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Meroaudeckne peKOMEHIAIIMK JUIS TPOBEACHUS IPAKTHYECKUX paboT 1o
yueoHor muctummHe EH.01 Marematuka mis  cnenuansHoctd  15.02.14
«OcHalieHue CcpeicTBaMM aBTOMATH3AlMd TEXHOJIOTMYECKUX TMPOIECCOB U
MPOM3BOJICTB (IO OTpACisAM)», MNpeAHA3HAYEHBbl IS 3aKpEIUICHUsS 3HAHWM MO
M3ydyaeMoMy MaTepuany U (OPMUPOBAHUIO YMEHMM, a Takke Il MPOBEPKHU
YCBOCHMSI TEOPETMUECKOTO Marepuajia M YMEHHMH peliath  pa3indHbIe

MAaTCMAaTHYCCKHUC 3a1a4U.

Pazpaboranu:

[Ipenonasarens [IK BI'TY W.I1. TTapd&nona

MeTonuueckas pa3paboTka pacCMOTpeHa 0100peHa MpeAMETHOM KOMHUCCHEH

«MaTtemaTHuecKuX M OOIIKUX €CTECTBEHHO HAyUHBIX JUCIHUILTHHY
ITpoTokon Ne 9 ot «20» 04. 2023 r.

IIpencenarens JI.A JlazapeBa



OobsacTh NIpUMEHEHUS METOAUYECKUX YKAZAHUM

Metoauyeckue yka3aHus JJIsl BBITTOJHEHUS MPAKTUYECKUX PAOOT SIBISIOTCS
YJaCThIO MPUMEPHON OCHOBHOMU MpodeCCHOHAIbHONW 00pa30BaTEIbHON MTPOTrpaMMBbl
B coorBeTcTBUH ¢ DPI'OC mno cnemmampHOcTH CIIO 15.02.14 «OcHamieHue
CpeacTBAMHM ABTOMATH3AIMU TEXHOJOTHYECKHMX IMPOIECCOB M TNPOU3BOACTB
(o orpacasam)».

1.2. lleab u nJIaHUPYeMble Pe3yJibTAThl 0CBOEHHSI AN CIUTIIUHbI:

Koo Ymenusn 3uanus

MK,

OK

OK 1 BreimonHaTh onepanuu Haz OCHOBBI MAaTEMAaTHYECKOT'O

OK 2 MaTpHUIlaMH U PeIIaTh CUCTEMbI | aHalIW3a, JUHEWHOU anreOphl U
JIMHEWHBIX YPABHEHUMN AHAUTUTAYECKON TEOMETPUHU
Pemars 3anaun, ucnonb3ys OcHoBbI U PepeHInanTbHOTO U
YPaBHEHHUS IPSMBIX U KPUBBIX WHTETPAJIbHOTO NUCUUCIICHUS
BTOPOI'O MOPSIAKA HA OCHOBBI TEOPUU KOMILTIEKCHBIX
IJIOCKOCTH qucel

[IpumeHnaTs METOBI

g depeHInaIbHOTO U
WHTETPaJIbHOTO UCUUCTICHUS
Pewate quddepenunansuble
ypaBHEHHUS

ITonp30BaThCS MOHATUSIMU
TEOPUHU KOMIUICKCHBIX YHCET

1.3. PeKoMeHAyeMoe KOJIM4EeCTBO 4YacoB Ha OCBOeHMe pabouyeir nporpammbl

y4ye6HOM AUCUUINJIUHDI:

MaKCUMaibHOW y4ebHOoM Harpy3ku oby4varouwerocs 70 4acoB, B TOM YMCAE:
obs3aTeNnbHOM aygnTOpPHOM y4ebHOM Harpy3ku oby4yatroulerocst 64 yaca;
npaktnyeckme pabotbl 30 yacoB
caMoCToaTe/IbHOM PaboThl 0by4vatoulerocs 4 yaca.



MNMEPEYEHDb NMPAKTUYECKUX PABOT

1 [lecTBMSA C KOMMIEKCHBIMU YnCIaMm B anrebpanyeckon popme

2 [1encTBUa C KOMMNAEKCHBIMU YNCSTAMUN B TPUTOHOMETPUYECKOM popMe

3 dNeMeHTbl BEKTOPHOWM anrebpsbl BbluncneHue npeaenos

4 NccnepoBaHue PyHKUMM Ha HENPEPbIBHOCTb. Knaccndpukaums Toyek
pa3pbiBa

5 HaxoxaeHue Nnpon3BOAHbIX CNOXKHbIX GYHKLMUMN

6 YpaBHeHUe KacaTe/IbHOM 1 HoOpManu

7 NMonHoe nccnepoBaHue PpyHKUMK. NocTpoeHmerpadpmka

8 BbluncneHme nepsoobpasHoi 1 onpeaenieHHbIX MHTerpanos. ®usmyeckoe um
reoMeTpu4ecKoe NPUIoXKeHUe MHTErpPasioB

9 OnddepeHumpoBaHme PyHKUUIN ABYX NepeMeHHbIX. MiccnegoBaHme GyHKUUM
ABYX NepeMeHHbIX Ha 3KCTPEMYM

10 | BbluMcneHume ABOMHbIX MHTErpasoB. [pakTMyeckoenpuMeHeHne ABOMHbIX
MHTErpanos.

11 NccnepoBaHme paaoB Ha CXOAMMOCTb

12 PeweHne andpdepeHumnanbHbIX YypaBHEHUN

13 | OJenctBua ¢ MaTpmLamMu

14 BblumncneHue onpeaenutenen matpuy,

15 HaxoxkaeHne obpaTtHOM MaTpuLbl. PelneHne npoctenwimx MaTpUYHbIX
YpPaBHEHUM

16 PelueHne cnctemM IMHENHbIX YpaBHEHUI Mo dopMyanaM Kpamepa mu c
NMOMOLLbKO 06paTHOM MaTpuULLbl

17 PewleHne cnctemM IMHENHbIX YpaBHEHMW MeToa0M [aycca




18

DN1EMEHTbI BEKTOPHOM anrebpbl

19

CocTaB/ieHME YpaBHEHUS NPSAMOM Ha MJIOCKOCTU. YTo/1 MeXay NpsAMbIMU

20

CocTaBJieHMe YPaBHEHWUI KPUBbIX BTOPOro Nopsiaka (OKpyXHOCTU, 31UNCa,

rmnep60o.ibl, NapaboJibl)

IIpakTuyeckasi padbora Ne 1 mo reme
«JleMCTBHUS CKOMILIEKCHBIMHU YHUCJIAMH B ajiredopandeckoin popme»




Iesb: HAyYUTH BBITOIHATH ACHUCTBUS C KOMIUIEKCHBIMU YUCIIAMU B
anreOpanyeckoit popme
Bpems BbinosiHeHUA 90 MUHYT

MartepuanbHoe obecrnevyeHue
1.TeopeTtnyeckme ceepeHuns

2.3apaHue

3.JIuctA4

4 KanbKynsatopel

MopsapoK BbiNoJIHEHUS paboTbl
1.3yuntb 3agaHue

2. I3yunTb TeopeTmnyeckue ceegeHus

3. BeinonHutbe 1 opopmutb paboty
4.NMokasaTb pe3y/ibTaThl NpenoaasaTesto
JomaluHee 3apgaHne

1.MoAroToBUTb OTBETLI HA KOHTPOJIbHbIE BOMPOChI

TeopeTnveckue cBeaeHUA

Onpenenenne. KOMIUIEKCHBIM YHCJIOM ZHA3bIBAaeTCsl BhIpaxkeHue Z —d+ib,

rac an b — I[efICTBHTeJIBHI)IC quciia, I — MHAMas CAHMHNIIA, KOTOpPasd OIpCACIIICTCA

cootromenmem:! =L i =-1.

ITpu 5TOM UYHKCIIO @ Ha3BIBAETCS e CTBUTEIbHOM YacThbIo yncha z (a = Rez), a
b- MmHuMoii yacTeio (b = Imz).

Ecmu a =Rez =0, To 4ncio z OyaeT 4UCTO MHUMBIM, eciu b = Imz = 0, To
YHCIIO z OyIeT ACHCTBUTEIIHHBIM.
Onpenenenne. Yucna z=a+ib y Z=a-ibyaspBaloTcsi KOMILIEKCHO —
CONpsizKeHHBIMH.

z, =a, +ib, z, =a, +ib,

Onpenenenue. /[Ba KOMIUIEKCHBIX YHCIIA u Ha3bIBAIOTCSI
PaBHBIMU, €CJIM COOTBETCTBEHHO PaBHBI UX JICUCTBUTEIbHBIC U MHUMbBIE YaCTH:

a, =a,; b, =b,;
Onpenesenne. KOMIIEKCHOE YUCIO PABHO HYJIO, €CIM COOTBETCTBEHHO PABHBI
HYJIIO JEUCTBUTENIbHAS U MHUMAs YaCTH.

a =b =0.



JeiicTBHSI HAl KOMIJIEKCHBIMM YHCJIaMU B ajireOpanyeckoii ¢popme.

OCHOBHBIE JIEUCTBUA C KOMIUIEKCHBIMH YUCJIAMU BBITEKAIOT U3 JIEUCTBUU C
MHOTOYJIEHAMMU.

CioxxeHue U BBIYMTaAHHE

PaccmoTpuM 1Ba KOMIUIEKCHBIX YKCIIA, 3aIaHHBIX B 00IIEM BUI€Z; =a,+1by;
z,=a,+ib, Tornaz=z,+z,=|a,+ib,|(a,+ib,|=|a,+a,|+i(b,+b,|=a+ib

MosxHO chopMyTUPOBATh MPABUIIO CIIOKEHUS M BBIYUTAHUS KOMILUIEKCHBIX YHCET:
P CJIOKEHUM (BBIYMTAHUY ) KOMIUIEKCHBIX YHACEJI COOTBETCTBEHHO CKJIAIbIBAIOTCS
(BBIUMTAIOTCS) UX JEUCTBUTEIbHBIE U MHUMbIE YACTH.

YMHoOkeHHue
Z22122:(211+ib1)(az+ib2) =a1a2+ialb2+ib1az+i2b1b2=a+ib
Z=21Z2=(a1az-b1b2)+ 1 (a1b2+b1a2)

( T.C. MOXHO TOBOPHUTD, 4TO IIEPCMHOKAKOTCA KOMIUICKCHBICUHNCIIA KaK

MHOTOYIEHBI, YYHTBIBasg, 4TO i’ = -1). 3HA4MT,4TOOBI NEPEMHOXKHUTL JBa

KOMIUIEKCHBIX YMCIa HEOOXOAMMO MEPEMHOXKHUTh UX KaK MHOTOWICHBI, yUUTHIBAS,
yroi’ = -1.
[esienue

HpI/I BBIIIOJITHCHHUHU ACJICHUSA KOMIINIICKCHBIX YHUCCII ITOJIB3YIOTCA NCKYCCTBCHHBIM
HpI/IéMOMI YU CJINTCIIb U 3HAMCHATCJIb I[pO6I/I YMHOJKArOT Ha YUCJI0, KOMIIJICKCHO -

COIIPAKCHHOC 3HAMCHATCIIIO I[p06I/I, H IOCTYIAKOT AaJICC TaK, KaK U IIPpU
YMHOKCHNH KOMIIJIICKCHBIX 9YHCCII.

IIpumep.
7= 5-1;
z,=-2+31;
z _ 5-i _ (5-0)*(-2-3) _-10+2i-15i+3i° _-13-13i C1
z, -2+43i (-2+3i)*(-2- 3i) 4- 9;° 13

3anaHus NpakTH4ecKo padoThl

. 217 Zy Iy 2y,
1.JlaHbI KOMIUIEKCHBIE YHCIIa BEIYUCIATD y = ~ 21 7 %2, %

>

lzy=5-1 2z, =1+3i 16.z, =5+i; z, =1-2i

2.z, =3-4i; z, =1+i 17.z, =3+i; z, =5-2i



3.z, =1-5i; z, =1+4

4.z, =1+3i; z, =T7-1i
5.z, =1-i; z, =T7T+3i
6.z, =1-1i; z,=5-4i
7.z, =3 +4i;

z, ==2+i

8.z, =-1i; z, =T7T+4i

9.z, =6-5i; z, =1+i
10.z, =-1+45i; z, =2-5i
1.z, =5-7i; z, =1-3i
12.z, =-3-2i; z, =-1+7i
13.z, =5+2i; z,=2-1
14.z, =1+5i; 2z, =2-3i
15.z, =1-4i; z, =1+2i

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30

z, =1-5i; z, =1+3i
z, =5-1i; z, =1+3i

z, =1+3i; z, =-2+5i
z, =3+4i; z, =-2+i
z, =5-2i; z, =-2+i
z, =7-2i; z, =5+3i
z, =7-3i; z, =-1+4i
z, =-2+3i; z, =5-4i
z, ==3+2i; z, =6+5i
z, == 1+7i; z, =4-5i
z, =4+5i; z, =1-12i
z, =-1+43i; z, =6-5i
.z, ==3-2i; z, =4+3i

2. BeInoJHUTE ACUCTBUS HaJ KOMILJIEKCHBIMU YKCIIaMU B alnredpandeckoit hopme

1+i_[i_gj.
1)11)21)1-21' 5 5)
2(1- i3)
2)12)22) 1+iV3
l'i 20 .17
— | +i’;
3)13)23) 1+

(- 20)(1+2) .
4)14)24)  2+i ’
2Qi§@2_0+h5x
5)15)25) 1-1

(-2+i0)°

T (071- 0531)9
6)16)26) 1+3i



2(1- i3)

7)17)27) iW3-0)

8)18)28) -3-i

(1+i3)*

9) 19)29) 2’

(4 -81')2 - 8(2- 1.13);

10)20)30)

KouTpoJuabHbIe Bonpocsl

1.

e A

UTo Takoe KOMILIEKCHOE YHUCIIO: JEHCTBUTENIbHAS YACTh YUCIA, MHUMAs
4acTh uncia’?

Urto Takoe MHUMAsI eIMHUIIA?

Kaxkue urcna Ha3pIBalOTCS CONMPSIAKEHHBIMU?

Kak npenctaBUTh KOMIUIEKCHOE YHUCIIO TpaduuecKu?

Yro Takoe Moayb yncia?

Yro Takoe aprymeHT uucia’?

CKOJIBKO MOKET OBITh MOJIYJIEH U apIYMEHTOB Y KOMIUIEKCHOTO 4nciia?
Kax Haiitn aprymeHT uucna?

Kak Halitu cymmy, pa3HOCTb, IIPOU3BEICHUE, YACTHOE KOMIUIEKCHBIX YHCEII

IIpakTueckas padora Ne 2 o reme

«/leficTBHA HAl KOMIUIEKCHBIMHU YUCJIAMUA B TPUTOHOMETPHYECKOU (opme»
Ieab: HAYYUTH BBIMOJHATH JCUCTBUS C KOMIUICKCHBIMU YHCJIAMU B

TPUTOHOMETPHUUECKOU hopme

Bpemsa BbinonHeHna 90 MUHYT

MarepuanbHoe obecrneyeHue
1.TeopeTtnyeckme ceefeHuns
2.3apaHue

3.JIuctA4

4.KanbKynatopbl

MopaaoK BbiNOJHEHUSA PaboThl
1.13y4ynTb 3apaHue

2. I3yuntb TeopeTnyeckme ceefieHns
3. BbinoHUTL 1 odopMuTh paboTty
4.[loka3aTb pe3yabTaTthl NpenoaaBaTesito
JomalluHee 3apgaHune



1.MoarotoBnTb OTBETHI HA KOHTPOJIbHbIE BOMPOCHI
Teopetnyeckmne ceegeHus

I'eomeTpuueckoe H300paskeHHe KOMIJIEKCHBIX YHCEJI.

[IoHsiTHE KOMIIJIEKCHOT'O YKCJIa UMEET IreoOMCTPHUICCKOC NCTOJIKOBAHHC.
MHOX€CTBO KOMILICKCHBIX YHCEI SIBJISICTCS PaCIupCHUCM MHOXKCCTBA
I[CI\/'ICTBI/ITGJ'IBHBIX YHCCJI 3a CUHCT BKIIIOUYCHUS MHOKCCTBA MHHUMBbIX YHCCII.
KomMmiekcHble urcia BKJIFOYAoT B ce0s1 BCe MHOKECTBA YUCCJI, KOTOPEIC
HN3y4daJIMCh PaHCC. Tak HaTypaJIbHBIC, IICJIBIC, pAlIMOHAJIBHBIC, UPPAITHOHAJILHBIC,
I[GﬁCTBHTGJ'IBHBIG qHucia ABJIAIOTCA, BOO6H_IC TOBOPs, 4HaCTHBIMU ClIydasaiMU
KOMIIJICKCHBIX YHCCII.

Ecnu nro6oe neicTBUTENbHOE YUCTIO MOXKET ObITh TEOMETPUUECKHU MPEJICTABICHO B
BHUJIC TOYKHM HA YUCIIOBOM MPSIMOU, TO KOMIUIEKCHOE YUCJIIO MPEACTABISACTCA
TOYKOM Ha MJIOCKOCTU, KOOPJAUHATAMH KOTOPOH OyayT COOTBETCTBEHHO
JNIEVCTBUTEIIbHAS. U MHAMAs 4aCTU KOMIUIEKCHOTO uncia. [Ipu sTom
TOPU3OHTAIBHAS OCh OYJIET SIBISATHCS JAEHUCTBUTEIBHOM YHCIIOBON OChIO, a
BEPTHUKAJIbHASL - MHUMOM OCBIO.

A(a, b)

X

Takxum oOpazom, Ha ocu OX pacronararoTcsi JeHCTBUTEIbHBIC YUCIA, & HA OCU
OY — 4uCcTO MHUMBIE.
C momoIpi0 MoI00HOTO TEOMETPUUYECKOTO MPEACTABICHUS MOKHO
MPEACTABIATh YKCIIAa B TAK HA3bIBAEMOM TPUTOHOMETpUUECKOU (hopme.
Tpuronomerpuydeckasi gopma uucia.
3 reomeTpruecKux coobpakeHuit BUaHO, uro ¢ ~7 08P b=rsing Torpa
KOMIUJIEKCHOE YMCIIO MOXHO MPEJICTABUTH B BUJE:
z =a+ib =rcosg+irsin ¢ =r(cos ¢ +isin @)
Takas popma 3anucu Ha3bIBaeTCSI TPUTOHOMETPHUYECKOi (popMoii 3anucu

KOMIIVICKCHOT O YHCJIA.



HpI/I OTOM BCJIMYHMHA 7 HAaA3bIBACTCA MOAYJAE€M KOMIIIICKCHOTO 4YHCIa, a YIOll

HAKJIOHA ¢ - QPryMEHTOM KOMIIJICKCHOI'O YMCJIa.

r :|z; © =Argz
N3 reomeTpruueckux cooOpakeHui BUAHO:

r =|a +ib| =vJa’ +b*; @=Argz :arctgé;
a

O‘-IGBI/II[HO, 4TO KOMIUICKCHO — COIIPAKCHHBIC YHCJIa UMCHOT OAWMHAKOBBIC MOIYJIN

H IIPOTHUBOIIOJOKHBIC apI'YMCHTHI.

|z| =|E; Argz =- Arg z.

JleficTBHS C KOMIUIEKCHBIMU YUCJIaMU B TPUTOHOMETPUYECKOH hopme.
z, =r,(cos@, +isin cpl), z, =r,(cosq, +ising,).
YMHOKeHHe £ —Z1%2 =hh (cos(@, +@,) +isin(g, +@,))
B ciiyyae KOMILIEKCHO — CONPS>)KEHHBIX YUCEN:
2Z =(a+ib)a- ib) =a* +b* =|z|" =[z|.
z="1 =" (cos(q, - @) +isin(g, - §,))
Heaenne =2
Bo3BeneHue B cTeneHb
N3 onepanyy yMHOKEHUSI KOMIUIEKCHBIX YHUCEJT CIIEYET, UTO
z? =zz =r*(cos 2¢ +isin 2¢)
B o0mem cnydae nomydum:

n

z" =r"(cos ne +isin ney)
b

i€ 71 — LIEJI0€ MOJIO0KUTEIHHOE YUCIIO.
DT0 BhIpaxkeHHue HasbiBaeTcsi (popmyJioir MyaBpa. (Ab6paxam ae Myasp (1667 —
1754) — aHrnuiickuii MaTeMaTHK).

H3BIeyenue KOPHHA U3 KOMINUIEKCHOI'0O YACJIa

iz :g/r(cos @ +isin @) =p(cos +isin)
Bo3Bojs B cTENIEHB, MOIYYUM:

p" (cos mp +isin mp) =r(cos @ +isin @)



Orcrona: P :W; mp =@+ 27k; keZ.

— +2nk . . @+2nk
iz :{/r(coscpﬂsmcp) =4/r cos P 4 jgin P
n n
Takum 00pa3oMm, KOpeHb n —OW CTEIEHH U3 KOMIUICKCHOTO 4YHClia HMEET 71

pPa3JIMYHbIX 3HaYCHUI.3aqaHus AJISl MPAKTHYECKOH padoThI

3aganme. BpIOIHUTE NEHCTBUS C JaHHBIMA KOMIUIEKCHBIMU :
1) Z1+722; Z1-72; Z172,71:72

1. z; = 8(cos 55° +5in 55°), z, = 2(cos 5° + sin 5°),
2. z; = 5(cos48° + sin48°), z, = 2(cos 12° + sin 129),

z; = 3(cos 70° + sin70°), 2z, = 2(cos20° + sin 20°),

z; = 10(cos 105% + sin 105°), z, = 2(cos 15° + sin 15°),
z; = 12(cos 145° + sin 145°), z, = 2(cos5° + sin 5°),

z; = 7(cos 255° +5in 255%), z, = 2(cos15° + sin 15°),
z; = 9(cos 168° +5in168°), z, = 2(cos 12° + sin 129),
8. z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),

9. z; = 3(cos40° + sin40°), z, = 2(cos5° + sin5°),

10. z; = 10(cos 75° +sin 75°), z, = 2(cos 15° + sin 15°),

L



11.
12.
13.
14.
15.
16.
17
18.
19.
20.
21,
22.
23.
24.
25.
26.
27.
28.
29,
30.

z; = 9(cos 123° + 5in 123°), 2z, = 2(cos 12° + sin 12°),
z; = 5(cos 160° + sin 160°), z, = 2(cos20° + sin 20°),
z; = 3(cos 235° +sin235%), z, = 2(cos5° + sin 5°),

z; = 4(cos 30° +5in 30°), z, = 2(cos15° + sin 159),

z; = 2(cos 258° + sin 258°), 2z, = 2(cos12° + sin 12°),
z; = 7(cos 115° +5in 115°), z, = 2(cos20° + sin 20°),
z; = 14(cos 310° 4+ s5in310°), z, = 2(cos 5° + sin 5°),
z; = 8(cos 45° +5in45%), z, = 2(cos 15° + sin 15%),

z; = 6(cos 213° +5in 213°), z, = 2(cos 12° + sin 12°),
2y = 9(cos70° + sin70°), z, = 2(cos20° + sin 20°),

z; = 4(cos 40° + s5in40°), z, = 2(cos5° + sin 59),

z; = 6(cos300° +sin300°), z, = 2(cos15° + sin 15°),
z; = 3(cos 33° +5in33%), z, = 2(cos12° + sin 12°),

2z; = 5(cos 250° + sin 250°), z, = 2(cos 20° + sin 20°),
2z, = 8(cos 85° +sin85%), z, = 2(cos5° + sin 59),

z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin15%),
z; = 9(cos 48° + sin48°), z, = 2(cos12° + sin 12°),

z; = 5(cos 100° +sin 100°), z, = 2(cos20° + sin 20°),
z; = 4(cos 175° +sin 175°), z, = 2(cos5° + sin 5°),

z; = 16(cos 120° + sin120%), z, = 2(cos 15° + sin 15°),

2.BeImonHuTh I[CﬁCTBHSI HaJd KOMINICKCHBIMHU 4YHUCJIaMU B TpHFOHOMCTpH‘ICCKOﬁ

dbopwme.
1112101
T kg 6,16,26. 3/~ 1+
21222, | AT ! 4
ALEe | T 7,17,27. ((ﬁ- il 144)
6 12
3,13.23. lrﬁ 8,18,28. ﬁ;’
-1
4 3
41404, | 227 0V3 0,573 9.19,29. 32
0,53 - 0,5i 3 +i
515.25. (0 +y12i) 10.2030. - 3- 3i)

dopme:
p¥Es g

3.BBINOJIIHUTE AEUCTBUS HaJl KOMILJIEKCHBIMHU YHCJIAMU B TPUTOHOMETPHUUECKOMN



1.z =l+i, z, :-\/gﬂ'; 6. & :1'\/31',22 =2+2i;

5z =l-iiz,==B3-0 7z =-1+3i,z, =-2- 2i;

. V3.
3. Zy —'1+l, Z, —54'71, 8 ‘ z, =-1- \/gl" Z, :'2+2i;
z, = 1 I, Z, :_'ﬁi; z, = 3+l,22 = —- ﬁl,
4. 2 2
R 1 43
5z =1+\/§i, z, =2- 2i; 10. z, =V3-1,z, —5"'71,

KOHTpO.H])HbIe BOIIPOCHI

Yro Takoe TpuroHoMeTpudeckas (popma 3anucu KOMILUIEKCHOTO yucia?

Kak nepeBecTu 4ncio B TpUroHOMETpUIECKyto hopmy?

Kaxk HaiiTi mpou3BeIeHHe, YaCTHOE YUCEe B TPUTOHOMETPHUIECKOM hopme?
Kak HaiiTH BO3BECTH 4YHCIO B TPUTOHOMETPHYECKOW (opMe B IENYIO
CTEICHb?

5. Kak HallTH KOpEHb N-HOW CTENEHM W3 YHCJIa B TPUTOHOMETPHYECKOMN
dhopme?

AW N =

MpakTnyeckas pabora N2 3
Tema « BoluuciieHue npeaeaony
eab: HAYYUTHCA BBIYUCIIATh MPEIEIIbI, PACKPBIBATh HEOINPEACICHHOCTH.
Bpems BbinosiHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceegeHuns

2.3apaHune

3.JInctA4

4 KanbKynsatopel

MopsapoK BbiNOIHEHUSA PaboTbI
1.3yuntb 3apaHue

2. I3yunTtb TeopeTmyeckue ceegeHus

3. BbinonHUTb M 0bOpPMUTL paboTy
4.MoKa3aTb pe3yabTaThl NpenoaaBaTesito
JlomaluHee 3apaHne

1.MoarotoBUTL OTBETLI HA KOHTPOJIbHbIE BOMPOCHI
Xox padoTsl



TeopeTnveckue moJI0KeHUA
HepeMeHHaﬂ " IIPCACI — 3TO OCHOBHBIC ITIOHATHA MAaTCMATHYCCKOI'O aHaJIn3a.

JlocTaTOYHO HAOMHUTH, YTO KJIIFOYEBBIM CIIOBOM B OIPEICICHUAX TAKUX
M3BECTHBIX CO IIKOJIBI TOHSATUN KaK MPOU3BOAHAS U UHTETPa SIBISETCS CIOBO
npenaed.

IIpenen pyHKUMH B TOYKE.

y f(x)

A ++e
A ________
A-¢ e !

an

bl

bl

ik

0 a-ANaa+Ax

[lycte ¢pynkums f(x) onpenenena B HEKOTOPOl OKPECTHOCTH TOYKH X = a (T.€. B
caMoil Touke X = a PyHKIHUS MOKET ObITh U HE OIIPEIETICHA)

Omnpenenenue. Yucino A HazpiBaeTcs npeaeaoM ¢yHkuuu f(x) npu x—a, eciu
1St Jiro0oro €>0 cymiecTByeT Takoe unuciio A>0, 9To Jyis BceX X TaKuX, 4TO
0 <|x - a|<ABepno Hepasenctso |f(x) - A |<e.

To xe onpeneneHrue MOXeT ObITh 3aIUCAHO B JIPYTOM BHUJIE:

Ecmm a - A<x<a + A, x#a, TO BepHO HEpaBeHCTBO A - e<f(Xx) <A + &.

limf(x)=A
3anuch npeaena PyHKIUU B TOUKE:  x2a

lim f(x)=A
Onpenenenune. Ecnu f(x) —A, npu X — a TOJIBKO NpH X<a, TO  x»a-0 b

Ha3bIBaeTcs npeneaoM ¢yHkiuu f(x) B Touke X = a cJeBa, a ecnu f(x) —A; nipu x

lim f(x)=A,
— a TOJIBKO IIPU X>a, TO x>a+0 Ha3blBaeTcd npenesoM GyHkuuu f(x) B

TOYKC X = a ClipaBa.




A,

Ay

[IpuBenenHoe BhINIE OMpEEICHHEe OTHOCUTCA K cliydaro, Korna ¢yHkiusa f(x)
HE OIpPEJIEJICHa B CaMOM TOYKE X = a, HO OIPEAENIEHa B HEKOTOPOM CKOJIb YIOJHO
MaJIOW OKPECTHOCTH 3TOU TOUKHU.

IIpenenbr A; 1 A, Ha3pIBAlOTCA TaK)KE OAHOCTOPOHHUMM IpeaeJaMu QyHKIUU
f(x) B Touke x = a. Takxke roBOpsT, 4TO A — KOHeYHbIH npeaea GyHkiuu f(x).
IIpenen pyHkuM npyu cTpeMJieHUN apryMeHTa K 0eCKOHe4YHOCTH.

Omnpenenenue. Yucno A HazpiBaeTcs npeaesoM GyHkuuu f(x) mpu x—oo, eciau
U1t Jro0oro ynciaa €0 CYILIECTBYET TAKOEC YHCIIO M>0, yTo I BCEX X, |X|>M
BBITIOJIHACTCSA HEPABEHCTBO

A-flx)i<e

IIpu stoM mpeamnonaraercs, uyro QyHKus f(X) ompeneiacHa B OKPECTHOCTH
OECKOHEYHOCTH.

limf(x)=A.
3aMuChIBAIOT: x-w AHaJIOTUYHO MOJKHO OMPEICIHUTh TPEEIbI
lim f(x)=A
x>+ JUIs JIIo0oro x>M u
lim f(x)=A
x5 —o0 I 1r006oro x<M.

OcHoBHBIE TEOPEMbI 0 IIpeaecjaax.

limC=C
Teopema 1. x»a , rne C = const.

Crnenyrouiye TeopeMbl CIPABEIIUBBI IIPU MPEAIONIOKEHNH, yTOo pyHKUMHU f(X) n
g(X) UMEIOT KOHEYHbIE MPEIEIIbl PU X—a.

lim(f(x)xg(x))=limf(x)xlimg(x)
TeopeMa 2. x=a x>a x=a

lim[f(x)-g(x)]=limf(x)limg(x)
Teopema 3. x»a x>a xa

lim C-f(x)=C-limf(x)
CaeacrBue. x-a x>a



limf(x)

hrn f(X) :x—)a
x»a g(x) limg(x) limg(x)#0
Teopema 4. x>a OpU  x>a
limf(x)=A
Teopema 5.Ecau f(x)>0 6bau3u mouku x =au x»a , mo A>0.

AmnanioruyHo omnpenensiercs 3Hak npejaena npu f(x) <0, f(x) > 0, f(x) < 0.

limg(x)=limu(x)=A

Teopema 6.Eciu g(x) <f(x) <u(x) 60au3zu mouku x = a u x»a x>a ,
lim=A
mo u x=a

Onpenenenne. @yukuus f(x) Ha3bIBaeTCSI OrpaHMYeHHOM BOJIM3M TOYKH X = a,
€CJIM CYIIECTBYET Takoe uuciao M>0, uro | f(x) | <M B6IM3M TOUKH X = a.

Teopema 7.Ecau ¢pynxyus f(x) umeem xoneunwiii npeden npu x—a, mo oHa
oepanuueHna 601u3u moyku x = a.beckoHe4Ho Manble GYHKUMUN.

Onpenenenne. Oyukuusa f(x) Ha3bpiBaeTcd 0€CKOHEYHO MAJIOH MpU X—a, re a

MO3KET OBITh YMCJIOM MJIM OJTHOM U3 BEJIMYUH 00, +00 WIIH -00, €CITU glzf(x) °

CroiicTBa 0€CKOHEYHO MAJIbIX (PYHKIIHIA:

1) Cymma (pUKCUPOBAHHOIO YKCiIa OECKOHEYHO MaJIbIX (PYHKUUN MPU X—a TOXKE
OeckoHeUHO Majiasi PYHKIIMS MpU X—a.

2) IlpousBenenre GUKCHPOBAHHOTO YMCIIA OECKOHEUHO MaBIX (YHKIIMHA MPU X—a
TOKe OECKOHEYHO Manasi PyHKIHS MPH X—a.

3) IlpousBenenne OeCKOHEYHO Majoll (PyHKIMH Ha (YHKIMIO, OTpaHUYEHHYIO
BOJIM3M TOYKH X = a SIBJII€TCA OECKOHEYHO MaJioi GyHKIIMEH MpH X—a.

4) YactHoe OT jeneHUs OECKOHEYHO Mayioll (GyHKIMA Ha (YHKIHIO, Tpeaert
KOTOPOI HE PaBEH HYJIIO €CTh BEIMYMHA OECKOHEUHO MaJlasl.

BeckoneuHo 0osbmue GyHKIMHU U UX CBSA3b ¢ 0€CKOHEYHO MAJIBIMU.

Onpenenenune. OyHKIM HA3bIBACTCS 0€CKOHEYHO 00JIBLIION TTPU X—a, TJIe a —

limf(x)=A
YUCJIO WK OJHA M3 BEJIMYHAH 00, +00 UJIA -00, €CIIH  x>a , Tae A — 4ucno

WJIM OJHA W3 BEJIMYUH 00, +00 UJIH -00.

CBs13b 0€CKOHEYHO OOJIBIIUX M OECKOHEUHO MaJIbIX (PYHKIIUN OCYIIECTBISETCS B
COOTBETCTBHH CO CJIEIYIONIEH TEOPEMOH.

Teopema.Ecau f(x)—0 npu x—a (eciu x—0o0 ) u He 0Opawaemcs 8 HOb, MO




lim 92X DX
Ipumep. Haittu ipenen =05 7x

Tak kak tg5x ~ 5x wm sin7x ~ 7x mpu x — 0, TO, 3amMeHUB (GYHKIUU
AKBUBAJICHTHBIMU O€CKOHEYHO MaJIbIMH, MOJTYYUM:

. tg5x _,. S5X_5

hrn,g—=h ===

x»08IN7X xs07Xx 7

3
lim————
Ipumep. Haiitu npemen  x»0 1 —C0sX

3 3

: X D G
2 lim ————=lim—=1lim2x=0
251]’12{"’2(5 x»01—COSX x>0 X~ x20
Tak kak 1 — cosx = 2 npu x—0, To 2
. tgx . X
lim —2X =]im X =,

o : 2
IIpumep. Haiitu npenenr  x?0SInx” x>0 X

Eciu o u f§ - 6eckoHeUyHO Majble MpU X—a, IpudeM 3 - OECKOHEUHO Majas

0oJjiee BBICOKOTO TOpsiAKA, 4eM O, TO y = o + [3 - OecKOHEYHO Majas,
DKBHBAJIEHTHAasT . OJTO MOXXHO JIOKa3aTh  CJCAYIOINIMM  PaBEHCTBOM
lim Y =lim| 1+£ |=1

x2a 0 x>a a

Torga roBopsT, 4TO O - rJIABHASl 4aCTh OECKOHEUHO Mol (DYHKIIMH Y.
Ipumep. Pyuxius x° +x — 6eckoHEYHO Manas rnpu Xx—0, X — IJaBHas 4acTh

510} QyHKIMU. YT0OBI OKA3aTh 9TO, 3aMUIIEM 0. = X°, 3 = X, TOora

2 2
X . X +Xx .
lim=—=0, lim =lim(x+1)=1
x>0 X x>0 X x-0

HexoTopsble 3amMeuaTesibHbIE TIpe/eJibl.
. Plx
lim Q
IlepBblii 3amMeuaTe/IbHBIH Npeaens. 2« (%) , Tae P(x) = apx" + a;x™' +.. . +a,,

Q(x) = box™ + b1Xm.1 +...+bm - MHOTOUJIEHBI.

a a a a
X"(ag+—+...+—) Ayt —+...+—
P(X)_ X X _ e X X
Q(x b b
(x) X" (by+—+....+—2) by+—+...+—2
X x™ X x™
a a
ag+—+...+—2
lim X X' _d
x>0 bl bm bO
by+—+...+—
m

X X



i M

in—-= Un 1Kl —
xl-)f X) pu lb

T =

HUroro:

sinx _
Bropoii 3aMeuyaTenbHbIN Npegesa. x20 X
X

1+l
X

lim
Tpernii 3aMevaTeIbHBIN MpexeT. x>«

=e

YacTto ecnu HEMOCPEACTBEHHOE HAX0XKICHHE TIpeiesia Kakoi — Tub0 QyHKIMH
MIPEICTABIIACTCS CIOKHBIM, TO MOXHO ITyTeM MTpeoOpa3zoBanus (PYHKIIUN CBECTH
3a/1auy K HaXOXJIEHUIO 3aMeUaTelIbHbIX MIPEACIIOB.

Kpome Tpex, N3JI05)KEHHBIX BBILIE, TPEAEIOB MOKHO 3aIMCaTh CIECAYIOLINE
MIOJIE3HBIE HA MPAKTUKE COOTHOLICHHS:

limMZI; lim & _1:1na; hmwzm.

x=0 X x>0 X x>0 X

HMpumep. Haiitu npenen.

. tgmx mx m
lim 9™ —Jim
x50SINNX x>0 NX N

HMpumep. Haiitu npenexn.

lim G~ 19%, =lim sin(x—xo) =1lim

1 1
xox, XX xox, (X—X,)COSXCOSXy x»xy, X=X,  x»x, COSXCOSX, cos’Xx, COS X,

IIpumep. Haiitu npenen.

—l_sin(n/4—x)

lim —2 = lim 1
x=>ml4 n—4x x=>m/4 n—4x x=>n/4 2\/7(7'[/4 X) 2\/2

IIpumep. Haiitn npenen.

. sinx—cosx —sin(n/4—x) 1
lim ————=

lim Coi:(,[y:HIZ—x(,['x:n/Z—yCL[]:limcos(nlz_y) i 2L
=2 | w0y

HMpumep. Haiitu npenen.




X+3 _ X . \ y+ y 4
Pl =i /y=x-1{ x*o( i[|=lm M) lim| 142 lim| 14| =
X0 x-1 X0 x-1 ‘ ’ yw Yy Y20 Yy Y0 Yy

41 1 7|4
(=L =lim(14= | =|lim| 144 | =¢*
120 Z 770 Z
X’ —6x+8

lim
Mpumep. Haiitn npesen 2 X°—8x+12

JIJ1st HaX 0K JICHHSI 9TOTO TIpejiesia Pa3IoKUM Ha MHOXKHTEIIN YUCIIUTEIb U
3HaMEHAaTelb JAHHOU JIPOOH.

