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1. ITacmopT KOMILIEKTa KOHTPOJbHO-U3MEPHUTEJIbHBIX MATEPHAIOB
B  pesynprate  ocBoeHuss ~ y4eOHOM  IUCHUMIUIMHBL  «Mamemamukay

oOyuaromuiicss gojbKkeH oOnamark npeaycMmorpeHHbiMu  DI'OC mo cnenuanbHOCTH
CIIO 15.02.14 OcHameHue CpeACTBAMHM ABTOMATHU3AIUU TEXHOJOTHYECKHUX
NMPOLECCOB M NMPOM3BOJACTB (IO OTPACIAAM)CICAYIOIMMU YMEHUSMH, 3HAHUSIMU,
KOTOpble  (GOPMHUPYIOT  MPOPECCHOHANBHYIO  KOMIETCHIMIO, W  OOIIMMHU
KOMITETEHIIUSIMMU:

Ymenns (Y):

Y 1 - BBINOJNHATH ONEpalMy HaJ MaTPUIAMU M PEIIAThb CUCTEMBI JIMHEMHBIX
YpPaBHEHMU;

Y 2 - pemartb 3a7a4M, UCHOJIb3YS YPaBHEHHSI MPSIMBIX M KPUBBIX BTOPOTO
MOPSJIKA HA INIOCKOCTH;

VY 3 - mpuMeHsATh METObI TU(PPEPEHIINATBHOTO U UHTETPATHHOTO UCYUCIICHUS
GbyHKIMIA ¢ OTHOU MIEPEMEHHO;

VY 4- npumeHsTh MeTO bl TUud(PEepeHIInaTbHOTO U UHTETPAIBHOTO UCYUCIICHUS
(GyHKUIUNA HECKOJbKUX TEPEMEHHBIX;

VY 5 - pemath quddepeHnuanbHbie YpaBHCHHUS;

VY 6 - n0ab30BaTHCS MOHATUSMH TEOPUHU PSAIOB.

VY 7- nonb30BaThCA MOHATUSMH TEOPUH KOMIUIEKCHBIX YHCEIL;
3nanus (3):

3 1- OCHOBBI MaTEMaTHYECKOTO aHAJIN3a, IMHEHHOHN aJreOphl 1
aHAIMTUYECKOU T€OMETPUU;

3 2- ocHOBBI TU(PPEepEeHIINATBHOTO U HHTErPATLHOTO UCUUCIICHUS (PYHKITUI C
OJIHOM IIEPEMEHHOM;

3 3- ocHOBBI 1U(PPEpPEeHIINATBHOTO U HHTETPATBLHOTO UCYUCIICHUS (PYHKITHI C
JBYMS IEPEMEHHBIMH;

3 4-0CHOBBI TEOPUH PSJIOB.

3 5- OCHOBBI TEOPUH KOMIUICKCHBIX YUCET,

OK 1 BeiOupath crocoObl pemieHus 3aaad NpoPpecCUHOHATbHON A TENbHOCTH

IMPUMCHHUTCIILHO K PAa3JIMYHBIM KOHTCKCTaM



OK2 OcymiecTBiasTh TMMOWUCK, aHAIW3 W HWHTEPIpETAruio WHGOpMAIIIH,
HEOOXOAMMOM /JIs1 BBIMOJIHEHUS 3a/1a4 MPOPECCUOHANIBHOMN €ATEIbHOCTH

OK 9 Hcnonb3oBaTh MH(DOPMAMOHHBIE TEXHOJOTHH B MHPO(hEeCcCHOHATBHOU
JEeSATENBHOCTH

OK 10ITonb30BaTHCS npodeccuoHabHON JIOKYMEHTAIUEN Ha
roCyJapCTBEHHOM U MHOCTPAHHOM S3bIKaX

OCHAIICHUC CPCACTBAMH dBTOMATH3dAIIUHU TCXHOJIOITHYCCKUX HpOHCCCOB(HK)

[IK 1.3 IIpoBoauTh BHUPTyaldbHOE TECTUPOBAHUE pPa3pabOTAHHOW MOJEIH
AJIEMEHTOB CHCTEM aBTOMATU3aLMU JJIS OLEHKH (PYyHKIHMOHAJIBHOCTH KOMIIOHEHTOB

[1IK 1.4 ®opmupoBath MakeT TEXHUYECKON JOKYMEHTAlMM Ha pa3paboTaHHYIO
MOJIEJIb 3JIEMEHTOB CUCTEM aBTOMAaTHU3aLUU

I1IK 2.3 TIpoBoANTH MCHBITAHUSA MOJEJH 3JIEMEHTOB CUCTEM aBTOMAaTU3allH B
pealbHBIX YCIIOBHUSIX C IIENBI0 MOATBEPKACHUA PAaOOTOCIIOCOOHOCTH U BO3MOXKHOU
ONTUMU3ALUN

[IK 4.3 Opranu3oBbiBaTh padOThl MO YCTPAHEHUIO HEMOJIAJI0K, OTKa30B
000pyI0OBaHUS U PEMOHTY CUCTEM B PAMKAaX CBOECH KOMIIETEHIIUU

dopmotii aTTecTaluu 1o yaeOHO TUCIIATITAHE SIBIISICTCS
mudepeHITMpOBaHHbBIN 3a4eT.



2. Pe3yabTaThl 0OCBOCHHS Y4eOHOM JUCHMILUIMHBI, NOAJIeKalHe POBEPKe

2.1.
KOMIIJICKCHAs IIPOBCPKa CJIICAYIOIINX YMCHI/Iﬁ )41 3HaHI/II\/JI, a TaxKKkC JUHaMHKa

B pesynbrare arrectanuu 1O y4yeOHOM JIMCUMIUIMHE OCYIIECTBIISIETCS

(dbopMHpoBaHUs OOIIUX KOMIIETEHITUHI:

Pe3yabTarsl 00yyenus:
YMeHHS, 3HAHHUSA U 001He
KOMIIeTeHIIUH

IToxka3zaresn oHeHKH
pe3yJabTara

dopMa KOHTPOJIs
U OLICHMBAHUSA

YMmeTh:

Y I - BeIONHATH oniepanuu
HaJl MAaTPUIIAMU U PEIIaTh
CUCTEMBI JTUHEHWHBIX
YPaBHCHUU.

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCTD,
BBIOMPATh TUTIOBBIC METOJIBI U
CTIIOCOOBI BBITTOJIHEHUS
npodeccroHaIbHbIX 3374,
OILICHUBATh X d(PPEKTUBHOCTH
1 KauecTBo.

- BeinosiHenue nevicTBUi Haxq
MAaTpUIIAMHU: CII0KEHHUE,
BBIUUTAHUE, YMHOXKECHUE,
YMHOKEHUE MaTPUIIbl Ha
YHCJIIO

-Brruncnenue onpeaenurenei
- Pemenne cucrteM TUMHEHMHBIX
YPAaBHEHUU METOJIOM
oOpaTHOW MaTpULbI

- Pemenne cucrteM nUHEHHBIX
ypaBHEHUH 10 popmysiam
Kpamepa

- Pemienne cucteM JIMHEMHBIX
ypaBHEHUU MeTosioM [ aycca.

YCcTHBIN o1poc,
CaMOCTOSITCIIbHBIC
padoTHI;
NPaKTHYECKHE
paboThI, PIK3aMEH

¥ 2 - pemath 3a1a4u,
UCIIOJIb3Ysl YPaBHCHHUS
NPSIMBIX U KPUBBIX BTOPOTO
NOpsAJIKA HA MJIOCKOCTH.

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSITEIILHOCTD,
BBIOMPATh TUTIOBBIC METOJIBI U
CTIIOCOOBI BBITTOJIHEHUS
npodeccuoHaIbHbIX 3374,
OIICHUBATh UX

3 PEKTUBHOCTHH KAYECTBO.

- BeinmosmHenue geiicTBUM Hajl
BEKTOPaAMM: CIIOKEHUE U
BBIUYMTAHUE BEKTOPOB,
YMHOkKEHHUE BEKTOPA HA YUCIIO
- Haxoxnenue ckajasipHOro,
BEKTOPHOT'O U CMEIIAHHOTO
MIPOU3BEJICHUSA BEKTOPOB

- CocraBiieHHE ypAaBHEHUI
MPSMBIX U KPUBBIX 2 TTOPSJIKA,
UX TTIOCTPOEHHUE

Y CTHBIN o1poc,
CaMOCTOSITEITbHBIC
padoTHI;
NPAaKTHYECKUE
paboThI




¥ 3 - npuMeHSITh METOIbI
b depeHInaibLHOTO U
WHTETPaTbHOTO UCUUCICHUN
1utst QYHKIMHM C OJTHOM
MIEPEMEHHOU

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCT,
BBIOMPATh TUIIOBBIE METOIbI U
CHOCOOBI BBIITOJTHEHUS
npodeCCUOHANIbHBIX 3aj1ad,
OLICHUBATh X d(PPEKTUBHOCTH
1 Ka4ueCTBO.

-Brruucnenue npeaena
(GYHKIIMH B TOUKE U B
OCCKOHEUYHOCTH

- UccnenoBanue GyHKIMU Ha
HETMPEPHIBHOCTH B TOUKE
-Onpenenenre BUI0B TOUEK

paspeiBa- Haxoxnenue
MPOU3BOAHON (DYHKIIMH-
Haxoxnenue npon3BogHon
CJIOKHOU (PYHKITUU-
[IpumeHenue nmpasuna
JlonuTans AJisi BBIYUCICHUS
IIpeEoB

-Paznoxenne aneMeHTapHbIX
¢bynkuuii B psag Teitnopa u
IPUMEHEHUE JIs1 HAXOKIECHUS
npezaenos- Jlorapupmuueckoe
b depeHurpoBaHue -
HccnenoBanue GyHKIIMH C
MTOMOIIIBIO MIPOU3BOAHON U
noctpoeHue rpapu

- Haxoxnenue
HEOIPEAECIECHHBIX HHTETPAJIOB
(HermocpeICTBEHHOE
WUHTEIPUPOBAHUE ,
UHTETPUPOBAHUE
MOACTAaHOBKOM ,
WUHTErPUPOBAHUE TI0 YACTSIM )
-NaterpupoBanne QyHKITUH,
COZIEpIKAIMX KBAJAPATHBIN
TpEXWICH -
WNHuTterpupoBanue
palMOHAIBHBIX (PYHKIUN

- UurerpupoBanue

paIrMoHAIBHBIX IPOOeH-
WuTerpupoBanue
TPUTOHOMETPUUIECKUX
bynkuuii-UHTerpupoBanue
UPPAMOHATBHBIX (YHKIIHIMA-
Brrunciienne onpeneneHHbIX

YcTHBIN onpoc,
CaMOCTOSITENIbHBIC
padoTHI;
IPAKTUYCCKUC
paboThI, SK3aMEeH




uHTerpasoB-HecoOcTBeHHBIE
UHTETpaIbl-Beraucienne
romae Guryp ¢ moMoIbo
OTIpEIETICHHOTO WHTETpasia-
JnmuHa nyru-dusnyeckoe
NPUII0KEHHE OTIPEIETICHHOTO
UHTETpaia

Y 4- npuUMEHITh METOIbI
muddepeHuanTbHOro U
MHTETPAIBHOTO UCUUCIIEHUN
JUTst GYHKITUN HECKOJIBKUX
MEPEMEHHBIX

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOMPATH TUIIOBBIC METOIbI U
CIOCOOBI BBITTOJIHEHHUS
npodeccruoHaIbHBIX 33]1a4,
OILICHUBATh X d(PPEKTUBHOCTH
1 KauecTBO.

-ITpou3BOIUTH BHIUUCIICHHE
npeaenoB GyHKIUN C AByMs
NepEMEHHBIMU
-HaxoxneHnue yactbix

pou3BOIHbIX -Haxoxienne
YaCThIX MPOU3BOJIHBIX
BBICIIUX TTOPSIIKOB-
[IpruMeHeHue moaHOTo
muddepennnana k
PUOITNKEHHBIM
BbIuKcieHusAM-Haxoxienne
G depeHnnanoB BbICIIHX
nopsiakoB-Haxoxnenue
IIPOU3BOTHOM CII0KHOM
¢bynkuuu-Haxoxnenue
sKCTpeMyMa QyHKIIMH JABYX
IepeMEHHbIX-Bbruncienue
JBOMHOT'O UHTETpaja B
JEKapTOBBIX KOOpAHHATaX-
Brrurcnenue IBOMHOTO
WMHTErpajia B MOJISIPHBIX
koopauHarax-lIpumenenune
JIBOMHOTO UHTETrpAJIA IS
BBIYMCJICHUSA 00beMa Tela,
IUJIOLIAAM TUIOCKON (UTYPBI,
MacCChl HEOAHOPOIHOM
MJIACTUHBI

YcrHbIN o1poc,
CaMOCTOSITENTbHBIC
paboThI;
PaKTHYECKHE
paboThI




Y 5 - pematb
muddepeHuaabHbIe
ypaBHEHUS

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICATEITHLHOCTD,
BBIOMPATH TUTIOBBIE METOJIBI U
CrOCOObI BBITIOTHEHUS
npodecCUOHANIbHBIX 3aj1a4,
OIICHUBATh UX

3¢ PEeKTUBHOCTHU KAa4E€CTBO.

-Pemenne

g depeHnnaIbHbIX
YPaBHEHHU MEPBOTO MOPSIIKA
-Pemenne

g depeHnrnanbHbIX
YPaBHEHUN MEPBOIO MOPSIAKA C
pa3AeISIOIUMHUCS
nepeMeHHbIMU-Permenne
OJTHOPOJHBIX

g depeHnranTbHbIX
YPaBHEHUW NEPBOTrO MOPSIAKA-
Pemenue nuHENHbBIX
YPaBHEHU NEPBOrO MOPSIAKA-
Pemenne nuddepeHnmnanbHbIx
YpaBHEHUH BBICILIETO MOPSIKA-
Pemrenne ypaBHeHu ,
JOITYCKAOUIUX MOHUKEHUE
nopsaka-Pemenne JIOAY
BTOPOTO NOPsIZIKA C
MIOCTOSTHHBIMU
kod(ppunmenramu- Pemenne
JIHJ1Y BTOpOTO mopsijika ¢
MOCTOSTHHBIMU
Kod(ppunmeHTamMu 1 mpaBoi
YaCThIO CIEUAIBHOTO BUA

YcTHBIN onpoc,
CaMOCTOSITENIbHBIC
padoTHI;
IPAKTUYCCKUC
paboThI, SK3aMEeH

Y 6 -- 10J1b30BaTHCA
MTOHSATHSIMHU TCOPHH PSIJIOB.

OK 2. Opranu3oBbIBaThH
COOCTBEHHYIO JICSITEIIHHOCTD,
BBIOMPATH TUTIOBBIE METOJIBI U
CIIOCOOBI BBITTOTHEHUS
npodeccruoHanbHbIX 3a/1a4,
OIICHUBATh UX

3 PEeKTUBHOCTHU KAYECTBO.

-BuITTONIHATE HCclieqoBaHue
PSAJIOB HA CXOJMMOCTh-
Haxonuts pagnyc
CXOJIMMOCTH , 00J1aCTh
CXOJIMMOCTH -BBITIOJIHATE
pasnokeHre PyHKIui B
CTEIICHHBIE PSIJIBI

YcTHBIN omnpoc,
CaMOCTOSATEITHHBIC
paboThI;
IPAKTUIECKUC
paboThI




Y 7 - nojib30BaThCA
MOHATUSIMU TEOPUHU
KOMIIJICKCHBIX YHCEJT,

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICATEITHLHOCTD,
BBIOMPATH TUTIOBBIE METOJIBI U
CrOCOObI BBITIOTHEHUS
npodecCUOHANIbHBIX 3aj1a4,
OIICHUBATh UX

3¢ PEeKTUBHOCTHU KAa4E€CTBO.

- [Ipou3BoaUTH IEUCTBHS C
KOMILIEKCHBIMU YUCJIaMU B
anreOpanvyeckou,
TPUTOHOMETPHUYECKOM,
nokaszaTeabHOou hopmax-
Ocy1IecTBIATh
Tr€OMETPUUECKYIO
MHTEPIIPETALNIO
KOMILIEKCHOT'O YHCIa -
ITepeBOINTH KOMIUJIEKCHBIE
YHclia U3 OJHOU POpMBI B
npyryto-Pemarts ypaBHeHUs HA
MHOXECTBE KOMIUJIEKCHBIX
qucen

YcTHBIN onpoc,
CaMOCTOSITENIbHBIC
padoTHI;
IPAKTUYCCKUC
paboThI, SK3aMEeH

3HaTh:

31- OCHOBBI MATEMATUYECKOTO
aHaNM3a, JIMHEWHON anreOphl
Y aHAIUTUYECKON T€OMETPHUH;

OK 1. ITonnmaTh CyIIHOCTh
Y COI[MAJIbHYIO 3HAYUMOCTh
cBoeit Oyaymeit mpodeccun,
IIPOSIBIIATH K HEM yCTOMYMBBIN
UHTEpEC.

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSITEILHOCT,
BBIOMPATh TUIIOBBIE METOIbI U
CIOCOOBI BBITTOJIHEHHUS
npodeccuoHaIbHBIX 33]1a4,
OILICHUBATh X d(PPEKTUBHOCTH
1 Ka4eCTBO.

Bocnpous3BoauTe anroputMsl
pEUICHUs] CUCTEM JIMHEWHBIX
YPAaBHEHUUN METOJIOM
oOpaTHOM MaTpHIIbI, 10
dbopmynam Kpamepa, meTogom
["aycca

- BociponsBoauts
CkanspHoe, BEKTOPHOE U
CMEIIaHHOE MPOU3BEICHUS
BEKTOPOB
- Onpenenarb ypaBHEHUS

KPHUBBIX BTOPOI'O IMOPAOKaA

YcTHBIN Oo1poc,
CaMOCTOSITEIIbHbBIE
paboTHI;
NpPaKTHYECKUE
paboThI, IK3aMEeH
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32- ocHOBBI

Qg pepeHInanbHOro U
MHTETPAIIbHOTO UCUNCIICHUS
(dbyHKIUM ¢ 01HOM
IIEPEMEHHOM.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCT,
BBIOMPATh TUIIOBBIE METOIbI U
CHOCOOBI BBIITOJTHEHUS
npodeCCUOHANIbHBIX 3aj1ad,
OLICHUBATh X d(PPEKTUBHOCTH
1 Ka4ueCTBO.

- Bocipou3Bo1MTE METOTBI
BBIUMCIICHUS MIPE/IETIOB,
3aMevaTeNbHbIC MPEIeIIbI-
KnaccuduumpoBatb TOUKH
pa3pbiBa GyHKLINUU-
Bocnpouszsoauts npasuia
nuddepeHupoBanus U
MPOU3BOIHBIE OCHOBHBIX
AIIEMEHTAPHBIX (DYHKIIHHA,
CIIOKHBIX (YKIIHM-
BocnpouszBoauTe alroputm
MOCTpOEHUS TpauKOB
(GYHKIHI ¢ TOMOIIBIO
npousBoaHOK- Ha3biBaTh
TaOIMYHBIE UHTETPAJIBI
-PemaTes nHTErpaIBl METOIOM
3aMEHbI IEPEMEHHOM,
WHTETPUPOBAHUEM MTOYACTSIM-
Hcnonp30BaTh MpUIIOKEHUE
OTIPEJICIICHHOI0 UHTErpajia K
BBIYHCIICHHUIO TIONIAIeH
II0CKUX (puryp, 00beMoB Tel
BpaIlleHUs], Ty TH,
MIPOMJCHHOTO TOYKOU

YcTHBIN onpoc,
CaMOCTOSITENIbHBIC
padoTHI;
IPAKTUYCCKUC
paboThI, SK3aMEeH

11




33 — oCHOBBI

b depeHInaibLHOTO U
MHTErPAIbHOTO
MCUYUCIICHUSIPYHKINN
HECKOJIbKMX MIEPEMEHHBIX

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCT,
BBIOMPATh TUIIOBBIE METOIbI U
CHOCOOBI BBIITOJTHEHUS
npodeCCUOHANIbHBIX 3aj1ad,
OLICHUBATh X d(PPEKTUBHOCTH
1 Ka4ueCTBO.

- Haxomute o6macthb
orpeaeneHus PyHKIHUHA IBYX
MEPEMEHHBIX
-BocnipousBoauts npasuna
HaXO0XJICHUS YaCTHBIX
MIPOU3BOJIHBIX (PYHKIIHH C
JIBYMsI TIEPEMEHHBIMU-
BocrnpousBoauts airoputm
HAXOXIEHUS IKCTpEeMyMa
GyHKIIMU ¢ ABYMS
NepEMEHHBIMHU-
Bocnpon3BoauTh CBOMCTBA
JIBOMHBIX UHTErPAIOB U
MpaBUJia UXBBIYUCIICHUS

34-ocHoBBI TEOPUM PSA0B

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEIbHOCT,
BBIOMPATh TUIIOBBIE METOJIBI U
CIOCOOBI BBITOJTHEHUS
npodeCCUOHANIbHBIX 3aj1a4,
OLICHUBATh UX d(PPEKTUBHOCTH
1 Ka4eCTBO.

-Paznuuats psnbl o hopmyiie
oO1Iero 4jieHa-
Bocrnpoussoauth npusHaku
CXOJUMOCTH PSIOB

YcTHbIN O1poc,
CaMOCTOSTEIIbHBIC
paboThI;
IIPAKTUYECKUE
paboThl, SK3aMEH
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35 - ocHOBBI TEOPUU - [IpencraBasTh YcTHBIN onpoc,
KOMILJIEKCHBIX YHACE KOMILJIEKCHOT'O YHCJIa B CaMOCTOATCJIBHBIC
padoTHI;
MPAKTUYECKUE
paboThI, SK3aMEeH

anreOpanvyeckou,
OK 2. Opranu3oBbIBaTh

COOCTBEHHYIO JICSITEIIHHOCTD,

BBIOMpATh TUIIOBBIE METO/IBI U
CITOCOOBI BEITTOTHCHUS BBITIOJIHSTH JEUCTBUS B HUX.

TPUTOHOMETPHUYECKOM,
nokazaTeabHoM (hopMmax,

npodecCUOHANIbHBIX 3a]1a4,
OLICHUBATh UX 3(PPEKTUBHOCTH
U KAYEeCTRO

3. OueHka 0cBOeHUS YUeOHOM M CIUTIIHHbI
3.1. ®opMbI U METOAbI OLIECHUBAHUS
[IpeameToM OLIEHKH CITy>)KaT yMeHUs U 3HaHus, npeaycMoTpenabie @I'OC 1o

muciuIuinie  «Mamemamuxy, HampaBieHHble Ha (QopMupoBaHHE OOIMUX U
npodeccuoHaIbHBIX KOMITETEHIIUN.

OrneHka OCBOGHUS AWCHUIUIMHBI «Mamemamukay BKIIOYAET TEKYIIUH
KOHTPOJIb YCIIEBAEMOCTH,  IPOMEXYTOYHYIO aTTEeCTallMi0 B BHJAE DJK3aMEHa.
[IpoBeneHNe TEKYIIETO KOHTPOJIS YCIEBAEMOCTH OCYIIECTBISICTCS B JOPME YCTHBIX
OIPOCOB, MMCbMEHHBIX 33/IaHUI (CAaMOCTOATENbHBIE PA0OTHI, TECTHI), MPAKTHUUYECKHUX
pabot. [ns stux neneit popmMupyroTcsi POHIBI OIIEHOYHBIX CPENICTB, BKIIOUYAOIINE
TUTIOBBIE 3aJIaHUS, TECTBl MU METOJIbI KOHTPOJIS, IMO3BOJISIONINE OICHUTHh 3HAHUS,
YMEHUS U YPOBEHb MPUOOPETEHHBIX KOMITCTCHITHN.
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3aI[aH]/Iﬂ AJISA OEHKHU OCBOCHMUSA IUCHUIIIINHBI

JieMeHThI JIMHEeHHO aJredpbl
IIpakTnueckas padora Ne 1

Tema «Pemenue cucteM TMHEHHBIX ypaBHEeHHH 110 hopmynam Kpamepa.Pemenue
CUCTEMYpaBHEHUMN MeTOAOM I aycca» Iesab: HayyuTbCs BBIYNCIATH
ONPENEIUTEINUTENN 2- TO U TPETHETO MOPAAKA, pEIIATh CUCTEMBI JINHEUHBIX YPABHEHHM C
MOMOILBIO orpeaenuTeneil , merogom ['aycca, popMupoBaHue BHIUNCTUTENBHBIX
HaBBIKOB.3a/1aHUA

- 2+K -1 g2
1) A=| lo2)a=13 >
I.BBI‘II/ICJ'II/ITL OHpG,Z[eJII/ITGJII/I BTOpOFO HOprI[Ka: 3 6
1
9% k., -64°
3)A=| gy
057 4
2.BBIYHCIIUTE ONPEASTUTENIN TPETHEro MopsaIKa:
-1 3K1 2 3K2 4 -5 1 =2 K 'K,
1)a=l2 8 | 2)4=]8 7k-2 -2,3)4=B  -5|
1 1 2 2 -1 8 2 kK, 5

3..Pemnth cucremy ypaBHeHuii merogoMm Kpamepa, caenats mpoBEpKY:




Kaxk BbIYMCIUTD ONPEAEIUTENL BTOPOTO MOpsaKa?

aaaaaa Ky Bapuanm | * aH
m
1 3 4 21
2 4 5 22
3 23
4 1 14 -2 1 24
5 3 -3 15 2 -2 25
6 5 16 0 7 26
7 2 3 17 -1 4 27
8 6 -2 18 -3 3 28
9 6 1 19 -4 1 29
10 1 20 0 8 30
KonTpoa npoc
I. Yt TCA




3. Kaxkue cnocoObl BEIYMCIEHUS ONPEAEIUTENS TPETHETO NOPSAJIKA BAM U3BECTHBI?
4. Ilepeuncnure CBOMCTBA ONPEAETUTENEH.
5. Chopmynupyiite Teopemy Kpamepa.

6.Anroput™M npuMeEHeHHs MeToaa ['aycca.

IIpakTueckas padora Ne 2

Tema: Pemenue matpuunbix ypaBHeHu, CJIAY MaTpUYHBIM METOAOM.

Henab: HAyYUTHCS BBIYMCIATH MUHOPBI, aJreOpandeckue JOMOJTHEHUS, ONPEACIUTETN
YETBEPTOIO MOPSAKOB , HAXOJAUTHh OOPATHBIE MATPHIIBI ,PEIIATH TPOCTEUIIINE MATPUIHBIS
ypaBHenusi, CJIAY mMaTpuuHbBIM METOJIOM .

3ananmue 1
2 11 x 1 -2 1k
1)A: 1 2 3 5" 2)A2|_2 3 K1 2|’
3k, 2.1 4 1 -3 -2 4
JIaHBI OIPEICITUTEIH: -2 13 -3 1 2 3 4

1) Haiitit MUHODBI U anredpandeckue JOTMOIHCHHS YJICMEHTOB j
2) BBIYUCIUTE ONPEACIIUTENN, PA3JIOKUB UX T10 DJIEMEHTaM a) 1-0i CTPOKH, 0) j-To

cToNoIa
Bapuanrt Ky Ky i j Bapuant Ky Ky i J
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
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10 -5 1 1 25 0 8 1 1
11 -2 4 3 26 4 -2 2 3
12 1 3 4 27 -1 3 3 4
13 -3 2 2 28 2 -3 4 2
14 -4 -1 1 29 -2 5 2 1
15 -1 5 3 30 -5 -1 1 3
K, —2 -1
A=l2 1 2
3apganme 2. Jlana maTpuna K 4 . Hatitn
a)A~" u nposepums , umo A-A"'= A" A=E
6) A+A™!

Bapuanm K Ky Bapuanm Ky Ky

1 3 -2 16 4 -1

2 4 1 17 5 1

3 3 -4 18 2 0

4 2 1 19 -2 1

5 3 -3 20 2 -2

6 1 5 21 0 7

7 -2 3 22 -1 4

8 6 -2 23 -3 3

9 -6 1 24 -4 1

10 -5 1 25 0 8

11 -2 4 26 4 -2

12 1 3 27 -1 3
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KOHTpOJ]LHbIe BOIIPOCHI

1. Yto Ha3bIBaeTCSI MUHOPOM?
2. Uro Ha3BIBACTCS anreOpandecKuM JIONOJTHECHUEM 3JIEMEHTA MATPHIIBI?
3. Kak pa3inoxuth onpeneanuTenb Mo AJIEeMEHTaM CTOJI01a WU CTPOKHU?

4. Kakas maTtpuia Ha3bIBAETCSI HEBBIPOKIECHHOM?

5. TpaHcnoHMpOBaHHAs MATPHULIA.

6. Kakas marpuna Ha3biBaeTcs 0OpaTHOM MO OTHOIIECHUIO K JAHHOW?
7. KakoB nmopsiiok BBIYUCIEHHS] OOpaTHOW MaTpHUIbI?

8. AJIrOpUTM pElIeHUs MTPOCTENIIErO MATPUYHOTO YPABHEHUS

Tect mo Tteme «J/Iuneitnas aaredopa»

A= 1
-2 -3

1. Ecniu matpuiia , TO MaTpuua 5A ymeer BU:

24 10 20 5 =20 5
a) b) c)
-12 =30 -10 -15 -10 -3
1 0 4 2 1 -1
A={3 1 2|uB=3 0 1
2. Eciiu mMaTpuubl -4 12 52 -3 , To Mmatpunia 2A*+B  pmeer Bun:
4 17 -4 1 -7 -1 8 4
a9 2 5/ bJ|9 1 5 c)|-3 1 -2
-3 4 1 -3 1 2 1 0
4 17
A=19 2 5
3. Jlyis MaTpuiisl =342

IJ1aBHOU JAuaroHain
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4, I[JIH MaTpHIbI YKa3aTb CYMMY 3JICMCHTOB, PACIIOJIOKCHHBIX Ha
BCIIOMOTaTEJIbHOM JAuaroHain

a6 b)10 «¢)8
5. Ilpu ymMHOXeHuM MaTpubl A Ha mMaTpumy B momxHO coOmonaThcs ycnosue:
a) YUCIIO CTPOK MATPHILI A  PaBHO YMCIIy CTPOK MAaTpUllbl B
b) uKcIO CTPOK MaTpulbl A PaBHO YUCITY CTOJIOLOB MATpULLl B
C) YMCIIO CTONOLOB MAaTPUIlLl A  PaBHO YMCITy CTPOK MaTpHIsl B
6. KBagpaTHas MaTpuIia Ha3bIBACTCS OUACOHANLHOU, eClL:
a) JIIEMEHTHI, JIe)Kall[ie Ha TJIABHOM IUaroHalu paBHbl HYJIIIO
b) 31eMEHTBI, He JIe)KaIIUe Ha TJIaBHOW TUaroHaJld paBHbl HYJIIO
a) JIIEMEHTHI, JIeKal[ie Ha MOOOYHOMN NUaroHa Il paBHBl HYIIIO

14 5
04 2 |

7. llpu kakoMm 3HaueHUn «  OIpEeNeITUTEIb 00 2e-1 paBEH HYyJ0?
a2 b)0,5c) -2
8. Ecii moMeHATh MecTaMu JIB€ CTPOKH (J1Ba cTOI011a) KBaAPATHON MaTPHUIIbI, TO
ONPEIEIIUTEb:
a) HE U3MEHUTCS
b) craHeT paBHBIM HYJIIO
C) IOMEHSIET 3HaK

-12 0
37 -
9. Yemy paBeH MuHop M2 ompemenuTens > 41 o
a)4 b0 c) 11
-120
37 -1
10. Uemy paBen munop Ms  ompemenurens > 41
a) 4 b) -2 c) 011. Yemy paBHO anreOpanyeckoe JTOMOJIHEHUE
-1 20
137 -1
Ay onpenenurens > 41
a) 4 b0 ¢) -1112. Yemy paBHO anreGpandeckoe JOTONHEHHE 4
-1 20
37 -

OnpeaeIuTeNs o 42 ?
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CUCTEMBI YpaBHEHUN

a) -5 b) 6 c)5
a2 0 D:(l 2|
14. Eciiu MaTpuisl 3 4] 4 =2 0] 5o onpenenuTens Mmatpuipl  AD
paBeH:
a)-32b) 32 c) -1615. Haittu MuHOp aJ1s1 yieMeHTa 932 ompenenuTens
-3 -2 1 0
:|2 -2 1 4‘
4 0 -1 2
3 1 -14
a2 b) 20 c)-20 16, Haiitu anre0panvecKoe JOMOJIHEHHE I dJIEMEHTA
-3 -2 1 0
2 -2 1 4
A=| |
4 0 -1 2
93  ompenenuTeNs, MUHOD JUIS SJIEMEHTA a 3 3 1 -14
a)2 b)20 c)-20 a)-8 6)8 B)-5
17. Haiitn anre6pandeckoe JOTOJHEHHUE IS dJIEMEHTA 073 OIPEACIIUTEIIS
-4 0 1
A=]2 -1 3
3 2 2
a)-8 b)8 ¢)-5
CamocrosiTeibHasi padoTa
Bapuanr 1
2 30 -1 0 3
=-2 1 8 B=[2 4 1
1. Haiitu marpunty C=A4+3B, eciu 2 43 , 130
-1 3 9
C=14 13 11
5 13 3

OrtBer:

2. Pemmmth cucteMy JTMHEHHBIX YPABHEHHU METOJIOM OOpAaTHON MaTPHIIBI.
Pemute cuctemy nuHelHbIX ypaBHeHUH 110 popmynam Kpamepa.
4. PemuThb cucTeMy JIMHEMHBIX ypaBHEHHI MeToA0M [aycca.

W
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X;+2x,—x3=1,
2X,—X,+X,=5,
3x,+2x,+x3=7.

Otser: (2;0;1)

Bapuanr 2
2 30 -1 0 3
A=|-2 1 8 B=|2 4 1
1. Haiiti matpuity C=24-B, ecnu 2 43 ’ 1 30
5 6 -3
=1-6 -2 15
3 5 6

Otser:
2. PemuTh cucTEMY JIMHEHMHBIX YPaBHEHHI METOA0M OOpaTHON MaTPHIIHI.
Pemute cuctemy nuHelHbIX ypaBHeHU# 1o Gpopmynam Kpamepa.
4. Pewmutb cucTeMy JIMHEMHBIX ypaBHEHHI MeToA0M [aycca.
X;—Xy+2Xx3=—2,

W

X +2x,—Xx,=7,

2X1+X2_3X3:5.

Otser: (1;3;0)

Bapuanr 3
2 30 -1 0 3
=-2 1 8 B=2 4 1
1. Haittu marpunty C=34+B, eciu 2 43 , 1 30
5 9 3
=|1-4 7 25
7 15 9

Ortser:
2. Pemmmth cucteMy JTMHENMHBIX YPABHEHHI METOJOM OOpAaTHOM MaTpPUIIbL.
Pemth cucteMy nuHEHHBIX ypaBHeHUH 110 dhopmyinam Kpamepa.
4. PemuTb cucTeMy JIMHEMHBIX YpaBHEHHU MeToA0M [aycca.
X;+3x,—2x;,=4,

W

X, +4x,—x,=7,

22X+ X, +X5=3.
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Otser: (0;2;1)

Bapuanr 4
2 30 -1 0 3
=-2 1 8 B=2 4 1
1. Haitru matpuny C=A4-4B, ecnu 2 43 ’ 1 30
6 3 -12
C=|-10 -15 4
-2 -8 3

OTBeT:

2. Pemmth cucteMy TMHEHHBIX YPABHEHH METOJIOM OOPAaTHON MaTPHIIHL.

Pemuts cuctemy nmuHelHBIX ypaBHeHUH 110 popmymam Kpamepa.

4. PemuThb cucTemMy JIMHEMHBIX YpaBHEHUN MeToAOM ['aycca.
X;+2Xx,—X3=3,

W

X, +3x,+x,=6,

Otser: (2;1;1)

Bapuanrt 5
2 30 -1 0 3
A=|-2 1 8 B=|2 4 1
1. Haiiti matpunty C=4A4-B, ecnu 2 43 ’ 1 30
9 12 -3
C=1-10 0 31
7 13 12

OtBeT:

2. Pemmmthb cucteMy JTMHEHHBIX YPABHEHH METOJOM OOPATHOM MaTpPHIIBL.

Pemmmth cucteMy nuHEHHBIX ypaBHeHUH 110 dhopmyiam Kpamepa.

4. PewmnThb cucTeMy JIMHEMHBIX YpaBHEHHUI MeToA0M [aycca.
X;+x,—3X3=2,

W

X +2Xx,+x,=3,

3x,+7 x,+x,=10.
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Otset: (1;1;0)

Bapuanr 6
2 30 -1 0 3
A=|-2 1 8 B=l2 4 1
1. Haiitu matpunty C=A4+2B, ecinu 2 43 ’ 1 3 0
0 3 6
C=12 9 10
4 10 3

OTBeT:

2. Pemmmthb cucteMy JTMHENMHBIX YPABHEHHI METOJOM OOpATHON MaTpPUIIbL.
Pemth cucteMy nuHEHHBIX ypaBHeHUM 110 dhopmyinam Kpamepa.
4. PemuThb cucTeMy JIMHEMHBIX ypaBHEHHU MeToA0M [aycca.

X+ X+ X3=3,

2x, =X, +x,=1,

2x,+3x,—x3=1.

W

DJIeMEeHThl AHATUTHYECKOH reoMeTprH
YcrHbli onpoc

1. Yrto Ha3bIBaeTCA BEKTOPOM?

2. Kakue BEKTOpbI Ha3bIBAIOTCS KOJJIMHEAPHBIMU?

3. Yro Ha3bIBaETCS KOOPAUHATAMH BEKTOpA?

4. Kak HaliTH KOOPAMHATHI BEKTOPA, 3aAaHHOTO ABYMs TOUKAMU?

5. Kak HaiTu JuIMHY BEKTOpPA, 3aJaHHOTO CBOMMH KOOPAUHATAMMU?

6. 3anummTe GOpMyJIbI ACICHUS OTpe3Ka B JAHHOM OTHOIIICHUH.

7. Jlath onpeneneHne NpoOEKIMU BEKTOPa Ha OCh U MEPEYUCIUTD €€ CBOMCTBA.
8. JlaTh olpezesieHne CKaJSIPHOTO ITPOU3BEACHUS BEKTOPOB.
9. [atp onpeneneHre BEKTOPHOTO MPOU3BEIECHUS BEKTOPOB.
10./IaTh onpeneneHrne CMEMIAaHHOTO TPOU3BEICHUSI BEKTOPOB.

IIpakTuyeckasi padbora Ne 3 mo reme

«JIeMeHTbI BEKTOPHOH aJredopbn»

Heanb: [IpoBeprTh 3HaHKS U YMEHUS 110 HAXOKICHUIO: KOOPJAWHAT BEKTOPA, OIEPALHii
HaJl BEKTOPAMH, MOJAYJISI BEKTOPA U CKAISIPHOTO MPOU3BENEHUS, BEKTOPHOTO
ITPOU3BEACHUS, CMEILIAHHOTO MPOU3BEICHHUS.
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3aganus
1. ITo koopaunaram Touek A, B u C s ykazaHHBIX BEKTOPOB HAWTH:

a) Koopmunats Bekropo d=AB, b=BC, c=AC, d=BA, p=CA

b) Monynb BekTopa K=3d+é—d
c) CkansipHoe nmpou3Be/IeHHE BEKTOPOB a U b;
d) Ilpoexmmro BekTopa ¢ Ha BEeKTOD d;

e) KoopauuaTel Touku M, fensineil OTpe30K p B OTHOLIEHUU & : g

Koopaunar Koopaunatr
Koopaunar 0 p
BapuaHTtsl | bI TOYKH bl TOukn C

A bl TOUKH B a B

1. (-2.1.3) (3.-6.2) (-5.-3.-1) 1 3
2. (1.3.6) (-3.4.-5) (1.-7.2) 1 2
3. (7.2. 1) (5.1.-2) (-3.4.5) 2 1
4. (3.5.4) (-2.7.-5) (6.-2.1) 3 2
S. (5.3.2) (2.-5. 1) (-7.4.-3) 2 3
6. (119 192) (-35 37 4) (-49 '23 7) 1 2
7. (9.5.3) (-3.2. 1) (4.-7.4) 3 1
8. (7.2. 1) (3.-5.6) (-4.3. -4) 3 2
9. (1.2.3) (-5.3.-1) (-6.4.5) 2 1
10. (-2.5. 1) (3.2.-7) (4.-3.2) 4 1
11. (3.1.2) (-4.3.-1 (2.3.4) 2 1
12. (3.-1.2) (-2.4. 1) (4.-5.-1) 1 3
13. (4.5. 1) (1.3. 1) (-3.-6.7) 3 4
14. (1.-3. 1) (-2.-4.3) (0.-2.3) 2 3
15. (5.7.-2) (-3.1.3) (1.-4.6) 4 3
16. (-1. 4. 3) (3.2. -4 (-2.-7. 1) 1 3
17. (5.4. 1 (-3.5.2) (2.-1.3) 3 1
18. (2.-1.4) (-3.0.-2) (4.5.-3) 2 1
19. (-1.1.2) (2.-3.-5) (-6.3.-1) 1 2
20. (1.3.4) (-2.5.0) (3.-2.-4) 2 3
21. (1.-1. 1D (-5.-3. 1) (2.-1.0) 3 2
22. (3.1.2) (-7.-2.-4) (-4.0.3) 2 1
23. (-3.0. 1) (2.7.-3) (-4.3.5) 1 3
24. (5.1.2) (-2.1.-3) (4.-3.5) 2 3
25. (0.2.-3) (4.-3.-2) (-5.-4.0) 1 2
26. (3.-1.2) (-2.3. 1) (4.-5.-3) 3 4
27. (5.3.1) (-1.2.-3) (3.-4.2) 1 2
28. (3.1.-3) (-2.4. 1) (1.-2.5) 3 4
29. (6.1.-3) (-3.2. 1) (-1.-3.4) 4 3
30. (4.2.3) (-3.1.-8) (2.-4.5) 3 2

3amanue 2
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1. Jlansl BekTOpHI 2, b u ¢. Heo6xoaumo:

a) BBIYUCIIUTh CMENIAHHOE ITPOU3BEICHUE TPEX BEKTOPOB;

0) HaliTH MO/TYJIb BEKTOPHOTO MPOU3BEICHHUS;

B) BBIUHUCIUTh CKAJIIPHOE MPOU3BEICHUE JIBYX BEKTOPOB;

T') IPOBEPUTH, OYAYT JIM KOJUTMHEAPHBI WJIM OPTOrOHAJIBHEI JIBa BEKTOPA;

1) IPOBEPUTH, OYAYT JIM KOMIUTAHAPHBI TPX BEKTOPA.

Bapua | Bektopsl Cwmemannoe | Monynps | Ckansipn | Kosunne | KomrimanapHao
HT oe CTh BEKTOPOB
MPOU3BEJICH | BEKTOPH apHbI
ue MPOU3BE]l | WU
MpOU3BE HeprieH
o K
BEKTOPO
B
1 a=2i-3j+k, a,3b,c 3a,2¢ b, —4c a,c a,?2b, 3c
b=j+4k,
c=5i+2j-3k
2 a=3i+4j+k, 5a,2b,c 4b,2¢c a,c b,c 2a,-3b, ¢
b=i-2j+7k,
c=—3i-6 j+21k
3 a=2i—4j-2k,| a,2b3c 3a,-78 -2a,c a,c 3a,2b, 3c
b=7i+3],
c=3i+5j-7k
4 a=-7i+2k, a,-2b,-7c¢ 4b3¢ 2a,-7 ¢ b, c 2a,4b,3c
b=2i—6j+4k,
c=i—j+2k
5 a=—4i+2j-k,| a,6b,3c a,2b a,-4c a,b a,6b,3c
b=3i+5j-2k,
c=j+5k
6 a=3i-2j+k, a,-3b,2c¢ 5a, 3¢ -2a,4b a, ¢ 5a,4b,3 ¢
b=2j-3k,
c=-3i+2j—k
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a=i—j+3k,
b=2i+3j-5k,
c=7i+2 j+4k

7a,-4b,2c

3a, 5¢

2b,4c

7a,2b,5c

a=4i+2j-3k,
b=2i+k,
c=—12i-6j+91

2a, 3b, ¢

4a,3b

b-dc

a,c

2a,3b,-4c

a=—-i+5k,
b=-3i+2 j+2k,
c=—-2i-4j+k

3a,-4b,2¢

7a,-3c

2b,3a

8,C

7a,2b,-3c

10

a=6i—4 j+6k,
b=9i-6j+9k,
c=i—8k

2a,-4b,3¢

3b,-9¢

3a,-5¢

a,b

3a,-4b,-9¢

11

a=5i-3j+4k,
b=2i-4j-2k,
c=3i+5j-7k

a,-4b,2c¢

—-2b, 4c

-3a,6¢

a,-2bbc

12

a=—4i+3 =Tk,
b=4i+6 j-2k,
c=6i+9j-3k

-2a,b,-2c¢

4b,7 ¢

5a,-3b

-2a,4b,7 c

13

a=-bi+2 j-2k,
b=7i-5k,
c=2i+3 j-2k

2a,4b,-5¢

-3b, 11c

8a,-6¢

8a,-3b,11 ¢

14

a=—4i-6j+2k,
b=2i+3j-k,
c=—i+5j-3k

5a,7b,2¢c

—4b,11a

3a,-7¢

a,b

3a,7b,~2¢

15

a=-4i+2j-3k,
b=-3j+5k,
c=6i+6j—4k

5a,-b,3¢

-7a,4 ¢

3a,9b

3a,-9b,4 c

16

a=-3i+8,
b=2i+3j-2k,
c=8i+12j-8k

4a,-6b,5 ¢

-7a,9¢

3b,-8¢

4a,-6b,9¢

17

a=2i—4j-2k,
b=-9i+2k,
c=3i+5j-7k

7a,5b,- ¢

-5a,4b

3b,-8¢

7a,5b,— ¢
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18

a=9i-3j+k,
b=3i-15j+21k,
c=i—-5j+k

2a,-7b,3 c

-6a,4c

5b,7a

2a,-7b,4c¢

19

a=-2i+4 -3k,
b=5i+j-2k,
c=7i+4j—k

a,-6b,2c¢

-8b,5¢

—9a, 7c

a,b

a,—6b, 5¢

20

a=—9i+4 j-5k,
b=i-2j+4k,
c=—5i+10-2(

-2a,7b,5¢

-6b,7 ¢

9a,4c

-2a,7b,4c

21

a=2i-7j+5k,
b=—i+3j-6k,
c=3i+2j-4k

-3a,6b,-¢

5b, 3¢

7a,—4b

7a,-4b,3c

22

a=7i-4j-5k,
b=i-11j+3k,
c=5i+5j+3k

3a,-7b,2 ¢

2b,6¢

-4a,-5¢

-4a,2b6 ¢

23

a=4i-6j-2k,
b=-2i+3 j+k,
c=3i-5j+7k

6a, 3b,8 ¢

-7b, 6a

—5a, 4c

a,b

-5a,3b,4 ¢

24

a=3i—j+2k,
b=—i+5j—-4k,
c=6i—-2j+4k

4a,-7b,-2¢

6a,-4 ¢

—-2a,5b

6a,-7b, -2c

25

a=-3i-j-5k,
b=2i-4 j+8k,
c=3i+7j-k

2a,-b,3 ¢

—9a,4c

5b,-6¢

2a,5b,-6 ¢

26

a=-3i+2 j+7k,
b=i-5k,
c=6i+4 j—k

-2a,b,7¢

5a,-2c

3b,c

-2a,3b,7 ¢

27

a=3i-j+5k,
b=2i-4 j+6k,
c=i—2j+3k

-3a,4b,-5¢

6b,3¢

a,4c

-3a,4b,-5¢

28

a=4i—5j—4k,
b=5i—j,
c=2i+4 j-3k

a,7b,-2c¢

-5a,4b

8c,-3a

-3a,4b, 8¢
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29 a=-9i+4k, 3a,-5b,~4¢ 6b,2 ¢ -2a,8¢ b, c 3a,6b,-4c
b=2i—4 j+6k,
c=3i—6j+9k
30 a=5i—6j-k, 5a,3b,~4c¢ 4b, a 7a,-2c a,b 5a,4b,-2c
b=4i+8 j-7k,
c=3j-4k
KonTpoJibHBbIE BONIPOCHI
1. Yrto Ha3bIBaeTCAd BEKTOPOM?
2. Kakue BEeKTOpbI Ha3bIBAIOTCS KOJJIMHEAPHBIMU?
3. Yro Ha3bIBaeTCS KOOpAMHATAMH BEKTOpa?
4. Kak HaliTU KOOPJAMHATHI BEKTOPA, 3aaHHOTO JBYMS TOUKaMu?
5. Kak HaiiTu JyiHy BEKTOpPA, 33JITaHHOTO CBOMMHU KOOPJUHATAMMU?
6. 3anummuTe GOpMyIIbI AeEHUS OTpe3Ka B JaHHOM OTHOIICHUH.
7. Kak HalTH CKaJsIpHOE MPOU3BEICHUE BEKTOPOB?
8. Kak HaillTH BEKTOpPHOE IPOU3BEAECHUE BEKTOPOB?
9. Kak HaliT CMEIIAHHOE TPOU3BEIECHUE BEKTOPOB?
IIpakTueckas padora Ne 4 «IIpsamast TUHHA»
Henb: HAy4YUTHCSA COCTABIATh YpPaBHEHUE NPSIMBIX, HAXOJUTh YTOJI MEXKIY
MPSMBIMU,BBIOIHATE TOCTPOCHHS.
3aganue
1. lanbl BepunHbl Tpeyroabuuka ABC: A (X0:Y1): B (x.y.). €% v2)  Haiirn:

a) ypaBHeHUe CTOpoHbl AB;

0) ypaBHenue BbicoThl CH;

B) YpaBHEHHE Menuanbl AM;

r) ypaBHeHue ouccektpucsl BC;

n) Touky N nepeceuenust Meauanbl AM u BeicoTsl CH;

€) YpaBHEHUE NMpsMOU, Tpoxo e yepe3 BepiinHy C napajienabHo cTopoHe AB;

K)yros mexay npsimeimu AB u AC.

Bapuantsl

A [Xl’yl)

B (xz,yz)

C (x3,y3)

1

A(-2,4)

B(3,1)

C (10, 7)
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2 A(-3,-2) |B(14,4) |C(6,8)

3 A(1,7) | B(-3,- |[C(11,-3)
1)

4 A(1,0) | B(-1,4) | C(9,5)

5 A(1,-2) |[B(7,1) |C(3,7)

6 A(-2,-3) |B(1,6) [C(6,1)

7 A(4,2) | B(-6, |C(6,2)
6)

8 A(4,-3) |B(7,3) |C(l,10)

9 A4, - |[B(,2) [C(@3,8)

4),

10 A(-3,-3) |B(5,-7) |C(7,7)

11 A(,-6) | B3, |C(3,3)
4)

12 A(4,2) |B(8,-6) |C(2,6)

13 A(-5,2) | B(0,- |C(57)
4)

14 A4, -4) |B(6,2) |C(-1,8)

15 A(-3,8) |B(-6,2) |C(0,-5)

16 A(6,-9) |B(10,- |C(-4,1)
1)

17 A@, 1) |B(3,-1)|C(7,-3)

18 A (-4, 2) |B(6,-4) | C (4, 10)

19 A(3,-1) |B(11,3) [C(-6,2)

20 A(-7,-2) |B(-7, 4) | C(5,-5)

21 A(-1,-4) |B(9, 6) |C(-5,4)

22 A (10,-2) | B(4,-5) |C(-3,1)
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23 A(3,-1) [B(4,-5)|C (8, 1)
24 A(-2,-6) | B(-3,5) |C(4,0)
25 A (-7,-2) | B(3,-8) | C (-4, 6)
26 A(0,2) | B(-7,- |C(3,2)
4)
27 A(7,0) |B(1,4) |C(-8,-4)
28 A(1,-3) |B(0,7) |C(-2,4)
29 A(-51) |B(8,-2) [C(1,4)
30 A@2,5) |B(3,1) | C(0,4)

KoHTpoJsibHbIE BOPOCHI

3anuIINTe YPABHEHUS OCE KOOPAUHAT.

OO61ee ypaBHEHUE MPSIMOM.

YcnoBure napamienbHOCTH U NEPIEHIUKYIISIPHOCTH MPSMBIX.
3anuummuTe ypaBHEHUS NPSIMBIX, TAPAUIENIbHBIX OCSIM KOOPAUHAT.
ChopmynupyiiTe yciaoBue napauieIbHOCTH TPSIMBIX.
ChopmynupyiiTe yciaoBue NepreHIUKyIIPHOCTU MPSMBIX.

Kaxk Haiiti yron Mexay npsiMbIMu?

Kak HaiiTi paccTossHrEe MEXTy NPSIMbIMU?

PN R LD =

JlonoJtHUTEIbLHBIE 3aaHUS
2. Pemunts cieaywinme 3a1aq4u

2.1. Haiitn ypaBHEHUE NPSAMOU, MPOXOIAILEH YEPE3 TOUKY MTEPECECUEHHUS] IPSIMBIX

3x-2y-7=0 ux+3y-6=0wuorcekarnieil Ha OCH aOCITUCC OTPE30K, PAaBHBI 3.
Omegem: x=3

2.2. Haiitu npoekuuto Touku A(-8, 12) Ha npsmyto, Ipoxosinyto yepe3 Touku B(2, -
3u

C(-S,l). Omeem: A, (—12, 5|

2.3. Nans! aBe BepuiuHbl TpeyroibHuka ABC: A(-4, 4), B(4, -12) u Touka M(4, 2)
nepecedeHus ero BbIcoT. Haiiti Bepmmy C.  Omeem: C (8, 4|

2.4.HaiiTn ypaBHEHHE NPSAMON, OTCEKAIOIIEH HA OCH OPAMHAT OTPE30K, PABHBIN 2, U
IPOXOIIIeH NapaieNbHo psaMoit 2y - x = 3. Omeem: x—2y+4=0
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2.5. HaiiTu ypaBHEHHE NPSMOM, IpOXoasiuel yepe3 Touky A(2, -3) U TOuky

nepecedeHus npamMbeIX 2X -y =5ux +y=1. Omeem: x=2

2.6. Jlokazath, uto yeTbipexyrojibHuK ABCD - tpanenus, eciou A(3, 6), B(5, 2), C(-
1, -3), D(5,5).

2.7. 3anucarb ypaBHEHUE MPSMOU, Tpoxosien yepe3 Touky A(3, 1)
nepneHanKyIspHo k npamoit BC, ecin B(2, 5), C(1, 0). Omeem: x+5y—8=0

2.8. Haiitu ypaBHEeHHE NPSMOM, Npoxoasauieit uepes Touky A(-2, 1) napamienbHo
npsmoit MN, ecit M(-3, -2), N(1, 6). Omeem: 2x—y+5=0

2.9. Haiitu Touky, cuMMeTpU4Hy10 Touke M(2, -1) oTHOCUTENBHO MPSIMOi X - 2y + 3

Omsem: Ml(—ﬂ;z—?’)
= 0. e

2.10. Haittu Touky O nepeceuenus: quaronasneit uetobipexyroiabauka ABCD, ecnu A(-

3;1)
3

Omeem: MO

1,-3), B(3, 5), C(5,2), D(3, -5).

2.11. Yepe3s Touky nepeceueHus npsameix 6x - 4y + 5 =0, 2x+ 5y + 8 = 0 npoBecTu

NpsAMYI0, apaliebHyIo ocH abeice. Omeem: y=—1

2.12. NU3BectHbl ypaBHeHUs cTopoHbl AB Tpeyronsanka ABC 4x +y = 12, ero BbICOT

BH 5x - 4y = 12 u AMx + y = 6. HaliTu ypaBHeHUs ABYX APYTUX CTOPOH TPEYroJIbHUKA
ABC. Omeem:7x—7y—16=0; 4x+5y—28=0

2.13. Jlans! nBe BepuinHbl Tpeyroiasauka ABC: A(-6, 2), B(2, -2) u Touka
nepeceuenus ero BeicoT H(1,2). Halitu koopaunatel Touku M niepeceuenust ctopoHbl AC
10 6_2)

Omeem: M |—;
17 17

u BbIcOTHI BH.

2.14. Haiitn ypaBHeHus BbICOT TpeyronbHuka ABC, mpoxoasuux yepes3 BepIuHbl A
u B, ecu A(-4, 2), B(3, -5), C(5, 0). Omeem: 7x+5y+2=0; 9x+2y—28=0

2.15. BelunucauTh KOOPAUHATHI TOUKU NIEPECECUEHUS TTEPIICHANKYIISPOB,
IIPOBEJICHHBIX Y€pe3 CEPEANHBI CTOPOH TPEYTOJIbHUKA, BEPIIMHAMU KOTOPOT'O CIIy’KaT

Omeem: M

3;—%
3

touku A(2, 3), B(0, -3), C(6,3).
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2.16. CocTaBuTh ypaBHEHHE BBICOTHI, IPOBEAECHHOM Y€PE3 BEPIINHY A TPEyTOJIbHUKA
ABC, 3Has ypaBHeHus ero ctopos: AB-2x-y-3=0,AC-x+35y-7=0,BC-3x-2y +
13=0. Omeem:2x+3y—-7=0;

2.17. lan TpeyronbHuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
ypaBHEHHE U BBIYMCIUTH JJIMHY €r0 MEAUaHbl, MPOBEACHHON 13 BepiirHbl C.

54
Omeem: 2 x+y+2=0; d=—~13,1
g V17

2.18. CoctaBuTh ypaBHEHHE NPSIMOiL, MPOXOASIIEH Yepe3 Hayauo KOOPAUHAT U TOUKY
TnepecedeHus npsameIx 2X + 5y - 8 =0 m 2x + 3y +4 =0. Omeem: 6x+11y=0;

2.19. Halitn ypaBHEHUS NIEPIICHANKYJIAPOB K IpsiMon 3X + Sy - 15 = 0, npoBeeHHbIX

4yepe3 TOUKHU [IEPECEUEHUs] JAHHOU NPSIMOM C OCSIMU KOOPAUHAT.
Omeem: 5x—3y—25=0; 5x+3y+9=0;

2.20. Jlanbl ypaBHEHUSI CTOPOH YeThIpeXyrojibHUKa: X -y =0, x +3y=0,x -y -4 =
0, 3x +y - 12 = 0. Haiitu ypaBHeHus ero guaronaneii, Omeem: y=0; x=3

2.21. CocraButh ypaBHenust meauanbl CM u Beicotsl CK Tpeyronsauka ABC, ecnu
A4, 6), B(-4, 0), C(-1, -4). Omeem: 7x—y+3=0—CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) npoBecTu NpsiMyt0: a) OTCEKAIOIIYIO0 PaBHbIE OTPE3KU Ha

OCsIX KOOpJIMHAT; 0) napasienbHyto ocu Ox; B) napamienbHyo ocu Oy.
Omeem: x+y—7=0; y=2; x=5

2.23. 3anucath ypaBHEeHUE NPIMOU, mpoxoadiie yepe3 Touky A(-2, 3) u
cocTaBJsioIIeH ¢ ochto Ox yroi: a) 45°, 6) 90°, B) 0°.
Omeem: x—y+5=0—-CM; x+2=0; y—3=0

2.24. Kakyto opauHaTy umeet Touka C, Jiexkaiasi Ha OJTHON MpsMO ¢ Toukamu A(-

6, -6) 1 B(3, -1) u umerommas adcuuccy, papayio 3?2 Omeem: y=9

2.25. Yepe3s TOUKy nepecedeHus npsaMbix 2x - Sy - 1 =0 u x + 4y - 7 =0 npoBectn

MPSAMYI0, JIETISIIYI0 OTPE30K Mexay Toukamu A(4, -3) u B(-1, 2) B oTHomieHun = 2/ 3.
Omeem: 2x—y—5=0;

2.26. N3BecTHBI ypaBHEHHUS IBYX CTOPOH pomba 2x -5y - 1 =0u2x-5y-34=0 u

yYpaBHEHUE OJTHOM U3 ero auaroHaieit X + 3y - 6 = 0. Halitu ypaBHeHHe BTOpOii
nuaronamu, Omeem:3x—y—23=0;

2.27. Haiitu Touky E nepecedeHuss MmeuaH TpeyroiabHUKA, BEpIIMHAMU KOTOPOTO
seisores Toukn A(3,1), B(7, 5) u C(5, -3).  Omeem: E[3;1]
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2.28. 3anucath ypaBHEHUS NPSIMBIX, IPOXOIAUuX yepe3 Touky A(-1, 1) mog yriom
45° k ipsiMoit 2x + 3y = 6.  Omeem: x—5y+6=0; 5x+y+4=0

2.29. lansl ypaBHeHus BbICOT TpeyroinbHuka ABC 2x -3y +1=0,x+2y+1=0mu

KOOpJIMHaThI ero BepinHbl A(2, 3). Halitu ypaBaenus ctopon AB u AC TpeyroyibHHKa.
Omeem: 2x—y—1=0—AB; 3x+2y—12=0-AC

2.30. lansl ypaBHEHUS ABYX CTOPOH IapamienorpammMa x - 2y =0,x-y-1=0wu

TOYKa nepeceueHus ero quaronaneit M(3, -1). Haittu ypaBHeHUs IBYX JPYTUX CTOPOH.
Omgem: x—y—7=0;, x—2y—10=0

IIpakTueckas padora Ne S o reme
«KpuBbie BTOpPOro nopsiaka»

Heasn: [IpoBepuTh ypOBEHb YCBOSHHS MaTepHaia 0 COCTABICHUIO YPABHEHUN KPUBBIX
BTOPOTO MOPsiIKa (OKPYKHOCTH, AJUTUTICA, TapabOoIIbl, TUIIEPOOITHI .

3ananus
1. CocTaBUTh KAHOHUYECKHE YPABHECHUS:

a) ayurica; 0) runepoodibl; B) mapadoibl (A, B - Touku, nexarire Ha KpuBou, F -
dokyc, a - 6omnbias (IedCcTBUTENbHAS) TTOTYOCh, b - Manas (MHUMAas) MOJIYyOCh, € -

HKCLIEHTPUCUTET, y=+KX - ypaBHEHHUs aCUMIITOT rurnep6oisl, D - nupekTpuca KpuBou, 2¢

- poKyCHOE paccTosIHUE).

Bapuanr dannce I'mnep6oJ1a ITapaboaa
1. b=15, F(-10, 0) a=13, €=14/13 D:x=-4
2. b=2,F(4“~E|,O) a=7,8=""'%ﬂr D:x=35
3. A(3, O), B(z, »..E]‘:I) k:3/4,8:5/4 D:y=-2

4. e= V21 A(5.0) | A(VEO, 3), B(46 32y | Diy=1

5. Da=22,¢= ST = 2/3, 2¢ = 10,13 och cummerpun OX u
AQ27,9).

6. b= «fﬁ, c— mjzi k=3/4,2a=16 och cummeTprn OX U
A(4, -8),

7. a:4,F:(3,0) bzzﬂfﬁ,F(-ll,O) D:x=-2

8. b=4,F=(9,0) a=5,e=7/5 D:x=6
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9. A(0, «E), B(«J“ﬂ k= ﬁﬂcl,:s:ll/lo Diy=-4
1)
10. £=17/8, A(8,0) AG. " 43_5\), B(ﬂhgﬁl@ D:y=4
11. 2a=24,¢= Jazfe | m,% 10 ock cummetpuu OX 1
A(-7, 7).
12. b=2 &= 5@,’243 k=12/13,2a=26 ock cummerpun Ox u
A(-5, 15).
13. | a=6, F(-4,0) b=23, F(7,0) D:x=-7
14 b=7,F(5,0) a=11,e=12/11 D: x=10.
5. A5 1), k=12, 6= V52 D:y=-1
B(V21/¢ 11y,
16.  |&£=3/5A(0,8) A6l 0y, B(-2¥3, 1) |D:y=9
17. 2a=22,¢=10/11 k= Jﬁfﬁl 2e=12 ock cummerprn OX u
A(-7, 5).
18. b=35,e=12/13 k=1/3,2a=6 ocb cummeTpun Oy u
A(-9, 6).
19. | a=9, F(7,0) b=6, F(12, 0) D:x=-1/4
20.  |b=5, F(-10,0) a=9,¢c=4/3 D:x =12
21 A, 2), B(BA, k=210 ¢ —1109 Dry=5

1)
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22, |&e=2/3,A(-6,0) A(VB,0), B(¥20/3 2 | Dry=1

23. 2a=50,¢=3/5 k= @ﬁél’ 2¢ =30 ochk cummerpun Oy u
A4, 1),

24, b= 215 £=7/8 k=5/6,2a=12 ock cummerpun Oy u
A2, 32),

25. | a=13, F(:5, 0) b =44, F(-7, 0) D: x =-3/8

26. | b=7,F(3,0) b=4, F(-11, 0) D:x =13

27, | A(:3,0), B(1, V003 || 23 51 D:y=4

)

28 |e=506,A0, 1) | A4 1) BB |DiY=13

29. 2a=30,e=17/15 |} = ﬁ/EI’zc 138 ocwk cummerpun Oy u
A4, -10)

30 b= 2+2 |’ e=17/9 ock cummerpun Oy u

k=2/2 25=12

A(-45, 15).

2. 3anucarthb YPABHECHHEC OKPY/KHOCTH, npoxonﬂmeﬁ qyepe3 YKasaHHbIC TOYKH U

HMeKIlell HeHTP B TOUYKe A.

2.1. Bepumnsl tunep6ossl 12x* - 13y* = 156, A(0, -2).

2.2. Bepumunsl runep6ois 4x° — 9y = 36, A(0, 4).

2.3. ®okycel runepbons 24y” — 25x* = 600, A(0, -8).

2.4.0(0, 0), A - BepmmHa mnapabonsl y> = 3(x - 4).

2.5. ®okycel dmmanca 9x* + 25y* = 1, A(0, 6).

2.6. JleBblii pokyc runepOonn 3x° — 4y> = 12, A(0, -3).

2.7. ®oxycel smmnica 3x” + 4y” = 12, A - ero BepxHss BepIIHMHA.
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2.8. Bepumuny runepGons x° - 16y> = 64, A(0, -2).

2.9. ®okycel runepbomsl 4x” - 5y* = 80, A(0, -4).

2.10.
2.11.
2.12.
2.13.
2.14.
2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

0(0, 0), A - BepmHa napabonsl y> = - (x +5)/2.

IIpaseiii Gpoxyc smamnca 33x* +49y* = 1617, A(1, 7).

Jlebiii pokyc runep6onsl 3x° - 5y° = 30, A(0, 6).

®okycel dmnca 16x* - 41y* = 656, A - ero HHKHSS BEPIIUHA.
Bepmmny runep6oins 2x° - 9y* = 18, A(0, 4).

doxycel runepbonsl 5x* - 11y =55, A(0, 5).

B(1, 4), A - Bepmmna napaboinsl y° = (x - 4)/3.

Jlesbiit poxyc smmnca 3x*> + 7y* = 21, A(-1, -3).

JleBy1o BepmmHy runep6onsl 5x* — 9y* =45, A(0, -6).

®oxycel dmmmnca 24x* — 25y* = 600, A - ero BepxHss BEpIIMHA.
[IpaByro BepiuuHy runepoonst 3x° - 16y° - 48, A(1, 3).

JleBblii Goxyc runepboinl 7x° - 9y* = 63, A(-1, -2).

B(2, -5), A - Bepmmna nmapa6omsl x> = -2(y + 1).

[Ipaselii Gpoxyc smmmnca x° + 4y* = 12, A(2, -7).

[IpaByro Bepiuuny runepoonst 40x° - 81y* = 3240, A(-2, 5).
®okycel smnca X° + 10y* = 90, A - ero HUKHsS BEPLIMHA.
[IpaByro BepiuuHy runep6ost 3x° - 25y = 75, A(-5, -2).
doxycel runepoonsl 4x* - 5y* = 20, A(0, -6).

B(3, 4), A - Bepmmna mapabonsl y* = (x + 7)/4.

Jlesniit poxyc smmmnca 13x* + 49y* = 837, A(1, 8).

ITpaBelii pokyc runepOosl 57x* - 64y = 3648, A(2, 8).

KoHTpoJibHBIE BOPOCHI

1. 3anuimmnTe KAHOHUYECKOE YPABHEHHUE JILINIICA.
2. 3anuumuTe KAHOHUYECKOE YpaBHEHUE TUIEpOOIbI.
3. 3anuimmuTe KAaHOHUYECKOE YpaBHEHUE MapadoJIbl.
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4. Yto Ha3bIBAETCS IKCUETPUCUTETOM BJUIUIICA?
5. 3anuiuTe ypaBHEHUSI aCUMITOT TUNEPOOIIHIL.

CamocrosiTeJbHas padora no Teme «BekTopb»
Bapuanr 1
Jlaust Bexktopsl  4(9;-2;1) g b(4;3;0) (mst Ne 1-5).

1. Haiitu @b .(Omeem: 24)

,(24 )
> OtBer: —
Haintu ( J ) 586
Haiitu @ .(Omeem: 86)

Hatitu ‘b‘ .(Omeem: 5)

EAEES

HaifTu KkoOpAMHATEI BekTopo ~ C=d+b | d=a—b | f=-3a (Omeem:
cl13:1:1), d[5;=5:1), f1-27:6,0 )

6. B mpsMoyronbHOW JeKkapTOBOM cuctemMe KoopauHat mnocTtpouth Touku A (0; 0),
B (3; -4), C (-3; 4). Onpenenuth paccrosinne mexnay toukamu A u B, B u C, A n C.

(Omeem: ’AB‘:SJ ‘BC’:m;‘AC‘:S )
Bapuanr 2
Jaust Bektopsl  4(-3;2;1) g 5(3;0;4) (s Ne 1-5),

1. Haitru @b .(Omeem:-5)

1
2. Haiitu (a/\b) (Omeem: V14 )
3. Haittu @& .(Omeem: 14)
4. Haiitn ‘b‘ (Omesem: 5)
5. Haiftu KkoOpAMHATEl BekTopoB  ¢=d+b | d=d—b | f=-3a (Omeem:

c[0;2;5), d[—6;2;-3], f9;-6,-3))
6. B mpsMoyronbHON JeKkapTOBOM cucTeMe KoopauHaT mnocTpouth Touku A (0; 0),
C (-3;4), D (-2; 2) £ (10; -3). Onpenenuts paccrosuue Mexay toukamu C u D, A u D, D

u E.. (Omsem:
TecT 1y1si CaMOKOHTPOJIS O TeMe «BekTopHas anredopa»

1. Jaus Bektopsr 4=12;4;1 g ¢=(1,2; 0. Hajitu KOOpAHHATBI CYMMbI BEKTOPOB.
a) (3;6;1] b)l0;6;1  ¢)[1;2;1]

2. Janel Bektopel 4=2;4; 1y €=[1,2;0.  HajiTi KoOpAMHATHI PA3HOCTH
BEKTOPOB.
a) (3;6;1] b)(0;6; 1] c)[1;2;1]
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3. Jlauer Bektopsr 4=12;4; 1]y €=1,2;0/.  Haiitu koopauHaTs! Bektopa d+2C
a) (=3;8;1]  b)l4;8;1]  c)l1;2;1]

4. Haiitu koopauHats: Bektopa AB | ecom A [2;4:-6] y B2, -4;8]
a)(0; =4; 71 b)[2;-4;20 ) (0; 4;-7]

5. Haiitu nmuny Bextopa @ =152 =2

a) 4 b)3 ¢ 1

6. Haittn umny Bextopa AB | ecniu A3 1y Bl4;5 -1

a) 3 b)2 c) 1

Glx.: y.: blx,: v, 2,
7. YcnoBue KOJUTMHEAPHOCTH BEKTOPOB ¢ (x5 yi5 21 g ( 2 Yo 2J NMEET BU:
X, Y1z
c) —=—=—=m
a) x,X,+y,y,+2,2,=0 b) X1X=Y1Y2=212, X, Yo 7y

8. VKauTe BeKTOp, KOJUNIMHEAPHKIi BekTopy 125 =3; —1]

a)bl6:-9:-3  b)bI8: 12 -4 c)bl-4;6; -2

9. HaifT ckamspHOe Ipon3BeeHHe BekTopo 4 45 =3; 11 g bl5;-2;-3
a) 3 b) 12 c) 23

10.Haiitn koopamuatsr Bektopa 1= ~1F 3j+5k
a)l1; -3; -5 b)[-1;-3;5 c¢)l-1;3;5

11.YcnoBue nepneHauKyISIPHOCTA BEKTOPOB d(x;yi5 7] g b[XZ; Yo ZZ) UMEET
p YIIIp p
BUJL;
X, Yy _Zy
c) —=—=—=m
a)x1x2+y1y2+2122=0 b) X1 Xy=Y1Y2=2,12, 2 Yo %y

12.I1pu kaKkoM 3HadeHn: M Bekropel 41 3; -2/ g bl=1; m; 4 BEKTOPBI
HEPIEHIUKYISPHBI?

a) 5 b)3 ¢) -3

13.BepiunHamu tpeyronbHiKa ciyxar toukn A 10, =28/ B8;0;7] y
C [10; 2; 8

Haiitu nnuny croponst  AB

a) 4 b3 oI

14.BeplurHamMy TpeyroibHUKa ciayxkar Toukn A [10; =28/ B(8;0;7
C (10; 2; 8
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Haiitu ymuny croponsr  AC

a)4 b)3 c) 1
15.HaiiTn koopAMHATHI BEKTOpa a+h , €CIu 0=3i+2j-5k y
i=-27+3 44k
a)l1;5; -1 b)[5;-1; -9 ¢) [-1; 3; 5
16.HaiiTu KOOpIMHATHI BEKTOPA 0=b | ecnu 0=3042j-5k

Q=-20+3j+4k
a)l1;5; -1 b)[5;-1;-9  ¢)[-1;3;5
dl2;2; -1 B(—3;6;6)
17.Haiitn yron Mexay BEKTOpaMH al o |
a)45" b)60° c) 90

Al3;5;6/ uB[5;-1;0

18.J1aHbl TOYKH . HailiTu koopAMHATHI CEpeIMHBI OTpE3Ka
AB
a)l4; 2; 3 b)(5;-2;2 c)|-4;2;-3

TECT 110 TEME «YPABHEHME MPSIMOM»

1. OOmiee ypaBHEHHE PSIMON UMEET BU/I:
b) Y=y, X=X
a) y—y,=k{x=x| Yo=Y1 X%7X;  c¢) Ax+By+C=0 2 Heobxoaumoe u

JI0OCTaTOYHOE yCIIOBUE MAPAIUICILHOCTH MPSMBIX C YTIIOBBIMU KO3 dUIIMEHTaMH | U

k

) a) k,=k, b) k;k,=—1 c) k,+k,=0

3. HeoOxoaumoe 1 JOCTaTOYHOE YCIOBHE MEPIEHIUKYISIPHOCTH MPSMBIX € YTIIOBBIMU

k k
kodpunmentamu 1 wm 2
a) k,=k, b) k;k,=—1 c) k,+k,=0

4. YxaxuTte ypaBHEeHHE OPAMOM mapamienpHoii  Y=5X+6

a) y==5x  b)10x-y+12=0 ) 10 x—-2y+8=0

5. Beibepure ypaBHEHUE, OMUCHIBAIOIIEE MPAMYI0, M300paKEHHYIO HA PUCYHKE
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X
b)_"'L:l c)_i2+%:1

a) -2x+3y=0 3 -2 6.YKaXUTE YpaBHECHHE TPAMOI

1

NepHeHuKyIApHO npamoit Y=o X+6 @) y= 50 b 10x-y+12=0

)10 x-2y+8=0 7.CocTaBUTh ypaBHEHHUE MPSIMOI, IPOXOISIIICH
yepes HAYAI0 KOOPAMHAT, €CIIH ee YIIoBoil koddduuuent k=5 a) 5x+y=0

a) x+5y=0 ¢)5x-y=0 8.YKa3aTh TOUKY, IPHHAICKAIIYIO
mpsvoit 7 X—3y+21=0 a) A(4;13] b) A[3;14] ) Al-4;13] 9 CocraButs
ypaBHEHHE MPAMOM, IPOXOAIIEH Yepes Hayaao KOOpAUHAT M 00pasyIoleil ¢ 0ChIo

Ox yrom 4 . aJx-y=0 b)x+y=0 ¢)x-y+1=0 10. CocraButs
ypaBHEHHE MPSIMOii, IPOXosiieil vepes Touky |5 — 1)  u nmeroleil yrioBoii
koopduument k=3 . @)3x-y=0 aJ3x+y-16=0 ¢)3x-y-16=0

Tect mo teme «KpuBble BTOPOro nopsiaka

1. YpaBHeHue smmnca uMeeT BUA:

2 2

X _ Y _ X (Y _

a) = -+==1 b)=+==1
) a@ b ) a b’

N
N

c) y2:2px

2. YpaBHeHHE runep0ooIbl UMEeT BU/L:

x2 2 XZ 2
a) 5 - L= b) X + L=1

2 p a@ b ) y*=2px

Q

3. VYpaBHeHue mapaboiabl UMEET BU/I:
2 2 2 2

X y _ X y _
gyt Mt

Q

4. Haift pammyc OKpyX)HOCTH X +y +4y—5=0

a) 7 b)3 )5
2V
— ¢ y_zl
5. Uemy paBHa 6ombIas MONyoch mamnca 30 2
a) 6 b) 11 c)5
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6. HailTu SKCIEHTPUCUTET AIIIUIICA 100 51
a)6 b)0,3 )07

X _ YV _
— — =]
7. UeMy paBHa JeHCTBHTENbHAas och rumepbonmer 04 2
a) 6 b) 18 c)5
2 2
X _ Y
8. Haiitu skcneHTpucuter runepboner 20 11
3 6
gu Vs 93
2 2
R

9. 3anmcarh ypaBHEHHS aCHMIITOT rumepbonsl 144 256
4 3
=+ b) y=+=
) y 3X )y 4X c) y=+3x
10.3anucaTe ypaBHeHUE MapaldoIbl ¢ BEPIIMHON B HaYaJIe KOOPJMHAT, ecliu ee (POoKyc

HaxoauTcs B Touke F (350
a)y2:2x b)y2:12x C)y:12x2

11.Ins runep6onsr 16 X' =9y =144 pajity paccTosiHuE MEXIy (POKYyCaMmH.
a) 6 b) 10 c)5

12.Haiitn KOOpIMHATHI ICHTPA OKPYKHOCTH X+y' —8x-10y-8=0
a)[4;5] b)[5;4] ¢)[2;5]

13.HaiiTi KoopAMHATHI paINyC OKPYKHOCTH X¥+y —8x-10y-8=0
a)6 bj10 «¢)7

IIpeneJbl M HENMPePbLIBHOCTH
YcTHbI onpoc

1. Jlaifte onpenenenus npenaena QyHKIUNA B TOUKE.
2. ChopmynupoBaTh CBOMCTBA MPEACIIOB

3. Kakue Turbl HeONnpeneIeHHOCTE BaM U3BECTHBI?
0

4. Kaxk u3baBuThcs 0 Heonpeaenennoctn 0 ?

c
5. Yemy paBHO 3HaueHHE Mpeseaa GYHKIMA Py HeonpeaeaenHoctn 0 ?
0
6. Uemy paBHO 3HaueHUE npenena GyHKUUU IPU HEONIPEACIEHHOCTH € ?
7. ChopMynupyiiTe mepBbIi 1 BTOPOU 3aMeyaTeIbHbIN MPECIbl.

8. U c*?
. eMy paBHa HeOHpeI[eJ'IeHHOCTI) BHUaa .



9. Yemy paBHa HeolpeeNeHHOCTh Buga 0°C?

IIpakTueckas padora Ne 6 o Treme
«BbluncieHne Mpees 0B

Heasb: [IpoBepuTh yMEHUS U HABBIKU CTYJACHTOB B BHIYMCIIEHUHU MPEJEIOB, PACKPBITHS
HEOIPEICIICHHOCTEN.

3aganus

1.HaiiTn yka3aHHbIe Npeaeibl.

2 3 2
. —Sx+6 ) —x 42
]Jm:;—xl omsem:l ]Jm%
1.1, =2 x" —12x+20 8 1.2, =% x*+x omeem: 1
. b4x—xt . 2xt—x-1
lim #l omeem: —= limn % omeem: >
1.3, % x7 =27 27 1.4, *13x" —x- 5

2 2
g 25 =%+ 4 omeem: Hem i 2T~ omeem: Hem
1.5, =2 x* —=5x+6| pewenus 1.6. 3 = =27 | pewenus

o 3xt42x-] 4 . xt—4x-5
s 3 4| Omeem: — lirn —————- omeem:—
1.7. =% Zix" -1 9 1.8 ™1x*—2x-3 4
32 +2x- 3% —11x+6
litn xj il omeem: —= ]Jm;:—x
1.9 =1-z"+x+ 3 1.10. *3 2z* —5z—3| omeem: 1
3 ]
- -8 . -x-2
I gx omeem:2 i 22572 3x
1.11. =*x" +x- 5 1.12. =1 x*+1  omeem:—1
3 3
| ~16 4z 11—
lirm H omeem: S lim % omeem:; =
1.13. =*x" +x-12 9 1.14. 3 x +2x-3 4
3t -Tx-6 1 C 4xt+Tx-2
—— - omeem:— i ————— omeem: =
1.15. = 2x* =Tz +3 5 1.16. 2 3x* +8x +4 4
 sxt+ax—1  x—dx-5
lm xg—x omeem:g lirn xg—x
1.17. =1 32" +x-2 5 1.18. *13x*+2x-2 omeem:0

C Ixi+dx-3

gy fim 35’2—3?""2\ omeem : Hem
1.19. *=12x* +3x+1 omeem: 1 1.20. ** x* —x—12| pewenus
e 2x2—9x+1|:l\ omaom: L e 4x3+x—§| omeem: Hem
1.21. =% x* +3z-10 © 7 122, ™t xt -2z 41| pewenus



b 5% +11x-2
1.23. =2 3zt —x-10|

i % )
1.25. ¥ 2xt—3x-73 17

xt—2x-35 4
— I omeem: —
1.27. #==522° +11x+1 3
2— —_—
]j_m 3—xg 2?: 40 omeem:2—2
1.29 *=* x*-3x—4 5

2. HaiiTu yka3aHHbIe npe/iebl

fen 2x3+11x+1§| omeem-i
2.1, %% 3x* +5x-12 "13

firn 2342
23 #=lz*—4x+3 omeem:(

x"'—x2+x+

lin 4
2.5, x=l r+1 omeem: 0
23
. —-x+3
]ﬂlg%l omeem:i
2.7. Sxt 4 Ex—3 23
=1

29 *lz*43x42 omeem:—2

- 47 +19x— Omeem_z
211, = 2x* +11x+ "3

firn = 2x+1
213, =12x* —7x+4 omeem:0
CoextH1Tx-2
lim xg—x omeem: 9
2.15. =2 x°+2x 2
4x° - 22 + 54 5
3 omeem: —
217. =" 3x +7x | 7

3x' +5x=1) omeem: nem
219, *** x* —5x+6| peweHus

9
omeem: ——

. xt-5x-14

It xg - omsem:i
1.24. =7 2x° -%9x-3 19
]J.-m4x2+3x+] omeem : Hem

1.26. ¥ x* —6x—27  peuweHus

. 2x* +15x-8

litm xg—x P—
1.28. *=%:x" +25x 48 23

2 f—
lim %{ omeem: 7
1.30. **33x" +10x+ 8

2
2x" +5x =101 omeem: nem

].'iﬂl 3
22 =t x"-1 peleHus
fim 3x* +2x +1 omeem: Hem
2.4, = x -8 peuweHus
- 2x' -3x-1 omeem: Hem
2.6, 71 x*-1 peleHus

23
x+2% | omeem: Hem
2.8 *ix*+dx+4| peweHus

. 2t +Tx-4 3

fipp 22 TR 3

210 =+ z+e4 | e TG
©oxttx-1 1
212 ool :-'.’3 +x_2 omeem. 7

-8

]ﬂ'ﬂ 2
2.14. =% 2x* —9x+10] omeem: —12

i
2.16. ¥ x —x* —x+1

b 4z —5x% +1
2.18. =1 x* -1 omeem: 3

x4 —x—130 1
— - omeem:———
220, ™5 x7+125 75

omeem: Hem
pewerus
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2 i_
e & +3x - 28 omeem:g ]Jﬂll 8;: 1
221. = x*-64 48 299 R =14 omeem: 6
x4 3x- 28 11 o 3244+ 11410
———— omeem:— i —
223 =t x*—dx 4 224, =% x*—5x+14 | omsem:(
- xt—4 4 . It 4 x
i —— omeem: — —
2.25. =2 5x" +x - 10 11 226, ~04x* —5x+1] omeem: 0
2x% ~11x-6 | 13 R Y
3 omeem: — lm — .
297, 6 3xt —20x+12) 16 298 ™42x>+15x+19 omeem: 0
*_2x—-4 5
x x 10 i &4 48
- omeem: ——- 5 omeem: —
=2 x —=11x+18 7 230, ¥ TFPxt =2Vx— 29

2.29.

3. HaiiTn yka3aHHbIe npeesbl

Ixt —5xt 42 - 4% +7x
3.1, "= 2x  +5x% — x 3.0, e lxt —dx® +
-1-_ 3 3_ 2
- 5,-{4 3:{3 +7 L fx 144
33 e xt 4257 41 34 e 2745 |

2 —dx? +28x
3.5, %= Sx0 4+3x +x—1

e 3% +10x 43
3.6. "= 2x3+5x—3\
i —3x4+xg+x| i 2xt +T7x+
3.7 %= xt+3x-2 I 3.8, “*“5x2—3x+j

lira x4+ 3x+ fira =3z 410
3.9, = 3x +x-5 310, ™® 71 +2x+1

C dxt 45— lirn Ixtrox+
3.11. == 2x* —x+10 312, == xt— it +2
o Zxt42x+49 o Zxt 45—
]?-{11—1}1!:9 2_ ];.}11_1:.1“:, 3
3.13. 2xt—x+4 3.14. 3xt 4+ x+1
. 2x3+?x—z_ e 18x% +5x
3.15. ™% 3 —x—4 316, ™0 8—3x— 0x
T S T o C Bx*4+4x-73
3.17. X +ax 3.18. x xt+ 4



3.19.

3.21.

3.23.

3.25.

3.27.

4 412
firn Bx :-lx +
N ol | \
firn ?3x3+4x
Ll ¥ —3x+4

2t TRt
e Gy —4x 43
4

x—2xi +5%
T N

e 4—55;{2—3;{5
¥ 4 Hx 48
3_
firn 4x3 2:;+1
v DxT 4+ 327 +

3.29.

3.20.

3.22.

3.24.

3.26.

3.28.

3.30.

4. HaiiTu yka3aHHbIe MpeaeJibl

4.1.

4.3.

4.5.

4.7.

4.9.

4.11

4.13

4.15

= 2x+4
o 2x' +3x° +1
x4+ 7x-4
]Ji'ﬂ 4
Eoowm ot 0 — ]
cxt 4 Tx—1
e 3yt pox

lin

o3t —sxt 42
e 230 +4x—35

e T2 +5x+9

e 1+ dx—x

oxt 4 5x+7

Cwe 3t o ox?

Sx0 —3x0 +7

Cwwe 2pt 4 3p® 4

2t 43+ 5

Creee 3 Ay ]

4.2.

4.4.

4.6.

4.10.

4.12.

4.14.

4.16.

2_
firn 3x2 4x+1
¥ fat 4+ hx 41
4
i 1+4.:’ x
¥w o B3t 4 2y
2
i Sx+14x :
wsw |4 2+ Tx

4 no2
i 3;{4 2%
¥ St 43345
firn sx¥ -7t 4

rww D4 0x—x°

o S5xt x4+l

rvw 3x? px—5

4 —_—
i 3x 2+2x
) et )

. Ix—x°

L

e oxt +7x% +4

w4 5x—1

i x +5x -4

CEe 3t 41—

4 I
firn 3xg+x
r=vo Pxf 4 Ex 41

3 2
o 2545 - 74
e 2xt 4 7x-3 |

en Sx = 3x+1

e 14 2x— xt

. hxt—Sx4
i 43 +2x— 1
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11x* 43
4.17. == 2x° - 2x+1

bxt 4520 -3
4.19. == 2x' = x+7

- 8x° —dx® +3
421, 7= 2x +x-7

4 a3
fin 51{2 2xT+5
4023 ¥ Zxt +3x-7

. axteoxt-g
425, "= 8% —dx+5

3_
firn T"xz 2x+4
427, 7= 22 +7-5

- 2xt +10x -1
409 #== 3xt 2y 45

- 2x% +3x+5
4.18. = 4x° —2x2+1\
e Ixt 4dx -7

4.20. = x* = 2x" +1

e 2xd —Tx+1
422, % x* +4x7 -3

S T
404, *= 25t —5x 473

Caxt x4
4.06. " 3x* —dx+1

o 4xt+5e -3
4.28. = 3x*+x-10 |

o Txt43x-
4.30. = 2x° - 5x+1

S.HaiiTu ykazaHHbIe npeaeabl

e 2xf 4+3x-5
5.1. Hw?x3—2x3+1\

Txt —3x+4
5.3, " 3xf—2x+1

fir 45 —2x° +x
55,7 3x'-x

2_
]jmzf 5.§+
5.7. ¥ x +3x° -
3 2
o 2571 + 24
5.9 ¥ x*4+7x+1 I

o Txt +ext =&

5.11. ™ 2x° +6x+1

a4
o 22
5.13. = dx” +3x° =5

e Ixt—Tx+2
5.2, %= 4+ ox—4
2xf — x4+ 7
54, —=3x* =55 +10

4_
i 3:Jr2 2x+1
5.6, e ixt +2x—

e Sxt—dx+2

58 "=d4x’+2x-5
I —Tx+5
510, *=dx" —3x" +2

Ca A2
fir 4 3:{ 2x
5.12. == 3x +5x

firn axt+7x% -
5.14. *= 3x° - 5x+1
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5.15.

5.17.

5.19.

5.21.

5.23.

5.25.

5.27.

5.29.

2x+7
P D= x4 x

10x—7
row 3xt 4 2x% 41

oxd—G5x 43

Y A T

firn 3r+1

R T SR -

e 4x% —10x+7

o Oxt — 3y

fira 2x-13

7 3
rw gyt —35x7 —4x

e x—21
roe 3xd pdy 4

5.16.

5.18.

5.20.

5.22.

2x0 —3x+1
Tx+5

o

Sxt - 3x¢

ro—e 4 2x 4350

Ixt 5%

pww Ox — 3y -7

oxt —xt

e dxd +3x- 6

5.24.

lirny

5.26.

5.28.

5.30.

6. HajiTu ykazaHHbIe mpeaeibl

6.1.

6.3.

6.5.

6.7.

6.9.

6.11.

litny
N

firn AM3tax —afx+4

e J2x+1l-x+6

2 rx-12

en WxH10 =4 4

=3 2xt - x—21

=1 3xf —dx+41

a0 +dx+1

-l fx +3— 5+ 3x

=5 0x? —7x—15

x+2— .2

lim

firn 2—):—3;{2\

¥—r—w X3 _16

oxt —3x+1

3 3
Fw xS 4y

- 2x3—3x+1\

r-w xt 4 0x% 45

firn Tr+4

¥ Tyt — Gy 4

x 12 = f4 -4 Omeem:__B
omeem: 7 6.2. "+ x*+2x-8 48
7 el s
omeem:—\/— fim 6 em: L
91 6.4 2 xf-x—6 10
omeem'—S i B =3x42
20 6.6. "5 x—fx+1 omeenm:—13
e 2x' — 9x+4
omeem:2+2 6.8 T Af5—x—fx—3]| omeem: -7
11 - 2
omaem: L S U L aa Y R )
286 610 *°  x*+Bx+15 8
RN 7 S 1
lim omeem: ——
omeem:2 g 12. ™" Tx 7
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3x

]jIn '
¥=0 m_ﬂ'm
lim

i
-1 ".'I'BT—S
]ﬁn@
¥ T M_E

o -

=33 x2+2x_1

omeem: 3

6.13.

omeem:.

6.15.

omeem:

6.17.

omeem:

6.19.

X +d4-2

]jIn—
;HUM—A,

3— %

6.21. omeem:

lirn

omeem:
=9

6.23.

X -27

ix—x

=3

6.25. omeem: =5 ¢,

-

6.27. =  + 64

lin 2
»4+x

¥=0
6.29.

omeem:

7.HaiiTu yka3aHHbIe npeaeabl

x +4]'3'|
e Otger: '

(
()

|

(

7.1.

