OENUMb HA 0OHO U MO JHCe YUCTIO, He PABHOe
HYTIIO.

[Ipu »>THX npeoOpa3oBaHUSAX MCXOAHOE YpaBHEHHE 3aMEHSETCd Ha PABHOCHIBHOE €My
ypaBHEHHE. 3aMETHM, YTO €CJIM HEKOTOpPOE BhIPAKECHHUE B JIEBOM YaCTH WJIM IIPABOM YAaCTH YPaBHEHUS
3aMEHHUTH TOXIECTBEHHO PAaBHBIM €My BBIPAXCHHEM, TO IMOJYYHUTCS YPABHEHHME, PaBHOCHIIBHOE
ucxonHomy. OgHAKO HE MpH JTFOOOM MPeoOpa30BaHNN YPaBHEHUE 3aMEHSETCS] Ha PAaBHOCHIIBHOE.

Hanpumep, npu Bo3BeACHHWM B KBagpaT 0OEWX YacTell ypaBHEHHS +/X = X —2 TIOJydaeTcs
ypaBHeHHEe X =(x—2)>, He PABHOCHIBHOE HCXOMHOMY: TIEPBOE YpPAaBHEHHE HMEET TOJNBKO OJHH
KOopeHb x=4, a BTOpoe — JBa KOpHA X, =4,x, =1. B 3TOM ciyyae BTOpO€ ypaBHEHHE HAa3bIBAIOT

CJIEJICTBUEM IIEPBOTO YPAaBHEHUS.

Ecnu npu nepexode om 00HO20 YypasHeHus K Opy20My nomepu KOpHell He HpOUcXooum, mo
6mMopoe ypasHeHue HA3blearom cleocmeuem nepeo2o ypasHuenus. HMuaue, ecnu ece KOpHu nepgoco
YPasHeHUs ABIAI0OMC KOPHAMU 6MOPO20 YPAGHEHUS, MO 6MOPOe YPAGHEHUEe HA3bIBAEMC sl Cle0Cmeuem
nepeo2o ypasHeHus.

W3 31010 onpenesneHus U ONpeneeHus paBHOCUIBHOCTH YPaBHEHUN CIEAYET, YTO:

1. ecnu nBa ypaBHEHHs PaBHOCHIIBHBI, TO KAKIOE U3 HUX ABIIACTCS CIEICTBUEM APYTOro;
2. ecIu KaxJ0€ U3 ABYX YPaBHEHMH SIBISETCS CIEACTBUEM JAPYroro, TO 3TH ypaBHEHUs
PaBHOCHJIBHBI.
[Ipu pemeHun ypaBHEHHUH TIIaBHOE — HE NOTEPATh KOPHHU, 4 HAJIMYUE IIOCTOPOHHUX KOPHEH MOKHO
YCTaHOBUTH NMpOBepKOH. [loaToMy BakHO ClieUTH 3a TeM, 4TOObI IPU MpPeoOpa3oBaHUM ypaBHEHUS
KaXJ10€ CIeaylolee ypaBHEeHHE ObLIO CIIEACTBUEM MPEIbIIYIIETO.
2x  x+1 4

x=2 x-1 (x-D(x-2)
YMHOXHMB 00€ yacTH ypaBHEHHUS Ha OOLIMI 3HaMeHaTedb BCeX Tpex ApolOei, T.e. Ha (x —1)(x—2),

Ilpumep: Pemnts ypaBHEHUE

nonmydaem 2x(x —1) - (x +1)(x —2) =4 ,otkyna x* —x-2=0,x, =2,x, =—1.

ITpoBepka.

1) Ilpu x=2 3HameHaTenu IBYX ApoOeil ypaBHEHHs paBHBI HYIO. [loaTOMy X=2 He SBIISETCS KOPHEM
JTAHHOTO YpaBHEHMS.

2 2
2) IIpu x=-1 neBas 4acTh ypaBHECHHUS paBHA 3 MpaBasi 4aCTh paBHA 3

Ortser: x=-1.
3aMeTuM, 4TO ISl MPOBEPKH KOPHS x=-1 JTOCTaTOYHO YBHJETh, YTO 3HAMEHATENH Jpo0Oeil ypaBHEHUs
npu x= -1 He paBHBI HYJIO (€CIIH, KOHEUHO, TIPU PEIICHUH ypaBHEHHS HE AOMYIIeHBI omuoOKH). [Ipn
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2x _x+1_

eIICHUN 3aa4u u3 aBHEHUS = MOJTy4€HO
P P x=2 x-1 (x-D(x-2) Y
ypaBHeHue 2x(x —1)—(x+1)(x—-2) =4, KOTOpOe SIBJISICTCS CJIEICTBHEM ypaBHEHUS
2x _x+l = 4 . Kopenp x, =2ypaBHenus 2x(x—1)—(x+1)(x—2)=4 He sBuigercs
x=2 x-1 (x-D(x-2)
2x  x+1 4

KOPHEM YpaBHCHUSA Ero na3siBaroT NnOCMOPOHRHUM KOPDHEM.

x=2 x-1 (x-1)(x-2)

Ilocmoponnue KOpHU MoO2ym HOIYYUMbCA NPU YMHOJCEHUU o0beux yacmeli YpaeHeHus Ha
gvipadicenue, cooepicaujee Heu38ecmHoe.

Ilomeps kopHeli Modcem npouzoumu npu OeileHuu obeux yacmeil ypagHeHus Ha 6blpadCeHue,
codeporcawee Heuzgecmuoe.

Wtak, nmpu pelieHny ypaBHEHUs] MOKHO JEaTh TOJBKO Takhe mpeoOpa3oBaHus, MPU KOTOPHIX
HE IPOUCXOIUT MOTEPH KOpHEH. Eciy mpu 3TOM NOJy4aroTCs ypaBHEHHs - CIEACTBHS JAaHHOTO, TO
Heo0XoIMMa MpoBepKa HallICHHBIX KOPHEH.

Pasnocunvnvie nepasencmaa.

PaBHOCWJIBHOCTE HEPABEHCTB C HEU3BECTHBIM OIpelessercs aHanorndyHo. HepaseHcTsa,

MMEIOLIUE OHO U TO K€ MHOXKECTBO PELICHUM, HAa3bIBAIOT PABHOCUTbHBIMU.

I P >x 1
pumep: Pemmts HepaBeHCTBO —— > 1.

x“+1
Tak kak x° +1>0 mpu Bcex AEHCTBUTENBHBIX 3HAYEHHAX X, TO, YMHOXKHB HEPAaBEHCTBO Ha x~ +1,
TONTydaeM HEepaBeHCTBO 5x —3 > x° +1, paBHOCHIBHOE JaHHOMY. Pellas 3T0 HEpaBEHCTBO, MOydaeM
x*—5x+4<0,(x—1)(x—4)<0,0tkyma 1<x<4.

Pemenue cucteM IBYyX JIMHEHHBIX YPABHEHUI ¢ IByMS NepeMeHHbIMM.

Pewenue cucmem ypasnenuii ¢ nomowvto popmynvt Kpamepa.
Onpedenumens emopoezo nopsoxka. @opmyna Kpamepa.

VYpaBHEeHHE C JABYMs MEPEMEHHBIMH X M y 3amuchkiBaiorcs B Buue f(x,y)=0, rome f —

BBIPAKECHUE C MIEPEMEHHBIMU X U y. PellleHreM Takoro ypaBHEHHUS Ha3bIBACTCs YIOPSAOYEHHAs Iapa
yncen (x,,),), NPU TOACTAHOBKE KOTOPBIX B JAaHHOE YpPaBHEHME IIOJY4acTCs BEPHOE YUCIOBOE

paBeHCTBO f(x,,V,)=0.

Cucrema ypaBHEHU ¢ IByMs IIEPEMEHHBIMU X U Yy B O0IIIEM BUJIE 3aMTUCHIBACTCS TaK:
S(x,y)=0

g(x,y)=0
PemienneM cucTemMbl YpaBHEHMI HA3bIBACTCs YIOPSJNOYCHHAs Iapa 4UCEll, SBIIIOLIASACA pELICHUEM
KaXJIOTO W3 YpaBHEHWH, BXOIMIIUX B cUCTeMy. JIBe cHCTEMBbl YpaBHEHHUH HAa3BIBAIOTCS
PAaBHOCHUJIbHBIMHU, CCJIM MHOKCCTBA peIHeHI/Iﬁ I9TUX CUCTEM COBIIaJarOT.

