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OraasJjieHue

Beenenne

Tema 1.BBenenne.maTremMaTiKa B HAyKe W MPAKTUUECKOU EATENbOCTHU.IIEH U 3314l U3YUYEHUs
MareMaTukM B yupexaeHusax CIIO.

Tema 2. Pa3zButre HOHATHA O YHUCIIE.

Tema 1.1. 1lenbie u panlioOHATBHBIC YUCIIA.

Tema 1.2. JleiicTBuTenbHbIC yncia.JlelcTBUS Ha NEUCTBUTEIILHBIMU YUCIAMH.

Tema 1.3. [IpuGmmkennsie 3HaueHus. [lorpemHOCTH TPUOIMIKEHHBIX BBIUMCICHUN. JlecTBuUs
Hazg HpI/I6JII/DK€HHI:IMI/I qucJIaMHu.




Tema 1.4. KommnekcHble yucna. AnreOpandeckas ¢popma KOMIUIEKCHOro uucna JleifictBus c
KOMILIEKCHBIMH YUCIIAMHU

Tema 3. OCHOBBI TPUTOHOMETPUH.

Tema 3.1. Panunannas mepa yriia. BpamareiabHoe TBHKEHHE.

Tema 3.2. OnpeneneHue CUHyca, KOCMHYCa, TAHT€HCA U KOTaHT€HCa yIJia.

Tema 3.3. OCHOBHEIC TPUTOHOMCTPUYICCKHUEC TOKACCTBA. cDOpMyJ'H:I CJIOXKCHU.

Tema 3.4. Cunyc, KOCUHYC M TaHT€HC IBOMHOTO U MOJIOBUHHOIO YIJIOB, (POPMYJIIbI IPUBECHHUS.

Tema 3.5. Tpuronomerpuieckue QyHKINU, UX Tpa(UKH U CBOWCTBA

Tema 3.6. OOpaTHbIE TPUTOHOMETPUUECKHE PYHKIIMU, UX CBOMCTBA U rpauKu.

Tema 3.7. TpuroHoMeTpu4ECKHE yPABHEHUS.

Tema 3.8.Tpuronomerpuueckas ¢opma KOMIUIEKCHOTO uucia. JIeMCTBUS ¢ KOMIUIEKCHBIMH
YHUCJIaMU B TPUTOHOMETPUUIECKON popme.

Tema 4. Kopnu, cTreneHu.

Tema 4.1. Crernens ¢ panrOHAJIbHBIM U JEHCTBUTEIIHLHBIM ITOKA3aTSIISIMH.

Tema 4.2. ApudmeTndeckuil KOpeHb HATYpPAIILHOW CTETICHH.

Tema 4.3. Peuienue uppanyioHalbHbIX YPAaBHEHUN U HEPABEHCTB.

Tema 5. llokazarenbHas u Jorapudmuueckas pyHKIUN

Tema 5.1.11okazatenbHas pynkuus.Ee cBoiictBa u rpaduk

Tema 5.2. Jlorapudmsi.

Tema 5.3. Jlorapudpmuueckas QyHKIHS

Tema 5.4.Pemienue noka3zaTelbHbIX U JIOrapu(pMUUECKUX YPAaBHEHUH, CUCTEM ypaBHEHUN

Tema 5.5.Pemienue noka3zaTelbHBIX U JIOTapH(PMUYECKIX HEPABEHCTB.

Tema 6. IlpousBoaHasi.

Tema 6.1. ®yHKIIUYU, UX CBOWCTBA U TpaduKu (IOBTOPEHHUE).

Tema 6.2. TlocnenoBatenbHOCTU. [Ipemen mocienoBaTeIbHOCTH, IpeAET (PYHKITUN

Tema 6.3. IlpousBoaHas, eereoOMeTpUIECKH U PU3NUECKUI CMBICIT.

Tema 6.4. IlpumeHeHne NPOU3BOAHOMN K UCCIIEJOBAHUIO (DYHKIIUH.

Tema 6.5. Bropas npon3BoiHasl, €€ T€OMETPUUECKUIN U (PU3NUECKUI CMBICIL.

Tema 7. IIpsiMble 1 IIIOCKOCTH B IPOCTPAHCTBE.

Tema 7.1. AKCMOMBI CTEPEOMETPHUH U MTPOCTEHININE CIEICTBUS U3 HUX.

Tema 7.2. TlapannenpbHOCTh MPSMOK M TUIOCKOCTH, TAPAILIEIBHOCTD MIIOCKOCTEH.

[TapannenbHoe IPOEKTUPOBAHKE U €TO CBOMCTBA. M300paskeHne MpoCTpaHCTBEHHBIX GUTYD Ha
MJIOCKOCTH (JIOTIOTHUTEIBHBIN MaTepual)

Tema 7.3. IlepneHIUKYISAPHOCTD IPSIMOM U TNIOCKOCTH.

Tema 7.4. IlepneHauKyIsp U HAKIIOHHAS.

Tema 7.5. Yron Mexy NpsAMOM U IIOCKOCTHI0. OpTOroHaJIbHOE MPOEKTUPOBAHUE.

Tema 7.6. JIByrpaHHBIN Yyroi. YTOJI MEXIY TUIOCKOCTSIMU. [IeprieHANKyYIIPHOCTD MIIOCKOCTEH.

Paznen 8. KoopauHATEI U BEKTOPHI.

Tema 8.1. Bextopsl. JleiicTBust Hax BekTopamu. basuc Ha miockocTu. [IpsMoyronsHas cuctema
KOOpJMHAT.

Tema 8.2. Pacctosinue Mexy TOUKaMH.

Tema 8.3. Jluneiinple onepanuy HaJl BEKTOPaMH.

Paznen 9. MHoOrorpaHHukH.

Tema 9.1. MuororpanHuku. [IpaBuibHble MHOTOIPaHHUKHU U UX CBOMCTBA.

Tema 9.2. Tlpusma u ee CBOMCTBA.




Tema 9.3. Ilapannenenuries 1 ee CBOMCTBA.

Tema 9.4. Ilupamupa. [IpaBunbHas nupamuaa. YceueHHas nupamuaa. Tetpasap.

Tema 9.5. Ceyenus kyOa, MpU3Mbl ¥ TUPAMHU/IBI.

Tema 9.6. IlpaBunbHbIE MHOTOTPAHHUKH.

Tema 10. Tena BpaleHuss ¥ MOBEPXHOCTHU TeJ BPAIIECHUS.

Tema 10.1. unuuap, KOHYC U UX CBOHCTBA.

Tema 10.2. lap u cdepa, ux ceuenus. KacarenbHas mockocTs K chepe.

Tema 11.95meMeHTHI KOMOMHATOPUKH.

Tema 11.1. OcHOBHBIC NTOHATHS KOMOWHATOPHUKHU

Tema 11.2. ®opmyna Oumnoma HproTona. CBoiicTBa OHMHOMHAIBHBIX KO3(PQHUIIUCHTOB.
Tpeyrosbauk Ilackais

Tema 12. [IepBooOpa3Has u HHTErpa

Tema 12.1.

Tema 12.2.

Tema 13. U3mepenus B reomeTpun.

Tema 13.1. O6bem u ero usmepenue. Marterpansuas popmyna oobema.

[Tomobue puryp

Temal4.DneMeHTHI TEOPUH BEPOSTHOCTEH U MATEMATUYECKON CTATUCTUKH (ITPOIOTKCHHE)

Tema 14.1. JluckperHas ciaydaiiHasi BeIMUMHA U €€ XapaKTEPUCTUKU

Tema 14.2. IlpencraBienue qaHHBIX (TaOJIUIBI, TUATPAMMBI, IpadUKN)

VYpaBHEHMs U HEPABEHCTBA

Cnucok mrepaTtypsl




BBenenue

OgnazieHre MpaKTUIECKH JII000H COBPEMEHHOM mpodeccred TpeOyeT onpeaeIeHHbIX
MareMaThuyeckux 3HaHui. [IpencraBnenue o poiay MaTeMaTUKU B COBPEMEHHOM MUPE,
MaTeMaTHYECKHUE 3HaHUS CTaIU HEOOXOJUMBbIM KOMIIOHEHTOM 00IIeH KyabTypbl. Jlis
camopean3alny, BO3SMOXKHOCTH YCIEIIHON eI TeIbHOCTH B MHPOPMALIMOHHOM MUpE TpedyeTcs
IpOYHasi MaTeMaTu4eckas oAroToBka. MaremaTuueckoe oOpa3oBaHHE BKJIIOUAET B ceOsl OBJIa/IeHUE
CUCTEMO MaTEMaTHYECKUX 3HAHUM, YMEHUI U HABBIKOB, JAIOLIUX IIPEICTABICHUE O IIPEAMETE
MaTEeMaTHKH, O MAaTEMAaTUYECKON CUMBOJIMKE, CIIEUATbHBIX MATEMAaTHYECKUX ITPUEMAX, METOAAX
MBIILICHHUS.

VYueOHbII MaTepuay 4YE€TKO JO3MPOBAH IO OJHOMY WJIM HECKOJBKUM 3aHATHSIM. Takoe
IOCTPOCHHUE IIOMOTaeT CTYJAEHTaM MH3y4aTb MHOTHE BOIPOCHI CAMOCTOSITENBHO, OCOOCHHO €Clu
CTYJEHTOM IIPOIYILEHO KaKOe-TH00 KOHKPETHOE 3aHATHE UITU TEMA.

KoHcnekt nekuuii copep kUt HeoOX0JMMbIH MaTepual Mo BCeM pasjesiaM Kypca
MaTemaTHku: PazButue nousarus o uucie; OcHOBbI TpuroHoMerpuu; Kopuu, crenenu u sorapu@msi;
®yHkuuY, uX cBoiicTBa U rpaduky; CTeneHHsle, IOKa3aTelbHble, JJorapugMuyeckie u
Tpuronomerpuyeckue GpyHknun; Hauano marematnyeckoro aHaian3a; Y paBHEHHUSI M HEPABEHCTBA,;
[IpsiMbIe ¥ IIIOCKOCTHU B MpOCTpaHcTBe; KoopauHaTel U BEKTOPbl; MHOTOIpAaHHUKY; DJIEMEHTHI
TEOPHH BEPOSTHOCTH U MATEMATHUECKOW CTATUCTHKH, KOTOPBIE OOBIYHO M3Yy4alOTCs CTyICHTaMU Ha
IIEPBOM Kypce.

W3noxxeHne TEOPETHMUECKOI0 MaTepuana I0 HEKOTOPHIM TEMaM  COIIPOBOXKAETCS
pPacCMOTpPEHHEM IPUMEPOB M 3a/ad, BEAETCS Ha JOCTYIIHOM, [0 BO3MOXHOCTH CTPOTOM SI3bIKE.
[Tocobue moMokeT CTyaeHTaM OCBOUTh | Kypc MaTeMaTHUKH, MOJATOTOBUTHCS K clade 3a4eToB U
9K3aMEHOB 10 MATEMAaTUYECKUM JUCLHUIIIIMHAM.



Mamemamuka ¢ HayKe, NPAKMUYECKOU OesAmeIbHOCIU.

MaTeMaTI/IKa — HayKa 0 KOJIMYCCTBCHHBIX OTHOIICHUAX U HpOCTpaHCTBeHHI)IX q)opMax
JNEUCTBUTEIBHOTO MUpA.

Ponp MaTeMaTHKH B COBPEMEHHOW HayKe TIOCTOSTHHO BO3pacTaeT. ITO CBSI3aHHO C TeM, 4TO Oe3
pa3pabOTKH ¥ UCIIOJIB30BAHUS MaTEeMAaTHUYECKUX HayK ObUIO ObI, HAITPUMED, HEBO3MOXKHO HA OCBOCHHUE
KOCMOCa, HU CO3aaHHUC BHGKTpOHHO-BBI‘II/ICJII/ITGJIBHLIX MalllMH, HaIlIC AITNUX HpI/IMeHeHI/Ie B CaMBbIX
Pa3IUYHBIX 00JIACTAX YEITOBEYCCKOM JACSITSIBHOCTH.

MatemaTrka mpeAcTaBisieT cO00i OCHOBY (yHIaMEHTAIBHBIX UCCIICIOBAaHUHA B €CTECTBEHHBIX
Y TYMaHUTApHBIX HayKaX. MaTeMaTH4eCcKHue U U METOIbI IPOHUKAIOT B YIIPABJICHUE BEChMa
CJIO)KHBIMHU ¥ OOJIBIIMMU CUCTEMAMHU PAa3HOM MPHUPOJIBL: MOJIETAMU KOCMUYECKHX KopalJei,
OTPACIISIMU MTPOMBIIIJICHHOCTH, pa00TON OOMIMPHBIX TPAHCTIOPTHBIX CUCTEM U JPYTUX BUIOB
JCATCIIBHOCTU. B MaTEMAaTUKEC BO3ZHUKAKOT HOBBIC TeOpI/II/I B OTBECT Ha 3aHpocm HpaKTI/IKI/I 158
BHYTPEHHETO Pa3BUTHsI cCaMOi MaTeMaTHKU. [IpunokeHus pa3mudHbIX 00J1acTeld MaTeMaTUKHU CTAJIH
HEOTHEMJIEMOM YaCThIO HAYKH, B TOM YHCIE: PU3NKH, XUMHH, TCOJIOTHH, OMOJIOTUH, METUIIUHBI,
JUHTBUCTUKH, SKOHOMHUKH, COLIMOJIOTHH U JIp.

MaTeMaTI/IKa HrpaeT Ba)KHYIO pOJ'Ib B eCTeCTBeHHOHay‘IHbIX, I/IH)KeHepHO-TeXHI/I‘IeCKI/IX nu
TyMaHUTapHBIX HccienoBanusXx. OHa cTana Jijii MHOTHX OTpacjell 3HaHWK HE TOJIBKO OpYAHEM
KOJIMYECTBEHHOTO pacuera, HO TAKXKE METOJIOM TOYHOTO UCCIIEIOBAHUS U CPEJICTBOM MPEACIBHO
4eTKOH (hOPMYJIMPOBKH MOHATUN U TTpo0sieM. be3 cOBpeMeHHON MaTeMaTUKH C €€ Pa3BUTHIM
JIOTHYCCKHUM U BBIYUCIINTCIIBHBIM annapaTOM GBIJI 6BI HCBO3MOXCH HpOFpGCC B pa3JII/I‘-IHBIX 06JIaCT$IX
YeJIOBEYECKOM EeITEIbHOCTH.

MaTeMaTI/IKa ABJISICTCS HE TOJIBKO MOIIIHBIM Cpe,Z[CTBOM peIJ_IeHI/ISI HpI/IKJIaI[HbIX 3a1a4 u
YHUBEPCAIbHBIM SI3bIKOM HAyKH, HO TAKXKE M 3JIEMEHTOM OOIIel KyabTyphl. [[elicTBUTENBHO,
MaTeMaTHKa MPOHUKAET BO BCe Cephl UeTOBEUECKOH AeaTeTbHOCTH. TpyIHO Ha3BaTh XOTsI ObI OMH
paszien HayKu WM KaKyro-TH00 nMpodecCHOHaIbHYI0 00J1acTh, TJIe HE IPUCYTCTBOBAJIa ObI MaTEMaTHKA
uiu e€ MeTojibl. [ToaToMy HEOOXOAUMOCTh MAaTEMATHYECKOTO 00pa30BAHMUS /IJIsl YCIIEITHOTO
(bopMHUpPOBaHUSI TUYHOCTH HE BHI3BIBACT COMHCHHIA.

1. Ienu u 3a0auu uzyuenus mamemamuKru 6 yUpercoOeHusxX cpeonezo npogheccuonaibHozo
oopazoseanus:

» (QopMupoBaHUE MPECTABICHUH O MaTEMATHKE KaK YHUBEPCATHLHOM SI3bIKE HAyKH, CPECTBE
MOJIETTUPOBAHUS SIBJICHUI U IPOIECCOB, 00 UAESIX U METOJaX MaTEMaTHKH;

» pa3BUTHE JIOTUYECKOTO MBIILICHHS, IPOCTPAHCTBEHHOTO BOOOPaKEHUS, aITOPUTMUIECCKOM
KYJBTYPbl, KpUTUYHOCTH MBIIIVICHUS] HA YPOBHE, HEOOXOIUMOM ISt Oy ayIiei
pohecCHOHANBEHON e TENBHOCTH, JUISI IPOIOJKEHIS 00pa30BaHUs U CaMO0Opa30BaHUS;

» OBJIQJICHHE MAaTEMAaTHYCCKUMHU 3HAHUSIMH U YMECHUSIMH, HEOOXOAMMBIMHU B TIOBCETHEBHOM JKU3HH,
JUTSL U3YUYEHHS] CMEKHBIX €CTECTBEHHOHAYYHBIX JUCHUIUINH Ha 6a30BOM YPOBHE M TUCITUILIAH
poeCCUOHAIBHOTO MK, JIJIS TIOTyYeHHsS] 00pa30BaHUs B 001aCTIX, HE TPEOYIOMNX
yriayOaEHHON MaTeMaTHYeCKOM MOATOTOBKH;

» BOCITMTaHHUE CPEACTBAMH MAaTEMATHUKH KYJIBTYPbI IMIHOCTH, TOHUMAHUS 3HAYHMOCTH
MaTEeMAaTHUKU JJI1 HAYYHO-TEXHUYECKOTO ITPOorpecca, OTHOIICHHS K MAaTEMATHUKE KaK K 4acTH
00111eYeI0BEUECKON KYJIBTYPhI YePE3 3HAKOMCTBO C UCTOPHUEH pa3BUTHUS MAaTEMATHKH,
ABOIIONUEN MaTEeMAaTUUECKUX HJICH.



Tema 1. Pa3BuTHe noHATHS 0 YK CJIE
Tema 1.1 Llesable u panMoOHAJBbHBIC YHCIA

Onpedeﬂeﬂue u ceoticmea HamypalbHblX U YENblX YUucell. PCZI/[MOHCZJZbele quciaa u eco

ceolicmaa.

Ymemos: BRINOMHATH apu(PMETHUECKUE ACHCTBUS HAJ YMCIIaMHU, PEIIaTh 3ada9H.
3namy: onpesieNieHre U CBOMCTBA HATYPAJIbHBIX U LIEJIbIX YUCEN, pallMOHAIbHBIC YUCIa U UX
CBOIMCTBA.

Onpenenenune. Hamypanvusie yucaa — >1o uncna suga N={1, 2, 3, ...,}. Harypaibnsie uucna

IIOABUJIMCH B CBA3HU C HCOGXOIII/IMOCTBIO mnmoacycTa npeamMeEeToB.

Onpeneﬂenne. HaTypaJ'IBHHe quciia, 4ucia, IIPOTUBOIIOJIOKHBIC HATYPAJIbHBIM, H HYJIb

COCTAaBIISIOT MHOMCECME0 L uensvlx yuce.

Csoiicmea HAMYPAILHBIX U YEIbIX YUCEIT.

1) a+b=Db+a - nepeMecTuTenbHBIN 3aKOH CIIOKCHUS;

2) a+(b+c)=(a+b)+cC - couecrarenbHblii 3aKOH CIOKECHHS;

3) a*b=Db*a - mepemecTHTENbHBIN 3aKOH YMHOKEHHSI;

4) a*(b*c)=(a*b)*c - coueraTenbHBII 3aKOH YMHOKEHHUS;

5) a*(b+c)=ab+ac - pacnpeaenuTeIbHBIN 3aKOH YMHOKCHHUSI OTHOCHTEIIBHO CIIOKCHHUSL.

m
Onpenenenue. Payuonanvhvie wucna — 510 4UCia, IPEACTABUMBIC B BUJE IpoOU —, e m-
n

EeJI0C 4YMCJIO, 4 N- HATypaJbHOC YMCJIO. I[J'IH 0003HaYeHU palHOHAJIbHBIX YHUCCII HCIIOJIb3YCTCsA
JJaTUHCKasa 6y1<Ba Q . Bce HaTypPaJIbHBIC U LCJIBIC YUCJIa — PAIIUOHAJILHEIC.

1.2 11
IIpuMeps! paliuOHaIbHBIX YUCEIL: E; 7; 3

Ceolicmea payuoHanbHBIX YUCeN.
1) a+b=b+a;

2) a+(b+c)=(a+b)+c;

3) a+0=a;

4) a+(-a)=0;

5 a*b=b%*a;

6) a*(b*c)=(a*b)*c;

7) a*(b+c)=ab+ac;

8) a*l=a;

9) a*lzl; roe a = 0;
a

10) a*0=0.

Tema 1.2. [leiicTBuTe/IbHBIE YK c/a.JlelicTBUSL HAl 1eHCTBUTEIbHBIMI YMCJIAMHU.

Onpedenenue oeticmeumennuvix yucen. Uppayuonanvnuvle uucia.

Ymems: BHIIONIHATD apI/I(bMeTI/I‘IeCKI/Ie JehcTBUS Han qucjiaMu, peluaTh 3a1a4u.
3uame: OMpCaACIICHUE U CBOMCTBaA HeﬁCTBHTeHBHBIX YUCCII, ppalOHAJIbHBIX YK CCII.

Onpenenenne. Jeiicmeumenvuvie yucna (6euwecmeennple) — 4icia, KOTOPbIE TPUMEHSIOTCS

g U3MCPCHHA HCHPCPBIBHBIX BCJIWYUH. MHO0keCTBO I[GﬁCTBHTGJIBHLIX qucel 0603HaqaeTC51
naTuHCKOM OykBoW R . JleWicTBUTENbHBIC YKCIIa BKIIOYAIOT B CE0s pallMOHATIBLHBIC M HPPAIlMOHATBHBIC

8



yucna. HMppayuonanvuvie uucna — 4YNUCIIa, KOTOPBIE IIOJIY4alOTCS B pe3yJbTaTe BBINOIHEHUS
pa3IMyHBIX ONepaluil ¢ pPAaLUMOHAJIBHBIMM YHUCIAMHU (H-p, U3BJIEUEHHE KOPHS, BBIUHCIICHUE
Jorapu¢pmMoB), HO IMpPH 3TOM HE SABISIOTCS pPalMOHAIBHBIMH. [IprMepsl MppanMOHATbHBIX YHCEIN:

V2,3 7.

Jlro6oe AeicTBUTETLHOE YHCIIO MOXKHO OTOOPa3UTh HA YHCIOBOW MPSIMOK.
L 2 r——— L 0 - —>
-3 2 2 -1 -05 0 05 1 v2 2 3 x
Buvieoo: JIns nepeduclEeHHBIX BBIIE MHOXECTB 4YMCENl CIPaBEIJIMBO  CIEAYIOLIEe

BBICKa3bIBaHUE:!
NcZcQcR,

TO €CTh, MHOXKXECTBO HATypaJIbHBIX YHCEJI BXOAWUT BO MHOKECTBO LECJIBIX YUCEIL. MHO0KeCTBO OEIbIX
YUCCJI BXOAUT BO MHOKXCCTBO pallMOHAJIBHBIX YHCCIIL. A MHOXECTBO pallOHAJIBHBIX YHUCCII BXOAUT BO
MHOXXECTBO HeﬁCTBHTeHBHBIX YHUCCII.

Mooynv Odeiicmeumenvnozo uucia X 0003HAYACTCS |X| U OMNpENENsAeTCs TaK Ke, KaK U

MO,Z[yJ'IB paL[I/IOHaJ'ILHOFO quclia.
X, X >0,

|A: - X, X<0.

Ceoticmea mooyneir.
D|ﬂ=ﬁ§,

2) |aj=0=a=0;

3) |a|=0;

0 o=l

5) la-b|=la]-]o];
6) hfzaﬁ

7) E=H,b¢o;

bl bl

8) |a+b|<[a]+]b;
9) [a—b|=|a]-]b|

Koumponvhvie sonpocwi

1. Onpepenenre U CBOWCTBA HATYPATbHBIX U IEJIBIX YHCEII.
2. PanmoHanbHBIE YHCIIA M €70 CBOMCTBA.

3. UppannonanbHbie YuCIa.

Tema 1.3. IIpubaun:keHHble 3HaYeHUsI. AGCOJTIOTHASI U OTHOCUTEIbHASI MOTPEIIHOCTH.

Hpu6ﬂu9f€€HHbl€ 3HAYEHUA. HOZpBWHOCmb npu6ﬂu9fceHuﬂ. Abconomuas u omuocumenvras
nozcpewHocmu npu@zuofcenuﬂ U ux epanuybsl. Yucna 6EPHbLIE, COMHUMEIIbHbLE, CMPO2O 6EPHbIE U
3Hadawue.

Ymemu: HaxoqUTh NpUOIMKEHHBIE 3HAYEHUS BEJIMYMH U NTOTPELIHOCTEH BBIYMCIICHUH, TIPUMEHSTh
PAKTUYECKHUE MPUEMbI TPUOIMKEHHBIX BBIYUCICHUH.

3namu: TpUOIVHKEHHBIE 3HAUYEHUS, TOTPELIHOCTD MPUOIMKEHHS, a0COIIOTHAsE U OTHOCUTEIIbHAS
MOTPEIIHOCTH MPUOIMKEHUS ¥ UX TPaHUIIBI, YMCIIa BEpHBbIC, COMHHUTEIBHBIE, CTPOTO BEPHBIEC U
3HaYallue.



1.Ilpubnusicennoe 3nauenue eeauUdUHbl. AOCONIOMHAA NOZPEUIHOCHD RNPUOTUNCEHUS.
I'panuya adconrwmnoi nozpewinocmu.

[TycTh pe3ynbTaT u3MepeHusl WM BEIYMCIICHHS BEIMYUHBI X C HEKOTOPOUW TOYHOCTHIO PABEH a .
Torna aHasbIBaeTCsl npubaudicenHviM sHadenuem (WM npubaudicenuem) Benuuunsl X . [lpuyem, eciu
a < X,TO @ Ha3bIBACTCA NPUOIUNCEHHBIM 3HAUEeHUeM ¢ Hedocmamkom (WU npubaudiceHuem CHusy), a

€CIIM & > X, TO @ Ha3bIBACTCS NPUOIUNCEHHBIM 3HAYEHUeM C U30bimKkom (W NPUOIUNCEHUEM CEEPX))

BEJIMYUHBI X .
Onpenenenne. Pa3HOCTP TOYHOrO W NPHUOIMIKEHHOIO 3HAYEHUI BEIMUYMHBI HA3bIBACTCS
nOZPeUHOCMbI0 RPUOIUNCEHUA.
Tak, ecnm X- TOYHOE 3HAYeHUE, &a- NPUOIMKEHHOE 3HAYEHHE, TO PA3HOCTh X—a -
norpemHocTs npudaxkenus. Eciu ee 0003HaunM uepe3 AX, TO HOIy4HUM
X=a+AX,
T.€. HCTUHHOE 3HAYE€HUE PAaBHO CyMME MPUOIMKEHHOT0 3HAYE€HUS M TOTPEIIHOCTH NPUOIMKESHUSI.
Moaysb pa3HOCTH TOYHOT'O M MPUOIMKEHHOTO 3HAUE€HUI BEJIMUNHBI HA3bIBACTCS AOCOMIOMHO
nOZPeUwHOCMbI0 RPUOIUNCEHUA.
CnenoBarenbHO, eciu AX=X—a - MOTPEIIHOCTb NPUONMKEHUS, TO |AX| = |X - a| -

a0COJIIOTHAS TTOTPEIIHOCTh MPUOIMKEHHS.

Bo MHOruX mNpakTHYeCKH BaXKHBIX CIIy4asX HEJIb3s HAaWTH aOCOJIOTHYIO MOTPEIIHOCTb
OpUOIMKEHUsT M3-32 TOTO, YTO HEU3BECTHO TOYHOE 3HAaYeHHE BeaMYuHBbL. OJHAKO MOXHO YKa3aTh
HOJIOKUTETIBHOE YHCII0, OOJIBIIE KOTOPOTo 3Ta A0COIOTHAS MOTPEIIHOCTh OBITh HE MOJKET.

Onpenenenue. J[1000€ MOJOKUTEIBLHOE YUCIO, KOTOPOE OOJIbIIE WM PABHO a0OCOIIOTHOM
HOTPEITHOCTH, HA3bIBACTCS 2PAHUYEll ADCONIOMHOI NOZPEUIHOCIU.

CrnenoBarenbHO, €CIM X- TOYHOE 3HAYEHHUE, a- NPUOIMKEHHOE 3HAYeHHE, TO Pa3HOCTb
AX=X—a - NOrpeuIHOCTh NPUOIIMKEeHHs, TO Jro0oe uYucio h, ymoBieTBopsioliee HEPaBEHCTBY

|AX| <h, sBusercs rpaHuieil aOCOMIOTHON MOrPENIHOCTH. B 3TOM Ciydae roBOPST, YTO BEIHYHHA

X IPUOIMKEHHO C TOYHOCTHIO 10 N paBHa a, v MHIIYyT

X~ a ¢ TOYHOCTHIO 10 h

wm X=azth, 3amuce X=ath o3Hauaer, 4YTO HMCTUHHOE 3HAYEHHE BEIUYUHLI X
3aKJIFOUEHO MeX Ty rpanuiiaMu a—hwu a+h, 1. e.

a—-h<x<a+h.

Ecam u3BecTHO, 4TO A sBIsAETCS MPUOIMKEHHBIM 3HAYE€HHWEM BEIWYMHBI X, U TpelyeTcs
OTIpEACNIUTh TPAHUILy aOCONIOTHOM MOTPENIHOCTH ATOTO MPHUOIMKEHHOTO 3HAYEHHS, TO ATy 3a1ady
00bI9HO popMyTUPYIOT Tak: «OnpeaenuTs (HaiTH) TOYHOCTh TPUOITMKEHHOTO PAaBEHCTBA X =~ a».

2.0muocumenvuasn nozpewtnocms. I panuya omnocumenvHoil nOZpeutHocmu.

Onpenenenne: OTHOUIEHHE aOCOMIOTHOM MOTPEIIHOCTH TPUONIKEHUS K MOJIYIIIO
NPHUOIMKEHHOTO 3HAYCHUS BEJTMYUHBI Ha3bIBACTCS OMHOCUMETbHOU NOZPEUWHOCMbI0 TIPUOIVKECHUS.

CrnenoBatenbHO, €clii X - TOYHOE 3HAY€HHUE, 8- MPUOINKEHHOE 3HAUCHHE, TO OTHOIICHHE

|AX  [x—a]

& [d
SIBJISIETCSI OTHOCUTEIILHOU NOrpe€IHOCTBIO HpI/I6HI/DK€HI/I$I.

OTHOCUTENBHYIO MOTPEIIHOCTH YACTO BBIPAXKAIOT B MPOIIEHTAX.

B ornuume oT aOCoNIOTHOM TMOTPENIHOCTH, KOTOpas dYalle BCEro ObIBaeT pa3MepHOM
BEJIMUMHOM, OTHOCUTENIbHAS MTOTPEIIHOCTD SBIISAETCS O€3pa3MEPHOIl BETUYMHOM.

Onpenenenue. J[1000e MOJOKUTEITHHOE YUCIIO, KOTOPOE OOJNBINE HIU PAaBHO OTHOCHTEIHLHOM
MOTPEIIHOCTH, HAa3bIBACTCS 2PAHUUEIl OMHOCUMETNbHOU NOZPEUIHOCHU.

CrnenoBarenbHO, €Cd  AX- TIOTPEIIHOCTh MPUOMMKECHHS, TO JIO00E HHCIO O,
yIOBJIETBOPSIOLIEE HEPABEHCTBY

X
— <0,
o
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SIBIISICTCSl TPAHMLEH OTHOCUTENIBHOW MOrpemrHocTd. B dactHocTH, ecnu h - rpaHmma abGCOMOTHOM
HOTPELIHOCTH, TO YUCIIO
_h
g
ABIISIETCA TPAaHULEH OTHOCHUTENBHOW moOrpemHoctd npubmxkenus a. Otcrona, 3Has TPaHULYY
OTHOCHTEJIbHOM MOTPEIIHOCTH, MOXKHO HAWTH IPAHUIy a0COIIOTHON MOTPEIIHOCTH:
h=¢-lal.

3.Okpyznenue u nozpeuwtnocmy OKpy2ineHus.

Omnpenenenne. AOCOMIOTHAs IOTPELIHOCTb, JONYyCKaeMas IPHU OKPYIVIEHHWHU, Ha3blBaeTcCs
OWUOKOIUL OKPY2TICHUS.

CymecTByIOT TpU Croco0a OKPYTJICHHS MOJIOKUTEIBHBIX JECATUYHBIX JpOoOei: OKpYyTJIeHUE C
HEJI0CTaTKOM, OKpPYTJIEHHE C N30BITKOM U OKPYIJIEHHE C HAUMEHbLIEH OIIMOKOM.

Okpyenenue ¢ nedocmamkom J10 €IUHUI] 1O HEKOTOPOrO pa3psja COCTOUT B OTOpachIBAaHUU
€IMHUL] BCeX MIIAAIINX pa3psaaoB. [Ipu TakoM okpyrieHnu Bce LU pbl 1eCATUUHON APpOOU 10 TaHHOTO
pas3psiia BKIIOUUTEIFHO HE MEHAIOTCS, a HU(PBI MIAAMINX Pa3psAI0B 3aMEHSIOTCs HylssMu. Hanpumep,
ecmi X =23,467, TO OKpyIJIeHHS C HEIOCTaTKOM JI0 COTBIX, JECATHIX, EIWHHMI, JECSITKOB

COOTBETCTBEHHO PaBHBI
23,46; 23,4, 23; 20.
OmmOKH OKPYTIICHHUSI COOTBETCTBEHHO PaBHBI
0,007; 0,067; 0,467; 3,467.

Oxpyenenue ¢ u36bimkom 10 €IWHUI] HEKOTOPOTO pa3psiga OTIMYACTCS OT OKPYIJICHHS C
HEJIOCTaTKOM TEM, YTO YMCIIO SUHHMII JAHHOTO Pa3psia YBEINIMBACTCS HA SAUHUILY.
Hampumep, ecnmu X = 23,467, T0 OKpyIJIeHHE C U30BITKOM JO COTBIX, JIECATHIX, SAUHHII, JCCSITKOB

COOTBETCTBEHHO PABHEI
23,47; 23,5; 24; 30.
OmuOKN OKPYTIICHNS! COOTBETCTBEHHO PABHBI
0,003; 0,033; 0,533; 6,533.
CamMpIM  pacrpoCTpaHEHHBIM  OKDYTJIEHHEM  SIBISICTCS ~ OKpy2leHue ¢  HauMeHbvuiell
nozpeuinocmuio. OHO IPOU3BOJUTCS 110 CIEAYIOIINM IIPABUIAM:!
1) EnuHUIBI MIaIImux pa3psaoB OTOPachIBAIOTCS;
2)4Kcio eIWHUI] JAaHHOTO pa3psa He MEHSETCs, €Clii clenyromas mudpa qaHHON 1podu MeHbIe
5, ¥ yBenn4MBaeTCs Ha €AMHUILY, €CIIH CIeAyIomas nudpa Ooble WK paBHa 5.
Hanpumep, ecim X = 23,467, T0 OKpYIJIeHHs C HaWMEHbBIIEH MOTPEHIHOCTHIO /IO COTBHIX,

JACCATBIX, CAMHHUL 1 JCCATKOB COOTBECTCTBCHHO PABHbI
23,47, 235; 23; 20.

Ommoku OKpPYTJICHUS COOTBCTCTBCHHO PABHbI

0,003; 0,033; 0,467; 3,467.

Koumponvnwvie 6onpocwi

1. ITpubnm>keHHbIE 3HAYCHUS.

2. [TorpemrHoCTh IPUOTUIKCHHUS.

3. AOcooTHAsI U OTHOCUTEIIbHAS TIOTPEITHOCTH MPHUOIMIKEHHS U MX TPAHHUIIBL.
4. Yucna BEepHBIE, COMHUTEILHBIC, CTPOTO BEPHBIE M 3HAYAIITHE.

Tema 1.4. KoMmnjiekcHbIE YACTIA

OnpedeﬂeHue KOMNJIEKCHO2O0 YUcia, norAmue paseHcmeda u 0eticmeausl CJLONCEHUs. U YMHOINCEHUA
KOMNJIEKCHbIX YUcell, Moay]lb u apeymenm KOMNJ1eKCHOo20 HYucia.

Ymems: BEINOTHATDL NEUCTBUS HAJlT KOMIIICKCHBIMH YKCJIaAMH a anre6pqueCK0171 (bopMe
Buame: OMnpeCaACIICHUEC KOMIIJICKCHOI'O 4uCJia, IIOHATUC paBCHCTBA U ILGﬁCTBHSI CJIOKCHUA 1 YMHOXKCHUA
KOMIIIICKCHBIX YHUCCII U ACIICHNA KOMIIJICKCHBIX YHCCII.

11



Kak u3BecTHO M3 MIKOJIBHOIO Kypca, ypaBHEHHE BUAA x%+a=0 e umeer JeUCTBUTEIBHBIX
KOpHEH, HO CyIIIeCTBYeT HEOOXOJUMOCTb PEeIIaTh ypaBHEHHsI TaKOro BUAa. [t 3Toro npuaymaiu Tak
Ha3bIBAEMbIE «KOMILIEKCHBIE YHCIIAY.

JIist ompezeneHuss KOMIUICKCHBIX YHCENl CHayala BBEAEM HEKOTOPbIH CHMBOJ I, KOTOPBIi
HA30BEM MHUMOU eOuHuyel. ITOMy CUMBOJY NPUIHUCHIBAETCS CBOWCTBO YJIOBJIETBOPSTH YPAaBHEHUIO

x2+1=0:i1+1=0,wm i’ ==1, i=+/—1 Ipusrom

sl s :3 2 ok s os4 3 5 :
F=L1"=1"-1=—L 1" =1"-1=1 1" =1,.....

Komnnexcuvim uuciom 7 HaseiBaeTcsl BhpakeHne Z =a -+ 10, roe a u b — neficrBurensabie
gricaa. [Ipr 3TOM 4KCIIO A HA3BIBAETCS OelicmeumenvHoll yacmoio uucna Z (2 = Re z), a b — muumou
yacmoio (b = 1m 2).

Ecmu a =Re z =0, 10 uncio z 6yaer yrcto MEHAMBIM, ecid b = Im z = 0, o uucio z Oyxaer
JICICTBUTEIbHBIM.

UYncna Z=a+ib u Z = a — ibuassBarorcs KOMNJIEKCHO-CONPAINCEHHbIMU.
JIBa KOMIUIEKCHBIX 4Mcna Z; =a; + Ibl u Z,=4a,+ Ib2 Ha3bIBAIOTCA PAaBHBIMHU, €CIU

COOTBETCTBEHHO PaBHbI UX JCHCTBUTEIbHBIC U MHUMBIC YaCTH: d; =a,, b1 = bz;

MHOkeCTBO KOMIIEKCHBIX UHCEN — HEYMOPS04eHHOE MHOKECTBO, T.€. U3 JBYX KOMILIEKCHBIX
uyces Helb3s yKa3aTh MOC/IeAyIolIee U IpeablayIee. Mexay AByMs KOMIUIEKCHBIMM YMCIaMHU HENb3s
TIOCTABUTh 3HAKM HEPABEHCTBA > MIH <.

KOMIIIEKCHOE 4YHCIIO PABHO HYIIO, €CIIM COOTBETCTBEHHO PaBHBI HYJIIO JEHCTBUTENbHAS U
munmas gacti: a =b = 0.

Heiicmeus Ha0 KOMNIEKCHbBIMU YUCTAMU.
1)z=2,*2,=(a +ib)*x(a, +ib,)=(a, ta,)+i(b, £b,)

2) =22, =(a, +1b)(a, +ib,) =aa, +iab, +iba, + izblb2 =(a,a, —bb,) +i(ab, +ba,)
3 z 4 a, +ib

— = x+iy WA
z, a,+ib,
- (a +1iby)(a, —ib,) _ (@, +bb,)+i(a.b —ab,) aa, +bb, 4 a,0, —ayb,
(a, +ib,)(a, —ib,) a5 +b? as +b? as +bl

Konmponvhnvie 6onpocwi

1. Onpenenenne KOMIUIEKCHOTO YHCIIa

2. IlonsTue paBeHCTBA

3. [eticTBHs HaJ KOMIUIEKCHBIMH YHCIAMU

12



Tema 3. OCHOBBI TPUTOHOMETPUH

Tema 3.1. Paguannas mepa yria. BpamareibHoe 1BHKEeHHUE.
Eounuunas okpyscnocmo. Yeon 6 o0un paouan. Ilosopom mouku 6oKpye Ha4ana KOOpOUHam.

Ymems: HaX0qUTh KOOPIMHATHI TOUYKU U YTIIOB.
3nams: eMUHUYHYIO OKPYKHOCTB, YTOJI B OJIMH paauaH, (GOpMYJIbI Iepexoja OT paauaH K rpajycam u
OT I'PaJycoB K paJiiaHaM, IOBOPOT TOYKU BOKPYT Hayasla KOOpAHHAT.

Onpenesienne: [{eHTpabHBIN YToJ1, OMUPAIOIIUNCA HA IYTY, IJIMHA KOTOPOW paBHA PAANYCy
OKPY>KHOCTH, Ha3bIBaeTCA yIiioM B 1 paauaHn.

I'pagycHas mepa yria B 1 paguan paBHa:

Tak kak nyra anmuHoi 77 R (OITyOKpy’>KHOCTB), CTSTUBAaeT LeHTpalbHbIi yrou B 180°, To ayra
JUIMHOM R, cTsruBaer yrois Bz pa3 MEHBIIHI, T.€.

. _(13(1)
pan = | —

N naobopot

_ T
~ 1807

o

Tak xak 7 = 3,14, T0 1 pax = 57,3°

Ecnn yrois conepxut a paanaH, TO €ro rpajgycHasi MeEpa paBHa

B (:uau )
apag = - i
N naobopot
a® = I a
~180 P

OO6bIyHO TP 0003HAYEHUH MEPHI yTia B paJraHax HAMMEHOBaHUE «Pajy» OMyCKaloT.
Hampumep, 360° =2 7 pan, numyt 360° =2

B tabnuie ykazaHsl Han0ojee 4acTo BCTpeyaromuecs Yribl B TPagyCHOl 1 paguaHHoii Mepe.

| Tpagycer | 0 | 30 | 45 | 60 | 90 | 180 |
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Panuanst 0 T T i V4
6 4 3 2

Panuannas mepa yrna yaoOHa 11 BBIYMCICHHS JUIMHBI AYTH OKpY>KHOCTH. Tak Kak yroi B 1
paauaH CTATUBAET OyTy, JUIMHA KOTOPOU paBHa paauycy R, To yroyi B ¢ paj CTATUBAeT AYTY JUIMHOMN

l=a-R
Oco0OenHo mpocToii Bua hopMmyna uMeeT B ciydae, korga R =1. Torna anuHa nyru paBHa
BEJIMYMHE [ICHTPAJILHOIO YIJIa, CTATMBAEMOT0 3TOU Jyroii, B paauanax, T.e. | = «.
[Tnomane kpyrororo cekropa paamyca R, 00pa3oBaHHOTO YIJIOM B & paj, paBHA
RZ
S=—u«
2

ITosopom mouku 60Kpyz Hauana Koopounam

PaccMoTpuM Ha KOOpIMHATHOH IJIOCKOCTH OKPYXHOCTh paauyca | ¢ LEHTpoM B Hayaie
KoopAuHat. Ee Ha3pIBalOT €IMHUYHON OKPYXKHOCTBIO. BBeneM MOHATHE TOBOPOTA TOYKU €IMHUYHOU
OKPYXXHOCTHU BOKPYT Hauajla KOOPAMHAT Ha YIOJl & pal, e o - 11000e AeHCTBUTEILHOE YHUCIIO.

1. IIycts 0>0. [Ipeanosoxum, 4To TOUKA, JIBUTaAsACh I10 EAUMHUYHONW OKPYKHOCTH OT TOUYKH P nmpoTus
4acOBOM CTPEJIKH, MpoluIa MyTh AIHHOH o (puc. 1). Koneunyto Touky mytu o603HaunmM M.

B aTrom cinyuae Oyaem roBoputhb, 4To Touka M nosyyeHa u3 ToUku P moBOpOTOM BOKpYT Havaja
KOOpJMHAT Ha YTroJl 0. paJuaH.

2. Ilycts 0<0. B 3TOM cilyyae moBOpPOT Ha yroJj o paJiiaH 03HA4aeT, YTO ABMKEHHE COBEPIIAIOCH 110

4acOBOM CTpeJIKe M TOUKa MpOoIljia MyTh ATUHHON |a| (puc. 2).

HOBOpOT Ha 0 paa 03Ha4acT, YTO TOUKaA OCTACTCsA HAa MECTC.

[Tpumepsbr:

1) Ilpu noBoporte Touku P(1;0) Ha yron(% )(puc. 3) nonyvaercsa Touka M ¢ koopaunatamu (0;1).
2) Ilpu noBopote Touku P(1;0) Ha yron(-% ) (puc. 3) momyuaercs Touka N(0;-1).

3) IIpu moBopote Touku P(1;0) Ha yron(%Z ) (puc. 4) mony4daetcst touka K(0;-1).

4) Ilpu moBopote Touku P(1;0) Ha yron(- 7 ) (puc. 4) nomyqaercst touka [I(-1;0).

vi . ' Fl”

7 a0

p(1;0) POO)
i R o<0

Puc.1 Puc.2
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yi

N

Puc.3

&
&[]+
B[+
-
@,,,,,.
@ng.m
ran W
&l -
D [ =

Puc.4

[IpuBenem TabiuIly MIOBOPOTOB HA HEKOTOPBIE YIJIbI, BHIPAKEHHBIE
B paJMaHHOW M TpamycHoil Mepax (puc. 5). OTMeTHM, 4YTO MpHU
noBopore Touku P(1;0) ma 360°, Touka BO3Bpamiaercs Ha
NepBOHAYAIBHOE TOJIOKeHUe (cM. Tabnwuity). [Ipu moBopoTe TOUKH

Ha -360°, oHa TaKkKe BO3BpalIaeTCi B IMEPBOHAYAIBHOE

ITIOJIOKCHHUC.

Puc. 5
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Tema 3.2. Onpe()eﬂenue CUHYCA, KOCUHYCA, MAH2EHCA U KOMAH2EHCa Y2nda.
Onpedeﬂenuﬂ CUHyCa, KOCUHYyCca, man2enca u Komanzaenca 4ucid. Suaxu CUHyCca u KOCUHyca.
Ymems: HaXOIUTh 3HAYECHUS TPUTOHOMETPUUECKHUX BBIPAKEHUM, ONPEAEIISITh 3HAKOB YHUCEII
SIna, COS a, tga, ctga

3nameo:. OIIPCACIICHUA CUHYCA, KOCUHYCA, TAHTCHCA U KOTAaHI'CHCA Y1 CJIa, 3HAKN CUHYCa U KOCHUHYCA.

Omnpenenenne 1. Cunycom yria o
Q Ha3bIBAETCS OpJUHATA TOYKH, ITOJYyICHHON 4
noBopoTom Touku (1;0) Bokpyr Hauana
KoopauHatT Ha yron ¢ .O6o3Havaercs Sinae | 7 TN
Onpenesenne 2. Kocunycom yria
o Ha3bIBaeTcs abcuucca TOYKH, MOTy9eHHON K
noBopotoM Touku (1;0) Bokpyr Hauana m//\
KOOpJAMHAT Ha yroia ¢ .0O603Havaercsi COSx 0(0;0) cose | P(1;0)

B sTtnx OMMPCACIICHUAX YI'OJI MOXKET BBIPAXKATHCA KaK B I'palyCax, TaK U B paaraHax.
Omnpenenenne 3. TaHreHcoM yriao Ha3bIBaeTCs OTHOIICHHUE CHUHYCa yrila « K €ro KOCHHYCY
(obo3Havaercstge ).

sina

CoOso

Omnpenesnenne 4. KotaHreHCOM yriaq Has3bIBAaeTCs OTHOIIEHHE KOCHHYCAa yIJla ¢ K €ro CHHYCY
(obo3Havaercs Ctga ).

Takum obpazom tga =

Takum obOpazom Ctga = Cf)sa
SIn o
[TpuBeneM TabIMIy YaCTO BCTPEUAIONINXCS 3HAUCHUH CHHYCa, KOCUHYCa, TAHT€HCA U KOTAaHTeHCa.
Tpagycer | 0° | 30° | 45° [ &0° | 90° | 180° | 270°| 360°
3
Pamuage | 0 z z K b 2 2
6 4 3 2 2
Dyurmua
1
: ol = E E 1 0 -1 0
hale) 2 o o
1
COSCE 1 E E — 0 -1 0 1
2 2 2
tacy 0 ? 1|43 - 0 - 0
ctgct - |3 1 g 0 - 0 -
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3HaueHus KOCHHYCAa U CHHYCA HA OKPYKHOCTH.

v YA
+ + - +
g X 0 X
- | - -+
Jnaxu cusyco Jvany necunyca

Konmponvhule éonpocwl
1. EnuHn4Hast OKpy>KHOCTb.

2. YTOJ B OIVH pajivaH.
3. [ToBOpOT TOUKH BOKPYT Havajga KOOPAUHAT.

4. OnpeneneHus CUHyca, KOCUHYCa, TAHI€HCA U KOTAHT'€HCa Yucia.
5. 3HaKu CHHYcCa U KOCHHYcCA.

¥YA

T

oS |

)
-

manu maneeHca
U ROMaNeeHca
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Tema 3.3, 3.4. OcHOBHbIE TPUTOHOMETPHYECKHE TOKIECTBA. DPMYJIBI CI0KEHUS

3asucumocms mexcoy CUHYCOM, KOCUHYCOM, MAH2EHCOM U KOMAH2EHCOM OOHO20 U MO20 dHce
yena. @opmynvl CLOHCEHUS.
Ymems: HpeOGPaBOBBIBaTb HpOCTGfILHPIG TPUTOHOMCTPUYICCKHUC BBIPAKCHUA, BBIYUCIIATH C TIOMOIIBIO
(bOpPMYIIBI CITOKCHHUS.
33Hamyb: 3aBUCUMOCTh MEXIY CUHYCOM, KOCHHYCOM, TAHT€HCOM M KOTAHT€HCOM OJHOTO M TOTO K€
yria, GOpMyJIbl CIIOKEHHS.

Ocnosnoe mpuzoHomempuueckKkoe mooicoecmeo:

cos’a+sina =1
303”CMMOCmb Meofcdy CtuCOM u KOCllHyCOM.'

cos’a =+J1l-sin’a
sin? @ = +vJ1-cos?

tga -ctga =1

1
tg’a+1=———, ctg’a+1=—
cos’ a sin’ o

Cunyc, Kocunyc, manzenc y2inos (—a) u o .
cos(—a) = cos o
sin(—a) = -sina
tg(—a) = tga
ctg(—a) = —ctga
Dopmynl C10MHCEHUA

OcHOBO¥ 7151 BEIBOJIA OCTATIBHBIX (POPMYIT SIBISIFOTCS POPMYJIbL C/IOMHCEHUA:
cos(a + ) =cosa cos S +sinasin f

cos(a — ) =cosacos B —sinasin
sin(a + ) =sina cos B +cosasin S
sin(a — f) =sina cos S —cosasin S
L p) = tga +1gp
1-tgatgp
KOHmpOJZbele B80NpPOCHI
1. 3aBUCUMOCTB MEXIY CHHYCOM, KOCUHYCOM.

2. 3aBUCUMOCTh MEX]Iy TAHTEHCOM M KOTAHT€HCOM OJ[HOTO M TOTO € yIJIa.
3. ®opMYITBI CTIOKEHUS.

tg(x

Tema 3.5. CuHyc, KOCMHYC M TAHI'€HC ABOMHOIO yIJia.
CuHyc, KOCHHYC ¥ TAHT€HC MOJOBHHHOTO yIJIa
®opMmy.abl IpUBeIeHU

Bwv1600 chopmyn cunyca u kocunyca 060tino2o yena, ucnonvsys oopmyast croxcenus. Haxoorcoenus
NOJOBUHHOZ0 Y2lld NO U36ECMHBIM 3HAYEHUM KOCUHYca u cunyca. Ilpumenenue ¢popmyn npuseoeHus.

