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1. ITacnopT KOMILIEKTA KOHTPOJIbHO-U3MEPUTEIbHbIX MATEPUAJTIOB
pe3yiibTaTe OCBOCHUSI YUEOHOW AUCHUILIUHBI « Mamemamukay 00y4aromuiics

noJpkeH obnanathk npeaycmoTpeHHbIMU OI'OC mno cnenmansHocTH CIIO 15.02.14
OcHaleHue cpeacTBAMH aBTOMATHU3ALUM TEXHOJOTHYECKHX TMPOLECCOB H
NPOM3BOJACTB (MO OTPACJAAM)CICAYIOIMMH YMEHUSMH, 3HAHUSIMHU, KOTOPBIC
bopMupyIOT TPOohEeCCUOHATIBHYIO KOMITETCHITUIO, U OOIITUMU KOMIIETEHIIUSIMHU:

Ymenns (Y):
0 1 - BBEITIONHATE ONEpaly HAJl MATPULIAMH U PEIIATh CUCTEMBI JIMHENHBIX
YPaBHEHUN;

1 2 - pemars 3a1a4n, UCMOIB3Ys YPABHEHUS MIPSMBIX U KPUBBIX BTOPOTO

InopsaKa Ha IJIOCKOCTH,

2 3 - npuMeHsTh MeTOIbI U (DEPEHITNATBEHOTO U UHTETPATLHOTO NCUUCIICHUS
byHKIUH ¢ 0THOU IIEPEMEHHOMU;

0 4- npuMeHsTh METObI MU PEPEHIINATBHOTO U UHTErPATbHOTO UCYUCIICHUS

(yHKUHI HECKOJBKUX MMEPEMEHHBIX;

1 5 - pemats auddepeHnmaibHbie YpaBHEHUS;

2 6 - OJIb30BAThCS MIOHATUAMU TEOPUHU PSIOB.

3 7- moIb30BaThCS MOHITHAMU TEOPUN KOMITJICKCHBIX YHCET;
3unanus (3):

0 1- OCHOBBI MAaTEMAaTHUYECKOT'O aHANIN3a, TUHEHHOU anreOphl
Y QaHUIUTUYECKON T€OMETPHUH;

1 2- ocHOBBI MU PEepeHITMATEHOTO U UHTETPATLHOTO UCUUCIICHUS (DYHKITHI
C OJIHOM ITEPEMEHHOM;

2 3- ocHOBBI MU HepeHITNATBHOTO U UHTErPATbHOTO UCUUCTICHUS (PYHKIIHIA
C IByMS IEPEMEHHBIMH;

3 4-0CHOBBI TEOPHH PSIIOB.

4 5- OCHOBBI TEOPUHN KOMILUIEKCHBIX YHCET;

OK 1 Beibupath criocoObI perieHus 3a1a4 npohecCUOHAIBHOM JIeITeIbHOCTH

IMPUMCHHUTCIIbHO K PAa3JIMYHBIM KOHTCKCTaAM



OK2 OcymiecTBisiTh MOUCK, aHATIU3 U UHTEPIPETALNIO HH(HOPMAITIH,
HEO0OXOIMMOM TSI BBITOTHEHUS 3374 MpodeCcCUOHANBHON IeTENbHOCTH

OK 9 Hcnonb30BaTh MHGOPMAIIMOHHBIE TEXHOJIOTHHU B TPO(EeCCHOHATTEHOMN
JEeATENbHOCTH

OK 10ITonb30BaTHCS npodecCUOHAIbLHON JOKYMEHTALIUEN Ha
rOCyJIapCTBEHHOM U MHOCTPAHHOM SI3bIKaX

OCHAILIEHUE CpeICTBaMU aBTOMaTH3aluu TexHojoruyeckux npoieccoB(I1K)

IIK 1.3 I[IpoBoauTh BUPTyallbHOE TECTHPOBAaHWE DPa3pabOTAaHHON MOJEH
AJIEMEHTOB CHCTEM aBTOMATHU3AIUU JJI OIEHKH (DYHKITMOHAIbHOCTH KOMITIOHEHTOB
[1K 1.4 ®opmupoBaTh MakeT TEXHUYECKON JOKYMEHTAIIMU Ha pa3pabOTaHHYIO
MOJIEJIb 3JIEMEHTOB CUCTEM aBTOMATU3ALUN
ITIK 2.3 [IpoBOAUTH UCIBITAHUS MOJEIM IJIEMEHTOB CUCTEM aBTOMATH3aIlUU B
peaTbHBIX YCIOBUSIX C IIENIbIO MOATBEPKIACHUS PabOTOCTIOCOOHOCTH M BO3MOMXKHOM
ONTUMU3ALUU
[IK 4.3 Opranu3oBbBaTh padOTHl IO YCTPAHCHUIO HEMOJIAI0OK, OTKa30B
000OpyZI0BaHUS U PEMOHTY CHCTEM B paMKaX CBOEH KOMIETEHIINH

dopmoii aTrTecTaluu o yaeOHOU JUCLIUIUINHE SIBIIAETCSA

b epeHIupOBaHHBIN 3a4eT.



2. Pe3yabTaThl 0OCBOEHNS Y4eOHOM JUCHMILIMHBI, NOAJIEKaIHe IPOBEPKe

2.1.

B pesynbrare arrectanuu 1Mo y4yeOHOM JUCHUIUIMHE OCYIIECTBIISETCS

KOMIUICKCHAA IIPOBCPKaA CICAYHOIINX YMeHI/Iﬁ 141 3HaHHfI, a TaxKiKC JUHaMHKa

dbopMHpoBaHUs OOIIKUX KOMIETEHIIUMI:

Pe3yiabTarsl 00y4yeHus:
YMEHHUs, 3HAHUSA U o01me

KOMIICTCHIIUHU

IMoxa3aTesiu OlEeHKH
pe3yJibTaTa

®opma KOHTPOJISA
U OLlCHUBAHUSA

YMmeTh:

Y I - BeImOnHATH Onepanuu
HaJl MaTpULIAMH U PEIIATh

CUCTEMBI JIMHEMHBIX
YPaBHECHUM.

OK 2. Oprann3oBbIBaTh

COOCTBEHHYIO JICSITEIHLHOCTD,
BBIOMPATH THUIIOBBIC METO/IbI K
CIIOCOOBI BBIITOJTHEHUS

npodeCCHOHANIbHBIX 3a]1a4,
OLICHUBATh UX 3PPEKTUBHOCTD
U Ka4eCTBO.

- BeimoniHenue nericTBUi Haxq
MATPULIAMHU: CIIOKECHUE,
BBIUMTAHUE, YMHOKCHUE,

YMHOXEHHUE MAaTPHUIIbI HA
YUCJIO

-Belunciienue onpeaenurenen
- Pemienue cucremM TMHEMHBIX
YPaBHEHUI METOJOM
0o0paTHOM MaTpuULIbI

- Pemienue cuctem TMHEMHBIX
ypaBHeHUH Mo popmyiiam
Kpamepa

- PemieHne cucreM JIMHEMHBIX
ypaBHeHu meTogom ['aycca.

YcTHBIN onpoc,
CaMOCTOSITEITbHBIC
paboTHI;

MPaKTHYCCKHE
paboThI, SK3aMEeH

¥ 2 - pemiats 3a/1a4u,
UCIIOJIb3YS YPAaBHEHUS

IIPAMBIX 1 KPHUBBIX BTOPOI'O
Inopsiaka Ha IJIOCKOCTH.

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSITEIHHOCTD,
BbIOMpaTh TUIIOBBIE METO/IbI U
CIOCOOBI BBIIOJHEHUS
npoecCHOHATBHBIX 3a/ad,
OLICHHBATh UX

3(PEeKTUBHOCTBH KaYeCTBO.

- BeimmosmHenue neiicTBUM Ha
BEKTOPaAMHU: CJI0KEHHUE U
BBIUMTAHUE BEKTOPOB,

YMHOKE€HUE BEKTOPA HA YUCIIO
- HaxoxxaeHne ckaispHoro,
BEKTOPHOI'O M CMEIIAaHHOTO
MIPOU3BEJICHUSI BEKTOPOB

- CocTaBieHre ypaBHEHUI
NPSIMBIX U KPUBBIX 2 MOpPSJIKa,

UX TIOCTPOCHHE

YcTHBIN onpoc,
CaMOCTOSITEIIbHBIE
paboTHI;

PaKTHYCCKUC
paboThI




23 3 - npUMEHSTh METObI
nuddepeHIanbHOr0 U
HHTETPATHHOTO UCYUCICHUN
TSt GYHKITUH ¢ OJTHOU
MIEPEMEHHOU

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCT,
BBIOMpATh TUITOBBIC METOIBI U
CrIOCOOBI BBITTOTHEHUS
npodecCUOHANIbHBIX 3aJ1ay,
OLICHUBATh UX

3 PEKTHBHOCTH U KQYE€CTBO.

-Brruucnenue npegena
(GYHKIIMY B TOYKE U B
OECKOHEUYHOCTH

5888 MUccnenoBanue
(GyHKIHUY HAa HEMTPEPHIBHOCTH
B Touke -OnpeieieHue BUI0B
TOYeK pa3pbiBa- HaxoxaeHue
IPOU3BOJAHON (DYHKIIMH-
Haxoxnenue npons3BoiHOM
CJIIO)KHOU (PYHKIIUH-
[IpumeHenue npasuna
JlonuTans AJisi BBIYUCICHUS
npezaenos -Paznoxenue
DJIEMEHTAPHBIX (PYHKIUH B
pan Tenopa u npuMeHeHHe
TSl HAXOXKJICHUS TIPEICIIOB-
Jlorapudmuueckoe
nuddepeHnupoBaHue -
HccnenoBanue GyHKIMH C
ITOMOIIBIO TIPOU3BOJHOMN H
noctpoeHue rpapu

5889 Haxoxnenue
HEOIPEACIICHHBIX
WHTErPaJioB
(HemocpeACTBEHHOE
WHTETrPUPOBAHUE ,
UHTETPUPOBaHUE
MOJICTAHOBKOM ,
WHTETPUPOBAHUE T10 YACTSIM )
-UnTerpupoBanue GyHKIUH,
COZIepIKalllUX KBaJAPaTHBIM
TpexwieH - UHTerpupoBanue
paIMOHAIBHBIX (PYHKITUH
5890 Uurerpuposanue

palMOHANIBHBIX IpOOeH-
HNnterpuposanune
TPUTOHOMETPUYECKUX
byukuuii-aTerpupoBanme
UppALMOHAIBHBIX (PYHKIUH-

Brruucnenue OIpCACIICHHBIX

YcTHBIN onpoc,
CaMOCTOATETbHBIC
paboTHI;
MIPAKTUYECKUC
paboThl, FK3aMEH




uHTerpajgoB-HecoOcTBeHHbBIE
UHTETrpagbl-Beraucienue
wiomaae Guryp ¢ moMoIIbIO
OTIpeICNIEHHOTO UHTErpaa-
Jlnuna nyru-®dusnyeckoe
MPUIIOKEHUE OTPEICTICHHOTO
UHTErpasa

Y 4- npuMeHATH METOABI
nuddepeHIanTbHOTO U

HHTCTPAJIBHOIO HCUYHUCIICHUN

JUTst DYHKITUH HECKOJIBKUX

IMMCPCMCHHBIX

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSITEIHHOCTD,
BbIOMpATh TUIIOBBIE METO/IbI U
CHOCOOBI BBIOJTHEHUS
npodecCUOHANIbHBIX 3a]1a4,
OLICHUBAThH UX d()PEKTUBHOCTH

N Ka4CCTBO.

-ITpou3BOIUTH BHIUUCICHUE
npenenoB GyHKIUN ¢ ABYMS
nepeMEeHHBIMU

-Haxoxxnenme yacteix

IMPONU3BOAHBIX -HaXO}KI[CHI/Ie

YAaCThIX ITPOU3BOIHBIX
BBICINMX IMOPSAAKOB-

[IpumeHenue noaHoro

muddepennuana k
PUOITNKEHHBIM
BbIuKcieHuaM-Haxoxnenue
b depeHnnanoB BEICIIIAX
nopsakoB-Haxoxnenue
IIPOU3BOTHOM CII0KHOM
¢bynkuuu-Haxoxaenue
sKcTpeMyMa GyHKIUU JBYX
nIepeMeHHBIX-Bberanciienne
JBOMHOTO UHTETpaJIA B
JIEKapTOBBIX KOOPAMHATAX-
Brruncnenne 1BOMHOTO
UHTErpajia B NOJSPHBIX
KoopauHarax-lIpumenenue
JBOMHOI'O MHTETpAja It
BBIYMCIICHHUSA 00beMa Tena,
IUIOLIAAM TUIOCKON (UTYPBI,
Macchbl HEOJHOPOIHOMN
IJTACTHHBI

YcrHbIl onpoc,
CaMOCTOSITEITbHBIC
paboTHI;

IPAaKTUYECKUE

paboThI




Y § - pemiats
nuddepeHranbHbIe

YPaBHEHUS

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JI€SITEILHOCTD,
BEIOWPATH THUIIOBBIE METOIBI U
CIOCOOBI BBITTOJTHEHUS
npodeCCHOHANIbHBIX 3a]1a4,
OIICHUBATH UX

3 PEeKTUBHOCTHU KAaYECTBO.

-Pewienue

b depeHnnanbHbIX
YPaBHEHUN MEPBOTO MOPSIAKA
-Pemenue

b depeHnnanbHbIX
YPaBHEHHI MEPBOTO MOPSIAKA C

pa3IeN IO IMMHUCS
IepeMeHHbIMU-Penenne
OJTHOPOJHBIX

¢ depeHInanbHbIX
YPaBHEHHI MEPBOTO MOPSAKA-
Pemenune nuHenHbIX
YPaBHEHUU MEPBOTO MOPSIAKA-
Pemenue nuddepennmanbHbIX
YpaBHEHH BBICIIETO MOPSAKA-
Pemenune ypaBuenni ,

JOITY CKAIOIIUX TOHWKEHUE
nopsaka-Pemenne JIOLY
BTOPOTO NOPsIZIKA C
MOCTOSTHHBIMU
korppunrentramu- Pemenue
JIHY BTOpOTO Mopsiaka ¢
MOCTOSIHHBIMU
kod(ppunmeHTaMu 1 rpaBou
YacThIO CIEUUAIIBHOTO BUIA

YcTHBIN onpoc,
CaMOCTOSITEITbHBIC
paboTHI;
IPAKTUYECKUE
paboThI, SK3aMeH

Y 6 -- 10JIb30BaTHCS
MOHSATUSIMU TEOPUH PSIIOB.

OK 2. Oprann3oBbIBaTh

COOCTBEHHYIO JICSITEIHHOCTD,
BBIOMPATh TUITOBBIC METOJIBI U
CIIOCOOBI BBITTOTHCHUS
npo(ecCUOHaNbHBIX 3a/1a4,
OILICHHBATh UX

3(PEeKTUBHOCTBH KaYeCTBO.

-BBImoaHATh HCCJICA0OBAHHUC
pAaA0OB HaA CXOAUMOCTb-

Haxonuts paguyc

CXOJIMMOCTH , 00J1aCTh
CXOAMMOCTH -BBINOIHATE

paznokeHue QyHKIUN B
CTEIIEHHBIE PSAJIbI

YcTHBIN onpoc,
CaMOCTOSITEIIbHBIE
paboTHI;
IIPaKTUYECKUE

paboTHI




Y 7 - nonp30BaThCA
MOHSATHUSIMU TEOPUH

KOMIIJICKCHBIX YHCCII;

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEIHLHOCTD,
BBEIOWPATH TUIIOBBIE METOIBI U
CIIOCOOBI BBITTOTHEHUS
npo(ecCHOHaNbHBIX 3a/1a4,
OIICHUBATH UX

3¢ PEKTUBHOCTHU Ka4eCTBO.

- [Tpon3BoauTh n1€MiCTBUS C
KOMIUIEKCHBIMU YHCIIAMU B

anreOpanyeckou,

TPUTOHOMETPHUUYECKOM,
nokaszaTeabHON (hopmax-
OcylecTBIATh
FEOMETPUYECKYIO
UHTEPIPETALIUI0
KOMILJIEKCHOT'O YUCIa -
[lepeBoANTH KOMILJIEKCHBIE
YHCIIa U3 OJJHON (OpPMBI B
npyryto-Pemiats ypaBHeHUs HA
MHOECTBE KOMILJIEKCHBIX
qucen

YcrHBIN onpoc,
CaMOCTOSITEIIbHBIC
paboThI;
IPAaKTUYECKUE

paboThI, SK3aMEeH

3HATh:

31- OCHOBBI MATEMATUYECKOTO
aHau3a, TUHEWHOU anreOpbl
Y aHAJIUTUYECKON T€OMETpUH;

OK 1. [ToHumaTh CyIIHOCTh
Y COL[MAJIbHYIO 3HAYUMOCTh
cBoelt Oynymielt mpodeccun,
MIPOSIBJISITH K HEW YCTOMYUBBIN
UHTEpEC.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEIHLHOCT,
BEIOMPATH THUITOBBIC METOIBI U
CIIOCOOBI BBITTOTHEHUS
npodeccruoHanbHbIX 3a/1a4,
OLICHUBATh UX 3PPEKTUBHOCTD

N Ka4CCTBO.

Bocnpon3Boauts aaropuTMsel
pelIeHust CUCTEM JTMHEHWHBIX
ypaBHEHHI METOJ0M
o0paTHOM MaTpHIIbI, 110
dopmynam Kpamepa, metoom
lNaycca

- Bocipon3BoauTh
CkansipHoe, BEKTOPHOE U
CMEILIaHHOE MPOU3BECHUS
BEKTOPOB
- Onpenenars ypaBHEHUS
KPUBBIX BTOPOTO MOPsIAKA

YcTHBIN onpoc,
CaMOCTOSITEITbHBIC
paboThI;
pPaKTUIECKHE
paboThI, SK3aMEeH
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32- OCHOBBI

23 Bocnpou3BOIUTH

YcTHBIN onpoc,

b depeHnnanTsHOTO U
WHTETPAIHLHOTO UCUUCIICHUS
GbyHKIUH ¢ 0IHOM
IIEPEMEHHOM.

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEIHLHOCT,
BBIOMPATH TUIIOBBIE METOJIBI U
CrIOCOOBI BBITIOTHEHUS
npodeCcCUOHANIbHBIX 3a]1a4,
OILICHUBATh UX
3¢ (HEKTUBHOCTH M KAYECTBO.

METO/IbI BEIYUCIICHUS
IpeaesioB, 3aMevaTeIbHbIe
peebl-
KnaccuduumpoBatb Touku
pa3pbiBa QyHKLIHUH-
Bocnpouszsoauts npasuia
nuddepeHupoBaHus U
IPOM3BOIHBIE OCHOBHBIX
AJIeMEHTapHbIX PYHKIUH,
CJIOKHBIX (QYKITUH-
Bocrnpoussoauts aroputm
MOCTPOEHUS TpauKOB
GyHKIIUNA ¢ TOMOIIBIO
npou3BoaHOM- HazeiBaTh
TaOJIMYHBIC HHTETPAJTHI -
Pematp uHTErpansl METOIOM
3aMEHBI IEPEMEHHOM,
UHTETPUPOBAHUEM TTOYACTSIM-
Hcnosb30BaTh NMPUIIOKEHUE
OTIpeEeNIEHHOTO UHTErpaia K
BBIYHCIICHHUIO TIOMIAIeH
IJIOCKUX (Uryp, 00eMOB
TEJ BpallleHus, My TH,
MPOUJICHHOTO TOYKOH

CaMOCTOATETbHBIC
paboTHI;
MIPAKTUYECKUC
paboThl, FK3aMEH







33 — OCHOBBI
mudepeHITaIbHOTO H
HHTETPAITBHOTO
VCUYHUCIICHUS(PYHKIUI
HECKOJIBKHUX TIEPEMEHHBIX

OK 2. Opranu3oBbIBaTh
COOCTBEHHYIO JICSITEIHHOCTD,
BBIOMPATH THUIIOBBIE METO/IBI U
CITIOCOOBI BBIITOJTHECHHS
npodeccruoHanbHbIX 3a/1a4,
OLICHUBATh UX 3(PPEKTUBHOCTD

N Ka4CCTBO.

- Haxoauts o6nacthb
onpeneneHus GyHKIUNA TBYX
IIEPEMEHHBIX
-BocnpousBoauts npasuia
HaXOXJCHHS YaCTHBIX
MPOU3BOIHBIX (PYHKIIHI C
JIBYMSI TI€pEMEHHBIMU-
Bocnpou3Boauts anroputm
HaXOXJICHHS SKCTPEMyMa
(GYHKIMH ¢ ABYMSI
MIEpPEMEHHBIMU-
BocnpounsBoauts cBOMCTBA
JBOWHBIX UHTErPAJIOB U
MpaBUJIa UXBBIYUCIIECHUS

34-ocHOBBI TEOPUM PSIAOB

OK 2. OpraHnu3oBbIBaThH

COOCTBEHHYIO JICSITEIHHOCTD,
BBIOMpATh TUIIOBBIE METOIBI U
CIIOCOOBI BBIIOJIHEHUS
npodeccuoHaNbHbIX 3a/a4,
OLICHUBATh UX 3(PPEKTUBHOCTD
U Ka4eCTBO.

-Paznuuats psanpl o popmyiie
oO1ero wieHa-

Bocnpounssoaute npu3zHaku

CXOOUMOCTH psAOOB

YcTHBIN onpoc,

CaMOCTOSITENIbHBIE
padoTHI;

IMPAaKTHYCCKHC

paboThl, FK3aMEH
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35 - ocHOBBI T€OpUU - [IpeacraBnsats YcTHBIN onpoc,

KOMIUIEKCHBIX YHCEIT KOMILUIEKCHOTO YUCJIa B CaMOCTOSITENIbHBIE
. paboTHI;
anredpandecKoi,
OK 2. Oprann3oBbIBaTh IIPAKTUYECKUE

TPUTOHOMETPHUUYECKOI, PaBOTHL, FK3AMEH

COOCTBEHHYIO JI€ATEIBHOCTD,
BEIOWPATH THUIIOBBIE METOIBI U MoKa3aTeNIbHON (hopMmax,

CII0COOBI BBITTOJIHEHHS BBITNOJIHATH JEHCTBHUSA B HHUX.
npodeccuoHanbHbIX 3a/a4,

OLICHUBATh UX 3(PPEKTUBHOCTD
Y KayecTBO.

5888 Ouenka ocBoeHUs1 Y4eOHOM JUCUHMIIUHBI
23 ®opmbl U MeTOABI OLleHUBaHus [IpeIMeTOM OLEHKH CITy>KaT YMEHUs U
3HaHus, npegycmorpenHsie PI'OC no

oUucuMIiuHe  «Mamemamuxy, HampaBieHHble Ha (opmupoBaHHe OOUIMX U

po¢eCCUOHATIEHBIX KOMITETEHITUH.

OueHka OCBOEGHMS JUCHMIUIMHBI «Mamemamuxa» BKIIOYAET TEKYIIUI
KOHTPOJIb ~ YCIIEBAEMOCTH, TNPOMEKYTOUHYK aTTECTAalMI0 B BHAEC JK3aMcEHa.
[IpoBeneHne TeKylero KOHTPOJIS yCIEBAEMOCTH OCYLIECTBISETCS B (pOpME YCTHBIX
OIPOCOB, MUCHbMEHHBIX 3aJaHUI (CaMOCTOSATEIbHBIE Pa0OThI, TECTHI), MPAKTUUECKUX
pabot. Jlns atux neneir GopmMupyrorcss GOHIBI OLEHOYHBIX CPEACTB, BKIIOYAIOIINE
TUIIOBBIE 3aJIaHMs], TECTBI M METOAbl KOHTPOJIS, IMO3BOJIIOLIME OLICHUTh 3HAHWS,
YMEHUS U YPOBEHb MPUOOPETEHHBIX KOMITETEHIIUA.
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3aIIaHI/Iﬂ AJIST ONEHKHU OCBOCHMUSA JUCHUIIIINHBI

JJieMeHThI JIMHEHHOH aJredpbl
IIpakTHyeckas padora Ne 1

Tema «Pemienue cucreM JMHEHHBIX ypaBHeHUH 1o popmyrnam Kpamepa.Pemenue
cucTeMypaBHEHUN MeToZoM ['aycca» Llesib: HAydnThCsl BBIYMCIITH ONPEAEIUTEINTENN
2- IO U TPETBHETO NOPAJIKA, peUIaTh CUCTEMBbI JTMHENHBIX YPABHEHUH C IIOMOLIBIO
ornpexaenuTenei , MmeroaoM l'aycca, GopMupoBaHre BHIYMCIUTENBHBIX
HAaBBIKOB.3a/1aHUA

_ K1 2
+ A
1 A K1 2+Kp L 2ans 5 ‘
K
kK 12 %
1.Bpruncnuts onpeaennTend BTOPOro mopsiaKa: 3k 6 |
1
005 K -64°
3)A = -
(05 & |
2.BBIYHCINTE ONIPEACTUTENIN TPETHErO NOPSIAKA:
-1 3k 2 3Ky 4 -5 1 =2 K1'K2

1)A=|2 8 k|,2)A=|8 Tk-2 -2, 3)A=[3 k 5|

1 1 2 2 -1 8 2 K2 5

3..Pemnth cucremy ypaBHenuii merogom Kpamepa, caenats mpoBeEpKY:

1.4{2xty+3z2T, o (x43y42=1,060 2.4{2x-y+22=3, i {x+y+2z=-4,i i 3.0 {3x-yHz=12, i {xk2y4z=6,6.65 4.0 {2x-y+3z==4, {x+3y+3z=11,4.4.¢

5. {3x-2y+47=12, {3x+4y-22=6,46; 6.;{8x+3y-62=-4,{x+y-272,00¢  T.i{dx+y=3279,i{x+y-27-2, i 8.5 {2x+3y+47=33, {Tx-5y=24,66¢

90208 3yrdz=12, {Tx-byrz=-330  10.0{x+4y=276, {By+42=-20,; i i, 11.;(3x-2y+4z=21, 1 {3x+4y-2229,50;  12.4{3x-2y-525,{2x+3y-4212, 44

13.¢ {Axty+4z=19, 6 {2x-y+22=11, .46 146 {2x-y+22=0, {bx+y+42=6,4 6.6 15.&{2x-y+22=8,(;{x+y+22=1 1,(',(',(',
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16.¢{2x=y-32=-9, § {x+5y+2=20,,¢,¢, 17.i{2x-y=32=0, ¢ {3x+4y+22=1,4 i ¢, 18.;{-3x+5y+62=-8, i {3x+y+z=-4,; i ¢ 19.i{3x+y+z=-4,; {-3x+5y+62=36,¢ ¢,¢,

20.¢{3x-y+z==11,4{Ex+y+22=8,4 i ¢, 21.i{3x=y+2=9, i {Ex+y+22=11,4 i,¢, 22.¢{2x+3y+z=4,; {2x+y+32=0, ¢ ¢, 23.;{2x+3y+z=12,; {2x+y+32=16,¢,i ¢,

5888

25.;{3x+dy-2z=11,{2x-y-z=4,i ;¢

28,4 {bx+2y-4z=-16,; {x+32=-6,3,0 ¢

o {x-2y+3z=14,;{2x+3y-4z=-16,5,; ¢,

26.;{x+5y-62=-15, {3x+y+4z=13,i.¢ i

29.; {x+4y-z=-9,; {dx-y+52=-2,; i }

27.;{8x-y=-6,; {3x+2y+5z=-14,; i ;

304 {Tx+4y-z=13, {3x+2y+32=3,i.¢ i

Bapuan K1 K2 Bapuanm |« K2 Bapuanm K1 K2
m
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KOHTpOJ]LHLIe BOIIPOCHI:

23 YTo Ha3bIBAETCS OINPEICIUTEIIEM MATPUIIHI?
24 Kak BBIYUCIHUTH ONPEJCTUTENIb BTOPOTO MopsaKa?

15




5888  Kakwue criocoObl BBIYUCIEHUSI ONPEETUTENSI TPETHErO MOpsJIKa BaM
W3BECTHBI?
5889  Ilepeuncnure CBOMCTBA ONMPEAECTUTEIICH.
5888  Cdopmynupyiite Teopemy Kpamepa.
6.Anroputm npuMeHeHHus Meroza ['aycca.

IIpakTuyeckas padora Ne 2

Tema: Pemienne Mmatpuunbsix ypaBHeHH, CJIAY MaTpuyHbIM METOIOM.

I.Ie.m;: HAaY4YUTHCA BBIYUCIIATD MUHODPBI, anre6pquGCKHe AOIIOJIHCHUA, OIIPCACIIUTCIIN
YCTBCPTOI'O NOPAAKOB , HAXOAUTH O6paTHBIe MaTpulbl ,pCIIAThb HpOCTGﬁHIHC MaTpHUYHEBIC

ypaBHeHus, CJIAY MaTpuuHbIM METOJIOM .

3aganue 1
2 1 1 K 1 =2 1K
1 235 2 3 "
NA=3ke 2 14 |,2)A=|] 1 -3 -24],
JlaHBI ONIpeACTUTEIIN: -2 1 3-3 1 2 34

1) Haifti MUHOpBI U anreOpandecKkue JONOIHEHHUS dJeMEHTOB 13" %2

0 BBIYHCIUTH ONPEACTUTENH, PA3JIOKUB HX 10 AJIEMEHTaM a) 1-0H CTPOKH, 0) j-TO

crosbna
Bapuant | « K2 i j | BapmaHT | K K2 i j
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2

[N



10 -5 1 1 1 25 0
12 4 3| 2] 26 4 >
12 ! 3 4 3] 27 1 3
1303 2 2| 4] 28 2 2
14 4] 1] 2] 29 2 >
15 -1 5 3 1 30 5

Ko -2 -1

A= 32 1 2
3amanue 2. Jlana marpuna - K2 4 )  Haiiru
0 )A™ unposepums , umo A-A”'=
A A=E 6) A+A™"

Bapuanm K1 Ko Bapuanm
I 3 2 16
2 4 I 17
3 3 -4 18
4 2 1 19
5 3 3 20
6 1 5 21
7 2 3 22
8 6 2 23
9 -6 1 24

10 = 1 25
1 2 4 26
12 1 3 27




13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1

3aganue 3

0 PemuTh cucTEMBI YpaBHEHHI C TIOMOIIBIO OOPATHONW MaTPHUITLI (MATPUIHBIM

METOJIOM);

1.1.5{204y+32=7 i {2x43y+ 271,504

14.{2x-y+32=-4,; {x+3y+3z=11, ¢,

1.7.044x+y=3229,; {x+y-2=-2,; i ¢

1.10.¢{x+4y-2=6,; {5y+4z=-20,; ¢,

1.13. {dx+y+dz=19, {2x-y+22=11,5.0.¢

1.16.4{2x-y=32=-9, {x+5y+2=20,4,6,;

1.19.;{3x+y+z=-4, i {-3x+5y+62=36, ; ,

1.2.{2x-y+22=3, i {x+y+2z=-4,6 ;¢ 1.3.4{3x-y+z=12,4 {x*+2y+426,i i ;

1.5.{3x-2y+42=12, i {3x+4y-22=6,i ; i, 1.6.;{8x+3y-62=-4,{x+y-2=2 ;;;

1.8.0{2x+3y+42=33,i {Tx-5y=24,; i i, 1.9.¢ (2x+3y+42=12,; {Tx-5y+2=-33,; ¢,

111, {3x-2y+42=21,; {3x+4y-22=9,; i, ¢, 1.12.4{3x-2y-52=5, {2x+3y-42=12, 4.0

114, {2x-y#2270, {Ax+y+4276, ¢ 1 15. o fox-yr2z=8 s fxryr2z=1 gy

147.4{2x-y-3220, {3x+4y+22=1, 4,4, 1.18.¢{-3x+5y+62=-8,; 3xty+z=-4, 44

1.20.¢ (3x=y+z=-11, 4 {Bx*y+2278,, 66, 1.21. o {3x-y+z=9,4 (Bxryr2z=11 40




1-22-&{2X+3}/ +Z=4,(',{2X+y+32=0,(',(',(', 123 {2x#3y+z=12,  {2x+y 43216, 4,0 1,244 {x-2y+32=14,; {2x+3y-42=-16,6.i.¢

1-25-&{3)("'4)/‘22:1 1,&{2)(‘}/‘2:4,(',(',(', 1. 26.4{x+5y-62=-15,; {3x+y+42=13,5.6¢ 1.27.4{Ax-y=-6,¢ {3x+2y+52=-14, i ;

1.28.;{5x+2y-42=-16,;{x+32=-6,; ; 129, ¢{x+dy-2=-9, i {4x-y+52=-2,0 0 130, {Tx+4y-2=13,{(3x+2y+32=3,6.6. ¢

KOHTpOJIbHI)Ie BOIIPOCHI

Yto Ha3bIBAE€TCSI MUHOPOM?
Yto Ha3bpIBaETCS AIreOpanyecKuM JOMOTHEHUEM JIEMEHTa MaTPHUIIbI?
Kak pa3noxuThk onpeaenuTeipb Mo 3JIEMEHTaM CTOJIO0La WU CTPOKU?

Kakas Matpuiia Ha3bIBa€TC HEBBIPOKIACHHON?
TpancnoHupoBaHHasi MaTPUIIA.

Kaxkast maTpu1ia Ha3pIBaeTCs 0OpPATHOM MO OTHOIICHUIO K JaHHOM?
KakoB nmopsiiok BeurciIeHUs] 0OpaTHON MaTpHIIbI?

AJITOPUTM pEIICHUS MPOCTEHIIIEr0 MATPUYHOTO YPABHEHUS

Tecr nmo Teme «/IuHeitHas ajaredopa»

pe(a !
1. Ecin matpuna (- 23 ) ,TOMaTpuia 5 A uMeeT BUJ:

a) (—2412 —1030) o (—2010 —515) o (0 5)

10 4 2 1-1

A= 3 1 9 )u8 0 | 2 A+B
2. Eciin maTpuIis! -41 2 =\53 2 -3) , TO MaTpuia MMEET BUJ;

4 17 -4 1-7 -18 4
a9 2 b9 )
- 34 =345 ) o \-48 4" -
17
A=(9 25 )
3. ns MmaTpuisl -3 42 yKa3aTb CyMMY DJICMCHTOB, PAacCIlOJIOKCHHBIX Ha

rJ1aBHOM JAuaroHain



a6 b)10 ¢)8

4 17
a=(s 2 s)

4. JIy1s1 MaTpuUIIbl -3 4 2

YKa3aTb CYMMY 2JICMCHTOB, PACIIOJIOKCHHBIX Ha
BCIIOMOTaTEIbHOM AuaroHalin

a)6 b)10 ¢)8
5. Ilpu yMHOXEHUU MaTpUllbl A  Ha MaTpully B JTOJKHO CQOMIOJAThCS yCIOBUE:
a) YMCJIO CTPOK MATPHUIIbl A  paBHO YHCIy CTPOK MATPUILBI B
b) 4KciiO CTPOK MaTpullbl A PABHO YKCIY CTOJIOIOB MaTpuilel B
C) YHCJIO CTOJIOIIOB MaTPUIBI A PaBHO YKMCIy CTPOK MaTPHIIBI B
6. KBagparHas Matpuiia Ha3bIBACTCS OUACOHANILHOM, eCIU:
a) PJIIEMEHTHI, JIeKall[e Ha IJIABHOM IMaroHaiy paBHBI HYJIIO
b) a1eMeHTBI, He JIeXKalllue Ha TJIaBHOW JUaroHajau paBHbI HYJIO
a) PJIEMEHTHI, JIeKalllhe Ha TOOOYHOM TUAaroHaau PaBHbI HYJIIO

14 5
Q 4 2 |
a 0
7. IIpx KaKoM 3HAYECHUH OTIpesIeTUTENb 020-1 pasen nymo?

0 )2 b),5¢)-2
1 Ecnu moMeHsTh MeCTaMu JIBE€ CTPOKH (J1Ba CTOIOIA) KBaJAPATHOU MAaTPHUIIbI,
TO OIpPEACIUTENb:
a) HE U3BMEHUTCS

0 craHeT paBHBIM HYJIIO
C) NOMeHseT 3HaK

-12 0
13 7 -1]
M
9. Uemy paBeH MUHOD 21 ompenenuTens O 4 2 ?
a) 4 b) 0 c) 11
-12 0
|37-1 |
M
10. Uemy paBeH MUHOD s ompemenurens 94 2 ?
a) 4 b) -2 c) 011. Yemy paBHO anrebpanyeckoe JTOMOTHEHNE
-12 0
3 7 1|

%  ompememurens O 4 2 9
a) -4 b)0 _ 120 c) -1112. Yemy paBHO ajireOpandeckoe JOMOTHEHHE A31
|3 7 -1

ompenenurenss 9 4 2 ?

N



a) 4 b) -2 c) 013. YUeMy paBeH Iri1aBHBIN OIIPEACIIUTEIb

cucTeMbl ypaBHeHUN  {3x-y=5;{-2x+y+z=0 ;i

a) -5 b) 6 c)5
0 12 A-D
14. Eciin MaTpHIIBI A=\3 - 4) u D:(- 20 ) TO OINPEACIIUTEND MATPULIBI
paBeH: a
a) -32b) 32 c) -1615. Haiitu MUHOp 1J1s S7IEMEHTAa 32 ONPEAETIUTEIS
—32 -2 1 2
2= < -2 1
4 0 -1 2
1 -1 4
92 b)20 9-20 16. Haintn anrebpanyeckoe A0OMNOJHEHUE AN S/IEMEHTA
-3 -2 10
A=|2 -2 1 4 |
4 0 -1 2
asz OIpCaCIINTCIIA, MI/IHOB 61.]'[51 QJICMCHTA a 32 3 1 ‘1 4
C —
a)2 b)20 a)-8 6)8 B)-5 ;

17. Halitu anreGpandeckoe JAOMOTHEHHUE JIs dJIEMEHTa 23 onpenenuTens

04 01

A=|2 -1 3|
3 22
a)-8 b)8 c¢)-5
CamocrosiTeibHas padoTa
Bapmnanr 1

2 30 -1 03

8
-1_ 1 - 4 1
1. Haiitu matpuny C=A4+3B, ecnu A_( 22 43 ) . B=\12 39 )

-13 9
c=(413 1)
513 3

OTBerT:

Pemmthb cuctemMy JTMHEHHBIX ypaBHEHUH METOJOM OOpaTHOW MaTpPHULIBI.
Pemuth cucteMy JNUHENHHBIX ypaBHeHUM 1o ¢hopmynam Kpamepa.
Pemmnts cucteMy NTMHENHBIX YpaBHEHUN MeTo0M ['aycca.

N = O
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X+2 x-x=1,
1 2 3

2 X1—Xot Xx3=5 ,
3 X1+2 xo+x3=7 .

Otser: (2;0;1)

Bapuanr 2

2 30 -1 03

Ny 18] g 4 1
1. Haiiti matpuny C=24-B, ecnu A'( 2 4 3 ), B=\12 3 )
5 6 -3

Orser: O (_36 52 156 )
23 PemuTh cucTeMy TUHEHHBIX YPaBHEHHA METOJOM OOpaTHOM MATPHIIBI.
24 PemmTh cUCTEMY JIMHEHHBIX ypaBHEeHH o hopmynam Kpamepa.
25 Pewmuth cucTEMY JIMHEHHBIX YpaBHEHUN MeTo0M ["aycca.

X1—X2+2 X3=—2,
{X1 +2 Xo—x3=7 ,
2 X1+x2—-3 x3=5.

Otger: (1;3;0)

Bapuanr 3

2 30 -1 03

Ao 128) B 4 1
1. Haiitu matpury C=34+B, ecnu A'( 22 4 3), B=\12 3 0).

593)

7 15

OTtBeT:

23 Pemuthb cUCTEMY JIMHEHHBIX YPaBHEHUH METOJOM OOpaTHON MaTPHIIbL.

24 Pemuth cUCTEMY JIMHEHHBIX YpaBHeHUH 110 dhopmyiiam Kpamepa.
25 Pemnth cuCTEMY JIMHENHBIX YpaBHEHUN MeToa0oM ['aycca.
X1+3 x2—-2 x3=4 ,
{x1+4 Xo=x3=7 ,
2 X1+ X2 +x3=3 .

22



Otger: (0;2;1)

Bapuanr 4

2 30 -1 03

Ny 128) g 4 1
1. Haittu matpuny C=A4-4B, eciu A'( 22 4 3)> B=\12 3 0).

6 3 -12

4
Otger: C° ("102 155 O )

23 PewmuTh cucTeMy TUHEHHBIX YPaBHEHUM METOJAOM OOpPAaTHOM MaTpUIIBI.

24 Pemuth cUCTEMY JIMHEHHBIX YpaBHeHUH 110 dhopmysiam Kpamepa.
25 Pemnth cuCTEMY JIMHENHBIX YpaBHEHUN MeToa0M ['aycca.

X1+2 Xo—Xx3=3 ,
{X1+3 Xo+X3=6 ,
2 X1—Xo+x3=4 .

Otser: (2;1;1)

Bapuanr 5

2 30 -1 03

_ 8) A 1
1. Haiitu marpuity C=44-B, ecinu A'(_22 a3 ) CB=\12 40 )

9 12 -3

i, 0
Ormer: O (_710 13 )

23 Pemuthb cUCTEMY JIMHEHHBIX YPaBHEHUH METOJOM OOpaTHON MaTPHIIbL.

24 PemiTh cUCTEMY JIMHEHHBIX ypaBHeHH o hopmynam Kpamepa.
25 Pewmdth cuCTEMY JIMHEHHBIX YpaBHEHUN MeTo0M ["aycca.

X1+X2—3 X3=2,
X1+2 X2+x3=3 ,
3 x1+7 x2+x3=10 .

23



Otger: (1;1;0)
Bapuanr 6

2 30 -1 03

Ny 18] 5 4 1
1. Haiitu matpunty C=A4+2B, eciin A\2 4 3 ), B=\12 3 )
0 3 6

_ 9
Otger: ©° (42 10" 103 )
23 PewmuTh cUCTEMY JIMHEHHBIX YPaBHEHUI METOI0M OOPAaTHON MaTPHUIIBL.
24 Pemdth cUCTEMY JIMHEHHBIX YpaBHeHUM 110 ¢hopmynam Kpamepa.
25 Pemnth cucTEMY JIMHEMHBIX YpaBHEHUM MeToa0M ['aycca.

X +x_+ x =3,

12 '3
2 X1—x2 +x3=1,

2 x1+3 x2—x3=1 .
JJIeMeHThl AHAJIMTHYECKOH reoMeTpuu
YceTHBIN OnIpoc

23 Yto Ha3bIBa€TCS BEKTOPOM?

24 Kakune BEKTOPBI Ha3bIBAOTCS KOJJIMHEAPHBIMU?

25 Yro Ha3bIBaeTCA KOOPAMHATAMU BEKTOpa?

26 Kak HallTh KOOpJMHATHI BEKTOPA, 3aJaHHOTO IBYMsI TOUKaMu?

27 Kak HallTH IJIMHY BEKTOPa, 3aJIaHHOT'0 CBOMMHU KOOpJIMHATaMU?

28 3anuiute GOpMyJIIbl IeJIeHUS OTpe3Ka B JAHHOM OTHOIIICHUH.

29 Jlath onpenesieHre NPOEKIMHA BEKTOPAa HA OCh U IEPEUYUCIIUTh €€ CBOKCTBA.
30 Jlath onpeneneHne CKaasipHOTO MPOU3BEACHUSI BEKTOPOB.

31 JlaTb omnpenesieHue BEKTOPHOTO MTPOU3BE/ICHUSI BEKTOPOB.

10./lath onpeaeneHne CMEIIaHHOTO MPOU3BEICHUS BEKTOPOB.

IIpakTnueckas padora Ne 3 o reme

«JJ1eMeHTbI BeKTOPHOM aJIredpbi»

He.m): HpOBCpI/ITB 3HAHHWA 1 YMCHUA 110 HAXO0XKXACHUIO: KOOPpAWHAT BEKTOPA, onepaunﬁ
HaJd BCKTOpaMH, MOAYJISI BEKTOPA U CKAJILIPHOTI'O IIPOU3BCACHUA, BEKTOPHOI'O

IMPpOU3BCACHUA, CMCIIAHHOI'O IIPONU3BCACHU .

24



3aganus

1. Ilo xoopaunaTam Touek A, B u C 111 yka3aHHBIX BEKTOPOB HalTH:

a) Koopnunatel BektopoB  a=AB, b=BC, c=AC, d=BA, p=CA

b) Moy BekTopa ~=+3

OFas g

23 CkaysipHOE TIPOU3BEICHUE BEKTOPOB a U b;
24 TIpoekuuio BEKTOpa ¢ Ha BeKTOp d;

25 KoopauHatsl ToYku M, fiefsiieil OTpe30K p B OTHOIIEHUH & : B

Koopaunar Koopaunar

BapuaHThI | bI TOYKH K.‘,’,"TIJEEIHI? | b1Toukn C ¢ B
A a '3

1. (-2, 1,3) (3,-6,2) (-5,-3,-1) )i 3
2. (1, 3, 6) (-3, 4, -5) (1,-7,2) Ji 2
3. (7,2, 1) (5,1,-2) (-3,4,5) 2 ]
4. (3,5,4) (-2,7,-5) (6,-2,1) 3 2
5. (5,3,2) (2,-5,1) (-7,4,-3) 2 3
6. (11,1,2) (-3,3,4) (-4,-2,7) 1 2
7. 9,5, 3) (-3,2,1) 4,-7,4) 3 )i
8. (7,2, 1) (3,-5,6) (-4, 3, -4) 3 2
9' (1727 3) ( 53 3:'1) ('6> 4; 5) 2 I
10. (-2,5,1) (3,2,-7) (4,-3,2) 4 )i
11. (3,1,2) (-4, 3, -1) 2,3,4) 2 )i
12. (3,-1,2) (-2,4,1) (4,-5,-1) )i 3
13. 4,5,1) (1,3, 1) (-3,-6,7) 3 4
14. (1,-3,1) (-2, -4, 3) (0, -2, 3) 2 3
1S. (59 79 '2) ('37 17 3) (19 '4, 6) 4 3
16. (-1, 4, 3) (3,2, -4) (-2,-7, 1) )i 3
17. (5,4, 1) (-3,5,2) (2, -1, 3) 3 1
18. (2,-1,4) (-3, 0, -2) (4, 5, -3) 2 Jj
19. (-1,1,2) (2,-3,-5) (-6, 3, -1) 1 2
20. (1,3, 4) (-2,5,0) (3,-2,-4) 2 3
21' (19 '19 1) (_57 '33 1) (25 '130) 3 2
22. (3,1,2) (-7,-2,-4) (-4, 0, 3) 2 Jj
23' (_35 09 1) (27 79 _3) (_49 33 5) ] 3
24. 3, 1,2) (-2, 1,-3) (4, -3,5) 2 3
25' (09 29 '3) (45 '33 '2) ('53 '47 O) ] 2
26. (3,-1,2) (-2,3,1) (4, -5, -3) 3 4
27. (5,3, 1) (-1, 2, -3) (3,-4,2) 1 2
28. (3,1,-3) (-2,4,1) (1,-2,5) 3 4
29. (6,1, -3) (-3,2,1) (-1,-3,4) 4 3
30. (4,2, 3) (-3, 1, -8) (2,-4,5) 3 2

3aganue 2
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23 Jlansl BekTOpHI 2, b u ¢. Heobxoaumo:

a) BBIYUCIIUTH CMEIIAHHOE ITPOU3BEJICHUE TPEX BEKTOPOB;

0) HaliTH MOYJIb BEKTOPHOT'O MPOU3BEICHHUS;

B) BBIYHCIIUTH CKAJIIPHOE MPOU3BEICHHE JIBYX BEKTOPOB;

T') IPOBEPUTH, OyAYT JIM KOJUTHHEAPHBI WJIM OPTOTOHAIILHEI 1B

BEKTOpA; 1) MPOBEPUTH, OYAYT JIM KOMIUIAHAPHBI TPU BEKTOPA.

Bapua | BekTopsl Cwmemannoe | Monyne | Cxkamsipn | Kosumnae | Komnnanapao
HT IMPOU3BCIACH | BEKTOPH | OC ApPHBbI CTb BCKTOPOB
5(S IIPOU3BEC | IIPOU3BCA | NJIA
HEPIICH]T
1.
K
BEKTOPO
B
1 a=2i-3 j+k, | a, 3b,¢c 3a,2c | b, -4c a,c a, 2b, 3c
b= j+4 k,
c=5i+2 -3 k
2 a=3 i+4 j+k,| 5a, 2b, ¢ 4b,2c| ac b, ¢ 2a, -3 b, c
b=i-2 j+7 k,
c=-3 i-6 j+21k
3 a=2i-4 -2 k,| a 2b3c 3a,-78| -2a,c a,c 3a,2b,3cC
b=7 i+3 j,
c=3i+5/-7 k
4 a=—7 +2 Kk, a, —2b-7c| 4b3c | 2a-7c | b, c 2a, 4b,3c
b=2i-6 j+4 k ,
c=i- j+2k
5 a=-4 j+2 j-k,| a, 6b,3¢c a, 2b a -4c a b a, 6b,3 c
b=3i+5 j-2 k,
c=j+5 k
6 a=3i-2j+k,| a -3b,2c| 5a, 3c -2a,4b| a,c 5a,4 b,3 ¢
b=2j-3 k,

c=—3 +2 j-k
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a=i- j+3 k,
b=2i+3 j-5 k|
c=7 i+2 j+4 k

7a,-4b,2c

3a,5¢c

2b,4 c

7a, 2b, 5¢

a=4 [+2 -3 k,
b=2i+k
0=-12 -6 j+9 k

2a, 3b, ¢

4 a, 3b

ac

2a, 3 b, -4c

a=—i+5 k,
b=-3 +2 j+2 k,
c=-2 i-4 j+k

3a, -4b, 2 ¢

7a, -3¢

2b,3 a

8,C

7a, 2b, -3¢

10

a=6 i-4 j+6 k ,
b=9 i-6 j+9 k ,
c=i-8 k

2a, -4b,3 ¢

3b,-9¢c

3a,-5c¢

a, b

3a,-4b,-9c

11

a=5i-3 j+4 k
b=2i-4 -2 k ,
¢=3 i+5 j-7 k

a—-4b,2c

-2b,4 c

-3a,6 ¢

a, —2b,6 c

12

a=—4 1#3 7K,
b=4 i+6 -2 k,
c=6 i+9 j~3k

-2a, b,-2 c

4 b,7c

5a, -3b

—-2a,4b,7c

13

a=-512 -2k,
b=7 i-5k,,
c=2 i+3 -2 k

2a,4b,-5¢

-3b, 11¢

8a, —6¢

8a,-3b,11 ¢

14

a=—4 -6 j+2k
b=2i+3 j-k,,
c=—i+5 j-3 k

5a, 7b,2 ¢

-4b11a

3a, -7c

a, b

3a, 7b,~-2 c

15

a=—4 2 -3 k,
b=-3 j+5 k ,
c=6 i+6 j-4 k

5a, -b,3 ¢

-7a,4c

3a, 9b

3a, -9b,4 ¢

16

a=-3 i+8 j,
b=2j+3 j-2 k ,
c=8i+12 -8 k

4 a, -6b,5¢c

-7a,9c¢

3b, -8¢

4 a, -6b,9 c

17

a=2i-4 j-2 k,
b=-9 i+2 k ,
c=3i+5 -7 k

7a, 5b,— ¢

-5a,4 b

3b, -8¢

7a, 5b,— ¢
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18

a=9 -3 j+k ,
b=3i-15 j+21 k ,
c=i-5 j+k

2a, -7 b3 c

—6a, 4 c

5b,7a

2a,-7hb4c

19

a=—214 -3 K,
b=5i+ j~2 k ,
c=7 i+4 j-k

a, —6b,2 ¢

-8b,5 ¢

-9a,7c

a, b

a, —6b, 5¢

20

a=—9 +4 -5k,
b=i-2 j+4 k ,
c=-5 i+10 j-20

-2a, 7b,5c

-6b,7 c

9a,4c

-2a,7b, 4 c

21

a=2i~7 j+5 k
b=—i+3 -6 k
¢=3 i+2 j-4 k

-3a, 6b,— c

5b, 3c

7a -4b

7a,-4b,3c

22

a=7 i-4 j-5k,,
b=i-11 j+3k,
c=5i+5 j+3k

3a, -7b,2 ¢

2b,6 c

-4a -5¢

-4 a,2b,6c

23

a=4 -6 -2 k,
b=-2i+3 j+k
¢=3 i-5 j+7 k

6a, 3b,8 ¢

-7b, 6 a

-5a,4 c

a, b

-5a, 3b,4 ¢

24

a=3 i- j+2 k,
b=—i+5 j~4 k ,
c=6 -2 j+4 k

4a -7b-2cC

6a, -4 c

-2a,5b

6a, -7b, —2c

25

a=-3i-j-5k,
b=2i-4 j+8 k ,
c=3 i+7 j-k

2a, —-b,3 ¢

-94,4c

5b,-6 ¢

2a, 5b,-6 ¢

26

a=—-312 [+ K,
b=i-5 k ,
c=6 i+4 j—k

-2a, b,7 ¢

5a, -2 c

3b, c

-2a, 3b,7 ¢

27

a=3i- j+5 k,
b=2j-4 j+6 k ,
c=i-2 j+3 k

-3a,4 b,-5¢

6b,3 ¢

adc

-3a,4 b,-5¢

28

a=4 -5 -4 k,
b=5i- |,
=2 i+4 -3 k

a, 7b,-2c

-5a,4 b

8 ¢c,—3a

-3a,4 b, 8c
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29 a=—9i/+4 k, | 3a -5b-4c| 6b,2¢c -2a,8¢c| b, c 3a, 6b,-4 ¢

b=2i-4 j+6 k ,
=3 i-6 j+9 k

30 a=5/-6 j-k, | 5a,3b-4c| 4b,a 7a -2c| a b 5a,4 b, -2c

b=4 i+8 j-Tk,
c=3j-4 k

KOHTpOHLHLIe BOIIPOCHI

23 Yo Ha3bIBAETCS BEKTOPOM?

24 Kakue BEeKTOPbI Ha3bIBAIOTCS KOJJTMHEAPHBIMU?

25 Yro Ha3bIBaeTCs KOOpAMHATAMH BEKTOpa?

26 Kak HaliTu KOOpJMHATHI BEKTOPA, 3aJaHHOTO JBYMS TOUKaMu?
27 Kak HallTH JUIMHY BEKTOpA, 3aJaHHOTO CBOMMH KOOpAMHATaMu?
28 3anummute GopMyJibl JEIEHUS OTPE3Ka B JAHHOM OTHOIIICHUHU.
29 Kak HalTH CKaJsIpHOE IPOU3BEICHUE BEKTOPOB?

30 Kak HaliTh BEKTOPHOE MPOU3BEICHUE BEKTOPOB?

31 Kak HaliTu cMEIaHHOE TPOU3BECHUE BEKTOPOB?

IpakTnueckas padora Ne 4 «IlIpssmas aTuHUA»

He.]'lb: HAaYYUTHCA COCTABJIATh YPABHCHHUC MMPAMBIX, HAXOJUTDb YI'OJI MCKIY

IMPAMBIMUA,BBIIIOJIHATE ITIOCTPOCHUA.
3aganue
A X ,y1), B(x2 ,yz), C( X, ,y3)

1. Jlanbl BepuinHbI TpeyrojabHuka ABC: “'( HaiiTn:

a) ypaBHeHUE CTOPOHbI AB;

0) ypaBHeHue BbicoThl CH;

B) ypaBHEHHE MeIuaHbl AM;

r) ypaBHeHue ouccekTpucsl BC;

1) Touky N nepeceuenust Menuanbl AM u BeicoTsl CH;

€) ypaBHeHue npsMoi, npoxoasaien yepes seplumHy C napasaienbHo cTopoHe AB; »K)yron Mexxay npsamMbeiMu AB m

AC.

A x, B, x, Cx ,
Bapuanrsbl 1y1) ( 2y2) (s y3)

1 |A(2,4 |[B@G, 1) [C10,7)
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2 A(-3,-2) | B(14,4) [ C(6,8)

3 A(1,7) |B(3,- [C(1,-3)
1)

4 A(1,0) | B(-1,4)|C(9,5)

5 A(1,-2) |B(7,1) |C@3,7)

6 A(-2,-3) |B(1,6) [C(6,1)

7 A(-4,2) | B(-6, [C(6,2)
6)

8 A4,-3) |B(7,3) |C(,10)

9 A4- |[B@B,2) [C(3,9)

4),

10 A(-3,-3) |B(5,-7) |C(7,7)

11 A (1, -6) B(3, [C(3,3)
4)

12 A(4,2) |B(8,-6) [C(2,6)

13 A (-5,2) B(0,- [C(5,7)
4)

14 A4, -4) |B(6,2) [C(1,8)

15 A(-3,8) |B(-6,2) |[C(0,-5)

16 A(6,-9) [B(10,- [C(-4,1)
1)

17 A@4,1) |B(3,-1)[C(7,-3)

18 A(-4,2) |B(6,-4) |C(4,10)

19 A@3,-1) |B(11,3)|C(-6,2)

20 A(-7,-2) |B(-7,4) [|C(5,-5)

21 A(-1,-4) [B(9,6) [C(-5,4)

22 A (10,-2) | B4,-5) [C(-3,1)

w



23 A(-3,-1) | B(-4,-5) C (8, 1)
24 A(-2,-6) |B(-3,5) |C(4,0)
25 A(-7,-2) |B(3,-8) | C(-4,6)
26 A(0,2) | B(-7,- |[C(3,2)
4)
27 A(7,0) |B(1,4) |C(-8,-4)
28 |A(1,-3) |B(0,7) |C(-2,4)
29 |A(-5,1) |B(,-2) C(,4)
30 |A2,5) |B(3,1)| C(0,4)

KoHTpoJIbHBIE BONIPOCHI

23 3anuimTe ypaBHEHUS OCEM KOOPAUHAT.

24 OO1ee ypaBHEHHE MPSIMOM.

25 YcnoBue napamieIbHOCTH U MEPIICHANKYISIPHOCTH TPSIMBIX.

26 3anummuTe ypaBHEHUS NPSIMBIX, TApaJUIEIbHBIX OCAM KOOpPIUHAT.
27 ChopmynupyiiTe yCIOBHE MapaliIeTbHOCTH MPSIMBbIX.

28 ChopmynupyiiTe yCIoBHE MEPIEHIUKYISIPHOCTH MIPSIMBIX.

29 Kak HailTH yrojl MeX1y IpsIMbIMU?

30 Kak HaliTu pacCcTOSIHUE MEXAY MPSIMbIMU?

JlonoJiHUTENbLHBbIE 3aJaHUS
2. Pemiuth cieaylomue 3aaaum

2.1. Haiitn ypaBHEHUE IPSAMOU, TPOXOALIEH YEPE3 TOUKY NIEPECECUEHNS PSMBIX
3x -2y -7=0ux+3y-6=0u orcekaromieil Ha ocu adbcLKCcC OTPE30K, PABHBI 3.
Omeem: x=3

2.2. Haiitu npoekiuto Touku A(-8, 12) Ha npsMyro, Ipoxo/asiIyto yepe3 Touku B(2, -
3)u

C(—S,l) Omeem:A1 (-12, 5)

2.3. lansl aBe BepiuHbl TpeyroipHuka ABC: A(-4, 4), B(4, -12) u Touka M(4, 2)

niepecedenus ero Beicot. Haiitu Bepummny C. ©meemC6.4)

2.4.HaliTu ypaBHEHHE TIPSMOI, OTCEKAIOIIEH HA OCU OPJAUHAT OTPE30K, PABHBIN 2,

Omeem: x-2 y +4=0

Y TIPOXOJSLIEN MapajuiesIbHO MPAMOM 2y - X = 3.
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2.5. Haiitu ypaBHeHUE NPSMOU, IPOXOsiel uepe3 Touky A(2, -3) u

Omeem: x=2
TOYKY NIEPECEUYEHUS NPAMBIX 2X -y =5ux+y = 1.

2.6. [Tokazatsb, uto uetbipexyroyibHuk ABCD - tpanenus, ecnu A(3, 6), B(5, 2), C(-
1: '3)7 D(S,S)

2.7. 3anucaTh ypaBHEHHE MPSAMOH, mpoxoasiieit uepe3 Touky A(3, 1)

. Omeem: x+5 y—-8=0
neprneHauKysipHo k npsimoit BC, ecm B(2, 5), C(1, 0).

2.8. Haiitu ypaBHEeHHE NPSAMOM, Ipoxosiel yepe3 Touky A(-2, 1)

. Omeem: 2 x— y +5=0
napasuienbHo npssmoir MN, eciin M(-3, -2), N(1, 6).

2.9. Haittu Touky, cuMMeTpUuHYyI0 Touke M(2, -1) oTHOCHUTENBHO NPAMOH X - 2y + 3

Omeem: M1 -4:23
= 0. (5 5)

2.10. Haiitu Touky O nepeceueHus quarosaieil ueroipexyroibHuka ABCD, ecou A(-

1
Omeem: MO(3; )
1, -3), B(3, 5), C(5,2), D(3, -5). 3

2.11. Yepe3s Touky nepeceueHus npsmMbix 6x - 4y +5=0, 2x+ 5y + 8 =0

Omeem: y=-1
MIPOBECTH MPAMYIO, TapaJLICTbHYI0 OCH abCIHCC.

2.12. 13BecTtHbI ypaBHeHUs cTOpoHbI AB Tpeyronbanka ABC 4x +y = 12, ero BeicOT
BH 5x - 4y = 12 u AMx +y = 6. Haiitn ypaBHeHUs ABYX JPYTUX CTOPOH TPEYTOJIbHUKA
ABC. Omeem: 7 x-7 y-16=0 ; 4 x+5 y-28=0

2.13. Jansl n8e BepinHbl TpeyroasHuka ABC: A(-6, 2), B(2, -2) u Touka nepeceueHus
ero BeicoT H(1,2). Haiitu koopaunatel Touku M nepeceuenust ctoponsl AC

1 2
Omeem: M _0;6_ )

" BbICOTHI BH. 77

2.14. Haiitu ypaBHeHuUs BbICOT TpeyroiabHuka ABC, mpoxoasimx yepe3 BEepIInHbl A 1

Omeem: 7 x+5 y+2=0 ; 9 x+2 y-28=0
B, ecniu A(-4, 2), B(3, -5), C(5, 0).

2.15. Beluucnuth KOOPAMHATHI TOYKU [IEPECEUEHHUS IEPIIEHINKYIISIPOB,

IIPOBEICHHBIX YEPE3 CEPEANHBI CTOPOH TPEYIrOJIbHUKA, BEPIIMHAMU KOTOPOIO CIIYKAT

2
Omeem: M (3;—_ )
Touku A(2, 3), B(0, -3), C(6,3). 3
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2.16. CocTaBUTh YpaBHEHHUE BBICOTHI, IPOBEAECHHOMN Yepe3 BEpIIMHY A TpeyroJibHUKa
ABC, 3nas ypaBHeHus ero ctopoH: AB -2x -y -3=0, AC-x+5y-7=0,BC-3x-2y+
23 = (). Omeem: 2 x+3 y —7=0;

2.17. Nan tpeyronsHuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
ypaBHEHHE W BBIYUCIIUTD JUIMHY €ro MeJUaHbl, TPOBEIeHHOM 13 BepiuHbI C.

Omeem: 2 x+ y+2=0 ; d=iz1 3,1

17
2.18. CocTaBuTh YpaBHEHHUE NPSMOM, MPOXOAAIICH Yepe3 Hauaja0 KOOPAUHAT U TOUKY

nepecedyeHus NpsmMbIx 2X + 5y -8 =0u2x+3y+4=0. Omeem: 6 x +11 y=0 ;

2.19. Haiitu ypaBHEHHUS NEPIIEHAUKYISAPOB K psAMoit 3x + Sy - 15 = 0, npoBe1eHHBIX
yepe3 TOUKU MePeceyeHHs JTaHHOU MPSIMOM ¢ OCSIMU KOOP/IUHAT.

Omeem: 5 x-3 y-25=0 ; 5 x+3 y +9=0 ;
2.20. JaHbl ypaBHEHUS CTOPOH YETBIpEXyroibHuKa: X -y =0,x+3y=0,x-y-4=
0, 3x +y - 12 =0. Haittu ypaBHeHus ero guaronaieii. Omeem: y=0 ; x=3

2.21. CocraButh ypaBHenusi Mmeauanbl CM u BeicoThl CK Tpeyronbuuka ABC, ecnu
A(4, 6),B(-4, 0), C(-1,-4). Omeem: 7 x— y +3=0-CM ; 4 x +3 y +16=0-CK

2.22. Yepes Touky P(5, 2) npoBecTH NpsiMyI0: a) OTCEKAIONIYI0 pAaBHbIE OTPE3KU
Ha OCSIX KOOpAuHaT; 0) mapamienbHyto ocu Ox; B) napamienbHyto ocu Oy.
Omeem: x + y—-7=0 ; y=2; x=5

2.23. 3anucaTh ypaBHEHHE NPAMOU, Tpoxoasiei yepes3 Touky A(-2, 3)
U cocTasisaoniel ¢ ockio Ox yroi: a) 45°, 6) 90°, B) 0°.
Omeem: x— y +5=0-CM ; x+2=0 ; y-3=0
2.24. Kakyto opanHaTy umeet Touka C, jiexkaias Ha OJJHOM psAMOi ¢ Toukamu A(-
6, -6) u B(3, -1) u umeromnias adciuccy, paBuyto 3?7 Omeen: y=9
2.25. Yepes Touky nepecedeHus npsambix 2x - 5y - 1 =0 u x +4y - 7= 0 npoBectu

NpsMYI0, IEJSLLYI0 OTPE30K Mex 1y Toukamu A(4, -3) u B(-1, 2) B oTHowenuu = 2 / 3.
Omeem: 2 x— y-5=0 ;

2.26. N3BecTHBI ypaBHEHHUS JIBYX CTOPOH pom0a 2x -5y - 1 =0u2x-5y-34=0u
ypaBHEHHE OJIHOM U3 €ro quaroHaieut X + 3y - 6 = 0. Haiitu ypaBHeHUE BTOPOii

nuaronanu. Omeem: 3 x— y—23=0;
2.27. Haiitu Touky E nepeceuenus MeanaH TpeyrojibHUKa, BEPIIMHAMU

Kotoporo sBisroTes Touku A(3,1), B(7, 5) u C(5, -3). Omeem: E (3 /1)
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2.28. 3anucaTth ypaBHEHUS NPSIMBIX, IPOXOaiuUX yepe3 Touky A(-1, 1) mox
yriaom 45° g mpsimoii 2x + 3y = 6. Omeem: x=5 y +6=0 ;5 x + y +4=0

2.29. Jaubl ypaBHeHus BbicOT TpeyroibHuka ABC 2x -3y +1=0,x+2y +1=0mu

KOOpJMHATHI ero BepuinHbl A(2, 3). Haiitu ypaBaenust cropon AB u AC TpeyroiabHuka.
Omeem: 2 x— y—-1=0- AB; 3 x +2 y-12=0- AC

2.30. JTansl ypaBHEHHSI IBYX CTOPOH Mapasuiesnorpamma X -2y =0, x-y-1=0mu
TOYKa IepecedueHus ero auaronaneit M(3, -1). Haiitu ypaBHEHUS IBYX APYTHX CTOPOH.
Omeem: x— y—-7=0; x-2 y—-10=0

IIpakTuyeckas padora Ne 5 o reme
«KpuBbie BTOpPOro nopsiaka»

Heab: [IpoBepuTh ypOBEHb YCBOEHHUS MaTepraia Mo COCTABICHUIO YPABHEHUN

KPHUBBIX BTOPOT0 MOPsAIKA (OKPY>KHOCTH, JUTUIICA, TapaboIbl, THIEPOOIHI

3aganus
1. CocTaBUTh KAHOHMYECKHE YPABHEHUSI:

a) ayurica; 0) runepoodibl; B) mapadoisl (A, B - Touku, nexaiiue Ha KpuBou, F -
dokyc, a - 6ombIIas (AecTBUTEIbHAS) TTOIYOCh, b - Manas (MHUMas) MOJIYOCh, € -
IKCHEHTPUCUTET, Y=*KX - ypaBHEHHs aCUMIITOT runepooisl, D - mupekrpuca KpuBoi, 2¢
- poKyCHOE paccTosIHUE).

Bapuanr duinne I'mnep06oJia ITapa06oJia
1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4
—l =il
T2 Ja5

2. b=2, F( el , 0) a=7,e= At D:x=5

3. A(3, 0)’ B(2, "'Elq ) k= 3/4, e=5/4 D:y=-2

4 |e=" acs 0 (A 3y BB Dyl

3. Da=22.c= 45?}'(1! k=2/3,2¢c= 1Uwf1:1 ock cumMmetpun Ox u
A(27,9).

6. b= v"ﬁ = «fﬁﬁfl k=3/4,2a=16 ock cummerpun Ox u
A4, -8).

7. |a=4,F=(3,0) b=2/10 11,0 D:x =-2

8. b=4,F=(9,0) a=5,e=7/5 D:x=6

w



5 J“ﬁ j'ﬁflr! —
9. A0, ), B( k= e=11/10 D:y=-
1)
57 g EvE
e '\‘f&_{—!'
11. Da=24 = k= " 9¢=10 ock cumMetpun Ox u
A(-7,-7).
52929
12. b=2,¢e= k=12/13,2a =26 och cuMMeTpunt OX u
A(-5, 15).
13. a=06,F(-4,0) b=3,F(7,0) D:x=-7
14 b=7,F(5, 0) a=11,e=12/11 D:x=10.
=731 12
15 A( 13),  |k=12,¢= Dry=-1
i
B( , 1/2);
—| —a
16.  |e=3/5, A0, 8) A 0).B(74 1) [ Dy
17. 2a=22,e=10/11 k= “'qu 2¢=12 ock cuMMeTpunt OX u
A(-7,9).
18. b=35,e=12/13 k=1/3,2a=6 ock cumMmetpun Oy u
A(-9, 6).
19. a=9,F(,0) b=06, F(12,0) D:x=-1/4
20. b=15, F(-10, 0) a=9,e=4/3 D:x=12
21 [ A@0,-2), BB | k=210 ¢y D:y=5

1)




22, e=2/3, A(-6, 0) AC,0), B( 2) D:y=1

23. 2a=50,e=3/5 k= ﬁﬁﬁ‘i,zczm ock cummeTpun Oy u
A4, 1).

24, b= T &=7/8 k=5/6,2a=12 ock cummetpuu Oy u
A(-2, 32 ).

25. a=13, F(-5,0) b =44, F(-7,0) D: x=-3/8

26. b=7,F(13,0) b=4,F(-11, 0) D:x=13

27, | ac3.0).80, O [N _ 51 D:y=4

)

28, |e=56.40 "1 ) (A BB o) |[Diy=23

29. 2a=130,e=17/15 k= 4{1_?}{%?’2(: ~18 ock cumMmeTpun Oy u
A4, -10)

30 b= 2.2.e=7/9 k=+2/2 2a=12 och cummeTpun Oy u

A(-45, 15).

233anucarb ypaBHeHHEe OKPYKHOCTH, IPOXOAsIIEH Yyepe3 YKa3aHHbIe TOUKH

U MMeIolIeH HEeHTP B TOUKe A.

2.1. Bepumnsl runep6oist 12x” - 13y* = 156, A(0, -2).

2.2. Bepmunbl runep6onst 4x” — 9y” = 36, A(0, 4).

2.3. ®okychl runepboms 24y° — 25x° = 600, A(0, -8).

2.4.0(0, 0), A - BeprrHa mapabois! y© = 3(x - 4).

2.5. ®okycsl mmmca 9x° + 25y = 1, A(0, 6).

2.6. JleBblii pokyc runep6oms 3x” — 4y” = 12, A(0, -3).

2.7. ®okycsl ammmica 3x° + 4y = 12, A - ero BepXHss BepIINHA.
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2.8. Bepmuny rumepGonsl x° - 16y° = 64, A(0, -2).

2.9. ®okychl runep6ois 4x° - 5y° = 80, A(0, -4).

2.10.
2.11.
2.12.
2.13.
2.14.
2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

0(0, 0), A - BepmmHa mapaboisr y- = - (x +5)/2.

Ipagsiit Goxyc smmmnca 33x* + 49y = 1617, A(1, 7).

JIeBbiit hokyc rumep6ois: 3x° - 5y* = 30, A(0, 6).

®okycsl ommca 16x” - 41y = 656, A - ero HIKHSISL BEPIINHA.
Bepumny runep6onsl 2x” - 9y = 18, A(0, 4).

doxycsl runep6ois 5x° - 11y* =55, A(0, 5).

B(1, 4), A - BepimHa mapabomsl y- = (x - 4)/3.

JIeBslii okyc sutumca 3x° + 7y° =21, A(-1, -3).

JIeByio BepimHy THIEP6OIBI 5X° — 9y” = 45, A(0, -6).
DoKycCHI dIIUIIca 24x* — 25y2 =600, A - ero BepxHss BEpIINHA.
[IpaByto BepmuHy rumep6oist 3x° - 16y” - 48, A(1, 3).
JIeBsiii hokyc rumep6oms 7x° - 9y* = 63, A(-1, -2).

B(2, -5), A - BepmmHa mapabos X° = -2(y + 1).

IpaBsiit Goxyc smmmmca X° + 4y” = 12, A(2, -7).

[IpaByio BepmuHy rumep6oist 40x” - 81y° = 3240, A(-2, 5).
®okycsl owmmca x> + 10y* = 90, A - ero HIDKHSS BEpIIHHA.
IpaByio BepmIMHY rHIep6oisl 3x° - 25y = 75, A(-5, -2).
doxychl rHIep6oIs 4x° - Sy* =20, A(0, -6).

B(3, 4), A - BepimHa mapabounsl y- = (x + 7)/4.

JIeBslii (hokyc ammmmca 13x> + 49y* = 837, A(1, 8).

IpaBsiit Goxyc runepGomsl 57x° - 64y* = 3648, A(2, 8).

KouTpouabHbIe BONpochl

23 3anuiuTe KAHOHUYECKOE YPABHEHHE DJUIMIICA.
24 3anumure KaHOHMYECKOEe YpaBHEHUE TUIIEPOOITBI.
25 3anumuTe KAaHOHUYECKOE ypaBHEHUE MapadoJIbl.
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23 Yo Ha3bIBaETCA SKCUETPUCUTETOM BJUIUICca’?
24 3anuiuuTe ypaBHEHHUS] ACUMOTOT TUIEPOOIIBI.

CamocrosiTteqibHasi padora mo teme «BekTopbI»

Bapuanr 1

JlaHbl BEKTOPBI d(9,-2,1) u b(4,3,0) (w11 Ne1-5).

~

OTBeT:(

I. Haittu  ~.; .(Omeem: 24)
2. Haiitu tanb) .

24
586 )
a

3. Haittu ° .(Omeem: 86)

4. Haiitu |b| .(Omeem. ) - (Omeem:
5. Haiitm  KOOpaMHATBI BEKTOPOB Azcath »  d  Zasbh ,  fooda
c(13;1,1),d(5,-5,1),f(-27,6,0) ) A (0; 0),

23 B npsMoOyrojbHON ACKapTOBOH CHCTEME KOOPAMHAT IOCTPOUTH TOYKH B C 4u(.
(3; -4), C (-3; 4). OnpenenuTh pacCTOSTHUE MEXKTYy TOUKaMu A U B, B u

(Omsem: |AB|=5, |BC|=10, |AC|=5)

Bapuanr 2

JlaHbI BEKTOPBI a(=3,2,1) u b(3,0,4) (ansNe1-5).

5888 Haittu a-b .(Omeem:-5)
e 1

2. Haiitn (aAb).(B;neem.’ \71_4 )

Ca
3. Haittu % .(Omeem: 14)

4. Haiitu |b| .(Omesem: 5) =

5. Haiitn KOOPAMHATBl BEKTOPOB .:jecai“; , d
0(0;2;5), d(-6 ;2 ;-3), f(9 ;-6 ,-3))
YWWWWWWWWW B npsiMoyronpHON J1IeKapTOBOM cUCTEME KOOpAUHAT MOCTpouTh Touku A (0;
0), C (-3;4), D (-2; 2) E (10; -3). Onopeaenuts pacctosinue mexay Toukamu Cu D, A u D,
D

1 E.. (Omsem: |CD|=\5, |AD|=22,|DE|=13

TecT st caMOKOHTPOJIs O Teme «BekTopHas ajaredopa»

e
a-b f==3a (Omeem:

I

BEKTOPOB.
Cax24; T2 a) (3;6:1) 5)(0;6;1) o)(1;2;1)
1. JaHbl BEKTOpHI 1) u 0).
a) (3;,6;1) b)0;6;1) ¢ (1;2;1)
a=(2;4; Te=(1;2;

2. JlaHbl BEKTOpHI 1) u 0).



Haiti koopimHaTel CyMMBI BEKTOPOB. HaifTi KOOpAMHATBI PA3HOCTH



"a=(2; 4 ; 1) B . "a+2¢
3. JlaHbI BEKTOPBI nec=(1,;2;0). Haiitn KOOpJAMHATBI BEKTOpa .

a) (-3;8;1) b)@4:8:1) ¢)(1:2:1)
4. HaifTi KOOpIMHATEI BEKTOPA B ,ecmn A(2,4,-6) py B(2,-4;8)
a)(0;-4;7)b)(2,;,-4;2) ¢)(0,;4;-7)

5. Haiitu vy Bektopa 4@ (71:27-2)

a) 4 b)3 o)l

6. Haiitu nuuny Bektopa 43 ,ecam A(53;1) U B(4;5 -1)

a)3 b) 2 o)1

B

s '

y Z

7. VCIoBHe KOJUIMHEAPHOCTH BEKTOpoB  a (xi;y1:2)  u  (x2; Y2 2) MIMEET BU;
c)Xt =M =8=m
a)x xty ytzz =0 b)x x=y y=z z X y z
1 2 1 2 1 2 1 2 1 2 1 2 2 2 2

8. VYKaxuTe BEKTOp, KOJUIMHEAPHBINA BEKTOPY  <Za (2, -3, —1)

a)b(6;-9;-3) b)b (8:12-4) c¢)b(-4;6,-2)

. 3(4:-3:1 b (5:-2: -3
9. HaI/ITI/I CKaHﬂpHOC HpOI/IBBeIleHI/Ie BeKTOPOB ( ) H ( )

a)3 b) 12 c)23

-4

A I
10.HaiiTl KOOpIMHATEI BEKTOPA  fa=-j+3j+ 5k
a)(1;-3:-5) b)(-1:-3:5) ¢)(-1:3;5)

'::_:: , Z
11.YcnoBue nepneHIuKyasipHOCTA BEKTOPOB  Ja (xt; y1;z1) wb(x2 ;)2 2) AMEET
BU/I;
C) X1 =1 =21 =m
a)yx x+y y+z z=0 b)x x=y y=z z X y z
1 2 1 2 1 2 12 1 2 12 2 2 2
Ga(;3; .
12.ITpu KakOM 3HAYEHUH M BEKTOPHI  -2) u  b(-1;m; 4 BEKTOPHI
NEepPHEHIUKYJISPHBI?
a) 5 b)3 ¢ -3
13.BepuiHamu TpeyroiabHUKa CIy’KaT TOYKU A (10;-2;8) , B(8;0;7) u
(10; 2; 8)
. AB
Haiitn nimvHy CTOpOHBI
a) 4 b)3 o)l
A(10,;-2;8 0 -
14 .BepuiriHaMu TpeyTroabHUKA CIYKAT TOYKH ( ) , B@,0,7)

u
C(10;2;8).



AC

Haittu n1immHy cTOpOHBI

a)4 b)3 c) 1
15.HaiiTi KOOp/IMHATHI BEKTOPA D Ybh.ecnm  Cazdi+2j-5 %y

Ca=-2 [+3 j+4 k
a)(1;5;-1) b)(5,-1;-9) c)(-1,3;5)

16.HaliTu KOOpPJAMHATBI BEKTOpA 2 2 ecnn @737+ 21 %K
- - -

U
3=-2 i+3 j+4 k
a)(1;5;-1) bY(5;-1;-9) ¢)(-1,3;5)
17.Haiftu yron Mexay BeKTopamu a(2; 2; -1) u b (—3,' 6, 6)
a)45° b)60° ¢)90°
AB;5,6)uB(5;,-1;0)
18.JlaHbl TOUKH . Haittt KoOpIMHATEI CEpeIMHBI OTPE3KaA
AB
a)(4;2,3) b)(5,-2,2) c)(-4,;2;-3)
TECT IIO TEME «YPABHEHUE ITPSIMOI»
1. OGrmiee ypaBHEHHE MTPSIMOI UMEET BU:
b) y-y1 =x=x1
a) y- y1=k (x-x1) Y=yt X2=X1 c¢)Ax+ By + C=0 2. HeoOxoaumoe u

A0CTATOYHOC YCJIOBHUC IIAPAJIJICIIBHOCTHU IIPAMBIX C YITIOBBIMHA KOS(i)(i)I/IHI/IGHTaMI/I 1

2 a)ki=k b)) ki-k=—1 c ) k 1+ko=0
3. Heobxoaumoe u %CTaToque YCJIOBUE NIEPIIEHAUKYIISIPHOCTH MPSIMBIX C YIJIOBBIMH
Kod(ppuruenramu 1 U 2

a) ki=kz b) k1-ko=-1 c) k 1+k2=0

y=5x + 6

4. YKaXuTe ypaBHEHUE NIPSAMON NapajuleiIbHON
a)y=-5x b)10x-y+12=0¢)10x-2y+8=0
5. Beibepute ypaBHEHHE, ONUCHIBAIOLIEE MPSAMYI0, H300paKEHHYIO Ha PUCYHKE
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Y

/2 _
x Y X 'y
a)2x+3y=0 b)3+-2=1 c)-2 +3 6. Vkaxure ypaBHEHHUE MPSIMO
a)y= -1x

MEPIEHAUKYJISIPHOU TIPSAMOM y=5x+6 5 b)10x-y+12=0

c)10x-2y+8=0 7.CocTaBUTH ypa]?(HG;HI%C IPSIMOM, IPOXOASALLEH
4yepe3 Hayasio KOOPAMWHAT, €CIIU €€ YTIII0BOW KO PHUIIUECHT a)5x+y=0

a)x+5y=0 ¢)5x-y=0 8.YKa3aTh TOUKY, IPUHAJJICKALLY IO

npsamoit 7 X=3y+21=0  a)A( 4,13) b)A(3;14) c¢)A(-4,;13) 9. CocraBuTh
ypaBHeHMeE NPSMON, NPOXOAsLLEN Yepe3 HavYano KOOPANHAT U 0BpasytoLLeit C OCbio
. c)x-y+1=0
Ox yron 45 | a)x-y=0 b)x+y=0 10. CoctaButh

YPaBHEHHE NPSIMOM, IPOXOISIIEH YePE3 TOUKY (5,-1) Y UMEIOLIEN YyTII0BON

kodduient k=3 .a@)3x-y=0 a)3x+y-16=0 c)3x-y-16=0
Tect no Teme «KpHBbIe BTOPOro NOpPsAIKa»

1. YpaBHEHHE 3JUIMIICA UIMEET BUI:
a)X -V =1 p) L af =
£ b £ b c)y?=2px
2. VpaBHeHHE runepOOIIbl UMEET BUJI:
a)x-»r =1 b) X+ 1 =1

@2 b . a b ¢)yP=2px
3. VpaBHeHue mapadoJibl UMEET BUJ:

P F =t by £ f o

2 b 2 b c)y’=2px
4. Halitu paguyc OKpYKHOCTH X+yP+4y-5=0
a)7 b) 3 C)s

Lo
+ =1
5. Yemy paBHa OoJibIlasi mojayoch syummnca 36 25

a)6 b) 11 c)5



XLV

6. HaiiTt 5KCIEHTPHCHUTET DJUIUIICA 100 51
a)6 b)0,3 ¢)07

£ -y =

7. Uemy paBHa JIHCTBUTEIbHAS OCh THIIEpOOIBI 64 25
a)eé b) 18 c)5

Loy o
8. Haiitu skcrienTpucuret runepbonsr 25 11
b ¢) b
a) 14 5 5

Ea
9. 3anmcaTth ypaBHEHHUS aCUMIITOT THepOoiasl 144 256

4 3
=t-Xx b)y=t=
2y 3 )Y 4X c)y=t3x

10.3anucarb ypaBHEHUE napa6,9n{>1 é: BeglljﬂHOﬁ B Ha4aJIe KOOPAWHAT, €CJIU €€
b oKyC HAXOIUTCS B TOUKE ’

a)y’=2x b))y’ =12x c)y=12x

11.]11s runep6onel 16 X2 - 9y = 144  Ha#TH PacCTOSHUE MEXIY (OKYCaMU.
a)6 b) 10 c)5

12.HaiiTi KoOp/MHATHI [IEHTPA OKPYXKHOCTH  X° +)*-8x-10y-8=0
a)(4;5) b)(5;4) c)(2,5)

13.HaiiTn KoopAMHATBI paguyC OKPYKHOCTH X+ y2 -8x-10y-8=0
a)é b)10 c)7

IIpenennbl u HeNPePHIBHOCTH

YcTHbI onipoc

0 [aiiTe onpenenenus npeaena QyHKIIUN B TOUKE.

1  CdopmynupoBarh CBOKWCTBA MPEIEIOB

2 Kakue TuIlbl HEONPEAEICHHOCTEN BaM U3BECTHBI?
0

4. Kak u30aBUThCS O HEOMpeaAelieHHOCTH 0 7

5. UeMy paBHO 3HaueHHUE npesena PyHKIMU MpU HEOTPEIeICHHOCTH

o |loo o

6. Uemy paBHO 3HaUeHHE Mpeena GyHKIUU TPU HEOIIPEAECIEHHOCTH
CdopmynupyiiTe nepBbiii U BTOPOit BaMe‘-IaTgJ'IBHHﬁ MPEAEBbI.

0 H

quy paBHaA HCOIIPCACIICHHOCTb B A



9. YUemy paBHa HEONpPEIEICHHOCTb BU/IA

0:c?

IIpakTuueckas padora Ne 6 mo reme

«Bbruucienue nmpeaejaoB»

He.m): HpOBCpI/ITB YMCHHA U HABBIKU CTYACHTOB B BBIYMCJICHHUH IIPEACIIOB,

PACKPBITUA HCOHpGI[GJ'IGHHOCTGﬁ.

3aganus

1.HaiiTu ykasaHHbIe peaeJIbl.

2
I - s 1
]Jm—lo 1
11 = x =12z 20T 8
e d
i 5 2 omeem: -5
1.3. % 27

o 2x* = Tx+dmeem: Hem
= 2_
1.5. 7% 2 =5x+blpewenus
RG> S S p .
7 e e omeem : ¢
o x4 2x-
i — omeem: -2
1.9. Ea L i 3
3
lim —~ ~8 | omeem: 12
1.11, #=5g=kas 5
2
. x° =16
%}4ﬁomeem: L
1.13. X ra o 1.1
3x? -7x-4§ K
115, ™32 —Tx 47005
i 5x2+4x—]l 6
o A apmeem i
1.17. 3x+x-2

2 b’
i T"xj+4x 4
¥l Qx4 3y +1omeem 1

o B —9x+10| 1
lin g—
S xg L omeem. ;

1.19.

1.21.

- ozt
12 =" x4z I omeem : 1
3
- 2x*—x-1 omeem:
1.4, =13x% —x- 5
lirn oyt
1.6. = x* =27

omeem:. Hem

peleHus
x—dx-5 11
r>-1yx* —2x -3 omeem:
1.8. 4
2 ——
firn 3:!:2 11x+6
1.10. 7* 2z =3x =3 | omeem : 1
2 —x=2
112. 771 ©+1 omeem: —1

i Azt g 1x = 13
4. 8 5| omeem: " 4

i 4z +7x-2
1.16. =2 3x* +3x+4

omeem: —
4

e b

1.18. 137+ 22— 2 omeem : 0

- Ixt—3x4+2
1.20. =+ xﬁ—x—lzl
2 .
- 41; +x
1.22. »=1 x —2x+1|

omeem : Hem

peweHusi

omeem:. Hem

peweHust
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— 2 f—
o =5 +11x-3

] omeem. —_
123, =% 3x*—x-10 | 11
24
omeem .
1.25. 17
4
1.27. 3

omeem: 2 5

1.29.

2. HaiiTu ykazaHHbIe NPeaesibl

g 2:&’2 +11x+1 omeem -
2.1. %3 3x° +5x-12 13

i x-3x+2
23 =lx'-4x+3 omeem: 0

x4—xj+x+

lirny ]
9.5 Rk gl omeem : 0
4 5
i -x+3 omeem
2.7, w55 +3x—3\ 23

P

2.9 *1x'+3x+2 omgem : -2

 42*+19x—5 omeem: -
2.11. == 2x% +11x 45 3
2
i e
213, ~tex' =7x+3 omeem : 0
5 9x* +17x -2 19

=2 x'4+2r omeem:
2.15.

o N

. 4x3—2x2+5x% omeem:
2.17. = 3zt +7x | ;

. 3x*+5x-1| omeem: Hem
2.19. **3 x* - 5x+6 pelweHus

T S omsem: o
1.24, =7 2x° —9x—3§’ 1

i 4x* +31+135  omeem: Hem
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r89xd 4 05y 48 1028 28

5 V4
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omeem:. Hem
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2
. 2x" =3x-1 omeem : Hem
2.6. =1 x*-1 peweHus
2
x“+2x | omeem : Hem
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2 iz .
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3 2 1
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3
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R 2
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218 =t =z -1 omeem : 3
; 1
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] 4 2
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2.25. 2.26.
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lim 1+ﬁx ,  5)limsinkx = sin 5 x 6 ) lim COS2 X—C0S KX

4)  xow ( X ) x —0 kx s x—0 X
KoHTpoJsbHbIe BONIPOCHI

0 [aiite onpenenenus npenena GyHKIUNA B TOUKE.
1 Kakue Tumbl HeonpeaeJIeHHOCTEN BaM U3BECTHBI?

0
3. Kak n30aBHUThCS 0 HEOTIPEACIICHHOCTH 0o ?
c
4.Yemy paBHO 3HaUYeHHE TIpeena GyHKIMH IPH HEONPEIeTSHHOCTH ?
0

c
5.YemMy paBHO 3HaueHue npeaena GyHKIUU IpU HEOTIPEAEIEHHOCTH ?
6. 3anucarb 3aMedaTeNbHbIE PEIETbI.