OTtBeT: €°
2x+5]j

7.5. "= ex+ L Orper: e
+ 2]1+2x

7.7, e a T+l OtBeT: ¢’

N | o

26.

omeem: 1
384

16

litn ﬂm— 3 . 2_\/5
6.14. *Halx-2- :
litry E o3
6.16. ™ Ax-1-2 ;
i, Y3733 1
=33 3 omeem: —
6.18. x 3
_2—aix+4
]Elﬂ xﬂ omeem: _1
6.20. Ix =
; 3x
lim
622 0 B-x—+x| omgem:~3y5
2%
6.04. =t fox+1-4 O™ T
CoAl+3x0 -1
iy T3 2
¥—0 4 x >
lim M omeem.
6.28. "LB+x-3 :
o B
¥l i omeem: —
6.30. w8 T
=B
()
7.2. ¥owh 4] Orger: e b
] (x_lJﬂ—En'
7.4, 7 & Orger: o3
: [x+3]_j“l
7.6. 77N X Orger: e 15
[x+3]x"
7.8_ K= x—]. OTBeT e 4




3 x+l
(2] i)
7.9. *\2x=3/ | Orger: ”? 7.10. 7L X OtseT: ¢

]jIn [x_1]3x+2 (2:&’4‘1]”2
7.11. 7evxtd Otser: e° 7.12. e2a-l OTBeT: ¢
;{—2]:”_3 [x+5}
lum
7.13. H“[“l OtBet: e®  7.18. ™°. X OtBeT: €
[}[ _?]4?{—2| ]JIn [}f+ 2]3—2?{
7.19, et Otset: €327.20. ™™=\ * Ortger: € *
(2—3x]* . [1 xﬁ
7.21. *=\2=3%/ |Orger: e 7.22. "\~ %/ | Orger: e’
[4;{-1]’”‘ (33{ ] '|
7.23, endx+l Otser: ¢! ey 3x Otsert: ¢ %°
[2;;—1]"‘ [3x+4]”"
7.25. F=n2x+4) Orger: €92 7.26 ol 3re Otser: e '
. [1+ zx]‘“ [ ]
7.27. 7=\3+2%)  Orper:e 7.28. 7 +2/ | Orser: e 2
X 33 x+1
7.29. H“(x_l] Otser: ¢ 27.30. 7 ( ] Otser: ¢ 2

8. HaiiTu ykazaHHbIe Npeaeibl

h.m[Ex+3] ‘| ]J.m[Ex+1]

8.1. *\3x+7 | Orger: 0 8.2. "™\ x~1.J Orper: oo
[x+1]'l - [2 —1]3’“'

8.3. "™x2x~L/ | Orper: 0 8.4. ™\4x+1/ | Orger: 0
[5x+8]ml . ( 241 T"”‘

8.5, "=l x—2 OTtBeT; © 8.6. "= Ix—1 Otger: 0
(2x+1 ( x+1 ]“l

8.7. 7™ OTBeT; 8.8. **=\2x=1/ | Orger: 0
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- [ x+3 ]’”2' . 2x+1]""
8.9. ™ =\2x-4) | Orger: 0 8.10. =™\31= 1/ | Orger: 0
*+3 ¥
]J.m(ﬁx—B] i (21{—3]
8.11. ™=\ x+4.) [ Orger: o 8.12. ™=\7x+4) Orger: 0
h.m(x-ﬁ]f”’ (x+3]2
8.13. **™\3x+4) | Orger: 0 8.14. **\4x =3/ | Orger: 0
e (x—z]j" e (3::—4]"‘1
8.15. *>\3x+1) |Orger: 0 8.16. ™\ *+t6 ) Orper: oo
]Jni[ x—2 ]3?‘ ]ltn [EX_B]ISJH
8.17. *=\3x+10/ | Orger: 0 8.18. " xt4 OTBeT:
[ x+3]2" e [6x+5]“
8.19. "™\ —L/ |Orger: 0 8.20. "™\ *=10) | Orger: 0
- [3x+7]“" | [ -1 ]3"
8.21. ™ x+4 ) | Orger: 8.22. *=\4x+3/ | Orger: 0
. [5;{—7]2” | [3—4;;]'“
8.23. ™™\ x+6, | Orger: 0 8.24. "™\ 2= % /| Orer: o
h.m[l—Ex]_I | [4+3x]“|
8.25. N I3—x Otsert: 0 8.26. ™™\ 3+x/ | Orget:
| [3;;—1]3" hm[ -z ]SI
8.27. ™ ™\2x+3/ | Orger: o 8.28. *=\2- 10z, | Orger: 0
]jm(3+x]2 . [ x+5]3'|
8.29. *™\#x= 4,/ | Orger: 0 8.30. **™v4x=2/ [ Orger: 0
9.HaiiTn yKazaHHbIe npeaeJibl
Haittu npenensr.
k — nopsiokoswiil Homep 8 JHcypHae
- sin 3 : :
1), 0im 22 ) KX ) i 1g kx+3x) X

1m — >
X0 (k+2J X x208In° 5 x X230 5x



X

,5) lim 6) Jim S982X—COS kx
x=0 kx x>0 X

1+E sinkx — sin 5x

X

lim
4) X ©

KouTpoJubHbIe Bonpochl

1. Haiite onpenenenus npeneia QyHKIIUNA B TOUKE.

2. Kakue TuIbl HeONpeaeNeHHOCTEN BaM U3BECTHBI?
0

3. Kak usbaButbcs o Heonpeaenennoctu 0 ?

o0
~

4.Yemy paBHO 3HaueHUE npeaena (QyHKIHUH IPU HEONPEAEICHHOCTH
0
c

5.YeMy paBHO 3HaueHUE Npeaena (PyHKIUU IPU HEONIPEAEIEHHOCTH ?

6. 3anucarb 3aMedaTesIbHbIC IIPEIETIbI.

IIpakTueckas padora Ne 6 o Teme
«IIpenen pynkuunu. HenpepbiBHOCTH QyHKIUH. TOUKH pa3pbiBay

Henb: Hay4YUTHCS BBIUMCIATH TPENEITBLUCCIEAOBATH GYHKIIMIO HA HETIPEPHIBHOCTD,
KJIacCU(DUIMPOBATH TOUKH Pa3pbiBa, CTPOUTH Tpaduku QyHKITHIA.

3ananme 1.Haiitu npezensl, HCHOMB3Ys SKBUBAJICHTHbIE OECKOHEYHO MaJible (PYHKIUH.

(14352 . arcsin 5x
lin % omeem: 3 ]Jmu — _-_ | omgem: 2
7.1, =" x* -5z 5 20 #0 fgix 3
. osn _ EL |
53 ]ﬂ'ln P omeem: % 24 ]Jm.:. %- omeem: é
oJe LI = & A
arcigbx . arcein 3x 3
= in ——  omeem: =
2.5, =0 2x" - 34 2.6. =" Zx 2
sin Sx 5 o (1435 3
O etany|  OMEEM: S i ————=| omeem: =
27, arcigex 2 2.8 =0 an 2x 2
]jmé'h—l 2 sinf x — 3)
2.9, 0 tg3x omeem: 3 2.10. *** x* —5x+6 omeem: 1

firn COS 3% — COs e 1— cogéx
2.11. =" 2z’ omeem: —2 9 1D, =t 4z

. arctg3x 3 . arcsin dx 4

b 4| .2 lim 250 4
213, =0 In(1+2x) omeem: - 5 14 ™0 ig5% omeem:

9
omeem: —
2



firn sinf x + 2
2.17.%% x+8

. x*— 64
2.19. % fg'ix—ﬂri

lim
221.%" 2=

fin sin 3x
223 =0 nl 1+ 2x)

]jﬂl ES?{_
2.25. 7" tgex

firn sinf x— 3}

In(14+4x*
3

omeem:

)

:I omeem

omeem:

omeem:

22773 &1 =27

i 1-cosBx

omeem:

omeem:

229 =0 2x

lirmy

2.30. ¥*% s 3x

. (14520

omeem:

3apanme 2. NccnenoBarh nanHble GyHKIUUA HA HEMPEPHIBHOCTH U IOCTPOUTH X IPaPUKU.
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2.16. 11

2.18. 1

224, 1170




el I aglhel

2.29. "1 2.30.

3apanme 3. UccnenoBarh nanHble (yHKIUUA HAa HEMIPEPBIBHOCTh B YKa3aHHBIX TOYKAX
L
31 [fx)=2"7+1, x,=3, x,=4

1
3.2. fx)= 5701, x,=3, x,=4

35 f(x)= 4E+2, x,=3, x,=2

1

3.6, [(X)=9"", x,=0, x,=2

L
3.7. [(X)=27+1, x,=5, x,=4

L
38 f(x)=5"%-1, x =3, x,=4

1
39 [(x)=6"7+3, x,=3, x,=4




3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

4.22.

3.23.

3.24.

3.25.

3.26.

3.27.

3.28.

3.29.

4
x)=8%-1, x.=2, x,=3
1 2

4
f(x)=5"""+1, x,=2, x,=3

3x

f(x)z 4 Xx,=5, x,=4
2Xx

f(x)= 2 x,=1, x,=2
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KoHTpoJibHBIE BOIIPOCHI
1.Kakue BemnuuHbI Ha3bIBalOT 0ECKOHEYHO MAJIBIMU OJTHOTO MOPSIKAa MAJIOCTU?
2. Kakue BeInuuHbI HA3bIBAIOT YKBUBAJICHTHBIMH OECKOHEYHO MAJIBIMHA ?

3. Kakast pyHK1Ms Ha3pIBae€TCSl HEMPEPHIBHON B TOUKE?
4.CKOJIbKO U3BECTHO BaM TOYEK pa3pbiBa PyHKIUU, KAKUE?

CamocrosiTeibHas padora Ne 1
Bapuanr 1
1. Beraucnuth npeaen GyHKIUH:

. x—9
x»3X —8x+15

2. Bpruucauts nipeaen GyHKINM:
. X+5
lim
X2 3x—6

3. Beruucauts npenen GyHKIUU:
sinl17 x

1m—
x»0sin12x

4. Bpraucnuth npenen QyHKIHUH:
X

lim 1+Z 3
X0 X
Bapuanr 2

1. Beraucnauts npeaen GyHKINH:
2
. X +x-—-20
lim=——=
x4 X —16

2. Bpruucauts npeaen GyHKIHNH:
. 3x+6
lim
x=2 2x—4

3. Beraucnuth npeaen GyHKIUM:
sin7 x

x»0Sin13x

4. Bpruucnuth npenen GyHKIHUN:



X

1+2 4

X

lim
X0

Bapuanr 3

1. Beruucauts npenen GyHKIUU:

) x> —49
x»7X°=5x—14

2. Bpraucauts nipeaen GyHKINH:

. x2+4
lim
X3 2x—6

3. Beruucauts npenen GyHKIUU:

. sin9x
lim =
x>0S5in4 x

4. Bpraucnuth npenen GyHKIIUN:

X
lim 1+§ 5
X0 X
Bapuanr 4

1. Beraucnauth npeaen GyHKIUH:

X —12x+35
11II12—
X5 X —25

2. Bpraucnuth npenen GyHKINUN:

3. Beraucnuth npeaen GyHKIUH:

sin8 x
m-———-—
x»05in 19 x

4. Bpraucnuth npenen GyHKINN:

2x

1+—
X

lim

X0

Bapuanr 5

1. Beruucauts npenen GyHKIUU:

. x*—3x-18
x=6 X —36
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2. Bbruucautsh npeaen GyHKIUM:
. 2x—3
lim
x»43x—12

3. Bwruucauts npenen GyHKIUU:
sin5x
im———
x>0Sin 14 x

4. BprauciauTs npeaen GyHKINM:

3x

1+—
X

lim

X

Bapuanr 6

1. Beraucnauts npeaen GyHKIUH:
. x*-81

29X —11x+18

2. Bpruucauts npeaen GyHKIHNH:

. 3x—5
lim
v62Xx—12

3. Beraucnuth npeaen GyHKINM:
. sin19x
lim———
x»05in 3x

4. Bpruucnuth npenen GyHKIHUN:

2x

1+—
X

lim

X0

CamocrosiTeibHas padora Ne2

Bapuanr 1
_1
f (X >_ o x. =0
HccnenoBaTh PyHKIHIO X Ha HENPEPBIBHOCTb B TOUKE 0
Bapuanr 2

_7“’ 2 ]
UccnenoBars ¢yHKIINIO f(X)-b\X npu X#O; 0600
x,=0

Ha HENPEPBIBHOCTh B TOYKE

Bapuanr 3

2 —
Uccnenosats pyrkmmio f(x)=x"  Ha HempepsiBHOCTH B Touke X0~ 0
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Bapuanr 4

Hccnenosats pyHKImio f(X) = X ° Ha HEMPEPHIBHOCTH B TOuKe X0~ ¥
Bapuanr S
( x>, Ax<0 =0
Vcenenosats Gynkimio fX/= x>0 Ha HETIPEPBIBHOCTE B TOUKE Xo=
Bapuanr 6
( '_ —SX,/\X<O x.=0
Uccnenosats Gpynkuuro f1X/=  Ax>0 HaHETPEPEIBHOCTh B TOYKE ~0

IHousiTue MpoOM3BOAHOM U ee reoMmeTpruueckrid cmbica. Jduddepenuuan pyHkuuu
YcTHbI onpoc

1.Yto Ha3pIBaeTCS MPOM3BOTHON PYHKITUN?

2.Chopmynupyiite npaBuia nuddepeHiupoBanus ?

3.Kakasa QyHKIus Ha3bIBaeTCA CIOKHOM?

3. ChopmynupyiTe IpaBUIIO HAXOXKICHUS TPOU3BOTHON CIOKHON (QYHKITUU.
4. Yro naspiBaetca nuddepennnanom GyHKIUAN?

5.Kax naiitu npousBonbie ¥ U@ depeHIuanbl BHICIINX MOPSIKOB?
6.11paBuio Jlonurans.

7.Y4to Takoe sKCcTpeMyM QyHKIIUU?

8. Uto Takoe TOUKH neperuda , MHTEpBaJIbl BBITYKIOCTH ,BOTHYTOCTH?

9.Kak HallTh aCUMIITOTHI ?

10.Paccka3ath 00111yI0 cXemMy HccleoBaHus (DyHKIIMH.

IIpakTuueckas padora Ne 7 mo teme «HaxoxkaeHue npou3BOAHOI CJI0KHOM
¢pynxkuuu. I'eomerpuyeckuii cMbicI Npou3BOAHOM. [Iuddepenuuan pyHKIum»

«Bbrunciienue MMPOU3BOJIHBIX>»

Heanb: [IpoBepuTh 3HAHKS U YMEHHUS 110 HAXOXKIACHUIO TPOU3BOAHBIX JIEMEHTAPHBIX U
CJIOXKHBIX (DYHKIIHM.



3ananue 1.Hautu npousBoaHble QyHKINN

B1 Y=x>-5x°+11
Y=x’ctgx

_arctgx
X

Y
Y={x’+5
Y=e * Inx
Y=(cosx—1)**
B2 Y=2x’-x*+17
Y=x’tgx

_artgx

4 x
Y=%/x2—3

B (S,
Y nx+1

B3 Y=7x*+3x-2
Y=xarctgx

X+5

" Inx

1
Y=o+ 11)

Y=sin®(4 x2+§ —1)

B4 Y=-3x’+5x*-81

Y=2xsinx

X

" sinx

Y={x*-3

B16 Y=x>-5x*+11
Y=x’ctgx

_arctgx
X

Y

Y={x’+5

2

Y=e " Inx

B17 Y=2x3-x*+17
Y=x’tgx

_artgx

4 x
Y=‘3’/x2—3

B (S,
Y nx+1

B18 Y=7x’+3x*-2
Y=xarctgx

X+5

" Inx

1
Y= oxe11)

Y=sin®(4 x2+§ —1)

B19Y=-3x*+5x"-81
Y=2xsinx

X

" sinx

Y={x*-3



X
Y=cos —
x+1

B5 Y=7x%-3x*+32

3 .
Y=x"arcsinx

COSX
3x

Y=

Y=In (x—x’—6)
B6 Y=-x>+3x’-11
Y=3x’ctgx

_arccosx
3x

Y=Ux*-3
Y=¢*In2x

B7 Y=3x"-6x’+19
Y=x’sinx

_lgx

Y_3x

Y={2x"-6
Y=e *Inx

B8 Y=-4X%+9X*-12
Y=x’tgx

_arcctgx
6x

Y=Y3x+6
Y=2""Inx

B9 Y=5x*-2x>+65

X
Y=cos—
x+1

B20 Y=7x°-3x*+32

3 .
Y=x"arcsinx

COSX
3x

Y=

Y=In (x—x*—6)
B21 Y=-x"+3x%-11
Y=3x’ctgx

_ arccosx
3x

Y=Ux*-3
Y=¢*In2x

B22 Y=3x*-6x*+19
Y=x’sinx

_lgx
Y_3x
Y=%/2x3— 6

2

Y=e " Inx

B23 Y=-4X%+9X>-12

Y=x’tgx

_arcctgx
6x

Y=Y3x+6
Y=2"%Inx

B24 Y=5x*2x*+65
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Y=x’arcsinx

5
(6)(—4)3

Y=

Y=x*-5

Y=3"Inx

B10 Y=-2x%-3x’+19

Y=x’ctgx

_arctgx
X

Y

Y={x°+5
Y=e>Inx

B11 Y=8x*-6X’+1

Y=2x3arccosx

_lgx
Y_Sx
y= 9
" (6x—5)"
Y=4"%Inx

B12 Y=3X*+11x’-87

Y=3x’ctgx

COSX
2Xx

Y=

-3
Ax+9)

Y

Y=5Inx
B13 Y=x+9X?-51
Y=x2arcsinx

_ X
COSX

Y=xarcsinx

Y=x*-5

Y=3"Inx

B25 Y=-2x%-3x’+19

Y=x’ctgx

_arctgx
X

Y

Y=Ux’+5
Y=e>Inx

B26 Y=8x*-6X’+1

Y=2x3arccosx

_lgx
Y_Sx
y= 9
“(6x—5)"
Y=4"%Inx

B27 Y=3X*+11x’-87

Y=3x’ctgx

COSX
2 X

Y=

-3
4x+9f

b

Y=5Inx
B28 Y=x+9X*-51
Y=x2arcsinx

_ X
COSX
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Y={8x—3
Y=¢2* Inx

B14 Y=3x"-9X*+11

Y={8x—3
Y=¢2* Inx

B29 Y=3x"-9X*+11

Y=5xtgx Y=5xtgx
_ 2Xx _ 2X
arcsinx arcsinx
Y={2x"-6 Y={2x"~6
Y= Inx Y= Inx

B15 Y=x>-8X*+16

B30 Y=x>-8X*+16

Y=4x’ctgx Y=4x’ctgx
_actgx _actgx
Y="3x Y="3x
“(2x-15)° “(2x-15)°
Y=62" Inx Y=62" Inx

KoHTponbsHBIE BOITPOCHI

1.ChopmynupoBTh onpeaesneHue NPOU3BOAHOM, paBuia quddepeHIInpOBaHUS.
2.3HaTh TabNUIly MIPOU3BOAHBIX FEMEHTAPHBIX (PYHKIIHM.

3.CpopmynupoBaTh NPaBUIO HAXOXKACHUS IPOU3BOIHON CIOKHONU (DyHKIUU.

IIpakTuyeckast padora Ne 8 mo reme«McciienoBanuss GyHKIUU M OCTPOEHUE
rpapuka

Heab: HayunThCs HCCIEAOBATH QYHKIUIO U TIO PE3yJIbTaTaM HCCIET0BAHUS CTPOUTD
rpadux.

3ananme 1.MccnenoBaTh GyHKIUIO MO MIPEIIOKEHHONW CXEME U TIOCTPOUTH €€ rpadukK:
1.Haiitu o6nacte onpenencHust GyHKIIMH.

2.MccnenoBaTh Ha YETHOCTh U HEUETHOCTb.

3. HUccnenoBars Ha NEPUOAUYHOCT.

4. HaliTu cTalMOHApHBIE U KPUTUYECKUE TOUKH MEPBOrO poja.
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5.Haiitu mpoMeXyTKH BO3pacTaHus U yOBIBAHUS (PYHKLUHU, IKCTPEMYM.

6.HaiiTu cTalnoHapHblE M KPUTUYECKUE TOUYKU BTOPOTO POJia.

7. HaliTi TpOMEXyTKH BBITYKIOCTH (DYHKIIMH, TOUKH TIeperuoa.

8. HaiiTu acumMnToThl (BepTUKAIbHbIE, TOPU30HTAIbHBIEC, HAKIIOHHBIE).

9.Haiitu Touku nepecedyeHus rpapuka QyHKIUU C OCAMH KOOPAUHAT.

10.Haiiti 1OmOJIHUTEIbHEBIE TOYKH.

11. To pe3ynbpTaTam UcCieI0OBaHUS TOCTPOUTD Ipa@uK QyHKIIUH.

X —2x—8
B1.a)y = x*(2-x)%; 6)y="—"""
x+1
—_— 2 -
B2.a)y=xV1-x; 6) y=122"8
x+3
2
B3.a)y = x - arctgx ; 6))”%)(1_10

2
_X+3x—10
6)y_ x+3

B4.a)y=4_xz;

x¥-l2x?xe-12x°
B16. a)y= -9x+1;

X3 X3
B)y=x:+1x:+1

%.‘L" R s G S
B17. a)y= -2x-1;
= =
Y¥—2x -2
6)y=
SXT-XT-3x 4
B18. a) y=
1 3 _ w3 _ - '}"-:
FXF-XT-3X 4 S
; B)y=
-X% 4+ 3x*
B19. a)y= +9X;
A |
6)y= 3¥ + 5
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=== _X=dx-12
B5.a)y—J — 6)y= 2
=X _ X' +4x—12
Bé. a) y=_, 6)y = P
= _ X=x=20
B7. a) Y=, 160 6)y = 2
= X—Z. _ x2+x—20
B8.a) y=,4; 6)y = e
X . xX’—2x—15
B9.a) y=1_7; 6)y 2
B10. a) y =2x-x% 6)y== +2i<1—15
XF-3%% +4
B11. a)y= . )
b —2x
Xi-4
y:
-X3 +3x*-2
B12. a)y= ;
x=
-1
6)y=
xi-lax+6
B13. a)y= ;

B20.

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

4
a) y=x*-20x ; 6)y=1-;

2
a)y=x*+15x?-x-250 6)y== —1
y=tx+2;  6ly=""
A y_x2+9
2 3
a) y=x*-4x;  6)y=3x+_+5
2
= X3 =w
Ay =3ex'; 6)y x+1

a)y = 2/3x>-2x=1; 6) y=-%

1—x°

a)y= 2x*x" s 6)y=

a)y=2x-8; 6)y=

2—1
X

= v4.Qy2.7 - _
a)y = x*-8x*+3; 6)y Y
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6)y= X2+4

B14. a)y=
X3+ 9x%+ 24x + 12 B29.a)y = . 6)y= X'+3x-10
Y=, Y x+3
X?
6)y= 6x +18
-X® +3x%-2
B15. a)y= ;
ol B30. a)y = x/d—x;  6) y=X—2X=8

Y z_1 ) ’ x+3

6)y=

KoHTpoJsibHBIE BONIPOCHI:

1.Yto Takoe obnacth onpeaenacHus GyHKIUu?

2.Kakue QpyHKIIMU Ha3bIBAIOTCS YETHBIMU , HEUETHBIMH, OOIIEro Buaa?

3.Buael Touek paspsiBa.

4.Yt0 Takoe HyJIU (PYHKIIUU?

5.Kak onpenenutb NpoMexXyTKH BbITYKIOCTH?
6.Buabsr acuMmTorT.

CamocrosiTenbHas padora Ne 1

Bapuanr 1

1. Haittu npoussoanyro GpyHKIUK y=sin’(4x’—2).

2. Haiitu Ipou3BOAHYIO TPETHLETO NOPAAKa QYHKIMU Y=3X*COS5X.

3.BbIuncIuTh Ipeaenbl, UCMoab3ysl mpaBwio Jlonurans:

.. X o
lim (6 ——— );lim & 6é
x  Clgx 2C0SX  x-o

X—»E

Bapuanr 2
1.Haiit mponssoanyro GyHKIuK y=cos’(6x*+9).

2. HaiiTi IpOM3BOIHYIO TPETHLETO MOPsAKa QYHKIMU y=3X’-sin3x.
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3.BbIuucinuTh mpeaenbl, UCIOab3ys mpaBwio Jlonurans:

4
. X e
lim 2 =,a>0;lim &¢

X - 00 e x -0

Bapuanr 3
1. Haittu npoussoanyro GyHkimn y=tg®(3x'—13).
2. HaliTi IpoM3BOIHYIO TPETHETO IOpsaAKa QyHKIMU y=4x>-¢>,

3.BblunciuTh mpeaensl, UCIoab3ys mpaBwio Jlonurans:

lim (6~ ——L); lim 664
x -1 Inx x—1 x-ml4
Bapuanr 4

1. Haittu npoussoanyro GpyHkmu y =ctg’ (5x°+6).

2. HaiiTu npou3BOIHYIO TPETHETO Mopsaka GpyHKIun y=5x"- cos4x.

3.BbIuucinuTh mpeaenbl, UCIOab3ysl mpaBwio Jlonurans:

lim (1(',—x)tg%; lim (a"*¢—1),a>04¢

X -1 X - 0

CamocrosiTeibHas padora Ne 2

Bapuanr 1

1
1.Haiitu o6nacth onpeneneHust QyHKINH y= Jo—x—n

2. Haiitu o6nacte 3HaUYeHUN PyHKINU y=3SInX+4COSX.
3. HaiiTi IpOMEXYyTKU Bo3pacTanus (PpyHKIUH y=9x+3x>-x.

4. Haiitu craiioHapHble TOYKH (PYHKIUU y=X+COSX.

Bapuanr 2
. 1
1.Haiitu obnacth onpeneneHus GyHKINN Y= —m .

2. Haiitu o6nacth 3HaueHnit PyHKIuu y=>5sinx-12cosx.

3. Haiiti npoMexxyTku yobiBanus (GyHKIMH y=-18x+1,5x7+x’.

68



4. Haiitu cranoHapHble TOYKM (PYHKIUHU y=X- SINX .

Bapuanr 3

1
1.Haiitu o6macth onpeneneHuss QyHKINH y= 10— -

2. Haiitu o6nacth 3HaueHnit PyHKuu y=12sinx+5cosx.
3. Haiiti mpoMexxyTKu yobiBanus QyHKIMH y=-6x-0,5x>+1/3x°.
4. Haiftu craninoHapHbIe TOYKH (PYHKIIUU y=X+ SINX .

Bapuanr 4

1
1.Haiitu o6nacte onpeneneHuss QyHKIUHN y= Txr6-n

x+6—x
2. Haiitu o6macth 3HaueHni PyHKIMN y=4sinx-3cosx.
3. Haiitu npoMexyTku yObiBanust QyHkuuu y=-10x+3,5x>-1/3x°.
4. Haiitn cTaniioHapHBIC TOYKH (PYHKIIUU y=X- COSX.
CamocrosiTeibHass padora Ne 3

Bapuanrt 1

1.Onpenenurs CKOPOCTh TOUKH, ABUKYIIEHCS M0 IPSAMOH 1Mo 3akoHyX(t)=1/3t-5t°,

2. Touka ABMXKETCS 10 IPAMOiA 110 3aKoHy S(t)=2t>-3t-1.0npenenuTh MrHOBEHHYO
CKOpOCTb IpH t=2.

3.0npenenuTh yCKOPEHHE TOYKH, IBMKYILEHCS 10 3aK0oHy S(t)=t>-5t%,

4.Teno Maccoil m ABUKETCS 10 3aKOHY X(t)=3cos3nt. OnpeaenuTs Cuily ,IeUCTBYIOUTYIO

Ha TeJI0 B MOMEHT BpeMmeHu t=1/3.

Bapuanr 2

1. OnpenenuTs CKOPOCTH TOYKHM, JBMKYIIEHCS 10 IPAMON 110 3aKoHy X(t)=1/2t>-4t.

2. Touka ABMXKETCSA I10 IPAMOIA 110 3aKoHy S(t)=4t>-5t+7.0npenenuTs MIHOBEHHYIO
CKOpOCTb TIpH t=2.

3.0npenenurh yCKOPEHHE TOUKH, JBHKYIIEHCS 10 3aK0Hy s(t)=2t>-t.

4.Teno Maccoil m JBUXKETCS 0 3aKOHY X(t)=-2sin2xt. OnpeaenauTs CUly, 1eHCTBYIOITYIO

Ha TeJI0 B MOMEHT BpeMeHu t=1/4.

Bapuanr 3
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1. OnpenenuTs CKOPOCTH TOYKH, IBUKYIIEHCS 10 IPAMOM 110 3aKOHY X(t)=3t"+2t.
2. Touka ABMKETCSA 110 IPSIMOM 110 3aKoHy S(t)=-t*+10t-7.OnpeaeauTh MTHOBEHHYIO
CKOpOCTBb IipH t=1.

3.0npenenuTh yCKOPEHHE TOYKH, IBIKYILEHCS M0 3aKoHy S(t)=1/3t°-6t.

4.Teno Maccoii m JBIKETCS 110 3aKOHY X(t)=-2sindnt. OnpeaenuTh CUIy, 1eHCTBYIOITYIO
Ha TEJIO B MOMEHT BpemMeHHU t=1/8.

Bapuanr 4

1. OnpenenuTs CKOPOCTH TOYKHM, JBHKYIIEHCS 10 IPAMOM 10 3aKoHy X(t)=2t+1/4t>.
2. Touka ABMKETCS 110 IPSIMOM 110 3aK0oHy S(t)=3t*+2t-1.0npenennTs MIHOBEHHYIO
CKOpOCTh pH t=3.

3.0npenenuTh yCKOPEHHE TOYKH, IBIKYILEHCS 10 3aKOHY S(t)=t-t.

4.Teno Maccoil m JBUXKETCS 10 3aKOHY X(t)=-3cos2nt. OnpeaenuTs cuity, 1eHCTBYIONIY IO
Ha TeJI0 B MOMEHT BpeMmeHu t=1/8.

JAuddepenunanbHoe ucuuciaeHue GyHKIUN HECKOJIBKHUX NePeMEeHHbIX

YcTHbIM onpoc

1.Kakas ¢pynkius Ha3piBaeTcs QyHKIMEH HECKOIBKUX MEPEMEHHBIX ?

2.Yto Takoe 061acTh onpeneneHus (PyHKIUNA HECKOJIBKIX MEPEMEHHBIX ?

3.YT0 Takoe 4acTHbIE IPOU3BOIHBI?

4. ChopMynupyiite npaBuiIo HAXOKACHUS MPOU3BOJIHON CIIOXKHON (YHKIIMU HECKOJIBKUX
MEPEMEHHBIX.

5. Yro Ha3bIBaeTcs MOJHBIM AuddepeHnanoMm (PyHKIIMN HECKOIBKUX MEPEMEHHbIX ?
6.Kaxk nHaiiTu nmpousBoaHbIe U AU(depeHIuanbl BHICIINX MOPSIIKOB?

7.410 Takoe 3KCTpeMyM (PYHKIIUU HECKOJIbKUX MEPEMEHHBIX ?
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IIpakTnuyeckas padora 9 no reme

«Haxo:xknenue 4acTHbIX Npou3BoAHbIX. [loJsHblil 1udPepenunan»

[{enn: mpoBepUTh yMEHUE HAXOIUTh U CTPOUTH 00JIACTh OMPECICHHSI CIIOKHOU (DYHKITHH,

HaxXOoAWTh YaCTHBIC ITIPOU3BOJIHBIC.

3aganus:

1. HaiiTu ¥ OCTPOUTH 00J1aCTH ONpe/eIeHUs CJI0KHON QYHKIIUH.
2. BpIYMCJIUTH NPOU3BOJHYIO CJI0KHON QYHKIIMH.

B1 1.z=arcsin(1-x*y?)

2.a) z=¢mf, x=e, y=1

6) u=x*y*+3z% x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx)

2.a) Z=\/x_y|n%, x=1, y=2

B)u=3x%/2-y*/2+22° x=2/3,y=2,2=2/3

B3 1.z=VInx+Iny

x=e, y=1

1
2.a)z=X"—
Xy

6)u=x/2-y*/2+82° x=2,y=2,2=3/2
B4 1.z=\/Vy—x+2
2.a)z=sin1/xe’ x=1n/2,y=1

6)u=3/2x°+3y2-27%,
x=2,y=1/3,2=3/2
X2
B5 1.z=arcsin—
y

2.a)z=arcg(x*y?)+1/\xy

Ax__yz
6)u_y x+y

B6 1.z=arcos(2x-y)

B16 1.z=In"~
Yy

2 2

2.a)z=(x"+ y*)*
6)u=xv y-(z+y)Vx, x=1,y=1,z=-2
17 1.z=Iny-Incosx
2.a)z= xsiny+x?, x=3,y=11/2

6)u=vxy - V4—22x=1,y=1,2=0

B18. 1.z=Insinx-Vy
2.a)z=arcsin% - Inv, u=0, v=1

6)u=(x*+y*+z%)¥?, x=0,y=-3,z=4
B19. 1.z=In(y*/4-x*/9-1)
2.a)z=InV x*+y*+1/y, x=y=1/12

6)u=2/x+3/2y-V6/4z
X=2/3,y=3/2,z=1/2

y

B20. 1.z=arcsin;

2.a)z=InyVx ,x=1,y=3/5

6)u=3/x+4/y-1/\V6x,x=1,y=2,z=1/V6

B21. 1.z=1+/1—(x—y}
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y

2.a)z=arccosZ+e'¥, x=2,y=1
X

-/ 2_i_ 522 e vy _ =
6)u=v2x NG 6V2z%, x=1,y=2/3,z=1/1/6
B7 1.Z=/In(2—x—y),

2.a)z=tg1/x.e?v?,x=1/n,y=0

6)ui2Vx+y+y.arctgz,x=1,y=1/3,z2=1/1/6

B8 1.z=|ni
Yy

2 2

2.a)z=(x*+y*)
6)u=xv y-(z+y)Vx, x=1,y=1,z=-2
B9. 1.z=Iny-Incosx
2.a)z= xsiny+x?, x=3,y=11/2

6)u=vxy - V4—z2x=1,y=1,2=0

B10. 1.z=Insinx-Vy

2.a)z=arcsin% - Inv, u=0, v=1
6)u=(x*+y*+z?)*¥?, x=0,y=-3,z=4
B11. 1.z=In(y*/4-x*/9-1)

2.a)z=Iny x>+ y*+1/y,x=y=1/+2

6)u=2/x+3/2y-\/6/42,x=2/3,y=3/2,2=1/2

y

B12. 1.z=arcsin;

2.a)z=Inyv/x ,x=1,y=3/5

2.a)z=cos(1/y)-1/Vxy, x=n/2,
y=2/m

6)u=xv y-yz2x=2,y=1,z=-1
B22. 1.z=In(x*+y)
2.a)z=¢" Vx*— y%, x=1,y=0

y

6)u=sm;, x=2,y=m,z=1

B23. 1.z=/1—x*/1—
2.a)z=yIn(x*y?), x=2,y=1

6)u=x*/16+y°*/9-
7%/8,x=2,y=1/2,2=1/3

B24 1.Z=VIn(2—x—y),
2.a)z=tg1/x.e‘>v?,x= 1/m,y=0

6)ui2Vx+y+y.arctgz, x=1,y=1/3,2=1/V6

B25 1.z=arcos(2x-y)

2.a)z=arccos%+e‘@, x=2,y=1

6)u=y2x —%-6@22, x=1,y=2/3,2=1//6

2
B26 1.z=arcsinx7

2.a)z=arcg(x?-y?)+1/\xy

x_ oy
6)u_y x+y

B271.z=y/Vy—x+2

2.a)z=sin1/xe’ x=1/2,y=1
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6)u=3/x+4/y-1/V6x,x=1,y=2,2=1/V6

B13. 1.z=1+/1—(x—y}

2.a)z=cos(1/y)-1/Vxy, x=1/2, y=2/t

6)u=xy y-yz2,x=2,y=1,z=-1

B14. 1.z=In(x*+y)
2.a)z=e" Vx*—y?%, x=1,y=0

y

6)u=sm;, x=2,y=m,z=1

B15. 1.z=/1— x*+/1—y°
2.z2=yIn(x*-y?), x=2,y=1

u=x*/16+y*/9-z*/8,x=2,y=1/2,2=1/3

KoHTpoJsbHbIE BOIPOCHI:

6)u=3/2x*+3y2-27?,
x=2,y=1/3,2=3/2

B28 1.z=VInx+Iny

2 a)z=xyi’x=e’ vt
. pe

6)u=x°/2-y*/2+82° x=2,y=2,2=3/2
B2 9.z=In(y-Inx)

2.a) z=¢x_yln%, x=1, y=2

B)u=3x%/2-
v/2+27% x=2/3,y=2,2=2/3

B30 1.z=arcsin(1-x*y?)
2.a) z=¢m%, x=e, y=1

6) u=x>-y*+3z% x=1/2,y=1/2,2=1/2

1.ChopmynupoBats onpejesieHre GyHKIIUMU C ABYMS IEPEMEHHBIMHU.
2.YT1o0 Ha3bIBaeTCsl 00JIACTHIO OMNpeeieHus: (PYHKIIUU HECKOIBKUX MEPEMEHHBIX?
3.ChopmynupoBaTh IPaBUIO0 HAXOXKISHUS MPOU3BOAHON (YHKIIMU HECKOJIBKUX

INEPEMCHHBIX.

4.Yto Takoe nonHbd AuddepeHman GyHKIUN HECKOJIbKUX EPEMEHHBIX ?

IIpakTnueckas padora 10 mo reme «IKeTpeMyM (PYHKIUH ABYX IIepPeMEHHBIX)

Heab: npoBepuTh yMEHUE HCCIIEA0BATh (DYHKLHIO HA SKCTPEMYM.

3ananue 1.HaiiTu yacTHbIe IPOU3BOJHbIE BTOPOIr0 MOPSAKA

B1z=x?y?-4x-5y
B2 z=y-x’+xy-2x-6y

B3 z=xy(1-x-y)

B16z=x>-y>-3xy
B17z=0,5xy+(47-x-y)(x/3+y/4)

B18. Z=x*+y*+xy-3x-6y

73



B4 z=y\x-y*-x+6y
B5 z=¢"?(x+y?)

B6 z=x*-y>-3xy

B7 z=0,5xy+(47-x-y)(x/3+y/4)

B8  z=x*+y*+xy-3x-6y
B9  z=xy*(1-x-y)

B10 z=x*+y>-15xy
B11z=x’+y*+xy-4x-5y
B12 z=y*-x*+xy-2x-6y
B13  z=xy(1-x-y)

B14  z=y/x-y>-y+6y

B15z=¢""(x+y?)

B19. z=xy*(1-x-y)

B20. z=x’+y>-15xy

B21. z=3-2x*-xy-y?

B22. z=y?-xy-2
B23.z=x*+2xy-y*+4x
B24z=2x+2xy-y?*/2-4x
B25z=x*+xy-2

B26.  z=y?-2xy-x’+4y+1
B27.  z=1-2xy+2x?

B28. z=4x+2y+4x*+y*+6
B29  z=x*+2xy-10

B30. z=x*+2xy-y*-4x

3ananue 2.UccienoBathb 3a1aHHYI0 QYHKIUIO HA IKCTPEMYM

B1. z=12+2xy-x?
B2.z=5x>-3xy+y*+4
B3.z=4x*+9y*-4x-6y+3
B4.z=x*-2xy-y*+4x+1
B5.z=y*+2xy-x*-4y
B6.z=x?+3y*+x-y

B7.z=x%y

B16.z=x’+2xy-10
B17.z=4x+2y+4x*+y*+6
B18.z=1-2xy+2x?
B19.z=x*+2xy-y*+2x+2y
B20.z=y*-2xy-x*+4y+1
B21.z=x*+xy-2

B22.z=2x%+2xy-y?/2-4x
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B8.z=4-2x>-y?
B9.z=x°/2-xy
B10.z=1+xy?
B11.z=4-2y*+x?
B12.z=y*+2xy-x>*-4y
B13.z=x’-xy

B14.z=xy(4-x-y)

B15.z=x*+2xy-y*-4x

B23.z=x*+2xy-y*+4x
B24.z=3-2x>-xy-y?
B25.z=y*-xy-2
B26.z=x*+y*+xy-4x-5y
B27.z=y’-x*+xy-2X-6y
B28.z=x*+y*+xy-3x-6y

B29.z=x>-y*-3xy

B30.z= x*+y*-15xy

KonTpoJsibHbIE BOPOCHI

1.ChopmynupoBaTh aIrOpUTM HAXOXKACHUS IKCTpeMyMa GYHKIIUU HECKOJIBbKUX
MePEMEHHBIX

CamocrosiTenbHas padora Nel
Haiitu momubie nuddepenmans GyHKIIHA
Bapuanr 1.

a) z=x+xy-2
6) z=yVx-y’-x+6y

Bapuanr 2.

a) z=x-y-3xy
0) z=x/2-xy
Bapumanr 3.

a)  z=yVx-y*-y+6y
0) z=xty*+xy-3x-6y

Bapuanr 4.



a) z=xy(l-x-y)
0)z =x*+2xy-10

HNHuTerpanbHoe ucumncjieHne PyHKUMi OHOM NepeMeHHOM

YcrHbI# onpoc

1.YTo Ha3biBaeTcs nepBooOpa3zHOM HyHKIIMU?

2.YT10 Ha3bIBAETCS HEONPEACIECHHBIM UHTErPAIOM?

3.CBoiicTBa HEOIPEICTICHHBIX UHTETPAIOB?

4. Tabnuia HeonpeIeIEHHBIX HHTErPAJIOB .

5. MHTerpupoBanre MOACTAHOBKOMW M IO YACTSIM.

6.1uTerpupoBanue palmoHaIbHBIX Ipo0Oel. B ueM cyTh MeTo/1a HeonpeIeIeHHbIX
Kod(ppurieHToB?

7.lHTerprpoBaHrue TPUTOHOMETPUYECKUX BBIPAKECHUM.

8. IHTerpupoBaHue UppallMOHAIIbHBIX BBIPAKECHUH.

9.3amauu, NpUBOASIIUE K MOHITUIO OMPEAEICHHOTO HHTETpaa.

10. Yto Ha3pIBaeTCs ONpPEEICHHBIM UHTETPaIoM?

11.CgoiictBa onpeaenennoro unrerpaina. ®opmyna Herotona-Jleitonuma.
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12.Yt0 Takoe HECOOCTBEHHBIN UHTETPaAN?

13.Kakue cyiiecTByrOT METO/ bl IPUOJIMKEHHOTO BEIYUCICHUS OTIPEACIICHHBIX
WHTETPAJIOB?

IIpakTnueckas padora Ne 11 mo reme

«Bbluuciienue HEONMPEACJACHHBIX HHTECI'PAJIOB)»

I.[e.m:: IMPOBCPUTH YMCHHUC HAXOAUTDb HCOIIPCACIICHHBIC MHTCIPAJIbl UCITOJIb3YA MCTOJbI
HCIIOCPCACTBCHHOI'O HHTCTPHUPOBAHUA, HHTCIPUPOBAHUC HOI[CT&HOBKOﬁ H 110 4acCTsM.

3ananue 1.Haiitn HeonpeneieHHbIE HHTETPAJIbl KCII0JIb3YSI METO HEMOCPEICTBEHHOIO

VHTETPUPOBAHUS

B1. [ i+1/x)dx
8 5 4
B2. [ 3x—>§+xdx
X
B3.f(6*3”<:—4)dxz,

)dx &

B4 J‘ COSX V1 X2

B>. f 1+16 x

: 3 1
Bé,f (6sinx +4 x X)dx

9 7 6
B7f X —3x'+2x dx

X
B8. [ (7270 +5)dx(

+1

dxé

89‘[ 1+x° smzx)
dx

810..| 7=

Bll.f &6+1/x)dx
5x —x’+x°

B12. [ 25— dx

B13. ,f (92*6—6)dx

dx&

B14.[ (——

sin’x \/1 x

B16. | ¢i+1/x)dx
7 o5 4

B17.[ 6x —2x —x .

B18. [ (25" ¢+8)dx

)dx(,

B19. (-

sin’ x \/1 x

521,1' (—25inx+6x4—l)dx

X

X +2x -7x° dx

B22. [ °
B23/ [ (3'67¢—3)dx ¢

)dx i,

B24 [ (—

2
1+x sm X

f dx
B25. \/ 2

9_
B26. . [ ¢i+1/x)dx

9 5 .3
B27. [ ?M# dx

B28. [ (8"3"¢+3)dxi

+1

cos’ x 1—x°

B29 f )dx i
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dx
2

Bl5'f 1+64 x

dx
2

BSO"[ 9+4 x

3aganue 2.BpIYMCIUTh HEONPEACIICHHBIE HHTETPAJIbI C TOMOILBIO 3AMEHBI IEPEMEHHON

sinx

B1 a)) dxb) [ (x°+3)° x*dx

3
COoS X

3
X

1-7x"

BZa)f dxb)_f cos* xsinx dx

3
BSa)f xf+7 dx6f (1-3x°)° x*dx

3x°

B4 a)f 2x°+3

dx 6) f sin” xcosx dx

B5.a) [ (2x’—5)°x*dxB5.

6)f xsin(x*—3)dx

2
X

B()a)f4x3—1

dx 6)f x’cos(x*+5)dx

2

B7a)f 2x)§+1 dx

6)fxcos(x2+3)dx
B8a) [ (2x”+4)°x°dxB8

6)fx2cos(x3+7)dx

4

3
B9 a) [ 2X5X_3dx

6) f 3+ x*] x*dx

B10a) [ (2—4x°)°x*dx

2
X

2x°+1

B16a) |

dx6)f xcos (x*+3)dx

BSa)f (2x”+4)’x°dxB8

6)fx2cos(x3+7)dx

4
X

3
2x°—7

B18.a) [ dx 6f (1+x*)°x’dx

B19a) [ (—4x’+2)x’ dx

6) [ x*cos(x*+1)dx

sinx

B20a) | dx

3
COoS X

b) [ (x°+3)°x*dx

3
X

7x'—1

B21a)f dx6)f sinxcos” xdx

3
X
d
B22a) [ L

6f (1-3x7)°x*dx

B23.a)

2
33X dx 6)fsin5xcosxdx
2x+3

2
X
B24a) | o
6) [ x*cos(x*+5)dx

B25a) [ (5—2x°f x’dx
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6)f x"* cos (x°+1)dx

Blla)f o8 dxﬁ)f 3+ x| °x* dx

dx6) f sinxcos x"* dx

3
X
B12.a) [ e

3

B13a) a)f Xf+7 dx

6)f [1-3x%"x*dx

BfI_Oa)f (5—2x° xzdx6)_f x’sin(x*—3)dx

2

B15a) | 4X’§_

n dx6)f x’cos(x*+5)dx

KOHTpOJILHBIe BOIIPOCHI:

1.Tabnuiia UHTETPAJIoB .

6) [ x’sin(x*-3)dx

B26 a)f

dx6) f sin” xcosx dx

B27ai | 3%
2x°+3

4

BZSa)f 5 isx_

5 dx6) [(3+x*] x*dx

B29a&f SIX_ v 6)f 3+ x°) x* dx
cos’x

3

BBOa)f 7x)f‘+1 dx 6)f sinxcos x” dx

2. B uem cyTh MeTo1a 106aBOYHOTO KO3 duiinenTa?

3.MeTto1 mo/ICTaHOBKHU.

4.MeTton MHTETPUPOBAHMS IO YACTSIM.

IIpakTnueckas padora Nel2 mo reme

«/HTerprpoBanue palMOHAIbHBIX APO0ei»

Leab: mpoBepUTh yMEHNE HHTETPUPOBATH PAIIMOHATILHBIE IpoOU

3aganme . Haiftu unTerpanl

x—6

a)f (x+1)[x+2)(x+3] dx

xX—6x*+13x—6
dx
B1 (x+2|(x—2)°

X+ 4 X +4x+2
(1+x)*(X*+x+1)

dx

dx6)f1 3x°|°x" dx

2x—5
a)f (x+1)(x+2| X dx

X’ +6x°+13x+8
X(x+2)

B 16

X+AX +3 x+2
(1+x)*(x*+1)

dx

4x—3

a)f X(x—2](x-3)

dx
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X+6x° +13x+9
(x+1)(x+2f

B2 dx

2xX°+7 x*+7 x—1
(2+x ) (X°+2x+2)

dx

5x—2
a)f (x—l)(x—Z)(x—S)dx

X —6x*+11x—10
d
B3 6) J o 2x2)

.[ X +6X°+9x+6 .

7 X
a)J (x—3)(x—42)(x—5)dx

2xX°+6 x*+7x+6
X(x+1)°

B4

3xX°+6x*+5x— 1(’

8¢ 66

9 x+2
a)‘f (x—5)(x—6](x—7)dx

x’—6x*+13x—7
B> 6)f (x+1](x—2] dx

X’ +6xX°+8x+8

2+x) (x +4) dx

—4x—5
a)f(x+2Hx+3Kx+4)dx

X —6x*+10x—10
(x+1)(x 2)

B é6 dx

ecf 2x°—4x*—6x—12 dx
(—1+x ) (x*+4x+5)

—6x—7
a)f |x+4|[x+5|(x+6) "

3xX°+9x°+10x+2

(x—1](x+1)’ *

B7

B 17 X+6 X +14x+10dx
(x+1)(x+2)°

2X°+4x*+2x—1
(1+x)*(X*+2x+2)

dx

6x—1
a)f (x—2|(x=3)(x—4) dx

X+6X°+11 x+7
(x+1)(x+2)°

B 18 6)

2x°+11 X’ +16 x+10

dx
(2+x)* (X +2x+3)

10x+3
O s ooy

dx

X+6 X +10x+10
(x—1](x+2)’

B 19

X +9x°+21 x+21
(3+x*(x*+3)

dx

—5x—6
a)_[ [x+3\)1x+4](x+5)dx

B 20 x’—6x°+13x— 8dx
X(x— 2)°

6l J" X+5x°+12x+4
2+x) (x +4)

—7x—8
A aserelan &

dx

xX—6x’+14x—8

d
B21 (x+1)(x—2f "

—3x’+13x°—13x+11
|—2+x) ( —x+1)

dx

—9x—10
a)f (x+7)[x+8](x+9)

X+ x+2
(x+2]x°

B 22 dx
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X’ +2x°+10x

dx
1+x7 (X —x+1)

—-8x—-9
a)f(x+6Hx+7Kx+8)dx

2X+6X°+7 x+4
(x+2)(x+1)°

B8

4x°+24 x*+20 x—28
3+x) (x +x+1)

dx

a)f( —10x—11

x+8][x+9](x+10)

2X°+6x°+7 x

BY 6) (x—2J(+12)°

ol [ XHx+1 dxl
(x62+x+1)(x*+1)

a)f( —12x—13

x+10)[x+11)(x+12] "

X+6X°+4x+24
d
B10 —2xr2)

. 2X3+AX7+2x+2
ol [

dx i
x+1+x662)( X +x+2 X
( I

a)f( —14x—15

x+8|(x+9](x+10) *

X +6x +18x—4
(x—2)(x+2)°

B 11

dx &

e(',f AX*+4+3x
(1+x062)(x*+x+1)

3 x°+46+x
8¢ dx
f 1+x) (x +9)

a)f( —11x—12

x+9|(x+10](x+11) :

B 23 2x +x+1dX

x+1)

2X°+3X° 43 x+2

dx ¢
(1+x&&2)(x2+x+1)

)J-( —13x—14

X+9)(x+10)(x+11) x

2X°+6 X +5x

B 24 (x+2)(x+1)°

o XCHAX A XH2
oo |

+X)2(x2£.+x+ 1)

f —15x—16
a) (x+7)[x+8](x+9)
2x +6X°+5x+4

d
B 25 PRSI

G(Lf xX’+x+3 dx i
(1+x062)(x*+x+1)

—11x-3
)] Xt 1) (x—2) ™

X +6x +14 x+4

d
B 26 (x—2)(x+2) "
J‘ 3x°+4 X’ +6 x dxi
— > X
(2+x062)(x*+x+1)
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—13x 5
d
a)f x+3][x—2)(x+1)
xX’—6x*+14x—4
dx
B12 (x+2)(x—2)°
3
6"[ ”2x +1—2x dxi
(x662+1)(x°—x+1)
-9x—-1

a)‘[ (x—3)(x+4)(x—5)dx

2x— X+7x—4

B13 (x—2)(x— 1)
. X +x+1 .
8¢ dx &
f(l+x&&2)(x2+x+1) ¥
—5x+3
a)f(x—9)(x—2)(x—11) x
x+6x—10x+52
B14 x—2)(x+2)
X +2x°+x+1 :
— > dx{
(1+x662)(x"+x+1)
—x+7
a)f (x+1](x+2](x+3) x
B 15 )fx3+6x2+4x+24d

(x+2|(x—2)

2x°+2 X +2x+1 .
846 f dx i
(X624 x+1)(x°+1)

KoHTpoJibHBIE BOIIPOCHI:

—7x+1
| e ™

X+6X°+10 x+12

d
B 27 x—2xe2)
) x3+x2+1 .
d
° f(1+xé,()2)(x2—x+1) e
—3x+5

a)f {x—l](x—2)(x—3)dx

x+6x+15x+2
d
6” (x—2)(x+2)’ "

B 28

dxé

6'f 2x°+2x+1
(x62+1)(x*—x+1)

x+9
a)| PR

2X—6X+7x

B 29 6)

(x+2)(x—1F
O dx i
(2+x002)(x*+x+2)
8x+1
a)J —allx—5/(x-6) "
B 30 )J'x—x+13x 6dx

(x+2)[x— 2)

dxé

eé,f 3x°+7x*+12 x+6
(x062+x+3)(x°+2x+3)

1.B yem cyTh MeTO/1a HeonpeneIeHHBIX KOA(DPUITMEHTOB?

IIpakTnueckas padora Ne 13 mo reme

«AHTerppoBaHue TPUTOHOMETPUYECCKUX (PYHKIUI M HPPALMOHAIBbHBIX
BbIPAKEHUIN»

Iesb: poBEPUTH YMEHUE HAXOAUTHh HEONIPEAEIICHHBIE UHTETPAJIbl TPUTOHOMETPUUYECKUX
GYHKIUNA U UPPANMOHATBHBIX BRIPAKCHHM.

3aganme 1.Haiitu unterpanisl
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f dx
X+ 3’/?
B1 f cosxcos 3 x dx

X+VX2+VX dx
B2/ x[1-¥x)

J' sinxsin 5 x dx

\/}dx
1+9x°

B3 /

. 7
fsm x dx

J‘ VX dx

B4 XX

dx
f 1—sinx

f\/}dx

1+\/}B stin42xdx

f VX dx

B 6fcose2xdx

VX +2dx
=%

B 7'[ 3+5cosx

dx
f 5—3cosx

Xdx
IJ2X+3

B9

f sin*3x dx

B 16 [ x*2—x*dx

f cos 8 xsin5 xdx

2—X
B17f12 XP \/2+de

f sin 2 xsin6 x dx

Bisf%x 1f(x-2)

f sin” xdx
COSX

d
B19 fy =~

(X—1[(X+1)

. 2 3
fsm x cos” xdx

dx
X )V(1-x7)

B 20/ T

d
[—=

Cos X

B21 [

f sin 2 xsin6 x dx

BZZJW

J~ sin 3 x dx
2+cos3x

stfTN
e

B 24| X°Viti
f ctgx dx
sin’x
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(VX+1+1)dx
B 10 f m_'_l B 25f 33 2_
f cosx dx cosx dx
1+cosx Isinx
B 11 IM BZ6f Vx(1+vx) dx
V2X—-1
f sin 3 x dx
fcos3xdx 2+cos3 x
B 12 fX3\/1+X2dx B 27 fv3x4—4x2dx
f cos 5xcos 3 x dx dx
cos’x(2tgx+1)
dx
B 28] V1—2x—x°
f X dxB 13fsin2x cos’ xdx fCOS 6 xcos4 x dx
J1-2Xx
dx (VX+1+1)dx
B 14 Jx-1F(x-2) B29.J JIeX+1
fcos“xdx f\/Ztgx+ 1dx
Cos” X
dx X- 1 dx
B 15 e ey B0.[
I sin® xdx f cosx dx
V2sinx+3

KoHTpoJbHBIE BONIPOCHI:
1.ChopmynupoBaTh IipaBuiia HaX0XKJICHUS HHTETPAJIOB UPPALIMOHAIBHBIX BBIPAKEHUH.

2. ChopMynupoBaTh MpaBuiia HAXO0XKJACHUS UHTETPATIOB TPUTOHOMETPUUYECKUX.

IIpakTnueckas padora Ne 14 mo reme

«Bbrunciienue ONpEaCJICHHBIX HHTEIPajJI0oB»

L[GJIBI IMPOBCPUTHb YMCHHUC BBIYHUCIICHUA OIIPCACICHHBIX HHTCTPAJIOB .



3ananme 1.HaiiTu nHTErpasbI

© x*dx
B1 ‘!I x*+4
B2 [ In (x*¢+4)dx i
0
B3 j‘lnzxzdx
1 X
B4 _fx3arctgxdx
B5
172
f 2arcsin 2 xdx
r dx
B6 ?[ \/1—x2—2x
B7 fc053x/4dx
B8 IZSin (Inx)dx
B9 f20rctgx/2dx
f 15 xdx
B10 ”O[V(5x+1)3+ﬂ5x+1
B 11
/2
_f cos” x dx
0
B 12
/4
f tg° x dx
B 13

B 16 fxe_xdx

B17 [V4-xdx
0

e—1

B18 [ In(xi+1)dxé

0

B19 [In(x¢+2)3xdxé

/4

B 20 f sin’ 3 xdx

r dx
B 21 ?[ \/1—x2—2x
B 22 fcos3x/4dx
B 23 stin (Inx)dx

2
B 24 f2arctgx/2 dx
0

15 xdx
5x+1) +V5x+1

B 25 EV(

/2

B 26 f cos’x

B 27

ml4

f tgzxdx

0

/2

B 28 f cos’ x sin” xdx
0
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/2

2 . 2
f cos” x sin” xdx
0

t xdx * xdx
B 14!‘ Jax+2 829'!\/4x+2
BlSJ‘\/x—dex BSOf x/x—xldx

33[[8‘13 2. BerunciauTh OIIPCACICHHBIC MHTCTPAJIbI.

I(.rj + Sx + 6)cos2xdx. JT.T: - 4] cos 3xdy.
2.1. -: 22, -1
ﬂ Y44y + 3] cosxdy, J'T x+2) cos3xdx.
23, - 24, -
ﬂ U4 Tx+ 12] cosydy. JTE.\': +4dx+ 7] cos 2xdx.
2.5. -= 2.6.
JTE‘.\': +9v+1 1] cos3xdy. Jtti_r: +16x +17] cosd xdx.
2.7. 1 2.8. 1
J"f:nf +5) cos 2vd. J‘[ 23 - 15) cos3dy.
29. 10 2.10.
J"f;a- 7x% ) cos 2 xdx. J‘[l- 8v? ) cosddx.
2.11. ° 2.12. °
ﬂ.\': +2x+ 1] sin3xdx. Jr.‘f: - 3.1‘] sin 2xdx.
2.13. - 2.14.
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ﬁ.\" - 3x+ 2] Sin xely.

ﬁ.\" - Sy + (}] sin 3xdx.

2.17.

_Jr |- 5x° ]sil’l xlx.
2.19. ¢

f\' In" xdv.
2.21.

JJl’l m’x
2.23.

J[.T' lJ'-mIn:[.\'- 1) .
2.25. 1

JT.\' + 2]3 In”(x +2)dv.

-

2.27.

ﬂ X+ 6+ 9]:;i1’| 2 vy,

JI.1'+ 1_]: In“(x + 1) dv.

2.16.

JT +17.5 ]~,|11 vl
2.18. 1

ﬁf}.\' - X ] sin 2xdy.

220. =

II n° xdv
2.22. \/T

2.24.
2.26.

I\/T In* vdx.

2.28.

j."f‘ e dx.

2.30.

J[.‘a'+ D n"(x+1) dv.
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KonTpoabHblie Bopocki: 1 .UTo Takoe onpeneieHHbII HHTEerpai?
2.ChopMynupoBaTh OCHOBHBIE MPABUIIA BBIUKUCICHHUS OMPEICICHHBIX

MHTETPAJIOB.

CamocrosiTesibHasi padoTa

1 BapuanT 2 BapuaHT 3 BapuaHT

(5x*+5x7—7 x—3)dx

O —y

2
(4x*+3x%+6x)dx [ (6x*—4x*+7x—9)dx
0

O C— W

Cos“ X
s .
cos sin’x
n
2 n n
2 3
f 0s xdx .
. fcosxdx fsmxdx
6 0

0 0

f(x3+2x)dx f(Zx—xB)dx f(?:x—xz)dx

-1 -1

—_

ﬂ n

4 4 4
f sin 4 xdx f c0s 4 xdx f c0s2 xdx
0 0 0

Sj'3 4 dx e dx \f dx

5 25+X2 1 ]_6+X 1 ]_+X2

2 4 2

f (3-2x) f(3—x)4dx f(4—3x)3dx
1 3 0

1 1 1
fe“dx f(x3—2)5-3x2dx f(2x3+1)4-x2dx
0 0 0

1 1

f arcsin xdx f arccos xdx f xarctgxdx
0 0

xdx

sin’x f xe “dx

I IE] %1\”;]

1
fxezxdx
0



IIpakTuueckas padora Ne 15 mo reme
«Bbluucienue miomaaeu »
Iesb: TpoBEpUTh YMEHHUE BBIYUCIATH IJIOMIAAU C IOMOILBIO OIMPEICICHHBIX HHTErPaIoB

3ananue. Haiitu miiomaas (purypol, OrpaHu4eHHONM JAHHBIMU JIUHUAMU

Bl.y*- 2y+x’=0, y*-4y+x=0 B16.  y*4y+x’=0, y*- 8y+x’=0
_L _\/§ _L =0
y_\/§ y Y= X y= \/§ Y=
B2. y*- 6y+x*=0, y*- 8y+x*=0 B 17. y* 2y+x%=0, y*- 4y+x*=0
V=5, y =V3x y=% x=0
B 3. y?* 8y+x*=0, y* 10y+x*=0 B 18. y* 4y+x*=0, y* 8y+x*=0y= X, x=0
X _
=175 =y/3x
B4. y* 4y+x’=0, y*- 6y+x’=0 B 19. y* 2y+x*=0, y*- 10y+x*=0
y= X, x=0 y=0y =v3x
B 5. y* 6y+x*=0, y*- 10y+x*=0 B 20. y* 2y+x*=0, y>-4y+x*=0
= = X —
y=%x=0 y=73Y =v/3x
B6.  y* 8y+x*=0, y*- 10y+x°=0 B21. y* 2y+x*=0, y*-6y+x’=0
x=0y =V3x

X —
y—@,y—JSX
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B7.  y*4y+x*=0, y*- 6y+x’=0 B 22.y*- 2y+x°=0, y>-8y+x*=0

= = o X —
x=0y =v3x y=§,y=J3x
B 8. y*- 2y+x*=0, y*- 6y+x*=0 B 23.y% 2y+x*=0, y*- 6y+x*=0
X X
y=73v=0 y=73v =0
B9. vy 2y+x?=0, y*-10y+x*=0 B 24. vy 2y+x*=0, y* 6y+x*=0
X — X
Y="75Y =V3X y=75 V=0
B 10. y?- 4y+x*=0, y*-10y+x*=0 B 25. y* 6y+x*=0, y*-2y+x*=0
X — = =
Y="75.Y =V3x Y= x=0
B11. y* 4y+x*=0, y*-2y+x°=0 B 26.y% 4y+x*=0, y*- 2y+x*=0
y=X, x=0 x=0, y =v3x
B 12. y?- 6y+x*=0, y*-8y+x*=0 B 27. y%- 4y+x*=0, y*-8y+x’=0
y= X, x=0 x=0, y =v3x
B 13. vy 4y+x?*=0, y*-8y+x°=0 B28.  y* 4y+x*=0, y*-8y+x*=0
y= X, x=0 _X o _72
=75 Y V3x
B 14. vy 4y+x*=0, y*- 8y+x*=0 B 29. vy 4y+x?=0, y*-6y+x°=0
x=0y =V3x

==,y =V3
y_\/§7y_ X
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B 15.y%- 2y+x?*=0, y*- 6y+x*=0 B 30. y%- 6y+x°=0, y*-10y+x*=0

y="7=,%=0 y=i, y =v/3x
V3 V3

KOHTpOJ]LHbIe BOIIPOCHI

1.Pa3nuanbpie BUIBI TIIOCKUX (GUTYP M CIIOCOOBI BRIYMCIICHUS UX TUTOMIAICH.

IIpakTnueckas padora Ne 16 mo reme
«IIpnbau:keHHOE BbIYMCIEHUE ONPeleIeHHbIX HHTErPaJoB)

[{enn: mpoBepUTH yMEHUE BBIYUCISATH ONPEICTICHHBIE HHTETPAIIBI TIO (popMyiaM
PSAMOYTOJIBHUKOB, Tpaneuuii, napado.

3amanue. BeraucauTs npuOIMmKeHHOE 3HaYeHUE HHTETpajia METOI0M IIPAMOYTOJILHUKOB,
Tpaneuuii, MetogoM CuMIcoHa, 348 =10, TOYHOCTL BhIUnciIeHuii 107,

4 3 2
Bl [Vie—x’dx B16. [ %24
0 ,  Inx
3 2
B2. [ x*o—x’dx B17. [Va—Xx'dx
-3 0
4 /2
B3. [VX’+9dx B18. [ V1-0,11sin’xdx
0 0
3 ) 2 2
X 1+x+x
B 11. dx B 19. dx
'5\/1+x2 1 \/1+x3
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B 5.

B 6.

B7.

B 8.

B 9.

B 10.

B 11.

B 12.

B 13.

B 14.

4
f X sinxdx
0

1
f Va+ X dx
0

1

d
V4—3x "

O

2
f VX+ X dx
0

B 20.

B 21.

B 22.

B 23.

B 24.

B 25.

B 26.

B 27.

/4
« 3
f sin” xdx

0

4
B 28. f X° cosxdx
0

B 29.

N

N Sy W0
>
=

J3+x
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/3 1

B15. [ cos’xdx B30. JV2+4x’dx
0

0

KoHnTpoJbHBIE BONPOCHI:

1.B yem cyTh MeTOZa TPAMOYTOJILHUKOB?
2. B yeMm cyTh MeTO/1a Tpanenuii?
3.. B yem cyTb MeToaa mapabosn?

CamocrosiTtesibHasi pabora Ne 1.
Bapmuanr 1.

1.Bprancnuts HEONPEAEIICHHBIE HHTETPAIBI

a) [-dg b (X430 xdx, B)(d-3x)e dx

COS X

2.BpruncnauTh wionaab GUrypsl, orpaHu4eHHON JuHUsAMU. CrienaTh 4epTex.

V=6/x ny=-x+7.
3.BeraucianTh HECOOCTBEHHBIN MHTETPAN HIIN JJOKA3aTh €T0 PACXOIUMOCTh

T dx .
— 6.
L XG4

Bapuanr 2.

1.BeruriciniuTh HEONPEACICHHbIE UHTETPAJIbI

3
2) f#dx; b)fcos“xsinxdx, B)(1-6x)e™ dx
—7x

2.BpruncnauTh wionaab GUrypsl, orpaHu4eHHON JuHUsAMU. CrienaTh 4epTex.

Lo 1
Y=5x Hy—2x+1.

3.BeancianTh HECOOCTBEHHBIMN HHTCI'paJI UK JOKa3aTb €TI0 paCXoAuMOCTb

xdx(.,
[N
0

Bapuanr 3.
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|.BbIuncIuTh HEONPEIEICHHBIE UHTETPAIIb

3

a) [——dx; b)[(1-3xPx"dx, B)(2-9x)e dx

4
x +7

2.BbruncnuTh wiomaas GUrypsl, OorpaHn4eHHoN JIMHUAMU. ClenaTh 4epTex.
V=4/ x n y=x+5.
3.BpiuucianTh HECOOCTBEHHBIN MHTETpal WK JOKA3aTh €ro pacXxoIUMOCTh

00

2
_f xe" dx.
0

Bapuanr 4.

|.BbIunciuTh HEONPEIEICHHBIE UHTETPAIIbI

a) [

2
X
2x°+3

dx;  b)[sin’xcosxdx, B)(5x-2)e™dx

2.BerauciuTs miomaab GUrypel, orpaHndeHHON TUHUAME. ClenaTh 4epTex.
1 2

Y=5x"u y=4-x

3.BeancanTh HECOOCTBEHHBIH HHTCI'paI WK JOKa3aTb €0 pacxXoJuMOCTb

00
2 X
x“a dx.
0

HNuTerpanbHoe ucyucieHne GQyHKIMA HECKOJbKUX MEePeMEHHbIX
YcTHbI onpoc

1. 3agaumn, npuBOASIIME K MOHITUIO IBOWHOTO UHTErpaia.

2.YT10 Ha3bIBa€TCA NBOMHBIM UHTErPaoM?

3.CBolicTBa ABOMHOIO UHTETpaja.

4.BpruncieHue JBOMHBIX HHTErPAJIOB B IEKAPTOBBIX KOOPAUHATAX.
5. Beruncnenne 1BOVHBIX MHTETPAJIOB B IOJSIPHBIX KOOpAMHATAaX.

IIpakTueckas padora Ne 17 mo reme
«BbrunciieHue ABOMHBIX HHTETPAJIOB B 1eKAPTOBBIX KOOPAUHATAX»

I.[e.m;: IIPOBCPUTH YMCHHUC BBIYHUCIIATH IIBOfIHI)IG HHTCI'paJibl B ACKAPTOBBIX KOOPAHWHATAX

3a)1aH1/le 1. Berunciauts HHTCTpPAI 110 o0jacTu D, OFpaHHqCHHOfI YKa3aHHbIMU JIMHUAMHA.
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B1 H y2 cosxy dxdy
D

D:x=0, y=+n/2y=x/2

B2 f 3yzsin%dxdy

D

D:x=0,y=vV4n/3; y=2x/3

B3” 3x*y*+4xy|dxdy:
D

D:x=1y=—\/;; y=x"

B4ﬂ 27 x*y*+12xy |dxdy
D

D:x:1,y:—\3/;; y=x2
B Sﬂ yzsin%dxdy

D

D:x=0,y=+m; y=X

B 6ﬂ 4 y*sin 2 xy dx dy

B 16ﬂ y%os%dx dy

D

D:x=0, y=vVn/2; y=X/2

Bl7ﬂ (18)(2)/2+32x3 y®|dxdy
D

D:x=1,y=—%/;; y=x3

B18ﬂ 9x> y*+2 xy|dxdy
D

D:x:1;y=\/;; y=—x3

B 19 ﬂ 18xy +8xy dxdy
D

D:x=1,y=Vx; y=—x
Xy
B 20” y'e * dxdy

D

D:x=0,y=4; y=2x

B 21ﬂ (27 X*y’+ 12xy)dxdy
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D

D:x=0, y=v2m; y=2x

B 7” 4 y*sinxy dx dy
D

D:x:0,y=\/m; y=X

B8ﬂ 49 X% y*+28 xy | dx dy
D

D:x=1,y=—\3/;; y=x2
B9

ﬂ (9 X"y’ +48 x3y3)dxdy

D

D:x:1,y:&; y=—x"

B10 ” y? e;‘fZ dxdy

D:x:1,y:—\/;; y=x3

B 22” 9x%y*+8 xy)dx dy
D

D:x:1,y=§’/;; y=—x

B 23 ﬂ y’ cosxy dxdy

D

D:x=0,y=\/E ; Y=X

B 24ﬂ 118 ¥ y2+32x3y3)dxdy

D

D:x:1,y=%/;; y=—x2

B 25” (18 Xy +32x° y3]dxdy

D
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D:x=0,y=2; y=x

Bilﬂ (36 X2 y*+96 x° y* | dx dy
D

D:x:1,y=§/;; y=—x’

B 12ﬂ y’sin %dx dy

D

D:x=0, y=vm; y=x/2

B13 H (12x2 y*+16x° y*|dxdy
D

D:x=1,y=—Vx; y=x’

B 14ﬂ y? e%{xdxdy
D

D:x=0,y=2; y=x/2

D:x=1,y=—Vx; y=x°

B 26ﬂ y? e;zxy_ dxdy
D

D:x=0,y=1; y=x/2

B 27 ﬂ y’ cosxy dxdy
D

D:x=0, y=vVn ; y=2X

B 28” 118 %% y*+24 xy|dx dy
D

D:x=1;y=—%/;; y=x3

B 29_” 9 x2y2+12xy)dxdy
D

D:x=1;y=vx; y=—x’
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B 15 ﬂ y’cos % dxdy B 30 ﬂ y* cosxy dxdy

D
D

_ D:x=0,y=\/m;y=x
D:x=0, y=V2m; y=2x

3anava 2. VI3MeHNUTh OPSAIOK HHTETPUPOBAHHUS.

-1 0 0 0 I 0 e .
dee".r JL_,F" dx+ |dv JL_,?" dx JEh J[_,?" dx + |dv \/‘L_,f' dx
2.1, 77 I L2200 W S :

J'E{fl'b[,f' dx + |dv Jﬂ.f' dx JE.'H Jn_f' dy + |dy

Nies

_I 1 odx

:J:n".‘a' | I dv+ f."_‘lfb[f' v
2.5, TV A o . 26.

N ancsin _ I NN i 0
Jd.:e".r f fodx+ Jdn"ll' I | odx Jnc.{l' I fodx+ |dv Jn_,f' el
1 1 /2 0 27, - 1 -1 1 .
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211, °

2.13.

2.15. 1

2.17.

2.19.

2.21. "

l 1 o -Iny
J’E."Il' J[_,?" dv + |dv Jd_,f' dx
2.8 " W ' o 2.9.

ﬁj: 0 f I
dx fdv+ | dx |
2.10. - IL 2 J_[ -

Gy [ fdvs i [/ dv
J’EXJ’: |:1+-.:‘a|"J: f'l.

II'I

Ich If dx + fth I,f dx.

iy [f de+ fiv [/ dx
J’E1::Jq {1+_{1|n~._|’_l I:\.

Ng

J‘.:m- [/ dx+ [y JL;' d
Jnu'\J_[ I:.”1+J[.:h fL fdv

Ty [F de+ (v [/ d
J'E1::b|ﬂ c‘a+-.:1|nl[ i‘i‘

. 214,

. 2,180

-J-:t.’rﬁ; I fdv+ :: dv If dy

fdv

2.12. 1

'jm- j £ v+ [ds J‘f dy
> 2%y -1 .

J'E."Il' J[_f' dv + |dv J.Lf dx
2.16. " W S :

;[Eah':j“_f' dx + :.:h':-lj;_f' dx

t.”l :I | ody + I.:."lj[f dx

JT:J’.\' If' dv + Ifh‘ I 1 odv

222, 0

ﬁﬂ1' [/ dv+ :f.’.'l':-J;_f' dx
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sl e

2.2

JE:’.\' If dv + :.:t’.ﬁ;:-J:_,f' dv

JE.”.\' :J:_f' dv + |dx JL_I' dy
227. & P .

Jd_,f' dv+ |dy Jn_f' dx

p

3amaua 3. BeIYuciIuThb.

J]T 1 2.1':.1': +1 (}.\'3.1"—‘] dxdy;

1 Dix=ly=d =k

IﬁEﬁ.\':j': - 9(11"-‘.1"-‘].:.".1'.:{1':_

33 Dix=ly =3fx, po=-x.

»[IT 3?.\':.1': + 43.1"1.1"-‘ ] dxedyv:

s Dix=ly=c.y=-ik.

lﬂtltﬁx:.l': +32.‘a‘3|1"—1]t.".1'i.|['1'2_

11

37 Dix=Ly =x", v =- NS

.Tijiu".\' Jd_f' dv + T'Jﬁ.{ﬁ“"].f fody
3 0 0 74 0

2.26.

2.28.

2.30.

Jl:.:."ll' J_L fody+ |dv LI:P" dx
o224, TV RS o .

N o

Iif.\'_ _f I If!ll:1'+\lfl|r.‘ll-

VA

-t.".\'l-._,?".:.".1'+ dv 1 dv
frjrar o]

I

LR
I_f' dv + |dx

ﬁi‘r‘k :':r f ,:,":1'

J]T 9.1':.1': + 45.\'3.1"—‘] dxdy;

37 Dix=ly =x, po=-x".

lﬂtltﬁx:.l': +32.‘a‘3|1"—1]t.".1'i.|['1'2_

11

34 Dix=Ly =x", v =- Y.

.[ITIHI:J': +32.1"-‘.1"1].:a'.1'.:{1':_

£

36 Dix=ly =3fx, po=-x".

»[IT 3?.\':.1': + 43.1"1.1"-‘ ] dxedyv:

38 Dix=Ly =Jx, p=-x.

_I | dy
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J]T dxv + 3.\':.1': ] dxdy; J]f [12xy +9 .\':.1': ] dxdy:

h

39 Dix=ly =x7, y =- \/T 310 Prx=Ly :«,E y =- X"

ﬂrﬁ.n' + 9.\;2.1': ] dxdy;

311 D X :].1 .1. :'JT1 I'I-' - .1'|.-.-\, 312

J]t 24xy + 15.?:.1': ] dvdy:
D:x=ly=x,yp=- \/T

[ 2xy + 3?.1‘2.1': ] dxey;

—

313 D X :].1 .1I :.1'1-:1 .1' == JT 314

ﬂrﬁﬁqr + 131‘2.1': ] dxey;
f

D:x=ly =/x, po=-x",
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(49 L)
Iﬂ —xy+ ﬁ_‘l{_ll'_ Hr."{in‘rll':_

315 Dix =1, vy =x", v =- \/T

P 4 . . ¥
.m —xv+9x7 v | dxdy:

D:x=1v :\,/T po=-x

J]f 24xy - 43.\'3.1"—‘ ] dxdv,

1y Dix=ly =y =

J]t 6y + 24.\'3.1"—‘ ] dxey;
D:x=ly :xJ’T po=-x",

,[JT dxv +1 (}.\'3.1'3 ] dvdy:

319 DPrx=Ly :\E y =- X

J']t dxv +1 ':}-\"1.1'; ] dvdy:

D:x=lv =x, y =- «Jq

3.16.

3.18.

3.20.
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J]f 44 + 1(}.1"-‘.1"1 ] dxdy:

321 D X :].1 .1I :.1&-:1 .1' - \1/?

J]t dxv +1 7(}.?‘,1'; ] dxdy:

D:x=l1v :\/T y =- X

J]T Xy - 4.1"-1.1"-‘ ] dxdv,

323 D X :].1 .1. :.1'1.-;1 .1' == ‘\[T

J]t dxy +1 7{}.\'3.1"—‘ ] dxdy;
D:x=lv =Jx. po=-x,

S [

.m Oy v+ —
. X
| 2

J]T 9.1':.1': + 25377 ] dxdy,

D:x=ly =, po=-x,

dxdv:

3.22.

3.24.

3.26.
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dxdy;

.m 3IvVv +—x v
. 3

307 Dix =1, y =ifx, y =-x". 3.28.

3.29. D:ox :11 ¥ :.";-:1 v == ‘\\/T 3.30.

KoHnTpoJsbHbIe BOPOCHI:
1.Kakoii nHTErpait Ha3pIBa€TCsA MOBTOPHBIM?
2.YUT0 Ha3bIBaeTCs 001aCThIO HHTETPUPOBAHUS?
3.Kaxk naiit 061aCcTh HHTErPUPOBAHUS?
IIpakTueckas padora Ne 18 mo reme
«BbluKciIeHre IBOHBIX HHTETPAJIOB B MOJSAPHBIX KOOPIAMHATAX

Iesab: TpoBEpUTH YMEHHE BBIYUCIATH JBOWHBIE HHTETPAJIbI B MOJISPHBIX
KoopAuHaTax3aaanue. BoruncanTs nHTerpas mo ooaacru D, 3aganHoii cucreMoii
HEPABEHCTB:

- n300pa3uTh 00JIaCTh B IEKAPTOBOM CUCTEME KOOPIUHAT;
- BBIYUCIIUTHh HHTETPAJL, IEPEXOIS K MOJSIPHBIM KOOPINHATAM.
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B 1ﬂ \/16—x2—y2dxdy

B 5. ﬂ arctg %dx dy

D

. x2+y2£4,'
) y>0

B 16 [[ Vx*+y* dxdy
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(4—Xx* Y)
D
D- x2+%12£2,
y <0

Xy <9;
y=0

B SH V16—x*— y*dx dy

B 21. ﬂ4 7 Y)dxdy

D

D. X2+y234;
) y>0

B 22 ﬂ arctg%dx dy

D

' +y <4;
0<y

B 23. ][ %dx dy

D

) 0<y;
"l16<x’+y°<25

Bz4ﬂ4 v dxdy

) y=>20;x>0;
D : 2<x*+y’<4
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B11. [[ (x—y)dxdy

B 12. [[ (9—x*~y*)dxdy
D

X+yi<4;
) y<0

B13. ﬂ ln\/16—x2—y2dx dy

3ananue 2. BoluucnuTh TBOWHOW UHTETPal, NEPEA K MOJISIPHBIM KOOPANHATAM.

B 26. [ %dxdy D

) x>0;
“l1<x’+y’<4

2
B27.[[ %dxdy

D

Y <4;
a

2
X +
D: * 7YY

B28 [ ﬁdxdy

D: X+y’<4;
’ y<0
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dxdy

H
D fl-x meD 1 +y =4 y=0
de +y dxdy

JC

2
H‘*l” + m}’, Dt eyi=16; 120, y 20
i dxdy
4 D 25—;:3—;:2’ e D 4y =28 020, y20

[2, .2
H Xy re D I2+y2=1; xz0
H(l+::: +y )r:ixdy

D: J:2+y2:4; =0 20

rre
dexdy rpe DX +y2 =9

g g?dmy —— :1:2+y2 =2y, y=0

9 g”"s‘iy, —— % +y2 =16;x =0

10, gdxdy, e Dt %’ +y0 =49, y <0

11_g4dxdy, — % +y2 =4x; y 20

12_{;{ “g_xg_yzdmry, —— :=:2+y2 =9 xz0; yz0

13. gjdxdy — IE+_]?E+ZI=U.
H dxdy

14. 53 ’meD :::2+y2:25; 220, yz0

H‘I +ytdudy D::::2+y2:4y.

, IJ€C
H(x + ¥ ]dxdy
X5+ 3 Yl 79
17, H( 7 y, el () 4 yc =1

18. H(I " )ﬂfﬂfﬁi}’, re (J: 1) +J” _1

x4 3 Yedled
H( %) VD e+ =4

H f-xt-y dxdy, —— 1 +y =2X

Y R
’meD.x +y°=6x
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[[-Jx? + y*dxdy
21. D
[[-Jx? + y*dxdy

D :=:2+y2+4y:0_

, TIe

2 b ,meD: :=:2+y2+6;:::0.
- 2

23.J.-E'|l. g +; dxdy,rneD: Ig-l'yz_]‘ny:o.
arcte = dxd

24.1.! g; y, rﬂeD:x2+J”2:1.
arcte = dxd

25.'93. g; y, rz[eD:x2+y2=9.
arcte = dxd

26.193. gI y, FI[GD: Iz"'yz:lﬁ.
xdxd 17

27.1.-[',[ y dy,rz[eD: oty :]‘ﬁ.
el 1.2

28.1..[',[ ddy,rﬂeD: LEy =2_Jf.
Jaxdy 2 2

29'5@ ,rz[eD Lty =16

30.'91'.}F Iy,rz[eD: IE+J"2=43‘:.

Kontpoabusblie Bonpocsi: 1.ChopMynupoBaTh alroOpuT™ epexoaa OT ASKaPTOBBIX
KOOPAMHAT K MOJSPHBIM KOOPANHATAM.

IIpakTuyeckast padora Ne 19 nmo reme
«Bblunciienne miomaae ¢ nIOMoIbI0 JIBOMHBIX HMHTEIPAJIOBY
Heb: npoBepUTh YMEHHUE BBIYUCIISITH TJIOMIAINA C IOMOIIBI0 JIBOMHBIX UHTETPAJIOB .

3ananue. HaiiTu miomaasb (purypbl, OrpaHu4eHHONH JAHHBIMU JTUHUAMU

B1.y?- 2y+x*=0, y*-4y+x*=0 B 16.y* 4y+x*=0, y*- 8y+x*=0
X = X

=75 Y =V3X y=75 Y =0

B2.y*- 6y+x’=0, y*- 8y+x*=0 B 17.y* 2y+x°=0, y*- 4y+x°=0

y= X, Xx=0

109



X _
Y="75 Y =V3X
B 3. y* 8y+x%=0, y*- 10y+x*=0

X

Y="75 Y =V3X

B 4.y*- 4y+x°=0, y*- 6y+x*=0

y=X, x=0

B 5.y% 6y+x*=0, y*- 10y+x*=0

y= X, Xx=0

B 6.y*- 8y+x*=0, y*- 10y+x*=0

x=0y =v/3x

B 7.y* 4y+x*=0, y*- 6y+x*=0

x=0y =/3x

B 8.y* 2y+x*=0, y*- 6y+x°=0

X
y="75:¥ =0

B 18.y*- 4y+x°=0, y*- 8y+x°=0

y= X, x=0

B19. y* 2y+x*=0, y*- 10y+x*=0

y=0y =v3x

B 20.y?- 2y+x°=0, y*-4y+x*=0

==,y =3
y—\/g,y— X

B 21.y* 2y+x°=0, y*-6y+x*=0

==,y =V3
Y‘\/g,y— X

B 22.y?- 2y+x*=0, y*-8y+x*=0

==,y =V3
y_\/§9y_ X

B 23.y%- 2y+x°=0, y*- 6y+x*=0
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B 9.y 2y+x*=0, y*-10y+x’=0 B 24.y% 2y+x’=0, y*- by+x*=0

X — X
=75 Y =V3X y=75Y=0
B 10.y?- 4y+x*=0, y*-10y+x*=0 B 25.y?- 6y+x°=0, y*-2y+x*=0
Y=,y =V3x y=% x=0
B 11.y?- 4y+x*=0, y*-2y+x*=0 B 26. y*- 4y+x*=0, y*- 2y+x*=0
y= X, x=0 x=0, y =v3x
B 12.y?- 6y+x*=0, y*-8y+x*=0 B 27. y*- 4y+x*=0, y*-8y+x*=0
y= X, x=0 x=0, y =v3x
B 13. y* 4y+x’=0, y*-8y+x*=0 B 28.y*- 4y+x°=0, y*-8y+x*=0
= = X —
y= X, x=0 y=§,y=¢3x
B 14.y* 4y+x*=0, y*- 8y+x*=0 B 29.y* 4y+x*=0, y*-6y+x°=0
= = ) X —
x=0y =V/3x y=ﬁ,y=¢3x

B15y*- 2y+x*=0, y*-6y+x’=0 B 30.y?- 6y+x°=0, y*-10y+x*=0
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X _
= = =0 =T = =
y \/g,x y @,Y V3x

3ananue 2.BprauiciuTh 1WIONaabh (UTYphl, OTPAHUYCHHOW JIMHUSMH B TPSIMOYTOJBHOM

CUCTCMC KOOpJAHHAT.

) 2
1.}’:4—23’5 ; 3=y =0, y=0 . ::::4}’2;:::%;:::2
2y=x% 20+ 2y-3=0 - -
2. &y= 4 aXmay ~a=h g y=lng x+y=1 y=1
y-2x=0 y=x"; x=1 8. '
3. ;- o lo. y=2" y=2x-x% 0<x<2
:x;y:x;y:Zx S . . '
4.7 : - 2o, y=arcsing 0<y <, x20
5. V=% 3?} =4dx-4 2 5 J=arceosy; vy 20; £ 20
6.y:(x_f1) 5}’:1?_3‘:- x=arcsiny;ﬂ£x££;}’3_>n
7 y=x+1; y=cosx; y=0 2. 9 .
= v 20 s
},zgx; y=sinx y=0 23, 4 mjfﬂs}’:}’—usx—o.
8. a : . }r:fg_; y:@;xzﬂ
9 dy=8x-x*;dy=x4+6 24. 2 ,
0. y=¢e; p=¢; x=3 25. ) =N ‘15}’:#2‘2‘.
L r=2% 243y =R 20 20 g6 ¥=lh =420
12-);:]11;:; y=-1, x=3 27.I=h1_}’; ¥ £7.29, ;n:I_*ﬂ
13 =6 x+y=7 28_y=;=:2+4x;x—y+4=0.
14. x}’zdz; I—y:O;JE:—fI:O_ 29_y=;::2; 4y=x"j‘;r:=i2.
15. 1+2y° =0, 3’;+3}’ =1 3()_)f’=;=:2+1;y=3—;a:2
1_ .3
:I;I:_
16. ¢ 3

KoHTpoJsbHbIE BOIPOCHI:
1.AropuT™M HaXO0XJICHUS YaCTH MOBEPXHOCTH S, MPOEKTUpYIolelcs Ha o0nacTh D.

CamocrosiTeibHas padboTa

BapwuaHnr 1. Bapwuanr 2.
11 7 )b, 3.1 1 £, yidieap,
1). = D —kpyr+ 7Y <9 ).z . D — monykpyr
vl xy+y 2l
2,

'-'::lmm-:

2). D —1 uetBepTh Kpyra
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Bapuanr 3.

1} 7 y)dua,
1). & D — kpyroBoii cekTop
eV Edyrry sz

X T ¥ D - kpyroBoe KOIbLO
Y3 Lo
Yy 2elxteyed

Bapwuanr 3.

117 ydiedp,
12. p;

+1

D — xpyroBoe Konib1o

iyt elf

D — kpyr

117 3oy,

-

™
g

2). & D — kpyroBoii cekTop
B - ~
Wty Ei-la g bEyp sl
Bapuanrt 4.
i1 £x, ¥ dechy
12. b= D — xpyroBoe KosibIo
Lok 1 .
Dt A o R
=7
2). © ¥+ +lpo MOJIYKpPYT
W 1
vl xy+y 2l
Bapuanrt 6.
11 75 )y 2t
1). % D —kpyr# t¥ %4l
ﬂi—f - vididy,
2). & D — xpyroBoii
3
CGK];(/)P Xy g
3
YE—X¥E ’\ELX&D
3
Bapuanr 8.
171w ey
1). = D — kpyroBoii cekTop

Y . omm
oty eliyed yely

K 4_‘1::_ 2 e
(4= -y

D — xonbno
: LRV
= }_’ = 16
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JAuddepenunaibubie ypaBHeHH .

YCTHBIN ONIPOC 10 TEME:

1.3anaun, npuBoasme K 1udPepeHnanbHbIM ypaBHEHUSIM.

2.Kakue ypaBHEeHUs Ha3bIBAIOTCS AU(hepeHITnaTbHbIMUA?

3.Pemenue quddepeHimairHOro ypaBHEHUS.

4. uddepeHnnaibHOEe ypaBHEHUE TIEPBOTO MOPSIKA.

5. 3agaua Komm.

6. luddepenunanbHoe ypaBHEHUE IEPBOTO MOPSAKA C Pa3IeIAIOIUMUCS IEPEMEHHBIMH.
7. JIuneitnoe nuddepenHnnanbHoe ypaBHEHHE MEPBOTo MOpsiiKa

8. OnHoponHoe nuddepeHnalIbHOE YpaBHEHUE IEPBOTO MOPSIKA.

114



9. IuddepeHunanbHble ypaBHEHUS BBICIINX MOPSAKOB. Penenne ypaBHeHHUs.

10. JIuneitapie omHOpOIHBIE MU dEepeHITNATbHBIC YPaBHEHHUS BTOPOTO TOPSAIKA C
MOCTOSTHHBIMU KO3 (hPuIimeHTamu.

11. JIuneitaple HeoaHOPOIHBIE U] dEepeHITNATbHBIC YPaBHEHHUS BTOPOTO TOPAJIKA C
MOCTOSTHHBIMU KOd(hPUIteHTaMu.

IIpakTnueckas padora Ne 20 mo reme
«u¢ppepeHnuanbHble YypaBHEHHUS MEPBOr0 MOPAAKA)
Heanb: npoBepuTh yMeHHUe pemath AuddepeHInaibHble YpaBHEHUS IEPBOTO MOPSIKA C
pa3IeIEHHBIMU U PA3AEIISIOIIUMUCS TEPEMEHHBIMMU.
3ananme 1.Haiitu obmiee pemnienne ypaBHeHul a), 0).
3apanme 2.HaiiTn yacTHOE penieHue YpaBHEHHUS C pa3IesSOIUMUCA TIEPEMEHHBIMU

B1.1.a)x’dx=3y’dy B16.1.a)x’dx=3 y’dy
6)y(1+x)dx+x(1—y|dy=0 6)y(1+x)dx+x(1—y|dy=0
2.y*dx=e *dy; y=1npux=0 2.dx=e “dy; y=1npux=0
1 3 1 3
—dy=—"-2dx —dy=—=dx
B2. 1.a)\/; y 7y B17. 1.a)& y 7y
6)y?dx+(x—2)dy=0 6)y?dx+(x—2)dy=0
1, 1 _ _ 1 _ _
2.—dx=—dy,y=2npux=0 2.dx=—dy,y =2npux=0
y X X
B31.a)Vxdx=+ydy B18.1.a)Vxdx=1ydy
6)(1+y?)dx—xdy=0 6)(1+y?)dx—xdy=0
2.[1+y|dx=(1—x|dy, 2.[1+y|dx=(1-x|dy,
y=3npux=—2 y=3npux=—2
B4. 1.a)(3x°—2x)dx=dy B19. 1.a)(3x*—2x)dx=dy

6) -(2xy+3y)dx+x>dy=0 6) -(2xy+3y)dx+x>dy=0
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2.ydx=xdy,y=6npux=2

B5.1.a)(4x—3)dx=dy

6) (xy+x)g—;=1

2x—1:d_x =0npux=>5
y+1 dy’y p

2.

B6. 1.a)xdx=dy

6) 2(xy+y)dx=xdy
2.(y+1)dx—(1—x)dy=0,
y=1npux=0

3. xy’y'=x’+y’

4.xy+y =x+1
B7.1.a)x’dx =3 y’dy
6)y(1+x)dx+x(1—y|dy=0

2.y*dx=e *dy; y=1npux=0

1 3
—dy=—=dx
B8.1a)\/; y \/y
6)y?dx+(x—2)dy=0
2.%dX:L2dy,y:2npux:0
X

y

B9. 1.a)Vxdx=+ydy
6)(1+y?)dx—xdy=0

2.[1+y|dx=[1—-x|dy,

2.ydx=xdy,y=6npux=2

B20. 1.a)(4x—3)dx=dy

6) (xy+x)3—;—1

2x—1_dx _ _
v+ —dy,y—Onpux—S

2.

