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OraasjeHue

BBenenue

Tema 1.BBeneHnne.maTremMaTuka B HayKe ¥ IPAKTHUECKOHN AEATEIbOCTU.LENH U 3a4a4d U3Y4YECHHUS
MaremMaTukM B yupexaeHusx CII10.

Tema 2. PazButre HOHATHUSA O YUCIIE.

Tema 1.1. llenble n pallMOHAIBHBIE YHCIIA.

Tema 1.2. JletfictButenbHble uncna.JlelicTBHUS Haa AeHCTBUTEILHBIMU YHCIAMHU.

Tema 1.3. [Ipubmmxennpie 3HaueHus. [lorpemHoCcTH MPUOIMIKEHHBIX BRIYUCICHUN. JlecTBuUs
Hazg HpI/I6J'II/I)KeHHBIMI/I qucJiiaMu.

Tema 1.4. KommnekcHple yncia. AnreOpandeckas ¢opma KOMIUIEKCHOTO yucia JledcTBus ¢
KOMIIJICKCHBIMH YU CJIIaMHU

Tema 3. OCHOBBI TPUTOHOMETPHH.

Tema 3.1. Pannannas mepa yria. BpamarensHoe IBUXKEHHE.

Tema 3.2. OnpeneneHue CUHyca, KOCUHYCa, TAHT'€HCA U KOTaHI€Hca yIa.

Tema 3.3. OCHOBHBIE TPUTOHOMETPUUYECKHUE TOXKAECTBA. DOPMYIIbI CIIOKEHUS.

Tema 3.4. Cunyc, KOCHHYC U TAaHTEHC JIBOMHOTO M IMOJOBUHHOTO YIJIOB, (DOPMYIIBI IPUBEACHHUSI.

Tema 3.5. Tpuronomerpudeckue PyHKIUHU, UX rpad)UKH U CBOMCTBA

Tema 3.6. OOpatHbIe TPUTOHOMETpUYECKHUE (PYHKIIUU, UX CBOMCTBA U Tpa(UKH.

Tema 3.7. TpuroHOMeTpUUECKUE YPAaBHEHHUS.

Tema 3.8. Tpuronomerpuyeckas (opMa KOMIUICKCHOTO uucia. JIeHCTBHUS C KOMIUIEKCHBIMHU
YHCIIAMH B TPUTOHOMETPHYECKON opme.

Tewma 4. Kophu, crenenu.

Tema 4.1. CTeneHs ¢ palliOHAIbHBIM U JICUCTBUTEIbHBIM MOKA3aTEIISIMH.

Tema 4.2. Apudmerndeckuii KOpeHb HATYpaIbHOUN CTETICHHU.

Tema 4.3. Pemienne uppalluOHAIBHBIX YPAaBHEHUH U HEPABEHCTB.

Tema 5. TlokazarenbHas 1 JorapupmMuueckas GyHKIUU

Tema 5.1.I1okazarenbHas ¢pynkuus.Ee cBoiicTBa u rpaduk

Tema 5.2. Jlorapumsi.

Tema 5.3. Jlorapudmuaeckast GyHKIHS

Tema 5.4.PemeHune mokazaTeIbHBIX U JJOTApU(DMHUUIESCKUX YPaBHEHUM, CHCTEM ypaBHECHUH

Tema 5.5.Pemenne mokazaTeabHbIX U JOTapU()MHUUESCKIX HEPABEHCTB.

Tema 6. IlpousBoanas.

Tema 6.1. DyHKIIMH, UX CBOWCTBA U TpauKH (TIOBTOPEHUE).

Tema 6.2. IlocnenoBarenbHoctu. [Ipenen mocienoBaTenbHOCTH, peaet GpyHKIMHA

Tema 6.3. TIponsBoiHasI, €ETEOMETPUUECKHUI M (PU3HUECKUI CMBICIL.

Tema 6.4. TlpumeHEeHNE TIPOU3BOTHON K UCCIIECOBAaHUIO (PYHKITHH.

Tema 6.5. Bropas nmpon3BoiHas, €€ TEOMETPUICCKUA U (PU3NIECKUIA CMBICI.

Tema 7. [IpssmMble 1 MIIOCKOCTH B MPOCTPAHCTRBE.

Tema 7.1. AKCMOMBI CTEPEOMETPHUH U NTPOCTEHIIINE CIEICTBUS U3 HUX.

Tema 7.2. TlapannenbHOCTb NPSMOM U TNIOCKOCTH, TAPAIIEIBLHOCTD MIIOCKOCTEH.

[TapannensHoe MPOEKTUPOBAHKE U €ro cBOiicTBa. M300pakeHue MpOCTPaHCTBEHHBIX (UTYp Ha
TJIOCKOCTH (JTOTIOJTHUTEIBHBIN MaTepualt)

Tema 7.3. llepneHAUKYIIpPHOCTDh IPSMOM U MIIOCKOCTH.

Tema 7.4. llepneHauKyaAp ¥ HAKJIOHHAS.

Tema 7.5. Yron mexay npsiMOi U IJIOCKOCThI0. OpTOroHaIbHOE TPOEKTUPOBAHUE.




Tema 7.6. IByrpanHblid yroj. YTros MeXay MIocKocTIMU. [lepneHauKyasaspHOCTh MIIOCKOCTEN.

Paznen 8. KoopinHaThl 1 BEKTOPHI.

Tema 8.1. Bexropsl. JleiicTBus Hax BekTopamu. ba3zuc Ha mmockoctu. [IpsiMoyronbHas cuctema
KOOpJMHAT.

Tema 8.2. PaccTosiHue MeXy TOUKAMH.

Tema 8.3. JInuneiinple onepanuu HaJl BEKTOPAMHU.

Paznen 9. MHoOrorpaHHukH.

Tema 9.1. MuororpanHuku. [TpaBuiibHbIE MHOTOTPAaHHUKHU W UX CBOWCTBA.

Tema 9.2. Ilpusma u ee CBOMCTBA.

Tema 9.3. Tlapannenenunesn U €€ CBOKMCTBA.

Tema 9.4. Ilupamupna. [IpaBunbHasg nupamua. Y cedyeHHas nupamuaa. Terpasp.

Tema 9.5. Ceuenus xyOa, IpU3Mbl U MUPAMU/IBL.

Tema 9.6. IlpaBunbHbIE MHOTOTPAaHHUKHU.

Tema 10. Tena BpalieHuss ¥ MOBEPXHOCTH TE€J BPALLCHHUS.

Tema 10.1. lnnuHap, KOHYC U UX CBOMCTBA.

Tema 10.2. lllap u cdepa, ux ceuenus. KacarenbHas mIocKoCTh K cdepe.

Tema 11.21eMeHTH KOMOMHATOPHKH.

Tema 11.1. OcHOBHBIE TOHATHA KOMOUHATOPUKU

Tema 11.2. ®opmyna OunHoma Heiorona. CBoiicTBa OMHOMMAJIBHBIX KOI(D(UIMEHTOB.
Tpeyronpuuk [Tackans

Tema 12. [IlepBooOpa3Has u HHTErpa

Tema 12.1.

Tema 12.2.

Tema 13. I3mepenust B TEOMETPUH.

Tewma 13.1. O6wem u ero uzmepenue. Marterpansnas gopmyina oobema.