Onpedenumens 6mopoeo NopsAOKa pPaBeH TPOU3BEICHHUIO SJIEMEHTOB, PACIOJIOXKCHHBIX Ha
rJIaBHOU AuaroHajii MHUHYC TIIPOU3BCACHUC BJICMCHTOB, PACIOJOXCHHBIX Ha ﬂOHOHHHTCHBHOﬁ
nuaroHand. [yt 0003HaUYEHUS ONIPENETUTENS HCIONB3YIOTCS BEPTHKAIBHBIC YEPTOYKU U MPOMHUCHAS
oykBa A. T.e.

b
A = det(4) =| " )| =ab —ab,,

a, b,
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Hnin, CXeMaTH4YCCKHU

"4 psIMOE TIPOU3BEACHUE (TmaBHas TMAroHab)

n_n

KOCO€ MPOU3BEACHNE (JOIMOJIHUTENbHAS JUaroHallb)

ax+by=c
) ~ 1 1 1
Cucrtema JBYX JIMHEHHBIX ypaBHEHHUH C JBYMS MEPEMEHHBIMU 5 " IpU yCJIOBUH,
a,x+b,y=c
2 2 2

4YTO OHNPCACIUTCIIb CUCTCMbI OTIIMYHEBIA OT HYJIS, UMCCT CAMHCTBCHHOC PCIICHUC, KOTOPOC HAXOAUTCA

¢, b a, ¢
¢, b| Ax a, G| Ay
no ¢opmyiaam x = =—,y=1———=—— O3TH paBEHCTBA HAa3BIBAIOTCI (HOPMYIaMU
. b A a b| A
a, b, a, b,

Kpamepa.
Ecnu ke ompenenuTenb paBeH HYNIO, TO CHUCTeMa SIBJISETCs, JTUOO HECOBMECTHOW (Korma
Ax # 0,Ay # 0), 1u60 Heonpeaenennou (kormaAx = Ay =0). B mocnegHem ciyuyae cucteMa CBOJIUTCS

K OJTHOMY YPaBHEHHIO, a IPYroe SIBJISETCS CIEACTBUEM 3TOI0 YPaBHEHHUS.
Pemlenue cucreM Tpex JIMHEHHBIX YPAaBHEHHH ¢ TpeMsl TepeMeHHbIMH.

Pewenue cucmem ypasnenuii ¢ nomowwto hopmynvt Kpamepa.
Onpedenumens mpemve2o nopsioka. Popmyna Kpavepa.

ay dp dp

IIycTh naHa KBaJApaTHAs MATPHIIA TpeThero mopsiaka A =| a,; a,, sy,

a3 d3p ds
Onpeodenumens mpemve2o nopsodka PaBeH NPOU3BEICHUIO 3JEMEHTOB, PACIOJIOKEHHBIX Ha
FJ'[aBHOI\/’I auaroHajnd INIFOC JOBa HpOI/I3BeI[eHI/IH DJIEMCEHTOB, OTBCYAIOIINX TpeerJ'II)HI/IKaM C
OCHOBAHMAIMH, HapaHHeHLHBIMI/I TJIaBHOM JUuaroHaliu, MI/IHYC HpOI/I3BeI[eHI/IC 3JICMCHTOB,

PACIIOJOKCHHBIX Ha I[OHOJ'IHI/ITGJ'IBHOﬁ JAuaroHaii M MHHYC JBa IIPOU3BCIACHUA JSJICMCHTOB,
OTBCHUAOMIUX TPCYTI'OJIbHUKAM C OCHOBAHUSAMU, ITAPAJIICIIbHBIMU HOHOHHHTCHLHOﬁ JuaroHaiau.

a dyp a4
Ay Ay Ay3| = Ay Ayydss + AppAy3dsy) + 4130503, — Ay30yd3 — 4110303, — d1Hdy A3
a3 dzp dszg

FCOMeTpI/I‘IeCKI/I 9TO BBIIIAJHUT TaK:

"+" "n_n

Cucrembl THHEHHBIX YPABHCHH.
Cucmema n1uHeliHbIX ypasHeHull UMEET BU:
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ay X, +ax, +...+a,x, =b,
Ay X+ apXy +...+a,,x, =b,,

(1)

A, X +a,,%,+...+a,,x,=b,.
3,Z[eCL aij — KOS(i)(I)HHI/IeHTBI HpI/I HCU3BCCTHLBIX, bi — CBO6OI[HI>I€ YJICHBI, 4 Xj — HCU3BCCTHBIC.
Ecin Bce cBOOOIHBIC YICHBI PaBHBI HYJIIO, TO CUCTEMa HA3bIBACTCS OOHOPOOHOU, SCIIH KE, XOTS OBl

OJIHO U3 HUX OTIIMYHO OT HYJISl, TO HEOOHOPOOHOII.
Hcnonb3ys noHsATHE NMPOU3BEACHUS MaTpPULl, MOXKHO nepenucarb cuctemy (1) B Bune: AX = B,

all alz cee aln

a a .o a
e A=| "2 722 2n | — MaTpwIa, COCTOAIIAs U3 KOO()DHUIMEHTOB PH HEU3BECTHBIX CHCTEMBI
a, 4, - a,,

(1), koTopast Ha3bIBACTCS Mampuyeu cucmembl,

X1 by
X b,

X=|"2|,B=| "7 | — BeKTOp-CTOJIOIIbI, COCTABJICHHBIC COOTBETCTBEHHO M3 HEU3BECTHBIX X;
xn bm

1 U3 CBOOOIHBIX WIEHOB b;.

VYropsioueHHass COBOKYITHOCTh 7 BEIECTBEHHBIX 4HCelN (C1, €2,..., Cn) HA3BIBACTCS peuleHuem
cucmemst (1), ecau B pe3yabTaTe MOJCTAHOBKU 3THX YHCEI BMECTO COOTBETCTBYIOIIMX MEPEMEHHBIX
X1, X2,..., Xn KXKIO€ ypaBHCHHE CHUCTEMbI OOpaTHTCA B apH(PMETHYECKOE TOXKIECTBO; APYTUMH

G

C .
CJI0BaMH, €CJ cymiecTByeT Bektop C = | 2 | Takoii, uto AC = B.

C}’l
a, a, ... a,|b
* ayy Ay ... dy, | Dy
Marpuna A4 = , OOpa3oBaHHas IyTeM IMPUIMCHIBAHUS CIpaBa K
Ay Apyy oo Ay |D,

MaTpuiie A cToi01a CBOOOTHBIX YWICHOB, HA3bIBACTCS PACUUPEHHOU MAMpPuyell CUCTEeMbl.
Cucrema (1), umeromiast Xots Obl OJJHO peIlIEHUE, Ha3bIBACTCS CO8MECMHOL, UMEIOIIAsl TOIBKO
OJIHO pelIeHHE onpedesieHHOll, UMeIoIas 0oJiee OJJHOTO PEIICHUs — HeonpeodeleHHOl, He UMEIoIas HU
OJIHOT'O PELIEHUS] — HeCOBMECMHOL.
Pewums cucmemy (1) — 3T0 3HAUHUT yKa3aTh BCE MHOXECTBO €€ PEIICHUN WM JOKa3aTh €e
HECOBMECTHOCTb.
Ecnu nag cucremoii (1) BEIIOTHUTH Kakue-Iu00 U3 CIAEAYIOUINX MPeoOpa3oBaHUM:
1) moMeHsATh MEeCTaMH ypaBHEHUS,
2) yMHOXHUTb 00€ 4acTu JTF000r0 ypaBHEHUSI CUCTEMBI Ha JTI000€ HE paBHOE HYJIIO YHCIIO;
3) mpubaBUTH K 00EUM YaCTSIM OJHOTO M3 YPAaBHEHUI CHCTEMBI COOTBETCTBYIOLIHE YaCTH APYTOTO
yYpaBHEHHUS, YMHOXKECHHbBIE Ha JTF000€ JEHCTBUTENHLHOE YUCIIO,
To cuctema (1) mepexoauT B paBHOCHIBHYIO €il cuctemy. [lepednciieHHbIE BBINIE MPeoOpa3oBaHUs
HA3bIBAIOTCSL  9eMEHMAPHbIMU  Npeobpazosanusmu cucmemsi. B pe3ynpTaTe 3leMEHTapHBIX
npeoOpa3oBaHUil MOXKET CIIYYHUTBhCS, YTO B CHCTEME TIOSBUTCS YpaBHEHHE, Bce KOI(PPHUIMEHTHI
KOTOPOTO paBHBI Hy 0. Toraa, eciau 1 cBOOOIHBIN YJI€H 3TOTO YpaBHEHUS PaBeH HYJIO, TO YpaBHEHHE
CHPaBETUBO TIPH JIFOOBIX X1, X2, ..., Xn M, CIEIOBATEIBHO, €0 MOYXKHO OTOpOCHTh. Ecii sxe cBOOOTHBIH
YJIeH HE PaBEH HYII0, TO 9TO YpaBHEHHE HE yIOBJIETBOPSICTCS HUKAKUMU 3HAYCHUSIMH HEU3BECTHBIX,
CJIE/IOBATENIbHO, MOJIY4YEHHas CHUCTEMa SIBISIETCS HECOBMECTHOW. Torja HECOBMECTHA M MCXOJHAas
CUCTEeMA.
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Teopema Kpouekepa-Kanennu. (Jleononwo Kpownexep (1823-1891) nemeyxuii mamemamux)
CucreMa JTMHEMHBIX ypaBHEHUMH COBMECTHA TOrJla M TOJIbKO TOrJa, KOrJa paHru MaTpul A u A"
COBITaJAIOT.

