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1. IlacmopT KOMIJIEKTA KOHTPOJIbHO-U3MEPUTEIBHBIX MATEPUAJIOB
B  pesynprate  OCcBOeHMs ~ y4eOHOM  AMUCLUIUIMHBL  «Mamemamukay

oOyyaromuiicsi aofikeH o6nanath npeaycMorpeHHbiMu PI'OC mo cnenuaibHOCTH
CIIO 15.02.14 OcHameHnne cpeACTBAMH AaBTOMATHU3AIMM TEXHOJOIMYECKUX
NpOLECCOB M NMPOM3BOACTB (M0 OTPACHAAM)CICAYIOIMUMH YMEHUSIMHU, 3HAHUSIMU,
KoTopble  GOpMUPYIOT  NpOo(PEecCHOHATBHYIO  KOMIIETEHIIMIO, W OOIUMU
KOMITETEHUIUAMM:

Ymenns (Y):

VYV 1 - BBINOJNHATH ONEpalMy HaJ MaTpUUAMHM U pPEIIaTh CUCTEMbI JIMHEHHBIX
YPaBHEHUM;

VY 2 - pewmarh 3a1ayd, UCHOJb3Yys YPAaBHEHUS NPSIMBIX U KPUBBIX BTOPOTO
NOPSIIKA Ha IUIOCKOCTH;

VY 3 - npumeHsATh MeTOABI TU(PPEPEHIINATBHOTO U UHTETPATIbHOTO UCUUCTICHUS
(GyHKIUH C OJTHON NIEPEMEHHOM;

VY 4- npumeHsaTbh MeToabl AudPEepeHITUaTLHOTO U HHTETPATLHOTO UCUHCIICHUS
(GYHKIIUNA HECKOJIBKUX TEePEMEHHBIX;

VY 5 - pematpb quddepeHnuanbHple YpaBHSHHUS;

VY 6 - moJIb30BaThCS MOHSATUSAMH TEOPUHU PSIJIOB.

VY 7- n051b30BaThCA MOHATUSIMU TEOPHUU KOMIUIEKCHBIX YHCE;
3nanus (3):

3 1- 0CHOBBI MAaTEMaTHYECKOTO aHAIIN3a, JIMHEWHOHN alreOphl 1
AHAJINTUYECKOW T€OMETPUU;

3 2- ocHOBHI (G EepeHITNATBHOTO U UHTETPATILHOTO UCUNCICHUS (YHKIIUN C
OJIHOM NIEPEMEHHOM;

3 3- ocHOBHI U] hEepeHITNATBHOTO U UHTETPATILHOTO UCUNCICHUS (YHKIIUN C
JBYMs IEPEMEHHBIMH;

3 4-0CHOBBI TEOPHUH PSI/IOB.

3 5- OCHOBBI TEOPUHU KOMITJICKCHBIX YUCET,

OK 1 Beibupats criocoObl pemieHust 3a1a4d npohecCHOHATBHON e TEIHHOCTH
MIPUMEHHUTENIBHO K PA3JIUYHBIM KOHTEKCTaM
OK2 OcymecTBiarh MOUCK, aHAIW3 M HMHTEPIPETALUI0 UHOOpMaINH,

HEO0OXOUMOM /ISl BBITIOJIHEHUS 3a7a4 Npo(ecCuoHanbHON AesITeIbHOCTH



OK 9 Ucnonp3oBaTh MHPOPMALMOHHBIE TEXHOJIOTUU B MPOPECCUOHATIBHON
NesATENbHOCTH

OK 10ITonb30BaThCA npodeccuoHaIbHON JIOKYMEHTaIUEn Ha
roCy/1apCTBEHHOM U MHOCTPAHHOM S3bIKaX

OCHAIIIEHUE CPEeACTBAMH aBTOMAaTH3aIMU TeXxHoJornueckux npoueccon(11K)

[IK 1.3 TIpoBoaHuTHh BUPTYyaJIbHOE TECTUPOBAHUE Pa3pabOTaHHOW MOJEIH

AJIEMEHTOB CUCTEM aBTOMATHM3allMU JIJISl OLICHKU (PYHKIIMOHATIBHOCTH KOMIIOHEHTOB

[IK 1.4 ®opMupoBath MakeT TEXHUUYECKON JOKYMEHTAllUM Ha pa3paOOTaHHYIO
MOJEJb 3JIEMEHTOB CUCTEM aBTOMAaTU3ALUU

[IK 2.3 TIpoBOAUTH HUCTIBITAHHUS MOJEIH DJIEMEHTOB CUCTEM aBTOMATU3AllMU B
peaNbHBIX YCIOBUAX C LIENBI0 MOJATBEPKACHUS PabOTOCIOCOOHOCTH U BO3MOXKHOU
ONTUMU3ALUN

I[IK 4.3 Opranu3oBbiBaTh padOThl IO YCTPAHEHHUIO HEMONAI0K, OTKAa30B
000py10BaHUS U PEMOHTY CUCTEM B paMKax CBOEH KOMIIETEHIIUU

dopmotii aTTecTaIu o yaeOHOU TUCTIATLTAHE SIBIISIETCS
nudepeHITMpOBaHHbBIN 3a4eT.



2. Pe3yabTaThl 0CBOCHHMS Y4eOHOI IMCUMILVINHBI, NOAJIe/KALINeE IPOBEpPKe

2.1. B pesynbrate arrectauMd 1O Y4€OHOM JAMCUMIUIMHE OCYUIECTBISAETCS

KOMIUIEKCHAs NPOBEpPKa CIEAYIOMMX YMEHHU UM 3HAHUW, a TakXKe JIUHAMHUKA

(dbopMupoBaHUs OOIIUX KOMIETEHIUH:

Pe3yabTaThl 00y4eHus:
yMeHHs, 3HAHUA U 001ue
KOMIIeTEHIINH

IToka3zaTesn OHEHKH
pe3yJbTaTa

DopMa KOHTPOJISA
U OLlCHUBaHMSA

YMmerh:

Y 1 - BbINONIHATH ONEpaLUK
HaJl MaTpULIAMU U peuIaTh
CHUCTEMBI JIMHEUHBIX
YPaBHEHUM.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICATEIILHOCTb,
BBIOMpATH TUTIOBBIE METO/IbI U
CIIOCOOBI BBITIOJTHEHUSA
npodeccruoHaIbHBIX 33124,
OIIeHUBATh X AP PEKTUBHOCTH
M Ka4eCTBO.

- BrinmosiHeHue aeiicTBUM HaJ
MAaTpUIIAMHU: CJIIOKEHUE,
BBIYMTAHUE, YMHOKEHHUE,
YMHOKEHUE MaTPUIIbl Ha
YUCII0

-Beruncienue onpenenuTenei
- Pemmrenne cucremM JIMHEHHBIX
YPaBHEHUH METOJIOM
00paTHOM MaTpPHUIIBI

- Pemenue cuctem JIMHEMHBIX
ypaBHEHUM 1Mo popmMynam
Kpamepa

- Pemenue cuctem JIMHEMHBIX
ypaBHeHU MeToAoM [aycca.

YcTHBIN onpoc,
CaMOCTOSITeITbHBIE
paboThI;
NPAaKTHYECKUE
paboThI, IK3aMEH

¥ 2 - pemiath 3324w,
UCIIOJIb3Ysl YPaBHCHUS
MPSIMBIX U KPUBBIX BTOPOTO
MOPSIAKA HA IIIOCKOCTH.

OK 2. Opranu3oBsIiBaTh
COOCTBEHHYIO JICSITCIHPHOCTD,
BBIOMPATH TUIIOBBIE METOBI U
CIIOCOOBI BHITIOJTHEHUS
npo¢eCCHOHANILHBIX 3a]1a4,
OIICHMBATh UX

3 PEKTUBHOCTHH KA4€CTBO.

- BrimosiHeHne neficTBUM HaxQ
BEKTOpPaMHU: CJIOKEHUE U
BBIYMTAHUE BEKTOPOB,
YMHOKEHHE BEKTOPA HA YHCIIO
- HaxoxieHue ckayisipHOro,
BEKTOPHOTO M CMEIIAHHOTO
MPOU3BEACHUS BEKTOPOB

- CocTaBieHue ypaBHEHUI
NPSMBIX U KPUBBIX 2 MOPSJIKA,
UX TTOCTPOCHUE

YcTHBIN ompoc,
CaMOCTOSITEJIbHbIC
paboThI;
MPaKTUYECKUE
paboThI




¥ 3 - npUMEHATh METOIbI
nudpepeHuanbHOTO U
HMHTErPAIbHOTO UCUUCIICHUH
U1t QYHKIMH ¢ OTHOM
MIEPEMEHHOU

OK 2. Opranu3oBbIiBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOHPATh TUTTOBBIC METOJIbI U
CIOCOOBI BBITTOJIHEHHUS
npodeccuoHaIbHbIX 3374,
OLICHUBATh UX 3PPEKTUBHOCTD
M Ka4eCTBO.

-Beruncnenue npeaena
(yHKUMU B TOUKE U B
OECKOHEUHOCTH

- UccnenoBanue pyHKIUM HA
HENPEPHIBHOCTH B TOUKE
-OnpeneneHue BU10B TOUEK

pa3psiBa- HaxoxaeHue
POU3BOJIHON (DYHKIIMHU-
Haxoxzaenue mpon3BogHON
CJIOKHOM (PyHKIIUU-
[IpuMeHeHue npasuiia
JlonuTans A1t BBIYMCICHUS
IIPEAEIIOB

-Pa3yioxxenue aneMeHTapHbIX
bynkuuit B psan Teinopa u
IpUMEHEHUE JIJIST HaX0XKICHUS
npenenoB- Jlorapupmuyeckoe
nuddepeHnmpoBanue -
Hccnenosanue GyHKIUY C
IIOMOIIBIO TPOU3BOIHON U
HOCTpOEHUe rpadu

- Haxoxneunue
HEONPEACICHHBIX HHTETPAJIOB
(HEmoCpeCTBEHHOE
WHTErPUPOBAHUE ,
UHTErPUPOBAHUE
MMOJICTAHOBKOM ,
UHTETPUPOBAHKE T10 YACTSIM )
-UuaterpupoBanne GyHKINM,
coAepKalrX KBaJIpaTHbIN
TPEXWIEH -
HNuTterpupoBanue
parMOHABHBIX (DYHKITHIA

- UnTerpupoBanue

palMoOHaIbHBIX APOOeii-
HNuTterpupoBanue
TPUTOHOMETPUUYECKUX
bynkuuit-UarerpupoBanue
UPPAMOHATHHBIX ()YHKITUH-
Boluncnenue onpeaeneHHbIX

YcTHBIN onpoc,
CaMOCTOSITEIbHBIC
paboThI;
PaKTUYECKUE
paboThI, SK3aMEH




uHTerpano-HecoOCTBEeHHbIE
UHTETpabl-Borancnenue
riomaaen Guryp ¢ moMoImIbo
OIPEJIETICHHOI0 UHTErpaa-
JnuHa nyru-dusnyeckoe
IPUIOKEHHUE OIPEIEeIEHHOTO
UHTErpajia

Y 4- npuMeHATh METObI
¢ depeHnrnasbHOro 1
UHTETpajbHOTO UCUUCIICHUN
1St PYHKIIMI HECKOJIBKUX
nepeMeHHbIX

OK 2. Opranu3oBsiBaTh
COOCTBEHHYIO JICSITCIIBHOCTD,
BBIOMPATH TUIIOBBIC METOIbI U
CriocOOBI BHITIOTHEHUS
npodeccroHaIbHbIX 3a/a4,
OIICHUBATH UX YPHEKTUBHOCTh
1 Ka4eCTBO.

-IIpon3BOAUTH BBIUKCIICHHE
npenenoB QYHKIUN ¢ JBYMS
nepeMEeHHBIMU
-HaxoxneHue

4acThIX
MpOU3BOAHBIX -HaxoxaeHue
YaCThIX MPOU3BOIHBIX
BBICIITUX TIOPSJIKOB-
[IpuMeHeHue TOIHOTO
nuddepennuana K
npUOIMKEHHBIM
BhIUMCIIEHUAM-Haxoxaenue
nuddepeHInanoB BEICITUX
nopsiikoB-Haxoxaenue
MIPOU3BOTHOM CIIOAKHOU
bynknun-Haxoxaenue
KCTpeMyMa (PYyHKIIUH IBYX
NepeMeHHbIX-Bbiuncienue
JIBOMHOT'O MHTETpasa B
JIEKapTOBBIX KOOPAMHATAX-
Brruucinenue aBOMHOrO
WHTETpaja B MOJSIPHBIX
KoopauHarax-IIpumenenue
JIBOMHOT'O MHTETpaia JJis
BBIYHMCIICHUS 00beMa TeJa,
IJIOIIA TN TIOCKON (DUTYPBI,
MAacChl HEOTHOPOJHOM

YcTHBIN onpoc,
CaMOCTOSITeIIbHBIE
paboThI;
NPaKTHYECKUE
paboTHI

IJIACTUHBI

¥ 5 - pemarts -Pemenne YcTHBINM onpoc,

nudbepeHImaTbHbIe nuddepeHImanTbHbIX CaMOCTOSITECJIbHbBIE
ypaBHEHUH MEPBOTO TMOpPsAJIKa | pabOTHI;




YPaBHEHHUS

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCT,
BBEIOMPATH TUTIOBBIC METOBI U
crocoObI BBITIOTHEHUS
npodecCUOHANIbHBIX 3a]1ad,
OIICHHBATh UX

3¢ PEKTUBHOCTHU KAa4€CTRO.

-Pemennue
nugdepeHurnanbHbIX
YpPaBHEHUH NIEPBOTO MOPsIKA C
pa3aensomuMucs
IepeMeHHbIMU-Permenne
OJIHOPOJHBIX
nuddepeHunanbHbIX
YPaBHEHUH IIEPBOTO MOPsIKA-
Pemenue nuHeHbIx
ypaBHEHHI MEpBOTo MopsiiKa-
Pemenue nuddepeHmanbHbIX
yYpaBHEHH BBICILIETO MOPsI/IKa-
Pemenue ypaBHenui ,
JIOITYCKAIOIMINX TOHUKEHUE
nopsiaka-Pemenne JIOJAY
BTOPOTO MOPsIJIKA C
TIOCTOSTHHBIMHU
koa(dunrmenramu- Pemenue
JIHJLY BTOpOTO nopsiaka ¢
HOCTOSIHHBIMU
Kod(PUIIMEHTaMH U IPABOM
YacThIO CHEIUAIBHOTO BHUJIA

MIPAKTUYCCKUC
paboThl, DK3aMEH

Y 6 -- oJaBp30BaTHCH
HOHSTHSIMHU TCOPUH PSIJIOB.

OK 2. Opranu3oBsIiBaTh
COOCTBEHHYIO JICSITCIIPHOCTD,
BBIOMPATH TUIIOBBIC METOBI U
CIIOCOOBI BBITIOTHEHUS
npodeCCHOHANILHBIX 3aJ1a4,
OIICHMBATh UX

3 PEKTUBHOCTHH KA4€CTBO.

-BrimonHsaTe uccneqoBanmne
PSIOB HA CXOAMMOCTh-
Haxonute paguyc
CXOIUMOCTH , 00JIaCTh
CXOAUMOCTH -BBIMOTHATH
pasnokeHne QyHKIUH B
CTETICHHBIE PS/IbI

YcTHBIN ompoc,
CaMOCTOSITEIbHBIC
paboTHI;
MIPAKTUYECKUE
paboThI

Y 7 - nonp30BaThCA
TIOHSTUSIMHU TEOPUHU
KOMIUIEKCHBIX YHCEJT,

OK 2. Opranmn3oBsiBaTh
COOCTBEHHYIO ACATEIHHOCTD,

- [Ipon3BoauTh NEUCTBHUS C
KOMILIEKCHBIMU YHCIIAMU B
anreOpanvyeckou,
TPUTOHOMETPHUYECKOM,
nokKazaTebHON popmax-

YcTHBINM onpoc,
CaMOCTOSITEJIbHBIE
paboThI;
MIPAKTUYCCKUC
paboThI, PK3aMEeH




BBEIOMPATH TUTIOBBIC METOBI U
crocoObl BBITIOTHEHUS
npodecCUOHANbHBIX 3aj1ad,
OIICHUBATh UX

3¢ PEKTUBHOCTHU KAa4€CTRO.

OcymecTBasTh
r€OMETPUUECKYIO
UHTEPIPETALUIO
KOMILJIEKCHOTO YHCJIa -
[lepeBOIUTH KOMILJIEKCHBIE
YKClia U3 OJHON (POpMBI B
npyryo-Pemars ypaBHeHUs Ha
MHOKECTBE KOMIUIEKCHBIX
qrcell

3HATD:

31- OCHOBBI MATEMATUYECKOTO
aHanusa, JTMHEHHOU anreGpsl
U AaHAJIUTUYECKON reOMEeTpHH;

OK 1. [ToHnMaTh CyIIHOCTh
U COLIMATIbHYIO 3HAUUMOCTh
cBoelt Oynymiei npodeccun,
IPOSIBIIATH K HEM YCTOWYMBBIN
UHTEpEC.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€ATENbHOCTD,
BBIOMPATH TUIIOBBIE METOBI U
CIOCOOBI BBHITTOJTHEHHUS
npodeccroHaIbHBIX 3a71a4,
OIICHUBATH UX 3P(HEKTUBHOCTH
U KaueCTBO.

Bocnpouns3BoauTes anropuTMbl
peLIeHNs CUCTEM JTUHENHBIX
YPaBHEHUW METOJ0OM
0o0paTHO MaTpHIlkl, IO
dbopmynam Kpamepa, metoiom
["aycca

- BocripousBoauts
CkaysipHO€E, BEKTOPHOE U
CMELIaHHOE IIPOU3BEACHUS
BEKTOPOB
- OnpenensTe ypaBHEHHUS

KPHUBBIX BTOPOI'O IMOPsAIKa

YcTHBIN onpoc,
CaMOCTOSITeITbHBIE
paboThI;
NPAaKTHYECKUE
paboThI, IK3aMEH




32- 0CHOBBI

¢ depeHunasbHOro 1
MHTETrpajJbHOr0 UCUUCIEHUS
byHKIMI ¢ OJTHOU
IIEPEMEHHOM.

OK 2. Opranu3oBbIiBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOHPATh TUTTOBBIC METOJIbI U
CIOCOOBI BBITTOJIHEHHUS
npodeccuoHaIbHbIX 3374,
OLICHUBATh UX 3PPEKTUBHOCTD
M Ka4eCTBO.

- BocripousBoaute METOIBI
BBIUHCIICHUS MIPEIEIIOB,
3aMeuaTebHbIE MTPeIebl-
KnaccuduunponaTs TOUKH
pa3pbiBa PyHKIUU-
Bocnpoussoauts npasuia
nudepeHpoBaHus U
IIPOU3BOJIHBIE OCHOBHBIX
AJIEeMEHTAPHBIX (DYHKIIHHA,
CIIOXHBIX (PyKLIUIA-
BocnpousBoauts anroputm
NOCTPOEHHUS TpadUKOB
GyHKIUN ¢ TOMOIIBIO
npou3BoaHOM- Ha3piBaTh
TaOJIMYHbIE UHTETPAJIbI
-Pemats uHTErpaIbl METOIOM
3aMEHbI [IEPEMEHHOM,
MHTETPUPOBAHUEM ITOYACTSIM-
Hcrnonb30BaTh NPUIIOKEHHE
ONPENIEICHHOr0 UHTETpaja K
BBIYHCIICHUIO IUTOIIAAEH
IJIOCKUX (GUTYpP, OOBEMOB T
BpalleHUs, MyTH,
MPOMJIEHHOIO TOYKOM

YcTHBIN onpoc,
CaMOCTOSITEIbHBIC
paboThI;
PaKTUYECKUE
paboThI, SK3aMEH

10




33 — OCHOBBI
nudpepeHuanbHOTO U
MHTETrpajJbHOTO
UCYUCIICHUSI P YHKIIUN
HECKOJIBbKHUX IEPEMEHHBIX

OK 2. Opranu3oBbIiBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOHPATh TUTTOBBIC METOJIbI U
CIOCOOBI BBITTOJIHEHHUS
npodeccuoHaIbHbIX 3374,
OLICHUBATh UX 3PPEKTUBHOCTD
M Ka4eCTBO.

- Haxoguts 061acTh
onpeneneHus GyHKIUN ABYX
epPEeMEHHBIX
-BocnponsBoauts mpasuia
HAXOXJACHUS YaCTHBIX
IPOU3BOJIHBIX PYHKIUH C
JBYMsI IEPEMEHHBIMHU-
Bocnpouszsoauts anropurm
HAXO0XACHUS IKCTpeMyMa
(GyHKIUU C ABYMS
nepeMeHHbIMHU-
BocmnpousBoanTs cBoiicTBa
JIBOMHBIX UHTETPAJIOB U
MIpaBUJIa UXBBIYUCICHUS

34-0CHOBBI TeOpUM PSIJI0B

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€ATEILHOCTD,
BBIOMpATH TUTIOBBIE METOIBI U
CIIOCOOBI BBHITTOJTHEHHUS
npodeccroHaIbHbIX 3a7a4,
OIICHUBATH UX YP(HEKTUBHOCTH
1 Ka4eCTBO.

-Paznuuate psaasl o Gpopmyiie
00111eT0 YJIeHa-
Bocrnpon3BoauTh npu3HaKku
CXOIUMOCTH PSIJIOB

YcTHBIN ompoc,
CaMOCTOSITEIbHBIC
paboTHI;
MIPaKTUYECKUE
paboTHI, PK3aMEH

11




35 - ocHOBBI TEOpUH - [IpencraBiaTh YcTHBIN onpoc,
KOMIUIEKCHBIX YUCEN KOMILUIEKCHOTO YHMCJia B CaMOCTOATCJIBHBIC
paboThI;
IIPAaKTUYECKUE
paboThI, SK3aMEH

anredpanyecKon
OK 2. OpranusoBbIBaTh P ’

COOCTBEHHYIO JI€SITEIbHOCT,

BBI6I/IpaTB THUIIOBBIC MCTOJbI U
CITOCOOBI BBIMMOJIHEHUS BBINOJIHATH JCHUCTBUS B HUX.

TPUTOHOMETPUUECKOM,
nokazaTebHON dhopmax,

npodecCUOHANbHBIX 3a]1a4,
OLICHUBATh UX 3PPEKTUBHOCTD
1 Ka4yeCTBO.

3. OneHKa OCBOEHUSA Y4eOHOM AUCIHUTINHBI
3.1. ®opMbI M METOIbI OLIECHUBAHMS
[Ipeamerom oreHKU Ciay>KaT YMeHUsI U 3HaHus, npeaycMorpeHubie @I'OC mo

IUCIUIUIMHEe  «Mamemamuxy, HampaBieHHble Ha (GOpPMHUpPOBaAHUE OOMIMX WU
npodeccuoHaIbHBIX KOMITETEHIIUN.

OreHKa OCBOCHHUSI JHUCIUIUIMHBI «Mamemamuka» BKIOYACT TEKYITUN
KOHTPOJIb  YCIIEBAEMOCTH, TMPOMEKYTOUHYIO aTTECTAllMI0 B BHUJE DJK3aMeHa.
[IpoBenenne TeKyiero KOHTPOIS YCIEBAEMOCTH OCYHIECTBISIETCS B (OpME YCTHBIX
OIPOCOB, MUCHMEHHBIX 3aJaHUIl (CaMOCTOATENbHBIE Pa0OThI, TECTHI), MPAKTUUYECKUX
pabot. Jns stux ueneit popMupyroTcsi GOHABI OLIEHOYHBIX CPEACTB, BKIHOYAIOUIUE
TUTIOBBIE 3aJlaHUsA, TECThl M METOJIbI KOHTPOJIA, TO3BOJISIONINE OICHUTH 3HAHUS,
YMEHHS U YPOBEHb MPUOOPETEHHBIX KOMITETCHIIUN.

12




3azlamm JJIA OIEHKH OCBOCHUA NUCHHUIIJINHDBI

DJIEMEHTbI JTMHEHOH aJredpbl
IIpakTnueckas padora Ne 1

Tema «Pemenue cuctem TuHEHHBIX ypaBHeHuUl 1o popmynam Kpamepa.Pemenue
cucTeMypaBHEHUN MeToaoM ['aycca» Ileab: HAy4YUTHCS BBIYUCIATH
ONPENEIUTEIUTENN 2- TO U TPETHETO MOPSAAKA, PEIIATh CUCTEMBI JINHEMHBIX YPABHEHHH C
NOMOLIBIO ONpeienuTenei , Mmerogom [aycca, GopMHUpoBaHUE BHIUUCTUTEIBHBIX
HAaBBIKOB.3aJaHUA

1. BBIUMCIUTD ONPEAETUTENIN BTOPOTO Nopsijka: 1) A=| — X 241, - 2)A= % >2 :
Ky - Ky 5 3%, 6
1

3)A= 9 K, 64°

(05)° 4
2. BBIUMCIUTB ONPEACITUTENN TPETHETO TTOPSAIKA:

-1 3k, 2 3k, 4 -5 1 -2 kK
DA=12 8 k|, 2)A=|8 Tx,-2 -2|, 3 A=[3 x, -5

1 1 2 2 -1 8 2 K 5

3..Pemutsb cucteMy ypaBHeHU meTogoM Kpamepa, crienath IpoBEPKY:

[2x+y+3z=7, [2x—y+22=3, [3x—y+z=12, (2x—y+3z:—4, {3x—2y+4z=12,
142x+3y+z2=1, 24x+y+22=-4, 34x+2y+471=6,4{x+3y+3z=11, 543x+4y—-27=6,
l3x+2y+z=6. t4x+y+4z=—3. [5x+y+22:3. tx—2y+22:—7. [2x—y—z=—9.
8x+3y—6z=-4, [4x+y-32=09, 2X+3y+41=33, [2Xx+3y+4z=12,

6 X+y—2=2, Tax+y—-z=-2, 847x-5y=24, 947xX—-5y+1z=-33,

4x+y -3z =-5. 8x+3y—-6z=12. |4x+11z=39. AX+27=-T7.

[x+4y—z=6, [3x—2y+4z:21, [3x—2y—52:5, [4x+y+4z:19,

10.45y + 4z = -20, 1143x+4y-22=9, 1242x+3y—-4z=12,1342x-y+2z =11,
[3x—2y+52:—22. [2x—y—z:10. [x—2y+32:—l. [x+y+22:8.

2X—y+2z=0, 2X—Y+27=28, 2X—Yy—31=-9, 2x-y—-32=0,
1454x+y+4z2=6, 15x+y+2z=11, 16.4x+5y+z2=20, 17.3x+4y+2z=1,
X+ Yy+2z=A4. AX+y+4z =22. 3X+4y+2z =15. X+5y+z=-3.
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—3X+5y+62 =-8, X+y+2=-4, X-y+z=-11, X-y+z=9,
18.43x+Yy+z=-4, 194-3x+5y+62=36, 20.95Xx+y+2z2=8, 21.5+y+2z=11

X—4y -2z =-9. X—4y -2z =19. X+ 2y +4z =16. X+2y+4z =19.
2Xx+3y+2=4, 2X+3y+1=12, X—2Yy+3z=14,
222X+ y+32=0, 2392x+Yy+3z=16, 24.42x+3y—-4z=-16,
X+2y+z=1 3X+2y+1z=8. 3X—-2y-52=-8.
X+4y-2z=11, X+ 5y —6z = -15, 4x — y = -6,
2592X—-y—-17=4, 26.93x+Yy+4z =13, 273X+ 2y +5z2=-14,
3X-2y+4z =11. 2x-3y+2=9. X—-3y+4z =-19.
5X+2y -4z =-16, X+4y—-z=-9, X+4y-1=13,
28.9X + 32 = -6, 294X -y +52=-2, 30.93x+2y+32=3,
2X-3y+12=9. 3y -7z =-6. 2x -3y +1z=-10.
Bapuanm | «, Ky Bapuanm |« Ko Bapuanm K1 Ky
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KoHTposibHBIE BONIPOCHI:

1. Yrto Ha3bIBaeTCs ONMpPEACIUTENIEM MATPUIIBI?
2. Kak BBIUMCIUTH ONPEASTUTENh BTOPOTO MOpsIKa?
3. Kaxkue criocoObl BEIYUCICHHS OMIPEACITUTENS TPETHErO MOPSIKa BAM U3BECTHBI?
4. Tlepeuncnute CBOMCTBA ONPEACIUTEIICH.
5. Chopmynupyiite Teopemy Kpamepa.
6.Anroput™M npumeHeHus meroza ['aycca.




IIpakTnueckas padora Ne 2
Tema: Pemenue marpuunbix ypaBHeHuil, CJIAY MaTpudHbIM METOIOM.

enb: HAyYUTHCS BRIUUCIATH MUHOPBI, allreOpandecKue JTOMOJIHEHUS, ONIPEACIUTENN
YETBEPTOTO MOPSIAKOB , HAXOJUTh OOpAaTHBIE MATPUIIBI ,pEIIATh MPOCTEHIITNE MATPUUHBIE
ypaBHeHus, CJIAY MaTpu4HbIM METOJIOM .

3aganue 1
2 11 g 1 -2 1
4
1 2 3 5 = 3 2
JlaHsl onipenenurenu: 1) A = . AA “ )
3k 2 1 4 1 -3 -2 4
-2 1 3 - 1 2 3 4

1) Halitn MMHOpBI U aNre0pandecKue TOTONTHEHUS JIIEMEHTOB  d;5, dy,

2) BBIUKCIUTH ONPEACITUTENH, PA3I0KUB UX 0 IJICMEHTaM a) i-0i CTPOKH, 0) j-T0

cToJidona
Bapuanr | Ky i j | Bapmant | «, Ko i J
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 3) 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
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13 -3 2 2 4 28 2 -3
14 -4 -1 1 2 29 -2 5
15 -1 ) 3 1 30 -5 -1
2
3ananme 2. Jlana matpuna A= { 2 1 2 J . Haiitu
3 -x, 4
a)A™t unpoeepumo, umo A- A1 = A1 - A=E
6) A+ A"
Bapuanm K1 Ky Bapuanm Ky Ky
1 3 -2 16 4 -1
2 4 1 17 S 1
3 3 -4 18 2 0
4 2 1 19 -2 1
5 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 ) 30 -5 -1
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3aganue 3

1. Pemurs
METOJIOM);

2X+y+3z2=17
1.142x+3y+2=1
3X+2y+z2=06.

2X—Yy+37=-4,
1.4.4x+3y+3z =11,
X—2y+27=-1.

4x+y-32=9,
173x+y—-z7=-2,
8x+ 3y -6z =12.

X+4y-17=6,
1.10.45y + 4z =-20
3X—2y+52 =-22.

4x +y+4z =109,
li3j2x y+2z=11,
b+y+22—
2Xx—y—-3z=-9,
1.16.9x+5y +z = 20,
3X+4y+2z =15.

X+Yy+z2=-4,

1.19.4—3x + 5y + 62 = 36,

X—4y -2z =19,

2X+3y+1=4,
1.2242x+y+3z =0,
X+2y+z=1.

1.2.

1.5.

1.8.

111

1.14.

1.17.

1.20.

1.23.

2X -y +27=23,
X+ Y427 =4,
4+ y+4z7 =-3.
3X—-2y+4z=12,
3X+4y—2z =6,
2x—-y—-z=-0.

2X +3y +4z =33,
X -5y =24,
4x+11z = 39.

X—-2y+4z=21,
X+4y-22=9
2x—y—-12=10.

2X—Yy+2z =0,
Ak+y+471="6
X+Yy+2z=4.
2x -y -32=0,
X+4y+2z=1,
X+5y+z=-3.

X-y+z=-11,
5X+Yy+2z=8,
X+2y+4z =16.

2X+3y+2=12,
2X+ Yy +3z =16,
3X+2y+1z=8.

1.3.

CUCTEMBI YPAaBHEHHUI C MOMOILbIO OOPATHONW MaTpHILIbl (MAaTPUUYHBIM

X-y+z=12,
X+2y+4z=6,
SX+Yy+2z=3.

8x+3y—6z=-4,

1.63x+y—-z=2,

1.9.

4x+y -3z =-5.

2x+3y +4z =12,
7X—-5y+2z=-33,
4Xx+z=—1.

1.12.

1.15.

1.18.

1.21.

1.24.

3x—2y->5z2=5,
2X+3y -4z =12,
X—2y+3z=-1.

2X—Yy+2z2 =38,
X+Yy+2z=11,
AX+y+4z =22.
—3X+ 5y + 62 = -8,
X+Yy+2z=-4,
X—-4y-2z =-9.

3X-y+2=9,
5x+y+2z=11,
X+2y+4z=19.

X—2Yy+3z=14,
2X + 3y — 4z = -16,
3x—2y -5z =-8.
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X+4y-2z=11, X+ 5y — 6z = 15, 4x —y = -6,
1.2542x-y -1z =4, 1.26.93x+y+4z =13, 1.27.93x+2y + 5z =-14,
3Xx—-2y+4z=11. 2x—-3y+12=09. X—3y+4z=-19.
5X+2y -4z =-16, X+4y—-z7=-9, x+4y—-1z7=13,
1.28.jx+3z:—6, 1.2944x -y +5z2 =-2, 1.3093x+2y+3z=3,
LZX—3y+z:9. 3y -7z =-6. 2x -3y +z=-10.

KoHTpo/ibHBIEC BONIPOCHI

YT0 Ha3pIBaETCI MUHOPOM?

Yro Ha3bIBaeTCs anredpandyeckum J0MOJIHEHUEM 3JIEMEHTa MaTPUILIbI?
Kak pa3noxuTs onpeaenurens Mo IeMeHTaM CTOI011a Ui CTPOKU?
Kakast maTpu1ia Ha3b6IBa€TCSI HEBBIPOKICHHOM?

TpancnoHupoBaHHas MaTpULA.

Kaxkas MmaTpuiia Ha3biBaeTcst 0OpaTHOM MO OTHOIIEHHUIO K IaHHOM ?
KaxoB nopsijok BeIUKCIEHUSI 0OpaTHOM MaTPHUIIbI?

ANTOpPUTM penieHus NPOCTERIIEr0 MATPUYHOTO YPaBHEHUS

LN~ WD -

Tect mo Teme «JIuneiiHas ajaredopa»

(4 1)
1. Eciiu maTpumna 4 :\\ ) 3J, TO MaTpuia 54 MUMeeT BHI:
Q)24 10)p(20 5 )gl-20 5)
-12 -30 -10 -15 -10 -3
\ )\ RN )
1 1 —1\
2. Eciiu matpunbi 4= 3 0 1 |, o Marpuua 24+ B UMEET BUJ:
—4 2 - SJ
(4 17y (-4 8
| 9 1
s 1

| b)| 9
)

-3
(4
3. st MaTpuiisl A= 9

-

‘)

_2|

0 )

1
2 5| yKa3aTh CyMMY 3JIEMEHTOB, PACIIOJOKEHHBIX Ha
4

(6}

a)

R = B k=B O
N
N~
—
ol

1
2
4

[EEY
~

TJIaBHOM JHAarOHaINn

a) 6b)10c) 8



4 1 7
4. JInsg matpuupl A=| 9 2 5) YKa3aTb CYMMY DJIEMEHTOB, PACHOJIOKEHHBIX HA
-3 4 2

BCIIOMOTaTEJIbLHOU JuaroHain

a) 6 b) 10 c) 8
5. Ilpu yMHOMXeHUU MaTpUIIbl 4 HA MaTpUlly B 1OKHO cOOMI0OAaTHCS YCIOBUE:
a) YMCJI0 CTPOK MATPHIIBI A PAaBHO YHCIY CTPOK MaTpuilbl B
b) 4ncio cTpok MaTpuUIlbl 4 paBHO YKCITY CTOJOIIOB MaTpUIlbl B
C) YHCIJIO CTOJOIOB MaTpUllbl 4 PaBHO YMCITY CTPOK MAaTpullsl B
6. KBagpatHas MaTpuila Ha3bIBaCTCA OUACOHANLHOU, eC:
a) DJIEMEHTHI, JICKaIie Ha TTIaBHOW JUaroHaly paBHbI HYITIO
b) a1eMeHTHI, He JieXkallue Ha TJIaBHON TUaroHaIl PaBHbI HYJIHO
a) SJIEMEHTBHI, JIeXKAI[Ue HAa TOOOYHOMN JUaroHald paBHbl HYJIIO

14 5
/. Ilpn xakoM 3HaueHun & ompeaenutens 0 4 2 |paBeH HyIO?
0 0 2a-

)2 b)0,5¢) — 2
8. Eciii moMeHsATh MeCTaMHM JIB€ CTPOKH (Ba CTOJIOIA) KBaAPATHONH MaTPHIIbI, TO
OTIpEICTTUTENb:
a) He U3MEHUTCS
b) craHeT paBHBIM HYITIO
C) MIOMEHSET 3HaK
-1 2 0
9. YUemy paBen MUHOD y/ ,, onpenenurend (3 7 -17
5 4 2
ay4 b0 c)11
-1 2 0
10. Yemy paBeH MUHOp i/ ,, onpefenuTens|3 7 17
5 4 2
a) 4 b) -2 c) 011. Yemy paBHO anrebpandeckoe JTOMOTHEHHE
-1 2 0
4, omnpenenurens |3 7 -17?
5 4 2
a)-4 b)O c) -1112. Yemy paBHO anredpandeckoe JOMOJHEHUE 4,
-1 2 0
ompenemurens |3 7 -17
5 4 2
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a) 4 b) -2 c¢) 013. Uemy paBeH IIaBHBIN ONPEIEITUTEINb

(3x—y=5
CHCTEMBI ypaBHCHHH {-2X+Yy+2=0
ﬂ2x -y+4z=15
a) -5 )% 0) ©)5 (1 2
14. Ecnu MaTpuIlbl 4 = u D= TO ONPENEIUTENb MATPULIBI 4-D paBeH:

|\3 —4)| |k_2 O}L

a) -32b) 32 c) -1615. Haiitu MUHOp AJIS 27I€MEHTa  , ONpPEIEIUTeNs
-3 -2 1 0
2 -2 1 4
14 0 -1 2
3 1 -1 4
a)?2 b) 20 c¢) -2016. Halith anreOpandeckoe JONMOIHEHUE JUIA DJIEMEHTA 4 ,
-3 -2 1 0
2 -2 1 4
OTPEICITUTEIS, MUHOD JIJIS DJIEMEHTA 8 32A =
4 0 -1 2
3 1 -1 4
a)2 b)20 c)-20a)-8 6)8 B)-5
-4 0
17. Hatitu anreOpandeckoe JOTOJHEHUE IS AJIEMEHTa  d 5, onpeaeiutens A=|2 -1
3 2
a) -8 b)8 ¢)-5
CamocTosiTeqbHast padora
Bapuanr 1

(2 3 0\| (—1 0 3
1. Haiitu matpunry C=A+3B, eciu A=|-2 1 8], B=L2 4 1.

2 4 3 1 30
-1 3 QW
OtBer: C=| 4 13 11|
5 13 3J

2. PemuTh cuctemMy TMHEHHBIX YPABHEHHUI METOJIOM OOPAaTHON MaTpPHIIHI.
3. Pemmuts cucteMy nmuHEHHBIX ypaBHEeHH 10 hopmynam Kpamepa.
4. PemuThb cUCTEMY JIMHEWHBIX YpaBHEHUN MeToA0M ['aycca.
[ X1+ 2X2 — X3 =1,
2X —X +X =5,
1 1 2 3
X +2X +X =T7.
L 1 2 3

1
3
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Otsert: (2;0;1)

Bapuanr 2
2 30 -1 0 3
1. Haiitu matpuny C=2A-B, ecru A=[-2 1 8|, B=| 2 4 1],
2 4 3 1 30 J
( 5 6 —3\|
Oteer: C= |-6 -2 15
LE} 5 6 J
2. PemnThb cuctemy JTMHEHHBIX YPAaBHEHUI METOOM OOpaTHON MaTpHUIIbI.

w

Pemuth cuctemy nuHeWHbIX ypaBHeHUH 110 hopmynam Kpamepa.

4. Pemuth cucTeMy JUHEHHBIX ypaBHeHHI MeTo0M [ aycca.
X1 — X2 +2X3 = =2,
X+2X =X =17,

1 1 2 3
2X +X —=3x =5.

1 2 3

Otsert: (1;3;0)

Bapuant 3
2 30 -1 0 3
1. Haiiti matpurnyy C=3A+B, eciu A=|-2 1 8|, B=| 2 4 1].
2 43 1 3 0

(5 9 3\|
OrBer: C=|-4 7 25|
s o)

w N

Pemuth cuctemy uHEHHBIX ypaBHEeHUM 1o ¢hopmynam Kpamepa.

4. PemuTb cUCTEMY JIMHEHWHBIX ypaBHEHUN MeToI0M ["aycca.
[Xl +3Xy —2X3 = 4,
X+4X =X =17,

1 1 2 3
2X +X +X =3.
L 1 2 3

Otget: (0;2;1)

Bapuanr 4

Pemuth cuctemMy TUHEHHBIX YpaBHEHUN METOIOM 00paTHON MaTPHIIHI.
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(2 3 0\| (—1 0 3\‘
1. Haiitu matpurty C=A-4B, ecim A=|-2 1 8|, B=| 2 4 1].
L‘z 4 3 L\l 3 0)
(6 3 —12\|
OtBer: C= |-10 -15 4
L—z -8 SJ

no

PemuTh cuctemMy JIMHEMHBIX YpaBHEHUN METOA0M OOpAaTHON MAaTPHUIIBI.
Pemuts cuctemy nuHEeWHBIX ypaBHeHUM 110 hopmyiam Kpamepa.

4. Pemuth cucTeMy JUHEHHBIX ypaBHeHHI MeTo0M ["aycca.

X1+ 2X2 — X3 = 3,
X +3X +X =86,

1 1 2 3
2X —X +X =4,
L 1 2 3

w

OtseT: (2;1;1)

Bapuant 5

2 30 -1 0 3\
1. Haiitu matpuity C=4A-B, eciu A=|-2 1 8|, B=| 2 4 1].
2 4 3 1 30 J

( 9 12 —3\|

OrBer: C=|-10 0 31|

|7 13 12

2. PemmTh cucTeMy JTMHEHHBIX YPaBHEHH METOJIOM OOPATHOM MATPHIIBI.

w

Pemmth cuctemy TuHEHHBIX ypaBHeHUH 110 hopmynam Kpamepa.

4. PemuTh cUCTEMY JIMHEWHBIX YpaBHEHUN MeTO0M ["aycca.
X1+ X2 —3X3 = 2,

OtgeT: (1;1;0)
Bapuant 6

2 30 -1 0 3
1. Haiitu matpunyy C=A+2B, eciu A=|-2 1 8|, B=| 2 4 1],
2 43 1 30

22



(0 3 6

OtBer: C= 12 9 10
4 10 3

2. Pemuth cuctemMy TMHEHHBIX YPAaBHEHU METOAOM OOpAaTHON MaTpHUIIbI.
Pemuts cuctemy TuHEWHbIX ypaBHeHUH 110 opmynam Kpamepa.
4. Pemnth cucTeMy JUHEHHBIX ypaBHEHHUI MeTo0M ["aycca.
X1+ X2 + X3 =3,
2X =X +Xx =1,
L2x 13X -X =1

1 2 3

w

JJIeMEeHThl AaHATMTHYECKOH reoMeTpHuu
YcTHbIM onpoc

1. Yrto Ha3bIBaeTCS BEKTOPOM?

2. Kakue BEKTOpBI Ha3bIBAIOTCS KOJUTMHEAPHBIMU?

3. Uto Ha3bIBaeTCsI KOOPIMHATAMHU BEKTOpa?

4. Kak HalTH KOOpJAMHATHI BEKTOPA, 3aIAaHHOTO JIBYMsI TOUKaMu?

5. Kak HaliTu JyIMHY BEKTOpa, 3aJJaHHOTO CBOMMH KOOPIMHATAMM ?

6. 3anummre GOpMyIBI EJIeHUS OTpE3Ka B TAHHOM OTHOIIICHHH.

7. JlaTh ompejesieHre MPOEKIIMU BEKTOPA Ha OCh U NMEPEUYHCIIUTD €€ CBOICTBA.
8. [atp ompeneneHre CKalsIpHOTO MPOU3BEICHHS BEKTOPOB.

9. [aTp ompeseneHre BEKTOPHOTO MTPOU3BEICHUS BEKTOPOB.

10.laTh onpenenieHne CMEIIaHHOTO MPOU3BEICHHS BEKTOPOB.

IIpakTuyeckasi padora Ne 3 mo Teme

«JIeMeHTbI BEKTOPHOI aiaredpbn»

Heab: [IpoBepuTh 3HaAHUSA U YMEHUS 0 HAXOKICHUIO: KOOPIMHAT BEKTOPa, ONepauuii
HaJl BEKTOPaMH, MOJIYJIsl BEKTOPA U CKaJIIPHOTO MTPOU3BEICHUS, BEKTOPHOIO
MIPOU3BEICHUS, CMEILIAHHOTO MPOU3BEACHUS.

3ananus
1. ITo xoopnunatam Touek A, B u C aJis yka3aHHBIX BEKTOPOB HAWUTH:

a) KoopnuHatbl BEKTOPOB a = AB, b = BC, c= AC, d = BA, p=CA

b) Monaymnb BeKTOpa ©=3G+4 —d

C) CkanspHoe NPOM3BEIEHNE BEKTOPOB a U b;

d) IIpoekiwro BekTopa ¢ Ha BekTop d;

e) KoopauHatsl TOUkH M, Jelsiiei OTpe30K p B OTHOLIEHHH & . f3
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KoopaunaTtsi

Koopaunats! | Koopaunatsl oMK a B
BapuanTer TOYKH A TOuku B oun € a B
I 2. 13) 362 | (5,30 1 3
2 (L, 3, 6) (-3. 4. -5) 172 1 2
3. (7.2.1) G, 1,2) (3.4.5) 2 T
. (3.5, 4) (2. 7.-5) 6,2 1) 3 2
5. (5.3.2) 2.5, 1) 7. 4.-3) 7 3
5 (1L 1,2) (3.3, 4) (4,2, 7) 1 2
7 9,5, 3) 3.2.1) @ 7.9 3 T
8. (7.2.1) (3,5 6) (4.3, -4) 3 2
9. (1. 2.3) (5.3, -1) (-6.4.5) 7 T
10, 2.5 1) 3.2,7) (4.3 2) i 1
1L, 3.1,2) 4.3, -1) 2.3, 4) 7 1
1 (3,1, 2) @2.41) | @ 5,-1) 1 3
13, @.5.1) (1,3, 1) (-3, 6, 7) 3 1
14. (L3 1) (2. -4, 3) 0,23 7 3
15, (5.7,2) (3.1, 3) (14 6) i 3
16. 1. 4,3) (3,2, -4) 2.7 1) 1 3
17. (5. 4. 1) (-3.5.2) 2,13 3 T
8. @, -1, 4) (-3,0.-2) (4.5, -3) 7 T
19 | (112 (2.3.5) | (-6, 3, -1) 1 2
20. (1, 3.4} (-2.5.0) (3,2 -4) 2 3
o1, (L -1, 1) (5.3, 1) 2.-1,0) 3 7
2. 3. 1.2 72,4y [ (-40.3) 2 T
23 1 (-3,0 1) 2.7, 3) (4 3.5) 1 3
24 5,1, 2) 2. 1.-3) (4, 3.5) 2 3
251 (0,2,-3) 4. 32) | (5,4, 0) 1 2
%6 | (3 -1.2) 2.3, 1) (4.5, -3) 3 3
27 (5, 3. 1) (1.2, -3) (3,-4.2) 1 ?
28 1 (3.1,-3) 2.2 (1.2 5) 3 3
29 1 (6. 1.-3) (3 2. 1) 1.-3. 4) 1 3
30. @ 2.3 (-3.1.-8) 2,-4,5) 3 2
3aganue 2

1. Jlaubl BekTOpHI &, b 1 ¢. Heobxomumo:

a) BBIUUCIUTD CMEIIAHHOE MPOU3BEJECHUE TPEX BEKTOPOB;

0) HaliTH MOTYJTh BEKTOPHOTO MPOU3BEICHHUS;

B) BEIYUCIIUTH CKAJIIPHOE TPOU3BEACHHUE JBYX BEKTOPOB;

') IPOBEPUTH, OYAYT JIM KOJUTMHEAPHBI UM OPTOTOHAIBHBI JIBA BEKTOPA;

1) IPOBEPUTDH, OYYT JIM KOMIUJIAaHAPHBI TPU BEKTOPA.
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Bapua | BekTopsl Cwmemannoe | Monyns | Ckandapn | Kosmune | Komnuanapso
HT oe CTb BEKTOPOB
IIPOM3BEICH | BEKTOPH apHBI
ue IIPOU3BEN | UJIU
IIpOU3BE
IepIreH
1.
K
BEKTOPO
B
1 a=2i-3j+k, a,3b,c 3a,2c b,—4c a,c a,2b,3c
b= j+4k,
c=5i+2j-3k
2 a=3i+4]+Kk, 5a,2b,c 4b,2c a,c b,c 2a,—3b,c
b=i-2j+7k,
c=-3i-6j+21k
3 a=2i—-4j-2k, | a,2b,3c 3a,-7s —2a,c a,C 3a,2b,3c
b=7i+3]j,
c=3i+5j-7k
4 a=—7i+ 2k, a,—2b,~7c 4b,3c 2a,~7¢ b,c 2a,4b,3¢c
b=2i-6]j+4Kk,
c=i—-j+2k
5 a=-4i+2j—k, | a 6b,3c a,2b a,—4c a,b a,6b,3c
b=3i+5j— 2k,
c=j+5k
6 a=3i—-2j+k, a,—3b, 2¢c 5a,3c —2a,4b a,c 5a,4b,3c
b=2j-3k,
c=-3i+2j-k
7 a=1i-j+ 3k, 7a,—4b,2c 3a, 5¢ 2b4c b,c 7a,2b,5¢c
b = 2i +3j — 5k,
c=7i+2j+4k
8 a=4i+2j-3k, 2a, 3b, ¢ 4a,3b b,~4c a,c 2a,3b,—4c
b =2i+k,

c=-12i—6j+9K
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9 a = —i + 5k, 3a,—4b,2c 7a,—3c 2b,3a 8,C 7a,2b,—3c
b=-3i+2]j+ 2k,
c=-2i—-4j+k

10 a=6i—-4j+6k, | 2a,—4b,3c 3b,—9¢ 3a,-5¢ a,b 3a,—4b,—9c
b=9i-6j+9k,
c=i-8k

11 a=5—-3j+4k, | a,—4b,2c —2b, 4c —-3a,6¢ b,c a,—2b,6¢
b=2i-4j-2k,
c=3i+5j-7k

12 a=-4i+3j-7k, | —2a,b,—2c 4b,7¢c 5a,-3b b,c —2a,4b,7¢
b=4i+6]-2k,
c=6i+9j-3k

13 a=-51+2j-2k, | 2a,4b,—5c¢c —3b,11c 8a,— 6¢ a,C 8a,—3b,11c
b =7i-5k,
c=2i+3j-2k

14 a=-4i-6j+2k | 5a,7b,2c —4b,11a 3a,-7c a,b 3a,7b,—2c
b=2i+3]-Kk,
c=-i+5j-3k

15 a=-4i+2j-3k, | 5a,—b,3c —7a,4c 3a,9b a,cC 3a,—9b,4c
b =-3j +5k,
c=6i+6]—4k

16 a=-3i+8j, 4a,—6b,5¢ —7a,9c¢ 3b,-8c b,c 4a,—6b,9c
b=2i+3j-2k,
c=8i+12j-8k

17 a=2i—-4j-2k, | 7a,5b,—c —5a,4b 3b,—8¢ a,c 7a,5b,—c
b =-9i + 2k,
c=3i+5j-7k

18 a=9i-3j+Kk, 2a,— 7b,3c —6a,4c 5b,7a b,c 2a,—7h,4c
b =3i-15j + 21k,
c=i-5j+k

19 a=-2i+4j-3k, | a,—6b,2c —8b,5¢ —9a,7c a,b a,— 6b,5¢
b=5i+ j—2k,
c=T7i+4j-k
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20 a=-9i+4j-5k, —6b,7c 9a,4c b,c —2a,7b,4c
b=i-2]j+4k,
c=-5i+10j—20k —2&7b5¢C

21 a=2i—-7j+5k | —3a,6b,—c 5b, 3c 7a,— 4b b,c 7a,—4b,3c
b=-i+3]j-6k,
c=3i+2j—4k

22 a=7i—-4j-5k, 3a,—7b,2¢c 2b,6¢c —4a,-5c¢ a,c —4a,2b,6¢
b=i-11j+3k,
c=51+5j+3k

23 a=4i—-6j—-2k, | 6a,3b,8¢c —7Db,6a —5a, 4c a,b —5a,3b,4c
b=-2i+3j+Kk,
c=3i-5j+7k

24 a=3i—]+2k, 4a,—7b,-2c¢c 6a,—4c —2a,5b a,c 6a,—7h,—2c
b=-i+5j-4k,
c=6i—-2j+4k

25 a=-3i— ] -5k, | 2a,—b,3c —9a,4c 5b,—6¢ b,c 2a,5b,—6¢C
b=2i-4j+8k,
c=3i+7j-k

26 a=-3i+2j+7k, | —2a,b,7c 5a,— 2¢ 3b,c a,cC —2a,3b,7¢c
b =i-5k,
c=6i+4j-k

27 a=3i— j+5k, —3a,4b,—5¢c 6b,3c a,4c b,c —3a,4b,—5c¢c
b=2i-4j+6k,
c=i-2j+3k

28 a=4i-5j-4k, | a,7b,—2c —5a,4b 8¢,—3a a,c —3a,4b,8¢c
b =5i-j,
c=2i+4j-3k

29 a = —9i + 4k, 3a,—5b,~4c 6b,2¢c —2a,8¢c b,c 3a,6b,—4c
b =2i-4j+6k,
c=3i—-6j+9k

30 a=>5-6j-k, 5a,3b,—4c 4b, a 7a,—2c a,b 5a,4b, - 2c
b=4i+8j -7k,
c=3j-4k
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KoHTpoJbHBIEC BONPOCHI

Uto Ha3bIBaeTCA BEKTOPOM?

Kakue BekTOpbI Ha3bIBAIOTCS KOJJIMHEAPHBIMHU?

Uto Ha3bIBaETCA KOOPAMHATAMU BEKTOpa?

Kak HaliTu KOOpAMHATHI BEKTOPA, 3aIaHHOTO JIByMsI TOUKaMU?
Kak naliTu 1immHy BEKTOpa, 3aIaHHOT0 CBOMMH KOOpJAWHATAMU?
3anummute GOpMYyJIIbI ICJICHUS OTPE3Ka B TJAHHOM OTHOIICHUH.
Kak HaliTu ckansipHO€ MPOU3BEICHUE BEKTOPOB?

Kak HaliTu BEKTOpHOE TPOU3BEIEHUE BEKTOPOB?

Kak HaliTu cMemaHHOe TMPOU3BEICHUE BEKTOPOB?

CoNoak~wNE

IIpakTnueckas padora Ne 4 «IIpsimasi IUHUSD)

Heﬂb: HAaY4YUTBCA COCTABIIAITH YPABHCHUC MPAMBIX, HAXOOAUTDH YI'OJI MCIKAY
IMPAMBIMU,BBIITOJIHATL IIOCTPOCHUS.

3ananue
1. lanbl BepuIiuHbI Tpeyroabunka ABC: ACx,y ), B(x ,» ) Cx ) Haiitu:
a) ypaBHEHHUE CTOPOHBI AB;
0) ypaBuenue BoicoThl CH;
B) ypaBHeHUE Meauanbl AM;
) ypaBHeHHE OuccekTpuckl BC;
n) Touky N nepeceuenus meauanbl AM u BeicoTsl CH;
€) ypaBHEHHE NpsIMOil, mpoxoasiei uepe3 BepinHy C mapaniensHo ctopoHe AB;

x)yron mexay npsmeiMu AB u AC.

Bapuaurtel | 4(x,y,) B(x,,v,) | C(xs,¥3)
1 A(-2,4) |B(3,1) [C(10,7)
2 A(-3,-2) |B(14,4) | C (6, 8)
3 A(1,7) | B(3 - [C(1,-3)
1)
4 A(1,0) | B(-1,4) [C(9,5)
5 A(1,-2) |B(7,1) |C@3,7)
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6 A(-2,-3) [B(1,6) [C(6, 1)
7 A(-4,2) | B(-6, |C(6,2)
6)
8 A(4,-3) |B(7,3) |C(1,10)
9 A, - |B(8 2 |C@3,8)
4),
10 A(3,-3) |B(5, -7) |C(7,7)
11 A(1,-6) | BB, |C(3,3)
4)
12 A(-4,2) |B(8 -6) |C(2,6)
13 A(52) | B(O,- |CG5,7)
4)
14 A(@ -4 [B(6 2 |C(L8)
15 A(-3,8) |B(-6,2) |C(05)
16 A(6,-9) |B(10,- |C(4 1)
1)
17 A1) [B(3-1)|C(, -3
18 A(-4,2) |B(6,-4) | C (4, 10)
19 A(3,-1) |B(11,3) |C (-6, 2)
20 A(-7,-2) |B(-7,4) [ C (5, -5)
21 A(-1,-4) [B(9,6) |C(5,4)
22 A(10,-2) |[B(4,-5) [C (3, 1)
23 A(-3,-1) | B (-4, -5) | C (8, 1)
24 A(-2,-6) | B(-3,5) |C (4,0)
25 A(-7,-2) | B(3,-8) | C (-4, 6)
26 A(0,2) |B(7,- |C@3,2)

4)
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27 A(7,0) [B(,4) [C(8 -4
28 A(1,-3) [B(O,7) |C(-24)
29 A(-51) [B(8,-2 |[C(,4)
30 A(2,5) |B(-3,1) | C(0,4)

KoHTpoJbHBIE BOIPOCHI

N Ok wWNE

JlonosiHUTEIbHBIE 32 aHUS

2. Pemuthb ciieaywoinmne 3agadu

2.1. Haiiti ypaBHEHHE TIPSIMOH, POXOIAIICH Yyepe3 TOUKY MepeceueHus PSIMbIX
3X-2y-7=0 uXx+ 3y-6=0u orcekarorieil Ha OCH a0CIIUCC OTPE30K, PAaBHBIN 3.

Omeem . X = 3

3anuimnTe ypaBHEHUS OCEN KOOPIUHAT.
OO61iee ypaBHEHHUE TIPSIMOIA.
VYcnoBue napamiebHOCTH U MEPIIEHAUKYIISIPHOCTH MPSMBIX.
3anuimnTe ypaBHEHUS MPSAMBIX, HapAJJIEIbHBIX OCAM KOOpPJAWHAT.
Cdopmynupyiite ycioBue napamuieIbHOCTH NPSIMbIX.
Chopmynupyiite ycinoBue NeprHeHANKYISIPHOCTH MPSIMBbIX.

Kak Haiitu yros Mexay npsiMpiMu?
Kak HaiiTu paccTosiHHE MEXAY MPSAMBIMU?

2.2. Haiitu npoekiuio Touku A(-8, 12) Ha mpsiMyo, MPOXOAIIyio depe3 Touku B(2, -

u

C('5, 1) Omeem : A1 (—12,5)

2.3. Jlansl nBe BepmmHbl Tpeyroasauka ABC: A(-4, 4), B(4, -12) u Touka M(4, 2)
nepecedenus ero BeicoT. Havitn BepmvHy C. Omeem:C (8,4)

2.4. HaiiTn ypaBHEHUE MIPSIMOM, OTCEKAIOIIEH Ha OCH OPJIMHAT OTPE30K, PABHBIN 2, U
MIPOXOIAIIEH MapaIETLHO TIPSIMOM 2Y - X = 3. Omesem :x —2y +4 =0

2.5. Halitn ypaBHeHHE IpsAMOiA, ipoxoasie uepe3 Touky A(2, -3) u Touky
nepeceyeHus NpsMbeIX 2X -Y =5u X+ Y =1. Omeem :x =2

2.6. Jlokasath, uro yeThipexyroabHuk ABCD - tpamenus, ecou A(3, 6), B(5, 2), C(-

1, -3), D(5,5).

2.7. 3anicarh ypaBHEHUE MPSAMOM, TpoXoamiei yepes Touky A(3, 1)
nepreHauKysspHo Kk npsmoii BC, eciu B(2, 5), C(1, 0). Omsem :x+5y—-8=0
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2.8. Haiitn ypaBHEeHHe npsiMoid, mpoxosiieit uepes Touky A(-2, 1) napamiensHo
npssmoii MN, eciin M(-3, -2), N(1, 6). Omeem :2x —y +5 =0

2.9. Haiitu Touky, cummeTpuaHyto Touke M(2, -1) oTHOCHTEIbHO MpsIMOi X - 2y + 3
= 0. Omgem:M (4 23)

| 55

2.10. Haiitu Touky O nepeceuenus ):[I/Iral“(iH\aJ'IeI‘/’I yeTeipexyroiapHuka ABCD, ecu A(-
1, -3), B(3, 5), C(5,2), D(3, -5). Omgem :MO'3;

L3
2.11. Yepe3s Touky nepeceyeHus npsmeix 6X - 4y + 5 =0, 2x+ 5y + 8 = 0 nmpoBectu
IpAMYIO, TAPAJUIENbHYIO0 OCH a0CIUCC. Omsem :y = —1

2.12. U3zBectHbl ypaBHeHUs: cropoHbl AB Tpeyronsnuka ABC 4X + y = 12, ero BeICOT
BH5x -4y =12 u AMX + Yy = 6. HaiiTu ypaBHeHHs ABYX APYTUX CTOPOH TPEYTOJIbHUKA
ABC. Omeem:7x -7y -16=0; 4x+5y—28=0

2.13. Jlans! aBe Bepuunbl Tpeyronbauka ABC: A(-6, 2), B(2, -2) u Touka

HePeCceUYeHHs €ro BHICOT %,%)Z\Haﬁm KoopAuHAThl Touku M niepecedenus ctoponbr AC
v BeIcOoThl BH. Omgem :M ;

-

2.14. Haiitu ypaBHeHHUsI BBICOT TpeyroibHuka ABC, mpoxoasiux yepes BepInHbl A
u B, eciiu A(-4, 2), B(3, -5), C(5, 0). Omsem :7x+5y +2=0; 9x+2y —28 =0

2.15. Boryucinuth KOOpAUHATHI TOUKH MEePeceueHUs MEePIEHANKYIISIPOB,

MPOBC/ICHHBIX YCPE3 CCPCTUHBI CTOPOH TPPYTOJIpHHKA, BEPIIMHAME KOTOPOTO CITyKaT
Touku A(2, 3), B(0, -3), C(6,3). Omsem:M 3;- J
3

2.16. CocTaBUTh ypaBHEHHUE BHICOTHI, POBEJCHHON Uepe3 BEPIINHY A TPEyroJIbHUKA
ABC, 3nas ypaBHeHus ero ctopon: AB-2x-y-3=0, AC-x+5y-7=0,BC-3x-2y+
13=0. oOmsem 2Xx+3y -7 =0;

2.17. lan TpeyronsHuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
ypaBHEHHUE W BBIYUCIUTH ITTUHY €r0 MEIMaHbI, TPOBEICHHOM 13 BepiirHbI C.
Omeem :2Xx+y+2=0; d= >4 ~13,1

J17

2.18. CoctaBuTh ypaBHEHHUE TIPSIMOMA, TPOXOIAIICH Yepe3 HA9ajI0 KOOPIUHAT U TOUKY
nepeceyeHus IpsaMbIX 2X + 5y -8 = 0u 2X + 3y + 4 = 0. Omsem :6x +11y = 0;

31



2.19. Haiitu ypaBHeHUs NEPHEHAUKYIAPOB K psiMol 3x + Sy - 15 = 0, npoBeeHHBIX
yepes TOUKU IEPECECYEHUs] JaHHOU MPSIMOU € OCSIMU KOOPAUHAT.
Omeem :5Xx —3y —25=0; 5x+3y +9 =0;

2.20. Jlanbl ypaBHEHHS CTOPOH YeThipexyrojbHuka: X -y =0, x+3y=0,x-y-4=
0, 3x + y - 12 = 0. Haiitu ypaBHEHUS €ro AUaroHaieil. Omeem:y=0; x =3

2.21. CocraButhb ypaBHeHus: Meauanbl CM u BoicoThl CK Tpeyronsnuka ABC, eciu
A(4, 6), B(-4, 0), C(-1, -4). Omeem :7x—y+3=0-CM; 4x+3y+16 =0—-CK

2.22. Yepes touky P(5, 2) mpoBecTr MpsIMyIO: a) OTCEKAIOIIYI0 paBHbIC OTPE3KH Ha
OCsIX KoopauHaT; 0) nmapamiensHyto ocu OX; B) mapamiensHyto ocu Oy.
Omeem :X+y—17=0; y=2; x=5

2.23. 3anucaTh ypaBHEHHUE MPSAMOH, npoxosuiel yepes Touky A(-2, 3) u
cocTapJstomel ¢ ocbto Ox yroi: a) 45°, 6) 90°, B) 0°.
Omeem  X—y+5=0-CM,; x+2=0;, y—-3=0

2.24. Kakyto opaunaTty uMeet Touka C, jexalias Ha OTHOM IpsiIMOii ¢ Toukamu A(-
6, -6) u B(3, -1) u umeroras adcuuccy, paBHy0 3? Omesem: y =9

2.25. Uepes TouKky nepeceyeHus NpsamMeix 2X - Sy - 1 =0 u x + 4y - 7 = 0 nmpoBecTu
OpSMYI0, AEIAIIYI0 0Tpe30K Mek 1y Toukamu A(4, -3) u B(-1, 2) B otHomennun = 2/ 3.
Omeem 2X — Yy —5=0;

2.26. V3BecTHBI ypaBHEHUS JBYX CTOPOH pomba 2x -5y -1 =0u2x-5y-34=0wu
ypaBHEHHE OJIHOM U3 ero auaroHayeu x + 3y - 6 = 0. Halitu ypaBHeHHe BTOpOH
JUAroHalu. Omeem :3Xx—Yy —23 =0;

2.27. Haiitu Touky E nmepecedueHuss MeluaH TpeyrojabHUKa, BEPITMHAMUA KOTOPOTO
apisttorest Touku A(3,1), B(7, 5) u C(5, -3). omsem:E(3;1)

2.28. 3anmcaTh ypaBHCHHS MPSIMBIX, POXOIAIUX yepe3 Touky A(-1, 1) mox yriiom
45° k psimoii 2X + 3Y = 6. Omeem :x -5y +6=0; 5x+y+4=0

2.29. Jlanwl ypaBHeHUs BbIcOT TpeyronbHuka ABC 2x -3y +1=0,x+2y+1=0mn

KOOpAWHATHI ero BepmuHbl A(2, 3). Haiitu ypaBHeHus ctopor AB u AC TpeyroyibHHKA.
Omeem :2X—y—-1=0- AB; 3x+2y-12=0- AC

2.30. [lanbl ypaBHEHUS ABYX CTOPOH mapamenorpamma x -2y =0,x-y-1=0wu
TOYKa IepecedcHus ero quaroHaieid M(3, -1). Haliti ypaBHeHHS ABYX IPYTHX CTOPOH.
Omeem :X—y—-7=0; x-2y-10=0

IIpakTuueckas padora Ne 5 mo Teme
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Hean: [IpoBepuTh ypoBEeHb YCBOEHHUS MaTepHalia MO COCTABICHUIO YPABHEHUN KPUBBIX

«KpuBbIle BTOPOro mopsiaKa»

BTOPOTO MOpsiiKa (OKPYKHOCTH, DILIUIICA, Tapa0O0IIbl, TUIIEPOOIIHI .

3amanus

1. CocTaBUTh KAHOHHYECKHE YPABHEHUS:

a) aiurica; 0) runepoodibl; B) mapadoisl (A, B - Touku, nexariue Ha KpuBoi, F -

dokyc, a - 6osbInas (AeHcTBUTEIbHAS ) TOJYOCh, b - Manas (MHUMAs) MOJIYOCh, € -

IKCICHTPUCUTET, Y=+KX - ypaBHEeHUs1 acuMnToT runepOoisl, D - nupekTpuca KpuBoid, 2¢

- (hokycHOE paccTosiHuE).

Bapuant duunce I'mnep0Ooga ITapa6osna

1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4

2. b=2,F(4+2,0) a=7,¢=485/7 D:x=5

3. A(3,0), B2, +5/3) |k=3/4,e=5/4 D:y=-2

4. e= /215, A(-5,0) | A(+/30,3), B(4+/6,3./2) |Diy=1

5. 2a=22,e=+57/11 | k=2/3,2¢c= 10,13 ock cummeTrpuu OX U
A(27,9).

6. b=415,e=410/25 | k=3/4,2a=16 ock cummeTpun OX U
A(4, -8).

7. a=4,F=(3,0) b = 2,10, F(-11, 0) D:x=-2

8. b=4,F=(90) a=5,¢e=7/5 D:x=6

9. A0, +3), B(:14/3 | k=210, e=11/10 D:y=-4

1)
10. e=17/8, A(8,0) A3, -435),B(13/5,6) | D:y=4
11, |2a=24,e=422/6 |k=.2/3,2c=10 ocb cummerpun OX 1

A(-7,-7).
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12. | b=2,e=15428/28 |k=12/13,2a =26 och cummeTprn OX U
A(-5, 15).

13. a=6,F(-4,0) b =3, F(7, 0) D:x=-7

14 b =7, F(5, 0) a=11,¢e=12/11 D: x = 10.

15. A(- 173, 1/3), k=1/2, £ = f3/2 D:y=-1

B(-21/2, 1/2);

16. | e=23/5 A(0, 8) A(+6,0), B(-2+2,1) |D:y=9

17. 2a=22,£=10/11 | k= J11/5,2c=12 ock cummeTpun OX U
A(-7, 5).

18. b=05,¢=12/13 k=1/3,2a=6 ock cummetpun Oy u
A(-9, 6).

19. a=9,F®7,0) b =6, F(12, 0) D:x=-1/4

20. b =5, F(-10, 0) a=9,e=4/3 D:x=12

21. | A0,-2), B(15/2, | k=2410/3,¢=11/9 D:y=5

1)

22. | e=2/3, A(-6,0) A(+fz,0),B(+20/3,2) |D:iy=1

23. 2a="50,£=3/5 k=+25/14,2¢ =30 ock cummetpun Oy u
A4, 1).

24, b=2.15,e=7/8 k =5/6,2a=12 ock cummetpuu Oy u
A(-2, 3.2).

25. a =13, F(-5, 0) b =44, F(-7, 0) D: x=-3/8

26. b=7,F(13,0) b =4, F(-11, 0) D:x=13

27. A(-3, 0), B(1, k=f2/3,e= 153 D:y=4
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)

28. |e=5/6,A0, +11) |A(43273,1),B(+3,0) |D:y=-3

29. 2a=30,£=17/15 |k=.17/8,62c =18 ock cummerpuu Oy u
A(4, -10)

30 b=242,e=7/9 k=.2/2,2a=12 och cummerpur Oy 1
A(-45, 15).

2. 3anmncaTh YpaBHEeHHE OKPYKHOCTH, MPOXO/siieii yepe3 yKa3aHHbIe TOYKHU H
HMeleil HeHTP B TOUKe A.

2.1. Bepmunsl runep6ons 12x% - 13y? = 156, A(0, -2).

2.2. Bepmunsl runep6oins 4x% — 9y? = 36, A(0, 4).

2.3. ®okycsl runepbonsl 24y? — 25x% = 600, A(0, -8).

2.4. 0(0, 0), A - BepmHa napa6onsl Y2 = 3(X - 4).

2.5. ®okycel ammnca 9x% + 25y? = 1, A(0, 6).

2.6. JleBblit poxyc runepboins 3x% — 4y? = 12, A(0, -3).

2.7. ®okycsl saauica 3x% + 4y? = 12, A - ero BepXHsis BEPIIMHA.
2.8. Bepmuny rumepbonsl  x2 - 16y? = 64, A(0, -2).

2.9. ®okycsl runepbons 4x? - 5y? = 80, A(0, -4).

2.10. O(0, 0), A - Bepmna mapabonsl y? = - (x +5)/2.

2.11. TpaBslii pokyc smmumnca 33x2 + 49y? = 1617, A(1, 7).

2.12. Jlesslit poxyc runepbons 3x2 - 5y% = 30, A(0, 6).

2.13. ®okycsl snunca 16x2 - 41y? = 656, A - ero HUKHSSA BEPILMHA.
2.14. Bepmuny runep6onst 2x2 - 9y? = 18, A(0, 4).

2.15. ®okycsl runepbonsl 5x? - 11y? = 55, A(0, 5).




2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.21.
2.28.
2.29.
2.30.

B(1, 4), A - Bepmuna napa6oinsl y? = (x - 4)/3.

JleBb1it Boxyc smmanca 3x% + 7y? = 21, A(-1, -3).

JleBy1o Bepmmuny runep6onst 5x% — 9y? = 45, A(0, -6).
doxycel >anmnca 24x% — 25y? = 600, A - ero BepxHss BEpLIMHA.
[IpaByro BepimHy runepbons 3x2 - 16y? - 48, A(1, 3).
JleBblit poxyc runep6ons 7x2 - 9y? = 63, A(-1, -2).

B(2, -5), A - BepiuHa napabonusl x> = -2(y + 1).

[IpaBbiii pokyc smmunca X2 + 4y? = 12, A(2, -7).

[Ipasyro Bepmuny runepbonst 40x% - 81y? = 3240, A(-2, 5).
®oxycel >ammnca X2 + 10y? = 90, A - ero HUKHAS BEpILUHA.
IIpaByro BepiuuHy runep6oins 3x2 - 25y? = 75, A(-5, -2).
doxycel runep6oisl 4x? - Sy? = 20, A(0, -6).

B(3, 4), A - BepmuHa napabonsl y? = (x + 7)/4.

Jleblil pokyc smmunca 13x% + 49y? = 837, A({, 8).

IIpasblii Goxyc runepbonsl 57X% - 64y? = 3648, A(2, 8).

KoHTpoabHbIE BONIPOCHI

abrwnE

3anummnTe KAHOHUYECKOE YPAaBHEHUE DILIUIICA.
3anuirTe KAHOHUYECKOE YPaBHEHUE THIIEPOOIIHI.
3anuirTe KaHOHUYECKOE YpaBHEHUE MapadoIIbl.
UT0 Ha3bIBAETCS HKCLETPUCUTETOM BILIUIICA?
3anuiuTe ypaBHEHUS aCUMITTOT TUTIEPOOITHI.

CamocrosiTeqibHast padora o reme «Bekropbp)

Bapuanr 1

JlaHbI BEKTOPBI 5(9:_2.1) 1 b(4:3,0) (mts Ne 1-5).

1. Haiitu g-, .(Omeem.: 24)

a A (24 )

2. Haiitu b”.Oreer:|

(5386

3. Hailtut 32 (Omgem: 86)
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4. Haiitu ‘5‘ .(Omeem: 5)

5. Haiitu KOOpAMHATBI BEKTOPOB c=a+b , d=a-b , f=-3a .(Omeem:
c(13;1;1), d(5--5;1), f (- 27;6,0))

6. B mpsimoyronapHOW nekapToBoil cucteme koopawHaT moctpouth Touku A (0; 0),
B (3;-4), C (-3; 4). Onpenenutpb paccrosiuue Mexay Toukamd A m B, B u C, A u
C.(Omsem: B |=5, |BC|=10,|AC|=5)

Bapuant 2
JlaHbl BEKTOPBI 5(_3.0.1y b(3:0;4) (mst Ne 1-5).
1. Haiitu a.,.(Omeem:-5)

- 1
2. Haittu (a A ).(Omgem: —jﬂ)

3. Haiitu a*.(Omsem: 14)
4. Haiitu ‘6‘.(0meem: 5)

5. Haiitu koopauHAaTBl BEKTOPOB c=a+b , d=a-b f=-3a .(Omeem:
c(0;2;5), d(—6;2;-3), f(9;-6,-3))

6. B mpsMoyroipHOW JekapToBoil cucTteMe koopawHaT moctpouth Touku A (0; 0),
C (-3; 4), D (-2; 2) E (10; -3). Onpenenuth paccrostare Mexay Toukamu C u D, Au D, D
n E.. (Omeem: [CD|= 5, |AD|=2+/2,DE| =13)

TecT 11t CaMOKOHTPOJIA MO TeMe «BekTopHas anredopa»

1. JlaHbl BEKTOPHI @ =(2;4;1) HE=(12,0) HalT KoopAIMHATHI CyMMBbI BEKTOPOB.
a) (3:6;1) b)(0;6;1) «¢) (1;2;1)

2. JlaHbBI BEKTOPHI a =(2;4;1) U =(1;20) HailTu KoopauHATHI pa3HOCTH BEKTOPOB.
a) (3:6;1) b)(0;6;1) «¢) (1;2;1)

3. JlaHbI BEKTOPBI G =(2;4;1) u<=(@20) HailiTn KoOopIHHATEI BEKTOpa d +2¢,
a) (-3;81) b)(481) o (L,21)

4, Haiitn koopamHaThI BEKTOpa ABﬂ, €CIU 4 (2;4;,-6) U B (2;—4;8)
a) (0;-4;7)b) (2, —4;2) c) (0; 4, —-7)

5. Haiitn nnuny BekTopa 5 (-1 2, —2)

a) 4 b) 3¢l

6. Haiitu nnmHy BekTopa Ap: €¢I 4(531) i B(45-1)
a) 3 b) 2 c) 1
da(x;v;z) a( )
7. YclioBH€ KOJJTMHEAPHOCTH BEKTOPOB 1 1 1 H b X ¥20 2 pmeer Bun:
X A
a) Xi X, + 1Y, + 212, =0b) X;X; = Y1¥> = 2,7, C) - = J12
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8. VYkaxuTe BEKTOpP, KOJUTMHEAPHBIN BEKTOPY &(2; —3; —1)

bl %3 hpG1-Y b4

9. Haiitu ckansipHOoe IpOU3BEJECHUE BEKTOPOB & (4; —3;1) U

( -2-3)

b 5;
a) 3 b) 12 c) 23
10. Haiiti KoopiHATBI BEKTOPA ;= — +3 j+5K
a) (1; -3;-5)b) (-1; -3;5)¢c) (-1;3;5)
11.YcnoBue neprneHIuKyIsspHOCTH BEKTOPOB d(x ; y;z ) H ( ) UMECT BUJ:
1 1 1 b xz; yZ! ZZ
X Y1 Z
a) XX, + V1Yo + 2,2, =0Db) X3%, =YY, =z7,2,C) — = =—=mM
X2 y2 22

12.1Tpu xakom 3HaueHUU N BEKTOPHI a3 —2) b (_1; m: 4) BEKTODHI
NnepHeHIUKYISIPHBI?

a) b b)3 ¢) -3

13.BepuivHaMu TpEYrolbHUKA CIIyXKAaT TOUKH 4 (10; -2;8), B(8;0;7) U C (10; 2; 8).
Haiitu nimuny ctoponst AB.

a) 4 b) 3 ¢)1

14.BepuinHamu TpeyrojibHUKa CIyKaT TOUKU 4 (10;-2;8), B(8;0;7) U C (10;2;8).
Haitu nniuny ctoponsr AC.

a) 4 b) 3 c) 1l
15.HaiiTit KoOOpAMHATHI BEKTOpa ff*bﬂ, ecnn d=3 +2-5k um d=-2i+3]+4 Iz
a)(1;5,-1) b)(5;-1;-9) ¢) (-1;3;5)

16.Haiitn koopanHatel BeKTOpa 40" ooy a=3+2 -5k w d=-2i+3j+4k
a) (1;5; -1)b) (5; -1; -9) ¢) (-1; 3;5)

17. Haii b (-3,66)
.HaliTit yron Mexy BEKTOpaMu (5. ».
a) 45. b) 60. G) 90. Y P a(2 2 -1 u

18.Jlans Toukn  4(3;5:6) « B(5-10), Haiitn koopamHaThl cepeanbl oTpeska 4 B

a)(4;2;3) b)(5-2;2) c)(~4;2,-3)

TECT 110 TEME «YPABHEHUE ITPAMO»
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1. OGuiee ypaBHEeHUE NPSIMON UMEET BUJL:

a) y—y =k(x-x)b) ¥Y=¥1 _ X=X ¢) Ax+By+C=02. HeoOXoaumoe 1 10CTaTOUHOE
1 1
Yo=Y X=X

1

YCIIOBHE MapaJIEAbHOCTH MPSAMBIX C YIJIOBBIMU KO3 pHULIEHTaAMU U2 a)k =k,

b) k, -k, =—1 c) k; +k, =0
3. Heobxoanmoe 1 J0ocTaTOuHOE yCIOBUE NEPHEHAUKYISIPHOCTH MPSAMBIX C YIIIOBBIMU

k
KO3 dUIMeHTaMu u 2
a) k,=k, b) ki-ko =—1 ) k; +k, =0

kl

4. VkaxkuTe ypaBHEHHUE NPsAMOii apasienbHoit Y =°X+6

a) y=—-5x b) 10 x—y+12=0 ¢) 10 x—2y+8=0

5. Beibepute ypaBHEHHE, OMUCHIBAIOIIEE MPAMYI0, U300pKEHHYIO HA PUCYHKE

VoA

/_2 0 X

y
a) —2x+3y=0 b) 3 + - =1lo iz + % = 16.YKaxuTe ypaBHCHUE TPAMOI

o o - 1
epIeHIUKYISPHOH mpsaMoit Y = 2X+6 g Y=—EX b) 10 x—y+12=0 ¢) 10 x—2y +8=0

7.CocTaBUTh ypaBHEHHUE MPSMOM, MPOXOSIIEH Yepe3 Hayano KOOPAUHAT, €CIIH €€

k=5

yTII0BOM KO3 HUITHEHT a) 5x+ y=0 a) x+5y=0c) 5x— y=0

8. YKasarh TOUKy, IPUHA/UIEKAILYIO IpsMOi | X =3V +21=0 oy £ (4.13) b) A(3;14)

c) A(-4;13)9. CocTaBUTh ypaBHEHHE HPAMOH, NPOXOJAIIEH uepe3 Hayauo KOOpJAUHAT U
obpasyromeii c oceto ¥ yron 45, a) x—y=0b) x+y=0c) x—y +1=010.
CocTaBUTh ypaBHEHUE NPSIMOM, MPOXOASAIIEH YEPE3 TOUKY (5 -1) u umeroweit

YTII0BOM KO3 HHUITUCHT K=3 ) 3x—y=0 a) 3x+y-16=0 c) 3x —y -16 =0

Tect mo reme «KpuBbie BTOpPOro nopsiaka»

1. YpaBHeHue 3i1IuIca UMEEeT BU/L:
X2 — 2 XZ + 2

) br=1b) = 2 =10y -2px

2. YpaBHeHUE THUTICPOOJIBI UMEET BH/I:
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a)a—_b—2:1 b)a— b? :1c)y2=2px

3. YpaBHeHue napaboiabl UMEET BU:

X2 — 2 X2 + 2
a)—2 #zlb)—z #:1@ y2=2px

a a —_

4. Haiitn paamyc okpyHOCTH X +Y* +4y—5=0
a) 7 b3 ¢)5

2 2

<Ly

. =1
5. Yemy paBHa 0oJibliIasi TOJIYOCh DJLIUIICA 36 25
a) 6 b)1l ¢ 5
X2 y2
6. HaiiTu 3KCIEHTPUCUTET dIUTUIICA 100 + 1 1
a) 6b)0,3¢c) 0,7
X2 y2

7. UeMy paBHa jciicTBUTENBbHAS OCh rumepbomsr 04 25
a) 6 b)18 ¢)5

2 2

Xy
- -7 = 1
8. Haittu sxcuenTpucurer runepbonsr 22 11
3 6
a)ldb)_c) _
5 5
X2 y2

9. Bammcath ygaBHGHI/IH acUMITOT rHmepbonsr 144 256

4
a) y=t_xb) y=t"x¢C) y—+3x
3 4

10.3anucarh ypaBHEeHUE TapaboIbl C BEPIIMHON B Ha4alie KOOPIAUHAT, €Cliu €€ (POKYC

HaXOJUTCS B TOUKe © (3;0)
a) y2=2x b) y2=12x c) y=12x?2

11.JTnst runepOonbr 16X —9Y* =144 pajity paccTOSTHHE MEXT OKyCaMH.
p p Yy Yy
a) 6 b)10 ¢) 5

12.HaiiT KoOpAMHATHI IIEHTPA OKPY)KHOCTH X* + y?> —8x —10y —8 =0
2) (45)b) (5:4)0) (2:5)

13.HaiiTi KOOpAMHATHI PaJnyC OKpyXkHOCTH X +Y° —8x —10y —8 =0
a) 6b) 10 ¢) 7




IIpeneanbl 1 HENPEPLIBHOCTH
YcTHbIN onpoc

Haiite onpenenenus npeaena QyHKINUU B TOUKE.
CdopmynupoBaTh CBOICTBA IPEAEIIOB
Kakune tunsl HeonpeneIeHHOCTEN BaM N3BECTHBI?

Kak n30aBUTLCS O HEONPEAEIEHHOCTH O ?
0

Uemy paBHO 3HaUe€HUE TIpeena GyHKIUH MPU HEONIPEEICHHOCTH

o Mo

o loolo

quy PaBHO 3HAYCHUC MIPCaACiia q)YHKL[I/II/I IIpHu HCOMMPCACIICHHOCTHU

ChopmynupyiiTe nepBbIil 1 BTOPON 3aMedaTeIbHBIN MPEIeIbI.
Yemy paBHA HEONIPEIEIEHHOCTh BUAA c* ?
YeMy paBHA HEONIPEAEIEHHOCTh BUIA 0-¢ ?

©o~N o

IIpakTnuyeckas padora Ne 6 mo teme
«BblunciaeHnue npeaeaoB»

I.[e.m;: HpOBepI/ITL YMCHUS U HABBIKU CTYACHTOB B BBIYUCIICHUU IIPCACIIOB, PACKPBITHA
HGOHpC,IIGJIGHHOCTGfI.

3aganusa

1.HaiiTu yka3aHHbIE NIpeaeJibl.

1 1 i3
1.1. i ﬂ omeem . _ 1.2. lim *—l—l’x omeem 1
=3t =122+ 20 8 =0 xt +x
2 2
1.3. lim M omeem :— i 1.4. m M omeem . _
723 43 _ 97 27 =1 3x% -2 5
15 fm Exj —7x+4 omeem:nem 16. & 12-;—2:—2:2 omeem :Hem
¥=d x4 _ Sy 4+ pewenusn ¥=+3 ¥ =7 pewenus
2 2
1.7. km M omeem:i 1.8. lim ﬂ omeem :E
=g 27x% -1 9 ra-lxd Dy 3 4
. 3x+2x-1 4 _ 3xt - 1lx+6
1.9. tm ———— omeem - 1.10. lin ——— omeem 1
el gyt x4 2 3 ¥ 2xt —5x -3
. x -8 12 o oxt-x-2
1.11. lin ——— omeem: _ 1.12. tim =—= = omeem:—1

2yt b x—6 5 ol x4



3
- 8
1.13. tim ;—16 omeem :._ 1.14.
¥4 ot 4 x— 20
2
1.15. tm M omeem : _
=3 0xd —Tx 43 5
2
1.17. 1% w omeem . __
=130 1= 2 5
2 —
1.19. tim w omeem 1
==l 0?4+ 8x 41
2
1.21. lim w omeem — _
=2 z% 35— 10 7
2
1.23. ]_1_'[‘_[1 —5?: +11x_2 Omeem:—_
=2 3x? —x—10 11
2
1.25. lim w omeem :ﬁ
x5 0x? _3x— 35 17
2
1.27. m omeem . _
-3 23% 4 11x45 3
2
1.29. lim w omeem:g
R e | 5

2. HailTu yka3aHHbIe NPeaeabl

Co2x +11x+15
_ 0

2.1. meem: __
73 3xd 45512 13
3
I =SEx+2
2.3. ]J?{I;I}llm omeem 0
4 2
. X —x4+x+1
2.5. hm14—-|-1 omeem 0
r=— x
x—x+3
2.7 lm — " = omeem:_
s R e P 23
2
-1
2.9. 2;':— omeem . — 2
==l x® 4 3x 42
2
211, lm w omeem . _
x5 23 +11x 45 3

p!
i Ax"+1lx-3 o :E
A 4
2
1.16. tim w omeem .
=2 3x% +8x +4 4
2 —dx-5
1.18. ————— omeem :0
¥-layt 4 Py — 2
2 )
1.20. fim 3}:2 3Ix+2 omeem nem
a4 pf 13 pewenus
2 _ )
122 fm dx* +x—5 omeem nem
=1 x? _Ox 41 pewenus
2
1.24. lim ﬂ omeemii
=7 2x% —Ox— 35 19
2 )
126 i 4}; +3x+15 omeem :nem
k=3 pd _fe ] peuwenus
2
1.28. lim —2;{2 +15x—8 omeem ZE
¥==8E3xt 4+ 20548 23
3
1.30. M omeem : _
=53z +10x+3 8

C 2x* +5x—10 omeem :nem

22. :
w1 =1 peuienus
C 3x* 4+ 2x+1 omeem:inem
2.4, fig X F2xtl
r—d ¥ =8 peuienus
2 )
2.6. tim 2x° —2x -1 omeem :nem
r=1 =t =1 peuienus
2425 omeem nem
28, lim — "
=2 x* +4dx+4 pewenus
2 —_—
210. fim 2xt4+70x-4 omeem — >
x4 ¥ 64 16
i1 _
212, b =2 T gem: L
=1y x-2 2

43



2 -2x+1 . -3

2.13. lim —— - - omeem :0 2.14. lim . omeem =12
=l 2xt =TTx+5 =2 dxt —8x+10
2 - 19 *rx- ;
215 i 9x ;l-l?x 2 omeem 2 216, lm 3}: +jx £  omeem:Hem
¥——2 4+ 2y 2 =l x* ¥ x4 ] pewenusn
P2 5 4 o2
2.17. lim 4z 22): +5x omeem ._ 2.18. lim w omeem 3
=0 3xt+Ux 7 =l oyt -1
2 _ : R 11
219 3}; +45x—1 omeem :uem 220 fim x : =30 omeem — =+
v=3 32 541§ pewenus ¥==i o x7 4125 75
E - 11 5_
2.21. tlim M omeem . __ 2.22. lm M omeem -6
A iy 48 ¥l o —1f4
. x+3x-08 11 2x* +11x +10
2.23. tm =217 omeem - 224, lgn —/— " "* 0
=t —dx 4 2 x?_5y414 OO
. =4 4 . It +x
2.25. tim —— omeem: _ 2.26. lm ————— omeem :0
=2 3xt 4+ x =10 11 =0y —hx+1
i _ - 13 2 -
2.27. tm M omeem :__  2.28. lm .?:34—2—3:24 omeem 0
¥=0 Sxt — 20x 412 16 =8 0?1554+ 18
3 3
2.29. tim ﬂ omeem — ]ﬁ 2.30. m X;M omeem :4_8
w2 2% _11x+18 7 mt Txd 0 7x—4 29

3. HaiiTu yka3aHHbIe Npeaeabl

I s 3
31, fim X 2% *2 32, fim — X FTE
¥ Dad 4 0% — ¥ P x4 5
33 h.mﬁx"—3f+7 34]jm?x3—2x2+4x
BT, P | Caxse Dxf4g
4.3 2
35 fim x3 4xz+28x 3.6, fim 3x2+1|:lx+3
ww Ax? 431" +x—1 isw Dyt 4 hHx—3
37 fim —3xt a4 38, fim 2xd+Tx+3
Cowe gt 3x- e 5xf —3x 44
2 3 2
.o —=x 4+ Ex+1 .o xT=3x"410
3.9. fim —= T2 * 310, fin £ 2 1Y
¥ Syt 4 x—5 ¥ P? 4 0x 41
C dxt4sx-7 o 3xt 4 2x 41
3.1, fim 2= X! 3.12. fm o T2x*L

P e | y L N e



2
313, fy 2% FT2x+d

wve Dx - x 44

3 —
315, fy SX T7x-2

e

4 o3
3.17. fim 2L 0X *2
¥ xt +d4x-3

319 Hm8x4—4x2+3
T w2t 4

3
321 fim X 47

pwe - 3x 42

393, fim oxt +7x -2
T Eee By —dx 43

3.95 tm x—2x +55*
T e 243 45

R G P
3.27. tm - 7
¥ x4+ hx 48

3_
3.29. fim % —&xtl
LS Sl S il

3.14. lim

x4 5x-7
e 3 4 x+1

18x% +5x

3.16. lim

08— 3x- 9x°

. Bxf4+dx-5

3.18. lim

3.20. lim

3.22.

wve 4y —3x 42

o 3xt—dx+2
=0 Gx0 + 97 +1

4
i 1+4.‘:’ x :
wvw oy 4 3x° 4 Px

Ix +14x°

3.24. lim

3.26. lim

3.28. lim

3.30. lim

4., HaTH yKa3aHHbIE Mpeaeabl

=2 =2x+4

4.1. 3
e 2xt 4327 +1

2 —
43, fim 25 x4

v x4 0x—1

3 —_—
A5 fim 2;;4 +7x-1
wbw Ayt 4 2x 45

P P

4.7. _
¥ 2x +4x -5

3
49 tm Tro+5x 49

e 1+ dx—x

1
411 fim 2xt+ox+7

e 3t _ 2 4

4.2. lim

¥sw ] 4 Dx 4752

Coaxt—oxt-7
e Ixt 4 Ix4 s
T iy o
e 24 2x—x°

Co5xt—3x+1

rew 3xd 4 x5

o 3xt4+2x-5
e 230+ x+7

Ix—x°

4.4, lim

4.6.

R P

- 2x +7x% +4

eyt Gx—1

5% —dx

4.8. lim

4.10. lim

4.12. lm

e 3x? 4 11x =7

It 4xi-6
e 2%t +3x +1

C Ext4dxt —Tx

rew 2xt 4 Tx—3



3_ 2
413, fm XX HT
e I S 5 o |
2%t 432 +5

4.15, :
¥ 3xt —d4x+1

112% +3x

417, fim — %
¥ Aat — Px 4]

e fxi 455 =3

rvw Dx% — x4+ 7

4.19.

5 4.3
4.21. tm 8’“34—7{4'3
i S e - il
o sxt—2xt+3

4.23. fm 22T
¥ Axt +Ex-

e izt o2t -3

4.25. i
¥ Byt —dx 45

3—
firn T"xg 2xr+4
¥ Dt x— 5

4.27.

