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YCBOCHHUS TEOPETHYECKOTO MaTepualla M yMEHMH pelarh pa3jinyHbIe

MAaTCMAaTHYCCKHUC 3a1a4H.
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O0s1acTh IPUMEHEHUS METOAUYECKUX YKAZAHUM

Metoauyeckue ykazaHus JIsl BBITIOJHEHUS MPAKTUYECKUX Pa0OT SBISIOTCS
YaCThIO MPUMEPHOU OCHOBHOM MpodeCcCUOHANIbHONM 00pa30BaTeIbHON MTPOTrpaMMBbl
B coorBercTtBUN ¢ PI'OC mo cnemmampHocTH CIIO 15.02.14 «OcHamenue
CpeACTBAMH aBTOMATH3ALUM TEXHOJIOTHYECKHX INPOLECCOB M NMPOM3BOJCTB
(o orpacyasim)».

1.2. Ileqb U NJIAHUPYEMBbIE Pe3YJbTATHI OCBOCHUS 1M CHUIJINHBI:

Koo Ymenus 3HaHus

1K,

OK

OK 1 BrinonnaTs onepanuu Haz OCHOBBI MATEMATUYECKOTO

OK 2 MaTpUIIAMH U peliaTh CUCTEMBI | aHAIM3a, IMHEWHON anre0psl U
JIMHEVHBIX YPABHCHUN AHAIUTUYECKON T€OMETPUHU
Pewars 3anauyn, ucnons3ys OcHoBbI U] PepeHInanbHOro U
YPaBHEHHMS IPSIMBIX U KPUBBIX WHTETPAIBHOTO UCUUCIICHUS
BTOPOTO NOPSIAKA HA OCHOBBI TEOPUU KOMIUIEKCHBIX
IJIOCKOCTH qucen

[IpumenATH METOBI
muddepeHnnanTsHOTo U
MHTETPAJIbHOTO UCUHUCIICHUS
Pemats nuddepennnansabie
ypaBHEHUS

[Tonb30BaThCs MOHATUSIMU

TCOPHUHN KOMIIJIICKCHBIX YUCCII

1.3. PekomeHAayemoe KO/NM4YeCcTBO 4acoB HAa OCBOeHue paboueir nporpammbl

yuyebHoOil AucumMNAUNHbI:

MaKCUMaNbHOW y4ebHOM Harpy3km obydatowerocs 70 4acos, B TOM YnC/ie:
06A3aTeNbHOM ayaUTOPHOM y4ebHOM Harpy3km obyyatoweroca 64 yaca;
npakTnyeckme pabotbl 30 yacos
camocToaTeNbHOM paboTbl obyyatoweroca 4 yaca.



NEPEYEHb NMPAKTUYECKUX PABOT

1 [encTBuna ¢ KOMNAEKCHbIMK Yncnamm B anrebpanyeckon popme

2 [encTBua ¢ KOMNAEKCHbIMU YAC/TAMKU B TPUFOHOMETPUYECKon dopme

3 dNemMeHTbl BEKTOpHOM anrebpbl BbluncneHne npeaenos

4 NccnepoBaHue GyHKLMM Ha HENPEPbIBHOCTb. KnaccmdpmKkauma Touek
pa3pbiBa

5 HaxorkaeHue Nnpon3BOAHbIX CIOMKHbIX PYHKLMUN

6 YpaBHeHMe KacaTe/lbHOM M HOpManu

7 MNonHoe nccnepoBaHme PpyHKUMK. NMoctpoeHunerpadpmka

8 BbluncneHme nepsoobpasHoi 1 onpeaenieHHbIX MHTerpanos. Pusnyeckoe m
reomeTpuyecKoe NpuaoXKeHne NHTerpanos

9 OnddepeHumpoBaHme PyHKUMN ABYX NepemMeHHbix. ccnepgoBaHne GpyHKLMK
OBYX NepeMEeHHbIX Ha 3KCTpPEMYM

10 BbluncneHme ABOMHbIX MHTErpanoB. [pakTnyeckoenpMMeHeHne 4BOMHbIX
WHTErpanos.

11 NccneposaHme pagoB Ha CXOAMMOCTb

12 PeweHune gudpdepeHuranbHbIX ypaBHEHUN

13 [encTema c maTpuuamm

14 Bbluncnenune onpegenutenen matpul,

15 HaxoxaeHune obpaTtHoON maTpuubl. PeweHne npocteiwmx MaTpuUUHbIX
YPaBHEHUM

16 PeweHune cnctem nnHemnHobIx ypaBHeHu no popmynam Kpamepa u ¢




NMOMOLLbIO 06paTHOM MaTpULbI

17 | PeweHune cuctem NMHenHbIX ypaBHEHM meToaom aycca

18 | dnemeHTbl BEKTOPHOM anrebpbl

19 CocTaBneHWe ypaBHEHMA NPAMON Ha NAOCKOCTU. YToN Mexay NPAMbIMU

20 CocTaBneHWe ypaBHEHUIN KPMBbIX BTOPOro NopAgKa (OKpPY*KHOCTH, SNAMNCa,

runep6bonbl, napabonbl)




IIpakTuuyeckas padora Ne 1 mo reme
«/1eCTBUA CKOMILIEKCHBIMHU YUCJIAMHU B ajredpandeckou popme»

Ilesib: HAYYUTH BBINOIHATH AEHUCTBUS C KOMIUIEKCHBIMU YUCIIAMU B
anredpanyeckon popme
Bpemsa BbinosniHeHUA 90 MUHYT

MartepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHuA

2.3apaHue

3.JiuctA4

4.Kanbkynatopol

MopsapoK BbinoNHeHUA paboTbl
1.M3yunTb 3agaHue

2. U3yunTb TeopeTnyeckme ceeseHuns

3. BoinonHntb 1 opopmutb paboty
4.Moka3aTb pe3ynbTaTbl NpenogasaTento
JomawHee 3apaHune

1.MoAarotoBUTb OTBETLI HA KOHTPOJ/IbHbIE BOMPOCHI

Teopernveckue cBeeHU

Omnpenenenne. KOMIUIEKCHBIM 4YHCJIOM ZHA3bIBAETCSA BBIPAKEHUE z=a+ib ,
rae au b — nelicTBUTENbHBIC YKCIIA, | — MHAMas €IWHUIIA, KOTOpas OIpPEaeasaeTCs
COOTHOIIIEHUEM: i* = —1; i=-1.

[Tpu 3TOM YHKCIIO & Ha3bIBACTCs eHCTBUTEIbHON YacThIo uncia Z (2 = Rez), a
b- muuMmoii yactbio (b = Imz).

Ecimu a =Rez =0, To yucio z OymeT 4yucTto MHUMBIM, eciii b = Imz = 0, To
YUCJI0 Z OyIeT e CTBUTCIIHHBIM.

Onpenenenne. Yucna z=a+ib W Zz=a—ib HA3BIBAIOTCI KOMILUIEKCHO —
CONpsizKeHHBIMU.
Onpenesienne. /[Ba KOMIUIEKCHBIX 4HWCHIA z, =a, +ib, U z, =a, +ib, Ha3bIBAKOTCS
PaBHBIMH, €CJIM COOTBETCTBEHHO PaBHBI UX JACHCTBUTEIIHLHBIC I MHUMBIC YaCTH:

a, =dy, b, =b,;
Onpenenenne. KoMIIekCHOE YMCIO paBHO HYJIIO, €CJIM COOTBETCTBEHHO PaBHBI

HYJIIO ﬂCﬁCTBHTGHBHaH U MHUMas 94aCTH.



a=b=0.
JeiicTBUSI HAI KOMILVIEKCHBIMM YHMCJIAMU B ajJredpanyveckoii ¢popme.

OcCHOBHBIE JEUCTBUA C KOMIUIEKCHBIMU YMCJIAMU BBITEKAIOT U3 JIEUCTBUU C
MHOTOUJIEHAMH.

Ci10:KeHre M BHIYMTAHHE

PaccMoTpHM /IBa KOMIUIEKCHBIX YKCJIa, 3a1aHHBIX B 00meM BuaeZ: =ai+iby;
Zo=ax+ibyTornaz = z, + z, = (a; +ib;)(a, +ib,) = (ay X a,) +i(by £ b,) =
atib

Mo3kHO C(OPMYIHPOBATH IPABUIIO CIIOKEHHMS M BHIUUTAHUS KOMIUICKCHBIX YHCEIL:

MPU CJIOKEHUU (BRIUMTAHUH) KOMIUIEKCHBIX YHUCEJI COOTBETCTBEHHO CKJIAIbIBAIOTCS
(BBIUMTAIOTCS ) UX JEHCTBUTEIBHBIE U MHUMbIC YaCTH.

YMHOKEHUE
z2=212>=(a1+ib1)(ax+ib2) =a1ap+iaib2+ibias+i2bib,=a+ib
z=21Z>=(a1a2-b1b2)+ i (arb2+biay)

( T.C. MOXHO TOBOpPHUTD, 4qTO IEPCMHOKAIOTCA KOMIUICKCHBICHHCIA KaK

MHOTOYJIEHBI, YYHTHIBasg, 4TO (2 = -1). 3HAauuT,uTOOBl INEPEMHONKHTHL JBa

KOMIUIEKCHBIX YHCJIa HEOOXOAMMO MEPEMHOKUTh UX KaK MHOTOWICHBI, yUUTHIBA,
uT0i? = -1.

Jlenenne

[Ipu BBITIOTHEHUH JIEJICHUS KOMIUIEKCHBIX YUCEN MOJIb3yITCS HCKYCCTBEHHBIM
NpUEMOM: YHUCITUTEIb U 3HAMEHATEIb IPOON YMHOKAIOT Ha YUCJI0, KOMIUIEKCHO -
COMPsHKEHHOE 3HAMEHATEIO IpOoOH, U IMOCTYIAIOT Jaliee TaK, KaK ¥ IpH
YMHOKEHUU KOMILJIEKCHBIX YHUCEJ.

IIpumep.
Z1= 5-i;
Z2=-2+3I;
2 _ 5-i _ (5-0)*(2-3) _-10+2i-15i+3i° -13-13i _ , .
z, -2+3i (-2+3i)*(-2-3i) 4-9i? 13

3aiaHus NpaKTH4ecKo padoThI

z
1.JaHBl KOMIIJIEKCHBIE YNCIIA BRIYUCIUTD YZ =2, + 2, .2, — Z,; Z,'Z,; —
’ z

2



1.z, =5-1; z,=1+3i 16.z, =5+1; z,=1-2i

2.2, =3-4i; z,=1+i 17.z, =3+1;, z,=5-2i
3.z, =1-5i; z,=1+4i 18.z, =1-5i; z,=1+3i
4.2, =1+31; z,=7-Ii 19.z, =5-1; z,=1+3i
5.2,=1-1;, z,=7+3i 20.z, =1+3i; z,=-2+5i
6.z, =1-1;, z,=5-4i 21.z, =3+4i; z,=-2+Ii
7.2, =344, 7,=-2+I 22.2,=5-21; z,=-2+I
8.2,=-1; z,=T7+4i 23.2,=7-2i; z,=5+3i
9.2, =6-51;, z,=1+I 24.2,=7-31;, z,=-1+4i
10. z, =-1+5i; z,=2-5i 25.2, =-2+3i; z,=5-4i
11.z, =5-7i; z,=1-3i 26.z, =-3+2i; z,=6+D5i
12.2, =-3-2i; z,=-1+Ti 27.2, =-1+7i;, z,=4-5i
13.2, =5+2i; z,=2-i 28.z,=4+5i; z,=1-2i
14.z, =1+51; z,=2-3i 29.2,=-1+3i; z,=6-5i
15.z, =1-4i; z,=1+2i 30.2,=-3-2i; z,=4+3i

2. BeIoTHATE TEUCTBUS Hal KOMILICKCHBIMH YHCIIAMH B aareOpandeckoit hopme

i 142

2(1-i/3)
1+iv3

2)12)22)
1-i)* .
3)13)23) [_j il
1+1
4)14)24) £=200+2) oo,
2+1

5)15)25)2(“'@ L+i3);



6)16)26) =2 +1)° 2+3') —(01-0,3):

7)17)27)

8)18)28

2(1-i/3)
i(\v3-i)

) (1—3i)(l‘-|'3i) i
-3-1

9) 19)29) LF1V3)" (“ "@)

10)20)30) (4I__,)2 _8(2—i%);

KoHTpoJbHbIe BONIPOCHI

1.

NIk wWN

UTo Takoe KOMILJIEKCHOE YUCIIO: JIEMCTBUTENbHAS YaCTh YUCIa, MHUMAs
4acTh ynciua?

Yro Takoe MHUMAas eAMHULIA?

Kakue unciia Ha3pIBalOTCS CONPSIKEHHBIMU?

Kak npeactaBuTh KOMIUIEKCHOE YHCIIO rpaduuecku?

Yrto Takoe Moy yucia?

Yro Takoe aprymMeHT uncia’?

CKOJIBKO MOXKET OBITh MOJIYJIEM U apIYMEHTOB y KOMIUIEKCHOTO 4Kciia?
Kak HaiiTn aprymeHT uucna?

Kak HaiiTn cymMMy, pa3HOCTb, IPOU3BEICHHUE, YACTHOE KOMIUIEKCHBIX YHCEI

IIpakTHuyeckas padora Ne 2 o reme

«JleMcTBHSA HAJl KOMIUIEKCHBIMU YUCJIAMHM B TPUTOHOMeETpHYeCcKoil (dopme»
Ilesib: HAYYUTH BBIOJIHATH ACHCTBUS C KOMIUIEKCHBIMU YUCIIAMU B

TPUTOHOMETpUUECKOU popme

Bpems BbinonHeHna 90 munHyT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceepeHumA
2.3apaHue

3.JIuctA4

4.KanbKynatopbl

MopAapoK BbinoNHeHUA paboTbl
1.M3yunTb 3apaHue

2. N3yumnTb TeopeTnyeckmne ceeaeHunA
3. BoinonHntb 1 opopmutb paboty



4.[ToKa3aTb pe3ynbTaTbl NpenoaasaTento
AdomaliHee 3agaHue

1.MoarotoBUTb OTBETLI HA KOHTPOJIbHbIE BOMPOCHI
TeopeTnyeckme ceeaeHus

FeOMeTpnqecxoe nsoﬁpameﬂne KOMIIVICKCHBIX YHCEJI.

[ToHsITHE KOMILJIEKCHOTO YMCJIa UMEET TEOMETPUUECKOE UCTOJIKOBAHUE.
MHO€CTBO KOMITJIEKCHBIX YUCE ABJISICTCS PACIIMPEHUEM MHOKECTBA
JEUCTBUTENBHBIX YUCEN 34 CYET BKIIOUECHUSI MHOKECTBA MHUMBIX YUCET.
KomMrinekcHble rclia BKIFOYAOT B ce€0s1 BCE MHOXKECTBA YHUCEI, KOTOPhIE
M3y4aInCh paHee. Tak HaTypalbHbIE, LEIble, PAUOHAIBHBIE, UPPALMOHAJIBHEIE,
JIEHCTBUTEIBHBIC YUCIIA SIBISIOTCS, BOOOIIE TOBOPS, YaCTHBIMU CITy4asiMU
KOMIUJIEKCHBIX YUCE.

Ecnu nmro6oe necTBUTENbHOE YUCIO MOXKET ObITh TEOMETPUYECKU MPEICTABICHO B
BHUJIC TOYKHM HA YUCIIOBOM MPSIMOU, TO KOMIIJIEKCHOE YUCIIO MPEACTABISACTCA
TOYKOM Ha MJIOCKOCTH, KOOPAUHATAMH KOTOPOM OyAYyT COOTBETCTBEHHO
JEUCTBUTENbHAS. U MHUMAasl YaCTU KOMIUIEKCHOI0 uncia. [Ipu stom
TOPU30HTAJIbHAS OCh OYJIET SIBISATHCS ACHCTBUTEIHLHOM YHMCIOBOM OCBIO, a
BEPTUKAJIbHAS - MHUMOU OCBIO.

A(a, b)

0 a X

Takum o6pazoMm, Ha ocu OX pacrnoiararoTcsi ACMCTBUTENIbHBIC YUCIa, a HA OCU
OY — 4uCcTO MHUMEIE.

C nmoMoIipr0 noj100HOT0 reOMETPUIECKOT0 MPEICTABICHUS MOYKHO

MPECTABIATh YKCIa B TAK HA3bIBAEMOW TPUTOHOMETPUUECKOM dopme.

Tpuronomerpuueckasi gopma uncJja.

N3 reoMeTpuuecKux cooOpakeHU BUIHO, YTO a =rcos®; b=rsing. Torma

KOMINICKCHOC YHCJIO MOKHO IIPCACTABUTL B BUJIC!

z=a+ib =rcos@+irsin@=r(cos@+isin Q)



Takas popma 3amucu Ha3bIBacTCS TPUTOHOMETPHUYECKOi (popmoii 3anucu
KOMILJICKCHOT'0 YMCJIA.
[Ipu 3TOM BEMMYMHA I HA3BIBACTCA MOAYJEM KOMIUIEKCHOTO YHCIA, a YIroJ

HAKJIOHA (p - aPryMEHTOM KOMILICKCHOI'O YHCJia.

r=|z; o=Argz.

W3 reomeTprueckux cooOpaxeHUil BUIHO:
. 2 12 b
r= |a +lb| =a’+b*; ¢=Argz=arctg—;
a

O‘IGBI/II[HO, 4TO KOMIIICKCHO — COIIPSAKCHHBIC YMCJIa UMCIOT OAWHAKOBBIC MOJAYJIN
H IIPOTHUBOITIOJOKHBIC apTYMCHTHI.

A=

; Arg z =—Arg z.

JleficTBUS ¢ KOMIUIEKCHBIMH YHCJIAMH B TPUTOHOMETPHUUYECKOM (popMme.
z, =r(cos@, +isinQ,), z, =r,(cos@, +isinQ,).

YMHOKeHHE z = z,z, = 1,1, (cos(®, + ¢,) +isin(Q, +¢,))

B ciydae KOMIUIEKCHO — CONPSIKEHHBIX YUCEIT:

2Z=(a+ib)a—ib)=a*+b* =2 =z,

Henennez =1 = (cos(p, —¢,) +isin(e, —9,))
Z, n

Bo3Benenue B cTeneHb

W3 oneparum yMHOXEHUST KOMIUIEKCHBIX YHUCETT CIETYET, 4TO

2 = zz = r*(cos 2¢ +isin 2¢)

B o6miem ciaydae nomydum:

z" =r"(cosn@ +isin ne),

rzie N — 1eJI0€ MOJOKUTETHHOE YUCIIO.

Ot1o BhIpaxkeHHe Ha3biBaeTcs gopmysioii Myaspa. (AGpaxam ne Myasp (1667 —

1754) — aHrMUHACKUN MaTeMaTHK).

H3Baeuyenue KOpPHA U3 KOMIUVIEKCHOI'O YMCJIa

8z = {/r(coscp+isin @) = p(cosy +isiny)

BOBBO,Z[H B CTCIICHDb, ITOJIYUYHUM:



p" (cosny +isin ny) = r(cos @ +isin @)

Otcroma: p="4/r; ny=¢+2nk; keZ.

2wk .. + 21tk
Wz :w(cosmism(p)=</;(cos<r>+_ff+,sm¢_nj

n n

Takum oOpa3oMm, KOpeHb N —OW CTENEeHW W3 KOMIUIEKCHOTO YHCIa HUMeeT N
pa3JIMYHbIX 3HAUYCHUI.3aJaHUA JJIA PAKTHYECKOil padoThI

3anaHne. Breimonauth I[efICTBHSI C JaHHBIMHU KOMITJICKCHBIMMU .

1) 21+72; 71-72; 7Z1-72,71:72

1. z; = 8(cos 55° +5in55°%), z, = 2(cos5° + sin 5°),

2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 12°),
z; = 3(cos 70° +5in 70%), 2z, = 2(cos 20° + sin 20°),

z; = 10(cos 105° + sin 105°), z, = 2(cos 15° + sin 15°),
z; = 12(cos 145° + sin 145°), z, = 2(cos 5° + sin 5°),

z; = 7(cos 255° + sin 255°), z, = 2(cos15° + sin 15°),
z; = 9(cos 168° +5in 168°), z, = 2(cos 12° + sin 12°),
z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),

z; = 3(cos 40° + sin40°), z, = 2(cos5° + sin5°),

10. z; = 10(cos 75° +sin75°%), 2z, = 2(cos 15° + sin 15°),

© ©® N ;o W

11. z; = 9(cos 123° +sin123°), z, = 2(cos12° + sin 12°),
12. z; = 5(cos 160° + sin 160°), 2z, = 2(cos 20° + sin 20°),
13. z; = 3(cos 235° +5in235°), 2z, = 2(cos5° + sin 5°),

14. z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

15. z; = 2(cos 258° + sin 258°), z, = 2(cos12° + sin 12°),
16. z; = 7(cos 115° +sin 115°), 2z, = 2(cos 20° + sin 20°),
17. z; = 14(cos 310° +sin310°), z, = 2(cos5° + sin 5°),
18. z, = 8(cos45° +sin45°), z, = 2(cos15° + sin 159),

19. z; = 6(cos 213°% +5in213°), 2z, = 2(cos12° + sin 129),
20. z; = 9(cos70° +s5in 70°), z, = 2(cos20° + sin 20°),

21. z; = 4(cos40° + sin40°), z, = 2(cos5° + sin 5°),

22. z; = 6(cos300° + sin300°), z, = 2(cos15° + sin 15°),
23. z; = 3(cos33° +5in33°), z, = 2(cos12° + sin 12°),

24. z; = 5(cos 250° + s5in 250°), 2z, = 2(cos 20° + sin 20°),
25. z; = 8(cos85° +sin85°), z, = 2(cos5° + sin 5°),

26. z; = 10(cos 165° +sin 165°), z, = 2(cos 15° + sin1 5°),
27. z; = 9(cos48° +sin48°), z, = 2(cos12° + sin 12°),

28. z; = 5(cos100° + sin 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos175° +5in175°), z, = 2(cos5° + sin 5°),

30. z; = 16(cos120° +5in 120°), 2z, = 2(cos 15° + sin 15°),



2.BBINOJIHATE TEUCTBUS Ha/l KOMIICKCHBIMH YHCJIAMH B TPUTOHOMETPHUCCKOM
dbopwme.

1112171 6.16.26. 3/~ 1+
1+1
1-i \° . N
212,22, _ 717.27. (03 —i)=1+i
&= (13-i-1+1)
\6 12
313.23. 1+‘/,§' 8.18.28. V3+i
1-1i 2
- 4 - 3
414,24, m 9,19,29. @
0,5\/§—0,5l \/§+|
. P \3
515,25, (2+ V12i 10,20,30. (-3 /3

3.BBImomHUTE IEHCTBUS Ha/l KOMIUICKCHBIMU YHCIIAMHU B TPUTOHOMETPUICCKOM
dbopwme:

D3z 2)
1. z,=1+i, z, =—J/3 +i; 6. z,=1-/3i, 2, =2+2i;

2. 7,=1-i,z,=—3-i; 7. z,=-1+-/3i, 2, =-2-2i;

3. z,=-1+i,2, =1+—i; 8. Zl=—1—\/§i, z, =—-2+2i;
2

4. zl:—l—i,zzzl—ﬁi; Q. 21:\/§+i,22:—1—£i;
2 2 2
5. z,=1+3i, z, =2-2i; 10. 21=\/§—i,22:%+§i;

KoHTpoJsbHbIE BONIPOCHI

Yro Takoe TpuroHoMeTpudeckas (popma 3anucu KOMILUIEKCHOTO Yucia?

Kaxk nepeBecTu 4uciio B TPUTOHOMETPUYECKYIO (opMy?

Kak HaiiTu npou3Be/ieH1ne, YaCTHOE YUCEe B TPUTOHOMETpUUeckoit hopme?
Kak HaliTu BO3BECTH YHMCJIO B TPUTOHOMETPUUYECKOW (opme B LEIyIo
CTENEHb?

5. Kak HaliTu KopeHb N-HOW CTENEHWM M3 YUCIa B TPUTOHOMETPHUECKON
bopme?

W



MpaKkTnueckana pabora Ne 3
TeMma « Boruuciaenue npeaeaon»
Iesib: HAYYUTHCS BBIYUCIIATH PEIEIbI, PACKPBIBATh HEONPEACICHHOCTH.
Bpems BbinonHeHna 90 munHyT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceeaeHUA

2.3apaHune

3./lInctA4

4.KanbKynatopbl

MopaaoK BbInONHEHUA PAbOTDI
1.3yuntb 3agaHue

2. I3yunTb TEOpPETMYECKME CBEAEHUSA

3. BbINONHUTL M 0POPMUTL PaboTy
4.MoKa3aTb pe3yabTaTbl NpenoaaBaTento
JomalwHee 3agaHue

1.MoArotToBUTb OTBETbI HA KOHTPOJIbHbIE BONPOCHI
Xoa padoTbl

TeopeTnyeckue MoJI0KeHU
[lepemenHas u pejiea — 3TO0 OCHOBHBIE MOHATUS MAaTEMAaTUYECKOTO aHAIU3a.

JlocTaTOYHO HAIIOMHUTH, YTO KJIIFOYEBBIM CJIOBOM B OIPECICHUSX TaKUX
W3BECTHBIX CO IIKOJIBI TOHSATUM KaK MPOU3BOAHAS U UHTETPAJ SBJSETCS CIOBO
npenaes.

IIpenen pyHKUMH B TOYKE.

y f(x)

A ++¢

A-¢ -

0 a- Aaa + AX




[Tycts dynkuus f(X) onpeneneHa B HEKOTOPOW OKPECTHOCTH TOYKH X = a (T.€. B
camMoi TOUKe X = a PYHKIUS MOKET ObITh M HE OIIPe/IeICHA)

Onpenenenue. Unciao A HazpiBaeTcs nmpenesaom Gpyukuuu f(X) npu x—a, ecnu
1151 iro6oro €>0 cymiecTByeT Takoe unciio A>0, 4To Jj1s BCeX X TaKHUX, YTO
0 <|x - al <ABepno Hepasencrso | f(X) - Al <e.

To ke onpeneraeHrne MOXeT ObITh 3aMKCaHO B APYTOM BUJIE:
Ecmu a - A<x<a + A, X#a, To BepHO HepaBeHCTBO A - e<f(X) <A + ¢.

3anuck npeaena GyHKIUU B TOUKE: lim f(x) = 4
Omnpenenenune, Ecau f(X) —>A1 npu X — a TOJIBKO mpu X<a, TO lim f(x)=4, -

Ha3bIBaeTcs mpeaeaom ¢ynknuu f(X) B Touke X = a cjieBa, a eciu f(X) —>A2 ipu x

— a TOJIbKO MpH X>a, TO lim f(x)= A, HA3bIBACTCA MpPeeIOM ¢yukiun f(X) B
x—a+

TOYKEC X = a CIpaBa.

f(

[TpuBeacHHOE BBIIIE OMpPEACIIEHHE OTHOCUTCS K ciaydaro, koraa dyakius f(X)
HE OIpe/e/icHa B caMOi TOYKE X = a, HO OMNpe/eeHa B HEKOTOPOH CKOJIb YTOJHO
MaJIOM OKPECTHOCTH 3TOU TOYKH.

[Mpenenst A1 ¥ A2 Ha3bIBAIOTCA TaKXKEe OMHOCTOPOHHHMH TpeaeiaMu
¢yukuun f(X) B Touke X = a. Takke TOBOPAT, YTO A — KOHEYHBIH mpees
bynxuu f(X).

Ipenen GpyHKIMHU NPH CTPEMJIEHHH aPTyMEHTAa K 0eCKOHEeYHOCTH.

Onpenenenue. Yucio A HaszpiBaetcs nmpeaeaom ¢pyukimu f(X) mpu x—o0, ecnu
s mroboro yucia €>0 cymecTByeT Takoe uucio M>0, 9To st BceX X, |x| >M
BBITIOJTHSAETCSI HEPABEHCTBO



l4-f(x)|<e

[lpu stom mpemnonaraercs, uro ¢GyHkus f(X) omnpeaencHa B OKPECTHOCTH

OECKOHEUYHOCTH.

3anuchIBaoOT: lim f(x) = A. AHQJIOTUYHO  MOXHO  ONPEACNIUTh  MPEAEbl
X—>0

lim f(x)= A aas moboro x>M u
lim f(x)= A nmasg moboro x<M.

OcHOBHBIE TeopeMbl 0 NpeaeIax.

Teopema 1.1imC = C, rae C = const.

xX—a

Crenyromnye TeopeMbl CIPABEIIMBLI IIPH MPEINONoKeHnH, yTo GyHKImu f(X) n
g(X) UMEIOT KOHEYHBIE MPEACIBI TPH X—>a.

TeopeMma 2.lim(f(x) + g(x)) = lim £ (x) % lim g(x)
Teopema 3.1im[ £ (x)- g(x)] = lim f(x) - lim g(x)
CaenacrBue.lim C- f(x) = C-lim f(x)

lim £(x)
Teopema 4. lim DACo = 1pH lim g(x) # 0
wag(y)  limg(x) xa

Teopema 5.Ecnu f(X)>0 66nuzu mouku x = a u lim f(x) = 4, mo A>0.

Amnanornvno onpenensetcs 3uak npenena npu f(x) <0, f(x) > 0, f(x) < 0.

Teopema 6.Eciu g(X) <f(X) <U(X) 66usu mouxu x = a u lim g(x) = limu(x) = A, mo u

lim = 4.

xX—a

Onpenenenne. Oynkuus f(X) Ha3pIBacTCS OrpaHMYeHHON BOJM3HM TOYKH X = a,
ecIM cyIecTByer Takoe unciao M>0, uro | f(X)| <M BG1u3u Touky x = a.

Teopema 7.Eciu ¢pynuxyus 1(X) umeem xoneunwiii npeden npu x—a, mo ona
ocpanudena 601u3u mouku x = a.becKoHe4Ho manbie GpyHKUUM.

Onpenenenne. DOynkuus f(X) Ha3pIBacTCs 0ECKOHEYHO MAJIOW MPU X—>a, IJIe a

MOKET OBITh YHCJIOM WX OJHOM M3 BEJIMYMH 00, +00 UJIU -00, €CIIH lim f(x) =0.
xX—a

CroiicTBa 0€CKOHEYHO MAJIBIX (PYHKIIUIA:



1) Cymma QUKCHPOBAaHHOTO YUCIIa OECKOHEYHO MANbIX (YHKIMHA TPU X—>a TOXKE
OeckoHEeYHO Majas PYHKIIUS P X—a.

2) TlpousBenenue (PUKCHPOBAHHOTO 4YHCIa OCCKOHEYHO MAalbIX (GYHKIHMH MpU
X—>a TOXKe OECKOHEYHO Majasi QyHKIHS MPU X—>a.

3) IlpousBenennue OECKOHEUHO Maiol (GYHKIUM Ha (YHKIHIO, OTPAHHYCHHYIO
BOJIM3M TOUKH X = a SIBJIAETCS OECKOHEUHO MaJiol GyHKIUEH MPU X—>a.

4) YactHOoe OT JeieHHs OSCKOHEYHO Majio (DyHKIHMM Ha (QYHKIMIO, Mpeaes
KOTOPOH HE paBeH HYJIIO €CTh BeTUYrHa OECKOHEUHO Mastasl.

beckoHe4yHo 00JibIINE (PYHKIUM U UX CBA3Db ¢ 0€CKOHEYHO MAJIbIMU.

Onpenenenune. yHKIMSA HAa3bIBACTCA 0€CKOHEYHO 0OJIBILON TIpU X—>a, IJe a

— YHCJO WJIM OJHA U3 BEJIIMYUH 00, +00 MJIM -00, €CJIM lim f(x) = A4, TJA€ A — 4HUCIIO

x—a
WM OJIHA U3 BEJINYHUH 00, +00 HJIH -0,

CBs13b 6€CKOHEYHO OOJIBIIMX U OECKOHEYHO MaJIbIX (PYHKIIUN OCYILIECTBISIETCS B
COOTBETCTBUHU CO CIICIYIOILIEN TEOPEMOM.

Teopema.Ecau f(X) >0 npu x—a (eciu x—»o0 ) u ne obpawaemcsi 6 HoJb, Mo

Ipumep. Haiitu npenen lim t'g5x
x—=0 sin 7x

Tak kak tg5X ~ 5x wm sSin7X ~ 7X mpu x — 0, TO, 3aMEeHUB (YHKIHH

SKBHBAJICHTHBEIMH OCCKOHECYHO MaJIbIMH, ITOJYYHUM:

lim 8% _ jim 0¥ 2
=05 7x >0 7x 7

3
Ipumep. Haiitu npexen lim

x>01—COSX
X X : )C3 X3
Tak kak 1 — COSX = 2sin® = ~2/ = | npu Xx—0, To lim ——— =lim —- = lim 2x = 0.
2 2 x>0 ] —cosx x=0 x x—0
2
o .t .
Ipumep. Haiitu npenen lim .gxz = hmi2 = oo
x—0 SIn x x—0 X

Eciu o u B - OeckoOHEUHO Malible MpU X—a, IpuueM [ - OECKOHEYHO Majas
Oojiee BBICOKOTO TOpAJIKA, Y4eM o, TO Y = o + [ - OeckoHEeYHO Maras,
DKBHUBAJIEHTHass O. OJTO MOXHO JOKa3aThb CJEAYIOINIMM  PaBEHCTBOM

1im1=1im(1+£j=1.

x—a of x—a (04

Toraa roBopsT, 4TO O - IJIABHASI 4aCTh OECKOHEUHO Maol (DYyHKILIHMH Y.



Mpumep. Oynkuus x> +x — 6eckoHedHO Manas mpu Xx—0, X — IJIaBHAs 4acTh

7ToM pyHKIMU. UTOOBI MOKA3aTh 3TO, 3AMUIIEM O, = X2, B =x, Torma

2 2

X . X"+ X
lim— =0, lim
x—=0 X x—0 X

= lim(x+1) =1.

HekoTopbie 3aMeuaTesibHbIE TIpe/eJibl.

P(x)

IlepBbIii 3aMeyaTeTbHBIH MpeaelI. lim%, rae P(X) = aox" + arx™! +.. .+an,
X—>0 X

Q(X) = box™ + b1Xm-1 +...+Dm - MHOTOWICHBI.

a a a a
x"(ay +—+.+0) ag+—+..+
P(x): x X _ e X X
X b b b b
o) x"(by + 4.+ 2) by +—++..+ 2
m m
X X X X
a
g+ +.. 4
lim X X -0
X—0 bl bm bO
by +— 4.+
X X

0, npu n<m

. P
Hroro: lim () _ a—o, npu n=m
== Q(x) b,
©, npu n>m

sin x
=1

Bropoii 3aMeuyaTeabHbIN Npeae)l. lim
x=0  x

X—>00 X

. . . IR
Tperuii 3aMeyaTeJbHBIN NpeaeI. lun[l +—j =e

YacTto ecnu HETOCPEACTBEHHOE HaXOXKICHUE TIpeiesia Kako — 1160 QyHKIMH
MPEICTABIISACTCS CIOKHBIM, TO MOXKHO ITyTEM IIpeoOpa3zoBaHus (PyHKIIMN CBECTH
3a/1auy K HaXO0X/JICHHIO 3aMevaTeIbHbIX IPEIEIIOB.

Kpome Tpex, U37105KEHHBIX BbILIE, MPEJEIOB MOXKHO 3aIIUCATh CIEIYIOLINE
M0JIE3HbIEC HA MTPAKTUKE COOTHOILICHUS:

im0+ o T e D
x—0 X x—0 X x—0 X

IMpumep. Haiitu npenen.

. temx . mx m
hmg =lim—=—

=0sinnx >0 px R

IIpumep. Haiitu npenean.



—t 1 _ 1 _
lim 1gx —tgx, ~ im sin(x — x,,) ~ im sin(x —x,) lim 1 _1. 1 1

-x, X —X >3 (X — X, )COSXCOSX, % X—X ¥>% COSX COS X cos’x, cos’x
0 0 0 0 0 0 0

Ipumep. Haiitu npenexn.

2 .
. ———sin(z/4—x) i
. sinx—cosx . J2 . —sin(w/4-x) 1
Iim —— = lim = lim =—
x—>r/4 72'_4x x—r/4 72'_4x x—r/4 2\/5(72-/4_)‘-) 2,\/5

IHpumep. Haiitu npenen.

y=r/2-x Iy _ .
lim <Y _Jy—z/2-y im $OSF2=0) _ppsiny 1
x~>7z‘/2ﬂ'_2x y—0 2y y—0 y 2
T=2x=mr—-—mw+2y

Ipumep. Haiitu npenen.

+3)" Cppays [T A 4Y 1)
lim| & = lim| & x5 w t=liml 2 —lim| 1+~ | -lim{1+=| =
X—® X—l X—w x_l y—®© y y—® y y—® y

y—)oo
4z z 4
={Z=Z}=lim(l+l} =(1im(1+ljJ =

4 Z—0 Z Z—>00 Z

x2 —6x+8

IMpumep. Haiitu nipenen  lim——————.
P P peAt x>2 X2 —8X +12

JI71st HaX 0K JICHHS ATOTO TIPeieia Pa3IoKUM Ha MHOXKHUTEN YUCIIUTEIb U
3HaMeHaTelNb JaHHOU JIPOOH.

X2 —6x +8=0; X2 —8x+12=0;
D=36-32=4 D =64 —48 = 16;
X1 = (6 + 2)/2 = 4; X1 = (8 +4)/2=6;
X2=(06-2)/2=2; X2 = (8 —-4)I2 =2;
Torga lim (x=2)(x=4) _jjyx=4_2_1

2 (X—2)(X—=6) *2Xx—6 4 2

y V1 X+ X =1 x4+ X
IHpumep. Haiitu npenei. lim

> JOMHOXHWM YUCIIUTCIIb U
x—0 X —X

3HaMCHAaTCJIb I[pO6I/I Ha COIIPAKCHHOC BBIPAKCHUC!

) 1+ X+ x> =1+ x—X? ) 2X
lim =lim

D0y (X =D+ X+ X% +V1=Xx+%2) O x(X—D(1+ X+ x* +4/1-x+x?)




:—2 =
~1-(1+1)

IIpumep. Haiitn npenen.

2_ J— J— —
im0 e s i6= (23| = i F DO 372 1
=3 (x-3)(x+3) 3+3 6

x—3 X —

3 2 _
Ipumep. Haiitu npenen lim al fx rlix=6
Wi x" =3x+2

Pa3noxuM uuciauTens ¥ 3HaMeHaTeIb Ha MHOYKUTEIIH.
X2-3x+2=(x-1)(x-2)
X2 —6x2+ 11x -6 =(x—1)(Xx - 2)(x — 3), T.k.

X2 —6x2+11x—-6 x-1
X3 —x2x? -5x + 6

- 5% + 11X
- 5x2 + 5x
6x - 6
6x - 6
0
X2 -B5Xx+6=(x-2)(x—23)
Torna lim (-Dr=2)(x=3) __,
=l (x=1)(x=2)
Ipumep. Haiitu npenexn.
2sin 2a+2h cos% —2sin(a + h)
lim sin(a +2h) — 2512n(a +h)+sina lim 2 22 lim 2sin(a + hz(cosh— D) _
h—0 h h—0 h h—0 h

— 1 2
- 2pngsin(a+h).£im2sm—(h/2) —2sina-(~1/2) = —sina

-0 4(h/2)°

3ajaHus NpakTH4ecKou padoThI

1.HaiiTu ykazaHHbIe NIPeAeJIbl.