ITonobue puryp

Temal4.5neMeHTHI TEOpUU BEPOSATHOCTEH U MATEMATHUECKOM CTaTUCTUKU (TIPOTOJKEHUE)

Tema 14.1. luckpeTHast ciyyaiiHas BEJIMUMHA U €€ XapaKTEPUCTUKU

Tewma 14.2. IpencraBnenue qaHHBIX (TaOIUIIBI, AUATPAMMBI, TPAPUKH )

YpaBHEHUS 1 HEPABEHCTBA

Cnucok JmrepaTrypbl




BBenenue

OBnazieHue TPAKTUYECKH JII000H COBpEeMEHHOM mpodeccueii TpedyeT onpeeIeHHBIX
MaTeMatuueckux 3HaHuil. [IpeacraBneHue o poiu MaTeMaTHKH B COBPEMEHHOM MHUPE,
MaTeMaTUYeCKHe 3HAHUS CTAIU HE0OXOIMMBIM KOMIIOHEHTOM O0IIeH KylIbTypbl. J{is
camopean3aIfy, BO3MOXHOCTH YCIEIIHOHN IeATeIbHOCTH B MHGOPMAITMOHHOM MHpe TpeOyeTrcs
IpoYHasi MaTeMaTH4ecKas MoAroToBka. MaremaTnueckoe oOpa3oBaHHe BKIIIOUAET B ce0s OBIaIeHUE
CUCTEMON MaTeMaTHYECKUX 3HAHUH, YMEHHI U HABBIKOB, AIOIIUX MIPEICTABICHHIE O TPEIMETE
MaTeMaTHKH, O MAaTeMAaTUYECKOM CUMBOJIMKE, CTIEIUAIbHBIX MATEMaTHYECKUX MTPHEMax, METoAax
MBIIUTCHHUS.

Hacrosimuii KOHCHEKT JdEeKIWi NpeaHa3HadyeH [ CTyAeHTOB crennanbHocTH 38.02.01
«OKOHOMHMKAa M OyXranrepckuil yder (1o oTpaciisiM)y». YueOHbIM MaTepuasn 4ETKO JO03UPOBaH I10
OIHOMY WJIM HECKOJbKUM 3aHATUSAM. Takoe MOCTpOEeHHWE IOMOraeT CTyIeHTaM H3y4yaTb MHOTHE
BOTIPOCHI CAMOCTOSITENILHO, OCOOEHHO €CJH CTYACHTOM MPOMYIIEHO KaKoe-TH00 KOHKPETHOE 3aHSITHE
WM TeMa.

KoHcnekr nexknuii comep XUt HeoOX0MMBI MaTepHal Mo BCEM pasziesiaM Kypca
MaTemaTuku: Pazputue nousitus o uncie; OcHOBbI TpuroHometrpun; KopHu, crenenu u orapudmsi;
OyHKIMH, UX cBOMCTBA U rpaduku; CTeneHHbIe, ToKa3aTelbHbIE, JTorapudMudeckue u
TpuroHoMmerpuueckue Gynkuuu; Hauano maTemaTHueckoro aHainsa; Y paBHEHUS! U1 HEPAaBEHCTBA;
[IpsiMbie U TUIOCKOCTH B MpocTpaHcTBe; KoopanHAThI M BEKTOPHI; MHOTOTPaHHUKH, DIIEMEHTHI
TEOPUHU BEPOATHOCTH U MATEMATUYECKON CTaTUCTUKHU, KOTOPbIE OOBIYHO U3YYalOTCs CTYACHTaMHU Ha
IIEPBOM KYypcCe.

W3noxkeHne TEOPEeTHMUECKOTo MaTepuana IO HEKOTOPhIM T€MaM COIPOBOXKAAeTCs
paccMOTpeHHEeM TPUMEpPOB W 3a7ad, BEIETCS Ha JOCTYITHOM, MO BO3MOXXHOCTH CTPOTOM S3BIKE.
[Tocobue moMoOXkeT CTyaeHTaM OCBOMTh | Kypc MaTeMaTHKH, MOATOTOBUTHCA K clade 3a4eToB U
HK3aMEHOB M0 MaTEMaTUYECKUM JTUCITUTUTHHAM.



Mamemamuka 6 HayKe, NPAKMUYECKOU OesAmeTbHOCIU.

Matemaruka — HayKa O KOJIMYECTBEHHBIX OTHOLLIEHUSIX U MPOCTPAHCTBEHHBIX (hopMax
JEHCTBUTEIILHOIO MUPA.

Ponps MmaTemaTHK B COBpEeMEHHOM HAayKe IMMOCTOSTHHO BO3pacTaeT. DTO CBSI3aHHO C TEM, 4TO Oe3
p3.3pa6OTKI/I 1 UCTIOJIb30BaHUA MAaTCMAaTUUCCKUX HAYK 6]:1)10 651, HalmpuMmep, HCBO3MOKHO HA OCBOCHUC
KOCMOCa, HU CO3/IaHUE 3JIEKTPOHHO-BBIYMCIUTEIbHBIX MAINH, HAlIeAIIUX IPUMEHEHHUE B CAMBIX
PA3INIHBIX O6J'IaCT$IX JeJI0BEYECKONI JACATCIIbHOCTH.

Matemartuka npeacTaBisieT co0oil 0CHOBY (yHIaMEHTAIbHBIX UCCIEIOBAaHUMI B €CTECTBEHHBIX
U TYMaHUTApHBIX HayKax. MaTreMaTu4ecKkue UJeu 1 METOAbl MPOHUKAIOT B yIIpaBJICHHUE BECbMa
CJIO’KHBIMHU ¥ OOJIBIIMMHU CHUCTEMAaMHU Pa3HOM MPHUPOJIBL: MOJETAMU KOCMUYECKHX KopalJeid,
OTpacJIIMU MTPOMBIIIJIEHHOCTH, pa00TOI OOIIMPHBIX TPAHCHIOPTHBIX CUCTEM M IPYTHX BUJIOB
ACATCIIbHOCTH. B MaTremaTnke BO3HHKAIOT HOBBIC TCOPHU B OTBCT HA 3aIIPOCHI IPAKTUKU U
BHYTPEHHET0 pa3BUTHS caMoi MmareMaTuku. [Ipunoskenus pa3ianuHbIx o0jgacTel MaTeMaTUKH CTallu
HEOTHEMJIEMOH YaCThIO HAYKH, B TOM YUCIe: PUIUKH, XUMHUH, T€OJIOTHH, OMOJIOTUHU, METUIIUHBI,
JIMHTBUCTUKH, SKOHOMUKH, COITUOJIOTHH U JIp.

MareMaTtrka Urpaer BaKHYIO POJIb B €CTECTBEHHOHAYYHBIX, MHKEHEPHO-TEXHUYECKUX U
FyMaHUTapHbIX HcciaenoBaHusx. OHa cTaja s MHOTHX OTpaciel 3HaHUW He TOJIbKO OpYAHEM
KOJIMYECTBEHHOTO pacueTa, HO TAKKE METOJIOM TOUYHOT'O UCCIIEIOBAHMS U CPECTBOM IIPEAEIBbHO
4eTKON (HOPMYITUPOBKHU MOHATUHN U TIpo0sIeM. be3 coBpeMeHHON MaTeMaTHKH C €€ Pa3BUTHIM
JIOTUYCCKUM U BBIYUCIIMTCIIBHBIM allllapaTOM 651.]'[ 6]:1 HCBO3MOIXKCH MPOTPCCC B pa3JINIHBIX O6J'IaCT$IX
YeJI0BEYECKON JeSITeIbHOCTH.