4.29. :
¥ Syt —2x 45

2xY +10x =11

2
414, fyy 2F A

e 1+ 2x— x*

2 —
416. fim 6;{3 Sx+2
¥yt +dx—1

418, fim 8x% +3x 45
T e dx® - 2xt 41

2 —
490, tm Axt +dx -7t

I A, P |

2
492 tm 2x° =Tx+1

vt 4 dx® -3

3 1
424 fim 8xg+x 7
¥w Gpd Sy 43

4.96. fim It +2x-4
T e 3pt 4y 4

498, tm 4x% +5x% = 3x
B e o S L

3
4.30. fim TxT4+3x-4

rwe 2t = Gx 41

5.HaiiTn yka3aHHbIe NpeaeJibl

o 2x4+3x-5
ol Im e
T —-2x +1

5 3 h.m?x“—Bx+4
T orew 3x% _0x 41

55 fm 4xF —2x° +x

oxt—Sx+2
5.7, lim =2 7=
N A SIC Al

ER
5.9.11.11121: x4+ 2x

e x4+ 7x+1

511 ]J.m?x5+6x4—x3
T wsw 2xf 46+l

59 fim Ixt—Tx+2

e xt 4 2x—4

54 tm Sx? — x+7
C s 3t 52 410

4 —
56, fim 3:Jr2 2x+1
wbw Ayt 4 2x—5

58 fim Sx* —dx+2
U ae 4y 4 2x-5

2
510 fim 3xt=Tx4+5

rwe Ayt — 337 42

_ _ 2
512, fim S _2F_2%

ree 3xt 45y

45



_ 2.4 4 3_
5.13. fim — % 5.14, fim S Y1072
¥mew Dt 4 Ex° -4 ¥me Bt — Ay 41
3_
5.15. lim ?).x—+7"2 516, fim 2% —3x+1
¥oew A Gx+4dx e
- o axt -3t
5.17. fin — 2 518, lim —- %
Fow 3t 4+ 2x 41 R | 4 2x 43k
. o 3xt+s
519, fin 22 5,20, fim 2 *O%_
¥oox — Ayt —x ¥ Ayt —Ex=T
2x* —5x+43 2=
5.21, lm "2 5.22. lim —7—
¥ow 3x -2zt +x Yo qxt +Ex -6
3x+1 22— x=3x"
5.23. lm —— 5.24, lim ="
Few et — Oxt 44 e I L
4x* —10x+7 . 2% =3x+1
5.25, fm —~ 7" 5.26. lim == " -
v 2xT —3x e xT 44y
. - . 2xt =3x+1
527, tin — 20 528, fim —x _22*1
Frext —3x —4x ¥ xt + 217 +5
3_
5.29. fim —* 21 _ 5.30. fim —° "7
R At 4 x4 2 ¥ G Hx 4]
6. HailTu yka3aHHbIe Npeaeabl
2 bl - .
6.1. lim X txmle omeem 1 6.2. lim «.,"'x-l;lg 4 xom@em.—ﬁ
w3l ,\m K4 +2x-8 48
. 7 [y =
6.3. lim \fx—i_:}[j A omeeml—£ 6.4. lm - x+56 omeem
e T e Sy | 91 b=l :-': —x—6 10
6.5, {p N3+ 2x —afx+4 omeemif 6.6. lirn x=3x+2 omeem:—\/é
=1 3z —dx 41 20 ﬂ—ﬁ
. 3x* +4x+1 .2 —9x+4
6.7. lim 22 6.8. lim =7
o o TV o e
60 fm Next1-xt6 o V1L 610, g VIETIT = RrT12 omeem-— V2
23 2xt —Tx—15 286 =5 x® +Bx+15 8
6.11. lim M omeem 2 6.12. lim omeem :—
¥—=+0 x2 +1-=1 w0 —-\|Il'_x 7

46



. 3x
6.13. ];1{1_1}'1':| q.."m-q,"'—_x omeem 3

o+ x -2
6.15. lim ————
¥—=-1 || — _3

Jr-3-2

omeem .—

N |

6.17. fim omeem: >

x—}?m 3
6.19. i 2714

H3 42x—15

2
. 4-2
6.21. fim F T2
=02t 164

6.23. lm ¥XT71 0
=0 3_,“,";

c
6.25. fim ~ 2

K3 3.7(— x

m'x+2 —4

6.27. lm omsem: —~—

e

6.29. fm m‘9+x—3

H':' x4z

7.HailTh yKa3aHHbIe NpeaeJibl

—3x
7.1. lm [x+4] Otger: e1?

2?{ 4
7.3. lim Otser: €2
w=wl 14 dx
ox 45"
7.5. al Ortser: e!?
¥l dx+1
+2 1+2%
7.7. (x ] Otser: €2
¥swl x4+ 1
2?{ ix
7.9. 1 ( ] Ortser: %2
P 2x— 3

omeem . —5 6.

omeem . _

64

omeem 2

omeem —

o1

26.

384

omeem . __

16

21— 22

A4, lin —
6 omeem 3

talx—2 '\I'I'_
6.16. lim Axrtd -3

6.18. fim X273

4
L
v

b-.g
I

'w-{!'

©

7
6.20. tlim u omeem \— i
=2l Ix? 12

6.22. lim iz omeem: —3\/5

05— =54 x
6.24. lin i omeem ‘— E
=t Bx4+1-35 24
CoAf1+3x% -1
ltn ——— =" " omeem:_
R 2
-2 10
6.28. lin ——— omeem .
=1 Btx—3 J10 -3
6.30. tim —“'4‘1-‘_1_3 omeem . ___
N 18

=3
7.2. ( il ] OtBerT: e 12
ruwh x +1
X—l A-3x
1.4, ( ] OtserT: e 3
=l
Ly
7.6. (x ] OtgeT: ¢
=l
T AL
7.8. (x 1] OtgeT: ¢ ¢
= ¥ -
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711, 4 (x‘l] Orser: 715
K= x+
x_z A3 6
7.13. ) OtBerT: €
K= x
X—? 4x-2 2
7.19. 1 OtBeT: €
b =] x
7.21. [2‘3x] Orser: e 7.22
¥oh 5 —3x
x
7.23. [jx:] Otgert: €1
b =] x
2.?:—1 - 5/2
7.25. v Otser: €747.26.
K=l Uy
71.27. (1+2x] OrtBer: e 7.28.
¥l 34 2x
I-3x
7.29. h'm[ il ] OtgeT: ¢ 27.30. &
b =] X -

8. HailTu yka3aHHbIe MpeaeJibl

C(ox 3y
8.1. hm[ il ] Otsert: 0
¥=wl Sx 47
+1F
8.3. hm[x ] Otsert: 0
r—wl Dy —
¥+
8.5. (5x+8] OTtBeT: ©
=l o — 2
Cox 1y
8.7. hm[ i 1] OTtBeT: ©
E=—wml o —
+3 3
8.9. hm[x ] Otsert: 0
rwl Zx—4
+3
8.11. hm[jx_B] OTtBeT:; ©
vswl 44

7.18. lim

7.12. lim

K=

¥+2
2x +1 OTtBeT: €
2xr—1

K= x

e LS
x+5
[ ] OtBeT: ¢ 1°

7.20. lm

K=o

+2 a-2x
[x ] OtgeT: ¢ ™

X

8.8. lim
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ax
8.13. ]jm(;:_f;] Orset: 0
¥——wol Ay
X—E it
8.15. ]im(3 +1] Otsert: 0
K—F— x
3x
8.17. ]jm(;:jm] Otser: 0
Kb Gy
8.19. [3 ] OtseT: 0
¥—r— x—
8.21. [3x+?] OtBeT: o
8.23. (5;: ?] OTtBeT: ©

8.25. tim [1‘ 2"”]_

fiar =]

3-x

8.27. fim [33{4
rewl 2x 45

8.99 fim [ A+x
¥=wl Qx— 4

9.HaiiTn yKka3aHHbIe MpeaeJibl

Haiitu npeneisr.

K — nopsiokoeutit Homep 6 sicypuane

1).lim sin3x
0 (k + 2)x

4) Iim(1+ EJX ,5) lim
X

Xg)oo\

2) lim  kx?
x—0 sin25x x—0

Iy
] OTBeT; ©

ax
] OrtseT: 0

I
X—0 kx

KonTposibHbIE BONIPOCHI

sin kx—sin 5x

Otsert: 0

8.14. lim | —=

8.16.

8.18.

8.20.

8.22.

8.24.

8.28.

8.30.

5x

 3)lim g (kx +3x) X2

6) lim C0S 2X

— cos kx

x—0

1. Jlatite onpeaeieHus npeaeina GyHKIUNA B TOUKE.

2. Kaxwue Tumnsl HeompeeIeHHOCTeH BaM U3BECTHBI?
3. Kaxk nzb6aButhcst 0 HeOMmpeeIeHHOCTH

092
0

X
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4.Yemy paBHO 3HaUEHHME Ipeesia QyHKIMH IPU HEOTIPEAECICHHOCTH 7

C

0

5.UeMy paBHO 3HaYeHME npesena QyHKIUK IPU HeonpeaeaeHHocTn 2O ?
Cc

6. 3anucarh 3aMeyaTeIbHbIE TPEIeIbl.
IIpakTnuyeckas padora Ne 6 mo reme

«IIpenea pynkuun. HenpepbiBHOCTH pyHKIUU. Touku pa3pbiBa»

Henab: HayduThCS BBIUMUCIATDH MPEACIIBL,UCCIENOBATh (YHKIHNIO HA HEMPEPHIBHOCTD,
KJaccu(UIUPOBATh TOUKH pa3pbiBa, CTPOUTH Ipadpuku GyHKUIUH.

Sanaﬂue 1.Haiitn Mpeaciibl, UCIIOJIb3YyA SKBUBAJICHTHBIC OECKOHEYHO MaJble q)YHKHI/II/I

2 .
2.1. lim M omeem :—E 2.2 tlm M omeem ZE
=0 x* —5x 5 =0 fg3x
] 3x
2.3, lim sin. 7x omeem ZZ 2.4. lm i omeem :E
=0 ggzx 2 ¥—=0 X3 +27x 9
25 4 arcighbx . oarcsin Ax .
9. lim ——— 2.6. lim =" 7" omeem:_
=0 2xt -3y =0 Dy 2
2.7. lim ﬂ omeem:i 2.8 tim M omeemii
w0 gpecielx 2 =0 gin 2x 2
ixr _ 2 . _
L lim i L omeem . _ 2.10. tim M omeem -1
x—=10 ngx 3 3 xt — x4 6

2.11. tim —cos3x— Losa omeem — 2 2.12. lim —1_ on bx omeem 32

=0 2}:2 =0 4:&’ 2
2.13. lim M omeem ZE 2.14. ln M omeem :i
=0 In{1+2x) 2 =0 fehx 5
ix
2.15. tim = ! Omgem:E 2.16. lim g+ 2) o gem :—E
=0 g 2x 2 A 4
2.17. lin M omeem:i 2.18. lim M omeem . _
2 x 48 12 =0 fgdx 2
3 - —_—
2.19. lim ﬂ omeem 48 2.20. tim cos2x ;OS Ax omeem 2
¥4 fg(_x—z.‘].) x—=0 3}[—
3
221 lirn M omeem ‘2 222 litr arcr.gﬁx omeem . _

¥=0 23;3 E=10 ﬁgEx 2



2.23. lim ﬂ omeem . _
=0In{1+2x) 2

5w
2.25, lim £ ~ 1 omeem:
¥+ fgzx 2

2.27. fin 23
=3 x0T 27

2.29. lim ﬂ omeem :1

=0 2;,[-2

3apanme 2. ccnenoBarh JaHHbIE (PYHKIIMU HA HETIPEPBHIBHOCTD U MOCTPOUTD UX IPAPUKH.

(X +4,x< -1,
1. f@):|x2+2:1£xsl,
2X, X > 1.

X+2,x<-1
23, f(X)=dx¥-1<x<1
—-X+3,x>1

-2(x+1),x<-1
25 f(x)=J(x+1)°%-1<x<0
X, x>0

X% +1,x<1
27.f(M—-2x1<x<3
x+2x>3

JT_XX<O
2.9. f@)100<xs2

X—2,X>2

[x-1,x<0

23.13. f(x) = |x2,0<x<2
Lxxzz

omeem .

2.24. lim arcsin 8 omeem 2
w0 fgdx

omeem : __
w20 o 2x 2

2.26. fim M1+4%) 4

298, fim zg(x+5)

=4 X — 25

2.30. lim M omeem :E

#=0 gin Bx 3

[x+1,x<0
2.2. f(x)= 1(X+1)2,0 <X<2

—X+4,X>2

[-x,x<0
2.4 . H@:|—@—DQO<X<2
TX—&XZZ

(—xxgo

2.6. f(X)=x2,0<x<2
TX+LX>2

(x—3,x<0
2.8 f(X)=Ix+10<x<4
T3+xx>4

[2x3,x<0
2.10. f(x)=Ix0<x<1
2+ X Xx>1

COS X, X<_

2,X>1

[

212, f@)l E<X<ﬂ
|2
l

[x+1,x<0

2.14. f(x)= |x2 -10<x<1
1—xx21
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[-x,x<0 (x+3, x<0

2.15. f(x)=x*+1,0<x<2 2.16. f(x)=41,0<x<2
X+1,x>2 x2—2,x>2
x-1,x<0 [—x+1,x<-1

2.17. f(x)=1sinx,0<x<7 2.18. f(X)=|x2+1,—1£x32
3 X>rx 12x,x>2
1,x<0 [—x+2,x£—2

219. f(x)=120<x<2 220. f(x)=3x3-2<x<1
X+3,Xx>2 12,x>1
(3x+4,x<-1 (x,x <1

221, f(X)=x?-2-1<x<2 2.22. f(x):|(x—2)2,1<x<3
X, X=>2 1—x+6,x23
(x-1,x <1 [x3,x < -1

2.23. f(x):|x2+2,1£x£2 2.24. f(x):‘x—l,—1£x£3
1—2x,x>2 1—x+5,x>3
fx,x<—2 X+3,x<0

2.25. f(x):|—x+1,—2£xsl 226. f(X)=J-x>+40<x<2
1x2—1,x>1 X—2,X>2
(0,x<-1 -1,x<0

2.27. f(xX)=Jx?-1-1<x<2 2.28. f(x)=4cosx0<x<7x
2%, X > 2 1-x,x>nx

|[2,x<—1 [-x,x<0

2.29. f(x) = j—x-1<x<1 2.30. f(x):|x3,0<x§2

1Inx,x>1 1x+4,x>2

3aganue 3. lccnenoBats faHHbIe (QYHKIIMU HA HETIPEPHIBHOCTH B YKA3aHHBIX TOYKAX

1

31 f(x)=23+1, x,=3, x,=4

1

3.2, f(x)=5"% -1, % =3, X, =4

X+ 7

33. f()=

X =2, X =3
X—2 1 2



34, fo0="""

X;=—2, X =-3
X+3 ! ?

1

35. f(X)=45*+2, ¥ =3, X =2

1

3.6. f(x)=92", ¥ =0, x,=2

3.7. f(x)=2"5+1, x =5 x,=4

1

38. f(x)=5*-1, X =3, X, =4

1

3.9. f(x)=6"3+3, x=3 Xx,=4

1

310. f(x)=75%+1, X =5 X =4

-3
311 F0=""", 3 _ 5 x =4
X+4
5
312, T0=""" y _3 x, =2
X—2

313, f(x) =52, X =3, X =4

314, f(x)=4x1 -3, X =1, X, =2
3.15. f(x)=2> -1, X =0, X, =1
3.16. f(x)=8*2 -1, x,=2, X, =3

3.17. f (X) :53_X -|-1, Xl :2, X2 = 3

318 f(0 =7 x=5 X -4
2X
3.19. f(x):xz_, X =1 X =2

3.20. f(x)=2*2 +1, X =2, X, =-1

321 f(x)=4"2+2, % =2, X =3



422, f(x)=3"1-2, x=-1 x,=0

3.23. f(x)=5* +1, X =-5 x,=—4

4

324 f0="""1 y - 2 x=-1
X+ 2

325 f(0=""" x-3x-2
X+3 !

326 f00=""" x=3 x =4
x-3 1 ’

3.27. f(x)=3"*+1, x, =1, X, =2

328. f(x)=—_ x =-5 x, =-4

3.29. f(x) =64, x, =3, x, =4

3.30. f(X)=—2, X =2, X, =3

KoHTposbHbIE BOIPOCHI
1.Kakue BeIMUMHBI Ha3bIBAIOT OECKOHEYHO MAJIBIMH OHOTO MOPSAKA MaIOCTH?
2. Kakue Benmu4MHbBI HA3bIBAIOT SKBUBAJICHTHBIMU 0€CKOHEYHO MAJIBIMU ?

3. Kakas pyHKIMs Ha3bIBA€TCSA HEMPEPHIBHON B TOUKE?
4.CKOJIBKO U3BECTHO BaM TOUYEK pa3pbiBa QYHKIIMH, KaKue?

CamocrosiTenbHas padora Ne 1
Bapuanr 1

1. BBI‘{I/ICJZII/ITB npeaen GyHKINN:
X -9
im——
o3y —8X+15

2. Buramcnuth npenen GyHKIUM:
lim X+5
x>2 3X — 6

3. Buruuciaurp npeaen (byHKuI/H/I:
. sinl7x
lim = .
x=0 §in 12X
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4. BBI‘[—II/IC%I{IQTB npeaen QyHKINUN:

lim 1+ =,

X*)OOK ; )

Bapuanr 2

1. Beruucnuts npeaen GyHKIUU:

X2 +x=-20
lim ) )
x4 x -16

2. Bwruucnuth npenen GyHKIUM:

. 3X+6
lim .
x=2 2X — 4

3. Beraucnuts npenen QyHKIUU:

lim sin 7x
x—-0 sjin 13x

4. BpryucauTh nipeaen GyHKIUN:
Iim?1+15\§.
X—)ook X)
Bapuant 3

1. Beruuciuts npeaen QyHKIUU:

o x2-49
lim

o1yl -5X 14

2. Bwramcnuth npenen GyHKIUM:

Xt +4
lim—.
o3 2X -6

3. Beraucnuts npenen QyHKIUN:

lim sin 9x
x=0 sin 4x

4. BpryucauTh nipeaen GyHKINH:
Iim?[1+1éd\§.
)(—)oo\ X}
Bapuanrt 4
1. Beraucnuth npeaen GyHKIUM:
o X2 -12x+35
lim ) )

Xx—5 X — 25
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2. Bpruncnuth npenen GyHKIUM:

ox2-1
lim )
x5 2X —10

3. Beraucnuts npenen QyHKIuu:

lim sin 8x )
x-0 sin 19x

4. BprauciauTh npeaen QyHKIUN:

2x
im[1+ 4"
Xﬁook X

Bapuant 5

1. Beruucnuts npeaen GyHKIUM:

. x2 -3x-18
lim ) )
6 X -36

2. Beruucnuth npenaen GyHKIUM:

lim 2X -3
x>4 3X —12

3. Beraucnuts npenen QyHKIUU:

lim sin 5x
x-0 sin 14x

4. BpraucnuTh npenaen GyHKIUu:

mnﬁ+%gfx_
ol X

Bapuant 6

1. Beraucinuts npeaen GyHKINU:

- x2-81
lim

oy’ —11x+18"

2. Bwramciuth npenen GyHKIUM:

lim 3x-5
x>6 2X —12

3. Beraucnuts npenenn QyHKIUN:

. sin 19x
lim = .
x=0 SN 3X

4, Beraucnauth nipeaen QyHKINM:

2x
lim (1+ Ej _

xaoo\ X
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CamocrosiTeqibHast padora Ne2

Bapuant 1

1
Hccnenosats pyHknuto f(X) = — Ha HenpepbIBHOCTH B TOYKE x, =0 -
X

Bapuant 2
£S npu  X#0
HccnenoBath GyHKIHUIO f (X) =4 ' Ha HEMIPEPBIBHOCTD B TOUKE x_ —
11 npu  X=0
Bapuant 3
HccnenoBaTh QYHKIUIO f(x) = x? HAa HENPEPBIBHOCTb B TOYKE x, =0 -
BapuanTt 4
Uccnenosars dyukumio f(X) = X ® Ha HempepbIBHOCTH B TOUKE x, — O
Bapuant 5
3
x°, x <0
Hccnenosath pyrknmo f(x) = { Ha HENPEPBIBHOCTB B TOUKES  _ o
x, x>0 °
Bapuanr 6
—5x, x <0
Hccnenosath pyaknuto f(x) = { Ha HETIPEPBIBHOCTE B TOUKE _ _
x2, x>0 o

ITonsiTe MPOM3BOAHOM U €e reoMeTpUuYecKuil cMbIc/L.ludPpepenunan GpyHkuun
YcTHbIN onpoc

1.Yto Ha3pIBaeTCA MPOU3BOAHOM PYHKITUHU?

2.Chopmynupyiite npasuia qudpepeHuupoBaHus ?

3.Kakas ¢yHKIMS Ha3bIBA€TCS CIIOKHOMN?

3. ChopmynupyiTe MpaBUiIO HAXOXKICHUS IPOU3BOTHON CIIOKHOU (DYHKITHH.

4. Yto naspiBaercs quddepennuanom GyHKIun?

5.Kak naiitu npousBoaHbie U Tu(depeHnanbl BEICIIUX MOPSIKOB?

6.1TpaBuio Jlonurans.

o
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7.Y10 Takoe 3KCTpeMyM (QyHKIUU?

8. Uro Takoe TOUKM nepernda , MHTepBajbl BHITYKIOCTH ,BOTHYTOCTH?
9.Kak HaliTu acUMOTOTHI ?

10.Paccka3ath o0L1yI0 CXeMy HCCIe0BaHUS (DYHKIIMH.

IIpakTuyeckas padora Ne 7 mo teme «HaxoskaeHue npou3BOAHOM CJIOKHOM
(pynknuu. I'eomerpuyeckuit cMbica NpousBoaHol. {uddepenunan pyHkuum»

«Bbrunciienue IPOMU3BOAHBIX»

Hean: [IpoBepuTh 3HaHUS U YMEHUS IO HAXOXKIECHUIO TPOU3BOAHBIX 3JIEMEHTAPHBIX U
CJIOXHBIX () YHKIUH.

3ananue 1.Hautu npousBoaHbie GyHKUIUN

B1Y=x>-5x?+11 B16 Y=x>-5x%+11
Y=xctgx Y=x?ctgx
_arctgx _arctgx
- X - X
Y=3/x3 +5 Y=/x3 + 5
2 2
Y=e—* Inx Y=e~* Inx

Y=(cosx — 1)%*

B2 Y=2x3-x%+17 B17 Y=2x3-x?+17
Y=xtgx Y=xtgx
_artgx _artgx
- 4x - 4x
y=Vx2 =3 y=x2 =3
Y=In — Y=In —
x+1 x+1
B3 Y=7x3+3x?-2 B18 Y=7x3+3x2-2
Y=xarctgx Y=xarctgx
x+5 x+5

Inx Inx
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1
T (2x+11)5

Y=sin® (4x? + - —1)
B4 Y=-3x3+5x%-81
Y=2xsinx

X

Y=

sinx
V=473

X
Y=cos —
x+1

B5 Y=7x%-3x%+32

Y=x3arcsinx

ve 2
T (3-6x)°

CcoSsXx

3x

Y=In(x — x2 — 6)
B6 Y=-x>+3x3-11

Y=3x2ctgx

arccosx

3x
y=x2 -3
Y=e3x In2x
B7 Y=3x*-6x?+19
Y=x3sinx

tgx
Y_

3x
Y=12x3 - 6

Y=e—x2 Inx

1
T (2x+11)5

Y=sin® (4x? + - —1)
B19Y=-3x3+5x%-81
Y=2xsinx

X

Y=

sinx
Y=Vx2 =3

X
Y=cos —
x+1

B20 Y=7x5-3x%+32

Y=x3arcsinx

y= 2
(3—6x)°

CcoSsx

3x

Y=In(x — x2 — 6)
B21 Y=-x>+3x3-11

Y=3x2ctgx

arccosx

3x
=323
2
Y=e3* [n2x
B22 Y=3x*6x2+19
Y=x3sinx

tgx
Y_

3x
Y=2x3 -6

Y=e—x2 Inx

59



B8 Y=-4X5+9X2-12

Y=x3tgx

arcctgx

6x
Y=13x + 6
y=2-*"Inx
B9 V=5x*-2x3+65

Y=x2arcsinx

5
T (6x—4)3

v={x2 — 5
2
Y=32x [nx
B10 Y=-2x5-3x%+19
Y=xctgx

arctgx

X
Y=3/x3+5
Y=ezx2 Inx
B11 Y=8x*6X°+1

Y=2x3arccosx

tgx
sy
9
"~ (6x—5)%
Y=4—" Inx

B12 Y=3X?+11x3-87

Y=3x3ctgx

B23 Y=-4X5+9X2-12

Y=x3tgx

arcctgx

6x
Y=3x + 6
v=2-*"Inx
B24 Y=5x*-2x3+65

Y=x2arcsinx

y= 5
NGOk

v=x2 - §
2
Y=32x [nx
B25 Y=-2x5-3x%+19
Y=x?ctgx

arctgx

X
Y=x3 +5
2
Y=e2% [nx
B26 Y=8x*-6X°+1

Y=2x3arccosx

tgx
s
9
~(6x—5)%
v=4-*" Inx

B27 Y=3X?+11x3-87

Y=3x3ctgx
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CcOoSXx

coSXx

2x 2x

_ -3 ve -3

" (4x+9)° (4x+9)°
Y=56x2 Inx Y=56’C2 Inx

B13 Y=x>+9X?-51

B28 Y=x>+9X?-51

Y=x2arcsinx Y=x2arcsinx
X X
Y= Y=
CcCoSx COoSX
Y=V8x3 — 3 Y=V8x3 — 3
Y=62X2 Inx Y=82x2 Inx

B14 Y=3x7-9X3+11

B29 Y=3x7-9X3+11

Y=5x3tgx Y=5x3tgx
2x 2x
Y=—— Y=——r
arcsinx arcsinx
v=32x* — 6 v=32x* — 6
Y=e3x3 Inx Y=e3"3 Inx

B15 Y=x>-8X2+16

B30 Y=x>-8X%+16

Y=4x2ctgx Y=4x2ctgx
_actgx actgx
- 3x - 3x
9 9
“(2x-15)8 “(2x-15)°
y=62<"Inx v=62<" Inx

KonTposbHbIE BOTPOCHI
1.ChopmynrpoBTh onpe/ieieHre MPOU3BOIHOM, paBuia qudGepeHInpoBaHu.
2.3HaTh TaOJIUIlY POU3BOIHBIX AJIEMEHTAPHBIX (PYHKITUH.

3.ChopmynupoBaTh MPaBUI0 HAXOKICHHUS MPOU3BOTHON CIOKHON (DYHKIIHH.
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Ipakruyeckas padora Ne 8 mo reme«UccienoBanus GQyHKIMH U IOCTPOEHUE
rpapuka»

Heab: HayunThCs HCCIEAO0BAaTh PYHKIHUIO U MO PE3YIbTaTaM UCCIEIOBAHUS CTPOUTh
rpadux.

3ananue 1.VccnenoBath PyHKIIUIO MO MPEJIOKEHHOM CXEME U MOCTPOUTH €€ Tpaduk:
1.Haiitu o6sacth onpeneneHus QyHKIUU.

2.lccnenoBaTth Ha YETHOCTh U HEUETHOCTD.

3. UccnenoBaTh Ha MEPUOUIHOCTD.

4. HaliTu cTalluOHApHBIE W KPUTUYECKHE TOYKU MEPBOro poja.
5.Haiitu npomMeXyTKu Bo3pacTaHus U yObIBaHUS (DYHKITUHU, IKCTPEMYM.
6.Haiitu cTarimoHapHble W KPUTHYECKHE TOUYKH BTOPOTO PO/IA.

7. HaifTi mpoMeXyTKH BBIMTYKJIOCTH (DYHKITUM, TOUKHU TIeperuoa.

8. Haiitu acuMnToThl (BepTUKAIbHBIEC, TOPU30HTAIbHbIE, HAKIIOHHBIE).
9.HaiiTu Touku nepecedeHus rpaduka GyHKIIUU ¢ OCIMUA KOOPIMHAT.
10.Haiiti 1O0IIOTHUTEIbHEIE TOUKH.

11. Tlo pe3yabpTaTtaM HCCIIEIOBAHUS IMTOCTPOUTH rpaduK HYHKIUH.

2_oy_ va 3 .
B1. a) y = x3(2-x)3; 6)y="_>° B16. a)y=X? - 12x% .gx+1;

x+1

13
6)y=xz+1

x?+2x—8 1. .,1 . x*
B2.a)y=xv1 —x; 6) y=—1— B17. a)y=3" T2" -2x-1;6)y=x —2

x+3

2_3x-10 1oa_qz_34,1 X
B3.a) y=x-arctgx; 6)y= A B18. a) y=3'L AT+ 3;6)y=x7-3
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1—x 2 4l
BS.a) y =V =; 6)y= 12
X x+3
X2 6) x?+4x—12
B6. a) V' =1+X2 ’ Y= —
6 x%—x—20
B7.a) y “x2+16’ Jy= x+2
=2 x“+x—20
B8.a) y=e+; 6)y= —
X x¢—2x—15
B9.a)y=—; 6)y=——
x+1 x+4
2195
B10. a) y =2x-x?; 6)y= %’(115
b —2x

B11. a)y=X’-3%* T4, 6) y="x7-3

a - x=
B12. a)y="X% t3X*-2 . g)y=x7-1
3 _ 19y X
B13. a)y=¥" - 12046, )y

B19. a)y="%% T 3X% 49x;

x3-1
6)y=3x + 5

B20. a) y= x*-20x ; 6) y=1- 12
X

x2—1

B21. a)y=x3+15x2-x-250 6)y=

X

X

B22.a)y=3x+2;  6)y=

x249

3
B23. a) y=x3-4x ; 6) y = 3x+—+5
X

2_py
B24. a) y = 3x-x3; 6)y=. 2x8
x+1
B25. a)y = 2/3x3-2x=1; 6)y=-_
X2+9
1—x2
B26. a) y= 2x2-x*; 6)y=
X
B27.a)y=2x2-8; 6)y=_
21

B28. a)y = x*-8x%+3 ; 6)y=
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B14. a)y=X® +9x* + 24x + 12

x3 3 x2+3x—10
6)y=6x +18 B29.3a)y =2  O)Y= a3

3 = X3
B15. a)y=—+" +3x%*-2 . 6)y=r= -1

2 gy
B30.a)y=xv4 —x; 6) y== 2x-8

x+3

KoHTpoJibHBIE BONIPOCHI:

1.Yto Takoe 06s1acTh onpeeneHus QyHKiumn?

2.Kakue ¢pyHKIMY HA3bIBAIOTCS YETHBIMU , HEUETHBIMU, OOIIIETO BUj1a?
3.Bujbl Touek pa3phiBa.

4.Yto Takoe HyIH PyHKIUUA?

5.Kak onpenenuTh NPOMEKYTKH BBITYKIOCTH?

6.Buasr acuMIITOT.

CamocrosTenbHast padora Ne 1
Bapuanr 1
1.Haiiti mpon3BoHyt0 GyHKIUU Y=sin®(4x3 — 2).
2. HaiiTy MpOM3BOHYIO TPETHETO Mopsaka pyHkuun y=3X*+C0S5X.
3.BeraucauTh npeaensl, HCIob3ys MpaBwio Jlomurans:

lim(_ "~ "y timTG

2
X
X% agx 2C0SX x>0 X

Bapuanr 2
1.Hatitu npousBoanyo pyukuuu y=cos*(6x? + 9).
2. HaliTu npou3BOJHYIO TPETHErO MOpAAKa PyHKIHMH y=3X°-SiN3X.

3.BBIYuCInTh NPEeAEbl, UCIIOb3Ys npaBuio Jlonurans:
. x* _ L
lim ZE ,a > 0; lim(cosx)~?

x—-o e x—0

Bapuant 3

1.Hatitu mpousBoanyro ¢pyukmun Y=tge(3x* — 13).
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2. HaliT MpOM3BOHYIO TPETHETO MOPAAKA PYyHKIUH y=4x3-€°,

3.BeIuucnuTh npeaensl, UCIOAb3ysl mpaBuio Jlonuras:

1 1 tgx — 1
lim(—— ——— ); lim (2"~
x-1 Inx x—1 x-n/4 sindx

)

BapuanTt 4

1.Haiftu npousBonnyto pyHkiuu Yy =ctg4(5x3 + 6).

2. HaiiT MpOM3BOHYIO TPETHETO MOpsaKa PyHKIUH y=5x*- COS4X.

3.BbIUucInTh Npeaesbl, UCIOIb3Ys paBuwio Jlonurans:

X
lim(1-x)tg__; lim(a/* —1),a >0

x—1 2 X—0

CamocrosTenbHast padora Ne 2
BapuanT 1

1.Haiiti o6acTh onpeneneHus: GyHKIIUU y= ;2 :
6—x—x

2. Haiitu obnacth 3HaueHUN QyHKINU y=3sinX+4cosX.
3. Haiitu nmpoMexyTku Bo3pacTanus (QyHKIMH Y=9X+3X?-X3,
4. HaliTu cTaninoHapHbIE TOUYKH (PYHKIIUU Y=X+COSX.

Bapuanr 2

1.Ha¥itu o0nacTh onpeaeneHus QyHKIIUU y= 1

V34 2x—x2 .

2. Haiitu o6nacTh 3HaueHUil QyHKIMN y=5sinx-12C0SX.

3. Haiitu npoMesxyTku yobiBanus GyHkimu y=-18X+1,5x%+x3,
4. HaliTn cranimoHapHbIe TOUKH (QYHKITUH y=X- SiNX .
Bapuant 3

1.Haiitu o0nacTs onpeneneHus GyHKITUU y= 1

V7x—10—x2 .
2. Haittu obnactb 3HaueHunit pyHkuuu y=12sinx+5cosx.

3. Haiitu npoMesxyTku yosiBanus QyHKiuu y=-6X-0,5x2+1/3x°,
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4. Haiitu cTaniuoHapHbIe TOYKH (QYHKIIUU y=x+ SINX .
Bapuanr 4

1.Haiitu o0nacTh onpeaeneHus QyHKIuM y= —L .
Vx+6—x2

2. Haiitu oOnacTh 3HaueHU pyHKIMN y=4sinx-3COSX.

3. Haiitu npoMesxyTku yobiBanus (QyHkmun y=-10x+3,5x2-1/3x3,

4, Haiitu cTamoHapHble TOYKH (DYHKIIHMHU y=X- COSX.

CamocrosTenbHast padora Ne 3

BapuanT 1

1.0npenenurs CKOpOCTh TOYKH, ABMKYIIEHCS MO IPAMOI 1o 3akoHyx(t)=1/3t3-5t%,

2. Touka ABUKETCS O OPAMOI 110 3aKoHY s(t)=2t>-3t-1.0npeaenuTh MTHOBEHHYIO
CKOPOCTb TpH 1=2.

3.0npenenuTh yCKOPEeHHe TOUKH, JBHXKYIIeics mo 3akony S(t)=t3-5t2,

4. Teno maccoil m IBUXKETCS 10 3aKOHY X(t)=3cos3nt. Onpenenuts cuiy ,JAeHCTBYIOLIYIO
Ha TeJIO B MOMEHT BpeMeHnu t=1/3.

Bapuanr 2

1. OnpenennTs CKOPOCTh TOUKM, JBUKYILEHCS MO MpsAMOii 1o 3akoHy X(t)=1/2t%-4t.
2. Touka JABMXKETCS 0 IPAMOIA 110 3aKoHy S(t)=4t?-5t+7.0npenenuTh MTHOBEHHYIO
CKOPOCTH TIpH 1=2.

3.0npenenuTh yCKOpEeHHe TOUKH, JBHKYIIeHcs mo 3akony S(t)=2t-t3,

4. Temo Maccoil m ABMIKETCS 10 3aKOHY X(t)=-2sin2znt. OnpeaenuTsb CUy, TEHCTBYIONIYIO
Ha TEJI0 B MOMEHT BpeMeHu t=1/4.

Bapuant 3

1. OnpesenuTh CKOPOCTH TOUKH, ABMKYIIEICs 1Mo mpsAMoii o 3akony X(t)=3t3+2t2,
2. Touka ABMKETCS 1O OPAMOIA 110 3aKkoHy s(t)=-t>+10t-7.0npeneuTh MIHOBEHHYIO
CKOpoCTh TipH t=1.

3.0mpenenuTs yCKOpeHe TOUKH, JBUKYIIelics mo 3akony S(t)=1/3t3-6t.
4. Teno macco m IBUXKETCS 10 3aKOHY X(t)=-2sindnt. OnpeaenuTs CUITy, 1eUCTBYIONIYIO

Ha TeJI0 B MOMEHT BpeMeHnu t=1/8.
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Bapuanr 4

1. OnpesenuTh CKOPOCTH TOUKH, JBHKYIIENCS MO IpAMOii 1Mo 3akoHy X(t)=2t3+1/4t2,
2. Touka ABMIKETCS O IPSAMOIA 110 3aKoHy S(t)=3t2+2t-1.0mpeaeauTh MTHOBEHHYIO
CKOpPOCTb IipH t=3.

3.0npenenurs yCKOPEHNE TOUKH, JBHKYIIEHcs 1o 3akony S(t)=t>-t.

4.Teno Maccoil m ABMKETCS MO 3aKOHY X(t)=-3cos2nt. OnpeaenuTs cuity, 1elCTBYIONIYIO
Ha TeJO B MOMEHT Bpemenu t=1/8.

JAnddepenunanbHoe HCUUCTeHNE QYHKIUNA HECKOJbKHUX MePeMeHHbIX
YcTHBIN onpoc
1.Kakast pyHkius Ha3bIBaeTCs (PYHKIMEH HECKOIBKUX MEPEMEHHBIX ?
2.Yto0 Takoe o01acTh onpeaeneHus GyHKIIMN HECKOJIBKIX IEPEMEHHBIX ?
3.YT10 Takoe 4acCTHbBIC MPOU3BOIHBI?
4. ChopMynupyiTe MpaBUiIO HAXOKACHUS MPOU3BOTHON CII0KHOMN () YHKITUU HECKOJIBKUX
MEPEMEHHBIX.
5. Uro HazpiBaeTcs OMHBIM nuddepeHnuaniom (QyHKIINN HECKOIBKUX IEPEeMEHHBIX ?
6.Kaxk naiitu nmponsBoiabie ¥ nuddepeHInanbl BRICITNX TOPSIKOB?
7.YU10 Takoe 3KCTpeMyM (YHKIIMH HECKOJIBbKUX IEPEMEHHBIX ?
IIpakTnyeckas padora 9 mo reme

«Haxoxaenue yacTHbIX Npou3BOAHbIX. [loanbiil Tudepenuuamy

Lenb: mpoBEepUTh yMEHNE HAXOAUTh U CTPOUTH 00JIACTH ONPEAEICHUS CIOXKHON PYyHKIINH,
HAaXOAUTb YAaCTHBIE ITPOU3BOJHBIE.

3aganua:

1. HaiiTu ¥ HOCTPOUTH 00J1ACTH ONPeAeSIeHUS CIA0KHON PyHKIMU.

67



2. Bpl4ucJIuTh NPOU3BOJHYIO CI0KHOUH PyHKIMMU.

B1 1.z=arcsin(1-x%-y?)

y
2.3) z=VInx - X6, y=1

6) u=x>-y>+3z2, x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx)
2.3) z=+/xyInZ, x=1, y=2
.a Z—\/xy 2 'Y
B)u=3x?%/2-

v2/2+22%2,x=2/3,y=2,2=2/3

B3 1.z=VInx + Iny

2.a)z=xVLX=e' y=1
xy

6)u=x3/2-y3/2+823,x=2,y=2,2=3/2

B4 1.2=V\y — x + 2

2.a)z=sin1/xeY,x=m/2,y=1
6)u=3/2x2+3y2-22?,
x=2,y=1/3,2=3/2

2
B5 1.z=arcsin’=
y

2.a)z=arcg(x-y2)+1/vVxy

_Vx_ _yz_
6)u= -

B6 1.z=arcos(2x-y)

2.a)z=arccose VI x=2y=1
X

3 —
6)U=\/§X2'\/_§-6\/722l X=1,V=2/3;Z=1/\/6

X
B16 1.z=In-
y

2.a)z=(x2 4+ y2)¥

6)u=xv/y-(z+y)Vx, x=1,y=1,2=-2

17 1.z=Iny-Incosx

2.a)z= xsiny+x?, x=3,y=1/2

6)u=\/3;— Va4 — z2,x=1,y=1,2=0

B18. 1.z=Insinx-\'y
u
2.a)z=arcsin—- Inv, u=0, v=1
v
6)u=(x2+y?+z2)%2, x=0,y=-3,2=4

B19. 1.z=In(y?/4-x%/9-1)

2.a)z=|m/x2 + y2+1/y,x=y=1/\/2_

6)u=2/x+3/2y-
V6/42,x=2/3,y=3/2,2=1/2

B20. 1.z=a rcsinZ
X

2.3)z=Inyvx x=1,y=3/5

6)u=3/x+4/y-1/vV6x,x=1,y=2,2=1//6

B21. 1.z=1+V1 — (x — y)?

2.a)z=cos(1/y)-1/Vxy, x=r/2,

y=2/m

6) u=x\/37-yzz,x=2,y= 1,z=-1
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B7 1.Z2=VIn(2 — x — y),

Yy
2.a)z=tgl/x.ex,x=1/m,y=0

6)u=
2vVx + y+y.arctgz,x=1,y=1/3,z=1/\/€

X
B8 1.z=In-
y

2.a)z=(x2 + y2)x ¥

6)u=x\/;.(z+y) Vx, x=1,y=1,z=-2

B9. 1.z=Iny-Incosx

2.a)z= xsiny+x?, x=3,y=1/2

6)u=vxy — V4 — z2,x=1,y=1,2=0

B10. 1.z=Insinx-vy

2.a)z=arcsinE - Inv, u=0, v=1
v
6)u=(x2+y2+22)3/2, x=0,y=-3,2=4
B11. 1.z=In(y%/4-x?/9-1)

2.a)z=Im/x2 + y2+1/y,x=y=1/\/§

6)u=2/x+3/2y-\6/4z,x=2/3,y=3/2,2=1/2

B12. 1.z=arcsinz
X

2.a)z=InyVx ,x=1,y=3/5

6)u=3/x+4/y- 1/V/6x,x= 1,y=2,z=1/\/€

B22. 1.z=In(x*+y)
2.a)z=e X \[xz — yZ, x=1,y=0

6)u=sini, x=2,y=m,z=1
XZ

B23. 1.2=VT — xZ+y/1 — y2
2.a)z=yIn(x%-y?), x=2,y=1

6)u=x3/16+y?/9-
72/8,x=2,y=1/2,2=1/3

B24 1.7=VIn(2 — x — y),

v
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2+/x + y+y.arctgz,
x=1,y=1/3,2=1//6

B25 1.z=arcos(2x-y)

2.a)z=a rccos—e W, x=2,y=1
X

6)u=\/2x2-%_-6\/222, x=1,y=2/3,2=1/\/6
2

2
B26 1.z=arcsin’—
y

2.a)z=arcg(x2-y2)+1/vxy

Vx  yz
6)u—y _x+\/§

B271.z=V\y — x + 2

2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/2x2+3y2-22?,
x=2,y=1/3,2=3/2
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B13. 1.z=1+V1 — (x — y)? B28 1.z=VInx + Iny

2.a)z=cos(1/y)-1/\/x_y, X=T1/2, 2_a)z=Xvi,X=e, y=1

xy
y=2/m
_ 6)u=x3/2-y3/2+823,x=2,y=2,2=3/2
6)u=xvy-yz3x=2,y=1,z=-1

B14. 1.z=In(x%+y) B2 9.z=In(y-Inx)

2.a)z=ex2\/3TyZ, x=1,y=0 2.a) z=\/3§|n§x=1, y=2

6)u=sin3—Z, x=2,y=m,z=1 B)u=3x?%/2-
v2/2+22%,x=2/3,y=2,2=2/3

B15. 1.z=m+\/1——3ﬂ B30 1.z=arcsin(1-x*-y?)

2.z=yIn(x2-y?), x=2,y=1 2.a) Z=\/W§ x=e, y=1

u=x*/16+y*/9-2°/8,x=2,y=1/2,2=1/3 6) u=x2-y2+32z2, x=1/2,y=1/2,2=1/2

KoHTposibHbIE BONIPOCHI:

1.ChopmymnupoBaTh onpesiesieHne GyHKINH C ABYMS TIepEMEHHBIMH.

2.Yto Ha3bIBaeTCsl 007aCThIO ONpeneeHus] PYHKIIMA HECKOIBKUX MEPEMEHHBIX ?
3.ChopmynrpoBaTh MPaBUIIO HAXOXKIACHHUS MTPOU3BOAHON (PYHKIIMH HECKOIBKUX
NIepEMEHHBIX.

4.Yto Takoe nmoJHbIN quddepeniman (yHKIIUA HEeCKOJBKUX MEPEMEHHBIX ?

IIpakTuueckas padora 10 mo teme «IkcTpeMyM QyHKINH ABYX NePeMEHHbIX»
Heab: npoBepuTh yMEHHUE UCCIIEIOBATH (DYHKIIHIO HA IKCTPEMYM.

3ananue 1.HaiiTn yacTHbIe NPOU3BOAHbIEC BTOPOIO MOPSIKA

B1z=x?y2-4x-5y B16z=x3-y3-3xy
B2 z=y%-x%+xy-2x-6y B17z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x*+y%+xy-3x-6y

B4 z=y\/x-y2-x+6y B19. z=xy*(1-x-y)
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B5

B6

B7

B8

B9

B10

z=e*/%(x+y?)

z=x3-y3-3xy
2=0,5xy+(47-x-y)(x/3+y/4)
2=X%+y%+xy-3x-6y
z=xy*(1-x-y)

z=x3+y3-15xy

B11z=x’*+y%+xy-4x-5y

B12

B13

B14

Z=y%-X%+xy-2Xx-6y
z=xy(1-x-y)

z=yV/x-y?-y+6y

B15z=e*/2(x+y?)

B20. z=x3+y3-15xy

B21. z=3-2x2-xy-y?

B22. z=y%-xy-2
B23.z=x%+2xy-y?+4x
B24z=2x%+2xy-y?/2-4x
B25z=x2+xy-2

B26.  z=y2-2xy-x’+4y+1
B27.  z=1-2xy+2x?

B28.  z=4x+2y+4x2+y*+6
B29  z=x%+2xy-10

B30. z=x?+2xy-y>-4x

3ananue 2.MccieaoBaTh 3aJaHHYI0 (PYHKIHIO HA IKCTPEMYM

B1. z=12+2xy-x?

B2.z=5x2-3xy+y*+4

B3.z=4x%+9y2-4x-6y+3

B4.z=x2-2xy-y*+4x+1

B5.z=y?+2xy-x>-4y

B6.z=x%+3y%+x-y

B7.z=x%y

B16.z=x%+2xy-10
B17.z=4x+2y+4x*+y’*+6
B18.z=1-2xy+2x?
B19.z=x2+2xy-y?+2x+2y
B20.z=y?-2xy-x*+4y+1
B21.z=x%+xy-2

B22.z=2x?+2xy-y?/2-4x
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B8.z=4-2x2-y? B23.z=x2+2xy-y?+4x

B9.z=x2/2-xy B24.z=3-2x2-xy-y?
B10.z=1+xy? B25.z=y%-xy-2
B11.z=4-2y?+x? B26.z=x>+y?+Xxy-4x-5y
B12.z=y?+2xy-x>-4y B27.z=y?-x?+xy-2X-6y
B13.z=x2-xy B28.z=x%+y%+xy-3x-6y
B14.z=xy(4-x-y) B29.z=x3-y3-3xy
B15.z=x2+2xy-y?-4x B30.z= x3+y3-15xy

KonTposbHbIe BONIPOCHI

1.ChopMynupoBaTh aIrTOPUTM HAXOXKIECHUS IKCTpeMyMa (DYHKITUU HECKOJIBKUX
IIEPEMEHHBIX

CamocTosiTesibHast padora Nel
Hatiti monmasie nuddepennmans GyHKIUR
Bapuanr 1.

a)  Z=X2+Xy-2
0) Z=yVx-y*-x+6y

Bapuanr 2.
a)  z=x3-y3-3xy
0) z=x%/2-xy
Bapuant 3.

a)  z=yVx-y’-y+6y
0) Z =X>+y*+xy-3x-6y

Bapuanr 4.

a) z=xy(1-x-y)
0)z =x?+2xy-10



HNuTerpanbHoe ucunciaeHue GQyHKIUN OJHON MepeMeHHOon

YcTHBIN onpoc

1.YTo Ha3pIBaeTcs mepBOOOpa3HOM HyHKIIMHU?

2.4YT10 Ha3bIBA€TCS HEONPEETECHHBIM HHTErpaIoM?

3.CBolicTBa HEONPEAECICHHBIX UHTETPAIOB?

4. TaGnuiia HeOTpeIeIEHHBIX HHTETPAJIOB .

5. HTerpupoBaHue MOACTAHOBKOU U IO YaCTSIM.

6.UnTerpupoBanue panroHaIbHBIX ApoOeil. B uem cyTh MeToma HeonpeneneHHbIX
Kod¢ punreHToB?

[ .VlHTerpupoBaHie TPUTOHOMETPUUECKUX BBIPAKEHUH.

8. NnTerpupoBanne nppanioOHATBHBIX BHIPAKEHUH.

9.3agaun, MpUBOAAIINE K MMOHSATHIO OMPEJIEIICHHOTO HHTErpaa.

10. YTo Ha3pIBaeTCSA ONpEIETICHHBIM HHTETPAIOM ?

11.CgoiicTBa onpenenennoro uurerpaia. @opmyna HetoTona-JleiitOuuna.
12.YT1o Takoe HeCOOCTBEHHBIM MHTETPa?

13.Kakue cymecTByOT METO 1bl TPUOJIMKEHHOTO BBIUUCICHHS ONPEIEICHHBIX
WHTETPAJIOB?
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IIpakTnuyeckas padora Ne 11 mo reme
«BbluncieHre HeonpeaeJJeHHbIX HHTETIPaJIOB)»

].[CJII)Z IMPOBCPHUTH YMCHHUC HAXOANUTH HCONIPCACICHHBIC NMHTCTPAJIbl HCITI0JIb3YysI MCTO/AbI
HCTIOCPCACTBCHHOI'O MHTCIPUPOBAHUA, HHTCTPUPOBAHUC HOI[CTaHOBKOI\/'I U I10 4aCTiAM.

3ananme 1.HaliTu HeonpeaeneHHbIe HHTETpajibl UCIOJIb3Ys METO HEMOCPEACTBEHHOTO

MHTETPUPOBAHUS

B1.f(5cosx — 3x2+1/x)dx

8_.,5 4
. f L g

B3.[(6*3% — 4) dx

1 1
B4.
f(coslx T V1—x

dx
BS.f 1+16x2

)dx

B6.[(6sinx + 4x3 — i) dx
X

x?-3x7+2x°
B7[ ———dx

x7

BS.[(7*22x + 5) dx

BO.[(_ + - )dx
1+x sin x

dx

B10..[
V4—9x2

B11.[(9cosx + 2x3+1/x)dx

5x7—x3+x2

B12. ——dx
B13..[(9%23x — 6) dx

B14.[ (L — —)dx

sin x Vi—x

dx
B15.[

1464x2

3ananue 2.BeraucanTh HeonpeaeIeHHbIC HHTETPAJIbl C MOMOIIBIO 3aMEHBI IEPEMEHHOMN

B16. [ (cosx + 2x3+1/x)dx

7 _9.5_.4
Bl7_fwdx

6
B18.[(2x5% + 8) dx
B19.f (2 — —)dx
sin x Vi—x
dx
14+4x2

B20.

B21.[(—2sinx + 6x* — i) dx

X

6x2+2x7—7x3
B22.[ ———dx
B23/[(3*67* — 3) dx

B24f(—L — 1 )dx

1+x sin?x

B25.[ __dx
Nemra

B26..[(3sinx — 6x2+1/x)dx

3x2+2x5—x3

B27.[ ———dx
B28.[(8*3% + 3) dx

1 1
B29.f(—— + \/Ez)dx

coS X

dx




sinx
Bl a)f mdxb)f(XS + 3)6 x4 dx

B2a) [ 1_x73x4 dxb) [ cos*xsinx dx

B3a) [ xf; dx6 [ (1 — 3x3)5 x2 dx

X2

B4 a) [

5
— 3+3 dx 6)[ sin>xcosx dx

B5.a) [ (2x3 — 5)6x2 dxB5.

6)[ x3sin(x* — 3) dx

B6a) | —— dx 6)[ x3cos(x* + 5) dx

4x3—1

B7a)/ 5 3+ -d
6)[ xcos(x? + 3) dx
B8a) [ (2x7 + 4)6x5 dxBS
6)[ x2cos(x3 + 7) dx

3x*

B9 a)[

253

6) [(3+ x4)° x3 dx
B10a) [ (2 — 4x3)5x2 dx
6)[ x*cos(x5 + 1) dx

sinx
Blla)[—— dx6)[ (3 + x5)6 x* dx

cos3x

B12.a)[ —

; 4
—7 dx6)[ sinxcosx* dx

B16a) [ —— dx6) [ xcos(x? + 3) dx

2x 3+1
B8a)[(2x7 + 4)3x6 dxB8

6) [ x2cos(x3 + 7) dx

3x*
B18.a)J 5= dx 6/ (1 + x*)5 x* dx
B19a) [ (—4x3 + 2)5x2 dx

6)[ x*cos(x5 + 1) dx

sinx
B20a) [—— dx

cos3x

b) [ (x5 + 3)6 x* dx

B21a) [ —5— dx6) [ sinxcos*x dx

741

x3
B22a)[ o—dx

6/ (1 — 3x3)5 x2 dx

X2

B23.a) [

s
— 3+3 dx 6)[ sinSxcosx dx

X2

B24a)[ dx

4x3—1
6) [ x3cos(x* +5) dx
B25a)[(5 — 2x3)5x2 dx

6) [ x3sin(x* — 3) dx

B26 a)f dx6)[ (1 — 3x3)6x2 dx

x4+7

X2

B27a) f

5 dx6)[ sin®xcosx dx



3 4
B13a)a) [ — B28a)[ Zx:—3 dx6) [(3 + x¥)° x3 dx

4+7

6) (1 — 3x3)° x2 dx

B10a) [ (5 — 2x3)5x2 dx6) [ x3sin(x* — x4 dx
3)dx
B15a)[ — y] dx6)f x3cos(x* + 5) dx B30a) [ = — 4+1 dx 6) [ sinxcosx* dx

KoHTpoJbHBIE BOPOCHI:

1. Tabauiia UHTErPaJIoB .
2. B uem cyTh MeTona 106aBOoUHOTO KO3 duireHTa?
3.MeTo MOACTaHOBKH.
4.MeToa UHTETPUPOBAHUS 110 YACTSIM.
IIpakTuyeckasi padora Nel2 mo reme
«/HTerpupoBaHue PAUMOHAJIBHBIX APO0eiD)

Heanb: npoBepuTh yMEHUE UHTETPUPOBATH pallUOHATBHBIE TPOOH

3amanme . HaliTu uaTerpasl

f x—6 2x—5
)] ereorn a)J D orox 4%
x3—6x2+13x—6 x34+6x2+13x+8
B1 6) f (x+2)(x=2)3 B16 6)f X(x+2)3
f X34+4x2+4x+2 p X3+4X2+3X+2d
V iy O dromern @
3x—4 4x—3
d -
a)faz—l) x a)fX(x—Z)(x—B) dx
x3+6x2+13x+9 x3+6x24+14x+10
B2 0) | rnoin e+ (x+2)3 Dot X B17 6)J (x+1D(x+2)3

23 +7x2+7x—1 2x3 +4x2 + 2x — 1

6) J

6) |

dx
(2 +x)2(X2 4+ 2x+ 2)

d
A+ +2x+2)
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5x—2

)/ Do) X

x3—6x24+11x—10
(x+2)(x—2)3

B3 6) [

x3+6x24+9x+ 6

6) J

7x

a)f (x—3)(x—42)(x-5) dx
23+6x2+7x+6 dx
B4 6) f X(x+1)3

3x3+6x2+5x—1
o) J (1 + X)20¢ + 2)

9x+2

A o0

B5 6) x3—-6x*+13x—7 doc

f (x+1)(x—2)3
x3 4+ 6x2 + 8X+8d
e) (2 +x)?%(x* +4) *
—4x—5
a)f 42)3) - 4)

x3—6x24+10x—10
(x+1)(x—2)3

B6 6) [

2x3 —4x2 —6x—12

6) J

—6x—7

a)f D)5 r6) X

3x34+9x2+10x+2 doc
B7 6) f (x—1)(x+1)3

x3 + 2x%2 + 10x

6) J

dx
X+ 122+ x+ 1)

dx

dx

d
C1+ 020 +4x+5)

1+xxx—x+1) dx

6x—1

a)f Do X

x3+6x24+11x+7

B 18 6) f (x+1)(x+2)3

2x3 + 11x2 + 16x + 10

e)J (2 +x)?2(x*> + 2x + 3) dx

10x+3

A Hames &

B 19 6) x3+6x24+10x+10 do

f (x—1)(x+2)3
x3+9x2 + 21x+ 21
8) (3 + x)?(x2 + 3)
—5x—6
a)f (x+3)(x+4)(x+5)

dx

x3—6x%+13x—8 do
B 20 6) [ X
x3 +5x2 4+ 12x + 4d
) Gt -

—7x—8

a)J T 4%

x3—6x2+14x—8
6) f x+1)(x—2)3

—3x3 4+ 13x2 — 13x + 11
6) (=2 +x)2(x*—x+1)

B21

—9x—10
a)J AN 9 &

3
B 22 6) Xerz

f (x+2)x3
3x3+ 46 + x
dx
(=1 4+ x)2(x2 +9)

6) J

dx
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—8x—9
a)f (x+6)(x+7) (x+8) x

B8 6) 23+6x3+7x+4 do

f x+2)(x+1)3
4x3 + 24x%2 4+ 20x — 28

) BT X T D)

—10x—11
a)J A8) 0F ) 10) ¥

2x3+6x24+7x

B3 6) f (x—2)(+12)3

X

x3+x+1
dx
Z+x+ D%+ 1)

—12x—13
a)J 10D oD X

3 2
B 10 6) X3+6xA+4x+24 doc

f (x—2)(x+2)3
2x3 +4x2 + 2x + 2

x+1+x)(X% +x+2)

6) J

—14x-15
a)f BT 10) 4X

X3+6x2+18x—4
Vo

B11 (x—2)(x+2)3

4x3 + 4 + 3x
1+x)%+x+1)

6) J

—13x-5
a)f oo

x3—6x2+14x—4

"~ " dx
B 12 6) f (x+2)(x—2)3

—11x—12
a)f *x+9)(x+10)(x+11) x

2x3+x+1
B 23 6) [ 1y
2x3 +3x2+3x+ 2
dx
1+x)(x%+x+1)

dx

—13x—14
a)f X+9)(x+10)(x+11) X

2x346x2+5x

B24 6) f(x+2)(x+1)3

x3+4x2 4+ 4x+ 2 4
X
(1 +x)202 +x+ 1)

6) J

—15x—16
a)J IR0 X

2x34+6x2+5x+4

B 25 6) do

x—2)(x+1)3
x3+x+3

dx
(1+x)(x%+x+1)

6) J

—11x-3
a)fX(x+1)(x—2) dx

X3+6x2+14x+4
B 26 6) f (x—=2)(x+2)3
3x3 + 4x2 + 6x

QR+x)(x%+x+1)

6) |

—7x+1
a)J oo o—s 4*

3 2
B 27 6) x*+6x*+10x+12 dx

f (x—2)(x+2)3
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2x3+1—x p
X
6+ 1D —x+1)

—9x—1
a)f e Hes) X

6) J

2x3—6x24+7x—4

o7

B 13 6) [

x+x+1
dx
1+x)x%+x+1)

6) J

—5x+3

a)J o1

x3+6x2—10x+52
(x—2)(x+2)3

B 14 6) [ dx

x3+2x2+x+1
dx
1+x)%+x+1)

6) J

—x+7
a)f (x+1)(x+2)(x+3) X

3 2
B 15 6) X+6x“+4x+24 dox

f (x+2)(x—2)3
23+ 2x2+2x+ 1

dx
X +x+ D +1)

6) J

KoHTponbHbIE BOIPOCHI:

x3+x2+1
dx
1+x)(x* —x+1)

—3x+5
a)f Do) X

6) J

X3+ 6x24+15x+2

(x—2)(x+2)3 dx

B 28 6) [

23+ 2x+1 4
X
o+ —x+1)

6) J

x+9

a)J Do) X

2x3—6x2+7x

6) | Gz 9

B 29

4+ x
dx
Q2 +x)(x* +x+2)

6) |

8x+1

A hamee &

x3—6x2+13x—6
B30 6) f (x+2)(x—2)3

3x3+7x*+12x + 6 4
X
(x2 + x+ 3)(x2 + 2x + 3)

dx

6) J

1.B uem cyTh MeTO1a HEOnpeACICHHBIX KOA(DPUIIUEHTOB?

IIpakTnueckas padora Ne 13 no reme

«/AHTEerppoBaHue TPUTOHOMETPUYECKHUX (PYHKUHMH U HPPALUOHATBHBIX
BbIPasKeHUIN»

Iesb: npoBEpUTH YMEHNE HAXOAUTH HEONPEAEICHHBIE HHTErPAJIbl TPUTOHOMETPUUECKUX
GYHKITUH 1 UppAIMOHATBHBIX BBIPAKEHUN.

3ananme 1.Halitu unterpansl

d
f - B16

X + Vxz

B1 [ cosxcos3x dx

[x3V2 = x2 dx

[ cos8xsin5x dx
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3
X+ VX2 44X dx
B2 [ X YXTHVXdx

X(1-VX)

| sinxsin5x dx

B3 [ XX
1443
[ sin7x dx
B4 \/)_( dx
s
dx
JS—
1 — sinx

f\/X_jX_B 5/ sin*2x dx
1+VX

VX dx
I 1- 3%

B 6 cos62x dx

VX FZdx
X

S

B7f dx

34+5cosx

BSJ* X dx
VX +1

dx

5 — 3cosx

Xdx

V2X+3

B9 1]

[ sin*3x dx

12X
B17[ Gz VX

[ sin2xsin6x dx

B18) ——dx
V(X—1)3(X—2)

S

sinsx dx

COSX

B 19 [ oo

[ sin2xcos3 xdx

B20[ dx
(1-X)V(1-X2)
dx
| s
cos*x
B21 [ dx
X(1+ 3%

[ sin2xsin6x dx

dx

B22f
X'V (a+xh
sin3x dx
2 + cos3x
dx
(1—VX)2VX
[(cosx + 5)* sinxdx

B23f

B 24[ X5 V(1 + X3)2 dx
ctgx dx

sin?x



B 10 f (VX+1+4+1)dx
V1+X+1

cosx dx

1 + cosx

(X—1)dx
V2x—1

B11 [

[ cos3x dx

B 12 [x3V1 + X2 dx

[ cos5xcos3x dx

/

dxB 13 sin2xcos3 xdx

X
V1-2X

dx
VX-1D3(x-2)

B14[ ——————

[ cos*x dx

B 15 dx

(1-X)V(1-x2)

[ sin*x dx

KonTposibHbIE BONPOCHI:

1.ChopMynupoBaTh MpaBuiia HAXOXKIECHUS UHTETPATIOB UPPAIIMOHATFHBIX BEIPAKEHUI.

B 26/ v/x (1 +x)3 dx
sin3x dx

2 + cos3x

B 27 [x* —4x2dx

f dx
cos2x(2tgx+1)

[ cos6xcos4x dx

VX+1+1)dx
VI+X+1

V2tgg+1 dx
[———

cos?x

B 29, [ (XHIHDAKX

(X—=1)dx
B30./ o,

cosxdx

V2sinx+3

2. ChopmynupoBaTh IpaBUIa HAXOXKECHUS HHTETPATIOB TPUTOHOMETPUUECKHX.

IIpakTuyeckas padora Ne 14 mo teme

«Bbluncjienue OIIPEACICHHBIX HHTCI'PAJI0B»

LICJ'II)Z IMPOBCPUTHL YMCHUC BBIYHUCIICHUA OIIPCACIICHHBIX UHTCI'PAJIOB .
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3ananue 1.HaiiTu uHTErpainl

B1l

B2

B3

B4

B5

B6

B7

B8

BS

B10

B11

B12

2 x3dx

fo x2+4

foz In(x2 + 4) dx

2 In’x dx

Jie

1
fo x3 arctgx dx

1/2

[ 2arcsin2x dx
0

2 dx
fO V1—xZ2—2x

fozn cos3x/4 dx
e
J o 2sin(lnx) dx

2
J,2arctgx/2dx

f3 15xdx
0 V/(Gx+1)3+35x+1

/2

[ coszxdx
0

/4

[ tg?xdx

B 16

B17
B 18

B19

B 20

2xe~*dx

Jo

foz V4 — x2 dx
“lln(x + 1) dx

P

2
f_1 In(x + 2) 3x2dx

fg“ sin33 xdx

dx

2
B 21 fO V1—x2—2x

B22

B23

B 24

B 25

B 26

B27

fozn cos3x/4 dx
e
J, 2sin(Inx) dx

2
J,2arctgx/2 dx

f3 15xdx
0 Y (Bx+1D)3+Y5x+1

/2
fo/ cos2x

/4

[ tgZxdx
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B13
/2
[ cos2xsin? xdx
0

4 xdx

1 V4x+2

S5 4vx—1dx

1 X

B14/

B 15|

B28 f;r/z cos2xsin? xdx

4 xdx
B29 fl Vax+2
> Jx=tdx
B30
X

33}]3‘13 2. Beruncnute ONIPCACIICHHBIC NHTCTPAJIBI.

0
2.1, I (X? +5x + 6) cos 2xdx.
L,

0

2.3, j (x2 +4X + 3)cos xdx.
1

0

2.5, I(x2 +7X +12)cos xdx.
24

/A

2.7. 1(9x2 + 9X +11)c033xdx.

2n

2.9. I (3x2 + 5)cos 2xdX.

2n

2.11. 1 (3 —7x? )cos 2xdx.

0

2.13. j(x2 + 2X +1)sin 3xdx.
°1

0

2.2, j (x2 —4)cos3xdx.
L

0
2.4, j(x + 2)2 cos3xdx.
%

Y/

2.6. £(2x2 +4X + 7)cos 2xdx.

n

2.8. 1(8x2 +16X +17)cos 4xdx.

27

2.10. ‘[(sz —15)c033xdx.

27

2.12. l[ (1— 8x2 )cos Axax.

3

2.14. l(x2 - 3x)sin 2XdIX.
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2.15. ![(xz —3x+ 2)sin XaX.

o

2.17. .[ (x2 +6X + 9)sin 2xdX.
3

2.19. (1— 5X? )sin XdXx.

Oty N [N

2
2.21. len2 xdx.

8 In? xdx

2.23. j ;
1

X2

2.25. E(x_1)3 In?(x—1)dx.

2

2.27. I[(x+1)2 In?(x +1)dx.

L
) J~ W2 e dx.
1

z

2
2.16. KXZ —5x+6)sin3xdx.
0

z

4
2.18. j (x? +17,5)sin 2xdx.
0

3
2.20. st — X2 )sin 2xdx.

4

2
® In? xdx

2.22. JT

1

2,24, E( X +1)In? (x +1)dx.

0

2.26. I(x+ 2)3 Inz(x+2)dx.
1

e
508, J\/?In2 xax.
1

1
2.30. ixz e3> dx.

KonTpoJabnble Bonpochl: 1 .UTo Takoe onpeaeaeHHbII

unTerpan?2.ChopMyaupoBaTh OCHOBHBIE ITPaBUJia BHIYUCICHUS

ONPEIEIICHHBIX NHTETPAJIOB.

CamocTosiTesibHAs padoTa
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1 BapuanT 2 BapuaHT 3 BapuaHT

1 2 3

J;(4x3 +3x? + 6x)dx I(ze — 4x% + 7x — 9)dx I(Sx“ +5x% — 7x —3)dx
0 0

T

2 dx

! cos® 3x

Sl

dx % 4dx

cos® x !sin2 X

BN —y 3

]
w N

cos xdx cos xdx |sin xdx

— N
or—

oy

0 0 0

I(x3 + 2x)dx I(Zx —x3)dx I(Sx — x%)dx

-1 -1 -1

4 4
4 4

sin 4xdx '|'cos 4xdx '|.cos 2xdx
0 0

Oty AN

A4 4dx 2 dx 2 dx
-!.:25+x2 Jl.16+ X -[1+x2

[3=2x)2dx [(3-x)"dx [(4-3%°dx

0

1 1

1
lezxdx D[(x3 —2)° - 3x%dx J(Zx3 +1)* - x%dx

1 1 1

t[arcsin xdx !arccos xdx j xarctgxadx
0

Z xdx t
_[_z_jxe‘xdx
LSin X

6

1
j xe?*dx
0

IIpakTHyeckas padora Ne 15 no teme
«Bbrunciienne mwiomaaen »
eab: npoBEepUTh YMEHUE BBIUUCIATH IUIOMIAU C TIOMOILbIO OINpPEEICHHBIX MHTETPATIOB

3aganue. Haiitu muiomaas Gurypol, OrpaHU4eHHON JAHHBIMY JTUHUAMU
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B1.y2- 2y+x2=0, y2-4y+x?=0
X
=",y =V/3x
y NES y
B2. y2- 6y+x2=0, y?- 8y+x?=0

X
V=7 v =V3x

B 3. y?- 8y+x?=0, y2- 10y+x*=0

X
=",y =V3x
V\/g,y

B4. y2 4y+x?=0, y*- 6y+x?=0

y=X, x=0

B 5. y% 6y+x2=0, y?- 10y+x?=0
y=X, x=0

B6.  y2-8y+x?=0, y?- 10y+x?=0
x=0vy =/3x

B7. y2- 4y+x%=0, y?- 6y+x?=0

x=0y =/3x

B 8. y2- 2y+x%=0, y?- 6y+x?=0

X
=, =0
Y\EV

B 16. y2- 4y+x2=0, y?- 8y+x?=0
X

,¥=0
=Y

y

B17. y% 2y+x?=0, y?- 4y+x?=0
y=X, x=0

B 18. y2- 4y+x?=0, y?- 8y+x?=0y= x, x=0

B 19. y2- 2y+x?=0, y?- 10y+x?=0

y=0y =v/3x

B 20. y?- 2y+x%=0, y>-4y+x*>=0

X
V=7 v =/3x

B21. y?- 2y+x?=0, y>-6y+x?=0
X
=_, :\/3')(
Yy 7 Yy
B 22.y2- 2y+x?=0, y?-8y+x%=0

X
:,:3-
y\@y\/x

B 23.y2- 2y+x2=0, y?- 6y+x?=0

X
=, =0
Y\/gy
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BO. y2- 2y+x2=0, y>-10y+x?=0

X
= =.3-
y\/§'y\/x

B 10. y2- 4y+x?=0, y>-10y+x?=0
X
V=7 v =V3x
B11. vy 4y+x?=0, y>-2y+x>=0

y=X, x=0

B 12. y2- 6y+x2=0, y?-8y+x*=0

y=X, x=0

B 13. y2- 4y+x2=0, y>-8y+x?=0
y=X, x=0

B 14. y2- 4y+x%=0, y?- 8y+x?=0

x=0vy =/3x

B 15.y2- 2y+x2=0, y?- 6y+x*=0

X
=—,x=0
=7

KOHTpO.]]beIe BOIIPOChbI

B 24. y?- 2y+x?=0, y?- 6y+x?=0
X
=_' = 0
Y V3 y

B 25. y?- 6y+x?=0, y2-2y+x?=0
y=X, x=0

B 26.y2- 4y+x2=0, y2- 2y+x?=0

x=0, y =1/3x

B 27. y2- dy+x2=0, y>-8y+x?=0

x=0, y =/3x

B 28. y2- Ay+x2=0, y2-8y+x?=0

X
V=7 ¥ =V3x

B 29. y2- 4y+x%=0, y?-6y+x?>=0

X
=_,y= 3
y@ny

B 30. y2- 6y+x%=0, y2-10y+x2=0

X
=—,y=V3
L=t
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1.Pa3znuunble BUABI IIOCKUX (DUTYP U CLIOCOOBI BBIYMCIICHUS UX IUIOIIAJIEH.

Lenb: MpOBEpUTH YMEHNE BBIYUCISITH ONPEIEIICHHBIE HHTETPajbl o hopmynam
MPsIMOYT'OJIbHUKOB, Tpareuui, napados.

IIpakTnueckas padora Ne 16 mo reme

«IIpubdanKeHHOEe BEIYUCICHUE ONpPeAeJeHHbIX HHTErPaJioB)

3aIIaHI/Ie. Berauciantb HpI/I6J'II/I}K€HHOG 3HAa4YCHUC UHTCTpaJia MCTOJAOM IIPAMOYT'OJIbBHUKOB,

Tpanenuii, Metogom CumicoHa, B3aB 1=10, TogHOCTb BeluncaeHuii 107,

B 1.

B 2.

B 3.

B 11.

BS.

B 6.

B7.

[*Vie—xzdx
0

3 —
[- Vo — X2 dx
[*VXFTdx

0

X2

3
Jo T d

22 VxE=Z
f\/_2 o dx

[°VExX=xz dx
0

[* xesinx dx
0

B 16.

B17.

B 18.

B 19.

B 20.

B 21.

B 22.

3 0,2x2

fz dx

Inx

JiVa—x dx

fﬂ/z VI =0, TTsizx dx
0

2 1+Xx+x2

— X
1 VI+x3

T 1
| dx
0 342cosx

[PV =8 dx
1

dx
0 Vi—5x
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BS. [ VIFXTdx
0

BO.

B 10.

B 11.

B 12.

B 13.

B 14.

B 15.

KonTposbHbIe BOMpoOCHI:

1.B 9em cyTh MeTO/1a IPSIMOYTOJIEHIKOB?
2. B uem cyTh MeTOo1a Tpanenuii?
3. . Byem cyts MeTona mapabon?

CamocrosTenbHas padora Ne 1.

2 1
Jo i &

[*VXF X dx
0

3 x2

dx
2 V1+x2

1Vi—x2dx
Jo

IVt dx
Jo

Un(14+%) g

0 1+x?

/3
[ /3 cos3x dx
0

Bapuanr 1.

B 23.

B 24.

B 25.

B 26.

B 27.

B 28.

B 29.

B 30.

f3 X—=X3dx

;Y3 —2x2 dx

fl 4 +2X* dx
0

Ln2+%) 4

f() 1—x3

/4
f/ sin3x dx
0

f4 X3cosx dx
0

[ —
2 V3+x2 X

[Nz Faxr dx
0
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1. BEBIlUUCINTh HCONPEACIICHHBIC NMHTCTPAJIbI

sinx

a) [ oozdx D)5 +3)6xtdx, B)@-3x)e dx

2. BeruncauTs miomaas GUrypel, OrpaHideHHON TuHUAMU. ClienaTh 4epTex.
V=6/x u y=-x+7.
3.Beruncianth HECOOCTBEHHBIN MHTErPAJT WU J10KA3aTh €r0 pacX0AUMOCTh
foo dx

e x(Inx)3*

Bapuanr 2.

1. BEeIlUucaIuTh HCOIIPCACIICHHBIC NHTCI'PAJIbL

3
x -
a) [ —=dx;  b)[ costxsinx dx, B)(1-6x)e?" dx
2. Beruucauts miuomaas GUrypsl, orpaHndeHHON TuHusIMU. ClienaTh YepTex.

V=Ix2 p y=1x+1.
2 2

3. Beruuciaursb H€CO6CTBCHHLII71 HHTCI'paJI WK A0KA34aTh €TI0 PACXO0AUMOCTD
© xdx

fO (x+2)3

Bapuanr 3.

1. BeIUMCIUTB HEOIIPEICIIEHHBIE UHTETPAJIbI

dx; b) (1 —3x3)5x2dx, B)(2-9X)e=3" dx

a) "
[+ f

2. Beruucauts minomaas GUrypsl, orpaHndeHHON TuHusAMU. ClenaTh 4epTex.

Y=4/ x n y=x+5.

3. BerancanTh HecoOCTBEHHBIN HHTCI'paJI WK A0KA3aThb €TI0 PaCXO0AUMOCTDb

f;o xex” dx.
Bapuanr 4.

1. BEIYMCINTE HEONpeeIeHHbIE HHTErPaIbl
a) [ —3—dx b)[ sinSxcosx dx, B)(5x-2)e3* dx

2.Bpruncnuts mioniaas GUrypsl, orpaHuueHHON JTUHUAMU. ClenaTh 4YepTexK.
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V=Ix* n y=4-x
2
3.Berunciuth HECOOCTBEHHBIN MHTErPAJT WU J10KA3aTh €r0 pacX0AUMOCTh
0 2
[~ x2ax” dx.
0
HNHuTerpajbHoe HcUYHMCIeHUE (PYHKIUA HECKOJbKUX NePeMEeHHbIX
YcrTHbIl onpoc

1. 3agaun, npuBOAAILIME K MOHATUIO ABOMHOTO MHTETpaa.

2.Y10 Ha3bIBAETCS NBOMHBIM UHTErPATIOM?

3.CBolicTBa ABOMHOr0 UHTErpaJIa.

4. BbIYHCIICHUE JBOWHBIX UHTETPAJIOB B IEKAPTOBBIX KOOPJUHATAX.
5. BelunciieHre JBOMHBIX MHTETPATIOB B MOJISIPHBIX KOOPAMHATAX.

IIpakTnuyeckas padora Ne 17 no reme
«BpIyuciieHre JBOMHBIX HHTErPAJIOB B 1CKAPTOBBIX KOOPAMHATAX)

He.]'lb: IMPOBCPUTH YMCHHUC BbIYUCIIATH )IBOfIHBIG HHTCTPAJIbl B ICKAPTOBLIX KOOPpAWHATAX

3aganue 1. Berancnute uHTErpai no odnactu D, orpaHnyeHHON yKa3aHHBIMU JIMHUSMH.

B 1/ ycosxy dx dy B 16 y2cos )%dx dy

D D

D:x=0,y= \/n/2y=x/2 Dix =0,y = \/71/_2; y=x/2

B 2[[ 3y?sin )%dx dy B17/[ (18x2y?2 + 32x3y3) dx dy
D D

oy — _ 3= _.3
D:x =0,y = V4n/3; y=2x/3 Dix=1y=-Vx; y=x
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B 3/[ (3x2y? + 4xy) dx dy:

D

D:x =1 y=—x; y=x2

B 4f[(27x2y? + 12xy) dx dy

D

D:x=1y= —3/x; y=x2

B 5[ y2sin Z.dx dy
2
D

D:x = 0,y = v/m; y=x

B 6/ 4y2sin2xy dx dy
D

D:x =0,y = V2m; y=2x

B7/[ 4y2sinxy dx dy

D

D:x =0,y = Vn/2; y=x

B18[[ (9x2y2 + 2xy) dx dy
D

D:x=1; y =/x; y=—x3

B 19 [[(18x2y? + 8xy) dx dy

D

D:x=1y= Vx; y=—Xx?2

B20([ % “+dxdy
D

D:x =0,y = 4; y=2x

B 21[[(27x2y? + 12xy) dx dy

D

D:x =1,y = —/x; y=x3

B 22[[ (9x2y? + 8xy) dx dy

D

D:x=1y= Vx; y=—x3
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B8[[ (49x2y2 + 28xy) dx dy

D

D:x=1y= —3x; y=x2

B9

[J (9x2y? + 48x3y3) dx dy

D:x =1,y =/x; y=—x2

B10[[ & ~+dxdy

D:x =0,y = 2; y=x

B11[[ (36x2y?2 + 96x3y3) dx dy
D

D:x=1y= Vx; y=—x3

B 23 [ y2cosxy dx dy

D

D:x=0,y=\/ﬁ;y=x

B 24 /[ (18x2y2 + 32x3y3) dx dy

D

D:x=1y= Vx; y=—x2

B 25/ (18x2y2 + 32x3y3) dx dy
D

D:x =1,y = —/x; y=x3

B26[[ % “2dxdy
D

D:x =0,y = 1; y=x/2
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B 12[ y2sin Ldx dy
2
D

D:x =0,y = VT y=x/2

B13 [/ (12x2y? + 16x3y3) dx dy
D

D:x =1,y = —/x; y=x2

B14([ ‘ffdxdy
D

D:x =0,y = 2; y=x/2

B 15[ y2cos 2 dx dy
2

D

D:x =0,y = V2m; y=2x

B 27[ y2cosxy dx dy

D

D:x = 0,y=\/E;y=2x

B 28 (18x2y2 + 24xy) dx dy

D

D:x =1;y = =3/x; y=x3

B 29/ (9x2y?2 + 12xy) dx dy
D

D:x =1,y =x; y=—x2

B 30/ y2cosxy dx dy

D

D:x =O,y=\/7t/_4;y=x

3agaua 2. I3MeHHUTH MOPSIIOK HHTETPUPOBAHUS.
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1 0 0 0
2.1. Ldy sz‘if dx+_[1dy J;f dx.
N A

Lo 0o o
2.5 _de_ﬁ%f dy+_jldxjf dy
Ly 0y
2.1 Ldyl fdx+J1dy£ f dx
e .

1 1 1

2.11. l[dxj fdy+jdx [ fay.

Inx

/4 siny /2 cosy

2.13. jdyjfdx+jdyjfdx..

/4

1 \/y e 1
2.15. !dyj; i dx+!dy,£yf dx.

1 0 N7 0

2.17. z[dyjf dx+jdy JLf dx .
-y 1 _ 2_yz

1 0 JZ 0
2.2. ‘[dy !/_f dx + ‘[dy JLf dx.
—Y -

15 2 P
2.4, !dyj(; f dx+!dy [) f dx.

1/J2  arcsiny 1 arccos y
2.6. fd fd
_([dy -([ X+,/j@dy ! X

1 0 e —Iny

2.8. _([dy_:"ﬁf dx+'[dy :[1 f dx2.9.

2.10. IdeLfdy+IerL fdy .

1 J_ 2 2—y
212, [dy [ f dx+[dy [ f dx.
0 0 1 0

-1

2.14. jdx j fdy+jdxjfdy

1
2.16. jdyj fdx+jdy szde
0 _

1y 22—y

2.18. !dy!f dx+!dy£ f dx.
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0

A 0 2
2.19. IdX __[ f dy+ jdx
0 422 B a2

1 y e 1

2.21. T[dyjf dx+_[dyr[ f dx.
0 1 fhy

ﬂ/4 sin x ﬂ/ COS X

2.23 jdxjfdy+jdxjfdy-

/4

1 X2 2 2—X

2.25. '([dxlf dy+!dxl f dy.

1 0 2 0
2.27. z[olxj f dy+ [dx szf dy.
~Jx 1 —J2-x

SN 1 2 2y
2.29. x[dyj f dx+{dy 1[ f dx.
0

3agauya 3. BeauciuTe.
'[ '[ (12x2 y? +16x3y3 )dxdy;
1. o
D: x=1,y=x2 y=—X

3o 3

D: x=1, y=3/x, y=-x&

—96x3y3 )dxdy;

fdy 2.20 jdy f fdx+_[dyg[f dx.
y

22 -(2+y)

12 NN
2.22. de!f dy + Idx ! fdy.

-1 O. 0 0
2.24. jﬁdy P f dx+Ldy if dx .

N SN 2 4-x°

2-26-£dx i fdy+J[dx ‘[ fdy.
3

1 X N o2
2.28. !dx_[f dy + _[dx ! fdy.

1 Jx 2 \/225(
30, f dy.
2.30 L[olx! f dy+!dx! y

”(9x2 y? + 48x3y3 )dxdy;
D

D: x=1, y=+/X, y=—x2.

i ”(18x2 y2 + 32x3y3 )dxdy;
. D

D:x=1y=x3 y=-x
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e

D: x=1, y=x?, Y=—\3/§.

-

D: x=1, y:XS’ y:_ﬁ.

39. IDI (4xy + 3¢y )dxdy;

D: X:]_’ y:XZ’ y:_ﬁ.

3.11. IJ (8xy +9x* y? )dxdy;

D: x=1, y=3Xx, y=-x&

3.13. L[ (12xy +27xy* )dxdy;

D: x=1, y=X2’ Y=—W.

_”|(4Xy+ i x*y? |dxdy;
315 *°' 5 11
D K j

D: x=1, y=Xx3, y:_\/;.

s, (2w - 280y Yoy

D: x=1, y=x, y:_\/;.

3.10. g (4xy +16x° y* )dxdy;

D: x=1, y=3/x, y=-x"

36 IJ(18X2 y2 + 32333 )dXdy;

D: x=1,y=3x, y=-x

28 ”(27)(2 y2 + 48x3y3 )dXdy;
8. D

D:x=1y=4x y=—x

3.10. IDI (12xy +9xy* )dxdy;

D:x=1,y=4/X, y=—x2

.U(24Xy +18x2 y? )dxdy;

D: x=1, y:X3’ y:_%.

3.12.

IJ (8xy +18x2y? )dxdy;

D: x=1, y=3X, y=—x2

3.14.

(4xy+9X2y2\dxdy;
3.16. ”I .
\
D le, yz\/;, y=_X3

s1p. (B + 26y Yy

D: x=1y=x,y=-x.

3.20. J.DJ.(4Xy +16x° y3 )dXdy,

D: x=1, y=x, y=-3x
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3.21

3.23

3.25

3.27

3.29

j J (44xy +16x3 y3 )dxdy;

D: x=1,y=x% y=-x

_[ _[ (xy —4x3y3 )dxdy;
. D
D: x=1y=x y=—x
II|(6X2 y? + §x4y4\|dxdy;
: 3
o \ )
D: x=1, y=x2, y=—JX.
”|(3x2y2 +5—0x4y4\|dxdy;
: 3
o \ J
D: x=1, y=3%x, y=—x3

”(54x2 y2 +150x* y* )dxdy;
. D

D: x=1, y=x2, y=-¥x

KoHTposibHbIE BONIPOCHI:

1.Kakoii uHTerpan Ha3bIBAETCSl IOBTOPHBIM ?
2.Yto Ha3bIBaeTCs 00J1aCThIO MHTETPUPOBAHUSA?

3.Kaxk Haiit 0671aCTh MHTETPUPOBAHUS?

3.22.

3.24.

3.26.

3.28.

3.30.

J‘ J‘ (4xy +176x3y3 )dxdy;
D

D: x=1,y=3/x, y=-x&

'f 'f (4xy +176x3y3 )dxdy;
D

D: x=1, y=4x, y=-x

“(9x2 y2 + 25x4y* )dxdy;
D

D: x:l,y:\&, y = —x2,

“(9x2 y2 + 25x4y* )dxdy;
D

D: x=1, y=x3 y=-3x

ij(xy —Ox°y° )dxdy;

D:x=1, y=3X, y=—x2

IIpakTnuyeckas padora Ne 18 no reme

«BblunciieHue ABOMHBIX HHTErpajgoB B MOJAAPHBIX KOOPAMHATAX)

I_Ie.]'lb: IIPOBCPHUTb YMCHHUC BbIYHCIIATD HBOI;'IHI)IG HHTCTPaJIbl B ITIOJIAPHBIX

KoopJMHaTax3aaaHue. BbruncauTs HHTErpaj no odJjgactu D, 3axaHHoi cucTeMoii

HCPABCHCTB:
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- 1300pa3uTh 00JIACTH B IEKAPTOBOM CUCTEME KOOPAUHAT;

- BBIYMCJINTDb UHTCTPaJl, ICPEX0JA K IMOJIAPHBIM KOOpAUHATAM.

B1f[ V16 —x2 — y2dx dy

D

1
B fomdx dy

D

4 <x24+y2<9

D:{ y=20;x=0

108

D
1<x24+y2<09;

D:{
x<0

1
B 4ffﬁ dx dy

D
x2 4+ y2 < 3;

D: { y <0

B5.[[ arctg * dx dy

y

B16f[ Vx2 + y2 dx dy
D

D:{x2+y2 <9
y=20,x=>0

1
B 17.ff mT?dx dy
D

x> +y2<09;

D: { 0<y

B18.[[(x —y)dxdy

D

2 2 .
D {ZSx + y? < 4;
0<y

B19.[ V16 — x2 — y2 dx dy

D
x2 4+ y2 < 4;

D:{
0<x

1 X
B 20. [[ exdx dy

D
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x2+y? <4
D: { y >0

1
B GIfde dy

D
x2 +y2 < 2;

D: { y2<0

< dx d
B7.ff}7 xay

D
x2+y2<09;

D: { y>0

B8.[[ V16 — x2 — y2 dx dy
D
x2+y2<1;

D:
{ySO

BO.[[ et dx dy

D

4<x2+7y%<09;
0<y

D:

B 10.[[ InV16 — x2 — y2 dx dy

D

4 <x24+y2<09;

D: { y>0

1 <x2+y2 <4

D:{ 0<y

1
B 21. ffmdx dy

D
x>+ y? < 4;

D: { y =0

B22 [[ arctgZdxdy
y

D
x* + y? < 4;

D: { 0<y

y
B23.f[ dxdy

D
0<y;

D:
{16 <x%2+y2<25

1

y=20,x=0;

D D:{23x2+y234

xZ
B 25. [f y—3dx dy

D

y =0;
D:
{x2+y2S9
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B1l. [[(x —y)dxdy
D

2<x*+y><4;

Dy > 0220

B12.[[(9 — x2 — y2) dx dy
D

X%+ y2 < 4;

D: { y <0

B13.[[ InV16 — x2 — y2 dx dy

D

4 <x24+y2<09;

D: { y =0

B14.[[ V4 — x2 — y2dx dy
D

x2+y2<09;
D:{ >0
y =

B15./[(1 —x2 — y?)dx dy
D

0<y;
x2+y2<9

D: {

X
B 26.ffﬁdxdy D

D: { x = 0;
1<xi+y2<4

yZ
B27. [ x—zdx dy

1
stffmdxdy

D
x2+y2<4

D:
{yZO

1
B 29.[f e dx dy

D
x = 0;

D:
{xz +y2 <2

x+

y
B 30.[/[ =—dxdy

x2+y
D
x2 4+ y2 < 4

Dty <o



3aganme 2. BeruvcauTh ABOMHON MHTErpaj, NEPEis K MOISPHBIM KOOPJUHATAM.

[ dxcdy
1. q,l'i—x —y reD:x2+y2=4;yEﬂ_
[[Jx? + y*dxdy

2. D , TIIe .

| 2, 2
'Ig L x® o+ y “dedy e b x2+y2=lﬁ; xz0; y=0
i ey
4 Dq,l'ZS—Iz—yz . e D x2+_)f2=25; x =0 yEﬂ.
[[Jx? + y*dxdy
D

D: x? +y =1 x=0

5. rae
2 2

+ X+ ¥ )dxd
6. gﬂ ) }’, rHeD:x2+y2=4;xEﬂ,yEﬂ
, gjdxdy’rﬂe D:xl+y?=0

1

e
8. {ﬁ[? y’meD:x2+y2=2x;yEﬂ
9. Jg:idxciy’me b Jr;2+y2 =16;x =0
10. dedy’meﬂ: x2+_y2=49; yiﬂ'
11 Hd'd:':dy o Dix?4yt=dx y20
12. HQ v Y r;fxdy rIleD: x2+y2=9; xz0; y =0
13. J'_[dedy’ HeD:x +_y2+2x=ﬂ_
14. H dxd_}f e Dt x? +y =23; x =0, y =0
15 IHI +¥ d-’fd}’ eD: x2+y2=4y_

(x? + y )dxdy
16.'!! ’rHeD:x2+y2=ﬁx.

2 2

x4+ 3 Yl
17. g{ y7) }” rI[e‘D: {x+1]2+y2=1.

(r? + y?)dxdy
18. 'Ig | re D {):—1}2+y2 =1.

(x? + v )dxdy
19_{'*': ’rHeD:x2+{y+2]2=4
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20

gmcﬁmy
| gwﬁx@y |
| L{szwzdxdy’ e D 2 1y? 46220
| gdxzwzdxdy’me D:x4y?-10y =0

Y
arcte = dxd
24'!;-_:!- g_x _}” rHeD:x2+_y2=1.

e i ;&:2+_)f2 =2x

2 2
21 FI[@D:x + ¥ +4y=ﬂl

22

23

[Jarctg i Ay
LD £

- 2 _
25 r;:[e‘D'x + ¥ —9.

Y
arcte = dxd
26.1-! gx y’rHeD:x2+y2=lﬁ_
[[ xdcely
. D
[[ xcdxely
. D
[[ ydxdy
29. D

[[ pdsdy
30. D

- 2 _
27 I",HGD'x + ¥ —15

I 2 _
28 meD.x + y —Zy_

e i x2+y2=1ﬁ'

rIIeD: x2+y2=4x'

Kontpoabhblie Bonpocsi: 1.ChopMynrpoBaTh alropuTM Mepexo/ia oT JeKapTOBBIX
KOOPJMHAT K MOJIAPHBIM KOOpJUHATAM.

IIpakTuyeckasi padora Ne 19 mo teme

«Bbruucienune mwiomaaei ¢ MOMOIbI0 JIBOMHBIX HHTETPAJIOB)

]_le.]'lb: IIPOBCPHUTh YMCHUC BBIYHCIIATH INIOITAANW C IIOMOIIBIO ,Z[BOfIHBIX HHTCI'PAJIOB .