2 2
1.1. lm iﬁ—x-'-ﬁ omeem:l 1.2. lim *4-2;{ omeem 1
=2 xt =12z +20 8 LS S
B 5 Co2xtox—1
1.3. lin ———— omeem.——— 1.4. ———— omeem:—
¥=3 gt 0 27 Wl Gyt D 5



2x% _Tx+4 omeem .uem

1.5. lim

=2 p? _Sx46 peutenus

124+ x— x* omeem nem

1.6. lim

¥=3 % 97 peuenus

o It 4ix-1 fodr-5
1.7. lim % omeem . — 1.8. lin xg—xomeemig
| 9 Foml s Py 4
3 _ 2
1.9. lim w omeem:—ﬂ 1.10. lin w omeem 1
el x4+ 2 3 ¥ Pxt —5x -3
3 1
1.11. lim ;—Bomeem:— 1.12. lin x3—xzomeem:—l
=lattx-6 5 =yt +1
3 2
-16 Ax* +11x-3
1.13. lim :— omeem:§ 1.14. lim ;':2 272 omeem 13
=t xt - 20 9 il o 4
C 3xEP-Tx-6 C dxf4T7x-2
1.15. lim :{2—:{ omeem .= 1.16. lin xg—x omeem . —
Lt = Tx+3 5 ¥==2 3xt +dx +4
2 _ T 4.
1.17. lm w omeem . — 1.18. % omeem 0
E=l Tt b2 5 E=llyt p Dy 2
2 _ 2_ omeem . Hem
1.19. lm w omeem:1 1.20. lin w
=l xt 43041 wet oyt _x 12 peweHus
2 _ 2 — 5 omeem .Hem
1.21. lim E:Zﬂomeem:—1 1.22. lin 4:;:4_—;{5
=1 xf 43710 7 w1l — 2x+1 pewenus
= Sxt 4 1lx -2 f_5x-14
1.23. lim xﬂ il omeem:—— 1.24. lim XE—X omeem:g
i3 Axt —x-—10 ¥=27 Dxt Gy — 35 19
2 ga_ 2 omeem . Hem
1.25. lim womeem:ﬁ 1.26. lm w
¥ 2xt —3x-35 17 i3 x4 _fx— 27 pewenus
p 2
—2x-—35 . 2z +15x-8
1.27. lm xg—x omeem:ﬂ 1.28. lm :—x omeem:E
=i Dt +11x 40 3 ¥ 5 L 25x 4+ 8 23
2 A 3 B
1.29. lin 3?:22—?:40 omeem'2 1.30. lim w omeem . —
R R A ¥=3 3yt +10x+ 3 8
2. HaiiTu yKa3aHHBbIE peAeibl
o 2xf +11x+15 - 2x% 4510 omeem :Hem
2.1. lim xj—x omeem:i 2.2. %
F=-d Ixt 4 Ax—12 13 31 i -1 peuterus
3 _ 2 omeem . Hem
2.3. lim r o2 omeem:0 2.4, 1 Sxtex+l

1 3% —4x 43

=1 I3 _8

pewenust



4 _ 3 2 _ 2y _1 omeem .Hem
25 fyy L oF tEHl 0 26. fiyy 25— %1
¥—=-1 x4 +1 ¥l .?f4 -1 pelerusl
2 _ 2 omeem .Hem
2.7. lim ;cg—x-l-B omeem . — 2.8. lim gx;?x
=2 5x° 435 -3 23 =2 x® +dx+4 pewenus
2 2 _
2.9. lim gx—lomeem:—Z 2.10. lim 2% 3+?x 4 omeem —i
¥l S 42 e A ] 16
2 _ .2 _
2.11. lim WOWZGQWZ:— 2.12. lim il 3x ki 1-omeem —
=5 0x® +11lx 45 3 =l -2
2 3_
2.13. lim :—EX-H omegem .0 2.14. lim 2;{—8 omeem —12
¥+l 2x% —Fx 45 =22 Dxt —0x+10
2 _ 3 — omeem .Hem
2.15. fim 22 THET2 w216, tm T2
=2zt 4 2x 2 w1 x* —x - x4 1 pewenus
3 A2 4 o2
2.17. lim Ax 22;{ ox omeem . — 2.18. lin w omeem 3
=0 3xt +Tx =Looxt -1
2 — 1 omeem ‘Hem 2_
2.19. fim 2% *2171 2.20. 1 2250 e 1
¥53 xi_ S 6 peulenus =5t 4125 735
2 _ 3
2.21. lim > +33x 28 omeem:E 2.22. lim Bj omeem .6
e 48 Pl s 104
2 _ 2
2.23. tim = —2335 28 omeem:l—l 2.24. lim Mom@em:o
L . 4 -2y —Ax414
2 3
2.25. lim ;{ 4 omeem:i 2.26. lim % omeem 0
A 3t +x - 10 11 =04x® —5x+1
2 _ 2 _
2.27. lim M 6em:E 2.28. lin x3+2—x24 omeem .0
¥f Apt — Dx 412 6 ¥=-6 Dp® 4 155+ 18
P _2x-4 P64
2.29. lim Z—x omeem:—E 2.30. lim ;r— omeem . —
=2t —11x+18 7 W g Wiy 4 29

3. HaiiTn yka3aHHble npe/eJibl

3.1. lim

rww Dy 530 —

3.3. tm 2% "
Ll S e o |

It —5xt 42

Sxt — 3k 47

4% +7x

3.2, lim

3.4. lim

e 2x® —4x* 45

O Tx —2xt 4+4x
2z 45

K—no



2 —dx? 428 X +10x+3

3.5. fim - % 3.6. lim >
e T 5t a1 Fow 2xt 4+ 5x-3
I 2
37 tm 3;{ +x"+x 38. lm 2x2+?x+3
Pow x4+ 3x—2 ¥ow hrt - 3x+4
- E
39 lm x2+3x+1 3.10. fim ™ 33x +10
Pow Ext 4+ x5 e Tt +dx+ 1
2 _ 4
3.11. fim 2% %7 3.12. fim 2 *2r+l
P 2xt —x+10 eyt — X0 tax
1 2 _
3.13. fim 3x 2+2:J:+9 3.14. fim 3x 2+5:Jr 7
e 2xt—x+4 e 3xt +a+l
3 _ 2
3.15. fim 2% F7¥72 3.16. fim 0% *IT_
row Ext—x—4 =0 —Ex—9x
4 _ g2 2 _
3.17. fim 2X 0% *2 3.18. fim 2% T2
e xt +dx—-3 e drt =34 2
319 gy X —4x 43 390 g 25 Ax+2
T e 270 4 T w6t 455+
3 4
3.21. fim % 4T 3.22. fim T
Fow pt —3x+ 2 e x4+ 3xT 4+ 2x
3 2 _ 2
3.23, fim 2 X "2 3.24. fim 2T
e bx —dx+3 e 1+ 2x+Tx
_x—2x* 4515 3t -2xf -7
3.25. i T2 1T 3.26. tim 22X 1
243x" +x 3xT +3x+5
_e i _ 25 i 2
3.27. g 220 7 3.28. g 22 T 3
e gt +6x+8 e 24+ dx—x
42 - 2x+1 52 =3x+1
3-29- ]:Elmﬁ 3-30- ]:I_‘-Elmz—_
2xT+3x +2 3t +x-5

4. HaiiTu yKa3aHHbIE NMpeaeibl

A1 = 2x+4 49 Hm3x“+2x—5

T 2t 120 41 w220 x4 7
2 _ 6

4.3, fm 2 F7x74 44, tim 25T F

P 0 4 0x—1 R P



pxt 4+ Tx-1 2t 4+ 7x +4

45, tm X FTFT0 46. lm 2
¥ Syt 4 2% 45 ¥ 3T 4 53—
6 o2 7 2
47 fim 3x3 Sxt 42 48 fm x :—5x dx
S i o F s L S N
2 4 7
49, fm XTI 410, fim X520
e 14 dx—x e 2xt 4+ 3x+1
2 3 2 _
411, fm 22 FAFT 4.12. fm 2 FAX TR
e Sy —2xT +x e Lxt+7x -3
3o 2 2 _
413, fm 22 2T 4.14. fm 22— H1
P 2xT +3x7 +1 e 1+ Z2x—x
3 3 z
415 fim 2x2+3x +5 4.16. tm 6:!:3 Sx+ 2
row 3xt —4x 41 e 4yt 4 2x—1
3 p
417, i 3T 4.18. fim SXFITHI
i Pyt — x4 iw A p® — 2xt 4]
3 1 2 _
410, SEEITE g g
Eme Dyt — x4 Ew xt — Pxt 4]
5 4.3 2
421, fm A H3 4.22. fim 2X 7741
S o eyt +d4xt -3
4 A3 3 2 _
493 fim 5):2 2xT+3 424 b 8x2+x 7
P Pxt +3x-7 e 2xt —0x 43
Co3xt4zxt - . 3t 4ix-4
4-25- ]Jn-l 3— 4.26- ]Jﬂl 2—
2w Bx —4x+5 ¥ow 3xt —d4x+1
N 3 2
497 ‘tim w 4.28. tm 4’[:5—"‘?“
o dxt x-S e 3xt +x—-10
2 _ 3 _
499 fim 2x 4+1Ux 11 430 ?xz+3x 4
¥ Syt — 2x 45 I |

S.HaiiTu yKa3aHHbIE NMpe/eJibl

2 _ 2_
5.1, fim =% T2 5.2. fm 22 _/5¥2
e iyt =220 +1 eyt 4 dx—4
5 3 h.m?x"—3x+4 54 tm 2xd—x+7

rww Ixd — 2x 41 r= 3xY - 522 410



3 2 4
55 fin dx 22:{ +x 56. lm 3):2 2x+1
¥=mw Bxf oy ¥ Ayt 4 2x—5
. 2xf-s5x+2 . 5xt—dx+2
5.7. fm &2 —27° 5.8. fim 7%
¥ oyt 4 axt — 0 Emw Ap o Dy — 5
R 2
5.9, fim 25 2% *27 5.10. fim —% _2t2
e xt+7x+1 eyt —3xT 44
5 4 3 _ _ 2
5.11. fim X 101 X 5.12. fim 2-35 2%
¥ Dt 4 hx+1 ¥ SxT 40
_ 4 4 L
5.13. fm — % 5.14, fim Sx Y7073
¥ 2xT +3x% -5 P 3xt - Sx+l
3_
5.15. fim — 2t 5.16. fim =% _22*1
¥we D3y 4+dx e x40
. 10x-7 5xt - 3x°
517, fin —— 5.18. fim =~ ="
32t +2x° +1 1+2x+3x
4
5.19. fim —2 17 5.20. fim —2 *2%
¥ gt Ayt — g voow Jxt = 3x=7
2 53
5.21. fim —x —2%*3 5.22. fim —2X X
P Gyt — Dyt 4oy o b
I 2
5.23. lin — 21 5.24, fim 27X
¥ p? — Oyt +dx eyt =16
2 I
5,25, jm 4110547 5.26. i 255t
¥ 2y —3x L S
— 2_
5.27. fim — 213 5.28. tm 22 o1
v pt = 3xT —dx Ll ol S
3_
5.29. fim — > 51 5.30. fim — "2

re 3?4 4x 42

6. HaiiTu ykazaHHble npeaesabl

> +x-12

re—e 30— Gx 41

SrH12 -4 - x

6.1. lm omeem T 6.2. lim omeem : ——
=3 -2 .4 x I R 48

6.3. lim “"lrx+2m_ﬂ'llr4_x omeem:—ﬂ 6.4, lim - _2 —x b omeem .—
¥=3 0 Pxt —x—21 91 i B e 10



6.5. lim 43+§x_mfx+4 omeem:E
¥l St Ayt ] 20
2
6.7. lim 32 raxtl omeem : 2+/2
=1 fr+3- 5+ 32
6.9. lim ﬁ"lrngl_ﬁfx-l_ﬁ omgem:@
=i 2xt=Tx-15 286
6.11. fim M omeem 2
=0 ] +1 _1
6.13. lim o omeem .3
[ N DTS '
S S,
6.15. fm 227 omeem:—>
:r—>1 || — -3 2
N N
6.17. lin NAToTe omeem:§
=7 r+2 -3 2
6.19. lLm M ome‘em:i
=3 x4 2x— 15 64
2
. 4-2
6.21. lim NE Fa-e omeem 2
02t 16 -4
. Wf2r+T =5
6.23. fim 22Xt em: 8
=0 3_,‘“}; 5
3 —_—
6.25. lim x 2 omeem:—5 6.26.
=3B —x
m'x+2 -4 1
6.27. lim omeem . ——
H"‘ x +64 384
W93
6.29. lim g—x omeem . —
=0 xS 4y 16

7.HaiiTu yka3aHHbIe peaeabl
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(x ] Otser: €12
x+ 8

7.1, lim

¥

—3x+2

»ﬂﬂﬁ — Jxt1

6.8, fm 2xt—9x+4

LR I e

6.6. omeem: —/3

omeem.— 1

J2

omeem . ———

31T =25 12
2 +Bx+15

Jix
J2rr1-3 2J§
omeem . ——

iz 2
Jr+d -3

6.10. lim

K5

6.12. lim

=0

omeem . ——
7

6.14. lim ————

6.16. lim

omeem .—

Wdx—3-3

I—

6.18. lim ————

omeem .—
¥—3 9

6.20. lim

=0

2—fx*+4 1
— s o .
ax 12

. ax
6.22. lim
=0 5 x -5+ x

- 2z 25

32
6.28. lim ——
1 Btz -3

6.30. G VEH1I-3 fdr+1 3
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omeem .

10
J10-3
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X —

7.2, ]jm[ x
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Otser: ¢ 12
¥uel x+1



7.3. lim [15;] Otser: €2
7.5. Hm@ ] Orser: e?
7.7. lim m[” 2]1+2x Otser: €?
7.9. lm (zfx 3] Otser: %2

Ix+2
OtBert: €1°

7.13. lim

7.109. OTBeT: g 32

Ax-3
] Otger: e

7.23. lim

7.25. lim

7.27. lim

K=
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¥ —

8. HajiTu yka3zaHHBbIE peaeibl

8.1. lim
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8.7. lim [EXHJ OTtBeT: ®©

8.13. tm [

Sx
8.15. fim (x‘z] Orser: 0

ix
8.17. ]jm( X‘ED] Ortser: 0

8.19.

8.23.
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8.21. I (3“?] Otser: o0
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9.HaiiTh yKazaHHbIe NpeaeJibl
Haiitn npenensl.

K — nopsiokoswiii nomep 6 dicyprane

8.6. tm [

K=

8.8. fin [

K=

8.10.

8.12.

K=

8.14. lim

8.16.

8.18.

8.20. lim

8.22.

8.24.

8.28.

8.30.

2x—

x+1]2
3x—1

x+1

x—

Tx+4

¥+l
Otsert: 0

Sx
] Ortsert: 0

x-1
lim [E’TH] Otger: 0

¥l 3

hn(Ex—3

] Otsert: 0




sin 3x o kx? tg (kx + 3x) x°

1.lim , 2) lim—————, 3)lim

- (k +2)x ) sin?5x ) 5x

2 Iim(l+£j 5) lim sin kx—sin 5x’ 6) lim C0S2X — coskx
X—>0 X x—0 kx x—0 X

KoHTpoJsbHbIE BOIPOCHI

1. Maiite onpenenenus npeaena GyHKIMU B TOUKE.
2. Kakwue TUIBI HeOpeeIeHHOCTEe BaM U3BECTHBI?

0
3. Kak u36aBUTHCS 0 HEONIPEAECTCHHOCTH 0 ?
C
4.Yemy paBHO 3HaUeHUE npeena QyHKIUH TPU HEOIPEIeIEHHOCTH 0 ?

0
5.Yemy paBHO 3HaueHue npeena GyHKIUU TPy HEOTIPEACTEHHOCTH — 7
C

6. 3anucaTh 3aMedaTeIbHbIC IMpCaciibl.

IIpakTnueckas padora Ne 4 o reme

Tema «Mccaenopanmne pyHKunu Ha HenpepbIBHOCTL. Kitaccupukanus rouexk
pa3pbIBay

Henab: HayduThCs BBIUUCIATH MCCIENOBATH (DYHKIMIO HA HEMPEPHIBHOCTD,
KJ1acCU(DUIIMPOBATH TOUKH Pa3pbIBa .

TeopeTnveckue MoJI0KeHU

HenpepbiBHOCTH GyHKIMU U €€ Pa3pbIBbI.

Onpenenenune. ynkmus f(X), onpenercHHas B OKPECTHOCTH HEKOTOPOI TOYKH Xo,
Ha3bIBAETCS HENMPEPBIBHOM B TOUKE Xo, €CIU MIpeien (yHKINU U €€ 3HAUCHHE B
ATOM TOYKE PABHBL, T.€.

lim £ (x) = f(x,)
XX,
ToT ke gakT MOKHO 3amucaTh uHaue: lim f(x) = f(lim x)
X=X X=X
Onpenenenune. Ecnmu dynknus f(X) onpeneneHa B HEKOTOPOW OKPECTHOCTH TOYKH
X0, HO HE SIBJIIIETCS HEMPEpPHIBHONH B caMOW TOYKE Xo, TO OHA Ha3bIBAETCS

pa3pbIBHOM (QyHKIIMEH, a TOUKa Xo — TOYKOH pa3pblIBa.

[Tpumep HepepbIBHOM (PYHKITUH:



f(Xo)+e
f(Xo)
f(Xo)-¢ /

0 [ Xo-AXoXo+AX

[Ipumep pa3pbIiBHON (PYHKITHUHU:

f(Xo)‘l‘c
f(Xo)
f(Xo)-¢

x
R R W I N S
>

CBoiicTBa HenpepbIBHBIX (PYHKIIUIA.

1) Cymma, pa3HOCTh M NPOU3BEJACHUE HENPEPBIBHBIX B TOYKE Xo PYHKUIUN —
ecTh (PYHKIIMS, HEMIPEPHIBHASI B TOUKE Xo.

VAC)

2) YacTtHOe ABYX HEMPEPHIBHBIX (PYHKIUH prEe. €CTh HenpepbIBHAs (QYHKIIHS
gx

IpHU YCJI0BUH, 4TO §(X) HE paBHA HYJIIO B TOYKE Xo.

3) Cyniepnio3uiius HEMIPEPHIBHBIX (PYHKIIUN — €CTh HEMpephIBHAS (DYHKIIHS.
DTO CBOMCTBO MOXKET OBITh 3aITUCAHO CIEAYIONIMM 00pa3oM:

Ecmu u = f(X), v = g(X) — HenpepbIBHBIE (YHKIIMHA B TOYKE X = X0, TO (YHKIIHS
v = g(f(X)) — Toxxe HenpepbiBHAS QYHKIIHS B 3TOM TOUKE.

Touxku paspbiBa 1 MX KJIaccupukanms.

Paccmotpum HekoTopyto pyHkmuio f(X), HepepbIBHYIO B OKPECTHOCTH TOYKH
X0, 32 UCKIIIOYEHHUEM MOXKET ObITh caMOW 3TOW Touku. M3 ompeneneHus TOUYKU
paspbiBa (PYHKIIUHU CIIEIYET, YTO X = Xo SIBJISCTCS TOUYKON pa3pbiBa, €CiM (PYHKIHS

HE OIIpeJieJIeHa B 9TOM TOYKE, WU HE ABJSAETCS B HEM HENPEPHIBHOM.



CrnemyeT OTMETUTD TaKKe, UTO HEMPEPHIBHOCTh (PYHKIIUU MOXKET ObITh
onHoctopoHHel. [TosicHuM 310 ciaeayronmM 00pa3om.

Ecaun omHocTOpOoHHMI mpenen (CM. BBIIIE) lim f(x)=f(x,) , TO byHKIUsA

Ha3bIBAETCS HEMPEPHIBHOM CIIpaBa.

—
X0

Ecaiu opgHOoCTOpOHHMI Tmipenen (CM. BBIIIE) lirn0 f(x)=f(x,) , TO (QyHKIUSA

Ha3bIBAETCS HEMPEPBHIBHOM CIIEBA.
Onpenenenue. Touka Xo Ha3bIBaeTCsl TOUKO# pa3pwiBa ¢yHkimu f(X), ecom f(x)
HE OIpeJIeJIeHa B TOYKE X0 WJIM HE SIBJISIETCS] HENIPEPBIBHOM B 3TOM TOUKE.
Omnpenenenune. Touka Xo Ha3pIBacTCs TOYKOM paspbiBa 1- ro poaa, eciv B 3TOU
touke ¢pynkius f(X) uMeer KoHEUHBIE, HO HE paBHBIC JAPYT APYTY JIEBBIA U MPABHIii
IIPEEIBI.
lim f(x)# lim f(x)
x—>x)+0 x—x)—0

JIJ1sl BBITIOJTHEHUST YCJIOBUH 3TOTO OMpEICICHUS HE TpeOyeTcs, 4ToObl (PYHKITUS
OblJ1a ompejeieHa B TOUYKE X = Xo, JIOCTATOYHO TOTO, YTO OHA OTpe/IecHa CIeBa
CTpaBa OT Hee.

W3 ompeneneHrss MOXKHO CJienaTh BBIBOJI, YTO B TOYKE pa3pbiBa | — ro poja
GyHKIUS MOXET HMETh TOJBKO KOHEYHBIM CKadoK. B HEKOTOPBIX YaCTHBIX
cllydasix TOUKy paspbiBa 1 — ro poja eie WHOT/1a Ha3bIBAIOT YCTPAHUMOM TOYKOM
pasphiBa, HO MOAPOOHEE 00 3TOM MOTOBOPHUM HIKE.

Onpexnesenue. Touka Xo Ha3bIBA€TCS TOYKOM pa3pbiBa 2 — ro pojaa, €CIu B 3TOU
touke ¢pyHkius f(X) He uMeeT XoTs Obl OJTHOTO W3 OJJHOCTOPOHHUX IPENIEIOB WIIH
XO0TsI ObI OJTUH U3 HUX OECKOHEUEH.

Mpumep. Oyukius Jupuxne (dupuxie Ilerep I'ycraB(1805-1859) — Hemernkmii

MaTeMaTuK, 4ieH- koppecnionneHt [lerepoyprckoit AH 1837r)

1, X — payuorajlbHoe Yucio

f(X)={

0, x—uppayuonamnoe uucio

HE SIBJISIETCS HEMPEPHIBHOW B JTFOO0H TOUKE Xo.



Ipumep. Oyukius f(X) = 1 imeer B touke xo = 0 TOYKY pa3pbiBa 2 — ro poja,
X

T.K. ‘lirono f(x) = +o0; liror}0 f(x)=—-o.

-10

sin x

Mpumep.f(x) =

X
CDYHKHH}I HC OIIPCACIICHA B TOYKC X = O, HO MMEET B HEM KOHCUYHBIU mpcaci

lim f(x) =1, T.e. B TOUKE X = 0 dbyHKIIMA UMeeT TOUKy paspbiBa 1 — ro poaa. 1o —

yCTpaHUMas TOYKa pa3phiBa, T.K. €CIU JOONPEAETUTh QyHKLIHIO:

sin x
—, npu x#0

f(x)=9 x

I, npu x=0

I'pacduk 3T0M HyHKIMH:




D

-1
Ota QyHKIMS Takke o0o3HadaeTcs Sign(X) — 3Hak X. B Touke x = 0 ¢hyHKIUSA HE
ompenerneHa. T.K. JEBBI W TpaBblii TpeAenbl (YHKIUW pa3iddHbl, TO TOYKa
paspeiBa — 1 — ro poaa. Ecnu goonpenenuts (QpyHKIHIO B TOuke X = 0, MOJIOKUB
f(0) = 1, To pynkuus OymeT HempepbiBHA crpasa, eciu moyoxuth f(0) = -1, To
GyHKIUs OyJeT HEeNpPEephIBHOW ClieBa, eciiu MookuTh f(X) paBHOE kKakomy- JIMOO
qHCITy, OTIHYHOMY OT 1 mium —1, To QyHKIMsS He OyJeT HempephiBHA HU CJIeBa, HU
CTpaBa, HO BO BCEX CIIy4yasX TEM HE MeHee Oyjaer uMeTh B Touke X = 0 pa3phiB 1 —
ro poaa. B aTom mpumepe Touka pa3pbiBa | — ro pona He SIBISIETCS yCTPAHUMOM.
Takum o6pa3om, AJis TOTo, YTOOBI TOUKA pa3pbiBa | — ro pojaa Oblia
YCTPaHUMOM, HEOOX0IUMO, YTOOBI OTHOCTOPOHHHKE TIPEIEIIbI CIIPaBa U CJIeBa
OBLITM KOHEYHBI ¥ paBHBL, a (YHKIMS OblsIa OBbI B 9TOM TOYKE HE OMpeeIcHa.
IIpumep. VccnenoBarh Ha HENPEPHIBHOCTh (DYHKIMIO W OMPEACITUTh THII TOYEK

pas3pbiBa, €CIIM OHU €CTh.
x+4, x<-1
f(x)=4x>+2, —-1<x<1
2x, x=>1
Jim 1) =3 lim, £ =3
lim f(x)=3 xlirgof(x) =2

x—>—=1+0
B TOUKe X = -1 (pyHKIUS HEmpepbIBHA B TOUKe X = | Touka pa3psiBa 1 —ro

pona

~




IIpumep. VccienoBaTh Ha HENPEPBHIBHOCTD (PYHKIUIO U ONPEIETUTH TUI TOUEK

pa3phiBa, €CIIM OHU €CTh.

cosXx, X<0
f(x)=<{x*+1, O0<x<l1
X, x>1

Jip, 100 =3 i, 100 =2

i, 100=1 Jim, 10 =1

B Touke X = 0 ¢pyHKUHMS HETIpepbIBHA, B TOUKE X = | Touka pa3pbiBa 1 — ro pona

~_ . 1

-m -/2 0 1 X




4.4.10. T abmrnia 9% PHEATSHTHEIX 060K 0HEYHO MATBIX.

SOeck ME C DoMOLIRE paccMoTpedHex B 4.4.7 npegencs cocTaBuM TabNHUY SKEHEBATEHTHER
EM dyurmui o BRImmueM CIeIVECIHE W2 HIX BEIPAXEHNA IIA CIABHEE dacTedl (0HH DoO9EpKHVTEL.

SHEHBANEHTHOCTE TpHX—) Tnaemas yacte opu x—0
l.sinx ~x 1. sin x = x+oix)
2.1-cosx~xi2 2. 1-cosx =xz£+o(x2):>cos x= 1—x2f2+0(x2)
Jtgx~x 3 tgx =xtolx)
4. arcsinx ~x 4. arcsin x =x+oix)
3. arctegx ~x 9. arctg x =xto(x)
f.a-loxlnae-l-x 6.a—1=xln atolx)=a" = 1+xln atolx)

e —1 =x+o(x) )= &" = 1+ x +o(x)

T log, (1) ~x logae; In(1+x) ~ x 7 logs (1+x) =x logaetofx); In{1+x) = x+oix)

8. (1)1 ~ax 2. (14" - 1= axtolx)= (1) =1 + axtolx)

9 shx-~x 9. shx =x+oix)

10, chx - 1~ x%2 10, chx - I=x¥2 o= chx = 1 +2724gid) |
tg5x

Ipumep. Haiitu npenen lim —
x>0 sin 7x

Tak kak tg5X ~ 5x wm sSin7X ~ 7X mpu x — 0, TO, 3aMeHUB (QYHKIHH

SKBHUBAJICHTHBEIMH OCCKOHEYHO MaJIbIMH, ITOJYYHUM:

) . 5x 5
lim — =lm—=—
=0sm7x 0 7x 7

tg5x

3
IHpumep. Haiitn npenen lim

x>01—COSX
X X ? X3 x3
Tak kak 1 — COSX = 2sin”* = ~2/ = | npu Xx—0, T0 lim———— =lim —- =1lim2x = 0.
2 2 x->0]—-cosx x—0 L x—0
2
o . 1gx . X
Ipumep. Haiitu npenen lim > =lim — = oo,

x>0 §in x x—0



3aiaHus NpaKTH4ecKoi padoThI

3aganme 1.Haiitu nipeaensl, HCOMB3Ys SKBUBAJICHTHBIE OECKOHEYHO MaJlble

byHKIUH.

2.1. lm

23 ]J.msin?x

omeem .
x—=0 ﬁgzx

. fehx
2.5. fim 22877
w0 2x* — 3x

27 tim s Sx

=0 gretedx

omeem . —
2

x
2.9. fim
x—=0 fggx

omeem:—
3

2.11. lim M omeem . — 2

w0 2}{2

213, fim arcig3x

. ——— omeem . —
=01+ 2x) 2
ax _
2.15. lim i ! omeem . —
=0 o 2x 2
2.17. lim su1(3x_+2) omeem .—
=2 37 4+
3 —
2.19. lim el omeem .48
—4 zg(x—.q.)
3
2.21. tin M omeem 2
=0 2.?{

2.23. lim ﬂ omeem:§
=0In{ 14+ 2x) 2

ix _
225, fim &1
¥—=0 ﬁgzx

omeem . —
2

2.27. lim sn(x—3) omeem . —

n(14+3x% 3
—_— omeem .— —
e 5

2.2. lin M omeem::

x—=0 ﬁggx

24. im ———— omeem:

26 i arcsin 3 x

lirn omeem . —
=0 2.7{

2.8. lim M omeem:E
=0 g 2x 2

2.10. fim S0(x=3)

=3 5 —Sx 46

212, fim 1200367

x—=l 4:{2

214. tim arcsin 4x

=0 ﬁgix

2.16. fin BETS

¥—=-2 xz -4

omeem 1

eem .—

omeem . —
5

1

omeem .— —
4

2.18. lm M omeem:1

=0 fgdx

290 1 cosZx—cosdx

. lim

omeem .2

¥—=0 33’2

2.22. lim arctgix omeem:E

=0 zgzx

2

2.24. lim M omeem 2

=0 fedy

2.26. lim

=0 o 2x

228, tim BET)

Ly L

In(1+4%)

omeem . —
2



2.29. lim 1~ cosdx omeem :1

¥—=1 21’2

3aganme 2. MccnenoBarh NaHHble GYHKUIMUU HA HEMPEPBIBHOCTH U MOCTPOUTH MX

rpaQuKH.
X+4,x<-1
2.1, f(x)={x*+2-1<x<1,
2%, X >1.
X+2,x<-1
2.3. f(x)=<x*"-1<x<1
—X+3,x>1
-2(x+1),x<-1
25, f(xX)={(x+1)°-1<x<0
X, x>0
x?+1,x<1
2.7. f(x)=42x1<x<3
X+2,Xx>3
V1-X,Xx<0
2.9. f(x)=400<x<2
X—2,X>2
sinx,x<0
2.11. f(x)=<x0<x<2
0,x>2
x—1,x<0
23.13. f(x)=4x*,0<x<2
2X,X > 2
-X,X<0
2.15. f(x)={x*+1,0<x<?2
X+1L,x>2

230, fim 2+

=0 o 3x

eem . —

X+1,x<0
2.2. f(X)=<(x+1)*0<x<2
—X+4,x>2

—-X,X<0
24, f(x)=4-(x-1)*0<x<2
X—=3,Xx>2

-X,X<0
2.6. f(x)=4x*0<x<2
X+1x>2

Xx—3,Xx<0
2.8. f(x)={x+10<x<4
3+X,Xx>4

2x%,x<0
2.10. f(x)={x0<x<1
2+X,Xx>1

COSX, X <

N

212, f(x)= Q%<x<n

2, X>r1w
X+1L,x<0
2.14. f(x)=x*-10<x<1
-Xx>1
X+3,x<0
2.16. f(x)=410<x<2

x2—2x>2



2.17.

2.19.

2.21.

2.23.

2.25.

2.27.

f(x) =

Xx-1x<0
sinx,0<x<rx
3x=>rx

1,x<0

f(xX)=920<x<2

f(x) =

f(x) =

f(x) =

f(x) =

X+3,X>2

X+4,x<-1
x2—2-1<x<2
X, X>2

x-1x<1
X2 +21<x<2
—2X,X>2

X, X <=2
-X+1-2<x<1

x2-1,x>1

0,x<-1
x?-1-1<x<?2
2X, X > 2

2, Xx<-1

2.29. f(x) ={1-x,~1<x<1

3aganme 3. UccnenoBarh naHHble (YHKUIUH HAa HEMPEPBIBHOCTD B YKa3aHHBIX

TOYKAX
1
31 f(x)=2*3+1 x, =3, x,=4
1
3.2. f(x)=52 -1 x, =3, X,
3.3. H@zfi%, X, =2, X, =3

3.4, f(x):z—;g,

Inx,x>1

=4

2.18.

2.20.

2.22.

2.24.

2.26.

2.28.

2.30.

f(x) =

f(x) =

f(x) =

f(x) =

f(x) =

f(x) =

f(x) =

- X+l x<-1
X2 +1,-1<x<?2
2X, X > 2

—X+2,X<=-2
x3—2<x<1
2,x>1

X, Xx<1
(x=2)*1<x<3
—X+6,Xx>3

X3 x<-1
X—-1-1<x<3
—X+5x>3

X+3,Xx<0
—x*+40<x<?2
X—2,X>2

-1,x<0
cosx,0<x<r
1-X,X>rx

-XX<0
x3,0<x<2
X+4,X>2



1

35, f(X)=4%*+2, x =3, x,=2
L

3.6. f(x)=9%*, x =0, x,=2
1

3.7. f(X)=25+1, x =5 X, =4
L

3.8. f(x) =54 -1 x, =3 x,=4
1

3.9. f(x)=6"%+3, x, =3 x,=4

L
3.10. f(x)=7>*+1 x, =5, x,=4

X—3
X+4

3.11. f(x)=

X, =—9, X, =—4

3.12. f(x):x—+2, X, =3, X, =2
X_

2
3.13. f(x)=5"3%, x,=3, x,=4

S
AN

3.14. f(x)=4**-3, x,=1 x,=2

5
3.15. f(x)=2%* -1, x, =0, x,=1
4
3.16. f(x)=8*2-1, x,=2, X,=3
4

3.17. f(x)=5**+1, x =2, X,=3

3.18. f(x)=%, X, =5, X, =4

2X
x? -1

3.19. f(x)=

X =1 X, =2

3

3.20. f(x)=22+1, x,=-2, x,=-1

3

3.21. f(x)=4*2+2, x, =2, X, =3

2

422, f(x)=31-2, x =-1 x,=0



3

3.23. f(x)=5*%+1, x =-5 x,=—4

—4
3.24. f(x):%, X, =-2, X,=-1

3.25. f(x):%, X, =—-3, X, =—2

3.26. f(x)=§—ig, X, =3, X, =4

4
3.27. f(x)=3"*+1, x =1 X,=2
4
3.28. f(x):x_js, X, =5, x, =—4
2
3.29. f(x)=6**, x, =3, X,=4
1
3.30. f(x):%, X, =2, X, =3

KoHTpoJibHBIE BONIPOCHI
1.Kakue BemnuuHbI Ha3bIBAIOT OECKOHEYHO MAJIBIMU OJTHOTO MOPSIKa MAJIOCTU?
2. Kakue BeTnuuHbl HA3bIBAIOT YKBUBAJICEHTHBIMHU OECKOHEYHO MAJIBIMHA ?

3. Kakas pyHKIMS Ha3bIBA€TCS HEMPEPHIBHONW B TOUKE?
4.CKOJBKO U3BECTHO BaM TOYEK pa3pbiBa PYyHKIUHU, KaKUE?

IIpakTueckas padora Ne S o reme
Tema «HaxoxaeHue npou3BoOIHOH CJI0KHON PyHKIUH »

Lenab: HayduTHCS HAXOIUTH MPOU3BOHBIE JIEMEHTAPHBIX U CIOKHBIX (DYHKITHIA.
Bpemsa BbinosiHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTuyeckune ceegeHmn
2.3apaHune

3./lInctA4

4.KanbKynatopbl

MopsapoK BbinoNHeHUA paboTbl
1.M3yunTb 3agaHue



2. N3yumnTb TeopeTUYeCcKmne ceeageHunn

3. BbINONHUTL M 0pOPMUTL paboTy

4.lToKa3aTb pe3ynbTaTbl NpenoaasaTento
JdomalwHee 3agaHne

1.MoAaroToBUTL OTBETLI HA KOHTPO/IbHbIE BONPOCHI
Xoa padoTbl

KpaTkue TeopeTnuecKkue cBeIeHMs.
Ilpouszeoonan ghynkuyuu, ee 2eomempuueckuii u uzuuecKuii CMoicI.

Omnpenenenue.llpousBoanoii Gpynkiuu f(X) B Touke X = Xo Ha3bIBaCTCS IMpee
OTHONICHUS TpHUpaleHuss GyHKIIMU B 3TOM TOUYKE K MPUPAIICHUIO apTyMEHTa, €CIH

OH CYIIECTBYET.

f'(x) = lim

Ax—0

S+ Ax) - f(x)
Ax

f(x0) Aff(xo+Ax) ———
yd

Af

[Mycte f(X) ompenenmena Ha HexkoTopoM mpomexyTtke (a, b). Torma tgﬂ=E—

TaHI€HC yrJia HakJoHa cekyieid MP k rpaduky QyHkuum.

. Af . N
IlmoA— = f'(X,) =tga =K — reoOMeTpH4e€CKHH CMbICJI IPOU3BOTHOH
AX— X

TJIe O - YTOJI HaKJIOHA KacaTenbHO# K rpaduky ¢pynkuuu f(X) B Touke (Xo, f(Xo)).
K —yrnoBoii ko purmeHT KacaTeaIbHOM.

Yron MCKAY KPHUBBIMU MOKCT OBITH OIMpCACIICH KaK YroJ MCXK/JYy KaCaTCJIbHbIMU,
MMPOBCACHHBIMHA K 3THM KPHBLIM B KaKoOM- JTN0O TOYKE.

YpaBHeHUE KacaTeJbHON K KPUBOM y — y, = ' (x,)(x — x,)

o 1
YpaBHeHHEe HOPMAJIU K KPUBOH y — y, = — (x—x,).

Sf(x0)




daxTruecku Mpor3BoAHas GYHKIIMH MOKa3bIBAET KaK U3MEHsIETCS (PyHKIUS MTPH
U3MEHEHUU TIepeMeHHO. Du3ndecKkuii cMbIc npon3Boanoi pynxuuuf(t), rue t-
Bpems, a f(t)- 3akon aBroKeHUs (M3MEHEHHS KOOPIUHAT) — MZHOGCHHASL CKOPOCHIb
osurcenuna. CooTBETCTBEHHO, BTOpasi IPOU3BOIHASI (PYHKIIMU- CKOPOCTh
M3MEHEHUS CKOPOCTH, T.€. ycKkopernue.Ocnoenvle npasuna ougppepenyuposanus.