IIpakTnueckas padora Ne 6 mo Treme
«IIpenesa pynkuun. HenpepsiBHOCTD pyHKIUHN. ToukH pa3pbiBa»

Lenab: HAyYNUTHCA BBIYUCISTH MPEEIbL,UCCIEI0BATh (PYHKITUIO HAa HETIPEPHIBHOCTD,

KJIacCU(UIIMPOBATH TOUKH Pa3pbiBa, CTPOUTH IpaPuKu (PyHKITHIA.

3anganue 1.HaiiTu npenensl, UCHONb3YsI SKBUBAJIEHTHBIE OECKOHEYHO MaJible (DYHKIUH.

ln In(l#52°) omeem: 3 green 1 omeem -2

2.1, 0 g 5 2.2, HE e 3
. osn g

53 I, *xlﬁgzx omeem 54 lm, | omeem :—

J. 2 4. 9

arcigbx firn arcsin 2x 3

5 s i Y i, —— 1 omeem :=

5. 6. 2
sin 5x . o Inf143x

lirn reiong|  omeem: 2 EI}}DQ omeem : >

2.7. £ 2 28 sin 2x 9

2x
et =1 : sinf x —
I, PR omeem : 2 EI}}EH
2.9. g 3 2.10. " x" =3x+8 omeem: 1
]ﬂln Cos 3:{—;::05 ]ilfn 1- cc-j 6meeem: g
2.11. 2x i omeem: -2 2.12. dx 2

. arcig3x . arcsin dx

lim 4| .3 litn —— 4

i omeem : = i omeem : —
2,13 #Hhlarsgy 2 2.14. % &ox 5
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omeem: = omeem: —=—

2.15. 2 2.16. 4
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21777 48 an2¥ gy 2.187" t&ax X =%
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fifi X . COSZX—cCos );i

2t fg(x—4) , ]il;ﬂn 22 | ,
2.19. omeem : 48 2.20. omeem: 2

lim MJ) aroigox omeem : 5
2217 2x meem: 2 20070 fgex 2

; sth 3x . arcsin 8
= ]n(l+2x)\ omeern: o rgan
2.23. 2 2.24. & omeem: 2

S 2 !
i i e omeem: > lirn, ] omeom: &
2.257" tg2x| 2 226" sin2x 2

sinf x— 3} 1 . igix4 D)

m — omeem : — lin ———

2277 x7 =2 27 20877 x7 =25
e l—co;Sx - 111(_1+5x)l omeem- 5
229" 22" omeem : 1 230" sm3x 3

3aganme 2. VccnenoBates gaHHbIe (YHKIIMHA HA HEMPEPHIBHOCTD U MOCTPOUTH UX TPAPUKH.

0 (X)=5{x+4,x<1,5{XP+2,-15x51, 44,66 ()= e 1,x20¢ {(x+1)2,0sx826 . ¢

2.1. 2.2.

. . 2 L.
1 (x)=g,{x+2,xs—1(;{X2+1,—1<xs1(;u;(; 0 ()=ed-x xS0 {~(x-1)",0x<2¢¢.¢4

2.3. 24.

2 ()=e{-200+1)x5-1 2§ (c+1)° ~1<x<0.2. 2.0 0 (X)=¢ {=x,x<04,{x?,0<x<24 ¢,é.¢,

2.6.

2.5.

27. f(X)=(J{X2+1 ,XS1 ¢{2X, 1 <XS3¢ ¢ ¢(J 28. f(x)=¢{x—-3,x<04 {x+1,0sx<44 5. ¢.¢,



o ()= {N1-xx50:{0,0<x<24,¢.4.¢

2.10. f(x)=¢{2X° x<04{%,0<x1 6,66

fix)=¢ {sinx,x<0¢ {x,05x<2; ¢.¢,¢,

I=

2.11. 2.12. f(X)=<',{COSXyX5 2 L{O,E2<x<mu
f(X)=6{x~1,x<04{x%,0<X<2.¢.¢. &,

214, =e1,x<043~1,0sx<1¢.6.66
23.13.

f(x)=g,{—x,x<0¢{x2+1 0SX<24,6.6.6,

2.15.

2o f(X)= ¢ {x=1,x<0¢ {sinx,0=x<1¢ ¢, ¢, ¢,

2,18, fX)=i{-x+1,x<=14{4+1,-18x824. 6.4,
5888(x)=¢{1,x<0¢{2,0<x<2;
&éé

2.19. 2.20.  fx)=pf-x2xs-2: 00214606

222, fx)=afaxst {25 1<x<3 4y
2.21. A= (Bxrd xs-1400-2,-1<x<24.6.04

224 f(X)=i {1 x<=1;{x=1,-15x3; . ¢
2.23. fxjrefx-1x<16042,15x824.6.04 (x)=é{ i s

2.25. fixjEafxx<-26-xt1,-28x1 0666 2.26.  f(x)=4{x+3 xS0 {~x*+4,0<x<2 ;;;;

(S}



5888 (x)=¢{~1,x<0¢ {cosx,0x<1m¢ 46,

2.27. fx)=i{0xs-1:{-1,~1<x$2;. 0.6 2.28.

5889 ()=6{~xx<06{x%,0<x<26.6.¢.¢,

2.29. f(x)=i{2,x<=15{1-x,~18x$15.0.0.6 2.30.

3ananme 3. VccnenoBats qaHHbIe (QYHKIIMA HA HEMTPEPHIBHOCTH B YKA3aHHBIX TOYKAaX

1

3.1. f(x)=2x3+1, X1=3, x2=4

f(x)=5%°-1, x=3,x =4

3.2. 1 2

f(x)= X*7 x=2,x =3
3.3. x-2 2

f(x)=X52 6 x=-2,x=-3
3.4. x+3 ?

1

f(x)=43x+2, x =3,x=2

35, [X=4ex 1 ;

1

3.6. f(x)=92-x, x1=0, x2=2

1
f(x)=2X°+1, x=5, x=4

3.7. 1 2
1
f(x)=5% *-1, x =3,x=4
3.8. 1 2
1
f(x)=6x3+3, x=3,x =4
39, X6 1 :
a1
f(x)=7s5-x+1, x =5,x=4
310, TXIETex 1 )
f(x)= X3, x =-5,x=-4
3.11. x+4 2

f(x)= X*5 | x=3,x=2
3.12. x-2 2




3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

4.22.

3.23.

3.24.

3.25.

3.26.

3.27.

3.28.

3.29.

1 2
4
f(x)=53x+1, x =2,x=3
1 2
f(x)= _3X | x=5,x=4
x—4 1 2
f(x)= —_2X  x =1,x=2
21 ’
3
fx)=2"7%+1, x =-2,x=-
1 2

F(X)=4 2 42, x1=2, xo=3

2
f(x)=3xn -2, x=-1,x =0

3
f(x)=5% *+1, x =-5,x=—4
1 2

xX- 4

5888 L= x +2 , x1=-2, xo=—1
x- 4

5889 L= x +3 , x1=-3, xo=-2

X +5
fx)=x— 3, X1=3, xo=4

4
fF(x)=3""+1, x1=1, xp=2

f(x)= 4X , X==9,X=_4
X+5 1 2
2

f(x)=6 4x, x=3,x=4
1 2



fix)= X*1  x=2 x=3
3.30. X=2 ! 2

KoHTpoJbHBIE BONIPOCHI

1.Kakue BenmnIrHBI HA3bIBAIOT OECKOHEYHO MAJIBIMH OJTHOTO MOPSAKA MATOCTH?
23Kakue BeIMYMHBI Ha3bIBAXOT SKBUBAJICHTHBIMUA OECKOHEYHO MaJIBIMU 7

24Kaxkast yHKUMSI HA3bIBAETCS HEMPEPHIBHOW B TOUKE?
4.CKOJBKO U3BECTHO BaM TOYEK pa3pbiBa PYyHKIUHU, KaKUE?

CamocrosiTenbHas padora Ne 1

Bapuanr 1

1. Bolumcnauntb npegen GyHKUnu:
lim—X"—9
-8 x+15
2. Bolumcantb npepen GyHKummn:
lim—X*+5
XH23 X_6
3. BBI‘II/I(_:JII/ITL Impeacia Q)YHKHHI/I:
im SIN 17 x
x—08in 12 x

4. BeruucauTh npenen GyHKIUu:

y !
Xlim%(1+ —X)X3

Bapuanr 2
1. Beruncnuth npenen GyHKIUN:
lim X?+x -20
x —4 X2_16

2. Bblumncantb npepaen GyHKUMN:

3 x+6

lim
HZZ x-4

3. BLIIH/I(_:JII/ITL npenen (byHKL[I/II/I:
lim SIN 7 x
x—0sin 13 x

4. BeruucauTh npenen GyHKIUu:



JiM e ( 1 +ﬁx )X“

Bapuanr 3

1. Bolumcantb npenen GpyHKLMmM:

|imﬂ

X5 x-14
2. Bblumcantb npegen GpyHKUmmM:

|imﬂ
32 X0
3. BI)I‘-II/I_CJ'II/ITB npenen GyHKIINN:
im SIN O x
x—0Sin 4 x

4. Beruucauts npenen GyHKIUU:

1
Xlim_>oo(1 +—5x )5X ,

Bapuanr 4

1. Berunciuts npeaen QyHKIuu:

lim X?-12 x +35
X —5 X2_25

2. Boluncnute npegen GyHKumm:

-1

s 2 x-10

3. Berunciute npenen GyHKIIH:
lim _sin8x

lim

x—0Sin 19 x .

4. Beraucnuth nipenen GyHKIIH:
4

lim (1+ )Zx
X o X

Bapuanr 5

1. Beiuncantb npenen GyHKUUK:

limX%-3 x-18
s X-36
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2. Bblumcantb npegen GpyHKUmmM:
lim 2 x-3
a3 Xx-12
3. Berunciuth npenen GyHKIIK:
lim Sin 5 x

x—0sin14 x .

4. Beraucnuth nipenen GyHKIIH:
10

lim (1 3x
leﬂm(+ X)

Bapuanr 6

1. Beruucnuts nipenen GyHKITUH:
lim ﬂ
Lo X°—11 x+18
2. Beraucnuthb npeaen GyHKIUu:
L e2x-12

3. Beruncnuts npeaen GyHKuuu:
lim sin 19 x

X—>OS|n 3x

4. Berauciuthb npeaen GyHKIUu:
14

X"mw(“ X)ZX
CamocrosiTenbHast padora Ne2

Bapmuanr 1

HUccnenoBath X

Ha HEMPEPBIBHOCTb B TOYKE o
¢ynkuuo Bapuanr 2

f (X)= (,{X2 npU X;éo, (, (, (J (J Ha HENPEPBIBHOCTH B TOUKE
HccnenoBath GyHKITHIO
5888 =0

Bapuanr 3

UccnenoBarh pyHKIUIO £ (X )=x*  Ha HEIIPEPBIBHOCTh B TOYKE o



Bapuanr 4
3 x =0
Hccnenosats Gynkiuio f(X) = X ~ Ha HEMPEPHIBHOCTh B TOYKE o .

Bapuanr S

f(x)={x3, A x< 0

UccnenoBarh PyHKIUIO X, A x= (0 HaHENpepbIBHOCTH B

x =0
TOYKE o BapuaHT 6

—5Xx,AX
<0

fx)=
Vcernenosats ynKiio X2 ,AX2 0 Ha HempepbIBHOCTB B TOUKE  X=0

ITonsiTHe Npou3BOAHOI U ee reomeTpudeckuil cmbici.Auddepenunan
(pyHknumn YcTHbI onpoc

1.Yto Ha3bIBaeTCS MPOU3BOTHON QPYHKITUN?

2.Chopmynupyiite npaBuia 1udepeHupoBanms ?

3.Kakas pyHKIMs Ha3bIBaeTCA CI0KHOM?

5888 CdopmynupyiiTe MpaBUIIO HAXOXKICHHUS IPOU3BOIHOMN CI0KHOU (PYHKITHH.
5889 Urto HazwiBaercs auddepeHnuanoM GyHKIumu?

5.Kak HaliTu mpou3BoJiHbIe U qudPepeHIIabl BHICIINX MTOPSIKOB?
6.1IpaBuno Jlonurans.

7.4to Takoe 3KCTpeMyM (PYHKITUN?

23YT0 Takoe TOYKH meperuda , HHTePBaJIbl BHITYKIOCTH ,BOTHYTOCTH?
9.Kak HallTu aCUMIITOTHI ?

10.Paccka3ath 0011y10 cXeMy UcciaeqoBaHus (PYHKLINH.

IIpakTHyeckas padora Ne 7 mo reme «Haxox1eHue npou3BoaAHOM CJI0KHOM
¢ynkuun. I'eomerpudeckuiit cmbica npousBoaHol. Auddepenumnan

bynkum»

«Bbruncienue MMPpOMU3BOJIHBIX»

He.]'lb: HpOBepI/ITB 3HAaHHA 1 YMCHUA 110 HAXO0KACHUIO ITPOU3BOAHBIX 9JICMCHTAPHBIX

U CJIOKHBIX (DYHKITUH.
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3amanue 1.Hautu npounsBoaHbie GyHKIAN

B1 Y=x>-5x>+11

Y=x%ctgx
Y= arctgx

X
Y= 45
Y=e" * Inx
Y=(cosx -1)* *
B2 Y=2x*-x*+17
Y=x’tgx

Y = artgx
5888  x

Y=\3x*-3
Y=In x-|-£1
B3 Y=7x3+3x%-2

Y=xarctgx

Y=x+5
Inx
1

2 x+11)°

Y=sin® (4 %+ -1)

B4 Y=-3x3+5x*-
81 Y=2xsinx

X
Y=—sinx

Y=\*x*-3

B16 Y=x>-5x°+11

Y=x%ctgx
Y= arctgx

X
Y=\R 345

Y=e * Inx

B17 Y=2x3-x%+17
Y=x’tgx

Y = artgx
5888  x

Y=\3x*-3
X
Y=In—+ 1
B18 Y=7x>+3x2-2

Y=xarctgx

Y=x+5
Inx
1

(2 x+11)°

Y=sin® (4 2+ X -1)

B19Y=-3x3+5x*-81

Y=2xsinx
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Y=cos qu 1

B5 Y=7x%-3x%+32

Y=x* arcsinx
2

Y=
(3-6 x)°

Y= MSX

Y=In (x-x*-6)

B6 Y=-x’+3x°-11
Y=3x°ctgx

Y = arccosx
3 x

Y=\°x*-3
Y=e**%In2x
B7 Y=3x"-6x*+19
Y=x3sinx

tgx
Y= g_3x

Y=V\32x*-6
Y=e *:Inx

B8 Y=-4X5+9X?-12
Y=xtgx

Y = arcctgx
6 x

Y=\"3 x+6
Y=2" % nx

B9 Y=5x*-2x3+65

Y=cos—x+x 1

B20 Y=7x°%-3x°+32

Y=x? arcsinx
2

Y=—""
(3-6 x)°

Y= M?)X
Y=In (x-x*-6)
B21 Y=-x+3x%-11
Y=3x°ctgx

Y = arccosx
23 X

Y=V°x*-3
Y=e®*1In2x
B22 Y=3x"-6x%+19

Y=x3sinx

tgx
Y= g_3x

Y=\?2 x*-6
Y=e" *Inx

B23 Y=-4X5+9X?-12
Y=xtgx

Y = arcctgx
6 x

Y=V>3 x+6
Y=2"*% Inx

B24 Y=5x*-2x3+65
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Y=x?arcsinx
5

Y=""
(6 x—4)°

Y=\°x*-5
Y=32*% nx

B10 Y=-2x°®-3x?+19
Y=x?ctgx

Y = arctgx
X

Y= :13 X>+5
Y=¢e? % Inx

B11 Y=8x*-6X°+1

Y=2x3arccosx

tgx
Y= g_5x

9

Y=—""
(6 x-5)*

Y=4-% |nx
B12 Y=3X2+11x3-87

y=3x3ctgx

COSX
Y= 2x

-3

(4 x+9)°
Y=5° % |nx
B13 Y=x°+9X?-51
Y=x?arcsinx

X
Y=—cosx

Y=x?arcsinx
5

Y=\°x*-5

Y=32 % nx
B25 Y=-2x°-3x*+19
Y=x?ctgx

Y = arctgx
X

Y= Q?’ X>+5
Y=e? %2 Inx

B26 Y=8x*-6X°+1

Y=2x3arccosx

tgx
Y g_5x

9

Y=—""
(6 x-5)*

Y=4-* Inx
B27 Y=3X?+11x3-87

y=3x3ctgx

COSX
Y= 2x

-3

Y= 5
(4 x+9)

Y=5%* |nx
B28 Y=x’+9X?-51
Y=x?arcsinx

X
Y=—cosx
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Y=V*8x*-3

Y=¢&? % Inx

B14 Y=3x"-9X3+11

Y=V*8x*-3
Y=¢e? % Inx

B29 Y=3x"-9X3+11

Y=5x’tgx Y=5x’tgx
__2X __2X
" arcsinx arcsinx
Y=i12x -6 Y=52 x* -
Y=¢>* Inx Y=¢>* Inx

B15 Y=x>-8X%+16

B30 Y=x>-8X%+16

Y=4x’ctgx Y=4x%ctgx
Y = actgx Y = actgx
5888 X 23x
9 9
Y="" Y=—""
(2 x-15)° (2 x-15)
Y=6%"* Inx Y=6* Inx

KoHTposibHBIE BOIPOCHI

1.ChopmynupoBTh onpeaesieHrne Mpou3BOIHOMN, TpaBmiIa TudQepeHIMpOBaHNS.
2.3HaTh TaOJIUIly TTPOU3BOIHBIX dJIEMEHTAPHBIX (QYHKIIUM.

3.ChopmyaupoBaTh NPaBUIO HAXOXKICHUS POU3BOTHOMN CIIOKHON (DYHKIIHH.

IIpakTuyeckas padora Ne 8 mo reme«UccienoBanust QyHKIMU M MOCTPOEHUE
rpagpuka»

Heab: HAyuyuTHCA UCCIAEAOBATH (PYHKIUIO U MO pE3yJbTaTaM UCCIEI0BAHUS CTPOUTD

rpaduxk.

3ananme 1.MccnenoBath GyHKIMIO MO MPEIIOKEHHONW CXEME U TIOCTPOUTH €€ rpaduk:

1.Haiitu o6nacts onpeneneHus QyHKIUH.
2.UccnenoBaTh Ha YETHOCTh M HEUETHOCTb.
5888 MHccnenosars Ha NEPUOAUYHOCTb.

5889 HaiiTu cTanmoHapHbIe U KPUTUUECKUE TOUKHU MIEPBOrO poja.
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5.HaiiTi nmpomexxyTKu Bo3pacTaHusi U yObIBaHUS (DYHKIIHUU, SKCTPEMYM.
6.HaiiTu cTauMOHapHbIE U KPUTHYECKUE TOYKHA BTOPOTO POAa.

23Haiiti npoMeKyTKH BBIMYKJIOCTH (QYHKIIMH, TOUYKHU Meperuoa.
24HaiitTi acUMNOTOTHI (BEpTUKAIbHBIE, TOPU30HTAIbHBIE, HAKJIOHHBIE).
9.HaiiTi Touku nepecevyenus rpaduka QyHKIMH ¢ OCIMH KOOPIUHAT.
10.Haiiti 1OmOJIHUTEIbHBIE TOYKH.

5888 Ilo pe3ynbTaTam Mccie0BaHUs TOCTPOUTH IpaduK QyHKIIMH.

B1.a)y =x%(2-x)5  O)y=",+1 B16. a)y= O+

i i
6)y=x=Fix:+1

— - 1 .01 .1 . 1 .
B2a)y=Tx ;  6)y=" 21" 3" 3V 45
B17.  a)y= -2x-1;
x* x*
Y¥—2X-2
6)y=
x* =3 x-10 lrg—xi—ax;_q_l
B3.a)y=x-arctgx; 0O)y= % 318 ) y=3' : X+ 3
1 3 z - X
FXT-X*-3X 4o P
; 0)y=
-x% + 3x°
B19. a)y= +9)(;
8 —
Bda)y= 4-x 6)y= X2;3+); * X3 -1



\/ 1-x ¥4 x-12
BS.a)y = X o)y= X +3
X X*+4 x=12
B6.a) y=1+ ¥ ; O)y= x-3
B7.a)y=—"— ; 6)y= x*=x-20
X +16 X+2
2 X*+x-20
BS. a) Yy =e4; 6)y= Xx-2
X X* -2 x-15
Bga) Y= x41 3 6)y= x+4
9 X +2 x-15
B10. a) y =2x-x*; ©6)y= ,_4
X3 -3%% 44
B11. a)y= :
h—2x
!
y=
X3 +3x%-2
B12. a)y=
e
X=2-1
O)y=
x3-12x+6
B13. a)y=

5 4

B20. a) y= x-20x ; 6) y=1-x

6)

3 2 X =1
B21. a)y=x +15x -x-250 6)y= x

B22. a)y=1x+2

3
B23. a) y=x’-4x ; 6)y=3x+ , +5

x>-2 x-8
X +1

B24.a)y =3x-x*; 6)y=

X

B25. a)y = 2/3x*-2x=1; 6)y=-,»

4 1-x°
B26.a) y=2x x ; B)y=
B27.a)y =2x>8; 6)y= -,
X
B28. a)y = x*-8x*+3; G)y= —
x =1



6)y = X+4
B14. a)y=
3 —
2 +axt+ler+t-1z B29.a)y = 4-x* O)y= d +x3-:(3 v
i
O)y= 6x=+ 18
B15. a)y= Tz
. S x*-2 x-8

) B30.a)y=xVa-x ; 6)y= X +3

O)y=

KoHTpoJibHBIE BOIPOCHI:

1.YTo Takoe obnacth onpeaencHus GyHKIumu?

2.Kakue QyHKIIMU Ha3bIBAIOTCSI YETHBIMU , HEUETHBIMH, O0IIETro BUuaa?
3.Buael Touek pas3phiBa.

4.Yto Takoe HyIH QPYHKIIUU?

5.Kak onpenenuTh NPOMEKYTKH BBITYKIOCTH?

6.Bubl acuMITor.

CamocrosiTtenbHas padora Ne 1

Bapuanr 1

1.Haiitu npoussoanyro Gpynkuun y=sin® (4 x°-2).

23Haiiti mpOM3BOJHYIO TPETHETO MOPsAKA (PYHKITNH y=3X4+COSSX.
3.BbruncnuTh npezensl, MCrob3ys npasuio Jlonurans:

lim (¢ 2= —T_):lim o6
xon  CIgX 2C0SX  x.o

2

Bapuanr 2
1.HaiiTu nponssoaHyto QyHKIUH y=cos” (6 x* +9).

2. HaiiTi mpoM3BOAHYIO TPETHEro MopsaKa (pyHKIHH y=3X -sin3x.
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3.BeunciuTh Opeiesibl, UCNob3ys npasuiio Jlonurans:

. 4 .
lim Zi,a>0; lim ¢ ¢

X— eax x —0

Bapuanr 3
1.Haiitu nponssoanyto GpyHkuun y=tg® (3 x*-13).
5888 HaiiTi MPOM3BOAHYIO TPETHErO MOPSAKA QYHKIHH y=4x"-¢~,

3.BpancinTh npenessl, UCnoib3ys npaswio Jlonuras:

lim ((———=),lim ¢
X —1 nx Xx- X— 1T 14
Bapuanr 4

1.Haiitu npoussoanyio GpyHKnun y =ctg* (5 x° +6).
23 HaiiTi IPOM3BOIHYIO TPEThEro HopsaKa GpyHKIHH y=5x"- cos4x.

3.Beruucnuth npeaensl, UCIOab3ys paBuio Jlonuranis:

lim (1¢,-x )tg ™ ;lim (@' * ;-1),a>0 ¢.¢

x —1 X — o

CamocrosiTeibHass padora Ne 2

Bapuanr 1
1

1.Haiitu obmacts onpeaenenus QyHKIINN y= \/m

5888 Haiitu o6macte 3HaueHU PyHKIUN y=3SInX+4COSX.
5889 Haiitu nmpoMexxyTKu Bo3pacTaHusi QyHKIHH Y=9x+3X2-Xs.
5890 Haiitu cranmoHapHbie TOUKU (QYHKIIUN y=X+COSX.

Bapuanr 2
1

1.Haiitu obnacte onpenenenust PyHKIUN y= \/3+2 X—X2

23Haiitu o6nacth 3HaUeHUN PyHKIUMU y=5sinX-12cosx.

24 Haiitu npoMexXyTKU yObiBaHus QyHKIUU y=-18x+1,5x>+xs.
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5888 HaiiTu crannoHapHble TOUKH (PYHKIIMH y=X- SINX .

Bapuanr 3
1

1.Haiitu obnacte onpenenenust yHKIUN y= \/ 7 x-10-x2

5888 Haiitu ob6nacTh 3HaueHu# GyHKIUU y=12sinx+5cosx.
5889 HaiiTi mpoMexyTKH yObIBaHus GyHKIMH y=-6x-0,5x*+1/3%".
5890 HaiiTu cTanoHapHbIe TOYKH QYHKIIMH y=X+ SINX .

Bapuanr 4
1

1.Haiitu obnacte onpenenenust yHKIUN y= m

5888 Haiitu ob6nacTh 3HaueHU# GyHKIUNU y=4sinX-3COSX.

5889 HaiiTi mpoMexyTKH yObiBaHus GyHKIMK y=-10x+3,5x>1/3%".
5890 HaiiTu cTanmoHapHble TOYKA PYHKIIUU Y=X- COSX.
CamocrosiTeibHas padora Ne

3 Bapuanr 1

1.0mpenennTs CKOPOCTh TOUKH, ABIKYIIEHCS MO IPSMOiT 1Mo 3akoHyX(t)=1/3t>-5t%

23TouKa JBIKETCS 110 IIPSMOii 10 3aKoHy s(t)=2t>-3t-1.0mpexenntsb
MIHOBEHHYIO CKOPOCTB IIPH t=2.

3.0mpeIennTh YCKOpPeHHe TOUKH, ABIKYILEHcs 10 3aKoHy s(t)=t’-5t>,

4.Teno maccoil m ABMXKeETCS 1O 3aKoHY X(t)=3cos3nt. OnpenenuTs

CHITY ,JICCTBYIONIYIO HAa T€JI0O B MOMEHT BpeMeHHu t=1/3.

Bapuanr 2

5888 OmpeennTh CKOPOCTh TOUKH, ABHKYILEHCS [0 MPSMOIA 110 3aKoHy X(t)=1/2t>-4t.

5889 Touka ABUKETCS IO MPSMOIL 110 3aKOHY S(t)=4t>-5t+7.0mpeaeauTs
MTHOBEHHYIO CKOPOCTh IpH t=2.

3.0mpeIennTh YCKOPEHHe TOUKH, ABIKYILEHCS 110 3aKoHy s(t)=2t"-t’.

4.Teno maccoif m ABUKETCS 10 3aKOHY X(t)=-2sin2xnt. OnpenenuTs cuiy,

JEHUCTBYIOIIYIO HAa TEJIO B MOMEHT BpeMeHu t=1/4.

Bapuanr 3
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5888 OmpeneanTh CKOPOCTh TOUKH, ABUKYILEHCS O IPSMOIL 110 3aKOHY X(t)=3t"+2t%.
5889 Touka aBHKETCS IO MPSIMOM MO 3aKOHY s(t)=-t*+10t-7.0npenenuts
MTHOBEHHYIO CKOPOCTbh IpH t=1.

3.0mpefenuTh YCKOPEHHe TOUKH, JBIKYIIEHCS 1o 3akoHy s(t)=1/3t>-6t.

4.Temo maccoif m ABUXKETCS 0 3aKOHY X(t)=-2sin4nt. OnpenenuTs Cuiy,

JEHCTBYIOITYIO Ha T€JI0 B MOMEHT BpemeHu t=1/8.

Bapuanr 4

Onpenennts CKOPOCTh TOUKHU, ABUKYLIEHCA 110 MPSMOU 110 3aKOHY x(t)=2t3+1/4t2.
Touka ABUKETCS IO PSMOIL 110 3aKoHy S(t)=3t*+2t-1.0mpeaeauTs MTHOBEHHYIO
CKOPOCTB IIpH t=3.

3.0mpeIenTh YCKOPeHHe TOUKH, ABIDKYILEHCs 0 3aKoHy s(t)=t-t.

4. Teno Mmaccoil m ABHKETCS MO 3aKOHY X(t)=-3cos2nt. Onpeaenurs cuiy,

JICHCTBYIOIIYIO Ha TE€JIO0 B MOMEHT BpeMeHH t=1/8.

JudppepenHunanbHoe HcuncaeHne yHKIMH HECKOIbKUX

IepeMeHHbIX Y CTHBIN 0pPoc

1.Kakas pyHkius HazpiBaeTca (PyHKIMENH HECKOIBKUX MEPEMEHHbBIX ?

2.Yto0 Takoe 0bsacTh onpenenaeHus: GyHKIMHU HECKOJIbKUX MEPEMEHHBIX?

3.Y910 Takoe 4acTHbIEC IPOU3BOIHBI?

ChopmynupyiiTe npaBuiio HaX0XI€HUS IPOU3BOAHOM CII0)KHON (PYHKIIMHM HECKOIBKUX
IIEPEMEHHBIX.

Uro HazbiBaeTcs MOAHBIM qudpepeHnnanom GyHKIMN HECKOIbKUX EPEMEHHBIX ?
6.Kak nHaiitu nmpousBoHbIe U AudpepeHranbl BBICIINX TOPSIKOB?

7.Uto Takoe sKcTpeMyM (QYHKITUN HECKOJIbKUX MEPEMEHHBIX ?
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IIpakTnueckas padora 9 no reme
«Haxo:xxknenue 4acTHbIX Npou3BoAHBIX. [loanblii nuddepenunan»

Llenb: MpoBepUTh YMEHUE HAXOUTh M CTPOUTH 00IaCTh ONIPEICIICHHS CI0KHOU

q)YHKHI/II/I, HaXOIUThb YaCTHBIC ITPOU3BOIHBIC.

3aganus:

HaiiTu ¥ mocTpouTh 00J1aCTH ONpeAeeHUs CJI0KHON QyHKIUM.

Bu1uMcJIUTh NPOU3BOAHYIO CJ0KHON (PYHKIMH.

B1 1.z=arcsin(1-x*-y?)
2.a) z=VInx- yx, x=e, y=1

6) u=x>-y*+32°,

x=1/2,y=1/2,z=1/2 B2 1.z=In(y-Inx)

2.a) 2=Vt i, x=1, y=2

B)U=3x?/2-y?/2+22% x=2/3,y=2,z=2/3

B3 1.z=VInx+Iny

2.a)Z=Xy—X}/ x=e, y=1

6)u=x>/2-y*/2+82% x=2,y=2,2=3/2

B4 1.z=\\ y-x+2
2.a)z=sin1/xe’ x=1/2,y=1

6)u=3/2x>+3y2-
27°, x=2,y=1/3,z=3/2

B5 1.z=arcsin Xy2

2.a)z=arcg(x>y?)+1TH xy
X yz

B)u= y - x+\y

B6 1.z=arcos(2x-y)

B16 1.z=ln ")
2.2)2=(C+ yye- >
6)u=x\y-(z+yNx, x=1,y=1,z=-2
1.z=Iny-Incosx
2.a)z= xsiny+x%, x=3,y=11/2

6)u=V xy — Va-22,x=1 ,y=1,z=0

B18. 1.z=Insinx= y
2.a)z=arcsin gv - Inv, u=0, v=1

6)u=(x2+y2+22)3/2

, X:O,yz_
3,z=4 B19. 1.z=In(y*/4-x*/9-1)
2.a)z=InVxz+ yo+1/y, x=y=1/32

6)u=2/x+3/2y-\6/ 4
z x=2/3,y=3/2,z=1/2

B20. 1.z=arcsif x°

2.a)z=Iny¥ x ,x=1,y=3/5

6)u=3/x+4/y—1/\/65<,x=1 ,y=2,z=1/\/§

B21. 1.z=1+ \_11—(x— y )
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2.a)z=arccos x%+evxy, x=2,y=1
- -
6)u=V2x*- V2 -6v272%,

x=1,y=2/3,z=1/N6 B7 1.Z=\In 2-x- y ),

2.a)z=tg1/x.ex ,x=1/11,y=0

6)uc, 2 Ix + y+y.arctgz,x=1,y=1/3,z=1/\6

B8 1.z=ln ")
2.2)z=(x*+ Py V-
6)u=xV y-(z+y\ x, x=1,y=1,z=-2
B9. 1.z=Iny-Incosx
2.a)z= xsiny+x?, x=3,y=11/2

6)u=\/7y - \]4—22,x=1 ,y=1,z=0

B10. 1.z=Insinx= y

2.a)z=arcsin gv- Inv, u=0, v=1
B)u=(x>+y*+z%)*? x=0,y=-3,z=4
B11. 1.z=In(y%/4-x?/9-1)

2.a)z=InV xz+ yo+1/y,x=y=1?2
6)u=2/x+3/2y-\&74 z,x=2/3,y=3/2,2=1/2

B12. 1.z=arcsif x°

2.a)z=InyV x ,x=1,y=3/5

2.a)z=cos(1/y)-1 xy,
X=T1/2, y=2/11

6)u=xV y-yz2,x=2,y=1,z=-1
B22. 1.z=In(x*+y)

2.a)z=es xo- y2, X=1,y=0

y

B)u=sin—~z , x=2,y=1,z=1

B23. 1.z= :11—X2+ Q’l— 2

2.a)z=yIn(x*-y?), x=2,y=1

6)u=x>/16+y?/9-
Z°18,x=2,y=1/2,2=1/3

B24 1.Z=\In 2-x- y),
y

2.a)z=tg1/x.ex ,x=1/11,y=0

6)ug 2 Vx ¥ y+y.arctgz, x=1,y=1/3,z=1/\6 "

B25 1.z=arcos(2x-y)

2.a)z=arccos X)L +ely, X=2,y=1
2B, 22
6)u=\2x>-"x"2 -6v22°,

x=1,y=2/3,z=1/~6 B26 1.z=arcsin Xy2

2.a)z=arcg(x>y?)+ 1A xy

X yz
B)u= y - x+\ y
B271.z=\V y-x+2

2.a)z=sin1/xe’,x=1/2,y=1



6)u=3/x+4/y-1/ §x,x=1,y=2,z=1/ [ 6)u=3/2x°+3y2-22,
x=2,y=1/3,z=3/2

B13. 1.z=1+1-(x- y )? B28 1.z=\/ Inx+Iny
2.a)z=cos(1/y)—1/W, X=T1/2, y=2/11 v 1 x=e y=1
2.a)z=X xy

6)U=X\[_y -yZ x=2,y=1,z=-1
6)u=x/2-y*[2+82° x=2,y=2,2=3/2

B14. 1.z=In(x*+y) B2 9.z=In(y-Inx)
2.a)z=es V3= v, x=1,y=0 2.a) z=v7yln-y, x=1, y=2
y 5 *
B)u=sin xz, x=2,y=11,2=1 B)U=3x"/2-
y12+27% x=2/3,y=2,2=2/3
B15. 1.z=T-x* + 1= B30 1.z=arcsin(1-x>-y?)

YN

2.z=yIn(x?-y?), x=2,y=1 —
yin(x=y’) y 2.a) Z=\/lnx'};' , X=¢, y=1

u=x3/16+y?/9-z%/8,x=2,y=1/2,z=1/3
6) u=x>-y*+3z%, x=1/2,y=1/2,2=1/2

KoHTpoJsbHbIE BONIPOCHI:

1.ChopmynupoBats onpeaeneHne GyHKINH C ABYMs IEPEMEHHBIMHU.

2.Yt0 Ha3bIBaeTCs 001ACThIO ONpeaeieHus] PyHKUNN HECKOJIbKUX MEPEMEHHBIX ?
3.CdopmynupoBaTh IpaBUIIO HAXOKIECHHSI IPOU3BOIHON PYHKIINU

HECKOJIBKMX NIEPEMEHHBIX.

4.Yto Ttakoe nonHbl quddepennran GpyHKIUA HECKOIBKUX MEPEMEHHBIX ?

IIpakTuyeckasi padora 10 no reme «IrcTpeMym (PYHKIMH ABYX
nepeMeHHbIX» [leJb: TPOBEPUTH YMEHUE UCCIETOBATh PYHKIIUIO HA SKCTPEMYM.

3ananue 1.HaiiTu 4yacTHbIe NPOM3BOJHbIC BTOPOI0 MOPSIAKA
B1z=x%y?-4x-5y B16z=x>-y>-3xy
B2 z=y?-x?+xy-2x-6y B172=0,5xy+(47-x-y)(x/3+y/4)

B3 z=xy(1-x-y) B18. Z=x*+y?+xy-3x-6y



B4 z=y x-y*-x+6y
J

B5 z=exq(xty?)

B6 z=x-y*-3xy

B7 z=0,5xy+(47-x-y)(x/3+y/4)

B8 z=x’+y?+xy-3x-6y
B9 z=xy*(1-x-y)

B10 z=x’+y>-15xy
B11 z=x2+y2+xy-4x-5y
B12 z=y?-x*+xy-2x-6y
B13 z=xy(1-x-y)

B14 z=y7-y2-y+6y
\

B15z=e.(X+y?)

B19. z=xy*(1-x-y)

B20. z=x>+y*-15xy
B21. z=3-2x%-xy-y?
B22. z=y?-xy-2
B23.z=x%+2xy-y*+4x
B24z=2x%+2xy-y?/2-4x
B25z=x*+xy-2

B26. z=y*-2xy-x’+4y+1
B27. z=1-2xy+2x?
B28. z=4x+2y+4x*+y°+6

B29 z=x?+2xy-10

B30. z=x*+2xy-y*-4x

3ananue 2.UccienoBath 3a1aHHYI0 QYHKIHUIO HA IKCTPEMYM

B1. z=12+2xy-x*
B2.z=5x%-3xy+y*+4
B3.z=4x?+9y?-4x-6y+3
B4.z=x?-2xy-y*+4x+1
B5.z=y?+2xy-x>-4y
B6.z=x?+3y*+x-y

B7.z=x%y

B16.z=x+2xy-10
B17.z=4x+2y+4x*+y*+6
B18.z=1-2xy+2x?
B19.z=x4+2xy-y*+2x+2y
B20.z=y2-2xy-x*+4y+1
B21.z=x%+xy-2

B22.z=2x%+2xy-y?/2-4x
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B8.z=4-2x?-y? B23.z=x2+2xy-y’+4x

B9.z=x?/2-xy B24.z=3-2x?-xy-y*
B10.z=1+xy? B25.z=y-xy-2
B11.z=4-2y*+x° B26.z=x"+y*+xy-4x-5y
B12.z=y*+2xy-x>-4y B27.z=y’-x?+xy-2x-6y
B13.z=x?-xy B28.z=x’+y’+xy-3x-6y
B14.z=xy(4-x-y) B29.z=x’-y’-3xy
B15.z=x%+2xy-y>-4x B30.z= x>+y>-15xy

KoHTpoJibHbIE BONIPOCHI

1.ChopmynupoBaTh aIrOPUTM HAXOXKACHUS IKCTpeMyMma QyHKIIUU

HCCKOJIBKHX IIEPCMCHHBIX

CamocrosiTtenbHas padora Nel
Haiitu nonueie nuddepennmans GyHKIMMA
Bapmuanr 1.

a) z=x"+xy-2
0) Z=y\]_ X-y2-x+6y

Bapmuanr 2.

a) z=x-y-3xy

6) z=x*/2-xy
Bapmuanr 3.

a)  z=y\x-y*-y+6y

6) z=x"+y*+xy-3x-6y

Bapuanur 4.
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a) z=xy(1-x-y)
6)z =x*+2xy-10

HNuTerpajsbHoe ucuucjiaenne GQyHKIMA OJHOM
IepeMeHHON Y CTHBIN 0Npoc

1.Yto Ha3biBaeTcs nepBooOpazHoi GyHKIUKU?

2.YT0 Ha3bIBAECTCS HEOMPEAECICHHBIM UHTErPAIIOM?

3.CBolicTBa HEONPEACICHHBIX UHTETPATIOB?

TaOnuiia HeonpeeIeHHBIX UHTETPAJIOB .

HNuTerpupoBanne moACTaHOBKOW U IO YaCTsM.
6.MHTerprpoBanne parmoHAIBHBIX Ipo0eii. B ueM cyTh MeToa
HEOTpeIeICHHBIX KOA(hOUITHEHTOB?

7.VIHTErpUpOBAaHKUE TPUTOHOMETPUUECKHUX BBIPAKECHHM.

8. IHTerpupoBaHne HppalOHAJIBHBIX BBIPAKECHUMN.

9.3amaun, NpUBOAIINE K MOHATUIO ONTPEICTICHHOTO NHTETPAJIA.
10. Yto Ha3pIBaeTCA ONPEAEIEHHBIM HHTETPATIOM?

11.CgoiicTBa onpenenenHoro uarerpaina. @opmyna Herorona-Jleitonuna.
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12.Yt0 Takoe HeCOOCTBEHHBIN MHTETpai?

13.Kakue cyiiecTByrOT METOIbI MPUOINKEHHOTO BEIYUCICHUS
OTPEICTICHHBIX UHTETPAJIOB?

IIpakTuyeckas padora Ne 11 mo teme

«Bbrunciienue HEONPEIACJACHHBIX HHTEI'PAJIOB»

He.]Ibi MNPOBCPUTH YMCHHUC HAXOAUTHh HCOIIPECACICHHBIC HHTCIPAJIbl UCITIOJIb3Ys MCTOAbL

HETIOCPCACTBCHHOI'O HHTCTPUPOBAHUA, MTHTCITPUPOBAHHUC MOJACTAaHOBKOM M I10 YaCTSIM.

3apanue 1.Halitu HeonpeaeneHHbple HHTETPAJIbl UCIIOJIb3YSI METOJ HEOCPEICTBEHHOTO

WHTETPUPOBAHUS

B1.Jg+1/x)dx

3 x2-x°+ x* dx

B2.] »
f(6x 3% %; -4)dx ¢,
B3.

1 +1
B4-I(_2z,=)dx¢
cosx VY1-x

BS. J.1+16

B6.J(6 sinx +4 x* = —x Jdx

B?I -3 x"+2 x° gx

X.

7
B8.

J'(7X 2% +5)dx ¢,

Bg-J.(_12(, +12 )ax ¢,

1+x  sinx
B10. |

V4-9 x2

j S X; =X3+X,

B12. dx

X

3
B13..

j (9% 2° %; -6)dx ¢,

1
B14.J(— ;—)dx;
sinx \/1 -X

B16.J ¢ +1/x)ax
B17.J6x/-206 ¢ ax

X
B18.I(2X 5% %; +8)dx ¢
—1

B19.J(——
sin x \/1 -X

——)dx ¢,

B20. I_1_-I-_4xz
. s 1
B21 .I(—Z sinx+6 x"— ~x )dx

BZZ_J.G X*+2 x6'=7 x° dx
X

B23// (36" *;-3)dx ¢

B24/Y " s sin o ) ¢

d
B25. )V <%,

9-4 x
B26. .J; ;+1/x)dx
B27.[ 3420~ dx

X

B28.| (83 X 4 +3)dx ¢,

B29.[( ——

—)dx ¢
COS X \/1 -X



ax
1+64 x*

B15.

ax
9+4 x *

B30.

3ananue 2.BeraucianTh HEONPEAEICHHBIE MHTETPAJIBI C TOMOIIBIO 3aMEHbI IEPEMEHHOU

sinXg, — (X°+3)° x* dx
B1a)f ] b)f
cos X

X3
1-7 x*

dxb ),[ cos? xsinx dx

B2a)/

3
X 35 2

B3a)| 37 dx6J(1-3 x) xax

B4 a)f i dx 6)Isin5 Xcosx dx
2x +3

B5.a)f(2 x> -5)° x* dxB5.
6)Ix3 sin (x* =3)dx

B6a)J. £ dx 6) x*cos(x* +5)dx
4 x*-1 ]

2
X

B7a)f 2 x*+1 dx

6)J xcos (X* +3)dx

B8a)f (2 x" +4)° x° dxB8
6),[)(2 cos(x> +7)dx

3x*

B9 a)f 2 x> -3 dx

0) j(3+ x* )° x° dx

B1 Oa)f (2-4 x*)° X% dx

B1 6a)J X dx6)jxcos (x* +3)dx
2x +1

B8a)J‘ (2x7 +4)3 X dx B8

6).[ X% cos(x® +7)dx

4
B18.a)] 32X ax 6J(1 . $xiux
2 x=7

(-4 x +2)° 2 ax
B19a)
6)_[ x* cos (x°+1)dx

B20a)|-SX_ 4y
COSs X

.[ (x5+3)6 x* dx
b)
B21 a)j _’fs_ dx6)j sinx cos* xdx
7x -1

X3

B22a)] ¥ +7dx
6j (1-3 x°)° X% dx

ax
823.3),[%3& 6)Jsin > xcosx dx
2x+3

B24a)l x

4 x*-1 dx

6)Jx3 cos(x* +5)dx

825a)f (5-2 x°)° x* dx



6)

J x* cos (x°+1)dx

sSinx 6
B1 1a)f cos® x dx6)j (3+x°)  x*dx
X3 4

B1 2.a)I 7 x*+1 dx6)fsinxcos X dx

X3

B13a) a) x*+7 dx
6). (1-3x> )°x* dx

J

B1 Oaf (5-2 X°)° X% dx 6)I X sin (x*-3)dx

2
B15a)] X dx6))x cos(x* +5)dx
4 x-1

KoHTpoJbHBIE BOIIPOCHI:

1. TaGnuia HHTETpaJIoB .

6)
j x* sin(x*=3)dx

3

B26 a)j x*+7 dx6)j(1—3 X )P x? dx

3% 5
B27a g,,[ 2 X°+3 dx6)j sin xcosx dx
3x* 45 3

B28a)| 2x°-3dx6) [(3+ x  x dx

sinx 5%

B29a i) g yo6)(3+ x ) x o

3
BBOa)I —X__dx 6)Isinxcos x* dx
7 x+1

B gem cyth MeToma 106aBOYHOTO KO3 dunreHTa’?

3.Meto/1 moICTaHOBKHU.

4 .MeToa UHTETPUPOBAHHUS TIO YACTSIM.

IIpakTnyeckas padora Nel2 mo teme

«/HTerpupoBaHue paluOHAJIBLHBIX APO0eiD»

Heab: mpoBepUTh yMEHUE UHTETPUPOBATH pallMOHATBHBIE TPOOH

3apanue . Haiitu uaTErpasisl

X—6
a)f (x+1)(x+2)(x+3) dx

6) f -6 x*+13 x—36
( x+2)(x-2)
XC+4 X2+4 x+2
& o] (1+x)20C+x+1) dx
3 x-4
a) (X ge2-1) o

B 1

ax

2 x-5
a)] e )(x+2) X dx

3
6) I X°+6 X°+13 >§+8
X(x+2)

B 16

ax

X+ XP+3 x+2
8 g,f (1+ x)? (®+1)  dx
4 x-3
a)| X ( x-2)(x-3) dx




X*+6 X°+13 x+9 gy
B2 0) I (x+1) (x+2)°
2 X°+7 X°+7 x—1
& o] (24x)70+2 x+2) dx
5 x-2
a)f ( x=1)(x=2)(x=3) dx

X°=6 X’+11 x=10 gy

B3 6) | ( x+2)(x-2)°
o] XP+6 XP+9 x+6

)
a)l 7 x dx

x-3) (x-42)(x-5)

230 +6 X°47 x+6 gy

B4 6)]  x(x+1)
6I3X3+6X2+5X—1 ¢
ol
9 x+2

a)f ( x=5)( x=6 )( x=7) dx

X°=6 X’+13 x=T7 gy
B5 6) ] (x+1) (x-2)
X>+6 X*+8 x+8
8 J (2+x)?(x*+4) dx
-4 x-5
a)f ( x+2)(x+3)(x+4) dx

X°=6 x*+10 x=10 g4y
B6 ) | ( x+1)(x-2)°

o] 2 3~ -6 x-12 dx
(=1+x)*(X*+4 x+5)

-6 x-7
a)j ( x+4)( x+5)(x+6) dx

3 x*+9 x*+10 x+2 dx
B7 0) ] (x=1)(x+1)°

X+6 X°+14 x+10_ gy
(x+1)(x+2)°

B17  6)]

25 +4 242 x-1 gy
(1+x)?(X°+2 x+2)

a)j 6 x—1 dx
x=2)( x=3)(x-4)

B 18 L

6)I XC+6 X°+11 x+
(x+1 )(x+2)

6¢I2x3+11 X2 +16 x +10 gx
(2+x)%( X* +2 x+3)

10 x+3
a)f (x-6)( x=7 )(x-8) dx

X486 X°+10 x+10_ gy
B 19 ) ] (x-1)(x+2)°

oJ XP+9 52 +21 x+ 21 gy
(3+x)*(x*+3)

-5 x-6
a)I ( x+3)(x+4)(x+5) dx

X°=6 x*+13 x=8 gy
B 20 6) J X (x-2)°
oJ Xo+5 52 +12 x +4 gy

(2+x)(x* +4)

-7 x-8
a)f ( x+5)(x+6 )(x+7) dx

X°=6 X*+14 x-8 gy
B21  6)] (et)x-2p

JT3x°+13 =13 x +11 gy
(—2+x)2(x2—x+1 )

-9 x-10
a)I (x+7)( x+8)(x+9) dx

3
B22  6)]XEX2 4
(x+2) x
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g ;] X +2x +10 xqx

1+x)2( X>—-x+1)
-8 x-9
a)f ( x+6)( x+7)(x+8) dx
2 X°+6 X°HT x+4 gy
B8 ) | ( x+2)(x+1)>

4 x3+24 x*+20 x-28
8 J (3+x)?(XP+x+1)  dx

a)j -10x-11

dx
( x+8)( x+9)(x+10)

B9 6) | 2XH6HTx

(x-2)(+12)

8 (;,[ XC+x+1 dx ¢,
X, 2+x+1)( X*+1)

-12 x-13

a)] (x+10)(x+11) (x+12) dx

6) | X %+6 X°+4 x+24
3

(x=2 )(x+2)
2 X3+4 X242 x+2

8 g,,[ (x+1+x¢,¢,2)( x2+x+2) ax ¢,

B 10 dx

-14 x-15
a)f ( x+8)( x+9)(x+10) dx

6) I XC+6 x>+18 x-4
(x=2)(x+2)

B 11

ax

4 X°+4+3 x
8 g,_[ (14x¢,6,2)(xX*+x+1) dx

3 x3+46+x
8 (,J. -1+x) X2+9

-11 x-12
a)f (x+9)( x+10 )(x+11) dx

I 2 x3+x+1

(x+1) x
2 X°+3 xX°+3 x+2

8 g,J. (’I+x<;g,2)(x2+x+1) dx ¢,

B 23

~13 x-14
a)] (X +9)(x+10)(x+11) dx

B 24 6) | 2XHEXHEX
(x+2)(x+1)
XC+4 XP+4 x+2
6 (,I 2 (0 +x+ 1) dx é
(1+x)
-15 x-16
a) (#7)( x+8)(x+9) dx
B 25 J‘2x+6x2+5x+3 dx
( x=2)(x+1)
3
| XHXE v s
(1 +x¢¢2)(x+x+1)
-11x-3 4
a)J "
X (x+1)(x-2
B 26 J’ x+6x2+14x+ dx
3
(x-2 )( x+2)
3 X*+4 346 X

8 g,J. (2+x(;g,2)(x2+x+1) dx ¢,
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-13 x-5
a)f ( x+3)(x=2)(x+1) dx

X6 X+14 x4 4y
(x+2)(x-2)°

B12 6)]
8 g,,[ 2 X>+1-x
(xg,g,2+1)(x2—x+1) ax ¢,

-9 x-1
a)f ( x=3)( x+4 )(x-5) dx

2 X°=6 X°+7 x4 gy
B 13 0) j (x-2)(x-1)*

XC+x+1
8 g,_[ (1+x5,6. 2)(C+x+1) dx ¢
a)j -5x+3

(x-9)(x-2)-11) &

6) | x°+6 X'~10 x+52 g4y

B 14 ( x=2)(x+2)°
Xo+2 X4 x+1
8 (;J. (14x¢,6,2)(x*+x+1) dx ¢
a)j -x+7
( x+1)(x+2)(x+3)

6) | X°+6 X°+4 x+24
(x+2)(x-2)

B 15

ax

6] 2x°+2%+2x+1

; )
(xX*+1)

KoHTpOoJIbHBIE BOIIPOCHI:

=7 x+1
a)f (x=6)( x+7)(x=8) dx

Xo+6 X410 x+12 gy

B 27 6) | (x-2)(x+2)°
xXex%+1
6 o] (1+x02)(0Px+1) dx ¢

-3x+5
a)f ( x=1)( x=2)(x=3) dx

6) f X*+6 x*+15 x+23
(x=2)(x+2)
8 g,f 2 X°+2 x+1
(x¢,¢,2+1 )(xz—x+1) dx ¢,
x +9
a)f (x=1)(x+2 )( x=1) dx

B 28

ax

6) f 2 x>-6 x2+73 X
(x+2)( x-1)

B 29 dx

8 g,j 4+)§ dx ¢,
(2 +x4,42)(x+x+2)
8 x+1
a)J (x=4) (x-5)(x-6) dx

x*=6 X*+13 x=6 g
B 30 6) | (x+2 )(x-2)*

g ;] 3x+72+12x46 gy

o (Xo2+x+3)(XP+2 x+3)

1.B gyem cyTh MeTO/1a HEoTpeIeTIeHHBIX KOA(hGUIHeHToB?

IIpakTnuyeckas padora Ne 13 mo reme

«AHTerprpoBaHue TPUTOHOMETPUYECCKUX (PYHKIUI M HPPALHOHAIBbHBIX

BbIPAKEHUN»

He.m;: IMPOBCPUTH YMCHHC HAXOAUTDb HCOIIPCACIICHHBIC NHTCIPAJIbL

TPUTOHOMETPUUECKHUX (DYHKITHI 1 HPPAITMOHAILHBIX BBIPAKEHUH.

3ananme 1.Haiitu unterpansl
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ax _
+\/3 2

B1 ,[ cosxcos 3 x dx

2| x +\3 XT5VF X ax
(13X

sinxsin 5 xd)g
B3 .[ 43

sin 7 x dx
\/

B4 |

dx
1- sinx —

N
1 +X QxB 5,fsin42xdx

o
1-\X

GI cos® 2 x dx
X +2 dx
X

ax
B 7] 3+5 cosx
X dx
8

X +1
| adx

5-3 cosx

B9

V2 x+3
sin 3 x dx

B 16 [ 53V 2-x2 g

_[ cos 8 xsin5 xdx

1 2-X

B17I(2—X)2\/2+de

sin 2 xsin6 x dx

ax
B 18] V( x-1 )} (x-2)
.[ sin® xdx
cOSX
B19 | —X

Vx-1) (x+1)

sin® x cos® xdx

ax
B 20/ (1-x )V (1-x2)
ax

Cco 4 X

dx
B 21 .[ Xéii ¢
,[sin 2 XSin6 x dx

dx
B 22 x" \/(1+X4)

[sin 3 x dx
2+cos3 x

B 23]

Jeo

e
1-xy X

B 24) x5V
ctgx dx
sin® x



B 10 (VX1 +1)dx
V14 X+1
cosx dx
1+cosx
B 11 J (X Tdx
V2Xx-1
cos® x dx
B 12 fx?’ 1+ dx

cos 5 xcos 3 x dx

.[ X dxB 13_[sin 2 x cos® xdx
1-2 X

ax
B 14 V(X-1)3(X-2)
J.cos“ X dx
ax
B 15 | a-xW1-x
sin* xdx

KoHTpoJbHBIE BOIIPOCHI:

1.ChopmynmnpoBath MpaBuia HAX0KIEHUS HHTErPaJIOB UPPALIMOHATIbHBIX BBIPAKEHUN.

2. ChopmynaupoBaTh MpaBuiia HaXOXKJACHUS UHTETPATIOB TPUTOHOMETPUUECKUX.

25] , ¥
2-X

0 cosx dx

\/5 sinx

26,[\/X (T+V %) dx
sin 3 x dx
2+cos3 x

3 4 2
B27  [Vx -4 xu
dx
I cos’® x (2 tgx+1)
dx
B 28] {1-2 x-X2

cos 6 xcos 4 xdx

29.[( x+1+ttx
V14X +1

\2tgx+1dx

COS™ X

B30.J(X-1)dx

\l 2X-1
cosxdx
2 sinx+3

IIpakTuueckas padora Ne 14 mo reme

«Bbruuciienue ONpeEaCJCeHHbIX HHTEIrPpajaoB»

L[CJ'IBI IMPOBCPUTb YMCHUC BLIYHUCIICHHUA ONIPCACIICHHBIX NHTCI'PAJIOB .
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3ananue 1.HaiiTn uHTErpasbI

B 1 ZI X3 dx

0o X +4
B2 _[In (% ¢ +4)dx ¢

In? xdx
B3 ] —
1 X

B4 I X arctgx dx
B5

1.2

,[2 arcsin 2 xdx
0

B6 [ =%
0 \/1 -X-2 x
B7 chos?’ x /4 dx

0

B8 fzsin (Inx)dx

0

2
B9 IZ arctgx /2 dx

0

B10 | —10X%
0 \/(5 x+1) +V5 x+1

11

2

0 cos? x dx
0

12

/4
0 tg® x dx
0

B 13

B 16 :Ix e-* dx
Bﬂ'BLF&

18 fln_:S xg+1)dx ¢

B 19 f_2|1n (xi+2)3 X dx ¢

/4

B 20 J.sin3 3 xdx

B21 | =%
0 \/1 -X-2 x

B 22 I::os3 x /4 dx
23 Josin (Inx)dx
24 |2 arctgx 12 dx

3
B25 [-— )%
0 \/(5 X +1) +\5 x+1

2

B 26 | cos?x

27

14
0 tg® x dx
0

12
28 ,[ cos? x sin® xdx
0
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12
cos? x sin® xdx

0
T xd
B 14— X
4 x +2
5\/x—1 dx
B 15/
1 X

829,[ __xdx
4 x +2

B30 ? \ x—1 dx

1 X

3agava 2. BeluuciauTh onpeacieHHble HHTETPAIIBIL.

I(.'r' + 5x + 6)cos2xdx.
2.1, -

ﬂ T +4dx+ 3] cosxdy.

2.3.
ﬂ X+ Tx+ 12] cosxdyx.
2.5, -
'( 9v? 4+ 9y +11)cos3xdy.
27. 1
ﬂ 3x° + "*J cos 2xdy.
2.9.
J"f 3- 7x%)cos 2xdx
2.11. "
ﬂ X A2x+ 1] sin 3xdy.
2.13.

ﬂ.r: - 4] cos 3xvdx,
22, ¢

JT v+ 2) cos3xdx.
2.4, -

‘T 2y +4x + ?] cos 2xdx.

2.6.

ﬂ_&\': +16x +1 *) cosd xdx.
28 1

J‘[zﬁ - 15) cos 3 xdx
2.10.

J‘( 1- 8x%) cosdxdy.
2.12. 0

[t.‘f: - 3.1‘] sin 2 xelx.
2.14, 1

86



Jff - 3x+ E]Sil’l vl
2.15. 0 2.16.

ﬁ.\" - Sy + (ﬁ] sin 3xdx.

ﬂ.r:+(}.\'+'~J]si1’|2.m’.r, JT +17.5 ]wlﬂ xdx.
2.17.°° 2.18. "

) 3= 2 )ginos

JTI- Sx ]am X Jtﬂ ' v
2.19. ¢ 2.20. %

E 3 5 “In” xdx
I\'|11 xdx. J“ \/'_ :
X

221, 2.22.

JJn m’x J{_r+ ) In®(x+1) dx.

2.24.

JM Pl

-

2.25. - 2.26.
J[ Y+ 2]"1 In”(x +2)dx.

Jf.r +1) In?(x +1) dv. J“\/:In: xdx.
2.27. 1 7298 !

I\" ey, fx ™ dx.

229.7° 2.30.



KonTpoJuabHbie Bonpocski: 1 .UTo Takoe onpeneaeHHbIN UHTETPA?
2.ChopmynnpoBaTh OCHOBHBIC IMPAaBUJIa BEIUHCICHHS

ONPEJECTCHHBIX UHTETPAJIOB.

CamocrosiTeibHas paboTa

1 BapuaHT 2 BapuaHT 3 BapuaHT

1 2 3
Ji4 333 %46 x)dx [(63%-4 X% +7 x-9)dx  [(5 x* +5 X°~7 x ~3)dx

0 0 0
m

24 - n

I-. II'.:'.- Ja J‘ 4 dX

JCos” 3x f
4 0 Sin X

_[cos xdx J‘ .

- cos xdx  Jsin xdx

6 0 0

0

0 0
I ( x3+2 x)dx I (2 x—x3 )dx I (3 x—x2 )ax

-1 -1 -1

T

==

z
I sin 4 xdx jcos 4 xadx I cos2 xdx

0 0 0
5473 44 v‘?d wsd
[T R N

5 25+x 116+x 1 1+x
2 4

Ja-2x%dx J3-x

1 3

2
Yo J@a-3 %)% dx
0

{ 1 1
jez X dx J(x3—2 )5-3 x2 dx I(2 x3+1 )4-x2 dx
0 0 0

1 1

j arcsin xdx jarccos xax Ixarctgxdx
0 0 0

s

1 I2 xax 1
jxez X dx I sin’ x J xe ~ dx
6 0
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IIpakTuueckas padora Ne 15 mo reme
«BbluucjieHue niaomaaen »
esb: TpoOBEpUTH YMEHHUE BBIYUCIATH IUIOMIAAN C TIOMOILBIO OMPEICTICHHBIX HHTErPaIoB

3apanue. HaiiTu miiomaas (purypol, OrpaHu4eHHON JAHHBIMU JIUHUAMU

B1.y*- 2y+x°=0, y*-4y+x°=0 B16.  y*-4y+x*=0, y* 8y+x*=0
2 y= X V= Y =0

\3 \3
B2. y?- By+x*=0, y*- 8y+x*=0 B17. y?- 2y+x?=0, y?- 4y+x°=0
y=%,y ?3x y= X, x=0

\3
B 3. y%- 8y+x?=0, y*- 10y+x*=0 B 18. y*- 4y+x?=0, y*- 8y+x*=0y= X, x=0
y= X—’ y =\/-3X

\3
B4. y*4y+x*=0, y*- By+x°=0 B19. y% 2y+x*=0, y*- 10y+x?=0
y= X, x=0 y=0y =V3x
B 5. y* 6y+x’*=0, y*- 10y+x*=0 B20. y* 2y+x*=0, y?-4y+x*=0
y= X, x=0 y= %,y =3x

\3
B6. y* 8y+x*=0, y* 10y+x*=0 B21. y% 2y+x*=0, y*-6y+x*=0
x=0y = 3x X -
y y= — ,y=3x \/

3



B7. y*-4y+x’=0, y*- 6y+x*=0
x=0y=

3X

V

B 8. y%- 2y+x?=0, y* 6y+x*=0

X 0

y=\3 ,y=

B9. y%2y+x?=0, y>-10y+x*=0

y= X,y =\/'3X
\3

B 10. y*4y+x*=0, y*-10y+x*=0

y="L.y =¢3x
V3

B 11. y* 4y+x?=0, y>-2y+x*=0
y= X, x=0

B 12. y?- By+x°=0, y>-8y+x>=0
y= X, x=0

B13.  y* 4y+x?=0, y>-8y+x*=0
y= X, x=0

B14.  y*4y+x’=0, y*- 8y+x*=0

B 22.y% 2y+x%=0, y*-8y+x*=0

X —
y= —-,¥y= 3X
\/
\3

B 23.y% 2y+x°=0, y*- By+x*=0

X 0

y=\3 ,y=

B 24. y*- 2y+x*=0, y*- By+x*=0

y: X_’ y:O
\3

B 25. y* 6y+x’=0, y*-2y+x*=0

y= X, x=0

B 26.y* 4y+x?=0, y*- 2y+x*=0

x=0, y =3x
\

B27.  y*-4y+x’=0, y>-8y+x°=0
x=0, y=,3x

B 28. v 4y+x*=0, y2-8y+x*=0

_X | _
y_ —,Y‘\/-3X
\3

B29.  y*-4y+x*=0, y*-6y+x*=0

X —
y= =,y = 3x
\/
\3

O



B 15.y% 2y+x°=0, y*- 6y+x?=0 B30. y*6y+x*=0, y-10y+x*=0

y= "L, x =0 y= =,y =3
\3 \3

KOHTpOHLHLIe BOITPOCHI

1.Pa3nuunble BUIBI ITIOCKUX (PUTYP U CIIOCOOBI BBIYMCIICHUS UX TUIOLIAACH.

IIpakTueckas padora Ne 16 mo reme
«IIpnbdan:keHHOE BbIYMCIEHHE ONPeleIeHHBIX HHTErPaJIoB)

HCJ’IBZ IMPOBCPHUTH YMCHHUC BLIYMCIIATh OIIPEACIICHHBIC MHTCTPAJIbI 110

dbopMynaM IpsIMOYTOJILHUKOB, Tpaneuui, mapado.

3aI[aHI/Ie. Beraucnutb l'IpI/I6J'II/I)KeHHOG S3HAUYCHHUEC UHTCTPAJIa MCTOAOM IIPSIMOYT'OJIBHUKOB,

Tpaneuuii, MerooM Cumncona, B3siB =10, TOUHOCTb BbluuciaeHU 10-s.

4 3
B1. [N16-X ax B 16. IO,szdX
0 2 Inx
3 2
B2. [ Vooxux B17. [Na-x
-3 0
4 ml2
B3. ,[VX3+9dx B18. I\/1—0,11sin2xdx
0 0
; X2 1+x+
B11. | -Xsux B 19. XX

) \/1+x 1 \/1+x
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10.

11.

12.

13.

14.

2_‘-72 m ax
v X

8
V8 X X2 dx

X2 sinx dx

1
Va+x 2 dx

2

J‘=

1
0\4- 5, 0lX

2

X + X2 dx
0

j %
—— dx
, V1+x

1
V13 dx

0

1
V14X % dx

0

P In(1+x) dx
0 1+XP

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

" 1

J

0 3+2 cosx

5

VX3 =8 dx

1

4

Io\/ - 5de

3

VX dx

0

2
V322 dx

0

1
\/4+2 X* dx
0

[0 @+3) dx

o 1—-x

14
sin® xdx
0

4

X2 cosxdx
0

3
33
——3ax
2 N3+x



ml s

1
B15. | cos®xdx B30. |V2+a X o
0

0

KonTpoJbHBIE BOIIPOCHI:

1.B yem cyTh MeTOAa IPAMOYTOIBHUKOB?
B 4em cyTh MeTona Tpaneumii?
. B uem cyTtp MeTona napa6on?

CamocrosiTtesibHas padora Ne 1.
Bapmuanr 1.

1.Beruniciiuth HEONpeAeIeHHbIE UHTETPAJIbI

sinx -
ax I o axtdx 8x
s’y 5B , B)(4-3x)e dx

a)j

2 .BeIauciauTh miomaab GUrypbl, OorpaHHueHHON JIHHUAMU. ClenaTh 4epTex.
V=6/x u y=-x+7.

3.BbriuucinuTh HECOOCTBEHHBIN MHTErpal WK JOKAa3aTh €ro pacXxoIuMOCTh
fx
R
eX il
Bapuanr 2.

1 .Berunciauth HCONIPEACIICHHBIC MHTCTPAJIbI

[ 2riax bloost o
a) 17,4 9% b)lcos” xsinx dx, B)(1-6X)ezx dx

2.BerauciauTh miomaas (GUrypel, orpaHndeHHON TUHUAMU. ClenaTh 4epTexk.
1 1
Y=_2X2 ny= 2x+I.

3.Berancinth HECOOCTBEHHBINM MHTETPAJl WM JI0Ka3aTh €r0 PacX0IUMOCTh
ax

A
0 ¢é
Bapmuanr 3.
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1.Bbruncnnuth HEOIPEIEICHHBIE UHTETPAIIb

a) _[ X ax; b)I(1 -3 x°)° X dx, B)(2-9X)e-3x dx
x +7

2.BbrauciuTs miomaab GUrypel, orpaHudeHHON TuHUAMH. CenaTh 4epTex.
V=4/ x n y=x+5.
3.Beruuciuth HECOOCTBEHHBIN MHTETPAN WX JJOKA3aTh €r0 PACXOUMOCTh

o

x €* dx.
0

Bapuanr 4.

1.Bbruncinuth HEONPEICICHHBIE UHTETPAIIbI

a) I idx; b)_[sin5 xcosx dx, B)(5x-2)esx dx
2x +3

2.BoruncnuTs mwiomaas GUrypsl, OrpaHn4eHHoN JTuHUAMU. CenaTh 4epTex.
1
V="2x"u y=4-x

3.BeaucanTh HeCOOCTBECHHBIIN HHTCI'pAJI WIN JOKAa3aThb €0 paCXoJUMOCTb

X2 @ dx.
0

HuTerpanbHoe ucuucjieHne GyHKUMH HECKOJIbKUX MEePEeMEHHbIX
YcrHbli onpoc

3agauu, MPUBOASIINE K TOHATHUIO IBOMHOIO MHTErpasa.

2.YT10 Ha3bIBAECTCA IBOMHBIM HHTErPATIOM?

3.CBoiicTBa ABOMHOIO MHTErpaa.

4.BblunCiIeHUE IBOMHBIX MHTETPAJIOB B ICKAPTOBBIX KOOPAMHATAX.
Brruncnenue 1BOMHBIX MHTETPATIOB B MOJISIPHBIX KOOPJAWHATAX.

IIpakTnuyeckas padora Ne 17 mo reme
«BbluHc/IeHre IBOIHBIX HHTETPAJIOB B IEKAPTOBBIX KOOPIAMHATAX)
Heab: NpoBEpUTh YMEHUE BBIUUCIATh ABOMHBIE MHTErPAJIbI B IEKAPTOBBIX KOOPAMHATAX

3aganme 1. Boruncnuth naTerpai no obmactu D, orpaHnYeHHON yKa3aHHBIMU JTUHUSMU.
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1 f f y? cosxy dxdy
D

: x=0, y=\/ m 12y=x/2

2H3y23|n 2 dx dy

D

:x=0, y=\/4 m13; y=2x/3

3ff(3x2y2+4xy)dxdy:
D

- x=1 y==\ X y=x2

4ﬂ‘(27x2y2 +12 xy )dxdy
D

x=1, y ==\ X y=x°

5ﬂy25|n 2 dx dy

D

- x=0, y=N 17, y=x

6ﬂ4yzsin2xydxdy

16Hyzcos 2 dx dy

D

- x=0, y=N 712, y=x/2

B17 ] (18 X2 y? +32 x® * )dxdy

D
D : x=1 ,y=—\/x; y=x
3

3

B18ff(9x2y2+2 xy )dxdy
D

D:x=1;y =\f_x; y=—x3

19 ff(18 X% y? +8 xy )dxdy
D
D x=1 ,y=\/31; y=—x*

0 x
20f[ \? e+ dxdy
D

:x=0, y=4; y=2X

21 [[ (27 52 y? +12 xy )dxdy
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D

- x=0 , y=\2 m, y=2X

7ff4yzsinxydxdy
D

D:x=0, y=N m/2; y=X

B8 [[ (49 x? y? +28 xy )dx dy

D

D: x=1, y=—\/x; y=x
T

2

B9
(9 X%y +48 x° y* )dxdy

D

D : x=1 ,y=Vx; y=-x*

- Xy

B10ff y2 e4 dxdy

x=1,y=— X; y=x°

22ff(9x2y2+8xy )dx dy
D

x=1, y =\ % y=-x°

23H y? cosxy dxdy

D

D:x=0,y=\/_rr;y=x

24 [[ (18 x% y? +32 x® y* )dxdy

D

D:x=1, y=V3 X, y=—x2

25 [[(18 x% y? +32 x® y* )dxdy

D
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:x=0, y=2; y=X

B11[] (36 x* y? +96 x° y* )ax dy

D

D:x=1, y=V3 X; y=—x3

12[ 2 sin Y2 dx ay

D

: x=0, y=\/ m; Yy=X/2

B13[[ (12 32 y?+16 x* y° )dxdy
D

D:x=1,y=-Vx y=x

Xy

14][ \? e dxdy

: x=0, y=2; y=x/2

D:x=1,y=-Yx y=x

Xy

26[[ \* ez dxdy

:x=0, y=1; y=Xx/2

27ff y? cosxy dxdy
D

D:x=0, y=\"17 ; y=2x

28 [[ (18 x% y? +24 xy )dx dy

D
D: x=1; y=—\/ X, Y=x
En

3

29ﬂ(9 X% y# +12 xy )dxdy
D

D:x=1;y =\f_x; y=—x2



2 Xy B 30 f * cosxy dxdy
B5 1 2., ]

D
D

D:x=0,y=\/n/4 ; Y=X

D:x=0, y=\/2 m;, Yy=2X

3anava 2. VI3MeHNUTh NOPSAIOK HHTETPUPOBAHUS.

-1 0 0 0 l T G2 T
J,.“hl JL_,F" dx+ |dv J‘L_,F" dx ﬁh J[_f' dx + |dv \[L_f' dx
2.1, 7% = A e .22, S :

J(f)“‘_f dx + Jc/}‘ ' f dx F/l [f dx + l:h ' f dx

2.3.

J:.:.".T | I odv + f.".‘l{b[,f' dyv
2.5 7V -Nxa e & . 26.

2.4

JEI:.”_P

arcsin v | ALCO0S v 3 _ﬁ? n ur‘—
I fdx+ If.ﬁ' I I odx I.:h' I fdx+ |dy r_,f' dx
0 NI 0 27 -2 0 21 i -
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‘ 0 : -y
i ][/' dx+ [y [ f dx J[ [ fdy+ |m f/ dy
28. Y - 2.9

iff 0 L o
lx Jdv+ | dx .
O -[“J_—IL i Jl[tl\/__[ﬁ

ﬁ/x [ _/f/y+|2/_\- [/' dy
) ‘ ' ln.u

2.11. "
7}(/_\'\“1'”_/' dx + -J‘(hr fdx.
2.13. 0 I.] "Tf‘l'.' I.;

-
[m f; dx + m [f dx
215 () () |

1 0 e 0
[}fll' r.f dx+ |dy JLf dx
217, I .

[(/\J_.[ f dy +J[u’\ JL f dv

b (f de+ iy [f d
[;1[‘ (\+_‘F'lmj‘ dX |

221"

. 2147

fidv

2 12 () ()

-r(f\‘ “[‘ f dy+ : dx H"_[ dv

l ( 2 {
[2/.1‘ ;):/' dx + ';/1 J‘L_f' dx
16." S

[h [/ dx + "h [/ dx
218 {) ()

cfl f f odx + J‘JIJ[}‘ dx

fc/.\‘ f}" dy + J'ch' f f dv

2.22."

[/1 r/ dx + rll [f dx
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74 Sl

2.23.

th- I; dy + :u’.m'}j_f' iy

2.25. 1

JT:':’.H: J:_f' dyv + |dx fL_,f' dyv
270 - o

J o

JT:h If dv+ |dy I I i
29. ! ! .

3agaua 3. BeUuciIuTs.

J]T 16x ) ].:.*'.1‘.:{1';
oy =-Jx

31, D x :1.. v =X,

“(3(1\':_1': - 9(1,\'3_1'3) dxdy:

33 D:ix=lLy :\/T Vv =- 2

r'( 2737y +48x7 ) ) dxdy;

=i

35 D:x=ly=x7,

”( I R,\':J': + 32,\'5_1"\ J dxdy;

Ly =-+Jx.

37 D:ix=ly=x

J“.:h J‘f dv + J“fhfj“ fdy

:J:.:.{l' JL fode+ |dv J'_Af' dx
24,7V R

Ifh .[ fdv +J[ I f dy

2.26. "

fh.,ff.*'1+ ey 1 dy
o ave i

2.28. !
JE.".T I_f' dv + |dx I I dv
2.30. ! 0 ] 0 )

J]T 9.1’:.1': + 43.1"1‘.1"1] dxdy;

i
32, D:.’:..'l—‘\/{._' v —'.’_,

”( 1 H,\‘:)': + 32,\'3_1'3 ) dxdy:;

Ly ==

34 D:ix=ly=x

“t 1 3,\‘:_\': 4 33,\"“}'3 ) dxdy:

36 D:x=Ly :\/T y =- x°.

|‘|t 27x% 7 + 48x° 1) dxdy:

3 D:x=ly :\/T y=-x.
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fﬁ dxy + 3.\':.1': ] dxdy,

ﬂtb’;.\jr + 9.\;2.1': ] dxdy:

3.11. D:.':11_"—\/._'1—'.",

J“[f 24xy + 18x° 1 .:h'.:.fl':

D:x=lLoy =0 ¥ :-';‘./;,

Iﬂf [ 2xy + 2?.1':_1': ] dxely;

I

313 Dix=Ly =x", y =- \/T

.ﬂrﬁ.‘n' + 13.1‘2.1': J dxely;

D:x=lL y=fx, y =-x.

J]t [2xy + 9.1‘2.1': ] dxdy;

3.10. D:ox =1, V :‘\J!;, V== ."L':,

3.12.

3.14.
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: .

4 9 L .
-m =XV ¥ -—X"y
B 1]

dxdy:

315 Dix=Ly =x, y=- -J'T

4 .
-m —xv +9x7 v | dxdy;

D:x=ly :\/T y =-x

Iﬂt 24y - 43.1‘3_1"1 ] dxdy,

fa
T

3.17. brox =1 ¥ :.T:, Posas \j?

.ﬂt bxy + 24.‘{3.1"—‘ ] dxdy;

fa
i

Box =l v :«,/'T y =- i

J‘[f dxy +1 E}.\';.r; ) dvdy:

i

3.19. o=l ¥ :‘\/T Vv =- .\.-.-\.-

J‘[f dxp + 1(11"1.1"1 ) dxdy:

B, v, ¥ =-3x.

3.16.

3.18.

3.20.
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Iﬂf 44y + 16.1"1.1"-‘ ] dxedy

fa
T

321, Doy =l, ¥ :.T:, V== JT

J“[f dxy + 1?6.\:'-‘.1'3 ] dxedy;

i
DR EL yeis, y 225,

f[f - 457 ¥ ]u’uh

i

393 Dix=lLy = y =- \/T

ﬂr dxy + l?ﬁ.r",l'; ] dxdy;

D:x=l ¥ —\/._' v =-x.

.m(n 11+Tm'1

rgs D=, =i, g=-ulx

ﬂf 9.1':.1': + 25377 ] dxdy:

7
BiE S, gy y 2w

n".‘a'u'.r:_

3.22.

3.24.

3.26.
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dvey;

-m 3x vy +—xy
: S .
Yt 3 !

307 Dix=1y=yx,py=-x" 3.98.

3.29. ¥ T i » :."[:1 Y= ‘\/T 3.30.

KoHTpoJsbHbIE BONIPOCHI:
1.Kakoi uHTErpan Ha3pIBa€TCsl MOBTOPHBIM ?
2.YUto0 Ha3bIBaeTCs 00IaCTHIO UHTETPUPOBAHUS?

3.Kak HaliTu 06J1acTh HHTETPUPOBAHUS?

IIpakTuuyeckas padora Ne 18 mo reme
«BblunciieHue ABOMHBIX HHTETPAJIOB B MOJISPHBIX KOOPANHATAX)»

He.]]b: IMPOBCPHUTHL YMCHHUC BbIYUCIIATD I[BOfIHBIG HHTCI'PpaJibl B IIOJIAPHBIX

KooparHaTax3aganue. Boruncaurs nHTErpas no odjgacrtu D, 3axannoi

CHCTEMO HEPABEHCTB:

n300pa3uTh 00JaCTh B AEKAPTOBOW CUCTEME KOOPIUHAT;
BBIYHUCIIUTH UHTETPall, IEPEX0/is K MOJSIPHBIM KOOPAUHATAM.
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1[[16=2= Z dx dy
D

D:{X2+y254;
,x20;,y<0

B2.]| — " —dxay
@ +X+Y )

D

{4 <X+ yP<9y2
0;x=20

B3.Jf —% oy
9 -XY)

5. f f arctg Xydx dy
D

< 4.
{Xz +yy22 < 4

16 [ \/XZdedy
D

{x2+y2S9yZ
0;x=20

B 17.H ——12ﬁdxdy
3 —x-y

D

< O
{x2 +0yS2 < 9;

18.ff(x— y)dx dy
D

{2Sx2+y254;05y

B19. [[\16-x- 7 dx dy



Bﬁ.ﬂ —J—ndxdy
4 -X-Y)

D
{Xz +}ﬂy52502 ‘B

7. ff Xy22 My

D

<0
{x2 +yy22 o ¢}

8.ff\/16—x2—y2 dx dy
D
{2y

<0

B21. [[ — 5 dxdy
4 -X-Y)
D

< -
{x2 +yy22 < 4 ;

22 [[arctg X—y dx dy
D

< :
{x2 +OySz < 4,

23.[[ X'Lz dx dy

D
O<y;
D:{ Y
16 SXQ +y2 <25

B24.[ — 1 axdy
(4 +X+Y )

D: {y20:x20; 25+ <4

25.[f Xyzs dxdy
D

y =20 ; X +
{ y’<9
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11. H(x— y)dx dy
D

{25x2+y2S4;y2
0;,x=0

12. [[(9-x*- y? )ax dy
D

< -
{x2 +yySz < 4 ;

B13. [[iIn \V16-x*- y% dx dy
D

{45x2+y259;y2
0

14. [[Na52= 7 dxay
D

{x2+y259;
y 20

15. [[ (1-x% - P)dx dy
D

D_{O <y;
.%+fs

3aganue 2. BeruucauTe JBOMHON MHTErpaJl, IEPENS K MOJSAPHBIM KOOPAHHATAM.

B26.][ Saxagy D

y
x=20;

D:
{1s X+ <4

27. ,” X2 dxdy

D
{2+yps<a;y

20

28 x—+1—y dxdy

B 29. [ x 'y dx dy

(2% 2)

O



1. , TIe

- -

H !lrg +y “ dye 'f}

D , Te

H |1+1 + ¥ 2 dx Ay e .1
3. D ,rae =
dxdy

D 25 -x* - y° D:x“+y =25 120; y20
H yaay y =1 120 '

, e -

.|. ¥ dxed . . 7 ) "
ﬂ ) 4 Drx“+y =4, x20, y20

, Tme~ -

H4 Ay !‘u _— 2 .5 '
11. D . rge + 1 = 4x; =0
]] -‘._||19 - .l -y w;.ll.n!’. y . 2
) ’ e L
12. D , TIae

Hi Axcly e Dyl ﬂ,.-z +2x=0 _

—dxd , , | |
14. 113;2% Dix+y*=25 x20, y20

. {Jf a + 1 ¢ :I.n:-:.:i.}-", " D. ;’:';' 1 }‘,L-' =4y
H (x* + y* )dxcdy

l6. L r):[e .
(1 +y )h Ay _— o

e D G L
X° 4+ 1 h :’ - y g

18 JII( o e D0 D) 4yt =1
x4 v Yy _— -

B SRS Y

[[1- x4 — y2dxdy N . N
20. D L mpeDi XY =0
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Jx+ vidad

ZI.E ¢ y,meD: :::2+y2+4y:0.
T

22’{! A d:::dy,meD: :::2+y2+6x:0.
T

23.1.;:[ g dxdy,meD: J:E+y2—10y=ﬂ'

Y
arctg = dxdy 5 g
24.'.[:!. ; ,rz{eD:x R =1.
arcte = dxdy
25.:|.E'Il'. ﬁ ,rneD:xz-I'yz:g.
arctg = dxdy 5 g
26.1!;,;;?,;;?;: ,FILCD:x +y°=16
LK 2, .2
27.1.! }’, FILG‘D: P :16.
xedad 5
28.";?'- y,rﬂeD: Lty ZZJ’.
dxd 71
29. _g}’ J”, rae Dyt yo= 16.
dxd T
30. g}’ J”, rae Dux™+ g 4:’:.

KonTtpoabhblie Bonpocsi: 1.ChopmynupoBarh alrOpuT™ nepexoja ot

ACKAPTOBBIX KOOPAHWHAT K ITOJIIPHBIM KOOpAWHATAM.

IIpakTuuyeckas padora Ne 19 mo reme

«BblyuciieHre MI0MAAel ¢ MOMOUIbLIO JBOMHBIX HHTEIPAJIOB)

ueﬂbi MMPOBCPHUTH YMCHHUC BLIYUCIIATH IJIOMAAN C ITIOMOIIBIO HBOﬁHBIX HHTCTPAJIOB .

3ananue. HaiiTu miomanb (purypbl, OrpaHu4eHHOH JAHHBIMU JJUHUAMU

B1.y*- 2y+x°=0, y*-4y+x°=0 B 16.y°- 4y+x=0, y*- 8y+x’=0
y=X,y=\}'3X Y= x,¥ =0

\3 \3
B2.y*- 6y+x?=0, y?- 8y+x*=0 B 17.y% 2y+x°=0, y*- 4y+x*=0

y= X, x=0
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X —_
y=="3, Yy =V3x
3. y?- 8y+x%=0, y*- 18.y%- 4y+x?=0, y*

8y+x°=0 y= X, x=0
10yx2=0y= 3, y =V3x y y

4.y%- 4y+x2=0, y>- 19. y*- 2y+x°=0, y*- 10y+x°=0

6y+x2=0 y=Xx, x=0 y=0y =+3x

2 2-0 2. 2_
5.y%- By+x2=0, y- 20.y"- 2y+x°=0, y*-4y+x“=0

10y+x2=0 y= x, x=0 y==/"3, ¥ =\3x

21.y%- 2y+x%=0, y*-6y+x°=0
6.y>- 8y+x*=0, y*

10y+x?=0 x=0 y =V3x y= 3.y =Vax

7.y%- 4y+x>=0, y*- 22.y%- 2y+x?=0, y*-

By+x°=0 x=0 y =V3x
g g 8y=x’=0 y= /'3,y =Vax

8.y%- 2y+x°=0, y*- 23.y% 2y+x?=0, y*-

X
by™x=0y= \"3,y =0 6y=’=0y= \'3,y =0
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B 9. y*- 2y+x°=0, y*-10y+x*=0

- J x
“x y='y

3

B 10.y* 4y+x%=0, y*-10y+x*=0

y="2 07 3
\3

B 11.y% 4y+x?=0, y?-2y+x*=0
y= X, x=0

B 12.y%- By+x?=0, y?-8y+x*=0
y= X, x=0

B 13. y* 4y+x%=0, y*-8y+x*=0

y= X, x=0

B 14.y* 4y+x°=0, y*- 8y+x*=0
x=0y =3x_

B15y?- 2y+x%=0, y*-6y+x*=0

B 24.y%- 2y+x*=0, y*- By+x*=0
y: X y =0

V3

B 25.y* 6y+x°=0, y*-2y+x°=0

y= X, x=0

B 26. y* 4y+x*=0, y*- 2y+x*=0

x=0, y =3xX
\

B 27. y* 4y+x?=0, y*-8y+x*=0
x=0, y=,3x

B 28.y% 4y+x*=0, y>-8y+x°=0

X
y: _,y:\/'gx
\3

B 29.y* 4y+x°=0, y*-By+x*=0

X —
= _’y: 3X

N

B 30.y%- 6y+x?=0, y>-10y+x*=0



y=X x=0

3

3aganue 2.BeraucanTs mwiomanb GUrypsl, OrpaHUYCHHON JTUHUSMU B IPSMOYTOJIBHON

CHUCTCMC KOOpI[I/IHaT

1 y=4-x73x-y=0,

> 2y=x% W+2y-3=0"
3-y—2x:0;y:xd;1:1-
43y:f£'—”'r:21.
—4i-4
v:lé-xﬁ_
y=0
y=0

5. ) =53
6. v = (-4
2 y=X+1 y=Ccosy,
y=—ux,
8. & .
9‘41—8~—= 4y =x+6
0. 1‘-':;-*"; y=¢ }; 5_3-
11 y=2% 21+31'-8' p 20
121—1111 1, =3
13, =6 :=.+}~':7
» 3.;;--4;.1?—1’-0;1—4 0
s x+2p° =0 ¢=]

y =Sy,

x+3y

16. 3.
KOHTpoJIbHbIE BONPOCHI:

y=0

y= ’L,y=\/3X
\3

yz0

x=4y°; x= 1—, x=2
17. 9
By=Inx, x+y =1 1':1 :

19.p=2" y=2x-x“ 0<x <2

b0t = aresmy; 0 <y Sfr, 20

5 V= arceosy; y 20, x20

: g
y=aresmy; 0<x<—; y20

2. 2
53X = arccosy; y 20, x<0
%
v:w3 x20

y=ig

24. L
-1

25: :
1=h,1=4—r

26 ‘

2;&zh\,yﬂ729;120

gV =2 +4x; x-y+4=0

1.AJITOPUTM HAXOKAEHHUSI YACTH MOBEPXHOCTH S, MPOEKTHPYIOLIEiicsl HA

00J1acThb D. CamocrostensHas paborta

Bapuanr 1.

‘.:-: - : 4': B
1). - D-xpyr+ ~V} = 7
i.i. ~|'I .7'.-; - ja"ﬁ'{m
2).&

D —1 4getBepTh Kpyra

BapI/IaHT 2.

il f{x, vidxay,
1). % D — nonykpyr
yr{y sy el
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1175 )by,
1). D — kpyroBoiu cexTop
by Yo
vy Sdyxysxdixzd

' : D KpyroBoe
.!'L ¥ ?-"' Z f ) 4
KoJIb10 Bapuant 5.

1176 deay.
) br D —xpyrosoe KoIb110
+},' o1 a4yt 510
iI‘.L -'-1 bl ﬂ
§: D — xpyr
3 T
Xy Ed
Bapuanrt 7.
176 ey, s
1). z D - Honpryr-1 TY &7
y 2]

2ty
’D_prrl :L-* -,

d :D prrOBoﬁ CEKTOp
v <i-14 x4 |
b i J“ EM

| £,y b,
£ D — kpyroBoe KOJIbIIO

ﬁf{l Myebidy Bl mRE
1) i D—prr-:i s S
j” 1—x* - ¥ ddy,
2). & D—
A |

KPYroBO# cekrop + =¥

3 -
AN PR
23

Bapwuanr 8.
11 702 ydieay.
1). % D — kpyroBoii
CEKTOp Ay Ayzl ysly
|44+ ~5 auay
2). & D — ko110
XY —E iy =16

hJ
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JAuddepenunanbubie ypaBHEeHM .

Y CTHBIN OIIPOC T10 TEME:

1.3anaun, npuBonsume K nuddepeHnuanbHbIM YpaBHEHHUM.

2.Kakue ypaBHEeHUs Ha3bIBAOTCS MU HepeHIMaATbHBIMU?