MareMaTtuka SBIsICTCS HE TOJILKO MOIIIHBIM CpCACTBOM PCHICHUSA MPUKIIAAHBIX 3a1a4 U
YHHUBEPCAIbHBIM S3bIKOM HayKH, HO TAK)KE U AJIEMEHTOM 00111el KyabTyphl. [leiicTBUTENbHO,
MaTeMaTHKa IPOHUKAET BO BCE C(ephbl YEIOBEUECKOM NesATeIbHOCTH. TpyaHO Ha3BaTh XOTs OBl OAMH
paszen HayKu WJIH KaKyro-Tn00 mpodeccuoHaabHy0 00acTh, T/Ie He TPUCYTCTBOBAJIa ObI MaTeMaTHKA
i e€ MeToJIel. [loaToOMy HE00OX0IUMOCTh MATEMATHUECKOTO O0PAa30BaHMSI VISl YCIIEIITHOTO
(bopMUPOBaHUS JTUYHOCTH HE BbI3bIBAET COMHEHHH.

1. Ienu u 3a0auu uzyuenus mMamemamuru 6 yUpercOeHUIX cpeonezo npogheccuonanbHozo
oopazoeanus:

» (opMHpOBaHHE MPEICTABICHUI O MATEMATHKE KaK YHHBEPCATBHOM SI3bIKE HAYKH, CPEICTBE
MOJIEIUPOBAHMS SBJICHUH U MPOLIECCOB, 00 UAESSIX U METOJIaX MaTEeMaTHKHU;

» Pa3BUTHE JIOTUYECKOTO MBIIUICHHS, TIPOCTPAHCTBEHHOTO BOOOPAKEHHUSI, aITOPUTMHUECKOM
KYJBTYpPbl, KPUTUYHOCTHU MBIIIJICHUS HA YPOBHE, HEOOXOAUMOM i1 OyayIuein
npodeCcCHOHATIBHOM 1A TeNbHOCTH, VIS POIOJDKEHUST 00pa30BaHMs U cCaMOOOpa3OBaHMS;

» OBJIaJICHNE MaTeMaTHYECKUMHU 3HAHUSMH ¥ YMEHHUSIMHU, HEOOXOIMMbBIMHU B TIOBCEAHEBHOMN JKU3HH,
JUTS U3Y4EHHSI CMEXHBIX €CTECTBEHHOHAYYHBIX JAUCIUIUINH HAa 6a30BOM YPOBHE U TUCIHILINH
po()eCCHOHAIBHOTO IUKJIA, JIJIS TIOJTyYeHHs] 00pa30BaHUsI B 00J1aCTIX, HE TPEOYIOMNX
yrIIyONnEéHHON MaTeMaTU4ecKor OArOTOBKY;

» BOCHHTaHHE CPEACTBAMU MAaTEMaTHKH KyJIbTYPbI JMYHOCTH, IOHUMAHNS 3HAYMMOCTH
MaTEeMaTHKH JUIsl HAyYHO-TEXHHUECKOTO MPOrpecca, OTHOLICHUS K MaTEeMaTHKE KaK K YacTH
00111e4esI0BeYECKON KyJIbTYphl U€pPE3 3HAKOMCTBO C HCTOPUEH pa3BUTHSI MaTEMAaTHKH,
ABOIIONHUEH MaTeMaTHUECKUX HJICH.



Tema 1. PazBuTre NoOHATHSA 0 YUCTIE
Tema 1.1 Leanble U paunoHaJIbHbIE YHCJIA

Onpe()eﬂeﬂue u ceolicmea HamypalbHblX U Yyeablx Yuceil. PaI/;MOHaﬂbele qucia u eco

ceoticmea.

ijemb.' BBITIIOJIHATH apnq)MeTqucxne I[GﬁCTBI/IH Hang 4uciiaMu, pemaTb 3a4a4u.
3name: onpeAesieHue U CBOMCTBA HATYPAJIbHBIX U LEJbIX YHCEII, PAllMOHATIbHBIC YHCIIa U UX
CBOMCTBA.

Onpenenenune. Hamypansnoie uucna — 1o uncna suga N={1, 2, 3, ...,}. HarypanbHble uncna

IIOSABUJIMCH B CBSA3H C HCO6XOI[I/IMOCTI)IO mnmoacyucTa nmpeamMeEToB.

Onpenenenne. HarypanbHbple uucia, 4ucia, IPOTUBOIOJIOKHBIE HATypajdbHBIM, U HYIb

COCTaBIISIIOT MHOMcecmeo 7. ueblx uucei.

Ceoiicmea HamypanbHbIX U YEbIX YUCET:

1) a+b=>b+a - nepeMeCTUTEIIBHBINA 3aKOH CIIOKEHUS,;

2) a+(b+c)=(a+b)+c - coderarenbHbIN 3aKOH CIIOKCHHS;

3) a*b=>b*a -nepeMeCTUTEIbHBIN 3aKOH YMHOXXCHHUSI,

4) a*(b*c)=(a*b)*c - coueraTenbHBIA 3aKOH YMHOKEHUS,

5) a*(b+c)=ab+ac -pacupenenuTeNnbHbINA 3aKOH YMHOKEHUSI OTHOCUTENIBHO CII0KEHHUS.

m
Onpenenenue. Payuonanvnovie yucna — 5To 4ucia, IpeaCcTaBUMbIC B BUIE IpoOU — , Tae M -
n

[eJN0e 4YUCiIo, a n- HaTypajlbHOe 4ucio. J[ns o0o3HadeHMs] palMOHAJIbHBIX YHCET HCIOIb3YeTCs
natuHckas OykBa (. Bcee HaTypaibHbIE U LENbIE Yncia — palluOHAJIbHBIE.

2 11

[Tpumeps! pariioHaIbHBIX YHCEN: e

5’
Ceoiicmea payuoHaIbHbIX YUCEIL.
1) a+b=b+a;

2) a+(b+c)=(a+b)+c;

3) a+0=a;

4) a+(—a)=0;

5) a*b=b*a;

6) a*(b*c)=(a*b)*c;

7) a*(b+c)=ab+ac,

8) a*l=a;

9) a*lzl; roe a # 0;

a
10) a*0 =0.

Tema 1.2. [lelicTBuTe/IbHBIE Yncia. JlelicTBUS HA A€ CTBUTEIbHBIMYU YMCJIAMHU.

Onpedenenue oeticmeumennuix yucen. UppayuonanvbHvle 4ucia.

Ymems: BHITIONIHATH apI/I(bMeTI/I‘IeCKI/IG JIeNCTBUS Hal qucjiaMu, peluaTh 3aJ1a4u.
Buame: OIpCaACIICHUC U CBOICTBa HeﬁCTBHTCHBHBIX YUCCII, UPppallOHAJIbHBIX YU CCII.

Onpenenenne. Jeiicmeumenvuvie yucia (6euecmeennvle) — 4ncia, KOTOPbIe TPUMEHSIOTCS

A4 U3MCPCHHUA HCHPCPBIBHBIX BCIIWYHH. MHO0kecTBO I[eﬁCTBHTeﬂbHBIX quCcell 0603HaqaeTc;1
JaTUHCKOU OykBOM R . JIeWCTBUTEIBHBIC YHCIIa BKIIOYAIOT B CE0s pallMOHAIILHBIE U UPPAIlMOHATBHBIC

7



yucna. Hppayuonanvuvie uucna — 4YNUCIA, KOTOPBIE IMONYYAlOTCd B PE3yJbTaTe BBINOJHEHUS
pPa3IUYHBIX ONEpalMid € palUOHAJIbHBIMU YHUCIAaMU (H-p, W3BJIEYEHUE KOPHS, BBIYMCIECHUE
jgorapu(MoB), HO TPU 3TOM HE SBISAIOTCA palUMOHAIBHBIMH. [IpuMepbl HPpPALMOHAIBHBIX YHCEIN:

V2,43, 7.
JIro6oe neicTBUTENBHOE YHCIO MOXKHO OTOOPA3UTh HA YUCIOBON MPSMOH.
¢ r——— * e - ~—>
-3 2 V2 -1 05 0 05 1 V2 2 3 x
Boieoo: ]lns 1nepeunciIeHHBIX BBINIE MHOXKECTB YMCENl CIPABEUIMBO  CIEAYIOIIEE
BBICKA3bIBaHHE:
NcZc(QcR,
TO €CTh, MHOXKECTBO HAaTypaJbHBIX YMCEJl BXOJUT BO MHOXKECTBO LIEIBIX 4YHCel. MHOXKECTBO LIENbIX

YUCCII BXOAUT BO MHOKCECTBO pallMOHAJIbHBIX YHCCIIL. A MHOXECTBO PpalOHAJIBHBIX YUCCII BXOOAUT BO
MHOXECTBO HeﬁCTBHTCHBHBIX YHUCCJI.