O6o03naunm f(X) = u, g(X) = v- pynkum, quddepeHupyeMbie B TOUKE X.
1) (uAv)'=u=v’

2) (Uv)’'=uv’+uv

3)@ _UvVU v O
\%

2
v

IIpou3BoaAHBIE OCHOBHBIX YJIEMEHTAPHLIX (DYHKIMH.

!

HC" =0; 9) (sinx) =cosx
2)(x™)" = mx™1; 10) (cos x)' = —sin x
! 1 ’
_ L 11 _
3) Wr) =5 ) (1) =——
1 ' 1 ! 1
4) (;) T2 12) (ctgx) " sin?x
5) (ex )' =e" 13) (arcsinx)' _
1-x°
6) (ax)’ =a"Ina 14) (arccosx)' S
1-x’
’ 1 ! 1
7) (In x) = 15) (arctgx) = g
' 1 ! 1
_ 6 __
8) (log, x) Ina 16) (arcctgx) o

Ilpou3seoonasn cnosxcnoil pynkyuu.

Ilycmo y = f(X); u = g(X), npuuem obracmov 3uauenuu @yuxkyuu U 6xo0um 6
oonacme onpedenenusi ynxyuuf,

Tozcoa y = f'(u)-u’



Jozapugpmuueckoe ougghepenyuposanue.

Inx, npu x>0
Paccmorpum dynkumio y = Injx| = In(—x), npu x<0

Torza (In|x/)= 1, rx. (Inx) L (e =21
X X X
YuursiBas MOJyYEHHBIN PE3yabTaT, MOKHO 3alIUCaTh (]n| f (x)|) = % _
X
OTHOIICHHE S ) yaspipacres Jorapumudeckoii npousBoanoi Gpyukuun f(X).

(x)

Cnioco06 Jorapugmuydeckoro augdepeHUPOBaHUA COCTOUT B TOM, UTO CHayasa
HAXOJAT JIOTapU(PMHUUECKYIO MPOU3BOAHYIO (DYHKIIMH, a 3aTEM MPOU3BOIHYIO
camoil pyHKIMU 1o popmyiie

S = (| £ £ (x)

Cnoco6 gnorapupmuueckoro auddepeHrpoBanus yA00HO NTPUMEHSTh IS
HAXOXKJEHUSI MPOU3BOIAHBIX CJIOKHBIX, OCOOCHHO MOKAa3aTeNbHbIX (YHKLIMM, IS
KOTOPBIX HEMOCPEJICTBEHHOE BBIYUCICHHE MPOU3BOJAHON C MCHOJb30BAaHUEM
npaBui TudPepeHIpOBaHUS IPEACTABISETCS TPYIOCMKUM.

Ilpouseoonan nokazamenvHo- cmenennoul Gynkyuu. OyHKINUS HA3bIBACTCS

MOKa3aTeIbHOM, €CTM He3aBUCUMas TIepeMEHHas BXOJUT B ITOKa3aTejlb CTCIICHH, U
CTCTIICHHOM, €CJIM MIEPEeMEHHAs SIBJISCTCS OCHOBaHKMEeM. Eciu ske u ocHOBaHUE U
MOKa3aTeIb CTEIICHHU 3aBUCAT OT IIEPEMEHHOM, TO Takast pyHKIHs Oy1eT
MOKAa3aTeJIbHO — CTEIICHHOM.

IMycte U = f(x) (f(X)>0)u v = g(X) — dyHKIMHM, UMerONTHE IPOU3BOIHBIC B
TOYKE X.

Haiinem npousBoanyto Gyukiuu Y = UY. Jlorapudmupysi, momydanm:

Iny = vinu

L:v'lnujtvu—
y u

!
u

y' :uv(v—+v’lnuj
u

!
(uv) =vu'"'u +u"v'Inu



XCOSXx

IIpumep. Haiitn npon3BogHyo GyHKIHAN f(x) = (x? +3x) ™",

[To mosrydenHoi BeIle (hOpMYIIE NOAYYAEM: u = x° + 3x;
Yy pMy. y

[IpousBoaHbIC ATUX QYHKIUH: u' =2x+3; V' =cosx— xsin x;

OKOHYATENBHO:

V= XCOSX;

f'(x) =xcosx-(x” +3x)""" - (2x +3) + (x” +3x) "> (cos x — xsin x) In(x> + 3x)

IIpumep.

1 . 1 2
npeoOpa3yeM JaHHYI0 PYHKIUIO: y = S sin 2x+ Scos’ x

y'= %ZCOSZX +%2cos X(—sin X) = c0S2X —Sin X COS X.

2 X2

X e
Gynkumu y =——.
x"+1

,(2xe” +x72xe” ) (a2 +1) - (2x)x%e”  2x%e” +2x%e" +2xe” +2x%e”

IIpumep.Haittn

—-2x

3 X2

e

(x* +1)?
B 2xe" (x* +1+x%)
(x* +1)°

(x> +1)?

3ananue 1.Hantu npousBoanbie pyHKUMT

B1 V=x°-5x2+11, Y=x’ctgx

Y=““jgx, Y=Yx3 + 5

Y=e ™ Inx, Y=(cosx — 1)%*

B2 Y=2x3-x*+1, Y=xtgx

_artgx 3

Y  Y=Vx2 —3
4x

Y=ln—=—, Y=(sinx — 2)3*
x+1

B3 Y=7x3+3x2-2, Y=xarctgx

xX+5 1

Y= =
Inx’ (2x+11)5

Y=sin3(4x? + g -1)

B16 Y=x>-5x°+1,

Y=“rcxtg", Y=Yx3 + 5

Y=x%ctgx

Y=e ™ Inx, Y=(x — 1)2*

B17 V=2x3-x>+17, Y=x"tgx

_artgx 3

Y ,Y=Vx2 -3
4x

Y=ln—=— , Y=(Inx + 8)%*
x+1

B18 Y=7x3+3x%-2, Y=xarctgx

xX+5 1

Y= =
Inx” = (2x+11)5

Y=sin3(4x? + E —1)

o . 1
Haiitm nmpom3BOgHYI0 (QYHKIMH Y = COSXSiN X + 5 cos’x .CHayaina

IPOU3BOIHYIO



Y=(5x + 4)**
B4 Y=-3x3+5x*-81, Y=2xsinx

Y=—"-v=1/x2 — 3

sinx

_ X vy __ 23\3x
Y=cos —Y (tgx — 3)

B5 Y=7x%-3x%+32 Y=x3arcsinx

_ 2 _cosx
T (3-6x)%"  3x

Y=In (x — x% — 6)
Y=(cosx + 4)*
B6 Y=-x>+3x3-11, Y=3x’ctgx

arccosx 5
.Y=Vx2 -3
3x

Y=
Y=e3% In2x
Y=(7x + 6)?*
B7 Y=3x*6x%+19, Y=x3sinx
VR g
=e % Inx, Y=(3x + 1)%*
B8 Y=-4X°+9X?-12, Y=x3tgx

v=3/3x + 6

arcctgx
6x '

Y=

Y=2"""Inx, Y=(sinx — 4)*

B9 Y=5x%-2x3+65,Y=x?arcsinx

5

32 _
) Y=Vx 5

Y=

Y=32"In Y=(cosx + 1)2*

B10 Y=-2x5-3x>+19, Y=x’ctgx

Y=(Inx — 2)%*

B19Y=-3x3+5x*-81, Y=2xsinx

X

Y=—ro v=1x2 — 3

sinx
Y=cos =, Y=(Inx + 9)5%
x+1

B20 Y=7x°-3x%+3,Y=x3arcsinx

2 cosx
(3 6x)6’ 3x

Y=In (x — x% — 6)
Y=(tgx + 2)*

B21 Y=-x°+3x3-11,Y=3xctgx

_aTCCOSX _5 2 _
Y= ™ , Y=VXx 3
Y=e3**In2x
Y=(tgx — 6)**

B22 Y=3x*6x%+1, Y=x3sinx

tgx Y=12x3 —

e~ Inx,Y=(tgx + 3)3*

B23 Y=-4X%+9X2-12,Y=x3tgx

v=/3x + 6

arcctgx
6x '

Y=

Y=2"""Inx, Y=(cosx + 3)5*

B24 Y=5x*-2x3+65, Y=x%arcsinx

5

32 _
) Y=Vx 5

Y=

Y=32"nx, Y=(sinx + 2)&*

B25 Y=-2x5-3x%+1, Y=x’ctgx



Y=a’”cxtg’“ Y=3x3 +5

Y=e2*" Inx,Y=(3x — 1)*

B11 Y=8x*6X+1,Y=2x3arccosx

_tgx 9
Y= 5x’ Y_(sx—5)4

Y=4"%"Inx, Y=(9x + 3)**

B12 Y=3X?+11x3-87,Y=3x3ctgx

_cosx -3

Y 2x ' =(4x+9)5

Y=5"Inx, Y=(cosx — 2)3*
B13 Y=x>+9X2-51, Y=x?arcsinx

Y=——",Y=V8x3 — 3
COSX

Y=e2" Inx, Y=(8x — 2)*

B14 Y=3x7-9X3+11, Y=5x3tgx

Y=—22_ y=3/2x% — 6

arcsinx’

Y=e3 Inx, Y=(tgx — 3)%*

B15 Y=x>-8X?+16, Y=4x’ctgx

_actgx , 9
3x ' (2x—15)6

Y

Y=62%"Inx, Y=(Inx + 2)5*

Y=“”;fg" Y=Vx3+5

Y=e2* Inx, Y=(sinx — 1)3*

B26 Y=8x*-6X>+1, Y=2x3arccosx

tox oy 9
Y= 5x’ Y_(6x—5)4

Y=4"%"Inx, Y=(sinx + 5)**

B27 Y=3X?+11x3-87, Y=3x3ctgx

_Ccosx -3

Y 2x ' =(4x+9)5

Y=56%"Inx, Y=(sinx — 2)%*
B28 Y=x>+9X2-51, Y=x?arcsinx

Y=—— v=3/8x3 -3

CcoSsx

Y=e2* Inx,Y=(cosx + 6)5*

B29 V=3x"-9X3+11, Y=5x3tgx

V=2 y=YZx = 6

arcsinx’

Y=e3 Inx, Y=(sinx + 2)3*

B30 Y=x>-8X?+16, Y=4x’ctgx

_actgx , 9
3x 7 (2x—15)%

Y

Y=62%" Inx,Y=(sinx — 6)5%

2.Haititu mpou3BojiHbIE (DYHKITUH.

a — MOPSAAKOBBII HOMEP B )KypHaJie

l.y=ax" —%Jr” X —ax+a 2.y=2“\/(ax2 —3ax +5)° -
X

a

(x+a)™*

3.y =tg“(x+a)-arccosax’ 4.y = arcsin“ ax-log, (x — a)



5.y=a* -ctgax® 6.y = ctg2ax- arctg/x"

Vax?® —3ax +5a _lg(ax® — 2ax +3a)

1.y = 8.y

6

e arcctg®ax

KoHTpoJsbHbIe BOIPOCHI

1.ChopMynupoBTh onpeiesieHne MPOoru3BOAHOM, MpaBuia AuddepeHIpOoBaHusI.
2.3HaTh Ta0JIMIly TPOU3BOIHBIX 3JIEMEHTAPHBIX (YHKLIUM.

3.CopmynupoBaTh NPaBUIO HAXOXKACHUS TPOU3BOIHOMN CIOKHONU (DYHKIUU.

IIpakTuueckas padora Ne 7 no reme«UcciaenoBanus (pPyHKIMU U OCTPOEHHE
rpadpuka»

Lenab: HAYYUTHCA UCCIEN0BATH (PYHKITUIO U TIO pe3yIbTaTaM UCCIIECIOBAHUS
CTpOUTH TpaduK.

Bpemsa BbinosniHeHUA 90 MUHYT

MartepuanbHoe obecneueHue

1.TeopeTnyeckume ceegeHumA

2.3apaHune

3.JiuctA4

4.Kanbkynatopel

MopsapoK BbinoNHeHUA paboTbl

1.M3yunTb 3agaHue

2. U3yunTb TEeOpeTUYECKME CBEAEHUA

3. BbinonHUT 1 odopmuUTb paboTy

4.MoKasaTb pe3ynbTaTbl NpenoaasaTento

JomalwHee 3apaHne

1.MoArotoBUTb OTBETHI HA KOHTPO/IbHbIE BOMPOCHI
TeopeTnyecKkue ceepeHuUA.

Cxema uccneoosanusn Qynkuui

1) OGnacTh CcylIecTBOBaHUS (QYHKIIHH.
DTO MOHATHE BKJIKOYAeT B ce0s W 00JacTh 3HAYEHUH M 00JIacTh OmpeeieHUs
byHKIUH.

2) Toukwu paspbiBa. (Eciu oHE HMEIOTCS).

3) UMurepBaiibl Bo3pacTaHus U yObIBaHUA.

4) Touku MaKCUMyMa ¥ MUHHMYMa.

5) MakcuManbHOE W MHHUMAIIbHOE 3HaueHWe (YHKIMH Ha ee o0iactu

OTIpEICTICHHUSL.



6) OO0aacTy BBIMTYKJIOCTH U BOTHYTOCTH.
7) Touxwu neperuda.(Ecnu onn umerores).
8) Acumnrotsl.(Eciin oHr nMeroTes).

9) INoctpoenue rpaduka.
3

X
" U TIOCTPOUTH €€ rpaduk.

IIpumep. Mccnenosats GyHKIMIO y =—
X

Haxomum obnacte cymectBoBanusi QyHKIMU. OYEBUAHO, YTO 001ACMbIO
onpedenenusi QyHKIUH siBIIsIeTCst 001acTh (-0; -1) U (-1; 1) U (1; ).
B cBowo ouepenb, BUAHO, 4TO TpsiMble X = 1, x = -1 gBuswoTCcA
BEPMUKANbHBIMU ACUMNINOMAMU KPUBOI.
Obaacmoio 3nayenull TaHHOW (QYHKITUU SBJSICTCS HHTEPBAT (-00; 00),
Touxkamu paspviea GPyHKUNN SBIAIOTCS TOUKH X = 1, x = -1.
Haxomum kpumuyeckue mouxu.
HaiineMm npou3BOAHYIO (PYHKIHMH y' = " D =2rx’ 3037 -2x"_ xT -3
(x* =1)’ (x* =1)° (x* =1)?

Kpurnaeckue Touku: X = 0; X=-J3:x=43; x=-1; x=1.

Haxoaum mnpoMexyTku eo3pacmanusi WU yoviganusi GyHKuuu. Jlns storo
OIpeiensieM 3HAKU MTPOU3BOHON (DYHKIIMU Ha MMPOMEKYTKaX.

-00<X< -+/3, Y"> 0, pyHKIMA Bo3pacTaeT  -+/3 <X< -1, y'<0, dbyHkuus
yOBIBaeT

-1 <x< 0, y'<0, ¢bynkuus yopiBaer 0 <x<1, y'<0, dbynkums
yOBIBaeT

1 <X<43, y'< 0, ¢yHKIHs yObIBAET /3 <X<0, y>0, Qyakuus
BO3pacTaeT

Buano, 4To TOuKa X = - +/3 ABIOAETCS TOUKOH Makcumyma, a Touka X = /3
SIBIISICTCS] TOUKOU MuHUMyma. 3Ha4YE€HUS] PYHKIMH B ITHX TOYKaAX paBHBI

COOTBETCTBEHHO 3+/3 /2 1 -3+/3 /2.

Haiinem BTOpYyIO MpOon3BOAHYIO QYHKITUN

,(4x —6x0)(x 1) - (x* =37 )dx(x” -1) (4x® —6x)(x* —2x% +1) — (x* —3x*)(4x° —4x) _
) (x*-1)° ) (x* -)* )
4x" —8x” +4x° —6x° +12x° —6x—4x’ +4x° +12x° —12x°

(x> -1*
B 2x° +4x° —6x B 2x(x* +2x* = 3) B 2x(x* +3)(x* —1) B 2x(x* +3)
S e T )
OnpenenuM BBITYKIOCTh U BOTHYTOCTh KPUBOW Ha IPOMEKYTKAX.
~00<X< -+/3, Y"'< 0, kpuBas BhIyKJIas -+3<X<-1, y"<0, KpuBas BbIIyKiIas

-1 <x<0, y">0, kpuBas Boraytas 0 <x<1, y''< 0, KpuBas BbIIyKIas
1<x<+3, y">0, kpupas BorHyTas 3 <X<oo, Y'>0, KpuBas BOHyTas

Haxonum TpOMEXYTKM 6o3pacmanus W yowvieanus (pynkumu. Jus 3toro
OIIpeJIesIsIEM 3HAKU MIPOM3BOIHOM (YHKIIMK HA TPOMEKYTKAX.



-00<X< -+/3, y'™> 0, hyHKIUA BO3pacTaeT  -+/3 <X< -1, y'<0, dbyHKIms

yObIBaeT

-1 <x< 0, y'<0, ¢bynkuus yosiBaer 0 <x<1, y'<0, byHKuHs
yOBIBaeT

1 <x</3, y'< 0, QyHKIMS yObIBAaET /3 <X<0, y>0, QyHxus
BO3pacTaer

BuIHO, 4TO TOUKA X = -~/3 SBJIAETCS TOYKON MAKCUMYMA, A TOUKA X = /3
ABJISIETCS TOUKON Munumyma. 3HaueHus: GyHKIUU B 3TUX TOYKAX PABHBI
COOTBETCTBEHHO 3~/3 /2 1 -34/3 /2.

[Ipo BepTUKaAIbHBIE acumnmomsl ObLIO YK€ CKa3aHo BhIlIe. Teneps HalieM

x? 1
HAKIOHHbIE ACUMNMOMbL. k = lim — =lim =1;
X0 T — X—0 1
T2
X
3 [ x®—=x®+x
b =Ilim| — —X [=1lim > =
x—o| X< — X—>0 X =1
1
=lim—— = lim—*—=0
X—00 ¥ < — X—>0 1
1-=
X

Htoro, ypaBHeHHE HAKIIOHHOM aCUMIITOTHI — Y = X.

Crpoum epagpux HyHKIINA:

3ananue 1.MccnenoBaTh GyHKIMIO IO IPEJIOKEHHON CXEME U TIOCTPOUTH €€
rpadux:

1. Haittu o6macTs onpeneneHust PyHKINU.



9.

. HCCJ’ICI{OB&TB Ha IICPUOANYIHOCTD.

. I/ICCHGI[OBaTI) Ha 4YCTHOCTHb U HCUCTHOCTD.

. Hantu cranmoHapHble ¥ KpUTHUYECKUE TOUKHU IIEPBOIO POJA.

. HaliTu mpoMexyTKu Bo3pacTaHus U yObIBAHUS (PYHKIIUHU, IKCTPEMYM.
. Halitu cTanmonapHpie ¥ KpUTHYECKUE TOUYKU BTOPOTO POJIA.

. HaliTi mpoMexyTKH BBITTYKIOCTH (DYHKITH, TOUKHU TIeperuoa.

. HaliTn acuMntoTsl (BepTUKAIbHBIE, TOPU30HTAIIbHBIE, HAKJIOHHBIE).

Haiitu Touku nepeceuenus rpaduka QyHKIMHU C OCSIMUA KOOPIUHAT.

10.Haiiti 1OmOJTHUTEILHBIE TOYKH.

11. Tlo pe3ynbTaTam UcCCaEAOBaHUS MOCTPOUTH rpaduK GyHKIIUH.

Bl.a)y=x?(2-x)%0)y=

2x—8

x%—
x+1

B2.a)y=xv1 —x; 0)y

_x%+2x-8

x+3

B3.a)y=x-arctgx; 0)y=
x2=3x—10

B4.a)y = : 0)y

x—1

8 _ x%+3x—10

x+3

4—x2’

B5.a)y=/?; 6)y=

x?—4x—12
x+3
2 2
X x“+4x—12
B6.a) y=——; 0)y=———m
) y 1422’ )y x=3

B16. a) y= X* - 12X% .9x+1;

x*
O)y=x3+1

12,1, X3
B17. a)y=3" *2" -2x-1;6)y=x -2

o o 1 e

1 3 _ 2 _avg L )
B18.a)y=3" Y "3 *3.6)y=x7-3

B19. a)y:—.ﬁ;3 + 3X* 4+9x;

X*-1
0)y=3x +5

B20. a) y= x>-20x ; 0) y=1—)%

2 _
B21. a)y=x*+15x%-x-250 6)y=——



_x —x—20
B7.a) y= 2+16 6)y = =
x2 2,
B8.a) y=es; 6)y=""2
- . _ x*—2x-15
B9.a) y = 6)y 2
B10. a) y =2x-x?; 6)y=
x?+2x—15
x—1
5 —2x
B12. a)y=-X*+3x*-2; g)y=
X3
X=-1
B13. a)y=X* - lax +6 ; 6)y= X2+4

B14. a)y=X®+9x* + 2ax + 12

x?
0)y=6x- + 18

B15. a)y:—.‘t’S +3x%-2 ;
X3
Xi-1

0)y=

KoHTpoJbHBIE BONIPOCHI:

B22.

B23.

B24.

B25.

B26.

B27.

B28.

B29.

B30.

a)y=Vx T2 ;

6)y=--

x2+9

a) y=x?-4x ; 6)y= 3x+§+5
_ 3. _X 2_2x-8
a)y=3x-x"; 0)y —
a)y = 2/3x3-2x=1; 6) y=—x2)ig
2
a)y=2¢x*; 6 y=""
a)y = 2x2-8 ;
a)y = x*-8x%43 ; 21_
) 6) v = x%+3x-10
a ) y x+3
a)y =xV4 — x; 0) y—x ~2e8

1.Yto Takoe o0nacTh onpeaeneHust GyHKITAN?
2.Kakne QyHKITMM HA3bIBAIOTCSI YETHBIMU , HEUETHBIMU, O0IIETO BUa?

3.Buael TOuek paspbiBa.
4.Yto Takoe HynH QPyHKIUU?

5.Kak onpenenuTs NpOMEXYTKH BBITYKIOCTH?

6.Buapr acuMnTor.



Tema «PeweHue cuctem IMHEUHbIX ypaBHeHU no popmynam Kpamepa un
metogom laycca»

U,EI'Ib:Hay‘-IMTbCFl BbIHUCNATb onpeaennTenn BToporo n TpeTbero nopAaankKa

MartepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHuA

2.3apaHune

3.JiuctA4

4.KanbKynatopol

MopAapoK BbinoNHeHUA paboTbl
1.3yunTb 33gaHue

2. I3yunTb TeopeTnyeckme ceeaeHuns

3. BoinonHntb 1 opopmutb paboty
4.Moka3aTb pe3ynbTaTbl NpenogasaTento
JomawHee 3apaHune

1.MoarotoBUTb OTBETLI HA KOHTPOJ/IbHbIE BOMPOCHI
Xoa pabortbi

TeopeTnyeckue csegeHus

IIpakTuuyeckas padora Ne 8 mo reme

Tema «BbluucieHue nepBoodpa3HoOi M onpeieIeHHbIX HHTErpaJioB.
du3nyecKoe U reoMeTpudecKoe MpPUJI0KeHne HHTErpajgoB»

[lenb: mpoBEpHUTH YMEHHUE BBIYMCIICHUS ONPEACICHHBIX HHTETPAJIOB, HAXO0XKICHUE
IJIoIIa e H.

Bpems BbinonHeHna 90 munHyT

MarepuanbHoe obecneueHme
1.TeopeTnyeckune ceepeHumA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopsapoK BbinoNHeHUA paboTbl
1.3yunTb 3apaHune

2. N3yumnTb TeopeTnyeckmne ceeaeHunA

3. BoinonHntb 1 opopmutb paboty
4.[ToKa3aTb pe3ynbTaTbl NpenoaasaTento
AdomaluHee 3agaHue

1.MoaroToBUTb OTBETbI HA KOHTPO/1IbHbIE BOMPOChHI



Teopernveckue cBeeHUA

Onpeoenennslii unmezpa..

[Tycts Ha oTpeske [a, b] 3anana HenpepwiBHas Gpynxiws F(X).

0| axibx

O6o3HaurM M u M HaumeHblIee U HamOoJbLIEE 3HAUCHHE (DYHKIMHM Ha
otpeske [a, b]
Pa3zo0bem oTpe3ok [a, b] Ha yacTu (He 0053aTeIbHO OJIMHAKOBBIC) N TOUKAMHU.
Xo<X1<X2< ... <Xp
Torga X1 — Xo = AX1, X2 — X1 = AX2, ... ,Xn — Xn-1 = AXp;
Ha kaxmoM W3 TONyYEHHBIX OTPE3KOB HAWIEM HAWMEHbBIEE W HAWOOJbIIee
3HaYeHuEe (PYHKIIHHU.

[X01 Xl] - ml) Ml; [Xll XZ] —> m21 M2; cee [Xn-l, Xn] —> mn1 Mn-

CocTaBUM CyMMBI:

Sn = MAXT + MaAXz + ... +MnAXn= > m,Ax,

i=1
En = MlAX]_ + MZAXZ + ...+ MnAXn = ZMiAxi
i=1
CymMMma S Has3blBaeTCsl HHsKHeHl MHTerpajbHOl CyMMOii, a cymMma S — BepxHeii
HHTErpaJbHONH CYMMOI.
T.x. miS Mi,TO §nSSn, a m(b—a)ggnSSnS M(b—a)

BryTpu Kaxxaoro oTpe3ka BhIOEpeM HEKOTOPYIO TOUKY E.
Xo<e1<Xi, X1<e<X2, ... , Xn-1<€<Xn.



Haiinem 3HaueHus (GYHKIMHA B 3THX TOYKAaX M COCTaBUM BBIPAKCHHE, KOTOPOE
Ha3bIBACTCS MHTErPabHOI cymMmoii i ¢pyrkiuu f(X) Ha oTpeske [, b].

Sn =f(e1))AX1 + f(e2)AX2 + ... + f(€n)AXn = Zn:f(sl_)Axl.

Toraa mosxHO 3ammcaTh: MiAXi<f(&)AXi<M;AXx;

CrnenoBarenbHo, » mAx, <Y f(e,)Ax, <D M Ax,

i=l i=1 i=1

['eomeTprueckn 3TO NPEACTABISIETCA CIEAYIOIUM 00pa3oM: rpaduk
¢Gynkun f(X) orpaHudYeH cBepxy ONHMCAHHOM JIOMaHOW JIMHUCH, a CHH3Y —
BIIMCAaHHOM JIOMAHOM.

O0o3HaunM MaxAxi — HauOONBIIHMIA OTPE30K pa3OueHus, a MinAx; —
HauMeHbImid. Ecim maxAxi— 0, To uucno orpe3koB pazOueHus otpeska [a, b]
CTpEMUTCS] K OECKOHEYHOCTH.

Ecmu S, = Zf(gi)Axi » TO mallgl%o;f(g")mf =S.

i=1

Onpenenenune: Ecim pu mo0bIX pa30oMeHUSX oTpe3ka [a, b] Takux, aro maxAxi—

0O u npou3BONLHOM BbIOOpPE TOYEK & HHTErpajbHas CymMma S, =Y f(g,)Ax,

i=1
CTPEMHUTCS K MIPEeNy S, KOTOPBIH Ha3bIBACTCs OMpeACIeHHBIM HHTErpasioMm oT f(X)
Ha oTpe3ke [a, b].

b
O06o3HaucHHUeE : I f(x)dx.

a — HIDKHHN TIpeiest, b — BepXHuil npejen, X — IepeMeHHas HHTerpupoBaHus, [a, b]
— OTPE30K UHTETPUPOBAHUS.

Onpenenenne: FEcom ana dynxkumun  f(X)  cymectByer  mpenen

n b
lim OZ f(e)Ax, = _[ f(x)dx, TO QyHKITMS HA3BIBACTCS MHTETPUPYEMOI HA OTPE3KE
i=1 a

max Ax; —>

[a, b].

max Ax; -0

n b
Taxke BEepHbI YTBEPXKACHUSA:  lim Zmlei = j f(x)dx
i=1 a

max Ax; -0

n b
lim > MAx, = [ f(x)dx
i=1 a



Teopema: Eciu ¢yuxius f(X) HempepsiBHa Ha otpeske [d, D], To ona
HHTErprupyeMa Ha 3TOM OTPE3Ke.

CBOIHCTBA ONPEJIEIICHHOTO NHTETpaIA.

1) j.Af(x)dx = Aj. f(x)dx;
2) [(fi(0) % fo(0)dx = ffl () £ [ f,(x)dx
3) ]i f(x)dx=0

4) Ecmu f(X) <¢(X) Ha orpeske [a, b] a<b, To I f(x)dx < I o(x)dx

5) Jlns mpou3BOJIBHBIX YHUCEN &, D, C cripaBeAsTMBO paBEHCTBO:
b c b
[ £Godx = [ fGodx+ [ f(x)x

Pa3ymeercs, 3TO paBEHCTBO BBINOJHAETCS, €CJIM CYLIECTBYET KAXKIBIA M3
BXOJSIINX B HETO UHTETPAJIOB.

&jﬂ@ﬁ:ﬁﬂﬂw

Buviuucnenue onpeoenennozo unmezpana.

b
[Iycte B umHTErpane J f(x)dx HWKHUN TIpenen a = CONnst, a BepxHuid mpenen b

a

U3MCHACTCA. O‘ICBI/I)IHO, YTO €CJIHU U3MCHACTCA BCpXHI/Iﬁ npeacii, ToO UBMCHACTCA U
3HAYCHUC NHTCI'paJia.

O603HaYNM J' f(dt = d(x). Haiinem npousBognyo ¢yHkuuu D(x) mo

MIEPEMEHHOMY BEpPXHEMY MPEACIY X.
d X
— j f(0)dt = f(x)

AHaJIOFI/I‘IHyI-O TCOPECMY MOKHO JOKa3aTb JIA Clydad I[ICPCMCHHOTO
HHIKHCTO ITpCaciia.

Teopema: J[nst Beskoin ¢yukuuu f(X), HempepsiBHON Ha orpeske [a, b],
CYLUIECTBYET Ha O3TOM OTpe3Ke mepBooOpa3Has, a 3HAYUT, CYIIECTBYET
HEOIIPEACICHHBIN UHTErPAIL.

Teopema: (Teopema HeroTona — JleitOnua)



Ecmu ¢yukmus F(X) — kakas- nubo mepBooOpasHasi OT HEMPEPBIBHOM
byukuuu f(X), To

jl f(x)dx =F(b)-F(a)

ATO BRIPAKEHHE U3BECTHO 101 Ha3BaHueM (opmyiisl HetoTona — JleitoHuna.

b
Nnorna npumensior obosznauenue F(b) — F(a) = F(X)| .

a

®opmyna Herotona — JleitOHuna npenacraBiasieT co0oil oOmMI MOAXO0d K
HAXO0XKJICHHUIO OTIPEICIICHHBIX HHTETPAJIOB.

UYro KacaeTcs NMPUEMOB BBIUMCICHUS OIPEACIICHHBIX WHTETPAjOB, TO OHH
MPAKTUYCCKA HUYEM HE OTJIMYAIOTCS OT BCEX TEX MPHUEMOB W METOJIOB, KOTOPHIE
OBLITM pacCMOTPEHBI BHIIIC MPU HAXOXKICHUN HEOTIPEICTICHHBIX HHTETPAJIOB.

TouHO Tak ke MPUMEHSIOTCS METOJIBI MOICTAHOBKHU (3aMEHBI TICPEMEHHOM),
METOJ] HUHTETPUPOBAHUS TI0 YaCTSIM, T€ ke MPUEMbl HaAXOXKICHHSI TIEPBOOOPA3HBIX
JUIS TPUTOHOMETPHYECKHUX, HPPAIMOHAIBHBIX W TPAHCICHICHTHBIX (YHKIIHA.
OCc00OEHHOCTBIO SIBIIAECTCS TOJIBKO TO, YTO MPHU MPUMEHEHUU ITHX MPHEMOB HAJO
pacmpocTpaHsATh Mpeodpa3zoBaHNEe HE TOJHKO HA TOJBIHTETPATBHYIO (PYHKIHIO, HO
W Ha Tpeaesbl MHTETPUPOBAHHSA. 3aMEHsS TEPEeMEHHYI0 WHTETPUPOBAHUS, HE
3a0BITh I3MEHUTH COOTBETCTBEHHO MPE/IEITbl HHTETPUPOBAHUS.

3amena nepemeHHblX.

b
[TycTs 3aman wHTETpaI j f(x)dx , tne f(X) — HempepwIBHAasS (QYHKIHMS Ha

orpeske [a, b].
BBeeM HOBYIO MEPEMEHHYIO B COOTBETCTBUU ¢ (hopmyioit X = ¢(t).
Torna ecin

1) e() =a, o(B)=b
2) o(t) u ¢'(t) HenpepbIBHBI Ha OTpe3ke [a, ]
3) f(op(t)) onpenencHa Ha oTpeske [a, ], To

b B
[ fGodx = [ flo®]e'(0)ar

B B
Torna jf [e()]o'(t)dt = Flo(0)]| = Fle(B)]- Flp(e)]= F(b) - F(a)

[Tpumep.

n/2

1 x:sint; /2 n/2 1
I 1-x%dx = = lel—sinztcostdt= Icosz tdt = — I(l+c052t)dt=
a=0;B=mn/2 0 0 29

1 1. (R A T
=—|t+—sin2t =—+-—smMuT=—.
2 2 o 4 4 4



[Ipu 3ameHe mepeMeHHOI B OINpPENeICHHOM HMHTErpaje ciaeayeT HOMHHUTH O
TOM, 4TO BBOIUMas (yHKIUs (B PacCMOTPEHHOM IpuUMepe 3TO (GYHKIuUs Sin)
JOJKHA OBITh HETPEPhIBHA HA OTpPE3Ke MHTETPUpPOBaHHSA. B MpOTUBHOM ciiydae
dbopmanbHOE pUMeHeHue GOPMYJIIbI IPUBOIUT K abCypay.

[Tpumep.

n n
I dx=x |=mn , C Jpyrod CTOPOHBI, €CIH NPHUMEHUTh TPUTOHOMETPHUYECKYIO
0 0

[IOJICTAHOBKY,

Tt d : d ¢ dt
J‘d_)(j:J‘ — X 3 :J‘ 5 X 5 :{tgx:t}:'[ 2:
0 ysin” x+cos” x ¢y cos” x(1+1g7°x) o L+1

T.e. nBa crocoba HAXOXIEHUS HUHTErpajla HAlT pPA3IMYHbIE PE3YJbTaThl. IJTO
MIPOU30IILIIO M3-3a TOTO, YTO HE ObUI YYTEH TOT (DAKT, UTO BBEJCHHAs NEpeMEHHAs
tgX MMeeT Ha OTpe3Ke MHTETpUpOBaHUs pa3pbiB (B Touke X = m/2). [Toaromy B
JAHHOM Clly4ae Takas [OJCTaHOBKAa HempuMeHHMma. lIpyu 3ameHe mepeMeHHOU B
ONPEJEIICHHOM HMHTErpajie CJIEAyeT BHUMATEIbHO CIEINUTh 3a BBIIIOJHEHUEM
NIEPEUHCIIEHHBIX BbILIE YCIOBUM.

I/IHTerHpOBaHI/Ie o 9acCTHM.

Ecnu ¢pynkumum U = @(X) u V = y(X) HenpepbIBHBI Ha oTpe3ke [a, b], a Taxke
HETPEPhIBHBI HA 3TOM OTpPE3KEe WX MPOU3BOIHBIC, TO CIpaBemIHBa (hopmyia

I/IHTerpI/IpOBaHI/IH 110 9aCTsiIM.
b p b
Iudv:uv| —Ivdu.
a a a
BriBonm 91Ol (opmysbl  aOCONIOTHO aHAJOTUYEH BBIBOAY (HOPMYJIBI
I/IHTCFpI/IpOBaHI/IH 10 4YaCTdaM JId HeonpeﬂeHeHHoro I/IHTeraJ'Ia, KOTOpBlﬁ 6BI.TI

BeChMa MOAPOOHO PACCMOTPEH BBIIIIE, TOATOMY 3/1€Ch MPUBOJIUTH €TI0 HET CMBICTIA.

[Inomaas KpUBOJIMHEHMHOM Tpamneluuyd, OrPaHMYECHHOM HENPEPHIBHOM KPUBOU
y=f(x), nByms mpsMbeIMH x=a ¥ x=D m ocbr0 abcuycc, BEIYUCISIETCS C ITOMOIIBLIO
OIPEJICIICHHOTO UHTErpajia 1mo popmysiam:

E

ba ) S
‘y A ' B ' - f;(x]:fz(x):} X =a,x
. W %fflm | §= jﬂ(x)dr-j,ﬁ(x)dt

o Ty




21

fx)F0=>x=c '

fx0=>x=c

§=5,+8, = ]f(x)dx+

8= 45, - [r6Mee| oM

o

Ipumep 4: Beraucmure mwionaas GUrypbl, OrpaHUICHHON TMHUSAMU y = — x°—2x + 3,

OCSIMU KOODAMHAT U NMPSAMOUA  x=2.

Pemenue: IloctponMaanHble TMHUA

Y=0

St

Haiinem Touku nepecedeHus rpaduka QyHKIuM ¢ ocbio OX: y =—x*—2x+3,

—x?=2x+3=0, -1 x,=-3




0

1

=—-1+3- (———4+6)+(———1+3)

3

3anaHus npakTH4yecko padoTbIBbIUNCIUTD ONIPEACICHHBIN HHTErpal

1 211
b)jf%ﬁdx
I1

a)_j;(x2 — xHix

' b) Her 6dx

cos®2X

-I1/6

2
a) I 3cos xdx
3. 5

b)J:(l—g)“dx

} 3
a) dx
+ COS’ X

b)jl(1+§)8dx

a)i(4x3 + 2x i

1

5. 1 3dx

b)j x Il
0 oS (5_5)

12.

13.

14.

15.

3
S :}(_x2_2x+3)dx—f(—x2—2X+3)dX=(‘Xg_x2+3x)
1

b)j'(l—x)“dx

3

—T

1
a) | cos=xdx
) | .

b)i(1+§)8dx

a)jf(?)x2 — 2xbix

I1/2
b) jssin xdx
-I1/2

a)]j(3sin %xjdx

b)}(l— 2x)*dx

(36cos2x)dx

of
ey

21.

22,

23.

24,

25.

X3
+(—§—x2+3x)

E+ 2 +§:—2:4(K6.80.)
3 3 3

a) (4x3 —3x2)1lx

P C— N

dx
X +

(=)
~

O ey N

w

a) [ (2cos3x dx

O
N—r
Shesm s O'—m\n
=
|

N | X
N
S
o
3

Va

12
a)f(108sin 6x X
0

b)Jl.(7 —5x)dx

4
cos’ 2x

a) dx

B O %=———| N

b) j (4x3 +6x)dx

a)j(Sx“ — 6X? X
b) [ v/Bx —5alx



. )I(4 C0S2x Jdx

b) || /o~ 1dx

a) [ (6 sin 2x)dx

b)| (3—2x)*dx

~
P C— N N‘ﬁ!—..\q

s}

o
>

[0}
O
o p—
b= Oty
(@]
o
7]

5 J- xdx
0 :|.—X2
e 2
3 J-In xd
1 X
0
4 J- xdx
S (X2 +4)°

16.