3.Pemenue nuddepeHunanbHOro ypaBHEHHUS.

JuddepennnanbHOe ypaBHEHUE TIEPBOTO MOPSAKA.

3anaya Komm.

Huddepennmansnoe ypaBHeHHE IEPBOTO HOPSIIKA C pA3AeSIOIUMUCS TEPEeMEHHBIMHU.
JIuneitnoe nuddepeHnranbHoe ypaBHEHHE MEPBOTO MOPsIIKa

Onnopoanoe nuddepeHnuanT,HOe YpaBHEHHUE TTEPBOTO TOPSIKA.
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HnddepennnanbHbie ypaBHEHUS BBICIITNX MOPSAKOB. Penienne ypaBHeHu .

Jluneitawsie ogHOpoAHBIE AU depeHIInaIbHbIe YPaBHEHUS BTOPOTO MOPSAKA C

MOCTOSTHHBIMU KO3 dUIIEHTaMHU.

JIuneitnple HeOAHOPOAHBIE AU (hEepEeHIINATbHbBIE YPABHEHUSI BTOPOTO MOPSAKA C

MOCTOSTHHBIMU KO3 PuItmeHTamu.

IIpakTueckas padora Ne 20 mo reme
«lu¢ppepeHnuanbHble YypaBHEHHUS MEPBOro MOPAAKA)
Iean: npoBepuTh yMeHHE peliaTh 1U(pGepeHINaIbHbIE YPaBHEHHS IEPBOTO MOPSIKA C
pa3ieIeHHBIMU U PA3AEIIAIOIIUMUCS IEPEMEHHBIMHU.
3ananme 1.Haiitu o61ee penienre ypaBHeHul a), 0).
3aganme 2.HaiiTn yacTHOE penieHUE YPaBHEHHUS C Pa3IesSOIUMUCS IEPEMEHHBIMU

B1.1.a)x* dx =3 y* dy B16.1.a)x% dx =3 ) dy
B)y(1+X)dx +x (1- y ) dy=0 6)y(1+x)dx +x (1- y ) dy=0
2. y? dx=e” *dy ; y=1 npux=0 2. dx=e” *dy ; y=1 npux=0
1 3 1 3
B2. 1.a)Vxdy="ydx B17.1.a)Vxdy=Vydx
6)y2dx +( x-2)dy=0 6)ydx +( x=2)dy=0
2__12 dx= lzdy, y =2npux =0 - dx=_12 dy, y =2 npux=0
y X X
B31 .a\)}dx = Jdy B18.1.a)%Xdx= J dy
\ NN
o) +y?)dx= x dy=0 o +y)ax=\ xdy=0
(1+y) dx=(1-x) dy, (1+y) dx=(1-x) dy ,
y=3 npux=-2 y=3 npux=-2
B4. 1.a)(3 x*-2 x)dx=dy B19. 1.a)(3 x*-2 x)dx=dy

6) -(2xy+3y)dx +x* dy=0 6) -(2xy+3y)dx +x* dy=0
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y dx=x dy, y=6 npux=2

B5.1.a)(4 x-3)dx=dy

ax
6) (xy+x) “dly =1

2 x—1 ax
2_ = , y:O
npux=5y +1dy

B6. 1.a)x dx=dy
6) 2(xy+y)dx=x dy

2.(y +1)dx—(1-x)dy=0 ,
y=1 npux=0

3. .xy? yi=xl+ P
4.xy'+y =x+1

B7.1.a)x* dx =3 y* dy
B)y(1+X)dx +x (1- y ) dy=0

y? dx=e” * dy ; y=1 npux=0

B8.1.a) o[ x V), @

6)ydx +( x-2)dy=0

1 1
y 2dx= x o4y, y=2npux =0

B9. 1 a)T/ xdx =\ y dy
6)(1+y?)dx—Vx dy=0

2.(1+y) dx=(1-x) dy,

y dx=x dy, y=6 npux=2

B20. 1.a)4 x-3)dx=dy
dx
6) (xy+x) gy =1

2x-1 dx
2. y+1 =dy, y=0 npux=5

B21.1.a)x dx=dy

0) 2(xy+y)dx=x dy2.
y +1)dx—(1-x)dy=0,

y=1 npux=0
3. .xy? yi=x’+ P
4.xy'+y =x+1

B22.1.a)x* dx =3 y* dy
B)y(1+X)dx +x (1- y ) dy=0

Y dx=e” *dy ; y=1 npux=0

B23.1.a) o[ x 7V P, 9¥

6)y2dx +( x-2)dy=0

1 1
y 2dx= x 24y, y=2npux =0

B24.1 a)V xdx =V y dy
6)(1+y?)dx-Vx dy=0

2.(1+y) dx=(1-x) dy,



y=3 npux=-2

B10 1.a)(3 x*-2 x)dx=dy
6) -(2xy+3y)dx + x* dy=0

y dx=x dy, y=6 npux=2

B11.1.a)4 x-3)dx=dy
ax
6) (xy+x) “ay =1
2x-1 dx

2 y+1 =dy, y=0 npux=5

B12.1.a)x dx=dy

6) 2(xy+y)dx=x dy2.( y +1)dx-(1-x)dy=0,

y=1 npux=0

B13.1.a)x* dx =3 y* dy
B)y(1+x)dx +x (1- y ) dy=0
V2 dx=e” *dy ;
y=1 npux=0
1 dy= 3 dx
Bla.1a x = 'y

6)ydx +( x-2)dy=0

1 1
y 2dx= X 2dy,y=2npux =0

B15.1 a)ﬁ xdx =V y dy

y=3 npux=-2

B25.1.a)(3 x*-2 x)dx=dy
6) -(2xy+3y)dx +x* dy=0

y dx=x dy, y=6 npux=2

B26.1.a)4 x-3)dx=dy

ax
6) (xy+x) " dy =1

2x-1 dx
2. y+1 =dy, y=0 npux=5

B27.1.a)x dx=dy

6) 2(xy+y)dx=x dy2.( y +1)dx—(1-x)dy=0,

y=1 npux=0

B28.1.a)x* dx =3 y* dy
B)y(1+x)dx +x (1- y ) dy=0

y? dx=e” *dy ; y=1 npux=0

1 dy= 3 dx
B29. 1.\ x = 'y
6)ydx +( x-2)dy=0

1 1
y 2dx= X 2dy, y=2npux =0

B30.1 a)V xdx =V y dy



6)(1+y2)ax=V x dy=0
2.(1+ y ) dx=(1-x) dy,

y=3 npux=-2

KOHTpOnBHBIE BOITPOCHI:

6)(1+y2)ax=V x dy=0
2.(1+ y ) dx=(1-x ) dy,

y=3 npux=-2

1.Kakoe ypaBHeHue Ha3biBaeTCs AuQhepeHIIuaTbHbIM?

Urto Ha3bIBaeTCs OOMIMM pertieHueM AuddepeHnaibHOro ypaBHeHus ?

3.YUrto Ha3bIBaeTCA YACTHBIM peleHneM auddepeHunanbHOro ypaBHeHHs ?

[Tonstue muddepeHIMATBHBIX YPaBHEHUH C pa3ieIeHHBIMU U Pa3AeISIONIUMUCS

INCPECMCHHBIMMU.

IIpakTnueckas padora Ne 21 mo reme

«OaHopoaHblie U PepeHIHATbHbIC YPABHCHUS MIEPBOTr0 MOPSIAKA

Heab: HayuuThCA pelaTh OJHOPOAHBIE UG depeHInaIbHbIe YpaBHEHUS

IICPBOTO ITOpAIKA.

3aganme. Peruth oqHopoaHoe qud pepeHnnanbHoe ypaBHEHHE.

B1.xy+y*-(2 x* +xy) y*=0
B2.(x-y) +x =0

dx dy
B3 (x*- xy)dy- y2 dx=0
B4.xy? yi=x’+

B5. (.X-y¢ y dx=x* dy

B6.xy” yt=x’+ y°

B16.xy+y*-(2 x* +xy) y*=0

B17. (x-y) +x =0

dx dy

B18.(x*- Xxy)dy- y2 dx=0

B19.Xy2 ye=x+

B20.(x-y; y dx=x* dy

B21.xy? yt=x’+
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B7.xy+y*-(2 x* +xy) y*=0

B8.(x-y)d x+xd y=0

B9. (x*-.xy)dy- y2 dx=0

B10.xy? ye=x’+ y°

B11. (X-y¢ y dx=x* dy

B12.xy? yé=x+ y?

B13.1.a)x* dx =3 y* dy

B)y(1+X)dx +x (1= y ) dy=0
V2 dx=e” *dy ;
y=1 npux=0
3.Xy+y2=(2 X% +xy) y¢=0
4.xy- xy = (1+x%)e*

B14.(x-y)d x+xd y=0

B15. (x*-.xy)dy- y2 dx=0

KOHTpOJIBHI)IC BOIIPOCHI:

1. Kakoe ypaBHEHHE HAa3bIBAECTCS OJJHOPOIHBIM YPaBHEHUEM IIEPBOTO MOPSJIKA

B22. xy+y*-(2 x* +xy) y¢=0

B23. (x-y)d x+xd y=0

B24.(x?-.xy)dy- y2 dx=0

B25.xy” ye=x’+ y*

B26. (X-y; y dx=x* dy

B27.xy? yt=x’+

B28.1.a)x* dx =3 y* dy
B)y(1+X)dx +x (1- y ) dy=0

y? dx=e” *dy ; y=1 npux=0

3.Xy+y*-(2 X +xy) y¢=0

4.xy- xy = (1+x?)e*

B29. (x-y)d x+xd y=0

B30.(x*-.Xy)dy- y2 dx=0



IIpakTnueckas padora Ne 22 nmo reme

«Onnopoansie MuddepeHnHATIbHbIC YPABHEHHUS NEPBOT0 MOPSAAKa»

Ilean: HAyYUTHCS pelIaTh JIUHEHHbBIC TU(PEepEHIIMATbHBIC YPAaBHEHHUS TIEPBOTO MOPSJIKA.
3aganme. Perith nunerinoe nuddepeHumanbHoe ypaBHEHUE.

B1.xy- xy = (1+x%)e*
B2.y'+2 xy = x°
B3(1+xz ¢ y'-xy =2x

B4.xy'+y =x+1

@y
B5. dx- x=x

B6.y'+y =x+1

B7.xy- xy = (1+x%)e*
B8.y/+2 xy = x°

B9. (1+x2 s y-xy =2x

B10.xy'+y =x+1

a y
B11.dx —x=x

B12.xy/+y =x+1
B13.xy'- xy = (1+x%)e*
B14.y/+2 xy = x°

B15.(1+x2 oy-xy =2x

B16.xy"- xy = (1+x%)e*
B17.y'+2 xy = x°
B18.(1+xz o y-xy =2x

B19.xy'+y =x+1

a ¥y
B20. dx- x=x

B21.xy'+y =x+1
B22.xy- xy = (1+x%)e*
B23.y/+2 xy = x°
B24. (1+x: ;y-xy =2x

B25.xy'+y =x+1

a ¥y
B26. dx- x=x

B27.xy/+y =x+1
B28.xy- xy = (1+x%)e*
B29. y+2 xy = x°

B30.(1+xz o y-xy =2x

3agaua 2. Haiitu pemenue 3anaun Komm.

41 I'|-Ir- '|-II.'r"| :.T:‘ 1‘1} :0 42.

y - yetgx =2xsinx, ylx/2) =0.



43. 4.4.

y 7 a
poo——=xT 42y, v(-1)=3/2. - v=e'(x+1), »(0) =1
4.5 v+ 2 ) 46. X+l _ b =1
, Y . [T y . |
y - — =XxSInx, y| — :l V' + — =8In X, } ( T) -

47, " 2} 48. ¥ | b 4

4 . 2% 2X 2
y +— =X, 1(1) =I. y + -~y = . 1(()) —
4.9. 2x 4.10. 1+ x [+ x° 3

411, z | 412. X X
413, X X 414, X X

4.15. X | 4.16. X

417.  1+x ‘ 418, X

Ir+3"1-l = 2 '(U =
ap” a2 a0, ¥ ¥ =m0 vl =e

421. ‘ 402, V=
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423,  x+1 | 424,

y +2xy=xe " sinx, y(0)=lI.

S 2y fla+l) =lx + L =] 2
425 ) 2y flx+1) =(x+1)", y(0) =1/2. 426,
y'- yecosx =-sin2x, p(0) =3.
. [nx
e e y-Z=-—, y@)=l.
47" xy =-4x", ) =-1/2. 498, x x
p- 3Ty =x° ( | + _r'—‘] /3. v(0) =0.
4.29. ' ! 4.30.

y - yeosx =sin2x, yl(0)=-1.

!

431, ,1'f' Yix == ZI,.'":.T:. |1'[ =t

KOHTpOIBHBIE BOIIPOCHI:
1. Kakoe ypaBHEHHE Ha3bIBAETCS JINHEWHBIM YPAaBHEHHEM MEPBOIO MOPsiaAKa’?

IIpakTuyeckas padora Ne 23 no reme «{udpPepenuuanbunbie
YPaBHEHHUSI BTOPOro nopsiika. JinveiiHble 0THOPOAHbIE YPABHEHMSI
BTOPOI0 MOPSAKA C MOCTOSSHHBIMHU KO3(UUIMEeHTAMI

Leab: HAyYUTHCS peniaTh JUHEHHBIC OTHOPOIHBIC YPABHEHHS BTOPOTO TIOPSIKA C
MOCTOSIHHBIMU KO3 puiimeHTaMmu

Pemuth oiHOpOIHBIE TUHEHHBIE U] PepeHIInaIbHbIE YPaBHEHHUS BTOPOTO MOPSJIKA.
B nyHkTe a) HaliTU YaCTHOE PElICHUE MPU 3a/IaHHBIX HAYaJIbHBIX YCIOBUAX

1=y, ¥ O=y,

1,10. a)yHnyf‘Z}’:U y(0)=1 yf(0)=3

6y +123 +36y=0
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B)4yﬂ+9y=ﬂ

2,12. a)
6 ~6y +9y=0
B)

3,13.a)yﬂ‘4yf+3}’=ﬂ y(0)=6 y’r(ﬂ):l{]
0)
B)

4,14.a)yﬂ'7yf+6y:ﬂ y0)=2 y(0)=-1
0)
B)

5,15.a)2yﬂ+yf‘}’=0 y(0)=1 y(0)=-1
0)
B)

6,16.a)2yﬂ+5yf=0 yi0)=1 y’r(ﬁ):él
0)
)

7,17.a)12}’ﬂ+5yj=0 y(0)=2 y(0)=2
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6)9Jfff‘5}’f+lf’=ﬂ
3y 63 +3y=0
T ,r
8.18.2)) -6y +8y=0 y0)=2 y(0)=-4
6)16}’!!4'8}’;4-)?:0
¥ 63 +13y=0
T ,r
9.19. a) J -4y -dy=0 y(0)=2 y(0)=-3
6)16.};;;-"24});-"9}”:0
oy 43 13y =0
TR j
1020.2) Y ~3y +2y=0 y(0)=1 y(0)=6
6)9}7;{4-6}’;4-}?:0

I
B)y +9y:U
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CamocrosiTeibHas padoTa
1 BapuaHuT.

Onpenenuts BUI AU(dHepeHInanbHOro ypaBHEHU, HAlTH €ro ool1iee peleHue, a
/1€ YKa3aHO YaCTHOE PELIEHUE:

y'=x—2;
G x=4) y' =y,
y=12x ,
)y
4 y—=2 xy=xe*?;
cx {y(1)=2}

5) y=x , IOCTPOUTD MHTETPAIBHYIO KPUBYIO.
2 BapuaHT.

Onpenenuts BUa Au(dhepeHInanbHOro ypaBHEeHUs, HAWTH ero ooliee pelieHue, a
I/I€ yKa3aHO YaCTHOE pEUICHUE:

y—4 y=8 xe**;
y=2 x-3;
y= ’5 x-2
yy=8 x-3;”
. y+1
y=__ {y(1)=0}

X

5) , IOCTPOUTH UHTETPATbHYIO KPUBYIO.

IIpakTuueckas padora Ne 24 mo reme
«/InHeiiHbIe HEOHOPOAHBbIE YPABHEHUS BTOPOT0 MOPSAKA »
Iesab: HayYUTHCS pelaTh JUHEWHBIE HEOAHOPOAHBIE YPABHEHHS BTOPOTO MOPSJIKA.

Bapuanr 1

1. Haiitu obmiee pemenue qudpepeHnnansHOT0 ypaBHEHHUS:

(1= ) y=xy

O)y -4 y+3 y=e°
Hatitn pemenne nuddepeHnnanIbHOro ypaBHEHUS, YIOBICTBOPSIOIICEe HauaIbHBIM
YCIIOBHSIM:

a)y +4y-12y=8sin2x;y(0)=0, y (0)=0

6) y -8 y+16 y=¢" *; y (0)=0, y (0)=1
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Bapuant 2

1. Haittu obiee pemenue nuddepeHnaibHOr0 YpaBHEHUS:
2yy+(y)y+(y)'=0
O)y ~6 y+9 y=¢
Haiitu pemenne nuddepeHnnanbHOro ypaBHeHus, YI0BIETBOPAIOIIEEe Ha4YaIbHbIM

YCIIOBHSIM: .
a)y =6 y+9 y=x"-x+3,;y(0)= =,y (0)=
3 27

1

BapuanT 3

1. Haiitu obiee pemenue qudpepeHnnanbHOT0 ypaBHEHHUS:

y '+ y tgx=sin 2 x

O)y '+7 y+12 y=sin x
Haiitu pemenne nuddepeHnmnanbHoro ypaBHeHUs, YI0BICTBOPAIOIIEE Ha4YaIbHBIM
YCIIOBUSIM:

a) y +4 y=e>*; y (0)=0, y (0)=0 6)

2y+y-y=2€";y(0)=0,y (0)=0

Bapuanr 4

Haiitu oOmiee penenue quddepeHnaibHOro ypaBHEHUS:

y+ 1x y=x

0)y '+ y=cos 2 x
Haiitu pemienne nuddepeHnnanbHOro ypaBHEHUs, YI0BIETBOPSIOINIEE HAYAIbHBIM
YCIIOBUSIM:

a) y =2 y+5 y=xe* *; y (0)=1, y (0 )=0

0) y -2 y-3y=2x;y(0)=0, y (0)=0

Bapwuanr 5

1. Haiitu obmee pemenue qudpepeHnnansHOro ypaBHEHHUS:

1+(y f +yy=0

O)y -4 y+8 y=sin 2 x
Haiitu pemenne muddepeHnmanrbHOro ypaBHEHUS, YIOBICTBOPSIONIEE HAYaTbHBIM
YCIIOBHSIM:

a)y +5y+6y=12cos2x;y(0)=1, y (0)=3

0) y -6 y+9y=-12x,y(0)=0, y (0)=0
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Bapuant 6

Haiitu oOmiee pemenue quddepeHnanbHOro ypaBHEHUS:

y (1+y)-5y y=0

O)y +y-2 y=€"
Haiitu pemienne nuddepeHnnanbHOro ypaBHEHUs, YIOBICTBOPSIONIEE HAYAIbHBIM
YCIIOBUSIM:

a)y -5y +6y=(12x-7)e” *;y(0)=0, y (0)=0

0) y '+ y=sin3 x; y (0)=0, y’ (0)=1

Bapuant 7

1. Haittu obiiee pemenue nuddepeHnaibHOT0 YpaBHEHUS:

Xy +2 y=x>

0)y —4 y-5 y=x*
Haiitu pemienne nuddepeHnnanbHOro ypaBHEHUs, YIOBICTBOPSIONIEE HAYAIbHBIM
YCIIOBUSIM:

a) y -4 y+13 y=26 x+5; y (0 )=1, y (0)=0

0) y +4 y=x;y (0)=1, y (0 )=1

Bapuant 8

1. Haiitu obiee pemenue qudpepeHnnanbHOro ypaBHEHHUS:
y tay=2(y Y
O)y - y=2 (1-x)
Haiitu pemenne nuddepeHnmanbHOro ypaBHEHUS, YIOBICTBOPSIONICE HAYaIbHBIM
YCIIOBUSIM:
a) y -4 y=6x"+1;y (0)=2, y (0 )=3 0)
y'=2y+y=cos x;y(0)=0,y (0)=1
KonTposbHbIE BOIIPOCHI
AJITOPUTM pEILICHHS JIMHEHHOTO HEOJHOPOIHOTO YPABHEHUSI BTOPOTO MOPSIAKA.
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Teopus psaioB

IIpakTuuyeckas padora Ne 25 nmo reme

«HUccaenoBanue YNCJI0BBIX PHAAOB HA CXOAUMOCTDb»

He.]'[b: HAaYYHUTBHCA UCCIICAOBATH YN CJIIOBBIC PAABLI HA CXOANUMOCH

BbinucaTb Tpy NepBbiX YneHa psga HauTy TPEeTb YaCcTUYHY CYMMY

e, 3?z+2

3,13 a) #= H/H 501,

@Iy

E DT v
8,182) #=1 {21}/,

Z—
n= 1?1 fr=1}1

n=%lnn

6) #=1

o Ay
ZL

n= ':“:'|SIHH|

o B
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n=m 1
2 >
9,19a) * lfat) ; 6) 7=13(n? . cosn
n=my | /
—H;;—;? ”“”14—::932?1
= 7l —
10,20 a) #=1 ; 5 A=l 7

IIpakTuuyeckas padora Ne 26 no reme «0Q0,1aCTh CXOAUMOCTH CTENEHHOI'0
psiaa» Lleab: HayuynThCs HCCIEN0BATh CTENEHHBIE PSAAbl HA CXOUMOCH

UccnenoBarh psan Ha aOCOTIOTHYIO U YCIIOBHYIO CXOJIMMOCTh

0
1. a) ) o Z i o 1 _
n =1 S . ¢) ) (-1) n
=1 ( ‘ n=1 (m+1):3
2 a) . > ) o6
n= 12" Foms b)eo 5 ) =1y LI ¢
0= o =0 V(2n+1)
3. a) B z 12
n=.4 o | ; b) b3 °°c>z 1
“‘? w n Inn
n -1 n=,1 (2m":>"(:2<; n=1
4. a) Z . (22
"=a1 5 Yo ¥ C) (_1 )n+1 n
(2(n+)1) ’ L= L Z,,=1 6n+5
5. a) ot Z . &é
R b)eo Y ) (-1) HA; ¢
- = Vn
n2<'\n
6. a) 3 ) > Y ] e
(-=n) n+1
n= 1 — o -1 ¢
1 , e 3 c);( ) (2n+1
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n=, 1”, : b) o« >
n

yyyyy
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)Yy LI
n=1 n+1
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o 1
)y (1) ™ —_— .
n-\/n
éé
S gy 2n+1 _
DA n(n+1)
) ; i
n +
)Y (1) "=
n=1

Haiitn o0nactb CXOOAMMOCTH U IMPOBCPHUTH CXOAMMOCTD HAa I'paHUIIaX HHTCpBAJIa:
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>k
a) M=1_2!’1—]. ;

s m3n1 H

a) n= 15n2v{_

= IH
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n;(sﬂ%wm—zﬁ
6) - (n’ +1)3% ;
ngmf”(ﬂ%z)(x—uﬂ
6) ! 528yl _g) :
Him52n+3ﬂ3(x_2)n
6) ! 327l y? 4 5)
nmwg 1, 20 gy

6) ! 327 1 rn? 1 1)




n=w plx® HE’”SEH_I(HE +5)x-2)"

i x = 1%
10. a) n=13"(n+2)1 2% 6) (5n° +1)4777 . L
' #=13" "(n*3) w=1  (2n+1)5°

9

IIpakTuyeckasi padora Ne 27 no teme
«Pa3jioxxennt QyHKUMI B CTENIEHHON PSII»
IIpakTuuyeckas padora Ne 27 mo Teme
HAYYUTHCS PACKIIAbIBaTh QYHKIUU B CTETIEHHOM PsijT

TecT mo Teme «PAab»

1 BapuaHrT.
A
o - 5
3aganue 1.YeTBepThiil wieH psaaa paBeH:
1 1 _1 1
-5 0) -7 B) 7 1) 7
a)
2 3 4
3aganue 2. Pan 2 6 24 SIBIISIETCSL. . .
A. CrenneHHbIM
OyHKIIMOHAIBHBIM

B. 3Hakouepepyowmmca I'.
3HAKOMNOJIOXKNTENbHbBIM

n
Z 10n+1

3a,Z[aHI/Ie 3. I[aH paa n= . I/ICHOJIBByH HCO6XOI[I/IMOC YCIIOBHUE CXOAUMOCTH psa,
cz[enaﬁTe BBIBO/JT

pAa paCcXoauTCA b.

pAn CXOOUTCSA

B. Henp3s OIpCACINUTDb CXOAUTCS UJIN PACXOAUTCA P

I'. npyroi oTBer

5@y
3az[aHHe 4.P}II[ n=1 3 uccneoBaan Ha CXoA4MMOCTb MO NpusHaKy Ko, Bbluucanam
n— 1

k =lim \an=
peen sco 3 . Torma MO>HO cI€IaTh BBEIBOI, YTO ...

Janubii pag cxogurcs b.
JIaHHBIN psifi PACXOIUTCS
B. JlaHHBIN psAT MOKET KAK CXOAUTHCS TaK U PACXOAUTHCS.

I'. JlaHHBIM psiZl HE CYLIECTBYET
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1
-1
0,5
-0,5
3aganue 6. YCTaHOBUTE MEXK]Y PSIAOM M €r0 Ha3BaHHUEM.
HazBanwne Psan
1. Pajg ¢ mooXuTeIbHBIMHA 1111
YJIEHAMU A. 1-2+3- 4+5-. .
2. 3HaKouepe Iy roIIHiics B. x+xX+xX+x+x°+.
pAan B. 1+2+3+4 +5+6+.. .
3. CreneHHOM psifg [.  cos x +cos? x +cos® x +cos? x +. .
4. OyHKIMOHAIBHBIN PsiJl

3a,Z[aHI/IC 7. YCTaHOBUTE COOTBETCTBUE MCIKAY YUCJIIOBBIM PAIOM U €T'O
a
n

OOIIMM YJIEHOM

a
Psin OOmwmii uneH psaa n
R _1
1. 2+4+6+8+___ A. an_n+2
11 1 1
2 1+ 3+5+7 + B.an= 2n
1_+_‘|+l+ 1+ = 1
3. 375777, B. " onu
1 1 1 1
44+ T4+ an=
4, 374757, | PP
2 BapuaHT
0 2n-1
> (-1_

3ananue 1.YeTBepThIil WICH pSAa .,y 3 n+1 pPaBEH:
: 1
a)l 6) 1

B)13 1),
1 1 1
1+ x+ 2+ X +
3amanue 2. Psan 2747 8
A. 3HaKouepeayOINUMCS
b. ®yHKIMOHAIIBHBIM
B. CrenenHniM
I'. 3HaKOIOJIOKUTEIBLHBIM.
s 2n+1
2n-1
3ananue 3. Jlad psag  n=1
pana
celIaiiTe BEIBOJ
A) psin cxonures
b) psia pacxonutes
B) Henb3s onpeAeuTh CXOUTCS UIA PACXOAUTCS

psa ') npyroit oTBer.

ABJIACTCA

. I/ICHOHI:BYH HCO6XOI[I/IMOC YCIO0BHEC CXOAUMOCTHU
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© n

5

3ananue 4. Psp =1 n  HUCCIEIOBAIM HAa CXOAUMOCTH MO mpu3Haky JlamamOepa,
delim 1 =5
BBIYMCIIWIINA NPEAEI noe a . 1OTJ1a MOXKHO CAENATh BBIBOJ, YTO...
A. Jla"HHBIN pajg cXoAUTCA
b. JlaHHBIN psil pacXoauTCst
B. JlaHHBIN psAT MOKET KaK CXOAUTHCS TaK U PACXOAUTHCS.
I'. JlaHHBIM psiZT HE CYLIECTBYET

ln

3aganue 5. Halinure cymmy psga: ,, 10

A.l
b. 0,1
B. 0,9
1
9
3agaHue 6. YCTAaHOBUTE MEXAY PSJIOM M €r0 HA3BAHHUEM.
Ha3Banue Psn
1. Pag ¢ mogoXuTeIIbHBIMHU A.  sin x+sin® x+ sin ° x +sin 4 x+ ...
YJIeHaMHU B. 1+2x+3x%+4x3+. ..
2. 3HaKoYepeAYOIINICS LS N O
psin B. 2 4 8 16 32
3. CreneHHOM psifg I 1-243-4 +5-6 +.. .
4. OYHKIIMOHAJIBHBIN PsiJI

3adHue 73 YcmaHosume coomeemcemeue Mexoy Yucrio8bIM PIOOM U €20 0bwum

Y/IEHOM n
a
Psan OOmuit uneH psija n
T 1 1 1
1. 5*a*t%s*s t A n=
. 27476"8 : n+2
111 a =1
2. 2+4+8+16 + b. » 2
1,1, 1
1+ + 14+ 14 an
3. 4 916 B. 2
1.1,.1.1 1
R T an=—;
4. 3 4 5 6 r. e
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OcHOBBI TCOPUHN KOMIVIEKCHBIX YHCEJI

IIpakTnuyeckas padora Ne 28 no reme
«/leiicTBHUA HAJl KOMILUIEKCHBIMHU YHUCJIAMH B ajiredpanyeckoit popme»

eab: HAYYUTH BBIMOIHATH JCHCTBUS ¢ KOMIJICKCHBIMU YHCIIAMU B
anreOpandeckon Gpopme

BapuanTt Nel

Breinmonuute nelicTBus B anredpandeckoi popme.
Z1=2-7, Z2=3+51.Hatu: Z1+72;71-72;71-72,71:72
Bapuant Ne2

BoeimonHuTh 1eicTBUSA B anredpandeckoi popme.
21=3+41, Z2=-1-21.Havtu:Z1+722; Z1-72; Z1:72, 71-72
BapuanTt Ne3

Brinmonuuts neiictBus B anredpanyeckon popme. Z1=3-
41, Z2=2+51.Haiitn: Z1+72; Z1-72; 7Z1-72,71:72.
Bapuant Ne4

Boinonauts nefictBust B anredpanyeckon popme. Z1=3-21,
72=-3+51.Haittu: Z1+722; Z1-72; 7Z1:72, Z1-72 BapuaHnr
Ne5

BoimonauTth nefictBust B anredpandeckon popme. Z1=2-
51, Z2=2+41.Haiitn: Z1+72; 7Z1-72; 71-72, 71:72.
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Bapuant Ne6

Beimonnuth nelicTBus B anredpandeckoi popme.
Z1=1+21, Z2=-5-21.Hawntu: Z1+72; Z1-72; 71:72, 7Z1-72
Bapuant Ne7

Boinonauts nelictBus B anredpanyecko popme. Z1=2-
61, Z2=3+4i.Haiitu: Z1+72; 7Z1-72;71-72,71:72 .
BapuanTt Neg

Breimonuuth nelicTBus B aniredpandeckoi popme.
Z1=1+21, Z2=-1-Ti.Haittu: Z1+72; Z1-72; 721:72, 7Z1-72
BapuanT Ne9

BoimonuuTh neiictBus B anredpandeckoit hopme. Z1=2-
41, 72=3+2i.Haitn: Z1+72; Z1-72; Z17-2, 7Z1:72 .
Bapuant Nel0

Boinonauts nelictBus B anredpanyeckoi popme. Z1=1-
21, Z2=-1-3i.Havitw:Z1+72; Z1-72; 71:72, 7-172
Bapuant Nell

BreimonHuTh neiicTBus B anredpandeckoit popme.

Z1=1+T, Z2=2+21.Haiitu: Z1+72; Z1-72; Z17-2, Z1:72

Bapuant Nel2

Breinmonuuts nelicTBus B anredpandeckoi popme.

Z1=3+1, Z2=-1-2i.Haitw:Z1+72; Z1-72; 7Z1:72, Z17.2-
Bapuant Nel3

1. Boimonuuts eiictBus B anredpanyeckoi popme. Z1=1-
41, Z2=-2+51.Havitu: Z1+722; Z1-72; Z1-72, Z1:72.
Bapuant Nel4
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BoeimonHuTh necTBUSA B anredpandeckoi popme.
Z21=3+21, Z2=-3+21.Haintn:Z1+72; Z1-72; 71:72, Z17-2
Bapuant Nel5

Breimonuuts neictBus B anredpandeckoi popme. Z1=3-
51, Z2=2+4i.Havitu: Z1+72; 7Z1-72; Z17.-2, 7.1:72.
Bapuant Nel6

Brimonauts nefictBust B anredpanyeckon popme. Z1=-
1+31, Z2=-5-31.Haitu: Z1+72; Z1-722; 7Z1:72, Z17-2
Bapuant Nel7

Boinonauts nelictBus B anredpanyecko popme. Z1=2-61,
72=3+4i.Hawitu: Z1+72; 71-72; 7Z172-,71:72 . Bapuant
Nel8

Breimonuuts nelicTBus B anredpandeckoi popme.

Z1=1+21, Z2=-1-T\.Haittu:Z1+722; Z1-72; Z1:72, Z1Z-2

Bapuant Nel9

1. BeimomHuTh necTBUA B anredpandeckoi Gopme. Z1=1-
41, 72=3+4.Havitu: Z1+722; Z1-72; Z17-2, Z1:72 .
Bapuant Ne20

1. BeinosHuTh necTBUA B anreOpanyeckoi popme. Z1=-
1-21, Z2=2-31.Haittu: Z1+72; Z1-72; 71:72, Z17-2
Bapuant Ne21

BreimonHuTh neiicTBus B anredpandeckoit popme.

Z1=2-1, 72=3-51.Havitu: Z1+72; Z1-72;, 7172, 71:72
Bapuant Ne22

Breimonuute nelictBus B aniredpandeckoi popme.
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21=3+41, Z2=-1+21.Haintw:Z1+72; Z1-72; 71:72, 7172
Bapuant Ne23

Brinonuuts neiictBus B anredpandecko popme. Z1=3-
1, Z2=2+51.Havitu: Z1+72; Z1-72; 7172, 71:72.
Bapuant Ne24

BreimonHuTh nelicTBUs B anredpandeckoit popme.
71=3+21, Z2=-3+.Haittu: Z1+72; Z1-72; 7Z1:72, Z17Z-2
Bapuant Ne25

BrimonauTs nefictBust B anredpandeckon popme. Z1=2-
31, Z2=1+4i.Havitu: Z1+72; Z1-72; Z1-72, 71:72.
Bapuant Ne26

Breimonuuth nelicTBus B anredpandeckoi popme.
Z1=1+21, 72=-2-21.Hawitu: Z1+72; 7Z1-72; Z1:72, Z172-
Bapuant Ne27

1. BeimosHuTh NeMCTBUA B anredpandeckon Gpopme. Z1=2-
51, Z2=2+4i.Havitu: Z1+72; 7Z1-72; Z17-2, 71:72 .
Bapuant Ne28

Brinonuuts nelictBus B anredpandeckoi popme.
Z1=1+2i, Z2=-1-41.Havitnu:Z1+72271-72; 7Z1:72, 71-72
Bapuant Ne29

Boinonauts nelictBus B anredpanyecko popme. Z1=2-41,
72=-3+51.Haittu: Z1+72; Z1-72; Z17-2, 71:72 Bapuant
Ne30

BreimonHuTh neicTBUsA B anredpandeckoit popme.
Z1=3+1, Z2=-3-21.Haittu: Z1-72; Z1+72; Z1:72,71-72

KonTpoJbHbIE BOIIPOCHI:
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Yr1o Ha3pIBa€TCsI MHUMOM SIMHUIICH ?

2.CBOMCTBO MHUMOM €IUHUIIEI.

2.1TpaBuiio BO3BEACHNSI MHUMOM €IMHUIIBI B HATyPaJIbHYIO CTEIECHb N.
3.JlaTe onpeneneHne KOMIUIEKCHOTO Yyncia?

4.JleficTBHsI C KOMIUIEKCHBIMH YHCIaMU B anredpandeckoid Gopme.

IIpakTnueckas padora Ne 29 mo reme «/leiicTBUSI HA
KOMILIEKCHBIMH YHCJIAMHU B TPUTOHOMETPHYECKON M NMOKa3aTeJIbHOM
popmax»
He.]'lb: HAaY4YHUTb BBIIIOJIHATD I[Cf/iCTBHSI C KOMIIJICKCHBIMH YHUCJIaMHU B

TPUTOHOMETPUUYECKOM U MOoKa3aTenbHou popmax3aganue. BeimoaHUTh nelcTBUS C
JTAHHBIMUA KOMIIJIEKCHBIMH : 1) Z1+72; 7Z1-72; 71-72,
71:72

1. z; = 8(cos 55° +5in 55°), z, = 2(cos5° + sin 59),
2. z; = 5(cos 48° +5in48°), z, = 2(cos 12° + sin 129),
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3. z; = 3(cos 70° + sin 70°), z, = 2(cos20° + sin 20°),

4. z; = 10(cos 105° + sin105°), z, = 2(cos 15° + sin 159),
5. z; = 12(cos 145° + sin 145°), z, = 2(cos 5° + sin5°),

6. z; = 7(cos 255° +sin 255°), z, = 2(cos15° + sin 15°),
7. z; = 9(cos 168° +s5in 168°), z, = 2(cos 12° + sin 129),
8. z; = 6(cos40° + sin40°), z, = 2(cos 20° + sin 20°),

9. z; = 3(cos40° +5in40°), z, = 2(cos5° + sin59),

10. z; = 10(cos 75° +sin 75°), z, = 2(cos 15° + sin 159),

11. z; = 9(cos 123° + sin 123°), z, = 2(cos 12° + sin 12°),
12. z, = 5(cos160° + sin 160°), z, = 2(cos 20° + sin 20°)
13. z; = 3(cos 235° +sin 235%), 2z, = 2(cos5° + sin 59),
14. z; = 4(cos30° + 5in30%), z, = 2(cos15° + sin 159),
15. z, = 2(cos 258° + sin 258°), z, = 2(cos 12° + sin 129),
16. z; = 7(cos115° +sin115%), z, = 2(cos 20° + sin 209),
17. z; = 14(cos 310° + sin 310°), z, = 2(cos5° + sin 59),
18. z; = 8(cos45° + sin45%), z, = 2(cos 15° + sin 15),
19. z; = 6(cos213° +5in 213%), z, = 2(cos 12° + sin 12°)
20. z; = 9(cos 70° + sin 70°), z, = 2(cos 20° + sin 20°),
21. z; = 4(cos40° +s5in40°), z, = 2(cos5° + sin5?),

22. z; = 6(cos300° +sin300°), z, = 2(cos15° + sin 159),
23. zy = 3(cos33° +5in33°), z, = 2(cos12° + sin 12°),

24. zy = 5(cos 250° + sin 250°), 2z, = 2(cos20° + sin 20°),
25. zy = 8(cos85° +5in85%), z, = 2(cos5° + sin5?),

26. z; = 10(cos 165° + sin 165°), z, = 2(cos 15 + sin1 59),
27. z; = 9(cos48° +s5in48°), z, = 2(cos12° + sin 12°),

28. z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos 175° +5in 175%), z, = 2(cos5° + sin 5°),

’

30. Z = 16(COS 1200 + sin 1200), Zy = Z(COS 150 + sin 150), KOHTpOJ'IBHBIC BOHpOCBI

IIpakTnyeckas padora Ne 30 mo reme
«Pemenne ypaBHeHMii HA MHOKeCTBEe KOMILJIEKCHBIX YHCEJ

Iesab: HAy4YUTH pelIaTh YPaBHEHUSI HA MHOKECTBE KOMIUIEKCHBIX YUCEI

3agaua 1

Pemute kBagpaTHoE ypaBHEHUE:
. x2-2x+17=0
22x2+2x+1=0
3.4x2-4x+17=0
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4x>+6x+25=0
5.4x*-20x+29=0
6.9x%-6x+2=0
7.x*-4x+29=0
82x>-2x+5=0
9.4x*+4x+5=0
10.x*-4x +13=0
9x2-6x+17=0
12.4x*-12x +25=0
13.x°+4x+5=0
14.2x>—10x+17=0
15.x%-6x+13=0
16.x*+6x+18=0
17.x>-4x+40=0
18.4x%-12x +13=0
19.2x*+6x+5=0
20x*2x+5=0
21.9x%-6x+10=0
222x°+6x+5=0
23.x2+6x+13=0
24.2x%-6x +17=0
25.9x%%-6x +2=0
26.x%-6x+10=0
27 x*+2x+26=0
28.2x*+6x+9=0
292x*+10x+13=0
30.x°-6x +34=0

CamocrosiTeqnbHas padora

BAPUAHT 1
JlaHbl KOMILIEKCHBIC YKcia: z1=2-31,

72>=21+3, z:=3-21.

Boeruucnure: a)zi+ z2;

6) Z1+ Z3; B)
Z1=22; T) 2o=23; 1) Z1 - Z2; €) Z3 * Z2.
Boraucnure: (2-i0)(2 +1i)-(3-2i)+

7.

3. HaiitTu d4acTHOE KOMILJIEKCHBIX

: 1

1 1
gucen: a) | i ; 0) 1+i 2+i ; B)

BAPUAHT 2
1. JlaHBI KOMIUIGKCHBIC YHCIIA: Z1=2+i,

2=3 i+1, zz=—2-I.
Boruucnure: a)zi+ z2;  0) z1+z3;  B)
1—22;F) Z2—23,
N) z1 - 225 €)z3- z2.
Boraucnure: (3 +i)(3 -1) - (6 +2i) + 7.
3. Haiitu 4acTHOE KOMIUIEKCHBIX
1 1 3+i

gpcen: a)i; 06) 1-i ;B) 2-2i
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371 5 y
2420 3¥27. 4. 1300pa3uth Ha KOOPIUHATHOM
MIJIOCKOCTH U TIPEACTaBUTh
. cleAyIoIe KOMIUIEKCHBIE YhCia B
4. | 3006pa3uTh Ha KOOPIUHATHOM
IJIQCKOCTH U MPEACTaBUTH CICIYIOIINE TPHTOHOMETPHIECKOH popue:
P Y a)-4; 6)i; B) l-i; r)-V3+
KOMILICKCHEIC YKCJIa B 5 |Hais M
TPHTOHOMETPHUYECKOHN (hopMme: -(HauTH  KOOpHMHATLI Toukn M,
: . n300paxkarolie KOMIIJIEKCHOE YHCIIO:
-3; -I; + i : ;
a)-3;  6)-i; B) 1 +i; r) 2-3i  6i-4
~14i V3. 7= 2T —i+ T2
5. |Haiitm KoopAWMHATBI TOYKH M,
. 6.|Pemure ypaBHEHHS B KOMIUTEKCHBIX
M300paxarolie KOMIJIEKCHOE YHUCIIO:
5io  gj3 5ti  —2+i YUCax:
A=2= 3 st oj o-jtit 3o a) xX*-8 x +17=0; 0)
X*+ix+20=0.
6. Pemmnre ypaBHEHUS B KOMIUIEKCHBIX
Yu¢Iax:
a) x*~4 x+8=0; 0)
X+ix+6=0.
Tect mo Teme «KoMIIeKkCHBIE YHCTIA»
Bapuanr I
Zo =2z = =1 i
Al. JlaHbl KOMIUICKCHBIC YHCIa ~! : . Torma
O+71
6-71
2-31
4+6i1
A2. H300paxenne KOMIUIEKCHOTO yncia - = - 3 ymeer By
a) y y
3
c) |
0 0
1 X 1 X
y
3
-3
v 1 |
v
1
[ >
-3 0 0
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b) d)

A3.Ecmu = =4+i 1o conpsyKeHHOE eMy 4UCII0 - PaBHO

1+4i
5+
4
1-41
A4. Ecim ~! =I4diz;=2- 3 ,TO ! T
2+31
3-1
3
3+61
AS5. Jlano koMmiekcHoe uucio - =4- 3 | 1o ero Momyns paseH

8
16
-5
5

A
o=
q

A6. Moaynb KOMIUIEKCHOTO YHCIIA =2, a apTYMEHT . Torna B TpUrOHOMETPUYECKON

dhopMe KOMIUIEKCHOE YUCII0 UMEET BU/T

T . T
2icos —- § 51 —)
a)
il T
2isin—- 4 cos—)
b)
T Wk
2eos —+ 7 50 —)
c)
o) i
2SI —+ 7 cos =)
d)
Z1
gy =l bz, =3+ 3 . _
B1. /laHbl KOMIIJIEKCHBIC YHCIa > . Haninure 22
C1. Pemute ypaBHeHHEX2-6x+25=0
5-7Z1+4 2>
37 S50 i 7 =0-G |
z=5-2 i z=2-6 |
C2. Beraucnure 1 ,eClHm 1 2

Bapuanr I1
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IIpu BhInoJiHeHnHU 3a1aHuil Al - A8 He00X0AMMO MPOCTABUTH HOMEP
BAPMAHTA O0TBETA, KOTOPbI COOTBETCTBYET HOMEPY BHIOPAHHOTO
Bamu oTBeTa

- =] +5 - = 1 - st
Al. JlaHbI KOMIUIEKCHBIC Yncya ' iz, =3 4 Torna
15+8i
23+111
23-31
20+61
A2. U306paxkeHne KOMIUIEKCHOTO 9ucaa = =2 + 3 ymeer BUA
a) c) vy
y 3
o 0
2 X
0
] 2 X
-3 v
v y
B) y 1) 3
2
\l » >
-3 0 x D 0 .
v v

A3.Eciu = =2+3 10 conpsykeHHOE eMy YHCIIO - PaBHO

2-31
3+2i
3-2i
4+61

oo=3+iz, =4+ 0 ey
A4. Ecimm 7! : ,TO0 7! 7F
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7431
4+61
7-31
4-61
AS5. Jlano koMIuIeKcHoe yucio - =12 +3 10 ero MOJYJIb paBEH

=

e
A6. Moaynp KOMIUIEKCHOTO YHCIIA =3, a apTyMEHT 3

' . Torma B TpuroHomMeTpruyecKkon

dhopMe KOMIUIEKCHOE YMCII0 UMEET BU/T

5 Er AT o
) :.f.cu::T— i -SJ[]T_I
a
b)
c)
d)
Z1
g == Azy =340 7
B1. JlaHbI KOMIUIEKCHBIC YHCIa . Hanimure 2
C1. Peumnre ypasrennex -4x+29=0
571+4 7
C2. Boruucnure 3 Z4 , CCIIN  z1=4+j ; 2p=2+3 |
Bapuanr 111
go=dadi o =l 43§ i
Al. JlaHbl KOMIUICKCHBIC YKCIa ! : . Torma ™'
8+6i
-10+101

4-31
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d) -2+8i

2 ==2+]
A2. N3o0pakeHre KOMIUIEKCHOTO YUCIauMEET BH/T

b) d)

v

A3.Eciu = =3+3 18 conpsiKeHHOE eMY YMCIIO -

-3+51
3-51
5-31
-5+31

7-1

5431
5-21
7-31

y

v

paBHO

AS5. Jlano KoMIIeKCHOE uucino - ==+ 3 1o ero Moaysb paBeH
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Ge=
A6. Moaynp KOMIUIEKCHOTO 4Hclia =4, a apryMEHT

J|1-.1

. Torna B TpUrOHOMETPUYECKOU

(dbopMe KOMIJIEKCHOE YUCII0 UMEET BU/T

o owp oA
4{cos - Fisin )
a) 2 2

b)

c)
d)

5 =23z, =4+
B2. JlaHbI KOMIUJIEKCHBIEC YMCIIa . Haiinure 2
C1. Pemmre ypasHennex” -4x-+13=0
S5 Z1+4 2
C2. Borunciure 3 Z4 , €CIIU  z1=3+ 5/ ; z2,=6-2 i

Bapuant IV

¥ o — A - -
Al. JlaHBI KOMIIIEKCHBIC YHCIa ' =l+diz, =3- 4 . Torma ' ~¢
3461
3-8i
11+2i
4-2i

2l ymeeT BHIY

A2. I/I306pa)K€HI/I€ KOMILJIEKCHOTO uHcia = =!
y 2
a)
c)
. R 0 ]
»” 1 X
0
1 X
—
v y
¥ 2 146
v

v




b) d)

A3.Ecmu = =3~ 21 10 conpsiKEeHHOE eMY YMCIIO -
paBHO

5+2i
2-51
2-51
1+6i
A4. Eomt =2~ 3z, =445 1o B¥EH
4+6i1
6+2i
4-3i
6-21

AS5. JlaHo KOMTIIeKcHoe wieno - —+ * 25i , TO €70 MOJyIIb PaBeH
10
8
6
-6

= o
A6. Moaynb KOMIUIEKCHOTO 4Hciia 1=4, a apryMEHT & . Torma B TPUTOHOMETPUYECKON

q)opMe KOMIIJICKCHOC YHUCJIO HMCCT BHU [

e G
Hsimm—-{ cos—)
a) & =

Ao ow A
Heos —+ 7 810 —)
& 5

oy s
4{cos —- i s1n—)
C) o [

sudE a8
Hsin—+ 7 -cos—)

d) 5 5

5]

3= iz, =443

B2. JlaHbI KOMIUIEKCHBIC YHCIa . Hatimure 2

C1. Pemute ypaBHeHue2,5x>+x+1=0
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5-7Z1+4 2>

37 4o iy ead
C2. Boruucnurte 1, €ClK 2 2 2 3-4
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Jlekumus Ne 1. Matpunsbl. /lelicTBUsI ¢ MATPUIIAMHU.
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1.1 OcHOBHbBIE IOHATHS.

Mampuyeti Ha3pIBAETCS IPSAMOYTOJIbHAS TAOIUIA YHCEII, COIEpIKAIIAs M CTPOK OJUHAKOBON

JUTUHBI(UITH 71 CTONBLOB OAIMHAKOBOM [/IMHbI). MaTpuua 3anmcbiBaeTcs BUAE:

a a a

1M1 12 n
a a a

A= 21 22 ve.o2n
d

am1 amz2 ... mn)

WM, COKpaEHHO, A = (ay), tae i =1, m (t.e. i = 1,2,3,...,m) — HOMeDp cTpoku, j = l,n (1.e.j = 1,2,3,...,n)
— HOMeEp cToJIOIA.

Marpuna A Ha3bIBalOT MaTPUILEH paszmepa m X n M TUIYT Anm x ». YUCHA @4,COCTABIAIONIIUME MATPUILY
Ha3bIBAIOTCS €€ aemenmamu. DIEMEHTHI, CTOAILME HA JUarOHalIu, UAYyIIeH U3 BEPXHETO JIEBOr0 yIia,
00pa3yroT 21asHy0 OUA2OHAb.

Matpuiisl pagnst mexcdy coooii, €Ciii paBHbI BCE COOTBETCTBYIOIIME 3JIEMEHTHI 3TUX MaTpHI], T.€.

A =B, ecuaij=bij,tnei = 1l,m, j =1, n.

Marpuria, y KOTOpO# YUCIIO CTPOK PaBHO YHCITY CTOJIOIOB, HAa3bIBACTCS Keaopamuoii. KanpatHyro
MaTpUIly pa3Mepa n X 1 Ha3blBalOT MaTpUIIeH n-To nopaoka.

KBagparHas matpuiia, y KOTOPOM BCE 3JIEMEHTBI, KPOME 3JIEMEHTOB TJIABHOW TUArOHAJH, PaBHBI
HYJIIO, HA3bIBACTCSI OUAZOHAILHOIL.

JnaroHanpHas MaTpuua, y KOTOPOU KaK/Ibli AJIEMEHT IVIaBHOM IMAaroHaJld paBeH €IMHULE,
HasbIBaeTCs eounuunou. O6o3navaeTcst OykBoi E.

Ilpumep 1.1
100

Esxs ) 00 01 10 €IMHUYHAsA MaTpyIa 3-ro nopsjka.
KBazpaTtHas MaTpuiia Ha3bIBa€TCSl MPEY201bHOIL, ECIIN BCE DJIEMEHTBI, PACIIOJI0KEHHBIE 110 OJHY
CTOPOHY OT I'JIABHO TMaroHaiu, paBHbl HYJIIO.
Matpwuiia, BCce 3JIeMEHTBI KOTOPOI paBHBI HYJIIO, Ha3bIiBaeTcs Hyaegoit. O6o3HauaeTcs OykBou O.

Nwmeer Bux:
00...0) 0=00...0
00...0
B matpuunom ncumncnenuu matpuiisl O u E urparot poss uncen 0 u 1 B apudmeruxke.

Martpuua, cogeprxaiias oAUH CTOJIOEL WU OJHY CTPOKY, Ha3bIBA€TCSl 6eKMOpom (WU BEKTOP-

CTOJ'I6CI_I, HJIN BEKTOP-CTPOKaA COOTBCTCTBCHHO). Hx Bun:
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)

=(b1 b2 .. ... d
am
Martpuia pasmepa 1 x 1, cocrosiast U3 0JJHOTO YHUCIA, OTOXKACCTBIBIETCS C 3TUM YUCIIOM, T.€. (5)ix1
eCThb 5.
Martpuia, noxydeHHas U3 JaHHON 3aMEeHOM KaXKI0H e€ CTPOKH CTOJIOLIOM C TEM e HOMEPOM,

o 9 o T
Ha3bIBACTCA MATPULICU MPAHRCROHUPOBAHHOU K TAHHOMU. O0o3HavaeTcsa A .

TaKecnuA=(13 24),moAT=(12 34),ecr/uA=(1o), moA"=(1 0)

TpaHCIOHHPOBAHHAS MATPHIA 0OMAAeT CIeAYIOUHM cBoiicTBOM: (A') = A.

1.2. JleficTBMSI HAl MATPULIAMH.

Cao:xenue:
Omniepanys CI0XKEHHS MAaTPHUI] BBOJUTCS TOJIBKO JIJIST MAaTPHUI] OJTMHAKOBBIX Pa3MEPOB.
Cymmoti 08yx mampuy, Ama= (aij) 1 Bnxn = (bij) Ha3pIBaeTcst Matpuna Crman= (Cij) TakKas, 4o cij= aijt+ bij (i =

1,m, j = 1,n). 3ammuceiBaror C = A + B.

2-303 3 -1 5 0 -1

w12 (4 5 6) (2 5 4 J2 01)

AHaJOTUYHO ONPEACISIETCS PA3ZHOCHb MAMPUY.
YMHOKeHHe HA YHCJII0:

Ilpousseoenuem mampuywvl Amxn = (aj) Ha yucio kHazpiBaeTcst Matpuna B = (bj) Takas, uto by = k*ay (i

= 1,m, j = 1,n). 3anucwiearom B =k * A.

0 -1 _
Ilpumep 1.3. A=(3 4 52),k=2,A*k=(60 82 104)

Martpuma — A = (-1) * A Ha3bIBaeTCs npomusononodicHol MaTpuie A.

Paznocth matpuir A — B MoxxHO onpenenuts Tak: A — B = A + (-B).

Omnepanuu CIOXKESHHUSI MATPHUI] U YMHOXKEHHSI MATPUIIBI HA YHUCIO 00JaIal0T CIEIYIOIIUMHE C8OUCTNEAMUL:
1. A+B=B+A; 5.1*A=A;
2. A+(B+C)=(A+B)+C; 6.0*(A+B)=0A+aB;
3. A+O=A; 7.(0+B)*A=0A+pB;

151



4. A-A=0; 8.0*(BA)=(ap)*A, I'ne A, B, C — maTpumpl, o u § —
qucia.
JJleMeHTApHbIEe TPeo0pPa30BaHUs MATPUIL:
DnemenmapHviMu npeodopa3z08aHUAMYU MAMPUY AGTAIOMCAL:
[TepecTanoBka MecTamMu IBYX MapaJiIeIbHBIX PSIJ0B MATPHUIIHI;
YMHOKEHHUE BCEX ANEMEHTOB psAJla MAaTPHUIIbI HA YHUCIIO0, OTIMYHOE OT HYJIS;
[TpubaBneHne KO BCeM JIEMEHTaM psiJia MaTPHUIbI COOTBETCTBYIOIIMX AJIEMEHTOB MapalljIeIbHOTO
psia, YMHOXKEHHBIX Ha OJHO U TO K€ YHUCIIO.
JlBe matpunsl A m B Ha3bIBalOTCS SKBUBAJICHTHBIMH, €CIIM OJHA W3 HUX TOJNyYaeTcs W3 JIPYroi ¢
MOMOIIBIO 3JIEMEHTAPHBIX TpeoOpazoBaHuil. 3anmuckiBaercsa A ~ B.
[Ipy momomM >JIeMEHTApHBIX MPEoOpa3oBaHU JTIOOYI0 MaTpUIly MOXHO TPHUBECTH K MaTpuIlEe, Y
KOTOpOH B Hauaje I1aBHOW JUAaroHajld CTOSAT MOAPS] HECKOJIbKO €IMHMII, a BCE OCTAJIbHbIE JIEMEHTHI

paBHbI HyI10. Takylo MaTpuUIly Ha3bIBAIOT KAHOHUYECKOU, HAIPUMED

1. 000
0 100
0 40
(¢ o oo
Ilpumep 1.4. IlpuBecTy K KAHOHUUECKOMY BHUJly MATPHUILY
23 1 2

A=\ 40 00 -51 11)

Pemenue: Boimonnss QJICMCHTAPHLIC Hp606p330BaHI/I${, mojydacm

23 1 2 1322 1 3 2 2 1 0 0 O

(¢ 02 -5t 11) (-51 02 40 11) (00 —515 —26 —39) (00 —515 -26 —39)

1.0 O 0O 10 001 000

(+ 1y -13) (00 4ot o) [ o' 0

IIpousBenenue maTpui:

0

Omnepaiusi yMHOKEHHUS JIBYX MaTpPHIl BBOJAUTCS TOJIBKO JJIS CIydasi, KOTAa YUCIO CTOJIOIIOB MEpBOM

MaTpHIIbl PABHO YHCIY CTPOK BTOPOI MaTpPHUIIBL.

[IponsBenennemM mMaTpulbl Amx= (ai) Ha Matpunty Bnxp = (bjx) Ha3piBaeTca MaTpuna Cnxp = (Cjk) Takas,
910 Cik= @it * b+ a2 * bax + ...+ awbu , THE 1= 1,Mm, k = 1,p,
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T.e nnemeHT 1-i cTpoku U k-ro cronbua matpuubl npousBeneHuss C paBeH cymMMme NpPOU3BEICHHI
9JIEMEHTOB 1-H CTPOKM MaTpullbl A Ha COOTBETCTBYIOLIME 3JEeMEHTHhl K-ro cronbma marpuusl B.

HonyquI/Ie QJICMCHTA Cij CXEMATHYHO H306pa>KaeTc;1 TakK

Ecnu matpunel A u B kBajgpatHbele ogHOro pasmepa, To npousseneHus AB u BA Bcerga cyiiecTByloT.

Jlerko nokazath, uto A * E=E * A = A, rne A — kBajparHas matpulia, E — equHUYHAas MaTpuiia TOro

e pazmepa.
Mpumep 1.5
b b
a a a "2 abta pta b abta bta b
1M1 12 13 *()21 » = M 1 12 o2n 13 3N 1 2 12 2 13 R
(aaa) b ta b+a b ab+a bta b
21 22 23 b31 32) a1 b11 22 21 23 3 212 2 2 23 3 )
1

3
Tlpumep 1.6. A=(3 10 ),B=(1 2 ) . Torna npoussenenne A * B He onpejieNieHo,Tak Kak 9UCII0
cronioroB Matpuisl A(3) He CcOBMagaeT C 4YuciaoM CTpok Marpuitel B(2). Ilpu stom ompeneneHo

npousBeneHue B X A, KOTOpoe CUUTAIOT CIeIYIOUINM 00pa3oM:

1 312 1 149 243 1+0 10 51
pxa=(12)*(3 1 0) (16 202 10)°(7 4 1)
Matpuusl A 1 B Ha3zpiBaroTCcs IepecTaHOBOYHBIMY, eciii AB = BA.
YMHOKEHHE MaTpHULl 00JIaJaeT CICAYIOUIMMU CBOWCTBAMH:
1. A*(B*C)=(A*B) * C; 3.(A+B)*C=AC+BC;
2. A*(B+C)=AB + AC; 4. o(AB) = (0A)B,
Ecin, koHEUHO, HallMCaHHBIE CYMMBI M IPOU3BEACHUS MAaTPULL UMEIOT CMBICIL.
Jlist oniepauyuy TpPaHCIIOHUPOBAHUSL BEPHBI CBOMCTBA:
1. (A+B)'=A"+B"; 2.(AB)"=BT* A",
BOITPOCHI JI CAMOIIPOBEPKH
Yto Ha3bIBaeTCA MaTpUIIEH?
Kaxue matpuiisl Ha3bIBalOTCS PaBHBIMU?
Kaxkas maTtpuna Ha3pIBaeTCs €qUHUYHOMN?
Kaxkas matpuna Ha3piBaeTcs TpaHCIIOHUPOBAHHOW K JTaHHOW?
Kakue neiicTBUs MOXHO BBITIOHATh HaJl MaTpUIIAMU?
[lepeuncaure snemMeHTapHbIe TPe0Opa30BaHUS MATPHIL.

Bcerna au BRIMOTHUMO I€MCTBUE YMHOXKEHUS IBYX MaTpull?
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8. Ilepeuncnute cBONHCTBA, KOTOPHIMU O0JIaJa€T YMHOKEHUE MATPULI.

Jlexkums Ne 2. Onpenenuresnu.

2.1. OcHOBHBIE TOHATHS.

KBanpatHo#t MmaTpuIie A mopsiika 7 MOKHO CONOCTaBUTH yrciio detA (umu |A|, wiu A), Ha3pIBaeMoe
OTIPEICIIUTEIIEM, CIIEIYFOIIUM 00pa3oM:

n=1.A=(ay),det A=a.

a 1 a 12 a 1 a 12
n=2,A=\ a 2 a‘2) detA=] a 21 a “22|=ankan—an ax
a a a a a a
1M1 12 13 1M1 12 13
3 n=3,A=a a a detA=a a_a_=a _a_a *taa_a_ t,
. 21 22 23 21 22 23 1M1 22 33 12 23 3
a a a
ast 32 33) ast 32 ass

a a a-a a a-a a a-a a a

21 32 13 31 22 13 21 12 33 32 23 1

Onpenenurens MaTpUIbl A Tak)Ke HA3bIBAIOT €€ JeTepMUHAHTOM. [IpaBuiio BeUKCIEHUS

JIeTepMUHAHTA JAJI1 MAaTPULbI HOpsiaka N SBIISIETCS JOBOJIBHO CIOXKHBIM ISl BOCHPUSITHS M IPUMEHECHHUSL.
OHAaKO W3BECTHBI METO/IbI, TTO3BOJISIONINE PEATH30BATh BHIYUCICHHE ONPEACIIUTENEH BEICOKUX
MOPSIKOB Ha OCHOBE ONpeeNuTeIe HU3MUX MopsiakoB. OJUH U3 METOI0B OCHOBAH Ha CBOWCTBE
pa3I0XKEHHsI ONpeIeTUTENs IO AIEMEHTaM HEeKOToporo psiaa. [Ipu sToMm 3ameTrM, 4To OnpeneauTenu
HEBBICOKUX NOpsAaKoB(1,2,3) jxenaTenbHO YMETh BHIYUCIISTH COMIACHO OnpeiefieHuto. Beruncienue
ONpeAeNUTelNIs 2-T0 MOPsIIKa UIUTFOCTPUPYETCS CXEMOI:
[ X J [ X J ([ X J
[ X J [ X ) [ X J

Ipumep 2.1. Haittu onpenemarenn marpun (2 72)u (95 SN @)

5 6 -sina  cosa
2 3
Pewienue: | B |=2*6—5*(—3)=12—(—15)=27 5
cos  a sina s
- sin @ cos al=cos” a+sin” a=1

[Tpu BbIYKCIIEHUH OIIpeenuTeNs 3-ro HopsaaKa yI00HO MOIb30BaThCs MPABUIIOM TPEYTOJIBHUKOB (MU

Capproca), KOTOpOe CUMBOJIMYECKU MOYKHO 3alHCaTh TaK:

Ipumep 2.2. BbIYUCIUTD ONPEICTUTETb MATPUIIBI
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Pemenne:
det A=5*1*(3)+(2)*(-4)*6+3*0*1-6*1*1-3*(-2)*(-3)-0*(4)*5=-15++48-6
—18=48-39=9.

2.2. CBoiicTBa onpeeuTe/Iei.

Cdhopmymupyem OCHOBHBIE CBOWCTBA OTPEACTUTENCH, IPUCYIIHE OTIPEIEITUTEIIEM BCEX TTOPSIIKOB,
HEKOTOPBIC U3 ATHX CBOMCTB IMOSICHUM Ha OMPEICIIUTENSIX 3-T0 MOPSIKA.
Csoticmeo 1(«PaBHOMPAaBHOCTH CTPOK H CTOJIOIOBY). OnpeaenuTeslb He U3MEHUTCS, €CIIU €T0 CTPOKH

3aMCHHUTDb CTOJIGLIaMI/I, )41 HaO60pOT.

a a a a a a
a a a M2 13 M 21 31
1M1 12= 1 @ a a.=a _a a
WHBIMH clIOBaMH, 2,8 o 2 223 12 w w
a a a
az1 an an 22| a3t 32 g s3] |as 23 ayn

JanbHEeHIeM CTPOKHU M CTOJIOLBI OyieM IPOCTO HAa3bIBAaTh PSAAAMU OIPEICTUTENS.

Csoticmso 2. I1pu nepecTaHOBKe JIByX HNapajjielIbHbIX PSAAOB ONPEAeIUTENb MEHSET

3HaK. Ceoticmeo 3. OnpenenuTeib, UMEIOITUHN ABa OJIMHAKOBBIX Psijia, paBEH HYJIIO.

Ceoticmeo 4. O6mU MHOKUTENb 3JIEMEHTOB KaKoro-1100 psiia ONpeeauTeNsl MOKHO BBIHECTH 3a 3HAK
OTIpEIeIIUTEIS.

W13 cBo¥icTB 3 M 4 cieyer, 4To eClI BCE 3JIEMEHTB HEKOTOPOT'O PsiJia MPOMOPIHOHAIBHBI

COOTBETCTBYIOIIIKMM 3JIEMEHTaM NapajuieIbHOrOo PsiAa, TO TAaKOM ONpeleauTeNb PaBeH HYIIIO.

a a a a a a
11 12 13 11 12 13
k*
Jleiicteutensuo, k*a , kka a | =kka a a,=k*x0=0
a a a
as1 32 33 as1 32 ass

Ceoticmeo 5. Ecnu 31meMeHTBl KaKoro-JIM0o psiia ONpeAenuTelNs MPeJCTaBIsIIoT cOO0M CYMMBI JIByX

ClIaraeéMbIX, TO OIpPEAEIUTENb MOXKET ObITh pa3JIoKeH Ha CYMMY JABYX COOTBETCTBYIOLIUX

ONpeACIUTENCH.
a a a a a a
a1 12 ay3th 1M 1213 1M1 12 p
Hanpuwmep, a1 a a :C =a a, apta, a,c
a a a
31 32 ast+d asi 32 as a; 32 d

Csoticmso 6 («DneMeHTapHbBIe TPEOOpa30BaHuUs ONpeaeTuTeNs»). Onpenenurens He U3MEHUTCS, eCITH K
AJIEMEHTaM OJTHOTO PsiJia TPUOABUTh COOTBETCTBYIOIIHME JIEMEHTHI MapauICIbHOTO Psifia YMHOKEHHBIC Ha

JIF000€ YHCIIO.
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a a a a a
1M1 12 13 11 12 gquatk*kaq

Ilpumep 2.3. JlokazaTh, 4TO A=a ,, a ax=a 4 a, atkkxa ,

a a
as 3 an a3 amstkkasm

Pemenue: [leficTBUTENBHO, UCIIOJIB3YS CBOMCTBA 5, 4 U 3, MOIYyYUM
k* a1

a a a a a a a a
mo13 2 11 12 13 1M 12 12
’¢.3 +kk
8.8 ,» 8 T8, 8, 38,8 n @y 8y SAtkX0=A
a

ay 32 k*as as1 32 ass as1 32 asz

JanpHelme cBoMCTBa ONpeeUuTeNel CBSI3aHbl C MOHATUSIMU MUHOPA U alre0panvyeckoro AOMOTHEHUS.
Munopom HEKOTOPOTO 3EMEHTA @;;ONPEIETUTEINS 1-20 TIOPsIIKa HAa3bIBAE€TCS ONpeAeNuTeNb 1 — 1-ro
TOPsI/IKA, TIOTYYCHHBIN U3 UCXOHOTO IMyTEM BBIYEPKUBAHUS CTPOKHU U CTOJIONA, HA TIEpeCeUeHUH

KOTOPBIX HAXOAUTCS BbIOpaHHBIN d5ieMeHT. O003HavaeTcs mij.

a a a
1" 12 13 _ a22 a ) aﬂ a
TakecnuA=a a , a, »Momu= 23 M= 13
a
831 32 ass as2 ay ] az1 axs

AﬂzeﬁpauquKuM O00NnoJIHeHuem DIIEMEHTA aiONPCACIIUTEIIA Ha3bIBACTCA €ro MHHOP, B3SITBIH CO
3HAKOM «ILTIOC», ECIIM CyMMa i + j— 4ETHOE YHCJIO, M CO 3HAKOM «MHHYC», €CJIM OTa CyMMa HEYETHas.
Oo0Oo3Hauaercsa Aiji: Ai= (-1)i+j * mij.

Tak, At = +mii, A2 = -ma2.

Csoticmeo 7 («Pa3noxkeHue ONpENENUTENs 10 SIEMEHTaM HEKOTOpPOro psana»). OIpenenurensb paBeH
CyMMEe HpOI/I3BeI[eHI/II71 QJICMCHTOB HCKOTOPOro psAa Ha COOTBCTCTBYIOIIHEC UM aﬂre6pal/lquKI/Ie
JOITOJIHCHU .

MpouNNOCTPMPYEM U OJIHOBPEMEHHO [OKAaXXeM CBOWCTBO 7 Ha NMpuMmepe onpefenunTtens 3-ero nopsgka. B atom caydae

CBOMCTBO 7 O3HAYaEeT, YTo

a a a
11 12 13

=ai1kAntakAn
A=a a aytanxAs

a
asy 32 ass

B camom pgene, umeem

a x| )ta *¢

a xA+axA +axA=,ax|a, ta (-] a
12 13 12(|a W ax 13

1 1 12 a

13 1 1a » an

221 _ —.
ol 32 |=an (a2 ass-azs asp )-an (221 ass—azs ast)+ars (a1 as-az asi)=;

a a a-—a a a—a a ata a a ta a a -—a a a =A
11 22 33 11 23 32 12 219 33 12 23 32 13 21 32 13 22 31

CBoiicTBO 7 cofepKUT B cebe crtocod BBIUMCIICHUS ONpeAeTUTeNe BEICOKUX

nopsakoB. Ilpumep 2.4. BoranicnuTe onpeneanTenb MaTpUIlbI
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3 5
-1 7

o~
- 00

Q)
(¢ —17 4

Pemienue: I[J'ISI Pa3JI0XKCHUA OIPCACIUTCIIA 00BIYHO BBI6I/IpaIOT TOT psAd, TAC €CTb HYJICBBIC 3JICMCHTHI,

w

T.K. COOTBETCTBYIOIIUE UM CJIaraeMbIe B Pa3jI0KeHUU OyIyT paBHBI HYIIIO.

3 5 78
17 01 5 7 8 5 78 5 7 8 578
=35 3 2|+x| 5 3 2[+0x] 7 0
| o O 7342 |—17 4 -17 4 -17 41‘1*573021=¢

o 3%K(Tk3%4 +(=1)%k 0% 2+5% 7k 1 —(=1)%3% 1 7k 7% 2 — 5k 0%4)+(5% 3k 4+(=1)% 7k 2+5% 7 %8 —
(-1)%3%8 —5%7

Cesoticmeo 8. CymMa nipou3BeIeHUI 3JIEMEHTOB KaKoro- 100 psija OnpeneinuTess Ha anredpanyeckre
JIONIOJTHEHHSI COOTBETCTBYIOIIHMX JIEMEHTOB MapaJUIeIbHOTO PsAZia paBHa HyI0. Tak, Harpumep, andzr +

anAz2 + aizdzs =0

BOIIPOCHI J1s1 CAMOIIPOBEPKHN
Chopmynupyiite nIpaBuIo BBIYUCIECHUS ONPEIEINTENs BTOPOrO MOPSIIKA.
Cdhopmynupyiite npaBuia BEIYUCICHHUS ONPEAETUTENS TPETHET0 MOPSIKa.
[Iepeunciure cBOKCTBA ONPEACIIUTEIEH.
Jaiite onpezesieHne MUHOPa HEKOTOPOTO 3JIEMEHTA ONPEAECIIUTENS.

JlaliTe onpenenenne anredpandecKoro TOMOJTHEHUS dJIEMEHTA OTPEISTUTEIIS.
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Jleknus Ne 3. HaxoxaeHue oOpaTHOM MAaTPHUIbI.

OcHoOBHBIE TOHATHS.

Ilycth A — KBagpaTHAst MaTPHUILIA 1-T0 NOPAAKA
a a a

1 12 1n
a a a
A= 21 2 .., 2n

... da
an1 am nm )
KBanpaTHas MaTpuia A Ha3bIBAECTCS HEEbIPOIHCOCHHOIL, eCli onpenenuTenbA = det A He paBeH

Hymo: A = det A = 0. B npotuBHOM citydae (A = 0) maTpuiia A Ha3bIBaCTCS bIPOHCOCHHOIL.

Marpuuel, coroznoit Kk mampuye A, Ha3bIBaeTCS MaTpUIla

A A A
a a 3 1" 21 oo
1 21 nt § =A 12 A 22 An2
a a a
12 22 n2 e
A A A
= . e 1n 2n nn)
a
ain an m )

Trac Aij - anre6pa1/1qe01<oe JIOTIOJTHEHHUE DJIEMEHTA a;jJaHHOM MaTpHUIbl A (OHO OIPCACIIACTCA TaK K, KaK

U anreOpanydeckoe JOMOJHEHHUE HJIEMEHTA ONPEeTUTeNs).
Marpuna A™' HaseIBaeTCs 0Gpammuoil Matpuue A, eCli BBITOIHACTCS
yernore A*A'=A"*A=E,
rae E — eqMHMYHAs MaTpuna TOro ke Nopsaka, yTo u Marpuua A. Matpuna A mmeer Te ke pasmepsl,

4TO ¥ MaTpuua A.

OopaTHasi MmaTpuna.

Teopema 3.1. Besaxas HegblpodicOeHHAs Mampuya umeenm 0Opamuyio.

MpoBeaéM A0Ka3aTENLCTBO A5 Caydas MaTpuLpbl 3-ro nopagxa. Myctb

a a a
M 12 13

A=a a _ a_ ,npudyem det A=0
22 23

21

a a
asz1 32 33)

CocTaBMM COHO3HYHO MaTpULLy

A

1" 21 31

A=A A A
2 "2 Uy

A A

Ay 23 33)

v .. 3k
1 HalaEM TIpou3BeieHue MaTpuil A u A
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a a a A A A a A A+a A a A A+a A
"1 1

"oo12 1 1 12 13 1M ti4gp 12 13 13 1 34gp 2B ® detA O
i _. _.
AXA=a , 8, a, %A, A, A, =iaAraAva ALy . a A e A ra A = 0 det A
g., @ @ A A a A ta  +a A aA+a +a A 0
M ow ow ) \Ay 2w o mAR mos s 0 AR B3 B ) 0

371ech MBI UCIIOJIb30BAJIM CBOWCTBA 7 U 8 onpeenuTenei.
AHaJOrM4HO yOex1aeMcs, 4To

A" *A=detA *E.
Papenctsa (3.2) u (3.3) nepenuiiem B BUIE

A*(A"/detA)=E u (A" det A) * A =E.

CpaBHMBasi NOJIyYEHHbIE pe3y/ibTaThl C onpeaeneHuemM (3.1), noayyaem

1" 21 31

A-1= A;,m.e.A_1= 1>|<A A, A,

12 22 3!
A A A
det A det A 1323 3
OT™meTuM ceoticmea 0OpaTHON MAaTPULIBL:
det (A")=1/det A;
(A*B)y'=B'* A"
(AT = (AT

2
Ilpumep 3.1. Haittu A-1, ecin A= (— 1 %)

[-+4]

Pemenwue: 1) Haxonum det A: det A= 2 3=2+3=5#0

. {1 -3
2) Haxomum A : Ann=1,Az1=-3, An=-(-1)=1, A2 =2, HOZ-)TOMyA“=(1 2 )
-3
-)
5

1
-
3) Haxomum A-i: A= 1-3 =5

IIposepka:
-1 2 3 1/5-3/5 2/5+3/5 -6/5+6 /5 10

ﬁ\\* =(-1 1)*(1/5 2/5)=(—1/5+1/5 3/5+2/5 )=(01)=E

Ilpumep 3.2. OnipenenuTsb, IPU KaKUX 3HAUYECHUSX O CYILECTBYET MaTpHLa, 0OpaTHas JaHHOM.

159



1 -2 2

A=\ 2a 31 10)
Pemenue: Besikast HEeBBIpOXKICHHAsI MaTpHIla uMeeT oOpatHyro. Haiiném onpenenurens MaTpumsl A:

1-2 2

AA=]2a 13 10 ‘ =3 -0+2a - 12- 0+2a=4a -9
Ecim 40— 9 =0, T.e. o = 9/4, To AA =0, T.e. MaTpuIia A HEBBIPOXKICHHAS, IMECT

obpatnyto. Ilpumep 3.3. Mokasatb, 4To MaTpuua A sBnsetcs obpaTHoii ans B, ecan

1 11 3 -3 1

A=(11 2 63),B=(-13 >, —12)

Pemenue: Haitném npoussenenne matuil A u B:

111 3 -3 1 3-3+1 -3+5-2 1-2+1 1
AxB=1 2 3 *-3 65 -2 =3-6+3 -3+10-6 1-4+3 =;0

(1 36 J\1 -2 1 3-9+6 -3+15-12 1-6+6 (0 0 1)

Amnanornuno B * A = E. CnenoBarensHo, MaTpuiia A sBisieTcst oOpaTHoi i B.

00
10=E

3.3. Panr matpumnsbl (CaMOCTOSITeJIbHOE H3yYeHHe)

Paccmompum mampuyy A pazmepa m x n.

a a a
1M1 12 n
a a a
21 22 2n
A=a a ... a
31 32 3n

a
am1 @m2 ... mn )
Boeimenum B Hel Kk CTpOK W Kk CTOJONOB (k < min(m;n)). VI3 31€MEHTOB, CTOAIIMX Ha TNEPECCUCHUH

BBIJCIICHHBIX CTPOK H CTOJ'I6I_IOB, COCTaBUM OIPCACIHUTCIIb K-T'O IMOPsAKa. Bce Takwme OIPCACIIUTCIIN

Ha3bIBAIOTCS MUHOpamu 2mou mampuysl. B MaTpuiie A MyHKTUPOM BBIJEJIEH MHHOP 2-r0 HOpSAKA.

(3ameTuM, Y9TO TaKUX MHUHOPOB MOXHO coctaButh C* * C.umryk, rne C% = n! / x/(n — x)! — uucno
COYETaHU U3 71 JICMEHTOB TIO K.)

HaubGonpmmii 3 mOpsSIKOB MUHOPOB JAHHONW MATPHIIBI, OTJIMYHBIX OT HYJSl, HA3bIBACTCS PAH2OM
mampuywpt. O603HauaeTcs 7, r(4A) wiu rangA.

OueBuano, uto 0 < r < min(m,n), rAe min (m,n) — MEHBIIIEE U3 YUCEI M U .

MuHOp, TOPSIIOK KOTOPOTO OTPEAEISIET PAHT MAaTPHUIIBI, HA3BIBAETCSA Oa3UCHBIM. Y MaTPHUIIBI MOKET
OBITh HECKOJIBKO 0a3MCHBIX MUHOPOB.

Ilpumep 3.4. HaiiTu paHr MaTpuIibl:
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20 40

A=(13 00 _63 00)

Pemenue: Bce MuHOpBI 3-r0 nopsiaka paBHbI HyI110. ECTh MUHOpP 2-10 OpSAKA, OTJIMYHBIN OT HylIs 3 6
-15 # 0. 3nauwur, r(A) = 2. ba3ucHbIil MUHOD CTOUT Ha MepeceueHuu 2 u 3
1-3
ctpok ¢ 1 u 3 cronbuamu.
OtmeTuMm ceolicmea panea mampuybl:

[Ipu TpaHCTIOHMPOBAHNU MATPULBI €€ PAHT HE MEHSETCS.

Ecnu BbIYEpKHYTHh U3 MaTpUIbl HYJIEBOM pAJl, TO PaHTI MATPHUIIbI HE U3MEHUTCSL.

Panr matpuiisl He U3MEHSETCs IPU JIEMEHTAPHBIX TPE0OPa30BaHUAX MATPHUILIBL.
PaHr kaHOHMYECKON MaTpHUIbl PaBEH YUCITY €UHUI] HA TJIABHOW JuaroHanu. Ha 3ToM ocCHOBaH OJlMH 13
CHO0COOOB BBIUMCIIEHUS paHTa MaTPHIIbI.
Ilpumep 3.5. HaiiTi panr MaTpUIlbl

23 1 2

1
A=(40 2 -51 1 )

UCIIOJIB3YS pe3yibTaThl Ipumepa 1.4.

1000

Pemenne: B npumepe 1.4 nokasano, uto A 00 01 00 0o)
(o 1 0 0)
To ectpb A1 0 0O

Takum 006pa3om, paHr MaTpuilbl A paBeH 1(A) = 2.
BOITPOCHI AJ1s1 CAMOIIPOBEPKUA
Kaxkas kBagpaTHast MaTpuila Ha3bIBACTCS HEBBIPOXKICHHOM (BBIPOKICHHOM)?
Kaxkas matpuiia Ha3pIBaeTCsi OOpaTHON JaHHOM?
JIrobas mu MaTpuIa UMeeT 0OpaTHYIO?
Kak npoBeputh, mpaBUILHO U HaiileHa oOpaTHas MaTpuiia?
[lepeuncnure cBOWCTBA OOPATHOIN MaTPHUIIHL.
UTo Ha3bIBAETCSI PAHTOM MATPHIIbI?

[lepeuncnure cBOMCTBa paHTra MaTPHIIBI?
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Jlekuust Ne 4. CucreMbl JIMHEHBIX YPABHEHH.

OcHoOBHbIE IOHATHS.

Cucmemotl nunelnvlx ancedpaudeckux ypaeHeHuu, CoAep X alleil m ypaBHEHUH U 7 HEU3BECTHBIX,

Ha3bIBACTCA CUCTEMA BHJA:

{ gy Xq Pagy Xy tota X =b,
az1 X1 +ax Xo +...+ az n Xp=b2

rae uucna aij , i = I,m , j =I1,n Ha3pBalOTCA KOX(P(OHUIIMEHTAMH CHUCTEMBI, YUCiIa bi — CBOOOJHBIMU
yiaeHaMu. [TojnexxaT HaX0KISHUIO YUCIA Xn.
Takyro cucreMy yao0HO 3alHChIBaTh B KOMIAKTHOWU Mampuunoit popme A * X =B.

3nech A — matpuia Ko3hOUIIMEHTOB CUCTEMBI, HA3bIBAEMasl OCHOBHOU MAMpuyel:
a a ..a

1 12 1n
a a
A=A= 21 2 ... @2np
(am1 am2 ... @mn )
0]
X1
X
X= 2 —eeKmop—cmonb'euua HeU38eCMHbIX X j

(5.)
b
b
B= 2 -sekmop-cmosbey u3c80b600HbIX YIeHO8 b |

[Tpoussenenue Matpun A * X onpeneneHo, Tak Kak B MaTpulle A CTOJIOIOB CTOJBKO ke, CKOJIBKO CTPOK
B Matpuiie X (#n mTyK).
Pacwupennoii MaTpuneil cuCTEeMbl Ha3bIBa€TCS MaTpUlla A CHUCTEMBI, JOIMOJHEHHAs CTOJOLIOM

CBOOOHBIX YJIECHOB

a a

11 12 ... aip by
a a
= 21 2 .. a»xp bs

(am1 am2 P amn bm)

Pewenuem cucmemvl Ha3pIBaeTCS 1 3HAYCHUM HEU3BECTHBIX X/ = CI , X2 = C2, ..., Xn = Cn, IIPHU
MOACTAHOBKEC KOTOPBIX BCC YPABHCHUSA CUCTCMBIL O6paH_[aIOTCH B BCPHBIMH PaBCHCTBA. Bceskoe pPCHIICHUC

CHUCTCMBI MOXXHO 3aI1MCaTb B BUJC ManI/ILIBI-CTOJ'IGI_[a
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Cucrema ypaBHEHHI HA3bIBACTCS CO6MECHIHOU, €CITM OHA HMMEET XOTs Obl OJHO pelIeHHe, U
Hecoemecmumoil, €ClIM OHAa HE UMEET HU OJHOTO PEIICHHUS.

CoBMecTHasi cHCTeMa HAa3bIBACTCS 0npedenéHHol, €CIHM OHAa WMEeT €IWHCTBEHHOE peIllleHHe, U
HeonpedenénHoll, €ClIi OHa MMeeT Ooiee OJHOTO pelieHus. B mocnemHem ciydae Kaxaoe e€ perieHue
HA3bIBACTCS YacmHuuviM peuteruem cucteMbl. COBOKYITHOCTh BCEX YACTHBIX PEIICHUN Ha3bIBACTCA 0OWjUM
pewieHuem.

Pewumsv cucmemy — 3TO 3HAUMT BBIICHUTH, COBMECTHAa OHA WJIM HecoBMecTHa. Ecim cucrema
COBMECTHA, HalTH e€ olI1ee penieHue.

JIBe cHUCTeMBI Ha3bIBAIOTCS 2K6uUGALeHmHbiMU (PAaBHOCWIIBHBIMHU), €CJIM OHH MMEIOT OJTHO U TO JKe
06]]_[66 PCIICHUC. I[pyrI/IMI/I CJIOBaMHU, CUCTCMbI 3KBHUBAJICHTHBI, €CJIM KAXI0C PCIICHUC OI[HOI\/JI N3 HUX
SIBJISIETCS pEIIEHUEM JIPYTOH, U HA0OOPOT.

OKBHUBAJICHTHBIC CHCTEMBI TIOIYYalOTCS, B YACTHOCTH, TIPU 2IeMEHMAPHLIX NPeodpaA308aAHUsX
CHCTEMBI TIPU YCIIOBUH, YTO TIPE0OPa30BaHUsI BHITIOIHSFOTCS JIMIIb HAJl CTPOKAMH MATPHUIIBL.

Cucrema MTMHEHHBIX YpPaBHEHUN HA3bIBACTCS 0OHOPOOHOU, €CIIN BCe CBOOOTHBIC YICHBI PABHBI HYIIIO:

aq1 X1 +aq2 xot...+a1 n x,=0
am 1 X1+am 2 X2 +... amn Xn=0

OI[HOpOI[HaH CHUCTCMaA BCCraa COBMCCTHA, TaK KaK X7 = X2 = ... = Xn = 0 aBisieTcs pPCIICHUCM CUCTCMBIL.

910 PCIICHUC HA3bIBACTCA H)J1e6biM NI MPUBUATbHBLIM.

Pemenne cucreM JTUHEHHBIX YPaBHEHUIA.

Teopema Kponekepa-Kanesiu:

H}’CTL JaHa IpOUu3BOJIbHAA CUCTEMA m JIMHEHHBIX ypaBHeHI/Iﬁ C n HEU3BECTHBIMU

a1 X1 a2 X2 +...+ a1 n Xn=b4
a1 X1 +ax X2 +...+ a2 n Xn=b>

am 1 X1 +am 2 X2 + ... amn Xn=bm

HcuepnpiBaroliuii OTBET Ha BOIPOC O COBMECTHMMOCTH 3TOH cucTeMbl Haér meopema Kponexepa-
Kanennu.

Teopema 4.1. Cucmema nuneunvlx aneebpauyeckux YpagHeHull COBMecmHA mo20d U MOJbKO mo2od,
K020a pane pacuuperHou Mampuybl CUCEMbL PA6eH PAHSY OCHOGHOU MAMPUYb.

[Tpumem eé€ 6e3 moKa3aTenbCTBA.
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[TpaBuiia mpakKTHYECKOTO Pa3bICKAHUS BCEX PEIICHUI COBMECTHON CUCTEMBI JINHEHHBIX YpaBHEHUI
BBITEKAIOT U3 CIIEIYIOIINUX TEOPEM.
Teopema 4.2. Eciu pane coemecmmuoti cucmemsl paget Yuciy Heu38eCmHulx, mo cucmema umeem
e0UHCmMEeHHoe peuietue.
Teopema 4.3. Eciu pane coemecmmoii cucmembul MeHbULe YUCAA HEeU3BECTHBIX, MO CUCEMA UMeem
becuucieHHoe MHOHCECMB0 peuleHUl.
IIpaBuJjio pelieHUs MPOU3BOJIbLHOM CHCTEMBbI JIMHEHHBIX YPABHEHHH.
Haiitu panru OCHOBHOM U pacmiipeHHO MaTpull cucteMbl. Ecin r(A) # r(A), To cucTeMa HeCOBMECTHA.
Ecmu r(A) = r(A) = r, cucrema coBMecTHa. HailiTu kakoil-muO6o Oa3UCHBIH MHHOp MOpSIKA T
(HarmOMUHAHKWE: MHUHOpP, TMOPSJIOK KOTOPOTO OMPEACNSeT PAaHT MAaTPHIIbI, HA3BIBACTCS OA3HUCHBIM).
B3sath r ypaBHeHu#, u3 KO3()PPUIMEHTOB KOTOPHIX COCTAaBJIEH Oa3UCHBIH MHUHOP (OCTaJIbHBIE
ypaBHeHUs oTOpocuTh). HewmspecTHble, KOAPOUIMEHTHI KOTOPHIX BXOIAT B Oa3MCHBIA MUHOP,
HA3BIBAIOT 2/IA6HbIMU Y OCTABIISIIOT CIIEBA, @ OCTAJIbHBIC /1 — FHEU3BECTHBIX HA3BIBAIOT C8000O0HBIMU U
MEPEHOCST B IIPABBIC YACTH YPABHEHHUIA.
Haiitu BeIpakeHUs TJIaBHBIX HEM3BECTHBIX Uepe3 cBoOoaHbIC. [loiydeHo o01iee perieHne CUCTEMBI.
[IpunaBasi cBOOOTHBIM HEU3BECTHBIM IPOU3BOJIbHBIC 3HAYEHHUS, TOJYYHMM COOTBETCTBYIOIINE 3HAUCHUS
[JIABHBIX HEHW3BECTHHIX. TakuM 00pa3oM MOXXHO HAWTH YaCTHBIC PEIICHHUS] WCXOIHOW CHCTEMBI
YPaBHEHHUHU.
Ilpumep 4.1. ViccnenoBats Ha COBMECTHOCTh CUCTEMY
x+ y =1
3 x+3 y=-2

1

Pentenue: A=(1313),r(A)=1,A:(13 3 —12),r(A)=2(A=|13 —12|¢0)

Takum o6pasowm, r ( A)# r( A), cienoBarenbHO, CHCTEMa HECOBMECTHA.