B21.1.a)x dx=dy

6) 2(xy+y)dx=xdy?2.
(y+1)dx—(1—x)dy=0,

y=1npux=0
3. xyy'=x’+y’

4.xy'+y =x+1

B22.1.a)x*dx=3 y’dy

6)y(1+x)dx+x[1—y|dy=0

2.y’ dx=e *dy; y=1npux=0

1 3
B23.1.a)ﬁdy=ﬁdx

6)y?dx+(x—2)dy=0
ZO%dX:%dy,yZanux =0
X

y

B24.1.a)Vxdx=+ydy
6)(1+y?)dx—xdy=0

2.1+y|dx=(1—x|dy,
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y=3npux:—2 y:3npux:—2

B10 1.a)(3x*—2x)dx=dy B25.1.a)(3x°—2x)dx=dy
6) -(2xy+3y)dx+x°dy=0 6) -(2xy+3y)dx +x°dy=0
2.ydx=xdy,y=6npux=2 2.ydx=xdy,y=6npux=2
B11.1.a)(4x—3)dx=dy B26.1.a)(4x—3)dx=dy
dx dx
6) (xy+x) - 6) (xy+x) Ay
2x—1_dx _ _ 2x—1_dx _ _
2. v+l —dy,y—Onpux—S 2. v+l _dy’y Onpux=>5
B12.1.a)xdx=dy B27.1.a)xdx=dy

0) 2(xy+y)dx=xdy2,(y+1)dx—(1—x)dy=0, 6) 2(xy+y)dx=xdy2,(y+1)dx—(l—x)dy:0,

y=1npux=0 y=1npux=0
B13.1.a)x’dx=3 y’dy B28.1.a)x’dx=3 y’dy
6)y(1+x)dx+x[1—y|dy=0 6)y(1+x)dx+x[1—y|dy=0

2.y*dx=e *dy; 2.y*dx=e *dy; y=1npux=0
y=1npux=0

1 3 1 3

—dy=—=dx —dy=—=dx
B14.1.a)\/; y 7y B29. 1.a)& y 7y
6)y%dx+(x—2)dy=0 6)y’dx+(x—2)dy=0

1 1 1 1

2_?dx:;dy,y=2npux=0 QO?dx:?dy,y=2npux:0

B15.1.a)Vxdx=+ydy B30.1.a)Vxdx=+ydy
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6)(1+y?)dx—'x dy=0 6)(1+y*)dx—xdy=0
2.1+y|dx=[1—x|dy, 2.1+y|dx=[1—x|dy,

y=3npux=—2 y=3npux=—2

KoHTposibHBIE BOMPOCHL:

1.Kakoe ypaBHeHue Ha3biBaeTcs AuddepeHInanbHbIM?

2. YUrto Ha3bIBaeTCd OOMIMM petieHueM AuddepeHnaibHoro ypaBHeHus?
3.YUto Ha3bIBAaETCS YACTHBIM peiieHneM JudhepeHunanbHOro ypaBHEHMs ?

4. Ionsarue quddepeHnnanbHbIX ypaBHEHUH C pa3IeIeHHBIMU U Pa3aeIITIOIIIMUICS
MIEPEMEHHBIMU.

IIpakTnueckas padora Ne 21 mo reme
«OnaHopoanbie 1uddepeHuraIbHbIC YPABHEHHS IEPBOr0 MOPSIAKA

Henab: HAYYUTHCS peniaTh OAHOPOAHBIE AU depeHITnaIbHbIC YPaBHEHUS TEPBOTO
MopsIIKa.
3amanue. Peruth onHopoaHoe nuddepeHnaibHOEe YpaBHEHUE.

B1.xy+y’—(2x*+xy)y'=0 B16.xy+y’—(2x’+xy)y‘=0
B2.(x-y)d x+xd y=0 B17. (x-y)d x+xd y=0

B3 (x* xy)dy-y*dx=0 B18.(x* xy)dy-y*dx=0
B4.xy’y'=x+y’ B19.xy’y =x’+y’

B5. (.X-yi ydx=x"dy B20.(x-yi y dx=xdy

B6.xy’y' =x’+y’ B21.xy’y =x’+y’
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B7.xy+y’~(2x"+xy)y'=0 B22. Xxy+y’—(2x*+xy)y'=0

B8.(x-y)d x+xd y=0 B23. (x-y)d x+xd y=0

B9. (x*-.xy)dy-y’dx=0 B24.(x*-.xy)dy-y* dx=0

B10.xy’y‘=x’+y? B25.xy’y =x’+y’

B11. (x-yi ydx=x"dy B26. (x-yiydx=x"dy

B12.xy’y'=x’+y° B27.xy*y'=x’+y°

B13.1.a)x’dx=3 y’dy B28.1.a)x*dx=3 y’dy
6)y(1+x)dx+x(1—y|dy=0 6)y(1+x)dx+x(1—y|dy=0

2.y*dx=e "dy; 2.y*dx=e *dy; y=1npux=0

y=1npux=0 3.xy+y’—(2x*+xy)y'=0

B.xy+y’—(2x"+xy)y'=0 4.xy'- xy = (1+x2)e*

4.xy’- xy = (1+x?)e*

B14.(x-y)d x+xd y=0 B29. (x-y)d x+xd y=0

B15. (x*.xy)dy-y*dx=0 B30.(x*-.xy)dy-y* dx=0

KOHTpOJ'IBHLIG BOIIPOCHI:

1. Kakoe ypaBHEHHE HA3BIBAETCSA OAHOPOAHBIM YPABHEHUEM MEPBOTO MOPSAKA
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IIpakTuyeckas padora Ne 22 no reme
«OaHopoaublie U@ pepeHHATbHbIC YPABHCHUS NIEPBOTo NOPSIAKA»

Heab: HayunThCs pemaTh JuHeHHbIE AU depeHIInanbHbIe YPaBHEHUS IEPBOTO MOPSIKA.
3apanme. Pemnth nuHeliHoe Qg depeHuanbHOe ypaBHEHUE.

B1.xy’- xy = (1+x%)e" B16.xy’- xy = (1+x?)e*
B2.y+2 xy = x° B17.y+2 xy = x°
B3(1+x*0y’-xy =2x B18.(1+x*0y/-xy =2x
B4.xy’+y =x+1 B19.xy/+y =x+1
B5.Z—i—%=x B20.Z—i—%=x
B6.y'+y =x+1 B21.xy'+y =x+1
B7.xy’- xy = (1+x%)e* B22.xy’- xy = (1+x?)e*
B8.y'+2 xy = x° B23.y'+2 xy = x°

B9. (1+x*¢y’-xy =2x B24. (1+x*¢y’-xy =2x
B10.xy’+y =x+1 B25.xy'+y =x+1

B11. 2~ Y= B26.2 ~ L=
B12.xy/+y =x+1 B27.xy'+y =x+1
B13.xy’- xy = (1+x?)e* B28.xy’- xy = (1+x?)e*
B14.y'+2 xy = x° B29. y'+2 xy = x*
B15.(1+x°0y/-xy =2x B30.(1+x*0y/-xy =2x

3agaua 2. Haiitu pemenue 3agaun Koy,

4.1. Illr- 1|.'1'L- :.1'1-:1 1[].} :ﬂ' 4.2.

v'- yetgx =2xsinx, ylr/2) =0.
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4.3.

4.5.

4.7.

49.

4.11.

4.13.

4.15.

4.17.

4.19.

4.21.

1

1+ peosx =—sin2x, v(0) =0.

2 ' 44, v+ yrtgy =cos x, vla/4) =1/2.
: V' . - : | .
p-——=x"+2x, vl-1)=3/2. V- y=¢'lx+1), vl0)=Ll.
xv+2 4. v+
Bt . | T | CY l
V- —=xsinx, y —‘ =1. v +==siny, viz)=—
X | 2 / 4.8. v T
! ) 2x 2x° 2
P+ —=x", yll) =1, v+ _y = —. vlo)==,
2x 4.10. |+ 3 |+ ¥ 3
2x-5 . poox+ 1
Vo v =5 v(2) =4 o ="—e", yll) =e
X 4.12. X X
| In x C 12
poe—=-2— y(l1) =L yoe—=-2, (1) =4
X X 4.14. X X
2 . |
v+ Sy =xT, vl =-5/6. v+ =3y, y(1) =1
X 4.16. X
2x1 [-2x
y - _ =1+, y(1)=3 v ———v =1 (1) =
[+ 4.18 X
jvr 2
ye— == (1) = ,
v IS [ 4020 ¥t 2xy =-2x (1) =e
, Xy Y 2
Pr—— == y(0) ==,
2(1-¥7) 2 3
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423,  x+l | 4.04.

S 2y flx+1) =(x+1)7, y(0) =172,
495 ) .f’["‘ ) =(x+1)", v(0) =1, 426
v'- yeosx =-sin2x, v(0) =3.
ooy Inx M) =1
497 Vo= day =-4x7, p(0) =-1/2 498 ) :_ Y =L
P - 3x7) :.1'ﬂ(1+_1'3],.-"';3, vl0) =0.
4.29. " ' / ' 4.30.

v'- yeosx =sin2x, 1(0) =-1.

431,

KoHTponbHBIE BOIPOCHL:
1. Kakoe ypaBHeHHE Ha3bIBAECTCS JIMHEWHBIM YPAaBHEHHEM I1IEPBOIO MOPSIIKA?

IIpakTueckas padora Ne 23 mo reme
«lugpepeHuuanbHble YypPABHEHUS BTOPOI0 MOPS/AKA.
JIuHeiliHbIEe OTHOPOJAHBIE YPABHEHNSI BTOPOI0 NMOPAIKA € MOCTOSTHHBIMH
KO3(puuueHTaMmm»
Iesb: HAYYUTHCS pelIaTh JIMHEIHBIE OJTHOPOIHBIC YPABHEHHS BTOPOTO MOPSIIKA C
NOCTOSIHHBIMU KO3()(pUIIMEHTaMuU

Pemute onHOpoHbIe MUHEHHBIE nuddepeHInanibHbIe ypaBHEHUS BTOPOTO mopsiika. B
MIYHKTE a) HANTH YaCTHOE PEILICHHE MPH 3aJaHHBIX HAYAJIbHBIX YCIOBUSIX

Y=y, ¥O=y,

Lol tY =0 0=l Y03

5 +12y +36y=0
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iy +9y=0
if !
212,238 ~2y -8y =0 y(0)=1 y(0)=1
5y ~6y +9y=0
oy -8y +17y=0
b ,r
3.2 4y +3y=0 y0)=06 ¥y (0)=10
5 +8y +16y=0
oy’ 20y 125y =0
i !
414,00 7y +06y=0 y0)=2 y{0)=-1
5y +10y +25y=0
B)yﬂ+2y’r+5y:{]
§oo ;
sis.a2y Ty -y=0 y0)=1 y(0)=-1
6)4Jff;‘4}’f+}’zﬂ
oy -2y +10y=0
0oL ,r
61602y T3y =0 y0)=1 y(0)=4
6y 14y + 49y =0
¥ +4y=0

7,17.a>12yﬂ+5y’r=0 y(0)=2 y(0)=12
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6)9J’H‘5J’f+}’:ﬂ
03y 63 +5y=0
0l 67480 =2 3 (0=
6)16yﬂ+8y’r+y:0
¥ ~63 +13y=0
9,19.a)yﬂ‘4yf‘5y=ﬂ y(0)=12 y’r(ﬂ)=—3
6)16yﬂ+24y’r+9y=0
¥ —43 +13y=0
10,2o.a)yﬂ‘3yf+2y=0 y(0)=1 ¥{0)=6
6)9yﬂ+6y’r+y:{}

I
B)y +9}’:U
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CamocrosiTeibHas padoTa
1 BapuaHT.

Onpenenuts BUa AUQdHepeHInaIbHOr0 ypaBHEHUs, HAWTH €ro 0011ee pelieHue, a Ie
YKa3aHO YaCTHOE PEILLICHUE:

) Y=L
2) Ba-dly=y;

y= 1-2x
3) y

1 2

5 Y2y

y=2lyl1=2
5) X , IOCTPOUTDb UHTCTPAJIbHYIO KPUBYIO.

2 BapMaHT.

Omnpenenuts BUa quddepeHnaaIbHOr0 YpaBHEHUS, HAUTH €ro o0I1ee pelieHue, a rie
yKa3aHO YaCTHOE PEIICHHE:

1 y—-dy=8x"";

2) y':2x—3;
3 7 =5y
gy W=8x-3;
Y+
5) Y :yTl{y | 1)20} , IOCTPOUTH UHTETPAIBHYIO KPUBYIO.

IIpakTuuyeckas padora Ne 24 no reme
«/IuHeliHbIe HEOAHOPOAHBbIC YPABHEHHUS BTOPOI0 MOPSAKA »
Lenb: HayunThCs pelIaTh JUHEWMHBIE HEOJHOPOIHBIE YPABHEHHS BTOPOTO MOPSIKA.

Bapuanr 1

1. Haiitu obmiee pemenne nudepeHnnan-HOTO ypaBHEHMS:

a) [1-x y=xy

0)y —4y+3y=e>
2. Haiitn pemenne nuddepeHIMaibHOT0 YpaBHEHHS, Y IOBIETBOPSIOIIEE HA9aTbHBIM
YCIIOBHSIM:

a) y'+4y—12y=8sin2x; yl0]=0, y’(0/=0

0) y'—8y+16y=e**;y(0/=0,y’(0|]=1
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Bapuanr 2

1. Haittu obiiee pemenue nuddepeHnaibHOr0 ypaBHEHUS:
\2 4
a)2yy+lyl+ly['=0
0)y'—6y+9y=e"
2. Haiitu pemenne nuddepeHnaibHOro ypaBHEHUS, YI0BIETBOPSIOINICe HaUYaIbHbIM

YCIIOBHSIM:

4 ol
"—6y+9y=x"—x+3;y(0)==,y(0]=
a) Y —6y+9y=x"—x y()By()27

6) yu+4y’_5y:8cosx;y[0]=0,Y’(0):0

Bapuanr 3

1. Haittu obiiee pemenue nuddepeHnaribHOr0 ypaBHEHUS:

a) y'+y'tgx=sin2x

0)y '+7 y+12y=sinx
2. Haiitu pemenue nuddepeHnaibHOro ypaBHEHUs, yI0BIETBOPSIOIIEe HauaIbHbIM
YCIOBUSIM:

a) y'+4y=e **;yl0)=0,y(0/=0

6) 2y +y—y=2¢"; yl0/=0, y(0/=0

Bapuant 4

1. Haiitu obiee pemenue nuddepeHnnansHOT0 ypaBHEHUS:

a) )’”+% y=x

6)_y”+_y= cos2x
2. Haiitu pemenne nuddepeHmaibHOro ypaBHEHHUs, yI0BIETBOPSIIOIIEE Ha9aTbHBIM
YCIIOBHSIM:

a)y — 2y’+5y=xe2x;y(0)=1, y’(O]IO

0) y'—2y—3y=2x;yl0/=0,y(0/=0

Bapwuanr 5

1. Haiitu obiee pemenue qudepeHnnansHOT0 ypaBHEHUS:

a) 1+y[+yy"=0

0)y —4y+8y=sin2x
2. Haiitu pemenne audepeHnnaibHoro ypaBHEHUs, yIOBIETBOPSIIOIIEEe HaYaIbHBIM
YCIIOBUSIM:

a) y’+5y+6y=12cos2x;yl0|=1, y’(0/=3

6) y'—6y+9y=—12x;yl0/=0, y’[0/=0
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Bapuanr 6

1. Haittu obiee pemenue nuddepeHnaibHOr0 ypaBHEHUS:
a) yll+y|-5yy’=0
0)y +y—2y=e'
2. Haiitu pemenue nuddepeHnaibHOro ypaBHEHUS, YI0BIETBOPSIOIICe HauaIbHbIM
YCIOBUSIM:
a) y'—5y+6y=(12x-7]e *; y(0/=0, y’0)=0
0) y +y'=sin3x;y(0/=0,y’(0/=1

Bapuanr 7

1. Haittu obiee pemenue nuddepeHnaribHOr0 ypaBHEHHUS:

a) xy +2y'=x’

0)y'—4y—5y=x’
2. Haiitu pemenue qudgepeHInaibHOro ypaBHEHHS, YIOBICTBOPSIONISe HauyaIbHBIM
YCIJIOBUSM:

a) y —4y+ 13y:26x+5;y(0):1,y’10)20

0) y+4y=x;yl0|=1,yl0]=1

Bapuant 8

1. Haiitu obmiee pemenne nudpepeHnnansHOT0 ypaBHEHMS:

a) y tgy=2(y[
0)y —y=2[1-x|
2. Haiitu pemienne nudpepeHmanbHOro ypaBHEHUs, yI0BIETBOPSIIONIEE HAYadlbHbIM
YCIIOBHSIM:
a) y'—4y=6x+1;y(0/=2,y(0/=3
0) y’—2y+y=cosx;yl0/=0,y(0)=1
KOHTpOJIBHBIC BOIIPOCHI
1. Anroputm pelieHus TMHEHHOTO0 HEOJHOPOIHOIO YPABHEHUSI BTOPOTO MOPSIAKA.
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He.m): HaY4YUTHCS UCCIICAOBATD YHUCJIOBBIC PAJAbLI HA CXOJUMOCH

BbinucaTtb Tpu NepBbIX YNeHa psiaa HaNTU TPETbIO YaCTUYHYO CYMMY

n=m ¥
>

1,11 a) #=17"7:

H=m 5.’2_1
Sinl (-1
2,12a) * s

== 3m+2

313a) n=1{7=5)7.
M =m 22?3
414q) n=17-(R+1)].

n=m 3?2"'1

5.150) 51 ﬂ.f(ﬂ+1);

2

= A
6,16a) *1n-3" .

m=mzn+2ﬂ2

2
7,17a) #=1 3

b Y

z

8,18a) n=1 {21}/

|

2n-1

Teopus psiios

IIpakTuyeckasi padora Ne 25 no teme
«HccneqoBanne YMCJIOBBIX PSAIOB HA CXOAUMOCTD)

n=min g
Pt
6) #=1
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Rz (o))

2
9’19 a) .’3=1 (H-"I) :

=0

# 1
Z -
5) n=13[p 2 COSH
n=wmy, | /
BB ”g”l—l—coszn

10200) »=1 (2001

’ 6) #=1 Fl

IIpakTnueckas padora Ne 26 mo reme «0Q0/1aCTh CXOAUMOCTH CTEINIEHHOT0 PAAA
Ienb: HayuynTHCS UCCIIENOBATh CTEIIEHHBIE PSAIbI HA CXOIUMOCH

2. UccnenoBath psan Ha aOCOTIOTHYIO U YCIIOBHYIO CXOJIMMOCTh

1. & ®
a) o i Z ( \n+1 ]_
n=c 1 b = e ¢ (_1J ‘ "
Ll bt In+1)-3
2 a) > &
- > 1
p=cd (20 ), = — 1) =
( 3n+5) ) = w1 C)HZO( ) \/(2n+1)
n=—.1-% =
3. a) > FApA
hn—oa =D (n=3) b) > ) g+l
3 - . = inn
n == .1 ena,
4. a) > &4
.1 (" > (—1)r
" '1(2n+1)"’ P w n C);( 1) 6n+5
W= ,DCD
5. a) > &l
- . = a1
n:(ﬂl%: L) = C)Z‘,l(*l) {1/?
n=. 1" "=
6. a) > Py
e RCT > (— 1)
Asn ) = 12"(7‘”“'1 C)nzz1( 1) (2n+1)-n"~
n=.
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—=.1-= b)
on
8 a)
n:'.li—,?; b)
o a)
:.1”3; b)
n
10. a)
n:z.lnl b)

Hatitu obmacte CXOANMOCTH U IIPOBCPUTH CXOAUMOCTD Ha I'paHUIaX MHTCPBAJIa:

n=w@ g

1. a) H§12H—1

M=.I.3M—1 g
m§15 2 5% .
2.a) "tn ;

#
- X

= b xm

T L
3. a) "INE(n" +1);
HE:\:- A5
4. ) m=12”-(n2+1);
*‘EI‘H.J'-ZH - x"
5.a) »m1(n+3));
E-.g=.3‘:.3;1z+1 x
2 2n-1 .
6. a) n=15 R
3 =co 53?@—1_1?1
2z
7' a) ?2=1{?32+?1)'2H;
5= 3;'2}2+1x?2

8. a) ?2=1?1'(F12+1);

pe= 3 r1)7
6) w=15""n +1)
& 528 (5 —3)"
6) w1 n’ +1)23”H;
HE”ZBH_IH(,: —2)"
6) ! (2n—1)47"1 ,
nim(nz +2)5% ez -1y
6) ! (2n° +3 277"

HED(SHE—I—Z)(X—Z)”
6) ! (n° +13%" ,

?EEDZBH(H2+2)(X—1)H
6) ! 52t _ g

nmew5203, 300 gy
6) ! 327 p® 4 5)

H=m 23?3-'-1?12(1 _ 1)?‘3

6) ! 3227l +1) ;
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rE@ QAT g gt el ST S LN, ST Pl

53 252
9.a) =13 (n-3), ) n1  (2m+L)s

H=mi ;gimggﬂ_l[/ﬂz_l_j)(x_z)n
10. a) m=13ﬂ(ﬂ+z);; 6) ! (502 +1)4%1

IIpakTuyeckast padora Ne 27 no teme
«Pa3joxxeHud QyHKUMI B CTENEHHON PSI»
IIpakTnueckas padora Ne 27 mo reme
HAy4YUTHCS PACKIIAbIBaTh (DYHKIIUU B CTETICHHOMN DI

Tect mo Teme «Paann»

1 BapuaHrT.
_1
3ananue 1.YeTBepThlil wieH psia 5 paseH:

1 1 1 |
5 0) 7 B) /7 T) 7
a)
2 3 4
COS X COS X (CoSs X
cosx+ + +...
3amanue 2. Pan 2 6 24 SIBJISIETCA. . .
A. CteneHHbIM
b. ®yHkMoOHaIBEHBIM
B. 3Hakouepenyromummces

I". 3HaAKOIOJIOKUTEITbHBIM

i n
3ananue 3. Jlan psg =l 10n+1
CHEJATe BBIBOJ

A. psizl pacxoauTcs

b. psan cxogurcs

B. Henb3s onpenenuTh CXOAUTCS UIN PACXOIUTCS PAJL

I'. npyroi orBeT

. HCHOHBBY}I H€O6XOI[I/IMO€ YCJI0BHUC CXOOAUMOCTH psaa,

o 1)n
3ananue 4.Psan n:1(3 UCCIEN0BAIM HAa CXOAMMOCTh MO Npu3Haky Komwu, BbIYUCIWIN

k=lim{a ==

npejen o 3 . Torna MOXHO cJieJIaTh BBIBOJ, UTO ...
A. JIaHHBIN pajg CXOOUTCS
b. JlanHbIi psify pacXoauTCs
B. JlaHHBIN psii MOKET KaK CXOAUTHCSA TaK U PACXOIUTHCS.

I'. J1aHHBII psif HE CYLIECTBYET
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|

3ananue 5. Halinure cymmy paga n=1

1. 1
2. -1
3. 0,5
4. -0,5
3aganue 6. YCTaHOBUTE MEXKY PSJIOM M €r0 Ha3BaHHEM.
HazBanue Pan
1. Pax ¢ MONOKHUTENBHBIME 1,1 1.1
YICHAMH A. 2.3 45
2. 3HaKo4epeayIoLUCs B. x+x'+x +x'+x°+...
P B. 1+2+3+4+5+6+...
3. CreneHHOM psix I[. cosx+cos’x+cos’x+cos*x+...
4. OYHKUHMOHAIBHBIN P

3amanne 7. YCTaHOBUTE COOTBETCTBHE MEX]Yy YHUCIOBBIM PSAIOM M €ro OOIIUM WICHOM

Psn . a
OOmuit wiieH psjga o
11,11, 1
1. 273768 A T2
SR q ==
7 35ty T
1,1,1,1 L1
3. 35779 B. ‘T 2n+1
11,11, L1
4. 3456 " . “"2n-1
2 BapuaHT
Zw:r‘_l"anl
3aganue 1.YerBeptToiii wieH psaga = 3"l papen
1 1 !
a)l 6) 13 B) 13 r) 9
1 1 21 3
1+=x+=x +=x"+....
3ananue 2. Psan 2 4 8 SABJISIETCS

A. 3Hako4epeayOmnmMCcs
b. ®yHkmMoHaIBbHBIM

B. Crenennbsim

I'. 3HaKOIMONOKUTEIbHBIM.

w1 2=l Hcnonb3ys He0O0X0IUMOE yCIIOBHUE CXOJMMOCTH psijia

3ananue 3. Jlan psan
caeaiTe BEIBOJ

A) psin cxonurtcst

b) psa pacxonutcs
B) Henb3s onpeaeuTh CXOAUTCS WIIH PACXOAUTCS P

I') npyroii oTBerT.
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Samagne 4. Psag =17 UCCTIE/IOBAIM HA CXOJMMOCTh MO Tpu3Haky Jlamamobepa,

BBIYUCIIWIIN TIPEAEI naw d,
A. JIaHHBIN pajg CXOOUTCS
b. JlanHbli psijy pacXoauTcs

B. JlaHHBIN psig MOXKET KaK CXOJIUTHCS TAK U PACXOIUTHCH.

I'. J1aHHBIN psig HE CYLIECTBYET

3ananue 5. Halinure cymmy psiga: »=

. Torna Mo>kHO clienaTh BBIBOJI, YTO...

Al
b. 0,1
B. 0,9
1
r. 9
3agaHue 6. YCTaHOBUTE MEXAY PSJIOM M €r0 Ha3BAaHHUEM.
HazBanue Pan
1. Pax ¢ monoKuTeIbHbIMU A. sinx+sin’x+sin® x+sin® x+...
qJICHAMU B. 142x4+3X°+4x7+...
2. 3HaKouYepenyroLIuics 1111 1.
pAan B. 2 4 8 16 32
3. CreneHHOM psif L 1-2+3—-4+5-6+...
4. OYHKIHUOHAIBHBIN PsJl

3agnue 7. YCTaHOBUTE COOTBETCTBUE MEXKY YHUCIOBBIM PSIIOM U €r0 OOIIMM YICHOM

Psn OO0t WIeH psjia Oy

11,11, =1

1 2 46 87 A. " n+2
11,11, Y

2. 2 4 8 16 B. " n
1+l+l+i+ a :i

3. 4 9 16 B. "oon
11,11, a =L

4. 3 4 5 6 T. "on?
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OcHOBBI TCOPUHN KOMIVICKCHBIX YHCEJI

IIpakTueckas padora Ne 28 nmo reme
«JleiCTBHUA HAJl KOMIUIEKCHBIMHU YHCJIaMH B ajiredpanyeckoii popme»

He.]'ll): HAaY4UTDb BBIIIOJIHATH ,IIGfICTBI/I}I C KOMIUVICKCHBIMH YHCJIaMH B anre6paI/IquK0ﬁ

dbopme

Bapuant Nel

1. BeinmosHUTh IEUCTBUS B areOpandeckon Gpopme.
Z1=2-T1, Z2=3+51.Hawtu: Z1+72;71-22;71-72, 71:72
BapuanTt Ne2

1. BeimosHUTE IEUCTBUS B anreOpandeckon Gpopme.
Z1=3+41, 7Z2=-1-2i.Hamu:Z1+72; 7Z1-72; 71:72,71-72
Bapuant Ne3

1. BoimomHUTh ElicTBUS B anredpandeckon Gopme.
Z1=3-41, 7Z2=2+51.Hawvtu: Z1+72; 7Z1-72; 7Z1-72,71:72.
Bapuant Ne4

1. BeinmosHuTh AeMCTBUS B areOpandeckon popme.
Z1=3-21, Z2=-3+51.Hawitu: Z1+72; 7Z1-72; 71:72,71-72
Bapuant Ne5

1. BeimosHUTh IEUCTBUS B anreOpandeckon Gpopme.

Z71=2-51, 72=2+41.Hawtu: Z1+722; 7Z1-72; Z1-72,71:72.
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Bapuant Ne6

1. BeimosHUTE TEUCTBUS B anreOpandeckon Gpopme.
Z1=1+21, Z2=-5-2i.Hawitu: Z1+72; 7Z1-72; 7Z1:72,71-72
Bapuant Ne7

1. BeinosHuTh AeMCTBUS B areOpandeckon popme.
71=2-61, Z2=3+4i.Hawitu: Z1+72; 7Z1-72; 7Z1:72,71:72 .
BapuanT Ne8

1. BeinosHUTh 1EUCTBUS B aireOpandeckoi popme.
Z1=1+21, Z2=-1-Ti.Haittu: Z1+722; Z1-72; 7Z1:72,71-72
Bapuant Ne9

1. BeimosHUTH IEUCTBUS B anreOpandeckoi Gpopme.
Z1=2-4i, 72=3+2i.Havitu: Z1+72; 7Z1-72; 7Z17-2,71:72 .
Bapuant Nel0O

1. BeimosHUTE TEUCTBUS B anreOpandeckon Gpopme.
Z1=1-21, Z2=-1-31.Hantu:Z1+Z22; Z1-72; 71:72,7:172
Bapuant Nell

1. BeinosHuTh neMcTBUS B anredOpandeckon Gpopme.

Z1=1+7, Z2=2+2i.Haiitu: Z1+722; Z1-722; Z172-2,71:72

BapuanTt Nel2

1. BeinmosHuTh 1EUCTBUS B aireOpandeckoi Gpopme.
Z1=3+, Z2=-1-2i.Hamn:Z1+72; 7Z1-72; 7Z1:72,7172:
BapuanTt Nel3

1. BoinonHuTh 1elicTBUS B anredpanydeckon Gopme.
Z1=1-41, Z2=-2+51.Haitu: Z1+72; 71-72; 71-72,71:72.

Bapuant Nel4
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1. BeinosHuTh AeMCTBUS B areOpandeckon Gpopme.
Z1=3+2i1, 722=-3+21.Haittu:Z1+72; Z1-72; 7Z1:72,7172
Bapuant Nel5

1. BeinmosHUTh 1EUCTBUS B aireOpandeckon popme.
71=3-51, 7Z2=2+4i.Hawitu: Z1+72; 71-72; Z17-2,71:72.
Bapuant Nel6

1. BeimosHUTh IEUCTBUS B anreOpandeckon Gpopme.
Z1=-1+31, Z2=-5-31.Haittu: Z1+722; 7Z1-72; 71:72,717-2
BapuanTt Nel7

1. BeimosHUTE TEUCTBUS B anreOpandeckon Gpopme.
71=2-61, Z2=3+4i.Hawitu: Z1+72; 7Z1-72; Z172-,71:72 .
BapuanT Nel8

1. BeinosHuTh neMCTBUS B anredOpandeckou popme.

Z1=1+21, Z22=-1-Ti.Havtu:Z1+722; Z1-72; 71:72, 7172

Bapuant Nel9

1. BeinosHuTh neMcTBUS B anredOpandeckon Gpopme.
Z1=1-41, 7Z2=3+4i.Hawitu: Z1+72; 71-72; Z17-2,71:72 .
Bapuant Ne20

1. BeinosHUTh IEUCTBUS B aireOpandeckoi popme.
Z1=-1-21, Z22=2-31.Haiitu: Z1+72; 7Z1-72; 7Z1:72, 7172
Bapuant Ne2 1

1. BeinmosHUTH IEUCTBUS B anreOpandeckon Gpopme.
Z1=2-1, Z2=3-51.Haittu: Z1+722; Z1-72; 7Z172,71:72
Bapuant Ne22

1. BeimosHUTE TEUCTBUS B anreOpandeckon Gpopme.
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21=3+41, Z22=-1+21.Haittn:Z1+722; Z1-72; 7Z1:72,717-2
Bapuant Ne23

1. BeimosHUTh IEUCTBUS B anreOpandeckoi Gpopme.
Z1=3-1, Z2=2+51.Havitu: Z1+72; Z1-72; 7172, 71:72.
Bapuant Ne24

1. BeimosHUTE TEUCTBUS B anreOpandeckon Gpopme.
Z1=3+21, Z2=-3+1.Havtu: Z1+72; Z1-72; 7Z1:22,717-2
Bapuant Ne25

1. BeinosHuTh AeUCTBUS B areOpandeckon Gpopme.
Z1=2-31, Z2=1+4i.Hawitu: Z1+72; 7Z1-72; Z1-72,71:72.
Bapuant Ne26

1. BeinosHUTh 1EUCTBUS B aireOpandeckoi popme.
Z1=1+21, Z2=-2-21.Hawttu: Z1+722; 7Z1-72; 71:72,7172:
Bapuant Ne27

1. BeinmosHUTh IEUCTBUS B anreOpandeckou Gpopme.
Z1=2-51, 72=2+4i.Havitu: Z1+72; 7Z1-72; 7Z172-2,71:72 .
BapuanT Ne28

1. BeimosHUTE TEUCTBUS B anreOpandeckon Gpopme.
Z1=1+21, Z2=-1-41.Havitu:Z1+72271-722; 7Z1:72,71:72
Bapuant Ne29

1. BeinosHuTh AEUCTBUS B areOpandeckon popme.
Z1=2-41, 72=-3+51.Havitu: Z1+72; Z1-72; Z17:2,71:72
Bapuant Ne30

1. BeinosHUTh IEUCTBUS B aireOpandeckoi popme.
Z1=3+, 7Z2=-3-21.Haiitu: Z1-722; Z1+72; 7Z1:72,7172

KoHTpoJibHBIE BONIPOCHI:
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1. Yto Ha3pIBaeTCsI MHUMOM €TUHUIICH?

2.CBONCTBO MHUMOMU €IUHHUIILI.

2.IIpaBuiio BO3BEACHUSI MHUMOM €IMHUIIBI B HATyPaJIbHYIO CTEIEHb N.
3.JlaTth onpenenenre KOMIUIEKCHOTO Ynciia?

4.]leficTBHSI C KOMIUIEKCHBIMM YMCJIaMU B anredpandeckoi Gpopme.

IIpakTuueckas padora Ne 29 nmo reme
«/leiicTBMSA HAA KOMILJIEKCHBIMHU YMCJIAMU B TPUTOHOMETPHYECKOM U
NoKa3aTeJabHOi (opMax»
Henb: HAy4YUTh BBIOJIHATH JEHCTBUS C KOMIUIEKCHBIMH YUCJIaMH B

TPUTOHOMETPHUUECKOW U MoKa3aTelbHoU (hopmax3agaHue. BoImoaHuTh AeicTBUS €
JTAHHBIMH KOMILJICKCHBIMH : 1) Z1+72; 71-72; 7Z1-72,
721:72

1. z; = 8(cos55° +sin 55°%), z, = 2(cos5° + sin5°),
2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 129),
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10.

11
12,
13.
14.
15,
16.
17.
18.
195
20.
21.
22:
23,
24.
25.
26.
2.
28.
29.
30.

z; = 3(cos 70° + sin 70°), z, = 2(cos 20° + sin 20°),
z; = 10(cos 105° + sin105°), z, = 2(cos 15° + sin 159),
z; = 12(cos 145° + sin 145°), z, = 2(cos5° + sin 5°),
z; = 7(cos 255° + sin255°), z, = 2(cos15° + sin 15°),
z; = 9(cos 168° + sin 168°), z, = 2(cos 12° + sin 129),
z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),
z; = 3(cos40° + sin40°), z, = 2(cos5° + sin 5°),

z; = 10(cos 75° + sin 75°), z, = 2(cos 15° + sin 15°),

z; = 9(cos 123° +5in 123%), z, = 2(cos12° + sin 129),
z; = 5(cos 160° + sin 160°), z, = 2(cos20° + sin20°),
z; = 3(cos 235° +5in 235°), z, = 2(cos5° + sin59),

z; = 4(cos 30° +5in30°), z, = 2(cos15° + sin159),

z; = 2(cos258° + s5in 258°), z, = 2(cos12° + sin 12°),
z; = 7(cos115° +5in 115°), z, = 2(cos 20° + sin 20°),
z; = 14(cos310° +5in310°), z, = 2(cos5° + sin 59),
z; = 8(cos45° + sin45°), z, = 2(cos15° + sin 15°),

z; = 6(cos213° + 5in213%), z, = 2(cos12° + sin 12°),
z; = 9(cos 70° + sin70°), z, = 2(cos20° + sin 20°),

z; = 4(cos40° + sin40°), z, = 2(cos5° + sin 5°),

z; = 6(cos 300° + sin300°), z, = 2(cos15° + sin 15°),
z; = 3(cos33° +5in33°), 2z, = 2(cos12° + sin 129),

z; = 5(cos 250° + sin 250°), z, = 2(cos 20° + sin 20°),
z; = 8(cos 85° +s5in85°), z, = 2(cos5° + sin 5°),

z; = 10(cos 165° + sin165°), z, = 2(cos 15° + sin1 5°),
z; = 9(cos 48° + sin48%), z, = 2(cos 12° + sin 12°),

z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
z; = 4(cos 175° + sin 175%), z, = 2(cos 5° + sin 5°),

z; = 16(cos 120° + sin 120°), z, = 2(cos 15° + sin 15°),

KoHTponbpHBIE BONTPOCHI

IIpakTuueckas padora Ne 30 mo reme
«Penrenne ypaBHeHHii HA MHOKECTBE KOMILJIEKCHBIX YHCEJ»
Henab: HAyYuTh pemIaTh ypaBHEHUS HA MHOYKECTBE KOMIUIEKCHBIX YHCEIT

3anaua 1
PemmnTe KBafpaTHOE YpaBHEHHUE:
Lx*-2x+17=0

22x2+2x+1=0
34x-4x+17=0
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4x*+6x+25=0
54x*-20x+29=0
69x*-6x+2=0
7.x%-4x+29=0
82x*-2x+5=0
94x*+4x+5=0
10x*-4x+13=0
II.9x*-6x+17=0
124x*-12x+25=0
13.x*+4x+5=0
142x>* —10x+17=0
15.x*-6x+13=0
16. x> +6x +18=0
17.x*-4x +40=0
18.4x*-12x+13=0
19.2x* +6x+5=0
20x*-2x+5=0
21.9x%-6x+10=0
222x+6x+5=0
23.x*+6x+13=0
24.2x*-6x+17=0
25.9x%*-6x+2=0
26.x*-6x+10=0
27.x*+2x+26=0
282x*+6x+9=0
202x24+10x+13=0
30x*-6x+34=0

CamocrosiTe1bHAsA paboTa
BAPUAHT 1

1. JlaHbl KOMIUIGKCHBIC YUCIa: Z;=2-31,

Z2:2i+3, Z3:3—2i.
Beraucnure: a)z,+2;

Z,=2,, T)Z,~Z3;

6) z,+2,;

I) 212y, €) Z3'Z,.

2. Bprumcmure: (2-i0)2 +1i)-(3-2i)+

7.

3. Halitm 4acTHOE KOMIIJIEKCHEIX
11 1 L

ypcen: a) i | ; 0) 1+i 2+ B)

B)

BAPUAHT 2

. JlaHBI KOMILIEKCHBIE dYHucia: Z,=2+i,

2,=3i+1, 2,=—2—i,
Boruucnure: a)z,tz;

Z,=2y, T)Z,~Z3;

6) z,+2z;; B)

Nn) Z1°Zy;, @) Z3' 2,
. Beruncimure: (3 +i)(3-1)-(6+2i)+
7.
. Haiitn YaCTHOE KOMILJIEKCHBIX
1 1 3+i

ypcen: a) j; 0) 1—j; B) 2-2i
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3—i

. 5-2j
2421 —342i.

4. M300pa3uTh HA KOOPUHATHOM
IUIOCKOCTH U MPEICTaBUTh CIIETYIOIINE
KOMILJICKCHBIE YMCIIa B
TPUTOHOMETPHUUYECKOI Qopme:

a) -3; 0) -i; B) 1 +1; T)
—1+iv3.
5. Haiitu koopauHaTel TOYKU M,
N300pakarouiel KOMIUIEKCHOE YHCIIO:
- , S+i . —2+i
_51—2 . 8i—3 —+i+ -
z=""3ie1 | 2—i 271 3-2

6. Pemmre ypaBHEHHS B KOMIUIEKCHBIX
quciiax:
a) x'—4x+8=0; 0)

2 .
X +ix+6=0.

4. M300pa3uTh Ha KOOPAMHATHOMN
IJIOCKOCTH Y TIPEACTABUTH
CIEeAYIONIME KOMIUIEKCHBIE YUCIa B
TPUTOHOMETpUUYECKOH (hopme:

a)-4; 0)i; B)1-i; r)—V3+i.

5. HaWtu  koopawHatel  TOYKM M,
M300paKaroOIIe KOMIUIEKCHOE YUCIIO:
2—3i ., 6i—4
Z=— i,
2i+1 i+2

6. Pemmnre ypaBHEHHST B KOMIUIEKCHBIX
qHCIIax:;
a) x’—8x+17=0; 0)

x> +ix+20=0.

a)

a) 9+71
b) 6-7i
c) 2-31
d) 4+6i
A2. N300pakeHre KOMILIEKCHOTO Jicia = =
y
0 1 )
y
-3 [
v

Tect mo teme « KoMImjieKCHbBIEC YHUCIA»

Bapuanr I

R T e
z, =2 +3,z, =3
Al. JlaHbI KOMIUIEKCHBIC YHCa "

. Torma ! ~

3 yumeeT BHUIT

v

\4
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b) d)

A3.Eciu = =4+ T0 cOnpsiKeHHOE €My YHCIIO = PaBHO

a) 1+4i
b) 5+i
c) 41
d) 1-4i
Ad. Ecn - T PR =2 ,To "
a) 2+31
b) 3-i
c) 3
d) 3+6i
AS. Jlano koMmiekcHoe uucio = =4~ 3 1o ero Mmogyns paBeH

a) 8
b) 16
c) -5
d) 5

=

i
A6. Monynp KOMIUIEKCHOTO YHCJIA I=2, a apTyMEHT 4 . Toraa B TpUroHOMETpUYECKON

(1)0pMC KOMIIJICKCHOC YHUCJIO UMCCT BHU [

T .. T,
2ocos —- 1§ 511 —)
a)
N b
2ism —- 7 cos—)
b)
T . T
2oos —+ ¢ 511 —)
c)
T T
2ism —+ ¢ cos—)
d) 4
“1
o=+ 0z, =343 7

B1. /lanbl KOMILJIEKCHBIC yncaa - © 7 . Hangure

C1. Pemre ypaBHEHUEX -6X+25=0

5Z+42Z,

3Z

| L ecim Zi=5-2i;2,=2-6i

C2. Beruuciaure

Bapuanr 11

142



IIpu BeInoHeHNHU 3a1aHuil Al - A8 He00X0AMMO NMPOCTABUTH HOMeEP
BAPMAHTA 0TBETA, KOTOPbI COOTBETCTBYET HOMePY BHIOPaHHOr0 Bamu

oTBEeTa
o=+, =3- 4 Z, ‘Z,
Al. JTanbl KOMIUIEKCHBIC YynCaa ~! : . Torga ~' ~-
a) 15+81
b) 23+11i
c) 23-3i
d) 20+61
A2. U306paxkeHne KOMIUIEKCHOTO 9nuciaa - == +3 pmeer Buj
a)
y
0 2,
-3 v
v
0
-2 X

v _ v
A3.Ecmu = =2+3 10 cCOnpsHKEHHOE €My YUCIIO - PABHO

a) 2-3i
b) 3+2i
c) 3-2i
d) 4+6i

e A

z -+,
A4. Ecim 7! ,TO ~' 7
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a) 743i
b) 4+6i
c) 7-3i
d) 4-6i
AS. Jlano KoMIuIekcHoe uucio = =12 +3 1o ero Mogyn» paBen

a) 2
b) 5
c) Vi2
d) 13

G —

.rJl"\-\,]

A6. MoayJib KOMIIJIEKCHOTO YHUCIIA I=3, @ apryMEHT 3 . Torma B TpPUTOHOMETPUYECKOU

(dhopmMe KOMIUIEKCHOE YUCJI0 UMEET BU/T

i
.‘![L‘,L"ST- fosln—|

a)

T SR
3(sin—+i cos—)

b -

S
Hcos —+i sin—}

c)

LT R
_‘![SJ[]T- fCos —|

:ﬂl - ‘LI.. Za ::: + I:.l‘llll Z

B1. JlaHbl KOMIUIEKCHBIC YuCcaa ~' = . Haiinure

C1. Pemure ypaBHeHUEX -4X+29=0

5-2,+47,
37,

C2. Boruncnure Jecinu  Zi=4+1;2,=2+30

Bapuanr III

z, =2 +4i 2, =l +3i Z, *Z,
Al. JlaHbl KOMILIEKCHBIE YnCa ' : . Torma ' =
a) 8+61
b) -10+101
c) 4-3i
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d) -2+8i
A2. N300pakeHre KOMILJIEKCHOTO Yucia =

]

+iymeer BUI

a) y

b) d)

\4

A3. Ecnu = =3+ 18 conpsiKeHHOE €My YHCIIO - PaBHO

a) -3+5i

b) 3-5i

¢) 5-3i

d) -5+3i

- =15 - = o ¥ - -

Ad.Bemn 7 T WA TR 545

a) 7-1

b) 5+3i

c) 5-2i

d) 7-3i

AS z =2 +3
. /JIaHO KOMIUIEKCHOE YUCII0 , TO €ro MOJyJIb paBcH

a) 4
b) \/]_
c) 5
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d) 9

a) ;
T
@ =
A6. Monynp KOMIUIEKCHOTO YHciia =4, a apryMEHT 2
dhopmMe KOMIUIEKCHOE YUCII0 UMEET BU/T
il i
) 4{cos —+ {sIn 7]
a 2 P
i T
4sin —+ 7 -cos—)
2 2
i e
) 4(s1n = i cos 7]
C 2 2
i . 4T
4cos —- ¢ 81N —)
2 2
21
I T B . 7z
B2. /lanbl KOMILJIEKCHBIC Ynca ~! : . Haiimure “2
C1. Pemre ypaBHeHnex” -4x+13=0
5Z+42Z,
C2. Beruucnure 32, ecin  Z1=3+51;2,=6—21i
5
Bapuanr IV
o=+, =34 Z, Z
Al. Jlanbl KOMIUIEKCHBIC YyHCaa ~! : . Torma
a) 3+6i
b) 3-8i
c) 11421
d) 4-2i
A2. N306pakeHre KOMILIEKCHOTO ynciaa - =! - 2iymeer Buyl
p
y 2
a)
9)

. Torga B TpUroHOMETprUUYECKON
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b) d)

A3. Ecim = =3 2| TO CONpPSIKEHHOE €My YMCIIO -
paBHO

a) 5+2i
b) 2-5i
c) 2-51
d) 1+6i

- = - — 5 - -

Ad.Benn 1 o7 Wem TN 54
a) 4+6i
b) 6+2i
c) 4-3i
d) 6-2i

- = Y05
AS. JIaHO KOMIUIEKCHOE YHCIIO - =4+ -‘j-_' , TO €r0 MOJIyJIb PABEH

a) 10
b) 8
c) 6
d) -6

A

@ =
A6. MoJtysib KOMIUIEKCHOTO YKcia =4, a apryMeHT = . Toraa B TpUrOoHOMETPUYECKON

(dhopmMe KOMIUIEKCHOE YUCII0 UMEET BU/T

LT T
451 —- § cos—)
a) bt bt

J . . T,
dicos —+ {810 —)
5 by

iy
4{cos —- ¢ 511 —)
C) 5 bt

LT T,
disin —+ ¢ -cos—)
= 5

%

=34z, =443 z

o . Hatimure “2

B2. JlaHbI KOMIUJIEKCHBIC Yucaa '

C1. Pemre ypaBHeHHE2,5X +Xx+1=0
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5Z+42Z,
37,

C2. Brruucnure Jeciu Li=1+215z,=3—4li
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Jlekuust Ne 1. Marpuusbl. deiicTBHsI ¢ MATPpUIIAMM.
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1.1 OcHOBHbIE IOHATHS.

Mampuyeri Ha3pIBaeTCAd TNPSMOYToJibHAS TaONMIla 4YHUCEN, cojaep)Kamias m CTPOK OIMHAKOBOMH

,[[J'II/IHBI(I/IJ'II/I n CTOJ'I6I_IOB OJIMHAKOBOH ,Z[J'II/IHBI). ManI/II_[a 3aIlIMChIBACTCA BUC:

a;, a, ... 4,
A=l Gy o Gy,
aml am2 amn

WJIH, COKpaménHo, A = (ay), rae i =1, m (1.e. i = 1,2,3,...,m) — HOMep cTpokH, j = 1,n (1.€.j = 1,2,3,...,n)
— HOMED CTOoJIOIIa.

Matpuna A Ha3bpIBalOT MaTpULIEH pazmepa m X n A TUIIYT A, x ,. YuCHa a;;,COCTaBISAIOIINE MaTPULLY
Ha3bIBAIOTCA €€ a2nemenmamu. DIEMEHTBI, CTOSIIIME HA JMaroHalIM, UAYIIEW U3 BEPXHETO JIEBOIO YIJIA,
00pa3yIoT 21a8HYI0 OUA2OHATD.

Matpuuel pagnvt mescoy codoii, €CIIA PaBHBI BCE COOTBETCTBYIOIUE DJIEMEHTBI ITHX MaTpul, T.€.

A =B, ecnua;j=b;;, toei = 1lm, j =1, n

Marpuma, y KOTOpOil YMCIIO CTPOK PaBHO YHUCITYy CTOJIOLIOB, HAa3bIBaeTCsl Keadpamnoi. KBagpaTHyio
MaTpully pa3Mepa 71 X 71 Ha3bIBalOT MATPULIEH 11-TO nOPAOKaA.

KBanpaTtHasg Marpuna, y KOTOPOM BCE 3JIEMEHTBHI, KpPOME JJIEMEHTOB IJIABHOM JHMAarOHaIHW, PaBHBI
HYJIIO, HA3bIBAETCSI OUAZOHAIbHOU.

JlnaroHanpHass MaTpULA, Y KOTOPOM K&Kl 3JIEMEHT IJIABHOW JHMaroOHAJM paBeH EIUHULE,

Ha3bIBaeTCs edunuunoi. O6o3Havaercs OykBoit E.

Ilpumep 1.1
1 0 O

E;3=|0 1 O0|eauHu4nHas MaTpuia 3-ro mopsaKa.
0 0 1

KBa,I[paTHaH MaTpula Ha3bIBACTCA mpeyzwlbnoﬁ, €CJIM BCC JJICMCHTBI, PACIIOJIOXCHHBIC II0 OJHY
CTOPOHY OT TJIaBHOM JAuaroHajivi, paBHbI HYJIIO.

Marpuna, Bce 37I€MEHThl KOTOPOH paBHBI HYJIIO, Ha3blBaeTcsa Hysegoii. O6o3Hauaercss Oyksoi O.

Nwmeet Bun;:
O o0 ... 0
O= O o0 ... O

B matpuunom ucuncnenuu marpuusl O u E urparot pons uncen 0 u 1 B apupmetnke.
Marpuua, coxepxamas OAWH CTOJOEL WIM OJHY CTPOKY, Ha3blBAaeTCs 6eKmopom (WA BEKTOp-

CTOJIOEII, MJIH BEKTOP-CTPOKA COOTBETCTBEHHO). VX B!
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a,
A=|%|B=(b, b, ... b
am
Matpuna pasmepa 1 x 1, cocrosiiast U3 OJHOrO 4YKCia, OTOXKAECTBISETCS C 3TUM YUCIOM, T.€. (5)ix
€CTh 3.
Marpuma, nonydeHHass M3 JAHHOW 3aMEHOW KaXJIOW €€ CTPOKM CTOJIOLIOM C TeM K€ HOMEPOM,

Ha3bIBAETCS MATPULIEH mpancnonuposannoii K nanHoi. O6o3nayaercs A'.

1 2 1 3 1

Tak ecru A= p omoA'= JecnuA= 0 ,moA"=(1 0|

TpancnonupoBaHHas MaTpHIa 00JIa1aeT CIEAYIOMUM CBOHCTBOM: (A') = A.
1.2. JleiicTBUs HAJ MATPUIIAMM.

Caoxenne:
Onepauml CJIOKCHUA MAaTpUll BBOOAUTCA TOJIBKO JJIsI MAaTPpULl OAMHAKOBBIX Pa3MEpPOB.
Cymmoit 08yx mampuy A= (az) u B, v, = (b;j) HazpBaetcs Matpuna C,x,= (¢;)) Takas, 9to ¢j-a;+ b (i =

1,m, j = 1,n). 3ammuceiBaroTr C = A + B.

R

4 5 6/ -2 =5 4/ {2 0 10

Ilpumep 1.2. (
AHAJIOTUYHO OIPENEISCTCS PASHOCHb MAMPUY.

YMHOKeHHe HA YUCII0:
IIpouzeedenuem mampuysl Ay, = (a;) Ha yucno knazpiBaercs matpuua B, = (b;) Takas, uro b; = k*a; (i

= I,m, j = 1,n). 3anucwvieaiom B = k * A.

0 -1 2

0 -2 4
3 4 5

A= k=2, Axk=
Ilpumep 1.3. ( ) * (6 8 10

Martpuna — A = (-1) * A Ha3BIBaeTCS NPOMUBONOLOHCHOU MATPULIE A.
Pa3znocts matpun A — B MoxHO onpenenuts Tak: A — B = A + (-B).

Omneparuu CIIOXKEHUS MaTPHUIl 1 YMHOXKEHHUSI MaTPHUITBI HA YHCIIO 00JIaIal0T CISAYIOITUMU C8OUCTNEAMU:

1. A+B=B+A; 5.1*A=A;
2. A+(B+C)=(A+B)+C; 6. 0* (A+B)=0A +uB;
3. A+O=A; 7.(a+P)*A=0A+ BB;
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4. A-A=0; 8.a* (BA)=(ap) * A,
I'ne A, B, C — matpuiisl, o 1 f — gucina.
JJieMeHTApHbIE NIPeodpa3oBaHus MATPHUIL:
DnemenmapHuiMu npeoopPazo08anuaAMU MAMPUY AGIAIOMCA:
® [lepecTtaHOBKa MeCTaMU JIBYX IMapajuIeIbHbIX PSAJIOB MaTPUILIbI;
®* VYMHOXEHHE BCEX DJIIEMEHTOB psAJia MATPHIIbI HA YHCIIO, OTIIMYHOE OT HYJIS;
e [IpubaBneHue KO BCEM 3JIEMEHTaM psJa MaTPUIBl COOTBETCTBYIOUIMX 3JIEMEHTOB MapalljieIbHOTO
psla, YMHOXKEHHBIX Ha OJHO U TO K€ YHUCIIO.
JlBe Matpuiisl A U B Ha3pIBaroTCs SKBUBAJCHTHBIMM, €CIU OJIHA W3 HUX TMOJyd4aeTcs U3 JAPYTrod c
TTOMOIIIBIO DJIEMEHTAPHBIX MMpeoOpa3oBaHuil. 3amuceiBaeTcs A ~ B.
[Ipn momoiu 3MeMEHTApHBIX MpeoOpa3zoBaHUil OOy MATPHUIly MOKHO TNPUBECTH K MAaTpHIle, y
KOTOpOW B Hayalie IJIaBHOM JUAroHajiu CTOSIT MOJAPSJ HECKOJIbKO €/IMHHUII, a BCE OCTAIbHBIEC JIEMEHTHI

paBHbI HyI10. Takyto MaTpUIy Ha3bIBAIOT KAHOHUYECKOU, HATIPUMED

S O O
O O = O
O = O O
o O O O

Ilpumep 1.4. [lpuBecTy K KAHOHUYECKOMY BUy MaTpHILY

2 3 1 2
A=l0 0 -1 1
4 0 5 1

Pemenue: BeinmonHss QJICMCHTApPHBIC Hp606pa3OBaHI/IH, IoJjry4yacm

2 3 1 2 1 3 2 2y (1 3 2 2 1 0 0 O
02 -1 1/|-1 2 0 1|0 5 2 3 0 5 2 3
4 0 5 1 5 0 4 110 -15 -6 -9/ 10 -15 -6 -9
1 0 0 O 10 0 0)/1 0 0 O
0 1 1 1710 1 1 10 1 0 O
0 -3 -3 -3/10 0 0 0/10 OO0 O

IIpousBenenune MaTpuir:
Omneparusi YMHOXEHHUSI JIBYX MaTpPUIl BBOJUTCS TOJBKO JIJISi CIIydasi, KOT/Ia YHCJIO CTOJOIIOB TEPBO

MaTpHUIIbl PAaBHO YUCITY CTPOK BTOPOI MaTPHIIbI.

[IpousBenenuem Matpuisl A, = (a;) Ha matpunty B, «, = (by) Ha3siBaeTcs matpuna C,, x, = (cj) Takas,

9TO Cik= di * byt aix * by + ...+ @by, THC 1= l,m, k= l,p,
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T.e nsnement i-ii ctpoku u k-ro crombma MmaTtpuisl mpousBereHuss C paBeH CymMMe INPOW3BEICHHUN
JJIEMEHTOB 1-i1 CTpOKM MaTpullbl A Ha COOTBETCTBYIOLIME 3JIeMeHThl k-ro crtonbua marpumbsl B.
[TonmyueHue snemMeHTa cjj CXeMaTUYHO U300paxaeTcs Tak

e o o

e o 0 o o

Ecnn matpunsl A n B kBazpaTHble 0gHOTO pa3Mmepa, To mpousBeneHus AB n BA Bcerna cymiecTByroT.

Jlerko nokazate, uto A * E =E * A = A, rne A — kBagparHast MaTpulla, E — emuHIYHast MaTpUIa TOrO

xKe pa3Mmepa.
Ilpumep 1.5
bll b12
ay Ay b — a,, b, *+a,b, +a; b, a,b,+a;,b,+a;by
21 Do
ay; dp do3 b. b Ay by +ay by +ay by ay byy+ay byt ays by,
31 D3
1 2 1) (1 3 «
Hpumep 1.6. A= 3 1 0’P7\1 o] - Torna npousBenenue A * B He ompeneneHo,Tak Kak 4HCIO

CTOJIOLIOB MAaTpUIIbI

A(3) He coBmamaer ¢ yuciaoM crpok Martpuisl B(2). Ilpu stom ompeneneHo

npoussesieHue B x A, KOTOpoe CUUTAIOT CIIeIYIOMIUM 00pa3oM:

1 3
1 2

149 2+3 1+0
1+6 242 140

Bx A=

:(10 5 1

310 7 4 1

*(121

Marpuipl A 1 B Ha3bIBaroTCA nepecTaHOBOYHBIME, eciiu AB = BA.
YMHOKEHUE MaTpUI] 00IaJaeT CIEAYIOIUMHI CBOWCTBAMHU:

1. A*(B*C)=(A*B) *C; 3.(A+B)*C=AC+ BC;

2. A*(B+C)=AB + AC; 4. o(AB) = (0A)B,

Ecnu, koHeuHO, HarMcaHHbIE CYyMMBbI M IPOU3BEACHUSI MATPUL] UMEIOT CMBICIL.
Jlnst oniepanuu TpaHCIIOHUPOBAHUS BEPHBI CBOMCTBA:

1. (A+B)'=AT+B"; 2. (AB)'=BT* A",

BOITPOCHI JIs1 CAMOIIPOBEPKH
1. Yro Ha3bIBaeTCss MaTpuUIEi?
Kakne maTpulibl Ha3bIBatOTCSI PAaBHBIMHU?
Kakas matpuiia Ha3pIBaeTcs e UHUYHON?
Kakas marpuna Ha3bIBaeTCsl TPAaHCIIOHUPOBAHHON K JaHHOMN?
Kakue neficTBUS MOYKHO BBIIIOJIHATE HaJl MaTpULlaMu?

[lepeuncaure >neMeHTapHBIC TPEOOPA30BAHUS MATPHIL.

A R o

Bceraa nu BBIMOIHUMO IEHCTBUE YMHOXKEHUS IBYX MaTpuIl?
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8. Ilepeuncnure cBONCTBA, KOTOPHIMHU 00JIaJa€T YMHOKEHUE MaTPULL.

Jlekuus Ne 2. Onpenenure.iu.

2.1. OcHOBHbBIC TOHATHA.

KBanpaTHo#t MaTpulie A HOpsiiKa 7 MOKHO CONOCTaBUTh yucio detA (wim |A|, unu A), Ha3pIBaeMoe
ee OIpeIeTIUTeNIeM, CIECAYIOIUM 00pa3oM:

I. n=1.A=(ay),detA=a,.

a,. a a, a

2. n=2,A= 1 2l-det A= 12 =d ¥ Ay —dpdy
ay Ay dy Uy
a4 Ay Ay g

3. n=3,A=|a, a, a,|;detA=|a, a,, ay;|=0;,0505;3+0;,0);0d5+0
a3 43 Ay a3 A3 Ay

+0a,,d;,0,3—03,0,,0,3— 05,0y, 33— A5, d)3 Ay

Omnpenenurens Martpuibl A TakKe HA3bpIBalOT €€ JeTepMuHaHTOM. I[lpaBuino BbruMciieHus
JNETEepMHUHAHTA JUIsl MaTpULbl Topsiika N sABIISETCS JOBOJIBHO CIOKHBIM JJIsi BOCHPUATHS U IPUMEHEHHUS.
OnHako W3BECTHBI METOJIbI, IMO3BOJSIONIME pPEau30BaTh BBIUMCICHUE OIpEeAeIUTENe BBICOKUX
MOPSIIKOB HA OCHOBE OMpeNeuTeNie HU3muX mnopsankoB. OAWMH W3 METOJOB OCHOBaH Ha CBOWCTBE
Pa3oKEHUS ONPENECINUTENS 10 AJIEMEHTaM HEKOTOporo psaa. IIpu 3Tom 3amMeTum, 4TO ONpEAEIUTENN
HEBBICOKHX MOpsAAKOB(1,2,3) xKenaTenbHO yMETh BHIYUCIATH COTJIACHO OMPEEICHHUIO.

Boruucnenue onpeaenurens 2-ro Nopsaka WUTHOCTPUPYETCS CXEMOI:
o o o o o o

. 2 -3 cosa sina
Ilpumep 2.1. Haiitu onipeiennuTe I MaTPHII 5 6 ) M| g cosa
Pemenue: ‘5 _63‘:2*6_5*(_3):12_[_15):27

cosa sina

_ 2 L2
) =cos a+sin“a=1
—sina cosa

HpI/I BBIYHUCJICHUHN OIIPCACIIUTEIIA 3-ro nopsaaka y,HO6HO IMMOJIB30BAaThCA IMPABUIIOM TPEYT'OJIbHUKOB (I/IJ'II/I

Capproca), KOTOpO€ CUMBOJIMYECKH MOKHO 3aIlUCaTh TaK:

Ilpumep 2.2. BbluvciauTh ONpPENEIUTENb MaTPULIBI
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5 =2 1
A=|3 1 -4

6 0 -3
Pemenue:

det A=5% 1% (3)+(2)* (4)¥6+3%0% 1 6*1%*1-3%(-2)*(:3)— 0% (4)*5=-15++48 6
—18=48-39=9.

2.2. CpoiicTBa onpeneauTesei.

CdhopmynupyemMm OCHOBHBIE CBOWCTBA ONPEICIUTENCH, MPUCYIUE OMPEACIUTENIEM BCEX TMOPSIIKOB,
HCKOTOPLIC U3 3TUX CBOMCTB IOSICHUM Ha OIMPCACIIUTCIIAX 3-ro nopsaaka.
Ceoticmeo [(«PaBHOIPaBHOCTH CTPOK M CTONOIOBY»). OnpenenuTens HE U3MEHHUTCS, €CJIM €r0 CTPOKH

3aMEHUTH CTOJIOIIAaMH, U HA00OPOT.

a;,, 4 A [0 Gy dy

ay Ap|_ |4y Ay

HupiMu crioBamy, )|Ay Uyy Ay —|dyy Ay A3

R A a3 43 dg |dy3 Gy Ay
B nanpHeiinieM cTpoku 1 cTOJOLBI OyZeM MPOCTO HA3bIBATh PSAAAMHU ONPEACIUTENS.
Ceoticmeo 2. Ilpu nepecTaHOBKE JBYX MapajuICIbHBIX PSIOB ONPEISTUTENIb MEHSIET 3HaK.
Ceoticmeo 3. OnpenenuTeb, UMEIOIINNA JIBa OJUHAKOBBIX PsAJIa, PaBEH HYJIIO.
Cesoticmso 4. OOUIMiT MHOKHUTENb 3JIEMEHTOB KaKOro-1u00 psijia ONpeneauTeNss MOXKHO BBIHECTH 3a 3HaK
OIIpEAETIUTEIS.
N3 cBoiictB 3 u 4 cruexyer, 4TO €CIM BCE DJJIEMEHTHl HEKOTOPOro psiia MPONOPLHUOHAIBHBI
COOTBETCTBYIOIIMM 3JIEMEHTaM MapajlieIbHOTO psijia, TO TAaKOM OMpeieuTelb PaBeH HYJIIO.
a, ap a3 a; 4 g
Neiicteutensno, |kxa,, kka, k¥as/=k*a, a, a;,=k+0=0
as; as a3 az; d; g
Csoticmeo 5. Ecnm 31eMeHTBl Kakoro-iubo psaa OMpeAeTHUTeNs MPEACTAaBISIOT cO00M CyMMBI OBYX
cllaraéMblX, TO OIpEAENIUTeNIb MOXET OBbIThb pa3jIokeH Ha CYMMYy JBYX COOTBETCTBYIOIUX
ONpEECIUTEIIEH.
ay, a, aytb| |a, a, ay |a; a, b
Hampumep, |Gy, Gy Ap+C|=(ay Gy apitiay ay, ¢
Ay Gy Ayp+d] |4 G, Gy |0y Gy d
Csoticmeo 6 («DneMeHTapHble TpeoOpa3oBaHus onpeaeauTes»). Onpeaenurenb He U3MEHUTCS, €CIU K
3JIEMEHTaM OJTHOTO Psi/ia MPUOABUTH COOTBETCTBYIOIIHE 3JIEMEHTHI MapalIeIbHOTO Psiia YMHOKEHHBIE Ha

JIF000€ YHCIIO.
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ay, Gy Al |4y Gy aptkxag,
Ipumep 2.3. Jloxasats, uto  A=|a,, a,, a,|=|a, a, ay+k*a,
Ay Gy Ayl |4y Gy Aptk*as,

Pemenue: [leficTBUTENBHO, HCIONB3YS CBOMCTBA 5, 4 U 3, MOTy4YUM
a, a;; kxa, l|a,; a, da; ay 4, dap
Ay @y, k*ay|=|a, ay aytk¥|a, a, a,|=A+tkx0=A
ay Ay k*ap| |a; a3 dy a; 4z Ay
JlanbHele CBOMCTBA OIpeienTeNeil CBsI3aHbl ¢ MOHITUSAMU MUHOPA U allreOpandecKkoro JOMOIHEHUSI.
Munopom HEKOTOPOTO JIEMEHTA @;0NPEIETUTENS n-20 MOPSAKA HA3bIBAETCS ONpPEACIUTENb 1 — 1-T0
MOPSIIKA, TOMYYEHHBIH W3 HMCXOJHOTO ITyTEM BBIUEPKUBAHUS CTPOKH W CTONOIA, HAa TEepeCeUeHUH

KOTOPBIX HAXOAUTCS BbIOpaHHBIN ArieMeHT. O003HavaeTcs m;;.

a;y dp Ay 4. a 4. a
Tak ecnuA=|a.. a.. a..,mom,=| 2 2| m,=""1 "B
21 22 23 11 32
Az Az Qy dy;
a3 Az Ay
Anzebpauueckum Oononnenuem >IEMEHTA a;OTpPENEIUTENs] Ha3bIBA€TCS €ro MHHOp, B3ATBHIM CO
3HAKOM «IUTIOC», €CIIM CyMMa i + j— 4€THOE YHCIIO, U CO 3HAKOM «MHHYC», €CIM 3Ta CymMMa He4dETHasl.
OGoznauaercs Aj: A= (-1)"" * m;
Tak, Ay = +my;, Az =-ms.
Cesoticmseo 7 («PaznoskeHue ompeaenuTeNsi Mo 3JIeMEHTaM HEKOToporo psaa»). OmpenenuTenb paBeH
CyMME€ TMPOU3BEJCHUN JJIEMEHTOB HEKOTOPOTO psAa Ha COOTBETCTBYIOIIME WM airedpandeckue
JIOTIOJTHEHUSI.
[IponmntocTprupyeM 1 OTHOBPEMEHHO JOKAKEM CBOMCTBO 7 Ha MPUMEPE ONpeenuTens 3-ero nopsiaka. B

9TOM ClIy4ac CBOMCTBO 7 O3Ha4acT, 4ToO

a;, 4ap di
A= ay; 4y, dyp =a, *Atap*AptagxAg

az; 03 Ay

B camowm gene, nmeem

— ay; dp3 a;;, dp :
a *Ap+ap*AptaxAp=aa,* tax — +a;xo
a3 Az s Ay

.|a a
{ 21 22

@ a =dy ‘122033_023a32)_012(021a33_‘123031)"'013((021032_022‘131 =6
31 A3

60y, Ay Q33— 04, Ay3 A3y =010y Aga+ 0y, Ap3 A3+ A1305, 03— 01305, 05 = A
CBoiicTBO 7 COIEPKUT B cebe criocod BEIYUCICHHS ONPEAETUTENeH BEICOKUX MOPSIIKOB.

Ilpumep 2.4. Bprauciaute onpeaenuTenb MaTpULIbl
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3 5 7 8
-1 7 01
0 5 3 2
1 -1 7 4

Pemenne: I[J'IH PA3I0KEHUA OIPEACTUTEIIA OOBIYHO BBI6I/IpaIOT TOT psia, A€ €CTh HYJICBBIC 3JICMCHTEI,

T.K. COOTBETCTBYIOIINUEC UM CJIAraCMbIC B PA3JIOKCHUHN 6YI[yT PAaBHBI HYJIIO.

_315(7);3 5 7 8 5 7 8 5 78 |5 7 8
o 5 3 2:3>|<5 3 2(+1x|5 3 2(+0% 7 0 1|—1*%{7 0 1|=¢
R I S A I I AT SR AT A B

(3%(7#3%4+(—1)%0%2+45%7x1—(—1)%3%1 -7+ 7%2—-5%0%4)+(5%3x4+(—1)* 7% 2+5%7*8 —(—1)*x3%8 - 5%
Ceoticmeo 8. Cymma TIpOM3BEJICHUI JIEMEHTOB KaKOro- JIMOO psija ONMpeeuTels Ha aareOpandeckue
JOIMOJIHCHHUA COOTBCTCTBYIOIHX 3JICMCHTOB IMAPAJIJICIIBHOTO pA/la paBHA HYJIIO.

Tak, Haripumep, a; Az + apdxn + apds =0

BOITPOCHI 1JIs1 CAMOIIPOBEPKHA
1. ChopmynupyiiTe MpaBUIO BEIYUCICHHS OMPEACTUTENS BTOPOTO MOPSAKA.
2. CdopmynupyiiTe npaBuiia BEIYUCICHUS OMPEISIUTENS TPETHETO MOPSAKA.
3. Ilepeunciure CBOMCTBA ONpENEIUTENEH.
4. laiite onpeesieHue MUHOpPA HEKOTOPOTO 3JI€MEHTa ONPeACTUTEN.
5

I[aﬁTe OIPCACIICHUC aJIl’ e6pa1/1qec1<0r O JOIIOJIHCHUA 3JICMCHTA OIIPCACIIUTCIIA.
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Jlekuus Ne 3. Haxo:xxnenne o0paTHOM MaTpuUIlbl.

OcHOBHbBIE OHATHS.

[Tycts A — KBagpaTHas MaTpula 7-ro NopsaKa

a a, ... a,
A= @1 Gp - @,
a,, d, ... Q,

KBanpatHast maTtpuna A Ha3bIBaeTCs He@vIPOMHCcOeHHOol, eciu onpenenurenbA = det A He paBeH
nHymo: A = det A = 0. B nporuBHOM cityudae (A = 0) MaTpunia A Ha3bIBACTCS 8bIPOHCOECHHOIL.

Marpuuieit, corw3noii k mampuye A, Ha3bIBa€TCS MaTpULA

Ayn Ay o Ay
ay 4y ni| Al Ay, Ay A
A=|n a,,
A A, ... A
a;, ay, Ay,

rae Aj — anreOpandeckoe JOMOJHEHNE IeMEHTa a;JaHHOM MaTpHuIbl A (OHO ONpeneNsIeTcs Tak ke, Kak
1 anre0pandecKoe JTOMOJTHEHHUE dJIEMEHTA OTPEICTUTEIIN).
Matpuna A HasbIBaeTCS 06pammuoii MaTpuLE A, €CIU BBIIONHAETCS YCIOBUE
A*A'=A"*A=E,
rae E — equHuMuHas MaTpuia TOTO Ke IOpsKa, 9To M Marpuna A. Marpuna A™' uMeer Te e pasMepsl,

YTO U MaTpuua A.

OOpaTHas MmaTpHuua.

Teopema 3.1. Besakas nHegvlpodicoennas mampuya umeem oopammyio.

[IpoBeném noka3aTenbCTBO I ciyyasi MaTpullbl 3-ro nopsiaka. [lyctsb

all alZ alS
A= a, a, a,|>npuuem det A=0

A3 4z dg

CocTaBUM COIO3HYIO MaTpUILy

' Ay Ay Ay
A=Ay Ay Ay
A, A, A

13 23 33

¥ Hal1EM npousBeeHure MaTpun A u A
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|G G A A, A, Agp apApt+apAnptagAg
AxA"= Ay Ay Au|*¥| Ay Ay Ap|Toay Ay +tayAptagAg
ay Gy Ayl |Ay Ay Ay a3 A +a5AHap A,

31ech Mbl UCIIOJIB30BAJIM CBOMCTBA 7 U 8 ONpeaeauTeNeH.
AHanoru4Ho yoexxaaemMcs, 4To

A" * A=det A *E.
PaBenctBa (3.2) u (3.3) nepenuniem B BU€

A* (A" detA)=E u (A7 detA)* A=E.

CpaBHUBas OJTy4YEHHBIE Pe3ybTaThl ¢ onpezeneHueM (3.1), momyyaem

B ¢ » Ay Ay Ay
:detA’m.e'A :detA* Ap An Ay
A Ay Agy

OTtMeTuM ceoticmea 0OpaTHON MaTPHIIBI:
1. det(A")=1/detA;
2. (A*B)'=B'*A";

3. (AH =AD",
. a 2 3
Ilpumep 3.1. Haiitu A™, eciin A= | 11
_| 2 3|_9ia=
Pemenue: 1) Haxonum det A: detA—‘_l 1‘—2+3—5¢0

2) Haxomum A™: Aj 1= 1, Ay =-3, A =- (-1) = 1, Ap = 2, mostomy A("Z(

1 =3
-1_1(1 -3 5 5
-1-A1:— =
3) Haxomaum A™": 5(1 2) 1 2
5 5
IIposepka:

AxA 1= 2 3* 1/5 —3/5= 2/5+3/5 —6/5+6/5 _(1 0
-1 1/ \1/5 2/5 —1/5+1/5 3/5+2/5 01

Ilpumep 3.2. OnipenenuThb, MpU KaKUX 3HAYCHHUAX 0 CYIIECTBYET MaTpuIia, oOpaTHas JaHHOM.

1
1

a, Ay +a;, Ayt a;y Ay
Ay A +apAgt+ayAg
A3y Ay +03 Ayt a3 Ay

-3
2

|

=¢

det A
0
0
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-2 2
A= 3 0
1 1

N Q m

Pemenue: Besikast HeBbIpOXKACHHAs MaTpHlia UMeeT oOpaTHyto. Haiiném onpenenurens MaTpuis! A:

1 -2 2
AA=la 3 0/=3-0+2a-12-0+2a=4a-9
2 1 1

Ecnmu 40— 9 =0, T.e. 0 =9/4, T0 AA =0, T.e. MaTpuIla A HEBBIPOXKICHHAs, UMEET OOPATHYIO.

Ilpumep 3.3. Tlokazarp, 4to MaTpuia A siBisieTcst oopaTHo# s B, ecin

1 11 3 -3 1
A=|1 2 3|,B=[-3 5 =2
1 3 6 1 -2 1

Pemenune: Haitném npoussegenue matun A u B:

1 11 3 -3 1 3—3+1 —3+5—2 1-2+1 1
AxB=|1 2 3|x-3 5 =2|=[3—-6+3 —3+10—-6 1—-4+3|=¢|0
0

0
1
1 3 6 1 -2 1 3—-9+6 —3+15-12 1-6+6 0
B

Amnanornuno B * A = E. CiienoBareibHo, MaTpuiia A sSBII€TCS OOpaTHOM JIst
3.3.  Panr marpuusl (caMmoCTOSITeIbHOE U3YUYEeHHUE)

PaccmoTpum matpuily A pazmepa m X n.

a,, a, ... a,
a, ay, ... a,
A=|a, a; ... a,,
a, d,, ... a,.

Bbimenmum B He#l k cTpok W k cTodOLOB (x < min(m,;n)). I3 3IeMEHTOB, CTOSMIMX Ha MEpeCceUeHUH
BBIJICJICHHBIX CTPOK M CTOJIOIIOB, COCTaBHM OIIPENENIUTENh K-TO TOpsAaKa. Bce Takme ompenenuTernu
HA3BIBAIOTCS MUHOpamu 3motl mampuyvl. B Marpuile A TyHKTUPOM BBIJICJIEH MUHOP 2-TO MOPAIKA.
(3ameTuMm, 4TO TaKMX MHHOPOB MOXHO coctaButh C*, * C*,mtyk, tne C*, = n!/ / k!/(n — x)! — 4ucno
COUYETaHWH U3 11 DIEMEHTOB 10 K.)

Haunbonpmmii U3 MOPSAKOB MUHOPOB JaHHOW MATPHIIBI, OTIIMYHBIX OT HYJIS, HA3bIBACTCS PAHZOM
mampuysl. O603HavaeTcs r, r(A) unu rangA.

OueBumHo, uyTo 0 <1 < min(m;,n), TIe Min (m,n) — MCHbBILICE U3 YUCEI M U N.

MuHoOp, MOPSIIOK KOTOPOTO OMpEEIsieT paHT MaTpHUIIbI, Ha3bIBaeTCs OA3UCHBIM. Y MAaTPHUIIbI MOKET
OBITh HECKOJILKO 0a3UCHBIX MUHOPOB.

Ilpumep 3.4. Haiitu panr maTpusl:
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(@) N SN

A=

_ W N
S O O
S O O

Pemenune: Bce MuHOpBI 3-r0 nopsiika paBHbI Hy/I10. ECTh MUHOp 2-r0O NOpsAAKa, OTIMYHBIA OT Hynst 3 6

=-15 # 0. 3Hauur, r(A) = 2. ba3ucHbIit MUHOP CTOUT Ha NepeceyeHnu 2 u 3
1 -3
cTpoku ¢ 1 u 3 cTonbuamu.
OT™meTuM ceoticmea panea Mmampuybl:
1. Ilpu TpaHCIIOHMPOBAHUU MATPHILIBI €€ PAaHT HE MEHSETCS.

2. Ecnu BeIUEPKHYTH U3 MaTPUIIBI HYJIEBOM PsijI, TO PAHT MaTPHUIIbI HE U3MEHHUTCSI.

3. Pamr MaTpUullbl HC UBMCHACTCS MPU JICMCHTAPHBIX Hp606p330BaHI/I5{X MaTpUulbl.

PaHr xkaHOHMYECKOM MaTpHIIBI PABEH YKCIy €IMHHUIl HA TJIABHOW AuaroHanu. Ha 3Tom ocHOBaH OonMH U3

Croco00B BBIUMCIICHUS paHTra MaTpPHULIBI.

Ipumep 3.5. HaiitTi panr MaTpHIIbI

2 3 1 2
A=l0 2 -1 1
4 0 5 1

UCIIOJIB3YS pe3ybTaThl IpuMepa 1.4.

1 0 0O
Pemenne: B npumepe 1.4 nmokazano,yto A [0 1 0 O
0 00O
10 00
A
To ectb 0100

Takum oOpa3om, paHr MaTpullbl A paBeH r(A) = 2.
BOITPOCHI 1JIs1 CAMOIIPOBEPKHA
1. Kakas kBazpaTHas MaTpulia Ha3bIBa€TCsI HEBBIPOXKACHHON (BBIPOXKICHHOMN)?
Kakas marpuna Ha3siBaeTcs 0OpaTHOM JaHHOM?

Jro0Oas mu MaTpuia UMeeT 00paTHyIo?

[lepeuncaure cBoWcTBa 0OPATHOM MaTPHUIIBI.

2
3
4. Kak nmpoBepuTh, MPaBUILHO JIU HalJieHa oOpaTHas MaTpuIa’?
5
6. UYTto Ha3bpIBaeTCS pAaHIOM MaTpPUIIbI?

7

[lepeuncinre cBOKCTBA paHra MaTpULbI?
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Jlekuusi Ne 4. CucreMbl JIMHEHHBIX yPABHEHUH.

OcHOBHBIC TOHATHS.

Cucmemotl nuHeliHbIX aneeopaudecKux ypaeHmeHuti, COAepKalel m ypaBHCHUH W # HEU3BECTHBIX,
Ha3bIBAETCs cUCTEMa BUA:
a, x,+a,x,+...+a,,x,=b,
a, X,+a,Xx,+...+a, x,=b,

rae uucna a; , i = I,m , j =1,n Ha3pIBalOTCS KOA(PPHUIMEHTAMH CHUCTEMBI, YuCia b; — CBOOOIHBIMU
yneHaMu. [loanexxar Hax0XKAEHUIO YUCIIA X,
Takyto cucreMy yJ100HO 3alMChIBaTh B KOMIIAKTHOW Mampuunoil popme A * X = B.

3nech A — Matpuia Ko3hOUIMEHTOB CHCTEMBI, HA3bIBAEMasi OCHOBHOU MAMPUYel:

a, dp a,
aml am2 amn

—| X
X =| "%|—eekmop —cmonbey u3 HeU38eCMHbIX X ;

Xn

b,
b
B=| "2|— eekmop —cmonbey u3 ce0600HbIX uieHOg b

b

m

[Tpoussenenue matpui A * X omnpeseneHo, Tak Kak B MaTpuIle A CTOJIOIOB CTOJBKO ke, CKOJIBKO CTPOK
B Matpule X (#n WTyK).

Pacwupennou Matpuneid CuCTeMbl Ha3bIBacTCS MaTpuila A CHCTEMBI, JIOMOJHEHHAs CTOJIOIOM

CBOOOJTHBIX YJIEHOB

a, a, ... a, b,

A=|9n Gn .- Gy b

a, d,, ... a,, b,
Pewenuem cucmemvl Ha3bIBaCTCS 1 3HAYCHUH HEU3BECTHBIX X; = C;, X2 = C2, ... , Xn = Cy», TIPH

MOACTAHOBKC KOTOPBIX BCC YPAaBHCHUA CUCTCMBI 06paH_IaIOTC$I B BCPHBIMHU PAaBCHCTBA. Bceskoe pCUICHUC

CUCTEMBI MOXXHO 3aIlluCaTb B BUJIC ManI/IIII)I-CTOJI6IIa
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CucremMa ypaBHEHHMH HA3bIBACTCS COGMECHMHOU, €CIA OHAa WMEEeT XOTs OBl OJHO pelieHHe, U
Hecoemecmumoll, €Clii OHa HE UMEET HU OJTHOTO PEIICHHS.

CoBMecTHasi cHcTeMa Ha3bIBACTCS OnpeoenéHHol, €Ci OHAa HMEeeT E€AMHCTBEHHOE pelleHHe, U
HeonpedenénHoll, €Clli OHa UMeeT Oojiee OHOTo peuieHusa. B mocienHeM ciyuyae Kaxjaoe e€ perieHue
HA3bIBACTCS YacmuuviM peuseruem cucteMbl. COBOKYITHOCTh BCEX YACTHBIX PEIIECHUIN HAa3bIBAETCS 0OWJUM
peuieHuem.

Pewums cucmemy — 5TO 3HAUUT BBIACHUTH, COBMECTHa OHa WJIM HecoBMecTHa. Ecim cucrema
COBMECTHA, HalTH e€ oO11iee pelieHue.

JIBe cuCTeMbl Ha3bIBAlOTCSl 9K6UBANEHMHbIMY (PAaBHOCWIBHBIMM), €CIM OHU UMEIOT OJHO M TO XK€
obmiee pemreHue. J[pyrumMu ClIOBaMH, CUCTEMBI SKBUBAJCHTHBI, €CIM KaXKIOE€ pEIICHHE OJHOW W3 HUX
SBIIIETCS PELICHUEM JIPYToi, 1 HA00OPOT.

OKBHUBAJICHTHBIE CHCTEMBI IIOJIyYAIOTCSl, B YACTHOCTU, IPH 2IEMEHMAPHLIX NPeodpa308aHusx
CHCTEMBI IIPU YCIIOBUH, YTO MPEOOPA30BAHMS BBITIOIHAIOTCS JIUIIH HAJl CTPOKAMH MaTpPHUIIBL.

Cucrema IMHEHHBIX YpaBHEHHUI Ha3bIBAETCS 0OHOPOOHOLL, €CIU BCE CBOOOHBIE WIECHBI PABHBI HYIIIO:

Ay X1+ A Xo+... A,y X, =0
OnHopoaHasi cucTemMa BCEer/a COBMECTHA, TaK KaK X; = X» = ... = X, = () SIBJSETCS PEIICHUEM CHCTEMBI.

910 PCHICHUC HA3bIBACTCS H)J1€e6blM NIIA MPUBUATbHBIM.

Pemenne cucreM JTUHEHBIX YPaBHEHUI.

Teopema Kponekepa-Kanesimn:
[TycTh 1aHa MpOU3BOJIbHASL CUCTEMA 7 TUHEUHBIX YPAaBHEHUN C 71 HEU3BECTHBIMU
ay X +ap X, *...+a,, X, =D,

Ay, X, +0y X, +...+a,, X, =b,

HcuepnbiBaromuii OTBET Ha BOIPOC O COBMECTHMMOCTH JTOH CUCTeMbl Ha€r meopema Kpowexepa-
Kanennu.

Teopema 4.1. Cucmema nuHelHbIX aneeOPAUYECKUX YPABHEHUU COBMECMHA Mo20d U MOAbKO mo20d,
K020a pame pacuiuperHou Mampuybl CUCEMbL PA6eH PAHSY OCHOBHOU MAMPUYb.

[Ipumem e€ 6e3 noKa3aTenbCTBa.
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[IpaBuna NpPakTUYECKOTO pPA3bICKaHUSA BCEX PEIICHWM COBMECTHOW CHCTEMBI JIMHEWHBIX YpPaBHEHHU

BBITEKAIOT U3 CIECIYIOIINX TEOPEM.

Teopema 4.2. Echu pame coémecmHOU cucmemvl paseH HUCYy HeU36eCMHbIX, MO Cucmema umeem

€0UHCMBEHHOEe peleHue.

Teopema 4.3. Eciu pame coémecmHol cucmembvbl MeHbule YUCIA HEU3BECMHbIX, MO Cucmema umeem

becuucnennoe MHOIMCECMBO PeUeHUl.

IIpaBuiio pemieHust NPOU3BOJIBHON CHCTEMb] JMHEHHBIX YPaBHEHH .

1. Haiitu paHru OcHOBHOW M pacmmpeHHoW Mmatpul cucrembl. Ecmum r(A) # r(A), To cucrema
HECOBMECTHa.

2. Ecmm r(A) = r(A) = r, cucrtema coBmecTHa. HaiiTu kakoi-muO0 Oa3uCHBII MHHOpP MOpSAKa T
(HamoMHHaHME: MHHOp, MOPSAJOK KOTOPOTO ONpEAeisieT paHT MaTpHIbl, Ha3bIBaeTCs OAa3MCHBIM).
B3stb r ypaBHeHHMH, M3 KO3(QQHUIMEHTOB KOTOPBIX COCTaBICH Oa3MCHBI MHHOpP (OCTaJbHBIC
ypaBHEeHUs OTOpocuth). HewnsBecTHble, KOAIPOUIMEHTHl KOTOPBIX BXOASIT B Oa3uUCHBIA MHHOD,
Ha3bIBAIOT 21A6HbIMYU W OCTABIIAIOT CIIEBA, @ OCTAJIBHBIE 71 — FHEM3BECTHBIX HAa3bIBAIOT CE000OHBIMU U
MIEPEHOCHT B MPaBbI€ YaCTH YPABHEHUH.

3. Haiitu BelpaxxeHUsI I1aBHBIX HEU3BECTHBIX uepe3 cBoOoiHbIE. [loiyueHo ob1iee pereHne CUCTEMBI.

4. IlpunaBas CcBOOOJHBIM HEWU3BECTHBIM IPOW3BOJIbHBIE 3HAUEHUS, IOJYYUM COOTBETCTBYIOIINE
3HAQYEHUsS TJaBHBIX HEU3BECTHHIX. TakuM 00pa3oM MOXXHO HaWTH YacTHbIE pEIIeHHs] HCXOIHOMN
CUCTEMBI YPAaBHEHUI.

Ilpumep 4.1. ViccnenoBaTb Ha COBMECTHOCTH CUCTEMY

x+y=1
3x+3y=-2
11 \ 11 1 1 1
A= ,FA|=1,A= JFA|=2[A= #0
Pemrenue: (3 3) r(A 3 3 _2) rlAl ‘3 _2‘

Takum obpazom, r(A)#r(A), cnenoBaTenbHO, CHCTEMa HECOBMECTHA.
Ilpumep 4.2. Pemuth cucteMy

X, —2Xx,+x,+x,=1
X, —2X,+x;—x,=—1
X, —2Xx,+Xx,+x,=3

Pewenue: r (A) # F[Z)ZZ. bepém nBa nepBBIX ypaBHEHUS:

X;—2X,+X3+Xx,=1 X3+ x,=1—Xx,+2Xx,
— ’ —
X, —2X,+Xx;—Xx,=—1 | x;—x,=/—1—x,+2Xx,

1 1
1 -1

—9%0 A= 1-x,+2x, 1 oy —4x Azl 1—Xx,+2x,
o —1—x,+2x, -1 ! 27N —1—x,+2x,
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CnenoBarenbHo, X3 = -x; + 2x2, x4 = I — obmiee pemenue. [lonoxus, Hanpumep, x; = 0, x; = (), noay4yaem

OJIHO M3 YaCTHBIX pemeHuit: x; = 0, x> = 0, x3= 0, x, = 1.

4.3. PemeHne HeBbIPOKICHHBIX JHHEHHBIX CHCTEM.

[lycTph nana cucrema n TMHEHHBIX YPABHEHUM C # HEM3BECTHBIMU

a, x,+a,x,+...+a,,x,=b,
Ay, X, +0y X, +...+0a,, X, =b,

WM B MaTpuuHoit popme A * X = B.

OcHoBHas MaTpuiia A Takoi cucTeMbl KBajipaTHas. OnpeaeuTeNb 3TON MaTPHUIIbI

Ha3bIBACTCS onpedenrumenem cucmemsi. ECIU onpenenuTesb CUCTEMbl OTIMYEH OT HYyJs, TO CHCTEMa
Ha3bIBACTCS HEBbIPOHCOCHHO.

Haitném pemenue naHHON CUCTEMBI ypaBHEHHM B ciaydae A # 0.

VMHOX)UB 00€ yacTu ypaBHenus A * X = B cieBa Ha Marpumy A™' , moayunm AT * A * X = AT * B,
[Mockomeky A" * A=EuE*X=X,10 X=A"*B,

OTpICKaHUe pelIeHHs CUCTEMBI 110 hopmydie (4.1) Ha3bIBAIOT MAMPUUHBIM CNOCOOOM PEIICHUS CUCTEMBI.

MatpuyHoe paBeHCTBO (4.1) 3anuinem B BUae

X ay Gy ... 4y [b
X, :l a, ay o |4 b,
A b
Xn aln aZn ann bn
X, \a,,b,+ay,b,+...+a,,b,|/ A
x,|_|la,,b,+a,,b,+...+a b _,|/A
10 ecth | 2 _( 12017050, n2 nZ)
X,| \lay,b+a,,b+...+a,b,|/IA

Orcrona ciemyert, 9To

X1 = (A]]b] +A21b2 + ... +Anbn) /A ,

Xn — (A}nbj‘i‘Aznbz + ...+ Annbn) /A .

Ho A;b; + A2ib> + ... + A,ib; ecTb pa3nokeHue onpeaeauTens
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Mo 3JIEMEHTaM TMepBoro croibua. Ompenenutens A, MoilydaeTcs U3 ompeAenuTens A myTéM 3aMeHbI
mepBoro cToioma Kod(hGUIMEHTOB CTOIOIOM U3 CBOOOTHBIX YJICHOB.

Urak, x; = A; /A.

AHnanornuHo: x> = A, / A, toe A, monydeH u3 A myTéM 3aMeHBI BTOPOTO CTOOma KOd(h(HIMeHTOB
CTOJOIIOM M3 CBOOOIHBIX WIEHOB; X3 = A3 /A, ..., x, = A, /A.

DopmyIsl xi=A:/A i=1n

Ha3bIBAIOTCS popmynamu Kpamepa.

WTak, HEBBIPOXKACHHAS CHCTEMa /1 JIMHEHHBIX YPaBHEHHH C 7 HEM3BECTHBIMH HMEET €IMHCTBEHHOE

pelieHre, KOTopoe MOXKET ObITh HalWIeHO MaTpHuHbIM crocobom (4.1) mubo mo ¢gopmynam Kpamepa

(4.2).

" 43P 2x,—x,=0
Ipumep 4.3. Pemnuth cucteMy X +3%,=7

_12 —1_

Pemenue: A_‘l 3 ‘—7¢0’A1:L0 —1‘:7,A2:2 0‘:14@
7 3 17
7 14
=—=1 =—=2

3HauuT,X; 7 » X3 7

BOITPOCHI JIs1 CAMOITPOBEPKH

Kaxkoit Bug uMeeT cuctemMa JIMHEHHBIX allreOpandecKuX ypaBHEHUN?