Ymemyw: ucnonb3oBaTh (GOpMyNBI JBOHHOIO yIya, HCHONb30BaTh (OPMYJbl HMOJOBUHHOIO YIJa,
NPUMEHSTH [IPHU PEIICHUH 33]1a4 (POPMYJIbl IPUBENCHUS.

18



3namy: BBIBOA (hOPMYJ CHHYCA U KOCHHYCA JIBOMHOTO YIJla, UCHOIb3Ys (POPMYIIBI CIIOKEHUS,
HaXO0XJICHHS TIOJIOBHHHOTO YTJIa [0 U3BECTHBIM 3HAYCHUSIM KOCHHYCA M CHHYCa, IPIMEHEeHne Gopmy
NPUBEICHUS.

Cunyc, KOCUHYC U MAH2EHC 08OIIHO20 Y2Ia.

Sin 2 = 2Sin ¢ COS &
cos2a = cos’ a —sin’ a

CtuC, KOCUH)YC U MAHZECHC NOJIO6UHHO020 Y2/ia

,a 1l+cosa
cos E_—

E B 1+cosa
Dopmynvt npusedenus

01a cunyca:

. T . T

sin| = —a | =cosa, sin| ~ +a |=cosa,
2 2

sin(z —a)=sina, sin(z +a)=-sina,

sm(—

011 KOCuHyca:

)
cos(%—aj =sina , cos[ +a2 —-sina,

5 —Olj_—COSOC, sm(—+a =—-C0Scx .

cos(z —a)=—cosa, cos(x —cosa ,
7o) 7

cos ——a |=-sina, cos —+a |=sina.

2 2

011 MaHzenca U KOManzenca:
T

tg(z + a} =—Clgc, Ctg( + aj =—{0«,
T T

g ——a |=ctger, ctgl —— o |=t0c.

o 3-a]-ct d5-a)-t0

. . T
B mpaBoii wactu (popMyIIbl CTABUTCS TOT 3HAK, KOTOPBII UMeeT JieBast yacTh npu yciaoBuu 0 < o < 5

" T 3z
Ecmu B neBoit yactu GopMyIibl yroi paBeH Eia WA ? + @, TO CHHYC 3aMEHSCTCS Ha KOCHHYC,

TaHIe€HC — Ha KOTaHT'eHC U Hao0opoT. Eciu yroin paBeH 7 + ¢, TO 3aMEHBI HE IPOUCXO/IUT.

Cymma u paznocms cunycog. Cymma u pa3nocmo KOCUHYCOB.
o+ o -
> ﬂ COoS ﬁ )

sina +sin = 2sin 5
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. . .- a+
sina —sin £ = 2sin 'Bcos P

2
COSa+COSﬁ=2COSa+ﬂCOSa;ﬂ,
COSa—cos,B:—ZsinOHﬁsina;ﬂ.

Koumponvnwvie 6onpocwi

1. BeiBox opmMys cHHYCa M KOCHHYCA IBOMHOTO YTJIa, UCHOIB3Ys (DOPMYJIIBI CIIOKEHUSI.
2. Haxox/1eHusl TOJIOBUHHOTO yTJa 10 U3BECTHBIM 3HAUEHUSM KOCHHYCA M CHHYCA.

3. [Ipumenenne GpopMyI MpUBEICHHUS.

Tema 3.5 .Tpuronomerpuuyeckue GyHKIHH.

Onpeoenenue mpueoHoMempuieckux QYHKyutl, cOUCMEa MpUeOHOMEMpPUIECKUxX
GyHKyul, epaguxu mpucoHomempuyecKux yHKyuil

Ymemu: cTpouTh ra KM TPUTOHOMETPHUECKUX (DYHKIIMNA, ONMTUCHIBATh UX CBOMCTB, IPUMEHSITh
CBOMCTBA IPH PEUICHUH yIIPaKHEHUI
3namy: onpeneneHusi TPUrOHOMETPUYECKUX (DYHKIUHN, CBOMCTBA TPUTOHOMETPUIECKUX (PYHKIUH

®dynkuumum Y = SiN x, y = COS x, y = tg x, y = Ctg X Ha3bIBAIOT TPUTOHOMETPUICCKUMH (DYHKIUSIMU.

®ynkuus y = Sin x.
CsoiictBa u rpaduk GyHKIHH Y = SiN x.
1) O6nacTe onpeneneHus - MHO>KECTBO BCEX JAEHCTBUTEIbHBIX YHUCEN.
2) Obnacts 3Ha4eHuH - oTpe3ok [ - 1; 1].
3) ®yHKIHS IepruoIuIecKas; OCHOBHOW MEPHOJ paBeH- 27.
4) OyHKIMSA HEYSTHAS .
5) ®yHKIMs BO3pacTaeT Ha MPOMEXYTKax [ -n/2 + 2wn; m/2 + 2nn] u yObIBaeT Ha
MIPOMEXKYTKAX
[ /2 4+ 27n; 3n/2 + 2an], n € Z.
I'padux GpyHKIHU y = SiN x H300pakeH Ha PUCYHKE.

i y=-sinx
Tl

L

DyHKIus y = COS X

CoiicTBa 1 rpaduk (HyHKIIUHU ) = COS X.
1) O6nactp onpeneneHus: PyHKIMH - MHOXKECTBO BCEX JI€HCTBUTENbHBIX YHCEIL.
2) O6acThb 3HaueHHH - oTpe3ok [- 1; 1].
3) ®yHKIMS IEPpUOUYECKAs] C OCHOBHBIM IIEPUOAOM 27T
4) OyHKIMS YeTHAS.
5) @yHkums yObIBaeT Ha MPOMEXKYTKax [27tn; 1+ 2 n] 1 Bo3pacTaeT Ha MPOMEKYTKaxX
[-n+ 27n; 2nn], nnZ.
I'paduk pyHKIMU y = cOS X U300paKeH Ha PUCYHKE.
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ro |

S

@dyuxkousa y = tg x.

CgoiictBa u rpaduk ¢pyHKuuu y = tg X.

1) O6nacts onpenenenus: X& n/2 + nk, ke Z.
2) O6nacTh 3HAYCHUH - BCS YUCIIOBAs MpsiMasl.
3) m- OCHOBHOI nepruoa GyHKIHH.

4) OyHKIMSA HEYeTHAS.

5) ®yHKIMs Bo3pacTaeT Ha MPOMEXyTKax ( -m/2 +nn;n/2 +xn).

I'paduk pynkmm y = tg x n300pakeH Ha pUCYHKE.
Y y=tgr

|
|

T

(}

P
-

e

t\.,l

3

|
| |
| |
| |
| |
| |
| |
', '.
T L
| |
| |
| |
| |
| |
| |
| |

®yukuusa y = ctg x.

CoiictBa u rpaduk pyHkImm y = ctg x.
1) O6nacts onpenenenus GpyHkuun: X & /2 +nk, ke Z.
2) O6nactp 3Ha4YeHUI (QPYHKIIUH - BCSI YUCIOBAS MTPSIMAsL.
3) ®yHKUMS TeprHoIUdecKasi ¢ OCHOBHBIM MEPUOJIOM Tt.
4) OyHKIUSA HEUYETHAS.
5) ®ynknus y = ctg x yObIBaeT Ha MPOMEXKYTKax (7Ttn;m+mn).
I'padux pynkumm y = Ctg x n300pakeH Ha pUCYHKE.

v
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Tema 3.6. O0paTHbIe TPUTOHOMeTPHYECKHEe PYHKIIUM, UX
CBOMCTBaN rpapuku.

Onpeodenenue 0bpamuvlx mpueoHOMempu4eckux QyHKyul, ceoucmasa
MPUSOHOMEMPUUECKUX PYHKYUL, 2paPUuKU MPULOHOMEMPULECKUX HYHKYUIL

Ymemu: ctpouTh raku 0OpaTHBIX TPUTOHOMETPHUECKUX (DYHKIIMNA, OMUCHIBATH UX CBOMCTB,
NPUMEHATh CBOWCTBA MPH PELICHUH YIPaKHEHUH

3uamy: onpeneneHust o0paTHBIX TPUTOHOMETPHUYECKUX (PYHKIIUN, CBOHCTBAa 00OPAaTHBIX
TPUTOHOMETPUYECKUX (QYHKIIUHA

OO6paTHble TpUroHoMeTpudeckue GyHKIUHN (ApPKCUHYC, apKKOCHHYC,
ApKTAHTEHC U apKKOTAHTEHC) SIBJISAIOTCS OCHOBHBIM 3JIEMEHTapHBIM
¢dbyuknusamu. Yacto u3-3a mpucTaBku "apk' oOpaTHbIE TPUTOHOMETPUUYECKUE
¢byHkuMu Ha3bBaOT apKkPyHKIMsIMH. Ceiiuac MBI pacCMOTPUM UX rpaduku
Y TIEpEYHCIIUM CBOMCTBA.

DyHKIHsI apKCUHYC Y = arcsin X

N3o0paszum rpaduk GyHKIIMN apKCUHYC:
Y

N!ﬂ

N!;']

CaoiicTBa (PyHKIIMH apKCHHYC Y = arcsin X
1.06nactp onpeseneHus — otpe3ok [-1;1].

. T
2. MHOXECTBO 3HAYCHUI — OTPE30K | — 25

3. dyHKIMs Y = arcsin X Bo3pacraer.
4. dyHKIMA Y = arcsin X sBJsIETCS HEYETHOM, Tak Kak
arcsin(—x) = —arcsin x.
DyHKIUA APKKOCHHYC Y = arcCosx
I'padux QyHKIIUN apKKOCUHYC UMEET BIL:

s

)

CBoiicTBa PYHKIIMM apPKKOCHHYC Y = arcCosx
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1.006macth onpenenenus: — orpe3ok [-1;1].
2. MHO€eCTBO 3HaYEHUH — OTPE30K [O; 72']

3. @yHKMs Y = arcCoSX yObIBaerT.

DyHKIUA APKTaHreHe Y = arctgx.

['paduk PpyHKIMK apKTaHT€HC UMEET BU/I:
Y
Tl

2

iy

2
CpoiicTBa QyHknum Yy = arctgx.
1.06nacTh onpenenaeH st — MHOXKECTBO BCEX JI€HCTBUTEIbHBIX YUCEIL.

. ¥4
2. MHOECTBO 3HAYCHUH — HHTEPBAT | — 25 )

3. ®ynkuus Yy = arctgx Bo3pacraer.
4. ®ynkuus Yy = arctgx saBisieTcst HEYETHOM, TaK Kak

arctg(—x) = —arctgx.

DOyHKIUSA APKKOTAHTeHC Y = arcrcgx .

N3o0paszum rpaduk GyHKIIUN apKKOTAHIEHC:

CpoiicTBa gynkuuu Yy = arcctgx.
1.06macTh ornpeaesieHnsi — MHOKECTBO BCEX JIEUCTBUTEIbHBIX YHCET.

2. MHOXECTBO 3HaUEHUI — UHTEepPBaJ (O; 7r)
3. ®yHKIMs Y = arcctgx yoObiBaeT Ha Bcel 001acT ONpeIesIeHusI.

KoumponvHuie onpocwi
1. Ompenenenus pyHKUUH, UX CBOIMCTBA U rpadUKH.

2. [IpeoOpazoBanust rpauKoB.
3. [NapannenbHbIA TEPEHOC, CAMMETPHUSI OTHOCUTEIBHO OCeil KOOPJMHAT U CUMMETPHSI OTHOCUTEIBHO

Hayaja KOOpPJAWHAT, CUMMETpPHUS OTHOCUTEIBHO MPSIMOM Y=X, pacTsIKEHHs U CXKaTUE BJIOJIb OCEH

KOOpAHWHAT.

Tema 3.7. TpuronoMmeTpuyecKkue ypaBHeHUsA

Ilpocmetiuiue mpuzoHomempuieckue ypasHerus 6u0a cosx = a,sinx = a,tgx = a, ctgx = a, Memoosl

peutenus mpueoHOMempuUdecKux ypasHeHuil

Ymemy: pemats ypaBHEeHUE BUIA: COSX = a,SiNX = a,tgx = a,ctgx = a
3Hamy: onpeneeHns ApKCUHYCa, ApKKOCUHYCA, APKTAHT€HCA; YaCTHBIE CIIy4al TPUTOHOMETPUUECKUX
YpPaBHEHUM, OCHOBHBIE METO/Ibl PELIEHUS TPUTOHOMETPUUYECKUX YPABHEHHUI.
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Ypagnenue cosx=a.

ApkkocunycoMm 4ucaa a€[-11] wnaseiBaercs takoe uncino « € [0;7], KocHHYC KOTOpOTO
paBeH a. arccosa =« ,eciu CoOSse=a u 0<a<r.
Bce xopHM ypaBHEHUsI COSX = a, T/ |a| <1, MOXHO HaXOJUTh 1O hopmyJie

X =zxarccosa+2m,ne” .
arccos(—a) = r —arccosa - 9ra (¢GopMmyia MO3BOJSCT HAXOAWTh 3HAYCHHUS APKKOCHHYCOB

OTpULATENIbHBIX YHCEN Yepe3 3HaYCHHsI apKKOCHHYCOB MOJIOKUTEIbHBIX YHCEL.
Yacmuvle cayuau:

T
cosx=0, X=E+7zn,neZ

cosx=1, x=2m,neZ
cosx=-1, x=x+2m,ne’Z
Ypasnenue sinx =a.

T
Apkcunycom uncia a € [-11] HaspiBaeTcs Takoe YHCIO & € [_E ; E] , CHHYC KOTOPOTO paBeH

. . T V4
a. arcsina=«,eciu SN =a u —ESaSE.

Bce kopHu ypaBHeHus Sin X = a, rjie |a| <1, MOHO HaxoJuTh MO (hopmyIie

x=(-1"arcsina+m,neZ.

arcsin(—a) = —arcsina - sra ¢opMysa MO3BOJISICT HAXOJUTh 3HAYCHUSI APKCHHYCOB OTPUIATEIBHBIX

YHCell Yepe3 3HaUYeHUS apKCUHYCOB MOJIOXKHUTEIbHBIX YHCE.
Yacmuvle cayuau:
sinx=0, x=mm,neZ

sinx=1, x=%+27zn,nez

sinx=-1, x:—%+27zn,nez

Ypagnenue tgx = a.

T
ApKCI/IHyCOM yucjaa a € R Ha3pIBaeTcsa Takoe YHCIO & € [—E,E] , TAHTCHC KOTOPOI'0 paBCH

/4 T
a. arctga=«o,ecim tge=a u —Eéaéz.

Bce kopHu ypaBHeHus SiNX =a, rae a € R, MOKHO HaXOAUTh 1Mo hopmyIie

X =arctga+m,ne Z .

arctg(—a) = —arctga - sra ¢opmysa MO3BOISIET HAXOJUTh 3HAYCHHUS APKCHHYCOB OTPHUIIATEIHHBIX
YyHUCel Yepe3 3HAaUCHUs] apKCUHYCOB MOJOKUTEIbHBIX YHCET.

Tpuzonomempuueckue ypagHenus
1. YpaBHEHUs1, CBOASIINECS K KBAIPATHBIM.
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2. YpaBuenus asinXx+bcosx=c.
3. YpaBHeHus, penraeMbie pa3iioKeHUEM JICBOM YACTH HA MHOXKHUTEIIH.

Koumponvnvie sonpocsi

1. YpaBHeHus BUs1a COSX = a.
2. YpaBHEHHUs BU/IA Sin X =a
3. YpaBHeHus BUIa tgx = a.
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Tema 4. KopHu, crenenu

Tema 4.1.CTenens ¢ paMoOHAJBHBIM H J1eCTBUTEIbHBIM NOKA3aTeJIAMH.

OnpedeﬂeHue u ceoticmea cmenenell C payuUOHRANbHBIM U C oeticmeumesibHbIM NOKA3AMeAMU.

Ymemu: pemats 3agaun Ha TeMy: «CTE€TIEHb C pallHOHATIBHBIM U JIEUCTBUTEIIBHBIM MTOKA3aTEIISIMI).
3nams: onpenielieHne U CBOMCTBA CTENEHEH ¢ pallMOHAIbHBIM U C JEHCTBUTENBHBIM ITOKA3aTEISIMU.

Cmenenp C PAUUOHAIbHBIM nOKazameiiem.

m
Ecmu n — HaTypaJbHOC YMCJIO, M — IICJI0€ YMCJIO U YaCTHOC — SBJISICTCS LCIBbIM YHCJIOM, TO
n

npu a>0 cripaBeJINBO pPaBEHCTBO
m
Ya™ =an.
m

[Ton3ysick hopmyioit Ya™ =a", creneHs ¢ palnoHaIbHBIM ITOKa3aTeIeM MOYKHO
MPEJICTaBUTh B BUJI€ KOPHS M HA00OPOT.

m mk
Tak kak — = _k ,Tae N u K - HatypaspHbIe YKcaa, M — [esoe Yuciio, To mpu odom a>0.
n n

moomk
a n — a nk
MosxHO IIOKa3aTb, 4YTO BCC CBOMCTBA CTEIIEHHU C HaTypaJIbHBIM I10Ka3aTCJIEM BCPHbI JJIA
CTEIEHHU C JTI00BIM palrOHAJIBHBIM MMOKA3aTCIIEM U MMOJIOKUTCIIBHBIM OCHOBAHUCM.
A MMEHHO, 1151 JTI0OBIX palMOHAIBHBIX Ykcea P u ( 1 mobsix a > 0,b > 0 BepHbI paBeHCTBA:

1. afa%=aP"
2. a:a%=af™
3. (af)*=a"
4. (ab)? =a’b’

a)' _af
b b?

OTH CBOMCTBA MOJYYAIOTCS U3 CBOMCTB KOPHEH.

o

Cmenens c oelicmeumenbHbiM HOKA3AMENCM.

IMpu mr060om X € R u mo6om a >0 cremedb a* SIBISETCS MOJIOKUTEIBHBIM JICHCTBUTEILHBIM
gyuciom: a° >0 mpu xe R,a>0.

Ecnu ocHoBanue crenenu a=0, To crenedb 0% onpemensror ToNbKo npu X >0 ¥ CYMTAIOT, YTO
0" =0 mpu x>0. IIpu x <0 BeIpaskeHHE HE UMEET CMBICIIA.

HpI/I TaKOM OINpCACIICHUU CTCIICHU C JIEHCTBUTEIIHFHBIM TOKa3aTelIeM COXPAHAIOTCS BCC
W3BECTHHIC CBOMCTBA CTEIICHHU C palrOHAJIBHBIM ITOKA3aTCJICM.

Jlns mo6oro a >1 u moboro X >0 uucno a* Gonpiue 1,1.e. a* >1 npu a>1,x>0.
Teopema: Tlycte a>1u X, <X,.Torma a* <a™.

Creocmesue 1. Tlycth 0<a <1 u X, < X,. Torma a* >a™.
Cneocmeue 2. Tlycth a>0,a#0,a* =a™*. Torma X, = X, .
Cneocmeue 3. Tlycte 0< X <X,. Torma, ecnu p>0, To X" <X,”, a ecnu p<0, ToO

X" >x%,".
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Takum 00pa3om, IpU BO3BEICHUU HEPABEHCTBA C IMOJIOKUTEIHHON JIEBOM U IMOJIOKUTEIHLHON
IIPABOM YaCTSMHU B IIOJIOKUTEIBHYIO CTCIICHb 3HAK HEPABCHCTBA HE MEHSAETCSA, a IIPU BO3BEICHHUM B
OTPULIATEIILHYIO CTEIIEHb 3HAK HEPABEHCTBA MEHAETCS HA IIPOTUBOIIOIOKHBIN.

Koumponvnvie éonpocwi
1. Onpenenenne u CBOKWCTBA CTETICHEH C palliOHATBHBIM ITOKAa3aTEIIMHU.
2. OmpenienieHne U CBOMCTBA CTENICHEH C IEHCTBUTEIBHBIM MTOKA3aTEISIMHU.

Tema 4.2. ApupmeTuyeckuii KOpeHb HATYPAJIbLHON CTeNeHH.
Onpeoenenue u ceoticmea apupmemuieckozo KOpHs HAMypaibHOl CMeneHu.

Ymems: pemats 3anaun Ha TeMy: «ApuMeTHIECKUN KOPEHb HATYPATbHON CTCIICHIY
3nams: onpenieNieHne U CBOMCTBA apu(pMETHUECKOr0 KOPHS HaTypaibHOU CTEeHH

Omnpenenenne:  Apugpmemuueckum  KopHem  HATypallbHOM — cTremeHM N>2 U3
HEOTPULIATEJILHOT'O YUCIIA a HA3bIBAETCSI HEOTPULATEIBHOE YUCII0, N-asi CTENEHb KOTOPOTO PaBHA d.

Apudmernueckuil KopeHb N-0i CTeNeHW M3 YHUclIa g O00O03HA4YaeTcsl Tak: a. Yucno a

Ha3bIBAETCS MOJAKOPEHHBIM BhIpaxkeHueM. Ecnu N=2, To BMecTO 3a NUITYT Ja. ApudmeTnaeckuii
KOpPEHb BTOPOW CTENEHU HA3bIBAIOT TAK)KE KBAJPATHHIM KOPHEM, a KOpPEHb TPEThEH CTETCHU —
KyOnueckuMm KopHeM. JlelicTBHE MOCPEACTBOM KOTOPOTO OTHICKMBAETCS KOpPEHb N-0il CTEeneHw,
HA3BIBACTCS U3GNIeUeHUeM KopHsa N-0u cmeneHu. ITO JEUCTBUE SIBISETCS OOpaTHBIM JEHCTBUIO
BO3BCJCHHS B N-I0 CTCIICHb.

Apudmerndeckuii KOpeHb N-oif cTemeHW oO0JajaeT CIEAYIONIMMH CBONCTBAMH: €CIIH
a>0,b>0 un,m — HatypanpHble Yncha, mpudeM N>2,M > 2, To

1. Yab=%alb
a Ya
(Va)"

3. a)" =Va
4. (YWa)="a
OtmeTtuMm, 9TO B cBOMCTBE | unciio b MoXeT Takke OBbITh paBHBIM HYJIIO; B CBOMCTBE 3 4UCIIO M
MOKET OBITh LIEIbIM, eciau a>0.

m

Konmponvnvie éonpocwi
1.0npenenenue apudmMeTHyecKoro KOpHs HaTypajbHOM CTENeH!.
2.CBoiicTBa apu(hMETHUECKOTO KOPHS HATypalIbHOM CTENEeHH.

Tema 4.3. UppaunoHajibHble YypABHEHHs] 1 HEPABEHCTBA
Memoobl pewienus uppayuoHaIbHblX ypasHeutll U HepaseHcms

Ymempw: pemiaTe OCHOBHBIE BUJIbI HPPALIMOHAJIBHBIX YPaBHEHUN
3namy: onpesieIeHue UPPALMOHAIBHOTO YPaBHEHHS, OCHOBHBIE METO/Ibl UX PELICHUS

YpaBHeHHe, coepKaliee MepeMEHHYI0 TI0]] 3HAKOM KOPHSI, Ha3bIBACTCS UPPAUUOHATILHBIM.

Pemmenre uppanoHaaIpHOTO ypaBHEHUSI OCHOBAHO HA MPe0Opa30BaHUU €ro K PaliOHATLHOMY
YPaBHEHHIO, YTO OCTUTACTCS BO3BEIECHHEM OOCHMX €r0 YacTeil B OJHY M Ty K€ CTEeNeHb (MHOrIa
HECKOJIBKO Pa3).
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[Tpu Bo3BeneHMM 00EUX YacTell MPPALMOHAIBHOIO YPAaBHEHHS B YETHYIO CTEIEHb IOJIy4aeTCs
ypaBHEHHE, SBIISIONIEECS CICICTBHEM UCXOIHOTO. Y PaBHEHHIO-CIICICTBHIO YIOBICTBOPSIOT BCE KOPHU
HCXOOHOTO ypaBHCHHA, HO MOTI'YT MOABUTBCA U KOPHHU, KOTOPLIC HC ABJISAIIOTCA KOPHAMU HCXOJHOI'O
ypaBHEHHS («ITOCTOPOHHUE» KOPHH). UTOOBI BBISIBHTH «ITOCTOPOHHUE» KOPHH, BCE HAWICHHBIE KOPHU
YPAaBHEHUS-CIECACTBUS IIPOBEPSIOT MOACTAHOBKOM B MCXOJHOE YPAaBHEHHE U «IIOCTOPOHHHUE)» KOPHHU
0TOpachIBaIOT.

HcxonHnoe uppanuoHaIbHOE ypaBHEHHE PABHOCHIIBHO CMEIIAHHOM CHCTEME, COCTOSIIECH H3
YPaBHEHHS-CIICJICTBUSI ¥ OTPAaHUYCHHH, ONpEACTSeMbIX OO0JACThIO  JIOMYCTHMBIX 3HAYCHHH
nepeMeHHoil. B 3ToM ciydae «mocTOpOHHHE» KOpPHH HE OYyIyT BXOIUTH B OOJIACTH JOITYyCTUMBIX
3HAYCHUH MMEPEeMEHHOW | MPOBEPSATH UX MOJCTAHOBKOW B MICXOTHOE YPaBHEHUE HE TPeOyeTCsl.

[Tpu Bo3BeneHNN 00EUX YacTel HPPaAMOHATFHOTO YPaBHEHHS B HEUETHYIO CTETICHb MOJTy4aeTCs
ypaBHEHHE, PABHOCUIBHOE HCXOIHOMY.

HNppaunonajbHbie HEPABEHCTBA ¢ OJIHOM MepeMEeHHOM.

PemeHne wWppanvoOHaIBHOIO HEPAaBEHCTBA C OJHOW IIEPEMEHHOM CBOJUTCS K PELICHUIO
PaBHOCHJIIBHOM €My CHCTEMBbI PAallMOHAJIbHBIX HEPABEHCTB WJIM COBOKYITHOCTH CHCTEM PallMOHAJIBHBIX
HEPaBEHCTB.

OTH CUCTEMBI PEIIAIOTCS IPU HAJIOKEHUM OTPaHWYEHUN Ha NEPEeMEHHYIO U BO3BEJECHUHU 00eHUX
YacTel HEPABEHCTBA B OJIHY U Ty 7K€ CTEIICHb.

Koumponvnvie éonpocwi

1. OcHOBHBbIE IPUEMBI UX pelIeHUs (Pa3I0KEeHHE Ha MHOYKUTEIIN, BBEJICHIE HOBbIX HEM3BECTHBIX,
MOJICTAHOBKA, rPpa)uIeCKUil METOI).

2. V300pakeHne Ha KOOPAMHATHOM MJIOCKOCTU MHOXKECTBA PEUICHUM YpaBHEHU C ABYMS
MEPEMEHHBIMHU U UX CUCTEM.

3. N3006paxeHne Ha KOOPAMHATHOM IIIOCKOCTH MHOKECTBA PEIICHUI HEPABEHCTB C IByMS
MEPEMEHHBIMHU U UX CUCTEM.

Tema 4.3. Jlorapugmel.

Onpedenenue nocapugma nonoxcumenvrozo ducia. Ceotlicmea nozapugpmos. Jlecamuunvle u
HamypanbHbvle 102apugmol.

Ymems: BIUUCIATE TOTapUPMBL.
3namy: Onpenenenue norapudma mojaoxkuTeabHoro yncia. Cpoiicta jgorapudmos. JlecsTHuHble U
HaTypaJIbHbIE JIOTaPU(PMBI.

Onpenenenune: Jlorapudmom monokuTeapbHOr0 uncia b mo ocxoBanuio a (roea>0,a=0)
Ha3bIBAaCTCs MOKA3aTeN b CTEIICHH, B KOTOPYIO HAJI0 BO3BECTH YUCIIO d, YTOOBI MOJTYYUTh YUCIO D.
Jlorapugm umcna b mo ocHoBauu0 ¢ 0603Ha4YaeTcs cumBosioM: log, b.

Ecim a>0,a=0, b>0, o log, bmno onpenenenuto ecth mokaszareib CTENEHHU, B KOTOPYIO

Haao BO3BECTHU YHUCIIO d, 4TOOBI MOJIYYUTHb YUCIIO b HOBTOMY PaBCHCTBO
alog ab — b
€CTb TOXKACCTBO, KOTOPOC HA3BIBAKOT OCHOBHbIM JZOZClpu¢Mull€CKMM MOo2HCOCCMEOM.

JleiicTBUs HAXOXKIEHUS JIorapr(Ma Yncia Ha3bIBAIOT 102apUPMuposanuem.

Ceoiicmea 102apugpmos.
ITycts a>0,a#0,b>0,c>0, r- moboe aeiicTBuTENbHOE YKCITO. TOrIa CrpaBe TUBBI

bopMyJIBL:
1. log,(bc)=log,b+log,cC,

28



2. Ioga(gjzlogab—wogac,

3. log,b" =rlog, b,

4. PaBHBIM MOJIOKHUTEIHLHBIM YKCIaM COOTBETCTBYIOT M paBHBIC Jorapudmei ,T.¢. eciiu b, =b,, To
log, b, =log, b,,

5. log,1=0,

6. log,a=1.

Jecamuunvie u namypanvnule a02apugmol.

Jis  jmorapuMoOB UHCEN COCTaBJIEHbl CHELMaJbHbIE TaOJULBI(TA0IULBI JIOTapU(PMOB).
Jlorapugmsl BBIUUCIAIOT TAKXKE C MOMOLIbI0 MUKPOKAJIBbKYyJsATOpa. M1 B TOM, U B JOpyrom ciydae
HaXOJSATCS TOJIBKO JECATUUHbIE UM HATYyPaJIbHBIE JOrapu(msbl.

Onpenenenne: /Jecamuunviym 102apu@Mom Yucia Ha3bIBaIOT JOrapu@m 3TOro 4yucia 1Mo OCHOBAHUIO
10 u mumyT Igb B™mecro log,,b.

Onpenenenue: HamypanibHoim 102apugmom 4ucia Ha3pIBAIOT JIOTApH(PM 3TOTO YUCIIA IO OCHOBAHUIO
e, TIe € — UppaloHaIbHOE YHCII0, MPUOIKeHHO paBHOE 2,7. [Ipu aTom mumyt Inb Bmecto log, b.
Dopmyna nepexoda om 102apu@dma no 00HOMY OCHOBAHUIO K JLO2APUPDMY N0 Opy2omy
OCHOBAHUIO: log, b= M ,
log. a
20e a>0,a#1b>0,c>0,c=1.

Konmponvuwvie 6onpocoi

1. Onpenenenue norapugpma NOI0KUTEIBHOTO YUCIA.
2. CoiicTBa JiorapugmoB.

3. lecsTHUHBIC M HATypaJIbHBIE JIOTAPU(MBI.
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Tema S. Iloka3aTenbHasi ¥ JJorapupmMudeckas

Tema 5.1. [loka3areannas pynkuus. Ee cBoiictBa u rpadpuk

Onpeoenenue, ceolicmea u 2pagux NOKA3amenbHoU QYHKYUU, UX NPUMeHeHUue npu peueHuu
VIPAXNCHEeHUU

Ymemow: ctpouth rpaduku NoKa3aTeabHbIX (YHKIMH, ONMUCBHIBATH MX CBOWCTBA, MPUMEHATh
CBOMCTBA IIPU PEIICHUH YIPAKHEHUI
3uamy: onpeneneHue GyHKINHU, €€ CBOWCTBA U IpaduKU.

[TokazaTenpHas GhyHKIM 3agaeTcs hopmymnoit y = a*,tnea>0ua # 1.

[lepeuncnum cBoiicTBa pyHKuMU y = a* ipu a > 1.

1) OGnacts onpeneneHust GyHKIUH - BCS YUCIOBAs IpsiMasi.

2) O6nactp 3HaueHuil GpyHKIUH - TpoMexyTok (0; + o).

3) OyHKUHUS HE ABJISICTCS HU YETHOM, HU HEYETHOU. DTO CJIEIyeT U3 TOTO, UTO0 @ * #a*ua ~ # - a.
4) dyHKIMSA BO3pacTaeT Ha BCEH YMCIIOBOM MPSMOIA.

I'paduk pynkuuum y = a* nipu a > 1 BRINIAOUT Tak, KaK MOKa3aHO HA PUCYHKE.

OtmeTHuM, 4TO 3Ta PyHKIHUS TPUHUMAET JIFOObIE MOJOKHUTEIbHbIE 3HAUCHUSI.

Y

y=a*; a>1

_——/,

CgoiictBa ¢pynkuuu y = a*npu 0 <a < 1.

1) OGnacTh onpeneneHust GyHKIUA - BCS YUCIOBAs TIpsiMasi.

2) OGnacTh 3HaueHun - (0; + o).

3) ®yHKUMS HE ABISETCS HU YETHOW, HU HEYETHOM.

4) OyHKIus yObIBAaCT HA BCEH YMCIOBOM MPSIMON.

I'paduk pynkuuu y = a* npu 0 < a < 1 BRINISIINT Tak, KaKk MOKa3aHO HA PUCYHKE.
OTmeTtuMm, 4TO 3Ta GYHKLUSA TPUHUMAET JIFOObIE TOJI0KUTEIbHbBIE 3HAUCHUSI.

-~

7] X

Koumponvnvie éonpocwi
1.OnpeneneHue nokazareabHORDYHKITII
2. CpoiicTBa OKa3aTeNbHON PyHKITHH
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Tema 5.2. Jlorapugmbl.

Onpeoenenue nocapupma . Ceoticmea roeapugmos. Jecsmuunvie u HAMypaibHvle
Jnocapughmoi.

Ymembs: BIYUCHATD JTOTapU(PMBI.

3namy: onpenenenue gorapudpma rnoj0KUTEIbHOI0 YUCIIA, CBOUCTBA JOrapu(MOB,JIECITUIHbIE U
HaTypajbHbIE JOTapUPMBbI.

Omnpenenenune: Jlorapudmom monoxuTeapHOro uncia b mo ocxoBanuto a (rnea>0,a=0)
Ha3bIBACTCS MMOKA3aTENb CTEIICHU, B KOTOPYIO HAJI0 BO3BECTH YHUCIIO d, YTOOBI MOTYYHUTh YKCIIO D.
Jlorapugm umcna b mo ocHoBanu0 ¢ 0603HavyaeTcs cumBosioM: log, b.

Ecim a>0,a=0, b>0, o log, bmno onpexneneHuto ecth mokasareib CTENEHH, B KOTOPYIO
HaJI0 BO3BECTH YHCIIO @, YTOOBI OIYy4uTh yncio b. [loaTomy paBeHCTBO

a‘Iogab — b
€CTb TOKACCTBO, KOTOPOC HA3BIBAKOT OCHOBHbIM JZOZCIpu¢MU"I€CKuM MoHCOEeCmeEoM.

JleiicTBus HaxoXAeHUs JorapudMa Yuciia Ha3blBAIOT 102APUPMUPOBAHUEM.

Ceoiicmea nozapughmos.
ITycts a>0,a#0,b>0,c>0, r- moboe neiicTBuTenpbHOE YnCIO. Torma crpaBeIIMBbI
bopmybL:
7. log,(bc)=log,b+log,cC,

8. Ioga(gj =log,b-log, c,

9. log,b" =rlog,b,

10. PaBHBEIM MOJIOKHATENLHBIM YHCIAM COOTBCTCTBYIOT U PABHBIC J'IOl"apI/I(l)MBI ,T.C. €CCIIN bl = b2 , TO
log, b, =log, b,,

11. log,1=0,

12. log,a=1.

Jlecamuunvle u namypanvnsle n02apughmol.

Jns  norapudMOB YHCET COCTABJICHBI CIEHHAIBHBIC TaOIUIBI(TAONHIBI  JTOTapU(MOB).
Jlorapu¢msl BBIYUCISIOT TAaKKE C TOMOIIBI0 MUKPOKAIbKyJsiTopa. M B TOM, U B JIpyrom ciydae
HAXOJISATCS TOJILKO JIECATHYHBIC WITH HATypaJIbHBIC JIOTapH(MBI.

Onpenenenue: Jecamuunviym 102apumMom yucia Ha3bIBAIOT JOTapu(M 3TOTO YHCia M0 OCHOBAHUIO
10 u mumyT Igb B™mecto log,,b.

Onpeaenenne: Hamypanonvim nocapugmom yucia Ha3pIBaIOT Joraprudm 3TOTO YKCa M0 OCHOBAHUIO
e, TIe € — UpPaIMOHAIBHOE YHCIIO, MPUOImKeHHO paBHoe 2,7. [Ipu stom mumyt Inb BMmecro log, b.

Dopmyna nepexooa om 102apuhma no 00HOMY 0CHOBAHUIO K J02APUPMY NO OPY2OMY

log, b

OCHOBAHUIO: log, b=—+—,
log. a

20e a>0,a#1b>0,c>0,c=1.

Konumponvnwvie 6onpocwi

1. Onpenenenue norapudMa MoI0KUTEILHOTO YHCIIA.

2. CpoiicTBa norapu(moB.

3. [lecaTnunbie 1 HaTypaJIbHBIC JOTAPU(PMBI.
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Tema 5.3. Jlorapupmuueckasi pyHkums.
Onpeoenenue nocapugpmuueckou hynxyuu . Ceoticmea u epaguxu no2apu@dmuyeckoii GyHKyuu

Ymems: ctpouts rpaduxku  norapupMuyecKux (QYHKIHA, OMUCHIBATH UX CBOWCTBA, MPUMEHSITH
CBOICTBA MPU PEUICHUH YIIPA)KHEHUH
3nams: onpenenenue GyHKINH, €€ CBOMCTBA U TpadUKH.

Jlorapudmuueckas GpyHkuus y = 10ga X 0061agaeT CieayrOnMHI CBOMCTBAMU:
1) O6nacts onpeneneHus - (0; + o).
2) Ob6nactp 3HaYeHHUH - ( - 00; + 00)
3) OyHKUMS HU YETHAs, HU HEYETHAsI.

4) dyunkus Bo3pacTtaeT Ha mpoMexyTke (0; + o) mpu a > 1, yosiBaet Ha (0; + o) mpu 0 < a < 1.
I'paduk dynkumu y = l0ga X MOKeT OBITH MONydeH W3 rpaduka GyHKIMH Y = @' C HOMOIIBIO
npeoOpa3oBaHus CUMMETPUN OTHOCUTENIBHO MPSMOiL y = X.

Ha pucynke a) noctpoen rpaduk norapupmudeckoit pyHkumu ans a > 1, a Ha pucynke 0) - 1 0 < a
<l

YA Yﬁl

a) ) y ~log, X{(O<a<’)
®ynkuus y = In x.

Cpenu mokazaTenbHbIX QYHKUUH y = a¥, rae a > 1, ocoOblil MHTEpec AN MaTeMaTUKU U ee
NPWIOKEHUH TpecTaBiseT pyHKIMS, 00a1aomnias cleayoluM CBOMCTBOM: KacaTenbHas K rpaduky
¢yukuuu B Touke (0; 1) oOpasyer ¢ ockto x yron 45°. OcHoBaHHE a TakoW (YHKIMH ax NPHUHSATO
0003HauaTh OYKBOH ¢, T. €. y = €*. [lomcunrtano, uro e = 2, 7182818284590..., u ycTaHOBIIEHO, YTO € —
uppanroHagbHoe yucio. JlorapudpmMudeckyro GpyHKIMIO, 0OpaTHYIO MMOKa3aTeNbHOW (QYHKIMH y = e,
T. €. pyHkuuio y = loge X, mpunsaTo o6o3Havath y = In x (In umTaercs "HarypanbHbIil Torapudm").
I'paduk ¢pynkuuu y = In x n300pakeH Ha pHCyHKe.

Konmponvhuvie 6onpocei
1.Onpenenenue morapudmudeckoil QyHKIUH.
2. CpoiictBa norapu(pMu4eckux QpyHKIU.

Tema 5.4. PemieHue nokaszareJbHbIX U JIOTapu(pMUYecKHX YPaBHeHHI, CHCTeM YPaBHEHHU I

OcHnosHyle npuembl ux peuleHus (PaznodceHue Ha MHOMCUMENU, 66e0eHUe HOBbIX HeU3BECIHbIX,
noocmanoska, epaguueckuii memoo). Ucnonvzosanue ceolicms u epaghpuxos QyHKyull npu peulenuu .

yMemby: pelaTh MOKa3aTeIbHbIE U JIOrapupMUIeCKue ypaBHEHH

3Hamb. OCHOBHBIE TIPUEMbl WX pelieHHus (Pa3loKEHHEe Ha MHOXKHUTENM, BBEICHHE HOBBIX
HEW3BECTHBIX, IMOJCTAaHOBKA, IpaUUECKUid METO[), UCIOJIb30BAaHUE CBOWCTB M TpadukoB (GyHKITHI
IIPU PELICHUN YpPaBHEHUM.
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Ilokazamenvnuvie ypaeHeHun
Pemenue noxazamenvruix ypaeﬂeﬂuﬁ 4aCTO CBOAUTCA K pCHICHUIO YPABHCHUSA
X b
a =a ,
Tac a > 0, a+ 1, X - HEU3BECTHOE. DTO YpPaBHCHHEC pCIACTCA C TOMOIIBIO CBOMCTBA CTEIIEHU: CTEIIEHH C

OJIMHAKOBBIM OCHOBAaHUEM a > O, axl PpaBHBI TOJIBKO TOT'ZId, KOT'AAa pABHbI UX ITOKA3aTCJIH.

Tema 5.4. PenieHue nokaszareJbHbIX U JIOTapu(pMuYecKMX HePaBeHCTB

Pemenune noxazamenvhvix nepagencme 4acTo CBOIUTCS K PEILICHUIO HEPABEHCTBA

a*>a"mwm a* <a’.

OTH HepaBEHCTBA pELIAIOTCA C IOMOILNBIO CBOMCTBA BO3pacTaHUs WM yObIBaHUS
nokaszaTreiabHON (yHKIMM: Juig Bo3pacTaromedl (QyHKIuM OoJbllleMy 3HAUYEHUIO (QYHKLUHU
COOTBETCTBYET OoJiblliee 3HAUEHHWE apryMeHTa, a Juisl yObiBaromield (pyHKUHMU OOJbIIEMY 3HAYEHUIO
(YHKLIMU COOTBETCTBYET MEHbIIIEE 3HAUEHUE apTyMEHTa.
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Tema 6. IlpouszBoanas
Tema 6.1 @yukyuu ux ceoiicmea u 2pagpuxu (noemopenue)
DnemenmapHule hyHKkyuu, ux ceoticmea u epaguxu

Ymemyw: ctpouts rpaduku 3eMeHTapHbIX (YHKINN, ONUCHIBATh CBOMCTBA (DYHKIIUH.
3namu. onpeneneHus QyHKIMI, UX CBOWCTBA U IpauKu

HazoBem ynopsoouennoii napoii (x,y) JIBYX3JIEMEHTHOE MHOJKECTBO {X, y}, B KOTOPOM

AJIEMEHT X HaXOJUTCS Ha MEPBOM MECTE, a AJIIEMEHT Y — Ha BTOPOM. DJIEMEHT X Ha3bIBACTCA Nepeoll
KOOpOuHamotl yTOpSiJIOYEHHON Maphl, a JIEMEHT Y — 6mopoi Koopouramot. JIBe ymnopsiioueHHbIE
naphl paBHBI, KOI1a COBIIAIAIOT UX KOOPAMHATHI: (X, y) = (U,V) <S> X=Uy=V.

@ynxyueii T Ha3pIBaeTCA MHOKECTBO yHopsaoueHHBIX map uucen (X, Y), Takux, uto X € X,
Y €Y wu xaxnomy snementy X € X CTaBUTCS B COOTBETCTBUE €IMHCTBEHHBIH dement Y €Y .

O6o3nauenue: f: X — Y. MHOxecTBO X Ha3bIBaeTCs obiacmvio onpedenenus GyHkiuu f, a MHOKECTBO
Y — obnacmsio 3nauenuti. O6o3naqarot: Df u Er. Ecnu sicHo, kakue MHOXkecTBa X v Y UMEIOTCS B BULLY,
to mumyt Y = f(X). Dnement X naswiBaetcs apzymenmon, ay — snavenuem Gpynxiuu f.

Cnocoowl 3a0anus pynkyuu.
CymiecTByeT HECKOJIBKO CIIOCOO0B 3a1aHusl (PyHKIINH.

1. Tabauuneui. Vcnonb3yercst Torna, Koraa o0JacTb OIPENENIEHHs COCTOMT M3 KOHEYHOIro
MHOXecTBa uucen. Torma ans 3amgaHus (QyHKIMHM TIPOLIE BCEro yKaszaTh TaOJIHIly, COAEpIKaIIyIo
3HAYCHUsI apTyMEHTa W COOTBETCTBYIOIIWE 3HaueHUs (yHkimu. Hanpumep, tabmuma morapupmos.
Jlpyrum npuMepoM MOTYT ObITh TaOJMIIbI, COAEPIKAILIME JAaHHBIE O YUCIE KUTENEH, HaCesroluX
3eMHOM IIap B OT/EIBbHBIEC TOJIbI, PACTIMCAHUS IBUKCHHUS TIOE3/I0B U T.II.

2. Ananumuyeckuu. Ilpu aHamuTHYeckoM criocobe 3agaHus (QYHKIHMS MOXKET OBbITh 3a/laHa AGHO,
KOTJIa JIaHO BBIpaXKEHHE ) 4epe3 X, T.e. hopmyina umeer Bua Y = f (X), nessno, korma x u y cBs3aHbI

Mex 1y coboit ypaBuenuem Buaa F(X,Y)=0; napamempuuecku, Koraa COOTBETCTBYIOLIHE APYT APYTY
3HAYCHUS X U Y BBIPAKEHBI UEPE3 TPETHIO IEPEMEHHYIO BEJIMYHMHY {, HA3bIBAEMYIO napamempom.

3. Jocuueckuu. Ecau (yHKIHMS ONMUCHIBACTCS MPABHJIOM €€ COCTABJICHHUS, Hampumep, (QYHKIUs
Hupuxie: f(X)= 1, ecnu X — parmonansroe; f(X)= 0, eciiu X — uppannoHaIbHOE.

4. I'paguueckuii. Coctoutr B u300paXkeHHMM 2paguxa @yuxkyuu — MHOXecTBa Touek (X, Y)
IUIOCKOCTH, a0CIHUCChI KOTOPBIX €CTh 3HAYCHHS apryMEHTa X, a OpPJUHAThI — COOTBETCTBYIOIIUE UM
savenns ¢ynxmuu Y = f(X). IlpemmymectBoM Tpaduyeckoro 3amaHus ABIAETCA €ro

HarjiIagHOCTb, HEAOCTATKOM — €0 HECTOYHOCTD.

I'paguk ¢hynxyuu
I'pagpukom Gynxyuu (B ACKApTOBOM MPSMOYTOJBHOW CHUCTEME KOOPJIWHAT) HAa3bIBAIOT
T€OMETPHUECKOE MECTO TOUYEK, a0CIIMCCHI KOTOPHIX SBIISIOTCS 3HAUCHUSMU HE3aBHCHUMOMN TIEPEMEHHOM,
a OPJIMHATHI — COOTBETCTBYIOIUMU 3HAYCHUSIMH (DYHKIIHH.

Ceoticmea pynkyuit
Iox ocHOBHBIMH cBoiicTBamu ¢yHKmK Y = T (X) Gynem monumars cnemyrommue:

1. wemnocmo, newemnocmp. dyuxiua Y = f(X) maspBaercs vemmoil, ecu 115 MOOBIX 3HAYEHMI

X U3 obnactu ompeneneHus f(—X) = f(X) U HeuemHou, €CiIu f(—X) = —f(X). B nporuBHOM

cnyuae ¢ynkums Y = f(X) nHaswBaetcs @yuxyueri obweco euda. T'paduk ueTHOH (GyHKIMM

2
CHMMETPHYCH OTHOCHUTEIILHO OCH oOpAuHAT (Hampumep, rpaduk ¢ynkimu Y = X), a rpadpux

HEYETHOW (YHKIMU CHMMETPHUYEH OTHOCUTEIHHO Hayalla KOOpAHWHAT (Hampumep, rpaduk (yHKIUN
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3 o
Yy = X"). IToatomMy i 4eTHOW (YHKIUH JOCTATOYHO CTPOWTH JIMIIb IPABYIO IMOJOBHHY rpaduka

(X=>0), nepas monosuna ero (X < 0) sBnsercs 3epkanbHBIM OTpakeHUEM IPABO OTHOCHTEIBLHO OCH
Oy. YtoObl MOCTPOUTH TpapuK HEUETHOH (YHKIMH, JOCTATOYHO M300pa3UTh MPaBYIO MOJIOBUHY €0
(X=0); nepas nonosuna rpapuka (X < 0) momyuaercs B pesysbrate moBopoTa npasoii Ha 180°.

2. monomonnocms. Ecaum paas n100bIX 3HaYEHUU Xl,Xzex u3 HepaBeHCTBa X; < X,

BBITEKACT HEPABEHCTBO:
a) f(x)<f(x,), To pyHKuMs Ha3bpIBACTCA 803pacmaroujel;

6) f(x)< f(X,), o bynkuus nassiaetcs neybrisarowei;
B) f(X)> f(X,), T0 dynxuus naseisaercs yorisaroueii,
r) f(x))=f(X,), ro ynxuus naswiBaercs nesospacmaioweii.

Bospacratomue, HeBo3pacrtaronme, yObIBaiolne W HeyObIBaromue (YHKIMM Ha MHOXECTBe X
Ha3bIBAIOTCS MOHOMOHHbIMU HA 3TOM MHOXECTBE, a BO3pacTalollue M YOBIBAIOIIME — CMPO2O
moHomonHvimMu  VIHTEpBanbl, B KOTOPBIX (YHKIMS MOHOTOHHA, HA3bIBAIOTCS UHMEPEAIAMU
MOHOMOHHOCU.

3. oepanuuennocmsb. OYHKIMS HA3BIBACTCA O2PAHUYEHHOU HA MPOMEXKYTKE X, €CIM CYIIECTBYET

Takoe nojoxurensHoe yucio M >0, uro ‘f (X)<M ‘ nns modoro X € X .

4. nepuoduunocme. ®Pynxims Y = f(X) naseiBaerca nepuoduueckoil, ecnum  cymecTByer

nonoxwurenshoe uncno T Takoe, uro f(X+T) = f(X). Haumensimee uucio ¢ Takum cpoiicTBOM

HasbpIBaeTCs nepuodom GyHkuuu. s noctpoeHus rpaduka MeprHOAMYECKON (YHKIIMU JTOCTATOYHO
n300pa3uTh €ro Ha OTpPe3Ke, JJIHHA KOTOPOro paBHA IMEPHOAY, a 3aT€M MOCTPOHMTH MEPHUOIUUECKOE
MPOJOJKEeHHE rpaduKa.

Oopamnas pynkuyus
Hycts 3amana ¢ynkuus Y = f(X) ¢ ob6nacteio ompemenenus D u MHOKeCTBOM

3HaueHuil E. Eciau KaxaoMy 3HAYECHHIO yeE COOTBETCTBYET €IWHCTBEHHOE 3HAYEHUE
Xe D, 1o onpenenena ¢ynxuus X=(p(y) ¢ obnacTei0 omnpeneneHus E U MHOXECTBOM

sgavenuit D. Taxas ¢ynxuus @(Y) HassBaeTcs obpammuoii k Gynxuuu [ (X) u zanucwBaeTcs

-1
B BUJC: X=(p(y)=f (y) IIpo ¢ynkuum Y = f(X) u quo(y) TOBOPSAT, YTO OHHU
ABJISAIOTCA B3aUMHO oOpaTHbIMU. ['paduxku B3aMMHO O0OpaTHBIX (QYHKIMH CHUMMETPUYHBI
OTHOCHUTEJIBHO OMCCEKTPHCHI IEPBOIO M TPETHEr0 KOOPAUHATHBIX YIJIOB.