Ilpumep 4.2. Pemiuth cucteMy

X =2 x_ +x_ +x =1
1 2 3 T4 x1-2
5 +X3—=X4=—1 X1—2 Xo +X3+

X4=3

Pewenne: r ( A) # r( A )=2. bepém nBa nepBbIX ypaBHCHUS:

{ x1-2 x2 +x3 +x4=1, { x3+ x4=1-x1 +2 x2 x1 -2 x2 +x3-x4=-1 x3
-x4=-1-x1+2 x2
I | I |
1 1 1=-x1 +2 X2 1 1 1-x1+2 %2
A= =-2# 0
_|1 -1 A1= —1=-x142 %2 -1 =2Xx1-4 X2,A0= 1-1-x1+2x2 =4-2
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CrnenoBatenbHO, X3 = -x1 + 2x2, x4 = [ — obmiee pemenue. [lonoxus, Hanpumep, x1 = 0, x2 = 0,

MOJIy4aeM OJIHO U3 YACTHBIX pemeHuil: x; = 0, x2 =0, x3 = 0, x4 = 1.
4.3. PemieHne HeBbIPOKAEHHBIX JIMHEHHBIX CHCTEM.

HyCTB aHa CHCTeMa /1 JTUHEHHBIX ypaBHeHI/Iﬁ C n HCU3BCCTHBIMU

a x +ta _x +.+a x=b
11 1 12 2 1in n 1

az1 X1 +ax Xz +...+ ax n Xp=b2

an1 X1 +an2 X2+ ... @nn Xn=bn

WM B MaTpuaHoi opme A * X = B.
OcHoBHast MaTpuIla A Takoi cucTeMbl KBagpaTHas. OmpeaenuTeNb STOH MaTPHIIbI

a ... a
11 1n

A=

an1 ... am

Ha3bIBACTCS onpedenumenem cucmemsl. ECu onpeaenuTenb CUCTEMbI OTJIMYEH OT HyJIsl, TO CHCTEMa
HA3bIBACTCS HEBbIPOHCOECHHOII.

Haiiném penienne naHHON CUCTEMBI ypaBHEHUN B ciydae A # 0.

YMHOXKHB 06€ yacTi ypaBHenns A * X = B crepa na matpuy A™ monyuaum A ¥ A * X =A™ * B,
TMockonbkyA™ * A=EHE*X=X,10 X=A""*B.

OTbICKaHUE perIeHUs CUCTEMBI 10 (hopmyiie (4.1) Ha3bIBAIOT MaAMPUUHBIM CHOCOOOM PELeHNs CUCTEMI.

MaTpuuyHoe paBeHcTBO (4.1) 3anuwem B Buae

a a
X1 ik 21 ... an1 by
X2 1 a12 322 ... dn?2 bz
L =A L kL
a
Xn) a@n gop ... m bn)
X1 (a1 b1 +a1 by +..4ap 1 by )/ A
X2 (a12 bit+az bot...+an 2 by 2 )/A
TOECCTb ... = o innn

XI’I) (a1 n b1 +aZ n b2 +...+ann bn )/A

Ortcrona cneayer, 4To
X1 = (Aubr + A21b2 + ... +Anbn) / A,

Xn = (Alan +A2nb2 + ...+ Annbn) /A .

Ho A11b1 + A21b2 + ... + Anibi €CTh pa3ioKEHUE OMPEICITUTEIS



M= 2 22 .. axy,

o

|bn n2 . dm

10 3JEeMEHTaM IepBoro croibua. Omnpeaenurens A1 MOTy4YaeTcss U3 ONpeAeTHuTeNast A MyTéM 3aMeHBI

MEepPBOTO CTOJIOIA KO (DHUIIMEHTOB CTOIOIOM 13 CBOOOHBIX YJICHOB.

Utak, x1 = A1 /A.

Amnamornuno: x2 = A2 / A, rae A2 moinydeH u3 A myTéM 3aMeHBI BTOPOTO CTOJ0ma Kod(hduImeHToB

CTOJIOLIOM M3 CBOOOJHBIX YIEHOB; X3 = A3 /A, ..., xon = Au/A.

DopMmyJibl xi=Ai/A i=1n

Ha3bIBAIOTCS ghopmynamu Kpamepa.

I/ITaK, HEBBIPOXKJICHHAA CHUCTEMA N JIMHEHHBIX ypaBHeHI/Iﬁ C n HEHU3BCCTHBIMU HMECT C€IMHCTBCHHOC

peleHre, KOTopoe MOXKET ObITh HaiiieHo MaTpu4HbIM criocobom (4.1) mubo mo ¢opmymnam Kpamepa

(4.2).

Ilpumep 4.3. Peuth cucremy {2 Xi1=x2=0
X1+3 xo=7

A=| 2 -1 |

Pemenne: 1 3 |F7#0,A t 0-1 =T 20=,
T PR

3HAYUT,X1= T=1 ,X2= 14 =2

7 7

BOITPOCHI JIs1 CAMOITPOBEPKH

Kaxkoit Bug umeeT cuctema JTMHEHHBIX anreOpandyecKux ypaBHeHUH?

Kak 3anucath cucteMy JUHEHHBIX anreOpandyeckux ypaBHEHUH B MAaTpUUHON opme?

Cdhopmynupyiite Teopemy Kponekepa-Kanenmm.

Kakas cucrema ypaBHEeHUI Ha3bIBaeTCs COBMECTHON (HECOBMECTHOM)?
YTo 3HAUUT PEIINTh CHCTEMY JTUHEHHBIX aareOpanvyecKux ypaBHCHHMA?

ChopmynupyiiTe npaBuia pemeHus: IpOu3BOIbHON CUCTEMBI JIMHEHHBIX allreOpandecKux

YPaBHEHUM.

ChopmynupyiiTe IpaBuiIa peieHUs] CUCTEM € TTIOMOIIBIO OOPaTHOW MAaTPHUIIBI.

ChopmynupyiiTe npaBuiia pemieHus: CUCTeM MeTo10M orpenenutens (popmyisl Kpamepa).
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Jleknus Ne 5. Ilpsimast IMHUA HA JIOCKOCTH.

3TON NEKLUUN Mbl NPUCTYNAEM K PAaCCMOTPEHUIO aHaNUTUYEeCKOM reoMeTpun, kotopasi usydaet
CBOWCTBA reoMeTpu4ecknx uryp cpeacreamm anrebpbl Ha OCHOBE MeToAa KoopauHaTt. [JaHHbI
METOZ NO3BOSISIET KAXO0M TOYKE MIOCKOCTM NOCTaBUTb B COOTBETCTBUE YNOPSA0HEHHYHO TPOWNKY
ymcen. OCHOBHbIM MHCTPYMEHTOM MeTOo4a KOOPAUHAT CIYXUT cucTema koopauHat. B aToin nekumm
Mbl Byaem paccmaTpuBaTb TOSbKO NPSIMOYTOSbHYHO, UMK AEKAPTOBY, CUCTEMY KOOPAMHAT.
PaccmoTpum, Kak MOXHO 3aaTb NPOCTENLLYO UrYPY — NPSIMYIO HA MITOCKOCTM.

5.1. YpaBHeHHe NPSIMO# HA MJIOCKOCTH.

Omnpenenenue. Jlro6as npsiMas Ha IIIOCKOCTH MOKET OBITh 3a/1aHa YPaBHEHUEM IIE€PBOT0 MOPsIKa
Ax+By+C=0,

TpHYeM MOCTOSHHBIE A, B He paBHBI HyITIO OTHOBpPEMeHHO, T.e. A* + B* 0. DT0 ypaBHEHHE epBOro
NOpsIZIKA HA3bIBAIOT 00IMM yPaBHEHHEM MPSIMOii.
3aBVMICMMOCTY OT 3Ha4YeHU NOCTOsAAHHbIX A,B 1 C BO3MOXHbI CrieaytoLLue YacTHble cryyau:
C=0,A 0,B 0-mpsamas npoxoauT yepe3 Hayajo KOOPIUHAT
A=0,B 0,C 0 {By+ C=0}- npsamas napamienbna ocu Ox
B=0,A 0,C 0 {Ax+ C=0}— npsmas napayenpHa ocu Oy
B=C=0,A 0-—mnpsmas coBnaaaer ¢ ocbto Oy
A=C=0,B 0-npsamas coBnanaer ¢ ocbro Ox

YpaBHeHme I'IpFIMOIZ MOXET ObITb npeacrtaBneHo B pa3fiind4HOM BUAE B 3aBUCUMOCTUN OT KakKnxX — nn6o
3aaHHbIX Ha4allbHbIX yCJ'IOBI/IIZ.

5.2. YpaBHeHHe NIPSIMOM 110 TOYKE M BEKTOPY HOPMAJIH.

Omnpenesenue. B nexapToBoii MpsSMOYTOJIBHONW CUCTEME KOOPAMHAT BEKTOP ¢ KOMIIOHEHTaMu (A, B)

NEePIEHIUKYJIIpEH NpsMOIl , 3ajaHHON ypaBHeHHeM Ax + By + C = 0.

“n
IMpumep. Haiitn ypaBHEeHHE MPsAMOH, Tpoxoasiel yepe3 Touky A(1, 2) neprneHaukyisipao Bektopy (3, -1).
CoctaBum npu A = 3 n B = -1 ypaBHeHue npsamoi: 3x —y + C = 0. [Ans HaxoxaeHna koadduumneHTa C nogctaBum

nony4eHHoe BbipaXeHne KOOpAUHaTLl 3afaHHOM TOYKM A.
[Momyuaem: 3 — 2 + C =0, cnenoBatenbHo C = -1.

Hroro: nckomoe ypaBHenue: 3x —y — 1 =0.

5.3. YpaBHeHHe NpsIMOi, IPOXOsiIIeH Yepe3 1Be TOYKH.
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[TycTh Ha TUIOCKOCTH 3a/iaHbl 1Be TOUkU Mi(X1, y1) B Ma(X2, y2), TOra ypaBHEHHUE MPSMOi,

MPOXOJIAIIEH Yepe3 3T TOUKHU:

X—X1 _y—y1
X=X "y-y
2 2

Ecnun kakoi- nubo u3 3HameHaTenemn paBeH Hym, cneagyeT NPUpaBHATb HYIO COOTBETCTBYHOLLNA YNCTIUTEND.

3anucaHHoe BblLLIE ypaBHEHUE I'IpFIMOIZ ynpowaeTca:

y-y= <id ( x—x1)

1
X2—X1
€CIIM X1 X2 U X =XI, CCIIUX1 = X2.
2=

Hpo6b 2 1 =k Ha3pIBaeTCs yIrJ10BBIM K03 PULIHEHTOM MPSMOIA.
IIpumep. Haiitu ypaBHeHue npsaMoii, npoxondieit uepes Touku A(1, 2) u B(3, 4).

[Ipumensis 3anucaHHy O BhITIE GOPMYITY, nonyzaeﬂz
y=2=  (x-1)
3-1

x—y +1=0
5.4. YpaBHeHue npsaAMoi 10 TOYKe U YIII0BOMY KOI(pPUIIHEHTY.

Ecnu obmiee ypaBHenue mpsimoii Ax + By + C = 0 mpuBecTH K BULY:

A C
y== B—x- "B

A <
- =k;- =b;m.e. y=kx+b
U 0003HAUUTDH B B , TO TIOJIyY€eHHOE ypaBHEHHE Ha3bIBACTCS

YPaBHEHHEM MPSAMOii ¢ YIJIOBbIM KO3(pPpuuuenrom k.

5.5. YpaBHeHHe NpsAMOM 110 TOYKE M HANIPABJIAIOLIEMY BEKTOPY.

Ilo amamoruu c IIYHKTOM, pacCMaTpuBarOliUM YpPaBHCHUC HpHMOﬁ 4Ye€pe3 BEKTOP HOpMaJIM MOKHO BBECTHU 3aJJaHUC

IIPSIMON Yepe3 TOUKY U HAIPaBIAIOLINM BEKTOP IPSMOI.

-

Onpenenenne. Kaxxaplii HEHy1€BOM BEKTOp  ( 1,2), KOMIIOHEHTBHI KOTOPOT'O YJIOBJIETBOPSIFOT

ycioBuio A1 + B2 = ( Ha3pIBaeTCs HaNpaBIAIOLMM BEKTOpOM NpsiMoit Ax+By+C=0.
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IIpumep. Haiitu ypaBHEHHE IPAMOH C HAIPABIIIOLIUM BEKTOPOM 3 (1. -1) n npoxomameii wepes
Touky A(1, 2).
YpaBHeHne nCKOMOM TIpsiMoit OyaiemM uckathb B Buje: Ax + By + C = 0. B coorBeTcTBUY C
orpeeneHueM, Ko3PPHUIHUEHTHI T0JKHbBI YAOBICTBOPATh YCIOBUSIM:
1 A+(-1) B=0,T.e. A=B.
Torna ypaBaenue npsmoi umeet Bua: Ax + Ay + C =0, umu x +y + C/A =0.

npu X = 1, y = 2 nonmyqaem C/A = -3, T.e. ©ICKOMOE ypaBHCHHE:

x+y-3=0
5.6. YpaBHeHMe NPSIMOH B OTpe3Kax.
Ecnu B 06mem ypaBHenuu npsimoit Ax + By + C=0C 0, To, pazaenus Ha —C, MOJIy4UM:
A B
-6 x€ y=lum
X+Y=1
a b , TIe
a=-C;p=— C
A B

['eomeTpuyeckuit cMbica KO3(D(PUIIMEHTOB B TOM, UTO KOA((UILIMEHT @ SBISETCS KOOPAUHATON TOUKU
nepeceveHus npsiMoit ¢ ockio OX, a b — KOOPUHATON TOUYKHU TepecedeHus mpsiMoii ¢ ockto Oy.

HpHMep. 3afaaHo obulee ypaBHeEHME NpsMont X - y + 1 = 0. HalnTn ypaBHeHMe 3TON NPSIMOIA B OTPE3Kax.

-X+) =1
C=1, 11 , a=-1, b=1.

5.7. HopmajibHOe YypaBHeHHEe NIPSAMO.

1

2, 2
Ecim 06e wactu ypaBHenus Ax + By + C = 0 pa3nenuth Ha 9HCII0 u=% \/ A+B" | KOTOpOe
Ha3bIBACTCSI HOPMHPYIOLIEM MHOKHTeJIEM, TO ITOJIyYUM

xcos +ysin -p=0-—
HOPpMaJIbHOC YPABHCHHUC HpﬂMOfI.
3HaK HOPMUPYHOLLETo MHOXUTENS HAgo BblGMpaTth Tak, YTodbl C < 0.
— ITUHA MIEPIEHAUKYJISpa, OMYIIIEHHOTO U3 Havaja KOOPAWHAT Ha MPSMYI0, a - YToJl, 00pa30BaHHBIH

OTHM IICPICHAUKYIAPOM C IMOJOKUTCIbHBIM HAIIPABJIICHUCM OCHU Ox.
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IIpumep. [lano obmiee ypaBHeHue npssmMoit 12x — Sy — 65 = 0. TpeOyercst HanucaTh pa3IMYHbBIE THITBI

YpPaBHEHUH 3TON MPSMOU.

Ex—i _1

65~ 657"

X + L/ = 1
YpaBHEHHE 3TO MPSIMOM B OTpE3Kax: (-13)

ypaBHEHHE ATOH NMPSAMOH C YIIOBBIM KO3(PPHUIIMEHTOM: (IeIuM Ha 5)

12 65 12
y= 5x=— 5= 5x-13.

HOPMAJIbHOE YPaBHEHUE MPSAMON:

\/122_'_(_5)2 13 13 13 : cos =12/13;sin =-5/13;p=>5.

b

CrnenyeTr OTMETUTb, YTO HE KAXYI0 IPSIMYIO MOXKHO IPEJCTaBUTh YPABHEHUEM B OTpE3Kax,
HaIpUMep, NPsIMBIE, NApAJUIEIbHBIE OCSIM WX MPOXOASIINE YePe3 Ha4aI0 KOOPAUHAT.
IIpumep. IIpsimMasi oTcekaeT Ha KOOPAMHATHBIX OCSX PaBHbIE MOJIOKUTENbHBIE OTpe3ku. COCTaBUTh

. 2
ypaBHEHHUE MIPSMOM, €CITN TIOMAL TPEYToJbHIUKA, 00Pa30BaHHOTO ATUMHU OTPE3KaMHU paBHA § CM”.
X Yy

a
YpaBHeHHE NPSIMON UMEET BU: b , a=b=1; ab/2=3§; a=4; -4.

a=-4He noAXOAUT 110 YCIIOBUIO 3a1avu.

X +_Z =1
i
Hroro: 4 mwmx+y—4=0.
IIpumep. CoctaBuTh ypaBHEHUE MPAMOM, MPOXOAAIIeH uepe3 TouKy A(-2, -3) 1 HayaI0 KOOpPAUHAT.
X=X1 _ Y~y
X=X " y-y
VYpaBHeHue NpsIMOl UMEET BUJL: 2 1 2 1 ,raexi=y1=0;x2=-2;y2=-3.
X0 =y0 . X=_):3x-2y=0.
-2-0 -3-0 -2 -3

J1st camocTosiTeIbHOTO pemieHusi: COCTaBUTh YpaBHEHHS MPSAMBIX, IPOXOASIINX Yyepe3 TouKy M(-
3, -4) 1 mapayieNnbHbIX OCSIM KOOPIUHAT.

Oteet: {x+3=0; y+4=0}.
5.8. Yroa mexay npsiMbIMU HA IJIOCKOCTH.

Omnpenenenune. Ecau 3agans! 18e npsmsbie y = Kix + bi, y = kox + bz, To ocTphIii yron mexay sTumu

IPSMBIMU OYIET ONPEENIATHC KaK
k =k
tga=| 2 1|
1+k 1 ko

170



JIBe nmpsiMble mapaJuiejbHbl, ecau ki = Kka.
JIBe mpsiMble nepneHAuKyJIsipHbl, ecan ki = -1/ka.
Teopema.llpsmvie Ax + By + C = 0u Aix + Biy + Ci = 0 napannenvhsi, Koeoa nponopyuoHaibHvl

koappuyuenmor A1 = A, B = B. Eciu ewge u C1 = C, mo npamvle cosnaoarom.

KoopanHaTel TOUKH nepecedeHns ABYX NPSAMbIX HAXOAATCH KaK pelieHHe CHCTeMbl IBYX YPABHEHUI.

5.9. YpaBHeHue NpsiMOi, IPOXOJsilell Yepe3 JaHHYI0 TOUYKY NepHeHIUKYJJISIPHO
AAHHOH MPSAMON.

Omnpeaenenue. [psmas, npoxoasias yepe3 Touky Mi(Xi, y1) ¥ epleHAUKYIIsIpHas K NpsAMol y = kx

+ b mpeacTaBnsieTcs ypaBHEHHEM:

1
y=y1== "k (x=x1)

5.10. PaccTrosiHue OT TOYKH 10 NPAMOI.

Ecnu 3a0ana mouxa M(xo, yo), mo paccmosnue 0o npamoii Ax + By + C =0 onpedensemcs kax
|Axo +Byo+C|
d= A8
ITpumep. OnpeaenuTs yroia MEXIy NpsAMBIMU: y =-3X + 7; y =2x + 1.
| 2_(_3) |:1
Ki=-3; ke=2 tg = 1-(=3)2 ;=4

Ipumep. [Tokazats, uto npsameie 3x — Sy + 7= 0u 10x + 6y — 3 = 0 nepneHAUKYJIAPHBI.

Haxomum: ki =3/5, ko =-5/3, kik- = -1, cnegoBarenpHO, IpsMbIe TEPICHAUKYIISPHEIL.
IIpumep. /lans! Bepmnnbl TpeyroasHuka A(0; 1), B(6;5), C(12;-1). Haiitu ypaBHEHHE BBICOTHI,

IIPOBECHHON U3 BepIIHHBI C.

x-0=y-1,; x =y-1
Haxomum ypaBHenue ctoponst AB:  6-0 5-1 6 4 ;4x=6y—6;
y= 2 x+1.
2x -3y +3=0; 3
Hckomoe ypaBHeHHE BBICOTHI UMeeT BUA: AX + By + C=0 mwim y = kx + b.
-3 -3 x+b
2
k= .Torma y = 2 . T.x. BBICOTa MPOXOJUT yepe3 Touky C, To €€ KOOpIUHATHI
—1=— 312+p, y=— 3 x+17
YAOBIETBOPSIIOT JAHHOMY YPaBHCHHIO: 2 otkyna b = 17. Utoro: 2

Otser: 3x +2y —34=0.
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Jl11 caMoCTOoSITeJIbHOTO perieHusi: J[aHbl CTOPOHBI TPEYrojbHUKAa X +y — 6 =
0,3x -5y +15=0, 5x — 3y — 14 = 0. CocTaBUTh ypaBHEHHUs €IO BHICOT.

Yxka3zanne: CHauana ciielyeT HallTU KOOpAUHAThl BEPILUH TPEYroJIbHUKA, KaK TOYEK IIEPECEUCHUS
CTOPOH, 3aT€M BOCIIOJIb30BaThCSI METO/I0M, PACCMOTPEHHOM B IIPEIBIAYIIEM ITPUMEpE.

OtBer: { x—y=0; 5x+3y—-26=0; 3x + 5y — 26 = 0}.
BOITPOCHI JI CAMOIIPOBEPKH

[aiite onpeneneHue ypaBHEHUS JIUHUM HA TJIOCKOCTH.

Hamumure obiiee ypaBHEHUE TIPSIMOA.

YKaKuTe pazIuuHbIE CIIydau IOJO0KEHUS IPAMON OTHOCUTEIBHO OCEH KOOpAUHAT U
COOTBETCTBYIOILIME UM YPaBHEHMUSL.

Kak npoBeputsb, JI€KUT JI1 JaHHAs TOYKA HA JAHHOM NpsSMOIi?

Uto Ha3bIBaE€TCS yIJIOM HAKJIOHA MPSAMOM?

Uro HazbIBaeTCs YIJIOBBIM KO3()(HUIIUEHTOM MPSIMOM, KAKOB €r0 FT€OMETPUUECKUNA CMBICIT?

Uemy paBeH yrioBod KOdQGUIUEHT NPSAMOM, apajuieasHo ocu Ox?

Hanummure ypaBHeHue npsaMoi, poxoasieil uepes3 JaHHY0 TOYKY B IaHHOM HaIlpaBJICHUU.

Hanummre ypaBHeHHE IpAMOM, IPOXOAIIEH yepes JIBe JaHHbIE TOUKH, 00IIee YpaBHEHUE MPSIMOH.

Hanummre popmyiy TaHreHca yria MexIy ABYMs NPSMBIMU.

Cdhopmynupyiite yciaoBus mapauieIbHOCTH U IEPHICHIUKYISIPHOCTH ABYX MPSIMBIX.

Kak ornpenenuts TouKy nepeceyeHust AByX MpsMbIX?

B uem cocTOUT reoMeTpUYECKUi CMBIC HEPABEHCTBA IIEPBOM CTENIEHU C IBYMSI HEU3BECTHBIMU?

B uem cocToutr FeOMeTpI/I‘-IeCKI/Iﬁ CMBICJI CUCTCMbI HCPABCHCTB nepBoﬁ CTCIICHU C IBYMA

HEU3BECTHBIMH?
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Jleknust Ne 6. KpuBble BTOporo nopsiaka.

KpuBas BToporo nopsigka MoXxet ObITb 3afaHa ypaBHEeHUEM

Ax*+2Bxy + Cy* + 2Dx + 2Ey + F = 0.
CylecTByeT cucteMa KoopamHat (He obs3aTernibHO AekapToBa NPsiMOYrosibHas), B KOTOPOW AaHHOe
YpaBHEHNE MOXET ObITb npencrtasiieHO B OAHOM U3 BUOOB, NpUBEOEHHbIX HUXKE.

X2 2
Tr+lr =1

) a b - YpaBHEHHE JILIHIICA.
ﬁ +2 _=—1
2 2
2) & b - YpaBHEHHE “MHUMOI0” 3JUIMIICA.
2 2
X
Te=% =1
3) a b - YpaBHEHHE TUTIEPOOITHI.

2.2 22
a’x” —c’y” =0 — ypaBHEHHE JBYX MEPECEKAOIINXCS TPSIMBbIX.

y? = 2pX — ypaBHEeHHe 1apaboJIb.

y*> —a’ = 0 — ypaBHEeHHe JBYX MapajUIelbHBIX MPSMBIX.

y2 +a’=0- YpaBHEHUE ABYX “MHUMBIX  MapaljIeIbHbIX PSIMbIX.
y2 = (0 — mapa COBMAJAIOIINX MPSMBIX.

(x— a)2 +(y— b)2 =R’-— ypaBHEHUE OKPYKHOCTH.

6.1. OKpYKHOCTB.

Onpepenenne. OKpYyXXHOCMbIO Ha3biBaeTCsA MHOXECTBO TO4YeK

NIOCKOCTU, paBHOyAarNeHHbIX OT OAHHON TOYKMU (ueHmpa).

B okpyxHocTu (x — a)2 + (y — b)2 = Rz LieHTp nmeet koopauHathbl (a; b).

IIpumep. HailT koopAuHATBI LIEHTPA U PAIUYC OKPYKHOCTH, €CIIA €€ yPaBHEHHUE 3aJJaHO B BUJIE!

2x% +2y* —8x + 5y —4 = 0.
[nga HaxoXaeHns KoopAavHaT LeHTpa U paguyca OKPY>KHOCTU AaHHOe ypaBHeHue Heobxoammo
npmnBecTn K Buay, ykasaHHOMY Bblilli€ B n.og. D,J'IFI 9TOro Bblennm nosHble KBagpaTbl:

Xy —4x+2,5y-2=0
X2 —4x +4 4 +y*+2.5y+25/16 -25/16 -2 =0
(x—2)*+ (y+5/4)*—25/16-6=0
(x —2)*+ (y + 5/4)* = 121/16
Ortcrona Haxomum O(2; -5/4); R=11/4.
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6.2. Dmtumnc.

Omnpenenenune. In1uncom Ha3bIBAETCSI MHOXKECTBO TOYEK INIOCKOCTH, CyMMa PacCTOSIHUNA KOTOPBIX
JI0 ABYX JAHHBIX TOYEK, Ha3bIBAEMBIX (hoKycamu, €CTh BEIMUNHA TOCTOSIHHAS, paBHas 2a.
YpaBHeHuve annunca nmeeT BUA:

ﬁ + y2 =1
,
a v
Onpenenenne. @oxycamMu Ha3bIBAIOTCS TaKUE JABE TOUKH, CyMMa PAaCCTOSHUN OT KOTOPBIX A0 JIF000H
TOYKH DJIJIUIICA €CTh IIOCTOsSIHHAsA BCJIIMYUHA.

y

\ M

Il

—

F1OF: X

Fi, F2 — dokycel. Fi=(c;0); Fa(-c; 0)
— TTOJIOBUHA PACCTOSHUSI MEXKIY (OKyCaMH;
a — OoJIbIIast MOTYOCH;
b — Manast moyryocs.
Teopema.Dokycroe paccmosanue u noxyoCuU NIUNCA CEA3AHBL COOMHOUEHUEM:
a:=b:+ co.

I[OKaSaTeJIbCTBO: B cjIydae, €CJId TOYKa M HaxoauTcs Ha NEPECCUCHUHU DJIIUIICA C BepTHKaHBHOﬁ

\/b2+02

ocelo, 11 +r2 =2 (o Teopeme [udaropa). B ciyuae, ecnu Touka M HaxoauTes Ha

MIEPECEUCHIH JJUIUTICA C TOPU3OHTAIBHOM OChIO, 71 + 12 = a — ¢ + a + ¢. T.K. 110 ONpeeTICHUIO CyMMa 71
72 — MIOCTOSIHHASL BEJIMYKHA, TO , IPUPABHUBAS, [IOTyYaeM: a2
=b2+c2
ri+r:=2a.
Onpenenenue. Gopma 3JUTHIICA OTIPEACIAETCS XaPAKTEPUCTUKOMN, KOTOPAs SBIISETCS OTHOIIICHUEM
(OKYCHOTO pacCTOSIHHSI K OOJIBIIICH OCH M Ha3hIBACTCS IKCHEHTPUCUTETOM.
E =c/a.
Tk.c<a,Toe<l.
Onpenenenue. Bennunna k = b/a HazpiBaeTcss k03 PUIIHEHTOM CKATHS IITUIICA, a BenrunHa 1 — k
= (a— b)/a Ha3pIBaeTCs CoKATHEM DJUIHTIICA.

2 2
K03(1)(1)I/II_II/IGHT CIKaTUs U SKCHUCHTPHUCHUTET CBA3aHbI COOTHOILICHUEM: k"=1-¢".

Ecima=b (¢ =0, e =0, poxychl cIMBAIOTCSI), TO IJIMIIC PEBPAIIACTCH B OKPYKHOCTb.
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+ <1
2 .2
Ecnu ans touku M(X1, y1) BBITIOJIHSACTCS yCIIOBHE: & b , TO OHA HaXOJIUTCS BHYTPHU DJUIUIICA,
2 2
X >
2 2
aecru a b , TO TOYKa HAXOJUTCS BHE DJIIMIICA.

AJUTUTICOM CBSI3aHBI JBE MPSMbIC, HA3bIBaEMbIC JUPEKTpucaMu. MIx ypaBHeHUs: X
=a/e; x = -ale.
Teopema,/[11 moco, umobwl mouka J1edxcana Ha d1aunce, HeoOXOOUMO U OOCMAMOYHO, HUMOObL
OmHOueHUe paccmosiHusl 00 oKyca K paccmosuio 00 COOMEEMCmeyouel OUPeKmpuchl PasHsIOCH
IKCYeHmpucumemy e.

IIpumep. CoctaBUTh ypaBHEHUE NPAMOH, IPOXOAALIEH uepes JIEBbIN (POKYC U HIKHIOIO BEPIIUHY

X +y =1,
25 ¢

3JUINIICA, 3a/IAHHOTO YPaBHEHUEM:
Koopannatse! HuxHEN BepmnHbL: X = 0; y2 =16;y=-4.
Koopaunats! neBoro doxyca: ?=a’-b*=25-16=9;c=3; F2(-3; 0).
YpaBHEHUE PAMON, NPOXOAALIEN YEPES IBE TOUKHU:
X0 =y+4 . X =y+4.4x=-3y-12; 4 x+3 y+12=0
-3-0 0+4 -3 4

IIpumep. CoctaBuTh ypaBHEHHE dJuIHICca, eciiu ero Gokycsl Fi(0; 0), F2(1; 1), Gonpmas ock paBHa 2.

X2 2
a'z"'_)zl =1

ypaBHeHHe DJIJIUIICAa UMECT BU/. b . PaccTostaue MEXITY (I)OKycaMI/I:

2c= \/ (1 —0)2+(1 —0)2=\/2 , TAKUM 06pasoM, a” — b> = c* =1

2 2
10 YCIIOBHIO 2a = 2, ciejioBaTenbHo a= 1, b= \j a-c =\/1—1/2=\/2 /2.

ﬁ+y_2 =1

1,
Hroro: 1/2

6.3. T'unepbona.

Onpenenenne.I'unep60/10ii Ha3bIBAE€TCSI MHOXECTBO TOYEK IUIOCKOCTH, I KOTOPBIX MOJIYJIb
Pa3HOCTH paCCTOﬂHI/Iﬁ OT ABYX JAaHHBIX TOYCK, HA3bBIBACMBIX (l)OKycaMI/I €CTh BCIMYHNHA IIOCTOsSIHHAA,
paBHas 2a, MEHBIIIAsl PACCTOSHUS MEXIY (POKyCaMHu.

[To ompenenenuto ri —r2 = 2a. Fi, F2 — doxycer runepoosnsr. FiF2 = 2c.
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\ M(x, y)

12

Bri6epem Ha rumnep6oie mpor3BoNIbHYIO TOUKY M(X, y). Torna:

\/( x+c )2+ y —\/( x—c)2+ y2=2 a
x+C Yo+ yP=4 a2+4 a \(x —c )2+ 2 +( x=c )P+

y2 4m+ y2=—4 a’+4 xc
a° ( x—c)2+a2 y2=a4—2 a° xc+x° ¢
a° x*-2a° xc+a’ ¢® +a° y2=a4—2 a° xc+x° ¢*
a° x°+a® c*+a’ }/2—514—)(2 ¢*=0
—xz(cz—a2 )+az(02—a2 )+a2 y2:O
xz(cz—a2 )—32 y2=32 (cz—a2 )
0603HaunM ¢ — a° = b® (FeOMETPHUYECKH 3Ta BETHUHHA — MEHBIIAS [TOTyOCH)

o bP=b? e

-y =1

éi2 b?

[TonyunnnkaHOHNYECKOe ypaBHeHHe THIEPOOJIbI.
['mnep6oia cuMMeTprUYHa OTHOCUTEIBHO CEPEINHBI OTPE3Ka, COSTUHSIOMETr0 (POKYChl U OTHOCHUTEIHHO
ocel KOOpAUHAT.

Ocp 2a Ha3bIBAETCHA ACHCTBUTEIbHOMH O0CHI0O THIIEPOOJIBI.

Ocpb 2b Ha3pIBaeTCsi MHMMOM 0ChIO THNIEPOOIIBI.



|

X.

y=t

['mnepOona UMeeT 1BE aCUMIITOTHI, YPaBHEHHUST KOTOPBIX a
e= >1
Onpenesnienne. OTHOLICHNE @ HA3bIBACTCsS IKCHEHTPHCHUTETOM THIICPOOIBI, IJie C — IIOJOBUHA
paccTosiHUs MeX 1y (OKycaMu, a — JeHCTBUTENbHAS TOJIyOCh.
2 212,
C yuerom Toro, 4ro ¢” —a” = b":
2 2,,2 2
e2=Cc" =a’+b” =b

a° a> &

b
a =\/62—1
Ecnma=b,e= \2 , TO TUIepOoJIa Ha3bIBAacTCS PAaBHOOOUYHOM (PaBHOCTOPOHHel). OnpeneneHue.

JIBe npsiMble, NepIeHANKYIApHbIE 1eHCTBUTEIBHOM OCH THIIEpOOIIbl U

PacmoIOKE€HHbBIC CUMMETPUYHO OTHOCUTEIIBHO HCHTpa Ha paCCTOAHUU a/e oT HEro, Ha3bIBaIlOTCs

AUpeKTpucaMu runep6oisl. X ypaBHeHuUs:
Teopema.Eciu r — paccmosinue om npoussonvrou mouku M eunepbonvi 00 kakozo- oo gokyca, d —

paccmosinue om moti Jce MoyKy 00 cOOMEemcmeayouleli Imomy QoKycy OupeKmpucsl, mo OmHouleHue
r/d — eenuuuHa nNOCMoAHHAS, PABHAS FKCYEHMPUCUEM).

IIpumep. Haiitu ypaBHeHue TUNEPOOBI, BEpPIIMHBI U (OKYCHI KOTOPOW HAxXOIsATCA B

L) =1

COOTBETCTBYIOIIMX BEpIIMHAX U (OKycax »mumunca 8 O
2_ .2 42
Jnst snmunca: ¢©=a” —b”.

2_ 212
Jns runep6onsl: ¢ =a” + b”.

Y V3

V3
8 8

L-Y =1

YpaBHeHue runepoosisl 3 5
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IIpumep. CoctaBuTh ypaBHEHHE THUIEPOOJBI, €CIU €€ HKCUEHTPUCUTET paBeH 2, a (OKYChI

LAY

COBMAAIOT ¢ (pOKycaMu 3IUIHICa ¢ ypaBHenneM 25 9

Haxoxum dokycHoe paccrostame ¢ =25 — 9 = 16.

JnsirunepOodsr: =a’+b’= 16, e=cla=2; c=2a; ct= 4a%; al= 4;
b’=16-4 =12.
Loy =
Uroro: 4 12 - ICKOMO€ YPaBHEHHE THIIEPOOJIBI.

6.4. ITapabona.

Onpeuenenne.ﬂapaﬁonoﬁ Ha3bIBACTCA MHOXKCCTBO TOYCK IINIOCKOCTH, KaxXJasd U3 KOTOPBIX

HaXOAMUTCSA Ha OJUHAKOBOM PAaCCTOSHUU OT AAHHOM TOYKH, Ha3bIBaeMOU (OKycOM, U OT JaHHOM MpsSMOii,

HA3bIBAEMOMW JUPEKTPUCON U HE MPOXOAIIeH uepe3 GoKyc.

Pacnonoxum Hayano koopauHat nocepeanHe mexay okycom U AMPeKTPUCON.

y

A M(x, y)

Bennuuna p (pgccrosiaue ot (okyca A0 TUPEKTPUCHI) HA3BIBACTCS MapaMeTPoOM Mapalolbl.

BriBeieM KaHOHHYQCKOE YpaBHEHHE MapadoIibl.

N3 reomerpuugcekux cootHomenuii: AM = MF; AM = + p/2;
MF? = y* + (x - p/2)*

(x +p2)* =y* + (x — p/2)?

X2 +xp + pd =y + x> —xp + p/4

y2 = 2px
YpaBHEHHUE TUPEKTPUCHL: X = -p/2.

2 . .
IIpumep. Ha napaGosie y* = 8X HaliTH TOUKY, paCCTOSIHHE KOTOPOI OT AUPEKTPUCHI paBHO 4.
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M3 ypaBHeHua napabonbl nony4yaem, 4To p = 4.
r =X + p/2 = 4; cnenoBareabHO:
X =2; y2 =16; y= 4. Uckomsbie Touku: Mi(2; 4), M2(2; -4).
Ipumep. /lana napabona y2 = 6x. CocTaBUTh YpaBHCHHE €€ JUPEKTPHUCH U HAUTH ee POKYC.

CpaBHuBas JaHHOE YpaBHEHUE C KAHOHUYECKUM YpaBHEHHEM Mapaboiibl, BUAUM, 4TO 2p=6, p = 3.

p p
Tak kak ypaBHEHHE JUPEKTPUCHI UMEET YpaBHEHHE X = 2—a (POKYC — KOOPAUHATHI =2 u 0, To 1A

-3 3
paccMaTpuBaeMoro ciiydasi MOJyYUM YpaBHEHHE AUPEKTPHUCHL X = u Qoxyc F(_ ;0 ) 2 2

BOITPOCHI JJIs1 CAMOIIPOBEPKH

[aiite onpeneneHre JIMHUU BTOPOTO MOPSAKA.

Kaxue nuHum BTOpOro mnopsijika Bbl 3HaeTe?

BriBeinTe ypaBHEHHE OKPYKHOCTH C ieHTpoM B Touke C (1 ; 2) u paanycom R=4.

Jaiite onpeneneHue >IuIica.

Kakyro ¢popmy nmeet smurnc? YkaxuTe Ha pUCYHKE U HA30BUTE €T0 OCHOBHBIE 3JIEMEHTHI.

UYro npencTaBisieT co00il ATUIIC, €CITU €ro MOTYOCH PaBHbI?

JaiiTe onpenenenue napadobl.

Kakyro ¢popmy nmeet mapaboa, onpesenseMas ypaBHEHUEM y2=2 pX, Wi X°=2 gy? Kak Bnusitot
napaMmeTpsl p U g Ha hopmy napabossi?

Uro npencrasisier co0oii Ha rpaduke B cucteMe KoopauHaT Ox YaWHWS, 3a/laHHasl ypaBHEHUEM
y=a x* +bx +c?

JlaliTe onpeneneHue TUrnepooIbI.

Kakyro ¢popmy nmeet runepbona? YkaxuTe Ha pUCYHKE U HA30BUTE €€ OCHOBHBIE AJIEMEHTHI.

Hanummre ypaBHeHUS aCUMITOT TUIIEPOOITHIL.

Hanwmmre ypaBHeHHE paBHOCTOPOHHEH TUTIEPOOITBI, ACUMITTOTAMU KOTOPOH SIBIISTFOTCSI OCH
KOOpJMHAT.

[IpuBenuTe npuMepbl HCIOIB30BAHUS YPABHEHUH JIMHUM BTOPOTO MOPSIIKA JUIs U3yUEHHS

KOHKPETHBIX 3aBUCHUMOCTEH.
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Jlexkuust Ne 8. [Ipenen pynkumm.

I'IepemeHHaﬂ n npegen — 310 OCHOBHbIE NOHATUA MaTeMaTu4eCKoro aHanunsa. [octaTto4Ho
HanOMHWUTb, YTO KJ1HO4EBbLIM CJTOBOM B orpeferieHnAX Taknx M3BEeCTHbIX CO LLUKOJIbI NOHATUN KakK
npon3BoaHaA U UHTerpan AaBndeTca CJioBO rnpenern.

8.1. [Ipenen pyHkuum B TOUKE.

y f(x)

A+

A -

[Tycts pynkuus f(x) onpeneneHa B HERQTOPOM OKPECTHOCTH TOUKH X = a (T.€. B CaMOM TOYKE X = a
(GYHKIMS MOXET OBbITh U HE OIpEJIEIeHa)

Onpenenenue. Uuciio A HaszpiBaeTcsa npeaeaoM ¢yHkuuu f(X) mpu x a, ecnu 1151 mro60ro >0
CYILLIECTBYET TaKkoe uucio >0, 4yTo 1Jid BCEX X TaKUX, YTO

0<x-a<
BEPHO HEPABEHCTBO fix)-A<.
To xe onpegeneHne mMoxeT OblTb 3aNNCaHo B APYrom BUAE:

Ecnmma- <x<a+ ,X a, To BEpHO HEpaBeHCTBO A - <f(x) <A +.

limf(x)=A
3ammck npenena QyHKIUA B TOYKE:  x —a

lim f(x)=A4
Onpenenenune. Ecnu f(x) A1 mpux a TolbKo IpH X<a, TO x— a-0 - Ha3bIBAETCs
npeaeom ¢pyukiuu f(x) B Touke X = a cjaeBa, a ecnu f(x) A> mipu x a TOJIbKO IPHU X>a, TO
lim f(x)=A2
X — a+0 Ha3bIBaeTCs npeaeaoM QyHKuH f(x) B Touke X = a crnpasa.
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f(x)

¥

Al - ......l..J.Y-‘\

ax

[TpuBeneHHOE BhIILIE ONIPEeIeHe OTHOCUTCS K ClIyHaro, Korja ¢pyHkuus f(X) He onpeseneHa B caMoil
TOUKE X = a, HO OIpeJIelIeHa B HEKOTOPOH CKOJIb YI'QIHO MaJIOM OKPECTHOCTU ATON TOUYKH.
[Ipenensr Ai u A2 Ha3bIBaOTCS TaKXKe OHOCTOPOHHMMM npeaenamMu ¢pyHkuuu f(x) B Touke X = a.

Taxxe roBopsT, 4TO A — KOHeYHBbIi npeaesa Qynkmun f(x).

8.2. Ilpenen GpyHKIMM MIPHU CTPEMIIEHUH apTyMEHTa K OECKOHEYHOCTH.

Onpenesenue. Uncio A HaszpiBaeTcs npeaeaoM ¢pyHkiuu f(X) mpu X , ecim 11 1r060ro uncia >0

CyIIEeCTBYET Takoe yucio M>0, uto aJis Bcex X, X >M BBINOIHIETCS HEPABEHCTBO
|A-f (x)|<€

[Tpu aTOM npeanonaraetcs, uro GyHKuus f(X) onpeneneHa B OKpECTHOCTH OECKOHEUYHOCTH.

imf(x)=A.
3alUCEIBAIOT: x—=

['padmyecku MOXKHO MPEICTABUTH:
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y y J
A A
0 0
x> X
limf(x)=A
AHaJOTMYHO MOXHO ONPEAEIIUTD HPEICIIBl  x s+ Ui roboro x>M u
imf(x)=A
X om0 IS JTII000r0 X<M.

8.3. OcHOBHBIE TEOpeMbI 0 Npeaesiax.

lim C=C

Teopema 1. x_.a , Tme C = const.
Crnenytoliiue TeOpeMbl CIpaBeUIUBBI IPU MPEANON0KEHNH, 4TO PyHKIMHU f(X) 1 g(X) UMEroT
KOHEYHBIE MPEEIIbI IIPH X a.

lim ( f( x)xg( x))=lim f( x )xlim g( x)
Teopema 2. x_. x—a Xx—a

Jloka3aTesnbCcTBO 3TOM TeOpeMbI OyAeT MPUBEACHO HIIKE.

im[f(x)g(x)]=limf(x)limg(x)

TeopeMa 3. xoa X—a X —a

lim C-f(x)=C:limf(x)
CaeacrBue. x_.a x—>a

limf(x)

lim f( X) =X —a

x—ag(x) limg(x) lim g ( x )#0
Teopema 4. x—a IpH  x—a

Iimf(x)=A

Teopema S.Ecau f(x)>0 66au3u moukux =au x—a , mo A>0.

AHanorugHo omnpenensiercs 3Hak npeaena mpu f(x) <0, f(x) 0, f(x) 0.

limg(x)=limu(x)=A lim=A
Teopema 6.Eciu g(x) f(x) u(x) 6bauzu mouxu x = a u x—a X—a ,MouU  xa

Omnpenenenne. Oynkmus f(x) Ha3bpIBaeTCs OrPAHMYEHHOM BOJIM3M TOYKH X = &, €CJIH CYIIECTBYET

takoe unciao M>0, uto f(x) <M BOIM3M TOYKH X = a.
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Teopema 7.Eciu ¢pynxyus f(x) umeem xoneunwlil npeden npu X a, mo oHa 02paHuyeHa 601u3u mouku

lim £ x )= A
JlokazaTeaberBo. [Iycts 4 .a , T.C. |f (X)_A|<£ , TOTZ1a
[F ()I=IF (x)=A+AISIF (X)=A[*]A]
If ()|<e+|A] | re.

F (XM, caem— + A

Teopema nokaszaHa.
8.4. beckoHeyHO MaJible (PYHKIIHH.

Onpenenenue. Oynknus f(x) HazpIBaeTCs 0€CKOHEYHO MAJIOW IIPH X a, T/Ie @ MOXKET ObITh YHUCIOM

lim f( x)=0

WJIM OJHOM 13 BEJIUYMH , + WM - , €CIIU X —a

CBoilicTBa 0eCKOHEYHO MAJIbIX QYHKIMIA:

CymMma (pUKCUPOBAHHOTO YMCIia OECKOHEYHO MaJIbIX (DYHKLUH NPH X a ToXke OECKOHEYHO Masast (PyHKIHS
IpH X a.

[IpousBenenne GUKCHPOBAHHOTO YHCTIa OECKOHEYHO MAJIbIX (DYHKIIHIA IIPU X a TOKE OECKOHEUHO Mastast
GyHKIMS pH X a.

[IpousBeneHne 6eckOHEUHO MaJIo (PYHKIIMK Ha (PYHKIMIO, OTPAHUYEHHYIO BOJIM3HM TOUKU X = a SIBJIAETCS
0ecKOHEeuHO Masloi pyHKIMeN npH X a.

YactHoe OT aeneHusi 0eCKOHEYHO Mallol PyHKIMK Ha QYHKIUIO, TIPEiesl KOTOPOU HE PaBEeH HYIIIO €CTh

BEIMYMHA OECKOHEYHO MaJiasl.

8.5. beckoHeuHo 0o/ibmNe GYHKIUN U UX CBA3b ¢ 0€CKOHEYHO MAJIBLIMU.

Onpenenenue.DyHKIMS HA3pIBaeTCS 0€CKOHEYHO 0OJIBIION MPU X a, T/IC a — YUCIIO WIIK OJHA U3

limf(x)=A

BEIWNYMH ,+ WIM- ,CCIH Xx—a , TAe A — 9HCIIO WU OJHA U3 BEIMYUH , + WIIH - .

CBs13p 6€CKOHEYHO OOJIBIINX U OECKOHEUHO MaJIbIX (DYHKIMI OCYILIECTBISIETCS B COOTBETCTBUU
CO CJIeAYIOIIEN TEOPEMOH.

Teopema.Ecnu f(x) 0 npux a (ecau x ) u He obpawaemcst 8 HOlb, MO

y=ﬁ1x )

8.6. CpaBHEHHE OCCKOHEYHO MAJIBIX (DYHKITHIA.
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MycTtb (x), (X) n (x) — 6eckoHe4HO Marnble pyHKUUKM Npu X a. byaem o6o3Havatb 3T OYHKUMK |, U
COOTBETCTBEHHO. OTW OeCKOHeYHO Manble (YHKUUMU MOXHO CcpaBHMBaTb MO ObICTpoTe UX
ybbiBaHMs, T.€. N0 BbICTPOTE UX CTPEMMAEHUS K HYTIO.

Hanpumep, pyskrms f(x) = x'* crpemures k Hymo GbicTpee, yem dyrkmms f(x) = x.
co 0 —
lim==0
Omnpenesenue. Ecmu  x-a p , TO QyHKIIUS Ha3bIBaeTCs 0eCKOHEYHO MAJIoi 00Jiee BHICOKOTO
NopsAKa, yeM QYHKIHUS .
o ad —
lim= =A, A#0, A=const
Onpenenenne. Ecu  x-a 8 , TO ¥ Ha3bIBAIOTCS 0ECKOHEYHO MAJILIMH
O/IHOI'0 MOPSAIKA.
e 0=
lim==1,
Onpenenenne. Ecmn  x-a 3 TO QYHKIIMM M HAa3bIBAIOTCS IKBHUBAJEHTHBIMH 0€CKOHEYHO

MAaJIbLIMH. 3aUCBIBAIOT ~ .

Mpumep. Cpasrum Geckoreano Maisie mpu x 0 dyrkmmn f(x) = x'° u f(x) = x.
x10 9
lim— =lim x =0
x—a X x-—a

10
T.e. pynknus f(x) =X~ — 6eckoHeYHO Majas 0oJiee BEICOKOTO TopsiaKa, ueM f(x) = x.

Onpenenenne. beckoneuno manas (GyHKIHs Ha3bIBAETCS OECKOHEYHO MAJIOH MOPSaAKa
- a
lim
o x—a Mk
kOTHOCI/ITCJ'H)HO 6CCKOHCT-IHO MaJIOn (1)YHKIII/II/I , €CJIN Hpez[eﬂ KOHCYCH U OTIIMYCH OT HYJIA.

Opnaxo cienyeT OTMETHTD, YTO HEe Bce OECKOHEUHO Malible (PYHKIUU MOKHO CPaBHUBATh MEXY

a

coboii. Harmpumep, eciiu oTHOIIEHNE B me mmeer npezena, To GyHKIMU HECPABHUMBI.

lim-2 =[imX3NX =4
. 2 XZ
Hpumep. Eciu a=Xx sin x, B =x ,rorpux 0 x—0B8" x>0 , T.c. yHKIUSA -
OeCKOHEYHO MaJiasi opsiiKa 2 OTHOCUTEILHO (DYHKIHH .
1 a
Mpumep. Eciu a=xsinx , B=x ,ropux 0 ™op HE CYIIECTBYET, T.€. QYHKIHUI |

HECPaBHUMBI.

CBOMCTBa DKBUBAJICHTHBIX OECKOHEYHO MAJIbIX.

a
1)'\', (IimX—ﬁi a =1 )
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a ap
2)Ecmu ~ u ~,10 ~, ("”‘Ha V=x”maa(B- v )=1'1=1)

g1
a g
3)Ecimu ~,10 ~, (Ma  =im_.; ,3:1
lim3=k Iim%l=k limd =Iim%1-
4)Ecmm ~m ~1u x-»a,B ,TOH xoa ! Ui X_)aB x—a |
a
lim3=k lim @ =lim
CaeacrBme: a) eciim ~ 1 U X—a ﬁ qon  x-a B x-a P
. & lim4 =lim-4
lim =
0)ecnu ~ 11 x-af , TO x-»a,B x—a P

CBorcTBO 4 0COBEHHO BaXXHO Ha NPaKTUKe, T.K. OHO (PaKTUYECKN O3HAYaET, YTO Npeaer OTHOLIEHUS
BeCckoHEeYHO Marbix He MEHSIETCS MPU 3aMEHE UX Ha AKBMBArEHTHble 6eCKOHEeYHO Manble. OTOT dakT
AaeT BO3MOXHOCTb MPW HaXOXAeHWUN NpeaenoB 3aMeHsaTb 6€CKOHEYHO Marble Ha 9KBUBANEHTHbIE UM
PYHKLUUN, 4TO MOXET CUMBHO YNPOCTUTL BblYUCIIEHME NPEeaenoB.

lim 199 X

Ipumep. Haiiti npemen  x -08in7 x
Tak kak tg5x ~ 5x u sin7x ~ 7x npu x 0, To, 3aMeHUB (PYHKIIMHM SKBUBAJCHTHBIMU OECKOHEYHO MaJIbIMHU,

MMOJIy4YnMm:
lim 95X =|imdX =5
x0s8in7Xx w_oflx T
lim—X__
Ipumep. Haittu pegen  x—0 1-cos x

2 lim—X_ =lim2X =lim 2 x=0
2 X (X x 0 1—cos x x —0 x —0

Tax kak 1 — cosx = 28in 272 2) mpu x 0, T0 2
lim _{gX_ =limX =c.

IIpumep. Haiitu penen  x—o sin % Y0 X2
Ecnu u - 6eckoHEeYHO MaJible MPH X a, MPUIEM - 0ECKOHEUHO Mautasi 00j1ee BBICOKOTO MOPSAKA, YEM ,

TO = + - 0ECKOHEYHO Majiasg, OKBUBAJICHTHAA . 9TO MOKHO A0Ka3aTh CICAYIOINM

limY =lim 1+£ =1
X a
PaBEHCTBOM — O x_ a @ )
Torma roBOpST, UTO - IVIABHAS YACTh OECKOHEYHO MaJION (QYyHKIIMH
2 .
Ipumep. Oyukmms x° +x — 6eckoHeyHo Maast pu X 0, X — TJIaBHas 9acTh 3TON GyHKIUHA. YTOOBI

2
IIoKasaThb 3TO, 3allMIIEM = X , = X, TOraa
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jim X =0, lim X2+X=Iim( x+1)=1
x—=0 X x=»0 X x —0

8.7. HexoTopsle 3aMedaTenbHbIe IPeeTbL.

IimB(X)

x  Q(x)

IlepBolii 3aMevaTeIbHbII MPeIeT.  — , re P(x) = aox" + aix™ +...
+an, Q(x) = box™ + biXm-1 +...+bm - MHOTOUJIEHBI.

X"(@+81 + +80 ) a+@ + +2n
P(x)= 0o X X n 0 X Xn
QX)) X" (b+ b1+ 4bny=Xm poybt g 1bm
o X Xm o X )(77
a a
1 n
a +—+ +— @
lim —°— o
b
b b 0
xoe h + T+ M
0 X X"

. P(x 2,
IImJ—Lg,{O, pu N<mg, =, APU N=M4é ¢,

Hroro: X% Q(X ) {bo

lim =1
Bropoii 3ameyaTenbHbINA peaes. x—0 X

1

m (1+ X _
Tperuii 3amedareJbHbIN npegea. x -=\ X =€
YacTo ecnu HenocpeACTBEHHOE HAaxXoXAeHVe npeaena Kakon — nmbo yHKLMKM NPeCcTaBnseTCsl CIIOXKHbIM,

TO MOXHO nyTem npe06paaoBaHMﬂ (byHKLI,I/II/l CBECTU 3aavy K HaXOXOeHUNK 3amMedaTernbHbIX npeanenos.

Kpome TpeX, N3NO0XXEeHHbIX Bbille, npeaenoB MOXXHO 3anncaTb cnenyruine nore3Hble Ha
NpPakKTUKe COOTHOLUEHUA:

X m
. + . a —1 . 1+X _1
I|mIn 1+x =1; lim =In a; I|m¥=m.
x=0 X x—0 X x—0 X

IIpumep. Haiitu npenen.
lim 19MX =jim MX= m
x-08SiNNX x-0nx N

Ipumep. Haiitu npenen.
lim tgx—tgxo —lim sin( X—Xo ) —lim sin( x—xo )Z, lim 1 -1 12 — 21
xox  X=X0  xox (XX0)COSXCOSXo x-x  X— X0  x-x COSXCOS Xo cos“x  cos” x
0 0 0
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IIpumep. Haittu npezen.
2 .

, — —=sin( m/4-x)
lim SIN X=COS X = |im _VE—

vorh T4X  xomm T4 X orn 2 N2( 17 1A=x) 24
IIpumep. Haiitu npenen.

= lim ~sin(m/d-x)=— 1_

COS(M2=Y) =y sin y = 1

jm 295X = o{y=m2-x; Kx=mi2-y i }; {}=lim

X—T12 Tr_zx y—»O 2 y y_>0 y 2
IIpumep. Haiitu npenen.
X+3 X+3 y+4

X+3 x—1+4 y+4

47 4\=
) -t adsinaa( y ) (" ) (1+y)
{m} e o ))

m x2—6 Xx+8

. X 2.,4_
Ipumep. Haiitu npeen ~ — X°—8 x+12 .
[INsi HAXOXAEHUS 3TOTO Npefena pasnoXuM Ha MHOXUTENW YNCTTENb W 3HAMEHaTemNb AaHHOMN ApPOGU.

—6x+8=0; x2—8x+12=0;
D=36-32=4; D=64-48=16;

=(6+2)2 =4 x1=(8+4)2 =6,

x2=(6-2)2=2; x2=(8-4)2=2;

lim{x=2)(x4)=limx-4 =2 =1
Torma x—2(X=2)(x-6) x->2x-6 4 2

IHpumep. Haiitu npenen.
im V1Hx +X° NTx 2

x —0 X2 —-X JIOMHOXXUM YHUCTUTEINb U 3HAMEHATE b Ipo0r Ha COMPSHKEHHOE

lim 1+ x+x2—1+x—x2 =lim 2 X

BI)Ipa}KeHI/Ie x—0 X ( X=1 \/1+X +X2+\/1 -X +x2 «ooX (X —1)(\/1+ x+x2+\/1—x+x2 )
-1

—1-(1+1),
Ipumep. Haiitu npenen.
imX =5 X6 ={25 y +6=( x-2)( x-3 )}=lim(X=2)(x=3) =3-2 =1
X*-9 x3(x=3)(x+3) 3+3 6




3
. X°-6 X°+11 x-
i X =B X411 x-6
N 1
TMpumep. Haiitu npegen = Xo-3 x+2
PasfoXuM YnCIIMTENb U 3HaMeHaTerb Ha MHOXKUTENMN.

xx=3x+2=Kx-1)x-2)
xX3—6x2+ 1lx—6=(x-1)(x—2)(x—3), T.K.

X —6x°+11x—6 x-1
x> —x*x*-5x+6 |
BT 11x
5%% + 5%
—6x-6
6x-6
0 -
X*—5x+6=(x—2)(x—3)

jim ( x-1)(x-2 )( x-3)=—2

Torma x—1 (x=1)(x-2)

IIpumep. Haittu npegen.

2 sin2 at2 h cos 2—h—2$in (a+h)
lim Sin_(a+2h )-2 sin(a+h)+sin a =jim 2 2 =lim 2sin(a+h)(cosh -1) -

ho h? hs0h 2 =0 h
=2 siny( h/2)
2

2 lim sin (a+h ):lim
h— 0h—0 4 (h/2 )

=2sin a(-1/2)=-sin a

JJIs caMOCTOATEILHOTO PelIeHUs:

lim 2X 42 X°45 x-6 =0

1) xow X2 XP+7 x—1
fim (22X +4x45)(X + x+1)

2) oo (X+2)(xF 42X 47 Xtx-1)
jim X =7 x+10 =3

3) XH2x2—8 x+12 4
jim V4 +xt 2= 1

4) X—>—1 X+1 4

=2

lim V. 1+x sin x-1 =1

5) x-0 X2 2

. X
lim 3__=3

6 x0V1+x-1

fim V14X X7 N72 32 7
7) X 2 X2—2X 4




3_0 2_
fim_X 2 x°—4 x+8

8) 23 X'-16 X424 X*~16  _ e ompezeren.
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BOITPOCHI JJIs1 CAMOITPOBEPKHU

JaiiTe onpenenenue npeaena GyHKIIMNA TOUKE.

Haiite onpenenenue npezena GyHKIUN Ha OECKOHEUHOCTH.

Yro Takoe 0IHOCTOPOHHUE Mpeaeibl GYHKIUU?

CdhopmynupyiiTe OCHOBHBIE TEOPEMBI O TIpeierax QyHKIUH.

Uro Takoe nepBblid, BTOPOM U TpEeTUil 3aMedaTeIbHbIE Mpeieibl?

JatiTe onpeneneHre 6€CKOHEUHO MajIoi (PyHKITHH.

Cdhopmynupyiite OCHOBHbBIE CBOIICTBa OECKOHEUHO MaNbIX (DYHKIHH.
ChopmynupyiiTe NPUHIIKAIT SKBUBAICHTHOCTA OECKOHEYHO MaJIbIX ()YHKIIHIA.
Jaiite onpenenenne 6€CKOHEYHO OOIBIION (QYHKIIHH.

ChopmynupyiTe OCHOBHBIE CBOMCTBAa OECKOHEYHO OONBIINX (DYHKITHA.

B 4em 3akirouaeTcs cBsA3b OECKOHEYHO OONIBIINX U OECKOHEYHO MaJIbIX (DyHKIIMN?
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Jlekuust Ne 9. HenpepbIBHOCTH GYHKIMM U €€ Pa3pbIBbI.

9.1. HenpepbIBHOCTb (ByHKIIMH B TOUKE.

Onpenenenne. Oynkuus f(x), ompeneneHHas B OKPECTHOCTH HEKOTOPOM TOYKH Xo, Ha3bIBaeTCs
HeNnpepbIBHOI B TOUYKeE X0, €CIIM Tpeie] PYHKIUHN U ee 3HAYCHHUE B 3TOM TOUKE PaBHBL, T.€.

lim £( x )=F (X0 )
lim f(—>x )=f (lim x)

ToT ke paKT MOXKHO 3arucaTh HHaYe:
X—=X0 X— X0

Omnpenenaenne. Eciiu ¢pynaknus f(x) onpezenena B HEKOTOPOH OKPECTHOCTH TOYKH Xo, HO HE SBJISICTCS
HEIPEPHIBHONW B CaMOW TOYKE Xo, TO OHA Ha3bIBacTCS Pa3pbIBHON (PYyHKIMEH, a TOYKAa Xo — TOYKOH
pa3phbIBa.

[Tpumep HETpEepHIBHOUN QYHKIIUN:

y
f(x0)+
f(xo0) :_I ] :
f(x0)-

Xo- XoXot+ X

Mpumep paspbIBHOM PYHKLNN:

Y me
f(xo)+ oo | I [S—
f(xo0)
f(x0)-

X6 X

Onpenenenne. Dynkuusa f(X) Ha3pBaeTcs HENPEPHIBHOM B TOYKE Xo, €CIH Ui JIHOOOTO
HOJIOXKUTENbHOTO yMcaa >0 cymecTtByer Takoe uucio >0, 4ro A JOObIX X, YAOBJIETBOPSIOLIMX

YCIIOBUIO
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|x—xo0|<A

If(x)-f(x_ )l<e
BEPHO HEPABEHCTBO 0 :

Onpenenenune. Pyukuus f(x) Ha3piBaeTCs HeMpPepPbIBHOM B TOUKE X = Xo, €CJIM IIPUPAIICHUE
(YHKLUHU B TOUKE Xo SIBJIAETCSI OECKOHEYHO MajION BETMYUHOM.
f(x) = f(xo) + (x)

rae  (X) — OECKOHEYHO Masiasi P X Xo.
9.2. CpoiicTBa HenpepbIBHbIX QYHKIUH.

CymMma, pa3HOCTh U MPOU3BEICHUE HEMPEPHIBHBIX B TOUKE Xo (DYHKIUN — €CTh (QYHKITHS,

HEIPEPBIBHAS B TOUKE Xo.

YacTHOe IByX HETPEPHIBHBIX (DYHKIIUH g (X
— €CTh HenpepbIBHAs QyHKIMS IPU YCIOBUH, YTO

g(X) He paBHA HYJIIO B TOYKE Xo.
Cynepnosnums HenpepbIBHbIX (YHKLUMIA — eCTb HenpepbiBHAs MYHKLUKS.

3TO0 CBOMCTBO MOXKET OBITh 3aIIMCAHO CJIEIYIOIUM 00pa3oM:
Ecnu u = f(x), v = g(X) — HenpepbIBHBIE (YHKIIMU B TOUKE X = Xo, TO pyHKIUA v = g(f(X)) — TOXKE
HeTpepbIBHAsA QYHKIHS B 9TOH TOUKE.

CﬂpaBeﬂJ’lMBOCTb npmuBegeHHbIX Bbille CBOWCTB MOXHO I1erko aokasaTb, ncnonb3yd TeopemMbl O npeaenax.

9.3. HenpepbIBHOCTH HEKOTOPBIX 3J1eMEHTAPHBIX QyHKIUI.

1) ®yukuus f(x) = C, C = const — HenpepbIBHas (QYHKIUSA Ha BCei 00J1aCTH ONPEIEICHHUS.

ap X'+a1 X" '+, _+ap,

FOO= p xmapx™ 4.+ b §
2) PanyonanbsHas QyHKIUS 0 1 m  HEIpephIBHA I BCEX 3HAUCHUH X,

KpOME€ T€X, IIPpHU KOTOPBIX 3HAMCHATCJIb o6pamaeTc;1 B HOJIb. Takum O6p8.30M, q)YHKI_II/IH 9TOI'0 BHAA

HENpepbIBHA Ha BCe 001acTH onpeaeeHusl.

3) Tpuronomerpuieckue GyHKIMH HEMPEPHIBHBI HA CBOCH 00JIACTH OIpE/IeNCHNUSI.

JlokazkeMm cBOMCTBO 3 111 QyHKIMH Y = SinXx.

3anumieM npupamieHue GyHKIUA Yy = sin(X +  X) — sinX, WK IOcJe TpeoOpa3oBaHus:

( Ax _ Ax
Ay=2cos\ x + 2 Jsin 2

lim Ay=2 lim cos x+2X sin4X =0
Ax —0 Ax—0 ( 2 2
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L Ax
JlelicTBUTENHHO, IMEETCs TIpeJIesl IPOU3BEACHUS IBYX (DyHKIMN cos (X+ 2 ) U sin 2 .Ilpustom

Ax
(QyHKIHUS KOCHHYC — OrpaHnyeHHas GyHKIms npu X 0 |cos (X+ 2 )|S1 , A T.K.
lim sin 4% =0
Ax—0
npenen GyHKINA CHHYC 2 , TO OHA ABJISETCSI OECKOHEYHO MAJIOH MpHu x 0.

Takum o00pa3oM, uMeeTcs MPOU3BEIACHHWE OrpaHUYEHHOH (YHKIMM Ha OECKOHEYHO Malylo,
CIIeIOBATEJIFHO 3TO NpoM3BeleHue, T.e. (yHKums y — OeckoHe4HO Majias. B cooTBercTBUH C
PacCMOTPEHHBIMH BBIIIIE OMpeNeIeHUIMH, QYHKIMS y = SinX — HempepblBHas (QYHKIMS AJi JIF0OO0ro
3HAUYEHHUS X = Xo M3 00JacTH OMNpeneNeHusi, T.K. ee MpHpalleHHe B 3TOH TOUYKe — OECKOHEYHO Masas
BEJIMYMHA.

AHarnorM4yHo MoXHO Joka3aTb HEMPEPbLIBHOCTb OCTasbHbIX TPUTOHOMETPUYECKMX (PYHKLIMIA Ha
BCen obnactu onpegenenus.

Boob6Le cnegyeT 3amMeTuTb, YTO BCE OCHOBHbIE 3NieMeHTapHble (OYHKLMW HeNpepbiBHbI HA BCE
cBoei obnactu onpeaeneHus.

9.4. Touku pa3pbIBa M UX Kiaccuukanus.

Paccmotpum HekoTopyro ¢yHKIMIO f(X), HEMPEPHIBHYIO B OKPECTHOCTH TOYKH X0, 32 UCKIIOYCHHEM
MOJKET OBITh cCaMOi ATOW Touku. M3 ompenenenus Touku pa3pbiBa (PYHKIUHU CIETYET, YTO X = Xo SIBJISIETCS
TOYKOHW pa3pbIBa, €clU QYHKIIHSI HE OTpe/IelIeHa B ATOH TOYKE, WIIM HE SIBJISICTCS B HEH HEMPEPHIBHOM.

CnenyeT OTMETUTb TaKKe, YTO HEMPEPBLIBHOCTb (PYHKLMN MOXET ObITb OAHOCTOPOHHEN.
MosicHum aTo cnegytowmm obpasom.

lim f(x)=f(xo0)
Ecnau ogHOCTOpOHHMH mpenen (CM. BBHIIIE) X x40 , TO (DYHKUUS Ha3bIBACTCS

HEIIPEPBIBHOM CIIPaBa.
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Ecnu omHocTtopoHHMIT mipenen (cwm. BBILLIE)  x— x-0 , TO (yHKIUS Ha3bIBaeTCA

HENPEPHIBHOM ClIeBa.

X0

Omnpenenenue. Touka Xo Ha3pIBaexcs TOYKO# paspbiBa ¢yHkuuu f(x), ecnu f(x) He ompeneneHa B

TOYKE X0 UJIN HE ABJISACTCA HGHpCpBIBHOﬁ

v

Onpenenenune. Touka Xo Ha3bIBA€TCS TOYKOW pa3pbiBa 1- ro poaa, ecinu B 3Toil Touke pynkuus f(x)

UMEET KOHEYHBIE, HO HE PABHBIC APYT IPYTY JIEBBIM U IPABbIN IPEICIIBL.

lim f(x)#lim f(x)

X — x 0+0 X— x0-0

Jljis BBITIOJTHEHUS YCIIOBUIA ATOTO omnpezesieHus He Tpedyercs, uToObl (PyHKIMS ObLIa onpeseneHa B
TOYKE X = X0, JOCTATOYHO TOr'O, YTO OHA OIIPEJIENICHA CJIEBA U CIIPaBa OT HEe.

W3 onpeneneHuss MOXKHO CZeNlaTh BBIBOJ, YTO B TOYKE pa3pbiBa 1 — ro pojaa GyHKIUS MOXKET UMETh
TOJIbKO KOHEUHBIM CKayoK. B HEKOTOpBIX YacCTHBIX ClydyasX TOUKY pa3pbiBa 1 — ro poja eue MHOIIa
Ha3bIBAIOT YCTPAHMMOI TOUKOH pa3pbiBa, HO NOAPOOHEE 00 3TOM ITOTOBOPUM HIIKE.

Omnpenenenune. Touka Xo Ha3pIBAETCSI TOYKOM pa3pbiBa 2 — ro poJa, €ciu B 3TON TOUKE (QYHKIUSA
f(x) He nmeeT XoTsl ObI OHOTO U3 OJTHOCTOPOHHUX MPEEIIOB MM XOTS ObI OIMH M3 HUX OECKOHEYEH.

Ipumep. Oynkuusa Jupuxine (Jupuxine Ilerep ['yctaB(1805-1859) — Hemenkuii MmaTeMaTuk, 4ieH-

koppecnionneHT [lerepoyprekoit AH 1837r)
f (x)=¢{1, X—pauuoHasrbHOe YUCI10} ¢, ¢,

HE SIBJISIETCS HENIPEPHIBHOW B JIHOO0H TOUYKE Xo.

1

IIpumep. @ynkuus f(x) = X wumeeT B Touke Xo = 0 TOUKY pa3pbiBa 2 — o poja, T.K.

lim f( x)=+c; Iimf(x)=—c

x — 0+0 x —»0-0
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Ln

]

Ln
g
o3

sin x
[pumep.f(x)=  x

lim £ ( x )=1
CDYHKI_[I/IH HC OIIPCACIICHA B TOUKC X = 0, HO UMEET B HEW KOHEYHBINA npeaci x—0 , T.C. B

Touke X = 0 QyHKIMA UMEeT TOUKy pa3pbiBa 1 — ro pona. To — ycrpaHuMasi To4kKa pa3pbiBa, T.K. €CIIH
JIOOTIPENETUTh (PYHKIIHIO:

sin_x

f(x)=¢ X , pux#0 ¢ éé

I'padux s1oit pyHKIMN:

WA IR VAR G

Hpumep.f(x) =Fx - {1, 1pu x>0¢,66¢
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Ota ¢yHKIUSA Takxke obo3Hadaercs sign(x) — 3Hak X. B Touke x = 0 @yHkuusa He omnpezneneHa. T.k.
JIeBBIM U MPaBbIi Mpeaensl GyHKIMKM pa3inyHbl, TO TOYKa pa3pbiBa — 1 — ro poxaa. Eciau goonpenenuts
¢yukuuio B Touke X = 0, monoxus f(0) = 1, To pyHkuus Oyaer HelpepbIBHA ClipaBa, eciiu noia0xkuTh f{(0)
-1, To Qynkus OyneT HEMpepBIBHOW CieBa, €CIU IMOJIOKUTH f(X) paBHOE Kakomy- JIMOO YHUCIY,
oTimyHOMY OT | wimm —1, To GyHKIMs He OyAeT HenpephIBHA HU CJIEBa, HH CIIPaBa, HO BO BCEX CITyYasx
TEeM He MeHee OyzeT uMmeTh B Touke X = 0 pa3psiB 1 — ro poga. B atom npumepe touka paspsiBa 1 — ro
poJia He SIBJIAETCS YCTPAaHUMOIA.

Takum 00pa3zom, Ui TOTO, YTOOBI TOYKA paspeiBa 1 — ro poma Obula yCTpaHUMON, HEOOXOAUMO,
4TOOBI OZJHOCTOPOHHHUE MPEAEbI ClIpaBa U ciieBa ObUIM KOHEUHBI U PaBHBI, @ GYHKLUSA Obl1a Obl B 3TOMN
TOYKE HE ONPEEIICHA.

9.5. HenpepbIBHOCTH (DyHKIIMM HA UHTEPBAJIC U HA OTPE3KE.

Omnpenenenne. Oynkuus f(x) Ha3bpIBaeTCs HeNnpepbIBHOM Ha HWHTepBaje (0Tpe3Ke), €CiId OHA
HeTpepbIBHA B JTI000H TOUKe MHTEpBaja (OTPe3Ka).

[Tpu 3TOM He TpedyeTcs HEMPEPHIBHOCTH (PYHKITMH HA KOHIIAX OTPEe3Ka WIIM MHTEpBaJa,
HE00X01MMa TOJIKO OJHOCTOPOHHSISI HENPEPHIBHOCTh HAa KOHIIAX OTPEe3Ka WM UHTEpBaa.

CaoiicTBa (QyHKIMIA, HEPEPBIBHBIX HA OTPE3KE.

CpoiictBo 1: (Ilepsas Teopema Beitepmrpacca (Beliepmrpacc Kapn (1815-1897)- nemeuxuit
MaTteMaTHK)). DyHKIHs, HeTpephIBHAS HAa OTPE3Ke, OTPAaHWYECHA HAa ITOM OTpe3Ke, T.€. Ha OTpe3ke [a, b]
BBITIONTHSIETCS yeaoBue —M f(x) M.

Jloka3aTenbCcTBO 3TOrO CBOMCTBA OCHOBAaHO Ha TOM, 4YTO (DYHKIIMS, HENpPEphIBHAs B TOYKE Xo,
OrpaHMYeHa B HEKOTOPOW €e OKPECTHOCTH, a €CIU pa30uBaTh OTPE3OK [a, b] Ha GECKOHEUHOE KOITUYECTBO
OTPE3KOB, KOTOPBIE “CTATUBAIOTCS K TOUKE X0, TO 00pa3yeTcsi HEKOTOpast OKPECTHOCTh TOUKHU Xo.

CpoiicTBo 2: OyHKIMS, HENpepbIBHAS Ha OTpe3ke [a, b], mpuHMMaeT Ha HEM HaHWOOJbINEE U
HauMeHbIlIee 3HAYCHHUS.

T.e. CylIecTBYIOT Takue 3HaUeHUs X1 U X2, uTo f(x1) = m, f(x2) = M, npuuem

m f(x) M

OTMeTHUM 3TH HAauOOJBIINE U HAUMEHBIITNE 3HAUYEHUS (PYHKIUS MOKET PUHUMATh HAa OTPE3KE U
HECKOJIbKO pa3 (Hampumep — f(x) = sinx).

PazHocTh Mexay HanOOIBIIMM U HAUMEHBIIIUM 3HaYeHHEeM (DYHKIIMU Ha OTPEe3Ke Ha3bIBACTCS
KoJ1e0aHueM (QYHKIMH Ha OTpPE3Ke.

CoiicTBo 3: (Bropas reopema bonbiiano — Komm). @yHkius, HenpepbIBHAsS Ha OTpe3ke [a, b],
IPUHUMAET Ha 3TOM OTPE3KE BCE 3HAUECHUS MEXAY ABYMs IPOU3BOJIbHBIMU BETMUMHAMHU.

CsoiicTBo 4: Eciiu pyHkius f(X) HenmpepbIBHA B TOUKE X = X0, TO CYIIECTBYET HEKOTOPas

OKPECTHOCTb TOYKH X0, B KOTOPOH (DYHKIIHSI COXpaHSET 3HAK.
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CsoiictBo 5: (IlepBas Teopema bonbiano (1781-1848) — Komm). Ecnu dynkius f(x)- HenpepbIiBHAs
Ha oTpe3ke [a, b] MU MMeeT Ha KOHLAX OTpe3Ka 3HAUEHUS MPOTHUBOIOJIOKHBIX 3HAKOB, TO CYIECTBYET
Takasi TOYKa BHyTPH 3TOro oTpeska, rae f(x) = 0.

T.e. ecnu sign(f(a))  sign(f(b)), To xo: f(x0) = 0.

Omnpenenenne. @ynkuus f(x) Ha3pIBaeTCs paBHOMEPHO HelpPepbIBHOM Ha oTpeske [a, b], ecnu s
mro6oro >0 cymiectByet >0 Takoe, 4To I TFOOBIX TOYEK X1 [a,b] u X2 [a,b] Takux, 4T0

X2—X1 <

BEPHO HEPABEHCTBO f(x2) — f(x1) <

~ 3

OTnnymne paBHOMEPHOW HEMPEPLIBHOCTM OT “O0bIYHOI” B TOM, YTO AN NIOOOro CyLecTByeT CBOE , HE

3aBucsiLLee OT X, a Npu “0ObIYHON” HEMPEPBLIBHOCTU 3aBUCUT OT U X.
CroiicTBo 6: Teopema Kantopa (Kautop I'eopr (1845-1918)- nemenkuii matemaTuk). OyHKITHSA,
HEeNpepbIBHASL HA OTPE3Ke, PABHOMEPHO HEMPEpPhIBHA HA HEM.
(D10 CBOICTBO CIPaBEIIIMBO TOJIBKO JJII OTPE3KOB, a HE JIJISl HHTEPBAIOB U TIOJYHMHTEPBAJIOB.)

y=sin 1
Hpumep. X

1
y=sin

OyHKIUA X HenpepbiBHA Ha uHTepBae (0, a), HO He SIBJISIETCS HA HEM PaBHOMEPHO

HETPEPBIBHOM, T.K. CYIIECTBYET TaKoe Ynuciio >0 Takoe, YTO CYIIECTBYIOT 3HAUYCHUS X1 U X2 TaKWe,
gro f(x1) — f(x2) >, - m000€ YUCIIO MPHU YCIOBHUH, YTO X1 U X2 OTU3KH K HYIIO.
CpoiictBo 7: Ecnu ¢ysnkmus f(x) ompeneneHa, MOHOTOHHAa M HENpEpbIBHA HAa HEKOTOPOM
POMEXYTKe, TO U oOpaTHas el pyHKIHS X = g(y) TOKE OAHO3HAUYHA, MOHOTOHHA U HETPEPhIBHA.

IIpumep. MccnenoBars Ha HEMPEPHIBHOCTD (PYHKLIMIO U ONPEAEIUTh TUIl TOUEK pa3pbiBa, €CIIK OHU

€CTh.

(X)=¢{x+4,x<=15 XC+2,-1SX<14.4 6.6,

lim f(x)=3  lm f(x)=3

x —=-1-0 x—1-0
lim f(x)=3  limf(x)=2
x —>—1+0 X — 140
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B TOUKE X = -1 (yHKIIMsI HETIpepbIBHA B TOYKE X = | Touka pa3psiBa 1 —ro poxa

IIpumep. MccnenoBats Ha HENIPEPHIBHOCTD (DYHKILUIO U ONPEACITUTH TUII TOUEK pa3pbiBa, €CJIU OHU

€CTh.

s

fi =¢{cosx,x50g,{x2+1, O<x<1¢ééé

lim f(x)=1 lim f(x)=2
x— 0-0 x—1-0
lim f(x)=1 lim f(x)=1

x— 0+0 Xx— 140

B Touke X = 0 pyHKIMS HETpepbIBHA, B TOUKE X = | Touka pa3psiBa 1 —ro poga
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BOITPOCHI JJIs1 CAMOITPOBEPKHU

Jaiite onpeseneHue HENPEPHIBHOCTH (PYHKIIUU B TOUKE.
[IpuBeaute npumepsl PyHKINN HENPEPHIBHBIX B TOUKE.

Jaiite onpesnenenne HEMPEPHIBHOCTH (PYHKIIMK HA UHTEpBAJe.
Uro Ttakoe Touka paspbiBa? Touku pa3pbiBa IEPBOTO U BTOPOTO POAA.
[IpuBeauTe npuMepsl TOUEK pa3pbiBa EPBOTO U BTOPOTO po/a.
ChopMynupyiTe OCHOBHBIC CBOMCTBA HETIPEPHIBHBIX ()YHKIIHA.

[IpuBeauTe npuMepbl HENPEPHIBHOCTH 3JIEMEHTAPHBIX (PYHKIUI.
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IIpakTuyeckas padora Ne2.

Tema: Onpenenenrie HeNMPEPHIBHOCTU (PYHKIIMH, TOUEK pa3pbiBa (PYyHKIUU.

Leab: Pa3zBuBaTh U COBEPIICHCTBOBATh YMEHHUE ONPENEIATh HENPEPHIBHOCTD
(GYHKIIMH, HAXOUTHh TOUKH pa3pbiBa PYHKIINU, 3aKPENUTh HABBIK BHIYHCICHUS

MIPEIENIOB C TTOMONIBIO (POPMYIT IEPBOTO M BTOPOTO 3aMeUaTEIbHBIX MPEICIIOB.

Obecnevyenne MPpaKTHYECKON PadOThI:
Teopernyeckuil MaTepuan METOJUYECKON pEKOMEH IAlUU K MPAKTHYECKOM padoTe.
Yuebnuk. boromonos H.B. «Marematuka». — M.: lIpoda, 2006.

WNHauBHlyanbHbIE KAPTOUKU C BAPUAHTOM MPAKTUYECKON PabOTHI.

Teopernyeckuii MaTepuaJi, IPpUMeEPbI Ha ONpe/e/ieHUe HellPePbIBHOCTH

¢yHnxuun, Onpeodenenue Henpepvl6HOCMU QYHKUUU

f{I) {a;b)

Omnpenenenune Ilycts yHKIHS OIpe/iesIeHa Ha HEKOTOPOM MHTEpBAJIe ,

Iq f(z)
AJIs1 KOTOPOTO -- BHYTPCHHAA TOYKA. CDYHKHI/UI HAa3bIBACTCA HeNnpepvli6HOU 6 MOYKe

Zq f{l} E —+ Zj f{;rg::l
, €CJIN CYH_[CCTByeT Hpez[en HpI/I " 3TOT Hpe,ueﬂ paBeH 3HAQ4YCHUIO , TO

CCTb

F(=) 201}
[TycTth byHKIHS OIIpeJIeJICHa HA HEKOTOPOM ITOJIYUHTEPBAIIE , IS
Ig o f [I :' o
KOTOpOro -- JICBBIU KOHCII. cI)yHI(I_II/ISI Ha3bIBACTCS Henpepvle6HOU cnpaea 6

Zq _f{I;'I I — Ig+
mouykKe , €CJIN CymeCTByeT Hpeﬂeﬂ HpH n 9TOT Hpeﬂeﬂ paBeH

f{Iu::l

3HAa4YCHHUIO , TO €CTh

im f(z) = f(za).

T—Tn+

f(z) (a;2d]

[TycTs, HaKOHETI, PYHKITHS ONPEAEICHA HA HEKOTOPOM MOJIyHHTEPBAJIE ,

Ig f {I :' .
JUIs1 KOTOPOTO -- paBbIi KoHEl. DyHKINS HA3bIBACTCSL HENPEPbIBHOU C1e8a 8
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Ig f{I) I —* Tg—}
mouke , €CJIM CYHCCTBYCT IIPCACII pun U 9TOT MPCAC] PaBCH

f (o)

3Ha4YCHHIO , TO CCTh

im f(z) = f(za).

T—+T0—

N3 Teopembl 0 CBA3U JIBYCTOPOHHEIO Mpejesia ¢ OAHOCTOPOHHUMHU (Teopema 2.1)
cpa3y CIeoyeT, KaKk yXe OTMEYaJoCh B TJIAB€ 2, YTO HMMEET MECTO CIEayIollee
MpeI0KEHHE.

f {I 3' Ig
IIpennoxkenue : Pyuxyus mo2oa u moJibKo mo2o0a HenpepvléHAa 8 MOUKe
Iy
KOZ()CZ OHAQ HenpeprGHCl 6 mouke Cnpaea u caeea, mo ecmovb KOZOG

)

BblNOJIHEHDbI Cﬂe()yiomue yciaoesus:

f {I j' Ig
(pyHKI/ﬂ/lﬂ OnpedeﬂeHa 6 moudkKe U 6 HEKONOpoU OKpecnitHocmu 3nou nmnodKu,

im f[:r] <= f[:m—::l.

cyuecmayem npeoesl 3Ha4eHull Gynkyuu ciesa: ="

b

im fl::.r;'l = f[:{g-l—::l

cyuecmeyem npeoesl 3Ha4eHull hyHKyuu cnpaga.: =" '

b

. Ig
amu 08a npedena coenaoam mexcdy cooou u co sHavyeHuem QyHKYuu 8 mouxe

o) = flaot) = f(as)

f{Iu]

Puc.®yHkuus HenpepbIBHA: IPEAEIIBI CIEBA U CIIPAaBa COBITAJAIOT C
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Ig
Touka , B KOTOpoW (YHKIMS HENpEepbIBHA, HA3bIBACTCI  TOUYKOI
f(z)
HeNnpepbIBHOCTH (QYHKIINU ; TAK K€ ONPEAEIAITCA TOUKUA HENPEPHIBHOCTH

CJICBAa U CIIpaBa.
@) =V -0 lim £(z) = lim /fz] = 0

x—0

Hpumep 1 IlycTs u . Tornma u
f(0)=+v0=0 f

. DTU 3HAYEHHUSI COBMAJIAIOT, 3HAUUT, DYHKIIMS | HEIPEpbIBHA B

Iﬂ = D’
TOYKE

i

Iﬂ:[]'

(DyHK1HS -- DJIeMeHTapHas QYyHKITUS; -- TOUKa €€

(@) = Vl]z| = (%)
D

(f) =R
00J1aCTH OTpeesIeHUs . Bce anemenTapubie QyHKIIMN HENPEPHIBHBI BO
BCEX BHYTPEHHHUX TOUKAaX CBOMX 00JacTel ormpeiesieHrs, B TOM YHCIIe U 3Ta. Tak 4To
flz) y N
ATOM IpUMEpe MOKHO ObLIO ObI 3aMEHUTH Tr000H dreMeHTapHON pyHKIMEH, a

‘Iﬂ = I:I' o o o I](f]
-- MO0 BHYTpEHHEN TOYKON 00J1acTh , M BBIBOJI OCTaJjics Obl TEM JKe€.)

sinx
Flz) = = mpu = # 0
A mpu z =0 1q =0
IIpumep 2 PaccmoTpum QyHKITHIO U TOUKY

z % [} } . %
[Ipu QyHKIMA 3a1aéTCa POpMyIION , TIPH 5TOM UMEEM

. sinzx

]jn%] Flg) = ]m%1 =]
I—+ T—H b H
(TIepBbIi 3aMeYaTeNbHbIN Mpejiel). ITO 3HAUeHHE COBMAJAET C
flo)y=1 lim f(z) = f(0) =1
. Urak, *—¢

TeM, KOTOpoe 3a7aHo npu z = 0: , YTO O3HAYAET

Iﬂ == D’
HETNPEPBBIHOCTh PYHKIMH | TIPU

TeM, KTO BHUMATEIBHO U3YUYWJI JaHHOE B TJIaBe 2 o01uiee noHsTHe 0asbl npesena,
MOJKHO TIPEJIJIOKHUTD IMPOJAYMaTh U J0Ka3aTh CIACAYIOIICE YTBEPIKICHHE:

Onpeodenenue mouek pa3poiea
Jaaum Tenepb onpeneneHrue ToUeK pa3pbiBa (QYHKIIUH.

Ig f {I:}I
Onpenesienne Touka Ha3BIBACTCS MOUKOU pazpviéa GYHKIH , €CJIM OHA

Ig
OonpeCaAcICHA B HCKOTOPOU MMPOKOJIOTOHU OKPECTHOCTH TOUKH (TO CCTb OIpCAcCICHa Ha
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Iy
HEKOTOpPOM HHTEpBaJie, AJI1 KOTOPOIo CIIY’KHUT BHYTPCHHEH TOYKOH, HO B CaMOU TOUYKE

Ig
, BOBMOKHO, HE OTIpE/IeJIeHa) U BBITIOJIHACTCS XOTSI ObI OJTHO U3 CIEAYIOIINX yCIOBUH:

tim_f(z)
HE CYILIECTBYET IpeJiernia cieBa - :
tim f(z)
HE CYyIIEeCTBYET mpejiena cipasa * =+ :
Fae-) =t fiz) flaot)=_lim f(z)
HIPEACIEL CIeBa T mcnpasa =7t CcymwecTByIOT,

Flza—) # Flzat)
HO HE PaBHBI JIPYT JIPYTY: ;

flze—) = lIm f(z) flza+) = lim f(z)
IIPENENbl CIeBa R U crpaBa B CYILECTBYIOT
flzo—) = Flzat)
PaBHBI IpYT OPYTY: , HO HE COBMAJIalOT CO 3HaUYECHHUEM (DYHKIIUH B
1d f(zo) # flza—) = flzat) f(z) g
TOYKE |: , WA PyHKIIMS HE OIpeJIeNIeHa B TOUKE

Ig
Ecomu umeer mecto mmbo ciydait 3, aubo ciydaih 4, TO TOYKa pa3pbiBa

HA3BIBAETCS MOUKOU PA3PLIEA NEPEO20 PoOd, A TIOBEAEHHE (QYHKIIMU B OKPECTHOCTH
Ig Ig
TOYKHN Ha3bIBACTCS paA3pbl6OM NEPBO2O poda B TOYKEC . B CiIy4dac 4 Touyka

paspbiBa IEPBOTO pOAA HA3BIBACTCA YCMPAHUMOU MOYKOU paspviéd, a pa3pbiB
(YHKIIH B 3TOM TOUKE -- YCMPAHUMBIM PA3PLIBOM.