3ananmne. HaiiTu miiomans Gurypbl, OrpaHUu4eHHONH JAHHBIMHU JIUHUSAMH
B1.y?- 2y+x?=0, y>-4y+x?=0 B 16.y*- 4y+x?=0, y2- 8y+x?=0

X X
= :\/3- =—,y= 0
y 7 y X y NG y
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B2.y?- 6y+x?=0, y?- 8y+x?=0 B 17.y?- 2y+x%=0, y?- 4y+x>=0

x y=X, x=0
V=7 ¥ =V3x
B 3. y2- 8y+x%=0, y?- 10y+x2=0 B 18.y?- 4y+x%=0, y2- 8y+x?=0

x y=X, x=0
y_\/_gl y _\/§X
B 4.y%- 4y+x?=0, y*- 6y+x*=0 B19. vy 2y+x’=0, y*- 10y+x*=0
Y=X, x=0 y:O y =\/§x
B 5.y%- 6y+x2=0, y?- 10y+x?=0 B 20.y?- 2y+x?=0, y2-4y+x?=0
y=X, x=0 x

V=7 v =V3x
B 6.y*- 8y+x?=0, y>- 10y+x*=0 B 21.y% 2y+x?=0, y>-6y+x*=0
x=0y =v/3x =" v =v/3x
y NG y
B 7.y*- 4y+x%=0, y*- 6y+x*=0 B 22.y%- 2y+x?=0, y>-8y+x*=0
x=0y =v/3x =" v =v3x
y 7 y

B 8.y?- 2y+x2=0, y?- 6y+x?=0 B 23.y?- 2y+x%=0, y?- 6y+x?=0

X X

=, y= O =—, V= 0
=Y =Y
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B 9. y?- 2y+x?=0, y>-10y+x2=0 B 24.y?- 2y+x?=0, y?- 6y+x?=0

X X
= :\/3X = = 0
y 7 y y 7 Yy
B 10.y?- 4y+x?=0, y?>-10y+x2=0 B 25.y?- 6y+x%=0, y2-2y+x?=0
x y=X, x=0
V=7 ¥ =V3x
B 11.y%- 4y+x?=0, y?-2y+x*=0 B 26. y2- 4y+x2=0, y2- 2y+x2=0
y=X, x=0 x=0, y =v/3x
B 12.y?- 6y+x?=0, y2-8y+x?=0 B 27. y?- 4y+x%=0, y>-8y+x*=0
y=X, x=0 x=0, y =v3x
B 13. y?- 4y+x%=0, y>-8y+x*=0 B 28.y?- 4y+x%=0, y2-8y+x?=0
y=X, x=0 x
V=7 v =V3x
B 14.y?- 4y+x%=0, y?- 8y+x?=0 B 29.y?- 4y+x*=0, y2-6y+x?=0
x=0y =v/3x =" v =v/3x
y NG y
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B15y2- 2y+x2=0, y?-6y+x?>=0 B 30.y?- 6y+x%=0, y2-10y+x?=0

X X
= = =" =3
yﬁxo yﬁy\/x

3apanme 2.Bpruncnuth miomaab QUrypbl, OrpaHUYEHHON JUHUSAMHU B HPSMOYTOJIBHOM
CUCTEME KOOpJUHAT.

— A 2. oy = = E
1. p=4-x"; 3x—y=0; y ﬂ_ x=4y2;x=y—;x=2
y) 2y=x2; 2x+2y-3=0 17. ? -
' ' y=lnx x+y=1, y=1
3 y—2x=ﬂ;y=x2;x=1 18. d 2}’ '
4 ¥=xT3 y=x; y=2x ' : '
: - y=arcsmy, 0<y<x, x20
3 a3 20. :
5, »T=x 3y  =4x—-4 91 ¥ =arccosx; y 20; x 20
6. »=(x-4)?% y=16-x" x
: ' r=arcsiny, 0<x<—; ¥y 20
7 y=x+1;y=cnsx;y=ﬂ_ 22 2
_ X =arccosy; v 20; x <0
yzzx;yzsmx;yzﬂ 23. '
9 4y=8x—x2;4y=x+ﬁl 24 2 :

ox=13 25.}’:”5_1':?'21’5—3_

10, ¥=¢; yp=¢

11. y =27 2x+3y =8 x =0, y =0 26 I:}’QI:““_J”Q_

1p y=Inx; y=-1, x=3 o7 Xx=Iy;, y €729, x 20

13, =6 x+y=T 8. y=x2+4x;x—y+4=ﬂ_

14, =4 x-y=0,x-4=0 29 y=x?; 4_y=x2;r:=i2_

15. x+2y2=ﬂ; :s:+3y2 =1_ 30. y=x2+1; y=3—x2
yioid =2

16. 3

KonTposbHbIE BONPOCHI:
1. AITOpUTM HaXOXKJICHHS YaCTH TOBEPXHOCTH S, MPOESKTUPYIOIIEeHcs Ha obmacTts D.

CamocrosiTeqibHas padora

Bapwuanr 1. Bapwuant 2.
117 Gy, s s 1 G ¥y
1). = D—kpyr ¥ T¥ =% 1). D — monykpyr
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D —1 getBepTh Kpyra

i17 G oy,
1). = D — kpyroBoii cekTop
xz+}; zd rexyrExyixzi

==
2). * " D — KpyroBoe KoJbLo
v riyrivied
Bapuanr 5.
117G ¥y,
1). Z D — xpyroBoe KoJIbIIO

Ay Lt +vi L4

1106 + 3 e,

Bapuanr /.

117 (e yyebuay, s
1). = D — nonykpyr ¥ ¥ =%
¥ =]

e g Y s
2). g ,D—prl“}" +y =g

D — xpyr

2). & D — kpyroBoii cektop
ey Sl 2y 2p D=yl
Bapuanr 4.
i £ Gy,
1). = D — xpyroBoe KoJIbI10
P E E .5 S Pl
=2
2). &% ¥ *1 D _ nonykpyr

R 2
yedy+vi 2l

Bapuanr 6.

-

D — xpyroBoii
ERTE
cekrop ¥ T¥ =i

N

¥ E— }J:}s‘iiqﬁx,,x?:{}
)
Bapuanrt 8.
117G ydaboay,
b2 D — kpyroBoii cextop

> P
X4y = oy z{

(a2 _ oy,
oot ted

2ot 207
Kompro X ¥ —E, +v =14
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AunddepeHunajbHble ypABHEHUS.

Y CTHBINM ONpOC MO TEME:

1.3agaun, npuBosmre K 1uddepeHIInaTbHBIM YPaBHCHUSIM.

2.Kakwue ypaBHeHUS Ha3bIBalOTCs AudhepeHnaIbHbIMu?

3.Pemenne nud depeHmaibHOTO ypaBHEHUS.

4. TuddepennmanbHoe ypaBHEHHE IEPBOTO MOPSIIKA.

5. 3agaua Komu.

6. uddepennmansHoe ypaBHEHHE TIEPBOTO TTOPSIAKA C PA3ICISIONAMUCS TEPEMEHHBIMH.

7. Jluneitnoe nudpepeHnmanbHOe ypaBHEHHE MIEPBOTO MOPsIKa
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8. OnHopoaHoe nuddepeHnanIbHOe ypaBHEHHE TEPBOro MOPSIKA.
9. IuddpepeHunanpHble ypaBHEHUS BBICIINUX MOPSAKOB. Perienne ypaBHeHUS.

10. JIuneiinbpie ogHOpOAHBIE AU (P epeHIIMANbHbIE YPABHEHHS BTOPOTrO MOPSIKA C
MOCTOSIHHBIMU KO3 (pULIIEHTaMH.

11. JIunelinble HeogHOPOAHBIE AP DepeHInaTbHbIE YPABHEHUS BTOPOTO MOPSAKA C
MOCTOSIHHBIMU KO3 (PpULIIEHTaMH.

IIpakTnuyeckas padora Ne 20 mo Treme
«IudpepeHnuaibHbIe yPABHEHUS NIEPBOIO MOPSAAKA»
Heanb: npoBepuTh yMeHHE pemiaTh AUQdepeHuanbHble YpaBHEHHS TIEPBOTo MOPsSAKa C
pa3ze’eHHbIMU U Pa3JesSIOUUMUCS TePEMEHHBIMU.
3ananue 1.Hailitu o6miee penieHre ypaBHeHu a), 0).
3aganue 2.HaliTu yacTHOE pelieHue ypaBHEHUS C Pa3esIOUIUMUCS TEPEMEHHBIMU

Bl.1.a)x?dx = 3y? dy B16.1.a)x? dx = 3y?dy
6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0

2y¢dx =e>dy; y=1npux =0 2.dx =e*dy; y=1npux =0

1 3 1 3
B2. 1.a)7xdy — 7;dx B17. 1.a)$ dy = de
6)y’dx + (x—2)dy =0 6)y’dx + (x—2)dy =0
1 1 1
2.y—2dx=X—2dy,y=2npux=0 2.dx=X—2dy,y=2npux: 0
B3L.a)Vxdx = vy dy B18.1.a)Vx dx = y dy
6)(1+y?)dx —/xdy = 0 6)(1+y3)dx — Vxdy = 0
2.(1+y)dx = (1 — x) dy, 2.(1+y)dx = (1 —x) dy,

y:3 npux:—z y=3npux=—2
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B4. 1.a)(3x? — 2x) dx = dy
6) -(2xy+3y)dx + x2dy = 0

2.ydx = xdy,y = 6 npux = 2

B5.1.a)(4x — 3) dx = dy

dx
6) (xy+x)d—y=1

2x—1 dx
: =—, y=0npux=>5
y+1 dy

B6. l.a)xdx = dy

6) 2(xy+y)dx = xdy

2(y+DH)dx—-—(1—-x)dy =0,
y=1npux=20

3..xyly/ = x3 4+ y3

4.xy/+y =x+1

B7.1.a)x?>dx = 3y dy

B)y(1+x)dx +x(1 —y)dy =0

2y¢dx=e>dy; y=1npux =10

1 3
BS.la)T)_(dy= \/—;dx
6)y’dx + (x —2)dy =0

1 1
2.y—2dx = X—zdy,y =2npux=0

B9. 1L.a)Vxdx = ydy

B19. 1.a)(3x* — 2x)dx = dy
6) -(2xy+3y)dx + x2dy =0

2.ydx = xdy,y = 6 npux = 2

B20. 1.a)(4x — 3) dx = dy

dx
6) (xy+x)E=1

2x—1

2.

D y=0npux=>5

B21.1.a)xdx = dy

6) 2(xy+y)dx = x dy2.(y +
Ddx—-(1—-x)dy =0,

y=1npux=20
3..xy2y/ = x3 4+ y3

4.xy/+y =x+1

B22.1.a)x2 dx = 3y? dy
6)y(1+x)dx + x(1 —y)dy =0

2y2dx =e>dy; y=1npux=20

1 3
B23.1.a) - dy = 7;dx
6)y’dx + (x —2)dy =0

1 1
Z.Fdx = X—Zdy,y =2npux =0

B24.1.a)Vx dx = vy dy



6)(1+y3)dx — Vxdy = 0
2.(1+y)dx = (1 —x) dy,

y = 3 npux = —2

B10 1.a)(3x? — 2x)dx = dy
6) -(2xy+3y)dx + x2dy = 0

2.ydx = xdy,y = 6 npux = 2

B11.1.a)(4x — 3) dx = dy

dx
6) (xy+x)d—y=1

2x—1 dx
: =—, y=0npux=>5
y+1 dy

Bl2.1.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—-—(1-x)dy =0,

y=1npux=20

B13.1.a)x2 dx = 3y?dy
6)y(1+x)dx +x(1 —y)dy =0
2.y2dx = e*dy;
y=1npux=20

1 3
Bl14.1.a)— =—d
a)\/xdy Vy X

B)y’dx + (x—2)dy =0
1 1
Z.y—zdx =—=dy,y =2npux =0

x2

6)(1+y2)dx — Vxdy = 0
2.(1+y)dx = (1 —x) dy,

y = 3 npux = —2

B25.1.a)(3x? — 2x) dx = dy
6) -(2xy+3y)dx + x2dy =0

2.ydx = xdy,y = 6 npux = 2

B26.1.a)(4x — 3) dx = dy

dx
6) (xy+x) d—y=1

2x—1 dx
2. = — = =
o) " y=0npux=>5
B27.1.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—-(1-x)dy =0,

y=1npux=20

B28.1.a)x2 dx = 3y2dy
6)y(1+x)dx + x(1 —y)dy =0
2y2dx =e>dy; y=1npux=20

1 3
B29. 1.a)—dy = —dx
Vx

Vy
6)y’dx + (x—2)dy =0
1 1
Z.de = X—Zdy,y =2npux =0
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B15.1.a)Vx dx = y dy B30.1.a)Vx dx = y dy

6)(1+y?)dx —Vxdy =0 6)(1+y3)dx — Vxdy = 0
2.(1+y)dx = (1 — x) dy, 2.(1+y)dx = (1 —x)dy,
y = 3 npux = —2 y = 3 npux = —2

KoHTponbHBIE BOIPOCHI:

1.Kaxoe ypaBHeHHe Ha3bIBaeTCs AU pepeHInaibHbIM ?

2. YUro Ha3bIBaeTcs 00IUM perieHrueM @ depeHnalbHOr0 ypaBHEeHUs ?
3.Yrto Ha3bpIBaeTCs YaCTHBIM perieHrueM audpepeHInalbHOro ypaBHeHs ?

4. IMonsitue nuddepeHnanbHbIX YPaBHEHUM ¢ Pa3IeICHHBIMU U Pa3/IeIIIOIIUMHUCS
EPEMEHHBIMU.

IpakTuyeckas padora Ne 21 mo teme
«OnHopoanbie 1 depeHnuaIbHbIE YPABHEHUS MIEPBOTO MOPSAIKA»

Heab: HAyIUTHCS pemaTh OAHOPOIHBIE U PepeHITnaIbHbIC YPaBHEHHS TIEPBOTO
HOpsI/IKA.
3aganue. Pemuts onHOpoHOE MU PepeHnrantbHoe ypaBHEHHE.

Bl.xy+y? — (2x2 + xy)y/=0 B16.xy+y? — (2x2 + xy)y/=0
B2.(x-y)dx+xdy=0 B17. (x-y)dx+xdy=0

B3 (x- xy)dy-y? dx=0 B18.(x?- xy)dy-y% dx=0
B4.xy%y/ = x3 + 3 B19.xy%y/ = x3 + 3

B5. (.x-y)ydx = x*dy B20.(x-y)ydx = x2dy
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B6.xy%y/ = x3 + y3 B21.xy%y/ = x3 + y3

B7.xy+y? — (2x2 + xy)y/=0 B22. xy+y2 — (2x% + xy)y/=0

B8.(x-y)dx+xdy=0 B23. (x-y)dx+xdy=0

B9. (x%-.xy)dy-y? dx=0 B24.(x?-.xy)dy-y? dx=0

B10.xy%y/ = x3 + y3 B25.xy%y/ = x3 + y3

B11. (x-y)y dx = x> dy B26. (x-y)ydx = x2dy

B12.xy?%y/ = x3 + y3 B27.xy%y/ = x3 + 3

B13.1.a)x2 dx = 3y? dy B28.1.a)x2 dx = 3y2dy
6)y(1+x)dx +x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0

2.y2dx = e dy; 2y2dx=e>dy;y=1npux=20

y=1npux=20 3.xy+y? — (2x2 + xy)y/=0
3.xy+y? — (2x% + xy)y/=0 4.xy/- xy = (1+x2)e*

4.xy/- xy = (1+x?)e*

B14.(x-y)dx+xdy=0 B29. (x-y)dx+xdy=0

B15. (x*-.xy)dy-y* dx=0 B30.(x%-.xy)dy-y? dx=0
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KoHTponbHBIE BOIPOCHI:

1. Kakoe ypaBHEHHE Ha3bIBAE€TCS OJHOPOJIHBIM YPABHEHHUEM IIEPBOT0 MOPSIKA

IIpakTnueckas padora Ne 22 mo reme

«Oanopoaubie 1uddepeHIUAIBHbIC YPABHEHHUS IEPBOr0 NOPSAAKA»

Heanb: HayunThCs pemaTh JIMHEHHbIE AU(depeHIuanbHbIe YpaBHEHHUS IEPBOrO MOPSIKa.
3apanme. Pernth nuHeiiHoe quddepeHnnanbHoe ypaBHEHUE.

B1.xy’- xy = (1+x?)e*
B2.y/+2 xy = x3
B3(1+x2)y/-xy =2x

B4.xy/+y =x+1

B5. 2 — L = x
dx x
B6.y/+y =x+1

B7.xy/- xy = (1+x?)e*
B8.y/+2 xy = x3

B9. (1+x2)y/-xy =2x
B10.xy/+y =x+1

B11. 2 L =

dx  x
B12.xy/+y =x+1
B13.xy/- xy = (1+x?)e*
B14.y/+2 xy = x3

B15.(1+x2)y/-xy =2x

B16.xy’- xy = (1+x?)e*
B17.y/+2 xy = x3
B18.(1+x2)y/-xy =2x
B19.xy/+y =x+1
BZO.d—y —L=x

dx  x
B21.xy/+y =x+1
B22.xy/- xy = (1+x?)e*
B23.y/+2 xy = x3
B24. (1+x2)y/-xy =2x
B25.xy/+y =x+1
B26.2L L =

dx  x
B27.xy/+y =x+1
B28.xy’- xy = (1+x?)e*
B29. y/+2 xy = x3

B30.(1+x2)y/-xy =2x

3apaua 2. Haiitu pemenue 3amaun Komn.
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41. Yy —y/x=X,
y'— yctg x = 2xsin X,

, 1.
43 Y +YCOSX=_sIn2x, y(0)=0. 44

y(1) =0.

y(7z/2)=0.

4.2.

; .y +ytgx=cos?’x, y(z/4)=1/2.
45, y—é_x2+2x y(-1)=3 24s. y——y_eX(x+1) y(0)=1.
47. y'_y:xsinx, y 72'\=1. 4.8. y’+X=SiHX, y(7r)=i
X 2 X v
/ , 2 2
4.9. y+_—X2, y(1)=1 4.10. Y + X y= 2x° , Y(O):_'
2X 1+x2  1+X 3
,_ X : X+1
411, Y — y=5 y(2)=4 s12. Y+ Y Xt y(1)=e
X2 X X
113 y' =Y _ opInX y(1)=1 asa y =Y 12 y(1)=4
X X X X
;2 3
415, Y +;y:x, y(1)=-56. 416 y'+-=3% y(1)=1
, 2Xy , 1-2X _1
4.17.y—1+x2:1+x2, y(1)=3. 418, Y T——Y=1 y(1)=1
, 3y 2
419. Yt __=_, y(l):l 420. y'+2xy = —2x3, y(1)=e™.
X X
2
421. y' + Vo Y(0)= : 4.22. Y +xy=—x3 y(0)=3.
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'_i — pX 2 —
423 ' -y =¢ (x+1)", y(0)=1. 424

Y +2xy = xe™X sinx, y(0) =1.

425. Y'-2y/(x+1)=(x+1), y(0)=Y2. 426
y' — ycos X = —sin 2X, y(O):3_

427y = axy = -4, y(0)=-12 s2e y-Y_ X yy=1

4.29. y' —3x2y = X2 (1+ x3)/3, y(0)=0. 4.30.

y' — yCOS X = sin 2X, y(o) —_1.

431 y' —y/x=-2/x%, y(1)=1.

KoHTpospHBIE BOIPOCHI:
1. Kakoe ypaBHEeHHE Ha3bIBa€TCs JIMHEWHBIM YpPaBHEHHUEM IEPBOTO MOpsIKa?

IIpakTuyeckasi padora Ne 23 mo Teme
«AnddepeHunanbHbie YypaBHEHUS BTOPOIo MOPSAKA.
JInHeiiHbIe OTHOPOAHBIEC YPABHEHHUSI BTOPOr0 NMOPSAIKA € MOCTOAHHBIMHU
KO3(pULHEeHTAM 1»
Henb: HAyYUTHCS pelIaTh JIMHENHBIE OJTHOPOIHBIE YPaBHEHHUS BTOPOTO MOPSAKA C
MOCTOSTHHBIMH KO3 (D puineHTaMu

Pemutes ogqHOpOAHBIC THHEHHBIE AU depeHITnaTbHbIe YPaBHEHHS BTOPOTO mopsiaka. B
MyHKTE a) HANTH YaCTHOE PEUICHUE MPHU 3aJaHHBIX HaYaJbHbBIX YCIOBUSIX

¥xa) =¥, y’r(ﬂ)=yg'
i ! _ B / B
110.2) Y *Y - =0 y©@)=1 3'(0)=3

i /
6) v +12y +36y =0

i
B) 4y +9}’:ﬂ
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i ; B _ I~
212.a) 2 ~2¥ ~8y=0 y=1 y'@©=1

i i
6) ¥ —ﬁ_}? +9y=ﬂ
B) y”—Sy’r+1Ty=[}

i i _ _ ; _
313.2) > 1Y =0 y©@=6 y(0=10

5 ¥ +8y +16y=0
p 43" -20y'+ 257 =0

£ ! _ _ ! _
4149y 7Y TOr=0 y@=2 y'©=-1

B) yﬂ+ Ey’r+5y=n

i ! 3 _ Foon
515.a) 2¥ T¥ ~7=0 y0)=1 y(0)=-1

6) 4y’ -ay'+y=0

B) y”—ly’r+1[}y=ﬂ

54" ;o ~ po

6.16.2) = ¥ =0 y(0)=1 y (©0)=4
5 ¥ ~14y +49y =0

it
g) ¥ t4r=0

i ;o _ o
717.0) 12 Y =0 y@=2 y(0=2
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g 5" -6y +5y=0

i / _ _ feay =
8,18.a)y -6y +8y=0 y0)=2 y(0)=-4

6) lﬁyﬂ+8y’r+y=ﬂ
i /
B) Vv -6y +13y=0

o ! _ _ [ oo —
9’19_a)y -4y -3y=0 y@)=2 y(0)=-3

6) 16y”+ 24y’r+9y=ﬂ
) v'—4y'+13y =0

i ! _ _ f _

6) Qyﬂ+6y’r+ y=0

i
B) v +9y=0
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CamocrosiTeqibHas padora
1 BapuanrT.

Onpenenuts Bua AUQGHepeHInanbHOro ypaBHEHUs, HAUTH €ro o0l1ee pelieHue, a riue
YKa3aHO YaCTHOE PELIEHUE:

1)y =x-2
2) (3x-4)y =v;
3) y =12
y
4) y —2xy=xeX;

5 v = XX {y(l) =2}, MOCTPOUTh UHTETPAIbHYIO KPHUBYIO.

2 BapHAHT.

Onpenenuts Bua AnddepeHnanb-HOro ypaBHEeHUs, HAWTH ero odliee pelieHue, a rie
yKa3aHO 4aCTHOE pELICHUE:

1) y -4y =8xe¥;

2) y =2x-3;
3 Yy
) y S5X -2
4) yy =8x-3;
.oy +l
5) y = ~ {y(1)=0}, mocTpouts HHTErpaNbHYIO KPHBYIO.

IIpakTuyeckasi padora Ne 24 mo Teme
«J/IuHeliHbIe HEOTHOPO/AHbIE YPABHEHUSI BTOPOI0 MOpsiAKa »

Iesb: HAYyYUTHCA peLIATh JUHEUHBIE HEOAHOPOIHBIE YPABHEHHUSI BTOPOTO MOPSIAKA.

BapuanT 1

1. Haiitu o6miee pemenue nudpepeHnmnanTbHOTO ypaBHEHUS :

a) (1 —x2)y» = xy

0)y» — 4y + 3y = e>
2. Haiitu pemenue nuddepeHnuanrbHOro ypaBHEHHSI, yIOBIETBOPSIONIEE HAYaTbHBIM
YCIIOBUSIM:

a) y» + 4y — 12y = 8sin 2x; y(0) =0, y(0) =0

6) y» — 8y + 16y = e*5 y(0) =0, »y(0)=1
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Bapuanrt 2

1. Haiitu o61iee pemienue qudpepeHnanbHOro ypaBHEHHUS:
a) 2yy-+ (»)* + (»)* =0
0)y — 6y + 9y = e*
2. Haiitu pemienue nudpepeHnnanibHOro ypaBHeHUs], y10BIETBOPSIOIIEe Ha4YaIbHbIM

yenory 1\)4/ — 6y +9y =x2—x+3; () y(0) = !
y0 =3 7
0) y» + 4y — 5y =8cosx; y(0) =0, y»(0)=0
Bapuanrt 3

1. Haiitu ob6miee pemenue nuddepeHnnanbHOro ypaBHeHHUS:

a) y» + ytgx = sin 2x

0)y: +7y + 12y = sinx
2. Haiitu pemenue quddpepeHnaasHoro ypaBHEHUS, YAOBICTBOPSIIONIEE HaYaIbHbIM
YCIOBUSIM:

a) y» + 4y = e y(0) =0, y(0)=0
0) 2y" +y —y = 2e% y(0)=0, y(0)=0
Bapuanrt 4

1. Haiitn 061116136 pemenue nuddepeHIaTbHOTO YpaBHEHNUS

Q) yr t-¥ = x?

0)y” +y = cos 2x
2. Haiitu pemenue audpepeHImaibHOro ypaBHEHUS, YIOBICTBOPSIONIEE HaYaTbHBIM
YCIIOBHSIM:

a) y» — 2y + 5y = xe?x; vy =1 »(0)=0
6) y» — 2y — 3y = 2x; y(0)=0, »(0)=0
Bapuant 5

1. Haiitu o6miee pemenne nudepeHnnanTbHOT0 YPaBHEHUS :

a)1+ (y)*+yy =0

06)y» — 4y + 8y = sin 2x
2. Haiitu pemenue nuddepeHnuanrbHOro ypaBHEHHS], yIOBIETBOPSIOIEE HAYaTbHBIM
YCIIOBUSIM:

a)y»+ 5y + 6y =12cos 2x; y(0)=1, y(0)=3

6) y» — 6y + 9y = —12x; y(0) =0, »(0)=0
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Bapuanrt 6

1. Haiitu o61iee pemienue qudpepeHnanbHOro ypaBHEHHUS:
a) y(1+y)-5yy>=0
o)y +y — 2y =e*
2. Haiitu pemienue nudpepeHnnanibHOro ypaBHeHUs], y10BIETBOPSIOIIEe Ha4YaIbHbIM

YCIOBUSM:
a) y» — 5y + 6y = (12x — 7)e™%; y(0) =0,  »y(0)=0
6) y» + y = sin3x; y(0)=0 y(0)=1

BapuanT 7

1. Haiitu obmiee pemenue nuddepeHnanbHOro ypaBHeHHUS:
a) xy» + 2y = x3
0)y» — 4y — 5y = x?
2. Haiitu pemenue audpepeHImaibHOro ypaBHEHUS, YAOBIETBOPSIONIEE HaYaTbHbIM

YCIOBUSIM:
a)y — 4y + 13y = 26x + 5; y(0) =1, y(0) =0
0) y + 4y = x; y(0)=1 y(0)=1

BapuanT 8

1. Haiitu obmiee pemenne nuddepeHnnanibHOro ypaBHSHHUS
a) y'tgy = 2(y)?
0)y —y = 2(1 —x)

2. Haiitu pemenue qudgepeHImaabsHoro ypaBHEHUS, YAOBICTBOPSIONIEE HadaIbHbIM

YCIIOBHSIM:
a)yr — 4y = 6x2 + 1; y(0) = 2, y(0) =3
0)yy—2y +y=cosx; y(0)=0, y(0)=1

KonTpoJsibHBIE BOITPOCHI
1. Aaroput™ peuieHus JMHEUHOTr0 HEOTHOPOJAHOTO YPAaBHEHUSI BTOPOTO MOPSIAKA.
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«HMccsienoBanne YUCI0BBIX PSJIOB HA CXOAMMOCTDY

HCJ’IL: HAaYYHUTBHCA UCCIICA0BATDb YMCIOBLIC PAAbI HA CXOAUMOCH

BbinucaTtb Tpy NepBbIX YreHa psaa HanTU TPETbI0 YaCTUYHY CyMMY

n=w o¥

111q) #1707/,

';.2=.I.2?‘3+2H2

1
717a) »=1 377

”Eﬂh-m
8,18 #=1 (2101

e (o )

7
919q) 2101 )" .

Teopus psiioB

IIpakTnueckas padora Ne 25 no reme

HERinn
it
6) »#=1 F

nz= 4pd

?ﬂim|3ifm|
6) *! Jn?

= 2
BZRone™ R

?Ei 3,5
0) R

H=o A

6) n=1n° +1,

n=m

6) n=1R-lnn
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10,20 a) #=1

REmp i n+1))

IIpakTnuyeckas padora Ne 26 no teme «006,1aCTh CXOAMMOCTH CTENIEHHOT0 PSAIA»

(2n)!

2

="+ oast R

Fl

Heﬂb: HAaYYUTBHCA UCCICA0OBATh CTCIICHHLBIC PAJAbI HA CXOAUMOCH

2.

I/ICCJICI[OBB,TB paa Ha a6COJIIOTHy10 " YCJIOBHYIO CXOI[I/IMOCTB

0 ( 1)n—1
)Z(Bn 2)I

(2n )
.a)zk_ §:+5J?

n—1

-D"(n-=-3) -
TR0

n—4

_3n
.a)z "

) i

n=1100n +1

a)z(__;:'_,

” (— 1”‘1)2n

b)Y 5on+5-

=1

z ( 1)n+l'

_1n 5"

b) ¥ @n+1)(=1)";

n—1

1y
) 2 et

n—2

b) z (n + 5)(_1)n :

=1 N +3n

(_1)n+1.

b) &~ ——;
)n:1 n-3"

"o
b ;
)nglfs\/n +1

n+l

1

c)
z n +1)- 3"

n=1

123



8.a)% " p ¥, V("
= = (n)!
né < -1)"

9. ) 2”; b)zn;(gniu;
10. )" 1. ¥ D"
n—ln!1 nzl(zn +1)n

Hatitu 061acThb CXOAUMOCTH U IIPOBCPUTH CXOANMMOCTD HAa T'paHUIIAX UHTCPBAJIA:

n=w g

1. a) Sl :

nm3”1 %

2. a) "= 15ﬂ2w/_

b
- X

3.a) "~ 143—”@ +1)
= s

4. a) w127 (% +1)
el VA iG

5. a) =gy :

Z 2 b
7. a) n=l{n"+n}-2 :

i 3;'2?2+1x?2
8. ) min(n’+1):

M= '3‘32';3 E'H'I

3
9.a) »13"(n-3);

p=w

ﬂ(x_l)m

6) 15" (n+1)
&5 5% (% -3 )"

2 an-1
6) n=1{n* +1)27" :
VR Pl

Z n+l
6) 1 (2n-14

nee(n? +2)5% x—1)"
Z 2 S+l
(2n° +3)2

6) #n=1

ng&(sﬂz +2)x—2)"

6) n=1

n=o2 ¥ p2 L0 )ix —1)"

(n’ +13%

6) n=1

52?24_1(?12 _ 2)

H=m52.’2+3 3( /]

Z
6) #n=1

327?41 5)

3?2+1 2( _1)

E
6) n=1

35871 n? 1)

£ 2l L2 —1)7

6) n=1

{20 +1)5%772
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S nkat n==32n 712 5y g
10. a) »13"(n+2)¢ 6) = (5n% +1ja7]

IIpakTnuyeckas padora Ne 27 no reme
«Pa3y1oxxeHul QYHKIMHA B CTEIICHHOH pAa»
IIpakTnueckas padora Ne 27 no reme
HAy4YUThCS PACKIIAbIBATh (PYHKIUU B CTEIIEHHOM Psij

Tect mo Teme «Paann»

1 BapuaHnT.
3ananue 1.YerBepTslil WicH piaa ()" paBen:
n=1 2n -1
26t plpos
a) 5 9 7
3a}IaHI/Ie 2. PH}] COSX +

7
cos’x cos’x  cos*x
+ +

6 24

+... ABJIACTCA. ..

A. CrenneHHBIM

b. ®OyHKIMOHAIBHBIM

B. 3nakouepenyromnmmcs
I'. 3HaKOMONOKUTEIEHBIM

n
Samanve 3. Jlan pag ¥, . Ucnionb3yst HEOOXOAMMOE YCIOBHE CXOIUMOCTH Psilia,
n=110n +1

CIEJIAaNTE BBIBOJI

A. psan pacxoguTcs

b. psana cxogurcs

B. Henb3s onpeaenuTh CXOAUTCA WA PACXOIUTCS PSI

I'. npyrou orBer
3ananue 4.Psn 2[31,)'\ WCCIIEIOBAIM HA CXOJMMOCTh NO npu3Haky Komwu, BeraucCIMIM

=
1

npegen k=Ilim %/a_n =". Torxa MOXHO clienaTh BBIBOJ, 4TO ...
o 3
A. JlaHHBIN pag CXOOUTCS
b. JlanHbIl psaa pacxoauTcs
B. JlaHHBIN psAT MOXKET KaK CXOIAUTHCS TaK U PaCXOAUTHCS.
I'. JanHblii psig HE CYIIECTBYET 1y

3aganue 5. Haiinure cymmy paga Y | - |

n=1
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3agaHue 6. YCTaHOBUTE MEXY PSAOM U €r0 Ha3BAHUEM.

Hazsanue Pan
1. Pan ¢ nmojoxuTenbHbIMU INEEEEE
YJIeHaMH 2 3 4 5
o 2 3 4 5
2. 3HAKOUYEPELYIOLIHIICS B, x+x2+x® +x*+x° +...

B. 1+2+34+4+5+6+...

pAn
I'. cosx+cos? x +cos® x +cos? X +...

3. CremneHHoOM psif
4. DOYHKIHUOHAIBHBIN PSIJT

3asanue /. YCTaHOBUTE COOTBETCTBUE MEK/Y UMCIOBBIM PSAAOM M €ro OOLIUM YJIEHOM dj

Psn OG6wp wieH psajaa a,

1

1 l+l+l+l+... A.a:
2 4 6 8 " n+4+2

1

2 1+E+E+£+... b. a=__

35 7 " 2n

1

3- 1+i+£+1+... B a=
3 5 7 9 " 2n+1

1

4 E+£+E+1+.. F a=
3 4 5 6 " 2n-1

2 BapuaHT

3 1 q o o (_ 1)2n—1 .
aIaHuC 1.1 CTBCPTHIN YJICH psda Z PaBCH.
. 3n+1

a)l 6).1 B 1)
13 13
Bamanne 2. Pax 1+ 1 x+ 1x" +1x% 4. smsercs
2 8
A. 3Hako4epeayOMUMCS
b. ®OyHKIIMOHAIBLHBIM
B. CrenenHbsIM
I'. 3HaKOIIOJIOKUTEIILHBIM.

2n +
3aILaHI/Ie 3. Z[aH pan z . I/ICHOHBSyﬂ H€06XOILI/IM06 YCIOBHUE CXOAMMOCTH psAaa
n=1 2I’l - 1

S| e

1

I

CIeJIauTE BEIBOJI

A) psan cxoguTcs

b) psin pacxoautcs

B) Henb3s onpeaenuTh CXOAUTCS WA PACXOIUTCS P

I') npyroii oTBer.

3amanue 4. Pax < 5 mccnemoBanu Ha CXOAMMOCTS 10 NMpU3HaKy JlamamOepa, BEIYUCIHIN

4
n=1 N

IPENEN g _|im & _5. TOrma MOXKHO CeNaTh BBIBOI, UTO...

n—o
aﬂ

A. JlaHHBIN pag CXOOUTCS

b. JlaHHBIN psx pacXoaUTCA

B. JlaHHBIN psAT MOXKET KaK CXOAUTHCS TaK U paCXOIUTHCS.
I'. JlaHHBII psit HE CYIIECTBYET (1Y

3ajganue 5. Haiinure cymmy psiga: Y. L—J

.10
Al
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b. 0,1

B. 0,9
r.t
9
3aganue 6. YCTaHOBUTE MEXKIY PSAJIOM U €ro Ha3BaHHUEM.
Ha3zpanue Psan
1. Pag ¢ moJIoKUTEIbHBIMHA A. sin x+sin2 x+sin3x+sin 4 x +...
YIeHAMHA b. 1+ 2x+3x% +4x3+...
2. 3HaKo4epenyroIuics B.t,t, .1
psin 2 4 8 16 32

3. CreneHHoOM psif
4. OyHKIMOHAIBHBIN Psij

I'. 1-2+3-4+5—-6+...

321I[HI/IC 7. YCTaHOBHTE COOTBETCTBHE MCKAY YHCIOBBIM PAOOM M €TO O6H_II/IM YJICHOM {4,

Psin OG6my ujieH psaja d,
1
1 l+l+—+—+... A a-
2 4 6 8 " n+2
1
2 E+£+E+i+.. b. a=__
2 4 8 16 "2n
1
3. 1+£+£+i+.. B. a=__
4 9 16 A
1
4 7+i+i+i+... I. a=_
4 5 6 "
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OcHOBBI TCOPUHN KOMIIVIEKCHBIX YUCEJI

IIpakTnueckas padora Ne 28 no reme
«JleMCTBHA HAJl KOMILJIEKCHBIMH YHCJIAMU B ajiredpandeckoin popme»

Ieab: HAYYUTH BBITOTHATE ICHCTBHS ¢ KOMIUIEKCHBIMU YHCIIAMH B aareOpanvecKoi
dbopme

BapuanT Nel

1. BeinmomHuTh AeiicTBUS B aliredpandeckoi popme.
Z1=2-7i, Z2=3+51.Haiitu: Z1+Z22;Z21-722;71-72, 7Z1:72
BapuanTt Ne2

1. BeimosmHuTh 1eMCTBUA B asireOpandeckoi popme.
Z1=3+4i, Z2=-1-2i.Havitu:Z1+72; Z1-22; Z1:72, Z1-Z2
BapuanTt Ne3

1. BeinoaHuTh AeficTBUS B anredbpanyeckoit popme.
Z1=3-4i, Z2=2+51.Haiitu: Z1+Z2; Z1-72; Z1-72,71:72.
Bapuant No4

1. BeimoaHuTh AeicTBUSA B anredbpandeckoi popme.
Z1=3-2i, Z2=-3+5i.Haiitu: Z1+Z2; Z1-Z2; Z1:Z2,71-Z2
BapuanTt Ne5

1. BeimoaauTh AeiicTBUSA B anrebpandeckoi ¢popme.
Z1=2-51, 72=2+4i.Haiitu: Z1+Z2; Z1-7Z2; Z1-Z2,Z1:Z2.
Bapuant Ne6

1. BeimoHUTE IeHCTBUS B anreOpandeckon Gpopme.
Z1=1+2i, Z2=-5-2i.Havitu: Z1+72; Z1-72; Z1:72, Z1-72
Bapuant Ne7

1. BeimoHUTH JeUCTBUS B anredpanyeckoit popme.

Z1=2-6i, Z2=3+4i.Haiitu: Z1+72; Z1-72; Z1-72,71:72 .
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BapuanT Ne§

1. BoinoaHuTh neicTBUS B anredpandeckon Gopme.
Z1=1+2i, Z2=-1-7i.Haiitu: Z1+72; Z1-72; 71:72, 7Z1-72
Bapuant Ne9

1. BoinmoaHuTh AeicTBUS B anredbpanyeckoit popme.

Z1=2-4i, Z2=3+2i.Haiitu: Z1+Z2; Z1-72; Z17-2, 71:72 .

Bapuant Nel0

1. BeinmosHuTh 1eMCTBUA B aireOpandeckoi popme.
Z1=1-2i, Z2=-1-3i.Hawitn:Z1+72; Z1-22; Z1:Z2, Z-1Z2
Bapuant Nel 1

1. BeimosmHuTh 1eMCTBUA B asireOpandeckoi popme.

Z1=1+7i, Z2=2+2i.Hawitu: Z1+22; Z1-72; Z1Z-2, 71:72

Bapuant Nol2

1. BeimomHUTh 1eUCTBUA B aireOpandeckoi popme.
Z1=3+i, Z2=-1-2i.Hawttu:Z1+722; Z1-Z2; Z1:Z22, Z1Z2-
BapuanTt Nel3

1. BeimoaHuTh AeicTBUSA B anredbpandeckoi popme.

Z1=1-4i, Z2=-2+51.Haiitn: Z1+72; Z1-72; 71-72, Z1:72.

Bapuant Nel4

1. BeimomHUTh IeHCTBUS B anreOpandeckou Gpopme.
Z1=3+2i, Z2=-3+2i.Hattw:Z1+72; Z1-72; 71:722, Z17Z-2
Bapuant Nel5

1. BeImmoaHuTh AeHcTBHSA B anrebpandeckou Gpopme.

Z1=3-5i, Z2=2+4i.Haiitu: Z1+72; Z1-72; 717-2,71:72.

Bapuant Nel6
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1. BoinmoaHuTh AeicTBUS B anredpanyeckoit popme.
Z1=-1+3i, Z2=-5-3i.Haiitu: Z1+Z2; Z1-Z2; Z1:Z2,Z1Z-2
Bapuant Nel7

1. BoinoaHUTh AehcTBUS B anrebpanyeckoil popme.
Z1=2-61, Z2=3+4i.Hawitn: Z1+Z2; Z1-72; Z1722-,Z1:Z2 .
BapuanTt Nel8

1. BeinmosmHuTh 1eMCTBUA B aireOpandeckoi popme.

Z1=1+2i, Z2=-1-7i.Hawttu:Z1+72; Z1-72; Z1:Z22, 7172

BapuanTt Nel9

1. BeimoaHuTh AeiicTBUS B anredbpanyeckoit popme.
Z1=1-4i, 72=3+4i.Haiitn: Z1+Z2; Z1-Z22; Z1Z-2,Z1:Z2 .
Bapuant No20

1. BeinmoaHuTh AeficTBUS B anredbpandeckoit popme.
Z1=-1-2i, Z2=2-3i.Haittu: Z1+Z22; Z1-22; Z1:72,Z1Z-2
BapuanT No21

1. BeimosHUTh IeUCTBUA B aireOpandeckoi popme.
Z1=2-i, Z2=3-5i.Haiitu: Z1+Z2; Z1-Z2; Z1Z2,-Z1:Z2
Bapuant Ne22

1. BeimomHUTh 1eHCTBUS B anredpandeckou Gpopme.
Z1=3+4i, Z2=-1+2i.Hamn:Z1+72; Z1-722; Z1:22, Z1Z-2
BapuanTt No23

1. BeimomHUTE IeHCTBUS B anreOpandeckon Gpopme.
Z1=3-i, Z2=2+51.Haiitu: Z1+72; 7Z1-22; Z1Z-2, Z1:Z2.
Bapuant Ne24

1. BeimoiHUTH JeUCTBUS B anredpanyeckoit popme.
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Z1=3+2i, Z2=-3+i.Haiitu: Z1+Z2; Z1-72; 7Z1:72, Z1Z-2
BapuanT Ne25

1. BoinmoaHuTh AeicTBUS B anredpanyeckoit popme.
Z1=2-3i, Z2=1+4i.Haiitu: Z1+Z2; Z1-722; Z1-722,Z1:Z2.
BapuanTt Ne26

1. BoinoaHUTh neicTBUS B alnredpandeckoi Gopme.
Z1=1+2i, Z2=-2-2i.Haiitu: Z1+72; Z1-72; Z1:Z2, Z1Z2-
BapuanT Ne27

1. BeinmoaHuTh AeicTBUS B anredbpanyueckoit popme.
Z1=2-5i, 72=2+4i.Haiitn: Z1+Z2; Z1-722; Z1Z-2,Z1:Z2 .
BapuanT Ne28

1. BeinmosmHuTh 1eMCTBUA B anireOpandeckoi popme.
Z1=1+2i, Z2=-1-4i.Hawtu:Z1+7271-22; Z1:72, Z1-72
Bapuant Ne29

1. BeimoaHuTh AeficTBUS B anredbpanyeckoit popme.
Z1=2-4i, Z2=-3+5i.Haiitu: Z1+Z2; Z1-Z2; Z1Z-2,Z1:Z2
BapuanT Ne30

1. BeimosmHUTh IeUCTBUA B aireOpandeckoi popme.
Z1=3+i, Z2=-3-2i.Haiitu: Z1-22; Z1+722; Z1:72, 7Z1-72
KonTposbHbIe BONPOCHI:

1. Yto Ha3bIBaETCSI MHUMOW €UHULICH?

2.CBONCTBO MHUMOMU €IUHHUIILI.

2.1IpaBuio BO3BeJIEHHSI MHUMOW €IMHUILIBI B HATYPAJIbHYIO CTEIEHbB N.
3.JlaTh onpeaeneHne KOMIUIEKCHOTO yrcia?

4. JIeicTBUS ¢ KOMITJIEKCHBIMHM YHCJIaMHU B areOpandeckoi popme.
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IIpakTuyeckas padora Ne 29 nmo teme
«/leficTBHSI HAl KOMIUIEKCHBIMHU YUCJIAMU B TPUTOHOMETPHYECKOI U
NoKa3aTeJbHO#i popmax»
Hesb: HAYYINUTH BHIIOIHSITH JEHCTBUS C KOMIUIGKCHBIMU YHCIAMHU B

TPUTOHOMETPUUYECKON U MOKa3aTenbHON popmax3ananue. BoIMOTHUTS NEUCTBUS C

TAHHBIMH KOMIIJIEKCHBIMH . 1) Z1+Z72; Z1-722; Z1-Z2,
Z1:72
1. z; = 8(cos 55° +5in55°%), z, = 2(cos 5° + sin 5°),
2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 12°),
3. z; = 3(cos 70° + sin 70°), 2z, = 2(cos20° + sin 20°),
4. z; = 10(cos 105° + sin105°), z, = 2(cos 15° + sin 15°),
5. z; = 12(cos 145° + sin 145°), z, = 2(cos 5° + sin 5°),
6. z; = 7(cos 255% + sin 255°), z, = 2(cos15° + sin 15°),
7. 2y = 9(cos 168° + sin 168°), z, = 2(cos 12° + sin 12°),
8. z; = 6(cos40° + sin40°), z, = 2(cos20° + sin 20°),
9. z; = 3(cos40° +sin40°), z, = 2(cos5° + sin5°),
10. z; = 10(cos 75° + sin 75°), z, = 2(cos 15° + sin 15°),
11. z; = 9(cos 123° +5in 123%), z, = 2(cos 12° + sin 12°),
12. z; = 5(cos 160° + sin 160°), 2z, = 2(cos20° + sin 20°),
13. z; = 3(cos 235° +5in 235°), 2z, = 2(cos5° + sin 59),
14. z; = 4(cos30° +sin30°), 2z, = 2(cos15° + sin 15°),
15. z; = 2(cos 258° + 5in 258°), z, = 2(cos12° + sin 12°),
16. z; = 7(cos115° +sin115°), z, = 2(cos 20° + sin 20°),
17. z; = 14(cos 310° +sin310°), z, = 2(cos5° + sin 5°),
18. z; = 8(cos45° +sin45°), z, = 2(cos15° + sin 15°),
19. z; = 6(cos213° +55in213%), z, = 2(cos 12° + sin 12°),
20. z; = 9(cos 70° +sin70°), 2z, = 2(cos 20° + sin 20°),
21. z; = 4(cos40° + sin40°), z, = 2(cos5° + sin5°),
22. 2y = 6(cos300° +sin300°), 2z, = 2(cos15° + sin 159),
23. z; = 3(cos33° +5in33°), 2z, = 2(cos12° + sin 12°),
24. z; = 5(cos 250° + sin 250°), z, = 2(cos20° + sin 20°),
25. zy = 8(cos85° +5in85°), z, = 2(cos5° + sin5?),
26. z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin1 5°),
27. z; = 9(cos48° + sin48°), z, = 2(cos 12° + sin 12°),
28. z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos175° +sin175°), z, = 2(cos5° + sin 5°),
30. z; = 16(cos120° +sin120°), z, = 2(cos15° + sin 15°), KOHTpONBHBIE BOIIPOCHI

IIpakTunueckas padora Ne 30 mo Teme
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«Pemenne ypaBHeHHﬁ HAa MHOKECTBEC KOMILICKCHBIX YHCEJD»
HCJILZ HAaY4YUTb pCIIaTh YPAaBHCHHUS Ha MHOKCCTBC KOMIIJICKCHBIX YHUCCJI

3anmaya 1
Pemuts kBanpaTtHoe ypaBHEHUE:
I.x2-2x+17=0

22x2+2x+1=0
3.4x%-4x +17=0
4X°+6x+25=0
5.4x>-20x+29=0
6.9x°-6x+2=0
7.X2-4x+29=0
8.2x2-2x+5=0
94x°+4x+5=0
10.x°-4x+13=0
I1.9x%-6x+17=0
12.4x%-12x+25=0
13.x°+4x+5=0
142x°—10x+17=0
15. x°-6x+13=0
16. x°+6x + 18 =0
17. X% -4x+40=0
18.4x%>-12x+13=0
19.2x>+6x+5=0
20x°-2x+5=0
21.9x%-6x+10=0
222x+6x+5=0
23.X°+6x+13=0
24.2x%- 6x+17=0
25.9x%-6x+2=0

26. X2 -6x+10=0
27. x>+ 2x+26=0
282x2+6x+9=0
29.2x2+ 10x+13=0
30.x°-6x+34=0

133



CamocTosiTepHasi padora
BAPUAHT 1

1. Jlanbl KOMILIEKCHBIE yncia: z1=2-3lI,
22:2i+3, Z3=3-2I.
Boruucnure: a)zq + z3; 0) z1 + z3;

B)Z1 — Zy, T)Zy;—2Z3, H)Z1'Z3, €)
Z3 " Z).
2. Berumcmure: (2-1)(2+1)-(3-2i) +

7.

3. Haiitu 4aCTHOE KOMIUIEKCHBIX
upcen: a)l; 6) ! ; B) 3-i
i 2+ 2+ 2i

4. W300pa3uth HA KOOPJIAUHATHOM
IJIOCKOCTH U MIPEACTABUTH CIIETYIOLINE
KOMIIJICKCHBIC YHCJIa B
TPUTOHOMETPUUYECKOU (popme:

a) -3; 0) -i; B)l +
i; r)—1 + V3.
5. Haiitu koopauHaTel TOuku M,
n300pakaromiel KOMIIEKCHOE YUCJIO:
7= 5+i_ +i+_2+_i .
2—1i 3-2i

6. PemmuTe ypaBHEHUS B KOMILICKCHBIX
yucaax:

a)x? —4x + 8 = 0; 0)
x2+ix+6=0.

BAPUAHT 2
JlaHbl KOMILIEKCHBIC 4Mcla: Zz1 = 2 +

i,z2=3i+1,z23=-2—1.

Beraucnure: a)zq + z;;  0) z1 + z3;
B) Z1 — Z3, T)Zy — Z3;
n) Z1*Zp, €)Z3*Zy.
Berunciure: (3 +1)(3-1)- (6 +2i) +
7.
Hantn YJacTHOE KOMILJIEKCHBIX
uncen: a)l; 6) L, B) 3+i

i L2 2—2i

N300pa3uth Ha KOOPAMHATHOM
TUTOCKOCTH U TIPEJICTABUTH
CIIEAYIOIIME KOMIUIEKCHbIE YHCTIa B
TPUTOHOMETpPUYECKOH (hopme:

a)-4; 6)i; B)1-i; r)—V3+1i.

Haiitu  xoopaunatel  TOouku M,
n300paxaroliei KOMIUIEKCHOE YUCIO:
2-3i ., 6i—4
=——1+—
2i+1 i+2

Pemute YpaBHCHHUA B KOMINICKCHBIX
quciiax:

a) x2—8x+17=0; 0)
x2 +ix + 20 =0.

Tect o teme « KoMIJIeKCHBIC YHCTIA»

Bapuanr |

Al. Jlansl KoMIIeKcHbIe uncna Z; =2+3i,2, =3-1. Torma Z,-Z,

a)

a) 9+7i
b) 6-7i
c) 2-3i
d) 4+6i
A2. N300pakeHne KOMIUIEKCHOTO YKcia z =1-3i IMeeT BU/T
A
y
- >
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b)

A3. Ecii z=4+i, TO CONPSDKEHHOE €My YHCIIO z PAaBHO

a) 1+4i
b) 5+i
c) 4-i
d) 1-4i

A4.Ecim Z,=1+3i,2,=2-3i, 10 Z,+2,

a) 2+3i
b) 3-i
c) 3
d) 3+6i

AS. JIaHO KOMIUJIEKCHOE YUCJIO Z=4-3i, TO €r0 MOAYJb paBEH

a) 8
b) 16
c) -5
d) 5

v

d)

A6. Moysib KOMILIEKCHOTO YKCIIa [=2, a apryMeHT ¢ =~ Toraa B TPUrOHOMETPHIECKOIT
4

dhopMe KOMITJIEKCHOE YHCIIO UMEET BU/T

T

a) 2(cos® —i-sin%)

4

b) 2¢sin ® —i-cos®)

4

C) 2(cos® +i-sin%)

4

d) 2sinZ +i-cos %)

4

4

4

4

4
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: : . z
B1. /laus! komIuiekcHble uncna Z =1+6i,z =3+3I. Haiigure ™
1 2

22
C1. Pemure ypaBHeHnex>-6X+25=0

5.2, +47Z
C2. Beuuciure ——————=, €ClA 7, =5-2i: 7, = 2—6i

Bapuant 11

Ilpu BbInoiHeHuH 3agaHnid Al - A8 He00X0AMMO IPOCTABUTH HOMEP
BApPHAHTA 0TBETA, KOTOPbIA COOTBETCTBYET HOMepYy BbIOpaHHOro Bamu
OTBeTA

Al. Jlaubl KOMIUIeKcHBIE uncna Z; =1+51,2, =3-4i . Torna Z;-1,

a) 15+8i
b) 23+11i
c) 23-3i
d) 20+6i
A2. N300pakeHne KOMIUIEKCHOTO YHCIa Z =2+ 3i UMEET BUJL
a)
Y A
‘ : > 0 2 X
° 2y
3 X
B) v & 1) ;
............... -
3 ° X -2 0 X
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A3. Ecnu z =2+3i, TO CONPSI)KEHHOE EMY YUCIIO z PABHO

a) 2-3i
b) 3+2i
c) 3-2i
d) 4+6i
A4.Ecma 2,=3+1,2,=4+2i,10 7, +1,

a) 7+3i
b) 4+6i
c) 7-3i
d) 4-6i

AS. JIaHO KOMIUIEKCHOE YUCIIO z=12+5i, TO €r0 MOJYJIb PABEH

a) 2
b) 5

C) Ji2
d) 13

A6. Mo1ysib KOMIUIEKCHOTO YKClia =3, a apryMeHT =7 Toraa B TPUrOHOMETPHIECKOIT
3

(dbopMe KOMITJIEKCHOE YHCIIO UMEET BH/T

a) 3(cosg —i-sin g)
3 3

b) 3(sin Z i -cosg)
3 3

C) 3(cos7—T +i-sin E)
3 3

d) 3(sin z_j -cosg)
3 3

Z

B1. Jlanbl KOMIUIEKCHBIE yncna I =2-4i,2 =3+61 . Haiimute
1 2

ZZ
C1. Pemure ypaBHeHnex>-4x+29=0

5.2, +47
C2. Boruncaure %, €CIU 7, —4+i; 7, —2+3i

1

Bapuanr 111
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Al. Jlanbt koMIuiekcHble uncna Z; = 2+4i,2, =1+3i . Torma -1,

a) 8+6i
b) -10+10i
c) 4-3i
d) -2+8i
A2. N300pakeHne KOMIUIEKCHOTO YHCIa Z =—2+i UMEET BUJ
a) Yy A
Yy A C)
_ > 2 X
1
y
Yy A
b) _ d) |1 -
| ! 0
> -2 X

A3. Ecnu 7 =3+5i, Td conpsbkeHHOE €My YHCIIO z PaBHO

a) -3+5i
b) 3-5i
c) 5-3i
d) -5+3i
A4.Ecmu 2,=3-51,2,=4+2i 10 7,+1,

a) 7-i

b) 5+3i
c) 5-2i
d) 7-3i

AS. JIaHO KOMIUIEKCHOE YUCIO Z =2+3i, TO €ro MOJyJib PaBEH
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a)4d
b) V13
c) 5
d) 9
a);

A6. Moy KOMILIEKCHOTO 4ncia =4, a apryMeHT ¢ =%  Torpa B TPUTOHOMETPUYECKOM
2

dbopme KOMILJIEKCHOE YHUCIIO UMEET BU/T

a) 4(cos” +i-sin %)
2 2

b) 4(sinZ +i-cos®)
2 2

c) 4(sin” —i-cos %)
2 2

d) 4(cos % _j.sin E)
2 2
Zl

B2. Jlausl komuiekcusie uncna 2 =2-3i,2 =4+1. Haiigure
1 2

Z2
C1. Pemnre ypaBHeHuex? -4x+13=0

5.2, +4Z

C2. Beruucnure 3 2 €CIH 7, —3+5i:7, —6—2i
Z

Bapuant IV
Al. Jlanbl koMmItekcHble uncna Z; =1+ 21,2, =3-4i . Torna Z;-1,

a) 3+6i
b) 3-8i
c) 11+2i
d) 4-2i

A2. N300pakeHne KOMIUIEKCHOTO YUCIa 7z =1-2i UMCET BUJl 4

a) Yy A 2
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b) d)

A3. Eciin z=5-2i, TO CONpPSIKEHHOE €MY YHUCIIO z
paBHO

a) 5+2i
b) 2-5i
c) 2-5i
d) 1+6i
A4.Ecmu 2,=2-31,2,=4451, 10 Z,+12,

a) 4+6i
b) 6+2i
c) 4-3i
d) 6-2i

AS. JlaHO KOMILUIEKCHOE unciio Z =4+ 2\/§i , TO €r0 MOAYJIb PABEH

a) 10
b) 8
c) 6
d) -6

A6. Moty KOMIUIEKCHOTO YKClia =4, a apryMeHT o =7 Toraa B TPUrOHOMETPHIECKOIT
8
(dbopMe KOMITJIEKCHOE YUCIIO UMEET BH/T

a) 4(sin Z_j -cosE)
8 8

b) 4(cos Z isin E)
8 8

C) 4(cos L _j.sin E)
8 8

d) 4(sin Z 'cosg)
8 8

Z,

B2. JlaHbl KoMIuiekcHbIe uncna Z =3—i,2 =4+31. Haiinure
1 2

Z,
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C1. Pemure ypaBHeHne2,5x*+x+1=0

5.7, +4Z

C2. Beruuciaure 2 €CIH 7, =1+ 2i: 2, =3—4i
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Jlekuust Ne 1. MaTpunsl. /{elicTBUS ¢ MATPULIAMH.
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1.1 OcHoBHBbIC MOHATHS.

Mampuyeri Ha3bIBaeTCS MPSIMOYrojbHAs TaOMWILIA YMCEN, COJEpKallasi m CTPOK OJMHAKOBOU

JUTMHBI( MK 7 CTOJIOIIOB OJIMHAKOBOM JUTHHBI). MaTpHIla 3aluChIBACTCS BUJIC:

air Az .. Qin
a=Cn B Gy
A1 Az o Qon
WK, coKpainénHo, A = (ajj), rae 1 =1, m (t.e. i = 1,2,3,...,m) — Homep ctpoku, | = Ln (1.e. J=1,2,3,....n)

— HOMED CTOJIOII1A.

Marpuina A Ha3bIBalOT MATPULIEH pazmepa m X n ¥ TUWYT Ay x ». HHCHIA i), COCTABIISIIOIINAE MATPUILY
Ha3bIBAIOTCA €€ anemenmamu. DAEMEHThI, CTOSIIME HAa TUAroHalId, UIYyLIeHd U3 BEPXHEro JIEBOTO YIJa,
00pa3yIoT 21a8HYI0 OUACOHAD.

Martpuitsl pasrvt mexcoy co6oii, €Cv paBHBI BCE COOTBETCTBYIONINE AIEMEHTHI STUX MATPHIIL, T.€.

A =B, ecmaij= bij, rnei =1,m, j=1,n.

Martpuua, y KOTOpOi 4HMCIIO CTPOK PaBHO YMCIY CTOJIOLOB, Ha3blBaeTCa Keadpamnoii. KBagpaTHyio
MAaTpHUILy pa3Mepa # X 1 Ha3bIBAIOT MATPULIEH 7-TO HOPAOKaA.

KBagparHas maTtpuna, y KOTOpOH BCE 3JIEMEHTHI, KPOME 3JIEMEHTOB TJIABHOW TUArOHAIN, PABHBI
HYJIIO, HAa3bIBAECTCSI OUAZOHAIbHOIL.

JlnaronanbHas MaTpuIila, y KOTOPOH KaXKAbIM 3JIEMEHT TJIABHOM JUAroHal W paBeH €IMHUIIE,

Ha3bIBaeTCsl eounuyunoi. O603Havaercs OykBoii E.

Ilpumep 1.1
1 0 0

Ez.3=(0 1 0) enunuunas matpuua 3-ro nopsiaxa.
0 0 1

KBaI[paTHaH MaTpullia Ha3bIBACTCs mpeyzonbuoﬁ, €CJIM BCC DJICMCHTHI, PACIIOJIOKCHHBIC 110 OJHY
CTOPOHY OT rJIaBHOM AuaroHaliv, paBHbI HYJIIO.

Marpuua, Bce 3JI€MEeHThl KOTOPOH PaBHBI HYJIO, Ha3blBaeTcs Hynegout. Obo3Hayaercss OykBoil O.

HNmMmeet Bua:
o 0 .. O
0:(0 0o .. 0)
00 .. 0

B marpuunom ncuncnennu marpuiel O u E urpatot pons uucen 0 u 1 B apudmeruxke.
Marpuua, coaepskarias 0JMH CTOJI0EI WM OJIHY CTPOKY, Ha3bIBACTCs 6eKMmMopom (W BEKTOP-

cTo0el1], i BEKTOP-CTPOKa COOTBETCTBEHHO). VX BUA:
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ai
A=(az)B=(b1 b b)

n

am
Martpuna pazmepa 1 x 1, cocTosimast U3 0JJHOTO YUCIIA, OTOXKAECTBIIIETCS C 3TUM YUCIIOM, T.€. (5)ixI
€CTh O.
Martpuua, nosyuyeHHas U3 JaHHOM 3aMEHOM Kaxa0M €€ CTPOKU CTOJIOIOM C TEM K€ HOMEPOM,
Ha3BIBAETCS MATPULEH mpancnonuposannoii x naunoi. O6o3nagaercs Al

Takecm A = (* ), 104" = (1 3, ecma=), 1047 =(1 0)
3 4 2 4 0

TpaHCHOHUPOBAHHAA MaTPHIIA 0071a1aeT CleayIomuM cBoiicTBoM: (AT) = A.
1.2. lelicTBus HAJ MATPULIAMU.

Ciaoxenne:
Ornepanus Ca0KeHUs MAaTPUL] BBOJUTCS TOJILKO /I MaTPUIl OIMHAKOBBIX Pa3MEPOB.
Cymmott 0syx mampuyy Amsn= (@i)) 1 By x» = (bjj) HazbBaercst matpuiia Cmxn= (Cij) Takas, 9o cij=aij+ bij (i

=1,m, j=1,n). 3anucsBator C = A + B.

— - 5 0 -1
Ilpumep 1.2. (2 3 0y4 (3 3 1) =( )
4 5 6 -2 -5 4 2 0 10

AHAJIOTHYHO OTIPEIENSETCS PA3HOCIb MAMPUY,.

YMHOKeHUe Ha YHUCJI0:
Ipouszsedenuem mampuyvl Amxn = (aij) Ha wucio KHassiBaercst marpuna B, = (bij)) Takas, uto bjj = k*aj
(i=1,m,j=1,n). 3anuceisarom B = k * A.

0 =1 2 4y auk= 2 4

3 4 5 6 8 10

Ilpumep 1.3. A = (

Martpuna — A = (-1) * A Ha3BIBae€TCS NPOMUBONONONCHOU MATPHUIIE A.
Pasnocts MaTpui A — B MoxHO onpeenuts Tak: A — B = A + (-B).

Onepam/m CJIOKCHHA MaTpUIl U YMHOXKCHUA MATPULIBI HA YU CJIO 06.]'[8.]_'[8.IOT CJICAyrOnMHU CBOUCMEAMU.

1. A+B=B+A; 501*A=A;

2. A+(B+C)=(A+B)+C; 6. a* (A+ B)=0A + aB;
3. A+O=A; 7.(a+B)*A=0A+ BB;
4. A-A=0; 8.a* (BA)=(ap) * A,

I'me A, B, C — marpuipl, o 1  — ducia.
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DJleMeHTapHble Peo0pPa30BaAHUSA MATPHIL:
DnemenmapHuiMu nPeodpazo8anuaMU MAMPUY AGTAIOMCA:
e [lepecranoBKa MecTaMu JBYX MMAPAIIIEIbHBIX PSJIOB MATPHULIbL;
e YMHOXKEHHUE BCEX IEMEHTOB PsiIa MATPULBI HA YUCIIO, OTIIMYHOE OT HYJIS,
e [IpuGaBiieHre KO BCEM AJIEMEHTAM psiia MAaTPHUIBI COOTBETCTBYIOIIUX AJIEMEHTOB MapajlICIbHOTO
psAla, YMHOKEHHBIX HAa OJTHO U TO € YHUCIIO.
JBe matpuubl A u B Ha3pIBalOTCS SKBUBAJICHTHBIMH, €CIM OJIHA M3 HUX IMOJY4YaeTcs U3 JAPYrou c
MIOMOIIIBIO JIEMEHTAPHBIX MpeoOpa3oBaHuil. 3anuceiBaeTcs A ~ B.
[Ipu momomu 37eMEHTapHBIX MpeoOpa3oBaHuil JOOYI0 MaTpUIly MOXXHO NPUBECTH K MaTpuie, Yy
KOTOpOM B HayaJjie TJIABHOM JUAroHaIW CTOAT MOJAPAJ HECKOJBKO €IUHUI, a BCE OCTAJbHBIE JIEMEHTHI

paBHBI HyJIt0. Takyro MaTpUIly Ha3bIBAIOT KAHOHUYECKOU, HATIPUMED

1 0 0 O
0 1 0 O
(0 0 1 0)
0 0 0 O
Ilpumep 1.4. IlpuBecTu K KAHOHUYECKOMY BUAY MAaTPUILY
2 3 1 2
A= 0 -1 1)

4 0 5 1

Pemenne: Bemonnss OJICMCHTAPHEBIC Hp606p330BaHI/I${, noJjiydyaem

2 3 1 2 1 3 2 2 1 3 2 2 1 0 0 0
(o0 2 -1 1)~(—-1 2 0 1)~(0 5 2 3)~(0 5 2 3)~
4 0 5 1 5 0 4 1 0 -15 -6 -9 0 -15 -6 -9

1 0 0 0 1000 100
O 1 1 1)~(0 1 1 D~O 1 0
0 -3 -3 -3 00 0 0 0 0

IIpousBenenue MmaTpui:

o
o oo
p—

OHepaHI/IH YMHOKCHUSA ABYX MATpULl BBOAUTCA TOJIBKO IJIA CilIydas, KOraa YUcCIIO CTOJ'I6LIOB nepBoﬁ

MaTpPHUIIBI PABHO YHUCITY CTPOK BTOPOM MaTPHIIBI.

[TpousBenennem MatTpuibl A, x,= (aij) Ha Matpuily B, x, = (Dj) HazbiBaetcst matprna Cp xp = (Cjk) Takasi,
4TO Cik= ai1™* bak+ aiz * bok + ...+ a@inbnk , rme i=1,m, k = 1,p,

T.e anemenT i-it cTpoku u K-ro cronbua matpuisl npousBeneHusi C paBeH CymMMe MPOHM3BEACHHI
SJICMEHTOB |- CTPOKH MATpUIbl A Ha COOTBETCTBYIOIIME JIIEMEHThI K-ro cronbua matpuipl B.
[Mony4eHue 3JeMEHTa Cij CXeMaTHYHO H300paxaeTcs Tak
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¢ oo ....X

Ecnu marpuusl A u B xBagpaTHble oHOTO pasmepa, To npousseneHuss AB u BA Bcerna cyniecTBylor.
Jlerko mokazate, uto A * E=E * A = A, rae A — kBaapatHasa matpuia, E — enuHuyHas maTpuia Toro

JKC pa3Mcepa.

Ilpumep 1.5
aj; Qi Qg3 by by +a b a b +a b +a b

a +a
( a a )*(b21 b22)=( 1111 12 21 13 31 11 12 12 22 13 32
. by1 + azbyy + azsh b1y + ayybyy + aysb
21 22 23 b b A1011 T A2031 T Ap3D31  A21012 T QAD22 T Q3037
31 32

1 2 1 1

),B=( 3) . Torna npoussenenue A * B He onpeseneHo,Tak Kak 4ucio
310 1 2
cToJIO1oB MaTpuIlkl A(3) He coBmagaeT ¢ yuciaoM ctpok Marpuilel B(2). I[Ipu sTom ompeneneno
npousBeneHne B X A, KOTOpoe CUMTAIOT CIEAYIONIUM 00pa3oM:

BsA=( 3 1 2 1 149 243 1+0 10 5 1

1 2*G 1 05046 242 140070 4 D

Ilpumep 1.6. A = (

Martpuusl A u B Ha3bpIBatoTcs nepecTaHoBOUYHbIMU, eciii AB = BA.
YMHOXEHHE MaTpHI] 00JIaIaeT CICTYIONTUMU CBOMCTBAMU:

1. A*B*C)=(A*B)*C; 3.(A+B)*C=AC+BC;

2. A*(B+C)=AB + AC; 4. a(AB) = (aA)B,

Ecnu, KOHe4HO, HanMCaHHbIE CyMMBbI M IPOU3BEICHUS MaTPHL] UMEIOT CMBICIL.
Jlnis onepanuy TpaHCIIOHUPOBAHUS BEPHBI CBOMCTBA:

1. (A+B)'=AT+BT; 2. (AB)T =BT * AT,

BOITPOCHI J1Jis1 CAMOITPOBEPKHA

1. Yro Ha3pIiBaeTCs MaTpuUIei?
Kakune MaTpuiibl Ha3bIBalOTCS paBHBIMU ?
Kaxkast MaTpuIia Ha3pIBaeTCS CIUHUYHOM?
Kaxkast MaTpuiia Ha3pIBaeTCsl TPAHCIIOHUPOBAHHOM K TAHHOM ?
Kaxkue neiicTBUs MOXKHO BBITIOJHATH HAJl MaTpUliaMu?
[Tepeuncnure sneMeHTapHbIe MPeoOpa30BaHUS MATPHII.

Bceraa nu BRINOIHUMO JIEHCTBHE YMHOXKCHUSA IBYX ManI/II_I?

© N o o B~ DN

HGPGIII/ICJII/ITC CBOﬁCTBa, KOTOPBIMH 06nanaeT YMHOKCHUC MAaTpHL.

Jlekuust Ne 2. Onpeneauresiu.

2.1. OcHOBHBIE TOHATHS.
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KBaznparHoii MaTpuiie A mopsiika # MOXHO conoctaButh yucio detA (wim |A|, wim A), HazpiBaeMoe

ee OTpEeIeITUTEIIEM, CICIYIOIINM 00pa3oM:

1. n=1 A= (a1);det A=as.
a1 4 a1 4

2. n=2A= sdetd = = a11 * A2z — A12a21
! (6121 6122) ! |a21 azz
ap; a2 Aass app 4z Aais
3. n=3,A= (A1 Az a3);detA = |q21 QA2 Q23| = a11a22a33 + aiz2az3a31 +
az1 dzz da4sz3 az1 dzy d04sz3

+a31032013 — A31A22A13 — A21A12A33 — A32023011

OHpe)IeJ'[I/ITCJ'[B MaTpHIbI A Takke Ha3bIBAlOT €€ JACTCPMUHAHTOM. HpaBI/IJ'IO BBIYUCJICHUA
ACTCPMHUHAHTA IJIA MAaTPHUUBI ITOPAIKA N saBnsercs JOBOJIBHO CJIOKHBIM JJI BOCIIPUATHA U IPUMCHCHUS.
O)IHaKO HU3BCCTHBI MCTOABI, IIO3BOJAIOIIHUE PCATIN30BATh BBIYUCIICHUC onpenenHTeneﬁ BBICOKHX
IOpAAKOB Ha OCHOBC OHpG}IGJ’IHTCJ’IGﬁ HHU3IIHUX ITOPSAIKOB. O}II/IH N3 METOAOB OCHOBAH Ha CBOMCTBE
Pa3I0KEHUs ONPEACIUTEN MO JIEMEHTaM HEKOTOPoro psza. Ilpm 3ToM 3aMmeTrnM, 4TO ONpEeneIuTenn
HEBBICOKHX MOpsAAKOB(1,2,3) xenareabHO yMETh BHIYUCISATH COTJIACHO OIMPENEICHHUIO.

Brruncnenue onpenenurens 2-ro mopsijika WUTIOCTPUPYETCS] CXEMO:

e o [ °
E N VA
ITpumep 2.1. Haittn onpenenuteny Matpur — ( _3) y(€OSE sinay

5 6 —sina cosa

Pemenne:  |° S| =2%6—5%(=3) = 12 — (=15) = 27
5 6
cosa sin a

| = cos?a + sin2a =1
—sina cosa

[Ipu BeIuuCIIEHUU OTpeAeauTeNs 3-r0 MopsiaKka YI00HO MM0JIb30BaThCs IPABUIIOM TPEYroJIbHUKOB (MK
Capproca), KOTOpO€ CUMBOJIMYECKH MOKHO 3alHCaTh TaK:

Ilpumep 2.2. BpruuciuTh oNpeenuTeNb MaTpULbI

5 -2 1
A=GB 1 -4)
6 0 -3

Pemenue:
det A=5*1*(-3)+(-2) *(-4)*6+3*0*1-6*1*1-3*(-2)*(-3)-0*(-4)*5=-15++48-6
—18=48-39=09.
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2.2. CBoiicTBa onpeaeauTeei.

CdopmynrpyeM OCHOBHBIE CBOMCTBA OINpENENUTENICH, MPUCYIIHE ONPEACIUTEIEM BCEX IMOPSIKOB,
HCKOTOPBIC U3 3TUX CBOMCTB ITOSICHUM Ha ONIPCACIIUTCIIAX 3'F0 rnopsaka.
Csoticmeo 1(«PaBHOMPABHOCTh CTPOK M CTOJIOIOBY»). ONpeacauTesib HE U3MEHHUTCS, €CIH €ro CTPOKH

3aMEHUTH CTOJOLAMH, U HA0OOPOT.

a a a a1, 411 Az Qg3 a;x Gz1 4z

WupivMu cioBamu, | 11 12| = | 11 |,]Q21 Q22 Q3| =|A12 A2 A3
azy Az Az Az

az; 4z dass i3 Gz3 4z3

B nanpHelimem cTpoku U cToJIOIBI OyZieM MPOCTO HAa3bIBaTh PSAAAMU ONPEACTUTEINS.

Csoticmeo 2. Tlpu niepecTaHOBKE JBYX MapaJUIeIbHBIX PSIIOB OTIPEIEIUTENb MEHSET 3HAK.

Ceoticmeo 3. Onpenenurenb, UMEIONUN Ba OJIMHAKOBBIX Psijia, paBEH HYJIO.

Cesoticmso 4. OOUMIT MHOXKUTENb 3JIEMEHTOB KaKOro-110o psja ONmpeenuTesss MOKHO BBIHECTH 3a 3HAK
OTIPEIeTTUTENS.

N3 cBoiictB 3 m 4 crmemyer, YTO €CIM BCE ODIEMEHTHI HEKOTOPOTO psija MPONOPIHOHATHHBI

COOTBETCTBYIOIIMM 3JIEMEHTaM NapajuIeIbHOTO PSAAa, TO TAKOW OMPEeNUTENb PaBEH HYIIIO.

ai aqz a3 a1 adg;z Qg3
eiictBuTenbHo, |k *ay; k*xayp k*xap|=k*|a11 Q12 a3l=k*x0=0
b
as; as; ass asz; dzz dss

Ceoticmeo 5. Ecii 37eMEHTBI KaKOTO-TMOO psifia OMPEASTUTENs MPEACTABISIOT COO0M CYMMBI JBYX

CllaraeéMbIX, TO OMPEIENUTENb MOXET OBbITh PA3I0KE€H Ha CYMMY JIBYX COOTBETCTBYIOIIHX

OIpeeIUTENEH.
a1 412 aiz+b a;; agp Adgs a;1 a2 p
Hanpumep, |az1 Q22 axz +c¢| = |21 Q2 G| +|a21 a2 ¢
az; Aazz asz+d asz; dzz; ass as; as; d

Cesoticmso 6 («2neMeHTapHble IpeoOpa3zoBaHus onpenenurtess»). OnpeaenuTesb He U3MEHUTCS, €CH K
AJIEMEHTaM OJIHOTO psijia MPUOaBUTH COOTBETCTBYIOIINE IEMEHTHI MapajieIbHOTO psifa YMHOKEHHBIE Ha

JIF000€ YUCIIO.

a;; 4z Q3 ap Az ap+k*ap
Ipumep 2.3. Jlokazate, uto A= |Q21 Az Q3| = |a2z1 a2 a3 + Kk * az|
az; dz asz az; Qzp; aszz+k*as

Pemenue: JleficTBUTENBHO, UCTIONB3YS CBOMCTBA 5, 4 U 3, moTy4YnM

aj;; a3z kxap a1 a;z A a;; Az ap
|az1 a2z k*azxz|=|0x QA Q|+ kx*|01 A Ap|=A+kx0=A
as; az; kx*xas az; dz; dass az; A4z Az

I[a.]'[bHefI].HHe CBOICTBaA onpeneHHTeHeﬁ CBA3aHbI C NTOHATUAMHA MHUHOPA U anre6pa1/1qecxoro JOIIOJIHCHHUA.
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Munopom HEKOTOPOrO JIEMEHTA QijONPENCIUTENS 1-20 MOPAIKA Ha3bIBACTCS ONpeAenuTens n — 1-ro
j
MOPSI/IKA, TOJYYEHHBIH M3 HCXOAHOIO IYTEM BBIUEPKMBAHUSA CTPOKM M CTOJOLA, HA IIEPECEUYEHUU

KOTOPBIX HAXOJUTCs BEIOpaHHBIN drieMeHT. O603HauaeTcs mij.

aj; Qg 43 a3
Tak ecnin A= |Qz21 Az Az3|,TOm _ [azz 1, m  _ 41 a3
11 azz daszs 32 az1 Aazs
az; Gzz dzz

Anzedpauueckum OononHenuem >IEMEHTA aijOTIPEAEIUTENs HA3bIBACTCd €r0 MHUHOpP, B3STHIH €O
3HAKOM «ILTKOCY», €CIIM CyMMa | + j— 4€THOE YHCIIO, U CO 3HAKOM «MHUHYCY», €CIIM 3Ta CyMMa HEuETHasl.
O6o03Hauaercs Aji: Aij= (-1)' ) * mj;,

Tak, A11 = +ma1, Az2 = -ma32.

Ceoticmseo 7 («PaznokeHue ompeneiauTens Mo 3JIeMEHTaM HEKOTOporo psiaa»). OmnpenenuTens paBeH
CyMM€ TpPOM3BEJCHUIM 3JIEMEHTOB HEKOTOPOTO psjia Ha COOTBETCTBYIOLIME UM ajredpandeckue
JIOTIOJTHEHHUS.

[TpounmrocTprpyeM U OAHOBPEMEHHO JIOKa)KEM CBOMCTBO 7 HA MPUMEPE ONpeenuTens 3-ero nopsaka. B

3TOM CITydae CBOMCTBO 7 O3HAYaeT, YTO

a;; Q12 Ags
A= |G21 Q2 43| = ajq * A1 + a2 *x Az + a3 * Az
az1 Az 0asz

B camowm nene, umeem

it + Ais+ 4 Az Q23 + Az1 Q3 +
a E3 a * a k == k * (— *
11 * A11 + a1z * A1z + a1z * A1z an* g ggl tazx(—lg,, gD+ as
a, a
|2 " =zq (@ a —a a )—a (@ a —a a )+a (@ a —a a )=
az; Qs 11° 22 33 23 32 12° 21 33 23 31 13° 21 32 22 31

= 11022033 — Q11023032 — Q12021033 + Q12023037 + Q1302103 — A13022031 = A
CBOWCTBO 7 coepkuT B cede crtocoO BEIYMCIICHHS OTIPEICTUTENCH BRICOKHX MTOPSIAKOB.

Ilpumep 2.4. Bopluuciaure onpeaeIuTeb MaTPUILIbI

3 5 7 8
-1 7 01
C 0 5 3 2)
1 -1 7 4

Pemenue: [[J'Iﬂ Pa3JI0KCHHUA OIIPCACIINTCIIA O0OBIYHO BBI6I/IpaIOT TOT psAA, TAC €CTh HYJIICBLIC 3JICMCHTHI,

T.K. COOTBCTCTBYIOIIUC UM CJIAra€MbIC B PA3JIOKCHUU 6y,HYT PaBHBI HYIIIO.

S 5 7 8 5 7 8 5 7 8 5 7 8
'o £ 3 2I=3*|5 3 2|+1*|5 3 2/4+0x|7 0 1]/—-1%|7 0 1| =
1 1 7 4 -1 7 4 -1 7 4 -1 7 4 5 3 2
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=3%x(7*3*x44+(-1)*0*24+5+«7+x1-(=1)*x3*x1-7x7x2-5%0=x4)+ (5

*3 4+ (1) *7*2+5%x7x8-(-1)*x3+x8-5%x7xx4-5x%7
*2)-(5*0*2+7%1+5+7+x3*x8-5x0%x8-3*x1%5-7%7
x2) = 122

Csoticmeo 8. CymMMa NpOU3BEICHUN 3JIEMEHTOB KaKOTO- JIM0OO psijia OTPENeNUTENs Ha areOpanveckue

AOIMOJIHCHUA COOTBCTCTBYIOIIUX 3JICMCHTOB ITAPAJIJICIIBHOI'O psaa paBHA HYJITO.

Tax, Hatipumep, a11d21 + a12d22 + a13423 =0

BOIIPOCHI U151 CAMOITPOBEPKHA

1.

2
3
4.
5

CdopmynupyiiTe mpaBUIO BEIYUCICHHS OTIPEIETUTENSI BTOPOTO MOPsIIKa.
CdopmynupyiiTe mpaBuiia BEIYUCICHUS ONPEIACIUTENS TPETHETO MOPSIKA.
[Iepeuncinre cBOMCTBA ONIPEACIIUTEIEH.

JaiiTe onpeneneHre MUHOPa HEKOTOPOTO AJIEMEHTA ONPEAeTUTENS.

JaiitTe onpeaeneHue anreOpandeckoro JT0MOIHEHUS SIIEMEHTA ONPEIEIUTEN .
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Jlexnus Ne 3. HaxoxaeHne oOpaTHOM MATPUIIbL.

OcHOBHbBIE IOHSATHS.

Ilycte A — kBajgpaTHas MaTpuLa 7-TO MOPSAIAKA

ai; Qa2 ... Qn
az (05%) a
2
A=( et
(%1 (%) e Aum

KBagparnas marpuiia A Ha3bIBACTCS He@bIPOIHCOCHHOI, eciii onpenenuTeabA = det A He paBeH
Hyaio: A = det A £o.B npoTHBHOM ciydae (A = 0) MaTpuiia A Ha3bIBACTCS 8bIPOHCOCHHOIL.

Martpuueit, corwo3noit Kk mampuye A, Ha3pIBae€TCsA MaTpULa

(g A . AM)
Ve =|| 4, 4, .. Ay |
4 4 A
k 1n 2n nn)

rae Aij — anreOpandecKkoe JOTOTHEHUE PIIEMEHTA aijIaHHON MaTpHUIlbl A (OHO OMpEeNeNsIeTCsl TaK Ke, Kak
1 anreOpandeckoe AOTOTHEHUE JIEMEHTA OTIPEICTUTEIS).
Marpuna A HaswIBaeTCs oGpammuoii MaTpuIle A, €CIU BBITIONHSAETCS YCIOBHE
A*Al=A1*A=E,
rae E — equHuyHas MaTpuia Toro ke mopsjaka, yro u Marpuna A. Matpuna A umeer Te xe pasMepsl,

YTO M MaTpuia A.

OopaTHast MmaTpuia.

Teopema 3.1. Beaxas nHegblpodcoenHas mampuya umeem oopammyio.

[IpoBeném noka3aTenbCTBO IS ciydast MaTpUIlsl 3-ro nopsaaka. Ilycts

a;; Q12 Ags
A= (a1 Q2 az3),npuuemdetd =0
asz; Qs 4ass

CocraBuM COKO3HYIO MaTpuuly

All A21 ASl
A* = AlZ A22 ASZ

A A
\ 13 Azs 33 )

Y HalJIEM NpOU3BEJIEHUE MaTpUIl A 1 A"
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a1 Q2 Qg3 Ay A Agg
AxA* = (A1 Q2 Az3) x (A21 A2z A23) =

az; Az ass Az1 Az Asz
11411 + apAq + ai3413 L. andszg+ aAs; +ag3ds;s
= (azA11+ aA1; + ax3Az ... AxAsz;t aAs; + az3iss) =
az1A11+ azA1p +aszdis . az1Asg + azAs; + azsds;s
detA4 0 0 1 0 O
=(C 0 detA 0 )=detA*(0 1 0)detAxE,T.e. AxA* ==detA*E
0 0 detA 0O 0 1

371ech MBI UCTIOJIB30BAIU CBOMCTBA 7 U § OTpeIeTUTeNeH.
AHanorn4Ho yoexxaaemcs, 4to
A"* A=det A*E.
Pasenctna (3.2) u (3.3) nepenuinem B Bujie
A* (A" detA)=E u (A" det A)* A=E.

CpaBHUBast OJy4CHHBIC Pe3yJIbTaThl ¢ onpeaenenuem (3.1), monydaem

e A Axpn Az
“1_ _
=—— T.e.A1= *x (A12 Azx Aszp)
A)
det detA Az Ay Az

OTMeTuM cgoticmea 0OpaTHON MaTPHIIBL:
1. det (A1) =1/det A;
2. (A*Bt=B1* A
3. (AHT = (AN,

2 3
)
-1 1

Hpumep 3.1. Haiitu A, ecm A= (

Pemenue: 1) Haxoqum det A: detA = | 2 3| =2+3=5%*0
1

2) Haxomum A A11=1, A1 =-3, A1z =-(-1) =1, Az = 2, H03T0MYA*:(1 _3)

1 2

s =3/
3)HaXO,£[I/IMA'1:A_1=§(1 _23)=(1/5 ) )
5 “/s
IIpoBepka: 15
axar=(% 3t/ ~3/5 _ (2/5+3/5 —6/5+6/5)_(1 O -k
-1 1 1/5 2/5 -1/5+1/5 3/5+2/57 0 1

Ilpumep 3.2. OnipenenuTh, IpU KaKUX 3HAYEHUSX 0 CYIIECTBYET MaTpuIla, oOpaTHas JaHHOM.
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1 -2 2
A=(a 3 0)

2 1 1
Pemenue: Besikast HeBBIpOKICHHAs MaTpulia MeeT oOpaTHyto. Haiiném onpeaenurens MaTpuisl A:
1 -2 2
AM=|la 3 0/=3-0+4+2a-12-0 + 20 = 4a-9
2 1 1

Ecmu 40—9£0, T.e. 0 Z9/4, T0 AA # 0, T.e. MaTpuiia A HEBBIPOXKICHHAS, UMEET OOPATHYIO.

Ilpumep 3.3. llokazatb, yTo Matpuna A siBisiercs oOpaTHoit s B, eciun

1 1 1 3 -3 1
A=1 2 3),B=(-3 5 =2)
1 3 6 1 -2 1
Pemenue: Haitném npousBenenue matuil A u B:
1 1 1 3 -3 1 3-3+1 -3+5-2 1-2+1 1 0 O
A*B=1 2 3)*x(-3 5 -2)=3-6+3 -3+4+10-6 1-4+3)==(0 1 0)
1 3 6 1 -2 1 3—-946 —-3+4+15—-12 1-6+6 0 0 1

=F

Ananornuno B * A = E. CnenoBarensHo, MaTpuiia A sBisieTcst oOpatHoi i B.

3.3.  Panr marpuubl (cCaMOCTOsITeJIbHOE H3yYeHHe)

PaccmoTtpuMm matpuily A pasmepa m X n.

aiq aiy A1n
1 aq az» Az
A= I asq as» as, I
haml amz amn)

Boimenum B Heit k cTpok U k cTONONOB (k < min(m;n)). V3 31eMEHTOB, CTOAIIMX Ha MEPECEUCHUH
BBIJICJICHHBIX CTPOK M CTOJIOIIOB, COCTaBUM OMpEACIUTEIb K-T0 Topsaka. Bce Takue omnpenenutesnu
HA3bIBAKOTCS MUHOpamu >mou mampuyvl. B mMatpuie A TyHKTHPOM BBIJCICH MHUHOP 2-TO MOPSIKA.
(3ameTuM, 4TO TakKMX MHUHOPOB MOKHO coctaButh Cj * C¥,wmrtyk, roe C*,= n! / k!/(n — x)! — uucno
COYETAaHUH U3 71 JICMEHTOB TIO K.)

HauOosibmmii U3 TOPSIIKOB MUHOPOB JTAHHOUM MAaTpPHIbI, OTIMYHBIX OT HYJISl, HA3bIBACTCS PAHZOM
mampuywt. O6o3uavaetcs r, r(A) wim rangA.

OueBuano, uto 0 <r <min(m;n), rae min (M;N) — MEHBIIIEE U3 YUCEIT M U N.
MuHOp, MOPSIOK KOTOPOTO ONMpe/essieT paHT MaTPHUIlbl, Ha3bIBACTCS 0a3MCHBIM. Y MATPHIIBI MOXET

OBITh HECKOJIbKO 0a3MCHBIX MHHOPOB.

Ilpumep 3.4. HaiiTi paHr MaTpuIbL:
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2 0 4 O
A=B3 0 6 0)
1 0 -3 0

Pemenune: Bce MuHOpBI 3-T0 mopsijka paBHbI HYm0. ECTb MUHOD 2-TO TIOpsiIKa, OTJIIMYHBIN OT Hyna 3 6
-15|# 0. 3naunr, r(A) = 2. ba3ucHblii MUHOP CTOUT Ha niepeceyeHrn 2 U 3
1-3
ctpoku ¢ 1 u 3 ctonbmamu.
Ot1™meTuM ceolicmea panea Mampuybol:
1. Ilpu TpaHCHIOHMPOBAHHUW MATPHIBI €€ paHT HE MEHSCTCS.
2. Ecnu BeIUEpKHYTH U3 MaTPHUIIBI HYJIEBOH PsijI, TO pAaHT MATPHIIBI HE H3MEHHUTCS.
3. Panr mMaTpuIrsl He U3MEHSETCS TIPU SIEMEHTAPHBIX MTPE0OPA30BAHUIX MATPHUIIHL.
Panr kaHOHMYECKOW MaTpUIBI PaBEH YMCIy €AMHUI HA IJIaBHOM nuaroHaiyd. Ha 3ToM OCHOBaH OJMH W3
CrIoco0OB BBIYMCIICHUS paHTa MATPHIIBI.

Ilpumep 3.5. HaiiTu panr maTpHIbl

2 3 1 2
A=0 2 -1 1)
4 0 5 1
UCIOJIb3YS pe3ynbTaThl npumMepa 1.4.
1 0 0 O
Pemenune: B mpumepe 1.4 mokazano, uto A~(0 1 0 0)
0 0 0 O

1000)
01 0O

Takum 006pa3om, panr maTpuiibl A paBeH r(A) = 2.

BOIIPOCHI U1 CAMOITPOBEPKHU

Toects A~(

1. Kakas kBagpaTHasi MaTpHUIla HA3bIBACTCS HEBBIPOKICHHOM (BBIPOXKICHHO)?
Kaxkast Matpuiia Ha3pIBaeTCsl 0OpaTHON JaHHOM?

JIro6as mu MaTpulia UMeeT oOpaTHyIo?

[lepeuncnure cBoMCTBA 0OPATHOW MATPHULIBI.

2
3
4. Kak nmpoBepuTh, MPAaBUIHHO JIM HaliieHa oOpaTHas Matpuna?
5
6. UTo Ha3bIBaeTCS paHrOM MaTPUIIBI?

7

Ilepeuncaure cBoOWcTBA paHra MaTpHIIbI?
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Jlexuust Ne 4. CucreMbl THHEHHBIX YPABHEHMI.

OcHOBHbIE NOHSATHSI.

Cucmemotl nuHelnbIX aneedpaudeckux ypasHeHuil, COACpXalled m YpaBHCHHW W 7 HEH3BECTHBIX,
HA3bIBACTCS CUCTEMa BUJIA:
aixi + azxz + -+ + anXn = b1
{ azix1 + azxz + -+ + aaxn = b
Am1X1 + Amzx2 + *** AmnXn = bm

rjae 4ucna aij, | = I,m , ] =I,n Ha3piBatOTCA KOAPPHUIIMEHTAMH CHUCTEMBI, yucia Di — CBOOOHBIMU

yineHamu. IloieskaT Hax0XKACHHIO YUCIIA X.

Taxyto cuctemy y100HO 3anuChIBaTh B KOMIIAKTHON Mampuynou popme | A * X = B.

3nech A — maTpuiia K0O3(pPUIIMEHTOB CUCTEMBI, Ha3bIBAEMasi OCHOBHOU MaAmMpuyetl.

a1 A1z e Qqp

azq [5%) e Qop
A=A=C. 7 . )

Am1 aAm2 v Amn

X1

X2
X = (7)) — BeKTOp — cTo/16€el] U3 HEU3BECTHBIX X
i

Xn
1

B = (7%) — BeKkTOp — cTO/Gel] U3 CBOGOJHBIX UJIE€HOB b
j

bm
IMpoussenenne marpuir A * X ompe/eseHo, Tak Kak B MAaTpHIE A CTOJOIOB CTOJBKO K€, CKOJBKO CTPOK
B Matpuiie X (1 mTyK).
Pacwupennoii matpuneii CHCTeMBbl Ha3bIBaeTCs Marpuiia A CHCTEMBI, JONOJHEHHAs CTOJIONOM

CBO6OI[HBIX YJICHOB

a11 a12 aln b1
_ ,Qy1 Qzy ... Qzn by
A= ( )
Api Ap2 o Qmn by
Pewenuem cucmemvr Ha3bIBaeTCS 1 3HAYEHUM HEM3BECTHBIX X1 = C1, X2 = €2, ... , Xu = Cn , TIPH

MMOACTAaHOBKE KOTOPBIX BCC YpPABHCHHA CHCTCMbI o6pau1a10Tcsi B BCpHBIMU PABCHCTBA. Bceskoe pCUICHUC

CUCTCMBI MOXXHO 3aIlluCaTb B BUAC ManI/ILILI'CTOJ'I6I_Ia

C1
C2

c=C.0

Cn
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Cucrema ypaBHEHUN HA3bIBACTCS COGMECHIHOU, €CIM OHAa HMMEET XOTsS Obl OJHO pelIeHue, U
Hecoémecmumoil, eClii OHa HE UMEET HU OJTHOTO PEILIECHUS.

CoBMecTHasi cucTeMa Has3blBa€TCAd OnpedenénHou, €CIM OHAa HMEET €IMHCTBEHHOE pELIeHHE, U
HeonpedenénHoll, eClIM OHAa uMeeT OoJiee OIHOTO pemieHus. B mocnennem ciydae kaxjoe e€ perieHue
Ha3bIBACTCS Yacmubim peuieHuem cucteMbl. COBOKYIIHOCTh BCEX YACTHBIX PELIEHUI Ha3bIBAETCS 00WuUM
peuieHuem.

Pewums cucmemy — 3TO 3HAUUT BBISICHUTH, COBMECTHAa OHa WJIM HecoBMecTHa. Ecim cucrema
COBMECTHa, HaiiTh e€ olIee perieHue.