X —6x +8=0; -8+ 12=0:
D=36-32=4 D =64-48 = 16;
x1=(6+2)/2=4 Xi=(8+4)/2=6
X2:(6—2)/2:2,' X2=(8—4)/2=2;
i (X2 (x=4) x4 _2_1
Tormga «x-2 (X_2>(X—6) x»2X—6 4 2

lim \/1+x+x2—\/1—x+x2

o 2
IIpumep. Haiitn npenen. x>0 X —X JIOMHOXUM YUCJIUTEIb U
3HaMEHaTelb apoou Ha CONPSIKEHHOE BBIPaXKCHUE:
2 2
. 1+ x+x " —1+x—x . 2X
lim =lim

20 x(x—1)(VI+x+x2 4V 1=x4x2) 20 x(x=1)(V 14 x+ 2+ 1—x+x2) —

Hpumep. Haiitu npenen.

2
lim X246 25 a6=(x—2)(x—3) = lim =321
3 X2—9 w3 (x=3)(x+3) 3+3 6

lim X —6x°+11x—6
IIpumep. Haiitu npenen 1 X’ =3x+2

Pa3no:kuM 4MCIMTENb U 3HAMEHATEN b Ha MHOKUTEIH.
X =3x+2=(x-1)Kx-2)
X -6+ 11x—6=(x—1)(x—2)(x—3), T.K.

xX—6x*+11x—-6 x-1



X —xXx>—5x+6

-5x2+11x
- 5x* + 5x
6x - 6
6x - 6
0
X*=5x +6=(x—-2)(x—3)
—1 _2 —
i XD x=2)(x=3) _
Torma x»1 (x—=1)(x-2)
IIpumep. Haiitu npenen.
25in 29+2R cos&—Zsin(a+h)
__sin(a+2h)—2sin(a+h)+sina 2 2 . 2sin(a+h)(cosh—1)
lim =lim =lim
h->0 h? h>0h? h>0 h?
.2
Z,ZIimsin(a+h)~lim2S'm—(2h/2)=2sina~(—1/2)=—sina
h=0 h+04(h/2)
3aaHus NpaKTHYeCKOH padoThI
1.HaiiTu yka3aHHbI€ NIpeaeibl.
4 _ R
lirn ';{ o +5 omeem:l lirn j e
1.1. =%x —12x+20\ 8 1.2. =% x*+x | omsem:1
. Etx—xt 5 . 2xt-x-1 3
lm — omeem: ——— lim — omeem: —
1.3, = x7 =27 27 1.4, =1 3x" —x— 5
firn 2x? —/x+4 omeem: Hem firn 12+x—x*] omeem: Hem
1.5, =2 x* =5z +6|  peuweHus 1.6. ** x*—27 | peweHus
o 3xt 4 2x-] 4 ¥ —d4x-5 11
————— omeem: — ———— omeem: —
1.7, =% 27x% -1 9 1.8 #1x*—2x-3 4
2 _ 2
o 2525 R g 21146
1.9. = 1-x"+x+32 3 1.10. ** 2x* —5x—3| omeem:1
3 2
- o -x-2
: omeem: 2 lirry %
1.11. =2 x* +x- 5 1.12. =« +1  omeem: -1
x*-16 8 o dxt +11x- 1
7 omeem: — ln_— omeem: —
1.13. =*x" +x-2 9 1.14. =2 x*+2x-3 4



- 3x' =Tx- Ax +7x-2

lin H omeem:l ity xz—x omeem:g
1.15. = 2x" —Tx+ 5 1.16. ™2 3x* +8x+4 4

o Sxt +dx- 6 . Xt —dx-5

;.]EL 7, _o| omeem- ¢ r-12,2 4 D0 0
1.17. 3x +x-d 5 1.18. x?4+2x—2 omeem:

e Txi+4x-3 e Ix —3x+2\ omeem: Hem
1.19. =1 2x* +3x+1 omeem:1 1.20. ** x* —x—12| peweHus

2t —9x 410 Co4xt g _§| :

]ff}g xz x_ omeem: — 1 ]ﬂll i_ x omeem: Hem
1.21. x4 +3x-10 7 1.22. x*—2x+1 peweHusa

= 5xt 4 1lx - . xi_s5x—14

litny xﬂ il Zl omeem:—i lim xg il omeem:i
1.23. =2 3x*—x-10 | 11 124, =7 227 —9x-3 19

32t —6x-4 x4 3r+1 :

]ﬂlj xg_ x_ omeem:zi ;];JEE3 :Jr2 : x_ omeem: Hem
1.25. 2x®—3x-73 17 1.26. x*—6x—27 peweHus

xt—2x-35 4 . 2x*4+152-8 17
————— omeem: b ————— omeem: —

1.27. =7 2x" +11x+3 3 1.28. *%3x° +25x+8 23

. 3xf—2x—40 o 2x 45x-3
lirn xj—x omeem:2 lim % omeem:Z
1.29. =* x" —3x-4 5 1.30. % 3x* +10x+ 8

2. HaiiTu yka3zaHHbIe NIpeaeJibl

Co2xt H11x 41 1 . 2x4+5x =100 omeem: Hem
i — omeem: — lim -
2.1, %73 3x* +5x-12 13 2.0, ¥l =1 peleHust
e x—3x42 e 3x* +2x+1) omsem: Hem
2.3, =lx*—4x+3 omeem:( 24 ™% x' -8 peleHus
i Ao+ lin 2x* —3x—1| omeem: Hem
r—-1 4 0 x—>14—_
2.5. x+1 omeenm 2.6. xt -1 pelueHus
e x—x+3 5 x* +2x | omeem: Hem
im — —| omeem: lim —— ——
2.7. Sxt+3x -3 23 2.8. x* +4x+4| peweHus
-1 | 2x2+?x—4‘ 3
—— = . iy, ——————| omeem: ——
2.9, ¥z +3x+2 omeem: -2 2.10. == =z +64 16
_ Axt +19x- . ox=xt4r-1
lirn xz il omeem: z limn xf—x omeem: L
211, =3 2x  +11x+ 3 2.12. =1 P +x-2 2




i = =2x+1 fi P
2.13. =1 zxf‘—?x+4 omeem: ( 2 14, ™1 2x2—9x+10\ omeem: —12

9t 41Tx -2 19 . x +x-2 | omeem: Hem
————— omeem: — -
2.15. 72 x"+iZx 2 2.16. 'z —x*—x+1| peweHus
3 2 4 2
o A0S s o dxt =5 +1\
2.17. =" 3 +7x | 7 218, ™ -1 | omeem:3
. 3x* +5x—1| omeem: Hem . xt-x-30 11
T ez lirn ————— omeem: ——
219, *3 x*—5x+6| peweHus 220, ™ x +125 75
x4+ 3x - 28 11 fin fxt -1
———— omeem: — L .
221, = x'-64 48 297 M x* =14 omgem: 6
X +3x - 28 11 . 3xt 411z +10
————— omeem: — m — .
2.23. = x'-dx 4 204 =2 z* —5x+14 | omeem:0
x* -4 4 . 3t 4+ x
im ————— omeem: — ——— _
2.25. =23x" +x - 10 11 226, *=04x* —5x+1| omeem:0
22® - 11256 | 13  x?42r-24
3 omeem: — lim — .
227 #63x% —20x+12) 16 2928 *62x*+15x+14 omeem:0
x-2x-4 ‘ 10 . xF— 64 48
S T —— omeem: —— lim — omeem: —
=3t —11x+18 7 230, =t Tx —-27x - 29

2.29.

3. HaiiTi yKa3zaHHbIe NIpeaeJibl

e 3x° —5x° 42 e 4x* +7x
3.1, ™02z’ +52° — & 3.0, w2z -4zt +

oo 55 =3 4 LT - 2w 44
33 e xt42x% +1 34 w2045 |

=4zt +28x
3.5, = 520 4+3x +x—1

e 3x2+1[]x+3\
3.6, " 2x +5x-3

firn —3x4+x3+x| i 2xi +7x+
37, % x*+3x-2 | 3.8. ”*“5x2—3x+j

lirn —xi 434+ o F=3x? +10
3.9, ™= 3x' +x-5 310, ™= 7x° +2x+1\




3.11.

3.13.

3.15.

3.17.

3.19.

3.21.

3.23.

3.25.

3.27.

3.29.

CAxt 45—
rw x¥ — x +10

A+ 2x 49
row Dxd x4
e 2x3+?x—z_

i 3yt —x— 4

4_ 2
i 3;{4 Gxt + 2
e I I N 5
Coext—4xt+ 3
N P |

3
i ?3;{ +4x
Fw x —3x+4
3 E_E
i 2x3+7x _
¥ Gy —dx 43

x—2x% +55°

rew 94 3?4t

_£.3 o
i 4 55:{ 3x
e oyt +6x+38

3_
i 4;; 2;:+1
¥=he Qe 4 ExY +

3.12.

3.14.

3.16.

3.18.

3.20.

3.22.

3.24.

3.26.

3.28.

3.30.

4. HaiiTu yka3aHHbIe NIpeeJibl

4.1.

4.3.

4.5.

4.7.

6 o2
i 3x3 Sxt 42
¥ Ayt 4y —5

2 —2x+d

= 2xt 4354 41

Ixt+Tx—4

lirmy

v x4+ 0x—1

2xt +7x—1

litry #
¥ Syt 4 2x 4

4.2.

4.4.

4.6.

4.8.

4
i 3;{ +32x+
-z +2

¥ x

x4+ 5x-T7
e 3xd x4

18x% +5x

P08 3y — Gy

e Bx +4x—5

row 4t — 342

o 3xt—dx 4
e fx 4+ 5x +1

4
fira 1+4:§ x
Fsw oy 4 3xT 40

2
firn Sx+14x :
el 4 D+ T

4 o2
fira 3;{4 2x
¥ St 4 3x 45

3 4.3
firn Sxt =Tz -l;
P A4 dx—x

e Sx = Zx+1

pw Ixd 4y g

4 —
i 3x 2+2x 1
¥ Dxd 4 ox+ 7

&
ix—-x

lin

ww xd Dy

2x +7x% 44

lim #
L I i |

' +5x0 -4

lim 2
¥ Ayt 4] 1x —



4.11.

4.13.

4.15.

4.17.

4.19.

4.21.

4.23.

4.25.

4.27.

4.29.

2 \
fin Tx +5x+39
49, == l+4x—x

2t 45 +7

ree 3t _0xd 4 g

Sx* =32 +7
e 2xt 4+ 327 41

2xt 43x5 45
e 3xf —dx+1

11x" +3x
e 23t — 2x+1

- bx  +5x° =3
I § i Wy
o Bx —d4xt 43

lirn 3
¥ Dt 4y

sxt-o2x¥ 43
pew Dxd 4 3x 7

Co3xt4oxtog
e Bx' —dx+5

3_
fi T"xz 2x+4
¥ At 4 x—5

2 —
firn 2x 4+1[:Ix 1
¥ Spt — 2x 45

i It 4 xt -

4.10. = 2x° +3x+1\
Il

4.12. == 2x* +7x-3|

2_
i Sx 3x+41
4.14, 7= 1+25—x

. bxt—S5x+ 0
4.16. "= 4% +2x-1

e 2x2 +3x+5
4.18, "= 4x" —2x° +1\

e Ixt +dx =7
4.20. == xt = 2x" +1

e 2xt —Tx+1

422, == x +4xt -3

o BT+ xt =T
404, =25 —5x+73

. 3t 4 2x -4
4.06. " 3x* —4x+1

g 42055 = 3]
4.28. = 3x*+z-10 |

i Txi+3x-
4.30. ™= 2x° - 5x+1\

S.HaiTu yka3aHHbIe npe/eibl

5.1.

5.3.

5.5.

e x4+ 3x-5
e Txt — 2xt +1
firn Tzt —ax+

ww 3x? — 2x +1

A - 2xt+x

lirmy

¥—r—o 3?{2 —x

- 3x% —Tx+2
52 %= x*t+2x—4
2xi—x+7
54, =3zt — 52 +10

4 —
li 31: 2x+1
5.6. ¥ 3x +2x—4



fira oxd —Sx 4
57 we gt paxd o
o 2x0=3x 42
59 ™= x*+7x+1 | 5.10.
i Tt +ext -
5.11. *= 2x° +6x+1 5.12.
e 7-3x
5.13. 7= 2% +3x° -5 5.14.
2x+7
5.15. ™= 2= 3x+4x° 5.16.
10x -7
5.17. == 3x* + 227 +1 5.18.
firn S+ 3
5.19. =@ x” —4x* - 5.20.
2xd -5x+3|
5.21. == 3x* - 2x* +3 5.22.
2x+1
5.23, @’ —5x° +44 5.24.
- 4x% —10x +7
5.25. %= 2x -3x 5.26.
i 2x—13
5.27. ¥ x’ —3x" -4 5.28.
e X —81
5.29. = 3x* +4x+i| 5.30.

6. HajiTu ykazaHHbIe mpeaeJibl

firn *+x-12
6.1 " lx—2—-f4—=x| omeem:7
— 4 - 7
EE};HXJFH "_M % omeem:—~—
6.3. 2xt—x—21 91

- Sxi—dx+2
5.8, ™ 4x3+2x—5\

Izt —Tx+5
. Py Py

a A2
i 4 3:: 2x
is—o Byt 4 Ay

4 3_1
fi Bx 2+T’x
¥ Sxf — Oy 41

2xt = 3x+1
Tx+5

¥——w

5xt — 3x?

e |4 2x +3x5°

Ixt +5x
pw Dyt 3y 7

ox —x°
e dx +3x-6

e 2
firn 2 3x a3x
¥—r—m ¥ = 1 6

e 2xt —3x+1

N Lt

2—
i 2;{ 3;r+1
¥ o Dyt 45
fien :x-l—-’-'l
¥ 3T — Sx 4

ﬂfx+212—ﬂf4—x omeem:— 2

62. =% x"+2x-8 48
fism 2= X —ajx+6 .

64 T g omeem:

10



W3+ 2x—afx+4 5 : -3 42
lirn omeem :— lirn
6.5. =1 3x'—dx+1 20 6.6. ™1 B5—x—-dx+1 omeem:—3
2%t +4x+1 e oxt —9x+4
6.7. x—}‘lqux+3—»\|'r5+3x Omeem:Z\/E 6.8, =4 mx I3 omeem: -7
R R e Omeem_@ o BT = r et Omeem.__i
6.9. w3 25{2_?5’[-15 .286 6.10. ¥ xg +8x+15 * 8
fg, A2 o ATox - .
6.11. 7" Axt+1-1 omeem:2 g 12 ™" i omeem: ——
tirm 3 _ p M27+1-3 eem'zﬁ
6.13. 0 T+x—f1-2 omeem: 3 6.14. *Hr-2-42 3
fn 2 FF =2 3 po ATra=3
6.15. 1 AfE-x =3 2 6.16. = r-1-2 ")
fig Y2272 3  fAz-3-3 1
o omeem: — m — =~ = omeem: =
6.17. TR+ L -3 2 6.18. ¥—3 xz_
fi, Y2541 omeem: —- i 27 ME 4 Jx* +4 omeem: ——L
6.19. = x*+2x-1 6462070 3 P
lirn ﬂ firn 3x
6.21. 7" x' +16-4 omeem:2 22 *AS—x—a5+x omeem:— 315
firg MeXTT 75 .6 oo 2% S
6.23. P Y] 3_qE omeem: 5 6.04. g f—6x+1_ omeem: 2
X -2 13t 3
lirn omeem: =
6.25. =3 Ex—x omeem: —5 6.26. =0 4l )
- omeem: — m 25 2 Omeem'10
6.27. =+ x +64 ' 384 6.08. “lAB+x-3 "J10-3
]JIHM omeem'i litr, Jax+1- omeem'i
RS 16 630,72 x© -8 18
6.29.

7.HaiiTu yKazaHHbIe npeaebl



[x+4] 'I | [ x T*'*
7.1, e EtB OtgerT: e 7.2, el OtBerT: e 2
[ 2x ] . (1'5—1]2_3r
7.3. =1+ 2x0 |Orger: e 7.4, 7 X OtgerT: ¢ °
x5 =]
7.5, L 2x Otger: e'° 7.6. 77 X Otget: ¢
[}f+ 2]1+2?{ [x+3]x—'l
7.7.% Otger:; €’ 7.8, e x—] Otser: ¢ *
( EX ]‘ ]jnl(x_?jﬂxﬂ
7.9. =25 =3/ | Orger: ¢”? 7.10. 77X OtBeT: ¢
[J{—]_JE:HJ (2}[4—1]?&2
7.11, =nxtd OtgeT: ¢ 7.12. ©eex-l OTBeT: €
[I— 2]3?{—3 ]JIn [x+5]3?f+4
7.13. vl OtBet: €®  7.18. 7™\ X OtgeT: e
(x_?]l‘-?{—ﬂl ]JIn [x_l_ 2]3—2
7.19. e+l OtBerT: €327.20. ™™=\ % Otgert: ¢ ™
(2—3;;]" h.m(l—xT
7.21. 7\2=3%/ | Orger: e 7.22. "2~ %/ | Orger: e’
(4;:—1]2” (3x+4] 2‘|
7.23, Fedatl Otser: €' 7.24, 7"\ 3% Otser: e
[zx—l]"‘ ]J.m[Bx+4]”]I
7.25. 7=\2x 4] Orger: €92 7.26. 7\35+3) | Orger: e
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7.27. 7\ 3+2x Orper: e 7.28. 7w +2) | Orger: e 23
( x JE—E [4—21’]“-‘
7.29, *ex—1 Otser: e 2 7.30, *=n1-2x Otser: ¢ 2

8. HaiiTu ykazaHHbI€e peaeibl



| [2x+3]“‘| ]J.m[Ex+1T
8.1. *=x5x+7/) | Orger: 0 8.2. "™ =1,/ Orger: w0

| (x+1 T'l . [zx—lf""'
8.3. *™x2x~L/ | Orger: 0 8.4. ™ \4x+L/ | Orger: 0
(5}:—'—8]?‘44‘ ]Jﬂl ( x+1 ]2?{'+]I
8.5, L x—2 OTBeT: 8.6. i ix—1 OtsBerT: 0
- (2x+1]” - ( x+1 ]ﬁ'l
g.7. =i x—1 OTBeT; 8.8. "\2x=1/ | Orper: 0
P | ¥—
]jm(x_i_BJ ]jm(z;{+1]
8.9. ”=\2x-4, | Orger: 0 8.10. == 3x- 1, | Orger: 0
]J.m[ﬂx—B]m . [2x—3]”
8.11. "= x+4 OTBeT: © 8.12. **=\7x+4) Orger: 0
m(x—5]2" _ [x+3]2
8.13. >™\3x+4) | Orger: 0 8.14. 4% =3/ | Orser: 0
- (x—z]j" " [3::—4]"‘1
8.15. "= 3x+1/ |Orger: 0 8.16. "t xEE OTBeT: ©
]Jrﬂ[ I—E ]3?’ ]Jrn (21’-3]6?“—
8.17. ™=3x+10/ | Orger: 0 8.18. " x+4 OTBeT: 00
( x+3]3" . (6x+5]“
8.19. =™\3x -1/ |Orger: 0 8.20. =\ x~ 10/ | Orger: o0
- (3x+:r]*” ( x—1 ]3*’
8.21. ™=\ x+4) | Orger: o 8.22. ™=\4x+3/ | Orger: 0
" (5;{—?}2” [3—4;{}“
8.23. ™™\ x+5 .,/ | Orger: 0 8.24. ™™\ 2= % /| Orger: o0
e (1— 2x]‘| . (4+3x]“|
8.25. N 3-x Otsert: 0 8.26. "™\ 3+x ./ | Orger: 0

| [3;;—1]3" h_m( 1—x ]SI
8.27. ™™\2x+3/ | Orger: 0 8.28. *=\2-10x) | Orger: 0



. [3+x]2 [x+5]3
8.29. ™=\31=4) | Orger: 0 8.30. \41=2) | Orger: 0
9.HaiiTn yka3aHHbIe mpe/eJibl
Havitu ipenensi.

k — nopsiokoswiil HOMep 8 JcypHae

. 2
1). lim Sl 3X , 2) limk—x, 3) hmtg(kx+—3x)x2
x20 [k+2) X x508in’ 5 X x>0 5x ’
k| inkx — si 2 kx
lim|1+=] 5) limsm —sin 5x 6) limcos X—CO0S
X0 X x=0 kx x>0 X

KOHTpOHLHbIe BOIIPOCHI

1. [atiTe onpenenenus npeaena GyHKIIUN B TOUKE.

2. Kakwue Turbl HeoNpeaeIeHHOCTEN BaM U3BECTHBI?
0

3. Kak u36aButhcs o Heonpeaenensoctn 0 92

c

4 YeMy paBHO 3Hau€HHE Ipejeia QyHKIUU Opy HeonpeaeaenHocty 0 2
0

5.Yemy paBHO 3HaUYEHHE Mpeeia GYyHKIUU TPU HEONIPEACIeHHOCTH € ?

6. 3anmucaTth 3aMevaTeIbHbIC MPEICIIbI.

IIpakTueckas padora Ne 4 o reme

Tema «McciaenoBanne pyHKkunu Ha HenpepbiBHOCTh. Kilaccugukanus Touexk
pa3pbiBa»

Henab: Hay4dUTHCS BBIUMCIATH HCCIENOBATH (DYHKIMIO HA HEMPEPHIBHOCTD,
KJIacCU(DUIIMPOBATH TOYKHU Pa3phiBa .

TeopeTnveckue MoJI0KeHUA

HenpepbiBHOCTH QYHKIMHU U €€ Pa3pbIBbI.

Onpenenenune. @yukuus f(X), onpeneiaeHHas B OKPECTHOCTH HEKOTOPOI TOUKH Xo,
Ha3bIBae€TCs HeNMpPePbIBHOM B TOUKeE X, €CIIU Npees QyHKIUU U €€ 3HaUCHHE B
3TOM TOYKE PABHBI, T.€.

lim f (x)=f(x,)

XX



lim f(x)=f(lim x)
Tor e (aKT MOKHO 3aIMCATh HHAYE: X0 x>x

Omnpenenenune. Eciin ¢pynkuus f(X) onpeneneHa B HEKOTOPOl OKPECTHOCTH TOYKH
X0, HO HE SBIIAETCS HENPEPHIBHOM B CaMOM TOUYKE Xo, TO OHA HA3bIBACTCS
pa3pbIBHOM (QyHKIIMEH, a TOUKa Xo — TOUKOW pa3phIBa.

[Ipumep HenpepbIBHOM PYHKITUU:

f(X0)+ €
f(xo)
fxoye | |

0| Xo-AXoXo+AX

[Tpumep pa3pbIBHOI QyHKIUU:

f(xo)+e 1
(o) |
f(Xo) -E !

CaoiicTBa HenpepbIBHbIX (PYHKIUI.

1) Cymma, pa3HOCTh U MPOU3BEJCHUE HEMPEPHIBHBIX B TOYKE Xo (PYHKIUN —
ecTh QYHKIIUS, HETIPEPHIBHASI B TOUYKE Xo.

f(x)

2) YactHoe ABYX HeNpepblBHBIX GyHKIWA 9 (xX) — ecn HENpepbIBHAsA
(GyHKUUS PU YCIIOBUU, YTO g(X) HE paBHA HYJIIO B TOUKE Xo.
3) Cynepno3unus HEPEPHIBHBIX (PYHKIUN — €CTh HETIPEPbIBHAS (PYyHKIHS.

DTO CBOMCTBO MOKET OBITh 3aITUCAHO CIEAYIOIIUM 00pa3oM:



Ecmm u = f(x), v = g(x) — HenpepbiBHbIE (QYHKIIMHA B TOUYKE X = X0, TO (QYHKIIUS
v = g(f(x)) — To’xe HenpepbIBHAS (PYHKIIMS B 3TOM TOUKE.

Touku pa3pbiBa 1 UX KJIaCCI/I(l)HKaI[I/ISI.

Paccmotpum Hekotopyto pyHkuuio f(x), HEMPEpHIBHYIO B OKPECTHOCTU TOYKHU
X0, 3d MCKIIFOUEHHEM MOKET OBITh CaMOW 3TOM TOYKW. M3 ompeneneHus TOYKH
pa3pbiBa QYHKIMH CIEIYET, YTO X = X, ABJISIETCS] TOUKOW pa3pbIBa, eclu (PyHKIUS
HE OIpeJiesIeHa B OTOU TOUYKE, WU HE SBJSETCS B HEW HENPEPBIBHOM.

Crnenyer OTMETUTH TaKXe, YTO HEMPEPHIBHOCTh (PYHKIIUU MOXKET OBIThH
onHoctopoHHei. [loscaum 310 ciemyronum oO6pazom.

lim f(x)=f(xo)

Ecnu OHOCTOpOHHMH Tpenen (CM. BBILIE) — xx+0 , TO (QyHKUUA

Ha3bIBAETCS HEMPEPHIBHOMW CIIpaBa.

—_— ] i/
.
—
0

—

=

lim f(x):f(xo)

Ecau omHocTOpoHHMI mipenen (CM. BBIIIE) — x»x—0 , TO (QYyHKIUSA
Ha3bIBAETCS HEMPEPHIBHOM CIIEBA.

Omnpenenenune. Touka X, Ha3bIBaeTCs TOUKOM pa3pbiBa Pynkiuu f(x), ecnu f(x)
HE OIpe/IeieHa B TOYKE Xo WM HE SIBJISIETCS] HEMPEPBIBHOM B 3TOM TOUKE.
Omnpenenenune. Touka X, Ha3pIBaeTCs TOYKOM paspbiBa 1- ro poaa, eciu B 3TOU
Touke (pyHKUMS f(X) UMEeT KOHEUHbIE, HO HE paBHBIE IPYT APYTY JIEBBIN U MPaBbIii

TIPEJICIBI.
lim f(x)# lim f(x)
x—)X0+O X-)Xofo
JIJIsT BBIMIOJTHEHUST YCJIOBHM 3TOTO OMNpECIICHHus] He TpeOyeTcs, 4ToObl (DyHKIIHSI
ObL1a ompejesieHa B TOUYKE X = X, JIOCTATOYHO TOTO, YTO OHA OTMpeE/IeiicHa CIeBa
CIpaBa OT Hee.

W3 ompenenenrs MOXKHO CIenaTh BBIBOJ, YTO B TOYKE pasphiBa 1 — ro pona
GyHKIHUS MOXET HMETh TOJbKO KOHEYHBIM CKauoK. B HEKOTOPBIX YaCTHBIX
CiIy4asix TOUKY pas3pbiBa 1 — ro poja emie WHOT/1a Ha3bIBAIOT YCTPAHUMOMN TOUYKOMH
pa3phiBa, HO TOAPOOHEE 00 3TOM TOTOBOPUM HITKE.



Omnpenenenune. Touka X, Ha3bIBAETCA TOUYKOM pa3pbiBa 2 — ro pojaa, €ciid B 3TOU
Touke QyHKIus f(X) HE UMeeT XOTS OBl OJTHOTO M3 OJHOCTOPOHHHX MPEJEIOB WU
XOTsI ObI OJTUH U3 HUX OCCKOHEUCH.

Hpumep. Oynkuus Hupuxne (dupuxne [lerep ['ycraB(1805-1859) — nemenkuit

MareMaTHK, 4ieH- koppecnonaeHT [letepoyprckoii AH 1837T)

flij=0 1, - pauonatshoe ool

HE SIBJISIETCS HEMIPEPHIBHOM B JTHO00M TOUKE Xo.

1

Ipumep. Oyukmus f(x) = X wumeer B Touke Xo = 0 TOUKy paspsiBa 2 — TO
lim f(x)=+o; lim f(x)=—o0
poaa, T.K. x-=0+0 x20-0

k]

1
n
k]

sin x

IMpumep.f(x)= X
OyHKIMA HE OmpeesieHa B Touke X = (), HO UMEEeT B HEM KOHEUHBIN Mpeaesn

limf(x)=1
X0 , T.e. B Touke X = 0 (yHKIMS UMeeT TOUKy pa3psiBa 1 — ro poga. 1o

— yCTpaHHMast TOYKa pasphiBa, T.K. €CIH JOOMPEACTUTD (DYHKIIUIO:
.| sinx .
f(x):c{—, mpu 120 { i
X

I'padux >ToM hyHKIIMH:



Yo 20

-1
Ota QyHKIMS Takke o0o3HavaeTcs sign(X) — 3Hak X. B Touke x = 0 ¢hyHKIUSA HE
ompeneneHa. T.K. JEBbId W TpaBblii mpeaenbl (YHKIUH pa3IUdHbI, TO TOYKa
pa3peiBa — 1 — 1o pona. Ecim goonpenenuts (yHKIWIO B TOUke X = 0, MOJOXKUB
f(0) = 1, To pyHkusa Oyner HempepbIBHA clipaBa, eciau mojoxuth f(0) = -1, To
¢byHkuug OyAeT HeNmpephIBHOM ClieBa, €CIU MOJIOXKUTH f(X) paBHOE KakoMy- JIHOO
quCily, OTJIMYHOMY OT 1 mnu —1, To ¢yHKMs He OyAeT HelpepbIBHA HU CIieBa, HU
CIpaBa, HO BO BCEX CiIy4asiXx TeM He MeHee OyneT uMeTh B Touke X = 0 pa3psiB 1 —
ro posa. B aTom npumMepe Touka paspeiBa | — T0o pojia He SBISETCS yCTPAHUMOM.
Takum 06paszom, Jy1st TOro, YTOOBI TOUKA pa3phiBa 1 — ro poaa ObuIa
YCTPAaHUMOM, HEOOXOUMO, YTOOBI OJTHOCTOPOHHUE MPEAEIbI CIIpaBa U CleBa
ObLIIM KOHEYHBI U PaBHBL, @ (yHKUHUA Obl1a ObI B 3TOI TOUKE HE ONpEIEIeHA.
IIpumep. VccnenoBate Ha HEMPEPHIBHOCTh (PYHKIMIO M OMPEICIUTH THUI TOYEK

pa3pbiBa, €CJIK OHU CCThb.

‘ | -
el Al



lim f(x)=3  lim f(x)=3
2

Xx-1-0 x>1-0
lim f(x)=3 lim f(x)=
x>—-1+0 x=>1+0
B TOUKEe X = -1 (hyHKIMS HEMpEephIBHA B TOouke X = | Touka paspsiBa 1 —ro
poa
y N

| 3 |

| |

‘ 2

1 X

IIpumep. VccrnenoBaTh Ha HEIPEPHIBHOCTH (PYHKITUIO U OMIPEACIIUTH THUIT TOYCK

pa3pbIBa, €CJIM OHU €CTh.

i o
i,

lim f(x)=1  lim f(x)=2

x>0-0 x>1-0
lim f(x)=1  lim f(x)=1
x=>0+0 x> 1+0

B Touke X = 0 (yHKIIMS HEMPEPbIBHA, B TOUKE X = 1 Touka paspeiBa 1 —ro poaa




4.4.10. T abnmia 9K BHEAJISHTH BIX 0eCK OHEYHO MATELX.

SOech ME C MOMON[BE paccMoTpeHHEE B4.4.7 npegencs cocTaBHM TabNHIY SKEHBATEHTHEE
EM dyurxnuii H BRIOMIEM CIEIVICUIHE HS HIE BHpaEeHHA OIA CIAEHLY 9acTed (0HH DoO9épKHYTEL.

GHEHBATEHTHOCTE TpHX—30 Tnaenas gacts mpu x—(0
1l sinx~x 1. sinx =x+oix)
2. 1-cosx ~xi2 2 1l-cosx =x2£+o(x2):>cos x= 1—x2f2+0(x2)
Itgx~x 3 tgx =xtolx)
4 arcisnx ~x 4 arcsin x =x+oix)
3. atctgx ~x 5 arctg x =xtolx)
foa-l~xlnae-1-~x 6. a—1=x1n atox)=4d" = 1+x ln atolx)

£ =1 =x+o(x) )= &' = 1+ x +o(x)

T log, (1+x) ~x logae; In{l+x) ~x 7 loga (1+x) =x logaetoix); In(1+x) =x+oix)
8. ()1 ~ax 2 (1) - 1= axtolx)= (T4 =1 + axtolx)
9 shx~x 2 shx =x+toix)
1.2 =20 — {42 2
10, chx -1~ x%2 10. chx - 1=x42+olx®= chx = 1 Xr2tel
o tg5x

1 .
Ipumep. Haittu npegen  x=0 sin7 x
Tak kak tg5x ~ 5x wm sin7x ~ 7x mpu x — 0, TO, 3aMeHUB (QYHKIIUU

SKBUBAJICHTHBIMU O€CKOHEYHO MaJIbIMH, ITOJTYUHUM:

. tg5x _,. 5x_5
lim— =lim=—==
x208IN7X  xs07x 7

3
lim————
Ipumep. Haiitu npenen  x»0 1 —C0SX

3 3
. X X .
lim ———=lim—=1im2x=0
251n2§~2(5 x201=008X 50 X7 k30
Tak kak 1 — cosx = ipu x—0, TO 2
. gx _,. X _
lim—*—=Ilim—=o.

IMpumep. Haiitu npegen  x20sinx™  x20x



3ajaHus NpaKTH4eCKOH PadoThI

3aganme 1.Haiitu nipenensl, UCTIOIB3Ys SKBUBAJICHTHbIE OECKOHEYHO MaJlble
GbyHKIUH.

C In(14+3x° . arcsmn O
lim % omeem: —> litr omeemn: >
2.1. =0 x* iy 5 290, ¥—=0 ngI 3
. sin ¥ Ir _
Lirn omeem: . lim f il omeem: -
2.3, =0 igex 2 2 4. 05 +274 9
arctghx . arcsin 3X 3
2 omeem:. —
2.5, =hax® =3 2.6. =" 2x 2
sin 5% (143
omeem: 2 litry u meem: 2
2.7 =t arcigex 2.8 =0 sin2x
et -] o
]ﬂlu 3 omeem: 2 fim H |
2.9. igax 3 210, =2 x* —5x+¢ omeem: 1
i Cos3X —Cos . l—-cosztx omeenn: 9
2.11. =" 27 omgem: —2 9 19 w0 457 "5
tirn arcig3x 3 arcsin 4x .
omeem:. — omeem: —
213, =" In{1+2x) ) 214, ™" igbx 5
Sx _
lim H‘ omeem: E lim ﬁ—g(j_'_ 2) omeem: _l
2.15. 0 em 2 : 2.16. "2 x' -4 4
1 . arcsin 2x
M omeem: 1 im —— =% omeem: =
2.17.72 x*+8 12 718 ™ fgdx 2
3 —
litny ﬂ} firn COS 2% _;OS 4);'
2.19. **iglx—4 omeem: 48 220, *0 2y I omeem: 2
. Inf1+42%) arctgSx
lirn omeem:. —
2.21.%" 2x° omeem: 2 220 w0 felx 7

X
. sth 3x . arcsin 8
hmu omeem: 3 lirn 4)}
2.23. 70 In(1+2x) 2 994 ™Y igdx | omgem: 2
; 5
2.25

Sx

25 _
lirry omeem: = lirn ]Il(_l+4x} omeem: =
=l fgex 2 226, 0 sinZx 2



omeem:

omeem:







3ananme 3. NccnenoBarh nannpie (yHKIIUHA HAa HEMTPEPHIBHOCTh B YKa3aHHBIX

TOYKax
1
3.1, fX)=27+1, x,=3, x,=4
1
39, f(x)=5"7-1, x,=3, x,=4
xX+7
= > :25 :3
3 (W= =2 %
X_
34 f(X): o , X1:_2’ X2:—3

311 f(X):m, X,==5, x,=— 4
+5
1o, [T 13 %=

313 f(x)=5"7, x,=3, x,=4

314, [(x)=471-3, x=1, x,=2

3.15. f(x)= Zl_x_l’ X1=0, X2=1

316, [(x)=877-1, x=2, x,=3



317, [(x)=5"7"+1, x,=2, x,=3

3
2
319 fx)= x2f1’ x,=1, x,=2

300, f(x)=2"2+41, x=-2, x,=—1

3091 flx)=477+2, x,=2, x,=3
407, f(x)=3"1-2, x;=-1, x,=0

323 f(X)Z 5m+1’ X1=_5, X2=_4

—4
R
—4
3.25 flx)= i+3’ X =73, x,=—2
f(x):i5, x,=3, x,=4

3.26.

327, f(x)=3""+1, x=1, x,=2

x )=
3.28. X+5

329, flx)=6"" x,=3, x,=4

b
3.30. X—2
KoHnTpoJsbHbIe BOPOCHI
1.Kakue BeTMunHbI Ha3bIBAlOT OECKOHEYHO MaJIbIMHM OJHOTO MOPSIKAa MaJIOCTH?

2. Kakue BenYMHBI Ha3bIBAIOT YKBUBAJICHTHBLIMH OCCKOHEUYHO MAaJIBIMU ?



3. Kakas ¢yHkius Ha3bIBae€TCs HEMIPEPHIBHONW B TOUYKE?
4.CKOJBKO U3BECTHO BaM TOYEK pa3pbiBa PyHKIINHU, KaKUe?

IIpakTueckas padora Ne 5 o reme
Tema «HaxoxaeHne npou3BOIHON CJI0KHON (PYHKIIUHA »

Ieab: Hay4yuThCs HAXOIUTH MPOU3BOJHBIC PJIEMEHTAPHBIX U CIOKHBIX (YHKIIUH.
Bpems BbinosiHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue cBegeHms

2.3apaHune

3.JIuctA4

4 KanbKynsatopel

MopaaoK BbINOJAHEHUSA PaboThl
1.M3yuntb 3agaHue

2. I3yunTb TeopeTmnyeckue ceegeHus

3. BbinonHUTL 1 0bOpPMUTL paboTy
4.Noka3aTb pe3ynbTaTtbl NpenosaBaTesto
JomaluHee 3apgaHune

1.MoArotoBUTL OTBETLI HA KOHTPOJIbHbIE BOMPOCHI
Xoxa padoTsl

KpaTtkue TeopeTnueckue cBeeHusl.
Ilpou3zeoonan hpynkuyuu, ee 2eomempuueckuii u uzuueckuii CMwici.

Onpenenenue.llpousBoaHoii GpyHKIMM f(X) B TOUKE X = Xo HA3bIBAETCS TPEIe

OTHOUIEHUS IpUpaIeHusl PYHKIIMU B 3TOW TOUKE K MPUPAILIECHHUIO apryMEHTa, €CIIU
OH CyLIECCTBYET.

f'(x)=lim f(x+A4x)—f(x)

Ax >0 Ax

f(xo0) Aff(xo +AX)




g
Ilycth f(x) ompeneneHa Ha HEKOTOpoM IpomexyTke (a, b). Torma Ax
TaHTeHC yTJ1a HakJoHa cekymieit MP k rpaduky ¢yHKIUU.

Af

lim =L=f(x,)=tga
x>0 AX =K — reOMeTPHYECKHil CMBICJI IIPOU3BOIHO

IZIe 0L - YTOJI HaKJIOHA KacaTelbHOU K rpaduky GyHKIUH f(X) B Touke (Xo, f(Xo)).
K —yrnoBoii koappuiiueHT KacaTeabHOM.

Yron MCIKAY KPHUBBIMHU MOXKCT OBITH OIIPCACIICH KaK YTOJI MCKIY KaCaTCJIIbHbIMU,
IMPOBCACHHBIMHU K 3TUM KPHBLIM B KaKoii- 1100 TOYKeE.