Ecnu ke umeer mecto mbo ciydaid 1, mubo cimydaid 2 (Iubo U TOT U APYTroit
Ig 9
cpa3zy), TO TOYKa pa3pblBa  HA3bIBACTCA MOUYKOU pa3pvléd 6mMopo20 pood, a

noBeJieHre QYHKIIMU B OKPECTHOCTU ITOM TOUKH -- pA3Pbl8OM 6MOPO20 poOd B TOUKE
Ig

f {I 3' Ig
Urtak, ecnu ¢yHKIMSA AMEET pPas3pblB MEPBOTO poAa B TOYKE , TO

CYILIECTBYIOT, KaK 4acTO TOBOPST, 3HaUeHUs (yHKIMHU "Ha Oeperax pa3pniBa':
f(za=) Flzat) zq

u , HO TO4YKa HE SIBJISICTCS TOUYKOU HCIIPCPBIBHOCTH.

J.F ‘.
AREN e mrmnes fﬁﬂx}
Flxg) \"

0 X X

203



Iy
-- TOYKA pa3pbiBa MEPBOrO poaa

Ig
Ecnu 3Hauenust Ha Geperax paspbiBa pa3Hble, TO 3HaUCHHE (PYHKIUU B TOUKE
N Ta
MOET OBITh JIIOOBIM (MJIM BOOOIIE OTCYTCTBOBaTh), BCE paBHO  OyIeT AaBaTh
pa3psiB niepBoro poaa. Ecnu ske 3HaueHust Ha Oeperax paspbiBa COBHNAAAIOT, TO IS

HaJIM49Ws paspbiBa HYKHO, IIT06}>I J'II/I6O 9TU COBIIaAAOIINEC 3HAUYCHUA 6BIJII/I OTJIMYHBI
ey

OT 3HaueHus (QyHKIUU B TOYKE |, JTUOO (YHKIMS B 3TOM TOYKE ObLIa BOBCE HE
onpenenena. Eciau B 3ToM ciyuae nepeonpeaenuTh (Miu J00IpeIeInuTh) PYyHKITUIO
f(z) Zq f(za) = f(za—) = fzat) .
B TOUKC , IIOJIOZKHUB , TO ITOJIYYCHHAA N3MCHCHHAA
Ig Ig

dyHKuMa OyAeT y’Ke HEeMpPEPbIBHA B TOUKE U Pa3pbiB B TOUKE | HMCUE3HET; OTCIOAA
Y Ha3BaHUE TAKOTO pa3phbIBa -- YCTPAHUMBIH.

y A
e e
0 Xp x'.

Iy
-- TOYKa YCTPAHUMOI'O pa3pbiBa

HakoHern, k pa3peiBaM BTOPOTO pojia, KaKk BUAHO U3 OMpPEAENICHUs, OTHOCATCS BCE
pa3pbIBbI, KOTOPbIE HE MIPUHAJIEKAT K pa3pblBaM NEPBOT0 POJia; HEKOTOPHIE U3

Ig
BO3MOKXHBIX CHOCO6OB IIOBCIACHUS (I)YHKI_[I/II/I B OKpCCTHOCTI/I TOUYKU . Trac
HpOI/ICXOI[I/IT pa3pBIB BTOpOFO poz[a, HpeI[CTaBJIeHBI Ha CJ'IG)I[}’IOH_IeM pI/IC}’HKe.
y A y 4 y A

1 ] ]

1 ) 1

A\ 2T ) : i

I ] .-!“' I

| H |

| ; I A

1 . — 1

i o b x )

Iy
-- TOUKa pa3pbiBa BTOPOro poja. Hekoropeie BO3MOKHbBIE BAPUAHTHI
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_ 2 —1

f{l} —x

IIpumep 3 PaccMoTpum QyHKIUIO , I KOTOPOWU

D(f)={z€eR:z*—z #0} =(—0c0;0)U (0; 1)U (1;400).

OyHKIMSA UMEET pa3pbIBhI IpU = = 0u npu z = 1. HeTpyaHO BUIETH, UTO NIPH
l, ecmmz < Ounuz > 1;

— md 2 _ 1y —
I?énjr?éjl‘f[l}_Sg (=* -1) {—1, eem 0 < z < 1.
B Toukax z =0u z =1

GyHKLMS UMEET HeYCTPaHUMbIE Pa3phIBbI IEPBOTo pojia. B Touke z = OumeeMm:

Im flz)= lim 1=1; lim f(z)= lim (-1)=-1

T—0— T—0— —d4 o—04+
(3HaueHUs Ha Kpasix pa3biBa CYLIECTBYIOT, HO HE COBMAAIOT); B TOUKE = 1 --

Im flz)= lim (-1)=-1; lim f(z)= lim 1=1

T—1— —1— z—14+ T—14

(cHOBa TIpe/eIibl CIEBA U CIPaBa CYIIECTBYIOT, HO HE COBIAJIAOT).

I'padux pynkumn

flz) =

IIpumep 4 OyHkuus nMeeT npu z = Opa3psIB BTOPOro poJa, Tak KaK

1
I

f(z) = +og — 04 flz)—= —o0 x — 0—
npu u npu :
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oyl
Puc.3.6.I'padux bysakmmm i
1
fz) ==
Hpumep 5 Oynkuus uMeeT npu = = Opa3pbsiB BTOPOro poja, Tak KaK
flz) = +og z — 04 z — 0

pu U IIpU

llepeviii 3ameuamenvublil npeden pagex 1 |

sinzx
lim

x—i I

=

Bmopwim 3ameuyamenbHbvim npedenom Ha3bIBaeTCA Mpeen
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e= lim (l—l—l) §
n—oo 7L

Uucino e, 3a1aHHOE ATUM MPEJIETIOM, UTPAET OYEHb OOJIBIIYIO POJIb KaK B
MAaTeMaTH4YEeCKOM aHaJIn3€e, TaK U B IPYIUX pa3jesiax MaTeMaTuku. YUcio eyacto
HA3BIBAIOT OCHOBAHUEM HAMYPAIbHBIX 102APUPMOE.

Bmopoii 3ameuamenvusiii npeden cywecmeyem. Eeo 3nauenue e -- 4ucio,

nexcawee medxicoy 2 u 3.

bonee moapoOHOE M3ydeHHE YNClia eTMOKa3bIBAET, UTO € -- HPPALMOHATIEHOE

YHCJI0, HCCKOJIBKO IICPBLIX ACCATUYIHBIX 3HAKOB KOTOPOI'O TAKOBBI:

e = 2,7182818285. ..

Fie IR
im ( )
T—oo I—|—3

Ipumep 6. Haiiném npenen

3,Z[eCB OCHOBAHHC CTCIICHU MMCCT IIPCACII

o +1 1+ 140
lim = lim z = =1y
z—oo T + 3 z—+m1+% 140

T—+D0

2Zr+1——no0
[I0Ka3aTeslb CTCIEHU . IloaTOMYy MOKXHO NPHUMEHATH TOT K€ MPUEM

CBEJICHUSI KO BTOPOMY 3aMe4aTelIbHOMY IIpeleily, 4TO B HmpeablaymeM npumMepe. s
Hayvaja HalaEM, YTO ClIeyeT B3ATh 32 OECKOHEUHO Malylo BeluuuHy a. [lockonbky

14+ a
OCHOBAHUE CTENEHU CTPEMUTCA K 1, TO OHO paBHO ,rae a — 0(cMm. Teopemy 2.4).
3HaA4uT,
z+1 r+1—xz—23 —2
z+3 z+3 z+3

Teneps npeodpazyem (QyHKIUIO, CTOSIIYIO MOJT 3HAKOM IpeJena;

=32

2r+1 B %.?3 m-(h‘-l—l".l
im (I+1) = lim (1—|— 2)
z—oo \ T+ 3 T—+o0 T+ 3

207



{1—|—r::u:1%

Unpu a — 0
CTPEMHTCS K UHCITY €(3TO BTOPOM 3aMedaTesIbHbIN Npeien), a Mpeaesl MoKa3aTess
CTEIeHU MBI HallJEM OTAEIbHO:

Bripaxxenue, crosiiiee B KBaJApaTHBIX CKOOKaX, UMEET BU]T

— 244
T o) S ;248
T—teo z+3 :'—'ml-l-% 1

[ToaTomy

b (2 H1 ETH:E—J::i
T—o0 I—|—3 EJ‘.

3

lim {1+ x)% =[1° |= lim ((1+x)§]3 2 23.

¥—=0 =0

,1
1
L
B ]
—
+
E R RS
L iy
s
|
e
g
Il
= g
L
L
LT
T r e
—
+
E R
S
| =
i
Il
s
(]

1 1 2x-4 Hx-2)
]jmz{zx—S]ﬁ=[1“]=]jma+2x_4}m'ﬁ=mne P 2

=g
¥—=1

¥—=2a

3 L] x;1_4ix+3:| 4x+12
]jm(x-l_BJ :[m]:]jm(x—1+4] :]jm(1+ 4 V8 T pricy 4
ol x—1 7 |

¥ x—1 E—=w
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MeTtonnueckne pekoMeHAAMK K IpakTuiueckoil padore Nel

«Bpruncnenue npeaenoB QPyHKIHI
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[TpakTrueckas padora Ne 1.

Tema: Beruncnenue npeaenoB QyHKITHIA.

Llens: [TpoBepka ycBOeHUs 3HaHUH IO BHIYUCIICHUIO TPEesioB QYHKIUI C TOMOIIBIO
packpbITHs HeonpeaenéHHocten. [IoBTopuTh U cucTeMaTU3upoBaTh 3HAHUS 110 JaHHOU TeMe.

ObecrnieyeHne NPaKTUIECKON paboTBhI:

TeopeTrueckuii MaTepual METOAMYECKON PEeKOMEHIAINH K MPAKTUIECKOM padoTe.

VYuebnuk. boromonos H.B. «Marematukay. — M.: Ipoda, 2006.

NuauBuayanbHble KAPTOUYKU C BAPUAHTOM MPAKTUIECKON PabOTHI.

TeopeTnueckuii MaTepua, MPUMEPHI BBIYUCICHUS TTPEIEIIOB.

Omnpenenenne npenena.Uucno b — npenen GyHKIUU f(X) IPU X CTPEMSIIEMCS K @, €CITH [Tl KaXKI0TO
MOJIO’KUTEIHHOTO YHCJIAa MOKHO yKa3aTh TaKOE MOJIOKHUTEIbHONU YHCIO , YTO JJISi BCEXX, OTJIMYHBIX OT
@ ¥ yIOBJICTBOPSIONINX HEPABCHCTBY |x-a|< , UMEET MECTO HepaBeHCTBO [f(x)-b|<

O6o3nauenue npenena. Eciu b ecth npenen GyHKIUHU f(x) TIPH X CTPEMSIIEMCS K @, TO 3aITUCHIBAIOT

9TO TakK:

lim f(x)=b.
X—=a
Omnpenenenne HenpepbIBHON QyHKIMH. OYHKIUSA f(X) HETIPEpHIBHA B TOUKE @, €CIIU

lim fi{x)= f(a).
X
Brruucnenue npenenoB ¢GyHKIUNA OCHOBAHO HA MPUMEHEHHUH CIISIYIOITNX OCHOBHBIX TEOPEM:

TEOPEMA 1.IIpenen cyMMbI IBYX (YHKLUI IPH X CTPEMSIIEMCS K @ PaBEH CyMMeE MPEJIeNIOB 3TUX
(GYHKIHHA, TO €CTh
lim (£ (x)+ g(x))= lim f(z)+ lim g(x).
X—ra X I—a
TEOPEMA 2.Ilpenen npou3BeaeHus AByX (QYHKIHIA IPU X CTPEMSIIEMCS K @ paBeH
MPOU3BENIEHUIO MPENIETIOB 3TUX (QPYHKUUH, TO €CTh

lim ( f(x)g(x))= lim f(x)- lim g(x).
—a I—a I—a
TEOPEMA 3.IIpenen 4acTHOro ABYX (PYHKLIMH IIPU X CTPEMSIILIEMCS K @ PaBEH YaCTHOMY

MMpeaciioB, €CJIU MPEACII 3HAMCHATCIIA OTJIIMYCH OT HYJIA, TO CCTh

lim f{x)

lim fx) _ e , ecH  lim g(x)= 0
x—a g(x)  limg(x) x—a
A

U PaBeH IUTIOC (MUHYC) OECKOHEYHOCTH, €ClU Ipeien 3HameHnarens 0, a mpeaen YucauTesNs KOHEUeH

N OTJIMYCH OT HYJIA.

BBIYMCIIEHUE HECJIOKHBIX ITPEJIEJIOB

ITpumep 1.
lim(x+3)=lim x + lim 3= 7+ 3=10.
=7 7 =7

Kommenmapuii. 3nech ObUIa HCIIONBb30BaHa TEOPEMaA O MIPEACAC CYMMBI.

[Ipumep 2.
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http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B01%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B01

lim(3x + 2) llm(Sx)Jr lim2 lim3-limx+2

lim 3x+12 — x—l x—1 —_ x—=1  x—=1
x—>12x—7  lim(2x - ?) llm(Z.x}k llm( 7y lim2-limx—7
x—1 =1 x—1 x—1 x—1
ER S Y

2.1-7

Kommenmapuii. Ha nepBoM 1iare Obuta npuMeHeHa TEOPEMaA O MPEAEIIE YaCTHOIO, TaK Kak Mmpesent
3HaMeHarels He paBeH Hyio. Ha BTopowm miare ncrnoss3oBanack T€OPEMa O IIpeaeae CYMMBI uis
YHUCIIUTEII U 3HAMCHATECIISA ,I[pO6I/I. ITocne Gbu1a npruMeHeHa TCOPEMA O IPEJICIJIC TIPONU3BCIACHNA.

[Ipumep 3. Halitu nipenen

x2-4
lim ———.
T N )

3HaMeHATeIb U YUCIUTECIIb I[pO6I/I IIpU X CTPEMALICMCA K 2 CTPEMSATCA K HYJIIO, IO3TOMY T€OPEMaA

0 IPENENIEC YACTHOI'O 3/1eCh HEMPUMEHNMa. B Takux ciiyyasix Hy»HO MONBITAaTbCs YIIPOCTUTD JPO0b.

I/IMéeM
—4_@-2)a+2)
x—2 x—2

D10 peoOpa3zoBaHue CIPABEIIMBO MPU BCEX 3HAUCHUSIX X, OTIIMYHBIX OT 2, TO3TOMY B

COOTBCTCTBUH C ONIPCACICHHUEM IIPEACTIa MOXKEM HAITMCATh

2 [—
limx—— (x - 2)(x+2)_ lim{(x+2)= limx+ lim 2=
x—2 x—2 xez x—-2 x—2 x—=2 x—o2
=2+2=4

BBIYMCJIEHUME ITPEJEJIOB C ITOMOLIBIO TEOPEMBI O ITEPBOM
3AMEYATEJIbBHOM ITPEJIEJIE

[Tpumep 1.
. telx . sindx 1 . sin(x 1
lim g():llm ()- = lim () lim —— =
=0 X =00 X cos(x)) x>0 X x—=0c08(X)
lim cos(x) 1
x—=0
a0 ecnuk=m
Ilm Pk(n) = ’
Q,m 0, gcnuk<m

0

n
bo, ecru k >m

Ilpumep.. Haiitu npenenst:

S+t - W+ 2 lim~- 5 n+4
SER =3 ¥2 Im D

llnl —1.'i'. + 4+ 5 L 6) N e ,

a)
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http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03
http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B02%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B02
http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B01%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B01
http://repetitr.h1.ru/math_volume/limits_files/limits.htm#%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03%23%D0%A2%D0%B5%D0%BE%D1%80%D0%B5%D0%BC%D0%B03

n +n+1

||m =2 n+5

B) n—

Pemenue.
S+ -3n +2 . =

11m = — =]1m

45 A T A

a) '
lim s+ I|m-~’>"_0

0) now n+3 n— n
m n+n+1 -|Im n o

B) noo N 2n+5 s —2n
Crnenyet oTMeTUTh, uTo popmyisl (1.5) u (1.6) cipaBeIMBBI HE TOJIBKO JUISI MHOTOUJIEHOB L0

; |
5 m—=0
CTCIICHHU, HO U IJI1 MHOT'OYJICHOB ,I[pO6HOI/I CTCIICHH, TaK KaK - " JJISA J'IIO6OFO a>0.

Ilpumep . Haiitu nipeniensl.

3 ](w Z -'Hﬂ: + 5+ \.".li' + 4

"ill =25+ T

6) 1w \/n \/n+5

l 5:3""-7.5™"
M 5533
B) n —o ’
Pemenue:
6 3 2 1
=, u ..
a) B uucnurene Tpu ciaraeéMbIX COOTBETCTBEHHO cTeneHu: 4 2 3 2 CrnenosarenbHo,
i3
. 614 _
CTeTIeHb YHMCINTENs PaBHA - , a TIABHBII wieH B unciuTene pasen (161 ) =20 Amanornuno,
1 = 3
2
IIaBHBI WieH B 3HaMeHatene ~(25 ” ) =5n". Nmeem no popmynam (1.5) u (1.6):
lim ~ 4 \/ =lim
4 16n°+1 -8 n° +5+ n+4 217 2
5 3 <)
a)  noe \/n +2—\Z25 n +7 e -5n2
lim =lim 3 =-limn =-«,

T 1
Vn+V+1 n* -

0) o= \/ n —\/ n’+5 n e —n_3 N oo

3
5.3M1_7.5*1 5 ((g)”_1-7'5) 35
lim n a7 =lim n o

J

e 85434 e 48
B) 5n(8+3'42'(5) )

e [ "
1__1m|_;| =0 u 1ﬂ1m|_;| =0

T.K.
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3,D,6Cb TaKXxe MO)KHO 6b110 UCNONb30BaTb MAeIO 4TO F}'IaBHbIl/I Y1€H 3TO CTapLIJVIM yneH. Mmeem:

53" —7.5™! 75" 3
n —w 8'5 +3'4 n—o 8'5 8
IIpumep 1.4. (Heonpenenennoctu womeo

IIm©En" +a" +1-
a

Pemenue. [y n30aBiaeHUs OT HEOMPEAECIEHHOCTH =-= 3/1€Ch CIEAYET U30aBUTHCS OT
UPPALMOHATILHOCTH B YHCIIUTENE, YMHOXKHUB U Pa3JeivB JaHHOE BhIpAKEHUE Ha

Nino- T+ 1)

b

COOTBETCTBYIOIIIEE CONPSIKEHHOE BBIPAKEHHE.
a) Mcnonb3yem popmyity

a' = b =la=Pla" #+a" b+ a F+. rab™?

Hns )IaHHOFO puMepa

a’ = b =(a- b (a’

tah+ah +ab +h)

+h")

lin]ul \.",,-' + 14+ n)

I/IMeqM:
1M (SN rt=s n=rtr—
a) L0 —>00
=I|m 5 5 5

(\/n5+n" +1- \/n n+1)(N(nS+n®

+1)+\/(n5+n +1)3(n°=n* +1)+

pve A (040" 41) +\/ P+ 3 (0=n" + N (D +01+1 2 (n-n 1)

+\?(n5 +n*+1 ) (n5—n

“+1) +\/(n Sen*+1 )(nP=n*+1 )3+\/5(n5—n4 1))

+\]5(n5 +n*+1 )(ns—n: .

5 4. 5.

4
n~+n +1-n" +n"-

5
+1)* +(n°-n*+1)*

1 2

n— 5 (n )

0) Hammomuuaem, uto
Nmeewm:

[1Mn N7 o7 +n)

n—o—o

n

liljn — =1Ii1jn

|
f(l+—-n

- A =
1!; n

lim o’

n? =|n| U TIpU

Nsmco \/n2+1 -n

I

|']+—+]

'

)-lim

=90
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[Tpaktrueckas pabora Ne 8.

Tema: Beruncnenue HeonpeaenEHHbIX HHTETPAIOB METOOM BBEACHUS
HOBOM IIEPEMEHHOM.

Llens : [IpoBepuTh HA MPAKTUKE 3HAHKWE NMOHATHS HEONPEAEIEHHOTO NHTETpaa,
YMEHUE BBIYUCIIATh TAOJUYHBIE HHTETPAJIbI, YMEHHE BBIUMCISATH HEONPEAEIEHHBIN
MHTErpaj METOAOM BBEAEHUS HOBOU MEPEMEHHOM.

ObecnieyeHne MPakKTHUECKOW paboThI:

TeopeTndeckuii MaTepuan METOIUYECKON pEeKOMEH IallUU K MPAaKTHYECKOW padore.

VYyeonuk. boromonos H.B. «kMatematuka». — M.: Ilpoda, 2006.

NuuBuyaibHble KAPTOUKU C BAPUAHTOM MPAKTUYECKON paOOTHI.

TeopeTnyeckuii MaTEpUAT U TPUMEPHI BBIYUCIICHUS HEOIIPEACIEHHOTO
WHTErpaja METOJIOM BBEJICHUS HOBOW NIEPEMEHHOM.

Heonpenenénuplii MHTErpall v TabJIMIIa HEONPEAETEHHBIX HHTETPATIOB
f(z)
Omnpenenenue Ilyctp -- (pyHk1Ms, 3a7aHHAs HA OOBEAMHEHUU UHTEPBAJIOB
y f(z) ;
BelecTBeHHON ocu. Habop Bcex mepBooOpa3HbIX IS Ha3bIBACTCS HEONPEOeNEHHbIM
f(=) [ f(z)ds
UHmMe2paniom OT 1 0003HavYaeTCs . Onepanus HaX0XKJICHHS
) ) f(z)
HEONPEeeIEHHOTO HHTErpaia Mo 3aJaHHON QyHKIUN Ha3bIBACTCS UHINESPUPOBAHUEM
9TOM (QYyHKIMH; HAWTH HEONPEACIEHHBIM HHTETPA O3HAYACT NPOUHMESPUPOBAMb TAHHYIO
f(z)
byukiuto. OyHKIUs , 3allMCaHHas MOCJIe 3HaKa MHTerpaia (Ui, Kak 4acTo
TOBOPSIT, 700 3HAKOM UHTErpaia), Ha3bIBACTCS NOObIHMESPAIbHOU (DYHKYUEU.
CornacHoO J0Ka3aHHBIM BBIIIIE TEOPEMaM O BHJIC TIEPBOOOPA3HBIX, HEOTPEACTEHHBIHI
f(z) ) F(z)+C  F(z)
UHTETpai OT QyHKIUU COCTOUT U3 (QYHKIIMIA BUIA , T1e -- KaKkas-1moo
f(z)
dbukcupoBaHHas iepBooOpazHas st , @ C| -- BEIMUMHA, IIOCTOSIHHAS HA KaXKJI0M U3
flz)

HEMEePECEKAIOINUXCS MHTEPBAIOB, Ha KOTOPHIX 3a7aHa (QyHKITUS . [ToaToMy MOKHO
HaIucaTh Takyio popmyiy:

ff(r)drzF(I)+C.

[ f(z)dz = {F(z) +C}
(Tounee 6bLTO0 OBI , HO (hUrypHBIE CKOOKHM, 0003HAYAIOTHE
F {I) + O
MHOXECTBO BCeX (DYHKITHIT BUIa , INCATh B JIAHHOUW CUTYaIllu: HE TIPUHSTO. )
[ f(z)dz = F(z)+C
Wrak, nyst TOro 4ToOBI T0Ka3aTh PABEHCTBO , IOCTaTOYHO
F(z) f(z) F'(z) = f(z)

IIPOBEPUTH, UYTO -- TIepBOOOpa3Has JIIA TO €CTb 4YTO
2 2
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1 Ichxdx=shx+€

[U—

_[D'af):=C'. 1
1 J' =—rcthx + ¢
N[l =x~+C 2 sh? x
: Ix“dfm=xm+1+c : Id: SthxtC
o+1 (e=-1), 3 ch®x
—dx=[Z =nk|+C dx = = —arcig —+C
Ix Ix fe| . 4 Ix2+a2 Ix2+a2 Pt
3 o* 1 dx 1, |x-a
Xr =% —In +C
Ia dx 1n“+c; 5 sz_az 2 x +a
J'exafx:=€x+c.
6 J'smxdr,=—|:osx+C. 1 ,[ —ar.;sm£+c——arccos£+c
| 6 -

+C

J\::+\|'J|::2 + o

_[u:osxd:c=sinx+(? 7 .[ |'

|

0.9
[

+(

_l.d:: =-ctgx +C 8 I x2+adr=§ﬁx2+a+gh1‘x+ﬂx2+a

9 dx 1 2
== =tex+C 9 I a® -xde=2a? -x? +L arcsin T+ C
cos“x . 2 2 b7
1 _[shxafrc=t:hx+C 2 dx Xx
. =lhfte —|+C
0 0 '[sinx = 5
j- dx =ln"gx+’n:f2‘+c
COS X 2

3amMeHa nepeMeHHOM B HeONpeaeTéHHOM
HHTerpaJje (MHTerpupoBaHue MOJACTAHOBKOI).

ITycTs [ £x)de = Flx)+C popng [FEEDEx)d = F@)+C 3p000 1(x) -

muddepeHuupyemMasl MOHOTOHHAs (DYHKIIMSL. [Ipn pemeHun 3ama4d 3aMEHy
MEPEMEHHON MOYKHO BBIMOJIHUTH ABYMsI CLIOCOOaMHU.

1. Ecnou B mnoawsiHTErpanbHOM (yHKIMM yaaércss cpasy 3aMeTUTh o00a

coMHOXHUTENA, U flH(x)), u * (xj, TO 3aM€Ha IMEePEeMEHHON OCYIIECTBISAETCS
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' (x)dx = d

"
TTO/IBEICHUEM MHOKUTEIS * (x) noj 3Hak auddepeniuana: , ¥ 3a71a4a

CBOIUTCA K BBIYMCJIICHHIO HHTCTpAJIa -[ Fle)d . HaHpHMep,

thm=Jsme =_I—sinxa&: . dlcosx) _ Iﬁ

COSX COSX cosx  (3a7a4a CBEJICHA K BBIYUCICHUIO ~ £ | TJie

= - +
= cos x) ~ Imleesx[*C Guanornuno maxomures maTerpan or X))

sit1 x _ o gSinx p o s ¢ )
Je~ " cosxdx = [e" d s X = (30 naua crenena k BuramcTermio J¢ % e £ = sin x)

_ . Sihx
=e " +C. B Oosee CTOKHBIX  3a/a4ax omepainys TOJBEICHUS MO  3HaK
muddepennuana MOXKET BBITTOJTHATHCA HECKOJIBKO pas:
2 x
_[em':tgs % arn:n:tg4 x? 3 de =
I+x (camoe HEnmpHusATHOE B MOJABIHTEIPATBLHON (PYHKIUU -

nsiTask CTENeHb apKKOTAaHTEHCA IO/ 3HAKOM KCIIOHEHTHI; €CJIM Jalibllie He HanéTcs
muddepennran 3Toi GyHKIMH, TO HHTETPaJ, BO3MOXKHO, B3ITh BOOOIIIE HE yAaCTCS;
TO K€ BpeMs CIEIyIOMHil MHOKHUTEb (arcctg ’x”) - IMpon3BOAHAS (C TOYHOCTBIO M0
MOCTOSIHHOTO MHOMKHUTENSI) CTENEHHOW (YHKIMM, 3aTeM CIEAYIOT MPOU3BOIHBIC
(OISITH C TOYHOCTBIO 10 IIOCTOSIHHBIX MHOXHTENIeH) DYHKIHIA arcctg X° i X° 0

CBOMM aprymMeHTam)
1 5.2 1 1 5.2
= —_[em':tg ¥ arcotg 4 x? (Zxdc) = —_[em':tg * arn::n::tg4 x? dc® =
2 1+x? 2 1+x*
2
1 32 - dx 1 2
=_§I€a.rcctg x arcctg4x2 —= =_§I€arcctgsx arcctg4x2darcctgx2 =
1+x

N2 N2 Sei2
=_%I€&rcctg x (5arcctg4x2darcctgx2j =_%I€&rcctg x (darcctgszj =_%€&rcctg = 4o

2. 3amMeHy MepeMEeHHON MOXKHO OCYIIECTBISATh (DOPMaIbHBIM CBEJICHUEM

sit1 X
MOJBIHTErPATBHOTO BHIPAKEHHS K HOBOH mepemennoit. Tak, B [ S5 %& pyeer

CMBICJT IEPEUTH K NTEpPEMEHHOM (ClieNaTh MOJCTaHOBKY) ¢ = sin X. BeipaxkaeM Bce
MHO>KUTEJH MOIBIHTETPATLHOTO BRIPAXKECHUS Yepe3 MIePEMEHHYIO £:

. dt .
x=arcsmi;dx=—;cosx=w{1—sm2x =w'r1—.i2
2

sin x _
1-1¢ . B pesynprare J€  cosxdx

(BO3BpaIlaeMcsi K UCXOAHOM MepEeMEHHOMN) ~ € O
[pyrue npumepsl:

ddx
Iﬁx—5ﬂ+

EY

Vx =5) [HoapiaTerpanbHas GyHKUINS COACPKUT ABAa MHOXKUTEINS, HA OJIUH U3
KOTOPBIX HE SIBIISETCS MIPOU3BOJAHON APYTOro, H03TOMY MOABOAMUTDH UX MOJ 3HAK
muddepennunana 6ecrione3Ho. [lonbiTaemcs BBeCTH HOBYIO IEPEMEHHYI0, TAaKyl0, YTOOBI
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ax _x—5=£6;x=6x—5;

Iafx—5(1+%f’x -5 =g +5 de =62 dr -

KOPHH H3BJICKIINCH!:

60dt o 7dr _ o (£ +1-Dde _
Silvedy Tt s £ ¥l
= 5[15;—[ E‘ﬁ ] = 6t -arcige)+ € = 68fx =5 - arctg Yz =5 )+ €
£ +1 PaccMoTpum
i_ 2
[da® ~xtdy (uaTerpan Nel9 u3 Tadu1.). 3nech noAbIHTErpaibHas PYHKIUS COCTOUT

U3 eJMHCTBEHHOTO MHOYKUTEIIST, MOYKHO OIISATH MOMBITATHCS CIIENATh TAKYIO 3aMEHY
MIEPEMEHHOM, YTOOBI KOPEeHb M3BIEKCA. CTPYKTypa MOJKOPEHHOTO BHIPAKCHUS
0JICKA3BIBAET ATy 3aMEHY: X= @sifl ¢ (yy % ~ecost a>0):

x =qzin £, dx = acos &4

J' az—xzdx= =azlcoszr'df.

\I{ﬂz ~x? =c.w'r1—sinz.¢=fz|:osx ..
. MaTerpan cBéncs Kk MHTETpaly
OT KBajpaTa KocuHyca. [Ipn uHTErpupoBaHny 4YETHBIX CTEIIEHEN CUHYCA U KOCHHYCA

5 2 .
4acTO MPUMEHSIOTCS] OPMYIIBI, BhIpaXKaromue i~ £y £95° £yepe3 KOCUHYC JBOMHOTO
2 1-cos 2t >y 1+ coszt
sm-T = ———— cos T 5 ——
yria: g 2 [TosTomy

1+ cos 2

az_[cosz.t'dt=a2_[ ;

2 2
afr=%Udr+_[c052rdi)=%[r+éjc052r'd2r]=

. X
s = —, cosE=

pe
[z _\I'az—xz_
1—amn I—T

a«? o’ o’

=% [+ ain 2|+ €= %[+ Loin 2e +C =2 [+sin frose)+ C =
2 2 2 2 2

2

= %arcsin E +%xw’a2 —xz +

i
[Tpumepsr: 1.
I=x+w,|':.t:?'+U,;I—x=x|'x2+m;(.¢—x)2 - x? +
dx - 2 -n
[——d =l -2 +x’=x+ox= xd =g =|=In |£|+C =In|x + /x* + |+ C
—— 2t 2t
2 2
F A v £t
o . = gt
2t hr
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dx 1 a (xta)—(x-a), Idr
=_ 4c£x:=— -
2. Ixz_az 2a” x° - a’ (x ta)ix —a) I[ xva

[pdxma) dr @) 1y g [x+a)+ €= L

Ea x-—da xta iy 2

X —d

x+a

Hnmezpuposanue no uacmsanm.
HNuTerpupoBanne no 4acTsaM - Npuém, KOTOPBIM IPUMEHSETCS TTOUYTH TaK K€ 4acTo, KaK

U 3aMeHa nepeMeHHou. [1ycTh u(x) u v(x) - GyHKIMHN, UMEIOIINE HETPEPHIBHBIC YaCTHBIC
npousBoanbie. Torna nmo popmyie nuddepenuupoBanus npoussenenus d(uy) =
wdy +vdu= " =dwr) v du oy HeonpeaeIEHHbIE HHTErPaIbl It 00enX

o =y +
JacTell 3TOro paBeHCTBa (PH 3TOM [d@r) =uv+C ):

Iu-dv:uv—_l-v-d%-

Orta opmyia u HazbIBaeTcs (popMyJII0il THTErPpUPOBAHMS MO YacTsaM. HacTto
€€ 3aMUChIBAIOT B POU3BOJHBIX (dv = v’+dx , du = u’-dx):

Iu-v’cfx: :uv—lv-u’#

[Ipumepsr:
i =x,dv = sin xdx;

Ixsin xdx = _ =x(-cosx) —I(—cosxja&: =-xcosx+sinx+C
i =dx v =J'sm xdx = —cosx
=Inx; dvr =dx; e
_[]nxaf:c= g =x]nx—_[x—=x]nx—_[dx:=x]nx—x+(?
=_—.»=x x
X

(DOpMy.Ha HHTCIPUPOBAHHA I10 YAaCTAM MOXKCET IIPHUMCHATLCA HCOJHOKPATHO.
[Ipn Hanmumy HEOOJBIIOTO OMbITA B MPOCTHIX HHTETpaaX HET HEOOXOIUMOCTHU
BBITIMCHIBATH TPOMEXKYTOUYHBIC BBIKIAIKK (# = ..., dv = ...), MOKHO Cpazy
IpUMEHATE  (OpMyITy, HpCI[CTaBI/IB I/IHTCFpaJ'I B BI/II[G Judv
J'exxde: = ]'x3 (edx) = ]'xgdzx = x’e —]'exafx:E = x3e* —Ie 3xldx = x°e® 3]'1:2 (e*dx) =
= x’e® BJ'xzdex = x*e* 3(.1: —J'exafr,z = x>e* —3(.1: —J'exExdx:} =
= x’e® - 3x?e* + 6]‘xd€x = x’e® -3x%e* + 6(xe™ - J'exdx:) = x*e® - 3x’e® +6xe* - 6J'ex|a&: =

= x’e® - 3x’e* + 6xe* —66x+(?=ex(x —3x2+6x—6}+c.

[IpuBenénnbie mpuMepsl MOKa3bIBAIOT, IS KAKUX (DYHKIMA HAaJI0 TPUMEHSITh

(MJIM TOMBITAThCA MPUMEHUTD) (HOPMYJTy MHTETPUPOBAHUS 110 YACTSIM:

HNnTerpainsl Buga IPH(x)'COSM'd”, [ Py (x) sin eax - e ’ [ P (x) a™

» TIC
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_[PH(x]'cosm:'dx:

Pu(x) - MHOTOUJIEH n-0if cTenenHu. Tak, amns UMEEM

= {Pu{x))“dx: =P, 1 (x)dx,v =(snex)ia "

_[PH (x) cosax dy = B, (x) (sn m:]lfa—lfa_[P

HHTETpAJI TOro KC THUIlla C MHOT'OYJICHOM CTCIICHU Ha CAMHHUIY MCHBIIIC. ITocne n-
KpaTHOT'O IIPUMCHCHU A (I)OpMy.HI)I CTCIICHb MHOTOYWICHA YMCHBIONUTCA A0 HYJIA, T.C.
MHOT'OYICH IIPEBPATUTCA B IIOCTOAHHYIO, U HHTCTPAJ CBEIETCS K Ta6JII/ILIH0My.

WuTerpansl JBalx) fix) dx , T71e filx)_ TpaHCLUEHACHTHas (QYHKIUS, UMEIOIas

n-1(x) sm@x dx B oesynirate Mbl noMydmIn

u=F,(x) dv = cosaxdx

JTPOOHO-pAITMOHATIEHYIO WM IPpOOHO-HppaIioHabHY 0 Tpou3BoaHyto (In X, arctg x, arcctg

X, arcsin x, arcos x). B aToM ciyuae umeeT cMbICi B3ATh # = f(X), dv = Pu(x)dx, 17151
Ivd.u - .
TOTO, UTOOBI B MHTErpajie ydacTBoBaJia He f(x), a e€ npousBoHas. [Ipumep:

7 = arcan x, dy = xde;
2 x = sin £, dx:—cosrdi_

du=—2  p=X_

Ix'arcsﬁlx'dx:= dx x? =x—ar|::sinx—f
= 5 2 Il — 32 w'rl x? =cost

2 p 2 .
=x—aru:sinx—l_l-sinz.idi=x—ar|:sinx—lj(l—c052£}£=x—arcsﬁ1x—l - 2 +C =
2 2 2 4 2 2

2 . 2 . 2
X : £ s fcosk X : arcasin x xsJ1-x
= _—arcsmx-——+——  +¢'=_—arcan x — + +

4 4 2 4 4

JI71st HeKOTOPBIX (YHKIIUMA MPUMEHSIETCS NMPUEM “CBEJIEHUS MHTErpajia K CaMOMy

ce6e”. C moMOIIbI0 HHTETPUPOBAHUS IO YACTSIM (BO3MOKHO, HEOJHOKPATHOTO)

MHTETPAJI BRIPAXKAETCS Y€PE3 TAKOM K€ UHTErpall; B pe3yJIbTaTe MOJy4aeTCsl ypaBHEHUE

OTHOCHUTCIIBHO 3TOI'0O MHTCIpalia, peuiasd KOTOPOC, HAXOAUM 3HAUCHHUC HHTCTPpalIa.

[Ipumepsr:
[2__1
fF=la® —x"dx .
I (ato naTerpan Nel9 u3 tadu. 10.3.HeonpeaeaéHHbIX
HHTErpaJioB; B MpeAbIayIIeM naparpade Mbl BBIYUCIUIN 3TOT UHTETPAI C IOMOIIBIO
TPUTOHOMETPUYECKON MOJACTAHOBKU * = asin ),

Haiitu

a = az—xz;dv = dx;

E

I=I a’ —x*dc = dx _ |[Fxret-x +[ﬁ=x a’ —x

2 2
=x'xa2—x2— (@ —x)—a: de =x a —x +
o et

= ;vr,wllaz2 —x? —_l'\u'az ~xide ta

7 -
- F+a® arcsin —

J'\fi—xa: 2 a.

B pesynpraTe [nns MCKOMOTO UWHTErpajga Mbl TMOJIYYWIM  ypaBHCHHE
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T
I=x*-,|'a2—x2—f+a2 arcsinn —

[
°

o
2f= xw,l'az ~x% +g® arcsin —+ ¢

pelast KOTopoe, Moay4aeM ¢  (xoHcTaHTa C MNOSIBUJIACH
BCJIEJICTBUE TOTO, YTO UHTETPaIbI g mpaBoil M JIEBOM YacTAX ypaBHEHHS [0
OTIpeJieJIeHbl C TOYHOCTHIO MIPOU3BOJILHON IMOCTOSIHHON) U
2
1 b o C
I="xvda® -x*+ arcsin =+ € T
2 2 & (koHCTaHTa < Hepeobo3HaYeHa yepes O).

CBGI[CHI/IC HHTCI'paJIda K CaMOMY cebe — caMbIit HpOCTOﬁ croco0 HaXO0XJICHUA

oax ax
e coshxdx e ain hxdx i
4aCTO BCTPEUAIOIINXCS HHTETPAIOB BHIA I u I (""”!’ Gonsty

Hanpuwmep,
= bx, dv = eTdx
f=_|-e‘“ coshx dx = Fos ¢ = 2™ A

- —coshx + —
= —pain bxde, v =™ fa e .

Ieﬂx sin bxdx =

i =sin b dv = e dx 2% bl e®™ | b
= =_— cosdx+—|—an bx——_[eﬂx coshx dx | =

=hcoshrde,y =™ fa = adl & =

225 ax 2

=_  coshxe+ o e —— F
ct a @” Jrak, mocie JBYKPaTHOTO WHTETPUPOBAHUS TI0
22 ax 2
F=—coshx + s b ——F
YJacTSIM IOJY9YEHO YPaBHEHHE OTHOCUTEIHHO & @ a
ax
e :
f =ﬁ[acosbx +Bsin bx |+ C

pelleHrne KOTOpPOTro a” +h . [Ipy HaAXOXKIEHUH OSTH

UHTETPAIIOB HE NMPUHIIUIAAILHO, TOJOKUM JIH MBI & = cos bx, dv = " dx v u =

e”, dv = cos bx dx; BaKHO TOJBKO IPH BTOPOM IIPUMEHEHHH (HOPMYJIBI
WHTETPUPOBAHUS TI0 YACTSIM 3arOHATH MOJ 3HAK Auddepenimana GyHKINIO TOTO Xe
THUIIA, 9YTO U TIPH MEPBOM (TIOKA3aTEIbHYIO W TPUTOHOMETPUIECKYIO).

Emé omuu Bua ¢dopmys, KOTOpble OOBIYHO TMOJTYYaKOTCS C TMOMOIIBIO
WHTETPUPOBAHUS 110 YacTsM, M HCHOJIB3YIOTCA JUIsi HAXOXKJICHUS HWHTErpajoB -
PeKyppeHTHbIe cooTHOmeHuss. Ecnu moapiHTerpanbHas (QYHKIMS 3aBHCHT OT
HEKOTOPOTro IapaMeTpa M, U MOJIYYEHO COOTHOILICHUE, KOTOPOE BBIPAXKAET UHTErpal
Yyepe3 aHaJOTMYHbIN MHTETPAJl C MEHBIINUM 3HAYEHHUEM M, TO 3TO COOTHOILLICHUE U
HAa3bIBACTCS PEKYPPEHTHBIM COOTHOIIEHUEM. [Tpumepsr:

I = _[n::os" x dx
. IlpenctaBuM  TMOABIHTErPATBHYI0  (PYHKIUIO B BHUIE

w-3 . _ n-2 :
X — s X Cos xsmx; MHTerpal

OT MEPBOTO CIAraeMOro aHAJIOTMYEH MCXOAHOMY C 3HAUYCHHEM MapaMeTpa u Ha JBE
€UHULIBI MEHBIIE; K HHTErpajly OT BTOPOrO CJaraeéMoro mnpuMeHuM Gopmyiy
UHTETPUPOBAHUS IO YACTSIM:

n n-2 2 = B-2 e 2 =
Ccos’ X = Cos X cost x T Lo x(1-sm® x})=rcos
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2

=sin x; dv = cos™ “ x sin xdx;
I, =Icos"x'dr=Icos"_2x'dr—lsmxcos"_2xsin xdx = cos® ! & =
=cosxde, v = ——m8 —;
n-1
. cos™ ! x cos® 1 x sin xcos™ ! x 1
=f, 7 -—snx|-—— +I ——————|cosx ' dx =1, 5 + = Icosx"'aﬁc=
n-1 n- m-1 n-1
_ sinxcos® 1x 1 (1 ), _ sinx cos® | x n-1 sin x cos™ ! x
=Iy-3 — ﬁru:‘ m—y el =Iy-2 T:‘Iu Tfu—z .
Tenepb, 3HAS £ =Icosx‘a§c =smx+C,
N :
I, =Icoszx'dxz=ll cosExdx=l[x+sm Ex] c
2 2 2 o MBI MOKXEM BBIIIUCATH
2 . i-1 . 2
Ig=_|'|:053x'd1:=3 1I1+smx|:os x=gsmx+smxcos X, e
3 3 3 3 ;
A= sinxcos? lTx 31 sin X cos x
I4=Icos4x'dm= iy + =2 [2x4sin 2x )+ " "+ (
4 4 4 4 4 ;
) - 5-1 : 4
fs =Icaij'dr 52 1!’3 Wk =i'l(25inx+sin xcos’ x)+w+(?
5 5 5 3 il u T.1.

MpakTnyeckasa paborta Ne 16

Tema: BbluncneHume nHterpanos

OcHoBHasA uenb:

+ ®opmupoBaHuMe npeacTaBlieHMA O MOHATUM nNepBOoOOpasHOM, HeonpenereHHoro

MHTEerpana, onpeaerieHHoro nHterparna.

+ OBnageHne yMeHMeM TMpPUMEHEHUs NepBOOOpPa3HOM YHKLMX MpU  peLueHun

BbIYMCIIUTENbHbIX 3a4au.
M3yyeHue gaHHOM TeMbl No3BonsieT

+ CTtygeHTam oBnafeTb KOHKPETHbIMU MaTeMaTUYeCKUMU 3HaHUSIMU, HeOBXoANMbIMU Ans
NPUMEHEHUs B NPAKTUYECKON OEeATEeNbHOCTU, AN WU3YYEeHUS! CMEXHbIX AWUCLMMNINH,
pasBUTUS YMCTBEHHbLIX CMOCOBGHOCTEN, YMEeHMe u3BrekaTb y4yebHyto MHGOopMauuio Ha
OCHOBE  COMOCTaBUTENbHOrO aHanusa rpaduKkoB, CaMOCTOSITENIbHO  BbIMOSHATH
pasnuyHble TBOpYeckme paboThbl.

+ CTyOeHTbl [OEeMOHCTPUPYIOT TeopeTUdeckMe W MNpakTUYeckMe 3HaHus Mo Teme
«[MepBoobpasHas n wHTerpan». MoryT npvBecTu npumepbl, nogobpaTb apryMeHTbl,
chopmMynmpoBaTb BbIBOAbl. YMEKT COCTaBMsATb TEKCT Hay4yHOro CTuns. YmetoT
dhopmmpoBaTb BOMPOChHI, 3a4a4u, co3gaBaTb NPOBNEeMHY0 CUTyaLuto

# CTyneHTbl cBOOOOHO MPUMEHSIIOT 3HaHWS M YMeHust no Teme «llepBoobpasHas M MHTerpany.

YMeloT nepegaBaTtb, MHPOPMAaLMIO CKaTO, NOSHO, BbIGOPOYHO. YMEKT 06 bSCHUTL U3YyYEHHbIe
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NnoNoXXeHnA Ha CaMOCTOATESIbHO I'IOD,O6paHHbIX KOHKPETHbIX npumepax. Ymetot y4dyacTtBOBaTb

B Ananore, noHnMMmaTb TOYKY 3pEHUA COGGCG,EI,HMKa, npun3HaesaThb NMpaBo Ha NHOE MHEHUE.
Tema "lNepBooOpa3Haa W MHTerpan" 3aBepLIaETCA KOMMMNEKCOM
Y4eOHO-TPEeHMPOBOUYHbIMbI TECTOBbLIMU 3agaHMaAMU EM3no gaHHon
Teme (cm. NMpunoxeHue 1).

YyebOHasa uenb:

+ @opMHpOBaHHUE NPeEACTABJICHUN O Pa3IMYHBIX TUMNAX TECTOBBIX 3aJIAHUN, KOTOPHIE

BrJTFOYaroTcd B EI'D 1o MmaremaTtuke.

+ OBjaieHHe HABBIKAMM U YMEHHMSAMM DPEIICHMS 33JaHUI Pa3HOTO YPOBHSA: TECTOBBIX

BaHaHI/Iﬁ C BI)I60p0M OTBCTAa U KAYCCTBCHHBIX TCCTOBBIX SaI[aHI/Iﬁ C YUCJIOBBIM OTBCTOM.

+ Pa3BuTBL TBOpYECKHE CMOCOOHOCTH TPUMEHEHHS 3HAHUM W YMEHUW B PEIICHHUH
BaprnaHToB EI'D no maremaruke.

Ilnan:
I. MeToauueckue yka3aHusl K BBIITOJIHEHUIO TPAKTUUYECKON pabOThI
IlepBooOpasHas 1 HeonpeaeaeHHbIH HHTErpal
Tabnuia uHTErpaion
HekoTtopsle cBOMCTBa HEONPEIEIEHHOTO HHTETpaia
WNHTerpupoBaHrue METO0OM 3aMEHBI IEPEMEHOM WIIA CITOCOOOM MOJICTAHOBKH
HNuTerpupoBanne no 4acTsiam
Panmonaneueie qpo6u. [IpocTeiimume panroHanbHbIE IpOOU U UX HHTETPUPOBAHHE
WNHTterpupoBaHue palioHAIbHBIX Ipo0ei
Nurerpanel ot uppaunoHaibHbiX GyHkumii 1.
[IpakTuueckas pabora
Hror
X0/ YPOKA
I. MeTronnuyeckue yka3aHusi K BbIIOJHEHUIO IPAKTHYECKOH padoThl
IlepBooOpa3Has u Heomnpe/eJeHHbIH HHTErPaJ
PaccmoTpum 3anauy: lana ¢pynkuus f(x);Tpedyercs HallTH Takyto QyHKIUIO
F(x),mpousBoHast kotopoii pasra f(x),r.e. F (x)= f(x).
Onpenenenne: 1. Oyukus F(x) Ha3biBaeTcs nepBooOpa3Hoi oT pyHkuuu f(X) Ha oTpe3ke

[a,b], ecii BO BceX TOUKaX 3TOT0 OTPEe3Ka BHIMOIHAETCS paBeHCTBO F (x)= f(X).
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Ipumep.Haiitn nepsooGpasuyo ot dyukimu f(x)=x>.13 onpeneneHus mnepBoobGpasHoil
ciemyer, uto byHKumst F(x)=x>/3 sBIseTcs mepBoobpasHoii, Tak kak (x°/3)'=x” .

Jlerko BUAETH, UTO €CaM A JaHHOM (pyHkuM f(X) cymiecTByeT nepBooOpasHas, TO 3Ta
nepBooOpa3Has He SBJSETCS €AMHCTBEHHOM. Tak, B MpeAblayIleM MPUMEPE MOKHO OBLIO
B3SITh B KQ4eCTBE MEPBOOOPA3HBIX CIIEMyIONIHe (PYHKINU:

3 3 X3
F( x)=X+1,F (x)=£-7 F(x)=2_+C
3 3 , WId  BOOOIIIE 3 (rme C- mpou3BOJILHAS
X3 v
nocrosinnas), tfak kak  (3+C)=x . C apyroi cTOpOHBI, MOXHO JOKa3aTh, YTO
x° +C

QYHKIMAME BHa 3 UCUEPIIBIBAIOTCS BCE IEPBOOOpPa3HbIe OT QYHKIMU X- . DTO BBITEKAET
Y3 CIIEIYIOLIEN TEOPEMBI.
Teopema. Ecnu Fi (x) u F2 (x)- nBe nmepBooOpasznbie oT pyukuu f(x) Ha oTpeske [a,b], To

Pa3HOCTb MCXKAY HUMHU PaBHA IIOCTOAHHOMY 4YHCIIY.

Jloka3zaTrejbcTBO. B cuity omnpejieneHus nepBooopazHoil UMeeM
Fi'(x)= f(x), F2 '(x)= f(x) (1)
[Ipu 1r000M 3HaUEHUU X Ha OTpe3Ke [a,b].

O0o03HaUYNM

Fi (x)- F2 (x) =¢(x). (2)

Torna Ha ocHoBanuu paBeHCcTB (1) Oyaet F'1 (x)- F'2 (x)= f(x)- f(x)=0 unu ¢'(x)=[ F'1 (x)-F
"2 (x)]'=0 pu 1r060M 3HaUeHUH X Ha oTpe3ke [a,b]. Ho u3 paBencTBa ¢'(x)=0 cieayer, uyTo
¢(X) ecTb noCTOsIHHAA. JleiCTBUTENBHO, TPUMEHUM TeopeMmy Jlarpanxka Kk GyHKIHH O(X),
KOTOpas, OYeBUIHO, HeTpepbiBHA U AuddepeHupyemMa Ha oTpe3ke [a,b]. KakoBa Obl HU
ObL1a TOYKa X Ha OoTpe3ke [a,b], MbI UMeeM B cruty TeopeMsbl Jlarpamka @(x)- ¢(a)= (x-a) ¢’
(z), rne a <z<x.Tak kak ¢'(z)=0, To ¢(x)- ¢(a)=0, uu @(x)= ¢(a).

3)

Takum obpazom, pyHKIMS @(X) B 1r000H TOUKE X OTpe3Ka [a,b] coxpaHsieT 3HaueHue ¢(a),
ATO 3HAYUT, YTO PYHKIHS ((X) ABISETCS MOCTOSIHHOM Ha oTpe3ke [a,b]. Obo3Hayas

noctossHHy10 @(a) uepe3 C, u3 paBeHctB (2) u (3) nonyyaem Fi (x)- F2 (x) = C.

N3 nokazaHHO# TeOpeMBbl CIEAYET, UTO eclu Jisi naHHou ¢yHkuuu f(X) HailneHa kakas-
HUOYIb o/1Ha TiepBooOpa3Has F(x), To mobas apyras nepBooOpasHas s f(X) umeer Buj
F(x)+ C, rne C = const/

Onpenenenue 2. Ecnu ¢pynkuusa F(x) ssusiercst nepBoodpazHoit st f(X), To BeIpakeHue
F(x)+ C nHa3biBaeTcs HeEOIpeJeieHHbIM HHTEerpagoM oT PyHkuuu f(x) u oOo3HavaeTcs

Jf(x)dx.Takum o6pasom mo ompenenenno, | f(x)dx= F(x)+ C, ecnu F (x)= f(x). [Ipn stoM
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dbynkuio f(X) Ha3BIBAIOT MOABIHTETPATBLHON QyHKITHEH, f(X)dX- MOaBIHTErpATEHBIM
BBIPKCHHUEM, 3HAK |- 3HAKOM MHTErpaa.

Takum 00pa3om, HeONpeAeIEHHbIN HHTETpall MPEACTABISIET COO0M ceMeNCTBO PyHKITUI
y=F(xx)+ C.

TCOMETPUYCCKON TOYKH 3PEHHUS HEONPEICICHHBIM MHTErPall PEICTABIIICT COBOKYITHOCTD

(ceMeicTBO) KPHUBBIX, KaXK/asi U3 KOTOPBIX MOITY4YaeTCsl MyTEM CIBUTA OJIHOM M3 KPUBBIX
napajijiesibHO caMoi cebe BBEpX WUJIU BHU3, T. €. BA0Jb ocu Oy.

EcTecTBEHHO BO3HHMKAaeT BONpOC: Uil BecsAkoM 1M ¢QyHKuMH f(X) cCymecTByroT
nepBooOpasHbie( a 3HAYMT, U HEOMpeJeNeHHbI uHTerpan)? Oka3bpiBaeTcs, 4TO HA IS
BCAKOM. 3aMeTuM, OJHaKO, 0€3 J0Ka3aTeNbCTBa, 4TO eciau ¢yHKuusa f(X) HenmpepbiBHA Ha
oTpe3ke [a,b],To i dTOW (QYyHKIMH CyImEeCTBYeT mepBooOpa3Has (a 3HAYUT, U
HEOTpeIeTICHHBIA HHTETpAI).

Haxoxxnenue nepBooOpasHoi aiisi naHHod QyHkiuu f(X) Ha3bIBaeTCs MHTETPUPOBAHUEM
byukuu f(x).

3aMeTuM ClIeyIolee: eclid MPOU3BOAHAS OT DJIEMEHTAapHON (DYHKIIMU BCETNA SIBISICTCS
DJIEMEHTapHON (QyHKIMEW, TO mepBOOOpa3Has OT OJIEMEHTAPHOW (YHKIUU MOXKET
OKa3aThCs U HE MPEJCTABUMON C MOMOUIBI0 KOHEYHOT'O YHCIIA AJIEMEHTAPHBIX (PYHKIIMA.
W3 onpenenenns 2 cnenyer:

1.Ilpon3BoHAst OT HEOMPEACICHHOIO HWHTErpaja paBHA IOJBIHTEIPaIbHONU (YHKIUH,
T.e.ecmu F (x)= f(x), To n

(J f(x)dx)'= (F(x)+C)'=f(x). 4)

[TocneaHee paBeHCTBO HYKHO IIOHUMATh B TOM CMBICIIE, YTO TIPOU3BOIHAS OT JIFOOOM
nepBOOOPa3HOI paBHA MOJBIHTETPAIBHON (DYHKIIUH.

Jluddepeniman oT HeonpeIeISHHOT0 HHTErpajla PaBEeH MOJILIHTErPAIBHOMY BBIPaKECHHIO:
d([f(x)dx)= f(x)dx. (5)
DT0 monyJyaeTcs Ha OCHOBaHUHU (popMyIIsl (4).
Heonpenenennoro unterpan ot auddepenimana HEKOTOPOl PyHKIIMN paBeH ITOU
(GYHKITUY TUTIOC MPOU3BOJIbHAS TTOCTOSTHHAS:

[dF(x)= F(x)+C.
CrpaBeJIMBOCTh TTOCJICHETO PABEHCTBA JIETKO MPOBEPUTH AU PepeHITupoBaHuEM
(muddepennmans oT 00enx yactel paBeHcTBa paBHbI dF(X)).

2) TabiMua MHTErpaJioB.
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Mpexae 4eM NPUCTYNUTL K U3JTOKEHMIO METOL0B MHTENPUPOBAHUSA, NPUBEAEM Tab/INLLY MHTErPAJIOB OT NPOCTENLLIMX

YHKUMNIA.
xT+1

) I — +C (a#-1)

P dx = a +1 .(3nech u B mocnenyrommx popmynax noa C noHuMaercs

MIPOU3BOJIbHAS TTOCTOSIHHAS. ).
&
3. Isin xdx = -cos x +C

4. Jcosx-dx = sin x+C
ax

5. I cos’x = tgx+C
ax

6._[ sin®x = _Ctg x+C .

7 ligxax = =In|cos x|+C
fctgx-dx = In|sin x|+C .

e
je adx =ée+C

X 4 +C
10. Ia ‘dx = Ina
J‘ dx
2
11. 1+ x = arctgx+C
o 1 X
11" .[az+x2 = aarctga*C
o 1 akx
12. Ja-¢ =2al|a-x+C
dx
13. JM'XZ — arcsinx+C
I ax o
—_ arcsin*+C
13’ \/a—x = a
dx

14. J;xziaz :In|x+\/ Veal+C |
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CrpaseqmuBocts Gpopmyin 7,8,11°,12,13'u 14 erko ycTaHaBIMBAETCS C TIOMOIIBIO
g depeHIInPOBaHMSL.

_Zsinx_, gx
B cnydae ¢popmynbl 7 umeem (—In|cos X|) = cos x ,
CIIEI0BATEINBHO, I tgx dx  —In|cos x|+C .
B cnydae popmyiibr 8
In|sin x]) =_*Ssind® T9%
cJIeJOBaTEJIbHO, j.CfQ xox = |n|3|n X|+C.
B cnyuae hopmyner 12
AEX ) A finfas x-ljax)= T+ T_j= 1
28 a-xX '=2a 2a atx a-x a-x* ,
a1 atx
CJIEZIOBATEIBHO, I a>-x¥ =2alnja-x +C
B cinyudae popmyiel 14
1 X 1
2.\ - —_— —_ J— —_—
(In]x +\/ X’+a’|) = - 1+ = ;
D= et T ag? e
ax

2 \/ 2
CJIEIOBATENBHO, _[ V¥ta® = Injx+ X2 ta |+C _
3)HekoTopble CBOiicTBA HEONPeEAEJIEHHOT0 HHTEIPaJia

Teopema 1.HeompeneneHHbli HHTErpajd OT aireOpanyeckol CyMMmbl JBYX WIH

HECKOJIbKUX (DYHKIIMIA paBeH ajare0panvyeckoi CcyMMe UX UHTErpajioB:

_[[ f1(x)+f 2( x)]dx=jf 1( x)dx+_[f 2( x)dx. (1)
N3 J0Ka3aTcJIbCTBA HaﬁﬂeM IMPOU3BOJHLIC OT JIEBOU U HpaBOﬁ yacTeu ATOro PaBCHCTBA.

Ha ocHoBanuu paBenctna (4) mynkra Nel Haxoaum

(T 0+ Ra(x)1ax ) =F(x)+a(x), ¢ ([ ) dx+Ea(x)ax )6 =(f(x)dx )+ (e (X)dX f)e = (X)+Ha(x).c ¢

Takum 006pa3om, MPOU3BOIHBIE OT JIEBOUM M MpaBoil yacTed paBeHCTBa (1) paBHBI MEXKIy
co0OoM, T. €. MPOU3BOJIHAS OT JIt0OOM NEPBOOOPA3HOM, CTOSIIAS B JICBOM YaCTH, paBHSACTCS
MPOU3BOJAHOMN OT JII0O0W (PYHKIIMH, CTOSILEN B IpaBoil yacTu paBeHcTBA. Cle0BaTelIbHO
o Teopeme u3 myHkTa Nel mro0ast pyHKIHS, cTOsAIIAs B JIEBOM YacTh paBeHcTBa (1),
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OTIUYACTCS OT JI000M (DyHKIMH, CTOSIIEH B MPaBOM yacTu paBeHCTBA(l), Ha MOCTOSTHHOE
cinaraeMoe. B 3ToM cMbICiie M HYKHO ITOHUMAaTh paBeHCTBO (1).

Teopema 2. [I0CTOSSHHBII MHOKHUTENb MOYKHO BBIHOCUTH 33 3HAK MHTErpaja, T. €. €Clid

a=const, TO
( af (x)dx a  f(x)dx.

2)

Jlis nokaszaTenbcTBa paBeHCTBA (2) HaliileM MPOU3BOJAHBIE OT JIEBOM M MpaBoOil ero

(Jafix)ax f)=af(x),(a)fix)ax {)=allfx)dx )=afix).c.¢.cc

[Ipou3BoiHBIC OT MPABOM U JICBOM YacTel paBHBI, CIEAOBATEILHO, KaK U B paBeHCTBE (1),
Pa3HOCTh JBYX JIOOBIX (DYHKIIMH, CTOSIIMX CJIEBa M CIpaBa, €CTh MOCTOSHHasA. B sTom
CMBICJIE U CJIETyeT MTIOHUMAaTh PaBEHCTBO (2).
[Ipn BBIYMCIEHUU HEOIPEJCICHHBIX HMHTETPAJoOB OBIBAE€T TMOJIE3HO HUMETh B BUIY
CJIeAYIOIINE TpaBUIa.
1).Ecnu

f(x)dx=F(x)+C,

TO

If(ax )dx= iF (ax )+C . 3)
JeiicTBuTensHO, nudPepeHnupys JIEBYIO U MPaBYIO YaCTH paBeHCTBA (3) moIy4um
1 1 1
(j f (ax)ax {)=f (ax), (;F (ax)) =a(F (ax))x= a F (ax )a=F( ax )=f (ax). [lpomssommeie ot
IpaBOi U JIEBOM YacTell paBHbI, UTO U TPEOOBAIOCH

nokazathk. 2). Ecnu
f( x)dx=F (x )+C,
TO
f( x+b)dx=F ( x+b )+C .
4)

Ecnn
f( x)dx=F (x )+C,

TO



1
If(ax +b )dx= ] F (ax+b)+C . (5)

PaBenctBa (4) u (5) nokassBarorcs qudGepeHnnpoBaHuEM MTPaBOil U JIEBOK YacTeu

PaBEHCTB.

Ilpumep 1.

(2 x3-3sin x+5 Vx)dx=]2 x® dx=J3sin xax+]5 Vxdx=2] x* dx-3[sin xdx+5x"? dx=

1
X3+ x2H 14 10 -

2=3+1-3(-cos x )+5 1 +C=2 x +3cos X+ 3 X Vx+C .

= 2
Ilpumep 2.
1 ! 5
3 1 4— 31 - 5/4 3% 3:+1X 2:+X4” +C

I( =+ —+x \/x)dx=3jx dx+— Ix dx+jx dx= - 14+1 2= 141 541
Q 3_ r é _4

2\/ X2+\/x+ 9x2 \/x+C_
Ilpumep 3.

XdL-F?, =In|x+3|+C
Ipumep 4.
cos7 xdx= 17 sin 7 x+C
ITpumep 5.
sin(2 x—6 )dx=- 12 cos (2 x-6 )+C.
4)HTerpupoBaHne MeTOA0M 3aMeHbI NIePeMEHOM MJIM CIIOCO00M MOACTAHOBKH

-[ f (x)dx

[Tycth TpeOyeTcsi HaWTH HMHTErpai , TIPUYEM HEMOCPEJICTBEHHO MOA00paTh
nepBooOpaznyto s f(X) Mbl HE CMOXEM , HO HaM W3BECTHO, YTO OHA CYIIECTBYET.
CrnenaeM 3aMeHy MEPEMEHHOM B MOABIHTETPATLHOM BBIPAXKEHUHU, ITOJI0KHUB

x=¢(t), (D

rae ¢(t)-HempepbiBHAsS (QYHKIMS C HEMPEPHIBHON MPOM3BOAHON, MUMEIOIIAasi OOpaTHYIO
dbynkuuo. Torma dx= ¢@'(t)dt;mokaxem, 4To B 3TOM Cilydyae MMEET MECTO CJEAYIOIee
PaBEHCTBO:
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Jr(xdx=lri o ng (¢ ot )
3mech moipa3yMeBaeTCs, 4TO IMOCJIe MHTETPUPOBAHMS B MPABOM YaCTH PAaBEHCTBA BMECTO t
OyJIeT MOJICTAaBJIEHO €ro BRIpAKEHUE Yepe3 X Ha OCHOBaHHH paBeHCTBa (1).

I[J'ISI TOr'O YTOOBI YCTAaHOBUTDL, UYTO BBIPpAXKCHUSA, CTOAIINC CIIpaBa U CJICBA, OAWMHAKOBBI B
YKa3aHHOM BbBIIIC CMBICJIC, HY’KHO JOKAa3aTb, YTO UX IIPOU3BOAHBIC 110 X PaBHBI MCXKIY

JF(X)dx)=F ().

co6oii . Haxonum Npou3BOJIHYO OT JIEBOH YacTH : IIpaByto yacTs

paBeHcTBa (2) 6yaem anbdepeHUMpoBaTh MO X KaK CNOXKHYI0 QYHKLUMIO, rae t-MpoMeXyTo4YHbIN apryMeHT. 3aBUCMMOCTb t OT
X Bblpa)kaeTcs paBeHCTBOM (1), npu 3ToM

ax _t _1

()

dt =p ~ W 10 IpaBuily JuppepeHnpoBanns 00paTHON QyHKIMKU _¢' (t) .
Takum 0O6pazom, umeem

1
(o ne (e )t £ =10 N0 (¢ )atL)s e dx —f—[—¢(l‘)]¢ (t) ¢ (t y=fLo()=F(x).¢

CrnenoBarenbHO, TPOU3BOJIHBIE OT X OT MIPaBO i 1 1eBoM yacTell paBeHCTBA (2) paBHBbI,
YTO U TPEOOBAIIOCH 10KA3aTh.

x=4 (t) )
DYHKIINIO cJIeayeT BBIOMPATH TaK, YTOOBI MO’KHO OBLIO BBIYHUCIUTH

HEOMpEACICHHBIN MHTErpall, CTOSIIUMN B MPABOM YacTH paBeHCTBA (2).

3ameuanue. [lpu wuHTErpUpOBaHMM MHOI/A LieJecooOpa3Hee MoAOUpaTh 3aMEHy

y x =¢ (t) =y ( x).
IIEPEMEHHOU HE B BHUJIE , @ B BUJE [TIpowmntoctpupyem 310 Ha
puMepe. HyCTB HY>KHO BBIYHCIIUTH HHTETPAI, AMETONINI BU
w( x)dx
(x)

3/1ech y100HO MOJIOKHUTH
w(x)=t,
TOrjaa w( x)dx=dt,
w(x)dx  dt
“w(n =l ¢ nit+Coinly (xl+C
[IpuBenemM HECKOJBKO MPUMEPOB HAa MHTETPUPOBAHKUE C TIOMOIIBIO 3aMEHbI TIEPEMEHHBIX.
Ilpumep 1.

I \/sin XCOS Xdx=7 ,
C):[enaeM IIOJACTAaHOBKY t=SII’lX; TOTga d'[= COSXdX H, CJICOJOBATCIILHO,

t 2
¥2 10= < sin®? x+C

3 3

I \/sTn—xcos xdx=I VLt dt=j t1 A
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Ilpumep 2.

ax . =2
1X g " ITonmaraem t=1+x2 ;rorma dt=2xdx u
xdx 1 ¢dt 1 1
1" oe=2] Tt= Tomwcs 21n (1+ x° )+C
Ilpumep 3
dx 1 ax
2 2= 7 2 t=X
a
atx a 1+(x/a) Tlonaraem ; Torga dx=adt,
dx = 1 ( adt =1 dat =1 + =1 x +
az +x2 az2)J1 +b aj 1 +t garclgt C ~“garctg g C.
J‘ dx 1I ax X
— | = =

a
Ilpumep 4. \/a -X a \/(1—x/a) . ITonaraem ; Toraa dx=adt,

Va 2-x2= 4_?_ \/’{adtitz =I \/1 dt—tz —arcsin t+C=arcsin aX +C

(npenmonaraetcs, 4yto a>0).

npumepax 3 u 4 BeleIeHbl POPMYIIbl, IPUBEACHHBIC B TAOJINIIE UHTETPAJIOB MO/

Homepamu 11'u 13'(cm. Bbilie, myHKT No2).

Jonxy2ax =7 di= X
Ilpumep 5. x  Ilomaraem t=Inx; Torma X
a5 1
J(In X) x=jt dt=4+C=14(Inx)+C
xax
XX )
Ilpumep 6. 1+x  ?Ilomaraem t=x  ;rorma dt=2xdx,

xdx 1 a1 1 2

1 —=Fx4= 2—,[—1 +f2 = 2 arctgt+C= ~ 2 arctgx™+ C
MeTon 3amMeHbl IIEPEMEHHBIX SBISIETCS OJHUM K3 OCHOBHBIX METOJIOB BBIYUCIICHUSA
HEOIPEICIICHHBIX MHTETPajIoB. Jlaxke B TeX Ciydasx, KOTJa Mbl HHTETPUPYEM KaKUM -JTHOO
JIPYTUM METOJIOM, HaM YacTO MPHUXOAMTCS B MPOMEKYTOUYHBIX BBIYHCICHUSAX MpHOEraTh K
3aMEHE MEPEMEHHBIX. Y CIIEX UHTETPUPOBAHUSA 3aBUCUT B 3HAYUTEIBHOM CTENEHU OT TOTIO,
CyMeeM JIU MBI MMOJ00paTh TaKyl yAadHYI0 3aMEHY NMEPEMEHHBIX, KOTOpas YIPOCTHIIA ObI
JaHHbI uHTErpai. 1lo cymecTBy roBops M3ydeHHE METOAOB MHTETPUPOBAHUSA CBOAUTCA K
BBISICHEHHUIO TOTO, KaKyK HAJI0 CHEIaTh 3aMEHY MEPEMEHHOW IMPU TOM WIIA WHOM BHJIE

NOABIHTETPAJIBHOTO BEIPAXKCHMA. 9TOMy ITOCBAIIICHBI OoJIbIIIas YacTh HACTOAIICTO ITYHKTA.

S)UHTerpupoBaHue MO YACTAM
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[Tycts u m v aBe muddepermupyembie QyHKIMU oT X. Torma, Kak WU3BECTHO,
mud depenman IPOU3BEACHUS uv BBIYHCIISICTCS 1o CIemytonei

= +
dopmyite :d(uv)=udv+vdu.Otcrona, uarerpupys, momnyuaem UV IUdV I vau  ym

I Ud\FUV—J vadu (1)
[Tocnenusas ¢opmyna HazpiBaeTcs (Gopmylia UHTETPUPOBAHUS MO 4YacTsAM. JTta dopmyia
yaiie BCEro NPHUMEHSETCS K MHTETPUPOBAHUIO BBIPAKEHUM KOTOPbIE MOXKHO TakK
MPEICTaBUTh B BUJIE IPOM3BEACHUS ABYX COMHOKHUTENECH um dv, UITO6IJJ OTBICKATH

. vdu
bynkuuto viio e€ auddepeHmany dv 1 BEIYUCICHUS HHTETpaja COCTAaBJISUTH B

COBOKYIIHOCTH 3a1a4y Oonee IMPOCTYIO, YEM HCITIOCPCACTBCHHOC BbIUYMCIICHUEC MHTCIPAia

udv
. YMeHue pazOuBaTh pa3yMHbIM 00pa3oM JJAHHOE MOJBIHTETPAIbHOE BHIPAXKEHUE HA

MHOXUTEIH U U dv BLIpa6aTI)IBaGTCH B IIpOHECCCC PCIICHUA 3aJda4H, U Mbl ITOKAKCM Ha
PAAC IIPUMEPOB, KaK 3TO ACTACTCH.

X sin  xdx= _
Ilpumep 1. ? Tlomoxxum u=x,dv=sinxdx;rorma du=dx,v= -

cosx.CrneroBaTeibHO,

J X sin xdx=—x cos x+J Ccos xdx=—x cos x+sin x+C
3ameuanue. [Ipu onpenenenun ¢ynkuuu v no auddepeniumanry dv Mbl MOxkeM Opathb
000 TPOU3BOJIBHYIO TIOCTOSIHHYIO, TaK KaK B KOHEUHBIN Pe3yJIbTaT OHA HE BXOAUT (UTO

JIETKO TPOBEPUTH, TOJACTaBUB B paBeHCTBO(1) Bmecto v Bhipaxkenue v+C). [losTomy
yA0OHO CUMTATh ATy MOCTOSTHHYIO PaBHOU HYJIIO.

HpaBI/IJ'IO HHTCTPUPOBAHUA 110 YACTAM IIPHUMCHSCTCSA BO MHOI'MX CIIy4dasiX. TaK, HarpuMmcp,

HHTCI'pAJIbl BUJa

X" sin axdx j x* cosaxdx jxk e® dx ,[xk In xdx ,

HEKOTOPbIE MHTETPpabl, COJIEpPKAIINE 0OpATHBIE TPUTOHOMETPUYECKUE (DYHKITUH,

BBIYUCIIAIOTCA C IIOMOIIIBIO MHTCIPUPOBAHUA 110 HaCTAM.

arctgxadx
Ilpumep 2. TpeOyeTrcs BRIUUCIUTD . [Tonoxxum u= arctgx, dv=dx;Torna
du="adx , V=X
1 +x2 . CnenoBarennbHO,

xadx 1
arctgxdx =xarctgx—j 1 —x2 =xarctgx— ~ 2 In|1+x2|+C.

IXZ e, dx

Ilpumep 3. TpeOyeTcs BEIYUCIUTD . Monoxkum ~ u=x" ,dv=e"

dx; TOraa
du=2 xdx ,v=€*,
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2 X 2 X X
Jx e dx=x e —2jxe ax
HOCJ’IC)IHI/Iﬁ I/IHTGFpaJ] CHOBaA I/IHTCFpI/IpyeM I10 9acCTsM, I10J1arasa

u1=x, dus=dx , dvs=e* dx, vi=e” . Torna

X x [ x X_ X
Ixe dx=xe -J' e dx=xe - +C . OxoHuarenbHO OyleM UMEThH
2 2 2 2
_[x e dx =x eX—2( xe"-e* )+C=x e*-2 xe*+2e *+C=¢" (x -2 x+2 )+C

Pauunonansubie apoou. Ilpocreiimue panuoHajbHbie APO0U U UX HHTETPUPOBAHHE
Kak Mbl yBUJIUM HMKE, NalleKO HE BCsAKas dJEeMEHTapHas (yHKIUS UMEET HMHTerpal,
BBIpaXKAIOIIUICS B 3JeMEHTApHbIX (YHKIUAX. [103TOMYy O4YeHb Ba)KHO BBIJICIUTH TaKHUE
KJ1acChl (YHKIMMA , MHTETPAIbI KOTOPHIX BBIPAXKAIOTCS Yepe3 DJIEMEHTapHbIe (YHKIIUU.
[TpocTeluM U3 3TUX KIACCOB SIBJSIETCS KJIACC PAIIMOHATIBHBIX (DYHKIIHM.

Bceskyto panmoHanbHy0 (PYHKIIMIO MOXKHO IPEICTAaBUTh B BUJE PAIllHOHATBHON ApoOH, T.
€. B BUJIC OTHOLIEHUS JBYX MHOTOUYJIEHOB:

Q(x) Box" +B; LT

f(x) Aox™Ax"™ + +A,
He orpanuunBasi 0OLIHOCTH paccykaeHust, OyaeM Mpeanoararb, 4To 3TH MHOTOWICHBI HE
UMEIOT OOIIUX KOPHEH.
Ecau creneHp dMCIMTENs HIKE CTENEHW 3HAMEHATeNs, TO JpoOb Ha3bIBACTCS
MPaBWIbHOW, B MPOTUBHOM Cily4yae JpoOb HA3bIBACTCSI HEMPABUILHOM.
Ecmu npoOs HempaBwWIIbHAS, TO, Pa3[eiMB YUCIUTENb HAa 3HAMEHATeh (M0 MPaBHITY

ACICHUA MHOFO‘-IJ'IGHOB), MOJKHO IIPCACTAaBUTh JAHHYIO I[pO6I) B BUJC CYMMBbBI MHOI'O4JICHA

Y HEKOTOPOH MPaBUIBHOU JpOOH:

Q)=m (x )+ )
f(x) f(x) ;

F(x)
f x
3nech M(X)-MHOrOUIeH, a () - IpaBWJIbHASL IPOOK.
Ilpumep.1lycts nana HempaBUJIbHAS pallOHAJIbHAS APOOD
s
X+ 2 x +1

Pa3nenuB yucnurenp Ha 3HaMeHaTelb (10 MPaBUITY JEJIE€HUS MHOTOWICHOB), IOJy4YUM

x4—3 2 4 x +6

x2+ 2 x+1 =x -2 X +3—- x2+2 X+1
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Tak Kak MHTETPUPOBAHWE MHOTOWICHOB HE IPEIACTABIIAECT 3aTPYIHEHUH, TO OCHOBHAs
TPYJHOCTb INPU  UHTEIPUPOBAHUM  pAUMOHAIBHBIX  ApoOeill  3akirovaercss B

WHTErPUPOBAHUY NIPABUIIBHBIX PALIMOHAIBHBIX APOOEiI.

Onpenenenune. [IpaBuibHbIe pallnoHaNIbHBIE APOOH BUIA

A
X—a
(D).
A
i 2
k

(2). (x-a)f (k-1€n0€ MoIOKUTENBHOE YUCIIO

Ax+B p?
(3) P+px+g (KOpHH 3HaMEHATeNsd KOMIUICKCHBIE, T.6. 4 —9<0 ),

Ax+B C 2

4) (x2+px+q)  (k-1leqoe TMOJIOKHUTEIIBHOE YHCIIO ;KOpDHH 3HAMCHATCIIA

KOMILJIEKCHBIE), Ha3bIBaOTCS pocTermumu apoodsmu (1),(2),(3) u (4) Tumnos.

WuTterpupoBanue mnpocreimux apoodeit tuna (1),(2) m (3) He cocraBisger OO0JBIION
TPYAHOCTH, TIO3TOMY MBI TNPUBEAEM HMX HHTErpupoBaHHe 0€3  Kakux-1u0o
JIOTIOJIHUTENbHBIX MOSICHEHUI:

A
I x— —gox=Aln|x-a|+C

vk
—Ak-dx= AI( x—a)_k dx=A (XL+C= A —+C
2) (x-a) —k+1 (1-k )( x-a)
A@x+p)+B-Ap)
Ax+B 2 2 A 2x+p Ap dx

3) | @spxeqgax]  Prpx+q dx=2) Bpxig dx+(B- 2 | 2 pxrg =
A Ap olx A 2 2 B-Ap 2Xtp
2In|x + px+q|+(B- 2 )f P2 pF =2In|x+pxql+ V4 g- parctgV4 g-p +C

= (x+2)+(q-4)

Bornee cnoxHbix BolMCNeHnn TpebyeT nHTerpmpoBaHme npoctenwnx apoben (4) tmna. Nyctb
HaMm [aH UHTerpan Takoro Tuna:

Ax+B dx
(X*+ px+q)

Mpoussenem nNpeobpas3oBaHus:

A (2 x+ p)H( B-AP
mep NPT

A 2Xxtp Ap dx

I (%4 px+q)f dx=,[ P+ px+g)* o= ZI (x*+ pxrq) dx+(B- Z)J. (0+ preg)f
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+ +qg=t,(2 x+ =
MepBbii HTErpan 6epeTca NoACTAaHOBKOM Xo* px+q=t, (2 x+ p )dx dt:

d
2x+p t _k [-1k+1 1

-[ (X preq) dX=.ﬁ=Il‘ dt= 1-k +C= (1-K)( X+ px+q) " +C

BTOpOVI nHTEerpan- 0603Ha4nM ero yepes l-3anuwem B Buae

=( dx dx dt
[k I 2 k=J. 2 =.[ 2 2 k
( X+ px+q) P2 Pk (tsm )
[(x+2)+(q-4 )],
nonaras
2
x+ L=t dx=dt,q-P_ ,
2 4 =m
-2 >0
(no NpennonoXeHU KOPHM 3HAMeHaTens KOMMMEKCHble, a CcrefoBaTenbHo, 4 )- Danee
noctynaem crnegytowum obpasom:
el A= J @ +md)-f di=1 [ at e
k= 2 2k 7 2 2k T 7 7 7k1T 2 2 2k
(t+m) m (t Hm (m +m ) m (t+m )
MNpeobpasyem uHTerpan:
[ 2ot =ttt tf@em?y 1 S 1 )

Erm? Y (Bt 2 B 2k-1)  (Brm? )
WHTerpmpys no yactam, 6ygem nmetb

£ dt 1 1 dt

j (P+m? ) =- 2(k =1)[t (f+me)x-1 —J (frme Je-1 ]

MNoacTaBnss 370 BbipaXeHue B paBeHCTBO (1), nonyymm
=l ot =
k
( t2 + m2 )k
1 dt 1 1 t dt

= ] (sme e ek 2kt ) [(ftme o <J(erme o 1=

t 2 k-3 J‘dt
2 2 2 k1T 2 2 2

k-1
=2m (k-1)t+m ) 2m(k=-1)(t +m)
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B npaBown 4actn cogepXXnTca nHTerpars Toro e tuna, 4To , HO NnokasaTerb cTeneHu
3HaMeHaTend
F(x)
f(x)
(k-1) Ik

NOAbIHTErpanbHOM PYHKUMM HA eAVHULY HUXKE :TakMm 06pasoM, Mbl BbIpasunm yepes

Mpogorkas MATU TEM e nyTeMm, AOMAEM A0 U3BECTHOrO MHTErpana:

=J' da_ = 1 _ t +
1 + me m arctgm C

MoactaBnas 3atem BCogy BMECTO t 1 m MX 3HAYEHUs1, NONy4YnM BblpaXkeHue nHterpana (4)
yepes X 1 3agaHHble Yncna A, B, p,q.

7) WHTerpupoBaHue paunoHanbHbIX apocen

Qlx) , m.e.UHmeapanJ Q( x) dx .
f(x)f(x)

MycTb TpebyeTcs BLIMUCIINTE MHTErpan oT paunoHanbHoW Apobu Ecnn gaHHas apobb
HenpasuWbHasl, TO Mbl NPEACTaBMNsEM ee B BUAE CyMMbl MHorouneHa M(x) n npasunbHom

paumoHansHoM apo6u . MocnepgHioto xe npeacTaeBnsieM no ¢opmMyne B BUAE CYyMMbl

npoctenwmnx apoben. Taknm o6pa3omM, MHTErPUPOBaAHME BCAKOW paLmMoHanbHON Apotu
CBOOMTCS K UHTEPUPOBAHNIO MHOIOYSIEHA Y HECKOMBKNX NPOCTENLUNX OpoGen.

Bua npoctenwmnx apoben onpegenserca KOpHsaMu 3HameHatens f(x). 3aecb BO3MOXHbI
cnefyouiune cnyyau.

1.Cnyvan.
KopHu 3HameHaTens AenCTBUTENbHbI U Pa3nnyHbl, T. €.

F(x)=(x-a)(x-b)...(x-d).

F(x)

B atom cnyyae gpobb pasnaraeTcsl Ha npocTenwme Apobu 1Tuna:

F()=A +B + D




f(x) x-a x-b  x-d,
Torga

F ( x) A B D
fex ) dx=.[ X=a dx+,[ x=1p dx+ .. -.[‘X—_d dx= A In|x —a|+ B In|x=b|+. ..+D In|x-d|+C

2. Cnyvan.

KopHu 3HameHaTenst AeNCTBUTENbHbLIE, MPUYEM HEKOTOPBLIE N3 HUX KPaTHbIE:
o)
(x )=( x-a)%( x-b)* ...( x-d)°.
F(x)

9TOM criyyae f(x) )
pasnaraeTcs Ha npocTteiwune apobu 11 2 TMNoB..

apobb Mpumep 1.



42 & 1 d& 2 dx2 d 1 1 1 2 2x-12 x-2

j (x+1)3(x-2)dx=-f(x+1 )3+3j (x+1 )P - 9J X+ +gj Xx=2 =3 (x+1)2 = 3(x+1)— 9In|x+1|+9In|x—2|+C=—6(x+1)2 +oln| x+1+C

3. Cnyyan.

Cpenoym KOpHEN 3HaMeHaTENS €CTb KOMMIEKCHbIE HEMOBTOPSIOLLMECS(T.€. Pa3NnyHbIE):

F(x )=( X+ px+q)...( X +s)(x-a)" ... x=0)°.
Ax)
B atom cnyyae apo6b f(X) pasnaraetcs Ha npocTeiiume Apobu 1,2 n 3 TUNOB.
lMpumep 2. TpebyeTca BbIMMCUTL UHTErpan

xax

.[ (X2+1)(X‘1) .Pasnoxum nogplHTerpanbHyto Apobb Ha npocTeiilume:
_AX:s 4 C (
x2+1)( x—1 )x2+1 x_1

CnepoBaTenbHo,

x=( Ax+B)( x-1)+C( x* +1) _

Monaras x=1, nonyunm 1=2C, C= S; nonarasa x=0, nony4um 0= -B+C, B=1/2.

MpupaBHMBas KO3IPUUMEHTBI NPU X, nonyunm 0=A+C, oTkyaa A= - S. Takum o6pa3som ,

xax =1 x - 1 +1 dx =-=1 (xdx +1

( —etBx=1) ol N or a2 [Tt o e T2
dx +1  dx = 1 1 1

[t 217 x1 T =4 mPH11+72 arctgx +2 Injx=1]+C

Cnyyan.

Cpean KopHen 3HaMmeHaTensl eCTb KOMMMNEKCHbIE KpaTHbIE:

(X )=0+ px+q) ..( XP+Ix+s) (x=a)" ...(x=d)°.

E(x)
f(x)

B aTom cnyyae pasnoxeHune apodu OGyneT cogepxaTtb M NpocTenwmne
Apobwu 4 tuna. lNpumep 3. TpebyeTcsa BbIMUCIIUTL UHTErpan
X' +4 X+11 P12 x48
| (@ v2x+3 2 x+1) dx

PeweHune. Pasnaraem apobb Ha npocTenLume:

K HACHI X H12x+8 - Ax+B 4 Cx+D 4 E

J

(X+2 x+3)2 (x+1)  (¥42x+3)° xP+2x+3  x+1
oTKyaa
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X +4 33+11 XP+12 x+8=( Ax+B)( x+1)+(Cx+ D)( X*+2 x+3)( x+1)+E( X*+2 x+3)°
KoMbBUHMpys ykasaHHble Bbile MeToAbl onpeaenenus koadduuneHTos, Haxoanm A=1, B= - 1,
C=0, D=0, E=1.

Takum obpasom, nonyyaem
X" +4 X411 X412 x+8 x-1 x x¥2 N2 xH

J. (X% 42 x+3% ) x+1) dX=I (X+2 x+3) dX+I x+1=— 2(X+2 x43) - 4 arctg 2 +In|x+1|+C
M3 Bcero n3noxeHHoro crnegyeT, YTo MHTerpan oT Nnoboi paumoHanbHON OYHKUMM MOXKET ObiTb
BblpaXeH 4yepes3 arieMeHTapHble beHKLI,I/II/I B KOHEYHOM Bunge, a MMeHHO:

yepes norapmdmebl- B Criyqasx npocrenwmnx gpoden 1 tuna;

yepes paumoHanbHble PyHKUUK- B Criydae npocTenwmnx gpoden 2 tmna

Yyepes norapmdMbl U apKTaHreHCbl- B Criydae npocTtenwmx apoben 3 tmna

yepes paumoHanbHble (PYHKLMM U apKTaHreHCbI- B cnyyae npoctenwmnx gpoben 4 tuna.
MHTerpanbl oT nppaumoHanbHbIX (hyHKLUN

He oT BcdAkOM uvppaunoHanbHOM (YHKUMW WHTEerpan BblpaxaeTcs 4vepe3 aremMeHTapHble
dyHKuMn. Cenvac Mbl pacCMOTPUM Te MppaumoHanbHble YHKLUMW, MHTErpanbl OT KOTOPbIX C
NMOMOLLbK MOACTAHOBOK MNPUBOAATCA K WHTerpanam OT pauuoHanbHbIX  (YHKUMA 1,
crnefoBaTenbHO, 40 KOHLA UHTErpupyoTcs.

/ /
1 .PaCCMOTpI/IM MHTEerpan .[R( x XML )dX , rie R-pauuoHanbHas (YHKUWUS CBOMX apryMeHTOB 1).

x=t, ,dx=kt,_,

|Z|J/CTI: R-o6wwnii  3HameHaTenb pApoben m/n,...r/s.Caenaem noacTaHOBKY

.Torga kaxpgass OpobHas cTeneHb X BbIPA3MTCA 4Yepe3 Lenyk cTeneHb f u, criefoBaTenbHo,
noablHTerpanbHas yHKUnSA npeobpasyeTcs B paumoHanbHy0 yHKUMIO OT L.