17.

=
®

[EY
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20.

cos xdx

a)

b)[ (1-2x)*dx

N W oo | N

W

(o]
o
x

QD

N~
(@]
o
w

[N}
N
>

O
~

Ny W O ey 0 | Y

(3-x2)dx

a) | (2sin x)x

b)| (x* +1)dx

ot—=s oh—ﬁmm

a)|sin xdx

b) | (7 - 2x)* dx

N W0 O —w [N

a)i(x3 - x)jx

I1/3
b) j 3sin 3xdx
0

2.

1
11.Ix3\/4+5x4dx

J-1+Inx

1
1
13 2
O
n(3x — l)

3x-1

3In(2 3X)
2 —3X

dx

s
=

26.

27.

30.

QD
~

e O O N |y

.
>
o] O
P
=

(x* —3x?)

|
N

(2sin x)dx

N
Ot w |

o) (5~ 2

a)_?(3 X% + 4x3)jx

28. _

b)j

I1/4

cos4x

a) .T(Zx3 - 2x)jx
29. ?

N7 4dx
cos? 2x

0

a) | (2 sin 3x)dx

mm-—.mm

dx
< X2 +4

O e 2

2 _1/x

21.!'3)(2 dx
zz.f xdx

1v4— X2

o x%dx
23, | ——

‘[\/16x4 +1

x2dx

ZWW

716
25. LBXC{X

o §/(L—sin3x)°
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c ap? . a)j- 10xdx
a)| r:( X dx a)| (4x* +1f xdx 416 — x?)?
19 119 ! :
x“dx 3 . Vd
b) b) | x*e* *dx b sm(3x——j
!5 8-7x* ‘([ )2'[[ 2
9
1
dx " cos3x 5 X2dx
N D) | a)f-—
0 o 3 (@—sin3x) 14/31(x° -1)
110 120 1
b)i cos xdx b) I 322de b) J‘ex wdx
2 (8—sin x)’ 2 (¢ 2f 0
5.
3 e’ 3
2.1 [xIn(x-1)dx [+/xn xax [3-x)e"dx
20 N B
22 [x’e™dx Iarctg\/;dx Iarcsin(l—x)dx
-2 0 1/2
rl2 V3 X V3 1
2.3 _[xcosxdx _[(x+2)cos—dx jarctg—dx
0 0 2 1 X
7l2 718 0
2.4 j x sin xdx j x2sin 4xdx [ xIn@—x)dx
0 0 -1
1/2 2 % )
2.5 Iarccostdx _[ x?In xdx I e™"* cos xdx
-1/2 1 0

2
2.6 j(x —1)In xdx
1

0
2.7 Ixe‘zxdx

-1/2

_[(x+1)|n xax
1

2
jarctg(Zx —3)dx

3/2

0
I(Zx +3)e*dx
|

0
j(x +1)e **dx
-1

2 72 1/2

2.8 jxexdx j(x+3)sin xdx jarccostdx
1 0 -12
-2/3 X In2 1

2.9 j ~-dx J'xe‘xdx I xarctgxdx
13 € 0 0
In2x ‘ z

2.10 | X [ (x—2)e™"dx [In(3x +2)dx
1 -3 1

3aganus npakTudeckoi padorsiHaiiTu miomans Gurypel, orpaHuuYE€HHON
JAHHBIMHU JINHUSIMU
3amanue 1

1,11,21. y=8x—x* -7 H OCBIO OX



2,12,22. y=x*-1,y=0,x=0

3,13,23. y = x* —=3x -4 u ocero OX
4,14,24. y> =4x u x* =4y

5,15,25. y =5x-x* +6 u oceio OX
6,16,26. y=x*, y=x>,x=-1,x=0
7,17,27. y =x*-6x+8 u ocero OX
8,18,28. y=x" U y=X+2

9,19,29 y=x°-4x-5 u ocero OX
10,20,30. y = 6X—3%% u ocvio OX
3ananue 2

1,11,21. y=x?+2 my=2x+22,1222y=%*u y=2-x*
3,13,23.xy=6 u y+x-7=0 4,1424. y=2*, y=2x-x*,x=0, x=1

51525 y=Inx,x=e,y=0 616,26.y=" x=1,y=x-1717,27.
X

y=x*+x, y=1-x*,Xx=0,x=1 8,18,28. y=x*,x=2 9,19,29.
y=cosx ,X=0,x=2my=010,20,30.y = Vx,y =2, x =0 3ananue 3

1,11,21.x-y+3=0, x+y—-1=0,y=0
2,12,22.2x —3y+6=0,y=0u x=3
3,1323. y=x*-2x+3u y=3x-1
41424, x—-y+2=0,y=0,x=-1,x=2
5,15,25. y?2=4x,Xx=1u ocsio OX
6,16,36. y=x*>my=-3X

7,1737. x-y+3=0,x+y-1=0,y=0
8,18,28. x?=3ymu y=X

9,19,29. x—-y-2=0, x+y+1=0,y=0
10,20,30. y2?=9x, X = 3 u ocsro OX



KonTpoJibHbIE BOIIPOCHI

1.YT0 Ha3bIBAIOT OIPEIEICHHBIM HHTErpaioM QyHKuu f(X)?

2.B 4em COCTOUT reoMeTpUUYECKUi CMBICH ONPEeIeICHHOI0 UHTerpaa’?
3.ChopmymupyiiTe HEOOXOAUMOE YCIIOBHE HHTETprpyeMocTh GyHKIuH f(X) Ha
oTpeske [a,b].

4.ChopmynupyiTe HEOOXOAMMOE U TOCTATOYHOE YCIOBUS HHTETPUPYEMOCTH
dbyuxkiuu f(X) Ha oTpeske [a, b].

5.3anuiiuTe CBOMCTBA OMPEACICHHOTO HHTETpaa.

63anummure popmyny Herotona-Jleitouuiia.

7Pacckaxute 00 OCHOBHBIX METOJIaX HHTCTPUPOBAHMS OIPECICHHOTO
UHTETpasa.

8.Urto Takoe KpuBOJIMHEIHAs Tpaneuus?

9.®opmyna Herotona-JleiiOuuia

10.I'padpuku s5meMeHTapHBIX (DYHKITUH.

11. Pa3znuuHbie BUIIBI ITIOCKUX (DUTYP U CITOCOOBI BEIYUCIICHHSI UX TUIOIIACH.

IIpakTuyeckas padora 9 no reme
«Haxoxaenne yacTHbIX Npou3BoAHbIX. [loanbiil nuddepenunan

Llenb: mpoBepUTh yMEHUE HAXOUTh U CTPOUTH 00JIACTh ONMPEIEICHUS CIOAKHOM
(yHKUIMH, HAXOUTh YaCTHbIE TPOU3BOAHBIE.

Bpems BbinonHeHna 90 munHyT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceepeHunA

2.3apaHune

3./lInctA4

4.KanbKynatopbl

MopsapoK BbinoNHeHUA paboTbl

1.M3yunTb 3apaHue

2. N3yumnTb TeopeTnyeckmne ceeaeHunsn

3. BbinonHUTL 1 odopmMUTb paboTy
4.Moka3aTb pe3ynbTaTbl NpenogasaTento
DomawHee 3apaHue

1.MoAarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMNPOCHI
TeopeTnyeckme ceeaeHusn

Xoxa paéoTbl

Onpenesienne PyHKUMH ABYX MePeMeEeHHBIX



Ecnu xax ol nape ( X;y) 3HaueHUH ABYX HE3aBUCUMBIX JPYT OT JIpyra
IIEPEMEHHBIX BEJIMYMH X U Y U3 HEKOTOPOIro MHOXecTBa D cooTBeTcTBYET
CIMHCTBEHHOE 3HAYCHHE BEJIMUNHBI, TO TOBOPST, UTO Z €CTh (DYHKITUS ABYX
HE3aBUCHMBIX IIEPEMEHHBIX X U Y, ONPEAECICHHAs Ha MHOXKeCTBE D.
Ob6o3Hauaercs: z=f(x;y) unu z=z(x;y).

Hanpumep, S=ab, S=S(a;b)- dynkiuu n8yx nepemennsix; V=abc, V=V(a,b.c) —
(GYHKIUS TpeX MEPEMEHHBIX;

Cnoco0bl 3a1aHusl PYHKIMI HECKOJIBKHX MepPeMeHHBIX

UtoObI 3a1aTh GYyHKIIHIO IBYX (TpeX) MEPEMEHHBIX, HY)KHO yKa3aTh CI0co0, C
MOMOIIBI0 KOTOPOTO ISl KXKJI0M Maphl (TPONKHN) 3HAYEHU apryMEHTOB MOYKHO
HAWTH COOTBETCTBYIOIIEE 3HaUeHne Ppynkiuu. Hanbomnee yacto GpyHKIMS 3a1aeTCs
AHATUTUYECKH - ITO SIBHOE 3aaHNe (PYHKIIMU WIIM HESIBHOE 3a7]aHUE

YacTHble NPOU3BOIHbIE NIEPBOI0 NMOPSIAKA

[Tycte ¢yHkmus nByx nepeMeHHbIXx z = f(x, y) ompeaeneHa B HEKOTOPOU
OKpecTHOCTH Touku M(x, y) eBkiaugoBa mnpoctpanctBa E2. YacrtHas
npousBoaHas PyHKIMU z = f(X, y) MO apryMeHTy X SIBJISETCS OOBIKHOBEHHOM
IPOU3BOJAHON (PYHKIIMU OJHOW NMEPEMEHHOM X NpPH (UKCUPOBAHHOM 3HAUECHHHU
nepeMeHHOM y U 0003HayaeTcst Kak

dz af , .
Ei Es Zrs f.t'

AHaJIOTUYHBIM 00pa30M OmpeesieTcsl yacTHasi mpou3BoHas ¢pyHkuuu (X, y)
1o IEpeMEHHOM y B Touke M, 0003HauaeMas Kak

oz df ]
re T
dy Oy

OyHKIIMS, UMEIOIIas YaCTHbIE MPOU3BOHBIC, Ha3bIBaeTCs AU PepeHITUPYEMOii.

CoBepIlIeHHO aHAJIOTMYHO ONPENENSIOTCS YacTHbIE MPOU3BOJHBIE (YHKIIMMA
Tpex u Ooyiee mepeMeHHbIX. YacTHas TPOU3BOAHAS (YHKIMH HECKOJbKHX
IIEPEMEHHBIX XapaKTEPU3YET CKOPOCTh €€ U3MEHEHMS IO JAHHOW KOOpJIHMHATE
npu (PUKCUPOBAHHBIX 3HAUCHUSIX IPYTUX KOOPJUHAT.

z=22y +3x+5v-7

IHpumep: — (yHKLHUS IBYX IEPEMEHHBIX.

= gl _
NHorma wmcnoisib3yrOT 3amnuch Jloy)=2x"y" +3x+0p =7

3aJlaHus, I71€ BMECTO OyKBBI £ UCIOJIb3yeTcsl OykBa * .

Takxe BCTpedaroTCs



Hajitu  4yacTHble NPOM3BOAHBIC IMEPBOr0 W  BTOPOro  IMOPSAAKA
QyHKIHH z=2x% +3x 45y -7
Chauvana HaiiieM 4acTHbIE IPOU3BOIHBIE IEPBOro Nopsiaka. Mx nse.

O003HaAYEHUA:

PR

¥ 20301
oz

— qaCTHaid IIpon3BoOaAHAA 110 «HKC»

. -
ot
Y Ui ¥ JacTHaiA IIPOU3BOAHAA 110 KUI'PEK»

r
Haunem ¢ % . Korga Mbl HAXOAMM YaCTHYI0 NPOM3BOIHYI0 IO «HKC», TO

mepeMeHHasi » CYMTAETCH KOHCTAHTOM (MMOCTOSIHHBIM YHCJIOM).
rl:l:l 3 3 4 rl:z:l 3 up 4y r rl:3:|
Z, =257y +3x 5y - =7 () +3(x ), + (5, (T, =
(4]
=2y 224341 +0-0=4n/ +124
KomMeHTapuu Kk BBIIIOJHEHHBIM JICUCTBUSIM:

(1) ITepBoe, 4TO MBI JejaeM MPU HAXOXKIEHWU YACTHOW NPOU3BOJHOU —
3aKIr049aeM BCI (DYHKITMIO B CKOOKH O] IITPUX € MOACTPOYHBIM HHIEKCOM.

(2) Ucnonbsyem mpasmia auddeperunpopanns & Fv)=u'Ev’ (Cu)'=Cu’

Jlyist mpocToro npumepa, Kak 3ToT, 00a mpaBuia BIOJHE MOKHO IPUMEHUTH Ha
oxHOM miare. OOpaTuTe BHUMAaHUE HA TIEPBOE ClIaraeMoe: Tak Kak @ CYMTAeTCs
KOHCTAHTOM, a JIIO0OYI0 KOHCTAHTY MOKHO BBIHECTH 32 3HAK NMPOM3BOJIHOM,

3 kS
T0 * MBI BBIHOCHM 3a CKOOKH. TO ecThb B JaHHOHU CUTyallun Y HUYeM He Jydmc
OOBIYHOTO YHCIIA. TGHCpB IMOCMOTPUM Ha TpPEThC CJIAracMoc 2 . 31€CCh,

HA00O0POT, BBIHOCUTHL Heuero. Tak Kak » KOHCTaHTa, TO % _ toxe KOHCTaHTa,
Y B 3TOM CMBICJIE OHA HUYEM HE JIYUIIE MMOCIECIHETO CIIAraeMOT0 — «CEMEPKU.

r_ Byt n-1
(3) Ucnonb3yem TabJIMYHBIC TIPOU3BOTHBIC CY=0y @)=

(4) Tenepn Z;. Koraa Mbpl HAaX0AUM YaCTHYI0 NMPOM3BOJAHYIO MO0 «HUTPEK»,
TO MepeMeHHasi * CYUMTAETCH KOHCTAHTOM (MOCTOSIHHBIM YHMCJIOM).
' 2.3 4 rl:l:I FIE Y L ' rl:z:I
Z,=(2xy +3x +0y -7, =2xT ), + 327, + 50, - (), =
=2x% B H045.1-0=6x"" 45

(1) Hcnomezyem Te ke mnpaBwia auddepeHupoBaHus (2 v} =u'Ef

(Cu) = C' X2
) . B IIepBoM CjlaracMoOM BBIHOCUM KOHCTAHTY 3da 3HAK

o 4
IPOM3BOJIHOM, BO BTOPOM CIIAra€MOM HUYETO BBHIHECTH HENb3S MOCKOJIBKY % —
y>K€ KOHCTaHTa.

(2) Hcnonb3yem Ta0IHILy IIPOU3BOJHBIM AIIEMEHTAPHBIX
byskuuii. MpIC/IeHHO MOMeHsieM B Ta0JiMie Bce «MKChD» Ha «Mrpekm». B



r_ Bt n-1
YaCTHOCTH, UCIIOIb3yEMbIE HAMU (POPMYJIBI BBITTIAAT TAK: ©Y=0y O =
I/ITaK, JaCTHBIC IIPOU3BOJHLIC IICPBOIO ITOPAJAKA HaﬁﬂeHBI

HOI[BCI[@M HUTOT, 4EM KC OTINYACTCS HAXOKIACHUC YACTHBIX ITPOU3BOJHBIX OT
HaXOXJICHUA «OOBITHBIX IMPOU3BOAHBIX Q)YHKIII/II/I OﬂHOﬁ HepeMeHHOﬁl

1) Korna MbI HAXOAUM YaCTHYIO MPOU3BOAHYIO ¥
, IepeMeHHast » CYMTAeTCs] KOHCTAHTOM.

F4
2) Korna MBI HAX0AUM YaCTHYIO NMPOU3BOHYI0 y
, IepeMeHHAasl * CYUTAEeTCs] KOHCTAHTOIA.

3) IlpaBmia M Ta0MUA NPOM3BOAHBIX JJIEMEHTAPHBIX (QYHKUUIA
cnpaBeJMBbI H PHMEHUMBI 1151 JII000ii mepemennoii (%, ¥ au00 KaKoi-
HUOYIb APYIoi), 10 KOTOPOii BeaercH auddepeHuupoBanue.

[Ilar BTOpoW. Haxomum yYacTHBIE MPOM3BOAHBIE BTOPOTO mopsaka. Mx
YEThIPE.

O0o3HaAYCHUA:
Az
L 2
L WA ox — BTOpas MIPOU3BOIHAS 15(0) KHUKC»
Fz
rr =7
=
» AN ay — BTOpas MIPOU3BOIHAS o «UTPEK»
Fz
"
=
w 150104 oy — cMewaHHas POU3BOIHAS «HKC o UTPEK»
2z

i
=
" U1 Yo _ cmelarnrnas mpon3BoaHas «Urpek 1mo UKeC»

B nonstMM BTOpPOM IMPOU3BOAHOM HET HUYETO CIIOKHOTO. I'0BOpsI mPOCTHIM
SI36IKOM, BTOPAsi IPOM3BOAHAS — 3TO IPOU3BOAHAS OT NEPBOM NMPOU3BOJTHOIA.

YacTtHble IMPOU3BOAHBIC IICPpBOTO nmopsaxka:
zb =4z +12x°
z),= 6x°y° 45

CHayvamna Haﬁ}leM CMCIIAHHBIC IMPOU3BOAHBIC:

25, = (z0), = (4n +12x7), = 4z, + (1227), = 4x 3" + 0 =121/

r
Kak Bugure, BCE mpocTo: OepeM YACTHYHO TMPOU3BOJHYI °F |

g depeHurpyem ee ele pa3, Ho B JAHHOM CIIy4ae — yKe 10 «UTPEK».

AHAJIOTUYHO:
2t = (20, = (627  + 5, = 657 () + (5, =657 - 2x +0=12n°

B npakTuyeckux mpumepax MOKHO OPHEHTHPOBATBLCS Ha cJeaylollee
PaBeHCTBO:

Ko
T = I



Takum 00pa3om, dyepe3 CMeIIaHHbIE TPOU3BOIHBIE BTOPOTO MOPSAJIKA OYCHBb
yA0OHO TPOBEPUTH, a MPABWIBHO JM Mbl HAIUIM YaCTHHIE TPOW3BOJIHBIE

ICPBOIo nmopsAaaKa.

Haxoaum BTOpYIO NPOU3BOIHYIO IO «HKCH.

o 3
Huxkakux uzobperenuii, 6epem # = 47 +12x u quddepeHupyem e€ mo «MKe»

CHIC pas:
2zl =(2) = (4x” +1227) =457 (2 +12(x°) = 4y - 1412 32% = 4y +36%°

AHaJIOTUYHO:
22 2, 2 2 2
Zy, =z, ), = (6x7y" +5), =6x"(y7), +(3), = 6x - 2y +0=12x"y
z! z,
CremyeT  OTMETHTh, YTO TOPH  HAXOKICHAM = ,  “®  HYXKHO
IMPOABHUTH HOBBIMICHHOC BHUMAHHWEC, TAK KaK HHUKAKUX YYyIACCHBIX PABCHCTB IJIA

UX MPOBEPKU HE CYIIECTBYET.

HpI/IMepLI HaXOXICHUA YaCTHBIX IMPONU3BOAHBIX IICpBOIO I[mopsaka.
IIpumep 1. z = r* — 2ry + 2%,

Pemenne. Juddepenunpyem pynkuuio z = f(X, y) cHavyayia mo X, mojaras y
(UKCHUPOBAHHON BEJIMYMHOMN, MOTOM TOBTOPSEM 3Ty K€ NPOLEIypY, MEHS

pomu x n'y. llonyuaem

dz tz

o

iz ¥ gz r
IIpumep 2. 2z = arctgxry, — = —M — — = ——
dniae B B T T (ay) By 1+ (aw)?
IIpumep 3. u = ye¥* + In(z? — 2y + z).

Pemenue. YacTtHble TPOU3BOAHBIE ATOM (PYHKIUU TpeX MEePEeMEHHBIX
BBIpAXAIOTCS CIAEAYIOIUMU GOpMYJIaMu:

HaXOI[I/IM YaCTHBIC ITPOU3BOAHBIC BTOPOI'O IIOPAIKA. Hx YCThBIPC.

O0o3HaAYCHUA:
Az
L 2
L AN ox — BTOpas MIPOU3BOTHAS o KHUKC»
Fz
ft ]
=
» AN ay — BTOpas MPOU3BOIHAS 18 (0) «UTPEK»
Fz
"
=
w WA oy — cMewanHas POU3BOIHAS «HKC o UTPEK»
2z

=
" UIn Yo _ cmewarnrnas mpon3BoaHas «UIrpek 1o uKeC»



B nonstHM BTOPOM IMPOU3BOAHONW HET HUYETO CIIOKHOTO. I'0BOpsI mPOCTHIM
S3bIKOM, BTOPasi NPOU3BOAHASA — 3TO IPOU3BOAHAS OT NEPBOM MPOU3BOJTHOIA.

YacrHble MIPOU3BOJIHBIC epBOro nopsiaka:
=dxy +12x°

r

I

r_ a2 3
z,=6x"y +5

Chayana HailieM CMelIaHHbIE IPOU3BOIHBIE:
20, = (1), = (4x +12x7), = 4x(™), +(122°), = 4x 3" +0 = 12n)/

r
Kak Bumure, BCE NpocTO: OEpeM YACTHYIO IPOU3BOIHYIO “* W

I depeHIupyeM ee eIl pa3, HO B JaHHOM CIIy4ae — YK€ IO «UTPEK».

AHaJIOTUYHO:
20 = (20), = (62" + 5, = 65 (x"), + (5), = 6" - 2x +0=12xy"

B NPAKTUYCCKHUX IIPpUMEpPax MOKHO OPHCHTHPOBATHLCHA Ha ClIeaylollee
PAaBEHCTBO.

fo_
T = I
Taxum 06pa30M, 4gepe3 CMCIIAHHBIC IIPOMU3BOJHBIC BTOPOTO IIOpAAKAa OYCHB
y,Z[O6HO HpOBepI/ITB, a HpaBI/IJ'IBHO JIM MblI HAIIJIM 4YaCTHBIC HpOI/I?)BOI[HBIe

IIEPBOTO MOPAIAKA.

Haxoaum BTOpY10 MPOU3BOIHYIO IO «HUKCY.

o 3
Huxakux usobperenuii, 6epem * = 4/ +12x

eI1e pas:
Zh = (2 = (dx” +1227), =4y (2L +12(2°), = 4y” - 1+12 32" = 4y” + 367

u auddepeHupyeM e€ mo «UKC»

AHaJIOru4HoO:
2y, = (2}, = (6x"y" +5), =6x" (™), +(5), = 62" - 2y +0=12x"y
o
CneqlyeT OTMETHTD, YTO IIPU HAXOXKACHUH “w HY>KHO
IMMPOABUTDH NOBLIMMICHHOC BHUMAHUC, TAK KAK HUKAKUX 9YIACCHBIX PABCHCTB IJIA
X MPOBEPKU HE CYIIECTBYET.

Anzopumm uccnedosanusn QynKyuu 08yx nepemMeHHblX Ha IKCMpPemym

Oynkius z = f(X,y) umeer makeumyMm B Touke Mo(Xo;Yo), eciu f(xo;Yo) > f(X;y) s
BCEX TOYEK (X;y), JOCTATOYHO OJIM3KUX K TOYKE (Xo0;Y0) U OTIUYHBIX OT HEE.
Oynkiys z = f(X,y) umeer MuHEMYM B Touke Mo(Xo;Yo), eciu f(Xo;Yo) < f(X;y) ans
BCEX TOYEK (X;y), TOCTATOYHO OJU3KUX K TOUKE (X0;Y0) U OTJIMYHBIX OT HEE.
MakcuMyM 1 MUHUMYM (DYHKIIMM HAa3bIBAIOTCS IKCTPeMyMaMu QyHKIMH.
HccnenoBanre PyHKIUU ABYX NEPEMEHHBIX HA IKCTPEMYM MPOBOAST 110
CJIEIYIOIIEH CXeMe.

1. Haxoxast yacTHble pon3Boanbie dz/dx u dz/dy.

2. Pemiarot cucteMy ypaBHEHUIM:



http://math.semestr.ru/math/derivatives.php

= _n
5y
_q
Gy

Y TaKUM 00pa30M HAXOMAST KPUTHUECKUE TOUKU (DYHKITHH.
3. HaxomsT yacTHBIE TIPON3BOAHBIE BTOPOTO MOPSIIKA:

Az @'z A%z
& Ay oyt
4. BEIYUCHSIOT 3HAYEHUS 3TUX YaCTHBIX MPOU3BOAHBIX BTOPOTO MOPSIKA B KaXKI0H
U3 HaHJICHHBIX B I1.2 KPUTHYECKUX TOUKax M(Xo;Yo).

2 2 2
(BB
gx" )., axdy J ., &,

5. [lenaroTt BBIBOJ O HAJUYUU DKCTPEMYMOB:
a) ecmu AC —B?>0uA <0, 1o B Touke M uMeeTcs Makcumym;

6) ecmu AC —B?>0uA>0, 10 B Touke M uMeeTcss MUHUMYM;
B) eciu AC — B2 <0, T0o 5KCTpeMyMa HET;
r) eciiu AC — B? = 0, To BOIIPOC 0 HAJIMYUM SKCTPEMYMA OCTAETCS OTKPBITBIM;

IIpuMmepsl ucciaenoBanus GyHKUUH IBYX EPEMEHHBIX HA IKCTPEMYM.

Ipumep Nel. UccnenoBath Ha SKCTpEMyM (PYHKITUIO
z=13 +3xy 2 —15x-12 y.

Pemenue.
1) Haitnem yacTHbI€ NpOU3BOHBIE:

Bz
= =3x* +3y? -15,
&x

bz
—=6xy—-12y,
oy

2) Torja cuctemMa JJis OThICKAHUS CTallMOHAPHBIX TOYEK UMEET BH/T
2
12 +y  —-5=0
xy—-2=0

PemmB cucreMy, IMOJIy4HM YETHIPE CTAIHOHAPHBIE TOYKH:
P1(1,2), P2(2,1), P3(-1,-2), P4(-2,-1). Haiimem npou3BoHbIE 2-T0 MOPSIKA

322 322 622

x By Bxdy

Y COCTaBUM JUCKPUMHUHAHT AAB-C? st kax o CTALMOHAPHOMW TOYKH.




1) dns Touku P1(1,2) A=36-144<0, B P1(1,2) sxcTpeMyMa HeET.

2) Jnst touku Pa(-1,-2), A =144 — 36 >0, A>0, B P2(2,1)dyHKiHs nmeeT
MUHUMYM, Zmin = -28

3) s Toukm P3(-1,-2), A = 36-144 <0, B P3(-1,-2) a3xcTpeMyma HeT.

4) Nis touku Pa(-2,-1), A=144 — 36 >0, A<O B P4(-2,-1) pyHKIMS HMeeT
MaKCUMYM Zmax=28

Ipumep Ne2. Haiitn HanGoubiee ¥ HaMMEHbLIEE 3HAUYEHUS QYHKIMHU Z = X2 +
4Xy — y? — 6X — 2y B TPEyroJbHUKE, OTPAHUYCHHOM OCSAMH KOOPAMHAT U IPSAMON
2x+3y—-6=0.

Pemrenne.

HaitneM kpuTr4uecKrne TOUYKHU JOKAJIBHOTO SKCTPEMYMa BHYTPH YKa3aHHOU
o0nacTu 1 3HaueHus JaHHOU pyHKkumH z = f(X,y) B 3THX Toukax. Tak

oz & v

= _2x+4y-6 ay—“I 2y-2
KaK ox , , TO CUCTEMA OJId OTBICKAaHUA
KpHTquCKHX TOYCK UMCCT BU]

x+2y-3=0 x=1

2x-y-1=0 —~ |y=1
Touka Po(1;1) Haxoautcs BHyTpu obnactH, npudem z(Po) = -4. Uccnenyem
dbyHkuuio z Ha rpanuiie oonactu. Ha orpeske OA4 umeem : y=0, z = f(x;0) wiu

0:00=x2 — 6x, rae ¥ €103 o0 2oy 6. 0°1(3)=0: 41(3)=F(3;0)=-9. Ha
orpeske OB umeem: x=0. z=1(0;y) nmu z=g>(y)=-y>-2y,

e YEOZE £2(0N=-2y-2% g (D=0 -1e[02] ,, .

y ZZ—EI: z =f[x;2—gx]
AB umeem 3 3 WA
38

19 5 ,
zZ= X)=——x" +6x— X)=——x+6
33( ) 9 8: ﬂeIE[ﬂ;?’]; 33( ) 9

T
27
s ==|=0
e

@) A22)-
£3\ 19 19°19 19
Haiinem 3Hauenust pyukiuu z B Toukax O, 4 u B. z(0) = (0,0) = 0; z(A) =
f(3;0) = -9, z(B) =1(0;2) = -8.
27 20

f0:0), f(02)., fG30), f(: 7). SN

CpaBHUBasI 3HaYECHUS 19°19
IPUXOAUM K BBIBOAY:

HauOosnbInee 3Hadenre zmax=0 B T. O(0,0);

HauMeHbIIee 3HaYeHre zmin=-9 B T. A(3,0).



u 2z i . -

dr -2 +2 8y (1+yz)e® - r?
i 1
— -!Ey: _|

3ajaHus NpaKTH4YeCcKOH padoThI

-2+ 2

1. Haiitu u mocTpouTh 001aCTh ONPEEIICHUS CI0KHON (QYHKIUH.
2. BpIuucanTh Npou3BOJIHYIO CIOKHON (QYHKIHUU.

B1 1.z=arcsin(1-x*-y?)
2.a) z=VInx %, x=e, y=1

6) u=x-y?+3z2, x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx)
= X = =
2.a) z—,/xylnx, x=1, y=2

B)u=3x%/2-
v2/2+22%,x=2/3,y=2,2=2/3

B3 1.z=,/Inx + Iny

2.a)z=xV—=e vl
xy

6)u=x3/2-y3/2+823,x=2,y=2,2=3/2

B4lz=|/y —x+2

2.a)z=sinl/xeY,x=m/2,y=1

6)u=3/2x*+3y2-27,
x=2,y=1/3,2=3/2

. x2
B5 1.z=arcsm;

2.a)z=arcg(x>-y*)+1/,/xy

_Vx_ vz
6)u= y x+\y

B16 1.z=|n§
2.a)z=(x% + y2)*" ="’
6)u=x\/§-(z+y)\/§, x=1,y=1,z=-2
B17 1.z=Iny-Incosx

2.a)z= xsiny+x?, x=3,y=1/2

6)u=,/xy — V4 — z%,x=1,y=1,2=0

B18. 1.z=|nsinx-\/§
2.a)z=arcsin% - Inv, u=0, v=1
6)u=(x>+y?+z2)*?2, x=0,y=-3,z=4
B19. 1.z=In(y?/4-x*/9-1)
2.a)z=|n\/m+1/y,x=y=1/\/§

6)u=2/x+3/2y-
\6/4z,x=2/3,y=3/2,2=1/2

B20. 1.z=a rcsin%

2.3)z=Inyvx ,x=1,y=3/5

6)u=3/x+4/y-1/v/6x,x=1,y=2,2=1//6



B6 1.z=arcos(2x-y) B21. 1.z=1+,/1 — (x — ¥)?

y
2.a)z=arccos;+e‘/ﬁ, x=2,y=1 2.a)z=cos(1/y)-1/./xy, x=1/2,

y=2/m
6)u=\/7x2-%—6\/§zz, x=1,y=2/3,2=1/6

6)u=x\/;-y22,x=2,y=1,z=-1

B7 1.2=\/In(2 — x — y), B22. 1.z=In(x?+y)
Y _x2 7 _
2.a)Z=tg1/X,ex,X:1/n’y=O Z.a)Z—ex A/ X ye, X_l’y_o
6)u= 6)u=siné, x=2,y=m,z=1

2./x + y+y.arctgz,x=1,y=1/3,z=1/\/€

B8 1.z=|n§ B23. 1.2=V1 — x2+,/1 — y2

2.a)z=(x2 + y2)**-¥° 2.a)z=yln(x*-y?), x=2,y=1

6)u=x3/16+y?/9-

6)u=x./y-(z+yVx, x=1,y=1,2=-2
) \/;( V) Y 2%/8,x=2,y=1/2,2=1/3

B9. 1.z=Iny-Incosx B24 1.Z=\/In(2 — x — y),

2.a)z= xsiny+x?, x=3,y=1/2

6)u=,/xy — V4 — z?,x=1,y=1,2=0

Yy
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1//6

B10. 1.z=Insinx-/y B25 1.z=arcos(2x-y)
y
2.a)z=arcsin% - Inv, u=0, v=1 2.a)z=arccos;+e\/ﬁ, x=2,y=1
6)u=(x2+y?*+z%)*?, x=0,y=-3,2=4 6)u=\/§x2-%-6\/§zz,

x=1,y=2/3,2=1/\/6
B11. 1.z=In(y?/4-x?/9-1) B26 1.z=arcsin£
y

2.a)z=Iny/x2 + y2+1/y,x=y=1/2 [xy
a)z=Iny/x® +y2+1/y,x=y=1/v2 2.a)z=arcg(x>y?)+1/,/xy

6)u=2/x+3/2y-
6)u=" — 2=
\J6/4z,x=2/3,y=3/2,2=1/2 Yy Xty




B12. 1.z=arcsinZ
Fraresiny B271.2= |,y — x +2

2.a)z=Inyv/x ,x=1,y=3/5
) y v=3/ 2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/x+4/y-1/V6x,x=1,y=2,2=1/v/6 6)u=3/2x+3y2-27?

x=2,y=1/3,2=3/2

B13. 1.z=1+\/1 — (x —y)? B28 1.z=,/Inx + Iny
= - = - i:x=el =1
2.a)z=cos(1/y)-1//xy, x=n/2, 2.a)z—x‘/xy Y
y=2/m

\/_ 6)u=x3/2-y3/2+823,x=2,y=2,2=3/2
6)u=x,/y-yz*x=2,y=1,2=-1

B14. 1.z=In(x?+y) B2 9.z=In(y-Inx)

— X2 2 _ A2 y— - = Y = =
2.a)z=e* \/x? — y?, x=1,y=0 2.a)z 1/xylnx,x 1, y=2
6)u=sini, x=2,y=m,z=1 B)u=3x?/2-

v2/2+22%,x=2/3,y=2,2=2/3

B15. 1.2=V1 — x2+,/1 — y?2 B30 1.z=arcsin(1-x>-y?)
2.z=yIn(x%-y?), x=2,y=1 2.a) z=VInx % x=e, y=1
u=x2/16+y%/9-22/8,x=2,y=1/2,2=1/3 6) u=x2-

v2+3z22,x=1/2,y=1/2,2=1/2

3ananue 1.HaiiTu yacTHbIE NPOU3BOAHbIC BTOPOI0 MOPSIAKA

B1z=xy%-4x-5y B16z=x3-y3-3xy
B2 z=y?-x?+xy-2x-6y B17z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x*+y’+xy-3x-6y

B4 z=y\x-y?-x+6y B19. z=xy*(1-x-y)



B

(93]

z=e*/? (x+y?)

B6 z=x3-y3-3xy

B7  z=0,5xy+(47-x-y)(x/3+y/4)
B8  z=x?+y’+xy-3x-6y

B9  z=xy?*(1-x-y)

B10 z=x3+y3-15xy
B11z=x?+y%+xy-4x-5y

B12 z=y?-x’+xy-2x-6y

B13  z=xy(1l-x-y)

B14  z=yvVx-y?-y+6y

B15z=e*/%(x+y?)

B20. z=x3+y3-15xy

B21. z=3-2x%-xy-y?

B22. z=y?-xy-2
B23.z=x%+2xy-y?+4x
B24z=2x?+2xy-y?/2-4x
B25z=x%+xy-2

B26.  z=y>-2xy-x*+4y+1
B27.  z=1-2xy+2x?

B28.  z=4x+2y+4x’+y’+6
B29  z=x’+2xy-10

B30. z=x?+2xy-y>-4x

3ananue 2.UccienoBath 3a1aHHYI0 QYHKIHIO HA IKCTPEMYM

B1. z=12+2xy-x?
B2.z=5x%-3xy+y*+4
B3.z=4x>+9y?-4x-6y+3
B4.z=x>-2xy-y*+4x+1
B5.z=y2+2xy-x>-4y
B6.z=x%+3y%+x-y
B7.z=x%y
B8.z=4-2x%-y?

B9.z=x%/2-xy

B16.z=x%+2xy-10
B17.z=4x+2y+4x*+y*+6
B18.z=1-2xy+2x>
B19.z=x%+2xy-y?+2x+2y
B20.z=y2-2xy-x*+4y+1
B21.z=x*+xy-2
B22.z=2x2+2xy-y%/2-4x
B23.z=x%+2xy-y?+4x

B24.7=3-2x?-xy-y>



B10.z=1+xy? B25.z=y?-xy-2

B11.z=4-2y*+x? B26.z=x%+y%+xy-4x-5y
B12.z=y?+2xy-x?-4y B27.z=y?-x?*+xy-2x-6y
B13.z=x?-xy B28.z=x?+y%+xy-3x-6y
B14.z=xy(4-x-y) B29.z=x3-y3-3xy
B15.z=x?+2xy-y?-4x B30.z= x>+y3-15xy

KoHTpoJbHbIE BONIPOCHI:

1.ChopmynupoBath ornpezaeneHne GyHKIMU C IBYMs ITE€PEMEHHBIMHU.

2.Yto Ha3pIiBaeTcs 001acThiO onpeeiaeHus: GyHKIUA HECKOIbKUX

MEPEMEHHBIX ?

3.ChopmynupoBaTh MPaBUIO HAXOXKACHUS MPOU3BOIHON (QYHKIIMU HECKOIbKHUX

MePEMEHHBIX.