YpaBHenne KacaTebHoii k kpupoii YYo= (%) (x=xo)

YpaBHeHHe HOPMAJIN K KPUBOI f(xo)

dakTryecKy Mpou3BoAHAS (YHKLIHHU MTOKA3bIBAET KAK U3MEHAETCS (DYHKIMS NpU
M3MEHEHUH NepeMeHHON. Du3ndeckuii cMbIca npou3BoaHoi pynkuunf(t), rae t-
BpeMs, a f(t)- 3aKoH ABMKEHUS (M3MEHEHUSI KOOPAUHAT) — M2CHOBEHHAA CKOPOCHb
osudrcenusa. COOTBETCTBEHHO, BTOpask MPoU3BOAHAs (yHKLIUU- CKOPOCTh
U3MEHEHUS CKOPOCTH, T.€. ycKopeHue.Ochoenbvle npasuia oughghepenyuposanus.

O6o3HauuM f(x) = u, g(x) = v- byakuu, udPepeHupyemMbie B TOUKE X.
D) (u+v) =u'+v’

Dwu-v)' =u-v +u-v

u '_ UvV—vu
- 2
3) \V v ,ecmu v# 0
IIpou3BOAHBbIC OCHOBHBIX 3J1€MEHTAPHBIX PYHKIMIMA.
N’ =0: 9y Isinx|=cosx
2)(x™)’ = mx™; 10) cos x| =—sinx
— 1 ,
Vx| =—= ltgx| =

3) 24 x 11) cos’ x



L=-d |ctgx |
Il=_ tax | = —
4) X X 12) o sin’x
' larcsinx| =
5) o =e' 13) V1-x?
1
| X)'_ . |arccos x| =— -
6) |a]=alna 14) 1—x
1 _ 1
7 (lnx)—x 15) \arctgx| —
(logax)'= larcetgx | =———
8) xlna 16) 1+x

Ilpouszeoonasn cnosxcuoii pynkuyuu.

Ilyemv vy = f(x); u = g(x), npuuem obaacmev 3HaueHutl QyHKYUU U 8x00um 8
oonacmov onpeodenerus Gynxyuuf.

Tozoa y=f(u)u

Jozapugpmuueckoe ougpghepenyuposanue.

=4 o, mpu w0l |

y=hjx

PaccMmoTpum dyHKITHIO

, 1 flnx)rzl; (ln(—x))'=<_x) 1
Torma (ln|x|) = X |T.K X X X
() =L
VY4uuThIBasi MOTYyUYEHHBIN pe3ybTaT, MOKHO 3allUCaTh f(x)
f (x)

Ormomenne [(X)  HaseBaercs JorapugmMuyeckoii NMPou3BOAHON (YHKIIUU
f(x).

Cnioco06 Jiorapugmudeckoro nuddepeHunpoBaHuss COCTOUT B TOM, YTO CHayasa
HaXOJAT JIOTapu(MHUUECKYI0 MPOU3BOAHYIO (YHKIMH, a 3aTeM MPOU3BOAHYIO
camoii pyHKIMHU 110 hopMmyIie

f ()=l (x)])f (x)

Cnoco6 morapupmuueckoro auddepeHnrupoBanus ya00HO TPUMEHSITh JUIS
HAXOXKJIEHUSI MTPOU3BOJAHBIX CIOXKHBIX, OCOOCHHO TMOKAa3aTeNbHBIX (YHKIIAN, IS




KOTOPBIX HENOCPEJICTBEHHOE BBIYUCICHUE IPOU3BOJHON C HCHOJIb30BAaHUEM
npaBu AUPPEPEeHINPOBAHUS MIPEACTABISAETCS TPYIOEMKUM.
Ilpou3seoonan noxazamenvno- cmenennou yuxyuu. ODyHKIUS Ha3bIBACTCA

[I0KAa3aTeJIbHOM, €CIIM HE3aBUCUMAasl IEPEMEHHAs BXOAUT B MIOKA3aTeb CTENEHU, U
CTENIEHHOM, €CIM IepeMEHHas SIBJISETCS OCHOBaHHEM. Eciu ske 1 oCHOBaHUE U
MOKa3aTellb CTENEHU 3aBUCAT OT IEPEMEHHOM, TO Takas (PyHKIUsS OyaeT
[IOKa3aTeJIbHO — CTEIIEHHOM.

[Tycts u = f(x) (f(x)>0)u v = g(x) — GyHKUHUU, UMEIOIIUE TPOU3BOIHbBIE B
TOUKE X.

Haiinem npousBoanyto Gpyukiuu y = u'. Jlorapudmupys, nomydum:

Iny = vinu

L:v'ln u+vi
y u

y=u’

u "
v—+vinu
u

/ 1 _1 , ,
(uv) =vu' u+u'vInu
o ( )_( 2 3 )xcosx
Ipumep. Haiitu nponssoanyo pysxiun [ (X)=(X"+3X
— 2 . — .
Ilo mosnydeHHo#t Bbiure GopMyite momydaem: U=X +3X; V=XCOSX;

ITpousBoaHbIE 3TUX QYHKIUA: U =2X+3; vV =CosXx—xsinx;

OKOHYATENBHO:

f(x)=xcosx:(xX*+3x 1 (2x+3)+(x*+3x) " (cos x—xsin x ) In x°+3 x)

. 1
. y=cos x sin X+— Cos’ X
Ipumep. Haiitu mpousBoaHYI0 (QYHKIUU 2 .CHauana

y:lsin2 x+lc052x
npeobpazyem JaHHYI0 (YHKIUIO: 2

1 1 . .
y ==2cos2x+=2cosx(—sinx)=cos2 x—sin xcos x.
2 2 Ipumep.HaiitTh  TPOM3BOIHYIO

byHKIIN X'+1



2 2 2 2 2 2 2 2 2 2 2
(2xe +x°2xe" ) (X +1)—(2x)x"e" _2x’e* +2x°e" +2xe” +2Xx°e" —2x7e" _

(x2+1)2
_2xex2(x4+1+x2)
(x2+1)2

(x2+1)2

3ananue 1.Hautu npousBoanbie pyHKUMIT

B1 Y=x>-5x*+11, Y=x’ctgx

_arctgx

Y . Y=¥x%+5

Y= "Inx, Y=(cosx—1)**
B2 Y=2x>-x*+1, Y=x’tgx

_artgx

_3 2 4
Y="1  Y=Vx"—3

X
=1 — V=(cinv—2)3%
Y=ln 7Y (sinx—2)

B3 Y=7x*+3x%-2, Y=xarctgx

X+5 1
Y= Y_(2x+11)5

Y=sin3(4x2+%—1)

Y=(5x+4)"
B4 Y=-3x>+5x*-81, Y=2xsinx

X
sinx

Y=—"-Y={x"—3

— L — _ 3x
Y=cos X+1,Y—(tgx 3)

B5 Y=7x%-3x*+32 Y=x’arcsinx

2 COSX
(3—6x)6’Y_ 3x

Y=

Y=In (x—x’—6)
Y=(cosx+4)"

B6 Y=-x+3x%-11, Y=3x%ctgx

B16 Y=x>-5x*+1, Y=x’ctgx

_arctgx

Y . Y=Yx%+5

Y= ¥ Inx, Y=(x—1)**

B17 Y=2x>-x*+17, Y=xtgx

_artgx

_3[ 2 5
Y 4X ’Y_\/X _3

X
=ln = — 2x
Y—Hx 1 ,Y—(lnx+8)

B18 Y=7x’+3x>-2, Y=xarctgx

X+5 1
Y= Y‘(z x+11)°

Y=sin3(4x2+§—1)
Y=(Inx—2)*
B19Y=-3x*+5x"-81, Y=2xsinx

Y=— y={x*_3

sinx
X 5x
=CO0S —— =
Y 1’ Y=(Inx+9)

B20 Y=7x%-3x*+3,Y=x" arcsinx

2 coSsX
(3—6x)° V=3

Y=

Y=In (x—x’—6)
Y=(tg x+2)"

B21 Y=-x"+3x>-11,Y=3x’ctgx



Y_GFC:;COSX Y—\/x——

Y=e>1n2x
Y=(7x+6)*

B7 Y=3x*-6x*+19, Y=x’sinx
_gx \,_ o3 -
—3X,Y—\/2x -6

Y=e ¥ Inx, Y=(3x+1)"

B8 Y=-4X*+9X>-12, Y=x’tgx

Iy
Y=2""Inx, Y=(sin x—4)"

B9 Y=5x*-2x*+65,Y=x%arcsinx

Y= )3’ Y=E/X2_5

(6x—4
Y=3"*In ,Y=(cos x+1)**
B10 Y=-2x%-3x’+19, Y=x’ctgx

V= arctgx y= P45

Y=¢Inx,Y=(3x—1)"

B11 Y=8x*-6X>+1,Y=2x%arccosx

_gx o,
Y=5x Y=(6x—s)
Y=4"Inx,Y=(9 x+3)"*

B12 Y=3X?+11x°-87,Y=3x%ctgx

CoSX —3
Y= Y_(4x+9)5

2x’
Y=5%*Inx, Y=(cos x—2)**

B13 Y=x"+9X%-51, Y=x%arcsinx

arccosx —
Y="3¢ 3x Y_\/X B

Y=¢*"1n2x
Y=(tg x—6)**

B22 Y=3x*-6x*+1, Y=x%sinx
t -
=X y=¥x—6
Y=e ¥ Inx,Y=(tg x+3)**

B23 Y=-4X*+9X*-12,Y=x’tgx

arcctgx
6 x

Y= , Y={3x+6

Y=2""Inx, Y=(cos x+3)**

B24 Y=5x*-2x>+65, Y=x?arcsinx

Y= )37 Y=§’/X2_5

(6x—4
Y=32"Inx, Y=(sin x+2)**
B25 Y=-2x%-3x%*+1, Y=x’ctgx

,Y={x*+5

arctgx

Y=

Y=¢*Inx, Y=(sin x—1)**
B26 Y=8x*-6X"+1, Y=2x%arccosx

tgx ., 9
Y=5x = (6x—5)

Y=4""Inx,Y=(sin x+5)"*
B27 Y=3X2+11x%87, Y=3x’ctgx

COSX —3
Y= Y_(4x+9)5

2x’
Y=5°% Inx,Y=(sin x—2)**

B28 Y=x"+9X%-51, Y=x%arcsinx



Y=—"VY={8x—3
COSX
N -
: Y=—"—,Y=\8x-3
Y= Inx,Y=(8 x—2)" Cosx

Y= Inx,Y=(cos x+6)**

B14 Y=3x"-9X*+11, Y=5x’tgx B29 Y=3x"-9X*+11, Y=5x’tgx

2 _ 5 o
y=—""— v={2x"_6 y=—22— v={2x"_6
arcsinx arcsinx
Y=¢%* Inx Y=(tg x—3)* Y=*""Inx ,Y=(sin x+2)**

B15 Y=x>-8X*+16, Y=4x’ctgx B30 Y=x"-8X*+16, Y=4x’ctgx

_actgx 9 _actgx ., 9
Y="3x ’Y_(Zx—15)6 Y=73x ’Y_(Zx—15)6
Y=6"Inx,Y=(Inx+2)** Y=6"Inx,Y=(sin x—6)°*

2.Haiitn mpou3BojiHbIE (DYHKITHH.

a — MOPSAAKOBbINA HOMEP B )KypHaJe

a

1. y=a xa—%+ax/x”+6—ax+a 2. y=2°V(ax2—3ax+5)3—

X t\X+C1)a_4

3. y=tg"(x+a)-arccosax” 4. y=arcsin’ax-log,(x—a)

5.y=actga’’ 6. y=ctglax-arctg\x°
Vax’—3ax+5a _lg(ax2—2ax+3(1)

7.y= — 8. y=

e arcctg’ ax

KonTposbHbIe BOnpochl

1.ChopMynupoBTh onpeiesieHne Nporu3BOAHOM, mpaBuia AudepeHInpoBaHusl.
2.3HaTh TaOJIUITy TPOU3BOIHBIX dJIEMEHTAPHBIX (QYHKIIUH.

3.ChopmynupoBaTh MPaBUIO HAXOXKICHUS TIPOU3BOTHOMN CIIOKHOU (DYHKIIHH.

IIpakTuyeckas padora Ne 7 mo reme«UcciaenoBanuss (GyHKIUU U MOCTPOEHUE
rpagpuka»



Henab: HAyuynuThCA WCCIENA0BATH (PYHKIUIO U TIO pPe3yIbTaTaM UCCIIeTIOBAHUS
CTpOUTH TpaduK.

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue

1.TeopeTnyeckue ceegeHuUs

2.3apaHue

3.JIuctA4

4 KanbKynsatopel

MopsapoK BbINO/NIHEHUSA PaboTbI

1.3yuntb 3apaHme

2. N3yunTtb TEOpEeTUYECKNE CBEAEHUS

3. BbinonHUTb 1 0bOpMUTL paboTy

4.NokasaTb pe3y/sbTaTbl NpenogaBaTesto

JJoMaluHee 3apaHue

1.MoarotoBUTL OTBETLI HA KOHTPOJIbHbIE BOMPOCHI
TeopeTnyeckue ceegeHus.

Cxema uccneoosanusn gynkyui

1) OGnacTh cymecTBOBaHUS (PYHKITUH.
OTO MOHATHE BKIIOYAET B ce0s M 00JIaCTh 3HAYEHUU M 00JacTh ONpeneseHUus
(GyHKUIHU.

2) Touxku pa3psiBa. (Ecau oHu umerorcs).

3) UurepBainbl Bo3pacTaHus U yObIBaHUSI.

4) Touku MakCHMyMa U MUHAMYMa.

5) MakcumanpHOE W MHUHHMAJIbHOE 3HaueHHEe (YHKIMHM HA ee 00JacTH

OTIpE/IETICHMUSL.

6) OO6sacTy BBITYKJIOCTU U BOTHYTOCTH.

7) Touxu neperuba.(Ecnu onn numerorcs).

8) AcumnroTsl.(Ecnu onu umerorcs).

9) Iloctpoenue rpaduka.

3
X

Ipumep. UccnenoBats GyHKINIO T Y TIOCTPOUTH €€ rpaduk.
Haxonum obnacte cymiectBoBanusl (QyHKUMU. OUEBUAHO, YTO 00.1aCMbIO
onpedenenuss GyHKIUU ABIIETCS 007acTh (-00; -1) U (-1; 1) U (1; ).
B cBowo ouepeab, BuAHO, 4yTO mpsiMpie X = 1, x = -1 sBastorcs
8EPMUKANbHBIMU ACUMNIOMAMU KPUBOM.
Obnacmywio 3nayeruti JAHHOU (DYHKIIMH SIBISICTCS HHTEPBAI (-00; o0).
Touxamu paspviea GyHKUNHU ABIAIOTCS TOUKH X = 1, x =-1.
Haxonum kpumuyeckue mouku.




Haitnem MIPOU3BOIHYIO byHKIIMN
33X (X =1)=2xx°_3x*—3x%—2x* _ x*—3x°
(x2—1)2 (xz—l)2 (xz—l)2

Kputnueckne touku: x = 0; x = - J?’ ;X = J?’ ; x=-1; x=1.

HaxonuM mnpomMexyTku eospacmanuss W yowiganus GyHKUMH. [ 3Toro
ornpeensieM 3HaKi NPOU3BOIHON (YHKIMU HA TPOMEKYTKAX.

~oo<x<- V3 | y>0, hynkmms Bospacraer - V3 <x<-1,  y'<0, dyHKu#I
yOBIBaeT

-1 <x<0, y'<0, dyHkuus yosiBaer 0 <x<1, y'<0, byHKIUA
yOBbIBaeT -

1 <x< 3 , y'<0, ¢yHKIus yobiBaeT V3 <x<00, y>0, QyHKIUA
BO3pacTraet

BuaHo, 4uro Touka X = - 3 SIBIISICTCS TOYKOW MaKcumymd, a TOYKa X = 3
SIBIISICTCS TOYKOW MuHuMyma. 3Ha4eHUsT PYHKIIMU B dTUX TOYKAX paBHbBI

COOTBETCTBEHHO 3 \@ 2u-3 V3 .

Haiinem BTOpyr0 NpOU3BOAHYIO QYHKIUN

(4’ -6x)( -1 (x-3x7)ax(x 1) (4x’—6x)(x*—2x7+1)—(x*—3x%)(4x°—4x) _
(x*-1)* (x*-1)*
_ 4% —8x°+4x°—6X+12x°—6x—4x +4x°+12X°—12 x3:
(x*~1)*
C2xX%+4x°—6x _2x(x*+2x°=3) _2x(x*+3)(x*—1) _2x(x’+3)
(x*—1)" (x*~1)* (x*-1)" (x*-1)
Onpenenym BBITYKIIOCTh U BOTHYTOCTh KPUBOM Ha IIPOMEKYTKAX.
-00<x< - 3 , y'<0, xpuBas BITyKJIasi - 3 <x<-1, y’’<0, kpuBas
BBIITYKJIast
-1 <x<0, y"">0, kpusas Boruyras 0 <x<l, y '< 0, KpuBas BBITyKJIas
1 <x< V3, y >0, xpuBas BOTHyTas 3 <x<wo, y >0, xpuBas
BOTHYyTAs

HaxonuMm mpomexyTku eospacmarnus W yowvieanus (GpyHkuuu. s 3Toro
oTpesieNsieM 3HaKi MPOU3BOTHON (QYHKIIMY HA TPOMEKYTKAX.

—oo<x<- V3 | y> 0, hyHKIHS BO3pacTaer - 3 <x<-1, y'<0, ynkuus
yOBIBaeT

-1 <x<0, y'<0, ¢ynkuusa yosBaer 0 <x<1, y'<0, dynkuums
yObIBaeT B

] <x< 13 , y'<0, ¢yHKIus yobiBaeT 3 <X<0, y>0, dyskuus

BO3pacCTacT



Buano, yTo TOUYKa X = - V3 ABJISIETCS TOYKOM MAKCUMYMA, @ TOUKA X = V3
ABIISICTCS TOUKON Munumyma. 3HaueHnus QyHKIMU B 3TUX TOYKAX PAaBHBI

COOTBETCTBEHHO 3 \@ /2wn-3 ¢3 /2.

[Tpo BepTuKaNbHbBIE acumnmomsl ObUIO YK€ CKa3aHO BhIIIE. Teneps HalineM
2
. X . 1
k=1lim =lim =1;
00X =1 x30 1 _i

HAKJIOHHbIE ACUMNMOMDbL. X
) x> X - X +x

b =llm| —- x| =lim| —— | =

x—eo| x% -] x— x2-1

) X )
:11m2— =lim—* — =0

Y
X

Hroro, ypaBHEHNE HAKIIOHHOW ACUMIITOTBI — Y = X.

Crtpoum epaghux hyHKINH:

B

3apnanue 1.MccnenoBars GyHKIMIO MO MPEIIOKEHHON CXEME U IIOCTPOUTH €€
rpaduk:

1. Haiitu obmacts onpenieneHus GyHKIINM.

2. UccaenoBath HA YETHOCTh ¥ HEUETHOCTb.

3. UccnenoBath Ha EPUOAUYHOCTD.

4. HaiiT cTanlMOHAapHBIE M KPUTHYECKUE TOYKH IIEPBOrO poja.

5. HaiitTu mpoMexyTKH BO3pacTaHus ¥ yObIBaHUS (QYHKIIUH, SKCTPEMYM.



6. HaiiTu cTanmoHapHble ¥ KPUTUUYECKUE TOUKU BTOPOTO PO/JIa.

7. HaliTu MpOMEXyTKH BBITYKIOCTH (DYHKIIMH, TOUKHU Meperuoa.

8. Haiitu acumMnToThl (BEpTUKAIbHBIE, TOPU30HTATIbHBIEC, HAKIIOHHBIE).
9. Haiitu Touku nepeceuenus rpaguka GyHKIMU C OCIMHU KOOPIHUHAT.
10.HaiiTu n1onoIHUTEIbHbBIE TOUKH.

11. To pe3ynbpTaTam UCClIEI0BaHUS MOCTPOUTDH IpaPuK QyHKIIUH.

2_2x—8 x3-Tlaxix3-12x3
BLa)y=xX(2X):0)y=""7"  Bl6 a)y- OxH:

x3 x?
O)y=x*+1x7+1

B2. a)y=x¢§; 0) y= %.¥3+%.L‘2%.L‘3+%.¥2
X +2x—8 B17. a)y= -2x-1;

x+3

X: X3
X —2X -2
0)y=
B3.a)y=x-arctgx; 0)y= %.L’E _x3_3y +%%.L’E _x3_3Y% +%
X —3x-10 B18. a) y=
x—1 X3
X3-3
; 0)y=
8 X2+3X—10 -xX% 4+ 3x¢
Bda)y="07; 0)y=""13  Bl9.a)y= +9x;
x3-1
0)y= 3x +5
1—x o5 4
BS. a)yz\/ s 0)y= B20. a) y=x-20x ; 0) y—l-xz
X —4x—12

x+3



X
B6. a) y_1+X2,
X+4x—12
x—3
X
B7. a) y—72+16;
B8.a) y=,s;
X
BY9.a) y =1
x—2x—15
x+4

B10. a) y =2x-x%

X +2x—15
x—1

Bll. a)y=

0) y=

B12. a)y=

-X% +3x%-2

B13.

x?-12x+6

Bl4. a)y=

Y3 +oxi+ 2av+ 12

0)y=

0)y=
0)y=
XE -3x% +4
5 —a2x
X:-4
X3
Y3-1
0)y=
a)y=
X
0)y= X+4
X3
6X + 18

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

B29.

a)y=x"+15x>-x-250 6)y=

a)y=vx+2;

a) y=x>-4x ;

a)y =3x-x’;

a)y = 2/3x°-2x=1;

a) y=2x>-x*;

a)y =2x>-8 ;

a)y = x*-8x*+3

3
a)y :4—X2;

X —1

X

X
6)y: X'+9

6) y = 3x+>+5

oy =
6) y=-
6)y = 1—Xx2
6)y ="
. Oy
6) y= x2+ji<3—10



B15. a)y= B30. a) y = xV4—x;

KoHTpoJsbHBIE BONIPOCHI:

1.YTo Takoe obsacth onpeaeacHus GyHKIUu?

0) y

2.Kakue QpyHKIIMU Ha3bIBAIOTCS YETHBIMU , HEUETHBIMH, OOIIEro Buaa?

3.Buael Touek pasphiBa.

4.Yto Takoe HyJIH PYHKIUU?

5.Kax onpenenuts NpoOMeEXyTKHU BBITYKJIOCTH?
6.Buapr acuMmToT.

:x2—2x—8
xX+3

Tema «PelueHune cucrteM AMHeENHbIX ypaBHeHUN no popmynam Kpamepa u

MeToaoMm lMaycca»

Llenb:Hay4nTbCs BbIYUCAATL ONpeaeuTeIM BTOPOro 1 TPETLENO NopsaaKa

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceeaeHms

2.3apaHune

3.JIuctA4

4. KanbKynsatopel

MopspoK BbiNOIHEHUSA paboTbl
1.3yuntb 3agaHue

2. I3yunTb TeopeTmnyeckue ceegeHus

3. BbinonHUTb M 0bOpPMUTL paboTy
4.MNoka3aTb pe3ynbTaThl NpenoaaBaTesto
JomaluHee 3apaHne

1.MMoArotoBUTbL OTBETLI HA KOHTPOJIbHbIE BOMPOCHI
Xop pabotbli

TeopeTnyeckue ceeaeHus



IIpakTnueckas padora Ne 8 mo reme

Tema «BbluncieHue nepBoodpasHoii M onpeaeJeHHbIX HHTETPAJIoB.
du3ryecKoe ¥ reoMeTpuYecKoe NPUJI0KEeHUe HHTErPaaoB»

[{esib: MpOBEPUTH YMEHHE BBIYMCICHUS ONPECTICHHBIX MHTErPAJIOB, HAXO0XKICHUE
IUIOIIaAcH.

Bpems BbinosiHeHUA 90 MUHYT

MarepuanbHoe obecrneyeHue
1.TeopeTtnyeckme ceefeHuns

2.3aaHue

3.JIuctA4

4.KanbKynatopbl

MopaaoK BbiNOJHEHUSA PaboThl
1.13y4ynTb 3apaHue

2. I3yunTtb TeopeTnyeckme ceefieHns

3. BbinoHuTL 1 0dopMuTh paboTty
4.[loka3aTb pe3yabTaTthl NpenoaaBaTesio
JomallHee 3apgaHune

1.MoArotoBUTL OTBETHI HA KOHTPOJIbHbIE BOMPOChHI
Teoperuueckue cBeIeHUA

Onpedenennstii unmezpa.

[TycTth Ha oTpe3ke [a, b] 3amana HenpepsiBHAs GyHKINA f(X).

0| axbx

O6o3HaunM m u M HauMmeHblllee W HaubOoJbIlee 3HaueHHE (YHKIMH Ha
oTpeske [a, b]



Pazo0bem oTpe3ok [a, b] Ha yacTu (He 005A3aTETFHO OJIMHAKOBBIC) N TOYKAMH.
Xo<X1<Xp< ... <Xjp

Torma X1 — Xo = AXy, Xo — X1 = AXa, ... ,Xn— Xn1 = AXp;

Ha kaxmoM M3 TOJIy4eHHBIX OTPE3KOB HaJIeM HaMMEHbIlee W HauOoJIblIee

3HaueHuEe (PyHKIIUH.

[Xo, Xl] — m;j, M1; [X1, Xz] — 1My, Mz; - [Xn_1, Xn] — My, M..

CocTaBUM CyMMBI:

ZSmA%
S =mAX) + mAX, + ... tmuAX= =

s D M Ax,
S »=MiAX; + MaAXs + ... + MuAx, = =

Cymma S paspiBacTCs HIKHE MHTErpaJbHON CyMMON, a cyMMa S — BepxHei

HHTErpajJbHONH CYyMMOIA.
T.k. m< M, 102,<5,, a mb-a)<5,<5,<M(b-a)

BuayTpu kaxaoro orpeska BbIOEpeM HEKOTOPYIO TOUKY €.
Xo<€1<Xi, X1<€<Xz, ... , Xp1<€Xj.

Haiinem 3HaueHust QyHKIMHA B 3THX TOYKAX M COCTaBUM BBIPAKEHUE, KOTOPOE
Ha3bIBACTCS MHTErPaIbHOM cymMoii 1 Gyukun f(x) Ha oTpeske [a, b].

D f(e)A,
S, = f(S])AX1 + f(Ez)AX2 + ...+ f(Sn)AXn = =

Torpa MoxHO 3anucath: mAx; <f(€;) Ax; <M,;Ax;

fmiAx,- Sff(e,-)Axl- SZn'Mlei
i= i=

CnenmoBarteiabHO, =
S, <5, <§,

['eomeTprueckd HTO MPEACTaBISIETCS CIEAYIOIMM oOpa3oMm: rpadux
¢bynkuun f(X) orpaHMyeH CBEpXy ONUCAHHOM JIOMaHOW JMHHWEH, a CHHU3Yy —
BIIMCAHHOW JIOMAHOM.

O6o3HaunM maxAx; — HauOONBIINNA OTPE30K pa3doueHus, a minAx; —
HauMeHbmuid. Ecom maxAx;,— (0, TO 4uciao OTpe3KoB pa3dueHusi oTpe3ka [a, b]
CTPEMHUTCS K OECKOHEYHOCTH.

n

S, =2 f(e)Ax, lim J f(e;)Ax; =S§.
Ecnu i ,To " iE



Omnpenenenue: Ecnu npu m00bix pazOueHusx oTpeska [a, b] Takux, uro maxAx;—
Sn :Zf(si)Axi
(0 ¥ TpPOW3BOJIBLHOM BBIOOpPE TOYEK € HWHTETpaibHAs CyMMa i

CTPEMHTCS K TIpeieNly S, KOTOPBI Ha3bIBAETCS ONPENeICHHBIM HHTErpaioM oT f(X)
Ha OTpe3ke [a, b].

b

ff (x)dx.
OO6o3HaueHue : ¢
a — HIDKHUH Tipezent, b — BepXHuil mpeel, X — nepeMeHHass HHTerpupoBaHus, [a, b]
— OTPE30K UHTETPHUPOBAHUSI.

Onpegeneﬂne' Ecrm  mns yskmum  f(x)  cymectByer  mpenen
lim Z f(e,)Ax, = ff(x)dx

max Ax;— 0%

[a, b].

TO (YHKIUSI HAa3bIBACTCS MHTErPUPYEMON Ha OTpe3ke

lim ZmAx J'f(x)dx

max Ax;— 0%
Tak>xe BepHbI YTBep)KI[eHI/I}I

lim ZMAx ff(x)dx

max Ax;— 0

Teopema: Eciu ¢dyskiusa f(X) HempepslBHA Ha OTpeske [a, b], To oHa
MHTETpUpyeMa Ha 3TOM OTpE3Ke.

CBOJiCTBA ONPENEIEHHOI0 UHTErpaia.

}Af(x)dx :A}f(x)dx;
1) a a

[(@) = £, = [f, (x)dx = [f; ()
2) a a a

f f(x)dx =0
3) «
b b
ff (x)dx < fcp(x)dx
4) Ecmum f(x) <@(x) Ha oTpe3ke [a, b] a<b, To ¢ a
5) Jlnst mpou3BONIBHBIX YKCEN a, b, ¢ ClipaBesIMBO PABEHCTRO:

ff(x)dx = J'f(x)dx + J'f(x)dx

Pasymeercs, 3TO paBEeHCTBO BBIMOJHSIETCS, €CIM CYLIECTBYET KAXKIBIA W3
BXOJSAIIUX B HErO MHTETPAJIOB.



Fdr = [f()dx
o=

Butuucnenue onpeOeﬂermozo unmezpaia.

b

f f(x)dx
Ilycte B mHTErpase « HIWKHUU Tpefen a = const, a BepXHHUM mpeaen b
n3MeHnsercs. O4eBUIHO, YTO €CIIA U3MEHSETCS BEPXHUM MpENET, TO U3MEHSAETCA U
3HAYEHUE UHTErpaa.

J" f(t)dt
O603HauuM ¢ = O(x). Haiinem npousBoanyo QyHkiuu D(x) 1o
[IEPEMEHHOMY BEPXHEMY INpEAEIyY X.

P
Eaff (Odt = f(x)

AHaJ'IOFI/I‘-IHy}O TCOPCMY MOKHO JOKa3aTb IJId Clydasd IICPCMCHHOI'O
HMOKHCTO IIpCacia.

Teopema: [Ins Bcsxoit gynkuuu f(X), HempepbiBHOW Ha oTpeske [a, b,
CYLIECTBYET Ha JTOM OTpe3Ke IepBoOOpa3Has, a 3HAYUT, CYLIECTBYET
HEOITPEEIIEHHBIN UHTErPAJL.

Teopema: (Teopema Hrrotona — JleitOnumna)

Ecin ¢ynkuus F(x) — kakag- n1ubOo mnepBooOpa3Hasi OT HENpEepbIBHOU
¢bynkuuu f(x), TO

b
[fGydx =F(b)- F(a)
ATO BBIPAXKEHUE U3BECTHO MO/ HazBaHueM (popmyisl HeroTona — JleitbHuna.
b

Nuorna npumenstoT oboznauenue F(b) — F(a) = F(x) « .
®opmyna Herotona — JleitOHuna mnpencraBiseT co0oMl OOmMI TMOAXO0M K
HaXO0XJICHUIO OIPE/ICICHHBIX UHTETPaIoB.

Uto kacaeTcsi MPUEMOB BBIYUCIICHHS OINPEACICHHBIX WHTErpajioB, TO OHU
MNPAKTUYECKA HUYEM HE OTJIMYAOTCS OT BCEX TEX MPUEMOB U METOJOB, KOTOPHIC
OBLIN PAaCCMOTPEHBI BBIIIC MPH HAXO0XKJICHUH HEOIIPEACICHHBIX HHTCTPAJIOB.

To4HO Tak kK€ MPUMEHSIIOTCSI METO/Ibl TIOJICTAHOBKH (3aMEHBI IEPEMEHHOM),
METOJI UHTETPUPOBAHUS MO YACTSIM, T€ K€ MPUEMbl HaXO0XKJACHUSI MEPBOOOPA3HBIX
JUISL TPUTOHOMETPUUYECKUX, HUPPALUOHAIBHBIX M TPAHCUEHJEHTHBIX (YHKIUH.
OCOOEHHOCTBIO SIBISIETCS TOJBKO TO, YTO MPU MPUMEHEHUH 3TUX MPUEMOB HAJO
pacrpocTpaHsTh peoOpa3oBaHUE HE TOJIBKO HA MOJABIHTETPATbHYI0 (PYHKIIUIO, HO
U Ha Tpelenbl HUHTEIPUPOBAHUS. 3aMEHSA NEPEMEHHYIO HHTETPUPOBAHUS, HE
3a0bITh U3MEHHUTH COOTBETCTBEHHO IMPEJICTIbIl HHTEIPUPOBAHMUSI.



3amena neépemeHHblX.

b
‘[f (x)dx
[Tycth 3aman wHTETpan « , e f(x) — HenpepbiBHas (GYyHKIUS Ha
oTpeske [a, b].
BBeznem HOBYIO IEPEMEHHYIO B COOTBETCTBUU € (HOpMyIIoit X = (t).
Torma ecin
D () =a, @P)=b
2) (t) u @' (t) HeTIpephIBHBI Ha OTpe3Ke [, []
3) f(p(t)) ompenenena Ha otpeske [a, 3], TO

b p
[f@dx = [fle@®le(t)at

B
ff [0 ()dt =F[o(0)]| =FleB)]- Flp(o)] =F(b)- F(a)

p
a

Torma «
ITpumep.
1 :Sil'l t, /2 /2 /2
f\ll- xidx = ¥ = J'\ll- sin’ ¢ costdt = J'cos2 tdt zl J'(1+cos2t)dt =
f o =0;p =mn/2 5 g 2
1. /2 1. T
=—|t+—sin 2¢ | =—+—sinmw =—.
2 o 4 4 4

[Tpu 3ameHe mepeMeHHOW B OINpENeICHHOM WHTErpaye ciaeayeT MOMHHUTH O
TOM, 4TO BBoAMMAas (yHKUHA (B PACCMOTPEHHOM MpHMeEpe 3TO (PyHKUIHSA Sin)
JO0JDKHA OBITH HETIpepbIBHA Ha OTPE3Ke MHTErpupoBaHusA. B mpoTuBHOM ciydae
(dbopmasibHOE TpUMEHEHUE (POPMYJIbI IPUBOAMT K adCcypay.

IIpumep.
i ke
J'dx =X | =7
0  , ¢ Jpyroil CTOpPOHBI, €CIM MPUMEHUTh TPUTOHOMETPHUECKYIO
MOJCTaHOBKY,
" : dx dx ( 0 dt

_ _ _ U
Ofdx ~Jsin?x+cos’x  Jcos® x(1+1g2x) &= et

T.e. nBa crmocoba HaXOXJIEHHs HMHTETpalia JAOT Pa3IM4HbIE pPe3yJbTaTbl. ITO
IPOU30LIIO M3-32 TOTO, YTO HE OBUT YUYTSH TOT (paKT, YTO BBEICHHAS NEpEeMEHHas
tgx MMeEeT Ha OTpe3Ke MHTErpUpOBaHHs paspbiB (B Touke X = 71/2). [losTomy B
JaHHOM Clly4yae Takas IOJICTaHOBKa HenpuMmeHnMa. [Ipu 3aMeHe nepeMeHHOU B
ONPE/ICIICHHOM HHTErpajie CJeAyeT BHHMATEIbHO CIEIUTh 32 BBINOJHEHHEM

IMCPCUNCIICHHBIX BBIIIC YCHOBHfI.

HNuTerpupoBanue mo 4acTam.



Ecmu ¢ynkimum u = ¢(x) 1 v = y(X) HeIpepbIBHBI HA OTpe3Ke [a, b], a Takxke
HEIMPEPBIBHBI Ha 3TOM OTPE3KE WX IPOU3BOAHBIC, TO CHpaBeIMBa Gopmya

HHTCTPUPOBAHMS 110 HACTAM:
b

b b
udv =uv| - |vdu.
fudv=el - §

BriBog oaTOl  dopmMysnbl  aOCOMIOTHO AaHAJIOTHMYEH BBIBOAY (HOPMYJIBI
WHTETPUPOBAHUS TIO0 YaCTSIM JUIsl HEONPENIEJICHHOTO HHTErpasia, KOTOPBIM ObLI

BEChMa MOJIPOOHO PACCMOTPEH BBIIIIE, IO3TOMY 3[1€Ch MPUBOAUTDH €r0 HET CMBICIIA.

[Inomans KpUBOJIMHENWHOM TpalleUUH, OIPAHUYEHHOW HEIPEPBIBHOW KpPUBOM
y=f(x), IByMsI TIPSIMBIMH X=a U X=b W OCBHIO a0CIIMCC, BBIYUCISICTCS C TOMOIIIBIO
OIPE/IETIEHHOr0 UHTErpasa 1o (GopmyJiam:

: " ) ) 5;
Ay
y=fx)
b fx=0=>x=c
o 8 ¢ % . s
% §=5,+8, = [flx)x + jf(x)% -
B - a <

Ay e A T ey S
i A B S=ffGs - P A B = fR)=2 n=ax
. h ) . ‘ a- . . i = b ]
e ] /I - Jrn
- . , .
xr - : T IJ\Bb! )

E

2

Ilpumep 4: Beraucnure miomaab GUIypbl, OrPaHUYCHHON JIMHUSAMH ~ y=—X —2x+3
OCSIMU KOOPAMHAT U MpSAMON  x=2.

Pemenue: [ToctpormaanHblie TMHUM



Ay

| /\ X’Kﬁm}
= // ], i, 2
7 0 . ! %
. ‘% x=2
2

Haiinem Touky nepecedenus rpaduka GyHKIUK ¢ ocblo Ox: ¥y=—X —2x+3

2
—X —2x+3=0 , Xi=1, X,=-3

3 3

| (X ) j(X s (—K-X+3x) -(-&-X il
0 | 3 \0 3

12
3

:_l_1+3_(_§_4+6)+(_l_1+3):§+%+§:
3 3 3

=4(ke.ed.)
3 3 3

3aganus npakTU4YecKoil padoTbIBeunCINTh ONpeeIeHHbI HHTErpa

1.
2 3
a) 2
a)IJ(?axz - 2x)dx Ofcos —x a) J(4x3 - 3x% hix
1
211 3 4
CcOS X dx
b) dx b) [(1- x)*dx b)
1. ﬁr 6 11. 2f 21. Ofo”
3 T
1 2" 1 9
a) J(xz - xhix a) J‘cosgxdx a) J(2 cos 3x)dx
-2 0 0
[1/6 4 2
6d.
b) [ — b) [+ 2) dx b) (1= 2)*dx
o 116 €08 22x 12. 4 2 22 b 2



cos xdx

a)

N"§wm\§l

a2
4

a)f ——dx
cos” x

b) fi1+ g)gdx

2
a) ((4x° +2x)dx
/

i
b) f 3dx -

0 cos?(Z - =
(2 3)

Ja

4
a) ﬂ4 cos 2x)dx

D f«/9x- ldx

a) J(6 sin 2x)dx

2

b) _[(3- 2x)* dx

Ja

5
Cl) f—zdx
0

COS X

1
dx
b
' )_!5 - 3x

2
a) [(x’ - x? +3)dx
f

2
b) er+3 dx
J

13.