PaccMoTpuM cHCTEMBI JTMHEWHBIX ypaBHEHHI, B KOTOPBIX YHCJIO YPaBHEHUH PABHO YHUCITY
a, X, + a;x, +...+a,x, =b

Ay X, +ayX, +...+a,,x,=b,

HEU3BECTHBIX . (2)

a,x, +a,x,+..+a,x, =b,
Takue cuCTeMbI pemaroTcst OTHUM H3 CIEIYIOIUX CIOCO00B:

1) memooom Kpamepa;

2) memooom I'aycca, i Memooom UCKIIOYEHUs. HEUIBECIHbIX,

3) mampuyHvLIM MemoooMm.

Meton Kpamepa.
(I'abpuenv Kpamep (1704 — 1752) weetiyapcruti mamemamux)
JlaHHBIM MeTOJ TMPUMEHUM TOJBKO B clydae, eciiu cuctema umeetr Bun (4). Kpome storo,
HEO0XO0IMMO, YTOOBI OTIPEICITUTENIb MATPHUIIBI CHCTEMBI He paBHsuics 0.
det A=0;
Teopema. Eciu onipeienuTeb MaTPULIBI CUCTEMBI (4) OTIIMYEH OT HYJIS, TO 3Ta CUCTEMa UMEET
€IMHCTBEHHOE pelleHHe, KOTopoe HaxoauTcs 1o Gpopmynam Kpamepa:

X
A

rae A = det A, a Aj — onipefieNUTeNb MAaTPHUIIBI, TOTYYAEMON U3 MAaTPHUIBI CUCTEMBI 3aMEHOM CTOJIONA j
CTOJI0IIOM CBOOOHBIX YJICHOB b

ayy - Gy byoayy ay,
p = |2t e 2 by ay;y - ay,
anl anj—l bn anj+1 ann

Xy + Ay X, + a3x3 = by
Tax, HanpuMep, ISl CACTEMBI U3 TPEX YPABHEHUH < dy X, + Ay Xy + Ay Xy = b,

(31X + a3y, + ag3x; = by

ay dp a3 b a, ap ay, b ap ay, apy b
A=|ay ay axy |; Ai=by ay ayl; Ao=lay by ayl; As=lay ay byl;
a3 Az dsz by as, as ay; by ay; as; ay, by
A A, _ A
xX1=—; xX2=—; xX3=—.
A A A

PanuoHabHbIe H HPPALMOHAIbHBIEC YPABHEHHUS.
OcnosHble npuembl ux peuieHus (PaznodceHue Ha MHOMCUMENU, 66e0eHUe HOBbIX HEU3BECHHbIX,

nOOCmManoexa, epaguyeckutl memoo). Mzobpasicenue na KOOpOUHAMHOU NIOCKOCIU MHONCECMEA
peulenuli ypagHeHull U HepageHcmea ¢ 08YMsL NePeMEeHHbIMU U UX CUCTHEM.
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@®ynkuus Buna P(x) =a,x, +a,x, —1+a,x, =2+...+a,—x+a,,
rie n — HarypaibHOE, d,,d,,d,,...,d,— HEKOTOpbIC JIEHCTBUTENIbHbIE YMCIA, HA3bIBACTCA LEJIOH
panmoHanbHON (yHKIMEH.

VYpaBuenne Buma P(x)= 0, rmeP(x) — uenas pamnuoHanbHas (QYHKIHS, HA3BIBACTCS IIEIBIM
palMOHaIbHBIM YPAaBHEHUEM.

RO PG P _
0. 0, T 0,(

2

YpaBHeHue Buaa

rae P (x),P(x),....,P (x),0,(x),0,(x),...,0, (x) — 1einble paluoHaIbHbIE (DYHKINHU, HA3bIBACTCS
paIMOHATILHBIM YPABHEHUCM.

P
Pewenue payuonanvnoco ypaemenus (x) =0, 20e P(x) uQ(x)— mnozounenvi(Q(x)#0),

O(x)
ceooumcs Kk pewsenuio ypasnenus P(x)= 0 u npogepke mozo, ymo KopHu y0081€mME0psIom YCI08UI0
0 (x) #0.
OchosHble MemoOobl peulenus payuoHaibHbIX YPAaAGHeHUU.
1) Ilpocreiimme: pemaroTcs MyTEM OOBIUHBIX YIPOLIEHHA — TpPUBEACHUE K 001IemMy

3HAMEHATeINo, TIPUBEICHNE MOI0OHBIX WIEHOB U Tak nanee. KBagpaTHsle ypaBHeHHs ax> + bx + ¢ =0

—b++/b* —4dac

2a

PEWIAIOTCs M0 BBIBEJICHHOH HaMu popmyne X, , =

c
Taxke ucnons3zyercs reopema Buera: x, +x, =—, xx, =—
a

2) I'pynnupoBka: myTéM TpyNIUPOBKHU CJIaraéMbIX, NPUMEHEHHUS (QOPMYN COKpAIIEHHOTO
YMHOXXEHUSI TPUBECTH (€CIU YAACTCs) ypaBHEHME K BUIY, KOI/la CJI€Ba 3alMCAHO IPOU3BEJCHHE
HECKOJIbKMX COMHOJKUTENIEH, a CIpaBa — HOJb. 3aT€M IPUPAaBHUBAEM K HYJIO KaXAbld U3
COMHOXHTEJIEH.

3) IloncraHoBKa: MINEM B YpPaBHEHUU HEKOTOPOE IIOBTOPSIOLIEECS BBIPAKEHUE, KOTOPOE
0003HaUYUM HOBOH IEPEMEHHOM, TEM CaMbIM YINpolias BHJ ypaBHEHHs. B HEKOTOpBIX ciydasx
OUYEBUJIHO YTO YJ00HO 0003HaunTh. Hanpumep, ypaBHeHue

2 2
X" +x-5 3x x“+x-5
+— +4 =0, nerko pemiaeTcs ¢ MOMOMIbIO MOJACTAHOBKH ——— =1,
X (x"+x-5) X
3
[0JIy4aem t+—+4=0
t

Wmu: 21/ (x2 —4x +10) - x> + 4x = 6. 31ech MOYXKHO C/IENATh IOJCTaHOBKY x> —4 =t. Torna
21/(t+10)-t=6wur.nm.

B Oonee crnoxHBIX cilyyasiX MOACTAHOBKA BHJHA JIMIIL IOCJIE HECKOJBKUX HpeoOpa3oBaHUil.
Hanpuwmep, nano ypaBHeHue

(x2+2x)? — (x +1)* = 55.

Iepenucas ero uHaue, a MMeHHO (x2+ 2x)? — (x> + 2x + 1) = 55, cpa3y yBUIUM HOJCTAHOBKY X’
+ 2x=t.

Umeem t> —t—56 =0, t1 =— 7, t2 = 8. OcTanock pemuTs X° + 2Xx=—7 u x> +2x=8.

B psine npyrux ciyuyaeB y100HYI0 OACTaHOBKY JKeJIaTeNbHO 3HATh “3apanee’. Hanpumep

1) Vpasuenue (x + a)* + (x + b)* = ¢ cBomurcs Kk OMKBaZPaTHOMY, €CIU CHEIATh
HOJICTAaHOBKY

x=t—(at+b)/2.
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2) CuMMeTpHueckoe ypaBHeHHE (Bo3BpaTHoe) aox" + aix™ ~ '+ ... + aix + a0 = 0
(k03¢ HUIMEHTHI YJICHOB, PABHOCTOAIINX OT KOHIIOB, PABHBI) PEIIACTCS C MTOMOIIBIO MOACTAHOBKHU X +
1/x=t, ectu n —4éTHOE; €CITU N — HEUYETHOE, TO YPABHEHUE UMEET KOPEHb X = — 1.