JIBe cucTeMbl HA3bIBAIOTCS 9K8UBANEeHMHbIMU (PAaBHOCUIBHBIMHU), €CJIM OHU HMMEIOT OJHO U TO XKe
oOuiee perieHue. J[pyrumu ClioBaMH, CUCTEMbI SKBHUBAJIECHTHBI, €CIM KaK/I0€ pPElIeHHE OJHON M3 HHX
SIBJISIETCS] PEIIEHHEM JAPYroi, 1 Hao00POT.

OKBHUBAJICHTHBIE CHCTEMbl NOJY4alOTCS, B YACTHOCTH, IPHU 2IeMEeHMApHuIX Npeodpas308aHusx
CUCTEMBI TIPH YCJIIOBHH, YTO MPEe0Opa30BaHUs BHITIOIHSIOTCS JIMIIb HAJl CTPOKAMH MAaTPHIIHL.

Cucrema TMHEHHBIX YpaBHEHUH Ha3bIBAETCS 0OHOPOOHOU, €CIIU BCE CBOOOIHBIE YWIEHBI paBHBI HYJIIO:
ainxi + aizxz + -+ amxn = 0
am1x1 + amax2 + ** QGmnXn = 0
OpHopoHas cucTeMa BCerja COBMECTHA, TaK Kak X1 = X2 = ... = X, = 0 gBIsSeTCS pelIeHueM CHUCTEMBI.

DTO pelieHre Ha3bIBACTCS HY1e8bIM WU MPUBUATLHBIM.
Pemenne cucrem JIMHEHHBIX YPABHEHUI.

Teopema Kponekepa-Kanesn:
[TycTh naHa Mpou3BOJIbHAS CHUCTEMA M JTUHEHHBIX YPABHEHUH C 77 HEU3BECTHBIMU
anxi + azxz + -+ + ainxn = b1
{ azixi + azxz2 + -+ + aaxn = b2
Am1X1 + QmzX2 + *** AmnXn = bm
VcuepnbiBatomiuii OTBET Ha BOIIPOC O COBMECTMMOCTH 3TOM cucTeMbl Ha&T meopema Kpownexepa-
Kanennu.
Teopema 4.1. Cucmema nunelinvix aneedpaudeckux ypasHeHuti COBMeCmHA moz20a U MOAbKO moz2o0d,
K020a pame pacuiupeHHol Mampuybl CUCIeMbl PAGeH PaH2y OCHOBHOU MAMPULbL.

[Tpumem e€ 6e3 moKa3aTenbCTBA.

HpaBI/IJ'Ia MPaKTUYCCKOI'0 pa3bICKaHUA BCEX pCI_I_IeHI/Iﬁ COBMECTHOM CHCTEMbI JTUHEHHBIX ypaBHCHI/Iﬁ

BBITCKAKOT M3 CJICAYIOIIUX TCOPEM.
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Teopema 4.2. Ecnu pane coémecmmoll cucmemvl paseH 4YUCly HEU3GECHHbIX, MO CUCMeMd umeem

eouHcmeenHoe peuieHue.

Teopema 4.3. Eciu pane coémecmHol cucmemvl MeHbUle YUCIA HEUZBECMHLIX, MO CUCMeMAd umeem

becuuciennoe MHONCeCME0 peuleHull.

IIpaBui10 perieHnst NPOU3BOJIBHOM CHCTEMbI THHEHHBIX YPABHEHUIA.

1. Haiitu panru ocHOBHOW M pacupeHHoOM wmatpuy cuctembl. Eciu r(A) # r(A), To cucrema
HECOBMECTHA.  _

2. Ecmm r(A) = r(A) = r, cuctema coBMmectHa. Haiftm kakoii-muOo Oa3ucHBIE MUHOp Topsiaka I
(HamoMUHAHUE: MHUHOD, MOPAJIOK KOTOPOTO OIpeNessieT paHT MaTpHIlbl, HAa3bIBAETCA OAa3HCHBIM).
B3saTe I ypaBHeHHH, U3 KO3(Q(UIMEHTOB KOTOPHIX COCTABJIEH Oa3sUCHBIH MHUHOp (OCTaJIbHbIE
ypaBHEeHUs OTOpocuTh). HeusBecTHble, KOIQPUIMEHTHl KOTOPHIX BXOJAT B Oa3UCHBIA MMHOD,
Ha3bIBAIOT 2/1A6HbIMY 1 OCTABIISIIOT CJIEBA, & OCTAJIbHBIE 71 — FHEU3BECTHBIX HA3bIBAIOT C80O0O0HbIMU 1
MEPEHOCAT B MPABbIE YaCTH YpPaBHEHUH.

3. Haiitu BbIpakeHHs TIIaBHBIX HEU3BECTHBIX Yepe3 cBoOoaHbIE. [lomyueHo obmee penieHne CHCTEMEL.

4. TlpunaBasi cBOOOJHBIM HEHM3BECTHBIM IPOU3BOJIbHBIE 3HAYEHMs, MOJYYHMM COOTBETCTBYIOILIUE
3HAYEHUS TJIABHBIX HEM3BECTHBIX. TakuM 00pa3oM MOKHO HAWTH YaCTHBIE PEIICHUS HCXOJHOU
CHUCTEMBbI YpPaBHEHUU.

Ilpumep 4.1. VccnenoBath Ha COBMECTHOCTh CUCTEMY

{ x+y =1
3x+3y=-2
PemeHI/Ie:z‘1=(1 1), r(4) =1, A=(1 1 1), r(A)=2(A=I1 1|¢0)
3 3 3 3 -2 3 =2

Takum o6pazom, 1r(A) # r(4), cnenoBarenbHO, CHCTEMa HECOBMECTHA.
Ilpumep 4.2. Pemiutb cuctemy

X1—2x2+x3+x4=1
{x1—2x2+x3— x4 =—1
X1 —2x2+x3+ x4 =3

Pemrenue: r(A) ;t_r(A) = 2. bepém Ba nepBhIX ypaBHECHUS:

X1 —2x2+x3+x4=1 x3+xs=1—x14+2x2

{x1—2x2+x3—x4=—1’ {xg—x4=—1—x1+2xz
1—x1+ 2x 1 —
a=1t Mi=—2w0, A=) TR N gy g a oyt PTMTER
1 — L 1—x1+2x2 -1 1 21 —1—x14+2x

CnenoBarenbHo, x3 = -x1 + 2x2 , x4 = 1 — obmee pemenue. ITonoxus, Hanpumep, x1 = 0, x2 = 0,

MOJIy4aeM OJHO U3 4acTHBIX pemenuii: x1 = 0, x2 = 0,x3=0, x4 = 1.

4.3. PenieHue HeBbIPOKAEHHBIX JTUHEHHBIX CHCTEM.
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[Tycth nana cucreMa n TUHEHHBIX YPAaBHEHUN C 7 HEM3BECTHBIMH
anxi + aizxz + -+ + ainxn = b1
{ azixi + azxz + -+ + azxn = b2
an1X1 + an2x2 + *+* QunXn = bn
Wi B MatpuuaHoi gopme A * X = B.

OcHoBHast MaTpu1ia A Takoil cuctemsl KBajpaTHas. Onpenenuresnb 3T0i MaTpullbl
a e QAqp

A= | oo e |
Ay o gy

Ha3bIBACTCSl onpedenumenem cucmemsi. ECM onpenennTenh CHCTEMBI OTIMYEH OT HYNSA, TO CHCTEMa
HA3bIBACTCS HEBbIPOHCOEHHOU.

Haiiném penienne qaHHOM CHCTeMbI ypaBHEHUH B cirydae A # 0.

YMHOKUB 00e yacTu ypaBHeHuss A * X = B ciepa Ha matpuiy A | nomyunm A? * A * X = A1 * B,

Mockompky AT * A=EuE*X=X,10 X=A!*B.

OTpICKaHue perIeHust CUCTEMBI 110 hopmyiie (4.1) Ha3BIBAIOT MAMPUUHBIM CNOCOOOM PEIICHUS] CHCTEMBI.

Marpuunoe paBeHcTBO (4.1) 3amnumieM B Buje

X1 ayr Adz1 ... Qpy 1
X2 1 a2 a222 2 B
(D=7« Yy« (),
A
Xn Ain A2pp - Qpp bn
X1 (a11b1 + az21b2 + -+ + an1ibn)/A

TO ecTh (xz) — ((a1zb1 + azb2 + - + anzbnz)/A)

Xn (a]_nb]_ + aanZ + .-+ annbn)/A

OTcros1a cielyer, 4ro
x1= (Aubyr + A2ibo + ... +4,b,) 1A,

Ho A11b1 + A2ibz + ... + A,;b1 ecTb pasznoskenue onpeaeauTens

b1 aiy e Ay

_ b2 axn .. az
A= |

1 LEx} LER] LER] LY

b, a,, .. a.

0 3JIEMEHTaM MepBoro croiodua. Onpenenurtens A MolydaeTcs U3 onpeaenuTens A myTéM 3aMeHbl
nepBoro ctosdua K03pPUIHEeHTOB CTOIO1IOM U3 CBOOOIHBIX YJICHOB.

Hrak, x1 = A1/ A.

Ananornuno: x2 = A2/ A, rne A2 monydeH u3 A myTéM 3aMeHbl BTOPOro CTojOIa ko3dduimeHToB

CTOJIOIIOM U3 CBOOOIHBIX WIEHOB; X3 = A3/ A, ..., xn = Aul A.

158



Dopmynsl xi=Ail A 1=1,n

Ha3bIBatOTCS ghopmynamu Kpamepa.
Wtak, HEBBIPOXKICHHAS CHCTEMa 7 JIMHEHHBIX yYPAaBHEHUW C 7 HEM3BECTHBIMH HMEET CIUHCTBEHHOC
pelieHne, KOTOpoe MOXKET ObITh HaiiieHo MaTpudHbIM criocoooM (4.1) mubo mo dopmymam Kpamepa

(4.2).

Ilpumep 4.3. Pemuts cucremy {le —x2=0
x1+3x2=7
Pemenne: A= 2 "Ly =7£0,8| ] =7 M=|T _|=14
13 7 3 L 7
7 14
3HaunT, X1 = - = 1, x,=_= 2
7 7

BOIIPOCHI JIs1 CAMOITPOBEPKHA

Kakoii Bu1 uMeeT cuctema JUHEHHbBIX anredpandeckiux ypaBHEHUN?

Kak 3anucarps cucreMy JTMHEHHBIX aJireOpandyeckux ypaBHEHUH B MaTpuyHOi opme?
Cdopmynupyiite Teopemy Kponekepa-Kanemnu.

Kaxkas cuctema ypaBHEeHUI Ha3bIBACTCSI COBMECTHOM (HECOBMECTHOM)?

UTO 3HAYMT PEIIUTH CUCTEMY JUHEHHBIX aNreOpanvyecKux ypaBHCHUA?

o a k~ w b F

ChopmynupyiiTe mpaBwiia peUICHUS TMPOU3BOJBHON CHCTEMBI JIMHEWHBIX are0OpandecKux
YpaBHEHUH.
7. CdopmynupyiiTe mpaBuia peleHus CUCTEM C TIOMOIILI0 00paTHON MaTpPHIIHI.

8. CdopmynupyiiTe mpaBuiia perieHus: CHCTEM METOIoM onpeaenutens (hopmynsl Kpamepa).
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Jlexuua Ne 5. [IpsiMasi IMHMS HA TUIOCKOCTH.

B 3TOI NeKUMM Mbl MPUCTYMNAEM K PACCMOTPEHMIO aHA/IMTUYECKOI reOMETPUMN, KOTOPas M3y4aeT CBOMCTBA
reomeTpuyeckux Gpuryp cpeacrTsamm aarebpbl Ha OCHOBE MeToZa KOOpAUHAT. [laHHbI meToz4 nossonset
KarK0M TOUKeE NJIOCKOCTU MOCTaBUTb B COOTBETCTBUE YNOPAAOUYEHHYIO TPOMKY Yncen. OCHOBHbIM
MHCTPYMEHTOM METOLa KOOPAMHAT CAYXKMUT CUCTEMA KOOPAUHAT. B 3TOM NeKunm Mmbl byaem paccmaTpmBaTb
TO/IbKO NPAMOYTO/IbHYIO, U/IM AeKapToBY, CUCTEMY KOOPAMHAT. PAacCMOTPMM, Kak MOXHO 3aZaTb NPOCTENLLYIO
durypy — npsMyto Ha NAOCKOCTMU.

5.1. YpaBHeHue npsAiMOii HA IIIOCKOCTH.

Onpenenenue. Jlrobas npsiMasi Ha TIOCKOCTH MOKET OBITh 33JjaHa YpaBHEHUEM NIEPBOTO MOPSJIKa
Ax+ By+ C=0,

IpHYeM MOCTOSHHBIE A, B He paBHHI HymIO OJHOBpeMeHHO, T.e. A2 + B% 0. DTo ypaBHEHHe MepBOTO
MOPSIJIKA HA3bIBAIOT OOIIMM YPABHEHHEM MPSIMOIi.
B 3aBMCMMOCTM OT 3HAYEHMI NOCTOAHHBIX A,B 1 C BO3MOKHbI CIEAYHOLLME YACTHbIE CyYau:
- C=0,A#0,B#0 - npsamas mpoxoauT yepe3 HavaJl0 KOOPAUHAT
- A=0,B=0,C=#0{By+ C =0} npsmas napamiensta ocu Ox
- B=0,A#0,C=#0{Ax+C =0} — npsamas napamiensta ocu Oy
- B=C=0, A# 0—mnpsamas coBnmanaer ¢ ocbto Oy
- A=C=0, B#0—mnpsamas coBnmanaer ¢ ocbto Ox

YpaBHeHme ﬂpﬂMOVI MOXET bbITb npeacrasaeHo B Pa3/iIMdMHOM BUAE B 3aBUCUMOCTU OT KaKUX - nnbo 3a4aHHbIX
Ha4a/ibHbIX YCI'IOBMl\;I.

5.2. YpaBHeHHe NPAMOIi N0 TOUKe U BEKTOPY HOPMAJIH.

Onpenenenue. B nexkapToBoil MpsIMOYTroIbHOM cUCTeME KOOPAMHAT BEKTOp ¢ KOMIOHEeHTaMu (A, B)
MePIEeHIUKYIAPEH NpAMOH , 3a1laHHO# ypaBHeHHeM Ax + By + C=0.

IMpumep. Haiitu ypaBHeHHE TpsAMOiA, mpoxoasieil yepe3 Touky A(1, 2) neprneHaAuKyIsIpHO BEKTOPY
n (3, -1).

Coctasum npn A =3 n B = -1 ypaBHeHue npamont: 3x —y + C = 0. A HaxoxKaeHua koapdumumerTa C noactasmum
B NOJIy4E€HHOE BbipaxKeHWe KoopAMHaTbl 33 aHHOM TOUKK A.

[Momyuaem: 3 —2 + C =0, cnegoBarensHo C = -1.

Utoro: uckomoe ypaBuenue: 3x —y—1=0.
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5.3. YpaBHeHue npAMO¥i, MPoOXo/sinieii yepe3 1Be TOUKH.

[Tycth Ha maockocTH 3axanbl aBe Touku Mi(X1, Y1) 1 Ma(Xz, y2), TOraa ypaBHEHHE TPSMON,

HpOXOI[SIH.ICﬁ 4Cpe3 3THU TOYKHU:

X=X _Y-¥
XZ_Xl y2_yl

Ecnu Kakoi- b0 13 3HameHaTeNiel paBeH Hyto, C/IeAYET NPUPABHATb HYJIO COOTBETCTBYIOLWNI YNCAUTETb.

3anucaHHoe Bblille ypaBHEHWE NPAMOM yNpoLLaeTcs:

y—y=y2_yl(X—X)
1 1

X2 - Xl
€CJIM X1 # X2 U X = X1, €CIIUX1 = X2.
Y=Y _ K Ha3pIBaeTCs yrjoBbIM K0I(PPUIIHEHTOM MPSMOi
Hpobp ———~ y B P '
X2 - Xl

IIpumep. Haiitu ypaBHeHue npsmoi, mpoxoasiieit uepe3 Touku A(1, 2) u B(3, 4).

[IpuMensist 3anmcanHyto Bbiie GOPMYITy, OTydaeM:

y-2=""2(x-1)
3-1

y-2=x-1

X—y+1=0

5.4. YpaBHeHHe NIPSIMOH 10 TOYKE H YIJIOBOMY KO3(pPULIHEHTY.

Ecnu o6miee ypaBuenue npsimoii Ax + By + C = 0 mpuBecTu K BUIY:
A C
_X=_
B

B

y=-

A C
u 0003HAUUTh _E:k; ——=Db; me. y=kx+b , TO TOJy4deHHOE YypaBHCHHUEC Ha3bIBACTCS

ypaBHeHHeM NPSAMOii ¢ yriioBbIM K03 puueHTom K.
5.5. YpaBHeHue NpsAMOii 10 TOYKe M HANPABJISIOIEMY BEKTOPY.

[o aHayorNM c MyHKTOM, PaCCMATPUBAIOIINM ypaBHEHHUE MPSIMOH depe3 BEKTOP HOPMAIM MOXKHO BBECTH 33aJaHUE MPSMOI

yepe3 TOUKY U HalpaBJISIOUIUA BEKTOP MPsSMOIL.

Onpenenenne. Kaxpiii HeHyleBoH BeKTOp a (0L1, 02), KOMIIOHEHTBI KOTOPOTO YIOBJIETBOPSIOT

ycioBuio Ao + Baz = 0 Ha3piBaeTcst HANPaBIIAIOIIMM BEKTOPOM MPSIMOiA
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Ax+ By+ C=0.

Ipumep. Haiitu ypaBHeHue mpsmoii ¢ HanpasisiomuM BekTopoM a (1, -1) 1 npoxopsmieit yepe3
touky A(1, 2).

VYpaBHeHue nckoMoil mpsimoii Oynem uckath B Buze: AX + By + C = 0. B cooTBercTBHH C
ompeneneHneM, KodQPHUIUEHTH! JOJDKHBI YAOBIETBOPSTH YCIOBUSM:

1.A+(-1)-B=0, Te. A=B.
Torma ypaBaenue npsimoid umeet BuI: Ax + Ay+ C =0, umu x + y+ C/A=0.
npu X = 1, y = 2 nonygaem C/A = -3, T.e. ICKOMOE ypaBHEHHE:

x+y-3=0
5.6. YpaBHeHHe NPSIMOii B OTpe3Kax.

Ecim B o0mem ypaBHeHunn mpsimoir Ax + By + C = 0 C# 0, 1o, paznenmuB Ha —C, MOITy4IHM:

A B
—_x—_y:l 2R84l

C C

I'eomeTpuueckuii cMbICT KOA(PGUIIMEHTOB B TOM, YTO KOY(PPHUIIUEHT @ SBISETCS KOOPAUHATONH TOYKU
nepeceueHust mpsamoi ¢ ocbio Ox, a b — koopanHaTo# Toukn nmepeceueHust MpsiMoii ¢ ockio Oy.

IIpumep. 3amano obmiee ypaBHeHue mnpsmoit x — y + 1 = 0. Haiitu ypaBHeHHe 3TO#l mpsiMOil B
OTpe3Kax.

c=1-"4+Y-1, a=-1 b=1
11

5.7. HopmaJjibHOe ypaBHeHHe PSIMOIA.

Ecimu o0e wactu ypaBHenuss Ax + By + C = 0 paszgenuTh Ha uyucio (== , KoTopoe

1
VA? + B?
Ha3bIBACTCS HOPMHUPYIOLEM MHOKUTEIEM, TO IIOJIYYUM
XC0Sp +ysing - p=0-—
HOpMAaJIbHOE YPaBHEHUE MPSAMOM.
3HaK £ HOPMUPYIOLLLETO MHOXKUTENA HAAO BbIGUPaTb TaK, 4Tobbl p-C < 0.

p — JUIMHA TIEPIICHIUKYISApa, OMYIIEHHOTO U3 Hadana KOOPAMHAT Ha MPSAMYIO, a (¢ - YTOJ, 00pa30BaHHBIMA
STUM MEPNEHIUKYISIPOM C MOJIOKUTEIBbHBIM HanpaBieHruem ocu Ox.
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Ipumep. [lano obuiee ypaBuenue npsimoit 12x — Sy — 65 = 0. TpeOyercs Hanucarh pa3iuyHbIe TUTIBI

YPaBHEHUH 3TOU NPSAMOM.

YPaBHEHHUE ITOU IIPSMOM B OTPE3KaAX: y
X+ =1

(65/12) (-13)

ypaBHEHUE ATO MPSIMOH ¢ YriIoBbIM K03 duieHTom: (1enum Ha 5)

=Ex—§=5x—l3.
5 5 5
HOPMaJIBHOE YPaBHEHHUE MPSIMOM:
1
H= ! = Ex—£y—5=0; cosp = 12/13; sing = -5/13; p = 5.

f22 1 (52 13 13" 13

Crnenyer OTMETUTh, YTO HE KKIYIO MPSIMYIO MOXKHO MPEJICTaBUTh YpaBHEHHWEM B OTpE3Kax,
Hanmpumep, NpsAMbIe, TapajuieIbHbIE OCAM WIH MPOXOIAIINE Yepe3 Hadyalo KOOPIUHAT.

IMpumep. [Ipsimas oTcexkaeT Ha KOOPAUHATHBIX OCSIX PABHBIE MOJIOKHUTENIbHBIE OTpe3KkH. COCTaBUTh
ypaBHEHHeE TIPAMOi, €CITH TIIOMA b TPEYTOIbHIKA, 00Pa30BaHHOTO STHMHU OTPE3KaMHM paBHa 8 cM2.

YpaBHEHHE MPSAMON UMEET BH/I: _X +Z =1, a=b=1; ab/2=8§; a=4;-4.
a b
a = -4 He MOIXOIUT IO YCIIOBHIO 3aauH.
X
Hroro: _+Z=l nwmx+y—4=0.
4 4

IMpumep. CocTaBUTh ypaBHEHHUE MIPSIMOK, TPOXOIAIIEH Yepe3 TOUKy A(-2, -3) ¥ Hava0 KOOPIUHAT.

X=X —
YpaBHEHHE NPSIMOI UMEET BHI: LY ,Tiex1= y1=0; X2 =-2;y2=-3.
X=X Yo=Y
x=0 _y=0. X _¥. g sy_o
-2-0 -3-0 -2 -3

st camocTosiTe1bHOro pemienusi: COCTaBUTh YpaBHEHHS MPSIMBIX, IPOXOISAIINX Yepe3 TOuKy M(-

3, -4) u mapauIeabHBIX OCSIM KOODP/IHHAT.

OtBer: { Xx+3=0; y+4=0}.

5.8. ¥roa Mexkay NpsiMbIMHM Ha IVIOCKOCTH.

Onpenenenue. Ecinu 3amanbl aBe npsmbie Y = KiX + by, ¥ = KaX + b2, To ocTpsiii yron Mexmy sTumMu

MpsAMBbIMHA 6y,[[eT ONPCHACIIATHCA KaK

kz _kl

tga =
1+ k.k,

JIBe mpsiMble mapajuieJbHbl, ecn ki = Ko.
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JIBe mpsiMble MepNeHIHKYISPHbL, ecan K1 = -1/ko.
Teopema.llpawwie Ax + By + C = 0 u Aix + Biy + C1 = 0 napannenvuvi, xo2o0a nponopyuoHa bHbl

koagppuyuenmor Ay = AA, B1 = AB. Ecau ewe u C1 = AC, mo npsimvle cognadarom.

KoopauHaTtsl TOYKH nepecedeHus ABYX NPAMBIX HAXOAATCH KAK pellleHHe CHCTEMbI JBYX YPaBHEHMIA.

5.9. YpaBHeHue npsiMoii, mpoxojsieii yepe3 JaHHYI0 TOUYKY NepHeHANKYJISAPHO TaHHOIM
NPsAMOii.

Onpenenenue. [Ipsmast, npoxosiias yepe3 Touky M1(X1, y1) ¥ IEepIeHIUKYIIpHAs K IpsaMoin y = KX

+ b npencraBnseTcst ypaBHEHHEM:

1
y-y=-_"(X-x)
1 k 1

5.10. PaccTosinne OT TOYKH 10 MPSAMON.

Ecnu 3a0ana mouxa M(xo, yo), mo paccmosinue 0o npsamou Ax + By + C =0 onpedensemcst kax

_ | Ax, + By, +C|
VA? + B?

Ipumep. OnpenenuTs yroia MexXAay NpsMbIMH: Y = -3X + 7; Y= 2X + 1.

d

Ki=-3; ko=2 tg@:‘%:l; ¢ = m/4.

IMpumep. [Tokazate, yto npsmeie 3x — Sy +7 =0 u 10x + 6y — 3 = 0 neprneHAUKYJISIPHBI.

Haxomum: k1 = 3/5, k2 =-5/3, kiks = -1, cnemoBarenbHO, psIMbIE MIEPIICH UK YIISPHBI.
Ipumep. Jlansr Bepmmasl Tpeyroasuuka A(0; 1), B(6; 5), C(12; -1). Haiitu ypaBHEHHE BBICOTHI,

MpOBEICHHON 13 BepuuHbl C.

- - X -1, - .
Haxonaum ypaBHeHue croponsl AB: x=0_y 1; X Y7 ax=6y-6;

6.0 5-1 6 4

2
2x—-3y+3=0; y:§x+1.

HckoMoe ypaBHeHHE BBICOTHI MMeeT Bua: AX + By + C =0 mm y = kx + b.

3 3
k=-".Tormray= — " x+b. T.k. BeIcoTa MpoXoauT yepe3 Touky C, TO ee KOOPIHUHATHI YIOBICTBOPSIOT
2 2

JTaHHOMY YpaBHEHHIO: -1=- 312 + b, OTKYyHOa b = 17. Uroro: y= —EX +17.
2 2

OtBet: 3x + 2y —34 =0.
J1st camocTofITe/ILHOTO peleHusi: JlaHsl cTopoHbI TpeyroyibHuKa X +y — 6 = 0,

3X—95y+15=0, 5x—3y— 14 = 0. CocTaBuTh ypaBHEHUS €TO BHICOT.
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Yxa3zanme: CHavana ciielyeT HaAlTH KOOPAMHATHI BEPILIMH TPEYrOJbHUKA, KaK TOYEK NEPECEUECHMUsI
CTOPOH, 3aTCM BOCIIOJIb30BATHCA MCTOJO0M, PACCMOTPCHHOM B IIPCABIAYIIEM ITPUMEPC.

OtBer: { X—y=0; 5x + 3y—26 = 0; 3x + 5y — 26 = 0}.
BOITPOCHI J1Jis1 CAMOITPOBEPKHA

1. /[laiiTe onpenesieHne ypaBHEHUS JIMHUU Ha MIJIOCKOCTH.

2. Hanmmmute oOriee ypaBHEHUE MPSIMO.

3. YkaxuTe pazIMuHBIe CIydaW TIOJIOKEHHS NPSIMON OTHOCHTEIIBHO OCEH KOOpIWUHAT W
COOTBETCTBYIOIIME UM YPABHEHHS.

4. Kak npoBepuTh, JIEXKHUT JH JaHHasl TOYKa Ha JAHHOU MpsAMOii?

5. UYTto Ha3bIBaeTCs YoM HAKJIOHA MPSAMOM?

6. UYro HazpIBaeTCS YriOBBIM KOAPPHUIIMEHTOM MPSMON, KAKOB €70 T€OMETPUUYECKHIA CMBICIT?

7. UYemy paBeH yriioBoi ko3dduimeHT npsiMoit, napamiensHo ocu OX?

8. HanmmuTe ypaBHeHHE IPSIMOH, IPOXOIAIIEH Yepe3 TaHHYIO TOYKY B JAHHOM HaIpaBJICHUH.

9. HammmuTe ypaBHEHHE MPSAMOU, TPOXOSINEH Yepe3 JBE JaHHBIC TOYKH, 00IIee ypaBHEHUE

MPSIMOM.
10. Hanummute dopMyity TaHTE€HCa yrila MEXAY ABYMsI TIPSIMBIMH.
11. ChopmynupyiiTe ycaoBUs MapaylIeIbHOCTH U MEPHEHANKYISIPHOCTH IBYX IPSIMBbIX.
12. Kak onpefeuTh TOUKY IepecedeHus ABYX MPSMBbIX?
13. B 4em cOoCTOUT reoMeTpUIECKU CMBICIT HEPAaBEHCTBA MEPBOM CTENEHH C IByMS HEM3BECTHBIMU ?
14. B yemM CcOCTOUT reOMETPUYECKHI CMBICII CUCTEMbl HEPAaBEHCTB MEPBOM CTENEHU C ABYMs

HEU3BECTHBIMU?
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Jlexnus Ne 6. KpuBble BTOPOro nmopsijaka.

KpuBas BTOpOro nopsiika Mo>keT ObITh 3ailaHa YypaBHEHUEM

Ax? +2Bxy + Cy? + 2Dx + 2Ey + F=0.

CyulecTByeT cucTema KoopauHaT (He 065a3aTeNbHO AeKapToBa NPAMOYTro/ibHasA), B KOTOPOW AaHHOE ypaBHEHUE
MO3KeT 6bITb NpeAcTaBieHo B O4HOM U3 BUAO0B, MPUBEAEHHbIX HUKE.

2 2
X y 1
=+ 2= 1- ypapuenue aumrnca.
) . b
a
X2+ Y.
2) — D% =—1-ypasnenue “mummoro” smmumca.
a
XZ yZ
3) b—Z: 1 - ypaBnenue runepGobL.
a

4) a’x? — Czy2 = 0 — ypaBHEHHE JBYX MEPECEKAIOIINXCS TMPSMBIX.

5) y? = 2pX — ypaBHEHHE apaboIIbI.

6) y?—a?=0- ypaBHeHHE JABYX MapaIeTbHBIX IPIMBIX.

7) y?+ a? = 0 — ypaBHEHHUE JBYX “MHHMBIX” apAILICITbHBIX TIPSMBIX.
8) y? =0 — mapa COBIAAIOIINX MPSIMBIX.

9) (x—a)?+ (y—b)? = R? — ypaBHEHHE OKPYKHOCTH.

6.1. OKpY:KHOCTD.

Or[pe,aeﬂel-me. OK'pnyCHOCmblO Ha3bIBA€TCA MHOXKECTBO TOYEK IIVIOCKOCTH,

paBHOY/a/IeHHBIX OT JAHHOU TOYKH (YyeHmpa).

B okpyxHOCTH (X - a)? + (Y - b)2 = R2 neHTp uMeeT KoopAuHaThI (a; b).
HpnMep. Haiitu KOOpAHUHATBI HCHTPA U PAAUYC OKPYKHOCTH, €CJIN €€ YPABHCHUC 3a1aHO B BUJIC!:
2x2 + 2y —8x + 5y —4 =0.

[Ona HaxoXxaeHWA KoopauHaT LLeHTpa U pagnyca OKPY*KHOCTU AaHHOE ypaBHeHMe H606XO,£1,VIMO npmeBectun K
BMAY, YKa3aHHOMY Bbllle B n.9. ,na sToro BblAeNMM NOAHbIe KBagpaTbl:

X2 +y?—4x+25y-2=0
X2 —4x+4 -4 +y? +25y+25/16 -25/16-2=0
(X—2)2+ (y+5/4)2-25/16 -6 =0
(x—2)? + (y + 5/4)? = 121/16
Otcrona vaxoaum O(2; -5/4); R = 11/4.

6.2. Durc.
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Onpenenenue. Jriuncom Ha3bIBACTCA MHOKECTBO TOUEK INIOCKOCTH, CyMMa PAaCCTOSHUI KOTOPBIX 10
JIBYX JAHHBIX TOYEK, HA3bIBAEMbIX (hOKYCAMU, €CTh BEITMYMHA TOCTOSHHASA, paBHas 2a.

YpaBHeHMe anaumnca uMeeT BUA,:

X2

' 1
—+ =
a’ ' b”
Onpenenenue. @oxycamu Ha3bIBAIOTCS TAKUE JIBE TOUKU, CyMMa PAaCCTOSIHUM OT KOTOPBIX A0 JIF000H

TOYKH 3JIJIMIICA €CTh ITOCTOAHHAsA BCIIMYHNHA.

y

F1 /x

F1, F2 — dokycs. F1=(c; 0); Fa(-c; 0)

C — MOJIOBUHA PACCTOSIHUS MEX Y (POKycaMu;
a — OOoJIBIIIAsK TTOTYOCH;
b — manas moyocs.
Teopema.@okycnoe paccmosinue u nOLYOCU JIIUNCA CEA3AHBI COOMHOULEHUECM!
a2 =%+ 2

I[OKaI}aTeJIbCTBO: B ci1ydac, €ClId TO4YKa M HaxXoauTCd Ha NEPECCUCHUUN DJIJIMIICA C BCpTHKaﬂbHOﬁ

ochio, I + 2 = 2+/b? +¢? (mo Teopeme Iludaropa). B ciydae, ecim Touka M HaxomuTcs Ha
MepEeCceYeHUH JUTUIICA C TOPHU30HTAIBHON OChIO, 1 + 2 =a — C + a + C. T.K. 10 OonpeesicHu0 cymma I
+ I — IOCTOSIHHAS BEIMYMHA, TO , IPUPABHHUBAS, [IOJTydaeM:
a?=b*+c?
r+ r; = 2a.
Omnpenesenne. Popma >UTHIICA ONPEACIIICTCS XapaKTEPUCTUKOM, KOTOpas SABJISIETCS OTHOIICHHEM
(OKYCHOTO pacCTOSHUS K OOJIBIIEH OCH M Ha3bIBACTCS IKCHEHTPUCHTETOM.
E =c/a.
Tk.c<a,Toe<l.
Onpenenenune. Bennunna K = b/a HaseiBaercst ko3 puumenTom coxkaTus sruunca, a BennunHa 1 — K
= (a— b)/a Ha3bIBaeTCs cxKATHEM DILIHIICA.
K05 HIMEHT cKaThs ¥ SKCLEHTPUCUTET CBA3aHbI COOTHOmeHueM: k2 = 1 — €2,

Ecima=b (c =0, e =0, pokychl cIuBaOTCsSI), TO JLUIUIC MPEBPAIIAETCH B OKPYKHOCTb.
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2 2
Ecnu s Touku M(X1, y1) BBITIOJIHSAETCS YCIOBHE: X4+ <1, 10 ona HaxomuTCs BHYTPH 3JUINIICA, A
2

a

2
b
€ClIu if +y_ > 1, TO TOYKA HAXOHAUTCS BHE JJIJIMIICA.
2 2
a- b
C >nuncoM cBs3aHbl ABE MpsIMbIE, Ha3bIBAEMbIE JUPEeKTpUcaMu. VX ypaBHeHUS:
X =ale; x=-ale.

Teopema./[11 moeo, umobvi mouxa nedcana Ha 3IUNCe, He0OXOOUMO U OOCMAMOYHO, 4MOoObL

OMHOUleHUe paccmosiHusi 00 QoKyca K paccmosnuio 00 cOOmMEemcmeyowel OUPeKmpucsl pagHILOCh

IKCYEHmMPUcUmemy e.
IIpumep. CoctaBuTh ypaBHEHHE NPSAMOM, MPOXOAsALIe uepe3 JIeBbI (OKYC M HUKHIOK BEPIINHY

2 y2 1

X
OJUIMIICA, 3aJaHHOTO YpaBHCHHUEM: 4 = =

25 16
1) Koopauuatel HYKHEH BepiuHbl: X = 0; y* = 16; y = -4.
2) Koopmmuars! negoro pokyca: ¢> =a? —h*=25-16 =9; ¢ = 3; Fz(-3;0).

3) VYpaBHeHHE MPSIMOM, MPOXOISIICH Yepe3 1BE TOUKH:

X0 _y+d. X _Yyr4 o 4 3y12;  4x+3y+12=0
—3-0 0+4 3 4
Ipumep. CocraButh ypaBHEHHE dIuTHIICa, eciu ero ¢okycel F1(0; 0), F2(1; 1), 6onbmiast ochk paBHa 2
X2 y2
—+ =1, PaccTosHue mMexay Gpoxycamu:

VpaBHeHUE d/uIMAIICa UIMEET BUA: b2
a

2¢ = \/(1-0)% + (1-0)2 =+/2, Taxnm oGpasom, a2 —b? = ¢2 = ¥

110 yciIoBHIO 2a = 2, cienoBatensHo a=1, b= /a2 —¢? =y1-1/2 = \/5/2.

.Y _a
Hroro: 12 1/2

6.3. l'unepbona.

OHpQIlQJIQHHG.FHHCpﬁOJIOﬁ Ha3bIBACTCA MHOXKXCCTBO TOYCK IINIOCKOCTH, JISI KOTOPBIX MOAYJIb

Pa3sHOCTH paCCTOHHI/Iﬁ OT IABYX HAaHHBIX TOYCK, Ha3bIBACMBIX (l)OKycaMI/I CCTb BCJIMYKWHaA IOCTOsSAHHAa:d,

paBHasdA 2a, MCHbBIIAA paCCTOSAHUA MCKIAY (I)OKycaMI/I.

[To onpenenennto Iri—r2l=2a. Fi, F2— doxycel runepbossl. F1F2 = 2c.
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M(X, y)

r

FV F2
/ .
BriGepem Ha runepOoJie mpor3BoJibHYIO TOUKy M(X, y). Tornaa:

r=+(X+C)? +y?
r,=+(x-c)? + y?

Jx+c) +y? —\J(x—c)? + y? =2a
(x+c)? +y? =4a? +4a,/(x—c)?> +y? +(x—c)? +y?
4a./(x —c)? + y? =—4a® +4xc

a’(x-c)? +a’y? =a* - 2a’xc+ x2c?

r

a’x? -2a’xc+a’c? +a’y? =at -2a’xc+ x2c?
a’x? +a’c? +a’y? -at -x%? =0
~-x2(c® -a?)+a%(c® -a?)+a’y? =0
Xz(cz _az)_azyz _ az(cz _az)

2_ az - b2 (FeOMeTpI/I‘IeCKI/I 9Ta BCJIINYMHA — MCHbIIIas1 HOJ'IYOCB)

aZh? =h2x? —a2y?

0003Ha4YuM ¢

2 2

X_y_l
al b

[TonyunnukaHoOHHYECKOe ypaBHEeHUE THIIEPOO0IbI.
I'unepOona cMMMETpUYHA OTHOCHUTENBHO CEpEeIMHBI OTPE3Ka, COCAMHSAIONIEr0 (OKYChl U OTHOCHUTEIIBHO
0CeN KOOpUHAT.

Ocsb 2a Ha3bpIBaeTcs AeHCTBUTEIbHON OChIO rUINIEep0oJIbI.

Ochb 2b Ha3bIBaeTCsi MHUMOIi 0CHI0 THTIEPOOJIBI.
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I'unep6os1a UMEET JIBE ACHMITTOThI, YPABHCHHUS KOTOPBIX Y =+ _X.

Cc
Omnpenesienune. OTHomieHue € = — > 1 Ha3bIBaeTCd JIKCHEHTPUCHTETOM THUNEPOOJBI, TIAE C —
a

MIOJIOBHHA PACCTOSIHUS MEX Ty (poKycaMu, a — IeHCTBUTEIbHAS TTOTYOCh.

C ydeTom ToOrO, uTO 2 — 2% = b?:

e2-C _a’+b? b’

— =

Ecima=b,e= /2, To runep6osia Ha3pIBa€TCS PABHOOOUYHOI (PABHOCTOPOHHEI).

Onpenenenue. JIBe nmpsiMble, MEPHEHIUKYISIPHbIE JEHCTBUTENBHOM OCH TUNEPOOIBI U

PACIIOJIOKCHHBIEC CUMMCTPHUYHO OTHOCHUTCIIBHO HEHTPAa Ha paCCTOAHUU ale or HETr0, Ha3bIBAarOTCs

a
aupeKkTpUcaMu runepOosbl. VX ypaBHenus:: X =+ _-

e
Teopema.Ecnu r — paccmosinue om npouseonvhou mouku M eunepoonvt 0o kakoeo- aubo ¢okyca, d —

paccmosiHue om mou e Mo4Kku 00 COOMEemcmayrowell 3momy oKycy Oupekmpucsl, mo omHouleHue

r/d — eeruvuna NOCMOAHRHAA, pAGHAA SKCYEeHmpucumenty.

Ilpumep. Haiith ypaBHeHue rTHunepOOIBl, BEpUIMHBI U (OKYCHI KOTOPOW HAxomATCS B

COOTBETCTBYIOLIMX BEPLIMHAX M (DOKYCaX dIUIMIICA
st smunica: ¢ = a2 — b2,

Jlnst runep6os: €2 = a2 + b2,

N5 /
N

=

—
N~
J

V8 V8

L
VYpaBHeHHE rUepOoIbI: 3 5 1
IIpumep. CocTaBuTh ypaBHEHHE TUNEPOOJBI, €CIM €€ DKCLUEHTPUCUTET paBeH 2, a (OKyCH
x2 . y2
COBIAJAIOT ¢ (POKyCaMU DIUIMIICA C YPABHEHUEM 25 9 1.
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Haxoaum oxycHoe paccrosiaue ¢2 = 25— 9 = 16.
Jnarunep6omsr: ¢ = a2 + b? = 16, e=cla=2; c=2a; c?=4a% a’=4;
b =16 -4 =12.

2 2
Uroro: X Y _ 1 - uckomoe ypaBHeHHE TUNepOOIIBL.

4 12
6.4. ITapaboua.

Onpenenenue.llapa6osioii Ha3zbIBaeTCI MHOXKECTBO TOYEK IIJIOCKOCTH, KaXJas U3 KOTOPBIX
HaXOJUTCS Ha OJIMHAKOBOM PAacCTOSIHUU OT JaHHOM TOUKH, Ha3bIBaeMOM (POKYycOM, U OT JJaHHOU MPSAMOH,
Ha3bIBAEMOU TUPEKTPUCON U HE MPOXOAIICH uepes Pokyc.

Pacnono»num Hayano KOopAMHAT nocepeamnHe mexay GoKyCoM U ANPEKTPUCON.

A\Y
A M(x, yv)

p/2 P

Bennuuna p (pacctosiHue oT (QoKyca 0 IUPEKTPHCHI) HA3bIBACTCS MApaMeTpPoM IapaloJibl.
BriBeieM kaHOHUYECKOE ypaBHEHHE TapadoJIbI.
U3 reomerpuueckux cootnomenuit: AM = MF; AM = X + p/2;
MF2 = y2 + (X — p/2)?
(X + pl2)? = y* + (x— p/2)?

X2 +Xp + pAl4 = y* + X% — xp + pl4

y? = 2px
VYpaBHEHHE TUPEKTPHUCHL: X = -p/2.
Ipumep. Ha napa6orne y> = 8X HalTu TOUKY, PacCTOSHHUE KOTOPOI OT IUPEKTPHCH PABHO 4.
13 ypasHeHWa napabobl Nonyyaem, uto p = 4.
r =X+ p/2 = 4; cnegoBarenbHO:

X=2;y*=16; y==4. Uckomsie Touku: M1(2; 4), Ma(2; -4).
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Ipumep. Jana napadona y* = 6x. COCTaBUTh ypaBHEHHE €€ UPEKTPUCH] I HAUTH ee (OKYC.

CpaBHMBas JaHHOE ypaBHEHHE C KAHOHMYECKHM ypaBHEHHMEM MapaloJibl, BUIUM, 4TO 2p=6, p = 3.

Tak kak ypaBHEHUE TUPEKTPUCHI UMEET ypaBHEHHUE X = —Pa ¢doxyc — xoopaunatel P u 0, TOo s

2 2

3 3
paccMaTpUBaeMOro ciydasi HOJyYMM YpaBHEHHE TUPEKTPUCHl X = — _u ¢okyc F (; 0).
2 2’

Omeem:x = —§, F 2 0.

2 (2;

BOIIPOCHI U1 CAMOITPOBEPKHA

© N o o B~ w e

10.
11.
12.
13.

14.

Jaiite onpeaenenme JMHUM BTOPOTO MOpsJIKa.

Kakwne nuHumM BTOpOTO MOpsiKa BBl 3HaETe?

BriBenure ypaBHEHUE OKPYKHOCTH C LIEHTpOM B Touke C(1;2) u paauycoM R = 4.

JlaiiTe onpenieneHue IuIca.

Kakyto popmy nmeet ammurnc? YKaKuTe Ha pUCYHKE M HA30BUTE €r0 OCHOBHBIC DIIEMEHTEI.

Uro npencTasisieT co00# 3IUIUIIC, €CITU €T0 MOIYOCH PaBHBI?

JaiiTe onpenenenue mapaboIbl.

Kakyro dopmy nmeet mapabosia, onpenensiemas ypaBHeHUEeM y2 = 2px, uiu x2 = 2gy ? Kak
BIIUSIOT TTapaMeTphl p U g Ha hopmy mapaboasi?

Uto mpencraBiser coboit Ha rpaduke B cucteme koopauHat OXynuHusl, 3a7jaHHAsT YpaBHEHUEM
y=ax?+bx+c?

JlaiiTe onpeseeHne rurepooIIbl.

Kakyro hopmy umeer runep6omna? YkaxuTe Ha pUCYHKE U HA30BUTE €€ OCHOBHBIE DJIEMEHTHI.
Hanumure ypaBHeHUS: aCUMIOTOT rUNEPOOJIBI.

Hanumure ypaBHeHHE PaBHOCTOPOHHEHW TUIepOOJIbl, aCUMITOTAMH  KOTOPOU SIBJISIOTCSI OCU
KOOpJIUHAT.

[IpuBeauTe mpUMephl KUCIIOJL30BAHUS YPaBHEHHUI JIMHUN BTOPOTO MOPSJKA I U3y4eHHUS

KOHKPETHBIX 3aBUCUMOCTEH.
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Jlexuus Ne 8. [Ipenes pyHKIUM.

I'IepelvteHHaﬂ nnpeaen —3To OCHOBHbIe MOHATUA MaTeEMaTUYECKOro aHa/in3a. ﬂ,OCTaTO‘-IHO HAaNOMHWUTb, YTO
Kto4YeBbIM CZIOBOM B onpeaeneHmnAax Taknx N3BeCTHbIX CO LWKO/Ibl NMOHATUI KaK npon3soaHaA U UHTerpan
ABNAETCA CNOBO npeaen.

8.1. lpenen pyHKIMHU B TOUKE.

y f(x)
A+ce
A
A-¢
0! a- Aaa + AX

[Tycte pynukius f(X) onpenenena B HEKOTOPO# OKPECTHOCTH TOYKH X = a (T.e. B caMOi TOYKe X = a
(YHKIIUS MOXKET OBITH M HE OTIPE/ICIICHA)

Onpenenenne. Yncino A HassiBaeTcs mpeneiom ¢yukiuu f(X) npu x—a, ecnu mis arodoro >0
cylecTByeT Takoe uyucio A>0, 4To It BCeX X TaKHX, 4TO

0<|x-al<A
BEPHO HEPABEHCTBO | f(x) - Al <e.
To e onpegeneHne MoXeT BbiTb 3aNMCaHo B APYrOM BUAE:

Ecnu a - A<x<a + A, X#a, To BepHO HepaBeHCTBO A - e<f(X) <A + ¢.

3anuck npenena GyHkuuu B Touke: lim f(x) = A

X—a

Onpegenenne. Eciu f(X) —A1 npu x — a Tonmsko npu X<a, to lim f(x)=A; - mHaswiBaeTcs

x—a-0
npenesom ¢yukuun f(X) B Touke x = a ciaeBa, a ecnu f(X) >A; mpu X — a TONBKO MpU X>@, TO

lim f(x) = A, HasbiBaercs mpeneaom (yHkimu f(x) B Touke X = a cnpasa.

x—a+0
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f(x)

[IpuBenenHoOe BhIIIE ONpEACIEHHEe OTHOCUTCS K CiIy4ato, Koraa GyHkius f(x) He onpeneneHa B camoid
TOYKE X = a, HO OTIPE/IeIeHa B HEKOTOPOW CKOJIb YTOJHO MaJIO OKPECTHOCTH 3TOM TOUKH.
IMpenensr A1u A2 Ha3bIBAIOTCS TAKXKEe OJHOCTOPOHHMMHU mpenenamu ¢yukiuu f(X) B Touke x = a.

Takoxe roBopsT, uTo A — KOHeuHbIi npenea Gpyukuuu f(X).
8.2. [Ipenen GpyHKIIUM MPU CTPEMIICHUN apTyMEHTa K OECKOHEYHOCTH.

Onpenenenue. Yncno A HazwsiBaeTcs mpeaeaom Gyakiuu f(X) mpu x—o0, eciau s 10060ro yucia

€>0 cymecTByeT Takoe urcio M>0, 4To s BCex X, | x| >M BBITIOJTHSETCS] HEPABEHCTBO
|A-f(x)|<e

I[Tpu sToM npeamnonaraercs, uto Gyukmus f(X) onpeaeneHa B OKpeCTHOCTH OECKOHEUHOCTH.

3anuceiBarot: lim f (x) = A.

X—>0

I'padmyeckn MOXKHO MPEICTABUTH:

y y

A A

0 0
X X
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y y J

AHAJIOTMYHO MOXHO onpeaenuts npeaensl lim f(x) = A s mo6oro x>M u

X—>400

lim f(x) = A mus nmro60ro x<M.

X—>—00
8.3. OcHOBHBIE TeopeMbl 0 Mpeaeax.

Teopema 1.lim C =C, rae C = const.

X—a

Crenyrolie TeOpeMbl CIIpaBeIIMBEI MIPH Mpeanonokennn, uro ¢pyukimuu f(X) u g(X) umeror

KOHCYHBIC IPEACIIBI ITPHU X—>a.

Teopema 2. lim (f (x) = g(x)) =lim f(x)+lim g(x)

X—a X—a X—a
Jloka3zaTenbCcTBO 3TOM TE€OpEMBI OyIET MPUBEACHO HUKE.

Teopema 3. lim[f (x)- g(x)] = lim f(x)-lim g(x)

X—a X—a X—a

CaeacrBue.lim C- f(x)=C-lim f (x)

X—a X—a

o lim f(x)
Teopema 4.lim — _ xoa  ppu lim g(x) =0
x-a g(x) !(Lrg g(x) x—>a

Teopema 5.Eciau f(X)>0 66nusu mouxux = au lim f(x) = A, mo A>0.

X—a

Amnanornuno onpezensercs 3uak npeaeia mpu f(X) <0, f(x) > 0, f(x) <O0.

Teopema 6.Eciu g(X) <f(X) <u(x) 66ausu mouku x=a u lim g(x) =lim u(x) = A, mou lim = A.

X—a X—a X—a

Onpenenaenue. Oynaknus f(X) HaspiBacTCs OrpaHMYeHHOM BOJIM3M TOYKH X = a, €CIU CYIIECTBYET

Takoe uncio M>0, uro |f(x)| <M BGIm3H TouKH X = a.

Teopema 7.Eciu ¢pynxyus f(X) umeem koneumnviii npeden npu x—»a, mo oHa 02paHuyeHa 66IU3U

mo4YKu x — a.
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HokazareancTio. [lycts lim f(x) = A, T.e. |f(X) —N < &, Toraa
|f(X)| :|f(X)—A+ A|S |f(X)—A|+ |A| Win
1f()]<e+|A, re.

|f(X)|<M,FIICM=8+ |Al

Teopema noka3zaHa.
8.4. BeckoHeyHO MaJible PYyHKIUM.

Onpenenenue. Oynxius f(X) Ha3pIBaeTCs 6€CKOHEYHO MaJIOi TIPU X—>a, IJI€ @ MOKET OBbITh YHCIIOM

WJIN OJTHOM M3 BEJTMYHH 0, +00 M -oo, ecnu lim f (x) = 0.

X—a

CaoiicTBa 0eCKOHEYHO MAJIbIX QYHKIMIA:

1) Cymma GHUKCHPOBAaHHOTO YHCIa OSCKOHEYHO MajbiX (DYHKIUH MpH X—>a TOXe OSCKOHEYHO Mauias
GyHKIMS TIpU X—>a.

2) TlpousBeneHue HUKCHPOBAHHOTO YMCIAa OECKOHEYHO MANbIX (YHKIMHA MPH X—>a TOXKEe OCCKOHEUHO
Masast QyHKIHs Tpu X—>a.

3) IlpousBencHre OCCKOHEYHO MayioW (GYHKIUH Ha (YHKIHIO, OpAaHHYCHHYIO BOJM3M TOYKH X = a
SIBJISIETCSl OECKOHEYHO MaJIoW (DYHKIIMEH MpH X—>a.

4) YacrtHoe OT JeieHusi OeCKOHEUHO Majaoi (QYyHKIHUH Ha (QYHKIIUIO, MPEAe] KOTOPOW HE PaBEeH HYJIIO

€CTh BeJIMYMHA OECKOHEYHO Maiasl.

8.5. beckoHeYHO 00/bIIMe (PYHKIIUM H UX CBA3b ¢ 0ECKOHEYHO MAJILIMU.

Onpenenenune. OyHKIMSA HAa3bIBACTCS 0€CKOHEYHO 00JbIION TIPU X—a, TJI€ a — YUCIIO WK OJHA U3

BEJIMYMH 00, +00 WK -00, ecii lim f (x) = A, rae A — 9KCI0 WK OJHA M3 BEITHMYHMH 00, +00 TN -o0.
X—a

CBsi3p 6ECKOHEYHO OOMBIINX U OECKOHEYHO MabIX GYHKIIHI OCYIIECTBIISIETCS B COOTBETCTBUU CO
CIEAYIOIIEN TEOPEMOU.

Teopema.Ecau f(X) =0 npu x—a (eciu x—>00) u ne obpawaemcs 6 Hov, mo

1
y=—-7%

f(x)

8.6. CpaBHEeHHE OECKOHEUHO MaNbIX () YHKITHIA.

MycTb a(x), B(x) n y(x) — 6beckoHeyHO Manble GyHKUMM Npu X — a. Byaem 0603HayvaThb 3TN GyHKUMK o, B Uy
COOTBETCTBEHHO. 3TN BECKOHEYHO Masble GYHKLMN MOXKHO CPaBHMBATb MO BbiCTpoTe KX ybbiBaHMSA, T.€. NO
BbICTPOTE NX CTPEMIEHNA K HYAIO.
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Hanpuwmep, pynxims f(X) = x!° crpemurcs k mymo 6bictpee, yem dynxmus f(X) = X.

.. a
lim— o
Oupeneenne. Ecnn =0, To ¢ynkuus o Ha3BIBaeTCH DECKOHEYHO MAJIOH 6oJiee BHICOKOIO

X—a
nopsaka, ueM Gpynkuus f3.

. a
Onpenenenne. Ecm liM™ A Ax0, A=const, 10 o u B Ha3HIBAIOTCS GECKOHEYHO MAJLIMH

x—a IB

OTHOI'0 MopsAaAKa.

.
Onpenenenne. Ecnu lim= =1, ro OYHKIMU o W 3 Ha3bIBAIOTCS IKBHBAJEHTHBIMH 0€CKOHEUHO

x—a ﬂ

MaJILIMM. 3aIlMChIBAIOT oL ~ 3.

Hpumep. Cpasaum Geckonedno manbie pu x—0 dynxmun f(X) = x2 u f{x) = x.
10
lim X =1imx* =0

x—a X X—a
T.e. pynxms f(X) = x? — Geckoneuno manas 6oee BEICOKOTO mopska, yeM f(X) = X.

Onpenenenue. beckoHeuHO Mamas (YHKUIMS O Ha3bIBaeTCsl 0OECKOHEYHO MAaJIOH MopsiAKa

.
KoTHOCHTENTHEHO GeckoHEeUHO Mastoit GpyHkImH B, ecrm npexaen M

xaaﬂk

KOHCUYCH U OTJINYCH OT HYJIA.

OpHako cineayer OTMETUTh, YTO HE BCe OECKOHEUHO Majble (PYHKIMHU MOXHO CpPaBHHBATh MEXKIY

a
co0oiil. Hanpumep, eciu OTHOIIIEHHE — HE UMEET Mpefenia, TO (YHKIIMH HECPAaBHUMBI.

. a . Xsinx
Hpumep. Ecmn o =xsinx, B=x, 1o mpu x—0 lim = lim =1, re Qynkmua o -
o0 B2 x00 NG

0EeCKOHEYHO MaJasi Mopsiika 2 OTHOCUTENBHO GyHKINH 3.

. a
in = lim =
Hpumep. Eciom @ =XsIn =, g —x, 1o npu x—0 HE CYILECTBYET, T.e. QYHKUIUsI o U [
X -0 ff
HECPaBHUMBI.
CBoiicTBa YKBUBAJICHTHBIX OECKOHEUHO MaJIbIX.
.
Do-~a, lim~= =1
x—a

2) Ecnm o~ B u B ~7, T0 oL~ 7, (im @ _ il @ -ﬂ\:mzﬂ

U7 el By ) y
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3)Ecma~B, 10 B~ 0, (Iim J6=|im ! =J

x—a o x—a O

Jz
X A . a
A)Ecmma~a uf~p ulim=— =K, towu lim =k wmlim~ =lm &

! ! x»aﬂ x—a E xva [3 X2 B .

Oy im & _ i @
Caencrue: a)ecmna~o uliM™ =K, tou lim ™= =lim

1 _
Xﬁaﬁ x—>aﬂ x—>aﬂ
..o ..o .

6) ccnu p~p ulim= =K, 1o lim < =lim <

1 X—a ﬂ x—a ﬂ x—a ﬂl

CBoi1cTBO 4 0COBEHHO BaXKHO Ha NPaAKTUKe, T.K. OHO GaKTUYECKN O3HAYaET, YTO Npeaes OTHOLWEHNUA
HeCKOHEYHO MasiblX HE MEHAETCA NPU 3aMeHE MX HA IKBUBAJIEHTHbIE HECKOHEYHO Manble. ITOT GaKT AaeT

BO3MOXHOCTb NPU HAaXOXAEHUW NPEAEsIOB 3aMeHATb HECKOHEYHO Masible Ha IKBMBANEHTHbIE UM GYHKLUK, YTO
MOXET CU/IbHO YNPOCTUTL BbIYMUCIEHNE NPEaenoB.

Mpumep. Haiitu npezen lim 199X
x-08in 7X

Tak kak tg5x ~ 5X u Sin7X ~ 7X npu x — 0, TO, 3aMEHUB (QYHKIMUA SKBUBAJICHTHBIMH OCCKOHEYHO

MaJlbIMU, ITOJIYYUM:

lim 199X —fim 5X _5

x->08iN 7X x>0 7X 7

3

Mpumep. Haiitn mpegen lim _ X
x>0 1 —CO0S X
X X 2 3 3
Tak kak 1 —cosx = 2sin? _ ~ 2(_1 npu x—0, To lim __X =lim X =lim 2x=0.
2 \2) x501—COSX x50 X2 X0
2
Ipumep. Haittu npenen lim _19X_ =|im X s,

x>0 8N X% x50 X2
Eciu o 1 B - OeCKOHEYHO MaJIble P X—>a, IPUYEM [ - GeCKOHEYHO Majias 50Jiee BBICOKOTO HOPSIKa,

seMa, 0y = o + B - 6GCKOH\G‘IHO MaJjiasi, SKBHBAJICHTHAS O.. DTO MOXKHO J0Ka3aTh CJIEIYIOLUIMM
paercteoM lIMm* =lim 1+~ '=1.

x—a of x—>a\ a }
Torna roBopst, 4To O - rJIaBHAsA YacTh OECKOHEUHO Majloi (GpyHKIUN 7.
Ipumep. Oynxius x> +X — 6eckoHeuHo Manas pu X—0, X — IJIaBHas 4acTh 3Toi QyHKimH. UTo6b!

IIOKa3aTh 3TO, 3aIIUIIIEM Ol = X2, B = X, Toroa

X2 X2 H+X
lim—__q, lim2 22 =lim(x+1) =1.
x>0 X =0 X x>0
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8.7. HeKOTOpLIC 3aMe4aTeIbHBIC TPEACIIbL.

IepBblii 3aMeuaTenbHblil mpeget. [iM ,rne P(X) =ax"+ax"™ +. . +a,
1 n

w2 Q(X)

Q(X) = box™ + b1Xm-1 +...+bm - MHOTOYJIEHBL.

a a a
x"@ + 4.+ ") a+ 4t "
P(X) _ 0 X {Xn — XM 0 X X
- |9} - |9) J
QX)) x"(b + '+..+ ") b+ '+.+ "
o X X" o X X
a a
a+ 4.t "
lim ° X " _ &
g b b
0 X XM
(0, npu Nn<m
Hroro: lim Mz 3, npu N=m
=0 Q(X) | b,
[oo, npu N>mMm
B . . . sin X
TOpOii 3aMeydaTe/IbHBIH nMpeae. lim =1
x—0 X
(1)
Tpetnii 3ameuaTenbHbIi npegen lim|1+ | =e
Y

YacTto ecnum HenocpeAacCTBeHHOE HaxoXgeHWe npeaena Kakoi — nnbo d)yHKLI,VIVI npeacraBnAaeTca CNoXKHbIM, TO
MOXHO nNyTem ﬂp606pa3OBaHMﬂ dDYHKLI,VIVI CBECTU 3a4a4y K HaXOXXAEHUIO 3aMmedaTe/IbHbIX Npeaenos.

Kpome TPpEX, NU3N0XKEHHDIX BbilWe, NpeaesioB MOXXHO 3anncaTb cieayroume nosesHble Ha NpPpakTuke

COOTHOWEHUA:

lim =1; lim =Ina; lim
x—0 X x—0 X x—0 X

IMpumep. Haiitu npexenn.

lim 9MX _jjm Mx _m
x>0SINNX  x-0 NX n

ITpumep. Haiitu npenen.

lim 19X—1t9%0 — |im sin( X —Xo) — lim SIN(X=X,) lim 1

In(1+x) a* -1 (1+x)™ -1

1

1

o X —X, % (X—X,)COSXCOSXo *M  X—X, X% COSXCOSX,

IIpumep. Haitu npenen.

_ _isin(ﬁ/4—x) )
lim SINX=COSX _ . 2 — lim -sin(z/4-x) __ 1

x—mld T —4X x>z l4 T —4X x—>7 14 2\/5(72-/4_)() 2\/5

2
COS™ X,

2
COS™ X,
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IIpumep. Haitu npenen.

[y:ﬂ/Z—x ]
lim COSX =<1x=;r/2—y |}

=lim cos(z/2-Yy) lim siny _ 1
x>712 77 — 2X T—2X=mw—-1m+2y B

y—0 2 y y—0 y

N

IIpumep. Haiitu npenen.

|im(ur3 _ Iim(x__uY+3 Pt R (MYM - Iim(1+ ﬂy -Iim(1+ 4\IA -

oA x-1) el x-1) ly o0 J|} oAy ) ek y) ety

Lo e ) L1 )T e

L 4] ol z) (e 2) )

2
y . X° —6X+8
IMpumep. Haiitu ipenen  lim .
x>2 X —8X +12
[Lnsl HaxoXKAeHUA 3TOro Npesiena pasnoKUM Ha MHOXUTENM YUCAUTENb M 3HaAMEeHaTe b AaHHOM Apobu.

X2 —6x+8=0; X2 —8x+12=0;

D=36-32=4; D =64 - 48 = 16;
x1=(6+2)/2=4; X1=(8 +4)/2=6;
X2=(6-2)/2=2; Xo = (8—-4)/2=2;

Torﬂa"m (X_Z)(X_4) _|Im X_4 g
=2 (x-2)(x-6) ©2x-6 4

IMpumep. Haiitu npenen.

Iim\/1+ X4 X2 —v1-x+ X2
x—0 )(2 — X

JOMHOKHM YUCJIHUTCIIb U 3HAMCHATCIIb ,I[pO6I/I Ha COIIPsDKCHHOC

2 2
BeIpakeHue: lim 1+ X + X" -1+ ‘ X =lim : 2X =
0 (X —1)(VI+ X+ X2 +VI-x+x2) 0 x(x —1)(V1+x+x2 +J1—x+x?)

—_— 2 j—
To1(141)

IMpumep. Haiitu npenen.

fim X* = 5%+6 = {¥* ~5x+6=(x—2)(x-3)} —lim (X-2)(x-3) _3-

2
3 X2 -9 3 (x—3)(X+3) 3+3
X3 —6x% +11x -6

1
6

Tpumep. Haittu ipesen lim
ol X =3X+2

Pa3noxum yncnmtenb u 3HameHaTeNlb Ha MHOXXUTENN.
X -3x+2=(Xx-1)(x-2)
X3 —6x2+ 11x— 6= (X — 1)(X — 2)(x — 3), T.x.
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X2—B6x2+11x—6 x-1
X2 —x2x% —5x + 6

}7

-5xZ+ 11x
- 5x% + 5x
BXx - 6
6x -6
0
X2 —5X+6=(x—2)(x—23)
Torya lim (x-Dx-2)(x-3) __
-1 (x=1)(x-2)
IIpumep. Haiitu npenen.
2sin 2a+2h cos 2n_ 2sin(a+h)
lim Sin(a + 2h) —2sin(a+h) +sin a i 2 2
5 =lim

h—0 h h2

= —2sin?(h/2)
2limsin(a+h)-lim
4(h/2)?

h—0 h—0

I[J]ﬂ CAMOCTOATEJIBHOIO PCIICHUSA
2x* +2x% +5x -6
lim
x>0 X3+ 2x2 +7x -1
im (2 +4x+5)(x? +x+1) 5
on (X+2) (X4 +2x3 +TX2 +x-1)
. x> -Tx+10 3
3) limZ, =
-2X -8x+12 4

Va+x+x2—2__ 1

X+1 Z

limv1+xsinx -1 _1
—x 2

1)

=0

2)

lim

Xx—>-1

4)

5)

x—0

X3
imsn v 1

6)

i VIt x4+ X2 = AT+ 2x= X2
im - -
X2 X —2X

o x3-2x2 -4x+8
8) lim

-2 3x* ~16x3 + 24x2 -16

) 7

- HC OIIPECACIICH.

=2sina-(-1/2) =-sin a

=lim 2sin(a+h)(cosh—1) _
h2

h—0
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BOIIPOCHI JIs1 CAMOITPOBEPKH

Haiite onpeneneHue npeaena GyHKIIMHA TOUKE.

Haiite onpenenenue npeaena GyHKIUNA Ha OECKOHEYHOCTH.

w e

UYro Takoe 0THOCTOPOHHUE Mpeebl PyHKINN ?

CdhopmynupyiiTe OCHOBHBIE TEOPEMEI O TpeeiaX () yHKITHMA.

UYro Takoe nepBblii, BTOPOH U TpeTuil 3ameydareibHble Npeesbl?
Haiite onpenenenue OECKOHEYHO MaJlo pyHKIUY.

CdopmynupyiiTe OCHOBHBIE CBOMCTBA OECKOHEYHO MaJIbIX () YHKITUH.

ChopmynupyiiTe MpUHIIMI SKBUBAJIECHTHOCTH O€CKOHEUHO MaIBbIX (DYHKIIHMA.

© © N o g b

Haiite onpenenenue OECKOHEYHO OOMBIION PYHKINH.
10. ChopmynupyiiTe OCHOBHBIC CBOMCTBA OECKOHEUHO OOJBITHIX ()YHKITHH.

11. B yem 3akirodaeTcs CBsi3b OECKOHEUHO OOJIBIIMX M OECKOHEUHO MaJTBIX (PYHKITHIA?
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Jlexknus Ne 9. HenpepbIBHOCTH QYHKIMH U ee pa3pbIBbI.

9.1. HenpepbIBHOCTb (DYHKIINH B TOUKE.

Onpenenenue. Oynkuus f(X), onpesencHHas B OKPECTHOCTH HEKOTOPOW TOYKH Xo, Ha3bIBACTCS
HeNnpepbIBHOI B TOYKeE X0, €CJIH Tpeiei QYHKIMK U ¢ 3HaYCHUE B 3TOH TOYKE PaBHBI, T.€.

lim £(x) = (%)

X—X0o

Tor ke dakt moxxHO 3anucarh uHave: lim f(x) = f(lim x)

X—>Xo X—>Xo
Onpenenenue. Eciiu dyakius f(x) onpeneneHa B HEKOTOPOM OKPECTHOCTH TOYKHU Xo, HO HE SIBIISIETCS
HENpephIBHOW B CaMOM TOYKE Xo, TO OHA Ha3bIBAE€TCS Pa3pbIBHOM (QYyHKIMEH, a TOYKAa Xo — TOUKOU
paspbiBa.

[Ipumep HEenpepbIBHON (PYHKIINHU:

f(Xo0)+e
f(Xo)
o [

0 |xo-AMbxo+AX

Mpumep paspbiBHOM GYHKUMM:

y

f(xo)+e
f(Xo)
f(xo)-¢

Xo X

/

Onpenenenue. Dynkmus f(X) HaspiBaeTcs HEMpephIBHOW B TOYKE Xo, €CIH Ui JIFOOOTO
MOJIOKHUTENbHOTO Yncna €>0 cymectByeT Takoe 4ucio A>0, 4To Ans JrOOBIX X, YIOBJIETBOPSIOIIMX

YCIIOBHIO
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| x—xJ<A
BEPHO HEPABEHCTBO | f(x)-f (Xo)| <&
Omnpenenenne. Dynkius f(X) Ha3piBaeTCs HENMPEPBIBHOI B TOYKE X = Xo, €CJIU IPUPAILCHAE
(GYHKIMU B TOUYKE X0 SBJISICTCSI OECKOHEYHO MaJIOi BETMYMHOM.
f(x) = f(xo) + a(x)

rjae o(X) — 6ECKOHEUHO Maiasi IpU X—>Xo.
9.2. CpoiicTBa HenpepbIBHBIX PyHKIMIA.

1) Cymma, pa3HOCTh M MPOU3BEICHUE HEMPEPHIBHBIX B TOUKE X0 QYHKIMHA — €CTh (QYHKIHS,

HENpPEepbIBHAS B TOUKE Xo0.

2) YacTHOe JBYX HENPEPBHIBHBIX (DYHKIMIA % — €CTh HeNpepbIBHAS (PYHKIUSA [P YCIOBUH, YTO
g(X) He paBHA HYJIIO B TOUKE Xo.

3) Cynepnosunums HenpepbiBHBIX GYHKLMA — €CTb HenpepbiBHanA GYHKLMUA.
DTO CBOMCTBO MOKET OBITH 3aMTMCAHO CIICIYIOIINM 00pa3oMm:

Ecmu u = f(X), v = g(X) — HenpepbiBHBIC QYHKIMK B TOYKE X = Xo, To ¢yHKIms V = ¢(f(X)) — Toxe
HenpepbIiBHAsT PYHKIUS B 3TOH TOUKE.

CI'IpaBeAJ'IVIBOCTb npmeeneHHbIX Bbille CBOMCTB MOKHO NIerko A0Ka3aTb, NCMOJIb3yA TEOPEMbBI O npeaenax.
9.3. HenpepbIBHOCTH HEKOTOPBIX 3JIeMEHTAPHBIX (PYHKIMIA.

1) dyukmus f(X) = C, C = const — HenpepbIBHAS (byHKuHﬂ Ha Bceil 001aCTH ONPEICTICHHMS.

ax +ax ly..+a
n

2) Parmonansuas dynkiusa f (X) = HENpepbIBHA JUIsl BCEX 3HAUCHUH X, KpoMe

x Fo X"+ Fb
1 m

TCX, IIPpHU KOTOPbIX 3HAMCHATCIIb 06pamaeTc>1 B HOJIb. Takum 06pa30M, q)YHKI_II/ISI 9TOTI'0 BH/J1a HCIIPCPbIBHA
Ha Bceil o0macTu OIIPCACIICHUS.

3) TpuroHomerpuueckre HyHKIMN HEMPEPHIBHBI HA CBOCH 00JIACTH ONPEICIICHHSL

JlokazxkeM cBOiicTBO 3 1uist yHKIHH Y = SiNX.

3anuinem npuparienre GyHkuna Ay = Sin(X + Ax) — sing, I nAocne npeoOpa3oBaHuUs:
X\ . AX
Ay = 2¢0S sin

<

—

2
L Ax Ax\
lim Ay = \

[
DAl )

0
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d s AX
JIeWCTBUTENLHO, UMEETCS TpeNe] Npou3BeaeHus aByX (ydkuumii C0S L u sin " . Ilpu >Tom
S

(

¢byHKIUS KOCUHYC — orpanndenHas Gpynkuus npu Ax—0 [COS X +

2

1, a Tk

. AX o
npezen GpyHkuun cunye lim Sin —— =0, TO OHa SBJISETCS OeCKOHEUHO Manoit mpu Ax—0.
Ax—0

Takum o00pazoMm, HMeeTcs MPOU3BEACHUE OIPaAaHMYEHHOM (YHKIMM Ha OECKOHEYHO Malylo,
CIIEIOBATEIBHO 3TO Mpou3BeleHue, T.e. (QyHKums Ay — OeckoHedHO Mamas. B cooTBercTBHHM C
PacCMOTPEHHBIMH BBINIE OMpEACTCHUs MU, QYHKIMS y = SINX — HenpepbiBHAs (QYHKIMS JUIS JIEOOOTO
3HA4eHUs X = Xo U3 OOJIaCTH ONIpEeAETeHUd, T.K. €€ INPUPALIEHHE B ITOM TOYKE — OECKOHEYHO Majas
BEJIMYMHA.

AHaNOMMYHO MOXKHO [0Ka3aTb HENPEPbIBHOCTb OCTa/IbHbIX TPUFOHOMETPUYECKUX GYHKLMIA Ha BCce 0bacTu
onpeaeneHus.

BOO6LLI,€ cnenyet 3amMeTuTb, YTO BCE OCHOBHbIE 3/IEMEHTAPHbIE d)yHKLI,I/II/I HenpepbiBHbI HA BCel cBoei obnactu
onpegeneHua.

9.4, Touku pa3pbiBa M UX KIacCUPUKAIIHSL.

Paccmotpum HexkoTOpyro dyHKIuio f(X), HEMPEPHIBHYIO B OKPECTHOCTH TOYKH X0, 32 MCKIIOYCHUEM
MOXKET OBITh caMoii 3Toi ToukH. V3 onpeneneHns TOUKU pa3pbiBa PyHKIIUH CIETYET, YTO X = X0 SBJISIETCS
TOYKOM pa3pbhiBa, eciii (YHKIUS HE ONpe/iesieHa B ATOW TOUKE, HIIH HE SIBJISICTCS B HEW HEMPEPHIBHOM.

Cneayet OTMETUTb TaK¥Ke, YTO HEMPEPbLIBHOCTb GYHKUMMN MOXKET BbiTb 04HOCTOPOHHEN. MOACHUM 3TO
cnepyrowmm obpasom.

Ecau ommoctoponnmii mpemen (cm. Bemme) lim f(x) = f(x,) , To QyHKIUS Ha3BIBAETCS
X—>X+0

HEMpephIBHOM CIIpaBa.

e
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Eciu  ogmocroponmmii npexmen (cm. Beme) lim f(x) = f(x,) , To QyHKIuA Ha3bIBaeTCS
X—>X-0

HEIIPEPBIBHOM CJIEBA.

Omnpenenenune. Touka Xo Ha3pIBaeTCs TOUKOW pa3pwiBa pynkuuu f(X), ecnu f(X) He ompenencHa B
TOYKE X0 WJIN HE SABIIAETCS HENPEPBIBHOM B ATOU TOUKE.

Omnpenenenune. Touka Xo Ha3pIBacTCs TOYKOM pa3pbiBa 1- ro poaa, eciu B 3Toi Touke GpyHkuus f(X)
HUMeeT KOHEUHbIE, HO HE PaBHBIC JIPYT JAPYTY JIEBBIH U MPaBbIid MPEICbI.

lim f(x)= lim f(x)

X—Xo+0 X—Xo—0

JI71s1 BBITIOJTHEHUSI YCJIIOBUI 3TOTO OMpeAesieHnus He Tpedyercs, yToObl PyHKIMs Oblja ompeneicHa B
TOYKE X = X0, JIOCTaTOYHO TOTO, YTO OHA OTIPEJIesIeHa CIIeBa U CIpaBa OT Hee.

W3 ompeneneHuss MOXKHO CIIENIaTh BBIBOJI, YTO B TOYKE pa3pbiBa 1 — ro poga GpyHKIHMS MOXKET UMETh
TOJIbKO KOHEYHBIH CKa4OK. B HEKOTOPHIX YaCTHBIX CIydasX TOYKY pa3pbiBa | — ro poja emie MHOTIA
Ha3bIBAIOT YCTPAHUMOM TOYKOW pa3phiBa, HO MOAPOOHEE 00 ITOM MMOTOBOPUM HHUIKE.

Onpenesienue. Touka Xo Ha3pIBAE€TCSI TOUKOM pa3pbiBa 2 — ro poja, €Clid B 3TON TOYKe (YHKITUS
f(X) He umeeT XOTs ObI OJJHOTO U3 OJTHOCTOPOHHHUX MPEICIIOB I XOTs ObI OJIMH M3 HUX OCCKOHEUEH.

Mpumep. Oyukuus Jupuxie (Jupuxie IMerep I'ycraB(1805-1859) — Hemelkuii MaTeMaTHK, YICH-
koppecnoneHt [lerepOyprckoit AH 1837T)

f(x) = (1 x- PAYUOHATILHOE YUCTO

0, X—uppayuoHaibHoe Yucio

HE SIBJISICTCS HEMIPEPHIBHOMU B JIFO0O0H TOUKE Xo.

Mpumep. Oyuxuus f(X) = i uMeeT B Touke Xo = 0 Touky paspeiBa 2 —ro poja, T.K.
X

lim f(x)=+o0; lim f(x) =—0.

x—0+0 x—0-0
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~10

Mpumep.f(x) = sin x
X

Oynkys He onpeneneHa B Touke X = 0, HO umeeT B Hell KoHeuHsbI penen lim f(x) =1, T.e. B Touke

x—0

x = 0 ¢ynkuus mMeeT TOUukKy paspbiBa 1— ro poma. DTo — ycTpaHUMasl TOYKa pa3pbIBa, T.K. €CIH

JOOTIPENEUTh (YHKITHIO:

I'padux sT0M PyHKIIMM:

S AN

f(x):k

Xx=0

_20 — N,

HMpumep.f(x) = M =

X |1, npu x>0
-1, npu x<0
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Ota ¢yHKIUMs Takke obo3Hauaercs sign(x) — 3HaK X. B Touke x = 0 ¢pynkuus He ompeneneHa. T.k.
JIeBBIN ¥ MpaBbIi Mpeaensl GYHKIUHN pa3inyHbl, TO TOYKa paspbiBa — 1 — ro poga. Ecnu noonpenenuts
¢yukiuio B Touke X = 0, mostoxxus f(0) = 1, To ¢pyHkuus OyaeT HepepbIBHA CripaBa, eciiu mosioxuth f(0)
= -1, To ¢ynkuus OyAeT HENpepbIBHOM clieBa, eciau MoJoxuth f(X) paBHOE KakoMy- JHOO 4YHCIY,
otamuHOMY OT | i —1, To ¢yHKIMS HEe OyneT HempepbIBHA HU CIIEBA, HU CIIpaBa, HO BO BCEX CIydasx
TeM He MeHee Oyzaer umeTh B Touke X = 0 paspeiB 1 — ro poxa. B atom npumepe Touka paspbiBa 1 — ro
poJa He SIBIISIETCS yCTPAaHUMOM.

Taxum 06pa3om, a7t TOro, 4T00BI TOUKA pa3pbiBa 1 — ro poaa ObuIa yCTpaHUMOW, HEOOXOMMO, YTOOBI
OJIHOCTOPOHHUE IPEJIENbI CIpaBa U cieBa ObUIM KOHEYHBI U paBHbI, a (PyHKIMS ObuIa OBl B 3TOM TOUKE
HE OIpe/eIIcHA.

9.5. HenpepbIBHOCTH (YHKITMH HAa MHTEPBAJIC U HA OTPE3KE.

Onpenenenue. Oynkuus f(X) HaspiBaeTcs HempepbIBHOW Ha WHTepBaje (0Tpe3Ke), €CaM OHA
HeTIpephIBHA B JIFOOOH TOYKE MHTEpBaIa (OTpe3Ka).

[Ipu 3ToM He TpeOyeTcss HempephIBHOCTH (DYHKIIMK Ha KOHIIAX OTpe3Ka WM HHTEpBalla, He00X0auMa
TOJIBKO OJIHOCTOPOHHSISI HEMIPEPBIBHOCTh HAa KOHIIAX OTPE3Ka WIM HHTEPBAJa.

CaoiicTBa (hyHKIIHH, HEIPEPHIBHBIX Ha OTPE3KE.

CpoiictBo 1: (IlepBas Teopema Betiepmtpacca (Beitepmrpacc Kapm (1815-1897)- nemenkwmii
MareMmartuk)). OyHKIKS, HeTIpephIBHAS Ha OTPE3KE, OrPaHMYCHA HAa ATOM OTpPE3Ke, T.€. Ha OTpe3Ke [a, b]
BhINONTHsIETCs yeaoBre —M<f(X) <M.

Jloka3aTeabCTBO ATOTO CBOWMCTBA OCHOBAaHO Ha TOM, 4TO (YHKIMS, HEMpephiBHAsS B TOYKE Xo,
OrpaHMYCHA B HEKOTOPO# €e OKPECTHOCTH, a €CIIM pa30MBaTh OTPE30K [a, b] Ha GECKOHEYHOE KOJINYECTBO
OTPE3KOB, KOTOPbIC “CTATMBAIOTCS K TOYKE X0, TO 00pa3yeTcss HEKOTOPasi OKPECTHOCTh TOUKH X0.

CpoiictBo 2: DyHkIus, HempepbiBHas Ha oTpe3ke [a, D], mpuHuMaeT Ha Hem Hambouiblliee U
HaMMEHbIIICEe 3HAUCHHUS.

T.e. cylIecTBYIOT Takie 3HAUEHHS X1 U X2, 9T0 f(X1) = m, f(x2) = M, npuuem

m<f(x) <M

OTMeTHM 3TH HAWOOJBIIME U HAUMEHBINNE 3HAYCHUS (YHKIUSA MOXET NMPUHHMATh Ha OTPE3Ke U
HECKOJIBKO pa3 (Hampumep — f(X) = sinx).

Pa3HOCTh MeXy HAuOOJBIIMM W HAWMMEHBIIUM 3HAa4eHHWEM QYHKIMH Ha OTPE3Ke Ha3bIBACTCS
KoJ1e0aHneM (DYHKIIMU Ha OTPE3Ke.

CeoiictBo 3: (Btopas teopema bosbiiano — Korwm). ®yHKIms, HenpepbiBHAS Ha oTpeske [a, D],
MPUHUMAET Ha 3TOM OTPE3KE BCE 3HAUCHUS MEXK]TY ABYMS IIPOU3BOJIHHBIMHU BETHUNHAMH.

CpoiictBo 4: Eciiu gynkuus f(X) HempepsiBHA B TOYKE X = Xo, TO CYIIECTBYET HEKOTOpas

OKPCCTHOCTH TOYKH Xo, B KOTOpOﬁ (I)YHKI_[I/IH COXPAHACT 3HAK.

188



CeoiictBo 5: (Ilepas Teopema bosbiano (1781-1848) — Komn). Ecniu dynkuust f(X)- HenpepbiBHAsS
Ha OTpe3ke [a, b] ¥ MMeeT Ha KOHIAX OTpPE3Ka 3HAYCHHS IPOTHUBOIOJIOKHBIX 3HAKOB, TO CYIIECTBYET
Takas TOYKa BHYTpHU 3TOro orpeska, rue f(x) = 0.

T.e. ecim sign(f(a)) = sign(f(b)), To3xo: f(xo) = 0.

Onpenenenue. Oynknus f(x) Ha3pIBaeTCS pAaBHOMEPHO HeNMpPePBIBHOM HA oTpe3ke [a, b], ecmu s
nroboro £>0 cymectByer A>0 takoe, uto s Jr00BIX TOYek X1€[a,b] u X2€[a,b] Takux, 4ro

| x2 — x1|<A

BEPHO HEPABEHCTBO | f(x2) — f(x1) | <e

OTAnyme paBHOMEPHOM HENPEPBLIBHOCTU OT “0BblYHON” B TOM, 4TO A1 NtobOro € cywecTByeT cBoe A, He
3aBucALLee OT X, a NpK “0bbl4HON” HENPEPbLIBHOCTU A 3aBUCUT OT € U X.

CeoiictBo 6: Teopema Kanropa (Kantop I'eopr (1845-1918)- memenkuii marematnk). DyHKIus,
HETpephIBHAs HA OTPEe3Ke, pABHOMEPHO HETpPEphIBHA HA HEM.

(D10 CBOMCTBO crIpaBeIMBO TOJIBKO JUISl OTPE3KOB, a HE JJIsl HHTEPBAJIOB U MOJIYHHTEPBAJIOB.)

ITpumep. y =sin i
X

.1
@Oyukuus Y =SIN — wenpepriBHa Ha uHTepBaie (0, a), HO He SBIIETCS HA HEM PaBHOMEPHO
X

HEMPEPBIBHOM, T.K. CyIIECTBYeT Takoe 4mciio A>0 Takoe, 4TO CYIIECTBYIOT 3HAYEHHS X1 M X2 TAKHE,
aro | f(x1) — f(x2) | >¢, € - moGoe umcno npy yenoBHH, 9TO X1 M X2 GIM3KH K HYIIIO.
CeoiicTBo 7: Eciu dynkiust f(X) onpeaenena, MOHOTOHHA W HEMpEpPbIBHA HA HEKOTOPOM
NPOMEKYTKE, TO ¥ 0OpaTHas eil GpyHkims X = g(Y) ToKe 0JJHO3HaYHA, MOHOTOHHA M HENPEPHIBHA.
Ipumep. Vccnenosars Ha HEMPEPHIBHOCTh (DYHKIIMIO M ONPEICIUTL TUIT TOYEK PasphiBa, €CIH OHU
eCTh.

(x+4, x<-1
f(x)=1x>+2, —1<x<1
2X, x>1

lim f(x)=3 "TO f(x)=3

x—-1-0
lim f(x)=3 lim f(x) =2
x—-1+0 x—1+0
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B TOuKe X = -1 pyHK1MS HEmpepbIBHA B TOUuKke X = | Touka pa3peiBa 1 —ro poaa

y

L
A :

IIpumep. HccrnenoBaTh Ha HENPEPHIBHOCTh (QYHKIMIO M ONPENEIUTh TUIl TOYEK Pa3pbiBa, €CIU OHU

ecTb.
[cosx, Xx<0

f(x):|x2+1, 0<x<1
X, Xx>1

lim f(x)=1 Ii[[lo f(x)=2

x—0-0

lim f(x)=1 Iignof(x) =1

x—0+0

B Touke X = 0 pyHKIIMS HENMpephIBHA, B ToUke X = 1 Touka pa3psiBa 1 — ro poaa

-T 12 0 1 X
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N o gk~ wDnp e

BOIIPOCHI 1JI1 CAMOIIPOBEPKHA

JlaiiTe onpeieTieHne HEPEPHIBHOCTU (PYHKIIUHU B TOUKE.
[TpuBenure npumepsl GyHKINUN HEMPEPHIBHBIX B TOUKE.

Jaiite onpeseneHue HEMPEPHIBHOCTH (DYHKITUU Ha HHTEPBAJIC.

Uto Takoe Touka pa3pbiBa? Touku pa3pbiBa MEPBOTO U BTOPOTO poOJa.

[IpuBenuTe mpuMepsl TOUEK pa3pbiBa MEPBOTO U BTOPOTO POJa.
CdhopmynupyiiTe 0OCHOBHBIE CBOKWCTBA HETIPEPHIBHBIX (DYHKITHH.

[IpuBeauTe nprMepsl HEMPEPHIBHOCTH IEMEHTAPHBIX () YHKITHIA.
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IIpakTHyeckas padora Ne2.

Tema: Onpeznenenne HENPEPHIBHOCTH PYHKIMU, TOYEK Pa3pbiBa (PYHKIIUH.

Henanb: PazBuBaTh U COBEPILIEHCTBOBATH YMEHHUE ONPEIEATH HENPEPHIBHOCTD (DYHKIIHH,
HAXOJUTh TOYKH pa3pbiBa (YHKLUUH, 3aKPEIUTh HABBIK BHIYMCIICHHS MPEEIIOB C
IOMOIIBI0 (POPMYJI IIEPBOIO U BTOPOTO 3aMEUYATENBbHBIX ITPEIEIIOB.

Oobecneyenne NpakTU4YeCKoi padoThI:
Teopernueckuit MaTepral METOINYECKON PEKOMEHIAINY K PAKTUIECKOM padoTe.
VYue6nuk. boromonos H.B. «Marematuka». — M.: JIpoda, 2006.

I/IHI[I/IBI/IIIyaJIBHBIC KapTO4YKU C BApUAHTOM HpaKTH‘IeCKOﬁ pa6OTBI.

TeopeTnueckuii MaTepuaJji, NpUMepbl HA ONpe/ieIeHIE HeNPEePbIBHOCTH PyHKIMH,

Onpeodenenue nenpepvleHOCMU YYHKYUU
f(=) (;)
Onpenenenue Ilycts pyHkuus orpeJiesieHa Ha HEKOTOPOM MHTEpBalie :

Ig flz)

JUISL KOTOPOTO  -- BHYTPEHHsAs Touka. OyHKIuUs HA3BIBACTCS HENPEPbIGHOU 8 MOUKe

Ig flz) T — Ig flza)
, €CJIU CYILECTBYET MPEIEI npu ¥ DTOT TIpeJIe]l PABEH 3HAYEHHIO , TO

C€CTh

lim f[I} = f{Iq].

T—rT

flz) [za;b)
[Tycth ¢yHKIINA omnpeniesiecHa Ha HEKOTOPOM IOJyHMHTEpBaje , IS
Ig f [I:]

KOTOpPOTO -- JIeBbId KOHEeU. DyHKIUs HAa3bIBACTCSl HENpepul8HOU CNpasa 6

Tg flz) I — Ig+
mouyke , €CJIIN CyHIGCTByeT HpeI[eJI HpI/I n O9TOT Hpe,Z[eJI paBeH

f[Iu]

3HAa4YCHUIO , TO €CTh

Im f(z)= f(za).

T—T0+

f(z) (a: zd]
[lycTh, HakoHel, (QyHKIHS ONpeAeseHa Ha HEKOTOPOM TOJyUHTEpPBAe :

Ig flz)

JUTS1 KOTOPOTO -- MpaBblil KoHell. DYyHKIUST HA3bIBACTCS HENPEPLIBHOU Cle6d 8
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Ig f{I] r —* Ig—
mouke , €CJIIM CYHWCCTBYCT IPCAcII npu M OTOT MPCAC] paBCH

f{Iu]

3HAa4YCHUIO y, TO €CTh

im f(z)= f(za).

T—T0—

W3 TeopeMbl 0 CBSI3HM ABYCTOPOHHETO Tpejena C OJHOCTOpOHHUMH (Teopema 2.1)
Cpa3dy cClenyeT, Kak yK€ OTMEUaJoCh B TJIaBe 2, YTO HUMEET MECTO CIEayIoIee
NpeIOKCHHE.

f (I } Ig
[pennoxenue . Dynuxyus mo20a u MmoabKo mo2oa HenpepovlHa 8 MmoukKe ,

Ig
KOZ@CZ OHA HenpepvleHA 6 MOYKe cnpaesa u cieea, mo ecmo KOZOG 6blNOJIHEHbL

creoyoujue yCio8usi:

I Ig
1) ¢ynxyus onpeoenena 6 mMouke U 8 HEKOMOPOU OKPECMHOCMU MOl

mo4Ku,

im f{:] = f{zg—]

2) cywecmayem npedesl 3HaueHull PYHKYuu cieéq.; == ;

im f{.r::l = _]F[Iu-l—::l

3) cywecmsyem npeden 3naveHull yHkyuu cnpasa.; *0" :

4) smu 0sa npedena coenadarom mexncoy coboll u co 3HadeHuem QYHKyuu 6 mouke

2o, flao=) = flzot) = f(z0)

f{Iu]

Puc.®yHK1us HenpephpIBHA: PEIEIIBI CJIEBA U CIIPaBa COBIIAIAIOT C
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Iy o o
Touxa , B KOTOpPOM (YHKUUS HENpEpbIBHA, HA3bIBAETCS TOYKOM

f(z)

HEIIPEPLIBHOCTH (bYHKI_II/II/I , TaK KC ONPEACIIAOTCA TOYKH HCIIPCPBIBHOCTH
CJICBA U CIIpaBa.

F@) =Vl z=0 lim £(z) = lim /o] = 0
Ipumep 1 Ilycth U . Torna "
f(0)=+0=0
. DTH 3HAYEHUS COBIA/IAIOT, 3HAUYUT, PYHKIIUSI =~ HEMPEPhIBHA B TOUKE
Iu = D’
L
Fz) = VIl = ()} ro=0 ,,
(DyHKIHS -- JJIeMEHTapHas (yHKIIHS; -- TOYKa €€
D(f)=R
00JlacTH oIpeaeseHus . Bce anemenTapubie yHKIIMU HENPEPHIBHBI BO
BCEX BHYTPEHHHUX TOUKAX CBOMX 00JacTeld ompeaesieHus, B TOM 4uciie U 3Ta. Tak uTo
f(=)
B OTOM IPUMEPE MOKHO OBIJIO OBl 3aMEHUTH 0001 2JIeMeHTapHOU QyHKIIHEH, a
IU = D’ o o o P{f}
-- 000N BHYTpPEHHEH TOYKOM obiactu , ¥ BBIBOJI OCTajCsi ObI TeM
xKe.)
sin z
Ipu 0
flz) = _ TPz #D
1, mpu r =10 g =0
IIpumep 2 PaccMoTpum (yHKITHIO U TOYKY
sinz
r#0 . . flz) = T
[Tpu bynakums 3anaéres popmynon , TIPA ’TOM UMEeM
. . sinz
fim flz) = lm == =1
(mepBbIi 3aMevYaTeNbHbIN MPEeAE). DTO 3HAUEHUE COBNAJAET C
FlOy=1 lim f(z) = f(0) =1
TEM, KOTOPOEC 3aJ1aHo IpU r = 0. . Utak, =9 , 4TO O3HAYACT

HEIMPEPBBIHOCTH QYHKITUN f npu 9T 0,

Tem, KTO BHUMATENBHO M3Y4YWI JJAaHHOE B TaBe 2 olIiee moHATHe 0a3bl mpesena,
MOYKHO MPEJIOKNATH TPOAYMATh U JI0KA3aTh CIEIYIOIIEE YTBEPKACHUE:

Onpeoenenue mouex paspuiea

JlaguM Tereph omnpeIesIeHHe TOYSK pa3pbiBa (PyHKITHH.