Mooynb Oeiicmeumenvhozo 4ucaa x 0003HAYACTCS |x| U ONpeNeNnseTcsl Tak Ke, Kak U

MOJYJIb PALIMOHAIBHOTO YUCIIA:
x, x>0,

|x|: —-x,x<0
, .

Ceoticmea mooyneit:
D) |a|=a*

2) |d=0<a=0;

3) |a|=0;

4 ld=|-d

5) |a-b|=|d|-|b];

6) |a|2:a2;

O R
bl |p

8) |a+b| £|a|+|b;
9) [a—b|>a| |

Konmponvhule 6onpocwi

1. OnpeniesicHrE ¥ CBOMCTBA HATYPAIBHBIX U IEJIBIX YHCEIL.

2. PanimoHanbpHEIE YHCIIa U €T0 CBOMCTBA.
3. UppaumonanbHble YKca.

N

Tema 1.3. IlpnéanskeHHbIe 3HaYeHUA. AOCOJIOTHASI M OTHOCHTEJIbHAS OTPEeIIHOCTH.

Hpu6ﬂu9f€€HHbl€ SHAYEHUA. Hoepewnocmb npu@zumcenwz. Abcomomuas u omHocumenbHas
noecpeutHocmu npu@zuofceﬂuﬂ U ux ecparuybsl. Yucna 6EPHbLE, COMHUMENIbHbLE, CMPO2O 6EPHbIE U
3Havawue.

Ymems: Hax0UTh MPUOIMKEHHBIC 3HAYCHHS BEIMYMH U MOTPEIIHOCTEH BBIYMCICHHM, TPUMEHSITh
MPAKTUYECKHUE MPUEMbI IPUOIMKEHHBIX BIUMCICHUN.

3namye: IpUOIIMKEHHBIC 3HAYCHHS, TOTPEIIHOCTH MPUOIIMKESHHS, Aa0COTIOTHAS M OTHOCHTEIbHAS
MOTPEIIHOCTH MPUOIMKEHUS U UX TPaHULIbI, YKCIIa BEPHbIE, COMHUTENbHBIE, CTPOTO BEPHBIE U
3HayaIlue.



L.Ilpubnusrcennoe 3nauenue eenudyuHvl. A0OCONIOMHAA NOZPEUIHOCHIL NPUOTUNCCHUSL.
I'panuya abconromuoil nozpewtnocmu.

ITycTh pe3ynbTar u3MEepEeHUs WIK BBIYUCICHUS BEIMUMHBl X C HEKOTOPOI TOYHOCTBIO PaBeH a .
Torna a Ha3bIBaeTCs npubaudzceHHbIM 3HaveHuem (AU npubaudcenuem) BeInduHbl x . [Ipuuem, ecnu
a < X,TO a Ha3BbIBACTCSA NPUOIUNCEHHbIM 3HAUEHUEeM ¢ Hedocmamkom (WIH NpUbIUdCeHuem CHU3y), a

€CIM a > X, TO a HA3bIBACTCS NPUOIUNCEHHBIM 3HAYEHUEM C U30bIMKOM (AITA NPUOIUICEHUEM CBEPXY)

BEJIUYMHEI X .
Onpenenenne. Pa3HOCT, TOYHOrO W TMPHUOTMKEHHOTO 3HAYCHHW BEITUYMHBI HA3bIBACTCS
nOZPEUHOCMbIO RPUOIUICCHUA.
Tak, ecnmu x- TOYHOE 3HAYCHHE, «- NPUOMDKEHHOE 3HAYCHHE, TO Pa3HOCTh X —d -
MOTPENTHOCTh MpUuOIMmKeHus. Eciiu ee 06003HaunM uepe3 Ax, TO MOITYyIUM
X =a+ Ax,
T.€. HICTUHHOE 3HaU€HHUE PAaBHO CyMMeE MPUOIKEHHOTO 3HAYCHHUS U TIOTPEITHOCTH MTPUOIKEHUS.
Moaynbs pa3HOCTH TOYHOTO M IPUOJIMKEHHOTO 3HAUYCHNU N BEJIMUMHBI HA3bIBACTCS AOCOIIOMH O
nOZPeUtHOCMbIO RPUDIUICCHUSA.

CnenoBarenbHO, ecid Ax=Xx—a - TOTPEIIHOCTh NPUOIMKEHUs, TO |Ax|:|x—a| -

a0COIIOTHAS TTOTPEIIHOCTh MPUOIIMKEHUSL.

Bo MHOrmX mpakTHYeCKH BaXKHBIX CIydasX HENb3s HAWTH aOCONIOTHYIO TOTPEITHOCTh
npuOIMKEHUsT W3-32 TOTO, YTO HEU3BECTHO TOYHOE 3HAYCHHE BENWYUHBL. OJHAKO MOXKHO YKa3aTh
MOJIOKUTEIBHOE YHCII0, OOJIbIIE KOTOPOTO 3Ta a0CONIOTHASI TOTPEIIHOCT ObITh HE MOXKET.

Onpenenenue. J[1000€ MOJOKUTENFHOE YHCIO, KOTOPOE OOJbIIE MM PAaBHO aOCOIIOTHOM
TIOTPEIIHOCTH, Ha3bIBACTCS PAHUUCH AOCONIOMHOU NOZPEUHOCHIU.

CrnenmoBarenbHO, €CIM X - TOYHOE 3HAYCHHUE, «- MPUOJMKCHHOE 3HAYCHHE, TO Pa3HOCTh
Ax = x—a - TIOTPENIHOCTh TPHUOJIMIKEHHUS, TO JH000€ YHUCIO /i, YIOBIETBOPSIONIEE HEPABEHCTBY

|Ax| < h, sBuseTCS TpaHUIEH aOCONIOTHON MOTPEHTHOCTH. B 3TOM ciydae roBOpST, 4TO BEIHMYMHA

X IPUOTMKEHHO C TOYHOCTBIO 10 4 paBHA a , U TTUIIYT

X & a € TOYHOCTBIO 10 A

wim x=axrh 3anucb x=ath o03HaA4YaeT, UYTO HUCTUHHOE 3HAYCHHE BEIMYMHBI X
3aKJIIOUYEHO MEXIY TpaHulaMu a —hu a+h, T.e.

a-h<x<a+h.

Ecnu m3BecTHO, YTO @ sIBIsieTCS TPUOIMKEHHBIM 3HAYEHHEM BEJIMYMHBI X, W TpeOyercs
OTIPENIeNUTh TPAHHIly aOCOJTIOTHON TOTPEIIHOCTH 3TOTO MPHUOIMKEHHOTO 3HAYEHUs, TO 3Ty 3a1ady
00b19HO (hOopMYIHUPYIOT Tak: «ONpeaenuTh (HAUTH) TOYHOCTh MPUOIMKEHHOTO PABEHCTBA X & d ».