3) VYpaBuenue Buma (X + a)(x + b)(x + ¢)(x + d) = 1 cRoauTCS K KBagpaTHOMY, €CIU
atb=c+d urn

4) TlogOop: mpu pelieHuH YPaBHEHHWM BBICHIUX CTEIICHEW palMOHaNIbHBbIE KOPHU YPaBHECHHS

anX" + an—1X" "'+ ...+ aix + a0 = 0 uIem B BHJE p/q, TOe p — ACTUTENb a0,  — ACTUTEIb an,
P ¥ q B3auUMHO IpOCThL, peZ, qeN.

5) “UckyccTBO”, T.€. pemiaTh MpUMEpP HECTaHAAPTHO, MPHUAyMaTh “CBOM METOX , IOTagaThCs
YTO-TO MPUOABUTH U OTHATH, BEIICIUTD TOJTHBIN KBAIPaT, HA YTO-TO PA3JCIUTh U YMHOKHUTH U T.1I.

6) YpaBHEeHHsI C MOJIyJIeM: MPH PEUICHUH YPaBHEHHUI C MOIYJIEM HCIOJB3YETCs ONpeaesieHue

f(x),ecnuf (x) =0,
MOJYJISI U METO uHTepBasioB. HanomHuMm, 4To | f (x)| =
— f(x),ecauf (x) <O0.
PaunuonanbHble HEPaBeHCTBA.
[Tycth f(x) — umnciioBast (yHKIUS OJTHOTO WJIM HECKOJIBKUX MMEPEMEHHBIX (apryMeHTOB). PemmTh
HEPaBEHCTBO
fx)<0 (f(x)>0) 6]
— 9TO 3HAYUT HAWTH BCE 3HAYCHHUS apryMeHTa (apryMeHTOB) (QYHKIHMH f, TIPH KOTOPBIX
HepaBeHCTBO (1) cpaBenmuBo. MHOKECTBO BCeX 3HAUCHUH apryMeHTa (apryMeHTOB) GyHKIMH f, TPH
KOTOPBIX HEpaBeHCTBO (1) cripaBeAsInBO, HA3BIBAETCSI MHOKECTBOM PEIICHUU HEPABEHCTBA UJTU TIPOCTO
pelleHrneM HepaBeHCTBA.
MHOK€ECTBO pEIICHUI HECTPOIO HEPABEHCTBA
fR<0 (fx)20) @)
mpescTaBiIsieT coO0i OO0beIMHEHHE MHOXKECTBA pelleHWd HepaBeHcTBa (1) M MHOXKecTBa
pewenuii ypaBuenus f(x) = 0.

JIBa HEpaBEHCTBA CUMTAIOTCS SYKBUBAJIEHTHBIMHU, €CJIM MHOKECTBA UX PEIICHUI COBMAIAIOT.

[Toqr MHOXECTBOM JOMYCTUMBIX 3HAYE€HWW HEU3BECTHBIX, BXONAIIUX B HEPABEHCTBO,
MOHUMAFOT 00JIACTh OTpeaeacHus QyHKIHH f(x).

HepasenctBa Buga (1) wim (2), coctaBineHHbIe ISl pa3IMdHbIX (QYHKIUH fi(x), MOTYT OBITh
CBEJICHBI B CICTEMY HEpaBEHCTB. PeluTh CUCTEMY HEPaBEHCTB — ATO 3HAYUT HANUTH MHOXKECTBO BCEX
3HaYeHUU apryMEHTOB (YHKIHMH fi(X), MPH KOTOPHIX CIPaBEeIJIMBBI BCE HEPABEHCTBA CHCTEMBI
OJIHOBPEMEHHO.

['oBOpsT, 4TO CUCTEMBI HEPABEHCTB SKBUBAJICHTHBI, €CJTM MHOKECTBA X PEIICHUI COBMAIAOT.

CBoiicTBa paBHOCH/IBHBIX HEPABEHCTB.
[Ipu pemieHnn HEPaBEHCTB WCIOIB3YIOT CBOMCTBA paBHOCWIBHOCTH. HepaBeHcTBa ¢ omHOU
MEPEeMEHHOI Ha3bIBAIOTCS PABHOCUIBHBIMH, €CJIM MHOKECTBA UX PEIICHUU COBIAIAIOT.

Hanpumep, HepaBencTBa 3x > 6 u X — 2 > () UMEIOT OJIMHAKOBBIE MHOXECTBA PEIICHUU X €[2;
+00]. DTH HEpaBEHCTBA — PaBHOCUJIbHBIE.

Hepasenctpa X > 0 u x> > 0 — HepaBHOCUIIBHEIE, TaK KaK PELICHHE TIEPBOr0 HEPABEHCTBA €CTh
MHOX€ECTBO X€[0; +0o0], a pelieHne BTOPOro HEPaBEHCTBA €CTh MHOXKECTBO X €[-00; 0]U[0; +oo]. DT
MHO>KECTBa HE COBIAJIAIOT.

[Ipu permeHnr HEPABEHCTB BBIMOJHSIOTCS TOJBKO TaKHe MPEOOPA30BaHMS, MPH KOTOPHIX
nojryyarorcs OoJsiee MPOCTble PABHOCUIIbHBIE HEPABEHCTBA. OJTH IMPEoOpa3oBaHUS BO3MOXKHBI MpHU
BBITIOJIHEHUH CIIEIYIOIINX CBOMCTB PABHOCUJILHBIX HEPABEHCTB:

CgoiictBo 1. Ecii k 06enM yacTsiM HEpaBeHCTBA MPUOABUTH OJTHO W TO YK€ YHCIO WM OJHO H
TO € BBIPAKEHHE, KOTOPOE HMEET CMBICI MpPH BCEX 3HAUYCHHUSIX MEPEMEHHOW, TO MOIYyYUM
HEPAaBEHCTBO, PABHOCWJIBHOE IaHHOMY.

Hano. P(x) > Q(x) — HepaBeHCTBO, T(X) — BBbIpaxeHHE, KOTOPOE MUMEET CMBICI IpPHU BCEX
JICICTBUTEIIBHBIX 3HAYEHUSX X, XER.

Hoxkazate. HepaBenctsa P(x) > Q(x) u P(x) + T(x) > Q(x) + T(x) — paBHOCHIIbHEIE.
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HoxazarenbctBo. a) [lycTs npu X = a HepaBeHcTBO P(a) > Q(a) — BepHOE YMCIOBOE PABEHCTBO, T.€. X
=a — OJIHO U3 penieHnu HepaBeHcTBa P(x) > Q(x), T(a) — 3nauenue T(x) npu x =a.

ITo cBoiictBy umcioBeix HepaBeHCTB P(a) + T(a) > Q(a) + T(a) — BepHOE 4YHUCIOBOE
HEPABEHCTBO.

CrnenoBartenbHO, X = a — OJJHO U3 penieHuit HepaBeHcTBa P(x) + T(x) > Q(x) + T(x). [Toatomy,
€CJIM X =a eCTh pEIleHHE MEePBOTr0 HEPABEHCTBA, TO ATO 3HAYEHHE E€CTh TaKXe pEelIeHHE BTOPOro
HEPABEHCTBA.

0) Ilycth X = b — omHO U3 pemennit HepaBeHcTBa P(X) + T(X) > Q(x) + T(x), T.e. P(b) + T(b) >
Q(b) + T(b) —BepHoe uncinoBoe HepaBeHCTBO. [1o cBoiCTBY unciOBBIX HepaBeHCTB P(b) > Q(b) — Toxe
BEpPHOE YHCIIOBOE HepaBeHCTBO. ClieioBaTenbHO, X = b — penenune HepaBeHcTBa P(x) > Q(x).

Tak xak MHO>kecTBa pemnieHuit HepaBeHcTBa P(x) > Q(x) u P(x) + T(x) > > Q(x) + T(x)
COBIMAJIAIOT, TO T HEPABEHCTBA PAaBHOCUIIbHBIE.

CpoiictBo 2. Ecnu B HepaBeHCTBE JIFO0O€ cilaraeMoe, KOTOpO€ MMEET CMBICH NpH BeX Xe€R,
MEPEHECTH W3 OJHO YacTH B JPYTyK C MPOTHBOIOJIOKHBIM 3HAKOM, TO IOJyYUM HEPaBEHCTBO,
PaBHOCHUIILHO JAHHOMY.

Hano. P(x) + T(x) > Q(x) — HepaBeHCTBO, T(X) — cmaraemoe, KOTOPOE UMEET CMBICII MPU BCEX

xeR.
Hoxkazate. HepaBenctsa P(x) + T(x) > Q(x) u P(x) > Q(x) — T(xX) — paBHOCHIJIbHBIE.
HoxazarenbctBo. 1o cBoiicTBY 1 MOXHO K 00€MM dYacTsM HEpaBEHCTBA P(x) + T(x) > Q(x)

npubaButh cinaraemoe (-T(X)), Tak Kak 3TO cllaraéMO€ HMMEET CMBICI MpU BceX Xe€R; momydynm
PaBHOCHIIBHOE HEPABEHCTBO:
P(x) + T(x) — T(x) > Q(x) — T(x), orcroga P(x) > Q(x) — T(x).