Onpenenenue 1. Ocnoenvimu 3Inemenmapuvimu @GyHKUYuAMU HA3BIBAIOTCA CIEIYIOIINE

GbyHKIMU:
a) nocmosinnas yukmus f(x)=c, ceR;

0) cmenennas dynkuus f(X) = x“, rae o — m000€ ACHCTBUTEILHOE YHCIIO;

B) nokaszamenvhas pynxuus f(X)=a*, rme a>0,a#1;

r) 10capugmuyeckas pynkums Y =1og, X, e a>0,a =1,

1) mpueornomempuyeckue GyHKIimu Y = Sin X, y = COSX, Y = tgx, y = ctgx;

e) obpamuvle mpuconomempuyeckue GyHKIUU Y = arcsin X, y = arccos X, y = arctgx, y = arcctgx

PaccMoTprM OCHOBHBIE CBOMCTBA M IpaMIKi OCHOBHBIX 3JIEMEHTAPHBIX (QYHKIUH.
a) nocmosnnasn pynkus f(x)=c, ceR.

Obnacte  ompeneneHus (— oo;+00), f(X) =Cc HeBo3pacraromas ¥  HeyObIBaoIIas,
nepuoanyecKas, HE HMEIoIas HauMeHbIIero mnepuoaa. Ipaduxk QyHkIMU Y =C- npsamasd,
napasuienbHas ocu OX, orcekaromas ot ocu Oy 0Tpe30K BEMYMHOMN C.
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Y%
y=>4
b
y=0
a X
y=-2
-2

0) cmenennas yuxmus f(X)=Xx”. Ecim mokasarenb « =N - HaTypaJbHOE YHCIIO, TO CTEICHb
X" ompenenena s moboro X € R, cienosarensno, D(Y)=R. Ecim @ =-n,ne N, 1o crenennas
Gyukius Y = X" onpenesnena juis aroboro X € R, x = 0.

Ecnu o siBisieTcst {poOHBIM YUCIIOM, TO 00JIACTH OINPE/ICICHHUS CTENICHHON QyHKIMK Y = X“ coBmajgaer
C MHOKECTBOM JCHCTBUTEIbHBIX 3HAYCHUH X, IJI KOTOPbIX Y NPUHUMAET TakXKe JCHCTBUTEIbHBIC

3HavyeHus. Hampumep, pyHkuus y = Jx ompenenena mpu X >0, dynkuus Y =3/X onpenesnena npu
aroboM aeicTBUTENbHOM XU T.J. Ecim @ - uWppanuoHanbHOE YHCIO, TO CTENEeHHas (QYHKUIUSA
f (X) = X” onpenenena [uisi BceX HEOTPHUIIATEIBHBIX ACHCTBUTEILHBIX 3HAYCHHI X.

Cmenennasn (I)ynkmm C HamypajibHbIM NOKA3ameJjéem.

OyHkiusg y = x", rae N - HaTypajbHOE YHUCIIO, HA3bIBAETCS CTENEHHOM (QYHKLUEH ¢ HaTypaJbHBIM
[IOKa3aTeJIeM.

ITpu n = 1 nmonyyaem QyHKIHIO ¥ = X.

Ipu N = 2 monmy4yaeM QyHKIMIO Y = X2,

®ynkums y = x2,

Tepeuncimum cBoifcTBa (hyHKINHT y = x°.

1) O6nacTe onpeneneHust GyHKIMH - BCS YUCTIOBAs TIpsiMasi.

2)y = x% - yernas pynkuus (f (- x) = (- x)2=x2 = (x)).

3) Ha mpomexytke [0; + o) ¢hynkmus Bospacraer ecnmu 0 < X, < X,,TO X12 < X22, a 9TO W O3HaA4aeT
BO3pacTaHue (pyHKIUN).

4) Ha nmpomexyTtke ( - o ; 0] dyHkuus yowiBaet ( ecnmma X, < X, <0, 10 X12 > X22 , @ 9TO ¥ O3HAYaeT

yObIBaHUE QYHKIINN).

I'padukom GyHKINN y = X>

SBISICTCS mapadoJia (CM. puc)

YA
y=x%

-3 —Z2—7 g ’ 2. =¥ X

[pu n = 3 momy4yaeM QyHKIHIO Y = X°.

®yuknus y = x°
Ilepeuncaum cBoiicTBa QYHKIUHU y = X°,
1) ObnacThb OTIpe/IEeTICHUS byHKIUN - BCS YHCIIOBas npsimasi.
2) y = x* - meuernas pynxius (f (- x) = (- x)3= - x* = - f (X))
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3) ®ynknus y = x° Bo3pacTaer Ha Bceil UMCI0BOM MPAMOii.

I'paduk pynximm y = x° u306paken Ha pucyHke. OH Ha3bIBaeTCA KyOM4ecKoii mapa6oJioii.

yax¥

-~

[TycTs N - MPOM3BOJIILHOE YETHOE HATYpaJIbHOE YMCIIO, Oonbiiee AByX: N =4, 6, 8, ... . B atom
ciyyae QyHkuus y = x" 00/ajiaeT TeMH ke CBOMCTBaMH, 4To M (yHKumus y = x°. I'paduk Takoii
(yHKIME HanoMuHaeT mapaboiy y = x°, TONbKO BeTBH rpaduka mpu |X| > 1 TeM Kpyde MAYT BBEpX,
yeM Oodplie N, a pu |X| < 1 Tem "TecHee mpmwxuMaroTcs'" K ocH x, 4eM Oostbiie N. (puc. a).

) v f) ¥
; A y=x
=y
[
-1 _A
—=
| X
-t
|
[TycTe N - mpoOU3BOIILHOE HEYETHOE YMCIIO, Ooibliee Tpex: N = 5, 7, 9, ... . B atoMm ciiydyae

¢yHnkius y = x" obnanaer TeMu ke cBoiicTBamu, uTo U (GyHKuua y = x°. Ipaduk Takoil (yHKIUH
HarlOMUHaeT KyOuwdeckyio mapabony (TOJIBKO BETBM Tpaduka TeM Kpyde HAYT BBEpX, BHHU3, UeM
oounbire n) (puc. 6). Ormerum Takxke, uro Ha npomexytke (0; 1) rpaduk creneHHONW QYHKIUH ) =
x" TeM MeUIeHHEee OTAANISAETCS OT OCH X C POCTOM X, 4eM OosblIiie N.

Cmenennasa (yynKyus ¢ yeavim ompuyameibHovlm nOKa3amenem.
PaccMotpuM yHKIHIO y = x ", T1Ie N - HATYPaIbHOE YHCIIO.
Ipu n =1 momyyaem y = x * wu y = 1/x. CBoiicTBa 3T0i QYHKIIMH paCCMOTPEHBI BHIIIIE.
[TycTh N - HeYeTHOE Yncy0, Oobiee equHuILl, N =3,5,7, ...
B stom cnyuae Gpynkuust y = x " 0671a7a€T B OCHOBHOM TEMH K€ CBOMCTBAMH, UTO U QPyHKIUS y = 1/x.
I'paduk pyukiuu y =x " (n=3, 5, 7, ...) HanmomuHaeT rpaduk GpyHkmu y = 1/x (puc. a).

7 b g

y=x"" y=x"
(o-nevamuae) (= wvemwon)

Q
|
-
=
»Y

a) %)

[IycTsb N - yeTHOE UKCII0, HAapUMEp N = 2.
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TlepeuyncauM HEKOTOPBIE CBOICTBA (ByHKIUHU y = x 2, T. €. GyHKIuu y = 1/x%.

1) ®yukuus onpenenena mpu Beex X # 0

2) y =1/x? - yeTHas QyHKIHML.

3) y = 1/x? y6wiBaeT Ha (0; + o) 1 Bo3pacTaet Ha ( - ©; 0).

Temu ke cBoOMicTBaMH 00J1a/1a10T JIFOOBIC GYHKIIUK BHIA Y = X " [IPH YETHOM N, OOJIBIIIEM JBYX.
I'padux pynxuun y = 1/x? u300pakeH Ha pUCYHKe 6. AHAOTMYHBIH BU UMeeT Tpaduk QYHKIUU y =

x " eciun=46, ..
1

DyHKuua Yy = X2
[epeuncnum cBoiicTBa GyHKIUU Y = Jx

1) O61acTh onpenenenns - ayd [0; + o). DTO cIeyeT U3 TOTo, YTO BEIpAKEHHE YX OIpe/IesIeHO JIHIIb
npu x > 0.

2) OyHkms Y = VX Hu YETHA, HU HEYETHA.

3) Oyukuus Y = Jx BO3pacTaer Ha jyue [0; + ).

I'padux pynkuum Yy = Jx N300paXk€H Ha PUCYHKE a.

Yi -V Yy

2 y-’ y::/x-
2

/ /

al 1 e % g7 8 X

a) %)

1
Dyukuus Y = X3,

[Tepeuncnum cBoiicTBa GYHKINHN Y = 3/x
1) O6nacts onpeneneHust GyHKIMH - BCS YUCIOBAs MPsSMasi.
2) ®dyukuus Y = 3/ X HeveTHa.

3) Oyukuus Y = Ix BO3pAacTaeT Ha BCEW YMCIOBOU MPSMOM.

I'paduk Gynkuuu Y = 3/ X n306paxkeH Ha pucyHKe 0.

1
DyHkuua y = X;.
[Tpu yetHOM N dyHKUUSA Y = %/X obamaeT TeMH ke CBOACTBaMH, UTO U byHKIHSA Y = Ux, u
rpaduk ee HamoMHHAET rpaduK PyHKIUU Y = Vx.,
ITpu HeyeTHOM N GyHKUUA Y = %/X 06nazaeT Temu ke CBOMCTBAMH, UTO H Gynkums y =3x, u

rpaduk ee HarToMuHaeT rpaduk GyHKIUH Y = Ix.

y=VX (n- uwrfwe) ! y=VX (1~ nevemuoe)
ol 7 X 40 ] x
a) 9)

CreneHHast QyHKIHUS € NOJ0KUTEJIbHBIM IPOOHBIM IOKa3aTeleM.
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PaccmotpuM QyHKIHIO y = X", T€ I' - MON0XKUTENIbHAs HECOKpAaTUMast 1poOb.
[epeurcnum HEKOTOpPBIE CBOMCTBA ATOM (DyHKITUH.

1) O6nacts onpenenenus - ayd [0; + o).

2) OyHKIUSA HU YeTHAasl, HU HEYETHasl.

3) @yukuus y = x" Bo3pacrtaet Ha [0; + ).

Ha pucyHke a m306paxen rpaguk QyHKIHHT y = x>°

8

g 3= YA YA
y=X 2
y=x
! / y=x"
A5
/ y=X
o 7 x o ¢ I E
a) 0) 6)
Konumponvhuvie 6onpocwi
OyHKIUU.
OO6macTh onpeAesieHrs] © MHOYKECTBO 3HAUCHUM.
I'padux dpynkuuu.

[Toctpoenue rpadukoB GyHKUNMN, 3aJaHHBIX Pa3IMUYHBIMU CIIOCOOAMHU.
CoiicTBa (hyHKIHH.
OO6patHbie QyHKINU.

ok wdpE

Tema 6.2 IlocienoBareasHocTu. Ilpeaen nocieroBarebHOCTH, Npeaesa GyHKIMA

Tocneoosamenvrocmu. Cnocobwt 3a0anus U C60UCMEA YUCIOBbIX NOCIE006AMEbHOCHIEN.

Ilonsamue o npedene nocnedosamenvrocmu. Cyujecmeosanue npeoena MOHOMOHHOU 02PAHUYEHHOU

nocne008amenbHOCHIU. CyMqupoeaHue noc1ed08amelbHOCmell.

Ymems: BEIUUCHATH nmpeaci YHCIO0BOM MOCJICA0BATCIIbHOCTHU, BBIYHUCIIATD IIPCACII (byHKI_[I/II/I

Buamo: OCICO0OBATCIIBHOCTH, CIIOCOOBI 3aJaHuA H CBOMCTBA YHCIIOBBIX HOCH@}IOB&TCJ’IBHOCT@IX,
NOHATHUC O HOPCACJIC MOCICAOBATCIBHOCTHU, CYIICCTBOBAHUC IIPCACIIA MOHOTOHHOM Ol"pElHPI‘-ICHHOfI

mocCICeaA0BaTCIIbHOCTH, CYMMHUPOBAHNUE HOCHGJIOBaTeHBHOCTeﬁ.

Ecnu ka)xqoMy HaTypajabHOMY YHCIY N IOCTABIEHO B COOTBETCTBHUE BEIIECTBEHHOE YMCIIO Xn,

TO I'OBOPAT, YTO 3aZlaHa NnoC1e008amenbHOCHb
Xp, Xgyeo e Xy = {X}-

Yucna Xy, X,,...,X,, HaspBaloTCsA onemenmamy (wienamu) NOCIEIOBATEIbHOCTH, CHMBOI

{X,} — obwum snemenmom (unenom), a n —Homepom sneventa.

I[HSI MOCJIEIOBATEILHOCTEM MOXKHO OIIPCACIINUTD CICAYIOIINEC onepayuu.

1) YMHOXeHHe MOoCIIeA0BaTeIbHOCTH Ha Yiciao m: M -{Xn} = {an}, T.c. MX;, MX,,...

2) Cnoxenue (Bbrautanue) nocnegosarensrocteit: {X, FE{y }={X, £ ¥}

3) TIpoussenenue nocnenosarenshocteit: {X, }-{y }={X, - Y.}-

) _ ] %

4) YacTHoe mocle10BaTeIbHOCTEH: { } =< % mpu {y, }#0.
Yn n

Oepanultennbte U HeozpanuiueHHole nocneooeamesibHOCHIUL.

HocnenosatensHocth {X,} HasbiBaeTcss ozpanuuennoli ceepxy, ecnum s oGoro N

cymiecTByeT Takoe uucio M, uto X, <M .
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HocnenosarenbHOCTh {X, } Ha3bIBAETCS O2panuyennoli cHuzy, ciy s TOOOro N CYIIECTBYET

Takoe 4ucio M, 9ro X, = M.
ITocnenoBareabHOCTh {Xn} Ha3bIBAETCA OZPAHUYEHHOU, €CJIM OHA OrPaHWYEHa W CBEPXY M

CHH3Y, T.€. CyLIECTBYIOT Takue yncia M u M, 4to 1uist mo6oro N BepHo HepaBeHeTBo: M X, <M |

IIpenen nocienoBaTeIbHOCTH.

Uucino a Ha3pBaeTcs npedeniom  TOCIEAOBATEIIBHOCTH {Xn}, ecin  mIg  r000ro
nonoxurensHoro £ >0 cymecrsyer Takoit Homep N, uro mis Bcex N> N BbimonHseTcs ycnosue:
\xn—a\ < &. DTO 3aIIiChIBaeTCS:

limx, =a.
nN—o0

B stom ClIydac roBopsT, 4TO IMOCJICJ0BATCIIbHOCTD {Xn} CX00UMCA K a IpHu N—co,

OcHoenule ceoiicmea cxoo;lmuxc;l nocneoosamenvHocmeil.
1. CXOI[HIJ.[S.HCH MMoCJICAOBATCIIBHOCTL OI'paHUYCHA.

2. Tlyers  limx, =a, limy,=b, torma lim(x,xy,)=axb, Ilim(x,-y,)=a-b,
n—o0 N—0

nN—o0 Nn—oo
lim X |=2 h20).
n—oo yn b
3. Ecm lim X, =4a, lim Z,=4a u and BceX N BBINONHAIOTCA HepaBeHcTBa X, <Y, <Z,, TO
n—oo Nn—oo
limy, =a.

N—o0

4, Ecnu lim X, = @ U IO0CIEI0BaTEIbHOCTh {yn} — orpanuyenHas, To |1im (Xn . yn) =0.
nN—o0 nN—o0

Mpenen pynkunu B TOUKE.
Iycts ¢ynxmus T (X) ompenenena B HexoTOpoii OKpecTHOCTH Toukdn X =a (T.e. B caMoii
Touke X =a (QyHKUHUS MOXKET OBITh U HE OTpe/IeTICHA)
Uncno A mHaseiBaercs npedenom Qymkmum | (X) mpu x—a, ecnim gas mo6oro & >0
cymectByer Takoe uncio A >0, urto mas Bcex x Takux, yro 0<|X—a|< A BepHO HepaBeHCTBO

‘ f(x)- A‘ < & . B arom cinyyae mamyT: 1im f(X) = A

X—a

Ecmu f (X) - Al IIpU X—>a TOIBKO Ipu X < &, TO |im0 f (X) = A1 — Ha3bIBA€TCs npeoeiom
X—a—

dynxkumn  f(X) B Touke X=a cresa, a ecnm f(X) > A, npu x—a Tonpko mpu X >a, To

lim f (X) = A2 HasbIBaetcs npedenom Gpynxiuu | (X) B Touke X = a cnpasa.
x—>a+0

[penenst A1 u A2 Ha3BIBAIOTCA TakKe 0OHocmoponHumu npederamu dynaxmuu T (X) B Touxe

X = @. Taxoke TOBOPAT, 4T0 A — Koneunwiti npeden Gpynxmun T (X).

OcHosnvle meopemvi 0 npeoeax.
Teopema 1. limC =C , rae C = const.

x—a
Crezylonue TeopeMbl CIpaBeIHBEl TpH npeanonoxkenny, uro dyskmuu 1 (X) u g(X)

NMCHOT KOHCUYHBIC HpeI[CJIBI HpI/I X—>a.
Teopema 2. lim[ f (x) £ g(x)]= lim f (x) £ lim g(x)
X—a X—a X—a

Teopema 3. iM[ £ (x) - g(x)] = lim  (x) - lim g(x)
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Caencreue. [IMC - f(x)=C- Ilmf(x)

X—a
fog i
Teopema 4. lim : mpu limg(x) #0
oag(x) limg(x) = xoa

beckoneyHo MaJjibie pyHKIMH.
dyuxmus T (X) waswBaerca 6eckoneurno manoii pu x—a, TAE @ MOXKET OBITH YUCIOM HIIH

OJIHOM M3 BEIMUHUH oo, +0o uyn —oo, eci 1M (x) = 0.
X—a

Ceoiicmea 6eckoneuno manvix YyHKyuii:

1) Cymma puKCHpOBaHHOTO YMCIIa OECKOHEYHO MaJbIX (PYHKIMH IpU X—>a TOXE OECKOHEYHO Maast
GyHKIMSA U X—>a.

2) TlpousBeneHre GUKCUPOBAHHOTO YHCIIa OECKOHEYHO MAIBIX (DYHKIUH MPH X—>a TOKE OECKOHEYHO
Masasi GQyHKLIHUS IpU X—>d.

3) IlpousBeneHue OeckOHEUHO MajIoi (GYHKIUH Ha (YHKIMIO, OTPAHUYCHHYIO BOJIM3M Toukd X = a
ABJISICTCS OECKOHEUYHO Maoi (pyHKIUEH pu x—>a.

4) YactHoe OT JeneHus: 0eCKOHEYHO Majioil GpyHKIMK Ha QYHKIHIO, Ipee KOTOPOH He PaBeH HYIIO
€CTh BEJIMYMHA OECKOHEUHO MaJas.

beckoneuno 6onvuiue hynkyuu u ux céa3p ¢ 0€CKOHEYHO MATIMU.
ODYHKIUS HA3bIBAETCS HECKOHEUHO OO0bULOl TIPH X—>a, TS @ — YHACIIO WIA OJTHA U3 BEJIUYHH O,

+o0 wmn —oo0, ecoi |im f (X) = A, rne A — 4ncio WM OJHA U3 BEJIMUYHH 00, +00 HIIH —0.
X—a

CBsi3p OeCKOHEYHO OO0JIBIINX U OECKOHEUHO MaJIbIX (DYHKLUN OCYHIECTBIIETCS B COOTBETCTBUU
CO CIIEAYIOLIECH TEOPEMOIA.
Teopema 5. Ecru T (X) — O npu x—a (ecim x—o0) 1 He 06paIaeTcs B HOJb, TO

y= : -
f(X)
Cpaenenue 6ecKkoHeuHo Manvlx QYHKYUL.
Hycts (X)), B(X) u y(X) — Geckoneuno mankie pyHKuuH mpu X —> &. DTH GECKOHEUHO

MaJibIC Q)YHKHI/II/I MOJXHO CpaBHUBATH I10 6BICTpOTe nux Y6I>IBaHI/IH, T.C. I1O 6BICTpOTC HUX CTPEMIICHUA K

HYJIIO.
X
Ecmm lim——= a(x)
x—a [3(X)
nopsaoxa, uem pyuxuus F(X) .
X
Ecm lim———= a(x)

x—a ﬂ(X)

=0, to dpynxmms «(X) HaseBaeTcs Geckoweuno manoii Gonee 6bICOKO20

=A A=z0, A=const, to a(X) u S(X) masweBalorca 6eckoneuno

MAnbIMu 00H020 NOPSOKA.

Ecmm lim——= ( )

=110 pynxkuuu (X) u F(X) mHaswiBaroTCA dKEUEANEHMHBIMU GECKOHEUHO
x—a [3(X)

Manvimu. 3aUCHIBAIOT o ~ .
Beckoneuno manas ¢yukuus & (X) HaspiBaeTcs 6eckoneuno manoti nopsoka K OTHOCHTENIBHO

k

. aX
6eckoneyno mManoi dpynxmuu [ (X) , ecim npenen |ImL =A=0.
x—>a f3 (x)
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O,Z[HaKO CJICAYyCT OTMCTUTL, YTO HC BCC OECKOHEUYHO MaJIble (I)YHKI_II/II/I MOKHO CpaBHHUBATb
a(x)
B(x)

Mex1y coboii. Hampumep, ecnu oTHOIIEHHE HE UMEET Ipenena, TO PyHKIIUA HECPABHUMBI.

Cesoiicmea IK6UGAIEHMHbBIX DECKOHEUHO MAbIX.

1) a~a, “ma(X) =1

x—a ot (X)

2)Ecmn o~ fu B~y 10 a~y | im——= a(x) =lim a(x) ﬂ(X) =1-1=1

oay(x) o BX) y(x)

3)Ecmm a~ B, 10 B~ 0, img%x; im%—l

B(X)

4)Ecm a~ can B~ frm lim——= a(x) =k, rou lim=2"2 () =K wm lim ()—ll a(X)
x—>a [F(X) x—a ﬂl(x) x»a F(X) x-a ﬂl(x)
CBoiicTBO 4) 0COOEHHO BaXKHO Ha IMpaKTUKE, T.K. OHO (PaKTUYECKH O3HAuYaeT, YTO Ipejeln
OTHOIICHHUS OECKOHEYHO MaJbIX HE MEHSETCs NP 3aMeHe UX Ha SKBUBAJICHTHbIE OECKOHEUHO Mallble.
9TtoTt q)aKT Ja€T BO3MOXHOCTH IIpH HAXOXICHUU IIPEACIIOB 3aMCHATH 0OeCKOHEUHO Majible Ha
9KBUBAJICHTHBIC UM (DYHKIIMH, YTO MOKET CUJIBHO YIPOCTUThH BHIYMCICHHUE IIPEEIIOB.

3ameuaTeibHbIE NPe/esibl

Ilepeviit 3ameuamenvhulii npeode
[Ipenen oTHOIIEHUS cUHYca OECKOHEYHO MaJloi Iyru K caMOi Jyre, BRIpa)KeHHON B pajlaHax,
Ha3bIBACTCS NEPBbIM 3aMeYamenbHbiM npedenom. ITOT Ipeaesl paBeH eJUHULIE.
. sinx . X
lim—— =1 WIIN lim——=1
x=>0 X x—=0SIN X

Bmopou 3ameuamenvuuiit npeden

X
Iim(1+ l) =e
X—>0 X

rne €~ 2,71828.... Ecou — = a, 1o @ — 0 u BTOpoii 3aMeuarensHblii Ipeien MOKHO 3aMicaTh B
X
BUJIE:
) 1
||m(l + Ol)a =€
a—0

KpOMC TPEX, H3JIOKCHHBIX BbINIC, IMPCACIOB MOKHO 3aIlliCaTb CICAYIOIIUC IIOJIC3HBIC Ha
IMPAaKTUKE COOTHOICHUSA:
. In(l+x . at-1 . L+ x)" -
|Im¥=l; lim =Ina; IlmL:m.
x—0 X x>0 X x—0 X

Konmponvnvie 6onpocsi
1. ITocmenoBaTEIbHOCTH.
2. CnocoOBI 3a1aHus ¥ CBOMCTBA YMCIIOBBIX II0OCIIEN0BATEIbHOCTEN.
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3. IlonsTHE O Mpeene Nociae10BaTeNbHOCTH.
4. CymiecTBOBaHHUE Npe/ieIa MOHOTOHHON OrpaHUYEHHON MOCIEA0BATEIbHOCTH.
5. CyMMupoBaHHe€ MOCIe10BaTEIbHOCTEM.

Tema 6.3. [IpousBognas pyHKIHH, ee reoOMeTPUUECKUI U (PU3HYECKHIT CMBIC]

Onpedenenue npouszsoOHOU YYHKYUU, ee 2eOMeMPUYecKUll U PU3UYeCKULl CMbICI, YPAGHEHUE
KacamenvHou K epagpuxy QyuKyul, npasuia HaxodcoeHus NPoUu3e00HbIX, MabdIUYa NPOU3BOOHbIX
NEMEHMAPHBIX DYHKYUL, NPOUZBOOHASL CIONCHOU PYHKYUU

Ymems: HaxoqUTHh IPOU3BOIHBIE FJIEMEHTAPHBIX U CIOXKHBIX (PYHKIIHUM, TUCATh YpaBHEHHE
KacaTeJlbHOU K TpaguKy (QyHKIMU, IPUMEHATh T€OMETPHUUECKUI U (PU3NUECKUNA CMBICI IPOU3BOIHON
IIpU pELICHUH 3a]a4
3uame:npaBuna audQepeHIrpoBaHus, TAOIUILy TPOU3BOIHBIX HIEMEHTAPHBIX (DYHKIIMH, YPaBHEHUE
KacaTeIbHOU, IPaBUIIO HAXOXKACHUSI IPOUXBOJIHOM CII0KHON (PYHKIINH

ITycte X1 ¥ X2 — 3Ha4YeHHs aprymenra, a Y, = f(Xl) uy,= f(Xz) — COOTBETCTBYIOILLIKE
3HayeHuss QyHKHH Y = f(X). Pasnocts AX = X, — X Ha3bIBACTCs npupaujeHuem apeymenma, a
pasnocts AY = Yo=Y, = f (XZ) —f (Xl) — npupaweHuem QyHKyuu Ha OTPE3Ke [Xl, X2]

Ipouseoonoii dyaxumu T (X) B Touke X = Xo Ha3bpIBAETCS IMPEJENT OTHOIICHHS IPUPALCHHUS

(YHKIMHU B 3TOM TOUYKE K MPUPALICHUIO apIyMEHTa, KOTAa MOCIeIHEe CTPEMUTCS K HYJIIO.
. F(x+Ax)— f(x
£(x) = lim ( )= f(x)
Ax—0 AX

T'eomempuueckuii cmuici.

[IpousBognas Qynkuuu Y = f(X) B
TOYKE X0 paBHa YIIOBOMY KO3 ULIHEHTY
KacaTenpHOW K TpaduKky (GYHKIHHM B TOUKE

!/
I\/IO(XO, f(Xo)), te. T'(Xy) =19, roe a -
yroJl HakJIOHAa KacaTedbHOW K Trpaduky
dysxmmm Y = T (X) B Touke Mo.

['eomeTpuyeckuii CMBICT TPOHM3BOIHOM
COCTOUT B TOM, YTO 3HAYEHHUE NPOU3BOJHOMU
GyHKIMM B TOYKE  PAaBHO  YIJIOBOMY
kod(duimenty KacareapHOH K rpaduKy
(YHKIIMU B 3TOH TOUKE.

y_f(xo): f,(Xo)(X_Xo) -

YPaBHCHHUC KacaTeJIbHOM.

Y

My

x
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Du3zuueckuit cmuici.
[Ipeanonoxum, yto GyHKIUSA S = S('[) ONUCHIBAET 3aKOH JBH)KCHUSI MAaTEPUAIBHON TOYKH IO

npsimoii muann, T.e. S = S(t) — myTh, IpoiineH kI 3TOl TouKoi OT Hauana oTcyera 3a Bpems t. Torma
3a Bpems to mpoiineH mytb S = S(to) , a3a BpeMd t1 — myte S = S(tl). 3a MPOMEKYTOK BPEMEHU

At =1, —t, Touka npoiizer orpesox mytu AS = S(t, + At) —s(t,).

s(tg) s{to + At)
As

OcHoBHble npaBuia 1uddepeHunpoBanms.
0603maunm U =U(X), V=V(X) u W= W(X) — pysxuun, nuddepeHmmpyembie B TOUKE X.

1) C' =0, rne C — nocTosiHHAs BETHYNHA. u ! 1
2) X'=1 () -2
3) (U+v—w)=u"+V -W C | C
4) (u-v)'=uv+uv C C ,
' [ ' ’ 9) — | ===V
5) (U-v-w) =u'vw+ uv'w+ uvw Vv V2
6) (C-u)=C-u’ 10) Ecm v=Vv(u), u=u(x), re.
y UV —V'U v=V[u(x)], o V'(x) =V'(u)-u’(x) -
7) V =———,ccmV#0 TIPOU3BOJIHAS CIIOKHOM (yHKITHH.
Vv
Tabdauna npou3BOIHBIX.
1) (Xn) =nx"" 12) (arcsin x)' :%
' 1 1-x
2) (\/;) :T ' 1
2N/X 13) (arccosx) = —————
’ 1-x?
3) 1 —_i '
x)  x 14) (arctgx) =——
' 1+X
X) _ AX '
4 (e ),_e 15) (arcctgx) =———
5) (ax =a“lna 1+x
1 16) Mycts U =U(X), Vv=V(X), Torma
6) (|nX) :; (UV) =V-Uv_l'U'+UV‘V”|nU
! 1
7) (lo =—
8) (sin x) = cosx
9) (cosx) =—sin x
/ 1
10) (tgx) =
(tgx) cos® x
11) (ctgx) =- _12
sin” x
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Konmponvhuvie 6onpocwi
1.ITonsATHE O MPOM3BOIHON (HYHKIIHH, €€ TECOMETPUUECKUN 1 (PU3NUECKHUI CMBICT.
2.YpaBHEHHE KacaTeIbHOH K rpaduky (pyHKIUU.

Tema 6.4. [IpumeHeHne NPOU3BOIHOM K HCCIeI0BAHNIO PyHKIMH.

Tpumenenue npouzeo0HOl K nocmpoeHuio 2papuros gyukyuil. Bospacmanue u yovieanue
@yHryuu. Ixkcmpemymol hyHKYUU.

Ymems: HaXOOUTh TPOMEKYTKH BO3pAcTaHUs M yObIBaHHA. HaXoIuTh TOUKK IKCTpEMyMa.
3namo: TlpuMeHeHHE TTPOU3BOJAHON K MOCTpOeHUIO TpadukoB GyHkiuii. Bo3pacranue u yObIBaHHE
GyHKIHU. DKCTPEMYMBI (QyHKITHH.

Yci0Busi Bo3pacTaHus M yObIBaHUs (PYHKIHIA.
Teopema 1. JIns toro uto6sl auddepennupyemas na untepsaie (@,0) dynxuus f(X) 6pima

neyovieaioweu (Hegospacmaioweil) Ha 3TOM HMHTEpBaJie, HEOOXOMUMO M JOCTATOYHO, YTOOBI
f'(x)>0 (f'(X)<0) g scex X € (a,b).

Teopema 2. Ecnu dynximsa T (X) muddepenumpyema ma nnrepsane (a,b) u f'(x) >0
(T'(X) <0) mna Beex X € (a,b), o ara pynxums sospacmaem (y6vi6aem) na nnrepsane (a,0) .

Toukm d3kcTpeMyma.
Toukn MakcuMyMa U MUHUMYMa (DYHKIIUU HA3BIBAIOTCS MOYKAMU IKCMpeMyMa.
Teopema 3. (neobxooumoe ycnosue cywecmeosanus sxcmpemyma) Ecm ¢pynxmms T (X) B

!
TOUKE X0 MMEET 3KCTpeMyM, To npousosnas | '(X,) obpaiiaercs B HyJIb WIH HE CYIIECTBYET.

Cnedcmeue. ObpaTHOE yTBep)KIeHHE HeBepHO. Ecnu mpousBojHass (yHKIMH B HEKOTOPOH
TOYKE paBHA HYJIO, TO 3TO €IIIe HE 3HAYUT, YTO B 3TOW TOUYKE (PYHKIUS HMEET SKCTPEMYM.

Kpumuueckumu moukamu QyHKIIMHA Ha3bIBAIOTCS TOUYKH, B KOTOPBIX MPOU3BOAHAS GYHKIMHN HE
CYILIECTBYET WJIM paBHA HYJIIO.

Teopema 4. (Oocmamounoe ycrosue cywecmsosanus sxcmpemyma) Eciau npu nepexojie depes

!
KPUTHYECKYIO TOUKY X0 cIeBa HampaBo nponsonHas gpyrkmuu T '(X) menser 3Hak ¢ “+” Ha

(1313

, TOB

113

touke xo pymkmus T (X) mmeer maxcumym, a ecnm mpows3BoOAHAS MEHSET 3HAK C Ha “+” — TO

GYHKIHST IMEET MUHUMYM.

Ilpasuna naxoxicoenun IKCMmpemymos Qyuxuyuu.
1) Haiiti npou3BOAHYIO QYHKITUH.
2) HaiiTi KpUTHYECKUE TOYKH (DYHKIIUH.
3) HccnenoBaTh 3HaK MPOM3BOIHOW B MPOMEKYTKAX, HA KOTOPBIC HAWICHHBIC KPUTHYECKUE
TOYKH JAEJAT 007acTh OnpeesieHus] PyHKIIUH.
4) OmnpenenuTh CYIIECTBOBAHUE MaKCHMyMOB U MHHUMYMOB M HAiTH 3HaueHHe (QYHKIUH B
ITHUX TOYKAX.
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Cxema ucciaenopanusi pyHkomi

[Ipouecc wuccrnenoBaHusi (QYHKIMH COCTOUT W3 HECKOJNbKUX OJTamoB. s Haubomee
MOJTHOTO TIPEJICTaBJICHUs] O TMOBeNeHHMM (YHKIMHM M XapakTepe ee rpaduka HeoOXoIumo
OTBICKATh:
1) OGnacte cymiectBoBaHus QYHKIMH (3TO MOHATHE BKJIOYACT B ceOsl M 00JacTh 3HAYCHHUU, U
obsacTh onpeneneHus QyHKIIH).
2) UccnenoBath QpyHKIHMIO HA YETHOCTD U IEPUOJHYHOCTb.
3) KoopauHaThl TOYeK mepeceueHus rpapuka (GyHKIHH C OCAMH KOOpPAMHAT (€CIH OHH
UMEIOTCS).
4) VaTepBasibl BO3pacTaHus U yObIBAHUSL.
5) Touku MakCUMyMa 1 MUHHMYMa.
6) ITocTpoenue rpaduxka.

Konmponvnvie 6onpocei

1. YcnoBus Bo3pacTanus U yObIBaHUS (DyHKIIHA.
2. Touku ’KCTpeMyMa.

3. IlpaBuia HaXOXKJIEHUS HIKCTPEMYMOB (DYHKITUH.
4. Cxema uccienoBaHus PyHKHUH.

Tema 6.5. Bropas npon3BoaHas, ee reoMeTpuueckuii 1 Gu3N4ecKuil CMbICIIL.
Bmopas npouzeoonas, ee 2ceomempuueckuti u puzuyecKuti CMuici.
Ymems: HaXoauTh NPOMEXKYTKM BO3pacTaHus U YObIBaHMSI (DYHKUMH HCIOJB3YS BTOPYIO

npou3BoAHY10. HaxoauTh TOUKH 3KCTpeMyMa.
3namy: [IpuMeHeHne BTOPOM MPOM3BOTHON K HAXOXKIEHHUS MTPOMEKYTKOB MOHOTOHHOCTH.

Iycts ¢ynxkmms T (X) — muddepenumpyema Ha mHekoTopom wuHTepBane. Torna,
nuddepeHnupys ee, mojy4aeM MepBy0 MPOU3BOIHYIO
df (x
yl — .I: I(X) — ( )
dx

Ecnn maiiTn npomssomnyio ot dymkmuu f'(X), momyumm emopyio npouseoomyio
dyrkman T (X) .

" ” d 2 f (X)
y'=1"(x)=———=
dx
d? d(d
T.C. y" = (y')’ 50104 —3/ =— —y
dx dx\ dx
DTOT IpoLIeCcC MOKHO MPOJAOHKUTH U Jlajiee, HaXO s IPOU3BOIHBIC CTEIEHU N.
d n y B d d n—ly

dx"  dx| dx"?

Hccnedosanue ghynkyuu Ha sIxcmpemym ¢ ROMOULbI0 RPOU3BOOHOI 6MOPO20 NOPAOKA.
!
Teopema 5. Ecmu T'(X) =0, to pynkmusa f (X) B Touke xo mmeer maxcumym, ecan

f"(Xg) <0 umunumym, ecn f"(x,) > 0.
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n )
Ecn f"(X,) =0, to xapakrep kputuueckoii Toukn Hemssecten. Jlist ero onpesenenus

TpeOyeTcs NaNbHelIee Uccael0BaHue.

BrinykJiocTh 1 BOTHYTOCTH KpuBOi. Touku nepernda.
Kpusas obpamieHa guinykiocmuio ééepx na uarepsane (a,0), ecan Bce ee Touku nexar
HIUDKE JII000M ee KacaTelnbHOM Ha 3ToM HHTepBaie. Kpupas, oOpallieHHas BBITYKJIOCTbIO BBEPX,
Ha3bIBACTCS 8bINYKIION, @ KPUBasi, OOpaIlleHHas BHITYKJIOCTHIO BHU3 — HA3bIBAETCS 8OCHYMOU.
Teopema 6. Eciu pynxuus T (X) umeer ma unrepsane (@,0) sropyio npoussonmyio u

f"(x)>0 (f "(XO) < 0) Bo Bcex TouKax JAHHOTO MHTEpBana, To rpaguk GyHKLIUH UMEeT Ha
(a,b) BemykmnocTs, Hanpasnennyo enus (ssepx).

Touka, OTHENAOIIAs BBIIYKIYK) 4YacTh KPHBOM OT BOTHYTOM, Ha3bIBACTCS MOUYKOU
nepezuba. Toukamu neperuda MOTYT CIIY>KUTh TOJIBKO KpumuyecKkue moyku 6mopoz2o pood, T.e.

TOUKH, B KOTOPBIX BTopas npoussonas [ "(X) oGpamaercsa B HONb WM He CyIIECTBYET.
Teopema 7. Tlycth kpusas ompenenserca ypasenmem Y = f(X). Ecim Bropas
MPOU3BOIHAA f"(X) =0 wm He cyliecTBYeT M HpHU IEpexoie depe3 TOuKy X = Xo f"(X)

MEHSET 3HaK, TO TOUKa KPUBOH ¢ abcuuccoil X = X, ABJISAETCA TOUKOMU meperuda.

Ilpasuna naxoicoenun mouek nepezuoa.
1) Haiitu BTOpYO MPOM3BOAHYIO (DYHKIIUH.
2) HaiiTu kpuTHYECKHE TOYKH BTOPOTO POJIA.
3) HccnenoBaTh 3HaK BTOPOM MPOM3BOAHOW B MPOMEXKYTKAX, Ha KOTOPbIC HalJICHHBIC
KPUTUYECKHE TOUYKH JIEJIAT 001acTh onpeeneHus QyHKIHUH.
4) OmpeaenuTh TOUKH Iiepernba v HATH 3HaYeHUe (PYHKIUH B THX TOYKAX.

Konmponvnvie éonpocwi

1.MccnenoBanre GyHKIIMN HA SKCTPEMYM C MOMOIIIBIO TPOU3BOAHOM BTOPOTO TIOPSIIKA.
2.BhBIMyKJI0CTh M BOTHYTOCTh KpuBOH. Touku neperuoa.

3.IlpaBuiia HaX0X/A€HUS TOUEK Meperuoa.
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Tema 7. IIpsiMble U IJIOCKOCTH B IPOCTPAHCTBE

Tema 7.1. AKCHOMBI CTEpEOMETPUM U MPOCTeHIIUe CJIeACTBUA U3 HUX.
OcHosHbvie nousamus. Akcuomsl cmepeomempuu. Cnredcmeus U3 aKCUOM.

Ymemu: mpuMeHATh aKCHOMBI CTEPEOMETPHUH TP PEIICHUH 3a/1a4.
3namob: OCHOBHbIE TOHATHS. AKCHUOMBI cTepeoMerpuu. CreactBusi U3 akcuoMm. OCHOBHbBIE
MOHATHUS. AKCHOMBI CTEPEOMETPHH.

1. Ocnognule nonsamus. AKCuomvl cmepeomempuu.

Onpeodenenue. CtepeoMeTpuell Ha3bIBA€TCS paslell F€OMETPUH, B KOTOPOM H3y4yaroTcs
burypsl, pacnojaoxXeHHble B MpocTpaHcTBe. OCHOBHBIMU MOHATHSMHU CTEPEOMETPUU SIBISIIOTCS
TOYKA, IIPsIMasi U IUIOCKOCTb.

CnoBo «cTepeoMeTpusy» MPOUCXOJUT OT TIPEUYECKUX CIIOB «OTEPEOC» — OOBEMHBIH,
MIPOCTPAHCTBEHHBIN U «UETPEOY» — UZMEPSATb.
1. [IpencraBneHue o MIOCKOCTH JAET I1aJIKasi IOBEPXHOCTh CTOJIA WK CTeHbl. [lmockocTh

KaK 'COMCTPUYICCKYIO (bHpry CICayCT NpCACTABIIATH cebe HpOCTHp&IOIJ.ICfICH HCOTrpaHUYICHHO
BO BCC CTOPOHEI.

Ha pucyHkax miuockocTu n300pakaroTcsl B BUJIE MapajljiesorpaMma WiM B BHUJIE IPOU3BOIbHON
o0iactu U 0003HAYaAIOTCS TpeyecKuMH OykBamu a, 3, Y u T.A4. Touku A u B nexar B ruiockoctu
B (mmockocTh B mPOXOOUT Yepe3 ATH TOUKH), a Touku M, N, P He nexar B 3TOH IUIOCKOCTH.

Kopotko 310 3anuceiBaot Tak: A € 3, BER, Mgp NEg FPE8

Puc. 1. a)

IIpocTpaHCTBO COCTOUT M3 OECKOHEUHOTO MHOKECTBAa TOoueK. JIFo00e MHOXKECTBO TOUYEK
NPOCTPAaHCTBA  HA3bIBACTCSA  IMPOCTPAHCTBEHHOW  Qurypoid wmm  TenoM. [Ipumepamu
IPOCTPAHCTBEHHBIX (UTYp SBISIOTCA TOYKa, OpsMas M IUIOCKOCTh. IlpsiMble M miockocTu
COCTOAT U3 OECKOHEYHOT0 MHOXKECTBA TOYEK IIPOCTPAHCTBA U HE COBHANAIOT CO BCEM
IIPOCTPAHCTBOM.

CdhopmynupyeM OCHOBHBIE aKCHOMBI CTepeoMeTpuHu. HamomMHuMM, akCHOMBI — 3TO
YTBEpKJEHHsI, IPUHUMAaeMble 0e3 JoKa3aTeabcTBa. AKCHOMBI T€OMETPUH BBIPAKAIOT OCHOBHBIE
CBOMCTBA HEOIIPEAEIAEMBIX IIOHATHI: TOYEK, IPSMBIX U IJIOCKOCTEN.

AKCHOMBI:
1) Yepes moOble 1BE pa3IuuHbIC TOUYKU MPOXOAUT SAMHCTBEHHAS MPsSMast.
2) Eciun e pas3nuyHble TOYKH NPSAMON TNpHHAJIEkKAT B
IUIOCKOCTH, TO BCE€ TOYKH NPSIMOM IPUHAMJIEKAT OTOU
IUIOCKOCTH. 4
14
Puc. 2
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3) Uepe3 moOble TpU TOUYKH, HE JEKallde HA OJHOUN
MPSIMOM, TIPOXOMT OJTHA U TOJBKO OJHA IJIOCKOCTb.

B,

A

4 e
1

Puc. 3.
4) Ecnu nBe pa3iuyHble IUIOCKOCTH MMEIOT OOIIyIO
TOYKY, TO OHU UMEIOT OOIIYIO IPSAMYIO.

Puc. 4.

2. Ilpocmetiwue cnedcmsus u3 AkCUOM cmepeomempuu.

W3 nepBoii akCHOMBI CJIEIYET, UTO JIBE Pa3JIMYHbIE MPSAMbIE B IPOCTPAHCTBE WU HE UMEIOT
HU OJTHOU OOIIEH TOYKH, HITM UMEIOT TOJIBKO OJHY OOIIYIO TOUKY.

[Ipsimble, UMEIOIINE TOJIBKO OJIHY OOIIYIO TOUKY, Ha3bIBAIOTCS MEPECEKAIOIIIMMHUCS.

W3 BTOpON aKCHOMBI CIEQYET, YTO IpsiMas U IUIOCKOCTh B IIPOCTPAHCTBE WA HE UMEIOT HU
OJIHOI 00I1Iel TOUKH, WM UMEIOT TOJIBKO OJHY OOIIYIO TOUKY, WM, HAKOHEIl, BCE TOYKU MPSIMOU
ABJISIFOTCS. TOYKAMU IIJIOCKOCTH.

Eciu mpsiMmas ¥ MJIOCKOCTh MMEIOT TOJIBKO OHY OOIIYyI0 TOYKY, TO TOBOPAT, YTO OHH
IIEPECEKAOTCSI.

Ecnu Bce TOUKM mpsiMOIl SIBISIOTCS TOUYKAMM IUIOCKOCTH, TO TOBOPST, UTO IpsiMas JICKUT B
IUIOCKOCTH (ITPUHAJJIEKUT TUIOCKOCTH) WIIM YTO IUIOCKOCTh MPOXOJIUT Yepe3 MPSIMYIO.

Teopema 1. Yepe3 mpsMyr0 W HE NPUHAJICKAIIYIO €l TOUKY MNPOXOIUT €IUHCTBEHHAs
IIJIOCKOCTb.

loxazamenvcmeo:

IIycts 3amanbl pssMasi AW HE NMPUHAIICKAIAS € TOYKa
A(puc. 5). Ha npsiMmoii @ Bo3bMeM Kakue-HUOYIb JIBE TOYKH
Cu D. Ilo akcuome 3 uepes tpu Toukun A, C, D mpoxoaur
€MHCTBEHHAs IUIOCKOCTh; 0003HaunM ee «. Ilo akcuome 2 Puc. 5.
BCE TOYKHU
IPSIMOM @ NMPUHAMIEkKAT IUIOCKOCTH (.

CnenoBaTenbHO, IUIOCKOCTh ¢ TPOXOAMUT uepe3 MmpsimMyro a u Touky A Jlpyroil Ttakoit
IUIOCKOCTH HET, TaK Kak Jto0as IUIOCKOCTh, MPOXOJAlias yepe3 MpsAMyld a8 M TOYKYy
A, mpoxoaut uepe3 Touku C, D, A He nexariue Ha OJHOW MPSAMOH, U MOITOMY COBMAJAET C

TUTOCKOCTBIO (L.
Teopema 2. Yepes nBe mepeceKaromuecs npsMble MPOXOIUT €ANHCTBEHHAS TNIOCKOCTb.

Hoxazamenbcmeo:

ITycts mpsimeie @ u b mepecekarorcst B Touke M (puc. 6). Ha npsmeix a u b BoseMem
Kakue-HuOynp Toukn P u N, omimunsle ot Toukn M. Torma yepe3d tpu Ttouku P, N u
M mpoxoauT eIWHCTBEHHAs IUIOCKOCTh «.B cuily akcmombl 2 IJIOCKOCTH IMPOXOAHT dYepe3
JIAHHBIE TIPSIMBIC & U D .
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W3 nocneaHux OBYX aKCHMOM U T€OpeMbl | cienyer, 4yTo J1Be pas3iHyHble IMJIOCKOCTH WU
HE UMEIOT HU OTHOU

o011Iel TOUKH, WIIK UMEIOT OOIIYIO IPSMYIO U APYTUX OOIIUX TOUEK HE UMEIOT.

JIBe  pasnuuHBIE ~ IUIOCKOCTH,  HMMEOHNME  OOIIyl0  HpsSAMyI0,  Ha3bIBAIOTCSA
HepeceKaroMIUMUCS.

Puc.6 Obwasn npsmas nazvieaemces npsamou nepecevenus SMux nioCKocmell.
Konumponvnwvie 6onpocwi

1. OcHOBHBIE TOHATHA.
2. AXCHOMBI CTEPEOMETPHH.
3. CieicTBUS U3 AKCUOM.

Tema 7.2. [lapansiesbHOCTb NPSAMOM U MJIOCKOCTH, MAPAIIEIbHOCTD IJIOCKOCTEM.

Onpedenenue napaniienrbHocmu npamou u niockocmu. Ilpusnaxk napanienvHocmu
npamou u nrockocmu. Ilapannenvnocme niockocmet. Ceoticmea napaniesibHulx HI0CKOCHE.

Ymemn: MMPUMCHATDH IPHU3HAKU IaPAJICIIBHOCTHU HpHMOﬁ " IJIOCKOCTH IIPU PpCHICHUH 3aJay.
3uame: OmnpeneneHue NapalIeNbHOCTH NPsAMONM M MIocKocTU. llpu3Hak mnapasmienbHOCTH
npsiMoit U riockocTu. [lapamnensHocTh miockocTeil. CBoMCTBA MapaliebHbIX INIOCKOCTEH.

Hapaﬂ.ﬂe.ﬂbl{ble NMPpsAMbIE€ B IIPOCTPAHCTBE
I[Be IIPAMBIC B IIPOCTPAHCTBE HA3bIBAIOTCA Mapa/lJI€JIbHBIMHU, €CJIM OHU JICKAT B OI[HOI71
IJIOCKOCTH U HC MEPCCCKAIOTCA.

Teopema o napannenbHbIX RPAMBIX.
Yepes mo0yI0 TOYKY TPOCTPAHCTBA, HE JICKAIITYIO Ha JAHHOW TPSMOMA, TIPOXOIUT MPsIMast,
napaiesibHas JaHHOM, U IPUTOM TOJIBKO OJTHA.

b o

M

Puc. 1.

JlemMa o MEPECCUYCHUH IVIOCKOCTH NMapaJlJ€JIbHBIMUA IIPAMBIMHA.