Ig . f [I]
Onpenesenue Touka  HA3BIBACTCS MOUKOU paspsiéa GyHKIIAN , €CITM OHA

o o Ig
opeCacjiacHa B HCKOTOPOM ITPOKOJIOTON OKPECTHOCTH TOUYKH (TO CCTb OIIpCACICHA Ha
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Iy o o o
HGKOTOpOM I/IHTepBaJ'Ie, JJIA KOTOpOFO CJ'IY)KI/IT BHYTpeHHeI/I TOYKOH, HO B CAMOH TOYKEC

I
’ , BOBMOYHO, HE ONPEJIETIC€HA) U BBIIOJIHAETCA XOTs Obl OJJTHO U3 CIEAYIOIINX YCIOBUMA:
im f(z)
1) He cymiecTByeT Ipe/ena ciaeBa * 0~ ;
im f(z)
2) HE CyIIECTBYET Ipe/erna crpapa *— =0+ :
flzo—) = Lm f(z) flzot) = lm f(z)
3) mpenebl ciieBa T U cIipaBa Ezo+ CYILIECTBYIOT,
f[Iu—] # f[Iu-l-]_
HO HE paBHBI APYT IpPYry: :
f(zo—) = Im f(z) f(zot) = lim f(z)
4) mpenensl cieBa o= U cIipaBa T—T0t CYIIECTBYIOT
f(zo=) = f(zat)
Y paBHBI IpyT ApPYyry: , HO HE COBIAAAIOT CO 3HAUCHHEM (DYHKLIUU B
1o flza) # flza—) = f(zat) f(z) Ig
TOYKE ! , W QyHKIUS HE OIIpe/eIeHa B TOYKE

o o Ig
Ecnu umeer mecto nmubo ciyuait 3, mubo ciaydait 4, To Touka pa3phiBa

HA3BIBACTCSL MOUKOU paspviéa nepeoco pooa, a oBeJeHNe (PYHKIIMU B OKPECTHOCTH

Ig Ig
TOYKH HA3BIBACTCS paA3pbléoM Nepeo2o pooa B TOUYKe ; B ciaydae 4 Touka

pa3pbiBa NEPBOrO POJA HA3BIBACTCA YCMIPAHUMOU MOYKOU paszpviéd, a Pa3pbiB
(GYHKIIUU B ATOU TOUKE -- YCMPAHUMbBIM PA3PBIBOM.

Ecam xe umeer mecto nubo ciydair 1, mubo cinydait 2 (iubo U TOT M JAPYyrow

Ig .
cpa3y), TO TOYKa pa3pbiBa Ha3bIBAETCSl MOYKOU paA3pbléd 8Mopo2o pooa, a
noBeIeHHE (PYHKITUU B OKPECTHOCTHU ITOU TOUKH -- pa3puléoM 6Mopo2o pooa B TOUKE
Ig
f(z) Ig
Utak, eciu ¢yHKIUA UMEET pa3pbhlB MEPBOr0 poAa B TOUKE , TO
CYIIECTBYIOT, KaK 4acTO TOBOPAT, 3HaueHUs GyHKIMU "Ha Oeperax paspbiBa':
flzo=) flzat) Zg y
u , HO TOUKa  HE ABJISIETCS TOYKON HEMPEPHIBHOCTH.
y &

Axgth +-----—--- ﬂﬂ
Flxo) \*
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ey
-- TOYKa pa3pbiBa IEPBOToO poaa

Ig
Ecnu 3Hauenus Ha Oeperax paspbiBa pa3Hble, TO 3Hau€HUE (PYHKIMU B TOUKE
. Ia
MOXXET OBbITh JIIOOBIM (MJIM BOOOIIE OTCYTCTBOBaThb), BCE paBHO OyJIeT JaBaTh
pa3psIB niepBoro pojaa. Ecnu ke 3HaueHust Ha Oeperax pas3pbiBa COBNAAAIOT, TO IS

HaJIU4YUs pa3pblBa HY>KHO, YTOOBI JIMOO 3TH COBIMAJAIONIME 3HAUCHUS OB OTIMYHBI
Ig .
OT 3Ha4eHUs] (YHKIUMU B TOUKe , JUOO (PYHKIUS B 3TOM TOUke OblJJa BOBCE HE

onpezeneHa. Eciu B 3ToM ciydyae nepeornpeaenuTb (Mik A00NpeeauTh) GyHKIUIO

flz) Ig f(za) = flza—) = flzat)

B TOYKC , IOJIOXKHB , TO TIOJTYyYCHHasd U3MEHEHHAs

Iy Iy
¢yHKIuMs OyAeT yKe HEMpepbIBHA B TOUKE W pa3pbiB B TOUKE  HCUE3HET; OTCIo/1a

N Ha3BAHUC TAKOI'O pa3pbiBa -- yCTpaHHMBIﬁ.
y &

S O I

.

Ig
-- TOYKAa YCTPAHUMOTO pa3pbiBa

Haxkoner, k pa3pbiBaM BTOPOTO pojia, KaK BUIAHO U3 OMpPENeNeHUs, OTHOCATCS BCE

pa3phIBbl, KOTOPHIE HE MPUHAIIEKAT K pa3pbiBaM MEPBOTO POJIa; HEKOTOPHIE U3

Iy
BO3MOJXHBIX CHOCO6OB IIOBCIACHUS (I)YHKI_[I/II/I B OerCTHOCTI/I TOYKHU , rac

MIPOUCXOAUT Pa3pbiB BTOPOTO POAA, MPEICTABICHBI HA CIEAYIOIIEM PUCYHKE.

y & v y &

yfix)

s
\
v

0 X x 0 » 0 Xy x

Iy
-- TOYKa pa3pbiBa BTOPOro poaa. HekoTopeie BO3MOXKHbBIE BAPUAHTHI
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@ —z
_ | |

f(I] 2—1z
IIpumep 3 Paccmotpum yHKIMIO , JUIs1 KOTOpOU

D(fy={zeR:2* -z #0} =(—00;0)U(0;1) U (1;40co0).

@yHKIHS UMEET Pa3pbIBbl IPU z = 0U IIpU z = 1. HeTpynHo BUETH, UTO IIpH

@) =simn(e -1 ={ e < Oume>

I;énjl;uf -1, eem0<z <1

BToukax zr=0u z =1
GbyHKIMS ©MeeT HeyCTpaHUMBbIE Pa3phIBLI MEPBOTO pojia. B Touke z = 0umeem:

Im f(r)= lim 1=1; lim f(z)= lim (-1)=-1

T—0— T—0— Cor—04 T—04
(3Ha‘leHI/IH Ha KpasgaX pa3biBa CYHICCTBYIOT, HO HC COBHaI[aIOT); BTOUKE =1 --

lim f(z)= lim (-1)=—-1; lim f(z)= lm 1=1

z—1— T—+1— —14+ z—14+

(CHOBa Mpeaciibl CJICBA U CIIpaBa CYIICCTBYIOT, HO HC COBHa)laI-OT).

y &
: _ |X:E - Xl
1 i ’= LRl 4
. Lo
| -
0 'l x
-1 -II—I-E
y=157
['paduk GyHKIIUN
1
flz) = ~
Ipumep 4 DyHkius UMeEET NpU = = 0pa3pbiB BTOPOTO pOJIa, TaK KaKk
flz) — 400 1 — 0+ flz)— —0oo r— 0—
npu u npu
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f(z) =
Puc.3.6.I'padux pynxuuu

Ipumep 5 Dynkuus

flz) = +oo r— 0+ r — 0—
npy W TIpU :

Ilepsbiii 3ameuamenvhulli npede pagen 1

sinz
lim

o—{0 I

=1

Bm0pbl.7l/l 3amedaneilibHbim npedeﬂOM HAa3bIBACTCA IIPCACIT

H |

MMEET MpU z = 0pa3pbIB BTOPOTO POJIA, TAK KAK
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ge= lim (l-l—l) ]
n—oo T2

Yucno e, 3aJaHHOE 3TUM MPEIEIOM, UTPAET OUEHb OOJIBLIYIO POJIb KaK B
MaTeMaTH4YECKOM aHaJIM3€, TaK U B APYTUX pa3feiaax MaTteMaTuku. Yucino edacto
Ha3bIBAIOT OCHOBAHUEM HAMYPATbHBIX 102APUPMOS.

Bmopoti 3ameuamenvubiti npeden cywecmgyem. E2o 3nauenue e -- uucio, aexcaujee
mexncoy 2 u 3.

bonee HOI[pO6HO€ N3YUYCHHC YHCJIa eIIOKA3BIBACT, YTO & -- HPPAIUOHAJIBHOC YUCIIO,
HCCKOJIBKO TICPBLIX NCCATUYHBIX 3HAKOB KOTOPOTO TAKOBbI:

e = 2,7182818285. ..
3241
i (I + 1)
z—oo \ 1 4+ 3

3II€CI> OCHOBAHHUC CTCIICHU UMCCT IIPCACII

IIpumep 6. Haitném npenen

141
]imI+1=]jm +T=1+D=1,
z—eo T + 3 T—H}Dl-l—% 140

27+ 1 = 00

a TI0Ka3aTelb CTENEHU . IIoaTOMYy MOKHO MIPUMEHSTH TOT K€ NPUEM
CBEJICHHS KO BTOPOMY 3aM€uUaTelIbHOMY MPEEIy, UTO B peabIAyIleM npumepe. s
HaJaya HaiaEM, 9To CIeyeT B3STh 32 OECKOHEUHO Majyio BeIMUUHY .dl0CKOJBbKY

1+
OCHOBaHHE CTENEHU CTPEMHUTCS K 1, TO OHO paBHO , Tae a — 0(cM. Teopemy 2.4).
3HAYMT,
r+1 r+1—z—-3 —2
r+3 r+3 r+3

Teneps npeobpazyeM PyHKIIHUFO, CTOSIIYO IO 3HAKOM Ipesiena:

—2
- L\ F )
]im(l-l_l) = lim (l-l— 2)
z—oo \ 1+ 3 T—oo r+3
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BripaxeHue, cTosiiiee B KBaIpaTHbIX CKOOKax, UMEET BU/T

(1+a}%
AIpU o — 0

CTPEMUTCS K YACITY e (9TO BTOPOM 3aMeUaTeNIbHbIN MIpesen), a Mpees NoKa3aTems

CTEIIEHU MBI HAUAEM OTHEIBHO:

— 241
T3 I-|—3 T—ml{-%

IToaTomy

Eﬂl(lﬂ); =[] ]31_‘1}10[(1+x)%]3 = o7

| =
]

1 1 2x-4 2x-2)
fim (253077 = [1° |=lm (L +2x - 4)F 2 =lime ° =&

=1 ¥—=1 ¥

x=1 4{x+3)

3 E+3
]jm(ﬁg] =[1“]=]j1n(x_1+4] =]jm(1+i S|

LET L, . | ¥ r—1 Y= r—1
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1+0
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Mertoaudeckue peKoMeHIaIMU K MpakTHYeckoi padore Nel

«Bpruncnenue npeneaoB QyHKIUN»
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[Ipaktuyeckas padora Ne 1.

Tema: Beraucnenue npeaenoB GyHKINN.

Lenb: [IpoBepka ycBOeHUs 3HAHUH 110 BBIYMCICHUIO IPEETOB (DYHKIMIA ¢ TOMOIIBIO PACKPBITHS
HeonpenenéHHocTel. [IoBTOpUTh U CUCTEMATU3UPOBATH 3HAHUS IO JAHHOW TEME.

ObecrieyeHye NpaKTUIECKON padoThI:

TeopeTnueckuii MaTepuaa METOAUUECKON PEKOMEHIAIMU K PAKTUYECKOU padoTe.

Yueonuk. boromosioB H.B. «Martematuka». — M.: [Ipoda, 2006.

WHnuBuyaibHbIC KAPTOYKH C BAPHAHTOM MPAKTUYECKON pabOTHI.

Teopernyecknii MaTepuai, MpUMEpPbI BEIYACICHUS MIPEICIIOB.

Onpenenenune npeaena.Yucno b — npenen dynkiuu f(X) npu X ctpemsineMcs K @, €CIu I KaXI0To
MOJIOKUTEIBHOTO YKcia [ [JMOKHO YKa3aTh TAKOE€ MOJIOKUTENBHON YUCIIO [, 4TO ISl BCEX X, OTIIMYHBIX
OT @ ¥ yJIOBJICTBOPSIOIINX HEPABEHCTBY |X-a|< [[uMeeT MecTo HepaBeHCTBO [f(X)-b|< OO

O6o3nauenue npenena. Eciu b ects npenen ¢pynkimum f(X) npu X ctpemsiimemes K @, TO 3alTUCHIBAIOT
3TO TaK:

lim f(x)=b.
I
Omnpenenenue HenpepbiBHOM GyHKIMU. DyHKIUs f(X) HEMpeppIBHA B TOUKE @, €CIIN

lim f(x)= fia).
X—ra
Brruncnenue npeaenoB GyHKINE OCHOBaHO Ha IPUMEHEHHUH CIEAYIOIINX OCHOBHBIX TEOPEM:
TEOPEMA 1.IIpeaen cyMMbI ABYX (yHKIUI IPU X CTpEMsIILIEMCS K & paBeH CyMMe MPEJIENIOB 3TUX
GyHKIMM, TO eCTh

lim (f(x)+ g(x))= lim f(x)+ lim g(x).
A—ra I i—ra
TEOPEMA 2.Ilpenen npousBeaeHus: AByX QYHKIIHH IPHU X CTPEMSIIIIEMCsI K 8 paBeH MPOU3BEICHUIO
MpesieoB 3TUX QyHKIUH, TO €CTh

lim (f(x)g(x))= lim f(x)- lim g(x).
X—a r—a i—a
TEOPEMA 3.Ilpenen 4acTHOTO ABYX (PYHKIIUI MTPU X CTPEMSIIIEMCS K & paBEH YaCTHOMY IPEJICIIOB,
€CJIM TIpeJieN 3HaMeHaTeNsl OTIMYEH OT HYJIS, TO €CTh

lim f(x)
S ) R :
lim = — , ecmd lim g(x)=0
x—a g(X) limg(x) x—>a
i—ua
" paBCH ILIIOC (MI/IHYC) 6eCKOHe‘IHOCTI/I, CCJIM IIPCACII 3BHAMCHATCIIA O, a [IpeacyI YUCIIUTCIISL KOHCUCH U
OTJIMYCH OT HYJIA.

BBIYMCIIEHUE HECJIOKHBIX ITPEJIEJIOB

ITpumep 1.
lim(x +3)= lim x + lim 3= 7+ 3=10.
x—7 =7 x—7
Kommenmapuui. 3necw Obl1a ucmonb30BaHa TEOPEMA O NPEAETE CYMMEI.
ITpumep 2.
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lim(3x + 2) llm(S.x)+ lim2 lim3-limx+2

lim 3x+2 — x—1 x—1 x—1 _x—=1  x—l —
x—>12x—7  lim(2x - ?) lim(2x )+ llm( 7y lim2-limx—7
x—1 =1 x—1 x—1 x—1
By Y Y.
2:1-7

Kommenmapuii. Ha nmepBoM 1mare Oblia npuMeHeHa T€OpeEMa O MPEAEIe YaCTHOT'O, Tak Kak
npeJen 3HaMeHaTels He paBeH Hyito. Ha BropoM mare ncnosb3oBaigack TEOPEMaA O MPEJIEIE CYMMBI
IUTSL YUCITUTENS ¥ 3HaMeHaresst 1poou. [locne Obita mpuMeHneHa TEOPEMA O MPEAEIIE MPOU3BEACHUS.

[Tpumep 3. Haiitu npenen

x2—4
lim

=2 X — 2

3HaMeHaTelb U YUCIUTEIb JPOOU P X CTpeMALIeMcs K 2 CTpEeMSATCS K HYJII0, I03ToMy T€OpeMa O
IIpEJIeJIe YaCTHOI'O 37iech HEpUMEHUMa. B Takux ciydasix Hy)KHO TOIBITaTbCs YIPOCTUTH APOOb.
HNmeem

—4_(-2)a+2)_
x—2 x—2

OT10 peoOpa3zoBaHKE CIPABETHUBO MPU BCEX 3HAUECHUSAX X, OTIIMYHBIX OT 2, TO3TOMY B COOTBETCTBUH
C OIpEJIEICHUEM IIpEEIa MOKEM HaAINCATh

2
. X X—-2)x+2
lim = lim ( X )— lim{x +2)= lim x+ lim 2=
x—2 X—2 x—32 x—2 x—32 x—32 x—>2
—2+2=4
BBIUUCJIEHUE IIPEJIEJIOB C ITOMOILBIO TEOPEMBI O IIEPBOM 3AMEYATEJIbHOM
TIPEJIEJIE
[Tpumep 1.
lim 8 te(x) _ m S1n{x) 1 _ lim sm(.x) lim 1
x—=0 X x—=00 x  cos(x)] x=0 x x—0 cms(.x)
1 1
=1.— - =1.-=1
lim cos(x) 1
x—0
[ a—o, ectu K=m
P (" |{ 6, eciu K<m
Iim, (n) Q. )~
e | a

2 ecu k>m
w-sgn
l bo

Ilpumep.. Hantu npenenst:

5n+n? —3n° +2 n->5n°+4

a) [Im 6) lIm

3 )
s 4n® +n+5 e n*+3
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n*+n+1

B [IM s
o n?-2n*+5
Pemenue. 3
5n+n?-3n°+2 -3n® 3
a) lim =lim =-—,
e An¥4+n+5 o 4n® 4
. n-5n°+4 . 50 _o
Olim—3—5—=lim——
N noeo N
n*+n +1
B) I|m S e M
N—o0 - n
CneﬂyeT OTMETHTb, uTo hopmystbl (1.5) u (1.6) cripaBeyTUBEI HE TOJIFKO /ISl MHOTOUW/ICHOB Le/I0i
CTENEHH, HO U JIJIi MHOTOUYJIEHOB APOOHOM CTEIEHH, TaK KaK lim™ _ ¢ s moGoro a>0.
nN—oo na

Ilpumep . Haiitu nipeaensl.

2) Iimi/lGn6 +1-38n? +5+Jn+ 4
N Yn®+2-/25n +7

6 [im Yty +L
n—w \/_—3\/n2+5 ’
5_3n—1 _7_5n+1

Mg s s

Pewrenne:
a) B uncnurene Tpu cinaraeéMpIXx COOTBETCTBEHHO CTETICHHU: 6 - 3 , 2 u —- CrnenosarensHo,
4 2 3 2
1 3
3 . 6n%)4 = 2n%"
CTereHb YHCIUTENS PaBHa _, a TJIaBHbIN WwieH B unciuTese pasen (16n°)* =2n°. Anamornyso,

2
1 3

IJIaBHBII wieH B 3HaMeHatene — (25n%)% = —5n2, I/IMeeM o gopmyaam (1.5) u (1.6):

a)|imV16”6+1‘3\/8”2+5+~/“+ _Ilm 2n2 :_é
- 4n® +2—+/25m% +7 _5n2
3
. An+n®+1 n‘
6 lim f—llm —||mn12:—
n—o \/— n’+5 n—o n3 n—c0
5'3n—1_7 5n+1 5n((§)ﬂ 1—7 5\] 35
8 lim 5 =lim ,
no BBTF3ATE L 5”(8+3 .. fﬂ 3
(5)

n-1 (4\n
T.K. ||m(5) =0 u |Imk5J

n—oo n—o0

3,[[601: TaKXe MOKHO OBLIIO UCITOJIb30BaTh HUACTO, UTO T JIaBHBIM YIEH 3TO CTapH_II/Iﬁ yjeH. Mmeem:
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I' 5_3n71_7_5n+1_|_ _7'5n+1__$
nl_r,[] 8-5" +3.4™2 nl_m 8-5" 8

Ilpumep 1.4. (HeornpeaeieHHOCTH « — « )

a) [IM&/n® +n* +1-%n° —n* +1), 6) limn(Vn? +1 +n)

—>0

n——w
Pemenwue. /s n306aBIeHUsS OT HEOMPEACTICHHOCTH oo — oo 3/IECH CJICYET U30aBUTHCS OT

HPPaluOHAIIBHOCTH B YACIUTCIIC, YMHOXUB U pa3JAC/IMB JaAHHOC BBIPAXKCHUEC HA COOTBETCTBYIOLICC
COIIPsKECHHOC BBIPAKCHHUC.

a) Ucmonezyem popmyny
a" -b" = (a-b) (@™ +a"%+ a3’ +.+ab"2 + b1)

Jlnst taHHOTO IIpUMeEpa
2 -b*=(a-b)@" +a¥b+a’’ +ab® +b)
HNwmeem:

a)|im(5\/n5 +n* +1—3/n5 -n*+1) =

n—oo

T (i/n5 0t +1-8/n —n? +1)(5\/(n5 +n* +1)* +§/(n5 +n* +1)3(n° —n* +1) +

N> *"\/(n5 +n* +1)*4 +5\/(n5 +n* +13(n° —n* +1) + 5\/(n5 +n* +1)?(n° —n* +1)2 +
+5(n +n* +1)2(n° —n +1)2 +3/(n° + n* +1)(n® —n* +1)° +5/(n° —n* +1)*)
+\5/(n5 +n* +1)(n® —n* +1)° + 5\/(n5 —-n* +1)*

f n°+n*+l-n"+n*-1 2

=1l
n—>w 5.2/([]5 )4 5
6) Hanomunaem, uto /n? = In[u mpu N —>—00|n|=-n.
HNmeem:

- . nn® +1-n?) _q: n -
limrGr +1in)=lim————=lim———=~
f—— n—>-wo 4/ nz +1-—n n——o |n| 1+i -n

r12
. n ; n 1
lim =lim ==,

n——oo 1 nN——ow 1 2
-n i+ -n -n 1+ +1
n n?
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[Ipaktuueckas padora Ne 8.

Tewma: Beruncienue HeonpeaeaEHHbIX HHTErPAIOB METOIOM BBEACHUSI HOBOU
IIEPEMEHHOM.

Llens: IIpoBepuTh Ha NMPAKTUKE 3HAHUE MOHATUSA HEONPEACIEHHOIO UHTErpaa,
YMEHHUE BBIYUCIIATH TaOJIUYHBbIE UHTETPaJbl, YMEHUE BBIYUCISATH HEONPEACIEHHBIN
VHTETPAJl METOJAOM BBEICHUS HOBOU NIEPEMEHHOM.

ObecneyeHre NPaKTUYECKOM pabOTHI:

TeopeTnueckuii MaTeprall METOAMYECKOW PEKOMEHIallUK K MMPAKTUYECKOU padoTe.

VYue6nuk. boromonos H.B. «Marematuka». — M.: JIpoda, 2006.

NuauBuayanbHble KAPTOYKH C BAPUAHTOM MPAKTUYECKOM pabOTHI.

TeOpeTI/I‘IeCKI/Iﬁ MaTCpUuaI U IIPUMCPBI BBIYUCIICHUA HCOHpeI[eJ'IéHHOFO HHTCI'paJia
MCTOAOM BBCACHMUA HOBOH HepeMeHHOﬁ.

Heonpenenéuuplit uHTErpan u Tabyinila HeonpeaeaEHHbIX UHTETPaIioB
flz)
Onpenenenue Ilycthb -- (pyHK1IMSA, 3a7]aHHAs HA O0BEIMHEHUN UHTEPBAJIOB
5 f(z) .
BenecTBeHHOI ocu. Habop Bcex mepBooOpa3HbIX AJis HA3bIBACTCS HEONpeOelEéHHbIM
T (I:J _,r f [I::I dx
uHmezpaniom Ot 1 0003HAYaercs . Onepanusi HaXOXKJACHUS
§ . flz)

HEONPEeACIEHHOTO MHTETpajia Mo 3aJaHHON (HYHKITUU HA3bIBACTCS UHIME2PUPOBAHUEM
9TOW (YHKIIMHU; HAUTHU HEONPeeAEHHBIN HHTETPaA O3HAYAET NPOUHMe2PUPOBams TaHHYIO

byakuo. OyHKIUSA ﬂl}, 3amMcaHHasl Tocjie 3HaKa MHTerpana (Wi, Kak 4acTo TOBOPST,
100 3HAKOM MHTETpaja), Ha3bIBACTCS NOObIHMESPAILHOU (DYHKYUEL.
CornacHo J0Ka3aHHBIM BBIIIE TEOPEMaM O BHJE NEPBOOOpA3HBIX, HEOIpeaeaEHHbBIN
flz) F(z)+C F(z)
UHTETpaJl OT PYHKIIUH COCTOHUT H3[(1)]yHKuI/H‘/’I BHUJIA , TIe -- Kakas-Iimbo
flz

(bukcupoBaHHas IEPBOOOpA3HAs IS , & (7-- BCJIMYMHA, TTOCTOSTHHAS Ha KaXKIOM U3

flz)
HETIePECeKAIOIMNXCSI HHTEPBAJIOB, HAa KOTOPHIX 3a7aHa (DYHKITUS . [ToaToMy MOXXHO
HaIMCaTh TaKy GopMyIy:

fﬂﬂa:ppﬁx:
J f(z)dz = {F(z) + C}

(Tounee ObLTO OBI , HO (purypHbIe CKOOKH, 0003HAYAIOIIHE
y F(z)+C y
MHOYKECTBO BceX (PYHKITMN BT , INCaTh B JAHHOW CUTYaIlUH HE MTPUHSATO. )
[ f(z)dz = F(z) +C
Wrak, m1st Toro 9To0BI JOKa3aTh PABEHCTBO , TOCTaTOYHO
F(z) f(z) F'(z) = f(=z)
MIPOBEPUTH, YTO -- mepBooOpazHas s , TO €CTh YTO :

1 IU'dx=C_ 1 Ichxafx:=shx+(?_
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: [ldx=x+C 1

9 Ish2x=—cthx+(?
: g d
J'x“d:c=xm + 1 [——=thx+C
e+l (ge-1). S ch?x
L 1 dx 1
k= =nk|+ e 1 3 de 1 x
JJE= I ke 4 | =g e+ C
f 1 dx 1 ‘x—a
X =_1n +¢
J'axafx:=a—+(?- 5 ng—az 20 |x ta
ln e ’
Iexdm=ex+(?-
( Ismxdx=—cosx+c- 1 J‘L=arcsin£+ﬂ'=—arccos£+c
6 az—xz P by
1 _[cosxdx:=sinx+€_ 1 x+w{m+ﬂ'

—a&: =In
R
¢ dx 1 le'xz+adx=£ﬁx2+a+%h’1‘x+ﬂx2+a

+

=-rctex + 8 2
Ismzx
S 1 2 2 X 2 2 aE X
& 9 ll-‘\.,llﬂ, —xde=—na® —x* +—arcsin —+C
J' - =tgcx +C . 2 2 P
cos® x
1 _[shxd):=|:hx+C 2 e x
. =lnteg |+
0 0 '[sinx gE .
J- dx _ ’!gx+?rf2‘+c
COsX 2

3ameHa nepeMeHHOI B HeolpeIeJéHHOM HHTerpale
(MHTerpupoBaHue MOACTAHOBKOM).

Iycts [ £(x)de = Fx)+C Torna [ F@ixneix)de = Fe(x) + C 3nechb t(x) -
muddepenHnmpyemast MOHOTOHHAsI (QyHKIHS.
[Ipu pemieHun 3agad 3aMEHy TMEPEMEHHON MOXKHO BBIOTHUTH JBYMS

crocobamu.
1. Ecim B mnoabiHTErpanbHOM (GyHKIUU ynaércs cpa3dy 3aMeTuTh 00a

comoxurenst, u f(t(x)), u £0x) 10 3ameHa MIEPEMECHHONW OCYIICCTBIIICTCS

t'(x)dc = dt

MOJBEICHUEM MHOXKHUTES * (x) o 3Hak nuddepeHnnana: , 1 3ajada
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CBOJUTCS K BBIYHMCIICHUIO MHTErpajia J £ @)t . Hamnpuwmep,

sin x - zin xdhe dicosx) ot
frome = [ 22 g o LB ACOT) f

Lo as COS X COSX (3amaya cBeleHa K BBIUYHCICHUIO ~ f |
rne t = cos X) =-hnfeosx|+C (aHAJIOTMYHO HAXOAWTCA HUHTErpan or CEx );

sin X _ p8inxX g - _ ¢ ;
[ " cosxdx = [e""dsm X = (39719ya cBenena k Boraucnennio J€ % rpe t = sin x)

= SEinx | C
€ . B Oonee cloXHBIX 3ajayax omnepanus IMOJBEIECHUS TOJ 3HaK
muddepenunana MOKET BBIITOJIHATHCSA HECKOJIBKO pas:

Jearcctgsxz arcctg4x2 A =

I+x (camoe HenpHsSITHOE B MOJBIHTETPAIbHONU (YHKUIUU -
IsITad CTCIICHBb APKKOTAHI'CHCA 110 3HAKOM 3KCIIOHCHTBI, €CJIN NAJIBIIC HC HaﬁﬂéTCH
muddepennman 3Toil GyHKIMH, TO UHTErPall, BO3MOXKHO, B35Th BOOOIIE HE yJACTCS;
B TO € BpeMsl CIeyIOIi MHOKHUTENb (arcctg?X?) - mpousBoaHas (C TOYHOCTHIO J10
ITOCTOAHHOT'O MHO}KI/ITeJIH) CTEIICHHOM q)yHKHI/II/I, 3aTeM CJIICAYIOT IIPOU3BOIAHBIC

(OHATH ¢ TOYHOCTBIO O MOCTOSHHBIX MHOKHUTelei) (yHkumii arcctg x> m X% 1o

CBOUM apryMeHTaMm)
1 5.2 1 1 5.2
= —_[em':tg * arn:n:tg4 x* (2xe) = —_[em':tg * aru::u::tg4 x? dx’ =
2 1+x* 2 1+ x4
2
1 5.2 - dx 1 2
= ——_[ear':':tg * art:ctg4 xz — = ——_[ear':':tgs * art:t:tg4 :.t:zd arn:n:tg.:vc:2 =
2 ]_+ x4 2
1 L 1 5.2 1 5.2
= —E_[emctg * (5ar|::|::tg4 xzdarcctg xzj = —ﬁ_[em':tg * (darcctgj xzj = _ﬁ&.ﬂrcctg * +C

2. 3ameHy IEpeMEHHONU MOKHO OCYIIECTBIATH (hOPMAIIbHBIM CBEICHUEM

sit1 X
MO/IBIHTErPAILHOTO BBIPAXKEHNS K HOBOH mepemennoit. Tak, B J€ S5 ¥ yyeer cmpicn

HepeiTH K TIepeMEHHOM (cIenaaTh MoACTaHOBKY) t = Sin X. BripakaeM Bce MHOKUTEIIN
NOJBIHTETPATIbHOTO BBIPAXKEHUS Yepe3 NEPEMEHHYIO t:

. P .
x=arcsmr;dx:=—2;cosx=w{1—sm2x =«f1—r2

i1 X =
1-¢ B pesynprate J€  cosxdx =
i ot
=_[et 1—:2—=_[et:ﬁ=et+ﬂ'= _
]. - IE s = =) Esm x + C
(Bo3BpalllaeMcsi K UCXOIHOM MepeMEHHOM ) .
Jpyrue npumepsl:
J. o
_ 3 —
Vx=5(1+3x - 5) [ToasiHTErpaTbHAS PYHKIHS COMCPIKUT JIBA MHOXKHUTESA, HA OJIHH U3

KOTOPBIX HE SIBJISIETCS MPOU3BOJIHOM IPYTOro, MOATOMY MOJABOINUTH UX MO 3HAK
muddepennmana 6ecrone3Ho. [lonpiTaemMcs BBECTH HOBYIO IEPEMEHHYIO, TAKYIO, YTOObI
J_ e x—5=£6;r=6q.'x—5;

e =301+ 3x =3 Jx=g% +5de =674 _

KOPHH HU3BJICKIINCH:

210



60dt . £0dt =6I(r2+1—1)¢£r=
Eil+e?y T+ £+l

—5[1.@:: = ]=5(:—ar.:tgz)+c=5(’{eﬁ—arctgéﬁ)+c

£+l PaccMoTpuM

7_ 2
fa® - xdx (unterpan Nel9 us Tabu.). 31ech MOABIHTErpaitbHas QYHKIHUI COCTOUT U3
€IMHCTBEHHOTO MHOKHUTEJIS; MOKHO OIISATH IIOMBITATHCS CAEIATh TAKYIO 3aMEHY
IIEPEMEHHOM, YTOOBI KOpeHb M3BNIEKCS. CTPYKTypa MOAKOPEHHOTO BBIPAKEHHUS

TIO/ICKA3bIBACT OTY 3aMeHy: X = @sift t(yyu X =eacest a>0):
2 = x =asn £, de = acos &d8 . .
J'"n,l'a -x dr:J = = «f = =da J'l:o-s £ dt
3 =88 Saylsel Tl Saeess . MHTterpain cBéncs k uHTErpaty

OT KBaJlpaTa KOCHHYCAa. HpI/I HHTCTPUPOBAHUHA YETHBIX CTCIICHEH CUHYCAa U KOCUHYCa

-2 2 o
4acTO MPUMEHSIOTCS (POPMYJIbI, BhIpaXKarolue 5~ £y Cos” £yepe3 KOCUHYC ABOMHOIO

g 1-cos 2k 5 1+ coszt
g f=—— o =S ——
yria: 2 2 [TosToMy

2 2
az_[coszI'dﬁ=a2_[#d£=%de+_[c052tdi]=%[i +éjc052t'd2x] =

: X
s F = —, Cos k=
i)

z__z|
Wl-sing=2% T
[+

2 2 2
e Yon ot 0= [+ Lain 2e +C =2 (¢t +sinteost)+ € =
2 2 2 2 2

2
= %arcsin x +%xw’a2 —x%+C

if

ITpumepsi: 1.

f=x+afxd tof-x=yx? +DL(.£ :r,]l = x* + o,

jiaﬁﬁ —omtxl=x?rgx=’ _DL"\-.I'.I:2+DL—I—I _&==M|r|+C=M‘x+ﬂfx2+m +C
x? 4 of 2F
=r2+u,; =:2+mdIr
2f 22

,[ zafr, 2=L 22a2E __ (x+ea)—(x- a] _[ _

2 "x“-a 2T x —a (x +a)x —a) x+a
Id(x i) Jd(x+a] (h1|x al ]n|.x:+a|:l _ l]nx |,

2.:1 x - x+a 2 2 |xta
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Hnmezpuposanue no uacmsam.
HNHTerpupoBaHue no 4acTsaM - IPUEM, KOTOPBIA IPUMEHSIETCS [IOYTH TaK K€ 4acTo,

KaK 1 3aMeHa nepeMeHHol. [Tycth U(X) u V(X) - pyHKIIMH, UMEIOIIHE HEMTPEPhIBHBIC
JacTHBIE pou3BoHbIe. Torma mo hopmyne nupdepeHunpoBanus npousseacuus d(uv) =
wdy + veduy = ¥ @& =dwv) v di Haxonum HeompeenéHHbIE HHTETPAIBL IS 06CHX

qacTeil HTOro paBeHCTBa (IPU STOM Jdwvy =ur+ <y
Iu -dy =uv — Iv -du

Dta hopMmyiia 1 Ha3sIBaeTCs (POPMYIIOi HHTETPUPOBAHUS 110 YacTsaM. HacTo ee
3aMKCHIBAIOT B MPOM3BOAHBIX (AV = V’+dx , du = U’+-dx):

Iu-v’a&: :uv—lv-u’dr

IIpumepsr:
i = x, dv = s xdx,
J‘xsin xdx = _ =x{—cosx}—f{—cosx}dx =-xcosx+tsmx+C
du = dx v =Ism xde = —cosx
=lhx.dv =dx; e
_[]nxdx= . =x]nx—_[x—=xh1x—_[dx=x]nx—x+c
=— yv=x x
x

<I)opMyJ1a HHTCTPHUPOBAHUSA II0 YAaCTAM MOKCT IIPUMCHATHCA HCOAHOKPATHO.
HpI/I HaJIMYUM HEOOJILIIIOrO0 OIbITa B IMPOCTBIX HMHTCTpalaX HCET H€O6XOI[I/IMOCTI/I

BBINKACHIBATh MTPOMEXKYTOUHbIE BhIKIaaku (U = ..., dv = ...), MOXHO cpa3sy
MIPUMEHSITh dbopMmyiny, HpeI[CTaBI/IB HHTerpaJI B BI/II[G Jurdv :
j'exxde: = J'x3 (e¥dx) = J'xE.:iex = x'e —j'exafx:E = x’e® —Ie 3xidx = xoe® 3]'.1:2 (e¥dx) =

= xle® —BIxzdex = x'e® 3(:.!:: —J'exdr,z = x e* —3(.1: —J'e 2xdx) =

= x'e¥ - 3x%e* + Ej'xdex =x e¥ - 3xe* + blxe™ — J'exa&:) = x e¥ - 3x%e* + 6xe® - Ej'exafx: =

x'e® - 3x%e® +6xe® — ¥ +C = &5 (x3 ~3x% +6x -+

[TpuBeaEHHbBIC TPUMEPHI TOKA3BIBAIOT, I KAaKUX (GYHKIIUNA HAJ0 TPUMEHATD (MU
MOTBITATHCSA MPUMEHUTD) (HOPMYITy UHTETPUPOBAHUS 110 YACTSIM:
IPH (x) cosax - dx JPH {x) sin e IP" (x) a™

HuTerpanel Buja , Te

Pn(X) - MHOTOUIEH N-01 cTenenu. Tak, as [ Pulx) coseme de ooy

=P, (x) dv =coseaxdx du=(P,(x)Velx = P, (x)elx, v = (sin exc) /&t W

_[PH (x) cosenc de =P, (x) (st exx)fax —lfa_[PH —p(x)ain eoe dxe . B pe3ysibTaTe MbI Oy UMM

MHTETPAJI TOTO K€ TUIIA C MHOTOYJIEHOM CTEIEHU Ha enuHuiy Mensiie. [locime N-kpaTtHOro
pUMeHEeHUs (POPMYJIbl CTEIIEHb MHOTOUYIEHA YMEHBIIUTCS 10 HYJIS, T.€. MHOTOWJICH
MPEBPATUTCS B TOCTOSIHHYIO, M HHTETPajl CBEETCS K TAOJIUYHOMY.
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WuTterpasl [ Pu(x) flx) d e Jx)- TpaHCIIEHACHTHAS (YHKIINS, HMEIOIIas
JTPOOHO-PAIIMOHAIBHYIO WU APOOHO-UPpAIMOHAIBHYIO TTpou3BoIHYIO (In X, arctg X,
arcctg x, arcsin x, arcos X). B atom ciayuyae umeet cmbici B3aTh U = f(X), dv = Pn(X)dX, mst

TOT0, YTOOBI B HHTETpaJIe [du yuactBoBasia He f(X), a e€ nmpousBoanas. [Tpumep:

7 = arcan x, dy = xde;

2 e x = sin £, dm—cosrdi

X arcsin x - dx = ddx x? |= "—arcsin x -
_[ g =— v = @ '[2 1—.1:2 y'rl .:l.’: =cosk

2 2 3 .
=x—aru::sinx—ljsmzm’.r=x—ar|:sinx—lj(l—c052rjd£=x—arcsﬁ1x—l r_smE.t + =
2 4 2 ! 2
xz . £ s fcos# x2 . arcsm x X 1—.1:2
= —aosnx——+— + = —arcsn x — + +

4 2 4 4

JI1st HeKOTOPBIX PYHKIUN MPUMEHSETCS TPUEM “‘CBEJIEHUSI MHTErpajia K CaMoOMy
ce6e”. C moMoIIbio HHTETPUPOBAHUS 10 YACTAM (BO3MOXKHO, HEOAHOKPATHOI0) MHTETpal
BBIPAXKAETCS YEPE3 TAKOM JK€ MHTETPAJ; B PE3yJIbTaTe MOJYy4aeTCs] YpaBHEHUE
OTHOCHUTEJIBHO 3TOI'0 MHTETpaja, peiiasi KOTOpoe, HaX0AUM 3HAYCHHE UHTErpaa.

ITpumepsr:

2_ .2
. F=]~a® —x"dx .
Haiitu -[ (ato uaTerpas Nel9 u3 tadua. 10.3.Heonpeae e HHBIX
HHTErPaJioB; B IIPEAbIAYIEM Maparpade Mbl BEIUUCITMIN 3TOT UHTETPajl C IOMOIIBIO
TPUTOHOMETPHUYECKON MTOACTAHOBKU X = a5t 1),

az—xz'dv = dx;

= a 2
2 2 2 2 x“dx 2 2 -x
F=|Ja* —x“dx = =xoat x4 s xnjat —xt - _dx=
I xdx l = = l = =

de = - ——— v = x o B

(a —.x:]l a
= x-Ja —xa—x +
() |
-F+a arn::sinf

—xwlla I —xzdx:+a2_|- = x~Ja® - x*
Il' . et

B pesynbrare s MCKOMOrO HMHTErpaja Mbl MOJYYWIH YpPaBHEHUE
. X
F=x+a*-x° —}’+a:2 arcsin —
i

. X
of = x~ja® - x* +a* arcsin =+ C
pelrasi KOTopoe, MoJiydaem o (koHctanta C TOSIBUIIACh
BCJIEACTBHE TOrO, YTO HHTETpalbl £ MpaBOd W JIEBOM YACTIX ypaBHEHUS

OIIPEIEIIEHBI c TOYHOCTBIO 10 IIPOU3BOJIbHOM MTOCTOSIHHOM) u
2

I=%xﬁa2—x2+%arcsm£+(? E

a (KOHCTaHTa 2 mepeobosnauena uepe3 C).
CreneHue wHTErpaiga K caMoMy cebe — caMbli MPOCTON CIOCO0 HAXOXKICHUS

2
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ax ax -
e coshxdx e sin fedy =
4acTO BCTPEUAIONINXCA MHTETPajoB BUAA I u I ( EEAlCEE]).

Hanpuwmep,
=cosdx, dv = eTedx
I=Ie”cosbx'ri):= - ﬂxcosbx+b_[eﬂxsmbx'tfr=
= —hein hxde v =™ fa . .
i =sin b, dv = e dx T bl e™ . b
= =_ coshy +—| —azin bx——_[eﬂx coshe de | =
=hcoshrde,y =™ fa = dl & =
L ax 2
=_ coshxe+ o e —— F
@ @ " . Wrak, mocie ABYKPAaTHOIO HWHTEIPUPOBAHUS 10
22 ax 2
Ff=—rcoshx + s b —— F
qacTiaM HOJ’IyLIeHO ypaBHeHI/Ie OTHOCHUTCJIIBHO f . - i L )
(ri s
& )
f= ﬁ(acosbx +Bsin bx |+ C
pelieHue KOTOPOI'0 a” +h

[Tpy HAXOKICHWH DTH MHTETPAIOB HE MPUHIMITHAIBLHO, ITOJOKUM JIK MBI U =
cos bx, dv = e dx wim U = ¥, dv = cos bx dx; BaxkHO TOJBKO MPHU BTOPOM
OpUMEHEHHH (OPMYNIBI HMHTETPHPOBAaHUSA 110 YacTIM 3aroHATh IO 3HAaK
muddepernmana GyHKIMIO TOTO K€ THIIA, YTO W IPU HEPBOM (IIOKA3aTENbHYIO WU
TPUTOHOMETPUUYECKYIO).

Emé onuu Bua ¢opmMmyn, KOTOpble OOBIYHO MOJYYAIOTCS C TMOMOIIBIO
UHTETPUPOBAHUS MO YacTsIM, W HUCIOJB3YIOTCA Il HAaXOXJEHUS HHTETpajioB -
PeKyppeHTHbIe cOOTHomeHus. Eciu mojsiHTErpaibHas (QYHKIUS 3aBUCUT OT
HEKOTOPOTO MapameTpa N, U MOJy4eHO COOTHOIIEHUE, KOTOPOE BbhIpaKaeT MHTErpall
yepe3 aHaJIOTMYHBIA WMHTErpaj ¢ MEHBIIUM 3Ha4eHHEeM N, TO 3TO COOTHOIICHUE U
Ha3bIBACTCS PEKYPPEHTHBIM COOTHOIIICHUEM. [Tpumepsr:

- ",
Iy = [oos™ x dx IIpescTaBUM MOABIHTErPAIbHYIO (QYHKLHUIO B BHUJE
cos® x = cog® % x ozt x =cos® 2 x (1-sin? x)=cos™ % x —sin xcos® ? xsin x

MHTETPAJl OT MEPBOr0 CJIaraéMoro aHaJOTHYe€H MCXOJAHOMY C 3HAYEHHEM IapameTrpa
N Ha JBE EOWHHUIBI MEHbIIE; K HHTErpajgy OT BTOPOrO CJIaraéMoro IHPUMEHUM
(dbopMyITy HHTETPUPOBAHUS IO YACTSIM:

2

=zin x v = cos® “ x sin xdx;
I, =Icos"x'afx:=Icos"_2x'dr—_|'smxcos“_2xsin xdx = 7 -1 =
cost X
=cosxde, v =———,
-1
cos® 1 x cos® 1 x sin xcos™ | x 1
=f, _-mmx| - ——|+t||  ————— |cosxdx =8, _, + = cosx™ dy =
n-2 n-2
n-1 n-1 -1 -1
= +sinx|:|:nsn_1x_ 1 I =}_G+ 1 )I - +sinx|:|:|sﬂ_1x=}_f _n-1 sin x cos® L x
L n-1 n-1 " n-1" % LI=8 n-1 " Fis -3 #

£ =Icosx‘a§r =sin x +C
Teneps, 3Has ,
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+ .
I =Icoszx'dx=jﬂd,c =l[x+5m 2-"‘”'] C
2 2 2 ' MBI MOXEM BBITIUCATh
_ 2 3-1 . 2
13=_|.E053x'¢,{x;=3 lfl_'_smxcos x=gsmx+smxcos x+c
3 3 3 3 :
_ - 4-1 . 3
4 4 4 4 4 :
_ : 5-1 _ 4
Ij:\rmij'afx=5 1I3+smxcos x=i'l(25i:nx+sﬁ1xcoszx)+smxms x+c
° . > > 0 T.L

Mpaktnuyeckana pabora Ne 16

Tema: BbluucneHume HTErpanos

OcHOBHasA uenb:

dopmupoBaHue npeacTaBAEHUI O MOHATUM NepBOO6PA3HONM, HeoNpPeAeNeHHOro UHTErPana,
onpeaeneHHoro nHTerpana.

OBnageHue ymeHuem npumeHeHusa nepBoobpasHoi GyHKUUKM NPU peleHnn BbIYUCANTENbHbIX
3aJau.

MU3yuyeHune gaHHOM Tembl No3BonAeT

-

CTygeHTam O0B/lafeTb KOHKPETHbIMM  MaTEMATUUYECKMMMU 3HAHUAMM, HeobxoAuMMbIMK  ANA
NPUMEHEHUS B MPAKTUYECKOW AEATENbHOCTU, AN U3YYEHUA CMENKHbIX AUCUMNAWH, Pa3BUTUA
YMCTBEHHbIX CNOCOBHOCTEN, YyMeHMe W3BNeKaTb Yy4yebHylo WHPOPMaUMIO Ha OCHOBE
COMOCTaBUTE/NIbHOTO aHann3a rpaduKoB, CaMOCTOATENIbHO BbINOIHATL Pa3/MYHble TBOPYECKUE
paboTbl.

CTyZeHTbl AEMOHCTPUPYIOT TEOPETUYECKME N MPAKTUYECKNE 3HaHMA Mo Teme «[epBoobpasHan u
nHTerpan». MoryT npueBecT nNpumepbl, NoA06paTb aprymeHTbl, CHOPMYNMPOBATL BbIBOALI.
YMeT COCTaBNATb TEKCT HAYYHOro CTUAA. YMetoT $opmMMpoBaTb BOMPOCHI, 334a4yuM, CO34aBaTb
NPO6AEMHYIO CUTYaUMIO

CTyaeHTbl CcBOBOAHO NPUMEHAIOT 3HaHMA M ymeHua Mo Teme  «[llepBoobpasHas Z
WHTerpan». YMeroT nepepasatb, MHGOPMALMIO CXKATO, MOSHO, BbIBOPOYHO. YMeET 06BACHUTD
M3yYeHHble MO/IOKEHUA HA CaMOCTOATENbHO MOAOOPAHHbLIX KOHKPETHbIX MpuMMepax. YmetoT
y4yacTBOBaTb B AManore, NOHMMAaTb TOYKY 3peHMA cobecefHMKa, MPU3HaBaTb NPABO Ha MHoe

MHEHMe.

Tema "lMepBoobpasHaa M uHTerpan" 3aBepluaeTca Komnsiekcom YdyebHo-
TPEHUPOBOYHbIMbI TECcTOBbIMM 3agaHMamu EMNo pgaHHou Teme (cm.
MpunoxeHune 1).

YyebHasa uenb:
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+ @opMuUpOBaHHE NMPeJACTABJICHHUN O PA3JIMYHBIX THUNAX TECTOBBIX 3aJaHUM, KOTOPHIE
BKirouaroTcd B EI'D mo maremaTtuke.

+ OailajeHHe HABBIKAMM M YMEHHMSIMHU PCIICHUS 3aJaHUM Pa3HOTO YPOBHS: TECTOBBIX
3alaHUid C BBHIOOPOM OTBE€TAa M KAYECTBEHHBIX TECTOBBIX 3aJaHUN C YHUCIOBBIM
OTBETOM.

+ Pa3BuTh TBOpYECKHE CHOCOOHOCTH TNPUMEHEHHS 3HAHUM W YMEHMHA B pELICHUU
BapuaHToB EI'D o marematuke.

Ilnan:

l. MeTOJII/I‘IeCKI/IC YKa3aHHA K BBIIIOJIHCHUTIO HpaKTquCKOﬁ pa6OTBI

1) TlepBooOpa3Has ¥ HeONPeACICHHBIN HHTETrpal

2) Tabmuia HHTETpaioB

3) Hekoropsie CBOWCTBA HEOMPEICICHHOTO HHTErpaia

4) WuTerpupoBaHue METOAOM 3aMEHbI IEPEMEHOMN MU CIIOCOOOM IMOCTaHOBKH

5) MuTerpupoBaHue MO YacTsIM

6) ParmonanbHbie ApoOu. [Ipocreiiniue parmoHaabHbIe IPOOU U UX HHTETPUPOBAHHUE
7) VIHTerpupoBaHHe pallMOHANBHBIX IPOOCi

8) HMHrerpaiibl OT UpPALMOHATBHBIX () YHKIIHIA

Il. TIpakTrueckas pabora

[1l. Utor

XOA YPOKA

|. MeToauueckne yKa3aHUs K BHINOJTHEHHIO MPAKTHYECKO padoThI

1) IlepBooOpa3Hasi U HeonmpeaeJeHHbIH HHTErPaJ

Paccmorpum  3amauy: Jlama dyakmus  f(x);TpeOyercs HaWTH Takyloo  (QYHKIHIO
F(x),mpousBoanas koTopoii pasra f(x),r.e. F (X)= f(X).

Onpenenenue: 1. dynkmus F(x) Ha3piBaeTcs nepBooOpa3Hoit oT GpyHkiuu f(X) Ha oTpes3ke

[a,b], ecn Bo Beex Toukax 3TOro orpeska BeimonHseTca pasenctso F (X)= f(X).

Hpumep.Haiitu nepBoobpasznyio ot ¢pynkuuu f(x)=x2.H13 onpenenenus mepBooOpasHOil
cnenyer, uro Gynknua F(x)=x3/3 apnsercs meppooOpasHoii, Tak kak (x3/3)'= X2.

Jlerko BUAETH, UTO €CM Ui AaHHOW (QyHKIMM f(X) cymecTByeT mepBooOpa3Has, TO 3Ta
nepBooOpa3Hasi He SBISCTCA €IUHCTBEHHOW. Tak, B MpenbIAyIeM MpUMepe MOKHO OBLIO
B35Th B KAUECTBE MEPBOOOPA3HBIX CICAYIONTNE (QYHKIIUN:
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X3 X3 X3
F(x) = ) +1, F(x) = E_7, uiu Boobme F(x) = ?ch (rme C- mpousBoJIbHAS OCTOSIHHAS),

X3 2
! ~
TaK Kak (?Jr C)'=X . C mpyroii CTOpOHBI, MOXHO JO0Ka3aTh, YTO (DYHKIHAMH BHIA

3
X
Z +C wucyepmbIBAIOTCA BCE MEPBOOOpasHble OT (YHKIMH X2 . DTO BBITEKAET U3

CIIEIYIOLIEU TEOPEMBI.

Teopema. Eciu F1(X) u F2 (x)- 1Be mepBooOpasusie ot dynkiuu f(X) Ha orpeske [a,b], To
pPa3HOCTh MEX/Y HUIMH PaBHA TIOCTOSTHHOMY YHCITY.

JlokazaTeqbCcTBO. B cuny onpenenenust nepsooOpa3Hoi umeeM
F1'(x)= f(x), F2 ()= f(x) 1)
[Tpu mro60oM 3HaUEHUM X HA OTpe3ke [a,b].

0O003HaUYUM

F1(x)- F2(x) =0(x). (2)

Torna Ha ocHoBanuu paBeHctB (1) Oymer F'i (x)- F'2 (x)= f(x)- f(x)=0 umu ¢'(x)=[ F'1 (x)-
F'> (x)]'=0 npu mobom 3HaueHun X Ha oTpeske [a,b]. Ho u3 paBencTBa ¢'(x)=0 cienyer,
910 (O(X) €cTh MmocTossHHas. [leficTBUTENBHO, TPUMEHUM Teopemy Jlarpamxka kK ¢GyHKIHH
¢(x), KOTOpasi, OUeBUIHO, HEMIpephIBHA U MU depeHnnpyemMa Ha otpeske [a,b]. KakoBa Ob
HU ObLJIa TOYKa X Ha oTpeske [a,b], Mbl UMeeM B cuiry Teopembl Jlarpanka ¢(x)- ¢(a)= (x-
a) ¢'(z), rne a <z<x.Tak kak ©¢'(z)=0, 1O O(x)- o¢(a)=0, wummm o¢x)= o(a).
3)

Taxkum o6pazom, PpyHKIHsA G(X) B 10O0H TOUke X oTpe3ka [a,b] coxpanser 3HaueHue ¢(a),
a 9TO 3HAYUT, 4yTo GYHKUIUS ((X) SBISETCA MOCTOSHHON Ha orpe3ke [a,b]. OOo3Hauas
nocrostHHyI0 @(a) yepe3 C, u3 paBeHcts (2) u (3) monygaem F1 (x)- F2 (x) = C.

W3 nokazaHHOU TEOpeMbl CIeayeT, YTO ecliv N naHHoi ¢yHkuuu f(X) HaiineHa kakas-
HUOYb onHA mepBooOpasHas F(x), To mobast npyras nepBooOpasHas mais f(x) umeeT Bua
F(x)+ C, rme C = const/

Onpenenenue 2. Ecnu dynkuus F(x) sBasercs nepBooOpasnoit mist f(x), To BepakeHue
F(x)+ C Ha3piBaeTCcs HeompeaeleHHbIM HHTerpanioM oT GyHkmwuu f(X) m o6o3Hawaercs
Jf(x)dx.Takum o6pasom mo ompexenernto, | f(x)dx= F(x)+ C, ectu F' (x)= f(x). IIpu stoMm
¢yakmuro f(X) HaspBaroT moabiHTErpasbHOM QyHKIHew, f(X)dX- moaBIHTErpaNBHBIM
BBIPKCHHEM, 3HAK |- 3HAKOM HHTerpana.

Takum oOpa3oM, HEONpPEACICHHBIM UHTETpal MPEACTaBIsIeT co00il cemMelcTBO (DyHKIUN
y= F(x)+ C.
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C reomMeTpu4ecKOM TOYKM 3PEHUS  HEOINPEACICHHBIM HMHTETpajl  MPEACTABISAET
COBOKYITHOCTh (CEMEMCTBO) KPUBBIX, Ka)KJas M3 KOTOPBIX IOJYYaeTcsi MYTEM CABUTA
OJIHOM M3 KPUBBIX NIapaJuIEIbHO caMOil ce0e BBEPX WM BHU3, T. €. BNOoJb ocu Oy.

EcrecTBeHHO BO3HHMKaeT Bompoc: s Beskod s GyHknum f(X) cymecTByroT
nepBooOpa3Hbie( a 3HAYUT, U HEOIpeAesieHHbIM uHTerpan)? Oka3pIBaeTcs, 4TO Ha I
BCAKOM. 3aMeTuM, oJHaKo, 0e3 JoKa3zaTeiabCTBa, YTo eciu (GyHKuus f(X) HempepbIBHA Ha
orpe3ke [a,b],To myist STOM (YHKIMU CYIIECTBYET IMepBooOpa3Has (a 3HA4YUT, WU
HEeOoNpeeIeHHbIA UHTErpa).

Haxoxxnenue nepBooOpazHoit anst naHHod ¢yHkuuu f(X) Ha3bIBaeTCS MHTErPUPOBAHUEM
byuxium f(X).

3aMeTHM cleayIolee: eclu MPOU3BOJIHAS OT 3JIEMEHTApHOW (PYHKIUMU BCErjaa sSBIISETCS
AJIeMEHTapHON (GyHKLIMEWH, TO mMepBOoOOpa3Has OT DSJIEMEHTApHOM (QYHKIUU MOXKET
0Ka3aTbCAd M HE MPEACTABUMOI C MOMOIIBI0 KOHEYHOTO YHCIIa 3JIEMEHTAPHBIX (DYHKIIHIA.
W3 onpenenenus 2 cienyer:

1.IlpousBoaHas OT HEONPEAEICHHOTO HMHTErpaja pPaBHA MOABIHTErPANBGHON (YHKIUH,
T.e.ecimu F (X)= f(X), To u

( fx)dx)'= (Fx)+C)*=f(x). (4)

[locrnennee paBeHCTBO HY)KHO TMOHMMATh B TOM CMBICJIE, YTO MPOU3BOJHAs OT JIIOOOH
NEepBOOOPA3HOM paBHA MOJBIHTETPAIHHON (PYHKIUH.

2. JuddepeHunan oT HEONpPEAEICHHOT0 HHTETpajia paBeH MOJBIHTETPATbHOMY
BBIPXKEHUIO:

d(Jf(x)dx)= f(x)dx. (5)
D10 moydaeTcss Ha OCHOBaHUU (popMyisl (4).

3. Heomnpenenennoro unrerpai ot auddepeHimana HeKOTOpor GyHKIIMN paBeH dTOH
(GYHKITUU TUTIOC TTPOU3BOJIbHAS TIOCTOSIHHAS :

JdF(x)= F(x)+C.

CrpaBelITUBOCTh  MMOCJICTHETO PAaBEHCTBA JITKO TPOBEPHUTHh IU((EpPSHIIMPOBAHUEM
(muddepenmmansl oT 00eux yactel paBeHcTBa paBHBI AF(X)).

2) Tabauia MHTErpasioB.

[Ipexnae yeM MPUCTYNUTh K U3JI0KEHUI0 METOAOB MHTETPUPOBAHUS, MPUBEIEM TaOIUILy
WHTETPAJIOB OT MPOCTEUIITNX (DYHKITHHA.

X*+1
1. j x“dx =

a+l

+C (a #-1) .(3nech u B mocaeaywmux popmynax mox C moHHMAaETCs

IIPOU3BOJIbHAA HOCTOHHHaH.).
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N

. I%:In|x|+C.
X

w

. Isin X-dx=-cosx+C

4, Icosx-dx=sin x+C

S W?(T—tgx+c.

O [ & =-ctgx+C.
sm X

7. [tgx-dx=—Infcos x|+ C.

8. Ictgx~dx=|n $in X|+C.

9. Iex -dx=ex +C.

X

a
10. jax.dx=—+c
Ina

11. I =arctgx+C.
1+éx -1 X

11'. = Tarctg” +C.
J.az+x’Z a a

12 I —ilnM+C.
a?—-x* 2a |a-—X

dx
13. I\/l_—xz—arcsm x+C.
X

13'I¢: arcsin —
\/a2 — X a

+C.

In‘x+ x?2 +a?|+C.

14IJT

CnpasegnmuBocts popmyn 7,8,11°,12,13'u 14 nerko ycTaHaBIMBAETCS C TMOMOIIBIO
b depeHnupoBaHus.

—sin x

B ciyuae Gpopmyisl 7 umeem (- In| COS)F) =- =19x,

COS X
criefoBatenso,  [tgx-dx = —Injcosx|+C..

B ciyuae dhopmyms 8

(Injsin ) =% _ ctgx,

sin x
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CIICIOBATENBHO, jctgx-dx =Insin x }C.

B cayuae ¢popmynsr 12

1. atx

CIn )'=—1 [In|a+x|—ln |a_x]'zi[ 1 + 1 1= 1 ,

2a |a—-X| 2a 2a a+x a-x a’t-x?

1, ja+Xx

clIefoBaTeNbHo, | de _=—In|—|+C.
a’-x 2a |a-X

B cayuae hopmynsl 14

2 2 [\r 1 X 1

(In‘x+\/x tall) = (1+ )= |

x+Vx2ta? Wx2xa? X ta?

CJIICA0BATCIbHO, +C.

=In ‘x+ VX2 +a?

J- dx
Vx? +a?
3)HekoTopbie CBOiiCTBA HEONPEAEJIEHHOT0 HHTErpaJjia

Teopema 1.HeonpeneneHHslii wuHTErpas oOT aureOpanyeckod CyMMBbI JBYX WIIH
HECKOJIbKUX (PYHKIIMN paBeH alredpanyeckoi CyMMe UX UHTETPAJIOB:

[T£.00+ £,097dx = [ f,(dx + [ £,(x)dx. (1)

W3 nokaszatenbcTBa HaleM MPOU3BOJHBIE OT JIEBOM W IMPaBOil 4acTeil 3TOro paBEeHCTBA.
Ha ocHoBanuu paBerctBa (4) mynkra Nel Haxomum

(I[fl(x)+ f,0)1dx)" = fu(x) + f2(x),
(| £.09dx+ [ £,(x)dx) = ([ £00dx) + ([ £,(0dx) = f1() + 2 (%),

Taxum oOpa3om, IPOU3BOJHBIC OT JIEBOM M MpaBoi yacTeil paBeHcTBa (1) paBHBI MEXIy
co0OM, T. €. MPOU3BOAHAS OT JIFOOOW MepBOOOPA3HOM, CTOSIIAS B JICBOW YaCTH, paBHSACTCS
IIPOM3BOJIHOM OT JIFOOOW (DYHKIIMH, CTOSIIIEH B MpaBoi yacTu paBeHCTBA. Ciea0BaTebHO
mo teopeMe u3 myHkTta Nel mrobas ¢dyHKIMs, cTosmas B JieBoW udacTu paBeHcTBa (1),
OTIUYAETCs OT Jt000# (pyHKIMM, CTOsIIIEeH B IpaBoil yacTu paBeHCTBa(1), Ha TOCTOSTHHOE
ciaraemoe. B aToM cMmbIcie ¥ Hy)KHO TIOHUMATh paBeHCTBO (1).

Teopema 2. IlocTOSSHHBIE MHOXUTEIb MOKHO BBIHOCHUTH 3a 3HAK MHTErpaja, T. €. €ClH
a=const, To
(J af (9dx = af f (x)dx. @)

JIoist moKa3aTenbcTBa paBeHCTBA (2) HaiieM MPOU3BOIHBIC OT JICBOH U MPABO €ro
JacTen:
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(] af (x)dx)' = af (x), (a] f ()" = a(] f ()’ = af (¥).

[Ipou3Bo/iHbIE OT TIPaBOM U JIEBOW YacTeil paBHBI, CI€I0BAaTEIbHO, KaK U B paBeHCTBE (1),

Pa3HOCTh NIBYX JIOOBIX (DYHKIIMH, CTOSIIIUX CJIeBa M CIIpaBa, €CTh MOCTOsHHas. B aTom

CMBICJIC M CJICYeT MMOHMMATh PaBEHCTBO (2).

HpI/I BBIYMCJIICHUHU HCOIPCACIICHHLIX HWHTCTPATIOB ObIBaeT II0JIC3HO HMETh B BUOY

CJIelyIOIINe IpaBuia.

1).Ecnu
| fodx = FOO +C,
TO

[ £ @qdx= e @ +c. 3)
a

JIeHCTBUTEIIBHO, nn@@epeﬂunpyfll JIEBYIO U [JPABYIO0 4aCTH PABCHCTBA (3) monmyuum
( f(ax)dx)' = f(ax), (~ F(ax))' =" (F(ax)) =~ F'(ax)a=F’'(ax) = f (ax). [Ipon3BoaHbIE

HpaBOﬁ U JIEBOU ‘-IaCTGI;IZ PaBHBI, LI(fII‘O n Tpe6OBan'IOCI> J0Ka3aThb.

2). Ecim

[ £ (dx = F(x) +C,

TO

[ f(x+b)dx = F(x+b)+C. (4)
3. Ecin

[ fxdx=F(+C,

TO

If(ax+b)dx:lF(ax+b)+C. (5)

a

PaBenctsa (4) u (5) mokaspiBatorcst audpepeHInpoBaHNEM IPABOK U JIEBOH YacTel
PaBEHCTB.

Ilpumep 1.

I(ZXS —3sin x+5+/x)dx :j2x3dx —f3sin xdx+I5M = ZI x3dx—3jsin xdx + SI xM2dx =

La

3+ XZL+ 1 4 10
—3(=cosX) +5-—+C=—X +3005 X+ —X/x +C.

3+1 1.1 2 3

2

:2:

oT

221



5
1 —41 -2+ _+l
3 .1 )dX:3JX‘1/3dX+_JX‘llde+JX5/4dX=3 x® 1y, *x4 4C=
+——+ x4/ + 75X 5"
I%/; 24/x 2 a2t v
3 2 4

Ilpumep 3.

X jn | x+3]+C.

X+3
Ilpumep 4.

CcoS 7xdx = lsin 7x+C
7

[Tpumep 5.

J'sin( 2X—6)dx = — 1 cos(2x —6) +C.
2

4)UHTErpMpoOBaHNEe METOAOM 3aMeHbI ePEeMEHO WIN CII0CO00M MOACTAHOBKH

Ilycte TpeOyeTcs HaWTH WHTETpas _[f(x)dx , TIpUYEM HEIMOCPEICTBEHHO MOA00paTh

nepBooOpasnyro s f(X) MbI HE CMOXKEM , HO HAM W3BECTHO, YTO OHA CYIIECTBYET.

C,IIGJI&GM 3dMCHY HepeMeHHOﬁ B IMIOABIHTCI'PAJIbHOM BBIPAKCHUU, ITOJIOKHUB

x=¢(b), 1)

rae o(t)-HempepblBHAS (QYHKIHS C HEMPEPHIBHOH IMPOU3BOJHOW, MMEIOINAs OOpaTHYIO
dbyaknuio. Torma dx= ¢@'(t)dt;mokakemM, 4TO B 3TOM Clilydae MMEET MECTO CIIEaYIOIIee
PaBEHCTBO:

[ 1 9dx = [ ()] (t)dt. (2)

3nech moApa3yMeBaeTCs, YTO MOCIe UHTETPUPOBAHUS B IIPABOM YacTH PaBEHCTBA BMeCTO t
OyZeT MOJCTaBICHO €T0 BRIPAXKEHUE Yepe3 X Ha OCHOBaHHUH paBeHcTBa (1).

HHH TOI'0 YTOOBI YCTAHOBUTD, YTO BBIPAXKCHUSA, CTOAINUC CIIpaBa U CJICBA, OAWMHAKOBBI B
YKa3aHHOM BBIIIC CMBICJIC, HY>KHO JOKa3aTb, YTO HMX IIPOMU3BOAHBLIC IIO0 X PAaBHBI MCKIY

coboit . Haxogmm mpoWM3BOAHYIO OT JIEBOW YACTH (jf(x)dx);: f(x). [IpaByro 4acTtb
paBeHctBa (2) Oymem nmuddepeHmmpoBaTh MO X KaK CIOXHYIO (QyHKOH0O, Tae t-

MIPOMEKYTOUHBIA apryMEeHT. 3aBHCHUMOCTH t OT X BbIpaxkaetcs paBeHCTBOM (1), mpu sTOM

d dt 1
- ¢® uno npaBuity AuQGepeHIUPOBaHK 00pPaTHON QYHKIIUA ——= —

dt dx  ¢()
Takum o6pa3zoM, uMeeM
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dt
( fla1o oy, =( TTANION’ — = slao1e0) %= )] = £ (0.

CiienoBaTenbHO, MPOU3BOHBIE OT X OT MPABO i ¥ JIeBOM wacTel paBeHCTBa (2) paBHBbI,
4TO U TpeOOBaNIOCh JI0KA3aTh.

OYHKINIO X =@(t) CIeNyeT BbIOMpATh TaK, YTOObI MOXHO OBLJIO BBIYMCIUTH

HEOIpeICIICHHBIA HHTErPajl, CTOSIINNA B IIPaBOil yacTH paBeHCTBa (2).

3ameyanme. Ilpu wuHTErpupoBaHMM MHOTJa LieJecooOpa3Hee MNOAOMpaTh 3aMeHy
IIEPEMEHHOM HE B BHUJIE x=¢(t), a B BUAE t =y (x). [I[ponsutoctpupyemM 3T0 Ha npumepe.

[TycTh HY»KHO BBIYMCIIMTH HHTETPAJ, UMCIOIINN BU]T

jgg’(x)dx
W (X)

31ech y100HO MOJIOXKHUTh

y(x)=t,

TOT A w'(x)dx = dt,
'(X)dx dt

jm—)— =[Tnt|+c
W (X) t

HpI/IBe,IIGM HCCKOJIBKO ITPUMCPOB Ha HHTCTPUPOBAHUC C IIOMOIIBIO 3aMCHBI IICPCMCHHBIX.

=In |y (x)|+C .

Ilpumep 1.

j $in x cos xdx="? CienaeM IOACTaHOBKY t=SinX; Toraa dt= COSXdX H, cliexoBaTeNbHO,

" 2t3/2 2 .
J.\/Sln xcosxdx:.[\/fdt =It”2dt=T+C=_3|n 2. C

3
Ilpumep 2.
xdx =1+x? ;Tora dt=2xd
_[ T =2 Ilomaraem t=1+Xx° ;rorma dt=2xdx u
xdx _ 1 a_1 Int+C =1 In(1+ x?)+C
I1+ XX 29t 2 2
Ilpumep 3. dx
dx 1 Ilomaraem
J' _I— t= X_; toraa dx=adlt,
a2+x>  a??1+(x/a)? 1 a 1 «
dx _1 adt _1 = " arctgt+C = " arctg ~ +C.
J.a2+x2 aJ1+t2 all+t? a a a

Momaraem t= - Toraa dx=adt,

Ilpumep 4.j Ox :lj‘ o
vai—x¢ & \J(1-x/a)? a
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ji: 1 adt dt =arcsint+C = arcsin—x +C

—x2 A J1-t2 T 1-t? a

(mpenmomnaraetcs, uyto a>0).

B npumepax 3 u 4 BoiieneHbl GOpMYIIbl, IPUBEJECHHBIE B TAOJINIIE UHTETPAJTIOB 0]
Homepamu 11'u 13'(cM. Bbile, MyHKT Ne2).
Ilpumep 5. I (In x)? dx _ 2 [Momaraem t=Inx; Torma dt = d—x,
X X
3 dXx 3 t4 1 4

I(mx) ?z‘[t dtzz+g=—(|n X) +C.

Ilpumep 6. _[ leX4 —? Ilonaraem t=x?;Toraa dt= 2xdx,
+ X
xdx 1 t_1 arctgt + C = 1 arctgx® +C
I 2l 2 P

Meton 3aMeHBI TIEPEMEHHBIX SBISETCS OJHHUM W3 OCHOBHBIX METOJIOB BBIYUCIICHUS
HEONPEICICHHBIX HHTETPaoB. Jlake B TeX Cllydasix, KOT/la Mbl HHTETPUPYEM KaKUM -JIHOO
JIPYTUM METOJIOM, HaM YacTO MPUXOAUTCSA B MIPOMEKYTOUHBIX BBIYUCICHUSX TTPUOETaTh K
3aMeHe TIEPEMEHHBIX. Y CIIeX UMHTETPUPOBAHMS 3aBUCUT B 3HAUUTEIHHON CTETICHU OT TOTO,
CyME€EeM JIM MBI OA00paTh TaKylo yJa4HYI0 3aMEHY NIEPEMEHHBIX, KOTOpas yIpOCTHIa Obl
naHHbI uHTErpai. [lo cymiecTBy roBopsi U3yuyeHHEe METOJ0B MHTEIPUPOBAHUS CBOJIUTCA K
BBISICHEHUIO TOTO, KaKyl0 HaJl0 CHAeNaTh 3aMEHYy MEPEeMEHHOW MpU TOM WM WHOM BUIE
MOJIBIHTETPAIbHOTO BBIPAXKEHUSI. DTOMY MOCBSIIEHBI 00JIbIIAsl YACTh HACTOSIIETO MYHKTA.

5)UHTerpupoBaHHUeE MO YACTAM

I[lycte U u VvV nBe nuddepennupyembie (GyHKIMH oT X. Torma, Kak H3BECTHO,
muddepeHian npousBeaeHuss UV BBIUKCIIETCS M0 clieayromiei Gopmyre
:d(uv)=udv+vdu.Otcrona, UHTErpUPYs, MOTYIAEM UV = _[UdV + J'vdu WIN

judv:uv—jvdu. ()

[Mocnenusis popmyna HaszpiBaeTcs (popmylia MHTETPUPOBAHUS MO yYacTsAIM. Jta dopmyna
qaiie BCETO MPUMEHSAETCSs K HWHTETPUPOBAHUIO BBIPAKEHUN KOTOPHIE MOXHO Tak
NPEJICTAaBUTh B BHJE MPOU3BEACHHUS JABYX COMHOXHUTEeNeW U dV, d9TOOBI OTHICKATH

dyakmuo viio e€ nuddepennuany 0V ¥ BBIYHCICHUS HWHTErpaia j vdu COCTaBIISLTH B

COBOKYITHOCTH 3ajady 0oJiee TPOCTYyI0, YeM HETOCPEACTBEHHOE BBIYHMCICHHUE WHTETpaja
j udv . YMeHue pa30uBaTh pa3yMHbIM 00pa3oM JIaHHOE MOJIBIHTErPAIIbHOE BBIPAKEHHUE Ha

MHOKUTEJIM U W OV BbIpabaThIBaeTCs B MPOIECCE PEIICHUS 3aJadd, U MBI IMOKaXEeM Ha
psiJie MPUMEPOB, KaK 3TO JEIaeTCs.

Ilpumep 1._[xsin xdx = ? [Tomoxum u=x,dv=sinxdx;rorma du=dx,v= -cosx.CienoBaTeisHo,
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J.xsin xdx=—xcosx+_[cosxdx=—xcosx+sin Xx+C.

3ameuanne. [Ipu onpenenenun ¢pyHkuuu v no auddepenunany dv Mbl MOXeM Opathb
T00YI0 MPOU3BOJIBHYIO MOCTOSIHHYIO, TAK KaK B KOHEYHbBIN pe3ylbTaT OHA HE BXOJHUT (YTO
JICTKO TPOBEPHUTH, MOJACTAaBUB B paBeHCTBO(1) BMecTo V BbIpaxkenue V+C). Iloatomy
yI0OHO CYUTATh ATY NOCTOSHHYIO PAaBHOM HYIIIO.

HpaBI/IJIO HHTCTPUPOBAHUA 110 HACTAM IIPUMCHACTCA BO MHOI'HX CIIydasX. TaK, HarpumMcp,
HHTCTpAJIbl BUJA

ka sin axdx, I xk cos axdx, J- xke@dx, I X< In xdx,

HCKOTOPBIC HHTCIpAJIbl, COJACPIKAIIUC 06paTHBI€ TPUTOHOMCTPHUYCCKHC q)YHKHI/II/I,
BBIYUCIIAIOTCA C TIOMOIIBIO HHTCTPUPOBAHUS 10 YACTAM.

Ilpumep 2.TpeOyeTcsi BBIYUCIUTD jarctgxdx . Iomoxum u= arctgX, dv=dx;Toraa

du= dx2 v =x. CienoBarebHO,
1+ x q 1
arctgxdx = xarctgx— X _ xarctgx— ~ In |1+ x? | +C.
1+ X2 2
Ilpumep 3. TpebyeTcs BBIUUCIUTH _[ edx . [Momoxum U=X2,dv=edx; Torma

du = 2xdx,v = e¥,

szexdx = x%e* — ZJ xe*dx .

HOCJIG,IIHI/Iﬁ HHTCI'paJl CHOBA MHTCTPUPYEM 110 HACTAM, I1OJIarasd
u, = X,du; =dx,dv; =e*dx,v, = ¢e*. Torna

I XeXdx = xe* — J e¥dx = xe* —e* +C . OKOHYATEIILHO 6y1[eM HMETh
Ixzexdx = x%e* —2(xe* —e*) +C = x%e* —2xe* + 28 +C =e*(x* = 2x+2)+C.

6) Panuonanbubie apodu. Ilpocreiimime panuoHaldbHbIe JAPOOM W HX
HHTErPUPOBAHUE

Kak ™Mbl yBUIMM HIDKE, JAJeKO HE BCSAKas JJIEMEHTapHas (DYHKIHS MMEET WHTerpad,
BBIPKAIOIIMICS B AJIEMEHTApHBIX (QYyHKIUAX. [103TOMy OueHb Ba)KHO BBIJCIHUTH TaKUE
KJIacChl (DYHKIMM , WHTETPAIbl KOTOPHIX BBIPAKAIOTCS UYepe3 dJEeMEHTapHbIC (PYHKIUU.
[TpocTelmmM 13 3TUX KJIACCOB SIBJIAETCS KJIACC PALIMOHAIBHBIX () YHKIIUH.

Besikyro panroHabHY0 (YHKITUIO MOXHO MPEICTABUTh B BUJC PAIlMOHAIBHON TpoOH, T.
€. B BUJIC OTHOIICHHUS JIByX MHOTOYICHOB:
QKx) BX"+BX"'+.+B

TX) = A +AX L+ A"

0 1 n
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He orpanuunBas oOLUIHOCTH pacCyXaeHus, Oy/leM MpeanojaraTh, YT0 3TH MHOTOWICHBI HE
MMEIOT OOIINX KOPHEH.

Ecnu crenenb 4McIWTENss HUXKE CTENEHM 3HAMEHATens, TO Jpo0b Ha3bIBaeTCs
MPaBUJIBHOW, B IPOTUBHOM CIydae JpoOb HA3bIBAETCA HEMPABUIBHOM.

Ecnmu npoOb HempaBuibHas, TO, pa3[eiMB YHCIUTENb Ha 3HAMEHATeNb (MO TPaBUITY
JIeNIeHUs] MHOTOWICHOB), MOKHO TPEICTaBUThH JAaHHYIO IpOOh B BUJE CyMMBI MHOTOYJICHA
Y HEKOTOPOU MPaBUIIBHOU JpOOu:

Q(X) =M (X)+ F(X) ,
f(X) f (x)

F() -
f(x)

3pech M(x)-mHorounen, a — % - npaBuiIbHast JpoOb.

Ilpumep.IlycTb nana HenpaBUJIbHAS PallMOHANIbHAS JPOOH

x4 -3
X% + 2x +1

P&S}IGHI/IB YUCJIIMTCJIIb Ha 3HAMCHATCJIb (HO IMpaBUITy ACJICHUA MHOFO‘IJ’IGHOB), IMOJIYyUYUM

4_
X 3 :X2_2X+3_24X7+6.
X2 +2x +1 X2 +2x +1

Tak kak MHTErpUpPOBAHME MHOTOUYICHOB HE MPEJCTaBISET 3aTPYJHEHUH, TO OCHOBHAs
TPYJAHOCTH MPU UHTETPUPOBAHUU PAIIMOHAIIBHBIX IpO0ei 3aKiIt0YaeTcsi B MHTETPUPOBAHUU
NPAaBWIBHBIX PAIlMOHATBHBIX APOOEH.

Onpenenenue. [IpaBuibHbIe palioHalbHbIE APOOH BHUIA

1). A

X—a

(2). ﬁ (K-11€710€ TI0JIOKUTENBHOE YHCIIO > 2
X—a

(3) __ax+ B (KOpHH 3HAMEHATE/IS KOMIUICKCHBIE, T.6. P2 _ g - o)-
X2 + pX—+q 4

4) Ax+ B (K-miemmoe  MONOXKHUTENBHOE YHCIO =2 [KOPHH 3HAMEHATENs
(X2 + px + Q)

KOMILJICKCHBIC ), Ha3bIBatoTCs mpoctermumu apoosmu (1),(2),(3) u (4) tunos.

WuterpupoBanue npoctermux apodedt tuna (1),(2) m (3) He cocraBisger OOJBIION
TPYAHOCTH, TIIO3TOMY MBI TNPHUBEJAEM WX HHTCTPUpPOBaHWE 0O€3  KaKux-JIMOo
JIOTIOJTHUTEIIBHBIX TTOSICHCHHU:

(1)_[ dx—AIn |x—a|+C

(2) — A dx= AJ‘x Q)™ gy = A(X‘a)7k+1+C= A +C

(x—a)" -k +1 (1-K)(x —a)!
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A
(3) —Ax+B f(z“p)*(B‘ﬁQdX:A nep dx+B-"P)  dx

J.x2+px+q J K<5+px+q dx EJ 24 px+q 7jx2+px+q
In|x2+px+q|+B- ") = In|X*+px+ql+ 2B-Ap grctg 2X+p L

B 2 j(x+JQ>2+(q—'°2) 2 -y ey

2 4

Bonee cNOXKHbIX BbIYNCAEHUI TpebyeT HTErpupoBaHme npocteiwmnx apoben (4) Tmna. Myctb Ham AaH

MHTEerpan Takoro tmna:

Ax+B
J- dx
) (X2 + px+ Q)

Mpousseaem npeobpasoBaHus:

Ap

A
Ax+B | 2 (2x+p)+(B- Z)dX:A 2+ dX_|_(B_Ap) x

ax=
-[(x2+px+q)k I (X + px +q)f 2j (X + px+q)¥ 2 4 (x4 px+q)f
Mepsblii HTErpan bepeTca NoACTaHOBKOM X2 + px+q=t,(2x+ p)dx=dt:

2X+ P o 1
'[ - kdx:j_k__jt dt=—__+C= +C
(X“ + px+0) t = 1—k (1-K)(X2 + px + )<t

BTopoit nHTerpan- o6o3HaumMm ero yepes lg-3anuiem B suae

dx dx dt
Ik:j(x2+|OX+q)k:I BPya P _I (t2 + m2)k -
[(x+ ) +(@-2)]
2 4

nonaraA

p 2
x+_=t,dx=dt,q—ﬂ=m2

2 4

p2

(no npeaAnoNoXKeHNIO KOPHU 3HAMEHATENA KOMMJIEKCHbIE, a C/Ie0BaTe/IbHO, q‘7>0 ). Danee

noctynaem cneayolmm obpasom:

dt 1 @+m)-t

dt 1 t?
I = =
- G | (2 +m?)

1
o :WJ Crm) ﬁ’fj(t2 o)

Mpeobpasyem uHTerpan:
tdt ttdt 1 dt*+m?) 1 1

I(t2+m2)k (7 +m?)F Ejt(t2+m2)k_ 2(k—1)jtd((t2+m2)“
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NHTerpmpys no yactam, bygem nmetb
t2dt 1 1 dt

j(t‘ + m2)F )

oyt (€ +m) - iy

MoacTaBnAs 3TO BblpaKeHMe B PaBEHCTBO (1), nonyynm

dt
Ik:j(tz_l_mz)k -

dt 1 1 t dt
! + [ - 1=

WJ. (t? + m?)** S m22(k-1) (2 +m?)t j(ﬁ)‘k—rt T
_ t . 2k-3 | dt |
2m2(k —1)(t2 + m2)k1  2m2(k=1)* (T2 +m2)<*

B npaBoﬁ 4YaCThn coaepXnNTca UHTErpaa Toro e Tuna, 4YTto Ik , HO MOKa3aTesib CTeNeHN 3HameHaTenA

NOAbIHTErPaNbHON QYHKUMM Ha eamnHuLy Huke (k —1) ;Takum 06pa3om, mbl Bbipasuam lk yepes I .

Mpoaonana NATU TeM Xe NyTem, 40MAEM [0 U3BECTHOIO UHTEerpana:

dt 1 t
I1='|.2 5> =—arctg —+C
t“+m m m
MoacTaBnAsa 3aTem BCOAY BMECTO t M M MX 3HAYEHMA, NONYYMM BbiparKeHMe mHTerpana (4) yepes x u
3agaHHble yncna A, B, p,q.

7) WHTerpuposaHue pauMoOHaNbHbIX gpobei

X X
MycTb TpebyeTcAa BbIYNCAUTL MHTErpan OT paLMOoHabHOW Apobun ym.e.unmezpan dX. Ecam

f(x) f (x)
AdaHHaA ,El,p06b HeNnpaBuabHaA, TO Mbl NpeactaBnaem ee B Buae CyMMbl MHOIo4v1€Ha M(X) n I'IpaBMJ'IbHOﬁ
F (x)
f(x)°

Apobeit. Takum 06pasom, MHTErPUMPOBAHME BCAKOM PaLMOHANIbHOM APp0O6U CBOANUTCA K MHTErPUPOBAHMUIO

paunoHanbHoW Apobu MocnenHtoto e npeactasnsem no Gopmyne 8 BUAE CYMMbl NPOCTENLLNX

MHOro4seHa h HeCKOJ1IbKUX I'IpOCTel‘;1LLIMX I,CI,|I)06€[;1.

Bug, npocteiiwmnx gpoben onpepensetca KOpHAMM 3HameHaTtensa f(x). 34ecb BO3MOXHbI caeayrolme
cayyaw.
1.Cnyvan.
KopHu 3HameHaTens AenCTBUTENbHbBI U Pa3/IUYHBI, T. €.
F(x)=(x-a)(x-b)...(x-d).
F (x)

B sTom cnyyae apobb m pasfaraeTca Ha npocTenwmne apobu ltuna:
F(x) A B D

+ +

f(x) x-a x-b x-d,

nTorga
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A B
j E(ﬁolx=j - dX+j - dX+---j —Ddx=AIn|x—a|+BIn|x—b|+...+DIn|x—d|+C
f(x) X—a X—b x—d

2. Cnyyan.

KOpHVI 3HameHaTenA ﬂ,emCTBMTeanble, npumnyem HEKOTOpPbIe N3 HUX KPpaTHbIE:

f(x) = (x-a)%(x-h)~...(x-d)°.

F (%)
B sToMm cniyyae apobb f(X) pas/siaraeTca Ha npocTeiniume Apobu 1m 2 TMnos.
lMpumep 1.
X242 dx 1 d&x 2 dx 2 dx 1 1 1 2 2 x-1 2 x-2
j dx:—J. +,J' ,J' +,J'7:,7_7—,In|x+1|+,ln|x—2|+C:— +—Ih|—1+C
(x+1)}(x-2) (x+1)* 37 (x+1)? 97 x+1 99 x-2 2(x+1)> 3(x+1) 9 9 6(x+1)> 9 x+1
3. Cnayyvan.

Cpep,M KOpHelz 3HameHaTe 1A eCTb KOMIMJIeKCHble HeI'IOBTOpﬂl'OLLI,MeCﬂ(T.e. pa3l'|V|‘-|Hb|e)Z
f(X) = (%% + px+0)...(x* +Ix+8)(x—a)2...(x—d)°.
F(x)

B atom cnyyae apobb (%) pasnaraercs Ha npocTelwmne gpobu 1,2 1 3 TMNos..

Mpumep 2.TpebyeTcs BbIMNUCUTL UHTETPAN

xdx
Im .Pasnonm nogbiHTErpanbHyo Apobb Ha NnpocTenLlme:
X Ax+B C
= +

(2 +1)(x-1) x2+1 x-1

CnepoBaTesnibHO,

X = (AX+ B)(x 1) + C(x? +1).

Monaras x=1, nonyynm 1=2C, C=S; nonaras x=0, nonyunum 0= -B+C, B=1/2.

MpupasHuMBan K03¢¢MLI,TGHTbI npu x2, nonyumm 0=A+C, oTkyaa A= - S. Takum obpasom ,
xdx =— x—-1 1 dx 1 xdx 1 dx 1 dx

S Tdx+ =— + + =
Joenon 2l alxa e e 3lia

= —Eln | X2 +1] +1_arctgx+ 1_In | x-1]+C
4

4. Cnyyvai.

Cpe,u,m KOpHel\;l 3HaMeHaTeNNA eCTb KOMNJIEKCHbIE KPATHbIE:

f(X) = (X + px+0)~.(x2 +Ix +5)" (x-a)%...(x—d)°.
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F (x)
f(x)

Mpumep 3. TpebyeTca BbIMNCAINTD UHTETPAN
Xt +4x% +11x° +12x + 8

(X* +2x+3)*(x +1)

B aTom cnyyae pasnoxeHue Apobu 6yaeT coaepkatb M npocTeriwmne apobu 4 Tuna.

PeweHwne. Pasnaraem apobb Ha npocrteiwmne:

X' +4x° +11x° +12x+8  Ax+B + Cx+D . E
(X% +2x+3)?(x +1) 0% +2x+3)% X2+2x+3 x+1
oTKyAa

X4+ 4x3 +11x2 +12x +8 = (AX + B) (X +1) + (Cx+ D)(X? + 2% +3)(x +1) + E(x + 2x +3)2.

KombuHMpysA yKasaHHble Bblllie MeTOAbl onpeaeneHuns koaddpuumeHTos, Haxoaum A=1, B= - 1, C=0, D=0,
E=1.

Taknum obpasom, nosnyyaem

X* +4x3 +11x% +12x + 8 X -1 dx X+2 \/—2

X+1
dx = dx + =- — —arctg——+In|x+1|+C
(2 + 2x +32) (x +1) J(x2+2x+3)2 jx+1 202 +2x+3) 4 ’ J2 Ix+1]

N3 BCero M3NOXEHHOro cneayeT, YTo MHTerpan ot Noboi paunmoHanbHOW GYHKUMK MOXKET BbiTb
BbIPaXKEH Yepes 3ieMeHTapHble PpYHKLMU B KOHEYHOM BUAE, @ UMEHHO:

1) yepes norapudmbl- B ciyyasx npocrerwmx gpobeii 1 tmna;

2) yepes paLMoHanbHble GyHKLUK- B ClyYae NpocTeilumx apobein 2 Tmna

3) yepes orapndmbl 1M apKTaHreHCbI- B C/ly4ae npocTenwmx gpobeit 3 Tuna

4) yepes paLMOoHaNbHble GYHKLUM M APKTAHTEHCbI- B Cy4Yae npoctenwmnx gpobei 4 Tuna.

5) WHTerpanbl OT UPPaLMOHA/IbHbIX GYHKLMUA

He oOT BCAKOM MpPpPaLMOHANbHOM GYHKUMM MHTErpan BbIPa’KaeTca yepe3 3/1emeHTapHble GyHKLMK.
Ceiyac Mbl PaccCMOTPUM Te uWppauMoHanbHble OGYHKUMWU, MHTEerpanbl OT KOTOPbIX C MOMOLLbO
NOACTAaHOBOK MPUBOZATCA K MHTErpanam OT paumoHanbHbiX GYHKUMA U, cnepoBaTenbHO, A0 KOHUA
WHTErpupyoTCA.

1.PaccmoTpum mHTErpan JR(X, X™n . x'$)dx , rae R-paumoHanbHaa GyHKLMA CBOMX apryMeHToB 1).

Myctb R-0bwuii 3HameHaTenb Aapobeit m/n,..r/s.Caenaem noAcTaHOBKY X:tk,dX:ktk_ldt .Torpa

Kaxkpana ApobHas cTeneHb X BbIpasuTCA Yepes Le/yto CTeneHb t 1, cnefoBaTesibHO, NOAbIHTErpaibHaA
dYHKUMA NnpeobpasyeTca B pauMoHanbHyo GyHKUMLO OT t.

xY2dx

Mpumep 1.TpebyeTca BbIUNCANUTL UHTETPaAN Jm
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PeweHne. O6wuit 3HameHaTenb papoben 1/2,3/4, ectb 4; nostomy Aenaem MoACTaHOBKY

X =14, dx = 4t3dt . roraa

i 4 g tit=a] " dt=afa2-_ "yt
X3/4+1 - 3 3
1 t +1 t+1
t3 4 3 4 4, a4
—4jt _glnlt +1|+C——[x ~In|x +1]]+C.

2.PaccmoTpum Tenepb MHTErpan Bnaa

JRI(*
cx+d cx+d

oToT MHTErpan CBOAUTCA K UHTErpany ot paLI,VIOHaI'IbHOl‘;i (bYHKLI,VIVI C noMoLbro NOACTAHOBKHU

ax+b

=tk
cx+d ’

roe k- obwmin 3HameHatenb gpobeit m/n,...r/s.

Mpumep 2. TpebyeTca BbIMUCAUTb UHTErPAN

X+4
I~

dx .

Pewenue. lenaem noacraHosky X+4 = t2, x =t2 —4,dx = 2tdt; Toraa
dt

7 t? 4
IXT+4dx=ZImdt=ZI(1+tq}dt=

_2t+2|n|—|+C 2\/x+4+2ln|\/7"x+4 §| +C.
X+ 4 +

IMPUJIOKEHME 1

Y4eOHO-TPeHUPOBOYHBbIE TecTOBbIE 3a1aHust EI'D

TecroBbie 3amaHus 6a30BOTO YpOBHS 4.

Al. IlepBooOpa3Has ajredpandecKkux QpyHKUMI
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Al.1 Haiinure f(-2), ecmm f?(X) = 6x3 — 8x + 3, f(2) = 0.
A) 10 B) 12 C) -12 D) 18 E) -18

A1.2 Haiinute nepBoo6pasHyo QyHKIHH % +7

En,u"x_‘+%¥x_‘+c

NrdER IR IEr 2,3
A) 3 Exl"x_+Ex+C \l'?+4~.l'?+'f \"'J-’_+4'H'rx_+c

B) C) 3 D) 3

i
A1.3 Hailigute Bce nepBooOpasHble s GyHKIUN afx

Fax 4 3
A) z +C B) 34r +C C) 74+ C D)-Eﬁ +C E) 6+ +C

A1.4 Haiinute neppoobpasHyio GyHkuuio g+ =2 (2r+5)

_(2x+3Y (2zx45Y _{2x+5)
A Y=(2x+5F+C B 3 - o2 p'Ts Py

=4(2x + 53+ C

A1.5 Haitnure nepBooOpasznyro ¢pyukiuu f(x) = 8x° -5, rpauk KOTOPOM MPOXOHT uepes
touky M(1; 4).