4.Yto Ttakoe nmonHbIN Auddepeniman GyHKINNA HECKOIbKUX MePEMEHHBIX ?
5.ChopmynupoBaTh aIrOPUTM HAXOXKACHUS SKCTpeMyMa QyHKITUU

HECKOJIBKUX MEPEMEHHBIX
IpakTnueckas padora Ne 10 mo reme
Tema «BbluuciieHre IBOMHBIX HHTETPAJIOB)

eab: mpoBepuTh yMEHHUE BBIUUCISATE JBOMHBIC MHTETPATBI B IEKAPTOBBIX
KOOpJAMHATAX

Bpemsa BbinosniHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHumA
2.3apaHune

3.JiuctA4

4.Kanbkynatopel

MopsapoK BbinoNHeHUA paboTbl
1.3yunTb 3apaHune

2. I3yunTb TeopeTnyeckme ceeseHuns
3. BbINOAHUTL M 0pOPMUTL paboTy
4.[ToKa3aTb pe3ynbTaTbl NpenoaasaTento
JdomalwHee 3agaHne



1.MoarotoBUTb OTBETbI HA KOHTPOJIbHbIE BOMPOCHI

TeopeTuueckuii MmaTepuaJl

[TycTh B HEKOTOPOW OIpaHUYEHHOMN 3aMKHYTOM 00s1acTi D MJI0CKOCTH XOy 3ajaHa
HenpepbiBHas QyHkums z=f(P), rme Touka PeD . Pa3oObem 5Ty 007acTh
MPOU3BOJILHBIM 00pa30M Ha N YaCTUYHBIX IJIOCKUX siueek S,, S,,..., S,, UMEIoLIue
wiomanau AS;, AS,,...,AS, . B kaxmgoil Takol sdyeiike BbIOEpEeM IO OJIHOU
IIPOM3BOJILHON TOYKE P, P,,..., P, B BBIYUCIUM 3HAYCHUS (PyHKIIHMH f(P) BO B3SITBhIX
toukax. COCTaBUM TaK HA3BIBAEMYIO unmezpanviyio cymmy ¢ynkmuu f(P) mo

oOnactu D:

Zf f(P,)AS, + f(P,)AS, +...+ f(P,)AS, . (1)

Heotinvim unmeepanrom ot ¢Gynkuuu f(P) mo oOmacTu D Ha3bIBaeTCs IMPENE

UHTETpaabHON CyMMBI (1) MpU CTpeMIICHHH K HYJIIO HaHOOJBIIET0 U3 JTUAMETPOB
BCEX SUEEK JAaHHOTO pa3OUCHMUS:

[[f(P)s = odim Zf (P S, (2)

OcCHOBHBIE CBOMCTBA ABOWHOIrO MHTErpala

1. JIBoitHOW wWHTErpan mo objacTu D oT anreOpamdeckoil CyMMbl (DYHKITHI
paBeH anre0pandeckol CyMMe JABOWHBIX WMHTETPATIOB OT ClIaraeMbIX
GbyHKIMI 10 3TOH ke 00TIacTH:

[[[f.(P)= £,(P)lds =[[ f,(P)ds + [[ f,(P)ds.

2. TlocTOSSHHBIN MHOXKHUTENh K MOYXHO BBIHECTH 3a 3HAK JIBOMHOTO MHTErpasa:

[[k-f(P)s =k-[[ f(P)ds

3. O6nacTe MHTETPUPOBAHUS JBOMHOTO WHTETpaia MOKHO Pa30WTh HA YaCTH,
TO €CTh €CJM 00J1acTh D COCTOUT M3 JBYX HemepeceKaromuxcs obsacrei D,

J[t(ps = [[1(Plas+[[ (P

IIpumepsl

u D,, TO

X +4

. 3 1
3aganme 1: BoiuncianTh NOBTOPHBIN MHTETpal jdx j —dy.
X
1 2



Peumienue: BerunciuM cHavyana BHYTPEHHUN MHTETPAII 110 IEPEMEHHOM Yy , CUUTAs

X IIOCTOSIHHBIM:

3aganue 2: BouMCIUTL ABOMHON HMHTErpa ﬂ(x+ y)dxdy mo o6mactu D |,
D

OrPaHUYCHHOU NMPSAMBIMHA X =2, X=6, y=1H1 y=4.

Penienue: O6nacTp D sBIsIeTCS IMIPOCTOM OTHOCHTEIBHO ocelt Ox u Oy (pwuc.

1), IMO3TOMY IJIA BBIYHUCIICHUA MHTCI'PpaJia MOKHO HMCIIOJIB30BATh JIIO6YIO

b d
13 bopmy ” f(x, y)dxdy = J.dx J. f(x, y)dy WK
D a c
J.J. f(x y dxdy Idyj X, y . CHayasia BBIYMCIIUM JIBOMHON HHTErpa
D

6 4
mo mepBoit  Qopmyie: I '[ (x+ y)dxdy = jdx '[ (x+y)dy . Beruucius
D 2 1

BHYTPEHHUW MHTETpall MO0 NEPEMEHHOW Yy IMpPU NOCTOSHHOM X |,

HaXo0JIUM

“ y2 4 1 15
I X+Yy dy =[Xy+—| = (4x +8)— (x + EJ =3X+ 7 [ToncTtaBuB 3TO BBIpAXKEHUE BO
1

1

+ =178.
2 2

BHEIIHUM UHTErPAJL, ITOIYyYNM I(3x+ 5 jdx {
2

3x2 15 T
—X

Temepp  BBIUMCIUM  JBOWHOW  HWHTErpal 1o  BTOpoll  dopmyie

H X+ y)dxdy = Idy J' X+ y)dx . Harinem BHYTPEHHUI WHTErpa:
D
2

6 2
.|.x+y ={—+xyr=(18+6y)—(2+2y)=4y+16 . Jlanee HaiineM BHEIIHWM
2

4 4
MHTErpa: I (4x+16)dy = [2y? +16y] 78, To ecTb momyummHI TOT %e OTBET.
1 1



Teopernvecknii cBegeHUs

[Tnomane S mIockoi o6mactTé D B TPSIMOYTONBHBIX KOOPJMHATAX
BBIYHUCIIsIETCS 110 (popMyIie

S =”dxdy; Q)

a B TIOJISIPHBIX KOOPJIMHATAX — MO (hopMyJIie

S = ”I’dl’dgo. 2

O0beM IWJIMHIPUYECKOTO TENA, OTPAHUYEHHOTO CBEPXY IOBEPXHOCTHIO
z=1(x,y) , cHu3y obmactbl0 z=0 ® CcOOKy TNPSIMOM IMIMHAPUIECKON

IIOBEPXHOCTBIO, BBIPE3AIOIIEH Ha IUIOCKOCTH XxOy (z=0) obmacte D (puc. 1),

BBIYHCIIACTCS 110 (hOpMyJIe

V= J.J. zdxdy (3)
>D
z A
z= f(x, y)
Y
N
\___

<Y

— |
IIpumepsbl |

X Q/



3apnanue: Brpiuncnute 00beM Tella, OTPAHUYECHHOTO TMOBEPXHOCTAMH
z=2x+1, x=0, y=4, y:xz_

Pemienue: Teno, orpaHMYEHHOE 3aJaHHBIMU IIOBEPXHOCTSAMHU, IIPEACTABIACT
co00l BepTUKAJIbHBIN MNapaOOJMYECKUl IWIMHJIpP, PACIOJOKEHHBI B MEPBOM
oktante. CBepxy TeJIO OrpaHUYEHO IUIOCKOCTBIO z=2Xx+1 , cOOKy
napaboJUIECKUM LUJIUHAPOM Y = X° U TUIOCKOCTIMH X =0 U y = 4. Haiinem Touku

y=x°

Takum 00pa3zom,
y=4

nepeceueHuss mapabosibl y =X ¥ NpIMOH y =4 : {
IOJIyYHM OJHY TOUYKY IIepeceucHus M (2; 4).

3HayeHHe X=-2 HE pacCMaTpHBaeM, TaK KaK MWJIMHIP PacloJIOKEH B
nepBoM okTaHTe. OOmacTh D 3amuileM B BHIE CHCTEMbI HEPABEHCTB 0< X<2 H
x?<y<4,

Cornacuo ¢popmyse (3), moayuyum

V= ”zdxdy = _Z[dxi(Zx +1)dy = j.[2xy+ y] " x = T(SX +4-2x% - xz)dx :13%(Ky6. en.)
D 0 x? 0 X2 0

3aganme 1. Boruncnuth unterpai no obnactu D, orpaHnyeHHON yKa3aHHBIMU

JTHHUSMH.
B1[[ y?cosxydxdy Blefyzcos%dxdy
D D

x =0,y = /m/2y=x/2 D:x =0,y = \/n/2; y=x/2

B2[[ 3y? Sm Y dx dy B17 [ (18x%y? + 32x3y3) dx dy
D D

D:x =0,y = [41/3; y=2x/3 Dix=1y=-Vx; y=x°
B3[[(3x%y? + 4xy) dx dy: B18[[ (9x%y? + 2xy) dx dy

D D

D:x=1 y=—/x;y=x? D:x=1; y =+x; y=—x3



B4[[(27x%y? + 12xy) dx dy
D

D:x =1,y = —x; y=x?
BSffyzsin%dxdy

D

D:x =0,y = V/r; y=x

B 6f[ 4y*sin2xy dx dy

D

D:x=0,y = \/2_71; y=2Xx
B7[[ 4y?sinxy dx dy

D

D:x =0,y =\m/2;y=x
B8[[ (49x%y? + 28xy) dx dy
D

D:x=1,y=—3x; y=x?
B9 [[ (9x2y? + 48x3y3) dx dy
D

D:x =1,y =+/x; y=—x?
B10 ffyze_xzr_y dx dy

D

D:x =0,y =2;y=x

B 19 [[(18x2%y? + 8xy) dx dy

D

D:x =1,y = Yx; y=—x?
BZOffyze_%/dx dy

D

D:x =0,y =4;y=2x

B21J[(27x%y? + 12xy) dx dy

D

D:x =1,y = —/x; y=x3
B22[[(9x%y? + 8xy) dx dy

D

D:x =1,y = Vx; y=—x3

B23([ y%cosxy dx dy

D

D:x =0,y =+/m; y=x

B 24[(18x2y? + 32x3y3) dx dy
D

D:x=1,y=3x; y=—x2

B 25/ (18x2y? + 32x3y3) dx dy
D

D:x =1,y = —/x; y=x3



B11[[ (36x%y? + 96x3y3) dx dy
D

D:x=1,y=13x; y=—x3

B 12ffy25in%dx dy

D

D:x =0,y =/m; y=x/2
B13[[(12x%y? + 16x3y3) dx dy

DD:x =1,y = —/x; y=x?

Bl4ffyze_%ydxdy
D

D:x =0,y =2;y=x/2
B15ffy2cos%dxdy
D

D:x =0,y =+V2m; y=2x

B26ffy2e_xfydx dy

D

D:x=0,y =1, y=x/2

B 27/ y%cosxy dx dy

D

D:x =0,y =+m; y=2x

B 28/ (18x2y? + 24xy) dx dy

DD:x=1;y = —x; y=x3

B 29[ (9x%y? + 12xy) dx dy
D

D:ix =1y =+x; y=—x?
B30/ ycosxy dx dy

D

D:x =0,y =.m/4;y=x

3anava 2. I3MeHUTh NOPSAIOK UHTETPUPOBAHUSI.

-1 0 0 0
z.1.jdyj fdx+jdyj f dx.

2y R

2—y2

1oy V2
2.3. J;dy!f dx+Jl'dy J. f dx.

0

1 0 V2 0

2.2, fdyj fdx+jdyj fdx.
0 -y 1y
1 y 2 2-y

2.4 jdyjfdx+jdyj fdx.
0 0 1 0



2.5. _fdx } f dy+idxif dy .2.6.
-2 _W -1 x

1/«/5 arcsin y arccos y \/2_ \/_
jdyj fdx+jdyj f dx2.7. jdyjfdx+jdyjfdx
2

y

2.8. Jl. _(f x+j.dy IJ. f dx 2.9.
0 -y 1 -1
BN 0 X -3 0 0 0
jdx j fdy+jdxjf dy. 2.10. jdx j fdy+jdx j fdy .
-2 0 -1 0 -2 _ 1y B 120

1 3y 22—y
2.11. jdxj fdy+jdxjfdy 212. [dy [ f dx+[dy [ f dx.
0 0 1 0

1x

/4 siny /2 cosy -1 0 0 0
zlzjdyjfdx+jdyjfdx. 214. [dx [ fdy+[dx[ fdy.

z/4 -2 —(2+x) -1 3

1 4y e 1 2 0
z.15.jdyjfdx+jdyjfdx. 2.16. jdyjfdx [ dy j f dx.

0 0 1 Iny -Jy 1 J2-y

1 0 2 0 1y 2 2y
z.17.jdyjfdx+jdy j fdx. 218 [dy[ fdx+[dy [ fdx.
0o - 1 _\/ﬁ 0 0 1 0

3 0 2 0 -1 0 0 0
2.19. jdx j fdy+jdx j f dy.2.20. jdy j fdx+jdyj fdx.
0 \/J—Z J3 _\/m -2 —(2+y) -1 Fy



x2 \/E 2—x2

2.21. jdyff dx+jdy_1[ f dx. 2.22. jdxjf dy+_[dx j f dy.
0 1 Iny 0 0 1 0
/4 sinx z/2  cosx — 0 0 0
zz3jdxjfdy+jdxjfdyzz4jdyj fdx+[dy [ fdx.
/4 0 -2 W -1

B 2ok 2 o
jfdy.
0

z.zs.jdx]'f dy+idx1xf dy. 226 '([dx ! f dy+£dx

10 2 0 1 x N
2.27. [dx [ fdy+[dx [ fdy. z.zs.jdxjfdy+jdxj fdy.
0 —Jx 1 —J2x 0 0 1 0
14y N R 1 KX 2 2=x
z.zg.jdyjfdx+jdy j fdx. 230 [dx[ fdy+[dx [ fdy.

1 0 0 0 1 0

3amaua 3. BEIYUCIuTh.

J](lezyz—%16x3y3)dxdy; j] 9x y* +48x° y dxdy;

D: x=1y=x%2 y=—/x D: x=1 y=+x, y=-x2

If(36x2y2——96x3y3)dxdy; j] 18x y® +32%° y dxdy;
3.3. D
D: x=1y=3%x, y=—x%. D: x=1y=x% y=-¥x.

fj 27x y® +48x° y dxdy; jf 18x y* +32%° y dxdy;

D: x=1 y=x% y=-YXx. D: x=1 y=%x, y=—x



J'J'(18x2y2 + 32x3y3)dxdy;
D
D: x=1y=x3 y=—Vx.

ﬂ Axy + 3x° y dxdy;

D: x=1y=x’ y:—\/§.

8 9 ;
. J;;[ Xy + 9x° y dxdy,

D: x=1 y=¥x, y=-x°.

12 2 d ;
. J‘J‘ Xy + 7xy xdy

D: x=1, y:x , y:—§/§.

- ﬂ( xy+—x y jdxdy;

D: x=1, y_x , y:—\/§.

ﬂ(24xy—48x3y3)dxdy;
3.17. o

D: x=1 y=x%? y=-/x

4 6 ;
3.19'[3[ Xy +1 xy dxdy,

D: x=1y=3%x, y=-x%.

44 1 ;
3.21_[;[ Xy + 6xy dxdy,

D: x=1 y=x% y=-¥x.

” 27x y* +48x°y° dxdy;

D: x=1 y=+x, y=-%%.

12 9 ;
o L[ Xy + 9x° y dxdy,

D: x=1 y=+x, y=—x%

24 18 ;
. ” Xy + xy dxdy,

D: x=1 y=Xx’, y:—§/§.

8 8 ;
- IDI Xy +18x°y? dxdy,

D: x=1 y=3%x, y=-x2

16 H( xy+9xyjdxdy;

D: x=1 y=+x, y=-%%.

6Xxy + 24x°y® ) dxdy;
3.18.IDI( Xy + xy)xy

D: x=1 y=+x, y=-x2

4 6 ;
a0 '[;[ xy +16x° y dxdy,

D: x=1y=x%, y=-%x.

4 17 ;
3,22IDI Xy + 6xy dxdy,

D: x=1 y=%x, y=-x%



Xy —4x°y dxdy Axy +176x°y° ) dxdy;
II II )

3.23. D 3.24. D
D: x=1y=x3 y=—Vx. D: x=1 y=+X, y=-x°
”(6x x*y jdXdy; ” (9x?y? +25x*y* ) dxdy;
3.25. 3.26.
D:X:].,y:X,yz—\/;_ D:X:].,y:\/;,yz—xz.
[I(Bx 0y’ oy [[(9xty? + 25xy* )audy;
3.27. 3.28. D
D:x:l,yzﬁ/;,y:_)& D:X=1,y:X3,y:—§/;.

”(54x2y2 +150x4y4)dxdy;
3.29 3.30.
D: x=1y=x? y=-%Xx.
” Xy —9x°y dxdy,

D:X=1,y=x/§,y=—

3ajaHuA NPAKTUYECKOH PadoThI

3aganme 1.Haiitu nnomans Gurypel, OrpaHUu4E€HHON TaHHBIMU JTUHUSAMU

B1l. y* 2y+x°=0, y>-4y+x*=0 B 16.y%- 4y+x*=0, y*- 8y+x*=0
X X
V=75 ¥ =V3x y=75y=0
B2.y?- 6y+x%=0, y2- 8y+x*=0 B 17.y?- 2y+x%=0, y?- 4y+x*=0
X
= = =X, =O
V4 V3 y \/§X Y=X X

B 3. y?- 8y+x?=0, y?- 10y+x?=0 B 18.y?- 4y+x%=0, y2- 8y+x?=0



X
- =/ =X, =0
y \/§I y 3x y=X, X

B 4.y*- 4y+x2=0, y*- 6y+x*=0 B19. vy 2y+x?=0, y*>- 10y+x*=0
Y=X, x=0 y:O y :\/gx
B 5.y%- 6y+x2=0, y?- 10y+x?=0 B 20. y2- 2y+x2=0, y?-4y+x>=0
=X, =0 :i =
y=X, X V=75 ¥ =V3x
B 6.y2- 8y+x?=0, y?- 10y+x?=0 B 21. y2- 2y+x2=0, y?-6y+x>=0
X
x=0y =V/3x y=75 ¥ =V3x
B 7.y%- 4y+x?=0, y%- 6y+x?=0 B 22.y%- 2y+x%=0, y*>-8y+x*=0
X

x=0y =v/3x y—ﬁ, y =/3x
B 8.y?- 2y+x?=0, y*- 6y+x*=0 B 23.y%- 2y+x%=0, y*- 6y+x*=0

X X
y=75v=0 y=7v=0
B 9. y2- 2y+x%=0, y>-10y+x?=0 B 24.y?- 2y+x%=0, y2- 6y+x?=0

X X
V=7 ¥ =V3x y=75y=0
B 10.y*- 4y+x%=0, y>-10y+x*=0 B 25.y2- 6y+x%=0, y2-2y+x?=0

=X v= =X, x=0

V=75 ¥ =V3x y
B 11.y?- 4y+x%=0, y2-2y+x?>=0 B 26. y2- 4y+x%=0, y2- 2y+x*=0
y=X, x=0 x=0, y =v3x
B 12.y2- 6y+x%=0, y2-8y+x%=0 B 27. y% 4y+x°=0, y>-8y+x>=0
y=X, x=0 x=0, y =\/§X

B 13. y?- 4y+x%=0, y2-8y+x*=0 B 28.y>- 4y+x%=0, y2-8y+x?=0



y=X, x=0

B 14.y>- 4y+x%=0, y*- 8y+x?=0
x=0y =+/3x

B15y?- 2y+x=0, y2-6y+x*=0

X
y_\/_gl X= 0

X
y_ﬁl V _\/§X

B 29.y?- 4y+x%=0, y2-6y+x*=0

X

Y=ﬁ,

y =V3x

B 30.y%- 6y+x%=0, y>-10y+x?=0

X
y=75 v =V3x

3aganue 2.Beruncnuth mwiomaas GUrypsl, OrpaHi4eHHON JTMHUAMHU B
IPSAMOYTOJIBHOM CUCTEME KOOPIUHAT.

y=4-x%3x-y=0; y=
2y=x2; 2x+2y—3=ﬂl

y-—2x=0; y=x2; x=1.

y=x> y=x y=2x

yg =x; 3}:2 =4x—4_

y = (x—4)*; y=lﬁ—x2.

y=x+1; y = cosx; y=ﬂ_

No 0ok~ w0 Dd e

2 :
y=—x y=smx, y=0
g

u .
17.
18.

19.
20.
21.

22.
23.

8. .
9, 4y =8x—x?; 4y =x+6 24.
10, ¥=¢3 y=¢’; x=3 25.
11, ¥ =27 2x+3y =8, x =0, =0 26,
27.
=lnx; y=-1, x=3
12. 7 Y . 28,
13. £ =6 x+y='?_
14. =4 i-y=0;, x-4=0 29.
15 x+2y2=ﬂ;x+3y2=1 30.
y? =23 x=i
16.
3ananue 3
Beruucnure 00beMBI  TEN, OTPAaHMYCHHBIX
(TOTIOTHUTEIBLHOE 33]IaHHE)
1) z=6, y=x*, y=4,x=0, z=0;

v
9’ _
y=Inx; x+y=1 y=1

x=4y2;x= r=2

y=2% p=2x-x%; 0<x<2
y=arcsinxy;, 0<y<ax, x20

y =arccosy;, v 20, x 20
. i1
X = arcsm y, ﬂixii; y 20

X =arccosy, vy 20, x<0

y=fg;—:; y=+3; x20

y=dx-1 y=f -2
x=|h x=4-y’

rx=Iny, vy €729, x>0
y=x2+4x; x—y+4=0

2

y=x2; qy=x";, 0 =12

y=x2+1; y=3—x2

3aJaHHBIMHA IMOBCPXHOCTAMHU

2) z=3-x-y, x=0, y=x*+1, y=2, 2=0;



3) z=4x+1, y=x*, x=0, y=4, 2=0;

4) z=4-x*, x+y-4=0,x=0, y=0, 2=0;

5 z=2-x, y*=9x, y=3x*, z=0.
KonTpoJibHbIE BOIIPOCHI:

1.Yrto Ha3bIBaeTCsA MHTErpaIbHON cyMMoi QyHkuuu f(x, y) B obmactu D ?2.JlaiiTe

OIpCACIICHHUC JIBOMHOTO HHTCTpaJIa.

3.Ilepeuncnure OCHOBHBIE CBOMCTBA ABOWHOTO HHTETpaa.

4 Kakue cimydyan pacnoyioKeHUsi oO0JacTd D OTHOCUTENBHO OCEH KOOpJAWHAT
BO3HUKAIOT TIPU BBIUUCICHUM JIBOMHBIX WHTErpayioB? 3anumure (HOpMyIibl
BBIYUCJICHUS IBOMHBIX HHTETPAJIOB JJI KaXJA0TO U3 ATUX CITy4YaeB.

5.Kakue nnTerpansl Ha3pIBalOTCS MOBTOPHBIMU WIIH JIBYKPATHBIMU ?

6.1To kaxoil hopMyrie BEIUUCISAETCS IIIOIIA b IJIOCKON 00JaCTH B MPSMOYTOJIBHBIX
KOOpJMHATax?

7. Tlo xakoii (opmysie BBIYHCIACTCS IUIONMIAIb TJIOCKOM 00JIACTH B TOJSPHBIX
KOOpJMHAaTaXx?

8. 1o xakoii hopmysie HaXOaUTCsE 00BEM Teja, OTPAHUYEHHOTO TTOBEPXHOCTSIMU ?

IpakTnueckas padora Ne 11
Tema «UcciaeqoBanue YMCJI0BbIX PSAIOB HA CXOAUMOCTb)
[eab: HAYYUTHCSA UCCIIENOBATH YUCIOBBIE PAMIBI HA CXOJUMOCH
Bpems BbinonHeHna 90 munHyT

MarepuanbHoe obecneueHme
1.TeopeTnyeckune ceepeHumA

2.3apaHue

3.JIuctA4

4.KanbKynatopol

MopsapoK BbinoNAHeHUA paboTbl
1.M3yunTb 3apaHue

2. N3yumnTb TeopeTnyeckmne ceeaeHunA

3. BeinonHntb 1 opopmutb paboty
4.[ToKa3aTb pe3ynbTaTbl NpenoaasaTento
AdomaluHee 3agaHue

1.MoaroToBUTb OTBETbI HA KOHTPO/1IbHbIE BOMPOChHI
Teopernveckue cBeaeHn



Onpenenenne. CymMmmMa 4WiIeHOB OECKOHEYHOW YHCIOBOW IOCIIENOBATEILHOCTH

U ,Uy,...,u,,... HQ3bIBACTCI YUCJTOBBIM PSIA0M.

note

Uy Uy U, = DU,

n=l

[Ipu sTOoM uucna u,,u,,... 0yJeM Ha3bIBaTh YICHAMHU Psjia, a Un — OOIIUM YJIEHOM

psna.

Onpenenenne. CyMMBI S, =u, +u, +...+u, = Y u,, n =1, 2, ... Ha3pIBAKOTCA
k=1
YACTHBIMHU (YACTHYHBIMH) CYMMAaMM PSJIA.

Takum  oOpa3oMm, BO3MOXHO paccMaTpuBaTh  IOCIICIOBATEIIHHOCTH
YaCTUYHBIX CYMM psja Si, Sy, ..., ...

Onpenenenne. Pax u, +u,+..+u,+..=) u, HA3bIBACTCS CXOASIIUMCS, €CIIH
n=l

CXOOUTCA MMOCICAOBATCIIBHOCTD €TI0 YaCTHBIX CYMM. CyMMa cxoadamerocs psiaa —
npeacia nmoCjaca0BaTCIbHOCTH €TI0 YaCTHBIX CYMM.

limS, =S, S=>u,.

Onpenenenue. Eciu MMOCJICAOBATCIIBHOCTL YaCTHBIX CYMM pidada pacXoduTCs, T.C.

HE WMeEeT Tpenaena, WIM HMEEeT OECKOHEUYHBIM mpenen, TO Psii Ha3bIBaeTCs
pacxoAsiIMMCS U €My HE CTaBAT B COOTBETCTBUE HUKAKOU CyMMBI.

Ceoiicmea psaooe.
1) CxoguMoCTh WJIM PacXoJUMOCTh PSila HE HApYIIUTCS €CIIM U3MEHUTb,

OoTOpPOCHUTH UK J0OABUTH KOHEUHOE YHCIIO YJICHOB ps/ia.

2) Paccmotpum aBa psiga » u, u Y Cu, , e C — HOCTOSHHOE YHCIIO.
Teopema.Eciu psd Y u, cxooumes u e2o cymma pasia S, mo pad Y. Cu, modice
cxooumcest, u e2o cymma paena CS. (C=0)

3) PaccmoTpum naBa psia Y u, u Y v, . CyMMO# HIH Pa3HOCTBIO 3THX
psinoB Oyner Ha3bIBAaThCS PSIL Y (u,+v,), TA€ DICMEHTHI IOIYYCHB! B PE3yIbTaTe

CJIOKCHUA (BBI‘-II/ITaHI/IH) HCXOJHBIX 3JICMCHTOB C OAMHAKOBBIMHU HOMCPAMM.

Teopema.Ecnu psdel Y u, u Y v, CXOOAMCA U UX CYMMbL PABHbL COOMEEMCMEEHHO

Su o, mopad Y (u,*v,) modxce cxooumcs u e2o cymma pasua S + o.



Z(un +vn)=2un +Zvn =S+o

Pasznocms 06yx cxoosawuxcs psioos maxace 6yoem cxo0auumcsi psoom.
Cymma cxooaweeocs u pacxoosaue2ocs psaoos 6yoem pacxooaumumcs pioom.
O cymme 08YX pacxooauuxcst psoog 00ue2o ymeepiHcoeHus: coelams Helb3sl.

[Ipn wW3ydyeHUH psIOB pEIIAIOT B OCHOBHOM JBE 3aJaud: HCCJIEJIOBAHHE Ha
CXOIUMOCTb M HAXO0KJIEHHE CYMMBI pAJia.

1) Ecimm psin ZMn CXOJIUTCSI, TO HEOOXOIUMO, YTOOBI OOIIMI WICH Un CTPEMUJIICS K
HyJ110. OJIHAKO, 3TO YCJIOBHUE HE SABJISACTCS JOCTATOYHBIM. MOXHO TOBOPUTH TOJIBKO
O TOM, YTO €CJIU OOIIWK YWICH He CTPEMHTCS K HYJIIO, TO PSAJ TOUHO PACXOIUTCS.

. o = 1
HaanMep, TaK HA3bIBACMbBIU TAPMOHUYCCKUU DA Z— ABICTCA pacXOoAIIUMCH,

n=1

XOTS €ro OOIIMI YWICH U CTPEMUTCS K HYJIIO.

IIpumep. VcciieqoBate CXOIMMOCTD psiia % + % + 3 .t +...

8 3n—1

o ) ) 1 1 .
Haiinem lim 1 lim —1=3 #0 - HEOOXOTUMBIA TMpHU3HAK CXOJWMOCTH HE
n—o0 n J— n—o0

n

BBITIOJIHSIETCS, 3HAYUT PsIi PACXOJIUTCSL.
2) Ecnu psan cXoauTcest, TO MOCIEI0BAaTEIbHOCTh €r0 YaCTHBIX CYMM OTpaHUYEHa.
OnHako, 3TOT MPU3HAK TAKXKE HE SABJISETCS JOCTATOYHBIM.

Hampumep, psax 1-1+1-1+1-1+ ... +(-1)™+... pacxomurca, T.K. pacxomuTcs
II0CJIEI0BATEIBHOCTD €r0 YaCTHBIX CYMM B CHITy TOTO, YTO

n

s _{0, npu  YEemHulX N

1, npu wHeuemmuwvix n

OnHako, MPH 3TOM IIOCJIEIOBATEIBHOCTh YaCTHBIX CYMM OTpaHHMYCHA, T.K.
|S,| <2 mpu mr060oM N.

Paowvl c neompuyamenvHbiMU UneHaMU.
[Ipy wn3ydyeHMHM 3HAKONOCTOSHHBIX PSAAOB OTIPAHUYMMCS PACCMOTPEHUEM

PAIOB C HEOTPUUATEIbHBIMU WIEHAMH, T.K. IIPU IMPOCTOM YMHOXEHHUHM HA —1 u3
ATUX PAIOB MOXKHO HOJIYUHUTh PSAAbI C OTPULATEIIBHBIMU YJICHAMMU.

Teopema./[1a  cxooumocmu pada Y .u, € HEOMPUYAMETbHBIMU — UIEHAMU

HeoOX00UMO U 00CMAmMOYHO, YMoObl YACHHbIE CYMMbL PAOA ObLIU 02PAHUYEHDI.



HDI/IBHaK CpaBHCHUA PAAOB C HCOTPUIIATCIbHBIMHA YJICHAMM.

ITycTb JaHbl ABa psiga » u, U ».v, HPHU Un, Vn>0.

Teopema. Eciu Un<Vn mpu JiroGOM N, TO M3 CXOJUMOCTH psifa » v, CIEAyeT

CXOJMMOCTb PsiIa D .u, , @ U3 PACXOMMMOCTH DsiIa ) u, CIEIyeT PacXxoIUMOCTh
psama ) v,.

HQI/IMCQ. HCCHGI[OB&TB Ha CXOOAUMOCTD PO L + L +...+ L +...

In2 In3 Inn

T.x. 1nL>l’ a TapMOHUYECKUU psij Zl pPacxXoJauTCs, TO PACXOIUTCA U P
n n n

e
Inn

> 1
HEI/IMCQ. HCCH@,HOBEITB Ha CXOOAUMOCTD pAJd z > .
-1 n

T.k.

<
n2" 2"

1
, a pina Zzn cxomutcss ( Kak yObIBaroIiasi TreoMeTpuYecKas

-1
TIPOTpeccHs), TO pAa Y —— TOXKE CXOTUTCHL.

n=1

Takske UCIoJIb3yEeTCA CIEAYIOIUN MPU3HAK CXOIMMOCTH

Teopema.EFciu u, >0, v, >0 u cywecmsyem npeoei limu—”:h, 20e h — wucno,

n—>0 vn
omauunoe om Hyns, mo padvl Y .u, U Y v, 6e0ym OOUHAKOBO 6 CMbICIe

CX00UMOCMU.

Ilpusznax /lanamoepa.
(OKau Jlepon Jamam6ep (1717 — 1783) — dpanIiry3ckuii MaTeMaTHK )

Ecau ona p}z()a ZMn C noJjioscumenlbHbiMu 4ja1eHamu cyuiecmeyent maxKoe

HYUucjio q<1, umo 0jisl 8cex 00CmMamoyno 60abUUX N BbINOJIHACMCS HeEpPABEHCMB0

u
—L < g,mo pa0 Y. u, CXOOUMCS, eciu JHce Ol 6cex O0CMAMOYHO GONbUUX N
u

n

u
BbINONIHACICSA YCI08Ue—"- > 1,m0 pad D u, pacxoOumcs.
u

n

Ilpeoenvuwrii npusnax /lanamoepa.



[Ipenenbublil pu3Hak JlanamOepa sBIsETCSA CIEACTBUEM W3 IMPHUBEACHHOTO
BbIIIE NTpu3HaKa JlaimamOepa.

Ecnu cywiecmeyem npeoen lim 2 = =p, mo npu p< I pso cxooumcs, a npu p> 1 —
n—»0 un

pacxodumc;z. Ecnu P = ], mo Ha eonpoc o CXOOUMOCMU OMEEMUMb HElb3Sl.

Ipumep. OnpenenuTs CXOAUMOCTD psia Z Tk
n=1

n.o _n+l i et _ m(n+l)2” n+1: ;=l<l

u =
n s n+l 5
2n 2n+l >0 un H—>00 2n+l 271 2 2

BriBoa: psa cxonurcs.

IIpumep. Onpenenuts CXOAUMOCTD psiaa 1+ % + % +..+ L + o

n!

1 1 ) . ! . 1
u,=—;, un+l = 5 hm un+1 = hm " = hm = O < 1
(n + 1)' ooy n—w (l’l + 1)! |

BriBoji: psizt cxomurcs.

Ilpuznax Kowu. (paoukanvusiii npuznak)
Ecnu Ona psoa ) u, ¢ HEOMPUYAMETbHLIMY YIeHAMU CYWEeCMEyem Makoe YUCo

q<I, umo 05 6cex 0ocmamoyro 601bLUWUX N BLINOIHAEMCA HEPABEHCMBO ifu, < q ,

mo pso Zu CX00UMCA, ecliu dee OJi 6cex 00Cmamo4yHo o6oavbuwux N 6blNOJIHAEmCs

Hepagencmeo iju, >1,mo psao Y u, pacxooumcs.

CaencrBue. Eciiu cymiecTByeT npenaen lim(/Z =p, TOo ipu p<Il psax cxomurcs, a

npu p>1 psan pacxoaures.

2n* +1
IIpumep. Onpenenants CXOAUMOCTD psiaa 2(3 SJ
+

. o 2nt+1 n?
lim2/u, = lim =———— = lim —".

2
n—o0 n—»o 31’1 + 5 n—»o0 5
3+

=—x<I
n

BriBox: psanx cxonurces.



Ipumep. Onpenenuts CXOAUMOCTb psifa Z[l + l} .
n

n=1
: . 1
lim%/u, = hm[l + —j =1.
n—0 n—>0 n

T.e. mpuznak Komm He maeT oTBeTa Ha BOMPOC O CXOAMMOCTH psana. [IpoBepum
BBITIOJTHEHNE HEOOXOIUMBIX YCIOBUHM cxoauMOoCTH. Kak OblIO cka3aHO BhIIIE, €CIU
PAIl CXOAUTCS, TO OOIIUI WICH psAJia CTPEMUTCS K HYJIIO.

limu, :lim[1+lj =e+0,

n—w n—0 n

TaKuM 00pa3oM, HEOOXOUMOE YCIOBUE CXOIMMOCTH HE BBIMOJIHSIETCS, 3HAUUT,
PAAPACXOTUTCS.

Humezpanvnutit npuznax Kowu.

Eciu  @(x) — Henpepvisnas nonooscumenvHas @yukyus, yoviearowas Ha
npomesxicymke [1l;0), mo pso (1) + ¢2) + ..+ on) + .. = i(p(n) u
n=1

HecoOCMBeH bl UHmMe2pa I o(x)dx 00OUHAKOBbL 8 CMbICIIE CXOOUMOCHIU.
1

[Tpumep. Psn 1+2%+3%+...+La+... cxoautca npu o>1 u pacxoaurca o<l T.x.
n

o o ©dx
COOTBETCTBYIOIINN HECOOCTBEHHBIN HWHTETpaT J—a cxomuress npu o>1 wm
X
1

1
pacxoautcs a<l. Pax ) — HasbIBaeTCs 001ErapMOHHYECKHM PSIOM.

n=1
CaencrBue. Eciu f(X) u ¢(x) — HenpepsiBHbIC (QyHKIMM Ha WHTepBaie (a, b] u
po LG

x—a+0 (p(x)

b b
=h, h#0, TO UHTETPAJIbI I f(x)dx n I ¢(x)dx BeayT ceOs OJIMHAKOBO B

CMBICJIE CXOOAUMOCTH.

3nakonepemenHule paovl. (3HaKouepeoyouuecs psaobl).
3HaKOYEPEYIOIINICS PSIT MOKHO 3aucaTh B BUJIE:

U =ty +uy —uy +o+ (=) u, +

rae u, >0, n=123,. Ilpusnax Jleiionuya.



Ecnu y snaxouepeoyrowezocs paoa u, —u, +u, —u, +...+(=1)""'u, +... abconrrommovie
senuyunsl Ui yobl8aom u, >u, >u; >... U 00WUll YleH cmpemumcs K Hyao u, —> 0,

mo psi0 CXOOUMCHL.

Abconrwomnuan u ycinosHas cxooumocms psaooe.
PaccMOTpUM HEKOTOPBIM 3HAKONEPEMEHHBIM psAJ (C WIEHaMH MPOU3BOJIbHBIX

3HAKOB) u, + U, +...+ U, +...= D U, 1)
n=1

U Psifl, COCTABJIICHHBIN U3 a0COIIOTHBIX BETMYUH WwieHOB psaa (1):

n=1

(2)

|+ [ea |+ o [,

u

n

Teopema.l3 cxooumocmu psioa (2) cnedyem cxooumocmo psoa (1).

Onpenenenne. Psig ) u, Ha3bIBaeTCs aGCOTIOTHO CXOASILIMMCS, CCIIH CXOIUTCS
pan .

O‘-ICBI/II[HO, 4qTo I 3HAKOIIOCTOAHHBIX  PAJOB IMOHATHA CXOAUMOCTH U

u,|.

a0COJTIOTHOM CXOIMMOCTH COBIIAIAOT.

Onpenenenne. Py > u, Ha3pIBaeTCS YCTOBHO CXOASIIMMCSI, €CIIM OH CXOIUTCH,

a psag Y lu,
3HAKONEPEMEeHHbIX PAOOE.

pacxonurcs. Ipusznaxu /laramoepa u Kowiu ons

IIycts ) u, - 3HaKonepeMenusli psij.IIpu3nak JlanamGepa. Eciu cymectByer

un+l
un

npenen lim

n—>0

=p, T0 pu p<I psx Y u, Gyner abCOMOTHO CXOIANIMMCS, a IPH

p>1 pan 6yner pacxoasmmmcs. [lpu p=1 npusHak He 1aeT OTBETA O CXOJAUMOCTHU
psna.

Hpu3nak Kommn. Ecmu cymecrsyer npexen limg/lu,|=p, To mpu p<l psag > u,

OyzneTr abCcoMOTHO cxomsammmMmces, a pu p>1 psag Oyaet pacxoasmumes. [lpu p=1
IpU3HAK HE JTaeT OTBETA O CXOJUMOCTH psJia.

Ceoiicmea adcoOmMHO CXO00AUWUXCA PAOOB.
1) Teopema.[Jua abcomomnoti cxooumocmu psda  Y.u, HEOOXO0UMO U

00CmamouHo, 4moodbl €20 MONCHO ObLI0 NpPedCmasums 8 Guoe PA3HOCMU 08YX
CXOOAWUXCS PAO0E C HEOMPUYAMETIbHLIMU YTEHAMU.