CgoiicTBo 3. Eciin 06e yacTu HepaBEHCTBa YMHOXKUTh Ha OJHO M TO K€ TMOJIOKUTEIBHOE YUCIO WM Ha
OTHO M TO € BBIPAKEHHUE, IIOJIOKUTEIFHOE INPH BCEX 3HAYCHHSIX MEPEMEHHOH, TO IOIy4YUM
HEPaBEHCTBO, PAaBHOCUJIBHOE JJAHHOMY .

Hano. P(x) > Q(x) — HepaBeHcTBO (1),

T(x) >0, xeR,

P(x)-T(x) > Q(x)-T(x) — HepaBeHCTBO (2).

Joxka3zate. HepaBenctsa (1) u (2) paBHOCHIIBHBIE.

JoxkazarensctBo. [lycth npu x = a P(a) > Q(a) — BepHOE UNCIOBOE HEPABEHCTBO, T.€. X = a — OJHO U3
perieHnu neporo HepaBeHcTBa. T(a) — 3HaueHnue T(x) npu x =a T(a) > 0.

[To cBotictBy umcnoBwsix HepaBeHCTB P(a)-T(a) > Q(a)-T(a) — Toxke BepHOE UHCIOBOE
HEpaBEHCTBO, T.€. X = a —OJHO M3 PELICHWU NEepBOro HepaBeHcTBA. CleOBATENbHO, €CIM X= a —
peleHe epBOro HEPaBeHCTBA, TO X = a — TAKXKe PEeLICHHE BTOPOro HEPAaBEHCTBA.

[Tycts ipu x = b HepaBeHncTBo P(b)-T(b) > Q(b)-T(b) — BepHOE UKCIIOBOE HEPABEHCTBO, T.C. X =
b — 0HO U3 peleHNH BTOPOTO HEPABEHCTBA.

ITo cBoiicTBY uncioBbix HepaBeHCTB P(b) > Q(b) — Toxe BepHOE UMCIOBOE HEPAaBEHCTBO, TaK
kak T(b) > 0. CnegoBarenpHO, X = b — OJTHO U3 PEIICHUH MTEPBOTO HEPABCHCTBA.

[TockonbKy MHOXKECTBAa pEIIEHUH MEpPBOr0 M BTOPOIO HEPABEHCTB COBNANAIOT, TO OHHU
paBHOCHIIBHEIE.

CaoiictBo 4. Eciin 00e yacTu HEpaBEHCTBA YMHOXKUTh Ha OJIHO U TO K€ OTPULATENLHOE YHCIIO
WIA Ha OJHO U TO € BBIPAXKEHHUE, OTPULATEIFHOE MPH BCEX 3HAYCHUSX MEPEMEHHOW, U M3MEHUTh
3HaK HEPAaBEHCTBA Ha MPOTHUBOMOJIOXKHBIH, TO OTYYHMM HEPABEHCTBO, PABHOCUIBHOE TAaHHOMY.

OTO CBOWCTBO J10Ka3bIBAETCS aHAJIOTUYHO 3 CBOMCTBY.

AJaredpanyeckue HepaBeHCTBA.
JInHeHBIMU (CTPOTUMH U HECTPOTMMHU ) HA3bIBAIOTCSI HEPABEHCTBA BUA
ax+b>0, ax+b<0,ax+b>0,ax+b<0,a%0,
peltIeHUus IMA KOTOPBIX OyIyT:
npua>0
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xe(-3 5 0), xe(-0; - ),XE[-E;OO), xe(-005-7 1,

npua<0
xe( -oo;-g ),Xe(-g;oo),xe( -00; -g 1, xe[-%;oo).
KBagpaTHpIMU (CTPOTHMHU ¥ HECTPOTUMU ) HA3bIBAIOTCS HEPABCHCTBA BHJIA
ax’>+bx+c¢>0, ax’> +bx +¢ <0,
ax’>+bx+c>0, ax>+bx+c¢ <0,
rae a, b, c — HeKkoTopkle NeiCTBUTENbHBIC Yyncia u a # (.
KBaapaTHOEe HepaBeHCTBO ax” + bx + ¢ > 0 B 3aBHCUMOCTH OT 3HAUEHUH CBOMX KOA()(HUIMEHTOB a, b u
C IMECT PEIICHUS:
npua>0uD=b>—4ac>0

-b-+/D

xe( -00; Ommoka! 3akiaaka He onpeaeseHa. a )u(ﬂ - o0

);
2a
npua>0uD <0 x-—mo0boe 1elicTBUTENBHOE YHCIIO;

npua<0uD=>0

-b+yD -b-\D
&( 2a > 2a );

X

npua<0uD<0
X = (T. €. pelICHUH HET).
Perienne HepaBeHCTBa ax’ + bx + ¢ < () CBOAMTCA K PEIICHUIO PACCMOTPEHHOTO HEPABEHCTBA, €CIIH
o0e yacTu HepaBeHCTBAa YMHOXKUTH Ha (-1).
MeToa MHTEPBAJIOB.

[Tycth Pn(X) — MHOTO4WIEH N-i CTEMEHU C JEHCTBUTEILHBIMU KO3PPHUITUEHTAMH, A Cl, C2, ... , Ci

— BCE JICUCTBUTEIIPHBIC KOPHH MHOTOWIECHa ¢ KpaTHocTsIMu ki, k2, ... , Ki COOTBETCTBEHHO, TpUYEM
c1>c2> ... > ci. MHOrousneH Pn(X) MOXXKHO MpeCTaBUTh B BHJIE

Pa(x) = (x - ¢1) ¥1(x - c2)*? ... (x — ¢i)" Qm(x), (3)

rae MHOTOWIEH Qm(X) MeHCTBUTENBHBIX KOPHEH HE UMEET W JTUOO MOJOXKUTENEH, 00 OTpHULIaTeIeH
npu Beex xeR. [Tonoxxum 1t onpeneneHHOCTH, 4To Qm(Xx) > 0. Torna npu X > ¢1 Bce COMHOXKUTENH B
paznoxkenuu (3) momoxkutenbHbl U Pn(x) > 0. Ecnu ¢1 — kopenp HeueTHoOU kpatHocTH (ki —
HEYETHOE), TO NMpU X€E(C2; C1) BCE COMHOXMTEIM B pasziiokeHUU (3), 3a UCKIIOYEHHEM IEPBOTO,
noJIOKUTENBHBI U Pn(x)<0. B 3TOM ciyuae roBopsT, 4To MHOrouJieH Pn(X) MEHsIET 3HaK NP Nepexoie
4yepe3 KopeHb c1. Ecnu ke ¢1 — KopeHb 4eTHOU kpaTtHocTH (K1 — dYeTHoe), TO Bce COMHOXHTENH (B
TOM 4YHCJIE U TIEPBbII) IpU X €(C2; C1) MOJIOKUTENBHBI U, CIEA0BaTENbHO, Pn(x) > 0 mpu xe(cz2; c1). B
3TOM cily4yae TOBOPST, YTO MHOTOWICH Pn(X) HEe MEHSET 3HaK MPH MEPeXo/Ie Yepe3 KOPEHb Cl.

AHaJOTUYHBIM CTIOCOOOM, HUCTIONB3YS pasiokeHue (3), HeTpyAHO YOeaUTCs, UTO TPH MEepexoie
yepe3 KOpeHb C2 MHOTOWIEeH Pn(X) MeHseT 3Hak, eciiu ko — He4YeTHOe, U He MEHSIET 3HaKa, eciu ko —
4yeTHOE. PacCMOTpeHHOE CBOWCTBO MHOTOWICHOB HWCIIONB3YETCS JJISi PEIICHUS] HEPABEHCTB METOJOM
uHTEepBanoB. [yt Toro 4ToObI HAWTH BCE PELICHUS

Pn(x) > 0, 4)

JIOCTaTOYHO 3HATh BCE JCHCTBUTENbHBIE KOPHM MHOTOWIEHa Pn(X) WX KpaTHOCTHM U 3HAK

MHorousieHa Pn(X) B IpOM3BOIBHO BEIOPAHHON TOUKE, HE COBIAJAIONIEH ¢ KOPHEM MHOTOYJICHA.
HepaBencTBa ¢ napamerpamu.

HepaBencTBa ¢ mapameTrpamu SIBISIFOTCS HanOoJee TPYIHBIMHU 3aJadaMU Kypca dJIeMEHTapHOU
MaTEeMaTHKU. DTO OOBICHSETCA TeM, YTO HMX PEHICHHs CJleIyeT MOoNydaTh MPU BCEX AOMYCTUMBIX
3HAYCHUSAX BXOJSIINX B HUX MAPAMETPOB.