14.

15.

16.

17.

18

19.

3

a) (3x* - 2x)dx
/
I1/2

b) |3sin xdx
R

dx

a)J{3sinlx
f 2
0
b) [(1- 2x)*dx
J

n
a) J(36cos2x)dx
0

. 2dx
b)_‘!(3 RSN dx

T

6
a) [cos xdx
!

b) }(l - 2x)*dx

836
a) J'de
Jcos” 2x

b) }(3 - x%)dx

T

a)}(2 sin x)dx
b)}(x2 +1)dx

T

3
a) [sin xdx
!

b) [(7- 2x)*dx

23.

24.

25.

26.

27.

28.

29.

T

12
a) ﬂ108sin 6x)dx
0

b) J‘(7 - 5x)dx

T
8

4
a dx
)Ofcos2 2x

b) f(4x3 + 6x)dx

2
a) [(5x* - 6x2)dx
/

b) f«/8x- 5dx

3
a) [(2sin x)dx
!

b) f("? %)dx

3
a) (3 x* +4x3)dx
f

I1/8
b [
11/4

cos4x dx

3
a) [(2x° - 2x)dx
f

b)n‘/f 4dx
J cos® 2x




10.

10.

2
a) [(x* - x° +2)dx
J

1
b) (5 dx
!

V3

J"x%/l +x7dx
0

1/2

dx
fx

Vi- 27

2
X
dx

fql(x +4)°
J.14/(16+x
3;[«5/3 4x

x*dx
i
Y. 10xdx
v4l16- x*)°
x’dx

5 1I(x4 +4)

8]

a) 3(x3 - x)dx

I1/3
b) [3sin 3xdx

20.

2.

1

11.0

I

1
In(3x-1) dr

14,75 3%~ 1

J.13/ln(2 - 3x) »

15. 0 2-3x

. sin xdx
Jes

16. COS X

f dx
17.1,29«/1- 2x
1/4 dx
§ A1- 4x

18.
‘l+Inx
f

20. fll)C'\jl- lnzx

3.

’ dx
11. 2-[(x- )’ (x+1)
(x* +2)dx

" J(x +1)(x- 1)

Pxt #3x3-1

d
a+)?

13.°0

22, PV4-x?
oxidx

23. 6[\]l6x4+1
4. 6[%/(x +8)*

/6
i cos3x

25, OJIQI(I- sin 3x)°
(jf dx
26._3/4\/4x+3

x2dx

dx

- lf\/sl(f - 1)

dx

08, Of (2x- 1)?

1
J'x3\/4 +5x*dx

29.0

T

sin xdx

7 2
30.7/2 COS X

>, dx

1. sz(x- 1)
2‘. dx

gy dx+D(x" +4)
PoxT - x+2

23.7fx4' 5x% +4

dx



o dx _[ xdx p xdx
sz(x-l) 1q. 0% +3x+2 0g §X° - 62> +16- 6
y’dy I}M dx
5., _lfy+2 15, 8% " X" - 6x 25, 1% *1
3fxz+2x- 3dx Jj. dx J}x +1 i
6. 3 XX 16, 1% *X 26, X"+
1/2 3 7 3.3 2
xdx x'dx +x°+2
.[ 1 3 4 J‘X 2 _ 1)2 dx
7. G-l 17.31- X 27,7 X(x
L dx ?3-2x2+4dx
PRV 3 2
N e RN 2, )
f x 0 xdx U3 2dx
PRV 4
9.  dlr+Dx-2) 19.1% 7 1 29. 0 ¥~ 1
' (2x +3)dx ﬁf 2 "st - 20743
3 2 2
10. ¢ 73 20, 0 ¥ ¥ tatl 30.1 (*-2)
4.
2 2 4
3 a)J' bx dx2 ) Bxvx*- Tdx
a) fx3\/1+x2dx _1(x3 - 5) 22
0 JT JT
2 4 2 '
b) J(2- x)dx b) f\/zcos xdx b)JZsm xdx
1.1 0 1.11 o 1.21 o
3
a) J‘L3 " Xdx f
"3 x) a)fm J31-2x
0 T
3 e 3 y
p st Y ey
12 0 (3- sin x) 112 & 1.22 (8- 7sin x
2
0 L xdx
dx sS4+ 5x7, a) f
a) |x’v4+5x"dx
@ 1‘/[;‘3v1+3x )Of PN4- x°
(202 + et ? (- Ddx ¢
b b) b) |———
13 )f : 23 Jx«/1+lnx
3 0
2
a a) 6)63(3964 - 1) dx a)
)37[\'3 4x 5[ _14x2-9
1 2 3
b) f xedx b) J‘ﬂ b) J(2x +1Fdx
1a Tx+df 114 0V8-T7X 124 i



1.5

1.6

1.7

1.8

1.9

1.10

1
x*dx

R

0
T

2 Cosxdx
b) J‘

g (5- sin x)?
4/3 dx

9) Jv)c2+1

3/4

NG
b) J'xxsll +x7dx
0

a)-} dx
JN25+3x
e cos3x

by [t
: Ofﬁl(l— sin 3x)’
2L xXdx

a)(;[\/x4+4

2
b) |3cos2xdx
F

dx

e 2
a)JSln X o
Jox

x*dx

1
b) —
5[\/5 8- 7x°
1
dx
a)J3«/2- 4x

cos xdx

2 !(8 - sin x)?

3
fxln(x- Ddx
21 2
0
xze-x/de
2.2 -2
/2
X COS xdx
23 0
/2
x? sin xdx
24 0

1
a) [2x° + 1)4x2dx
!

2 2
b) x“dx

1.15 6[.3‘\]94'2)(?3

1/2

a) f xdx

V1- x?
° Jx

b)
1.16 !‘V"'l

1
a) e - 1)4exdx
f

dx

1/4 dx
°) J.3«/1- 4x
1.17 0

a) 0 dx
_3'/1; Adx+3

10xdx

b) [——
1.18 J4‘V(16'x2)3

1

a) [4x’ + l)szdx
f
1

b) J'xzex3+ldx
1.19 ©

/6
i cos3x

——d
“ 5[16/(1- sin 3x)’ ’

NG}
32xdx
b
) lfixz + 1)5

5.

1.20

JX/; In xdx

1

1

farctg Vxdx

0

f(x +2)cos = dx
; 2

/8

fxz sin 4xdx
0

1/4 dx
a) [—=—
) Of«3/1- 4x
5
b)J(4- x) dx
1.25 ¢

1/2
dx

%) Of 2x- 1)

b)]éhlzx

1.26 !

dx

X

"odx
N

1
b) J(x3 - &dx
127 0

a)gj'\/x +1dx

2
xdx
b)f 5
2
1.28 ¢ (-1
4
10xdx
a .[4 243
0 (16' X )
3
b) |sin
J

T

1.29 °

3x- z]
2

5 2
x“dx

“ lfw/31(x3 - 1)

1
b) J'exzxdx
1.30 ¢

}(3 - x)e'dx

1

farcsin( 1- x)dx
1/2
NG

arctg —dx
; X

(j]‘x In(1- x)dx



2.5

2.6

2.7

2.8

2.9

1/2

J'arccos 2xdx
-1/2
2
f(x - 1)In xdx
1

0

e *dx

-1/2

2
fxe’”dx
1

-2/3

f efx dx

-1/3

‘In®x

2

dx

210 T ¥

2
*In xd
lfx xdx

f(x +1)In xdx
1

2
J'arctg (2x - 3)dx

3/2

/2

J'(x + 3)sin xdx
0

In2

x
Jxe X

0
f(x - 2)e dx

-3

sinx

e cos xdx

e SNE!

2x +3)e dx

e o ©

0
J'(x +1)e > dx
-1

1/2

J'arccos 2xdx
-1/2
1

fxarctgxdx
0

2
J]n(3x +2)dx
1

3ananus npakTudeckoil padorsiHaiiTu momane Gurypsl, orpaHH4eHHON

JaHHBIMH JIMHUAMHA

3amanue 1

— 2
1,11,21.7 =8%- 2" 7 y ocpro ox

2,1222.7 = -1 y—0 x=0

3,13,23.7 =% - 3% 4 ;4 ocpi0 OX

4,14,24.Y° =4x u x* =4y

5,15,25.Y =5x- X' +6 4 ockio OX

6,16,26.
7,17,27.
8,18,28.

9,19,29
10,20,30.

3amanue 2

3

y=x"y=x" y=_1 x=0

y=x"-6x+8

u ocbro OX
y =x py=x+2
.2
Y=XT-4x-5 g oepio OX

¥y = 6x—3x" u ocvio OX



LIL21Y =42 gy =2x+2p 10 0p y=x2 g ¥ =2 %
3,133 0 =6 g y+x-T7=0 41404 y=2" y=2x-x" gy x=]

4
515257 =% x—¢ y=0 61626, + ,x=l,y=x-17,1727.
y=xiax y=l-xt v x=1 81828V % x=2  9,19,29.
Y =e0SX y = () x =21,y =010,20,30.y = V¥, y =2, x = 0 3azanue 3

[L112l.x—y+3=0, x+y—-1=0,y=0
2,12,222x =3y +6=0,y=0u x=3

3,133, V=X 22043 4 g3y
4,1424, x—y+2=0,y=0,x=-1,x=2

5,15,25. y*=4x,x=1uocero OX

2

6,16,36. V= my=-3x

71737, x—y+3=0,x+y—1=0,y=0
8,18,28. x*=3ymu y=x

9,19.29. x—y-2=0, x+y+1=0,y=0
10,20,30. y*=9x, x =3 u ocero OX
KoHTpPO/IbHbIE BOIPOCHI

1.Yto Ha3BIBAIOT ONPEAEICHHBIM HHTErpaIOM (QyHKIHH f(x)?

2.B uem coCTOHUT reoOMeTPUUECKUN CMBICI ONIPEICTICHHOTO HHTEeTpaia?
3.ChopmynupyiiTe HEOOXOAUMOE YCIOBHUE UHTETPUPYEMOCTH QYHKINH f{x) Ha
oTpeske [a,b].

4.Chopmynupyiite HEOOXOAMMOE U JOCTATOYHOE YCIOBHS HHTETPUPYEMOCTH
bynkuuu f{(x) Ha oTpeske [a, b].

5.3anummTe CBOMCTBA OMPEAEICHHOTO HHTErpaa.

63anumure popmyny Horotona-JIeliOnuna.

7Pacckaxute 00 OCHOBHBIX METOJIaX MHTETPUPOBAHUS ONPECICHHOTO
UHTETpaa.

8.UT0 Takoe KpUBOJIMHEHAs Tpaneuus?

9.®opmyna HertoTona-JleiiOuuma

10.I'pacduxu 1eMeHTapHBIX (QYHKITHIA.

11. PaznuyHbIe BUIBI TUIOCKUX (DUTYP W CITOCOOBI BBIYMCIICHUS UX IIOMIAIEH.



IIpakTuyeckasi padora 9 no reme
«Haxoxkaenue 4yacTHbIX NPOU3BOAHBIX. [losHbii n1uddepenumnan)

[lenb: mpoBepUTh YMEHUE HAXOJIUTh U CTPOUTH 00JIaCTh OMPEICIICHUS CIIOKHON
(GyHKINH, HAXOIUTh YaCTHBIEC IPOU3BOIHBIC.

Bpems BbinosiHeHUA 90 MUHYT

MarepuanbHoe obecrneyeHue
1.TeopeTnyeckue ceegeHus

2.3aaHue

3.JinctA4

4.KanbKynatopbl

MopspoK BbINOJIHEHUS paboTbl

1.13y4ynTb 3apaHue

2. N3yunTb TEOpPETUYECKNE CBEAEHUA

3. BeinonHutb 1 opopmutb paboty
4.lNokasaTb pe3y/ibTaThl NpenoaaBaTesto
JomMaluHee 3apaHue

1.MoarotoBUTbL OTBETLI HA KOHTPOJIbHbIE BOMPOCHI
TeopetTnyeckmne ceegeHus

Xoa padoTsl

Onpenesenne PyHKUUM ABYX IePeMEHHbIX

Ecnu xaxaoi mape ( X;y) 3HaU€HUH IBYX HE3aBUCUMBIX JIPYT OT JApyra
NIePEMEHHBIX BEIMYMH X U Y U3 HEKOTOPOTO MHOkecTBa D coOoTBETCTBYyET
€AMHCTBEHHOE 3HAYCHHUE BEJIMUMHBI, TO TOBOPST, UTO Z €CTh (DYHKITUS ABYX
HE3aBUCUMBIX MTEPEMEHHBIX X U Y, ONpPEJIeICHHast Ha MHOXecTBe D.
Oo6o3nauaercs: z=f(x;y) wiu z=z(X;y).

Hampumep, S=ab, S=S(a;b)- dbynkuun 18yx mepemennsix; V=abc, V=V(a,b.c) —
(GYHKIUS TpeX MePEeMEHHBIX;

Cnoco0bl 3a1aHus1 PYHKIUI HECKOJIBKHUX MePeMEeHHBIX

YrtoOsl 3a1aTh PYHKIUIO ABYX (TpeX) NEPEMEHHBIX, HY>KHO YKa3aTh CIIOCO0, C
MIOMOIIIbIO KOTOPOT'O AJIsl KaXKAO0W napbl (TPOWKH) 3HAYEHUM apryMEHTOB MOKHO
HalTH COOTBETCTBYIOIIEE 3HaUeHNe pyHkuuu. Hanbonee yacto pyHkIus 3agaercs
aHAJIMTUYECKHU - ITO SIBHOE 3a/1aHue QYHKIUHU UM HESIBHOE 33JlaHUE

YacTHbIe MPOMU3BOJIHLIC TIEPBOTO MOPHAAKA



[lycts ¢ynkius nByxX mnepeMeHHBIX z = f(X, y) ompenerneHa B HEKOTOPOii
OKpecTHOCTH Touku M(x, y) eBkiuaoBa mnpoctpanctBa E2. YacTtHas
npousBoAHas PyHKIMU z = f(X, y) MO apryMeHTy X SBJISICTCS OOBIKHOBEHHOM
MPOU3BOAHON (PYHKIMU OJHOW MEPEMEHHOM X NMpPHU (PUKCUPOBAHHOM 3HAUYECHHH
MEPEMEHHON Y U 0003HaYaeTCs KaK

dz af : .
Ei Er ey f.r

AHanmoruyHBIM 00pa3oM OMpeessieTcss YacTHas mpousBoaHas ¢yHkuuu f(X, y)
0 TIEPEMEHHOH y B Touke M, o003Hauaemasi Kaxk

8z 8f

gy =3 -

% By
OyHKIMS, UMEIOIIIas YaCTHbIE MPOU3BOAHBIC, Ha3bIBaeTCs AU EPEHITUPYEMO.
CoBepIIeHHO aHAJIOTHUYHO OMPENEISIOTCS YacTHbIE MPOU3BOJHBIE (DYHKIIHMA
Tpex W Oojiee mepeMeHHbIX. YacTHas mpousBojHAs (YHKIUU HECKOIBKUX

MIEPEMEHHBIX XAapPAKTEPU3YET CKOPOCTh €€ U3MEHEHHUs 110 JJaHHOM KOOpAMHATE
npu (PUKCHPOBAHHBIX 3HAUCHUAX APYTUX KOOPIUHAT.

IMpumep: £ = 2 J"3 +3x+y-T_ GYHKIHS ABYX MEPEMEHHBIX.
WMHorma WCHONB3YIOT —3aIliCh Jxy)= EIEJ"E +3x+37-7. Tawxke BCTPEYAIOTCS
3aJ]aHus, TJIe BMECTO OyKBBI Z UCHONB3yeTCs OyKBa L.
Haiitu  4yacTHble NPOM3BOAHBIE IEPBOI0 U  BTOPOro  IOpPsAAKA
bymxumm Z = 2ty 3t 45y -7

CHauasia HaiiJieM YaCTHbIC TIPOU3BOJIHBIC TIEPBOTO Mopsiaka. Mx iBe.

O0o03HaUYCHUA:
o
i -
¥ WIN &% — qyacTHas MIPOU3BOTHAS o KHUKC»

Az

Z

' S
=
} Ui 'E.%V — H9aCTHas IPONU3BOAHAA I10 «KHUI'PCK»

f
Haunem c £x. Korga Mbl HAXOAHMM YACTHYI0O NPOM3BOJHYI0 MO «HKC», TO
nepeMeHHast Fcuntaercst KOHCTAHTOl (ITOCTOSTHHBIM YHCJIOM).
iy (2 i3

' 23 4 ' :I 3. Ay LI ' '

2, =27y +3x +0y =T = (x), 3 ), + 0y, - (T =
i+

=2y 2x4+3.4x° +0-0=4dn’ +125°

KomMeHTapuu Kk BBIIOJIHEHHBIM JICUCTBUSIM:



(1) TlepBoe, 4TO MBI AenaeM IMPU HAXOXKJIECHUH YacCTHON MPOU3ZBOJAHOU —
3aKJTI09aeM BCH (PYHKITUIO B CKOOKH MO IITPUX € MOJACTPOYHBIM HHAEKCOM.

| ) I _ !

(2) Ucnons3yem npasuina audPepeHIIHPOBAHNS wrvi=u'ty , (Cu)'=Cu'
JIst mpOCTOro mpuMepa, Kak 3TOT, 00a IpaBHia BIOJHE MOXKHO NPMMEHUThH Ha
oxHoM mare. OGpaTHTe BHUMAHHE Ha [IEPBOE CIAraeMoe: TaK KaK ' cuHTaeTcst

KOHCTAHTOM, a JIIO0YI0 KOHCTAHTY MOKHO BBIHECTH 32 3HAK NPOM3BOJHOM,
E] 3
10 ¥ MBI BBIHOCHM 32 CKOOKH. TO €CTh B JAHHOM CHTYallMi.Y HUYEM HE JIydllle

OObIYHOTO uHcia. Tenepp MOCMOTPUM Ha TPEThE CIAraemoe ¥, 3]1E€Ch,

HAa00OpOT, BEIHOCUTH Heuero. Tak Kak F koucranra, TO 5}" — TO’KE€ KOHCTaHTa, U
B 9TOM CMBICJIE OHA HUYEM HE JIYYIIle MOCIETHETO CIaraéMoro — «CEMEPKM».

1
(3) Ucnonb3yeM TabJIMUHBIC TIPOU3BO/IHBIC ) =0y (x") =nx"",

)
(4) Tenepn Zy. Korza Mbl Haxoaum YACTHYI0 NMPOM3BOAHYIO N0 «UIPEK»,

TO IepeMeHHas X cumTaercsi KOHCTaHTOI (MOCTOSTHHBIM YHMCJIOM).

i1 i)

zy = (2257 +3x* +5y =T, = 227 (%), + (3%, + 500, - (7)) =
=220 3 045 1-0=6x"y" +5

It f
él) Hcnonesyem Te ke mpasuiaa auddepeHIrpoBaHus wrvi=u'ty
(e W 2
J(Cw)=Cw B IIEPBOM  CJIaraéMOM  BBIHOCHM KOHCTaHTy X~ 3a  3HaK

o 4
TIPOM3BOJIHOM, BO BTOPOM CJIATA¢MOM HHYETO BBHIHECTH HEJb3s MOCKONBKY 4K —
y>K€ KOHCTaHTa.

(2) Hcnonb3yem Ta0IHITy MIPOU3BOAHBIM 3JIEMEHTAPHBIX
bynakuii. MbICJIEHHO MOMeHsieM B Ta0JiMile BCe «MKChD» Ha «uMrpekm». B

(er—[:' Ify”)r—?z n-1
YaCTHOCTHU, MCTIOIb3yeMble HaMH (hOPMYJIIbI BBITIISIAT TaK: —vu =1y
Urak, yacTHpIE TPOU3BOAHBIE IIEPBOrO MOPSJIKA HANICHBI

[loaBenem UTOr, 4EM K€ OTIIMYAETCS HAXOXKJICHUE YACTHBIX ITPOU3BOIHBIX OT
HAXO0XKJICHUS «OOBIYHBIX» ITPOU3BOIHBIX (PYHKIIMH OJIHON ITEPEMEHHOM:

f

zi‘:’, nmepeMeHHast ..}r

1) Korma ™Mbl HaxoauM 4YaCTHYI0 HPOM3BOAHYIO
CYUMTAETCH KOHCTAHTOM.

f
2) Korma ™Mbl HaxoAuM 4YaCTHYK) IMPOM3BOJHYIO EPJJ, nepemMenHas &

CUUTAETCH KOHCTAHTOM.

3) IlpaBmia u TA0AMIA TPOM3BOJAHBIX 3JIEMEHTAPHBIX (YHKIUIA
CIpaBelJIMBbLI M NPUMEHHMbI ISl J11000ii mepemennoi (X, ¥ 1u6o kakoii-
HUOYIb APYroii), Mo KOTOpoii BeaercH nuddepeHuupoBanue.

[Ilar BTOpOW. Haxomum yYacTHBIE MPOM3BOAHBIE BTOPOTO Mopsaka. Mx
YeThIpPE.



O0o03HaYEeHHUA:

2
=
z" 7
¥ WA 0x° — BTOpAs IIPOU3BO/THAS 1o KHAKC»
'z
f p]
£ &
» WIN — BTOpAas IPOU3BOIHAS 1o KHATPEK»
Fz
i
z Sy
¥ WM — cMeulanHas TPOU3BOIHAS KHUKC 1o UTPEK»
Az
1)
=

M NI @fax — CcMeuarnnasd MMponu3BoaHasA «UI'PEK I10 UKCH»

B nossTuM BTOpOW NPOM3BOAHOW HET HUYETO CIOXKHOIO. ['0BOps MpOCThIM
SA3bIKOM, BTOPasi IPOM3BOJIHAS — 3TO IPOM3BOIHAA OT IEPBOM NMPOU3BOIHOI.

YacrtHBIE HpOI/IBBOJIHBIG HCpBOFO nmopsaaka:
t 3
= 4@; +H122
p=6x 5
CHauaia HaJeM CMEIIIaHHbIC IIPOU3BOIHEIE:
zh = (2))}, = (4xy’ +12°), = 42(y"), + (122°), = 4x- 3" + 0= 12"
f
=

Kak Bugmre, Bc€ mpocTro: OepeM  YaCTHYHO  TPOU3BOIHYIO “x U
muddepeHpyem ee emie pa3, Ho B JAHHOM CITydae — yKe M0 «UTPEK».

AHAJIOTUYHO:
o gttt _ g 33 T P I b _ 1
Zy = (7)), = (06X + 3, = 607 (x7), + 00, =6y - Zx+0=1dzy

B npakTnyecKuX NnpuMepax MOKHO OPHEHTHMPOBATHCS HA cjeaylolee
PAaBEHCTBO:

t _ _t
EH}, = E}w

Takum 00pazoM, depe3 CMEIIaHHBIC MPOU3BOJHBIE BTOPOTO IMOPSJIKa OYCHB
yA00HO MPOBEPUTh, a MPABWIBHO JM Mbl HAlUIM YacCTHBIE MPOU3BOJHBIC

NEPBOTO MOPSIKA.
Haxoaum BTOpY10 MPOU3BOIHYIO IO «HKCH.

P 3
Hukakux nzobperenuii, 6epem “x ~ 4;"3} +12x u auddepeHupyeM e€ mo «UKC»
elie pas:

28 = (2 = (dry +120) =4y (0 +12007) = 4y’ 14123 = 4y + 364

w

AHaAJIOTUYHO:

2! = (), = (659 +9), =627/, +(3), = 627 2y +0 =124y

fif ff
z
CHGI{YCT OTMCTUTD, qTo HpI/I HaXOXICHUU ~ &%, H HY)KHO

OPOSBUTH HOBBIIIEHHOE BHUMAHUE, TaK KaK HUKAKUX YYJIECHBIX PABEHCTB IS
UX MPOBEPKHU HE CYIIECTBYET.

Z




[Ipumeppl  HaxXxOXIOEHHS  YaCTHBIX  NPOU3BOAHBIX  IIEPBOr0  IMOPSJKA.
Ipumep 1. z = z° — 2zy + 2y°.

Pemenue. Jludpdepenmupyem dbynkmmio z = f(x, y) cHauana mo X, mosaras y
(UKCUPOBAHHON BEIMYWHOHN, MOTOM TIOBTOPSIEM 3Ty K€ TMPOIEAYPY, MEHSA
ponu x u'y. [lomyuaem

0z iz

:2 - 4 —_— = i g 4
il Al et B

iz y iz T
Ipumep 2. z = arcigay, — = ——mm—— — = ——
P P E¥h oz = 14 (zy)?' dy 1+ (zy)?
IIpumep 3. u = ye¥* + In(2? — 2y + z).

Pemenue. YacTHble mNpoOM3BOMHBIE 3TOW (DYHKIIMM TpexX MEPEeMEHHBIX
BBIPAKAIOTCS CICIYIONUMU (HOPMYJIaMu:

HaXO)II/IM YaCTHBIC IIPOU3BOJHBIC BTOPOI'O IMOpAAKaA. Hx YCTBIPC.

O003HaYeHHUA:
2
&'z
f 7
w WIM Ox° — BTOpas IPOU3BOTHAS 1o «HUKC»
Fz
"" 7
£ ey
W U — BTOpas MPOU3BOTHAS 15(0) CUTPEK»
Fz
1)
= E?xébf
¥ WA — cMewanHas IPoOu3BOTHAS «HUKC 1o UTPEK»
2
7z

Z

fr
Zw vy YOx — cvewannasn MPOU3BOJHAS KUTPEK MO UKCH»

B nonsATHM BTOpPOM NMPOU3BOAHOM HET HUYETO CIIOKHOTO. I'0BOpsSI MPOCTHIM
SI36IKOM, BTOPasi NIPOM3BOAHAS — 3TO IPOU3BOAHAA OT NEPBO NPOM3BOJTHOI.

YacTHbie POM3BOIHBIC HIEPBOTO HOPSIIKA:
t 3
= dxy +12x
r_ 2 2
»= 0y 40
Chayana HailieM CMEeNIaHHbIE IPOU3BOIHBIE:

zh = (2))}, = (4zy’ +12x°), = 42(y"), + (122°), = 4x- 3" + 0= 12"
f

Kak Buamre, BcE mpocTo: 6GepeM  YACTHYI0  HPOM3BOIHYIO i U

muddepeHnupyem ee emie pa3, Ho B JAHHOM CIIy4ae — YK€ 10 «HTPEK».

AHaAJIOTUYHO:

2t = (2, = (65°y" +9), = 65°(5), + (5, = 65" - 22+ 0= 12z



B mpakTHyeckMx mpuMepax MO:KHO OPHEHTHPOBATBHLCH HA CJeaylollee

PABEHCTBO!
f _ _f
EH} = EJ'?-“

Takum oOpa3zom, yepe3 CMEIIaHHbIE MPOU3BOJIHBIE BTOPOTO TOPSIKA OUYEHBb
yI00HO TMPOBEPUTh, a MPABWIBHO JIM Mbl HAIUIM YACTHBIE TMPOU3BOHBIC
NEPBOro MOPSIKA.

HaXOILI/IM BTOPYIO IIPOU3BOAHYIO IIO «HKC.

3
Hukakux u3o0peTenuii, 6epem Z, = 4ry +12x 1 nuddepeHnupyeM eé Mo «UKC»
elne pas:
28 = () = (dry +120) =4y (0L +12(2°) =y’ 141235 = 4y + 361

AHAJIOTUYHO:

2t = (20), = (62" +5), =65 ("), +(5), = 65°- 2y +0 =122y

It it
=z
CnenyeT OTMCTHUTD, 4YTO IIPpHU HAXOXKACHHUH ~ %, J¥ HYXHO

IPOSIBUTH NOBBIIICHHOE BHUMAHHE, TaK KaK HUKAKUX YyJIE€CHBIX PABEHCTB IS
UX MPOBEPKH HE CYIIECTBYET.

Z

Anzopumm uccneoosanusn yHKyuu 08yx nepemeHHblX Ha IKCMPEMym

OyHKIWs z = f{X,)) IMeeT MaKCUMYM B Touke Mo(Xo;y0), eciu f(Xo;yo0) > f(X;y) nns
BCEX TOYEK (X;y), JOCTATOYHO OJM3KUX K TOUKE (Xo;Y0) U OTIIMYHBIX OT HEE.
OyHKIMsA z = f(X,)) *MeeT MUHUMYM B Touke M(Xo;yo), eciu f(Xo;y0) < f(X;y) mms
BCEX TOYEK (X;y), JOCTATOYHO OJIM3KHUX K TOUKE (Xo;Y0) U OTIIMYHBIX OT HEE.
MakcuMyM 1 MUHUMYM (DYHKIIMH HA3bIBAIOTCS IKCTPEMYMAMM (DYHKIHH.
UccnenoBanrie GpyHKIMU ABYX MEPEMEHHBIX HA SKCTPEMYM MPOBOASAT 1O
CIEYIOILIECH CXEME.

1. Haxonst yacTHbIe POU3BOJIHBIE dz/dx v dz/dy.

2. Peliarot cucTteMy ypaBHEHU:

Ry
o
Z_y
y

Y TaKUM 00pa30M HAXOMIST KPUTHUECKUE TOUKU (PYHKITUH.
3. Haxonat yacTHBIE MPOU3BOIHBIE BTOPOTO MOPSIIKA:
Pz 'z 3z
7 "ol
* dxdy oy

4. BRIUMCIISIOT 3HAYSHUS 3TUX YaCTHBIX IIPONU3BOJHBIX BTOPOI'O IOPAAKa B Kﬁ)KI[Oﬁ

U3 HalJICHHBIX B I1.2 KPUTHYECKUX TOUKAX M(Xo;Yo).


http://math.semestr.ru/math/derivatives.php

2 1 1
ST
o ), oxdy ) ¥ )

5. JlenaroT BBIBOJ O HATMYUU IKCTPEMYMOB:

a)ecmu AC—B*>0wu4 < 0,10 B TOUKE M UMEETCS MAKCUMYM;

0) ecmu AC—-B*>0wu 4 > (0, 10 B TOuKe M UMEETCA MUHHMYM;

B) eciiu AC — B? < 0, To 9KCTpeMyMa HET;

r) ecii AC — B? = 0, T0O BOIPOC 0 HAJIMYUU DKCTPEMYMA OCTAETCS OTKPBITHIM;

IIpumepsl uccienoBanusd GyHKIMHA ABYX IEPEMEHHBIX HA IKCTPEMYM.
IIpumep Nel. UccnenoBarh Ha SKCTpeMyM (DYHKIIHIO

z=x +3xy 2 15x-12 ¥.
Pemenue.
1) Haitnem yacTHbIe IPOU3BOHBIE:

=32 +3y? - 15,

=6xy—12y,

PR R

2 TOoraga CUCTEMa JUIA OTBICKAHUS CTAIIMOHAPHBIX TOYCK MMCCT BHUA
2
12 +y -5=0

xy-2=0
PemmB cucteMy, MOyYrM 4EThIPE CTAIMOHAPHBIC TOUKH:
Py(1,2), P2(2,1), P3(-1,-2), P4(-2,-1). Haiinem npousBogHbIE 2-T0 MOPsIKA

¥ COCTaBUM JUCKpUMHMHAHT AAB-C? 1151 KaK10M CTallMOHAPHON TOYKH.
1) dns Touku Pi(1,2) A=36-144<0, B P1(1,2) sxcTpeMyMma HeT.

2) Hnst touxu Px(-1,-2), A =144 — 36 >0, A>0, B P»(2,1)pynkuus umeer
MHUHUMYM, Znin = -28

3) Hns Touku Pi(-1,-2), A = 36-144 <0, B P3(-1,-2) sxcTpemyma Her.

4) Mnst touku P4(-2,-1), A=144 — 36 >0, A<O B P4(-2,-1) byHkuus umeer
MAKCUMYM Zpmax=28

ITpumep Ne2. Haiitu HanbobIlee ¥ HAUMEHbBLIEE 3HAUSHUS QYHKINHA Z = X +
4xy — y* — 6X — 2y B TPEYrOJbHUKE, OFPAHMYEHHOM OCAMHU KOOPAUHAT M TPSIMOii
2x+3y—-6=0.

Pewmenue.

Haitnem kpuTrueckne TOUKHU JOKAIBHOTO 3KCTPEMYMa BHYTPH YKa3aHHOU
00yacT 1 3HaYeHus JaHHOU pyHKIMH z = f(X,y) B 3THX Toukax. Tak



& & _

Z=xidy-6, —H-2y-2
Kak Ox ,a_}‘ , TO CHCTE€MA JIJISI OThICKAHUS
KPUTHYCCKUX TOUYCK UMECT BU/T

X+2y-3=10 x=1

2x-y-1=01y=1
Touka Py(1;1) Haxogutcs BHyTpU obnactu, npuueM z(Po) = -4. Uccnenyem
¢bynkuio z Ha rpanuie odnactu. Ha otpeske OA4 umeem : y=0, z = {(x;0) wnn

21(x)=x* — 6%, meIE[ﬂs’»3] 21=2x-6; ¢1(3)=0; £/(3)=f(3:0)=-9. Ha
otpeske OB HMeeM x=0. z=1(0;y) nnmu z=g,(y)=-y*-2y,

r;[ey E[0;2] &2 (y) __2y 2: gi(_l) 0 1"1"2[0;2] Ha otpeske

jer= s3]
—2_“yz=flx2——x
AB I/IMeeMy 31-_. 3 WIn
19 38

Z=gq(x)= —;IZ +6x—8,mex e[o3] g3(x) ——;x+6
27
ES[IQJ =0

27Y_ (2. 0)_ 7
SITY 19°19 19

Haiinem 3nauenust pynkuuu z B Toukax O, A u B. z(0) = £(0,0) = 0; z(A) =
f(3;0) =-9, z(B) = f(0;2) = -8.
27 20

00, f(2, f30) ). S

CpaBHHUBas 3HAYEHUS 19719
MIPUXOUM K BEIBOAY:

Hamnbompiee 3HaueHre zmax=0 B 1. O(0,0);

HamMeHbIee 3HaueHne zmin=-9 B 1. A(3,0).

u 2r i i 2
T Pomerdy G g
du 5 |
E =y e 4 = ?I.H' =

3aaHus NpaKTHYeCKOH padoThI

1. Haiitn 1 nocTpouTh 00JaCTh ONPEAEIEHUS CIOKHON PYHKIUY.
2. BpIUMCIUTH TPOU3BOJHYIO CIOKHOU (DYHKIIMH.

B1 1.z=arcsin(1-x*y?) B16 1.7=In>



2.a) z=¢m%, x=e, y=1

6) u=x>-y*+3z% x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx)

2.a) z=¢x_yln%, x=1, y=2

B)u=3x%/2-
y?/2+27° x=2/3,y=2,2=2/3
I 1.
B3 1.Z=\/Inx+lny 2_a)z=xy_,x e,
Xy

y=1
6)u=x/2-y*/2+82° x=2,y=2,2=3/2

B4 1.z=/Vy—x+2
2.a)z=sin1/xe’ x=1/2,y=1

6)u=3/2x°+3y2-27%,
x=2,y=1/3,2=3/2

2
B5 1.z=arcsinx7

2.a)z=arcg(x>-y?)+1/Vxy

_x__yz
6)U— y X+\/;

B6 1.z=arcos(2x-y)

y

2.a)z=arccos~+e", x=2,y=1
X

2D 52 g o A/
6)u=+2x 7 6V22%, x=1,y=2/3,z=1/1/6
B7 1.Z=/In(2—x—y),

2.a)z=tg1/x.e‘§,x=1/n,y=0

6)ui2+v/x+y+y.arctgz,x=1,y=1/3,2=1/1/6

22

2.a)z=(x’+y*) Y

6)u=xv y-(z+y)Vx, x=1,y=1,z=-2

B17 1.z=Iny-Incosx
2.a)z= xsiny+x%, x=3,y=11/2

6)u=vxy - V4—z2x=1,y=1,2=0

B18. 1.z=Insinx-Vy
2.a)z=arcsin% - Inv, u=0, v=1

6)u=(x*+y*+z°)*?, x=0,y=-3,z=4
B19. 1.z=In(y*/4-x*/9-1)
2.a)z=Iny X%+ y*+1/y,x=y=1/42

6)u=2/x+3/2y-/6/4z
Xx=2/3,y=3/2,z=1/2

B20. 1.z=arcsin%
2.a)z=InyVx ,x=1,y=3/5

6)u=3/x+4/y-1/vV6x,x=1,y=2,z=1//6

B21. 1.z=1+/1—(x—y

2.a)z=cos(1/y)-1/Vxy, x=1/2,
y=2/T

6)u=xv y-yz>x=2,y=1,z=-1
B22. 1.z=In(x*+y)
2.a)z=¢" x*—y?, x=1,y=0

y

6)u=sin——,
XZ

x=2,y=m,z=1



B8 1.z=|ni
Yy

2 2

2.a)z=(x"+ y*)*
6)u=xv y-(z+y)Vx, x=1,y=1,z=-2
B9. 1.z=Iny-Incosx
2.a)z= xsiny+x%, x=3,y=r1/2

6)u=vxy - V4—z2x=1,y=1,2=0

B10. 1.z=Insinx-Vy
2.a)z=arcsin% - Inv, u=0, v=1

6)u=(x*+y*+z?)*?, x=0,y=-3,z=4

B11. 1.z=In(y*/4-x*/9-1)
2.a)z=Iny x>+ y*+1/y,x=y=1/+2

6)u=2/x+3/2y-/6/4z
Xx=2/3,y=3/2,z=1/2

y

B12. 1.z=arcsin;

2.a)z=InyVx ,x=1,y=3/5

6)u=3/x+4/y-1/V6x,x=1,y=2,z=1/6

B13. 1.z=1+/1—(x—y}

2.a)z=cos(1/y)-1/Vxy, x=1/2, y=2/1

6)u=xy y-yz2,x=2,y=1,z=-1

B14. 1.z=In(x*+y)

B23. 1.z=/1—x*+/1—y?
2.a)z=yIn(x*y?), x=2,y=1

6)u=x*/16+y*/9-
7*/8,x=2,y=1/2,2=1/3

B24 1.Z=VIn(2—x—y),
2.a)z=tg1/x.e%,x= 1/m,y=0

6)ui2v/x+y+y.arctgz, x=1,y=1/3,z=1/

/6

B25 1.z=arcos(2x-y)

Y

2.a)z=arccos=+e'¥, x=2,y=1
X

6)u=¢2x2'%'6¢222, x=1,y=2/3,2=1/6

2
B26 1.z=arcsinx7

2.a)z=arcg(x?*y?)+1/\xy

Vx__yz
6)U— y X+\/}

B271.z=y/\y—x+2

2.a)z=sin1/xe’ x=1/2,y=1

6)u=3/2x*+3y2-27%,
x=2,y=1/3,2=3/2

B28 1.z=VInx+Iny

2 a)z=xyi”‘=e* v
. p

6)u=x/2-y*/2+82° x=2,y=2,2=3/2

B2 9.z=In(y-Inx)



2.a)z=e" Vx>~ y?, x=1,y=0

y

6)u=5|n;, x=2,y=m,z=1

B15. 1.z=V1—x*+/1—y?
2.z=yIn(x*-y?), x=2,y=1

u=x/16+y*/9-2°/8,x=2,y=1/2,2=1/3

2.a) z=¢x_yln%, x=1, y=2

B)u=3x%/2-
v*/2+27% x=2/3,y=2,2=2/3

B30 1.z=arcsin(1-x*-y?)
2.0) z=VIx % x=e, y=1

6) u=x*-
yA372% x=1/2,y=1/2,2=1/2

3ananue 1.HaiiTn yacTHbIE NPOU3BOHbIEC BTOPOI0 MOPSAKA

B1z=x?y?-4x-5y
B2 z=y?-x’+xy-2x-6y

B3 z=xy(1-x-y)

B4 z=y\x-y*-x+6y

B5 z=¢""*(x+y?)