CaeacrBue. YCI0BHO CXOASUIUNCSA P SIBIETCS PA3HOCTBIO IBYX PACXOASIINXCS
PANOB C HEOTPULATEIBHBIMA CTPEMSIIMMUCS K HYJIIO WICHAMMU.

2) B cxomsmemMcst psige Jr06asi TPYNIMUPOBKA YICHOB PsAa, HE W3MEHSIONMAS WX
MOPSIKA, COXPAHSET CXOJIMMOCTh Y BEJIMUHUHY PsJIa.

3) Ecnu psig cxoautest aDCOMIOTHO, TO Psifl, MOTYYSHHBIN U3 HETO JIF0OOM
MEePECTAaHOBKOM YJICHOB, TAKXKE a0COIIOTHO CXOJIUTCSI U UMEET TY K€ CYMMY.

IlepecTaHOBKON WIEHOB YCIOBHO CXOIAILErOCSA Psifja MOXKHO IOJIYYHUTh YCIOBHO
CXOISUIMICS psll, UMEIUNA 00yl Hamepel 3aJaHHyl0 CyMMy, U Jaxe
pacXoIAIIUNCA PAL.

4) Teopema./Ipu 110601 epynnupoeke uieHo8 abCcoromHto cxoosaue2ocs paoa (npu
9MOM HUCTIO 2PYNI MOdicem OblmMb KAK KOHEeUHbIM, MAK U OeCKOHEeUHbIM U YUCIIO
YIEeHO8 8 epynne Modicem Oblmb KAK KOHEUHbIM, MAK U OECKOHEYHbIM) NOLYUAenCs]
CXOOAWUICS PO, CYMMA KOMOPO20 PABHA CYMME UCXOOHO20 PAOd.

5) Ecmu pagsl > u, W D v, cXoaarcss aOCONIOTHO M MX CYMMbI DPaBHBI
n=1

n=1
COOTBETCTBEHHO SH G, TO pPsJi, COCTaBJICHHBIM W3 BCEX MPOU3BEIACHUU BHUA
u,v,, I,k=12,. B3ITBIX B KAKOM YIOJHO MOPSJIKE, TAKKE CXOQUTCS aOCOJIIOTHO U

€ro CyMmMa paBHa S-o- MMPOU3BCACHHUIO CYMM IICPCMHOKACMBbBIX PAIO0B.

Ecin ke npou3BOAWTH MEPEMHOKEHHE YCIOBHO CXOASIIMXCS PSAIOB, TO B
pe3yabTaTe MOXKHO IMOJIYUYUTh PACXOISIIANCS PSI.

3aiaHus NpaKkTH4ecKou padoThl

1.BeimucaTh TpH NEPBbIX Yi€HA psAJia HAUTH TPEThIO YACTUYHYIO CyMMY

n=cw on 2®lnn

z 2
111,21 a) #=1%777 ) #=1 %

pmem 5nl n=m 43

Z_ 2 —1! — 4_|_4 2
2,12122 a) ?‘2_1?2- (H- ) : 6) .?2_]. (H- /.]

n=w 3A*2 HEI'|SIHH|
31323qa) a=1{7 =3}/, 5 " Ln’ |

n=w  g2H =005 n

- Z—
414,24 q) n-177(R+1)1. 5) 7] in? _



T 3n+1

515.25q) #=17/(1n+1).

=F1+1
Z

6.16262) " 1vn-3" .

2?2"'2 2

=
>~
717,27a) #=1 3

nzw 3 g

>
818.282) #-1(21/)/ .

P (2n)!

2r-1

z
919,20 a) #=1(7!)

Ro@piin+1))

10,2030 a) »=1 (27}

M=o P
6) #= 17° +1
I |

6) n=18-inn

n=wm R

6) w11+ .

R=Psin R

Z
6) #=1 ZH*JFE

}2':0

n= H'/_ COsH

”‘ml—l—cmsg 23
E -

6) #=1 7

Z.HCCHGI(OBaTB Ha CXOOAUMOCTDb, IPUMCHSA HGO6XOI[HMBII>1 IMPHU3HAK CXOANMOCTH

2

11121. a
)Zl 4dn+5

212,22. a)
Y

3n +1
5n+2

31323. a )Z

4n +1

41424 a )Z i

5n% +1

515,525. a )Z >
4+2n

10,20,30. a )Z

6,16,26. a);m

n

717,27. a)
=N+ 1

8,18,28. a)z \/_
1N

919,29. a)z .
m+

2

=3n-1

3.UccnenoBaTh Ha CXOAMMOCTD, UCTTONIB3YS Mpu3HaK Jlamambepa

n

11121 a)) =
= nl

2n-1

212,22. a )Z (\@)

n=—1

616,26. a )Z

n+1)'

717,27. a)Z%
n—1



oozn.nZ o0 n

313,23. 8,18,28. —_—
a)nZ:l 5" a)nzzln(n +1)

> 10" = 1
414,24, —_— 9,19,29. —
a)nZ::l n" a)nZ::l(Zn +1)

00 n

n 10,2030. a) Y >
=n

3.2"

515.25. a)})
n—1

KoHnTpoJbHbIe BONIPOCHI

Ornpenenenue 4uciaoBoro psaa.

CBoiicTBa U BUBI PAIOB.

Ornpenenenue cyMMBbl psia.

Heobxoanmblii Mpu3HAK CXOUMOCTH.

[IpusHaku cpaBHeHus, npusHaku Janambepa u Komm.

bk wnE

IIpakTuyeckasi padbora Ne 20
Tema «Pemenne nudPpepeHunanbHbIX YPABHCHUH»
Heab: npoBepuTh yMeHHE pemaTh AuddhepeHuaIbHble YpaBHEHUS TEPBOTO
MOPSZIKA C PA3JICIICHHBIMU U PA3JICIIAIOIIUMUCS IEPEMEHHBIMH.
Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceepeHuUnA

2.3apaHune

3.JinctA4

4.KanbKynatopbl

MopaaoK BbinoIHEHUA PAbOTDI
1.M3y4ynTb 3apaHue

2. NI3yuunTb TeopeTnyecKkmne ceeaeHunsn

3. BbinonHUT 1 odopmuUTb paboTy
4.Noka3aTb pe3ynbTaTbl NpenogasaTento
AomaliHee 3apaHue

1.MoaroToBUTb OTBETHI HA KOHTPO/IbHbIE BOMPOChHI

Teopernueckuii MaTepuall

Hugdepenyuanvuoim ypasnenuem Ha3bIBaeTCsl YpaBHEHHE, CBSI3bIBAIOIIEE
MEXIy coOOl HE3aBUCUMYIO IEPEMEHHYI0 X , HCKOMYH (YHKIHUIO y U €€

POU3BOAHBIC WK TU(hepeHITHATbI.

CuMBOJIMYECKH I[I/I(i)(bepeHHI/IaJILHOC YPAaBHCHUC 3aIIMCBhIBACTCA TAK:



F(x,y,y)=0, F(x,y,y")=0, F(x, v, Y, y”,...,y(”)):O.

JuddepenunanbHoe ypaBHEHUE HAa3bIBACTCS 0ObIKHOBEHHBIM, €CIIN UCKOMas
(yHKUHA 3aBUCUT OT OJHOTO HE3aBUCHUMOI'O IEPEMEHHOTO.

Tlopsaoxom nuddepeHInanb-HOTO ypaBHEHUSI HA3bIBACTCS MOPAJIOK CTapIiien
npousBoaHON (Wn nuddepenimana), BXoIAIeH B JaHHOE YpaBHEHUE.

Pewenuem (umu unmezpanom) nudpdepeHnanb-HOr0 ypaBHEHHs Ha3bIBACTCS
Takasi QyHKIMsS, KOTOpast 00paIaeT 3TO ypaBHEHUE B TOKIECTBO.

Obwum  pewenuem (Wm odbwum unmezpaiom) audPepeHITInaILHOTO
ypaBHEHHUS Ha3bIBACTCS TAaKOE PEIICHUE, B KOTOPOE BXOJIUT CTOJIBKO HE3aBHCHMBIX
IPOU3BOJIBHBIX TOCTOSHHBIX, KaKOB IMOPSIOK ypaBHEHHs. Tak, oOliee pelicHue
TG GEepeHIIMaILHOT0  ypaBHEHUS  MEPBOTO  IMOPSJAKA  COJACPKUT  OAHY
IIPOU3BOJILHYIO TOCTOSIHHYIO.

Yacmuoim  pewenuem nu@epeHIINANbHOTO  YpPaBHEHUS  HA3bIBACTCS
pelieHre, TOJydeHHOE H3 OOIIero Mpu Pa3IudHBIX YHCJIOBBIX 3HAYCHUSIX
MIPOU3BOJIBHBIX MOCTOSIHHBIX. 3HAUEHUSI MPOU3BOJBHBIX MOCTOSHHBIX HAXOMISTCS
IIPU OIPEACIICHHBIX HauaJIbHBIX 3HAYCHUAX apryMeHTa U QyHKIIUU.

Huggepenyuanvnoiv  ypasnenuem  nepgoco  nopsaoka  Ha3bIBAETCS
ypaBHEHHUE, B KOTOPOE BXOJAT MPOU3BOJHBIC (Miau auddepeHnnans) He BBIIIE
MEPBOTO TOPSIKA.

Hugdepenyuanvnoiv  ypasnenuem ¢ paz0enirouWuUMucs nepemeHHbiMU
HAa3bIBACTCS YPABHEHUE BU/IA

Y £(x)-ly).

JIns perienust 3Toro ypaBHEHUs HY»KHO CHadaja pa3/IeJIuThb IIEPEMEHHBIE:

a 3aTeM NPOUHTETPUPOBATH 00 YACTH MOJYUYEHHOI'O PABEHCTBA:

jﬂzjf(x)dx.

o(y)
IIpumepsl

3aganme 1: Haiinute oOuiee penieHrne ypaBHEHUS X - (1+ yz)dx = ydy .



Pemienue:

3aganue 2:

Pemienune:

d
PaznenuB nepemeHHbIe, UMeeM Xdx = y_y2 Nurerpupyem o0e yactu

1+y
HOJTyYEHHOI'0 YPaBHEHUS:
2
J.xdx:_[ ydy2 ; X—ziln(l+y2)+llnc.
1+y 2 2 2

Tak kak IMPOU3BOJIbHASA ITOCTOAHHAA C MOXeET IIPUHUMATDb JIFOOBIE
YHCJIOBBIC 3HAYCHUA, TO IJIA y,ZIO6CTBa ,HaHBHeﬁHIHX Hp606p330BaHI/Iﬁ

1
BMecTo C MBI HaIlMCAJIU EInC. [ToTeHnupys MmocieaHee PaBEHCTBO,
HOJAYYHM X° = In[C -(1+ yz)].
DTO U ecTh 00IIee peIIeHNe JaHHOTO YPaBHEHHU.

Haiitu YaCTHOE peleHue YpaBHEHUSA s-tgtdt+ds=0

T
YAOBJIETBOPSIOIIEE HAYAIBHBIM YCIOBUSAM S =4 TIpHU t = 3

Pa3znenuB nepeMeHHble, UMEEM tgtdt+§:0. [IpounTerpupyem ooGe
s

YaCTH MOJIyYEHHOTO YPAaBHEHUSL:

thtdt+'[§=lnc; —Incost+Ins=InC,
S

HUmn Ins=InC +Incost, s=Ccost.

D10 o0Ilee pelieHue JaHHOTO ypaBHeHus. s HaxoxaeHus
3HAYCHUS MPOM3BOJILHOW MOCTOSSHHOW C MOJACTaBMM 3HAYCHUS t=%
U S=4 B BbIpaXXECHUE I oO11rero pemeHus: 4 = Ccos(%j, WU 4 = %,
oTKyna C =8.

CJ'ICI[OBEITGJIBHO HCKOMOC€ YaCTHOC CIICHUC, JOBJICTBOPAIOIICC
>
YKa3aHHbBIM Ha4YaJIbHBIM YCJIOBUAM, UMECT BU] S = 8cost.

3aiaHus NpaKTH4ecKoil padoThI

3apanue 1.Haiitu oOmiee pernienye ypaBHEHH a), 0).

3aganme 2.Haiitu yacTHOE perieHre ypaBHEHUS C pa3aeisionuMuUCs
MEPEMEHHBIMU



B1.1. a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2.y%dx =e>dy; y=1npux =0

1 3
ﬁdy— —dx

B2. 1.3) N

6)y’dx + (x—2)dy =0
2.)%dx = Xizdy,y = 2npux =0
B3l.a)Vxdx = +/ydy
6)(1+y?)dx —Vxdy =0
2.(1+y)dx =(1—x)ay,

y= 3 npux=—2
B4. 1.a)(3x*> — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0
2.ydx = xdy,y = 6 npux = 2
B5.1.a)(4x —3)dx = dy
6) (xy+x)2—;=1

2x—1 dx
L ay y=0npux =5

B6. l.a)xdx = dy

6) 2(xy+y)dx = xdy

2.(y+1)dx—(1—-x)dy =0,
y=1npux=20

B7.1.a)x*> dx = 3y?dy

6)y(1+x)dx + x(1 —y)dy =0

2.y¢2dx =e™dy; y=1npux =0

B16.1.a)x* dx = 3y% dy
6)y(1+x)dx + x(1 —y)dy =0
2.dx =e*dy; y=1npux =20

B17. 1.a)% dy = %/dx

6)y’dx + (x—2)dy =0

1
2.dx=x—2dy,y= 2 npux =0

B18.1.a)Vxdx = +/ydy

6)(1+y?)dx — Vxdy = 0
2.(1+y)dx = (1 —x)dy,

y = 3 npux = —2

B19. 1.a)(3x*> — 2x)dx = dy

6) -(2xy+3y)dx + x> dy = 0
2.ydx = xdy,y = 6 npux = 2
B20.1.3)(4x — 3)dx = dy

6) (xy+x)2—;=1

2x—1 dx
ealatt y=0npux =5

B21.1.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0,

y=1npux=20

B22.1.a)x% dx = 3y? dy
6)y(1+x)dx + x(1 —y)dy =0

2.y¢dx =e™dy; y=1npux =0



BB.l.a)i dy = iydx

Vx Vy
6)y’dx + (x—2)dy =0
2.)%dx = Xizdy,y =2npux =0
B9. L.a)Vxdx =+ydy
6)(1+y?)dx —vxdy = 0
2.(1+y)dx =(1—x)dy,
y = 3npux = —2
B10 1.a)(3x* — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0
2.ydx = xdy,y = 6 npux = 2
B11.1.a)(4x —3)dx = dy
6) (xy+x)2—;=1

2x—1 dx
et y=0npux =5

B12.1.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0,

y=1npux=20
B13.1.a)x* dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0

2.2 dx = e > dy;

y=1npux=20
Bl4.1.a)%(dy = %dx

6)y’dx + (x —2)dy =0

B23.1.a)—dy = iydx

Vx vy

6)y’dx + (x—2)dy =0
2.}%dx = Xizdy,y =2npux =0
B24.1.a)Vxdx = /ydy

6)(1+y?)dx —vVxdy = 0
2.(1+y)dx = (1 —x)ay,

y = 3npux = —2

B25.1.a)(3x* — 2x) dx = dy

6) -(2xy+3y)dx + x> dy = 0
2.ydx = xdy,y = 6 npux = 2
B26.1.a)(4x — 3)dx = dy

6) (xy+x)2—;=1

2x—1 dx
eaiatt y=0npux =5

B27.1.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0,

y=1npux=20
B28.1.a)x* dx = 3y*dy
6)y(1+x)dx + x(1 —y)dy =0

2.y%2dx =e™dy; y=1npux =10

B29. 1.a)%( dy = %dx

6)y’dx + (x —2)dy =0



2.%dx=xi2dy,y=2npux=0 2.)%dx=)%dy,y=2npux=0
B15.1.a)Vxdx = /ydy B30.1.a)Vxdx = /ydy
6)(1+y?)dx —vxdy = 0 6)(1+y?)dx —vxdy = 0
2.(1+y)dx =1 —x) dy, 2.(1+y)dx =1 —x)dy,

y = 3 npux = —2 y = 3 npux = —2

KOHTpOJ]l)HLIe BOIIPOCHI:

Kakoe ypaBHenue HaszpiBaeTcs qudepeHimranbHbM ?

Yro Ha3bIBaeTCA pelieHrueM i pepeHnatbHOro ypaBHeHUs ?

Kakoe pemenue nuddepeHanbHoro ypaBHeHUs Ha3bIBaeTCsl O0IIM?

Kakoe pemenune nudepeHanbHOro ypaBHeHUs Ha3bIBA€TCSl YaCTHBIM ?
Kakue nmuddepenunanbuple ypaBHEHHs HA3bIBAIOTCS YPABHEHUSIMU IEPBOIO
nopsiaka?

6. Kakue muddepeHunanpuple ypaBHEHHUS Ha3bIBAIOTCA ypPaBHEHUSIMU C
pa3aeNAIUMUCS IEPEMEHHBIMU?

ARl A

MpakTnueckasa paborta Ne 14.
Tema « BbluucneHue onpegenutenemn»
Lenb:HayunTbCABLIYNCAATL ONpeaenmTenIn BTOPOro U TpeTbero NnopaaKa,
Bpemsa BbINO/IHEHNAS0 MUHYT

MartepuanbHoe obecneueHuel.TeopeTmyeckne ceeaeHmn
2.3apaHune

3.JiuctA4

4.Kanbkynatopel

MopsapoK BbinoNHeHUA paboTbl

1.3yunTb 3apaHune

2. I3yunTb TeopeTuyeckme ceesieHunA

3. BoinonHntb 1 opopmutb paboty

4.[ToKa3aTb pe3ynbTaTbl NpenoaasaTento
AdomaluHee 3agaHue

1.MoaroToBUTL OTBETbI HA KOHTPO/IbHbIE BOMPOChHI
Xoa pabortbi



TeopeTuyeckue ceegeHuA

Omnpenenenue.MaTpuieii pasMepa MxN, rae M- YUCIO CTPOK, N- YHUCIIO
CTONOIIOB, HA3bIBACTCS TaOJMIIA YHCEN, PACIOJOKEHHBIX B OMNPEIEICHHOM
nopsiAke. OTH 4YHWCIA HA3bIBAIOTCS D3JIEMEHTaMU MaTpulbl. MecTo Kaxaoro
3JIEMEHTa OJHO3HAYHO OIpenessieTcss HOMEpPOM CTpOKM M CcTojiOla, Ha
MEPECEUEHUH KOTOPBIX OH HAXOJAMUTCS. DJIEMEHTHI MaTpUIlbl 0003HAYAI0OTCS &ij, T]Ie
I- HOMEp CTPOKH, a j- HOMEp CTOJIOIIA.

a;; a4y a,
A= ay Ay ay,
aml am3 amn

Buasl maTpuig

Martpuiia MOXKET COCTOATh KaK W3 OJHOM CTPOKHU, TaK W W3 OJIHOTO CTOJIOIA.
Boo06i11e roBopsi, MaTpuiia MOXKET COCTOSITh JIaXKe U3 OJTHOTO JIEMEHTA.
Onpenenenue.Eciy 9uciao cToiaOIOB MaTPHUIlbl paBHO YHUCIY CTPOK (mM=n), TO
MAaTpPUIIA HAa3bIBACTCS KBAJAPATHOM.

Omnpenenenne. MaTtpulia Bujaa:

1 0 0
0 1 0

:E’
0 0 1

HA3bIBACTCSACAUMHUYHON MAaTPULICH.
Omnpenenaenune. Eciu amn = @nm, TO MaTpulla Ha3bIBACTCSA

2 15
cummerpudeckou.Ilpumep.| 1 3 6 |- cumMMeTpUYecKas
5 6 4
a, 0 0
0 a, ..
MarpunaOnpeaeaenue.KBagpaTHas Marpuna Buja o | HA3HIBaCTCA
0 O a

AMATOHAJIbHOM MaTPULIEH.

HeiicTBusi ¢ MaTpuaMuCiioKkeHne ¥ BbIYMTAHUE MAaTPUL CBOJUTCA K
COOTBETCTBYIOIIMM ONEPALUSAM HAJl UX dyeMeHTaMHi. CaMbIM IJIaBHBIM CBOWCTBOM
ATUX OIEPALUil ABISETCS TO, YTO OHU OHPEOEIeHbl MOIbKO 0151 MAmMPUy
00uHaK08020 pazmepa. Takum o0pa3zoM, BOZMOKHO OMPEAEITUTH OTIEPALNH
CJIO’KECHHMS M BBIYMTAHUS MATPHIL:

CymmoH (Pa3HOCTBIO) MaTpUL] SBJIETCS MATPULA, DJIEMEHTaMU KOTOPOH
SBJIAFOTCSI COOTBETCTBEHHO CyMMa (pPa3HOCTb) 3JIEMEHTOB UCXOAHBIX MATpPHII.

Cij = aijthij



C=A+B=B+A.

Omneparnusi yMHOKeHHMsl (JeJIeHUs]) MaTPUIBI JTI0O0TO pa3Mepa Ha MPOU3BOIHHOE
YHUCJIO CBOJUTCS K YMHOXKEHHUIO (JI€JIEHUIO) KaXXKJI0r0 3JEMEHTa MaTpHIbl Ha 3TO
YHUCIIO.

oa,, oa, .. oa,

oa, Od, .. Od,,
od =

oa, oa,, .. o4,

o (A+B) =0A taB

1 2 3 1 3 4
A(o£p) = oA +fAllpumep. dans Mmatputisi A= |2 1 4|;B=|5 7 8|, Haiitu
3 23 1 2 4
2A +B.
2 4 6 3 7 10
2A=14 2 8], 2A+B=19 9 16
6 4 6 7 6 10

IIpousBenenuem matpuil A-B = C;Ha3bIiBaeTCIMaTpHIIa, 3JIEMEHTBI KOTOPOM

n
MOTYT OBITh BEIYHCIICHBI 110 CIEYIOIIUM (opMynam: ¢, = »_ a, -b, 13

k=1
MIPUBEJECHHOTO OMPEAEICHUS] BUIHO, UTO OINEpaIvsi YMHOKEHUS MaTPUIL
OmnpeAesieHa TOAbKO JJIsl MAaTPUL], YUCJIO CTOJOIOB NEPBOM M3 KOTOPbIX PABHO
4HCay CTPOK BTOpOoi.Onpenenenne. Marpuily B Ha3biBaroT
TPAHCIOHMPOBAHHOM MaTpulel A, a mepexo oT A k B TpancnoHnpoBaHnuem,
€CJIM DJIEMEHTHI KaXKJI0i CTPOKU MaTpULbl A 3alMCaTh B TOM K€ MOPSJIKE B
CTOJIOIIBI MaTpHIIbI B.

a, Ay .. 4y, ay  ay a1
A= Ay Ay e Ay, |, B=AT= Ay Ay e 4y, |,
aml amZ amn aln a2n amn
JIPYTHMH cIoBaMH, Dji = ajj.
1 0 3 1 -1
Ilpumep. [aubl matpuiet A =2 4 1|, B=(3|,C=|2 | uuucio a = 2.
1 -4 2 2 1

Haiitu ATB+aC.



1 2 1 1 2 1)(1 1-142-3+1-2 9
AT=10 4 —4|; AB=|0 4 —4|-[3|=]0-1+4-3-4.2|=]| 4 |;
31 2 31 212 3.1+1-3+2-2 10

oC=|4|; AB+aC=|4|+| 4 HpnMep Haiitu npousseieHne

1
matpui A= |4|uB=(2 4 1).AB=
3

1.2 1.4 1-1) (2 4 1
2 4 1)=|4.2 4.4 4.1|=|8 16 4
3.2 3.4 3.1) |6 12 3

W A~ =

[\
;/ / \

1
BA=(2 4 1)|4|=21+44+13=2+16+3=21.
3

4
IIpumep. Haiitu npousBenenue Marpui] A= (1 2), B= @ 6}

3
5

AB= (1 2)-(

g: (3+10 4+12)= (13 16).

Onpez[eJmTe.HeM BTOPOro mopsiika Ha3bIBA€CTCsA 4YHUCII0, KOTOPOC IMOCTABJIICHO B

a, b

COOTBETCTBHE TaOIUIIBI KOA(DPUIIMEHTOB 5
a, b

o CIEAYIOUEMY MPaBUIY: MPOU3BEACHUE MO TJIABHOW AUAroHain Oepetcs
CO 3HAKOM IUIIOC, IO IPYTOM AUAroHaau CO 3HAKOM MHUHYC.

a, b
o = aby —aghs
a, b,

[Ipumep: BBIUUCIUTD OMPEAEIUTENb BTOPOTO MOPSAIKA

2 4
1) =2.2-3-4=4-12=-8
3 2
-1 -2
2) 3 ‘:—1-1—3-(—2):—1+6:5

OnpenennTesieM TpeThero MOPSAAKA HA3bIBACTCS YHCIIO, KOTOPOE IMOCTABICHO B
COOTBETCTBHE TAOIHIIHI KOADPHUITUESHTOB MO CISAYIOMEMY TPABUITY:



a, b, c,|=ab,c,+a,b,c,+a,bc,—a,b,c,—ab,c, —a,bc,

a; by ¢

910 OIIPCACIICHUC  OIPCACIUTCIIA  HArLiAHO  MOXHO  IIPCACTABUTH

CJIeAYIOIMUM 00pa3oMm:

b, ¢
b, ¢,
by, ¢,

OT0 mpaBwiia Ha3bIBAIOT elie «[IpaBuio TpeyronbHUKa
I[IpumepBrruncauTh onpenenuTenb TPETHETO MOpsIKa
3 2 1
2 4 5/=3-4-3+2-2-1+1-2-5-1-4-1-2-2-3-3-2-5=
1 2 3
=36+4+10-4-12-30=4

3anaHus 11 NPoBeleHUs MPAKTHYECKO padoThl

1.Bbrunciuts onpeaeanTend BTOPOro mopsaKa:

Ky 1

— 2_|_ "1 2 =
H A= 2l a=| 3 S , a=| 9%° K, 64°
Ky 'Ky D 3.k, 6 (05)° a?

2.BBIUHACIUTD ONPEICITUTENN TPETHETO MOPSAIKA!

-1 3k, 2 3K, 4 -5 1 -2 k, -k,

DA=|2 8 «k,|, 2)A=|8 Tk,-2 -2/, 3)A=[3 x, -5
1 1 2 2 -1 8 2 K, 5

Bapuanm | «x, k, | Bapuanm | «x, K, Bapuanm Ky K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1




5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KoHTpoJsbHBIE BOIPOCHI:

1. Yto Ha3bIBaETCS ONMPEACIUTEIEM MATPULIBI?

2. Kax BBIYMCIHATH ONIpeaeTuTeIh BTOPOTO MOpsaKa?

3. Kakue cnocoObl BEIYUCIICHUS ONPEIASTUTENS TPETHEro MOPsIKa BaM
H3BECTHBI?

4. Tlepeuncnute CBONCTBA ONpeIETUTENCH.

IIpakTnuyeckas padora Ne 15 -16-17

Tema«Haxoxaenue oOpaTHoil MaTpulbl. PellieHne MATPUYHBIX YPABHEHUID)
Heab: HayIUTHCA BBIUUCIATH MUHOPBI, areOpandecKkue JOTOJTHCHHUS,
OMPEIEIUTEIN YETBEPTOTO MOPSIKOB , HaXOAUTh OOpAaTHBIC MATPHIIBI ,pEIIaTh
MPOCTEUIINE MATPUYHBIE YPABHEHUS

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue

1.TeopeTuyeckune ceegeHmn

2.3apaHue

3.JiuctA4

4.Kanbkynatopel

MopsapoK BbinoNHeHUA paboTbl

1.M3yunTb 33agaHue

2. U3yunTb TEeOpeTUYECKME CBEAEHUA

3. BbinonHUT 1 odopmuUTb paboTy

4.MoKasaTb pe3ynbTaTbl NpenoaasaTento

JomalwHee 3apaHne

1.MoArotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMPOCHI

Xoxa paéoTbl

Teopernveckue cBeeHUA

CucreMoii TMHEHHBIX aJIiredpanyecKuX ypaBHEeHUIl, CoJepKallel 7 ypaBHEHUI

N n HCU3BCCTHBIX, HA3bIBACTCA CUCTCMA BHU14.




A11X1 + 12X + -+ A1 Xy = by
alel + azzxz + + aann == bz
Am1X1 T ApaXy + o App Xy = bm
rue gucia aij , 1 = I,m , | =1,n Ha3pIBAIOTCA UIUEHTAMU CUCTEMBL, yucia bj —
e uncna aij, i = 1 1,n Ha3BIBAIOTCS KOO €HTaMU CHCTEMBI, unciia b

cBOOOIHBIMU usieHaMH. [lofiexaT Hax0XKACHUIO YUCTA X,
3neck A — maTpuna Ko3QpPUIUEHTOB CUCTEMBI, Ha3bIBaEMasi OCHOBHOU MaAmMpuyel:

all a12 ) aln
a21 a22 as aZn
A=
Am1 Amz o QAmn
X1
X2
X = — 6eKmop — CMonbeYU3HeU36eCmHbIXX;
le
by
b,
B = — 6eKkmop — cmoabeyu3c60600HbIXUIeHO6D;
by

[TpousBenenne matpuiy A * X ompeaelieHO, Tak KaKk B Marpuile A CTOJOIOB
CTOJIBKO €, CKOJIbKO CTPOK B MaTpuile X (7 WTYK).

Pacwupennoti MaTpuieil cucTeMbl HasblBaeTcs MaTpuna A CHCTEMBbI,
JIOTIOJTHEHHAS CTOJIOIIOM CBOOOIHBIX YJICHOB

a1 QA .. Qip by
| @21 a2 .. by
A=

Am1 Amz - Amn  bm

Pewenuem cucmemvl Ha3bIBaeTCS 1 3HAUEHUN HEM3BECTHBIX X1 = C1, X2 = C2 ,
«ee , Xn = Cn, TIPU TIOJICTAHOBKE KOTOPBIX BCE YPaBHEHUSI CHCTEMbI O0OpallaroTcs B
BEPHBIMU paBEHCTBA. BcsKoe pelleHne CHUCTEMBbl MOXHO 3amucarb B BHIE
MaTpPUIBI-CTOJIONA

Cucrtema ypaBHEHUN HA3bIBACTCS COBMECHHOU, €CIIA OHA UMEET XOTs Obl OJIHO
pEILICHHE, U HeCO8MeCMUMOIL, €CTTA OHA HE UMEET HU OJTHOTO PEILICHHUS.

CoBMecTHasi cucTeMa Ha3bIBACTCS  ONpeOenéHHOU, €ClId OHa HMEET
€MHCTBEHHOE pEUICHUE, U HeonpedeléHHOU, €CIU OHAa HMeeT Ooyiee OHOTO
pemienus. B mocnegHem ciyyae Kaxkjaoe €€ pelleHHe Ha3bIBACTCA UYACHHbIM
peuwernuem cucreMbl. COBOKYITHOCTh BCEX YACTHBIX PELIEHUN HA3bIBACTCS 0OWjUM

peuternuem.



Pewums cucmemy — 3T0 3HAYUT BBISICHUTH, COBMECTHA OHA MJIM HECOBMECTHA.
Ecnum cucrema coBmecTHa, HalWTH €€ o0IIee pelIeHue.

JIBe cucTembl HAa3bIBAIOTCS IKGUBANECHMHbIMYU (PABHOCWIBHBIMH), €CIM OHHU
UMEIOT OJJHO W TO e oOmee pemeHue. Jlpyrumu cioBamMu, CHCTEMBI
AKBUBAJICHTHBI, €CIIU KaXKJ10€ PEIICHUE OJHON U3 HUX SABJISIETCS PEUICHUEM JIPYTOM,
1 Ha00OpOT.

OKBHUBAJICHTHBIE CHUCTEMBI TMOJIYYalOTCS, B YAaCTHOCTH, NPHU I1eMEHMAPHbIX
npeobpazoeanusx CUCTEMbl MPU YCJIOBUH, YTO MPEOOpPa30BaHUS BBIMOIHSIIOTCS
JIUIIL HAJl CTPOKAMU MATPHUIIBI.

Cucrtema TUHEWHBIX YPaBHCHHUI HA3bIBAETCA 0OHOPOOHOU, €CITA BCE CBOOOTHBIC
YJICHBI PABHBI HYJIIO:

a1 X1+ ax, + -+ aypx, =0

Am1X1 + QpaXy + - QX =0
OpmHopoIHAs cHCTeMa BCEria COBMECTHA, TaK KaK X1 = X2 = ... = x, = 0 sABmseTCA
pELICHUEM CUCTEMBI. DTO PEIICHNE Ha3bIBACTCS H)Ie6bIM WA MPUBUATLHBIM.

le_xZ=0

Ilpumep 4.3. Pemuts cucremy {x +3x, =7
1 2 =

Pemenune: A= |i _31| =7+0, A= |g _31| =7, A,= |i 2 =14

7 14
3HauuT,X|; = o= 1, x, = - = 2
IIpasuio Kpamepa
Teopema.Cucmema uz N ypaguenuti ¢ N Heu38eCMHLIMU
a,x, +a,x, +..+a,x, =b
Ay X, +ayX, +...+a,,x, =b,

a,x, +a,x,+..+a,x, =b,

8 csyyae, ecau onpedesnumesns MAMpPUUbl CUCMEMbI HE PaeeH Hy:K, umeem
eduHCcMeeHHoe peweHue U 3mo peweHue Haxooumcs no popmynam:
xi = A/A, 20e

A =detA, a A — onpedenumesns mampuuybl, noay4aemoli u3 Mampuusl cucmemel
3ameHol cmonbya J cmonbyom ce0600HbIX YieHO8 by
CyTb memoOda laycca 3aKknto4aeTca B N0C/aea0BaTe/IbHOM UCKIOYEHUN
HEeWN3BECTHbIX.

PaccmoTpuM cUCTEMY IMHEMHDBIX YPABHEHUN:

a, x, +a,x, +..+a,x, =b
Ay X, +ayXx, +...+a, x, =b,

a,x, +a,,x,+..+a,x, =b

m



Paspennm obe yactn 1-ro ypaBHeHuUs Ha a;1# 0, 3aTem:

1) YMHOXXMM Ha az; U BbIMTEM M3 BTOPOrO YPaBHEHUA

2) YMHOXMM Ha a3y M BblYTEM U3 TPETLEFO YPABHEHUA U T.A4,
MNonyynm:

X, +d,x, +...+d, x, =d,

In"*n

dyx, +dyx;+...+d, x, =d,

, roedi;=ay/a, j=2,3,.., n+l.

dij= aj— Clildlj i= 2; 3/ e, Ny j= 2/ 3/ e, NHL.

[lanee nosTOpAem 3TU Ke AeNCTBUA A1 BTOPOro ypaBHEHWUA CUCTEMbI, NOTOM —
ANA TpeTbero u T.4,.
K aneMeHTapHbIM NpeoOpa30BaHUSAM OTHOCSTCS:
1) IlpubGaBnenue k 00EUM YacCTSAM OJHOIO YPABHEHUS COOTBETCTBYIOIIMX YaCTEH
JPYroro, yMHO>KEHHBIX Ha OJJTHO M TO K€ YUCJIO, HE PABHOE HYJIIO.
2) IlepecTtaHoBKa ypaBHEHUI MECTaMHU.
3) VYnaneHue u3 cucTeMbl ypaBHEHUM, SBISIIOIIUXCS TOXKASCTBAMU AJIA BCEX X.
Munopom HEKOTOPOTO 3JEMEHTA ajjOTIPENEIUTENs n-20 TOpsAJIKa Ha3bIBAETCS
ompenenurens n — 1-ro mopsAka, MONYYEHHBIM U3 MCXOAHOrO MYTEM
BbIUEPKMBAHUS CTPOKM M CTOJOLA, HA NEPECEYEHUM KOTOPBIX HAXOJIUTCS
BbIOpaHHBIN d5ieMeHT. O003HaAYaETCS Mij.
a1 Q12 Q13
TakecauA= |Gz1 Q22 Qz3|,momqy; = [
31 dzz 04z

azo a23]
)

aiq a13|
aszp; dz3

My, = |
32 a1 dzs

Anzebpauueckum 0ononHeHuem >JIEMEHTA ajjONIPEICIIUTENST HA3BIBAETCS €ro
MUHOP, B3ATBIi CO 3HAKOM «ILTIOC», €CIIM CyMMa | + J— 4€THOE YHUCII0, M CO 3HAKOM
«MHUHYC», €CITH 3Ta cyMMa HeuéTHas. O6o3Hauaetcs Ajj: A= (-1)'*1 * mj;

Tak, A11 = +mi1, A2 = -ma2.
Ceoticmeo(«PaznoxkeHue omnpenenuTesis IO d3JeMEHTaM HEKOTOPOro psjiay).
Onpenenutens paBeH CyMME MPOU3BEACHUM 3JIEMEHTOB HEKOTOPOTO psia Ha
COOTBETCTBYIOIIIME UM ajreOpanvecKkue JOMOTHEHUS.
[IponsmrocTpupyeM HM  OJHOBPEMEHHO JIOKQXXEM CBOMCTBO 7 Ha NpUMeEpE
onpenenurens 3-ero nopsaka. B aTom ciryuae cBOMCTBO 7 03HAYAET, YTO

a1 Q12 Qg3

A= (21 Q22 Q3| =aqaqq ¥ A1 +aqp ¥ Aqp +aq3 x Aq3
a3y dzz 0Az3

B camom ACJIC, UMCECM a1 * All + Ao * A12 + aqz * A13 ==0aq1 *
|a22 a23| Y oa (_ |a21 a23|) 4 qen v az1 a22| = ay1(@yy s —
az; dzz 12 dz1 Qass 13 asz; 0as; 1122733

A3037) — Ay (a21a33 — Qy3031) + aq3(az1a3; — Azpa31) =
= (11032033 — A1103032 — Q12031033 T A1203032 + Q13031037 — A13022031
=A



CBOWCTBO COJIEPKUT B ceOe criocod BHIYUCIICHHS ONPEACIUTENEH BEICOKUX

HOPSIAKOB.
IIpuMmep Brraucnure onpeaenuTesb MaTPULbI
3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenue: I[JIH Pa3JI0KCHUA OIIPCACIUTCIIA 0OBIYHO BI)I6I/IpaI-OT TOT psiaHd, rAC €CTh
HYJCBBIC 3JICMCHTEHI, T.K. COOTBCTCTBYIOIIUC UM CJIAraCMbIC B PAa3JI0KCHHUHA 6y,ZIYT

_31 g g? 5 7 8 5 7 8
paBHBI HYIJIIO. =3%x|5 3 2|+1x|5 3 2/+0=x
0 > 32 -1 7 4 -1 7 4
1 -1 7 4
5 7 8 5 7 8
7 0 1|—-1%(7 0 1|=3*(7*3 %4+ (1) *0x2+5x*7 x
-1 7 4 5 3 2

1-(1) *3*x1-7%7x2-5x0x4)+ 53«4+ (—1)*7 %
2+5%x7*8-(-1)*3*«8-5*x7%4-5%x7%2)-(5%x0x2+
71 x5+ 7*3x8-5*x0xx8-3xx1x*x5-7x%7x%2)=122
Cesoticmeo . CymMa NpOU3BEICHUIN AJIEMEHTOB KaKOro- JIM0O psfa OnpeaeanuTels
Ha ajareOpanyeckue JOTMOJIHEHHUsSI COOTBETCTBYIOIIMX 3JIEMEHTOB IMapaljIeIbHOTO
psiaa paBHa HYJIIO.