Ecnmu omHa w3 nByX MapajieabHbIX b il
MIPSAMBIX IIEPECEKAET TAaHHYIO IIOCKOCTB, TO
U Jgpyras 1psMas  IEepeceKkaeTr 3Ty \ lM
ILIOCKOCTB. :
o 11
1

Teopema o Tpex NpsiMbIX B POCTPAHCTBE.
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Ecmu IBE IMpAMBIC napajjiCJIbHbI
TPETbE MpsSIMO, TO OHM MAPAIIIEITbHBI

(ecrma/ cub// c toal b).

oy
]

Puc. 3

ITapanjieJbHOCTh IPAMOM U IIOCKOCTH

HpﬂMaH " INIOCKOCTBh HA3bIBAIOTCA napaliejibHbiMu, CCJIM OHU HC UMCIOT O6I]J,'I/IX TOYCK.

le/l3HaK mapauieJIbHOCTH l'[pﬂMOﬁ H IIJIOCKOCTH

Teopema. Eciu npsimasg, He Jexamas B a
JAHHOM IIJIOCKOCTH, IIapajuleJibHa KaKOW- . -
HUOY/b  TpsAMOM, Jexamed B 3TOH : B
IUIOCKOCTH, TO OHA NapajuielbHa JAaHHOM y: 7
IIJIOCKOCTH. Lo e
£ g Puc. 4.
Teopema. Eciii 110CKOCTh MPOXOIUT
yepe3 JaHHYI MpAMYI0, HapajuleiIbHYIO
IpYrol IUIOCKOCTH, U IIEpeceKaeTr JTy 3
IUDIOCKOCTb,  TO  JIMHUSA  II€PECEUECHMS
IIJIOCKOCTEH MapajulesIbHa JaHHOHN IIPSIMOM.
0
Teopema. Ecium ogHa u3  IByX o
MapaJuleJIbHBIX  MNpPsAMBIX  HapajieiabHa
JTAHHOM TUIOCKOCTH, TO Apyras mpsmas J1u0o
TaKKe IapajuleJbHa JIaHHOW IUIOCKOCTH,
7100 JEKUT B 3TON TIIOCKOCTH. B
Puc. 5
B3aumHoe pacnoJioskeHue NPpsiMbIX B IPOCTPAHCTBE
b . al
; '
t
i Q L2
ﬂ a
Puc.6 Puc. 7 i
Puc. 8
Ilepecexaommuecsi npsimblie: |[lapanieabHble  mnpsiMble: CkpenuBaromuecst
JexaT B OJHOM IUIOCKOCTH, |JiekKaT B OJHOW IIOCKOCTH, | MpsAMBbIe:
UMEIOT OJIHY OOIIYIO0 TOUKY HE UMEIOT OOIMX TOuYeK (HE | He  JeXar B OJHOU
MepEeCeKar0TCs IUIOCKOCTH, HE  HMEIOT
00Immx TOYEK (ue
MIePECEKAIOTCS )
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IHapanneJbHOCTB II0CKOCTEH
JIBe MI0CKOCTH Ha3bIBAIOTCS MapalIeIbHBIMU, €CJIM OHU HE EPECceKaroTCsl, T.€. HE UMEIOT HU
O71HO# 001mel ToukH. o // P.

B/ 4

Puc. 9.

I[Ipu3Hak napajiieJibHOCTH JABYX IIOCKOCTEl
Teopema. Eciiu 1Be nepecekaromuecs npsMble OJHON IIIOCKOCTHU MAPAIIJIENbHBI ABYM
NepeceKarouMes MPSIMbIM JPYTO# MIOCKOCTH , TO 3TH IJIOCKOCTHU MapasliebHb.
Ecnua // aiub [/ b1, To a// . Puc. 10.

dy

B b,
s

A

CaoiicTBa Napa/uleJbHbIX IJIOCKOCTEI.

Ecnu o // B u oHn mepecekarorcs ¢ v,

toa/lb.

o Eciu nBe napaiyICJIbHBIC TIJIOCKOCTU
MEPECCUCHBI TpeTBeﬁ, TO JIMHUHN ux
B NEepeCCUCHUS MapaJlJICIIbHBI.
8
I'|r|‘

2.Eciu o // pu AB // CD, To AB = CD.OTpe3ku napanieabHbIX OPsMbIX, 3aKII0UEHHbIE
ME3Ky HapasIelbHBIMU ILIOCKOCTSIMH, PABHBL.
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Konmponwvhule éonpocwi

1. Onpenenenne napamieabHOCTU IPSIMOM U IIJIOCKOCTH.
2. Ilpu3Hak napajieabHOCTH NMPSIMOM U IJIOCKOCTH.

3. [apannensHOCTh MIIOCKOCTEM.

4. CpoiicTBa napajuieIbHbIX IJIOCKOCTEH.

Tema 7.3. IlepneHANKYJISAPHOCTD NPSIMOM M IJIOCKOCTH.

Onpeoenenue nepnenouKyIApHoOCmu npamou u niockocmu. Ilpusnaxu
NepneHOUKYIAPHOCIU NPAMOU U NIOCKOCHU.

Ymems: npuMeHATh NPU3HAKK TEPICHAUKYISPHOCTH MPSMOM U MJIOCKOCTH JJIS PeIleHuUs 3a1ad.
3nams:  OmnpeneneHWe  MEPHECHAMKYISIPHOCTH  NpAMOM W IWIOCKOoCcTH.  [Ipu3Haku
NEePHEHANKYISIPHOCTH MIPSIMOM U TIOCKOCTH.

Onpenesienune
[Ipsimas, MepEeCEeKArIIAst IJIOCKOCTB, a
Ha3bIBACTCS nepneHOUuKYIAPHOU ITOU
IUIOCKOCTH, €CJIM OHa IepIeHIUKYJIspHa /
KQKJIOM NPsIMOM, KOTOpasi JIEKUT B JAHHOU ::f [
IUVIOCKOCTH ¥ TMPOXOAUT 4Yepe3 TOUKY b '
nepeceyeHusl.

Puc. 1.
Teopema

IIpuznax nepnenouKyIApHOCMU NPAMOT U NIOCKOCU.
Ecnu npsimas, mepecekaromiasi IIOCKOCTD,
NEPHEHANKYJISIPHA ABYM IPSAMBIM B 3TOH
IUIOCKOCTH, IPOXOJAIIMM 4Yepe3 TOUYKY
[IepECeYCHUs NaHHOU IIPSAMOM U IUIOCKOCTH,

TO OHA NEPIEHANKYJISIPHA IIJIOCKOCTH.
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Puc. 2.
a

/e
/d >l<b

ﬂoxaaameﬂbcmeo.'

Puc. 3.

[TycTb a mpsimasi, meprneHIuKyIsipHas npssMbiM D 1 € B tutockoctu « . Toraa npsimast a
HPOXOJIMT Yepe3 TOUKY A mepecedeHus npsMbix b u C. Jlokakem, 4To npsmast a
NEPIEeHIUKYISIPHA TUIOCKOCTH ¢ .

ITpoBenemM NpOU3BONIBHYIO IPSIMYIO X YE€PE3 TOUKY A B INIOCKOCTU (¢ U TIOKAXKEM, YTO OHA
NEepIeHUKYIIsIpHa IpsAMoii a. [IpoBesieM B INIOCKOCTH ¢ IPOU3BOJIBHYIO NIPSIMYIO, HE
HPOXOJISIIYIO Yepe3 TOUKY A U nepeceKaromyto npsameie b, ¢ u x. [lycts Toukamu nepecedeHust
oynyt B, Cu X.

OT10XMM Ha IPSIMOM @ OT TOYKU A B pa3Hble CTOPOHBI paBHbIE 0Tpe3ku AA1 u AAa.
Tpeyronbauk A1CA2 paBHOOEIPEHHBIH, Tak Kak 0Tpe30k AC sSBIsSETCs BBICOTON MO YCIIOBHUIO
TEOpEMBbI U MeMaHOM 10 ocTpoeHuIo (AA1=AAz2). o TOi ke npuuuHe TpeyroabHUK A1BA2
TOXe paBHOOepeHHBINH. CrienoBaTenbHO, TpeyroubHUKH A1BC n A2BC paBHBI 110 Tpem
CTOpPOHAM.

N3 paBenctBa TpeyroapHukoB A1BC u A2BC cnenyer paBenctBo yrinoB A1BX nu A2BX u,
CJIEJIOBATENIHO PaBEHCTBO TpeyroidbHUKOB A1BX 1 A2BX 1o 1ByM CTOpOHaM U yrity MEXy
HuMmu. 13 paBeHcTBa cTOpoH A1X 1 A2X 3THX TPEyTOJIbHUKOB 3aKII0YaeM, YTO TPEYTOJIbHUK
A1XA2 paBHOOepeHHbIi. [loaToMy ero Menuana XA sBIs€TCS TaKkKe BBICOTOM. A 3TO U
3HAYUT, YTO MpsiMasi X MepreHAnKysapHa a. [To onpenenenuro npsimas a nepneHaAUKyIsIpHa
IUIOCKOCTH . Teopema j0Kka3aHa.

Ceoticmea nepneHOUKYIApHbIX NPAMOU U NIOCKOCHIU.
Teopema 2
1 - oe. Csoticmeo nepneHOUKyIsAPHBIX NPAMOLL U NIOCKOCHU
Ecnu miockocTh neprneHAnKyIsspHa OqHON

U3 BYX MapalIeNIbHBIX IPSIMBIX, TO OHA
NEPIEHANKYJISIPHA U JPYTOM.
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Puc. 4.
Hoxazamenvcmeo: Ilyctb a, u a,- 2 TapaienbHble TNPSMBIE H TUNIOCKOCTH,

NEPIEHIUKYJIApHAs NpSIMON a, . JlokaxkeM, 4TO 3Ta IVIOCKOCTh NEPIIEHIUKYJIApHA U IPSIMOU a, .
[IpoBenem uepe3 Touky A, mepeceueHHs MPSIMOA d, C TUIOCKOCTBIO ¢ POU3BOJILHYIO MPSIMYFO
X, B IuIOCKOCTH « . IIpoBeneM B MIIOCKOCTH ¢ 4epe3 TOYKy A, mepeceueHus MpsMON a; C
Q TIPSIMYIO X, , TAPAJUICTBHYIO TIPSIMON X, . Tak Kak mpsMast a1 MepreHAnKyIsipHa ITIOCKOCTH ¢
TO MpsIMbIE @; U X, NEPIEHAUKYJSApHBL. A 10 TeopeMe | mapasuienbHble UM IIepeceKaroImecs
npsiMble d, W X, TOXe MepHeHAMKYJISpHbl. Takum oOpa3oM, mpsMasl a2 MEPHeHIUKYISIpHA

m000#1 mpsMol X, B MJIOCKOCTH ¢ . A 3T0 ( IO ONpENeNeHUI0 )3HAYUT, YTO IpsAMas a,

NEPNECHAUKYJISIPpHA IIJIOCKOCTH X . TeopeMa JOKa3aHa.

Teopema
2 - oe. Ceoticmgo nepneHOUKYIAPHbIX NPAMOLU U NIOCKOCTU.
/IBe npsiMble, NEPIICHIUKYJIIPHBIE OJJHOM U TOM kK€ INIOCKOCTH, TapaJlJICIbHBI.

a i
| \B
4 BTN
b b
Puc. 5
,ZZOKas’ameJlbcmeo.‘

Ilycte @ u b - 2 npsimMble, NEpIEHAUKYIISIPHBIE TUIOCKOCTH ¢ . JlOMyCcTUM, 4YTO
npsiMble a ¥ D He mapaieTbHbI.

Boibepem Ha mpsmoii b Touky C, He Jexalryio B IUIOCKOCTH ¢ . IIpoBeaem
yepe3 Touky C npsmyto b1, mapamienbHyto npsmoi a. [psmas b1 mepnenaukymispHa
IUIOCKOCTH @ 110 Teopeme 2. Ilycte B m Bi - TOYKM TepeceueHust mpsMbiXx D u b1 ¢
IUIOCKOCTRIO ¢ . Torma mpsimast BB1 meprnienauKkysisipHa epeceKaromuMest MpsiMbIM D u
b1. A 310 HEBO3MOXHO. MBI MPHUIILTH K IPOTHBOpeunio. Teopema goka3aHa.

KOHmpOﬂbele B80NpPOCHI

1.Onpenenenue nepneHIUKYISIPHOCTH MPSIMON U TJIOCKOCTH.
2. Ilpu3HaKy NEPIEHANKYIISIPHOCTH MPSIMON M TUIOCKOCTH
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Tema 7.4. IlepnieHAUKYJIAP U HAKJIOHHAS.

Onpedenenus nepneHOuKyIsApa U HAaKIOHHOU. Ymeepacoenus OJisi NepneHOUKyIapa u
HAaKIOHHOU, NPOBEOEHHbIX Yepe3 0OHY MOUKY K 00HOU niockocmu. Teopema o mpex
NnepneHoOUuKyIsApax.

Ymemyu: npUMeHATh oNpeAeneHus U TEOPEMbI IIPU PEIICHUH 3a/1a4.

3nams. onpeneneHns NepreHIMKysipa U HAKIIOHHOW, TBEPKASHUS 171 IEpIIEHANKYJIsApa U
HaKJIOHHOH, TPOBEACHHBIX Uepe3 O/IHY TOUKY K OJHOMH IJIOCKOCTH, TeOpeMa O Tpex
HEPIEHIUKYIIIpax

[IycTh naHbl INIOCKOCTH U HE JIeXkKalas Ha HEW TOYKaA.

Ilepnenoukynapom, oyuieHHbIM U3 JAHHOW TOYKM HAa JAHHYIO TUIOCKOCTb, HAa3bIBAECTCS
OTPE30K, COCIUHSIOIINN JaHHYIO TOUKY C TOYKOW INIOCKOCTH U JIEKAIIUN Ha MPSIMOM,
NepHeHANKYISIpHON M1ockocTH. KoHel 3Toro oTpeska, jaexaiui B INOCKOCTH,

Ha3bIBACTCSI OCHOBAHUEM NEPNEHOUK)YIAPA.

Ha pucynke 1 u3 TOouku A nMpoBeAEHBI K IJIOCKOCTH A
Q TEepNeHIUKyIsp AB n HaxsionHas 4C. Touka B -
OCHOBaHWE  MepHeHAuKyisapa, Touka C-  OCHOBaHHUE
HaKJIOHHOM, BC - mpoekius HakiIOHHOU AC Ha MJIOCKOCTh « . J,/ P L/JJ B /
/o
Puc.1

Haknonnoii, IpoBeICHHON W3 TaHHOW TOYKHU K JAHHOW TUIOCKOCTH, Ha3bIBAETCS JIIOOOH
OTPE30K, COEOUHSAIOIMNA JaHHYH TOYKY C TOYKOM IUIOCKOCTH, HE€  SIBJISIOLIUKCS
NEPNEHIUKYIApOM K  Iockoctd.  Konenm  orpeska,  jexamuid B IIOCKOCTH,
Ha3bIBAETCSI OCHOBAHUEM HAKIOHHOU.

OTpe30K, COeNMHAIOMNN OCHOBaHMUS MEPIEHANKYJApa U HAKJIOHHOM, NMPOBEIEHHBIX U3
OJHOM M TOM 7K€ TOYKH, HA3bIBACTCS HPOEKUUuell HAKIOHHOU.

Tak kak B npsimoyrosnsHoM TpeyroiabHuke ABC kater AB mensbiue runorenysst AC, To
CIPaBENJIMBO CIIEYIOIIEE YTBEPKIACHUE: NePREeHOUKYIAD, ONYUIeHHbII U3 MOYKU HA NIAOCKOCHIb,
MeHbue 110001 HAKIOHHOLL, NPOBEOeHHOU U3 MOl Jce MOYKU K IMOU NIOCKOCTU.

JUis TmepneHAMKyJspa WU HaKJIOHHBIX, TMPOBEJECHHBIX 4Yepe3 OJHY TOYKYy K OJHOM
IUIOCKOCTH, CITPABEAJIUBBI CIEAYIOIUE YTBEPHKICHUS:

1) neprneHuKyIsip MEHbIIE 000N HAKIOHHOM;

2) HaKJIOHHBIE PAaBHBI TOT/Ia ¥ TOJIBKO TOTJA, KOT/Ia PaBHBI UX MPOEKIUY;

3) oqHa HAKJIOHHAs MEHbILE IPYroi HAKIOHHOM TOTr/a M TOJBKO TOTA, KOT/a MPOeKIUs
[IEPBOM HAKJIOHHOW MEHBIIIE ITPOCKIUU BTOPOX HAKIIOHHOM.

JUlnHa TNepneHauKyIspa, OINYIIEHHOTO M3 TOYKM A Ha IUIOCKOCTh «, Ha3bIBaeTCs
paccmoanuem om mouku A 00 niaockocmu. PaccTosHUE OT TOUKH, JiexkKallel B INIOCKOCTH « ,
JI0 TUIOCKOCTU (¢ CUUTAETCS PABHBIM HYJIIO.

B cnyuae, xorna npsiMas nmapasuieabHa IJIOCKOCTH, PACCTOSHUE OT NMPOU3BOJIBHOM TOUKH
MPSIMOM 0 MJIOCKOCTH HA3bIBACTCS PACCHOAHUEM MENHCOY RPAMOIUL U RAOCKOCcmbIo. PaccTosiHNE
MEXly NEPECEKAIOIMMUCS IPSIMOM U IJIOCKOCTBIO PaBHO HYJIIO.

MoXHO J0Ka3aTh, 4TO €CIM JBE IUIOCKOCTH IapajUleibHbl, TO BCE TOYKH OJHOMI
IUIOCKOCTH  paBHOYJAJIEHbl OT Jpyrod IulockocTH. Iloatomy paccmoanuem mesncoy
napanienbHblMu NJA0CKOCMAMU HA3BIBACTCS PACCTOSHUE OT IPOU3BOJIBHOW TOYKH OJHOM M3
HUX J0 IPYTOM.

Paccmoanuem merncoy cKpeujusarmumMuca npAMsIMU Ha3bIBa€TCA PACCTOSTHUE MEKIY
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napajjiCJIbHbIMU IJIOCKOCTAMU, B KOTOPBIX JICKAT 3TU MIPAMBIC.

Teopema o Tpex nepneHIuKYyIsIpax.

Teopema. Ilpsmasi, mnpoBeneHHas B TIUIOCKOCTH Yepe3 OCHOBAHUE HAKIOHHOM,
NEepHEHANKYJISIPHA 3TOM HAKJIOHHOM TOTr/a M TOJBKO TOTAA, KOTJAa OHAa MEpPIEeHAUKYJISIpHA
MPOEKIIUU HAKJIOHHOM.

Joka3arenbcTBO:

IlycTh AB - nepneHauKyIsp miockoctu « , AC - HaKJIOHHAs U ¢ - IpsAMast B
IUIOCKOCTH & , Ipoxosiias uepe3 ocHoBanue C (puc. 2). [Iposenem npsimyro CA1,
napajuieiabHyto npsimMoit AB. OHa nepneHAuKyIsipHa II0ckocTH « . [IpoBeneM yepes
npsimbie AB u CA1 mmockocth [ . lpsimast ¢ nepnenaukyispHa npsimoit CA1. Eciu ona
neprneHuKyspHa npsamoit CB, To oHa NepreHANKYJIIsIpHa IJIOCKOCTU £, a 3HA4YuT, U
npsimoit AC.

Ananmornyno. Ecim mnpsmas ¢ neprieHaukyisipHa  HakioHHOM AC To  oHa, Oyayuu
neprneHauKysapHa u npsmoid CA1 meprneHAuKyIsipHa IJIOCKOCTH £, a 3HAYUT, U HPOCKIHU
HakJIOHHOU CB.

Teopema noka3ana.

Puc. 2

KonmponwvHule 6onpocwi

1.0npenenenns nepneHIuKyIsipa 1 HAKIOHHOM.

2. YTBepKIeHUs AJIs IEpIEeHIUKYJIIApa U HAKIIOHHOM, IPOBE/IEHHBIX Yepe3 OJJHY TOUKY K OJTHOM
IUIOCKOCTH.

3. Teopema o Tpex neprneHuKyJIspax.
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Tema 7.5. Yroa Mexny npsaMoi 1 IJ10CKOCTBIO.

Yaon meocoy npamoii u nnockocmoio. Ilpoexyusi mouku u npoexyusi npamou. Ceovicmeaa
npoexyuu npamuix. Ilpoexyus pueypol. [lnowads npoexyuu MHO20Y201bHUKA.

Ymemu: npoekTupoBaTh (HUIYypbl; HAXOAUTH IUIOLIA/b HIPOEKIIMH MHOTOYTOJIbHUKA.
3nams: Yron Mexay HpsMOW M IUIOCKOCThIO. Ilpoekmust Touku u mpoekuus mnpsimoid. CBoiicTBa
npoekuy npsMbix. [Ipoekuns ¢purypsl. [lnomans npoekun MHOrOyrolbHUKA.
YroJ Mexkay NpsAMOi M IJIOCKOCTHIO.
ITycte MN - HakionHasi, npoBeneHHas u3 Touku M k mimockoctn ¥, a M N - ee mpoekuus Ha

wiockocTh ¥ (puc.l). Torna yron MNM | - nHa3eiBaetcs yzrom mexcoy npamoit MN u naockocmuio
y . Takum 00pazoM ompezesnsieTcs yrojl MeXy MPsIMOi | IIOCKOCTBI0, IEPECceKaloIel ATy PsMYI0 1

HE MEPIEHAUKYISIPHOU CH.
¥roa Mexay MpAMOoH M MAGCKOCTEO

Puc.1.
Onpenesienne.

Yron mexay npaMoi U INIOCKOCTBIO, IEPECEKAOIIEN Ty NPSAMYIO U HE NEPIEHIUKYJIIPHON K
HEH, - 3TO YroJI MEKy NPSAMOU U €€ IPOCKIUEN Ha ITY IIJIOCKOCTb.

Omnpenenenne yria MeKAy IPSIMON U TUNIOCKOCTBIO MO3BOJISET 3aKIIIOYUTh, YTO YTOJI MEXKAY IPSIMON
U IUIOCKOCTBIO TPEACTaBISAET COOOW yrosl MexJay JIByMs NEPEcEKarolMMUCA MPSIMBbIMU: CaMOM
IPSIMOM M €€ MPOEKUMEN Ha IIOCKOCTh. Clea0BaTenbHO, Yol MEXAy NPSAMON U IUIOCKOCTBIO €CTh
OCTPBIN YTIOJI.

VYron Mexay NnepneHIuKYISIPHBIMHU MPSMOM M MIOCKOCThIO cuuTaroT paBHbIM 90°, a yron
MEXIy MNapajuleIbHBIMM NPSAMONH U IUIOCKOCTBIO JHOO HE ONpEIENsoT BOBCE, MO0 CUUTAIOT
paBHbIM 0°.

Tema 7.6. IByrpanubiii yroja. Yroj Mexay miockoctamu. IlepnenukyjaspHocTs
IIOCKOCTEH.

Onpeodenenue 08yepanno2o yana. Buovl 0gyepannozo yena. Onpeoenenue y2na mMexicoy
nepecexarowumucs niockocmamu. Onpedenenue nepneHOUKyIapHocmu niockocmei. Ilpusnaxu
NepneHOUKyIAPHOCMU O8YX NIOCKOCEU.

Ymemu: pemats 3a1a4n Ha IBYTPAHHBIE YTIIbI.
3uams. onpeneneHne IByrpaHHOTO yTiia
Onpenenenue. J[ByrpaHHbIM yIjoM Ha3biBaeTcsl gurypa, oOpa3oBaHHas NMPSMON a M JIBYMs
MOJIYTIJIOCKOCTSIMU C OOIIEH TpaHullel a, U He TPUHAIICKAIIMMH OJTHOM TIIOCKOCTH.
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4 a - peObpo ABYTpaHHOIO yria, MOJYIUIOCKOCTH - TPAHU €ro.

F
a
puc. 1
Yron AOB - nuHeiHbli yron JByrpaHHoro yria. YroObl ero
IOCTPOMTH, HY>KHO BBIOpaTh MPOM3BONIbHYIO TOUKy O Ha pebpe, a tyun OA
u OB 101kHBI OBITH EPIEHIUKYIISIPHBI K pedpy.
4
6
puc. 2

Onpepenenue. ['pagycHoil MEpO JBYrpaHHOIO yIJla Ha3bIBAE€TCS IpajycHas Mepa JI0OOro u3
€ro JIMHEHHBIX YTJIOB.

JIByrpaHHBIN YroJl Ha3bIBAE€TCS NPAMBIM (OCTPBIM, TYIIBIM),
eciu oH paBeH 90° (menbiire 90°, Gospiie 90°).

[Tycts 4 - TOT U3 yIrIoB, KOTOPBIA HE MMPEBOCXOAMT IHOOOr0 M3
TPEX OCTAIBHBIX YIJ0B. Torga yron Mexay NepeceKarolIuMUCs
mnockocTsamu paseH $. (0°<$=90°)

puc. 3

Omnpenesenne. /[e mnepecekaromuecss IUIOCKOCTH Ha3bIBAIOTCS IEPICHIUKYJIIPHBIMH, €CIIU
yroJl MeKAy HuMHU paBeH 90°.
IIpu3Hak nepneHANKYJSIPHOCTH ABYX IIJIOCKOCTEH.

Ecnmu omna w3 AByX TmwiockocTed (a) MPOXOAUT uepe3
npsMyto (a), TEepHeHIUKYISAPHYIO Apyrod rmiockoctd (), To
TaK#e MIOCKOCTH TMEePIICHINKYIISPHBIL.

puc. 4
B ; o IIpsimoyrosbHblili  nmapasienenunen. [lapannenenunen
Py 0 Ha3bIBAETCS MPSIMOYTOJBHBIM, €CIM ero OOKOBble pebpa
1
: I'.I NEPNCHAUKYJIIPHBI K OCHOBAHHAM, 4@ OCHOBAaHHUA NPCACTABIIAIOT
| v}
P co00I1 IPSIMOYTOJIBHUKH.
1
=T o
- Ty
P-.dﬁ =+
puc. 5
CaoiicTBa.

1. B npsiMOyToJIbHOM MapaielenuIeie BCe eCcTh FPpaHel MpeICTaBIsIoT CO00M MPSMOYTOJIbHUKH.

2. Bce nByrpaHHbie YIUIbI IPSIMOYTOJIBHOTO MapalIeIenUIeaa BISIOTCS MPSIMBIMU

3. KBagpaT nuarosany npsiMoyrojbHOIo napajjiefenunea paBeH CyMMe KBaJpaToB TPEX €ro

U3MEPECHUM.

Konmponvnvie sonpocwi

1. Onpenenenue IBYrpaHHOrO yria.

2. OnpenienieHue yria Mexay NepeceKaroluMuCcs IIOCKOCTAMHU.

4. Onpenenenue NEpNEHANKYIAPHOCTH M10ockocTel. I [pu3Haky neprneHaAuKyIspHOCTH  IJIOCKOCTEH.
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Tema 8. KoopanHatbl 4 BEKTOPBI.

Tema 8.1. BexrTopsl. [deiictBus Hax BekTopamu. basuc Ha miockoctu. IlpsimoyronbHas cucrema
KOOP/AUHAT.

Ionamue eexmopa. /leticmeus nao eekmopamu. bazuc na nnockocmu. Ceoticmea 6ekmopos.
IIpsimoyzonvbras cucmema KOopouHam 8 RPOCmMpancmee.

Ymems: BBINONHATH NEUCTBUSA HAJI BEKTOPAMH.
3namy: llonstue BekTopa. [elctBus Han BekTopamu. basuc Ha miiockoctu. CBOICTBA BEKTOPOB.
[IpsamoyrosnbHas cucTeMa KOOPJAUHAT B IPOCTPAHCTBE.

[TonsiTvie BEeKTOpa B CTEPEOMETPUH BBOJUTCS TAK K€, KaK U B IUNITAHUMETPHH.

PaccmorpuMm ymopsaouennyo mnapy (A, B) HecoBmapmarommx touek. OnHa ompenenser
HalIpaBJIeHHBbIH OTpe30ok ¢ HayaioM A u koHuom B (puc. 1). C momompto napsr (A, B) 3amaaum
npeoOpa3oBanue npocrpaHcTBa. Kaxmoil Touke M moctaBum B coorBeTcTBHE TOUKy N, KoTopas
HOJIYYUTCS B PE3yJIbTATE CIELYIOLEr0 OCTPOSHHUS.

[TpunsB Touky M 3a Hayaso, MPOBOAMM JIyd M, coHanpaBieHHbI ¢ 1ydyoM AB (puc.2). Ha myue

M uMeeTCsd €AMHCTBCHHAsI TOYKaA N, YAaJICHHAsA OT M na PacCToOsAHUC |AB| . 910 MMOCTPOCHUC 3aaacT

npeoOpa3oBaHKE MPOCTPAHCTBA, OTOOpaxkaromero Touky M Ha Touky N.

N

A A

Puc. 1. Puc. 2.

Onpenenenue. Bexkmopom (napanienviuvim nepenocom), onpeoensemvim napou (A, B)
Heco8nadarnuux moyek, Hazvleaemcs npeoopa308anue NPOCMPAHCMEd, NPU KOMOPOM Kaxcoask moika
M omobpacxcaemcs na maxyro mouxky N, umo nyu MN conanpaenen ¢ nyuwom AB u paccmosnue
||\/|N | PABHO PACCMOSIHUIO |AB| .

_—

Bekrop, 3amannbiii mapoit (A, B) HecoBmamarmmmx To4yek, oOO3HayaeTcs cumMBoioM AB .

—_—

Hampasnenue, onpenensemoe nydoM AB, HasbiBaeTcsl Hanpaenenuem eexkmopa AB , a paccrosiHue
|AB| - Onunot gexkmopa AB .

YcnoBumMes, 4To JTr00asi mapa COBMAJAOUIMX TOYEK 33aJaeT TOKIECTBEHHOE MpeoOpa3oBaHue,
KOTOpOE€ MBI OyJeM Ha3bIBaTh TEIEPb HYJIE8bIM 6eKmMopoM. JIMHa HyJIEBOTO BEKTOpa paBHA HYIIIO,
MIOHSITHE HAIIPABJICHUS I HETO He BBoAUTCA. HyneBoit BekTop, 3amanublii mapoi (A, A), o0o3HadaroT

cuMBOJIOM AA .

—

[TpuMEHSIOTCS ¥ MHbIe 0003HaYeHUs: @, D, C...- BEKTODHI,

a‘ wid a - anuHa Bektopa @; 0
HYJIEBOM BEKTOP.

Kaxiplit BEKTOp, OTJIUYHBIA OT HYJIEBOTO, BIONIHE XapaKTEPH3YETCs CBOMM HANPABICHHEM U
maHo. [TostoMy, eciu HEHYJIEBbIC BEKTOPEI aub COHANPABJICHBI U UMEIOT PaBHbBIC JJTUHBI, TO 3TH

BEKTOPHI paBHBI (COBMAAAIOT): a=b.
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JeiicTBUS HAJl BEKTOPAMM.
Yno6Hee Bcero paboTaTh ¢ BEKTOpaAMHU B IPSIMOYTOJIBHON CHUCTEME KOOPJAHHAT — TOW CaMOM,
B KOTOpoil pucyeM rpaduku ¢yHkiumil. Kaxxaol Touke B CUCTeME KOOpPIUHAT COOTBETCTBYIOT Ba

qnciaa — €€ KOOP/MHATHI noxmuy, abcricca Y OpJHHATA.
BexkTop Takxke 3amaercs AByMsi KoopauHaTamu: a(X,;Y,)

31ech B CKOOKax 3amMcaHbl KOOPAWHATH BEKTOpa & — MO X M IO Y.

HaXOI[ﬂTCﬂ OHHU ITPOCTO: KOOpAWHATAa KOHIIa BEKTOpa MUHYC KOOpAMWHATa €Iro Hadalia.

B .E{.TB— X, VgV,

0 X
Cnooswcenue sekmopos

I[J'I}I CJIOKCHUS BEKTOPOB €CTh ABA criocoba.

1. [MpaBuio mapamtesorpamma. UToObl CIOKHATH BEKTOphl au D, momemnaeM Hadaia 0OOHX B OJHY
Touky. JlocTpauBaem [0 mapaiienorpaMma M M3 TOM )K€  TOYKHM  NIPOBOJAMM  JHUAroHalb

napasuienorpamma. 1o u OyeT cymMmma BEeKTOpoB au b .

- :;”f
G %
_=at

L n
— >
b

2. Bropoii croco0 crnoxeHHs: BEKTOPOB — MPABUIIO TPEYroibHUKa. Bo3bMeM Te ke BekTopbl au b .
K koHIly nmepBoro BekTopa NpuCTPOUM Hadajlo BTOpOro. Temnepp COEIMHUM Hayajio IEPBOIO M KOHEI]

BTOPOT0. JTO M €CTh CyMMa BEKTOpOB au b .
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i

[To Tomy e mpaBuIIy MOXKHO CJIOKHTh M HECKOJIBKO BEKTOpPOB. IIpucTpanBaeM MX OJIWH 3a IPYTUM,
a 3aTeM COEUHAEM Hayaylo IEPBOT0 C KOHLOM IOCIEIHETO.

D

C— E  AF-AB+BC+CD+DE+EF
/‘ﬁf—

A

[IpeacraBbTe, uTo BBl MaeTe U3 MyHKTa A B myHKT B, 3 B B C, u3 C B D, 3atem B E u B F. Koneunsrit
pe3yabTaT 3TUX JeHCTBUM — nepementenue u3 A B F.

[1pu croxenun BeKTopoB a(X,;Y,)H b (X, Y, ) momydaem:
c=a+b
c= (Xa + Xb) +(ya + yb)

Botuumanue 6E€KmMopoe

BekTop — ¢ HanpaBIleH MPOTUBONOJIOKHO BEKTOPY ¢ . JUTMHBI BEKTOPOB C U — C PaBHBI.

Teneps NOHATHO, YTO TAKOE BBIYUTAHHME BEKTOPOB. Pa3HOCTH BEKTOPOB @M ¢— 3TO CymMMa BEKTOpa
a ¥ BEKTOpa —C.

G-¢=a+(-7)
-7
Ymnoowcenue 6eKmopa Ha 4ucio

IMpu ymHOXeHHMH BeKTOpa aHa 4yuciio K mojydaercs BEKTOp, JUTMHA KOTOPOro B K pa3 ominvaeTcs

ot ;uinHbl @ . OH COHANpaBJIeH ¢ BEKTOPOM &, ecii K OoJIbllie HyJIs, ¥ HAllPABJICH MPOTHBOIIOIOXKHO
a, eciu K MEHbIIIE HYJIS.

62



ba3uc na nnockocmu.

Omnpenenenne.

1) Ba3ucoM B NpPOCTPAHCTBE HA3BIBAIOTCS JIIOOBbIC 3 HEKOMIUIAHAPHBIX BEKTOPA, B3STHIC B
OTIpeIeJICHHOM HOPSIJIKE.

2) Ba3ucoM Ha TUIOCKOCTH HAa3bIBAIOTCS JIOObIC 2 HEKOJUIMHEAPHBIC BEKTOPBI, B3SATHIC B
OTIpeIeJICHHOM HOPSIKE.

3)ba3ucoM Ha MPsIMOI Ha3bIBACTCS JTFO00H HEHYJIEBOH BEKTOP.

BekTopsl HAa3BIBAIOTCS KOMHUAAHAPHBIMU, €CITA OHH TapaJIeTbHBI OHOM U TOM e TUIOCKOCTH. Takum
00pa3oM, BEKTOPHI Ha3bIBAIOTCA KOMIUTAHAPHBIMU, €CIT PaBHBIE UM BEKTOPBI, OTIOXKEHHBIE OT OJHOU
TOYKH, JICKAT B OJHOM IIJIOCKOCTH.
B npoTuBHOM cily4ae BEKTOPHI HA3bIBAIOTCS HEKOMNIAHAPHBIMU.

JIroOble TpU HEKOMIUIAHAPHBIX BEKTOpa B MPOCTPAHCTBE, B3SITHIE B ONPEIEICHHOM MOpPSIKE,
Ha3BIBAIOTCS OA3UCOM.

1. 80,93

_—

Omnpenenenne. Ecnu - Oasuc B mpoctpanctBe ©OM , 1o uncna a, b U g - Ha3bIBAIOTCA

KOMIIOHEHTAMHU UJIH KOOPAUHATAMHU BCKTOpA a B 9TOM 0Oasmuce.
B ¢BsA3M ¢ 3TMM MOKHO 3aIlHCaTh (W) (14%:0)1115 (5 cBOMiCTBA:
- PaBHBIC BEKTOPBI UMCIOT OAWMHAKOBBIC KOOPJAWHATHI,
- IIpY YMHOXKXCHHNU BCKTOPA HA YHUCJIO €T0 KOMIIOHCHTBI TOXKC YMHOXXAIOTCA HAa 3TO YUCIIO,

A5 = (e +(AB) ey + (AP ey
- HpI/I CJIOKCHHNHN BeKTOpOB CKJIAABIBAKOTCS UX COOTBGTCTBYIOH_[I/IG KOMIIOHCHTEI.

a=,€ +a,8, +;8;; a=Le +[,e,+ [

4 b= tagt Gle o+ Ble, Hias + ey _

Ipamoyzonvnas (Oexapmosasn) cucmema Koopounam é nPOCMpancmee.

Ipamoyzonvras cucmema Koopounam 6 npocmpancmeée — 00pasyercs TPeMs B3aUMHO
neprnenaukyaspasivu ocsmu koopaunaar (VX , QY u O Z. Ocn xoopmunar nepecexarorest B Touxe (J
, KOTOpas Ha3bIBAETCS HAYajoOM KOOPIWHAT, HA KaXIOH OCH BLIOPAHO IOJIOKHMTEILHOE HAIPABJIEHHE,
yKa3aHHOE CTPEeJIKaMH, M €IWHUIIA M3MEPEHHs OTPE3KOB Ha OCAX. EJMHMIBI M3MEPEHHS OOBIYHO

onuHakoBsl s Beex oceit. (X — ock adermce, Y — och OpJIMHAT, () Z — ocw anmuiakar.
'z

» X

&

Puc. 2

onoxenue Toukn A B mpoctpancTBe onpenensercs Tpems koopauHatamu &, ¥ u z. Koopaunata T
PpaBHa AJIMHC OTPE3Ka OB, KOOopauHaTa y — JIMHC OTPE3Ka OC, KOOpJAuHarTa £ — JUINHE OTpE3Ka
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http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%B1%D1%81%D1%86%D0%B8%D1%81%D1%81
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%BE%D1%80%D0%B4%D0%B8%D0%BD%D0%B0%D1%82
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82
http://commons.wikimedia.org/wiki/File:Descartes_system_3D.png?uselang=ru
http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Descartes_system_3D.png

() Dg ei6pannbix equnnnax usmepenns. Otpeskn (I, OCwu O Donpenensrores muockoctsamu,
TIpoBeNEHHEIME 13 ToukH Anapantensro miockoctam ¥ O 2, X O Zu X OY coorsercrrenno.

Koopauuara THa3bIBaeTCs abcruccoii Touku A,

xoopuHaTa ¥ — opaunatoii Toukn A,

KOOpAMHATA Z — aIIUINKATON TOUYKH A.
CHUMBOJIMYECKH 3TO 3alHMCHIBAIOT TaK:

‘_1($ y Y, 2 )
WIH

A=(z, vy, z)
WIN TPUBS3BIBAIOT 3aMIMCh KOOPAUHAT K KOHKPETHON TOUKE C TIOMOIIbIO HHIEKCA!

Ta, Ya, 24
UT. 1.
Kaxnas och paccmaTpuBaercss Kak 4ucClIOBas mpsiMas, T. €. UMEET IOJIOKHUTEIbHOE HaIpaBlieHUE, a
TOYKaM, JISKAIIMM Ha OTPULIATEIILHOM JTyde MPUITUCHIBAIOTCS OTPUIIATEIbHBIC 3HAUEHUSI KOOPAUHATHI
(paccrosiame Gepercst co 3HakoM Munyc). To ects, ecim Obl, HampuMep, Touka |3 Texana He Kak Ha
pucynke — Ha nyue (JX, a ma ero npomomxenmm B oGpatHyio cropony ot touku () (ma
orpuriarenshoii wactu ocu (JX), To abeumcca Trouxu A 6buta 6Bl oTpuIaTENBHON (MHHYC
paccrosamo () [3). Ananoruuno u ans aByX Apyrux oceii.

Konmponvnvie 6onpocwi

1. [TonsiTue BekTOpA.

2. JleficTBUs Ha/l BEKTOpaMH.

3. basuc Ha rutockocTH.

4. CBoiicTBa BEKTOPOB.

5. [IpssmoyronbHast cucreMa KOOpAMHAT B IPOCTPAHCTBE.

Tema 8.2. PaccTosiHue MexKaAy TOUYKaAMU.

Dopmyna paccmosinus mexncoy 08yMs MouKamu. Ypaenenus cghepol, RI0OCKOCMU U NPIMOTL.
Koopounamer cepeounvt ompeska.

Ymemu: HaXOAUTH PACCTOSIHUE MEXKY IBYMs TOUKaMH; COCTABISATh YpaBHEHHE C(EpbI, IIIOCKOCTH U
IPSIMON; HAXOAUTh KOOPJIMHATHI CEPETUHBI OTPE3Ka.

3namo: GopMmyna pacCTOSHUS MEXKAY AByMs TOUKaMH, YpaBHEHUs c(epbl, IIIOCKOCTH U MPSIMOH,
KOOPJMHATHI CEPENHBI OTPE3KA.

ITycth A 11 B - 1BE TOYKH MITOCKOCTH, KOOPAMHATHI KOTOPBIX B JICKAPTOBOM CHCTEME
xoopauHat: (X;;Y,) u (X,;Y,), Torna

:Il

2
AB = J':xz —xn) t (v -wn
VYkazannas gopmyna, 1Mo cymiecTBy, sBiseTcs TeopeMoit [Iudaropa, 3amucanHol B KOOPIUHATHON
dopme. B camom gene, mycts A u B, -- cooTBeTCcTBEHHO Mpoekinu Touek A u B Ha ock abcuumce, M -

npoekuus A Ha npsimyto BB, .

Nmeem: AB -- runorenysa npssMOyrojibHOTo TpeyrojibHuka ¢ karetamu AM u BM, Ho AM =
A B, =|x, — X,| . Touno tak e BM =y, - y,].

CrnenoBaTenabHO,

AB? =AM ? +BM?* =(x, —X,)* + (Y, —¥,)* u dopmyna nokazaHa.
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http://ru.wikipedia.org/wiki/%D0%90%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82%D0%B0
http://ru.wikipedia.org/wiki/%D0%A7%D0%B8%D1%81%D0%BB%D0%BE%D0%B2%D0%B0%D1%8F_%D0%BF%D1%80%D1%8F%D0%BC%D0%B0%D1%8F

Konmponvhwvie 6onpocei

1.dopmyna paccTOSHUS MEXIY ABYMS TOUKAMHU.
2. YpaBHeHUs cepbl, IUIOCKOCTH U MIPSIMOIA.

3. KoopanHatsl cepeinHbI OTpe3Ka.

Tema 8.3. JIuHeiiHbIe onepanuu HAl BEKTOPAMHU.

Bexmopuol. Mooynw éexmopa. Pasencmeo eekmopos. Cnosicenue 6eKmopos. Y mHodicenue
eexmopa Ha uucno. Pasznoocenus eexmopa no Hanpasienusam. Yeon mexicoy 08yms 6eKMopami.
IIpoexyus eexmopa na ocv. Koopounamwl éexkmopa. CxanapHoe npoussedenue 6eKmopos.

Ymemu: HaxoaUTh MOJYJIb BEKTOPA; BBIIOJIHATH JIMHEHHBIE ONEpaLlUU HAJl BEKTOPAMU;

BoruncnsaTe ckansipHOe NPOU3BEACHUE BEKTOPOB.

3Hnamu: BEKTOPBI, MO/1yJIb BEKTOPA, PABEHCTBO BEKTOPOB, CI0KEHNE BEKTOPOB, YMHOKEHHE BEKTOpa
Ha YMCJI0, Pa3JIOKEHUs BEKTOPA 110 HAIPABJICHUSM, YTOJI MEXAY ABYMs BEKTOpaMHU, IIPOEKIIHS BEKTOpa
Ha OCb, KOOPAMHATBI BEKTOPA,CKAISIPHOE IPOU3BEACHUE BEKTOPOB.

Csoticmea 6ekmopos.

JlBa Bektopa au b Ha3bIBAIOTCSA KOJUIMHEAPHBIMHU, €CIIM OHU PAacIOJIOKECHBI Ha
NapaJUICIbHBIX IIPSAMBIX WU HA OJHOM MPSMOM.

Hyneoii Bektop 0 KojutMHEapeH 1000My BEKTOPY.
Teopema 1. ]IBa HeHyieBbIX BekTOopa au b kosmuHeapHsl, U KOraa OHU MPONOPIUOHAIBHBI T.C.

b= K,k — cramsp.

-

Tpu Bektopaa,b,c, Ha3pIBAIOTCA KOMILIAHAPHBIMH, €CIM OHU MMapayljIeJbHbI HEKOTOPOU
IUTOCKOCTH WJIM JIEXKAT B HEU.

N

Teopema 2. Tpu HeHyneBbIX BekTopa a,b,c, komruiaHapHel, U KOrja OJWH W3 HUX SBIISCTCS
JMHENHON KOMOMHaLMEN ABYX IPYTHX, T.€.

c=k, + IB K I — ckamsper.

Mopynb BekTOpa — 3TO0 JjinHa oTpe3ka AB.
|AB| = \/(Xz - X1)2 + (yz - y1)2 .

HpO@KI/!M}l BeKmopa Ha OcCb.

Teopema 3. Ilpoeknuns BeKTOpa Ha OCh (HampaBiieHHas npsmast) | paBHa MPOU3BEICHHIO TTHHBI
BEKTOpAa Ha KOCHHYC YIJIa MEX/y HallpaBJIeHUEM BEKTOpa U HaIllPaBJICHUEM OCH, T.€.

np,l :axcosa?a=B(§, ).

CKCZ]Z}ZprlM np0u3eedeHueM JABYX HCHYJICBBIX BCKTOPOB au b. u HaseiBaercs YuCJIO0, paBHOC
IMMPOU3BCACHUIO JJIMH 3THX BCKTOPOB Ha KOCHHYC yIJia MCKAY HUMMU:

ab=|d ‘5‘(cosé, 5).
Konumponwvhule sonpocoi

1. BekTopsl.
2. Mopaynb BeKTOpa.
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3. PaBeHCTBO BEKTOPOB.
4. CnoxeHue BEKTOPOB.
5. YMHOXKEHHE BEKTOpa Ha YUCIIO.

6. PaznosxeHust BEKTOpa Mo HAINPaBICHUSM.

7. YTOI Mex 1y ABYMs BEKTOPaMH.

8. IIpoekiust BEKTOpa HA OCk.

9. Koopaunatsl BeKTOpA.

10. CkanspHoe npou3BeeHUE BEKTOPOB.
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Tema 9. MHOrOrpaHHMKH
Tema 9.1. Muororpannuku. [IpaBujibHbIe MHOTOTPAHHUKH M UX CBOICTBA.

Onpeoenenus HympeHHel mouky, OMKpbINO20 MHONMCECMEA, 00IACU, SPDAHUYHOU MOYKU,
02PAHUYEHHO20 MHONCECMEBA, 2eOMEMPUYECKO20 Meld, MHO20SPAHHUKA, 2PAHU, pedpa, 6epuiuHbI,
OUA2OHANIU MHO202PAHHUKA, 8bINYKI020 U NPABUTILHO20 MHO202PAHHUK08. Pazeepmia.

Ymems: npuMeHSITh TEOpETUYECKUE 3HAHUS TIPU PEUICHUH 3a/1a4.

3nams: omnpenencHUs BHYTPEHHEH TOYKH, OTKPBHITOTO MHOXECTBA, OOJACTH, TPAHUYHOW TOYKH,
OTPaHMYEHHOTO MHOKECTBA, I'€OMETPUUYECKOro Teja, MHOTOTpaHHMKa, TpaHH, peldpa, BEPIIUHBL,
JIMaroHaJId MHOTOIPAHHUKA, BBITYKJIOTO U MPAaBWJIBHOI'O MHOTOTPAaHHUKOB, pa3BepTKa.

MHOrorpaHHMKy, B  H3BECTHOM  CMBICJIE, SBJISETCS  MPOCTPAHCTBEHHBIM  aHAJIOIOM
MHOIOyrojpHuKa. TemM HE MeHee, s CTPOro €ro ONpPENEeNICHHs HaM IOHAA00STCS HECKOJIBKO
BCIIOMOTaTEJIbHBIX IOHATHH.

B mKkompHBIX y4eOHMKaX T€OMETPUM MHOTOTPAaHHMKaMU OOBIYHO HA3bIBAIOTCSA Tela,
IIOBEPXHOCTU KOTOPBIX COCTOAT M3 KOHEYHOIO 4YHCIa MHOTOYIOJBHUKOB, HA3bl-BAEMBIX I'DaHSAIMU
MHoOrorpaHHvka. CTOpPOHBl M BEpIIMHBI 3TUX MHOTOYI'OJbHUKOB Ha3bIBAlOTCS COOTBETCTBEHHO
peOpaMu U BepIIMHAMH MHOTOIPaHHHKA.

lIpasunbrvie MHO202PAHHUKU

BBIHyKJ]BIfI MHOI'OIpaHHUK HAa3bIBACTCA IMPABUJIBHBIM, CCJIM €ro IpaHsAMU SABJIAIOTCA PABHBIC
IIPaBUJIbHBIC MHOI'OYT'OJIbBHUKH, U BCC MHOI'OI'PAHHBIC YTJIbI paBHBI.

PaccMoTprM BO3MOXHBIE ITPABUWIIBHBIE MHOTOTPAHHUKM M TPEXAE BCETO T€ U3 HUX, TPAHIMMU
KOTOpBIX SIBISIIOTCS  IIpaBWIbHBIE TpeyrosibHUKM. Hanbonee mNpoCTBIM TakUM MPaBUIbHBIM
MHOTOTPaHHMKOM SIBJIIETCS TPEYToJIbHAs IHpaMHAa, TPaHAMH KOTOPOH SBIISIIOTCS IPaBUIIbHBIE
TpeyroiabHUKHU (puc. 1). B kaxxaoil ee BepuinHe cxoauTcs Mo Tpu rpaHu. Mmes Bcero uereipe rpasu,
3TOT MHOTOTPAaHHUK Ha3bIBAE€TCA TAKXKE IPABUIBHBIM TETPAdApOM, WU IPOCTO TETPAIAPOM, YTO B
IIEPEBOJIE C IPEUYECKOr0 SA3bIKA 03HAYAET YETBIPEXTPAHHUK.

Puc.1. Puc.2. Puc.3.

MHoOrorpaHHuK, TrpaHsMU KOTOPOTO SBJISIIOTCS TNPAaBWIbHBIE TPEYTOJbHUKH, U B KaXKIOU
BEPIIMHE CXOJUTCS YEThIpE I'PaHH, W300pakeH Ha pucyHKe 2. ETo moBepXHOCTh COCTOMT U3 BOCHBMH
MPaBUJIBHBIX TPEYTOJILHUKOB, TO3TOMY OH Ha3bIBA€TCSI OKTadAPOM.

MHoOrorpaHHuK, B KaXKJI0W BEpIIMHE KOTOPOTO CXOIUTCS MATh MPABUIBHBIX TPEYTrOJbHUKOB,
n300pakeH Ha pucyHkKe 3. Ero moBepXHOCTh COCTOMT M3 JBAJIATH MPABWIBHBIX TPEYTrOJbHUKOB,
MTO3TOMY OH Ha3bIBAETCS HKOCAdIPOM.

3amMeTuM, 4TO MOCKOJIBKY B BEpPIITHHAX BBITYKJIOIO MHOTOTPaHHUKA HE MOXKET CXOJUThCA OoJiee
MSTH TPaBUIBHBIX TPEYTOJIBHUKOB, TO JAPYTUX MPABUIBHBIX MHOTOTPAHHUKOB, TPaHSIMU KOTOPBIX
SIBJISIFOTCSI TIPaBUJIbHBIC TPEYTOJIBLHUKH, HE CYIIECTBYET.
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AHaJIOI‘I/I‘-IHO, IIOCKOJIBKY B BCPIIMHAX BLIIIYKIOIO MHOI'OTpaHHHMKA MOXKCT CXOAUTLCA TOJBKO
TPHU KBajJpaTa, To, Kpome KyoOa (puc. 4), Ipyrux MpaBWIbHBIX MHOTOTPAHHUKOB, Y KOTOPBIX TPaHsIMU
SABIISIIOTCSL KBaJpaThl He cymecTByeT. KyO mMeeT miecTh rpaHeil M MOSTOMY HAa3bIBACTCS TaKkKe

TEKCadIPOM.
I
| Yy,
|
i
I
I
I

Puc.4. Puc.5.