2.0muocumensvnan nozpewtnocms. I panuya omuocumenvHoil nOZpewiHoCmu.

Onpenenenne: OTHOUIEHHE a0COMIOTHOM TOTPEHIHOCTH NPUOMIDKEHHS K MOZIYIIO
NpUOJIMKEHHOTO 3HAYCHUS BEIMYMHBI HA3bIBACTCS OMHOCUMENbHOI ROZPEUHOCMbIO TIPUOITMHKCHUSI.

CremoBarenbHO, €CIIA X - TOYHOE 3HAYCHUE, d - MPUOIMKEHHOE 3HAUCHHE, TO OTHOIIICHHE

[Ax |x—d]

a

SBJISIETCS. OTHOCUTENLHOM MOTPEIIHOCTHIO TPUOIHIKEHUS.

OTHOCHUTENBHYIO MOTPEIIHOCTh YAaCTO BHIPAXKAIOT B MPOIIEHTAX.

B oramume oT aOCoNFOTHOW TMOTPEIIHOCTH, KOTOpas dYalle BCero OBbIBAeT pa3MEpHOM
BEJIMYMHOM, OTHOCUTENBHAS MTOTPEIIHOCTH SIBISIETCS Oe3pa3MepHO BETMUUHOM.

Onpenenenne. JI[t000e MONTOKUTETLHOE YUCIIO, KOTOPOE OOJIBINE WM PAaBHO OTHOCHUTEIHHOM
NOTPEIIHOCTH, HA3bIBACTCS SPAHUYEIl OMHOCUMETbHOU NOZPEUHOCHU.

CnemoBatenbHO, ecid  Ax- TOTPEIIHOCTh MNPUOMMKEHHs, TO J0oe dYucio J,
YIOBJIETBOPSIIOIIEE HEPABEHCTBY

|

al



SBIISICTCS TPAHHUIIEW OTHOCUTENILHOW MOTrpPEemIHOCTH. B wacTHocTH, ecnm /- rpaHuIla abCONIOTHOM
IOTPEIIHOCTH, TO YUCIIO

s=n
a
ABJIIETCS. TPaHMIIEW OTHOCUTENBbHOM morpemHocTy npubmmwkenus a. Orcioga, 3Has TpaHUILY
OTHOCHUTEJIbHOM MOTPEIIHOCTH, MOXHO HAWTHU TPaHUIy a0COTIOTHON MOTPEIIHOCTH:
h=0- |a|.

3.Okpyznenue u nozpeuwtHocmy OKpy2ieHus.

Onpenenenne. AOCOMIOTHAs MOTPEIIHOCTb, IOMYyCKaeMmasi IpHU OKPYIJIEHWH, Ha3bIBaeTCs
OUWUOKOIL OKPY2/IeHUS.

Cyl1ecTBYIOT TpU croco0a OKpYTIEHUS MOJOKUTENbHBIX JIECATUUHBIX Opo0eil: OKpyTrieHue ¢
HEJOCTaTKOM, OKPYTJIEHHE C H30BITKOM M OKPYTJICHHE C HAMMEHBIIEH OITUOKOM.

Oxpyenenue ¢ Hedocmamkom IO €IUHUI] 10 HEKOTOPOTO paspsiga COCTOUT B OTOpachIBAHUU
€IMHMII BCEX MIIAJIIINX Pa3psnoB. [Ipu Takom okpyrieHnn Bce HU(PhI JECATUIHON ApoOU 1O JTaHHOTO
paspsiaa BKIIOYUTEIHLHO HE MEHSIOTCA, a UG Pbl MIIAIINX pa3psioB 3aMeHAI0TCs HynaMu. Hanmpumep,
ecmu  x =23,467, TO OKpYIJIEHUS C HEIOCTAaTKOM JIO COTBIX, MJECATHIX, €IWHHI, JECATKOB
COOTBETCTBEHHO PaBHbI
23,46; 23,4; 23;20.

OmmOKH OKPYTJIEHHUSI COOTBETCTBEHHO PaBHBI
0,007; 0,067; 0,467; 3,467.

Oxpyenenue ¢ u3d0bimkom A0 €IUHUI] HEKOTOPOTO pa3psla OTIMYAETCS OT OKPYIJIEHUS C
HEJOCTATKOM TE€M, YTO YUCIIO €IMHHUII JAHHOTO pa3psija YBeJIUYUBAETCS HA CIUHHUILY.

Hanpumep, ecmu x = 23,467, 70 OKpyrieHue ¢ H30BITKOM A0 COTBHIX, JECATHIX, CAUHMII, JIECSITKOB
COOTBETCTBEHHO PaBHbI

23,47; 23,5; 24; 30.

OmmOKH OKPYIIICHHUS] COOTBETCTBEHHO PABHBI

0,003; 0,033; 0,533; 6,533.

CaMbIM  pacnpOCTpaHEHHBIM  OKPYIJICHHEM  SBISIETCS  OKpyeleHue ¢  HauMeHbuieu

nozpeutnocmuio. OHO MPOU3BOJUTCS MO CIETYIOIIUM ITPaBUIIAM:
1) EnuHuibe Miaamux pa3psaoB OTOPackIBAIOTCS;
2)4uCIIO eIUHUI] JAHHOTO paspsiaa He MEHSETCS, €CJIU Cleayromas udpa TaHHOW IpoOr MEHBIIe
5, ¥ yBEeIMYMBAETCS HA €IMHULLY, €CIH caeaytouas nudpa 6osblie Wik paBHa S.

Hampuwmep, ecnmn x =23,467,T0 OKpyrjaeHus € HAaUMEHBIIEH IOTPEIIHOCTBIO JO COTBIX,
JIECATHIX, €AUHUL U JECITKOB COOTBETCTBEHHO PABHBI
23.47; 23,5; 23; 20.

OmmOKH OKPYTJIEHHUSI COOTBETCTBEHHO PaBHBI
0,003; 0,033; 0,467; 3,467.

Koumponvnvie sonpocwi

1. [TpubnmxeHHbIC 3HAYCHHS.

2. IlorpemHocTs NpUOIMKEHUS.

3. AGcontoTHas ¥ OTHOCUTENbHASI TOIPEIIHOCTH MPUOIMKEHUS U UX TPAHULIBI.
4. Yucna BEepHbIE, COMHUTENBHBIE, CTPOIO BEPHBIE U 3HAYALLUE.

Tema 1.4. KoMmjiekcHBIE YACTIA

Onpebeﬂenue KOMNJIEKCHO20 Hucaa, nouamue paeencmea u oeticmeust ClLoNCeHUs U YVYMHOOSCEHUA
KOMNJIEKCHbLX YUcell, MOdyJZb u apcymennt KOMnjieKCcHo2o 4uciua.

Ymemuw: BbINOTHATH NEUCTBUS HAJl KOMILJIEKCHBIMU YHCIIaMU a alnredpanyeckoi popme
3Hamu: onpeneneHrne KOMIUIEKCHOTO YHCIIa, TOHSATHE PABEHCTBA U IEUCTBUSI CIIOKEHUS U YMHOXKEHHUS
KOMIUIEKCHBIX YHCEI U AeNEeHUS KOMIUIEKCHBIX YHCEI.

10



Kak u3BecTHO M3 HIKOIBHOIO Kypca, ypaBHEHHE BHJA x? +a =0 ne umeer NENUCTBUTENBHBIX
KOpHEH, HO CYyIIEeCTBYeT HEOOXOIMMOCTh pellaTh ypaBHEHHUs TaKoro BUA. J{Jst 3TOro mpuaymaiu Tak
Ha3bIBAEMBIE «KOMIIJIEKCHBIE YU CIIAY.