X112 dx
374

Mpumep 1.TpebyeTtcs BouMCAUTb UHTerpan X +1
PeweHne. O6wmn 3HameHaTens apoben 1/2,3/4, ecTb 4; no3aToMy fenaem MOACTaHOBKY

x=t* d=4f dt -Toma
3

9]
A O A PR P S \alt=
X +1 t +1 t +1 t+1
) _t2 f 4 4 3 /4
- 4ft dt-a] Pe1dt=43- 30t +1140=3[x  —Inx +1[+C

2.PaCCMOTpI/IM Tenepb UHTErpan suga
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ax +b ax + b
RIx(—cx+ ™" o ox+ d ) '°ldx

ToT MHTEerpan ceognTcA K MHTerparny ot paLl,MOHaﬂbHOVI (*)yHKLlI/WI C NOMOLLbIO NOACTaHOBKA

ax+tb =«
cx +d
roe - obun s3HameHaTenb apoden m/n,...r/s.
lNMpumep 2. TpebyeTca BbIMUCANTL UHTEMPan
\/X_'I dx
X.

PelieHue. [lenaeM noacTaHOBKY x+4=t* x=F-4 dx=2tdt; Toraa

x+4 . t, 4 dt
x 2| =2 4 d=2fTR- 4 )d=2]av 8l -4 =
t-2 VX +4-2
2t+21n|  [+C=2\ x+4+2In| | |+C.
- t+2 Vx + 4+2

HPUJIO’KEHHUE 1
Y4e0HO-TPEHUPOBOYHbIC TECTOBBIE 32/IaHUA

EI'D TecroBbie 3a1anus 6a30Boro ypoBHs 4

Al. IlepBooOpa3Has ajaredpanveckux QpyHKIUI

A1.1 Haiinute f(-2), ecnu f?(x) = 6x3 — 8x + 3, A2) = 0.
A) 10 B)I12 C)-12 D) 18 E)-18

A1.2 Haiinure nepBooOpa3Hyto GyHKIMH Jr+ ]

Exl"x_]+3{|'rr_"+ﬁ' 3 xl+3x*+C" 2 x+£{|‘?+£| En,u"x_‘+3 xt+C
A) 3 4 B 4
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A1.3 Haiinure Bce nepBooOpa3Hble 11 (PyHKIMH

3
A) |+C B3+CO) +C D)- +c’ WEmec
Al4 Haﬁz@% nepBoo6pa%13yfo @yHKLé}?’TI[HH i A A
5 D
A)Y 4 (2x +5)°+C B) C) y=2(2x+5%)) E)Y
=4(2x+ 5)3 +C (2x+5)’ I (2re5) | (2x+5) I
I= T 7=" Ly T= T
A1.5 Haiinure nepBooOpa3Hyio q)YHKHI/IEI/I f(x) k 8x3 — 5, rpddux li)Topoﬁ HpOXOI[jl/IT
yepes Touky M(1; 4). A
A) 2x[-5x+7 B) 24x* + C)2x*—5x D)2x*—5x+1 E) 4x*- 5x + 7
A1.6 Haiigue f(0), ecu £(x)=6x2-3xp u (4)=130. A
A) 6B)4 C) 4 D)6 E)S8
4
Aol 3-2x)
A1.7 Jlnsa pynkuuu 322) , HaliiuTe mepBooOpa3Hyto, rpauk KOTOPOH NPOXOIUT
i LJ
4yepe3 TOUKy { 218 E
4 o0 2 17 7
A) 3-2x 16 B)zzx 16C) _3-2x 16 D)32x 16 E)zlea
5 F@y= y
A1.8 Haiinure nepBooOpasHyro GyHKIHH “r-2] rpaduK KOTOPOM MPOXOTUT
yepe3 fouxky A(3; D). B
1
—_—
A) ¥r-2+4 B)2+#x-2+3 C) ¥r-2+43 D)2+x-2+4 E) +x-2 1
(0]
T
B
A2. BpruucieHne HHTErpajioB ajredpandeckux GyHKIui e
T
bl
ta d,i A
A2.1 Bpruucinure: °
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A)4

B)-4 C) D)2 E)

16 3
A2.2 Beruncnwure: 3
A) [3B) 10 - [B1ya E) 2

i 1 |
A2.3 Beruncnwnre:
A) B) C) 1 D)]'(Exﬂjid*) -1
F 3
A2.4 Beraucihre:
A 1B 10O [Payal B
=1 ||
1 1 1

A2.5 Beraucnure
A) 45 B) 52 O 54(1 1 P)I56 E) 60

fLE-.I’x T 7 J dxl
A2.6 Beraucnure

dr
A)1| B) 0©) Dj& sz_E)
1 i

A2.7 Beraucnure ¢
A) 18 B)9 C)'27 , D)6 E)9

w’w_ml
A2.8 Berauciure ﬂ
A)7 B) 8 O 10” D? 1|2 E) 15

15 )
A3. IlepBo0oOpa3Hasi TPUTOHOMETPUYECKUX (PYHKIMHI
A3.1 J[nsa xakoii u3 cneayromux GyHkuui, pyakuus F(x) = 3tgx + 5x + ¢ apisieTcs

IEPBOY

DOpa3HO?
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y=- 2 +- y= 2 +_ y=- : +5 y= : +-
sin’ x sin? x }'=3Cr§x+'5| cod x cod x

A) B) ©) D) E)
Fix)=ctgx— 2x+CI
A3.2 Jlns kako u3 cneayromux GyHKIUN QyHKIUs ABJISIETCS
epBOOOpa3HOI
7)o ] (ORPt e INFICEEP I RO et
Slﬂ b 4 cos x cos x Sn X
A) ! B) C) D) E)
7=
s X
1
fx)=—- cu:ust
A3.3 YKaxuTe neppqoopasHyro GyHKIHHI | |
—;—smx+C‘r _x_'_ smx+% x_’_ smx+£i ;+smx+C‘ x—,+sinx+%
A) B) C) D) E)
Flx)= x+-:‘tg’*
A34 J‘IE}I/IILI/ITC epBoo6pa§Hy10 byHKINN: 9 r r
?+3ﬁ'f831'+ ?—ch53r+ 7 * cfgx+% ——x+cfgx+4’ ?+x cfgpr+%
A) B) C) D) E)
__4dcosdn)
S0 =-Fan
A3.5 Haiinute nepBooOpazHyto st QyHKIIUN
&, ctgx cI
tgx +ctgx+ tgx —clge + clgx —1gn + ctgx fgx
S e R E)
smE 3x +1 \
A3.61YKa>I<I/ITe HepBoo§pa3Hym q)cinKIII/II/I
-—cfg(3x+1)+C —cfg(3x+1)+ (3x+1)+C fg(3x+1)+C
A) Ecg[ X :] B) Ecg[ X :] x :] x :] _35rg|13:(+1)+c1
cos’ | =—+1 \
A3.7 Ykaxure nepBoobpas (byHKuHI/I
;_fg((%+lT+% 3rgé+1}j q +1 % 31’g[%+1}+ﬁ' fgf+|£'
A) B) D) - E) °
cos2x
A3.8 HaiinuTte nepBooOpazHyto GyHKIHIO 1Sl GYHKIIUU (3] sinx=coss
A)BJ e ) C) cosIRiBHEH)E) - sinr+oosr+(]

Breimre

15. HecoOcTBeHHbIe MHTErpasiabl. HecoOcTBeHHBIE HHTErPAJIbI IEPBOI0
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ObLT OIpeeNIEH MHTErpall AJI1 OTPAaHUYEHHBIX U 33JIaHHBIX Ha OTPAHUYEHHOM OTpE3Ke
dbynkuumii. PacnpocTpanum moHSATHE WHTErpajia Ha CIy4au, KOTJa OJHO WK 00a dTUX
YCJIOBUSI HAPYLIAKOTCHL.

Onpeoenenue. Myerp 7 hanana na Gecikoneunom npomesxyTKe % |y nas Besikoro
4 A
| F(x)dx b | fxdx

=0
Azd cymecrByer nnrerpan ° Ipenen @ Ha3bIBa€TCSl HECOOCTBEHHBIM
HHTErpajioM NepBoro poaa (MHTErpajaoM Mo HeOrpAHMYEHHOMY NMPOMEKYTKY) U

.n A

| F(x)dx lim | F{x)dx
o0o3Ha4aeTcs ° Ecam 7 ™a CyLIEeCTBYET U KOHEYEH, TO HeCOOCTBEHHbIH
HHTErpaJi NepBOro poaa HA3bIBAETCH CXOAAIIMMCS, €CJIN K€ OH He CYLIeCTBYeT HJIH
paBenbeckoOHEYHOCTH, TO HECOOCTBEHHBbII HHTErPaJi MEPBOr0 PoAa HA3LIBAETCS
pacxoasimuMmcs.

Ilpumepor.

- w 4
e x_ i |E=mn(m1fj=mnﬂnﬂ—m1)=m
L J A—seo Ao

1. Paccmotpum 1 ° | IlycTh z=1]Torga 1

x .A—)GDI X
TaxuM 06pa3oM, paccMOTPEeHHBII nHTerpai mpu & =lpacxoxures. [Tycrs Temeps = 1

Torna I

o A - o mHa <l
L SR il

1;:;':t A—}m-l % Ao l-a — mpHc >,

o -1

MbI OKOHYATENIBHO TTOTYYHIIN, 9TO PACCMATPHBAEMBIH HHTErpan mpu & =lpacxoaures u
npu & >llexomutes. Imom unmezpan wacmo ucnonv3yemcs 8 npusHAKe CPAGHEHUS
Kaiecmee 3manioHHO20.

? ax
1 = —2x+2
2. BeIsicHUM CXOIUMOCTh UHTETpaja )
A A
T adx r ax r dx

|
Nmeem 1

m |

O S O A | | i
-2x+l Ao xP-lxel Ao (z-17%41

= lim (arctg(x— 1D} = lim (arctg{A-1)- arctgd)= =
A A 2 . CnegoBaTeabHO, MHTETPAJI CXOJAUTCS U €0

i

3HAYEHWE PaBHO < |, I
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o

[ru)
| xe " dx= |'xexp(—x2).:fx
3. BBISICHUTH CXOAMMOCTh MHTErpajia | 1

.Ilo OIIPCACIICHUTIO ITOJIyJacM

A 2
]Lhmﬂ_l

o

%1 3 1 A 1 —.1'2
| xe " dx=lm (xe " dx=lm (-2) e d(—x = -
1 A—:m'l Asen 2 1 A—:«:ﬂ

28 A

MI
|

[

3y

_1I
Crne10BaTeNbHO, MHTETPAl CXOAUTCS M €r0 3HaY€HHE PaBHO -3¢

o

dx
4. Jlna nHTETpana ; o

I/IMGCM

= lim 2./In lim (2.ln 4 - 2)=co
L Elnx Awe Gflnx A | ( =

CrenoBaTellbHO, HHTErpall pacXOAUTCA

T dx

z
oplfiea
5. Jlns uHTErpana ¢

I10 OIPCACICHNUIO NMCEM

. 1
o S
A 1‘1—>‘I'[ ]nfl+]

CrnenoBaTenbHO, UHTETPaJ CXOAUTCS U €r0 3HaYE€HUE paBHO 1

o

4
- dx . pdlnx 1
= litn = lim | - —
::x]_nzx J‘1—3*':":';:]:(12;': "1—?""[ ]-nxJ

&
e ™ dx
BrrsicHuTs cxoguMocTs uHTerpana v o

1o onpenenennto
oo 4 A
|e®dx=lim | ®dx= lim lim (- 1)| E G (—ax) = _

A
Ao lim (—le'ﬂ ]=L— lirn L‘=,="'1=L{_
0 0 0 Aol & b)) a iwa o

2
CHC}IOB&TCHBHO, HHTCTpAJI CXOAUTCA U €T0 3HAUYCHUC PABHO

3aoanue 2.4

BeraucinTts HECOOCTBEHHEIC HHTCI'PpAJIbI IICPBOT'O pOad UIJIKX AOKA34Th UX PACXOOAUMOCTDb
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T dx °I:' dx E’I:' dx E’I:' (x+Didx
| extn’x o omflnx 5 pxP42x410 4 pxt 422410,

il

T W
I—
5 é,q.n'x+2 -6 Ifla.f(x+1)3

a_ 1 1

= — — arct -I
OTBeTHI: 1.0’5; 2. pacxoaurcsi; 3. 6 3 53 ; 4. pacxoaurcs; S. pacxoauTcs; 6.4.
Hawm B nanpHeiemM moHagoOuTCs CIeAyONINN BaKHBIA Pe3yJIbTar.

Teopema 2.8. (Kpurepuit Komn). HecoOcTBeHHBIN HHTETPA IIEPBOTO POJIA CXOAUTCS
TOT/Ia ¥ TOBKO TOT/a, Koraa mis Besikoro € > Uleymectsyer 42dTaxkoe, uro wis

]
BCECX A4, _"FBBIHOJ'IHCHO HCPaBCHCTBO

Jl0oKa3aTenbCTBO 3TOTO PE3yIbTaTa OMyCTUM.

Tf(x).:fx

Onpeoenenue. HecoOCTBEeHHBIH HHTErpaJi IePBOro poaa = Ha3bIBaeTCH

1|/ (2l

a0CoOJIIOTHO CXOAIMMCH, €CJIN CXOAUTCH MHTEIpaJI =2

OTMeTHM, 4TO €CJIU HeCOOCTBEHHBIM MHTETPajl NEPBOIro pojaa CXOAUTCA a0COIIOTHO, TO OH

1|/ (Dl

cxoaurcs. [lelicTBUTENBHO, TOrAA AJIs1 MHTETpaja 2 BBINTOJTHEH Kputepuid Komw, a B

2 2
| Fxdn =] 1|/ (2]

CHITy CIIPABEIHBOCTH HEPABEHCTBA I A , kputepuii Koy BBITIOTHEH U IS
| F(x)dx
UHTETpala =
OOpartHoe yTBEepKIACHUE HEBEPHO.
g
L
CXOI[I/IMOCTB HCCO6CTBCHHOFO HHTCIpajia — OIIPCACIIACTCA aHAJIOIMYHO.

HpezmaraeTcsl mpoJacyIaTb 3TO CaAMOCTOATCIIBHO.

i F(x)dx | f(Xdx= | F(Ddx+| flx)dx
J171st HeCOOCTBEHHOTO UHTErpaia — MOYKEM 3alucarh = = 2 51

Ha3BaTb OTOT UHTErpall CXOAAIMUMCA, €CIIN CXOAATCA o0a ciaraemeix. Eciim XoTs1 Ob1 OIH1H
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i /()

U3 9TUX UHTETPAIIOB PACXOUTCS, TO Oy/IeM CUUTaTh UHTErpag — pacxoasuumcs. B
KadecTBe TOUKH ABBIOHMparOT 00bI4HO 0.

xelx
Tt
Ilpumep. PaccmoTpum UHTErpaI —= [1o onpenenennto CXOAMMOCTH ITOTO UHTErpaJIa

noJIy4aem

o0 |:| s
. xedx

| = lm =t itm 5

gl A1—>—°°A 1+x¢ A—=+og 14 x

xdx xdx

; 1 : 2 Ay
== lim ]n(x +1]| +— lim In{x® +1)
—r+ao 0

1
21‘11—}'-‘30 21‘12

Tak kak 00a craraeMbIX pacxoaaTcs, TO UICXOAHBIM HHTErpal pacxoauTcs. [lomydaemas

U 3TOM HEONpeAeNEHHOCTh © — “dnpu pa3HBIX CKOPOCTIX CTPEMIICHHUS AIIK —¢u AEIK

= S
+od naér pasuble pesynbrarel. B wacTHOCTH, eciu A=—dnt -1 =dn-l 44

L lim | In{ %2 +1j. +1 fim ]n{x2+1}E12

2 g4y~ 2 Ag st
lin %:—ml
N =0 .

O e R O = ‘
Eciu 4 =% -1 , A =" -1 , TO @0COJIFOTHO aHAJIOTUYHO MOKA3hIBACTCS, YTO 3TOT

t\_'ll'—"

=1
2

2 N =0 ?’12

lin (In 72— 22 =1 tim
n—0

npezen pasen +. [TonoOpaB ckOpPOCTH CTpEMIICHUS AIIK — oy AEIK +odMOoKHO ONTYYUTH
B npejienie Moboe 3apanee 3agaHHoe uncio or — o +od.

HPYFOﬁ CTOPOHBLI, ITPHU COINIACOBAHHOM CTPCMIICHHUHN BEPXHCTO U HUIKHCTO IIPCACIIOB K
= MOJKEM 3aIIUCaTh

o A A
2, 2 s ]11(;(2 + -
I:’Dl+x2 A—H-GD_A1+ xz Ao 2 —-A

l

2 2
=2 Jim (n(4 +D)-In(4%+ D)=0

910 JacT BO3MOXXHOCTBb BBCCTH HOBOC IIOHATHC.

| Fx)dx

Onpeoenenue. T 0BOPAT, 4TO HECOOCTBEHHBINH HHTErPAJ MEPBOI0 Poaa —~
CXOJMUTCH B CMbICJI€e IJIABHOIO 3HaYeHus1 Kouim, eciu cyniecTByeT U KOHe4YeH npejaelt
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PaccMOTpeHHbIH BbIIIE MPUMEP NMOKA3bIBAET, YTO HECOOCTBEHHBIM MHTETpaJl IEPBOTO POJa

? Fixdx

e MOXKCT CXOAUTBHCA B CMBICJIC I''TaBHOT'O 3HAYCHH A Komu n PacxXoauThsCA B
OOBIYHOM CMEICIIE.

T F(xdx

OTMETHM HECKOJILKO CBOMCTB HECOOCTBEHHBIX MHTETPAJIOB IIEPBOIO pojia 2

Tf(x).:fx ?f{x}cfx

Ecnu unterpan 2 CXOJIATCSI, TO JUIsl BCIKOTO 3f1‘|I/IHTerpaJ1 ? CXOJIUTCA U

= A =
_I Fixdz= _| FiNdx+ _I Fixdx
a a A

w w
| fixdx | e Fixidx
Ecmn HHTCIrpan ¢ CXOJUTCA, TO CXOOUTCA HHTCTpaAll ¢ 1 UMECT MCCTO

| F(xdx=a| f(x)dx
PaBEHCTBO 2 a

[ f(Rdx  [g(x)dx [ (F(2)% g(x))dx
Ecmn HHTCrpaibl 2 u e CXOOATCA, TO CXOOATCA UHTCIPaJIbl 2 u

HMECT MCCTO PAaBCHCTBO

170+ g(dr=| At | gl

a [} [}

OOpatHoe yTBEepKJIEeHUE HEBEPHO, TO €CTh, €CJIM MHTErPajl OT aareOpanvdeckoil CyMMbl
(GyHKIHNA CXOIUTCS, TO MHTETPAJIBI OT CIIAraeMbIX CXOIUTHCS HE 00s3aHbl. Hammpumep,

Ydx 7 dx °‘-’[1 1}1, ¥ dx

$ox ] x ox+l
UHTETpaibl 1 1 ! pacxondarcs, a uHTerpain 1

: l
ALY , Kak Oyner

ITIOKa3aHO ITO3JHEC, CXOAUTCA.

I[J'ISI APYTUuX THUIIOB HECOOCTBEHHBIX HHTCI'PAJIOB IICPBOTO pOaa CBOMCTBA aHAJIOTUYHBHI.

CXxoauMoCTh HE BCEX HECOOCTBEHHBIX MHTETPAJIOB MEPBOTO POJa MPOCTO BBIICHUTH
no omnpeneineHuo. llodTomy 4YacTo UCHONB3YHOT Tak Ha3blBACMBIE IPU3HAKU
CpaBHEHUS B HENPEEIbHOM U MpeAenbHoM popmax.

L
Teopema 2.9. Tlycts s Besikoro <= 442 @) Bunonneno nepasencTBo OB |g(x:'||. Torpa,

| g(x)dx | fix)dx
€CII MHTETpal 2 a0COJIIOTHO CXOJUTCS, TO UHTETpall 2 a0COJIIOTHO CXOJ/UTCS,
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| F(xdx | g(x)dx
€CJIM MHTEerpai @ abCOJIIOTHO PACXOUTCA, TO HHTETpaN 2 abCOJIIOTHO
pacxouTcs.

Hoxazamenvcmeo. JIefiCTBUTENBHO, B YCIOBHUSIX TEOPEMBI IS BCeX A= duveem
A 4 o A

| |F(x)|dx = | |g(x)|cix | lg(x)|dx | |7 (=)
@ a . TOFIIa, CCJIM UHTCTpAJI 3 CXOOUTCsA, TO a €CTb MOHOTOHHO

BO3PACTAIOIIAs OTPAHUICHHAS CBEPXY (QYHKIMS oT 4 1 mosToMy nmeer mpexer nmpu A — %
4 4

||/ Jm §|f(fr=oo Jim g0
. Ecnu nHTErpan @ pacxoaurcs, To 2 U II03TOMY 2

Teopema 2.10. Eciu FRlly e OeckoHeYHO MaJibie B +®0IHOTO MOpsiIKa MaJOCTH, TO

s S [rcaas Tomoar
3=+ g(x) , TO HHTETPAJIBI 2 N= 1160 00a aOCOIIOTHO CXOAATCS
1100 00a a0COIIOTHO PACXOATCS.

€CTb

o 7@

gz
Jlokazamenvcmeo. Tak Kak , TO . BozpmeMm

OIIPECIIEHHIO TIPEIeia CyIEeCTByeT M * Olrakoe, uto st Beex * > M [ppmonaeno

Jix)

gix)

im LD _g

x—ton Z(X)

0<ec|k o

|K | -5
HEPABEHCTBO

c:|K|+.5',

a, CJICJOBATCIIbHO, H HCPABCHCTBO

[g@l]- &) <[] < (el+ e 'ile M3 mocneHero HepaBeHCTBA U TEOPEMBI 2.9 mosydaem
YTBEPKJCHHE TEOPEMBI.

3ameuanue. Tlocne uzyuenus: TeopeMbl 2.10 MOXKET CIIOKUTHCS BIEYATICHUE, YTO IS
CXOJIMMOCTH HECOOCTBEHHOT'0 MHTErpaja NepBOro poja, B TOM YuCiie U aOCOIIOTHOH,
HEOOXOJUMO, YTOOBI MOBIHTErpabHAs (yHKIUS OblIa OECKOHEUHO Manoi mpu * =<,
To, 4TO 3TO HE TaK, MOKA3BIBACT CIAEAyrOIMU mpumep [ 15].

Bosbmem dyHKIMI0, rpadik KOTOPO COCTOUT U3 OTPE3KOB MPAMBIX, COSTUHSIOIINX

[PE—I—,D [PE+ 0
H H P
TOYKH Z , bl 2 , Badd . Be ananmuriueckoe BBIPAXKCHHE NMEET BHU]I
R o St LU PE—L,PE}
. 3%
f'x'=<—2”x+1+ﬂ2”, xe PE,PE+1—:L
2?‘1
0, X n—i,n+i:|
i o

L L

ITimomia e, 3aKIr0YEHHAs MEKIAY rpaduKoOM 3TOM (HYHKIUU K OChI0 O |, paBra CymMMe

b
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- 1— 1] A+ 0

% ot in, 1l gt n=1,2,__|

IUTOIAeN TPEYTOJIBHUKOB C BEPILIMHAMH B TOYKaxX , , , ;
1

TaK KaK IUIOIab KayKIOT0 TAKOTO TPeyroiabHuKa pasna 2 |, #= L2 "I, TO
E,I':_,f"x'.:f;c— 1 + ke &
1-05 4

4 ?
1 . 3aMETHM, YTO YCIOBHE OrPaHUIEHHOCTH QyHKIHH 7 *'

HCCYHICCTBCHHO, TAaK KdK BCPIINWHBI TPCYTOJIBHUKOB MOKHO B34Tb, HAIIPUMCEP, B TOYKAX

- : 0 B+ : 0
AR nn! P P2=1,2,..|
) s s ..

Ilpumepuot

% 24ginx
! 7
1. BeIsICHUTH CXOAUMOCTD MHTETpaia !

‘2+ snx| 3
<
Tak kak x

S

dx

3
g
CXO)II/ITCSI, TO U HCXO}IHBIﬁ I/IHTCFpaJ'I

i ey, B}

1 Beex £ 1=|a WHTETpall
TOKE CXOIUTCSL.

1

Soxlx+]
2. BBIACHUTH CXOIMMOCTh HHTErpana ! el

Haxo/s nopsiiok MajioCTH NOJBIHTErpabHONU (DYHKIIMM OTHOCUTENHHO (byHKHI/II/I% ,
0JIy4acM

0, ecimic < 2,
=21

oo, ECIOE &t » £

X

iz xx+1)

ECIIH & = 2]

2

Takum 006pa3om, MOPSIAOK MAIIOCTH MOJIBIHTETPATbHONU (PYHKIIMM OTHOCUTEIHHO %paBeH 2

= dx

I e
2
M TaK Kak ! ] CXOOUTCsA, TO UCXOAHBIM MHTEIpall CXOOUTCA.

oo

|
3. BBISICHUTB CXOAMMOCTh MHTErpajia 1

1
—_—
(x+ Dz + 2 *

Haxo/is mopsiiok MajioCTH MOJIBIHTETPaIbHOM (DYHKITMH OTHOCUTEIHHO (l)YHKHI/II/Ii[ ,
IOJIy4aeM
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0
1

oo, eCImc > 1LY

. eCmma < LA
£

]_'i_‘['_[]_ P Y
r=o (i + 2

ECIOH = 1,5,

2

Taxum 06pa3om, HOPATOK MAIOCTH IOALIHTErPAIBHON (PYHKIUM OTHOCHTEILHO %paBeH
e
B

I,5uTak kak ! * " cXOmMTCS, TO HCXOMHBIA MHTETPA CXOIUTCS.

o

1

| —————ax
Cx+ 23 x4 S
4. BBISICHUTH CXOJAMMOCTb UHTErpasa ! ( )

Haxos mopsiiok MajloCTH MOJBIHTETPAIbHONU (DYHKIIMM OTHOCUTEIBHO (bYHKHI/II/I% ,
II0JIy4aeM

- 0, en:mia:-::“;
A 1

oo, BCIDM O

ECTH & =

2 )

=0+ IR+ 5

L= Ll L]

Takum 006pa3oM, MOPSIIOK MAJIOCTH MOIBIHTETPAIBHON (DYHKIIMH OTHOCUTEIIBHO ilpaBeH

%I/I, CIE0BATEIILHO, MUHTETPAJl CXOAUTCA.

sl i+ 2 e

*I x° o+ 4
5. BBIICHUTH CXOJIUMOCTh UHTETpANIA !

Haxo/s nopsiiok MajiocTH NOJBIHTErpaibHONU (DYHKIIMM OTHOCUTENHHO (byHKHI/II/I% ,
0JIy4acM

0, ecomee <1,5

]jmﬂ= |, ecmi=15
w2y d

oo eCIHa > 15

Takum 06pa3om, MOPSAOK MAIOCTH MOJIBIHTETPATbHONU (PYHKIIMH OTHOCUTEIHHO %paBeH
1,5 u, cnepoBaTenbHO, HHTETPAJl CXOAUTCS.

[e-u]
i -,|'x3 + 2
[—— a@x

] X +5
6. BBISICHUTH CXOJIUMOCTh UHTETPATIA

Haxo/s nopsiiok MajioCTH NOJBIHTErpabHONU (DYHKIIMM OTHOCUTENBHO (bYHKI_II/II/I% ,
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noJiy4aem

0, ecimie <05
lin x4 2

= =21 ecmea=103%
A=pE xS 45
oo ecIH = 0,5

»

Takum 006pa3om, NOPSAOK MAJIIOCTH MOJIBIHTErPAIbHOU (PYHKIIMM OTHOCUTEIHHO %paBeH
0,5 u, cnenoBaTeNnbHO, HHTETPAl PACXOUTCH.

]

_ 2
le™" dx ; :
WnTerpan ! CXOIHTCS, TaK KaK MMEeT MECTO OIleHKa ¢ =% g Bcex *21 a
[ra)
i
| xe” " dx
uHTerpan ! , Kak ObLJIO MOKAa3aHO paHee, CXOASMIIUICS.
? dx 1 i
=
o 'I].ﬂ x st
Hnrerpan pacxoauTcs, TaK KaKk MMEET MECTO OLICHKA sz xin x st Beex X2,
o
: dx

|
-t X
a MHTErpall ¢ , KaK OBLJIO IMOKA3aHO paHee, PACXOAMUTCS.

3aoanue 2.5

I/ICHOJ'IB?)YSI IIPHU3HAK CPABHCHUSA BBIAACHUTb CXOAUMOCTD HECOOCTBEHHBIX HHTCTPAJIOB. B
OTBCTC yYKa3aHa CXOJUMOCTD U IMOPAJOK MaJIOCTH HOﬂBIHTeraHLHOﬁ (I)YHKIII/II/I

OTHOCHUTCJIBHO A‘%\l .

T w3 o0 % Sl o TdEeZ 0 TArel 0% oty
1-1(x2+1]|'\.'x+2 .2‘1x2+4m.'§—1 .3"1«.';»;3+5 .4"1«.'3-44.8 .5‘12+x2-3q.'x+2 6.

>

® w2
1TEs 8)(3*4 x +1]

e

OtBeTsl: 1. cxoautes, *= 1=5|; 2. cxoauTcs, &= 1=5|;
ﬂ:=1|. I:[:=11- Eﬂ:%.
3. pacxoaurcs, ; 4. cxonmTces, -A; 5. cxoaurcs, ;

=
6. cxoauTcH, ;

16. HecoGcTBeHHBIE HHTETPAIIBI BTOPOTO PO

Ecnu 13 |H€OFpaHI/I"ICHa Ha (@ bj, TO 0COOEHHOCTH MOXET OBITh B TOUKaX & qI/IJ'II/I
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BHYTPEHHEH TOYKE ATOT0 OTpe3ka. MBI pacCMOTPUM CiTy4ait ¢ 0COOCHHOCTHIO B
touke 4.
lim F(x)=eo
Onpeoenenue. Illyctb J@ |3azlaHa HA NOJIyHHTepBaJie [ By 55 Ilyctnb
| f(xdx EI_?U | fixedx
aaJiee 11l BeKkoro U <d < - 4cymecTByeT HHTErpaj @ Ipenen 2

Ha3bIBAETCHA HECOOCTBEHHBIM HHTErPAJIOM BTOPOr0 poaa (MHTErpajioM OT
A e
| f(xdx Emu | iz
. . S50
HEOrpaHUYEeHHOM (PYHKIUM) U 0003HAYACTCH = Ecmu = CyllecTByer
KOHEY€H, TO HeCOOCTBEHHbINl MHTErPaJ BTOPOro Poaa HA3bIBACTCH CXOAAIMMCS,
ecJid Ke OH He cyumecrByeTUim paBeH 0eCKOHEYHOCTH, TO HeCOOCTBEHHBI

HHTErpaJJ BTOPOro poaa Ha3pbIBa€TCHA pacCXoaainMCs.

AHaNOrnyHO ONPEJENSIIOTCS HECOOCTBEHHBIE MHTErPAJIbl BTOPOIO poja B CIydasx,
KOTI'Jla MOAbIHTErpalibHas (PYHKIMS OECKOHEUHO OOJIbIIasi Ha HUKHEM MpeJiese, BO
BHYTPEHHEUN TOUYKE OTpE3Ka [« ’E:']L Ha BEPXHEM M HIKHEM IIpPEAENax OJHOBPEMEHHO.
JUist ynoOcTBa M3J0KEHUS MBI pacCMaTpHUBAEeM Cllydyail OCOOEHHOCTH Ha BEPXHEM

mmpeacie. I[J'I?I OCTAJIBHBIX BAPUAHTOB IIpCJIaracTcs nmpoaciiatb 3To0 CaMOCTOATCIIBHO.

Hpumeppor.

i

! g X S0° x i (in xf ) = lim 1—]11.5'=m|
1. Paccmotpum . IlycTh z=1|Torga © e il D i )
Takum 00pa3oMm, pPacCMOTPEHHBIM WHTETpai MpH r3'1=1|pacxoz[1/ITc;1. [lycts Tenepn
a= 1 Torga

ia"x - dx

1 1 i

K e ORRE pem

| —=lim | —=lin

Dx“ P 1]
T

1-

1
T opH & <1,
o IpH & =1,

T

MbI OKOHYATEIBHO MOIyYHIIA, YTO PACCMATPHBAEMBIH HHTErpa mpu & <1
CXOJIUTCS ¥ TIpH & :31|pacxoz[I/ITCH. AHaJIOTUYHBIC BBIBOABI MOXKHO CHAENATh PO
2 e E: e
. 24}
a (& —x)
. .

. 8
HeCOGCTBEHHbIE HHTerpatbl &~ @

o

2 g
Humeepanovr "~

2 ogx 2 ax

G-ar Je-2"

UCNOTIBL3YIOMCA 8 NPUSHAKE CPDABHEHUA 6
Kauecmee S5mdajlOHHbIX.

=IE dx
o x

X
2. B unrerpaine ! NOJBIHTErpaibHas (PYHKIHS UMEET OCOOCHHOCTh B TOUKE
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g dx . e cf]nx_

e s = e feaERT
xafln x =00, ylnx

|

x=1 mostomy !
: 2 i

= lim 2ln x|1+§ = lim (2lnz - 2 i1+ 8)1=2 |

CHGJIOB&TCHBHO, HHTCTpAJI CXOAUTCA U €T0 3HAYCHUC PABHO 2.

L

| ——
3. B unrerpare 0 ™" "% nonpmrerpansnas ¢yHKImA MMeeT 0COGEHHOCTD B TOUKAX
x=0ly x=1,  posToMy wuHTerpan pasbmBaeM Ha CyMMy [BYX, HAIpHUMep,

1 ; 1
dx T dx dx
q -z ixf-lnx
z . s IIEPBOTO u3 HUX

| ——=1lm | ———=-1lm 2 —]nxr| =
g xd=lnx 60 5 of=lnx &0 ¢

= lm (~-2,~In0,5+2/~Tn ) =—c:|
& = . CneoBatesIbHO, MHTETPal PACXOAUTCS U [IO3TOMY

UCXOJIHBI UHTETPaJ TAKKE PACXOAUTCS.
1/
S dx

i; xin?x
B I/IHTCrpaHG HO,Z[LIHTCFpaHBHaﬂ (by}IKHI/ISI UMECT OCO6€HHOCTB B TOUKC

x= 0], mosTomy

= | —
poxinfx 620 5 mfx 6 CXOIUTCS U €r0 3Ha4YE€HUE PAaBHO

l.

e Hm”“d]nx _ [ 1]”*‘ [ i 1]_ CremoBaTeNIbHO,  HHTETPa
0

ofx

|
ol— x*
BBIHCHI/IM CXOOUMOCTD HHTerpaJ]a u . HO}]LIHTeraHBHaH (I)YHKIII/ISI UMEEeT

:'.:i’x=

S
0cOOEHHOCTD B Touke *= 1. [TosTomy 0 ¥1=%

= lim | ——==— = lim arcsin ?.‘ﬁ]_ﬁ = ]jiln(arcsm(l— &1 — arcsin() =g
&

T
CJ'IGI[OB&TGJ'II)HO, HHTCIpa CXOOAUTCA U €T'0 3HAYCHHC PABHO 2],
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2

I ax
Ar-1

6. BBIACHUTH CXOJMMOCTh HHTETpaja !

[MoapiHTErpanbHast QyHKINSA KMEET 0COOEHHOCTD B Touke * =1, [To ompeaencHuio
nMeeM

chx

Va-x

7. BBIICHUTH CXOIUMOCTh WHTErpana |

HoxsiaTerpanpHas GyHKIHS HMeeT ocobennocTh B Touke * = 2. Tlo onpeneneruio
uMeeM

3.:1'}:

uﬁ__E

8. BBISICHUTH CXOIMMOCTh WHTETpana |

[oxsiHTerpanbHas GyHKIMS HMeeT 0cobeHHOCTh B Touke * = 2. [Tostomy
pazOuBaeM MHTETpaj Ha CyMMY JABYX
£ dx - dx 3 dx
+ |

I = |
jA2-x ifz-x 53f2-

* . st IepBOTO U3 HUX MMEEM

2 2—6
dx o ST R 33 |
= lm 2 - ==
1| 3«;‘2 —-x &=0 ; 3q|' -x r5 IZIIi ( x) ) 2

AHaJ0ru4HoO AOKAa3bIBACTCS CXOAMMOCTB BTOPOI'O CJIaracMoro. CJ'IeI[OBaTeJIBHO
HCXO)IHBIﬁ HHTCTpAJI CXOOUTCA.

3aoanue 2.6

Ucnonb3ys onpenieneHrue BbISICHUTh CXOAUMOCTh HECOOCTBEHHBIX HHTETPAJIOB
BTOPOTO poJia.

S dr L dx L dx Pdx 7 dx ? dx  1_dx
1 lxﬂm 2 D.T?.m 3 Djﬁj’\fr_ 4 |:|-=.,13 X 5 zf\ll 13-1,15'(—3 ,7.1 (2—?{)3 '8.

nqka xj4 9. 1ﬁ{x 7P

b
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5/ 4‘ - 238 542?‘ 31—341
OTBeTHI: 1.4; 2. pacxoaurcs; 3. (n0,5) ;4. 2L 5.3r; 6. 7¢ A ;7.
pacxoaurcs; 8. pacXxoauTcs; 9. pacXoUTCA.

AHAJIOTUYHO CJTy4al0 HECOOCTBEHHBIX UHTETPAJIOB MEPBOT0 pojaa GOpMYJIUPYIOTCS
JoKa3bIBatoTCs Kputepuii Ko v mpu3Haku cpaBHEHUS 1151 HECOOCTBEHHBIX

WUHTETPajIoB BTOPOTO POJa.

Teopema 2.11.(Kputepuit Komn). HecoOCTBEeHHBIN MHTErpan BTOPOro poja
CXOIHTCS TOTA U TOIBKO TOrAa, kKoraa amst Besikoro € > Oleymectayer ¢ = ATaxoe,

-
| f(x)dx < &
o J
yro s Beex -9z = dIBBIHOJ'IHHeTCSI HEPABEHCTBO *~¢

JlokazaTenbCTBO ATOrO pe3ysbTaTa OIyCTUM.

Teopema 2.12. Tlycts mist Besikoro *— 9= x <Y BpmomnHeHo HepaBeHCTBO
&

A
.i 2(X)dx .i F(Rdx

< <
02 flx) < glx) Torna, ecu uHTErpan 2 CXOJIUTCSI, TO UHTETpal 2
A

)
| f(xdx | g{x)cdx
CXOOnTCA, a CCJIN MHTCTpaJI & pacxoauTcCs, TO UHTCrpal & pacxoauTcCH.

Jloka3zaTenbCTBO aHAJIOTUYHO CIIy4Yal0 HECOOCTBEHHOTO MHTETpasia MepBoro poja.

Teopema 2.13. Ecnu 7 lu 2% _ Geckoneuno Gombume oHOro HopsiiKa pocTa, TO

] -]
A CI B 0,00 1 f{®dx | g(x)dx
ectp ? &LX) , TO UHTErpaJibl 2 Ne- 1100 00a cxoxarcs, 11ubo oba
pacxoasTcs.

JlokazaTenbCTBO aHAJIOTMYHO CITy4ar0 HECOOCTBEHHOTO MHTErpaia MepBOro

pona. Illpumepsl

3 e

3" =3 2
Jlas uHTerpama 2 x4 i3~ NOJBIHTErpaibHask (GYHKIMS UMEET OCOOCHHOCTh

Toukax * =2u x= J—“ﬂ. Touku *= J—“ﬂB IPOMEKYTOK UHTETPUPOBAHUS HE BXOJAT.
1 I
[TosToMy, Haxo/Is1 TIOPSIOK POCTa 3TOM (PYHKIIMK OTHOCHTENBHO *~ 2l mmeem

i co ecimon <05
(x—jj =:=1 ecmio=1025
X%g“n'x_z'"\h_xz 0, ecmic>0,5
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Takum 00pa3om, NopsiIoK pocta paBeH 0,5 1 UHTErpan CXOJUTCS.

3 o

Va2
B unTerpane 2¥* -1 V=2 ponpmaTerpansnas QyHKIMS HMeeT 0COOEHHOCTE B

Toukax *=!u ©=23| Toukn *=1lu *=-3B IpoMeKyTOK HHTEIPHPOBAHKS HE BXOIST.
1
[TosTOMYy, HaXxo/s MOPAMAOK POCTa 3TOM (DYHKIUH OTHOCHTENLHO -~ *l, umeem
(3-x%

R i M R
3 1 32

1.
| (3 & m, BCIIH it -::1_._‘r
= lim = ecm&rx—g'

asdafr—1-38-x 33+ x J_ 34{_

ECIH & = -5.

1
Takum 006pa3om, MOPSIIOK POCTa PaBEH in UHTErpaJl CXOIUTCH.

1 :
a2 X g

|
3. BBIsICHUM CXOJUMOCTh UHTETpasia

[oxpiHTerpansHas GpyHKIHsS nMeeT ocobernocts B Touke * = Ul Haxoms mopsmok
1
pocta 3Toi GYyHKIIMK OTHOCUTENIBHO X, UMeeM

o, BCIHa < 15

B o 2 o
gy ERAE, g MERELE |, ecrme=15;

a0 x* a0 «J'; ﬂ? 0

ECIH L = 1,5,
Taxum o6pa3om, MOPsAIOK pocTa paBeH 1,5 u HHTErpas pacxoauTcs.
13—
sRfe X
dx

. X
B unrerpaie MOJAbIHTErpajgbHas QYHKIMS UMEET OCOOCHHOCTh B TOUKE
1
x=0]. Haxomst mopsimok pocta 5T0it hyHKIMH OTHOCHTEIBHO X , HMEEM

Takum 00pa3om, MOPSIIOK POCTa PABEH 314 VHTErpaj CXOAUTCH.
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1
|h-“:1+—%¢fx

5. BBISICHUM CXOAMMOCTB UHTErpasua U

[ToneiHTErpanbHas GyHKIUS UMEET OCOOEHHOCTh B TOUKE * = o], Haxons mopsimok
1

pocrta 3TOMU byHKIUN OTHOCHUTEIBHO x, UMeeM
o eI < 0,8,
B S I
lim —M(H"E) Y - lim —M(1+f)4x =41, ecmia =038,
1 =1 3 {
B2 x 4 fxAx 0, ecome » 0,8,

Takum 00pa3oM, MOPSIAOK pOCTa paBEH X7 UHTErpaj CXOAUTCS.

‘ X
B unTterpane MOJABIHTErpajgbHas QYHKIMS UMEET OCOOCHHOCTh B TOUKE
1
x=0l. Haxoms NOPAJIOK POCTa 3TON PYHKIIUU OTHOCUTENBHO *, UMEEM

eo, ecam e <05,

P b s
]J.m(é' l)x'“:]jm(e 1)x“= :
PN | x P, R N

0, ecmre = 0,5

ecim &= 0.5

»

Takum 00pa3om, MOPSIIOK pOCTa PAaBEH &7 MHTErpaj CXOAUTCH.

i
|
7. BBIICHUTH CXOJMMOCTb UHTETpAJIA °

&
Ar -1y

[TonsiHTErpanbHas GyHKIMA UMEET 0OCOOEHHOCTh B TOUKaX * = 0l x=1106e Bxomst
B IIPOMEKYTOK MHTErpupoBaHusi. Paz0OnBaem uHTErpal Ha JBa

1 0.5 1

) ax I ax

P .
VTP RN TPy /oy

[IepBrIil U3 3TUX UHTETPATIOB CXOJUTCS, TAK KAK MOPSAIOK pOCTa NOABIHTEPAIBHOM

1 .
¢yukumu mpu * - U otHOCHTEIEHO AIpaBeH %), a BTOpOit pacXonTCsI, TAK KaK

1 ‘
MOPSIIOK POCTA MOABIHTETPAILHON (DYHKIIMH MTPU X — {orrocurensro 1- paBeH 1.
IToaToMy MHTErpa pacXoaUTCs.

3aoanue 2.7

Hcnonb3yss TeopeMy CpaBHEHMsSI BBIACHUTb CXOJAMMOCTb HECOOCTBEHHBIX
UHTErpajoB. B oTBeTe ykazaHbl: TOUKa, B KOTOPOU (DYHKIIMS OECKOHEYHO OOJIbIIAs
HOPSAJIOK POCTa MOABIHTErPabHON (YHKIIMHA OTHOCUTENHLHO MPOOHOU PYyHKIMY;
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CXOOUMOCTS.

2 4 3 4

x dx : dx
| | |
g 1432-% .9 2x—2-o-2* .10 2 Jaxr2 Ao-2

1 1 1
x=lrm=z x=2,r:r:=~| - Eﬂ=% x=III,r:::=~|
OtBeTsl: 1. B, 2|, cxomures; 2. * 0 , cxoauTes; 3. 20,

5
= j'i', E= = £ = = =
%, cxomures; 4.7=0 ﬁI, cxomures; 5. =% a=1| pacxomures; 6. * 2|,
1 1 1 1
Cﬂ:d . x=2 '5'5=4 . x=2 5’-'=4 . x=1 5'5=4
, cxomurcs; 7. : , cxoauTcs; 8. : , cxomuTcs; 9. . ,

1
x=3 ?I, cxomures; 10. *= 3 4, CXOJIUTCH,

Tema: ludgdepeHnuajbHbie YpaBHEHUS.

OuddepeHumanbHbIM ypaBHEHUEM NEePBOro nopsiaKka HasbiBaeTCHa ypaBHEHME,

CBsi3blBalOLLEE HE3ABMCHMMYIO NEPEMEHHYHO X, ICKOMYIO (DYHKLMIO y(X) 1 ee
'

npon3BoAHYKO V¥ , T.e. ypaBHeHVe BUOA
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(1) F(X! y’ y, )=O nim y'=f(X,y),

rae f— GyHKIUS IBYX MEPEMEHHBIX, a F'— QYHKIIMOHAI OT TPEX MEePEMEHHbIX.

O0mum pemienneM a1 depeHINAIBLHOr0 ypaBHEHUS HA3BIBACTCS TaKas
byHKIUA, y=y (x) , KOTOpas oOpariaeT ypaBHeHue (1) B TOXX1eCTBO, T.€.

F (x, y(x), y' (X))EO Wi Y (O=F (xy (x)).

Yro6s! pemnth qudepeHnmanbHoe ypaBHEHHE €r0 HE00X0JMMO MPOMHTETPUPOBATD, HO
Mpexkae ero HeoOX0AUMO UACHTU(GUIIMPOBATH (OMPEACIUTE €T0 BHT) U IpeoOpa3oBaTh.

HuddepeHnnanbHbie ypaBHEHUS 1-T0 TIOPsKa, ONPEICIICHHBIC BBIIIE,
ya00HO 3aIUChIBATh B CICAYIOMIECH Gopme:

(2) Mx,ydx Nx,ydy 0

Jlugppepenyuanvnvie ypasnenus c pazoenaiouiumucs nepemeHHbvIMu.

Tyers M (v 70 (x) g (y) g N y)=u ) g, (V) 1orma ypasrenne (2) HasbiBaeTes

U depeHIMaIbHBIM YPaBHEHUEM C Pa3JIeISIIOIIMMHUCS IEPEMEHHBIMUA U TPUMET BU/I:

up xg1 ydx U xg2 ydy

ITyrem nenenus Ha MPOU3BENCHHUE 4, (x) g 4(y) OHO IPUBOAUTCA K CIEAYIOLIEMY BUIY:

ur (X) dx= 92 (v) dy

2 (x) g1(y)
OO1uMii HHTErpal ATOr0 YpaBHEHUS UMEET BU/L:
9, (¥) g o U &)

dx+C
91 (Y )z x)

Peminth am CPECHIINAJIbHbBIC ABHCHHUA C PASACIAIOINNMUCA ITICPEMECHHBIMM <
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Henw: Hayuumosca naxooums obwee peuienue ougpepenyuaibHoeo ypagHeHus
C pa3oenAOWUMUC NEPEMEHHBIMU, UCNONb3YSL 8 CB0ell pabome Memoobl

Ouhpepenyuanbro2o u uUHMe2parbHO20 UCHUCTEHUS.
1y (1+x) y + y=0

y=dy
Pewenue: npusedem ypasnenue x 6udy (1) (yuumsisas, umo dx )

(1x) 2+ y=0

ydx +(1+ x )dy =0

B oannom ypasmenuu 1 1 ( y)=y,uz ( X)=1+X, 9 ( y):1
Pa3zoenssn nepemennvle, nonyuum:

_dx =dy
1+x y

HUnmeepupys, natioem 06u;m7 unmezpa:
Id
“I'-l-x
QMy [0 0, 6.

In]y|=In|1+x]|+InC ; In|

YI=In|C-(1+x)|;
y=C (1+x)—-obwee peweHue dugh. ypasHeHuUsI

1

o y'tgy—x=1 ;
2) * v y i y' sin? X=y;
y=x2 y=y",
K) N 8)
x y=1-X;
5yy=1-2 x;

Hajiti yacTtHoe penienue quddepeHInaJIbHOr0 YPABHEHUA
HAYAJbHBIM YCJIOBHAM, U €0 MHTErPAJbHYI0 KPUBYIO.
Henv: Hayuumocs naxooums uacmmuoe peuierue oughghepenyuaibHo2o ypasHeHus ¢
PA30eNAIOUUMUCS NEPEMEHHBIMU, UCNOJIb3YSL 8 CB0ell pabone Memoobvl

oughghepeHyuanbHO20 U UHMESPATLHOS0 UCYUCIEHUS U CIPOUMb UHINEZPANbHYIO
KPUBYIO 3MO20 PEeUleHusl.

OBJETBOPHAIOIIECTO
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1) y=X+2 Sy (0)=1.

Pewenue: Ilpusedem ypasnenue k 6uody (1) u pazoenum nepemenmoie:

gydx =x+2

dy=(x+2) dx .

Hnmeepupys, natioem oowuti unmezpan:

dy =J (x+2)dx ;
dy =,[ xdx+} 2dx;

X
y =0"2 +2 x+C-obuwee peweHuedug . ypasHeHuUs .

T.x. y(©)=1 ,mo noocmasisisn 3mMo HaYaIbHOoe YCl08uUe 8 0ouee peuterue oug.
ypaeneHus, Hatioem 3naueHue C:

(0)= 2 +2:0+C=1=C=1.
2

3Hauum yacmuoe peuwienue 0aHH020 OUQ. YPABHEHUsL UMEEm BUO:
X2

y= 2 +2 x+1
Ymobwl natimu unmezpanvbHyIo Kpugyro 0aHH020 OUP. YPABHEHUSI HYHCHO
y= f +2 x+1
nOCMpOUms 2papuK e2o HacmHo20 peulenus, 8 Haulem ciyyae 3mo 2
(epaghux — napabona).
Haiioem koopounamet eepuiunvl napabo.ivl:

2
R e L
2a 22 s 2 +2:(-2)+1=2-4+1=-1.
I'papux umeem cnedyrowuii 8u0:

¥
B

-4‘\-3/{1u12345 5

2)* y=2 x {y (2)=6};
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3)* y=2 x+4 {y (0)=1};
y=3x {y (1)=2}.

Juneiinvie ougpghepenyuanvnsvie ypasnenusn 1-20 nopaoka.

JluneitnpiM mudpepeHnraIbHbIM YpaBHEHUEM |-T0 MOpsiIKa Ha3bIBAETCS YpPaBHEHUE

Y. pxy fx

, TIe p(x), f(x) — U3BECTHBIC (PYHKIIUH.

Jluneitnoe nuddepenHnranibHoe ypaBHEHHE HA3bIBACTCS OJTHOPOIHBIM, f(x)=0
€CJIM B IPOTUBHOM CJIy4ae OHO HEOJHOPOJIHOE.

9

HajiTtu o011ee pemenue JuHeilHoro nugdepeHnnaibHoro ypasuienus 1-ro

1100)13: 01129
Henv: Hayuumocs naxooums obuee peuienue TuHetiHbix

ougppepenyuanvbHulx ypasHeHutl, UCNOIb3YsL 8 C8oell pabone Memoovl
oughghepenyuanbHo2o u UHME2PAIbHO20 UCHUCTICHUSL.
I
X2
y—2 xy=e
Pewenue: Obwee pewenue neoOHOPOOHO20 YPABHEHUS MONCHO HAUMU
MEmoooMm eapuayuu NOCMOAHHOU.

Paccmompum oonopoornoe ypasnenue

I

y 2 Xy 0, coomeemcmeytoujee 0aHHOMY HeOOHOPOOHOM) YPAGHEHUIO.
Omo ypasHeHue ¢ pazoensiomumMucs nepemerHbIMU:

dy _

o 2 xy
dl=2 Xxax
y

dy
y =IZ xdx
In|y|=2 )22+In C

In|y|-In C=x*
In|l|=X2=> Y =g = y=Ce*?.
C C
y=C (X)eX2
Obwee pewienie HeOOHOPOOHO20 YPAGHEHUSA UUEeM 6 BUOE (*) , 20e C(x)

— Heuzgecmuas @ynxkyus om x. Ilpoussoonas
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y=C (x) €%+C (x)(e” ) =C'(x)e® +C (x) 2 x€. [Todcmaersisi y u Y
g Y—2 X}ﬁex2 Havoem C(x):

C (x)e®+C(x)2xe" -2 xC (x) e =¢e®
C(x)e2+C(x) (2 xe? -2 xe*? )=e*

C' ( x ) el=es

C'(x)=1=C (x)=)C (x) dx=]1-dx=x+C

T'x. cC ( x)=x+C , mo noocmasnss e2o 6 (*) oobwee peuenue

X2
HEOOHOPOOHO20 YpasHeHus 6yOem y= ( x+C )e , 20e C — nocmosiHuast
UHMEe2PUPOBAHUSL.

2) * y' +2xy=2xe  *?; =(3-x )2.

PESAs
[ =X
~3 x° X3
3) Y y=xe"°,
Omnpeneaurs Bua ¢ depeHunaJIbHOro ypaBHeHus, HAWTH ero oduiee penieHue, a

rJe YKa3aHo YacTHoe peleHue.
Henv: Hayuumucs onpedensimo 6ud ougpepenyuaibHoeo ypasHeHus, Haxooums e2o

061/1466 U yacmmroe peulerue.

s y+2 y=e ¥
XYy =1-x°;
3) *x+xy=y {y(1)=0};
Xy +4=y";
y—2 y=4 x;
y'+ycosx=cos x {y(0)=1},
-y {y(0)=4}
7) * Y= x+2 , IOCTPOUTH UHTETPAIbHYIO KPUBYIO;
*(2=3 x) y=y;

&’ (1+x°)dy-2x (1+€”)dx=0;
1) *y-ye'=2 xe™
* y=3x—y,

A
1) # YT U0

JAudpepenunanbabie ypaBHEHUS B MeIMIIMHE U OHOJIOTHH.
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JuddepeHnunanbHble ypaBHEHHS, BBIPAXKAIOT COOTHOIICHHUS MEXIy H3MEHEHUSIMU
OCHOBHBIX NE€peMEeHHbIX. [IpumMepoM omnucaHus TeUeHHs MNPOLECCOB B CEPIACYHO —
COCYIMCTOM CHUCTEME MOJKET CIIy’)KUTh HE3aBUCHMAasl MOJIENb 3JIACTUUHOIO pe3epByapa
— nuHeHoe quddepeHnranbHoe ypaBHEHNE TUTIA!

1

daP P
k dt — R Wt

rjae nepemenHas P — MrooBenHoe 3HaueHue AJl, koadgpunment R — obmree
COIIPOTHBIICHKE KPOBEHOCHOTO PyClia TOKY KpoBH, K03 duituent k —

kod(dunreHt yrpyrocta aoptel, W(t) — 00beMHass MTHOBEHHAsI CKOPOCTh

BBIOpOCa KPOBH U3 CEp/Iia.

HuddepennnanbHbIM YpaBHEHUEM OIMMCHIBAETCS pa3jioKeHue OaKkTepui,
PaAMOaKTUBHBIN pacma/.
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/lomamHee 3a1aHue:

Onpenenuts BUI AU(dHepeHInanbHOro ypaBHEHU, HAlTH €ro ool1iee peleHue, a
IJIe YKa3aHO YaCTHOE PELICHHE:

(1+ y2)dx+xydy—0
2) * y+y-e X cos X;
3) * Xy + y—e*=0 {y(a)=b};

X+
g +y=10"";
L{y =1}
5) % = X , IOCTPOUTH MHTCTPAIBHYIO KPUBYIO.
y e X_ex_eX y’.

7 *x(y =y)=(14x" )e*

y +y COS X=Sin XCOoS X .
=1=2x ;

*Y
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IIposepounasi padora

Tema: InddepeHunaibHbie ypaBHEHUs.

1 BapuaHT.

Onpenenuts BUI AUQhepeHInaIbLHOro
ypaBHEHUs, HATH ero oOliee pelieHue,
a rje yKa3aHo 4aCTHOE pelIeHHUE:

6) y=x-2;,
7). @x-4) Y=Y
1-2x
8 Y=y
9 y-2xp=xe"
- Y{y(1)=2}
10) Yy =x , IOCTPOUTH

VHTETPAIBHYIO KPUBYIO.

2 BapMaHT.

Onpenenuts BUI A depeHnaIbHOro
ypaBHEHUs, HATH ero oOliee pelieHue,
a rJe yKa3aHo 4aCTHOE pelICHNUE:

6 y-4y=8xe'*;

7y y=2 x-3;
Y

8) y=5x-2;
9) yy=8x-3;
y+1

10) y= X {y (1):0 , IOCTPOUTH
WHTETPAJIbHYIO KPUBYIO.

JlonosiHMTEILHOE 3aJaHUE

Onpenenuts BUI AU HepeHInaIbHOr0 YpaBHEHUS, HAWTH €ro 0011ee pelIeHHe:

) 2 V1P =y (1+x° );

2) y txex y=e(1-xe" ;

D e (1+y)=1
2) (146)y-2x=(1+6 )
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Jlexkuusa Ne 7. KommiiekcHbIe YHCIA.

3HaKOMCTBO C KypCOM MbI HA4yHEM C HEKOTOPBIX HMCTOPHUYECKUX COOBITHH, KOTOpHIE
MOCTY>KWIM TPUYMHON TMOSIBICHUS HOBOTO, MOKa HEW3BecTHOro mis Bac kiacca uymcen -
KOMIUIEKCHBIX.

X Beke B Hramuum ObUIM pacmpoCTpaHEHBl MaTeMaTHUYECKHUE TYPHHUPBI, Ha KOTOPBIX
YYaCTHHUKH B TIPUCYTCTBHH ITyOJIMKH M3JIarajy pPeHIeHus 3a7a4, IpeNI0OKEHHBIX paHee KaKIOMY
ero npotTuBHUKOM. Kak u3BecTHO, B TO BpeMs 3TO ObLI He €IMHCTBEHHBIN U3 BUI0B TYPHUPOB - B
T€ BPEMEHA COXPAHSUINCH €Ille BOCHHBIE TYPHHUPHI, HA OJHOM U3 TaKUX TYpHHPOB B 1547 romy
OBLT CMepTeNbHO paHeH ¢paHIy3ckuil kopoisb ['enpux Banya. Urak, 12 ¢peBpans 1535 rona
WTamuu cOCTOSIIOCH MaTeMaTH4eCKOe COPEBHOBAaHWE MEXOy MareMaTunkamu OPuope u
Tapranbeii. @uope Obul yueHHKOM Tpodeccopa 00JIOHCKOTO yHHBepcuTeTa, CIMIHMOHA JIeIb
®eppo (1456 -1526), Hukkona Tapranss (1500 - 1557) - npenogaBarens MareMaTtuku. Tapranbs
(3amka) - ero mpo3Bwuine (Hactosmas ¢amuiaus - GoHTaHa), .KOTOPOE OH MOITYUYHI U3-3a TOTO,

YTO IIOCJICE BOCHHOI'O paHCHHUA B I'OpJI0O OH HEC MOT CBa60,Z[HO pa3sroBapuBarhb. TapTaJ'IBe ObLIO

MPEIOKEHO pemnTh 0KojIo 30 anreOpanvecKux ypaBHEHUM TPEThEH CTEIEHH BHUA x +ax=b;
a>0; b>0. B Te BpemeHa He ObUIM W3BECTHBHI 00IIKEe (OPMYIBI pElIeHUs ypaBHEHUN TpeThei
CTENEHHM, TIOITOMY 3a/lauH, IIpeyiokeHHble TapTaibe, OKa3alnuch BeCbMa cepbe3HbIMU .OIHAKO,
Kak y3Han Tapramnbs, npodeccop nenb Deppo ymen pemiatb HEKOTOPbIE YpaBHEHUS YKa3aHHOTO
BUJA. A TTOCKOJIBKY 9T pellIeHusl ObUTH CPEeICTBOM KOHKYPEHTHOI O0phObI, podeccop HE cTal
myOJIMKOBaTh TOJYYEHHBIE PE3yJIbTaThl, HO COOOIIMII MX CBOMM YUYEHHKAM, B YHCIIE KOTOPBIX
Haxonuics duope. 3a HEEIo 10 COPEBHOBAaHMM TapTanbe yIanoch HAUTH OO BUI PEIICHUS
3TUX ypaBHEHH U ¢ OjeckoM mobeauTh Ha TypHHpe. Tak uTto ke npemnoxun Tapranssa? Ecnu

JIOMTyCTUTH (TIPEATONIOKUT), YTO CYIIECTBYET HEKOTOpas MHMMas equHHIA (0003HAYNM ee i),

KBaJpaT KOTOPOU paBeH MHUHYC 1, T.€.i%, TO MOXKHO TOBOPUTH O YHCJIE PELICHUN YPABHEHUS x* +
1 = 0, ux Oynmer nBa + i. Takum oOpa3om, Kiacc IAEHCTBUTENBHBIX YHCENT OBLI paciIupeH
BBEJICHUEM B HErO OJIHOTO 3JIEMEHTA - MHUMOW €JVHMIIBI, B PE3YJIbTAaTEe YETO MOIYYHIN HOBBIN
KJIacC 4MCeN - KOMIUIEKCHBIX, KOTOpble 0003HavatoT jJatuHckor OykBoit C. CeronHs, Koraa Bo
MHOTHUX pa3/ielax MaTeMaTHKU U €€ MPUJIOKEHUN HEBO3MOXKHO OTPAHUYUTHCS PACCMOTPEHUEM
JMIIb ACHCTBUTENBHBIX YHUCEIN, KOMIUIEKCHBIE YHCJIA IO3BOJIIOT pElIaTh MHOTHE CEPbE3HbIE
3a/1a4H.

OpnnoMy u3 coznateneid qud¢depeHInaIbHOr0 U MHTETPaIbHOTO MCUHCICHHUN, HEMEIIKOMY
mareMaTuky I. Jleliouuiy (1546 - 1715) npunamiexar takue cioBa:«KoMITJIEKCHOE YUCIIO - 3TO
TOHKOE U IMOPA3UTEIIBHOE CPEACTBO 60XKECTBEHHOIO JyXa, NOYTH aM(uOus Mexay ObITHEM U

HeObITHEMY. Ceifuac OT Bcell 3TOM MUCTUKHU HE OCTajlach HUYETO, KPOMeE, MOXKATYH, Ha3BaHUS
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«MHUMBIE yucia». Yxke Bo Bpemena K. I'aycca (1777 - 1855) Obulo maHO reoMeTpUUECKOe
WCTOJIKOBAaHUE KOMIUICKCHBIX YHCET KaK TOYeK IUIOCKOCTH. TpyJaMu  BBIJAIOIINUXCS
mareMmatukoB XIX Beka O. Komm, B. Pumana, K. Beiiepmtpacca Ha 6a3e KOMIUIEKCHBIX YHCEIT
OBLJIO TIOCTPOEHA OJJHA U3 CaMBIX KPACHBBIX MAaTEMaTHYECKHX JUCUUIUIMH - Teopus (yHKIUI
KOMIUIEKCHOW MEPEMEHHOM.

PaCCMOTpVIM OCHOBHbI€ ornpeaernieHnda 3Toro Knacca 4ncen n BbIACHMM, KaK BbINOJIHAKOTCA
DEeNCTBNA Hag KOMMIEKCHBIMU YACTIaMM.

z=a+ib

Omnpenenenue. KoMIIEKCHBIM YHCJIOM ZHA3bIBACTCS BIPAXKEHUE ,Tne an b —

I[CﬁCTBHTQJIBHBIG quciJia, I — MHUMas CANHUIIA, KOTOpasd ONpCACTIACTCA COOTHOICHUCM!

P=—1: i=N-1.

[Tpu 3TOM umCIIO g Ha3bIBAaETCs AeHCTBUTENbHON YacThIo uncia z (a = Rez), a b- MEHUMOM
yactblo(b = Imz).
Ecmu a =Rez =0, To yucno z OyneT 4ucTo MHUMBIM, eciu b = Imz = (), TO 4uCIO Zz 6yget
Aef/’ICTBMTeJ'IbeIM.
z=a+ib z=a-ib
CONPSIAKEHHBIMH.

z=a +ib
Omnpenesienue. J[Ba KOMIUIEKCHBIX YUCa Z1= ar+iby u 2 2 2 Ha3bIBAKOTCH

paBHLIMI/I, C€CJIX COOTBCTCTBCHHO paBHBI nux I[eflCTBHTCJ’IBHBIC U MHHUMBIC HaCTH:
a1=az; b1=b2;
Onpenenenue. KoMiekCHOE 4YHCIIO paBHO HYJIO, €CJIM COOTBETCTBEHHO pPAaBHBI HYIIIO
HeﬁCTBHTCHBHaH 1 MHHUMas 4aCTH.

a=b=0 .
7.1. OencTBMA Hag KOMMIIEKCHbIMM YucrniamMmu B anreépanyeckon cpopme.

OcHOBHbIE AENCTBUSA C KOMIMITEKCHbIMU YMCIamMU BbITEKAIOT U3 ENCTBUN C
MHorouneHamu. CrioxxeHue v BblYMTaHUe
PaccMoTpuM J1Ba KOMIICKCHBIX YHCIIA, 33JJAHHBIX B OOIIEM
BHIE 71 =ait+ibi; zo=axtib2
TOrza
z=z4 * Zz=(a1+ib1 )(a2+ib2 )=(a1 + ar )+i (b1 +b, )=ai ib
Mo>xHO cchopmynmpoBaTh NPaBUMO CMOXEHUS U BbIMUTAHUS KOMMMEKCHbIX YACEN: Npu

CnoXXeHnm (Bbl‘-II/ITaHI/IVI) KOMMJIEKCHbIX Ycesl COOTBETCTBEHHO CKnaabIiBalOTCA
(Bbl‘-IVITa}OTCFI) UX OENCTBUTENbHbIE N MHUMbIE YacTu.
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YMHOKEHHe
z=z1z:=(a1+ib1)(ax+ib2) =aiar+iaibo+ibiax+i’bib=a+ib
z=z12>=(a1a2-bib2)+ 1 (aib2t+biaz)
T.€. MOKHO TOBOPHUTb, YTO ITEPEMHOMKAIOTCS KOMIUICKCHBICUHCIIAa KAaK MHOTOYICHBI, YIUTHIBAS,
4o i* = -1). 3HaUnT,4TOOBI MEPEMHOXKHUTH JBA KOMILJIEKCHBIX YHCIIa HEOOXOIUMO MTEPEMHOXKHTH

2
UX KaK MHOTOYJICHBI, YUUTbIBas, 4Tol” = -1.

Jenenue

Mpw BbINOMHEHWUN AENEHNSA KOMMNIEKCHbIX YCen NOMNb3YHTCA UCKYCCTBEHHBIM NPUEMOM:

YyncnuTtesib 1 3HaMeHaTersb Ll,p06l/l YMHOXaKT Ha 4YMUCI10, KOMMJIEKCHO - CONMpAXEeHHOoe
3HaMeHaTesn ,D,p06l/l, M NOCTyNnakoT Aanee TakK, Kak 1 nNpn yMHOXEHUU KOMMJIEeKCHbIX Ynces.

IHpumep.
z1= 5-1;
7>=-2+31;
Zy 5-i (5-N)%(-2-3/) —10+2/-15/+3 i2 -13-13
7 = =(—2+3i )*k(-2-3i = ) = ==1-ij
2 =243 ) 4-9 13

BBeeHHbICe HAMU OTIEpAIIUU CIIOKEHUS U YMHOKCHUS KOMIUIEKCHBIX YHUCEN 00JIaaroT
CBOWCTBaMH:
[lepemecTuTEILHOE CBOMCTBO:
Z1+72=7>t71;
z1*¥2:=72%71;
CoueraTenbHOE CBOWCTBO:
(z+z)+zm=21+(22+273)
(21*22)*23 = 71 *(22%23)
PacnpenenurenbHoe CBOWCTBO:
21 (22 + z:)= z1* 22 + 7173
Jl1s 11060T0 KOMIUIEKCHOTO YHCIa CYIIECTBYET YHCIIO €My MPOTUBOIIOJIOKHOE, TaKOe, UTo Z + (-

z) =0.

Bo3Benenue B cTeneHnb

CornacHo oOmpeAeseHUI0 CTENEHU YHUCIa, HEOOXOAMMO S3TO YHCIO YMHOXHTb Ha ceOs
CTOJIbKO pa3, KaKoB [MOKa3aTelb CTENEHM YMcia. DTU MpaBuia BaM M3BECTHBI U3 Kypca cpelHel
mKkoibl. OHM JK€ OCTAlOTCSl CHPAaBEAJUBBIMU U JUId KOMIUIEKCHBIX yucen. C OJHOW JHIIb
pasHMLIell B TOM, YTO OCHOBAaHMEM CTENEHHU 3/eCh BBICTYIIAeT HE OJHOYJIEH, a ABywIeH. J[ns
nokaszarenei CTemeHu 2 W 3 CyImecTBYIOT (OPMYJbI, H3BECTHBIE BaM Kak (HOPMYIIBI

COKpAILIEHHOTO YMHOXEHUS: KBaJIpaT CyMMBbI (Pa3HOCTH); KyO CyMMbI (pa3HOCTH); pa3HOCTh
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(cymma) kyOoB. YOeaumcs, Kak MO>XKHO BO3BOJAUTH KOMIUJIEKCHOE YHUCJIO B CTEMEHb, MOJB3YSCh
dbopMyliaMu COKPAIICHHOTO YMHOXECHHSI.

Haiitu ky6 pasHOCTN KOMMNIEKCHOro Y1cna:
(3-2i)° = 33-3%32%2i+3*3%(21) — =27-54i+ 361’ '=-9-54i+{=-9-54i-i*i’=-9-54i+i=-9-

. N -2
531 [Ipu BBINOSIHEHUHU 3TOTO AEUCTBUS MBI YWIH, YTO 1° =-1;

P=i*i?=i*(-1) =-i

Ecnu sxe Ham HeoOxoauMo, HampuMep, HaAUTH (2+5i)21, TO COTJIACHO OIIPEAECIIEHUIO CTEIEHU
MBI JOJDKHBI 3Ty CKOOKY YMHOXHUTH caMy Ha ceOs 21 pa3, 4uro odeHb Tpyaoémko. [Toatomy
npuberarT K apyroi (Gopme 3amucu 4uciia — TPUTOHOMETPUYECKONW M B HEW BBIMOJHSIOT 3TO
HeﬁCTBHC. Ho 00 3ToM MBI IIOTOBOPHUM HEMHOI'O ITO3XKE.

HN3BIeyenue KOPHA U3 KOMIUICEKCHOI'O YHUCJIa

K. KOMIINICKCHOC YUCJIO B anre6pa1/1qe<31<0171 (bOpMeI/IMeeT BHU/ Z:a+ib; TO U3BJICKATHh U3 HECTO
KOpPCHb KaKoil - J'II/I6O CTCIICHU MBI HC MOKCM, T.K. HCJIb3 U3BJICUb KOPCHL U3 CYMMBI.

TaKI/IM 06pa30M, moaABOAsA UTOT I[Gf/iCTBI/ISIM Had KOMIUJICKCHBIMH YUCJIaMU B aﬂre6pa1/1qecx0171
dbopme, 3akirouaeM, YTO W3BJIEKATh KOPEHb JH0OOU CTENEHW W3 KOMIUICKCHBIX 4YHCET B
aﬂFeﬁpqueCKOﬁ (1)OpMe HCJIb34, BO3BOAUTH B J'IIO6y1-0 CTCIICHb MOKHO, HO €CJIM IIOKa3aTCJIb
CTCIICHU 60J‘IBI_HC 3, TO palHUOHAJIBHEC TICPCBCCTU YUCIIO B TPHUTOHOMCETPHUYCCKYHO (I)OpMy )51
BO3BOAUTH B CTCIICHb YUCJIO B 3T0f/i CpOpMC. BCC OCTaJIbHBIC ZICfICTBI/ISI BBIITOJIHAKOTCS 10 paHee
OTMCUYCHHBIM HpaBI/IJ'IaM.

Becenysi 0 KOMMMEKCHbIX YMcrax, He0BXOAMMO OTMETUTb TaKoe Ba)KHOE MOHATUE, KaK
LMKITMYHOCTb MHUMOW €AMHWMLIbI. 3aKno4aeTcs OHO B CreayoLLeM:

i*=-1 (ompenenenue);
P=i*i%=1 (-1)=-i;
it =12 =(-1)*(-1) =1;

5 g4 - .
=1*1"=1*1=1.

7.2 FeomeTqueCKoe M306pa)KeHVIe KOMMNJIeKCHbIX 4Yucern.

MoHATME KOMMMEKCHOro Y1cna UMeeT reoMeTpuYeckoe UCTonKoBaHme. MHOXXECTBO KOMMMEKCHbIX
yncen ABNSeTCs pacluMpeHnemM MHOXXECTBa AeCTBUTENbHbIX YNCEN 3a CYET BKITIOYEHMS
MHOXeCTBa MHUMbIX Yncern. KomnnekcHble yMcna BKoYaoT B ceBGsl Bce MHOXeCTBa uucen,
KOTOpble U3yyanucb paHee. Tak HaTypanbHble, Lienble, paunoHanbHble, MppauyoHarbHble,

OeNCTBUTENbHbIE YMCTa ABNSATCS, BOOBLLE roBOPS, YaCTHLIMU Cly4asiMu KOMMEKCHbIX YMcern.
Ecnu nioboe gencreBmMTensHOE YNCNO MOXET BbiTb reoMeTpruyecku NpeacTaBneHo B BUAE TOYKM Ha

YMCNOBOW NPAMOM, TO KOMMSIEKCHOE YNCO NPeACTaBnseTCa TOYKOW Ha NITOCKOCTU, KoopamMHaTtamm
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KoTopow ByayT COOTBETCTBEHHO AEWCTBUTENbHAA U MHMMasi 4acTu KOMMSIEKCHOro YMcna.
Mpn aToM ropmsoHTanbHas ocb OyaeT ABNATbLCA OEWCTBMTENbHOW YUCAOBOM OCblO, a
BEpTMKanbHas - MHUMOW OCbIO.

0 a X

Takum 06pa30M, Ha ocn OX pacnojrarapTcsa JEeUCTBUTEIIHHBIC 4qucia, a Ha OCHU OY — uncro

MHHUMBIC.

noMoLLblo Noao6HOro reoMeTpYHeCKoro NpeacTaBneHnsl MOXXHO NPeACTaBNSATb
yucna B Tak Ha3blBaEMOW TPUFOHOMETPUYECKON hopMme.

7.3. TpuronomeTpuyeckas Gpopma yucia.

. a=r cos ¢ ; b=r sin ¢
s IrCOMCTPHUUCCKUX COO6pa)KeHI/II/I BHUOHO, 4YTO . Torz[a

KOMITJIEKCHOE YMCJIO MOKHO TPEACTABUTH B BHJIC:
z=a+ib =r cos ¢ +ir sin ¢=r ( cos ¢ +isin ¢ )
Takast opMa 3amucu Ha3bIBACTCS TPUTOHOMETPHYECKOH (POPMOi 3anmucH KOMILJIEKCHOTO
yuca.

HpI/I 9TOM BCJIIMYHWHA 7 HA3BIBACTCA MOAYJI€M KOMIIJICKCHOI'O YHCJia, a YIOJI HaKJIOHA -

ApPryMeHTOM KOMIUIEKCHOI'O YHCIIA.
| _|Z|7 ¢_Arg Z
M3 reomeTpuiecknx coobpaxeHnn BUOHO:

s b
r=|a+ib|=\/a +b” ; ¢= Arg z=arctg g ;

O‘-ICBI/II[HO, YTO KOMIIICKCHO — COIIPSAKCHHBIC YHCJIa UMCIOT OJJUHAKOBBIC MOAYJIN U

MIPOTUBOTOJIOXKHBIE aPTyMEHTHI.

1z|=| z|; Arg z=—Arg z.

7.4. JlelicTBHS ¢ KOMIUIEKCHBIMH YUCIaMH B TPUTOHOMETPUUECKON (hopme.
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z1=r 1( cos ¢1+ i sin ¢1) , Z2=r2(cos gatisingz).

YMHOKeHHne

z=21 22=r 1 r2( cos ( ¢1+ @2 )+i sin ( P1+ ¢2))
B cny4vyae KOMNMeKCHO — COonpsAXeHHbIX Yncen:

“z=(a+ib)(a-ib)=a*+b*=|z|*=| z|* .

Henenue

z, .
z= = " (cos(¢ —¢)+isin(¢ —¢))

Z2 2 1 2 1 2

Bo3Benenue B creneHn

U3 Oorepanu YMHOXKCHUS KOMIUICKCHBIX YHUCCI CJICAYCT, YTO

Z=z27="" (cos2¢+i sin2¢)

B o0mem cirygae nomyunm:

Z"=""(cosng+isin ng) .

€ n — 1IeJI0€ MOJIOXKHUTEIBbHOC YHCIIO.

DT0 BEIpaKeHHUE Ha3bIBacTCs (popmyJioit MyaBpa.(AGpaxam ne Myasp (1667 — 1754) —

AHTTIUICKUN MaTEMAaTHK).

¢0pmyny MyaBpa MOXHO UCMOJ1b30BaTb AJ1A HaXoXOAeHNA TPUrOoHOMETPUHECKUX

PYHKLMIA ABOMHOIO, TPOMHOIO U T.4. YrNOB.

IIpumep. Haiitu ¢popmyns sin2 u cos?2 .

PaccMOTpUM HEKOTOPOE KOMIUIEKCHOE YHCIIO z=r( cos ¢+ isin ¢ ).

2 2 . . .92
Torsa ¢ ojHoii croponsr  Z =r2(cos ¢+2i cos ¢sin ¢-sin” @) .

2 .
ITo popmyne Myaspa: z =l2(0082¢+18|n2¢ ) .

TTpHpaBHHBas, HOTyTHM (:052¢5+isin2¢5=cos2 d)-sin2 0+2icos ¢sin ¢

T.k. JABa KOMILICKCHBIX YHKCJIa PaBHBI, €CJIN PABHBI UX ,Zlef/'ICTBI/ITeJ'H:HbIC 1 MHHUMBbIC 4aCTH, TO

2 . 2
cos2¢=cos” ¢—sin“¢
sin 2 ¢=2 sin ¢ cos ¢
[Tomyunnu u3BecTHBIE (POPMYJIBI ABOHHOTO YIIa.

HN3Bieyenune KOPHA U3 KOMILUICEKCHOI'O YHuCJIa

" z:”Vr(cos¢+i sin @)=p(cosy+isin )
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BOSBOI[SI B CTCIICHb, ITOJIYUYUM:

p" (cosny+isin ny )=r(cosg+isin ¢)

Orcrona: P=\/r ;onp=¢+2nk; KEL .
n— n n ¢+2 1k ¢+2 mk

\/z=\/r(cos ¢+isin ¢)=\/r (cos n +isin n )
Takum 06paaoM, KOpPCHb n —OH CTEIeHN U3 KOMIUIEKCHOT'O YKCJIa HMEET 71 Ppa3INYHbIX

3HAYEHUIL.

7.5. Iloka3aTensHast hopMa KOMILUIEKCHOTO YHCIIA.

w=e’; z=x+iy .
PaccMOTpHM MOKa3aTENbHYIO (PYHKIIUIO

MoxxHOo IIoKa3aTb, 4TO (bYHKHHH W MOKET OBIThH 3aIliCcaHa B BUAC:

+j .
w=e""7=¢e’(cos y+isin y)

JlanHO€ paBeHCTBO HA3bIBACTCS YPaBHeHUeM Jiljiepa.

[na komnnekcHbIX Yncen OyayT cnpaBefnvBbl Criegyowmne CBOMCTBA:
zZ+ Z _Z z
e 2= 1 @2 ,
Z 1

ezi-n= €
Z 2

J

e
zZ\m_ _mz .
3) (e ) =€ s TJe m — 1eJIoe YUCo.

Ecnu B ypaBHeHuu Dilnepa nokas3aTellb CTEIEHH NPUHATH 32 YUCTO MHUMOE yucio (x=0), To

noJjry4acm:

eV=cos y+isin y

[N KOMMNNEKCHO — COMPSHXEHHOrO YMcna nomny4Yyaem:
—iy_ .
e “=cos y-isin y

M3 aTux ABYX ypaBHEHUIN Nory4vyaem:
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iy, -y ...
COS y=€27+€ ~ ;i

STnmMmK hopMynamm NoNb3yTCA AN HAXOXKAEHUS 3HAYEHU CTEeNeHewn
TPUFOHOMETPUYECKMX PYHKLNIA Yeped OYHKLMKN KpaTHbIX YIioB.

Ecnu npefcTaBuTb KOMMIEKCHOE YMCIIO B TPUFOHOMETPUYECKON hopMe:
z=r(cos ¢+ising)
U Bocrionis3yeMcst hopmynoit Ditnepa: e cos ¢+i sin ¢
z=re"
[TosryyeHHOE PaBEHCTBO U €CTh MOKa3aTeJbHast PopMa KOMILIEKCHOI0 YHCJIA.

PaCCMOTpI/IM HCCKOJIBKO IPUMEPOB JIEUCTBUM ¢ KOMILJICKCHBIMM YHCIaMHU.

z=1-1j z =-7-2i

IIpumep. /laHbl 1Ba KOMIUIEKCHBIX YUCIIA ! 2 2 . Tpebyercs a)
7 -4
1-2i
HaliTH 3HAYEHUE BBIPAKEHUS =1-2i ) B anreOpanueckoil Qopme, 0) Ul 4ucia

2'2'2\/3 | naiitu Tpuronomerpuueckyo  dopmy, HaiiTi z”’, HallTH KOPHU  ypaBHeHHs
3
+2z=0.

O4EBHIHO, CIPABEIMBO CISAYIOLIEE IPeoOpa30BaHue:
[ -4
1-2i 2-7i  -14-4i  -T-2i
~7-2i =(—14—4 Ve o-7i Yool 271 )
Jlaiee IPOM3BOLMM HEICHHE IBYX KOMILICKCHBIX THCEIL:
=7-2i=(-7-2 (2+7 i) =-14-49 -4 i+14 ==53i=_;
2-7i  (2-70)(2+7 i) 4+49 53

[Tonydaem 3HaUYeHHE 3aJAHHOTO BBIPAKECHHUS: 16(—1')4 = 16i* =16.

0) Yucrno Z=2_2\/ 3i npejacTaBuM B Buge Z-r(cos¢+ising) rme

b
I=|Z|=\/4 +12=4 ; ¢=arctg g =arctg (—\/5)=—600
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Torna z=4(cos60%-isin60° )

Jlnst HaxoskmeHns  z2°  Bocmuibdyemcs (popMyioit Myaspa.

2%°=4%° (c0s1200°-i sin1200° )=4%° (cos(3-2m+120%)-isin (3-2+120°))=

(1 N
4%° (cos120°-i sin 120° )=—42°(_2 + 23 i)-

3

Ecmu w’+z=0 ,10 w=\PZz

s— s ¢*2mk  pH2mk s -60%+2mk  -60%+2 rrk)

; k

y z=\/r(cos 3 +isin 3 )=\/4(COS 3 +isin 3 €Z.
BOITPOCHI JJisA CAMOITPOBEPKH

Jaiite onpeneneHre KOMIJIEKCHOTO YUCa.
Kakue uncna KOMITIEKCHO-COTPSKEHHBIMU ?
Kakue koMIuieKCHbIE YUCIa HA3bIBAIOTCS PABHBIMU?

Kax reomerpuuecku n3o0pakaroTcs KOMILJIEKCHbIE YKciia?

Kakue neiicTBus HaJ KOMITJIEKCHBIMU YUCJIAMH BBITIOJHSIOTCS B anredpandeckoit popme?

JlaiiTe onpe/esieHre TPUrOHOMETPUIECKON (POPMBI KOMIIEKCHOTO YHUCIIA.

Kaxkue I[CI‘;ICTBI/Iﬂ HaJa KOMIIJICKCHBIMHA YU CJIaMHU BBITIOJIHAKOTCA B TpI/IFOHOMeTpI/IquKOI‘;I
dbopme?

Kak ocymiecTBisieTcs mepexo] OT 3alicy KOMITIEKCHOTO YMCIIa, 33IaHHOTO B
anreOpandeckoi popme, K ero TPUroHOMeTpudYeckor popme?

Kak 3anmucath KOMILIEKCHOE YUCIIO B TIOKa3aTeNbHON Gopme?

Uto Ha3bIBaeTCS TOXKIECTBOM JDiiniepa?
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YIIPA’KHEHHUA

HOCTpOI/ITB Ha KOMIUIEKCHOM INTOCKOCTH BEKTOPBI, COOTBETCTBYIOIINEC KOMITJIICKCHBIM YHUCJIaM:

1.1.z=3+4 |; 1.5.z=4 i;
1.2.z=3; 1.6. z==3 -4,
1.3.z=-3; 1.7. z=3-4 i
1.4.z=—-4 |; 1.8. z==-3 +4|.

2. Hatitu ﬂeﬁCTBHTeHBHBIe YUCJIia XU 'y U3 YCIIOBUS PAaBCHCTBA ABYX KOMINJICKCHBIX YHUCCII:
2.1.-2+5 -3 iy=9 i+2 x-4 y, 2.3.17+2 ix+3 iy=18i+3 x +2 y;
2.2.942 ix+4 jy=10i+5 x-6 y; 2.4.5 x-2 y+ix+iy=4+5i.

Haiitu MOAYJib, TJITABHOC 3HAUYCHUC apPI'yMCHTA U BCC 3HAYCHUS AapTYMCHTA KOMIIJICKCHBIX YHCCII:
3.1.z=3+4 |; 3.5.z=4 i
3.2.z=3; 3.6.z==3 -4,
3.3.z=-3; 3.7.z=3-4 i;
3.4.z=-4 |; 3.8.z==-3 +4|.

4. I[HSI 3aJaHHbIX YHCCJI HA30BUTC YHCJIA, COHp?I)KéHHBIG U MMPOTHUBOIIOJIOXKHBIC JaHHBIM:
4.1.z=-2+5 i, 4.3.z=8;
4.2.z=-2; 4.4.z=-8i.

Jana touka, uzoOpaxatomas unciao 3-2/. Kakue umucia nzobpaxaroT TOYKH, CUMMETPUYHbIE

JTAHHOM OTHOCUTENHHO JIEUCTBUTEILHON OCH? MHUMOM OCH; Hayaia KOOpAUHAT?

Yemy paBeH apryMeHT: 1) 4MCTO MHUMOTIO YHCIa; 2) 11000ro OTPULATEILHOTO YKcia; 3)

JT000TO MOJIOKUTENFHOTO Yncia; 4) Hys?

Beruncnuts:

7.1. 1'% 7.3. (-i)®

72. % 7.4. (=i)’
8. BrInoaHuTh IeHCTBUA:
8.1. (-2+5i)+(-2-51); 8.4. (245 i)(-2-5); ﬂ
82. (6+8)-(3-5 i): 8.5, (6+8i)(3-51): 8.7. 4=
83. -2 5i 3 8.8. 2*31,

8.6. 2i ; 4-5]

9. IlpencraBuTh B TPUTOHOMETpHUECKOH dopMe uncia:

9.1. 2; 93.-2+¢2\3 i

92.61; 9.4. 2-2i.
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[IpencraButs B anredpanveckoii popme uncna:
10.1.2 4;
10.2.2 4;
10.3.5 ¢;
10.4.4 ;.

Brinmonaure nencTBud:

11.1. 2(cos 3477 )+i-ﬁ1(34rr )TB(cos (Tzn )+i-sin(12rr ));

11.2. 3(cos(§ )+i- sin(g))-(cos(% )+i- sin(% ));

4

.3TT 3 377 37
2(cos( 4)+i-sin ( 4 )) 11.6. (cos (4 )+i-sin ( 4 ));
11.3. ) ;
m m 11.7. 5
6 (cos (4 )+i-sin(4 )) (2—2i)
11.8 S )
-\ . (- 8 = — ),
11.4. 9(005( 3 )*"S'"( 3)>, 119. (2= 2
—
2(cos (_6" )+i- sin(_TrB )) 5—
115 54 11.10.V1;
.
4
11.12.N-2+2.

12. IlpencraBus uncna z1=2 in z;=—3+4 /B MOKa3aTENbHOH (HOPME, BEIYUCIIUTE:

124.

3

Z4 4

— 12.5.(z1 );
122 22 12.6.(z2 )*.

3
123N z1:
PemmnTe ypaBHEHUS:

13.1.X°+16=0;
13.2.x°-8=0;
13.3.x°+32=0;
13.4.X%+ x+1=0;
13.5.x* +x° +1=0;
13.6. x°-28 x*+27=0.
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N300pa3uth Ha KOMIUIEKCHOM INIOCKOCTH MHO>KECTBA TOUYEK, yIOBJIETBOPSIOIIMX CIIETYIOIINM
YCIIOBUSM:

14.1.|z|=2;
o
l142.argz= 3;

143.0< 3 z<1,5;

14.4.R z >1;
|z,
14.5. 3 1.
—4<argz= 4
KOHTPOJIBHAA PABOTA
Bapuanr 1
Boramcyute i 00+,

8 +2 i
Hnsuucnaz= § =3

MIOCTPOMUTE TOUYKM HA KOOPJAUHATHOM TUVIOCKOCTHU Z ,—Z , Z;
Haiigure R z; 3 z;
HalIUTe MOAYJIb U ApTYMEHT YUCTA Z;

3aIUIINTE YUCIIO B TPUTOHOMETPHYECKOM M TIOKa3aTeIbHOH (hopMax.
5+2i 3-41i

3. Brmmonaure neiicteusa: 2-5i— 4+3 1.

s uncna z=-1 +\/3 i HaliauTe Z° B TPUTOHOMETPHUUYECKOI U MOoKa3aTeabHOU hopmax.