1
A) 2x* —5x+7 B) 24x?+6  C) 2x*—5x D) 2x*—5x+1 E) 4x*-5x+7

A1.6 Haiinure f(0), ecnu £ (x)=6x2-3x+5 u f(4)=130.
A) 6 B)4 C) 4 D) 6 E) 8

Fix)=
A1.7 [Ina pyHKImn (3-21)" | jaiinure 11epBO0OPasHyI0, rpaGuK KOTOPOH HPOXOIUT

1 1J
4yepe3 TOUKY { 2;16

4 2 4 % _2 _ 8 33 2 7
A) i-2x 16 B) -3-2x 16 C) -3-2x 16 D) 3-2rx 16 E) 3-2x 16

fix)=
A1.8 Haitnute nepBooOpasHyto GyHKIINH ~x#—2 | rpaduK KOTOpPOW POXOIUT Yepes

Ttouky A(3; 5).
1
A) +4 B) 2 +3 C) +3 D) 2 +4 E) -2

+4
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A2. BoluuciieHre HHTErPaJIoB ajredpandyeckux QyHKIui

ixhﬁ
A2.1 Beruucnure: *®

16

Z
A4 B)-4 C) 3 D)2 E) s

](3x-1)’dx
A2.2 Beruucaoure: @

L | =

A) 3B 1C -3 D)

uj (2x+1)" dx
A2.3 Brruucnure: 3
1 2 1

A) § B 3C 1D 3 E -1

Il][1 +3x)" dx
A2.4 Brluuciaure: 2

L3 | b

A) 1B) -1C) ;_D) -;_E)

5 1
3nx —] dr
A2.5 Boruucinure ! [ * Vx

A)45 B)52 C)54 D)5 E) 60

A2.6 Brerauciure
1 2
A1 B)z C 4 D)2 E) s

o
J Jx-1
1

I]xJ?dr

A2.7 Bprauciaure 1 .
A)18 B)9 C)27 D)6 E) 93

ey 1
———|dx
A2.8 Bpruuciure *[5 v ]
A) 7 B) 8 C) 10 D) 12 E) 15
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A3. IlepBooOpa3Hasi TPUrOHOMETPHYECKUX PyHKIMH

A3.1 [lns kakoit u3 cnenyromux GyHkiuid, Gpyakmus F(X) = 3tgx + 5X + ¢ siBisercs

nepBOOOpa3HO?
3

. E) y=cnsix

+5

y=- ? +5 y=—3 +5 y=——3 +
A) sin’ x B) sin® x C) ¥ =3ctgi+e D) cod x

A3.2 Jlns kakoii w3 cnexyromux Gpyskuuit gynkmus F%)=e8-2+C gppgercs

nepBOOOpa3HO?
1 1 1 1
A) f(xj_sin:x_z B) f(x:l_n:cus’x_z C) '}F[x:l__cuzuij_2 D) f(x:l_sin:x-'-2 E)
)=
S X
Flx)= — - cosy
A3.3 YkaxuTe nepBoodpa3Hyro GyHKIIUN x
A) —%—sinx+lf B) —xl—]—sinx+C' C) ;—]—sinx+ﬁ' D) 1;+sinx+ﬁ' E) —xLl+sinx+C'
A3.4 Haiizute nepBoo6pasnyo GpyHxium: J (¥ =% +eig's
i 1 1 1 1 1 1
A) %+§cr33x+ﬁ' B) %—Eﬂf.§,'31+ﬁ' C) %—x—cfgx%f D) Jr?—Jr+|:'fgp:+lf E) %+x—cfgx+£‘
F=- 4c1:;s(2xj
A3.5 Haiimure nepBooOpasHyro it GYHKIHH snt(2x)
fgx o cigr
A) tgr+eotgr+ O B) tgr—clgr+ O C) ctge —tgr+ O D) @ E) i'g_x
oL
A3.6 Vkaxure nepBooOpasHyro QyHKIUH sind (3x +1)

A) —;—cfg[3x+1)+ﬁ' B) ;—crg(3x+1:l+ﬁ' C) ;—fg(3x+1)+lf D) _;—fg[3x+1)+ﬁ' E) —3::g[3x+1j+i?
1

¥=
i * 1]
A3.7 Ykaxute nepBooOpa3Hyto QyHKIUU: o (3 '

l—rg[i+1]+c 3fg[%+1]+ﬁ' l—fg[%+1]+ﬁ'

B) Q) -3 3fg[%+1]+lf el

D) - E) 3
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cosdx

A3.8 Haiiure nepoobpasuyio GyHKImio 1ist GyHKiuu 7 (%) = sinx-cosz’
A) sinx-casy +C B) ctg2x+ C C) COS2X-SinX+ CD) sinly —cosy+C E) —siti ¥+ cosx +

15. HecoOcTBenHble mHTErpajbl. Heco6cTBeHHBIE HHTETPAJIBI IEPBOIO

Breime
poaa

OBLIT OIpeIeNIEH MHTETpal JIJIsl OTPAaHUYECHHBIX U 33JJaHHBIX HA OTPAHUYEHHOM OTPE3Ke
¢yHkuuit. PactipocTpanuM MoHsATHE UHTETpaja Ha cliydad, KOrjaa OJJHO Win 00a 3TUX
YCIIOBUSI HAPYyILIAKOTCS.

Onpedenenue. Myers /% 3agana na Geckoneunom npomexyTke %y juist Besikoro

4 4
| fixdx b | F(x)dx
- —hon
AZa cymecTByeT HHTErpaa @ Ipenen @ HA3bIBAETCS HECOOCTBEHHBIM
HHTErpajioM MepBoro pojaa (MHTErpaioM Mo HeOrPAHUYEHHOMY NPOMEKYTKY) U
A

| F(x)dx lim | f(x)dx
o6o3HauaeTcs © Ecan “7a CyIIeCTBYeT H KOHEUeH, TO HecOOCTBeHHBbIi
MHTErPaJl IepBOro Poaa HA3bIBAETCH CXOAANIMMCS, €C/IH 5Ke OH He CyIIecTBYeT HIH
paBenbecKOHEUHOCTH, TO HECOGCTBEHHBII HHTErpaJ MepBoro poaa Ha3bIBaeTCs
PacXoasIIHMCS.

Ipumepor.

o o 4
 dx (& - I%=A]jm (hﬂf}=ﬂ]ﬁn (nA-ln1)=co
- . —HE —i0 —

1. PaccmoTpum 1 Mycts ®=1.Torma 1 * L

Takum 06pazom, paccMOTpeHHbIN uHTErpan npu 2 =1pacxoautcs. [Tycth Tenepp & # 1.

Torna

P 4 — o mpH e <l
[ [ 2

lxﬂt A_m-lxﬂ Ao 1-a — mpH& >,

W MBI OKOHYATETHHO TIOJYYHIIH, YTO pAaCCMATPUBAEMbI HHTETpA IPH & =1 pacxouTcs U
npu &> lcexoaures. Dmom unmezpan yacmo uCnOIb3Yemcst 6 NPUSHAKE CPAGHEHUSL 8
Kawecmee 3maioHHO20.
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dx
xz 2x+ 2
2. BBIACHMM CXOIMMOCTh HHTErpasia !

A
':‘f' Fx 4

' A
UneeM 1 2x4 2 -0

dx 4 ax

Ny T B
2 -1x+32 A—>m1(x D2+1

= lim (arctglz- 1]||1 ]Jm (arctg(ﬂ - a:rl:thII]l— -
A0 . Clie10BaTeNnbHO, HHTETPAN CXOIUTCS U €ETO

w
3HAYEHUE PABHO <
(-] 2 o
. —x . 2
| %2 " dx=|xexp(-x")dx
3. BBIsICHUTH CXOAMMOCTH UHTErpasia ! l . [To onpenenenuto nonydaem
= 2 4 2 4 3 . _2H . 4
(xedx=lim | xe dx=lim (-1 e di-x)= = Im (-l oL gim LA oL
1 A—:«:a:r'l Ao 2 ] A—sen| 2 1 28 A—sen 2 2e

-1
CrenoBaTebHO, HHTErpall CXOAUTCA M €0 3HaYeHue paBHo U2

T dx

O

4. ]lns uuTeTpana ¢ uMeeM

IZCI

di__ o fdnx_

-xq.'ﬁ Ao Ihx Ao

= lm(Zfln A-2)=eo0
Ao

CnenoBaTenbHO, MHTETPAJ PACXOIUTCS.
&

Cxln®x
5. Ins uHTETpaNa ¢ 10 OTIPENIETICHUIO UMEEM

4 1
=lm|-—+1]|=1
i A—)m[ 111}1+J

CrnenoBatenbHO, UHTETPA CXOAUTCS U €ro 3HaueHue paBHoO 1.

w0

A
- dx o Fdlnx 1
= lim = lim | -—
-I xln? x 1‘1—>E°;:]112x *‘1—?'“’( ]nx]

&

w
e dx
6. BBISICHUTH CXOIMMOCTH MHTETpajia o , el

ITo onpenenennto
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o A A
| e ®dr= lim | & ®dx= lim (- L) e ®d(—ax)= _ . [_ 1 |4
g Ao A’ DT h A]ngm |n

0|~

CrnenoBaTenbHO, MHTETPAT CXOIUTCS U €r0 3HAYCHUE PaBHO
3aoanue 2.4

Brruncants HecOOCTBEHHEBIC HHTCTPAJIbI IICPBOTO poJga UK JOKAa3aTh UX PACXOAUMOCTD.

°I.° dx DID dx °I° ax T' (x + Defx
1. éx]ngx.z_éxf%.n'ﬁx - 3. |jx2+2x+1[].4. |jx2+2x+1[].

dx

o = dx
: ©_dx
5_é x+2.6_h4u+u3_

1

I
T — Carct
OtseTnl: 1. I:‘]’5; 2. pacxonures; 3. & 3 e

1
3; 4. pacxoautes; 5. pacxoaures; 6. 2.
Hawm B nanpHeiiemM moHago0uTcs ciaeayonuii BAXKHBIA pe3ybTar.

Teopema 2.8. (Kputepuii Komn). HecoOcTBeHHBIN HHTETpas MEPBOTO PoOJia CXOAUTCS
TOTJIa U TOJILKO TOT/1a, Koraa /it Beskoro €70 cymectByer 424 Takoe, 4To st BceX

| F(x)dx < &
_.#11,}],2 =4 BBIIIOJIHCHO HCPABCHCTBO 4

Jloka3aTeabCTBO ITOTO Pe3yabTaTa OIMYCTUM.

? Fimdx

Onpeodenenue. HecoOCcTBEHHBI HHTErPaJ NMepBOro poaa = Ha3bIBaeTCsl

|/ Gk

a0COJIIOTHO CXOAAIMMCH, €CJIM CXOAUTCH MHTEerpaa =

OtmeTnM, 4TO eclii HeCOOCTBEHHBIN MHTETPaJl MEPBOTO POJA CXOAUTCS aOCOIIOTHO, TO OH

{17 (9l

CXOIMTCSA. [[elCTBUTENBHO, TOT 1A I UHTErpaia @ BBITIOJIHEH KpuTepuil Komu, a B

[ f(Rdn=| (70

ki ki

CUlly CIIpaBCAJIMBOCTH HCPABCHCTBA ) KpI/ITepI/Iﬁ Koy BeIMoIHEH U 1A

jfumx

WHTETpana @
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OO6paTHOE yTBEpkKIECHNE HEBEPHO.

I Fixdx
CXOI[I/IMOCTB HECOOCTBEHHOTO HHTCTpaJIa —= OIIpCACIIACTCA aHAJIOTHYHO.
HpeﬂHaFaCTCSI ImpoacjaTb 3TO CaAaMOCTOATCIIBHO.

oo

| Fx)dx I Fixidx= I f (x)cfxﬂ Fixidx
I[HH HECOOCTBEHHOI'O HHTCI'paia —= MOXEM 3aIllucatb — 2 51
Ha3BaTb 3TOT UHTCTPAJl CXOMAIMNUMCS, €CIIN CXOATCA 063 cJaracManix. ECHI/I XOTs 6BI OJHNH

w
| F(x)dx

M3 DTUX MHTErPAIOB PACXOAUTCS, TO OYIEM CUMTATH MHTErPAl —* pacxoasmumcs. B

KauecTBE TOUKH & BEIOMparoT 00bI4HO 0.

o

xdx
Dl xt
IMpumep. PaccMOTpUM MHTETpAT ~= ITo ompeeieHHI0 CXOIMMOCTH 3TOTO HHTETpaja
HOquaeM

=] 0 AE
. ; . 2 xdx
= lim 2+ m | 7=
J‘11—?'—f’:"£1 T+x¢ A=+ 14 x

xdx xax

2

“ml+x

Loy 1oy 2, [
I, litn ]n(x +1) +§ im Infx®+1)
Ay ——co Ay =+ N

Tak xak o0a ciaraemMbIX pacxoaAaTcs, TO HCXOI[HBIfI HHTCTpaJI paCXOaUTCA. HonyqaeMaﬂ

IIpHu 3TOM H@OHpe,ZIeJIéHHOCTL G0 — O TIpU pa3HBIX CKOPOCTAX CTpCMJIeHI/IH 'Al K —%H 1‘12 K

N
+® aét pasHble pe3yyibTaThl. B yacTHOCTH, eciin 4 = “12 =Jn-1 , TO

I 1 4 NG
L lim | In{ x2 +1) +L fm ln(x +1)L -
24— 4 2 Ay e

Ltim (nn-2ka)=1tm 2
N —p0 n—w N

m L=—-co
n

n—0

MI
M| —

I N
Ecmn 4 =—+n-1 A =+n" -1 14 36c0om0TH0 aHATOrMYHO TOKA3BIBAETCS, YTO ITOT

npenen paBeH @ . [TomobpaB cKOpOCTH CTPEMIICHUS Ak —ooy Ak +o MO>KHO IOJIYYHUTh
B TIpeierie JTIF000e 3apaHee 3aJaHHOE YHCIIO OT ~ % 0 60,

C npyroi CTOpOHBI, MPU COTJIACOBAHHOM CTPEMJICHUH BEPXHETO U HIHKHETO MPEACIOB K
% MOYKEM 3aI1CaTh
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e A A
oy T el

—.m1+x2 A—H-GD_'A1+ xz A—:ﬂrﬂz

— 2 lim (n(A2 +D)~In(42 + 1) 0
2 A—+eo

910 JaCT BO3MOKHOCTBb BBCCTH HOBOC ITOHSTHUC.

? Fixdx

Onpeodenenue.I' 0BOPSAT, 4TO HECOOCTBEHHBII HHTErPaJ MEPBOro poaa —

CXO0AUTCHA B CMbICJIC I'VIABHOI'0 3HAYCHUSA KOIIII/I, €CJIM CYHIECTBYET U KOHECYCH Ipe/1e1

A
irn [ f(x)dx

Aoy

PaCCMOTpeHHBIﬁ BbIIIC IIPUMCECP IMOKA3bIBACT, YTO HECOOCTBEHHBIN HHTCT'paJI ICPBOTO poaa

w

| F(x)dx

- MOET CXOAUTHLCS B CMBICIIC TJIaBHOTO 3HaYeHus Kolm u pacxoIuThbes B
00OBIYHOM CMBICIIE.

T Fixdx

OTMeTHM HECKOJILKO CBOMCTB HECOOCTBEHHBIX HHTCI'PAJIOB IICPBOro poaa =

?f{x)dx ?f{x)dx

1. Ecin HHTCTpall =2 CXOOUTCA, TO AJIA BCAKOI'O bza UHTErpal *? CXOOHNTCA U

@ 3 =
I Fixdx= | Fixdx+ | Fixidx
a a A

| fixdx | ¢ Fixdx
2. Ecnu uaTerpan = CXOOUTCA, TO CXOOUTCS UHTETrpajl = U UMECT MECTO
b

w Lin]

paBEHCTBO _icc i (x).:fx:a:_i Fixdx

a a

Lin]

[ fdr | gt [P+ g

3. Ecin HHTCIpalibl * u = CXOOATCA, TO CXOOATCA MHTCTpPAJIbl 2 u

HMCECT MCCTO PAaBCHCTBO

1% 2| fldre | gl

a a [

OO6paTHOE yTBEpKIECHHUE HEBEPHO, TO €CTh, €CIIM UHTErPaJl OT aJIreOpPaAnvYeCcKON CyMMBI
(GYHKIMI CXOQUTCS, TO MHTErPaJibl OT ClaraéMbIX CXOUThCs He o0si3anbl. Hanmpumep,
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[ P |

v X v X+ 1 :
HHTETpaJIBI ! M ! pacxonsiTcs, a UHTerpan !
IOKa3aHo MO3JHEE, CXOOUTCS.

Tdx T odx D?[l l}f T dx

x+1 -lx(x+1]|

, Kak OyzaeT

JUist IpyruX TUIIOB HECOOCTBEHHBIX UHTErPAJIOB IIEPBOTO POJIa CBOMCTBA aHAJOTUYHBI.

CX0JIMMOCTB HE BCEX HECOOCTBEHHBIX HHTETPAJIOB IIEPBOTO PO MPOCTO BBIICHUTH I10
omnpeneneHuo. [103ToMy 4acTo HCTOIB3YIOT TaK Ha3bIBAEMbIC PU3HAKY CPABHEHUS B
HeTpeeapHON U IpeAeibHOM hopmax.

Teopema 2.9. TlycThb aast BCSIKOTO * 2 4(A22) Byinonaeno HEPABEHCTBO HOE |g':x:'|. Torna,

o

L=}
| glx)dx | f{xhdx
ecJIM MHTerpan = aOCOJIFOTHO CXOUTCS, TO MHTErpan @ abCOJIFOTHO CXOUTCS,

| f(x)dx | g(x)dx
a eCII UHTerpan @ abCOJTFOTHO PACXOAUTCS, TO HHTErpa 2 abCOITFOTHO

pPacxoauTcs.

Jloxkazamenvcmeo. JIGHCTBUTEIIBHO, B YCJIOBHUAX TEOPEMBI I BceX A2 & mmeemM
A A w A

|7l = [ g (x)]ax i g2l |/ ()l
a a . Toma, €CJIM UHTCTpalI = CXOaUTCHd, TO = €CTh MOHOTOHHO

BO3pacTarolias orpaHU4YeHHAas CBepXy (DYHKIIUS OTUATIOITOMY UMEET Mpees Mpu
A

Ak Ahlfm (7= oo
A—w  Ecnmu uHTErpan « pacxonurcs, TO @ Y IOATOMY
A
lim | |g(x)|dx=
A_}m& |g(x)| A=

Teopema 2.10. Ecnu F @y 23 - geckoneyno manpie B +® OJTHOTO TIOPSIKA MaJIOCTH, TO

o

A G N | Fddx | g(xdx
ectp ¥ &%) , TO MHTETpaJIbl 2 U= 1100 00a aOCOJIFOTHO CXOISATCS,
1160 06a aOCOMIOTHO PACXOSATCA.

PG PG, k|
Joxazamenvcmeo. Tak kak "2 8 5o 57+ gl . Bosemem

omnpenenenuto npeaeia cymecrsyer # > Urakoe, uro misg Bcex * » M BpImoaHEHO
fix)

gix)

lg@[&]- & <|f@] <&+ et 15 nocnenmero HEPABEHCTBA U TEOPEMBI 2.9 mojTyyaeM
YTBEPKAECHUE TEOPEMBI.

0<e<|k]| o

|K | -5<
HEPABEHCTBO

< |ﬁf |+ =
d, CJICJOBATCIIbHO, 1 HCPABCHCTBO

3ameuanue. Ilocie nydenust TeopeMsl 2.10 MOXKET CIIOKUTHCS BIICYATICHUE, YTO IS
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CXOAMMOCTH HECOOCTBEHHOT'O MHTETpajia MepBOro pojia, B TOM YHCIe U aOCOTIOTHOM,
HE00X0IMMO, YTOOBI MOABIHTErpajbHas (PYHKIMS Obula OECKOHEYHO MaJlol Mpu * —*<2
To, 4TO 3TO HE Tak, MOKA3bIBAET CIEAYIOMIMI Tpumep [15].

BospMeMm ¢yHKIIMIO, TpaduK KOTOPOH COCTOUT U3 OTPE3KOB MPSIMBIX, COSTUHSIIONTUX

1 1
n—-—_»0 n+—10
] el —
TOYKH 4 il 4 , 2=L2 .. Ee anamurnueckoe BBIPOKCHUE UMEET BUJ
Mr+l-gm2", xe PE—L,PE}
| 2"
ixi=4=2"x41+m2", xe PE,PE+1—:L
i 2"
0, X H—L,H+Li|
. | 2" 2"

[Tnomans, 3akm0deHHAs] MEXKIY TpaduKoOM ITON (PYHKIIMH U OChl0 CF | paBHa cymMme

r——.0 r+—,0
IUIOLIAIEN [ ik ] .1 [ 2" J n=12 .
JIEN TPEYTOJIBHUKOB C BEPIIMHAMM B TOUKAX : : :

1

TaK KaK 1iomaab KaX10ro Takoro TpeyFOJIBHI/IKa paBHa E_H , = 1’ 2’ -, TO

= 10325 3
|f'x'cfx=—+—=— Fixi
; 4 1-045 4. 3aM€TI/IM, qToO YCJIOBI/IG Ol‘paHI/ILIGHHOCTI/I (1)YHKIII/II/I

1
HCCYIMICCTBCHHO, TAK KaK BCPIIUHBI TPCYI'OJIbBHUKOB MOYKHO B34ATh, HAIIPUMCEP, B TOUKAX

n- ! 0 F'E+L,|:|
A innl a2t m=12 ..

Ipumepuoi

1. BBISCHUTH CXOAMMOCThH HHTEIpaia !

2+8nx
Tak kak x

TOXC CXOOUTCA.

73
% qutst Bcex 2L a HHTErpal ! CXOJUTCS, TO ¥ UCXOIHBIN MHTETPAI

1

- xlx+1
2. BBISICHUTH CXOJIMMOCTh HHTETpajia ! (a+1)

1
Haxoast mopsiiok MaJIOCTH TTOABIHTETpaIbHON (DYHKITUN OTHOCHTEIIFHO (PYHKITUH * ,

MoJiy4yaem
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0, ecmma < 2;
=41

oo, BCIH Gk > 2

x

BCIH &= 2
syl x+ 1)

2

1
Takum o0pazoM, TOPSAIOK MAJIOCTU NOJABIHTErPATbHON (PYHKIIMM OTHOCUTENIBHO * PABEH 2

= dx
'
M Tak KaKk ! % CXOOUTCS, TO UCXOIHBIN UHTETPAN CXOIUTCH.

oo

i 1
| ———d
(x+Dafx+ 2 *

3. BeIacHHUTE CXOAUMOCTDb HHTCI'pAJId

. L
Haxona MOopAI0K MAJTOCTH IOABIHTCT PAJIBHON q)yHKLII/II/I OTHOCHUTCIIBHO q)YHKHI/II/I Yy
nmojydyacm

0, ecme <1,5;
1

oo, BCTH > 15,

ECIH &= 1.5

?

. x
W — = =
r=w (x4 lafx+ 2

1
Takum o0pazoM, TOPSATOK MATOCTH MOJIBIHTErPATbHON (PYHKIIMM OTHOCUTENIBHO * pABEH

= dx
'3
1,5 m Tak kak 1 ¥ cXomMTCA, TO UCXOMHBINA MHTETPAN CXOAUTCS.

K 1

| —— —dx
Sk 23 x4+ 5
4. BBIAICHUTH CXOJUMOCTh UHTETpaja ! ( )

1
Haxonst mopsiiok MaJIoCTH TTOABIHTETpaIbHON (DYHKIIUHU OTHOCHTEIIFHO (PYHKITUH * ,
oJIy4aeMm

0, ecmozee <2,
1

€0, ECIHA » =.

o
X

ECIH & =

£ ]

= L] L

s (g DRfx+ 5

L

1
Takum 00pazoM, TOPSATIOK MAJTOCTH TOABIHTETPATLHON (PYHKITUU OTHOCUTEIIBHO * PaBEH

4
3 U, cmenoBaTesbHO, MHTETPAJT CXOIUTCS.

5. BBISICHUTH CXOJIUMOCTh UHTETpaNa !

1
Haxons mopsmok MagocTy MOABIHTETPadbHON (YHKIIMA OTHOCUTEIHHO (DYHKIIHH *

242



MOJIy4aeM

0, ecomice <1,5;
]jm—ma= |, ecmi=15
i 2244

o ecimo > 15

1
Takum o0pa3zoM, TOPSAIOK MAIOCTU NOJIBIHTErPATbHON (PYHKIIMM OTHOCUTENIBHO * pABEH

1,5 u, cnenoBaTeaIbHO, MHTETPAJT CXOIUTCH.

-}
i '\IIXE +2
| ——— dx
6. BBIACHUTE CXOJAMMOCTb UHTerpana ! * ¥ .

1
Haxona MopAI0K MAJTIOCTH HOI[BIHTeraHBHOfI q)yHKHI/II/I OTHOCHUTCIIBHO q)YHKHI/II/I ry
mojrydyacm

0, ecimiece <05
firn AFafxi e 2

> =+1, ecme=1035%
a=yte xS 45
oo ecim o > 0,5

E

1
Takum oOpazoM, TOPSATIOK MATOCTH MOJIBIHTErPATBLHON (PYHKIIMM OTHOCUTENIBHO * pABEH

0,5 u, cnegoBaTeIbHO, MHTETPAJT PACXOIUTCS.

Ll

“ o
L " dx . .
7. Narerpan ! CXOJIMTCS, TAK KaK IMEET MECTO OIleHKa ¢ = =X " nyg Bcex =1, a
[ u]
g
| e * dx
uHTEerpan | , Kak OBLIO TIOKa3aHO paHee, CXOAAITUNCS.
| o =i .
8. I/IHTeraJ'I £ pacxoaMTCs, TaK KaKk MMEET MECTO OLICHKa & &I I Bcex &=¢
? dx
J’fn,n'ﬂi X

, 4 HHTCTpall ¢ , KaK OBLIIO TTOKAa3aHO paHeC, PaCXOAUTCA.

3aoanue 2.5

I/ICHOHBBY}I IMPpHU3HAK CPAaBHCHUSA BBISAICHUTb CXOAUMOCTD HECOOCTBEHHBIX HHTCI'PAJIOB. B

OTBETE yKa3aHa CXOAUMOCTh H MOPSA0K MAJIOCTH MOJBIHTETPATBHONU (DYHKITHH
1
OTHOCHUTEJIBHO * .

0 &0 o0 & -
- +7 " Sx=1 i - x+2dx x+2d - xarctgx i

| ————dx [ | | x |2t
1. '1{x2+1}m'x+2 3 '1x2+4q..'r;_r—1 - 3, L7 45 - 4, Ay - 5, '12+x2-3q.'x+2 - 6.
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T Jx+2 dx
1(7x+ E)(E'»sz +13

Otsethl: 1. cxoautes, ®=12; 2. cxoautcs, =13

4
==
3. pacxogutes, %=1; 4, cxogurca, ®=13; 5, cxomurcs, 3
p=1
6. cxomuTces, g,
! L =
16. HecoOGcTBeHHBIE HHTETpaIbl BTOPOTO POJa o= =

Ecnu flfl“@orpaHI/Iqua Ha ,':“I%\" 0COGCHHOCTD MOXET OBITh B Toukax % & yumm
BHYTPEHHEH TOYKE 3TOro OTpe3ka. MbI pacCMOTpUM cliydall ¢ OCOOCHHOCTBIO B
TOYKE

fim £(x)=co
Onpeodenenue. Ilycthb @ 3anana na NMoJIlyHHTepBaJje [a8) gy 52 IlycTs
s g
| Fixidx Emu | F{xdx
J — J
najnee aiast Besikoro U <9 <k -4 cymecTByer mHTErpag ¢ Ipenen 2
HA3bIBAETCH HECOOCTBEHHBIM HWHTErpajioM BTOPOro poaa (MHTErpajoM ot
A b5
| f(xedx Emn | F(xdx
o J — J
HeOrpaHWYeHHOW (yHKknuum) u o0o03HaAYaeTcss = Ecan 2

CyllecTBYeT M KOHEYeH, TO HeCOOCTBEHHbIH HWHTErpaj BTOPOro pojaa
HA3bIBAETCHl CXOAAIIMMCS, €CJM 3Ke OH He cyumecTByetiu paBeH
0€CKOHEYHOCTH, TO HeCOOCTBEHHbI MHTErpajl BTOPOro poaa Ha3bIBaeTCs
pacxoasilmuMcs.

AHAJOTUYHO ONPEACIIIIOTCS HeCOOCTBEHHBIC HHTETPAJIBI BTOPOT'O pOJja B CIydasXx,
KOr/ia ToJbIHTerpayibHass (DYHKIMsS OeCKOHEYHO OoJblnas Ha HWIKHEM Ipejnelie, BO
BHYTpEHHeil Touke oTpe3ka %44, Ha BepxHeM M HmKHeM mpesenax oIHOBPEMEHHO.
Jlns ynoOcTBa M3JI0KEHHS MBI pacCMaTpHUBaeM CIlydail 0COOCHHOCTH Ha BEpXHEM
npezene. JJs ocTanbHBIX BApUAHTOB IIPEIaraeTcs mpoIeaTh 3TO CaMOCTOSATEIIBHO.

Ipumepot.

1 1 1
 4x S

J g - X =0 X
1.  Paccmorpum  °© . Ilyctp  @=1. Torma 10 £

fim (In ) = fim (In1-Tn &)= co .
=0 o=l Takum 00pa3oM, pPacCMOTPEHHBIM HWHTErpaid mnpu ==l
pacxoautcs. ITycts Teneps &# 1 Torma
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1 1 l-w 1
sdx . o+ d . -
I—x=]nnl—x=hmnx r={a:—1 mpH & <1,

g X el a® 1-a o ImpH & =1,
W MBI OKOHUATENBHO TMONYYHIIM, YTO pacCMaTpUBaeMbli MHTETpal MHpu o <1
CXOAUTCI H HpI/I ezl paCXOI[I/ITCSI. AHaJIOFI/I‘IHBIe BBIBOJAbI MOXHO CACJIATh HpO
b h
% . dx

| |
4 i . 4
HecOBCTBEHHbIE HHTerpansl @ -4 o&=x"

1 3 5

s dx e - dx

= oo a7
- S {x-da (h-x
HHmeepaﬂbl 0 , 2 , 2 uCVZOJZbS’leWlC}Z 6 I’lpu3HaKe de@HeHuﬂ 6
Kayecmee S5mMalOHHblLX.

':" i
Al x

TR
2. B unrerpane ! TOJILIHTErPaIbHas QYHKIUS MMEET OCOOEHHOCTh B TOUKE
T. agx . E:- dlnx
x=1, nooromy 174 % =30y lnx

. & .
_ anﬂfm x|1+§ - Huqzﬁfmg —z i+ 5y =2 |

CJIG,ZIOB&TGJILHO, HHTCTpaJI CXOOAUTCA U €TI0 3HAYCHHUC PABHO 2.

1|' dx
3. B wunterpang” I=lnx NOJABIHTETpabHAsA QYHKIMSI UMEET OCOOCHHOCTh B
toukax *=U0 g r=1  moaromy wmHTErpays pa3domBacM Ha CyMMYy IBYX, HalpHMep,
1
ll- dx _? dx +} dx
pxv-lnx grf-lhx 1xf-lhnx
z s MIEPBOTO u3 HHUX
0o ax 02 din 5
[ e Y R |
pxd-lnx 60 5 Af-lnx &0 &

= lim (~2,~In 0,5+ 2-/-ln §) =—eo
& 0 . CnenoBarenbHO, UHTETPaJl PACXOAUTCS U MO3TOMY
HCXOI[HBII?'I HHTCI'PpaJI TAKIKC PACXOOAUTCA.

1r
I‘g o
2

- X X
4. B unterpane ° MOJIBIHTETpaTbHAsT (PYHKITUS UMEET OCOOCHHOCTh B TOUKE

r=0 mosromy
e [ i CrneoBaTeIbHO,  MHTETPa
= fim | - —

1ie
. 1

mi ﬁ] =1 CXOOUTCS W €ro 3HauyeHHue
-3

ar . Yefamr [ 1]
| = lim | = -—
poxnfx 60 5 Iy é-0 Inx
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paBHO 1.

L

dx
0l- x°
5. BeIICHUM CXOAMMOCTH HHTErpaja o . [loppraTerpanbHas GyHKIUS UMEET
1
cdx
0COOEHHOCTh B TOUKE . [lloaTomMy | = =
r=1 1-
s
- tm | —=2— = lm arcsinaf) ° = lim (arcsin(l - &)~ arcsin0) = £
s o L fjo 2 80 &= 2

T
CJICIIOB&TCHBHO, MHTETpaJI CXOAUTCA U €ro 3HAYCHUE paBHO 2 .

2
|
6. BeISICHUTH CXOJIUMOCTh UHTETpaAa !

ax
-1

[MoasiaTerpanbHas GyHKIMS UMEET 0COOEHHOCTh B Touke *=1. [To ompenencHuro
uMeeM

2 2
dx - dx
= lim u—_hm(zﬂf )

?.:fx

/. BBISICHUTH CXOAMMOCTh UHTErpana ! ™ i-x

[TonpiaTErpanbHas GYHKIUS UMEET 0OCOOCHHOCTh B Touke * = <. [lo ompeneneHuto
uMeeM

de

m

8. BBIsCHUTH CXOAMMOCTH HHTETpaJIa 1

[MoasiaTerpanbHast (QYHKIHS HMEET OCOOEHHOCTh B Touke *=2 . [loatomy
pa30rBaeM MHTETPAJl HA CYMMY JIBYX

3|- cdx —zi dx +? dx
i%fz—x i%ﬂ—x j?{fz—x

. i1 mepBoro u3 HUX UMeEM

2 -6
©odx . S dx 373 ‘

lim = 3z - =3
Im §-30 1' - ARl ) 2

:5
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AHanoru4yHo AOKa3bIBACTCA CXOAUMOCTbL BTOPOIro CjaaracMoro. CJ'ICI[OB&TCJ'IBHO
WCXOIHBIN HHTCTpAI CXOOAUTCH.

3aoanue 2.6

HCHOHB?.YSI OHpeI[eJICHI/Ie BBISICHUTh CXOAUMOCTDH HCCO6CTB€HHBIX I/IHTeraHOB
BTOpPOTO poaa.
2
‘T ax 1| &% T dx 3| &% 5| &% ? dx I' dx
1.1.?:44,1111?.’;ZIDZ‘?,.']HX;3.|:|;535fu']nx;4.|j34|'3—x;5.'24a,.'x—2;6. 1343'1'—3 ’7 1 {2—}:}3 ,8

4

? dx I dx
0j@-2* . 9 14-3°

4 4 _ 33 44 T3
Oreerer: 1.3 ; 2. pacxomares; 3. 109" . 4 =39, 5 %7, g 3030 .7

pacxonurcs; 8. pacxonurcs; 9. pacxoaurcs.

AHAJIOTUYHO CITy4ar0 HeCOOCTBEHHBIX MHTETPAJIOB TIEPBOTO PoJia POPMYITUPYIOTCS
U JIOKa3bIBalOTCs KpuTepuid Kommu W Npu3HAKM CpaBHEHUS JJISI HECOOCTBEHHBIX
MHTErPAJIOB BTOPOTO poAa.

Teopema 2.11.(Kputepuii Komm). HecoOcTBeHHBIM HHTETpai BTOPOTO poja
CXOJIUTCSI TOTJIa W TOJBKO TOTJA, KOrAa Juiss Beskoro oyifectByer Takoé,> !

—&

| F(x)dx < &

p .
92 = BLITONHSETCS HEPABEHCTBO 1-*

4TO JUIS BCex 9
Jloka3zaTeabCTBO 3TOTO PE3yNIbTaTa OMYCTHM.

Teopema 2.12. Ilycth mis Bcskoro #-d=x<b BpIMOJHEHO HEPaBEHCTBO

B B
| g(x)dx | fix)dx
0=/x)2el®) | Torma, ecnm UHTErpaI 2 CXOOUTCS, TO HHTErpan; 2
& A
| fixidx | g(x)dx
CXOIMTCS, a €CJIM UHTETpaj @ pPacXoduTCs, TO UHTETpail @ pPacXoauTCs.

Jloka3aTenbCTBO aHAJIOTUYHO CIy4al0 HECOOCTBEHHOTO MHTETpaJia MEPBOTO POa.

Teopema 2.13. Ecnn /%y (8 - Geckoneuno 6omblime 0HOTO MOPSIKA pOCTa, TO
.

]
]jin@=g# 0,co | fNdx | glxdx
ectp 7% gx) , TO MHTErpajibl @ U= 0o ob0a cxomsarcs, audo
00a pacxoJsTcs.

Jloka3aTenbCTBO aHAIOTUYHO CIy4al0 HECOOCTBEHHOTO MHTETpaJia MEPBOTO Poa.
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IIpumepsl

7 ax

C 5 3 2
1. lns waTerpana 2Vx— 2 h3-x NOJIBIHTErpaibHas (PYHKIMSI UMEET OCOOEHHOCTb

B Toukax x=2p =43 Touku *=+3p IPOMEKYTOK MHTETPUPOBAHUS HE BXOJSAT.
1
[TosTOMy, HaX01s MOPSIIOK poCTa 3TOM (PYHKIIMUA OTHOCUTEILHO X~ <, UMeeM

ey ecaEon < 0,5
) S

, e =05

r—d Ifx_g.%fﬁ—xz 0, ecmic.>05.

Takum 06pa30M, IMOpAAOK pOCTa PpaBCH 0,5 M MHTETPAJTI CXOOAUTCA.

3 dx

Y -] S
2. B unterpane 2v*~1W?=2" ponpinTerpanshas GpyHKIMS MMeET 0COOEHHOCTE B

Toukax *=1ly =23 Toykm *=lu *=-3IB MPOMEKYTOK HHTETPUPOBAHUS HE BXOJIST.
1

[TosTOMy, Haxoas MOPAAOK pOCTa ATOW (YHKIMM OTHOCHTEIBHO I~ % | HMeeM
(G-=%

i ——2
3 =1 -2

1.
o:; ECIH X < =,
_ {3—?{}“ 13
=l = ecm{rx—g,

=3ax-1.30-2. 3G+ 2 |42 Qf_

EEJ'JI/IEII:}E

L
Taxum oOpazoM, MOPSAIOK POCTa PaBEH 3 W UHTErPAl CXOIUTCS.

!
|
3. BersicauM cxoaumMocTh HHTErpaia o

s x

ax

[MoasiaTerpanbHast GyHKIHMS UMEEeT 0COOCHHOCTh B Touke *=U. Haxoms mopsaok
1
pocTa 3Toi (PYHKITMM OTHOCUTEIIBHO * , IMEeM

oo, eCIHa < L5,

. o o a

]jmsmﬁi=]jm&= 1, ecmia=15;
0 ]

A il Sx 0, ecmia>l5.

Takum oGpa3zoM, MOPSAIOK pocTa paBeH 1,5 1 UHTEerpais pacXoguTCs.
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t 3fin x Jx

: X
4. B wunTterpane U NOJIbIHTErpaibHas (QYHKIMS UMEET OCOOCHHOCTh B
1
touke. Hakoas nopsaok pocta 3Tol GyHKUUNA OTHOCUTEIBHO X, IMeeM

2
Weinz-x* . Feinx. 2% 3
——— =lim 1 £,

PRV =0 3f7 3,2 ]

£

2
Taxum 06pa3zom, OPsSAOK pocTa paBeH 3 W mHTErpan cXoauTcs.
l 5
“nfl+=x
| (—N‘f—jd X
5. BoisicHUM cXOIMMOCTB HHTErpana ¢

HO}II)IHTCFpaJILHaSI (bYHKIII/ISI UMeET 0cOOEHHOCTh B Toyke *=10, Haxo;m MMOPAI0K
1

pocra ATOU byHKIIIH OTHOCUTEJIBHO X , AMEEM
oy e < 0,8,
S X S i
Hmﬂmmﬁ;. x* “ijnm(:f}f )1 cema—0s:
= x ' fx Az 0, ecrmic > 0,8,

Takum 06pa3oM, MOPAIOK pocTa paBeH -8 M MHTErpa cXoauTes.

Loafn _
| i lcfx
: X
6. B unTterpane © NOJABIHTETpaNbHAs (PYHKIIUSA UMEET OCOOCHHOCTh B
1
touke. HaXoas mopsmok pocTa 3Toi G yHKIIUH OTHOCHTEIHHO X UMeeM
0,5,
_J';_ - «4";_ L o, BCTH e < U, o)
]jm(g ) = =]jm|:2 L) x =q¢l ecma=035;

?

0, ecomiee 0,5

Takum 06pa3oM, HOPAIOK pocTa paBeH D> M MHTErpa CXOmuTCs.

l
|
/. BBISICHUTH CXOIMMOCTh UHTErpayia °

dx
xix-1)

[MogsiaTerpanbHas (GyHKIUSA HUMeeT ocobeHHocTh B Toukax *=0 m x=1 O06e
BXOJIAT B MPOMEXKYTOK MHTErpupoBanusi. PazouBaeM nHTErpan Ha aBa

1 0.5 1

b & I ax

;ﬁ(x—n B :, T dx-1)
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IlepBpiii W3 3TUX HMHTEIPAIOB  CXOAMUTCA, TaK Kak IMOPSIAOK pocCTa

o 1 o
NOJIBIHTErpajbHON (QyHKIMH Tpu * =0 OoTHOCHTENHHO A paBeH /i , a BTOpOii
pacxomuTcs, TaK Kak MOPSAJOK pOCTa MOJBIHTErpajbHOW GQYHKIMH Tpu *—1

1

OTHOCUTENbHO !—x paBeH 1. [ToaToMy HHTErpam pacxXoauTCS.
3aoanue 2.7

Hcnonb3yst TeopeMy CpaBHEHUS BBISICHUTh CXOAMMOCTb  HECOOCTBEHHBIX
MHTErpajoB. B oTBeTe yka3aHbl: TOYKA, B KOTOPOM (PYHKIUS OECKOHEYHO OOJbLIAs;
HNOPSAJIOK POCTAa TMOJBIHTETPAIbHOW (PYHKIMU OTHOCUTENBHO MPOOHON (YHKUINU;
CXOIUMOCTb.

2 T3/ 3
: d ) o 3
| il |—S]n xdx |—'\E . 72X ax
1.1 4—7.2-3&—1;2 o X 3,0 A :
bingie 1) fe*”;—ldx 2 dx 2 dx
4 1 \E ’5 0 ‘J{; ’6 15"”'3—?:3;7_ 1416—.7:4;

2 4 3 4

; x - dx " dx
| | |
8. 1132-2 - 9. 24x-2.Y9-2% . 10, 2 fx+ 2 A9-2? |

;.r;=1?|5[:=l x=2’ﬂ:=L _ Et:=§ x=|:|’|5;:=L
OtBeTsol: 1. 3, 2, cxomurest; 2. *=0 5, cxonuTes; 3. 2,
2 5
X= R, =% _p &= - -
3, cxomures; 4. =0 14, cxomures; 5. *=0 a=1 pacxomurcs; 6. * 2
1 1 1 1
== _ = = _ = = _ X ==
5, cxomures; 7. *=4 3, cxomures; 8. *=4 7, cxomures; 9. F=4 2
1
o=

[

1

— - — ==
=31 %73 cxomures; 10. ¥=3 ¥T5 cxomures:
2 2
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Tema: {u¢ppepennuanbubie ypaBHeHHS.

AvddepeHynanbHbIM ypaBHEHMEM NEPBOro NOPAAKA HA3bIBAETCA ypaBHEHME,
CBA3bIBAIOLLEE HE3ABUCMMYIO NEPEMEHHYIO X, UICKOMYIO PYyHKUMIO Y(X) 1 ee

NPou3BOAHYO Y , T.e. ypaBHeHWe BMAA

@ F(xy y)=0mm y="fxy),

rie f— yHkus 1ByX nmepeMeHHbIx, a F — QpyHKIIMOHAT OT TpeX MepeMeHHbIX.

OO0mmM pemieHueM au depeHIHATBLHOTO yPaBHEHUs HAa3bIBAE€TCA TaKask PyHKIUS,
y = y(x), KoTopast oopamiaer ypaBHenue (1) B TOXIECTBO, T.€.

F(x, y(x), y (X))EO mma Y (x) = £(x, y(x)).

Yro06s1 pemiuth AuddepeHmaib-Hoe ypaBHEHUE €ro0 HE00X0AMMO MPOUHTETPUPOBATD, HO
IPEeXk/Ie ero Heo0X0IMMO UICHTU(PUIIMPOBATE (OMPEAEIUTh €ro BU) U MpeoOpa3oBaTh.

Huddepennmanbabie ypaBHeHuUs 1-ro mopsiika, onpeaeieHHble BhIle, yI00HO
3aMKChIBaTh B CIEAYIONIeH Gopme:

(2) M(x, y)dx+ N(x,y)dy =0

Jugppepenyuanvnoie ypagnenusn ¢ pazoenirouiumuca nepemeHHvIMu.

IIyctb M(x,y)=u,(x)g.(y), @ N(x, y)=u,(x)g,(y), TOTAa ypaBHeHUE (2) Ha3bIBaETCH
QG depeHIInaTbHBIM YPaBHEHUEM C Pa3ACIISIONTIMICS IEPEMEHHBIMU ¥ TIPUMET BHI:

u, (x)g: (y)dx = u, (x)g, (y)dy

Ilyrem nenenus Ha NpoW3BEIECHUE y, (x)gi(y) OHO NPUBOJUTCSA K CJICAYIOLIEMY BUAY:

() g 2 9:(Y) g

LX) gily)

OO0uuit uHTErpal STOr0 ypaBHEHUS UMEET BU/L:
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1.

J

Pemmntn inddepennnaibHbIe

1) (L+x)y +y=0

Pewenue: npusedem ypasnenue x udy (1) (yuumwieas, umo y =

B oannom ypasnenuu U1(X) =1, gl(y) =Y, W (X) =1+ X 02 (y) =1

0,(y)
0i(y)

u: (%) dx+C

U2 (X)

dy:j

ABHEHWS C PA3IeJAIONIHMHUCS NePeMEHHBIMH
Henv: Hayyumocsa naxooums obuee pewierue oughghepenyuanvHo2o ypasHeHus ¢
PA30eNA0UUMUCS NePEMEHHBIMU, UCNOIb3YS 8 C80ell pabome Memoobl
ougpeperyuanbHo20 U UHMESPATLHO20 UCHUCTEHUS.

(1+ x)ﬂ+ y=0
dx

ydx +(1+x)dy =0

Pa3zoensia nepemennsvie, nonyuum:

dx dy

1+x y

Hnmeepupys, natioem oowuii unmezpa:

_dx _
J‘1+x_

dy.
I

JQYZJM)+C;

HaYaJIbHbIM VCJIOBUSAM., U €10 MHTCI'PAJIBLHVIO KPUBVIO.

Henv: Hayyumocsa naxooums yacmuoe peuienue ouphpepenyuanbHo2o ypagHeHus ¢
PAaA30enAoOWUMUCS NePEMEHHBIMU, UCNOIb3YSL 8 C80ell pabome Memoovl

Yy

dx

y 1+x
In|y| = In|L+ X+ In C;
In|y| = In|C - (1+ x);
y = C(1+ X)— obwee pewenue oug). ypagHeHus
2) *xy'+1_=0; 6) ytgy-x=1;
)2’+2 7) ysin?x=y;
. . 2
DT 8) y=";
4) *y =1-x; X
5) byy =1-2x;
. HaiiTy yacTtHoe pemienue 1uddepeHINATbHOI0 YPABHEHHUS

OBJICTBOPHAIONIECTO
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oughghepenyuanvro2o u UHMeSpanbHO20 UCUUCTEHUSL U CIMPOUMb UHMESPATIbHYIO
KPUBYI0 5Mo20 peueHusl.

1) Y =X+2; y(0)-1.

Pewenue: Ilpusedem ypasuenue x 6uoy (1) u pazoenum nepemennoie:

ﬂzx+2
dx
dy = (x+2)dx.

Hnmeepupys, natioem obwuii unmezpa:
Idy = f(x +2)dx;

'[dy = J.xdx+ J.2dx;

2

X
y= > +2x+C —obwee pewenue ough. ypasnenus.

T'x. y(0)=1, MmO nOOCMAaBAsA 5MO HAUANbHOE YCao8Ue 8 obwee peueHue oug.
ypasHenus, Haidem 3HaveHue C:

02
y(0)2?+2-0+C —1=C =1,
3Hauum yacmuoe pewerue OaHH020 OUGh. YPaGHeHUsT umeem 6uUo:

2

y:X_+2x+1.
2

Umobwbl nalimu unmespanbHyo Kpugyo 0AHH020 OUQ. YPAGHEHUS HYHCHO
2

X
HOCMPOUmMd 2paAPUK e20 YACMHO20 PeueHuUsl, 8 Hauem caydae 5mo Y = > +2x+1
(epaghux — napadona).

Hatioem xoopounamul epuunst napabonvl.
b 2 (-2

X =— =— :_Z'yez

+2-(—2)+1:2—4+1:—1.
¢ 2a 2

I'papux umeem crnedyrowutl 6uo:
, 1
E

-4\\-3/{_1u12345 .
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2)*y =2« {y(2)=6};
3)*y =2x+4 {y(0)=1};
) y =3¢ {y(1)=2}.

Jluneiinvie oughgpepenyuanvuvie ypasnenus 1-20 nopaoka.

JIuneitnsIM AuQdepeHnanbHbIM YpaBHEHUEM 1-T0 MOpsiiKa Ha3bIBAa€TCsl ypaBHEHUE

y + p(x)y =1 (X) rae p(X), f(X) — u3BecTHBIC PYHKIIHH.

JInnelinoe mudpepeHnnanbHoe ypaBHEHUE HA3bIBAETCA OJHOPOIHBIM, ECII f(x) =0, B
IPOTUBHOM CJIy4ae OHO HEOJHOPOHOE.

3. HaiiTu o01iee penieHue JuHeiiHoro 1uddepeHnnaibLHOro ypagHieHus 1-ro

IOPSIIKA:
Henwv: Hayuumscs Haxooums obuee peuwienue TuHetiHblx OugpepenyuanvHulx

VPasHeHull, UCNONIb3YSL 8 CB0ell pabome Memoovl OUPHepeHYUaIbHO2O U
UHME2PANTbHO20 UCHUCTEHUS.
. 2
1) y —2xy=¢*
Pewenue: Obwee pewenue HeoOOHOPOOHO20 YPABHEHUSL MONCHO HALMU
Memooom eapuauuu HOCMOAHHOIL.

o Paccmompum 00HOpOOHOE YpagHeHUe

Yy —2Xy =0, coomsemcmeyiowee dannomy neoOnopoonomy ypasmenuto. Imo
YpasHeHue ¢ pazoensiomuMucs nepemeHHbIMU.

In|y|-InC = x?

Ir}l‘ _x2 =Y e — y=Ce¥.
C C
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o (Obuwee peureHue HeOOHOPOOHO20 YPABHEHUS UeM 8 8ude Y = C(x)eXz (*) ,e0e C(x) —

neussecmuas yukyus om x. Ipouszeoonasn y =C (x)e* +C(x)(eXZ ) =C'(x)eX +C(x)2xe*".

Hoocmasmsin Yy u Y 6 Y —2xy=eX naidem Cx):

C'(x)e* +C(x)2xe* —2xC(x)e* =e*
C'(x)e* + C(x)(2xex2 — 2xe* ): eX.

C'(xe* =

C'(x)=1=cC(x)= fC(x)dx = fl-dx =x+C
T'k. c(x)=x+C, mo noocmasnss e2o 6 (*) obwee peutenue HeOOHOPOOHO20

ypasuenus 6yoem Y = (X + C)ex , 20e C — nocmosanHas uHmezpupo8aHusl.

2) *y +2xy=2xe*; 4) y+3y— (3-x)%.
' 3
3) y -3x’y=xe*;
4. Ounpenenutsb Bl AuddepeHINATLHOIO YPABHEHN S, HAWTH ero olliee penieHue, a

[Jle YKA3aHO YaCcTHOE pellleHHe.
Henwv: Hayuumoscs onpedenams 6uo ouppepeHyuanvioco ypagHenus, Haxooums e2o

06%!66 U 4acmtoe peuierue.
1) *y +2y =e™;

2) *xyy =1-x%

3 *x+xy=y {y(1)=0};

4) xy +4=y%

5) Yy -2y =4x;

6) y +ycosx =cosx {y(0)=1};

\‘

) *y {Y(O) 4}, MOCTPOHTH HHTEIPAIbHYIO KPHBYIO;

) *(2- )y y;

9) e (1 )dy - 2¢(1+e¥ )ox = 0;
10) *y'—yeX =2xe® ;
11) *y =3,

12) v Y _@ex?

1+ X

JAuddepeHunanbHbie ypaBHEeHUs B MeJUIMHE U OMOJIOTHH.

1) duddepenimanbabie ypaBHEHHSI, BHIPAKAIOT COOTHOMICHUS MKy H3MCHCHHUSIMH
OCHOBHBIX MepeMeHHbIX. [I[puMepoM onucaHusi T€UEHHUS MPOIIECCOB B CEPACUHO —
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COCYIHUCTOM CUCTEME MOXKET CIIy>)KUTh HE3aBUCUMasi MOZEIIb MACTUYHOIO pe3epByapa
— InHelHoe TudepeHranbHOe ypaBHEHHUE TUIIA:

rae nepemenHasi P — mraoBenHoe 3Hauenue AJl, koapdunmuent R — oburee
COIPOTHBIICHHE KPOBEHOCHOTO pycia TOKY KpoBH, ko3 dunueHT K — ko3 dunmeHT
yrnpyroctu aopthl, W(t) — 00beMHasi MTHOBEHHAsI CKOPOCTh BHIOPOCA KPOBH M3 CEP/IIIA.

2) JuddepeHnaabHbpIM YpaBHEHUEM OMUCHIBACTCS Pa3IoKEeHUE OaKTepHid,
paguoaKTUBHBIN pacna.
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JdlomamHee 3aaaHue:

Onpenenuts Bua AUQGHepeHInanbHOro ypaBHEHUs, HAUTH €ro o0l1ee pelieHue, a riue
YKa3aHO YaCTHOE PELIEHUE:

1) (1+ y? )dx +xydy = 0;
2)*y +y=e7¥cosx;

)
3) *xy +y-e =0 {y(a)=h};
4) *y =10%;
: 1
5) *y = YT+ y(1)=1}, MOCTPOUTh UHTETPALHYIO KPUBYIO.

6) y =e> —ey;
7)* x(y' - y): (1+ X2 )eX;

8) Y +YCOSX=sin XCOSX.

o 1-2x
9) *yy = ;
y
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IIpoBepounasi padora

Tema: {u¢pepennuanbubie ypaBHeHHS.

1 BapuaHur.

Onpenenuts Bun quddepeHnanbHoro 2 BapUAaHT.
ypaBHEHUS, HANTH €ro 0011iee peleHue, a

Onpeaenuts BUI quddepeHnaabHOro
IJI€ yKa3aHO YaCTHOE peIIeHHeE:

ypaBHEHUSI, HAUTH €ro o0I1ee peiieHue, a
I7Ie YKa3aHO YaCTHOE peIlleHue:

6) y =x-2,
7 (3x-4)y =y, 6) y -4y =8xe¥;
g y =12, 7)Y =2x-3:
o 8) y —Y—;
9) y —2xy=xe*;  Bx—2
v l0 ) Q) vy =83
= =2
10) y . y y IOCTPOUTDH 10) y _ y_-l-l {y(l): O}, HOCTDOUTS
MHTETPAIBHYIO KPUBYIO. X

UHTETPaJIbHYI0 KPUBYIO.

JlonmosiHUTEILHOE 3a1aHUE

Onpenenuts BuA 1udpepeHInarIbHOr0 ypaBHEHUS, HAUTH €ro o0I11ee perieHue:

1) 2x 1—y2 =y'(1+x2);
2) y +xery =gl 1) e‘y(1+ y'):l
2) (1+x2)y'—2xy=(1+x2)2;
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Jlexknusa Ne 7. KommjiekcHbIe YUCIA.

3HAaKOMCTBO € KypcOM Mbl HAauyHEM C HEKOTOPBIX MCTOPUYECKUX COOBITUH, KOTOpHIE
MOCIIY)KUJIM IPUYMHOM MOSBIEHUS HOBOIO, IIOKAa HEU3BECTHOTO Juid Bac kiacca uucen -
KOMIIJIEKCHBIX.

B X Beke B Utanuu OblIM pacnpoCTpaHEHbl MaTEMaTHYECKHE TYPHUPBI, Ha KOTOPBIX
YYaCTHUKU B NPUCYTCTBUU MYOIMKHU M3JIarajld pelieHust 3aja4, NpeasioKeHHbIX paHee KaXI0My
ero mpoTuBHUKOM. Kak n3BecTHO, B TO BpeMs 3TO ObLI HE €TUHCTBEHHBIN U3 BUAOB TYPHUPOB - B
T€ BpEMEHA COXPAHSJIUCH €lle BOCHHbIE TYpHHUPHI, HA OJTHOM M3 TakuxX TYpHUPOB B 1547 rony
ObUT cMepTeNbHO paHeH (paHiy3ckuil koponb I'eHpux Bamya. Htak, 12 ¢deBpans 1535 roga
WUrtanuu cocTosyioch MaTeMaTHUYecKOe COpPEBHOBaHHME MexIy MareMatukamu @Ouope u
Tapranbeit. ®uope Obul yueHUKOM Tpodeccopa O0JIOHCKOTO yHUBepcutTeTa, CIUNUOHA JEh
deppo (1456 -1526), Hukkomna Taprames (1500 - 1557) - mnpemomaBatenp MaTeMaTHKH.
Tapranbs (3auka) - ero npossuie (Hacrosimas ¢pamuins - oHTaHa), .KOTOPOE OH MOTYUHIT U3-
3a TOro, YTO IOCJIE€ BOGHHOTO PAaHEHUs B TOPJIO OH HE MOT CBAbOJHO pa3roBapuBaTh. TapTajibe
ObUTO TIpeTIOKeHO pemuTh okoso 30 anreOpandeckux ypaBHEHHWH TPEThEeW CTENEeHH BHUA
x>+ax=b; a>0; b>0. B Te BpeMeHa He OBIIM M3BECTHBI oOmMe GOPMYIBI PENICHHs ypaBHEHHil
TpeThel CTemeHu, MOo3TOMY 3ajauu, MpeagoKeHHble TapTanbe, OKa3aluch BeCbMa Cephe3HBIMU
.OnHako, kak y3Han Tapranes, npodeccop aens Deppo ymen pemarh HEKOTOPHIE YpaBHEHUS
YKa3aHHOTO BHJA. A TIOCKOJIBKY 3TH PEIICHHS OBbUIM CPEACTBOM KOHKYPEHTHOH OOpPHOHI,
npodeccop He cTan MyOIMKOBAThH MOJy4YEHHbIE PE3YAbTaThl, HO COOOILINI UX CBOMM YUYE€HUKAM, B
Yyucae KOTOphIX Haxoawics duope. 3a HeEAento 10 COpeBHOBaHUM Tapraibe ynanoch HaTH
oOlMii BUJ pelIeHus 3TUX ypaBHEHHH W c OneckoM mobOeauTh Ha TypHHpe. Tak 4To Ke
npemioxua Tapranea? Ecnu 1onycTUTh (MIPEANONIOKHUTh), YTO CYIIECTBYET HEKOTOpas MHUMAs
enunuua (0003HAYMM ee i), KBaApaT KOTOpOil paBeH MUHYC 1, T.e.i’, TO MOKHO TOBOPHUTH O
YHCclie pELICHUN ypaBHEHHS x> + 1 = 0, ux Oymer nBa * i. Takum oOpaszom, Kiacc
JNEUCTBUTENBHBIX YHUCeN ObUI pacliMpeH BBEJCHHEM B HErO0 OJHOIO JJIEeMEHTa - MHHMOU
€IMHULIBI, B pe3ylIbTaTe 4YEro MOJYyYWIM HOBBIM KJIAcC YHCEN - KOMIUIEKCHBIX, KOTOpPbIE
oOo3HauatoT natuHckoi OykBoi C. CeronHsi, Korja BO MHOTHX pa3jiellax MaTeMaTHKH U ee
IIPWIOKEHUH HEBO3MOXHO OIPAaHUYMUTHCS PACCMOTPEHUEM JIMIIb JEHCTBUTENIBHBIX YHUCEIL,
KOMIIJIEKCHBIE YHCIIa TIO3BOJISAIOT PEIIaTh MHOTHE CEPbE3HBIE 3a1aUH.

OnHomy u3 cosnateneil nupgepeHaIbHOr0 U UHTETPAaIbHOTO MCYHCICHUH, HEMELKOMY
matematuky . JleitOnuiy (1546 - 1715) npunaiexar takue cioBa:«KomIuiekcHOE 9HCIIo - 3TO
TOHKOE M TMOPA3UTEIBHOE CPEACTBO GOKECTBEHHOTO IyXa, MOYTH aM(puOus Mex1Iy ObITHEeM H

HeObITHEMY». Ceifyac OT BCEH TOM MHCTHUKU HE OCTajlach HHUYCTO, KpOMC, Homanyﬁ, Ha3BaHUA
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«MHUMBIC yuciay. Yxe Bo Bpemena K. I'aycca (1777 - 1855) ObLIo JAaHO TEOMETPHUYECKOE
HCTOJIKOBAaHME KOMIUJIEKCHBIX YHCEI KaK TOYEK IUIOCKOCTH. TpyaamMu  BBIJAIOLIUXCS
matemaTukoB XIX Beka O. Komm, B. Pumana, K. Beiiepmrpacca Ha 6a3e KOMIUIEKCHBIX YHCET
OBUIO TIOCTPOCHA OJIHA M3 CaMbIX KPAaCHUBBIX MaTEMATHYCCKUX TUCHUIUIMH - TEOpUs (DyHKIIHIA
KOMILJIEKCHOM NIEPEMEHHOM.

PaccMOTpMM OCHOBHbIE OMpeaeneHmMs 3TOro Kacca Ynce 1 BbIACHUM, KaK BbINOHAIOTCA AeNCTBUA
HaZ, KOMIMJIEKCHbIMU YNCaMU.

Onpenenenue. KoMieKCHbIM YHMCJIOM ZHa3bIBacTCsl BhIpaxkeHue z=a+ib, roe am b —

HGfICTBI/ITCJ‘IBHBIG quciia, I — MHHUMas €ANHUIIA, KOTOpas OMPCACIIACTCA COOTHOIICHUEM
12 _ . P
1< =-1 I =+-1.

[Tpu 3TOM YKCIIO @ HA3BIBAETCS JAEHCTBUTENbLHON YacThI0 uncia Z (2 = Rez), a b- MHUMOIi
gactbio(b = Imz).

Ecmu a =Rez =0, to ymcno z Oyaer uncto MHUMBIM, eciin b = Imz = 0, To ymcio Z Oyxmet
JENCTBUTEIbHBIM.

Onpenenenne. Yucna z=a+ib w 7Z=a-ib Ha3pBalOTCI KOMILIEKCHO —
conpsiKeHHbIMHU.

Onpenenenue. J[Ba KOMIUIEKCHBIX 4YHUCIA z, =a, +ib, U z, =a, +ib, Ha3bIBAIOTCA
PaBHBIMH, €CJIM COOTBETCTBEHHO PaBHBI UX JCHCTBUTENbHBIE U MHUMBIE YaCTH:

a; =ay; b, =b,;
Onpenenenue. KoMIsiekcCHOE YHCIO PaBHO HYJIIO, €CJIM COOTBETCTBEHHO PAaBHBI HYIIO

HeﬁCTBHTeHBHaﬂ N MHHMas 4acCTH.

7.1. fleAcTBMA HaZ KOMNAEKCHbIMM Yncnamm B anrebpanyeckon ¢opme.

OcHoBHble AEﬁCTBMﬂ C KOMNNEeKCHbIMN YNCNaMU BbITEKAIOT U3 AEVICTBMVI C MHOro4ysieHammu.
CnoxeHue n BbluMTaHUE
PaCCMOTpI/IM JABa KOMIIJICKCHBIX 4YMUCJIa, 3a1aHHBIX B O6H_[eM BHAC
Z1=ai+ib:; zo=as+ib
Toraa
z=z1127z2= (a1 +ib1)(az +ibz) = (a1 £ a2) +i(b1 £ b2) =a tib

Mo»xHo Cd)OpMyﬂMpOBaTb NpPaBunIO CNOXEHNA U BbIMUTAHUA KOMMNJIEKCHbIX YXACEN: NPU CNOXKEHUN
(Bbl‘-l MTaHMM) KOMMNJIEKCHbIX YNCen COOTBETCTBEHHO CK/1aAblBaOTCA (Bbl‘-WITaIOTCH) nx
AeﬁCTBMTeﬂbele N MHUMblE YacCTW.
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YMHO)KeHue
7=717,=(a1+ib1) (ag+ib2) =aiaz+iaibo+ibiaz+i’bib,=a+ib
z=712>=(a1a2-b1b2)+ i (a1hz+biaz)
( T.e. MOKHO TOBOPHTD, YTO MIEPEMHOKAIOTCS KOMILUIEKCHBICUHCIA KaK MHOTOWICHBI, YIUThIBA,
410 i2 = -1). 3HAYNT,4TOOHI TIEPEMHOKHTH J1BA KOMILIEKCHBIX UHCIIAa HEOOXOUMO MEPEMHOKHTE
MIX KaK MHOTOUJICHBI, yIHTHIBAs, UTOi> = -1.

Jlenenue

Mpu BbINOAHEHUWN AENEHUA KOMMIEKCHbIX YMCEN NOJb3YIOTCA UCKYCCTBEHHbBIM MPUEMOM: YNCANUTENb
M 3HameHaTeslb APOo6M YMHOMKAIOT Ha YNCN0, KOMMIEKCHO - COMPAMKEHHOE 3HaMeHaTes o apobu, 1
MOCTYyNatoT ganee Tak, Kak U NPU YMHOXKEHUN KOMMJIEKCHbIX Yncer.

IIpumep.
71= 5-i;
22=-2+3I;
7 _ 5-i _ 5-1)*(-2-3i) _ ~10 + 2i —-15i + 3i? _ -13-13i 1
z, —-2+43i (-2+3i)*(-2-3i) 4-9j2 13

Brenennsie HaMu onepanyu CI0KEHHS] M YMHOXKEHHUSI KOMIUIEKCHBIX YHCEN 00J1a1aloT
CBOWCTBAMM:
1) IlepemecTUTETBLHOE CBOMCTBO:
21%727=75%7;;
21*22=22* 11,
2) CoueraTeabHOE CBOMCTBO:
(Z1+2)+23=21+(22+ 23)
(z1*22)*23 = 71 *(22*23)
3) PacnipeienureibHOE CBOMCTBO:
21%(22 + Z2)= 21*22 + 21*Z3
4) Jls1st 11060T0 KOMIUIEKCHOT'O YHMC/Ia CYIECTBYET YHCIIO MY MPOTHUBOIOJIOXKHOE, TAKOE, 4TO Z +

(-2)=0.

Bo3Benenue B creneHb

CornacHo ONpENENeHUI0 CTENeHH 4YHUCla, HEOOXOJWMO 3TO YHWCIO YMHOXHUTh Ha ce0s
CTOJIBKO pa3, KaKOB MMOKa3aTeslb CTENEHU YHCIia. DTU MpaBUiIa BaM U3BECTHBI U3 Kypca CpeHen
mKoJbl. OHM K€ OCTAalTCA CHPAaBEUIMBBIMM U JJII KOMIUIEKCHBIX uuceld. C OJHOUM nuIIb
pa3HUIIEH B TOM, YTO OCHOBAaHMEM CTENEHU 3/1eCh BBICTYNAeT HE OJHOWIEH, a JAByuwieH. s
nmokaszarenel cremeHu 2 W 3 CYHIECTBYIOT (OpPMYJbl, M3BECTHbIE BaM Kak (QOpMYJbI

COKpAIIEHHOTO YMHOXKEHHUS: KBaJpaT CyMMBI (pa3HOCTH); KyO CyMMBI (Pa3HOCTH); pa3HOCTh
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(cymma) kyOoB. YOenuMmcs, Kak MOXXHO BO3BOJHUTH KOMIUIEKCHOE YHCJIO B CTEICHB, MMOJIB3YsCh
(dbopMyliaMu COKPAIIEHHOTO YMHOKCHHSI.

HainTn Kyb pasHOCTM KOMMNIEKCHOIO YnCAa:
(3-2i)° = 33-3*32%2i+3*3*(2i)2 — i¥=27-54i+ 36i%- i*=-9-54i+i=-9-54i-i*i?*=-9-54i+i=-9-53i
[Ipu BBINOJIHEHUU ATOTO AEUCTBUS MbI Y4JIU, YTO
i? =-1;
iB=i*i?=i*(-1) =-i

Ecim sxe HaM Heob6X0MMo, HanpuMmep, Haittn (2+51)%%, To cOTIIACHO OTpEIeTeH o CTeNeHN
MBI JIOJDKHBI 3Ty CKOOKY YMHOXWUTh camy Ha ce0s 21 pa3, uro oueHb TpyaoéMmko. [loatomy
npuberaroT K Ipyroi gopme 3amucu 4ucia — TPUTOHOMETPUUECKONM M B HEM BBIMOJIHSIOT 3TO
neiicteue. Ho 06 3TOM MBI IOrOBOPHUM HEMHOTO TO3KE.

H3B1eyeHne KOPHS U3 KOMILUIEKCHOT0 YHCJIa

T. K. KOMIUIEKCHOE YMCIIO B anrebpandeckoit ¢opMenmMeeT BUJ z=a+ib; TO HW3BJIEKaTh W3
HEro KOPEeHb KaKOM - JIMOO CTETIEHN MBI HE MOXKEM, T.K. HEJIb3s U3BJI€UYb KOPEHb U3 CYMMBI.

Taxkum 006pazoM, MOJBOAS UTOT JACUCTBUSAM HAJl KOMIUIEKCHBIMHU YHCJIAMU B aJIreOpandecKou
dbopmMe, 3akiIoyaeM, 4YTO W3BJIEKaTh KOPEHb 000U CTENEHHW M3 KOMIUIEKCHBIX YHCENT B
anreOpandeckoil (opme Henb3s; BO3BOAUTH B JIIOOYIO CTENEHb MOXXHO, HO €CJIM TIOKa3aTelb
cTeneHu Oosblie 3, TO palMOHAIbHEE TEPEBECTH YHCIO B TPUTOHOMETPUYECKYIO (HopMy H
BO3BOJUTH B CTEIEHb YHCIIO B 3TOM (opme. Bee ocranbHble AEMCTBUS BBIMIOJIHAIOTCS MO paHee
OTMEUYEHHBIM ITPaBHUIIAM.

Beceaysa 0 KOMMNAEGKCHbIX YMCNaxX, HEOBXOAMMO OTMETUTb TaKoe BayKHOE NOHATUE, KaK LMKIUYHOCTb
MHUMOW eanHULbI. 3aKN0HAETCA OHO B CledyloLWeM:

i’= —1(onpenenenue);

P=i*it=i (-1)=-i;
i = %2 =(-1)%(-1) =1;
S=i*it=i*1=i,

7.2. FeomeTtpuyeckoe M306pa)KEHMe KOMMNJIEKCHbIX Yucen.

NMoHATME KOMNNEKCHOrO YMCNa UMeeT reoMeTpUYecKoe UCTONIKoBaHWEe. MHOXeCTBO KOMMNNEKCHbIX
Yyncen ABNAeTCA paclumpeHnem MHOXKecCTBa AEﬁCTBMTe}'IbeIX 4yuycen 3a CYHET BKIIDYEHNA MHOXKECTBa
MHUMbIX Yncen. KomnaeKcHble Ynucna BKIOUAoT B ceba BCeE MHOXKeCTBa 4Yyncen, KOTopble U3y4yaanncb
paHee. Tak HaTypanbHble, Lesnble, pauMoHanbHble, MPPaLMOHaIbHbIE, AEﬁCTBMTEI'IbeIe 4Yyncna
ABNAKOTCA, BOO6UJ,e rosopA, 4aCTHbIMU CAYyHaAMU KOMMNNEKCHbIX YHUCEN.

Ecnmn noboe AGVICTBMTeﬂbHOG YMCNO MOXKET HbITb reomeTpuyeckun npeacrtasieHo B Buge TO4KM Ha
4yncnoBsom I'IpFIMOﬁ, TO KOMNJIEKCHOE YNCNO NpeacTtaBaAeTcAa TOYKOM Ha NIOCKOCTH, KoopAnHaTaMu
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KOTOpOM byayT COOTBETCTBEHHO AENCTBUTE/IbHASA U MHMMAA YaCTU KOMMJIEKCHOTO Yncia. Mpu aTom
ropM3oHTaNIbHan ocb byaeT ABAATLCA AeNCTBUTENbHOMN YNCI0BOM OCblO, a BEpPTUKaIbHAA - MHUMOW
oCblo.

0 a X

Takum o6pazom, Ha ocu OX pacrnosiararotTcs JeHCTBUTEIbHBIE Yncia, a Ha ocu OY — uncto
MHHUMBIC.

C nomoLLbto Nog06HOro reoMeTpUYECcKOro NpeacTaBAeHUA MOXHO NPeacTaBAsaTb YMCIA B TaK
Ha3blBaeMoW TPUroHoMeTpuyeckoin dopme.

7.3. Tpuronomerpuyeckas Gpopma umca.

N3 reomeTprueckux cooOpakeHuil BUHO, UTO a = r cose; b = rsin ¢. Torga KoMIIeKCHOE
YHUCJIO MOXHO IPEICTaBUTh B BUJE:
z=a+ib =rcose+irsin ¢ =r(cose +isin ¢)
Takas ¢popma 3anmucu Ha3bpIBacTCS TPUTOHOMeTpUYecKOi (POPMOi 3aNMCH KOMILIEKCHOT 0
yuca.
[Ipy sTOM BenuuMHa I' Ha3bIBAETCS MOAYJEM KOMIUIEKCHOIO 4YHKCJA, a YroJl HAaKJIOHA ¢ -

APryMmeHTOM KOMIIJICKCHOI'O YHUCJIA.

r=l7; ¢=Argz.
M3 reomeTpnyecknx coobparkeHni BUOHO:

b
r=la+ib|=+va?+b* ¢=Argz=2arcty_;
a

OquI/II[HO, 4TO KOMIUICKCHO — COIIPAKCHHBIC YHUCIId HWMCHOT OAWHAKOBBIC MOAYIU U

IMPOTUBOIIOJIOKHBIC APTYMCHTHI.

7=z Argz=-Argz.

7.4. JleficTBHS ¢ KOMILUIEKCHBIMH YHCIIAMH B TPHTOHOMETPHUIECKOH (opMme.
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z, =r,(cose, +isin ¢,), z, =r,(COse, +isin @,).
YMHoO:XEHHE
Z=12,2, =111, (COS(py + ;) +isin( @, +,))
B ciyyae KOMMIEKCHO — COMPAMEHHbIX YnCcen:
77 = (a+ib)(a—ib) =a? +b? = |z|2 = |Z|2.
Jlenenue
z, i
z=__= _(cos(p ¢ )+isin(o ~¢ )
ZZ r2
Bo3Benenue B cTeneHnb

J4 K] onepanr YMHOXCHHA KOMIIICKCHBIX YHUCEI CJICAYET, YTO
7% = 72 = 1r?(C0S 2¢ +isin 2¢)
B ob1iiem ciydae monydum:
" =r"(cosng+isin ng),
rie N — 1eJI0€ MOJIOKHUTEITBHOE YUCIIO.
D10 BhIpaXkeHHE Has3biBacTcs (popmyJioii MyaBpa.(AGpaxam ne Myasp (1667 — 1754) —

AHTJIMACKUN MaTEMaTHK).

dopmyny MyaBpa MOXKHO MCMNONb30BaTb A/ HAXOXKAEHUA TPUTOHOMETPUYECKUX GYHKLNIA
OBOWHOro, TPOMHOrOo U T.4, Yr/10B.

Ipumep. Haiitu popmyiibl sin2¢ u COS2¢.

PaccmoTprM HEKOTOpOE KOMILIEKCHOE YHCIIO Z = r(CoS ¢ + i sin o).
Torga ¢ oqHOM CTOPOHBI 72 =r? (COS2 @+ 2iCOS@sSin @ —sin 2 0).
TTo dopmyne Myaspa: 22 = r?(c052¢ +isin 2¢).
Ipupasrnsas, nomyaum C0S2¢+18in 29 = €0s2 ¢ —Sin 2 ¢+ 2i cOS sin ¢.
T.x. JABa KOMIUICKCHBIX YK CJIa paBHbI, €CJIM PaBHbI UX HeﬁCTBHTGHBHBIG 1 MHHUMBIC 4aCTH, TO
£0S2¢ = €0S? ¢ —Sin 2 ¢
sin 2¢ = 2sin @cose
[Tomyunnu u3BecTHbIe GOPMYIIBI IBOMHOTO yria.

H3Baeyenue KOPHS U3 KOMIIJIEKCHOT'0 YU JIa

8z =yfr(cosg+isin ) = p(cosy +isin y)

Bo3pogas B CTCIICHb, ITOJIYUUM:
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p"(cosny +isin ny) = r(cose +isin )

Orcroga: P = nr; ny = @+ 27k; kel

- B (Cos(p+2nk+isin o+ 21k )
t/z y/r(cosg+isin @) _JLE 0 J
n

n

Takum 006pa3zom, KOPeHb N —O¥ CTETICHH U3 KOMIUICKCHOTO YHCIIa UMEET N pa3IuIHbBIX
3HAYEHUIL.

7.5. Iloka3arenbHast popMa KOMIIIIEKCHOTO YHCIIA.

PaccMoTpuM nokaszarenshyio ¢pynkmuio W= €%; Z=X+iy.
MoxHO noKa3aTh, 4YTO (GYHKIMSI W MOXKET ObITh 3alicaHa B BUE:
W= e =eX(cosy+isin y)
JlaHHO€ paBEeHCTBO HA3bIBAETCA YpaBHeHHeM Jiljiepa.
ﬂ,l’l‘il KOMMNJIEKCHbIX YNcen 6y,£I,YT cnpasegnanebl chegyrwowme CBOWCTBaA:
1) %' =eleZ;

7-12 2
e
1 2 ;

¢ e
3) (€)™ =e™; rae m-— memnoe uncro.
Ecnu B ypaBHeHHH Diiiepa MoKa3arelb CTENCHN MPUHATh 38 YMCTO MHUMOE 9rciio (x=0), To
moJjiygacMm:
eV =cosy+isiny

[nAa KOMNAEKCHO — CONMPAXEHHOro Yncaa Nnoayvyaem:

eV =cosy—isiny

M3 3TUX ABYX YPaBHEHWI NoNyYaem:

eV +e™
2

iy e—iy

cosy =

siny= ¢
| 2i

3TMK GopMyaMM NONbIYIOTCA ANA HAXOXKAEHUA 3HAYEHWUIN CTeneHel TPUrOHOMETPUYECKNX
dYHKUMI Yepes3 GYHKLMKM KPaTHbIX YI/10B.
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Ecnuv npeactaBuTb KOMMNIEKCHOE YMCNO B TPUTOHOMETpUYECcKon dopme:

z=r(cose-+isin @)

o o | _ - .
¥ BOCToNB3yemcst (popmyroit Ditnepa: €'¢ =COSQ+1SIN @
z =rel?
[TonydeHHOE PaBEHCTBO U €CTh MOKAa3aTeJbHasA (POPMA KOMILJIEKCHOI0 YHCIIA.

PaccMoTpuM HECKOIBKO MPUMEPOB IEUCTBUN ¢ KOMIUJIEKCHBIMU YHCIIAMHU.

Mpumep. Jlanbl 1Ba KOMIUIEKCHBIX uncna 2, =1— EI; 7, =—7—2i. TpeOyercst a) HailTu

(1-TiY!

2 . S
SHA9CHUC BBIDAKCHIA | —= 5, | B anrebpandeckonl popme, 0) st yncna Z = 2- 2\/:_3| HallTH

TPUTOHOMETpPHUECKyIo hopMy, HaiiT 22, HaiiT KOpHH ypaBHeHHS W3 + Z =0,

a) OueBHUIHO, CIIPABEIIMBO CIEAyIOIIee MPeoOpa3oBaHuUE:

(o7
| 1| _(2-7i }' _(=14-4i)  [(-=7-2i}
L_y_gzlfJ J-m-” _[ 2—7iI)| =16|k 2_7iq

\ )

Jlanee mpou3BOANM ACJICHUE ABYX KOMIUJIEKCHBIX YHCEN:
~7-2i  (-7-2i)(2+7i) -14-49i-4i+14 -53i
2-7i  (2-Ti)(2+Ti) 4+ 49 53

[TonyuaeM 3HaueHHUe 3a7aHHOTO BhIpaxkenus: 16(-i)* = 16i* =16.
6) Yucmo Z=2— 2\/§i IPEACTaBUM B BUJE Z = r(COS @ +isin ¢), TA€

r=|lz=v4+12 = 4; ¢ = arctg Qa: arctg(_ \/§): _60°

Torna Z =4(cos60° —isin 60°).

Jlnst naxoxaenus z°° Bocruibzyemes Gpopmysioi Myaspa.

220 = 429(c0s1200° i sin 1200°) = 42°(cos(3- 2 +120°) —isin( 3 2n +120°)) =

)

= 4% (c0s120° _isin 1200):42°(£+£i .

\2 2 )
Ecrmmt w®+z2=0, 10 w=3%/2

¢+ 21k ¢+ 21k

o o —60° + 27k —60°+2nk\
37 =3Flcos____ +isin
\

L i/i‘r(cos +isin
)

3 3 )

D kel

3 3
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BOIIPOCHI U1 CAMOITPOBEPKHA

Jlaiite ornpenenenue KOMIUIEKCHOTO YUCIa.
Kakue unciia KoMIIeKCHO-CONPSKEHHBIMU ?
Kakue koMIiekcHble Yuciia Ha3bIBalOTCSl paBHBIMU?

Kak reomerpuuecku u3o0pakarorcs KOMIUIEKCHbIE yncia?

o > w N E

Kakne HeﬁCTBHﬂ Had KOMIINICKCHBIMU YHCJIAMU BBIIIOJIHAKTCA B anre6panqec1<0ﬁ

bopme?

6. JlaiiTe onpeneneHne TPUTOHOMETPHIECKON (POPMBI KOMIUIEKCHOTO YHCIIA.

7. Kakue HeﬁCTBHﬂ HaJd KOMIINICKCHBIMU YUCJIIAMH BBIITIOJIHAKOTCSA B TpHFOHOMCTpH‘IGCKOfI
bopme?

8. Kak ocymecTBisieTcsi mepexoJ OT 3aluchd KOMIUIEKCHOTO 4YHCJa, 3aJaHHOTO B
anreOpandeckoit popme, K ero TpUroHoMeTpudeckon popme?

9. Kak 3ammcaTh KOMIUIEKCHOE YHCIIO B TIOKa3aTeIbHOH Gopme?

10. Yro Ha3bIBaeTCS TOKIACCTBOM Diiepa’?
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8.
8.1. (—2+450)+ (-2—5i); 84 (-2+5)(-2—-5i); g7 =L
82. (6+8)—(3—5i);  85. (6+80)(3—50);
8.3.

9.

YIIPA’ZKHEHUA

HOCTpOI/ITB Ha KOMILJICKCHOM IIJIOCKOCTHU BCKTOPBI, COOTBCTCTBYIOIIUC KOMIIJICKCHBIM

qucam:

1.1.z = 3 + 4i; 1.5.z = 4i;

1.2.z=3; 1.6.z = =3 — 4i,

1.3.z = -3; 1.7.z = 3 — 4i;

1.4. z = —4i; 1.8.z = -3+ 4i.

Haiitu nelicTBUTEIBHBIC YHCTIA XU Y U3 YCIIOBHSI PaBEHCTBA JIBYX KOMIUICKCHBIX YUCEIT:

2.1. =2+ 5i—3iy =9i + 2x — 4y; 2.3.17 + 2ix + 3iy = 18i + 3x + 2y;
2.2.9 + 2ix + 4iy = 10i + 5x — 6y, 24.5x — 2y +ix +iy =4+ 5i.

Haiitu MOYJb, I''TAaBHOC 3HAYCHUC ApPrymMCcHTa M BCC 3HAUCHUA apryMCHTA KOMILJICKCHBIX

YUCCII:

3.1.z =3+ 4i; 3.5.z = 4i;
3.2.z=3; 3.6.z = =3 — 4i;
3.3.z=-3; 3.7.z =3 —4i;
3.4. z = —4i; 3.8.z=-344i.

,Z[J'ISI 3alaHHBIX YHUCCJI HA30BUTEC YHCJIa, COHpH}KéHHBIe H ITPOTHUBOIIOJIOKHBIC JaHHBIM:

4.1.z = -2+ 5i; 4.3.z =8;
42.z = -2; 4.4.z = —8i.
Jlana Touka, wm300paxaromas uuciao 3 — 20 . Kakme umcna wu300pakarT TOYKH,

CHUMMETPUYHBIE JAHHOW OTHOCUTEIBHO JIEUCTBUTEIBbHOW OCHM? MHUMOM OCH; Hayajia
KOOpJIMHAT?
Uemy paBeH apryMeHT: 1) 4©CTO MHHUMOTO YHCla; 2) JIOOOT0 OTPHUIATEIBHOTO 4Yucia; 3)

JF000T0 MOJIOKUTEIBHOTO yKcia; 4) Hys?

Brrauciuth:
7.1. ite; 7.3. (—i)8
7.2, i%5; 7.4. (i)

Brinonauth geiicTBuA:

4—i

8.8. 2+3i.
—2i-5i; 8.6. - 4-5i
21
Hpe,[[CTaBI/ITB B TpHrOHOMCTpH‘IeCKOfI (I)OpMC YyHucCJia.:
9.1.2; 9.3. -2 + 2v/3i;
9.2. 6i; 94.2 — 2i.
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10. IpencraButh B anredpandeckoit popme yucna:

10.1. 2(cos(2m) + i - sin(2m));
10.2. 2(cos(0) + i -sin(0));
10.3. 5(cos () + i - sin()));

2 2

10.4. 4(cos (=) + i+ sin(=")).
3 3

11. BeimosiHUTE IEHCTBUS:

11.1. 2(cos ) + i - sin 1) - 3(cos (™) + i - sin (7));
4 i 12 12

11.2. 3(cos (D + i -sin (D)) - (cos () + i - sin ());
8 8 24 24

12.3. 3i/zl_;

13. Pemmute ypaBHEHUS:

13.1. x2+16 =0;

13.2. x3 -8 =0;

13.3. x°+32=0;

134. x24+x +1 = 0;
13.5. x*+x2+1= 0;
13.6. x6 — 28x3 + 27 = 0.

113, 2CcosC+isinC) 11.7. (2 - 20)5;
S(cos(+sinGy) 118. € —L i,

11.4, LcosCpisintgh ; 11.9. 3-1"
2(cos(—)+i'sin(—)) T

11.5. (cos(2m) + i - sin(2m))3; 11.10.9/1;

11.6. (cos (%) +i-sin (%))4; 111135

11.12.V-2+ 2.
12. TlpeacraBuB uncna z1 = 2iu zz = —3 + 4iB NoKa3aTelbHOI (opMeE, BHIYUCIUTE:

12.1. z1z; 12.4. 3Vzz;

12.2. %, 12.5. (z0)%
3 12.6. (z2)*.
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14. 1300pa3uTh Ha KOMIUIEKCHON IUIOCKOCTH MHOXKECTBA TOYEK, YIOBJIETBOPSIOUINX CIICAYIOIIUM
YCIOBHSM:
14.1. |z| = 2;
14.2. argz = 7%,

143.0<Imz < 1,5;
14.4. Rez > 1,

|zI,
14.5. {z

3m.
, <argz <7

KOHTPOJIbBHAA PABOTA

Bapuant 1

1. Boruucaure 160 + 183,

8+2i
2. Jnsgyucna z = :

5-3i
a. TMOCTPOWTE TOYKH HAa KOOPJIUHATHOM MJIOCKOCTH Z, —Z, Z;
b. malimure Re z; Im z;
C. HalauTe MOAYJb U APTYMEHT YHUCIA Z;

d. 3anuIMTe YKCI0 B TPUTOHOMETPUYIECKON M TIOKa3aTeIbHOM Gopmax.

. . 3-4i
3. Brmmonnwure nedicrBus: St — —
2-5i  4+3i

4. Jlns uucna z = —1 + V/3i Haiigure 2% B TPUrOHOMETPUUECKOI! M TIOKA3aTENBHOM (hOpMaXx.

5. Pemuth ypaBHEHHE HA MHOXKECTBE KOMIUICKCHBIX yncel: z3 — 27 = 0.

6. HaiinuTte neiicTBUTENbHBIE YKMCIA XU Y TaK, YTOOBI BBIIOJHSJIOCH PABEHCTBO: 3X — 2y + X —
iy =4+ 5i.

7. W300pa3uTh Ha KOOPAMHATHOM MIIOCKOCTH MHOXECTBO BCEX TOYEK Z, yIOBJIETBOPSIONINX

ycnoBuio: |z| =9, Imz > 2.

Bapuant 2

1. Breruucnure {261 + 18,

5+i
2. Jlnguucna z=___
2+3i

a. TMOCTPOMTE TOYKH HA KOOPAMHATHOH IIOCKOCTH Z, —Z, Z,

b. mnaiinure Re z;, Im z;

C. HaiimuTe MOAYJb M apryMEHT YHucCla Z;

d. 3amuIInTe YMCIIO B TPHTOHOMETPHUYECKOM U MOKa3aTeIbHON GopMax.
5—4i

3. Bremonnawute neiictBus: 430 —
3—4i  4+5i
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o g bk w

3.
4.
5.

- . .
Jlns uncna z = - — ¥~ i HaiiauTe z° B TPUTOHOMETPHYECKOH M MOKA3aTeNbHOMH GopMax.
2 2

Pemmth ypaBHEHHE Ha MHOXECTBE KOMILJIEKCHBIX uucen: z3 — 1 = 0.

Haiigure neiicTBUTENbHBIC YKCIA XU Y TaK, YTOOBI BBITIOJIHSIOCH PaBEHCTBO: 3x — 2y + ix +
iy =4—5i.

N300pa3uTh Ha KOOPAWHATHOHN MJIOCKOCTH MHOYKECTBO BCEX TOYEK Z, YAOBJIETBOPSIOIIUX

ycioBuio: |z| = 16; Re z > 2.

Bapuant 3

Boruncaute i35 + 36,
Jst wncna z = (3 — 4i) + (=2 + 5i):

a. TMOCTPOWTE TOYKH HA KOOPJIUHATHOM MJIOCKOCTH Z, —Z, Z;

b. maiigure Re z; Im z;

C. HaWIUTE MOIYJb U apTYMEHT Yucla Z,

d. 3anuIMTe YKCI0 B TPUTOHOMETPUYECKON M TIOKa3aTeIbHOM (hopmax.

Beimosnnute geiictust: (3 — 41) - (3 + 4i).

s uncna z = —1HalauTe Z3 B TPUTOHOMETPUYECKOH M TIOKa3aTelIbHOM (popmax.
PemuTh ypaBHEHHE Ha MHOYKECTBE KOMIUIEKCHBIX uncen: z2 — 4 = 0.

Haiigure neficTBUTENbHBIE YKCTA XU Y TaK, YTOOBI BBIOJIHAJIOCH PABEHCTBO: (x +
V+x—y)i=1+1.

N300pa3uTh Ha KOOPAMHATHOM MJIOCKOCTH MHOKECTBO BCEX TOYEK Z, YAOBIETBOPSIOIINX

ycioBuio: |z| = 1.

Bapuanrt 4

Berancnure i15 + 16,
st uncna z = (3 — 4i) — (2 — 5i):

a. TOCTPOWTE TOYKH Ha KOOPAMHATHOM IJIOCKOCTH Z, —Z, Z;

b. maiimure Re z; Im z;

C. HalIuTe MOIYJb M apryMEHT 4YuCa Z,

d. 3amuIIUTe YKMCIIO B TPUTOHOMETPHYECKON U MOKa3aTenbHON Gopmax.
Beimonuute geiictBust: (2 — 41) - (2 + 4i).
s uncna z = 1HalauTre z3 B TPUTOHOMETPUUYECKON U MOoKa3aTeNbHOU (opmax.

Pemmute YPaBHCHUC HAa MHOKCECTBC KOMIIJICKCHBIX YU CCII: z2—-1=0.
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6. HaiinuTe nelicTBUTENBHBIE YMCIA X U Y TaK, 9YTOOBI BBIIOJIHSIIOCH PABEHCTBO:
(x+2y)+(x—-2y)i=3—-1.
7. WV300pa3uTh Ha KOOPJAMHATHOMN MIIOCKOCTA MHOXECTBO BCEX TOYEK Z, yIOBJICTBOPSIONINX

ycioBuio: |z| = 36.

3aI[aHI/I$I A1 CaMOCTOATCIIBHOTO PCIICHUS.

Haiitn o0mee pemenue n1upepeHunaaibHbIX YPABHEHHI, a IIe YKA3aHO
YacTHOE pelleHue:

1. yy7+ey:0, y(1)=0;

2. (1+e )ydy =exdx, y(0)=0;
3. %=|n Y, ¥(2)=1;

4. x\/1+7dx+ymdy=0;

xdy yax .
Sioy? ke
6. y =e +e”, y(0)=0;

dx dy _
G0 ) Wt

8. ycos?x+y=tgx, y(0)=0;

9. vy + yz = arcsin X+ X:
— X

10. Xy -y = X? COS X;
11.y cosx+ Yy =1-sin x;

12. (1+ G )y' +y=arctg X.

KoHTpOsbHBIE BOITPOCHI:

1. Yro Ha3biBaeTcs qudpepeHnanbHbIM ypaBHEHUEM IEPBOTO NOpsiKa?
2. Urto Hy>KHO clienaTh, 9ToObI pemuTh T depeHITnaIbHOe YpaBHCHHE.
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3. Kakoii Bua wumeer nuddepeHIHATBHOE YpaBHEHHE C  Pa3AessoLMMUCH

MEPEMEHHBIMH.
Kaxoe ypaBHeHue Ha3biBaeTcs AuddepeHuuanbHbpM ypaBHeHueM 1-ro nopsika?
5. Yto Takoe ob1iee u yacTHoe penieHue qudepeHuaiIbHOr0 ypaBHEHHUS.