Taxk, Hanipumep, a11d21 + a2 + a13A23 =0

Haxo:xnenue o0paTHOi MATPHUIIBI.

A1 Q2 o Qip

z1 Qz2 .. Q2
[IycTe A — kBagpaTHas MaTpuLA #-TO NMopsAakad =

An1 Qn2 - Qpm

KBagpaTtHas matpuiia A Ha3bIBa€TCA HEGbIPOHCOCHHOI, ECIIA ONIPEAETUTENBA =
det A e paBen Hymo: A = det A = 0. B npotuBHOM ciyuyae (A = 0) marpuma A
Ha3bIBAETCS GbIPOHCOCHHOIL.

Martpuueii, cor3noi Kk mampuye A, Ha3bIBaCTCA MaTpPULIA

A4, A, .. A,
. | Ay Ay .. A
A — 12 22 n2
A4, 4,, ... A,
rae Ajj — anreOpanuyecKkoe JOIMOJIHEHUE dDJEMEHTa gjjlaHHON MaTpuilkl A (OHO
ompejeNnsercss Tak ke, Kak W anreOpanyeckoe JOMOJHEHUE JJeMEeHTa
OMPEICIUTEIS).

Marpuna A naseiBaercs 06pammoii MmatpuLe A, €CIIU BBIIOJIHAETCS YCIOBHE
A*Al=Al*A=E,
rie E — equuuuHas marpuia Toro e mopsuka, 9to u mMarpuna A. Marpuma A
UMEET T€ K€ pa3Mephl, UTO U MaTpuLa A.
OOpaTrHas maTpuua.



Teopema Bcaxas nesbipodcoenHas mampuya umeem o0Opamuyio.

A* 1 <A11 Ay Az
A7l = ym.e. A7t = x| A1, Ayy Aszp

det A det A

¢ Ny Ay As

OTmeTuM ceoticmea 0OpaTHOU MAaTPHUIBI:
1. det (A1) =1/det A;
2. (A*B)yt=B1* Al
3. (A-l)T — (AT)-l ]

IpumepHaiitu A, eciu A= ( 2 3)

-1 1

Pemenne: 1) Haxomuwm det A: det A = _21 i =24+3=5%#0

2) Haxomum A™: A11=1, Az1 = -3, A1z = - (-1) = 1, A2 = 2, nostomy A* =

— . 1/ _3/
(1 23)3) Haxomum A™: A7 = %(1 23) B (l/i 2/55>

[Iposepka:
. (2 3\ (1/5 =3/5\ (2/5+3/5 —6/5+6/5
A*Al‘(—1 1)*(1/5 2/5)‘(—1/5+1/5 3/5+2/5)

-3 9)-r

IpumepOnpenennTs, Npu KakuX 3HAYEHUAX O CYIIECTBYET MaTpuua, oOpaTHas

JJaHHOM
1 -2 2
A= (a 3 O)
2 1 1

Pemenue: Bcesikas HEBBIpOXKIEHHAs Marpuila wuMeeT oOpaTHyr. Haiiném
ONPEAEIUTENIb MATPULIBI A

1 -2 2
AM=|la 3 0/=3-0+ 20-12-0 + 20 = 40-9
2 1 1
Ecmu 40 -9 =0, 1.€. oo = 9/4, 70 AA = 0, T.e. MaTpuiia A HEBBIPOXKICHHASA, UMEET

oOpaTHy10.
IIpumepllokazats, uTo MaTpuia A sBisieTcs oopaTHoU 1ys B, ecnm

1 1 1 3 -3 1
A=<1 2 3>,B=<—3 5 —2)
1 3 6 1 -2 1
Pemenue: Haliném npoussenenune matun A u B:
1 1 1 3 -3 1
A*B=(1 2 3)*(—3 5 —2)
1 3 6 1 -2 1
3—-3+1 -3+5-2 1-2+1 1 0 O
=<3—6+3 —3+10-6 1—4+3>==<0 1 0)=E
3—-9+6 —-3+15-12 1-6+6 0 0 1
Amnanoruuno B * A = E. CnegoBarensHo, MaTpunia A siBisieTcs oopaTHoi ais B.



IlycTs nana cucreMa n JJMHENHBIX YPABHEHUN C 71 HEU3BECTHBIMU
A11X1 + A1Xp + o+ apXy, = by
Ap1X1 + AxpXy + -+ + AypXy, = by
Ap1X1 F ApaXo + o AppXpy = by
WM B MaTpuuHoOit popme A * X = B.
OcHoOBHas MaTpula A TakoM cUCTEMBI KBagpaTHas. OnpeneauTens 3TOU MaTPULBI
air - Qin
A=
An1 - Qnn
Ha3bIBAETCS onpedenrumenem cucmemsi. ECu onpenennuTenb CUCTEMbI OTIUYEH OT
HYJIS, TO CUCTEMa Ha3bIBACTCS HEBbIPOHCOEHHOU.
Haiiném perienre JaHHOW CUCTeMBbl YpaBHEHUH B citydae A # 0.
VMHOXHB 00€ uacTu ypaBHeHus A * X = B cnesa na marpuny A7, momyuum Al
*A*X=A1*B Ilockomeky A * A=EuE*X=X,10 X=A1*B.
OTtpICKaHMe pemeHuss cuctembl 1Mo Gopmyne (4.1) HaA3BIBAIOT MAMPUUHBIM
Cnocob oM PEIICHUS CUCTEMBI.
3ananus 11 BBINOJHEHUS MPAKTUYECKOH padoThI

3ananme 1
2 1 1 k 1 -2 1 «k,
Jlaus! onpenenuTeny: 1) A = 1 23 2)A—_2 3ok 2
e ' Bk, 21 ’ |1 -3 -2 4
-2 1 3 -3 1 2 3 4

1) Haiitu MuHOpHI M anrebpandeckue JOMONHEHHS JIEMEHTOB di3, d,,

2) BBIUUCIUTH ONPEACITUTEIH, PA3JIOKUB UX IO HJIEMEHTaM a) -0l CTPOKH, 0)
J-ro cronbia

Bapuanr | «, K, i j | Bapuanr | « K, i J
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 3) 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2




7 -2 3 1 4 22 -1 4 4
8 6 -2 4 3 23 -3 3 3
9 -6 1 2 1 24 -4 1 1
10 -5 1 1 1 25 0 8 1
11 -2 4 3 2 26 4 -2 2
12 1 3 4 3 27 -1 3 3
13 -3 2 2 4 28 2 -3 4
14 -4 -1 1 2 29 -2 5 2
15 -1 5 3 1 30 -5 -1 1
kK, -2 -1
3ananme 2. Jlana matpuna A=|2 1 2 |. Haniitu
3 -k, 4
a)A™ unposepumo, umo A-A" = A" -A=E
6) A+ A"
Bapuanm K, K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 1 17 5 1
3 3 -4 18 2 0
4 2 1 19 -2 1
3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8




11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
3ananue 3
1. PemiuTh cucTeMBbl ypaBHEHUI C IOMOLIBIO OOPAaTHOM MaTPHILIbI
(MaTPUYHBIM METOIOM).
2X+y+3z2=1, 2X—Yy+27=3, 3X—-y+2z=12,
11:2x+3y+z=1, 123X+ Yy+2z2=-4, 1.34x+2y+4z =6,
3X+2y+1z=6. 4X+y+4z=-3. X+ y+2z=3.
2X—Yy+3z=-4, 3Xx—-2y+4z =12, 8x+3y—-6z=-4,
145x+3y+3z=11 1.543x+4y -2z =6, 164X+y—2=2,
X—2y+2z=-1. 2X—y—-z=-9. 4x+y—3z =-5.
4x+y-3z=9, 2x+3y+4z =33, 2x+3y+4z =12,
175x+y—-2=-2, 1.847x—-5y =24, 1.9:7x-5y+z=-33
8x+3y—-6z=12. 4x+11z = 39. 4x+27=-17.
X+4y—-7=06, 3X—-2y+4z =21, 3X—-2y—-5z=5,
11045y +4z =-20, 1.1143x+4y—-2z2=9, 1.1242x+3y -4z =12,
3X—2y+5z=-22. 2x—-y—-1z=10. X—2y+3z=-1.
4x+y+4z =109, 2X—-y+22=0, 2X—-y+22=8§,
1.1342x -y +2z =11, 1.14:4x+y+4z =6, 1.15x+y+2z =11,
X+Yy+2z=8. X+y+2z=4. 4x+y+4z =22.
2X—y—-3z=-9, 2x—y—-3z=0, —3X+5y+6z=-§,
1.164x+5y+z =20, 1.1743x+4y+2z =1, 1.1843x+Yy+z=-4,
3X+4y+2z=15. X+5y+z=-3. X—4y -2z =-9.
3X+y+z=-4, X-y+z=-11 3X—-y+z=09,
1.194—-3x+5y +62 = 36, 1.2045x+y+2z =38, 1.21:5x+y+2z=11,
X—4y—-2z=19. X+2y+4z =16. X+2y+4z =19.




1.22.

1.25.

1.28.

KoHnTpoJbHbIe BONIPOCHI

Nk WD

2X+3y+z2=4,
2X+Yy+3z=0,
3X+2y+z=1.
3x+4y -2z =11,
2X—-y—17=4,
3X—-2y+4z =11
5x+2y -4z =-16,
X+ 3z = -6,
2X-3y+z=09.

1.23.

1.26.

1.29.

Uto Ha3bIBa€TCSI MUHOPOM?

2X+3y+1z=12,

2X+ Yy +3z =16,
3X+2y+z=8.
X+5y—-6z=-15,
3X+y+4z =13,
2Xx—-3y+2=09.
X+4y—z=-9,
4X —y+52 =-2,
3y—-7z=-6.

1.24.

1.27.

1.30.

X—2y+3z=14,
2X+3y —4z = -16,
3x—2y -5z =-8.

4x —y = -6,
3X+2y+5z =-14,
X—3y+4z =-10.
TX+4y—z=13,
3X+2y+32=3,
2x—-3y+1z=-10.

Yto Ha3bIBaeTCS anre6pqueCKI/IM JOITIOJIHCHUECM JJICMCHTA ManI/IHH?

Kak pa3noxuTe onpeneanTelb 1o 3JIEMEHTaM CTOJIOLA WU CTPOKH?

Kaxkast MmaTpuiia Ha3bIBa€TCS HEBBIPOKIECHHOM ?

TpaHCrTOHMpPOBaHHAS MAaTPHULA.
Kakast MaTpuiia Ha3pIBaeTCsi 0OpaTHOM 110 OTHOUIEHUIO K JAHHOM?
KakoB nops10k BeIYKMCIIEHUs 00paTHON MaTpHILIbI?
AJITOPUTM pELIECHHS IPOCTEUIIET0 MATPUYHOTO YPABHEHHUS

IIpakTnueckas padora Ne 18 mo reme

«JIeMEHTbI BEKTOPHOH aJIredpbi»

Heus: [IpoBeprTh 3HaHNS U YMEHUS 110 HAXO0KICHUIO: KOOPJAUHAT BEKTOPA,

onepaunﬁ HaJl BEKTOpaMH, MOAYJISI BEKTOPA U CKAJIAPHOI'O IMPOU3BCACHUA,

BCKTOPHOT'O IPOU3BCACHUA, CMCHIAHHOT'O ITPONU3BCIACHH.

Bpems BbinonHeHUA

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceeageHunA

2.3apaHune
3./lInctA4
4.KanbKynatopbl
MopaaoK BbinoNHEHUA PaboTbI
1.M3y4ynTb 3apaHue
2. NI3yumnTb TeopeTnyeckmne ceeseHuns

3. BbINO/MHUTL M 0POPMUTL paboTy

90 MUHYT



4.[ToKa3aTb pe3ynbTaTbl NpenoaasaTento
AdomaliHee 3agaHue
1.MoarotoBUTb OTBETLI HA KOHTPOJIbHbIE BOMPOCHI
Xoa pabortbi
Teopetnyeckue ceegeHusn

BekTopHOe npousBeaeHne BEKTOPOB.

Onpenenenne.BeKTOPHLIM NPOM3BEIeHHEM BEKTOPOB d U b Ha3bIBAETCH

BEKTOP ¢ , YOBJIECTBOPSIONINN CICAYIOIIUM YCIOBUSIM:

1) |¢|=|a] ~‘5‘sin @, TJIe @ - YTOIl MEX/y BEKTOPAMH G U b , sinp>0; 0<p<rz

2) BEKTOp ¢ OPTOrOHANIeH BEKTOpaM d | b

3) @, b u ¢ 0Opa3yIoOT MPaByIo TPOIKY BEKTOpoB.O60O3HAUACTCS: ¢ = d x b
WM ¢ =[a,b].
axb
CB0iiCTBa BEKTOPHOI'0 IPOU3BEICHUS BEKTOPOB:
1) bxd=-dxb;
—_ —_ —_ fj — -
2) axb=0,ecom d| | b wm a= 0w b = 0; “
3) (ma)xb=ax(mb)=m(axb);
- — bxa
4) ax(b+ ¢)=axb+ axé; 1

5) Ecu 3a1aHbI BEKTOPHI @ (Xa, Ya, Za) ¥ b (Xb, Yb, Zb) B IEKAPTOBOIA

IPSAMOYTOJIBHOM CUCTEME KOOPIUHAT C SAMHUYHBIMU BEKTOPAMH i, j,k , TO
i j Kk
5 X E = x(l y(l Zu

X, Y, Zp

6) 'eoMeTprUUECKUM CMBICIIOM BEKTOPHOTO MTPOU3BEAECHUS BEKTOPOB SIBIIAETCS

n0WA0bL NAPALIEN0ZPAMMA, TIOCTPOSHHOTO HAa BEKTOpaxX dH b .

7) MexaHUYecKHii CMBICIT BEKTOPHOTO mpou3BeaeHus . [IycTh Touka A

TBCPAOI'O TCJIa 3aKPCIIJICHA, 4 B €T'0 TOYKC B IMPUIJIOKCHA CHJIA F. Torz:a



BO3HHUKAET BpallaTeabHblii MOMEHT M (MoMmeHT cuiibl). 1o onpenenenuto
MOMEHT CHJILI OTHOCHTEIHLHO TOUKU A HaXOMUTCA 110 (popMyiie M = AB x F -
BEKTOPHOE ITPOM3BEIECHUE BEKTOPOB AB U F

IIpujioskeHusi BEKTOPHOIO NPOU3Be/ieHHsSI BEKTOPOB.
Ycemanoenenue konnuneapnocmu eexmopos:
Ecin a||b, To axb=0 (1 Hao6oporT ), T.€. :
t g k

ay Gy 0O
by b, b

;lir:ﬂ'_z — ET”:'-J'

by b

. — [
axb= =0 &= — =
by

Haxosicoenue niowadu napanienozpamma u mpey2oibHuKd.
CoryacHO onpeeNeHNI0 BEKTOPHOTO TIPOM3BEICHHS BEKTOPOB a U b

axb =g -‘B‘Sinqo , T.e. Smap.= ‘éxﬁ‘ U 3HAYUT, STpeyr.=1/2*‘§x5‘
Ipumep. Haiiti BEKTOpHOE IIPOHU3BEICHUE BEKTOPOB d =2 +5/ + k1

b=i+2j-3k.

i=(251; 5=(,2 -3)

5 L
T+ T K.
2‘ J

Ql

X

S

Il
—_ N
N D

I[Ipumep. Beruucants miomanb TpeyroibHUKa ¢ BepimrHamu — A(2, 2, 2),

B4, 0, 3), C(0,1,0).

e

AC =(0-21-2,0-2)=(-2-1-2)
AB = (4-2:0-2:3-2) = (2-22)
ik
ACxAB=-2 -1 -2 =i » A% HeR? _1—7(—1—4)—”'(—2+4)+
_221_—1]21 2 -9~ /

+k(4+2)=-5 -2 +6k.



J65

‘ACxAB‘ = 25+ 4+ 36 = /65. Sy =" (o)

Ipumep. Haiitn mutonaaes napamienorpaMmma, HOCTPOCHHOTO Ha BEKTOPax
G+3b; 3a+b,ecmn |a=|p|=1; @b =30"
(G+3b)x(Bd+b)=3dxd+axb+9bxd+3bxb=-bxa+9bxd=8bxa

S =8balsin30° = 4 (en?).

Cmewmannoe np0u3ee0enue 6EKmMopoe.

Omnpenenenue.CMelIaHHBIM  NPOU3BeIeHMEeM BEKTOPOB d , b HW ¢
Ha3bIBAETCS YHWCJIO, PAaBHOE CKaJIPHOMY IIPOM3BEJACHHUIO BEKTOpa d Ha BEKTOD,

paBHBIf BEKTOPHOMY IIPOU3BEICHUIO BEKTOPOB b U C .
O6o3HauaeTcst G-b-¢uma (d, b ,¢).

CMenIaHHOe MPOU3BENCHHE G -b - 0 MOAYIIIO PAaBHO 00bEMY IapasuleleluIe/a,

IIOCTPOEHHOIO Ha BEKTOpax d, b U ¢, T.e. V =\a.6 ~6‘

Ceoilicmea cmewannozo npou3ee0enuﬂ:

1.CmemianHO€ IPOU3BEAEHUE PABHO HYIIIO, €CIIN:a) XOTh OJMH U3 BEKTOPOB
paBEH HYJ10;0) JIBa U3 BEKTOPOB KOJUIMHEAPHBIE;B) BEKTOPHl KOMILIAHAPHBI.

o (ax b)-€=a-(bx¢)=¢-(bxa) cmemannoe MPOM3BEICHUE HE MEHSETCS NP
[UKJINYECKON MEePECTaHOBKE BEKTOPOB;

3 (ax 6) -C=4a- (5 xC) CMeIIaHHOE TMPOU3BECACHHE HE MEHSACTCS IpHU
MIEPECTAHOBKE 3HAKOB BEKTOPHOTO M CKASIPHOTO YMHOKCHHSI.

4 (a,b,6)=(b,¢,d) = (,a,b)=—(b,d,c) =—(,b,d) =—(a,c,b)

5 (Ad, + pid,,b,¢) = A(G,,b,) + j1(a,,b,c)

6. O6beM TpeyroapHON MHpaMuAbl, 00pa30BaHHON BEKTOpaMH d, b U ¢, paBeH

Las.e)
6
- XN 4
7.Ecmna = (X, 11,2), b =(x,95,2,), € =(x3,¥5,25), TO(Zi,Z;,E) =X Vo 2,
X3 V3 Z3
g, abc =-achb =-bac =cbha - cmemaHHoe mnpou3BeleHHE MEHSET 3HAK Ha

NPOTHUBOIIOJIOKHBI ~ TIPH  TIEpeMeHe MeCT  JIOObIX  JBYX  BEKTOPOB-
COMHOXKUTENEN
9. Ecnu abc >0, to &,b,C - mpaBas Tpoika



IMpumep. [okasate, uro Touku A(5; 7; 2), B(3; 1; -1), C(9; 4; -4), D(1; 5; 0)
JIEKAT B OJHOM IJIOCKOCTH.

AB = (-2:-6:])
HaitneM koopinHATBI BEKTOPOB: AC = (4;-3;-2)

AD = (~4-2;2)

Haninem cMemianHOE MPOU3BEIEHUE MOJYYEHHBIX BEKTOPOB:

2 =6 1| |2 -6 1| o -6 1
AB-AC-AD=|4 -3 -2|=|0 —-15 0=[0 —15 0/=0
—4 -2 2/ |0 10 0 |0 10 0

Takum 00pa3oMm, MOJYyYEHHBIC BBINIC BEKTOPHI KOMILIAHAPHBI, CJIEIOBATEIHLHO
toukd A, B, C u D nexat B 01HOH IJIOCKOCTH.

IIpumep. Haiitn 06peM nmupaMuisl U IIHMHY BBICOTHI, OMyIIEHHOH Ha rpans BCD,
eciu BepmmHbl nMetoT koopauHatel A(O; 0; 1), B(2; 3; 5), C(6; 2; 3), D(3; 7; 2).

BA = (-2;-3;—4)
Haiinem koopiMHaTBhI BEKTOPOB: BD = (1;4;-3)
BC = (4;-1;-2)
-2 -3 -4 |
=—=|1 4 —3/=—(—2(-8-3)+3(-2+12)—4(-1-16)) =
OO6BbeM mupaMu bl 4 1 _» 6( ( )+3(=2+12) =4 )

= %(22 +30+68) =20(e0d?)

JInsi HaxXOXACHWS JUTMHBI BBICOTHI TUPAMHABl HaWIeM CHadaja IUIONIalb
ocuoBauus BCD.

i ]k
BDxBC=|l 4 -3/=i(-8-3)—j(-2+12)+k(-1-16)=-117 —10] —17k.
4 -1 -2

‘H)xB_q =112 +10% +17% =/121+100+289 = /510
Socn = /510 /2 (ex?)



S

Tk V=2 _
3

3apaHuA npakTUYecKoit paboTbl

3aganus

1. ITo koopaunatam Touek A, B u C 115 yKa3aHHBIX BEKTOPOB HAWTH:

a) KoopauHathl BeKTOpOB a= AB,b=BC, c=AC,d =BA, p=CA

b) Monynb Bektopa < =3d+6—d
c) CkaysipHOE MPOM3BEICHUE BEKTOPOB a 1 b;
d) IIpoekuwuro BekTopa ¢ Ha BekTop d;

e) Koopauuatel Toukr M, JIesIiei OTpe30K P B OTHOIICHUH ¢

h., 3V 120 4510 (en)
’ S 510 17

I

K K Koopannarsl o B
Bapuantur oopannatbl | Koopaunarsl roukn C

TOYKH A Touku B o i

1. (-2.1.3) (3.-6. 2) (-5.-3.-1) 1 3
2. (1.3.6) (-3. 4. -5) (1.-7.2) 1 2
3. (7.2.1) (5.1.-2) (-3.4.5) 2 1
4, (3.5.4) (-2.7.-5) (6.-2.1) 3 2
5. (5.3.2) (2.-5.1) (-7.4.-3) 2 3
6. (11, 1, 2) (-3,3,4) (-4,-2,7) 1 2
{. (9.5.3) (-3.2.1) (4,-7.4) 3 1
8. (7.2.1) (3.-5.6) (-4. 3. -4) 3 2
9. 1, 2,3) (-5, 3,-1) (-6, 4, 5) 2 1
10. (-2.5. 1) (3. 2. -7) (4. -3.2) 4 1
11. (3.1.2) (-4. 3. -1) (2.3.4) 2 1
12. (3.-1.2) (-2.4.1) (4.-5.-1) 1 3
13. (4.5.1) (1.3.1) (-3.-6.7) 3 4
14. (1.-3.1) (-2.-4.3) (0. -2.3) 2 3
15. (5.7.-2) (-3.1.3) (1.-4.6) 4 3
16. (-1.4.3) (3.2, -4) (-2.-7.1) 1 3
17. (5.4.1) (-3.5.2) (2.-1.3) 3 1
18. (2.-1.4) (-3.0. -2) (4.5. -3) 2 1
19. (-1.1.2) (2. -3. -5) (-6. 3. -1) 1 2
20. (1.3.4) (-2.5.0) (3.-2.-4) 2 3
21. (1.-1.1) (-5.-3.1) (2.-1.0) 3 2
22. (3.1.2) (-7.-2.-4) (-4. 0. 3) 2 1
23. (-3.0.1) (2.7.-3) (-4. 3. 5) 1 3
24. (5.1.2) (-2.1.-3) (4. -3.5) 2 3
25. (0. 2. -3) (4, -3, -2) (-5.-4.0) 1 2
26. (3.-1. 2) (-2.3.1) (4, -5, -3) 3 4
27. (5.3.1) (-1. 2. -3) (3.-4.2) 1 2
28. (3.1.-3) (-2.4.1) (1.-2.5) 3 4




29. (6.1, -3) (-3.2.1) (-1, -3.4) 4 3
30. (4.2.3) (-3.1.-8) (2. -4.5) 3 2

3aganue 2

1.  Jlanmsl BekTOpHI &, b 11 ¢. Heobxomumo:

a) BBIYUCIIUTH CMEIIAHHOE TPOU3BEEHUE TPEX BEKTOPOB;

0) HaliTU MO/YJIb BEKTOPHOTO MPOU3BEICHHUS;

B) BBIUHUCIUTH CKAJIIPHOE MPOU3BEICHUE JIBYX BEKTOPOB;

I') IPOBEPUTD, OYAYT JIM KOJUTMHEAPHBI WJIM OPTOrOHAJIBHEI JIBa BEKTOPA;
1) IPOBEPUTH, OYAYT JIM KOMILUIAHAPHBI TPU BEKTOPA.

Bapua | BekTopsl Cwmemanno | Monyn | Ckamsp | Kommun | Kommnanapa
HT e b HOE e OCTb
BEKTOPOB
MPOU3BEAE | BEKTOpP | IPOM3BE | apHbI
HUE H I Wi
nepneH
MIPOU3B
IRS
en.
BEKTOP
OB
1 a=2i—-3j+k, | a,3b,c 3a,2¢ b,—4c a, c a,2b,3c
b=+ 4k,
C=5i+2j-3k
2 a=3i+4j+k, | 5a,2b,c 4b,2c a,c b,c 2a,—3b,c
b=i-2j+7k,

c=-3i-6j+ 21k

3 a=2i-4j-2k,| a,2b,3c 3a,—7¢ —-2a,c a,c 3a,2b,3c
b=7i+3j,
c=3i+5j-7k

4 a=-7i+2k, a,—2b,—7c 4b,3c 2a,—7c¢C b,c 2a,4b,3c
b=2i-6j+4k,
c=i—-j+2k

5 a=-4i+2j-k,| a, 6b,3c a,2b a,—4c a,b a,6b,3c
b=3i+5j—2k,

c=j+5k




a=3-2j+k,
b=2j-3k
c=-3i+2j-k

a,—3b, 2¢

5a,3c

—2a,4b

5a,4b,3¢c

a=1-j+3k,
b =2i +3j -5k,
c=T7i+2j+4k

7a,—4b,2c

3a, 5¢

2b,4c

b,c

7a,2b,5¢

a=4i+2j-3k,
b=2i+k,
c=-12i—6]+¢

2a, 3b, c

Dk

4a,3b

a,cC

2a,3b,—4c

a = —i+ 5Kk,
b=-3i+2j+2k
c=-2i—-4j+k

3a,—4b,2c

7a,—3c

2b,3a

6,C

7a,2b,—3c

10

a=6i—-4j+6k,
b=9i-6j+9Kk,
c=i-8k

2a,—4b,3c

3b,—9c

3a,-5c¢

a,b

3a,—4b,—9c

11

a=51—3] + 4k,
b=2i-4j- 2k,
c=3i+5j-7k

a,—4b,2c

—2b,4c

—3a,6¢

b,c

a,—2b,6¢

12

a=—4i+3j-T7k
b=4i+6j- 2k,
C=6i+9j—3k

—2a,b,—2c

4b,7¢c

5a,—-3b

b,c

—2a,4b,7¢

13

a=-5+2j—2k
b = 7i -5k,
c=2i+3j-2k

, 2a,4b,-5¢C

—3b,11c

8a,—6¢

8a,—3b,11c

14

a=—4i—6j+2k
b=2i+3j-k,
C=-i+5j—3k

. 5a,7b,2¢

—4b,11a

3a,—7c¢

a,b

3a,7b,-2c




15 a=-4i+2j-3k| 5a,—b,3c —7a,4c | 33,9 a, c 3a,—9b,4c
b =-3]j+5k,
cC=6i+6]—4k

16 a=-3i+8]j, 4a,—6b,5¢ —7a,9¢c | 3b,—8c b,c 4a,—6b,9c
b=2i+3j-2k,
c=8i+12]j-8K

17 a=2i—-4j-2k,| 7a,5b,—c —5a,4b | 3b,—8c a,c 7a,5b,—c
b =-9i + 2k,
c=3i+5j-7k

18 a=9i-3j+k, | 2a,-7b,3c —6a,4c | 5b,7a b,c 2a,—7h,4c
b=3i-15j + 21K,
c=i-5j+k

19 a=-2i+4j-3k, a,—6b,2¢c —8b,5¢ -9a,7c a,b a,—6b,5¢c
b=5i+ j-2Kk,
c=7i+4j-k

20 a=-91+4j-5k —6b,7c | 9a,4c b,c —2a,7b,4c
b=i-2j+4k,
¢ = —5i+10j— 20k 2& 7S¢

21 a=2i—7j+5k, | —3a,6b,—c 5b,3c 7a,—4b b,c 7a,—4b,3c
b=-i+3]j-6k,
c=3i+2j-4k

22 a=7i—4j-5k,| 3a,—-7b,2¢c 2b,6¢ —4a,-5c | a,c —4a,2b,6¢
b=i-11j+ 3k,
c=5+5j+3k

23 a=4i—-6j-2k, | 6a,3b,8c —7b,6a | —5a, 4c a,b —5a,3b,4c
b=-2i+3]+k,

c=3i-5j+7k




24

a=3i—]+ 2k,
b=-i+5j—4k,
C=6i—2]+4k

4a,—7b,—2cC

6a,—4c

—2a,5b

6a,—7b,—2c

25

a=-3i—j-5k,
b=2i-4j+8k,
c=3i+7j-k

2a,—h,3c

—9a,4c

5b,—6¢C

b,c

2a,5b,—6¢

26

a=-3i+2j+7k
b =1i-5k,
c=6i+4j—k

, —2a,b,7¢c

ba,—2c

3b,c

—2a,3b,7c

27

a=3i—j+5K,
b=2i—4j+6k,
c=i-2j+3k

—3a,4b,-5¢c

6b,3¢c

a,4c

b,c

—3a,4b,-5¢c

28

a=4i—5j— 4k,
b=5i— ],
c=2i+4j-3k

a,7h,-2c

—b5a,4b

8c,—3a

—3a,4b,8c

29

a=-9i + 4k,
b=2i-4j+6k,
c=3i—-6j+9k

3a,—-5b,-4c

6b,2¢c

—2a,8¢c

b,c

3a,6b,-4c

30

a=5-6j—k,
b=4i+8j-7k,
c=3j—-4k

5a,3b,—4c

4b, a

7a,—2c

a,b

5a,4b,—2c

KonTpoJibHBIE BONIPOCHI

ok wdrE

YTto Ha3bIBaeTCsI BEKTOPOM?

Kakue BeKTOpBI Ha3bIBAIOTCS KOJUIMHEAPHBIMU ?

Yo Ha3pIBaeTCs KOOpAUHATAMU BEKTOpA?

Kak HaliTn KOOpIMHATBI BEKTOPA, 3aJaHHOTO IBYMs TOUKaMu?
Kak HaiiTh 1iiMHy BEKTOpPA, 3aJaHHOIO0 CBOMMU KOOpAUHATAMHU?
3anuimure popmMyJIibl IeIE€HUs OTPE3Ka B JAHHOM OTHOIIEHHH.



7. Kak HaliTu cKalsipHOE MPOU3BE/ICHHE BEKTOPOB?
8. Kaxk HaiiTu BEKTOpHOE MPOM3BEICHUE BEKTOPOB?
9. Kak HaiiTu cMemaHHOE TMPOW3BEICHNE BEKTOPOB?

IIpakTnueckas padora Ne 19
Tema «CocTaBiieHre ypaBHEeHHS MPSAMON HA MJIOCKOCTH»

Lenb:HAYYNTHCS COCTABIATh YPAaBHEHUE IPSAMBIX, HAXOINUTH YIOJI MEXKIY
IIPSAAMBIMH, BBIIIOJIHATh TOCTPOEHHUS.

Bpemsa BbinosniHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckume ceegeHumA

2.3apaHune

3./lInctA4

4.Kanbkynatopel

MNopsapoK BbinoNHeHUA paboTbl
1.M3yunTb 3apaHue

2. U3yunTb TeopeTnyeckme ceeaeHuns

3. BbINONHUTL M 0POPMUTL paboTy
4.MoKa3aTb pe3ynbTaTbl NpenogasaTento
AomaliHee 3agaHue

1.MoaroToBUTb OTBETbI HA KOHTPO/IbHbIE BOMPOChHI
Xop, paboTbli

TeopeTnveckue cBeeHUA

YpaBHeHUe NPAMOM HA MJIOCKOCTH.

Onpenenenue. Jlrob6as npsimMas Ha TUIOCKOCTH MOXKET OBbITh 3ajjlaHa YpaBHEHHUEM
nepBoro nopsakaAx + By + C = 0,mpuueM noctosiHHble A, B He paBHBI HYJIIO
omHOBpeMeHHO, T.€. A% + B%£ (. DT0 ypaBHEHHE IIEPBOIO MOPAAKA HA3BIBAIOT
001IMM ypaBHEHUEM MPAMOM.
B 3aBucumocTtu oT 3HaueHni1 NOCTOSAHHBIX A,B 1 C BO3MOKHBI CIIEAYIOLINE
YaCTHBIE CITyYau:
- C=0,A#0,B=#0—npsamas npoxoauT yepe3 Ha4ajao KOOPAUHAT
- A=0,B#0,C=#0{By+ C =0} npsamas mapamuienpaa ocu Ox
- B=0,A#0,C#0{Ax+ C =0} — npsamas napamieiabHa ocu Oy
- B=C=0, A #0—npsmas coBnagaer ¢ ocbto Oy
- A=C=0,B#0-npsamas coBnanaer ¢ ocbto Ox
VYpaBHeHHE MPSIMON MOXKET OBITH IIPEJCTABICHO B PA3JIMYHOM BUJIE B
3aBHCHMOCTH OT KaKUX — JIM0O 3a/1aHHBIX HAYaJbHBIX YCIOBH.
YpaBHeHUe NPAMOM MO0 TOYKE U BEKTOPY HOPMAJIH.



Omnpeaesenune. B nekapToBoM NPAMOYTOJbHOW CUCTEME KOOPAMHAT BEKTOP C
KoMIoHeHTaMu (A, B) neprnieHAuKyIsIpeH MpsSMOW , 3aJJaHHON ypaBHEHUEM AX +
By +C=0.

IIpumep. Haiitu ypaBHeHue mnpsMoil, mpoxonsiieid uepe3 Touky A(l, 2)

HEPIEHIUKYIIPHO BekTOpy 7 (3, -1).

CoctaBum nipu A =3 u B = -1 ypaBHenue npsamoii: 3x —y + C =0. [l
HaxoxaeHus: kKodpdunrenta C moICTaBUM B MOJTYyUYEHHOE BhIpaKEHUE
KOOPJMHATHI 3aJTaHHON TOYKH A.

[Tonygaem: 3 — 2 + C =0, cnenoBarensrao C = -1.
Htoro: uckomoe ypaBuenue: 3x —y —1 =0.

YpaBHeHue nNpsAMoOi, Npoxoasiei yepes ABe TOUKM.IlycTs Ha TITOCKOCTH
3a7aHbl ABe TOYKU M1(X1, Y1) 1 M2(X2, Y2), TorIa ypaBHEHHE MPSMOM, TIPOXOISIICH
yepes 3TU TOUKH:

X—X — Y=Y
X=X Yo=Y

Ecnu xakoii- mu0o u3 3HaMeHaTeNnel paBeH HyJ0, CIeAYeT MPUPABHATEH HYIIIO
COOTBETCTBYIOIIUN YUCIIATEb.

3anuCcaHHOE BBILIE YPABHEHHE MPSIMOM YIIPOLIAETCA:

Yo~y
Yy=n :#(x_xl)

Xy =X
€CIIM X1 # X2 U X = X1, €CIIUX1 = X2.
Hpo6n 227N = K naseiBaercs YIJIOBBIM KO3 (PUIHUEHTOM IIPAMOM.
Xy =X

IIpumep. Haiitu ypaBHeHue npsiMol, mpoxozsuiei yepe3 Touku A(1, 2) u B(3, 4).
[IpuMeHsisi 3anMcaHHyI0 BhIIIE (GOPMYITy, TOJTyYaeM:

4-2
x—1
3_1( )

y=2=x-1

y=2=

x—y+1=0
YpaBHeHHe IPAMOIL 110 TOYKE M YIJIOBOMY KO3(pPpunuenry.

Ecnu o6miee ypaBuenue npsimoit Ax + By + C = 0 mpuBecTH K BUy:

A C A C
y =——x——H 0003HAYHTH _E:k’ _E:b’ m.e. Y =Kkx+b, TO IIOJy4E€HHOE

ypaBHEHHUE HA3bIBACTCS YPABHEHUEM MPSAMON ¢ yIJI0BbIM K03 uinueHToM



YpaBHeHUe IPAMOHM M0 TOYKE U HANIPABJIAIOILIEMY BEKTOPY.

[Io aHanornu ¢ MyHKTOM, PaCCMaTpUBAIOIIMM YPAaBHEHHE NPSIMOM 4Yepe3 BEKTOP
HOPMaJIM MO>KHO BBECTH 3aJaHUE NPSMOU 4epe3 TOUKY W HANPABIISIOMINN BEKTOP
IIPSAMO.

Onpenenenne. Kaxapiii HeHyneBOH BeKTOp d (01, 02), KOMIIOHEHTBI KOTOPOTO

YAOBIETBOPSIOT yciioBUO Ao + Boz = 0 Ha3bIBaeTCsl HaNpaBIIAIOIIMM BEKTOPOM
npssMoiiAx + By + C = 0.

IIpumep. Haiitn ypaBHeHHME TpsMOil ¢ HampasistomuM BektopoM d (1, -1) u
npoxondien yepes Touky A(l, 2).

YpaBHeHHE MCKOMOU MpsMmoi Oynem uckath B Bujae: AX + By + C = 0. B
COOTBETCTBHHM C OINpeAeNeHHueM, KOI(PPHUIMEHTb AOKHBI  yIOBIETBOPSTH
ycrmoBusMm: 1-A + (-1)-B=0, t.e. A=B.

Torna ypaBaenue npsimoi umeet Bua: AX + Ay + C=0, mm X +y + C/A = 0.

npu X = 1, y = 2 monmyuaem C/A = -3, T.e. ICKOMOE ypaBHCHHE:

x+y-3=0
YpaBHeHUe IPAMOM B 0Tpe3Kax

Ecnu B 06mem ypaBuenuu npsamoit Ax + By + C =0 C # 0, To, pa3ienuB Ha —

A B
C, monyuuMm: - —x——y =1 Ulu
C C

Y
—+==1,r1€¢
a b

a:—g, b:—g

A B

['eomeTpryeckuit cMbICT KO3()PHUIIMEHTOB B TOM, YTO KOAPPUIIUEHT a SBIAETCS
KOOPJMHATON TOYKH IepeceueHus mpsMoit ¢ ocbio Ox, a b — koopauHaTol TOUKH
nepeceyeHus npsimoit ¢ ocbto Oy.

Ipumep. 3anano obuiee ypaBHeHue npsimoit X —y + 1 = 0. Haiitu ypaBHeHue
ATOM MPSIMOM B OTPE3Kax.