3
Pemuts YpPaBHCHHEC HA MHOXKCCTBC KOMIIIICKCHBIX YHUCECII: Z -27=0.

6. HalimuTe nelcTBUTEIBbHBIC YKCIIa XM Yy TaK, YTOOBI BBHITIOJHSJIOCH PAaBEHCTBO: 3
X=2 y +ix—iy=4+5 |.
YCJIOBHIO: , m

7. N300pa3uth Ha KOOPJIMHATHOM MIOCKOCTH MHOXECTBO BCEX TOUEK Z, YIOBJIETBOPSIOIIUX

|z|=9 722

Bapuanrt 2

Boranciure 201 +i'8,

S5 + i
Hnga uncna z= 2 +—5:

MOCTPOMTE TOUKH HA KOOPJIUHATHOM TUIOCKOCTH Z ,—Z , Z;
Haigure R z; 3 z;

HauauTe MOZIYJIb U apTYMCHT 4HCJIa Z;
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d. 3amumuTe YKUCIO B TPUTOHOMETPUYECKOM U TIOKA3aTeIbHON (popmax.
443 5-4i
3. Brimonnure aeiicteust: 3-4 - 445 .

3 V3

Jusgaucna z= = 2 - 2 i HaiguTe s TPUTOHOMETPUYECKON M MOKa3aTeIbHON hopmMax.

Pemmnth ypaBHeHHE Ha MHOKECTBE KOMIUIEKCHBIX YHCEII: z°-1=0.
6. Haiinure neWCTBUTENBHBIE YUCIIA XU Y TaK, YTOOBI BBHINOJIHSIIOCH PaBEHCTBO:

X=2 y +ix+iy=4-5i.

N306pa3uth Ha KOOPAMHATHOM MJIOCKOCTH MHOXECTBO BCEX TOYEK Z, YAOBJIETBOPSIOUINX YCIOBUIO:

|z|=16; R z= 2.

Bapuanr 3

Brrauciure 135+IG6.

Jist uncna z=(3-4 i)+(-2+5 i):
MIOCTPOMUTE TOUYKM HA KOOPAUHATHOW INIOCKOCTH Z ,~Z , Z;
Haiinure R z; I z;
HaliiuTe MOMyJb U apTYMEHT YHcia Z;
3aMUIIUTE YUCIIO B TPUTOHOMETPUUECKON U TTOKa3aTENbHOM opmax.
Beinonnute neiictBus: (3—4 i) -(3+4 i).
Jlnst uncna z=—1Hanaure s TPUTOHOMETPUYECKON M MOKa3aTeabHON opmax.
Peummnth ypaBHeHHE Ha MHOKECTBE KOMIIEKCHBIX YHCEI: Z°-4=0.
6. Haiinure neilicTBUTENbHBIC YHCTIA XU Y TAK, YTOOBI BHIMOIHSIIOCH PABEHCTBO:
+y ¢ Hxm y)=1HL
N300pa3uth Ha KOOPAMHATHOM MIIOCKOCTH MHOKECTBO BCEX TOUEK Z, YAOBIETBOPSIONIUX

yCIoBHIO: |z|=1.

Bapuanr 4

Brraucyure i o+,

Jns uncna z=(3-4 i)—(2-5i):
MOCTPONTE TOUKM HA KOOPJIMHATHOW TUIOCKOCTH Z ,—Z , Z;
Havigure R z; J z;
HaluTe MOAYJIb U apTyMEHT Yucia Z,

3aIUIINATE YUCIIO B TPUTOHOMETPUIECKOHN M MMOKa3aTeNbHON opmax.
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Beimonuute aeiicteus: (2-4 i) (2+4 ).
Jlnig yncna z=1Haiaure 2B TPUTOHOMETPUUYECKOI U MOoKa3aTeabHOU (hopmax.

Peummnth ypaBHeHHE Ha MHOKECTBE KOMIUIEKCHBIX YHCEII: z*-1=0.

Haiinure neficTBUTENbHBIC YHCA X U Y TaK, YTOOBI BHITIOIHAIOCH PABEHCTBO: (X
12y i+(x=2y)i=3-i.
N300pa3uTh Ha KOOPAUHATHOM MJIOCKOCTH MHOXECTBO BCEX TOUYEK Z, YIOBICTBOPSIOIINX

ycnoBuio: |z|=36.

3aHaHI/IH ML CaMOCTOATCIIBHOI'O pCIHICHUS.

HaiiTu o01ee pemenne audgepeHuaIbHbIX YPABHEHHH, a I/1e¢ YKA3aHO
YaCcTHOE pelleHue:

xTe'=0,y(1)=0;

(1 +e2x) y2 dy=ex dx,y (0)=0,"
=lny, y(2)=1;

x\/1+ y yogx+ v V1452 dy=0;

\/1— y2 \/1—x ;
y=extytexy , y (0)=0,
dx dy

+ =0, y(1)=1;
7. x(y=1) y(x42) &

xdy

y'cos2 x+ y=tgx, y (0)=0;
A
9 ¥ o2 =arcsin X +x ;

10. xy—y=x2 COS X,

y €os x+ y=1-sin x;
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12. (1+x%) y + y=arcty .
KoHTponbpHBIE BOITPOCHI:

Uro HaspiBaeTcs qudepeHIaIbHBIM YPaBHECHHEM TIEPBOTO MOPsSAKa?

UYTto Hy»)HO c/enaTh, 4ToObI pelmmTh AuddepeHInaIbHoe ypaBHEHHUE.

Kakoii Bug numeer quddepeHnnani-Hoe ypaBHEHNE C pa3IeSTFOIIIUMUCS
NEePEMEHHBIMH.

Kakoe ypaBuenue Ha3zbiBaeTcs qudPpepeHimaabHbpIM ypaBHEHHEM 1-To mopsiika?

Uro Takoe oOiree u yactHOe pemnieHne qudepeHnnanTsHOT0 YpaBHEHHMS.

Jlexuus 1. Yucnooit psia. OCHOBHBIE MOHSITHS, CBOMCTBA CXOSAIIUXCS

PAI0B. 3HAKOMOJIOKUTENIbHBIC psiabl. UHTErpanbHbii npuzHak Komum

1.1. HekoTopble cBeaeHUA 0 nocriegoBaTeNIbHOCTAX

[MyCcTb KaXXQoMy 3HaYEHUIo ne N nocrtaBneHo B cOOTBETCTBUE (MO

onpeaenéHHbIM NpaBunam) onpeaenéHHoe OencTBUTENbHOE Yncno  a € R; Torga

a,a,a,

1 2 3
{a}.
n =1

MHOXECTBO YNOpAA0YEHHbIX LENCTBUTENbHbIX YNCEN Ha3blBaeTCs

YKCNOBONM NoCNeaoBaTENbHOCTLIO M 0003HaYaeTes roe a — oBLLMit uneH

1;1,00,0.
nocrefoBaTensHoCTU. Hanprmep, nocneaoBaTtensHocTb 2 3 4 5 MMeeT
a=1
n
obwmiiunen , rAene N

Onpeo 1.11 {a,,}
npe eéjienue 1. 110CJIca0BaTCIbHOCTDb Ha3bIBACTCH y6b16al01/14612, eCIIn

a >a , VnE a <a ,VnéE
N,

n n+1 N, u so3pacmarowei, ecnmu n n+1
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Onpeoenenue 2. [locredosamenvruocms “n’ nazviéaemcs ozpanudenHoll céepxy, ecii

cywecmeyem makoe yucio M, ™ € R, umo ‘n ™ "< N, u orpanmienHoii

a=M, V nc

cHu3y, eciu cymectByer takoe uuciao M, M E R, uto n N.

H{a}

Onpedeﬂenue 3. HOCJIGI[OB&TGJH)HOCTI) n  Ha3bIBACTCs oepaHuquHoii, €CJIM OHa
OrpaHWYE€HAa KaK CHU3Y, TaK U CBEPXY, T.€. CYIIECTBYET Takoe ynucio M> 0

Vn : |a|sM
(M€ R), gTo0 n :

{a}

Onpeodenenue 4. Uncio a Ha3bIBaeTCs npedeom Mocie0BaTeIbHOCTH n o,

€CJIn OJI1d JF000T0 CKOJIb Yroadao MaJioro IMOJIOKHUTCIIbHOI'O YrcJIa &€

n € ¢

0 N, 3aBUCALIMN OT , YTO AJIS BCEX HATYpaJbHbIX

HaiinéTes Takoi Homep HCe

a=lim a
n2n -
0 BBIIIOJIHAECTCA HepaBeHCTBO 6 6 ) Tor):[a now n O3HAYAET,

nzng,

Ve>0dng = € nE -
4TO 0 n0(£ ) N takoe, 4TO I?}I l}cex N: 6 6 pu
a

9TOM I'OBOPAT, YTO IIOCICA0OBATCIIBHOCTD n CXOJUTCS K YUCITYd.

HpI/IBe,Z[éM HCKOTOPLBIC CBOMCTBaA CXOOAIUXCA HOCHGHOB&TCHBHOCTCﬁ.

—Ecnu MOCJICAOBATCIIbBHOCTh UMCCT IIPCACII, TO OH CAMHCTBCHCH.

—Ecnu nocnenoBarensHOCTh UMEET KOHEUHBIN TIPees, TO ATa
MOCJIEIOBATEILHOCTh OIpaHUYEHA.

—Ecnu nocnenoBaTenbHOCTh BO3pacTaeT (yObIBA€T) U OTPaHUYEHA CBEPXY
(cHU3Y), TO OHAa UMEET KOHEYHBII TIpeaell.

—Ecnu nocnenoBaTebHOCTh BO3pacTaeT (yObIBAET) U HE OIPaHUYEHA CBEPXY

(cHHM3yY), TO OHA UMEeT OECKOHEUHBIN TIpeaen + (— ).

1.2. Yucnosoun psa. OCHOBHbIE MOHATUA TEOPUU YMUCIIOBbIX
pAanoB:
CXOAMMOCTb , pacXoAuMOCTb , cyMmma psiga . NMpumepsbl



MycTb 3aaaHa 6eckoHeYHas nocnenoBaTenbHOCTb YNCET Gy 2

R
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Onpeoenenue 5. beckoneunvim yucio8biM ps0OM HA3bIBAETCS BhIpAKEHUE BUA

ata +ta +..+a+ .. a, a,a ,da,..
1 2 3 n , 0003Hauaemoe kak»1 . Ymciaa 1 2 3

Ha3BIBAIOTCS WieHaMU (dleMeHmamu) Yucio8o2o psoda.

Onpeoenenue 6. CymMMma NIEpBBIX 71 WIEHOB PAJIa HA3BIBACTCS N-U YACMUYHOU CYMMOU

S a a a a S a,5 a a, S a a a,.
pﬂ()a: no 12 3 n Torma 1 1 2 12 51 2 3 urn
Is
[Tomyyaem mocnen0BaTeIbHOCTh YACTUYHBIX CYMM 82,83, .. - S
a

n

Takum 00pa3om, KaXI0My YUCIOBOMY PSAY n 1 MOKHO IIOCTaBUTh B

S

COOTBCTCTBHUC ITIOCICAOBATCIIBHOCTh YaCTUIHBIX CYMM n . k1

Onpeoenenue 7. Eciiu cyliecTByeT KOHEUHBIN WM OECKOHEYHBIN TIpeaes S

S, a

o n
MoCJICA0BATCIIbHOCTH YaCTHYHLIX CYMM , TO OH Ha3bIBACTCA CYMMOU p}zda nl )

IimS, S a1 a azan

n
T.C. nl

Ecmu S xonewyHo (S< ), TO psAll HA3bIBACTCS CXO0AWUMCS; €CITA S= Uiu SHE

CYILLIECTBYET, TO Psii HA3ZBIBAETCAPACXOOAUUMCS U CYMMBI PSITHE UMEET.

NTak, ecnn aaH psa, To Bcerga MOXHO NOCTaBUTb BOMPOC, CXOAUTCS NN OH

S.

o n
(MHBIMK cnoBamu, CyLLLEeCTBYET NN KOHEYHbIV npeaert ) Unn pacxoamTca?

anBe,D,éM npmnMepbl nccneaoBaHnA paga Ha CXoOUMMOCTb N HAXOXXOEHUA

ero CyMMmbl.
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1 1 1 1 1
nn 1) 2 6 12 20
lpumep 1. ViccnegoBaTtb Ha CXOOUMOCTb PA4 # 1 n
HaWTK ero cymmy.
1
an
n(n
Pewerue. O6osHaunm 1) — 06LLMit uneH psaa. Toraa yacTuyHas cymma
S a a ..a 1l 1. 1 1 1l 1
paga » 1 w2 6 ninl)  Takkakn(n 1) », nl 70
11 1 1 1 1
S 1 — - - - —1
n 1
2 2 3 nonl . Torga
1
limS, lim 1 ——1
n n n 1

, T.€. psiA CXoauTCsi U ero cymma S = 1.

4 4 4 4

2
Mpumep 2. ViccnenosaTb Ha CXOOMMOCTb psa -1 4n~ 4n 3 5

21 45
HaWUTU ero Cymmy.
» 4 n .

PeweHue. O0o3Hauum4nr—4mr 3 - o6LWwmi uneH psaaa. Toraa,

s, 4 4 4

2
YyacTM4Hasi cymma paga 5 21 4n~ 4n 3 . Tak Kak
4 1 1
2

dn~ 4n 3 2n 1 2n 3
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3 2n1 2n3 3 (2n D@2n3) ToOrpa

. 4 4n 4 4
lim § lime— " _ g 4

n »3  (2n 1)(2n 3) 3, T.e. pAd CXOOMTCS U €ro cymma 3 .

nl23..n..
lpumep 3. NccnegoBaTb Ha CXOAMMOCTb pPsig n 1

n

o a
PeweHue. O6o3Ha4ymMm odLWnKM YneH psga " Torpa, yacTuyHasi cymma
psga
Sy 1 2n . Dn o fims, lim 2D
2 ,n n 2 , T.e. CyMMa paga
n
nl N pag pacxoguTcs.

lpumep 4. V\ccnegoBaTb Ha CXOAMMOCTb PSAf, COCTaBIIEHHbIN U3

YNEHOB reOMETPUYECKON MPOrpeccun.

b,bq,bq2,bq3,....bgn 1....

PeweHue. IycTb faHa reomeTpuyeckasi Nporpeccus ,roe q -
2 3 1
b bqg bg bg ..bg" " ..  bg"'
3HameHaTesb nporpeccun. Paa nl

HasblBaeTca psgdoM 2eomempuyeckol npozpeccuu. ObosHauum *¥" ' an —
O6LLI,I/II7I YneH paga. I'IpM 9 1n-HaCTMHHaﬂ CyMMa 3TOro psja paBHa
n n
b
S, b(l1 ¢) b q
q

1 g 1 g 1
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PaCCMOTpVIM YacCTHblE Clly4aun.

limS _b_
—Ecnmm |q|
1 Ton . , T.€. PAJ CXOJIUTCA.

lim S
jx

n
Eciu ¢ |, ton HE CYIIECTBYET, T.e. IOCIeI0BATEIBHOCTh On

pacxXxouTCs, a 3HAYUT PACXOAUTCS U UCCIIENYEMBIN PSJl TEOMETPUUECKON

MPOTPECCHUHU.
b bbb lim §
q 1 S nb
—IIpn psI UMEET BUL nl .Torma n N n
, T.€. PSJ PACXOUTCA.
S 1,8 0,
—IIpud 1,9 1 pagumeer Bug b b b b ,Torma | 2
S 1,§S O0,...S8 I, S 0
3 4 2n 1 2n , T.€. TIpeJieIa MOCIeI0BaTEIbHOCTH
S 1,0,1,0,1,0,...
n HE CYIIECTBYET, a 3HAUUT, UICKOMBIN PsiJT pACXOAUTCHI.

Takum o6pa30M, pan I'GOMeTpI/I‘-IeCKOﬁ nporpeccumn cxoanTcAd Torga n ToJibKo Torga,

gl
Korga | | , B OCTanbHbIX Cry4yasix psag pacxoauTcs.

1.3. OCHOBHbIe CBOMCTBaA CXOASALLIMXCA PAOOB,
Heo6XxoaAnMbIN NMPU3HAK CXOAUMOCTHU

an
[MycTb gaH YyncnoBomn psd » 1 . ChopMynmMpyem ero OCHOBHbIE CBOWCTBA.

Ceoiicmeo 1. Ecniu cxoauTcs psifl, TOJYYEHHBIN U3 TaHHOTO psifia OTOpachkIBaHUEM
WM MPUCOCTMHEHHEM KOHEYHOTO YHCIIa YWICHOB, TO CXOAUTCS M CaM JIaHHBIHN s, U
Hao0opoT. MHbIMU clIOBaMH, OTOpAChIBAHUE WU

MPUCOCAMHCHNEC KOHCYHOI'O YUCJIa YWICHOB psiAda HEC BIIMACT HA CXOAUMOCTD psaad.
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S a, C

[okasamenbcmeo. MycTb  n —yacTUUHas cymma psigani .,  k—cymma k

nk

OTBPOLLEHHbBIX YNEHOB U — CyMMa 41eHOB pAaga, BXoadawmnx BCyMmy Sn n He
BXOAALLMX B cyMMy Ck. [Npy focTaToMHO GONbLUOM N BCe OTOPOLLEHHbIE YneHbl ByayT

cogepxatbCa B CyMMe  n, T.€. (k — doukcmpoBaHHOE YUCno, &

lim oy, &
— const). Torga, ecnu cyLlecTBYyeT » , TO CyLLecTByeT 1

a
limS, lim(Cr on k) n

" " , T.©. ICXOAHbIN psig 1 cxoauTes. Y HaobopoT, ecnu
lim S, lim 6, %
CyLLECTBYET » , TO CyLLLeCTBYeT U , T.e. CXOOUTCS COCTaBIEHHbIN PSa.

a
n

AHanorn4yHo AokasbiBaeTcsi CXOAUMOCTb npu ,D,O6aBJ'IeHVIVI Kpdgy»1 KOHEeYHOro

YnCria 4rieHoB.

an S Cay
Ceoiicmeo 2. Eciiu cxoputcs psfin 1 , TO psifn 1 (C — xoHCTaHTA)
. CS
TaKXKe CXOJIUTCSA, TPUIEM €T0 CyMMa paBHA :
§ an S aa a

n n

Hokazamenscmeo. [lyctb ~ —4aCTn4Has cymma pspant , , 1 2 ,
S Cay S Ca Ca .. Ca

N » —YacTu4Has cymma pagan i , n ) n. Torga
Sy C(al a2 ... an) CSy .
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limS, S anp S

1
OTclofa,eCciv CyLLLeCTBYET (psn " CXO[MTCS), TO CyLIeCTByeT

lims, C limS, CS C ay
n n , T.€. pAOn1 TakKXKe CXOO4UTCA.

an bn
Ceoiicmeo 3. Ecnu psnpl n 1 unl CXOJATCSI U UX CYMMBI paBHbI 4 U

BCOOTBGTCTBGHHO, TO UX MOXHO ITOYJICHHO CKJIaAbIBATb (I/IJII/I BI)I‘-II(ITaTL), l'IpI(ILIéM

an b
(nbn) S4B
psnsl TAKKE CXOIATCA M UX CyMMBI PaBHEI
A, B, S
[lokazamenbcmeo- ﬂyCTb " 7" " —4acTMYHblE cyMMbl 3TUX PSAOB, Toraa

n (a1 b]) (612 b2) (an bn) (a1 a ... an) (b1 b bn)

A B n

n » . [epexoas kK npegeny npu , NONy4Ynm
lim § lim(A B) limA4 limB A B.
) ] nnn n n . ]

a

n
psidoe). [ycTb psg 1
Teopema 1 (Heo6x00uMbIl NPU3HaK cxodumocmu

, Torga ero ooLwmm YneH ctpemutcs K O

lima, O
(np|/| n )n
an
cxoguTes

(obpaTHOE He Bcerga BepHo).
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an
Llokazamersibcmeo. Tak KaK psii»1 CXOAUTCHA U €ro cymma paBHa S, TO Ans ero

S, S a S S
YACTUYHBIX CYMM  n n1 IMEIOT MECTO paBEeHCTBa  n n nl;
lima, limS, limS,1 S SO0
n n n . YTto n TpeboBanock gokasaTb.

Ycnosume cxogumocTy, C(bOpMyJ'II/IpOBaHHOG B Teopeme 1, aBnsaeTcs

al’l
Heobxo0uMbIM, HO He 0oCcmMamoYHbIM, T.€. NMPU BbIMOSTHEHNN YCIOBUS
0
pan
1
T —l an
n N
MOXET pacxoauTbcs. PaccmMoTpyMm npumep Takoro psiaa: » 1 TAE 5 -
ima  lim —= 0
obwun uneH psga. Toraga. n n . YactnyHasa cymma psga mveet
s, 1 L L L 1
NI N y 3
BUA 2 3 . O4eBMAaHO, KaXXabln YNeH 3TOM CYMMbl 5
Su .
,TOrga OoueHkKa JaeT HepaBEHCTBO:
1 | 1 1 n
Sn T T T T T \/_ n
n n n n n , cnegoBaTesibHoO,
) ) 1
lim S, lim Jn an \/— 0
n n , T.€. ICXOHbIN PS4 pacxoauTcs, XoTs n
n
Cneocmeue uz meopemul 1. Eciiu oO1uit wieH psana a» (mpu ) HE CTPEMUTCS K

a

n

0, Topann1  pacxomurcs (0ocmamoumnsiii NPUSHAK PACXOOUMOCIU pAOQ).
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2n1 1 3 5
a0

2n 2

Mpumep 5. NccneposaTtb Ha CXOAMMOCTb P » 1

2n 1
PeweHue. Obo3Haumm obwnii uneH psaga  2n . Tak kak
. ) 2n 1 1
lima, lim lim 1— 10
n n 2n n 2n , TO U3 creacTeumsl Teopembl 1

crneayeT, YTo psid pacxoamTes.

lMpumep 6. \ccneqoBatb Ha CXOOUMOCTb PS4 # 1

an
PeweHue. Obwinin uneH psga umeet Bua n . [laHHbIM psig Ha3biBaeTcs

rapMmoHN4YeCKNM, Tak Kak Kaxkabl ero vneH paBeH cpeaHemMy rapMoHMU4EeCKOMY OBYX

1 1 1 1
a, a an 1
COCEHNX: 2 n . OYeBWIHO HEPABEHCTBO:
L1 111 1,
nl n?2 2n 2n  2n 2n 2n 2
n . YneHbl rAPMOHNYECKOIo

psga, HauyMHasa ¢ TpeTbero, o6beanHUM B rpynnel no 2, 4, 8, 16, ..., 2k

4rneHoB B Kaxkaou rpynne. O4eBMOHO, CyMMa Kaxkaowm rpynnbl MOXHO OLLEHUTb

L1 11111 1 1 A1
3
cnegyowwmmobpasom: 4 2 :5 6 7 8 2;9 10 16 2 ,Te.
1

KaxKgaa U3 3TuX CyMmmMm B OTAEJIbHOCTU Bonblue 2 . Taknum o6pa30M, An4a 4YaCTUYHbIX

n 2,k 23,..
CYMM C HOMepamu BbIMOMHSATCA HepaBeHCTBa:
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111 11 1
4l 2.3 41 2 212 2,

1
S 1k~ 2k
2
2 ,T.€. YHaCTU4HbIE CyMMbI FapMOHI/I‘-IeCKOFO p;l,u,a HeOFpaHI/I‘-IeHHO
k Iim S
n 2 k
pacTyT C yBENNYEHNEM npy , 3HAYUT, « o . Monyyaewm,
1
P

YTO rapMOHUYECKUI psifn1  pacxoauTcs.

1.4. 3HAaKONOCTOSAHHbIE pAAdbl, pAAabl C NONOXUTEeNNIbHbIMU Yl1eHaMU

YCcTaHoBMNEHNE CXOANMOCTU UNK pacxoanMoOCTN YNCNOBOIo pAaga — OCHOBHOW
BOMPOC TEOPUUN pAOO0B; HaxoXaeHne CyMMbl pAada B Clliydae ero cxognmocTu —
BTOpOCTENEHHadA 3aga4a. Bonpoc CXOOMMOCTH MnpoLle Bcero pelaetcd and

3HaKOMNOCTOAHHbIX PAAOB, KOrga Bce 4YrieHbl pAaaa o4HOro 3Haka. ansa

y an o
onpeaenéHHocTn 6yaem paccmaTpuBaTh PAAbl C NONOXUTENbHLIMU ( )

nnnc

an
HeoTpuuaTesribHbIMAX YneHamMmun ( ) XapaKTeprlM CBONCTBOM

TaKMX psSOOB SBMSIETCH MOHOTOHHOE Bo3pacTaHue (He ybbiBaHue)
nocreaoBaTenbHOCTM YaCTUYHBIX CYMM:

nl
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Pag ¢ nonoXxutenbHbIMW 4YneHamu Bcerga MMeeT CyMMY; €eCJ/in 3Ta

CyMMa KOHe4Ha, TO pAn CXOOAUTCA.

BbISicCHEHNE CXOAUMOCTM PALOB C NOMOXKUTENBHBIMU YfleHaMn onvpaeTcs
Ha NPU3HaKN CXOOMMOCTW, KOTOpble sBNAKTCA NMBo HeobxoaumbiMu, nmnbO
A0CTaToOYHbIMU, NIM60 HEOBXOOMMBbIMU U AOCTATOYHbIMU. B YacTHOCTH, K Taknm
psgamMm nNpUMEHUM MNPUBELEHHbIN Bbllle HEOBXOOMMbLIN MNPU3HAK CXOAUMOCTU
psagoB (Teopema 1). CyuwiecTByeT MNpuU3HaK, SABMSOWNUACA HeobXoauMbIM U

JOCTaTO4HbIM, KOTOprVI yCTaHaBJITMBaAETCA cnep,yrou.l,eﬁl TeopeMOVI.

Teopema 2. Jlng cXOOUMOCTU psiia C TOJOXKUTEIBHBIMH YJI€HAMU HE0OX00UMO
MOOCWZCZMOHHO, LIT061>I IMOCJICAOBATCIIBHOCTL €0 4YaCTHYHBIX CYMM 6BIJIa OoIrpaHHYCHA
CBEPXY.

Lokazamenbcmeo (Heobxodumocme). [lycTb pag —cxogutcs, Torga

nocnegoBartesibHOCTb €ro 4acTuyHbiIX CyMM CXOOUTCA, a 3Ha4YnuT, OHa

orpaHn4yeHa cBepxy.

Lokazamernbcmeo (docmamoyHocmsb). Tak Kak nocrnefoBaTefibHOCTb YaCTUYHbIX
CYMM MOHOTOHHO BO3pacTaeT M OrpaHU4eHa CBepXy, TO OHa MMeeT npegen,

T.€.COOTBETCTBYHOLUMI paL cxoauTca (Teopema Bereplutpacca gnsa YncnoBbixX
nocneposaTtenbHocTeN). TeopemMa foKasaHa.

Cnep,yeT OTMETUTb, YTO Ha NPakKTUKe 3TOT NpPpU3HaK TPpyaHO NMpMMEeHUNM,

XOTSA U npeacTaBnsieT coboi 6ombLLOK TEOPETUYECKNIA MHTEpPEC.

[anee paccmaTpuBaloTCs HEKOTOPbIE NMPWU3HAKNU CXOAMMOCTU PSAOB C
NONOXUTENbHBLIMU YrieHamu, yaobOHble AN NPaKTUY4ecKoro npUMEHeHus,
KOTOpble SIBNSAOTCHA TOMbKO AOCTATOMHBIMWU MpU3HaKaMu (MHTerpanbHbli U

paavkanbHbli NpusHakMKoLuv, NpusHaky cpaBHeHNs, NpusHak Janambepa).
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1.5. UHTerpanbHbIn npusHak Kowmn cxoaumMmocTu pspa ¢
NOSIOXNUTESNIbHLIMU YNeHaMu

dan
Teopema 3 (unmezpanvustii npuznax Kowu). I1ycth naH psifn 1 , YICHBI

KOTOPOT'O yIOBJIETBOPSAIOT TPEM yCIOBHUSAM:

a, 0,n 1
a) , T.C. HCXOOHBIN PsJ € IMOJIOKUTCIbHBIMHA YJICHAMU,

a a a a 0
0) wieHbl psiia MOHOTOHHO yObIBAIOT, T.€. 1 2 nl n

Iima, O
B) OOLIMIA WIEH psiia CTPEMUTCS K HYJIIO: 77

x 1
[TycTh cyiecTByeT HeMpephIBHAS, MOHOTOHHO YOBIBAIOIIasi, ONPECIEHHAS TIPU
f 1 a 9 f 2 a b ; fn a b

byukus f(x), Takas 4To 1 2 n ,T.e.

anf (n) fxdx

nl nl . Torma,eciin HeCOOCTBEHHBIN MHTETPAT 1 CXOJIUTCSI, TO PSTT
a

n
nl  TOXE CXOJUTCS; €CIU YKa3aHHBIA UHTETPAT PACXOUTCS, TO ITOT PSJI
PacCxoauTcCs.
fna 0

[lokasamernbcmeo. W13 ycnosuii Teopemsi n creayet fx O npux 1,

PacCMOTPUM KPUBOMMHEIHYIO TPAMELWMIO, OTPAHNYEHHYIO MHUSIMUA /@,

x 1

[Lin 1]
n 1y ocbto 0x(puc.1). PazobbeéM O0Tpe30K

xk(k 12,0 1)

TO4YKaMu N pacCMOTPUM N KPUBOSTMHEWHbLIX Tpanewuun.
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Puc. 1. MNnowanb KpMBONMHENHON Tpaneumm

N3 reomeTpryeckoro cmbicna nHTerpana nnowanb KpUBONTMHEAHON

STp fx dx
TpaI'IeLI,I/II/I 1 . 3aMeHnM 3Ty nnowagb CyMMOIZ I'IJ'IOLIJ,aﬂ,eﬁ n

npsAMoyrosfibHmkKoBs ¢ eauHN4YHbIMMM OCHOBaHUAMN.

S 1 £2 fn. S f2 f3 fnl

n n nl nl nl
S fky  ar S, Sf(Kakak a1 Sp1 ai
. k1 k1 k2 k2 k1
NPUYEM ,a
S s s

N3 rpachuka (puc. 1) cneayer: N ' Te

Sn fxdx Sp1 a1, n 12,..
1

PaccmoTpum aBa cny4yas.
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fxdx

1) NycTb 1 CXoOuTCA, T.€. UMEET KOHEYHbIN npeaen
nl nl
nlim fxdx f(x)dx 4 fxdx fix)dx 4
1 1 . TaKk KakK 1 | , TO
Sn1 a1) f(x)dx 4 Sn1 f(x)dx a1 A4 ai
1 7 1

|/|TaK, YaCTU4YHblE CYMMbI pAada orpaHn4veHbl "N, Toraa no teopeMe 2 (Heo6XoANMBbIN U

[0CTaTOYHbIN NPU3HAK CXOAUMOCTM PAAA C NONOXKUTENbHBIMU

“ lim S, | S

n
l—IJ'IeHaMl/l) psagn1 cxXoauTcd, 3Ha4YnT, cylecTByeT

nl
fxdx fxdx
2) nyCTb nHTEerpan 1 pacxoauTcd, T.e. 1 HeorpaHn4eHHoO BO3pacTtaeT

nl
Suf (x)dx
n
npu . Torga u3 HepaBeHCTBa ! crieqyerT, uto

S S

nocnenoBaTenbHOCTb HeorpaHM4YeHHO BO3pacTaeT: , T.e.
pag pacxoamTcd. Teopema gokasaHa.

3ameuaHue 1. Teopema OCTaéTcA BEPHOWN U TOoraa, Koraa €€ ycrnoBus BbIMOMHAKTCSA

n
He [4ns BCEX YIEHOB psifa, a Nyb HauYnHas ¢ k-ro (), B Takom crny4yae

fxdx
paccmaTpuBaeTca UHTerpan

3ameyvaHue 2. IHTerpanbHbIn npuaHak Kowwm cylectseHHo obneryaet

nccecnegosaHMe CXoamMMoCTUn pAaaa, Tak Kak no3BondeT CBeCTU 3TOT BOMPOC K
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BbIACHEHNIO CXOANMMOCTU UHTErpana ot yaadHo I'IOJJ,O6paHHOIZ

J )

COOTBeTCTByPOI.I.I,eﬂ d)yHKLI,VIVI , YTO J1E€IKO BbINOJTHAETCA, NMPUMEHAA

MeTodbl MHTErpasribHOro NCHNCINEeHnA.

Jlexuus 2. [Tpyu3Haku CXOOUMOCTH PSJIOB C MTOJOXKUTEIbHBIMH YICHAMU:

pPU3HAKU CpaBHEHUs, pu3HaK JanamOepa, panukanbHbiid npusHak Komun

2.1. Psaast Jupuxiie v UX CXOAUMOCTh, TAPMOHUYECKUN Pl

Onpeodenenue 1. Yucnosoit psij Buna n 1 " P waspactcs paoom Jupwserec
ITOKa3aTeJieM p, p R. 3amerum, uto npu ” ! TIOJIy4aeM pAna n 1 " N KOTOpBIﬁ
HAa3bIBACTCS 2APMOHUUECKUM.

Mpumep 1. Vccnenosath psia Avpuxne n 1 =—+a CXOAMMOCTb B 3aBMCUMOCTM OT p.

1

0 n
Pewenue. 1) B cnyyae, ecnm ” ,uneHbl paganl 7 obpasyeF HeyObiBaloLLYO

nocnenoBaTesibHOCTb, a CaM pAd PpacxoauTcd no HeO6XOLI,I/IMOMy

lim a, 0
NPU3HaKy CXoaAnMMOCTU ( » ).

0
P ANA uccnegoBaHUa CXoaMMOCTU psaaa Ncnonb3yem
2) B cnyyae
5 . fx)_1,,x1
NHTerpanbHbIv Npu3Hak Kowwn. BeBegém yHKLMIO 7 , KoTOpas

yOOBneTBOpsSieT BCeM ycnoBusiMm Teopembl Kown (Teopema 3, nekuus 1, pasg.

pO0

1.5): npu OHa HenpepbIBHA, NONOXUTENbHA N MOHOTOHHO YObIBaeT,
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foy lann —td

X
n? . Bblumcnm HecobCTBEHHBIN MHTErpan | B JBYXCNy4asix
0 | 1
a) P , 6) P , T.e. Komap
lp
n xpl | nrl 1 n 1
x Pdx lim X Pdx lim lim —_ lim —_
n n p 1 np 1 I p nl p pl
1 1 1
Ip n
—Ecrm 0 ;)1,1 p 0 , TO n npu , TOraa
1
poooon’ 1
x dx lim

1 , criegoBaTesibHO, HecoOCTBEHHbIN MHTEerparn

pPacxoauTCs U PacXOAUTCS UCXOAHbIN psAf.
1 p
_Ecrm 2 1,1p0 TOR 0 npu », Torga

x Pdx lim 1 1 1
p1

n o
1 n dlp pl1 pl , CnepoBaTeribHO, HECOOCTBEHHbIN
MHTEerpan CXOAMTCA U CXOAUTCS UCXOAHbIN pag,.

1

3) B cnyuae P meem rapMOHUYECKUN PAG 7 1 i | s KOTOPOrO

Takke NPUMEHUM UHTerpanbHbli Npu3Hak Koww, T.e. paccMOTpUM MHTerparnl

n

d dx o |
lim  lim In X im Inn Inl limlnn

X n X T | n . cnedoBaTenbHo,
HeCO6CTBeHHb|l71 MHTEerparn pacxogunTtcsd, a 3Ha4unT, rapMOHW-IeCKVIVI pAagopacxoanTcA.

1

Bbigod: psap Ovpuxne n 1 "7 cxoantcs,-eemm 7

nnnnnnnnnnnnnn
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2.2. Npu3HakKku cpaBHEHUS PAAOB C NOJIOXKUTENbHbLIMMU
yrieHamu

PaCCMOTpVIM HEKOTOpble MNMpun3Haku, yctaHaBiMBaoLwine CXognmMocCTb
nnn pacxoamMMmocCTb pAaAgoB C NOJTIOXKNTEIbHbIMU YIleHaMn I'IyTéM CpaBHEHNA

nx cpagamMmm, CXoamMMoCTb UITN pacxoaMMOCTb KOTOPbIX N3BECTHA.

Teopema 1 (I npusznak cpagnenus paooe ¢ nonoxcumenvuvimu uienamu). Ilycrs

a b
n n
JAHBbI 2 p;ma C INOJIOKUTCIIBbHBIMHU YJICHAMMU £ 1 Unl
nN
ECJ'H/I, Ha4YuHaiAa C HeKOTOpOFO HOMepa N, IJIs1 BCEX BBITIOJIHACTCA HepaBCHCTBO
a b
n n , TOrAa
bn an

1)u3 cxoguMoOCTH psijan 1 CIEIYET CXOIAUMOCTh psijia n 1

b

an bn
2) W3 pacXogUMOCTH psiflan 1 CIEIYET PaCXOJUMOCTb psJia n 1

Lokaszamernbcmeo. Ha ocHoBaHWK TOro, 4To OT6paCbIBaHllle KOHEeYHOro ymcrna

yrieHoB (cBoncTBO 1, nekuma 1, pasa. 1.3) He BNUSIET HA CXOAUMOCTb UMK

al’l
pacxoaAnMoCTb pAada, MOXHO CHUTATb, HE HapyLlas OBLLHOCTK, 4TO ycnosue

A a B

BbINOJSIHEHO ANs BcexX nl. MycTb  » — YacTU4HasA cymma psiaa k 1 k, a n-

b

k
YyacTu4yHas cymma psga k1 . o ycnosuio

A, a1 ap ap b by ... by, B,.
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b B

n
1) Ecnn pag.1 = cxoouTcs, TO NOCNeaoBaTenbHOCTb n
orpaHun4yeHa

A,

CBepXy, a 3Ha4yunT, orpaHn4eHa ceepxy n nocneaoBaTteribHOCTb

CnepoBaTernbHO, no Teopeme 2 (nekuma 1, pasa. 1.4) o HeobxogmMmom un

a

n

AOCTaTO4YHOM YyClioBUKM CXOOUMOCTHU pAda C NOJIOKUTESIbHbIMU YIleHaMU pAaa » 1

4,

CXOONTCA, TaK KaK cyllecTByeT KOHEYHbIN npenern nocriegosatesibHOCTU

a
n

A

n
2) Ecnnpag.1 pacxoouTcs, To nocnenosaTenibHoOCTb He orpaHuyeHa,

B

n
a 3Ha4ynT, HE orpaHn4yeHa 1 rocsiegoBaTesibHOCTb . Torga no TeopemMe 2

b

n

(nexums 1, pasg. 1.4) pag 1 pacxogutcs. Teopema fokasaHa.

11 1 1
Vo Y2 Y3

lpumep 2. NccnepnosaTb HA CXOANUMOCTbL P »

b
bn n

. CpaBHUM psafn1 € rapMOHMYECKMM PSiAOM

1.
Va

PeweHue. O603HaUYUM

an n — an

nl nl .lpnn 2 non , @ TaK Kak rapMOHNYECKUIN pSfl
1

-

pacxoauTcs, TO PaCXOAUTCA U PAd » |
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1

Vn

Omeem: pagn1  PacxoguTtcs.

2
k 2
lMpumep 3. NccnenosaTb Ha CXOQUMMOCTb pAg k 1 2 8 24 64
1 ak ak
k y
PeweHue. O603Ha4MM k 2 . CpaBHMM OaHHbIN pAa k1 C PSAOM
1
1 1 1 1 2
b - - - 1
klf k1 ?{_ 2 4 8 1
reoMeTpu4YeCcKon nporpeccum 21 , KOTOPbIN

1

q
CX0OWTCA, Tak Kak 3HamMmeHaTeNb NPOrpeccum 2 ,TO NepBble YneHbl psaa paBHbl, a

1
-

a b

npuk 2, & k, 3HAYUT, PANKL k2 cxoauTcsa no | npusHaky cpaBHEHUS.

1
-

Omeem: pagk1 k2 cxoauTcs.

Teopema 2 (npeodenvnblit PUIHAKCPABHEHUAPAOOE CHOTOHCUMETbHBIMUYTICHAMU).

a b

n n

I[aHBI 2 pAAa € MOJIOXKUTCIBHBIMHA YJICHAMM n 1 Mnl HIOYCTh CYICCTBYECT

lim %n. C, C0,C

nbp , TOrJa 9THU ABA pAdad 100 CXOOATCA, 1% (e0) PaACXOaATCA
OIHOBPEMCHHO.
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. n
C lim %

a 0,6 0, n 123,.

[okasamesnbcmeo. TaK Kak No YCNoBui  » n " ;
. C 0 C 0 C 0
TO COrfacHo CBOWCTBY npeaena . o ycnosuio , 3HAUuUT, .No
e 0 (C &
onpeaenexHuto npegena ans scex CYLLECTBYET OKPECTHOCTb C ¢)
C €0 N
Toukn C Takas, 4Yto W CyLLEeCTBYET Takoe HaTypanbHOe Ynucno
a
Ce _"Cc¢
€ n N
3aBucslee OT , YTO Ans BCex BbINOMHAETCH HEPABEHCTBO by ,
mnC eby an C eby |
bn bn (C ¢)
nN 1 nN 1 .
Ecnn psag CXOOUTCS, TO CXOAUTCA U psa (CBOWCTBO 2,

nekums 1, pasg. 1.3), otkyaa no | npusHaky cpaBHEHUS pSAOB creayeT CXOAUMOCTb

an

a C ¢b
pagasNl | TaKk KaKk n n

, by (C €)

nhN 1 nN 1
Ecnu xe pan pacxoauTcs, TO PaCXOAUTCA U paf aTtak

dan

C eb a
KaK n n 70O | NpKU3HaKy CpaBHEHWS PALOB psf N1 Takke

pacxognTcA. Teopema JOKa3aHa.

lim % C

b C 0 C §
3ameyaHue. Ecrn " "o WM, TO NPeAenbHbIV NPU3HaK He

NPYMeHUM (Teopema 2 B 3TUX Cyyasix He BepHa).

1

2
lpumep 4. ViccnegoBatb HA CXOAUMOCTb paanl 1 3n .
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an bn 2

2
PeweHue. Obo3HauvM n~ 3n . Paccmotpum pagn1  n1n  .Tak Kak

2
lim% lim _" _  10mu

2
nby n N 3n , TO 3TV [jBa psiaa OOHOBPEMEHHO CXOAATCH,

1

2 P
nnu pacxopsaTcst (teopema 2). Mockonbky » 17~ pad Oupuxne ¢

1
3n

. 2
CXOAUTCS, crnefoBaTernbHO, UCXOAHbLIN pan » 1 7 TOXE cxoanTcA.

]
23n

Omeem: pspg n1 1 CXOOUTCA.
1

nn
lNpumep 5. ViccrnenosaTtb Ha CXOANUMOCTb PSS n2

Inn

. nl
Pewetue. O6o3Haunm " . PaccMOTpUM rapMOHWUYECKUIn psif

a _1 1p

nl

n
KOTOpbIN pacxoauTcs. Takkak, Inn n (n nn n2), TO NO TEOPEME 1

1

In n
pso n2 pacxoauTes.

1

In n
Omeem: pag n2 pacxoguTcs.
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2.3. NpusHak Janambepa cxoaUMOCTU pAAOB C
NOJIOXKUTESIbHBIMU YNleHaMu

Teopema 3 (npu3ual< /Iafumﬁepa). MycTb faH psag ¢ NONOXKUTENBHBIMU YNeHaMN

a
an (al’l O) lim nl /
o n a
nl , U CYIIECTBYET KOHEUHBIN Npeaen n Torma:
a
"l [ 1
1) pan CXOJIUTCS, €CIIU ,
a
. [ 1

2) pan " I pacxomures, ecrn ,

€CJIN ° *, To ANs BbISACHEHMS CXOAUMMOCTU PAAA NpUsHaK Janambepa He MPUMEHUM.

a
lim !/

0/ 1
[okazamernscmeo. 1) MycTtb npegen " ay, CyLiecTByeT 1 :

PaccmoTpum uuncno g Takoe, uto / g 1. 13 onpenenenus npenena cienyer, uto € g 1 0

cymectByer N (¢) N, HaunHas ¢ kotoporo n N N .
€

a
nll q l
a
BbINOSIHAETCA HEPABEHCTBO  ” : a
a a
[ q g 2] q " g "y
an an . Takumobpasom, , v ¢, e
a 4qd . a 4 a
a1l n.BepdMmn=N, N+1, N+2,..., Toraa ~1 — na2 %, P4
a 3 k
NanN3qanN2q anN , ..., aNkq an .
an  (an 0)
. nl
3anuwem ncxoaHbl pag B BUAE:
ay a1l axaN aN 1 anN 2 ...
nl . PaccmoTtpum HOBLIV psg
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k 2
aN 4 aN qanN g an
kO . OTOT psan ecTb psif reoMeTPUYECKON Nporpeccum

blaN’ 0 g 1 -
C 7] , KOTOPbIN CXOOUTCA, a 3Ha4YUT, CXOOUTCA pA

aN k aN anNl1 an?2 ... k
a q

0 , TAKKaK N & ay (£ 1,2,3,..) Ha

a a

N k n
ocHoBaHun TeopeMsbl 1. Pag ko Nnony4vyeH N3 NCXOLHOro » 1

a.a ,a a,

oTbpacbiBaHNEM KOHEYHOrO YNCna YneHoB 1 2 N1, TOoraa pagn 1
cxogunTcst

a
n

(cBoncTBo 1, nekums 1, pasa. 1.3). Takum 06pas3om, UCXOLHbIN PSg~1  CXOAUTCA,

a
lim "L 7, 11
n
ecim an . MepBas yacTb TeopeMsbl JOKa3aHa.
a
lim _"1 /1
n [l g 1 ¢lqg 0
2) MNycTb an . Paccmotpum uncno g takoe, 4To : , U3
a a a
€ lre e nlye, nlg1.
a a a
onpenenexHus npegena cnegyer: n : n n
Taknm obpasom, N npu o6LLMiA UneH paga  He CTPEMMUTCS K
an

0, T.e. pag » 1 pacxoguTcsl, Tak Kak He BbINOSTHAETCS Heobxoanmoe
ycrnosue cxogumocTtn psiga (teopema 1, nekumsa 1, pasg. 1.3). Btopas

YacCTb TeopeMbl OKa3aHa.
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o a
lim 21

3 E I'1 na
) cim -, 1N paBeH eanHULLE U He CYLLECTBYET, B 3TOM CJlydae s BblCHEHUSA

CXOAUMOCTU pAaa NPU3HAK ,El,anaM6epa HE NpUMEeHUM.

n

Mpumep 6. \ccnegoeatb Ha CXOOQMMOCTb pAg 12

n n 1
— a —_
PeweHue. Obo3Hauum , n ;Hangém 2 . Cocrtasum npeaen
a

n
Jlim _"'lim (D2 1lymnl 1)

n
n Cln n 2

cxoauTcs.

2n 2a n 2, T.e.nonpusHaky [lanambepa psig

n

Omeem: psif n 1 2=e%0aunTcs.

n!
nlsn_.
lMpumep 7. ccnepoBaTb Ha CXOOMMOCTb PSf
a @ D!
! a ,a 0
Pewerue. OGo3HaUNM 5 » o ;o ol s craBuM npenen
Hangem -
: . m NS5 o nl(n DS 1
[ lim 4nl lim 2% )2 [im 2% V2 lm 21 1
a
1
" n . 5, 5" s5nl 0, 5

T.€. No NpusHaky Janambepa psg pacxoauTcs.

n!

Omeem: pann 1 5" pacxoguTcs.
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2.4. PagukanbHbiX npu3Hak Kowmn cxoaumMocTu papos C
NOJIOXUTESNIbHbLIMMN YfleHaMH

Teopema 4 (paoukanvhwtit npusnax Kowu). Ilycts naH psiji ¢ NOJ0KUATEIbHBIMU

an,an 0 lim /an L.

YJICHAMH n 1 Y IIYCTh CYIIECTBYET KOHEUHBIN IPEAENT 1 Torna:

[ 1
€ClIn , pAd CXOOUTCA,

[ 1
cClIn , PAO PaCXOJUTCH,

/1 5
€ClIn , TO I BBIICHCHHA CXOAUMOCTH PAda PaAUKAJIbHBIA IIPU3HAK KOH_II/I HEC
IIPUMEHUM. :

lim ,, /gn [ 1 a 0

Lokaszamernbcmeo. 1) [NycTb cyLecTByeT »

lq1
. 13 onpepenenuns npenena

nN

PaccmoTpum ymcno g takoe, 4To

q!0

€ NN (¢)
cnenyet, 4To cyuwlecTByeT N, Ha4ynHasA C KOTOpPOro

BbIMOJIHAETCA

Wan 1 g 1, T el n

HEepaBEeHCTBO [ g an 1 q 1, n ,an q n N,

Pacnuwem ncxogHoeln psg

ad, a1 dxadyx dyi1 dadAy 2 ...
nl : (1)
CocTtaBuM HOBbIN pAg,
Nk N N1 N 2
q (4 q
k0 : (2)
Pan (2) npeacrasnseTt cobon psg reomeTpmuyeckon nporpeccum

q 0gqg1
co3HaMeHaTenem - . g , T.e. 9TOT psg cxoamuTcs, a 3HauuT, pag (1)

cxoamTca no | NnpusHaky cpaBHeHUA psaoB (Teopema 1 AaHHOM Nekunn).

rTaKKak n ,TO! 0.
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N

lim, a, [ 1

[MycTb cyuiecTByeT” . HaunHasa ¢ HekoToporoN N() N n N |
4#‘61 1 a 1 lim an O
n o
n n , T.e. , TOrga ncxogHbln pag pacxoauTca no

HeobxoanMoOMy nNpu3HaKky cxogumocTtu (Teopema 1, nekuma 1, pasg. 1.3).

. n

lim y/a, 11

n
3) Ecnu (N He cyLecTBYeT), TO ANS BbIICHEHNS CXOAMMOCTY paaa
pagvKanbHbli NpuaHak Kowwn He npumeHuM. Teopema gokasaHa.

n
n

lMpumep 8. ViccnepoBatb Ha CXOAUMOCTb psf 1 2n 1
n

n
an , dp O

PeweHue. Obo3Haumm 2n 1 . CoctaBum npegen:

Dim ™o lim - "— 11

n n 2n 1 2, T.e.no pagukanoHoMy npusHaky Kowm pag cxogutcs.

n
n

2n 1
Omeem: psifn 1 CXOQuUTCA.

Jlekumsa 3. 3Hakouepeayrowmecs psagbl. AGCosnoTHaA n

yCIOoBHaA CXOANMMOCTb 3HAaKOoNnepeMeHHbIX pAaoB

3.1. 3Hakouepeayowmeca psaabl. NpusHak JlenbHnua

nl
(1) an al ax a3z a4

. 1
Onpeodenenue 1. YucnoBou psn " ,

a, 0
rae , HA3bIBAETCA 3HAKOUYEPEOYIOUUMCAPIOOM.

SUY



JI71 yCTaHOBJIEHUSI CXOAMMOCTH TAKHUX PSIAOB CYIIECTBYET JI0CTATOYHBIN

MpPU3HAK CXOAUMOCTH, Ha3bIBa€MbIil mpu3HakoM JleiiOHuna.

Un

. . nl
Teopema 1 (npusnax Jleiionuya). I1yctb 4ncioBou psij YIOBJIETBOPSIET
YCIIOBHSIM:
u (n la ,a 0 o
H N n’ on , T.€. TOT PsI/T 3HAKOUYEPE Ty FOIITHIICS;
2) 4JIEHBI 3TOTO PsAJIa MOHOTOHHO YOBIBAIOT MO a0COIIOTHOM BETUUHHE:

|u1|”2| |“1 | T.e.dn an 1,n 1,2,..;

4 a lima, O
oOImuii uieH psaga "CTpeMI/ISTCH kKO0, T.e.n

a

ul’l
Tormapannl =~ CXOAMWTCS U €r0 CymMMa 1.

Hokaszamenbcmeo. 1) CHayana pacCMOTPUM YaCcTUYHY0 CYyMMY YETHOro nopsiaka

S a a a a .. a a .
n 2m 1 2 3 4 2m1  2m Vv 3anuwem eé B BUAE:

(a a )@ a ) .. (a a
1 2 3 4 2m 1 2m = . B cuny ycnosus 2) Teopemsl 1 Bce

SZm 0

Bblpa>KeEHNA B CkobBKax NonoXuTernbHbl, TOraa CyMMa n
nocrnenoBaTeribHOCTb

S os S § .8

2m MOHOTOHHO BO3pacTaeT. 2 4 6 2m

2m

Tenepb 3anuLIeM 3Ty CYMMY MHaJe:

Som a1 (a3 a3) (a4 as) ... (@2m2 am 1) am .

nocnegHem BblpaXeHUn Kaxxgoe 13 Bblpa)KeHI/II7I B CKODKax NONoXMTENbHO,

S a S S

noaTomMy 2m 1, U3 Yero criegyeT, YTo nocneaoBaTesibHOCTb »  2m
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ABIAETCA OrpaHquHHOVI, M TaK KaKk OHa MOHOTOHHO BO3pacTaeT, TO OHa CXOOAUTCA.

ImS limsS S
S a

n
AOpyrumu cnosamu cywectsyeT  ,  »  2m , MPUYEM L.
2) PaccMOTpuM 4aCTUYHYIO CyMMY HEYETHOro nopsaaka

nSom 1 S2m Aoam 1
, KOTOpast NonoXUTeNbHa. MOXHO MokasaTb, YTO

Som 1
nocnepnoBaTeribHOCTb MOHOTOHHO BOSpaCTaeT, TaK KaKk MOHOTOHHO

Som A2m 10
BO3pacTaeT nocrenoBaTtenbHOCTb n . 3anuwem
Bblpa)keHne Ans
S S a (a@ a ) .. (a a
2m1 B Buae: 2m 1 1 2 3 2m 2m 1 , TaK KaK BCe BblpaXeHnd
lim a 0
Som 1 4 n
B CKOOKax NonoXuTesnbHbl, TO . Mo ycnoswuto 3) Teopembl 1~ ,
limayy,1 0
m
Torga , OTKyOa
lim $2, 1 im (82, a2m 1) Iim S2p lim apy, | S
m m m m
. N lim S, S a
WUTtak, npm Bcex n(4ETHbIX NN HEYETHBIX), 7 , CrnegoBaTernbHo,

ncxogHbln psg cxoguTtes. Teopema gokasaHa.

3ameuaHue1. NpnsHak JlenbHuua MOXHO TakKe NPUMEHATL K pagam,

OJTAKOTOPbLIX YCINOBUA TEOPEMbI BbIMNMOJTHAKTCA C HEKOTOPOro HoMepa N.

3ameuyaHue?2. Ycnosune 2) Teopembl 1(npusHak JlenbHuua) 0 MOHOTOHHOCTU

YrIeHOB psiia CyLLECTBEHHO.

(1)111 1

lMpumep 1. ViccnegosaTb Ha CXOAMMOCTb PSAr1  n

o | =
wIH
N e
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nl

@n)

Un

n
PeweHue. O6o3Ha4nMm . K naHHomy psigy npyMeHuM npuaHak JlenbHuua.
[MpoBepumM BbINONTHEHWE YCIOBUIM TeopeMbl 1: ycnosue 1) pag 3HakodepeayroLummncs

a 1 ,u (Dp1 a ,a 0 1 1 1 1
n

n o n non ; yCnoBue 2) BbINOSTHEHO: 2 3 4
lim 10
n
] n ~
ycrosye 3) Takxe BbINOHEHO: . CnepnosatencHo, No npusHaky JlenbHuua
S ay 1

[aHHbI P CXOOUTCS, NPUYEM ero cymma

(l)nl

n
Omeem: psag n cxoguTcs.

3.2. 3HakonepeMeHHble psabl. AGCONOTHAA U YCNOBHAA CXOAUMOCTb.
[JocTaTo4YHbIN NPU3HAK CXOAUMOCTU 3HAKONEepeMeHHbIX pSaoB

u

n

Yuncnoson psian 1, YneHbl KOTOPOro UMEKT NPOU3BOSIbHbIE 3HaKK (+), (),
Ha3blBaeTCs 3HaKoNepeMeHHbIM PsiOoM. PacCMOTpEHHbIE BbiLLe
3Hako4yepeayLmnecs pagbl ABNATCA YaCTHbIM Cry4YaeM 3HaKONepeMeHHOro psaa;

MOHATHO, YTOHE BCSAKUI 3HAKONEPEMEHHbIN psif ABNSeTCH 3HakovepeayLLMMCS.

1111 1 11
Hanpumep,psg 2 3 4 5 6 7 — 3HaKoNepeMeHHbIN, HO He

ABMNSAOLWMUNCA 3HAaKoYepeayoLMMCS PSAOM.
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OTmeTuM, 4YTO B 3HAKONEPEMEHHOM PSiAE YNIEHOB Kak CO 3HaAKOM (+), Tak U co
3HaKoMm (—) 6eckoHe4YHO MHOro. Ecnv aTo He BbINONHAETCA, Hanpumep, pag CoOaepXuT
KOHEYHOE YMCNO OTpMUaTENbHbIX YNIEHOB, TO MX MOXHO OTOPOCUTL 1 paccMaTpuBaTb

paa, COCTaBMNEHHbIN TOMBbKO U3 NONOXUTENbHbIX YI1EHOB, U HaO60pOT.

Un
Onpeoenenue 1. Eciiv 4ucioBOu pssin 1 CXOJIUTCS U €T0 CyMMa paBHa S,

r, S8,
a 4aCTHYHAA CyMMa paBHa Sy, TO HA3bIBAETCS OCMAMKOM pPsAOd, TIPHUEM
lmz1lim (S S )SSO

n
n n n , T.€. OCTaTOK CXOZsIIerocs psaa crpemurcs K 0.

PaccMOTpUM CXOISIIUICS 3HAKOYEPEAYIOIIUICS PsIl KaK YACTHBIN CIIy4dan

3HAKOIICPCMCHHOI'O psaa

un( l)n 1 an Sun Snp
a, 0
nl 0l , TIIe . 3amuIIeM ero B BUJIE 0l , TOT/Ia
| | a S S r 0
o npusHaKy Jleionuna S Sp nl,TAKKaK n ,TO n » T.€.

OCTAaTOK CXOJAIIerocs psaa crpeMurcs K 0.
J11st 3HAaKOMIEPEMEHHBIX PSA0B BBOASITCS MOHATHS a0COIOTHOM U YCIOBHOM

CXOAUMOCTH.

Onpeodenenue 2. Psinn1  HA3BIBACTCH CXOOAUUMCSA AOCONIOMHO, €CIU CXOIUTCS

|”n|

psAl, COCTaBJICHHBIN U3 a0COMIOTHBIX BEJIMUUH €70 YJICHOB 7 1
Un |unl
Onpeoenenue 3. Eciivi 4ucioBOM psifin 1 CXOJIUTCS, a Pl 1 , COCTaBJICHHBIN

13 a0COJIFOTHBIX BEJIMYHH €r0 YIEHOB, PACXOJUTCS, TO UCXOIHBIN psil

HA3BIBACTCS VCI08HO (HeabCcoIOmMHO) CXOOAUUMCSL.
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Teopema 2 (0ocmamounsliit PU3HAK CXOOUMOCHIU 3HAKONEPEMEHHBIX PAOOE).

Un

3HaAKONIEPEMEHHBIN PSI 7 1 CXOJIUTCS, MPUUYEM a0COTIOTHO, €CJIU CXOAUTCS Psij,

Z/ln| |

COCTaBJICHHBIA M3 a0COIIOTHBIX BEJIMUHMH €TI0 YICHOB 7 |

S Uy

Lokasamernbcmeo. O6o3Ha4YUM yepes YaCTU4YHYHO CYMMY pdaaan 1

(@)
S wu u u .. u,avyepes n —YaCTUYHYIO CYyMMY psda» 14" |
n 1 2 3 n

S

n b41 | 42 | 43 | Pn | OBGO3HauYNM Yepe3 n CYMMY BCEX MONOXUTENbHBIX

S

n
YJ1eHOB, a 4Yepe3 CyMmy abCconNTHbLIX BENMUYUH BCEX oTpunuaTesnbHbIX Y1E€HOB,

S S §§ o §§

BXOOAWNX B . O‘-IeBVI/J,HO, YTO n n n n noon,

u”l | lim o, o
CXOAUTCS, Toraa CyLLecTBYeT M

n 1
Mo ycnosuio Teopemsb! pasg TaK Kak

(6)7] Sn Sn

nocrnenoBaTenbHOCTb — MOHOTOHHO BO3pacTaloLLas
6 O So,So
HeoTpuuatenbHas, 70 » . O4eBMOHO, YTO n n ,Torga

S

n
nocreaoBartenbHoCTH M Sy  ABRAKTCS MOHOTOHHO BO3pacTarowmmMmm v
IimSS IimS§S S

orpaHn4yeHHbIMU, nNpu4emM Ux npenenbl paBHbI 7 n nn 7 . Torna
lim$ lim(S S) limS limS S S S
n n o n nn n n ’1n . 3Ha'~IVIT, NCXOOHbIN
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Un
3Ha|<onepemeHHb||7| pAa0»1 CXOOUTCA U CXOOUTCA abConTHO.

Teopema gokasaHa.

3ameyvaHue. Teopema 2 OaéT TOSbKo AocTaToYHOoe ycnoBune cxognmMmocTu

3HaKornepeMeHHbIX pAaoB. O6paTHaF| TeopemMa HeBepHa, T.e. eClin

Un
3HaKOMNepeEMEHHbIV PS4 »1  CXOAUTCS, TO He 06s3aTeNbHO, YTO CXOAUTCS pAa,

u

| |

COCTaBJIEHHbIN U3 MOAYNEN n1 (OH MOXET OblTb Kak CXOAALLMMCS, TakK 1

0 N S Y D il
234 ,1n
pacxogdawmumces). Hanpumep, pag CXOAQUTCSA MO NpU3HaKky

JlenbHunua (cm. npumep 1 gaHHOW Nekuumn), a pag, CoCTaBIEHHbIN U3

1

aBCOMIOTHLIX BENUYMH €ro UneHoB, n 1 (rapMOHUYECKWiA psifl) pacXoamTCA.

N

(l)n 9n =
Un Un |

nl
0003HaAYUM: n! . CoctaBum paa 13 abCoNTHbLIX BENUYMH

a n
lim ! 9

NPYMEHNM K Hemy npusHak [Janambepa. Coctasum npeaen " a, ,roe  n
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Onl

a
1
D)
. Mposeas npeobpazosaHus, nonyyaem
a
nl n
. . | 5. | .
lim_"" 1im 2 " fim 9 97! 4im _ 90
19" ' n
n an  n(n 1)!9 nnl(n 1) 9 nn 1 . Takum o6pasom, psg
On
|“n| I
nl 21" CXOAMTCA, @ 3HAYNT, UCXOAHBINA 3HAKONEPEMEHHbI Sz CXOAUTCS
abconoTHO.
n n
()" 9
'
Omeem: psagn1 ™ abCoMIOTHO CXOOMTCS.

PeweHue. A) Niccnenyem psag Ha abcontoTHyo cxoanmocTtb. O6o3Haumm

n n
(., a fol

n
nl N COCTaBUM psifl U3 abCOMOTHBIX BEMNYUH

n
|“n| 1
Monyyaem psag » 1 21" ¢ nonoxuTensHbIMM YrieHamu, K KOTOpoMy

npUMeHsieM npeaesibHbIN NPU3HaK cpaBHEHUA pAaoB (TeopeMa 2, nekumsa 2, pasg.

an —
2.2). Ans cpaBHeHUs C paoOM 1 n1 1 paccMOTpUM psg, KOTOpPbIN UMeeT

; .

Jn P
BUA, 0l . OTOT psig SBRsieTCs psaaom Aupuxne ¢ nokasatenem o)
T.€. OH pacxoautcs. CoctaBuUM 1 BblYMCNIUMCIEOYOLLNIA Npeaen
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}’lbn n n 1 n 1
1 »n . TakKak npegen cywecTsyeT, He paBeH 0 1 He

a b

n n

paBeH ©, To 0oba psgan1 Wx1 BegyT cebsa ogmHakoBo. Takum obpasoM, psa

Vn
ol ="
nl a1 1 pacxoamTcs, a 3HAYUT, UCXOAHbIN paa He SBNSeTCS abContoTHO
cxoasLwmmces.
n
(D" Jn
n 1
B) [lanee nccneayem McxogHbln psig » 1 Ha YCINOBHYI CXOAMMOCTb. [ng

9TOro NPOBEPUM BbINOSIHEHNE YCNOBUIA Npu3Haka JlenbHuua (Teopema 1, pasg. 3.1).

NG

u (1), a ay, 0 .
Ycnosue 1): » n, roe nl ,T.e.3TOT psaj 3HaKoYepeayLwmncs.

ans NnpoBEpPKN yCcrioBuA 2) O MOHOTOHHOM y6bIBaHMI/I YrieHoB pAda UCNosib3yem

X
3 f(x)
criegyrowmmn metog. PaccmoTpum BecnomoraTternbHY yHKLIO x 1,
X [O; ) X n
onpeaeneHHy npu (chbyHKUMS TakoBa, YTO NpU nMeem

n a . S
() n M "). Ana nccnenoBaHUs 3ToN MYHKLMM Ha MOHOTOHHOCTbHaNAEM eé

x1 <
O 1
> Vx (x 1) S ()0
MPOU3BOAHYIO: (x 1) 2 . OTa npowu3BoaHast npu
X
| S )
X
. CnepoBatenbHo, (oyHKLMS x 1 MOHOTOHHO YObIBAET NPU YKa3aHHbIX
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v

1
xnn 1 J () an [l 1) an 1
3HavyeHusx x. lNonaras , Nony4yaem n 1
ni1234,..
roe . OTO O3HaA4aeT, YToycrnoBue 2) BbINONHEHO. [1Na NpoBepKM
lima, lim 2 jim — ¢

n nn 1 n \/;

a
ycrnosus 3) Haxooum npeaeno6Luero YneHa . :

T.€. TpeTbe YCA0BUE BbINOAHAETCA. TaKUM 06pa30M, ANAa NCXOQHOIo psaa BbINOJIHEHLI BCE YCN10BUA

S
n
npusHaka JlenbHuua, T.e. OH CXOAMUTCS.
n
(D" Jn

nl
Omeem: pagn1 YCNOBHO CXOAOUTCS.

3.3. Ceolicmea abcos1romHO U ycs108HO cxodsiuuxcsi psidoe
nl

Ceoiicmeo 1. Ecnu psn a0COJIFOTHO CXOJIUTCS, TO OH a0COIIFOTHO CXOTUTCS TIPU

JT1000# MepecTaHOBKE €T0 YJICHOB, MPU TOM CyMMa psijia HE 3aBUCHUT OT TMOPSIKA

S
pACIIOJIOKEHUS WIEHOB. ECliM  — cymMMa BCEX €ro IOJ0KUTEIbHBIX YWICHOB, 4  —
Un
CyMMa BceX a0COMIOTHBIX BEJTUYUH OTPUIIATEIBHBIX YIECHOB, TO CyMMa psiia n 1
paBHaS S S.
u
n C Un

C const
Ceonicmeo 2. Ecim pann 1 a0COJIIOTHO CXOJUTCS U , TOpsAn 1



TaK>Xe a0COJIFOTHO CXOIUTCH.
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Un Vn

Ceoiicmeo 3. Eciu psinibl n 1 Mnl abCOTIOTHO CXOAATCS, TO PSIIBI
(un vn)
nl TaKXe a0COJIFOTHO CXOJISITCH.

Ceoiicmeo 4(meopema Pumana). Eciv psiji yCIOBHO CXOAUTCS, TO Kakoe Obl MbI HE
B3SUIM YUCIIO0 A, MOKHO TIEPECTABUTH WIEHBI IAaHHOTO psiia TaK, YTOOBI €ro cymma
OKa3aJlach B TOYHOCTH PaBHOM A; O0Jiee TOro, MOXKHO Tak

MEPECTABUTH WICHBI YCIOBHO CXOJSIIETOCs PsJia, YTOOBI MOCIE 3TOTO OH

pacxouics.

Jlexkuus 4. @PyHknuoHaabHble psaabl. CTenennbie psaabl. ®opmyia
Teisopa

4.1. ®yHKUMOHAJbHBbIC PAIbI: OCHOBHbIC MIOHATHSA, 00J1aCTh
cxoaumoctu Onpedenenue 1. Psij, 4ieHbl KOTOPOTO SABISIFOTCS (DYHKIMSIMU
OJITHOW MJIM HECKOJIBKUX HE3aBUCUMBIX IEPEMEHHBIX, ONPECIEHHBIMU Ha

HCKOTOPOM MHOXKCCTBC, HaBBIBaeTCﬂ(j)yHKI/[MOH(JJZbel]l/l pﬂOOJl/l.

up (x) ur(x) uz (x) uz(x) ...
PaccMoTpuM pyHKIMOHAIBHBIN PSif 7 1 ,

YJIEHBI KOTOPOTO SBJISIOTCA (PYHKIMSIMHU OJJHOM He3aBUCUMOM niepeMeHHoi x. Cymma

S (x) ul(x) u (x) ... u (x)

ICPBLBIX 71 YIICHOB psa n SIBISCTCS YaCTUYHOM

ty ()
CYMMOM JaHHOTO (PYHKIIMOHAIBHOTO psia. OOmmii uieH €CTh (PYHKITUS OT X,

onpeaenéHHasl B HEKOTOpou obsactu. PaccMoTpuM (QyHKIIMOHANBHBIN P B TOUKE

X X u, (xO )
0 . Ecu cooTBeTCTBYIOIIMI YUCIOBOU P 7 1 CXOJIUTCS, T.€. CYyIIECTBYET

lim §, (xo ) S(xo ) S(XO )

IIpeeN YaCTUYHBIX CYMM 3TOIO psiaa’ (roe — cymma
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X0

YHCIIOBOTO psifia), TO TOUKa Ha3bIBAETCS MOUKOU cxo0umocmu (PyHKIIHMOHATBHOTO
up (x) un (x0) X
nl

mouxou pacxooumocmu PyHKIIMOHATIBHOTO psJIa.

un (X)
Onpeoenenue 2. Ooracmoio cxooumocmu GyHKIIMOHATHHOTO Psa n 1 Ha3bIBACTCS

MHOKECTBO BCEX TaKUX 3HAUCHUM X, MPU KOTOPHIX (PYHKUUOHAIBHBIN PSii CXOIUTCA.
OO6nacTb CXOUMOCTH, COCTOALIAs U3 BCEX TOYEK CXOJAUMOCTH,

D(x) D) o

. D(x) x D( x)
OYHKIIMOHATBHBIN PSIJ] CXOIUTCS B 0071aCTH , €CIIU JJ151 JTF0OOTO OH

0003HaYaeTCs . OT™MeTHM, 9TO

S( x)

CXOJUTCS KaK YHCIOBOMU Psifi, IPH 3TOM €ro cymma OyAeT HEKOTOpor (yHKUIUEn

S alx)

. OTO Tak Ha3bIBaeMas npeodeibHas yHKyus T0CIeI0BaTeIIbHOCTH
lim S (x) S
n n .

D(x)
Kak HaxoguTb 06nacTb CXOANMMOCTU (PYHKLMOHANbLHOMO psaa ? MoxHo

un (x)
ncnonb3oBaTb NPU3HAK, aHaNorMYHbIN NpuaHaky Janambepa. Ana psga n

1 coctaBnsem “" '™ y paccmaTpmBaem npegen npy MUKCUPOBAHHOM X:

u (x)

lim |1 l({x) |
" D(x) b(x) 11
n (x) . Torpa SBNAETCS PeLIeHNEM HEPaBEHCTBa "
NETR U
peLleHNEM ypaBHEHNS (6Gepém TONbKO Te peLleHns ypaBHEHUS,

B KOTOPbIX COOTBETCTBYOLLNE YNCITOBbIE PAAbI CXO,D,FlTCFl).

xn

lMpumep 1. Hantn obnactb cxogumocTu psga n 1 " —_—
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X xnl
up (x) un 1(x)
PeweHue. O6o3Haumm n, n 1. CocTtaBnum v BblMUCIIUM Npeaen
) . nl
lim[un1 )] lim | X 7 _ ]
n (X) X (n 1)
" n " , Toraa obnactb CxoAMMOCTY psga onpeaenseTcs
1 x () 1,
HepaBeHCTBOM X 1, nypaBHeHneEM . . Vviccneagyem OOMOJIHUTESIbHO

CXOOUMOCTb NCXOOHOIo pAaaa B TOYKaX, ABNANWNMUNCA KOPHAMU YpaBHEHUA:

w (D :
x 1
a) ecrm - n , TO MOMyYaeTCs PacXoAsLLMACs psig a1 |
] (1)’
u (1) (O _ —
6) ecrin - n ,TOpagnl n CXOAUTCH YCITOBHO (MO
npuaHaky JlenbHuua, npumep 1, nekuma 3, pasg. 3.1).
n
X
D) n I x 1
Takum obpasom, 0611acTbCXOAUMMOCTHU psoani nmeeT BuAa: )

4.2. CTeneHHble psAabl: OCHOBHbIE MOHATUA , Teopema AGens

PaccMoTpuM YacTHbIM cnyvyan yHKLUMOHaNLHOro psiaa, Tak HasbiBaeMbln

. u, (x) n
cmerneHHou psion 1 craeun (x) an(x xo0)

Onpeoenenue 3. Cmenennvim psioom Ha3biBaeTCs GyHKIIMOHATBHBINA PSiJ] BUAA

2
ao ai(x x0) a2 (x x0)" ... an(x x0)" ..an(x x0)"

n0 )

agp , A1, dy , ...
rae — MOCTOSIHHBIE YHCIIa, HA3bIBAEMBIE KOdpuyuenmamu psaoa.
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CteneHHom paa eCtb «BECKOHEYHbI MHOTOYMEHY, paCI'IOJ'IO>KeHHbIl7I no

(x x) a
BO3pacTaloLLUM CTEMNEeHAM 0 . INoBoW YNCIIOBOMN Psifn1 ' SBNSETCS

X X0 1
YaCTHbIM CltydaeM CTeneHHoro p4aaa npu

. . Xo 0O
PaCCMOTpI/IM YaCTHbIN cnyqam cTeneHHoro pﬂp,a I'Ipl/l .

n 2
apnX aop aijx a2x ... apXx ..
n0 . BbigscHmuMm, kakon Buag nmeet

D(x)

obnacTb CX04MMOCTU AaHHOro psaa

n
an X

Teopema 1 (meopema Abens). 1) Ecnu crenieHHOM psijin 0 CXOJUTCS B TOUKE

X a(a 0)
, TO OH a0COJIFOTHO CXOOUTCA IIPU BCAKOM X, OJII KOTOPOro CIpaBCIJINBO

i

HCPaBCHCTBO

x B

2) Ecnu ke cTeneHHou psii pacXOquTcsl IpH , TO OH PACXOAMUTCS IPU BCAKOM X,

b

51 KOTOPOTO

X O
Jloxazamenvcmeo. 1) I1o ycnoBUIO CTENEHHON PSAJT CXOIUTCS B TOUKE ,
T. €.CXOAUTCS YUCITIOBOU PSIT
n 2 n
an0. aQ aijo a2 ... apo ...
no (1)
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U TI0 HEOOXOAMMOMY MPU3HAKY CXOJUMOCTH €ro 00Imuii wieH crpemutcs K 0, T.e.

lim (a0, ) O
n . CriefioBatesibHO, CYIIECTBYET TaKoe Ynuciio M 0, 4TO BCE WICHBI

a M,(n 0,1,23,..)
pﬂz[a OFpaHquHBI O9TUM t-II/IC.]'IJ)MI 1” .

x| x
PaccmoTpum Tenepb noboe x, Ans KOTOporo % n cocrasum pag u3

Jan | 1] o] [ |

abCOMOTHBLIX BEMUYUH: 1 0

a 0
3anuwem 3ToT p4a4 B ApyromMm Buae:. Tak Kak , TO
2 n

o] ol el [ o A o |

aoay, M,n 0,1,23,..
3 HepaBeHCTB:ii n r

n
X

X
n o

nony4aem
oM, ao M, |a20t2 |M,
, T.e. pag

xln

a o

)

a y y y
0 npeacTaBnaeT cobon CXoasaLWmnnca psag reoMeTpuyeckon nporpeccum co
, MIPUYEM

11 Iy

3HameHaTtenem g - TaKKaK y ¢ CnenoBaTtenbHo, psaa (2)

X

323



X o a, X
cxoauTc4 npl/' | | | Takum obpasom, cTeneHHoM psag » 0 " aBconoTHO

cxoauTcs.

al’l 'xl’l x
2) MNycTb psagno pacxoguTtcs npu , UHBIMW croBamu,

. anPn x B
pacxoguTcs ymcnosoun pagn 0 . Jokaxem, yTo ona noboro x ( | | ) f)fn

pacxoautcs. [JokasaTenbCTBO BedeTcsa oT NPOTUBHOTIO. |_|yCTb npn HEKOTOPOM

X1 X
dukcmposaHHom | )11 [f ) psin cxoamTes, Torma oH cxoaUTCA Npy Bcexm r |

X
(cM. nepByto YacTb aHHOM TeOPEMbI), B HaCTHOCTU, Npw , UTO

NpPOTMBOPEYNT ycroBuo 2) Teopembl 1. Teopema gokasaHa.

Creocmeue. TeopeMa AOens mo3BoJIseT CYAUThb O PACIIOJIOKCHUU TOYKHU CXOOAUMOCTHU

x a0
CTCIICHHOI'O p;ma. ECHI/I TOYKa ABIISICTCS TOUKOU CXOIUMOCTHU CTCIICHHOI'O

(o)

psAaaa, TO MHTCpBaJl 3aII0JIHCH TOYKaMH CXOOAUMOCTH, €CIIN

x P
TOYKOH PaCcXoauMOCTH ABJISICTCA TOYKaA , T

GBLIBI)

(0]

OECKOHEYHBIE HHTCPBAJIbI 3aITIOJIHCHBI TOYKaMH pacxoaAnMOCTH
(puc. 1).
e R i — W r | e e
PACEOIHTCA FPanm czopguTca pPAcEoIHTCA
1 1 1 1 1
 d
-1 8l —|ex| 0 lex| |81 X

Puc. 1. lHTepBanbl cXoQMMOCTU N pacxoguMoCcTn psaa
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R 0
MO)KHO nokasaTtb, 4YTO CyLLI,eCTByeT Takoe 4Yncro , YTO Npun BCEX
x(,),T0 R
n
an X

|| ¥ R
xR (R xR cTeneHHoun psaa n 0 abcontTHO cxoauTes, a npu -

. RO
pacxoauTcsl. bByaem cumtaTb, YTO ecnu psig CXoauTcsl TONbKO B oaHoM Touke 0, TO  , @ ecnu psig cxoauTcest
npu Bcex

n

an X
Onpeoenenue 4. Inmepsanom cxooumocmu CTENEHHOTO PAJia n 0 HA3BIBACTCS
) (R, R) x (R, R)
TaKoW HMHTEpBa , UTO TPHU BCEX ATOT PSJ CXOAUTCS U

IpUTOM abCONIIOTHO, a JIJISl BCEX X, JISKAITUX BHE 3TOTO MHTEPBAJIA, PSII PACXOAUTCS.
Yucio R Ha3bIBAETCSA paouycom cxooumocmu CTETIEHHOTO psijia.

(R, R)

3ameyvaHue. Ha koHuax MHTEepBasia BOMpPOC O CXOAMMOCTH

NN pacxoguMOCTM CTENEHHOrO psiaa pellaeTcs OTAENbHO AN KaXaoro
KOHKPETHOro psiaa.

[Mokaxxem oaunH n3 cnocobos onpegeneHna nHtepsana n pagmnyca

CXOoOAMMOCTU CTENEeHHOIo pAaaa.

. a, Xy a X, u
PaccMoTpuM CTeneHHo psg n 0 M 0603HAYUM  » "

CocTtaBum psig 13 abCoMOTHLIX BENIMYMH €ro YNEHOB:
NPUMEHUM K HEMY

2
|u"| |anxn! |a0| Jarx] !aZx!---- !anxn| npusHak Janambepa.
n0 n0

MMycTb cywecTtByeT
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n an X n )

1 1|1

Mo npusHaky [lanambepa psig CXOAMTCH, eCrnu , N pacxoauTcs, ecnu

1 11

xi_ ,

|
|
OTctoga psg cxoauTes npu [ , Torga nHTepsan cxognumocTn: [ . Npwu
u
Pl lim| ! 1
| 1,

[ PS4 pacxoamTcs, Tak Kak n

1

L
Ncnonb3ys o6o3HayeHne 1, nonyyYnm popmyny anst onpeaeneHns

pagnyca cXoamnmMmoCTu CTENEeHHOIo pdana.:

a 1
. nl
lim —
n a R
n ki
Ap, dp 1
roe — K03 PUNUMEHTbI CTENEHHOrO psaaa.
a
. nl
lim [ 0

Ecnu okaxeTcsi, uto npeaen 'l » , TO nonaraem R

ans onpegeneHnda nHtTepeasna n pagnyca CXoanMocCTu CTENEHHOIO pAaaa Takxe
MOXHO MUCnoJib3oBaTb pa,EI,VIKaJ'IbeIVI NPU3HaK Kowuw, pagnyc CXoonmMmoCTH paaa

§ 1
‘ R_
ornpegendeTcda n3 COOTHOLWEHUA »
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OnpedeneHue 5. O606weHHbIMCMeENeHHbIM pSIOOM Ha3biBaeTCA psag Buaa

A (X x0), (x x )

n . Ero Takke HasbiBaloT pAOoMm no cteneHAm 0

(XO Ra X0 R)
, T,

%ﬂg TaKoro psaga nHrtepBasn cXognmMocCcTn MMeeT BUA: ne

— paguyc cXoauUMOCTMN.

[MokaxkeM, kKak Haxo4uUTCHa paanyc CXOAMMOCTU Ans
0006LWEHHOro CTENEHHOro psaa.

lim |Unt [y |@n1(x xo)n! x x0 |lim anl lx x| 11
n Un | n an(x xo)n n an |
a
1/ lim nl
Te |x X0 ! R ine X " an
D(x)
Ecim! 0, TOR , W obnacTtb cxoOMMOCTHU R; ecnnl!
, TOR On
o6nactb cxogumoctn D(X) xo
n
(x 1)
n
lMpumep 2. Hantn obnactb CXo0AMMOCTU psaanl n S
(x I , (x)
nS
PeweHrue. Ob6o3Haunm " . CocTaBuM npegen
lim | 10| fim [ Ll 50 [x 1flim 7 Jx 1]
n up () | "(n 15" P | |n nS(n 1) 5
x 1 |

Lo

Pellaem HepaBeHCTBO: 5 , cneJoBaTenbHO, MHTepBan
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6 x4 )
CXOOAMMOCTU UMEET BUA: , Npn4em R = 5. [JononHUTENBHO

nccrieayem KoHubl MHTepBalia CXOoOANMOCTU:

TOM :
n ~
a)x 4 ,u n, nony4vaem psagn1 » KOTOPbIN PACXOANTCA,
n
n (1)
un (6) (H _
n ~
B6)x 6, n , nonyyaem psag .1 , KOTOPbIN CXOOQMTCS
[6,4) RS
ycnoBHo. Taknm obpasom, obnactb CXOAUMOCTMU: , .
[ 6:4)
Omeem: obnacTtb CXO0AMMOCTHU .
(nx),
lpumep 3. Pagni pacxoauTtca Ons BCex x 0, Tak
kak (nx)" npwu
n RO
, paganyc cxoanmMmocTu
xn
ﬂpumep 4. PH,D,n 1 n! CXOAUTCSA-Rp# BCEX * R, pagvyc cxogumocTti R

4.3. CBOMNCTBA CTeNeHHbIX pAAoB

n
an x
PaccMoTpuM CTENEHHOM psig»0  , y KOTOPOro MHTEpBa CXOAUMOCTHU
R;R) S( x) x ( RR
, TOrda cymMmma CTerneHHoro psiaa onpenerieHa ans Bcex "

S(x) an X"
MO>XHO 3anncaTtb paBEHCTBO n0
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n
an X
Ceolcmeo 1. CTeneHHOM psA»0  cxoauTcs abCconoTHO B NIOBOMNPOMEXYTKE
[a;b] ( R;R) .
, Nexallem B MHTepBarne CXoAMMOCTU, NPUYEM cymma

S(x . . X
cTeneHHoro psaaa ( )FIBJ-IFIGTCH HenpepbiBHOU d_)yHKLI,VIel/I npn BCEX

. [a; b] ( R;R) .
Ceoucmeo 2. ECJ'IVI 0Tpe30|< , TO CTEeNneHHoOn
PS4 MOXHO MOYSIEHHO MHTErpnpoBaTthb OT a 40 b, T.e. ecnu

[a;b]

2
S(x) an X ap aijx axx
no , TO

b b b b b
S(x)dxanxndx aodx aixdx ... anxndx

a n0q a a a
Mpw 3TOM pagnyc CXOANUMOCTU HE MEHSIeTCS:

a | a (n 2)

n a n (71 l)anl ’

a an
. nl
roe — K09 PULMEHTbI MPOUHTETPUPOBAHHOTO PAAA.
Ceolicmeo 3. CymmMa CTeneHHOro psiaa ecTb yHKLUMS, UMetoLLas BHYTPM

MHTepBana CXoaMMOCTU NPou3BoAHbIe Noboro nopsaka. MNpousBoaHble OT CyMMbI
CTeneHHoro psaaa dyayT cyMmamMuy psaoB, NOMNyYeHHbIX U3 aHHOIO CTEMNeHHOro
psaa noYneHHbIM anddepeHLmMpoBaHeM COOTBETCTBYIOLLEE YNCTIO pas, NPUYEM

paanycbl CXOOUMOCTU TakKmnX pAnoB 6y,£|.yT TE XKe, UTO Ny NCXoaHoro paaa.
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2
Sex) ap aix axx” ... apx' ..ap x"

Ecnn no :
S(x) a1 2a2x ... nanx" 1...n an X" :
TO nl ’
S (x) 2az 6asx ... n(n apx" 2 .n(m 1)ay x" 2

n2 , ..., NT.O.

4.4. Dopmyna Tennopa
PaccmoTpum BaxKHyto 3agady, KoTopasi peluaeTcs B

TEOPUNMPYHKLMOHANbHbIX PSA0B: MO 3agaHHOW (PYHKUUK HAnUTH
CXOAALNNCADYHKLMOHANbHbIA pA4 TOro UM MHOro Tuna, CyMmmMa KOTOporo
B obnactn cxoanMoCTu paBHsAack Obl 3agaHHON OyHKUMK. Takada 3agadva

HasblBaeTCA pas/oxeHueM pyHKUUU 8 psid, HanpumMep, CTENEHHON.

[MycTb oyHKUMA AC)
U (x )(x 9, x 9)

Xo: 0 ,rae 86 0 , NpNU4YEM B 3TOM OKPECTHOCTU PYHKLMA

(n 1)

MMeeT BCe Npon3BogHble 00 -ro nopsagka.

onpegeneHa B HEKOTOPOW OKPECTHOCTU TOYKN

3adayva: NogbepémM MHOrouneH n-n cTtenexHn

P (x) c c(x x c (x x . ¢ (x x X X
n() 0 1( o) 2( o)2 n( o)”noc;TeneHﬂM( O)TaK,

Pn (X)Mf(x)

4YTOOLI B TOYKE X0 COBMaganu 3Ha4deHus , d TaKKe 3Ha4YeHund nx

nl
Npon3BoaHbIX A0 ( )-ro nopsiaka BKNoYMTENbHO. Toraa cymMtaem, 4To B

P, (x)

OKPECTHOCTM TOYKUN Xo TAKON MHOFOYNIEH Oyaet npubnuxatb
OaHHYH (OYHKLMIO C HEKOTOPOW TOYHOCTLIHO.

cC ,C,C ,.,C
KoadbpuumeHTbl MHOrouneHa o ~ 1 2~ » SIBASAIOTCS HeonpeaeneHHbIMM

KOS(b(bVILl,VIeHTaMI/I, KOTOpble Heob6XxoaMMO HaNTK ucxoas m3 crnegywuwnx yCﬂOBMVIZ
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x0) Pu(x0) f(x0) Pn(x0) . f(x0) Pu(x0) , ....f " xo) P, (x0) .

[Ansa HaxoXaeHus aTUX KoaPPULNMEHTOB HAUAEM NPOM3BOAHbIE OO N-ro nopsagka ot

Py (x) :
P,(x) c1 2c2(x x0) 3c3(x xo )2 e nCp(x x0)'
Po(x) 2¢c2 32c3(x x0) ... n(n Dcy(x x) * |

Pl ()n (n 1) (n2)..32 1 cpcnnt, PA" D

()0 | npnBcexX R.

X

MNoacTtaByM B 3T COOTHOLLIEHUSA *o v npupasrsiem” ©) &) P ) &) g
0,1,2,3,....n -
fxo) Pn(xo) co, fx0) Pn(xo) c1, f(x0) Pn(x0) 2c2
(n) (n)
fo) Po(x0) 23¢3,...f (x0) Pn (x0) cn n!,
C ,C,C ,..,C
Haxoaum BblpaxeHus ans 0 1 2 n , peluas
MOMYYEHHYI0 CUCTEMY YPaBHEHWIA:
C e et e JG0) .. fG0) fe). . ")
0 0 1 0 2 2 3 23 31 n n
c
[Monyyaem obuyto dhopmyny Ana onpeneneHns KoapduuneHToB MHoro4neHa k
k
¢ )
k k! ,k 091’273)“’9’1 . (4)
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Torga MHOroYnieH NpUMET cneaylowmnn BUA:
Py(®) £G0) f@0)x x0) o L0 @y k%0 Y @ ot

Jf )

OTOT MHOroOuYrieH HasblBaeTCcs MHo204r1eHoMm Teudrnopa ans pyHKkumm
(k)
S~ ()

(x x ) L
no cTeneHAaM 0 ,rae k! HasblBalOTCA KO3gpuyueHmamu

k

MHozouneHa Tednopa, () p

J )

Takum obpasom, Ana Kaxgon yHKUMn , YOOBNETBOPAOLLEN
X U (x) _ y
nocTaBNeHHbIM YCoBUAM Mpu 3 0, MOXHO HanTu MHoro4neH Teunnopa
P, (x)
fG) P (x)
(B TOUKE Xo PYHKLNSA N MHOIOYNEH .« coBnagatoT
CO CBOMIMU MPOU3BOAHLIMU 0 N-ro nopsiaka).