Kak 3anmcarh cucteMy TUHEHHBIX anreOpanyecKux ypaBHEHHH B MaTpHUHON Gopme?
Cdhopmynupyiite Teopemy Kponekepa-Kamemmm.

Kakas cucrema ypaBHeHUIl Ha3bIBa€TCsS COBMECTHOM (HECOBMECTHOM)?

UTo 3HAYUT PEUIUTh CUCTEMY JIMHEHHBIX alreOpandyeckux ypaBHEHUN?

AN O o e

Chopmynupyiite mnpaBuia pemieHUs TPOU3BOJIBHOW CHUCTEMBI JIMHEHHBIX anredpandecKux
YpPaBHEHUHN.
7. CdopmynupyiiTe paBuiIa perieHUs] CUCTEM C TTIOMOIILI0 0OPAaTHONW MaTPHIIBI.

8. CdopmynupyiiTe mpaBuia perieHnus cucTeM MeToaoM onpeaenutens (hopmynsl Kpamepa).
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Jlekuus Ne S. Ilpsimasi TMHUA HA VIOCKOCTH.

B 3TOI NEKUUM Mbl NPUCTYMNAEM K PAaCCMOTPEHUIO aHANIUTUYECKOM reOMETPUU, KOTopasi U3y4aeT CBOMCTBA
reoMeTpuyeckmx uryp cpeacrtsaMmm anrebpbl Ha OCHOBE MeToa KOOpAUHAT. [laHHbIA METO/, NO3BOSET
KaXk0M TOYKe NI0OCKOCTM NOCTaBUTb B COOTBETCTBUE YNOPSA0UYEHHYIO TPOMKY Yncen. OCHOBHbIM
WHCTPYMEHTOM MeTo/la KOOPAMHAT CAYXKUT CUCTEMa KOOPAUHAT. B aToM nekumm Mbl byaemM paccMaTpuBaThb
TOJIbKO NMPSIMOYTOJIbHYI0, NN AEKapPTOBY, CUCTEMY KOOpPAMHAT. PAacCMOTPUM, Kak MOXKHO 3a/1aTb NPOCTENLLIYIO
durypy - npsMyto Ha NJIOCKOCTW.

5.1. YpaBHeHHe NPSIMOM HA IUVIOCKOCTH.

Onpenenenue. JIro6as npsimas Ha MIOCKOCTH MOXKET OBbITh 3a/1aHa YpaBHEHUEM TIEPBOTO MOPSAKA
Ax+By+C=0,

IpUYeM MOCTOSHHBIE A, B He paBHBI HyIIO OZHOBpeMeHHO, T.€. A? + B*# 0. DT0 ypaBHEHHE IIEPBOTO
MOpsi/IKa Ha3bIBAIOT OOIMM ypaBHEHHEM NPSAMOIi.
B 3aBMCMMOCTM OT 3HAYEHMI MOCTOSAHHBIX A,B 1 C BO3MOXHbI CIelyIOLLME YACTHbIE C/Ty4au:
- C=0,A #0,B # 0— npsimas npoxoJUT Yepe3 Hayaao KOOpAUHAT
- A=0,B#0,C#0 {By+C=0}- npsamas napamuienbHa ocu Ox
- B=0,A#0,C#0{Ax+ C=0} —npsamas napayenbHa ocu Oy
- B=C=0, A # 0—npsamas coBnamaet ¢ ocsto Oy
- A=C=0,B # 0 —npsamas coBnaaaet ¢ ocbto Ox

YpaBHeHue I'IpFIMOﬁ MOXET ObITb npeancrasjieHO B pa3/InvMHOM BUAE B 3aBUCUMOCTU OT KaKUX - mbo 3a4aHHbIX
Ha4daJ/ibHbIX YCHOBMﬁ.

5.2. YpaBHeHue npsiMoii 10 TOYKe U BEKTOPY HOPMAaJIH.

Onpenenenue. B nekapToBoil IpsSMOYToJIbHOM cUCTEME KOOpJAUHAT BEKTOP ¢ KoMIoHeHTamHu (A, B)
MEePIECHINKYJISIPEH TIPSMOM , 3a1aHHOM ypaBHeHHeM AX + By + C = 0.
IIpumep. Haiitu ypaBHeHHe npsMoH, mpoxoasiei yepe3 Touky A(l, 2) neprneHaAuKyIapHO BEKTOPY
T (3,-1).

CoctaBuM npu A = 3 u B = -1 ypaBHeHuMe npamoit: 3x - y + C = 0. [lns HaxoxaeHus KoapoduumeHTta C noacraBum
B NMOJIy4EHHOE BblpaXKEHNE KOOPAMHATbI 33JaHHON TOYKM A.

[Tomygaem: 3 —2 + C =0, cnegoBarensHo C = -1.

Htoro: nckomoe ypaBuenue: 3x —y — 1 =0.

5.3. YpaBHeHue npsiMoii, NpOXoasiieii yepes ABe TOYKH.
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[IycTts Ha mIOCKOCTH 3amaHbl ABE TOUYKH Mi(Xi, yi) U My(X, y2), TOra ypaBHEHHE MPSMOH,

npoxonﬂmeﬁ 4gepe3 9TU TOUYKU:

X=X, Y=y

X=X Vo N

Ec/im Kakoi- B0 U3 3HaMeHaTesiel paBeH HyJIt0, CedyeT NPUPaBHATb HYIK0 COOTBETCTBYIOLLMI YNCUTEb.

3anuncaHHoe BbllliE YpaBHEHME MPAMON YNPOLLLAETCA:

Vo h
y—=y.:= X —x (X_X1)
2 M
€CIIM X # X2 M X = X, €CIINX| = X3.

Yo=Y,
Jpo6b X7 X1 =K HaspiBaercs YIJIOBBIM KO3((PULHEHTOM IIPSIMOM.
IIpumep. Haiitu ypaBHeHue npsMoii, npoxonsdieit uepes Touku A(1, 2) u B(3, 4).

[Ipumensst 3anMcanHyo Bbile (OPMYITy, MOTyYaeM:

y- :—:T(X‘”
y—-2=x-1
x—y+1=0

5.4. YpaBHeHue NPSIMOM 110 TOYKE H YIJIOBOMY KO3 GUIIHEHTY.

Ecnu o6miee ypaBHeHue npsimoit Ax + By + C = 0 mpuBecT: K BUYy:
A C

Y="3* 3

_é:k; _%:b; m.e. y:kx+b

1 0003HAYHUTH B , TO IIOJIYYCHHOC YPAaBHCHHUEC HA3bIBACTCA

YPaBHEHUEM NPAMOii ¢ YIJIOBBIM K03 puunenrom K.
5.5. YpaBHeHue npsiMOii 110 TOYKE U HANIPABJISIIOLIEMY BEKTOPY.

Ilo ananorum ¢ ITYHKTOM, paCCMATPUBAIOIIUM YPABHCHHUC HpﬂMOﬁ 4Yepe3 BEKTOP HOPMaAJIN MOXKHO BBECTHU 3a/IaHUC HpHMOﬁ

4Yepe3 TOUKY U HaHpaBJ’IH}OHII/Iﬁ BCKTOD HpHMOﬁ.

Onpenenenne. Kaxapiii Henynesoit Bekrop ¢ (o, 0,), KOMIOHEHTBI KOTOPOTO YIOBJIETBOPSIOT

ycnoBHio Aa, + Ba, = 0 Ha3pIBaeTCsl HAIIPABIISAIOIIMM BEKTOPOM MPSIMOi

Ax+By+C=0.
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IMpumep. Halitu ypaBHEHHE TPSMOM C HAIPaBISIOUIM BEKTOPOM d (1, -1) m mpoxonsmen yepes
touky A(1, 2).
VYpaBHeHue uckoMoil npsmou Oyaem wuckath B Buae: Ax + By + C = 0. B coorBercTtBuM ¢
ornpeaeneHneM, K03 GUINEHTh! JOKHBI YIOBIETBOPSTH YCIOBUSIM:
1-A+(-1)-B=0,T.e. A=B.
Toraa ypaBaenue mpsimoit umeet Bu: AX + Ay +C=0, umn x +y + C/A =0.
npu X = 1, y = 2 nonyyaem C/A = -3, T.e. UICKOMOE ypaBHEHHE:

x+y-3=0
5.6. YpaBHeHue npsiMoii B 0Tpe3Kax.

Ecmu B obOmem ypaBHenun mpsimoit Ax + By + C = 0 C # 0, To, pazaenuB Ha —C, MOIy4IUM:

A B
——x——=y=1
C C WA
i+l:1
a b , TTIE
a=—£; b=—g
A B

['eomeTpryeckuii CMBICIT KOA(PPHUIIMEHTOB B TOM, YTO KOXPPHUIMEHT a SBISAETCS KOOPAMHATOW TOUKH
nepeceveHus npsiMoit ¢ ockto OX, a b — KOOPAMHATON TOUKH IepecedeHust mpsamoii ¢ ockro Oy.
IIpumep. 3anano oOmiee ypaBHeHue mpsiModt X — y + 1 = 0. Haiitu ypaBHeHue 3TOH mHpsMoii B

OTpe3Kax.

5.7. HopmabHOe ypaBHEeHUE IPAMOI.

T Ap
Ecmm 06e ywactu ypaBHenus Ax + By + C = 0 pa3nenuth Ha 4uCIIO A’+B , KoTopoe
Ha3bIBACTCA HOPMHUPYIOIIEM MHOYKHTEJIEM, TO ITOJTYyYUM
Xcosq + ysing -p=0—
HOpMAaJIbHOE YPAaBHEHUE NPSIMOH.
3HaK = HOPMUPYHOLLErO MHOXUTENA HAA0 BbI6MpaTb Tak, 4TobbI w- C<o.

p — AJIMHA MEePIEeHIUKYIIsIpa, OMYIIEHHOTO U3 Havyajla KOOpJIWHAT Ha MPsIMYI0, a ¢ - YroJ, 00pa30BaHHBIH

9TUM NCPICHAUKYISAPOM C IMOJIOKUTCIIbHBIM HAIIPaBJICHUEM OCHU Ox.
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IIpumep. Jlano obmiee ypaBHeHue npsmoin 12x — 5y — 65 = 0. TpeOyercs HanucaTh pa3In4HbIE THUIIbI

YpPaBHEHUH 3TON MPSMOM.

2(65/12) +(y_13>:1

ypaBHEHHE TOH NMPSMOM B OTpe3Kax:

ypaBHEHHE 3TOH NMPSMOH C YTIOBBIM KOAPPHUIMEHTOM: (1M Ha 5)

_12 6 _12 o
5 5 5
HOPMAJILHOE YPaBHEHHUE MPSAMOI:
1 1 12
=1 12, 5, 5o

IJ:%
\/12 +(—5) 13 13 13 : cosq = 12/13; singp = -5/13; p = 5.

CnenyeT OTMETUTH, YTO HE KaXAYI0 NPSIMYIO MOXHO TNPEICTaBUTh ypaBHEHHEM B OTpe3Kax,
HaIpUMep, MPSIMbIE, TApaJUIETFHBIC OCSIM WU TPOXOASINNE Yepe3 Hauaao KOOPIUHAT.
IIpumep. [psmas oTcekaeT Ha KOOPAMHATHBIX OCSX PaBHBIC MOJIOXKHUTEIbHBIC O0Tpe3kd. COCTaBUTh
ypaBHEHME MPSAMOM, €CJIH IUIONIaAb TPEYTOJbHUKA, 00Pa30BAHHOTO YTUMHU OTPE3KAMH PaBHA § cM.
X
- +l — 1
YpaBHenue npsimoit umeet Bua: 9 b , a=b=1; ab/2=8§,; a=4; -4,
a = -4 He MOJXOJIUT TI0 YCIOBUIO 3aJIa4H.
X
— % l — 1
Uroro: 4 4 nmx +y—-4=0.

Ipumep. CocTaBuTh ypaBHEHHUE MPSIMOM, TPOXOISIICH yepe3 Touky A(-2, -3) U Hayano KOOpIUHAT.

X=X, y=y

. X, —X -
VYpaBHeHue npsimoi umeet Bua: 2 1 Yo7V e xi = yi=0; xo=-2;y,=-3.

x—O:y—O; L:L; 3x—2y=0.
—-2-0 —-3-0 -2 -3

Jst camocTosiTeIbHOTO pemieHuss: COCTaBUTh YPAaBHEHUSI MIPSIMBIX, IPOXOAIINX yepe3 TOUuKy M(-
3, -4) 1 mapaJiIeNIbHbIX OCSIM KOOPJIMHAT.

Oteet: {x+3=0; y+4=0}.
5.8. ¥roa Me:xay npsiMbIMH HA MJIOCKOCTH.

Onpenenenue. Eciiu 3amansl ABe npsMbie y = kix + by, y = koX + by, TO OCTpBIi yros Mexay STUMH
PSIMBIMU OYJIET ONPEeNIThCs KaK
kz —k 1

1+k1k2|

tga=|
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JBe npsiMbIe napajiejbHbl, eciau K, = K.
/IBe npsiMble MepneHAUKYJISAPHBI, ecin k; = -1/K,.
Teopema.llpsmbie Ax + By + C = 0u Aix + By + C; = 0 napannenvhvi, k020a nponopyuoHaibHbol

koapuyuenmor A; = AA, B; = AB. Ecau ewe u C; = AC, mo npsamvie cosnaoarom.

KOOp)II/IHaT])l TOYKHU NepeceUcHUs ABYX NMPAMBIX HAXOJAATCH KaK PEHICHUE CUCTEMBI IBYX ypaBHelmﬁ.

5.9. YpaBHeHune npsiMmoii, NpoxXoasiiieil yepe3 JaHHYI0 TOUKY NePHeHAUKYJIAPHO TAHHOM
NPAMON.

Omnpeaenenue. [Ipsamas, npoxonsmas yepe3 Touky M (X, y1) U NepneHANKYIIpHas K npsMoi y = kx

+ b npezncrasisieTcs ypaBHEHUEM:

Y=y = (x=x,)
1 k 1

5.10. PaccTosinne OT TOYKH 10 MPAMOM.

Ecnu 3a0ana mouxa M(xy, yy), mo paccmosinue 0o npsamoii Ax + By + C =0 onpedensemcs kak
e |Ax,+ By ,+C|
J A2+ B’

ITpumep. OnpenenuTs yroa MeXIy NpsAMbIMU: y =-3Xx +7; y=2x + 1.
2
Ki=-3; k=2 tgp = 1_(_3)2 ;@ =m/4.

IMpumep. Ilokazats, yto npsmeie 3x — Sy + 7=0u 10x + 6y — 3 = 0 nepneHIuKyJISAPHBI.
Haxonum: k; =3/5, k,=-5/3, kik, = -1, cnegoBatensHo, npsiMble IEPIEHIUKYIISPHBL.
IIpumep. lanbr BepmuHbel TpeyroinbHuka A(0; 1), B(6; 5), C(12; -1). HaiitTu ypaBHEHHE BBICOTHI,

poBeIeHHON u3 BepiiuHbl C.

x-0_y—-1 x_y—1
Haxomnm ypasuenue croporst AB: 60 5-1" 6 4 . 4x=6y-6;
y:2x+1.
2x -3y +3=0; 3

Hckomoe ypaBHeHHE BBICOTH IMeeT BUA: AX + By + C=0mm y = kx + b.
3 3

- —=x+b
k = 2 Tormay = 2 . T.x. BbIcOTa mpoxoaut 4yepe3 Touky C, TO €€ KOOpIMHATHI
—1=—§12+b, y:—§x+17
YAOBJIETBOPSIOT JAHHOMY YPABHEHHMIO: 2 otkyzaa b = 17. Uroro: 2

OtBer: 3x +2y — 34 =0.
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JJ1s1 caMoCTOATEIbHOTO peleHusi: [lansl CTOpOHBI TpeyrojbHUKa X +y — 6 = 0,
3x -5y +15=0, 5x — 3y — 14 = 0. CocTaBuTh ypaBHEHUS €0 BHICOT.

Yka3zanmne: CHauana ciieyeT HaliTH KOOPAMHATHI BEPIIWH TPEYTOJbHUKA, KaK TOYEK MepeceueHus
CTOPOH, 3aTEM BOCIIOJIb30BAaThCSI METO/I0M, PACCMOTPEHHOM B IIPEJBIAYIIEM ITPUMEPE.

Oteer: { x—y=0; 5x+3y—-26=0; 3x + 5y — 26 = 0}.
BOITPOCHI JIs1 CAMOITPOBEPKH

1. Z[aﬁTe OMPCACIICHUC YPABHCHUS JIMHUW HA MJIOCKOCTHU.

2. Hanummute obuiee ypaBHEHUE IPSIMON.

3. VYkaxuTe pasznuuHble CIydYad I[IOJOKEHHs TMpsSMONM OTHOCHTEIBHO OCEW KOOpAMHAT U
COOTBETCTBYIOIIME UM YPaBHEHHUS.

4. Kak mpoBepuTh, JIEXKUT JIU JJaHHas TOYKa HAa JaHHOW NpsIMOM?

5. UYro Ha3bIBaeTcs yIiiOM HaKJIOHA MPSMOM?

6. UYrto Ha3bpIBaeTcs yrioBbIM KOA(G(UIMEHTOM MPSIMON, KAKOB €r0 TeOMEeTPUYECKUN CMBICT?

7. Uemy paBeH yrioBoi KO3 HUIIMEHT MPAMOi, mapamuieabHo ocu Ox?

8. Hamummre ypaBHeHUe NpsMOH, MPOXOAAIIEN Yepe3 JAHHYIO TOUKY B IaHHOM HAIlpaBJICHUH.

9. Hammmmte ypaBHEHHWE NPSIMOHM, MPOXOIAIICH Yepe3 JBE JaHHBIC TOUYKH, OOINee ypaBHEHHE

MIPSAMOIA.
10. Hanmmute opMyiy TaHreHca yria MexXy ABYMs IPSMBIMU.
11. ChopmynupyiiTe ycnoBus NapasieIbHOCTH U MEPIEHAUKYISIPHOCTH IBYX MPSAMBIX.
12. Kak onpenenuTs TOUKY NepecedyeHus IByX MpsIMbIX?
13. B yeM COCTONUT reOMETPUYECKHUI CMBICI HEPABEHCTBA MTEPBOM CTENEHU C IBYMSI HEU3BECTHBIMU?
14.B 4eM COCTOMT TIe€OMETPUYECKMH CMBICI CHUCTEMbl HEpaBEHCTB IIEPBOM CTENEHH C JABYMS

HEU3BECCTHLIMHU?
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Jlekuus Ne 6. KpuBbie BTOpOro nopsiaka.

KpuBasi BTOPOro nNopsiika MoxkeT ObITh 3aJlaHa YPaBHEHHUEM

Ax*+ 2Bxy + Cy* + 2Dx + 2By + F = 0.

CylectByeT cucTeMa KoopAuHaT (He ob6si3aTelbHO JeKapToBa NPSIMOYro/ibHas), B KOTOPOW aHHOE ypaBHEHUe
MOXeT 6bITb NPe/CTaB/IeHO B 0JHOM U3 BUIOB, NPUBEAEHHBIX HUXKE.

2 2
X—2 + y—2 =1
1 4a b - YpaBHEHHE LIMIICA.
2 2
XYoo
2) a b - YpaBHEHHUE “MHUMOTO” DJUIHUIICA.
2 2
Xy g
2 32
3) d b - ypaBHEHHE TUIIEepPOOJIBI.

4) a’x’ - c’y* = 0 — ypaBHEHHE JABYX IIEPECEKAIOMIUXCS IPAMBIX.

5) y*=2px — ypaBHeHHE apadoIbL.

6) y>—a’=0— ypaBHEHHE JBYX NAPALIEIbHBIX NPSIMBbIX.

7) y*+a’*= 0 — ypaBHEHHE ABYX “MHUMbIX" MapajlICIbHBIX PAMBIX.
8) y*=0— mapa cOBHAaNarOIMX IPSIMBIX.

9) (x—a)’*+(y—b)*= R’ - ypaBHEHHE OKPYKHOCTH.

6.1. OKpYXHOCTb.

Omnpepnenenne. OKpYyHCHOCMbIO HAa3bIBAETCSI MHO2KECTBO TOYEK

IVIOCKOCTH, PaBHOYJa/IEHHBIX OT TAaHHOH TOYKH (UueHmpa).

B okpyKHOCTH (x - a)’ + (y - b)’ =R’ HeHTpP HMeeT KOOPIHHATHI (a; b).

Ipumep. HaliTi KOOPAMHATHI LIEHTPA U PAIUYC OKPYKHOCTH, ECIIU €€ yPABHEHUE 3a]1aHO B BUJIE:
2x* +2y* - 8x + 5y —4=0.

[N HaXOXKAEeHUS1 KOOPAMHAT LLEHTPA U PaJiMyca OKPYXXHOCTU JaHHOE ypaBHEHME HEOBXOAMMO NMPUBECTU K
BMAY, YKasaHHOMY Bblille B N.9. [I1s 3TOro BbIAEINM MOJIHbIE KBaApaThl:

X*+y*—4x+25y-2=0
X*—4x+4 -4 +y* +2,5y+25/16-25/16-2=0
(x—2)*+(y+5/4)*-25/16-6=0
(x—2)*+(y +5/4)*=121/16
Orcrona HaxoauMm O(2; -5/4); R =11/4.
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6.2. Dmtunc.

Onpe/]e.ﬂelme. Onauncom Ha3BIBACTCS MHOMKECTBO TOUYCK IJIOCKOCTHU, CyMMa paCCTO}IHI/Iﬁ KOTOPBIX OO
ABYX HAaHHBIX TOYCK, HA3bIBACMBbIX d)OKyCClMu, CCThb BCJIMYMHA MMOCTOAHHAA, paBHAA 2a.

YpaBHeHUue 31u1nca uMeeT BUA,

Onpenenenue. @oKycamMu Ha3bIBAIOTCS TaKHE JIBE TOUKU, CyMMa PacCTOSSHUM OT KOTOPBIX J0 000

TOYKMH OJIITUIICA €CTh IIOCTOsSIHHAA BCIIMYMHA.

y

\ M

1 T

F,0F,

Fi, F, — dpokycel. F;=(c; 0); Fa(-c; 0)
C — TTOJIOBUHA PACCTOSTHUSI MEXIY (HOKyCamH;
a — OoJIBIIas MOTYOCH;
b — Manast mosryocs.
Teopema.DokycHoe paccmosnue u NOIYOCU IIUNCA CEA3AHbI COOMHOULEHUEM.
a=b+c.

]_IOK333T€.]II>CTBO: B ClIy4dac, €CJIM TOYKa M HaxoauTcs Ha MNEePECCUCHUU IJIIMIICA C BepTHKaHBHOﬁ

ocelo, 7, + 12 = 2 \/b2+ C2 (mo Tteopeme Ilugaropa). B ciyuae, eciiu Touka M Haxoaurcss Ha
[IEPECEYCHUH UINIICA C TOPU3OHTAIBHOU OCBIO, 7, + 72 = a — ¢ + a + c¢. T.K. 110 OIIPEeNEIICHUI0 CyMMa 7
+ 7, — IOCTOSTHHAS BEJIMYUHA, TO , IPUPABHHUBAS, TIOTydaeM:
a=b+c
ri+r;=2a.
Onpenenenune. ®opma >uHIICca ONpPEENseTCs XapaKTEPUCTHKONW, KOTOpasi SBJSIETCS OTHOILICHUEM
(OKYCHOTO pacCTOSHUS K OOJbIICH OCH M HA3bIBAETCS IKCIEHTPUCHTETOM.
E =c/a.
Tk.c<a,Toe<]l.
Onpenenenue. Benmnunna k = b/a Ha3piBaeTcst K03 (PUIIMEHTOM C/KATUS IUIHICA, a BenuunHa 1 —k
= (a — b)/a Ha3BIBacTCS C:KATHEM DILTUIICA.
Ko pumuent cxkaThs U SKCLEHTPUCHUTET CBA3aHBI COOTHOIIEHHEM: k* = 1 — ¢,

Ecmma=b (¢c=0, e =0, poxycsl caiuBanTCsi), TO JJIMIC NPEBPAMIAECTCH B OKPY’KHOCTb.
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Xy Y
SH+5<1
Ecin uist Touke M(X1, y1) BeImonmsiercs yenoue: 4 b , TO OHa HAXOJWUTCSI BHYTPHU AJUINTICA,
X2 y2
—;+ —21 >1
a €CJIn a b , TO TOUKa HAXOJUTCA BHEC DJIJIUIICA.

C himuncoM CBsI3aHBI JIBE MPSIMbIC, HAa3bIBacMbIe AMPEKTPpUcaMu. VX ypaBHEHUS:
X =ale; x=-ale.
Teopema./[11 moco, umobv mouka Jnedxcanra HAa 3AIUnNce, HeoOXO00UMO U OOCMAMOYHO, UMOObL
OmHouleHue paccmosiHusi 00 QoKyca K paccmosiHuro 00 COOMEEmMCcmsyuel OupeKmpucsl PasHsIOCH
9KCYeHmpucumemy e.

IIpumep. CoctaBuTh ypaBHEHHE MpPSIMON, MPOXOASIIEH yepe3 JIeBbli (JOKYC U HIKHIOIO BEPUIMHY

2 2
X ) 1.

AIUTUIICA, 3aIaHHOTO YpaBHEHHEM: 25 16
1) KoopauHarsl HWKHeH BepiumHbL: X = 0; y> = 16; y = -4,
2) Koopaunatsl neBoro dokyca: ¢* =a*—b*=25-16=9; ¢ =3; Fx(-3;0).
3) VYpaBHeHUE NPSIMOM, MPOXOAAIICH Uepe3 1BE TOUKH:

x—0 :y+4_ X :y+4.
—-3-0 0+4° -3 4’

Ax=—3y—12; 4x+3y+12=0

IIpumep. CocraButh ypaBHeHUE 3JutHIca, eciiu ero ¢pokych Fi(0; 0), Fo(1; 1), 6osbmas ock paBHa 2.

2 2
X Y

2" 2
VpaBHenue dmmunca umeer sug: 4 b . Paccrosnue mexay pokycamu:
2 2_
2c= \/( 1_0) +( 1_0) _\/E , TAKHM 00paszoMm, a’ — b*=c* =1
2 2 |/ — I
110 YCJIOBHIO 2a = 2, ciiefjoBaTeabHo a = 1, b = \/CI —c"=V1- 1/2_\/2/2'

2 2
X y 1

12 ﬁ:

Hroro:

6.3. Tunepbona.

Omnpenesienue.I' mnep60Ji0ii Ha3bIBA€TCA MHOXKECTBO TOYEK IUIOCKOCTH, M KOTOPBIX MOJYJb
Pa3HOCTH pAaCCTOSAHUM OT JABYX JAHHBIX TOYEK, HA3bIBAEMbIX (JOKYyCAMHM €CTh BEJIIMYMHA IOCTOSHHAS,
paBHas 2a, MEHBIIIAsT PACCTOSHUS MEXITY (HOKyCaMHU.

[To onpexnenenuto 1 —r|=2a. F), F,— (doxkycel runepoonsl. FiF, = 2c¢.
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\ M(x, y)

y)

Bri6epem Ha runep6ose mpous3BoIbHYO TOUKy M(X, y). Torma:
rlzx/(x+c)2+y2

rzzx/(x—c)2+y2

(x+c)+y’=da’+4ay(x—c)+y*+(x—c)+y’
4ay(x—c)+y*=—4d*+4xc
¢’ (x—c/+d’y’=a"-2a"xc+x*c’
a2x2—2azxc+a2cz+c12yz:a4—2a2xc+x2c2
a2x2+a2c2+a2y2—a4—x2c2:0
(- P-d) et y=0
2 2

x(*-d')-d’y’=d’ (- d°)

0003HaunM ¢* — a’ = b* (TeOMETPUYECKH ITa BEIMYMHA — MEHBIIIAS MOJIYOCh)

212 422 2 2
ab=bx-ay

e yz
—=1
a b
[TonyunnukaHOHNYeCKoOe ypaBHEeHHe THIepOoJIbI.
['mnepOosa cUMMETpUYHA OTHOCHUTEIBHO CEPEUHBI OTPE3Ka, COCAUHSIOMIEr0 (POKYChl M OTHOCUTEIBHO
ocell KOOpANHAT.

Ocb 2a Ha3bIBaeTcsi AeMCTBUTEIbHOM 0ChI0 TUNEPOO0JIbI.

Ocsb 2b Ha3bIBaeTCs MHUMOM OCHIO THIIEPOOJIbI.
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b
a

y=f—x.
['mnep6omna UMeeT [Be aCHMNITOTHI, YPAaBHEHUS! KOTOPBIX
c
e=—>1
Onpenenenne. OTHOLIEHHE a Ha3bIBAETCSI IKCHEHTPUCUTETOM TIunepOoibl, Iae ¢ —

I[MOJIOBHMHA PACCTOAHUSA MCIKIY (pOKycaMI/I, a — IelCTBUTEIbHAS TIOJIyOChb.

C y4ertoMm Toro, 4ro ¢’ — a> = b*:

2 2 2 2
2_C _a+b”_ b

2 2 2
a a a
b
2=ye’-1
a
Ecrma=b,e= V2 , TO TUIIep0oJIa Ha3bIBACTCSI PABHOOOYHOM (PABHOCTOPOHHEI).

Onpenenenue. JIBe mnpsiMble, TNEepHEHANKYISPHbIE JCHCTBUTEIBHOW OCH  THUIEpPOONBl U

PAaCIOJIOKCHHBIC CUMMCTPHUYHO OTHOCHUTCJIBHO ICHTPA Ha PaCCTOAHUHN a/e or HCTO, HAa3bIBAIOTCs

x:ig
AUpeKTpHcaMu rurepoossl. X ypaBHeHUS: e

Teopema.Eciu r — paccmosnue om npoussonvhol mouku M eunepbonvl 0o kakozo- aubo gokyca, d —
paccmosnue om mou dce MOUKU 00 COOMEEMCMEYIoujell SMomy QOoKycy OUpeKmpucyl, mo OMHOULeHUEe
r/d — eenuyuna noCMosHHAsA, PABHASL IKCYESHMPUCUINEM).

Ilpumep. Haiitu ypaBHeHue THUMIEpOONBI, BEpIIMHBI W (POKYCHl KOTOpOM HaxomsaTcs B

COOTBETCTBYIOIMX BEpIIMHAX 1 (OKycax smmnca
Jns snmunca: ¢ = a? — b,

Jlis runep6onsl: ¢ = a® + b,

S i

V8

VpaBHeHHUE rHIIEPOOIIBI: 3 5

177



Ipumep. CocraBuTh ypaBHEHHE THIEPOONIBI, €CIM €€ SKCUEHTPUCHTET paBeH 2, a (POKyChHl

X2 2
+y——1.

COBMAJIAIOT C (POKYCaMU AILIUIICA C YPAaBHEHUEM 25 9

Haxomum ¢okycHoe paccrogaue ¢’ =25 — 9 = 16.

JUtsrunep0onst: ¢ = a> + b* = 16, e=cla=2; c=2a; c2=4a’ a’=4;
b’=16-4=12.
X2 2
XY
Wroro: 4 12 - ICKOMOE ypPaBHEHUE THIEPOOJIBL.

6.4. ITapabona.

Onpenenenune.Ilapa6osioii  Ha3pIBacTCd MHOMKECTBO TOYEK IUIOCKOCTH, KaXkJas M3 KOTOPBIX
HAXOJUTCS Ha OJJMHAKOBOM PACCTOSHMM OT JaHHOW TOYKHM, HA3bIBAEMOU (POKYCOM, U OT JAaHHOH MPSIMOIA,
Ha3bIBAEMOW TUPEKTPUCON M HE MPOXOAIICH uepes Pokyc.

Pacnonoum Ha4yano KoopamHaT nocepeamnHe Mexay GoKycoM 1 ANPEKTPUCON.

y
A Mi(x, y)
\\.
p/2 '

ME2 =y + (x —
(x+p/2)’ =y’ + (x —p/2)’
x> +xp + p¥4 = y* + x> — xp + p*/4

y* =2px
VYpaBHEeHHE TUPEKTPUCHL: X = -p/2.

Ipumep. Ha napa6ose y* = 8x HaiTH TOUKY, PaCCTOSIHUE KOTOPOI OT JUPEKTPHUCHI PaBHO 4.
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M3 ypaBHeHMs Napabosibl Noy4aeMm, 4to p = 4.

r =X + p/2 = 4; cnegoBarenbHO:

x=2; y*=16; y= *4. Uckomsle Touku: M,(2; 4), Ma(2; -4).
y y

ITpumep. [lana napadona y>= 6x. CocTaBUTh YpaBHEHHE €€ JUPEKTPUCH M HAUTHU ee POKYC.

CpaBHUBasi JaHHOE ypaBHEHHE ¢ KAaHOHWYECKMM ypaBHEHHEM MapadoJibl, BUIUM, 4yTO 2p=60, p = 3.

Tak Kak ypaBHEHUE IUPEKTPUCHI UMEET ypaBHEHHE X =

%, a (Qokyc — KOOpIMHATHI %UO, TO Ui

paccMaTpuBaEMoOro cirydast oJlyduM YpaBHEHUE TUPEKTPUCHI X = _7 u okyc F(E ; 0).

-3
Omeem:x = — F(

3

—;0].
2

2 3

BOITPOCHI JIs1 CAMOITIPOBEPKH

S A o

10.
11.
12.
13.

14.

JlaiiTe onpeeneHue JUHUN BTOPOTO MOPSAKA.

Kakue nuHu# BTOpOTo Mopsiika BbI 3HaeTe?

BhIBeuTe ypaBHEHHE OKPYKHOCTH C LeHTpoM B Touke C|1;2) u paguycom R=4,

JlaiiTe onpenenenye 3JUInIca.

Kakyro ¢opmy umeet smmurc? YKaxuTe Ha pUCYHKE U HA30BUTE €0 OCHOBHBIE 3JIEMEHTHI.

Yro mpeacTasusieT coO0i IHIIC, €CTIU €ro MOIyOCH PaBHBI?

Haiite onpeeneHue mapadoIbl.

Kakyro popMy nmeer napaGona, onpeensieMas ypaBHEHUEM y =2 px, WK x°=2 gy? Kak Biusior
napameTpsl p U g Ha popmy mapaboib1?

Uro nmpexncrarisieT cobor Ha rpaduke B cucteMe KoopAauHaT OXxYNHWHMS, 33JlaHHas YpaBHCHHUEM
y=ax'+bx+c?

JlaiitTe onpezencHue rurnepOoIbl.

Kakyto hopmy nmeer runep6oia? YKaxuTe Ha pUCYHKE M HA30BUTE €€ OCHOBHBIC DJICMEHTHI.
Hanumure ypaBHEeHUS aCUMITOT TUNIEPOOIIBI.

Hanummre ypaBHeHHE paBHOCTOPOHHEW TUMepOOJibl, aCUMITOTAMU KOTOPOH SIBISIIOTCS OCH
KOOp/IMHAT.

[lpuBenuTe TpUMEpHl WCIOJIB30BAaHHUS YpPAaBHEHHWW IJIMHHA BTOPOTO TOPSAIKA JUIS HW3yYCHHS

KOHKPCTHBIX 3aBUCUMOCTEH.

179



Jlexnus Ne 8. Ilpenen pynkuum.

MepeMeHHas U npesien - 3TO OCHOBHbIE MOHATUS MaTeMaTUYeCKOro aHaansa. JJoctaTo4yHO HanoMHUTb, YTO
KJIHOYEBbIM CJIOBOM B ONpPeAENIEHNAX TaKUX U3BECTHBIX CO LIKOJIbl MOHATUI KaK NPouU3BoAHas U UHTErpan
SABNSAETCA C/IOBO Npeaen.

8.1. IIpenen ¢pyHKIUH B TOUKeE.

y f(x)
A+e ! :
A !
A-¢ i i

a-Aaa+ Ax

[Tycts dynkius f(x) onpeneneHa B HYKQTOPOH OKPECTHOCTH TOYKHU X = a (T.e. B cCaMOW TOYKe X = a
(byHKIUS MOXET OBITh U HE OTpe/IeIICHA)

Onpenesenue. Yncno A HaszwiBaeTcs mpeaejoM ¢yukmuu f(X) mpu x—a, ecau s grodoro €>0
CYIIECTBYET Takoe yucyio A>0, 4To AJs BCeX X TaKHX, 4TO

0<|x-al<A
BEPHO HEPABEHCTBO | f(x) - Al<e.
To e onpefeneHne MOXET BbITb 3aMUCaHO B APYroM BUAE:

Ecnmm a - A<x<a + A, X#a, TO BEpHO HEpaBEHCTBO A - e<f(X) <A + &.

limf(x)=A
3anuck npenena GyHKIHUU B TOUKE: x2a

lim f(x)=A,
Onpenenenue. Ecim f(x) —A; mpu X — a TOJNBKO mpu X<a, TO x?a-0 - Ha3bIBAeTCs

npeaeiaom ¢yukiuu f(x) B Touke X = a cjeBa, a ecau f(x) —A, npu X — a TOJBKO MHpU X>a, TO

lim f(x)=A,
x> a+0 HazbIBaeTcs npeaeaom ¢pyHkuu f(X) B Touke X = a crnpasa.
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f(x)

>
!
1
1
1

7

[TpuBeneHHOE BBIIIE OMIPEICIICHIE OTHOCUTCS K CIIyHaro, koraa Gpyuknus f(X) He onpenencHa B caMoit
TOYKE X = a, HO OTIPEJIeICHa B HEKOTOPOH CKOJIb YIQIHO MajlOi OKPECTHOCTH 3TOW TOUYKH.
[Ipenensr A 1 A, Ha3bIBAIOTCS TAKXKE OJHOCTOPOHHMMH mpeaeaamMu GyHknuu f(x) B TOuke X = a.

Taxoke TOBOpST, UYTO A — KOHe4YHbIH npeaea pyHkuun f(x).
8.2. Ilpenen GpyHKIIMU TIPU CTPEMIICHUN apTyMeHTa K 0ECKOHEUYHOCTH.

Onpenenenue. Yncno A HaszpiBaeTcs mpeaesoM QyHKIUH f(X) mpu Xx—oo, eciu i JT000ro Jucia

€>0 cymecTByeT Takoe uncio M>(, 4To s BCeX X, | x|>M BbImONHSIETCS HEPaBEHCTBO
A-flxi<e
[Tpu 3TOM nmpenmnonaraercs, uro GpyHkus f(X) onpeneneHa B OKPeCTHOCTH OECKOHEUYHOCTH.

limf(x)=A.
3amuCcEIBAIOT; X2

I'padmyecku MOKHO MPEICTABUTH:

y i y
A i A
0 0

X X
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y y J
A A
0 0
X X
lim f(x)=A
AHaJIOTMYHO MOKHO ONPEJICIUTh MPEJIETbl x>+ TSt JI060oro x>M u
lim f(x)=A
X —o0 JUIst TF000r0 X<M.

8.3. OcHoBHBIE TeopeMbI 0 Mpeaesaax.

limC=C
Teopema 1. x2a , rie C = const.

Crnenyromnye TeOpeMbl CIPaBEIIUBBI MPU MPEeANookeHnH, 4to (QyHkimuu f(x) m g(X) umeror

KOHCYHBIC IIPEACIIbI IIPHU X—a.

lim(f(x)+g(x))=limf(x)xlimg(x)
Teopema 2. x»a x>a x>a

JloKa3aTeNbCTBO ITOM TeOpeMbl OyAeT MPUBEACHO HUXKE.

lim[f(x)-g(x)]=limf(x)-limg(x)
Teopema 3. x-a x>a x=>a

limC-f(x)=C-limf(x)
CaencrBmue. x-a x>a

£(x) limf(x)

__Xx"a

lim

x»ag(x) limg(x) limg(x)#0
Teopema 4. x>a opu  x>a
limf(x)=A
Teopema S5.Ecnu f(x)>0 661u3u mouku x =au x>a , mo A>0.

AHanoru4Ho omnpenensercs 3Hak npenena mpu f(x) <0, f(x) > 0, f(x) < 0.

limg(x)=limu(x)=A lim=A
Teopema 6.Eciu g(x) <f(x) <u(x) 6bauzu mouku x =au x>a x>a ,mou x>a

Onpenenenue. Oynknusa f(X) Ha3zpIBaeTCs OrpaHUYeHHON BONHM3M TOYKH X = a, €CJIU CYIIECTBYET

Takoe uncio M>0, uto | f(x) | <M B61H3M TOUKH X = a.
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Teopema 7.Eciu ¢hynxyus f(Xx) umeem Koneunvlii npeden npu X—a, mo OHA 02PAHU4eHda 801U3U MOUKU

X = a.

Hoxa3zareabcTBo. [lycTh }(i-rgf(X):A , T.€. ’f(X)—AkE , TOTa

Flx)l=If(x) -A+Al<lf(x)- Al+|A]
flxllet/Al .

nin

‘f(X)‘<M, meM=¢+ |Al

Teopema nokaszaHa.

8.4. beckoHeuHO MaJible (PYHKIIHH.

Onpenenenune. Oynkius f(x) Ha3pIBaeTCs 6eCKOHEYHO MOl TTPU X—a, TJIe a MOXKET OBITh YUCIIOM

limf(x)=0
WY OJHOM U3 BEJIUYMH 00, +00 MJIH -00, €CIIA  x-a

CBoilicTBa 0eCKOHEYHO MAJIbIX QYHKIMIA:

1) Cymma QuUKCHpOBaHHOTO uuciIa OECKOHEYHO MaylbIX (PyHKUMH MpH X—a TOXKEe OECKOHEUHO Masias
GbyHKIMS IpH X—a.

2) IlpousBeneHue (UKCUPOBAHHOTO YHCiIa OECKOHEUHO MalbIX (YHKUUH MPH X—a TOXKe OCCKOHEYHO
Mauiasi GyHKIUS IpU X—a.

3) IlpousBenenue OeckoHEUHO Mayioll (DyHKUMU Ha (QYHKIMIO, OTPAaHHMYEHHYIO BOJIM3M TOYKH X = a
ABJIsieTCA OECKOHEUHO Manoil GpyHKIuen npu x—a.

4) YactHOoe OT jAeieHUss OECKOHEYHO MayIoM (YHKUMHU Ha (YHKIHIO, Mpelesl KOTOPOW HE paBeH HYIIIO

€CTh BEJIUYMHA OSCKOHEUYHO MaJias.

8.5. beckoHeuHo O0osibIINE (PYHKIIMU M UX CBA3b ¢ 0€CKOHEYHO MAJILIMH.

Onpeneneﬂne.d)yHKuHs[ Ha3bIBacTCI 0€CKOHEYHO 00JIbLIIOH Ipu X—a, ra¢ a — 4YucCjo WJIn OaHa U3

limf(x)=A
BEJIMYHH 00, +00 UJIU -00, €CIIH ~ Xx~a , T7Ie A — YUCIIO WM OJTHA U3 BEJTMYHUH 00, +00 UM -00.
CBs13b OECKOHEYHO OOJBIINX U OECKOHEUHO MaNbIX (DYHKIUI OCYIIECTBISETCS B COOTBETCTBUH CO
CIENYIOLIEH TEOPEMOU.

Teopema.Ecau f(x)—0 npu x—a (eciu x—o0 ) u He obpawaemcs 8 HOb, MO

y:L-)oo

f(x)

8.6. CpaBHeHUE 0€CKOHEYHO MaJIbIX (DYHKIUH.
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MycTb a(x), B(x) n y(x) - 6eckoHeYHO Masble GYHKUUKM NpKu X — a. byaeM 0603Ha4aTb 3TU GYHKUMK o, B Uy
COOTBETCTBEHHO. TN BECKOHEYHO MaJible GYHKLMN MOXHO CPaBHUBATL NO GbICTPOTE UX YObIBaHUS, T.€. N0
6bICTPOTE UX CTPEMJIEHUS K HYJIIO.

Hanpumep, pynkuus f(x) = x'’ crpemutes k Hymo 6bicTpee, yeM Gy f(x) = x.
. a
lim—=0
Onpenenenne. Eciim  x?a , TO QYHKITHS O Ha3bIBAETCSl D€CKOHEYHO MaJIoii 00Jiee BHICOKOTO

nopsigka, yem QyHkus f.

limg:A, A#0, A=const

Onpenenenune. Ecim  x?4a , TO 0L ¥ [} Ha3BIBAIOTCS 0€CKOHEYHO MAJIbIMH

OIHOT0 MOPSIKA.

L a
lim—=1,
Onpenenenune. Ecim  x7¢ TO (YHKIMH O ¥ [3 HA3BIBAIOTCS IKBUBAJEHTHBIMH 0€CKOHEYHO
MaJIbIMH. 3alMChIBAIOT O ~ [3.
ITpumep. Cpauum Geckoneuno Masbie npu Xx—0 Gpyukimu f(x) = x' u f(x) = x.

10
. X .
lim—=lim x°=0
x2a X X=a

T.e. pynkuus f(x) = x'° — OeckoHeuHO Masas Goyee BHICOKOrO Mopsaka, 4em f(x) = x.

Onpenenenne. beckoHeyHo Mayasgs QYHKIMS O Ha3bIBaeTCsl 0ECKOHEYHO MAJIOH MOpPsAKa

.o
lim —
KoTHOCHTENEHO GecKOHEUHO Manoi GyHKuuM f3, ecu npegen  X7¢ B"  komeuen u orruuen ot HYJISL.

OnHako ciexyer OTMETHTh, YTO HE BCe OCCKOHEYHO Majble (YHKLIUH MOXKHO CPaBHUBATH MEXIY

o

coboii. Hampumep, eciiu oTHOIIEHUE B HE UMeEeT Ipenena, TO PYHKIUA HECPAaBHUMBI.

.o _ . Xsinx
lim - =lim 5 =1
Mpumep. Eciu  A=Xsinx, B=Xx 1o gpu x—0 **0 B xs0 x , T.e. GyHKIHUSA O -
0eCKOHEYHO MaJiasi MOpsIKa 2 OTHOCUTENbHO (DYyHKIHMH f3.
1 im—=
a=xsin—, [=x hmﬁ
Ipumep. Ecin X , To mpu x—0 30 HE CYIICCTBYET, T.c. QYHKIUS O U 3

HCCpPpAaBHUMBIL.

CBOMCTBa YKBUBAJICHTHBIX OECKOHEYHO MAJIBIX.

lim ¥=1

a~a, x3a @
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2D)Ecmmoa~PupP~y,oa~y,

B

lim =

x3a A
3) Ecnu o ~ 3, T0 3 ~ a,

lim 3=k
4)Eemno~ouup~piu x2ab

lim 2 =
ChaencrBue: a)ecnuo~oy U X4 B

.
lim—=k
X=a

0)ecmu P ~pPiu

hmﬁzhm(%-ﬁ):l-lﬂ

x-)ay x=>a Y
.1
lim—=1
x-)ag

p

a,
lim—=k

o a,
lim = = lim —
TOI/I xX=a Bl

W xX=a xX=>a Bl

a a,
lim—=Ilim—

,TO " X-NJB x>a B

hrn == hm —

x=a B x2a ﬁl

CBOMCTBO 4 0COBGEHHO BaXKHO Ha NPaKTUKE, T.K. OHO GaKTUYECKMN 03HAYaEeT, YTo Npees OTHOLIEHMUS

GEeCKOHEYHO MarslbIX HE MEHSseTCA NMpun 3aMeHE UX Ha 3KBUBAJIEHTHbIE 6eCKOHeYHO Marsble. IToT d)aKT AaeT

BO3MOXXHOCTb MPW HaXOXAEeHUN NpeaesioB 3aMeHsTb 6ECKOHEYHO MaJible Ha SKBMBasIEHTHbIE UM QYHKLUN, YTO
MOXET CUJIbHO YNPOCTUTL BbIYUC/IEHNE NPEENOB.

lim lg5x

Mpumep. Haiitn npegen  x»0807X

Tak kak tgd5x ~ 5x u sin7x ~ 7x npu X — 0, To, 3aMeHUB (PYHKIHUU SKBUBAJICHTHHIMH OECKOHEYHO

MaJIbIMH, IMOJTYYHUM:

. X X
lim 92X =} 2X =5
x»0SIN7X  xs07Xx 7
X3
lim————
HMpumep. Haiitu ipenen  x20 1—cosx
3 N
2 lim———=lim—=1im2 x=0
2Sin2£N2 @ x=0 1—cosx x>0 X_ X0
Tax kax 1 — cosx = 2 pu x—0, To 2
lim_tiZIim%:oo.
Mpumep. Haiitu ipegen  x?0SInx  x20X

Ecimm o u - 6eckoHEUHO Masibie pu X—a, pUYeM 3 - 06CKOHEUHO Majiasi 0oJiee BBICOKOTO TOPsIIKa,

4eMm o, T0 Yy =

limlz

x3a A

lim 1+ﬁ =1

PaBEHCTBOM x?a a

o + P - OeckoOHEYHO Majas,

SKBUBAJICHTHAs .. DTO MOKHO AO0Ka3aTh CJICAYHOIIUM

Torna roBOpST, 4TO O - IJIAaBHASl YaCTh OECKOHEYHO MaJIol (PYHKIUH Y.

Mpumep. Pynxnus x* +x — 6eckoHeuHo Manas npu x—0, X — r1aBHas 9acTh 3Tod GyHKIMU. YTOOBI

0Ka3aTh 3TO, 3alUIIEM O, = X%, } = X, Torja
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2 2

. X . X +X .
lim—=0, lim =lim(x+1)=1
x>0 X x>0 X x=0
8.7. HexoTopsle 3aMeuaTesbHbIe IpeJienbl.
P(x)

lim———

IlepBblii 3aMeuaTeIbHBIIH Mpegen. *?® Q(X) , Tiie P(X) = aox" + a;x™" +...+a,,

Q(x) = bex™ + b1Xm.1 +...Tby, - MHOTOUJICHBI.

a a a a
X"(ag+—+...+—2) Ayt —+...+—
P(x)_ X X" _onm X X
(x) b b b
X" (by+—+.. .+ —) byt —+...+—
X X X X
a a
ag+—+...+—
li X x" Qg
im =—
x>0 b1 bm bo
b() —+.. +—m
X X

| [
I M:{JU, ] n<mc{—0, I MGk

sl

Uroro: { []

sin x
=1

lim
Bropoii 3ameuarenbHblii mpegea. x>0 X

1 X
lim|1+=| =e
Tpertnii 3ameuare/bHBIN Npegesg. X2 X

YacTto ec/iv HenocpeACTBEHHOE HaXOoXAeHNe Npeaena Kako — 60 GYHKLMU NPeacTaBAAETCSA CIOXKHbIM, TO
MOXHO NyTeM npeobpasoBaHns GYHKLMKN CBECTU 3a4a4Y K HAXOXKAEHUIO 3aMeyaTe/bHbIX Npeaesios.

KpoMe Tpex, U3/10)KEHHbIX Bbllle, NpeaesioB MOXKHO 3anucaTh caeayowme nosesHble Ha NpakTuke
COOTHOLLEHNA:

limM:L lima _1:lna; limwzm.
x=0 X x=0 X x>0 X

IIpumep. Haiitu npenen.

. tgmx .. mx m
lim g =lim—=—

x»0SINNX x50 NX N

IIpumep. Haiitu npenen.

. tgx—tgx . sin{ x—x .oosin(x—x,) . .. 1 1 1
hmwzhm ( o) :hmMchm =1 =
xax, X=Xy xox, [X—X))COSXCOSXy xox

2 - 2
) X=X, XX, COSX COS X, CoS ) CcOoS X,
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IIpumep. Haiitu npenen.

2 .
———sin(n/4—x) ‘
. sinx—cosx _ .. V2 . —sin(n/4-x)_ 1
lim ———= lim = lim =
oomid T—4X  oms  T—dx wonia 242(mld—x) 242

IMpumep. Haiitu ipenen.

8K CoooslTl-y) sy 1
lim ——= y=n/2-xi, x=n/2-y i{|=lim | Y):hm -
=20 : o
IMpumep. Haiitu ipenen.

X+3 _ X+3 1 y+4 y 4
lim[ 23] =tim* 4 g y=x- 10 e i = lim ﬂ) lim |1+ | lim 142 =
X-)OOX—l X-)OOX—l y-)ooy y Yy y0 y

41 7|4

o=l =tim 142 ] ={lim 142 =¢*

7790 // 77w //

lim X' —6x+8

2
Ipumep. Haiitu mpegen X2 X —8x+12

Ona HaXoXXaeHnAa 3Toro npeaesa pasjoxKmnm Ha MHOXUTEIN HNCTIUTEITb U BHaMEHATEJ1b AaHHOﬁ ,EI,pO6M.

X—6x+8=0; X=8+12=0;

D=36-32=4; D=64-48=16;

x1=(6+2)2=4; x1=(8+4)/2=6;

X2 =(6-2)/2=2; X2 =(8-4)/2=2;
lim—(x_z)(x_4):lirnx;élzg:l
Torna 32 (Xx=2)(x=6) s2x—6 4 2

IIpumep. Haiitu npenen.

. \/1+x+x2—\/1—x+x2
lim

2
x>0 X —X JOMHOXHMM YUCIIUTENbh U 3HAMEHATENb IPOOU Ha COMPSHKEHHOE

lim T+x+xX —1+x—x° —lim 2x
BbIpaKCHUE: X”OX(X_l)(\/1+X+X2+\/1—x+x2) x->0x(x—l)(\/1+x+x2+\/1—x+x2) —

_2
_ —1(1+41)

IIpumep. Haiitu npenen.

’ - —_— —
i XS0 2 a=(—2) -3 =lim A28 32
x»3  X—9 w3 (x=3)(x+3) 343
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i X' =6x"+11x-6
2
Mpumep. Haiftn npegen 21 X" —3x+2

Pa3/103KMM YMC/UTENb M 3HAMEHaTE b Ha MHOXMTESIN.
X =-3x+2=x-1x-2)
X —6x’+1Ix—6=(x—-1)(x—2)(x—3), T.K.

X—6x°+11x—-6 x-1
X —xx*-5x+6

-5x+11x
- 5x* + 5%
6x - 6
6x - 6
0
x> —5x+6=(x-2)x~-3)
- (x=1)(x=2)(x-3)
lim =2
Torma *?1 (X—l)(X-Z)
IIpumep. Haiitu npenen.
. 2a+2h 2h .
sin(a+2h)—2sin(a+h)+sina 2511]2 C052——251n(a+h) 2sin(a+h)(cosh—1)
m =11m =11m =
h->0 h? h>0h? h->0 h*
.2
L2hmsin(a+h)-limZsm—WZZSina-(—I/Z)z—sina
h>0 n>04(h/2)

JIJ1s1 CaMOCTOSITEILHOTO PelIeHMSI:
4 2
. 2X +2X°+5x—6
lim 3 > =0
1) x>0 X+2X°+7x-1

i (2x°+4x+5)(x*+x+1)

=2
2) xvo(X+2)(x* +2X°+7 x*+x—1)

[ X =7x+10 3
3)  x32 X*-8x+12 4

I e |
4)  x2-1 x+1

lim vl+xsinx—1_1
5) x>0 X2 2

lim 3

X —
6) x20 3\/1+X—1

i \/1+x+x2—\/7+2x—x2:ﬂ
4

li
7y x2 X°—2x
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. X =2x’ -4 x+8
lim

8) x2 3x'-16x°+24x*~16 _ HE OIIpeJIeTIeH.
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BOITPOCHI JJIs1 CAMOITPOBEPKH

1. [laiite onmpenenenue npenena QyHKIUNA TOUKE.

2. [aiite ompenenenue npesena GyHKINN Ha O€CKOHEUHOCTH.

3. Yro Takoe 0THOCTOPOHHUE Mpeebl pyHKII?

4. CdopmynupyiTe OCHOBHBIE TEOPEMBI O Mpeenax (pyHKITHi.

5. UYto Takoe nmepBbIi, BTOPOH U TPETUM 3aMeUaTeIbHbIC MPEIeIbl?

6. aiite onpeneneHre 6€CKOHEUHO MaIOH (PyHKITUH.

7. CdopMynupyiiTe OCHOBHBIC CBOHCTBA OECKOHEYHO MANTBIX (DYHKIIHHA.

8. CdopmynupyiiTe MPUHIINAI SKBUBAJIEHTHOCTH OECKOHEUYHO MaJIbIX ()YHKITHA.
9. Jlaiite onpenenieHne 0ECKOHEUHO OOIBIION (DYHKITHH.

10. ChopmynupyiiTe OCHOBHBIE CBOMCTBA OECKOHEYHO OONBIINUX (PYHKITHIA.

11. B ueMm 3akirrouaeTcs CBsA3b OECKOHEUHO OOJIBINX U OECKOHEYHO MaNbIX (pyHKIINNA?

190



Jlekuusi Ne 9. HenpepbIBHOCTH yHKIIUM M €e pa3pbIBbI.

9.1. HenpepbIBHOCTH (DYHKIIHU B TOUKE.

Onpenenenune. Oynkius f(x), omnpeneneHHass B OKPECTHOCTH HEKOTOPOW TOUKH Xo, Ha3blBaeTcs

HellpepbIBHOM B TOYKe Xo, €CIIU Npeien (PyHKIMY U ee 3HaYeHUe B 3TOW TOUYKE paBHBbI, T.€.

lim f (x)=f(xo)

XX

lim f(x)=f(lim x)
Tort ke pakT MOXKHO 3amucarh HHavye: X>%o Xy

Omnpenenenune. Ecnu ¢pynkuus f(x) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOUKHU Xo, HO HE SIBJISIETCS
HEMpEephIBHOM B CaMOW TOYKE Xo, TO OHA HAa3bIBAETCS Pa3pbIBHOM (QYHKIHMEH, a TOYKa Xo — TOYKOM
paspsIBa.

[Tpumep HENpepbIBHOH (HYHKIINN:

f(X0)+E
f(xo)
f(Xo)-S

[

0 Xo-AXoXoTAX

Mpumep paspbIBHON GYHKLMMN:

Onpenenenune. @Dynkuusa f(X) Ha3bIBaeTCs HENPEPHIBHOM B TOYKE Xo, €CIAM JUId JIHOOOTO
HOJIOKHUTEIbHOTO yMcaa €>0 cymiectByeT Takoe yuciao A>0, yTo I JMOOBIX X, YJIOBJIETBOPSIOIIUX

YCJIOBHIO
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x—x /<A

BEPHO HEPABEHCTBO |f (X)_f (XO)‘<€

Onpenenenne. @Dynxnus f(X) Ha3biBaeTCs HeNmpepbIBHOW B TOYKE X = Xo, €CIIM IpPHUpAIICHUE
(YHKINHU B TOUKE X SIBJISIETCSI OECKOHEYHO MaJIOW BETMYUHOM.
f(x) = f(x0) + aUx)

rjae o(x) — OECKOHEYHO MaJlask IPH X—Xo.
9.2. CpoiicTBa HenpepbIBHbIX QyHKIMIA.

1) CymMma, pa3HOCTh U TPOM3BEJCHHE HEMPEPHIBHBIX B TOUKE Xo (QYHKIHH — ecThb (YHKIHS,

HCMIPECPBIBHAA B TOUKC Xo.

flx)
2) YacTHOE ABYX HeHpephIBHBIX GyHkimii I (X) — €CTh HemnpepbIBHasE QYHKIMS IPU YCIOBUH, YTO
g(X) He paBHa HYJIO B TOUKE Xo.
3) Cynepnosunumsi HenpepbiBHBIX GYHKLMI - eCTb HEMpepbIBHAsH GYHKLMS.
OTO CBOICTBO MOXKET OBITh 3aMIUCAHO CIEAYIOIIUM 00pa30M:
Ecmu u = f(x), v = g(x) — HenpepbIBHbIE QYHKIUU B TOUKE X = Xo, TO QyHKIMSA v = g(f(x)) — TONKE
HenpepbIBHAs QYHKIMS B 9TOH TOUKE.

CI'IpaBep,I'IMBOCTb npmeeaeHHbLIX BbllLE CBOWCTB MOXHO JIETKO AO0Ka3aTb, NCIMOJIb3yA TEOPEMBbI O rnMpeaenax.
9.3. HenpepbIBHOCTH HEKOTOPBIX 3J1€MEHTAPHBIX QYHKIIUH.

1) ®ynkuus f(x) = C, C = const — HenpepbIBHAs (YHKIUSA HA BCEil 00J1aCTH OIpeIeeHHUS.

n n—1
_ GOX +01X +...+an

f(X)— m m—1
2) PammonanbHas QyHKUUS boXx"+b; X" "+...+b,

HeNpepbIBHA JJIs1 BCEX 3HAYCHHUH X,
KpOMe TeX, MpH KOTOPHIX 3HaMEHaTedb oOpamiaercs B HONb. TakuM oOpa3oM, (QyHKIHMS 3TOro Buia

HenpepbIBHA Ha Bcel 001acTu onpeesieHusl.

3) Tpuronomerpuyeckre (HyHKIMH HETIPEPHIBHEI HA CBOCH 007IaCTH ONpeeICHHUS.

JoxaxkeM cBOMCTBO 3 1ist QYHKIIUM Y = SinX.

3amuiem npupaimienue GyHKIu Ay = sin(x + AX) — sinX, WIH MOclie Tpeodpa3oBaHus:

Ay=2cos x+£ sin&
2 2
lim Ay =2 lim |cos x+£ sing =0
Ax>0 Ax>0 2 2
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Ax
cos| X+~ sin &%
€MCTBUTEIHLHO, MMEECTCS IIpeei IPOU3BEACHUS NBYX (PyHKITHI U 2 TIpu stom
p p yX Qy p

Ax
|cos| x+—||<1
(GYHKIMS KOCHHYC — OrpaHnueHHas GpyHKIms mpu Ax—0 2 , A T.K.

lim sin ﬁzo
npezen GyHKIUU CUHYC 420 , TO OHa SIBJIsIeTCsl OeCKOHEYHO Mauoi mpu Ax—0.

Takum 00pa3oM, HMeEeTCs MPOM3BEICHHUE OTPaHUYCHHOW (QYHKIUM Ha OECKOHEYHO Mailylo,
CIIEIOBATENIbHO ATO IMpou3BeAeHue, T.e. ¢GyHKuus Ay — OeckoHeyHo Manas. B cooTBercTBUH C
PacCMOTPEHHBIMU BBIIIE ONpEACICHUAMHU, (QYHKIMS Yy = SINX — HeNpepbiBHAs (YHKUUSA Ui JIHOO0Tro
3HAYEHUS X = Xo M3 OOJIAaCTH OMpE/EICHHUs, T.K. €¢ NMpHpaIIeHHe B 3TOW TOYKE — OECKOHEYHO Mauas
BEJIMYMHA.

AHa/IorM4YHO MOXKHO 40Ka3aTb HEMPEPbLIBHOCTb OCTaJIbHbIX TPUFOHOMETPUYECKNX PYHKLMI Ha BCcelt obacTn
onpeneneHus.

Boo6Lue cnenyet 3aMeTUTh, YTO BCE OCHOBHbIE 3/1eMeHTapHble GYHKLUM HENpPepbIBHbI HA BCel cBoen obactm
onpeaeneHus.

9.4. Touku pa3pbiBa U UX KJIACCHU(PUKAIIHSL.

Paccmotpum HekoTopyro ¢GyHKIMIO f(X), HEMPEPHIBHYIO B OKPECTHOCTH TOYKH X, 32 MCKIIOYCHHEM
MOET OBITh caMOil 3TOU TOUKH. 13 onpenenenus TOUKH pa3pbiBa GyHKIIUU CIEAYET, YTO X = X SABJISETCS
TOYKOH pa3pbIBa, €ciu (YHKIMS HE ONpesesieHa B 3TOM TOUKE, UTH He ABIISIETCS B HEl HEIPEPHIBHOM.

CnepnyeT OTMETUTb TaKXKe, YTO HEMPEPbIBHOCTb GYHKLMN MOXET 6bITb OJHOCTOPOHHEMN. [OACHMUM 3TO
cnenyowmm o6pasom.

lim f(x)=f(x)

Eciu opgHocTOpoHHMI mpenen (CM. BBIIMIE) — x2x+0 , TO (QYHKUMA Ha3bIBaeTcs

HENpephIBHON CIIpaBa.
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lim f(x)=f(x,)

Ecnu omHocTopoHHMIT Tpenen (cM. $BIH.I€) X>x-0 , TO (YHKIMS Ha3bIBaeTCs

HENPEPBIBHOM CIIEBA.

Onpenenenune. Touka X, Ha3bIBackcs TOUKOM pa3pbiBa Qynkiun f(x), ecnu f(X) He ompeneneHa B
TOYKE X WIH HE ABJISIETCS] HEIPEPBIBHOM B\QTON TOUKE.

Onpenenenue. Touka Xy Ha3bIBaeTCs TOUKOH pa3pbiBa 1- ro poaa, ecinu B 3Toi Touke QpyHkuus f(x)
uMeeT KOHEUHbIE, HO He paBHBIE APYT JIPYTy JIEBBIH U MpaBblil pEAEbl.

lim f(x)# lim f(x)

x> x,+0 x->x0—0

JI71s1 BBITIOJTHEHUST YCIIOBHM 3TOTO OMpeeNieHns He TpedyeTcs, yToObl (QyHKIMs Oblja onpesesieHa B
TOYKE X = X, JOCTATOYHO TOT0, YTO OHA ONpE/EIICHA CJIeBa U CIIpaBa OT Hee.

W3 ompeneneHuss MOKHO CIENaTh BBIBOJI, UTO B TOUKE pa3pbiBa | — ro poga QyHKIHS MOXET UMETh
TOJILKO KOHEUHBI CKauOK. B HEKOTOpBIX YAaCTHBIX CIydasx TOYKY pa3pbiBa 1 — ro pojaa emie WHOTAA
HA3BIBAIOT YCTPAHUMOI TOYKOW pa3phiBa, HO MOApoOHEe 00 3TOM TOTOBOPHM HIKE.

Onpenesienue. Touka X, Ha3bIBA€TCS TOYKOM pa3pbiBa 2 — ro poja, €Ciau B 3TOH TOYKe (DYHKIIHS
f(x) He umeeT x0T ObI OTHOTO U3 OJTHOCTOPOHHUX IMPENETIOB WU XOTsI ObI OJMH U3 HUX OECKOHEUYEH.

Ipumep. Oynkuus dupuxie (Jupuxine Ilerep I'ycraB(1805-1859) — nemenkuii MmareMaTHK, 4JieH-
koppecnonaeHT [lerepoyprekoit AH 1837r)

[

(X761, - payuonorshoe wcnoc i

He SIBJISIETCS HEMIPEPhIBHON B JTFOO0H TOUKE Xo.

1

IIpumep. Oynxnus f(x) = X umeer B Touke Xo = 0 TOUKy pa3pbiBa 2 — o poja, T.K.

lim f(x)=+c; lim f(x)=—o
X040 X500
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Ln

=245
sin x
IIpumep.f(x)= X
limf(x)=1
@OyHKUMA HE ompeseneHa B Touke X = (0, HO UMEET B HEl KOHEYHBIN Ipenen x>0 , T.6. B

Touke X = 0 yHKIMS MMEeT TOUKYy pa3pbiBa 1 — ro poga. 3To — ycTpaHuUMasi TOYKa pa3pbiBa, T.K. €CIH

JOOTIPEACIIUTD (PYHKITHIO:
|sinx
flx)===, npu x20{ii
X

I'padux sToM PyHKITHN:

—20 \750 W éo
L ey
Mpumep.f(x) = X — \15 np” X>0()CCC
y
1
0 X
1




Ora ¢QyHKIUS Takxke o0o3HadaeTcs sign(x) — 3HaK X. B Touke x = 0 ¢yHKIUSA He onpenencHa. T.x.
JIEBBIN W TIPaBBIA Mpeenbl GYHKIMKM pa3IndHbl, TO TOYKa pa3pbiBa — 1 — ro poga. Eciu moonpenenutsb
¢dbyukuro B Touke X = 0, monoxus f(0) = 1, To pyHKIIMA OyAeT HepephIBHA CTIpaBa, eciiv moJIokuTh f(0)
= -1, To ¢QyHkuus OyaeT HENpephIBHOHN cieBa, eciiu MOoJ0kHUTh f(X) paBHOE KakoMy- JIMOO YHCIY,
ommyHOMY OT 1 wiu —1, To QyHKIMS He OyaeT HempephiBHA HU CJIEBa, HU CIIpaBa, HO BO BCEX CIydasx
TeM He MeHee OyaeT uMmeTh B Touke X = 0 pa3peiB 1 — ro poxa. B aTom mpumepe Touka paspeiBa 1 — ro
poJia He SIBJIIETCS yCTPAaHUMOM.

Taxum o6pa3oM, 1715t TOro, 4ToOBI TOUKa pa3peiBa 1 — ro poaa 6buIa yCTpaHUMON, HEOOXOAMMO, YTOOBI
OJTHOCTOPOHHUE IpEJIeIIbl CIIPaBa U clieBa ObLJIM KOHEUHBI U paBHBL, @ (YHKIMS ObUIa ObI B 3TON TOUKE
HE ONpeeIICHA.

9.5. HenpepbIBHOCTH (DyHKIIMM HA MHTEPBaje U Ha OTPE3KE.

Onpenenenune. Oynknusa f(X) Ha3pBaeTCs HeNMpepbIBHOI Ha HHTepBaje (O0Tpe3Ke), €Cld OHA

HenpepbIBHA B 10001 TOuke MHTEpBajia (OTpe3Ka).

[Tpu 3TOM He TpedyeTcs HemPEePHIBHOCTH (PYHKIMM HA KOHIIAX OTPE3Ka MM MHTEpBajia, HeoOXoauma
TOJIBKO OJIHOCTOPOHHSISI HENPEPBHIBHOCTh Ha KOHLIAX OTPE3Ka WM MHTEepBaja.

CBoiicTBa (DyHKLHMI, HENPEPHIBHBIX HA OTPE3KE.

CsoiictBo 1: (IlepBas teopema Betiepmrpacca (Beiiepmtpace Kapnm (1815-1897)- memenkwuit
MaTemaTuk)). OyHKIUs, HEMpepbIBHAS HA OTpe3Ke, OTpaHWYeHa Ha 3TOM OTpe3Ke, T.e. Ha OTpe3ke [a, b]
BBITIOTHSETCS yenoBue —M <f(x) <M.

Jloka3aTenbCTBO 3TOTO CBOWMCTBA OCHOBAHO HAa TOM, 4TO (DYHKIHWsS, HENpPEphIBHAS B TOYKE Xy,
OrpaHHYeHa B HEKOTOPOW ee OKPECTHOCTH, a €CJIM pa30uBaTh OTPE30K [a, b] Ha GECKOHEUYHOE KOJTUYECTBO
OTPE3KOB, KOTOPBIE “CTATUBAIOTCS” K TOUKE X, TO 00pa3zyeTcss HEKOTOpasi OKPECTHOCTh TOUKH Xo.

CpoiicTBo 2: DyHKIMs, HeNpepblBHas Ha OTpe3ke [a, b], mpuHUMaeT Ha HeM HauOoiblIee U
HAaUMEHbIIICE 3HAYCHHS.

T.e. cymiecTBYIOT Takue 3HAUCHUS X; U Xz, uTo f(x1) = m, f(X;) =M, npuuem

m<f(x) <M

OTMeTHM 3T HauOOJBIIME W HAUMEHBIINE 3HAYCHHUS (YHKIMS MOXKET MPUHUMATh HAa OTPE3KEe U
HECKOJBKO pa3 (Hampumep — f(x) = sinx).

PazHocte Mexnay HaumOONbIIMM M HAaWMEHBIIMM 3HAa4eHHEeM (YHKIMM Ha OTpe3Ke Ha3bIBaeTCs
KoJebanneM (pyHKIIMU Ha OTpE3KE.

CpoiictBo 3: (Bropas teopema Bbombiiano — Komm). @yHkius, HenpepblBHAas Ha oTpe3ke [a, b],
MIPUHUMAET Ha 3TOM OTPE3KE BCE 3HAUCHHS MEKIY ABYMsI POU3BOJILHBIME BEJTHIHHAMHU.

CaoiictBo 4: Ecnmu dyHknusa f(X) HempepplBHA B TOYKE X = Xg, TO CYIIECTBYET HEKOTOpas

OKPECTHOCTb TOUYKH Xo, B KOTOPOH (DYHKIIMS COXPAHSET 3HAK.
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CaoiicTBo 5: (IlepBas Treopema bonbrano (1781-1848) — Kommm). Ecniu pynknust f(x)- HenpepsiBHas
Ha oTpe3ke [a, b] U uMeeT Ha KOHIAX OTpe3Ka 3HAUYEHHUs MPOTUBOMOJIOKHBIX 3HAKOB, TO CYLIECTBYET
Takas TOYKa BHYTPH ATOro oTpe3ka, rae f(x) = 0.

T.e. ecm sign(f(a)) # sign(f(b)), ToIx,: f(x0) = 0.

Onpenenenue. Oynkmus f(X) Ha3pIBaCTCS pAaBHOMEPHO HeNMpPEPBLIBHOM Ha oTpe3ke [a, b], ecnm s
moboro €>0 cymectByeT A>0 Takoe, 4To A5 TFOOBIX TOUeK X E[a,b] u X,€[a,b] Takux, uTo

| x, — x| <A

BEPHO HEPABEHCTBO | f(x,) — fi(x) | <e

Al

OT/n4Me paBHOMEPHOK HEMPEPBLIBHOCTU OT “06bI4HON” B TOM, YTO 4151 IHO6Or0 € CYLLECTBYET CBOE A, He
3aBuUCsLLLEeE OT X, a Npu “06bI4HON” HENPEPbIBHOCTU A 3aBUCUT OT € U X.

CaoiictBo 6: Teopema Kantopa (Kantop I'eopr (1845-1918)- memenkuit matemaTuk). DyHKIHS,
HETpephIBHAS HA OTPe3Ke, PABHOMEPHO HETpephIBHA HA HEM.
(D10 CBOICTBO CIpaBEIIMBO TOJIBKO Il OTPE3KOB, a HE JIJIsl HHTEPBAJIOB U OJYUHTEPBAJIOB.)

y=sin 1
IIpumep. X

1
y=sin—
OyHKIUSA X menpepsiBHa Ha uHTepBase (0, a), HO HE SBIAETCS HA HEM PAaBHOMEPHO

HENpPEepBIBHOM, T.K. CYIIECTBYeT Takoe 4ucio A>(0 Takoe, YTO CYIIECTBYIOT 3HAUEHUS X; U X, TakKue,
aro | f(x1) — f(x,) | >¢, € - mo6oe uncmo IIPH YCIIOBUH, UTO X; U X, OJIM3KHU K HYITIO.
CpoiictBo 7: Ecim ¢yskmus f(x) ompeneneHa, MOHOTOHHA W HENPEPhHIBHA HA HEKOTOPOM
MIPOMEKYTKE, TO M 00paTHast el pyHKIus X = g(y) TO)KEe OJTHO3HAYHA, MOHOTOHHA U HETIPEPHIBHA.
IIpumep. VccrnenoBate Ha HEMPEPHIBHOCTh (QYHKIUIO U OMPEACTUTh THI TOYEK pa3pbiBa, €CIU OHU

€CTh.

lim f(x)=3  lim f(x)=3
x3-1-0 x>1-0
lim f(x)=3 lim f(x)=2
x=>-1+0 x=>1+0
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B TOUKe X = -1 QyHKIMSI HEnpepbIBHA B TOUKe X = | Touka paspbiBa | —ro pona

IIpumep. Hccienosars Ha

€CTh.

lim f{x)=1  lim f(x)=2

x>0-0 x>1-0
lim f(x)=1  lim f(x)=1
x> 0+0 x> 1+0

B Touke X = 0 ¢pyHKIUS HepepbIBHA, B TOUKE X = | Touka pa3psiBa 1 —ro poaa
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N kv

BOITPOCHI JJIs1 CAMOITPOBEPKH

Jlaiite onpeseneHue HEMPEPHIBHOCTH (PYHKIIUU B TOUKE.
[TpuBeauTe npumepsl GyHKIMHA HEMPEPHIBHBIX B TOUKE.

Jlaiite omnpesenieHue HEMPEPHIBHOCTH (DYHKIIMK HA MHTEPBAJIC.

Urto Takoe Touka paspeiBa? Touku pa3pbeiBa EPBOTO U BTOPOTO poja.

[TpuBenuTe mpuMepsl TOUEK pa3pbiBa MEPBOTO U BTOPOTO poja.
CdopmynupyiiTe OCHOBHBIE CBOWCTBA HEMPEPHIBHBIX (DYHKIIUH.

[TpuBeauTe MpUMEPHI HENPEPHIBHOCTH JIEMEHTAPHBIX (DYHKITHIA.
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IIpakTuyeckas padora Ne2.

Tema: Onpesenenne HEMPEPHIBHOCTU (DYHKIIMH, TOUEK pa3pbiBa PYHKIUU.

Heanb: Pa3BuBaTh U COBEPILIEHCTBOBATh YMEHUE ONPEIEATh HEMPEPHIBHOCTH (DYHKIIUH,
HAXOJIUTh TOYKH pa3pbiBa (PYHKIIMH, 3aKPENUTh HABBIK BBIYMCIICHHS MPEIEIOB C
NOMOIIbI0 (POPMYJI IEPBOIO U BTOPOTO 3aMEYATENbHBIX MTPEAEIIOB.

Oobecneyenne NPaKTHYECKON PadOThI:
TeopeTndeckuii MaTepuat METOINIECKON PEKOMEHIAIUN K MPAKTHYECKOU padoTe.
VYyeonuk. boromonos H.B. «kMatematuka». — M.: [Ipoda, 2006.

NunuButyanbHble KAPTOUKU C BAPHAHTOM MPAKTUYECKON PabOTHI.

Teopernyeckuii MaTepuaJi, IPpUMEPHI Ha ONpee/ieHHe HelPepbIBHOCTH PyHKIUM,

Onpeodenenue nenpepvieHocmu yHKyuu
flz) (a;0)
Omnpepenenune Ilycts pyHkuus ONpe/IeNIEHa HA HEKOTOPOM HHTEPBAJIE ,

Ig f (I} .
JJIA KOTOpOFO - BHyTpeHHHH TOYKaA. q)YHKHI/IH Ha3bIBACTCA Henpepbl@HOM 6 moudkKke

Ig f(I::' I — Iy f[IU::'

, €CJIN CYHICCTBYCT IIPCACII IIpu H 3TOT IIPCACI PAaBCH 3HAYCHHUIO , TO
CCTb

f(z) [za: b)
[Iycts GyHKIMS ompejielicHa Ha HEKOTOPOM TOJYHHTEPBAIIE , TSI
Ig . f (I } .
KOTOPOIrO | -- JIeBbIi KoHel. DyHKIus HA3BIBACTCSA HENnpepvbleHOl Cnpasa 6

Ig f[I::' I —* Iu‘l‘
mouke I, €CJIIM CYLCCTBYCT IPCACII Ipr N OTOT MPpCACT pPaBCH

f(Iu:J

3HAa4YCHHIO , TO CCTh

im f(z)= f(za).

T—10+

f(z) (a;2q]

[lycTh, HaKOHEN, QyHKIHS oInpezesieHa Ha HEKOTOPOM IOJyMHTEpBaJIe ,

Ig f [I ] .
JUJIL KOTOPOTO -- TipaBbId KoHEN. DyHKIUA HA3bIBACTCSI HENPEpPbIBHOU CleBa 8
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Iﬂ f[I} I — Iu_
moy4yke [, CCJIH CYHCCTBYCT IIPCACII IIpu H 3TOT IIPCACII PABCH

f{Iu::l

3HAa4YCHHIO , TO €CTh

Im f(z)= f(za).

I—I0—

N3 Teopembl 0 CBSI3M ABYCTOPOHHETO Mpejiesia ¢ OAHOCTOPOHHUMHU (Teopema 2.1)
cpa3y CIEIyeT, KaK Y€ OTMEYaJOCh B IJIaB€ 2, YTO MMEET MECTO CleIyloLIee
pEeI0KEHHUE.

f{I] Ig

Mpennoxenne : Dyuxkyus mo20a u moJibko mo20a HenpepvleHa 8 MmoyKe
Iy
KOZ@CZ OHA HENpEPbLIBHA 6 NOYKe cnpaesa u cieesa, mo ecniob KOZ@CZ 6blNOJIHEHbI

cnedyrouue Yciosus:

f [I } Iy
1) @ynxyus onpedenena 6 Mouke U 8 HEeKOMOpOU OKPeCMHOCMU 3Ol
mouKu,

lmf(z) = f(zo-)

2) cywecmsyem npeoesl 3HaueHUull YYHKYuu clesa: ;

Jlm 7(2) = f(zot)

3) cywecmeyem npeoen 3Ha4eHull PYHKYUU cnpasa.: ;

4) smu 0ea npedena cosnadaom mexcoy cobou u co 3HaveHuem QyHKyuu 8 mouxe

2 F{z0=) = f{aet) = f(ze)

f{Iu]

Puc.®yHKuus HenpeppIBHA: IIPEEIIbI CIEBA U CIIpaBa COBIIAAAIOT C

bl
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Ig
Touxa , B KOTOpoW (YHKIMST HENpEphIBHA, HA3BIBACTCS  TOYKOM

f(z)

HEMPEPBIBHOCTHA (1)yHKIII/II/I . TaK K€ OIpPCACIIAIOTCA TOYKHW HEIIPCPLIBHOCTHU
CJICBA U CIIpaBa.

@) = V| 2 =0 lim £(z) = lim y/Je[ = 0
Hpumep 1 IlycTs u . Torga 151
f(0)=+v0=0
. OTH 3HA4YEHMS COBMA/IAIOT, 3HAUUT, (PYHKIIUS | HETPEpbIBHA B TOUKE
Ig — 0
1
F@) = VIl = (59} - "
(DynkMs -- 3JeMeHTapHas (QyHKUUS; -- TOYKa €€
D(fy=R
00JacTu onpeaeneHus . Bce asnemenTapHbie (YHKIIMH HENPEPHIBHBI BO
BCEX BHYTPEHHUX TOYKAX CBOMX 00JIaCTEHl OIpeeseHus], B TOM Yncie U 3Ta. Tak 4yTo
f(z)
B 3TOM MpPUMEPE MOKHO OBbLIO Obl 3aMEHUTD 10001 351eMeHTapHOM QyHKIuEH, a
Iu = D' o o o ‘D(f:]
-- m000#1 BHYTpEHHEH TOUKON o01acTu , ¥ BBIBOJI OCTaJICsI OBbI TEM JKeE.)
sinzx
f(z) = , Ipu z #0;
1, mpu r =0 g =0
IIpumep 2 Paccmorpum yHKIHIO U TOUKY
sinx
rl =
r#0 ) . f(z) x
[Tpu byHKIMsg 3aHaéTCsT PopMyIIon , IPU 3TOM UMEEM
sinz
lim f(z) = lim =1
T— r—d I

(mepBbId 3aMeyaTeabHBIN Mpeen). ITO 3HaYEHUE COBIAAAET C

f{D}:l Hmf[:]:f{ﬂ]:l
. Utak, =9 , YTO O3HAYaeT

9

TEeM, KOTOpO€ 3a1aHo npu r = (0:
Ig = D‘
HEMPEPBBIHOCTh DYHKIUU | TIPU

Tem, KTO BHUMATENBHO U3YUYWJ JIaHHOE B TJIaBe 2 oOlee MoHsATHE 0a3bl Mpejena,
MOYHO IPEJIOKUTH IPOJAYMATh U I0Ka3aTh CIEAYIOLIEE YTBEPKICHUE:

Onpeoenenue mouek pa3pviea

Janum tenepp onpeieleHue ToYeK pa3pbiBa GyHKIIUH.

Ig 5 f {I:J
Onpenenenne Touka Ha3bIBACTCS MOUKOU paspviéa PyHKIIUU , €CIIK OHA
o o Ia
OIIpCACIICHA B HCKOTOPOHU IIPOKOJIOTOU OKPCCTHOCTHU TOYKH (TO CCThb OIIPCACJICHA HA
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Ig
HCKOTOPOM HHTCPBAJIC, AJIAA KOTOPOIo CIIY’KUT BHYTPCHHCH TOYKOHU, HO B CAMOU TOYKC
Ig .
, BOBMO>KHO, HC OHpC,HCJICHa) N BBIITIOJIHACTCS XOTH 6I>I OJHO M3 CIICAYIOINX YCIIOBHUM!

im f(z)
1) He cymiecTByeT npejena ciaea = ;
im f(z)
2) He cylIecTByeT mpejiena crpasa * 2+ ;
flzo—) = lm f(z) flzot) = lim f(z)
3) mpeAeLL cnesa e 1 crupasa =zt CYIIECTBYIOT,

flza—) # flzat)
HO HE PaBHBI JIPYT JPYTY: ;

flzo—)= Hm f(z) flzot) = lm f(z)
4) mpenensl cieBa T U cropaBsa =0t CYLLECTBYIOT
f{Iu—::l = f[Iu-I-]
Y paBHBI IPYT IPYIY: , HO HE COBMAAIOT CO 3HaUYeHWEM (YHKIIUHU B
zq f(za) # f(za—) = f(zat) f(z) *d
TOYKE I , W1 QyHKLIUS HE OIIpEeJIeJICHA B TOUYKE

o o Ig
Ecmn umeer mecro nmbo cmywait 3, nubo ciywait 4, TO TOYKa pa3pbiBa

Ha3BIBACTCS MOUKOU pA3pbléd nepsoco podd, a ToBeIeHHe QyHKIIMH B OKPECTHOCTH
Ig Ig
TOYKH Ha3bIBACTCA paA3pvbléOM NEPBO2CO poda B TOYKC ., B cClIydac 4 Touka

pa3pbiBa IMEPBOrO poOAAa HA3ZBIBACTCA YCMPAHUMOU MOYKOU pa3pbléd, a Pa3pbiB
(YHKUMU B 3TON TOUKE -- YCMPAHUMbBIM PA3PBIBOM.

Ecnmu xe mmeer mecro nubo cimydair 1, nubo cimydait 2 (mub0 U TOT U JPYyrou
Ig .
cpa3y), TO TOYKa pa3pblBa  HA3BIBACTCS MOUKOU paspvléa 6mopo2o poodd, a
noBeicHNe (GYHKIIMU B OKPECTHOCTH 3TON TOUKH -- pa3pbléoM 6MOpPO20 pooa B TOUKE
Ig

f(z) Ig
Utak, ecnu QyHKIUS UMEET pa3pblB IEPBOrO pPOJila B TOUKE , TO
CYILIECTBYIOT, KaK YacTO TOBOpSAT, 3HaueHHs (GyHKiuu "Ha Oeperax paspbiBa':
f(ze=) flzat) zg N
" , HO TOUKA HE SBJISIETCS] TOUKOM HENIPEPHIBHOCTH.
y A

fxgth g--------- P\ﬂxi
Fxor) \‘

0 Xp x
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Ig
-- TOYKa pa3pbiBa IEPBOrO Poaa

Ig
Ecnu 3Hauenus Ha Oeperax paspbiBa pa3Hble, TO 3HaU€HHE (YHKIHMH B TOUKE
N g
MOXET OBbITh JIIOOBIM (MJIM BOOOIIE OTCYTCTBOBaTh), BCE paBHO  OyIeT AaBaTh
pa3psIB niepBoro pozaa. Ecnu ke 3HaueHus: Ha Oeperax pas3pbiBa COBIAJAIOT, TO IS

HAJIMYUS Pa3pbiBa HY’KHO, YTOOBI JIMOO 3TH COBITAJIAIOIINE 3HAYCHUS ObUTH OTINYHBI
Ig

OT 3HaueHus] PYHKIMUA B TOUKE |, OO (yHKIMS B 3TOW TOuke ObLIa BOBCE HE
ompeneneHa. Eciu B 3TOM ciydae mnepeonpeenuTh (MIH TOOMPEaeTUTh) (PYHKITUIO
flz) Zq f(za) = f(z0—) = f(zat) )

B TOYKE |, MOJIOXKHUB , TO TIOy4YeHHass W3MEHEHHas

Ig Ig

byHKIMS OyAeT y)Ke HeTIPEepPhIBHA B TOUKE M Pa3pbIB B TOYKE  HCYE3HET; OTCIOA
Y Ha3BaHME TAKOTO Pa3phIBa -- YCTPAHUMBIH.

y A
e P
0 xp ;

Iy
-- TOYKA YCTPAHUMOI'O pa3pbiBa

Haxonen, k pa3psiBam BTOPOrO poJa, Kak BUIHO U3 OIPENEIEHUSA, OTHOCATCS BCE

pa3pbIBbl, KOTOpBIE HE MPHUHAMIEKAT K paspelBaM IIEPBOr0 POJAa; HEKOTOPBIE U3
Iy
BO3MOXHBIX CHOCO60B IIOBCACHUA CI)YHKHI/II/I B OerCTHOCTI/I TOYKHU , L€

HpOI/ICXOI[I/IT pa3pBIB BTOpOFO poz[a, HpeI[CTaBJ'ICHBI Ha CJIGI[}IIOIHCM pI/IC}’HKe.

y & vy 4 y &
y=fix) y=Fx)
y=fix)

w
|
hi

Ig
-- TOUKa pa3pbiBa BTOPOro poja. Hekoropeie BO3MOXKHBIE BApPUAHTHI
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_ 2 —1

‘f[I] 2 —1x

IIpumep 3 Paccmorpum dyHKIMIO , JUIsL KOTOPOM

Dify={zeR:z* -z #0} =(—o0; 0) U (0; 1) U (1;:4co0).

DyHKIHS UMEET pa3pbIBbl IpU = = 0u nipu z = 1. HeTpyaHo BUETh, YTO NpH

] 1 el r < Duruwz > 1
— 2 _ 1y — ) ;
st 2y ) =S ) {_1: ceut z < 0
B toukax z =0u z =1

GyHKIHS UMEET HeYCTPaHUMbIE Pa3phIBBI IEPBOTo pojia. B Touke z = OumeeMm:

Im f(z)= lim 1=1; lim f(z)= lm(-1)=-1

T—+0— T—0— - x—04 T—4

(3HaueHUs Ha Kpasix pa3biBa CYIIECTBYIOT, HO HE COBMAAIOT); B TOUKE z = 1 --

Im f(z)= lim (-1)=-1; lim f(z)= lm 1=1

z—1— r—1— z— 14 z—14

(cHOBa TIpeebl CIEBa U CIpaBa CYIIECTBYIOT, HO HE COBIAJIAIOT).

y &
: _ |J:'2 - X|
1 i $= - x
— L——
i >
-1 *I—I-E
TE—T
y= T<—
I'paduk pyHKIMH
1
flz)= 7
IIpumep 4 DyHKIUA nMmeer npu x = Opa3pslB BTOPOro pojia, Tak Kak
f(z) — +o0 r— 04 flz)—= —o0 r — 0=
npu 151 npu
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) =1
Puc.3.6.I'padux pyHkunu i
1
flz) = e
Ipumep 5 Dynxuua uMeeT IIpu z = 0pa3psiB BTOPOIO poOJa, TaK Kak
f[I:J—3+DO z — 0+ r — 0—
npu 178110)7

Ilepsvlii 3ameuamenvhbiil npeoe pagen 1 |

sinz
lim

x—{ I

=1

Bmopbm 3amedamejlbHbIM npedeﬂom Ha3bIBACTCH ITPCALCII
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e = lim (1—|—1) .
n—oo )

Yucrno e, 3aJaHHOE 3TUM MPEJIEIOM, UTPAET OYE€Hb OOJIBIIIYIO POJIb KaK B MATEMAaTUYECKOM
aHanM3e, TaK U B APYTHX pa3jenax MaTeMaTuku. Yucino e4acTto Ha3bIBAIOT OCHOBAHUEM
HamypanbHulX 102apugdmoa.

Bmopoti 3ameuamenvuuiil npeden cyuwecmayem. E2o 3nauenue e -- uucno, nesxcawee
medxncoy 2 u 3.

bonee HOI[pO6HOG HN3YyUCHHC YHCJIa eIIOKAa3bIBACT, YTO & -- HPPAIUOHAJIBbHOC YHCJIO,
HCCKOJIBKO IICPBBIX ACCATHYHBIX 3HAKOB KOTOPOI'O TaKOBEI:

e = 2,7182818285. ..
13 2=+
i (353)
z—oo \ x4+ 3

IIpumep 6. Haiiném npegen
3/1ech OCHOBAaHUE CTENIEHU UMEET Ipeies

1 1
]imI+1=]jm +T=1+D=1,
z—oo T + 3 :‘—rml—l—% 140

21 +1 =5 00

a TIOKa3aTesb CTEIECHU . [IoaTOMYy MOKHO PUMEHSATH TOT XKE IPUEM
CBEJICHMs KO BTOPOMY 3aM€UaTelIbHOMY IIPEENy, YTO B IpeAblayIeM npumepe. i
Hayvaja HalEM, 4TO CIeAyeT B3ATh 32 OECKOHEYHO Majylo BeNU4YMHY a. [lockoiabKy

14+ a
OCHOBAHHUE CTENEHU CTPEMUTCA K 1, TO OHO paBHO ,rae a — 0(cMm. Teopemy 2.4).
3HaUuT,
r+1 r+1—x-—-3 —32
0 = — 1 = = .
r+3 r+3 r+3

Teneps npeodbpazyeM (PyHKIMIO, CTOSIIIYIO MO 3HAKOM Tpeiena:

=487 375 (2=+1)

241 . ’_2
im (I+1) = lim (l—l— 2)
T—o0 _1'-|—3 T— OO I+3
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[1-|—cx:::|%
U Iph o — 0

CTPEMUTCS K YUCITY e(3TO BTOPOM 3aMedaTeNIbHBIN IIpeIelt), a Mpeaes mokKazarels CTeneHn
MBI HaMJIEM OTACIIBHO:

BBIpa}KeHI/IC, CTOAIICC B KBAAPATHBIX CKO6KaX, NMCCT BHU]

— 241
j 222t oy 2FE 5 240
r—eo 1+ 3 :'—'m'l-l-% 1+0

[ToaTomy

1\ 2=+1 1
Hm Tt =et=_.
oo |\ T+ 3 gt

tim 1+ x)7 =[1* |- lim [(1+x)§]3 - 23'

x—=0 =0

yﬂ{nif =[1* = tim

X

=
=
4
]
o
—
+
s | 4=
e
u|
L]
Il
V]
i

1 ok Kt &
fin (22-3)7 =[1° |= lm (1422 - )F777 =lime ™ =¢°

¥—=1

#-1 4{7+3)

43 ¥+3 4x412
m(”ﬂ =[“]=1im(x_1+4] :lim(l+—4 P fm e +
¥l o —

¥ x—1
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MeTtonuueckne peKoMeHIalluu K npakTuueckoi padore Nel

«Bpraucnenue npeaenoB GyHKIHN
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[IpakTrueckas padora Ne 1.