CucremMbl palliOHATbHBIX HEPABEHCTB.

[TycTe HamO HAWTH YMCIIOBBIC 3HAYEHHS X, TIPU KOTOPBIX NMPEBPALIAIOTCS B BEPHBIC YHCIIOBBIC
HEPAaBEHCTBA OJHOBPEMEHHO HECKOJIBKO paIlMOHAJIbHBIX HEPAaBEHCTB. B Takux ciydasx TOBOPST, YTO
HAJIO PEIIUTh CUCTEMY PAllHOHAILHBIX HEPABEHCTB C OJTHUM HEU3BECTHBIM X.
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UTo0Bl pemuTh CUCTEMY pallOHATBHBIX HEPABEHCTB, HAJO0 HAWTH BCE PEIICHHS KaXIIOTO
HEpaBEHCTBA CUCTEMBI. Toraa ol1as 4acTh BCEX HAMICHHBIX PEIICHUN U OYIeT PEIICHUEM CHCTEMBI.

I'padnueckoe penieHne HEPaABEHCTB.
HepaBeHncTBa ¢ 01HOM WU IBYMsI IEPEMEHHBIMU MOXKHO PEIIaTh TpaduIecKH.
HepaBencTBo ¢ omHOM mepeMeHONW MOXHO 3amucarh Tak: f(x) > g(x), rme f(x) m g(x) —
BBIPA)KEHUS, COJIEpIKaIlINe TIEPEMEHHYIO.
[TocTtpouMm B ofHOM cucTeme KoopauHaT rpaduku pyHkmmi y = f(x) wum  y = g(x).
Pemienne HepaBeHCTBa €CThb MHOXKECTBO 3HAUEHHUM MEPEMEHOH X, MpU KOTOPBIX Tpaduk (yHKIMN
y=g(x), Tak kak f(x)>g(x).2T0 mokazaHo Ha pucyHkax 1 u 2.

y=8lx

Y =glx|

v

L\

Pemenne HepaBeHcTBa ¢ AByMs nepeMeHHbIMH f(X,y)>0 ecTh MHOXXECTBO TOYEK IUIOCKOCTH,
KOOPAMHATHI KOTOPBIX YAOBIETBOPSIOT ’TOMY HEPABEHCTBY.

HNppanuoHajibHbIe ypaBHEHHS.

VYpaBHeHHe, cofiepKallee NePEMEHHYIO II0]] 3HAKOM KOPHS, Ha3bIBACTCS UPPAUUOHATbHBIM.

Pemenue uppannoHaaIbHOTO YpaBHEHHUS OCHOBAHO Ha MPEeoOpa30BaHUU €r0 K PAlMOHAIBLHOMY
YPaBHEHMIO, YTO JOCTUTAeTCsl BO3BEIEHUEM OOEHMX €ro 4acTeil B OJHYy M Ty )K€ CTeleHb (MHOI/Aa
HECKOJIBKO Pa3).

[Tpu BO3BenEHUHN 00€UX YacTel MpPpalMOHAIbHOIO YPaBHEHHS B UYETHYIO CTENEHb IOJIy4aeTcs
ypaBHEHHE, SBIISAIONIEECS CIEICTBUEM UCXOIHOTO. Y paBHEHUIO-CIIEICTBHIO YI0BIETBOPSIOT BCE KOPHU
UCXOJHOIO YpaBHEHHS, HO MOTYT IOSIBUTHCS U KOPHM, KOTOPBIE HE SIBISIOTCA KOPHAMU HCXOAHOIO
ypaBHEHUs («IIOCTOPOHHUE» KOPHH). UTOOBI BBIIBUTH «IIOCTOPOHHUE» KOPHH, BCE HailleHHbIE KOPHU
YPaBHEHHUA-CJIE/ICTBUS MPOBEPSIOT MOJCTAHOBKOW B HMCXOJHOE YpaBHEHUE M «IIOCTOPOHHUE» KOPHH
0TOpachIBaIOT.

HcxonHoe uppannoHanbHOE YPAaBHEHUE PABHOCWIBHO CMEIIAHHOW CHUCTEME, COCTOSIIEH W3
YPaBHEHMS-CIEACTBUS M  OIPAaHMYEHHM, OmNpeAensieMbIX O00JacTbi0 JOMYCTHMbIX 3HAYCHHUH
nepeMeHHoil. B 3ToM ciydae «mocTOpOHHHE» KOpHH HE OyIyT BXOIWTH B OOJNACTh JOIYCTUMBIX
3HaYeHUH TIEPEMEHHOM U MPOBEPSTH UX MOJICTAHOBKOM B HCXO/HOE ypaBHEHHE HE TpeOyeTcs.

[Tpu Bo3BeneHNN 00EMX YacTel MpPAIMOHATILHOTO YPAaBHEHHS B HEUETHYIO CTETICHD MOJTy4aeTCs
ypaBHEHHE, PABHOCUIIBHOE UCXOJHOMY.

HppanunonajbHble HEPABEHCTBA € OJAHOM MepPeMeHHOM.
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PemeHne uppanMOHAIBHOIO HEPAaBEHCTBA C OJHOW IIEPEMEHHON CBOIUTCS K PELICHUIO
PaBHOCWJIBHOM €My CHUCTEMBI PallMOHAJIBHBIX HEPABEHCTB MJIM COBOKYITHOCTH CHUCTEM PallMOHAJIBHBIX
HEPaBEHCTB.

OTH cUCTEMBl PEUIaoTCs MPU HAJIOKEHUU OrpaHUYEHHMH Ha MEPEMEHHYIO M BO3BEJCHUU 00enXx
4acTel HEPABEHCTBA B OJIHY U Ty 7K€ CTEIICHb.

IToxa3aTenbHbIC M TPUTOHOMETPHYECKHE YPABHEHHS U HEPABEHCTBA.

OcHnosHvle npuembl ux peuleHus (PaznodceHue Ha MHOMCUMENU, 66e0eHUe HOBbIX HEeU3BECIHbIX,
noOCmaro8Ka, paguueckuii memoo). Mcnonvzosanue c80Ucme u epaghuxkos QyHKyull npu peueHuu
HepaseHcm8. Memoo unmepeanos.

Ilokazamenvnvle ypasnenus u HepageHcmed.
Pemenune noxazamenvhvix ypagrenuti 4acTo CBOAUTCS K PELICHUIO YpaBHEHHUS
a*=a’,
rae a > 0,a # 1, x - Heu3BeCTHOE. DTO ypaBHEHUE PEIIAETCS C TIOMOIIBI0 CBOMCTBA CTETICHU: CTEIIEHU C
OJIMHAKOBBIM OCHOBaHHEM a > 0,a # 1 paBHBI TOJTBKO TOT/1a, KOTJ]a PaBHBI HX TTOKA3aTEIH.
Pemenune noxazamenvhvix Hepagencme 4acTo CBOIUTCS K PEIICHUIO HEPABEHCTBA
a*>a"wm a* <a’.

OTH HEepaBEHCTBAa pEMIAIOTCS C TOMOMIBIO CBOMCTBA BO3pAcTaHusl WM yObIBaHUS
noka3aTenbHOW (QYHKIUHU: i Bo3pactaomeil GyHKIuM OonblieMy 3HauYeHUI0  (PyHKUIUU
COOTBETCTBYET OOJblliee 3HAYCHHE apryMeHTa, a Ui yObIBaromieil (yHKIUU OOJIbIIeMYy 3HAUYECHUIO
(GYHKIIMM COOTBETCTBYET MEHbIIIEE 3HAYCHHE apryMEHTA.

Tpuzonomempuueckue ypagHenus u HepageHcmed.
1. YpaBHEHUS, CBOASIINECS K KBaIPATHBIM.
2. YpaBHeHus asinx+bcosx =c.
3. YpaBHeHUs, pelIaeMble pa3ioKeHUEM JIEBOM YaCTH HA MHOKUTEIIH.

IIpuMeHeHne MaTeMaTHYECKHUX METOJ0B /ISl PellIeHHsl CO/lepKaTeIbHbIX 32124 U3 Pa3INYHbIX
o0J1acTeil HAYKH M NPAKTHKH (AONOJHUTEIbHbIA MaTepuaJ)

IIpumenenue mamemamuyecKux Memooo8 0Jisl peueHUs: COOePHCAMENbHbIX 3a0ay U3
PAa3IUYHbIX 0O1acmetl HAyKY u npakmukuy. Mumepnpemayus pe3yibsmama, yyem peaibHbix
ocpanudeHu.