C=1,-2+Y=1, a=-1, b=1
1 1
HopManbHoe ypaBHeHHE IPSIMOM.
Ecin o6e wactm ypaBuenus Ax + By + C = 0 pasgenurs Ha YHCIO

1
M =ft—————, KOTOPOC HA3BIBACTCS HOPMHUPYIOLIIEM MHOKHTEJIEM, TO II0JIYUYNM

VA + B?



XCOS@ + ysing - p = 0 —HopmanbHoe ypaBHEHWE NPAMOIA.

3HaK + HOPMHUPYIOIIETO MHOXKHUTENS HaJl0 BBIOUpPATh Tak, 4To0b! -C < 0.
p — AJIMHA NIEPIEHAUKYIISIPA, ONYIIEHHOIO U3 HayaJla KOOPAWHAT HA NPAMYI0, a ¢ -
yroi, 00pa3oBaHHBIA 3TUM NEPIEHIUKYJISIPOM C MOJIOKHUTEIbHBIM HallpaBICHUEM
ocu Ox.
IIpumep. Jlano oOmee ypaBHeHue npsimoit 12x — Sy — 65 = 0. TpeOyercs

HAIMUCATh PA3IMYHbIC TUIBI YPAaBHEHUN ITOU MPSMOM.

YPaBHEHHUE 3TOU IPSIMOU B OTPE3KAX:
X Y

+ =1
(65/12) (-13)

ypaBHEHHUE 3TON MPSIMOM € yIIIOBBIM KO3 HULIMEHTOM: (AeJIUM Ha 5)

y:2x—§:£x—l3.
5 5 5
HOPMAaJIbHOE YPAaBHEHUE MPSMON:
y:;—i 2x—iy—szo; cosp = 12/13; sing = -5/13; p = 5.

122457 13 137 13

CrnemyeTr OTMETHTb, UTO HE KAXKAYIO MPSAMYIO MOXKHO TMPEJCTaBUTh YPAaBHEHUEM
B OTpE3Kax, HalpuMmep, MpsMble, MapauiebHble OCSAM WJIM MPOXOJSIINE Yepes3
HA4aJo KOOpJAUHAT.
IIpumep. Ilpsmas oTcexkaeT Ha KOOPAMHATHBIX OCSX PaBHBIE MOJIOKHUTEIbHbBIE
orpe3ku. CoOCTaBUTh ypaBHEHHE TMpPSMOM, €clIM IUIOWAAb TPEYroJIbHUKA,
00pa30BaHHOTO STUMH OTPE3KAMH PaBHa 8 CM2,

VYpaBHeHUE IPAMON UMEET BUI: f+% =1,a=b=1; ab/2=8; a=4;-4.
a

a = -4 He MOJXOJUT IO YCIOBUIO 3a7aUH.

Hroro: %+%:1 mwmx+y—-4=0.

IIpumep. CocTaBuTh ypaBHEHUE MPSAMOM, poxofsmen yepe3 Touky A(-2, -3) u

Ha4daJI0O KOOpAMWHAT.

YpaBHeHue IpsaMoii umeet BUI: — 1 =2~ rrexi = y1=0; X2 =-2; Y2 = -3.
Xo =X Vo= N

=0 _y=0. X _ Y. 390

20 -3-0 -2 -3

Yroa Mexay npsiMbIMHM HA MJIOCKOCTH.



Onpenenenue. Ecnu 3agannl ase npsimbie Y = Kix + by, Yy = KoX + bz, T0 ocTpsrii
yroJl MEXK/Y STUMH MIPSIMBIMU Oy €T ONPENEIIATLCS KaK

@_h
1+ kk,

1ga =

JIBe mpsiMble apajjieibHbl, ecan Ki = Ko.

JIBe mpsiMble MePHEeHTUKYJISIPHBI, ecan K = -1/Ko.

Teopema.llpsavvie Ax + By + C = 0 u Awx + By + C1 = 0 napannenvhsi, ko20a
nponopyuoHaibhsl ko3gguyuenmor A1 = 1A, B1 = AB. Ecau ewe u C1 = AC, mo
npsaMble CO8NA0Aom.

KoopauHaThl TOYKHM NepecevyeHHsl JBYX NPAMBIX HAXOAATCS KaK pelieHue
CHCTEMBbI IBYX YpaBHEHUIA.

YpaBHeHue NPAMOH, NPOXOAsLIEH Yepe3 JAHHYI0O TOYKY HMePIeHINKYJIAPHO
nanHou npsimoil.Onpenenenne. [Ipsmas, npoxoasias yepe3 Touky Mi(X1, y1) u
NEPIICHIUKYJIIpHAs K IpsIMOi y = KX + D mpejcTaBisercs: ypaBHEHUEM:

1
Y= :_%(x_xl)

PaccrosiHue OT TOYKHU 10 IPAMOI.

Ecau 3a0ana mouxka M(xo, yo), mo paccmosinue oo npsamou Ax + By + C =0
|Ax0 + By, + C|
Jar e

[Mpumep. Onpenaenuts yroa Mexay npsamMeiMu: Y = -3X + 7; y = 2xX + 1.

onpedensemcs Kakd =

2-(3)|_

T~ =1; o¢=mn/4.

Ki=-3; ko=2 tg(pZ‘
IIpumep. Ilokazare, yto mpsameie 3x — Sy + 7 =0 u 10x + 6y — 3 = 0
HEePICHINKY ISIPHBL.

Haxomum: ki = 3/5, ko = -5/3, kiko = -1, crmenoBarenbHO, NpsSMBIC
HEPICHINKYISIPHBL.

Ipumep. Jlansr Bepmuubl Tpeyroabuuka A(0; 1), B(6; 5), C(12; -1). Haiitu
ypaBHEHHE BbICOTHI, POBEICHHOM 13 BepiinHbl C.

Haxoaum ypaBHeHue ctopoHsl AB: 2_3 = )5;—_11; % = yT—l ;4X =06y —6; 2x -3y +

3=0; y=%x+1.



Hckomoe ypaBHeHHUE BBICOTHI uMeeT Bua: AX + By + C=0ummy = kx + b.k =

3 _ 3
-5 Tormay = - 2% +b . T.k. BbICOTA IPOXOAUT yepe3 Touky C, TO €€ KOOpPANHATHI

YAOBIIETBOPSIOT JAaHHOMY YPaBHEHUIO: —1= —%12 +b,0tkyna b = 17. Uroro:

3
=——x+17.
4 2

OtBet: 3X + 2y — 34 =0.
3ajaHus K NPpaKTH4eCKOi padore

1. lanbl Bepuiunsl Tpeyrojabuuka ABC: 4(x,,y,), B(x,,v,) Clx,,y,) HaiiTu:

a) ypaBHeHUE CTOPOHBI AB;

0) ypaBHeHue BbicoThl CH;

B) ypaBHEHHE MeauaHbl AM;

r) ypaBHeHue o6uccexktpucsl BC;

1) Touky N nepeceuenust Mequanbl AM u BoicoTsl CH;

€) YpaBHEHHUE MIPSMOM, TpoXo/ el yepes BepmuHy C mapaielbHO CTOPOHE
AB;

K)yros mexay npsimeimu AB u AC.

Bapuantei | A(x,,y,) | B(x,,y,) | Clxsp,)
1 A(-24) |B@B1) |Ca0,7)
2 A(-3,-2) |B(14,4) | C(6.9)
3 A7) | B(3- |C(11,-3)
1)
4 A(1,L0) | B(-1,4) |[C(,5)
5 AL-2) [B(.1) |CB.7)
6 A(-2,-3) |B(1,6) |C(6 1)
7 A(4,2) | B(6 |C(6 2)
6)




8 A(4,-3) |B(7,3) |Cq,10)
9 A(4,- |B@8,2) [C(3,9)
4),
10 A(-3,-3) |B(5,-7) |C(7,7)
11 A(1,-6) | B3, [C(3,3)
4)
12 A(-4,2) |B(8,-6) |C(2,6)
13 A(-52) | B(0,- [C(5,7)
4)
14 A(4,-4) |B(6,2) |C(-1,8)
15 A(-3,8) |B(-6,2) |C(0,-5)
16 A(6,-9) |B(10,- |C(-4,1)
1)
17 A(4,1) |B(3,-1)|C(7,-3)
18 A (-4, 2) |B(6,-4) | C(4,10)
19 A(3,-1) |B(11,3) |C(-6,2)
20 A(-7,-2) | B(-7, 4) | C (5, -5)
21 A(-1,-4) |B(9, 6) |C(-5,4)
22 A (10,-2) | B (4,-5) | C(-3,1)
23 A(-3,-1) |B(4,-5) |C (8, 1)
24 A(-2,-6) |B(-3,5) |C (4,0)
25 A(-7,-2) |B(3,-8) | C(-4,6)
26 A(0,2) |B(-7,- |C(3,2)
4)
27 A(7,0) |B(1,4) |C(-8,-4)
28 A(1,-3) |B(0,7) |[C(-24)




29 A(-5,1) [B(8,-2) |[C(1,4)

30 A(2,5 [B(31) | C(0,4)

KoHTpoJsibHbIE BONPOCHI

3anuIInuTe ypaBHEHUS OCEW KOOPAUHAT.

OO1ee ypaBHEHHE MTPSIMOM.

VYcnoBue napamuieIbHOCTH U EPIIEHIUKYISIPHOCTH IIPSMBIX.
3anuIInuTe ypaBHEHUS NPSIMBIX, TapAJIIEIBbHBIX OCAM KOOPAMHAT.
Chopmynupyiite ycioBue napamieaIbHOCTH IPSIMBbIX.
Chopmynupyiite ycioBue neprneHANKYIIPHOCTH IPSIMBbIX.

Kaxk HaiiTh yros Mexay npsMbIMH?

Kak HaiiTh paccTOsAHUE MEXITY NPSIMBIMH?

LN ORwWDE

JlOnOJIHUTEeJIbHbIE 32/IaHUSA
2. PemiuTs ciaexyroniue 3a1avu

2.1. Haiftn ypaBHeHUE NPSMOM, MPOXOAIIEH Yepe3 TOUKY MepeceUCHUs
npsamMbix 3x -2y -7 =0 ux+ 3y -6 =0 u oTcexaromniei Ha 0Cu abCIMCC OTPE3OK,
paBHbIN 3. Omeem :x =3

2.2. Haiitu npoekuuto Touku A(-8, 12) Ha npsiMyto, MPOXOASIILYIO Yepe3
touku B(2, -3) u

C(-5,1). Omesem: A, (~12,5)

2.3. Naus! aBe BepuiuHbl TpeyronbHuka ABC: A(-4, 4), B(4, -12) 1 Touka
M(4, 2) nepeceuenus ero Bicot. Haiitu Bepmuny C. Omeem :C (8,4)

2.4 .HaiiTn ypaBHEHUE NPSAMON, OTCEKAIOLIEH Ha OCH OPANHAT OTPE30K,
paBHBIN 2, U MPOXOASIIEH TapauIeIbHO MPSIMON 2y - X = 3. Omeem : X —2y+4 =0

2.5. Haiitu ypaBHEeHHE NPSMOM, Npoxo el yepe3 Touky A(2, -3) u TOuky
nepeceyeHus NpsMbIX 2X -Y =5 ux+y = 1. Omeem:x =2

2.6. Jlokazats, uto uerbipexyroasHuk ABCD - tpanenus, eciiu A(3, 6), B(5,
2), C(-1, -3), D(5,5).

2.7. 3anucarb ypaBHEHUE NPSMOU, ITpoxosiuen yepe3 Touky A(3, 1)
nepneHaukyspHo k npsimoit BC, ecnmu B(2, 5), C(1, 0). Omsem:x+5y-8=0

2.8. Haittu ypaBHeHHE IPIMO#, Ipoxoasiiei dyepe3 Touky A(-2, 1)
napayiensHo npsimoit MN, eciut M(-3, -2), N(1, 6). Omesem :2x -y +5=0



2.9. HaiiTu TOUYKy, CUMMETpUYHYIO Touke M(2, -1) OTHOCUTENBHO NPSAMOU X -
2y +3 =0. Omsem :M{—g;?]

2.10. Haiitu Touky O nepeceueHus nuaronainei yereipexyroyibauka ABCD,

ecin A(-1, -3), B(3, 5), C(5,2), D3, -5). Omeem: Mo(s; %)

2.11. Yepe3s Touky nepeceueHus npsMeix 6x - 4y +5 =10, 2x+ 5y +8 =0
MIPOBECTH TPAMYIO, MapAIIICIbHYIO0 OCH a0CIIUCC. Omesem :y = —1

2.12. 3BectHbI ypaBHeHUs cTOpoHbl AB Tpeyrompanka ABC 4x +y =12,
ero BeicoT BH 5x - 4y =12 u AMX + y = 6. Hailtu ypaBHEHUS IBYX IPYTUX
ctopoH TpeyroabHuka ABC. Omeem :7x -7y -16 =0; 4x+5y-28=0

2.13. Jlans! nBe BepiuuHbl Tpeyroibauka ABC: A(-6, 2), B(2, -2) u Touka
nepeceuenus ero BeicoT H(1,2). Haiitu koopaunatsl Touku M nepecedeHust
ctoponsl AC u BeicoTel BH. Omeem :M (Egj

17 17

2.14. Haiitu ypaBHeHUSs BbICOT TpeyroibHuka ABC, mpoxoasuux yepes
BepimHbl A u B, eciiu A(-4, 2), B(3, -5), C(5, 0).

Omeem : TX+5y+2=0;9x+2y-28=0

2.15. BpruuciauTh KOOPAUHATHI TOYKH MIEPECECUCHUS MIEPIEHNKYIISIPOB,
MPOBEICHHBIX YEPE3 CEPEAUHBI CTOPOH TPEYTOJIbHUKA, BEPIIMHAMU KOTOPOTO

crysar touxn A(2, 3), B(0, -3), C(6,3). Omeem:M (3;-3

2.16. CocTaBuTh ypaBHEHHE BBICOTHI, TPOBEJICHHON Yepe3 BEPIIUHY A
tpeyronabHuka ABC, 3Has ypaBHeHus ero ctopod: AB - 2x -y -3 =0, AC -X + 5y
-7=0,BC-3x-2y+13=0. Omsem:2x+3y-7=0;

2.17. lan tpeyroapHuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
ypaBHEHHE U BBIUUCINUTH JJIUHY €r0 MEAUAHBI, MPOBEICHHON 13 BepinHbI C.
Omeem :2X+y+2=0; d :ﬂ ~131

V17

2.18. CocTaBuTh ypaBHEHHE NPSIMOi1, MPOXOASIICH Yepe3 Hayano KOOPAUHAT

Y TOUKY nepecedeHus npsambix 2x + 5y -8 =0u2x +3y + 4 =0.
Omegem :6x +11y = 0;



2.19. Haiitu ypaBHEHUS EPIEHIUKYISIPOB K TpsMoit 3x + 5y - 15 =0,

MPOBEJCHHBIX YEPEe3 TOUKH MEPECEUCHUS JAHHOM MPSIMOU C OCAMU KOOPAUHAT.
Omeem :5x -3y —25=0; 5x+3y+9=0;

2.20. lanpl ypaBHEHHUS CTOPOH YETBIPEXyroibHUKa: X -y =0, X +3y =0, X -
y-4=0,3x+y-12=0. Haiitu ypaBHEHUs €T0 IUATOHAIEN. Omeem:y =0; X =3

2.21. CocraBute ypaBHeHust meauanbl CM u BeicoTbl CK TpeyronapHuKa
ABC, eciiu A(4, 6), B(-4, 0), C(-1, -4).
Omeem : 7X—y+3=0-CM; 4x+3y+16 =0-CK

2.22. Yepes Touky P(5, 2) npoBecTu npsiMyto: a) OTCEKAIOUIYIO PAaBHbBIC
OTPE3KH Ha 0CAX KOOpJMHAT; 0) nmapamiensHyto ocu OX; B) MapamieIbHyI0 OCH
Oy. Omeem:x+y—-7=0; y=2; x=5

2.23. 3anucaTh ypaBHEHHE NPSIMOi, Mpoxoasiieil uepe3 Touky A(-2, 3) u
cocTaBJstoIIeH ¢ ochto Ox yroi: a) 45°, 6) 90°, B) 0°.
Omgem:X—y+5=0-CM; x+2=0;y-3=0

2.24. Kakyto opanHaTy umeet Touka C, Jiexkaiasi Ha OJIHOW MPsSIMOU ¢
toukamu A(- 6, -6) u B(3, -1) u umeromas adcuuccy, paBHyt0 3? Omeem:y =9

2.25. Yepes Touky nepeceueHus npsMbeix 2x - Sy - 1 =0ux+4y-7=0
MPOBECTH MPAMYIO, JEISIIYI0 OTPE30K Mexay Toukamu A(4, -3) u B(-1,2) B
OTHOIIECHUN = 2 /3. Omeem:2x—y—-5=0;

2.26. N3BecTHBI ypaBHEHHUS JIBYX CTOPOH pomba 2x -5y - 1 =0 u 2x - Sy - 34
= (0 u ypaBHEHUE OAHOU U3 ero nuaroHaneu x + 3y - 6 = 0. Halitu ypaBHeHuHe
BTOPOM JUATrOHANU. Omeem :3X—Yy —23 =0;

2.27. Haiitu Touky E nepeceuenus MmeanaH TpeyroibHUKa, BEpIIMHAMU
KoTOpOro spistorcs Touku A(3,1), B(7, 5) u C(5, -3). Omsem :E(3;1)

2.28. 3anucaTh ypaBHEHHS IPSIMBIX, MPOXOAsIIKNX yepe3 Touky A(-1, 1) mox
yriioM 45° k npsimoit 2x + 3y = 6. Omeem :x -5y +6=0; 5x+y+4=0

2.29. lansl ypaBHeHUs BbICOT TpeyroibHuka ABC 2x -3y + 1 =0, x + 2y + 1
= 0 u koopaAuHaTHI ero BepunHbl A(2, 3). Haittu ypaBuenus cropon AB u AC
TPEYroJabHUKA. Omeem :2X—Yy—-1=0-AB; 3x+2y-12=0-AC

2.30. [Janbl ypaBHEHUS JBYX CTOPOH Mapamienorpamma x -2y =0,x-y-1=
0 u Touka nepecedyenus ero quaroHaieit M(3, -1). Haiitu ypaBHeHUs 1ByX Apyrux
CTOPOH. Omgem:X—y—-7=0;, x-2y—-10=0



IIpakTuueckas padora Ne 20

Tema «CocTaBiieHre ypaBHEHH KPUBBIX BTOPOT0 NOPSIAKA (OKPYKHOCTH,
3JUIHIICA, THIIEPOO0JIbI, MapaldoJibl)»

Ilesb: mpoBEpUTH YPOBEHD YCBOEHHUSI MaTepHaia IO COCTABICHUIO YPABHEHUN
KPUBBIX BTOPOTO MOPSIIKA (OKPYKHOCTH, SJUTHIICA, TTApa0OJIbI, THITEPOOITHI).

Bpemsa BbinosniHeHUA 90 MUHYT

MartepuanbHoe obecneueHue
1.TeopeTnyeckume ceegeHumA

2.3apaHune

3.JiuctA4

4.Kanbkynatopel

MopsapoK BbinoNHeHUA paboTbl
1.3yunTb 33agaHue

2. U3yunTb TEOpeTUYECKME CBEAEHUA

3. BbinonHUT 1 odopmuUTb paboTy
4.MoKasaTb pe3ynbTaTbl NpenoaasaTento
JdomawHee 3apaHne

1.MoArotoBUTb OTBETHI HA KOHTPO/IbHbIE BOMPOCHI
Xoa paéoTbl

Teopernveckue cBeeHU

Kpusasi BToporo nopsiika Mo:;ker ObITh 32/1aHA yPAaBHEHUEM
Ax?+2Bxy + Cy?+ 2Dx + 2Ey + F = 0.

CymiecTByeT cuctemMa KoopauHAT (He 003aTeNbHO JEKAPTOBA MPSIMOYTOJIbHAS),
B KOTOPOH JaHHOE ypaBHEHUE MOKET OBITh MPECTABICHO B OJHOM U3 BUJIOB,
MIPUBEACHHBIX HUXKE.

2 2

1) z—z + 2}—2 =1 - ypaBHEHHE SJUIUIICA.



2 2
X
2) X 4 Y __1- ypaBHEHHE “MHHMOI0” 3JUTUIICA.
2 b2

3) z—z —~ ;—j =1 - ypaBHEHHE TUIEPOOIIBI.
4) a?x? — c?y? = 0 — ypaBHEHHE [BYX IEPECEKAIOMIUXCS IPAMBIX.
5) y? = 2pX — ypaBHeHHE apaboIbL.
6) y*—a? =0 — ypaBHEHHE ABYX NAPAIIENbHBIX MPAMBIX.
7) y? + a2 = 0 — ypaBHEHHE ABYX “MHHMMBIX" APAIUICIbHBIX IPIMBIX.
8) y? =0 — mapa COBIaJaOIUX IPSAMBIX.
9) (X —a)?+ (Y —b)?> = R?— ypaBHeHHE OKPYKHOCTH.
OKpYy:KHOCTB.

Omnpenenenue. OxpyoicHocmvio HA3bIBAETCSI MHOXKECTBO TOYEK IIJIOCKOCTH,
PaBHOYIAJICHHBIX OT TAHHOW TOYKH (yermpa).
B okpy:xHocTH (X — a)? + (Y — b)? = R?(1) uentp umeer koopauHatsl (a; b).
IMpumep. Haitu koopauHATBI LEHTpa U PagUyC OKPYKHOCTHU, €CIH €€

YPaBHCHHUC 3a1dHO B BUAC:
2x%2+2y? —8x + 5y -4 =0.

JIJ1s1 Hax 0K JIeHNs KOOPAMHAT LIEHTPa U pajinyca OKPYKHOCTH JAHHOE
ypaBHEHHE HEOOX0AMMO IpuBecTH K BHy (1)J17151 9TOT0 BBIACIMM IMOJIHBIC
KBaapaThbI:

X2+y?—4x+25y-2=0

X2 —4x+4 -4 +y*+25y+25/16 -25/16 -2 =0
(X —2)2+ (y+5/4)?-25/16 -6=0
(X —2)% + (y + 5/4)? = 121/16
Otcroma Haxoqum O(2; -5/4); R =11/4,
DJLIIHIIC

Onpenenenune. Oniuncom HA3BIBAETCS MHOXKECTBO TOYEK IUIOCKOCTH, CyMMa
PacCTOSIHMM KOTOPBIX JIO JBYX JIaHHBIX TOYEK, HA3bIBAEMBIX (hoxycamu, €CTh
BEJIMYMHA MMOCTOSIHHAS, paBHas 2a.

YpaBHEHHE DIIUIICA UMEET BUJ:

2 2
Xy
—2+b—2:1

N

Onpenenenune. ®oKycaMu Ha3bIBAIOTCS TAKUE JIBE€ TOUYKH, CYMMa PACCTOSIHUI OT

KOTOPbIX A0 JFO00M TOYKH DJUIUIICA €CTh ITOCTOSHHAS BEJIMYMHA.

y

N




rieMr,

-a FIO R a X

F1, F2 — dokycer. F1=(c; 0); Fa(-c; 0)

C — TIOJIOBMHA PACCTOSHUSA MEXKTy (POKycaMu;

a — OoJpIIIast IOJIYOCh;

b — Majas moiyoch.

DoxycHoe paccmosnue u noayocCu dAIUNCA C6A3aHbl coomuouenuem a2 = b? + c2,

,Z[OKa:iaTeJIbCTBO: B clydac, CCJIM TOYKa M HaxoauTcsa Ha IMCPCCCUYCHUHA

SJUTHIICA C BEPTHKAIBHOM OCBIO, I + 2 = 24/ +¢” (mo teopeme ITudaropa). B
clIy4ae, eciau Touka M HaxoJWTCS Ha IEPECEUCHHUM DJUIMIICA ¢ TOPHU30HTAIBHOMN
OChIO, ' + I'2 =a —C + a + C. T.x. no onpeneneHnro cymma i + 2 — NOCTOSTHHAs
BEJIWYMHA, TO , IPUPABHUBAs, [IOJIY4aEM:

a?=b?+ c?

r+r; = 2a.

Onpenenenne. dopma »>UTUIICA ONMPEACTACTCS XapaKTCPUCTUKOH, KOTOpas
SIBJIICTCSI OTHOIICHHEM (POKYCHOTO PACCTOSHUS K OOJBIICH OCH M Ha3bIBACTCS
IKCHEHTPHCUTETOM.

e=c/aTk.c<a,toe<]l.

IIpumep. CocTaBUTh ypaBHEHUE NPSIMOM, MPOXOASIIEH yepe3 JIeBbId (HOKyC U

2 2

X
HWXHIOKO BECPHIMHY JJIJIMIICA, 3aJIdHHOI'O YPABHCHUCM: 2—5 + Y =1.

16
1) Koopaunatel HuxHel Bepmuses: X = 0; y? = 16; y = -4,
2) Koopaunartel nesoro dokyca: ¢>=a2—hb?=25-16=9; ¢ =3; F(-3;0).
3) YpaBHEHHE IPSIMOM, TIPOXOSINEH Yepe3 ABE TOUKH:

x-0 =y+4; i:y+4; 4x=—3y—12; 4x+3y+12=0
“3-0 0+4 -3 4

IIpumep. CoctaBuTh ypaBHEHHUE uIUICa, eciiu ero gokycel F1(0; 0), F2(1; 1),

OoJbIIast OCh paBHa 2.



2 2
X

5+

YpaBHEHME JIUTATICA UMEET BUL: =1. PaccTtosinue Mexy Qokycamu:

Q
®|‘<
(3]

2¢ = \J1-0)> + (1-0)* =~/2, Takum o6pazom, a> —b? = c? =Y

10 YCIIOBMIO 2a = 2, cinenoBarenibio a = 1, b = va® —¢” =+1-1/2 = J2/2.

2 2

Hroro: x—2+y— =1

1/2
I'mnepooaa.

Onpenenenue.l'unep600i Ha3pIBa€TCSI MHOXKECTBO TOYEK IUIOCKOCTH, JIJIA
KOTOPBIX MOJYJIb Pa3HOCTH PACCTOSHUM OT JBYX JaHHBIX TOYEK, HA3bIBAEMBIX
(oxkycamm ecTb BeJIMYMHA MOCTOSIHHAS, paBHAsi 2a, MEHbILIAsl PACCTOSIHUSL MEXK]Y

dbokycamu.

[To onpenenenuro Iri—r2l=2a Fi, Fa— dboxkychl Tunepoonsl. FiF, = 2c.




2 2
X
2

=1 KAaHOHHUYECKOoe YpaBHEHHE rnnepﬁo.mﬂ.

Q
®|‘<
(3]

['unepbosia cCHUMMETpUYHA OTHOCUTEIBHO CEPEIUHBI OTPE3Ka, COEIUHSAIOIIErO
(OKyCHI M OTHOCUTENBHO OCel KOOpAMHAT.

Ocpb 2a Ha3bIBaeTCH 1eHiCTBUTEIbHOI 0CHI0 TUNEP00JIbI.

Ocb 2b Ha3bIBaeTCsl MHUMOIi 0CbIO THIIEPOOJIBI.

2¢ — ¢okycHOe paccTosiHUE

DokycHoe paccmosnue u noIyocu 2unepobobl C8a3aHbl COOMHOULEHUEM
c®=a’+b?

['unepOomna uMeeT JIB€ aCUMIITOThI, YPABHEHUSI KOTOPBIX y = igx_

C
OTHOIIEHHE e =—>1 Ha3bIBACTCS IKCHECHTPUCUTETOM FI/IHCp6OJ'IBI, rp¢ ¢ —
a

MIOJIOBUHA PACCTOSHMS MEXIY (QOoKycamu, a — IeicTBUTENbHas nonyock. Ilpumep.

Haiitu ypaBHeHue rumnep0Oosbl, BepIIMHBI U (OKYChl KOTOPOM HaxoHdsTCs B

2 2
X
COOTBETCTBYIOIIUX BEpIIMHAX U (HOKycaxX dIUIHIICA < + y? =1.

Jlns snnunca: ¢ = a2 — b2,

Jlis runep6ousl: €2 = a2 + b2,

— b7
N

—
N
J

V8 V8

2 2
X
VYpaBHeHUE TUNepOOJIbL: ER 1.

IIpumep. CocTaBUTh ypaBHEHUE TUIIEPOOIIbL, €CIIH €€ SKCUEHTPUCUTET PaBEeH 2, a

2 2

X
(boKycChl COBIaalOT ¢ (OKyCaMH ILUIUIICA C YPABHECHUEM — + R
25 9



Haxonum poxycHoe paccrosuue ¢2 = 25 -9 = 16.
Jnsrunepbonsl: ¢2 = a2+ b?=16, e=cla=2;c=2a;, c>=4a% a’=4;
b2=16-4=12.

2 2

Hroro: % — )1}—2 =1 - ICKOMOE ypaBHEHHE TUTIEPOOJIBI.

Ilapa6oJia.

IIapa0oJ10i1 HA3bIBAETCSA MHOYKECTBO TOUYEK IUIOCKOCTH, KAXKAAas U3 KOTOPBIX
HAXOJIUTCS HA OJIMHAKOBOM PACCTOSHUM OT JAHHOW TOYKH, Ha3bIBaeMOM (POKycoM,
U OT JTaHHOW MpsIMO#, HA3bIBAEMOM TUPEKTPUCON U HE Tpoxosiiel yepe3 Hokyc.

PacronoxuM Hayano KoopaAuHAT ocepeuHe MeXAY (DOKYCOM U TUPEKTPUCOM.

A

p/2 p/

Bemuuuna p (paccrossHue oT (okyca 0 JUPEKTPUCHI) HA3BIBACTCS
napamMeTpoM mapaboiibl. BeiBegeM KaHOHUYECKOE YpaBHEHHE MapadoIIbl.
W3 reomerpuueckux cootnomrenuii: AM = MF; AM =X + p/2;
MF? = y2 + (X — p/2)?
(X +p/2)? = y* + (X — pl2)®

X2 +Xp + pl4 = y? + X% — Xp + p?l4

y? = 2px
YpaBHEHHE TUPEKTPUCHL: X = -P/2.
Ipumep. Ha mapabGonme y> = 8X HaliTH TOYKY, pAaCCTOSHHE KOTOPOM OT

JTUPEKTPUCHI PABHO 4.



W3 ypaBHeHuUs1 napadoJibl OIyYaeM, uto p = 4.
I = X + p/2 = 4; cnenoBaTenbHO:
X=2; y>=16; y=+4. Uckomsle Touku: Mi(2; 4), M2(2; -4).

Ipumep. Jlana mapa6ona y> = 6x. COCTaBUTh ypaBHEHHE €€ JUPEKTPUCHI U
HalTH ee PoKyc.

CpaBHUBasi JaHHOE YypaBHEHHE C KAHOHWYECKUM YpaBHEHHEM MapaloIibl,

BUIUM, 4TO 2P=6, p = 3. Tak Kak ypaBHEHUE AUPEKTPUCHI UMEET YpaBHEHUE X =

— g, a oKyC — KOOpANHATHI g u 0, TO 71 paccMaTpUBaeMoOro ciydasi moJy4um
3 3
YPaBHEHHE TUPEKTPUCHI X = — U doxyc F(E; 0).

Omeem:x = — %, FG; 0).

3ajaHus NpakTH4YecKo padoThI
1. CocTaBuTh KAHOHUYECKUE YPABHCHUS:

a) ayurica; 0) runepOoJibl; B) mapabosisl (A, B - Touku, jgexarniue Ha
KpuBOH, F - Gokyc, a - Gomnbias (IeicTBUTENBbHAS) MTOTYOCh, b - Manas (MHUMAas)
HOJIyOCh, € - SKCLIEHTPUCHUTET, y=+kX - ypaBHEeHUs1 acUMNTOT runepOousl, D -
JTHUPEKTPHCa KPUBOHA, 2¢ - (POKYCHOE PacCTOSHHE).

Bapuanr umnce I'mnep06oJia ITapadoaa
1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4
2. b=2,F(4+2,0) a=7,¢e=A85/7 D:x=5
3. A(3,0), B2, +5/3) |k=3/4,¢=5/4 D:y=-2

4. e=21/5, A(-5,0) | A(+f20, 3), B(446,3./2) [D:y=1

5. 2a=22,e=57/11 |k=2/3,2c= 10,13 ock cummerpun OX 1
A(27, 9).

6. b=15,e=410/25 | k=3/4,2a=16 ock cummeTpun Ox u
A4, -8).

7. a=4,F=(3,0) b = 2.f10, F(-11, 0) D:x=-2




8. b=4,F=(9,0) a=15,e=7/5 D:x=6
9. A0, +3), B({14/3 | k= 421/10,e=11/10 D:y=-4
1)
10. £ ="7/8, A(8,0) A3, -+3/5), B(413/5 D:y=4
16)

11. 2a=24,e=22/6 | k= .,2/3,2c=10 ock cummerpun OX u
A(-7, -7).

12.  |b=2e=529/20 |k=12/13,2a=26 och cummeTpun OX U
A(-5, 15).

13. a=06, F(-4,0) b=3, F(7,0) D:x=-7

14 |b=7,F,0) a=11,e=12/11 D: x = 10.

15. A(-17/3, 1/3), k=1/2,e=-5/2 D:y=-1

B(~21/2, 1/2);

16. | &=3/5A(0,8) A(+6,0),B(-2+2, 1) |D:y=9

17. 2a=22,£=10/11 | k= 11/5,2¢c=12 ock cummerpun OX u
A(-7,5).

18. b=35,e=12/13 k=1/3,2a=6 ock cummetpun Oy u
A(-9, 6).

19. a=9,F(7,0) b =6, F(12,0) D: x =-1/4

20. b =5, F(-10,0) a=9,e=4/3 D:x=12

21. | A(0,-2), B(15/2, |k=2410/9,£=11/9 D:y=5

1)




22.  |e=2/3,A(-6,0) A(+g,0),B(+20/3,2) |D:y=1

23. 2a=150,e=3/5 k= .25/14,2¢c =30 ock cummeTpun Oy u
A4, 1).

24. b=2.15,e=7/8 k=5/6,2a=12 ock cummeTpun Oy u
A(-2, 3./2).

25. | a=13, F(-5, 0) b = 44, F(-7, 0) D: x=-3/8

26. |b=7,F(13,0) b =4, F(-11, 0) D: x =13

27. | A(-3,0), B(1, K= \23, 6= 4153 D:y=4

Ji512)

28.  |e=5/6,A(0, +11) |A(32/3,1),B(/8,0) |D:y=-3

29. 2a=30,e=17/15 |k=.17/8,2c=18 ock cummeTpun Oy u
A(4, -10)

30 b= 2/2,e=7/9 k=.2/2,2a=12 ock cummerpun Oy

u A(-45, 15).

2. 3anucaTth ypaBHeHHe OKPYKHOCTH, NPOXO/silleil yepe3 yKa3aHHbIe TOUKHU U

HMemleil HeHTP B TOYKe A.

2.1. Bepmmnsl runepbonsr 12x2 - 13y? = 156, A(0, -2).

2.2. Bepumnsl runep6oist 4x2 — 9y? = 36, A(0, 4).

2.3. ®okycel runepboms 24y? — 25x? = 600, A(0, -8).

2.4.0(0, 0), A - Bepmmaa mapabonsl y2 = 3(X - 4).

2.5. ®okycel smmnca 9x2 + 25y% = 1, A(0, 6).

2.6. JIesslit Qokyc runepoons 3x% — 4y? = 12, A(0, -3).

2.7. ®oxkycel smmmnca 3X? + 4y? = 12, A - ero BepxHss BepLIUHA.




2.8. Bepmuny runepbons x? - 16y% = 64, A(0, -2).

2.9. ®oxkycsl runepbonsl 4x2 - 5y% = 80, A(0, -4).

2.10.
2.11.
2.12.
2.13.
2.14.
2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

0O(0, 0), A - BepmHa napabonsl y? = - (x +5)/2.

Ipaseiii Gokyc smammca 33x2 + 49y? = 1617, A(1, 7).
JleBriii pokyc runep6ois 3x? - 5y? = 30, A(0, 6).

doxkycel smumanca 16x% - 41y? = 656, A - ero HUXHsS BEPILUHA.
Bepmmny runepooinsl 2X% - 9y? = 18, A(0, 4).

dokycel tunepbonsl 5x% - 11y? = 55, A(0, 5).

B(1, 4), A - Bepimna napa6oinsl y2 = (x - 4)/3.

JleBnlii pokyc smmmnca 3x2 + 7y? = 21, A(-1, -3).

JleByro BepumHy runep6oisl 5x2 — 9y? = 45, A(0, -6).
dokycel >mmnca 24x? — 25y% = 600, A - ero BepxHss BEpIIUHA.
[IpaByro BepmuHy runepbonsl 3X% - 16y? - 48, A(1, 3).
JleBbIit Qokyc runep6onnt 7X% - 9y? = 63, A(-1, -2).

B(2, -5), A - Bepmuna napa6oinsr x> = -2(y + 1).

[Ipassrii Qokyc smmmnca X* + 4y? =12, A(2, -7).

[Ipasyro Bepmuny runepbonsr 40x2 - 81y? = 3240, A(-2, 5).
®oxkycel smmnca X2 + 10y? = 90, A - ero HUXHss BEPIIUHA.
IIpaByro BepmmMHy runepoosl 3X% - 25y% = 75, A(-5, -2).
doxycel runep6onst 4x% - 5y% = 20, A(0, -6).

B(3, 4), A - Bepmmna napabonsl y2 = (x + 7)/4.

Jlesniit pokyc smmrca 13x2 + 49y? = 837, A(1, 8).

[Ipasblii poxyc rumepOomn 57X2 - 64y? = 3648, A(2, 8).

KoHTpoJibHBIE BOIPOCHI

1. 3anuiMTe KAaHOHUYECKOE YPaBHEHUE JLIUIICA.
2. 3anuimMTe KAaHOHMYECKOE YpaBHEHUE TUIIEPOOJIBI.



3. 3anumuTe KAaHOHMYECKOE YpaBHEHUE apadoIIbl.
4. Yrto Ha3bIBAETCA SKCUETPUCUTETOM 3JUIHICa?
5. 3anmummuTe ypaBHEHHsI ACUMITOT TMIEPOOIIBI.

IleyaTHbIe H31aHUA

1. I'puropwe B.I1. DnemenTts! Boiciiel maTeMatuku. —M.: OUL] «AkagemMusi»,
20109.

2. I'puropreB B.II. COopHuK 3amau 1o BbICHIEH Maremaruke: Yuel. mocobue
s crynerToB yupexa. CIIO / B.ILI'puropses, T.H.CabypoBa. — M.:
W3narenbckuii neHTp «Akagemusi», 2020. — 160 c.

3. Cempix U.10., I'pebenmuxo FO.b., [llesenes A.}O. MatemaTuka: y4eOHHK
u ipaktukyM st CI1O M.. UznatensctBo FOpaiit. 2019.-443 c.

JIeKTPOHHbIE U3aHM (3JIEKTPOHHBbIE PeCypChl):
http://school-collection.edu.ru/
. http://fcior.edu.ru/
http://college.ru/matematika/
http://www.mce.su
http://www.exponenta.ru
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