Tema: Beraucnenue npenenoB GyHKIIHA.

Lene: [IpoBepka ycBOEHUS 3HAHUH 110 BBIYMCICHUIO MTPEEIIOB (PYHKIIMI ¢ TOMOIIBIO PACKPBITHS
HeomnpeaenéHHoctei. [IoBTOpUTh U ccTeMaTH3UPOBATh 3HAHUS 110 TaHHOM TeMe.

ObecnieueHyie MPaKTUIECKON pabOTBhI:

Teopetnueckuii MaTepran METOAUYECKON pEKOMEHIAINU K TPAKTHUECKON padoTe.

Vyebnuk. boromosnos H.B. «Maremarukay. — M.: lpoda, 2006.

NuauBuayanbHble KAPTOUYKU C BAPUAHTOM MPAKTUUYECKON PabOTHI.

Teopernueckuii Mmarepua, NpUMephl BEIYUCICHUS TPEICIOB.

Omnpenenenue npeaena.Yucio b — npenen GyHKINUH f{x) TIPH X CTPpEMAIIEMCS K @, €CTU I KaKI0TO
TI0JIOKMTENFHOTO YHCIIA »” MOYKHO YKa3aTh TAKOE MOJNOKUTEIBHOM unciIo AP, 9To IS BCeX X, OTIMIHbIX
OT ¢ U YJIOBJETBOPSIONIMX HEPABEHCTBY |x-a|<f®, MMeeT MecTo HepaBeHCTBO |f(x)-b|<®

O6o3nauenue npenena. Ecim b ects npenen GyHKIMA f(X) TPU X CTPEMSIIEMCS K @, TO 3aIICHIBAIOT
3TO TaK:

lim f(x) =b.

I
Omnpenenenne HenpepbIBHOH pyHKIMH. OYHKIHUS f{X) HETIPEpHIBHA B TOUKE d, €CIIN
lim fix)= fi{a).

F—

Brruncnenue npenenoB pyHKIHMI OCHOBAHO Ha MPUMEHEHHUHU CIIEIYIONINX OCHOBHBIX TEOPEM:

TEOPEMA 1.IIpenen cyMMbI BYX (DYHKITHI MPH X CTPEMSIILIEMCSI K @ paBEH CyMMeE MIPEJIeNIOB STHX
(YHKIHHA, TO €CTh

lim (f(x)+ g(x))= lim f(x)+ lim g(x).

i I I—a

TEOPEMA 2.1lpenen npou3BeaeHus AByX (GyHKIHMNA IPU X CTPEMSAIIEMCS K @ paBeH MPOU3BEICHUIO
IpeenoB 3TUX (GYHKLUH, TO eCTh

lim ( f(x)g(x))= lim f(x)- lim g(x).

I X i

TEOPEMA 3.1Ipenen yacTHOTO ABYX (DYHKIHMIA MIPU X CTPEMSIIEMCS K ¢ paBEH YaCTHOMY IIPEJIENIOB,
€CIIU MpeJieNl 3HaMeHaTeNsl OTJIMYEH OT HyJIs, TO €CTh

s MW

lim = — , ecmd limg(x)=0
r—=a g(x) limgix) P
A
Y PaBEeH IUTIOC (MUHYC) OECKOHEUHOCTH, €CJIU Tipeien 3HaMeHarens (0, a mpeaen YuCIuTeNss KOHEUeH U
OTJIMYCH OT HYJIA.

BBIYMCJIIEHUE HECJIOXKHBIX ITPEJAEJIOB

[Tpumep 1.

lim(x+3)=limx+ lim 3=7+3=10.

=377 =7 x>

Kommenmapuii. 3nech 6bU1a HCIIOIBb30BaHAa TEOPEMA O TIPEENIC CYMMBI.
[Tpumep 2.
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http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B01%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B01

lim(3x + 2) hnﬂﬁx)+—hn12 lim3- lim x + 2

lim 3x+2 _ x>l x—1 _x—=1l x>l
w1257 lim(2x—7) hm@i#hm(?) lim2-limx— 7
x>l =1 x>l x—+l x—l
3-1+2
=———=5/(-5)=-
2.1-7 =3

Kommenmapuu. Ha mepBom 1miare Obliia mpruMeHeHa TEOPEMA O MPEJIEIIE YACTHOI'O, TaK KaK
IpejieN 3HaMeHaTeNs He paBeH Hyuto. Ha BTopoM 1mare ucnosb3oBaach TEOPEMaA O MPEIEIE CYMMBI
IJISL YHCIUTENs ¥ 3HaMeHaTesst qpoou. [locie Obla mpumeneHa TEOPEMA O IPEAEIIC IPOU3BEACHUS

[Ipumep 3. Haiitn ipenen
. x°-4
lim :

=2 x—2
3HaMeHaTeNnb U YUCIUTENb IPOOH MPHU X CTPEMSILEMCS K 2 CTPEMSATCS K HYJII0, IO3TOMY T€OpEMaA O

Opeaeae YaCTHOI'O 3/1eCh HEIpUMEHUMA. B Takux cilydasx Hy’KHO IOIBITAThCS YIIPOCTUTH APOOb

Nmeem
—4_G-2)E+2)
x—2 x—2

910 HpCOGp&SOBaHI/Ie CIIPaBCAJIMBO IMPU BCCX 3HAYCHUAX X, OTJIMYHBIX OT 2, MMO3TOMY B COOTBETCTBUU

C OIIPEACTICHUEM ITPECaACiIa MOKEM HAITUCATDh

2
. X" -4 X—2)0x+2 : i
lim ——= ( X )—lmﬂﬁ+2) limx+ lim 2=
=2 X—2 X%E x—2 x—>72 K2 2
=2+2=4
BBIUMCJIEHUE [PEJIEJIOB C [IOMOILbIO TEOPEMBI O ITEPBOM 3AMEYATEJIbHOM

[IPEJIEJIE
ITpumep 1.
. te(x . [ sin(x 1 . sin(x 1
lm1g():lm1 ()- = lim (%) lim——=
=0 X =0 x  cos(x)) =0 X p+0c0m3)
1 1

=1 —=1.-=1.

lim cos(x) 1

x—)

a,
—,ecnu k=m
P n) | D
k _
l}gl Qm(n)_ 0, ecau k<m
oo-sgn& ,ecnu k>m
bO

Ilpumep.. Haittn npenensl:

. Sn+n - I +2 . n—5n’+4
lim = — lim 43
i FEI o e e 6) n-w R

a)

212


http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03
http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03
http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B02%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B02
http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B01%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B01
http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03

B) n-
Pemrenue.
1. Sn+n - 3n 42 _l. SR TR _ l
2) lnl dn +n+53 B 11.1.1 4t 4
hmn 5n’+4 hm 5n
n*+3 i T ,

6) n-w

3 4
lim &+t _Jjm
nae M2, =20
Crnenyetr oTMeTUTH, 4TO (hopmyisl (1.5) u (1 6) cripaBeUTMBBI HE TOJIBKO JJISI MHOTOUYJICHOB TICJION

1
l[im—=0
n—z M st mroooro a>0.

B)

CTCIICHU, HO U AJI1 MHOI'O4JICHOB I[pO6HOI/I CTCIICHHU, TaK KaK

9
Ilpumep . Haiitu npenensl

[} N 2 ¥ - — [
Ao +1- 380 +5+yn+4
V' +2- 2507 +

lim
2 " \/
W+l
11m \/11+\/n +
6) n—Vn’+5
5_3n 1_7'5n+1

hmm

B)
1
u—.
2 CnemoBarenbHO

Pemenue:
6_3 2
=2 £
a) B uncnuTene Tpu claraeMbeIXx COOTBETCTBEHHO ctenenn: 4 2 3
1
(16n°)*=

2, a TIaBHBII YWIEH B YHCITHTENE PABEH
1 3
3\2_ g2
—(25n%)*==5n", I/IMeeM no gpopmynam (1.5) u (1.6)
2n __g
5

=
N w

CTCIICHDb YHUCJIUTCIIA paBHA

[JIABHBIN YIEH B 3HAMeHATele
V16n5+1 -8 n2+5+Vn+4

lim =lim 27

n-=>o o

—5n

\/n +2— \/25n +7

n->w
a)
lim o+t ]jm n* :_hmnﬂ
n->w n \/n +5 nw —ng n-o
n—1
5" (i) —7-5)
5.3n—1_7_5n+1:lim 5 :_?é
n-oo 8:5"+3-4"" e gn 8+3.42-(£)n .
5
B)

iml| —| T o . 1pi_111|_;|

T.K.

2 . AHajornuHo,
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3/1ech TaKKe MOXHO OBIJIO MCIOJIB30BATh UIEH0, YTO TJIABHBIHM WieH 3To cTapiuuil uineH. Mmeem:

] an—1_ 5 gn+l . _7.cn+l
lim&3 75" _Jjm =757 _ %
8-5"+3.4™2 = 8.5 8

n-=>ow

o)

Ilpumep 1.4. (HeonpeneneHnHnoctu

M]’n[i\-"n; TR R P LR ]il*nar[n\-"ar: + 1+ )
Pemenwne. 111 n30aBiIeHHUS OT HEONIPEICIICHHOCTH
UPPALMOHATIFHOCTH B YHCITUTENE, YMHOKHUB U Pa3feNiuB JaHHOE BBIPAXKEHHE HA COOTBETCTBYIOIIEE

b

wo—co  3]IeCh CIIEIyeT N30aBUTHCS OT

COTIPSDKEHHOE BBIPAKCHUE.
a) Ucnonb3yeMm hopmyity
a' - b =(a- ha va by a4 AT

Jlnst naHHOTO IpUMeEpa

a - b =la-b)a fa brah +ab +h)
Hmeem:

llm(Q/n5+n4+1—%/n5—n4+1)=
a) n-=>o

:hm(\5/n5+n4+1—\5/n5—n4+1)(E/(n5+n4+1)4+§/(n5+n4+1)3(n5—n4+1)+
o A(nP+nt 1) 43 (no+n%+1 )P (n5—n*+1) 3 (n° +n*41 )X (n°—n*+ 1)+
(P +n*+1 200 —n*+1 P+ (no+n*+1) (R —n*+1 P+ (P —n*+1)*)
(P +n*+1) (P —n*+1P+(n°—n*+1)*
:hm n5+n4+1—n5+n4—1:g
n-ow 5-5\/(1’15)4 _5
\/n2—\n\ -
0) Hanomunaewm, 4ro - wopn N> —® Il =-n

Nmeewm:

limn(y2eien=lim2m+1=r) _ljm — n

2 —_—
n>—oo \/Tl +1—n n>—oo |n|\/1+i_n

n-=>—ow

n i

1Ii_1jr_1 — =1Iim
||]+f- " = .'i" 1|'|

Voo

- "

214



215



[Ipaktrnueckas pabora Ne 8.

Tema: Beruucnenue HeonpeaenEHHbIX HHTETPAIOB METOIOM BBEACHUS HOBOU
IIEPEMEHHOM.

Llens: [IpoBepuTh Ha IPaKTUKE 3HAHUE IOHATUS HEONPEACIEHHOIO UHTErpaa,
YMEHHUE BBIYUCIIATh TAOJIMYHbIE HHTETPasibl, yMEHUE BBIUMCIATH HEONPEIeIEHHBIN
MHTErpaj METOJIOM BBEJICHUSI HOBOM NEPEMEHHOM.

ObecniedyeHne MPakKTUUECKOW pabOTHI:

TeopeTndeckuii MaTepuan METOINYECKON PEKOMEH IAlUU K MPAKTHYECKOM padoTe.

VYyeonuk. boromonos H.B. «kMatematuka». — M.: [Ipoda, 2006.

NuauBuayanbHble KAPTOUYKH C BAPUAHTOM MPAKTHUECKOH pabOThI.

Teopernuecknii MaTeprall U MPUMEPHI BBIYUCIIEHUS HEOTIPEIEIEHHOIO HHTETpasa
METOJOM BBEJICHUSA HOBOM ITIEPEMEHHOM.

Heonpenen€uusiii mHTETpa ¥ TaOJIUIIA HEOTIPEACTEHHBIX HHTETPATIOB
f(z)
Omnpenenenue Ilyctb -- (hyHKIMS, 3aaHHAs HA OOBEAMHEHUN MHTEPBAJIOB
y f=) .
BelecTBeHHOM ocu. HaGop Bcex mepBooOpa3HbIX ISt HA3BIBACTCS HEONPeOeNEHHbIM
flz) J f(z)dz
uMmezpaniom ot 1 0003HavaeTcs . Oneparust HaXOXKIEHUS
) y flz)
HEOMNpeAeNEHHOT0 HHTETPaIa M0 3aI1aHHON (YHKIINH HA3bIBACTCS UHMESPUPOBAHUEM
9TON (QYHKIIUH; HAUTH HEOTIPEACTIEHHBIA HHTETPAIl 03HAYACT NPOUHMESPUPOSANb TAHHYIO
flz)
bynaknuro. OyHKIHS , 3aIIMCaHHas TOCJIe 3HaKa WHTEeTrpaja (WiId, KaK 9acTo TOBOPST,
100 3HAKOM MHTETpaja), Ha3bIBACTCS NOObIHMESPANbHOU PYHKYUEl.
CornacHO 1OKa3aHHBIM BBIIIIE TEOPEMaM O BHJIC TIEPBOOOPA3HBIX, HEOTPEICAEHHBIH
f(z) y Fz)+C  Flz)
UHTErpaj oT QyHKIUH COCTOUT U3 (PyHKINI BUaa , T1e -- KaKkas-nmoo
flz)
(buKCUpOBaHHAS IIEPBOOOpA3HAS IS , a C| -- BeIMYMHA, TTOCTOSIHHAS Ha Ka)KJIOM U3
f(z)
HETePEeCEeKAIINXCs NHTEPBATIOB, HA KOTOPHIX 3a7aHa (QyHKIIUS . [ToaTOMy MOXXHO
HaIMCcaTh TaKyro GOpMyJy:

ff{z] dz = F(z) + C.
J flz)dz = {F(z) + C}

(Tounee 6b1LT0 OBI , HO GUTYpHBIE CKOOKH, 0003HAYAIOIITIE
F [I::I +C
MHO>KECTBO BceX (PYHKIMI Bua , ICaTh B JAHHOM CUTYyalluUd HE IPUHSTO. )
[ f(z)dz = F(z) +C
Wtax, st TOro 4To0b! JOKa3aTh PABEHCTBO , IOCTaTOYHO
F(z) flz) Fi(z) = f(z)

IIPOBEPUTH, YTO -- IepBOOOpa3Has JIs , TO €CThb 4YTO
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_[El'afx:=C 1 _[u:hxafx=shx+€
1
Il'ﬂfx=x+C" 1 J"ir =-cthx+C
2 sh®x
o+l 1 dx
[x%dx - —+C 3 [ =thx+C
o+ 1 ([x:e—l). ch
1 e 1 1 dx 1 x
—dx=|—=hkx|+C e = = —arctg — + C
Ix .[x | . 4 Ix2+a2 il a By
x 1 o 1 |x-a
x =a:_ =—]r.|. +C
a¥de =2—+C 5 = 3"
J'exafx:=ex+(?
6 ’[smxdx=—cosx+c. I dx =arcsﬁ1£+c=—arccos£+c
6 a’ - x? @ @
7 Icosxdx=smx+c‘ I dx —lnle +fx? + o)+
7 \|'x2+ce
§ J' =-ctgx +C I x2+adr=£wix2+a+3h1‘x+ﬁx2+a +1
sin 2 x 8 2 2
dx 1 :
7 [——=tgx+C Iaz—xzdx:=£ a® -x +% arcsin T+ €
cos® x . 9 2 73
1 _[shxdx:=|:hx+(?. 2 Ja&: =]ntg£+(?
0 st X 2 .
J- dx  _ ’!gx+?rf2‘+c
Cos X 2 ]

3aMeHa mepeMeHHOI B HeonmpeaeJIéHHOM HHTerpaJe

(MHTerpupoBaHNe MOJACTAHOBKOM).

byHKIMS.

TycTb [ fix)de = Flx)+C Torxa [ £ (e(x D' (x)de = F£(x)) +C 3nech £(x) -

muddepenunpyemas
IIpn pemenun 3agad 3aMeHy NEPEMEHHOM MOXHO BBIIOJIHUTH JIByMS

cIriocooammu.
Ecim B moaplHTEerpanbHOM GyHKOMU yaaércs cpa3dy 3aMeTHTh o00a
TO 3aMeHa IIEPEMEHHOH OCYIIECTBIISICTCS

l.
COMHOKHTEI,

u fltllx)), u

£(x)

MOHOTOHHas1
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[TOJIBEJICHUEM MHOXKUTENA f':x)noz[ 3Hak auddepeniuana: 2(x )b = dt

, U 3ajada
CBOJIUTCS K BBIYHCIICHHUIO WHTETpana If ey Hampumep,
s X - s xex dicosx) o
frode = 2t - [ EEE - oD :
COSX COEX cosx  (3a/Ja4a CBeJICHA K BRIYMCICHHIO = £ | T
= - +
t = cos x) In Jeosx | +C auanormano mwaxommrcs wmHTerpan or S X):

sit1 x — r,RXE 7 - = ¢ .
Je " cosxdx = [e™ "dsin x (3a1aua cBeleHa K BhIUMCIeHHO J¢ = , Te ¢t = sin x)
- Esinx +
. B Oomee cnokHBIX 3ajauax omepalus IOJBEJAECHHMS TMOJ 3HAK
nuddepennuana MOYKET BBITTOJTHSTHCS HECKOJIBKO pas:

Iearcctgsxz arcctg4x2 La&: —

I+x (caMOe HEMpHUSITHOE B MOJBIHTEIPATLHON (DYHKIMU -
IsaTas CTCIICHb apKKOTAHI'CHCA IO 3HAKOM OKCIIOHCHTEI, €CJIM AAJIBIIC HE HElI‘/’I)IéTCSI
muddepeniman 3Toi GpyHKIMH, TO HHTErpall, BO3MOXHO, B3STh BOOOIIE HE yIACTCH;
B TO K€ BpeMsl CIENYIOIMI MHOKHTEND (arcctg’x?) - mpoussoaHas (C TOYHOCTBIO JI0
MOCTOSIHHOTO MHOJXKHTEJISI) CTENEeHHOW (YHKIMH; 3aTeM CJCIYIOT MPOU3BOIHBIC
(OIATH ¢ TOYHOCTBIO JO IOCTOSHHBIX MHOXKUTENEH) (QyHKuuMii arcctg x* u x° 1o

CBOUM apryMeHTam)
1 5.2 1 1 5.2
= —_[em':tg * arn:n:tg4 x? (2xdx) = —_[em':tg * E:rlz:t:tg4 x? dx? =
2 1+x4 2 1+ x4
2
1 5 2 - dx 1 2
= —E_[emctg x arcctg4x2 — = —E_[em':tgsx arcctg4x2darcctgx2 =
1+x

5.2 5.2 5 .2
=_%I€&fcctg x (5ar|::|:tg4 xzdarcctgxz} =_%I€&fcctg x (darcctgszj =_;_D€arcctg N

2. 3aMeHy NepeMEeHHONW MOKHO OCYIIECTBISATh (DOPMaIbHBIM CBEJIEHUEM

i1 X
MOJIBIHTErPATILHOTO BHIPAKEHNS K HOBOH mepemennoit. Tak, B J€ S8 % yyeer embrcn

MEePEeNTH K IEPEeMEHHOM (CeNaTh MOACTAaHOBKY) £ = sin x. Beipakaem Bce MHOKUTETTU
MOJBIHTETPAJILHOTO BBIPAXKECHUS YEPE3 NIEPEMEHHYIO £

. ot .
x=arcsm£;f£x:=—;cosx=u{1—sm2x =«f1—r.2
2

st X

1-¢ . B pesysbTare J© cosxdx =
Foid

=_[€t 1-¢2 —=_[etcfx=et + =

1-# . Sy = gSX e

(BO3BpaIiaeMcsi K HCXOIHOM MepEeMEHHOMN ) )
Jpyrue npuMepst:
J. ax
_ 3
Vx-5(1+3x - 5) . [TogpraTErpanbHas GyHKIUS COACPIKUT IBA MHOXKHUTENS, HA OJIUH U3

KOTOPBIX HE ABJISIETCS] MPOU3BOJIHOM JAPYTOro, MO3TOMY MOJBOAUTH UX MO 3HAK
muddepenimana 6ecrnosne3no. [lonbiTaemcs BBECTH HOBYIO IEPEMEHHYIO, TAKYI0, YUTOObI
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g _x—5=.¢6;£=6x—5;
Iﬂfx—5(1+3{fx—5) x =% +5 d =6t de|_

KOPHH HU3BJICKIIUCH:

I5

6:5:2’1 2 r. +1- la’t
'(1 f ]'

.i+1

I+1

—5[1&: - ] 6l¢ —arctg £)+ € = 6f/x — 5 —arctg§fx 5 )+ C

Paccmotpum
_[ a’ - x* dx

(uaTerpan Nel9 u3 TadJ.). 31eck NoAbIHTErpaibHas PYHKIIUS COCTOUT U3
€AMHCTBEHHOTO MHOUTEJISI; MOKHO OISITh MOMBITATHCA CIIENaTh TAKYIO 3aMEHY
NepeMEHHOM, YTOObI KOpeHb U3BJIEKCA. CTPYKTypa MOJKOPEHHOTO BHIPAKEHUS
0JICKA3BIBACT ATy 3aMEHY: %= @sii &(yyy % ~ecost a>0):

x =gsin £ dx =acos idE

J' a® -xidx = =azj'coszr'afr

w{az—xz =aw{1—sﬁ12r=acosr .
. MaTerpain cBEncs K MHTErpany
OT KBaJipaTta kocunyca. [Ipu nuHTErpupoBaHNM YETHBIX CTENIEHEN CUHYCA U KOCUHYCA

2 2 o
4acTO MPUMEHSIOTCS (POPMYIIbI, BRIpaXKaroIue it~ £y C05" £gepe3 KOCUHYC JIBOMHOTO
.72 1-cos 2 7 1+cosas
s~ = —— o8 5 ——
yria: z 2 [TosToMy
7 ,[1 +cos 2t

azfcoszr'dt=a >

2 2
d.r=%Udﬁ+jc052m)=%[r+%_[c052r'd21]=

) X
s E=—,cosk=
P

=z 2|
M-gplg="¢ "X
¥ s

2 42 2
S PR V) PSR PR P (£ +sin foost)+ C =
2 2 2 2 2

2

s oox 1
=?arcsm—+—xw,|'a2 —.:lt:2 +

a2
[Tpumepsr: 1.

r=x+ﬁ,|'x2+U,;.t—x=-,|'x2+[:¢;(r—x)2 =
2

2 _
Iitﬁ:=.ﬁ2—2£x+x2=x2+m;x=r zru‘;q;x2+m=:—r 2I”‘= =In [£]+C =l

x+x|'x2+|:f,

SR N S

, dt
2t 22
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d 1 2 (x+a)—(x- a)
= 4¢£x:=— =
2. Ixz—ag Pa xt-a’ '[ (x +a)(x —a) '[[ x+a]dx
1

dx-a) (dxra))_ 1 x-a|-h|x+a))+C-—h

X -
E’[ x—d '[ x+ta Ea et

x+a

Hﬂmezpupoetmue no uacmisam.

WNHTerpupoBaHue 1o 4acTsAM - NPUEM, KOTOPBIM IPUMEHSETCS ITOYTH TaK XKe 4acTo,

Kak 1 3ameHa repeMeHHoi. [lycts u(x) u v(x) - pyHKIMH, UMEIOIIUE HEPEPHIBHBIC

yacTHbIE Tpou3BoiHbIE. Toraa mo dhopmyie nuddepenunpoBanus npousseacHus d(uyv) =

wdy + veduy= ¥ & =d@v) —v die qayonpy HEOIPEICIIEHHBIE HHTErPAIEI IS 00€nX

(v =] +
yacTeil HTOro paBeHCTBa (IIPU 3TOM Jdwe) =ur+C ):

ju.dpmv—jv.d*

Orta (hopmysia u Ha3bIBaeTcs (POPMyYJION MHTETPUPOBAHUS IO YacTsAM. YacTto ee
3aMUCHIBAIOT B TPOU3BOJHBIX (dv = v’+dx , du = w’-dx):

Iu-v?ﬁ: =uv—Iv -u’ab{:

IIpumepsr:
i =x,dv = s xdx,
Ixsin xdx = _ =x(—cosx) —I(—cosx}dr =-xcosx+smx+ ¢
du =dx v =Ism xedfe = —cosx
=l x; dv =dx; e
Ihlxdx= g =x]nx—fx-=x]nx—fafx:=x]nx—x+€
=_—_.v=x x
x

@opMysa MHTETPUPOBAHUS IO YACTSIM MOXKET INPUMEHATHCS HEOJHOKPATHO.
[Ipn Hanuuuu HEOOIBIIOrO OMbITA B MPOCTHIX HMHTETpallax HET HEOOXOIUMOCTH
BBIUCHIBAaTh IMPOMEXKYTOUHbIE BBIKIAAKA (# = ..., dv = ...), MOXHO cpa3y

*9

TIPUMEHSATh bopmyuy, HpeI[CTaBI/IB PIHTeraJI B BI/II[G Judv,
J'exxEtfr = J'x3 (e™dx) = J'xEdex - x'e —J'exafr3 = x°e® _IE 3xlde = xoe® 3]'.1:2 (e¥dx) =

= x’e —EIxzdex = x’e —3(x2e'x —J'exafxzz = x’e* —B(xzex —J'e 2xedx) =
3

= x7e® - 3x%e* + Gxe® - ¥ +C=ex(x3 —3x2+6x—6}+(?

[IpuBenéuubie mpuMeEpsI MOKA3BIBAIOT, I KaKUX (GYyHKIIUNA HAJI0 MPUMEHSTH (MU

MOMBITATHCS IPUMEHHUTD) (HOPMYITy HHTETPUPOBAHHUS 110 YACTSAM:

Wurerpans! Buga JPH{x}'Cosm'd‘, JPu(x}'smﬂ'ffr, [ £ (x) a™ Toe

= xle® - 3x’e® +6]‘xa§ex = x ¥ - 3xte® +6(xe™ —J'exafx:) = x7e® - 3x’e® +6xe”® —6J'€xafx: =
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IPH(xj'cosax'dx u=P,(x) dvr = cosexdx

P,(x) - MHOTOUJIEH n-oM cTenieHu. Tak, s UMEEM

= (P, (x)Vdx = Py _1(x)ebx, v = (sin ex) / W
9

_[PH (x) cosepc de =P, (x) (sin )/ e —lfa_[PH —(x) =i eoe o dbe . B pesybTaTte Mbl HONYUMIH
HHTCI'PAJ TOT'O K€ THUIIA C MHOT'OYWICHOM CTCIICHH Ha CAWMHHUIY MCHBIIIC. ITocne n-KpaTHoro
IMPUMCHCHUA (bOpMy.TIBI CTCIICHb MHOI'OYWICHA YMCHBIIUTCA 10 HYJIS, T.C. MHOTOYJICH

MPEBPATUTCS B OCTOSIHHYIO, M HHTETPaJl CBEAETCS K TAOIUIHOMY.
Nurerpans [Falx) flx) e XD TpaHCIEHACHTHAS (PYHKIUS, UMEIOIas
JAPOOHO-PALlMOHATIBHYIO MJIU IpOOHO-UPpaLMOHANIbHYIO Ppon3BoAHY!O (In X, arctg X,

arcctg x, arcsin x, arcos x). B aTom ciryuae umeeT cMbICI B34Th # = f{x), dv = P,(x)dx, nns

vilu .
TOTO, YTOOBI B MHTErpajie J ydacTBoBaJia He f{x), a €€ nmpousBoaHas. [Ipumep:

i = arcsin x, dy = xdx;

2 x = sin £, dx:—cc:-smfx

. x .
_[x'arcsmx'afx= dx x? |=Z—arcsin x -

dit = ——, v = — 2 o 1__x3 «Jrl x =rCosk

2 2 2 :
=x—arcsﬁ1x—llsﬁ12rdx=x—arcsﬁ1x—lj(1—c0521)dr=x—ar|::sinx—l - = 2 +C =
2 2 2 4 2 4 o

x2 . £ s fcosé .:vr,2 . arcsin X 0 X l—x2
= —acsnx——+— +0 = —arcsin x — + +

4 2 4 4

J7ist HeKOTOPBIX QYHKIUN MTPUMEHSETCS MIPUEM “CBEJIEHUSI MHTErpajia K CaMoOMy
ce6e”. C moMouIbI0 HTHTErPUPOBAHUS IO YACTSIM (BO3MOKHO, HEOJHOKPATHOI'0) UHTETpal
BBIPAYKAETCS YEPEe3 TAKOM K€ MHTETPAIT; B PE3YJIbTATE MOIYYACTCS YPABHEHHE
OTHOCHUTEJIBHO 3TOI'0 MHTETPAJa, pelasi KOTOpoe, HAXOAUM 3HAYEHUE UHTErpaIa.
[Ipumepsr:

2_.2
o F=lya® —xtdy .
Hairtn I (ato unterpan Nel9 u3 tadia. 10.3.HeonpeaeséHHbIX
HHTErPAJIOB; B IPEeAbIIYIIEM Naparpade Mbl BBIYUCIWIN 3TOT UHTETPa C HOMOIIbIO
TPUTOHOMETPUYECKON MOACTAHOBKH * = asin ¢ ).

n = ﬂz-xz;dv = dx;
I=I at —xide = = =
. xdc xva® —x

= XM (a —x) a dr = x a —x +
= [ IJ— I\,—

. X
=x~\,la2—x2—J'*-,l'az—xzdr+a2_|'\j7—xw'a x? - T +a® arcsin =
£
B pesympraTe s HMCKOMOTO HMHTErpaja Mbl TOJYYWIH ypaBHEHHUE
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. X
I=xx|'a2—x2—f+a2 arcei —

ol
H

. X
2f = :ch'c.*z2 -x2 g arcsin —+ ¢

pelas KOTopoe, IOoJly4yaeM ¢  (koHcTaHTa C TOSBUIACH
BCIIEICTBHE TOTrO, 4YTO WHTEerpaisl {B TpaBoil W JIEBOW YAaCTAX ypaBHEHUS
OIIpEICIICHBI v TOYHOCTBIO 10 IIPOU3BOJILHOU MOCTOSIHHOM ) u

2
1 e . [y
F=—xa? -x*+Z aresin =+ C —
2 2 ¢  (koHCTaHTa 2 mepeobo3naueHa yepes ).
CBezieHre MHTErpaja K caMoMy cebe — caMblii TIpOCTOH Croco0 HaXOKIECHUS

X ax -
e coshxdx ™ sin bedy =
YaCcTO BCTPCUAIOIIUXCSA WHTEIPAiOB BHUA I u I (@b = consty

Hampumep,
= cosdx, dv = eTedx
I=-|-€ﬂx SEELI3 %63 = =£c05&x+£jeﬂx sin Bx e =
= —Jsn dxde v =™ fa e e
u =zin b, dy = dx g bl e™™ F
= =_— cosde+—| —3sin bx——je“cosbx'afr =
=hcoshude, vy =e® fa = a)| & =
22 ax 2
=_ _coshx+ sin.bx——zf
@ @ @ | HWrak, mocie IBYKPaTHOIO HHTEIPUPOBAHUSA IIO
ax ax 2
-4 be . b
IF=—coshx + sin b —— F
YqacTsIM TIOJIy4EHO YpaBHEHHE OTHOCHTENHHO 7 : ¢ a a
eﬂx
I=ﬁ[acosbx + bsin bx )+ C
pelIeHne KOTOPOT'O a” +h

[Tpy HaXOXIAEHUU ITH MHTErPaJOB HE MPUHUMUIIAAIBHO, MOJOXKUM JIM Mbl U =
cos bx, dv = e” dx wiu u = e*, dv = cos bx dx; BaXXHO TOJIBKO TNPU BTOPOM
OpUMEHEHUH (GOpMyJbl HWHTEIPUPOBAHUS MO 4YAaCTAM 3aroHSATh TOJ  3HAaK
muddepennmana GyHKIUIO TOrO € TUIA, YTO U MPHU MEepBOM (MOKa3aTEIbHYIO WIH
TPUTOHOMETPUUYECKYIO).

Emé omun Bua Qopmyi, KOTOpbIE OOBIYHO IMOJYYalOTCA C TMOMOILBIO
WHTETPUPOBAHUSA MO YACTSAM, W MCHOJB3YIOTCS JUISI HAaxXOXICHUS HMHTETPAIOB -
pPeKyppeHTHbIe COOTHOWeHUus1. Ecnu nonapiHTerpanbHas (yHKLUHS 3aBUCUT OT
HEKOTOPOTO IapameTrpa 1, U MOJy4eHO COOTHOIIEHUE, KOTOPOE BBIPAKAET MHTErPAJI
Yepe3 aHAJIOTMYHBIM MHTErpaJl ¢ MEHBIIMM 3HAYEHHWEM M, TO 3TO COOTHOILIECHHE U
Ha3bIBACTCSA PEKYPPEHTHBIM COOTHOLIEHHEM. [Ipumepsr:

f, = _[ cos™ x - dx
. IlpencTtaBuM  TOABIHTETpaNbHYIO  (YHKIMIO B BHJC

- _ -2 e _ -2 . - n-2 .
el e = EeEl 2 30 mesk 13 = BEH x'(1-sn” x)=cos X — 5t X Cos X3 X pyrerpal

OT IIEPBOr0 CJIAraéMoOro aHAJOTMYEH MCXOAHOMY C 3HAUYCHUEM IlapaMeTpa # Ha JIBE
CIMHUIIBI MEHBINIe;, K HHTErpajly OT BTOPOTO CJaraeéMoro MNPUMEHHM (OpMYITy
VHTETPUPOBAHUS IO YACTSM:
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2

=zin x, d = cos™ “ xsin xdx,
_ x — -2, I -2 _ = _ =
f, —_[n::c-s xde In:c:s xdx Ismxcos X sinn xebe cos® Ty
=cosxde, v =——m,
n-1
. cos® 1 x cos® l x sin xcos® L x 1 -
=fp g —snx|——— +I ————|cosx dx =F, o + - Icosx i =
n-1 n- m-1 n-1
-7 +sinxcu:usu_1x_ 1 i =}_(1+ 1 )I _ 7 +sinxcu:usu_1x;\_f =?I—1 smxcos"_lx
-2 n-1 n-1 " a-1" " Za n-l " n ol i
T £ =Icosx‘dx=sﬁ1x+€
eIephb, 3Has ,
1+cos2x 1 st 2x
£y =_|'|:052x'd):=_|'—tfr =—|x+ +
2 2 2 , MBI MOXEM BBIITUCATH
: 3-1 : 2
-1 s xcoss X 2 St X Cos” X
I3=_|'t:c::-53x'f£x:= f + =—mnx+t———+C
3 3 3 3 ;
) 4-1 . 3
4-1 sthxecos ~x 301 . St xCosT X
I4=Icos4x'dx= fy+ =—'—|:2x+sm 2x)+—+C
4 4 4 4 4 :
5 5-1 sinxcos” Tx 4 10 . 7 sin xcos? x
I5=Icos x dx = I3+ =—'—ldamm x+sm xcos“ x)+ —— +
5 5 53 5 " T.II.

MpakTuyeckas pabora N2 16

Tema: BbluncneHue nHTerpanos

OCHOBHa#s ue/b:

+ ®opMupoBaHue npeacTaBAEHUI O MOHATUM NEepBOOBPA3HOM, HeornpeaeseHHOro MHTerpana,

onpeageneHHoro nHTerpania.

+ OsnageHne yMEHUEM NMpUMeHeHNS NepBoobpasHON GYHKLMU MPU PELIEHNN BbIYUCNTENBHbIX

3ajau.
N3yyeHue AaHHO TeMbl NO3BOASAET

+ CTygeHTaM OB/afeTb KOHKPETHbIMM MaTeEMaTUYECKMMM 3HAHUSAMM, HEeOobXoAuMbIMU ANA
NPUMEHEHUS B NPAKTUYECKON [OEATENIbHOCTU, A U3YYEHUSA CMEXKHBIX AUCLUMUMANH, Pa3BUTUSA
YMCTBEHHbIX CMOCOBHOCTEN, YMEHMEe WU3BAEKaTb Y4ebHyl MHPOpMaLMIO Ha OCHOBE
COMOCTaBUTE/NIbHOTO aHaAu3a rpapuKoB, CaMOCTOATENIbHO BbIMOJIHATL Pas3/iniHble TBOPYECKUE

paboThl.

+ CTyAeHTbl AEMOHCTPUPYIOT TEOPETUYECKUE N NMPAKTUYECKUE 3HAHNSA NO TeMe «[lepBoobpasHas u
MHTerpan». MoryT npuBecTu Npumepbl, nogobpatb apryMeHTbl, cHOPMYIMPOBaTb BbIBOAbI.
YMEIT COCTaBsATb TEKCT HAYYHOro CTUAA. YMelT GopMUpoBaTb BOMPOCHI, 3a4a4M, CO3/4aBaTb

Npo6aeMHy0 CUTyaL Mo

+# CTyaeHTbl cBO6OJHO MPUMEHSIOT 3HAHUS U yMeHMs no TeMe «llepBoobpasHas U MHTerpan».

YMelT nepegaBatb, MHPOPMALMIO CKATO, MOJIHO, BbIGOPOYHO. YMEIT 06bSCHUTL U3YYEHHblE
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MOJIOXKEHNA Ha CaMOCTOATEJIbHO ﬂO,lJ,O6paHHbIX KOHKPETHbIX NMpuMepax. YMerT y4yacTBOBaTb B

Aunanore, NoOHMMaTb TOYKY 3pEHUA CO6€C€,£I,HMKa, NMPM3HaBaTb NMNpPaBo Ha MHOE MHEHNE.

Tema "lMepBoobpasHas M MHTErpan" 3aBeplUaeTcsd KOMMIeKcoM Y4yebHo-
TPEHUPOBOYHbLIMBbI TECTOBbIMM 3adaHusasMu ElMno paHHoi Teme  (cMm.
MpunoxkeHue 1).

YyebHas uenb:

+ @opmupoBaHMe NMPeACTABJIEHMH O Pa3IUYHBIX TUMAX TECTOBBIX 3aJaHUM, KOTOpHIC
BKJIrOYaroTcd B EI'D 1o Mmaremartuke.

+ OBiajieHue HABLIKAMHU U YMEHUSIMH PEIICHUS 3aJaHU pa3HOTO YPOBHS: TECTOBBIX
3alaHuii ¢ BBIOOPOM OTBETAa W KAUYECTBEHHBIX TECTOBBIX 3aJIaHUNA C YHUCIOBBIM
OTBETOM.

+ Pa3BuTh TBOpUYECKHE CIOCOOHOCTH TMPUMEHEHMsI 3HAHWW M YMEHUW B PEIICHUU
BapuantoB EI'D no matemaruke.

Ilnan:
I. Meroanueckue ykazaHusl K BBIIOJHEHUIO PAKTHYECKOW padOThI

1) IlepBooOpa3Hasi ¥ HEONPEAEICHHBIN HHTErpal

2) Tabnuiia MHTErpaIoB

3) Hexotopsie cBOWCTBA HEONPEAEIEHHOTO UHTErpaja

4) VaTerpupoBaHre METOJOM 3aMEHbI IEPEMEHON MIIH CIIOCOOOM MOACTAHOBKHU

5) WnTerpupoBaHue MO 4acTsIM

6) Paumonanesubie npobu. [Ipocreiinne paroHanbHble IpOOU U UX UHTETPUPOBAHKE
7) WnTerpupoBaHue parmoHaIbHBIX IpoOeii

8) MHurerpansl OT UppallMOHATBHBIX QYHKIIAN

II. [TpakTuueckas pabora

III. ATor

X001 YPOKA

I. MeTroguueckne yKa3aHUs K BBINOJHEHHIO IPAKTHYECKON padoThl

1) IlepBooOpa3Hasi U HeonpeaeIeHHBIN HHTErpaJl
Paccmorpum  3ajmauy: Jlana ¢dynkums f(x);TpeOyercs HalWTH Takyr (QYHKIUIO
F(x),mpousBoanas koropoii pasua f(x),t.e. F (x)= f(x).

Onpenenenune: 1. Oyukius F(x) Ha3biBaeTcs nepBooOpa3Hoit oT pyHkiuu f(X) Ha oTpeske
[a,b], eciii BO BCeX TOUKAX DTOrO OTPE3KA BBINOJIHAETCS paBeHCTBO F (X)= f(X).
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Hpumep.Haiitu nepBooOpasnyio or ¢pynkuuu f(x)=x>.M3 ompeneneHus mepooOpasHOM
caenyer, uto GpyHkuus F(x)=x’/3 sBusercs neppoobpasHol, Tak Kak (x*/3)'= x>.

Jlerko BUAETH, UTO €ciau Ajid naHHOM (pyHkiuu f(X) cymiecTByer nepBooOpa3Hasi, TO 3Ta
nepBooOpa3Has He SBISETCS €AUHCTBEHHOM. Tak, B MpeAblaylieM MpUMEpPe MOXKHO ObLIO
B3SITh B KaU€CTBE MEPBOOOPA3HBIX CIEAYIONINE PYyHKIUU:

3 3 3

X X X
F(x)=5%+1,F(x)=%-7 F(x)=2+C
3 3 , WIH BOOOIIE 3 (rme C- mpousBoOJIbHAS
Xy
(=+C)=x*
MOCTOSIHHAS), TaK Kak 3 . C Japyro#i CTOpPOHBI, MOXHO J0Ka3aTh, YTO
3
—+C
QyHKIMAME BUga O MCUEPIILIBAOTCSA BCE MEPBOOOPasHbIE OT QYHKIMU X° . ITO

BBITEKAECT U3 CIECAYIOMIEA TEOPEMBI.

Teopema. Ecnu F, (x) u F, (x)- n1Be nmepBooOpa3ubie ot GpyHkiuu f(x) Ha oTpeske [a,b], To
Pa3HOCTh MEXIY HUMHU paBHA MMOCTOSTHHOMY YHCITY .

Jloka3zaTenbcTBO. B cuimy onpenenenus nepBoodpazHoil umeeM
F'(x)= f(x), F2'(x)= f(x) (1)
[Tpu 1r000M 3HaUEHUU X Ha OTpe3Ke [a,b].

O0o03HaUUM

Fi (x)- F2(x) =o(x). )

Toraa Ha ocHoBanuu paBeHctB (1) Oyzer F'i (x)- F'> (x)= f(x)- f(x)=0 umu ¢'(x)=[ F'1 (x)-
F’; (x)]'=0 mipu mro00oM 3HaueHuU X Ha oTpeske [a,b]. Ho u3 paBencrBa ¢'(x)=0 ciemyer,
910 (O(X) ecTh MocTosiHHas. JlefcTBUTENbHO, MpUMEHUM TeopeMy Jlarpamka k QyHKIUU
¢(x), KoTOpasi, OYEBUIHO, HETIPEphIBHA U AuddepeHIupyeMa Ha oTpeske [a,b]. KakoBa Obl
HU ObllIa TOYKA X HA OTpe3ke [a,b], Mbl UMeeM B cuily Teopembl Jlarpamka @(x)- ¢(a)= (x-
a) 0'(z), rne a <z<x.Tak xkak ©¢'(2)=0, 10 OKX)- ©@)=0, wmm o@Xx)= o(a).
3)

Takum 06pazom, pyHKIHS G(X) B II0O0H TOUKE X OTpe3Ka [a,b] coxpanseT 3HaueHue ¢(a),
a 9TO 3HAYUT, 4yTO (PYHKUHUS @(X) SIBIASETCA MOCTOSTHHOM Ha oTpe3ke [a,b]. OO0o3Hauas
noctosiHHy10 @(a) uepes C, u3 paBeHcTB (2) u (3) nomyuaeMm F, (x)- F,(x) =C.

N3 nokazaHHO# TeOpeMbl CIEAYeT, UTO ecliu [l naHHou ¢yHkuuu f(x) HalimeHa kakas-
HUOYAb OJlHa TiepBooOpa3Has F(x), To mobast npyrasi mepBooOpasHas s f(x) umeer BU
F(x)+ C, rne C = const/

Omnpenenenue 2. Eciu ¢pynkuus F(x) sBiasercs nmepBooOpaszHoi 11 f(X), ToO BeIpakeHHE
F(x)+ C nHa3piBaeTcsi HeolpeaeaeHHbIM HHTerpasioM oT ¢yHKuu f(x) u oOo3Ha4aeTcs

[f(x)dx.Takum o6pazom 1o onpenenenuio, | f(x)dx= F(x)+ C, ecau F (x)= f(x). [Tpu sTOM
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¢ynkuuo f(x) Ha3pBalOT NOABIHTErpaibHOM (yHKuMel, f(x)dx- mogpIHTErpaibHBIM
BBIPOKCHHEM, 3HAK |- 3HAKOM MHTErpana.

Takum oOpa3zoM, HEOIpeAeIeHHbI MHTErpai MpeacTaBiigeT coO0M ceMelncTBO (PyHKIUI
y=F(x)+ C.

C FGOMeTpHIICCKOﬁ TOYKHW  3pCHUMA HCOHpC}ICHCHHBIﬁ HHTCTpall  IpEACTABJISACT
COBOKYITHOCTB (CCMCﬁCTBO) KPpHUBBIX, KaXJadd M3 KOTOPBIX IIOJYYACTCA ITYTCM CABUIA
OIIHOP'I N3 KPUBLIX IIAPAJJICIBHO camoii cebe BBCPX WJIKM BHU3, T. €. BAOJIb OCHU Oy

EcTecTBeHHO BO3HHMKAaeT BOMpoOC: Juisi Beskol Jnu  (yHkuuu f(X) CyliecTByroT
nepBooOpa3Hbie( a 3HAYMUT, M HEONpeneaeHHbIM uHTerpan)? Oka3pIBaeTCs, YTO Ha JUJIS
BCAKOW. 3aMeTuM, OfHaKo, O0e3 JoKa3aTeiabCcTBa, 4To ecnu (GyHKmus f(X) HempepbiBHA Ha
oTpe3ke [a,b],rTo  mms 3TOM (YHKIIMK CYIIECTBYET MepBooOpasHas (a 3HAYHAT, U
HEOTpeAeICHHBIA HHTETpalI).

Haxoxnenue nepBooOpa3Hoi ais naHHOM (QyHKUMU f(X) Ha3bIBaeTCsl MHTErPUPOBAHUEM
¢bynkuuu f(x).

3aMeTuM CleayrolIee: eCid MPOU3BOJHAS OT dJIEMEHTapHOW (PyHKIMU BCerna sBIsieTCs
DJIEMEHTapHON (YHKIHEH, TO TepBOOOpa3Has OT OJJIEMEHTApHOW (QYHKIMH MOXKET
OKa3aThCsl U HE MPEJICTABUMON C TIOMOINBIO KOHEUYHOTO YHCIIa AJIEMEHTAPHBIX (PYHKIIHA.
W3 onpenenenus 2 cieayer:

1.IIpousBoaHast OT HEONPENEIEHHOI0 HMHTErpala paBHA IOJBIHTErPAILHON (YHKIUH,
T.e.eci F (x)= f(x), To

( fx)dx)'= (F(x)+C)'=f(x). 4

[locnennee paBEeHCTBO HYKHO MOHUMAaTh B TOM CMBICIIE, YTO MPOU3BOAHAS OT JItOOOH
MepBOOOPA3HON paBHA TMOJBIHTETPAITBHON (DYHKIIHH.

2. JuddepeHuran OT HEONPEAECICHHONO HWHTErpaja pPaBeH MOJBIHTErPAIIbHOMY
BBIPAXECHHIO:

d(Jf(x)dx)= f(x)dx. (5)
DTO noy4yaeTcsi Ha OCHOBaHUU (popMyIibl (4).

3. Heonpenenennoro uHTerpayi ot auddepeHiyana HEKOTOpoH (DYHKIMU paBeH ITOU
(GYHKIIUA TUTIOC TPOM3BOJIbHAS TIOCTOSTHHAS

JdF(x)= F(x)+C.

CrpaBeyIMBOCTh TIOCJIETHETO PaBEHCTBA JIETKO MPOBEpUTH AuddepeHInpoBaHUEM
(muddepenmuans: or 06enx yacteit paeHcTBa paBHbl dF(X)).

2) Tabauua uHTErpasioB.
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[Ipexxne yem MpUCTYNUTh K M3J0KEHHIO METOJOB MHTEIPUPOBAHUS, MPUBEAEM TaOJIUILY
MHTErpajoB OT MPOCTEUIINX PYHKIUH.

o
fXadX X+1+C((X¢—1)
l. = a+l .(3nech u B nocnenyromux popmynax noa C mnoHUMaeTcs

IPOU3BOJIbHAS TOCTOSHHASL. ).
5 a hfx+C

3. fsinx-dx = —cosx+C

4. fcosx-dx = sinx+C

fdx

5. cosix = th+C

6. fsi:fx _ —cgx+C
- Jgxdx _ =Injcosx+C
o [ogede _ Insinx[+C
o. Jetde _ i

X

a
10, Ja"& _ ing

J‘dx

+C

11. 1+x* = arctgx+C
f de 5 larctg£+C
11'. a+x = a a
1, a+x
[ —In|—=+C
12. 'd-¥ = 20 a-x

dx
13. f\/l—x2 = arcsinx+C |

f dx N
7 0 arcsin—+C
X a

" J T ln\x+¢x2ia2\+C |
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CnpasegymuBocts  dopmyn 7,8,11°,12,13'u 14 nerko ycTaHaBIMBAeTCS C MOMOIIBIO
g hepeHupoBaHusl.

_ —sinx -
B ciiyuae dopmyinbsl 7 umeem (—hl‘COSXD '=  COSX ,

CJIEI0OBATENBHO, f tgr-dx= _1H|COSX‘+C i

B ciiyuae dbopmyisr 8

(Injsina|) Eﬁf:‘“ﬂx

b

CIIEIOBATENBHO, f cgxde _ 1I1‘SHIX‘+C ,

B cnyuyae popmyier 12

L atX 1.1 1 . 1
( l‘ ) 2a[a+x+a—x]_aZ_x2

1 —[In|a+x|-Inja—x]'=
— 2a

clefoBaTenbHO, 0 —X = Q"

B cnyuae popmyiel 14

(In|x+Vx*+a?|) = 1 (1+—=2=)= L ;

x+\/xzia2 \/xzia2 \/xzia2

[ =2 0
xd® — ln\x+\/x +a7+C

3)HekoTopsble cBOIiCTBA HEONPEAEJEHHOI0 HHTEerpajia

CJIEOBATEIILHO,

Teopema 1.HeonpeneneHHblii HHTErpal OT alnreOpandeckodl CyMMbl JBYX WJIU
HECKOJIbKHUX (DYHKIIMI paBeH aareOpanvyeckoil CyMMe UX UHTErpajoB:

f[f1 +f2 )]dx= ff dx+ff2(x)dx. (1)
N3 nokaszarenscTBa HaWIEeM INPOU3BOJIHBIE OT JIEBOM M IIPAaBOW YacTE€W dTOr0 PaBEHCTBA.
Ha ocHoBanuu paBenctBa (4) mynkra Nel Haxoaum
|l

e e e et

TakuM 00pa3om, MPOU3BOJHBIE OT JIEBOM M IpaBoil yacTel paBeHCTBA (1) paBHBI MEXIy
coOOM, T. €. MPOU3BOAHAs OT JII00O0M MepBOOOPA3HOM, CTOSIIAs B JICBOW YaCTH, paBHSAETCS
MIPOU3BOAHOM OT 000 (PYHKIMH, CTOSIIEH B paBOl yacTu paBeHCTBA. Cie10BaTEIbHO
no teopeMe u3 nmyHkra Nel mrobast ¢yHKIMS, cToAIas B JIeBOM yacTtu paBeHcTBa (1),
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OTIIMYAETCs OT JIFOOOW (PYHKIMH, CTOSIIIEH B MPaBOM 4acTu paBeHCTBA(1), HA TOCTOSHHOE
ciaraeMoe. B 3ToM cMbIciie M HyKHO MIOHUMATh paBeHCTBO (1).

Teopema 2. [IoCcTOSHHBI MHOXHWTEIb MOXKHO BBIHOCHUTH 3a 3HAaK MHTETpaja, T. €. €CIH

a=const, TO
(faf (¥)edx =a [f (x)dx.
()

Jlnst mokaszaTenbCTBa paBEeHCTBA (2) HaiijieM MPOUW3BOJIHBIE OT JIEBOM W IMPaBOM €ro
JacTeu:

fa[ (=l o j f (x)dx():a(jf(x)dx{ =i

[IpousBoaHbIe OT IPaBOM U JIEBOW YACTEH paBHbBI, CIEI0BATEIbHO, KaK U B paBeHCTBE (1),
Pa3HOCTh JABYX JIOOBIX (DYHKIIMH, CTOSIIIMX CJieBa M CIpaBa, €CTh MOCTOsSIHHAs. B 3ToM

CMBICJIE U CJIEIyeT TOHUMATh PaBEHCTBO (2).

HpI/I BBIYMCJIICHUU HCONPCACIICHHLIX HWHTCIpaioB ObIBaeT IIOJIC3HO HMETHh B BUAY
ClIcayromue rmpaBsuiia.

1).Ecnu
J' f(x)dx=F(x)+C,
TO

J'f(ax)dx:%F(axﬁC.

€)

HeiicTBuTenbHO, quddepeHnrpys IeByI0 U MPaByIo YaCTH paBeHCTBA (3) MOTyduM

(] flax)def)=flar). (L F(ax))=L1(F(ax)) =1 F (ax)a=F (ax)=f(ax).

a a a [IponsBomHbIE  OT
NpaBOM U JIEBOH YacTeil paBHbI, YTO U TPEOOBAIOCH JOKA3aTh.

2). Ecin

J flxlde=F(x)oc,
TO

[ f(x+b)dx=F(x+b)+C. @)
3. Ecin

[ flx)ae=F(xJ+c,

TO
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ax+b dx:l ax+b)+
| flax+b)dx==F(ax+b)+C )

PaBenctBa (4) u (5) mokaspiBatoTcs auddepeHupoBaHUEM MPABOM U JIEBOM YacTeu
PaBEHCTB.

Ilpumep 1.
f (2x3—351nx+5&)dx:f 2x3dx—f 351nxdx+f 5\/ﬁ:2f x3dx—3f sinxdx+5fx”2dx:

—+1
1 2
x>

2=X __3(—cosx)+5% +C=Lx43cosx+1L x/x+C.
3+1 3
—+1
= 2
Ilpumep 2.
—-—+1 ——+1 —+1
! 3 X +lx X c
4 -113 112 5/4
(=t —=+xVx)dx=3 [ x P dx+= [ x P2dx+ [ xdx= 1,21 5
——+1 " —=+1 —+1
IJX 24x J f J 3 27 4 _
OV rx+ 2 x4
= 2 9
Ilpumep 3.
dx ——=In|x+3[+C
3
Ilpumep 4.

f cos7xdx=% sin7 x+C
ITpumep 5.
fsin(2x—6)dx:—%cos(2x—6)+c.
4)AHTerpupoBaHue MeTOI0M 3aMeHbI NepeMeHO WU CIIOCOO0M MOJACTAHOBKH

[Tycts TpeOyeTcss HalTH HMHTETpal f flx)dx , TIpUYEM HETOCPEACTBEHHO MOa00paTh
nepBooOpa3Hyto yist f(X) MBI HE CMOKEM , HO HaM M3BECTHO, YTO OHA CYIIECTBYET.

Cnenaem 3aMeHy IEPEMEHHON B MOJBIHTETPAIBHOM BBIPAXKEHHH, ITOJIOKHUB
x=0(t), (1)
rae ¢(t)-HenpepbiBHAs (YHKLUHS C HENPEPbIBHOM MPOM3BOJHOM, MMeromas oOpaTHYIO

¢dyukmuio. Tornga dx= ¢'(t)dt;moxkaxkem, 4TO B 3TOM Ciydae MMEET MECTO CJICIYIOIIEe
PaBEHCTBO:
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[ flx)e=[ flg(t)o (¢)dt. @)

3n1ech NoJpa3yMeBaeTCs, YTO MOCIE NHTETPUPOBAHNUS B IPaBOil YaCTH paBEHCTBA BMECTO t
OyJeT MOJICTABJIEHO €r0 BRIPAXKEHUE Yepe3 X HA OCHOBAHUM paBeHCcTBa (1).

I[J'ISI TOTO YTOOBI YCTaAHOBUTD, YTO BBIPAKCHHA, CTOAIIME CIIpaBa U CJICBA, OAMHAKOBBI B
YKa3aHHOM BbBIIIC CMBICIIC, HYKHO J0Ka3aTb, YTO HUX IPOHU3BOJHLBIC IIO X PAaBHBI MCKIY

coboif . Haxomum mpou3BOJHYIO OT JIEBOM YacTH : (f f (X)dx)x:f (x]. IIpaByro wyacthb
paBeHcTBa (2) Oyaem nuddepeHUUpoBaTh MO X Kak CIOXHYI (yHKIUIO, Tae t-
MPOMEKYTOUHBINH apryMEHT. 3aBUCUMOCTh t OT X BbIpaxaeTrcs paBeHCTBOM (1), mpu 3Tom

by @1

dt 1 1o npaBwity nuddepeHImpoBanms 00paTHON QYHKIHH dx ¢ (1)

Takum 06pazom, nmMeem

([ Flole) 19 ek =[] lole)19 e)ded ) 5= flae) ) —=flole)}=flx).

é(t)
CreoBaTenbHO, MMPOU3BOIHBIE OT X OT ITPABO 1 1 neBoil yacteil paBeHCTBa (2) paBHBI,
4TO ¥ TpeOOBAIOCh JOKA3aTh.
OyHK1HIO x=¢(t)  cnemyer BHIGHpaTH TaK, YTOGBl MOKHO OBUIO BBIYHCIHT

HEONpeIeJICHHBIN UHTErpall, CTOSIIUNA B MPABOM 4acTU paBeHCTBA (2).

3ameuanue. Ilpu uHTErpupoBaHMM HHOrAa IieliecoO0Opa3Hee MNOAOUpaTh 3aMEHy
IIEPEMEHHON HE B BUJIE X =¢(t)  amBuge t=¥(x). [IponmtrocTpupyem 3TO Ha IpUMeEpE.
I1ycTh Hy’HO BBIYMCIMTH UHTErPAJL, UMEIOLIUI BU]T

J'(/J‘(X)dx

31ech y100HO TOJIOKHUTh
wlx)=t

torga ¥ (x)dx=dt,

f‘” X)dx _ 1|t|+C Infu(x)}+C

(x)

[IpuBenemM HECKOJIBKO MPUMEPOB HA UHTETPUPOBAHUE C TTOMOIIbIO 3aMEHbI IEPEMEHHBIX.
Ilpumep 1.

i =7 .
f Vsin xcos xdx=: Cnenaem mojicTaHOBKY t=sinx; Torja dt= cosxdx u, ciie1oBaTesbHO,

. 312
f\/sin xcosxdx:f \ﬁdt:f (72 dt:2tT+ ngsin3/2x+C
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Ipumep 2.

J- xdx _»

1+x° [MTonaraem t=1+x*;rorga dt=2xdx u

xdx _1pdt _1 _1 >
f1+x2_§ T_EIDHC_EIH(“X )+C
Ilpumep 3.
f + __f1+ la) =7
a*+x’ (xla)? ITomaraem a . rorma dx=adt,

[

——f adt ——f dt larctgt+C:larctg§+C.
a’+x’ 1+t2 1+t* a a a

J' 1 f dx N
=t o= X
Hpumep 4. " Va=x* @7 y(1-xlaf  Tlonaraem a ; rorga dx=adt,
adt
=arcsint+ C=arcsin — +C
ety g

(mpennosaraercs, 4ro a>0).

B npumepax 3 u 4 BbiaeneHbl (OpMyJibl, NPUBEICHHbIE B TaOJMIIE WHTETPAIOB IOJ
Homepamu 11'u 13'(cm. Bbile, myHKT No2).

[ (nxp &= dr=%

Ilpumep 3. X [Tonaraem t=Inx; Toraa X
J 2= ear=t +C—1(lnx) +C

xdx

Ilpumep 6. ° 1+x*  ?Tlomaraem (=x" ;rorma dt=2xdx,

f xdx ——f dt larctgt+C:larctgx2+C
1+x* 1+¢* 2 2

Meton 3aMeHbl TMEPEMEHHBIX SIBISIETCA OJHUM M3 OCHOBHBIX METOJIOB BBIYHMCIIEHUS
HEOIpeeICHHBIX UHTETPasIoB. Jlake B TEX ClIydasix, KOTjia Mbl HHTETPUPYEM KaKUM -JTH00
JIPYTUM METOJIOM, HaM 4YacTO MPUXOJUTCS B MPOMEKYTOUHBIX BBIYUCICHHUIX MPUOETaTh K
3aMEHE NIEPEMEHHBIX. Y CIIEX UHTETPUPOBAHUS 3aBUCUT B 3HAUUTEIIBHOU CTEIIEHU OT TOTrO,
CyMeeM JIM MbI TI0JI00paTh TaKyl0 YAa4HYIO0 3aMEHY IEPEMEHHBIX, KOTOpask yIpoCTuiia Obl
JNaHHbIM MHTErpall. 110 cylecTBy roBopsi U3ydeHUE METOAOB HHTETPUPOBAHUS CBOAUTCS K
BBISICHEHHMIO TOTO, KaKyl HaJ0 CIeJaTh 3aMEHY IMEPEMEHHOW MPU TOM WM WHOM BHJIE
MOJIBIHTETPATLHOTO BBIPAKEHUS. DTOMY TIOCBSIICHBI OOJIBINAS YaCTh HACTOAIIETO MyHKTA.

S)UHTEerpupoBaHue 10 YACTAM
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[Iycte u u v 1Be auddepeHunpyemsie QyHKOuM OT X. Torga, Kak H3BECTHO,
muddepenuman IIPOU3BEACHUS uv BBIYUCIISETCA 1o cleayrouien

uv:f udv+f vdu

dbopmyie :d(uv)=udv+vdu.Otcroma, UHTErpUpys, OIy4aeM

fudv:uv—f vdu . (1)

[Tocnenusas gopmyna HazpiBaeTcss GpopMysia WHTETPUPOBAHUS MO 4YacTsAM. JTa dopmyra

NN

qame BCCro IPUMCHACTCA K HWHTCTPUPOBAHUTIO BBIpa)I(eHHI;'I KOTOPBIC MOXHO TakK
npcaACTaBuTb B BHUAC IIPOU3BCACHUSA ABYX COMHOXKHUTEICH uu dv, yTOOBI OTBICKATH

. vdu
bynkuuo vio e€ nuddepeHumrany dv U BbIUKUCICHUS WHTErpaja f COCTaBIISIIN B
COBOKYITHOCTHU 3a/1adqy OoJiee MPOCTYIO, YeM HETOCPEACTBEHHOE BBIYHMCICHHE MHTErpalia

udv

f . YMeHHe pa30uBaTh pa3yMHBIM 00pa3oM JaHHOE MOJBIHTEIPATbHOE BBIPAKCHHE
HA MHOXKHUTEIM U U dv BbIpabaThIBACTCS B MPOLIECCE PEIICHUS 3a/1a4, U MbI IIOKa)KeM Ha
psijie IPUMEPOB, KaK 3TO JCIACTCS.

1 fxsinxdx: 9

Ilpumep [Tonoxxum u=x,dv=sinxdx;Torna du=dx,v= -

cosx.CnenoBaTennpHO,

f xsinxdx:—xcosx+f cos xdx=—x cos x+sinx+C

3ameuanue. [Ipu onpenenenun ¢ynknuu v no auddepennmany dv Mbpl MOKeM Opathb
T00YI0 TPOU3BOJIFHYIO TTOCTOSIHHYIO, TaK KaK B KOHEYHBIN PE3yIbTaT OHA HE BXOJIUT (UTO
JIETKO TPOBEpPUTH, MOJACTaBUB B paBeHCTBO(1) BMecto v BbipaxkeHue v+C). Iloatomy
YAOOHO CUMTATh ATY MOCTOSIHHYIO paBHOW HYJIIO.

HpaBI/IJ'IO HHTCTPUPOBAHMS 110 YaCTAM IIPUMCHACTCA BO MHOTUX CIIy4dasX. TaK, HaImpumMmcp,
HHTCTpaJIbl BU1ad

f xsin axdx,f x“cos axdx,f % e‘”‘dx,f X Inxdx,

HEKOTOpPbIE HHTETpalibl, CoOJAepXkalre oOpaTHbIE TPUTOHOMETPUYECKHE (YHKLHUH,
BBIYUCJIISIOTCS C TOMOIIBIO HHTETPUPOBAHUS 110 YACTSM.

Ilpumep 2.TpeOyeTcsi BBIUUCIUTH f arctgdx [Tonoxkum u= arctgx, dv=dx;Torma
du 2% ,V=X
1+Xx . CireqoBaTenbHO,

f arctgxdx = xarctgx — f xdx = xarctgx — 1 In|1+ x? |+C.
1+ x° 2

1 [ xetdx u=x",dv=e"dx;
Ipumep 3. Tpebyercss BBIYUCITUTH [Tosoxum ; y TOrJa

du=2xdx,v=e",
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fxze"dx =X e"—2f xe" dx

Ilocneqnuii MHTErpan CHOBA UHTETPUPYEM IO YACTSAM, IOJ1aras

u,=x,du,=dx,dv,=e"dx,v,=e". Torna

X X X X X
= — = - +
f xe" dx =xe f edx=xe’—e+C 5 opuarensro OyJeM UMeThb

[ Xerdx=xe~2(xe"—e* J+C=x"e"~2xe"+2e" +C=¢" (x*~2x+2)+C

6) Paumonanbubie apodu. Ilpocreiilmiue panuoHaJdbHBIE JApPoOM W HX
HHTErpupoOBaHHE

Kak ™Mbl yBUIMM HMXKE, JAJIeKO HE BCsKas dJeMEHTapHas (QYHKIMS HMEET HHTEerpal,
BBIpAXKAIOIIUNCA B 3J€MEHTAapHBIX (QYHKIUAX. [103TOMYy OYeHb Ba)KHO BBIICIUTH TaKue
KJ1acChl (DYHKLMH , MHTErpaibl KOTOPBIX BBIPAXKAIOTCSA Yepe3 dJIEMEHTapHble (YHKIUH.
[IpocTeiuM 13 TUX KIACCOB SIBJSETCS KIIACC PAIIMOHATBHBIX (DYHKIIHIA.

Besikyto panmroHansHy0 GyHKIIUIO MOXHO MPEACTaBUThH B BUAC PAIMOHAIBHOW JAPOOH, T.
€. B BUJIC OTHOIIEHUS IBYX MHOTOUYJICHOB:
Q(x)_ Boxm+lem71+...+Bm

f(x)  AX"+A X" '+..+A,

He orpanuuunBas oGITHOCTH pacCyXaAeHUs, Oy1eM MpeanojaraTh, YT0 3TH MHOTOWICHBI HE
MMEIOT OOIIUX KOPHEH.

Ecnu crenenp uMcnuTeNs HIKE CTENEHW 3HAMEHaTeNls, TO Jpo0b Ha3bIBaeTCs
MPaBUJILHOM, B TPOTUBHOM ClTydae IpoOb HA3bIBAETCA HETPABUILHOM.

Ecmu npoGs HempaBuibHasi, TO, pa3leluB YHUCIUTENh HA 3HAMEHATedh (MO TPaBUILY
JICJICHUs] MHOTOWICHOB), MOYKHO MPEJCTaBUTh JIaHHYIO APOObh B BHJIE€ CYMMBbI MHOTOUJICHA
¥ HEKOTOPOU NPABWIBHOU JPOOH:

Q(x)
f(x)

F(x)
fx)

=M(x)+

F(x)
31ech M(x)-Muorownen, a (%) - mpaBmisHast po6s.

Ilpumep.Ilyctb nana HenmpaBuiIbHas pallMOHaIbHAs JPOOh

x*—3

X°+2x+1
Pa3jiesMB YHCINTENh Ha 3HAMEHATE b (110 MPaBHJIY JEIEHUS] MHOTOWICHOR), TIOTyYrM

4
zxi—BZXz_zﬂg_;lxiﬁ
xX“+2x+1 X +2x+1
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Tak Kak MHTETPUPOBAHHE MHOTOWICHOB HE NPEACTABIACT 3aTPYAHEHHH, TO OCHOBHAas
TPYJHOCTh IPH UHTETPUPOBAHUU PALIMOHAIBHBIX IPO0OEH 3aKITI0YAETCsl B UHTErPUPOBAHUN
MPaBUIBHBIX PALIMOHATIBHBIX JPOOEH.

Onpenenenue. [IpaBuibHbIE pallMOHAIBHBIE IPOOH BUA

(1). X—a

2). (x=a) (k-memoe monoxurensHOE pCHO 2

Ax+ B p2 <0
(3) x?+px+qg (KOpPHU 3HAMEHATeJ s KOMILUIEKCHBIE, T.e. 4 ).
Ax+ B

4) (x*+px+q)* (k-1lefloe TIONOKUTENBHOE YHMCIO  ©2 ;KOPHM 3HAaMeHaTens
KOMILIEKCHBIE), Ha3bIBAIOTCA MpocTerimumu apoosimu (1),(2),(3) u (4) Tumnos.

NuterpupoBanue mnpocrteimux apoodeit tuma (1),(2) u (3) He coctaBisieT OONBIION
TPYAHOCTH, TIO3TOMY MBI TNPHUBEJAEM HMX HHTETPUpPOBaHHME 03  KaKux-JI1bo
JTOTIOTHUTEIIBHBIX IMOSICHESHHIA:

J 2

dx=Aln|x—al+C
(1) a

k+1

A —k (x—a)° A
— 2 _dx=A dx=A C= C
B e Ty
AX+B §(2X+p)+(B_A_;) Ap 2 A d
[222 x| dx=2 [ 2P _gxo(B-22) [ =
(3) X2+ px+q X2+ px+q 29 X%+ px+gq 2 x2+px+q
A Ap dx 2x+ tp
—In|x +px+q|+(B——)f —ln|x +px+q|+ ar tg
2 2 (x+2 24 _LZ) 2 V4g-p*  4g-p’
_ ) Ty

Bonee CNOXHbIX BbIMUCNEHUI TPEBYET MHTErPUPOBaAHUE NpocTenlLMX Apoben (4) Tuna. NycTb HaM AaH
MHTErpan Takoro tuna:

j%d}(

2 b
w | (X+pxtq)

MpousseaemM NpeobpasoBaHus:
A

Ax+B FRepHB=0) A d
2 kdx:f 2 k dx:—f = kd ( p) 2 - k
(x*+pxtq) (x°+px+q) 27 (X+px+q) 27 (x*+pxtq)
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x2+px+q:t,(2x+p)dx:dt

MepBbI MHTErpan bepetcs NoACTaHOBKOWM

2x+p dt o, 1
—d t " dt= +C= +C
f (x* +px+q) f f —k (1—1()()<2+px+q)k_1
BTopoii uHTerpan- 0603HaunMm ero yepes l-3anuwiem B Buae
dx dx dt
Ik:vr 2 k :f 2 :f 2 2\ k
(x*+px+q) [(X+§)2+(q—%)]k (t*+m?)

2
x+£:t,dx:dt,q—p—:m2
2 4

2

q—p—>0
(N0 MpeanosIOXKEHUIO KOPHW 3HaMeHaTeNis KOMIJIEKCHble, a C/efloBaTesbHO, 4 ). Danee
nocTynaem caeayrowmm obpasom:
_1 £ +m’) t _1 1 t’
L=l f T e Fpewer e R pepper
t +m t +m t +m (t +m )

Mpeobpasyem uHrterpan:

tdt ttdt _1 t+m_ 1 1
f(t2+m) f f k_ z(k_l)ftd((z 2)k—1)'

NHTerpupys no yacram, 6yaemM uMeTb

_[ t2dt __ 1 _f
(2+m? )k 2(k—1) (+m?) (¢2+m?)
MoAacTaBnss 3TO BblpaXkeHWe B paBeHCTBO (1), nosyynm
dt
I.= =
k f(t2+m2)k

1 d___,1_1 t dt . _
mzf(z 2)k—1 m2 2(k_1)[(t2+m2)k—1 f( )k 1]

= t+m t>+m
t 4 2k—3 J" dt
_2mA(k—1)(2+m?) Tt 2mi(k—1)7 (2+m? ) !
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B npaBoﬁ HaCTun COAEPKUNTCA UHTErpas TOro e Turna, 4T1o k , HO MNMOKa3aTte/Jib CTENEHN 3HaMEHaTENA

noApIHTErpasbHON GYHKUUM Ha eAUMHULLY HUXKE (k-1) ;TaKMM 06pa3oMm, Mbl Bbipasuan K yepes

I

k=1" MNpopomkas MATU TeM xe nyTeM, AONAEM A0 U3BECTHOTO MHTErpana:

dt 1 t

11:f > 2:—arctg—+C
t°+m- m m

MopacTtaBnsa 3aTeM BCOAY BMECTO t U M UX 3HAYEHUS, MOJIYYUM BbIPaXKeEHUE UHTerpana (4) depes x n

3apaHHble Yncna A, B, p,q.

7) WHTerpupoBaHue paumoHabHbIX Apobeit

Mmew{meeaﬂ MX
) m-e-umeapon [y

MycTb TpebyeTcs BbIMUCAUTb MHTErPasa OT PaLUOHaNbHOMN Apobun Ecnu

JlaHHas Apobb HenpaBMbHas, TO Mbl NPEACTAB/IIEM €€ B BME CYMMbl MHOro4ieHa M(X) 1 npaBu/ibHOM

Flx)

paumoHanbHoM Apobu f(x) . NMocnepHiolo ke npepacraBngemM no ¢opmyse B BUAE CYMMbI
npocreniumnx apobein. Takum o06pa3oM, MHTENPUPOBAHME BCAKOM palLMOHaNbHOM Apobu CcBOAUTCA K
MHTErpupoBaHUIO MHOTO4Y/IEHA U HECKOJIbKMX MPOCTENLLNX APObeN.

Bug, npoctenwwmnx apobei onpepensercs KOpHAMKU 3HameHaTtens f(x). 34ecb BO3MOXHbI caeaylolime
cayyam.

1.Cayyan.
KopHu 3HaMeHaTeNs f4eiCTBUTENIbHBI U Pa3/INYHbI, T. €.
F(x)=(x-a)(x-b)...(x-d).

F(x)

B aToM cnyyae gpobb f(X) pa3naraercs Ha npocteniune apobu 1tmna:

F(x) A B D
=
f(x) x—a x-b " x—d,

nToraa

fmdx:f A dx+f

f(x) x—a X

D

dx+...f

Bb ddx=Aln|x—a|+Bln|x—b|+...+D1n|x—d|+C

2. Cnayvan.

KopHU 3HaMeHaTenst AencTBUTENIbHbIE, MPUYEM HEKOTOPbIE N3 HUX KpaTHbIE:
a )
f(x)=lx=a)"(x=b)"...0x=d.
F(x]
B aToM cniyvae apobb f(x) pasnaraeTtcsa Ha npocTtenme apobu 1m 2 TMNoB.
lpumep 1.
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2x—-1

2
x+2 x [ 1p d¢ 20 de 2 dx 1 1 1 2 2
= SIS S SR ST W P
f(x+1)3(x—2) " f(x+1 jx+1 09 %1799 v 2 (et 3ael) g Mr#1leghlx=21

3. Cniyyan.

Cpe,ﬂ,l/l KOpHeVI 3HaMeHaTeN 1A €CTb KOMMMIEKCHbIE HeI'IOBTOpFIIOLU,MeCFI(T.e. pa3J'IVI‘-IHbIE):

f(x):(x2+px+q)...(x2+lx+s)(x—a)a...(x—d)5.
F(x)

B aToM cnyyae apobb f(x) pasnaraetcs Ha npocTtenwune apobu 1,2 n 3 TMNos.
Mpumep 2. TpebyeTcs BbIYMUCAUTL UHTErPan

f xdx

(X2+1)(X_1) .Paznoxxum noppiHTErpanbHyto Apobb Ha npocTenme:
X _Ax+B + C
(x2+1)(x—1) x*+1 x-1

CnepoBaTenbHo,
=( Ax+B)(x—1)+C(x*+1)
Monaras x=1, nonyunm 1=2C, C=S; nonaras x=0, nony4num 0= -B+C, B=1/2.
MpupaBHMBas KO3OPULMEHTbI NPU X’ , nonyuynm 0=A+C, oTkyaa A= - S. Takum obpasom ,

%5 515

(x*+1)(x—1

_ J~ xdx dx 1 pdx
— +_

x+1

—AlTln\x2+1 |+2—arctgx+2—ln|x—1 l+C

4. Cny4yan.

Cpeay KOpHel 3HaMeHaTeNsl eCTb KOMIMJIEKCHbIE KPaTHbIE:

f(x)=(x+praq ). (X +he+s) (x=a)"...(x—d ).
F(x)
B 3TOM Clyyae pasnoxeHve apobu flx) 6y1eT CoflepXKaTh M NpocTeiilume Apo6u 4 TMna.

[pumep 3. TpebyeTcs BbIMUCINTD UHTETPan

X +4x +11x°+12 x+8
(K +2x+3)(x+1)

dx

PelweHue. Pasnaraem apobb Ha npocTenLumne:

x4+4x3+11x2+12x+8_ Ax+B + Cx+D N E
(x+2x+3)%(x+1)  (x*+2x+3)° x*+2x+3 x+1

oTKyAa

W2 n‘ﬂ|
6(x+1)f 9 x4l

41 2 X241 29 x—1

+C
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X +4x°+11x°+12 x+8=( Ax+B)(x+1)+(Cx+ D) (x’+2x43)(x+1)+E(x’+2x+3)".

KoM6GUMHMpPYS yKa3aHHbIE Bbillie MeTOAbl onpeaeneHns KoappmumeHTos, Haxoaum A=1, B=- 1, C=0, D=0,
E=1.

TaknMm 06pa3om, nonyyaem

f dx = X+2 —Qarctgﬁ+ln|x+1|+c
2(x*+2x+3) 4 \2

X4 +11 X*+12x+8 :f
(x°

(xX*+2x+3%)(x+1) X*+2x+3)

N3 BCEro M3NOXKEHHOro cnepyer, YTO MHTErpan oT NOOM pauyoHanbHOM (GYHKUMM MOXKET ObITb
Bblpa)keH yepes 3/ieMeHTapHble GYHKLUU B KOHEYHOM BUAE, @ UMEHHO:

1) yepes norapudPMel- B C/IyHasax npoctennx apoben 1 tmna;

2) yepes paumoHasibHble GYHKLUU- B CIy4ae NpocTeniumnx apobein 2 tmna

3) yepes fiorapudMbl M apKTaHreHCbI- B Clydae npoctenwmnx gpoben 3 Tuna

4) yepes palmoHanbHblie QYHKLMU U apKTaHTeHCbI- B C/lydae NpocTenmx apoben 4 tmna.
) WHTerpanbl ot uppaumoHanbHbiX GYHKLMUIA

He oT BcAKOW MppauMoHanbHON GYHKLUUM UMHTErpan BbIPaXKaeTcs 4yepe3 3/7eMeHTapHble QYyHKUMU.
CeMyac Mbl PacCMOTPUM Te UppaLMOHaNbHble GYHKLUMU, MHTErpasbl OT KOTOPbIX C MOMOLbIO
NoACTaHOBOK MPUBOAATCA K MHTErpanaM oOT pauMoHanbHbIX (GYHKUMIA U, CNefoBaTesIbHO, A0 KOHLA
WHTErpupyoTcs.

fR(x,xm/”,...xr/S)dx

1.PaccMOTpUM UHTErpan , FAe R-paupmoHanbHas GyHKUMS CBOMX apryMeHToB ).

_ _1.k-1
Myctb R-06wWmi 3HamMeHaTenb apoben m/n,...r/s.CoenaeM NoaCcTaHOBKY X=t ,dX—kt dt .Torpa
KaXkgasa ApobHas cTeneHb X BbIPa3uTCA Yyepes uenyr creneHb t 1, cnefoBaTtenbHO, NOAbIHTErpanbHas
dYHKUMSA NpeobpasyeTcs B paLMoHanbHyo GyHKLUULO OT t.

11
X “dx

3/4+1
Mpumep 1.TpebyeTcs BbIMUC/IUTb MHTErPa X

PeweHne. O6wMM 3HaMeHaTenb Japoben 1/2,3/4, ectb 4; nosToMy pAenaeM MNoOACTAaHOBKY

x=t, =44t | rorss

X1/2dX ‘[ J' 2
tdt 4 dt=4 t—— Jdt=
Vel Y B 41 £+1

t’ £ 4 4
4f tzdt—4f ——dt=4——"Tn|*+1|+C=2[x**~In|¥*"*+1]]+C
£+1 3 3 3

2.PaccMoOTpuMM Tenepb UHTErpasn Buaa
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GX+b m/n ax+b rls
R[x o, l— " |d
f cx+d ’ cx+d) o

ITOT MHTErpan CBOAUTCA K UHTerpasay ot paLI,MOHa}'IbHom d)YHKLI,MM C nomMoLbto NOACTaHOBKUA

ax+b_tk
cx+d

roe k- obwmit 3HamMeHaTenb gpoben m/n,...r/s.

Mpumep 2. TpebyeTcs BbIMUCAUTL UHTErPan

[

—2 2 —) 4t -
PeweHue. lenaemMm noacTtaHOBKY x+4=t X=t _4,dX—2tdt, Torga

fx/x+4d _ dt _
X =
X

2t+21n|i|+C:2\/x+4+21 | X+4- 2| C.

- t+2 VX+4+2

Y4yeOHO-TPeHUPOBOUYHbIE TeCTOBBIE 3a1anusa EI'D

TecroBele 3amaHust 6a30BOro ypoBHs -,

IMPUJIOKEHHUE 1

Al. IlepBooOpa3nas aaredopanveckux GyHKIMl

A1.1 Haiinute f(-2), ecnu f2(x) = 6x3 — 8x + 3, (2)= 0.
A) 10 B) 12 C) -12 D) 18 E) -18

A1.2 Haiinute nepBooGpasHyro GyHKIuE ¥ +2

o S B oo o e

2
D) -

3
+=
4

oy
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A1.3 Haiinure Bce nepBooOpasHbie A PyHKITUN ax
3 4 3
A) 2 +C B)3¥*+C C) 3¥*+C D) -2+ +C  E) 6¥ +C
+
A1.4 Haiigure nepBoo6pa3Hyro GyHKIHO aas < - 2(2x+5) |
sl N CEE },=(2x+5j’+c‘
A) Y=(2x+5)+C B) 3 C) 4 D) 5 E)Y

=4(2x +5)°+C

A1.5 Haiinure nepsooOpasnyo ¢pyukiun f(x) = 8x’ — 5, rpaduk KOTOpOii IPOXOAUT Yepes3
Touky M(1; 4).

1
A) 2x* —5x +7 B) 24x>+6 () 2x*—5x D) 2x*—5x+1 E) 4x*-5x +7

A1.6 Haiinure f(0), ecnu £(x)=6x>-3x+5 u f(4)=130.
A) 6 B)4 C) 4 D) 6 E) 8

1
A1.7 Jlna pysxuun (3-25) , HallauTe mepBOoOpa3Hyto, rpa@uk KOTOPOM MPOXOIUT

[53)
uepes TOUKy b 218

4 9 4
+

9 g 33
A) 3-2x 16 B) -3-Ix

D) 3-2r 16

2 7

317
+— + -—
E) 3-2x 16

49
6] C) -3-2r 16

1

fx)y=
A1.8 Haiimute nepBooOpa3Hyto GyHKIUH Wr-2

Touky A(3; 5).

, TpauK KOTOPOU MPOXOJUT Yepe3

1
A) ¥i-2+4  B) 24-2+3 () “x-243 D) 2+4x-2+4  E) xJ“I

A2. BblunciieHHe MHTErPaJioB ajredpandeckux GyHKunu

]x]
A2.1 Brruucnure: ° d.i
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1a

2
A)4 B)y-4 C) 3 D)2 E) ?

(3x-1)" dx

O ey, -

A2.2 Beruucnure:

7 !
5 E) 23

'l_,l—iﬂ

1
A) 3 B) 1 C) -3 D)
A2.3 Breruncnure:
1 2

(2x+1:|’d.|

1
A) € B) 3 C) 1D % E -l

(1+32)" dix

s Ry, 2

A2.4 Beruuciaure:

T 2
A) 1 B -1C) ¢ D) -3 E 3

5 1
3ﬂ+—]dnl
A2.5 Beruuciaure '[l[ x
A)45 B)S52 C)54 D)56 E)60

edx

1
A2.6 Bpiunciure 1 5“1:.

1 1 2
A) 1 Byz C) 4 D)2 E) 3

7

A2.7 Bpruuciaure 1
A)18 B)9 ()27 D)6+  E)9#

2r 1
L ¥
A2.8 Brruuciure *{5 2‘*{;] +
A)7 B)8 C)10 D)I12 E) 15

A3. IlepBooOpa3Hasi TPUTOHOMETPUYECKUX PYyHKIMIA

A3.1 Jlns kakoit u3 cienyromux Gynknuid, pynknus F(x) = 3tgx + S5x + ¢ saBusgercs
epBOOOpa3HOI?




3 3 3 3
A)'F= sin’x-ﬁ B)}?_sinjx-l_:i C) F=3tg+e D) ‘}F:_cus’x-'-j E) I=cns’x+%

A3.2 Jlnsa kakoil u3 cienyomux GyHKIUN QyHKIMs Fix)=ctex-2x+C gpiinercs

nepBooOpa3HOI?
1 1 1
A) fl:x:l=sin1x_2‘ B) fl:Xj:m_El C) fl:x:l=_ccus’x_2| D) fl:x:l=sin1x+2

£

E)

1
Flxl=—- c-:usxl
A3.3 Ykaxure rnepBooOpa3zHyro QyHKIIUU ) %

1 1 . 1 . 1 . 1 .

- ——sgnx+0C - —-—snx+ ——&nxy+ —+sinx+C - +sinx+
A) ¥ B) * C) » CI D) E) %
A3.4 Haiimute nepBooOpa3Hyro GyHKIINH: Flx)= x”rg:%

o P x? x3 x?
A) ?+§cf53x+ B) ?—chgh+ C) ?—x cigy + C" D) ?—x+cfgp:+ﬁ" E) ?+x—cfgx+ﬁ"

0= - 4.c-:;5(21j
A3.5 Haiinute nepBooOpa3nyto 11t PyHKITUU st (@5 |
@, ctgr

A) tar +eotge+ B) tgr—ctgr+ O C) ctge —tgr+ O D) cfgx E) fgx

A3.6 YkaxuTe nepBooOpa3HyIo quHKupm " ain2 (3 +1l

1 1 1
A) —chg(3x+1:l+ﬂ' B) chg[3x+1:l C fg (Bx+1)+C D) 3?5(3x+1:|+ﬂ' E) —3£rg|[3x+1:|+lf
CI:IS1 J:+
A3.7 Ykaxure nepBooOpa3zHyIo (byHKuHI/I
31’g[ ] cl + 3rg[i+1]+c tal b0
A)3[ ]%B) C) - D) - \3 E) '3

cosdx

A3.8 Haiigure nepBoobpaznyro QyHKIUIO 118 QYyHKIIUH F(x) = snx-cosr’

A) gny—cosy +C B) Ctg2X+C C) COS2X-sinx+ CD) gndx-cosx+C E) —ginx+cosxy +0C

Breie

15. HecoOcTBeHHbIe nHTErpajibl. HecoOcTBeHHbIE HHTErPaJIbl EPBOTO
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OBLJT OTIpeIeNIEH UHTETPaJl JJII OTPAaHUYEHHBIX U 33JIaHHBIX Ha OTPAaHUYEHHOM OTPE3KE
bynkuwmii. PacnpocTpanumM moHsTHE WHTErpajia Ha Ciydau, KOTJa OJHO WK 00a 3TUX
YCJIOBHSI HAPYIIAKOTCHL.

Onpeoenenue. Ilyctb F(% 3aana na GeckoHeunom NPOMeXKyTKe [2.%) y jrst Besioro

4 A

| F(xdx im | F{x)dx

- —han
AZa cymrecTByeT HHTErpaJ @ Ilpenen @ HA3bIBAETCA HECOOCTBEHHBIM
HHTErpajioM NMepBoro poaa (MHTErpajioM o HeOrpaHNYEeHHOMY POMEKYTKY) U

| F(x)dx lirn J:I F(x)dx
o0o03HAYaeTCH 2 Ecim “ 7 a CyILECTBYET M KOHEY€EH, TO HeCOOCTBEHHbI
HHTErpaJl NepBoro poaa Ha3bIBAETCH CXOASIIUMCS, €CJIM 7K€ OH He CyllecTByeT W
paBenbeckOHEeYHOCTH, TO HECOOCTBEHHBbII HHTErPaJl NEPBOr0 POAa HA3bIBaeTCs
pacxoasiiuMcs.

Ilpumepor.

[ dx T4 (2 i ()=l mA-bD=oo
. ops Jox Asw: X Ao Ao
1. Paccmorpum 1° | Ilycts @=1-Torma ! 1

Takum 06pa3zoM, pacCMOTPEHHBIN nHTErpai mpu & =1pacxoxurcs. [lycTts Temeps & 1-

4
|

Torna

) A - o IpH <l
LS S il

T Ao, % Aowl-x — mpHaX >,

W MBI OKOHYATEIBHO MOJYYHIIN, YTO PACCMATPUBAEMBIi HHTErpai pu & =1 pacxomurces u
npu & =1 cxomures. Omom unmezpan 4acmo uCnOIb3Yemcs 6 NPUHAKE CPDAGHEHUS 6
Kauecmee 3manoHHO20.

E;'j dx
1 x-2x+12
2. BBIICHUM CXOIMMOCTb UHTErpaia .
4 4
T dx i o r &

| ———=1lm |
T -2zl Ao

Z2—=]jm 7=
Vimeen 1 P A —2x+ 2 Aoy (x-1)T+ ]

= lim (arctg(x- D} = lim (arctg(4- 1) - arctgl) = =
A0 Ao 2 . CnenoBaTenbHO, HHTETPAJl CXOJUTCS U €T0

iy
3HAYEHHE PaBHO 2 . I
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=}

y o
—x ’ 2
| % " dx= | xexp-x"dx

3. BBIACHUTH cXOMMMOCTh WHTErpaja ! 1 . I[1o onpenenenuto noryyaem
w9 4 4 A4 4 . o . 4

| xe " dx=lim | xe" .:i’:Jr=]jm{—l}h;?_Jr d{—x2}==]1ﬂ1 —lié'x =2L—]Jm%»2"al _21

i A—eny A—en 274 Ao 1 g A-w &

1
Cneq10BaTeNbHO, HHTErPall CXOAUTCS M €r0 3HAYEHHUE PABHO D%

T odx

g

4. 1ns u"TETpana ¢ uMeeM

III

dr__ o fdnx_

-u.'i 2'1—}00 f]nx Ao

= lim (2ln A- 2 =e0
Ao

CrnenoBaTeslbHO, MHTErPajl pacXOQUTCH.

T dx

] 1112

X X

5. ns uaTerpana ¢ I10 OIPEACICHUIO UMEEM

frs] A

- dx o Fdlnx 1
= lim = lm | -—

-I xln® x 1‘1—>°°;: n*x H“’( ]nxJ

&

4 1
=lm|-—+1|=1
i A—)m[ ]n!l+]

CJ'ICI[OBaTeJ'IBHO, HHTCTpAI CXOAUTCA U €T0 3HAUYCHUEC PABHO 1.

[n4)
e ™ dx

6. BBIACHUTB CXOJIUMOCTh UHTErpaia o , ezl

I1o onpenenennto

@ Jl
| e dx= lim | & Fdx= ]Jm(—ljll e d(—ax) = _ _lg—mrl 1 gy LA
0 A 0 o A—:-m & Aol T

1
CrnenoBaTenbHO, MHTETPAT CXOAUTCS M €T0 3HAYCHUE PaBHO & .
3aoanue 2.4

BeruncinTts HeCOOCTBEHHEIE HHTCI'PpAJIbl IICPBOIO pOaad UJIIKM AO0KA3aTh UX PACXOAUMOCTD.
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°I.° dx T dx °IC' dx T (x + Didx
1 gxhl3x.2gx«3\.u'Ex.3 |jx2+2x+1l:l.4 |jx2+2x+1[3.

= dx

: = dx
I—
5 éﬂfx+2.6 04 (x+ 17

r_1 1
OTBeTHI: 1.0’5; 2. pacxoaurcsi; 3. 6 3 3 ; 4. pacxoaurcs; 5. pacxoaurcs; 6.2 .
Hawm B nanpHeiemM moHagoOuTes Caeay i BaXKHBINA Pe3yIbTar.