Pewums mamemamuueckyio 3a0ayy — 3T0 3HAUYUT HAWTU TAKyIO MOCIEI0BATEIBLHOCTh OOIIUX
MOJIO’)KEHUH MaTeMaTHKH, MPUMEHsSS KOTOpbIe K YCIOBHUSM 3aJauyM IMOJy4aeM TO, 4TO Tpedyercs
HaWTH — OTBET.

OcHOBHbIMU ~ MemoOaMu peuleHus MeKCmogulx 3aday SBIAIOTCA apudMeTHdYecKudl u
anreOpanyecKuii METOJ, a TaK e KOMOMHUPOBAHHBIH.

Pewums 3a0auy apugpmemuueckum memooom — 3HAYNT HAWTH OTBET Ha TpeOOBaHHUE 3aJla4l
MOCPEACTBOM BBITIONHEHUS apu(PMETHUECKUX ACUCTBUN HAJ JAaHHBIMHU B 3agade yuciaamu. OgHy H
Ty’K€ 331a4y MOKHO PEIUTh Pa3IN4YHbIMU apupMeTHUecCKUMH criocodaMu. OHU OTIMYAIOTCS APYT OT
Jpyra JIOTUKON PAacCyKACHUN B IIPOLIECCE PELICHUS 3a1a4u.

Pewums 3a0auy ancebpauueckum memooom — 3HAYUT HAWTH OTBET HA TpPeOOBaHHWE 3alayu
MyTEeM COCTABIICHUSI W PEIICHUS yPaBHEHUS WM CUCTEMbI YPaBHCHUH.

Texcmogvle 3a0auu ancedpauyecKum Memooom peuiarom no ciedyloujeli cxeme:

1) BBIACIIAKOT BCIWYHHBI, O KOTOPBIX HUACT pCUb B TCKCTC 3ada4dl, U YCTAHABJIUBAIOT 3aBUCHUMOCTH
MCKIY HUMHU,
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2)  BBOJAT mepeMeHHbIe (0003HaYal0T OYKBAaMU HEH3BECTHBIC BETHUNHBI);

3) ¢ MOMOUIBIO BBEJIEHHBIX NEPEMEHHBIX U JAHHBIX 3a/1a4ll COCTABIISIIOT YpaBHEHHE WU CUCTEMY
YPaBHEHUU;

4) pemarT MOJy4eHHOE YpaBHEHHE UIN CUCTEMY;

5) TpOBepSIOT HaMIEHHBIC 3HAUCHUS TI0 YCIOBUIO 3a]]a91 U 3aMTUCHIBAIOT OTBET.

Kombunuposannwviti MeTon pelIeHHs BKIIOYAECT Kak apu(PMETHYECKUH, TaK W anreOpandecKuid
CIIOCOOBI PEIICHHSI.

B HauanpHOW mIKOJE 3aa4M desim no KOauvecmsy Oeticmeuili IpU PElIeHUU Ha MPOCThIC U
COCTaBHBIC. 321,[{3.‘11/1, B KOTOPBIX [JI OTBETA HA BOIPOC HYKHO BBIIIOJIHUTH TOJIBKO OOHO HeﬁCTBHe,
Ha3bIBAIOT npocmuimy. ECu A OTBETa Ha BOIIPOC 3a/1aykl HY»KHO BBITIOJHUTH JBa U Oosiee NeiCTBHM,
TO TaKWE 33/1a4¥ HA3bIBAIOT COCMABHBLIMU.

CocTaBHy10 33/1a4y, TEK ke KaK U MPOCTYI0, MOKHO PEIIUTb, UCTIOIb3YS pPa3IndHbIEe CLIOCOODI.

3aoaua. Peibak moviman 10 pe16. M3 Hux 3 nema, 4 okyHs, ocTanbHbIe — MIyKH. CKOJIBKO MIyK MOWMAI

pb16ax?

Ilpakmuuecxuii cnocob
e enty <

= -
N,

0O603HaynM Kaxay1o0 pei0y kpyrom. Hapucyem 10 kpyroB u 0603Ha4YMM OMMaHHBIX PHIO.

J JI J O O O o
Jlyist oTBETa HA BOMPOC 33a]]a4 MOKHO HE BBIMIOJIHATH apU(PMETHUECKHUE JCHCTBHS, TaK KaK KOJIHYECTBO
MOMMAaHHBIX HIYK COOTBETCTBYET HE 0003HaYEHHBIM KpyraM — UX TpH.
Apugpmemuuecxuii cnocoo.
1) 3+4=7(p) — moliMaHHbIE PHIOHI,
2) 10 —7 = 3(p) — noiiMaHHBIC LTyKH.
Anrebpanyeckuii crmocoo.
[TycTh x — moiiMaHHBIE IyKH. TOTa KOJTUYECTBO BCEX PHIO MOXKHO 3aMKCaTh BhIpaKEHUEM: 3 +
4 + x. Ilo ycnoBuio 3amauu M3BECTHO, YTO phiOak moiiman Bcero 10 peid. 3Hauut: 3 + 4 + x = 10.

PemuB 310 ypaBHeHHe, TOJy4YUM X = 3 U TEM CaMbIM OTBETUM Ha BOIIPOC 3aJJaUH.

I'paguueckuii cnocoo.

JICIIU OKYHH IIYKH
I, -, r -
T S e e
L} L} L} L} L} L} L} L} L}

3TtoT cnocol, Tak k€ Kak W MPAKTUYECKHiA, MO3BOJAT OTBETUTh HAa BOMPOC 3a/a4M, HE BBITOIHSISA
apuMeTHIeCKuX eHCTBUM.

B marematuke O6H_[erI/IH$[TO cJIeayroniee ACJICHUC Iponecca pCuICHUA 3aaa4:
1) aHaJIn3 TCKCTa 3aJa4yr, CXeMaTHUUCCKaA 3a11MCh 3aa4u, UCCIICAOBAHUC 3a1a4H,
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2) moucK crocoba peleHns 3aJaun U COCTAaBJICHUE TIJIaHa PEeICHMS;
3) ocyuecTBIeHNE HAWJIEHHOTO TUTaHA,

4) aHanW3 HAMJIEHHOTO PElICHUs 3a/1auu, IPOBEPKA.

Memoowbl noucka peutenus 3a0a4u MO*CHO HA38AMb Cledyioujue:

1) Amnamms: a) Korja B pacCyXACHUSIX TBUTAIOTCS OT MCKOMBIX K JJAHHBIM 3a7aud; 0) KOTJa Iesioe
pacuwIeHSIOT Ha YacTH;

2) Cunres:

a) KOT/Jia IBUTAIOTCS OT JAHHBIX 33JIa4¥ K HCKOMBIM;

0) KorJa JIEMEHTH OOBETUHSIOT B IIEJI0C;

3) IlepedopmynupoBka 3a1aun (4€TKO (POPMYIUPOBATH MPOMEKYTOUHBIE 3a/IaHMsI, BO3HUKAIOIINE 110
X0y TIOMCKa PEIICHHS ),

4) NHayKTUBHBIA METOJ PEIICHMS 3aJa4yd: Ha OCHOBE TOYHOI'O 4YepTeka YCMOTPETh CBOWMCTBA
burypsl, cienaarb BHIBOJBI U I0KA3aTh UX;

5) IIpumeHeHue aHaIOrUU (BCIOMHUTDH QHAJIOIMUHYIO 337a4y);

6) IlporHosupoBaHue — NpeABUACHUE TEX PE3YJIbTATOB, K KOTOPHIM MOXET MPUBECTH MOUCK.

Paccmompum 60nee noopodno npoyecc pewenus 3a0avu:
3anava Ha nBwxKeHHUe. Jlojka mpoiia no TeYeHUI0 PEKU PacCTOSHUE MEXIY ABYMsI MPUCTAHAMHU 3a 6
4y, a oOpaTHO — 3a 84. 3a CKOJBKO BPEMEHH MPOMIET pPACCTOSHUE MEXIY NPHUCTAHSAMH IUIOT,
MYIIEHHBIN 110 TEYEHUIO PEKU?

Ananuz 3adauu. B 3amaye peub uAET O IBYX OOBEKTax: Jiogka W wor. Jloaka umeer
COOCTBEHHYIO CKOPOCTh, a TUIOT M peKa, MO KOTOPOH IUIBIBYT JIOJIKA M IUIOT, UMEET ONpPEEICHHYIO
CKOpPOCTh Te€YeHHUs. FIMEHHO MOATOMY JIOJIKA COBEPILAECT MyTh I10 TEUCHUIO PEKU 32 MEHBIIIEE BpeMs
(6u), uem mpotuB TeueHus (84). Ho 3Tm ckopocTu B 3amaue HE NaHbBI, TaK K€ KaK HEHU3BECTHO M
paccrosiHre Mex 1y npuctaHsamMu. OqHako TpeOyeTcst HAWTH He 3T HEU3BECTHBIE, a BpeMsi, 32 KOTOpOe
IUIOT MPOIUIBIBET 3TO PACCTOSHUE.