MHoOrorpaHHuk, IpaHsiMd KOTOPOIO SIBJISIFOTCSI IIPABWJIbHBIE NSATHUYTOJBHUKU, U B KaXKIOU
BEpILKHE CXOAUTCA TPU I'paHu, U300pa’keH Ha pucyHkKe 5. Ero moBepXxHOCTb COCTOMUT U3 JBEHAALATU
IIPABWIBHBIX ISATUYTOJBHUKOB, II0O9TOMY OH Ha3bIBAETCS TOAEKA3IPOM.

PaccMoTpuM mOHSTHE NPaBUIBHOIO MHOTOTPaHHMKA C TOYKM 3pPEHUS TOIOJIOTUM HayKH,
u3yvaroliei cBoiicBa Gpuryp, He 3aBUCALINX OT Pa3IMYHbIX Aedopmanuii 6e3 pa3pbriBoB. C 3TON TOUKH
3peHusi, HalpuMep, BCe TPEYTOIbHUKU 3KBUBAJIEHTHBI, TaK KaK OJIUH TPEYTOJIbHUK BCErJa MOXKET ObITh
HOJy4YeH U3 JI000ro APYroro COOTBETCTBYIOLIMM CXKAaTHEM MJIM PAacTsHKEHHEM CTOpoH. BooOiie Bce
MHOTOYT'OJIbHUKHU C OJJUHAKOBBIM YHCIIOM CTOPOH 3KBUBAJIEHTHBI 10 TOW e MPUUHHE.

MHOrorpaHHMK Ha3bIBa€TCS 8bINYKIbIM, €CIIA OH SIBJISETCS BBIMYKIOW (UTYpOii, T.€. BMECTE C
JH00BIMU ABYMSI CBOUMU TOYKAMU COJEPKUT U COSAMHSIOMNN UX OTPE30K

|_vd-'-.

r)

Puc. 1 A

CBoiicTBO 1. B BBIITyKJIOM MHOTOTPaHHUKE BCE TPAHU SBJISIFOTCS BBITYKIBIMHU
MHOT'OyTOJIbHUKAMHU.
CBO#CTBO 2. BBIMyKIIBbIH MHOTOTPAaHHUK MOKET OBITh COCTABJICH M3 TUPAMUJI C OOIIIEH
BEPILIMHOMN, OCHOBaHHsI KOTOPBIX 00pa3yloT HOBEPXHOCTh MHOTOTPAaHHHUKA.
CBoiicTBO 3. BrIMyKibIi MHOTOTPaHHUK JIEKHT MO OJHY CTOPOHY OT ITIOCKOCTH KaKJION

CBOEH I'PaHHU.

Konmponvnuvie 6onpocwi
1.0npeneneHuss BHYTPEHHEH TOYKH, OTKPBITOTO MHOXECTBa, OOJACTH, TPAHWUYHOW TOYKH,
OTPAaHMYEHHOTO MHOKECTBA, T'€OMETPHYECKOTrO Teja, MHOTOTPaHHHWKA, TpaHW, pedpa, BEPIIUHBI,
JIMaroHaIM MHOTOTPAaHHHKA, BBIITYKJIOTO M MTPABHILHOTO MHOTOTPAHHUKOB.
2. PasBeprka.
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Tema 9.2. Ilpu3ma u ee cBolicTBA.

Onpedenenue npuzmol, 8b1COMbL NPU3MbL, OUa2oHanu npuzmvl. Ceolcmea npusmbl.
Hszo6pasicenue npuzmul u nocmpoenue ee ceuenus. Ilpamas npusma. llpasunvuas npuzma.

Ymemsb: IpUMEHATH TEOPETUUECKHUE 3HAHMS IIPH PEIICHUN 3aa4.
3uams: ONpEAENEHUuE IPU3MbI, BBICOTHl IPU3MBI, [IUArOHAIM INPU3MBI, CBOMCTBA IPU3MBI,
n300pakeHre IPU3MbI U IOCTPOCHUE €€ CeUEHUs, psiMast IPU3Ma, IIPaBUIIbHAS IIPU3Ma.

[Ipusma (ot gp.-rped. mpicpo (JaT. prisSma) «HEUTO OTIHIICHHOE») - MHOTOTPAaHHHUK, JBE TPaHu
KOTOPOTO SIBIISIIOTCS KOHTPYIHTHBIMH (PaBHBIMH) MHOTOYTOJIbHUKAMH, JISKAIIMMH B MApaUIeIbHBIX
IUIOCKOCTSIX, & OCTaJbHbIC TPaHU - HapaJUIC]IOrpaMMaMH, MMCEIOUIMMH OOILIHE CTOPOHBI C 3TUMHU
MHOTOyrojibHUKaMH. Miu (paBHOCHIBHO) - 3TO MHOTOIPAaHHHK, B OCHOBAHHSAX KOTOPOIO JIEHKAT
paBHbBIC MHOTOYTOJIEHUKH, 2 OOKOBBIC TPAHH - ITapauIeIOrpaMMBbl.

HasBanue Omnpenenenue O06o3Hauenus | Yeprex

Ha YepTexe

OcHoBaHUs JIBe rpanu, ABCDE,
SIBIIAFOIIAECS
KOHTPYIHTHBIMH
MHOTOYTOJIbHUKAMH,
JIeKAIIUMH B
MapaIeIbHBIX

IIJIOCKOCTAX.

bokoBble rpaHu Bce rpanu, kpome ABLK,
ocHoBauwnii. Kaxxmags | BCML
OOKOBas TPaHb CDNM,
00s3aTebHO DEPN,
SIBIISAETCS EAKP

napaujicjaorpaMMOM.

bokosasg
TTOBEPXHOCTH

O0benuHEHNE
OOKOBBIX TpaHei.

IMonuas
MOBEPXHOCTh

O0bennHeHne
OCHOBaHUI U
OOKOBOI
MIOBEPXHOCTH.

BokoBrie pedpa

OO61re CTOpOHbI
OOKOBBIX I'paHeH.

AK,BL,CN,
DM ,EP

Bricora

Otpe3ok,
COCIMHSIOLIUMN
IJIOCKOCTH, B
KOTOPBIX JISJKAT

KR
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OCHOBAHUS IIPU3MBI
u
NIEPIEHUKYISPHBIN
9THUM IUIOCKOCTSIM.

Jwnaronanp

OTpe3ok,
COEIUHSIONIHNI J1BE
BEPILIUHBI IPU3MBI,
He NMpUHAJIekKaI1e
OJIHOM I'PaHH.

BP

JnaronanbHas
IJIOCKOCTh

IInockocTs,
MPOXOASIIas uepes
repeceKaronecs
JaroHajiab
OCHOBaHHMS U
0oxoBOE pedpo
MPU3MBI.

JwnaronansHoe
ceyeHue

[Iepeceuenue
MPU3MBI U
TMaroHaIbHON
ILJIOCKOCTH. B
cedyeHuu oOpasyercs
napajienorpamm, B
TOM YHCJIE €r0
YacCTHBIE CITy4an —
pomo,
MPSAMOYTOJIbHUK,
KBaJIpart.

EBLP

[lepnennukymnspHoe
(opTaroHangpHOE)
ceueHue

IIepeceuenue
MIPU3MBI U
IJIOCKOCTH,
MEepIEHIUKYIIPHON
ee OOKOBOMY peOpy.

Ceoticmea npusmol

1. OcHoBaHus TPU3MBI ABISAIOTCS PAaBHBIMA MHOTOYT'OJIbHUKAMHU.
2. BOKOBBIE T'paHU MPU3MBI SBISTFOTCS TApAJLIEIIOTpaMMaMH.

3 BokoBbie pebpa npu3Mbl TapauieTbHbl U PaBHEIL.
4. O0bEM mPU3MBI PaBEH MPOM3BEACHUIO €€ BHICOTHI Ha IUIOIIaAs ocHOBauus: V =S -h

5. Iliomaap MOTHOW TMOBEPXHOCTH MPHU3MBI paBHA CyMMe IUIOIMann €€ OOKOBOH IMOBEPXHOCTH W
YIABOCHHOMW IO OCHOBAHMS.
6.I1omans 6OKOBOW MOBEPXHOCTH MPOU3BOIBHOM Mpu3Mbl S = P - | ,rie P - mepumerp

HEePIEHINKYJIIPHOTO ceueHus, | - amuHa 60koBOrO pedpa.

7. T1nomaap 60KOBOM MOBEPXHOCTHU MpsiMOit pu3Mbl S = P-h, rae P - mepumerp ocHOBaHUsI IPU3MBI,

h - BeICOTa IIPpU3MBEI.

8. IlepnieHIMKYISIPHOE CEYCHNE TTIEPIICHIUKYIISIPHO KO BCEM OOKOBBIM PEOPAM MPU3MBI.
9. Yruibl epneHANKYIISIPHOTO CEUEHUS - 3TO JIMHEWHBIC YTIIbI IBYTPAHHBIX YTJIOB MIPH

COOTBETCTBYIOIIUX OOKOBBIX pEOpax.
10. IleprieHAUKYIAPHOE CEUCHHE MTEPIICHIUKYIISIPHO KO BCEM OOKOBBIM T'PaHSIM.

KoumponvHule 6onpocwl

1. Onpenenenne npusMsl, BBICOTHI IPU3MBIL, AMATOHAIIN IPU3MBI.
2. CBoiicTBa IPU3MBI.

3. U300paxkeHne mpu3MbI 1 IOCTPOCHHE €€ CEUCHUSI.
4. Tlpsimast mpusMma. [IpaBunbHas mpusma.
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Tema 9.3. [lapansiesienunen u ee cBoicTBA.
Onpeodenenue napannenenuneoa. Ceolicmea napaiieienunedda ¢ ookazamenrvcmeamu. Kyo.
Ymems: IPUMEHATH TEOPETUUECKUE 3HAHUS TIPU PEIICHUH 3a]1a4.
3namy: onpeneneHne napasieienuneia, CBONCTBa Mapaiesenuneia, u300paxenue

napauicicnuiicaa 1 MoCTpOCHUEC €€ CCUCHU .

Hapaﬂﬂeﬂenuneaww Ha3bIBACTCA IpHU3Ma, OCHOBAHUEM KOTOpOfI CIIYXKUT IMapaJljicjorpaMmm.
1

A
B
[TapamienorpaMMbl, U3 KOTOPBIX COCTaBIICH MapalieieHuIe]], Ha3bIBAIOTCS €r0 TPaHsSIMH, UX
CTOPOHBI — pebpamy, a BEPIIMHBI MapajieJOrPaMMOB — @epuiuHamy Tapaijenenunena. Y

napajulesienuIe1a BCe paHu — MapajljieorpaMMBl.

[Tapannenenuneapl, Kak U BCAKUE MIPU3MBL, MOTYT OBITh npsMble U HAKIOHHbIE.

OOBIYHO BBIJICNSIOT KAaKUe-HUOYIb JIBE€ MPOTHUBOMOJOXHBIC TpaHH W HAa3bIBAIOT WX
OCHOBaHUSIMH, a OCTajbHble TpaHu — OOKOBBIMH TpaHsSMU mapauienenunena. Pebpa
napajulesienuIesia, He MpUHaAIeKalue OCHOBAaHUAM, Ha3bIBalOT OOKOBBIMU peOpaMH.

JIBe rpaHu mapajienenuiena, uMeroue oodmee pedpo, HA3BIBAIOTCS CMEXKHBIMU, a HE
UMEIONTNE 00IUX pedep — MPOTHBOIIOIOKHBIMH.

OTpe30K, COSAMHSIONIMIA JIB€ BEpPIIMHBI, HE MPUHAANEKAIIUE OJHON TpaHU, Ha3bIBaeTCS
JMaroHaJIbIo MapaiesenuIea.

IIpamotl napannenenuned, y KOTOPOTO OCHOBAaHUEM SBISIETCS MPSIMOYTOJbHHUK, Ha3bIBAETCS
OPSIMOYTOJIBHBIM ~ MapaJljIesIeNuneoM. Y MpsSMOYIOJbHOTO Napajulelienuiena BCE TIpaHu —
IPSIMOYTOJIbHUKH.

JUIMHBI He mnapajuielbHBIX pedep MNPSAMOYIOJbHOTO MapajUlesIeNUIea Ha3bIBAIOTCSA €ro
JUHEHHBIMU pa3Mepamu (M3MEpeHHusMH). Y MPSMOYTOJBHOTO Napajulefienunena TPU JUHEHHBIX
pasmepa.

Ceoticmea napannenenuneoa.:
1. [TpoTHUBOMOI0KHBIE TPAHU TTapaJUIeIeIUIea PaBHbI U TapaJJICIbHBI.
2. Bce ueTsipe AuaroHanu napajuiefienunea nepecekarTcs B OJHOW TOUKE U JAENSATCS 3TOW TOUKOU
MIOTIONIAM.
3. BokoBbIe rpanu MpsMOro napalienenuneaa — MpSIMOYTOJIbHUKH.
4. Kpagpar auaroHaidu MpsSIMOYTOJILHOTO TMapajuiefienuIe;a paBeH CyMMe KBaJpaToB TpPeX €ro
WU3MEPEHUM.
Koumponvnvie éonpocwi
1. Onpenenenue napasieienunea.
2. CpoiicTBa mapaJuieNenuIieaa ¢ 10Ka3aTelIbCTBAMH.

3. Ky0.

Tema 9.4. Ilupamuaa. [IpaBuibHasg nupamuga. YcedeHHasi nmpamuaa. Terpasap.

Onpeodenenus nupamuobvl U e20 OCHOBHBIX dJleMeHmo8. Y ceuennas nupamuoa. Ilpasunvhas
nupamuoa. Tempasop.

Ymems: MPUMCHATH TCOPCTUUCCKUEC 3HAHWA IIPpHU PCIICHUHU 3a7a4.
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3name: OIMPCACIICHUA MUPaMUABbI U €TI0 OCHOBHBIX 3JICMCHTOB, YCCUCHHAA MUpaMuia, IpaBUJIbHAA
nUpamMuIa, TeTPadap.

Hupamuoa
Paccmotpum mHoroyronbHuk A, A,,..., A, U Touky P, He 5examiylo B IUIOCKOCTH 3TOIO

MHOroyronpbHuka. CoequHUB TO4YKy P oTpeskamu C BepHIMHAMH MHOIOYTOJbHHUKA, IOIYy4UM N
TpeyroabHukoB (puc.1.): PA /A, PAA,,...PA A, .

I:

Ay
Ay puc.1.

MHOrorpaHHuK, COCTaBIEHHBIH M3 N - yronsHuka A, A,,..,A, U N TPeyroibHUKOB
PA A, PAA,,..PA A, nasbBaercs  nupamudou. MuoroyrompHuxk A, A,,..,A, Ha3bBaeTcs
ocHoBaHMeM, a TpeyronbHuku PAA,, PAA,,...PA A - 6okosvimu epanamu nupamuasl. Touka P —
BepLIMHON nupamuel, a otpesku PA , PA,,..PA, - ee bokosvimu pebpamu. Ilupamuny ¢ ocHOBaHHEM
A A, ... A, uBepmuHoii P o603navarot Tak: PA A,...A, - 1 Ha3bIBAIOT N — yTrOJbHON MUPaAMUION.

Ha pucynke 2 wu300pa’keHbl YETHIPEXYrojibHas M UIIECTUYTOJbHAas MUpaMHIbl. SICHO, 4TO
TpeyrojbHasi MUpaMuaa — 3T0 mempal op.

5

Asz
Aj

A

Puc.2.
[lepnenuKymsip, MIPOBEIEHHBIN U3 BEPIIMHBI MUPAMUABI K INIOCKOCTH OCHOBAHMS, Ha3bIBAETCS
BbIcOTOH nupamusl. Ha (puc 1) otpezok PH sBnsieTcs BbIcOTON mUpamMuIbL.
[Imomanpro MOTHOW MOBEPXHOCTU MUPAMMBI HA3BIBAETCS CyMMa ILIOIIAJAEH BCEX €€ IrpaHei
(T.e. ocHOBaHUS W OOKOBBIX TIpaHeil), a IUIOIAaAbI0 OOKOBOM IMOBEPXHOCTH MUPAMUABI — CyMMa
momaneil ee 60koBbIX rpaneil. O4eBunHoO, S, ., = S, +S,.,-

noan box

Ilpasunvnaa nupamuoa
[Inpamuia Ha3bIBaeTCS MPABUIBHOM, €CIIH
1) ee ocHOBaHHE — MPAaBUIBHBIA MHOTOYTOJBHUK;
2) ee BBICOTAa — OTPE30K, COSAUHSIONINN BEPUIMHY ITUPAMHUIBI C €€ TICHTPOM.

OaHUM U3 IPUMEPOB MPABUIIBHOM MUPAMUIBI SBJISIFOTCS €TUNIETCKUE TUPaMUIbL. ITO
YETHIPEXYTOJIbHBIE TUPAMU/IBI.

Cesoticmea npaguibHOU NUPAMUObL.
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Bce 60koBbIe pebpa npaBUIIbHON THPAaMUJIbI PABHBI, @ OOKOBBIE TPAHU SBJIAIOTCS PAaBHBIMU
paBHOOEIPEHHBIMU TPEYTOJIbHUKAMH.

Jloka3aTelnbCcTBO TAaHHBIX (DAKTOB MIPOBOAMUTCS YCTHO:

1. JTro60oe OoxoBOE pedpo mpeCTaBiIseT CO00 THITOTEHY3Y NPSIMOYTOIBHOTO TPEYTOJIbHUKA, OTHUM
KaTETOM KOTOPOTO CIYKHUT BBICOTAa UPAMHUJIBI, & IPYTUM — PaluyC OIMCAHHOW OKOJIO OCHOBAaHUS
OKPY’>KHOCTH. Ot MpAMOYT'OJIBHBIC TPCYTOJIbHUKH PABHBI. CJ'Ie}lOBaTeJ'[BHO, PAaBHBI UX THIIOTCHY3EbI.

2. Tak kak O0KkOBbIe peOpa MPaBUIBHOM MUPAMUIBI PaBHBL, TO €€ OOKOBBIC TPAHU - PAaBHOOEIPEHHBIE

TpeyroipHuKu. Tak kak A, A, ,..., A, - TIpaBUIbHBI MHOTOYT'OJIbHUK, TO OCHOBaHUS ITUX

TPEYTOJILHUKOB TAKXKE PaBHBI APYT IPYTy. 3HAYUT, OOKOBBIC TPAHU PABHHI (110 TPEM CTOPOHAM).
Anoghema.

Arnogema — BbicoTa O0KOBOM rpaHy MPaBHIIbHON NMUpaMUbl, IPOBEACHHAS U3 €€ BEPILUHBI.
JlaHHBII TepMUH yHOTpeOIIseTCs U1 IPaBUIBHON NMUPAMUIBI, XOTS Y HEPABUIBHOM MUPaMUIbI
TaK>K€ MOTYT OBITh PaBHBI BEICOTHI OOKOBBIX I'PAHEH.

Teopema: I1nomanb 60KOBOW NOBEPXHOCTHU IPAaBUIBLHOM MPaMH/Ibl paBHA IIOJIOBUHE
IPOM3BEICHUS NIEPUMETPa CHOBAHUS Ha anodemy.

Jlokazamenvcmeo

bokoBble TpaHM MpaBWIBHOM NHpPaMUIbl — paBHblE pPaBHOOEIPEHHbIE TPEYTOJbHUKH,
OCHOBAHUSI KOTOPBIX — CTOPOHBI OCHOBAaHHs MUpPaMUAbI, a BBICOTHI paBHbI anodeme. Ilnomans S
OOKOBOHM MOBEPXHOCTH NMHUpPaMUAbl paBHA CyMME INPOMU3BEACHUA CTOPOH OCHOBAHMS Ha IOJOBHUHY
arnodembl d. BeiHOCST MHOXKUTenb 0,50 32 CKOOKH, MOMY4YMM B CKOOKaX CyMMY CTOPOH OCHOBaHHS
UpaMupl, T.€. €ro nepuMeTp. Teopema Tokas3aHa.

Yceuennasn nupamuoa

Yceuennoii nupamuodoii Ha3pIBa€TCs MHOTOTPAaHHUK, Y KOTOPOT'O BEpIIMHAMH CITYXKaT BEPIINHbI
OCHOBAHHS U BEPIIHMHBI €€ CEYEHUs IUNIOCKOCTBIO, MapajuIeIbHON OCHOBAHUIO.

Ceoticmea yceueHHoU nUpamuobl.

1. OcHoBaHUs yCeUEHHOW MUPAMHJIbI — M000HBIE MHOTOYTOJIBHHUKH.
2. BOKOBBIE I'paHH YCEUEHHOH MUPaMUIIBl — TPATICIUH.
3. BokoBbIe pebpa npaBUIIEHON yCEUEHHOM MUpaMUIbl paBHBI M OJMHAKOBO HAKJIOHEHBI K OCHOBaHHIO
MTUPAMHU/TBL.
4. bokoBble TpaHy MPaBUILHON YCEUEHHON MUPAMUIBI — PaBHBIE MEX]Ty COOON paBHOOEAPEHHBIE
Tparey U OJJMHAKOBO HAKJIOHEHBI K OCHOBAHUIO TUPAMU/IBI.
5. JIByrpaHHbIe YIJIbI PU OOKOBBIX pedpax MpaBHILHON yCEUEHHOMN MUpaMUIbl PaBHBI.

Inowaows nosepxnocmu u 06vEM yceueHHOU RUPAMUObL

[Tyctsb CH__ gpicora YCEUEeHHOM MUpamMuibl, Pry P MepUMETPhl OCHOBAHUHN yCeUEeHHON
MUPAMHU/IBI, 51y 52 — momaam ocHoBaHMiA YCEUEeHHOU MUpaMUIbI, S6ox— muromae 60KOBOM
MOBEPXHOCTH YCEUECHHON MTUPAMHU/IBL, Snuons— mowmanb MOIHOMN MMOBEPXHOCTU YCEUECHHOU MTUPAMU/IBL,
V' o6bem yCEUeHHOU nupaMuipl. Torna UMEIT MECTO CIAEAYIOIINE COOTHOLLICHHUS:

Snfm}l - Sl + 52 + Sﬁnx
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1 .
V= ZCH(S1+ 52+ V/5.5)

Ecnu Bce IBYTpPaHHEIE YIB! TIPH OCHOBAHHH YCEUEHHOH MMPAMULIBI PABHBI /| 2 BEICOTHI BCEX
OOKOBBIX I'paHel TUPaMU/Ibl PaBHBI hgox | 10

1
Seox = 5 (F1 + Py ) hgox
51 — 59
Sﬁfm - | | .
cos 3

CumMmeTpuu B Ky0e, B mapaJjiesienumnesne, B Ipu3Me U mupamMuje.
(Oononnumenvrwili mamepuar)

Ilocmpoenue cummempuii 8 Kybe, 8 napaiienenuneoe, 8 npusme u nUpamuoe.

Cummempusn Kyoa

1.IleaTp cumMmMeTpun — LEHTP KyOa (TOYKa NmepecedeHus AuaroHaneit kyoa) (puc. 4).

2.IImocKoCcTH CUMMETPUH: TPH INIOCKOCTH CUMMETPUH, MPOXOJISAIINE YEPE3 CEPEIMHbI apalIeIbHbIX
pebep; 1mecTh IIOCKOCTeH CHMMETPHH, TPOXOAIINE Yepe3 MPOTHUBOIEKaIIre pedpa (puc. 5).

/; ' 7
o

AN

E
I
I ). N\
I / \ ;
’{’—\——; ;.— ,,“wu - - e = -
L A _,(
1. Ocu cuMMeTpuH: TpU OCH CHMMETPHH, ITPOXOSIINE YepPe3 HEHTPBI MPOTUBOJICIKALUX TPAHEH;

YeThIPEe OCH CUMMETPHH, TPOXOISIINE Yepe3 MPOTUBOJIEKAIIIE BEPIIHHBI; IIECTh OCEH CHMMETPHH,
MIPOXO/ISIIINE YePe3 CePEANHBI MTPOTUBOJICKAITNX pedep (puc. 6).
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Cummempusn npamoy201bH020 napasiieienuneoq

1. IlenTp cuMMeTpUN — TOYKA MEPECEUEHUsI TUaroHajel MpsMOYroJbHOro Napajulenenunena (puc.
7).
§

|
"

— 1y
“1*1
1™ -
E ol oo
.+

ek

- £

2. [TnockocT CUMMETPHH: TPH TUIOCKOCTH CUMMETPHUH, TIPOXOISIINAE Yepe3 CePEIUHBI TapalIeIbHBIX
pebep (puc. 8).

ymmmp e -
[ -

I I

3. OcH CUMMETPHH: TPU OCH CUMMETPHUH, TPOXOJISIIUE Yepe3 TOUKHU IMePECCUCHHS JHaroHaiei
MPOTUBOJIEKAIIUX IpaHeit (puc. 9).

Cummempusn npamoii npuzmol

[InockocTe cUMMETpHUH, TPOXOASIIAs Yepe3 cepeIuHbl O0KOBBIX pedep (puc. 11).

Cummempusi npagunbHOU NPUIMbL
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1. IlenTp cuMMETpUM IIPU YETHOM 4YMCIIE CTOPOH OCHOBAHUS — TOYKA IEPECEYCHUs AUAaroHaneiu
MpaBUJILHOM MpU3MBI (puc. 12)

s :

wo--Ld-1

- ¥ L) -

\ r! b /
2. [110CKOCTH CUMMETPHUH: IUIOCKOCTh, IMPOXOIAINAs 4Yepe3 CepeldMHbl OOKOBBIX pebep; mpu
YETHOM YHCIIC CTOPOH OCHOBAHUSA — IUIOCKOCTH, MPOXOJSIIHME Yepe3 MPOTUBOJICKAIIHe pebpa (pHc.

e

13).
<_...-"“_7 "
!
_ -
- X ]
. 1
; 1
3 1
; '
fl 1
; '
W — - — _ -
’-"---:"*’:{;‘/:5
3. OCI/I CI/IMMeTpI/II/I: HpI/I YCTHOM 4YHCIIC CTOpOH OCHOBAaHUsI — OCH CI/IMMeTpI/II/I, HpOXOHHH_[aﬂ

yepe3 LEHTPbl OCHOBAHM, U OCH CUMMETPUHU, MPOXOAAIINE Yepe3 TOUKH MepeceueHus: auaroHasiei
MIPOTUBOJIEKAIINX OOKOBBIX I'paHeit (puc. 14).

Cummempun npasuivbHOl NUPAMUObL
1. [T1ocKOCTH CHMMETPHH: TIPH Y€THOM YHCIIE CTOPOH OCHOBAHUS — IUIOCKOCTH, MPOXOJISAIINE
Yyepes MPOTUBOJISKAIIEe OOKOBBIE pedpa; U TUNIOCKOCTH, MIPOXOIAIINE Yepe3 MeUaHbl, IPOBEACHHbIE K
OCHOBAHUIO MTPOTHUBOJICKAITNX OOKOBBIX IpaHeit (puc. 15).
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2. Ocb CUMMCTpPUU: IPHU YCTHOM YUCJIC CTOPOH OCHOBAHHA — OChb CUMMCTPHHU, IPOXOAAIIasa
yepe3 BEPIINHY NMPaBUIbHON MUPaMHUIBI U IIEHTP OCHOBaHUs (puc. 16).

Tema 9.5. Ceyenusi Ky0a, npu3Mbl M1 MHPAMHUABI.
Ceuenus kyba, npusmvl u NUPAMUODL.

Ymemuw: ctpouth ceueHus Ky0a, Mpu3Mbl U MUPAMUIBI.
3nams.: Cedenus KyOa, MIPU3MBbl U TUPAMU/IBI

Ceuenue npusmol
1. Ceuenue mpHU3MBI IUIOCKOCTBIO, TapaJUIeNbHOH OCHOBaHMIO. B ceyenunm oOpasyercs
MHOI'OYTOJIbHUK, PaBHbIII MHOTOYT'OJIbHUKY, JIEKAIIEMy B OCHOBaHHH.

2. CeueHue npu3Mbl IUIOCKOCTHIO, IPOXOASIIEH Yepe3 1Ba HE COCeTHUX OOKOBBIX pedpa. B ceuenun
oOpa3yercs mapasienorpaMM. Takoe ceyeHHe Ha3bIBaeTCsl AMATOHAJIBHBIM CEUYEHUEM Ipu3Mbl. B
HEKOTOPBIX CIIydasxX MOXET MOIy4aTbcsi poMO, MIPSIMOYTOJILHUK UITH KBaJpar.

PaccmoTtpenune npaBuiibHON MPU3MBI BO3MOKHO TOJIBKO MOCTIE BBEICHHS TOHITHUS MTPaBUIIbHBII
MHOTOYroJbHUK. OJHAKO C MpaBWJIBHON TPEYrojbHOW INPU3MON MOKHO MO3HAKOMHUTH YYaIlUXCs
ropas3io pasbllie. A C NPaBWIBHOW YETBIPEXYTOJBHOW NPU3MOM MBI 3HAaKOMBI €II€ U3 Kypca
MaTeMaTHUKU 5—6-X KJIaccoB, TaK KaK OHA IPEACTaBIAECT COOOM MPSIMOYTONBHBIN MapajieNenuie]] ¢
KBaJpaTaMi B OCHOBaHMsX. [lpaBunbHas mnpusma — mpsiMas MpU3Ma, OCHOBAaHUAMH KOTOPOM
ABJIIOTCS MTPaBUJIbHBIE MHOTOYTOJIbHUKH.

Ceoticmea npasuibHOU NPU3MbL

1. OcHOBaHHS MTPABUIBHON MPU3MBI SBJISIFOTCS MTPABUIBHBIMH MHOTOYTOJIbHUKAaMHU.
2. BoKOBBIE TpaHK MPABUIILHOM NPU3MBI SBJISIFOTCSI pABHBIMU TPSIMOYTOJTBHUKAMH.
3. bokoBble pebpa MpaBUIBHON MPU3MBI PABHEI.

Ceuenue npasunvhoil npu3mol
1. Ceuenne mpaBWJIBHON MPU3MBI TUIOCKOCTHIO, MapajiebHON OCHOBaHHIO. B ceuenun oOpasyercs
MPABWIILHBI MHOTOYTOJIEHUK, PABHBIA MHOTOYTOJBHUKY, JISKAIEMY B OCHOBAHHH.

2. CedeHue NpaBUIBLHON MPU3MBI IIJIOCKOCTBIO, IPOXOAAIIEH Yepes3 ABa HE COCETHUX OOKOBBIX pedpa.
B ceuenunn oOpasyercs psMOYroJbHUK. B HEKOTOPBIX Cllydasix MOKET 00pa30BaThCsl KBAApaT.

N3 xypca maTeMaTHKu 5—6-X KJIACCOB ydalluecs YXe 3HAKOMbI C ONHCAHUEM MUpPaMUAbL. A
UMEHHO: NHpaMuJa — MHOIOTPaHHHUK, IOBEPXHOCTh KOTOPOTO COCTOMT M3 MHOTOYTOJIbHUKA,
Ha3bIBAEMOT0 OCHOBAaHMEM IUpPAMHUbl, U TPEYrOJbHUKOB C OOIIEH BEpIIMHONW, Ha3bIBAEMBIX
OOKOBBIMHM TpaHsSMU NMHUPaMUAbI. 3HAKOMCTBO C MPaBWJIBHOM MUPaMHI0N BO3MOXKHO TOJIBKO IOCIIE
W3Yy4EHHUs MOHATHUS IPABWIBHBIN MHOIOYyrolbHUK. OHAKO € MPaBUIBHON TPEYTOJIbHOW U NMPaBUIbHON
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I-IeTpreXYI‘OJ’H:HOI\/'I HHpaMHI[Oﬁ MOKHO IMO3HAKOMUTH y4YallUXCsd 3HAYUTCIBHO PAHBIIC. HpaBI/IHBHaH
nUpaMuIa — MHPaMHIA, B OCHOBAHUH KOTOPOW JISKHUT NMPAaBUIILHBI MHOTOYTOJIBHUK U BCE OOKOBBIC
pebpa paBHBI.

Ceoticmea npasuibHOU NUPAMuUObl

lo. OcHOBaHuE NPaBUIBLHON MUPAMUJIbl — MPABUIIbHBIA MHOTOYTOJIbHUK.
20. bokoBbI€ IrpaHu MPaBUIBLHOM MUPAMUIbI — PaBHOOEIPEHHbIE TPEYTOJbHUKH.
30. BokoBbie pebpa npaBUIIbHON TUPAMU/IbI PABHBI.

Ceuenue npaguibHoOll RUPAMUOBL
1. Ceuenue npaBUILHON MUPAMUIBI INIOCKOCTHIO, TApasuIeIbHON OCHOBaHUIO. B ceuenun obpasyercs
HpaBI/IJIBHblﬁ MHOTI'OYT'OJIbHUK, HOI[O6HBII>'I MHOTI'OYT'OJIBHUKY, JIC)KAIIEMY B OCHOBAHHWH.

2. CeueHne MPaBWIBHOW MHUPaMHIbI IJIOCKOCTBIO, MPOXOSIIEH depe3 JBa HE COCEAHHX OOKOBBIX
pebpa. B ceuenunm oOpasyercss paBHOOEAPEHHBIM TPEYroJbHUK. B HEKOTOPBIX CllydasX MOXET
00pa30BaThCsl pPABHOCTOPOHHUI TPEYTOJIbHHUK.

C HEKOTOpbIMM MpPABUIbHBIMU MHOTOTPAaHHUKAMHU Yy4YallMecs YK€ BCTPEYAJIUCh. ITO
TpeyrojipHas mnMpamuga M KyO. I'paHsiMu TpeyroiabHOH mnHpamMuIbl SBISIOTCS IpaBHJIbHBIE
TPEYroibHUKUA. Ee Ha3bIBalOT NpPaBWIBHBIM TETPA3APOM, YTO B IEPEBOJE C I'PEYECKOr0 O3HAYaAET
yeTblpexrpaHHuK. Ky0 mmeer mectb rpaHeil, Mo3TOMY Ha3bIBae€TCs MPABMIIBHBIM I€Kca’aApoM (Io-
IPEUYECKU «TE€KCa» O3HAYaeT 1IEeCTh). PaccMOTpeHre npaBuiIbHBIX MHOIOIPAHHUKOB CII€AYET HAUMHATh
C TEX W3 HHUX, TIPaHsAMHM KOTOPBIX SABIAIOTCS IPaBUJIbHBIE TPEYroNbHUKU. OIMH U3 TaKHUX
MHOTOI'PAHHUKOB YYalllUMCs YK€ 3HAKOM — JTO IIPaBUJIBHBIM TeTpasap. pyrod MHOIOIpAaHHUK,
I'PaHsMH KOTOPOI'O SIBJISIFOTCS PAaBUIIbHBIE TPEYTOJILHUKH, U300pakeH Ha pUCYHKe 1.

Ero mnoBepXHOCTb COCTOMT W3 BOCBMH IPAaBHIBHBIX TPEYTOJBHUKOB, IO3TOMY €ro Ha3bIBalOT
MPABUIBHBIM OKTa3JpOM («OKTa» — BOCEMb).

W Ttperuit MHOrOrpaHHHMK, TpPaHSAMHU KOTOPOTO SIBJISIIOTCS IPAaBUIBHBIE TPEYTOJBHUKH — 3TO
NPaBUIBHBIN UKOCadIp («MKOCa» — NBaJIaTh). ETo MOBEPXHOCTh COCTOMT M3 JABAIATH TPABUIBHBIX
TPEYTOJILHUKOB (pHUC. 2).

MHOFOFpaHHI/IK, I'paHAMHA KOTOPOI'O ABJIAIOTCA KBAAPATbI — 9TO Ky'6 yan_[I/IMCH OH XOpOIIO 3HAKOM.
MHOI‘OFpaHHI/IK, rpadmsiMu KOTOPOTr'O ABJAIOTCA MPABUJIBHBIC ITATUYTOJIbBHUKU, 1/1306pa>1<eH Ha PHUCYHKE

3.

78



Ero moBepxHOCTh COCTOUT W3 ABEHAUATH MPABUJIBHBIX MATHYTOJBHUKOB, MMO3TOMY €r0 Ha3bIBAIOT
MPaBUJILHBIM JIOJEKAdIPOM («I0/1e» — JBEHAAATH).

KonmponvHule 6onpocwl
1. Ceuenus kyb0a.

2. CedeHust mpu3M.

3. CeueHus mupaMuIbl.

Tema 9.6. IlpaBu/IbHbIE MHOTOTPAHHUKH.

Ilpedcmasnenue o npasuIbHLIX MHO202PAHHUKAX (Mempal’aop, KyO, okmasop, 000eKa’op u UKocalop).

Ymemo: IpUMEHATH TEOPETHUECKUE 3HAHUS TIPU PEIICHUY 3a/1a4 Ha IaHHYIO TEMY.
3namy: TpencTaBleHUE O MPABUJIBHBIX MHOTOTPAHHUKAX (TeTpa’ap, KyO, OKTasAp, MOACKa’Jap U
HUKOCAdIP).

Onpedenenue npasuibHO20 MHO202PAHHUKA.
MHoOrorpaHHuK Ha3bIBa€TCs IIPABUIIBHBIM, €CJIM: OH BBIIYKJIbIN; BCE €r0 I'PaHU — PABHBIE APYT
Jpyry HpaBUIIbHbIE MHOTOYTOJIBHUKH; B Ka)J0i €ro BEpLIMHE CXOJUTCA OAMHAKOBOE UUCIIO pedep;
BCE €r0 JIBYI'PAHHBIC YTJIbI PABHBI.

Teopema: CymiecTByeT TMSITh pa3dUYHBIX (C TOYHOCTBIO JO TMOJOOWS) THIOB TPABUIBHBIX
MHOTOTPaHHHUKOB: TMPABUJIbHBIA TETpa’Ap, NpPaBUIBHBIA Tekcadap (KyO), NpaBUIbHBIA OKTadIp,

IIPaBUJIBHBIN TOACKA3AP U IPABUIIBHBINA UKOCAP.

Tabauna 1. Hexkotopble cBOMCTBa IPaBUJIBHBIX MHOTOTPAHHUKOB NPUBECHBI B CIIEAYIOIIEH TabauIE.

Buna rpanu ITnockuit Bun CymmMma B P r Hazsanmne
yTOJI [IpU MHOTOTPaHHOTO MUIOCKHX MHOTOTPaHHHKA
BEpUIMHE | yIIia IPH BEPIIMHE | YIJIOB MPH
BEpIIMHE
IIpaBuneHbil | 60° 3-rpaHHbIf 180° 4 6 4 IIpaBUITHHBIIA
TPEyroJIbHUK TeTpasip
[paBwibHerid | 60° 4-rpaHHbIH 240° 6 12 8 [IpaBunbHbIH
TPEYTOJIBHUK OKTadIp
IIpaBuneHbil | 60° 5-rpannbIit 300° 12 30 20 IIpaBUTHHBIIA
TPEYTOJIbHUK MKOCaIp
Ksanpat 90° 3-rpaHHBIN 270° 8 12 6 [IpaBunbHbINH
rexcadap (ky0)
Ipasuibhbiid | 108° 3-rpaHHbIf 324° 20 30 12 IIpaBUTHHBIIA
TPEYTOJIBHUK JI0JIeKadip

PaCCMOTpI/IM BHUJIbI MHOTOT'PAHHHUKOB!

[IpaBunbpHBIN TETPAdAP [IpaBUnBHBIN OKTad1p
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[IpaBunbHBIN UKOCAAP [IpaBunbHEIH Tekcadap (Ky0)

e

[IpaBunbHBIN qOAEKAd P

Tabnuua 2. @opMyIasl A1 HAX0XKIEHUS 00bEMOB MTPABUIBHBIX MHOIOI'PAHHHUKOB.
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Bun MHOTOrpaHHuKa

Obbem MHOrorpaHHHKa

[MpaewneHEI TETpa3LP

a’f2

12
[NpaeuneHEIA oKTa34P 0:3«\,-@
3
MNpaenneHEIR MKoCa3ap at
MpaerneHEIR rekcasap (kyb) 5233+ ﬁ]
12
MNpaeuneHEIl gogekasgp A5+ ?ﬁ]
4

Konumponvhvie sonpocsi
1. Te'%paazxp

2. Ky

3. OkTarap

4, Jlexann
5. ﬁxocaag
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Tema 10. Tesia BpanieHusi ¥ NOBEPXHOCTH TeJI BPallleHUS.
Tema 10.1. uauHAp, KOHYC U UX CBOMCTBA.

Onpeoenenus yununopa, konyca u ux 21emenmos. Ceoticmea yurunopa u konyca. Ceuenus
YUIUHOPA U KOHYCA NIAOCKOCHAMU.

Ymemu: npuMeHATh TEOPETUUECKUE 3HAHUS [IPU PEIICHUHU 3a/1a4 HA JAHHYIO TEMY.
3nams. ONpeeNeHns HUINHIPA, KOHyCa U UX 3JIEMEHTOB, CBOMCTBA HUIMH/IPA U KOHYCA, CEYCHHUS
LUIMHAPA U KOHYCA IVIOCKOCTIMHU

[MunuHaapudeckass IOBEPXHOCTh oOpasyercst mpu JBwkeHuHn upsmod (AB, puc.l),
COXpaHSAIOIICH CBOE HAIpaBJICHUE U MepeceKaronieics ¢ 3amaHHod guHued (kpuoit) MN. Jluaus
MN HassiBaeTcs Hanpasisitomed. lIpsmeie, COOTBETCTBYIOIME PA3IUMYHBIM ITOJIOKEHUAM IMPAMON
AB npu eé newxkenuu (A’B’, A”B” u T.4., puc.2), Ha3bIBalOTCS 00pPa3yONIUMHU ITWIHHAPUYECKON

!,/5

a3

A E

T F
Puc.1. Puc.2

Lununop. Teno, orpaHUnYeHHOE WINHAPUYECKON MOBEPXHOCTHIO C 3aMKHYTOW HaIpaBIIIOIIEH
U JIByMsl NapajuleibHbIMM IUIOCKOCTSMH, Ha3bIBaeTCs LUIMHAPOM (puc.2). YacTu 3THUX MIOCKOCTEH
(ABCDEFG wu abcdefg) HaspBaroTcs OCHOBaHMSAMHU IMJIMHIpA. PaccTosiHMe MeEXIy OCHOBAHUSMHU
(KM, puc.2) — Beicora nuiuHapa. L{umuHAp — OpsSMoid, eciid ero oOpasyrolye MeprieHIuKYISPHbI
OCHOBaHUIO; B MPOTUBHOM Cilyyae LWIMHIAP — HAKJIOHHBIA. [{unuHap Ha3bIBaeTCs KPYroOBBbIM, €CIIU
€ro OCHOBaHME — Kpyr. Eciau HUIUHAp SBISETCS OJHOBPEMEHHO U IPSMBIM, M KPYTOBBIM, TO OH
Ha3bIBACTCS KPYIIIbIM. [Ipr3Ma SIBIISIETCS YaCTHBIM CJIy4aeM HUIHHIpa(Todemy?).

Hunuuapudecknue ceueHuss OOKOBOM MOBEPXHOCTH KpyroBoro nuiuuzapa (puc.3). CedeHus,
napajjielibHble OCHOBAaHHMIO - KPYr'M TOro ke paaumyca. CedeHus, mnapajiielbHble 00pa3yrolum
WIMHApa - napbl napaenbHbiX OpaMbix  (AB || CD). Ceuenusi, KoTopble HEe MapajjieibHbl HU
OCHOBAHHUIO, HM 00Pa3yIOLINM - SJUTUTICHI.

E

Inowaos 60xo60uU nosepxHocmu YUIUHOPA
[Tnomans GOKOBOW MOBEPXHOCTH LWJIMHApPA PaBHA MPOU3BEIACHUIO BBICOTHI LWIMHIpPA HA JTUHY
OKPYXKHOCTH OCHOBAHHUSI.
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dopmyia A BEIYUCICHNS OOKOBOW TOBEPXHOCTH LIMIMHIPA!

S,,. = 27Rh,

6ok
rac R = paﬂl/lyc Opr)KHOCTI/I OCHOBaHHA, h - BBICOTA I_[I/IJ_H/IH[[pa.

[TonHast momaab MOBEPXHOCTH LMJIMHAPA PaBHA CyMMe OOKOBOI MOBEPXHOCTH LIWJIMHAIPA U ABOWHON
IUIOLIAIM OCHOBAHUS LIWJINHIPA.

CDopMyJIa JJIs1 BBIYUCJICHUA IIOJIHOU Iiomaayd MOBEPXHOCTH HUIIHUHApA:
S, = 2Rh+27R?,

rie R - paguyc okpy»KHOCTH OCHOBaHUs, N - BRICOTA IIMITHH/PA.

Konnueckas moBepxHOCTh 00pa3yeTcs npu ABkeHuu npsamoit (AB, puc.l), npoxonsuieit Bcé
BpeMs depe3 HEMOJABIXKHYI0 TOUKy (S), M mepecekaromieil 3a gaHHyro JuHMIO MN, HazbIBaeMylo
Hanpasisitonied. IlpsMble, COOTBETCTBYIOUIME pa3IMYHBIM TOJOXKEHUsM npsmod  AB mpu eé
neuxkeHnn (A’B’, A”B” u T.1.), Ha3bIBaIOTCS 00pa3yIOUIMMH KOHUYECKOW MMOBEPXHOCTH;, TOUKa S — e
BepiinHOM. KoHHuYeckass MOBEpXHOCTh COCTOMT U3 JIByX 4YacTeil: OJHAa ONMUCHIBAECTCSA JydoM SA,
apyras — ero mnpojoibkeHueM SB. OObIYHO B KauecTBE KOHWYECKOH MOBEPXHOCTH paccMaTpUBAIOT
OJIHY U3 €€ YacTei.

B B

=

Puc.1 Puc.2
Konyc — 370 Teno, orpaHMu4e€HHOE OJHOM M3 YacTel KOHMYECKOM MOBEPXHOCTU C 3aMKHYTOM
HaIIpaBJISAIONIEH U NepeceKaronell KOHMYECKYH MOBEPXHOCTh INTIOCKOCTHIO (ABCDEF, puc.2),

HE Ipoxojsiied depe3 BepmMHy S. YacTb 3TOM IUIOCKOCTH, PacHOJIOKEHHOM BHYTPH KOHUYECKOU
MTOBEPXHOCTH, HAa3bIBAETCSI OCHOBaHMEM KoHyca. [leprniennukyissp SO, OnmynieHHbIM U3 BEPIIMHBI S HA
OCHOBaHUE, HA3bIBAETCS BBICOTOM KOHyca. [Iupamuaa sSBIsSETCS 4aCTHBIM CIy4aeM KOHyca (1modemy?).
KoHyc Ha3pIBaeTCsi KpPyroBBIM, €CIM €ro OCHOBaHMEM sBisieTcss Kpyr. Ilpsmas SO, coenmHsromas
BEpLIMHY KOHYCa C LIEHTPOM OCHOBAaHUS, Ha3bIBA€TCA OCBIO KOHyca. Eciy BbICcOTa KPYyroBOro KoHyca
COBIIAZIAaET C €r0 OCBIO, TO TAKOW KOHYC HA3BIBACTCS KPY2AbIM.

Konnueckue ceuenuns. CeueHHs: KpyroBoro KoHyca, IMapajiebHbe €0 OCHOBAHUIO - KPYTH.
CeueHue, nepecekaroliee TOJIbKO OJHY 4YacTh KPYyroBOI'O KOHYCa M HE IMapajulelbHOE HU OJHOH ero
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oOpazytomieii - amunc (puc.3). Cedenue, nepecekaroliee TOJIbKO OJHY YacTh KPYyroBOro KOHyca U
napajuieJIbHOe OJIHOM M3 ero oOpasyromux - napabdona (puc.4). CedeHnue, nepecekaroniee 00e 4acTh
KpPYrOBOTO KOHyca, B OOILIEM ciydae sBIseTcs TUnepOoJon, cocTosieil u3 IByX BeTBel (puc.5).B
YACTHOCTH, €CIM 3TO CEYCHHME MPOXOAMT Yepe3 OChb KOHyca, TO IMOJIydaeM Iapy MepeceKaroIuxcs
OpsSMBIX (00pa3yoIuX KOHyca).

N e m e ——————————

=

Konnueckue ceuennsa NpeaACTaBIAIOT OOJIBIIION HHTCPCC KaK B TCOPETHUYCCKOM, TaK U B
MPAKTUYECKOM OTHOIICHHH. TakK, OHU IIMPOKO HCIONB3YIOTCS B TEXHUKE (IJUIMITUYECKUE 3yOuaThie
Kos€ca, napaboinyecKue MPOKEKTOPbl M AHTEHHBI); IUIAHEThl U HEKOTOPbIE KOMETBI JABMKYTCS IO
AJUTMIITUYECKUM OpOUTaM; HEKOTOPbIE KOMETHI ABHKYTCS MO MapaboNMYecKUM M TUIEPOOTHUECKUM
opOuTam.

1Inowaow 60x0601 nosepxHOCMU KOHYCA

[Tnomanp OOKOBOM TMOBEPXHOCTH KOHyCa paBHAa TMPOU3BEACHHUIO YHCIA T Ha pPaanyc
OKpPYKHOCTH OCHOBAHUS M Ha JUIMHY 00pa3yrolell KoHyca.

7Z'| 2
®opmyia miomaan 60KOBOK MOBEPXHOCTH KOHyca: S, =-——

a,
00K 360

rae I - paanyc OKpY>KHOCTH OCHOBaHus, | - yinHa oOpasyroliei KoHyca.

a 360r
2 =—oa,0 =——.
180 |

S. =l

[Imomane mMoaHOM NMOBEPXHOCTHM KOHyCa paBHA CyMMeE IUIONIAJE OCHOBAHMS KOHyCa U €ro
60K0BOI TOBepXHOCTH. OCHOBAHUEM KOHYCA SBISIETCS KPYT.

60K

dopmyiia IIoIa M IOJHOM MOBEPXHOCTH KOHYCA:
S =mRl+R?,
rae - paauyc OKpY»KHOCTH OCHOBauwus, | - nauua oGpasyrolei Konyca.

60K

KonmponvHule 6onpocwl

1. Onpenenenus MWIMHAPA, KOHYCA U UX DJIEMEHTOB.
2. CBo¥icTBa IIIIMHPA U KOHYyCA.

3. CeueHus MUIMHIPA U KOHYCA TUIOCKOCTSIMH.

Tema 10.2.11ap u cdepa, ux ceyenus. KacarenbHas IJI10CKOCTh K cepe.

Onpedenenus wapa, cpepvl u ux snemenmos. Bnucannas u onucannasn cepwi. Ceuenus
wapa u cghepvl. Kacamenvnasn niockocme K cghepe.
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Ymems: IpUMEHATH TEOPETUYECKUE 3HAHUS NIPU PELICHUH 33/1a4 HAa JaHHYIO TEMY.
3uamu: onpeneneHus mapa, chepsl U UX JIEMEHTOB, OIIMCAHHAS U ONUCaHHasl C(epbl, CEYEHNUs Iapa
u cepsl, KacaTenbHas IIOCKOCTh K cepe.

Cdepuueckast MOBEPXHOCTh — 3TO TEOMETPHUECKOE MECTO TOYCK (T.e. MHOXKECTBO BCEX TOUEK)
B MIPOCTPAHCTBE, PAaBHOYJAIEHHBIX OT OJHOM Touku O, KOTOpasi Ha3bIBae€TCs LEHTPOM chepruueckon
noBepxHoctu (puc.l). Paguyc AO u nuamerp AB onpenesnsitoTcs Tak ke, Kak U B OKPYKHOCTH.