Teopema 2.8. (Kputepuit Komn). HecoOcTBeHHBIN MHTETpa IEPBOTO PO CXOIUTCS
TOI'JIa M TOJIBKO TOTa, Koraa ajis Beskoro €2 U cymecrByer 424 Takoe, 4To I BCex

]
A A2 A BBIITIOJJHCHO HCPABCHCTBO

Jloka3aTenbCTBO ATOTO Pe3yiIbTaTa OIyCTUM.

i

Onpeodenenue. HecoOCTBeHHBbI HHTErpaJl IEPBOro poaa = HA3BIBACTCHA

|/ Gk

a0COJIIOTHO CXOoaAIMuMcCs, €CJIM CXOAUTCA UHTEerpaag

OTMeTHM, 4TO €ClTM HeCOOCTBEHHBIM MHTETPaJl IEPBOI0 pojaa CXOIUTCS aOCOIIOTHO, TO OH

|7 (Dl

CcXoauTcsA. JlelCTBUTENBHO, TOTAA AJIsl UHTETpalla 2 BBINOJIHEH Kputepui Koy, a B

2 2
| fi@dx =] (|

CHIIy CIIPaBeIHBOCTH HEPABEHCTBA I3 A , kputepuii Kory BBIOTHEH M IS
| Fxdx
UHTETpaJia =
OOpaTHOe yTBEpPKJICHUE HEBEPHO.
2
| F(xidx
CXO,ZIHMOCTI) HGCO6CTB€HHOFO HHTCI'pajia —= OIIpCACIIACTCA aHAJIOTNYHO.

HpGHHaFaCTCﬂ IMpoACiIaTh 3TO CaMOCTOATCIILHO.

(1] w a w
| F(xdx | fixde= | fixdx+| flx)dx
I[J'ISI HECOOCTBEHHOI'O HHTCTpaia - MOXXEM 3arucaTtp ™ o 2 u

Ha3BaThb 3TOT UHTCTPAJI CXOOAIIUMCH, CCIIN CXOOATCA 00a ciaraeMbIx. Eciy X0t Obl OJNH
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o

| f(x)dx
M3 STHX MHTETPAJIOB PACXOAUTCA, TO OyJ€M CUMTATh MHTErpal — pacxonsmmmcs. B
KauecTBE TOUYKHU ¥ BbIOMPatOT 00bIYHO 0.

I xdx

e
Ilpumep. PaccMoTprM HHTETpai = I[To onpeaeneHno CXOUMOCTH ATOr0 HHTETpaia
HoJTy4aeM

xedx 0 4

(-]
| 7 = lim =+ m 7
wmltx Al_H’:'A T+x° A=+ 14 x

xax xafx

1oy 1y 2, [
=§ litn ]n(x +1) +— im Infx*+1)
—roo 0

1—} jea] 2 Az
Tak kak o0a ciaraembIX pacxoIarcs, TO UICXOAHBIA UHTerpal pacxoautcs. [lomydaemas

IIPU 3TOM HEONPeIeAEHHOCTh ® ~ @ [pU pa3HbIX CKOPOCTIX CTPEMIICHUS Ag—my Ay

= —aflp? = =
+00 aéT pasHble pe3ynbTaThl. B wactHocTH, ecmm 4 = V2T —1 A =an-1 4,

1 . 1 . 2 Aﬂ
L fim lnf £2 +1j. +1 G In(x +1).L
21‘11—)—'33 ]_ 21‘12—)4-00

—_—— —_ — 2 —_—
Eciu A =—+472-1 A ="-1 14 26c0m0THO aHATOrMYHO MOKA3BIBAETCS, YTO STOT

npenaen paBeH +% . [Togo6paB CKOPOCTH CTPEMIICHHUS A g —oy A g +ovoxno MOJIYYUTh
B IIpejierie JIr000e 3apaHee 3aJaHHOe YUCIIO OT ~ @ o +62

C npyro#i CTOpPOHBI, TIPU COTIIACOBAHHOM CTPEMJICHUU BEPXHEr0 M HUXKHETO MPEEIoB K
% MOKEM 3aIUCaTh

A
— lim - lim ]11(;(2 +1)‘: -

1+;J;2 A= 41+ xz A—=wl

xdx xolx

_Eﬂhm (Inf 4% + 1) -In( 4% + 1) = 0.

910 Ja€T BO3MOXHOCTBb BBECTH HOBOC IIOHATHC.

| f(x)dx
Onpeoenenue. T 0BOPSAT, YTO HECOOCTBEHHBII HHTErPAJ MEPBOIo poaa —
CXOJUTCS B CMbICJIE IJIaBHOT0 3HAYeHus1 Komm, eciiu cymecTByeT U KOHe4YeH Tpeet
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PaccMoTpeHHBIH BbIlIE MPUMEP MOKA3bIBAET, YTO HECOOCTBEHHBIN MHTETpall IEPBOTO POJa

| F(x0edx
= MOXKET CXOJIUTHCS B CMBICTIE TJIaBHOTO 3HaueHUs1 Kolliu U pacxoauThes B
0OBIYHOM CMBICIIE.

? Fixiedx

OTMETHM HECKOJIbKO CBOMCTB HECOOCTBEHHBIX MHTETPAJIOB MEPBOIO poja @

?f{x)cfx Tf(x).:fx

1. Ecnim mHTErpan = CXOJIMTCSI, TO JUTSl BCIKOTO ¥ =& HHTErpa ? CXOJUTCS U

w A w
_i Flxdx= _i F(Adx+ _i Fxidx
a a A

| F(x)edx | e Fixidx
2. Ecimn HHTCIrpal = CXOOUTCA, TO CXOOAUTCA UHTEIpal U UMECT MECTO

| f(x)dz=a| f(x)dx
PaBEHCTBO 2 a

| F(dx | g(xdx | (7 (5t g(x)dx
3. ECHI/I I/IHTerpaJIBI a u 2 CXOOATCA, TO CXOOATCA I/IHTeraJ'IBI 2 n
HNMCECT MCCTO PaBCHCTBO

17+ g(dr=| At | gz

a i a

OOpatHOe yTBEep>KJIEHUE HEBEPHO, TO €CTh, €CIIM UHTETrpaj OT alredpandyeckoi CyMMbl
GyHKIMIA CXOIUTCS, TO MHTETPAJIBI OT CIIaraéMbIX CXOJIUThCS HE 00s3aHbl. Hanpumep,

Tdx 7 dx "‘-’{1_ 1}1?_“-’ dx

P |

C X n X+l :
uHTEerpansl 1 u 1 pacxonsTcs, a uHTerpai 1
IOKAa3aHO MO3/IHEEe, CXOAUTCS.

x x+l -lx(x+1]|

, Kak OyaeT

JUJis IpyruXx TUIOB HECOOCTBEHHBIX MHTErPAJIOB IIEPBOTO POJA CBOWCTBA AHAJIOTMYHBI.

Cx0IMMOCTh HE BCEX HECOOCTBEHHBIX MHTETPAJIOB IEPBOT0 POJIAa TPOCTO BBISICHUTH 110
onpeneneHuro. [103ToMy 4acTo UCIIOIB3YIOT TAK Ha3bIBAEMBIE IIPU3HAKN CPABHEHUS B
HEMpeaeNbHON U npeenbHou Gopmax.

Teopema 2.9. IlycTh I BCAKOTO * 2 4(42 4) Bymonneno HEPABEHCTBO HEE |g':x:'|. Torna,

| gix)dx | Fix)ex
eCJIM MHTerpa 2 a0COJIFOTHO CXOJUTCS, TO UHTETpal 2 a0COJIFOTHO CXOIUTCH,
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| fixidx | g(x)dx
a €CJIM MHTEerpai @ a0COJIFOTHO PACXOJUTCS, TO UHTErpall @ a0COJIFOTHO
pacxoauTcs.

ﬂOKCBClmeJZme@O. I[CﬁCTBHTCHBHO, B YCJIIOBHUAX TCOPEMBI I BCCX AZ & ymeem
A A &0

A
I |7 (x|dx = | g (x)|edx | |g(x)|dx | |/ (xx
i i . TOFILa, cClIn I/IHTerpaJI a CXOOUTCH, TO i €CTb MOHOTOHHO

BO3pACTarollas OrpaHHYeHHas CBEPXY (QYHKIIUSA OT 4 U [M03TOMY UMEET Mpejielt npu A — =
4 4

/() Jim 7 (Rx=co Jim_ [ lg(ldr=co
. ECHI/I I/IHTeraJI @ paCXO}II/ITCH, TO a nu HOBTOMy a

Teopema 2.10. Ecnu 7@y 8% _ Geckonedno manbie B +% 0HOTO MOPSIKA MATOCTH, TO

w

TGO B | F(Rdx | g(x)dx
ectp F 8 , TO HHTETPaIbl 2 = 1160 00a aOCOTIOTHO CXOISATCH,
160 00a abCOIOTHO PACXOATCS.

i |7

22 g
Jlokazamenvcmeo. Tak Kak , TO . Bozemem

onpezenaeHuio npenaena cymecrsyer # > Urakoe, uro s Becex ¥ * M BLIMOIHEHO
Sz

gix)

[gtl]- & <|f 0 < (El+ M@l 3 nocnemmero HEPaBEHCTBA U TEOPEMBI 2.9 Toiyuaem
YTBEPHKIEHUE TEOPEMBIL

i 20 ¢

x—ten 2 X

0<ec|k] o

|K | —-c<
HEPaBEHCTBO

< |K |+ =
d, CJICIOBATCIILHO, U HCPABCHCTBO

3ameuanue. 1locne nzyuenus: reopemsl 2.10 MOKET CIIOKUTHCS BIECYATICHHUE, YTO JIJIA
CXOJUMOCTH HECOOCTBEHHOT'O MHTErpaja NepBOro pojaa, B TOM YKciie U aOCOTIOTHOM,
HEO00XO0AMMO, YTOOBI MOJBIHTETPAJIbHASL PYHKIUS OblJIa OECKOHEYHO MAJION Mpu X —#%
To, 4TO 3TO HE Tak, MOKa3bIBAET CieAyIOUM npumep [15].

Bo3sMeM ¢yHKIMIO, TpaduK KOTOPOH COCTOUT U3 OTPE3KOB MPSMBIX, COCTHHSIOMINX

[Pz—l—n,lil [PE+L”,|:|
TOYKH 2 , 2 , #=L% - Ee ananuTiueckoe BBIPAKCHHE HMEET BHJ

Mrrl-wd" xe H—L,H}

| 2"
Ffixi=3-2"x+1+n2", xe &H+1—H}
d
|:|, X pg—i,pg+ L:|
2" 2"

ITnoma e, 3aKkI04YeHHas MEKAY rpadukoM 3Toi GyHKIuU 1 ockio OX | paBHa cymme
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1
[PE - |
v H
IUTOIAAEHN TPEYTOJIbHUKOB C BEPIIMHAMU B TOYKaX 2 , , ,

1
M oa=142

Tak Kak mIonaap KaxxJ10ro Takoro TpEyrojbHUKa paBHA , ", TO
= 1 0325 3

| Fixdn=—+ 2" ==

- 4 1-0,5 4

1 ’ . 3aMETHM, 4TO yCIOBHE OrpaHndeHHOCTH (pyHKiuu %'

HGCYH_ICCTBGHHO, TaK KaK BeleII/IHBI TprrOHBHI/IKOB MOKHO B34Thb, Haan/IMep, B TOUKAXxX
1 1
- 0 nt+—., 10
pa" n.nl a2" r=12 .
2 9 2

Ipumepuot

T 2ismox
! 7
1. BI)IHCHI/ITB CXOOUMOCTD HHTCPpaHa 1

dx

oo

. - 3
w <3 [ = g
Tak xak x x 1 BCeX * zla HHTETpa’T ! CXOJIUTCS, TO U UCXOJIHBIM MHTErPa
TOXKE CXOJAUTCA.
(a4
[ 1
| dx

- xix+l
2. BBISICHUTB CXOIMMOCTh UHTErpana ! ()

1
Haxos nopsiiok MajloCTH NOJIBIHTErpaibHOM (PYHKIIMM OTHOCUTENBHO (PYHKITUH *

ImojJIy4dacm

a0 XX+ 1)

1
Taxum 06pa3oM, TOPSAAOK MaJIOCTH MOJIBIHTETPaIbHONU (PYHKIIMU OTHOCUTEIBHO * paBeH 2
elx
)
M Tak Kak ! * CXOIMTCs, TO MCXOTHBIM HHTETPAI CXOUTCS.

|
3. BBISICHUTB CXOAMMOCThL MHTETPaja 1

1
—
(z+ Dz + 2 *

|

Haxos mopsiiok MaioCTH MOBIHTETpATbHON (DYHKITMM OTHOCUTENHHO (DYHKITHH
MOJIy4aeM

-
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0, ecmiee <14
l, ecmice=14,

. =
m — = =
e (x4 Dnfx+ 2

o, eciHo > 14

1
TaKI/IM 06p330M, HOleIOK MaJIOCTHU HO}IBIHTeraJIBHOﬁ (byHKHI/II/I OTHOCHUTCIILHO * paBCH
o0
- dx

I —_—
L5 .
I,5uTak kak ! * " cxomurest, TO HCXOAHBIA MHTETPAl CXOIUTCS.

< |

| ————x
- (x4 2R x4+ 5
4. BBIAICHUTH CXOIMMOCTb UHTErpana 1 (x+2)

1
Haxo/is mopsiiok MajioCTH MOABIHTETpATbHON (DYHKIIMH OTHOCUTENIHHO (DYHKITHH *
MOJIy4aeM

-

4.

0, ecmic <
1

oo, BCIO G =

o
X

?

ECIH & =

?

e x+ A%+ 5

Lo| e Ll L]

1
Takum 00pa3oM, MOPsIIOK MAIOCTH MOJBIHTETPAIbHON (DYHKIIMM OTHOCUTENIBHO * paBEH

4
3 I/I, CJICO0BATCIbHO, HHTCTPAJl CXOJUTCA.

s xt 2 i

-I x%+4
5. BBISICHUTBH CXOOMMOCTh MHTETpasa !

1
Haxo nopsiiok MajIoCTH HOJIBIHTErpaibHOM (PYHKIIMM OTHOCUTENBHO (DYHKIIUH *
[0JIy4aem

0, ecome <1,5

]jmﬂ= |, ecmie=15%
o 2?4

oo eCImct = L5

1
Takum 006pazoM, MOPSIIOK MAIOCTH MOJBIHTETPAIBHON (DYHKIIMH OTHOCUTENILHO * paBEeH

1,5 u, cinenoBaTenbHO, HHTErPa CXOIUTCH.

()
i ‘\IIXE + 2
| ——— ey

1T+ ]
6. BBIAICHUTH CXOJIUMOCTh UHTETpaia

1
Haxons mopsiiok MajioCTH MOIBIHTETPATbHOM (PYHKITUM OTHOCUTENHHO (DYHKITHH *
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MoJly4aem

0, ecim e < 0,5,
i x4 2

% =21 ecmea=0%
i
oo ecimc = 0,5

1
Takum 06pazoM, MOPSIIOK MAIOCTH MOBIHTETPAIBHON (DYHKIIMH OTHOCUTENILHO * PaBEH

0,5 u, cnepoBaTeNbHO, HHTErPATl PACXOIUTCS.

(ral

"3
le ™" dx \ .
7. Nurterpan ! CXOJMTCA, TAK KaK UMEET MECTO OIICHKa ¢~ =% msg Bcex 21, a
5 M
[~ u]
A
| xe " dx
uHTerpan ! , Kak ObLIO MMOKa3aHO paHee, CXOISIIHICS.
O? f;.'ilx 1 1
| >
C i x =
. Materpan XOIUTCS, T AMeEET MECTO OLIEH TS Beex X<
8. MaTerpan ¢ aCXOJMTCs, TaK KaKk UMee ecooexam xofin x cex xZe,
D;'j ax
an'ﬂi X

a MHTeTpaI ¢ , KaK OBLJIO MOKa3aHO paHee, PACXOAUTCS.

3aoanue 2.5

Hcnonb3ys npu3Hak CpaBHEHUS BBISCHUTH CXOJMMOCTh HECOOCTBEHHBIX MHTErpajoB. B
OTBETE yKa3aHa CXOJUMOCTh M MOPSAIOK MAJIOCTH MOABIHTETPATLHON (PYHKITUN

1
OTHOCUTCIIBHO * .
 wn L, T, TELy (L, 7 mem
1. '1(;':2+1)r\.'x+2 : 2, 1x2+4ﬁ—1 -3, 1dxe 45 -4, 102t 4 .5, '12+x2-3q.'x+2 . 6.
T x+ 2 a&x
i(?x+8)(3*dx2+1)

Otsersr: 1. cxonutes, ®=13; 2. cxomurca, =15 ;

=
3. pacxomurcd, ®=1; 4. cxoautes, =13 5. cxomures, :

[T

=1
6. cxomurcs, b ;
L & =
16. HecoGcTBEHHBIE HHTErPAJIBl BTOPOTO POjIa -
Ecmn /¥ neorpannuena na ¥ 10 ocoGennocts Moxer Gbith B Toukax % wm
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BHYTPEHHEHN TOYKE 3TOr0 OTpe3Ka. Mbl pacCCMOTPUM cilTydaid ¢ OCOOEHHOCTBIO B TOUKE
b

lirn F{x)=co
Onpeoenenue. Myers ¥ 3anana na moaymureppane 4% n 257 IycTh
b5 b
| Fixidx EI_‘I}ID | fixdx
najgee st Besikoro Y <9 < -dcymecTByer MHTErpaa ¢ Ipenen 2

HA3bIBAETCS HECOOCTBEHHBIM MHTErpPajioM BTOPOro pojaa (MHTErpajiomM oOT
L -5
| fix)edx Eﬁlﬂ | fixedx
HEOrpaHMYeHHOI QyHKINH) U 0003HAYACTCH @ Ecom @ CylIeCcTByeT
U KOHE4YeH, TO HeCOOCTBEeHHBbIII WHTErpaj BTOPOr0 PpoAa Ha3bIBaeTcs
CXOASIUMCS, €CJM 3Ke OH He cymecTByeTUim paBeH 0eCKOHEYHOCTH, TO

HeCOOCTBEHHbII HHTETrpaJJ BTOPOro poaa Ha3biBa€TCHA pacxoasimimmcCsi.

AHaJOTMYHO OIpCACIIAIOTCA HECOOCTBEHHEBIEC HHTETpaJIbl BTOPOIro poaa B Cllydasax,
Korga IOoAbIHTCTpPaJIbHAA Q)YHKHI/I}I OCCKOHEYHO OOJbIIas Ha HIKHEM mpeacic, Bo
BHyTpeHHGﬁ TOYKC OTPC3Ka [a2] , HAa BCPXHCM U HHIKHCM IIPCACIIaX OJHOBPCMCHHO.
ﬂJ’IH y,ZIO6CTBa H3JIOKCHUA MbI paCCMATpUBACM cnyqaﬁ OCOOCHHOCTH Ha BCPXHEM
Ipcaciic. I[JI?I OCTAJIBHBIX BAPUAHTOB IIPCAJIAracTcCAa IpoACaaTb 3TO CaAMOCTOATCIBHO.

Ilpumepuwt.

b dx 1' o
| 2 [ Y .
L . X =0 x  lmilnx ]l=]Jm(]n1—]nE]|=cn|
1. Paccmotpum °° . ITyctp 2=1-Torma © £ F=0 : =0

Takum 00pa3oM, paccMOTpeHHBIH HWHTerpan npu &=1lpacxommtcs. Ilycts Temeps
ol Torﬂa

1 1 I-m 1

sar 2 d . -
|—x=]_1_tn|—f=].1111;: r= P IIF'HEE*::L
hx"‘ =0 | x g0 -k i o TIH c =1,

M MBI OKOHYATENHHO MOJYYHMIH, YTO pacCMaTpUBaeMbli HWHTErpam mpu & <l

CXOOUTCA U IIpH EﬁilpacxolmTc;[. AHaJornyHbIe BbIBOJBI MOXHO CACJIaThb IIPO
b b

I o I ax
d [ . [
HCCO6CTBCHHBI€ HHTCFpaHBI @ l:x ﬂ':l ) @ (‘b Jf:l .
1 2 &
I‘cfx I ax I dx
e < R T Y i
HHmeZpa]lbl 0 , 2 , = MCVIO]le’leWZC}Z 6 npu3HaKe Cp(l@HeHl/lfl 6

Kadecniee OmMajlOHHbLX.

g
|
Y

2. B unTerpane !

e
Sl x

NOJBIHTErpajbHas QyHKUHUSI UMEET OCOOCHHOCTh B TOYKE
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http://matica.org.ua/index.php?option=com_mailto&tmpl=component&link=7d5b2677adb8aa7510945a68446b747cb0558f40

E1- dx _ b E:-r:f]nx
x=1 HOBTOMyl‘WI x 630 . JInx

. & .
_ Hﬂzﬁm x|1+5 - amjn(zﬁfme —2 i1+ 61y =2 |

CJ'ICI[OBEITGJILHO, HHTCIpall CXOOUTCA U €T0 3HAYCHHUC PAaBHO 2.

1|' dx

3. B unTerpane 0¥ n x NOJbIHTErpajgbHasl QYHKIMS UMEET OCOOCHHOCTh B TOUKAX

r=0p r=1 mposTroMy wWHTerpanm pasOuBaeM Ha CyMMy JBYX, HalpuMmep,
1
1| dx ? dx N } odx
pAv-lnx gxi-lnx 1xf-hnx
z : s IIEPBOTO u3 HUX

0,5 0,5
v dx * dlnx : .5

— =2 lm = - lim 2"In xf -
g X-lhx &0 -lnx &0 &

= lim (-2~ 0,54+ 24~1n 3) =—c:I
& =0 . Cien0BaTenbHO, HHTETPANl PACXOJUTCS M IIOITOMY

I/ICXOJIHBIﬁ HHTCTpAI TAKIKC paCXOAUTCA.

s
£ dx
| 2
- X X
4. B unrerpaie ° HOJBIHTErpAIbHAs (QYHKIHMSA UMEET OCOOEHHOCTh B TOUKE
r=U_ mosTomy

e _ax _hm”lsdmx e [ ”‘*_h_m L, L], CrenoBaresbHo,  MHTErpal
o xinfx =0 5 iy s-0 x| e 111% nd| CXOIUTCS U €T0 3HAYEHUE PaBHO
I.
:' ax

A
5. BeIsicHEM cxoauMocTs uHTerpana o ¥1=%" | TlogsiHTerpansHas QyHKIHSA MMEeT
1
[ dx
Y
0coGeHHOCTD B Touke *= 1. [TosTomy 0¥~ %

1—L'5

;H.D- f_xz

]Jm arn:sm)d ]jﬂj(arcsm(l - &)= arcsin0) =§
[

My
CHGHOB&TCHBHO, HHTETpaAI CXOAUTCA U €T0 3HAUYCHUC PABHO ER
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Nx-1

6. BEISICHUTE CXOAMMOCTh MHTErpajia 1

[MoxpiHTErpabHas (QYHKIUSA UMEET 0COOEHHOCTE B Touke *=1. [To onpeneneHuto
uMeeM

Vi-x

7. BBIACHUTD CXOIUMOCTh WHTErpaja !

[MoapiHTErpaibHas (GYHKIMS UMEET 0COOEHHOCTh B ToYke * =2, ITo ompeeeHuIo
UMeEM

31.'2—x

8. BBISICHUTH CXOIMMOCTh WHTErpaja |

[MoxpiHTErpaibHas (QYHKIHMSA HMEET OCOOEHHOCTh B Touke *=2. Ilostomy
pa3OMBaeM MHTETpaJl Ha CyMMY JIBYX

3| dx _2| dx +? dx
134\{2—.7‘[ 1%}2—){ 23\4'[2—?[

. i1 mepBOTO U3 HUX UMEEM

2 a"x . 28 343
- | —x——ﬁhmn( ] )‘ -3

2-x

AHanoOru4Ho AOKAa3bIBACTCS CXOAMMOCTL BTOPOro cCJjiaracmMoro. CJ'ICI[OBaTeJ'IBHO
HCXOI[HBIﬁ HHTCTpAT CXOOAUTCA.

3aoanue 2.6

Hcnonp3ysi OmnpelielicHHe BBISICHATH CXOAMMOCTh HECOOCTBEHHBIX HWHTETPAJIOB
BTOPOTO POJa.

9_ .:fx R L ax 3 .:fx 5| ax 1 dx ? iz
lxqﬂnx D;{‘E.'hlx 3|;|5r5d 4III“'I3 x. 5"2‘?.';:—2, qg' (2-x°

3 ax
Ifll3«,|'(3—x}4 . «.J (x— 3
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I-h

s - _ 33/ 44 33
Otsetsl: 1.%; 2. pacxomurcs; 3. (in0,5)° "f_' 5.35' 6. 7¢ ﬁ); 7.

b

pacxoauTcs; 8. pacXoauTcs; 9. pacXoIUTCA.

AHAJIOTUYHO CJTy4ar0 HECOOCTBEHHBIX MHTErPAJIOB MEPBOTO poja (popMyIupyroTcs
W JI0Ka3bIBatOTCS KpuTepuidl Kol u mpu3Haku CpaBHEHHS IS HECOOCTBEHHBIX
UHTErpajoB BTOPOTO PoOJa.

Teopema 2.11.(Kputepuit Komm). HecoOcTBeHHBINT HWHTETpajm BTOPOTO poja
CXOJHUTCS TOTJa M TOJIBKO Torjma, korma s Beskoro €20 cymectsyer ¢ 20U Takoe,

_i Fxidd < &

= -
658 BBIIIOJIHACTCS HCPABCHCTBO B

4TO JUTA BCeX -
JIoka3aTenbCTBO ITOTO PE3YIIbTATA OIIYCTUM.

Teopema 2.12. Tlycts s Begkoro Y—9=x <k BpiiogHeHO HEpPaBEHCTBO
? 2

| g x)dx if (X)dx
0=fm =gl Torma, ecnu wHTErpanz =@ CXOAMTCSA, TO MHTErpa; @
] A

| F(xdx | gix)ddx
CXOOUTCs, a €CJIIN I/IHTeraJI a paCXO,Z[I/ITCH, TO I/IHTeI‘paJI a paCXOIII/ITCH.

Jloka3aTenbCTBO aHAJIOTUYHO CIIy4al0 HECOOCTBEHHOTO MHTETpaja MepBOro poa.

Teopema 2.13. Ecom 7@ i 2% _ Geckoneuno Gompume oxHOro mopsiaka pocta, To

& L.
e 2 _ 0o | f(dx 1 g(xdx
eCTh 22 glx) , TO HHTETPaJbl 2 Ne 1160 06a cxomiaTes, Moo 06a
pPacxosaTcsl.

JlokazaTenbCTBO aHAJIOTMYHO CIIy4Yal0 HECOOCTBEHHOI0 MHTErpaia nepBoro poa.
Ipumepsl

3 dx

‘= 3. 2
1. Jins uaTerpama 2 ¥~ < - MOJIBIHTETpajbHas QYHKIUS UMEET OCOOCHHOCTh

B Toukax ¥ =2y X=*v3 Tougym ¥=%-3p MIPOMEKYTOK MHTETPUPOBAHUS HE BXOMAT.
1
[ToaToMy, Hax0/Is TIOPSIOK POCTa 3TON (PYHKIIUK OTHOCHTENILHO X~ 2, nMeeM

co ecamEo < 0,5
(x-2)% .
=+—1 ecmice=105

-3l Il'x_g.?{{3—x2 0, ecmac.>0,5.
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Takum oOpazom, mopsI0K pocTa paBeH 0,5 U UHTErpall CXOAUTCS
3
; dx
i f 2
2. B uHrerpane = N?-X" noneIaTErpanbHas (GYHKINS MMEET 0COOEHHOCTD B

Toykax *=lp *=%3 Toukm *=lu ¥=-3B NpOMeKyTOK HHTEIPHPOBAHUS HE BXOJISAT

1
[TosToMy, HaxoAsd IOPAMOK pocTa 3TOW (YHKIMM OTHOCUTENLHO -~ %, HMeeM
. (3- %

g —— ¢
3 =1 512

1.
o:z, ECIH X <

= (3-x* = BCIIH X = 13'
i3 e 1.3 5.3 B 5 ’3
=3afr—1 3 -x 30+ x J_ J_ en::m{a:::g.

L
Takum 00pa3om, MOPSIIOK pOCTa PABEH U MHTETpal CXOUTCSA

L
|
3. BersicHum CXOOAUMOCTDb MHTCTPAJIa o

S X

ax

[MoxpiHTEerpasibHas GYHKIMS MMeeT 0COOeHHOCTh B Touke *=0. Haxoms mopsimok
1
pocta 3Toi GYyHKIIUM OTHOCUTEIBHO * , UMEeM

o, eCIHa <15
: (v g

figp AL gy MEOAT sin x - x* l, ecmice=15;

x—0 ;;;2 x—=0 N'I'_ ||

0, ecomiee 15,

Takum 00pa3om, MOPSIIOK pocTa paBeH 1,5 U UHTErpaj pacXoAUTCs

lsm——
| smxdx

4. B unTerpane -

MMOABIHTCI'pAJIbHAA q)YHKHI/IH MMEET OCOOCHHOCTh B TOUKE

1
r=0_ Haxoms mopsaok pocta 3Toi (GYHKIMH OTHOCHUTEIBHO * , UMEEM

2
o, BCIHMO < £
3 3 4 ?
Afsin x-x% 5if1
b = = —lm =

a0 x a0 3fy %f_

2
Taxum oOpazom, mOpsAIOK pocTa paBeH * M mHTETrpan CXoauTcs
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1
|de

5. BBISICHUM CXOAUMOCTH UHTErpasa “

[MoapiaTErpanbHas GyHKIUS UMeeT 0coOeHHOCTh B Touke *=0. Haxoms mopsiiok
1

pocta ATOMU byHKUIUN OTHOCHUTEIBHO T, HMEEM
@ eCiH o < 0,8,
S Sy i
h.mnmmﬁj % _ hﬂnh{:f)qx )1 cema—us:
= A ' Az Alx 0, ecrmice > 08

Takum 06pa3oM, HOPAIOK pocTa paBeH U:# M uHTErpan cXoauTCs.

L afx
g™t —]
| dx
S X
6. B unrerpasne " MOJIBIHTETpaIbHAs (PYHKITUS UMeeT OCOOCHHOCTh B TOUKE
1

r=0_ Haxos mopsaok pocra 3Toi (GYHKIUH OTHOCUTEIBHO * , HMEEM

o eCim o < 0,5

A5y A5 _ gy
]J.m(é' l)xﬂ‘:h.m(e 1)x“= |
Py x P N N

0, ecmiex =0,5.

ecim & = 0,5

£

Taxum 06pa3zoM, nopsAmoK pocta paseH -2 M uHTErpan cXomurcs.

L
|
7. BBIICHUTH CXOJIUMOCTh UHTETpAJIA °

ax
Axix-1)

[MoapHTErpanbHas GyHKIMS UMEET 0COOEHHOCTh B Toukax *=Yu *=1 O6e Bxomar
B IIPOMEXYTOK MHTETrpupoBanus. Paz0nBaem nHTerpan Ha jaBa

g O ax Il dx

P — |
AN TPy N N STy ey

IIepBpIil U3 HTUX UHTETPAIOB CXOAUTCS, TAK KaK ITOPSAIO0K pOCTa NOABIHTErPATIbHON

1 .
¢Gyakmmu npu  * —* U oTHOCHTETBHO % paBeH /4, a BTOPOH PACXOMHMTCH, TAK KaK
1

HOPSIJIOK POCTa IMOJBIHTErPaNbHON (QYHKIUU TpH * —*1oTHOCHTENBHO 1-Z paBeH 1.
[TosTOoMy MHTErpa paACXOIUTCH.

3aoanue 2.7

Hcnone3ysi TeopeMy CpaBHEHHs BBIICHHTh CXOJUMOCTh  HECOOCTBEHHBIX
UHTErpajoB. B oTBere ykazaHbl: TOYKa, B KOTOPOU (yHKIMS OECKOHEUHO OOJbIIas;
MOPSAJIOK POCTa TMOABIHTETPATLHON (DYHKIIMM OTHOCHUTENBHO MPOOHON (QYHKIUY;
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CXOIUMOCTb.

4
b, 2V 2 2 g

dx x
| —————iX dx | —/— | —/—/—

9

2 dx 3 dx 4

".,|32X592«J"_'\|' OE«J{?'\J

1 1 3 1
F=la== x=2 a== -n a&=32 x=0 ==
OtBetnr: 1. 3, 2, cxomures;, 2. * 0. >, cXommTcs; 3. 4,
2 5
X=m == =0 &= = =
3, cxomurest; 4.%=% “T14 ) cxomures; 5. *=% @=1 pacxomures; 6. ¥~ %,
1 1 1 1
== . x=2 t=z . x=2 0=z . x=2 =5
5, cxomuTcs;, 7. 3, cxomuTcs; 8. T, cxomures; 9. 2,

1 1
x=3 &=3 . x=3 == .
4 cxoamres; 10. 3, CXOJUTCS,

Tema: /InddepenunaibHbie ypaBHEHHUS.

OnddepeHymanbHbIM ypaBHEHUEM NEPBOro NOPAAKA Ha3bIBAETCs YpaBHEHME,
CBA3bIBAlOLLEE HE3ABUCUMYIO MEPEMEHHYIO X, UICKOMYIO QYHKLMIO V(X) U ee

!

NMPOU3BOAHYIO y , T.€. YpaBHEHNE BU A
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(1) F(x,y,y'):o wim y=flx.y

riae f— GyHKIUA IBYX MEPEMEHHBIX, a F' — QYHKIIMOHAT OT TPEX MEPEMEHHBIX.

OO60mum pemeHuem auddepeHIHATLHOT0 YPAaBHEHUsI HA3bIBACTCS Takas QyHKITHS,
y=ylx| | xoropas oOpamaer ypaBueHue (1) B TOXKIECTBO, T.€.

F(X,y{X),y'(X))EO W y'(X]Ef(X,)/(X)]

YroOs! pemuth quddepeHIraaIbHoe YpaBHEHHE ero HE00X0 MO MTPOUHTETPUPOBATH, HO
MIPEXE €ro HeOOX0IUMO UJICHTU(UIIUPOBATH (OMPEACIUTh €ro BUI) U MPeo0pa3oBaTh.

Huddepennmanbubie ypaBHEeHUs 1-r0 MOpsaKa, ONpeie]IeHHbIC BbIIIE, YI00HO
3aMMChIBAThH B CIEAYIOMICH Gopme:

(2) M(x,y)dx + N(x,y)dy =0

Jugppepenyuanvnuvie ypasnenus c pazoenaioumyumuci nepemeHHvbIMu.

[Mycte Mix.yl=ulxjg,ly] a Nix.y|=u,(x]g,l¥] torga ypasmenue (2) HasbBaeTCs
nudpepeHIHaTbHBIM yPABHEHUEM C Pa3Ie/ISIOMIUMUCS IEPEMEHHBIMH M IIPUMET BHJI:

u, (x)g1 (y)dx =u, (x)g2 (y)dy

Ilyrem neneHust Ha MPOU3BEICHUE uy(x1g9.(¥)  omo IIPUBOJMUTCS K CICAYIOIIEMY BUY

gz(ygdy

X gy

OO1muMii UHTErpajl ATOr0 ypaBHEHUS UMEET BU/L:

alyl
fgl'y]dy_f

u, (x|
dx+C
Uz(x]

1. Pemuth nuddepeHnnanbHbie YPABHEHUS € PA3NCJAIMMUCS NTePeMEeHHbIMM :
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Henv: Hayyumocs naxooums oowee peutenue ouppepeHyuaibHo2o ypasHeHus ¢
PA30enaouUMUCS NePEMEHHbIMU, UCNOIb3YS 8 C8oell pabome Memoovl
ougpepenyuanvbHo2o u UHMeSPAIbHO20 UCHUCTIEHUS.

D T4xly +y=0
_dy
Pewenue: npusedem ypasuenue x 6uoy (1) (yuumsigas, umo dx )

1
(+xid+y0

ydx+(1+ x|dy =0
AL yl=y =1 g y)=1

Pa3zoensis nepemennvie, nonyuum:

B oannom ypasnenuu

dx _dy
1+x vy

Hnmeepupys, natioem oowuii unmeepain:

__fdy

T+x
fdy fd(1+x
1+x
ln|y| In[1+x[+InC;
In|y|=In|C-1+x]|;
y=C|1+x|—obiyee peweHue duch. ypasHenus
xy'+l:0; 6) ygy x=1;
2) * Y
xX+2 7) }/Slﬂ X=y,
3) * Y 7; '_y .
, ) y="0
4 * J=1=x1,
5y oy =1-2x

. Haiitu yactHoe pemenue n1uddepeHnnaibHOr0 ypaBHeHUs, YIOBJIETBOPSIONIErQ
HAYAJIbHBIM YCJIOBHAM, M €r0 HHTEIrPAJbHYI0O KPUBYIO.

Henv: Hayuumocs naxooums uacmmuoe pewerue oughghepenyuaibHo2o ypasHeHus ¢
PA30eNAOUUMUCT NEPEMEHHBIMU, UCNOIb3YS 8 C80ell pabome Memovl
oughghepeHyuanbHo20 U UHMESPANbHO2O UCHUCTEHUS U CIPOUMb UHIMEZPANbHYIO
KPUBYIO IMO020 PeUuletusl.
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1) YEX2 . =1
Pewenue: Ilpusedem ypasnenue k 6udy (1) u pazoenum nepemenmoie.

%:)HZ
dy:(x+2]dx.

Hnmeepupys, natioem oowuii unmeepan:
f dy :f |x+2)dx;
fdy :f xdx+f 2dx;

2
y :;— +2 x+C — obujee peuieHue Ou@ . ypasHeHus .

Tx. Yl0I=1 | mo nodcmaensa smo nauanvhoe ycioeue 6 obuee peuwenue oug.
ypasHenusi, Hatidem 3Haverue C:

2
y(OJ:%+2-O+C:1=>C:1.

3nauum uacmuoe peuienue OGHHO20 OUQ. YpasHeHUs. umeem 8uUo:

2
X
=—+2x+1
y ) X .

Ymoobwvl naiimu unmecpaibHyo Kpugyro 0AHHO20 OUQ). YPAGHEeHUS. HYIHCHO
2

X
y=—+2x+1
nocmpoums 2pagux e2o 4acmHo2o peulenus, 8 Hauem ciyyae 3mo 2
(epaghux — napabona).

Haiioem koopounamet epuiunvl napabo.ivl:
b 2 (_2)2

YT o1 Yy m 422 1=2- 441 =1,
.E 2

I'pagux umeem cneoyrowuii 6uo:

¥

-4\:2/«{_1012345 ‘
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3) * y':2X+4b/(0]:1},’
o ¥ yl=2,

Juneiinvie ougpghepenyuanvhuvie ypagnenusn 1-20 nopaoka.

JluneinpiM tudpepeHIaibHbIM ypaBHEHUEM |-ro MOpsiiKa Ha3bIBAE€TCS YpaBHEHUE

y 4D (x)y =/ S rie p(x), f(x) — u3BecTHBIC (PYHKITUU.

Jluneitnoe muddepeHmManb-HOe ypaBHEHHE HA3bIBAECTCA OJQHOPOIHBIM, eclii [ [X/=0
B IPOTHUBHOM CJIy4a€ OHO HEOJITHOPOIHOE.

3. Haiitu o0imee pemenne JuHeiHOro auddepeHNHANbHOr0 ypaBHeHus 1-ro

nopsiiKa:
Henv: Hayyumocs naxooums obwee peutenue JuHetnvix oughghepenyuanbrbix

VPasHeHutl, UCNOJIb3YSL 8 CBoell pabone mMemoovl OuPhepeHyuaIbHo2o U
UHME2PANbHO20 UCHUCTEHUS.

! 2
— X
1y y-2xy=e
Pewenue: Obwee pewenue HeoOHOPOOHO20 YPABHEHUSL MONCHO HAUMU
MEMOOOM eapuauuu HOCMOSAHHOIL.

® Paccmompum 00OHOpOOHOe YypagHeHue
!

y =2 Xy =0 , COOMBemMcmayruiee OaHHOMY HeOOHOPOOHOMY VPABGHEHUIO.
Omo ypasneHue ¢ pazoenraiouuMucs nepemeHHbLMU:

dl:ny

dx

dl:Zxdx
yd
Y _ 2 xdx
o=
X2
ln\y|:22—+lnC

In|y|-lnC=x*

In|L|=x?=>L=e= y=Ce" .
C C

L2
— X
e  Obuwee peutenie Heo0OHOPOOHO20 YPaGHEHUs uweM 6 sude Y =C (\X)e (*) , eoe C(x)
— Heussecmuas pyukyus om x. Ilpouzsoonas
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P X2 (Xz)'_ ' ) 2 2 ! - R
y=C lx|e“+Clx|le"| =C [x|e" +C|x12x¢" .  Iooemacnas v u ) o JV—2X/=e

Hatidem C(x):

' 2 XZ / X2 XZ
C'x]e“+Clx|2xe" —=2xClx|e* =e" .
, 2 2 2 2
Clx|e* +C(x)(2xe —2xe ):e .
C'(xf]e)‘z:ex2
C'(x):1:>C(x):fC[x]dx:f 1-dx=x+C
Tx. Clx|=x+C  mo noocmaenas e2o 6 (*) obwee pewenue

y:(x+C)eX2

HEO0OHOPOOHO20 YpasHeHuUs 6yoem , 20e C — nocmosinHas

UHMEZPUPOBAHUAL.

1 2
2) * y+2xy:2x3e_" s 4 * y'+3i}X:'3—X]2-
3) ) “3xty=xe”;
4. Onpeneantb BUA AudPepeHInaNbLHOr0 YPABHEHH s, HAUTH €ro od1ee penieHue, a
rlle YKa3aHO YaCcTHOe pelieHue.
Henv: Hayuumocs onpedensimob 6uo ougpepenyuaivHoco ypasHeHus, Haxooums e20o
obuee u wacmHoe peuieHue.

1) * y'+2y=e_x,'

2) * xyy':1—x2;

3 + xhy =y yl1I=0

y W=y

5) y'—2y:4x;

6) y'+ycosx:cosx<{y(0}:1};
y=—5|yloj=4|

7)x T X2 , TIOCTPOUTb HHTETPAIBHYIO KPHBYIO;
g) * (2—3XJY'ZYJ

9) o' 14| dy-2x | 1+e’ |dx=0;

10) % y—ye =2xe";

1) y=3";

y'—L=(1+x)2.

12) * 1+x

NudpepeHunanbHble yPABHEHUS B MeJMUMHE U OHOJIOTUM.
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1) duddepenunanbuple ypaBHEHHUS, BBIPAKAIOT COOTHOLIEHUS MEXAY HW3MEHEHHSIMU
OCHOBHBIX TepeMeHHBIX. [IpuMepoM omucaHus TE€YEHHUsS MPOIECCOB B CEPIACYHO —
COCY/IUCTOM CUCTEME MOXKET CIYXKHUTh HE3aBHUCHMasi MOJIEb MIACTUYHOIO pe3epByapa
— nuHeHoe auddepeHnaibHoe ypaBHEHUE TUTIA!

1 dP P
=—+

k dt R

w(¢)

rine nepemenHas P — mraoBenHoe 3Hauenue AJl, koagdumment R — obiee
COIIPOTHBIICHUE KPOBEHOCHOTO PyCiia TOKY KpoBH, K03 dumment k — koapumment
ynpyroctu aopthbi, W(t) — o0beMHasi MTHOBEHHAsi CKOPOCTh BHIOpOCA KPOBHU U3 CEpAIIa.

2) IuddepeHunanbHbIM YpaBHEHHEM OIMCHIBAETCS Pa3jioKeHue OakTepui,
pasvoaKTUBHBINA pacna.
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I[OMa]_lIHee 3aJaHHuE:

Onpenenuts BUa AUQdHepeHInaIbHOr0 ypaBHEHUs, HAWTH €ro 0011ee pelieHue, a Ie
YKa3aHO YaCTHOE PEILLICHUE:

1) (1+y2)dX+Xydy:0;
%) * y+y=¢ "cosx;
3« 1ty yll=b}

—1*tY
4) * ) _10 )
y+l
y==lyl=1
5) * X , IOCTPOUTHh MHTEIPAJIbHYIO KPUBYIO.

6) y'ZBZX—eX_exy;
7) * Xly -y l=l1exle’;
8) yv+ycosx:sinxcosx.

- 1-2x
Y= ;
9) * y
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IIpoBepounasi padora

Tema: /InddepeHunaibHbie ypaBHEHU .

1 Bapuamr.

Onpenenuts BUa AuGdHepeHInaIbLHOro 2 BapHMaHT.
ypaBHEHUSI, HANTH ero ollee pelieHue, a
I/l YKa3aHO YaCTHOE PEIICHUE:

Onpenenuts BUI A epeHInaIbLHOTO
ypaBHEHUSI, HATH ero o0I1ee penieHue, a
I/ YKa3aHO YaCTHOE pelIeHUE:

6) J=X-1 |
x4y = ~4y=bre""
7) 3x-4ly=y; 6) JTay=oxe
y=12X. 7y V=2x-3;
8) y y=—"Y .
, 2 5x—2°
9y J-2xy=xe"; 8
, 9y yy=8x-3;
y=Liyl=2 TR
10) X , IOCTPOHTh y:y—{y(ljzo}
VHTETPAIBHYIO KPUBYIO. 10) X , IOCTPOUTH

HHTCTPAJIBHYIO KPHUBYIO.

JlonosiHuTEILHOE 3a1aHUE

Onpenenuts Bua AuQhepeHInanb-HOr0 ypaBHEHUS, HAWTH ero o011ee pelieHue:

1) 2X\/1__yz:yv(1+X2); | '\
2 y'+xexy:ei1—xﬁex; ) e_y(1+y ):1 |
2 [y ~2xy=l14 ]
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Jleknmusa Ne 7. KoMmimjiekcHbBIe YHCJIA.

3HaKOMCTBO C KypCOM Mbl HAauHEM C HEKOTOPBIX MCTOPHUYECKUX COOBITHH, KOTOpbIE
MOCTY XU TPUYMHON TOSBICHHS HOBOTO, TOKa HEW3BeCTHOro Juisi Bac kmacca ymcen -
KOMIIJICKCHBIX.

B X Beke B Uranum ObIIM pacnpocTpaHeHbl MaTeMaTHUYECKHE TYpPHHUPBI, Ha KOTOPBIX
YYaCTHUKM B IPUCYTCTBUHM IyOJUKHU U3Jarajiy pelieHus 3a/1ad, MpeI0KEHHBIX paHee KaXI0My
ero NMpOTUBHUKOM. Kak U3BECTHO, B TO BpeMsl 3TO ObUI HE €TUHCTBEHHBIN U3 BUIOB TYPHUPOB - B
T€ BpEMEHA COXPAHSUIMCH €Ille BOCHHBIE TYPHHPHI, HA OJTHOM U3 TaKHX TYpHUPOB B 1547 romy
ObUT cMepTenbHO paHeH ¢paniy3ckuil koponb ['enpux Bamya. Utak, 12 deBpans 1535 rona
Wtanuu cocTosyioch MaTeMaTHMYeCKOE COpPEBHOBaHME MEXIy Marematukamu — Puope u
Tapranbeil. @uope OblT yuyeHHKOM mpodeccopa OOJOHCKOro yHUBepcutera, CIUMMOHA JIENb
®eppo (1456 -1526), Hukkona Tapranes (1500 - 1557) - npenomaBaTelb MaTeMaTHKHU.
Tapranbs (3auka) - ero npos3puile (Hactosuas Gamunus - GoHTaHa), .KOTOPOE OH MOJYyUHI U3-
3a TOTO, YTO MOCJIE€ BOGHHOTO PAHEHUs B OPJIO OH HE MOT CBAabOJHO pasroBapuBaTh. TapTaiibe
ObUIO TPEIJIOKEHO pemuTh okojo 30 anreOpanueckux ypaBHEHUH TpeTheil CTEeleHW BUa
x’+ax=b; a>0; b>0. B Te Bpemena He ObLIM M3BECTHBI 00LIHME HOPMYJIBI PEIIEHHS YPABHEHUMI
TpPEeThEl  CTEeTeHW, TMOdTOMY 3aJadd, MpeUIoKeHHble Tapranbe, OKazalnch BEChbMa
cepbe3HbIMU .OHAKO, Kak y3Han Taptanes, nmpodeccop nenbp Peppo ymen pemats HEKOTOPbIE
YPaBHEHHS YKa3aHHOTO BHUJA. A TOCKOJBKY A3TH pPELIeHHs ObUIM CPEACTBOM KOHKYPEHTHOM
00prOBI, TIpodeccop HE CTalm MyOJIMKOBATH MOJNYYEHHBIC PE3yJIbTAaThl, HO COOOIIMI MX CBOUM
YYEHUKaM, B YHMCJI€ KOTOPBIX Haxomauica Puope. 3a HeAenw 10 cCOpeBHOBaHUW Taprainbe
yAaJ0Ch HATH OOIIMIA BUJ PELIeHUs] 3TUX ypaBHEHHH U ¢ OieckoM nobenuTs Ha TypHupe. Tak
410 xe npeanoxmi Tapranesa? Ecau 1omycTuTh (MPEANoNokUTh), YTO CYIIECTBYET HEKOTOpas
MHUMas enaumHuina (0003Ha4YMM ee i), KBagpaT KOTOPOM paBeH MHUHYC 1, T.e.i’, TO MOXHO
TOBOPUTHL O YHCJIE pelleHui ypaBHeHus x° + 1 = 0, ux Oyzer aBa + i. TakuM 00pasoM, Kiacc
JNEUCTBUTEIBHBIX YHUCENT ObUI PACHIMPEH BBEIEHHEM B HErO OJHOIO 3JIEMEHTa - MHHMMOM
eIMHUIIBI, B pe3yjbTaTe 4Yero IOJyYWIM HOBBIH KIACC YHCEN - KOMIUIEKCHBIX, KOTOpBIE
o0o3HavaroT naTHHCKON OykBoii C. Ceromns, Korma BO MHOTHX pa3/ielax MaTeMaTHKH U ee
MPUIOKECHUH HEBO3MOXKHO OTPAaHHYUTHCS PACCMOTPEHUEM JIMIIb JICHCTBUTEIBHBIX YHCEI,
KOMILJIEKCHBIE YMCIIa TIO3BOJISIOT peliaTh MHOTHE CEPbE3HbIE 3a/Jauu.

Onnomy u3 coznarenei qudQepeHInanbHOr0 U HHTETPAIbHOTO HCYUCICHUH, HEMELKOMY
Matematuky ['. Jleitouuny (1546 - 1715) npunannexar takue ciaoBa:«KoMIuiekCHOE YUCIIO - 3TO
TOHKO€ M TOPa3UTEIbHOE CPEICTBO GOXKECTBEHHOIO JIyXa, MOUTH aM(puOus Mexay ObITHEM U

HeOBITHEMY. Celiuac OT BCeil 3TOM MHUCTHKHM HE OCTallach HHUYCTO, KPOMC, HO)K&HYﬁ, Ha3BaHUA
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«MHUMBIE yHcna». Yxke Bo BpemeHa K. I'aycca (1777 - 1855) Obuio naHO reoMeTpuUyuecKoe
HCTOJIKOBAaHUE KOMIUIEKCHBIX UHCEJ KaK TOYeK IUIOCKOCTH. TpyaamMu BblIAIOLIUXCA
marematukoB XIX Beka O. Komm, B. Pumana, K. Beliepmrpacca Ha 6a3e KOMITJIEKCHBIX YHCET
ObUIO MOCTPOEHA OJIHA M3 CaMbIX KPACHBBIX MAaTeMaTHYECKHX AUCLMIUIMH - TeopHs (QyHKIMiA
KOMIUIEKCHON NIEPEMEHHOM.

PaccMOTpmM OCHOBHbIE ornpeeneHns 3Toro Kaacca YMces U BbIAICHUM, KaK BbIMOJIHAKOTCA ,D,EVICTBMFI
Hal, KOMMIEKCHbIMU YNCTaMMN.

Onpenenenne. KoMIIeKCHBIM YHCIOM ZHA3BIBAETCA BhIpaskenue Z=d+ib  rne au b —

HeﬁCTBHTeHBHBIe qucia, [ — MHUMAs €ANMHHUIA, KOTOopasa ONpeACIACTCA COOTHOIICHUCM!:

iP=-1: i=-1.

[Tpu 5TOM YHMCIO @ Ha3BIBACTCS AeHCTBUTENbHON YacThIO uncia z (@ = Rez), a b- MHUMOH
yacTbl(b = Imz).

Ecin a =Rez =0, To 4ncio z OyAeT YUCTO MHUMBIM, eciid b = Imz = (), To 4yucno z Oyner
IeHCTBUTEIbHBIM.

Onpenenenne. Yucna z=a+ib u Z=a—ib pja3pBAOTCS KOMIUIEKCHO —
CONMPSIKEHHBIMU.

Onpenenenue. /[Ba KOMIUIGKCHBIX uuciaa %17 a,*ib, y z,=a,+*ib,  yasyEarorcs
PaBHBIMH, €CJIM COOTBETCTBEHHO PaBHBI UX JICHCTBUTEILHBIC U MHUMBIC YaCTH:

a,=a,; b,=b,;
Onpenesienue. KoMmmiekcHOe YHCIO PaBHO HYJIO, €CJIM COOTBETCTBEHHO PaBHBI HYIIIO

JIECTBUTEJIbHAS 1 MHUMasl YacTH.

a=b=0.
7.1. eicTBMUA Hap, KOMIJIEKCHBIMU YUCAaMM B anrebpanyeckoit popme.

OCHOBHblE AeﬁCTBMﬂ C KOMMNNIEKCHBbIMU YNCNNIaMU BbITEKAIOT U3 AeVlCTBMﬁ C MHOro4sieHaMu.
CnoxxeHue n BblYUTAHUE
PaccMOTpHM 1Ba KOMIUIEKCHBIX YMCIIA, 3aaHHBIX B OOLIEM BHUJIE
71 =a1+ib1; 22=a2+ib2
TOrIa
z=z,tz,=|a+ib,|(a,+ib,|=(a,ta,|+i[b, tb,|=axib
MOoXHO cHOPMYAMPOBaTb NPABUAO CIOKEHUA U BbIYUTAHUS KOMIMAEKCHbIX YUCEN: MPU COXKEHUM

(Bbll-IMTaHMVI) KOMIJIEKCHbIX YMNCe1 COOTBETCTBEHHO CKJ1aAbIBAKOTCA (Bbll-IMTa}OTCFI) nx
AeﬁCTBMTeﬂbele M MHUMBbIE HaCTW.
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YMHOKeHue
zzzlzzz(a1+ib1)(a2+ib2) =a1a2+ia1b2+ib1a2+i2b1b2=a+ib
222122:(a1az-b1b2)+ i (a1b2+b1az)
( T.€. MOXKHO I'OBOPHUTH, YTO INCPEMHOKAIOTCA KOMIUICKCHBICUHCJIA KaK MHOI'OYJICHBI, YUHUThIBAsI,
qro 1* = -1) 3Ha‘-II/IT,‘-ITO6BI IICPEMHOXXHUTH JBa KOMIIJICKCHBIX YHCJIa HEOOXO0IUMO IICPEMHOXXHUTH
UX KaK MHOTOYJIEHBI, YYUThIBas, 4T0i” = -1.

Jenenue

Mpu BbINOJHEHMM AENEHUSI KOMIMIEKCHBIX YNCEN MOJIb3YHOTCSA UCKYCCTBEHHBIM MPUEMOM: YNC/IUTENb
M 3HaMeHaTe b APo6U YMHOMXKAKT Ha YMC/I0, KOMIJIEKCHO - COMpPSXKeHHOoe 3HaMeHaTelo Apobu, U
MocTynatoT Aasiee TaK, Kak U NPu YMHOXEHMM KOMMNEKCHBIX YMCen.

IIpumep.
7= 5-1;
7,=-2+31;
Z_ 5-i _ (5-i)*(=2-3i) :—10+2i—15i+3i2:—13—131':_1_
z, —2+3i0 (—2+3i)%(-2-3i) 4-9; 13

BBenennple HaMu omepanyu CIOXKEHUS M YMHOXEHHS KOMIUIEKCHBIX 4YHCel 00JiagaroT
CBOWCTBaMH:
1) IlepemecTuTenbHOE CBOMCTBO:
Z1+2=7,171,
71%*2:=2,% 7,
2) CouerarenbHOE CBOMCTBO:
(zi+z)+z3=21+(22+73)
(Zl*Zz)*Z3 =71 *(ZZ*Z3)
3) PacnipenenutensHOE CBOWCTBO:
21¥(22 + 2,)= 2:%22 + 2:% 73
4) Mg mr0060T0 KOMIUIEKCHOTO YHCIIA CYIMIECTBYET YHCIIO €My IPOTHBOIIOJIOKHOE, TAKOE, UTO Z +

(-2)=0.

BosBenenne B crenenn

CornacHo OmpeIeNeHnI0 CTENeHH YHUClla, HEOOXOMUMO 3TO YHCIO YMHOXXHUTh Ha  ceOs
CTOJIBKO pa3, KaKoOB IMOKa3aTellb CTENICHN YUCIia. JTH MpaBHUjla BaM W3BECTHBI U3 Kypca CpeaHen
mKosel. OHM JK€ OCTAIOTCSl CIPAaBEUVTUBBIMH M JUIS KOMIUIEKCHBIX uyncen. C ogHOI JuIIb
pasHHILEel B TOM, YTO OCHOBAaHHEM CTEIEHH 3/I€Ch BBICTYNAET HE OJHOWIEH, a JABywieH. Jlius
nmokaszarenei cremeHn 2 W 3 CymEeCTBYIOT (OpMyJibl, HM3BECTHbIE BaM KakK (OPMYIIBI

COKpalIEHHOTO YMHOXEHHMSI: KBaJpaT CyMMBbI (pa3HOCTH); KyO CyMMbI (pa3HOCTH); pa3HOCTb
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(cymMma) kyOoB. YOenuMmcs, Kak MOXHO BO3BOJHUTH KOMIUIEKCHOE YHCIIO B CTEICHb, MOJB3YSCh
(dhopMyJIaMU COKPAIIIEHHOTO YMHOXKEHHUSI.

Haintu Ky6 pasHOCTU KOMMJIEKCHOrO Yyncaa:
(3-2i)’ = 37-3*32#2i+3*3*(2i)* — i’=27-54i+ 36i* i’=-9-54i+i=-9-54i-i*{*=-9-54i+i=-9-53i
[Ipu BBIOITHEHNU 3TOTO ACHUCTBUS MBI YUJIH, YTO
=1,
P=1*1’=1%(-1) =-i

Eciu ke HaM He00X0auMO, HanpuMep, Haitu (2+51)*!, TO COIacHO ONPENENEHUIO CTENEHN
MBI JIOJDKHBI 3Ty CKOOKY YMHOXHUTH camy Ha ceOs 21 pas, 4ro odeHb Tpymoémko. IlosTomy
npuoOeraT K Ipyroi (opme 3amucu 4mciia — TPUTOHOMETPUUYECKOW M B HEW BBITIOJHSAIOT 3TO
neiictBue. Ho 06 3TOM MBI MOrOBOPUM HEMHOTO TO3KE.

H3BieyeHne KOPHS U3 KOMILIEKCHOT0 YHCJIa

T. k. KOMILIEKCHOE YHCIIO B ayreOpandeckoil popmenmeeT BHJI z=a+ib; TO WU3BIEKaTh W3
HEro KOpeHb KaKoM - MO0 CTENeHH Mbl HE MOXKEM, T.K. HEJIb3s U3BJI€Yb KOPEHb U3 CYyMMBI.

Taxum 00pa3om, MOJBOS UTOT NEHCTBUSM HaJ KOMIUIEKCHBIMU YHCIAMU B anreOpandeckoit
dbopMme, 3akIO4aeM, YTO U3BIEKATh KOPEHb 170001 CTETEHW W3 KOMIUICKCHBIX YHCENT B
anreOpandeckoil (hopme HENb3s; BO3BOAWUTH B JIIOOYIO CTETIEHb MOYKHO, HO €CJIH TI0Ka3aTellb
CTerneHu Oofplie 3, TO paluOHAJbHEE MEPEBECTH YUCIO B TPUTOHOMETPUYECKYIO (GOpMy H
BO3BOJNTH B CTEMEHb YHUCIIO B 3TOW (hopme. Bee octanpHble AEMCTBUS BBITIONHSAIOTCS MO paHee
OTMEUYEHHBIM ITpaBUJIAM.

Becefys 0 KOMMAEKCHbIX YMCaax, HEOBXOAMMO OTMETUTb TAaKOE BaXKHOE MOHATUE, KaK LIUKJIMYHOCTb
MHUMOW €AMHULIbI. 3aK/I04AETCA OHO B C/IeAYIOLLEM:

i*= —1(onpenenenue);
P=i*i*=i (-1)=-i;
i = 4 (1)) =1;

P=i*it=i* 1=,

7.2. TeoMeTpU4ecKoe n3obpakeHne KOMIJIEKCHbIX Ynucen.

MoHATME KOMMAEKCHOIo YNCNA MMEET reOMeTPUYECKOEe UCTOIKOBaHME. MHOXeCTBO KOMMIEKCHbIX
YUcen ABNAETCA pacluMpeHneM MHOXXeCTBa AeVICTBMTeﬂbeIX YUCEN 3a CHET BKJIKOYHEHNA MHOXKECTBa
MHUMbIX Yncen. KoMnnekcHble Yncia BKAKOYAKOT B ce651 BCe MHOXECTBA YMcen, KOTOpblE N3y4anancb
paHee. Tak HaTypasibHble, Liesble, pauyoHabHble, MppaLMoHaibHble, ,D,EVICTBMTeﬂbeIe 4ynucna
ABNAKOTCA, BOO6LLI,e roBops, 4aCTHbIMU CNyHasaMU KOMMNIEKCHbIX YNCen.

Ecan noboe AEVICTBMTeﬂbHOG YMCJIO MOXKET ObITb reoMeTpmnyeckn npeacrtaBjieHo B BUAE TOYKU Ha
YUCNIOBOM I'IpFIMOﬁ, TO KOMIMJIEKCHOE YMNCN10 NpeancTaBaAaAEeTCA TOYKOM Ha NJIOCKOCTH, KOOpAMNnHaTaMu
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KoTopon 6yayT COOTBETCTBEHHO AEMCTBUTE/IbHAS M MHMMAS YacTM KOMIMJIEKCHOro Yncna. Mpu atom
FOPMU30HTaJIbHaA OCb 6y,u,eT ABNATbCA AeﬁCTBMTeﬂbHOVI YMCIOBOM OCbIO, a BEPTUKaJIbHaA - MHUMOW
OCbHO.

y
A(a, b)
|
1
|
1
r )
(p 1
0 a X
Takum obpazom, Ha ocu OX pacrnoyarafjorcs JeHCTBUTEIbHBIC Yucia, a Ha ocl OY — 4nucTo
MHUMBIE.

C nomoLwbto NOA0GHOro reoMeTPYHECKOro NPeACTaBAEHNU MOXKHO NPEACTABAATL YACNA B TaK
Ha3bIBAEMOW TPUrOHOMETPUYECKOMN PpopMe.

7.3. TpuronomeTpuyeckas Gpopma ymcIia.

U3 reoMeTpuMueckux cooOpaskeHMil BHAHO, uyTO0 ~ d=rcos¢; b=rsin¢  Torpa
KOMILIEKCHOE YHCJIO MOKHO IIPEJCTABUTh B BUJIE:
z=a+ib=rcos¢+irsing=r(cosp+ising)
Takas (popMa 3aIuCH Ha3bIBAETCS TPHITOHOMeTpHYecKoi (opMOii 3aNHCH KOMILIEKCHOTO
quca.
IIpy 5TOM BEIHMYMHA 7 Ha3bIBAETCS MOXYJIEM KOMILICKCHOIO YMCJIA, a yrojl HaKIOHa ¢ -

APryMmeHTOM KOMINJICKCHOI'O YK CJIa.

r=|z; é=Agz

M3 reoMeTpU4eCKNX COOBPaXKeHU BUAHO:
. b
r=|a+ib|=va*+b?*; ¢=Arg z=arctg=;
a

O‘-IGBI/II[HO, 4TO KOMIIICKCHO — COIPSOKCHHBIC 4YHCIa MMCIOT OAWMHAKOBBIC MOAYJIU U

IIPOTHUBOIIOJIOXXHBIC ApI'YMCHTBI.

z]=[2]; Argz=-Arg 1.

7.4. JIelicTBUS ¢ KOMIUIEKCHBIMU YUCIaMH B TPUTOHOMETPHUYECKON (hopme.
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z,=r,(cos ¢, +ising,) , z,=r1r,(cos ¢, +isin ¢, ).
YMHOKEHHE
z=z,z,=rr;(cos($,+¢,)+isin(¢,;+¢,))
B caydae KOMIJIEKCHO — ConpsXXeHHbIX Yncen:
27=(a+ib)(a-ib)=a"+b’=|z[ =[2]"
Jenenne
zZ, T

Z:Z—1:r—1(cos(¢1—¢2)+i51n(¢1_¢2)>

2 2
Bo3Benenne B creneHn

4 K3 Oornepanmu YMHOXCHUA KOMIIJICKCHBIX YHUCEII CIECAYCT, YTO

zZ:zz:rz(c052¢+isin2¢)

B o0riem cityyae moiryqum:

n_.n -
£"=1"( cosng+isinng |
TJIe 71 — IEeJIOe TTOJIOKUTETHHOE YUCIIO.
OTo BBIpaKeHHE HazbiBaeTcs (popmyJaoii Myaspa.(AGpaxam ne Myasp (1667 — 1754) —

AHTJIMACKUI MaTEMaTHK).

dopmyny MyaBpa MOXKHO UCMOJIb30BaTh A1 HAXOXAEHUS TPUFOHOMETPUYECKUX GYHKLMIA
ABOMHOrO, TPOMHOIO U T.J,. YI/0B.

IIpumep. Haiitu hopmynsl sin2¢ u cos2q.

PaccMOTPHM HEKOTOPOE KOMILIEKCHOE uncino  Z=r(cos ¢+ising ).
2_ 2 2 . . .2
2 =r"(cos g +2icosgsing—sing)

2'=r"(cos2¢+isin2¢)

Tornaa ¢ o1HOM CTOPOHBI

ITo dopmyne Myaspa:

Mpupassmsas, nony«m  C0S2QFISIN20= o8’ 0 —sin2¢ +2icossing
T.k. ABa KOMINIJICKCHBIX YHMCJIa paBHbI, CCJIM PaABHBI UX HGfICTBPITeHI)HBIC U MHUMBIC 4aCTH, TO
€052 ¢:c052¢— sin2(b
sin2¢=2sin¢$cos ¢
[Tomyunnu u3BecTHBIE (HOPMYJIIBI ABOHHOTO YTIA.

HU3Baeyenue KOPHHA U3 KOMIUICKCHOI'0 YMcJia

Vz=Yr(cosp+ising)=p(cosy+isiny)

274



BO3BOI[$I B CTCIICHB, ITOJIYUUM:
p"(cosny+isinny |=r( cosg+isin ¢ )

Orcrona: p:r\l/F; nw:¢+27'[k,° kelZ.

Vz=Yr(cosg+ising)="r cos¢+nﬂ+isin¢+nﬂ

Takum 00pa3oMm, KOpPEHb 7 —OH CTENEHH W3 KOMIUIEKCHOTO YHCJa WMEET 7 Pa3IudHBIX
3HAYEHUN.

7.5. TlokasatenbHas HopMa KOMIUIEKCHOTO YUCHIA.

VA .
PaccmoTpum nokasarenbHyo QyHKITUIO w=e, 7I=X +1y .
Mo>HO N0Ka3aTk, 4TO QYHKIHS W MOKET OBITh 3alllicaHa B BUJIE:

X+i X ‘.
w=e""=¢"(cos y+isin y)
JIaHHOE paBEHCTBO Ha3bIBAETCS ypaBHeHHeM Jiijepa.

[N KOMMNIEKCHbIX Ynucen 6yayT cnpaBefIMBbI Caefytolme CBOMCTBA:

7.+Z 1, 1
1" _ 11 %,
1) e =e e,
z

1

zZ.—Z e

el 2: —;
2) e’

( z)m_ mz
3) e)=e, TJI€ M — LEJ0E YUCIIO.

Ecnu B ypaBHeHHHU Diijiepa MOKa3aTellb CTENCHU MPUHAThH 32 YMCTO MHUMOE YHciio (x=0), TO
MOJIyYaeM:
iy_ .
€ =C0S y+1smy
N5 KOMMAEKCHO - COMPSXXEHHOro YMcna Nnostydaem:

e '=cosy-isiny

M3 3TnX ABYX YpaBHEHUIA NOyYaeM:
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L
syl

ITUMU GOpPMYJIaMM MOJIb3YIOTCS [I/1sl HAXOXKAEHUSI 3HaYEHWNM cTeneHel TPUroHOMETPUYECKUX
YHKUMI Yepe3 GYHKLUM KPaTHbIX YI/I0B.

Ecnmn npeacTtaBUTb KOMMJIEKCHOE YMC/I0 B TPUTOHOMETPUYECKOM popMe:

z=r(cos ¢+isin¢)

io_ -
1 BOCIOJIb3yemcs (hopmyioit Dimepa: € =C0S (b'H SIH¢
A rei¢

HonyquHoe PaB€HCTBO U €CTh MOKa3aTeJIbHasd (l)OpMa KOMIIJIEKCHOT O YHCJIa.

PaccMOTpUM HECKOIBKO IPUMEPOB IEUCTBUM € KOMILUIEKCHBIMY YHCIIAMU.

zlzl—zi; z,=—7—2i

2
IIpumep. Jlanbl gBa KOMIUIEKCHBIX YHCIA 2 . Tpebyercsa a)
7 -4
1—51
y =7-2i y
HAWTH 3HAUYCHUE BBIPAKCHHUS B anreOpamdeckoir Qopme, 0) I uyucna

1=2-) \/3 [ Haiiru TPUIOHOMETPUUECKYIO (OpMy, HaWTH z*’, HAWTU KOPHU YpaBHEHHS
w3+z=0.

a) OueBUIHO, CIIPABEUIMBO CIEIyIOIIee TPeodpa3oBaHue:

7 -4
=5t 2-7i | [-14-4il  [-7-2i)
‘| = = =16

~7-2i| |-14-4i 2-T71 2-T71

I[anee MMPOU3BOAUM JICJICHUC NBYX KOMIIJICKCHBIX YHUCCII:

—7-2i (=7-2i)(2+7i) _—14—49i—4i+14 _—53i_

2-71  (2-7i)(2+7i) 4+49 53

[Tony4aem 3HaYEHHUE 3aJaHHOTO BEIpaxkeHus: 16(-i)*= 16i* =16.

0) Yucio 2:2_2\/31 npeacTaBuM B Buge Z=r(cos¢+ising) | rre

r:|z|:\/4+12:4; ¢=arctgg=arctg(—\/§):—600
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2=4(cos60"-isin60°)

Torna

JUtst HAXOXKICHUS 2~ BOCIUIB3yeMcs (hopmyIioit Myaspa.
2 =4"(c0s1200°~i5in1200° )=4"(cos(3-21+120°)~isin (3-21+120°) )=
3.

1
—+—i|.

:42°(c051200—isin1200):—4202 )

Ecm w’+z=0 10 w=Vz

%/E:%/F(COS ¢+§ k +isin ¢+§ ik

B 00 20
23/4(cos—60 +2nk+isin—60 +2nk ; ke Z.

BOITPOCHI U1 CAMOIIPOBEPKH

1. aiiTe onpenesieHne KOMIUIEKCHOTO YHCIIA.
Kaxkne uncia KOMIUIEKCHO-CONPSIKEHHBIMU ?
Kakue koMIIeKCHbIE YUCIia Ha3bIBAIOTCS pAaBHBIMU?

Kak reOMCTPHUICCKHU 1/1306pa>1<a10Tc;1 KOMILIICKCHBIC Yucia?

A

Kakne I[eflCTBPISI HaA KOMINUICKCHBIMU 4YHCJIIAMHU BBbIIIOJIHAKOTCA B anrerquGCKoﬁ

dhopme?

6. JaiiTe onpe/eneHre TPUTOHOMETPUIECKOH POPMBI KOMIUIEKCHOTO YHCTIA.

7. Kakue nedcTBHs HaJ KOMIUICKCHBIMH YHCJIAMH BBITMIOJHSAIOTCS B TPUTOHOMETPUYECCKOMN
dbopme?

8. Kak ocymecTBiusieTcss Tepexoa OT 3alucd KOMIUIGKCHOTO YHCJa, 33JaHHOTO B
anreOpanveckoit popme, K €ro TPUrOHOMETPpUIECKOH popme?

9. Kak 3anucaTh KOMIUIEKCHOE YHCJIO B TIOKa3aTeNIbHOM (hopme?

10. Yro Ha3bIBaeTcs TOXAECTBOM Ditnepa?
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8.

8.1.
8.2.
8.3.

9.

YIIPA’KHEHUA

HOCTpOI/ITB Ha KOMIIICKCHOM ILIOCKOCTH BCKTOPbI, COOTBCTCTBYIOIIHWEC KOMIIJICKCHBIM

qHcaM:

1.1. z=3+41i; 1.5. z=4i,
1.2.z=3; 1.6. z=—3—41i;
1.3.z=-3; 1.7. z=3-41i;
1.4. z=—41i; 1.8. z=—3+4i.

Haiitu neficTBUTEIbHBIC YUCIIA XU Y U3 YCIIOBUS PaBEHCTBA JBYX KOMIUIEKCHBIX YHCEIT:
2.1. —2+5i—3iy=9i+2x—4y; 2.3.17+2ix+3iy=18i+3x+2y;
2.2.942ix+4iy=10i+5x—6y; 2.4.5x—2 y+ix+iy=4+5i.

Haittu MOAYJib, T'NJIaBHOC 3HAYCHUC aprymMCcHTa M BCC 3HAUCHUA apryMCHTa KOMIIJICKCHBIX

qHCcel:

3.1. z=3+4i; 3.5.z=41i;
3.2.z=3; 3.6.z=—3—-41i,
33.z=-3; 3.7. z=3—-4i;
3.4. z=—41i; 3.8. z=—3+41.

JUnist 3a/1aHHBIX YUCET Ha30BUTE YKCIIa, CONPSHKEHHBIE M TPOTHBOIOIOKHBIE TaHHBIM:

4.1. z=—2+5i; 43.z=8;

42.z=-2; 44, z=—8i.

Jlana Touka, wu3oOpaxaromias uyuciao 3—2i. Kakue wuymciaa H300paxkarOT TOYKH,
CUMMETPUYHbIC JAaHHOM OTHOCHTENbHO JEHCTBUTENBHOM ocu? MHHMOH OCH; Hadaia
KOOpauHat?

UeMy paBeH aprymeHt: 1) 4MCTO MHHMOIO 4Hcia; 2) Jito0Oro OTpHUIATEIbHOrO 4Hcia; 3)

J000T0 MOJIOKUTEIBHOTO yKcina; 4) Hyns?

BbIaucnuTh:

7.1.i%; 73. (=)

72. % 74. (=i)

BreImoaHUTE TeHCTBHS:
|—2+5i|+(—2-51i); 8.4. (=2+5i)(—2-5i); g7 A0
(6+8i|—(3—5i); 8.5. (6+8i)(3—5i); 4-r
2i-5i: s 2. 8.8, if;.

210

[IpencraBuTh B TpUroHOMeTpuieckon hopme ymcna:

9.1.2; 9.3. —2+2+/31;

9.2. 6i; 9.4.2—2i.
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10. IIpencraButh B anredpandeckoit popme yucia:

10.1.2¢;
102,24
10.3.5¢;
10.4.4¢.
11. BeimonHuTe NEUCTBUS:
11.1. 2(cos 37\, i sin BTH )-3(cos % +i-sin %)),
11.2. 3(cos % +i-sin % )-(cos| = |+i-sin 2—72)),
4
2(cos| = |+i-sin %Tn ) 11.6. (cos 37 4i-sin 5ZTH)) ;
11.3. ;
6(cos| = |+i-sin %) 11.7. (2—2i)%
10
. s (3-8
9(cos|—— |+i-sin = ) 2 2
11.4. ; —.
2 -2\ 11.9. ¥-1;
2(cos|— |+i-sin|——|) N
6 6 11.10.91;
11.5. &é; 11.11.3i;

11.12.9Y-2+2i.

12. TIpencraBus uncia Z,=2iu z,=—3+4ip nokasarensHoil GopMe, BEIYHUCIIUTE:

12.1.2,Z,; 12.4.3 2,

4

12.2.?; 12.5.(z, '

: 12.6.(z,"
1233z

13. Pemure ypaBHEHHUS:
13.1.x°+16=0;
13.2.x°-8=0;
13.3.x°+32=0;
13.4.x°+ x+1=0;
13.5.x*+x*+1=0;

13.6. x*-28 x>+27=0.
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14. I/I306paSI/ITB Ha KOMIIJIEKCHOM IIOCKOCTH MHOXKECTBa TOYCK, YAOBJICTBOPAIOUINX CJIICAYIOIIUM
YCIIOBUSIM:
14.1.]z|=2;

A
argz=-—_;
142.arg 2=

14.3.0<3 z<1,5;
144.Rz>1;

|z

b

14.5. E<ar Z<3_7T.
49927y

KOHTPOJIBHAA PABOTA

Bapuanr 1

1. Beruucnure i+,

8+2i
5-3i°

2. Jlnsg yucna z=

a. TOCTPOKNTE TOYKH HA KOOPJIUHATHOU TUIOCKOCTH Z ,—Z ,Z;
b. Haiimure Rz; Iz,
C. HaWIUTEe MOIYJb M apIyMEHT YHMCIIa Z;

d. 3amumwure YMCIIO B TPUTOHOMETPUUYECKON U MOKa3aTeNbHOU opmax.
5+2i 3—-4i
2—5i 4+3i°

3. BrinmonnuTe IeWCTBUS:

4. Jins aucna z=—1++/3i HaiiauTe z° B TPHrOHOMETPHUYECKOI 1 [IOKAa3aTEeIbHOI (GOpMax.

5. PemmuTh ypaBHEHHE HA MHOKECTBE KOMILIEKCHBIX 9UCEN: z°—27 =0.

6. Haiinute nelicTBUTENbHBIE 4YHCIAa XU Yy TakK, 4YTOOBI BBINOJHSJIOCH PABEHCTBO: 3
X—2y+ix—iy=4+5i.

7. W300pa3uth Ha KOOPIMHATHOW IUIOCKOCTH MHOXECTBO BCEX TOYEK Z, YIOBJIETBOPSIOMIUX

YCIJIOBHIO: |z|=9, Imz>2.

Bapwuanr 2
1. Beruuciure i +j'.
5+i
2. Jngayuciaa z= o
A 2+43i

MOCTPOMTE TOYKM HA KOOPJIMHATHOM TJIOCKOCTH Z,—Z,Z;
b. maimgure Rz; Iz

C. HalIuTe MOAYJIb U apTyMEHT 4MCIIa Z;
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A

d. 3anummTe YMCI0 B TPUTOHOMETPUUECKOH M MoKa3aTeiabHOl Gopmax.

4+3i 5-4i
3—4i 4+5i°

Brimmonaure neiicTBUA:

3 V3. N .
Jnst yucna 225—71 HaiiuTe z° B TPUrOHOMETPHYECKOH M MOKA3aTelIbHOM (popMax.

PeluTh ypaBHEHHE HA MHOKECTBE KOMIUIEKCHBIX YHCel: z°—1=0.

Haiinute neiicTBuTenbHBIE 4YHMCIa XU Y TakK, YTOOBl BBIMOJNHSAJIOCH PaBEHCTBO: 3
x—2y+ix+iy=4-5I.

N300pa3ute Ha KOOPAWHATHOW IUIOCKOCTH MHOXKECTBO BCEX TOUYEK Z, YJIOBIETBOPSIOIINX

yenosuio: |z|=16; Rz>2.

Bapuanr 3
Bsruuciure j>°+i°°.
Jlnst uncna Z=(3—41’)+(—2+5i):
a. TOCTpPOITE TOUYKH Ha KOOPJUHATHOM TIOCKOCTHU Z,—Z,Z;
b. wmaiinure Rz; Iz,
C. HaWIUTE MOIYJb M apTYMEHT uucia Z;
d. 3amMImuMTe YMCIIO B TPUTOHOMETPHUECKOM M MOKa3aTeIbHOU opMax.
Beinonuute neicteust: (3 —4i] -(3+ 4 i).
Jlns uncna z=— 1uaiiauTe z° B TpPUrOHOMETPUYECKOH U MOKA3aTeNbHOM (opMax.
PelmnTh ypaBHEHHE HA MHOKECTBE KOMILIEKCHBIX YHCeN: z°— 4= (.
Haiinute neiicTBUTENbHBIE YKCIA XU Y TaK, YTOOBI BBIMOJIHSIOCH PAaBEHCTBO: (
x+yi+(x—y)i=1+i.
N300pa3uth Ha KOOPAWHATHON IUIOCKOCTH MHOXECTBO BCEX TOYEK Z, YAOBIETBOPSIOUINX

YCIIOBUIO: |Z\:1.

Bapuanr 4
Beruncnute i+
Jlast ancna z=(3—4i)—(2—5i):
MOCTPOMTE TOYKM HA KOOPJAUHATHOM TUJIOCKOCTH Z,—Z,Z;

a
b. wmaiigute Rz; 3Iz;

e

HaluTe MOyJIb M apTyMEHT YHucia Z;

o

3aMUIIATE YUCIIO B TPUTOHOMETPUYECKOHN M MMOKa3aTeIbHON popMax.
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Brinonaute aeiictBus: 2— 41| (2+41).
Jlns uncna z=1uaiigure z° B TPHTOHOMETPHYECKOM M MOKa3aTebHOI GopMax.

PeluTh ypaBHEHHE HA MHOKECTBE KOMIUIEKCHBIX YHcel: z°—1=0.

oS kW

Haiinute neiicTBUTENbHBIC YHCHA X U Y TaK, YTOOBI BHIIOJIHSIOCH PABEHCTBO:
(x+2y i+ x—2y|i=3—i.
7. W300pa3uTh Ha KOOPAMHATHOW IUIOCKOCTHM MHOKECTBO BCEX TOYEK Z, YJIOBJIETBOPSIOIIMX

YCIIOBUIO: |Z‘:36.

BaHaHI/IH IJIs1 CaMOCTOATCIIBHOTO PCIICHUA.

Haiitu o01ee pemenue nudgepeHuuaJIbHbIX YPABHEHHH, A I/1¢ YKA3aHO
YaCTHOE pelleHne:

ote?=0,y[1)=0;

1. X
5 (1+e2"]y2dy:e"dx,y(O]:O;
l,Zlny,y(’Z):l;
.0y T
4 x¢1+y2dx+y\/1+x2dy:0;
xdy ydx

+ =0,
5 V1-y? V1-4

!

. y:ex+y+ex—y,y(0):0;
dx . dy

g y'coszx+y:tgx,y(0]:0,'
XY
9. 1—x

. =arcsin x+x;

' )
10. XY —y=X C0SX,
11. Y cosx+y=1-sinx;
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1 [1+ly +y=aragx.
KOHTpOJIBHBIe BOIIPOCHI:

. Uro HazwBaeTcs quddepeHnnaIbHbIM ypaBHEHUEM TIEPBOTO TIOPsAKa?

. Uto HYXHO cJienath, YTOObI pemuTh AudhepeHIuanb-HOe YpaBHEHHUE.

3. Kakoit Bua wumeer nuddepeHIMATbHOE YpaBHEHUE C  Pa3ACIIIONIMMUCS
MEePEMEHHBIMH.

4. Kakoe ypaBHeHHE Ha3bIBaeTCs quddepeHImaabHbIM YpaBHEHUEM 1-T0 opsaka?

. Urto Takoe oOmiee u yacTHOE pemenne qudGepeHnnaaIrHOT0 YpaBHCHHS.

N —

9,

Jlekuus 1. Yucnooit psja. OCHOBHBIE MOHSTHS, CBOMCTBA CXOSIIUXCS

PAIOB. 3HAKOMOJIOKHUTENbHBIE PsAAbl. MIHTEerpansHeiil npuszHak Komm

1.1. HeKoTopble cBeaeHUA 0 NocaenoBaTe/IbHOCTAX

MycTb KaXXOOMY 3Ha4Y€HUD N € N nocraBneHo B COOTBETCTBUE (I'IO

onpeaenéHHbIM NpaBuaam) onpeaenéHHoe AeNCTBUTENIbHOE YnNCI0 a €  R; Torga

a,da

. a,, ...
MHOXECTBO YMNOPAA0YEHHbIX AEUCTBUTENbHbIX yncen 1’ 27 73 Ha3blBaeTCA

al®
la

. ( .
YMC/IOBOM NOCNEL0BATENLHOCTLIO M 0603HaYaeTcs | Mn=l roe 1 - 06LWMI YneH

L1
) ) ) ) )
NoC/ef0BaTeNbHOCTU. HanpuMep, nocnegosatensHocts 2 3 470 nmeet
1
a==
06LLMIA YSieH N rpe ne N.
o]
Onpeoenenue 1. TlocnenoBarenbHOCTy | 1) HaspIBAETCS YObIGAIOWCL, €CITH
a> .., Vne N a<a.,Vne
n-“ntl? N, u 6o3pacmarowen, ecnm n n+l’ N.
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la !
Onpeoenenue 2. [locnenoBaTeabHOCTs | N Ha3BIBACTCS 02PAHUYEHHOL CEEPXY,

a<M, Vne

eciu cylecTByeT Takoe uncio M, M€ R, uto N, u oepanuyennol

a>M, Vne

CHU3Y, €CIIM CylIecTByeT Takoe uuciao M, M€ R, uro N.

|
a .
Onpeodenenue 3. [locnenoBaTenbHOCTD ] Ha3BIBACTCS OSPAHUYEHHOU, €CITA OHA

OTpaHUYE€HAa KaK CHU3Y, TaK U CBEPXY, T.€. CYIIECTBYET Takoe yucio M> 0

( Me R, uro Vn: la <M

a
Onpeodenenue 4. Yncio a Ha3pIBaCTCS npeodeniom MocieI0BaTeIbHOCTH nj

CCJIN AJIsd JF000T0 CKOJIh YIoaHO MaJIOTO ITOJIOXKHUTEIIBHOI'O YHCjIa €

o . o n, € o
HanaACTCA TAKOU HOMCP 0 N, 3aBUCAIINHN OT 8, qToO Il BCCX HATypPaAJIbHBIX YHUCCIT

a:hrnan

[ ] [ ]
e e
0 BBIMOJHSAETCSA HEPABEHCTBO . Torma n->o O3HAYaerT,

[ ] [ J
— >
4TO Ve>0 3ng nO(e)E N takoe, 4TO AJIs BCEX =y, 1€\ (’ (’ - Hpu

{
a
9TOM I'OBOPAT, 4TO IMOCJICAOBATCIIbBHOCTD n CXOIUTCA K HnCiyda.

[IpuBenEM HEKOTOPHIE CBOMCTBA CXOASAIIUXCS IMOCIEA0BATEIBHOCTEM.

—Ecnu nocienoBaTenbHOCTh UMEET MPEIEII, TO OH €IMHCTBEHEH.

—Ecnu nociie1o0BaTeIbHOCTh UMEET KOHEUHBIH MIPEIeI, TO 3Ta
MOCIIEI0BATEILHOCTh OTPAHUYEHA.

—Ecnu nocnenoBaTenbHOCTL Bo3pacTaeT (yObIBaeT) U OTpaHUUYEHA CBEPXY
(cHHU3Y), TO OHAa UMEET KOHEUHBIN IIpe/Iell.

—Ecnu nocnenoBatennbHOCTh BO3pacTaeT (yObIBAET) U HE OTPAHUYCHA CBEPXY

(cHHU3Y), TO OHA UMeeT OECKOHEUYHBIH Tpeael + oo (— ).

1.2. YucaoBou psana. OCHOBHBIE IIOHATHS TEOPHH YHCIOBBIX
PSAOOB:
CXOIHMOCTbh, PACXOTHMOCTb, CyMMa psiga. IIpuMepsl

al” ae
MycTb 3a4aHa 6eCKOHeYHas Noc/ef0BaTeIbHOCTL Yncen | njn=1’ "n R.
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Onpeoenenue 5. becxoneunvim uuciosvim ps0om Ha3bIBACTCS BBIPAKEHUE BUA

o0
2.4,

+a,+ta,+...+a +...
a;v a,7d, a, , 0003Hauaemoe kak #=1 . Yucna

aj, ay, as, ...
Ha3BIBAIOTCS WieHaMu (dleMeHmamu) Yucio8oeo psaoa.
Onpeodenenue 6. Cymma nepBbIX 7 YIEHOB Psifia HA3bIBAETCS N-U YACMUYHOU CYMMOU

S, =ata, tay+...+a S =a,8; =a; tay, Sy =ay+ay tay,..

paoa: n Torma T.1I.

¢l
[ToayuaeM MOCIEN0BATENLHOCTD YACTHYHBIX CYMM 81825 83 [ Sl

o0
2 a

Takum 0Opa3om, KaKJOMY YHCIOBOMY PSAy 7= MOXHO ITOCTaBUTH B

n
Sn :Zak
k=l

COOTBETCTBHE IMOCJIEA0BATEILHOCTh YACTHYHBIX CYMM lSnJ ;
Onpeoenenue 7. Eciu cymiecTByeT KOHEUHBIN WM OECKOHEUHBIN Mpeaes S

o0
2.4,

MMOCJICAOBATCIIBHOCTH YaCTUYHBIX CYMM [ nt , TO OH HAa3bIBACTC CyMMOﬁ pﬂda n=l

n—

0
lim S, =S =a; +a, +ay +... =) a,
T.C. =

Ecnu S xoHeuHo (S<00), TO psiJi HA3bIBAETCS CXOOAUUMCSL, €CTTU S= 00 WK SHe
CYLIECTBYET, TO PsI HA3bIBAETCIAPACXOOAUUMCS I CYMMBI PSITHE UMEET.

NTaK, ecan faH paj, To BCEraa MOXXHO MOCTaBUTb BOMPOC, CXOAMTCS I OH (MHbIMM
; S, )
C/I0BaMW, CYLLLECTBYET JIM KOHEYHbIM npeaen =) ) unm pacxoantca:

MNpuBeaéM NpuMepbl UCCeOBaHMA psaja Ha CXOAUMOCTb U HaXOXAEHUS ero

CYMMBblI.
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i | I 1T 1 |
Z = +—+—+—+
lMpumep 1. icchepoBaTtb HAa CXOAMMOCTL psaa 7=l nin+l) 2 6 12 20

HaNTU Ero CyMMmy.

1

_an
PeiueHue. 0603Haumnm (7 +1) - 06LWmMi YneH paaa. Torga yactTMyHas cyMmma

1 1 1 1 1 1
S, =a,ta, +...+a, =—+—+...+ —_— =
pAna 2 6 nn+1) Toxkak "M+ n n+1’TO
A3 el
2 2 3 n n+l ”*1.Tor,u,a
lim §, =1im[1- =1 <o
e e n+l , T.€. psif, cXoamMTca u ero cymma S = 1.
© 4 4 4 4
A Rt DA Tk
Mpumep 2. ViccnenoBaTb Ha CXOAUMOCTb psig, 7=l 4n” +4n-3 5 21 45 "
HaNTU ero cyMMmy.
4 —
2 —4n .
PeleHue. O603Haunm 4n~ +4n- 3 ~ 06Kt YneH psaa. Toraa,
4 4 4
g Eot
YacTMYHas CyMMa psaa 5 21 4n” +4n- 3 Tak kak

4 1
4n* +4n-3 2n-1 2n+3 1o
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1 i 1
2n-3 2n+l1

1 i 1
2n-1 2n+3

+

ol et

_1+l_ 11 4 4n +4
3 2n+1 2n+3 3 (2n+1)(2n+3) Torna

lim §, =lim

n— oo n— oo

S =

[4 4n+4
, T.€. paJ, CXOAUTCA U ero cyMmma

3 Q2n+1)(2n+3)

_4 4
3 3

o0
Dn=1+2+3+. +n+..
Mpumep 3. iccnepoBaTtb Ha CXOAUMOCTbL paj, 7=l

PelieHue. O603Ha4YMM 0b6LW MK YNeH pﬂ,u,an =y Toraa, 4yacTMyHasg cyMMa paaa

S, =142+, 40 =D g s D

, 1o noo 2 , T.. CyMMa psiga

o0
S=Xn=roo

= W psag, pacxogmTcs.
Mpumep 4. icchepoBaTb Ha CXOAUMOCTb Psifl, COCTaBAEHHbIN U3 YJIEHOB

reoMeTpUYEeCcKol Nporpeccuu.

b,bq,bg> bg>,.... bg" !

PelueHue. lNycTb gaHa reoMeTpuyecKas rnporpeccms orneq -

b+bg+bq* +bg’ +...+bg" ' +...= Y bg""!
3HaMeHaTeJ1b Nporpeccun. Pﬂﬂ, =

bqn'1 =a

Ha3bIBAETCA pPSA0OM reomempu4eckol rnporpeccuu. O603Ha4YNM n - obLmmn

yneH paga. Mpu 2 *n-yactmynas cymma storo psga paBHa

_bd-4")_ b b

S = -
I-g 1-qg 1-q

n
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PaccMOTpuMM YacTHble cyyamn.

b
lim S, =——
—Ecnu ‘q‘ 1, TO "% 1- 4 1.e. psg cxomures.

lim S, S|

1
_ECJII/I ‘q‘ , TO "7 ® HE CYLIECTBYET, T.C. IOCJICA0BATECIbLHOCTh nl

pacxoauTcs, a 3HAYUT paCXodUuTCAa U I/ICCJIe,ZIyeMLIﬁ paa FCOMCTpH‘ICCKOﬁ

IIPOTPECCHH.
o0
b+b+..+b+...=)b ¢ = limS, =
—IIpu 4 =1 pA1 UMEET BU/T n=l  Torpma " = , 1
, T.€. PSIT PACXOIUTCA.
—Ipu b =1, 4=-1 pgn umeer Bug b~ b+b-b+... rorma 51 =1, 5, =0,

S3 :1, S4 :O, ey S2n-1 :1, Szn =0

, T.C. Ipcaciia nNoCJICA10BATCIbHOCTH

JL SHJ :1’ Oa 190,1, 0,

HE CYILECTBYET, a 3HAYNUT, HICKOMBIN PsiZi pACXOIUTCH.