Cxemamuueckas 3anuch.

v
F 3

*: Mogka 6 y

B

N T E— nnoert
nogxa

[Touck crocoba pemenus 3axaun. Hy)kHO HallTH Bpems, 3a KOTOPOE IJIOT MPOTUIBIBET PACCTOSHUE
Mexay npuctaHsamMu A u B. Jljig Toro, 4ToObl HAWTH 3TO BpeMs, HaI0 3HATh pacCTosiHUE AB 1 CKOPOCTh
TeueHus: peku. O0a OHM HEU3BECTHBI, IOATOMY 0003HAYUM paccTosinue AB OykBoitl S (kM),a CKOpPOCTh
Te4eHUsT a KM/4.YToObI CBA3aTh ATH HEU3BECTHBIE C JAaHHBIMU 33/1a4, HY>KHO 3HAaTh COOCTBEHHYIO
ckopocTh JoaKku. OHa TOXKEe HEM3BECTHA, MOJIOKUM, OHA paBHa V kM/4. OTCloa BO3HUKAeT IUIaH
peIlIeHus, 3aKITI0YAIOINICS B TOM, YTOOBI COCTAaBUTh CHCTEMY YPaBHEHHI OTHOCHUTEIBHO BBEIACHHBIX
HEU3BECTHBIX.

OcymecTtBienue pemenus 3agaun. [Iycts pacctosinue paBHO S (KM), CKOPOCTh TEUCHHS PEKU d
KM/4, COOCTBEHHAsI CKOPOCTH JIONKH J KM/4, a UICKOMOE BPEMsI IBUKCHUS TIIOTA PABHO X .

Torma ckopocTh JIOJKH IO TEUCHHIO pekW paBHa (V+a) km/4. 3a 64 moaka, Was ¢ ATOH
CKOPOCTBIO, mporia pacctosiaue B S (km). CiaenoBatensho, 6 (V + a) =S (1). [IpoTtuB Teuenus sta
JI0JIKa UJIET CO CKOPOCThIO (V — a) KM/4 W JTaHHBIN IyTh OHA TPOXOIUT 3a 8 4, mostomy 8(V-a) =S
(2). TInot, TuIBIBS CO CKOPOCTBIO TEUEHHs] PEKM a KM/4, MPOIUIbUI paccTosiHue S (KM) 3a X 4,
ciemoBarenbHo, ax =S (3).
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[Tonmyuennsle ypaBHEHHsST 00pa3yIOT CUCTEMY YpPaBHEHUIH OTHOCHTEIBHO HEM3BECTHHIX a, X, S, V. Tak
Kak TpeOyeTcsl HAUTH JIMLIb X, TO OCTaJIbHbIE HEU3BECTHBIE TOCTAPAEMCS HCKIIIOUHTb.

st aToro w3 ypaBaenuit (1) u (2) naiinem: V + a =, V —a = . Beunuras u3 nepBoro ypaBHEHUs
BTOpOE, ostyyuM: 2a = —. Orcrona a =. [logcTaBuM HalieHHOE BhIpa)KEHUE B ypaBHEHHE (3): X
=. Otkyna x=48 .

IIpoBepka pemeHusi. Mbl HallUIM, YTO TUIOT MPOIUIBIBET PACCTOSHUE MEXAY MNpPHUCTaHAMHU 3a 48 4.
CrnepnoBarenbHO, €0 CKOPOCTh, paBHAsh CKOPOCTU TEUYEHHS PeKHu, paBHa . CKOpPOCTh K€ JOIKH TIO
TEUEHHUIO PEKH paBHa KM/4, a IPOTUB T€UCHUSI KM/4. JIJig TOTO, 4YTOOBI YOEIUTHCS B MPABHIBHOCTH
peleHusi, JOCTaTOYHO NMPOBEPHUTH, OYAYT JIM paBHBI COOCTBEHHBIE CKOPOCTH JIOJIKH, HAMICHHBIE IBYMSI
cnocobamu: + u  — . [IpousBenst BeIYMCIIEHUS, TIOJYYUM BEPHOE PaBEHCTBO: = . 3HAYMT, 3ajaya
peuicHa MmpaBUJIbHO.

OTBeT: IWIOT NPOIUIBIBET PACCTOSHUE MEXTy IPUCTAHSIMMU 3a 48 4acos.

AHnanus peuieHus. Mbl cBeM peLIEHHE 3TOW 3a1a4M K PEIICHUIO CUCTEMBI TPEX YPaBHEHUH C
YeThIpbMs HeU3BeCTHBIMU. OIHAKO HalTH HaJ0 ObLIO OJHO Heu3BecTHOE. [103TOMy BO3HHMKAET MBICIb,
YTO JAHHOE PELIEHUE HE CaMOe y1ayHOe, XOTS U IPocToe. MOKHO NPEIJIOKUTh APYTroe pelIeHHE.

3Has, 4TO JOJKa MIpoIuibUia pacctossHue AB mo TeyeHuro peku 3a 64, a mpoTHB — 3a 84,
HaiiieM, 4To B 14 j10AKa, WA MO TEYEHHIO PEKU MPOXOAUT YacThb ITOrO PACCTOSIHMS, a IPOTUB
Te4eHHs. Torga pasHOCTb MEXIy HUIMH — M = €CThb yABOCHHAs 4acThb pacCTossHUA AB, mporsiBaemast
wiotoM 3a l4. 3Hauur. Ilmotr 3a 14 mporubiBET wacTh paccrosiHusl AB, ciemoBaTenbHO, Bce
pacctosinue AB oH nporuibiBeT 3a 48 4.

[Ipu TakoM pelieHNH HaM He MOHAJA00MIIOCh COCTABIATH CUCTEMY ypaBHeHHMH. OIHAKO 3TO
pelleHe CI0XKHEe MPUBEJCHHOTO BbIIIE (HE BCSIKHM J0rafaeTcst HAUTH pa3HOCTh CKOPOCTEH JIOIKHU IO
TEUYEHUIO U MPOTHUB TeUeHUs peku). Ho ecnu BBl Tak U HE CMOTJIM Pa300paThCs ¢ PELICHUEM JaHHON
3aJ]a4M, WIM XK€ Y Bac IPOCTO HET HA 3TO BPeMs, a Ha HOCY €€ Ky4ya KOHTPOJIBHBIX, TO Bbl MOXKETE
3aKa3aTh pelIeHHe KOHTPOJIBHBIX PA0OT Ha CHEIMAIBHBIX OUpIKaX.
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	Тема 3.6. Обратные тригонометрические функции, их свойстваи графики.
	Угол между прямой и плоскостью.
	Пусть  - наклонная, проведенная из точки M к плоскости , а  - ее проекция на плоскость  (рис.1). Тогда угол  - называется углом между прямой  и плоскостью . Таким образом определяется угол между прямой и плоскостью, пересекающей эту прямую и не перпен...
	Сложение векторов
	Вычитание векторов
	Умножение вектора на число
	Тема 14.2. Основные понятия математической статистики
	Статистическое распределение выборки
	Эмпирическая функция распределения
	Полигон и гистограмма
	Решение рационального уравнения , где   и— многочлены(Q(x)(0), сводится к решению уравнения  = 0 и проверке того, что корни удовлетворяют условию          Q (x) ( 0.
	Также используется теорема Виета:
	Рациональные неравенства.
	Свойства равносильных неравенств.

	При решении неравенств используют свойства равносильности. Неравенства с одной переменной называются равносильными, если множества их решении совпадают.
	Доказать. Неравенства P(x) + T(x) > Q(x) и P(x) > Q(x) – T(x) – равносильные.
	P(x) + T(x) – T(x) > Q(x) – T(x), отсюда P(x) > Q(x) – T(x).
	Дано. P(x) > Q(x) – неравенство (1),
	T(x) > 0, x(R,
	P(x)(T(x) > Q(x)(T(x) – неравенство (2).
	Доказать. Неравенства (1) и (2) равносильные.
	Это свойство доказывается аналогично 3 свойству.
	Алгебраические неравенства.

	Линейными (строгими и нестрогими) называются неравенства вида
	Квадратными (строгими и нестрогими) называются неравенства вида
	Метод интервалов.
	Неравенства с параметрами.

	Системы рациональных неравенств.
	Графическое решение неравенств.

	Неравенства с одной или двумя переменными можно решать графически.
	Решение неравенства с двумя переменными f(x,y)>0 есть множество точек плоскости, координаты которых удовлетворяют этому неравенству.
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