B6 z=x*-y>-3xy

B7 z=0,5xy+(47-x-y)(x/3+y/4)
B8  z=x’+y*+xy-3x-6y

B9  z=xy*(1-x-y)

B10 z=x*+y>-15xy
B11z=x’+y*+xy-4x-5y

B12 z=y*-x*+xy-2x-6y

B13  z=xy(1-x-y)

B16z=x°-y>-3xy
B17z=0,5xy+(47-x-y)(x/3+y/4)

B18. Z=x*+y*+xy-3x-6y

B19. z=xy*(1-x-y)

B20. z=x’+y’-15xy
B21. z=3-2x*-xy-y?
B22. z=y?-xy-2
B23.z=x*+2xy-y*+4x
B24z=2x*+2xy-y?*/2-4x
B25z=x’+xy-2

B26.  z=y*-2xy-x’+4y+1
B27. z=1-2xy+2x’

B28.  z=4x+2y+4x*+y*+6



B14  z=yVx-y*-y+6y

B15z=¢""(x+y?)

B29  z=x*+2xy-10

B30. z=x*+2xy-y*-4x

3ananue 2.UccienoBath 3a1aHHYI0 QYHKIHUIO HA IKCTPEMYM

B1. z=12+2xy-x*

B2.z=5x-3xy+y*+4

B3.z=4x°+9y*4x-6y+3

B4.z=x*-2xy-y*+4x+1
B5.z=y*+2xy-x>-4y
B6.z=x*+3y*+x-y
B7.z=x%y
B8.z=4-2x*y’
B9.z=x*/2-xy
B10.z=1+xy’
B11.z=4-2y*+x?
B12.z=y*+2xy-x*-4y
B13.z=x*-xy

B14.z=xy(4-x-y)

B15.z=x*+2xy-y?-4x

KoHTpoJsbHBIE BONIPOCHI:

B16.z=x*+2xy-10
B17.z=4x+2y+4x*+y*+6
B18.z=1-2xy+2x’
B19.z=x*+2xy-y*+2x+2y
B20.z=y’-2xy-x*+4y+1
B21.z=x*+xy-2
B22.z=2x+2xy-y?/2-4x
B23.z=x’+2xy-y*+4x
B24.z=3-2x’-xy-y?
B25.z=y*-xy-2
B26.z=x*+y*+xy-4x-5y
B27.z=y*-x*+Xxy-2X-6y
B28.z=x*+y*+xy-3x-6y

B29.z=x°-y>-3xy

B30.z= x*+y3-15xy

1.ChopmynupoBars ornpeaesieHne (PyHKIMHU C 1ByMs IEPEMEHHBIMHU.



2.Yro Ha3biBaeTCs 00JaCThIO ONpeaAeaeHus] GYyHKIIMH HECKOIbKUX

EPEMEHHBIX ?

3.CpopMynrpoBaTh MpaBUIO HAXOXKIECHUS MPOU3BOIHON (PYHKIIUU HECKOIBKUX

MEPEMEHHBIX.

4.Yto Takoe nonHbli AuddepeHunan GyHKIUN HECKOJIbKUX NEPEMEHHBIX ?
5.ChopmynupoBaTh alrOPUTM HaXOXKACHUS SIKCTpeMyMma QYyHKITUU

HECKOJIbKUX MEPEMEHHBIX
IpakTnuyeckas padora Ne 10 mo reme
Tema «BbluunciieHne 1BOMHBIX HHTETPAJIOB)

Ieab: NpOBEpUTh YMEHHUE BBIUUCIIATH JBOMHBIE HHTETPAIIBI B IEKAPTOBBIX
KOOpJIMHATax

Bpemsa BbinonHeHna 90 MUHYT

MarepuanbHoe obecrneyeHue
1.TeopeTnyeckue ceegeHUs

2.3apaHue

3.JIuctA4

4.KanbKynatopbl

MopaaoK BbiNOJHEHUS PaboThl
1.13y4ynTb 3agaHue

2. I3yuntb TeopeTnyeckme ceeaeHus

3. BoinonHntb 1 opopmMmutb paboty
4.NokasaTb pe3y/ibTaThbl NpenoaaBaTesto
[JomalwlHee 3apaHune

1.MoArotToBUTb OTBETbI HA KOHTPOJIbHbIE BOMPOChI

Teopernueckuii MaTepual

[TycTh B HEKOTOpPOH OrpaHUYCHHOM 3aMKHYTOH oOjactu D  mmockocTH xOy

3a/laHa HeTpephIBHAS (PYHKITUS z=f|P| , Tme Touka P€D | PazoObeMm 5Ty

00JIaCTh IPOU3BOJIBHBIM 00Pa30M HA " YAaCTUYHBIX IJIOCKUX SUEEK S5y Sy

45,, 85,,..., 45, . B xaxmoil Takoi sdeiike BbIOEpeM IO
P,P,..,P

, UMCIOIIINEC IlI0IIaIn

OI[HOfI HpOI/ISBOHBHOI\/'I TOYKEC " W BBIYHMCJIIMM 3HA4YCHHUA (bYHKI_II/II/I f(P)

BO B3AThIX ToukaX. COCTaBUM TaK Ha3BIBACMYIO UHMESPAIbHYIO CYyMMY GDYHKIIAN
f P | o oonactu D

i f(P|AS,=f P, AS,+f(P,|AS,+...+f [P |AS,

. ()



gotinbim unmezpanom OT PyHKIIUU f(P| no obnmactu D HaszwIBaeTcs mpenen
UHTErpagbHOi cyMMbl (1) mpu cTpemiieHHH K HYJI0 HauOOJBIIET0 U3 JUAMETPOB

BCEX SYCEK JAaHHOTO pa3OUCHHUS:

[ f(P)ds="1im Zf P|A

maxd|S,|»0 i=1 (2)

OcHOBHBIE CBOHCTBA HBOﬁHOFO HHTCIrpaiaia

1. JBoiiHo#t mHTerpan mo obmactu D oT anreOpamueckoil CyMMbI QyHKITHI
paBeH airedpanvyeckoil CymMMe JABOMHBIX MHTETPAIOB OT ClaraeMbIX
(GyHKIUH 110 2TOM K€ 00JIacTH:

[[[f.(P1=f,Pds= [[ f,[Plds= [[ £, Plds

2. TloCTOSHHBIM MHOXHUTEIIb k MO>XHO BBIHCCTH 3a 3HAK I[BOﬁHOI‘O

HHTCIrpalia:
[[k-f(P|ds=k-[[ f[P)ds

3. OOnacTh MHTErpUPOBAHUS TBOMHOTO MHTErpajia MOXKHO pa3OUTh Ha YaCTH,
TO €cTh eciii 00ymactb D cocTouT M3 IBYX HemepeceKaronmxcs ooiacTei

D D
fff P|dS= fffP)ds+fjf(P)ds

I'| 2 ,TO

IMpumepsi

3aganue 1: BeluncnuTh MOBTOPHBIN UHTETpan 1 2

Pemienue: BpruuciauMm cHadasia BHYTPEHHUM HHTETPAI IO IMEPEMEHHOM V|,
CcuuTass X IOCTOSIHHBIM:

ey
[ S
2




ff | x+y|dxdy

3ananme 2: BpluuciuTh ABOMHOM HMHTErpanm D no obmactru D |
OrpaHMYCHHOM mpsiMbiMu X=2 | x=6  y=1 p y=4
Pemiennue: O6nacte D sBisiercst mpocToit otHocuTenbHO oceit O n Oy

(puc. 1), mosTomMy Il BBIYMCIIEHUSI MHTErpaja MOKHO HCIOJIb30BaTh

b d
[ £lx, yldxdy=] ax [ flx, yldy

T00YI0 u3 bopmyn D a e WIn

d b
[ flx, yldxdy=[ dy [ flx, yld
D c a

. CHauyana BBIYHCIUM I[BOﬁHOﬁ HHTCTpal

ff {X+y)dxdy=f dxf |x+yl|dy

no TmepBoil  Qopmyie: D 21 . Bpruncnus
BHYTPEHHHM HWHTErpaJl IO IEPEMEHHOM Y TMpPHU IOCTOSIHHOM X |
HaX0JIUM
4 24
1 15
_f (x+y|dy=|xy+L| =[4x+8)—|x+= |=3x+=>
4 2 i 2 2

. HOJICTaBI/IB 9TO BBIPAXXCHUEC BO

6
=78
2

_|3x 15

3x+—

!

BHEIIHUI UHTErPAJL, TOIYYNM

Tenepp  BBIUMCANM  JBOWHOW  HWHTErpall MO  BTOpoMl  dopmyre

4 6
[ (x+yldedy=[ dy [ [x+y|dx
D 12 . Haiinem BHYTPEHHUMU UHTETpal:

2
X

Z 4
7y Y

6
=(18+6y|—(2+2y|=4 y+16
2

|x+y|dx=

N S

Jlanee HalijgeM BHCUIHUU

4 4
[14x+16)dy=]2y*+16y] 78
HHTCIpall: 1 1 , TO €CTb IIOJYYMUJIN TOT K€ OTBCT.

<
|

0 y=2 ¥ =b

puc. 1



TeopeTnuecknii cBeieHUs

[lnomans S mmockoit obmacth D B IPAMOYIOJBHBIX KOOPAMHATAX
BBIUHUCIsIETCS 0 PopMyTie

S= ﬂ dxdy
D ; (D
a B TIOJISIPHBIX KOOpAUHATAX — 1Mo Gopmyrie
S= ﬂ rdrd ¢
D . (2)

O0beM IWIMHAPUYECKOTO Tela, OTPAaHUYCHHOTO CBEPXY IOBEPXHOCTHIO
z=flx, y| , cum3y obmactero  Z2=0 g cOOKy npsAMON LMIMHIPUYECKOM

IOBEPXHOCTHIO, BbIpe3aromeii Ha miockoctn  XOY 2=0] oGmacts D (puc. 1),
BBIYHUCIIsIETCS 0 PopMmyIie

V= ff zdxdy (3)

ZA
:f(x, y)

IIpuMmepbl ~ bV .y

3agaH%‘.e: Boerunciuts b TC OI'PaHUYCHHOI'O IOBCPXHOCTAMU

z=2x+1 , x=0 , y=4 , pl)((_;f(2

Pemienne: Teno, OrpaHUYEHHOE 33JaHHBIMU TOBEPXHOCTSIMU, ITPEACTABIISACT
co00Ol BEpPTUKAJIbHBIN MNapaOOJIMYECKU LWIUHJIpP, PACIOJIOKEHHBI B NEPBOM



oktante. CBepxy TeJlIO OrpaHUYEHO IUJIOCKOCTHIO z=2x+1 | cBoky

_ 2 _ — .
mapaboaMdYecKkuM HuauHApoM Y=X  u mnockoctamu X=0 pg Y =4 Haiigem

_X2 9] =4 ‘y-X
TOYKH IIepecedeHus mapaboiasl Y= U npamon Y oo . Takum

o0pa3oM, OJTy9YUM OFHY TOYKY IepeceUeHUs M[2; 4

3nauenne X=—2 He paccMaTpMBAEM, TaK KaK IMJIMHAP PACIONOKEH B

nepBoM okrante. O6nacts D 3ammimeM B BuAe cMcTeMbl HepaBeHCTB 0=<X<2

U x2§y§4

CornacHo ¢opmyie (3), noayuum

2 4 2 2
V:_” zdxdy:_fdxf (2x+1)dy:_ﬂ2xy+y}4 dx:f (8x+4—2x3—x2)dx:13l
D 0 2 0 2 0 3
x (xy0. ex.)

3aganme 1. Boruncnuth uaterpai mno odnactu D, orpaHnyeHHON yKa3aHHBIMU
JTUHUSIMU.

B 1ﬂ ¥’ cosxy dxdy B 16_]]' yzcos%dxdy

D
D

D:x=0, y=+n/2y=x/2 -
Y Y D:x=0, y=vn/2; y=x/2

B 2[f 3y’sin Y dxdy B17 [ [18x" y*+32xy’| dxdy

D
D

B D:x=1,y=—Vx; y=x°
D:x=0,y=vV4n/3; y=2x/3 Y oYX

B 3[[ [3x*y*+4xy|dxdy:
D

D:x=1y=—x; y=x°

B 4[] (27x*y*+12xy |dxdy

D

B18 [[ 9xy*+2 xy|dxdy
D

D:x=1;y=Vx; y=—x°

B 19 [[ (18X y*+8xy|dxdy

D



D:x=1,y=—Vx y=x’
B 5_” y*sin %dx dy

D

D:x=0,y=\/;; y=X

B 6 [[ 4 y*sin2xydxdy

D

D:x=0, y=v2m; y=2X

B 7ff 4 y*sinxy dx dy

D

D:x=0,y=\/m; y=X
BSH 149 X y*+28 xy | dx dy
D

D:x=1,y=—\3/;; y=x>
B9ﬂ (9 X'y’ +48 x> y3)dxdy
D

D:x=1,y=\/;; y=—x"
B10 ﬂ yze;‘fxdxdy

D

D:x=0,y=2; y=x

B11 H (36 X’ y*+96 x3y3) dx dy
D

D:x:1,y:\3/;; y=—x3

D:x:1,y:%/;; y=—x2
BZOJ'fy e dxdy

D

D:x=0,y=4; y=2x

B 21 [[ (27 x*y*+12xy|dxdy
D

D:x=1,y:—\/;; y=x3
B22ff 9x’y +8xy dx dy

D

D:x=1,y=3/;; y=—x3

B 23ff y’ cosxy dxdy

D

D:x:0,y:\/ﬁ;y=x

B 24 [[ [18x* y*+32x" y*|dxdy
D

D:x:1,y:%/;; y=—x2

B 25 H (18)(2 y2+32x3y3)dxdy
D

D:x:1,y:—\/;; y=x3

B 26 ﬂ y’ e;;,v_ dxdy

D



D:x=0,y=1; y=x/2

B 12 ﬂ y’sin % dx dy B 27 ff y* cosxy dxdy
D
D

= D:x=0,y=y1; y=2x
D:x=0,y=vr; y=x/2 Y Y

Bl3ﬂ 12x% y*+16 x* y*|dxdy B28ﬂ 18x°y +24xy dx dy
DD:x=1,y=—vx; y=x’ DD:x:1;y:—i°’/;; y=x’
B14[[ y% * drdy B 29 [[ (9x*y*+12xy|dxdy
D D

cx=1:v=+x -2
DZXZO,yZZ;y=X/2 D.x—l,y—\/x, Yy X

B 15 ﬂ y*cos % dxdy B 30 ff y’ cosxy dxdy

D
D

Cy D:x=0,y=+n/4 ; y=x
D:x=0,y=y2m; y=2X Y

3amaua 2. VI3MeHUTH NOPSAIOK UHTETPUPOBAHUSL.
-1 0 0 0 1 0 V2 0
fdnyfdx+fdyf[fdx fdyj[fdx+ fdyJLfdx

21,77 N oy L22.0 W oy :

N 1oy 2 2y
fdyff dx + fdy f f dx J'dy If dx+J'dy ffdx
24,0 9 P .



_j'dx J()Lf dy + Ofdx(.)[f dy
257V 2 o

Nores

2.

V2- x2

-1 0 X2
d dy+ |d d
9._£x0ffy _lfxoff y.z

fdx ffdy+fdx J'fdy

2.11.

x/4  siny w/2  cosy

fdy ffdx+ fdy ffdx

2.13. 0 /4

J'dy ff dx + fdy J'f dx

2.15.

2.17.°

.2.6.

1 0 V2 0
fdyffdx+ fdy JLfdx
-y [N P .

1/\/— arcsin y

fdy f f dx+ fdy f f dx
0 12 0

0 e -lny

fdy ffdx+fdy j'fdx jdy [ e fitr [
7. - . 2.8. Y

-3 0 0 0
f dx fL fdy + fde—'[ fdy
10. 72 V4 V3 i

2-y

J'dy ffdx+fdy ffdx

2.12.0 0

fdx_ ffdy+fdxffdy

2.14.

lfdy_;[f dx + jfdy_;_Lf dx

2.16. °

fdy ff dx + fdy ff dx

2.18.0 0

3 0 2 0 -1
fde_I fdy+f[dx fo dy J'dy J' fdx+ fdyf[f dx
19. O Va2 el 200,72 B .



Idyff dx+fdy ffdx

1 Iny

2.21.

7/4  sinx /2 cosx

J‘dx ffdy+ fdx ffdy

223, 0 AN

fdxffdy+fdx ffdy
2.25. 0

o fdx ;fdy+fdx fody.

N NN
fdyjfdx+ fdy ffdx
2.29. 0 0 1 0 X

3amaua 3. BEIYuciauTe.

ﬂ(lzx y? +16x°y") dxdy;

31. Dix=ly=x ,y=-\/;.

- 96x°y° ) dxdy;

J]t36x2y2
D

33 Dix =1y =Yx,y=-x"
ﬂ( 27x°y* +48x3y3)dxdy;
D

35 Dix=ly=x",y=-3x

< N
fdxff dy + J'dx f fdy
22. 0 .

2.

-1 0 0 0
dy fdx+ |dy |f dx
WA T

V4- x2

B 2-v4-42 2
d dy+ |d d
.fxoffyﬁ[x(;[fy.

2.26. 0

2 A
fdxffdy+ fdx ffdy
28. 0 .

2.

Jx 2 2x
fdxffdy+fdx J'fdy
30. 0

2.

ﬂ(9x y* +48x°y° dxdy;

30 Dix=ly=Vx,y=-x"

J](le y* +32x°y° dxdy;

34 Dix=ly=x ,y:-i/;.

ﬂ(le Y +32x°y° dxdy;

36 D x=lLy =x, y =-x".



ﬂ( 18x%y” +32x°y° ) dxdy;
D

37-D: x:1,y=x3,y:-x/;.

ﬂ( dxy +3x7y dxdy,

39 Dix=Ly=x ,y=-\/;.

Sxy +9x2y7 ) dxdy:
J;J(xy x“y*)dxdy

sa1. D x =Ly =V, y=-x"

ﬂ( 12xy +27x%y° ) dxdy;
D

313, D:x=ly =x°, y =- 3/;

dxdy;

ﬂ{—xy+—x y°

15. Dt x=1,y:x3,y:-\/;.

24xy - 48x°y*) dxdy;
!J( Xy x"y” ) dxdy

317. Dix=Ly =x’, y =- Jx.

4xy +16x°y*) dxdy;
.J)]( xy +16x°y” ) dxdy

3.19. D: x =, Y :i/;: Y =" X,

ﬂ( 27x*y* +48x°y’ ) dxdy;
D

38 Dix=ly=Jx, y=-x.

ﬂ( 12xy +9x°y° ) dxdy;
D

310, D x =1y =vx, p=-x",

24xy +18x%y?) dxdy;
]!j( xy +18x"y* ) dxdy

312, D x =Ly =x’ y=-x.

8xy +18x%y?) dxdy:
!J( xy +18x"y” ) dxdy

304, D x =Ly =Ux, y ="

dxdy;

ﬂ{ixy+9xzy2
5

316, D: x =Ly =Vx, y =-x"

6xy +24x°y*) dxdy;
ﬂ Xy +24x°y" ) dxdy

g Dix=Ly=vx, y=x.

4xy +16x°y*) dxdy;
ﬂ-w+ x'y’) dxdy

300 D:x=Ly =x’, y =- Ux.



ﬂ( 44xy +16x°y° ) dxdy;
D

321, Dix=ly=x’, y=- x.

ﬂ( xy- 4xy dxdy,

3.23.D: le,y:x ,y:-\/;.

ﬂ{6x2y2+2x4y4
s 3

s Dix=Ly =x’, y =- Jx.

J'J{3x2y2+ﬂx4y4
% 3

7 Dix=1y=x, y=-x

dxdy;

dxdy;

ﬂ( 54x%y* + 150x4y4) dxdy;
D

320 D:x =1y =x’, y =- Ux.

3ajaHusA NPaKTHYECKOH PadoOThI

4xy +176x°y°) dxdy:
‘!J( Xy+ xy )Cy

300 Dix=ly=Yx,y=-x"

4xy +176x°y*) dxdy;
lﬂ( xy +176x°y’ ) dxdy

304 Dix=ly=vx,y=-x"

ﬂ( 9x°y* +25x*y* ) dxdy;
D

326 D x =Ly =Jx, y=-x

ﬂ( 9x’y”* +25x*y* ) dxdy;
D

328 D:x=Ly =x’, y =-x.

J' J( xy- 9x°y dxdy,

330 D x =1y =Ux, y =-x.

3apanme 1.Haiitu miomans Gurypel, OrpaHMuE€HHON JAHHBIMU JTUHUSIMU

B1l. y*- 2y+x*=0, y*-4y+x*=0
y=%, y =V3X

B2.y?- 6y+x*=0, y*- 8y+x*=0
y=%, y =V3x

B 3. y* 8y+x%=0, y*- 10y+x*=0

B 16.y*- 4y+x*=0, y*- 8y+x*=0
3 Y=0

B 17.y?- 2y+x*=0, y*- 4y+x*=0

y= X, Xx=0

B 18.y*- 4y+x*=0, y*- 8y+x*=0



V=5, y =V3x

B 4.y*- 4y+x*=0, y*- 6y+x*=0
y= X, Xx=0

B 5.y% 6y+x*=0, y*- 10y+x*=0

y= X, x=0

B 6.y* 8y+x*=0, y*- 10y+x*=0

x=0y =/3x

B 7.y* 4y+x*=0, y*- 6y+x*=0

x=0y =/3x

B 8.y* 2y+x*=0, y*- 6y+x*=0

B 9. y*- 2y+x°=0, y*-10y+x°=0
X J—

y="75 Y =V3X

B 10.y?- 4y+x°=0, y*-10y+x*=0
X _

=75 Y =y/3x

B 11.y?- 4y+x°=0, y>-2y+x*=0

y= X, Xx=0

B 12.y?- 6y+x°=0, y*-8y+x*=0

y= X, x=0

B 13. y* 4y+x*=0, y*-8y+x*=0

y= X, Xx=0

B19. vy* 2y+x*=0, y* 10y+x*=0

y=0y =v3x

B 20. vy 2y+x*=0, y*-4y+x*=0

X

y=@,y=¢3x

B 21. y%- 2y+x*=0, y*-6y+x*=0

X _
y="3, ¥ =V3x
B 22.y?- 2y+x*=0, y*-8y+x*=0

X _
y—ﬁ,y—Jsx

B 23.y?- 2y+x*=0, y*- 6y+x*=0

B 24.y*- 2y+x*=0, y*- 6y+x*=0
X

y=73, Y =0

B 25.y?- 6y+x°=0, y*-2y+x*=0

y= X, Xx=0

B 26. y*- 4y+x°=0, y*- 2y+x*=0
x=0, y =/3x
B 27. y?*- 4y+x*=0, y*-8y+x*=0
x=0, y =V3x

B 28.y?- 4y+x°=0, y*-8y+x*=0



y=X, x=0 y=%, y =v3x

B 14.y*- 4y+x°=0, y*- 8y+x*=0 B 29.y?- 4y+x°=0, y*-6y+x*=0
x=0y =V3x y=%, v =3

B15y* 2y+x*=0, y*-6y+x°=0 B 30.y?- 6y+x*=0, y*-10y+x°=0
y=%, x =0 y=%, y =V3x

3ananme 2.BeraucianTs mionaab GUrypsl, orpaHU4eHHON JTUHUSIMU B

HpiIMOYPOJILHOﬁ CUCTEMC KOOpAHHAT.

| y=4-3%3-y=0,y=0

5 2y=x 2x+2y-3=0 17.
3.y—2x:0;y:x2;le 18.
. y=rhyEn =k >
s 7 =n 3y =4 )
6. 7= (-4 y=16-x" |
7. y=x+l y=cosg, y=0 22,
y=2x y=sinz y=0 >
8. & .
94y:8x—ﬁ;4y:x+ﬁ- 24
10, y=€;y=¢";1=3 25
o y=20 ey =8 a0y 20 26

. 27
1.y =hx; y=-1 x=3 28
13, =6 x+y=7
14, W=dx-y=0,x-4=0 >

30

15-x+2y2=0;x+3y2=1
yzzﬁ;xzi
16. 3.
3aganue 3
Berauciure  00beMBI  TEN,  OTpaHWYEHHBIX
(IOMOTHUTEIBLHOE 33JIaHKE)

1) z=6 | y:x2 , y=4 x=0 z=0

2

2
x={ﬁ;x=%;;x
y=Inx, x+y =] y=1'.
y=2" y=2x-x% 051 <2
y=aresiny, 0<y €1, 020
y=arccosy; y 20, x 20

::::arcsiny;ﬂixig;yzﬂ
y=arccosy; y 20, <0
y=f§§;y=«f§;x20
== y=p-2]
_x=y;x=4—y%

x=lny, y£7.29; x20
.y:x2+¢ﬁx—y+4zﬂ
.y:xady:x%c:il

.y:x2+hy:3—x2

3aJaHHbIMH IMOBCPXHOCTIAMU



2) z=3-Xx-y x=0 y:x2+1 , y=2 z=0

3) z=4x+l | y=x x=0  y=4 z=0

4) z=4-x

5) z=2—Xx y =9x , y=3x z=0
KoHTpoJsbHbIE BONIPOCHI:

1.Uto Ha3bIBaeTCs MHTETPATBHOW CyMMOW (DYHKIIMH flx,y B oGmactu D ?
2.JlaiiTe onpeneneHrue TBOMHOTO UHTErpaa.

3.Ilepeuncinte OCHOBHBIE CBOMCTBA JBOMHOIO MHTETPAIA.

4.Kakue ciiydam pacrojokeHus obmactm D oTHOCHTENBbHO OcCeil KOoopauHAT
BO3HUKAIOT TIPU BBIUUCICHUM JIBOWHBIX WHTErpasioB? 3anumure (HopMyibl
BBIYUCJICHUS IBOMHBIX UHTETPAJIOB JJI KaXJA0TO U3 dTUX CIy4YaeB.

5.Kakue uHTErpaibl Ha3bIBAIOTCSI TOBTOPHBIMU WIIM JIBYKPATHBIMU?

6.1To kaxoil hopMysie BEIUUCISAETCS MJIOMIA/Ib MIIOCKOM 001acTH B IPSIMOYTOJIbHBIX
KOOpAuHATax?

7. Ilo xakoii (opmysie BBIYMCIAETCA IUIOMIAAb TJIOCKOM 00JIacTH B TMOJISIPHBIX
KOOpJuHaTax?

8. o xako#t hopmysie HAaXOAUTCS O0OBEM Tela, OTPAHUICHHOTO TTOBEPXHOCTSIMU?

IIpakTuyeckasi padora Ne 11
Tema «HAccienoBanue YMCJA0BBIX PSIOB HA CXOAUMOCTb»
Iesib: HAYYUTHCS UCCIIENOBATh YACIOBBIE PSAAbI HA CXOAUMOCH
Bpems BbinonHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceegeHuns

2.3apaHune

3.JInctA4

4 KanbKynsatopel

MopsapoK BbiNOIHEHUSA PaboTbI
1.3yuntb 3apaHue

2. I3yunTtb TeopeTmyeckue ceegeHus

3. BbinonHUTb M 0bOpPMUTL paboTy
4.MoKa3aTb pe3yabTaThl NpenoaaBaTesito
JomaluHee 3apaHne

1.MoarotoBUTL OTBETLI HA KOHTPOJIbHbIE BOMPOCHI



Teopernveckue cBeeHU

OH[)CZ!CJ’ICHI/IB. CYMMa YJIEHOB OECKOHEYHOH YHCIOBOM IIOCJICAOBAaTCIbHOCTH

UpsUpseess Uy Ha3bIBACTCS YUCIOBBIM PAAOM.

00
U+, b, =,
=1

[pu 5TOM ymcma Hi-¥2--

pana.

OyJleM Ha3bIBaTh WICHAMU PAlA, a U, — OOIIUM YJIECHOM

n
S, =u, tu, +..+u, :Zuk

n

Omnpenenenne. CyMMBbI k= n = 1, 2, ... Ha3bIBAIOTCS
YAaCTHBIMHU (YACTUYHBIMHU) CYMMAMHU psijia.

Takum  oOpa3oM, BO3MOXKHO paccMaTpuBaTh  IOCJIEAOBATEIHLHOCTH
YAaCTUYHBIX CYMM psiga S, So, ...,S, ...

w iy +tu, 4=,
Onpenenenne. Psi "= Ha3BIBAETCS CXOMAIIMMCS, €CIIU

CXOUTCA MMOCJICAOBATCIIbBHOCTL €TI0 YaCTHBIX CYMM. CyMMa CXoaAIIerocss psaaa —
npeacia moCjacaJ0BaTCIbHOCTH €TI0 YaCTHBIX CYMM.

limS =S, S :fun.
n=

Omnpeneaenue. Eciy nociien0BaTeIbHOCTh YaCTHBIX CYMM psiZla PACXOAMTCH, T.€.
HE UMEeT Inpenaesa, WIM HMEEeT OECKOHEYHBbIM Mpenen, TO psAll Ha3bIBAECTCA
PACXOasAIMMCH Y EMY HE CTaBST B COOTBETCTBUE HUKAKOW CYMMBI.

Ceoiicmea ps0oe.
1) CXoauMOCTh WM PacXOAUMOCTh Psifia HE HAPYIIUTCS €CIU U3MEHUTD,

OTOpPOCUTH UK JOOABUTH KOHEYHOE YMCIIO YWICHOB pAJia.
u Cu
2) PaccmoTpum aBa psiga 2, 151 2 Cu, , rie C — OCTOSTHHOE YHCIIO.

Teopema.Eciu pso 2, cxooumcesi u e2o cymma pagua S, mo pso 2. Cu, moaice
cxooumces, u eco cymma pasrua CS. (C# 0)

u \% o
3) PaccMoTpum nBa psna 2u, 51 2 ». CymMMoil WM Pa3sHOCTBIO ITHX
")

CJIOKCHUA (BBI‘H/ITaHI/ISI) HCXOOHBIX 3JICMCHTOB C OAMHAKOBBIMH HOMCPpAaMU.

u v
pHILOB 6y,/i[eT Ha3bIBATLCA pﬂ)l Z ( " , ITIC JJICMCHTHI HOJ'IyquBI B pe3yanaTe



u \%
Teopema.Eciu psovt 2, u 2V CXO0O0SIMCSL U UX CYMMbL PABHBI COOMBEMCMBEHHO

+
Su o, mo pso 2, %) mooice cxXxo00umcs u e2o cymma pasmua S + o.
Z(un +vn) :Zun +Zvn :S+O

Paznocmo 08yx cxooawuxcs psoos maxace 6yoem cxo0auumcst psroom.
Cymma cxo0awe2ocs u pacxoosauje2ocs psaoos 6yoem pacxoosuumcs psoom.
O cymme 08yX pacxo0auuxcs psaoos oouje2o ymeepicoeHus coeiams Helb3s.

[Ipn wu3yuyeHUU psIOB pEIIAIOT B OCHOBHOM JBE 3a/laud: HCCJIEIOBAaHHE Ha
CXOJUMOCTh M HAX0KJI€HHE CYMMBI psijia.

1) Ecnu psin 2, CXOJUTCS, TO HEOOXOAMMO, YTOOBI OOIIUI WIEH U, CTPEMUJIICS K

Hy110. OTHAKO, 3TO YCIOBHUE HE SBISAETCS JOCTATOYHBIM. MOXHO TOBOPUTH TOJIBKO

O TOM, YTO €CJM OOIIMI WIEH HE CTPEMUTCS K HYJIO, TO PSII TOUHO PACXOIUTCS.
y!

Hanpumep, Tak Ha3bIBaeMblii TApMOHUYECKUH psf »= ' sBHsSeTCs pacxoasimumcs,

XOTS €ro OOIIMI YIeH U CTPEMUTCA K HYJIIO.

123, o
Ipumep. Mccnenosars cXoauMocTs psiga 2 5 8 3n-1
lim—"— =lim —— =1 %0
n— o 37’1 - 1 n— o 3 _ l 3
Haiinem n - HEOOXOJMMBIM MPU3HAK CXOAUMOCTH HE

BBIIIOJIHACTCA, 3HAYUT PAL paCXOdUTCA.
2) Ecmu psa CXOQUTCA, TO MMOCIACAOBATCIIBHOCTD €0 YaCTHBIX CYMM OI'paHUYCHA.
OI[HaKO, 9TOT MPHU3HAK TAKKXC HE ABJIACTCA AOCTATOYHBIM.

Hanpumep, psag 1-1+1-1+1-1+ ... +(-1)"'+... pacxomurcs, T.K. PaCXOAUTCH
MOCJIEA0BATEIBLHOCTh €r0 YaCTHBIX CYMM B CHIIy TOTO, YTO

S 0, mpu uemnvix n
" |l, npu meuemmwlx n

O,Z[HaKO, IIpK 3TOM IIOCIICAOBATCIBHOCTh YAaCTHBIX CYMM OI'PAHHMYCHA, T.K.
S

2
pH JIIOOOM A.

n

Paovt c HeompuyamenvbHbIMU UTEHAMU.



[Ipr wm3ydeHUH 3HAKOMOCTOSIHHBIX PSAOB OTrPAHUYUMCS PACCMOTPEHHEM
PAIOB C HEOTPULATEIBHBIMUA YJIE€HAMU, T.K. IPU NPOCTOM YMHOXKE€HUHU Ha —| u3
ATUX PAIOB MOKHO MOJYYHUTH PSAIbBI C OTPULATEIILHBIMA YJICHAMMU.

u
Teopema./[1s1  cxooumocmu  psoa 2, C HeompuyameibHbiMU  UYleHAMU
HeobXx00uUMo U 00CMamo4Ho, Ymoobbl YACMHbLE CYMMbL PAOA ObLIU 02PAHUYEHbL.

HpH3HaK CPAaBHCHUA PANOB € HCOTPUIIATCJIAbHBIMHA YJICHAMMU.

ITycts nanel aBa psana Z “u Z Vn P Uy, Vu=> 0.

\%
Teopema. Eciim u,<v, npu m1000M #n, TO U3 CXOIMMOCTH DPsAaa Z " CIeayeT
5 y

u u

CXOJIUMOCTh psiia Z ", a U3 PacXxoJUMOCTH psiaa Z " CIEYET PacXoJIUMOCTh
\%

p;u:[aZ ",

1 1 1
— L+
ITpumep. MccenenoBars Ha CXOAUMOCTE psix In2  In3 Inn

1 1 1

Tx. Inn n_a rapmonuueckuii psn " pacXOOMUTCsA, TO PACXOAUTCA U PAX
1
Inn

i- 1

—.
Ipumep. NccnenoBath Ha CXOIUMOCTD Psif #= n2

1 1 1

Tx. 72" 2" a psan 2" cxomgurcs ( Kak yObIBarolias TIeoOMeTpUYECKast
- |

porpeccs), To Psa = "2 Toxe CXOAUTCSL.
Take UCIOJIb3YETCA CIEAYIONUNA MTPU3HAK CXOJIMMOCTH

.u

0 0 lim— =h
> > n— oo

Un 25 Vi u cywecmeyem npeoen Vi, 20e h — uucno,

Teopema.Eciu

u \%
OmauYHOe Om MY, MO pPsobl Z nooy Z " gedym O0OUHAKOBO 6 CMbICIe
CX00UMOCMU.

Ilpusnaxk /lanamébepa.
(Kan Jlepon Hanambep (1717 — 1783) — ppaniry3ckuii MaTeMaTHK)



u
Ecnu ons p}zda Z " C NOJNOAHCUMENbHBIMU YJeHAMU CYyuecmeyem makoe
yucio q<], umo 0Jisl 8cex O0CMAmMoO4HO DOJILUIUX N BbINOJHSCMCS HepaeeHcmeo

u
n+l
— =¢q,

u
u, mo psio Z " CXOOUMCA, eciu xee OISl 6cex 00CMAmMoOYHo OOIbUUX I

un+1 21’

u Z u,
8bINOJIHAEMCS YCA08Ue " mo psi0 pacxooumcsi.

Ilpeodenvuwtii npusnax /lanamoepa.
[Tpenenvubrii pu3Hak JamamOepa sIBISICTCS CIENCTBHEM M3 MPUBEICHHOTO

BhIIIIE pu3HaKka JlaimamOepa.

u
lim —*L =p
Ecnu cywecmsyem npeden "~ Yn | mo npu p< I pao cxooumcs, a npu p> 1 —

pacxodumc;z. Ecnu P = ], mo Ha eonpoc o CXOOUMOCMU OMBEMUMb HEb3.

o0

Zl’l

Hpumep. Onpenenuts CXOAUMOCTb psifa "= 2"
1
1 u n+D2" n+l T
u, = n _— :n_ﬂ; lim 2L —lim e el __n_1_4
2" 2" noe oy o onoe 20 2n 2 2

BeiBox: psax cxonures.

I 1 1

I+—+—+. . +—+..
Ipumep. Onpenenuts cxogumocts psga 1 2! n!

|
L Uy = 1 ; Dl —fim —" =]im ! =0<1
n! (n+D)" ey, e(n+l) e+l

BriBox: psax cxonures.

Ilpuznax Kowu. (padukanvnsiit npuznak)

u
Ecau ona pﬂ()a Z " C HeompuyameabHblMU YleHaMu cyujecmeyem maxkoe 4ucio

Hu, <q
q<1, umo 0isl 6cex 00CMamoyHo OOALUIUX N BbINOIHAEMCA HepaeeHcmeo i ,

u
mo ps0 Z " CXOOUMCA, eCllu JHce 0 6cex 00CMAMOYHO OONLUUX N 8bINOJHACMC A

fu, =1 U
Hepagencmeo V" T mo pso 2, pacxooumcs.



limz/u, =p
Caencrue. Eciiu cymiectByeT npegen = , To ipu P<l psanx cxoautcd, a

pu p>1 psax pacxoaurcs.

n

i‘ 2n? +1
2
IIpumep. OHpeI[eJ'II/ITI) CXOOUMOCTD psiga =307 +5

1
24—
Co2n? +1 2
limz/u =lm n2+ 1 n__<
n— o n—o3p° 45 n— 0 5
2
n
BriBoa: psa cxomurcs.
S
n

Hpumep. Onpenenuts CXOAUMOCTb psiaa =

lim 2/u, =lim

n— oo n— o

=I.