Takum O6pa3OM, pAag reOMeTpMHeCKOVI nporpeccnn cxoanTca torga U ToJbKO Toraa,
‘q‘ <1
Korga , B OCTaJIbHbIX CJZly4daaXx pAan pacxoauTcA.

1.3. OCHOBHBIE CBOMCTBA CXOISAIIHXCSI PAIOB,
He0O0XOTHUMBIN IPH3HAK CXOJHMOCTH

o0

2. a
MycTtb gaH umcnosou psag »=1 . CopMynmpyem ero oCHOBHbIE CBOMCTBA.
Ceoiicmeo 1. Eciiu cxoauTcs psijl, TOJIYYEHHBIN U3 TAaHHOTO Psifia OTOpachkIBaHHEM
WJIY IPUCOEAMHEHUEM KOHEYHOIO YHCIIa WIEHOB, TO CXOAUTCA U CaM JIAaHHBIN PSI, U

Hao00poT. UHbIMU ClIOBaMu, OTOpAChIBAHNE WITH

MPHUCOCAMHCHHUC KOHCYHOI'O YHUCJIa YJICHOB psaa HE BIUACT HA CXOOAUMOCTD Ps/a.
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[e¢]

2.a

Jlokazamenbcmaeo. [ycTb S” - YyacTMyHag cyMMa paga »=1 | ~k - cymma k

\

0,.
OTGPOLLEHHBIX YIEHOB U -k — cyMMa YneHoB psaa, BXOAALMX BCYMMY 7 1 He

BXoaAwWwmx B cyMMyCy. Mpn goctatoyHo 60/1bLLIOM N BCe OTOPOLLUEHHbIE YNeHbI ByayT

§ Sn :Ck +6,-k (

C
coflep)KaTbCsl B CymMMe "7, T.e. k - dukcuposaHHoe uncno, k

lim o,
- const). Torga, ecnu CyLLecTByeT n— , TO CyLlecTByeT U

o0
o Sa
lim S, = lim (C, +0,_;) . n
n— oo n— oo , T.€. UcxoHbIn pagn=  cxoautcs. M Haobopor, ecam

lim S, lim o, .
CYLLECTBYET 7—© | TO CYLLECTBYET U n— = , T.€. CXOAUTCA COCTaBAEHHbIN pAL,.

o0
2. a,
AHaNOMMYHO AOKa3bIBAETCS CXOAMMOCTb MPU A06aBNEHUN K psiay”=l  KOHEYHoro

Yncia 4YNeHOB.

2a, =S 2.Cq,

Ceoiicmeo 2. Eciiu cxoqutcs psa 7= , TO psig "=l (C — xoHcTaHTA)
TaKKe CXOMUTCA, TIpHUéM ero cymma pasra C 'S

o0
§ 2. S =a, +a, +...+a
Jokasamenbcmpo. MycTb “7 - YacTuyHas cymma psaga »n=t , “n =01 252 Tee 280

— ) Cua, _
S S, =Ca,; +Ca, +...+Ca

M “n - yacTMyHas cymma psga n=l n., Torpa

S, =C(ay+ay+..+a,)=C-S,
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lims, =5  2a,=S

OTcrofa,ecnm cylecTyer = (papg n= cXoamuTca), To cyLecTByeT
lim S, =C -lim S, =C -S 2.Ca,
n— o0 n— oo , T.e. pag n=l TaKXe CXoamuTCs.

o0 o0
2a, b,
Ceoiicmeo 3. Eciiu panpl #=I u n=l  cXOoaaTCs U UX CYMMBbI paBHbI 4 U

BCOOTBCTCTBCHHO, TO UX MOKHO ITIOYWICHHO CKJIaJAbIBATh (I/IJ'IPI BLIIII/ITaTI)), I'[pI/IIIéM

0
2 (@ £b,) S =4+B
psiabr 7= TaKXe CXOJATCSA U MX CyMMBI PaBHBI .
wers An Bu S,
Jl0Ka3ame IbcmBo’ YCTb — YaCTUYHbIE CYMMbI 3TUX PAOOB, TOraa

Sn :(al ibl) +(612 ibz) +... +(an ibn) :(al +Cl2 +...+an) i(bl +b2 +"'+bn) =
:A" iBn . nepeXOﬂ,ﬂ K npeaeny npu n— OO, nojayynm

lim S, =lim (4, =B )—hmA +1lim B, =4 +B.

n— oo n— oo n— oo

o0
2.a,
psagoB). Nyctb psag 7=

Teopema 1 (HeobxoauUMbIl NPU3HAK cXoguMocmu

lima, =0
, TOrAa ero o6t YneHa, crpemutca K 0 (npu 72— @O )n—o o
cxoamTcs

(obpaTHOE He Bcerga BePHO).
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o0
2.4,

Jlokazamesnbcmpo. Tak Kak psig 7=l cxoguTcsa n ero cyMma paBHa S, To 414 ero

YaCTUYHbIX CyMM Sns S UMEIT MEeCTo paBeHCTBa =55 S
lma, =lm§, - IimS,., =5-S5=0
n— o n— o n— o . Yto n tpeboBanoch AoOKa3aThb.

YcnoBue cxoammocti, cGopMyIMpoBaHHOE B TeopeMe 1, aBnseTcs

a, —
H€O6XO,£I,UMbIM, HO HE JOCMAMOY4YHbIM, T.€. NPU BbIMOJIHEHUN YCOBUA 7 0)2 i

|| [\/_I8

S

1
\/_ —=a

MOXET pacxoauTbcs. PaccMoTpuM NpuMep Takoro psaa:

—_=Ilim —

lim a, \/—
obwmn uneH paaa. Toraa n— n= . HactnyHaa cyMmma paga nmeet
1 1
S, = >—
BUA, \/_ \/_ \/Z . OueBMAHO, KaXKapbIN YNEH 3TON CYMMbI Vn

S .
,JOrga oueHka " naetT HepaBEHCTBO:

1

IS R IO I (RN~
Jn n n Jn) n , CNefoBaTeNbHO,

1
lim S, > lim v/n = a, =——=— 0

n— o n— 0 , T.€. UICXOAHbIN P pacxoAmnTcs, XoTa vn

Credcmeue uz meopemwt 1. Eciin o6imuii wien psaaa a, (npu 7 = ©) He crpemutes K

o0
2.4,

0, To psag »=l  pacxoautcs (0ocmamouHwvlli NPUZHAK PACXOOUMOCIU PSAOQ).

291



w2n-1 1 3 5
D =+ T+ 4
Mpumep 5. ccnepoBaTtb Ha CXOAUMOCTbL paj, 7=l 2n 2 46

2n-1
=a

n
PeleHue. O603HaYMM 06K YneH psiga 21 . Tak Kak

lim a, = lim 22" :lim[l- i] =1 #0
n— oo n— o0 21/1 n— o0 2}’1

, TO N3 cnenctems teopemsl 1

cnejayerT, uyTo psj, pacxoauTcs.

v | 1 1 1
P B S I S

Mpumep 6. icchepoBaTtb Ha CXOAUMOCTb paa, 7=l n 2 3 n

a, =—
n
PeLueHue. O6LWKMIM YneH psga UMeeT BUA, n. laHHbIN psAA Ha3bIBaETCSA

rapMoOHNYECKUM, TaK KaK Ka)K,EI,bIﬁ €ro 4jeH paBeH cpegHeMy rapMoHU4YeCKOMY ABYX

1 1

21y Ay

1 1

a
cocegHux: " . OHEBMAHO HEPaBEHCTBO:

1 1 1 1 1 1 I 1
+ +.+—>—+—+. . +—=p — =—

n+l n+2  2n @m @gm g g@r 2n 2

. YUneHbl rapMoHM4eckoro
pafa, HauMHas ¢ TpeTbero, 06beANHUM B rpynnbl no 2, 4, 8, 16, ..., 2 yneHos B

Kaxkgou rpynne. O4eBMAHO, CYMMa KaXK0M rPynnbl MOXXHO OLEHUTb

1 1 1 1 1 1 1 1 1 1 1 1
b > 4> > .
cnepyowmmobpasom: 3 4 2.5 6 7 8 2., 9 10 16 2 te.

1

KaXgafd n3 aTux CyMM B OTAEJIbHOCTU 6onble 2 . Takum o6pa30M, A4 HaCTUYHbIX

n=2% k=23,.

CyMM C HOMepaMun " BbIMOJIHAKOTCA HEPABEHCTBA:
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S4:1+l+l+l>1+l+l:1+2-l
2 3 4 2 2

27
1 1 1 1 1 1 1 1 1 1 1
Sg=l+—+—+—+—+—F+—+—>l+—+—+—=1+3 —
2 @DD @ D6 ﬁ 8 2 2 2 2
2+k
27 2 ,T.€. YaCTUYHbIE CYMMbl FAPMOHMYECKOTO PsiJa HEOrPaHUYEHHO
pacTyT c yBesimyeHunem =2" > npu K = % 3nauur, kh—fr:osz I'IonyqaeM

y!

YTO rapMOHUYECKUN pag, n=l n pacxoauTcs.

1.4. 3HaKONOCTOSIHHbIE pAAbl, PAAbI C NONOXKUTEIbHbIMU Y1€eHaMU

YCTaHOB/IEHNE CXOAUMOCTU UJIM PACXOAUMOCTU YUCIOBOIO PAAa —
OCHOBHOI BOMPOC TEOPUM PALOB; HAXOXKAEHME CYMMbI PAAa B Cly4ae ero
CXOAUMOCTU — BTOpOCTENeHHas 3aga4a. Bonpoc cxoAnMMocCTh npoLie BCero

pellaeTcst 415 3HAKOMOCTOSIHHbIX PAA0B, KOTa BCE YeHbl Psiia OAHOro 3Haka. s
. a
onpeAenéHHOCTM BYAeM paccMaTpuBaTh psAbl ¢ nonoxutenbHbimu (1 >0) uanc

a .
HeoTpuLaTenbHbIMU YneHamu (1 =0). XapakTepHbIM CBOCTBOM TakuX pSLOB
ABNSETCA MOHOTOHHOE BO3pacTaHMe (He ybbiBaHWE) Noc/ie0BaTeNbHOCTU

YaCTUYHbIX CYMM:

o0
Ya,, a,>0,8,=S,_,+a,>S,.;; S;<8,<8;<..<§, <...
n=
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Pﬂﬂ, C MOJIOXKUTENIbHbIMN YJ1IEHAMU BCerga MMEET CyMMmy; €C/In 3Ta CyYMMa

KOHE€YHa, TO pAaad CXoaAnTCA.

BbisscCHEHME CXOAMMOCTU PSAOB C MOJIOXKUTENIbHBIMU YIEHAMUM OMUPaETCsl Ha
NpU3HaKNM CXOAMMOCTU, KOTopble ABAAOTCA AMbO HeobxoauMbiMK, OO
[OCTaTOYHbIMU, /IMOO HEOOXOAMMBIMU U AOCTATOYHbIMU. B 4acTHOCTU, K TaKUM
psaaM NPMMEHUM MPUBEAEHHbIN Bbllle HEOOXOAMMBbIA NPU3HAK CXOAMMOCTU PAAOB
(teopema 1). CywecTByeT NpusHaK, SBASIOWMNCS HEOBXOAMMBIM U JOCTAaTOYHbIM,

KOTOpPbIN YCTaHABJ/INBAETCA CNEAYIOLLLEN TEOPEMOMN.

Teopema 2. JIns CXOOUMOCTH psifia C IOJIOKUTCIBHBIMUA YICHAMHU He0OX0OUMO
U00CmMamoyHo, 9To0bl TOCIIEI0BATEIILHOCTh €0 YaCTUYHBIX CYMM Oblila OrpaHnYeHa
CBEPXY.

JlokasameibcmBo (HeobxoqUMOCMB). MycTb paj, cxoamTes, Toraa
NMocAef0BaTeIbHOCTb €r0 YaCTUYHbIX CYMM CXOAMTCHA, a 3HA4YuUT, OHa OrpaHuyeHa

CBEPXY.

JlokasamesnbcmBo (gocmamoyHocmsb). TaK KaK Moc/iefoBaTe/IbHOCTb YaCTUYHbIX
CYMM MOHOTOHHO BO3pacTaeT M OrpaHW4YeHa CcBepxy, TO OHa WMeeT npeaen,

T.€.COOTBETCTBYHOLWMI pAf, cxoantca (Teopema Beieplutpacca A5 YUCNOBbIX
nocneposartesibHocTel). TeopeMa JoKasaHa.

Cnepyet oTMETUTb, YTO HA MPaAKTUKE 3TOT NPU3HAK TPYAHO NMPUMEHUM, XOTA U

npeacTaBaseT cobor 60nbLLION TEOPETUYECKMIN UHTEPEC.

[lanee paccMaTpuBalOTCAd HEKOTOpPble TMPU3HAKM CXOAMMOCTU PSfOB C
NOJNIOXKUTENBHBIMU YeHaMU, YA06HbIE AN NPAKTUYECKOro NMPUMEHEHUS, KOTopble
ABNAIOTCA TOJMIbKO J0CTaTOYHbIMU MpPU3HAKaMKU (MHTErpasibHbli U paguKasibHbIN

npu3sHakmMKoLLn, Npu3HaKu cpaBHeEHUS, Npu3HaK Janambepa).
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1.5. UHTerpajabHbIN NpUu3HaK KoImu cXomuMOCTH psifa
C MOJIOKUTEJIbHBIMHA YJIeHaMH

o0
2.a,
Teopema 3 (unmeepanvustii npuznaxk Kowu). 11ycts nan psig »=l | 4neHsl

KOTOPOTO YAOBJIETBOPSIIOT TPEM YCIOBUSM:

a, >0, n>1 . )
a) n , T.€. HCXOJIHBIN P C NOJOKUTEIIbHBIMUA YWICHAMMU;

ay>a,>...>a, 1>a,>...>0,

b

0) wieHbl psiia MOHOTOHHO yOBIBAIOT, T.€.

lim a, =0
B) OOLIMI WIEH psaa CTPEMUTCA K HYJIIO: 17 ®

IIycTh CylIeCTBYeT HelpephiBHAs, MOHOTOHHO yOBIBAIOIIas, onpeaenéHHas npu X =1

f(l) =ay, f(2) =a,, ...; f(n) =a

bynkuus f(x), Takas 4yTo LA W<2
0 o0 +00
2a, =1 [
n=l n=l . Torna,ecnu HeCOOCTBEHHBIN MHTErpasl | CXOJIUTCSA, TO Pl
o0
2. a
n=l  TOXE CXOAUTCS; €CIIH YKa3aHHBII HHTETrPaJl PACXOIUTCS, TO STOT PSI
9 2

pPacxoauTCs.

fln)=a,>0 flx)>0

JlokazamenbcmBo. U3 ycnoBuii Teopembl cnepyet npu X =1,

PacCMOTPVM KPUBOJIMHENHYIO TPANeLmio, orpaHUdeHHyYo anHuamm ¥ =/ (X) | x =1

(o7 +1]

x =n+1y ocbto Ox(puc.1). Pa306bEM OTPE3OK

x =k (k=1,2,..,n+1)

TOYKaMu N PacCCMOTPUM N KPUBOJIMHEMHbBIX TpaneLui.
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EAC

Puc. 1. MNnowaab KpUBOAMHEMHOM Tpaneummn

N3 reoMeTpmnyeCcKoro CMbiCjia UHTerpasia njowaib KpMBOJ’IMHGﬁHOVI
n+l

Sip = [flx)dx
1

Tpaneuuu . 3aMeHMM 3Ty NJIoLWaab CYyMMOM Naowanen n

npAMoOYyroJibHMKoB ¢ eaMHN4YHbIMN OCHOBAaHUAMM:

S':f(1)+f(2)+...+f(n), S”:f(2)+f(3)+...+f(n+1),

n n ) n+l n+l n+l
S=Zf(k)=2ak =S, S"=Xf ) =Xar = a;-ay =S, - q
NPUYEM k=l k=l ,a k=2 k=2 k=l .
> <
N3 rpadumka (puc. 1) cnepyert: 5 <S5y <S , T.€.

n+l

Sp> [fX)de> S, - @, ¥n=12,.
1

PaccMoTpuM ABa cayyas.

296



+00

ff(x)dx
1) Nyctb 1! CXOAUTCH, T.€. UMEET KOHEYHbIN Npeaen
n+l o0 n+l 0
lim [f{x)dx = [f(x)dx =4 [ dx < [fx)dx =4
" 1 . Tak KaK ! 1 , TO

(Sp+1 - a1) SOoff(x)dx =4 Sy4 SO}f(x)dx"‘al =Ad+a
1 i

n
NTaK, YaCTUYHbIE CyMMbI psiia orpaHuyeHbl V2 EN, Torga no Teopeme 2

(He06X04MMbIN U JOCTAaTOUHbIN NPU3HAK CXOAUMOCTU PAAA C NOJOXKUTENIbHLIMU

2.a, lim S,,, =S <o

yneHaMmu) pag 7=l cxoauTcs, 3HAYUT, CYLLLECTBYET > ©

+00 n+l

[#x)dx 1) dx

2) MycTb uHTErpan | pacxogmtca, T.e. | HeorpaHMYeHHO BO3pacTaeT

n+l
S, > [f(x)dx

npu 7 7 P Torpa n3 HepaBeHCTBa 1 cnejfyeT, uyto

S

— 0
nocsienoBaTte/ibHOCTb [Snl HeorpaHM4YeHHO BO3pacTaeT: 7 , T.€. pAa4,

pacxoautca. TeopemMa goOKa3aHa.

3ameyaHue 1. TeopemMa OCTa€TCa BEPHOM U TOraa, Korga e€ ycnoBus BbINOAHAOTCS

He /19 BCEX YIEHOB PsAa, a MLLb HaumHas ¢ k-ro (7 =k), B TakoM cayuae

+}of(x)clx

paccMaTpuBaeTcs UHTerpan k
3ameyaHue 2. IHTerpanbHbIv NpusHak Kolum cyulectBeHHo obnervyaer

nccaefoBaHMe CXOAUMOCTU Psia, TaK KaK MO3BOJISIET CBECTM 3TOT BOMNPOC K
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BbIACHEHUIO CXOOAUMOCTU NHTErpPaaa OoT yaav4Ho HOﬂ,O6paHHOVI COOTBETCTBYI-OLLI,el‘/JI
CIJYHKLI,MM f(x), YTO J1IErKO BbINMOJIHAETCA, NPUMEHAA METOAbl MHTEIPaJibHOIo

ncHncneHmsA.

Jlekuus 2. [Ipu3Haku CXOOUMOCTH PSAZIOB C MOJIOKUTEIbHBIMU YICHAMMU:

IPU3HAKK CpaBHEHUsI, mpu3HaK JlanamOepa, paauKkanbHbIi mpu3Hak Ko

2.1. Psaapl upuxiie u X CXOAMMOCTh, TAPMOHHYECKUN PSIJT

S :
. n?
Onpeoenenue 1. YucnoBoii psia Bujga #=1 Ha3bIBaeTCA psaoom upuxie ¢

yl

=1 nonywaem psn = " KOTOPBIN

nokasaresuem p, P €R. 3amernwm, uro pu P

HAa3bIBACTCS 2APMOHUHUECKUM.

o |

=] np

Mpumep 1. ccnepoatb psag, Aupuxne n Ha CXOAMMOCTb B 3aBMCMMOCTHU OT p.

iw 1
P
PelueHue. 1) B cnyyae, ecam P =0 ynenbl paga 7= " o6pasytoT Hey6bIBaOLLYHO

nocneaoBaTe/IbHOCTb, a CaM PAJ, PacxoauTcs No HEO6X0AMMOMY NMPU3HAKY

lim a, #0
CXOANUMOCTWN (n— =

r=>0 Ana nccanegoBaHma CXognuMocCcTu paga UCnoJibdyem

2) B chyuae

1
f(x) = X >1
MHTerpaabHbIn NpusHak Kowun. Beegém dyHKUMIO x? , KoTopas
Y0BJETBOPSET BCEM YC/IOBMAM TeopeMsbl Kol (Teopema 3, nekumsa 1, pasg,. 1.5):

npu p= OOHa HenpepbiBHA, MONOXUTEJIbHa N MOHOTOHHO Y6bIBaE‘T,
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—dx

| ol
S (n) :n_” =a,, n =1 f »

. BbIYMC/IMM HECOBCTBEHHbIN UHTerpan 1~

B ABYXC/lyHasix
a) 0<p<1 ) P>l 1e korga 7 #I:

n

[ Pdx=lim fx"Pdx = lim al
1 1

n— o0

-p+1 n n-p+1 1 nl'p 1
=lim -—— =1
n— o= p+11 n—o ol = p+1 1- p

I-p
~-Ecm O<p<1 1-p>0 1o n "= 0 ppy 1= 0 1orp3

n P 1

o0

fx' Pdx = lim
n—oll-p p-1 o

1 , CleloBaTe/IbHO, HECOBCTBEHHbIN MHTErpan

PacxoAmuTCs U PacXoAMTCsl UCXOAHbIN psf,.

I-p
~Ecom P>1 1- p<0 1on —’Onpm n— % rtorpa

= <0

fx'pdx:lim ! + ! !
1 n— oo np-l(l-p) p-l p-l

, CnefoBaTesibHO, HECOOCTBEHHbIN
MHTErpaa CXoAuTCs U CXOAUTCSA UCXOAHbIN pA.

y!

3) B cayyae 2 =1 umeem rapmoHuyeckuii psag n= n , AJ19 KOTOpPOro

TakKXXe NnpuMeHnM MHTeraﬂbelﬁ npu3sHak Kowuu, 1.e. pacCCMOTPUM MHTErpan

’— = lim Jd = lim
X

i n—>oo1 X n— oo

In ‘x“f

=lim(nz- In1) = lim Inn =

n— oo n— oo

, CleloBaTe/bHO,
HEeCOOCTBEHHbIN MHTErPan PacXxoAuTCs, a 3HA4YUT, FTAPMOHUNYECKUIN PAAPACXOAUTCS.

i' 1
. = n? p>1 p =1
BbiBoa: pag Oupuxne » cxoauTcs, ecam , U pacxoamuTcsa, ecau .
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2.2. [Ipu3HAaKHU CPAaBHEHHSI PSAI0B C IIOJI0KHUTEILbHBIMH
YjIeHaMH

PaccMOTpuM HeKOoTopble MPU3HaKK, YCTaHaBAMBaKOLWME CXO4UMOCTb UAN
pPacxoanMoOCTb pAaO0B C NMONOXKUTEJIbHbIMU YNEHaAMU I'IYTéM CpaBHEHUNA NX CpAOaMN,

CXOAMNMMOCTb UJIN PaCXoaNMOCTb KOTOPbIX U3BECTHA.

Teopema 1 (I npusznak cpagnenus paooe ¢ noaoxcumenvHvimu yienamu). Ilycrs

o0 o0
2a, b,
JaHbI 2 psifia C MOJOKUTEIIbHBIMY YJIeHaMH 7= u n=l

Ecnu, HauMHas ¢ HeKOTOporo HoMepa N, s Bcex 2 =N BrinmonHsAeTcs HepaBeHCTBO
a. <b
n —"n_torma
o0 o0
Db, D a,

1) u3 cxonumocTtu paga =l cieayer cCXOAUMOCTb psiaa »= |

e8] o0
2.a, 2.b,
2) U3 pacXOJIUMOCTH psAsia = cieayeT pacxoJAUMOCTh psiaa 7=l

JokaszamesbcmBo. Ha OCHOBaHUU TOro, YTO 0T6paCbIBaHMe KOHEYHOIo 4Yncia

ynieHoB (cBoicTBO 1, nekumsa 1, pasg,. 1.3) He BAUSAET Ha CXOAUMOCTb U/IU

<b

a, =
pPacxoanMoCTb pAaaa, MOXXHO CHUTATb, HE HapyLlad O6LLI,HOCTM, yTo ycsioBue 1 h

oo
Zak
BbINoOJIHEHO ans Beex 7 =1, Myctb An - YyacTM4YyHas cyMMa paga k=1 | a B” -
o0
2. b
yacTnyHas cyMmma psga k=1 . o ychosuio

4, =a,+ay +...+a,<bh +b, +..+b, =B,
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2. b,

1) Ecam pag, »=1  cxoauTcs, TO NocaefoBaTeIbHOCTb

5

nl orpaHuueHa

[ 4]
lAnJ )

CBeEpPXY, a 3HAYUT, OrpaHNY€EHa CBEPXY U NOCN1IEA0BATE/IbHOCTb

CnepoBatenbHoO, nNo Teopeme 2 (nekums 1, pasa. 1.4) o He06xo0AUMOM U

o0
2.a,

AOCTaTO4YHOM YyCJ10BUN CXOOUMOCTU pAda C NMOJIOKUTE/IbHbIMU YNEHaMU pAL, n=

| A }
CXOOUTCA, TaK KaK CyLLECTBYET KOHEYHbIN npeagen nocsiegoBaresibHOCTU [ .

o0
Z a, 4 t
2) Ecam pap n=l pacxoamTca, To NocaenoBaTelbHOCTb (0] e orpaHuyeHa,

'B
a 3Ha4UT, He orpaHUYeHa U NocaeaoBaTes/IbHOCTb (Pnl Torpa no Teopeme 2

2.b,

(nekums 1, pasa. 1.4) pap 7=l pacxoautcs. Teopema [oKasaHa.

i‘ ! =1+ 1 + 1 +
Mpumep 2. icchepoBaTb Ha CXOAUMOCTb psag, n=l \/; \/5 \/g .

o0
1
— :bn an
PeLeHue. O603Ha4YMMm \/Z .CpaBHUM pag n=l ¢ rapMOHUYECKUM pPSAAOM
3 =N, b=t =Lz,
LT Mpu 1 =2 Nnon , @ TaK KaK rapMOHMYECKNM psaa,

21
Zﬁ.

pacxoamuTcs, TO PacXoauTcs U pag,

1L
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L

|

I MS

OmBem: psp, » pacxoamTca.

| 1 1 1 1
e+ —+—+...

k
Mpumep 3. icchepoBaTtb Ha CXoAMMOCTb paj, k=1 k2 2 8 24 o4

1 o0
— - =4 Z ak

k "
PewweHue. O603HaumMM k -2 . CpaBHUM paHHbIN pag, k=1 ¢ paaom
1
Zbk = —k—l+l+l+...: 12 =1
g2t 2 4 8 1
reoMeTpmn4ecKom Nporpeccum 2 , KOTOPbIN
1
1 2

CXOO4UnNTCA, TaK KaK 3HaMeHaTeJ1b nporpeccnumn ,TO MepPBbIE YJIEHbI PAAa PaBHbI, a

S 1
o a, <b k 2k
npu k=22 %k =%k 3pauur, psg k=l cxoamuTcsa no | Npu3HaKy cpaBHEHUA.

v |

Omaem: psp, k=1 k2 cxoamTes.
Teopema 2 (npedenbHblii NPUSHAK CPABHEHUA PAO0B C NOTIOHCUMETbHBIMU WICHAMU).

2a, b,

I[aHLI 2 psaia € MOJOXKXUTCIbHBIMHA YJICHAMUA n= u n=l 1 IIYCTb CYHICCTBYCT

. a
lim -2 =C, C #0, C #x©
% n , TOT/Ia OTH JBa psAaa MO0 CXOAATCS, THOO paCXOAATCs

OJHOBPCMCHHO.
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an

C =lim &+
> >0, Vn =
JlokazameibcmBo. TaK Kak Mo YC/I0BUIO a, >0, b, >0, Vn=1,23,... n by

)

#0

T0 cornacHo ceovictey npegena C =0 Mo ycnosuio ,3Hauut, € >0 1o

onpegenenuto npeaena ans scex € >0 cywectByeT okpecTHOCTL (C-& C+e)

Toukm C Takas, uto C - € >0 y cywectByeT Takoe HaTypanbHoe yncno NV,

a
C-e<L<CH+s¢
3aBucaLee oT €, yto ans Bcex =N BbinonHseTCs HePaBEHCTBO n

nin

(C- a)bn <a, <(C+8)bn.

3 b, 3 b,(C+o)

Echm pap =N+l cxoputcs, To cxoguTea n pag, n=N+l (cBOWCTBO 2,

nekumsa 1, paspa. 1.3), oTKyaa no | npMsHaKy cpaBHEHUS pAAoB caeayeT cCXoaMMOoCTb

o0
2

paga "=N+l 13K kak <(c +8)b’1.
0 0
Z bn Z bn (C' 8)
Ecan e pag, n=N+l  pacxoauTcs, TO pacxoamrtcs u pag, "=N+1 , a TaK
o0
a
(C-¢)b, <a 2 an

Kak " To Mo | NpM3HaKy cpaBHEHUA paaoB pag "=N+l  takke

pacxoautcs. Teopema AoKasaHa.

lim %= =¢
n—o b,

3ameyaHue. Ecnun , € =0 yan C =0 10 npeaenbHbIN NPU3HAK He

NPUMEHUM (TeopeMa 2 B 3TUX C/Iy4asx He BepHa).

L

2
Mpumep 4. Viccnefosatb Ha cxoguMocTb psag n= 1+ 3n.
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) ©
—1 =a, an :Z —

2
PeleHue. O603Haunm 7~ +3n . PaccmoTtpum pap n=l n=1 " Tak Kak

2

. a X n
Iim 2 =lim ——— =1 #0 u #©
n— o b n— o n2 + 3n
n , TO 3T1 ABa pAja OAHOBPEMEHHO CXO4ATCA,

|
1712

NZE

- psag Oupuxne c 2 =2>1

nnun pacxopartca (teopema 2). MoCKobKY 7

v |

2
CXOAMTCS, CIE0BATENbHO, UCXOAHbIN pag, n= 7T T 3 toxe cxoamTcs.

v |

2
Omeem: psag, n= "+ 3n cXoAuTCs.

v |

MpumMep 5. cchepoBaTb Ha CXOAUMOCTb psf, =2 Inn .

0 0 1
L:a an:Z—a

n o _ n
PeleHue. 0603Haunm Inn . PaccMoTpuM rapmMoHunyeckuit pag, n= n=

1 1

a. =—>—=

n n
KOTOPbIN pacxoanTcs. Tak Kak Inn n (n>Inn Vn =2), 14 no Teopeme 1

psag, n=2 pacxoauTcs.

v |

OmBem: psg, n=2 Inn pacxoauTcs.
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2.3. IIpu3Hak [Taj1amMm0epa CXOTHUMOCTH PsAI0B C
IIOJIOKUTE/IbHBIMH Y/JIeHaMH

Teopema 3 (npusnax /lanaméepa). Ilycts nan psj ¢ NOJOKUTETLHBIMU YICHAMU
o0

. a
a, (a,>0) lim —2*L =/
n=l , ! CyILIIeCTBYeT KOHeuHbIi npeen "~ * “n
o0
2.a,
1) psan »=l  cxomuTcs, eciau [ < 1,
o0
2.a,
2) psg n=l  pacxomurcs, ecmu [ >1,

3) ecim ! =1, 1o s BEIACHEHMS cXOAMMOCTH psina npu3HaK Janambepa He
IIPUMEHHM.

, TOTJa:

. a
lim —2*L =

llokazamenbcmso. 1) Nyctb npegen "~ * 9n cywecreyet n 0 </ <1

PaccMOTPUM Ymnciio g Takoe, uto £ <4 <1 U3 onpepenenus npesena cnegyer, 4to

Ve=q-1>0 cynjecteyer V() EN, HaumHas c kotoporo 77 =N =N(e)

a
e ]
a

BbIMOJIHAETCA HEPABEHCTBO | "

l-q<%-l<q-l, 2[—q<%<q M<q
n

n . TakuM o6pasom, Vn =N 4, ,T.e.

: . 2
Aye <4 ay Bepém n = N, N+1, N+2,..., Torga N+l Sqay ayw <qay. <q-ay

3 k
AnN+3 <qdy+2<qay AN+ <q Ay

gan (a, >0)

3anuiueM UcxoaHbin psag, 7= B BUAE:

o0
Da,=aj+a,+...+ay +ay, tay.,t...
= . PaccMOTpuM HOBbIN psif,
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o0

k _ 2
ZCZN 'q —aN +an +q aN +...
k=0 . ITOT paj, ecTb ps, reOMEeTPUYECKOM NPOorpeccmm

b

=a o
C N y 0<g <1 yoTopblii cxoguTcs, a 3HAUNUT, CXOAUTCS PAL,

0
DAy Sy + gyt ‘ B
k=0 , TaK KaK An+p <q ay (k _19 29 39) Ha

o0 o0
ZaN+k Zan

OCHOBaHMU TeopeMsbl 1. Psp k=0 MoJly4eH U3 UcxoHoro n=l

o0
2.4,

A1, 0N-1 torpapsp n=l  cxogutes

OT6paCbIBaHI/IeM KOHEYHOro 4ncjia 4ieHoB

e8]
2.4,

(cBoicTBO 1, nekums 1, pasa. 1.3). TakuM 06pas3oMm, UCXoaHbIN paa, »=l  cxoauTcs,

lim o4l =7 1<

ecam "% dn . MepBas yacTb TeOpeMbl JOKa3aHa.

. a

lim —2¢L =7 >1
2) Myctb "~ % 4n . PaccMoTpuM uncio g Takoe, yto [ >9>1 e=l-¢>0 13

y p q
a a a
- S<”l_+1_ I<g [- 8<n—+1<l+8,n—+1>q>1.

onpeneneHus npeaena cneayer: An , n @n

> > o a
Takum obpasom, A1 >dy >0 nnpu 1= © obwmin uneH paga " He CTPEMUTCA K

o0
2 ay
0, T.e. pafg n=l  pacxoAuTcs, TaK Kak He BbINOJHAETCA HEO6X0AMMOE YCI0BUE

cxoamMocTu paga (tTeopema 1, nekums 1, pasg. 1.3). Bropas yactb Teopembl

JOKa3aHa.
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lim Gn+1

3)Ecm [ =1,"7% @n  papeH eMHULLE UAN HE CYLLECTBYET, B 3TOM

ciydae ana BblACHEHUA CXOOAMMOCTU pAda NMPU3HaK ,El,anaM6epa HE NMPUMEHNM.

00

n
n
Mpumep 6. iccnepoBaTtb Ha CXOAUMOCTb paj, n= 2 .
no_, n+l1
LA a,, =
PewueHue. 0603Haunm 2" n, ay >O; HanaémM " 2" . CoctaBuM npepen
. a . m+)2" 1. n+l 1
l:hm"—”:hm¥:—hm =<1

n
noo a, noe 20.2.p 2nooop , T.€. Mo npusHaky Janambepa pag,

cxoamuTes.

00

n

an
Omaem: psap, ne 2 cXoamTCs.

0

n!
S_n
Mpumep 7. ccnepoBaTtb Ha CXOAUMOCTb pag n=l < |
! _(n+1)!
en =a,.a, >0 O e an+1 - n+l
PerueHue. O603Ha4YMM 5 ; HAWOEM 5 . CoctaBuM npepen
. a . (m+D!S" . ol m+1) 5" . n+l
Z:hm”—”:11m(+: 1m¥:hm—:oo>l
n— oo an n— oo 5n+ n! n— oo 5” 5 nl n— o0

T.€. M0 Npu3Haky [lanambepa psaj pacxoamTcs.

o0

o
Omeem: psp, n= S pacxoauTcs.
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2.4. PaguKaabHbIH NPU3HaK KOIIIH CXOMHMOCTH PSITOB
C IIOJIOZKHUTE/ILHLIMH YJIeHaAMH

Teopema 4 (paoukanwvuwtii npuznax Kowu). I1ycTb naH psij C NOJIOXKUATEIbHBIMU

0
Dy @y >0 lim %/a, =l.
wieHamu 7= Y IIyCTh CYIIECTBYET KOHEUHBIN IIPEAEH "~ ® Torna:

1) ecnm ! <1, psan cxomutes,

2) ecim [ > 1 pan pacxomures,

3) ecim ! =1 To ny1s BBIACHEHHS CXOMMMOCTH psAa PaaUKaIbHBIH npu3Hak Komm
HE TIPUMEHUM.

lim %a, =[<1 0 >0
Jlokaszamenbcmao. 1) MycTb cywecTeyer #— ® :TakKak ‘'n =" 10 [ =0,
PaccMOTpuM 4ncao g Takoe, 4YTo I<q<l ys onpegeneHns npegena caeayet, vYto

Ve =¢-1>0 cyniecteyer NV =N()EN, HaumHas ¢ kotoporo V7 =N prinonHsertcs

Jay - 1<q- b1 gasfa, - 1<g-1 gfa, <q a,<q’ Vn =N

HepaBeHCTBO

Pacnuwem ncxogHbin pag,

o0
Ya, =ay+ay+...+ay +ay, +ay., +..
!

CocTaBUM HOBbIN paf,

o0
N+k _ N N+1 N+2
Zq =q +q +q +...
k=0 . (2)
Pag (2) npeactaBnseT coboi psaj reoMeTpruyecKkor nporpeccum

cosHameHaTeneM 9 : 0 =q <1 te. 3107 psag cxoauTtcs, a 3HaumT, pag, (1) cxoautes

no | Npu3HaKy cpaBHeEHMS paaoB (TeopeMa 1 JaHHOM neKkummn).
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lim 2la, =1>1
2) MycTb cyLLecTByeT 7 . HaunHas c Hekotoporo NV =N(E)EN VYn =N |

lim a, #0

nla, >1 = > .
a, >1 @n 1,T.e. n— o0 , TOr4a UCXOHbIN pAAd, PacXoAnTcs rno

Heo6XxoAMMOMY NPU3HaKY CXoauMOCTH (TeopeMa 1, nekums 1, pasa. 1.3).

lim %/a, =I =1
3) Ecan n— o (UK He cylecTBYET), TO A5 BbIACHEHMS CXOAUMMOCTU Psifa

paJuKasbHbIM NpU3HaK Kolwu He npuMeHnM. TeopemMa JOKasaHa.

0

2

Mpumep 8. iccnepoBaTtb Ha CXOAUMMOCTb paj, 7=l

n
2n +1

n
=a,, a, >0
PelieHue. O603Ha4YMM 2n+l . CoctaBuM npepen:
) : 1

[ =lim %a, =lim T«

n— - 2n+l 2 , T.€. N0 paguKanbHOMY NMpu3HaKy Kowwu psag cxogmrtcs.

Sl

OmBem: psap rn= 2n+1 CXoAauTCA.

JNlekymsa 3. 3HaKkouepepywwmecs pagbl. AGCONOTHAA U YC/IOBHaA

CXOAMMOCTb 3HaKOMepPeMEHHbIX pAA0B

3.1. 3Hakouepepyrowmecs pagpbl. NpusHak JlenbHuua

0
n-1 —
Y (-D""a,=a;-ay+ay-ag+...
Onpeodenenue 1. Yncnosoii psin 7= ;

a, >0
rae , HA3bIBACTCSI 3HAKOYEPEOYIOUUMCAPIOOM.
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JI1 yCTaHOBJIEHUS CXOIMMOCTH TaKUX PSAOB CYIIECTBYET JIOCTATOYHBIN

IMPU3HAK CXOJIMMOCTH, Ha3bIBaEMbIN Mpu3HaKoM JIeiOHuIa.

00
Zun
Teopema 1 (npusnax Jleiuonuya). Ilycts unucioBoi psg "= yaoBiaeTBOpsieT

YCIIOBHSIM:

__ -1 o
1) u, =C-D ay> ap >0 , T.€. OTOT PsAJ 3HAKOUEPEAYIOLIUNCS,

2) WJIEHBI 3TOrO psila MOHOTOHHO YOBIBAIOT IO a0COIFOTHOM BEJIMYUHE:

] >[uao| >Jus| > @, >4, 0 =L2,...,
4 a lima, =0
3) oOmmii wieH psga " "crpemurcs k 0, T.e. 17 ®

o0
S, o

Torma psag »=l  cxomuTcs u ero cymma —

Jokazamenbcmpo. 1) CHayana pacCMOTPUM YaCTUYHYHO CYMMY YETHOIO nopsaKa

= =a, - + - + ...+ - o
Sy =Sy =0y~ ay tay - ay Qam-17 9om U 3anuLieM e€ B BUAE:

Som =(ay = ay) +(az = ag) +...+ (a1 - a3) g CUNy YCN0BUS 2) TeopeMsbl 1 Bce

S2m >0

Bblpa*KeHUA B CKOBOKax NOMIOXKUTENbHBI, Torga cymMmma M nocaenoBate/ibHOCTb

{Sszl 0<S2<S4<S6 <...<S2m<...

MOHOTOHHO BO3pPacCTaeT:

Tenepb 3anuMLUEM 3TY CYMMY MHaYe:
Som =ay = (a3 = az)= (a4 - as)= .m (Agpn = Agpyey) - Ay
B nocnegHeM BblpaXKeHUM Kaxk0€e U3 BbIPpaXKEHUN B CKOOKaX MOIOXKMUTENBHO,

Sy <4 MR
noatomy °2m Sl 3 yero cnegyert, uto nocneaosatensHocTb | Onl 1P2m]

310



ABNIAETCA orpaqueHHoﬁ, M TaK KaK OHa MOHOTOHHO BO3pPacCTaeT, TO OHa CXOA4UTCA.

limS, =lim S,, =S
Jpyrumm cnosamm cywjecteyer "= ® m= o0 , TPUYEM

S <a,

2) PaccMOTPUMM YaCTUYHYHO CYMMY HEYETHOrO NopsiaKa

Sn :S2m+1 :SZm

+a
2m+l | KoTOpas NoNOKUTEIbHA. MOXHO MOKa3aTb, YTO

| |
nocaenoBaTeJ/ibHOCTb 1S2m+” MOHOTOHHO BO3pacCTaeT, TaKk KaKk MOHOTOHHO

| |
{Ssz " Aym+1 >0

BO3pacCTaeT nocnenoBaTe/ibHOCTb . 3anuueM BbipaXKeHue g

| | _ - - - - -
Soma B BUJE: Somar =17 (a3 a3) = woeom (dg a2m+1),TaK KaK BCE BbIPaXXeHWS

S <y lim a, =0
B CKOGKaX MOJIOXMTENbHBI, TO ~2m+l =71 Tlo yciosuto 3) TeopeMbl 177 ,

lim a,,,, =0
Torpga m—® , OTKyAa

lim S2m+1 = lim (SZm +a2m+l) = lim S2m + lim A+l =S
m— oo m— o m— oo

m— 0
lim S, =S <a,
WTaK, Npu Bcex N(YETHBIX UM HEYETHBIX), "~ © , ClefloBaTeIbHO,

MCXOAHBIN paf, cxoamTcs. Teopema AoKasaHa.

3ameyaHuel. NMpu3Hak JIenbHMLa MOXHO TaKXKXe MPUMEHSATb K pafaM, ANIKOTOPbIX
YC/I0BUS TEOPEMbI BbIMOJHAIOTCS C HeKoToporo Homepa NV €N.
3ameyaHue?2. Ycnosue 2) TeopeMbl 1(npmsHak JlembHuL,a) 0 MOHOTOHHOCTU Y1EHOB

pPsa CYLECTBEHHO.

o0 (. n-1
Z L =1-
Mpumep 1. iccnepoBaTb Ha CXOAMMOCTb psig =t 7

N |-
+
W | =
A=
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G

=u
PewieHue. O603HauuM 7 " K AAHHOMY psay NPUMeEHUM NpusHak JlenbHuua.

MpoBepuM BbINOJHEHWNE YCN0BUIN TEOPEMBI 1: ycnoBue 1) psaj 3HaKovepeayowmincs

| - I 1 1
a, =, u, =(-1)""a,, a, >0 1>—>—>—>_..
n ;ycnoeue 2) BeinonHeHo: 2 3 4
.1
lim — =0
ycnosume 3) Takke BbINONHEHO: "~ * 71 CliefloBaTeNlbHO, MO NpU3HaKy JleibHuua
S <a, =1

JlaHHbIN P, CXOAUTCS, MPUYEM €ro CyMMa

w (- -1
2D

OmBem: pspn, n=l n cxoamTcsa.

3.2. 3HaKonepeMeHHble psaabl. AGCONMOTHAA U YCJIOBHAA CXOA4UMOCTb.

JlocTaTouHbIN NPU3HAK CXOAMMOCTU 3HaKOMNepeMeHHbIX PAA0B

[00)
2,
Yucnosol pag, #=l |, yneHbl KOTOPOro UMET MPOU3BOJIbHbIE 3HaKM (+), (=),
Ha3bIBaeTCA 3HAKOMNepeMeHHbIM psioM. PacCCMOTPEHHbIE BbilLE

3HaKoYepeayLLMecs psiabl ABASKOTCSA YacTHbIM Cly4aeM 3HAaKOMNEPEMEHHOIO psaa;

NMOHSATHO, YTOHE BCAKNM 3HaKOHepeMeHHbIVI pAaa ABAAETCA 3HaKovepeayrownMcs.

1 1.1 1 1 1
- —-—+—+—-—- —+...

Hanpumep,psg 2 3 4 5 6 7 - 3HAKOMNEPEMEHHbIN, HO He

ABNSOWMINCA 3HAKOYEPEAYOLLMMCS PAAOM.
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OTMETUM, YTO B 3HAKOMEPEMEHHOM PSAe YEHOB KaK CO 3HAKOM (+), TaK 1 €O
3HaKOM (-) 6eCKOHEYHO MHOrO. EC/IM 3TO He BbIMOHAETCS, HAaNPUMEP, PSS COAEPKUT
KOHEYHOE YNC0 OTPULLATESIbHBIX YIEHOB, TO MX MOYKHO OTOPOCUTL U pacCMaTpPUBaTh
psf, COCTAB/IEHHbIN TOIbKO U3 NOJIOXKUTE/IbHbIX Y1EHOB, M HA0OOPOT.

o0
2ty
Onpeodenenue 1. Ecnu uncnoBoil psin »=1  CXOIUTCS U €r0 CyMMa paBHa S,

=5-S

r ,
a yacTU4Hasi CyMMa paBHa S,, TO 7 " Ha3bIBACTCS OCMAMKOM psoa, IPUIEM

limr, =lim(S-§,)=5-5=0
A= © =0 , T.€. OCTaTOK CXOJsIIerocs psiaa crpeMurcs K 0.
PaccMoTpuM cXOoasIuics 3HAKOYEPEAYIOIUICS Psif KaK YaCTHBIN CIIydai

3HAKOIIEPEMEHHOI0 psiia

o0

Zun :Z(_ 1)n-l ay >0 § :Z uy, :Sn +1
n=l

n= ,rme " . 3aIuIIeM ero B BUJE n=l , TOT 1A

| =[S - S, <a,. §-8 _ r—-0

1o npu3Haky Jleiionuna ; TaK KaK " , TO ‘1 , T.C.
OCTaTOK CXOJsIIerocs psaa crpeMurcs K 0.
J11s1 3HaKOTIEPEMEHHBIX PsIZIOB BBOJISATCS MOHITHUSI A0COIFOTHON U yCIOBHOM
CXOIHUMOCTH.
o0
Dy

Onpeodenenue 2. Psan n=1 Ha3bIBACTCS CXOOAUUMCS AOCONIOMHO, €CITA CXOTUTCS

Q0
PAA

P, COCTaBJIEHHBIN U3 a0COMIOTHBIX BEJIMYMH €T0 YJIEHOB 7=
o0 0]
2, [
Onpeoenenue 3. Ecnu unucinoBou psag »=1  cxogutes, a psag "=l | cOCTaBICHHBIN

13 a0COJFOTHBIX BEJIUYHMH €T0 YJICHOB, paCXoauTCsAa, TO UCXOIHBIN pAa Ha3bIBACTCA

ycn08Ho (Heabconommo) cXxo0AUUMCS.
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Teopema 2 (0ocmamounslit RPU3HAK CXOOUMOCHIU 3HAKONEPEMEHHBIX PAOOE).

(e8]
2.,

3HaKonepeMeHHBIN psig #=1  cxonutcsl, npuuéM abCOTIOTHO, €CIIU CXOAUTCS P,

00

n

o0
2ty

Jokazamesnbcmpo. O603Ha4YMM Yyepes S 1 4aCTUYHYIO CyMMy psiga 7=l

0
2|

- o
Sp =up +uy Yuz+..+u, gyepes ! - YaCTUYHYIO CyMMY psga n=l

[+l +us [+ +‘u”‘ O603Ha4YMM Yepes S CYMMY BCEX MOJIOKMUTEIbHbIX

g’

Y/IEHOB, a Yepe3 "~ CyMMY abCOKOTHbIX BEJIMYUH BCEX OTPULLATE/IbHbIX YJIEHOB,

S, =S -8, 6,=S +S

BXOSLMX B Sﬂ. OueBUAHO, YTO

0
u .
Z‘ n‘ lim 6, =c
Mo ycnoBuio TeopeMmel pAang n=l cxoguTcAd, Torga CylecTByeT 7#— , N TAK KaK
=S, +S

o
nocnenoBaTeNlbHOCTbL n~ "N — MOHOTOHHO BO3pacTaKLaa n

S, <o, §, <c

0, <0
HeoTpuuaTenbHasa, To . OyeBMNaHO, 4TO , TOoraa

SIS

n l ”J ABNAOTCA MOHOTOHHO BO3pacTalOlLlMMN U

nocnenoBaTesIbHOCTU
limS' =§" lim S, =S~
OrpaHUYeHHbIMU, NpUYEM UX Npeaesbl PaBHbl 7 nn—o . Torpa

lim S, =lim(S, - $/)=lim S, - lim S =$'- §" =S

n— oo n— oo n— 0 . 3Ha4YUT, UCXOAHbIN
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o0
Dty
3HaKOMNEpPEMEHHbIN paa, 7=l cxoauTcsa U cxoauTcs abcostoTHO. Teopema

JlOKa3aHa.

3ameyaHue. TeopeMa 2 AaET TONIbKO AOCTAaTOYHOE YC/I0BME CXOAMMOCTH

3HaKonepeMeHHbIX psaoB. O6paTHas TeopeMa HeBepHa, T.e. eCn

o0
2ty

3HaKoMNepeMEeHHbIN pag, 7=l cxoauTtcs, TO He 065a3aTeNbHO, YTO CXOAMTCA pAaa,

0
2|t

COCTaBJIEHHbIN U3 Moaynen n= (OH MOXeT 6bITb KaK CXOAALLMMCS, TaK U

o 1yh-1

1- l+l_ l+ :Z&
2 3 4 ~ N

paCXOﬂ,ﬂLLI,MMCFI). HarlpMMep, pAag 1 cXo4uTcA rno

npu3Haky JleinbHuua (cM. npumep 1 JaHHON NeKumMn), a paa, COCTaBNEHHbIN U3

yl

abCO/IIOTHBIX BE/IMYUH €r0 YNeHOoB, 1= n (rapMOHMYECKUI pAj) pacxoamTcs.

n.

0 (- l)n 9"
2

Mpumep 2. iccnepoBath Ha YC/IOBHYHO M aBCOMOTHYHO CXOAUMOCTb ps, =1

PelueHue. [laHHbIN psg, ABASETCA 3HAKONEPEMEHHbIM, 06LLIUIA Y1EH KOTOPOro

o0 o0 n
n n
! —Un _ n!
0603HaYMM: n . CocTaBMM psAf, U3 abCoONMOTHBIX BEIMYMH 7= n=a "y
. a n
lim n+l a, :9_
NPUMEHUM K HeMy Npu3Hak [lanambepa. CoctaBuM npegen "~ %n  rpe nl
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9n+1

T

(n+D! Nposegs npeobpasosaHus, nosyyaem

n+l nQ .
lim 4t = i 2 i 2 2 2 o

o,  noo(p+])19" noeopl(n+l) 9" noon+l . Takum obpaszom, psg

Sl =25

CXOAMNTCA, a 3HAYUT, UCXOAHbIN 3HAKONEPEMEHHbIN P, CXOANTCS

abcontoTHO.

Z( D" 9"

Omaem: psapg, n=1 n! abCcoIloTHO cxoamTCS.

oo(_l)n \/;
Z n+l1

Mpumep 3. ViccnepoBatb Ha aBCOOTHYIO M YC/IOBHYHO CXOAMMOCTb psag, 7=

PelueHue. A) Viccnepyem psaj Ha abCcoNloTHYIO cXoAnMMOCTb. OBO3HaYUM

D" A _ a, =lu,| = Jn

n+l " 1 coctaBuM psif, U3 abCOIOTHBIX BEIMYUH n+l,

b \—Z—

Monyyaem psipg, n=1 C MOJIOXKUTENBbHBIMU YIEHAMU, K KOTOPOMY

NPUMeEHsEM NpeaenbHbIN NPU3HAK CPaBHEHUSA pAAOoB (TeopeMa 2, nekums 2, pasa,

So, =30

2.2). Onsa cpaBHEHUS € pagoM n=l RS PacCMOTPUM psifl, KOTOPbIA UMeeT

ib Z\/— p:l<1

Bupa, n=l . ITOT paf aBnserca paaom [inpuxne c nokasartenem 2 ,

T.€. OH pacxoamTcs. COCTaBUM U BbIYUCMMCIEAYIOLLNIA Npeaen
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. a .
lim - = lim

n—>oobn n—owo n+l n—>ool I
n , TaK Kak npeaen cywectsyet, He paBeH O 1 He
0 0
2a, Xb,
paBeH oo, TO 06a paaa 7= nn BeayT cebs oaMHaKkoBO. TakuM obpa3om, psj,

00 o0 \/;
Y=Y L
n=l n=l PacXoAUuTCH, a 3HAYMUT, UCXOAHbIN paa, He aBaseTcs abCcoNoTHO

cXoAALMMCS.

5" n

n+l

B) Nanee nccnenyem ncxoaHbii pag, n=l Ha YCNOBHYI CXOAUMOCTb. [1n14

3TOro NPOBEPUM BbINOJIHEHME YCNOBUIA NpU3HaKa JlenbHuua (teopema 1, pasg. 3.1).

Jn

u, =(-1)" -a @n = >0 y
Ycnosue 1): “n n, rpe n+l , T.€. 3TOT pAaf, 3HaKo4vepeayoLwmnncs.

Jlns npoBepKuU ycaoBMS 2) 0 MOHOTOHHOM YObIBaHUM YJIEHOB PsAA UCMOJIb3YEM

Jx

S(x) =
cnepyrowmmn metoa. PaccMoTprM BCnoMoraTtesibHyo GYyHKLMIO x+1,
x €[0;+ o) X=n

onpeaeneHHyto npu (byHKUMA TaKoBa, YTO NMpwU nMeemM

n
Sf(n) = =a, . oo

n+1 ). Ana nccnepoBaHus 3Ton GyHKLMM Ha MOHOTOHHOCTbHANAEM eé

+1
x+1 Jx
Fg=2h o 1o
2 2 ’
NPOU3BOAHYIO: (x+1) 2\/;(x +1) . Ta Nnpon3BoaHas f (x) < 0r|p14
_x

x >1, CnepoBatenbHO, GyHKLUMS X +1 MOHOTOHHO y6bIBaeT NP YKa3aHHbIX
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() :@1 =a, > f(n+1) =d,,,

3HaueHusx x. Monaras X =n<n+1 ponyyaem n ,
n=1,234,..
roe . OTO 03HA4aeT, YTOyC/0BUE 2) BbINOJIHEHO. 115 NPOBEPKU
) ) n ) 1
lima, =lim — =lim ————— =0
n— oo n—on+l n—ow
n+-——
ycsioBMs 3) HaxoaMM npeaenobulero yneHa %»: n

, T.€. TPETbE YCNOBUE BbINONHAETCSA. TaKMM 06pasoM, A1 UCXOHOro psaa

BbINOJIHEHbI BCE YCNOBUS NpU3HaKa JIeMbHuua, T.e. OH CXOAUTCS.

1" n
Z n+1l

OmBsem: pap, n=l YC/IOBHO CXOAUTCS.

3.3. CBoucTBa abCONOTHO U YC/IOBHO CXOAALLUXCA PAAOB

o0
2,
Ceoiicmeo 1. Ecnu psig n=1 abCOJIFOTHO CXOUTCSI, TO OH a0COJIFOTHO CXOAUTCSI TIPU

0001 MepecTaHOBKE €T0 YJICHOB, MPU A’TOM CyMMa psifia He 3aBUCUT OT TOPSIKa

pacnosoxenus 4ieHoB. Eciu S — cyMMa BceX ero MoJIoKUTEIbHBIX UleHOB, a5 —
o0
2ty
CyMMa BceX aOCOIIOTHBIX BEIMUYMH OTPUIIATENILHBIX YIEHOB, TO CyMMa psja n=l
pasua S =5 - S,

2., 2.Cu,

Ceoiicmeo 2. Ecnu psig n= abcomotao cxomures u C =const 1o psy 7=l

TaK)ke a0COJIFOTHO CXOOUTCA.
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o0 o0
2ty v

Ceoiicmeo 3. Ecnv psiipl =1 m n=l  aBCONIOTHO CXOMASTCS, TO PSIIBI

o0
2 (u, +v,)
n=l TaKke a0COIFOTHO CXOSATCA.
Ceoiicmeo 4(meopema Pumana). Ecnv psasi yCIOBHO CXOJUTCS, TO KaKO€ ObI MBI HE

B3sUIH YUCIIO A, MOKHO TIEPECTABUTH YJIEHBI IAHHOTO Psijia TaK, YTOOBI €ro cymma
OKazajach B TOYHOCTH PaBHOU A; O0Jiee TOro, MOXKHO Tak
MEPECTABUTH WICHBI YCIOBHO CXOJSIIETOCS PSAJia, YTOOBI ITOCIIE TOTO OH

pacxoauICs.

Jlekuus 4. @yHkunoHaabHbIe psaAbl. CTeneHHblie paabl. DopmyJia
Tennopa

4.1. DyHKUMOHAJbHBbIE PA/IbI: OCHOBHbIE MOHATHS, 00J1aCTh CXOAUMOCTH
Onpeoenenue 1. Psn, 4neHbl KOTOPOTO SIBISIOTCA PYHKIUSMH OJHOU HIIH
HECKOJIbKHX HE3aBUCUMBIX IEPEMEHHBIX, ONPEACIEHHBIMA HA HEKOTOPOM

MHOECTBE, Ha3bIBACTCIPDYHKYUOHAIbHBIM PAOOM.

iun(x) =uy(X) +uy (x) +us(x) +...

PaccmoTpuM QyHKIMOHANBHBIN psj =l ,

YJICHBI KOTOPOTO SIBIISIIOTCS (PYHKIIUSMU OJHON HE3aBUCUMOM niepeMeHHoi x. CymMmma

§,(x) =1 (x) + 13 (X) + .t 1, (1)

INEPBLIX 71 YICHOB psAda SIBJISICTCSl YaCTUYHOU

CYMMOM JaHHOTO ()yHKLHMOHAIBHOrO pana. OOmumii yieH 1, (%) ecTh QyHKLHUA OT X,

ornpeaenéHHas B HEKOTOpoil obmactu. PaccMoTpuM pyHKIIMOHATBHBIN PSA B TOUKE

Zun (XO)

=%, Bcrm COOTBETCTBYIOIIMN YUCIOBOM psif 7= CXOJIUTCS, T.€. CYLIECTBYET
lim S, () =S(x0) g5 )<
npenen YaCTUYHBIX CyMM 3TOro psiaa’’— @ (roe 0 — CyMMa
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X .
YHCIIOBOTO Psifia), TO TOUYKa ~ ) HAa3BIBAETCSI MOUKOU CX00UMOcnu (HyHKIHOHATBHOTO

i‘un (x) iun (XO)

— " — X
psna n=l . Eciin uncnoson psag =1 pacxoauTcs, To Touka ~ ) Ha3pIBaeTCs

mouxou pacxooumocmu PyHKIIMOHATILHOTO PsJIa.

3, (x)

Onpeoenenue 2. Obnacmoio cxooumocmu GyHKIUOHATHHOTO psiga 7=
HA3bIBACTCSI MHOXKECTBO BCEX TaKMX 3HAYCHHI X, TIPU KOTOPBIX (PYHKIIMOHATHHBIN

psan cxonutcs. O6JIaCTh CXOAMMOCTH, COCTOSIIASL U3 BCEX TOUEK CXOJUMOCTH,
o6oznayaercs P(X) | Ormernm, uro P(X) R,
OYHKIMOHAJIBHBINA PSAJT CXOAUTCS B 00JIaCTH D(x), eciu s moboro X € P(X) oy

CXOJUTCS KaK YUCIIOBOU PsJl, IPU STOM €T0 CymMma OyAeT HEKOTOPOU (PyHKITueH S(x)
8,(x)
. DTO TaK Ha3bIBaeMas npedeibHas QyHKYus OCIeI0BATSIIBHOCTH | 7 :
lim S, (x) =S(x)
n— o0 .
Kak HaxoauTb 061acTb CXo0A4MMOCTU GYHKLMOHANBHOIO psaaa D(x)? MoxkHo

3, (x)

MCMO/1Ib30BaTb NMPU3HaK, aHaJI0rMYHbIN NpusHaky Manambepa. Ons paga n=

u, . (x
COCTaBNsIEM w1 (X) N paccMaTpuBaeM npeaen npmu GUKCUPOBaAHHOM X:

im
n—o| U, (x

Uy 41 (X) :V(x)‘

<
. Torpa P(¥) aBnsetcs pelueHnemM HepaBeHCTBa i) <1 "

[(x) =1 .
pelleHneM ypaBHeHUS ‘ ( )‘ (6epéM TOJIbKO Te peLleHUs YpaBHEHUS, B

KOTOPbIX COOTBETCTBYHKOLWLMNE HNCJTIOBbIE PAAbI CXO,EI,FITCFI).

3

Mpumep 1. Hanntn obnactb cxogumoctu psga 7=l n
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n n+l

X X
U, (x) =— U, (x) =
PelieHue. O603Ha4YMM n n+1, CoctaBMM U1 BbIMMCANUM Npeaen

xn+l ‘I
=liml———— :‘x‘
n—owl u,(x) | n=ox” (n+1)

lim Up+ (x)

, Toraa ob61acTb CXOAMMOCTHM psifia onpeaensercs

‘x‘ <L xe(-LD) N ypaBHEHNEM ‘x‘ _1. NccnepyemM gononHUTENbHO

HepaBeHCTBOM

CXOAMNMMOCTb UCXOOHOIO pAaa B TOYKaX, ABAAKWNMUCA KOPHAMU YPAaBHEHUA:

|
u (1) =L D~
a) ecim X =1, " | To nonyyaeTcs pacxoaswmiics pag n=
0 n
u,(-1) _(D" Z(- )
6)ecm x =-1 " n 1o pap n= n CXoAmnTCA YCN0BHO (Nno

npu3Haky JlenbHuua, npumep 1, nekums 3, pasa. 3.1).

n
< X

TakuM 06paszom, obnactbexogumoctu P(¥) pana n= " pymeersug:- 1 <x <1,

4.2. CTenieHHbIE PSIIbl: OCHOBHBIE MIOHATHSI, TeopeMa AOest
PaccMOTPUM YacTHbIN cay4vait GyHKLMOHANABHOMO pAja, Tak Ha3biBaeMbIi

5, (x)

— _ n
cmeneHHou pagn= ,roe Un (x) =a,(x- xy)"

Onpeoenenue 3. Cmenennvim psioom Ha3bIBaeTCsl QyHKIMOHAIBHBIA P BUAA

o0
g +ay(x- xp)*a,(x- xp)* +...+a,(x- xp)" +... =Da,(x- xp)"
n=0

5

ay, dy, dy, ...

riae — IIOCTOSTHHBIC YHCJIa, Ha3bIBaeMbIe K03 duyuenmamu psoa.
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CreneHHOM paj ecTb «6eCKOHEYHbINM MHOIO4JIEH», PACMOI0XEHHbIN NO

o0
(5 %0) 060 sonn 2
BO3pacTaloWMM CTEMEHAM 0/, Moboin umncnosom pag »=1  asnaerca

- =1
YaCTHbIM C/ly4aeM CTENEHHOro psiaa npu X X =1,

. . xy =0
PaccMOTPUM YacTHbIV CayYait cTeneHHoro paaa npy ~0 ~

o0
no_ 2 n
Ya,x" =ay+tax+ayx” +..+a,x" + .
n=0 . BbIICHWMM, KaKolt BUA, uMeeT

061aCTb CXOAUMOCTU AaHHoro psaga D),
o0
2 a,x"
Teopema 1 (meopema Abens). 1) Ecnu crenennoi psajg #=0 CXOJIUTCS B TOUKE

x =a (o #0)

, TO OH a0COJIFOTHO CXOUTCA IIPU BCAKOM X, AJIAA KOTOPOIo CIIpaBCIJIMBO

HEPaBEHCTBO ‘x‘ < ‘a‘ :

2) Ecnu ke cTeneHHoM psiji pacXoAUTCs IPU p , TO OH PACXOJUTCS IIPU BCSIKOM X,

X >[p
IUIs1 KOTOPOIO .
Hoxazamenvcmeo. 1) Io ycloBUIO CTENEHHOM sl cX0AUTCs B Touke ¥ —0
T. €.CXOAUTCS YUCIIOBOM P

0
Ya,0" =ag +aj0+aya’ +..+a,0" +...
n=0 (1)
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Y TI0 HEOOXOIUMOMY MPU3HAKY CXOJMMOCTH €ro 00U WieH cTpeMutcs Kk 0, T.e.

lim (a,0") =0
1= 0 . CriefioBatenpHO, cymectyer Takoe uncio M >0, gro Bce wiens!

‘ana” <M, (¥n=0,1,2,3,..)

pAaaa orpaHu4CHbI OTUM YHUCJIIOM:

x| <|x
PaccMoTpuM Tenepb Ntoboe X, A1 KOTOPOro ‘ ‘ ‘ 0‘, N COCTaBMM psj, U3

n
a,x"|+...

3o, | =] #laa| a4
abCoIIOTHBLIX BEIMYNH: n=0

3anuLueM 3TOT psA, B APYroM BuAe: Tak kak® 70 1o

o0
X
Z‘anx”‘ :‘a0‘+‘a1a‘ R +‘a2(12‘ 2+ anan I
n=0 a o a (2)
‘ana" <M, n=0,1,2,3,...
N3 HepaBeHCTBa noay4yaem
‘aO‘SM, ala‘ <M, azaz‘gM,
, T.e. pag
00 x n X X 2 B n
DM =| =M+M {~{+M {~ +..+M {~ +..
n=0 a a o o (3)

COCTOUT M3 YJIEHOB, KOTOPble 6OJIbLLE COOTBETCTBYHOLUX Y1EeHOB psaa (2). Pag,

n

o0
X
M|~
n=0 %) npepnctaBnsieT co60i CXOAALMIACS PSS, FEOMETPUYECKON NPOrPeccum co
X
7=, .l <1 I <ol
3HaMeHaTenem , MTPUYEM , TaK KaK . CnepoBaTtesnibHO, pag, (2)
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o0
n
Sax

x| <|ot o
‘ ‘ ‘ ‘.TaKMM obpas3oM, cteneHHomn papa, n=0 abCco/IIOTHO

cXoAnTCS Npwu
cxoamuTes.

0
n
2 ayx _

2) NycTb psag, n=0 pacxoauTcs npu B MHbIMU CIOBaMMU,

o0
n
2 a,p
pacxoauTcs ymcaosom pag, . [lokaxxeM, 4yto Ana nboro x (\x\ g ‘B‘) paj

pacxoauTcs. JJokasaTesibcTBO BeAETCS OT NPOTUBHOTO. MycTb NpM HEKOTOPOM

X (x| <l

>
(I)VIKCVIpOBaHHOM ‘B‘) pAan cxoauTcad, Torga oH CXogumTtca npum BCcex

(cM. nepByo YacTb JaHHOM TEOPEMBI), B YaCTHOCTU, NMPU B YTO NPOTUBOPEUMUT

ycnoBsuio 2) Teopemsbl 1. TeopeMa goKasaHa.

Cnedcmeue. Teopema AGerst TO3BOJISET CYJUTh O PACTIOJIOKEHUHN TOYKH CXOIUMOCTH

creneHHoro psana. Eciu Touka ¥ =0 70 gpnigercs Toukoif CXOAMMOCTH CTEIIEHHOTO

- [al:[of y
paga, TO HHTCPBAJI ( ‘ > ) 3aII0JIHEH TOYKaMH CXOJUMOCTH, €CJIN TOUKOHU

PacxoauMOCTHU ABJISICTCA TOYKA _B , TO

-003- |B)), (|B,
OEeCKOHEUHbIE UHTEPBAJIbI (-003= B, (B}, ) 3ar10JIHEHBI TOYKaMH PacXO0JJUMOCTH
(puc. 1).
PACKOOHTCA : Pan czopguTca ' pacEogHTCA
1 1 1 1 1 L
-8l —la| 0 le| |81 x

Puc. 1. IHTepBa/ibl CXOAMMOCTU U PaCcCXOAUMOCTU paja
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MOXXHO NoKasaTb, YTO CYLLLECTBYEeT TaKoe YUC/0 R>0 , UTO NPUN BCEX

00
2 a,x"

X|[<R (-R<x<R) N =
CTeneHHo pag, aBCOMIIOTHO CXOAMUTCS, @ NPU

‘x‘>R

pacxoauTcs. byaem cuntatb, YTO €cnm psj, cXoamTcst TONIbKO B 0A4HOM Touke 0, To

R =0 3 ecnu psig cxogutest npu Beex X €(-0,%%) 10 R =0,

0
n
2 a,x

Onpeodenenue 4. Humepeanom cxooumocmu CTEIEHHOTO psiga 7=0 HA3bIBACTCS

x€(-R, R)

TaKoM HHTCPBAJI ( ’ ) , UTO IIpH BCCX OTOT pAd CXOOAUTCA U ITPUTOM

a6COJII-OTHO, d I BCCX X, JICKAIIUX BHC 3TOI'O HHTCPBAJIA, PAA PACXOIUTCA. Yucno

R HazpIBaeTcs paduycom cxooumocmuy CTEIIEHHOTO psija.

-R, R
3ameyaHue. Ha KoHLax MHTepBana (- R, R) BOMPOC O CXOAMMOCTU U/IU

PacxoanMMOCTUN CTEMEHHOIO pAAa peaeTca OoTAE/IbHO A1 KaXXA,0ro KOHKpeETHOIro

paaa.

MNMokakeM ogmMH 13 cnocobos onpeaeneHns MHTepBana 1 pagmyca cxogmMmocTm

CTENeHHoro psaa.

o0
n
Sax n

PaccMOTPUM CTeNeHHOM psig, n=0 1 0603Haunm 4n Y Tl

CocTaBUM psf, U3 abCOJIIOTHBIX BEJIMYMH €ro Y/IEHOB:

n
a,x"|+..

=|ay| +|a,x] +‘a2x2‘ +..+

o0 o0

2 | =X la, x"
n=0 n=0
M NPUMEHUM K HEMY Npu3HaK Janambepa.

[MycTb cywiecTByer
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n+l
u X . a
lim [22#L] = [im [SotY | = fiy | [l |x| —|x| Nim [Z2tL = |x|
n—oo| U, n— o0 anxn n—o|| a, n—ow| d,
?
roe
[ = lim Lo+l , 1 #0
n— oo a
[ x| <1 [ {x/>1
Mo npu3Haky Janambepa psajg cxogmntcs, ecCam , U pacxoamuTcs, ecan .
1 11
‘x‘ <- - ;,7
Otcroga psag cxoguTcsa npu [ , TOoraa HTepBaa CXxoa4uMOCTH: . Mpn

‘x‘>l lim ;HI >1

Z n— oo
pa4 pacxogmTtcs, Tak Kak n

1
!

Ncnonb3ys o6o3HayYeHne , MOJly4nM popMyny Aast onpepeneHns pagmyca

CXO4OMUMOCTHU CTENMEHHOIO paaa:

lim %ot =1
n— o an R

a, a
roe M Ol - vosadduuUMeHTbI cTeneHHoro psaa.

hm Dn+l =/ =0

EC/v OKaXeTcs, uTo npeaen n , To nonaraem R =00,

[ns onpeaeneHns MHTepBana U pagmyca CXxoAMMOCTM CTEMEHHOIO pAJa TaKxXe

MOXXHO MCMNO/Ib30BaTb paJuKaabHbIN NpU3HaK Kowu, pagmnyc cXoammMocTm psajga

. 1
lim 7 ‘an‘ =
onpepensercs U3 COOTHOLIEHUA "~ ® R
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OnpepgeneHue 5. O6061LleHHbIMCMeneHHbIM PSAOM Ha3bIBaETCS s, BUAA

o0
Zan(x_ xO)n
n=0

. Ero Tak)ke Ha3sbIBaloT pPsiA0M MO CTEMNEHSM (x- xO).

- +
[lns Takoro psja MHTepBaa CXOAMMOCTU UMEET BUA,: (%0 = R,xg R), roe R =0 -

pagnyc CXOAUMOCTMU.

MoKakeM, KaK HaxoAmMTCs pajmyc CXOAMMOCTU Aas 0606LEHHOrO

cTeneHHoro paja.

n+l
un+1 |

u,

an+1
a,

lim

n— oo

. |ayg(x-x :
= lim e ) =|x- x| -lim

=|x- xo| /<1
"—’00‘ a,(x- xy)" ‘ 1= 00

’

1 . |a
— =/ =lim -2
‘x- x0‘<R - a,
T.€. , e

Ecam ! =0, 10 R =0, 1 06nactb CXO4MMOCTU D(x) :R; echm | =0 10 R =0y

— |
ob61acTb CXO04MMOCTH D(x) =1%o,
i- (x+1)"
n
Mpumep 2. Haiitn obnacTb cxogumocTn paga n=1 7 S
w =u (x)
PeweHue. O603Hauum 7 *5 . CoctaBuM npepen
.U, (X) . ‘x +1‘n+1 5" ' n ‘x +1‘
lim 24 = =[x +1| -lim =
ne| , (x) | o (gal) 5 x+1)" noeS5(n+l) 5
‘x + 1‘

<1 x+1<5

PewaeM HepaBeHCTBO: 5 , CQ1IeoBaTeJ/IbHO, UHTEPBAJl
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cxoamMmocTu umeet Bua: ~ 0 <X <4 npuyém R = 5. [loNoAHUTENBHO UCCesyeM

KOHLUbI MHTEPBaJla CXOANMOCTU:

1 v |
_ u, (4) —— Z ; .
a) x =4, 1, nony4aem pag n=l " | KOTOpbIN pacxoauTCs;
0 n
- 1" (-1
_ u,(-6) _CD Z n §
6) X =-6, n  nony4yaem pag n=l , KOTOpbIN CXOAMTCS

yCNoBHO. TaknM 06pa3oM, 061acTb CXOAUMOCTH: - 6;4), R =5,

OmBem: 061acTb CXOANMOCTHU [- 6’4) .

o0

Z (nx)n — 00

n
Mpumep 3. Psp n=1 pacxoautcs ans Bcex * 70 tak Kak (nx) npu
n— 0 pannyc cxogumoctn R =0,

OOxn
2~

lMpumep 4. Pap, n= n: cxoamTea npu eecex X ER, paaunyc cxogumoctn R =,

4.3. CBOMCTBA CTENIEHHLIX PSITOB

o0
Ya,x"

PaccMoTpum cteneHHom psag, n=0 , Y KOTOpPOro MHTepBas CXoAUMOCTH

(- R;R)

, Toraa cyMma crenenHoro psaga () onpegenera ais scex* € (- RiR)

S(x) =) a,x"
n=) .

MO>XHO 3aluncatb paBeHCTBO
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o0
n
Sax

CBoticmBo 1. CteneHHoun papg, n=0 CXOAUTCS abCOJIIOTHO B IIOOOMMPOMENKYTKE

[a;D] (- R;R)

, JIEXXaWeM B MHTEpPBaie CXOANMOCTH, I'Ipl/l‘-IéM CyMMa CTeneHHoro

psaga S(*) gensetcs HenpepbiBHOM bYHKUMeN npu Bcex X €[a:b]

iy ;b] (- R; y
CBolicmBo 2. Ecnv oTpe3oK [a,b] ( R’R) , TO CTENEHHOW PSS, MOXHO

MOYIEHHO MHTErPUPOBATh OT a A0 b, T.e. ec/un

o0
S(x) =Y a,x" =ay +a;x +ax” +..

n=0 , TO
b © b . b b b .
[Sx)dx = X fanx dx=fa0dx+ jalxdx+...+ janx dx +...
a n=0q a a a

[Mpu sTOM pagnyc cxognMoCTn HE MEHAETCA:

14 . . +
R =lim|—"— =lim M =
vl | 1o (14 )y

>

’ a
a. =

n
rae n+l - KO3 PUUMEHTbI MPONHTErPUPOBAHHOIO pPAAA.

n

Colicmeo 3. CyMMa CTENEHHOrO paaa ecTb PyHKLUMS, UMEIOLLAsA BHYTPU MHTEPBaNa
CXOAMMOCTU NPOUN3BOHbIE NH6Oro nopsiaka. MpomnseBoaHble OT CYMMbI CTENEHHOIO
psaga 6yayT cyMMaMum paaoB, NoJly4eHHbIX U3 AAHHOTO CTEMEHHOro pAAa NOYIEHHbIM
IndbdepeHUMpoBaHNEM COOTBETCTBYHOLLEE YMCIO0 Pa3, NPUYEM pagnyCbl CXOAUMOCTH

TaKUX psAoB ByAyT Te e, YTO U Y UCXOAHOTo psija.
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2
S(x) =ay+ayx +ayx” +..+a,x"+..=) a, x"
Echu n=0 ,

o0
S'(x) =a; +2a,x +..+na,x" " +.. =Y n-a, x"!
TO n= ,

S"(x) =2a, +6asx +...+n(n- Da,x"* +... =X n-(n-1)-a, X2
n=2 )y UT.AL

4.4. Popmyina Ternmopa

PaccMOTpMM BaXKHYHO 3a4a4y, KOTOpas peLuaeTcs B TeopumnpyHKLUNOHANbHbIX
pAAo0B: NO 3agaHHON GYHKUMM HAUTU CXOAALMNCADYHKLUMOHANBHbBIN P TOro Uamn
MHOro TMNa, CyMMa KOTOpPOro B 061acT CXO4MMOCTU paBHAIACh Obl 3a4aHHOM
dyHKumn. Takas 3aa4a Ha3bIiBaeTCs pas/oxkeHueM QyHKLUU B psa, Hanpumep,

CTeNneHHOoMN.

Nyctb dyHKums Y =7 (X) onpesneneHa B HEKOTOPOI OKPECTHOCTU TOUKM

’ U,(x,) =(x, - 6, x, +d)

X ,rae >0 npuyém B 3TOI OKPECTHOCTU DYHKLMS UMeET

Bce npouseogHble ao (7 +1)-ro nopsgka.

3apgaua: NoabepEéM MHOIoYNEH N-N CTENEHMU

— 2 -
Pn('x) —C +Cl('x- x0)+02('x_ xO) +""+Cn('x_ XO)n No CTEeNeHsIm ('x xO) TaK,

4TOObI B TOUKE X coBnagain 3Ha4eHnA Pn ()C) n f(x), ad TaKXXe 3Ha4YeHNA NX

npousBoAHbIX Ao (7 *1)-ro nopsaka BkarouMTENBHO. TOrAA CUMTAEM, YTO B

. P, (x
OKPECTHOCTU TOYKM Xo TAKON MHOroYIeH (%) 6yaeT NpubAMKaTh AAHHYIO

OYHKUMIO C HEKOTOPOM TOYHOCTBLHO.

Cls Cyeees C

C
KoappuumeHtbl MHOrouneHa 0° »T1 gBNAKTCA HeonpeaeeHHbIMU

Ko3bPUUMEHTAMU, KOTOPblE HEOOBXOAMMO HAUTU UCXOAS U3 CenYHOWMX YC0BUN:
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f(xo) =P (x0) f(xo) =F,(x0) f(x0) =F(x0)  f™(x0) =P (xo)

Ins HaxoXaeHMs 3TUX Ko3dOULMEHTOB HallAEM NPOU3BOAHbIE A0 N-FO NOpsiAKa OT

P,
P/(x) =c; +2¢,(x- xy) +3c3(x- x0)> +...+nec, (x- xp)""
P/(x) =2¢y 3 2 -c3(x- xg) +...+n(n- e, (x- xy)"?

PM(x)=n(n-1)(n-2)..321¢, =c, n

’

(n+1) _
B (x) =0 npu Bcex X ER.

_ K (5 y = ph)
MoACTaBUM B 3TU cooTHOWeHMUs 0 1 npupasusem’  (¥0) =5 (X0) rpe

k 20,1,2,3,...,11:
f(x0) =P,(x,) —Co, f’(xo) :Pn,(XO) = f”(xo) :Pn”(x()) :202,
[ (x) =R (xg) =2 3¢5 [ (x0) =P (x9) =¢,, !

Cls Cose.

Haxoanm BbipaxkeHus s €05 2 Cn peLlast NoJly4YeHHYH CUCTEMY

YPaBHEHUN:

” - (n)
o =f(xo)s ¢ =f (xo): _f (2x0); ¢ :fz(.);o) _/f ;xo); e _f n(,xO)

Monyyaem o6y dopmyny ans onpeaeneHmns KoapPpuuneHToB MHOFoUIeHA Ck .

J W)
K ’ k —0,1,2,3,...,7’1. (4)
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Torga MHOro4YIEH NPUMET CaeayoWwmit BUA.:

f(")( 0)(x )’ Zf(k)(xO)

P, (x) =f(x0) + [ (xp)(x - xp) +... + k!

(x- x0)F
STOT MHOTOY/IEH Ha3bIBAETCsl MHOrouYieHoM Tetiiopa ans dyHkumm J (X)

k
) _ S (x)
Nno CTeneHsaMm (x XO) , roe k! Ha3bIBaOTCA KO3apPpuLueHmamu

k=0,n

MHoro4seHa Teunopa,

TaknuM o0bpa3oM, ans Kaxkaom pyHKumm ACOR yA0BAeTBOPSIOLLEN

XU, (x,) P, (x)

NMOoCTaBJIEHHbLIM YC/IOBUAM MPU , MOXXHO HaWUTM MHOrO4Y/1EH Teﬁnopa

(B TOYKE Xp CIJYHKLI,MFI S (x) M MHOro4vsiaeH P” (X) CoBrnagaroT Co CBOMMUA

NPOU3BOAHbIMM [0 h-TO NopsAAKa).

Pa3sHoCTb f(x)- F, (x)’ 0603HaYeHHYI0 Yyepes R, (x)’ Ha3bIBaOT OCMAMOYHbIM

4yneHoM popMynbl Temnopa, KOTopass UMeeT BUA.:

n (k)
F) =P+ R, (1) = 3L Ty e R ()
i K

(5)
dopmyna (5) HasbiBaeTcs popmy.oli Tetinopa ans dyHkuuu /() mo
cmenensm X %0) nopsaka n. OTMETUM, 4YTO
R,(xg) =R, (x0) =R, (x) =... =R{"(xy) =0
Be/MuMHa OCTaTOuHOTO YneHa GopMybl Teinopa R, (%) UrpaeT BaXKHYHO POsib B

OL,EHKE TOYHOCTU NMPUBANMNKEHUS 3aJaHHON GYHKLMN MHOro4ieHOM Tennopa.

CylwlecTByeT Ba BM/AA OCTaTOYHbIX Y/IEHOB.
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1) OcTaTo4HbIN YneH B popme MeaHo. MNpeobpasyeM ocTaToYHbIN YieH GopMybl

Tel?mopa, MCNOJZIb3yAa HEKOTOPbIE MOHATUA N3 TEOPUU MPELE/IOB.

lim a(x) =0

ol x o —
a) OyHKUMA (%) Ha3blBaeTCs BECKOHEYHO Masiol Npwm X7 X0 echm %

X "
6) beckoHeyHo Manasa GyHKLUUA B( ) Ha3bIBaeTCa 6ecKoOHeYHOo Masion bonee

. o(x)
BbICOKOIO NopsiaKa MasoCcTU OTHOCUTE/IbHO 6ECKOHEYHO Maion GYHKLMN npu

lim P(x) =0

X X=X, OL(X)

_)
X0 ecam cywecteyer M 3anucbiBaeTcs cnemyoLmm ob6pasom:

B =o(a) (4To YMTaeTCA TaK: «[3 eCcTb 0 Masioe oT a).

PaccMoTpum dopmyny Teitnopa ais dyHkumm J (X) no crenensm (x- xp)

n (k)
£ =P, )+ R, () = 5 LTy a R ()
o K

nopsaka n: . OcTaTo4HbIN

yneH B dopmyne Tennopa nMeeT BUA, Rn(x) =/(x)- Pﬂ (x) N3 noctpoeHus

R (x,) =R (x,) =R/(x,) =...=R""(x,) =0.

MHoro4neHa Tennopa cneayet Torpa

, R("' 1) (x) R(n) (x)
B o mim =i e =,
n-1 = xal(x- xp)" o, Al

fim R

X=X, ()C' XO)n X=X, n ‘()C' x()) OTKY A

OCTaTOYHbIV YneH GpopMybl Tellopa MOXKHO 3anucaTh B BUAE:
J— - n
R, (x) =0((x~ X0)") 1.e. BenMuMHA OCTATONHOTO YNEHA €CTb GECKOHEUHO Manas

n
- X— X
60/1ee BbICOKOro NopsKa MasocTM OTHOCUTENIbHO (- xo) npu 0,

®opmyna Tennopa f(x) :Pn (x) + Rn (x)’ B KOTOPOW R, (x) =o((x - Xo)n)’

Ha3bIBaeTca ¢popmysiou Telsiopa c 0cmamoYyHbIM 41eHOB B popme [ledHo.
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X —

lMocKoNbKy OCTaTOYHbIN YNIEeH npu X0 aBnseTcsd 6eCKOHEeYHO Malon BEJIMYUHOMN,

TO MOXHO CHUTATb, YTO PA3HOCTb f(X) ) P” (X) 6eCcKoHeYyHo Mana, T.€.

()= B (%),

2) OcTaToYHbIN YneH B popmMe JlarpaH»Ka. 3anuiLemM oCTaToYHbIN YeH B BUae

n+l

R()—(xn’“o) 0(x)

(n+1)! , rae Q(x) ectb HeKoTopasa GYHKUMA, NoANEeXKaLLAA

—_ p(n+1)
onpegeneHno. MoxHo J0oKa3aTb, YTO O(x) =f (), rae Todka & 3aKntoyeHa

E =x0+0(x- xp), 0<06<1

MeXay X U Xo: , T.€. OCTATO4YHbIN YNEH NMeeT Bu1A:

R, (x )_wf(’”l)(&)
(n+1)! . Torpa dopmyna Teinopa npuMeT BUA

(k)
109 =, Ry 9 = ST x) G e gy
: (n+1) , KOTOPbIN

Ha3bIBaeTca ¢popMmysiou Telsiopa ¢ 0CMamoYHbIM Y/1leHOM B popMe JlarpaH>Ka.
PaccMoTpuM vacTHble cnydan ¢opmybl Temnopa.

- Echm B dopmyne Tennopa ¢ ocTtaTo4HbIM YieHOM B dopMe JlarpaHrka
nonoxutb " =0 To nonyuyaem popmyaykoHeuHoro npupaileHus:

S ) =f(x0) +(x= x0) S () (meopema Jlarparska).

xy =0

- Echm B dopmyne Tennopa nonoxmtb , TO Noaiyumm dbopMmyly, KOTOPYHO

Ha3bIBalOT popMyiol MakopeHa:

f <0) RO I A (O BN

S =10)+ ) "

’
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R, (x) =o(x")

roe OCTaTOYHbIM YIEH MOXHO 3anuncaTb B d)opMe [MeaHo: nin B

dopme JlarpaHxa:

VAR COIN

Ry =50

dopMyna MakiopeHa sBasieTcs pasnoxenvem dyHkumm / (X) B Buge

MHOro4J1eHa Nno CTeneHAaM X.

fx) =—

Mpumep 5. Pa3noxntb PyHKUMIO X B BUAE MHOrouysieHa TpeTbero
nopsiaka no crenensaM (X = 2) ¢ octaTouHbIM YieHOM B popMe JlarpaHa.

Xy =2

PeLueHue. 3anvwem dopmyny Teinopa ans dyHkumm / (X) B Touke B

Bnage MHOro4JieHa 3-ro nopsaaKa € OCTato4HbIM YJ1IEHOM B d)opMe NarpaHa

f()

(x - 2)° + Ry(x)

’

f(X)=f(2)+ (x-2)7 +

-2+ L@ (E)
2! 3!

4
Ry =L - 0yt

roe

HaxoauMm Npon3BoaHbIE HY>XHOIO NMopsiKa B ToUke X =2,

1 1. 2, 2 1
J(x) :x_z’f(z) :Z;f(X) :'_3’ /(2 :'gz'z;
Wy 6 63 24 - 24 3 L, 120
f(x)_x4,f(2)_16_8;f(x) xS,f(z)_ 32 4;f (=
" 120
S = §=2+6(x- 2), 0E(0;])

, rae

’
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MNony4yeHHble AaHHbIe NoacTaBaseM B dopmyny Teinopa

@ =t - e x- 22 4] - L - 23 4 Ry ()
4 4 16 8 n BblHUCIAEM

- 4 . - 4
Ry =22 120 32D g o)

4 5T 2+0(x- 2))

1
S(x) =—

MO>KHO CKa3aTb, 4TO GYHKLMS X" 3aMeHSeTCs MHOrOYIEHOM C TOYHOCTbHO,

KOTOPYO MOXXHO ONpeaenTb, OLEHMB OCTaTOYHbIN YieH ¢opmybl Tennopa

(x-2)* 120
4

Ry(x) = g
& npu X — 2
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Jlexuwms 5. Psanbr Tennmopa u Maxkiiopena

5.1. Pannl Te#nopa u MakjopeHa. YC/JIOBHSI CXOMHMOCTH
psimoB TenTopa K HCXOTHOH QYHKITHH

Myctb pyHKUMA VY =S (%) onpeaeneHa B HEKOTOPOU OKPECTHOCTU TOYKUX,:

Ur(xo) =(xo- R, xo+R), R>0 11 iee1 nponssogHble nto60ro nopsaxa,

Torga Ans 3tor GyHKUMKM GopMasibHO MOXKHO COCTaBUTb P, MO CTENEHAM (x- x) :

f(x)~cy+ep(x-xp)+..+c,(x- xp)" +... :§ck(x- xo)k
k=0

IAED
Cp =———
roe k!

0 (- x)f

5./ (x0)
2 k! O

OnpepaeneHue 1. O606WEHHBLIN CTENEHHOM pAa Bnaa k=0

Ha3blBaeTcs psgoM Tetiopa ans dyHkumm / (X) no creneHsm (¥= X0) | Ecom

o (k)
Zm ok

=0 k!

Xg — o
NofoXutb 0 , TO NONYHYUM pAaL, k=0 , KOTOPbIMHOCUT Ha3BaHUE

psgaMaknopera pas dyrkumm J (X) no crenensm x.

3agava. Nyctb 3agaHa dyHkums /() | 6eckoHeuHo auddepeHumpyemMas B

- +
OKPECTHOCTM TOUKM Xo: (X0 = R Xo +R)

, U MYCTb AN19 3TON GYHKLMU COCTaB/IEH pAf,
0 k)

JAED K
Z LS00 (x- xo)

y - !
Teinopa no cTeneHsMm (x-Xo), j K 1 ero cyMmMa pasHa S(X) |

(.Xo‘ R, X0 +R), R>0

Ecnv nHtepsan ABNAETCA UHTEPBAJZIOM CXO4MMOCTU AaHHOIO

psafa c paguycoM cXxoguMocCTu R, TO MOXXHO 3anncaTb PaBEHCTBO:
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o ,(k)
S(X):Zf k('xO)(x_ xo)k
k=0 :

npu seex ¥ € (X0 - R, X +R)

BbIsCHUM, Npu KaKnX YCNOBUSAX TaKOW CTENEHHOM psig UMEET CBOEN CYMMOWM
dyHkumio / (X) | 1.e. korga S (X) =S(X) | nockosbKy CyLLecTBYOT GYHKUMK, AN

KOTOpbIX CyMMa psafa Tennopa He coBnagaeT ¢ AaHHOM PYHKUMNEN.

1
f(x)=1e x2, x #0

0, x =0
PaccMoTpuM npumep. [laHa GyHKLMSA ’ , KOTOpas aBnsgercs

6eckoHeuHo anddepeHumpyeMoi VX € R | BbiunmcanM nponsBogHbie 3TOM GYHKLMM

B Touke X =0

1
, R ) . ;
ay =f(0) =0; a; =f(0) =lime *° [F] =0;..;a, =f"(0); a,,; =" (0) =0;...

x—0

Tak
UM 06pa3omMm, Bce BblUYUC/IEHHbIE KO3PdULIMEHTHI psga Tennopa-MaknopeHa ans
NaHHOM GYHKUMKM paBHbI O, NO3TOMY 3TOT psij, CXOAUTCS Ha BCEM OCU, EFO CyMMa
TOXaecTBeHHo pasHa 0: S(X¥) =0 onnako / (*¥) #0 qpy x #0 (/(x) =0 1oppko B

HayaJie KoopAuHar).

w (k)
Zf (XO)(x-xo)k

. !
Myctb psapg Tennopa =0 k! MMeeT MHTepBa CXOAUMOCTU

(X0 = R, X0 +R) rne R - paguyc cxognmocTy. Toraa, ecim

n (k)
S, (x) :Z%u- xo)t
k=0 .