Puc.1 Puc.2

[Iap (ctepa) - 3T0 TesI0, OrpaHUYCHHOE CHEPUUECKOMN MTOBEPXHOCTHIO. MOXHO MOJIYUYHTh IIap,
Bpamias HONYyKpyr (WiIM Kpyr) BOKpYr auamerpa. Bce miockue cedeHust mapa — Kpyru (puc.l).
HaubGonpmuii Kpyr J€XUT B CEUYEHUH, MPOXOJAIIEM dYepe3 LEHTP Ilapa, U Ha3bIBaeTCs OONbIIUM
kpyroM. Ero paanyc paBen paauycy mapa. JIroObie 1Ba GOJbIINX Kpyra MepeceKaroTcs 1Mo JUaMeTpy
nrapa (AB, puc.2). OToT AMaMeTp ABIAETCA M JUAMETPOM IepeceKaronmxcs Oonbux Kpyros. Yepes
JIBE TOYKHU CPepHyYeCKOil MOBEPXHOCTH, PACIIOIOKEHHBIC Ha KOHIIAX o HOro auamerpa (A u B, puc.2),
MOKHO TPOBECTH OECUMCICHHOE MHOXECTBO OOJbIIMX Kpyros. Hampumep, yepe3 momroca 3emin
MOYKHO TIPOBECTH OECKOHEYHOE YHCIIO MEPHINAHOB.

O0BEM 1Iapa B TOJITOpa paza MEeHbIIe 00bEMa ONMMCAHHOTO BOKPYT HETo ImiuHapa (puc.3), a
MOBEPXHOCTh IIapa B IOJITOpPA pa3a MEHbBIIE IOJIHOW MOBEPXHOCTH TOTO Ke IMIMHApa (Teopema
Apxumena):

Puc.3
3mech Simapa u V mapa - COOTBETCTBEHHO IMOBEPXHOCTH M 00BEM Il1apa;
Stuun u Viun - moiHasi MOBEPXHOCTh U 00BEM OMMCAHHOTO UIHH]IPA.

Yacmu wapa. Yacts mapa (cdepsi), oTcekaeMasi OT Hero kakon-nmioo mrockocteio (ABC, puc.4),
Ha3bIBaeTCs mapoBbiM (cepuueckum) cermeHToM. Kpyr ABC HazbIBaeTCsi OCHOBAaHHUEM IIIAPOBOTO
cermeHnTa. Otpe3ok MN nepnenaukyssipa, npoBeaeHHoro u3 uenrpa N kpyra ABC no nepeceuenust
co c(epudeckoil MOBEPXHOCTHIO, HA3BIBAETCS BHICOTOM MIAPOBOTO cerMeHTa. Touka M Ha3bIBaeTcCs
BEPILIUHON 1IapOBOTO CETMEHTA.
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Puc.4
Yacts cdepsl, 3akiou€HHas MexIy AByMs mnapauienbHbiMu IuiockocTsiMu ABC u DEF,

HepeceKaroluMu  CepuuecKyl0 MOBEPXHOCTh (puc.4), Ha3bIBaeTCs UIAPOBBIM CIIOEM; KpHUBas
MOBEPXHOCTh IIIAPOBOrO CJOs HasbiBaeTcsl wmapoBbiM mnosicom (3oHoi). Kpyru ABC u DEF —
OCHOBaHus LapoBoro mnosca. Paccrossane NK Mexay OCHOBaHMSIMM ILIApOBOIO IOsica — €0 BBICOTA.
Yactp mapa, orpaHuyeHHass KpUBOW IMOBEPXHOCThIO cdepuyeckoro cermeHta (AMCB, puc.4) u
KoHu4eckor moBepxHocThi0 OABC, ocHOBaHMeM KOTOpo# ciykuT ocHoBanue cermeHTa (ABC), a
BEPIIMHOM — 1IeHTp 1mapa O, Ha3bIBAETCS LIAPOBBIM CEKTOPOM.

Ypasnenue chpepol
B npsiMoyrosibHOI crcTeMe KOOpMHAT ypaBHeHue cdepsl paanyca R ¢ nientpom C(X,, Y, ,Z, ) umeeT

B (X =X)" +(y = Yo)* +(2-2,)" =R,
Kacamenvnas nanockocms K cgpepe

[Tnockocts, uMmeromas co cgepoil TONBKO OAHY
oO0IIyI0 TOYKY, Ha3bIBA€TCA KacaTEIbHON IUIOCKOCTBIO K
cdepe, a ux oOmas Touyka Ha3bIBaeTCS TOUKOM KacaHUs
IUIOCKOCTH U C(epBhl.

Ha pucynke miockocTs « - KacareibHass K cdepe ¢
nenTpom O, A — Touka kacanus. KacatenbHas miioCcKOCTh
K cepe obmamaer CBOHCTBOM, aHAJOTHYHBIM CBOHCTBY
KacaTelbHOM K OKpY>KHOCTHU. OHO BBIPAKEHO B
CIEYIOIIEH TeopeMe:

Teopema: Panumyc cdepbl, NpPOBEACHHBI B TOYKYy KacaHus cdepbl M  IUIOCKOCTH,
NEePHEHANKYIISIPEH K KacaTeIbHOM MIOCKOCTH.

,ZZOK'CB’CIWZeJZbCWZSO.‘
PaccMoTpuM mnockocTs o , kacaromrytocs cepst ¢ eaTpom O B Touke A. Jlokaxem, uto pagunyc OA
SIBIISIETCA HAKJIIOHHOM K TUIOCKOCTH ¢, W, CIIEOBAaTeIbHO, PACCTOSHUE OT C(epbl O TIOCKOCTH
MeHbIe paauyca cdepbl. [loaToMy cdepa M IIIOCKOCTh MepeceKaroTcsl Mo okpyxHocTtd. Ho 3To
MPOTUBOPEUYHUT TOMY, YTO IUIOCKOCTh ¢ - KacareibHas, T.e. cdepa U MIOCKOCTh & HMEIOT TOJBKO
onHy o0mryto Touky. [TomydeHHOe pOTUBOpEYrEe JT0OKa3bIBaeT, uTo paguyc OA meprneHANKYIIpeH K
IUIOCKOCTH « . Teopema J10Ka3aHa.

Teopema: Ecmu paanyc chepbl MepIeHINKYISAPEH K IIOCKOCTH, IPOXOISIIECH Yepe3 ero KOHell,
Jeaitei Ha cgepe, To 3Ta MIO0CKOCTh SBJSETCs KacaTeabHOH K cdepe.

Hokazamenvcmeo:

W3 ycnoBust TeopeMbl ClEAyeT, UTO JaHHBIA paauyc SBISETCS NEepHEHIUKYIISPOM,
NPOBEICHHBIM M3 IEHTpa cdepbl K JaHHOW miockocTh. [loaromy paccrostHue OT HeHTpa cdepbl 10
IUIOCKOCTH PaBHO paguycy cepsl, U, cae10BaTeIbHo, chepa U IIOCKOCTh UMEIOT OJIHY OOIIYIO TOUKY.
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DT0 03HAYAET, YTO AaHHAS IJIOCKOCTH SBJISETCS KacarenbHOU K cepe. Teopema nokazana.
Inowaow cgepor
3a miomanbk cdepsl TpUMEM Tpeaen MOCIeAOBATeIbHOCTH IUIOIMIANEH MMOBEPXHOCTEH
OIMCaHHBIX OKOJIO C(hepbl MHOTOTPAHHUKOB MIPH CTPEMIICHHH K HYJIFO HAaHOOJIBIIETO pa3Mepa KaKIon
TpaHu.

[Mnomans chepswr: S = 47R?

Konumponvnwvie 6onpocsi

1. Onpenenenus mapa, cepbl U UX JIEMEHTOB.
2. BriucanHas u onricaHHas c(epbl.

3. Ceuenus mapa u chepsl.

4. KacarenbHas INIOCKOCTh K cepe.
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Pa3znen 11. DieMeHThl KOMOMHATOPUKH W TEOPHHU BEPOSITHOCTEMH
Tema 11.1. D1eMeHTbl KOMOMHATOPUKH.

Ocnoenble nousmus KOM6uHam0pMKu.' pasmeuienusl, nepecmaHoO6KU, COYenanus.

3Hamb: OCHOBHBIE IOHATHUSA KOM6I/IHaT0pI/IKI/II pasMEIICHuA, IECPECTAHOBKH, COUYCTAHUS.
Yumems: NOACYUTHIBATH YKUCJia paSMCH_ICHI/II\/'I, MEPECTaHOBOK, COYETaHHUH.

Komobunamopuka — pazien MaTeMaTUKH, B KOTOPOM M3YYaroTcs 3a7a4d BEIOOpA 2JIEMEHTOB M3
32/IAHHOTO MHOKECTBA U PACIIOJIOKECHHS WX B TPYIIHI 10 33/IaHHBIM MPaBUJIaM, B YaCTHOCTH 3a/1a4d O
MOJICYeTe YHCIa KOMOMHAIMiA (BBIOOPOK), TOIYYaeMBIX W3 JIIEMEHTOB 33aJaHHOTO KOHEYHOTO
MHOKeCTBa. EciIM M3 HEKOTOPOro KOJMYECTBAa 3JIEMEHTOB, PAa3IMYHBIX MEXKIY c000il, COCTaBIAThH
pa3inuHble KOMOWHAIIMU, TO CPEAN HUX MOYKHO BBIACIUTH TPHU THIA KOMOWHAIUM, HOCAIUX O0Iee
Ha3BaHUE — COCIMHEHUS.

PaccmoTpum noapoOHee ST COeAMHEHUS

1) Ecnu B HEKOTOpOM MHOXECTBE @,,d,,...,8, I[EpPECTaBIsITh MECTaMH 3JIEMEHTbI, OCTaBIIss

m
HCHU3MCHHBIM HX KOJHUYCCTBO, TO KaxXJAasd ITOJYUCHHad TaKUM 06pa30M KOM6I/IHaI_[I/IH Ha3bIBACTCsA
nepecraHoBkoii. O0Iee YUCIIO TIEPECTAHOBOK M3 M 3JeMEHTOB 0003HaYaeTCs Pm U BBIYUCIIACTCS 110
dbopmye:
P, =m!

2) Eciu cocTaBiiATh U3 m Pa3IMUYHBIX 3JEMEHTOB IPYIIBI IO N 3JIEMEHTOB B KaXKIOH, pacroaras
B3ATBIC JJICMCHTBI B Pa3JIMYHOM IOPAAKE. HOHy‘-II/IBH_II/IeCSI npu 5TOM KOM6I/IHaI_[I/II/I HAa3bIBAOTCA
pa3MeleHusAIMU U3 m 3JIeMeHTOB 1o n. OOIlee YUCIO TaKMX pa3sMELICHHI pacCUMTBHIBACTCS I10

dbopmye:
Ay =m(m-1)(m-2)...(m-(n-1)) =

HepeCTaHOBKI/I ABJIAIOTCA YaCTHBIM CJIydacM paBMeIHeHHfI.
3) Ecnu U3 m 351€MEHTOB COCTaBIISATh TPYIIIBI MO 77 JIEMEHTOB B KaXJI0W, HE oOparias BHUMaHUs HA
MOPAAO0K 3JIEMCHTOB B I'PYIIIC, TO ITOJIYUYUBHIUECA IIPU 3TOM KOM6I/IHaI_II/II/I Ha3bIBAKOTCA COUECTAHUAMMU
U3 m 3JIEMEHTOB 110 7. O01IIee YUCI0 COUeTaHUI HaXOIUTCS IO (hopMyIie:

N P m!

— m —
m - -_ .
PP ., nlim-n)!
4) Taxke OJHUM W3 BApPUAHTOB KOMOWHAIIUN SIBJISIOTCS TEPECTAHOBKH C TOBTOPSIONIUMMCS
JJIEMEHTaMMU. ECJII/I CpCI[I/I m DJICEMCHTOB HMCECTCA ml OJMHAKOBBIX JJICMCHTOB OJHOIO THIIA, M2

m!
(m-n)!’

OJIMHAKOBBIX AJIEMEHTOB JIPYTOro THIA U T.[., TO IPU NEPECTAHOBKE ITUX 3JIEMEHTOB BCEBO3MOKHBIMU
crocobamH noyiy4aeM KOMOMHAIIMH, KOJIMYECTBO KOTOPBIX onpeaensercs no Gopmye:

P, m!
P.(m,m,,..m)= 5P =— .
Py P My tm, Lom, !

5) Eciu npu BLI60pKC M 5JIE€MEHTOB M3 N 3JICMCHThI BO3BPALIAOTCS O6paTHO " ynopsaa04uBarOTCA, TO
TOBOPAT, UTO 3TO pasMelI€cHUsA C MIOBTOPCHUAMM. Pasmenienus c MOBTOPCHUAMU MOT'YT OTJINYATHCA
Apyr OT JApyra J3JICMCHTAMHU, HUX IMOPSAJAKOM H KOJIUYCCTBOM HOBTOpCHI/Iﬁ 3JIEMEHTOB. YHCIIO Bcex

pa3MEIeHHH U3 N 3JIEMEHTOB M0 M C MOBTOPEHUSIMH 0003HAYASTCSI CHMBOJIOM Al M BBIYHCIISETCS TI0
dbopmye:
A'=n".
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6) Ecnn npu BI:I60pKC M BJIEMEHTOB M3 N 3JIEMEHTHI BO3BpaliaroTcs 06paTHO 663 MOCJICAYIOLICTO
yYHnopsaaoduBaHHA, TO I'OBOPAT, YTO O3TO COYECTAHUA C MOBTOPCHUSMH. Yucino Bcex COYeTaHUH U3 N
3JIEMEHTOB ITO M C TOBTOPCHUSIMU 0603Ha‘-IaCTC$I CUMBOJIOM N:1 W BBIYUCIIACTCA 110 (I)OpMyJICI
m _ ~m
I\In - Cn+m—1 .

Konumponvnwvie 6onpocwi
1. Onpenenenre KOMOMHATOPHKHU.
2. DNeMeHThl KOMOMHATOPUKH.

Tema 11.2. ®opmyna 6mnoma Herorona. CBoiicTBa 0MHOMHATBHBIX KO3 (PHUIIHEHTOB.
Tpeyroasuuk Iackans.

@Dopmyna obunoma Hetomona. Ceoticmea bunomuanvrulx kosgguyuenmos. Tpeyeonvnuk Ilackans.
3nams. popmyna Ounoma HproToHa, cBOMicTBa OMHOMUANBHBIX KO3()(DUIIMEHTOB, TPEYTOJbHUK

[Tackans.
Ymems: Berauciagts OuHOM HBrOTOHA.

Bunom Hetomona. 1o hopmyia, npeacrasisiomnas oipaxenre (a+b)" npu nmonoxurensuom
LIEJIOM N B BUJI€ MHOTOYJICHA!

1 2
(a+EB)?"=a?+C a® 1p+C a" 222 +
M H
3 n—1
+C @3R3+ 40 gk laam,
M ke

3aMCTI/IM, 4TO CyMMa MOKa3aTeliell CTeleHe 11 a u b mocrosnHa paBHa n.

1z 3 n-1
a2 O

Uucma » = M n Ha3bIBAIOTCS OMHOMUAIBHBIMU KO3(PPHUIIUEHTAMHU.

Hx MoxHO BBIYUCIIUTh, IPUMCHAA TOJIBKO CIOXKCHHUC, €CIIN ITOJb30BATHCA CJ'ICHYI-OHIeﬁ CXEMOI.
B BerHeﬁ CTPOKE MUIIEM JIBC CAWMHUIIBI. Bce MNOCJICAYIOIUC CTPOKKU HAYMHAIOTCA U 3dKAHYMBAKOTCS
eIUHHIICH. HpOMC)KYTOLIHI)IC Yuciia B 9TUX CTPOKAX MOJYHAOTCA CYMMHUPOBAHUCM COCCAHUX YUCCIT U3
npez[bl/:[ymeﬁ CTPOKH. OTa cxeMa Ha3bIBaeTCs TPCYIrOJIbHUKOM ITackans:

[lepBas cTpoka B 3TOM TabnMIIE COACP)KUT OMHOMHUATBHBIE KOAPPHUIMEHTH! A1 N = 1; BTOpas - it N
=2; Tpeths - s N =3 u 1.1. [loaTromy, eciin HEOOXOAMMO, HAIPUMED, PA3JIOKHUThH BEIPAKECHUE:

(a+h)’,

MBI MO’KEM IOJIYYUTh PE3YJIbTAT MOMEHTAIBHO, UCIIONIB3YS TaOIHUILY:
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7 T =B EPIp R R DR P 35 =36 37
(a+=b) =a +Ta'b+2lab +35ab" +353a’h” +2lab +T7ab” +b
CBoiicTBa OMHOMHATIBLHBIX KOO(PPHUIIMESHTOB.
1. Cymma kodddunumenTos pasnoxenus (a+b)"pasna 2"

Jns oKasaTenbCTBa I0CTaTOYHO NONoKUTh @ = b = 1. Torna B mpaBoii 4acTu pa3iokeHHs OMHOMa
Herotona mMbl OyzieM UMETh CyMMy OMHOMUAIbHBIX KO3()()UIIMEHTOB, a cieBa:
(1+1)"=2"

2. KoaddutmeHTs! 4ieHOB, paBHOYJAIEHHBIX OT KOHIIOB Pa3IOKCHHS, PABHBI.

OTO CBOWCTBO CIEAYET U3 COOTHOLIEHMS:

" H

3. Cymma k03(pPHUIIMEHTOB YETHBIX WIEHOB Pa3IOKEHUsS paBHA cyMMe KO3(DPHUIIMEHTOB HEUETHBIX
YJICHOB PAa3JIOKCHUA; KaAXKAasd U3 HUX PABHA
oon -1

— R="= .
I[J'Iﬂ J0Ka3aTcJIbCTBAa BOCIIOJIB3YyEMCs OMHOMOM: ( 1-1 :I 0 D'3I[CCI) YCTHBIC YJICHbI
UMEIOT 3HAK « +»,a HCEUYETHERIC - « - ». Tak Kak B PE3YJIbTATC PA3JIOKCHUS IMOJIYyHaCTCA 0, TO

CJI€O0BATCIIBHO, CYMMBI UX OMHOMUAJIBHBIX KO3(1)(1)I/II_II/IGHTOB PaBHBI MCKIAY CO6OI71, IIOOTOMY KazKjiast

1)r=0n=0

N3 HUX paBHA: ( 1- 4TO U TpCGOBaJ'IOCL J0Ka3aThb.

KonmponvHule éonpocwl

1. ®opmyna 6uHoma HeroToHna.

2. CpoiicTBa OMHOMHAIILHBIX KO3 PHUITUCHTOB.
3. Tpeyronbuuk [lackans.

Tema 11.3.9/1eMeHTHI TEOPHH BEPOSITHOCTEH M MATEMATHYECKOI CTATHCTHKH.

Cobvimue. Bepossmnocms cobbimusi, cioxcenue u yMHONCEHUE 6ePOSMHOCEIL.
Ilpedcmasnenue 0aHubIX, 2eHEPAbHASL COBOKYNHOCHb, 8bIOOPKA, Cpednee apudmemuyeckoe,
MeouaHa.

3namu: coObITHE, BEPOSITHOCTH COOBITHS, CII0KEHNE M YMHOKEHUE BEPOSATHOCTEH, IPEICTABICHHUE
JTAHHBIX, T€HepalIbHAsi COBOKYITHOCTh, BBIOOPKa, CpeHee apu(MeTHUeCKoe, MelnaHa.
Ymems: pemiats 3a1aun 0 TEOPUN BEPOATHOCTU U MATEMATUYECKOM CTaTUCTHKHU.

Crnyuaiinvle codblmus ux éeposasmuocmu
Onvimom, unu ucnvimanuem, Ha3bIBAIOT BCIKOE OCYIIECTBICHUE OMPEEIEHHOTO KOMITIEKCa YCIOBUI
WIN JICUCTBHH, IPU KOTOPHIX HAOIFOIAETCSI COOTBETCTBYIOIIIEE SIBIICHUE.
Cobvimuem Ha3bIBaeTCs BCAKUN (DaKT, KOTOPBIA MOXET MPOU3OHTH WM HE MPOU3OUTH B
pe3yabTarTe OIbITa.
Ilpumep 1. TlogOpacbiBaHHME MOHETHI — ONBIT, UCXOHA. Brimamenue repba wmu 1UGPHl —

COOBITHE. 3IICCB U B JajdbHEHIIeM npearoJjaracM, 4Yro IMaaCHUEC MOHCTBI Ha pe6p0 HC
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paccMaTpUBAEeTCs, TaK Kak 3TO HEYCTOMYMBOE COCTOSIHHE PAaBHOBECHS, a H3ydaeMas MOHETa
J0CTaTOYHO TOHKASL.
Dnemenmapnvimu ucxooamu (cobblmusamu) () ONbITA HA3BIBAIOTCS TAKUE PE3YJIHTATHI OMBITA, KOTOPHIE
B3aMMHO MCKJIIOYAIOT JAPYT APYTa U B PE3yJbTaTe OMNbITA MPOUCXOJUT OJHO M3 STHX COOBITHI, TaKKe
KaKOBO Obl HU OBLIO COOBITHE A, 110 HACTYNUBLIEMY 3JIEMEHTAPHOMY HCXOIY MOKHO CYOHMTH O TOM,
IPOUCXOJIUT WJI HE TIPOUCXOIUT ITO COOBITHE.
COBOKYIIHOCTh BCEX DJIEMEHTAPHBIX MCXOJOB OMNBITA HA3BIBAETCS NPOCMPAHCMBOM INEMEHMAPHBIX
cobvimuii. O603Hayaetrcsa (2.

Bce coObiTus (SIBICHUS) ISHCTBUTEIBHOCTH MOKHO MOJIPa3ACiuTh Ha TPU BUJIA: JOCTOBEPHBIC,
HCBO3MO>XXHBIC 1 CnyqaﬁHBIe.

CoObITHE Ha3BIBAETCH 0OCMOBEPHBIM, €CITH OHO 00A3aTENILHO NPOU30MIET B YCIOBUAX JAHHOTO
OIIBITA.

CoObITHE HA3BIBACTCS HEE03MOJICHHIM, €CIIA OHO B YCJIOBHMSAX JAHHOIO OIBITA 3aBEJOMO HE
MIPOU3OUJIET.

CoObITHE HA3BIBACTCS CAYYALHbIM, €CIIA OHO MOYKET JMOO MPOU30iTH, TUOO HE MPOM30HTH B
JITAHHOM OIIBITE.

CoOBITUS HA3BIBAKOTCS PAGHOB03MOICHBIMU, €CTIA UMEIOTCS OCHOBAHUS CYMUTATh, YTO HU OJHO
13 3THX COOBITHI He sIBJIeTCs 6oslee BO3MOKHBIM, YeEM JI000€ PYroe U3 HUX.

JIBa COOBITUS Ha3BIBAIOTCS NPOMUEONONONCHLIMA, €CIM NPH HACTYIUIEHMH OJHOTO M3 HHX,

BTOpPOC COOBITHEC HE MMPOUCXOAUT. Ecmu coObiTe 0003HAYCHO A, TO TIIPOTHUBOIIOJIOKHOC CMY

oGo3Hauaor A.

B otHomenuun apyr apyra coOBITHS TakXe UMEIOT OCOOCHHOCTH, T.. B OJHOM ciydae coObiTne A
MOJKET TIPOU30MTH COBMECTHO C COOBITHEM B, B IPyroM — HET.

CoObITHST HA3BIBAIOTCS COBMECMHbIMU B JAHHOM OIBITE, ©CJIHM TOSIBJICHWE OJHOTO0 W3 HHX HE
UCKJTIOYAeT MOSBICHHUE JPYTHX.

CoObITUSI HA3BIBAIOTCS HECO8MECMHbIMU, €CIU TIOSBICHHE OJHOTO M3 HHUX HUCKIIOYAeT MOSIBICHUE
TPYTHX.

Ecmu mo6oe m3 coOBITHH MPOUCXOIUT HE3aBUCHUMO OT peaju3aluy 000 KOMOWHAIMH
JIPYTUX COOBITUH, TO OHU HA3BIBAIOTCS HE3ABUCUMbBIMU 8 CO80KYnHOCmU. ECIU MOsSBIEHUE OJHOTO U3
COOBITHIA BIUSET HA BO3MOXHOCTB TIOSIBIIEHUS APYTOTO, OHU HA3BIBAIOTCS 3A8UCUMBIMU.

Heckonbko cOOBITHI B IaHHOM OIIBITE 00PA3YIOT NOAHYIO ePYNNY COObIMULL, €CITU B PE3yJIbTaTe
OTIbITa 00s13aTETLHO MPOU3OUIET XOTs ObI 071HO U3 HUX. Eciu coObITHs, 00pa3yromiye MoJHYIO TPYIIY,
HECOBMECTHBI, TO MOSBICHUE OJHOTO U TOJIHKO OJHOTO U3 HUX SIBISETCS JOCTOBEPHBIM cOOBITHEM. [[Ba
HECOBMECTHBIX COOBITHSI, 00pa3yIONIHe MOJHYIO TPYIITY COOBITUMN, SIBISIIOTCS NPOMUBONOIONCHBIMU.

Knaccuueckoe onpedeﬂenue eepoamuocmu coovimus
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CymiecTByeT TpPOCTOH CHOCOO OMpelNeNeHuss BEPOSTHOCTH COOBITHS, OCHOBAaHHBIM Ha
PaBHOBO3MOYKHOCTH JIFOOOTO M3 KOHEYHOTO YUCIIA HCXO/IOB OTIBITA.
[Tycts mpoBogutcst ombIT ¢ N mMCXogaMu, KOTOPBIE MOXKHO TPEACTABUTh B BHJE IOJHOW TPYIIIBI
HECOBMECTHBIX PaBHOBO3MOJKHBIX COOBITHH. Takue HCXOIbI HA3BIBAIOTCS CAVUAAMU, WAHCAMU,
anemenmapuoimu coovimuamu, (@). CaM onbIT Ha3bIBaeTCs Kiaccuyeckum. [Ipo Takoil OmbIT TOBOPAT,
YTO OH CBOJHTCS K CXEME CITy4acB.
Crnyuvaii (® Ha3bIBACTCS 01A20NPUAMHBIM ULU OIALONPUAMCIEYIOWUM COOBITHUIO A, €CITH OH MPUBOAUT
K HACTYIUICHUIO COOBITUSA A.
Beposmnocmuio cobbimus A Ha3bIBacTCI MaTeMaTH4eCKas OLIEHKAa BO3MOXHOCTH IOSIBIICHHUS 3TOTO
COOBITHS B pE3yJIbTATE OIIBITA.
BepositTHOoCcTh COOBITHS 4 paBHA OTHOUICHUIO YHCIA, OJArompHUATCTBYIOIIMX COOBITHIO A HCXOIOB
OmbITa K OOIIEMYy YHCIIy MOMNAPHO HECOBMECTHBIX HCXOJOB ONbITa, OOpa3ymOIIUX MOJHYI TIpYIIy

COOBITHH.
m

®Dopmyna (1) sBisiercs kiaccuueckoul ¢hopmynou ONPeeIIeHNs BEPOITHOCTH COOBITHS.
O4eBUIHO, 4YTO 6EpOSAMHOCMb O0CMOBEPHO20 COObIMUS PAaBHA €AMHULIE, a 6EpPOAMHOCb
He8O3MOJICHO20_— paBHa HyJIO. TakuM 00pa3oM, 3HaY€HUE BEPOATHOCTU JIFOOOTO COOBITUS — €CTh
MIOJIOKUTENBHOE YHUCIIO, 3aKJIFOUEHHOE MEXAY HYJIEM U €IUHUIIEH.
0<P(A)<1. (2)

[ToHATHE BEPOSATHOCTH MO3BOJISET JaTh HOBBIE ONpPECNICHUS JJs Pa3HBIX BUIOB COOBITHH. A
UMEHHO, coObITHe B HaspiBaercs mesasucumvim OT COOBITHS A, eciu BEpOSITHOCTH coObiTus B He
3aBUCHUT OT TOTO, IPOU301LI0 coObITHE A niu He npousonuio. CodbiTHe B Ha3bIBaeTCs 3aBUCHUMBIM OT
coObITHs A, eclTi BEpOSITHOCTh COOBITHS B 3aBUCHUT OT TOT0, MPOU30IILIO UIH HE MPOU3OIIO COOBITHE
A.

Teopemvi ymHodCEHUA U CTI0MHCEHUA 8EPOAMHOCHENL

CoOwiTHst A ¥ B Ha3BIBAIOTCS pasHbLMU, €CITU OCYIIECTBICHUE COOBITUS A BIEYET 3a CO00
ocyliecTBieHue coosTrs B 1 Hao0opoT.
Cymmotui nByX coObiTuit A 1 B Ha3bpiBatOT coObiTHe C=A+B, cocTosiiiee B MOSBIEHUU COOBITUS A, UTTH
coOBITHS B, mimu 060ux 3TuX coObIThiA. [To-mpyromy, mosiBieHue XOTs ObI OHOTO COOBITHSI.
Teopema 1 (cnooicenus eepossmuocmett). BeposiTHOCTb CYMMBI IBYyX HECOBMECTHBIX COOBITHI paBHA

CyMMe BEPOSTHOCTEH STHX COOBITHIA.
P(A+B)=P(A)+ P(B).
Cneocmeue 1: Ecnu cobbitus A, A ..., A, 00pasyioT MONHYIO rpyIIy HECOBMECTHBIX COOBITHI, TO

CyMMa UX BEpOSITHOCTEH paBHA €AMHHUIIE:
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> P(A)=1

TeopeMa 2. BepOHTHOCTL MOSIBJIEHHUS XOTS OBl OIHOTO U3 IBYX COBMCCTHBIX COOBITUH paBHa CyMME

BCpOHTHOCTCfI 9THX COOBITHI O€3 BCPOATHOCTU UX COBMCCTHOTO IMOABJICHHUA:

P(A+B)=P(A)+P(B)-P(AB).

Teopema 3. (Ymnooicenus seposimnocmeti). BeposTHOCTb IPOU3BEICHUS ABYX COOBITHIH (COBMECTHOTO

HOSIBJICHUS STHX COOBITHIA) paBHA MPOU3BEICHUIO BEPOSATHOCTH OJHOTO U3 HUX HA YCIOBHYIO

BEPOATHOCTD JPYTrOro, BHIMUCICHHYIO HPU YCIOBHH, YTO IIEPBOE COOBITHE yKe HACTYIIUIIO.
P(AB) =P(A)P(B/A)=P(A)P,(B).
Takske MOKHO 3aIHCaTh:
P(AB) =P(A)P(B/A)=P(B)P(A/B)=P(B)P,(A).
Eciu cobbitus nesaucumeie, 70 P(B/ A) = P(B), u Teopema ymHoxenus BepostHoCTei
IPUHUMAET BUJ;
P(AB) = P(A)P(B)
Eciu B pe3ysibTaTe UCIIBITAHUS MOKET MOSBUTHCA N COOBITHIA, HE3aBUCUMBIX B COBOKYITHOCTH, TO

6EPOAMHOCNb NOABIEHUS XOMA Obl 00HO20 U3 HUAX paBHa
P(A)=1-q,,..q,.

31ech cobbiTHe 4 0603HAYAET HACTYILICHHE XOTs OBl OAHOTO U3 COOBITHIT A ¢ BEpOSTHOCTAME

Hactymienus [, ,a (, = 1- P, — BEpOATHOCTH NPOTUBOIOJIOKHBIX COOBITHIH Al, A2 yeeey An .
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Tema 12. [lepBooOpa3Hasi U HHTErpaJ

Tema 12.1. IlepBooOpa3Has u HHTErpaJ.

Ilepsoobpasnas. Ilpasuna naxodrcoenus nepeoobpasznvix. Tabiuya unmezpanos

Ymems: HaxoauTh HEONPEAEIEHHbBIE HHTErPaAIbl PA3JINYHBIMU METOJAMU

3nams: onpeeneHue NepBOOOPA3HOM; MpaBUiIa HAX0XKICHUS IEPBOOOPA3HBIX, ONpeesICHUuE
HEOIPEIeIEHHOT0 HHTErpalia ¥ ero CBOWCTBA, TaOJIHMILy HHTETPAJIOB, METObI HAXOMXKICHUS
UHTETPaJioB.

®yukius F (X) naseBaercs nepsoobpasnoii pynxyueri dynxkmuu f(X) ma orpeske [a,b],

€CJIU B .]'IIO6OI>1 TOYKE OTOTI'O 0Tp€3Ka BepHO paBeHCTBOZ
F'(x)=f(x).

Hano ormeTuts, 4To nepBooOpa3HbIX ISl OTHOM U TOW K€ (PYHKIIMU MOXKET ObITh OECKOHEUHO
MHOro. OnHuM OynyT oTiauyaTbes Jpyr OT Jpyra Ha HEKOTOpOe IIOCTOSHHOE 4YHCIO, T.€.

F(X)=F(x)+C.

Heonpedenennvim unmezpanom dynxuun f (X) HaspiBaeTcs coBOKYMHOCTH TepBOOOPA3HBIX

(yHKIMI, KOTOpBIE ONPEEICHBI COOTHOLIEHUEM:

F(x) + C.
3anuChIBaIOT: I f (X)dX =F (X) + C;3mech I — 3Hak uHTerpana, f (X) — TOABIHTErpajbHas
dynxuus, f(X)dx — nogsiHTErpanbHOE BBIpaKEHHE.

Brruucnenue  HeompeAeNeHHOTO  WHTErpaja OT  3aJaHHOM  (YHKIMH  Ha3bIBACTCS
UHMEZPUPOBAHUECM.

Ceoiicmea neonpeodenennslx UHMeZpanos

1. IlpousBoHAas OT HEOIIPEIEIIEHHOIO UHTErpala paBHA MOJBIHTETPATbHON (PyHKIIUH.

(] f(x)dx) = (F(x)+C) = f(x);
2. [lnddepeniman oT HEONPEAESTCHHOTO MHTETPalla paBEH MOABIHTEIPATBHOMY BBIPAKEHHIO.
d([ f (x)dx)= f (x)dx;

3. Heonpenenennsrnii naTerpait ot quddepeHipana HeKOTopol (yHKITUU paBeH 3TOH (QYHKITUH C
TOYHOCTBIO /10 TOCTOSIHHOTO CJIaraeMoro.

[dF(x)=F(x) +C;

4. NHTerpan oT CyMMbI UJTM Pa3HOCTH JIBYX U 0oJiee PyHKIMI paBeH CyMMe WM Pa3HOCTH UHTETpalioB
0T 3TUX (PyHKIHIA

[(u+v—w)dx = [udx + [vdx — [ wdx;
5. HOCTO;[HHBIﬁ MHOXHUTCIIb MOXHO BBIHOCHUTH 3a 3HAK I/IHTeraHa

[C- f(x)dx=C-[ f(x)dx;
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Tabnuira UHTErpaIOB

No WNuTterpan 3HayeHue No HuTterpan 3HaueHune
. i e " I dx arcsinx +C =
« 2
V1-x? =—arccosx +C
n+l dx 1, |x-a
2 IX”dX X—+C,n¢—1 12 jﬁ —In——+C
n+1 -a 2a |x+a
3 dx In[x| +C 13 [—— In‘x+x/x2ia‘+c
X \/x +a
a . X
4 a*dx —+C 14 arcsin—+C
I Ina I\/i a
dx 1 X
5 [e*dx e* +C 15 ja2+x Sarctg—+C
. X
6 jsm xdx —~cosx+C 16 jmdx Inth +C
. X 7
7 jcosxdx sinx+C 17 j—dx Intg(§+zj+c
COS X
8 | 1 ax tgx+C 18 [tgxdx —~Injcosx|+C
COS™ X
9 j _ 12 dx —ctgx+C 19 [ ctgxdx In[sin x|+ C
sin” x
10 | dx et IL Lin*lic
1+ X2 = —arcctgx +C x(a - x) a |a-—x

MeToabl HAXO0KIEHUS HHTErpajaoB

Cnocod noacTaHOBKHM (3aMeHbI IIepeMEeHHbIX).

Ecnu tpeOyertcst HaliTu MHTErpa J f (X)dX, HO crOXkHO OTBICKATH MEPBOOGPA3HYIO, TO HHOT/IA

¢ momomsio 3amensl X = @(t) u dX = ¢'(t)dt moxmO momyunTs:

J F(dx=[ f(p(t)¢'(t)dt

Bcenomuum dopmyty nmpor3BoAHON MPOU3BEICHHUS:

(uv)' =u'v+uv’

I’IHTeI‘pI/Ip()BaHI/IC o 4acCTsaM.

rze U u V — HeKoTopble GyHKIuH oT x. B muddepenmmansHoi popme:

d(uv) =vdu + udv
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[IpouHTerpupoBas, nojyyaem: Id (UV) = IVdU + judv, a B COOTBETCTBUU C IPHUBEIACHHBIMU

BBIIIIC CBOﬁCTBaMH HeOHpe,Z[eJIeHHOFO I/IHTeraﬂa:
uv=jvdu+judv WIn judv:uv—jvdu;
[Monyunnm GopMyIy MHTETPUPOBAHHUS IO YACTSM, KOTOpas MO3BOJIIET HAXOIWTh MHTETPAIIBI
MHOTHX 3JIEMEHTAPHBIX (DYHKIIUH.

[Ipn wucnosp3oBaHMKM MeTOAA MO dYacTsAIM 3a U Oepercs Takas (yHKIOHS, KOTOpas MpH
maddepenpoBanuy ynpomiaercs, a 3a dvV — Ta 4acTh MOJIBIHTETPAILHOTO BBHIPAKEHHS, HHTETPAI OT
KOTOPOM M3BECTEH MJIM MOXKET OBbITh Hali/IeH.

EOHBIHyIO 4aCTb MHTCTPAJIOB, BBIYUCIACMBIX 110 YaCTAM, MOXKHO pa36I/ITL Ha TpH I'pYHIIbL:
1. Murerpans euna | P(X)arctgxdx, [P(x)arcctgxdx, [P(x)Inxdx, [P(x)arcsin xdx,

_[ P(X) arccos xdx, rae P(x) — muorounen. Jljist MX BBIYMCIEHHS clenyeT 3a U MpUHUMATh OOHY U3

BBINICyKa3aHHBIX (QyHKIMiL, a dv = P(X)dXx.

2. UnTerpansl BUaa fP(x)eade : jP(x)sin axdx, J-P(X) cosaxdx, rae P(x) — MHoOrousen, a a —

HeKkoTopoe uucio. Iy ux BeUMCICHUS cieayer mpusath U =P(X), a dv = e¥dx, dv = sinaxdx, dv =
cosaxdx.

Kak BUJHO, IIOCJICOOBATCIIBHOC IMPUMCHCHHUEC q)OpMy.]'IBI HHTCIPUPOBAHUA I10 YaCTAM IIO03BOJIACT
IMMOCTCIICHHO YIIPOCTUTD (I)yHKI_[I/IIO " OIPpUBCCTHU UHTETPAIT K Ta6J'II/I"IHOMy.

3. UnTterpansl Buna jea" cosbxdx, jeax sinbxdX, rne a u b — HEKOTOpbIE YKCa. DT UHTErpajbl
BBIUNCIIAOTCS ABYKPATHBIM HHTETPUPOBAHUEM I10 YACTAM.

Konmponvhvie 6onpocei
1. IlepBooOpa3Hasi.
2. TlpaBuia HaXOX/IEHUS IEPBOOOPA3HBIX.
3. OmnpeneneHne HEONPEIEICHHOTO HHTETPAA.
4. CBoOICTBa HEOIPEICIIEHHOT'0 UHTErpaa.
5. Meroasl MHTErpUPOBAHUS.

Tema 12.2. OnpeaesieHHbIH HHTErPAJI U €ro NPpUMeHeHHue

Buluucnenue onpeoenennbix uHmezpanog ¢ nomowwvio gopmyavt Hetomona-Jleibnuya.
Haxoorcoenue nnowaodeu gpueyp.

Ymemu: BBMHCIATH  ONpEJENeHHbIE HMHTErpayibl ¢ Momolibio ¢Gopmynsl Hetotona-JleiiOnuma,
BBIUMCIIATH IJIOLAAb KPUBOJIMHEHHON Tpanenuu, puryp, orpaHiYeHHbIX 3a/1aHHBIMH JTUHUSMU.

3namy.  anTOPUTM BBIYMCICHUS OIPEJCIEHHBIX WHTErpajoB C MOMOIIblo (opmynsl HbroToHa-
JleiiOHUL, METOABbl BBIYMCIICHUS ONPEICIIEHHBIX HHTETPAJIOB AaJrOPUTM BBIYMCIEHUS IUIOMIAeH

buryp.

Mycts pynximsa f (X) ompenenena na otpeske [@,0]. Pazo6rem orpesox [@,0] nma n mpouspomsaEX

yacTeii Toukamu @ = Xg < X; < Xy <...< X4 <X <...< X, =D. Ha xaxnom
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W3 YaCTHYHBIX OTPE3KOB BBIOEPEM TIPOM3BOJIBHO Mo onHOM Touke: C; €[a, X;], C, €[Xy, X, ],
.., €y €[X,4,b].

y=f(x)
f(cy) \
fley)) .

a /\,‘ Xy X, /b)i

C, X, G c

n

Beenem o6o3nauenus: AX; = X; —a, AX, =X, — Xg, ..., AX, =b—X_ ;.

n
CocraBum cymMmMmy: O = Z f(Ci )AXi , KOTOpasi Ha3bIBACTCS UHMESPANbHOU CYMMOU HYHKLINU
i=1
f (X) Ha OTPE3KE [a, b].
TI'eomempuueckuii cmoicn o: Kaxaoe cinaraeMoe MHTEIPAIbHOW CyMMBI MPEACTABISIET COOO0M
mIomaas MpsMOyroibHuka ¢ ocHoBanueM AX; u Boicotoit f(C;), mokpeiroro mrrpuxoskoii Ha
PHUCYHKE.

O6o03naunMm uepe3 A = max(Axi), i = 1, 2, ..., N — IMHY HaUOOJBILIETO YACTHYHOTO OTPE3Ka.
Bennuuny A uHOTIa HAa3bIBAIOT NAPAMEMpPOM pa3OUeHUs.

PaCCMOTpI/IM mnponecc, Mmpu KOTOPpOM 4YHUCIIO TOYCK pa36I/ICHI/I${ HCOTPAHNYCHHO BO3pACTACT
TaKHUM 06pa30M, YTO BEIUYUHA A CTPEMUTCA K HYJIIO.

Ecmn CYHmICCTBYCT TIPCHALCII HHTeraHBHOﬁ CYMMBI |: ||m O, TO OH HAa3bIBAaCTCA
A—0

onpedenennvim unmezpaiom ot Gynxmmu | (X) na orpeske [a,D] u 0603Hauaercs

I:j)'f(x)dx

B stom ciyuae dynkuua f(X) maseBaercs uwmezpupyemoii na ompesxe [a,b]. Yucno a
Ha3bIBACTCS HUINICHUM NPEOeloM UHME2PUPOBAHUS, & YUCIIO D — eepxuum npedenom unmezpuposanusi.

Ecnu takoii mpenen cymecTByeT, TO OH HE 3aBUCUT OT NEPBOHAYAJIILHOTO pa30MEHUs OTpe3Ka
[a,b] u BrIGOpa Touek ci. 3 onpenenenns onpeaeneHHOr0 MHTErpaia CIeAyeT, YTO ero BelTHYMHA
3aBHCHUT TONbKO OT Buaa pyskuun T (X) u ot umcen a u b. CrnenosarensHo, ecnm 3amansl f (X) u

npeJiebl UHTETPUPOBaHUS, TO MHTETPaJl ONpeAesseTcs] OJHO3HAYHO U MPEICTaBIseT COO0H HEKOTOpOe
YHCIIO.
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Teomempuueckuii cMbLC Onpedenennoz0 UHMezpand.
\ Ecmu f(X) >0 na orpeske [@,b], To onpenenenmbrii
y=f(x)

b
HHTETpaI I f(X)dX reOMETPUYECKH  IIPEACTaBIISAET
a
co0oil TIoIanb KPUBOJIMHEHHOW Tpameuuu — QUrypsl,
OTPAaHUYEHHOW JMHUAMH Y = f (X) , X=a, X= b ,

y=0.

S
>
v <

A
Ya b

b >
Ecm f(X) <0 na orpeske [a@,b], 10 S =—] f(X)dX. ~ / X
a
y=f(x)

Ceoiicmea onpedenennozo unmezpana

3. Eom ¢ efa,b], o [ f(x)dx=] f (x)dx+] f (x)dx:

a

b b b
4. [[F(x)+ g0)ldx = (x)dx+ [ g(x)dx;
b b
5. ka (X)dX = kf f (X)dX, roe k — IIPOM3BOJIBHOE YUCIIO.

®opmy.aa Herorona-Jleiionnna

Ecmn ¢ynxmms f(X) wmenpepeisra Ha otpeske [@,0] un dymxkmua F(X) sBaserca ee

nepBOOOpa3HON HA ITOM OTPE3KE, TO UMEET MeCTO hopmyna Hvromona-Jletibnuya

T f(x)dx=F(x)’ =F(b)- F(a),

a

TO €CTh OINPE/ICICHHBIA HHTETPal PaBEH Pa3HOCTH 3HAUYEHUI MepBOOOpa3HON MPHU BEPXHEM U HUKHEM
npejesiax THTErpupOBaHUS

3ameHa nepeMeHHBbIX B ONpe/leIeHHOM HHTerpaJe
b
[TIycts 3amaH mHTErpan I f(x)dx, rne f(X) — menpepwiBHas dynxims Ha orpeske [a,Db].
a
BBeieM HOBYIO TepeMEHHYIO B COOTBETCTBHUHU C GOpMYIIOi X = (0('[) . Torpa ecnu:

1) p(a)=a, p(B) =b;
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2) ¢(t) u @'(t) menpepsiBubI Ha oTpeske [, £];
3) f(¢(t)) onpenencna ua orpeske [, f],

TO

b g
J £ (x)dx =] f[p(®)]¢'(t)dt

Ota GopmyIia Ha3bIBACTCS hOpMYI0L 3aMeHbl NEPEMEHHOU 8 ONPEOeleHHOM UHmezpaie.

3ameuanue. Ecnu Tpu BBIYUCIEHUU HEOINPENEIEHHOINO HMHTErpaja C IOMOILBIO 3aMEHbI
[IEPEMEHHON CJeAyeT OT HOBOM IIepeMEHHOM ! BO3BpallaTbCsd K CTApOM INEPEMEHHOM X, TO IIpU
BBIYNCIICHUH OINPEJIETIEHHOT O WHTErpajia 9TOTO JIeNaTh HEHYXKHO, T.K.

g g
| flp]¢ (M) dt=Flp®)]| =Flp(B)]- Flp(a)]=F(b)-F(a)

HNuTerpupoBanue mo 4acram.

Ecmu dynkmum U = U(X) uvVvs= V(X) HEIPEPBIBHBI HA OTPE3KE [a, b] , @ TAKXKE€ HEINPEPHIBHBI
Ha 3TOM OTPE3Ke MX MPOU3BOAHBIC, TO CIIpaBeauBa (hopmya:
b b b
fudv=uv| - [vdu.
a a

a
KOTOpasi Ha3bIBACTCS YOPMYNIOU UHMESPUPOBAHUS NO YACMAM 8 ONPeOesieHHOM Unmezpaie.

Tak>ke Mpu BRIYUCICHUN ONPEIETICHHOTO HHTErpajia UCIOJIb3YIOTCS CIeAYIOIINE MPaBUIa;

a a a
Ecu f(X) — meuernas, To J. f (X)dx =0, ecn neueTnas, j f(x)dx= ZI f (x)dx
—a -a 0

I'eoMmeTpuuecKkue NPUI0KEHUS ONIPeNeIEHHOT0 HHTerpaJa.
IInowaow nnockoi ghuzypel.

a) IInomaae KpUBOJIMHEHHO# Tpameruu, orparndeHHoil kpusoit Y = T (X), npameimu X =a u
b

X =D u orpesxom [a, D], Beruncnsercs mo popmyne S = I f (x)dx
a

(T3

X, T.€.
Ecnu rpaduk pacronoxen Hike ocu Ox, T.e. (X) <0, To miomans uMeeT 3HaK , €CJIU TpaduK
pacmnomnoxxeH Boiie ocu Ox, T.€. f (X) > 0, To IIOIIaabh UMEET 3HaK “+”.

y

Ql la \_/ Ih X

Taxum oOpa3oM, ISt HAaX0XKJICHHUsI CyMMapHOH IJIOIA iU UCIIONb3yeTcs hopMya

S:Tf(x)d
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0) [Tnomans GuUrypel, OrpaHMYEHHON KPUBBIMH Y = fl(X) uy,= f2 (x) (fl(X) < fz (X)) "
npsveivE X =@ u X = D, maxomures mo dpopmymne

b
S = [[£,(0) - f,()]dx

B) Ecnu kpuBas 3anaHa mapamerpudeckumu ypasenusmu X = X(t) u Yy = y(t), o mromans

KPUBOIMHEHHOH Tpamenuy, orpaHHYeHHON 5Tol KpuBOi, mpaMbiMu X=a u X =D wu orpesxom
tZ

[a,b], Bepaxaercs dopmymoit S = J y(t)x'(t)dt, rne t1 u t2 ompenensiorcs M3 ypaBHeHHid
tl

a=x(t,) ub=x(t,).

Koumponvnvie sonpocwi

1. Onpenenenue onpeneaeHHOro HHTErpaa.

2. CBoiicTBa OMpEICICHHOTO HHTETpaJa.

5. BeraucieHue onpeeieHHbIX HHTETPAIOB ¢ TTOMOIIBI0 Gpopmyinsl HetoToHa-JIelioHuIa.
4. MeTtozibl HaXOXACHUS OMPECICHHBIX HHTETPAJIOB.

5.0mnpeneneHue KPUBOJIMHEHHOM Tpaneluu.

6. ATOpUTM HaXOXKJIEHUS TUIOIIAU (UTYPbI, OTPAaHUYCHHOMN 3aJaHHBIMU JINHUSMHU.

100



Tema 13 .U3MepeHusi B reoMeTpHu.
Tema 13.1. O6bem u ero usmepenne. Uurerpanbuasi popmyiia oobema.

Tlousamue obwvema u ezo ceoticmsa. Unmeepanvnas ¢hopmyna odvema. Dopmynvi odvema
Ky0a, npsamoy201bH020 napaiienienuneod, NPUusmol, YUIUHOpA.
Dopmynvl 06vema nupamudsl u Kowyca. Popmynvl niowadu nOGepXHOCMell YUIUHOPA U KOHYCA.
Dopmynvl obvema wapa u niowaou cgepol.

Ymems: BEIIUCTIATE O6’beM MHOTI'OI'PaHHUKOB U O6’beM mapa; BbIYHUCIATH IJI0IAaAb HOBerHOCTefI
IIJIHH/PA U KOHYCa U Chephl.
3nams. IOHATHE 00BbEMA U €T0 CBOWMCTBA, MHTETpalibHAs (hopMyia oobeMa, Gopmymsl oObema Kyda,
IPSMOYTOJIBHOTO Hapauiesenure/a, TPU3Mbl, IUITHHIPA, GopMyJIbl 00beMa MUPaMUJIbl U KOHYCA,

(G opMyIIBI IIOMIAAN MOBEPXHOCTEH MWIHHIPA U KOHYca, (hOpMYJIBl 00beMa IIapa U TUIOIMAIH Cephl.