S )P (x) R (x)

PasHocTb n , 0O03HaYeHHylo Yepes , Ha3bIBalOT
ocmamoyYHbIM YrieHom cbopMyrnbl Tennopa, Kotopas MeeT BUA:

n (k)
) P R =" @xo) Ry ()
kO k' (5)

dopmyna (5) HasbiBaeTca gpopmyriol Telinopa ons eyHkuuu
() no cmerieHsim (xx0) nop4aaka n. ormerum, uro

R ) R(x )R ) R () 0
n 0 n 0 n 0 n 0
; R, (x)
BenunuynHa octaToyHoro uneHa popmynel Tennopa nurpaet

BaXXHYHO pOJib B OLlE€HKE TOYHOCTU I'IpVI6J'Il/I>KeHVIFI 3alaHHON beHKLI,MI/I
MHOIo4s71eHomM Tel7|nopa. CyLIJ,eCTByeT ABa Bnaa OCTaTO4YHbIX YJIEHOB.
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OcTtaTo4HbIV YneH B ghopme NeaHo. NpeobpaszyemM OCTaTOYHbIN YneH

dopmynsbl Tenrnopa, UCNoSb3ya HEKOTOPbIE MOHATUA U3 TEOPUU NMPESENOB.

lim a(x) O
(X(X) . X X X X
a) OyHKUMS Ha3blBaeTcst GECKOHEYHO Marnow npu ,ecnm - 7,

P(x) N
6) BeckoHe4yHO Manasa pyHKUnA Ha3blBaeTcs beckoHe4YHo Manoun 6onee

o(x)
BbICOKOIO MOpsiika MarnocT OTHOCUTENBHO GECKOHEYHO Manon yHKLUK npu

lim B 0
X X X x
0, €CNn CyLLIECTBYET =«  g(x) W 3anucbiBaeTcsa crneayoLwmm obpasom:

o(a)
(4TO YMTaeTcsa Tak: «3 ecTb 0 Masnoe oT a).

X
PaccmoTtpum doopmyny Tewnropa ans pyHKumm /&) no cTeneHam ( %)
no (k)
k
f@ Po Ra@ I x0) Ry
nopagka n: ko K . OcTaToYHbIi

uneH B popmyne Tennopa umeeTt Bug: “n ® "™ Pn ® 13 noctpoeHns mHorouneHa
Tewinopa cnenyet fn “0) Rn ®*Q ) Rp «Q ) Rn™ Q) %1orpa

R

m — 0,

R, @ R()

lim —"———1lim

n n
xxo (X x ) xxon(xx )l xx nlxx () xx 0l oTKyda

R (x)
_— 1l

. lim

OCTaTO4HbIN YneH popmysbl Tennopa MOXHO 3anucaTtb B BUAe:

R (x) o(lxx )y )
n 0 , T.€. BEMNMYMHa OCTaTO4HOrO YreHa ecTb 6eCKOHEeYHO

(¢x ), XX
0 n

Manasi 6onee BbICOKOro nopdagka majnioctm OTHOCUTENbHO pun 0.

fE)P @R @ R () ol xx )

dopmyna Tennopa , B KOTOPOW »

HasblBaeTcsa ¢hopmyriou Teliniopa ¢ ocmamoYHbIM 4rieHos 8 ¢ghopme [leaHo.
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X X0

[MoCKONbKY OCTaTOYHbLIN YNEeH npu ABNsieTcs OECKOHEYHO Maron BENUYNHOMN,
J (x) Py (x)

TO MOXHO CYMTaTb, YTO PA3HOCTb beckoHe4yHO Mana, T.e.

(x) Pn(x) .

2) OcTtaTo4HbIn YneH B ghopme JlagpaHxa. 3annuwemM ocTaTouHbIN YSeH B BUae

nl
Ra(x) & 20 o

(n 1)! , rae Q(x) ecTb HekoTOpas PyHKUMA, Noanexalyas

onpeaeneHnio. MoxHoO AokasaTh, 4To Ax) fn (B
Z;XO (xx0 ),001

, FOe Toyka &

3aKrnt4vYeHa Mexay X U Xo. , T.€. OCTaTOuYHbIN YNIEH UMEET BUA;:

(x X )nl

Rn () (1)! f(n 1) (©)

. Torga coopmyna Tewnrnopa npumeT BUA

(xX) Pp(x) Ru(x) n nl
f (x0) ko (xx0) )
R IR

k0 , KOTOPbIVA

HasblBaeTcsa goopmyroli Telinopa ¢ ocmamoyYHbIM YrieHoOM 8 ¢hopme JlaspaHxa.

PaccmoTpum yacTHble criydau popmynel Tennopa.

— Ecnun B hopmyne Tennopa ¢ octaTouHbIM YrieHoM B popme JlarpaHxa

n0
NONOXUTb , TO nony4aem ¢hopmMys1yKOHe4YHO20

F@1G

npupaweHus. ) % )/ ©) (meopewma JlacpaHxa).

. X0 0
— Ecnn B hopmyne Tennopa nNonioxnTb , TO nony4nm dpopmyny,
KOTOPYIO HasblBalOT ¢hopmyriot MakrnopeHa:

f) foy  LOx O 2. Yo e (x)

1! 2! n! "
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N R (%) olx, )
rae OCTaTO4YHbIM YSIEH MOXHO 3anucaTtb B doopme [eaHo: »

nnn B oopme Jlarpanxa:

1) (O 1
Ry (x) u_&x n
(n 1)
S
dopmyna MaknopeHa siBRsieTca pasnoxeHneM yHKLMK B
BMnAge MHOro4sieHa no CteneHdam X.

1
S —
2
Mpumep 5. PasnoxunTtb QyHKUMIO x~ B BUOE MHOro4sneHa TpeTbero

(x2)

nopsagka no cteneHam C OCTaTOYHbIM YfieHoM B hopMme JlarpaHxa.

£ Xo 2

Pewerue. 3anuwem cdopmyny Tennopa 4ns yHKLMK B TOYKe B
BUAE MHOroysieHa 3-ro nopsigka ¢ oCTaToyHbIM YneHoM B popMe JlarpaHxa

o fQ [ x2 O @2 LO 2 RE
I! 2! 3! 3 ,

R L0 @2
rne ° 41

x 2
Haxoaum npoun3BoaHble HY>KHOTO NopsiAka B TOUKe ;

1 1 2 2 1

o AL fQ) 40 P Q8 4
6 63 bl M3 120

/() x4, f(2) 16 8; f ) 3 S @324y e
120

e &, roe€ 2 B(x 2),0 (0;1)
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[MonyyeHHble AaHHble noacTaenaem B oopmyny Teunopa

foo 1 12 3@ 2)° 12y R(x)
4 4 16 8 N BblMUCIIAEeM

@2 120 5(x2)
N2 e

k3 (x) ;0 (0;1)

S I

Mo>HO cKkasaTb, YTO PYHKLUUSA X = 3aMeHsIeTCA MHOro4YrIeHOM C TOYHOCTbIO
KOTOPYI MOXHO onpeaenivtb, OLUEeHMB OCTaTOYHbIN YrieH hopmyrbl Tennopa

x 2t 12

R3 (x)

6
41 & npux 2,

336



Jlexmusa 5. Panwl Tennnopa u Makiiopena

5.1. Papbl Tennopa n MaknopeHa . YcnoBusi cCXogumMocTu
psagoB Teunopa K ucxogHou hbyHKLUN

Y f(x)

[MycTb yHKUMA onpeaerneHa B HEKOTOPOW OKPECTHOCTU TOYKUXo:

U x )x R, x R,R O
R 0 0 0 N UMeeT Npon3BoaHbIe NMHOro nopsaka,

(x
Torga onga aTon pyHKUUM popmanbHO MOXHO COCTaBUTL PS4 NO CTENEHAM

XO):

F(x)~co c1(x x0) ... cn(x x0)" ...ck (x x0 )k
kO ;

k
£ o)
Ck
roe k!

(k)
L('xo ) (x x0)"

OnpedeneHue 1. OBOOLLEHHBIV CTENEHHON paad BMAA k 0 k!

. 1 x x )
Ha3blBAeTCH pﬂOOM TeUﬂOpa a4 (byHKLIMVl Mo CTeneHam 0 ) ECﬂVl
k), k
f0) x
x 0 kT
MOMOXUTb 0, TO MOMYHYUM PAdk 0 , KOTOPBINHOCUT Ha3BaHue

S )

psidaMaknopeHa Ansa yHKLUMK MO CTEMNEHSM X.

J )

3adavya. lNycTb 3agaHa yHKLUUS , beckoHeYHo anddepeHumpyemas B

x R, x R
0

OKPECTHOCTU TOYKM Xo: 0 , N NYCTb ANA aToun (byHKLI,VIVI COCTaBneH paa

(k)
X0 k
£ )(x X0 )
(xx ) k!
Tennopa no creneHsim 0 ko0 N ero cymma pasHa

(x R
Ecnun nHtepsan o x0 R),R 0 gaBnsieTcs MHTEpBanoM cxoanMOCT 4aHHOMO
psga ¢ pagMycom CXoauMocTh R, TO MOXHO 3anuncaTb paBeHCTBO:

S(x)
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(k)
s L") @ xpf
k0 k!

Xx R x R
npum Bcex 0 0 .

BbISICHUM, NpY Kaknx yCnoBusiX TaKkOW CTENEHHOW psaa MMeeT CBOEN CYMMOW

YHKLMIO S , T.e. Korga S (x) 56 , MOCKOIbKY CyLLEeCTBYIOT OyHKLMN, AN

KOTOpbIX cymMMa psga Tewnnopa He coBrnagaeT C AaHHOM oyHKUMEN.

1
—_

1) e T x 0

Paccmotpum npumep. daHa gyHKUNSA 0, x0 , KOTOpas ABNseTCH
. X R _
B6eckoHevHO anddepeHumpyemon . Bbluncnnm nponssoaHble 3Tomn
x 0

JOYHKUNKN B TOYKE

1

a, SO 0Gaf©lime ¥ 2 0uia fPOka | fon () 0.

x 3 Tak

x 0

UM obpa3om, Bce BblYUCNEHHbIE KO3 PUUMEHTbl psiaa Tennopa—
MakriopeHa ans gaHHon pyHkummn pasHbl 0, NOSTOMY 3TOT psif CXOAUTCA
Ha BCen ocK, ero cymma ToxXgecTtBeHHO paBHa 0: S(x) 0 , 04HAKO f(x) 0 NpU x

0 (f(x) 0 TONMbKO B Hayane KoopauHar).

(k)
7 (x0) (x x0 )k
MycTb pag Tennopark o k! MMeeT UHTepBar CXOAMMOCTHU
x R, x R
0 0 , rae R — paguyc cxogumocTtu. Toraga, ecnm
n (k)
X k

i@ L") xo)

ko Kk

— YaCTU4HadA CyMMa 3TOro psaaa, 1o s noboro
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lim S, (x) S(x)
x (xo R, x0 R) cyuwlecTByeT . PaccmoTtpum Teopemy, koTopas

F(x) s

OAET YCNoBUSA TOro, 4YTO

Teopema 1 (Heo6xo00umMbIli u docmamoYyHbIll Npu3Hak cxodumocmu psida Telsnopa

(k)
L0 6xo) s

K ¢pyHkuuu f(x)). Ons Toro ytobel psag Tennopak o k! ,

X U x )(x R x R y y
R0 0 0 , UMen cBoel CyMMOM DYHKLMIO f(x) , T.€.

(x) S(x)

, HeobXo0AMMO M OOCTaTOYHO, YTOObI

x U (x ) lim R, (x) O R (%)
ANs BCcex R 0" cyulecTBoBan npeaen ,rae n - ocTaToK

psaa Teunopa.

J )

Lokazamenbcmeo. 1) Heobxodumocms. [yCcTb PyHKUNSA ecTb CymMMa psiga

fo L) g
Tennopa Ha yka3zaHHOM MPOMEXYTKE: k0O ' , Unn

@S RE S R (x)_

- yacTuyHas cymma psga Tennopa, «»

. X U x )(x R x R
octaTok paaa Teinopa. M3 ycnosua cxogumocTy psaaa R0 o 0

lim S, (x) S(x) E
cywiecTByeT npepern " , N TaK KaK ( X) f (X) , TO CyLlLlecTByeT
npeaen

lim Ry (¥) lim £ (x) Sy (¥) f(x) lim Sy (¥) £(x) S(x) 0

n n n )

R (X)O x U (x )
e. n R 0

T. . HeobxoanmocTb gokasaHa.
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lim R, (x) O _
LocmamoyHocms. [NycTb cywecTByeT . Tak kak pyHKums f(x)

X Ur (x0) .
BeckoHeuHo anddepeHLmpyema npmu Bcex . TO ANs Hed nmeeT

MecCTO

n (k)

f@ L= ) Ry
dopmyna Teitnopa ko Kl NS BCEX
x(x R, x R) R ( x) y y
0 0 ,roe  n — OCTaTOYHbIN YSieH doopMyrnbl Tennopa,

KOTOpPbIN cOoBMagaeT c ocTaTkoM psana Tewnnopa. Torga 4yactuyHasa cymma
COOTBETCTBYHOLLEro paga Tennopa umeet BUA:

n (k)
i@ L ) Re (o)
k!
k0 .
Sy (x) ! S( x)
PaccmoTpum npepen , KOTOPbIN 0603Ha4MM Yepe3 , YUUTbIBAS, YTO
lim Ry, (x) O S(x) lim Sy, (x) Iim f(x) Ry (x) f(x)
n : n n , T.e.85(x) f(x) |

JlocTaToOYHOCTb JOKa3aHa.
IimR (x) 0

n o
3ameyaHue. Ecnu n , TO CyMMa pAafa Tewnopa MOXEeT He coBnaaaTtb

S(x) f (x)

C AaHHOW oyHKUMen, T.e. , XOTSA caM psaL MOXET CXOAUTBLCS K
OPYron QyHKUUK.

Heobxoanmoe n goctatovHoe ycrnoBmne cxoanmocTn psiga Tennopa K
ncxogHon yHKUMM HeyaoBHO AN NPOBEPKM HA NPAKTUKE KOHKPETHbIX

PSIAOB; CyLLECTBYHOT B6onee nNpocTble, XOTA 1 bonee XECTkue, A0CTaTOYHbIe

J )

YCNOBUA pasnoXeHnsa yHKLMN B psiabl Tennopa—MaknopeHa. CHa4ana

chopmynmpyem fiemmy.
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X
lim =" 0.

Jlemma. [Ina noboro xR cywectsyeT cneayowmn npegen: » n!

Llokazamersibcmeo. PacCMOTpUM CTENEHHOW pag,

n 2 3 n
X X X X

—1lx — —.. —.. u (x) r_
no n! 2! 3! n! , ODLLIMI YNneH KOTOPOro n! . Hangém

n

paguyc 1 o6nacTtb CXOAMMOCTM 3TOrO psia, UCMONb3ys NPU3HaK

xnl

un T&Q_ 1
Oanambepa. Bbiuncnsem npegen, yuntbisas, 4To (n D!

nl
x n!

(n l)xn

up_1(x)

up (x)

lim

n

lim
n

M

lim

nn 1 ,
T.e. pagnyc cxognmocCTu paaa R . CnepoBaTternsHo, paCCMOTpeHHbIVI pan cxoouTces

01151 BCEX *R, Toraa no Heo6Xo41MMOMY NpU3HaKY CXOAMMOCTM OBLLMI

n n
u(x) X0 lim *_ 0

JneH psga . n! , N, T.e.n n! ans nobdoro

X
R.

Teopema 2 (0ocmamo4Hbie ycsioeusi pa3noxumocmu yHkyuu f(x) e psid

S )

MaknopeHa). [ycTb oyHKUMA onpegeneHa n 6eckoHe4yHo anddepeHumpyema

(aa), a0
Ha UHTepBane . Ecnu cyuiecTtByeT Takoe 4ncno M 0 , YTo Ans Kaxaoro

n x (aa)
HaTypalnbHOro N 1 Bcex BbIMNOJTHAETCA HEPABEHCTBO!

o) M

OHUM M TEM Xe YMCIIOM), Torda octaTok psga MaknopeHa

(STO O3Ha4aeT, 4YTO Nnpomn3BoaHbIE ntoboro nopsaakKka orpaHn4yeH-bl
(n)

341



k k
JARNO)Y:
Ry (x) _— 0

n
1 k! npu , a 3HaYmT,

(k)
fo s =08y (e
kO '

Lokazamernbcmeo. [Nokaxem, YTO oCTaToK pana MaKnopeHa CTPEMUTCA K HYITHO MNMpn

n /)

. 3anuwem ana yHKLUAv dopmyny MaknopeHa ¢ 0CTaTo4HbIM YTEHOM
no (k) n (k)
f@ — Ok R O p
k! k!
k 0
B doopme JlarpaHxa: k 0 , rae -
1
R f" V@
MHorouneH MakrnopeHa, a » (n 1) . OTMETUM, YTO YacTUYHas cymma
Sp (%) P, (x)
psga MaknopeHna coBnagaeT cMHorouneHomMakrnopeHa , a ocTaToK
R, (x)
pAana ectb . BbinonHum ero OLEHKY, UCNOJIb3yA YCNoBUA TeopemMbl 2
(n) |M
yu4uTbIBasd, 4To () ons scex X (aa) :

Ryl [ @ 1| bt jen @ Mo a
At g lim R (x) 0
1)! n
Mo nemme (1) npu , Toraa , x (aa).

CnepoBaTenbHo, No TeopemMme 1 0 He06X0AMMOM M OOCTATOYHOM npun3Hake
(k) i
f(0)

J(x) X
k!

cxoamMmocTu paga Tennopa K UCXO4HON (DYHKLUMM MoSyvaem k 0

Teopema gokasaHa.
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5.2. Pa3Jio:keHre OCHOBHBIX 3JIEMEHTAPHBIX (YHKIUI B CTeNEHHbIE PSAAbI

MCI’IOJ’Ib3yeM N3INOXXEeHHYIO0 BbllLle TeOPUto AnA pas3fioXXeHNA OCHOBHbIX
. f )
ANemMeHTapHbIX (byHKLI,I/II/I B CTEeNneHHble pAabl. [na pa3noXxeHund q)yHKLI,I/II/I

(x xp )
CTENEHHOW psaa No CTENeHAM MO>XHO peEKOMeH0BaTb
cneayroLwmn nopanok 4ENCTBUN:

f (%) X Xo

1) Haxoanm npoussBoaHble yHKLNK B TOYKe

f(n) (x0), n N.

™ (x0) i
L (x x0)

2)Coctaensem psg Teinopano ™

x R x R
3) Haxozum nHTepBan cxoAnmocTu JaHHoro psipa: o 0 :

paauyc cXoauMOoCTMW.

roe R—

R, (x)

l/Iccne,qyeM noBegeHmne oCtaTka pdaaa
anga Bcex x (xo R, xo R).

IimR (x) 0

Ecmu oxaxercd, 4to , TO Ha OCHOBaHUU TeopeM | u 2 nesiaem BBIBOJ,

(n) (x0) .
f@ =" (xx0)

4TO no n! mpu Beex ¥ (X o R x (R)

B pe3ynbpraTe nomydaem Gpopmyiy pasnoxeHust PyHKIUNA B CTEIEHHOMN PAI.

fo) L
PasnoxeHne B cTeneHHon pag yHKLMN 1 x umeeT BUA;
2
-1 xx X x (L;1)

I x "0 (1)

) I xx, x3 ... x;, ...
Bbigod. PaccMoTpum psa reoMeTpudeckon nporpeccum

qx bl 1

3HaMeHaTeslb KOTOPOou n . MoxHo nokasaTtb, YTO MHTepBan
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(LD Sx) 1
CXOOAMMOCTHM 3TOro psaa , R 1 n cymma atoro psiga 1 x(cymma paga

GeckoHeuYHO yObiBatoLLLEN FEOMETPUYECKOM NMPOrpeccun BeldncnaeTca no opmyne

S »
1_lq_). OueHnM ocTaTok psiga:

Ry (x) xn1 X" 2 xnl(l x x .) 1 «x.

ow x ( l;l)Rn (x) O’

n , Torga Ha oCHoBaHUN TeopeEMbI 1

LG —
PacCMOTPEHHbLIV PAS UMeeT CBOEN CyMMOWN (DYHKLMIO 1 x.

PasnoxeHune (1) umeeT MecTo.

PaznoxeHune B cTeneHHoW pag pyHKUMN ") & yueer sup;

2
&Fox ol oxx
1 2 n! no nt X R (2)
(n)
O,
y f) e’
Bbigod. [inst AaHHoM (hyHKLWK 3anuiuem psg MaknopeHa: no  n!

Jf )

Tak Kak pyHKUMSA - 6eckoHeuvHo anddepeHumnpyema, To Bce

MPOM3BOAHbIE CYLLLECTBYIOT M PaBHbL/ () /() ../ " () €'
noN.

0
Haxoaum atn nponssBoaHbie B TOYkex 0 ; nonyqaer(n) 0)e 1

n
anga scex N, Torga psag MaknopeHa npuobpeTtaeT Bua;
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OTOT psaa cxoauTcs Ang Bcex R.MokaxxeM, 4To cymMma 3TOoro psiga paBHa

(x) e a N
. duKcuMpyeM HekoTopoe YMcno R M paccMOTPUM HEKOTOPLI OTPE30k

x)leyle, M
[-a;a], Ha KoTopoMm (n) (%) 7ex ea ans niéoro 72 N. B aTom cnyyae no

Teopeme 2aaHHbIn pag MaknopeHa BygeTt cxoauTbCsl Ha yKa3daHHOM OTpeske K

f&x) e

NCXOAHOMN DYHKLIMK . OTMeTUM, YTo 3TO BEpHO ANs noboro

a X
dukcupoBaHHoro yncna  R. PasnoxeHue (2) umeet mecto npu Bcex  R.

NOXeHne B CTENEeHHON A0 HKLUNN . umeeT BUA;
PasnoxeHune cee3o5 I F(%) sin x

X X X (l)nl x2n 1
sinx x — — —..
3t 57 a1 Qn 1), X R (3)
(n)
F )
X
X) sin x
Bbig00. [nst yHKUMM f (2 3anuwem pag MaknopeHa n0
T
f(x) cosx sinx -
Haxoamm Bce nponsBoaHbIE: S () sin x , 2,
T o
f(x) sinx 2 — sinx f (x) sinx 3 — cosx
2 , 2 N
T
(n)(x) sinx n _

. Boluncnsiem atu Nnpon3BoHbIE B TOYKE X = 0:

FO) 0, £O 1L £O 0. £ © 1 .. £P0) sinn "o

[NMogcTaBuB 9TM 3HAYEHUS B pan MaKnopeHa, nony4yaem pdan:
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X3 x5 x7 (l)nl x2n 1 ( 1)}11 x2n 1

3105 7T @n 1) 2n 1)!

nl

x (,
[aHHbI psacxoauTcsa npy nobom ' MOKaXKeM, YTO OH CXOAUTCSH

K pyHKLMN f(x)sm x .CornacHo Teopeme 2 (NocKornbKy

}glnx n 2

e yncnom) gaHHbln psg MaknopeHa 6yaeT cxoamuTbCsa K MICXOQHOM (OYHKLMK

1 M

(n)
|f )

, T.€. BCE€ NPOn3BOaHbIE OrpaHn4eHbl OQHUM U TEM

f

(x) sin x X
npu Bcex R. Takum obpasom pasnoxeHue (3)umeeT MecTo.

PasnoxeHune B cTeneHHom psa yHKumm ©® 8 X yeer gup:
2 4

X X X ( l)n xzn
cosx I — — —. —_—
20 4 6 o (@M xR (4)
Bbigod. PaccmoTpum pasnoxeHue (3)
x3 x5 x7 (1)nt x2nl
SInx x e 1)' X
315 7 w1 (2n ., R.Tlpoanddeperumpyem

OaHHbLIACTENEHHOWN PSAA; NOMYYUMBLUMNCA HOBLIW psg OyaeT Takke CXoauTbCs

npu Bcex * R kK doyHKLUMK, KOTOpasi paBHa NPOU3BOAHOMN OT " * (ceoiictso 3, nekuys 4,
pasa.4.3), T.e.

2 ox a1

f(x) (sinx) cosx 1 T 2n)!

Takum obpasom, pasnoxeHue (4) UMeeT MecTO.

S A x),

PasnoxeHne B cTeneHHon pag yHKLMN nmeeT BuAa;
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mm 1) x2 m(m 1)(m 2) x3

(1 x)m 1 mx

2131
m(m_1)m
70 2)...(m n 1) n I

X ,xl 1

" (5)

PasnoxeHue (5) npuBogutcsa 6e3 Boisoga. OTMETUM, YTO OHO BEPHO

m
npy OUKCMPOBAHHOM R v HasbiBaeTcs 6uHomMuaibHbIM PSOOM.

m
[Mpu HaTypanbHOM N aTOT pag npencraBngeT cobon KOHEYHYHO

CYMMY, U3BECTHYIO kak 6uUHOM HbromoHa:

(1 x)m 1 lex szx2 Cmmxm, m N.

[ns HeuenbIx m umeeT Mecto popmyna Tennopa:

(1 x)m 1 mx mim_1) x2 Lomm D(m 2)..(m n 1) xn Rn (x)
2! n!

n
Mpn 13 aTton popMyrbl NosiydaemMm 6eCKOHeYHbIN cTeneHHonpsa (5). Hangém

pagunyc ero cxogumMocTu, NPUMeHss NpuaHak [anambepa.YuunTbiBas, 4To

unl m(m 1)(m 2)..(m n) oy m(m 1)(m 2)..(m n l)xn
(n 1)! , n n! , BBIYMCIISEM
npegen:
1
im 4 1| 1im m(m 1)(m 2)..(m n)n!x" im |m x|
n un )| a mm D(m 2).(mn D DX | » |n1 "
|1
Torganpu x  PSA CXOANUTCA W ero paamnyc CXoanmMocT R 1, a uHtepsarn
X ( 1,1) lim R, (x) O
cxoaumocTm (—1;1);MOKHO NoKasaTb, YTO o
x(1;1)

Ntak, pasnoxeHue (5) BepHO Ond BCeX . B yactHom cnyyae,

m 1
Koraa , N3 pasnoxeHus (5) nonydaem psag :
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1 x x x ... () x (1) xn 1

KOTOpPbIN Npu abcontoTHO cxoanTcs. Ecnn B kaxxaom vneHe psaa
3aMeHUTb X Ha (- X), TO Nony4mMm pasrnoxeHue (1):

1—1 X x2 X l,x (1;1)
Ix
nl
f(x) In(l x)
PasnoxeHue B cTeneHHoW psig OyHKLUK nveeT BUA:
2 3 4 nl "
In(1 x) x*_ *_ X_ ... (1) Y_o L x (1;1]
2 3 4 0l n (6)
m 1
Bbieod. N3 pasnoxeHus (5) buHomuanbHoro psaa npu nosiydaem
X :
pag reoMeTpudeckon Nporpeccum co 3HaMmeHaTenem
. 2 3 1 1 1
1 x x X (DX (D" xn 1
1 x
n 1 )
) | b 1
KOTOpbIN CXOOUTCH Npu , T.€. 3TOT psiA UMeeT NHTepBasi CXOANUMOCTH
(-1;1) c pagnycom cxogumocTu R 1.
[0, x]

[Mony4eHHbIN psa NOYSIEHHO MHTErPUpPYEM Ha OTpe3Ke

(L;1) ]
, ncnonbaysi ceoncTBo 3 (Nekuus 4,pasa. 4.3); npu 3ToM
WHTEepBan CXOAMMOCTU COXPaHUTCS:

() ¢ a1 (1) —y @ — —
2 3
nlo0 nl no nl

x nl nl nl I2]x nl X X2 x3 x4
— .. S(x)

CyMmMma nonyyeHHoro psga pasHa
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Sy *_dt Inl|¢ |<Inl|x |
0
ol ¢

In(1 x)

1y
(nnu , TaK KaK | )

In(1x) x
Takvum obpasom, 2 3 4 , T.6. UMEEeT MeCTO pa3noxeHune

X (L)

x 1
(6) npwn . Uccnenysa cxogumocTb gaHHOro psiga B TOYKe , lony4yaem

(l)nl

n

. nl .
4ncnoson pag , KOTOPbIV YCNOBHO cxoauTcs. Takum obpasom, obnacTb

(1;1]

CXOOMMOCTU psfa B pasnoxeHuu (6) umeet BuA , @ paguyc cxoanmMmocTu R
1.
Pa3snoxeHune B cTeneHHom pag dyHKumum m®) 20 X yeer app.
3 5 7

X X X nl X 2nl

arctg x x _— —_ (]

3 5 7

1

X

0l 2n 1 (7)

m 1
Bbi1800. N3 pasnoxeHus (5) GBuHoMmnanbHoro psga npu

nofiydaem pasrioxkeHune

2 3 1 1 1

lxx x ()" X" (D) xn 1

1 x
nl )
XX
M3 KOTOPOro 3aMeHo  Ha BbITEKaET crieayowmin psaa;
2 4 6 1 2n2
121x X X ...(l)n X
I x
n 1 ’
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|1
< x| 1
CXOAALMNCSH Npn ,a UMEHHO, TNpw | | . MonyyeHHbIN psag noYNeHHo

UHTerpupyem Ha otpeske [© (5 uenonb3ys ceoiicTBo 3 (nekumst 4, pasg,
x2n1

4.3); Npy 9TOM UHTEPBA CXOAMMOCTU COXPAHUTCS, 0B603HAUYMM 21 1 1 :

X 2n1
2n2

X
("' (2" a1y ! ¢ 24 (1) 1 x
0nl nl 0 nl 2n 1
3
x =L X S(x)
3
CymMma nonyyeHHoro psga
X
Se) _df_ arctgr |x arctgx
2 0
ol ¢
35 7
X X X
arctgx Sx) x — — — ..
Takum obpasom, 3 5 7 , T.e. pasnoxenwe (7)
1 x 1 x 1
nMmeeT MeCTO npu . Uccnepys pasnoxeHue (7) B Toukax " :

B

nl
nony4vyaem gea yCrmioBHO CXOOALLIMXCA YNCIOBbLIX pdAaa 2n 1 N

n 1
('t

2n 1
COOTBETCTBEHHO. Takum obpasom, obnacte cxogumoctu psaa (7)

[ 1;1]

ABNAETCAOTPEIKOM , @ pagnyc cxogumocTtn R paBseH 1.

nl

- f ( x) arcsin x
Pa3noxeHune B CTeneHHo pag pyHKUUM MMeeT Bua:

350



2n D! xo2n1

arcsin x x » x (L1
nl (2!l 2n 1 (8)
1
m
Bbi1600. N3 pasnoxeHus (5) bBuHommnaneHoro psga X
2 N Npu 3aMeHe  Ha
X2 y
npu noriyyaem pasroxxeHue B CTENeHHOW pAa:
) 4 1 2 13 4 135..2n 1) 2n Qn DI
(Ix ) 21 -x —x .. X .. "
2 24 246...(2n) no (2!
[MonyumBLIMUCA pag cxoauUTCsa Npu |x| 1
. ATOT psAa
[0, x] (151) 3
NOYNIEHHONPOUHTErPUPYyeM Ha oTpeske , UCMONb3ys CBOMCTBO 3

(nekums 4, pasn.4.3); Npu 3TOM MHTEpPBan CXOANUMOCTU COXPaHUTCS:

[9%3

@1 DU 2y, @ 2 en pn 2 I
Qm)!! emll 2n 1 2
0170 n0 (! 2n 10 ao

X . S(x)
3

X
S(x)_ dt _arcsinx

Cymma nony4eHHoro psga o L1t : . Takum obpasom,
arcsinx x _ R 135...@Gn 1)
23 246..12n) 2n 1

X (11
T.€. UMEeT MeCTO pasfiokeHue (8) Ha nHTepBane cxoanMocTn (L ).

3aknioyeHne gobasnm, YTO BCE nepeyvyuncrieHHble B pa3gere 52 pa3rfioXKeHundA

Ha3bIBAOT OCHOBHbIMU pa3sio>KeHUsAMU 3NneMeHTapPHbIX prHKLI,I/IIZ B

CTENEHHOW pan, KOTopbli€ UCMOSIb3YKTCA KaK 3TalJlOHHbIE A4 pa3fioXXeHUA

APYrux QOYHKLUNA.
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3agaHusa no teme «Pagbi»

BbipaxxeHune Bnaa

Ul U2 U3 ... Up ... uj

Ui Up . .
rge — uneHbl psga,  — n-U vnu obLwmin YneH psaa, HasbiBaeTcs

6ecKoHeYHbIM psAOoM.

Ecnu uneHbl paga:

Yyncna, To pAaa0 Ha3biBaeTCA HUC/I08bIM,

yucna oHOro 3Haka, To psif HasblBaeTCS 3HAKOMOCMOSIHHbIM;

yucna pasHbIX 3HAKOB, TO P Ha3bIBAETCS 3HAKONEePEMEHHbIM;

MOMOXUTENbHbIE YNCNa, TO Psa HAa3bIBAETCSH 3HAKOMOIOXUMEIbHbIM,

yucna, 3HaKu KOTOpbIX CTPOro YepeayrTcs, TO psig HasblBaeTcs
3HaKO‘-IepeanyLL(UMCFI;

dyHKUMN, TO psia HasbiBaeTCs ¢hyHKUUOHAIbHBIM,

CTENeHu X, TO psa Ha3blBAETCS CMENeHHbIM;

TPpUroHomMeTpumn4eckme beHKLI,VIM, TO pAO Ha3blBaeTCA mpucoHoMempu4ecKum.

1. YUncnosble psaabl. Paabl ¢ NONOXUTENbHbIMU YrleHaMun
1.1. OCHOBHbIE NOHATUA YUCIIOBOro psaa

Hucnosbim pssdom HasbiBaeTCa cymMMa Buga

uj Ul up u3z ... up
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uj
roe Ha3biBaeMble yrieHamu psioa, obpasytoT

Upn
OeckoHeu Hyfonocneﬂ,OBaTeﬂ bHOCTb; 4J1€eH Ha3blBaeTCHA O6LL{UM

4rieHOM psioa.
CyMMmBbil:

S1 ui,

2ul uz,
3ul u2 uj,

COCTaBfieHHble K3 nepBblX u4neHoB psga (1), HasbiBalTCH

Yacmu4HbIMU CyMMaMu 3moao psda.

Kam,u,omy paay MOXHO  COMNOCTaBUTb rocriedogamesibHOCMb

S (S
Yyacmu4HbIX CYMM n n

Ecnu npn 6eckoHeYHOM BO3pacTaHUM HoMepa N YacTu4Hasi cymma

Sn

psga cTpeMunTcs K npegeny S, To psg HasblBaeTcs CXO0SWUMCS, a
qyucrno S — cyMmou cxolsueaocs psida, T.e.

IimS S lim S uu u ..u S

n n Nn n 1 2 3 n

9Ta 3anncb paBHOCUIbHA 3anncu

uj uj u2 u3 .. Upn

Ecnn vactmyHaa cymma psga (1) npu HeorpaHMYeHHOM
BO3pacTaHMM N He MMeEeT KOHEYHOro npegena (CTpemMuTcs K Unn ), To

TaKoW psa HasbIBaeTCs pacxoosiLUMCS].
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3adaHue 1. HanTtu obLmnm YneH YncnoBoro psaaa:

2

F N )
W |w

—
=
W |—
i
o lw

1
6) 4

Iro

N
|~
o
=)
lo

5 2
2) 25 125 ) 4 3
3t st 2 4 6
4
3 16 64 8)4! 71 10!
123 12 4
2
42 5 8 9 5 38
123 13 9.
54 6 8 4 6 8

1.2 Heo6xoaAMMbIN NpU3HaAK CXOAUMOCTU paaa

Un
Pap » 1 moxeT cxoauTbCAa TOMbKO npwn ycnoBuu, 4To €ro

oBLWMNYNEHNPUN HEOrPaHUYEHHOM YBENNYEHUN HOMEpPA N CTPEMUTCS

limu, O limu, O Un

KHYJTHO: » .Ecnn. , TO pAgn1 pacxoauTca — 9To
[OCTaTO4YHbIM NPU3HAaK pacxoauMocTu paaa.

3adaHue 2. NpoBepunTb BbINOMHEHME HEOOXOANUMOrO YCNOBUS CXOAMMOCTM psaa:

n 2n
a1 102 1 6)n1 3n° 8
1 1
2 2
2)nt (2n 1)In” (n 1) 7)1 (120 1)In” (5n 1)
In(4n 1) 4n 1
3)nl 2n 1 8)nl 2n 1
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3 5

n 4n
Ay 10 9)nin 10

12n n
5)nl 4n 1 100" an® 1

1.3. D,OCTaTO‘-IHbIe NMPU3HakKn cXxoaouMMoCTU psiaa C NOJIOXKNUTerIbHbIMU YJ1IeHaMW.

I'lpu3HaKu CpPaB8HeHus pﬂdoe C noJio)KumeJsibHbIMU 4YJ1eHaMu

an bn
1-U npu3Hak cpasHeHUs.[1yCTb n 1 Wn1 — Psiabl C NONOXUTENbHbLIMU
. anp by
HNeHamu, rpuyem ANA Bcex HOMEPOB N, Ha4MHasa C
HekoToporo. Toraa:
bn an ;

1) ecnn psiin1  CXOAWUTCS, TO CXOAUTCSA U P » |

dn bn .

2)ecnu psagn1  pacxoguTtcs, TO pacXoauTCa N psad» |

an bn
2-U npu3Hak cpasHeHuUs1. [yCTb n 1 Wn1 —psdbl C NOSIOXUTENBHBIMU
4yrieHaMu, NPUYEM CYLLECTBYET KOHEYHbIN U OTIIMYHbLIA OT HyNA npegen

a

n
11m I 5 an bn
nbp Toraa psapl nl N i CXOOATCA UMM pacxoadaTcs
OAHOBPEMEHHO.

Psi0 Qupuxne
1 _1 L.
po,p p

Pan 203 n rae  p>0, HasbiBaeTcs psioom

Hupuxne.3TOoT pag cxoauTcsanpu p 1 U pacxoguTtcs npu 0 pl,
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YacTHbiM criyyaem psaa Oupuxne (npw P

1 1 1

1 -
) ABNnAeTCA rapMoHN4YeCKnin

3adaHue 3./ ccnepgoBaTb HA CXOAMMOCTbL MO NPU3HaKaM CpaBHEHWS:

1))1] 3I’l 1
1

2)n1 4n 1

3)n1 2n 1

4),1 4n 1001

Jn

5) 1 20 1

2n
3]

6)n1 4n n

N
S

7)1 2nnl

8)111 4 10]’1
21’14 1

g)nl 4n n

In
-

10) i nn 1

lNpusHak Janambepa.Ecnn ans paga ¢ NONoXKUTENbHBIMU YIlEHaMU

Un Ul u2 U3 ... Up Up 1
nl

u
lim _"' 1,

n up TO pAn cXoauTcd npu

BbINMOJIHAETCA ycnosue

1

n pacxognTtcda npu

. [1
Mpunsnak Janambepa He AAET peLleHust, ecnum . B aTom cnyyae gns
nccrnenoBaHma psga NPUMEHSIIOTCA ApyrMe NpuU3Haku.

3adaHue 3. ViccneposaTtb Ha cXoaAMMOCTb Mo NpusHaky [Janambepa:
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135 2n 1)

5)11] 4 n'



MHmeeparnbHbil npusHak Kowu.lMyctb doyHKuma f(x) npu x =1
yOOBNETBOPSIET YCIOBUAM:

HenpepbIBHa,
NONOXUTENbHA,

MOHOTOHHO yObIBaeT.

. u u
Torga uicnoBon psg.: ", roe  » =f(n),n 21 cxoguTcsa unn pacxoanTca

J (x)dx.

OAQHOBpPEeMEeHHO CO CXOOAMMOCTbIO UJTN PacXoanMMOCTbIO MHTEerpana 1

3adaHue 4. MccnepoBaTb Ha CXOAMMOCTb MO MHTErpasibHOMY NpusHaky Kol cieytowme psabl:

1 2

Na2nlnn 6)1n 4
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n n
2)n2 ln 7)n1 }’l(l’l 1)
Inn 1
3)n2 l’l2 ‘\/
8) .1 (n 1)In(n 1)
n ln_zl’l
" 9)n2 n

10) »2(n 1)(n 2)
2. 3HaKonepeMeHHble paabl

2.1. NNoHATMe 3HaKoNepeMeHHOro psaaa

Yucnoson pagul u2 u3 .. up ...
Ha3blBAETCA 3HAKONepPeMeEHHbIM, €CIIN CPean ero YNeHOB MMEKTCS Kak

nonoXxumTteribHble, TaK W OTpuuaTesribHble ymucna.Yucnoson pan

Ha3blBaeTCA 3HaKO‘-IepealeLL{UMCFI, ecnn nobble aBa crosiLme paaom

YyrneHa nmeroT NpPpoOTMBOMNOJIOXKHbIE 3HAKWU:

n
roe Ans Bcex , T.€. psa, NONOXUTENbHbIE N OTPpULATENbHbIE

YyrieHbl KOTOPOro cneaytT ApPYr 3a ApyroM noovepenHo. Hanpumep,

—_—
ol
- = pnl=

I,_. —_ ] —

N
N
oo
[—
(@)Y
N
S
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[lns 3HaKko4epeayLLMXCS PSA0B UMEET MECTO JOCTaTOYHbI

NpU3HaK CXOQUMOCTM — NpusHak JleinbHuua.

2.2. NMpusHak Jlen6bHuua. AGConTHaA U ycrnoBHas CXOA4UMOCTb

psaa

Teopema (npu3Hak JleltibHuya).3Hako4epeayoLNNCs psia CXOOUTCS,
ecnu:

nocnenoBaTenibHOCTb abCOMIOTHLIX BEMUYMH YIEeHOB pana

MOHOTOHHO yObIBaeT, T.e. | 2 n

- lim Uy 0
obLWMin YneH paga CTPEMUTCA K HYTHO: » .I'lpn aTom cymma

0s .

S psiga yooBneTBopsieT HepaBeHCTBaM

- an an
MycTb AaH 3HAKoNepeMeHHbIN pag -1, roe — NPOW3BOJIbHbIE

anl |

< nl
yucna (OencTBuUTeNbHbIE UM KOMMNeKCHble). Ecnun psa ,
COCTaBINEHHbIN N3 abCONOTHbLIX BEMUYNH €ro YrieHoB, CXOQUTCS, TO

an
- nl -
AOaHHbIV pag TaKkxXe CXOLI,I/ITCH.B 9TOM CJ1y4ae 3HaKkornepemMeHHbIn
an
nl

pAa Ha3blBaeTca abcosmromHo cxodsauwumes.CnegoBaTenbHo,
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a
an | nl
eclin  Xe 3HaKO|'|epeMeHHbIIZ pan nl cxooutcd, a paa nl

an

o nl
pacxoanTcAd, TO AaHHbIN pPAa Ha3blBaeTCA YC/108HO CXOO0SUWUMCS.

no 1
(1)'Q=__
Mpumep 1.AccnepgoBatb Ha CXOOMMOCTb P 'l 2V n 1
an
nl
PeweHue. 1. ccnegyem Ha CXoguMOCTb pag 1n3 abCconTHbIX
an —_ 1—
n 1 2 nl
BENUYMH YNIeHOB JAaHHOro psiaa: =nl .CpaBHUM 3TOT psf C

1
= ) 1 1
psigoMm~ 1 ‘/—. Tak kak ‘/; 1<2 \/;,Toz */; 1 >2‘/; ansi Bcex n.Psan

1 1
N [ on
nl 2\/; pacxoauTcs, Tak Kak pacxoauTca pag, n 1 v (kak psg Oupwuxne
1
) 1
nin  Opn p=2 <1). 3HauuT, N0 1-My NPU3HaKy CPaBHEHUS PACXOANTCS U
_1_
Na
pagr1 2 n 1

NTak, ucxogHbln psa He SBNsSieTCA abConTHO CXOASALLNMMCS.

BbISICHMM, cXoOMTCA N AaHHbIA 3HaKoYepeayLwmmnca psa,
NpPUMEHANA Npu3Hak JlenbHuua.

dnp dp 1
I_IpOBepI/IM, BbIMNOJTHAETCA M HepaBeHCTBO > On4

abCOmMOTHBIX BEMNMUYMH YNEHOB OaHHOIo pdaaa:
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[laHHoe HEepaBEHCTBO 3KBUBAli€HTHO HEpaBEHCTBY 2/; 1<

1 aAn dn 1
2 n 1 ,KOTOpoeBepHO Ansa noboro n=1,2....3HaunT ans Bce

HomepoB n=1,2...

) |
lim a lim
Vi 1

Haiiném npenen obiiero uneHa pspa:,  =n 2 =0.
Takum obpasom, [nOnNd [OaHHOrO 3Hakodepeaylllerocs psaga

BbiMONIHEHbI 06a ycnosusi, cogep)xawmecss B npuaHake JlenbHuua,
OTKyOa crenyeT, YTO UCXOAHbIN Psid CXOOUTCS, OAHAKO OH He ABMSeTCs

abconTHO cxoadaLmmce, NnoaToMy AaHHbIN pag cxoanTcd

n 1
(D I

2n 1

n
ycnosHo.Omeem: pan CXOONTCA YCIIOBHO.

3adaHue 6. ViccnenosaTb Ha aGCOMOTHYIO U YCNOBHYH CXOAMMOCTb PAabI:

n’

1)n1 2 n 6)n2 nln n
(QIN (Hs
2) n 1 Tyn2 !
(1) 'Inn ("
3)n2 n 8)n1 n(n 1)
(D () n
; e
4).> nlnn 91 nl
(1" (1)'Jn
5),2 n’Inn 10),0n nl

3. DyHKLMOHaNbHbIE pAAbI

).
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3.1. NoHaTne pyHKUNOHANBLHOro psaaa

Pan, 4yneHamm KoToporo ABNATCA  (PYHKUUKM OT X,

Ha3blBaeTCs bYHKUUOHATbHbIM:

up (X) ul(x1) u2 (x2) ... un(xXn) ...
nl an,D,aBale onpeageneHHoe

X
3Ha4yeHne o, NoJIy4ynM 4Yncrnosou psan

) U6 ) (6 )
10 20 no 0 KOTOPbIV MoXeT BbITb KaK
CXOASLMMCS, TaK U pacxoasaLmmes.Ecnv nonyyYeHHbIn Y1cnoBoi pas

X
cxoguTes, TO TOYKa 0 HasblBaeTCs Moykol

cxodumocmu OYHKUMOHANBLHOrO psiga; €cnv  Xe psag  pacxoguTcs
— moy4ykou pacxodumocmudyHKUunoHanbHoro  psiga.CoBOKYMHOCTb
YMCMOBbLIX 3HAYEHUN aprymeHTax, npu KOTopbiX (PYyHKUMOHAamNbHbLIA pPsa
CXOOuTCs, HasblBaeTcsl ero obnacmbio cxodumocmu.B  obnactu
CXOAUMOCTU OYHKLMOHANbLHOrO psiga ero cymma SBnsieTCs HEKOTOPOMU

. S8S(w
C*)yHKLI,VIeM OTx . .Onpe,u,enﬂeTc;l OHa B obnacTu CXoaAnMMoOCTH

Sx) limS (%)

paBEHCTBOM poa roeSn (x) u1(x) u2 (x) ... up (x)
YacTuYHasi cymma psiga.

3.2. CTeneHHble paabl

CmeneHHbIM pFIaOM Ha3blBaeTCA pAd Buaa.
n 2
an X apg alx a2x .. apx
no0

Obrnacmero cxoQuMmocmu CTENEHHOIO psifa Ha3biBAETCA MHOXECTBO

BCEX 3HAYEHWN » , NPU KOTOPbIX AaHHbIA pAL, CXOOUTCS.
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Uncno RHasbiBaeTcsas  paduycom cxoO0umocmu CTENEHHOro psaa,

g :

R x R pan
ecrnn npu paa cxoauTca U nputom a6COJ'II'OTHO, a npu

pacxogutca.Paguyc  cxooMMocTu  Hamgem,  UCMosnb3ys  Npu3Hak
[anambepa:

a

nl an

1, |x| lim
nld
an X n nl

T.€. ECIIN CTENEHHON paa cxoanTcAd npu nobbIX x , yO0BJ1ETBOPAOLWNX

ap
|x| lim |
a
AaHHOMY YCIOBUIO N pacxoauTcs npu » n1 .OTtctoga cnegyer,
R lim | % |(an O,n 1,2,3,..)
a
4YTO eCcrnv  CyllecTBYeT npeden  n nl ,TO paguyc

CXOOQUMOCTMU psada R paBeH 3TOMY npeageny u CTENEHHOW pan cxoauTcA

| R,R
npu xR | T.€. B NPOMEXYyTKe : KOTOPbIV

Ha3blBAETCA MPOMEXYMKOM (UHMepesasioM) cxodumocmu.

R O y - X
Ecnn , TO CTEeNeHHOn pAan cxoguntcd B €ANHCTBEHHOWM TOYKE

.Ha KoHuax npomexyTka psig MOXeT cxoauTbcsa (abConoTHO unn
YCMNOBHO), HO MOXET U pacxoanTbCs.

x R x R
CXoOUMOCTb CTEMNeHHoro psaa npwu n nccnenyeTcsa C
MOMOLLIbIO KaKoro-nmbo M3 Npu3HakoB CXOOMMOCTH.

Mpumep 2. Hantn obnactb cxoanmoctun psaa.PeweHue. Hanoém

(x 1)”

paAuyc CXoaMMOCTY psipa: n 1 n2" !
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n n
R liml 1 1 |1irn (n D2 i @ D272 45, 2@

n|

n2nt - (n 2", nont o, n?2 0 n

2 x 12 3 x 1
CnepoBaTenbHo, pag CXoaAMTCA Npy

(D"

x 3 nl o
Tlpn NMeeEM paa n, KOTOpbIKN CXOOUTCA NO NpU3HaKYy

NenbHunua.

2 1

x 1
Mpn UMEEM pacxopdawmincs  pag: a1 1201 25 1n .Omeem:

3,1
06n1acTblo CXOAMMOCTU NCXOQHOIO pana ABnAaeTcd NpomMexXyToK ’

3adaHue 7. Hantu obnactb CXOANMOCTU CTENEHHOrO paaa:

Omeemsi:

3adaHue 1.1)n 2,2) 5" ,3) 4n

(Dx (x2) "

1)n1 l’l2

(l)nxn3n

n

6)n1 3 nn
(x 2)'n
7)ni 4n
2x 1)
ST
(x D™
91 3
(x 27"
10)"" 4 =n
(2n 1)!

4),5) 2n 2 ,6)n 3 ,7)2n,
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nl nl

2n 2 3

o T T
G Db 951 10)2n 2,

3adaHue 2. 1) ga, 2) aa, 3) aa, 4) Het, 5) HeT, 6) ga, 7) aa, 8) HeT, 9) HeT, 10) ga.

3adaHue 3. 1)cxoanTtcea , 2) pacxoauTcs, 3) pacxoautcs, 4) pacxoautcs, 5)

cxoguTcs, 6) cxoguTes, 7) pacxogutes, 8) pacxoguted, 9) cxoautes, 10) cxoauTcs.

3adaHue 4. 1) pacxoguTtcs, 2) cxoanTtces, 3) cxoguTtces, 4) cxoguTesd, 5) CxoauTces,

cxoautcs, 7) cxogutes, 8) pacxoauTtces, 9) cxogutesd, 10) pacxogutes. 3adaHue

5. 1) pacxoguTtcs, 2) cxoauTcs, 3) cxoauTces, 4) pacxoauTcs, 5)

cxoguTces, 6) pacxoguTtces, 7) cxoguTces, 8) pacxoantcd, 9) pacxogutcs, 10)

pacxoauTcs.

3adaHue 6. 1) abCoNTHO CXOANTCS, 2) YCIOBHO cXoauTcs, 3) YCNOBHO

cxoguTcs, 4) ycnoBHO cxoauTcs, 5) abcontoTHO cxoanTces, 6) abCcontoTHO
cxogutcs, 7) abcontoTHO cxoamTces, 8) abcontoTHO cxoanTces, 9) yCrnoBHO

cxoguntesa, 10) ycrnoBHO cxoanTcs.

1 1

o —
R —

3adaHue 7. 1) (-2;2], 2

: 3,3) , 4) (-4;4), 5) [-3;1), 6) [-1,5], 7) (-
3 1;

6:2), 8)(-2:1),9) v~ 7 ,10)(0:4).

Ilpakmuueckan paboma Ne
11 Tema: KoMIlJIeKCHBIE YHCJIA U JeHCTBUS ¢ HUMMU.
Heab: chopMupoBaTh yMEHUE BBITIOIHATH apu(PMETHUECKUE ACHUCTBUS C
KOMIIJIEKCHBIMM YHMCJIAMH.

MeToanyeckue yKazaHusl 1JIsl MPAKTHYECKO padoThl
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Teopernueckue cBeeHUs K MPAKTHYECKOIl padoTe

Ilonamue komniexkcrnozo yucia
Komnaexcuvimu uucaramu nazviearomces uucia

euoa
z Xy, (1.1)
rae x) y_ﬂeﬁCTBIfITeHBHBIe (BelllECTBEHHBIC) YKClIa, a YMCIIO [OMPEAeIsieMoe

i l
2_ o (v
paserctBom =1 ( +/ ), Ha3bIBAETCS MHUMOM €JIMHUIIEN.
Hucno x Ha3bIBaeTcs deﬁcmeumeﬂbHoi’kgeeu;ecmeeHHoﬁ) 4acmvio KOMIUIEKCHOTO
X z

guciia (MCIoyib3yeTcss 0003HAYCHHE ); y-MHUMOM YacThI0 KOMILIEKCHOTO
Im z
yurcna z( ).

Beipaxxenue (1.1) Ha3pIBAIOT aneebpauueckol hopmou 3anucu KOMNiIeKCHO20

yucida.
Ecmu x=0, TO 4nca0 z H33BIBAIOT YUCTO MHUMBIM; €CIIH , TO TOJIy4aeTcst
ZX Ul X
BEIIECTBEHHOE YHUCJIIO . -
z X1y zx iy -
JIEKCHBIX YHCJIa u HAa3bIBAIOTCS COMPSKECHHBIMU. 22

MoxHO A0Ka3aTb, YTO KOPHAMH KBAAPATHOI'O YPABHCHUSA C OTPULATCIIbHBIM
JUCKPUMHUHAHTOM ABJIAIOTCA ABA COIIPSAKCHHBIX KOMINUICKCHBIX YHMCJIA.

Xy 6x 18 0
IIpumep 1. PemunuTh ypaBHEHHE : 5
D (6) 41183672 36

Pewenue. JINCKpUMHHAHT TAHHOTO YPABHEHHUS:
MEHBIIIE HYJI, HO TENEPb Mbl MOXKEM BOCITIOJIb30BATHCS MHUMOM €TUHUIIEH:

Ve ebol 66 g 33’; Y 330

* ) , T.C.
1,2
Z X 1y z X r x
JIBa KOMIUTEKCHBIX yncma | 1 1 B 2 2 2 paBHbI IpYT JIPYTY, €CIH 1 >
Y y
u 1 2 ; KOMIUTEKCHOE YHCIIO Z CYMTACTCS PABHBIM
Xy
HYJTIO, €CITH
y Besikoe KOMITJIEKCHOE YKCIIO MOYKHO M300pa3uTh Ha
Mxy) IUIOCKOCTH, T.K. KaX/JOMY Z COOTBETCTBYET

Fal X,
YIOpAAOYCHHAA Iapa BEIICCTBCHHBIX YHCCII Y .
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X

Yucno z=0 cTaBUTCS B COOTBETCTBUE HAYaTy KOOPAMHATHOM IJIOCKOCTHU. Takyto
IJIOCKOCTh MBI B JaIbHEHIIIEM Oy/IeM Ha3bIBaTh KOMIUICKCHOM IJTIOCKOCTHIO, OCh
a0CIMCC—ICHCTBUTEIILHOM, @ OCh OPJIMHAT-MHHUMOM OCHI0 KOMITJIEKCHOM TIOCKOCTH.

Yuco V¥ 57 Zx 1y
HA3bIBACTCA MOI[y.HeM KOMIIJICKCHOI'O YHucCJia nu

obosnauaercs || N

Tpuzonomempuueckasn gpopma Komnjiekcnozo yucaa Tpuconomempuveckas
Gopma xomniexcrhoco yucaa. Kaxaomy KoMiiekcHomy uncity Buja (1.1) MoxHO
MMOCTaBUTh B COOTBETCTBUE TOUKY M(X,y) Ha NIEKAPTOBOM MIIOCKOCTH (IIPH 3TOM Ha
ocu Ox pacroJiararoTcs BeIIeCTBEHHbBIC YHCTIa

z 0 iy iy
x i0 x ' anaocu OY —4MCTO MHUMBIC YHUCIIA ).

| OM |

Mooynem KommaekcHoeo uwucia Ha30BEM JUIMHY OTpe3Ka

| z | /xz 2
paccTosiHUE OT Havajia KOOpJAUHAT /10 TOuku M), T.e. ! . AprymeHTomM

Argz OM—

KOMIUIEKCHOTO yuca ( ) HA30BEM YT0JI, KOTOPBIM BEKTOP obOpazyer

(v

IIOJIOKUTENIBHBIM HampasiieHneM ocu Ox. ['1aBHOe 3HaUeHHE apryMeHTa, KOTOpOe,
KaK MPaBUJIO, UCITOJIB3YETCS MPU OCYLIECTBICHUH IEUCTBUN C

KOMILUICKCHBIMHA YHCJIaMHU, YAOBJICTBOPACT YCIIOBUIO
HpI/I 9TOM BBIPAXXCHUC BHU A

| z| (cos isin) (1.2)
Ha3bIBACTCIA mpuzonomempuqeacoﬁ QbOPMOTJ 3ANnUCuU KOMNJi1EeKCHO20 ducja.
MNpeo6pasyem (1.1)

X y X Y
z x iy ¥ 2 i |z ! i
v 2 ) 2 2 2 ) 2 2
ry ry Xy ry
u, cpaBHuBas ¢ (1.2), mosyyaem, 4To p—apryMeHT KOMIUIEKCHOTO YUCIAZMOXKHO

HaWTH, PEIIUB CUCTEMY
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COS

| =

~

sin

|

X

AX Y cos
y

i

’ z
WIN (1.3)

3aMeTHM, YTO IIpHU BEIOOPE 3HAUYEHUH ¢ U3 IIOCJICAHECT O ABHCHUA HGO6XOI{I/IMO
9
YYUTBIBATH 3HAKU X U ).

X Y

@—apryMEHT KOMIUIEKCHOTO YUCIIazZMOKHO HallTH popmyn  COS 7, sin r
g Z arctgz
(1.3) wim B cuity TOroO, 4TO x, x

Ipumep 2. 3anucaTh KOMIUIEKCHOE YHCJIO B TPUTOHOMETPHUECKOM popme:
a) 6i, b)1 | \]3

-\, yKa3aTh MOIYJIb K apI'YMEHT KOMILICKCHOTO YHCIIA.
Pewenue. a) 3nece x=0, y=6 |z|=6 .
[TockobKy YHCIIO OIICKHUT HA MOJI0KUTEIbHOM moayocu Oy, TO 3HaYCHUE

m . m. . I
apryMeHra ¢= 7, o3ToMy 6 i=6 (COSEH siny )é-

3nech x=1, y=—\/3. B

z | \XIZ(\/g)z xéf 2

ITo omnpenenenuto . [ns onpenenenus apryMeHnrTa

1
cos 7
sin 5/5 arg z 5
BOCHOJIb3yeMCsl (POPMYJIOH: . ITomyyaem, uTo 3
Tpuronomerpuyeckas (opmMa 3aJaHHOTO KOMIUIEKCHOTO YHCJIa MMEET BHI:
5 5
z 2 cos —— isin —_
3 3

Ilpumep 3. 3anucaTh B TPUTOHOMETPUYECKOHN (hOpME KOMIUIEKCHOE YUCIIO

1 i\/3

“ y 3 2
Pewenue. Halinem MOysib M apryMEHT KOMIUIEKCHOTO YHCIIA: | | A :
X Y
COS Sin

r
VYToi ¢ HalijeM U3 COOTHOIICHUI r . Torna nomy4nm
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I sin V3

COS ——, Sin . —
2 z 1 i3
2 . OueBHAHO, TOYKA XOJIUTCSI BO BTOPOI
120° 2 /
YETBEPTH: 0 3T
z 2cos 2isin 2

[Toacrasinss B hopmyiy (1.2) HailneHHble ¥ U @, UMeEM 3 3

3. lelicmeus Hao KOMNIeKCHbIMU YUC1AMU

zZ X Ily z Xx iy
CyMMaI[BYX KOMIIJICKCHBIX YUCEII 1 1 11 2 2 2 OIIPCACIISACTCA
Z Z X X Iy Yy
corjacHo Gopmyne 1 2 1 2 12,
Onepauuﬂ eébluumanusa KOMIIIICKCHBIX YHCCII OMMPCACIIACTCA KaK OIlCpalusd,

zZZ Z zZ ZZ
oOpatHas ciioxeHuro. KoMruiekcHoe uucio =1 2, eciau >~ 1, SIBJIsIeTCA
ZX X Iy y
Pa3HOCTBIO KOMIIJICKCHBIX YHUCCI Z1 U Z3. Torz[a 1 2 1 2.

Ilpumep 4. BeimoaHuTs aevctBus: a) (4+2i)+(1+5i); b) (3+5i)-(6+3i).
a)[lo mpaBuTy CII0KEHHSI KOMIUIEKCHBIX YHCEIT TOyYuM (4+2i)
+(1+5i)=(4+1)+(2+5) i=5+7i.

IIo IMpaBHJIy BEIYUTAHHA KOMIIJICKCHBIX YHCCJI ITIOJIYYHUM

(3+50)-(6+3i)=(3-6)+(5-3)i=-3+2i.

zZ x 1y .
3) IlpouseedenuenByx KOMIUIEKCHBIX UMCEN 1 1~ 1m 2 "2 °» ompememsercs

. . . . %)
no GopmyneZzizz X1 i1 X2 Y2 Xix2 yiX2 ix1y20 yiy2

. . . 2
X1X2 Y1)Y2 1X1)2 X2y1 B 4YacTHOCTUZZ X 1y X Iy Xy,

MOXHO MOTY4YHuTh (HOPMYITY YMHOKEHHUS KOMIUICKCHBIX YHCEIT
B TPUTOHOMETpUUYECKOH (hopme.

HNmeemziz2 riracos | 2 isin | 2

Ilpumep5. Boinmonuuts nevictBusi:a) 2i-3i; b) (2-3i)-(2+3i); c)(5-4i)-(3+2i).
a) 2i-3i=6i>=-6;

b) (2-3i)-(2+3i)=4-9i:=4+9=13;
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¢) (5-4i)-(3+2i)=(5-3-(-4)-2)+ i(5- 2+3(-4)=23-2i.
MO}KHO BBIIIOJIHUTDH YMHO}KCHI/IC 110 HpaBI/IJ'Iy YMHO}KCHI/IH MHOT'OYJICHOB:
(5-4i)-(3+2)=15+10i-12 i +8=23-2i.

4) ,ZIeJleHueKOMnneKCHblx yuncen onpeaensieTcs Kak onepaums, obpatHas

Z1

z
V4
yMHO)KeHI/IIO, TO €CThb UUCIIO 2 Ha3bIBA€TCs 4YaCTHBIM OT ACJICHUA Z1 Ha z2, €CJIN
7 7 7 zZl X1 1 X1 1 o x2 iy
o2 Torma z x2 v x2 2 x2 i
. . 2 .
X1X2 IYiX2 WX1)2 1 Yi)»2 X1 X2 V12 1 X1)2 X2)1
2 2 2 2
X7 ¢ X2 0

Z] Xi1X2 Yiya  jX1)2 X2)1
z

OKOHYATEIbHO X2 2y2 ) X2 22
B tpuronomerpudeckoii popme:
z r

1 1 .-
— —CO0S 1 2 ISmm 1 2
z r

2 2

zz 0 100

Omneparus JeneHusi BO3MOXKHA TOJIBKO B cllydae, Korjaa ).
2 1 1+i 2-71i
Ilpumep 6.Boinonuuts nevctBusi:a) 3i;b) 1+i ; c)1-i;d) 3+4 i

YKa3aTh BEIIECTBEHHYIO U MHUMYIO YaCTH MOJYYEHHOTO KOMIUIEKCHOTO
qucla.
Pewenue.

, 2 2.0 2i -2
a) Yumnoorcaem oenumoe u oerumens Hai, noayuum3 j= 3 jj=— 3 = 3 I

b)YMHOXaeM JeTMMOe U JACJIUTENIb HA MHOXKHUTEb, COMPSKCHHBIN TSIUTEIIO:

1+ (1+)(1=i) 1= 2 2 2

1 1(1=) 1= 1-i 1 1,
- 2

C)YMHO)KaGM JCIINMOC U ACIIUTCIIb Ha MHOKHNTCJIb, COHpH}KGHHLIﬁ JACIIUTCIITO!

140 = (1+i)(1+i) =1+2 i+ = 2i=]

=i (1=i)(1+i) 1-# 2

d)YMHOXaeM JeIUMOe U JIeUTEIh HA MHOKUTEIh, CONPSKEHHBIN IETUTEIIO:

27i 2734 6 8i 21i 28i>  629i28  2229i 22 29,

34i 3 4i3 4i 9 16i° 9 16 25 25 25

b




Re z 22 Im z29
BeHICCTBeHHaH U MHHUMas 9aCTHU PaBHBI: 25 , 25.

5) Bozeeodenue 6 cmenens u uzgieyenue kopueti. ECI KOMITJIEKCHOE YHUCIIO

3a1aH0 TPUTOHOMETPUYECKOM (POPMOi z|z|(cos isin) o CIpaBeInBa
dbopmyrna Myaspa

n n . .

z |z| cosm isinn (1.4)

Hnst uzenevenuss kopusi n-ti cmenenu (n — 1€JI0€ 4uCiIO, Oosbinee 1) u3
KOMIUIEKCHOTO YHCJIa, 3aJaHHOTO B TPUTOHOMETPHUYCCKON (opMe, NpHUMEHSETCS
dbopmyIia, 1arormas 7 3Ha4SHUH dTOT0 KOPHS:

n 2k 2k
2z \/z_”\zhdos —isin T———
n n , k=0.1,...,n-1.(1.5)
(L i

Ilpumep 7. BIUUCIUTS:
Pewenue. YTooOs! Bocnosib3oBaThes (popmyioit Myaspa, HE0OX0IUMO

MPEACTABUTHh KOMIIEKCHOE YHCIIO B TPUTOHOMETPHUIECKOH (hopme.

Yoo 12 |
Nmeem: |z| V(1) 1 \G; cosl/ \G u sin 1/ \G , T.C.
3/4 (Tak Kak COOTBETCTBYIOIIAs TOYKA JIEKUT BO BTOPOM YETBEPTH).
1 l\/_ 2 cos 3— i sin _3
CnenoBaTenbHO, 4 4 u
13 13 313 313

(140 2 cos i sin _—

4 4 (B cuny (1.4)).  VYuuteiBasg, 4ro
394 10 ) )

4 ¥ ucnosp3ysl CBOMCTBA TPUTOHOMETPUUECKUX (PYHKIIUM, MOJTydaeM:
(1 i) 13 GQ‘/—Zcos( —) isin( —_ )64 X \/— L i L) 64 64i
4 4 Voo

z -
Upuﬂ/lep 8. Bo3BecTH 4HCIIO \/3 i1 B IISTYIO CTEIEHb.
Pewenue. HOHyLH/IM TPUTOHOMETPUUCCKYIO (1)OpMy 3aIIiMCH 4Yucilia z.

3/ . 1
r 3T 2,cos » , sin

2 2.0rcrona 6,a

5]
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T T

z 2cos — isin —
6 6 . Torna mo ¢popmyne MyaBpa mosry4nm:
5 5 5 5 5
z 2cos — isin — 2cos ~isin -
6 6_ 6 3 6
T T 3 1 3 1 B )
2 cos — isin — 2 VL i— 2#1’ — ‘\/ 3
6 6 2 2 2 2
IIpumep 9. Berancoute: — |

Tpuronomerpuyeckas popma 3aJaHHOTO YKClia UMeeT BUJL 1 cos isin
(|z|=1), mosromy B cuiy (1.5)

3- 2k 2k 2k 2k
z1 cos — isin — cos _— i sin
3 3 3 3 ,k=0,1,2.
BrinuceiBaeM TpU UCKOMBIX KOPHS:
Z0 cOoS isin I ] —\E
3 3 2 2
Z COS 2 jsin 2 cos isinl
1 3 3 ;
z 4 . 1.3
cos isin i —
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Muumas enuHuna. Ajreopandeckasi GopmMma KOMIUIEKCHBIX YHCeJI.

HepaspemumocTs ypaBHeHns x> + 1 =0 Ha MHOXKECTBE JICHCTBUTENLHBIX YUCEI IIPUBETIA K
BBEJICHUIO TaK HA3bIBAEMOM MHUMOI eIMHULIbI , T.€. MHUMOTO (TIPHIyMaHHOT0) YHCIIa,

00J1aJar0IIIET0 CBOMCTBOM:

Torga x> + 1 = 0 umeer aBa pemenys: X1 =i, X2=—I

, I
Yucna, Buma bi ,rnie bER , — MHUMas €IUHUIA, Ha3bIBAIOT MHUMbBIMH YHCJIAMH.

Hampumep, 4 , =-3i , 045i, <2l , wurn
a,b
Yucna, BUaa atbi e €R , | —MHHMMas eIMHUIA, HA3BIBAIOT KOMILIEKCHBIMHU
YHCIaMH. _
Hampumep, O+417  7-3/ | 25+45] ,_2_\/3 I, urm
dopma 3anucu Z=a+bi Ha3bIBAETCs AJIredpanvecKoi.
a .
— JIeHCTBUTENbHAS YacTh: Re(z) bI — MHHUMasl 9acTb: Im(2)

Takast 3amUCh MO3BOJIAT 3alMCHIBATh HE TOJNBKO KOMIUIEKCHBIE YWCIA, HO M YUCMO MHUMblEe U
delicmeumerbHble, HAPUMED:

DencrButenbHbIe Yncna MHuMbIe yncna

b=0 a=0

5+0 /=5 0+4i=4|

—\/§+O i=—\/ E 0-7,8i=-7,8i
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Bo MHOXecTBe KOMIJIEKCHBIX YUCEN HET NMOHSATUMN «.60flbLIJe», «MeHbLUe», «MONIOXKUTEJIbHOE», «OTPULLATE/IbHOE».

Z=a+th I z=a+tb | a=a b=b
Yucna T 1 1 u 2 2 2 Ha3bIBAIOTCA PABHBIMH, €CIIH 1 21 1 2.
_ za bi
Yucma Z=-at bi u Ha3bIBAalOTCS NPOTHBOMOJI0KHBIMH.
. a bi
Upicma £ a bl u 7 Ha3bIBAIOTCS CONPAKEHHbIMU.

1.1. Pemmenue KBaipaTHBIX yPaBHEHUI ¢ OTPHLATENbHBIM IMCKPUMUHAHTOM

Pemennem KBaApaTHOI'0 YPAaBHCHUA C OTPULATCIIBHBIM JUCKPUMHWHAHTOM BCEraa 6y21}IT JBa
CONPAKCHHBIX KOMIUICKCHBIX YHCJIA.

x, 4x 29 o
IIpumep 1: pemuTh KBaipaTHOE YpaBHEHUE .

Pemenue.
BBI‘II/ICJ'II/IM JII/ICKpI/IMI/IHaHT

b 4dac 4 4129 16 116100 0
HpeI[CTaBJ'I}ICM OTpULATCIIBHOC YHCJIO KaK ITPOU3BEACHUC (—1) U ITOJIOKUTCJIBbHOI'O YHUCJIa U

3amensieM (—1) Ha
1001 100 i% 10 |
Haiinem \/D iz\ioziz 102\/ \/ i10

Haxonum xopHH ypaBHEHUS:

¥ b D 410 4 10i 75

1 2a 2 2 2 ;

X . .

. b JD 4010 4 10i 5 s
2a 2 2 2

OTBeT: 11Ba CONPSKEHHBIX KOMIUIEKCHBIX uucna: X1 2 5iyx2 250,

1.2. Apudpmernyeckue onepanuu HaJ KOMILUIEKCHBIMH YUCJIAMUB
agredpaunveckoii popme

z z (a
Cymma ! 2 I bli) (az bzi) (a1 az) (b1 b )i

z z
Pasnoers | 2 (a1 bii) (a2, bai) (a by)i .
z z (a bi)a bl) aa bb ) (ab ab )i
Mpoussenenune ! 2 I ! 2 12 12 21
Z1 712> (qI/ICHI/ITeHB U 3HaMCHATCJIb YMHOKAKOT Ha 4YUCIIO,

__- COTPSDKEHHOE 3HAMEHATEIN0, YTOOBI M30aBUTHCS OT
22 Z
Hacruoe 12Zp KOMIUIEKCHOTO YHCJia B 3HAMEHATEJIEC)

Pexomenayercs aist ynpoueHus: BBIYUCICHUN IPU JIEI€HNH, BBIBECTU (DOPMYITY AJI1 YMHOKEHHUS
JIBYX COINPSIKEHHBIX KOMIUIEKCHBIX YHCEIL:
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z z a bi a bi o bV A V(1) bV

. z
[Ipumep2. BeimonHuTh apudMeTHiIecKre NeHCTBUS Ha/l KOMIUICKCHBIMU YHCIIAMHU 1 U

z2 6 9.
Penrenue.

zy z2 45 69 46 5 9 10 4i .

z1 22 45 69i 46509 2 14i;
3 ziz 45069 24 36i 30i 457 24 6i 45(1) 69 6i :

. 4 5i 4 5i 6 9§ 24 36i 30i 9/ 15 66i 5 22i _5 2
4) =z 69 6 916 9i 36 81 117 39 39 391,
z 5 22
z z 10 4i z z 2 14i zz 69 61 z 39 39
OtBeT. 2 ; 1 2 ;o1 2 5 2

1.3. HatypaibHasi cTenieHb MHUMOM eIMHUIbI i

Haiinem nepBblii ueTsipe cTeneHu i:

S 2 3 2 . .o.o4 00202

I, I 1, i i 1id 0 P 1(1)1
I, 1

YuuThIBas, YTO , HaliJIeM CTapIIue CTCIICHH:

Poitilii, o R 1),

iTrE 1) i Bt 111

O4eBHUIHO, YTO BCE OCTAJIbHBIE CTENEHU i OyIyT PaBHBI OHOMY U3 NMPEABLAYIINX YEThIPEX
3HAYEHU.
Yto ObI BO3BECTH iB HATYPAJIbHYIO CTelleHb, HA/I0 MOKA3aTeJIb CTENEeHU Pa3aeJIuTh Ha 4, U

BO3BECTH B CTCNICHb, PABHYI0 OCTATKY OT JACJICHUA.

L6 11 220 37
IIpumep 3: Hatiru ¢, 1,1 |1

Pemenwe.

i16 i44 0 iO .
l-ll i4 23 l-3 i
i22 i4 52 l-2 1

.37 491 .1
l l

.16 11 .22 37 .
OtBeT.! l,l ,l 1 ,l 1,

2. FeOMeTpnqecxaﬂ HHTEpHNpeTalusd KOMIIJIEKCHBIX YA CEJI
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Z xiy
[T10cKOCTh Ha3BIBACTCS KOMILIEKCHOM, €CITH KaXXIOMY KOMITJIEKCHOMY YHCITY
z(x, y)
CTaBUTCS B COOTBETCTBHE TOYKM IUIOCKOCTH C KOOpIMHATaMHU , TIpUYeM, 3TO
COOTBGTC”B%)%G B3aMMHO-0JIHO3Ha4HOe (puc. 1).

Ocsw Ha3I)IBaeT06 JEHCTBUTEJBHOM OCBIO, T. K. HA HEH pacIloJIOKEHb! TOUKH, COOTBETCTBYIOILIHE

YHUCIIaM, Y KOTOPBIX
oY

Ochb Ha3bIBAETCS MHUMOI OCbIO, T. K. Ha Hel PAaCIIOJIOKEHBI TOYKH, COOTBCTCTBYIOIIUC 4YHUCIaAM, Y

KOTOPBIX

z a bi
Takum oOpa3oMm, J00O€ KOMIUIEKCHOE YHCIIO MOJKHO H300pa3WTh Ha IUIOCKOCTH TOYKOW C
a,

KoopaAnHaTaMu , IpU4YEM B3aMMHO OJHO3HAYHO.

z(x, ¥)
C xax10i TOUKOMH KOMITJIEKCHOH MIIOCKOCTH CBﬂi{%PL Qaduyc-eekmop 9TO# ToukH (puc. 1).

A
2(x.¥) y ()

-

L.
Ed

0 ” X

=]
.

Pucynok 1

CnoxkeHre U BRIYMTAHHEC KOMILJICKCHBIX YKMCEI MOXKHO BEIIIOJIHHTH IIO IMpaBUIly IapauicjiorpaMmma
(HpaBI/IHO CJIOKCHHA M BbIYMTAHUA BeKTOpOB), KOTOPOC 3aKIII0YacTCA B CICAYIOMIEM: HY>XHO
MOCTPOUTH MapaJuICiIorpaMM Ha BCKTOpax, IMOJYYCHHBIX IPH T'COMETPUYCCKOM IMPCACTABICHUU

9THX uucell. Pe3ynbraTty cyMMupoBaHus OyJIeT COOTBETCTBOBATh BEKTOP-AUArOHallb 3TOT0
napasuienorpamMa. [Ipy BeIIIOJIHEHNY BBIYUTAHUS HY’KHO YUUTBHIBATh, YTO PA3HOCTH “1 U “2 6ypner

A A A Z
COOTBCTCTBOBATh CyMMEe | H 2. Te 1 2 Z122

z 1 5

[Ipumep 4. JlaHbl 1Ba KOMIUIEKCHBIX YHCTA: 1 nz> 2 3i .

N300pa3uth X Ha KOMIUICKCHOH IJIOCKOCTH U PE3yJIbTAThl UX CJIOXCHUS U
BBIYUTAHUS (puUC. 2).
Pewienue.

V4 ) 1 5i 2 3i 3 2i
Zl 2» 1 5i 2 3i 1 8i
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A 1+5

-2+13i

2

4 X
4 3 2 A 5
-1
2
3
-4 1
PucyHnox 2
r z
HHI/IHa BCKTOpPA, COOTBETCTBYHOLICI'O KOMIUJICKCHOMY YHUCITY Ha3bIBACTCA MOIYJI€eM
i i
KOMIDIEKCHOTO YHClIa 1 0003HadaeTcst .
VYroun, 00pa3oBaHHbIN pajinyCc-BEKTOPOM C MOJI0KUTEIIbHBIM HallPpaBIEHUEM OCH , Ha3bIBAETCs
z arg z
apryMeHTOM KOMIUIEKCHOTO YUCiIa _ U 0003Ha4yaeTcs (puc. 3).

’4

X

Pucynox 3

PaccmaTpuBast Ha puc. 3 BbICIEHHBIN IPAMOYTOIbHBIN TPEYTOJIBHUK, [10JIy4aeM COOTHOLLEHUS:

ro | / KX )

X
cos “p.Smm p o.tg .
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_ |Z| arg z .
z 1 i
[Ipumep 5: 3a7aHO KOMIUIEKCHOE YUCIIO . Haiitn

Perienne.
x 1,y

z 1 i  3Haywr, : YA
|\[x2 y2 \/1_212 \/2;

X

COS —= 1 x

2 0

sin Y

N
1 |
i A\
2

arg z
o P 4
Omer: FI V25 Heynos

3. Tpuronomerpuyeckass popMaKoOMILIEKCHOTO YU CJIA

3amenus 6 ancebpauyeckou popme 3anucu KOMNIEKCHO20 Yucia z X Vix U
y

COOTHOIICHUSIMU X rcos )y rsm | MOy YHM:

Z X yl I"COS I’SIIl l VCOS lSlIl ) Te TpI/IFOHOMeTpI/IIIeCKyIO
dbopMy 3amucu KOMIICKCHOTO YHUCIIA.

Z F COSI sin
Tpuronomerpnueckas popma:

IIpumep 6. [lepeBecTu B TPUTOHOMETPUYECKYIO (hopMy KOMILJIEKCHOE YUCIIO Z '\/ 3 i,
Pemenue.

=z \/3 , 3HAYMT, \/3’ y 1

N yz_\/732 P32, T

cos X —
r 0
— 30
sin Y l 6
ro 2
Takum 06pa30M, TPUTOHOMCTPUUICCKAA (popMa JAHHOT'O KOMIIJICKCHOT'O YHCJIa UMECT BU:
z rcosi sin2 cos — i sin —_
6 6
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z 2 cos — isin —

OrTBeT. 6 6

[Mpumep 7. IlepeBectu B anreOpanyeckyro (GopMy KOMIUIEKCHOE YHCIIO, 3aJaHHOE

TpuroHomerprueckoii popmez 10 cos150° i sin150°

Permienue.
) 150, 5

10 COS1500 iSln1500 , 3HAUUT, r 10 , 0 6 e

5 V3
x rcos 10 cos 610 2 5 ‘/_3

l s

y rsin 10sin 2 107 5

6 2

Taxum o6paszom, anredpandeckas popma JTaHHOTO KOMIUIEKCHOTO YUCIIA HIMEET BHL:

xyi 5350

OTBGT. Z 5‘\/3 5i .

3.1. lelicTBUSA HaJl KOMILJIEKCHbIMHM YHCJIAMH, 32JaHHBIMH B
TPUrOHOMeTpUYecKoil popme

YMHO'IKe)ﬂ/lezl B B | 2 isin 1 2

4 r

1 1 ..
—_ —COS 1 2 ISmm 1 2
z r

Jesenue ,

z
n . .
BosBenenue B cTeneHb 7' cosn isinnm (popmyna Myaspa)
1z A _ 2k jgn 2k Cola
H3BJeyeHne KOpHS n n

IHoka3aTenbHast GOPMAKOMILIEKCHOTO YHMCJIA

1740 ropy JleoHapg, dinep ony6amkosan GopMyny, CBA3bIBAIOLLYIO KOMMAEKCHYHO SKCMOHEHTY C
TPUrOHOMETPUYECKUMU GYHKLUAMM:
i .-

e COS 1SIn .
— popmyna Diinepa.

B
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Takum 00pa3oM, eciau KOMIUICKCHOE 4YHCIIO 33/IaHO0 B TPUTOHOMETpPUUECKOH (opme

r COS 1 SIn
, TO Ha OCHOBaHUM (hopMyJibl Dilniepa, BbIpakeHne B CKOOKaX MOYKHO 3aMEHUTh Ha

MMOKAa3aTCIIbHOC BBIPAKCHUC. B PE3YIbTATC MOJIYUYUM ITOKA3aTCIbHYIO (I)OpMy KOMIIJICKCHOI'O 4HcCJia:

z re.

IHoka3zareabHas ¢popma:

4.1. [leiicTBUsI HaJl KOMILJIEKCHLIMH YHCJIAMM, 32IaHHBIMH B II0Ka3aTeJbHO (hopme.

z ré z r e
Ilycth 11 u 2 2

I
Z Z rr e':
YMHO)KeHHEe |1 2 1 2
i

Z1 T e 2

A r
Jleaenne 2 2

n noin
Bo3Benenue B creneHn < re
_ 2k
a’%/ N
W3Bieuenue KOpH 2 re n L,k 012 ,nl
zZ z

IIpumep 8. JlaHbI 1Ba KOMIUIEKCHBIX YUCHAa 11U 2.

, z 1 cos90, i sin90,
Z1  4cosl500 j sinl500 2 2

IIpoussectu neiictBus 21 22 z1/z) B TPUTOHOMETPUUYECKOI U MOKa3aTeabHOu opme.
Pesynbrar 3anucath B asirebpandeckoit hopme.

Pemrenue. 1
0 0
r o4, r / 150°, 90°.
N3 3ammcu yucenn umeeM: | 2 2 1 2
Tpuronomerpuieckas hopma:

1
Zl zp FL rp COS | 2 isin g 2 4 cos 150° 90° isin150° 90°
2
0 0 1 J3 N
2 cos 240 isin240 2 2 -2 1 3i.
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2L Dos 1 2 Isin | 2 4 . % cos 150° 90° isin 150° 90°
’ 2r2 _
0 0 1 3_ -
8cos60 i sin 60 82 , 14 437,
ITox
asarenbHas Gopma: .\/
i150° Z1 él’ 90° V
z1 4e2 i
zz prpreéis 4 eias0° 90°) D ei2a0°
1 21 2 )
0 0 1 3 —
2 c0s240 i sin 240 2,0 2 1 3i.
z1 N eil 2 4 - 1 ei150° 90° Qeict” & COS6OO [ SIn 600
Z s 2
22 _
1 3
NS 4 3.
82 ‘é i 4
Z] -
z z z
OtBer. 1 2 i, 2 \/3i.
1 V3 44
Kak BuaHO W3 mpuMepoB, MOKa3aTeJdbHAas ¢opma ynpouaer 3anuch BoIYUCIEHUH, W

odopMiieHHE pelIeHns IeJIaeT 00J1ee KOMIAKTHBIM.

A 10
IIpumep 9. Brrauciants \/ 2/ 2i .

PemeHI/I_e.

3anuinem JaHHOE KOMITIEKCHOE YUCIIO B TIOKa3aTelbHOU (opme:

N \/El,SHan/IT,x V 2, ‘/y 2;

e 52 22 22 V22 2.
y \/E 0

g x A2 1 arctg (1) 4 45
Takum oOpa3om, nokaszarespHas popMa JaHHOTO KOMILIEKCHOTO YHCIIa UMEET BUJI:

z rei 2e 4 .

Beruuciaum z10 :

i =10



210€ 4
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[TepeBenem mosyueHHbIN pe3ysbTaT B alredpandeckyto popmy

3
1024¢: 1024 cos —1isin —10240 i
2 2
Omer: V2 201024 .
z, 160
[Ipumep 10. Haiiti Bce KOpHU ypaBHEHUS
Pemienue.
16 16e,,
3anumreM gucio 16 B mokaszarensHOH dopme: 0
Torga
2
z Vre " k01,2 .01
z 16 16e .0 2 k 0,1,2,3
g o
k0
[Tpu

Z1 k‘—t/@e’q 4¢® 2 cosO isin0 21 i0 2

IIpu
02
4 | A— i
z 16 e 4 2e2 2 cos — i sin —2
P 2 2
[Tpu

04

Z3 k‘\f4 %6 ei_4 2¢ 2cos isin2 1 i02

[Tpu

i— e 3 3 3
a 1 1
Z4 Vi6e 4 2¢ 2 2cos _2 i sin _2 20

2 z 2 Z3 2 z,

z
OrTBeT. | , 2 , ,

X iy,

11024i .

,T.e.r 16,

071 2i

12i

BeiBOa:

Auaredpanyeckasi Gopma ynoOHa MpH CI0KEHUU W BBIYUTAHUU,

IToka3aTenbHasi (bopMa y,I[O6Ha IIpHu YMHOXKCHWHU, ACJICHUN, BOSBCACHUU B CTCIICHDb,_

HU3BJICUCHUUW KOPHA;

Tpuronomerpuueckasi GopMa CIIyKHT Ui IEPEBOJIA MOKA3ATENbHON (OPMBI B

areopandecKkyio.
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3az(alm I CAaMOCTOATEC/IBHOTO PEIHICHUA

Pemntes ypaBHeHue:

y x° 4x 29 0
3 x* 13x 48 0

5) X 40
7 x* 70
9 x> 2x 10 0

JlaHbI IBA KOMILJIEKCHBIX UHcaa “1 u %2 .
A Z Z A Z Z
I 2 1 2 I 2

Haiitu ) )

1y oz 2 8i 2)
zr 3 21
4

4) ! 4 5] 5)
Z) 6 9i

7y =z 35 8)
204

BrImmonHuTE 1eCTBUS:

1202 i 2 3i
1) 3 2i 2) 412 2
Buruncaurne:
. 11 22 37
1) 116 2)1 3Ht 4l
9) l-52 2 l-83 3 i61 5 i38
. .17
2 3i |
51 23
13) 14)

2y x° 360
4 X 6x 180
6) x> 7x 20 0
g x 80
1) x° 2x 110
, 21/ 2o
Z1 1 2§ 3) Z1 21
z 1 2i 222i 3
z
z1 3 6) 13 4i
V) 1 3 223 47
z1 4 9) z1 21
7y 21 7z 1 i
32i2i
3)2 3il i
5) ;14 6 24 2 34 8) 39
6 20 30 36 54
110) R 20 SR AR S
12)i? 27 3750
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N300pa3nTe Ha KOMIJIEKCHON TJIOCKOCTH YHCIa
)z 3 2i 2)z 4 3i 3)z 2 4) z 6i
z |Z| arg z .
6. 3a71aHO KOMINIEKCHOE YHCIIO . Haiitn

nz li ) z 20 3z 2 4) Z \/3 ]

[TepeBecTy B TPUTOHOMETPUUECKYIO U B MIOKA3ATENLHYIO (HOPMY KOMILIEKCHOE YUCIIO
1)Zli2)z J;i 3) z 5 4)Z4i

55z 1 V3 6)z 5 Si
IlepeBecTu B anrebpanyeckyro GopMy KOMIUIEKCHOE YHCIIO

10 cos150° i sin150°

z z z oz z |z
9. JlaHbl ABa KOMILJICKCHBIX unciia ! m 2 . Haiitm ! 2, 1 2

_ z 1 cos90, isin90,
1)z1 4cosl500  jsinl500 2) 2 2

BbInoJHUTD JeiicTBUS U Pe3yJIbTAT NPEACTABUTH B aJireﬁpanquKoﬁ dopme:

6 cos19° sin19° 8cos31° isin31° —_co0s40° isin 40°
1 24

1/2 cos 210° 7 sin 210° 2 cos72° isin72° 3 cos28 isin 28’
2 14 cos150° isin150° 3 0.3 cos160° i sin160°

1

.2 cos —1 sin— i15° i30° i86° i26°
4) " 4 4 5) 10e 12e 6) 27e 18

7) 10 10 * 8)2 c0s60° i sin 60° 9) c0s120° isin120°3

1 32 1%
[ \/— 10 I i
10y 2 2 12 2 12) 2e 4
1iJ3 s 1i J3°
2 ) 2

11.  IIpoBeputh paBeHCTBO

12. Borumcnuth Bee 3HaYeHMs KOPHS ~ 271 1 IIOCTPOMTH UX FeOMETPUUECKHE H300paKeHHs!.
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HaiiTi Bce KOpHUM ypaBHEHHSI U IOCTPOUTH UX T€OMETPUUECKHE U300paKEeHUSI.

1)24 16 0. 2)24 81 0
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