1+l
n

T.e. npusnak Komm He naer orBeTa Ha BOIpPOC O cxoauMocTu psaa. [Ipoepum
BBINOJIHEHHE HEOOXOUMBIX YCI0BHM cxoaumocTu. Kak OblTO cKa3aHO BBILIE, €CIIU
P CXOOUTCSL, TO OOIIMI YJIEH psAJia CTPEMUTCS K HYJIIO.

l+l =e #0

n

limu, =lim

n— oo n— 0

TaKuM 00pa3oM, HEOOXOUMOE YCIIOBUE CXOJUMOCTH HE BBITIOJIHSICTCS, 3HAUNT,
PAAPACXOIUTCH.

Humezpanvnoui npusnax Kowu.
Ecnu  @(x) — Henpepvignas nonodcumenvHas @yukyus, yovlearowas Ha

2 @(n)
npomedcymre [1;0), mo pso @(l) + @2) + ..+ @m) + .. = »4 u

0

f(p(x)dx
HecobcmeeHHbll UHnmeezpan ! 00UHAKOBBL 8 CMbICIE CXOOUMOCIU.



1 1 1

I+ —+—+..+—+..
[pumep. Pax 2% 3° n* cxoautca npu o>1 u pacxomures o<l T.K.

“ dx

o
COOTBETCTBYIOIIMI HECOOCTBEHHBIH HWHTETpan i~

v |

cxomuress npu o>l wm

o
pacxoautcs a.<1. Panx »= " Ha3pIBaeTCs 001IEraPMOHUYECKUM PSIOM.

CaencrBue. Ecnu f(x) u ¢(x) — HenpepbiBHbIe (QYyHKIMK Ha uHTEpBaie (a, b] u

b b
tim L9 =y p 20, [fdx folx)dx
= a+0 @ x) TO HUHTCIrpajbl ¢ n « BCAYT ce0st OJJMHAKOBO B

CMBICJIC CXOAUMOCTH.

3nakonepemennuvie paovl. (3Haxouepeoyouguecs paonl).
3HaKOYEPEAYIOITUICS PSJT MOXKHO 3aIicaTh B BUJC:

n+l
Uy = Uy tuy-u, +o o+ (-D"u, +

u, >0, n=123,..

rae Ilpusnak Jleiionuuya.

n+l
Uy - uy tuy-u, o+ (D" u, + abCconomuble

- u — 0
U 00WULL YUNeH CMPEeMUMCs K HYI0 " ,

Ecnu y 3uaxouepedyrowezocs psoa

> > > ...
genuqunvl u; yoviearom 1~ M2 7

Mo psi0 CXOOUMCHL.

Abconrwomuan u ycnoeHas cxooumocms pAaooe.
PaccMOTpUM HEKOTOpBIM 3HAKONEPEMEHHBIM pPsia (C WIEHAaMHU HPOU3BOJIBHBIX

Uy i, Fotu, =D,
3HAKOB) n=l (1)

U PSiJl, COCTABJICHHBIN 13 aOCOTIOTHBIX BEJIMYMH 4iieHOB psaaa (1):
u

@

Teopema. 13 cxooumocmu psoa (2) cnedyem cxooumocmo psoa (1).

|u]|+|u2|+...+

uﬂ

u
Onpenenenune. Psn Z " Ha3bIBAETCS A0COJIOTHO CXOASIIIMMCS, €CIU CXOTUTCS

pﬂﬂ Z|u’7| .

Od4eBUAHO, YTO JUIS 3HAKONOCTOSHHBIX PSJAOB IOHATHS CXOAMMOCTH M
a0COJTFOTHOM CXOIMMOCTH COBIIAJIAOT.



u
Onpegeneﬂne. PHI{ Z " Ha3bIBACTCS YCJIAOBHO CXOAAIIMMCH, CCIIM OH CXOJUTCH,

a pag 2, pacxonutcs. Ilpuznaxu /laramoepa u Kowiu ona

3Hal<0nepemeunbtxpﬂdoe.

u o
[lycTs 2 3HakonepeMeHHbIN psia. llpu3nak Jlanambepa. Eciu cyimectByeT

lim 2t
n— o0

npeaen

=p

n

, To Tipu P<1 psif Z e OyneT abCOTIOTHO CXOASIIMMCS, a TIPU
p>1 psa Oyaet pacxoasmumcs. [Ipu p=1 npu3Hak He 1aeT 0TBETA O CXOJAUMOCTH
pana.

limz/ju,| =p
Hpusnak Komm. Ecnu cymectByer npenen = | , To ipu P<l psax 2
Oynet abcomoTHO cxomsumMces, a ipu P>1 psig Oyner pacxoasmumces. [pu p=1
IPU3HAK HE JJA€T OTBETA O CXOJMMOCTH PsJa.

Ceoiicmea adCcolOMHO CXO0AUWUXCA PAOOB.

o u
1) Teopema./[na abcomomuou cxooumocmu  psoa 2, Heobxooumo u
00CMAamoyHo, 4moobbl €20 MONCHO ObLI0 NpPedcmasums 8 ude pPA3HOCMU 08)X
CXOO0AUUXCSA PAO0B C HEOMPUYAMETbHBIMU YTIeHAMU.

CaeacrBue. YCI0BHO CXOASIIMICS PsiL SIBIASETCS PA3HOCTHIO IBYX PACXOIAIMXCS
PSAIOB ¢ HEOTPULATEIBHBIMA CTPEMSIIMMUCSA K HYJIIO YWICHAMMU.

2) B cxomsmieMcs psie mobasi TpyINIAPOBKA WICHOB psijia, HE U3MEHSIONAs MX
MOPSJIKA, COXPAHSAET CXOAUMOCTb U BEJIMUMHY PAA.

3) Ecnu psan cxoauTcst aOCOMOTHO, TO Psijfl, MOTYUYEHHBIN U3 HETO JIF000M
MEePECTAaHOBKOM YJICHOB, TAKXKE a0COTIOTHO CXOAUTCS K UMEET TY K€ CYMMY.

IIepecTaHOBKOW YJIEHOB YCJIIOBHO CXOJIAILIETOCS Psia MOXHO IOJYYUTh YCIOBHO
CXOJSIIIMICS Ppsii, WUMEIMUNA OO0y Hamepen 3aJaHHyI0 CyMMy, W JaxKe
PaCcXOIAIIUANCS PSAI.

4) Teopema.llpu 11060t epynnuposke 4jieHo8 abCONOMHO CX00AUe20cs psaoa (npu
IMOM YUCTIO 2PYNN MOMCem OblMb KAK KOHEYHbIM, MAaK U OECKOHEYHbIM U YUCTO
YIeHO8 8 2pynne Modicem OblMb KAK KOHEYHbIM, MAK U OeCKOHeYHbIM) NOJyuaemcs
CXOOAWUNCA PO, CYMMA KOMOPO20 PABHA CYMMeE UCXOOHO20 psoa.

00
Quy 2,
n=

5) Ecmm psagel 2 wH CXOIATCA a0CONIOTHO M MX CYMMBI paBHBI

COOTBETCTBEHHO SWU O, TO psil, COCTABIEHHBIA W3 BCEX NPOU3BEICHUN BHUIA



Ui b =120 pagriix B KAKOM YIOHO TOPAZIKE, TAKIKE CXOIUTCS aGCOTIOTHO H

€ro cymma paBHa S - O - TPOU3BEIEHUIO CYMM MEPEMHOKAEMbIX PSAJIOB.

Ecnu ke mnpousBOAUTH NEPEMHOKEHHUE YCIOBHO CXOJSIIMXCS PSIOB, TO B
pe3ysbTaTe MOXKHO MOJYUUTh PACXOSIIUICS PSII.

3aaHus NpaKTH4YeCKOH padoThI
|.Brimucars Tpu NEPBBIX WICHA PsAa HAUTH TPETHIO YACTUYHYIO CYMMY

n=w ¥

’EEDJHH
11121 ) #=17" 7/ 6) n=1 7
n=m #-1
: 5 i dn3
“incfn—1)! PR Y]
21222q) #10 - (R=L)] a-1(n’ +4)°
pm nt2
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s 2
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41424 0) n=17 (A1) 5 3>
S ntl
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~
5,15250) =17/ (R +1), 6) #= 17° +1
e 2
H=on
> n-+1 n=e 1
= M
6,1626a) " 1vr-3" . 6 ne1n-inn.
e 2
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7.17.27 a) #=1 32”_1 : = 12
17, ; 6) »=11+¢
=
R = Ll
2 u ”E”SM4 !
~ )
8,18.28) #=1 (21)! 6) #=1 2nafn
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2

=y | /
—H';H—;U' =D 4 o5 R
- 2n )l -

10,20,30 a) #=1 ; 6 n=1 7

2.MccnenoBaTh Ha CXOJIMMOCTb, TPUMEHSISI HEOOXOIUMBIH MPU3HAK CXOIUMOCTHU

6,16,26. a)ZT

111,21,
a)nz_; 4n+5 (2n
212,22, a 717.27. a
+1 &
313,23, )Z 3n 8,18,28. a) Y’
Sn+2 n3n\n
n’ - 4n* +1
41424 ) ¥V - T2 9,19,29. a
),,Z_l n* - Sn )Z7n+l
+1 2n?
5,15,525. )Z 5n” 10,20,30. a)Z &
n—ln +2l’l n—= n'l

3.MccaenoBaTh Ha CXOAUMOCTh, UCIIONIB3YS MpU3HaK JlamamOepa

o0

1,11,21. a)23 6,16,26. a)
n—

n—ln

- 27’1 = 1 0
2.12.22. 1
2 53 21 0 3

0 n 2 © n
31323, ) Y 2 81828, a) >

= ,,_in(n+l)
414,24, a)ZlOn 9,19,29. a)Z

n= N n—= 2n+1)'
5,15,25. a)Z 10,20,30. a)ZS

n—13 2”

KonTposbHbIe BOnpochl

1. Onpenenenue 4UCIOBOrO psiaa.
2. CBolicTBa U BUJBI PSIOB.



3. OmnpeneneHue CyMMBI psija.
4. HeoOxoauMbIii IPU3HAK CXOIUMOCTH.
5. IlpusHaku cpaBHeHus, npusHaku [Janamoepa u Komm.

IIpakTnueckas padora Ne 20
Tema «Pemenue nudgepeHUaAIbHBIX YPABHEHHID)
Henab: npoBepuTh yMeHUe pemath AUQdhepeHInaibHble ypaBHEHUS IEPBOTO
MOPSIAKA C PA3/ICIICHHBIMU U Pa3ACIISIIOIIMMUCS IEPEMEHHBIMH.
Bpems BbinosiHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceegeHuns

2.3apaHune

3.JIuctA4

4 KanbKynsaropel

MopsapoK BbiNOsIHEHUSA PaboTbI
1.3yuntb 3apaHue

2. I3yunTtb TeopeTmnyeckue ceegeHus

3. BbinonHUTb 1 0bOpPMUTL paboTy
4.MoKa3aTb pe3yabTaThl NpenoaasaTesito
JlomaluHee 3apaHne

1.MoarotoBUTL OTBETLI HA KOHTPOJIbHbIE BOMPOCHI

Teopernvyeckunii MaTepuas

Juggepenyuanvuvivm ypasrnenuem Ha3bIBa€TCSl YpaBHEHHE, CBS3bIBAIOIIEE
MeXIay coOOM HE3aBUCHMYIO NMEPEMEHHYI0 X , UCKOMYIO (QYHKIMIO Y H €€
MPOU3BOAHBIC WK Tu(depeHITnaTbI.

CumBonuyecku qudpepeHnnanbHoe YpaBHEHHUE 3aTUChIBACTCS TaK:

Flx,y,yl=0 | Fle,y,y =0 | Flx,y,y,y...y"=0

b

HuddepeHnnanbHoe ypaBHEHUE HA3bIBACTCA 00bIKHOBEHHbBIM, €CIIN UICKOMAsI
(GyHKUHS 3aBUCUT OT OJHOTO HE3aBUCUMOI'O IIEPEMEHHOTO.

Ilopsiokom nuddepeHImanb,HOTO YpaBHEHUS HA3BIBACTCS MOPSIOK CTapIIIei
npou3BoiHOM (Miu auddepenIimana), BXoAAIIed B JaHHOE YpaBHEHUE.

Pewenuem (nnu unmeepanom) nudpepeHnanbHOro ypaBHEHUS HAa3bIBACTCS
Takas QyHKIMSA, KOTOpasi 00paIaeT 3To ypaBHEHUE B TOKIECTBO.

Oowum pewenuem (W obwum unmeepaiom) auPphepeHIUaATHLHOTO
YpaBHEHUS HAa3bIBACTCS TAKOE PEIICHUE, B KOTOPOE BXOJUT CTOJIBKO HE3aBUCUMBIX



MIPOU3BOJIBHBIX TMOCTOSSHHBIX, KaKOB TMOPSAIOK ypaBHEHHUsA. Tak, oOiiee perieHue
muddepeHIaIbHOTO  YPAaBHEHHST  MEPBOTO  TOPSJKA  COACPKUT  OJHY
IIPOU3BOJIBHYIO TOCTOSIHHYIO.

Yacmuvim  pewenuem nud@epeHUalIbHOTO YpaBHEHHUS  HAa3bIBAeTCA
pellieHre, MOJYyYeHHOEe M3 OOILIero MpH pa3dYHbBIX YHCIOBBIX 3HAYCHMSIX
IIPOU3BOJIBHBIX IMOCTOSIHHBIX. 3HAYEHUS IPOU3BOJIBHBIX IOCTOSIHHBIX HAXOMSATCS
IIPU OTPECIICHHBIX Ha4yaJbHBIX 3HAUEHUAX apTryMEHTa U (PYHKIIHUH.

Huggepenyuanvuoiv  ypasnenuem  nepgoeo  nopsaoka — Ha3bIBACTCS
ypaBHEHHUE, B KOTOPOE BXOJIAT MPOU3BOJHBIC (Wi auddepeHnnans) He BBIIIE
MIEPBOTO MOPSJIKA.

Juggepenyuanvuoiv  ypasnenuem ¢ pazoenaOWUMUC NePeMEeHHbIMU
HAa3bIBACTCS YPABHEHUE BU/JIA

g—i#(x}%b(y)

JI1st pelieHns 3TOro ypaBHEHNs HYKHO CHaJasa pa3eianuTh IEPEMEHHBIE:

dy '
—L=flx|dx
olyl :
a 3aTeM MPOMHTEIPUPOBATH 00€ YaCTH MMOJIyUYEHHOTO PAaBEHCTRA:
dy x
—= f(X)dX
J oyl J

IIpumepsl
3apanme 1: Haiigure oOluee penieHne ypaBHEHUS x| 1+ y?|dx= ydy

d
xdx=YY >
Pemienue: PaznenuB mnepemMeHHBbIE, UMEEM 1+y* | Hnterpupyem o6e
YaCTH MOJIyYEHHOTO YPAaBHEHUS:

_ [y ‘1 1
fXdX—f1+—}]2 ; %:Eln(l+y2)+§lnc

Tak Kak NpOU3BOIbHAS MOCTOSHHAs C  MOMET IPUHUMATH JIFOOBIE
YHCJIOBBIE 3HAYEHMUS, TO JJI YI00CTBA JATbHEHIINX MpeoOpa3oBaHMit



1
=InC
BMECTO C MBI Hanucaiu 2 . IloteHmupys mnocneanee

2__ 2
PaBEHCTBO, HOJTyuuM X =In[C-(1+y?]
DT0 U ecTh 00lIee PelieHHe JAHHOTO yPaBHEHHS.

Baganme 2: Haiitu  dvacTHoe — pelieHWe  ypaBHEHHS sttg t dt+ds=0

n
t=—
YIOBJIETBOPSAIOIEE HAYATBHBIM YCIOBHAM S=4  1pm 3

ds
tgt dt+—=0
Pemienune: Pa3nenuB nepemMeHHbIE, UMEEM S . [IpounTterpupyem ode

YaCTH MOJIyYEHHOTO YPAaBHEHUSL:

ftgtdt+f%:lnc

>

—Incost+Ins=InC

Umu Ins=InC+lIncost | s=C cost

OTo o00mee peleHne OaHHOrO ypaBHEHHsA. JUId HaxoXICHMs
3HAUEHHWs NPOM3BONBHOM mnocrosHHoW C  mojcTaBMM 3HaYeHHS

=1 4=C cos| =
3

3 wm s=4 g BpIpakeHHE 114 OOIIErO PEIICHHUS: ,
¢
2

4=

001 ,oTkynma C=8

CrnenoBaresnbHO, MCKOMOE YaCTHOE pEIIEHUE, YJOBJIETBOPSIOIICE
YKa3aHHBIM HaYaJIbHBIM YCIOBHSAM, UMEET B S=8C0St

3aganus npakTH4YecKoi padoThl
3ananue 1.Haiitn ol1iee pemneHue ypaBHeHUH a), 0).

3ananme 2.Haiitu yacTHOE pelieHue ypaBHEHHUS C pa3IesSOIUMHUCS
nepeMEHHBIMU

B1.1. a)x’dx=3 y’dy B16.1.a)x’dx=3 y’dy
6)y(1+x)dx +x(1—y|dy=0 6)y(1+x)dx+x(1—y|dy=0
2.y°dx=e “dy; y=1npux=0 2.dx=e “dy; y=1npux=0

1 3 1 3
B2. 1.a)ﬁdy=T;dX B17. 1.a)ﬁdy=¢—;dx



6)y’dx+(x—2)dy=0 6)y’dx+(x—2)dy=0

2.%dx:i2dy,y:2npux:0 2.dx:i2dy,y:2npux:0
y X X

B31.a)Vxdx=1ydy B18.1.a)Vxdx=+ydy

6)(1+y?)dx—Vx dy=0 6)(1+y?)dx—x dy=0

2.[1+y)dx=[1—x|dy, 2.[1+y|dx=(1-x|dy,

y=3npux=-2 y=3npux=-2

B4. 1.a)(3x’—2x)dx=dy B19. 1.3)(3x*—2x)dx=dy

6) -(2xy+3y)dx+x>dy=0 6) -(2xy+3y)dx+x’dy=0

2.ydx=xdy,y=6npux=2 2.ydx=xdy,y=6npux=2

B5.1.a)(4x—3)dx=dy B20. 1.a)(4x—3)dx=dy

6) (xy+X)Z—;= 6) (xy+X)Z—;=

2. 2;:1123—;,y:0npux:5 2. 2;:11:;1—;,y:0npux:5

B6. 1.a)xdx=dy B21.1.a)xdx=dy

6) 2(xy+y)dx=xdy 6) 2(xy+y)dx=xdy2.

2.(y+1)dx—(1—x)dy:(), (y+1)dX—(1—x)dy:0’

y=1npux=0
y=1npux=0
B7.1.a)x’dx =3 y’dy B22.1.a)x’dx=3 y’dy
6)y(1+x)dx +x(1—y|dy=0 6)y(1+x)dx+x(1—y|dy=0
2.y*dx=e *dy; y=1npux=0 2.y*dx=e *dy; y=1npux=0
1 3 1 3
—dy=—dx —dy=—dx
B8.1a)\/; y \/y B23.1a)\/; y \/y
6)y%dx+(x—2)dy=0 6)y%dx+(x—2)dy=0
1, 1 _ _ 1., _1 _ _
2.—dx=—dy,y=2npux=0 2.—dx=—dy,y=2npux=0
Yy X y X

B9. 1.a)Vxdx=+ydy B24.1.a)Vxdx=+ydy



6)(1+y?)dx—x dy=0 6)(1+y?)dx—x dy=0

2.[1+y|dx=[1—x]|dy, 2.[1+y|dx=(1-x|dy,
y=3npux =—2 y=3npux=—2
B10 1.a)(3x*—2x)dx=dy B25.1.a)(3x°—2x)dx=dy

6) -(2xy+3y)dx+x’dy=0 6) -(2xy+3y)dx+x’dy=0
2.ydx=xdy,y=6npux=2 2.ydx=xdy,y=6npux=2
B11.1.a)(4x—3)dx=dy B26.1.a)(4x—3)dx=dy

6) (xy+X)ij—;= 6) (xy+X)Z—;=
.2;:1123—;,y20npux=5 .2;:1123—;,y=0npux=5
B12.1.a)xdx=dy B27.1.a)x dx=dy
6) 2(xy+y)dx=xdy2. 6) 2(xy+y)dx=xdy2.(y+1)dx—(1—x)dy=0,
(y+1)dx—(1—x)dy=0, )= Lnpux=0
y=1npux=0
B13.1.a)x’dx=3 y’dy B28.1.a)x’dx=3 y’dy

6)y(1+x)dx+x(1—y|dy=0 6)y(1+x)dx+x(1—y|dy=0
2.y’ dx=e “dy; 2.y’ dx=e *dy; y=1npux=0
y=1npux=0
B14.1.2) - dy="=dx B29. 1.a) —dy=—2dx
6)y’dx+(x—2)dy=0 6)y’dx+(x—2)dy=0
2.%dx:%dy,y:2npux:0 2_#dx:%dy,y:2npux:0
B15.1.a)Vxdx=+ydy B30.1.a)Vxdx=+ydy
6)(1+y?)dx—xdy=0 6)(1+y?)dx—/xdy=0
2.[1+y|dx=[1—x|dy, 2.[1+y|dx=[1—x|dy,

y=3npux=-2 y=3npux=—2



KonTpoJsbHBIE BONPOCHI:

Kakoe ypaBHeHue Ha3bIBaeTcs nudPpepeHiranibHbM ?

Uro HazbiBaeTca penieHueM auddepeHuanbHOro ypaBHeH s ?

Kaxkoe pemenue nquddepeHmanbHOro ypaBHEeH!s Ha3bIBACTCS OOIIIM?

Kaxkoe pemenue auddepeHmaibsHOro ypaBHeHUS Ha3bIBACTCS YaCTHBIM ?
Kakue muddepennmanbubie ypaBHEHHS HA3bIBAIOTCS YPABHEHUSMU TIEPBOTO
nopsijika’?

6. Kakne muddepeHunanpuple ypaBHEHUS HAa3bIBAIOTCS  YPAaBHEHUSMU C
Pa3IeIAIOIMMHUCS IEPEMEHHBIMHU?

N =

MpakTnyeckas pa6ora N2 14.
Tema « BbluucneHue onpegenurenem»
Llenb:HayYnTbCABLIYUCAATL ONpeaeiMTenn BTOPOro U TpeTbero Nnopaakxa,
Bpems BbInoNHEHNAP0 MUHYT

MartepuanbHoe obecneyeHunel.TeopeTnyeckmne cBegeHUs
2.3apaHune

3.JInctA4

4 KanbKynsaropel

MopsapoK BbiNOIHEHUSA PaboTbI

1.3yuntb 3apaHue

2. I3yunTtb TeopeTmyeckue ceegeHus

3. BbinonHUTb M 0bOpPMUTL paboTy

4.MoKa3aTb pe3yabTaTbl NpenoaaBaTesito
JlomaluHee 3apaHne

1.MoarotoBUTL OTBETLI HA KOHTPOJIbHbIE BOMPOCHI
Xop, paboTbli

TeopeTnyeckue ceeaeHus

Omnpenenenune.Marpuuein pazMepa mXn, II€ m- YUCIO CTPOK, N- YHUCIIO
CTOJIOIIOB, Ha3bIBA€TCsl TaONMIla YHUCEN, PACHOJOXKEHHBIX B OMNpPEIEICHHOM
HnopsAKe. OTH 4YHCJIa Ha3bIBAIOTCS DJJIEMEHTAaMU MaTpulbl. MecTo KaKaoro
AJIEMEHTa OJHO3HAYHO OIpeNesieTcsl HOMEpPOM CTpPOKM U croilua, Ha
HepecedeHNH KOTOPBIX OH HaXOAUTCA. DIEMEHThl MaTpULlbl 0003HAYAIOTCS ajj, TIe
1- HOMEp CTPOKH, a j- HOMEp CTOJIOIA.




A: aml

Buabl maTpun

Martpuiia MOXKET COCTOATh KaK W3 OJHOM CTPOKH, TaK U W3 OJHOrO CTOJOIA.
Boo011ie roBopsi, MaTpHIla MOKET COCTOATh JJaXkKe U3 OJTHOTO AJIEMEHTA.
Onpenenenue.Ecnu yncno crosnOLOB MaTpUIlbl PaBHO YHUCIY CTPOK (m=n), TO
MaTpHIa Ha3bIBACTCSI KBAJAPATHOM.

Omnpenenenue. Marpuia Buja:

0 0
01 .0
00 .. 1

HA3bIBACTCSIeAUHUYHON MATPUIIEH.
Onpenenenue. Eciv a,,, = aum, TO MaTpUIla HA3BIBAECTCA

215
1 36
. 56 4
cumMeTpuueckoi.lIpumep. - CHMMETpHUYECKas
a; 0 .. 0
0 a, 0
0 0 .. a
MarpunaOnpenenenne.KBagparnas marpuna Buja "

HA3bIBACTCS AMATOHAJIBHON MaTPULICH.

HeiictBust ¢ maTpuuaMmuCiiokeHre ¥ BbIMUTAHUE MAaTPUIL] CBOJUTCS K
COOTBETCTBYIOIIUM OIEPAIUAM HaJ UX deMeHTaMH. CaMbIM TJIaBHBIM CBOMCTBOM
ATUX OMEpaALMH ABJISETCS TO, YTO OHU OHPedeeHbl HOIbKO 0711 MAmMpuy
00UHaK06020 pazmepa. Takum 06pa3zoM, BO3MOKHO OIMPECIUTh ONlepaIiuu
CJI0’KEHUSI M BBIYUTAHUSI MATPUIL;

CymMmoii (pa3HOCTBIO) MaTpull SBISIETCA MaTpuila, 3JEMEHTAMH KOTOpPOU
SIBJISIFOTCSI COOTBETCTBEHHO CyMMa (pa3HOCTh) 3JIEMEHTOB UCXOHBIX MaTPHII.

Cij = aijibij

C=A+B=B+A.

Orepanist yMHOKeHHs (TeJIeHUs1) MATPHILBI JTF000T0 pasMepa Ha IPOU3BOJILHOE
qUCJIO CBOAUTCA K YMHOXCHHIO (I[CJ_ICHI/HO) KaXXI0I0 3JICMCHTA MAaTPHIIbl HA 3TO
YUCJIO.



aa,, 0y, ... A4,

ada aa

21 22

aA=

aa aa

ml m2 mn

o (A+B) =0A +oB

123 1 3 4
2 1 4 57 8
_ _ 1323 .m_ |1 24
A(a=p) = aA =pAllpumep. [lanbl MmaTpuisl A = ; B= ,
Haith 2A + B.
2 46 3 7 10
4 2 8 9 9 16
6 4 6 JA+B= |/ 6 10

2A =

5

IIpoussenenuem Marpun A - B = C;Ha3pIBaeTCAMATPULA, DIIEMEHTBI KOTOPOH

n

Cii= Z ay by
MOTYT OBITh BBIUMCIICHBI 110 CIEIYIOIINUM (HOpMyIam: k=1 s
IIPUBEICHHOTO ONPEEIICHUs BUIHO, UTO ONEpalys YMHOXKEHUS MaTPUL]
OIpeeNIeHa TONBKO JJI MAaTPUL], YHCJIO CTOJIOOB NEPBO M3 KOTOPHIX PABHO
YK CIYy CTPOK BTOpOii.Onpenenenue. Marpuny B Ha3zpiBaroT
TPAHCIOHMPOBAHHOM MaTpULEH A, a tepexon oT A k B TpaHcnoHMpoBaHueM,
€CJIM DJIEMEHTHI KaKJI0M CTPOKM MaTpULBbI A 3aIIMCaTh B TOM K€ IOPSAIKE B
CTOJIOIBI MaTpULIBI B.

(111 alz cee aln all 021 cee a
a

ml

2n a, 04y m2

a a a a a
— ml m2 mn . — T— 1n 2n  *°° mn .
A_ ’ B_A - ’

IPYTUMU CIIOBaMH, bji = a;.

1 0 3 1 -1
2 4 1 3 2
IIpumep. /lanbl maTpuusl A = 1 -4 ,B= 2 ,C= L YUCIIO O =
2. Haiitu A"B+a.C.
1 2 1 12 1 1 1-1+2:3+1-2 9
0 4 -4 0 4 -4 3 0-1+4-3—4-2 4
3 1 1 2 2 3-1+1-3+2:2| _ |10

AT — 2 . ATB — 3



4 4 4 8
aC= |2 ;. A™B+oC = 0/ 4 12] = 12 Tlpumep. Haiitu
1 1
4 4

IPOM3BEICHIE MaTpuLl A = 3 uB= 12 4 1] A= 13 . 24 1] =

.2 14 1.1} 2 4 1
42 44 4-1|1=|8 16 4
32 34 31) 6 12 3

1
4

BA= 241 . B —2.144.4+1-3=2+16+3=21.
3 4)

Ipumep. Haiitu npousBeneHre Matpui A= [1 2J ,B= (5 6

(34
AB:(IZ),SG

— [3+10 4+12) = (13 16]

OnpeneJmTe.]IeM BTOPOro mopsiika Ha3bIBa€TCsA 4YHUCI0, KOTOPOC IMOCTABJICHO B

‘ab

1 ™1 |

a, b

2 72

COOTBETCTBHE TAOIUIIBI KOIPHUITMEHTOB

Mo CIEAYIOUIEMY MPaBUIIYy: MPOU3BEICHHUE 0 TJIaBHOW JWaroHaiu Oepercs
CO 3HAKOM IIJIKOC, 11O I[pyroﬁ JAUAaro”HaJn CO 3HaKOM MHHyC.
0

b2 = a;b, — axb;

a,

[IprmMep: BBIYUCIUTD ONPEAETUTENIb BTOPOTO MOPSAIKA
2 4

1) 3 2
Y

) 31

=2:2-3-4=4-12=-8

=—11-3:(-2)=-146=5

OnpenennTesieM TpeThero MOPSAIAKA HA3bIBAETCS YUCIIO, KOTOPOE MOCTABIECHO B
COOTBETCTBHE TAOIUIBI KOIPPUIIUEHTOB O CIAEAYIOIIEMY MTPaBUILY:



la, b, c,=a,b,cta,bye +azbic,~asb,c,—abyc,—a,b, calignlis il

a, b, ¢

3 73 "3

210 OIIPCACIICHUC OIPCACIUTCIII HarLIIHO MOXHO IIPCACTABUTDH

CeAYIOIIMM 00pa3oMm:

1C1

b2 c2|

b, c

3 3

OT0 npaBwiia Ha3bIBaKOT elie «IIpaBuio TpeyronbHUKa»

IpumepBranCcInTh ONPENEIUTENb TPETHETO MOPSAIKA

32 1
2 4 5]/=3-4:342:2:141:2.5-1:4.1-2-2:3-3-2:5=
1 2 3

=36+4+10—4-12-30=4

3ajanus QUi MPpOBeIeHUsI MPAKTHYECKOUH PadoThI

1.Bbruncnuts onpeaennTend BTOPOro nopsaKa:

K 1

_ 1 2 1
1) a=|"" ZJ;K2|, 2)a=|73 ¥ Sas g0s K1~646|
K;'K = _
v 3K, 6 05 A4
2.BBIYHCIUTE ONPEAETUTENN TPETHETO MOPSAKA:
-1 3k, 2 3K, 4 -5 1 -2 KK,
1)A=[2 8 Kl 2JA=]8 7k,~2 -2[,3)4=8 «x, 5]
1 1 2 2 -1 8 2 K, 5
Bapuanm | X K, Bapuanm | K K, Bapuan Ky K,
m
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2




4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KonTpoJbHbIE BONIPOCHI:

1. Yro Ha3bIBaETCS ONPEACIUTEIIEM MATPULbI?

2. Kak BBIUMCIUTH ONPEICIUTENH BTOPOTO MopsiaKa?

3. Kakue crnocoObl BHIYUCIICHHSI ONIPEACIUTENS TPETHETO TOPSIKA BaM
W3BECTHBI?

4. Ilepeuncnure CBOMCTBA ONPEACIUTENCH.

IIpakTnueckas padora Ne 15 -16-17

Tema«Haxoxaenue o0paTHoil MaTpulbl. Pelienne MAaTpUYHbIX YPABHEHU D)
I_[e.m,: HAay4YUTHCA BbIYUCIIATL MUHOPEIL, anre6pa1/1qecxne JOITOJIHCHUA,
OMpCACIUTCIIN YCTBCPTOro MOPAAKOB , HAXOIUTDH O6paTHBIe MaTpulbl ,pC€IIATb
MPOCTEUIIINE MATPUYHBIC YPABHEHHUS

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecrnevyeHue

1.TeopeTtnyeckme ceepeHuns

2.3apaHue

3.JIuctA4

4 KanbKynsatopel

MopaaoK BbiNOJAHEHUSA PaboThl

1.M3yuntb 3agaHue

2. I3yunTb TeopeTmnyeckue ceegeHus

3. BeinonHutbe 1 opopmutb paboty

4.NMokasaTb pe3y/ibTaThl NpenoaasaTesto

JomaluHee 3apaHune

1.MoArotoBUTL OTBETLI HA KOHTPOJIbHbIE BOMPOCHI

Xoa padoTbl

TeopeTnveckue cBeaeHUA

Cucremoi TMHEHHBIX AJredpanvyecKux ypaBHeHMM, COIEpKALIEH 71 YPaBHEHUN

N n HCU3BCCTHLIX, HA3BIBACTCA CUCTCMA BHU 4.




a, x,+a,x,+...+a,,x,=b,
a, X, +a,,X,+...+a, x,=b,

rje uyucna a;, i = I,m, j =1,n Ha3pIBalOTCS KOA(PHUIIMEHTAMH CHCTEMBI, YHClia b; —
CBOOOIHBIMM uieHaMu. [lonexaT HAX0XKICHHUIO YHUCIIA X,,.
3nech A — maTpuia KO3QPUIUEHTOB CUCTEMBI, Ha3bIBAEMasi OCHOBHOU MAMPUYel:

a, a, ... 4,
A=l Gy o Gy,
aml amZ amn

_|x,
X =|"?|—eekmop —cmonbeyu3Heu3e8eCmHbiX X

B= — 8eKmop — cmo/n6eyu3ce0000HbIXUIeHO8 b

[IpousBenenune Mmarpun, A * X ompeneneHo, Tak Kak B Marpuie A CTOJOIOB
CTOJIBKO %€, CKOJIbKO CTPOK B MaTpulle X (7 WTYK).

Pacwupennoii  matpuiieii cUCTeMbl Has3bIBaeTCsl MaTpula A  CHCTEMBI,
JIOTIOJIHEHHAs CTOJI01I0M CBOOOIHBIX YJICHOB

a, a, ... a, b
A=|9an Gn ... Gy b
a, d,, ... a,, b,

Pewenuem cucmemor Ha3bIBaeTCS 1 3HAYEHUN HEM3BECTHBIX X; = C;, X2 = C2,

., Xa = Cy», TIPU TIOJICTAHOBKE KOTOPBIX BCE YPAaBHEHHS CHCTEMbI 0OpaIiaroTcs B

BEpHBIMH pPaBEHCTBA. Bcskoe pelieHne CUCTeMbl MOXHO 3alucaTh B BHUJIE
MaTpUILIbI-CTOJIONA

Cucrtema ypaBHEHUN HA3bIBACTCSI COBMECHIHOU, €CIIA OHA UMEET XOTs Obl OJIHO
pEILICHNE, U HECO8MECMUMOIL, ECTTN OHA HE UMEET HU OJIHOTO PEILICHHUS.

CoBMecTHasi cuUCTEMa HA3bIBACTCS  OMpeOdeléHHOU, €CId OHAa HMEEeT
€AMHCTBEHHOE pELIEHUE, U HeonpeodeléHHOU, €CIU OHAa HMeeT OoJiee OIHOTO
pemieHus. B mocieaHem ciyyae Kaxkaoe €€ pelIeHHE Ha3bIBAeTCS UYACHHbIM



peuteruem cucteMbl. COBOKYITHOCTh BCEX YACTHBIX PEIICHUN HA3bIBACTCS 0OWjUM
peuienuem.

Pewums cucmemy — 3T0 3HAUUT BBISICHUTH, COBMECTHA OHA MJIM HECOBMECTHA.
Ecnu cucrema coBmecTHa, HailTu €€ o011iee pelieHue.

JIBe cucCTeMBI Ha3bIBAIOTCS JK8UBAIeHmMHbIMYU (PAaBHOCWIBHBIMH), €CIIU OHHU
UMEIOT OJHO W TO JKe oOmee pemeHue. J[pyrumu cioBaMu, CHCTEMBI
SKBUBAJICHTHBI, €CJTH Ka)K/I0€ PEIICHUE OJHOW W3 HUX SBJISCTCS PEIICHUEM JIPYTOH,
U Ha00OpOT.

OKBUBAJICHTHBIE CUCTEMBI MOJY4YalOTCs, B YAaCTHOCTU, IPHU I1eMEeHMAPHbIX
npeobpa3zoeanusx CUCTEMbl TMPHU YCIOBHH, YTO MPeoOpa3OBaHUs BBIMOJIHAIOTCS
JUIIb HAJl CTPOKAMU MaTpPHUIIbI.

Cucrema IMHEWHBIX YPAaBHEHUN HA3BIBACTCS 0OHOPOOHOLL, €CIIA BCe CBOOOHBIC
YJICHBI paBHBI HYJIIO:

a, x,+a,x,+...+a, x,=0

Ay X1+ Ay Xo+. .. A, X, =0

OnHoposiHasi cuctemMa BCerja COBMECTHA, TaK KakK X; = X» = ... = X, = () ABIsIeTCs
pELIEHUEM CUCTEMBI. JTO PEIICHUE HA3BIBACTCS HYN1€6bIM U MPUBUATLHBIM.
1 43.P 2Xi=0

pumep 4.3. Pemmts cucremy |, 3, _;

2 -1
A= =7#0,A
Pemenue: ‘1 3 ‘ 1=2[0 —1‘:7’%:2 0‘:14¢,
7 3 17
7 14

3HaqHT,X1=7=1,X2=7=2

IIpasuio Kpamepa
Teopema.Cucmema uz n ypasreHnuii ¢ n Heu38eCmHbiMu

HM:HU}‘HUM

B c/y4yae, ecau onpeaeaumesib Mampulbl CUCMEMbl He paBeH HyJo, uMeem
eJUHCMBeHHOe pellieHue U 3mo pelleHue Haxoaumcs rno ¢opmynam:
Xxi= A/A, rae

A =detA, a A - onpegenumenb Mampulibl, NoJy4aemMoli U3 Mampulibl CUCMEMb
3amMeHoll cmoabua J cmoabuom cBoboaHbIX Y/1eHOB b,
Cytb Memoga laycca 3akntoyaeTcsl B Noc/aef0BaTe/IbHOM UCKIKOYEHUN
HEN3BECTHbIX.

PaccMOTpUM CcUCTEMY JIMHEWHbBIX YPAaBHEHUM:

" M
) I
l ‘M et

0l




~EHM}(LH(

A

I

Pasgenum obe yactn 1-ro ypaBHeHuUs Ha a;# 0, 3aTeM:

1) YMHOXMM Ha a,; U BbIMTEM U3 BTOPOro YpaBHEHUS

2) YMHOXWM Ha as; U BbIYTEM U3 TPETLENO YPaBHEHUSA U T. A4,
Monyynm:

LAt

uw

|

"

H“}A:‘{““

, raeds=ay/aun, j=2,3, ..., n+1

di=a; - aidy i=2,3,..,n, j=23 ..,n+1.