>

Jlekuus 1. HucnoBoit psia. OCHOBHBIE MOHSATHS, CBOMCTBA CXOASAIIUXCS

PAIOB. 3HAKOMOJIOKUTENBbHBIE PAbL. MHTerpansHbii npuzHak Komm

1.1. HeKkoTopble cBeaeHUA 0 Nocnea0BaTeNbHOCTAX

MycTb Kaxkaomy 3HayeHnto N €N nocraBneHo B cooTsetcTaue (Mo

onpeaenéHHbIM NpasBunam) onpegenéHHoe gencremTenbHoe Yucno a €R; Toraa

MHOECTBO YNOpPAAOYEHHbIX AeMCTBUTENbHbIX Yncen di, dy, ds, ... Ha3bIBAETCH

4MCNI0BOIA NOC/NEA0BATENBHOCTBIO M 0603HavaeTcea {a, }le, roe dy — obwmit yneH

1111
nocnepoBaTenbHOCTU. Hanpumep, nocneaosateibHOCTb 1; E; 5; Z; g nweet
_ 1
obwmiiunen & = _TA® nen,
n

Onpeodenenue 1. [locnenoBaTenbHOCTD {an} Ha3bIBACTCA yOblearoujell, eciu
8y > ap,q, VN EN, u sospacmaioweti, ecmu 8y < anyg, VN EN.
Onpeodenenue 2. IlocnenoBaTeabHOCTb {an } Ha3bIBACTCSA O2PAHUYEHHOU C8epXy, €CIH
cymiectByeT Takoe uncio M, M eR, uro 4, < M, Vn eN, u ocpanuyennoii cnuszy,
eciH CyIiecTByeT Takoe uuciao M, M €R, uro a, =M, Vn eN.

Onpedenenue 3. IlocnenoBaTenbHOCTD {an } HA3bIBACTCH 02PAHUYEHHOU, €CIIU OHA

OTpaHUYCHA KaK CHU3Y, TaK U CBEPXY, T.€. CYIIECTBYET Takoe yucio M> 0

(M €R), uro Vn: \an\SM.




Onpedenenue 4. Yucno a Ha3bIBaeTCs npedeiom MOCIEJOBATEIbHOCTH <{éln },
€CJIN 111 TF0O0r0 CKOJIb YTOJHO MAJIOTO MOJIOXKHUTEIBHOTO YUCIIA €

Hanércs Takoii Homep Ng €N, 3aBUCSIINI OT €, UTO IJI BCEX HATYPAIbHBIX YHUCEIT

N2 Ny BBEIMONHAETCA HEPABEHCTBO ‘an—a ‘< ¢. Tornad = lim @, ospauaer,
n—w

gro Ve>0 Ing=ng(€)€N rakoe, uro ams Bcex N =Ny, NEN: ‘an —a‘<s. I[Ipn

3TOM TOBOPAT, YTO IIOCIEA0BATEINBHOCTD {an } CXOJHUTCS K YHCIYd.

IIprBeném HEKOTOPBIE CBOMCTBA CXOAALINUXCS NTOCIEA0BATEIILHOCTEN.

—Ecnu nocieoBaTeIbHOCTh UMEET MPEEII, TO OH €JUHCTBEHEH.

—Ecnu nocnenoBarenbHOCTh UMEET KOHEYHBIN IIPEaE, TO 3Ta
I10CJIEI0BATEIIBHOCTh OTPAaHUYEHA.

—Ecnu nocnenoBarenbHOCTh Bo3pacTaeT (yObIBaeT) M OIpaHUYEHA CBEPXY
(cHH3Y), TO OHAa UMEET KOHEUHBIN Mpeie.

—Ecnu nocnenoBarenbHOCTh Bo3pacTaeT (YObIBA€T) U HE OIpaHUYEHA CBEPXY

(cHM3Y), TO OHa MMeeT OECKOHEYHbIH Tpesielt + o (— o).

1.2. YucnoBoi psajg. OCHOBHbIE NOHATHS TEOPUM YUC/IOBBIX PSAJOB:
CXOAUMOCTb, PACXOAUMOCTb, CyMMa psja. [Ipumepsl

MycTb 3agaHa beckoHeyHas nocnenoBaTebHOCTb Yncen {a, §o_,, a, R.

Onpeodenenue 5. beckoHeunbiM YUCTIO8bIM POOM HA3BIBAETCA BbIPAXKEHUE BUAA

0

aq+a, +ag+...+a, +..., 06o3HaYaeMoe KaK Zan . Yucma 8y, 8, Az, ...
n=1

Ha3bIBAIOTCS UleHaMu (31eMeHmamiL) Yucio8oco psoa.
Onpeodenenue 6. CyMMa NepBBIX N 4ICHOB Psiia HA3BIBACTCS N-1 Y ACMUYHOU CYMMOI
paoa: Sn =dy +dy +dz +...+4a,.Torna S]_ =4y, 82 =dp +4dy, S3 =dy +dy +4az,... uT.A.

[Tomyyaem nocieq0BaTeIbHOCTh YACTUYHBIX CYMM S1, 59, Sg, {Sn }
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0

Takum o6pazoM, KaxKAOMY YUCIOBOMY Py Zan MOKHO ITOCTaBUTH B
n=1
n

COOTBETCTBHE MOCNIEN0BATEIbHOCTh YACTUYHBIX CYMM {Sn }: Sh = Zak :
k=1

Onpeodenenue (. Ecnu cylecTByeT KOHEUHBIN UM OECKOHEUHBIN TIpeae S

o0

IOCIE€A0BATCIBHOCTH YaCTUYHBIX CYMM {Sn }, TO OH HA3hIBACTCA cyMMOLY pﬂ()a Zan )
n=1

o0
Te. limS,=S=a;+a,+az+...= Y a,.
n—oo n=1

Ecnu S xoHeuyHO (S<c0), TO psiJi HA3BIBACTCS CXOO0AWUMCS, €CITA S= 00 WIIU SHE
CYIIIECTBYET, TO PsiJl HA3bIBACTCAPACXO0AUWUMCS Y CYMMBI PSITHE UMEET.

NTaK, echn gaH pag, To BCcerga MOXKHO MNOCTaBUTb BOMPOC, CXOAUTCA /N OH (MHbIMM

CNIOBAaMM, CYLLLECTBYET 1N KOHEYHbIV npeaen {Sn }) WK pacxoauTca?

anBEAéM npumepbl nccnengoBaHUA paga Ha CXOAMMOCTb U HAaXOXAEHUNA €ro

CYMMblI.

"1 11 1+t
lMpumep 1. ccneposaTb Ha CXO4UMOCTb PAL, Z

~nn+1) 2 6 12 20

HaWTK ero cymmy.

1 "
PeweHue. O603HauUMM ———— =a, - 0bWwwMin uneH paga. Toraa yacTMyHaa cymma
n(n+1)
pagjasS =a +a +..+a =ij1+---+ L Takkax 1 ;1__1 » 10
no1 2 n 2 6 n(n+1) nn+1) n n+1

S :(1—l\+(l—l\+...+(l ——1\:1——1 . Torpa

" L ZJ Lz 3J Ln n+1)| n+1

(. 1

lim S, = Iim| —

=1<o0, T.€. pA4 CXO4MNTCA N ero cymma S = 1.
n—>c0 nsol N +1
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4

* 4 4 4 +...
= + +
Mpumep 2. ccnepoBaTb Ha CXOAMMOCTb PAL, Zﬁ—— —
L ANTEANTS 5 01 45
HaWTK ero cymmy.
4 .
PeweHue. 0603HaUuMm ——— =a, — obwwnit uneH paga. Toraa,
4n? +4n -3
s =44 4
yacTuuyHas cymma paga °, = -1t —+..+ —— —  Takkak
5 21 4n2 +4n -3
4 1 1
= - , TO
an? +4n-3 2n-1 2n+3
N AN E R AN E U I A S S AN S S
L 5J L3 7J LS QJ an—S 2n+1)| LZn—l 2n+3J
el 1 1 4 4n+4 roraa
3 2n+1 2n+3 3 (2n+1)(2n+3)
) . (4 w
lim S, = I|m| - 4n+4 :ﬂ , T.e. PAA, CXOANTCA M ero cymma S =

">%  noel 3 (2n+1)(2n+3)) 3

00

Mpumep 3. UccnepoBaTb Ha CXOAMMOCTb PAA, Zn =1+2+3+...+n+....
n=1

PeweHue. O603Haunum obwmit yneH paga N = a, . Torga, yacTMYHaA cymma paga

n+1)n n+1)n
s =142+ +n={TEUD lim S, =lim LN _ i re. cymma pag:
n N—»00 N—>o0 2

o)

S= Zn =400 U paf, pacxoamuTca.
n=1

Mpumep 4. UccnepoBaTb Ha CXOAMMOCTb P, COCTAaBAEHHbIN U3 Y1EHOB

reomeTpMYecKom nporpeccum.

4.
3
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PeweHue. lNycTb gaHa reomeTpuyeckan nporpeccma b,bq,bq2,bq3,...,bqn_l,..., roe q -
o0
2 3 n-1 _ n-1
3HameHaTenb nporpeccun. Pagb +bg+bg +bg® +...+ bg"™ +...= qu
n=1

Ha3blBaeTca padom eceomempuyeckoli npoepeccuu. 0603Haumm bg"! = a, - obwmi
yneH paga. MNpu q =1n-4acTMYHaA Cymma 3TOro paja pasBHa
b(1-q") b bg"

1~ 1q 1q

S, =
PaccmoTpum 4acTHble caydau.

—Ecnu \q\ <1, 10 limS§, =L, T.C. PSII CXOJIUTCS.
n—oo 1—q

—Ecnmn \q\ >1, T0 lim Sn HE CYIIECTBYET, T.€. IIOCIEI0BATEILHOCTD {Sn }
n—o0

pacxoguTcCs, a SHAYUT PpaCXOAUTCA U I/ICCJIGIIyeMHﬁ paa FGOMCTpI/I"IGCKOﬁ

IPOTPECCUH.

—1IIpu q=1 psa UMEET BUL b+b+...+b+...=Zb. Torxa n =nb, IirnSn =0
n=1 N—o0

, T.€. DS PACXOIUTCSL.
~Tlpu b=1, q=-1 psia umeeT BUA b—b+b—b +..., Torma 91 =1, S2 =0,
S3=1,54=0, ..., Son-1=1, Sy =0, r.c. npenena nocnenosarensHOCTH
{Sn}=1,0,1,0,1,0,... HE CYIIECTBYET, a 3HAYUT, HCKOMBI PSIJT PACXOAUTCS.
Takum 06pa3om, psjg reoMeTPUYECcKON NPOrpPeccum CXOAMTCA TOrA4a M TObKO TOrAa,

Korza \q\ <1, B ocTasnbHbIX CAyYaAx pAL PacxoamTcs.

1.3. OcHOBHbIE CBOMCTBA CXOASAILUXCA PAJOB,
HEe00X0AMMBIA NPU3HAK CXOAUMOCTH

o0

MycTb AaH YMcnoBOM pAaL, Zan . Copmynumpyem ero ocHoBHble CBONCTBA.
n=1
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Ceoiicmeo 1. Eciiu cxoquTcs psiji, MOTYYEHHBIA U3 TAHHOTO psifa 0TOpachlBAHUEM
WM IPUCOETMHEHUEM KOHEYHOT'O YHCJIa YWIEHOB, TO CXOJUTCS U caM JaHHbIN P, U
Hao00poT. HbIMU cllOBaMH, OTOpAChIBAHUE WIIU

MPHUCOCANMHCHNEC KOHCYHOI'O YMCJia YJICHOB PsJda HC BJIMACT HA CXOAUMOCTD psaa.

0

,[{omsameﬂbcmeo. ﬂyCTb Sn —YacTU4yHaA cymma paaa Zan , Ck — CyMMa k
n=1

OTBPOLLEHHDBIX YNEHOB U Op_k — CyMMa YEHOB PAAA, BXOAALMX BCYMMY S U He
BXOoAALWMX B cymMyCy. Mpn A0CTaTOYHO 60/1bLIOM N BCe OTOPOLLEHHbIE YneHbl byayT
coaepatbes B cymme Oy, T.e. Oy = Cy +0p_ (k — dukcuposanHoe uncno, Cy —

const). Toraa, ecam cywecTsyeT lim o, , , TO CYLLECTBYET U

N—o0

0
lim S, = lim (C, +o, ), T.€. UCXOAHbIV pAL, Zan cxoauTca. U HaoboporT, ecau

Nn—oo nN—oo
n=1

cywiectsyeT lim S, TO CYWECTBYET U [im o, , , T.€. CXO4MTCA COCTaB/IEHHbIN pAS.

nN—oo n—o0

0

AHanornyHo foKasbiBaeTCA CXOAMMOCTb Npu A0b6aBAeHUN K pagy Zan KOHEYHOro

n=1
4MCNA YNIEHOB.
o0 o0
Ceoiicmeo 2. Eciu cxomures paj Zan =S, TO pan ZC -an (C — KOHCTaHTa)
n=1 n=1

TAKXKE CXOJIUTCS, MPUYEM ero cymma pasHa C-S.

0

[okazamenscmeo. MycTb Sy, — yacTuuHas cymma paja Zan , Sy =g +a, +...+4a,,

n=1
o0
M Sy - 4acTMyHaa cymma pasa ZC ‘an, S5,=Ca; +Ca, +...+Ca,. Toraa
n=1

S,=C(a;+ay +.+a,)=C-S,.

279



0

OTcloAa,ecnu cylecTyeT n“m Sh=S (psa Za” = S cxoguTca), To cylecTByeT
—® n=1

o0

limS, =C-1lims, =C-S, r.e. pag ).C-a, TaKke CXOAUTCA.

N—00 Nn—oo n=1
o0 o0

Ceonicmeo 3. Ecnu psizibt Zan u an CXOJIATCSI M UX CYMMBI PaBHBI A U
n=1 n=1

BCOOTBCTCTBCHHO, TO UX MOXXHO ITOWICHHO CKJIaJdbIBAaTb (I/IJ'II/I BI::IIII/ITaT]'::), HpI/I‘léM

0

pALBL Z:(an +Dh,,) TakkKe CXOAATCS U UX CYMMBbI PaBHBI S=A+B.
n=1

Jokazamenscmeo. Nycts A, By 1S, —uyactnurble cymmbl aTux pagos, Toraa

S,=(a; b)) +(@a, £by) +...4+(a, £h,)=(a, +a, +..+a,)+ (b, +b, +...4b,) =

= A, B,. MNepexoas k npegeny npu N — ©, noayumm

lim S, = lim(A, £By)=limA, £ lim B, = A+ B.
nN—oo n—oo n—o0 nN—o0

0

Teopema 1 (Heobxo0umblii Nnpu3HaK cxooumocmu padoes). MNycTtb pag, Zan
n=1

CXOAWTCA, TOFAA ero obLWuii uneHa,, ctpemutcs K 0 (npu N —> @) lim a, =0
N—o0

(obpaTHOE He Bcerga BepHO).

0

Jlokazamenbcmeo. Tak Kak pag, Zan CXO4MTCA U ero cymma paBHa S, To gna ero
n=1

YaCTUYHBIX CYMM O, Sp_1 MMEIOT MEeCTo paseHcTBa dy =S, — Sp_g;

lima,=lim S,—lim S, ;=S-S=0. Yro uTpebosanocy gorasare.

Ycnosue cxoanmocTtm, cpopmynmpoBaHHOE B Teopeme 1, ABnseTcA

Heobxo0UMbIM, HO He 00CMAMOYHbIM, T.€. MPU BbIMOJHEHUM ycnosua d, — 0 pag
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* 1
MOXKEeT pacxoamTbcsi. PaccmoTpum npumep Takoro paga: Z\/— roe \/— =ap -

06|.|J,Ml\;1 YQEeH pAaga. Torp,a lim ang = = lim — =0 . YactnyHas CyMmMma pAga UMEET BUL
n—oo n—oo A/ N
1 1
Sn \/_ \/_ \/— OquVlAHO Ka)'Kﬂ,blVl YyneH 3aTon CyMMbl > T,TOrﬂ,a
n

1 1 1 1Y) n
NCRINC RTINS vt Ut

cnegosatensHo, 1M S, >1im /n = o0, T.e. ucxogHbIit pAA pacxoguTcs, XoTs
N—o0 N—o0

OUEHKa Sn [aét HEPaBEHCTBO: Sn 2(

an:i—>0.

Jn

Credcmesue uz meopemwr 1. Ecnu oOuUMid wieH psaaa an (mpuy N —> 00 ) He CTPEMHUTCH K

o0

0, To psn Zan pacxoautcst (docmamounwlii NPU3HAK PACXOOUMOCMU PAOA).
n=1

*2n-1 1 3 5
="+ + +
lMpumep 5. iccneposaTb Ha CXO4UMOCTb PAL, _ = = =

w1 oy

2n-1

PeweHue. O603Ha4YnMm 06N YneH paaa =a . TakK KakK

lim a, = lim 2n-1_ Iim( —i =1%0, TO U3 cneacTema teopemsl 1
n—oo n—oo 2n n%ook 2n

cnefyeT, uto pAd PacxXoAMnTCS.

w 11 1
=1+ +"4+.. 4+ +...

lMpumep 6. ccnepoBaTb Ha CXOAMMOCTb pPAL, Z

n1 N 2 3 n

PeweHue. O6wwmii uneH pasa umeet sug 2n = - AaHHbIM pAA Ha3biBaeTCA
n

rapMOHMYECKMM, TaK KaK KaxK bl ero YaeH paBeH cpeaHeMy rapMOHUYECKOMY ABYX
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cocegHuX: aizl(i_ki\) OquMﬂ'HO HEepPaBeHCTBO:
n 2lanr @)

1 1 1 1 1 1
1 1 +..+4 7> 7+ " 4.+ =n-" =7".YneHbl rapMOHUYECKOIO

N+l n+2 2n 2n 2n 2n 2n 2

pAfa, HauMHas ¢ TpeTbero, 0b6beANHMM B rpynnbl no 2, 4, 8, 16, ..., 2K uneHos B
Kaxaou rpynne. O4ueBMaHO, CyMMa Karxkaom rpynnbl MOXKHO OLEHUTb

1 1. 1 1
4+ > =
3 4 2 5

1 1
1 14+ >7 L te

cneayowmmobpasom: £> l; _
8 2 9 10 16 2
1

1 1
+o+ S+
6 7

KaX4as M3 3TUX CYMM B OTAeNbHOCTM Bonblue E . Takum 06pasom, Ans 4aCTUYHbIX

cymm c Homepamun N =2 k =2 3,... BbINOAHAIOTCA HEPABEHCTBA:

S :1+1+1+1>1+1+1:1+2.1’
. _

2

%:1+ + _ + +1+ + 4 >1+1+1+1:1+3

I—‘Nl
= wl
N N
- N
= N

H

1
E L

2345678 222
- —
1 2
Sy >1+k-_="+k ,T.€. YaCTUYHbIE CYMMbl FAPMOHUYECKOTO pAAa HEOTPaHUYEHHO

2

PacCTyT C yBENINYEHUEM n :2k —> 0 npu k — 00, 3HAQUUT, lim S K =00 . I'Iony‘-laeM,
k—owo 2

*1
YTO rapMOHUYECKUI psfg, Z— pacxoauTca.
n=1

1.4. 3HaKONOCTOAHHbIE pAAbl, pA4abl C NON0XKUTE/IbHbIMU Y1€éHaMU

YcTaHOB/IEHME CXOAMMOCTU UK PACXOAMMOCTM YUCOBOrO pAaa —
OCHOBHOW BOMNPOC TEOPUN PALOB; HAaXOXAEHNe CYMMbl PAAa B Cayyae ero
CXOAMMOCTM — BTOPOCTENEHHaA 3a/a4a. Bonpoc cxoanmocTy npotie Bcero

pellaeTca 419 3HaKOMOCTOSAHHbIX PAAO0B, KOrAa BCe YieHbl pAga o4HOro 3Haka. [ns
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onpeaenéHHocTM bygem paccmatpmsaTb PAAbl C NONOXUTENbHbIMK ( 8y > 0) nauc

HeoTpuuaTeNbHbIMK YneHamm ( Ap >0 ). XapaKkTepHbIM CBOMCTBOM TaKMUX pALOB

ABNAETCA MOHOTOHHOE BO3pacCTaHUe (He y6bIBaHME) nocnenoBaTte/sIbHOCTH

YaCTUYHbIX CYMM:

0
Zan’ an >O, Sn:Sn_1+an >Sn_l; Sl<SZ<SS<...<Sn <...,
n=1
PFILI, C NONOXUTENbHbLIMUN YNneHaMK BCerga MMeet Cymmy,; eC/Zih 3Ta CyMMa

KOHEYHa, TO pA4 CXOoAUNTCA.

BbIACHEHWE CXOAMMOCTU PAAO0B C MONOXKMUTENbHBIMU Y€HAMW ONMPAETCA Ha
NPU3HAKNM  CXOOAMMOCTW, KOTopble ABAAKTCA ANMbBO Heobxogumbimu, nnbo
AOCTAaTOYHbIMKW, MO0 HEOBXOAMMbBIMU M AOCTAaTOYHbIMM. B 4YACTHOCTM, K TaKuMm
pAgamMm NPUMEHUM NPUBELEHHbIN Bbllle HEOBXO0AMMbIM NPU3HAK CXOAMMOCTU PALOB
(Teopema 1). CywiecTByeT nNpu3HaK, ABAAKOWMIACA HEOBXOAMMbBIM U AOCTAaTOYHbIM,

KOTOpPbIM YCTaHaBAMBAETCA CaeAyrolen TeOpeMON.

Teopema 2. JIns CXOAMMOCTH psla C IOJOKUTCIBHBIMH UICHAMU HE0OX0OUMO
uoocmamouro, 9To0bl MOCIICI0BATCIIBHOCTD €TI0 YaCTUYHBIX CYMM ObllIa OrpaHHYCHA
CBEPXY.

Jlokazamenbcmeo (Heobxooumocmes). MycTb pag, cxoauTcs, Toraa
noc/neoBaTeIbHOCTb €ro YacTUYHbIX CYMM CXOAWTCH, @ 3HA4YMT, OHA OrpaHUYeHa

CBEpXYy.

Jlokazamenbcmeo (0ocmamoyHocms). Tak KaK MnocnenoBaTeNlbHOCTb Y4aCTUYHbIX
CYMM MOHOTOHHO BO3pacTaeT M OrpaHMYeHa CBepxy, TO OHa WMeeT npegen,

T.€.COOTBETCTBYHOLMNIN paj cxoanTcs (Teopema Beneplutpacca ana YncnoBbix

nocnegosaTenbHocten). Teopema AoKasaHa.
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Cnep,yeT OTMETUTb, YTO HA MPAKTUKE 3TOT NPU3HAK TPYAHO NPUMEHNM, XOTA U

npeacTaBnaeT coboi 60bLLION TEOPETUYECKUI NHTEPEC.

[anee paccmaTpuBalOTCA HEKOTOpble MNPU3HAKM CXOAMMOCTU PAAOB C
NOJIOKUTENIbHBIMU YNeHamMM, YA06Hble ANA NPaKTUYECKOro NPUMEHeHMUs, KoTopblie
ABNAIOTCA TO/NbKO [A0CTAaTOYHbIMW MNPU3HAKaAMMU (MHTErpanbHbI U PaANKaNbHbIN

npusHakMKoLwmn, NpU3HaKN cpaBHeHMA, NpuU3Hak Janambepa).

1.5. UHTerpanbHblii npu3Hak Kommu cxoaumMocTH psja
C MOJIO>KUTE/IbHBIMM YI€HaMHU

0

Teopema 3 (unmecpanovustii npusnax Kowu). Ilycts naun psn Zan , WICHBI
n=1

KOTOPOI'O yIOBJIETBOPSIIOT TPEM YCIOBUSIM:

a) d, >0, N >1 r.e. ucxommslil ps ¢ MOTOKUTETEHBIMU WICHAMIL,

0) WICHBI psifia MOHOTOHHO YOBIBAIOT, T.€. 81 > 8y >...> 8,1 > &, >...>0;

B) OOIIWI WICH psAJia CTPEMHTCS K HYJIIO: lim a, =0.
N—oo

[IycTh cymiecTByeT HempepbiBHas, MOHOTOHHO YObIBaromias, ompeAenéHHas mpu X >1

bynkuns f(x), akas uto f(L)=a, f(2)=ay, ...; f(n)=a,, ..., re

o0 o0 +00

Zan = Z f (n). Torna,ecnu HecoGCTBEHHBIH MHTErpa j f(x)dx CXOIMTCSA, TO PAN
n=1 n=1 1

o0

Zan TOXE€ CXOOUTCH; €CIN yKaBaHHLIﬁ HHTErpa paCXOaUTCs, TO 3TOT P
n=1

pacxoaurcs.
[lokazamesnscmeo. U3 ycnosuii Teopembl | (n) =a, >0 cregyer f (X)> 0 npu x>1.
PaccmoTpum KpMBOIMHEMHYIO TPAaNeLumio, OFPaHUYEHHYI0 IMHUAMK y = f (x), X =1,

X =N +1u ocblo Ox(puc.1). Pasobbém otpesok [1;N +1]

toukamn X=K (k=1,2,...,n+1) 4 PAaCCMOTPUM N KPUBONMHEWNHbIX TPaneLui.
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S )

Puc. 1. Mnowaab KPMBOAMHENHOM Tpaneunm

N3 reomeTpmnyeckoro CMbiCaa UHTerpana naowaab KpMBO/’IMHEﬁHOH

n+1

Tpaneuun S;, — I f(x)dx. 3aMeHMM 3Ty naowaab CYMMOWN naowaaen n
i

npaAMmoyrosibHMKoB ¢ eguHNYHbIM OCHOBAHUAMN:

S=f(+ f(2Q+..+f(n) S'=1(2)+ f3)+..+f(n+1)

n+1 n+1 n+1

n n
npuum S’ =Y f(K) =Y a =S, aS’ = IRIGE 2.3 =Y a —a;=Sy,1-9.
k=2

k=1 k=1 k=2 k=1

V3 rpadmka (puc. 1) cnegyer: S’ <Sp, <§', e

n+1

Sn> [f(X)dx> Sy, —ay, Vn=1,2,....
1

PaccmoTpum gBa cnyyas.
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+00

1) NycTb If(x)dx CX0AMTCs, T.e. UMEEeT KOHEYHbI npegen
1

n+1 oo n+1 0
lim [f(x)dx=[f(x)dx=A. Takkak [ f(x)dx< [ f(x)dx=A, 1o
=% 1 1 1

Snir—a) < [f)dx=An Spy<[f()dx+a; =A+ay.
1 1

WTaK, 4aCcTMYHble CyMMbl paga orpaHuuyeHbl Vn eN, Toraa no teopeme 2

(HEO6XOAMMbII‘;I 7 AOCTaTO‘-IHbII\/Ji NMPU3HaAK CXOAMMOCTU pAda C NONTOKUTE/IbHbIMU

o0

yneHamu) pag Zan cxoauTes, 3HaumT, cywectsyer 1M S, 1 =S <o,

n—1 n—o
+o0 n+1
2) rlyCTb NHTEerpan j f(X)dX pacxoguTca, T.e. jf(x)dx HeorpaHM4eHHO BO3pacTaeT
1 1
n+1

npu N — oo, Torga U3 HepaseHcTBa Sy, > If(x)dx cnepyert, yto
1

nocneaoBaTeNbHOCTb {Sn } HeorpaHWYeHHO BO3pacTaeT: o, —> X, T.e. PAA

pacxoauTca. Teopema AOKa3aHa.

3ameuaHue 1. Teopema OCTaéTcsA BEPHOW U Toraa, Koraa eé ycnoBumaA BbINOJIHAOTCA

He ANA BCeX YNEeHOB PAAa, a MMLWb HaunHaa ¢ k-ro (n >k ), B Takom cayuae

+00

PacCMaTPUBAETCA UHTErpan If(x)dx.
k

3ameyaHue 2. IHTerpanbHbin Npu3HaKk Kowu cylwecTtBeHHO obneryaer
nccnefoBaHMe CXOAMMOCTUN PALA, TaK KaK MO3BONAET CBECTM 3TOT BOMPOC K
BbIACHEHMIO CXOAMMOCTU MHTErpana oT yaayHo noaob6paHHON COOTBETCTBYIOLLEN

bYHKUMMA f (x), YTO NETKO BbIMOAHAETCA, NPUMEHAA MeTOAbl MHTErpanbHOro

ncyncneHuma.
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Jlexius 2. [lpu3Haku CXOJUMOCTH PSIIOB C MOJIOKUTEIIbHBIMU YWICHAMMU:

MpU3HAKK CpaBHEHUs, pu3HaK Jlamambepa, paaukaibHbii mpu3Hak Koiu

2.1. Panpl Jlupuxie U uX CXOAUMOCTh, TAPMOHUYECKUM PsiJT

1

0
Onpeodenenue 1. Uucnopoii psaj Buia Z —p- Ha3bIBACTCS padom Jupuxie
n=1 N

*1
nokasarejaeM p, P eR. 3aMeTUM, 4TO IIPU p =1 MOJIyYaeM P Z —, KOTOPBIU
n=1

Ha3bIBACTCS cAPMOHUUECKUM.

o0

lMpumep 1. Viccheposatb pag Qupuxne Z —p Ha CXOAMMOCTb B 33BUCMMOCTY OT p.
n=1 N

1
PeweHue. 1) B cnyyae, ecnn p <0, YieHbl paga Z _po6pa3y+0T HeyObiBatOLLYHO
n=1 N

nocnenoBaTte/sIbHOCTb, @ CaM pPA4 PacxXxoauTca no HEO6XO,D,MMOMV NPU3HAKY

CXOAMMOCTH ( lim a,#0).
n—o0
2) B cnyyae p >0 419 UCCNeA0BaHUA CXOAMMOCTM PALA UCMO/b3yem

1
MHTerpanbHbIii npusHak Kowu. Beegém dyrkumio | (X) =", x >1, kotopan

x P
y40BNETBOPAET BCeM yca0BUAM Teopembl Kowwn (Teopema 3, nekuma 1, pasa. 1.5):

npu p > 00Ha HenpepbiBHA, NO/I0XKNTE/IbHA U MOHOTOHHO y6bIBaET,

1 > 1
f(n)= v =a,, nN>1. Bolyncnmum HecobCTBEHHbBIN UHTErpan Iﬁdx B ABYXC/ly4anx
1

a) 0<p<1,6) p>1, T.e. Korga p=1:

n
Tx_pdx: lim fx_pdx: im x P im0 P 1 Ve gim (ot P s 1 )
N—o— p+11 n—)oo|K— p+1 1- p) n_>oo|\1— p p —1J

n—co

1 1
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1_
—Ecam 0<p<1,1-p>0,TO NP o np N — oo, Toraa

Tx—pdx= lim Ynl—p + 1 \\:oo , CleoBaTeNbHO, HECOBCTBEHHbIM MHTErpan
1 n—>oo|\1— p p—lJ

pPacxoAnuTca U PacXoa4nTca UCXOAHbIN pAa.

—Ecam p>1, 1-p<0, TO ni-p -0 npu N — o0, Torga

% ( 1)1
. | 1 |

jx dx= lim , _ —1< o , CNef0BaTeNIbHO, HECOBCTBEHHDbIN
hnp i) po1) P

MHTErpaa cXxoamnTca n cXxoguTca I/ICXOAHbII?I pAaAa.

*1
3) Bcnyyae p =1 Mmeem rapMOHUYECKUI pAas, Z H' ANA KOTOporo
n=1

TaKKe NPUMEHUM UHTErpasbHbIN NPMU3HaK Kowwu, T.e. paCCMOTPUM UHTErpan
 dx nd_X_ ( n\_ ( - )= =00

Ji . n“—>”o]o1 «  digln X 1 ) digx, Inn In1  limInn , cneposatensHo,

HecobCTBEHHbIN MHTErPan PacxoauTcs, a 3HAYUT, TAPMOHUYECKUI PAAPACXOANTCS.

v 1
Bbigo0: paa Qupuxne Z —p CXOAMTCA, ecamn p >1, N pacxoguTca, ecam p<1.
n=1 N

2.2. [Ipu3HaKyu CpaBHEHUS PAAOB C IOJIOKUTE/IbHBIMH YJI€eHAMHU
PaccmoTpum HeKOoTopble NPU3HAKK, YCTaHABIMBAOLWME CXOAUMOCTb UK

PacxoANMMOCTb PAAOB C NONOXKUTENbHbIMU Y1IeHAMWN NMYTEM CPAaBHEHMA UX CPAAAMMU,

CXOAMMOCTb NN PACXOONMMOCTb KOTOPbIX M3BECTHA.

Teopema 1 (I npusnak cpasnenus ps006 ¢ nonoxcumenvuvimu ynenamu). Ilyctob

o0 o0

JaHBI 2 psana ¢ MOJIOXKUTCIBHBIMU YICHAMUA Za” u an .
n=1 n=1

Ecnu, naunnas ¢ Hekotoporo Homepa N, 1y1st Bcex N> N BBINOJIHSIETCS HEPABEHCTBO

a,<Db,, torna
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o0 o0

1) U3 CXOIUMOCTH psijia an cleAyeT CXOAUMOCTh psijia Zan :
n=1 n=1

0 o0

2) W3 pacxoJUMOCTH psija Zan ClIeIyeT pacXoJIUMOCTh psijia an :
n=1 n=1

JoKkazamenbcmeo. Ha OCHOBaHWMM TOrO, YTO OT6paCbIBaHVIe KOHEYHOro 4ncna

yneHos (cBoictBo 1, nekumsa 1, pasa. 1.3) He BAKAET HA CXOAMMOCTb UNU

pacxoaAnmMocCTb pAaaa, MOXHO CYUTATb, HE HapyLlaA O6LLI,HOCTM, 4yTO ycnhosue an < bn

o0

BbINONHEHO A5 BCex n >1. NMyctb A, - yacTuyHas cymma paga Zak ,a B, -
k=1

o0

YyacTMYHaA cymma paga Zbk . Mo ycnosuto
k=1

A, =a;+a,+...+a,<b;+b, +...+b,=B,,.

o0
1) Ecnu pag an cxoguTcAa, TO nocnenoBaTeIbHOCTb {Bn} orpaHuyeHa
n=1

CBEPXY, @ 3HAYMT, OrPaHMYEHa CBEPXY M NOCNEA0BATENbHOCTb {An }

CnepoBaTenbHo, no Teopeme 2 (nekuma 1, pasa. 1.4) o Heob6xogMmom m
o0

AO0CTAaTO4YHOM yCnoBUKN CXOANMOCTU PAAdaA C NONOKUTENbHBIMU YAEHAMU PAL, Zan
n=1

CXOAMTCA, TaK KaK CYLLEeCTBYET KOHEYHbI npeaen nocnenoBaTeNbHOCTH {An }

[e¢]

2) Ecnv papg, Zan pacxoguTca, To NocneaoBaTelbHOCTb {An} He orpaHuyeHa,
n=1

a 3HAYMT, HEe OrpaHMyeHa M NocnenoBaTeIbHOCTb {Bn } Torpga no Teopeme 2

0

(nekumsa 1, pasa. 1.4) psag, an pacxoautcA. Teopema gOKa3aHa.

n=1
n 2. i 1 1+ 1 + L +
pumep 2. \ccnepoBaTb Ha CXOAMMOCTb PAL, ——= =1+t ——=+—F+....
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o0

1
Pewerue. O6o3Hauum =h, . CpaBHUM pAag, z n C FapPMOHMNYECKMM PAAOM
n n=1
] 1 1
B _Z .Mpn n>2b, = o
—n = Jn > = a,, @ TaK KaK rapMOHUYeCKuI1 pag,

pacxoAmTcA, TO PacXoauTCa 1 paL, Z \/_

Omeem: pap, Z \/— pacxoguTca.

1 11 1 1
=47+ T+ T4

Mpumep 3. UccnepoBaTb Ha CXOAMMOCTb PAS, Z — —

1k - zk 2 8 24
64
1 ®
PeweHue. O603HauMM .ok =a, . CpaBHMM JaHHbIN pAg, Z k C pAgOM
’ k=1
b = 1 =l+l+l+ __ 2 =1
reomMeTpuYecKom nporpeccuu z K z > 4 8 1 L KOTOpPbIN
— _ -+
2

CXOAMTCA, TaK KaK 3HameHaTenb nporpeccun 9= E,TO NEPBbIE HNEHbI PAAA PaBHbI, a

a<b 1
npu k=2, |, 3HauuT, paj Z ok cxogmTtca no | npusHaky cpasHeHuUA.
k=1

Omeem: pag, i _1r cxoauTcs.
k1 K -2

Teopema 2 (npedenbHblit npU3HAK CPABHEHUA PAOOE C ROONHCUMETILHBIMU YICHAMU).

o0 o0

JaHbl 2 psifia ¢ MOJOKUTEIbHBIMY YWICHAMU Zan u an U IYCTh CYIIECTBYET
n=1 n=1
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lim a_”: C, C#0, C+# o, TOTJ1a 3TH JIBa psiga JM00 CXOAATCS, JTUOO PaCXOIATCA
n—o by,
OJTHOBPEMEHHO.
al’]

[lokazamensbcmeo. Tak Kak no ycnosuio @, >0, b, >0, vn=123,... uc=lim
N—o0 bn

7

TO cornacHo csouctey npegena C > 0. Mo ycnosuio C=# 0, 3Hauut, C>0. o

onpeaeneHuto npegena ans scex ¢ >0 cywecTyeT okpecTHocTb (C—g, C +¢)

ToukM CTaKkas, uto C—¢ >0 M cylecTByeT Takoe HaTypanbHoe ymcno N,

an
3aBucALLee OT €, 4To Ana Bcex n> N BbinonHaeTca HepaBeHctBo C—€<— <C +¢,

by,
unu (C —S)bn <ap < (C + S)bn,
0 o0
Ecav pag ), bn cxoanTes, To cxoamTea v pag Y. b, (C+e) (cBoitcTBO 2,
n=N+1 n=N+1

nekuma 1, pasa. 1.3), oTkyaa no | npMsHaky cpaBHEHMA PALOB C/iedyeT CXO4MMOCTb

o0

pAma 2. &, Tak kakdy <(C+e)by.
n=N+1

o0 o0
Ecnu xe pag, Z bn pacxoauTtcs, To pacxoauTca v pag, Z b, (C —¢), a Tak
n=N +1 n=N+1

0

KaK(C—S)bn <dp, 10 No | NpU3HaKy CpaBHEHUA PALOB Paj, Z an TaKxKe
n=N+1

pacxoautcs. Teopema AoKa3aHa.

. a o
3ameuaHue. Ecnm lim " =C, C =0 nam C =0, TO npeaenbHbin NPU3HaK He

n—oo bn

npMMeHUM (Teopema 2 B 3TUX CNyYasnx He BEPHA).

2 1
lMpumep 4. iccneposaTb Ha CXO4UMOCTb PAL Z 5
1N +3n
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1

PeweHue. 0603HaUYMM )
n< +3n

) n2
lim

lim @n _
n—>on? +3n

1ol

=120 u # o,

o0 e8]
1
=a, . PaccmoTpum pag, Z Z—Z .TaK Kak

TO 3TN ABa pAfa O4HOBPEMEHHO CXOOATCA,

* 1

nnu pacxoaatca (teopema 2). NocKonbky Z — —pag Ovpuxnec p=2>1

cxoguTca, cheaoBaTesibHo, I/ICXOLI,HbII/I pAaa Z 5

1
Omeem: pag, Z —

cxoauTca.
—1N° +3n

lpumep 5. ccneposaTb Ha CXO4UMOCTb PAL, Z

1

PeweHue. O603HaUMM |
nn

KOTOpbI pacxoanutca. Tak Kaka =

" Inn
* 1
pAas Z— pacxoauTcA.
—Inn
* 1
Omeem: papg Z— pacxoauTca.
= Inn

n=1 n

o 1

TOXe CXoaUnTCA.
—1 N~ +3n

© 1
Inn

"L

an PaccmMoTpMM rapmoHUYECKUI pas Z Z

n=1 nln

1

>_=b (n>Inn Vvn>2), Tono Teopeme 1

n n
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2.3. IIpu3Hak /las1am6epa CX0AUMOCTHU PSAAOB C N0JI0KUTE/IbHBIMHA
4jIeHaMH

Teopema 3 (npusnaxk /lanaméepa). Ilyctsb 1an psij C MOTOKUTEIbHBIMU YWICHAMHU

ant1

ian (an >0), u CYIIECTBYET KOHEUHBIN Tpeaen lim- =1, Toraa:

n=1 N—oo an
o0

1) psan Zan cxomures, ecnu | <1,
n=1

o0

2) psn Zan pacxonurcs, eciu | > 1,

n=1
3) ecnu | =1, TO A BBISICHEHUS CXOJAMMOCTH psifia mpu3Hak JlamambOepa He
PUMCHHM.

. a
Jokazamenscmeso. 1) Myctb npegen lim 21— cywectsyetn 0<I<1.
n—oo an

PaccmoTpum uncno q takoe, 4to | < g<l. N3 onpepeneHuna npegena cnepyet, Yto

Ve=q-1>0 CylecTByeT N(e)eN, HauyMHaA ¢ KOTOPOro vn=N = N(g)

An+1
BbINO/IHAETCA HepasBeHcTBo |—— — 1< q -1,
n
Anig Ant1 Any1
l-q< —l<qg-1, 21-g< < q. Takum obpasom, vn>N “™1 < g, T.e.
an an an

8.1 < Q-8p. Bepém n = N, N+1, N+2,.., Torga @y,1 <0-8y, ay,, <day,; <q°ay,
3
anys <O 8y, <gay, .. Ay <0y .

00

3anuwem ucxogHbii pag 2.an (@ >0) 8 suge:
n=1

0

Zan =ai+az+...+an +ans1 +an+2 +..... PaccmoTpum HOBbIM pAag,
n=1

o0

_ 2 .
Za,\, -g¢ =ay +0ay +g°ay +.... 37oT pag ecTb pAg reOMETPUYECKON NPOorpeccum
k=0

c bl =d\ M 0<(q<1, KOTOPbIN CXOAMUTCA, @ 3HAYUT, CXOAMUTCA PAL,

0

ZaN L =an tans+ans2 +..., Tak Kak ay.x < gkay (k =1, 2, 3,...) Ha ocHOBaHWK
k=0
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o0 0

Teopembl 1. Pag Zamk noay4yeH M3 NCXo4HOro Zan oTbpacbiBaHUEM
k=0 n=1
o0
KOHEYHOro Yyncna yneHos di,dy,...,dy_1, TOr4a pag, Zan cxoauTces (ceokcTeo 1,
n=1

0

nekyma 1, pasg. 1.3). Takum ob6pa3om, UCXOAHbIN pas, Zan cxoautcea, ecam
n=1

. a
lim 21— | | <1. NepBasa YacTb TeOpeMbl JOKa3aHa.
n—o ap

a
2) MycTb lim Nl —| > 1. PacCMOTPUM YMCNO G TaKoe, YTO | >q>1. ¢=1-q>0, U3
n—o0 an

a
Ml B g,

a
onpegeneHua npegena cnegyet: —e< M _|<g,l-g<
an an an

Takum o6pasom, 8pi1 > 8y >0 nnpu N — 00 06wWmit uneH paga An He CTPeMUTCA K

[e¢]

O, T.€. pAag Zan pacxoanTCA, TaK KakK He BbINMOJIHAETCA Heo6xo,u,MN\oe ycnosume
n=1

cXxoAMMocCTH paga (tTeopema 1, nekuma 1, pasg. 1.3). Bropas yacTb Teopembl

AOKa3aHa.

3) Ecam | =1, lim i1 paBeH eAVHULE UM He CYLLeCTBYeT, B 3TOM
N—oo an

Cay4Yyae ANA BbIACHEHUA CXOAMMOCTU pada nNpusHak Janambepa He NpUMeEHUM.

n

lMpumep 6. NccnepoBaTb HA CXOAMMOCTb PAA, S .
n
n=1 2

p 06 n 0. wasin n+1
eweHue. O3Ha4Yum =a , an > ; HANAEM an+1: —__ COCTaBUM npeaen
2n n 2n+1

1. 1
| = lim @n+1 _ lim (n iy 1)-2 ="lim N +1_ _ <1, 1.e. no npusHakry lanambepa psag

n>o a n—o 2 .2.n 2n>x N 2

cxoamTcs.
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0
n
Omeem: papg, Z — CXoauTes.

n=1
*n!
lMpumep 7. UccnegoBaTb HAa CXOOMMOCTb PAL, z — -
n=1
n! o . (n +1)|
PeweHue. O603Ha4YnMm 5—n =a,,a, >0; HaWAém a_ ., — _— . Coctasum npegen
5

I=lim @1 _ lim (0D —fjm DM+ 1)-5" i N+l o051

noo @, M>>» 5 -nl noe 5 o.5.nl noo b

T.e. No Npu3Haky [lanambepa pag pacxoauTcs.

n!
Omeem: pap, 2 — pacxogmTca.,
n

n=1 5

2.4. PagukaabHbI Npu3HaK Kolliu cCX0AMMOCTH PS/I0B
C M0JIOKUTE/IbHBIMH YJIeHaMHU

Teopema 4 (paouxanvustii npuznax Kowu). I1ycTb naH psiji ¢ NOJOXKUTEIbHBIMU

0

YJIeHAMHU E a,, @ >0 unycrs cymecrByer koneunstii npegen 1im fa, = 1. Torga:
N—o0
n=1

1) ecom | <1, psaa cxoauTcs,
2) ecmu | > 1, psa pacXomuTcs,
3) eciu | =1, TO A BBIACHEHHSI CXOAMMOCTH Psijia paJuKaibHbIH npu3Hak Komu

HC IIPUMCHHUM.

Jlokazamenbcmao. 1) MycTb cywectayet lim Wa, =1 <1; Tak kak 8, >0, 70 1 > 0.
nN—oo

PaccmoTpum uncio g Takoe, UTo | < q<1. M3 onpeseneHuna npeaena cnegyert, 4to

Ve=q-1>0 CylLecTByeT N = N(g)eN, HauMHas c KoToporo vn > N BbINO/HAETCA

HepaBeHCTBO ‘E‘/an—|‘<q—|,l—q<§1/an—l<q—l, Na, <q, a,<g" Vvn=N.

Pacnuwem ncxogHbi pag,
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e}
Ya, =a; +8, +...+ay Fani+an ... . (1)
n=1

CocTaBMM HOBbIN PAL,

o]

@qu =gV +qN N4 (2)

Pag (2) npeactaBnseT cobol psa reoMeTpuUYeckomr nporpeccmum
co3HameHaTenem (: 0<q<1, T.e. 3TOT pAL CXOAMTCA, @ 3HaUuT, paa (1) cxoauTtcs
no | NpM3HaKy cpaBHeHMA pAAoB (Teopema 1 gaHHOM nekummn).

2) Nyctb cywectsyet limn/a, =1 >1. HaunHas ¢ HeKOTOPoro N =N(g)eN VN> N,
N—o0

na, >1 = a,>1,T1.e. r!l—[?o an =0, Torga vcxoaHbIii pag, pacxoanTca no

HeobxoaMMoMy NPU3HAKY cxoanmocTu (Teopema 1, nekums 1, pasa. 1.3).

3) Ecam lim n/a, =1 =1(unu He cywecTsyeT), TO ANA BbIACHEHUA CXOAMMOCTU PAAA
N—o0

paauKanbHbIA NpM3HakK Kowun He npumeHum. Teopema AoKas3aHa.

“( n
lMpumep 8. ccnepoBaTb Ha CXOAUMOCTb Ps
pumep A A PAA EL’Z—M jl
(n
PeweHue. O603HaunMm ‘\m‘j =a,, a > 0. Cocrasum npegen:

: 1
|=1lim 3 =lim =~ <1, 1.e. no pagukanbHomy npusHaky Kowwu psag cxoautcs.
n
N—>c0 n~2n+l 2

2 noy

Omeem: pap, L | cxopuTcs.
nZ:_;L 2n+1)
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Nekuuna 3. 3HaKouepeayowmecsa pagbl. A6CoNoTHAA U yCAOBHanA

CXO04MMOCTb 3HaKoNnepemeHHbIX pAaaoB

3.1. 3HaKouepeayowmecsa paabl. MpusHak JleitbHuua

o0

Onpedenenue 1. Yucnosoii pag Y, (-1)"'-a, =a; —ay +ag —ag +...,
n=1

rne an >0, maswiBaeTcs snakouepedyrowumcapaooMm.
JIJ1sl yCTaHOBJICHUS CXOJIMMOCTH TaKUX PSAOB CYIIECTBYET TOCTATOYHBIH
NpHU3HAK CXOJUMOCTH, Ha3bIBaCMbIii Tpr3HakoM JIeOHuUIIA.

0

Teopema 1 (npusnax Jleiionuua). I1yctsh 9ucCIoBOM psij Zun YIOBIIETBOPSET
n=1

YCIOBUSIM:
1) u,= (_1)n—1.an, a, >0, T.€. 9TOT Psi/l 3HAKOYEPEAYFOLINHCS;
2) YJIEHBI 3TOTO Psiia MOHOTOHHO YOBIBAIOT 10 a0COIOTHOM BETUYMHE:

‘U1‘>‘U2‘>‘U3‘>... T.C. an >an.|.]_; n :1121--';

3) 001wt WiIeH psiaa a, CTPEMHUTCS K 0, T.c. nllm a, =0.
—0

[e¢]

Torna psin ZUn CXOIUTCS M ero cymma O < ay.
n=1

Lokazamesnbcmeo. 1) CHayana paccMOTPUM YaCTUYHYHO CYMMY YETHOTO NOPAAKa
Sy=Sy=a;—a,+ag—a4 +...+ dy_1 —yy 1 3anuwem eé B BuZE:
Som=(a;—ay) +(a3—ay) + ... + (-1 — Aoy ) . B cuny ycnosus 2) Teopemsl 1 Bee
BbIPaKeHMA B CKOBKAX MOMOXUTENbHbI, Torda cymma Oom > 0 m nocneposatensHocTs

{ng} MOHOTOHHO BO3pPaCTaeT: 0< 52 < 54 < 56 <..< SZm <..

Tenepb 3anuwem 3Ty CYyMMY MHAYe:

Som=a; — (a3 —a3) —(ay —as) —....— (Ao — A1) — Apy.
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B nocnegHem BbipaxKeHUUN Kaxa0e U3 BbipaXKeHUn B CKOBKax NON0XKUTENBHO,
nostomy Szm < @1, M3 Yero cieflyeT, YTo NOCAeA0BaTENbHOCTb {Sn }= {SZm}
AIBNAETCA OMPAHUYEHHOM, U TaK KaKk OHa MOHOTOHHO BO3PACTaeT, TO OHa CXOAUTCA.

Opyrumn cnoBamm cyuiecteyeT lim S, = lim Som =9, npuuém S<a;.
N— m—

2) PaccMOTPUM YaCTUYHYIO CYMMY HEYETHOTO NOpPAAKa

Sn=Somi1 = Som + @omet, KOTOpas NONOKUTENbHA. MOKHO MOKa3aThb, YTO
nocnefoBaTeNbHOCTb {52m+1} MOHOTOHHO BO3PacTaeT, TaK KAaK MOHOTOHHO
BO3pacTaeT Nocnea0BaTeIbHOCTb {ng} m Aomer > 0. 3anuwem bipaxenue ans
{32m+1} B BUAE: Opmyq = &y — (az — a3) — = (a2m — a2m+1) , TaK KaK BCE BbIpaXKeHuA

B CKOBKaX NONOXKMTENbHBI, TO O2m+1 < 1. Mo ycnosmio 3) Teopemsi 1 lim @, =0,
nN—o0

torga M ay,,1 =0, otkyaa
m—o0

lim Sami1 = 1im (Syp +8ym,q) = M Sy + lim Bomi =9.
Mm-—>o0 Mm-—>o0 m-—>o0 m—>o0

WUTaK, npu BCex N(4ETHbIX MM HEYETHBIX), lim Sn =S £a4, cneposatenbHo,
nN—oo

UCXoAHbIN pag cxoantca. Teopema AoKa3aHa.

3ameuaHuel. MpusHak JIeMbHNLA MOXKHO TaKKe NPUMEHSATb K pagam, ANAKOTOPbIX
YyC/I0BMA TEOPEMbI BbINONHAKOTCA C HEKoToporo Homepa N eN.
3ameuaHue2. Ycnosue 2) Teopembl 1(npusHak /leiibHULAa) 0 MOHOTOHHOCTU Y/IEHOB

pAda CYLWEeCTBEHHO.

1 1 1
Mpumep 1. ViccneposaTb Ha cxoaumocTb pag, = (1" —=+7 -+
— 1
ngl n 2 3 4
(_1)n—1
PeweHue. 0603HauMm — = U, . K gaHHOMYy pagy npumeHum npusHak JlernbHuua.

MpoBepuM BbINOJIHEHWE YCNOBUIM Teopembl 1: ychoBue 1) paa 3Hakoyepeayowminica
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1 i 1 1 1
ap =, Up = (—1)n -a@n, an >0; ycnosue 2) BbinonHeHo: 1>~ >7"> "> ..;
n 2 3 4
1
ycnosue 3) TaKXe BbINOJ/IHEeHO: lim_=0. CJ'IEAOBaTEI'IbHO, no MPU3HaKY ﬂeVI6HMLLa
n—o N

AaHHbIN PAL CXOAUTCA, NpuYem ero cymma O < ap =1.

0 (_1)n—1
Omeem: pag, ), ——— cXoamTca.
n=1 N

3.2. 3HaKonepemeHHble pAabl. AGCONOTHAA U YCIOBHAA CXOAUMOCTb.

ﬂ,OCTaTO‘-IHbIﬁ NPU3HaK CXo4AMMOCTU 3HaKOoNepemMeHHbIX paAaos

[e¢]

Yucnosom pag, Zun , Y1€Hbl KOTOPOro MMEIOT MPOU3BOJIbHbIE 3HAKM (+), (-),
n=1

Ha3blBaeTCcA 3HAKoNepemeHHbIM PA0OM. PAacCMOTpPEHHbIe Bbllle
3HaKouYepeayowmeca paabl ABAAIOTCA YaCTHbIM Cly4aeM 3HaKoNepemMeHHOro paaa;
MOHATHO, YTOHE BCAKMI 3HAKOMEPEMEHHbIM pAg ABNAETCA 3HaKoYyepeayoLMMCS.

1 1 1 1 11
Hanpumep, pag 1- - + + — -—

_+ 4+ — — +4...-3HaKoONepemeHHbIN, HO He
2 3 4 5 6 7

ABNAIOLWMIACA 3HaKoYepeaYOLWMUMCA PAAOM.

OTMETUM, YTO B 3HAKOMEPEMEHHOM psAe YIEHOB KaK CO 3HAKOM (+), TaKk M co
3HaKoMm (—) 6eckoHeYHO MHOro. Eciv 3To He BbINONHAETCA, HANPUMEP, PAA COAEPHKUT
KOHEYHOE YMCNO0 OTPULATENbHBIX YIEHOB, TO X MOXHO OTOPOCUTb M paccMaTpUBaTb

pAaa, COCTaB/IEHHbIA TONbKO M3 NONOXKMUTENbHbIX Y21eHOB, U HaO60pOT.
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o0

Onpeodenenue 1. Ecim 4ncioBou psan ZUn CXOIHUTCS U €r0 CyMMa paBHa S,
n=1

a yacTHYHAs cymMMa paBHa Sy, To Iy =S — S HaswBaetcs ocmamxom pada, npuaém

limr,=lim (S—-S,)=S-S=0, 1. ocratox cxoxsmerocs psa crpemurcs k 0.
N—o0 N—>00

PaccMoTpuM CXOAAIIMICS 3HAKOUYEPEAYIOLIUNCS PsAL KaK YACTHBIN CIIy4dai

3HAKOIICPCMCHHOT'O psaaa

0

[ee} e 0]
Zun = Z(_l)”‘l -an , rae an >0. 3anmmem ero B Bume S = Z Un =Sn +I'n, Torna
n=1 n=1 n=1

1o npu3Haky JleiiOHuuma ‘I’n‘ = ‘S -5, ‘ <, TaKk Kak oy > S, 10 Iy = 0, re.

OCTaTOK cxojsuierocs psaa ctpemurcs k 0.
J11st 3HAaKONIEPEMEHHBIX PSI/IOB BBOASTCS MOHITHS a0COTIOTHOM U yCIIOBHOM

CXOJTUMOCTH.

0

Onpeodenenue 2. Psn Zun HA3BbIBACTCS CXOOAUUMCS ADCOIIOMHO, €CITH CXOTUTCS
n=1

00

pan, COCTABJICHHBINA M3 a0COJIIOTHBIX BEJIIMYMH €r0 YJICHOB Z ¢|n ‘
n=1

o0 o0

Onpeoenenue 3. Eciy 4uCI0OBOH PsiJL ZUn CXOIHUTCS, A PN Z ‘Un ‘ , COCTABJICHHBIH
n=1 n=1

13 a0COIIOTHBIX BEJIMYUH €r0 YJICHOB, PACXO0aUTCA, TO HCXOI[HLIfI pAd Ha3bIBACTCA

yenosHo (Heabcomomno) cxo0auuMcs.

Teopema 2 (0ocmamounblii NPUZHAK CXOOUMOCMU 3HAKONEPEMEHHDBIX PO0E).

0

3HaKOMIEPEMEHHBIN Pl Zun CXOJIUTCSA, MPUIEM aOCOTIOTHO, €CIIH CXOIUTCS P,
n=1

0

COCTABJICHHBIA M3 a0COJIOTHBIX BEJIWYUH €r0 YIECHOB Z lhn ‘
n=1
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o0

Jokazamenscmeo. O603HaUMM Yepes3 Sy yacTUYHYK CyMmMy pAaa ZUn :
n=1

o0

Sn =Ujg +Up +Ug +... +Uy, @ YEPE3 Op — yacTUYHyO cymmy paga Z dln }
n=1

!/
Op = P1‘+‘U2‘+‘U3‘+---+‘Un‘- O603HauMM Yepe3 S, CYMMY BCEX MOOKMUTENbHbIX
/
YNEHOB, ayepes S, CYMMy abCoMIOTHbIX BENMUNH BCEX OTPULLATE/IbHBIX YNEHOB,
l ! i !
BXOAALWMX B Op. OUeBnaHO, uto S =Sy =Sy, O =35, +5y.

[o0]

Mo ycnosuio Teopembl pag, Z pn‘ CXoAnTCA, TOrAa CYWeECTBYET [im 6, =o, M TaK Kak

n=1 n—oo
=S, +5
nocnenoBaTesibHOCTb Gn =N + n — MOHOTOHHO BO3pacTatowan 1
! ’
HeoTpULaTenbHas, To Op < 6. OuyeBuaHo, yto Oy <0, Sy <0, Torga
! !
nocneao0BaTesIbHOCTH {Sn} " {Sn } ABNAOTCA MOHOTOHHO BO3PACTAOLLUMU U

1 ' l 1 r '
OrpaHUYEeHHbIMU, NpUYEM UX Npeaesibl pasHbI lim Sn =S u lim Sn =S, Torpga
N—>0o0 N—o0

limS, =lim (S, -S;)=1lim S/, - limS/ =S —S' =S 3nauur, ucxognblii
n—oo n—o0 N—o0 N—o0

0

3HaKoNepeMeHHbI pag, Zun cXoamTca U cxoamutcs abcontoTHo. Teopema
n=1

AOKa3aHa.

3ameyaHue. Teopema 2 Aa€T TONbKO A0CTaTOYHOE YC/I0BME CXOAMMOCTH

3HaKonepemeHHbIX paaos. ObpaTHasa Teopema HeBepHa, T.e. eciu

0

3HaKor|epemeHHb|l7| pag ZUn CXoAuTCA, TO He ob6A3aTenbHO, YTO cxoamTca paa,
n=1

0

COCTaBNEHHbIW U3 MoAynen Z ‘un ‘ (oH mOXKeT bbITb KaK CXOAAWMMCA, TaK U

n=1
1 o  4\n-1
pacxoaawmmca). Hanpumep, paa 1—_+1_1+m = (-1) CXOAUTCA 1O
2 3 4 on
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npu3Haky JlenbHuua (cm. npumep 1 gaHHOM NeKkumn), a paa, CocTaBAEHHbIN U3
*1

abCONOTHBIX BE/IMYMH €r0 Y/IEHOB, Z o (rapmoHuyeckuin paa) pacxogurca.
n=1

- (1o

I'lpumep 2. Mccne,u,OBaTb Ha YC/I0BHYIO U a6c0m0THyro CXO04UMOCTb pﬂp,z T
n=1 -

PeweHue. ,ﬂ,aHHblﬁ pAa ABNAETCA 3HAaKOMNEPEMEHHbBIM, O6LLI,M171 YJ1EH KOTOpPOTo

(-1)" -9 S
0603HauYMM: =U, . CoctaBum pAaa 13 abCcontoTHbIX BEANYUNH ‘ n ‘ =
n! et g !

an+1 9n
,rAe an="—"
nt’

NPUMEHUM K Hemy npu3Hak Janambepa. Coctasum npegen lim
N—o0 an

9n+l

a,,; = ——— . [poBeaa npeobpasosBaHuna, nonyyaem
(n+1)!

9
lim @n+1 _ lim gt Nl = lim 9" ‘9‘”!,3 = lim =0. Takum obpasom, pag
n—wo ap N—co (n +1)l9 N—o0 n!.(n +1)9 n—o N +1

00 o gh

Z‘Un ‘ = Z—I CXOAMTCA, @ 3HAYUT, UCXOLHbIN 3HAKONEPEMEHHbIN pAa, CXO4NTCA
n=1 n=1""

abconoTHO.
© (—1)"-9n

Omesem: pap, Z—I abcontoTHO cxoauTCA.
n=1

I'lpumep 3. NccnepoBaTb Ha a6com0THy+0 MU YCIOBHYHO CXOAUMOCTb pﬂp,z n+1
n=1

PeweHue. A) Uccneayem paa Ha abcontoTHYO cxoaumocTb. O603HauMm

)" Jn _Jn
= X0 —u M COCTaBUM pAZ, U3 aBCOMOTHBIX BENMUMH &, = |u, [ = ——
n+1 n n+1
o0 o0
MNonyyaem pag Z\Un\ = Z V' CNONOMUTEbHBIMU YIEHAMU, K KOTOPOMY
n=1 n:l

009n

b

2 (=1)n “n

NPUMeHsieM nNpeaenbHbIN NPU3HAK CPaBHEHUA PALOB (Teopema 2, nekums 2, pasa.
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o0

2.2). lna cpaBHEHUA C pAAOM Z a :Z ng-l—l PacCMOTPUM pAA, KOTOPbIN UMmeeT
n=1 n=1

BUA, Z bn = Z \/— . 9TOT pAag aBnfeTca pagom Aupuxne ¢ nokasatenem P = 5 — <1,

T.€. OH pacxo4aunTtca. CoctaBnm un Bbl‘-IVICJ'IVIMCﬂe,D,yIOIJ.I,Ml\;I npeagen

lim &n _ lim Vn-n _jim 1 _1 TakKak npeaen cyuiectsyet, He paBeH O U He

nowbp  now N+l ooy 1
n
o0 e}
paBeH o, To 0ba pasa Z an u Z bn BeayT ceba oamHakoso. Takum obpasom, pas
n=1 n=1

o0

Z ‘U ‘ = E ; paCXOp,VITCFI a 3HA4uT, MCXO,D,HbIM pAaa He ABNAETCA abcontoTHO
n=1

CXOAALLMMCS.

( 1)" n
B) Nanee uccnepyem NcxoaHbi pas, Z— Ha YC/I0BHYIO cxoaMmocCTb. [inAa

] n+1

3TOro NPOBEPUM BbINOHEHME YC/I0BUI NpU3HaKa JlelibHuua (Teopema 1, pasa. 3.1).

Jn

Ycnosue 1): u, =(-1)"-a,,rae a, = —1 > (0, T.e. 3TOT psj, 3HaKoYyepeayoLWMNCA.
n-+

[na npoBepKu ycnoBmaA 2) 0 MOHOTOHHOM YBbIBaHUKN YNEHOB PAAA UCMO/Ib3YEM

Jx

cnepyowmn metoq,. PaccmoTpum BcnomoratenbHyo ¢yHkumo f(x) = 1
X +

onpeaeneHHyto npu X €[0;+ ) (dyHKUMA Takosa, yto npu X =N umeem

Jn

f(n)= n: a, ). Ana nccnepgosaHuna aToM GyHKLUN HA MOHOTOHHOCTbHAMAEM eé
_|_

x+1
f 1-x

npoussogHyto: f'(X) = .91a npoussogHas f '(X) < Onpu

(x +1)2 2% (x+1)?

X
x >1. CnepoBsaTenbHo, pyHKuma f(X) = ] MOHOTOHHO YObIBAET NPK yKa3aHHbIX
X +
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Jn

3HayeHuaAx x. Monaraa x=n<n+1, nonyyaem f(n)= 1 =a,> f(n+1)=a,,,,
n+

roe N =1,2,3,4, ...... 3TO 03HA4aeT, YToycaoBMeE 2) BbINOAHEHO. 118 NpoBEPKU

ycnoBsua 3) HaxoguM npeaenobiuero unera 5 @ lima, = limv— = lim =0
n 1
N—»co n—wo N+1 noo fno 1

Jn

, T.e. TpeTbe ycnoBMe BbINONAHAETCA. TaKUm o6pa30M, AnAa ncxoaHoro paga

BbIMOJ/IHEHDbI BCE YCNOBUA NPN3HAKA J'Ie|?16H|/|L|,a, T.€. OH CXO4UTCA.

o) iM YCNOBHO CXO4MUTCA
meem: pag T n+1 .

3.3. CeoiicTBa ab6CONOTHO U YCNIOBHO CXOAALLUXCA PAAOB

o0

Ceoiicmeo 1. Ecnu psan Zun a0COJTIIOTHO CXOJUTCS, TO OH a@0COTIOTHO CXOIUTCS MPU
n=1

0001 TTepecTaHOBKE €ro YISHOB, IIPU ATOM CyMMa psija He 3aBUCUT OT MOPSIKa

PAcCHOIOKECHU WIEHOB. Eciin S’ — cyMMa BCEX €ro IOJIOKUTEIbHBIX YIEHOB, a5’ —

0

CyMMa BceX aOCOTIOTHBIX BEJTUMYUH OTPHUIATEIBHBIX YWICHOB, TO CYMMa psijia Zun
n=1

paBHa S =S"-S'.

o0 o0
Ceoiicmeo 2. Ecnn psn ZUn abCONIOTHO CXOIUTCA M C = CONst, TO psix ZC “Up

n=1 n=1
Tak)Ke a0COIIOTHO CXOQUTCH.

o0 o0

Ceoitcmeo 3. Ecnu pajsl Zun u Zvn a0COFOTHO CXOJATCS, TO PSAIBI
n=1 n=1
o0
Z:(un +V,) Takke abCOMOTHO CXOAATCH.
n=1
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Csoitcmeo 4(meopema Pumana). Ecinv psiji yCIIOBHO CXOJIUTCS, TO KaKOe OBl MBI HE
B3SUTU YUCJIO A, MOXKHO MEPECTaBUTh YJICHBI JAHHOTO Psijia TaK, YTOOBI €r0 CyMMa
OKa3ajlach B TOYHOCTHU PaBHOU A; Oojiee TOro, MOXHO TaKk

MEPECTABUTH YJIEHBI YCIOBHO CXOSAUIErOCs psifa, YTOObI MOCE 3TOTO OH

pacxoaHIICs.

Jleknus 4. ®yHKIUOHAJIBbHBIE Psibl. CTeneHHbie psiabl. @opmysia
Teiisiopa

4.1. ®yHKIUOHAJBbHBIE PSA/IbI: OCHOBHbIE MOHATHS, 00J1aCTh CXOAUMOCTH
Onpeoenenue 1. Psin, diaeHbl KOTOPOTO SIBISIIOTCS (YHKUUAMH OTHOW WIIH
HECKOJIbKMX HE3aBUCUMBIX MIEPEMEHHBIX, OMPEACIIEHHBIMU HA HEKOTOPOM

MHOKECTBE, Ha3bIBACTCAQDVHKYUOHANLHHIM PAOOM.

0

PaccMoTprM (YHKIIMOHATBHBIA s ZUn (X) = uz(X) + uz2(x) + us(x) +...,
n=1

YJIEHbI KOTOPOTO SIBJISIFOTCS (DYHKIMSIMU OJTHOM He3aBUCUMOM niepeMeHHoi x. Cymma

NIEPBBIX N YJIECHOB psja S, (X) = Ul(X) + Uy (X) +...+ U, (X) SIBJISIETCSI YaCTUYHOM

CyMMO# TaHHOTO (GYHKIMOHAIBHOTO psipa. O0muii uneH Uy (X) ecTh (DYHKIIHS OT X,

onpenenéHHas B HEKOTOpoi obactu. PaccMoTpuM pyHKIIMOHATIBHBIN PSJT B TOUKE

0

X = Xp. Ecii cOOTBETCTBYIOIMIUNA YUCIOBOU Psijl ZUn (Xo) cxomutes, T.e. cymecTByeT
n=1

npezien yacTuyHbIX cymm otoro psza M- S (xy) = S(Xg) (tme S(Xo) < — cymma
N—oo

YHCIIOBOTO PsAJIa), TO TOYKA X HA3BIBACTCS MOUKOU cX00umocmu (QyHKIIHOHATBHOTO

[o0] 00

pana Zun (X) . Ecou 4mcioBoii pan Zun (Xg) pacxomutcsi, TO TouKa Xo Ha3bIBACTCS

mouxou pacxooumocmuy QyHKIIMOHAIBHOTO Ps/a.
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o0

Onpeodenenue 2. Obnacmoio cxooumocmu HyHKIIMOHATBLHOTO psiia Zun (X)
n=1

Ha3bIBAETCS MHOKECTBO BCEX TAKMX 3HAYEHMH X, IPU KOTOPHIX (DYHKIIMOHAILHBIHI
psin cxomures. O0IacTh CXOAMMOCTH, COCTOSIIAs U3 BCEX TOYEK CXOIUMOCTH,
ob6o3Havaetcs D(x). OtmeruM, uro D(x) <R.

@OyHKINOHAJIBHBIN sl CXOOUTCS B 00J1aCTH D(x), €CIIM AJIA JII000ro x e D(x) OH

CXOAMTCS KaK YUCIOBOMU Psifl, MPU ITOM €ro cyMma OyeT HeKOTOpor hyHKUIUEH S(x)

. OTO TaK Ha3bIBaeMas npeoeibHas (YyHKyus MoCIe0BaTeIbHOCTH {S n(X)}:

lim S, () = S(x) .

N—00

Kak HaxoauTb 061acTb cxoAMMOCTM GYHKLMOHANBHOTO pAada D(x)? MOKHO

o0

MCNoNb30BaTb NPMU3HAK, aHANOMUYHbIA NPU3HaKy Janambepa. Ana paga Zun (X)
n=1

cocrasnnem Up 1(X) n paccmatpusaem npegen npu GpuKcMpoBaHHOM X:

. |u X
lim Uns2(X) =[I(x)|. Toraa D(x) aBnseTcs peweunem Hepaserctsa [I(X)|<1 un
n—o| U, (X

peLeHneM ypaBHEH A \I(X)‘ =1 (6epém TONbKO Te pelleHna ypaBHeHs, B

KOTOPbIX COOTBETCTBYIOLWMNE YUC/NTOBbIE pALbI CXOAFITCFI).

00 n

X
Mpumep 1. HaiiTn ob61acTb CXOANMMOCTHM psAaa —_.

n=1 n

n n+1
X X
PeweHue. 0603Haunm U, (X) = —, Uy (X) = T CocTtaBuM U1 BblMMCIUM Npeaen
n n+

n+1
tim Y20 _ i

- , Toraa obaacTb CXOAMMOCTM pAfa onpesenaerca
n—w| U, (X) n—oo| X" - (N +1)

:|X

HepaBeHCTBOM ‘X‘<1, X €(-1;1) nypasHeHvem ‘X‘ =1. Uccnepyem pononHuTeNbHO

CXOAMMOCTb UCXOAHOIO pAAa B TOYKaX, ABAAOWMMNCA KOPHAMU YPaBHEHUA:
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*1

a)ecnn X =1, Un (1) = _, TO NO/ly4aeTcs pacxoaalmnimnca paa Z —
n n=1 N
—1)" 2 (=1)"
6)ecam x=-1, u,(-1) = ( n) , TO pag, Z - CXOAMUTCA YCNOBHO (Mo
n=1

npu3Haky JleibHuua, npumep 1, nekyma 3, pasg. 3.1).

o0 n

X
Taknm obpazom, obnactbcxoaumoctn D(x) pAAaa z — umeet BuA: -1 < x <1.

n=1

4.2. CtenneHHbIE PAAbI: OCHOBHbIE IOHATH A, TeopeMa AbGeis
PaccMoTpMM YacTHbIM cnyd4an GYHKLMOHANBHOIO pAAa, Tak Ha3blBaeMbln
o0

cmeneHHol pad ZUn (X), rae u, (x) =a, (x — X)".
n=1

Onpeoenenue 3. Cmenenuvim psioom Ha3bIBaeTCs (HYHKIIMOHAIBHBIN s BUA
o0
a0 +ai(X—Xo) +a2(X = X0)? +.ct @ (X = X0)" +...= D an (X— Xo)",
n=0

rae dg, Ay, dy, ... — MOCTOSHHBIC YMCIIA, HA3BIBAEMbIE KO huyuenmamu psoa.

CteneHHOM psg, ecTb «6ECKOHEYHbI MHOTOY/IEH», PACNOJIOXKEHHbIM NO

0

Bo3pactatowmm creneHam (X — Xg) . No6oit unciosoit pag Zan ABnAeTcA
n=1

YaCTHbIM Cly4aem cTeneHHoro paga npu X — X =1.

PaccMoOTpPMM YacCTHbIW CayYait CTeneHHoro pagaa npu Xg = 0:

0

Zan X" =8 +aiX + a2 X® +....+ an X" +......BbIACHAM, KaKOM BUZ UMeeT
n=0

obnactb CXOAMMOCTM A@HHOTO PAAA D(X).
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0

Teopema 1 (meopema Abens). 1) Ecnu cTenieHHOM psif Zan X" CXOMHUTCS B TOUKE
n=0

X=0 (a#0), 1o on abeonrorHO cxoMUTCS IPU BCAKOM X, JUISL KOTOPOTO CIIPaBEIIMBO

HEPABEHCTBO M < ‘04 :

2) Ecitit e CTeeHHO# psi pacxoautes mpu X =[3, To oH pacxoauTes mpH BCAKOM X,

TSI KOTOPOTO ‘X‘ > ‘B‘ :

Hokazamenvcmeo. 1) T1o yclIOBHIO CTETICHHOM PsIJT CXOJUTCS B TOUKe X =0,

T. €.CXOJUTCS YUCIOBOU Psif

o0

Y a,a" = ag + a0+ ay02 +.... +apa" +.. (1)
n=0

H 110 H€O6XO}II/IMOMY IMMPU3HAKY CXOAUMOCTH €TO 06HIHI>JI YICH CTPCMUTCA K O, T.C.

lim (ana” ) = 0. CienoBarenbHO, CyIECTBYET TaKOe YMCIO M >0, YTO BCE UICHHI
N—o0

psia OrpaHHYEHbI THM 4uciIoM: |a,0" <M, (Vn=0,1,2,3,..).

PaccmoTpum Tenepb Ntoboe X, AN KOTOPOro ‘X‘ <‘Xo , U COCTaBUM psag, u3

0

abCONOTHDIX BE/INYMH: Z‘anxn :\a0\+\a1x\+‘a2x2‘+....+ an X" [+ ...
3anuwem 3TOT pAag B APYrom Buae: TaK Kaka = 0, TO
00 X 2 X n
> lagxn =|a0|+|a10t|-‘— +‘<3120t2 ‘ o T PR - vl Y e I (2).
n=0 o a

U3 HepaBeHcTBa a0 ‘S M, n=0,1,23,.. nonyyaem
ag|<M, [aga) <M, ‘azaz ‘S M, .., T.e. pag

n 2 n

iM{é) =M +M-X[+M- X+ +M- X +. (3)
o ) o o o
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COCTOMT U3 YNEHOB, KOTOPble 6oNbLIe COOTBETCTBYHOLWMX YNeHOoB paaa (2). Paa

©(x)

Z M |w_ | npeacTaBnaeT cobon cxoasaLniica pag reoMmeTpmYeckomn Nnporpeccmm co
n=0

3HameHaTenem ( = ‘1 , TPUYEM ‘q‘ <1, TaK Kak \X\ <M . ChepoBaTtenbHo, pag (2)
a

o0
CXOAMUTCA Npwn M <\04 . Takmm ob6pa3om, cteneHHOM pag, Zan X" abcontoTHO
n=0
cxoamuTca.
[06)
2) NycTb pspg, Zan X" pacxoautca npu X ZB, WHbIMUK CIOBAMMU,
n=0

o0

pacxoauTca YNCA0BOW PAL, Zaan . [lokaxem, 4yTo ans nboro x ( M> M) pag,
n=0

pacxoauTca. [JoKasaTenbCcTBO BeAETCA OT MPOTUBHOrO. MycTb NpU HEKOTOPOM

duKcmposaHHoM  Xq (‘Xl‘ >‘B‘) PAL CXOAUTCA, TOTAa OH CXOAMUTCA NPU BCEX ‘X‘ < ‘Xl‘

(CM. NepByto YacTb A4aHHO Teopembl), B yacTHocTH, npu X =}, uto npotnsopeunt

ycnosuio 2) Teopembl 1. Teopema goKasaHa.

Creocmesue. Teopema AGelst MO3BOJISIET CYAUTH O PACIIOJIOKEHUN TOYKH CXOIUMOCTH

CTCIICHHOI'O psAda. Ecnu touka X=a#0 SBISCTCA TOUKOU CXOANMOCTH CTCIICHHOTI'O

paaga, TO HHTCPpBAJl (—‘at ‘(XI) 3aII0JIHCH TOYKaMHt CXOAMMOCTH, CCJIN TOYKOM

PAaCXOOINMOCTH ABJIACTCA TOYKA X= B , TO

OECKOHEYHbIE HHTEpBaNbl (—00;— BD, (‘ ﬂ,oo) 3aIT0JIHEHBI TOUKAMU PaCXOAUMOCTH

(puc. 1).

— w______
PacXogHTCA ' Pan cxoguTcA PACKOOHTCA

1 1 1 1 1 T

-1 Al —lex| 0 lex| |81 X

Puc. 1. MHTepBanbl CXOAMMOCTU N PACXOANUMOCTU pASA
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Mo»HO NOKas3aTb, YTO CyLEeCTBYET TaKoe yncno R >0, 4to npum Bcex

00

‘X‘< R (-R<x<R) crenenHol pag, ZanX” abcontoTHO cxoamTCsa, a Npu ‘X‘ >R -
n=0

pacxoauTtca. bygem cumTaTtb, UTO €Cnum pAL CXOAUTCA TONIbKO B 04HOM TouKe 0, TO

R =0, a ecnu pag cxoauTca Npu BCeX x e(—oo,+x0), TO R =00,

o0

OnpedeJleHue 4. HHmepeaJZOM cxXo0uMocmu CTEIIEHHOTO psaa Zan X" HaseIBaeTcs
n=0

TaKoil MHTEpBaI (—R, R) , 9TO mpH Bcex X € (—R, R) ATOT PSAJL CXOAUTCS U IPUTOM

a6COJIIOTHO, a Ui BCEX X, JICKAIIUX BHC 3TOI'0 MHTCPBAJIA, PAI PACXOOAUTCA. Yucno

R Ha3pIBaeTCs paouycom cxooumocmu CTETICHHOTO Ps/a.
3ameyanue. Ha konuax urtepsana (—R, R) sonpoc o cxogumoctn nnn
PacXo4MMOCTU CTENEHHOTO PAAA PELLIAETCA OTAE/NbHO AN1A KaXKA0r0 KOHKPETHOTo

paga.

lNoKkaxkem ognH n3 cnocobos onpeneneHna nHTepsasa n pagmnyca cxoammocTtu

cteneHHoro paaa.

0

PaccmoTpum cTeneHHOM pag, Zan X" n obo3Hauum a, - X" = U, .
n=0

CocTtaBum pAaa s abCcoONOTHbIX BEIMYUH €ro YNEHOB:

o0 o0
Z Un| = Z‘an X!

:\a0\+\a1x\+‘a2x2‘+....+ a, x|+ ...
n=0 n=0
N MPUMEHUM K Hemy NpusHak [anambepa.
MycTb cywecTteyeT
|y - lag XM (a ) . la
lim [Yn+1| = Jim |22 | = |im [ [3n+2 |x| :|x|- lim [“n+l =I-|x,
n—w| Up n—o0 aan n—>ooK dn N—s00 dn
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roe

. a
|=lim | =L+ 0.

Mo npusHaky [lanambepa pag cxoautca, ecam | - )4 {:1, n pacxoautca, ecam | - )4 #1.
1
OTcloga pag, cxoautca npu X <, TOr4a MHTEPBan CXOAMMOCTY: (_ 1,1\. Mpwm
oy oy
‘X‘ > " pag pacxoguTea, Tak Kak lim [Un1 (s 1.

1
Ncnonb3ysa ob6o3HayeHne R=_, NONYHUM dopmyny ans onpenenexHus paauyca
I

CXOOMMOCTUN CTENEHHOTO pAada:

lim an+1 :_1
N—0 an R ’

roe an anyl — KO3PPULMEHTbI CTeNneHHOoro paaa.

. a
Ecnu okaxetcs, yto npegen lim B L5 R 0, To nonaraem R =o0.
n—o | ap
[ns onpeaeneHns nHTepsBana U paguyca CXoAMMOCTU CTENEHHOTO pAZa TaKXe

MOXHO MCMO/Ib30BaTb PaAMKanbHbIM Npu3HakK Kowwu, paguyc cxoammocTy psaaa

1

onpegensaerca u3 cootHoweHua lim n bn‘ _
N—o0 R

OnpedeneHue 5. O606uweHHbIMCMeNneHHbIM PAO0OM Ha3blBAETCA pPAL BUAA

o)

Zan (X — Xo)". Ero Takxe Ha3biBatoT psgom no creneHam (X —Xo).
n=0

[na Takoro paga MHTepBaa CXoAMMOCTU UMeeT BUA,;: (Xo -R, Xo t+ R), roe R>0 -

paanyc CXo4MMOCTMU.
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MoKa)kem, KaK HaxoAuTca pagnyc cXoaAuMmocTn ana obobuieHHoro

cteneHHoro paaa.

u,, | X — X ”+1| __la
lim Yne2 | — Jjm 32X = Xo) =[x —Xo |- lim |2 =[x — x| 1 <1,
n—oo | Up n—mo‘ a (X—Xo)n ‘ n—oo| a,
1 .
T.€. ‘X—X ‘< R,rae ~ =1=lim|@nq|.
0 R n—o| ap

Echm 1 =0, 10 R =00, M 06nacTb cxoammocTy D(X) =R;ecmn | =0, TO R=0 1

o6nactb cxogumoct D (X {Xo}>
* (x+1)n
Mpumep 2. HainTn 06nacTb CXO4MMOCTU pPASA W -
n=1 )
X +1)"
PeweHue. O603HaYMM % =Uu,(x). CoctaBum npeaen
n
u (X) n+l . Bn . n
lim L L T _x+4
n>o | Up(X) | moe (n42).5™ - |x+1" n—>e5(N+1) 5
X+
Pewaem HepaBeHCTBO: c <1, ‘X +1‘ <5, cnenoBaTesibHO, UHTEpBan

CXO4MMOCTU MeeT BUA: — 6 <X <4, npuyém R = 5. lononHUTeNbHO nccnegyem

KOHLblI MHTEPBAJZ1a CXOANMOCTU:

1 » 1
a) x=4, Un(4) = Y noayyaem pag, Z — , KOTOpPbIA pacxoamTcs;
n=1

_l) n

n
6) x=—6, u,(-6) = ) , lonyyaem pag, Z , KOTOpbI cXoAUTCA
n

n=1

ycnoBHo. Takum obpasom, 061acTb CXOAMMOCTH: [—6;4), R =5.

Omeem: o6nactb cxogumoctn [—6;4).
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[e¢]

Mpumep 3. Pap, Z (nx)" pacxoamTtca ana Beex X =0, Tak Kak (NX)" — oo npw
n=1

N — oo, paguyc cxoaumoctn R =0.

(o] n

X
Mpumep 4. Pap, Z W cxoanTtcsa npu Bcex X €R, paguyc cxoanmoctn R =oo.
n=1 ""

4.3. CBOMCTBA CTENEHHbIX PAAOB

o0

PaCCMOTpMM cTeneHHomn pAag Zan Xn , Y KOTOPOro nHTepBaa CXoamnmocCTu
n=0

(_R, R), TOorga Cymma CTeNeHHOro paga S(x) onpeaeneHa ana scexxe(—R;R) m
0

MOXHO 3anmcaTb paseHcTBo S(X) = Zan X",
n=0

0

Ceolicmeo 1. CteneHHOM psg, Zan X" cxoamTca abCcoNtOTHO B NHOBOMMNPOMEIKYTKE
n=0

[a;0] =(-R;R), nexawem 8 WHTEpBaNe CXOAMMOCTU, NPUYEM CYMMa CTENEHHOTO

paga S(x) ABNAETCA HenpepbliBHOM GyHKUMEN Npu Bcex x <[a;b].

Csolicmeo 2. Ecav oTpesok [a;b] <(-R; R) , 1o crenentoii PAL MOXHO

noYyaeHHO UHTErpmnpoBaTb OoT a 40 b, T.€. ecnn

o0
S(X) = Y anX" = a0 +arX +axx? +..., 1o
n=0

o b n b
bsx)dx= @ X'dx= a gx+ba ] b xVdx+...
i [ Xdx+.+ fa
g‘ ng&)a:l' n aO al a n

Mpw 3TOM pagmyc CXOAUMOCTU HE MEHAETCA:
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- l -
R'=1lim|{ & |[=lim|[3,(n+2) |=R,
n—o0 a;H_l nN—o0 (n +1)an+1

a
roe ap :n—fl - KO3pPUUMEHTbI NPONHTErPUPOBAHHOTO PAAA.

Ceolicmeo 3. Cymma CcTeNneHHOro paga ectb GyHKUMA, MMEtoLWan BHYTPU MHTepBana
CXOAUMOCTU Npom3BogHble Ntoboro nopagka. MponssBoaHble OT CYMMbl CTEMEHHOIO
paga byayt cymmamm pALoB, NONyYEeHHbIX U3 AAaHHOIO CTENEHHOTrO PASA NOYNEHHbIM
aoddepeHUMpoBaHUEM COOTBETCTBYHOLLEE YACNO pa3, MPUUYEM PaanyCbl CXOOMMOCTHU

TaKWUX paaoB byayT Te XKe, YTO U Y UCXOAHOTOo paaa.

o0
Ecam S(X) = @0 + X +azx® +..+an X" +...= D an - X",
n=0
0
10 S'(X) = a1 + 282X + ...+ Nan X" +...= > Nn-an - X",
n=1
o0
S'(x) =282 +6asX +...+ N(N=L)anX"2 +..= > n-(N-1)-a - X2, . uta.
n=2

4.4. ®opmy.sa Teirsiopa
PaccMOTpMM BaXKHYHO 33434y, KOTOpas pellaeTca B TeopundyHKLNOHANbHbIX

pPAAO0B: NO 3a4aHHOM QYHKUUM HANTU CXO4AWMNCAPYHKLMOHANbHbLIN pag, TOro Uan
WMHOTO TMNa, CYMMa KOTOPOro B 06/1aCTU CXOANMMOCTU paBHs1acb Obl 3aaHHOM
dyHKUMK. TaKas 3a/1a4a Ha3bIBAETCA PA3/I0H#EHUEM (PYyHKUUU 8 pAO, HanpuUmep,

CTeneHHoM!.

MycTb PyHKUMA Yy = f (X) OonpeaeseHa B HEKOTOPOIN OKPECTHOCTU TOUKM

xo: U (%) = (X, — 9, X, +0), rae §>0, npruém B 3T0il OKPECTHOCTU GYHKLMA UMEET

BCe NPOM3BOAHbIE A0 (n+1)-TO NOPAAKA.

3adaya: Noabepém MHOroYNEH N-1 CTENEHMN
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P (X) =Cp +C (X —Xg)+Cp(X—Xp)? + .ot Cp (X — Xo)" MO CTEMEHAM (X—Xg) Tak,

4TO6bI B TOUKE Xo COBNaganv 3Hadenms Pn(X) u f (X), @ TaK}Ke 3HaYEeHUA nx
NPomM3BOAHbIX A0 (N +1)-ro nopaaka BKAOYUTENbHO. TOrga cuMTaem, YTo B
OKPECTHOCTU TOUKM Xo TaKOM MHorouneH Pn (x) byaneT npubanKatbh AaHHYO

GYHKLMIO C HEKOTOPOM TOYHOCTbIO.

KoaddpuumeHTbl mHorouneHa Cy, Cy, Cy,..., Gy aBnatoTca HeonpeaeneHHbIMm

Ko3dPMuUMeHTamMn, KOTopble HEOHXOANMMO HAUTU UCXO[A U3 CAeAyHOLWMUX YCA0BUN:

f(xo) =Pn(Xo), T'(X%)=Py'(X), T'(X0) =Py'(X0), .., T (x0) =P (x0).

[Nns HaxoXaeHna aTUX KoadPpuumMeHToB HalaEM NPOU3BOAHbIE A0 N-TO NOpAAKa OT

Pn(X):
P, (X) =Cy +2C, (X —Xg) +3C3(X —Xg)? +..o..t N Cp (X — X )" 71,

P,/ (X)=2C, +3-2-C3(X—Xg) +..... . N (N =1) C,, (X — Xo)"2,

PM(x)=n(n-1)(n-2)..3-2-1.c, =c, -nl,
P (x) =0, npu Bcex X €R.

MoacTaBMM B 3TU coOTHOLWEHUA X = Xg U NpUPaBHAEM f(k)(xo) = Fg,(k)(xo) , rae

k=0123,..n:
f(Xg) =Pn(X) =Co, f'(Xg)=Py'(X)=0¢y, f'(Xg) =Py (%) =20y,
f"(x) =Py (%) =2-3-C3, .. ™ (x)=PM(x)=c, -nl.

Haxoaum BbipaxkeHus ana Co, Cq, Co,..., C,, pewasn nonyyeHHyto cuctemy

YPaBHEHMUN:

315



fx). . _ £700) _ £70x0). . _ FOg)

Co=F(Xg); 1= f'(X0); = ———%; Cq= = ;.. Ch =
0= f(X); ¢1 (Xo); € > 37 5.3 3l n o

Monyyaem obuyto popmyny ana onpegeneHunsa KoapduumeHTo mHorouneHa Cy:

) ¥ 201,23, @)

R

Torga MHOro4YsieH NpMMeT cneayoLlui BuA;:

(n)
1) 510
k=0

£ (xO)

Pa(X)=f(Xo)+ f'(Xo)(X—Xo) +... + (X —X )

ITOT MHOTOYNEeH Ha3bIBAETCA MHO204/1€EHOM TeL"mopa AanAa (IDYHKLI,MM f (X)

Ha3bIBalOTCA KO3ghpuyueHmamu

f® (xo)
Kl

no cTeneHaAm (X - Xo) ,rae ¢, =

mHozo4neHa Teiinopa, K =0,n.

Takum obpasom, Ana Kakgom PyHKUUKM f(x), YAOBNETBOPAIOLLEN

noctasneHHbIM ycnosuam npu X €U, (XO), MOHO HaWTM MHOro4neH Tennopa Pn (X)

(B TOUKe Xo PyHKLMA f (x) 1 mHorouneH P, (X) cosnagatot co ceonmm

NPOW3BOAHbIMM A0 N-ro NOPsAKaA).

Paznocts f(X) —Pp(X), o6osHauennyio uepes Ry, (X), Hasbisator ocmamoytbim

uneHomMm dopmynbl Tennopa, KOTopas UMeeT BUA:

n (k)(

f(x) =P, (x)+ R, (X) = Z °)(>< Xo)¥ + Ry (%)

dopmyna (5) HasbiBaeTca popmynol Telinopa 044 pyHKUUU f (x) MO

cmeneHAMmM (X — XO) nopAaaka n. OTMeTnm, 4To

Rn(X0) = RA(Xo) = Rf (X0) =...= R{V(x) = 0.
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BennumHa octaTouHoro uneHa dopmyabl Teinopa R, (X) urpaet sasnyto ponb B

oueHKe TOYHOCTU I'IpM6J'IM)-K€HMF| 3aAaHHOl\/’I (I)yHI-(LI,VIVI MHOIo4J1IEHOM Teﬁnopa.

CyLLI,eCTByeT ABa BNAa OCTAaTOYHbIX Y1EHOB.

1) OcTaTouHbIV YneH B popme MeaHo. Mpeobpasyem oCTaTOYHbIN YneH Gopmy bl

Tel‘/'mopa, NCNoab3ya HEKOTOPbIE NMOHATUA U3 TEOPUU Npeaenos.

a) dynkuma 0(X) HasbiBaeTca BeckoHeuHo manoitnpu X —> Xo, ecan lim a(x) =0.
XX,

6) beckoHeyHo Mmanan pyHKLUA B(X) Ha3biBaeTcA 6beckoHeYHO manon bonee

BbICOKOTO nopAaaKa maaocCtn OTHOCUTE/IbHO H6eCcKoHeYHO Mmanon CIDYHI-(LI,I/IM G(X) npu

X — Xg, ecan cywecrsyer lim =0 v 3anucbiBaeTca cieayoWwmm obpasom:
x—x, o(X)

B=0(0) (u4ro unraetca Tak: «B ectb 0 manoe or ).

PaccmoTtpum dopmyny Tennopa ansa GyHKuMM f(x) No cteneHAm (X—Xp)

" of 0 (x
nopaakan: f(x) =P, (x)+R,(X) = Z%(X — X)X + Rn(X) . OcTaTouHblil
k=0

unex 8 popmyne Teitnopa umeet sua: R, (X) = f (X) - P, (X) . M3 noctpoeHua

mHorouneHa Teinopa cneagyetr R (X )=R'(x )=R'(x )=...=R™(x ) =0.Torza
n 0 n 0 n 0 n 0
_ R(K . R CORMD RO (x
lim n() _ lim 0 =.= lim __. (x) _ lim "7()=0, OTKyZa
X% (X=Xo)"  *=% n-(X—Xo)" X=X nk(X—Xo)"  x-% Nl

OCTaTOYHbIN YneH ¢opmynbl Tennopa MOXKHO 3anmcaTb B BUAE:

Rn (X) =0((X — Xp)"), T.e. BEAMYMHA OCTATOYHOrO YNeHa ecTb 6eCKOHeYHO Manas

6o/1ee BbICOKOro nopazKa manoctm otTHocutenbHo (X — Xg)" npu X — Xg.

cbopmyna Teﬁnopa f (X) = Pn (X) —+ Rn (X) , B KOTOpOl71 Rn (X) = O((X — XO)n ),

Ha3blBaeTca gpopmynoli Telinopa c ocmamoyHsim YaeHos 8 gpopme lleaHo.
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MOCKObKY OCTAaTOUYHbIN YieH npn X —> X0 aBnsetcs 6EeCKOHEeYHO Manoi BeANYUHOW,
TO MOMKHO CYMTATb, YTO PA3HOCTb f (X) -P, (X) 6ecKoHe4YHOo mana, T.e.

f(x) > P,(X).