JUis ompeneneHuss KOMIUIEKCHBIX 4YMCEJI CHAdajla BBEAEM HEKOTOPBIM CUMBOJ I, KOTOPBII
HA30BEM MHUMOU eOuHuyell. ITOMY CUMBOJIY MPUIHCHIBACTCS CBONCTBO YAOBIIETBOPSTH YPaBHEHHIO

x2+1=0:i*+1=0,wm i* =—1; i=+/—1. Ipu stom

1 .3 2. . .4 3. .5 .
=i, =i"i=—i,i =i"-i=11i =i,...

Komnnexchoim wuciom z Ha3blBaeTcsl BhIpakeHHe Z =d +1b, rne a u b — nelicTBUTENbHbBIE
gyucna. [Ipu 3ToM 4mcno a Ha3sIBaeTCs delicmseumenshol yacmoio yucna z (a = Re z), a b — muumot
yacmoio (b = Im z).

Ecimu a =Re z =0, To 4ncno z Oyaer 4ucTO MHUMBIM, eciu b = Im z = (), TO 4uclo z OyneT
JNEUCTBUTEILHBIM.

Yucna z = a +ib u Z = a — ib Ha3BIBAIOTCA KOMNIEKCHO-CONPANCEHHBIMIL

JlBa KOMIUIGKCHBIX uncia 2z, =a, +ib, u z, =a, +1b, Ha3bIBaOTCS pPaBHBIMH, eCIH

COOTBETCTBCHHO PAaBHBI UX ,HCfICTBPITCJ'II)HBIC U MHUMBIC YaCTH: Cll = Clz; bl = b29

MHOXECTBO KOMILJIEKCHBIX YHCENl — HEYNOPAI0UEHHOE MHOKECTBO, T.€. U3 IBYX KOMIUIEKCHBIX
YHCeJl HeJIb34 YKa3aTh MOCIEAYyIoUee U npeasiaynee. Mexay AByMs KOMIUIEKCHBIMHA YHCIIAMU HEJIb3S
IIOCTaBUTh 3HAKN HEPABEHCTBA > WJIH <.

KommiiekcHoe 4uciao paBHO HYJIO, €CIUM COOTBETCTBEHHO PAaBHBI HYJIO JIEUCTBUTENbHAs U
MHuMas gacti: d =b = 0.

Meiicmeusn Ha0 KOMNIEKCHbIMU YUCTAMU.
)z=2z*z,=(a,+ib)x(a,+ib,)=(a,ta,)+i(b £b,)
2) z = z,z, = (a, +ib,)(a, +ib,) = a,a, +ia,b, +iba, +i’bb, = (a,a, —bb,) +i(ab, + ba,)

z _ a, +ib,

3) z= =X+iy wm

zZ, a,+ib,
_ (a) +ib)(a, —ib,) _(aya, +bb,)+i(ayb —ab,) aa, +bb, .ayb —ab,
(a, +ib,)(a, —ib,) a; +b; a; +b; a; +b;

Konmponwnsie 6onpocwi

1. Onpenenenne KOMIUIEKCHOTO YUCia

2. IlonsTue paBeHcTBa

3. JleiicTBUS HaJ KOMIUIEKCHBIMA YHCIAMU

11



Tema 3. OCHOBBI TPUT'OHOMETPUH

Tema 3.1. Paguannas mepa yria. BpamarenbHoe JBH:KeHHe.
Eounuunas oxpyscnocmo. Yeon 6 ooun paduan. [losopom mouku 6okpye Hauana Koopouram.
Ymemv: HaX0IUTh KOOPIMHATHI TOUKU U YIJIOB.
3namu: eIUHUYHYIO OKPY>KHOCTb, YTOJI B OJIUH pajiuaH, (popMyJibl Iepexoa OT pajuaH K rpagycam u

OT rpayCoB K paJijuaHaMm, IMOBOPOT TOYKHU BOKPYT Ha4YaJla KOOPpAHUHAT.

Omnpenenenne: LleHTpanpHblil yroi1, onuparouuiicss Ha Ayry, AJMHA KOTOPOH paBHA paanycy
OKPY’KHOCTH, Ha3bIBAETCA yIVIOM B | panuas.

I'panycnasi mepa yriia B 1 paauan paBHa:

Tak kak mayra nauHOW 77 R (MOTyOKpYKHOCTB), CTATHUBAET IIEHTpabHBIN yroi B 180°, To ayra
JUIMHOU R, cTsruBaer yrois B 7 pa3 MEHbIINM, T.€.

1 _ ('lEU)
pan = (—
N naobopot
1° = —
~ 180"

Tak kak 7 = 3,14, To 1 pag =57,3°

Ecnu yron conepxut a paaua, TO €ro rpajgycHas Mepa paBHa

(130 )
i =\—-a
pag -
N naobopot
a® L i
=180 *P¥

OObryHO Py 0003HAYEHUH MEPHI YIila B palaHaX HAMMEHOBAHUE «Paj» OIYCKAIOT.
Hamnpumep, 360° =2 7 pan, numyt 360° =2 7

B tabnuiie ykazanbl Han0oJee 4acTO BCTPEUAOIINECS YIJIbI B TPAYCHOI U paJiluaHHO Mepe.

| Tpaaycer | 0 | 30 | 45 \ 60 \ 90 | 180 |

12



Pannanel 0

z z z z
6 4 3 2

Panguannas mepa yria yaoOHa 1Jisi BRIYMCICHHS JUIMHBI IYTU OKpYyKHOCTH. Tak kak yron B 1
paaMaH CTATMBAET AYyTy, JUIMHA KOTOPOU paBHA paguycy R, TO yrojl B ¢ pajl CTATUBAET AYTY JJIMHOMN
l=a-R
Ocob6enHo npocToii BuA (hopMyia uMeeT B cirydae, koraa R =1. Toraa juyimHa 1yru paBHa
BEJIMYMHE LIEHTPAJIbHOIO yIJIa, CTATMBAEMOI0 ATOW JYroM, B paguaHax, T.c. [ =« .
[Tnomans kpyroBoro cekTopa paguyca R, o6pazoBaHHOro yriom B o pall, paBHa
2
S = R—a
2
Ilosopom mouku 60Kkpyz Hauana KOOpOuHam

PaccmMoTpyM Ha KOOpPJAMHATHOM IUIOCKOCTH OKPYXHOCTh paavyca | ¢ IEHTpOM B Hadalie
KoopauHat. Ee Ha3pIBalOT €JUHUYHON OKPYKHOCTBIO. BBEeM MOHATHE NOBOPOTA TOYKU €IMHUYHON
OKPYKHOCTH BOKPYT Hayajla KOOpIUHAT Ha YTOJl @ paj, TAe & - M000e IeHCTBUTEIHHOE YUCIIO.

1. Ilycte 0>0. [Ipeamnonokum, 4To TOUKA, JBUTASICh TT0 €AUHUYHONU OKPYXKHOCTH OT TOUYKU P mpoTus
4acOBOU CTPEJNKH, MpoIIa myTh IIuHOU o (puc. 1). Koneunyro Touky mytu o0o3HauuM M.

B sTrom citydae 6yzem TOBOpUTh, 4TO Touka M mosydeHa u3 Touku P moBopoTom BOKpyr Havdaia
KOOpJMHAT Ha yToJl 0. paJuaH.

2. Ilycts 0<0. B 3TOM cilyyae mOBOpPOT Ha yroJj o paJiaH 03HAYaeT, YTO ABUKEHUE COBEPIIAIOCH MO

YaCOBOM CTPEJIKE W TOYKA MPOIIUIA IMTYTh /:[JmHHoﬁ|a| (puc. 2).