[lanee NOBTOPSAEM 3TU e AENCTBUA A1 BTOPOro ypaBHEHUS CUCTEMBI, MOTOM -
ANA TpeTbero n 1.4,
K asieMeHTapHbIM peoOpa3oBaHUSAM OTHOCSTCSL:
1) IlpubGaBnenune Kk 00eUM YACTSM OJHOTO YPaBHEHHUS COOTBETCTBYIOIIMX YacCTEH
JPYroro, yMHOKEHHbBIX Ha OJHO U TO K€ YMCJIO, HE PaBHOE HYJIIO.
2) IlepecTtaHOBKa ypaBHEHUI MECTaMHU.
3) YnpaneHue u3 cUCTEMbl YPaBHEHU, SBISIFOLIIUXCS TOXKAECTBAMU JJI BCEX X.

Munopom HEKOTOPOTO 3JIEMEHTAa a;ONPEACIIUTENS n-20 TOPSAIKA HA3bIBACTCS
ONpeNeNuTeNb #n — 1-r0 TOpsAKa, TOJNY4YEHHBIM W3 MCXOJHOTO MYyTEM
BBIYEPKUBAHUSA CTPOKM M CTOJIOLA, HAa TMEpPeceYeHUH KOTOPBIX HaXOIUTCS
BbIOpaHHbIH 251eMenT. O603HavaeTcs m;;.

ay Ay Ay

a, a
— — 11 13
Tak ecru A= a,, Ay Ayl,Mom;;=

Ay, Ay
az, dss

s M3=
ay, dpy

a3 dzp Ay

Anzeopauueckum OonojiHeHuem >JIEMEHTA a;ONpeAeIuTeNss Ha3bIBAC€TCS €ro
MUHOD, B3SThII CO 3HAKOM «ILTIOCY, €CITU CyMMa i + j— 4€THOE YHCIIO, M CO 3HAKOM
«MHHYC», €CJIM 3Ta cyMMa HeuéTHas. O0o3Hauaercs A A= (-1)' ™ * my
Tak, Ay = +my;, A =-ms,
Cesoticmeo(«Pa3noxenue onpeAenuTenss MO 3JIEMEHTaM HEKOTOPOIo psiay).
OnpenenuTtens paBeH CyMME IMPOU3BEACHHUIA 3JEMEHTOB HEKOTOPOTO psja Ha
COOTBETCTBYIOIIHNE UM ajreOpanvecKue JOTMOTHEHUS.
[TpowmrocTpupyeM H  OAHOBPEMEHHO JOKa)KeM CBOMCTBO 7 Ha TMpuUMeEpe
onpenenuTens 3-ero mopsaka. B aTom cirydae CBOMCTBO 7 03HAYaeT, YTO

ay Gy Ay
b1 Gy Q| =0 ¥ A +HA ¥ Ap+a* Ay,

a3 4z dg



B camom pnene, nmeem

az; dp3
s di;

— a, dpy;
a, *A;+ap*Ap+azxAp=oa;,* +a;,* —
Qs di

60y, Ay 33— 04,053 A3y =010y Aga+ 0y, Ap3 A3+ A1305, 03— 01305, 05 = A

CBOHMCTBO COZIEPKUT B ceO€ CITOCOO BBIYMCIICHUS ONPEACTUTENIEH BHICOKHX
MOPSIIKOB.
IIpuMmep Brrancnure onpeaenuresns MaTPULBI

3 5 7 8

-1 7 01

0 5 3 2

1 -1 7 4
Pemenue: /11 pa3noxeHus onpeneanTesns OObIYHO BBIOMPAIOT TOT Psijl, TJIE €CTh
HYJIEBbIE 3JIEMEHTBHI, T.K. COOTBETCTBYIOIIIME UM ClIaraéMbl€ B Pa3IOKeHUU OyIyT
PaBHBI HYJIIO.

_31 ? 3 513 5 7 8 5 7 8 5 7 8 57 8
o s 3 2:3* 5 3 2|+1%|5 3 2[+0%| 7 0 1|—1*[7 0 1|=3*(7*3%4+(—1)x0x2A
1 -1 7 a4 -1 7 4 -1 7 4 -1 7 4 5 3 2

Ceoticmeo . CyMMa TpOU3BEJICHUI AJIEMEHTOB KaKOro- JUOO psja ONpeaesIUuTeNs
Ha aJreOpandecKkue JOMOJHEHHUS COOTBETCTBYIOIIMX AJIEMEHTOB IapajuIeIbHOTO
psa paBHA HYJIO.

TaK, HaIIpHuUMcCp, anAzx +apAz; +apd;s =0

Haxo:x1enue o0paTHO MATPpHUIIbI.

a, a, .. a,

_|lay a, ... a
[Tycth A — KBajipaTHas MAaTpUIla #-ro nopsyakadA=| 2 % 2n
a, a, ... Q,,

KBanpaTHas maTpuiia A Ha3bIBACTCS HEBbIPOHCOEHHOI, €CIIA ONIPEICTUTENBA =
det A He paBeH Hymo: A = det A = 0. B npotuBHoM ciyuae (A = 0) marpuia A
Ha3bIBAETCS GbIPOIHCOCHHOIL.

Martpulieil, coro3noii kK mampuye A, Ha3bIBaeTCs MaTpULIA

Ay, A,y ... Ay
Ay Gy oo Gyy) pio A, A, A,
A: alz 022 .o anz
A, A, ... A,
aln a2n ann

rae Aj — aireOpamdeckoe JIOMOJHEHUE dBJEMEHTa @ JaHHOW MaTpuilbl A (OHO
ompeneNnsieTcss TakK ke, Kak M ajlreOpanyeckoe JOMNOJHEHUE JJIeMEHTa
OTIPEICIIUTEIA).

Martpuiia A Ha3bIBaETCS 06pamuoOll MaTpULE A, ECIIH BBINOIHAETCS YCIOBHE
A*A'=A'*A=E,



rae E — equHuunas marpuna TOro ke mopsaka, uto M marpuna A. Marpuma A
HMMEET T€ K€ pa3Mephbl, YTO U MaTpula A.

Oo0parnas maTpuua.

Teopema Bcaxas nesvipoosxcoennas mampuya umeem ooOpammuyio.

A[J 1 All A21 A31
Al=—" _ m.e. A '= A A A

detA’ det A 12 22 32

A13 A23 A33

OtmeTuM ceoticmea 0OOPaTHOW MaTPUITHI:
1. det (A")=1/detA;
2. (A*B)'=B'*A";

3. (AT =(AT).

IpumepHaiitu A™', eciiu A= (_21 i’)

Pemrenue: 1) Haxoaum det A: detA:‘_z i"=2+3=5¢0

2) Haxomum A™: Ajj= 1, Aoy = -3, A =- (-1) = 1, A = 2, mostomy AL:(; _23)3)
1 =3

Goai1f1 =3\ |5 s

Haxomum A™: A 5(1 5 ) 12
5 5

IIpoBepxka:

Axa-ie| 2 3|15 —3/5|_( 2/5+3/5 —6/5+6/5)_,(1 0|_,

-1 1) \1/5 2/5 —1/5+1/5 3/5+2/5 0 1

IpumepOnpenenutb, NMpU KaKUX 3HAYEHUSIX O CYIIECTBYET MaTpulla, 0OpaTHas
JTAaHHOU

1 -2 2
A=la 3 0
2 1 1

Pemenue: Bcesikas HeBbIpoXAeHHas MaTpuua uMeeT oOparHyro. Haitném
ONPEAETUTENb MATPHULIbI A

1 -2 2
AA=|la 3 0/=3-0+2a-12-0+2a=4a-9
2 1 1

Ecmu 40— 9 =0, t.e. a = 9/4, To AA =0, T.e. MaTpuia A HEBBIPOXKJECHHASI, UMEET
oOpaTHyo.
IIpumepllokazars, yTo MaTpuna A siBisieTcs 0opatHoil s B, ecnu

1 11 3 -3 1
A=|1 2 3|,B=[-3 5 =2
1 3 6 1 -2 1

Pemenue: Haiiném npoussenenue Matui A u B:
1 1 1 3 -3 1 3—3+1 —3+45—-2 1-2+1 1 00
A*¥B=1 2 3|*{-3 5 —-2|=|3-6+3 —-3+10—-6 1—-4+3|=¢|0 1 O|=E
1 3 6 1 -2 1 3—9+6 —3+15—-12 1—-6+6 0 0 1



Amnanornuno B * A = E. CnenoBatenbHo, MmaTpuiia A siisieTcst oopaTHoit 11 B.

[TycTh qaHa cucTeMa n JIMHEHHBIX YPaBHEHHH C 71 HEU3BECTHBIMU
a, x,+a,x,+...+a,, x,=b,
Ay X, +0y X, +... 40y, X, =D,

a, x,+a,x,+...a,,x,=b

mXn= Dy
WK B MaTpuuHoil popme A * X = B.
OcHoBHast MaTpulia A Takoil cuctembl KBaapatHasd. Onpeaenurenab TOW MaTPUIIbI
a, ... q
A=|...
Ay ...

n

Ha3BIBACTCSl onpederumenem cucmemvl. ECu onpeenuTeb CUCTEMbI OTIMYEH OT
HYJISI, TO CUCTEMA Ha3bIBACTCS HEBbLPONCOEHHOII.

Haiiném pelienne JaHHOM cUCTeMBbl ypaBHEeHUH B citydae A # 0.

VMHOXUB 00€ yacth ypaBHeHus A * X = B cnesa na Marpuny A, monyuum A’
*A*X=A"*B.Ilockomeky A" * A=EuE*X=X,10 X=A"*B,
OtpickaHue pemieHuss cuctembl 1Mo Gopmyne (4.1) Ha3BIBAIOT MaAmMpuyHuIM
CnocoOOM PEIICHHS CHCTEMBI.

3aiaHus I BHINOJHEHHUS MPAKTUYECKO padoThl

3ananue 1
2 11 k 1 -2 1 k,
1) A= 1 2 3 5‘, 2)A:‘_2 3 K1 2"
3k, 2.1 4 1 -3 -2 4
JIaHBI OIIPEIEIUTENH: -2 13 -3 1 2 3 4

) 3 .
1) Haittu MUHODPBI U anreOpandecKue JOMOJTHEHHS JIEMEHTOB j
2) BBIYUCIUTDH ONPEACIIUTEIIH, PA3JIOKUB HX 10 AJIEMEHTaM a) 1-Oi CTPOKH, 0)
j-To cTobrna

Bapuant | K, K, i j | Bapmanr | K K, i j
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4




6 1 5 2 21 0 7 2 2
7 -2 3 1 22 -1 4 4 1
8 6 -2 4 23 -3 3 3 4
9 -6 1 2 24 -4 | 1 2
10 -5 1 1 25 0 8 1 1
11 -2 4 3 26 4 -2 2 3
12 | 3 4 27 -1 3 3 4
13 -3 2 2 28 2 -3 4 2
14 -4 -1 1 29 -2 5 2 1
15 -1 5 3 30 -5 -1 1 3
kK, —2 -1
A=l2 1 2
3ananue 2. Jlana marpuiia 3 7K 4 . Haiitm
a)A_1 u nposepums , umo A-A”'= ATLA=E
6) A+A™!

Bapuanm K, K, Bapuanm Ky K,

1 3 -2 16 4 -1

2 4 1 17 5 |

3 3 -4 18 2 0

4 2 1 19 -2 |

5 3 -3 20 2 -2

6 1 5 21 0 7

7 -2 3 22 -1 4

8 6 -2 23 -3 3

9 -6 1 24 -4 1

10 -5 1 25 0 8




) 4 4 2

12 1 3 27 -1 3

13 -3 2 28 2 3

14 -4 -1 29 -2 5

15 -1 5 30 -5 1
Hue 3

1. Pemuth yp C TIOMOIIbIO 00paTHO PHIIBI (MaTp
0JIOM).




KouTpoJubHbIe Bonpocsl

UYto Ha3bIBAE€TCSI MUHOPOM?

Yro HazbIBaeTCA anreOpandeckKuM JOMOJTHEHUEM AIIEMEHTAa MaTPULIbI?
Kak pa3noxuTe onpeaenuTespb o 3JIeMEeHTaM CToJI0La Wiu CTPOKU?
Kakast MaTpuiia Ha3pIBa€TCA HEBBIPOKICHHON ?

TpaHncnionupoBaHHasi MaTpHIIA.

Kakast MaTpunia HazbpiBaeTCsi 00paTHOM MO OTHOLIEHHUIO K TaHHOM?
KaxoB nopsi1ok BeIYKCIIEHUsS 00OpaTHON MaTpHIIbI?

AJNTOpUTM peLIEeHUs NPOCTEUIIET0 MATPUYHOTO YPABHEHUS

XNk L=

IIpakTuyeckas padora Ne 18 mo teme
«JIeMeHTbI BEKTOPHOH aJredopbn»

Ieasb: [IpoBepruTh 3HaHKS U YMEHUS 110 HAXO0KIECHUIO: KOOPIAMHAT BEKTOPA,
onepanui HaJ BEKTOPaMH, MOJIYJISl BEKTOPA U CKAJISIPHOTO NMPOU3BEACHUS,
BEKTOPHOT'O IPOU3BEICHHS, CMEIAHHOTO MPOU3BEICHHUS.

Bpems BbinosiHeHUA 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceeaeHuUs
2.3apaHue

3.JiuctA4

4 KanbKynaropel

MopsapoK BbINO/IHEHUSA PabOTbI
1.M3yuntb 3agaHue

2. I3yuntb TeopeTnyeckme ceefieHns



3. BoinonHutb 1 opopmutb paboty
4.NokasaTb pe3y/ibTaThl NpenoaasaTesto
JomaluHee 3apgaHune
1.MoArotoBUTH OTBETLI HA KOHTPOJIbHbIE BOMPOChI
Xop paboTbl
Teopetnyeckmne ceegeHus

BeKTopHOe npousseaeHne BEKTOPOB.

Onpenejenne.BekTopHbIM Npon3BeenneM BekTopoB ¢ n b mHaspBaercs

-

BEKTOp ¢ , YAOBJIETBOPSIOWINN CIECIYIOIINM YCIOBHSIM:

b|SlI1¢) , TJIC () - YTOJI MKy Bektopamu @ u b | sing=0; 0<¢<m

1 [c=a
2) BekTOp C OpTOroHajeH BekTopam U m b

3) @, b u ¢ oBpasyror mpaByio Tpoiiky BekTopo.O603HaUaETCS: ¢=axb

axh

CsoiicTBa BEKTOPHOI'O IMPOU3BECACHUS BEKTOPOB:

1) bxa=—axb

o=

(=]
x
=]

4

5) Ecnvt 3a71aHbl BEKTOPBl 0 (X, Vo ZJ) U D (x5, y3, 2) B NexapTOBOIA

HpHMOYI‘OJIBHOﬁ CUCTEMC KOOpAHUHAT C CAMHUYHBIMH BCKTOPAMU ’]’k , TO

i
igok
‘Xa ya ZG|

i b= X% W L

6) FGOMeTpI/I‘IGCKI/IM CMBICJIOM BECKTOPHOTO ITPOU3BCACHHA BCKTOPOB ABJISICTCA

NA0WAadb NApPAIeN0ZPamMma, TOCTPOSHHOTO Ha BekTopax ( u b



7) MexaHn4ecKui cMbICI BEKTOpPHOTO pou3Benenus . [lycts Touka A

TBCPAOI'O TCJia 3aKPCIIJICHA, 4 B €T'0 TOYKE B IMPUJIOKCHA CHUJIA F. Toma

BO3HMKAET BpaliareabHblii MOMeHT M (MomeHT cuiibl). [1o onpenenenuto

MOMEHT CHJIbI OTHOCHTENIBHO TOUKH A Haxozutcst o gopmyne M=ABXF .

BCKTOPHOC IIPONU3BCACHUC BECKTOPOB AB u F

HpI/IJIO)KeHI/IH BEKTOPHOI'O MPOU3BEACHUSA BEKTOPOB.

Yemanoenenue KoJltuHeaprHocmu 6eKmopoe:

Ecom 0 00 0 , TO i b =g ( 1 HaoOopoT ), T.C. :
i j k
@y 4y
by by, b

i _
=2 e @)l b

iy
b~ b

axh=

P
o= | B
s

Haxoscoenue nnowadu napannenozpamma u mpeyzoibHuKd.

CortacHO OTIpe/IENICHHIO BEKTOPHOTO Mpou3BeeHus BektopoB ¢ u b

aXb:|a|'|b‘SiH¢ , T.e. Smap.= ¥ 3Ha4uT, STpeyr.=1/2*

Mpumep. Haiitu BektopHOE nponssencnue Bekropos  A=21+5j+k y

b=i+2j-3k

a :(23 5: 1)9 B :(192: _3)

N S
ixb=ly 5 1= LG L -1 (4R
R

IIpumep. BoeraucnuTe miomaaer TpeyrojbHUKa ¢ BepmrHamMu — A(2, 2, 2),

B(4,0,3), C(0,1,0).

AC=(0-2:1-2;0-2)=(-2;-1;-2)

AB=(4-2;0-2;3-2)=(2;-2;1]




I A Y S

ACxAB=|-y —1 -]
2 -2 1

+k(442)=-5]-2]+6k.

-1 -2
-2 1

R N T
R e sl

—_— — \/_
ACX AB|=125+4+36=1/65. =5

(ex’).

IMpumep. Haiitu nmomaae napauiesorpaMma, HIOCTPOEHHOIO Ha BEKTOpax

A
-

d+3b; 3d+b . ecIH d[=[b|=1; db=30".
(G+3b)x(3a+b)=3axd+axb+9bxa+3bxb=—bxa+9bXxa=8bXa
S=8/b[[alsin30"=4 (o),

Cmewannoe npou3ee0euue 6EKmMopoe.

-

Onpenenenne.CMeIIaHHBLIM NPOU3BeAeHHeM BekTopos (@ , b p ¢

-

Ha3bIBAETCS YKCIIO, PABHOE CKAISIPHOMY IPOU3BEICHHUIO BEKTOpa ¢ Ha BEKTOD,
PaBHBI BEKTOPHOMY MPOM3BEICHUIO BEKTOPOB 0 n € |

O6o3nauaercs d-b-C wi (4, b, ¢ )

a-b-¢ mo MOJIYJIIO PaBHO 00BbEMY Mapauiesienunena,
CwmenianHoe TPOU3BEICHUE

4

; V=|i-be

IIOCTPOECHHOTO Ha BEKTOpax @ b u , T.C.
Ceolicmea cmeumtannoz2o npou38edeHuUsL:

1.CmenanHOE MPOU3BEACHHUE PABHO HYJIIO, €CJIM:a) XOTh OJUH U3 BEKTOPOB
paBeH Hynfg;6) /1Ba U3 BEKTOPOB KOJUUIMHEAPHBIC;B) BEKTOPHI KOMILIaHAPHBI.
(@xb)-¢=d-(bx¢)=¢-(bxa) CMEIIaHHOE MTPOU3BEJICHUE HE MEHSIETCS MPH
unmnqgcxoﬁ TEPECTAHOBKE BEKTOPOB;
(5 Xb )’E: 5-(b XE) CMEIIIAaHHOE TMPOU3BEJACHUE HE MEHSIETCS TIpHu
TEePECTAHOBKE 3HAKOB BEKTOPHOIO M CKANIAPHOIO YMHOXKCHHS.
(d,b,¢)=(b,¢,d)=(¢,d,b)=-(b,d,¢)=—(¢,b,d)=—(d,¢,b)

()\614‘/.162,_6,6):)\(al,B’E)+ﬂ<a2,B,E>



-

6. O0BeM TpEeyroJIbHOW MUpaMU/Ibl, 00pa30BaHHOM BekTOopamu ¢ |

SN
=~
ol

1y 7
~[@,b,¢|
paBcH
. X N 4
7.Ecinn d=(x,,y,,2) b=(x5,¥5,2,), €=(X3,y3,2;) , TO X3 Y3 I
cba

b
g abc=—acb=-bac= - CMEIIAaHHOE MPOM3BEICHME MEHSIET 3HAK Ha

MPOTUBOIOJIOKHBIH ~ TIPH  TMEpEeMEeHe MeCT JIIOOBIX  JIBYyX  BEKTOPOB-
COMHOXXUTEJIEN

9. Ecim @b¢>0 1o 4,b,¢ - npasas tpoiika

Ipumep. oxazates, uto Touku A(5; 7; 2), B(3; 1; -1), C(9; 4; -4), D(1; 5; 0)
JIEKAT B OJIHOM IIJIOCKOCTH.

f_\B:(—2;—6;1)
AC=(4;-3;-2)
AD=(-4;-2;)

Harimem koopanHaTel BEKTOPOB:

Haitnem cmemanHoe NpOU3BEAECHHUE TTOJIYYEHHBIX BEKTOPOB:

. 261 -2 6110 -61
AB-AC-AD=|4 -3 =2]F|0 -15 0/=o0 -15 0[=0
4 =2 2 0 10 0 010 0

b

Takum 00pa3oMm, MOJyYEHHBIE BBIIIE BEKTOPHI KOMILIAHAPHBI, CJIEAOBATEIBHO
touku A, B, C u D nexart B 0JJHOM MIOCKOCTH.

IIpumep. Haiitn 00beM nuvpaMuibl U JUIMHY BBICOTHI, ONyIIeHHOW Ha rpaHb BCD,
eciu BepuiuHbl umetoT koopauHatsl A(0; 0; 1), B(2; 3; 5), C(6; 2; 3), D(3; 7; 2).

BA=(-2;-3;-4)
@:(1;4;—3)
HaiizieM KOOpAMHATHI BEKTOPOB: BC=(4;-1;-2)
. -2 -3 -4
V===]1 4 —3|==(-2(-8-3)+3(-2+12)-4(-1-16))=
6 4 1 o 6

:1—(22+30+68)=20(e63)
OO6beM MUpaMHUIb] 6



JIIs HaXOXACHWS JJIMHBI BBICOTHI HaiijeM CcHadaiaa

ocHoBauus BCD.

IMUpaMHu bl

N A A o
BDXBC=[{ 4 -3[=i(-8-3]-j(-2+12)+k(-1-16)=-11{i-10{i~17 {ki.(

4 -1 -2

[BDXBC|=111%+10%17%=y121+100+289=1510
Seen = \/510/2 (e?)

SOCH.
Txk.V= 3

h o3V _120 _ 44510
; Seer V510 17 (en)

3aaHuA NpaKTUYeCcKom paboThbl

3aganusa
1. ITo koopaunatam Touek A, B u C 115 ykazaHHBIX BEKTOPOB HAUTH:

a) Koopauuatsi Bektopos d=AB, b=BC, ¢=AC, d=BA, p=CA
b) Momynb Bektopa K=3d+6—d

c) CkanspHoe Mpou3BeieHNEe BEKTOPOB a U b;

d) IIpoeknuto BekTopa ¢ Ha BEKTOp d;

e) Koopmunatel Toukn M, gensieii OTpe30K p B OTHOLMIEHUH & : g

IIomaab

Koopaunar
Bapuant Koopuitar Koopannar P a p

BI TOYKH bl TOuku C
bl A bl TOUKH B « B
1. (-2.1.3) (3.-6.2) (-5.-3.-1) 1 3
2. (1.3.6) (-3.4.-5) (1.-7.2) 1 2
3. (7.2.1) (5.1.-2) (-3.4.5) 2 /
4. (3.5.4) (-2.7.-5) (6.-2.1) 3 2
S. (5.3.2) (2.-5.1) (-7.4.-3) 2 3
6. (1 19 15 2) (-39 3’ 4) (-49 '29 7) 1 2
7. (9.5.3) (-3.2.1) (4.-7.4) 3 1
8. (7.2.1) (3.-5.6) (-4.3.-4) 3 2
9. (1,2,3) (-5,3,-1) (-6,4,5) 2 1
10. (-2.5.1) (3.2.-7) (4.-3.2) 4 /
11. (3.1.2) (-4.3.-1) (2.3.4) 2 /
12. (3.-1.2) (-2.4. 1) (4.-5.-1) i 3
13. (4.5. 1) (1.3.1) (-3.-6.7) 3 4
14. (1.-3. 1) (-2.-4. 3) (0.-2.3) 2 3




15. (5.7.-2) (-3.1.3) (1.-4.6) 4 3
16. (-1.4.3) 3.2.-4 (-2.-7. 1) / 3
17. (5.4. 1) (-3.5.2) (2.-1.3) 3 1
18. 2.-1.4) (-3.0.-2) (4.5.-3) 2 )i
19. (-1.1.2) (2.-3.-5) (-6. 3. -1) / 2
20. (1.3. 4 (-2.5.0) (3. -2.-4) 2 3
21. (1.-1. 1D (-5.-3. 1D (2.-1.0) 3 2
22. 3.1.2) (-7.-2. -4 (-4.0.3) 2 b
23. (-3.0.1 (2.7.-3) (-4.3.5) / 3
24. (5.1.2) (-2.1.-3) (4. -3.5) 2 3
25. (0.2.-3) (4.-3.-2) (-5.-4.0) / 2
26. (3.-1.2) (-2.3. 1) (4. -5.-3) 3 4
27. (5.3.1 (-1.2.-3) (3.-4.2) Ji 2
28. (3.1.-3) (-2.4. 1 (1.-2.5) 3 4
29. (6.1.-3) (-3.2. 1) (-1.-3.4 4 3
30. (4.2.3) (-3.1.-8) (2.-4.5) 3 2
3aganue 2

1. ansl BekTOpHI a, b u ¢. HeoOxoaumo:

a) BBIYUCIIUTH CMEIIAaHHOE TTPOU3BEICHUE TPEX BEKTOPOB,;
0) HaliTH MO/YJIb BEKTOPHOTO MPOU3BEICHHUS;
B) BBIUHUCIUTH CKAJIIPHOE MPOU3BEICHUE JIBYX BEKTOPOB;

T') IPOBEPUTD, OyIYT JIM KOJUTMHEAPHBI WJIM OPTOTOHAJILHEI JIBA BEKTOPA;
1) MPOBEPUTH, OYAYT JIM KOMIUIAHAPHBI TPY BEKTOPA.

Bapua | BekTopsl Cwmemanno | Monyn | Ckamsip | Komun | Kommnanapa
HT e b HOE e OCTh
BEKTOPOB
MIPOU3BE/IEC | BEKTOP | MPOU3BE | APHBI
HUE H hi§ WIH
nepneH
MIPOU3B
I.K
en.
BEKTOP
OB
1 a=2i-3j+k, | a,3bc 3a,2¢ b, —4c a, c a,2b, 3c
b=j+4k,
c=5i+2j-3k
2 a=3i+4j+k, | 5a,2b,c 4b,2¢c a,c b,c 2a,-3b, ¢
b=i-2j+7k,
c=—3i-6j+2
3 a=2i-4j-2k, a,2b3¢c 3a,-76 | -2a,c a,c 3a,2b, 3c
b=7i+3],
c=3i+5j-7k




a=-7i+2k,
b=2i-6j+4k,
c=i—j+2k

a,-2b,-7¢

4b3 ¢

2a,-7 ¢

b, c

2a,4b,3c

a=—4i+2j -k,
b=3i+5j-2k,
c=j+5k

a, 6b,3c

a,2b

a,-4c

a,b

a,6b,3 ¢

a=3i-2j+k,
b=2j-3k,
c==3i+2j-k

a,-3b,2c

5a, 3¢

-2a,4b

5a,4b3 ¢

a=i-j+3k,
b=2i+3j-5k,
c=7i+2 j+4k

7a,-4b,2 ¢

3a, 5¢

2b4 ¢

b,c

7a,2b, 5¢

a=4i+2j-3k
b=2i+k,
c=—12i-6j+

2a, 3b, ¢

4a,3b

b-4c

a,c

2a,3b,-4c

a=-i+5k,
b=—-3i+2 j+2K
c=—=2i-4j+k

3a,-4b,2 ¢

7a, -3¢

2b,3a

8,C

7a,2b,-3c¢

10

a=6i—4j+6k,
b=9i-6j+9k,
c=i—8k

2a,-4b,3¢

3b,-9¢

3a,-5¢

a,b

3a,-4b,-9 ¢

11

a=5i-3j+4k,
b=2i-4 -2k,
c=3i+5j-7k

a,-4b,2c¢c

-2b,4c

-3a,6¢

b,c

a,-2b,6¢

12

a=—-4i+3 j-TH
b=4i+6 j—2k,
c=6i+9-3k

-2a,b,-2¢

4b,7 ¢

5a,-3b

b,c

-2a,4b,7 ¢

13

a=-5i+2 j-2Kk
b=7i-5k,
c=2i+3j-2k

2a,4b,-5¢

-3b, ¢

8a, -6¢

8a,-3b,11¢

14

a=—4i-6j+2Kk
b=2i+3j-k,
c=—i+5j-3k

5a,7b,2¢

-4b,11a

3a,-7c

a,b

3a,7b,-2¢




15

a=—4i+2j-3K
b=-3j+5k,
c=6i+6j—4k

5a,-b,3¢

-7a,4c

3a,9b

3a,-9b,4 c

16

a=-3i+8],
b=2i+3 -2k,
c=8i+12 -8

4a,-6b5¢

-7a,9¢

3b,-8¢

b,c

4a,-6b,9c

17

a=2i—4 -2k,
b=-9i+2k,
c=3i+5j-7k

7a,5b,- ¢

-5a,4b

3b,-8¢

7a,5b,- ¢

18

a=9i-3j+k,
b=3i-15j+21}
c=i-5j+k

2a,-7b,3 ¢

-6a,4 ¢

5b,7a

b,c

2a,-7b,4¢c

19

a=-2i+4j-3Kk
b=5i+j-2k,
c=7i+4 j—k

a,-6b,2¢c

-8b,5¢

-9a,7¢

a,b

a,—6b, 5¢c

20

a=-9i+4 j—-5]
b=i-2j+4k,
c=—5i+10 -

-2a,7b,5¢

-6b,7 ¢

9a,4 c

b,c

-2a,7b, 4c

21

a=2i-7j+5k,
b=-i+3j-6k,
c=3i+2j-4k

-3a,6b,-¢

5b, 3¢

7a, -4b

b,c

7a,-4b,3c

22

a=7i-4 -5k,
b=i—-11j+3k,
=5i+5j+3k

3a,-7b,2¢c

2b,6¢

-4a,-5¢

-4a,2b,6 c

23

a=4i-6j-2k,
b=-2i+3 j+k,
c=3i-5j+7k

6a,3b,8¢

-7b, 6a

-5a, 4c

a,b

-5a,3b,4 ¢

24

a=3i-j+2k,
b=—i+5j-4k,
c=6i-2j+4k

4a,-7b,-2c

6a, -4 c

-2a,5b

6a, -7b, -2c

25

a=-3i-j-5k,
b=2i-4 j+8k,
c=3i+7j-k

2a,-b,3 ¢

-9a, 4c

5b,-6¢

b,c

2a,5b,—6 ¢




26 a=-3i+2 j+7k -2a,b,7¢ 5a,-2c¢ | 3b,c a,c -2a,3b,7 ¢
b=i-5k,
c=6i+d j—k

27 a=3i—j+5k, | -3a,4b,-5c| 6b3c a,4c b,c -3a,4b,-5¢
b=2i-4 j+6k,
c=i-2j+3k

28 a=4i-5j-4k,| a,7b,-2¢ -5a,4b | 8¢,-3a a,c -3a,4b, 8¢
b=5i-],
c=2i+4 j-3k

29 a=-9i+4k, 3a,-5b,~4c| 6b2c -2a,8¢ | b,c 3a,6b,-4 ¢
b=2i-4j+6k,
c=3i-6j+9k

30 a=5i-6j—k, | 5a,3b-4c 4b,a 7a,-2c a,b 5a,4b,-2c
b=4i+8 j-7k,
c=3j-4k

KonTpoJibHBbIE BONIPOCHI

Yto Ha3bIBaeTCs BGKTOpOM?

WA R WD =

IIpakTnueckas padora Ne 19

Kakune BeKTOpbI Ha3bIBAIOTCS KOJUIMHEAPHBIMHU?
UTto Ha3bIBaeTCs KOOpAUHATAMU BEKTOpa?

Kak HailTu KOOpJIMHATHI BEKTOPA, 33JJAHHOTO JIByMsI TOUKaMu?
Kak HaiiTu nMHy BEKTOpa, 3aJJaHHOTO CBOMMU KOOpAUHATaMu?
3anummte GopMyIbl AeTEHUS OTpe3Ka B JaHHOM OTHOIICHUH.
Kak HaiiTn ckanspHOE IPOU3BENECHUE BEKTOPOB?
Kak HaliTn BEKTOpHOE TPOU3BENECHUE BEKTOPOB?
Kak HaiiTn cMenmaHHOe TPOU3BENECHUE BEKTOPOB?

Tema «CocTaBiieHUe YPpaBHECHUSA l'lpSIMOﬁ Ha IJIOCKOCTHN»

HeHL:Hay‘H/ITBCH COCTaBJIAITb  YPABHCHUC IPAMBIX, HAXOAUTHb YI'OJI MCKIY

MMPAMBIMHA,BBIIIOJIHATL ITOCTPOCHHA.
Bpems BbinonHeHnsa 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceeaeHus
2.3apaHune




3.JIuctA4

4 .KanbKynatopbl

MopaaoK BbiNOHEHUSA PaboThl
1.M3y4ynTb 3agaHue

2. I3yunTb TeopeTmnyeckme ceeeHuns

3. BoinonHntb 1 opopmMutb paboty
4.lNokasaTb pe3y/ibTaThbl NpenoaaBaTesto
[loMallHee 3aaaHue

1.MoarotoBnTb OTBETHI HA KOHTPOJIbHbIE BOMPOCHI
Xop, paboTbl

Teopernyeckue cBeaeHUs

YpaBHeHHe NPAMOI HA IVIOCKOCTH.

Onpenenenue. Jlrobas mpsimas Ha TUIOCKOCTA MOKET OBITh 3ajjaHa YpaBHEHHEM
nepBoro nopsakaAx + By + C = 0,npuyem nocrosiHHeie A, B He paBHBI HYIIIO
onHOBpeMeHHO, T.e. A> + B*# 0. D10 ypaBHEHHE NEPBOrO IMOPSIAKA HA3BIBAIOT
00IMM ypaBHeHHeM NPSIMOIi.
B 3aBucumocTu ot 3HaueHni NOCTOSAHHBIX A,B 11 C BO3MOKHBI CIIEAYIOIINE
YacTHBIE CIyYau:
- C=0,A # 0,B # 0 — npsimast IpOXOJUT Yyepe3 Ha4YaJl0 KOOPJAUHAT
- A=0,B#0,C#0 {By+C=0}- npsamas napamienbHa ocu Ox
- B=0,A#0,C#0{Ax+C=0} —npsamas napayenbHa ocu Oy
- B=C=0, A # 0—npsamas coBnagaer ¢ ocbto Oy
- A=C=0,B # 0—npsamas coBnagaer ¢ ocbro Ox
VYpaBHEHUE IPSIMOI MOXKET OBITh IPEACTABICHO B Pa3IMYHOM BHJIE B
3aBUCUMOCTH OT KaKuX — JIMOO 3aJJaHHBIX HaYaJIbHBIX YCIOBUH.
YpaBHeHue NpsIMOi 110 TOYKE U BEKTOPY HOPMAJIH.

Omnpenenenne. B 11ekapToBOil MpPSIMOYTOJIbHOM CHCTEME KOOPAMHAT BEKTOP C
KoMnoHeHTamMu (A, B) neprneHaukyisipeH npsMou , 3aJJaHHON ypaBHEHHEM AX +
By +C=0.

IIpumep. Haiitu ypaBHeHue mnpsimoil, mpoxojsmeid uepe3 Touky A(l, 2)

TepIeHNKYISpHO BekTopy 1 (3, -1).

CoctaBum nipu A =3 u B = -1 ypaBuenue npsamoii: 3x —y + C =0. J{us
HaxoxaeHust kodddumrenta C moICTaBUM B MOJTYUYEHHOE BBIPAKEHUE
KOOPJIMHATHI 3aJITaHHOM TOYKH A.

[Tonyuaem: 3 —2 + C =0, cnegoBarensho C = -1.
Nroro: uckomoe ypaBuenue: 3x —y — 1 = 0.

YpaBHeHue NPSAMOM, poxoasiieii yepe3 ABe TOUKM.[[ycTh Ha mIockoCcTH
3aJlaHbl 1Be TOYKU M(X1, Y1) U Ma(X2, y2), TOI/Ia ypaBHEHUE MIPSIMOI, MPOXOASAIIEH
4Yepe3 3T TOUKHU:



X=X, Y=Y,

X=X Yoo )y

Ecnu xako#- 6o U3 3HaMeHarenel paBeH HyJto, CIeAyeT IPUPABHITH HYJIIIO
COOTBETCTBYIOIIUNA YUCTUTEIb.

3anucaHHOE BbIILIE YPAaBHEHHUE MPSIMOI yIIPOLIAETCS:

y_ylzu(x_m
X,— Xy

€CJIM X; # X2 U X = X1, €CJINX]| = Xo.

Yo=Yy

Jpo6s %~ %1 =k HasbiBaeTcs yrJIOBBIM K03(PHIMEHTOM IIPIMOIA.

IIpumep. Haiitu ypaBHeHue npsiMoid, mpoxoasien yepe3 Touku A(1, 2) u B(3, 4).
[IpumeHsia 3anMcaHHyIo BbIlIEe POpPMYITy, MOTYydaeM:
=422
’TeT30
y—2=x-1
x—y+1=0
YpaBHeHHEe NPAMOM M0 TOYKE U YITI0BOMY KO3 (PUIHEHTY.
Ecnu obmiee ypaBuenue npsimoit Ax + By + C = 0 npuBectu K BUy:
A C A C

y=——X ——=k; _EZb; m.e. y=kx+b

B B uo6osmauur, B , TO MIOJIyYEHHOE

ypaBHEHHE HA3bIBACTCS YPABHEHUEM MPAMOI € YIJIOBBIM KO3 PUuureHTOM
YpaBHeHHE NIPAMOM 0 TOYKE U HANPABJSIOUIEMY BEKTOPY.

Ilo ananornu ¢ ImMyHKTOM, PaCCMAaTPUBAIOIIMM YPAaBHEHHUE NPSIMOM 4epe3 BEKTOP
HOPMaJIM MO>KHO BBECTH 3aJaHUE MPSMOU Yepe3 TOUYKY M HAIPABIIIOIINNA BEKTOP
MIPSIMOM.

Onpenesnenne. Kaxplii HeHyneBoil BekTop d (cti, 0l), KOMIIOHEHTH KOTOPOTO

YAOBIETBOPSIOT ycinoBUO Ao, + Bo, = 0 Ha3pIBaeTcsl HapaBisSIOMIMM BEKTOPOM
npsaMoiAx + By + C =0.
IIpumep. Haittu ypaBHeHne npsiMod ¢ Hampasistomum Bektopom 4 (1, -1) u

npoxoadien yepes3 Touky A(l, 2).



VYpaBHeHnue nckomoin mpsMor Oymem uckath B Bume: Ax + By + C = 0. B
COOTBETCTBHHM C OIpeAesieHneM, KOIPQOUIMEHTH JOJDKHBI  yIOBIETBOPSTH
yciaoBusim:1 - A+ (-1)-B=0,T.e. A=B.