Tena paBuoBenukue. IIpocTpaHcTBO, 3aHMMaeMoOe KaKUM-HUOYAb TEJIOM, WIHM BMECTHUMOCTb
3TOro Teia Ha3. ero o0beMoM. MoryT ObITH Takue Tesa, KOTOpble UMEIOT OJWHAKOBBIM 00bEeM, HO
Pa3IUYHbIN BUJ, TaK YTO XOTS OHU U 3aHUMAIOT OJUHAKOBOE MPOCTPAHCTBO, HO HEJIb3$ BJIOKUTH OJIHO
TEJO B Pyroe Tak, YTOObl OHU COBMECTMIINCH. Bo3bMeM Hamp. Be mpsiMble TpeyroJibHble npu3Mbl AB
u EF (puc.l.), KOTOpBIX OCHOBaHMsI U BBICOThI PaBHBI;

N

A E

Puc.1
Puc.2.
MBI MOJKEM MPUCTABUTH TU MPU3MBI OJIHY K JPYToif Tak, uTo oOpasyercs ogHa npusmMa MN (puc.2.),
KOTOpOIl OCHOBAaHHE TO JXK€ CaMmoOe, a BBICOTAa BJBOE OOJBIIE; MOXXKEM TaKXKe COCTaBUTh W3 HHUX
napamnenenunen KL; oovem napannenenunena. Oyner, o4eBHIHO, paBeH o0beMy mnpuszMbel MN, Tak
Kak 00a 3TH Tejla COCTOAT M3 OJHUX M TEX e MPHU3M; HO MHapajulelenuies, KOHEYHO, HE MOXKET
COBMECTHThCS ¢ pu3Moi. Tena, uMmeronue paBHbIil 00beM, Ha3. paBHOBEITUKUMH.
Eounuya onsa usmepenus 06vemos.

W3meputh 00beM Kakoro-HmOyAb  Teda, 3HAYMT  HAWTH, CKOJBKO Pa3 B HEM MOXKET
IIOMECTHTBCS  JPYroe Telo, O00beM KOTOPOTo NMPHHUMAETCS 3a €AWHUIy. Takod enuHHIEeH
CIY’)KUT ~ KyO, KOTOPOro Kakjoe peOpo = JMHEWHOW eIUHMIIE, HaMp., CaKeHH, apIIMHy U T. MOJ.
Takum  oOpasoM, omnpeaenuTb O00bEM WM BMECTHMMOCTb KOMHAThl 3HAYUT Y3HATh, CKOJIbKO
IOMECTUTCS B HEeW KyOMYecKMX cax., KyO. apml u T. moa. [y 3Toro Hajgo Obl MOCTaBUTH B
KOMHATe OJIHY KyO. Cak. WJIM OJIMH KyO. apIil. psAOM C 3TOW eIMHUIIeH IOCTaBUTh APYToi TaKoi KyO,
OTOM TpPeTUdl M T. J., TIOKa BCI KOMHaTa He HanoiHutcs. Ho Takoe m3mepenue Oyaer u
HEYZI00HO, ¥ BECbMa MPOIOJKUTEIBHO; MBI TIOKXEM ceiiuac, KakuM o00pa3oM MOXHO H3MEpsTh
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00BEMBI TEJI, HE TIOMENIas B HUX Ky0. Mep.

Ceoticmeo 00vemos:

1. PaBHbIC TeNa UMEIOT PaBHBIE OOHEMBI.

2. Ecnm Tenno cocTaBiieHO U3 HECKOJIBKUX TEJl, TO €r0 00hEM paBeH CyMMe 00BEMOB ITHX TeJ.

Obvem npsamoy201vbHo20 napanieienuneod.

Wrak, uto6 onpenenuts 00beM MPSMOYTOJIBHOTO Tapajuieienunesia, Hal0 U3MEPHUTh OAHON 1
TOH XK€ JTMHEHHOW €IMHUIICH TPU pedpa ero, BBIXOAIINE U3 00IIel BEpIIUHBI, U TOJyYCHHBIC YHCIIa
NEPEMHOXKHUTh; TPOU3BEICHUE TMOKAXET, CKOJIKO COACPXKUTCA B Map-I€ COOTBETCTBYIOIIUX
KyOnueckux enuHull. B npsMoyronsHOM napaiuienenumneae Tpu pedpa, Uaynue U3 OJHONW BEpILUHBI,
Ha3bIBACTCS] U3MEPEHUSIMH 3TOTO MapajuIeNenuIe1a; MO3TOMY IpeAbIyIee IPpaBuio 00 OonpeieIeHnn
o0bemMa Kopoue BBIPaXaloT TaK: 00bEM MPSMOYTOJIBHOTO Mapaljiesienuiea NPoUu3BEACHUIO TPEX ero
U3MEPECHUM.

MoXHO cKa3zaTh TakXe, 4TO 00beM MPSMOYTOJbHOIO Mapajulesienuneaa MPOU3BEACHUIO
IUIOIIA/IA €T0 OCHOBAHUS Ha BBICOTY.

E

. 7

ble |
_:;r?ﬁ;‘,;;'_'__;;:f."E;/ D

A B

Cneocmesue 1. O6beM NMPSAMOYTOIBHOTO MapaljiesienuIeia paBeH MPOU3BEACHUIO IUTOMAIN OCHOBaHUS
Ha BBICOTY.

V=Sh,
rae S — IIoImaab OCHOBaHHsA, N — BRICOTa NapaJuiesenure/a.
Cneocmsue 2.00beM mpsiMOii MIPU3MBI, OCHOBAHMEM KOTOPOM SBIISIETCS MPSIMOYIOJIbHBIN
TPEYTroJbHHUK, PABEH IIPOU3BEIECHUIO IIJIOLIaIM OCHOBAHNUS Ha BBICOTY.
V =S5

Obvem nupamuowi.

Bceskas nupamuga  cocraBisger 1/3 mpu3Mbl TOTo K€ OCHOBAHUS M TOH e BBICOTHI. YTOOBI TPOBEPUTH
3TO, BO3bMEM SIIMK A, uMmerommii  Bux  npusmbl (puc.3.), u nupamuay B, BHyTpu mycTyio;
OCHOBaHME €€ TaKoe *ke, KaK y MPU3MbI, U BBICOTA TaKas JKe€; HACHIIUIEM B Hee MECKy WJIH HallbeM
BOJBI (11 3TOTO, pa3yMeeTcsl, €€ HaJl0 OOEpHYTh BEPIIMHON BHU3) TakK, YTOObI HANOJHUTH  €€;
IIOTOM BBUIBEM 3Ty BOJY B MpPU3MY; 3aT€M  OISATh HANOJHUM NMHUPAMHUIY M OISATh  BBUIBEM; MBI
YBUAMM, YTO HAJIO TPU pa3a NEpeIuTh BOAY U3 MNHpPaMUAbl B MPU3MY - U TOTJa TOJIBKO MpU3Ma
HanonHUTCS. [ToaToMy 06vem nupamudvi=1/3 npoussedenus niowadu e€ OCHOBAHUS HA GbLCOMY.

v=1soh
3

Obvem yceuennoll nupamuodsl, BEICOTa KOTOPOM paBHa h, a Tutomiaay OCHOBaHUUN paBHBI S U
S,, BeIUMCIsIETCS IO hopMyIie

Vz%h(S+Sl+,/S-Sl)
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|

A

| | \

—.
Puc.3.

Obvem yununopa.

[{uIuHIp MOXKHO CUMTATh 3a MPHU3MY, Y KOTOPOHl B OCHOBAaHMU HE MHOTOYTOJILHHK, a KPYT;
ClIe/IOBATENIbHO, 00BEM LWJIMHAPA ONPEACISICTCS TOYHO TaK JKe, KaK U 00bEM MPHU3MBI; T.e. 00beM =
IPOU3BE/ICHHUIO TJIOIIAM OCHOBAHHS HA BBICOTY.

V=S -h

Obvem xonyca.
Konyc MOXHO  cuuTaTh 3a NMPaBUIBHYIO MUPAMHIY, Y KOTOPOM B OCHOBAaHUU KPYT, a HE
MHOTOYTOJILHUK; ITO3TOMY 00beM KOHYCa ONpPEIeIsIeTCs TaK kKe, Kak 1 00beM MUPaMUIBL; T.€. 00beM =
OJIHOM TpEeTH MPOU3BEACHUS IJIONIAN OCHOBAHUS HA BBICOTY.

Vzls.h
3

Obvem yceuenno2o KoHyca, BbICOTa KOTOPOi paBHa h, a ruiomaam OCHOBaHUM paBHbl S u S,

\ :%h(8+81+,/8-81).

BBIYHCIISIETCS 10 (hopmyiie

Obvem wapa.

[ToBepxXHOCTh IIapa MOXHO CUUTATh COCTOSIIEH W3 YPE3BBIYANHO OOJBIIOr0 KOIWYECTBA
BeChbMa MAaJIbIX IIOCKHX (DUTYp, HAIpP. TPEYTrOJbHUKOB; €CIIM MBICIICHHO COSIMHHM BEPITHHBI THX
TPEYTOJBHUKOB C IEHTPOM Iapa, TO TMOJIYYMM MHOKECTBO NHPaMHUI, KOTOpbIE BCE BMECTE H
COCTaBJISIOT 00BEM Iapa; BCE 3THU MUPaM. UMEIOT OJIHY BBICOTY, HMEHHO PaJHyC I1apa, a OCHOBAHUS
UX COCTaBISIOT MOBEPXHOCTHh Imapa. Ho 4ToOBl HalTH 00BEM MUPAMUIBI, JOJDKHO IUIOMIANb €€
OCHOBaHUSI YMHOXXHTH Ha 1/3 BBICOTHI; CI€IOBATEIbHO, MBI HaliJleM CyMMYy OOBEMOB BCEX MUPAMMU/I,
WK 00beM Iapa, ecIl YMHOKHUM CYMMY BCEX OCHOBAaHUU WM TTOBEPXHOCTH IIapa, Ha TPETh paauyca.
Hrak, 00bem 11apa = MoBEpXHOCTH Iapa, YMHOKEHHOM Ha TPETh paanyca.

v=2gs

3

Koumponvnvie sonpocwi
1. ITonatue oObeMa U €ro CBOICTBA.
2. UnTerpanbHas hopMyina oobema.
3. ®opmy1el 00beMa KyOa, MPsIMOYTOIBHOTO NapajuieNenune1a, Ipu3Mbl, [UIHHAPA.
4. ®opMyibl 00bEMa MUPaMHJIbI U KOHYCA.
5. @opMmybl IJIOHIAAN TOBEPXHOCTEHN IIMIIMHIPA U KOHYCA.
6. ®opmyrel 06beMa TIapa u miomaan chepsl.
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ITonoOue Tea (10MOJIHUTEIbHBIH MaTepPHAJ)

Jléa mena nooooOHbl, €CIIU OJTHO U3 HUX MOJKET OBITh IMOJIy4Y€HO U3 APYTOro MyTEM YBEIUYCHHUS
(M yMEHbILEHUS ) BCEX €ro JIMHEHHBIX pa3MepOB B OJHOM U TOM K€ OTHOIIEHHH. ABTOMOOWIb U €T0
MoJeNlb — Moj00HbIe Tena. J[Ba Tenma (purypsl) 3epkajgbHO MOJOOHBI, €CIM OAHO M3 HHUX MOAO0OHO
3epKaJbHOMY OTpakeHHIO Apyroro. Hanpumep, kapTuHa u e€ pOTOHEraTuB 3epKajbHO MOJ00HBI APYT
Apyry.

B nmomo6HbIX U 3epKajgbHO MOMOOHBIX (UTypax BCE COOTBETCTBEHHbBIC YIJIBI (JMHEHHbBIEC U
JIByTpaHHbIE) PABHBI.

B mogo6HBIX Tenax MHOTOTpaHHBIE U TEJECHBIE YIUIBI PaBHBI; B 3€pKajbHO MOJAOOHBIX Telax
OHU 3€pKaJIbHO PABHBI.

Eciu  0sa mempasopa (06e mpeyeonvHble  nupamudvl) HUMEIOT  COOTBETCTBEHHO
PONOPLUHOHATIBHBIE PEOpa (MM COOTBETCTBEHHO MOI00HBIE IPaHH), TO OHU MOJOOHBI WM 3epKaJIbHO
nono0Hbl. Hampumep, ecnu rpaHu mepBoil mupamMuabl BIBOE OOJbIlE, YEM y BTOPOM, TO BBICOTHI,
anoeMbl, paguyc OMMCAHHOTO Kpyra MepBOW MUPaMUABI TaKKe BIBOE OOJbIIe, YeM y BTOpPOH. DTa
TeopeMa He MMEeeT MecTa JJii MHOTOTPAaHHUKOB ¢ OOJBIIUM YHCIOM rpaHei. [Ipeamnonaoxkum, 4To Ml
COCIMHMUIN Bce p&Opa Kyba B €ro BEpLIMHAX MOCPEICTBOM LIAPHUPOB; TOT/Ia MBI MOXEM H3MEHUTh
dbopMy 3T0i1 pUrypsl, HE pacTAruBas €€ CTep:KHU, U MOITYYUTh U3 HAYaJIbHOTO Ky0a napasuiesenumne]l.

/lee npasunvhvie npusmvl uau nupamuodbl ¢ OJAWHAKOBBIM YHCIOM TIpaHel IOJ0OHBI, €CIu
paauychl UX OCHOBAHMM MPOIMOPLUOHAIBHBI MX BbICOTaM. JIBa KpyriblX LUIMHApPA WK KOHYca
NOJOOHBI, €CIH PaIuyChl UX OCHOBAHHI MPOMOPIUOHATIBHBI KX BBICOTAM.

Ecnu 06a u 6onee men nooodHsl, TO TIIOMIAU BCEX COOTBETCTBYIOIIMX IJIOCKHX M KPUBBIX
MOBEPXHOCTEH 3TUX TeJl MPONOPLUUOHATIBHBI KBaIpaTaM JIFOOBIX COOTBETCTBYIOIIUX OTPE3KOB.

Ecmu o0ea u 6onee men noododbmvi, T0O HX O00BEMBI, a TaKkKe OOBEMBI JIIOOBIX HX
COOTBETCTBYIOIIUX YaCTEH, MPOMOPLHUOHATIBLHBI Ky0am JIF0OBIX COOTBETCTBYIOIIUX OTPE3KOB.
I[Ipumep. Yamka guamerpoM 8 cMm u BbicoToM 10 cM BMemaer 0.5 nutpa Boabl. Kakux pazmepon
JI0JKHA OBITH IOJJO0HAS Yalllka, BMeIaromas 4 JuTpa BoJIbI?

Pemenue.llockoiapKy 4Yamku — MOAOOHBIE MHIMHAPHI, TO OTHOIIEHHWE HX OOBEMOB pPAaBHO
OTHOIIEHHUIO KyOOB COOTBETCTBYIOIIMX OTPE3KOB ( B HAIIEM CIIy4ae — BBICOT M JMAMETPOB YaIleK ).
CrenoBaTesbHO, BBICOTAa N HOBOM YaIlIKW HAXOAUTCS U3 OTHOIICHHS:

(h/10)°= 4/05. Toecte h°=8-10°, orxyaa k=20 cu:

dAHANOTHHNHO, OId OHaMeTpa d TTOTYHIIM

(d/8)°=4/05. Toects d° =8-8°, omyna d=16 cm .
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Tema 14. JjieMeHTHI TEOPUH BEPOATHOCTEN M MATEMATHYECKON CTATUCTUKH
(mpoxoskeHune)

Tema 14.1. luckpeTHbIe cIyqaiiHble BeJTUYMHbBI

Tlousmue Ouckpemuou CayuaiHol eiutunsl. 3aKoH pacnpeodenenus OUCKPeMHOU CIYUAliHOU
genuyunbl. Beposimuocms ouckpemmoti ciy4atiHol enudunsl. Xapakmepucmurku OUCKPEemHouU
CAVUAUHOU BETIUYUHDL

Ymemsb:HaxoIUTh BEPOATHOCTD JUCKPETHOM ClTydyaliHOM Benn4uHbI 110 opmysie bepHyinu, HaX0auTh
€€ XapaKTEPUCTHUKHU.
3namu:onpeeneHue TMCKPETHON CilydaliHON BEJIMYMHBI,3aKOH €€ PACIIPEICIICHUS U XapaKTePUCTHKY

3axon pacnpedenenus ciryuyauHou 6eIUYUHbL

Cnyuatinot eenuyunot (c.B) X Ha3bIBa€TCS BETUYNHA, KOTOPAsk B PE3yJIbTATE OIBITa MOXKET
MPUHUMATh TO WM WHOE 3HaYEHUE, IPUYEM 3apaHee U3BECTHO KaKOe HMEHHO.
City4aiiHble BEJIMYMHBI MOKHO Pa3Ae/IUTh HA IBE KATETOPUU: IUCKPETHBIE U HEITPEPHIBHBIE.

JIuckpeTHO! ciydaliHOM BEMTUYHHOM ([1.C.B.) HA3bIBAETCS TaKas BEJIMYUHA, KOTOpas B
pe3yJbTaTe OnbITa MOKET PUHUMATDH OIPEACIICHHBIE 3HAUYEHUS C ONPEICTICHHON BEPOATHOCTHIO,
00pa3ymoIme cCueTHOE MHOXKECTBO (MHOKECTBO, SJIEMEHTHI KOTOPOTO MOTYT OBITh 3aHYMEPOBAHBI).

Psioom pacnpedenenus n.c.B. X Ha3pIBaeTCs TAOJIMIIA COOTBETCTBUS 3HAUCHUH CITy4aitHOM

BCIIMYHHBI U UX BepOHTHOCTCﬁ.

3nee P, = P(X =x); Yp, =1.

bunomunanvuwiti 3akon pacnpeoenenus CnydyailHas BenuuuHa X  HMEET OuUHOMUANbHOE
pacnpeoenenue, €CIM OHA O3HAYAET KOJIMYECTBO MOSIBICHUN COObITHSI 4 B N HE3aBUCUMBIX OIBITAX.
BeposTHOCT KaX10TO 3HAYEHHUS STOM CIIyYaitHOM BEIMYMHBI MOYKHO HaiiTH 1o popmyne beprysm.

P(X =k)=P (k) =C*p*q™, k=012,...
Yucnoevie xapaxmepucmuku OUCKPEMHBIX CYYAUHBIX GEITUYUH
Mamemamuueckoe odxxcuoanue 0.c.8.

[Ipn pemennn MHOTMX 3agady ObIBa€T JOCTATOYHBIM 3HAHHWE HECKOJIBKHUX YHCIOBBIX
XapaKTEPUCTUK CIydyalHOM BenuuuHbl. OJHOM M3 TakUX Ba)KHEWIIMX YHCIOBBIX XapaKTEPHUCTHK
SABISICTCSL  MamemMamuyeckoe OoxCuoaHue, KOTOpOe MPUOIMKEHHO PpaBHO CpeIHEMY 3HAYCHHUIO

CIIy4allHOM BEJIWYMHBI, BOKPYT KOTOPOTO I'PYIIIIUPYIOTCS BCE €€ OCTaJIbHbIe 3HaUeHus. Tak, HalpuMmep,
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IpU M3YYEHUH pacIlpelesieHus HEKOTOPOro SKOHOMHYECKOTO MoKazarenst paborel manHoro CMY
IPEKIE BCETO UHTEPECYIOTCS €r0 CPETHUM 3HAUECHHUEM.
Mamemamuueckum — oxcudanuem  TUCKPETHOMW  CIydyalHOW  BEJIWYWMHBI  HA3bIBA€TCA CyMMa

HpOI/ISBe,I[eHI/Iﬁ BCEX BO3MOXHBIX 3Ha‘leHI/II71 cnyqaﬁHoﬁ BCJIIMUYHUHBI HA UX BePOHTHOCTI/IZ
n
M(X) =X P, + X, P, + .. X, P, =D X P;.
i=1

Jucnepcus u cpednee keadpamuueckoe omkIOHeHUe
Ha mnpaktuke uyacto TpeOyercss OLEHHUTh paccesHHE BO3MOXKHBIX 3HAUEHUH clyyailHON
BEJIMUMHBI BOKPYT €€ cpenHero 3HaueHus. Hanpumep, B apTuiiepuy BaXXHO 3HaTh, HACKOJIBKO Ky4YHO
JSATYT CHApsAbl BOJIM3H LI€NU, KOTOpast JOJKHA OBITh MOpa)KeHa.
Hucnepcueii (pacceusanuem) HIUCKPETHOW CIy4ailHOW BEJIMYMHBI HA3bIBAETCS MAaTEMaTUYECKOE

0’KMJIaHHE KBaJpaTa OTKJIOHEHUs CIy4YallHON BEJTUUYMHBI OT €€ MaTEMaTUYECKOTO OKUJIaHUS.
2
D(X)=M[X =M (X)].
J71s1 BEIUMCTIEHUST TUCTIEPCUH YacTO OBIBACT YA00HO MOJB30BATHCS CIIEAYIONMIEH TEOPEMOIA:

Teopema. Jlucnepcus paBHa pa3sHOCTH MEXAYy MaTeMaTHYECKUM OKHMJaHHEM KBaJpara CiIyd4ailHOM

BCJIIMYUHBI X u KBa,[[paTOM cC MarTeMaTHNUYCCKOro O)I(I/I,Z[aHI/ISIZ
2 2
D(X)=M(X?*)-[M(X)].
Cpeonum keadpamuyecKkum OMKIOHeHUueM CIydalHOW BETMYWHBI X HA3bIBAETCS KBAJPATHBIN

KOPCHb U3 JUCIICPCUHN:

o(X) =/D(X).

Tema 14.2. OcHOBHBIC MOHATHA MATEMATHYECKOM CTATUCTUKH

Onpedenenue mamemamuyeckou cmamucmuku. [lonsmue eenepanrbHOU cOBOKYNHOCHIU.
Bapuayuonnwiii pso. @yuxyuu pacnpedenenus. [Ipeocmasnenue danHvlx (madauysvl, Ouazpammol,
epaghuxu, NOIUSOH, SUCMOSPAMMA)

Ymemyw: npencTaBiATh 1aHHBIE CTATUCTUYECKOTO PACIIPEEICHHS

3nams. OCHOBHBIE IOHATUS MAaTEMATUYECKON CTaTUCTUKU

Mamemamuueckaa cmamucmuka — Pas3e]l MaTeMaTHKH, B KOTOPOM H3Yy4aroTCs MeToJbl cOopa,
cucTeMaTH3alud M OOpabOTKM pe3ysIbTaTOB HAOMIOJEHUH MAacCOBBIX CIIy4YalHBIX SIBICHHHA IS
BBISIBJICHUS CYIIECTBYIOUINX 3aKOHOMEPHOCTEM.

1Ipeomemom mamemamuueckou cmamucmuky SBISETCS W3y4YEHUE CIyYalHBIX BEJIWYMH (WM
CJIydaifHbIX COOBITUH, TPOLIECCOB) M0 pe3yJIbTaTaM HAOIIOICHHH.

I'enepanvhoii co80KYNHOCHbIO HA3bIBAETCSI — COBOKYIMHOCTb BCEX MOJJICKAIIUX U3YyUCHHIO 00BEKTOB
WIM BO3MOXHBIX PE3YJbTaTOB BCEX MBICIUMBIX HAOJIOEHUHN, MNPOU3BOAMMBIX B HEU3MEHHBIX

YCJIOBHSX HaJ OJHUM OOBEKTOM. 3a4acTyHO MPOBOJUTH CIUIONIHOE OOCJIEIOBAHHE, KOT/Ia M3y4aroTCs
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BCE OOBEKTHI, TPYAHO WM JAOPOTO, @ MHOT/Ia M HEBO3MOXKHO. B 3THX cilyyasix HaMIy4IIUM CIIOCOOOM
o0cIie1oBaHus SBISIETCS BHIOOPOYHOE HAOJIOACHUE: BEIOMPAIOT U3 TeHEPATbHONW COBOKYITHOCTH 4aCTh
ee 00BEKTOB («BBIOOPKY») U MOABEPTAIOT €€ U3yUCHHUIO.

Buvibopounoii  cogokynnocmvto  (6b100pKoli) HA3BIBAIOT COBOKYIHOCTh OOBEKTOB, OTOOpPaHHBIX
CillydailHBIM 00pa3oM M3 TeHEepaJbHOM COBOKYMHOCTH. bomee crporo: BbeIOOpKAa — 3TO
MOCIIEA0BATEIBHOCTh X1, X2, ... Xn HE3aBUCUMBIX OJMHAKOBO PACIPEAEICHHBIX CIy4alHBIX BEJIWYHH,
pacrpelieieHue KaKIIol M3 KOTOPHIX COBIAJACT C paclpeleiiCHUEM TeHEpajIbHON CllydaitHON
BEJIMYHHBI.

Yucno oObexToB (HAOMIOACHUI) B COBOKYHMHOCTH, F€HEPAJbHOW WM BBIOOPOYHOH, Ha3bIBACTCS €€
o06vemom; obo3Hauaercsi coorBeTcTBeHHO uepe3 N u N. KoHkpeTHbie 3HaueHus1 BHIOOPKH, MOJTyYEHHbIE
B pesyinbTaTe HaOMOICHUA (MCIIBITAaHUHN), HA3BIBAIOT peanuzayueil 6blOopku ¥ 0003HAYAIOT
CTPOYHBIMU OYKBAMH X1, X2 ...Xn.

MeToa CTaTUCTHYECKOTO HCCIEIOBaHMS, COCTOSIIMNA B TOM, YTO Ha OCHOBE M3y4U€HHs BHIOOPOUYHOMU
COBOKYITHOCTH JI€JIAETCS 3aKIIFOYCHHUE O BCEH TeHEepaIbHOW COBOKYITHOCTH, HA3bIBACTCS 8b100POUHBIM.
PaznuuaroT BEIOOpKH ¢ BO3BpalieHueM (ITOBTOpPHEIE) U Oe3 Bo3BpalieHus (becrmoBTopHbIe). B meprom
cilyyae OTOOpaHHBIH OOBEKT BO3BpALlAeTCSd B T'€HEPAJbHYIO COBOKYIHOCTb MEpei H3BICUEHUEM
CJIEZYIOLIETO; BO BTOPOM — HE Bo3Bpamiaerca. Ha mpakTuke wyamie HCHONb3yeTcs O0ecroBTOpHAs

BBIOOpKA.

Cmamucmuuyeckoe pacnpedeiieHue blOOpKU

[Iycte wm3ywaercs Hekoropas ciydaiiHas BenuuuHa X. C 3TOHM LENbI0 HAJ CIy4yalHOHR
BEJIMYMHON X NMPOU3BOAMTCS sl HE3aBUCHUMBIX ONBITOB (HalOmroaeHuil). B kaxaoM M3 3THX ONBITOB
BeIMYMHA X NPUHMMAET TO WU WHOE 3HadeHue. I[IycTs oHa mpuHsAna N1 pa3 3HadeHHe x1, N2 pas —
3HA4YEHHE X2, ...,Nk pa3 —3Ha4YeHHE X«x. [Ipu 3TOM N1 + N2 +...+ Nk = N— 00BEM BBEIOOPKH.

3HaueHUs X1, X2 ...Xx Ha3bIBAOTCS 6apuanmamu CrydaiiHoN BEIUUUHBI X.

Best coBokynmHOCTh 3HayeHHMM ciayyailHOW BeIMYMHBI X MpeAcTaBisieT coOOW MEepBUYHBIM
CTaTUCTHYECKUI MaTepuasl, KOTOpBIA TMOJICKUT JajbHelIed oO0paboTke, MpexIe BCEro —
YIOPSAIOYECHHUIO.

Omnepanusi pacroioKeHUs 3HAYEHUW CIy4ailHOW BeJIWYMHBI (MPU3HAKA) MO HEYOBIBAaHUIO
Ha3bIBACTCS PAHIICUPOBAHUEM CTATUCTUIECKUX JTAHHBIX.

[TonmyuenHas Takum 00pa3oM MOCIEJOBATENBHOCTD X1, X2 ...Xn 3HAUYCHUN CITy4allHOW BETMUUHbI

X (tme X, <N, <...< X, ) Ha3bIBACTCS 8APUAYUOHHBIM PAOOM.

Uucna Ni, MOKa3bIBaloOIINMEe, CKOJBKO pa3 BCTPEYAIOTCS BapUaHTBI Xi B psAlle HaOIOJIEHUH,
HA3bIBAIOTCS Yacmomamiu, a OTHOIIEHUE X K 00bEeMYy BBIOOPKU — OMHOCUMENbHbIMU YACTMOMAMU

.
(w)), T.e. w; = ;‘, e n=Li_ n..
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Cmamucmuyeckum pacnpeoeieHuem 6blOOPKU WU CIMAMUCMUYECKUM pPsiO0OM HA3BIBAIOT
MepeueHb BapUAHT Xi BAPUAIIMOHHOTO PSa U COOTBETCTBYIOIIUX MM YacTOT Ni WJIM OTHOCUTEIIHHBIX
4acTOT W;.

3anuchIBaeTCs CTaTUCTUYECKOE pacrpeaenieHue B Buae Tabmuibl. [lepBas cTpoka comepkKut

BApHaHTHI, 4 BTOpAas — UX 4aCTOTHI Ni (I/IJII/I OTHOCHUTCIIBHBIC I-IaCTOTbI).

Omnupuueckasn hynkyus pacnpeoeneHus

OpnHuM U3 cioco0oB 00pabOTKM BaPHALIMOHHOTO PsJia SBISETCA MOCTPOCHUE SMITMPHYECKOM
(GyHKIMU pacTpeaeeHHS.

Omnupuueckoti (CTATUCTUYECKOH) ¢hymryueii pacnpedenenus HaspiBaerca (yHkius F™(x),
ompenensmoomas A KKAOr0  3HAYEHHs X  OTHOCHTEIbHYIO  4acTOTy  COOBITHS
(X < x}kF (x) =p"{X < x}.

Jlisl HaXOXKACHUS 3HAYEHUH SMIMpUUecKoil pyHKIMH y100HO 1o1b30BaThes (HhopMyioi
R =2
rae N — 00beM BBIOOPKH, Nx — YUCIIO HAOIIOIeHNH, MeHbIIHX X (X € R).

OMnupuueckast QyHKIMs 00JaaeT ciaelyoIMMI CBONCTBAMU:

1. 3HaueHus SMIUpUYEcKOr (PYHKLINHU PUHAIIEKHUT oTpe3Ky [0,1].

2. F*(x) — neyObIBarommas OyHKI[HS.

3. Ecou x; — HauMeHblIas BapuaHTa, a X, - Haubonemas, To F(x,)=0 mpu

x=x, m F*(x,)= lnpux = x,.

Ionueon u cucmoepamma

CraTuCTHYeCKOe pacrpeesieHre u300pakaercss rpapuuecku (I HATTSIIHOCTH) B BHUJE Tak
Ha3bIBAEMBIX NOJUSOHA U SUCTOSPAMMbIL.

Huckpemnoe pacnpedenenue npusnaka X

ITonuroH, Kak MPaBUIIO, CIYKUT IS H300PaKEHUS JUCKPETHOTO (T.€. BAPHAHTHI OTIMYAIOTCS
Ha TOCTOSIHHYIO BEJIMYHMHY) CTaTHCTUYECKOro psima. [loiueonom uacmom Ha3bIBAIOT JIOMaHYIO,
OTPE3KU KOTOPOH COCTUHSIFOT TOYKHU C KoopAuHaTamMHu (x1,N1), (X2,n2), ..., (Xk,Nk);

Ilonueonom OMHOCUMENbHBIX 4ACMOmM HA3BIBAIOT JIOMAHYI0, OTPE3KH KOTOPOW COETUHSIOT
TOYKH C KOOpAUHATaMH (x1,W1), (X2,W2), ..., (Wk,pk), TJI€ Xi - BApHAHTHI BHIOOPKH;

BapuaHThI Xi OTKJIaJpIBAIOTCS HA OCH aOCIHCC, @ YaCTOTHI M, COOTBETCTBEHHO, OTHOCHTEIILHBIC
YaCTOTbI — HAa OCH OpAHHAT. IlonuroH OTHOCHUTEILHBIX YacTOT SBIISIETCS CTAaTUCTHUECKUM aHaJIOIoM
MHOT'OYTOJIbHHKA PAaCIpeIeIeHuS.

Henpepoisnoe pacnpedenenue npusnaxa X
JIist HENPEPBIBHO PACIPEETIEHHOr0 MpU3HaKa (T.e. BapHaHThl MOTYT OTJIMYATHCS OIHMH OT

APyroro Ha CKOJIb YyroaHo MaJIyro BGJII/I‘-II/IHy) MOKHO TOCTPOUTH MOJUTIOH YaCTOT, B3SIB CCPCIAHMHBI
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UHTEPBAJIOB B KauecTBEe 3HAUeHMH X1, X2,.....Xk.  bomee ymorpeburenpHa Tak Has3bIBacMas
TUCTOTpaMMa.

T'ucmozpammori yacmom Ha3bIBAIOT CTYNEHYATYIO (QUTYPY, COCTOALIYIO U3 MPSIMOYTOJIBHUKOB,

=

&
R

OCHOBAaHHUAMH KOTOPLBIX CIIYKAT YaCTUYHBIC UHTCPBAJIbI JJIMHBI h, a BBICOTEI paBHbI OTHOIICHHIO

IIJIOTHOCTBH 4YaCTOThI.

. -
[Imomane 4acTUYHOrO I-rO0 MPSMOYTOJIBHUKA paBHA h? =m; — CyMME 4YacTOT BapHaHT,

MOTABIINN B I-if HHTEPBAJL
OueBHUAHO, IO TUCTOIPAMMBI YaCTOT paBHA CyMME BCEX YaCTOT, T.€. 00BbeMY BBIOOPKH.
Tucmoepamma OMHOCUMENbHBIX YACMOM HA3bIBAIOT CTYICHYATYIO (QUIYPY, COCTOSIIYIO W3
NPSIMOYTOJIBHUKOB, OCHOBAHUSIMH KOTOPBIX CITYKAaT YaCTUYHBIC MHTEPBAJIBI JJIMHBI N, @ BBICOTHI PaBHBI

OTHOILIEHUIO % — IUIOTHOCTH OTHOCUTEJIBHBIX YacCTOT.
. s
[Inomans 4yacTUYHOrO I-ro MIPSIMOYIOJIBHHUKA paBHA h?‘ =m; — CyMME 4YacCTOT BapHaHr,

NIONABIINHA B i-ii HHTEPBAJL.
OueBUHO, IUIOIIAAb TUCTOIPAMMBbI OTHOCHUTEIIBHBIX 4acTOT paBHAa CyMME€ BCeX
OTHOCHUTEJIBHBIX YaCTOT, T.€. €ANHULIE.

3amanueNel. IloctpouTh  MONMIOH  YacTOT MO  JAHHOMY  PAclpeieNieHUI0  BBIOOPKHU:

Pemenue.
Xi |1 4 5 7 OtmeTM Ha ocu abCuUcC BapUAHTHI Xi, a Ha OCHM OpAuHarT —
n; 120 {10 |14 |6 COOTBETCTBYIOIIIUE MM YAaCTOTHI ™;, COCIWHUB TOYKU (X;,7;) OTpEe3KaMHu

MMPAMBIX, TTOJTYUYUM HMCKOMBIH ITOJIMTOH YacTOT.

L d
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3ananue Ne2. ITocTpouTh rHCTOrpaMMy YacTOT IO JAHHOMY PacIpeesIeHHIO BHIOOPKH 00bemMa

n=100:
Homep YacTH9HEIH HHTEPEAT Cwnva 9acTOT BapHAHT IIm0THOCTE 9ACTOTEL
HHTEpEATA HHTEpEATA

i X T X LT -
h

1 1-3 10 2.5

2 5-9 20 3

3 9-13 50 12,5

4 13-17 12 3

3 17-21 8 2

Pewenue. TloctpouM Ha ocu abciuce 3alaHHbIe HHTEPBabI JynHBL h=4. [IpoBeneM Hax dSTUMHU

MHTEpBAJIaMU OTPE3KH, MapajlIeIbHbIe OCH a0CIMCC U HAXOASAIIMECS OT Hee Ha PAaCCTOSIHUSAX, PAaBHBIX

COOTBETCTBYIOIINM IUIOTHOCTAM 4yacToT. Hanpumep, Hax untepsasiom (1,5) moctpoum

= | 2

|
Lh

k-2

OTpe30k, mapauieabHbIN OcH a0CIUCC, HA PACCTOSTHUN

7n, 10

L
—=—=25,
R 4

I'mcrorpamMma yacToT M300pakeHa Ha pHC.

KoumponvHule 6onpocwl

1. HpCI[CTaBJ'ICHI/Ie AAaHHBIX, T'€HEpaJiIbHasA COBOKYIIHOCTD, BBI60pKa, cpeaHee aqu)MCTquCKOC,

MeauaHa.

17
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YpaBHeHMsI U HepaBeHCTBA ( IOMIOJTHUTEILHBIN MaTepral)

PaBHOCH/IbHBIE YPABHEHHS M HEPaBeHCTBA.
Pagnocunvnvie ypagnenus.

YpaBHenud, uMewoniye 0JHO U TOXe MHOXKeCTBO KOPHeH, Ha3bIBAOTCA PABHOCUJIBHBIMH.
Hanpumep, ypaBHeHusi 4X-3=2X+3 u 2X=6 paBHOCHJIbHBI, TaK KaK KaX/J0€ U3 HUX HMEET

TONBKO OIMH KOpeHb X=3. YpasreHus (X-2)(x+5)=0 u X* +3X —10 = 0 Taxke paBHOCHIJILHBI, TAK KaK
OHM MMEIOT OJIHH M Te Xe KOPHH X, = 2,X, = -5 . VpaBHenus 2x=4 u 3x* =12 He paBHOCHIIbHBI, TAK
KaK [epBOe MMEET KOPEHb X=2, a BTOPOE — KOpPHHU X, = 2,X, =—2. W3 onpeneneHus paBHOCUIbLHOCTH

YPaBHEHMI CIIeZyeT, 4TO J[Ba YpaBHEHHs PaBHOCHIIBHBI, €CIM KaXblil KOPEHb MEPBOrO ypaBHEHHUS
ABJIACTCA KOPHEM BTOPOI'O YpPaBHCHHUSA H, HaO60pOT, Ka)K)II:Iﬁ KOpPCHb BTOPOr'o YpaBHCHHA SABJIACTCSA
KOPHEM IIEPBOT0 YPAaBHEHUS. YpagHeHus, He umeioujue KOpHel, makice Cuumarom pagHoCUlIbHbIMU.

M3 xypca 7 kmacca Bbl 3Ha€Te, YTO MOKHO CIEIaTh CIEAYIONINE IPeoOpa3oBaHusl ypaBHEHUIH:

JIt0601i unen ypasHenuss MOJICHO NEPeHOCUmMsb U3 OOHOU YACmu 8 OpY2yio, USMEHUB €20 3HAK Hd
NPOMUBONOLONHCHDBIIL.

Obe yacmu YPABHEHRUA MOJNCHO YMHOIUCUNTL UTU pasdeﬂumb HA 0OHO U MO Jice Yucio, He paeHoe
HYTIO.

[Ipu »THX npeoOpa3oBaHUSAX MCXOAHOE YPaBHEHHE 3aMEHSETCSd Ha PABHOCHIBHOE €My
ypaBHEHHE. 3aMETHUM, YTO €CJIM HEKOTOPOE BHIPAKCHUE B JIGBOM YaCTH WM MPABOW YaCTH YPaBHEHUS
3aMEHUTh TOXKJIECTBEHHO paBHBIM €MY BBIPQXEHHEM, TO MOJYYUTCS YypaBHEHHE, PaBHOCHIBHOE
ucxoaHoMy. OIHaKO HE MpH JII0O0M NpeoOpa3oBaHUK YPAaBHEHHUE 3aMEHSETCS HA PAaBHOCUIIBHOE.

Hanpumep, mnpu Bo3BeleHHMH B KBaJpaT O0EUX 4YacTel ypaBHEHHS Jx=x-2 MOJTy4aeTcs
ypaBHeHHEe X =(X—2)°, He PaBHOCHIIEHOE MCXOAHOMY: IEpPBOE yPAaBHEHHE HMMEET TONBKO OJIMH
KOpeHb X=4, a BTOpOe — JBa KOpHsA X, =4,X, =1. B 3TOM ciy4yae BTOpOe ypaBHEHHE HAa3BIBAIOT

CJIEJICTBUEM TIEPBOT0 ypaBHEHUSI.
Ecnu npu nepexooe om oonozo ypasnenusi k Opy2omy nomepu KOpHeu He NPoUcxooum, mo
8mopoe ypasHenue HA3bl8AOM CledcmeueM nepeo2o ypaeueHus. Muaue, eciu @ce KOpHU NEP802O
VPasHeHUsl AGNAIOMCS KOPHAMU 8MOPO20 YPAGHEHUS, MO 8MOPOe YPAGHEHUE HA3bIBAEMCS CIe0CmEUeM
nepeo2o YpasHeH us.
W3 sTOTO OnpeneneHus U onpeeeHus] paBHOCWIBHOCTH YPaBHEHUH CIIEAYET, UTO:
1. ecnu nBa ypaBHEHUS PaBHOCHIIbHBI, TO KaX/10€ U3 HUX SBISETCS CIEICTBHEM JIPYTOro;
2. eclM KaXJ0e€ M3 JABYX yYpaBHEHMHU SIBIISIETCS CIEJCTBHEM JIPYroro, TO 3TH ypaBHEHHS
PaBHOCUJIBHBI.
[Ipn pemeHun ypaBHEHHH TJIaBHOE — HE NOTEPATh KOPHHU, & HAJIIMYUE IIOCTOPOHHUX KOpPHEH MOYKHO
YCTaHOBUTH MpoBepkoil. [loaToMy BakHO cleauTh 3a TeM, 4TOOBI MpU MpeoOpa3oBaHUU YPABHEHUS
KaXJ10€ CIIeIyroliee ypaBHEHHE ObUIO CIIEACTBUEM MPEIBIITYIIETO.
2x  Xx+1 4

x—2 x-1 (x-)(x-2)
VYMHOXHB 00€¢ 4acTH ypaBHCHHS Ha OOMIMi 3HAMEHATENb BCeX Tpex apobeit, T.e. Ha (X—1)(x—2),

Ilpumep: Pemuth ypaBHEHME

nomydaeM 2X(X—1) — (x+1)(X—2) =4 ,otkyma X —x—-2=0,%X, =2,X, = 1.

ITpoBepka.

1) ITpu X=2 3HameHaTenu ABYX JpoOeil ypaBHEHMs paBHBI HyI0. [lo3ToMy X=2 He sBiIIeTCS KOPHEM
JTAHHOTO YpaBHEHMUS.

2) Ilpu x=-1 neBas yacTb ypaBHEHHs paBHA 3’ npaBasi 4acTh paBHA 3"

Ortser: x=-1.
3aMeTHM, 4TO Il MPOBEPKU KOPHS X=-1 JOCTAaTOYHO yBHJETh, YTO 3HAMEHATENH ApoOell ypaBHEHUS
npu X= -1 He paBHBI HYJIIO (€CIM, KOHEYHO, IPU PEIICHHH YPAaBHEHUsS HE JOMYIICHBI omuOKw). [Ipn
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2x  x+1_

CIICHUN 3a7a4u u3 ABHEHHSI = MOJTyYEHO
P P Xx=2 x-1 (x=-D(x-2) Y
ypaBueHue 2X(X —1) — (X +1)(x —2) =4, KOTOpOE SIBIISIETCS CIIEICTBUEM YpaBHCHHS
2x _x+1 = 4 . Kopenb X, =2ypaBaenust 2X(X—1)—(x+1)(X—2) =4 He sBusercs
Xx—=2 x-1 (x-=-D(x-2)
2x  x+1 4

KOPHEM YpaBHCHUSA Ero na3siBaroT NOCMOPOHRHUM KOPDHEM.

x—2 x-1 (x-D(x-2)°

Ilocmoponnue KopHu Mo2ym NOAYYUMbCA NPU YMHOJICEHUU obeux uacmeu ypasHeHus Ha
svipadicenue, cooepicaujee Heu38ecmHoe.

Ilomeps kopHetl modcem npouzoumu npu OeieHuu 0beux wacmetl YypagHeHus Ha 8blpadceHue,
codeporcawee Heuzeecmuoe.

Wrak, nmpu penieHny ypaBHEHHUsI MOKHO JeJaTh TOJIBKO Takhe mpeoOpa3oBaHus, PU KOTOPHIX
HE IPOUCXOAMT MOTEPH KOpHEH. Eciu npu 3TOM NOJIy4aroTCsl ypaBHEHUs - CIEACTBMs JaHHOTO, TO
HEeo0Xo0/IMMa MpOoBepKa HalACHHBIX KOPHEH.

Pasnocunvnvie nepagencmaa.

PaBHOCWIBHOCTD HEPABEHCTB C HEU3BECTHBIM OINpenenseTcs aHanorudHo. HepaBeHcTsa,
MMEIOLIUE OHO U TO K€ MHOYKECTBO PELICHUM, HAa3bIBAIOT PABHOCUTIbHBIMU.
5)2( 3 >1.
X“+1
Tax kak X’ +1>0 mpu Bcex NeiiCTBUTENBHBIX 3HAYEHHAX X, TO, YMHOXKHB HEPaBEHCTBO Ha X~ +1,

[Ipumep: Pemnth HEpaBEHCTBO

ToNy4aeM HepaBeHCTBO 5X—3 > X’ +1, paBHOCHIBHOE JaHHOMY. Pelas 5To HEpaBEHCTBO, MOYYaeM
x> —5x+4<0,(x-1)(x-4) <0, otkyma 1< x< 4.

Pemenue cucreM IBYyX JIMHEHHBIX YPABHEHUI ¢ IByMS NepeMeHHbIMM.

Pewenue cucmem ypasuenuii ¢ nomowwto ghopmynst Kpamepa.
Onpedenumens 6mopozo nopsioxa. @opmyna Kpamepa.

VYpaBHeHHE C ABYMsS IEepeMeHHBIMH X W Y 3amuceiBatotcs B Bume f(X,y)=0, rme f —

BBIPAXXCHHUEC C IICPEMCHHBIMU X U Y. Pemennem Takoro YpPaBHCHUA HA3bIBACTCA YIOPAJOUYCHHAsA I1apa
qUCCJI (XO, yO) , [IpU IMOACTAHOBKE KOTOPBLIX B HOAHHOC YPABHCHHUC IOJYYaCTCAd BCPHOC YHCJIOBOC

pasenctBo f(X,,Y,)=0.

Cucrema ypaBHEHUH ¢ IByMs IEPEMEHHBIMH X U Y B 00IIIEM BHJIE 3aIHCHIBACTCS TaK:

f(x,y)=0

g(x,y)=0
Pemennem cuctembl ypaBHEHHH Ha3bIBACTCS YHOPSIOYEHHAs IMapa YHCEN, SBISIONIAsICS PEIIeHHEM
KQKJIOr0 W3 YypaBHEHWH, BXOIIIIMX B CHUCTeMy. J[Be cHCTeMBl YpaBHEHHH Ha3bIBAIOTCS
PaBHOCHIIBHBIMH, €CJTM MHOKECTBA PEIICHHI ATHX CUCTEM COBIIAIAIOT.

Onpedenumens 6mopoeo nopsoka pPaBeH POU3BEICHUIO 3JEMEHTOB, DPACIHOJIOKEHHBIX Ha
[JIABHOW JMaroHald MHHYC TIPOM3BEJCHHE DIIEMEHTOB, PACIOJIOKEHHBIX Ha JIOTIOJHUTEILHON
nuaroHanu. s 0003HAYEHHS OMpeNeNUTeNsl UCIOIb3YIOTCS BEPTUKAIbHBIE YEPTOUKU U TPOIUCHAS
oykBa A. T.e.

b
A = det(A) =| ™ | = @b —ab,

a, P
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HniIn, CXEMaTHYCCKHU

" MpsIMOE TIPOU3BEACHUE (TaBHas TMAroHab)

KOCO€ MPOU3BEACHNE (JOMOJIHUTENbHAS JUaroHallb)

ax+by=c

o o 1 1 11

Cucrema AByX JIMHEHWHBIX YpaBHEHUH C ABYMs IEPEMEHHBIMU pu yCIIOBHH,

a,Xx+b,y=c,

4YTO OHNPCACIUTCIIb CUCTEMBI OTJIMYHBIA OT HYJIsA, UMCCT CAMHCTBCHHOC PCIICHUC, KOTOPOC HAXOJAUTCA
c, b a, ¢
¢, b, Ax, a G A

no dQopMmynaM X=;———=—;y=;———=— OTH pPAaBEHCTBAa Ha3bIBaOTCA (PopMyIamMu
a b| A a bl A
a2 b2 aZ b2

Kpamepa.
Ecnu ke ompenenurtens paBeH HYINIO, TO CUCTEMa SBISETCA, JMOO HECOBMECTHOH (Korjaa
AX # 0,Ay # 0), mubo Heonpenenennoi (korga AX = Ay = 0). B nmocineqaem ciydae cuctemMa CBOIUTCS

K OJJHOMY YPaBHEHHUIO, & APYroe SABJIACTCS CIECACTBUEM OTOIO YPaBHEHUS.
Pemenne cucrem Tpex JIHHEHHbBIX YPABHEHHH ¢ TpeMs IlepeMEeHHbIMH.

Pewenue cucmem ypasuenuii ¢ nomowwto popmynvt Kpamepa.
Onpedenumeny mpemve2o nopsoka. Popmyra Kpamepa.

&y 8y 3

I[TycTh naHa KBaJpaTHas MaTpHIA TPETHETo nopsaka A = dyy Ay Ayg

831 83y A3
Onpedenumens mpemve20 NopsOKa PaBeH INPOU3BEICHHUIO 3JIEMEHTOB, PACHOJIO0KEHHBIX Ha
[JIABHOM JMAaroHajdu IUTKOC JBa TPOU3BEACHUS JJIEMEHTOB, OTBEYAIOUIMX TPEYTOJIbHUKAM C
OCHOBAHUSIMH, [APAJUICIIBHBIMA  TIJIaBHOM  [UMAaroHAaJld; MUHYC IIPOU3BEJIEHUE  DIEMEHTOB,

PACIIOJOXKECHHBIX Ha }IOHOJIHI/ITeJILHOI)’I JuaroHaiui M MHHYC JiBa TIIPOU3BCIACHUSA OJICMCHTOB,
OTBCUAOMIUX TPCYT'OJIbHUKAM C OCHOBAHUSAMU, ITAPAJUICIIbHBIMU I[OHOHHHTCHLHOﬁ JuaroHaliu.

A Ay 43
Ay Ay Qpz| = Ay18y833 t 84893831 t 389183y — 438,831 — 81189383y — A1pap1a33
A3 d3p dgg

FCOMeTpI/I‘ICCKI/I 9TO BBIIIAIUNT TaK:

ll+ll _n

Cucrembl JTHHEHBIX YPABHEHM.
Cucmema nuHeliHblX ypasHeHuti UMEET BUJL:
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A X+ X+ X, =Dy,

1)

Y ve ey

Ay X + 85X, +. o+ a0 X, =D

3aech aij — K03 UIMEHTBI IPU HEU3BECTHBIX, Di — CBOOO/IHBIC YJICHBI, @ Xj — HEU3BECTHBIC.
Ecnu Bce cBOOOAHBIC YIEHBI paBHBI HYJIO, TO CUCTEMa HA3bIBAETCS OOHOPOOHOU, €CIN Ke, XOTs ObI
OJTHO U3 HUX OTJIIMYHO OT HYJISI, TO HEOOHOPOOHOII.

Hcnonb3ys noHsTHe Npou3BeACHUs MaTpULl, MOKHO nepenucarb cucremy (1) B Bune: AX = B,
&y Qp - Gy

mn

d, dy, ... A
rne A=| 721 T22 2n | — MaTpMIa, coCTOAIAs U3 KO3(POHUIMEHTOB IIPY HEU3BECTHBIX CHCTEMBI
aml a‘m2 amn

(1), koTOpast Ha3bIBACTCS MaAmMpuyel CUCmeMmbl,

X b,

| X _| b,
X - R y B - A — BeKTOp-CTOH6HLI, COCTaABJICHHBIC COOTBCTCTBCHHO M3 HCU3BCCTHBIX Xj

Xn bm

Y U3 CBOOOIHBIX YWIEHOB bi.