IToBopoT Ha 0 pax 03HAYaET, YTO TOYKA OCTAETCS HA MECTE.
[Tpumepsbi:
1) IlIpu nmoBopore Touku P(1;0) Ha yron(% )(puc. 3) monydaercs Touka M ¢ koopaunaramu (0;1).

2) Ilpu noBopote Touku P(1;0) Ha yron(-% ) (puc. 3) momygaetcst Touka N(0;-1).

3) Ilpu moBopote Touku P(1;0) Ha yron(%[ ) (puc. 4) momyqaetcst Touka K(0;-1).

4) Ilpu nmoBopote Touku P(1;0) Ha yron(- 7 ) (puc. 4) momyqaercs Touka JI(-1;0).

m .. ' Fl”

7 a>0

P(1;0) . PLO)_
£ o<l

Puc.1 Puc.2
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Puc.3

ra0E
&
% 30E
o1
@1 P
E} e
D | o [wr
&1+
@T_HW

Puc.4

[TpuBenem TabaMIly TOBOPOTOB HA HEKOTOPBIE YIJIbI, BEIPAXKEHHBIC
B paJMaHHOW W TrpamycHoil mepax (puc. 5). OTMeTHM, 4YTO TNpHU
nmoBopore Touku P(1;0) wa 360°, TOuka BO3BpamaeTrcs Ha
NepBOHAYAIBHOE MOJIOKeHUe (cM. Tabnuiy). [Ipu moBopote Touku

Ha -360°, oHa Takke BO3BpallacTCs B I[E€PBOHAYAIBHOE

ITOJIOXKCHHUC.

Puc. 5
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Tema 3.2. Onpeodenenue cunyca, KOCuHyca, manzeHca u KOmaHzenca y2ia.
Onpeodenenus cunyca, KOCUHYCa, MAH2EHCA U KOMAH2eHCa Yucid. 3HaKu CUHyca U KOCUHycd.
Ymems: HaxoUTh 3HAYEHHUS] TPUTOHOMETPUUYECKUX BBIPAKEHUM, OIIPEIEIATh 3HAKOB YU CEI
sina, cosa, tga, ctgo

3uame. OMpCACICHUA CUHYCA, KOCUHYCA, TAHI'CHCA U KOTAHI'CHCA Y1 CJId, 3HAKW CUHYCAa U KOCHUHYCA.

Omnpeneaenne 1. Cunycom yria IS
Q Ha3bIBaeTCs OpJMHATA TOUKH, TOTYYCHHON
noBopoToM ToukH (1;0) BOkpyr Hauana

KOOpAMHAT Ha yron ¢ .0O0o3Hauaercs sina |~ = N\
Omnpenenenne 2. KocunycoMm yria
o Ha3bIBaeTcs abcuucca TOYKHY, MOTyYeHHON <4
noBopoToM ToukH (1;0) BOkpyr Hauana ﬁ/ \
KOOpAMHAT Ha yroil « .O603HauaeTcst cos o 0(0;0) | cosa | P(1;0)

B 3Tux onpezneneHusx yroia MOXKeT BHIPaXKaThCs Kak B rpaaycax, Tak U B paJiMaHax.

Omnpenenenne 3. TaHreHCOM yriao Ha3bIBa€TCs OTHOIICHHE CHHYCAa yIila & K €ro KOCHUHYCY
(obo3HauaeTcstgx ).

sin o

Taxum obpazom tga =
cosa

Omnpenenenne 4. KotaHreHcoMm yriiaq Has3bIBaeTCs OTHOLIEHHE KOCHHYCA YIVIA ¢ K €ro CHHYCY
(o603HauaeTcs ctga ).

Taxum obOpa3oMm ctga = C_Osa
sina
[IpuBenem TabIUILy 4aCTO BCTPEUAIOLINXCS 3HAUEHUH CHHYCa, KOCHHYCA, TAHT€HCa U KOTaHT'eHCa.
Tpagycer | 07| 30° | 45° | 60° | 20° | 180° | 270° | 360°
3
Paguagu | 0 z z S il e sl 25T
& 4 3 2 2
Dyrrnua
1
: 0] = E E 1 0 -1 0
hale 2 o 2
COs0L 1 E E 1 0 -1 0 1
2 2 2
tgct 0 ?ﬁ 1| 43] -] 0 - 0
ctgce - |45 1 g 0 - 0 -
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3HaYeHNs] KOCHHYCA M CHHYCA HA OKPY’KHOCTH.

3HAKHU CHHYCA, KOCHHYCA U TAHTeHcAa.

+ | + - |+ K+
g

YA

S |
=3
> ¥

Jnaru cusyca Jvany necunyca

Konmponvhuvie 6onpocwi
1. EnMHMYHAs OKPYKHOCT.

2. Yroa B OOUH paJuaH.
3. [ToBOpOT TOUKHU BOKPYT Hayajla KOOPAUHAT.

4. OnpeneneHusi CHHyca, KOCUHYCA, TAHT€HCA U KOTaHT€HCa YHUCIIa.
5. 3HaKkM CUHYCa U KOCUHYca.

U

= |

uanu moHSEHCO
U KOIMaNeeHca
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Tema 3.3, 3.4. OCHOBHbIC TPUTOHOMETPHYECKHE TOXKIAECTBA. PPMYJIbI CII0KEHUS

3asucumocmv mexncoy CUHYCOM, KOCUHYCOM, MAH2EHCOM U KOMAH2EHCOM OOHO20 U MO20 Jce
yena. Popmynvl CLOHCEHUS.
Ymems: ipeoOpa3zoBBIBATH MPOCTEHININE TPUTOHOMETPHUECKUE BRIPAKCHHS, BEIYUCIISTH C TTIOMOIIBIO
(bOpPMYITBI CITOKEHUSI.

33Hamb.: 3aBUCUIMOCTH MEXKTy CHHYCOM, KOCHHYCOM, TAHT€HCOM M KOTAHT'€HCOM OJIHOTO M TOTO K€
yria, GOpMYIIbI CIIOKECHHUS.

OcHosHoe mpuzonomempuuecKoe mooicoecmeo:

cos’a+sin‘a =1
3asucumocmo mesxcoy cunycom u KoCunycom:

cos’a =+l-sin*«a
sin? @ = +4/1—cos’ «

tga-ctga =1

1 1
— ctg’o+1=——

1g’a+1= —
cos’ & sin” &

Cunyc, Kocunyc, manzenc yenoeé (—a) u o.
cos(—a) = cosa
sin(—a) = —sina
tg(—a) =—-tga
ctig(—a) = —ctga
Dopmynsl cnoxicenus

OCHOBOI J1s1 BBIBOAA OCTAIBHBIX (POPMYIT SIBIISIOTCS (hOpMYIbL CLOMHCEHUA:
cos(a + ff) =cosacos f+sinasin S

cos(a — ) =cosacos f—sinasin
sin(a + f) =sina cos f +cosa sin
sin(a — ) =sina cos  —cosasin
tg(a+ ) = 1ga+igff
1-tgatgP
Konmponvuvie gonpocwi
1. 3aBHCHMOCTD MEXKIYy CHHYCOM, KOCUHYCOM.

2. 3aBHCUMOCTD MCKAY TAHICHCOM U KOTAHTCHCOM OJIHOT'O U TOI'O KC yIJia.
3. ®opMyIIbI CIOKEHUS.