Torna ypaBuenue mpsimoit umeet Bua: Ax + Ay + C =0, wmu x +y + C/A = 0.

npu X = 1, y =2 nonydaem C/A = -3, T.e. ICKOMO€ ypaBHEHUE:

x+y-3=0
YpaBHeHHe IPAMOI B OTpe3Kax

Ecnu B o6mem ypaBaenuu npsimoit Ax + By + C =0 C # 0, To, pa3aenuB Ha —

A B _
——x——=y=1
C,momyunm: C C WIN
£+l:1
ab , TIe
a:—g; b:—g
A B

['eomerpudeckuii cMbICT KO3PHUIIUEHTOB B TOM, 4TO KOIDPUITUEHT @ sIBISIETCS
KOOPAMHATON TOYKH mepecedyeHus: mpsiMoi ¢ ocbto Ox, a b — KOOpJMHATON TOYKHU
nepecevyeHus npsMou ¢ ocero Oy.

IIpumep. 3agano obuiee ypaBHeHue npsimoit X —y + 1 = 0. Halitu ypaBHeHue
JTOM NPAMOM B OTPE3KaX.

XLy
c=1, 11 , a=-1, b=1.
HopmanbHoe ypaBHeHUEe IPSIMON.
Eciu o6e wactu ypaBHenus Ax + By + C = 0 pazgenuTb Ha 4YHUCIO
SNy
, KOTOpO€ Ha3bIBacTCi HOPMHUPYIOLIEM MHOXKHUTEIEM, TO
MOJIyYHM

Xcos@ + ysing - p = 0 —HOpManbHoe ypaBHEHUE NPSMOA.

3HaK = HOPMHUPYIOILEr0 MHOKUTEINSI HaJI0 BBIOMPATh Tak, yToObl W - C < 0.
p — JUTMHA NEPIEeHIUKYIISIpa, OMYIIEHHOTO U3 Havyalla KOOpIUHAT Ha MPSAMYI0, a ¢ -
yroJ, 00pa30BaHHBIA STUM NEPIEHIUKYISIPOM C MOJOKHUTEILHBIM HAIllPaBICHUEM
ocu Ox.
IIpumep. Jlano oOmee ypaBHeHue npsimoit 12x — S5y — 65 = 0. TpebOyercs

HAIMCaTh PA3JIUYHbIE TUIIBI YPABHEHUM ATOU MPSIMOM.



2 X— 5_ =1

65" 657

X WY _1
YPaBHEHHUE 3TOM MPSIMOU B OTPE3KaX: (65/12) *(-13)

ypaBHEHHE 3TOM MPSMOM ¢ YIIIOBBIM KO3 DHITUEHTOM: (€M Ha 5)

zgx—@zgx—l&
5 5 5

HOPMAJIbHOE YPABHEHUE NIPSAMOM:

1 1 12 5
H:—\/122+(_5)2:E EX—EJ/—SZO .
; cosp = 12/13; singp =-5/13; p=5.

Crnemyer OTMETUTD, YTO HE KXY IPSIMYIO MOKHO MPEACTABUTh YPaBHEHUEM
B OTpE3Kax, HalpuMmep, MpsAMbIC, MapauiebHbIE OCAM WIH IMPOXOJSIINE Yepes3
Ha4yajo KOOpAUHAT.
IIpumep. Ilpsimas oTcekaeT Ha KOOPAWMHATHBIX OCSX PaBHBIC TMOJIOKHUTEIbHBIC
orpe3kr. COCTaBUTh ypaBHEHHUE TIPSAMOW, €CJIM IUIOMaJb TPEYTrOJbHUKA,
00pa30BaHHOIO STUMHU OTPE3KAMHU PaBHA § cM”.

XeX—q
YpaBHeHHe npsiMoii nmeeT Bux: @ D ,a=b=1; ab/2=8; a=4;-4.

= -4 He MOAXOIUT IO YCIIOBUIO 33JIauH.

£+l:1
Uroro: 4 4 wm x +y—4=0.

IIpumep. CocTaBuTh ypaBHEHHE TPsIMOM, mpoxodiel uyepe3 Touky A(-2, -3) u
Ha4yaJio KOOpIMHAT.

X=X, Y=Yy

VpasHenue npsamoit umeeT Bug:  <2- X1 V2TV e x; = yi=0; xo=-2;y2 = -
3.

x—0 y—0 X y
- . XY . 3y _2y=0,
20 —3-0° —p -3 X74Y

Yroa Me:xkay npsiMbIMHU HA IJIOCKOCTH.
Onpenenenune. Ecnu 3anansl e npsambie y = kix + by, y = kox + by, To ocTpbrit

YIroja MCxXAay 3TUMHU IIPAMBIMHU 6y,Z[eT OIIPCACIIATHCA KaK
hky

1+k. k

172

tga=|

/IBe npsiMble napaJuieabHsbl, ecian K, = K.



/IBe mpsiMble MepNeHAnKYJIAPHbI, ecan k; = -1/K,.

Teopema.llpsawvie Ax + By + C = 0 u Aix + Bjy + C; = 0 napannenvhsl, Ko2oa
nponopyuoHaibhsvl Koagpguyuenmol A; = AA, B, = AB. Ecau ewe u C; = AC, mo
npsamvle co8naodaiom.

Koopannatel TOYKH mnepecedyeHUs ABYX NPSMBIX HAXOAATCH KaK pelleHHe
CHCTEMBI IBYX YPABHEHMUIA.

YpaBHeHue NPAMOI, IPOXOAsLIeH Yepe3 JaHHYIO TOYKY NepleHAUKY/JIsAPHO
AaHHoM npsimoii.Onpenesenue. [Ipsamas, npoxoasmas yepe3 ToUky Mi(Xi, yi1) 1
NEepHeHANKYJIIpHas K NpaMoi y = kx + b npeacraBisieTcs ypaBHEHUEM:

Y=y, =—(x=x))
1 k 1

Paccrosinue oT TOUKH 10 NPAMOI.

Ecnu 3a0ana mouxa M(xo, yy), mo paccmosanue 0o npawou Ax + By + C =0

e ‘Ax0+ByO+C|
onpedensemcs Kax A+ B

Ipumep. OnpenenuTs yroa Mexay OpsmMeiMu: y =-3x +7; y=2x+ 1.

2-(-3)
T
Ki=-3; k,=2 tgp= ‘77 ;@ =m/4.
IIpumep. Ilokazate, uro mpsmele 3x — 5y + 7 =0 u 10x + 6y — 3 =0
TIEPIICHIUKYJISIPHBI.
Haxommm: k; = 3/5, k, = -5/3, kik, = -1, cinemoBarenbHO, HpsMbIC
HepHEeHTIUKYJISIPHBI.

IMpumep. [anbr Bepmmnbsl Tpeyronbauka A(0; 1), B(6; 5), C(12; -1). Haiitu
ypaBHEHUE BBICOTHI, MPOBEACHHON 13 BepiuHbI C.

x=0_y-1 x_y-1
Haxomuwm ypasHeHue croposst AB:  6-0 5-1° 6 4 . 4x=6y—6;2x -3y
2
=—x+1.
+3=0; Y73

Hckomoe ypaBHeHHe BbICOTHI UMeeT BUA: AX + By + C=0mwmy =kx + b.k =

3 —§x+b

2 Tormay= 2 . T.k. BBICOTa ITpOXOANT 4epe3 Touky C, To ee



—1=-3124b,

KOOP/IMHATHI YOBIETBOPSIOT JAHHOMY YPaBHEHHIO: OTKyJa b =
y=- 3 x+17
17. Uroro: 2

Otser: 3x + 2y —34 = 0.
3anaHus K NPaKTH4YeCKoii padoTe
1. Jlansl BepumHbI Tpeyroabanka ABC: 4 Xl B Xyl €% sl Haiirms
a) ypaBHeHuUe CTOpoHbl AB;
0) ypaBHenue BbicoThl CH;
B) ypaBHEHUE MeauaHbl AM;
r) ypaBHeHue ouccekTpucsl BC;
n) Touky N nepeceuenusi Meauanbl AM u BeicoThl CH;

€) YpaBHEHUE MpsIMOM, Tpoxosiiel yepe3 BepiinHy C napajijiebHO CTOPOHE
AB;

xK)yros Mmexay npsmeimu AB n AC.

Bapuanthl | A (X, B(xy,y,| | Clx5,y5]
1 A(2.4) |BG.1) |C(0,7)
2 A(-3.-2) |B(14.4) | C (6. 8)
3 A(L7) | B(3.- |C(1,-3)

1)
4 A(L0) | B(L4)|C(@,5)
5 A(.2) [B@1) [CB.7)
6 |A(23) |B(,6) |C®6 1)
7 A(4.2) | B(6, |C(6 2)
6)
8 A4.-3) |B(7.3) |C(1,10)
9 AG.- |B®3.2) |CG.3)




4,

10 A(3,-3) |[BG,-7) |[C(3,7)
11 A(1,-6) | B3, |C(3,3)
4)
12 A(-4,2) |B(8,-6) |C(2,6)
13 A(-5,2) | B(0,- |[C(5,7)
4)
14 A(4,-4) [B(6,2) [C(-1,8)
15 A(:3,8) |B(-6,2) |C(0,-5)
16 A(6,-9) |B(10,- |[C(4,1)
1)
17 A4, 1) |[B(3,-1)|C(@7,-3)
18 A (-4, 2) | B(6,-4) |C (@4, 10)
19 A@G3,-1) |B(11,3) |C(-6,2)
20 A(-7,-2) |B(-7, 4) |C (5, -5)
21 A(-1,-4) [B(9, 6) |C(-5,4)
22 A(10,-2) [B(4,-5) [C(-3,1)
23 A(-3,-1) | B(4,-5)|C 8, 1)
24 A (-2,-6) | B(-3,5) |C(4,0)
25 A(-7,-2) |B(3,-8) |C (-4, 6)
26 A(0,2) | B(-7,- |C(3,2)
4)
27 A(7,0) |B(1,4) [C(8, -4)
28 A(1,-3) |B(0,7) |C(2,4)
29 A(-51) |B(8,-2) [C(1,4)
30 A(2,5) |B(3,1) | C(0,4)

KOHTpOJILHl)Ie BOIIPOCHI




3anuumnTe ypaBHEHUs OCEil KOOpIMHAT.

OO6miee ypaBHEHUE TIPSIMOM.

YcnoBue napamieabHOCTH U EPIEHANKYIISIPHOCTH MPSMBIX.
3anuimnTe ypaBHEHUS MPSIMBIX, TAPAIIIEIBHBIX OCSIM KOOPAUHAT.
ChopmynupyiiTe ycioBue napauieIbHOCTU MPSAMBIX.
CdopmynupyiiTe yciaoBue NeprneHIMKyIIPHOCTH MPSMBIX.

Kaxk HaiiTh yrosn Mexay npsMbIMH?

Kak HaiiTu paccTosiHiEe MEXKIY PSIMBIMU?

i A e

JlonosiHUTEIbHBIC 3aJaHUA
2. PeliuTh cieayroLue 3a1a4m

2.1. Haiftn ypaBHeHUE NPSAMOU, MPOXOIAIIEH Yepe3 TOUKY MepeceUCHUs
npsAMBIX 3X -2y -7=0 ux + 3y - 6 =0 u orcekaromieit Ha ocu abCITUCC OTPE30K,
pasmblit 3. Omeem: x=3

2.2. Haittu npoekuuto Touku A(-8, 12) Ha npsamyro, TpoXOISAILyIO YEpe3
touku B(2, -3) u

C(-5,1). Omeem: A, [-12, 5)
2.3. lansl aBe BepiuHbl TpeyroabHuka ABC: A(-4, 4), B(4, -12) u Touka
M(4, 2) nepeceuenns ero Beicor. Haiitu sepuuny C.  Oméem: C 8,4

2.4.HaiiTn ypaBHEHHUE MIPAMOI, OTCEKAIOIIEH Ha OCU OPJMHAT OTPE30K,

paBHBIiT 2, U IPOXOMSIIE MapaLIeIbHO IpsaMoii 2y - x = 3. Omeem: x—2y+4=0

2.5. Haiftu ypaBHeHHe IPSMOU, TPOXosiiel yepe3 Touky A(2, -3) u Touky

nepeceyeHus NpsiMeIX 2x -y =5ux+y=1. Omeem: x=2

2.6. Jlokazats, uto yerbipexyroabHuk ABCD - tpanenus, eciiu A(3, 6), B(5,
2), C(-1, -3), D(5,5).

2.7. 3anucarh ypaBHEHHUE TIPSAMOU, TpoxXosiiel yepes Touky A(3, 1)
MepIeHHKy IpHO K mpsivoit BC, ecu B(2, 5), C(1, 0). Omeem: x+5y-8=0

2.8. Haiftu ypaBHeHUe NPSAMOM, MPOXOIsIeH yepe3 Touky A(-2, 1)
napannensHo mpsamoit MN, ecitn M(-3, -2), N(1, 6).  Omeem: 2x—y+5=0

2.9. Haiitu TOouKy, cCMUMMETpHUHYyI0 TOUke M(2, -1) OTHOCUTENTBHO MPAMOH X -




2.10. Haiitu Touky O nepeceueHus Auaronainei yerbipexyroibauka ABCD,

1

Omeem: MO 3;5

ecmn A(-1, -3), B3, 5), C(5,2), D(3, -5).

2.11. Yepe3s Touky nepeceueHus npsmMbix 6x - 4y +5=0, 2x+ S5y +8 =0

TIPOBECTH NPAMYIO, HapaJuIeIbHy0 och abeiuce,  Omeem: y=—1

2.12. 3BectHbI ypaBHeHUs cTOpoHbl AB Tpeyronbanka ABC 4x +y =12,
ero BeicoT BH 5x - 4y = 12 u AMx + y = 6. Halitu ypaBHeHUS JBYX APYTHUX

cTopoH Tpeyronsuuka ABC.  Omeem: 7x—7y—16=0; 4x+5y—28=0

2.13. lansl nBe BepmnHbl TpeyroibHuka ABC: A(-6, 2), B(2, -2) u Touka
nepeceuenus ero BeicoT H(1,2). Halitu koopauHatel Touku M niepeceueHus

10 62

Omegem: M |—; —
17 "17

croponsl AC u BeicoThl BH.

2.14. Haiitn ypaBHeHUs BbICOT TpeyroibHuka ABC, mpoxoasmux yepes
BepinHbl A u B, eciiu A(-4, 2), B(3, -5), C(5, 0).
Omeem: 7x+5y+2=0; 9x+2y—28=0

2.15. BelunuciauTh KOOPAUHATHI TOUKU NIEPECECUEHUS NTEPIICHANKYIISPOB,
IPOBEAECHHBIX YEPE3 CEPEINHBI CTOPOH TPEYTOJIbHUKA, BEPIIMHAMU KOTOPOTO

Omeem: M

2
3,—-=
ciykart Touku A(2, 3), B(0, -3), C(6,3). 3

2.16. CocTaBUTh YpaBHEHHE BBICOTHI, IPOBEJACHHON YEPE3 BEPIIMHY A
tpeyronsHuka ABC, 3Has ypaBHeHus ero ctopoH: AB -2x -y -3 =0, AC -x + 5y

-7=0,BC-3x-2y+13=0. Omeem:2x+3y—-7=0;

2.17. lan tpeyronbHuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
ypaBHEHHE U BBIYUCINUTH JJIMHY €ro MEAUaHbI, MPOBEACHHON 13 BepinuHbl C.

54
Omeem: 2 x+y+2=0; d=—=~13,1
y V17

2.18. CocTaBuTh ypaBHEHHE NPSIMOI, MPOXOASIIEH Yepe3 HayaJlo KOOPAUHAT
U TOUKY nepecedeHus npambix 2x + 5y -8 =0u2x +3y +4 =0.
Omeem: 6x+11y=0;

2.19. Haiitn ypaBHEHUS NIEPIIEHINKYJIAPOB K npsiMon 3x + 5y - 15 =0,

MPOBEICHHBIX Y€PE3 TOUKU MEPECEUEHUS TAaHHOU MPSIMOM C OCAMU KOOPAUHAT.
Omeem: 5x—3y—25=0; 5x+3y+9=0;



2.20. Jlanbl ypaBHEHUSI CTOPOH Y€ThIpeXyroyibHUKA: X -y =0, x + 3y =0, x -

y-4=0,3x+y- 12 =0. Haiiti ypaBHenus ero amaronaneir. Omeem: y=0; x=3

2.21. CocraButh ypaBHenust meauanbl CM u BoicoTsl CK TpeyroibHuKa
ABC, eciu A(4, 6), B(-4, 0), C(-1, -4).
Omeem: 7x—y+3=0-CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) npoBecTu npsiMyro: a) OTCEKAIOU[YI0 paBHbIE
OTPE3KH Ha OCSIX KOOpJWHAT; 0) mapauiesbHyo ocu OX; B) mapalieIbHYIO OCH
Oy. Omegem: x+y—7=0; y=2; x=5

2.23. 3anucaTth ypaBHEHHUE IPSAMOH, TpoxoAsiieit yepe3 Touky A(-2, 3) u
cocTaBJsioIIeH ¢ ochto Ox yroi: a) 45°, 6) 90°, B) 0°.
Omeem: x—y+5=0—CM; x+2=0; y—3=0
2.24. Kakyo opauHaTy umeet Touka C, jiexkaias Ha OJHOM IPSMOM ¢

Toukamu A(- 6, -6) u B(3, -1) n umeromas adermccy, papHyro 3?2  Omeem: y=9

2.25. Yepes TOUKy nepecedeHus npsaMbIX 2xX - Sy -1 =0ux+4y-7=0
IIPOBECTH TMPSAMYIO, ICIIAIIYIO0 OTPE30K Mexay Toukamu A(4, -3) u B(-1, 2) B

otHomenun = 2 /3. Omeem:2x—y—5=0;

2.26. VI3BecTHBI ypaBHEHHUsI IBYX CTOPOH poM0Oa 2X -5y - 1 =0 u 2x - Sy - 34
= (0 u ypaBHEHHE OJHOU U3 ero auaroHaneu x + 3y - 6 = 0. Halitu ypaBHeHue

BTOpO#t auaronamn. Omeem:3x—y—23=0;

2.27. Haiitu Touky E nepeceuenus MeanaH TpeyroibHUKA, BEPIIMHAMU

koToporo sasotest Touku A(3,1), B(7, 5) u C(5, -3). Omeem: E[3;1)

2.28. 3anucath ypaBHEHUS IPSIMbIX, MPOXOASIINX uepe3 Touky A(-1, 1) mox
yriaom 45° k npsvoii 2x + 3y = 6. Omeem: x—=5y+6=0; 5x+y+4=0

2.29. Jlanbl ypaBHEeHHUs BbICOT TpeyroiabHuka ABC 2x -3y +1=0,x +2y + 1
= 0 1 koopauHaTHI ero BepmuHbl A(2, 3). Haittn ypaBaenus cropon AB u AC

2.30. lansl ypaBHEHUS ABYX CTOPOH Iapasuiesnorpamma x - 2y =0, x-y -1 =
0 1 Touka nepeceuenus ero quaronaneit M(3, -1). Haiitu ypaBHeHusI IByX IpyTruUx
cropon. Omeem:x—y—7=0; x=2y-10=0



IIpakTnueckas padora Ne 20

Tema «CocTaBiieHre ypaBHEeHHH KPUBBIX BTOPOr0 MOPSIAKA (OKPYKHOCTH,
JJLIIHICA, THIEPOO0JIbI, TapadoJibl)»

Heab: npoBepuTh ypOBEHb YCBOCHUSI MaTEpHalia M0 COCTABIICHUIO YPaBHEHUM
KPHUBBIX BTOPOTO TOPsAIKA (OKPY>KHOCTH, DIUIUIICA, TapaboIbl, TUTIEPOOIIHI).

Bpemsa BbinonaHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckue ceeaeHUs

2.3apaHue

3.JIuctA4

4 .KanbKynatopbl

MopaaoK BbiNOAHEHUS PaboThl
1.13y4ynTb 3agaHue

2. I3yuntb TeopeTnyeckme ceefieHns

3. BeinonHntb 1 opopmMmutb paboty
4.NokasaTb pe3y/bTaTbl NpenojaBaTesto
[JomalwlHee 3apaHne

1.MoarotoBUTL OTBETbI HA KOHTPOJIbHbIE BOMPOChHI
Xoa padoTbl

Teoperuueckue cBeIeHUs

KpI/IBaSI BTOPOIo MopaAaAKa MOKET ObITh 3alaHa YPpaBHCHUEM

Ax? 4+ 2Bxy + Cy* + 2Dx + 2Ey + F = 0.

CymiecTByeT cucteMa KoopaAuHAT (He 00s13aTENbHO JEKapTOBA MIPSIMOYTOJIbHAS),
B KOTOPOH JaHHOE YPaBHEHUE MOXKET OBITh MPEJCTABICHO B OJHOM W3 BUJIOB,
MIPUBE/ICHHBIX HUXKE.

X2 yZ
2 2
1) a b - YPaBHEHHE JJIIMIICA.
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2) a b - YpaBHEHHE “MHUMOTO’’ 3JUIUIICA.
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3 @ b yPaBHEHHE THIIEPOOIIBL.
4) a’x* — ¢*y* = 0 — ypaBHEHHE ABYX IEPECEKAIOIIUXCS IIPIMBIX.
5) y* = 2px — ypaBHEHHE NapaboIILL.
6) y*—a*= 0 — ypaBHEHHUE ABYX MAPAJUIETIbHBIX IPSIMBIX.
7) y* +a* = 0 — ypaBHEHHUE ABYX “MHHUMBIX" IApaIeIbHBIX IPAMBIX.
8) y* = 0 — mapa cOBIAJArOINX IPSIMBIX.
9) (x —a)*+ (y —b)*=R*— ypaBHeHHE OKPYKHOCTH.
Oxkpy:KHOCTB.

Onpeneaenune. OkpyscHOCMbIO HA3bIBACTCS MHOXKECTBO TOUEK TIIIOCKOCTH,
PaBHOYIAJICHHBIX OT IAHHOW TOYKH (yeHmpa).
B okpyxHocTu (x — a)* + (y — b)* = R*(1) uentp umeer koopauHarsl (a; b).
IIpumep. Haitu koOpAMHATBI LEHTpAa U PAgUYC OKPYKHOCTH, €CIIH €€
ypaBHEHHE 3aJIJaHO B BUJIE:
2x*+2y* - 8x + 5y —4 = 0.

JI71s1 HaXOKIEHHS] KOOPAUHAT LIEHTPA U PaINyCca OKPYKHOCTU JAHHOE
ypaBHEHHE HEOOXOMMO TpUBECTH K BUY (1)Jl71s1 3TOTO BBIIETNM TOJTHBIE
KBaJpAaThI:

X*+y —4x+2,5y-2=0

X*—4x +4 4 +y*+25y+25/16-25/16 -2=0
(x =2+ (y+5/4)-25/16-6=0
(x—2)*+ (y+5/4)>*=121/16
Orcrona vHaxoaum O(2; -5/4); R=11/4.

DJLJITMIIC

Omnpenenenue. Iniuncom HA3BIBAETCS MHOXKECTBO TOUYEK IUIOCKOCTH, CyMMa
PACCTOSIHMI KOTOPBIX JIO0 JBYX JaHHBIX TOYEK, HA3BIBAEMBIX (DOKycamu, €CTh
BEJINYMHA MOCTOSIHHAS, paBHAas 2a.

VYpaBHEHHE JUIUIICA UMEET BU!

X2 y2
— 4L = 1
a b’

Omnpenenenne. PoxycaMu HA3BIBAIOTCS TAKUE JBE TOYKH, CyMMa PAaCCTOSTHUU OT

KOTOPBIX O0 JF000M TOUKH DJIIMIICA €CTh IOCTOSHHAS BEIUYHMHA.
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Fi, F.— dokycel. Fi=(c; 0); Fi(-c;0)

C — TTOJIOBHHA PACCTOSIHUS MEXIY (HOKyCcaMu;

a — 0oJIbIIIast OJIyOCh;

b — mMaJast moJIyoch.

DoKycHOe paccmosHue u NOLYOCU SNUNCA C6A3AHbI COOmHowenuem a° = b’ + ¢,

JokazatreabcTBo: B ciyudae, eciim Touka M HaxoauTcs Ha IEepecedYeHUU

AJUIAINCA C BEPTUKAIBHOUN OChIO, 7} + 1y = 2 \/bz"'cz (mo Teopeme Iludaropa). B
cilydyae, eciu Touka M HaxoJWTCs Ha MEepPeceUeHUU dDIUIUICA C TOPU3OHTAIHHOM
oChl0, 7; + 2 =a—c + a + c¢. T.x. o onpeeneHuto cymma »; + r, — IOCTOSIHHAA
BEJIMYMHA, TO , IPUPABHUBAS, IOJTy4AEM:

a=b+c

ryt+r,= 2a.

Omnpenenenne. dopma nsyuinIica ONpeaeseTCs XapaKTCPUCTUKOH, KOTOpas
SIBJIIETCS. OTHOIIICHHEM (POKYCHOIO PACCTOSHHUS K OOJIbIICH OCHM M Ha3bIBaCTCS
IKCHEHTPHCUTETOM.

e=c/aTk c<a,toe<]l.

IIpumep. CoctraBuTh ypaBHEHHE NPSIMOM, MPOXOAsIIeld depe3 JeBbld (OKyC U

HIKHIOKO BEPINUHY 2JUIMIICA, 3aJaHHOTrO ypaBHeHneM: 25 16
1) KoopauHaTsl HYKHEHN BepiuuHbL: X = 0; y* = 16; y = -4,
2) Koopaunartsl neBoro dokyca: ¢*=a’—b>=25-16=9; ¢ =3; Fx(-3;0).
3) VYpaBHeHue npsMoil, Mpoxoasiiei yepes ABE TOUKH:

x=0 _y+4 x _y+4,
—-3-0 0+4° -3 4’

4x=—3y—12; 4x+3y+12=0

IIpumep. CoctaButh ypaBHEHHUE djutuIca, eciid ero ¢okychl Fi(0; 0), Fx(1; 1),

OombImIas OCh paBHA 2.
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VpasHenue syumnca umeet sua:  d@ b . PaccTosHue mexny gpoxycamu:

2c= \/<1_0)2+(1_0)2:\/§ , TAKAM 00paszom, a> — b>=c¢* =1

10 YCJIOBHIO 2a = 2, ciieioBaTenbHO a =1, b = ‘/‘12_02: 1-172=+2/2.

Uroro: 1° 1/2

I'unep0Ooaa.

Onpenesnenue.l'unep0010M HA3BIBACTCA MHOXECTBO TOYEK IUIOCKOCTH, IS
KOTOPBIX MOAYJb Pa3HOCTH PACCTOSHUM OT JIBYX JaHHBIX TOYEK, Ha3bIBA€MbIX
(oxkycamm ecTb BeIMYMHA MOCTOSIHHAS, paBHAs 2a, MEHbIIAs PACCTOSHUS MEXITY
dboxycamu.

ITo onpenenenuro |1y — 12| = 2a. F,, F> — dokycel runepoomsl. FiF, = 2c.




_ —
a b KAaHOHMYeCKoe YPaBHeHHe runepooJibl.

['unepbona cuMMeTpUYHAa OTHOCHTEIBHO CEPEIMHBI OTPE3Ka, COCTUHSIONIETO
(hOKyCBI 1 OTHOCUTEIBHO OCEH KOOpIUHAT.

Ocp 2a Ha3bIBaeTCH AeHCTBUTEIbHOM OCHI0 THIIEpP00IbI.

Ocsb 2b Ha3pIBaeTCsI MHUMOM OCHIO TMIIEPOOJIbI.

2¢ — okycHoOe paccTOsiHUE

@OK_)/CHOG paccmosrnue u nojtyocu 2Lll’l€p60]lbl C6A3dAHbl COOMHOWERUEM

c=d + b
b
y=+—x.
[unepGona UMeeT JIBE aCHMIITOTEI, YPaBHEHHS KOTOPBIX a
c
e=—>1
OTHoLIeHne a  ga3plBaeTCAd IKCHEHTPHCHTETOM THMIepOONbl, Tae ¢ —

MOJIOBMHA PACCTOSHUA MEXIy (hokycamu, a — AercTBUTENbHAs moayock. [Ipumep.

Haiitu ypaBHeHue rumnep0Oo0sbl, BEepIIMHBI U (HOKYChl KOTOPOM HaxonmdTcs B
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COOTBETCTBYIOIMX BEPUIMHAX M (POKyCax dyuunca O
Jlns smmanca: ¢ = a> — b,

Jlis runepOonst: ¢ = a® + b’

YpasHenue runepbons: 3 O



IIpumep. CocTtaBUTh ypaBHEHUE TUTIEPOOIBI, €CITH €€ IKCIIEHTPUCUTET PaBeH 2, a

2
X

2
+L=1,
(GoKyChl cOBNAAaroT ¢ (POKYCaMM 2JIIMIICA C ypaBHEHHEM 25 9
HaxomuMm ¢okycHoe paccrosuue ¢ =25 —9 = 16.

Jsarunepbonsl: ¢ =a’ +b*=16, e=c/a=2;c=2a; c¢*=4a’; a’=4;

b*=16-4=12.

2 2

X Yy _

X Yo
Uroro: 4 12 - KICKOMOE ypaBHEHHUE TUIIEPOOIIBL.
ITapadoaa.

ITapa0oJsi0ii Ha3bpIBAa€TCSI MHOXKECTBO TOUEK IUIOCKOCTH, KaXaash U3 KOTOPBIX
HAXOJIUTCS Ha OJITMHAKOBOM PACCTOSIHUH OT JAHHOW TOYKH, Ha3bIBaeMOU (POKycom,
1 OT JJAaHHOM MpsIMO#, HA3bIBAEMOM TUPEKTPUCON M HE IIPOXoAsIIeH yepe3 hoKyc.

Pacnonoxum Hayasio KOOpAuHAT NOocepeuHE MeX Ay (POKYCOM U TUPEKTPUCOM.

A

p/2 p

Bemnunna p (paccrosHue oOT (okyca 10 JUPEKTPHUCHI) Ha3bIBAETCS
napamMeTpoM napadoiibl. BeiBeieM KaHOHUYECKOE YpaBHEHUE MapadOoJIbl.
N3 reometpuueckux cootHomenuii: AM =MF; AM =x + p/2;
MF? = y? + (x — p/2)?
(x +p/2)* =y* + (x — p/2)
x> +xp + p/4 =y* + x> —xp + p*/4



y* = 2px

VYpaBHeHUE AUPEKTPUCHL: X = -p/2.

Ilpumep. Ha napaGosne y*° = 8X HalTH TOYKY, PACCTOSHHE KOTOPOH OT
JTUPEKTPUCHI PaBHO 4.

W3 ypaBHeHus apaboJibl OIyYyaem, uro p = 4.
r =X + p/2 =4; clieoBaTeNIbHO:
x=2; y*=16; y=+4. Uckomsle Touku: M,(2; 4), Ma(2; -4).

Ilpumep. Jlana mapa6omna y* = 6x. COCTaBUTh ypaBHEHHE €€ IUPEKTPHCHI M
HalTu ee Pokyc.

CpaBHUBasi JaHHOE€ YpaBHEHHE C KAaHOHMYECKUM YypaBHEHUEM MapadoJibl,

BUINM, 4TO 2p=6, p = 3. Tak Kak ypaBHEHHE TUPEKTPUCHI UMEET YPABHEHUE X =

—=, a GOKyC — KOOpAUHATHI Puo, To s paccMaTpuBaEMOro Ccliydasi MOJTy4yuM

2’ 2
-3 3
YPaBHEHHE TUPEKTPUCHI x = —~ 1 pokyc F| 5 0].

-3
Omeem:x = BX F

E;0.
2

3aaHus NpaKTH4eCKOH PpadoThI
1. CocTaBuTh KAHOHHYECKHE YPABHCHUS:

a) sJurica; 0) runepo6oIsl; B) mapadodisl (A, B - Toukwu, jiexaiiue Ha
kpuBoii, F - pokyc, a - GosbInas (IelcTBUTENbHAS) MOIYOCh, b - Masnias (MHUMAas)
TIOJTyOCh, € - OKCIIEHTPHUCUTET, Y=+kX - ypaBHEHUSI acHUMIITOT runepOosl, D -
JTUPEKTpUCA KPUBOM, 2C - (POKYCHOE pacCTOsHUE).

Bapuan duunce I'mnep6oJ1a ITapa6oaa
T
1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4
2. b =2, F(4<2| 0) a=7, =%/ D:x=5
3. AG.0), B2, 33y |k=3/4,e=5/4 D:y=-2
4 | p= 211 a5 0) | A(YEO,3), B(#6|,3v2) |Diy=




5. 2a=22, ¢= ﬁfli k=2/3,2¢c= mﬁfﬂ ock cummeTpun OX u
AQ27,9).
6. b= Jﬁ c— ﬁfzi k=3/4,2a=16 och cummeTprn OX U
A(4, -8).
7. a=4,F=(3,0) bZEﬂJ{ﬁ,F(_ll’O) D:x=-2
8. b=4,F=(9,0) a=5,e=7/5 D:x=6
9 1A, B, B k=2 o110 | Dry=-4
1)
10. e="7/8, A(8,0) AG. 4;75|)’ B(ﬂg; 6) | Diy=4
11. 2a=24,¢= J2zfe | M,ZCZIO ock cummeTpur OX U
A(-7, -7).
12. |p=2¢c= 5@,’243 k=12/13,2a =26 ock cummeTpun OX U
A(-5, 15).
13. a=6,F(-4,0) b=3,F(7,0) D:x=-7
14 b=7,F(5,0) a=11,e=12/11 D: x=10.
15 | A5 13, k=12, ¢ = 5/ D:y=-1
B(21/% 1),
16. | &£=3/5A(0,8) A8 0),B(-2¥4, 1) |D:y=9
17. 2a=22,e=10/11 |} _ Jﬁfﬁl 2e=12 ochk cummetpun OX 1

A(-7, 5).




18. b=35,e=12/13 k=1/3,2a=6 och cummeTpun Oy u
A(-9, 6).
19. | a=9,F(7,0) b=6, F(12, 0) D:x=-1/4
20. |b=5, F(-10,0) |a=9,¢c=4/3 D:x=12
2L A0, 2),B(MA, k=240 ¢=119 | DIy =5
1)
22. |e=23,A(-6,0) | A& () B¥20/3 2 |Diy=1
23. 2a=50,e=3/5 k= @/‘ML 2¢ =30 ock cummerpun Oy u
A4, 1).
24, b= 2415 e=7/8 k=5/6,2a=12 ock cummeTpun Oy u
A(-2, 3«\!5),
25. | a=13, F(-5, 0) b =44, F(-7, 0) D: x =-3/8
26.  |b=7,F(13,0) b=4,F(-11,0) D:x=13
27. | A(-3,0), B(l, = m . — 151 D:y=4
mﬁ) ’
28. | g=5/6, A0, V1) A(\l@’ 1),B(¥8,0) |Py=-3
29. 2a=30,e=17/15 |} _ ""{ﬁfelﬂc 138 ock cummerpun Oy 1
A(4, -10)
30 b= 242 |’ c=17/9 ock cummMerpun Oy

k=2/2 2,=12

u A(-45, 15).

2. 3anucarhb YPaBHCHHEC OKPY/KHOCTH, Hpoxozmmeﬁ qepe3 YKA3aHHbIC TOYKH U

HMerIlell HeHTP B TOUYKe A.

2.1. Bepmunsl runep6onst 12x* - 13y* = 156, A(0, -2).




2.2. Bepmmnsl tunep6osl 4x* — 9y” = 36, A(0, 4).

2.3. ®okychl runepbonsl 24y* — 25x* = 600, A(0, -8).

2.4.0(0, 0), A - Bepiuna napabonsl y* = 3(x - 4).

2.5. ®okycel dmmanca 9x* + 25y* = 1, A(0, 6).

2.6. JleBblii pokyc runepOoms 3x° — 4y> = 12, A(0, -3).

2.7. ®okychl diumnca 3x* + 4y* = 12, A - ero BepXHsis BEpIIMHA.
2.8. Bepmuny runep6onsl  x* - 16y° = 64, A(0, -2).

2.9. ®okycel runepbonsl 4x* - 5y* = 80, A(0, -4).

2.10. O(0, 0), A - BepmumHa mnapabonsl y* = - (x +5)/2.

2.11. TIpassiii Gokyc smmurnca 33x* + 49y> = 1617, A(1, 7).

2.12. JIeBslit hokyc runepOoisl 3x° - 5y* = 30, A(0, 6).

2.13. ®okycel oumnca 16x* - 41y* = 656, A - ero HYWKHAS BEPIIMHA.
2.14. Bepmuny runep6oinsl 2x* - 9y* = 18, A(0, 4).

2.15. ®okycel runepbonsl 5x* - 11y* =55, A(0, 5).

2.16. B(1, 4), A - Bepmmna napabonusl y* = (x - 4)/3.

2.17. JIeswiii okyc smmmnca 3x* + 7y> = 21, A(-1, -3).

2.18. JIeByro BepunHy runep6oisl 5x* — 9y* = 45, A(0, -6).

2.19. ®okycel munca 24x* — 25y* = 600, A - ero BepxHss BepIIUHA.
2.20. Ipasyro BepiuHy runepbosl 3x* - 16y” - 48, A(1, 3).
2.21. JleBniii hokyc runepbonst 7x° - 9y = 63, A(-1, -2).

2.22. B(2, -5), A - Bepmmna napadoins x* = -2(y + 1).

2.23. TIpasslii Gokyc smmmnca x° + 4y> = 12, A(2, -7).

2.24. Tpasyro Bepiuny runepoosnst 40x* - 81y* = 3240, A(-2, 5).
2.25. ®okycel oyumnca X* + 10y> = 90, A - ero HWKHSS BEPLIMHA.

2.26. Ipasy1o Bepiuny runepbonst 3x* - 25y° = 75, A(-5, -2).



2.27. ®okycel runepboinsl 4x* - 5y* = 20, A(0, -6).

2.28.B(3, 4), A - BepmmHa napabosasl y> = (x + 7)/4.

2.29. Jleniii Gokyc smmmrnca 13x* +49y* = 837, A(1, 8).
2.30. ITpasslit pokyc runep6oinl S7x* - 64y> = 3648, A(2, 8).
KonTpoJibHBIE BOIIPOCHI

3anuimnTe KAaHOHUYECKOE YPaBHEHHUE DIIIUTICA.
3anuiuTe KAaHOHMYECKOE YPaBHEHHUE TUIIEPOOITHI.
3anuImTe KAaHOHMYECKOS ypaBHEHHE MapadoJIbl.
Uto Ha3bIBAETCS IKCUETPUCUTETOM dBJIuIca’?
3anumuTe ypaBHEHUSI ACUMIITOT TUIEPOOJIBI.

Nk W=
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JJIeKTPOHHbIE U3IaHNS (3JIEKTPOHHBbIE PeCYPChI):
http://school-collection.edu.ru/

.. http://fcior.edu.ru/

http://college.ru/matematika/

http://www.mce.su

http://www.exponenta.ru
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