2) OcTaTo4HbIN YneH B popme JlaepaHra. 3anniiem oCTaTOUHbIN Y/leH B BUAE

(X = %)™

(n+1)!

onpeaeneHuto. MoxHo aokasatb, uto Q(X) = f (n+1) (&), roe Touka § 3aKkno4eHa

Rn (X) =

Q(X), roe Q(x) ecTb HekoTOpas GyHKUMA, NOANEXKaLLAA

MEXAY X U X0o: & = xXo +O(X —Xo), 0<0<1, T.e. OCTAaTOYHbIN YNEeH UMeeT BUA;:

R, (X) = (= x0)" f 1) (&) . Torga dopmyna Teinopa npumer Bua
(n+1)!
n ¢ K)
f(X) = Py (X) + Ry () = kZO 4 0)(x X) + % 1 @), kotopiii

Ha3biBaeTcA gpopmynol Telinopa c oCMAMOYHbIM Y1eHOM 8 hopme JlazpaHi(a.
PaccmoTpum YacTHble cnydam popmynbl Telinopa.

— Ecnun B popmyne Ternopa c oCTaToOYHbIM YieHOM B popme JlarpaH:Ka
NoONOXNUTb N = 0, TO NONYy4aeM POPMYyaAYyKOHEYHO20 MPUPAUWEHUSA:

f(X) = f(xo)+(x—Xo) T'(¢) (Meopema JlaepaHra).

— Ecnv B popmyne Teitnopa nonoxkuts Xg = 0, To nonyuum dpopmyny, kotopyto

Ha3bIBalOT popmynoli MaknopeHa:

f(0> UORCIN AU
n!

) X"+ Ry (%),

f(x)= f(0)+

rAe ocTaTOYHbIM YneH MOXHO 3anucatb B popme Meano: R, (X) =0(X") nnns

dopme JlarpaHia:
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f O DOx)

Rn () = (n +1)!

dopmyna MaknopeHa aBaaeTca pasnoxeHnem GyHKUMn f(x) B BUAeE

MHOTo4i1€eHa no CTerneHAaAm X.

1

Mpumep 5. Paznoxutb GyHKUUIO f(x)= — B B MHOro4YneHa TpeTbero
X

nopAgKa no cteneHAM (x —2) C OCTaTOYHbIM YneHoOM B popme JlarpaH:ka.
PeweHue. 3annwem popmyny Ternopa ana pyHKumm f(x) B Touke Xy = 28

BUAE MHoOro4ysneHa 3-ro nopAaaKa € OCTaTO4YHbIM YJ1EHOM B cbopN\e JlarpaH»ka

f(x) = f(z)+g-(x—2)+ @ (x—224 TP (x_2p4R (),

1! 2! TR 3

roe Rsy(x) = S(x = 2)*.

f @
41

HaxoaMm Npoun3BOAHbIE HYXKHOTO NOPAAKa B TOUKE X = 2:

f0==, t@=1 r=-2, fr@=-2=-1,
X2 4 X3 8 4
24 3
)=, fr=56_3. f”(x):—2_4, fr@)=-"=="; " x=""
x4 16 8 x5 32 4 6

f (&)—22 ,rae E=2+0(x-2), 0e(0;1).

NMonyyeHHble ,CL?HHbIe noactasnaem B dopmyny Tenopa

f0="1 -2+ 3 x-22+ /- P k-2 + R (%)  sbramcanem
ey 6 | 5 3
_2)4
RS(X):(x—Z) 120  5:(x-2) 0c(0:1).

41 8 240x-2))8
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1
MO3KHO CKa3aTb, uTo dyHKuma 1 (X) = —5 3aMEHAETCA MHOTOUY/IEHOM C TOYHOCTbIO,
X

KOTOPYIO MOYHO ONpeaeinTb, OLLEHNB OCTaTOYHbIN YneH popmynbl Telinopa

(x-2)* 120

RS(X):T E_,_G npu x — 2.

320



Jlexmus 5. Psanpl Telnopa u Makiiopena

5.1. Pagel Teiyiopa u MakyiopeHa. Y CJI0OBUSI CXOAUMOCTH
pagoB Teinnopa K ucxogHo pyHKIUU

MycTb GyHKUMA y = f (X) onpeseneHa B HEKOTOPOM OKPECTHOCTU TOUYKMXp:
Ur X0) =X — R, Xp+R), R>0 1 unmeeT nponsBoaHble Nt060ro nopaaka,

TOrAa ANA 9T0M GYHKLMM GOPMaNbHO MOMKHO COCTaBUTL A no cTeneHam (X —Xo) :

f(X) ~ Co+Ci(X—Xo)+...+Ca (X = Xo)" +... = D Ck (X — X0 )",
k=0

(k)
FO0x)

roe ¢, = "

* £09(x) k
OnpedeneHue 1. O606WEHHbIN CTENEHHOM pag, BUAA ;:OT(X —Xo)

Ha3blBaeTcA padom Telinopa pna GyHKUMKM f(x) NO CTENEHAM (x— XO) . Ecnn

Zf00) N
kl - X , KOTOPbIMHOCUT Ha3BaHUE
o K

nonoxutb Xy = 0, TO MNONYYUM PAL,
pAdaMaknopeHa Ana GyHKUMK f(x) NO CTENEHAM X.

3adaya. MNycTtb 3apaHa dyHKUMA f(x), BeckoHeyHo anddepeHumpyeman B

OKPECTHOCTU TOUKMN Xo: (Xg — R, Xo + R), M nycTb Ans 3Tol GYHKUMM COCTaBAEH pas

o 9 (x)

Telnopa no crenexam (X—Xg) : > k' (X—Xp)* merocymma paBHa S(x) .
k=0 '

Ecnm uHtepBan (Xo — R, Xo +R), R>0 aBnaetca HTEpPBasIOM CXOAMMOCTU AaHHOIO

pada c paanycom cXoaMMOCTU R, TO MOXKHO 3anncaTb PaBEHCTBO:

npuecex xe(xo —R, Xy +R) .
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BblACHMM, NpU KaKMX YCNOBUAX TAKOM CTENEHHOM pPAg, UMEET CBOEr CYMMOM
dyHKUMO f(x), T.e. Korga f(x)=S(x), MOCKONbKY CyLW,ecTBYOT GyHKUMU, ANA

KOTOpbIX Cymma psga Tennopa He coBnagaet ¢ AaHHOMN QYHKLUUNEN.

1

PaccmoTpum npumep. OaHa ¢oyHKuma f(X) = je ¥ x#0, KoTopana ABnsAeTcs
LO, Xx=0

6eckoHeyHo anddepeHunpyemon Vx e R. Bblumcamm nponsBoaHbie 3TON GYHKLUMK

B To4Ke x=0:

ol

2

ao = f(0)=0; a1 = f'(0)=1jmye (X—i} =0;..;a,=f™(0); ant1 = f ™D (0) =0;...
Taknum 06pa3om, BCe BblUMCNEHHbIE KO3bdULMEHTbI paga Teinnopa—MaknopeHa ans
AAHHOM GYHKUMM paBHbI 0, NO3TOMY 3TOT PAL CXOAUTCA Ha BCEM OCM, Er0 CyMMa
TOAECTBEHHO paBHa 0: S(x) =0, 04HAKO f(x) =0 NpM X =0 ( f(x) =0 TONbKO B

Havyase KoopAauHar).

= F® (%)
MycTtb psag Tennopa kZ_(Z)T(X — XO)" nmeeT MHTepPBaa CXO4MMOCTHU

(xo =R, Xg9+R), raeR—pagunyc cxogmmocTu. Toraa, ecam

n
f ®(x
S, (X) = Z%(X —X0)¥ - yvacTuuHan cymma aToro pasa, To Ansa No6oro
k=0 :

Xxe(Xo —R, Xo+R) cywecrtsyet lim Sh (X) = S(X) . PaccmoTpum Teopemy, kotopas
N—o0
AQET YCNIOBUA TOTO, YTO f (x) = S(X).

Teopema 1 (Heob6xodumbiii u docmamoyYHbIli MPU3HAK cxodumocmu pada Telinopa

= F®(x)
K ¢pyHkyuu f(x)). Ana Toro uytobbl pag Tennopa Z Kl
k=0 :

(X =Xo)* =S(x),

VxeUgr (X ) =X —R, Xp+R), umen ceoen cymmon pyHKUMIO f(x), T.€.

f (X) = S(X) , He0bX04MMO M [OCTAaTOYHO, YTODbI
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ansscex X €Ug(Xy) cywecrtsosan npegen lim Rh(X) =0, rae R, (X) - ocratok
N—o0

psaga Tennopa.

Lokazamenscmeo. 1) Heobxodumocme. MycTb GyHKUMA f (X) €CTb CYMMA pAaa

- (k)( 0) (X )

Tennopa Ha yKa3aHHOM MPOMEXKYTKE: f(x) = Z m

f(x)=S,(X)+R,(X), rae S, (X) - uactnunas cymma psaga Teinnopa, R,(X) -
oCTaToK psaga Tennopa. U3 ycnosua cxogumoctu paga vVxeUr (Xo) =(Xo —R, Xp+R)

CyLLecTByeT npeaen lim Sn(X) =S(X), n Tak kak S(x) = f(x), TO CyLlecTBYET
nN—o0

npeaen

limR, (x) = lim (f () =S, (%)= f(x)— lim S, (x) = £ () =S(x) =0,

N—o0 N—0 N—o0

tr.e. Ry(X) 0 VX eUg(Xy). Heobxoaumocts gokasana.

2) AocmamoyHocme. MNycTb cywecTsyeT lim R (X) =0. Tak kak PyHKLUMA £ (X)
N—o0

6eckoHeuHo auddeperumpyema npm scex X € Ug (XO) , TO ANA HEE MMEeeT MecTo

nof 0 (x
dopmyna Teiinopa f(x) = Z o
k=0

%) (X = Xo)* + Rn(X) pns Bcex

xe(Xo—R, X +R), rge R, (X) — OCTATOYHbIN YneH popmynbl Ternopa, KOTOPbIN
COBMaZaeT C 0OCTaTKOM psaaa Tennopa. Toraa 4acTMYHAs CyMMa COOTBETCTBYHOLLETO

psga Tennopa umeet BuA;

— %o )¢ =f(X) = Rn(X).
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PaccmoTpum npegen Sn (X) , KOTOpbI 0603HaYMM yepe3 S(x) , Y4MTbIBAA, YTO

imR, (x)=0: S(x)=limS,(x) = lim (f(x) =R, (X)= f(x), re. s0) = ().

n—o0

JOCTaTOYHOCTb AOKa3aHa.

3ameuaHue. Ecnan liM Rn (X) #0, 10 cymMma psaga Ternnopa mMoXKeT He CoBNaaaTb
Nn—o0

C AaHHOM GYHKUMEN, T.e. S(x) = f(x), XOTA Cam pAL, MOXKET CXO4MUTbCA K Apyron

OYHKUMMN.

Heobxoanmoe 1 goCTaTOYHOE YCN0BME CXOAMMOCTU paaa Tennopa K
NCXoAHOM GYHKUMM Heya06bHO AN1A NPOBEPKM Ha NPAKTUKE KOHKPETHbIX PALOB;
CYLLECTBYIOT 6onee NpocTble, XOTA U bosiee KECTKME, AOCTAaTOUYHbIE YC/10BUS
pasnoxeHna GyHKuMKM f(x) B paapl Tennopa—MaknopeHa. CHayana chopmynnpyem

nemmy.

n
Jlemma. Ons nioboro X €R cywectsyet cneaytowumi npegen: lim X_:o_
n—w N!

Jlokazamenbcmeo. PaccmoTpum cTeneHHoM paa,
[e'e} n
X _ x> X3 X" VU
D X ot — . — - Hanaem
= n 21 3l ol + ..., 06WWNIA YNeH KoToporo u,(x) = n!

paanyc n ob6a1acTb CXOA4MMOCTU 3TOTFO pAZa, UCNONb3yA NPU3HAK

Xn+1
Hanambepa. Boluncnaem npegen, yuntbiBas, 4to Up,1(X) = (—n 1)l 3

Un,q(X) = lim |( X| \=O,

Un (X)

Xt . nl
(n+1)-x"

n>o(nN+1)

=lim

Nn—o0

lim

n—o0
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T.e. paguyc cxoaumoctm paga R = . CnepoBaTenbHO, PaCCMOTPEHHBIN pAf
cxoamuTca gnAa scex X €R, Toraa no HeobxoaMmomy MPU3HaKYy CXOAMMOCTU 06K

n n
X . X

uneH paga u, (X) ==— -0, N >, 1e. liMm__ -0 ana noboro
n! n—o Nl

X €R.

Teopema 2 (docmamoyHsie ycaosua pasnoxrcumocmu pyHkyuu f(x) e pao

MaknopeHa). Myctb PyHKUMA f(x) onpegeneHa n beckoHeyHo auddepeHunpyema

Ha MHTepBase (-a;a), a>0. Echm cyuiectsyeT Takoe uncno M >0, yto ana
Kaxgoro HatypanbHoro N €N necex X €(-8;3) sbinonHsetcs HEepPaBeHCTBO:
‘f ™ (x) ‘S M (3To o3Hauaert, 4To Npon3BoAHbIE 060ro NopAAKa OrpaHUYEHDI

OOHUM U TEM XKe l-Il/ICJ'IOM), TOrga OCTaToK pAana MaknopeHa

©  f K (0). x
R, (X) = Z —————— —0 npu n > ©, a sHauur,

XK wx e(-a;a).

Lokazamenbcmeo. MNoKaxKem, YTO OCTaTOK psAaa MaKnopeHa CTPEMUTCA K HYA0 Npu

N — 0. 3anuwem ana GyHKUUM f(x) bopmyny MaknopeHa c 0CTaTOUYHbIM YNEHOM

A nf0(0
B popme JlarpaHrKa: f(x)= Z f kl(O) XK Rh(x), roe Z% Xk =Py (X) -
k=0 : k=0 :

(n+1)
MHorousieH MaknopeHa, a Rj(x) = % X", OTMeTMM, 4TO YacTU4HaA cymma
n+1)!

paga Maknopena Sy (X) cosnagaet cmHorounenomMaknopena Py, (X), a ocratok

pagaectb R, (X) . BbinonHum ero oueHKy, UCNosb3ys yCa0BUS TEOPEMbI 2 U

yYMTbIBaA, YTO ‘f (”)(X)‘S M ans scex X €(-a;a) :
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~ | f (n+1) (E_,) . Xn+1| (n+1) |X| n+1 M
|R”(X)|_‘ (n+1)! ‘ (n +1)l‘ (é)‘ (+1)!
‘ ‘n+l
Mo nemme 50 npn N—o,Torga IMR,(x) =0, VX e(-a;a) .

(n+1)! N—>

CneposaTtenbHO, No Teopeme 1 0 He0H6X0AMMOM U AOCTAaTOYHOM NPU3HAKE

Z f(
cXoAMMOCTM paaa Telnopa K cxofgHon GyHKumum nonyyaem f (x) = Z% xk
k=0 :

Teopema gokKasaHa.

5.2. Pa3joxxeHne OCHOBHBIX 3JIeMEeHTAPHBIX (YHKIMIA B CTeNEeHHbIE PSAIbI

Ncnonb3yem MU3N0KEHHYIO BbilLE TEOPUIO A5 PA3N0KEHNA OCHOBHbIX
anemeHTapHbIX GYHKLMI B cTeneHHble pAaabl. a8 pa3snoxeHnsa GyHKUum f (x)
B CTEMEHHOM pAA No CTEMEHAM (X—Xg) moxHO PEKOMEHA0BATb C/IeAyoLWuiA
nopAAoK AENCTBUIA:

1) Haxogum npousBogHble GyHKUMK f(x) B Touke X = Xg:
f ™ (xp), VneN.

> £ (x) "
2) Coctasnsaem pag, Teinopa Z Tl (X = Xo)
n=0 '

3) HaxoamMm MHTepBan cXogMmocTu gaHHoro paga: (Xp —R, Xo +R), rae R-

paanyc cXxo4uMOCTH.
4) Ncchepyem noBefeHMe ocTaTKa paga Rn (X) Ana Bcex
xe(Xo — R, Xo +R).

Ecnu okaxeTtcs, 4To lim Rn(X) =0, 1o na ocHoBauuu TeopeM 1 m 2 nemaeM BBIBOJ,
N—o

0

f (n)
aro f(x) = Z#(X — Xg)" mpuBcex Xe(Xo —R, Xg+R).
. .

B pesynbrare nonydaem ¢popmyiy pa3inokeHus: PyHKIIMU B CTEIIEHHOU ps/I.

326



1
e PasnoskeHue B cteneHHow pag ¢pyHkummn f(X) = —— nmeet Bua:

i:1+x+x2+___:2x”, xe(=1;1) (1)
1-x n=0

Bb1800d. PaccMoTpuM pAag, reomeTpuueckoit nporpeccun 1+ X + X2+ X3+ 4+ X"+ )

3HaMeHaTe/1b KOTOpOIZ g=Xwu bl = l MOXHO NokKasaTb, YTO MHTepBan

: 1
CXO4MMOCTM 3TOro pAAa (-1,1), R=1n cymma storo paga S(X) = T x (cymma paga

6eckoHeYyHO ybbiBatoLWEeN reoOMeTPUYECKOM NPOrpeccumn BoluncaseTca no popmyne

by ). OueHMM OCTaToK pAaa:
1-q

S(x) =

n+1
R,(X) =x"t+ 2 4 = x”+1(1+x+X2---)=1—-
— X

npu X€(=1;1) R,(X) >0, n — o, toraa Ha ocHosaHuM Teopembl 1
PaCCMOTPEHHbIN PAL UMEET CBOEN CYMMOMN QYHKLMIO f (x) = 11

— X
PasnoxeHue (1) umeet mecTo.

e PasnoskeHue B cteneHHow pag ¢pyHkumn T (X) =X nmeet sua:

x X X X" © W
e =1+ +—+..+—_, _N— XE€ER (2)
= ,
1 2 n! %n!
© £ () (0)
Bbigod. [ina paHHoi dpyHKumm f(X) =e* zanuwem pag MaknopeHa: " X
n=0 .

Tak Kak GyHKumA f(x) — beckoHeyHo anddepeHunpyema, TO BCe NPOMU3BOAHbIE

cywecTsytoT 1 pasHbl f'(x) = f'(x)=...= f MW (x) =e¥,

YN en.

n
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Haxoaum 3T1 npoussoaHble B Touke X =0; nonydaem f ™ (0) =e® =1 gna scex

N €N, Torga paa MaknopeHa npuobpeTtaeTt BUA:

370T pAg, cxoauTca ana scex X €R.MoOKaxem, YTo cyMMa 3TOro psaa paBHa
f (X) = eX. dukcupyem HekoTopoe uncio & ER M paccCMOTPMM HEKOTOPbIA OTPe30oK

eX|<e? =M pna nmoboro N EN. B atom cayyae no

[-a;a], Ha KoTopom ‘f (n) (X)‘ =
Teopeme 24aHHbIN pag, MaknopeHa 6yaeT CXOAUTHCA Ha YKa3aHHOM OTPe3Ke K

ncxoaHon pyHkumm f (x) = eX. OTmeTtnm, uto 3To BepHO AnA Noboro

duKcnpoBaHHoro yncna a €R. PasnoxeHue (2) umeet mecTo npu Bcex X €R.

* PasnoxeHue B CTENEHHO| PAS&GYHKUMM f (X) =sinXx UMeeT BUA;
X X X

= — + — + 0 (_1)n—lx2n—1
i - =\N"__~ ___ Xe€
SINX X g oy >, TR (3)
"=l (@2n-1)!
% f(n)(O)
Bbigod. ina yHKUMKN f (x) =sinx 3anuwem pag MaknopeHa Z ol Xt
n=0 :
e cosn s o ™
Haxoaum Bce npoussogHble: f(x)=sinx, f'(X)=cosx=sin x+ ",
2
’ H T 1 H
f (x):sm(x+2- \=—SlnX, f”(x)=sm(x+3-n\=—cosx, oy
2 2
O (X) =sin’, x+n- "1 Bolumcnsem atn npon3sogHble B Touke x = 0:
2
f©=0 (=1L f =0 F"O=-1 .. f<“)(0)=sinn-7;-

MopacTtaBuB 3TU 3HAYeHUA B pag MaknopeHa, nonydaem paa;:
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3 5 7 n-1,2n-1 % n-1 ,2n-1
X x> X (1) x (-1)"x
X——+—" 71 +...+ :2

3 5 [ @n-11 T & (2n-1)!

[aHHbIl pagcxoautea npu ntobom X E(—OO, + OO); MOKAXeM, YTO OH CXOAMTCA K

byHKUMKM  f (x) =sin x .CornacHo Teopeme 2 (MOCKONbKY

f W (x) =

¥Ke UNCcNoM) AaHHbI pag MaknopeHa byaeT cxoAnTbCA K UCXOAHO M GYHKLUN

: /g
SIn X+ nN- <1=M, t.e. Bce NPOU3BOAHbIE OrPaHUYEeHbl OAHUM U TEM

2

f (x) =sin x npuBcex X €R. Takum obpaszom pasnoxeHune (3)umeer mecrto.

e PasnoxkeHue B cTeNeHHOM pag GYHKUMKU f (X) = cosx MMeeT BUA:

cosx =1—-__

o 4= %—(Zn)! ,

X2 + .4 XE 0 (_1)n X2n
6 X R (4)

Bbi8od. PaccmoTpum pasnioxkeHue (3)

sinx=x-Tx5_X 2 (=1t et
T +"':nzl n—1y1 X ER- Mpoanddepenuspyem

AAHHbINCTENEHHOW PAA,; NOAYYMBLUMNCA HOBbIN pag, OyaeT TaKKe CXoAUTbCA Npu
Bcex X €R K ¢yHKUMM, KOTOpaA paBHA MPOM3BOAHOMN OT sin X (cBOMCTBO 3, nekuusa 4,

pa3g.4.3), T1.e.

X2 + 4
o eney 1 X2t A
f(x) = (sinxy =C0sx=1-— <

N
6l +...+ e
T | +...

(2n)!

Takum obpasom, pasnokeHue (4) umeet mecTo.

e PasnoskeHue B cteneHHow pag eyHkumm T (X) =(1+ X)™ numeet Bua:
m(m-1) W2 4 m(m-1)(m-2) NI

2! 3!
m(m-=1)(m-2)...(m—-n+1) W
n! ’

(A+x)™ =1+ mx+

(5)

=> X <1

n=0
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Pa3noxxeHue (5) npusoauntca 6e3 BbiBoga. OTMETMM, YTO OHO BEPHO NpU
¢ukcmposaHHom M €R m HasbiBaeTcaA BUHOMUGIbHLIM PAOOM.
Mpwn HaTypanbHom M €N 3TOT pAa NpeAcTaBAAET COOON KOHEYHYHO CyMMY,

M3BECTHYHO KaK buHom HeromoHa:

(1+x)" =1+ C1x+C?x? +...+C™x™, meN.
m m m

[na Heuenbix m umeeT mecto popmyna Telnopa:

(1+x)™=1+mx + m(m—1) mg_ll X2 o+ m(m —1)(m=-2)..(m—n+1) X" + Ry, (X).

n!
Mpu N —> 0 n3 aTon popmynbl Nosyyaem 6ecKoHeYHbI cTeneHHonpag, (5). Hanaém
paanyc ero cxoaumocTu, NPUMeHAA NpusHak Janambepa.YumToiBas, uyto

_ mm-1)(m-2)....m—-n+1) o

_ m(m-1)(m —2)...(m—n) !

, , BblYUCNIAEM
n (n+1)! " n!
npegen:
_ _ _ 1 n+1 _
i [Une Q[ | mEm-1m-2).m-mntx™ | " i,
noe| Un (X) | 1o m(m —1)(m = 2)..(M —n+1) (n+1)X"| noe| N+1

Torga npwu ‘X‘ <1 pap cxoguTca u ero paamyc cxoammoctn R =1, a uHtepsan

cxogmMmoct (-1;1);MOKHO MoKasaTb, YTO VX G(—]-;l), limR () —0.
N—oo

WTak, pasnoxenue (5) BepHo ans scex VX E(—]-;l). B yactHOM cnyyae, Korga

m = —1, U3 pasnoxeHua (5) nonyyaem pag :

1 o0
— =1-x+X -3+ (D) x4 =
Lo YRR

KOTOPbIN NpK ‘X‘ <1 abcontoTHo cxoamTca. Ecv B Kax40M UYieHe paaa 3aMeHUTb X

Ha (- ), TO nony4YMm pasnoxkenHue (1):
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TS TR > xe(-11).
1-x n=1

e Pa3noxkeHue B cTeneHHoM pag GyHKUUK f(x)=In(1+X) umeer BUA:

X2+ .3 x* i n
L O Y E LR C G T
n=1

Bbi600. U3 pasnoxkeHusa (5) BMHOMManbHOro paga npM m=—1 nony4yaem pas

I'EOME'TpW-IECKOVI nporpeccmnun Co 3HameHatTenem (= —x:

T S B (-1)rtext g = i(_l)n—l XL
1+X ]

KOTOpbIN CXOAMTCA NpU ‘X‘ <1, 1.e. 3TOT pag umeeT MHTepBan cxogmmocTu (-1;1)

C paguycom cxoammoctn R =1,

Mony4YeHHbIV PAA NOYNEHHO UHTETPUPYEM HA OTpe3Ke [O, X] - (—1;1) ,

Ncnonb3ya cBoMcTBO 3 (nekuus 4,pasa. 4.3); Npy 3TOM MHTEPBAJ CXOANMOCTHU

COXpPaHUTCA:
o X 0 nto® X W2 33 b
> eyttt =Dyt U = et T ax- e R =50
n=1 0 n=1 n o n=1 n 2 3 4

Cymma nony4yeHHOro paga pasHa

X dt X
S(x) = [ ——=Ini+t], =Inf+x]|
L+t 0

(MK In(1+ x), TaK Kak ‘X‘< 1).

X2 +

2

B3 ox
Takum o6pasom, IN(1+X)=x— 3 ~ 4 +..,T.e. UMeeT MecTo pasnoxeHue

(6) npn X E(—l;l). Nccnepya cxoauMmMoOCTb AaHHOTO pAafa B ToYke X =1, nosyvyaem
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© (_1)n—1
uncnoBol pag ),
n=1

, KOTOpbIN ycnoBHO cxoauTca. Takum obpasom, ob6nacTb
CXOANUMOCTM pAda B Pa3NoXKeHuu (6) umeet sug, (—1;1], a paguyc cxoaumoctn R =1.

e Paznoxenue B crenenHol pag dyHkwmn 1 (X) =arctgX umeer sug;

3 e 2n-1
arctgx:x—f}+5€_i+...:Z(—l)n—l.énn—_’ <1 (7)
1

n=1

Bbi6od. W3 pa3noxeHus (5) BUHOMManbHOro paga npu m=—1 noayyaem

pa3noxeHune

-1 =1-X+ X2 =+ (D) =

Ls x Z:l(_l)n_l . Xn—l'

3 KOTOPOro 3ameHol X Ha X2 BbiTeKaeT creayowmil paa;

1
— o2t _xb 4 = i(—l)n_l -2
1+ X2 n:1 ’

cxogAawminca npm ‘X2‘<1,a MMEHHO, Npu \X\ < 1. MonyyeHHbIN pag noYneHHo

WHTErpMpyem Ha oTpeske [0,x]= (-1;1), MCNONb3YA CBOMCTBO 3 (nekuma 4, pasa.

X2n—1

4.3); Npy 3TOM UHTEPBA/ CXOAMMOCTU COXPAHUTCA, 0603HAUUM o1 =t:
n —

o0

n—2 n-1 X2n—1

.gt dt:;;K—l) e

n-1 2n-2 n-1

[DYE dt =3(-1)

on=1

Cymma nony4yeHHoOro paga
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X dt X
S(X) = | ——==arctgt | =arctg x..
(x) £1+t2 gt} =arctg

X3+ .5 X
Takum obpasom, arctgx=S(x):x—? X5_— 7 +.., T.e. pasnoxeHue (7)

MMeeT MecCTo Npu ‘X‘ <1. WUccnepys pasnoxkeHune (7) B ToUKax x_—l nx=1,

© (=D
nonaydyaem gsa yCcioBHO CXOo4ALWMXCA HNCNOBLIX pALda Z on -1 n
n=1 -
1
0 (_1)n—1.
Z o _1 COOTBETCTBEHHO. Takum obpasom, obnactb cxoaumocTu psaaa (7)
n=1 N

asnsetcaotpeskom [—1;1], a paguyc cxogumoctu R pasen 1.

® PasnoxeHwue B cTeneHHOW pas GYHKLUMKU f (x) = arcsin x UMeeT BUA;:

2n+1
arcsinx=x+i (2n-D1 x=" xe(-1;1) (8)
(2n)! 2n +1

1

Bbigo0. N3 pasnoxenna (5) buHommanbHoro paga npu M =—§ M npu 3amere X Ha

— x? No/ly4aemM pPas/ioXKeHMe B CTENEHHOM pAa;:

(1-x%)

1
2 _ EX2+1'3X4+ +1-3-5 -(2n-1) 20, @2n-1)! 2

2 2.4 7 2.4.6-..-(2n) _n% 2n)!!

MonyumBLKIACA pAL CXOAMTCA NPU ‘X‘ <1. 37ot paa

NOYNEHHONPOMHTErPUPYEM Ha OTPE3Ke [O, X] c(-11), MCNONb3YyA CBOWCTBO 3

(nekums 4, pasg.4.3); npyv 3TOM MHTEPBAT CXOAUMOCTU COXPAaHUTCA:

X (2n-1)N P (2n-1)1 y2nu ‘X 2 @n-DI yoni 1 %8
t2dt = ‘ = : =X+——+..=5(x)-
{nzé @2n)! Zé @2n)!! 2n+1\0 n; @t 2n+1 2 3
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X
Cymma nosy4eHHoro paga S(x) :j dt - = arcsin X . Takum obpasom,
ovl-t

3 2n+1
arcsinx:x+E-X_+ L1385 @1 X

-
2 3 2:4-6-..-(2n) 2n+1 '
T.€. UMEeT MeCTO pa3/ioXKeHue (8) Ha uHTepBane cxogumoctn X e(-1,1).

B 3akntoyeHune ﬂ,06aBMM, YTO BCe NepevyncneHHble B pasgene 5.2 pasnoxeHnA

Ha3bIBalOT OCHOBHbLIMU PA3/10XKEHUAMU SNEMEHTAPHbIX PYHKLMI B
CTeneHHOW pAL, KOTOPble UCMO/b3YHOTCA KaK 3TaOHHbIE ANA PA3N0XKEHUA
APYTUX GYHKLUUN.

3agaHusa no teme «Paabiy

Bblpaﬂ(eH ne snga

o0
Up +Up +Ug+...+Up +... = D2 Ui,
i=1

roe — Uj uneHbl paga, Un— n-0 unu obwuin yneH psiaa, HasbiBaeTcs

6eCKOHEYHbIM PSIOOM.

Ecnn uneHsbl paaa:

e 4Yuycna, TO pAL Ha3blBaeTCA YUCs108bIM,
e YUCNa OAHOIO 3HAaKa, TO pPA4 Ha3blBAETCA 3HAKONOCMOAHHbIM,
e YuCNa Pa3HbIX 3HAKOB, TO pAL HAa3blBae€TCA 3HAKONEepPeEMEHHbIM,

e TONO0XWUTENbHbIE YNCNQA, TO PAA HA3bIBAETCA 3HAKOIMNO/I0OHUMESTbHbIM;

ymcna, 3HaKM KOTOPbIX CTPOro YepeaytTca, TO Paa Ha3blBaeTcs
3HaKoYepeoyrUuUMCH;

e OYHKUMK, TO pAA, HA3bIBAETCA (PYHKYUOHANbHBIM;
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e C(CTENneHun X, TO pA4 Ha3blBae€TCA CMerieHHbIM,

e TpUroHOMeTpUYeckne GyHKUMMK, TO PSS, Ha3bIBAETCA MPUSOHOMEMPUYECKUM.

1. YncnosBble psgbl. Paabl ¢ NONOXUTeNIbHbIMUY YfleHaMuU
1.1. OCHOBHbIe MOHATUA YUCIOBOro psaa

Yucnosbim psidomM Ha3biBaeTCcsA cymma BMaa

o0
ZUi =Up+Upx +U3 +...+ Uy +... 1(1)
i=1

roe Uj Ha3blBaeMble 4yrieHamu psida, obpasyioT

6eCKOHe‘-IHyPOI'IOCJ'Ie,EI,OBaTeJ'IbHOCTb; yneH U, Ha3biBaeTca obWuM 4rieHOM

psida.
CyMMbl:

Slzul,
82 =Uq + Uy,
83=U1 +Us +Ug,

Sy =Ug +Up + Uz +... + Uy,

COCTaBJIEHHble M3 nepBbiXx uYneHoB psga (1), HasbiBawTCA

Yyacmu4HbIMU CyMMamMu 3moeo pﬂda.

KaxxgoMy psigy MOXHO  COMOCTaBUTb  r1ocriedog8ameribHOCMb

yacmuyHbix cymm Sn{Sp}.

Ecnu npu 6eckoHe4yHOM BO3pacTaHMM HOMepa n YacTuyHasi cymma

paga S, cTpemMuTcs K npedeny S, TO psg HasbiBaeTcs cxo0dwjumcs, a

4yucro S — cyMmMmou cxodsiuezocs psda, T.e.
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limS,=SW limS,=u;+uUy, +Ug+...+U, =S -
n—o0 Nn—oo

OTa 3anucb paBHOCUIIbHA 3anncu

o0
2 Uj=Uj;+Uy +U3z+...+ U, +
i=1
Ecnn yactuyHas cymma psga (1) npu HeorpaHMYEeHHOM
BO3pacTaHUM N HEe UMeeT KOHEeYHOro npeaesna (CTPEMUTCA K 4 o« UIN — o

), TO TaKoW psaa, Ha3bIBaeTCH pacxoo0siuUuMCH.

3aodaHue 1. Hatn 06Wwmin YneH YymcnoBoro psaaa:

1)E+E+E+... 6)E+E+E+_
3 4 5 4 5 6
2)E+i+i+... 7)E+E+2+...
5 25 125 2 4 8
I 51
3)£+i+i+... 8)E+i+6_+...
4 16 64 41 71 10!
1 2 3 1 2 4
4 S+ 9) -+ +_+..
2 5 8 2 5 8
1 2 3 1 3 9
5) ZH 4+ 100 -+ 2+ 2+,
4 6 8 4 6 8

1.2 HeobxoauMbIN NPU3HAK CXOOAMMOCTHU psga

o0
PFUJ, Zun MOXeT CXOoOUTbCA TOJIbKO TMNpuU YCnoBun, 4YTO €ro
n=1

OOLINNYNEHNPN HEOrpaHMYEHHOM YBENUYEHUM HOMEpPa N CTPEMUTCS

00
KHYMO:  lim u, =0 -ECAW limu, 20 , TO psA Yu, pacxogutcs — 3TO

N—>o0 n—>oo n=1

AOCTaTOYHbIN NPU3HaK pacxoanMoCTHn pAaaa.

3adaHue 2. NpoBepuUTb BbINOIHEHNE HEOBXOAMMOTO YCIOBUS CXOAMMOCTHM pAaa:
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© n © 2n

VY —5— 6) X —
n=110n" +1 n=13n° +8

) s ! Ny !
n=1 (2n +1) In?(n +1) n=1(12n +1) In?(5n +1)
© In(4n +1 © 4n -1
n-1 2n+1 n=12n+1
E n3 ) ® 4ns
n—1n® +10 n—1n3+10
© 12n ©

5 Y 10) 2.
n—14n -1 ne14n? —1

1.3. [ocraTtoyHble NPU3HAKU CXOANUMOCTU pAaa C NONOXKUTE/IbHbIMU Y1eHaMMU.

I7pu3HaKu CpaeHeHUs pﬂdoe C noJio)KumeJibHbIMU YJ1eHaMu

o0 o0
1-u rnpusHak C,OaGHeHUFI.ﬂyCTb Zan n an = pPAAbl C NONOXNTENbHLIMU
n=1 n=1

uneHamu, npuudm 8, <b, ans Bcex HomepoB n, HauuHas c
HekoToporo. Toraa:

1) ecnu psan Yb, CXOOMTCS, TO CXOOMTCA M P Y ap;

n=1 n=1
2) ecnu pag Y a, pacxoguTcsd, TO pacxoauTca u psag > b,.
n=1 n=1

o0 o0
2-L7 NMpu3HakK cpaBHEeHUH. |_|yCTb Zan 7] an —pAObl C NONOXUTENbHBIMA
n=1 n=1

YrieHaMu, NPUYEM CYLLLECTBYET KOHEYHbIN U OTSINYHBIM OT HYNAa npegen
lim an Toraa  psgbl *a UM *©b cxopgAaTca MM pacxogAarca
’ 2 n > n

n=1 n=1

N—o0 bn

O[IHOBPEMEHHO.
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Psid Jupuxne

1

Pan 1t—+-+.+=—+., rme p>0, HasbiBaeTcs psdom
2P 3P nP

Hupuxne.3TOT psag cxoauTcs MpuM p>1 U pacxoguTtcd nMpu 0< p<1.
YacTHbIM cnyyaem psaga Oupuxne (npu p =1) ABNSAETCSA rapMOHUYECKUN

pan 1+E+E+...+£+... .

2 3 n

3a0aHue 3.MccnepoBaTb Ha CXOAMMOCTb MO NPU3HaKaM CpaBHEHUA!

» 1 = 2n+l
1)HZ:‘SnZ—l °) Z4n +n
. .

2)nzj_:4n+1 7);%
R © 2n+1
3)§m 8)n21:4+10n
1 “2n% +1
4)Z4n+1001 ) Z4n +n
i

S)ZZn 21 10);m/ﬁ+1

lNpusHak [Janambepa.Ecnn ana psiga ¢ NOMOXUTENbHBIMU YreHamu

[ee}

> Uy =U; +Up +Ug +...+Up +Upyq +...(Up >0) BbINoOJHAETCA ycrnoBue
n=1
. u
lim ™! =1,To pan cxoamuTCs NpY | <1 1 pacxoauTtcs npu | >1.
N—oo Un
MNpusHak [danambepa He AOaét pelweHus, ecnu |=1. B atom cnyvae

ANS uccriegoBaHus psiga NPUMEHSOTCS OpYyrve NpU3Haku.

3adaHue 3. VicchepoBaTb Ha CXOAMMOCTb NO NPU3HaKy danambepa:
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. ® 2.4.6--(2n)

)Zn+1 6); 3!

© 2 * 3n-1
2)2‘15 ) A/ n2"
-
3) Z(n 1)1 8L
> 2"n
4) Z(2n )] 925
* 1.3.50000.(20 +1) -

3 HZ:;‘ 4"n! 10);2"n

MHmeepanbHbil npudHak Kowu.lMyctb dyHKkuma f(x) npu x =1

yOO0BNETBOPSET YCITOBUAM:
1) HenpepbIBHa,
2) NONOMKUTENbHA,

3) MOHOTOHHO ybbIBaeT.

Torpa uncnosom pag ZUn, roe U, =f(n),n 21 cxoantca nam pacxogmutca
n=1

+00

OAHOBPEMEHHO CO CXOAMMOCTbIO UM PACXOAMMOCTbIO MHTErpana I f (x)dx.
1

3adaHue 4. UccnepoBaTb HAa CXOAMMOCTb NO MHTErPaNbHOMY Npu3HaKy Kowwm

cneayoume paapl:
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© l © n2
1) nz_;nlnn 6);n2+4

2)ann n )zn(n+1)
“ Inn ® 1
3 Zzn_ ® nzi (n +1)fn(n +1)
© = In*n
4 nzzl:n2+4 Q)ET
1 * n

719 1°’nzz(n H)(n+2)

2. 3HaKonepeMeHHble psaabl

2.1. MNMoHATMe 3HaKonepeMeHHoro psaaa

Yumcnosowu psa U; +Uy +Ug +...+Up +...

Ha3blBae€TCA 3HaKoriepeMeHHbIM, eClin cpean ero 4rieHoB MMEKTCA KakK
nonoXumTternbHble, TakK W OTpuUUaTEllbHbIE yucna.Yucnoson pan

Ha3blBaeTCHA 3HaKO'-IepeanyLuUMCFI, ecnn nobble aBa crosiLme paaomMm

YyyieHa UMeroT NPOTUBOMNOJTOXKHbIE 3HAKW:

o0
Up—Up +Uz Ug +...+(—1)”+1-un I N ) i Up s
— n=1

roe Uy >0pans Becex ne N, T.e. psaa, NONOXWTENbHLIE M OTPULATESbHbIE

YrneHbl KOTOPOro cneayoT Apyr 3a ApYrom nooyepenHo. Hanpumep,

I

2 3 4
{—E+E—i+---+(—1)”+l-L+...,
1 3 5 7 2n -1
12,3 %y eyt N
2 4 8 16 2n
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Ana 3HakoyepeOywoLWmMxcsa pPsSaoB MMEEeT MEeCTO  [A0CTaTOYHbIN

NPU3HaK CXOAMMOCTU — Npu3Hak JlenbHmua.

2.2. NMpusHak JlenbHMua. AGconoTHaaA U ycrioBHasi CXoAMMOCTb

psaa

Teopema (npusHak JletibHuya).3Hako4epeaywLWwmncs psag cxoauTcs,
ecnu:

1) nocnegoBaTenbHOCTb abCOMOTHLIX BEMNUWYMH 4YfEeHOB psida

MOHOTOHHO ybbiBaeT, T.e. Up > Uy >...> Uy....

2) obWwunin uneH psaga CTPEMUTCA K HYNO: lim u,_, .I1pn aTom cymma

n—oo

S pana ynosnetsopsieT HepaseHcTBam 0 <S < Uj.

0

rlyCTb OaH 3HaKOI'IepeMGHHbIl7I paa Zan , rge an — NPOU3BOJIbHbIE
n=1

o0
ymcna (,El,el7ICTBMTeJ'IbeIe nnm KOMI‘IJ‘IeKCHbIe). Ecnun pag Z‘an‘,
n=1

COCTaBJIEHHbIN N3 abCOMTHLIX BENWYMH €ro 4YneHoB, CXOAWUTCS, TO
e 0]

,El,aHHbIl7I pan Zan TaKkxe CXO,EI,MTCFI.B 3TOM clny4vae 3HaKOI'IepeMeHHbIl7I
n=1

o0
psag Zan Ha3blBaeTca abcomomHo cxodsauwumcs.CnenoBaTenbHo,
n=1

0

o0
€Cfnn  Xe 3HaKoMNepeMeHHbIn psa Zan cxoguTtcd, a pag Z\an\

0

pacxogutc4d, TO ,anHbII7I pag Z dn Ha3blBaeTcH yCI108HO CXOOFILL{UMCFI.
n=1
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NMpumep 1./ccnepoBatb Ha CXoOMMOCTb  psq Z( "
] zf 1

o0

PeweHue. 1. Viccnegyem Ha CXOAUMMOCTb psg Zan N3 abCconTHbIX
n=1

o0

BEeSIMYMH YNIEHOB [AaHHOro psaa: ian :zil.cpaBHVIM aTOT psafd C
© n=1 n=12\/ﬁ—1
1 2 -1 2 1 1

pagom ;12\/5' Tak kak Vn <‘/ﬁ , TO, /o 4 > ANA Bcex n.Pag

© 1 ® q
—— pPacxogunuTtCcd, TakK KakK pacxoanTtca psA KaK p4d mnpmxne
512 -~ pacxon pacxoauTcs psia Z J—( s Ovp

1
Z npu p— <1). 3HauuT, Nno 1-my NpuU3HaKy CpaBHEHUS PaCXO4UTCS U
n:1np 2

4
psia 22 f T
MTaK, UCXOOHbIN psif, He SBRSeTCs aBCOMTHO CXOAALLMMCS.

2. BblacHuM, cxoguTcs NM aHHbIA  3HaKovepenyrLwnncsa psag,
npumeHasa npusHak JlenbHuua.

e [MpoBepuM, BbINOMHAETCHA N HEPABEHCTBO &, > ap.1 /AN abCoMOTHBIX

BeINMM4nH 4rneHoB OaHHOIo p4daa.

1 =a

1
.1 .
2Jn-1" 2 /n+1-1 ™

a,=

[laHHoe HepaBeHCTBO OKBMBAIIEHTHO HEpaBEHCTBY 2Jn-1 <

2Jn+1 -1, koTopoeBepHO Ans nboro n=1,2....3HauuTt &, >a,,; Ana Bce

HomepoB nN=1,2...

=0.

e Hanmpém npepen obLuero YneHa psaa: |i = lim
A PeA H PAA o now 24/n +1
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Taknm obpasom, [Ond [JaHHOroO 3Hako4depegylouleroca psga
BbIMONHEHbl 0ba ycnosus, cogepxawmecsa B npusHake JlenbHuua,
OTKyda crieflyeTt, YTO UCXOAHbIN PS CXOAUTCH, OQHAKO OH He sABnseTcd

abCOMTHO CXOAAWMMCS, NO3TOMY AaHHbIA PSA CXOAUTCS

ycrosHo.Omeem: psf Z(—l)n \/— CXOAWTCS YCIOBHO.

3adaHue 6. ViccnepoBaTtb Ha abCOMOTHYIO U YCIOBHYIO CXOAMMOCTb PAAbI:

* (=1)" * (=1)"
1); T G)Z

1n 0
2)2( yn )3 Y

“ (-1)"Inn © (1)
3) nz:z: n 8) nZl: n(n+1)
¥y 9 Y )n
=2 Nnn a1 N4l
5% (1) 105, )W
2 N? Inn ot N +1

3. DyHKLUMOHaNbHbIE pAAbI
3.1. NMoHaTue pyHKUMOHANBLHOrO psaaa

Pan, yrneHamm KOTOpOro ABNAOTCA dyHKL MK oT X,

Ha3blBaeTCHA d)yHKL(UOHafIbeIMZ

[o0]

Zun(x):ul(xl)+u2(x2)+...+un(xn)+.... [Mpnpasas x onpeneneHHoe
n=1

3HayeHue X, , MOyYnMM YMCIOBON pafg
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U(Xo) +Up(Xo) +... +Uy(Xg) +...,  KkOTOpBIN ~ MOXET  BbITb  Kak
cxogawmmed, Tak n pacxogdawmmca.Ecnv nony4vyeHHbIn YMCnoBon psaa
cxXoauTcs, TO TOuYKa X Ha3bIBaeTCH MOYKoU

cxoOumMocmu (PYHKUMOHAaNbHOro psaga; ecrnv Xe pag pacxoguTtca —
moukou pacxodumocmudyHKLMOHaNbHOro psiaa.CoBOKYNHOCTb
YUCIIOBbIX 3HAYEHWW aprymeHTax, npu KOTOpbIX (PYHKUMOHAamNbHLIN pag
CXoOuTCHA, Ha3sbliBaeTcsas ero obnacmbro cxodumocmu.B obnactu
CXOANMOCTU (PYHKUMOHANbHOIO paaa ero cymma SBnsieTCAd HEeKOTOPOW

dyHKUMEN OT x: s-=sw -Onpegenserca oHa B obnactm cxogumocTu

PaBEHCTBOM  S(x)= lim S,(x) » rae on(X) =Uy(X)+Up(x)+..+Uy(x) -

n—oo

YaCcTnU4Hada CymMMa p4dna.

3.2. CTeneHHbIe paabl

CmeneHHbIM ps0oM Ha3biBaeTCs psa BUAA:
o0
D ax" =ag +agX+ayX? +..+apX" +....
n=0

Obrnacmbro cxoOUMOCmu CTENEHHOIO pAda Ha3blBaeTCA MHOXECTBO

BCEX 3HAYEHUN i, Nnpun KOTOPbIX AaHHbIN paa cXoauTc4.

Uncno RHasbiBaeTcs paduycom cxoOumMocmu CTENEHHOrO psaa,

ecnv npu | <R psg cxogutcs U Nputom abcontoTHo, a npu |x|>R psg

pacxoautcsa.Paguyc  cxooMMOCTU Hangem, MCcrnonb3ys  NpU3Hak
[anambepa:
n+1
lim [@n2X =[x lim 8n+1| <1, X< lim @n
n—o0 aan n—oo| dp n—o0/@n41

344



T.6. €CN CTEMNeHHON pPsiA CXOAUTCS Npu NObIX «, YAOBNETBOPSHOLMNX

[aHHOMY YCIIOBMIO U pacxogutcst npu |X/ < lim
nN—oo

.OTcioga cnepayer,

an+1

yTo ecnu cywecteyeT npegen R= lim (8, #0,n=1,2,3,...) ;7o paaguyc

N—>00

An1
CXOOMMOCTW psifa R paBeH 3TOMy npefeny U CTEMEeHHOW psa cxoauTcs
npu |[x<R , Te. B npomexytke (-R,R) ,  KOTOpbIi

Ha3blBaeTCH MPOMEXYMKOM (UHMepsasioM) cXxoo0uMocmu.

Ecnn R=0, TO CTENEHHON pAn CXOAUTCA B €AMHCTBEHHOMN TOYKE x =0

.Ha «koHuax npomexyTka psg MOXeT cxoauTbecsi (abcomoTHO wnu

YCIOBHO), HO MOXET U PacXOAUTbLCS.

CXoauMOCTb CTEneHHOoro paga npux=R W x=-R uUccnegyetcd C

NOMOLLbK Kakoro-nnbo mn3 NnpPpM3HaKoB CXOOUMOCTN.

Mpumep 2. Hantn obnactb cxogumocTu psaa.PeweHue. Hanpgém

©(x +1)"
paanyc cxoammocCTu paaa: Z 1
n1 2"
n n
Retiml L . 1| D2 D22 2D
n—>oo‘n 2"~ -1 (n+1)- 2”‘ n—w n- 2”‘1 n—oo n.2" n—co n

CnepoBaTtenbHO, psiA CXOOMTCA NMpU —2<x+1<2, T.e. NpU —3<x<1

> (-1)"
Tpun x=-3 nmeem psag Z-ZT, KOTOPbIA CXOAUTCA NO NPU3HaKy
n=1

NenbHunua.
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0 2n 0
Mpn x=1 umeem pacxogawminca psg: D, ] :2'2_ .Omeem:
n:]_n'z n= n

06nacTblo CXOAMMOCTM MCXOAHOTO psiAa SIBMSIETCSl MPOMEXYTOK [-3,1)

3adaHue 7. Hantn obnactb CXOAMMOCTM CTENEHHOrO psiaa:

c (L)X c(x-2)"
”;;nf‘ @g;ynd_
2 (=1)"x"3" (x+2)"n

> x"2" 2 (2x +1)"
3 8 n
); n2 )nfl 3
= x"(n+1) 2 (x+1)"
M;—TT— 923
© 0 2n+1
(x +1)" (x-2)
5 10))) ————
2 2
Omeemel:
n 2n on —1)! n n 3n
3) B! 4 )

3a0aHue 1.1) —— 2 ’
) n+2’ ) 5N 4n

n+1 n-1
82" 9 27 10) 3
Bn+1)!" 3n-1 2n+2

3adaHue 2. 1) pa, 2) pa, 3) Aa, 4) HeT, 5) HeT, 6) Aa, 7) Aa, 8) HeT, 9) HeT, 10) aa.

3adaHue 3. 1)cxoguTea , 2) pacxoautcs, 3) pacxoguTcs, 4) pacxoauTes, 5)

cxoauTea, 6) cxoautces, 7) pacxoautca, 8) pacxoantcs, 9) cxoautea, 10) cxoamnTcs.

3a0aHue 4. 1) pacxoanTtcs, 2) cxoautcsa, 3) cxoantes, 4) cxoautcea, 5) cxoauTces,

6) cxogutcs, 7) cxoguTea, 8) pacxoautca, 9) cxoautes, 10) pacxoguTca.

3a0aHue 5. 1) pacxoautcs, 2) cxoamutcsa, 3) cxoantcs, 4) pacxoamTca, 5)
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cxoauTea, 6) pacxoautcs, 7) cxoauTea, 8) pacxoautcs, 9) pacxoautca, 10)
pacxoamuTes.

3adaHue 6. 1) abcontoTHO cxoamTca, 2) yCNOBHO cXoauTcA, 3) yCNOBHO
cxoauTca, 4) ycnosHo cxoamuTcs, 5) abcontoTHo cxoauTea, 6) abcontoTHo cxoamTesa, 7)
abcontoTHo cxoanTea, 8) abcontoTHo cxoamTea, 9) ycnosHo cxoauTea, 10) ychoBHO

cXoauTcAa.

(130 5y LYy 4y, 5) 13:0), 6) 11350, 7) (-

(3] L2l
6:2), 8) (-2;1),9) (—Jﬁ -1 \/5—1), 10) (0;4).

3a0aHue 7. 1) (-2;2], 2)

Ilpaxmuueckan paboma Ne 11
Tema: KommniekcHble yuc/ia ¥ 1eiiCTBUA ¢ HUMU.
Heab: cdopmupoBaTh yMEHHE BBHINOJIHATH apuMeTHUecKue IeHCTBUS C
KOMILIEKCHBIMU YHUCJIAMHU.
MeTtoanyeckue yKazaHus JAJI5 NPAKTUYECKOH padoThl
TeopeTnueckue cBeleHNsI K MPAKTHYECKON padoTe

1. Ilonamue Komnaexkcnozo uucna
Komnnexcnvimu wuciamu Ha3bIBaKOTCS YUCiia BHUJa

z=Xx+iy, (1.1)

rae X, Y — JCHCTBUTCIIbHBIC (BEIICCTBEHHBIC) YHMCIIa, a YHCIO lompeaeasieMoe

.2_ 7 _ _ o o
paBeHCTBOM [2=—1 (1 = 1 ), Ha3bIBACTCSI MHUMOM €IUHUIICH.
Yucnio X HaspIBaeTCs OeticmeumenvHoll (6eujecmeennol) yacmoplo KOMILIEKCHOTO
grciia (UCToNIb3yeTcs 0003HadeHue X = Rez); Y-MHHUMOH YacThIO KOMILIEKCHOTO

ancna z(Y = IM2),

Bripaxenue (1.1) Ha3bIBAIOT aieebpauyeckoil popmotl 3anucu KOMNIEKCHO20
yucna.
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=0

Ecmu XZO, TO YHMCJIO Z HA3BIBAKOT YHCTO MHHMBIM; €CJIU y , TO IIOJIy4acTCA

BEIECTBEHHOE YUCIIO z=X+01=Xx .

2=XH y 2=x-1Y yaspsarorcs COTIPSDKEHHBIMH.

JIBa KOMITJIEKCHBIX YHCIIa
Ucnonws3ys popmyny pa3HOCTH KBaJIpaTOB, MOIy4aeM, YTO 7 7=x2 + y2.

MOXHO J10Ka3aTh, YTO KOPHSIMHU KBaJIpPaTHOTO YPAaBHEHHUS C OTPHUIATSIBHBIM
JTUCKPUMHUHAHTOM SIBJISTFOTCS JIBA COTPSIKEHHBIX KOMITJICKCHBIX YHCIIA.

IIpumep 1. Peminth ypaBHEHHE X?> —6x+18=0.

Pewenue. JluckpuMuHaHT gaHHoro ypasrenms: D =(-6)° —4-1.18=36-72=-36
MEHBIIIE HYJIS, HO TEMEPh MBI MOYKEM BOCITOJIB30BATHCSI MHUMOM €TMHUIICH:

6+-36 _6+36-v-1_6+6] =3+3i; x =3-3i
12 = > = > = T, T.C. X1 ! 9 '

=X iy =X+

JIBa KOMIIEKCHBIX YUCIIa Y2 PaBHBI APYT IPYTY, €CIH X1 = X2

n Y1=Y2; xommnexcroe uncio z cunraercs paBHBIM HYIIIO, eciin X=Y =0,

Besikoe koMIIeKCHOE YMCII0 MOYKHO U300Pa3uTh HA INIOCKOCTH, T.K. KaXKIOMY Z
COOTBETCTBYET YHOPSAJLOUYEHHAS 11apa BEIIECTBEHHBIX
y ypncen ()
A

M (xp)
X

L 3

UYucno z=0 craBUTCS B COOTBETCTBUE HAYATTY
KOOPANHATHOM MIOCKOCTHU. Takyro IIIOCKOCTh MbI B JaibHENIEM Oy/1eM Ha3bIBaTh
KOMITJIEKCHOM TUIOCKOCTBIO, OCh a0CIIUCC—ICHCTBUTENBHON, & OCh OPJAMHAT-MHUMOMN
OCBI0 KOMIUIEKCHOM IIJIOCKOCTH.

Z=X+1y

2 2
Yucno VX' *Y" HaswpiBaeTCS MOJyJIEM KOMIUIEKCHOTO YHCITa 1 0003HavaeTcs

‘Z‘ WIH rir =4x% + y? )

2. Tpuzonomempuueckas gpopma KOMNIEKCHO20 YUCIA
Tpueonomempuuecxas gpopma komniekcnozo uucia. KaxxaoMmy KOMIUIEKCHOMY
grciy Buaa (1.1) MOXHO TIOCTaBUTh B COOTBETCTBHE TOuKy M(X;Y) Ha IekapToBOii
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IIITOCKOCTH (HpI/I 3TOM Ha ocu Ox pacnojgararoTcsa BEIICCTBCHHBIC YHCla

Z=Xx+i0 = x, a Ha ocu OY — upcro Munmsie uncaa Z=0+1y =1y).
Mooynem KomniekcHoco uucia Ha30BEM JIUHY OTpe3ka |OM | (uiu

PACCTOSHHE OT Hadana KOOpAMHAT 10 Toukdu M), T.e. | Z|= /X? + y? . Aprymentom

xomiIekcHoro uncna (¢ = ArQZ ) Hasosem yroi, KOTOPBIil BEKTOP O—Mo6pa3yeTc
MOJIOKHUTENBHBIM HampasieHueM ocu Ox. [JaBHOe 3Ha4YeHHE apryMeHTa,
KOTOpOE, Kak TMPaBWIIO, WCIONB3YEeTCsl MPHU OCYIIECTBICHHU JCHCTBHIA ¢
KOMILIEKCHBIMH 9HCIaMH, yroBierBopser ycnosuio 0S @< 27,
[pu 5TOM BBIpaKCHUE BHIA
z2=|z|(cosg +ising) (1.2)
HAa3bIBACTCS MPUCOHOMEMPUUECKOU (POPMOTL 3aNUCU KOMNIEKCHO20 YUCTA.

[Tpeodpazyem (1.4)
2 2 fl X ' y \ . ( « N y \

Z=X+1y= + 1
y X +Y e e
\/x2+y2 \/x2+y2J L\/x2+y2 \/x2+sz
u, cpaBHuBasd ¢ (1.2), moaydaem, 4T0 @—apryMeHT KOMILIEKCHOTO YUCIIAZMOYKHO
HaWTH, PEIINB CUCTEMY

( X
cosp=__"—___ fCOW: X
[y 2 2 =1

sing = y sing = Y

[ \/x2+y2 | m

3aMeTHM, 4TO MPHU BHIOOPE 3HAUCHUHN @ W3 TIOCIEIHETO YPABHEHHS HEOOXOIUMO

YUYUTBHIBATH 3HAKU X U Y.

@—apryMEeHT KOMIUIEKCHOTO YHCIAZMOXKHO HaWTH (opMyI

tgp :_y Q= arctg(zwl

(1.3) mmu B cuity TOTO, YTO X, \x /),

X y
COSP=— sinp=_"
r r

Ilpumep 2. 3anucath KOMIIEKCHOE YHCIIO B TPUTOHOMETPUIECKOM opMme:

6i; b)1- l\/?’, YKa3aTh MOJYJIb U aPT'yMEHT KOMIUIEKCHOTO YUCJIA.
Pewenue. a) 3aece x=0, y=6 |z| = 6 .
[TockonbKy unciio OUIEKUT HA TONOXKHUTEAbHOUW monyocu Oy, TO 3HAYCHHUE
T . s
apryMeHra ¢ = = no3ToMy 60 = 6(cosE +isn zza))_

b) 3necw x=1, y=—\/§.

349



To onpenenennio |Z|= 12 +(—/3)2 =4 =2 . Jlnn onpesenemms aprymenta

CosQ =

BOCTIOJIB3YyeMCsl  (hOPMYJION: B \2/3 . IMomyuaem, uro @ =argz=

% sing = 3
| 2
TpI/IF?HOI\\%%FpI/I‘IeCI@ﬁ.\ dbopMa 3aJaHHOTO KOMIUIEKCHOTO 4YHCJIa HWMEET BHI:
2 COS—— +isin—

s s

Ilpumep 3. 3anucaTh B TPUTrOHOMETPUUECKON (POpME KOMIIJIEKCHOE YU CIIO

z:—1+iJ§_

Pewenue. Halinem MoayJib U1 apryMEeHT KOMIUIEKCHOTO YHCJIA: ‘Z‘ =414+3=

X y
VYron ¢ HaliieM U3 COOTHOIIEHUH CoS@ = F sin ¢ = r . Torga nonyuum
COS(D =" ,Sln ¢ ZVé . OquI/IJIHO, TOYKA 7 = -]+ \/é HaXOJUTCS BO BTOpOﬁ
2 2
yetBeptu: @ =120° = %75. (2 2 )
7=2C0S m+isin 7«

[Moacrapnsis B popmyny (1.2) HalineHHBIE ' U @, UMEEM

3 3

3. eticmeus Ha0 KOMRAEKCHBIMU YUCIAMU

1) CymmanByx KOMIUIEKCHBIX ducen Z, = X, +1y, u Z, =X, +1Yy, onpenensercs
cornacHo Gpopmyne Z, +7, = (X1 + X, )+ I(y1 + yz)

2) Onepayusa eblyumanus KOMIUICKCHBIX YHCEIT ONPEIEISIETCA Kak onepaus,
obOpatHas cioxxkeHuto. KoMmuiekcHoe ynciio 2=~ %, eclid %2+ 2 =21, SBISCTCSA

Pa3sHOCTHIO KOMIUIEKCHBIX uncen Z1 U Z2. Torpa Z = (X1 =X, )+ i(y1 =Y, )
IIpumep 4. BeImoaHUTh neicTBUS: a) (4+2i)+(1+5i); b) (3+5i)-(6+3i).
a)llo mpaBui1y CI0KEHHUSI KOMIUIEKCHBIX YMCEN MOITYYUM
(4+2i)+(1+5i)=(4+1)+(2+5) i=5+7i.

b) [To mpaBuITy BEIYUTAHKS KOMILIEKCHBIX YHACEN ITOJTYIHM

(3+5i)-(6+3i)=(3-6)+(5-3)i=-3+2i.
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3) IlIpouseedenueByX KOMIICKCHBIX YHCEIT DXty z=x + iy, OIpeneisaeTcs

eABYX CHPIX : ; et

1o Q)OpMyHezzlz(X +iy )1(x +y )_xi(2+|yi<2+|x%/2+ +ityy =

(xx—yy )+i(xy +xy ).Buactroctnz-z = (x+iy)(x —iy) = X2 + y2.
12 12 12 21

Mo>kHO MONTY4IUTh (HOPMYITYy YMHOKEHHUS KOMITJIEKCHBIX YHCEN B
TPUTOHOMETpPUYECKOH (hopMme.

Vneem 7,2, =11, [cos( @1 +¢ )+isin(g +@2)].

IIpumep5. Bomonnuts neiicteusi:a) 2i-3i; b) (2-3i)-(2+31); ¢)(5-4i)-(3+21).
a) 2i-3i=6i°=-6;

b) (2-3i)-(2+3i)=4-9i°=4+9=13;

c) (5-41)-(3+2i)=(5-3-(-4)-2)+ i(5- 2+3(-4)=23-2i.

MOHO BBIIOJTHUTH YMHOKEHHUE IO MPABUIY YMHOKEHHSI MHOTOUYJICHOB:
(5-4i)-(3+2i)=15+10i-12 i +8=23-2i.

4) JletenuexoMIUIEKCHBIX YHCENT OTIPENENSeTCs KaK oeparys, ooparHast

_ 4

z

YMHOEHHIO, TO €CTh YUCIIO Z, HA3BIBAETCS YACTHBIM OT JIEJICHUS Z1 Ha Z2, €CIIU
4 Xt Iy1 _ (x1+iy1)(x2 —iyz)

21522 Torma 2, Xe+i¥2  (xp+iy,)(xo —iy;)

_ XX +iy1X2_iX1y2_iZY1Y2_ (XX 4y y Jril=xy+txy D:.
X,2 +Y,° X,2 +Y,°

OkonuatenbHo % _ XiXe tYi¥o = Xi¥o X1
2 2 2 2
Z, X" +Y, X" t1Y,
B tpuronomerpuueckoit popme:
z, -
Z="eos(p —¢ )risin(p -~ )]
1 1

Z, r,

Omneparius aeJieHus BO3MOXKHA TOJIBKO B ciydae, korjga 27 # 0+i0=0 ).

Ipunep 6.8 i PSS b i
ume, .DBIIIOJIHUTH ACUCTBUA ), ’ ’ -
pumep A 30" 1+i | 1—i’ /3+4i

U yKa3aTh BEIICCTBEHHYIO M MHUMYIO YacCTH MOJYyYEHHOTO KOMIIJIEKCHOTO
quCJIa.
Pewenue.
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: 2 2 2i _ _ 2,
a)Ymuoowcaem denumoe u oenumenv Hai, NOWYYuUM — === =2 = — _;

3i  3ii =3 3"

b)YMHOXaem pgenumoe W JENUTENb HAa  MHOXHTENb, CONPSHKCHHBIN
pemmremo—1 = 1(1-H _ # _1-i 1 1
2

1+ @F0a-np 12 5 3 b

2

c)YMHOXaeM JeIMMOoe€ U JEJIMTENb Ha MHOXMTEIb, CONPSKEHHBIH
1+ (A+DA+) 1+2i+i% 20
ACIIUTCIIIO. == — =—=1.
1—i (1—i)(1+i) 1-i 2

d)YMHOXaeM naenumMoe U AeTUTeNIb Ha MHOKHUTEb, CONPSKEHHBINA JCITUTEIIO:
_2-7i _(2-7i)(3-4i) 6-8i- 21i+28i* _6-20i-28 -—22-20i _ 22 29..
3. i (3+4i)(3-4i) 9-16i2 9+16 25 25 25

BGIIIGCTBGHHE[SI U MHUMasA 94aCTHU paBHbI: Rez =— g, Imz= _ﬁ.

25 25
5) Bossedenue ¢ cmenenv u useneuenue Koprei. ECIM KOMIUIEKCHOE YHCIIO

sajgaHo TpuroHomerpuueckoii dopmoit Z = Z|(COS@ +1SIN@) | 1o cmpasemuBa

dbopmyna MyaBpa
2" =|z|" (cosng +isin ng). (1.4)

6) s useneuenus kopus N-1i cmenenu (N — 1enoe uyucio, Oonbimee 1) u3

KOMIUICKCHOT'O 4YHuCJIia, 3aJaHHOI'O B TpHFOHOMGT‘pH‘I@CKOﬁ (1)0pMC, IMPUMCHSACTCA

@opMyna naromjasi N 3Ha4YeHU 3TOro KOPHS:

@+ 2k +|SInMﬂ, k=0,1,...,n-1.(1.5)

Vz | z |Lcos J
n n
IIpumep 7. Boraucnuts: (—1+i)%2,

Pewenue. YtoObl Bocmons3oBaThess Gopmynold  MyaBpa, HE0OXOIUMO
MPEACTAaBUTh KOMILJIEKCHOE YHCIIO B TPUTOHOMETPHUUISCKOM hopme.

Mmeem: |Zl=y/(-12+12 =72 ; cosp=-1/2 u sinp=1+2 ,

Q=37 /4 (Tak Kak COOTBETCTBYIOILAsS TOFIKa IEKNAT RO \BTOPOI/I 4ETBEPTH).

CrnenoBarenbHO, -1+i= F Cos— +isin = u
L4 4
(-1+i)B = \/?[0033-137r Lisin 3-1377} (B cmry (1.4)). VYuureBag, YTO
4 4
I7 107 - *

Y MCIOJIb3Yysl CBOMCTBA TPUTOHOMETPUUECKUX (PYHKIIMH, TOJIydaeMm:

4
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(—1+i)3 :64\/2(003(—5)+isin(—1)\=64 2(1 —i 1 )=64-64i.

4 4 ) AN

Ilpumep 8. Bo3BecTH uncino z = J3-is IATYH0 CTEIEHb.
Pewenue. TlonyduM TpUroHoMeTpuuecKyo (Gopmy 3aMucy 4ucia Z.

T
p=-_
r:\/3+ :2 COS(DZ? Singﬂz—%_OTC}OHa 6,3_
= | nﬂ
| CO +isi . Torz[a o Gpopmyne Myaspa moIyunM:
1 Sk( 5/ r\ o % 5 5\

z° _2[C°S|\ ﬂﬁISIn‘\ 7[)4* %\kcos 7r—|sm &)( )

= 2| - cos —|sm =

( == o« (—3”—1£ (3 1) 3
\ 6 6) 2 2) 2 2

Ipumep 9. Beraucnuts: NEY

TpuronomeTpuueckas GopMa 3aJaHHOTO YHCIA UMEET BUA —1=COSx + isinzT
(|z|=1), moatomy B cumy (1.5)
3 T+ T -
z =31'cos™—— .. g+2km) T+ 2k +isin
\/— +1SIN =CO0S
kK VI 3 )
L 3 3 3
BeImuceiBaeM TpU HCKOMBIX KOPHSI:

T+ 2Kz k=0.1,2.

T .. T 1 .
Z =CO0S +|S|n—:_+|£;

0 3 ) 3 2 2
X2 . . g+2rm
zl_cos . +isin =cosxz +ising =-1;
T+4r
z =cos” +isin”+4” =E—i£.
2 3 3 2 2
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1. Muumas enmanna. Ajgredopandeckasi popMa KOMILIEKCHBIX YK CeJl.

HepaspemmmocTts ypaBHeHus X° + 1 = 0 Ha MHOMKeCTBE JeiCTBUTENBHBIX UHCE IPUBENA K

BBCACHHIO TaK Ha3pIBAEMOY MHHMOM C€¢ANHHUIbI I , T.€. MHUMOTI'O (HpI/I,I[YMaHHOFO) qucia,

o 2 1
obmanaromero coiicteom: I = — L1,
Torma X2+ 1= 0uMeer JBa pelIeHNs: X; =L X,=—I.
Yucna, Buga bi, roe be R, — MHAMas equHUIA, HA3BIBAIOT MHAMBIMH YHCIAMH.
Hanpumep, 4i, —3i, 0,45i, \/EI . HT.L
Yucna, Buga a-+bi , roe abeR, | — MHMMas eiuHMIA, HA3LIBAIOT KOMILIEKCHBIMH
YHCJIAMH.

Hanpuwmep, 5+4i, 7-3i, 25+45i, —2—\/§i, U T.IL

dopma 3anucu Z=a+ bl Ha3bIBAETCS AJNre0panvecKoi.

A — neiicTBUTENbHAs YacTh: Re(z) bl — MHUMast 9acTh: ImM(2)

Takas 3amuch MO3BOJIAT 3alMCBIBATH HE TOJIBKO KOMIUJIEKCHBIE YHCIIA, HO U YUCMO MHUMblE U
oeticmeumenbHule, HalpuMep:

AEﬁCTBMTeanbIe ynucna MHumble uncna

b:O a:O
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5+0i =5 0+ 4i = 4i

—J5+0i =-+/5 0—7,8i =—7,8i

Bo MHOXECTBE KOMIUICKCHBIX YHCEI HET ITOHATHH ((60JII)HI€)), MCHBUIIC», «IOJIOXKHUTCIBHOC),
«OTPULATCIIBHOC) .

Yucna £ =a; + b1| u Z, =&, + Dl naspmarores paBHBbIMH, ecii &y = A, u b, =bh,.

Yucna z=a+bin —z=—a—Dbi Ha3pBalOTCA NPOTHBOIOJIOKHBIMH.

Yucna L=4a+ bi u  Z=a—Di nasearorcs COMPSKEeHHBIMH.

1.1. PenieHHe KBAAPATHBIX YPABHEHHU I € OTPHLATEIbHBIM IMCKPUMHUHAHTOM

Pemennem KBaApaTHOr0 ypaBHCHHSA C OTPHULATCIIbHBIM JUCKPUMHWHAHTOM BCEraa 6y21yT JBa
CONPSKEHHBIX KOMIUICKCHBIX YHCJIA.

[Ipumep 1: pemuTh KBaApaTHOE YPABHEHHE X2 +4x+29=0.

Pewrenue.

BHIYHCIMM JMCKPUMUHAHT

D=b%—-4ac =42 -4-1-29=16-116 =-100< 0.

[IpencraBnseM OTPULATENBHOE YHCIO Kak MPOU3BeAeHUE (—1) M TMOJOMKHTEILHOTO 4YUCIA W

3amensem (—1) Ha i2 :
D=-100=-1-100 =i? -102.
Haitnem+/D = /i -102 =+/i2 -4/10% =i -10.

Haxoaum xopHu ypaBHEHHUS:

y :—b+JB:—4+i-1o:—_4 10i

L +—=-2+5I;
2a 2 2 2
_—b-JD -4-i10_ -4 10i = 2_5j,
2 2a 2 2 2

OTBET: /IBa CONMPSUKEHHBIX KOMIUIEKCHBIX uncna: X1 = —2+51 u Xy = —2-51,

1.2. ApudMeTnyeckue onepanun HaJA KOMIJIEKCHbBIMU YMCJIAMHB
ajredOpanyeckoi popme

CymmaZ, + 2, =(a, +hbi)+(a, +bi)=(a, +a,) + (b, +b)i
Pasnocrn 2, — 2, =(a, +0ji)—(a, +b,i) =(a, —a,) + (b, —b,)i
Mpomssexenne Z; - Z,= (&, +b,1)-(a, +b,1) =(a,a, —b,b,) +(a,b, +a,b,)i

2, 1,17, (uncnuTens W 3HAMEHATeNh YMHOXKAIOT Ha YHUCJO,
Yacraoe ~  — — COTIPSHKEHHOE 3HaMEHATeNto, 4YToObl W30aBUTHCA OT
Z, 1,-1, KOMILIEKCHOTO YHCJIa B 3HAMEHATEIE)
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PexomentyeTcst Al yIpoIIeHNs BBIYMCICHUH TIPH JIEIIEHUH, BBIBECTH (POPMYITY Ui YMHOKEHUS
JBYX COIPSKEHHBIX KOMIIJIEKCHBIX YUCEN:

z -z =(a+bi)-(a—-bi)=a% -b%% =a% -b%-(-1) =a? +b?

[Tpumep2. BeimosHuTh apupMeTHdecKue ACHCTBHUS HAJ KOMIUIEKCHBIMHM YHCIAMH z, =4+5i H

2,=6-9i .
Pemenue.

1) zy+4—(4+50+(6—m)—4+6+5i—m:ﬂD—4i
) 7, (4+§ (96 92) 4—6+5i+9i=—2+14i:
3) zl z2 4'+5i 4 —36i +30i —45i_ =24 -6i - 145.(-1) =69 —6i ;

4y B a+5i = (A+SIN6+90) = 24 36i +30i +0i2 _15+66i _5+22i _ 5 22,

7, 6-9i 6-9i 6+9i 36+81 117 39 39 39
Omer. Z +Z =10-4i; z -z =-2+14i; 7.7 =69-6i; z_5 22
1 2 1 2 1 2 2—39+39'
2

1.3. HatypaibHasi cTenneHb MHUMOW €IMHUIBI |

Haiinem niepBbIii 4eThIpe CTETEHH i

. . . . iy . . .94 52 2 _ —

il=i 2=-1i=i2-i=-1i=-i I =1"I"=-1(-1)=1
VauTeIBas, 4To = 1, HailIeM CTaplive CTEIEHU:

i =iti=1i=i, i®=i*i2=1(-1)=-1

i7 =48 =1.(—i)=—i, B=i*i*=11=1

OueBHIHO, YTO BCE OCTaJbHBIC CTEHNCHH | OYAyT PaBHBI OJHOMY M3 IPEABIAYIIUX YETHIPEX
3HAYEHHUI.

YT1o ObI BO3BECTH iB HATYPAJIbHYK CTelleHb, HAJ0 MOKAa3aTe/lb CTeNleHH pa3leuTh Ha 4,
BO3BECTH IB CTeleHb, PABHYI) OCTATKY OT JIeJIeHHSs.

116

11
[Ipumep 3: Haiitu |

122
|

:37
I

Pemenue.

i16 — i4~4+0 :io :1;

it =
22 — 452 _j2 _ 1.

4.243

+37 +4.9+1
1°f =17

OTtBeT. i16 :1 ill = —i i22 = —1 i37 = | .

=il =i

2. FeOMeTpI/I‘IeCKaﬂ HHTEpHpEeTAlNA KOMIVIEKCHBIX YHCEJI
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[InockocTh Ha3bIBaeTC KOMILIEKCHOM, €CIIM KaXKIOMY KOMIUIEKCHOMY YMCIY L=X+I1y

CTaBUTCA B COOTBCTCTBUC TOYKH INJIOCKOCTU C KOOpAMHATAMU Z(Xl y) , IpUYEM, 3TO COOTBCTCTBUC

B3aUMHO-0/IHO3Ha4YHOE (pHcC. 1).
Ocp OX Ha3biBaeTcsl AeWCTBUTEJbHOM OCBHIO, T. K. Ha HEW pacroiOXKEHbl TOYKH,

COOTBETCTBYIOIIME YHCIIAM, Y KOTOPBIX Y = 0.
Ocp OY HaszpiBaeTCsi MHHMOM OCBIO, T. K. Ha HEH PACIIOJIOKEHBl TOUYKH, COOTBETCTBYIOILINE

qrcaaM, y KoTopeix X = 0. )
Takum o6pazom, m000€ KOMIUICKCHOE YHCIO Z =a +bi MOXXHO HM300pa3uTh  Ha IUIOCKOCTH

TOYKOM € KOOpJAMHATAMHU (a,b), IIPUYEM B3aMHO OJHO3HAYHO.

C xax ol Toukoi Z(X, Y) KOMITJICKCHOMW TIOCKOCTH CBSI3aH paouyc-eekmop 3Toi ToukH (puc. 1).
BA

YA
) | (x.7)

z(x,Y
y y

0l X X

Pucynok 1

CrnosxeHre U BbIYMTAaHHE KOMILUIEKCHBIX YHMCET MOKHO BBINOJIHUTH IO MPaBUITy Mapajuieorpamma
(MpaBUJIO CIIOKEHUS W BBIUUTAHUS BEKTOPOB), KOTOPOE 3aKJIIOYAETCSl B CIEAYIOIIEM: HYKHO
MOCTPOUTH TMapajljielorpaMM Ha BEKTOpaxX, MOJYyYEHHBIX NMPU T€OMETPUYECKOM IMpeICTaBICHUU
TUX uMcen. Pe3ynbraty cymMMupoBaHusl OyIeT COOTBETCTBOBATH BEKTOP-AWAroHajib 3TOTO

ImapajjiciorpaMmma. HpI/I BBIIIOJITHCHHUHU BBIYUTAHUA HYXHO YYUTBEIBATH, YTO Pa3HOCTH Z]_I/I 22 6y,Z[CT

COOTBETCTBOBATH cymMe Z7 u —Zp. T.e.ly— 1 =17;+ (— Z, )

[Ipumep 4. Jlanbl 1Ba KOMIUIGKCHBIX yncia: Z1 = 1-51 u L, = 2-3l.
N300pa3uth UX Ha KOMILIEKCHOM TIOCKOCTU U PE3YIbTAThl UX CIOXKEHUS U

BbIUUTaHKS (pUC. 2).
Pemienue.

2, +12,=(1+5i)+(2-3i)=3+2i
2, —2,= (1+5i)+(-2+3i) = -1+8i
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N
\: | 1+5i

-2+3i

Pucynok 2
Jliura ' BekTOpa, COOTBETCTBYIOIMIErO KOMIUIEKCHOMY 4YHCITy Z  Ha3bIBaeTcsi MOMYJieM

KOMIIJICKCHOT'O YHCJia JA 1 0003HavYaeTCs ‘Z‘

Yron ¢ , 00pa3oBaHHBIA PAIUYC-BEKTOPOM C TOJOXKHUTEIbHBIM HampaBieHuemM ocu OX

Ha3BIBACTCS APIYMEHTOM KOMILIEKCHOTO uncaa Z u 0603HadaeTcs arg L (puc. 3).

"

. >
0 x = Re(z) x

Pucynok 3
PaccmatpuBast Ha puc. 3 BBIJACICHHBIH NPSMOYTOJBHBIA TPEYTOJBHUK, IOJy4aeM COOTHOIICHUS:
r:‘z‘ = X% +V?

X

cosp="singp=" tgp=
r r- X’

X=T-COS@Q.y=r-sinp.x=yltgp . Y=X-10@.

y

358



[Ipumep 5: 3amano koMIiekcHOE yucino z =1—i . Haiitu H " arg Z .

Pemenue.

z=1-1, 3Ha4wur, x=1, y= -1

Xy =12 (C1) =2 YA

x 1
COSp=_=___ -
y_ 1 4 , o N7,
sin Q=— — I
r 2) AN
i T s i
argz=¢ =-
OTBer: | Z| =2 ; 4 (puc. 4) PucyHok 4

3. TpuronomeTpuyeckasi (HOpMaKOMILJIEKCHOTO YHCJIA

3ameHuB B anreOpanyeckod (Gopme 3amucu KOMIUIEKCHOTO YHCIIa L=X+YI X uy
COOTHOLICHHAMH X = r-COSQ y=r-sine : Oy YHM:

Z=X+Yi=r-cos@+r-sing-i=r(cosp+i-sing) , re tpuronomerpucckyio
(bopMy 3amKcH KOMIIIEKCHOTO YUCIA.

Tpuronomerpuueckasi popma: Z = r(cosgo +1-sin ¢)

[Ipumep 6. [lepeBecTr B TPUTOHOMETPUYICCKYIO (POPMY KOMIUIEKCHOE Ynciao Z = A/ 3+1.
Pemrenue.

:\/§+i,3Ha‘lI/IT, X=\/§, y=1;

Z
|Z|:‘\/X2X+y2 :‘V(\/§)2+12 =3+1=4=2:

cosp= = .
6
sing = Y E
r 2
Takum 06pasoM . TPUT'OH MeTEﬁ“IeCI%-H (1)0pMa ,I(ﬁHTTIOFO KOMIIIICKCHOI'O 4YHuCJIa UMECT BU .
z=r(cose +i-sin (p3 CosS™ +i-sin—
6 6 )
Oreer. Z = 2(C057_T +1-sin S—T\
6 6
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Ipumep 7. IlepeBectu B anreOpandeckylo ¢GopMy KOMIUIEKCHOE YHCJIO, 33JaHHOE B

TpUroHOMeTpHYecKoit popme Z = 10(C051500 +i-sin 150° )
Pemenue.

. 5
2 =10(c0s150° +i-5in 150° ), saur, F =10 ¢ =150° =76
o ( \/—3\
X=r-cosp=10-cos— =10.| - ¥ [=-5,3
6 L 2)
y:r-singozlo-sins—ﬂ :10-1:5,
6 2

Takum oOpaszom, anredbpandeckas Gpopma JaHHOTO KOMIUIEKCHOTO YKCJIa UMEET BU:

Z=X+Yyi=-5J/3+5i.
Orser. Z=—5v3 +5i.

3.1. leiicTBMs HA/l KOMILUIEKCHBIMH YU CJIAaMHU, 32JJAHHBIMH B
TPUIrOHOMETPUYECKOU popme

Vnowenne Z, - Z, =1, - 1,(cos(¢y + @, )+i-sin (@ + ¢, ))
Jlenenne Zi= rlicos(¢ 1_60 2)"‘ i 'Sin(§0 1_50 2)
ZZ r2

BosBenenne B crenenn Z' = I (COSI"I(D +1-sin ngo) (popmyna Myaspa)

N3Bieyenue kopust _ = (COSM +i-sin Q+27K) k- 0,12 ..,n-1

m/:“/:( ) 2

4. Iloka3zaTenbHasi GOPMAKOMILIEKCHOT O YHCJIa

B 1740 rony Jleonapn Diinep omyOnukoBasi — GopMymy, CBSI3bIBAIONIYI0O KOMILIEKCHYIO
HKCTIIOHEHTY C TPUTOHOMETPUUECKUMHU (QYHKIUSMU:

qu . - .
€ = COS(” +18INn ¢ _ Gopmyna Diinepa.
Takum o00pa3oM, eclii KOMIUIEKCHOE YHCIO 33/laH0 B TPUTOHOMETPUYECKOH ¢opme

L= I’(COS(D-I—i sin (D), TO Ha OCHOBaHMH (GOpMybl Diiyiepa, BRIpPXKEHUE B CKOOKAaX MOXKHO

3aMCHUTD Ha MOKA3aTCIIbHOC BBIPAKCHUC. B PE3YJIbTATEC MOJTYIUM IMOKA3aTCIbHYTO (I)OpMy
KOMINIJICKCHOT'O YHCJia:

— (7))
IMokasarennHnas popma: L=1TI-¢€
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4.1. leiicTBUSI HaJ KOMILIEKCHBIMH YHCJIAMH, 3aJJaHHbIMH B MIOKa3aTeJIbHOMH

popme.

IIycts Z;, = 1} ey z,=r, -7

_ i(p+0,)
YMHO)KeHI/IeZ Z r r e ’

i — _1ei(¢’l—¢72)
eJeHHne
I[ Z2 r2
n -
Bo3Benenue B creneHn (Z) = r“ . e'”(/’
. Q+2 7K

|
UsBiaeyenne kopus V — N\ ,k=0,1,2,...,n-1

Hpumep 8. JlaHbl 1Ba KOMIUIEKCHBIX YMCHA Z; U Z,.
.. 1 -
Z, = 4(c03150O +i-sin 1500) Z, = —z(cos 90° + i -sin 90° )

IIpoussectn neiictBus Z1 * Z, 2,12, s TPUTOHOMETPUYECKOM M MOKa3aTelabHO# (opme.
Pesynbprar 3anucath B anredpandeckoit popme.

Pemenue.
W3 samacn wncen mveem: 1 =4, = 75, @ = 150°% ¢, =90°.

Tpuronomerpuyeckas (bO]f)Ma

22 =1 (cos(gp +¢ )+| sin ((p +¢ )) 4. —(003(1500 +90°)+i-sin(150° +90°) =

0 1 \/3
—2(c03240 +i- S|n240) ZL__HL_ 5 }||——1 J3i.

_ 1(C03((p (p)+|S|n((0 9 ))=4: —(cos(1500 90° )-+i-sin (150° —90°) =

ZZ r2
0 0 \/3

_8(c0360 +1i-sin 60 ) 8|

|\_4+4J§

IlokazatenbHas d)ODMaZ

i-150° —
Zl = 4e| Zl -

i-90°
e

N |
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1 ei(150°+900 _Zei2400 —

Zl 22 :rl r2 '(("1*’@2) —4

2(c032400+| sm240°) 2{ Z i \/éj] -1-./3i.

L Dgloe) g 2ilsr-o0) _gei® _g((cos600 +-sin 60° )=

I\)IH

Z, I

:8(;+‘/2§i]:4+4\/§i_

Zl .
Otser. Z;-Z, =—1- \/ﬁi , T 4+ 4\/§|'

Z2
Kak BHIHO u3 mnpumepoB, mokaszateilbHast GopMa yNpoIaeT 3aNMch BbIYUCJICHHUI,
oopmIiIeHHE peleHus AeiaeT 00Jiee KOMIIAKTHBIM.

. \L0
[pumep 9. Beranciauth (\/E— \/El)l .

Peurenue.
3anuiiemM JaHHOE KOMITJIEKCHOE YMCIIO B TIOKa3aTelbHOU (hopme:

z =+/2 —/2i, 3Haumr, x=+2, y=—J2:

=y =l2f + (V2] :mzﬁ:z;

tgcﬁ—_\[ =2 -1 = e=arctg(-1)=-—" = _yxro

X 2 4

Taxkum o6pa30M, IIOKa3aTeJIbHasA (bopMa JAHHOI'O KOMIIJICKCHOI'O YUCJIa UMECT BU/I.
i T
— raip _ L 4J
Zz=re'? =2e .
10

Boruucaum £

10 10 i-10¢ -10
Z =r e _2 (4 )

IlepeBenem HOJ‘IY‘I@HI—?HFI pf:»»ynb\TaT B anr?6pav1\'-x\em<y10 bopmy X+ |y .
T T

1024e {5_;} = 1024\\cosk— EJ +i-sin ‘K_ 7J}I =1024(0+i-(~1))=-1024i .

omer: (v2 - 2i)" =-1024i

ITpumep 10. HaiiTi Bce KOpHU ypaBHEHUS *-16=0 .

Pemenue.

u
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-0
Sanmmenm wncio 16 B nokasarenshoii gopme: 16 =16€1% 1e r=16, ¢ =0°.

Torma
@27k
z=%Yre K=0,1,2,...n—1
im
7=%416 =416, 4+ k=0,1,23
IIpuk =0: .

7, =4/16e * =4e® = 2(cos0+i-sin 0)=2(1+i-0)=2
IMpuk =1: E\
.0+27 T ( T ( )

zzzme 4 =22 =2 cos_2+i-sin 2J=20+i-1 = 2I

IMpuk =2:

i O+4rm

z,=416e * =2e" =2(cosz +i-sin7)=2(-1+i-0)=-2

[Tpu k= 3.
0467 37 ( 3r 3_77\ ( ( ))

24:%9 4 =2 2 =2|\cos , +i-sin 2J:20+i- —1 =-2i

OTBer. 21:2: ZZ=2i, Z3:—2, Z4=—2i_

e Auredpauueckasi popma ynoOHa IpH CIOKEHUU U BEIYUTAHUH,

o [Jloka3zarenbHas (bopMa yz[06Ha IIpu YMHOXCHUU, NCJICHHWH, BO3BCACHHNH B CTCIICHD,

U3BJICYCHUU KOPHS,

e Tpuronomerpuyeckass  Qopma CIyXKHUT s [epeBOJa IOKa3aTelbHOW (HOpMBI B

aHre6DqueCKVIO.
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5. 3axaum I CaMOCTOATEILHOTO pelleHu sl

1. Pemmuth ypaBHEHHUE:

) X2+4x+29=0 ) X2+36=0

3 X2 -13x+48=0 g X +6x+18=0
5 X +4=0 6 X+T7Xx+20=0
y X2+7=0 g X +8=0

g X —-2x+10=0 10 X —2x+11=0

2. JlaHbl 1Ba KOMIUICKCHBIX uncna Ziu Z,.

Haiitu Z,+ 12, , 2, — 2, | Z,-Z, , Z1/ Z,

) z=2-8i 2) n=1-2 3 z,=2-i
o) =3-2i =1+ 2i &) =21-3
4) VAl =445] 5) 21:3 6) 71 =3-4i
I = 6-9i Z2 =1-3i &) =3+4i
7) 71 = 3-5i 8) 2,=4 9 Z,=-2i
I, =2i-4 Z,=2i Z,=1-1
3. BeinonHuTh AeicTBUS: ) )
(1+2i)(2+1) 2 +3i (3+2i)(2-i)
D% Aan)ie-2) 2 @)
4. BpIYUCTUTB:
. . : +37 . . . .
ni® it gi” I gt gi® i*  )i®
9) 192 +2-i88 —3-i%1 +5.i%8  10)i® +i%0 +i% +i%° +i*
11y P +i% -4 42 £3i%5 15§42 42.i53 —3.71 4 5.{108
2 _ 3j 1+ it

5 1) P

5. I/I306pa3I/ITC Ha KOMIUIEKCHOM INIOCKOCTH YHCIa
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1) z=3+2i 2)z=—4+3i 3)z=2 4) z =—6i

6. 3ajano KoMmIuiekcHoe uncio Z . Haiitu ‘Z‘ " arg L,

) Z=1+i 2) 2=2i 3 I=-2 4 71=—3+I

7. TlepeBecTr B TPUTOHOMETPHYECKYIO U B IIOKA3aTEIBHYIO (POPMY KOMILIEKCHOE YHCIIO
) Z2=1-1 2) z=V3+i 3) z=5 4 Z2=—4I
5)z=-1+i+/3 6) z=5-5i

8. IlepeBectu B anredpandeckyro GopmMy KOMIUIEKCHOE YHCIIO

7= 10(c05150° +1i-sin 1500)

9. Jlanbl 1Ba KOMIUTEKCHBIX uucna Z, u Z,.Haittu Z, -2, , 7, / Z,

1 o
1) z,= 4(0051500 +1-sin 1500) 2) Z, = E(cos 90° +i -sin 900)

10. BeIMOMHATE IEHCTBYS U pe3yJIbTaT MPEACTaBUTh B anredpamdeckoi hopme:

1) 6(005190 +i-sin 190)- 8(005310 +i-sin 310)314(cos40° +i-sin 400)

12 (cos210° +i-sin 210°) 2(008720 +i-sin 720)-3(c0328° +i-sin 280)
) 1/4 (coslSOO +1-sin 1500) 3) '38”3(C051600 +i-sin 1600) "

1 i1s’ -12¢ igs? - 13€
5 10€ 6 21€
O.Z(COSE +1i-sin Ej
4 4

2

4)

7y (10+10i) 8 [2(cos60°+i-sin 60°)f o) (cos120° +i-sin 1200
20 . ]
o (-af [l e

(—1+i\/§\6 (—1—i\me
— 4] —=

11. TIpoBepuTh paBEHCTBO | =2
2 ) v 2 )

3 -
12. BBIYHUCINTE BCE 3HAYECHUSA KOpHA V 27' U IOCTPOUTH UX T’COMECTPUICCKHUC I/I306pa)KCHI/I}I.

13. HaiiTu Bce KOpHM ypaBHEHUS U MIOCTPOUTH UX T€OMETPUUECKHE N300paKeHUSL.

)y *-16=0. ) 70-81=0
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