- YacTMYHas cymMMa 3Toro psaga, To ana aoboro

338



lim S, (x) =S(x)

XE(xg- R, xo+R) cyuiecTByeTt " ® . PaccMoTpnM TeopeMmy, KoTopas

naéT ycnosus toro, yto J (x) =S(x)

Teopema 1 (HeobxoAuUMBIl U JocmamoYHbIl NMpuU3HAK cxoguMocmu psaa Telinopa

w (k)
300 (1t =S
K ¢pyHKuuu f(x)). Ons Toro ytobsl pag Tennopa =0 k! ,

Vx€Ug(xo) =(xo = R, X0 +R) imen ceoeit cymmoit dyHkumio /() Te.

f(x) :S(x), HeobX04MMO U AOCTAaTOYHO, YTOObI

x€Up(xg) im R, (x) =0 R,(x) _

N5 BCeX cyllecTBoBas npeaen " ® , rae OCTaToOK

psaaa Tennopa.

Tlokazamesibcmso. 1) Heobxoaumocms. Myctb dyHKums / (X) ectb cymma psga

o o0k
fe =30 ey

Tennopa Ha YKa3aHHOM MPOMEXKYTKE: i K , Un
J(x) =5,(x) * R, (x) roe Sn(x) YyacTu4YHas cyMMa psaga Tennopa, R,(x) _

ocTaTok psga Teitnopa. U3 ycnosus cxogumocty psga X EUr(o) =(xo = R, xq +R)

lim S, (x) =S(x)
CYLLECTBYET npeaen == . TaK Kak S(X) =f(X) 10 cywecrtByer

npeaen

lim R, (x) = lim(f(x) - Sn(x)) =f(x)- lim §,(x) =f(x)- S(x) =0

n— oo n— oo n— oo
’

T.€. R,(x)= 0 VxeUy (XO). HeobxoaMMoCTb JOoKa3aHa.
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lim R, (x) =0
2) locmamoyHocmb. [ycTb cywecTByeT 7=« . Tak Kak GyHKUMSA S (x)

x€Up(X)

6eckoHevyHo agnddepeHumnpyema npm BCex , TO AN HEE NMEeeT MecTo

¢/ (x)
k
J(x) :ZTO(JC - X0)" +R,(X)
dopmyna Tennopa k=0 : D15 BCEX
x€(xo- R, xo+R) R,(x) _ OCTaTOYHbIN YneH dopmybl Telnopa, KOTopbIii

, rae
COBMajaeT C oCTaTKoOM psiaa Temnopa. Torga 4actMyHasi CcyMMa COOTBETCTBYHOLLLETO
psaaa Tennopa nMmeet BUA,

9

5,00= 310 (- =)< R, (0
k= K ,

$n (%)

PaccMmoTpuM npegen , KOTOpbI 0603HaunM yepes S(¥) | yyuTtbiBas, uto

lim R, (x) :(): S(x) =lim 5, (x) :’}erjo(f(x)- R,(x)) :f(x)’T.e. S = £ ().

J1oCTaToOYHOCTb Al0Ka3aHa.
lim R, (x) #0
3ameyaHue. Ecnn n— @ , TO cyMMa psga Tennopa MoXKeT He coBnagatb

C JaHHOW dyHKUmeit, T.e. S(X) # /(%) xots cam PS4 MOXET CXOAUTBLCS K Apyromn

OYHKUMN.

Heobxoammoe n noctatoyHoe yC/I0BME CXOAMMOCTU psga Tennopa K
NCXOAHOM PYHKLUUM HEYAO0OHO ANS NPOBEPKUN HA MPAKTUKE KOHKPETHbIX PSAO0B;
CYLLLECTBYHOT 60/1ee NpoCTble, XOTA U Bosiee KECTKME, AOCTAaTOUYHbIE YCI0BUSA
pa3ioXXeHus PyHKUMU VACON-! paabl Temnopa—-MaknopeHa. CHavana cbopmynnpyem

NeMmMmy.
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n
lim 2 =0.
JNlemma. s nio6oro X €R cywecteyet creaytowmit npegen: n— = 7!

JlokazameibcmBo. PacCMOTPUM cTeneHHOoM psj,

) xn x2 )C3 xn
R R S A I S X

| 13 | § u,(x) =—
n=0 1" 2t 3 n: , OBLLMIA YNEH KOTOPOro n!  Hanpém

n

paanyc U 061acTb CXOAUMOCTU 3TOrO psja, UCNONb3YS NPU3HaK

+1
xn

Up1 (X) :m:

Janambepa. Boluncnsem npenen, y4uTbiBas, 4to

T.e. paguyc cxoaumocTu paga R =%, CnepgoBaTelbHO, pacCMOTPEHHbI psg,

cxopuTes ans Bcex X €R, Torga no HEOBXO0AMMOMY MPU3HAKY CXOAMMOCTU 06LLMIA

n X n

X .
u,(x) =——-20 lim — =0
YneH psga n! , = 0 1e noonl NS Noboro

XER.

Teopema 2 (aocmamoyHble ycnoBus pasioxxumocmu ¢pyHkuuu f(x) B pag

MaknopeHa). Myctb GyHKLMA J(x) onpegeneHa n beckoHevyHo anddepeHumpyema

(-a;a), a>0

Ha MHTepBase . Ecom cywectyet Takoe yncno M >0 yro pns

Y€(-a;a)

KaXX4,0ro HatypaJibHoro n EN n BCeX BbIMOJIHAETCA HEPABEHCTBO:

) <M (

3TO O3HA4a€eT, 4TO NPpoOnU3BOAHbIE noboro nopAaanKa orpaHmM4eHbl

OOHUM N TEM XKe LWICJ'IOM), TOoraa OCTtaTtoK pda4a MaknopeHa
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o (k) oy K
Rmy=Y L0

!
k=n+1 k! npu = 0 3 3Hayur,

(k)
0 =50 =3O+ vieaa

=Ok'

JokazamesnibcmBo. [ToKaXeM, 4TO OCTaTOK paga MakK/iopeHa CTPEMUTCA K HYJIHO NpuU

n = 0 3anuweM ana GyHKUUK J() dopmMyny MakniopeHa ¢ 0CTaTOYHbIM YJIEHOM

n (k) n, &)
r0=300 g 3B =nw
B dopMe JlarpaHika: k=0 ™ , roe k=0 : -
R (=L@
MHoro4sieH MaksiopeHa, a (n+1)! . OTMeTuM, YTO YacTMyHasg cymMmMa

S (%)

P
paga MaknopeHa COBMafgaeT CMHoroysieHoMMaknopeHa ”(x) , d OCTAaTOK

pana ectb R" (X) . BbINOAIHUM ero oueHKyY, UCMob3ys YC/10BUSA TEOPEMBI 2u

=M xe(-aa),

Y4UTbIBad, 4TO Ana Bcex

n+l

(n+l) rgy _n+l n+l
R, o @AM s—(” 5

| (D! | (D)
‘ ‘n+1
— 0 lim R, (x) =0 .
Mo nemme (7 +D)! npu 1 = © torga n— VxE( a,a).

CJ'Ie,EI,OBaTEJ'IbHO, no teopeme 1o H€O6XO,£I,MMOM n 0OCTAaTOYHOM MNpPU3HaKe

(k)
fy =30
k=0

cxoauMocTm paaa Tennopa K MCXoAHOU PYHKLUMM NOSTlyHaeM

Teopema gokasaHa.
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5.2. Pa3zJioskeHHe OCHOBHBIX JIEMEHTAPHBIX (DYHKIIUII B CTeNEHHbIE PSAbI

Mcnonb3yeM U3I0XKEHHYIO BblLLe TEOPUID A1 PA3/IOXKEHMNA OCHOBHbIX

3/1IEMeHTapHbIX GYHKLMIA B CTeneHHble pagpl. 0as pasnoxenns epyHkupmn S (X)

B CTEMEHHON psAf, NO CTENeHAM (x- Xo) MOXHO PEKOMEH0BATL CAeAYHOLWMI
NnopsAoK AENCTBUN:

1) Haxoaum npomssogtbie dpyHkumm S (¥) B Touke X =Xp.
1" (x), VneN.

(n)
Z f ( 0) (x X )
2) CoctaBnsieM psg Teinopa »=0 :
. (xg- R, xp*+R) _

3) Haxoaum nHTepBan cxoaMMOCTU AAHHOrO paaa: ,roe R

paanyc cXoAMMOCTMW.
R, (x)

4) iccnepyeM noBefeHWe ocTaTka psga ~ v/ nns Bcex

XE(xy- R, xy +R).
lim R, (x) =0
Ecnu okaxercs, 4yro 7~ © , TO HA OCHOBaHMU TeopeM 1 u 2 jeraeM BBIBOJI,
f(")(xo)

f(x) = Z (x- x)"

4TOo ! npu Beex X € (X0 - R, xo +R)

B pesynbTaTe noaydaeM popmyity pa3noxeHuss QyHKIHUHA B CTEIEHHOU Psi.

1
. S(x) =—
* PasfoXeHue B CTENEeHHOI paj, GYHKLMM 1- X umeert Bug;
1 o0
— =l+x+x’+.. =Yx", xe(-11)
1_ X n=0 (1)
2,3

n
BbiBog. PaccMOTPUM psifi reoMeTpuueckoii nporpeccumn LHX X7 +X™ +. +x" +...

b, =1

3HaMeHaTenb Kotopoit 4 =% n . MOXXHO NoKasaTb, 4TO MHTEpPBa
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1
(_ 11) S(x) =
CXO4MMOCTU 3TOro paga " OR=1py CyMMa 3TOoro psaaa 1-x (cymMa papa

6eCKOHEYHO YObIBalOLLEN FTEOMETPUYECKOM MPOrPeCcCcUm BblYMCASETCA NO popMmyie

by

S(x) =1

9). OueHMM oCTaToK psfa:

+1
X"

R,(x) =x""+x"? 4 =x""1+x+x%.) =
- x .

Mpu r€(-L) R, (x) - 0, n— % torga Ha OCHOBaHUM TeOpeMbI 1

fo) =

PacCMOTPEHHbIN psig UMEET CBOEN CYMMOW GYHKLMIO 1-x

PasnoxkeHue (1) umeet MecTo.

— X
® Pas/io)KeHue B cTeNeHHOM paj GyHKLUM J(X) =€ pmeer BMA;

2
n 0 N

x _4.X X X _
e =l+—+—+... . +—+.. =) —

510
— X |
BbiBoa. [lns naHHON GyHKUMK J() =€ sanmuem psia Maknopena: n=0 "

TaK KaK pyHKUMA S(¥) - GeckoHeuHO anddepeHumpyema, To BCe NPOU3BOAHbIE

, e _ _ X
cyutectsytot 1 pagHbl/ () =/ () =.. =) =€,

VnEN.

M rm — 0 —
HaxoauM 31 npoussogHble B Touke X =0: nonyyaem J0)=e” =1 N5 BCeX

ne N, Toraa psg MaknopeHa npuobpertaer BUa.:
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310T pag cxooutes ans Beex X ER.MOKaXeM, 4To CyMMa 3TOro psifa paBHa

X
f(x)=e” dukcupyeM HekoTopoe unciao 4 ER 1 paccMOTPUM HEKOTOPbIN OTPE30K

00| =t et =M

[-a;a], Ha KoTopoMm ans mo6oro " EN. B atoM cayyae no

TeopeMe 2[aHHbIN pag MaknopeHa 6yaeT cxoAUTbCA Ha YKa3aHHOM OTpe3Ke K

—_ X
MCXOHOM PYHKLMM (%) =€" ormetm, uto 310 BepHo Ans ntoboro

duKcmposaHHoro uucna 4 ER. Paznoxenue (2) umeet mecto npw scex X ER.

 PassioxeHue B cTeneHHoi pag dyHkummn S (¥) =sinx yveer pup;

35 7
sinxzx-x—+x—-x— _Z(
3 sl ~" (2n- 1)! Er 3

’

570

n!

BbiBog. Ons dyHkumm S (X) =sinx sanyuem psg Maknopena 70

' f(x) =cosx =sin
Haxoaum Bce npousBogHbie: J (*) =sinx ’

T
X+
2

f(x) =sin

x+3 -E] =- cOoSX
2

x+2 g} =-sinx f"(x) =sin

9 9 eeey

7™ (x) =sin

TT
xX+n -—]
. Bbluncnsem stm nponssoaHble B ToUKe X = O:

£(0)=0, £(0)=1, £0)=0, F£"©0)=-1, .., £"(0) =sinn-g

[MoacrtaBuB 3TM 3HAYeHUA B pag, MaknopeHa, noayyvyaem paa;
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3 5 7 n-1_2n-1 0 n-1_2n-1
NESINE S S G e S ) e

35 7T @2r-1) (2n - 1)!

n=l

X € (-0, + 00

JlaHHbIN paacxoamTcs npu lob6om ); MOKaXXeM, YTO OH CXOAMUTCA K

dyHKumm S (¥) =sinx CornacHo Teopeme 2 (MOCKObKY

<l=M
, T.€. BCE€ NPOn3BoaHblE OrpaHN4eHbl OgHNUM U TEM

\ f(”)(x)‘ =lsin

T
x+n-—
2

YK€ YNCIOM) AaHHbIN psag MaknopeHa 6yAeT CXOANTLCA K UCXOAHOM QYHKLUM

S(x) =sinx pny geex X €R. Takum 06pazom paznoxeHue (3)UMeer MecTo.

e Pa3fioXeHue B cTeneHHoM psg dyHKummn J (X) =C0sX pyveer Bup:

2 4 6 © n_2n
X X -1
cosx =1- —+—-—+...= ),

24 6 2 en) xeg @

BbiBoa. PaccMoOTpuM pasnoxeHue (3)

) x3 x5 x7 o] (_ 1)n-1x2n-1
sinx =x- —+—- —+...=

357

n=l . X€R. NpognddepeHumpyem
DAHHbBINCTENEHHOM PAA; NOJYYMBLUMNCA HOBbIN paa byaeT TakKe CXOAUTLCS MpU
Bcex X ER k GYHKUMU, KOTOpasi paBHa MPOM3BOAHON OT SINX (CBOWCTBO 3, NeKuus 4,
pa3gn.4.3), T.e.
x2 X4 x6 (_ l)nx2n

+—+

x) =(sinx) =cosx =1- =—+"—- — + .
J(x) =(sinx) 24 6l (2n)!

Taknm 06pasoM, pasnioxeHue (4) umMeet MecTo.

— m
® Pas/io)KeHue B cTeNeHHOM paj, GYyHKLUUM J(X) =1+ 07 yyeer BMA,:
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mm-1) 5 mm-1(m-2) 5, _

A+x)" =1+mx + 3 =

:gm(m— DH(m- 2)...(m- n+l)x”, x|<1
n=0 nl (5)

PasnoxeHue (5) npusoautcsa 6e3 BbiBoga. OTMETUM, YTO OHO BEPHO NMpU
dukcmposarHom M ER u HasbiBaeTCH BUHOMUAIBHBIM PSLOM.

Mpw HaTypanbHoM M EN 310T psg npeacTaBiseT co60i KOHEUHYH CYMMY,

M3BECTHYI Kak BUHOM HbHOMOHa:

(1+x)" =1+C. x +C2x? +...+C"x™, mey

[na Heuenbix m nmeet Mecto popmyna Temnopa:

N m(m- 1) P4 m(m-1)(m- 2)..(m- n+1)

m __
(+x)" =1+mx o -

x" + R, (x).

Mpn 1 = 0 n3 3101 HOpPMYNLI NONAYyYaeM 6eCKOHEYHbIN cTeneHHonpsag (5). Hangém

paanyc ero CXoAMMOCTU, NPUMEHSS NpU3HaK [lanambepa.YuuTbiBas, 4YTo

_m(m-1)(m-2)..(m- n) X :m(m - D(m=- 2)...(m- n+1) o

n+l
(n+1)! ! n! , BbIUUCNIIEM
npegen:
- D(m- 2).(m- n)n! x"* . |m-
i 11O | D0n= 20 x| e =[x
n=) 1y (X) | o m(m = D(m = 2)..(m= n+1)(n+DIx"| n—w| n+]

’

x| <1 _
Toraa npwm ‘ ‘ psA, cXxoanTCs U ero paanyc cxoaumoct R =1, a untepsan

vx E(' 11) lim R,(x) =0
cxoanmoctun (-1;1);MOXHO rnokKasaTb, YTO > o .

NTak, pasnoxeHue (5) BepHo A8 Bcex v E(- 1;1). B yacTHOM cnyyae, Korga

m ==-1 13 paznoxeHus (5) nonyyaem pag, :
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L:1- x+x2-x° +..+(- 1)"'1 5! +.=) (- 1)"-1 X!
l+x 5

’

. xl<l1
KOTOPbIN NpU ‘ ‘ abcoNtoTHO cxoauTca. Ecam B KaxKA0M yneHe pana 3aMeHUTb X

Ha (- X), TO Noay4YnM pasnoxeHue (1):

=l+x+x? +.. =Y 2" xe(-1))
n=

s
- x

® Pasno)keHue B CTeNeHHOM psaa PyHKUMM f(x) =In (1 * x) nMeeT BMA;:

2 3 4 0 n
n(l+x)=x- —+—- 2 4 =¥YD"" 2 xe(-11]
2 3 4 n=l n (6)

BriBoa. V3 pasnoxeHus (5) buHoMuanbHoro paga npu 7 =- 1 noay4yaem pag,

reoMeTpuYecKol Nporpeccum co 3HameHatenem 4 =%+

L =l-x+x2- X+ +(-D" e =) (- )
l1+x =

’

. x| <1
KOTOPbIN CXOAUTCA NPU ‘ ‘ , T.€. 3TOT pAA UMeeT uHTepBan cxognumoctun (-1;1)

c paguycom cxogumoctn R =1,

; [0,x] = (- 1)
MoNy4eHHbIN paj, NOYIEHHO UHTErPUPYEM Ha OTpE3KE ,
Mcnonb3ys cBoncTBo 3 (nekuus 4,pasa. 4.3); Npy 3TOM MHTEPBaA CXOAMMOCTH

COXpaHUTCS:

X X

(- l)n_l ol :Z(- l)n_l L :Z(' 1)n-1 x7 =Xx- ?4'?' T+ =S5(x)

(NE

1L

X
n=l o n=l n o n4

CyMMa Noly4eHHOro psifa paBHa
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L dt X
S(x) = [ =In[l +¢ =In[l +x]
6r1+t ‘0

x| <1
(mam Ind +x) 1k KaK‘ ‘ ).
2 3 4
X X X
In(l+x)=x- " +X % 4
Takum obpasom, 2 3 4 , T.€. UMeeT MeCTO pa3/IoXKeHne

xe(-L1)

(6) npm . Viccnepys cxoammocTb gaHHoro psaga B Touke* =1, nonyyaem

Fe0"

o _ n o
ymnciosom pag = , KOTOPbI YC/IOBHO cxoamnTcs. Takmum obpa3oMm, obactb

CXOAMMOCTU pAAa B pas/ioxeHun (6) umeet Bup, (- 1;1], a pagunyc cxogumoctn R =1,

® Pasno)keHue B CTeENeHHOM psaa PyHKUMM f(x) =arctg x nMeet BUA;:

3 X5 x7

o0
arctgx =x- —+—- —+_. =Y (-"!.
© 35 7 D

x2n-1

, x‘ <l
n= h=- (7)

BriBoa. W3 pasnoxkeHus (5) 6BuHoMmanbHoro paga npu m =- 1 noay4yaem

pa3noxeHume

L =1- x+x%- x° +..+(- l)n'1 x" e =) (- l)n'1 !
1+x o

’

2
13 KOTOPOro 3aMeHon X Ha X BbITeKaeT cheayoWwmin psj;:

! 5 =l- 2 +xt- x6+...:Z(- 1)”'1 X212
I+x =

’
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<1 <1
,d MMEHHO, I'Ipl/l

cxoasLmMinca npu . [ToNly4eHHbIN psag, MOYNEHHO

0,x]c(-L1)

MHTErPUPYEM Ha OTpe3Ke [0,x] , UICNOJIb3YA CBOMCTBO 3 (nekuus 4, pasg.

x2n—1
=t
4.3); Nnpwv 3TOM UHTEPBAJ1 CXOOANMOCTUN COXPAHUTCA, 0603HaYnM 2n-1 :

X o o0 X o0 x2l’l'1
J‘Z (_ 1)]1'1 't2l’l'2 dt :Z (_ 1))’!'1 J-t2n-2 dt :Z(_ 1)]1'1 . —
on= n= 0 n= 2n-1
35 7
=x- T+ o 4 =Sy
3 5 7
CyMMa nosyyeHHoOro psaa
*odt x
S(x) :f S =arctgt|) =arctgx
oL+t
35 7
arctgx =S(x) =x- S
Taknum obpasom, 35 7 , T.e. pasnoxenue (7)

x| <1 _ _
MMeEeT MecTo Npu ‘ ‘ . Wiccnepys pasnoxenue (7) B Toukax X == 1y x =1,

® 1
21’ -1
Mo/ly4aeM [Ba YCAOBHO CXOAALLMXCA YNCIOBbIX paga =l "

0
Yyt
n= "% cooTeeTcTBEHHO. TakMM o6pa3oM, ob6aactb cxoanumoctu paga (7)

ABNAETCAOTPE3KOM [- 1;1], a paauyc cxoguMmocTtu R paseH 1.

* Pa3fioXeHue B cTeneHHom psg dyHkumm J (X) =aresin x yveer gyp:
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2n+l

© (2n-
arcsinx =x + (2n- DI x , x€(- L)
272N 2+l @
1
m=-—
BbiBog. U3 paznoxeHus (5) GUHOMMaNbHOTO psaaa npu 2 ynpu 3ameHe X Ha

2
= X nonydyaeM pasfoxeHue B CTENEHHOM paa;:

1
Y . 3.5. . - o0 1\
(1_ x2) 2 :1+lx2 +£x4+...+1 3:5-. (21’1 1)x2n +---:Z (21’1 1) .xzn
2 24 24-6-..(2n) < @2

MonyuynBLININCA psa, CXOoQUTCA NMPU ‘x‘ < 1. JTOT paf,

[0,x] = (- 1) 5
MOY/IEHHONMPOUHTEINPUPYEM Ha OTPE3KE , UCMOJIb3ysl CBOMCTBO 3

(nekums 4, pa3a.4.3); Npy 3TOM MHTEPBAJ1 CXOAMMOCTU COXPAHUTCS:

xjf (@n= DN oy, _ §r (20 DY 21| I SC R L N N U
32y @ Do Cmt 2n+l S emt 204l 203
X
S(x) :f : =arcsinx
CyMMa nosyyeHHoro psja 0Vl-1 . Taknum obpa3som,
. 0 135-..(2n-1) x>
arcsmx =x+—-—+=+... + +
2 3 24-6-.-(2n) 2n+l
x€(-11)

T.€. UMeeT MeCTO pasfioxeHue (8) Ha MHTepBane CxoAnMMoCTH

B 3akntoueHne gobaBuM, YTO BCe NepeymcaeHHble B pasgene 5.2 pa3noxeHus

Ha3bIBAlOT OCHOBHbIMU pAa3/10>KeHUAMU 371EMEHTaPHbIX d)YHKLI,Mﬁ B

CTENEHHOW PsiJi, KOTOPbIE UCMOJIb3YIOTCS KaK 3TaJIOHHbIE 4151 Pa3/I0XKEHUS

Apyrnx GyHKUMN.
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3apgaHusa no Tteme «Pagbi»

BeipaxkeHne Bnga

o0
up tuy ftuz +otu, +oo=Yu;
i=

u

roe % ynenbl psaga, “"— n-Uvnm obWMN YneH psiga, HasblBaeTCs

6€eCKOHEeYHbIM PSIOOM.

Ecnu uneHbl paga:

Yncna, TO pAan Ha3biBa€TCA YUC/IOBbIM;

Yncaa O4HOro 3HakKa, To pAaa Ha3blBa€TCA 3HAKOMNOCMOAHHbIM;,

YUCJ1a Pa3HbIX 3HAKOB, TO pA4 Ha3blBa€TCA 3HAKOINepeMeHHbIM;
MONOXUTEJIbHbIE YNC1A, TO PAL HA3bIBAE€TCA 3HAKOIMNOJ/IOXXUMEJ/IbHbIM;

YUCJ/1a, 3HAKN KOTOPbIX CTPOro HepeayrTca, TO pAad Ha3blBaeTCA

3HAaKo4epeayrLUMCS;

bYHKUMK, TO pAA, HasbiBaeTCs QYHKLUOHAIbHbIM;
CTEMEHU X, TO PAJ, HA3bIBAETCSA CMeNneHHbIM;

TPUroHOMEeTPUYECKUE PYHKLMU, TO PSJ, Ha3bIBAETCS MPUrOHOMEMpPUYECKUM.

1. YUncnosble psaabl. PAabl ¢ NONMOXUTENbHbIMU YNeHaMu
1.1. OCHOBHbIE MOHATUA YNCNIOBOro psaaa

HucrnosbiMm psidom Ha3biBaeTCcd CymMma Buaa

e e}
2u; =uptuy, tuytotu, +o

i ’(1)
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roe i Ha3blBaeMble yneHamu psida, obpasyloT

U
66CKOHe‘-IHyI-OI'IOCJ'Ie,EI,OBaTeJ'IbHOCTb; YneH "HasblBaeTcs 06WUM YIIeHOM

psioa.
CymMmbl:

Sl =u,
Sz :Ml +1/l2,
S3 :ul +u2 +u3,

S, =up +uy +Uz +. U,

COCTaBfieHHble K13 nepBblX YneHoB psga (1), HasbiBawoTCA

Yacmuy4HbIMU CyMMaMu 3mo2o psoda.

KaxxgoMy psigy  MOXHO — COMOCTaBUTb  110c/1ie008amesibHoCMb

Yacmu4HbIX CyMM S” {S”}

Ecnn npu OeCKOHEYHOM BO3pacCTtaHnn HOMepa n 4YaCTnu4Hada CymMMa

pﬂﬂ,aS”CTpeMVITCFI K npegeny S, To psan HasblBaeTcs cxodswumcs, a

yucro S — cyMmMmou cxodsiue20cs psda, T.e.

Iim S, =S 1m3S, =u +u, +uz+...+u, =S
n— oo N n—

OTa 3anncb paBHOCWUI1bHa 3alfincu

o0
Ju; =uptuy tuy+.tu, o
i=l

Ecnn 4yactmyHas cymma psga (1)  npu HeorpaHU4YeHHOM
BO3pacTaHUN N He UMEeEeT KOHEYHOro npeaena (CTPEMUTCS K +o UMK - =

), TO TakoW psa Ha3bIBaeTCs pacxoosiuUMCS.
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3aaaHue 1. Haritm o6wmi YneH YncaoBoro psaja:

1 2 3 1 2 3
—+—+—+ —+—+—+
13 4 5 6)4 5 6
2 4 6 3 6 9
—+—+— —+—+—+
2)5 25 125 7)2 4 8
1 3! 5! 2 4 6
—_—t— 4 — 4 —_———
3)4 16 64 g)4! 7! 10!
1 2 3 1 2 4
B e —+—+—+
42 5 8 92 5 8
1 2 3 1 3 9
— =+ =+, —+ =+ =+
554 6 8 4 6 8
10)

1.2 Heo6xoAMMbIN NpU3HaK CXOAUMOCTHU psaaa

o0
U,
Panr=  MOXeT cXxoguTbCA TOMbKO MpU  YCMOBUW, YTO €ro

O6U4MVIHH€HFIDM HeorpaHn4eHHomM YyBeJiIndeHnn HomMepa n CTPEMUTCA

o0
lim u,, =0 lim u,, #0 2 uy
KHYIHO: n— Ecnnn— , TO psard  pacxogutca —  9TO

AOCTaTOUHbIN NPU3HaK pacxognMmoCTu pdaaa.

3agaHue 2. NpoBepUTb BbINMOJIHEHNE HEOBXOAMMOIO YC/I0BUS CXOAMMOCTHM pajaa:

® n ©  2n

yn=10m° +1 g)n=3n” +8
© 1 © 1
2 2 ) 2

g) n=l Cn+)In“(n+1) 7) n= (12n+1)In“(5n +1)
® In(4n +1 © 4n- 1
ZM ¥
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3 w43

C n
4)n=1n3+10 9) nan’ +10
© 12n © n
b >
5) n=4n- 1 10) n=14n” - 1

1.3. JoctaTtoyHble NMPU3HaKN CXo4ANMMOCTU pAAda C NOJIOXKUTEJIbHbIMU YNeHaMMU.

I7pu3HaKu CPpa8HeHuUs pﬂdoe C noJsioxKumeJsibHbIMU 4YJ1eHaMu

0 o0
} 2a, Xb,
1-0 npu3sHak cpasHeHuUs.TlycTb »< 1 »< - pagbl ¢ NONOXUTENbHLIMU

. <
YyreHamMmu, I'IpVI‘-IeMa” _bn ana  Bcex HOMepoB n, HayvnHaAa C

HekoToporo. Toraa:

o0 [e6)
2b, Xay;
1) ecnu pag »=  cxoguTcsl, TO CXoauTcsa U pag 7=l

2a, 2b,.
2) ecnun psag "2 pacxogutcsd, TO pacxoguTtes n psg 7=l

o0 e}
2a, Xb,

2-U npu3Hak cpasHeHus. Nyctb »= n n=4
4YfieHaMu, NPUYEM CYLLLECTBYET KOHEYHbIA N OTNNYHLIA OT Hyns npenen

—pAaabl C NOJIOXKNTETTIbHbIMU

A a o0 0
hm _I’l’ Z an an
"% Pn Torga pagbl Aon ndE CXOOATCA WUNM  pacxoadarcsd
OAHOBPEMEHHO.
Psi0 Qupuxne

Psn 2r 37 n? roe  p>0, HasbiBaeTcs psdom

Hupuxne.dtoT pan cxogutea npu 2>1 n pacxogutca npn 0<p, =l
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YacTHbIM cnyyaem psaa Oupuxne (npu P =1) asnaetca rapMoHudeckuin

1.1 1
I+—+—+...+—+...

psa 2 3 n

3aaaHue 3.ViccneoBaTh HA CXOAUMMOCTb MO NPU3HAKaM CpaBHEHUS:

- | < 2n+1
2 3=

1) = 3n*-1 6) 1= 4n’ +n
© 1 o \/;
2) n=l 4” +1 7) n=l 2vn\/; +1
< N < 2n+1
Z'2 o | Z'4+10
3)11:1 n 8)11:] n
S- 1 §2n2+1
4) 4n+1001 9) = 4n* +n
s >
5),,:1 2n2+1 10)n:11’l n+l

lpusHak Hanambepa.Ecnn ansa psiga ¢ NOMAOXUTESNbHLIMU YfieHaMu

o0
2u, =uptuy tuztotu, vu, +..(u, >0)
n=l BbIMOJTHAETCA ycrnosue

lim Y+l —;
oo Uy TO psg cxoautes npu [ <1 n pacxoamtea npu [>1,

MpusHak [Janambepa He OaéT pelueHus, ecrim =1, B atom crnyyae

Ana ncenegoBaHna paga npuMeHArTCcA apyrne npu3Haku.

3aaaHue 3. ccnepoBaTb Ha CXOAMMOCTb MO Npu3Haky Janambepa:
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o g 5.2-4-6-~-~(2n)

0 2

n o 3n-1
2) n= 2" 7)% \/n2"
n}’l

0 3 00

n

3)n:l (n+1)' 8) n—ln'
il 4}1 00 ﬁ
4) n=l (2”1 + 1)' 9) n=l 3"

0 n

51-3 52 +1) 5

5) n= 4nn! 10) n=l 2””

UHnmeepanbHbil npu3dHak Kowu.llycTb dyHKuma f(x) npu  x
yOOBIETBOPSET YCINOBUAM:

1) HenpepbIBHA,

2) NONOXUTENbHA,

3) MOHOTOHHO Y6bIBaeT.
2,

. u
Torpa umicnosou pag =, rae "=f(n),n 21 cxoAnTCA AN PACXOAUTCS

+00
[/ (x)dx.
OoA4HOBPEMEHHO CO CXOAUMOCTBIO NN PAaCXOAUMOCTBIO UHTErNpasia 1

3agaHue 4. VicchepoBaTtb Ha CXOAMMOCTb NO MHTErpaabHOMY Npu3HaKy Kolum

cnepylolme paabi:

00 1 2

1),,:2}11111’1 6)":1 }’l2+4

=1
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S 1

5 1 +9

2. 3HaKonepeMeHHble psaabl

i- 1

7) n=l n(n +1)

g I
g) = (n+Dy/In(n +1)

0 2

Zln n

9) n= N

i- n

10) =2 (n+1)(n +2)

2.1. MNMoHATMe 3HaKoNepeMeHHOoro psiga

YUncnoson

pﬂﬂul +1/l2 +M3 +...+T/ln +...

Ha3blBaeTCA 3HaAKoriepemMeHHbIM, eCiin cpegn ero 4JieHoB MMEeKTCA KakK

nonoXxXwuTterbHble, Tak

oTpuuartenbHble 4ucna.Ydmcnoson  psan

HasblBaeTCs 3HaKoyepedyWUMCcs, ecn nobble ABa CToSAWMWE PSOOM
YyrneHa MMeIoT NPOTMUBONMONOXHbIE 3HAKK:

o0
up - uy s ug A (D)™ = 2:1(- D™,
n

>
roe Un

ans scex "€N | T.e. pan, NONOXUTEmNbHbIE U OTpULATENbHbIE

YneHbl KOTOPOro creaykT APYr 3a ApyroM nooyepenHo. Hanpumep,

358



[Ana 3HakoyepeOywLMXcs pPsSAoB MMEeT MeCTO  A0CTaTOuYHbIN

NpU3HaK CXoaMMOCTU — NpusHak JlenbHuua.

2.2. MNMpusHak JlenbHnuya. AGConTHaAA N ycroBHas CXOAUMOCTb

psaa

Teopema (npu3sHak JlelibHuya).3Hako4epeayoLWNNCs pag CXoauTes,
ecnu:

1) nocneanoBaTtesibHOCTb abCOmMIOTHBLIX BENUYMH YNIEHOB paaa

SUy > DU, ...
MOHOTOHHO YObIBaeT, T.e. ty =iy Uy

o Iim u =0
2) o6 YneH paga CTPeMUTCS K Hymo:n—= ' .[pn aTOM cyMma

<S<u.
S psga yoosneTsopsieT HepaBeHCTBaMO S <uy

o0
2. ay
a

[MycTb gaH 3HaKonepeMeHHbln psag =1 | rae *" — NpoM3BOSbHbIE

o0
2|

yucna (OencTBUTENbHbIE UMM KOMMNekcHole). Ecnu pag 73

COCTaBMEHHbI M3 aDOCOMIOTHbIX BENMWYMH E€ro YneHoB, CXOA4UTCA, TO

0
2 ay

AaHHbIN pag "= Takke cxoauTcsa.B aTom cnyyae 3HakonepeMeHHbIN

o0
2. ay

pag n Ha3blBaeTca abcomomHo cxodduwumcs.CnepoBaTensbHo,
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00

Sa, ¥a|

ecrnM e 3HakonepemeHHblt pag 7= cxogutca, a pag  nA

o0
2. ay

pacxoauTcsl, TO AaHHbIN psaa 7=l Ha3blBAeTCs YCI08HO CXOOSUWUMCS.

e ——

NMpumep 1.ccnepoBaTb Ha cxogMmoCTb psg = 24n -
o0
2 a,
PeweHue. 1. Nccnegyem Ha cxogumocTb psg 7= n3 abCcontoTHbIX
o0 o0 1
2an 2 2Wn-1
BESIMYMH 4YNEHOB AaHHoro psiga:n=l =n4 .CpaBHMM 3TOT psig C
< 1
Yy 1 1

pSOoM n=12‘/;. Tak kak 2‘/;' 1<2ﬁ, 10 2Vn-1>2Vn anst Bcex n.Psapn

EL fL
n=12*/2 pacxoguTcsd, Tak Kak pacxoguTtcs psig n=1\/;(
>Lo
n=n” npu p=5 <1). 3HauuT, No 1-My NpPU3HaKy CpaBHEHUSI PacXoanTCA U
i ]

2Wn-1

pag n=

Kak pag Oupwuxne

NTak, ncxogHbii pag He aBnseTca abconoTHO CXOAALLMMCS.

2. BblacHUM, cxoouTcA nNW OaHHbIM  3HAKoYepeaylLwmnca pag,
NpuMeHsis NpusHak JlenbHuua.

e [poBepuM, BbINOMHAETCS N HepaBeHcTBo “n>%n+l ong aBGeomoTHbIX

BeJIN4YNH 4N1eHOB JaHHOro pAaaa.

1 1
=a
o 2n-152dn+1-1 "
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[laHHoe HepaBeHCTBO 3KBMBANEHTHO HEPAaBEHCTBY 2\/;'1<

T >
2Wn+1-1 yoropoesepHo ans moGoro n=1,2....3naunt “n ” %+l ong Bee

HomMepoB n=1,2...

lim a,, le 2\/__'_1
e Hanném npenen obuiero uneHa psaaa: n—= = ="eaNn+l=Q,
Takum obpasom, ONA [OaHHOrO  3Hakodepegytowlerocs psiaa
BbIMOMNHEeHbl 0b6a ycnoBus, coepxawmecs B npusHake JlenbHuua,
OTKy[da criegyeT, YTO UCXOAHbIN pag CXOOUTCH, OQHAKO OH He ABMsieTcH

abCoMTHO  CXOAAWMMCSl, NO3TOMY  [AaHHbIM  psig CXOOMTCS

& 1
PXCIVE o]
ycnoBHo.Omeem: pag, = n- CXOOUTCH YCNOBHO.

3agaHue 6. iccnepoBaTtb Ha abCOMOTHYIO M YC/IOBHYHO CXOAMMOCTb PsAbl:

D" v (D
Z 2'n gsnin’n
v (- 1) n v (- D3
2 (-1 Inn z (-1)
ey § D
4)n:2nlnn 9) = n+l1
$e § 0
~ n’lnn - +1
5)n=2 "t 10) = N1

3. DyHKLMNOHANbHbIE pAAbI
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3.1. NoHaTne PyHKLMOHANBLHOrO psiga

Pag, d4neHamu  KOTOporo  4BnAOTCA  PYHKUMM  OT X,

Ha3blBaeTCA prHKL(UOHafIbeIMZ

0
Zun (%) =uy(x)) +uy(xy) +.otu, (x,) +....
n=l Mpuaasas x onpeaeneHHoe

3HavyeHne 0, NOMyYnM YUCNOBOW psag,

ty (%) +1up(X) +-.. #11, (X0) + KOTOPBIV MOXeT BbITb KaK

CcXOo4AWMMCS, Tak U pacxogawmmca.Ecnn nonyyYyeHHbIM YMCrioBOU psaa

cxoanTcs, TO TOuYKa % HasbiBaeTca Moykoli
cxooumMocmu OYHKUMOHANMbHOrO  psiga; ecnu  Xe psg  pacxogutcs
— moyKou pacxodumocmudyHKLMOHANbHOMO psga.CoBOKyMHOCTb
YMCIIOBbIX 3HAYEHUW aprymMmeHTax, Npu KOTOpbIX (OYHKUMOHASBbHbIN Psag
cxoauTcs, HasbiBaeTcsa ero obsacmebio  cxodumocmu.B  obnactu

CXOOAUMOCTU (PYHKLMOHANBHOrO psiia ero cymma siBMsieTCs HEKOTOPOW

dyHKumen ot »: S =5() Onpepgensietcs oHa B 06nactu CXOAMMOCTY
S(x) =1lim §,(x) — + o4 )
PaBEHCTBOM n— oo , mesn(x) up(x) + 1y (x) +..+u,(x)

YyacTu4yHasa cymma psiaa.

3.2. CTeneHHble paabl

CmerneHHbIM ,DFIOOM Ha3blBaeTCAd pAaa Buaa.

0
Yax" =ag+a;x +ayx +..va,x" ...
n=0

Obrnacmbro cxoOuMocmu CTENEHHOIo psaga HasblBaeTCsl MHOXKECTBO

BCEX 3HAYEHUN ~, NP KOTOPbIX AaHHbIN pAaa cxoanTcs.
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Uncno RHasbiBaeTca paduycom cxodumocmu CTENEHHOro psaa,

X[ <R x> R

ecnn npu paa cxogntca n npuTom abcontoTHo, a npun

PsA
pacxogutca.Paguyc  cxogMmocTtV Havaem,  UCMomnb3ya  NPU3HaK

HNanambepa:
n+l

o la,ax :
lim |22+~ :|x| lim
n— o0 anxn n— o0

Ap+1 a,

ay

<1

9 9

x| < lim

n— o0y 4+

T.€. eCnn CTENeHHON pAg cxoanuTcd npu noodbIX x, yAoBINETBOPAOLWNX

. |a
‘x‘<hm L
n= o0 dy 1
OJaHHOMY YyCINOBMKO U pacxoauTtca Mnpwu .OTCI'O,EI,a cnenyer,
.| a,
R =1lim (a, #0,n =1,2,3,...)
n= 0| dp 4

YTO €eCl/in CyllecTBYyeT npeaen ,TO pagnyc

CXOAMMOCTU psiga R paBeH 3ToMy npedeny U CTENEHHOW psa CXOoOuTCs

(-R,R)

|x| <R o
, T.e. B npome»(yTKe , KOTOpPbIN

npu

Ha3bIBAETCS NMPOMEXYMKOM (UHMepesarioM) cxooumocmu.

Ecnn R =0 10 cTeneHHoON psag cXoauTca B €AMHCTBEHHOW Tovke ¥ =0
\Ha KkoHuax npomexyTka psg MOXET CXOAuTbCA (abCONTHO UMK

YCMOBHO), HO MOXET U pacxoguTbCA.

CXoaMMoCTb CTeneHHoro psiaa npu* =R n x=-R yccneapyetcs c

NOMOLLbIO Kakoro-nmbo m3 NMPU3HaKoB CXOOAMMOCTM.

Mpumep 2. Hantn obnactb cxogumoctn psana.PeweHue. Hanpgém

g(xﬂ)"

oy
paanyc cxoanmocTy psaa:n=l 12"
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.n -n- .
e | ] L[ 42" (4D 2" 2 2]

n— olp .2”'1 ' (I’l+1) .2” n—o p .2”'1 n— oo n .2” n— oo n

CnepoBaTenbHO, psaa cxogutca npu-2<x+1<2 te. npu-3<x<l

0 1\1
Mpux =-3umeem pag »= " KOTOPbIN CXOAWTCA MO MpPU3HaKy
Jlenbnuua.
Z n-1 =2 Z;
MNpnx =lumeem pacxogdawminca psaa; nA 2 n1" Omeem:

-3,1
obnactbto  CXOAUMOCTU MCXOAHOro paoa ABNAETCA I'IpOMG)KyTOK{ ’)

3adaHue 7. HaliTn obnacTtb CXoQMMOCTM CTENEHHOro psaaa:

P 52

1) n=l nzn 6) n= 3nn\/;

S.(- 1)"x"3" i. (x+2)"n
2) n=l n 7) n= 4’1

Sv x"2" S 2x+1)"
3) n= n’ g) n= 3"

f xX"(n+1) f (x+1)*
4) n4 4"n 9) n= 3"

S‘ (x +1)n i‘ (x 2)2n+1
5) n= 2}1\/; 10) n=l 4”n

OmBembl:
n 2n 2n-1)! n n 3n

3aganue 1.1) n+2,2) 5" 3) 4" 4) 5) 2n+2 ¢g)n+3 7)2"
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2n 2}’l+1 31’!'1
g)3n+D! 9y3n-1 10) 2n+2,

3apaHue 2. 1) pa, 2) pa, 3) Aa, 4) Het, 5) HeT, 6) Aa, 7) pa, 8) HeT, 9) HeT, 10) pa.

3apgaHue 3. 1)cxoauTtces , 2) pacxoauTtcs, 3) pacxoauTcs, 4) pacxogumrcs, 5)

cxoautes, 6) cxogutcs, 7) pacxoautces, 8) pacxoautcs, 9) cxoautcs, 10) cxoamTes.

3aaaHue 4. 1) pacxoauTcs, 2) cxoamtes, 3) cxoamuTces, 4) cxoamtcs, 5) cxoauTcs,

6) cxoautcs, 7) cxoautcs, 8) pacxoautca, 9) cxoautces, 10) pacxoauTtcs.

3apaHue 5. 1) pacxogutcs, 2) cxoantes, 3) cxogutcs, 4) pacxoauTcs, 5)
cxoautcs, 6) pacxoautcs, 7) cxoauTtes, 8) pacxoauTtes, 9) pacxoauTtcs, 10)
pacxoauTcs.

3apaHue 6. 1) abCoNOTHO CXOAMUTCS, 2) YCIOBHO cXoanTcs, 3) YCAOBHO
cxoamTtea, 4) ycnoBHO cxoamuTcs, 5) abcontoTHo cxoaumTes, 6) abCcoNtoTHO cxoamuTes, 7)
abcoNtoTHO cxoaumTcs, 8) abCoNOTHO cxoauTca, 9) YCIoBHO cxoamnTtes, 10) ycnoBHO

cxoamTcs.

11
3aaanue 7. 1) (-2;2], 2) [ 3 31,3) { 252] , 4) (-4;4), 5) [-3;1), 6) [-1;5], 7) (-

62, 8 (21,9 "3 13-1 10y 0.0)

Ilpaxkmuueckaa pavoma Ne 11
Tema: KoMiiekCHbIE UM CJIA U 1€/iCTBUS ¢ HUMHU.
Heab: cdopmupoBaTh yMEHHE BBINOJIHATH apuMeTHUecKue AEUCTBUS C
KOMIUJIEKCHBIMU YHCIIAMH.

MeTOIll/I‘IeCKI/Ie YKazaHuA Qs npaKanecxoifl paﬁoTbI
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Teopernueckne cBeJeHUs K NPAKTHYECKOIl padoTe

1. Honamue Komniaekcrnozo uucia
Komnnexchvimu yuciamu Ha3pIBalOTCS YUCIIa BUIA
=x +7
zZ=x+iy (1.1)

e X YV — JNEeUCTBUTENbHBIE (BEIIECTBEHHBIE) YHUCIA, a YHCIO [ONpPENessieMoe

2 L

— l - = 1 ~ ~

paBeHCTBOM ! =1 ( ), HA3bIBA€TCSI MHUMOU €IUHUIICH.

Yucno x Ha3bIBaeTCs Oelicmeumenvhol (8euecmeeHHol) Yacmvplo KOMIUIEKCHOTO
gmpcna (ucmonmb3yerca obo3Hauenne X —Re€Z): j MHMMON 4YacThIO KOMIUIEKCHOTO

qyucia z(y =Imz ).

Bripaxkenue (1.1) Ha3pIBaIOT aneebpauueckoli popmoti 3anucu KOMNIEKCHO20
yucha.

y=0

Ecau x :0, TO YHUCJIO z HA3bIBAIOT YHCTO MHHUMBIM, €CJIH , TO MMOJYHacTCA

BCHICCTBCHHOC YHCJIO z=x+ Ol =X .

z=x+1I z =x-1
y 51 Z2=x-1y HaA3bIBAKOTCIA COHpH)KeHHBIMI/I.

2

I[Ba KOMIIJICKCHBIX 4YHCJIa

. 2
=x" +
Wcnons3ys GpopMyiTy pa3sHOCTH KBaApaToB, ModydaeM, 4to 2= —* ~ V.
MoOXHO A0Ka3aTh, YTO KOPHSIMH KBAJApPaTHOIO YPaBHEHHUS C OTPHULIATEIbHBIM

AUCKPUMHUHAHTOM SBJISAIOTCA ABA COIIPSIKCHHBIX KOMIIJICKCHBIX YHUCJIA.

2 —
IIpumep 1. Pemuts ypaBHeHue X ~ 6x +18=0

(- F)\ _ _
Pewenue. JIACKpUMUHAHT AaHHOTO ypPaBHEHHUS: D=(-6)"- 4118 =36- 72 =-36

MCHBIIC HYJISA, HO TCIICPb MblI MOKEM BOCIIOJIB30BATLCS MHHMOM CI[I/IHHHCfll

_6+J-36 636 -1 _6%6i

x — . — .
1,2 2 2 2 _Te. X —3+3l; X, =3-3 .

zy =X, +1 Zy =X, +1 -

JlBa KoMILIeKCHbIX uncma -1 1+ 1y 2 72T happpt npyr apyry, ecim ¥ =%
F i —
u "= ; kommexcnoe uncno z cunraercs paBHBIM

Hymo, ecii ~ =Y 0

¥ Bceskoe KOMIUIEKCHOE YHCIIO MOXKHO M300pa3uTh Ha
M(xy) IJIOCKOCTH, T.K. K&KJOMY Z COOTBETCTBYET

*YIIOPSIAOYCHHAS [1apa BEIECTBEHHBIX qucen %) ;
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X

Uucno z=0 ctaBUTCS B COOTBETCTBUE HAYaly KOOPJIMHATHOM IIIOCKOCTH. TaKkyto
MJIOCKOCTh MBI B JJAJIbHEWIIIEM Oy/IeM Ha3bIBaTh KOMIUIEKCHOM TNIOCKOCTBIO, OCh
abciucc—IeNCTBUTENBHOM, @ 0Ch OPAUHAT-MHUMOM OChI0 KOMIUIEKCHOM TIJIOCKOCTH.

[2, 2 Z=x+1
Yucno V¥ *Y naspiBaeTcs MOyJIeM KOMIIIEKCHOTO YMCIa Y u

0003HaYaeTCs g LU C AR

2. Tpuconomempuuecxkasn popma KOMRIAEKCHO20 YUCA
Tpuconomempuueckas ¢popma komnaekcrhoeo uucia.KaxxaoMmy KOMILIEKCHOMY
yucity Buja (1.1) MOXKHO MOCTaBUTh B COOTBETCTBUE TOUKY M(Xx,y) Ha 1eKapTOBOH
MI0CKOCTH (ITPH 3TOM Ha ocu Ox pacroliaraloTcs BEIIeCTBEHHbIC YUCIIA

z=0+iy :iy).

z =x+i0 =x , a Ha ocu OY — 9Y1UCTO MHUMBIE YHCJIa

Moodynem xomniexcnoco wucia HasoeM miuHy otpeska |OM | (umm

| z|=yx? +y
paccTosiHME OT Havyajga KOOpJAUHAT A0 TOUku M), T.e. . AprymeHToM

=Ar y
KOMIUIEKCHOTO 4YHCJIa ((’p & ) Ha30BEM YyTO0J, KOTOPBIM BEKTOP oM obpazyeTt
C TIOJIOKUTEIbHBIM HampaBieHrneM ocu Ox. ['JaBHOe 3HaYCHHE apryMEHTa,
KOTOpO€, KaK TMpaBWIO, WCIOJIB3YeTCS TMPH OCYIIECTBICHUH JCHCTBHIA C

0<p<2t

KOMIUIEKCHBIMH YMCIIAMH, YAOBJIETBOPSIET YCIOBUIO
[Ipu 5TOM BBIpa)KEHUE BUIA

z3z|(cosp +ising) (12)
HA3bIBACTCS MPULOHOMEMPUUECKOU POPMOU 3aNUCU KOMNIEKCHO20 YUCIA.
[Ipeobpazyem (1.1)

— P . y X . y
z—x+zy—w/x +y \/X +y +l\/x2+y2 =54 \/x2+y2 +l\/x2+y2

U, cpaBHuBag c (1.2), momyyaeM, 4TO @—apryMeHT KOMILUIEKCHOI'O YHCIAZMOMXKHO

HaWTH, PEIIUB CUCTEMY
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X

COSQp =———— X
ﬂ_xz + y2 Cos@p :m
sing = 4 y

[ o 2 sinqa =
( xry Wi |Z|(1.3)

3amMeTuM, YTO MpU BHIOOpPE 3HAYEHUH @ W3 MOCJIEIHEr0 YpaBHEHUS HEOOXOAMMO

YYUYHUTBIBATHb 3HAKU X U ).

_x y
COSCO -_ Sln(p =z
@—apryMEHT KOMIUIEKCHOTO YHCIAZMOXXHO HalTH (opmyi r r

1gQ :Z @ =arctg

(1.3) wm B cuity TOTO, YTO r

Y

IIpumep 2. 3anucaTh KOMIUIEKCHOE YHCJIO B TPUTOHOMETPUUYECKOM Qopme:

a) 6i; b)1-iy3 yKa3zaTh MOJIYJIb U apIYMEHT KOMILJIEKCHOT'O YHUCIIa.

Pewenue. a) 3nece x=0, y=6 |z|=6 .
[TockonbKy YHCIO OLIEKUT Ha TOJOXKUTEIbHOH monyocu Oy, TO 3HaYeHUE

T . ..
apryMeHTa ¢=-, nostomy 6i=6 (cos o SIHE) i,

b) 3nech x=1, y=—+/3.

=./ 2 - 2 = =
[lo ompenenenuro [2[=y17 +( ﬁ) V4 2. Jlnst ompenenieHusl apryMeHTa
p

cosQp =

Qll\)lb—‘
W

singp =

St
@ =argz =—
BOCIIOJIB3yeMCsl  (DOPMYJION: . ITlomywaem, uTO 3

Tpuronomerpuueckass (opMa 3aJaHHOTO KOMIUJIEKCHOTO 4YHCIa HWMEET BUJI:
S .. 5w

z =2| cosS— +isin—
3 3

Ilpumep 3. 3anucaTh B TPUTOHOMETPUUYECKOH (hOPME KOMIUIEKCHOE YUCIIO

Z:'1+l'\/§'
2| =v1+3 =2

Pewenue. Halinem Moayib 1 apryMEHT KOMIUIEKCHOTO YUCHA!

COS @ =X SinQ =4

Vrou ¢ HalieM U3 COOTHOIIEHU r, ¥ . Torma nomyuum

368



1. \B

CoOsQ =—,sin@p =— 3
2 2 Ouyesuano, Touka Z = 1*IV3 yaxomures Bo BTopoit

=120° =2
YCTBCPTH: v A 7[.

z =2

[loacrasnsis B hopmyny (1.2) HaliieHHBIE 7 U @, UMEEM

2 .2
COS—JT +isin—7
3 3

3. /lelicmeus Ha0 KOMRNIEKCHbIMU YUCIAMU

zy =X Iy, 7 =X

+1y,
1) CymmanByx KOMILUIEKCHBIX YHCEIT OIPEIEIIAETCS

coracHo popmyie 1 t2 :(xl +x2) +i(y1 "'yz)_

2) Onepayus epluumanus KOMIUIEKCHBIX YUCEN ONPEACNIAECTCS Kak oneparus,

oOpaTHas cioxeHuto. KoMIiekcHoe yuciio * =21~ 22 eciam “2 © % =21 gBisgercs

z :(xl - x2)+i(y1 - yz)

Pa3HOCTHIO KOMIUICKCHBIX YHCEII Z; U Z2. Toraa :
Ilpumep 4. BoimoanuTs aeictBus: a) (4+2i)+(1+5i); b) (3+5i)-(6+3i).
a)llo mpaBmITy CIIOKEHUS KOMIUIEKCHBIX YHCEI TIOTyYUuM
(4+20)+(1+51)=(4+1)+(2+5) i=5+7i.

b) 1o mpaBwITy BEIYUTAHUS KOMIUIEKCHBIX YHCEIT TTOTYIUM
(3+50)-(6+3i)=(3-6)+(5-3)i=-3+2i.

2

=x +i —x, +i
3) Ilpou3eedenueByX KOMILUIEKCHBIX YHCEIT 1Ty 2 = +iny OmIpeAesieTCs

N Y . , b
o dopmysie 172 =l +iy My +iv,) =, 4y, vy, + 40y, =

(x.x, -y, +ilxy, +x,0,) z =(x+ip)x- ) =x" +y*

B uactoocTu ©

Mo>kHO MONTy4YHTh (HOPMYITYy YMHOKESHHSI KOMITJIEKCHBIX YHCET B
TPUTOHOMETPHUUYECKOU (popme.

Vneen 2122 =r1r2[(:0s(<p1 +(p2) +z'sin(<p1 +<p2)J.

Ilpumep5. Boimonnuts nevctBusi:a) 2i-3i; b) (2-3i)-(2+3i); c)(5-4i)-(3+2i).
a) 2i-3i=6i’=-6;
b) (2-3i)-(2+3i)=4-9i°=4+9=13;
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¢) (5-4i)-(3+2i)=(53-(-4)-2)+ i(5-2+3(-4)=23-2i.
MoO>XHO BBITOJIHUTH YMHOKCHHC 110 IIPpaBUJy YMHOXCHHUS MHOT'OYJICHOB!:
(5-4i)-(3+20)=15+10i-12 i +8=23-2i.

4) [enenuexoMIIIEKCHBIX YHCET ONPENEIAETCS KaK onepanusi, oOpaTHas

z
z =L

YMHOKCHHNIO, TO €CCThb YHUCJIO % HaA3bIBACTCA YaCTHBIM OT ACJICHMA Z1 HA z2, CCIIN
zZ; _x +iy (x1 +1iy, )(xz - iyz)

Zy =2z Z Zy Xy tiy, (xz +iy2)(x2 - iyz)

. Torma
XX, Fiy X, - iX Y, - iz.ylyZ :(x1x2 +y1y2)+i(' X1Vs +x2y1) —

- 2 2 2 2
x, +y, X, +y,

2 _Xi Xt 0, +il X\ Yy X%,
2 2 2 2
z + +
OkonuarenpHo 2 2 )2 X+,

B Ttpuronomerpuueckoi popme:

i :i[COS((pl - (pz) +iSin(C01 - @, )}

Z, n

+i0 =
Omnepanus geneHus: BO3MOXKHA TOJBKO B cllydae, Korja zy #0+i0 O).
. 2 1 1+, 2-7i
IIpumep 6.BBITIOTHUTH ,I[CI/ICTBI/IH.(,Z)3I.,Z)) T4 c) l—i’d)3+4i

N yKa3aTb BCIICCTBCHHYKO W MHHMYIO YaCTH IIOJIYUYCHHOI'O KOMIIJIICKCHOTO
qucia.

Pewenue.

, 2 2i _2i -2,
a) Ymuooicaem oenumoe u denumenv Hai, NONYYUM =5 =~ 57— 5 L.

3i 3ii -3 3

b)YMHOXaeM JeIMMOe U JICJIUTENIb HA MHOXKUTEIIb, CONPSKEHHBIA JIETUTENIO!
1 11—=i] 1-i _1-i1 1,
1+i (1+if(1-i) 1-# 2 2 2~

¢)YMHOXaeM JIeTMMOe U JISJTUTEIh Ha MHOXKUTEIb, COMPSKEHHBIN JETUTENIO!
1+i _ [1+i](1+i) _1+42i+i®_ 2i

1—-i (1-i)(1+i) 1= 2

d)YMHO)KaeM ACJIIMMOEC U JCJIUTEIIb HA MHOXHUTCIIb, COHpH)I(eHHBII)'I JCIIUTCIIIO.
2-7i _(2-7i)(3-4i) _6-8i-21i+28*> 6-29i-28 -22-29i 22 29

z =
3+4i (3+4i)(3- 4i) 9- 164> 9+16 25 25 25
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22
Rez=-— Imz=-—
BCIJ_IGCTBCHHaH U MHHUMaAs 4aCTUu paBHBII

5) Bo3zeeoenue 6 cmenenv u useieuenue KopHei. ECIu KOMIUIEKCHOE YHCIIO

y . z3z|(cosgp +ising)
3aJ]aH0 TPUTOHOMETpHYECKOW (opMmoit , TO CIIpaBeIJINBa
dbopmyia Myaspa

z" 2 z|" (cosng +isinng) (1.4)

6) Hnsa uzeneuenus wxopus n-ti cmenenu (n — 1en0€ 4Yucio, Oomnbmee 1) u3
KOMITJIEKCHOTO 4YHCJa, 3aJaHHOTO B TPUTOHOMETPHUYECKOW Qopme, MpPUMEHSETCS
dbopmya, narormas # 3HaYeHUH dTOTO KOPHS:

2 =Rz =] 2]

+ 2k . @ +2k
n

n

) k—0,1,,n-](15)
prwep 7. BEIUNCINUTD: .

Pewenue. UYtoObl Bocmons3oBaThes Gopmysion  MyaBpa, HE0OXOIUMO
MPEICTaBUTh KOMIUICKCHOE YHCJIO B TPUTOHOMETPUIECKON opMe.

oo |ZEVED 12 =V2 0 cosgp =142 sing =1/42
@ =31/4

T.C.

(Tak Kak COOTBETCTBYIOIIAasi TOYKA JIGKUT BO BTOPOM YETBEPTH).

-1+i:J§

37t .. 37w
COS— +isin—
4 4

CraenoBaTeabHO, u

3137 .. 313«
+ 7sin

-1+ = 213[cos ]
(8 cuny (1.4)). VYuwursiBas, 4TO

&;10 _T

4 ¥ McHomB3ys CBOMCTBA TPUTOHOMETPHUECKUX (DYHKIIHIL, TOTydaeM:

(- 1+0)"? =642

JU . . JU
cos(- —) +ism(- —
-2 -2

3 RIS NP
—64«/5(\5 zﬁ) 64 641'

IIpumep 8. Bo3sectu umcio =V3-1 B IISITYIO CTEICHbD.
Pewenue. Ilomyunm TpUroHoMeTpuiecKyto (opMy 3alucH Yncia z.

r=+3+1 =2, cosq :g, sinq[):-l @ =-

371



. T
z =2|cos| - —|+isin| - —
. Torma mo popmyne MyaBpa nomydum:
) 5 5 .5
z°> =2|cos| - = | +isin|- = || =2| cos=x - ism—] =
6 6
=2| - cosz- isinz =2| - ﬁ- il =-2 £+il :-(\/g+i)
6 2 2 2

3/
Ilpumep 9. Beruncautp: V- L

TpuronoMeTpudeckas hopMma 3aJaHHOTO UICIa MMeeT Buj ~ | =COS +isinsz
(|z|=1), moatomy B cuiy (1.5)
3N T +2km .. w+2kn T+2km .. w+2kw
z; =3/1| cos——— +isin——— | =cos——— +isin————
3 ,k=0,1,2.

BrinuceiBaem TPHU HCKOMBIX KOPH:A:

Zy =COS— +isin— =—+i—
2 .
T+2r . w+ -
Z; =CoS +isin =cosm +ising =- 1
;
+ L oa+4r 1 A3
Z, =COS +isin =—-i—
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1. MauMas equHuna. Ajreopandeckasi opMa KOMILIEKCHBIX YHCeJl.

Hepaspemmmocts ypaBHeHust x° + 1 = 0 Ha MHOXKECTBE JIEHCTBHTEIBHBIX YHCE] IPHBENA K

l

BBEJACHHUIO TaK Ha3blBaeMOll MHHMMOIl eIMHHMIIbI , T.C. MHHMOI'O (HpI/IIIYMaHHOFO) qucia,

2
obaaromero ceoiicteom: | — -1 .
X,=i, X,=—1I
Torma x*+ 1 =0 uMeer aBa pelieHus: 1 > 2
Yucna, BAIA bi , TIe beRr , | — MHUMAas eIMHUIA, HA3BIBAIOT MHUMBIMH YHCJIAMH.
HaHpHMep, 41 R _3 l 5 0,451 R \/21 , " T.II.
Yucna, Buga 9 +bi , TIIe a,beRr , | — MHUMAas eIMHUIA, HA3BIBAIOT KOMILIEKCHBLIMH
YHCJIAMHU.
HaHpI/IMep, 5+4l , 7_31 , 25+451 , _2_\/§l , U T.II.

dopma 3anucu z=a+bi Ha3bIBACTCs aJre0panyecKom.

d  — neiicTBuTENBbHAS YaCTh: Re(z) bl — MHUMas 4acTh: Im(z)
Takast 3amich TIO3BOJISIT 3alKMCHIBATh HE TOJBKO KOMIUICGKCHBIC YHCIA, HO U YUCMO MHUMblE W

OeticmeumenvHbvle, HAIPUMED:

[encreurenbHble yncna MHuMbIe Yyucna
b=0 a=0
5+0i=5 0+4i=4i
—/5+0i=—+/5 0—7,8i=—7,8i
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Bo MHOXecTBE KOMIUIEKCHBIX YHCE HET IOHSATHI «60.]'[19]_]_[6», «MCHBLIC)», «IIOJOXHTCIBHOC),
«OTPULATCIIBEHOC) .

zlzal+b11 . 22:a2+b21 a.=a b.=b

Yucna Ha3bIBAIOTCS PABHBIMH, ecdi 1 2 u 1 72
Uucna Zz=a+bi y -z =-a- bi yaypaores npoTHBONOIOKHBIMHE.
Unema £ =0 F bi u  Z=a- bl paamaores COMPSIKEHHBIMU.

1.1. PemmeHnue KBapaTHBIX yPAaBHEHHUH ¢ OTPULATEIbHBIM IUCKPUMUHAHTOM

Pemennem KBaApaTHOTO YpaBHCHHA C OTPULATCIBHBIM AJUCKPHUMHWHAHTOM BCCIrJad 6YI[YT JBa
COINIPAKCHHBIX KOMIUICKCHBIX YMUCJIA.

X’ +4x+29 =0

[Ipumep 1: pemuTh KBaipaTHOE YpaBHEHHE
Pewrenue.

Boruucnum 1ucKpuMUHAHT

D =b”- 4ac =4 - 4129 =16- 116 =-100<0

[IpeacraBnsiem OTpUIIATENBPHOE YHCIO Kak NpousBefeHHE (—1) W MONOKUTEIBHOTO 4YHCIa |

.2
3ameHseM (—1) Ha !
D =-100 =-1-100 =i* -10*

Haiien VD =Vi* 10° =4/i* 10* =i 10
Haxonum KopHU ypaBHEHUS:
-b+¢5_-4n40_-4+mi
2¢ 2 2
_-b-D _-4-i10 _-4 10
2« 2 2

X, = =-2+5i

9

X, =-2-5i

_ CXx, =-2+5  x,=-2-5i
Ortser: ABa COIPANKCHHBIX KOMIUICKCHBIX YHUCJIA: nu .

1.2. Apudpmernyeckue onepanuu HaJg KOMIUIEKCHBIMU YUCJIAMUB
aqredpaunveckoii popme

zy +z, =(a, +bji) +(a, +bi) =(a, +a,) + (b, +b,)i

Cymma

Paznocrs 21~ 22 =(a, +bi)- (a, +byi) =(a,- a,) +(b, - b,)i

Ipoussenenne =1 =2 =(a, +bji) (a, +b,i) =(aja, - bb,) +(a\b, +a,b)i
z,  z, 'z, (4MCIUTENs W 3HAMEHATENh YMHOXAKOT HAa YHCIO,
— = CONPSKEHHOE 3HAMEHATENIO, uTOOBI M30aBHTBCA  OT
Z, z,°Z, KOMILUTEKCHOTO YHCTIa B 3HAMEHATEIIe)

YacrHoe

PCKOMGHI[yeTC}I AJId YIIpOICHUA BBIYHCIICHUI npu ACJICHUH, BBIBECCTU (l)OpMy.TIy AJI1 YMHOXKCHU
ABYX COHpSDKéHHI)IX KOMIIJICKCHBIX YHCECII:
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z -z =la+bi) {a- bi) =a® - p** =a* - b* (-1) =a’ +b°

z, =4 +5i

HIQI/IMGIZQ,. BrIimmonHuTh apH(bMeTH‘leCKI/Ie HCﬁCTBHH Haa KOMINUICKCHBIMHU 4YHCJIaMU u
z, =6-9i

Pemienue.
h atn =(4+50) +(6- 9) =4 +6+5i- 9i =10- 4i_
N =(4+5i)- (6- 9i) =4- 6+5i+9i =-2+14i |
N =(4+5i) (6- 9i) =24- 36/ +30i - 45i> =24- 6i- 45 (- 1) =69- 6i

z _4+5i_(4+5) (6+9i) _24+36i+30i+9i° _15+66i _5+22 _5 22
gy 7 6-9i (6- 9i)(6+9i) 36 +81 117 39 39 39

i :i +21

Omer, 21 ¥2 =10- 4z -z, =-2+14i  z,z, =69- 6. =z 39 39

1.3. HarypasibHasi cTenieHb MHMMOWM eIMHULBI I

Haiinem nepBblil 4eThIpe CTENEHH i:

A4 2 2D —
=i P=-l P === =00 =1 (1) =]

2 2

4
y‘lI/ITBIBaH, qTo l _1 , HaﬁHeM CTapIIune CTCIICHU:
.5 4 . .. 6 4 2 _
=i i =1 =i i =i it =1+(-1)=-1
.7 4 3 N o .8 4 .4
i =it i =1 (-10) =-1 i =i"it=11=1

OueBUAHO, YTO BCE OCTalbHbIE CTENEHHW i OyayT paBHBl OJHOMY M3 MPEABLAYIINX YETBIPEX
3HAYCHUH.

Yrto ObI BO3BECTH iB HATYPAJIBHYIO CTeNleHb, HAJA0 NOKAa3aTeJb CTeNeHH pa3feuTh Ha 4, U
BO3BECTH iB CTENeHb, PABHYIO OCTATKY OT JeJICHUS.

.16 .11 .22 .37
[pumep 3: Haiitu ! , l ’ l , l

Perienwue.

l-16 :l-44+0 :l-O :1
4243 _;3 :_;.
2 a2 2

.16 .11 . 022 .37 .
1=l i =-i i"=-1 1" =i

2. T'eomeTpuyeckass HHTEPNPeTANMS KOMILJIEKCHBIX YHCe
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. Z=x+1i
HJIOCKOCTB Ha3bIBA€TCA KOMIIJIEKCHOM, €CJIHN Ka)KIIOMy KOMHJ’ICKCHOMy ‘II/ICJ'Iy y

Z(X
CTaBUTCS B COOTBETCTBUE TOUYKH TUIOCKOCTU ¢ KOOPJAMHATAMU ( 2 ) , IPUYEM, 3TO COOTBETCTBHE
B3aUMHO-0JTHO3Ha4YHOE (puc. 1).

Oce OX  naspiBaercs peiicTBuTEIBHOI OCbIO, T. K. Ha HEH pacIOJIOKEHbl TOYKH,

COOTBETCTBYIOIME YKCIIAM, Y KOTOPBIX Y=

Ocs OY naspiBaercss MHHMOI OCBIO, T. K. Ha Hell PACIIONOXKCHBI TOYKH, COOTBETCTBYIOLIUE
yuciam, y koropix X =0
Takum 06pasoM, JM060e KomIuiekcHoe uncno Z —a@ + DI yoxuo u306pasuts Ha MIOCKOCTH

o a
TOYKOU C KOOpANHATAMHU > , IPUYCM B3aMMHO OJHO3HAYHO.

. . Z\X . .
C kax o Toukoin ( 24 ) KOMIUIEKCHOM IUIOCKOCTH CBSI3aH paouyc-eekmop 3Toi ToukH (puc. 1).

BA
O
5 z(x,y) vl (x, )
" |

[
-

b 0 x g
Pucynox 1

CrnoxeHre U BEIUMTAHHE KOMIUIEKCHBIX YHCEN MOYKHO BEITIOJHUTH II0 IMpaBuIIy MapajjiciiorpaMmma
(HpaBI/IJ'IO CJIOXCHHUA W BbBIYUTAaHUA BCKTOpOB), KOTOPOC 3aKJIIOYACTCsA B CICAYIOLIEM: HYXKHO
IMOCTPOUTH IMapajiCjiorpaMM Ha BEKTOpaX, MHOJYYCHHBIX IIPU TCOMCTPHYCCKOM IPCACTAaBICHUH
3TUX 4ucel. P C3yJIbTaTy CYMMHUPOBAHHUA 6y,[[eT COOTBCTCTBOBATDH BCKTOp-AWaroHajib 3TOI0

Z z
napayuienorpamma. [Ipy BBITIONHEHWN BBIYUTAHHS HYKHO YYUTHIBATh, YTO PasHOCTh ~!u ~2 Oyzmer

-z, z,-z, =z, +\- z,

z
COOTBECTCTBOBATh CYMMC I nu T.e.

[Ipumep 4. JlaHbl 1Ba KOMIUIEKCHBIX YHCIA: o =1-3i u 2 =2- 31.
N300pa3uth WX Ha KOMIUICKCHOW IUIOCKOCTH W PE3yJbTaThl HMX CIOXKCHUS W
BBIYUTaHUS (puUc. 2).

Pemienue.

z,+z, =(1+51) +(2- 31) =3+2i
z,- zy =(1+5i) +(- 2431) =-1+8i
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.'I+5i

-2+13i

2

Pucynok 2
Jlmuma 7 Bextopa, COOTBETCTBYIONIErO KOMILIEKCHOMY 4YHCIYy < Ha3bIBAaeTCs MOLYJdeM

g
KOMIIJICKCHOI'O 4HCJia z 1 0003HaYaCTCS

¢

VYron

5

, O6p8.30B3.HHLII>i paanyC-BEKTOPOM C IIOJIOKUTCIIbHBIM HAIIPaBJICHUEM ocHu 0).¢

Ha3BIBACTCA APTYMEHTOM KOMIUIEKCHOTO UHcIa < ¥ 0003HayaeTcs & (puc. 3).

g

L]

y = Im(z)

-
0 3 = Re(:) x

Pucynok 3

PaCCManI/IBaﬂ Ha puc. 3 BLI,HCHCHHBIﬁ Hp)IMOYFOJ'IBHLIﬁ TPEYTOJIbHUK, ITOJY4YaeM COOTHOMICHUA:
— — 2 2
r =l =¥ +y

COSQ =X sin @ =7 1gQ =Y
r. r. X .

X =r-CosQ y=r-sing x =y/igp y=X"18¢
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u argz

[pumep 5: 3agaHO0 KOMIUIEKCHOE YUCIIO < =1- 7 Haiiru

Pemenue.
z =1- , SHAYMT, X :1 Yy = 1 yA
2| =/x* + 7 \/ J—
r \/5 _ T _ 0 1 )_x
y_ L [TPTeT® O 77!
sing =2 =- —— !
v r \/EJ 2\,
5 IR
argz =@ = il 4
= =- — Pucynox
OTBeT | | :ﬁ; 4 (puc. 4)

3. Tpuronomerpudeckass GopMaKOMILUIEKCHOTO YHCJIA

z=xtyix

3amMeHuB B aireOpanyeckoi (GopMe 3amuch KOMIUIEKCHOTO YHCia

— - =r -Sin
COOTHOILICHUsIMHAU X r COSCD y (p 5 HOJ'IyLH/IMI

) + | — . + Q1 g = + [ -Q1
Z=x+yl =r -CoOS@+7r SN ‘i I’(COS(p [ -SIn qp), Te.  TPUIOHOMETPHYECKYIO

(bOpMy 3aIlIiMCHU KOMIIJICKCHOI'O YHCJIa.

= +7 -91
Tpuronomerpuveckas (l)opMa:Z F(COSQO . sm(p)

Ipumep 6. TTepeBecTy B TPHIOHOMETPHUYECKYIO HOPMY KOMILIEKCHOE YHCIO 2 3+i .

Pemienue.

3+i 3HAYUT X :ﬁ’ Y =1,
— Sy =W e =31 =V =2
x A3
CosQp =— =—— ﬂ
roo2 0, p =—=30"
sin =2 —l 6
v ro 2

Taxum o0pa3om, TpuroHomeTpuyeckas popma JaHHOTO KOMIUIEKCHOTO YHCIIa UMEET BUJL:

.. T . . T
z =r(cosq0+z -s1n(p) =2 cosg+z -s1ng
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z =2

OtBeT.

T, .
cos— +i -sin—
6 6

Ipumep 7. IlepeBectn B anreOpanveckyr0 (GopMy KOMIUIEKCHOE YHCIO, 3aJlaHHOE B

z =10lcos150° +i sin150°)

TPUTOHOMETPUYECKOH opme .

Pemenue.
S
. 0, . 0 . @ =150° ==—
z =10lcos 150° + -sin 150 ),3Haqm, r —10’ 6
x =r-cosep =10 -coss—ﬂ =10 | - ﬁ =-53
6 2
) . Sm 1
=r sine =10 sin— =10 -— =5
Yy @ 6 5

Takum o6pasom, anredpanueckas popma JaHHOTO KOMIIJIEKCHOTO YHCJIa UMEET BUJL

z=x+yi =—5\/§+5i'
Otmser. Z —~ 5\/§+5i.

3.1. leiicTBUS HAI KOMILJICKCHBIMHU YMCJIAMH, 32IaHHBIMH B
TPUIOHOMETPUYECKOH popme

yMHO)KeI—[I/Iezl 'Z, =1 'I"z(COS((p1 +(p2) +i °Sin(§01 +q02))

4 :i(cos(qpl - qu) +i -sin((p1 - qoz))
Jlenenue 2 N

z" :r”(cosn(p+i -sinmp)

Bo3Benenue B cTeneHb (¢popmyna Myaepa)

+27k . . + 27tk
’{/; :’{/; cos(p—+z -smw— k=0,1,2,...,n-1
n

H3Bieyenue KopHs n

4. Iloka3zarenbHast GOPMAKOMILUIEKCHOTO YHCJIA

B 1740 rony Jleonapn Diutep omyOnukoBan ¢GopMyIly, CBSI3BIBAIONIYI0 KOMIUICKCHYIO
OKCIIOHEHTY C TPUTOHOMETPUICCKUMHU (YHKIIUSIMU:

p _ .
= +
¢ COS@TIsn @ — gopmyna Diinepa.
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Taxkum 06pa30M, €CJIIM KOMILIICKCHOC 4YHMCIIO 3aJaHO B TpHFOHOMGTpPI‘-IGCKOfI (bopMe

z :r(cosqp +17 -sin qo) y

, TO Ha OCHOBaHUM (opMyIbl Disiepa, BhIpaXKEHUE B CKOOKAaX MOXKHO

3aMEHUTh Ha IIOKa3aTelIbHOE BbIpaKeHUE. B pesynbTare NOIyYUM MOKa3aTeabHyl0 (opmy
KOMIIJIEKCHOI'O HHcJia:

z =r e’

Moka3zareabHas popma:

4.1. JlelicTBHSA HaJl KOMILJIEKCHBIMM YHUCJIAMU, 32JaHHBIMH B MIOKA3aTeJIbHOM

dopme.
— PRI — PRI
Mycts zZ, =n -e zZ, =1, €
2z, =p o @00
Ymuoxkenune | 2 172
i :iei((ﬂr%)
Z 7.
Jlenenue 2 2
" .
Z)" =" e
Bo3Beaenue B cTeneHb
Q+2mk

I}
n —n n
\NZ =ATr e k=0,1,2,...,n-1

VA z
[pumep 8. JlaHbl 1Ba KOMIUIEKCHBIX Yncia | u ~2,

N3BjeyeHne KOPHS

_1 04+ i 0N
z, =4lcos150° + -sin150°) _5(00890 +i in90')

y Z, ‘2, z,/ z, y ,
[TpousBecT AeHCTBUS B TPUTOHOMETPHUYECKON M TOKa3aTelbHOU (opme.
Pesynbrar 3anucats B anredpandeckoit hopme.

Pemenue.

n=4 5=, @ =150° @, =90".
W3 3anucu yncen nMmeem:

Tpuronomerpudeckas dopma:

2, -z, =1, nlcoslg, +@,) +i sinlg, +¢,)) =4 %(coshsoo +90°) +i -sin(150° +90°)) =
=2(c0s240° +i sin 240°) =2 - %+i - ? =-1-4/3i.
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21 =B (cosle, - ) +i sinlg, - @) =4 : cos(150° - 90°) +1 sinl150° - 90°)) =
z, 5 2
—8(cos60° +i -sin 60°) =8 %+£i =4 +4:/3i .
Ilok
asarenpHas dopma:
1 i90°
i —= €
z, =4e 150° 2y 2
o 1 e |
Z) "z, =K 'L ) =4 P /(1507490 9 i240"
o | 3 .
2(c0s240° +1 sin240°) =2| - Lail - 33 —-1- 3i.
2 2
Zo T - 1 (1500 000 1607 .y
A 2T glnns) =g 2 h0-90) Zgoio” —glcos60° 4+ sin 60°) =
Z, I 2

1 3

=8| —+ | =4 +44/3i.
2 2

Z
=4 +4430
Otser. 1 %2 =~ - ﬁi ) %

Kak Buano w3 mnpumepoB, mnoka3zatejibHasi (opMa YNpolaeT 3anuch BbIYMCJIEHUH, U
oopMIiIeHHE pelIeHHs] AesIaeT 0ojiee KOMIIAKTHBIM.

2- x/Ei)lO.

Ipumep 9. Beruncaute

Pemenue.
3anuiieM 1aHHOE KOMITJIEKCHOE YHCIIO B TTOKa3aTeIbHOU (popme:

z=N2-2i  spaunr, ¥ :ﬁ’ Y :-ﬁ;
‘Z‘ =X+’ Z\/(\/E)z +(- \/5)2 =\2+2 =4 =2

JT

tgp == =—— =-1 = @ =arctg(-1) =- — = - 45°
8¢ =7 NG @ =arctg(-1) 2

Taxum 06pa3oM, IoKasatelbHast (popMa JaHHOTO KOMILIEKCHOTO YHCIIa HMEET BHJL:
3]
. i- 4
1
z =re'’ =2e _

10
Beruncianm 2

i[-”.loJ
10 10 10 10
210 =ple/10% =210t 4
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y X+iy
[lepeBeneM MOTyYEHHBIH PE3yIbTaT B alreOpandeckyro Gopmy .

(.57
1024e{ 2] —=1024| cos| - = | +i -sin| - %]] =1024(0+i {- 1)) =- 1024; .
o W2l = 00a
- 16 =0

IIpumep 10. Haiitu Bce KOpHU ypaBHEHUS

Pemenue.

— i0° _ =0°
3anuiem uncio 16 B mokaszarenbHOU popme: 16 =16e ,T.e. ¥ =16 , @ =0 .

Torna
o+2k
z=%re = k=0,1,2,....n-1
i0+2nk
z =416 =416 ¢ * k=0,1,2,3
Hpnk:O:

0 |
z, =4/16¢ * =4¢" =2(cos0+i sin0) =2(1+7 -0) =2

Hpnk =1.
0+27

z, =416 ¢ =202 =2

=2(0+i 1) =2i

T, . T
CoS— +1i -sin —
2 2

Hpnk =2.
0+4x

z, =316 e ¢+ =27 =2(cosm +i sinx) =2(- 1+i -0) =-2

Hpnk :3:

0+67 s
z, =Vl6e * =2e?2 =2

3 . . 37
cos—+z-s1n7

z, =2 z,=2i Z3 =-2 z, ==2i

OTtBer.

BbiBoa:

* Auredopanueckas ¢popma yqo0Ha IPU CIOKEHUU U BEIYUTAHHH,

=200+ (- 1)) =-2i

e [loka3arenbHast ¢opma yaoOHAa TIpM YMHOXKCHUH, [ICJICHUU, BO3BEJICHUU B CTEINCHbD,

HU3BJICUCHHWHU KOPHA,

¢ Tpuronomerpmueckass  ¢opMa CIyKUT JUIsl IEpeBoJa IOKazaTelbHOW (Qopmbl B

anreOpandecKyio.
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5. 3apa4u 119 CAMOCTOAATEILHOTO PellleHUs
1. Peminte ypaBHEHHUE:

1) x> +4x+29 =0 2) x*+36 =0
5 x7-13x+48=0 g X +6x+18=0
5) x*+4 =0 6) x* +7x+20 =0
5y X*+7=0 g X +8=0
9 X -2x+10=0 100 X -2x+11=0

21y %
2. JlaHbl Ba KOMIIJIEKCHBIX ynciia 1y ~2.

z, vz, z,-2z, 2z 'z, z/z,

Haiitu ’ ’ ’

1) z, =2-8i 2) z, =1-2i 3) z, =2-1i
z, =3-2i z, =1+2i z, =2i-3

4) z, =4+5i 5) z, =3 6) z, =3-4i
z, =6-9i z, =1-3i z, =3+4i

7) z, =3-5i 8) z, =4 9) z, ==2i
z, =2i- 4 z, =2i z, =l-i

3. BBIOJIHUTE JEUCTBUA:

(1422 +1) 2+3i (3+2i)(2- i)
4. BBIYUCIUTE:
.37
.16 .11 .22 .14 .24 .34 .35
1 ¢ 2)! 3)! pb 5 glT gl 8)!
5 ;52 40 83 3 .61 45 38 0 76 4 720 4 730 4 ;36 4 554
0 P2 o 4537 - %2 4358 ) 72 40 5303 7 45 108
2- 3 1+
.11 .23
13)5 + 14) l
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5. N306pa3ute Ha KOMIIEKCHOM MJIOCKOCTH YHCIa
1) 2=3+2i 92)z=-4+3i 3)z=2 4) z =-6i

4 argz.

6. 3a1aH0 KOMILIEKCHOE YKiciio < . Haiitu

nyz=l+i 5z =200 5 z=-12 4)22-\/§+i

7. IlepeBecTr B TPUTOHOMETPUUECKYIO U B TIOKA3aTENBbHYIO (POPMY KOMIUIEKCHOE YHCIIO

5z=-1+i3 z=5-5i
8. IlepeBectu B anredbpanydeckyro GopMy KOMIUIEKCHOE YHCIIO

z =10(cos150° +i -sin150°)

Z,  Z . Z,Z z. /z
9. Jlanbl 1Ba KOMIUIEKCHBIX ykcna | w ~2, Hapirm 1 ©2 | ~1 2

_1 0L i and
=4(cos150° +7 -sin 150°) % —5(00590 +i 5in 90")

1) Z1 2)

10. BoinonHUTh A€WCTBUSA U pe3yJIbTaT MPEICTaBUTh B aredpandeckoi opme:
6lcos19° +i sin19°) 8lcos31° +i -sin31°) '2—14(cos400 +i sin40°)
1)

1/2(cos 2100 +i -sin210°)  2lcos72° +i sin72°) 3lcos 28" +i in 28°)
’) 1/4 \cos150° +i -sin150°) 0.3lcos160° +i -sin160°)

3)
1
i sin’ <0 200 0 o 0
N 0.2| cos—+1i SlIl4 5 106115 '126130 6 278186 :188126
5 G0s100* o [2lcos60’+i-sin60')  leos120° +i sin120°)
B3 (1- i)
Yo Hi o
10) (‘E' \/5’) 11) 22 12) 2e*
[ 6 [ 6
-1+i4/3 M 1-1i43 —y
2 2

11. IIpoBeputh paBEHCTBO

3 .
12. BeraucianuTs Bce 3HAYCHUS KOpH:A 27l " IIOCTPOUTDH UX IT'COMCTPHUIYCCKHC I/1306pa)KCHI/I$I.
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13. HaiiTu Bce KOpHU ypaBHEHUS U MOCTPOUTh UX T€OMETPUUECKHE H300paKEeHUSI.

n Z-16=0, 5 z'-81=0
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	15. Несобственные интегралы. Несобственные интегралы первого
	рода
	1. Паспорт комплекта контрольно-измерительных материалов
	3. Оценка освоения учебной дисциплины
	3.1. Формы и методы оценивания

	Задания для оценки освоения дисциплины
	Кривая второго порядка может быть задана уравнением
	Определение. Окружностью называется множество точек плоскости, равноудаленных от данной точки (центра).
	В окружности (x – a)2 + (y – b)2 = R2 центр имеет координаты (a; b).
	М
	8.5. Бесконечно большие функции и их связь с бесконечно малыми.


	D = 36 – 32 = 4; D = 64 – 48 = 16;
	Определение непрерывности функции
	      Определение точек разрыва

	Практическая работа № 1.
	Тема: Вычисление пределов функций.
	Цель: Проверка усвоения знаний по вычислению пределов функций с помощью раскрытия неопределённостей. Повторить и систематизировать знания по данной теме.
	Обеспечение практической работы:
	Теоретический материал методической рекомендации к практической работе.
	Учебник. Богомолов Н.В. «Математика». – М.: Дрофа, 2006.
	Индивидуальные карточки с вариантом практической работы.
	Теоретический материал, примеры вычисления пределов.
	Определение предела.Число b – предел функции f(x) при x стремящемся к a, если для каждого положительного числа можно указать такое положительной число , что для всех x, отличных от a и удовлетворяющих неравенству |x-a|<, имеет место неравенство |f(x)-b|<
	Обозначение предела. Если b есть предел функции f(x) при x стремящемся к a, то записывают это так:
	
	Определение непрерывной функции. Функция f(x) непрерывна в точке a, если
	
	Вычисление пределов функций основано на применении следующих основных теорем:
	ТЕОРЕМА 1.Предел суммы двух функций при x стремящемся к a равен сумме пределов этих функций, то есть
	
	ТЕОРЕМА 2.Предел произведения двух функций при x стремящемся к a равен произведению пределов этих функций, то есть
	
	ТЕОРЕМА 3.Предел частного двух функций при x стремящемся к a равен частному пределов, если предел знаменателя отличен от нуля, то есть
	
	и равен плюс (минус) бесконечности, если предел знаменателя 0, а предел числителя конечен и отличен от нуля.
	ВЫЧИСЛЕНИЕ НЕСЛОЖНЫХ ПРЕДЕЛОВ
	Пример 1.
	
	Комментарий. Здесь была использована теорема о пределе суммы.
	Пример 2.
	
	Комментарий. На первом шаге была применена теорема о пределе частного, так как предел знаменателя не равен нулю. На втором шаге использовалась теорема о пределе суммы для числителя и знаменателя дроби. После была применена теорема о пределе произведения.
	Пример 3. Найти предел
	
	Знаменатель и числитель дроби при x стремящемся к 2 стремятся к нулю, поэтому теорема о пределе частного здесь неприменима. В таких случаях нужно попытаться упростить дробь. Имеем
	
	Это преобразование справедливо при всех значениях x, отличных от 2, поэтому в соответствии с определением предела можем написать
	
	
	ВЫЧИСЛЕНИЕ ПРЕДЕЛОВ С ПОМОЩЬЮ ТЕОРЕМЫ О ПЕРВОМ ЗАМЕЧАТЕЛЬНОМ ПРЕДЕЛЕ
	Пример 1.
	
	
	
	Пример.. Найти пределы:
	а) б) ,
	в)
	Решение.
	а)
	б),
	в) .
	Следует отметить, что формулы (1.5) и (1.6) справедливы не только для многочленов целой степени, но и для многочленов дробной степени, так как для любого a>0.
	Пример . Найти пределы.
	а) ,
	б) ,
	в) ,
	
	Решение:
	а) В числителе три слагаемых соответственно степени: Следовательно, степень числителя равна , а главный член в числителе равен . Аналогично, главный член в знаменателе Имеем по формулам (1.5) и (1.6):
	а)
	б)
	в)
	т.к.
	Здесь также можно было использовать идею, что главный член это старший член. Имеем:
	
	Пример 1.4. (Неопределенности )
	а) , б)
	Решение. Для избавления от неопределенности здесь следует избавиться от иррациональности в числителе, умножив и разделив данное выражение на соответствующее сопряженное выражение.
	а) Используем формулу
	
	Для данного примера
	
	Имеем:
	а)
	
	б) Напоминаем, что и при .
	Имеем:
	=.
	Практическая работа № 8.
	Тема: Вычисление неопределённых интегралов методом введения новой переменной.
	Цель: Проверить на практике знание понятия неопределённого интеграла, умение вычислять табличные интегралы, умение вычислять неопределённый интеграл методом введения новой переменной.
	Обеспечение практической работы:
	Теоретический материал методической рекомендации к практической работе.
	Учебник. Богомолов Н.В. «Математика». – М.: Дрофа, 2006.
	Индивидуальные карточки с вариантом практической работы.
	Теоретический материал и примеры вычисления неопределённого интеграла методом введения новой переменной.
	Неопределённый интеграл и таблица неопределённых интегралов
	        Определение   Пусть  -- функция, заданная на объединении интервалов вещественной оси. Набор всех первообразных для называется неопределённым интегралом от и обозначается . Операция нахождения неопределённого интеграла по заданной функции называется интегрированием этой функции; найти неопределённый интеграл означает проинтегрировать данную функцию. Функция , записанная после знака интеграла (или, как часто говорят, под знаком интеграла), называется подынтегральной функцией.     
	Согласно доказанным выше теоремам о виде первообразных, неопределённый интеграл от функции состоит из функций вида , где  -- какая-либо фиксированная первообразная для , а  -- величина, постоянная на каждом из непересекающихся интервалов, на которых задана функция . Поэтому можно написать такую формулу:
	
	(Точнее было бы , но фигурные скобки, обозначающие множество всех функций вида , писать в данной ситуации не принято.)
	Итак, для того чтобы доказать равенство , достаточно проверить, что  -- первообразная для , то есть что .
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	Интегрирование по частям.
	16. Несобственные интегралы второго рода
	Примеры
	Умножение
	Деление
	Возведение в степень
	Извлечение корня из комплексного числа
	Извлечение корня из комплексного числа


	Лекция 1. Числовой ряд. Основные понятия, свойства сходящихся рядов. Знакоположительные ряды. Интегральный признак Коши
	1.2. Числовой ряд. Основные понятия теории числовых рядов: сходимость, расходимость, сумма ряда. Примеры
	1.3. Основные свойства сходящихся рядов, необходимый признак сходимости
	1.5. Интегральный признак Коши сходимости ряда с положительными членами

	Лекция 2. Признаки сходимости рядов с положительными членами: признаки сравнения, признак Даламбера, радикальный признак Коши
	2.1. Ряды Дирихле и их сходимость, гармонический ряд
	2.2. Признаки сравнения рядов с положительными членами
	2.3. Признак Даламбера сходимости рядов с положительными членами
	2.4. Радикальный признак Коши сходимости рядов с положительными членами
	4.2. Степенные ряды: основные понятия, теорема Абеля
	4.3. Свойства степенных рядов
	4.4. Формула Тейлора

	Лекция 5. Ряды Тейлора и Маклорена
	5.1. Ряды Тейлора и Маклорена. Условия сходимости рядов Тейлора к исходной функции
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