VYropsioueHHass COBOKYITHOCTh N BEIIECTBEHHBIX dmcel (C1, C2,..., Cn) HA3bIBACTCS peuleHuem
cucmemot (1), eciiu B pe3ysbpraTe MOJCTAHOBKH 3THX YHCE] BMECTO COOTBETCTBYIOLIMX IEPEMEHHBIX
X1, X2,.., Xn KaXI0€ ypaBHEHHE CHCTEMbI 0OpaTUTCS B apu(METHUECKOE TOXICCTBO, IPYyTHMHU

G
_|c y
cJI0BaMH, eciu cymectByet Bektop C = | "4 | takoii, yto AC = B.

Cn

ay; Ay ... &, |by

Ay Ay ... 3y, |b,

*
Marpuna A = , OOpa3oBaHHas IyTeM IMPUIIMCHIBAHUS CIpaBa K

8m @my -+~ 8mn |Pn
Matpuiie A cToabma cBOOOIHBIX WICHOB, HA3BIBACTCS PACUUPEHHOU MAMPUYeli CUCTEMbL.
Cucrema (1), umeromiast Xots Obl OJJHO pEIIEHUE, HA3bIBACTCS COBMECMHOU, UMEIOIAsl TOIBKO
OJIHO PEIICHHE onpedeieHHOoll, UMEIoIas 00Jiee OJJHOTO PEICHUs — HeonpeoeleHHOU, He UMEIOIas HU
OJIHOTO PELIEHMS — HeCO8MECMHOL.
Pewums cucmemy (1) — 370 3HAYUT yKa3aTh BCE MHOXKECTBO €€ PCIICHUN WM JO0Ka3aTh €€
HECOBMECTHOCT.
Ecnu nag cucremoii (1) BEIMOTHUTH Kakue-I100 U3 CIAEAYIOUINX MPeoOpa3oBaHUM:
1) TOMEHSTh MECTaMH ypaBHEHHUS;
2) YMHOXHUTH 00€ YacTH JItoOOT0 YpaBHEHHUsSI CUCTEMBI Ha JIF000E HE PABHOE HYJIIO YHCIIO;
3) mpubaBUTH K 0OEUM YaCTSAM OJHOTO M3 YPAaBHEHUH CHCTEMBI COOTBETCTBYIONIUE YaCTH APYTrOro
yYpaBHEHHUS, YMHOKEHHBIE Ha JTF000€ NEHCTBUTENHLHOE YUCIIO,
To cuctema (1) mepexoauT B paBHOCHWIBHYIO €i cucteMmy. IlepedrciieHHbIe BBINIE MPeoOpa3oBaHUS
Ha3bIBAIOTCSL  DJIEMEHMAPHbIMU — Npeobpazosanuamu  cucmemvl. B pe3ynbraTte >IEeMEHTapHBIX
npeoOpa3oBaHUil MOXKET CIYYUTHCS, YTO B CHCTEME IOSBUTCS ypaBHEHHE, Bce KOA(h(ULIHEHTHI
KOTOPOTO paBHBI HYJI0. Toraa, eciau 1 CBOOOIHBIN YICH 3TOTO YpaBHEHUS PaBEH HYJIIO, TO YPaBHEHHE
CITpaBEUTMBO MPH JIFOOBIX X1, X2, ..., Xn U, CJIEAOBATEIBHO, €r0 MOXHO 0TOpocHuTh. Eciu e cBOOOIHbII
YJICH HE PaBEH HYJIIO, TO 3TO YPaBHEHHE HE yIOBJICTBOPSACTCS HUKAKUMHU 3HAYCHUSIMH HEH3BECTHBIX,
CJIeIOBATeNIbHO, MOJy4YeHHas CHUCTeMa SBIseTcs HecOBMeCTHOW. Torja HECOBMECTHa M HMCXOJHas
cucrema.
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Teopema Kpomnexepa-Kanennu. (J/leononwvo Kpownexep (1823-1891) nemeyxuii mamemamux)
CucrteMa JHHEMHBIX YpaBHEHMII COBMECTHA TOTJAa M TOIbKO TOrJa, Korja panrd marpui A u A
COBMAJAIOT.

PaccMoTpuM cHCTEMBI JIMHEHWHBIX YpaBHEHMI, B KOTOPBIX YMCIIO YpPaBHEHUH PABHO YHUCITY

g1 Xy + QX+t 8y X, =Dy
Ay Xy + 80Xy +.o A X, =D,
HEHM3BECTHBIX . 2

(A Xy + 8%y +o A X, =D,
Takue cuCTeMbI PEIIAIOTCS OHUM U3 CICIYIOUIMX CIIOCOOOB!
1) memooom Kpamepa,

2) memodom I aycca, N MemoooM UCKIOUEHUs HeU3BECTHDBIX,
3) mampuurvIM MEMOOOM.

Metoa Kpamepa.
(I"'abpuenv Kpamep (1704 — 1752) weetiyapckuii mamemamux)
JlaHHBIM MeTOA TMPUMEHUM TOJBKO B ciydae, eciu cuctema mmeetr Bup (4). Kpome storo,
HEO0X0UMO, YTOOBI ONPEACTUTENIh MATPUILIBI CUCTEMBI He paBHsiics (.
det A = 0;
Teopema. Eciu onpeieuTeb MaTPULIBI CUCTEMBI (4) OTIIMYEH OT HYJIS, TO 3Ta CUCTEMa UMEET
€IMHCTBEHHOE pellIeHHe, KOTopoe HaxoauTcs o Gopmynam Kpamepa:

A
Xj= —*,
A

rae A = det A, a Aj — onpenenuTeNb MaTPHUIIBI, TOJy4aeMON U3 MAaTPHUIBI CHCTEMBI 3aMEHOM CTOJIOIA |
CTOJIOIIOM CBOOOIHEIX YWIEHOB bj

&y ... &y DA, . A,
Ay ... Ay by By .. A,
Ay .- Bpjg By Ay - Ay
Ay X, + 83X, +agXg =Dy
Tak, Harpumep, Ul CUCTEMBI U3 TPEX YPABHEHHH 4 Apq X + 8yp Xy + ApaXy = b2
851% + 83X, + 833X =D,

dp Qp 93 b a5, a; a; b o, ay a, b
A=|8y 8y Ay |3 A= by Ay 8yl; A= [Ay Dy Ayl As= |8y 8y by
Az dgp dgg b, a3 as; ay by ag ay ag by
A A A
Xi= —2;  xp= —2: x3= —2,
A A A

PanmoHabHble H HPPALMOHAIbHBIE YPABHEHHUS.
OcnogHvle npuembl ux peuleHus (PaznodceHue Ha MHOMCUMENU, 66e0eHUe HOBbIX HeU3BECIMHbIX,

noocmanoska, epaguueckuti memoo). Mzobpasicenue Ha KOOPOUHAMHOU NILOCKOCMU MHONCECEA
PpeweHuil YPAGHEeHUll U HePABEHCME C O8YMS NEPEMEHHBIMU U UX CUCTIEM.
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Gynkmus Buna P(X) = ayx, + a, X, —1+a,x, —2+...+a, - x+a,,
rae N — HaTypalbHOE, @,,d;,d,,...,a,— HEKOTOPBIC JCHCTBUTEIBHBIC YMCJIA, HA3bIBACTCS LIEJIOU
parnMoHanbHON (yHKIHEH.

Vpasuenne Buma P(X)= 0, rmeP(X) — muenas pampoHanbHas (QyHKIWS, HA3bIBACTCS IIEJIBIM
palOHAIBLHBIM YPaBHCHUEM.

PO PO, P _
QM QM T Q)

YpaBHeHue BUaa

rae P (X),P,(X),...,P,(X),Q,(x),Q,(X),...,Q,,(X) — uensie pannoHagbHbie QYHKIHH, HA3BIBACTCS
palMOHAILHBIM YPaBHCHUEM.

Pewenue payuonanvnozo ypasnenus ZEX; =0, 20e P(x) uQ(X)— muozounenvi(Q(X)=0),
X

ceooumcs k pewienuto ypasuenuss P(X)= 0 u nposepke moeo, umo KopHu y0061emeopsiom yCio8uio

Q (x) =0.
OchosHble MemoOobl peulenus payuoHaibHuIX YPagHeHU.
1) Ilpocreiimme: pemaroTcs MyTEM OOBIYHBIX YIPOLWIEHUA — TPUBEACHUE K 00IeMy

3HAMEHATeIo, TIPUBEJICHNE MOI00HBIX WIEHOB U Tak aanee. KBagpaTHsle ypaBHeHus ax> + bx + ¢ =0

—b++/b?—14ac

2a

PEWIAIOTCS 10 BHIBEICHHOM HaMu popmyrie X, , =

C
Taxoke ucnone3yercs reopema Buera: X, + X, = —, XX, = —.
a a

2) I'pynnupoBka: MmyTéM TpPYNIUPOBKUA ClIaraeMbIX, MPUMEHEHHUs (GOpMyl COKpaiméHHOTO
YMHOXKEHUSI TPUBECTH (€CciIM yAacTcs) ypaBHEHHME K BUAY, KOIJla ClieBa 3alMCaHO IPOU3BEICHUE
HECKOJIbKMX COMHOJXKUTENIEH, a CIpaBa — HOJb. 3aTe€M IPHUPABHUBAEM K HYII0 KaXAbld U3
COMHOXHTEJIEH.

3) IloncraHoBKa: WIEM B YpPaBHEHUM HEKOTOPOE IIOBTOPSIIOIIEECS BBIPAKEHUE, KOTOPOE
0003HaYUM HOBOW IEPEMEHHOM, TeM CaMbIM YIpolias BHJ YypaBHEHHUs. B HEKOTOpBIX ciydasx
OUYEBUJHO YTO yJ100HO 0003HaunTh. Hanpumep, ypaBHeHHE

x> +x-5 3x x> +x-5
+— +4 =0, nerko pemaeTcs ¢ MOMOIIBIO MOJACTAHOBKH ——— =1,
X (X“+x-5) X
3
noJiy4aem t+ T +4=0

Wmu: 21/ (X2 —4x +10) - X? + 4X = 6. 31eCh MOKHO CIeaTh MOACTaHOBKY x? —4 =t. Torma
21/ (t+10)-t=6wuT.0.

B Gonee crnokHBIX cimydyasx MOJCTAaHOBKA BHJHA JIHIIb IMOCJIE HECKOIBKHUX MPeoOpa3OBaHUU.
Hanpuwmep, nano ypaBHeHue

(X% + 2x)? — (x +1)? = 55.

Iepenmcas ero uHade, a uMeHHO (X2 + 2X)? — (X% + 2X + 1) = 55, cpa3y yBUIMM MOJCTAHOBKY X’
+ 2X=t.

Nmeem t? —t—56 =0, t1 = — 7, t2 = 8. Ocranock pemmth X> + 2X=—7 n X? + 2X = 8.

B psige npyrux ciydaeB yaoOHYIO MOACTaHOBKY JKeJaTelIbHO 3HATh ‘3apanee”. Hampumep

1) VpaBrenne (X + a)* + (X + b)* = ¢ cBoauTcs k OGUKBazpaTHOMY, eciM CIeNaTh
TIOJICTAHOBKY
x=t-(a+h)/2.
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2) CummeTpuyeckoe ypaBHenue (BosBpatHoe) aoX" + aix" ~ 1+ ... + aix + a0 = 0
(k03 HUIMEHTHI YICHOB, PAaBHOCTOSIINX OT KOHIIOB, PABHBI) PEIIAeTCs C MMOMOIIBIO MOJACTAHOBKHU X +
1/x =1, ecitu N —uéTHOE; eciu N — HEYETHOE, TO YPaBHEHUE UMEET KOPEeHb X = — 1.

3) VYpaBuenune Buga (X + a)(X + b)(x + ¢)(x + d) = | cBoauTCcsA K KBagApaTHOMY, €CIIH
atb=c+d utn

4) TlogOop: mpu pelIeHHH YpaBHEHUM BBICIIMX CTEMEHEW paIlMOHAIbHBIE KOPHH YpaBHEHUS

anX" + an—1X" "1+ ... + a1x + a0 = 0 umem B Buje p/q, rae p— aeauTens o, | — ACIUTEIb an,

p u q B3auMHO npocTsl, PeZ, geN.

5) “UckyccTBO”, T.€. pewmarbh NpUMep HECTAaHAApPTHO, NMPHIyMaTh “CBOW METOH’, OTaJaThCs
YTO-TO MPUOABUTH U OTHATH, BEIICIUTD TOJTHBIN KBaIPaT, HA YTO-TO PA3JeIUTh U YMHOKHUTH U T.1I.

6) YpaBHEHHs ¢ MOJyJIeM: IIPU PELICHUH ypaBHEHHUH ¢ MOJYJIEM MCIOIb3yeTCsl ONpe/ieieHne
f (X),ecauf (x) >0,
— f(x),ecauf (x) < 0.
PanmnonanbHble HepaBeHCTBA.

[Tycts f(X) — umciaoBas GyHKIHS OJHOTO WIIM HECKOJIBKUX MEPEMEHHBIX (apryMeHTOB). Pemmth
HEPaBEHCTBO

MOJYJISl © METOJ] UHTepBajioB. HamomMuuM, 4To | f (X)| =

fx)<0 (f(x)>0) 1)

— 93TO 3HAUUT HAWTH BCE 3HAYEHHUS apryMeHTa (apryMeHTOB) (QYHKIHUH f, MpPH KOTOPBIX

HepaBeHCTBO (1) crpaBenmuBo. MHOKECTBO BCeX 3HAUCHUH apryMeHTa (apryMeHToB) GyHKIMH f, TpU

KOTOPBIX HepaBeHCTBO (1) cripaBeuInBO, HA3bIBAETCS MHOKECTBOM PEIICHHH HEPAaBEHCTBA WIIH MTPOCTO
pelIeHreM HepaBeHCTBA.

MHOK€eCTBO pEIIEHUI HECTPOI0 HEPABEHCTBA

fx)<0 (f(x)20) )
NpeACTaBIsieT coO0OH OObEAMHEHHWE MHOXKECTBAa pelIeHWH HepaBeHcTBa (1) M MHOXecTBa
pemenuit ypaBaenus f(X) = 0.

JlBa HEpaBEHCTBA CYMTAIOTCS SKBUBAJIEHTHBIMH, €CJIM MHOXKECTBA MX PEIICHUI COBMAIAIOT.

ITom MHOXECTBOM [ONMyCTUMBIX 3HAUYEHUH HEW3BECTHBIX, BXOSIIMX B HEPAaBEHCTBO,
HOHUMAIOT 00J1acTh onpeneseHus GyHkiuu f(X).

HepaBenctBa Buga (1) wau (2), cocTtaBieHHbIe A pa3iudHbiX GyHKIUH fi(X), MOIyT OBITH
CBEJICHBI B CUCTEMY HEPaBEHCTB. PelINTh cUCTeMy HEpaBEHCTB — 3TO 3HAYUT HAWTH MHOXKECTBO BCEX
3HAUYEHUH apryMeHTOB (GYyHKIuH fi(X), MpU KOTOPHIX CIpAaBEIUIMBBI BCE HEPABEHCTBA CHUCTEMBI
OJTHOBPEMEHHO.

T'oBopsT, 9TO CHCTEMBI HEPABEHCTB DKBUBAIICHTHBI, €CJIH MHOYKECTBA UX PEIICHUI COBIAIAIOT.

CBojicTBa paBHOCHJIbHBIX HEPABEHCTB.
[lpn pemeHNM HEPaBEHCTB WCIIONB3YIOT CBOWCTBA PAaBHOCHIBLHOCTH. HepaBeHCTBa ¢  OJHOM
NepEeMEHHOI Ha3bIBAIOTCS PABHOCHIIBHBIMU, €CJIM MHOXECTBA UX PELICHUH COBIAAAIOT.

Hanpumep, HepaBeHcTBa 3X > 6 U X — 2 > () UMEIOT OJJMHAKOBBIE MHOXKECTBA PEIICHHUU X € [2;
+00]. DTH HEpaBEHCTBA — PABHOCHJIBHBIE.

Hepasenctsa X > 0 u x? > 0 — HepaBHOCHIbHbIE, TAK KaK PELICHHE TIEPBOTO HEPABEHCTBA €CTh
MHOXeCTBO X €[0; +o0], a pelieHrue BTOPOro HEPaBeHCTBA €CTh MHOXECTBO X €[-00; 0]U[0; +oo]. D1n
MHO>KECTBa HE COBIAJAIOT.

[Ipu pemieHMHM HEPaBEHCTB BBHIMONHAIOTCS TOJBKO Takhe IpeoOpa3oBaHUs, TMPU KOTOPBIX
nonyyarotrcs OoJsiee MPOCThle PABHOCWIIbHBIE HEPABEHCTBA. JTH MPEeoOpa3oBaHHsS BO3MOXKHBI MpPU
BBITTOJIHEHUH CJIETYIONINX CBOWCTB PAaBHOCHIIBHBIX HEPABEHCTB:

CgoiictBo 1. Ecan k 06enm dacTsM HepaBEHCTBA MPUOABUTH OJHO U TO K€ YUCIO WU OAHO U
TO JX€ BBIPAXKCHHE, KOTOpPOE HMMEET CMBICI TIPM BCEX 3HAYCHUSX IEPEMEHHOH, TO TOIyYUM
HEPAaBEHCTBO, PABHOCUIILHOE IaHHOMY.

Hano. P(x) > Q(X) — mepaBeHcTtBO, T(X) — BBIpaKeHHE, KOTOPOE HMMEET CMBICI TPU BCEX
JIeMCTBUTENFHBIX 3HAYCHHAX X, XER.

JHoxkasate. HepaBencra P(x) > Q(X) u P(x) + T(x) > Q(X) + T(X) — paBHOCHJIbHBIE.
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JlokazarenbcTBo. a) [lycTh pu X = a HepaBeHCTBO P(a) > Q(a) — BepHOE YMCIIOBOE PAaBEHCTBO, T.C. X
=a — OJIHO U3 perieHnn HepaBeHcTBa P(X) > Q(X), T(a) — 3nauenue T(X) mpu x =a.

ITo cBoiicTBy umcioBbix HepaBeHcTB P(a) + T(a) > Q(a) + T(a) — BepHoe uHuCIIOBOE
HEPaBEHCTBO.

CrenoBatesbHO, X = a — OJIHO U3 pelieHuit HepaBeHcTBa P(x) + T(x) > Q(X) + T(X). [Toatomy,
€CIIM X =a eCTh PEeIICHHE TEePBOr0 HEPABEHCTBA, TO ITO 3HAYEHHE €CTh TAKXKE PEIICHHE BTOPOTO
HEPABEHCTBA.

0) Ilycts X = b — ogHO U3 pemennii HepaBenctsa P(x) + T(x) > Q(X) + T(x), T.e. P(b) + T(b) >
Q(b) + T(b) —BepHoe uncioBoe HepaBeHCTBO. [1o0 cBOMCTBY YHcaoBbIX HepaBeHCTB P(b) > Q(b) — Toxe
BEPHOE YKCII0BOEC HepaBeHCTBO. CiemoBareibHo, X = b — perenne HepaBenctsa P(X) > Q(X).

Tak kak MHOXecCTBa penieHuii HepaBenctBa P(X) > Q(x) u P(x) + T(x) > > Q(x) + T(X)
COBIIQJIAIOT, TO 3TH HEPABCHCTBA PABHOCUIIbHBIC.

CaoiictBo 2. Eciau B HepaBeHCTBe JIi000O€ ciaraeMoe, KOTOPOE MMEET CMBICI MpH BeX Xe€R,
NEPEHECTH W3 OJHO YaCTH B JPYTyH C IPOTHBOIOJIOXHBIM 3HAKOM, TO TMOJYYHM HEPaBEHCTBO,
PaBHOCHIILHO JaHHOMY.

Hano. P(X) + T(X) > Q(X) — HepaBenctBo, T(X) — ciraraeMoe, KOTOPOE UMEET CMBICIT ITPH BCEX

xeR.
Hoxkazate. HepaBencrsa P(X) + T(X) > Q(X) u P(X) > Q(X) — T(X) — paBHOCHIIbHBIE.
JokasarenbctBo. ITo cBoiicTBY 1 MOKHO K 00€MM YacTsIM HEpaBEHCTBA P(X) + T(X) > Q(X)

npubaBuTh ciaraemoe (-T(X)), Tak Kak 3TO cllaraéMO€ HMMEET CMBICI NpU BceX XE€R; moydyum
PaBHOCHIIBHOE HEPAaBEHCTBO:

P(X) + T(x) — T(x) > Q(X) — T(X), orcroma P(x) > Q(x) — T(x).

CaoiicTtBo 3. Eciii 06¢ yacTH HEpaBEHCTBA YMHOXKHTh Ha OJTHO M TO K€ MOJ0KUTEIBLHOES YUCIO0 WU Ha
OHO M TO € BBIPAKEHHUE, IOJIOKUTCIILHOEC IMPH BCEX 3HAYCHHSIX IMEPEMEHHOW, TO IOJyYHUM
HEPaBEHCTBO, PABHOCWJIBHOE JJAHHOMY.

Hano. P(x) > Q(X) — nepasenctro (1),

T(x) >0, xeR,

P(X)-T(X) > Q(X)-T(X) — HepaBeHCTBO (2).

Joka3zate. HepaBenctna (1) u (2) paBHOCHIIBbHBIE.

JHoxkazarenbctBo. [lycth nipu X = a P(a) > Q(a) — BepHOE YMCIIOBOEC HEPABEHCTBO, T.€. X = a — OJIHO U3
peleHny nepBoro HepaBeHcTBa. T(a) — 3naueHue T(x) mpu x = a T(a) > 0.

ITo cBoiictBy umcioBeix HepaBencTB P(a)-T(a) > Q(a)-T(d) — Toke BepHOE YHCIOBOE
HEpPaBEHCTBO, T.€. X = a —OJIHO W3 pEIICHHH NepBOro HepaBeHCTBA. ClieOBaTEIbHO, €CIU X= a —
peleHre MepBOro HEPaBEeHCTBA, TO X = a — TAKXKE PEIICHUE BTOPOrO HEPABEHCTRA.

ITycts npu x = b Hepasenctso P(b)-T(b) > Q(b)-T(b) — BepHOE uHCITIOBOE HEPABEHCTBO, T.€. X =
b — oaHO U3 peleHur BTOPOTro HEPaBEHCTRA.

ITo cBoiicTBy uncnoBsix HepaBeHCTB P(b) > Q(b) — Toxke BepHOE YHMCIIOBOE HEPABEHCTBO, TaK
kak T(b) > 0. CnenoBaresbHo, X = b — 0JJHO U3 pEIICHHH TIEPBOTO HEPABEHCTBA.

[TockonbKYy MHOXKECTBA pEIICHUH MEPBOTO MW BTOPOTO HEPABEHCTB COBMAJAIOT, TO OHHU
pPaBHOCHJIBHBIE.

CsoiictBo 4. Ecnu 00 yacTh HEpaBEHCTBA YMHOXKUTh HA OJTHO U TO K€ OTPHUIATEILHOE YHCIIO
WIA Ha OJHO U TO € BhIPaKEHHUE, OTPUIATEIHLHOE MPH BCEX 3HAYEHHUSIX MEPEMEHHOW, U M3MEHUTH
3HAK HEPaBEHCTBA Ha MPOTHBOITOIOXKHBIN, TO MOJYYUM HEPABEHCTBO, PABHOCHIILHOE TAHHOMY.

DTO CBOMCTBO JJOKA3bIBAETCS AHAJIOTUYHO 3 CBOWCTRY.

Anredpanyeckue HepaBeHCTBA.
JInHeHbIMU (CTPOrMMH U HECTPOTMMHM) Ha3bIBAIOTCS HEPABEHCTBA BUJA
ax+b>0, ax+b<0,ax+b>0,ax+b<0,a=0,
peIIeHUsIMU KOTOPBIX OyayT:
npua>0
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b b b b
Xe(-a,oo), xe( -o0; "3 ), Xe[ - a2 ;00 ), Xe( -0; "3 1,
npu a < 0
Xe(-oo;- ), xe(-7 oo) xe( -o0; - ] Xe[-—7 ;o).
KBaI[paTHLIMI/I (cTporumu u HeCTporI/IMI/I) Ha3bIBAKOTCSI HEPABEHCTBA BUIA
ax?+bx+c>0, ax’+bx+c<0,
ax?+bx +c¢>0, ax?+bx +¢<0,

Taec a, b, C — HCKOTOPBIC nefcTBUTENIbHBIE yncia 1 a = 0.

KBangparHoe HepaBeHCTBO ax? + bx + ¢ > 0 B 3aBUCHMOCTH OT 3HAUCHHU CBOHX k03 durmenTos a, b u
C UMCCT PCLICHMS:

mpua>0uD=D0b*-4ac>0

ML) (—0+VD b+\/_ ):

npua>0uD<0 xX— J'IIO60€ NEHCTBUTEIBLHOE YHUCIIO;
nmpua<0uD=>0

-b+\/5 -b-\/f)
2a

pu a < 0 nuD<O0
X = (T. . pelIcHUH HET).
Pemenne HepaBeHcTBa ax? + bX + ¢ < 0 CBOAUTCA K PEIICHHIO PACCMOTPEHHOTO HEPABEHCTBA, €CIIH
00e 4acTH HepaBeHCTBA YMHOKUTH Ha (-1).
MeToa MHTEPBAJIOB.

Xe( -oo;

xe(

[Tycts Pn(X) — MHOTOWICH N-if CTENeHH ¢ AeHCTBUTEIbHBIME KO3 dUIeHTamHu, a C1, C2, ... , Ci

— BCE JICHCTBUTENbHBIE KOPHH MHOTrOYIEHa ¢ KpaTHOCTSAMH Ki, K2, ... , Ki coOTBeTCTBEHHO, MpHUeM
c1>C2> ... > Ci. MHOrOowi1eH Pn(x) MOJKHO IIPeACTaBUTh B BUJE

Pn(X) = (X - c2) K¥(x - €2) % ... (X — i) Qm(X), (3)

rae MHorowieH Qm(X) IefcTBUTENBHBIX KOPHEH HE MMeeT U JH0O0 MOJOKUTENEH, JIM00 OTpHIATEIeH
npu Bcex x€R. [Tonoxum s onpenenernoct, 94to Qm(X) > 0. Toraa mpu X > C1 BCe COMHOXHTENHU B
pasnoxenuu (3) monoxkutenbHbl U Pn(X) > 0. Ecnm c1 — kopeHb HeueTHOW kpatHocTH (K1 —
HEYETHOE), TO MpU X€(C2; C1) BCE COMHOXHTEIM B pasziiokeHuu (3), 3a UCKIIOYEHHEM IE€pBOTO,
noJIOKUTENBHBI U Pn(x)<0. B 3TOM ciyuae roBopsT, 4To MHOTOUJIEH Pn(X) MEHsET 3HaK IIPpHU Nepexoie
yepe3 KopeHb c1. Ecnu ke c1 — kopeHb 4eTHO# kpaTHocTH (K1 — 4eTHoe), TO Bce COMHOKHUTEIH (B
TOM YHCJI€ U MEPBBIi) MPU X €(C2; C1) MOJIOKUTEIBHBI U, ClIeA0BaTeNnbHO, Pn(X) > 0 mpu xe(C2; c1). B
3TOM cily4ae TOBOPST, YTO MHOTOWIeH Pn(X) He MEHSET 3HAK MPH MEepPexo/ie uepe3 KOPEHb Ci.

AHaJIOTHYHBIM CIIOCOOOM, UCTONB3Ys pazioxeHue (3), HeTpyJHO yOenuTcs, 4To MpH Hepexone
4yepe3 KOpeHb C2 MHOTOuWIeH Pn(X) MeHseT 3HaK, eciu K2 — HedeTHoe, U He MeHsIeT 3Haka, eciii ko —
4yeTHOE. PacCMOTpeHHOE CBOWMCTBO MHOTOWICHOB HCIIOJB3YETCS JJISI PEIICHHs] HEPAaBEHCTB METOIOM
UHTEpBaAJIOB. 1711 TOro 4T0OBI HATH BCE peIIeHus

Pn(X) > 0, (4)

JIOCTATOYHO 3HATh BCE JCWCTBUTENbHBbIE KOPHHM MHOrowieHa Pn(X) UX KpaTHOCTH U 3HaK

MHorousieHa Pn(X) B Ipon3BOIbHO BEIOPAHHOM TOUKE, HE COBIAJAIONIECH ¢ KOPHEM MHOTOYJICHA.
HepaBencTBa ¢ napamerpamm.

HepaBencTBa ¢ mapameTpamul SBISIFOTCS HanOojee TPYTHBIMHU 33aJadaMu Kypca dJIeMEHTapHOU
MaTeMaTHUKU. JTO OOBSICHSAETCS TEM, YTO UX PEIICHHUS CJIEAyeT IMOJydyaThb MpPU BCEX TOMYCTUMBIX
3HAYEHUSAX BXOJAIINX B HUX IAPaMETPOB.

CucreMbl pallMOHAJIbHBIX HEPABEHCTB.

ITycTe Hamo HaWTH YUCIIOBBIE 3HAYEHMS X, MPU KOTOPHIX MPEBPALIAIOTCA B BEPHbIC YHCIIOBBIE
HEPaBEHCTBA OJIHOBPEMEHHO HECKOJIBKO PALMOHAIbHBIX HEPAaBEHCTB. B Takux ciy4asx TOBOPST, YTO
HaJI0 PEeIIUTh CUCTEMY PAllMOHAJIbHBIX HEPABEHCTB C OJIHUM HEU3BECTHBIM X.
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UToOBl pemnuTh CUCTEMY pallMOHATBHBIX HEPABEHCTB, HAJ0 HAWTH BCE PEHICHHS KaXIIOTO
HEpaBEHCTBA CUCTEeMBI. Toraa ol1as 4acTh BCEX HAMICHHBIX PEIICHUN U OYIeT PEIICHUEM CHCTEMBI.

I'paduueckoe pemeHne HePaAaBEHCTB.
HepaBeHcTBa ¢ OHOM WITH IBYMS TIEPEMEHHBIMU MOYKHO PEIIaTh rpadHUECKH.
HepaBenctBo ¢ ogHoi mepemeHoi MoxHO 3amucathk Tak: f(X) > g(x), rme f(X) u g(X) —
BBIPKEHHUS, COJICPIKALIHE TEPEMEHHYO.
[Toctpoum B oxHOM cucTeMe KoopauHat rpaduku pyukimuity = f(X) wu  y=g(x).
Pemienne HepaBeHCTBA €CThb MHOXKECTBO 3HAUEHHH MEPEMEHOH X, MPU KOTOPBIX Tpaduk (yHKIHHA
y=0(X), Tak kak f(X)>g(x).9To nokazano Ha pucynkax 1 u 2.

y = g[X

v

y =g[x 44/

L

Pemenne HepaBeHCTBa ¢ AByMs mepeMeHHbIMH f(X,y)>0 ecTh MHOXECTBO TOYEK I[UIOCKOCTH,
KOOPJMHATHI KOTOPHIX YAOBIETBOPSIOT ’TOMY HEPABEHCTRBY.

HppanuonajbHble ypaBHEHUS.

VYpaBHeHuUe, coepxaliee NEPEMEHHYIO MO 3HAKOM KOPHSI, Ha3bIBACTCS UPPAUUOHATILHBIM.

Pemenne mppanoHaIbHOIO YpaBHEHUS OCHOBAHO Ha MpPeoOpa3oBaHUM €ro K palMOHaJIbHOMY
YpaBHEHHIO, YTO JOCTUTaeTCs BO3BEICHHEM OOEHMX ero yacTeil B OAHY U Ty K€ CTeneHb (MHOraa
HECKOJIBKO pa3).

[Tpu Bo3BeneHNM 00enX YacTel MpPpallMOHAIBHOIO YPaBHEHMSI B YETHYIO CTENEHb MOJydaeTcs
YpaBHEHHUE, SBJISIOLIEECS CIEACTBUEM UCXOJHOTO. Y paBHEHUIO-CIIEACTBHIO YAOBIETBOPSAIOT BCE KOPHU
HCXOJHOTO YpaBHEHHUS, HO MOTYT IOSIBUTHCA M KOPHH, KOTOpbIE HE SBISAIOTCS KOPHSIMH HCXOIHOTO
ypaBHEHHS («IIOCTOPOHHUE» KOPHH). UTOOBI BBIIBUTH «IIOCTOPOHHHUE» KOPHH, BCE HalJIEHHbIE KOPHU
YpaBHEHHUS-CJIE/ICTBUS MPOBEPSIOT MOJICTAHOBKOM B HMCXOJHOE YpaBHEHHE U «IIOCTOPOHHHUE)» KOPHHU
0TOpachIBaIOT.

HcxonHoe uppaliioHaldbHOE YpaBHEHHE PaBHOCHUIBHO CMEIIAHHOM CHUCTeMe, COCTOSIIeH u3
YPaBHEHHS-CIEACTBUS M  OrPAaHUYEHHM, ONpeAensieMbIX O00JacTbl0 JOMYCTHMBIX 3HAYCHHUH
nepeMeHHoil. B 3ToM ciyyae «IOCTOpOHHHME» KOpHU HE OYyIyT BXOIUTH B 00JIACTh JTOMYCTHUMBIX
3HAUEHUH MIEPEMEHHONU U MPOBEPSTH UX MOJACTAHOBKOW B UICXOHOE YpaBHEHUE HE TPeOyeTcs..

[Tpu Bo3BeAeHNM 00EUX YacTeil UPPAIOHATIBLHOTO YPaBHEHHS B HEUETHYIO CTEIIEHb MOJIy4aeTcs
YpaBHEHUE, PABHOCWJIBHOE UCXOIHOMY.

HppanuoHajbHble HEPABEHCTBA ¢ OHOM IEPEeMEHHOM.
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PemeHre uppanMoOHAIBHOIO HEPAaBEHCTBA C OJHOW IIEPEMEHHOM CBOAUTCS K PEIICHUIO
PaBHOCWJIBHOM €My CHCTEMBI PallMOHAJIBHBIX HEPABEHCTB MJIM COBOKYIHOCTH CHUCTEM PallMOHAJIBHBIX
HEPaBEHCTB.

OTH CUCTEMBI PEIIAIOTCS IPU HAJOKEHUM OTPAaHWYECHUN Ha NEPEMEHHYIO U BO3BEAECHUHU 00EHUX
4acTel HEPABEHCTBA B OJHY U TY 7K€ CTEIICHb.

Iloka3zaTeabHbIe H TPUTOHOMETPHUYECCKHUE YPABHCHUS H HEPABCHCTBA.

OcHogHoble npuembsl ux peutenust (Paznodcerue Ha MHONICUMeNU, 66e0eHUe HOBbIX HeU3BECHHUIX,
noocmarnoska, epaguueckuii memoo). Mcnonvzosanue c8olUcms u epaghukos QyHkyull npu peuleHuu
HepaseHcm8. Memoo unmepeanos.

Ilokazamenvnvle ypasnenusa u Hepagencmea.
Pemienue noxazamenvhvix ypagrenuti 4aCTO CBOIUTCS K PELICHUIO yPaBHEHHUS
a*=a",
rae a > 0,a #1, X - Heu3BecTHOE. DTO YPaBHEHHE PEIIACTCS C MOMOIIBIO CBOMCTBA CTETICHH: CTEIICHH C
OJIMHAKOBBIM OCHOBaHMeM a > 0,a # 1 paBHBI TOJIBKO TOT/A, KOT/Ia PABHbI UX ITOKA3aTeIH.
Pemenue noxkazamenvnuvix nepagencme 4acTo CBOJUTCA K PELICHUIO HEPABEHCTBA
a*>a"mwm a* <a®.

OTH HepaBEHCTBAa pELIAIOTCA C IIOMOIIBIO CBOMCTBA BO3pacTaHUs WM yObIBaHUS
nokaszaTteiabHON (yHKIMM: Juis Bo3pacTamomedl (QyHKIuM OojiblieMy 3HAUYEHUIO (YHKLUHU
COOTBETCTBYET OoJiblliee 3HAUEHHUE apryMeHTa, a Juisl yObiBaromield (QpyHKuMHU OoJbLIEMY 3HAUEHUIO
(YHKLIMU COOTBETCTBYET MEHBIIIEE 3HAUEHUE apTyMEHTA.

Tpuzonomempuueckue ypagnenus u HepaseHcmea.
1. YpaBHeHus1, cBOASIIUECS K KBaIPATHBIM.
2. YpaBHeHus asin x+bcosx=c.
3. YpaBHEeHMs], pelIaeMble pas3sioKeHUEM JIEBOM YaCTH Ha MHOXKUTEIH.

IIpumeHeHne MaTeMaTHYECKHX METOI0B /ISl PellieHHsI CO/lepKaTeIbHbIX 32124 U3 Pa3InYHbIX
o0J1acTeil HAYKH M IPAKTUKH (AONOJHUTEIbHbIA MaTepua)

IIpumenenue mamemamuyeckux Memooo8 Ojisk peueHuUs: CO0epPHCAmMenbHbIX 3a0ay U3
PAa3IUYHbIX 0O1acmetl HAyKU u npakmukuy. Mumepnpemayusi pe3yibmama, yuem peaibHbix
02paHuyeHu.

Pewums mamemamuueckyto 3a0ayy — 3T0 3HAUUT HAWTU TAKYIO MOCIENIOBATEIBHOCTH OOIIMX
MOJIO’KEHUH MaTEeMaTHKH, MPUMEHsSs KOTOpbhle K YCIOBHUSAM 3aJaud MOJy4daeM TO, 4TO Tpedyercs
HaWTH — OTBET.

OCHOBHVIMU ~ MemOoOaMu  peuleHuss MeKCmoBblX 3a0ay SBISIIOTCS apU(PMETUYECKHA U
anreOpanyecKuii METOJI, a TaK K€ KOMOMHHUPOBAHHBIH.

Pewums 3a0auy apugpmemuueckum memooom — 3HAYAT HAWUTH OTBET HA TpeOOBaHWE 3a/auu
MOCPEACTBOM BBITIONHEHUS apu(PMETHUECKUX JEeUCTBUN HAJ JaHHBIMH B 3amade uyuciamu. OnHy U
Ty’Ke€ 33/1a4y MOKHO PEIIUTh Pa3INuHbIMHU apuPMeTHuecKuMu criocodaMu. OHU OTIIMYAIOTCS IPYT OT
JIpyTa JIOTUKOW PacCyKJIECHUN B MPOLIECCE PEUICHUS 3aJa4H.

Pewums 3a0auy ancebpauveckum memooom — 3HAYAT HAWUTH OTBET Ha TpeOOBaHUE 3aJauu
IyTEeM COCTABIICHUSI W PEIICHUS yPaBHECHUS WM CUCTEMbI YPaBHCHUH.

Texcmogule 3a0auu aneedpauyeckum Memooom peuarom no ciedyioujell cxeme:

1) BBIACIIAAIOT BCIIMYHHBI, O KOTOPBLIX HACT pCYb B TCKCTC 3aJa4yu, U YCTAHABJIMWBAIOT 3aBUCHUMOCTH
MCXKIY HUMU,
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2)  BBOJAT mepeMeHHbIe (0003HaUal0T OYKBaMU HEU3BECTHBIC BETMUUHBI);

3) ¢ MOMOUIbIO BBEJIEHHBIX NEPEMEHHBIX U JAHHBIX 3a/1a4ll COCTABIISIIOT YpaBHEHHE WU CUCTEMY
YPaBHEHUU;

4) pemialoT MOJyYEHHOE YpaBHEHHE WU CHCTEMY;

5) NpoBepsIOT HaWJIEHHBIE 3HAYEHUS 110 YCIOBHUIO 33Ja4i U 3alUChIBAIOT OTBET.

Kombunuposanneiti MeTon pemieHHs BKIOYAaeT Kak apudMeTHdeckuid, Tak W aireOpanmdecKuid
CIOCOOBI pelIeHUsI.

B HauanpHOW WIKONE 3374l densim no Koauvecmey Oelcmeutl IPU PEIIeHUH Ha MPOCThIE U
COCTAaBHBIC. Baﬂa‘II/I, B KOTOPBIX [JIA OTBE€TA HAa BOIPOC HYKHO BBIIIOJIHUTH TOJIBKO OOHO ﬂeﬁCTBHe,
Ha3bIBAIOT npocmuimu. ECiu UTs OTBETa Ha BOIIPOC 33a4 HY)KHO BBITIOJTHHUTH JiBa U OoJiee IEHCTBHH,
TO TaKUE 3a/1a4M HA3bIBAIOT COCMABHBIMU.

CocraBHy0 3a/1a4y, TEK )K€ KaK U POCTYI0, MOKHO PEIIUTh, UCIIOJIB3Ys Pa3IMUHbIC CIIOCOOBI.

3aoaua. Peibak moviman 10 pe16. M3 Hux 3 nema, 4 okyHs, ocTaibHbIe — MYKH. CKOJIBKO IIyK MOWMA
pb16ax?

O603HaunM Kax Iyt peiOy kpyrom. Hapucyem 10 kpyroB u 0603Ha4MM NOMMaHHBIX PHIO.
J J JI O O O O
Jlyist oTBETa HA BOMPOC 3a]]a9l MOKHO HE BBITIOJHATH apu(PMEeTHIECKUE ACUCTBHS, TAaK KaK KOJIUIECTBO
MOMMAaHHBIX YK COOTBETCTBYET HE 0003HaYEHHBIM KpyraM — UX TpH.
Apughmemuueckuii cnocoo.
1) 3+4=7(p) — moliMaHHBIE PHIOHI,
2) 10 — 7 = 3(p) — moiiMaHHBIE IIYKH.
Anrebpanyeckuii crmocoo.
[TycTh x — moliMaHHbIe IyKU. Toraa KOJIMYeCTBO BCEX PbIO MOXKHO 3aMKcaTh BhIpaXKeHUEM: 3 +
4 + x. Ilo ycioBuIO 3aa4d U3BECTHO, 4TO phIOak moiman Bcero 10 peid. 3maumt: 3 + 4 + x = 10.

Pemms 510 YpaBHCHHUE, ITOJYUYUM X = 3 ¥ TEM caMbIM OTBETHM Ha BOIIPpOC 3a71avuu.

I'paguueckuii cnocoo.

JICIITU OKYHHU ITYKH
I, -, r -
T S e e
L} L} L} L} L} L} L} L} L}

OTOT crmocol, Tak e KaKk M MPaKTUYEeCKUH, MO3BOJIAT OTBETUTh HA BONPOC 3a7adM, HE BBITOIHSI
apu(METHUECKUX ACUCTBUI.

B maremaTtuke oOLIEIPUHATO CIEAYIOIIEE ISJICHHIE MPOLIecca PelIeHHs 3a/1a4:
1) aHanmu3 TekcTa 3a7a4d, CXeMaTHJIecKas 3aIich 3aauu, UCCIIe0BaHNE 3a/1a9H;
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2) moucK crocoba peleHns 3aJauu U COCTAaBJICHUE TIJIaHa PEeIlCHMS;
3) ocyuiecTBIeHNE HAHEHHOTO TUTaHAa,

4) aHanW3 HAMJIEHHOTO pElICHUs 3a/1auu, IPOBEPKA.

Memoowbl noucka peutenus 3a0a4u MON*CHO HA38AMb Cledyioujue:

1) Amnamms: a) Koraa B pacCyXACHHUSIX IBUTAIOTCS OT UCKOMBIX K JaHHBIM 3a/aud; 0) Korja Ieoe
pacwICHSIOT Ha YaCTH;

2) Cunres:

a) KOT/ia IBUTAIOTCS OT JAHHBIX 33]I1a4¥ K HCKOMBIM;

0) KorJa JIEMEHTHI OOBETUHSIOT B IIEJIOC;

3) IepedopmysupoBka 3agaun (4€TKO GOPMYIHMPOBATH MPOMEKYTOUHBIC 3a/IaHUS, BO3HUKAIOIINAE 110
XOJy IOMCKa PELICHUS);

4) NHAYKTUBHBIN METOJA PELIEHHUs 3aJayd: HA OCHOBE TOYHOI'O YEpPTEkKa YCMOTPETh CBOMCTBA
burypsl, cieiaarb BHIBOJABI U I0KA3aTh UX;

5) Ilpumenenue aHasioruu (BCIOMHHUTH AaHAJIOTMYHYIO 33/1a4y);

6) IlpornosupoBaHue — NpeABUACHUE TEX PE3YJIbTATOB, K KOTOPHIM MOXET MPUBECTH MOUCK.

Paccmompum 6onee noopobro npoyecc pewenus 3adauu.
3anava Ha nBwkeHue. JloJka mpolia o TeYeHUIO PEKU PACCTOSHUE MEX]y ABYMsI IPUCTAHAMHU 3a 6
4, a oOpaTtHO — 3a 84. 3a CKOJBKO BPEMEHH NPOUIET pPACCTOSHUE MEXIY NPUCTAHSAMHU IUIOT,
MYIIEHHBIN 110 TEYEHUIO PEKU?

Ananuz 3adayu. B 3amaue peub uaer o AByX oOBeKTax: Jioaka W mioT. Jlomka wmmeer
COOCTBEHHYIO CKOPOCTh, @ IUIOT M peKa, MO KOTOPOHl IUIBIBYT JIOJKA M IUIOT, UMEET ONpPEEICHHYIO
CKOPOCTh Te4eHHs. IMEHHO MO3TOMY JIOJKA COBEPIIACT MyTh IO TCUYCHUIO PEKH 32 MEHBIIEEe BpeMs
(64), yem npotuB TeueHus (84). Ho 3Tu ckopocTu B 3amadye He JAaHbI, TaK e Kak HEU3BECTHO U
paccTosiHre Mexay npuctansMu. OgHako TpeOyeTcs HATH He ST HEM3BECTHBIC, & BPEMSI, 32 KOTOPOE
IUIOT MPOIUIBIBET 3TO PACCTOSHUE.

Cxemamuueckas 3anuch.

v
F 3

*: Mogka 6 y

B

N T E— nnoert
nogxa

[Touck cnocoba pemenust 3agaun. HyxHo HailTu BpeMs, 3a KOTOpPOE IIOT MPOILJIBIBET PACCTOSHUE
Mex Iy npuctaHsamMu A u B. Jljis Toro, 4ToObI HAWTHU 3TO BpeMs, Ha/I0 3HATh pacCTOsIHUE AB 1 CKOPOCTh
TedeHus peku. O0a OHU HEW3BECTHHI, TO3TOMY 0003HAUNM paccTossHue AB OykBOit S (KM),a CKOPOCTH
Te4eHUsT a KM/4.YUToObI CBS3aTh ATH HEU3BECTHBIC C JAaHHBIMHU 33/1a4H, HY>KHO 3HATh COOCTBEHHYIO
CKOpOCTh J0oAKH. OHa TOKE HEU3BECTHA, MOJOXKUM, OHa paBHa V kM/4. OTCioa BO3HHKAeT IUIaH
pelleHus, 3aKITI0YAIOIINICS B TOM, YTOOBI COCTABUTh CHCTEMY YPAaBHEHHI OTHOCUTEIILHO BBEJICHHBIX
HEU3BECTHBIX.

OcymecTBienue pemenus 3agaun. [Iycts pacctosiuue paBHO S (KM), CKOPOCTh TEUCHHS PEKU d
KM/4, COOCTBEHHAsI CKOPOCTh JIOAKHA V KM/4, a ICKOMOE BpeMsl ABHKEHUS TJI0Ta PABHO X .

Torma ckopocTh JOIKHM TO Te4eHHUI0 peku paBHa (V+a) km/4. 3a 64 joaka, Was C STOM
CKOPOCTBIO, mpornia paccrosiaue B S (km). CrienoBarensHo, 6 (V' + a) =S (1). [Ipotus TedeHus sta
JI0IKa HAET cO CKOpocThio (V — a) KM/4 ¥ JaHHBIH MyTh OHA MPOXOIUT 3a 8 4, mostomy 8(V—a) =S
(2). TInoT, TUIBIBS CO CKOPOCTBIO TEUEHHsI PEKH a KM/d4, MpOIUIbLT paccTosHue S (KM) 3a X d,
cienoBaTenbHo, ax = S (3).
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[Toy4ennsle ypaBHeHHsI 00pa3yIOT CHCTEMY YPaBHEHHI OTHOCUTEIILHO HEU3BECTHBIX a, X, S, V. Tak
KakK TpeOyeTcsl HAalTH JIMIIb X, TO OCTaJIbHbIe HEU3BECTHBIEC TOCTAPAEMCS UCKITIOUUTb.

st aToro u3 ypaBaenuit (1) u (2) Haiimem: V + a =, V —a = . Beunuras u3 nepBoro ypaBHEHUs
BTOpOE, ostyyum: 2a = — . Orcroaa a = . [loacraBum HaliileHHOE BhIpaXKE€HUE B ypaBHeHuUE (3): X
=. Otkyna x=48 .

[IpoBepka pemeHus. Mpl HanuIM, YTO IJIOT HPOIUIBIBET PACCTOSHUE MEXAY MPUCTaHAMH 3a 48 4.
CrnepnoBarenbHO, €r0 CKOPOCTb, paBHAas CKOPOCTU TE€UYEHHUsS peKHu, paBHa . CKOpPOCTb K€ JIOAKH IO
TEUCHHUIO PEKU paBHA KM/Y, a MPOTUB Te4eHUs KMm/4. [l Toro, 4toObl yOETUTHCS B MPAaBUILHOCTU
pelIeHHs, JOCTATOYHO MPOBEPUTH, OYAYT JI1 PaBHBI COOCTBEHHBIE CKOPOCTH JIOAKH, HAWICHHBIC TBYMSI
cnocobamu: + u  — . [IpousBexast BeIYMCIICHUS, TIOJYYUM BEPHOE PaBEHCTBO: = . 3HAUMUT, 3ajaya
pelieHa IPaBUIbHO.

OTBeT: IIOT NPOILIBIBET PACCTOSHUE MEXY IIPUCTAHSIMH 3a 48 4acos.

AHanu3 peuieHus. Mbl cBelM pelIeHUE 3TOM 3a/lauMl K PELICHUIO CUCTEMBI TPEX YPAaBHEHUH C
YeThIPbMS HeM3BeCTHhIMU. OIHAKO HAWTH HAJ0 OBLIO 0JHO Hen3BecTHOE. [103TOMY BO3HHKAET MBICIb,
YTO JAaHHOE PELIEHHE HE CaMO€ y/1ayHOe, XOTS U IpocToe. MOKHO NPEIJIOKUTD APYTroe pelIeHHeE.

3Has, 4TO JOJKa MHpoIuibUia pacctossHue AB mo TedeHuro peku 3a 64, a mpoTHB — 3a &4,
HaiiieM, 4yTo B 14 J1oAKa, WA MO TEUYEHUIO PEKH IMPOXOAUT YacThb ITOrO PAaCCTOSIHMS, a IPOTUB
TeueHus1. Toraa pa3HOCTh MEXAYy HUIMH — U = €CTh YJIBO€HHAs 4acTh paccTosiHus AB, nporuisiBaemast
mwiotoM 3a lu. 3naumt. Ilnor 3a lu mpomubiBeT 4acTh pacctosiHus AB, ciepgoBaTellbHO, BCE
paccrosaue AB oH nporuibiBeT 3a 48 4.

[Ipn TakoMm perieHMHM HaM HE MOHAJAO00MIOCH COCTABIIATH CUCTEMY ypaBHEHHMiH. OJHAKO 3TO
pelleHre CI0XKHee MPUBEICHHOTO BhIIIe (He BCAKUIA OorafaeTcs HaWTH pa3HOCTh CKOPOCTEH JIOAKH 1O
TEUYEHUIO M MPOTHUB TeYeHUs peku). Ho eciu BBl Tak U HE CMOTJIM Pa300paThCs ¢ PEeUICHUEM JTaHHOU
3a/1a4d, WIM K€ y Bac MPOCTO HET Ha 3TO BpEMs, a HAa HOCY el Kyda KOHTPOJIbHBIX, TO Bbl MOXKETE
3aKa3aTh PELIEHUE KOHTPOJIBHBIX padOT Ha CIELMATIBHBIX OUpIKaX.
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