Tema 3.5. Cunyc, KOCMHYC M TAHT€HC JIBOMHOIO0 yrIJja.
CuHyc, KOCHHYC ¥ TAHT€HC IOJIOBUHHOIO yIJa

DopMyJibl IPUBEICHUA

Bv1600 popmyn cunyca u Kocunyca 080UHO20 y2ad, UCNOAb3Ys popmynsl croxcenus. Haxoocoenus
NONOBUHHO20 V2lla NO U38ECMHBIM 3HAYEHUAM KOCUHyca u cunyca. [lpumenenue ¢popmyn npusedenus.

Ymems: ucnonb3oBath (GopMynbl IBOWHOTO yIia, HCIOJb30BaTh (OPMYJbl MOJIOBUHHOIO yria,
OPUMEHSTH MIPH PELICHUH 3a7a4 (POPMYJIbI TPUBEICHUSL.
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3namu: BBIBOA (POPMYJI CHHYCA M KOCUHYCA JIBOMHOTO YIila, UCHOIb3ys (POPMYJIbI CII0KEHUS,
HaXO0’KJICHUS TTOJIOBUHHOTO yIJIa TI0 M3BECTHHIM 3HAYCHHUSIM KOCHHYCA U CHHYCa, IPUMEHEHHE GOopMyIT
IIPUBEICHUS.

CuHyc, KOCUHYC U MAH2EHC 08OUHO20 Y2id.
sin2¢ = 2sin cosa

cos2a = cos’ @ —sin’ &
2tgx

Cunyc, Kocunyc u mamnzenc nol106UHHOZ0 y2id
»a l+cosa

cos
2 2

., l-cosa

sin“ —=———-—
2 2

,a l—-cosa

g’ —=—""-

2 l+cosa

@Dopmynvl npugedenun

0n1s cunyca:

.| T
Sin E—CX =CoSx,

Sll’l(ﬂ' (Z —s1na,

.| T
S 34‘0! =COoSx,

sin(z + ) = —sina,

(37[ ) [37[ j
sin =-—cosa, sin +a|=—-cosa.
2 2

0J151 KOCUHYCa:

(%— j—sina,
(

COS\7 — :—COSOK, COS(7T+0( =—C0sSx,

[3 j . 3z .
=-Smncao, COS| —+ o |=SInc.
2 2

0/151 MAH2ZEeHCA U KOMAH2CHCA:

T T
gl —+a|=—cliga, cgl —+o |=—-1ga,
2 2
T V4
gl ——oa|=ctga, cgl ——o |[=tga.
2 2
o . V4
B npaBoii wactu popMysel CTaBUTCS TOT 3HAK, KOTOPBI UMEET JieBast 94acTh MpH ycinoBuu 0 < a < E
. T 3z
Ecnu B neBoit wactu GopmMymnsl Yyroja paBeH Eia I 71 o, TO CHHYC 3aMCHSCTCSI Ha KOCHUHYC,

TaHT'€HC — Ha KOTaHTeHC U HaoOopoT. Ecnu yron paBeH 7 + @, TO 3aMEHBI HE MPOUCXOUT.

Cymma u pasnocms cunycos. Cymma u paznocmo KOCUHYCOB.

: : . a+ o -
sina +sin f =2sin 2'Bcos 2'3,
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. : . a- o+
sina —sin f =2sin ﬂcos P

2
o+ a-—

cosa +cos f =2cos 'Bcos 2ﬂ,
. a+p . a-

cosa —cos ff =—2sin ﬂsm 2ﬂ.

KoumponvHuvie 6onpocol

1. BeiBox hopMyn cuHyca U KOCHHYCa ABOMHOTO YIJIa, UCIIONB3Ys (POPMYIIBI CIOKECHHUS.
2. HaxoxaeHus MOJIOBUHHOTO YIJIa 0 U3BECTHBIM 3HAYEHUSAM KOCHHYCA U CUHYCA.

3. Ilpumenenue GpopmyI1 IpUBEICHHUS.

Tema 3.5 .Tpuronomerpuyeckue GyHKIUH.

Onpeoenenue mpuecoHOMempuieckux QYHKyutl, cOUCMEa MpUSOHOMEMPULECKUX
dyHKYUl, epaghuru mpucoHOMempuyecKux yHKyu

Ymems: cTpouTh ra KM TPUTOHOMETPHUECKUX (DYHKIIMNA, OMMCHIBATh UX CBOMCTB, IPUMEHSTh
CBOWMCTBA NIPU PEIICHUU YIIPAXKHECHHI
3namu: onpeneneHusl TPUrOHOMETPUUYECKUX (DYHKINH, CBOMCTBA TPUTOHOMETPUYECKUX (PYHKIUH

@OyHKIUH y = sin X, y = COS X, y = tg X, y = ctg X Ha3BIBAIOT TPUTOHOMETPUUECKUMHU (DYHKIHSIMH.

®yHKIMA y = sin x.
CgoiictBa 1 rpaduk GyHKIIUA Y = Sin X.
1) O6nacTs onpeneneHus - MHOXKECTBO BCEX JEHCTBUTENBHBIX YHCET.
2) O6nacTh 3HaUEHUM - oTpe3ok [ - 1; 1].
3) OyHKUMS epUOANYECKasi; OCHOBHOM MEepUO] paBeH- 27.
4) OyHKIMSA HEYETHAS .
5) @yHKIHs BO3pacTaeT Ha MPOMEXKYTKax [ -m/2 + 2xn; w/2 + 2nn] u yObIBaeT Ha
MIPOMEXYTKaxX
[ @2 + 27n; 3n/2 + 2nn], n € Z.
I'padux GpyHKIMHM y = sin x ©300pa’keH Ha PUCYHKE.

Y y=sinx

DYyHKIUA ) = €COS X

CgoiicTBa 1 rpaduk GyHKIIUU V = COS X.

1) Ob6nacTs onpenencHus: GyHKIINH - MHOKECTBO BCEX JICHCTBUTEIHHBIX YUCEIL.

2) O6nacTh 3HaUYCHUM - OTpe3oK [- 1; 1].

3) @yHKuMs NepuoIudecKasl C OCHOBHBIM IIEPUOAOM 27T

4) OyHKIMS YeTHAS.

5) @yukuwus yObIBaeT Ha MPOMEXKYTKaX [27n; 1+ 2 n] 1 BO3pacTaeT Ha MPOMEKYTKAX
[-n+ 27n; 27n], nnZ.

I'paduk pyHKIMN y = cOS X U300pakeH Ha PHCYHKE.
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ro |

S

DyHKuusa y = tg x.

CgoiictBa 1 rpaduK GyHKIIUA Y = tg X.

1) OGnacts onpeneneHust: x & n/2 + nk, k€ Z.

2) O0nacTh 3HAYCHUM - BCS YUCIIOBAs MpsiMast.

3) m- OCHOBHOI neproa QyHKIHH.

4) OyHKIMS HEYeTHAS.

5) ®dyHKIMs BO3pacTaeT Ha MpoMexyTKax ( -n/2 +rn;n/2 +nn).
I'paduk pyskmm y = tg x n300paxkeH Ha pUCYHKE.

Y Y=ty

(}

B2

|
|
|
|
|
|
|
:’l
|
|
|
|
|
|
|

DyHKIuUA y = ctg x.

CgoiictBa 1 rpaduk GyHKIHH ) = Ctg X.
1) O6nacts onpeneneaus GyHKuun: X & /2 +nk, ke Z.
2) OGnacTh 3HaUYCHUN (PYHKITUU - BCS YMCIIOBAs MPsMas.
3) ®yHKUMS IEpUOJUYECKasi C OCHOBHBIM IIEPUOJIOM Tt.
4) OyHKIMSA HEYeTHAS.
5) @ynknus y = ctg x yObIBaeT Ha MPOMEKYTKaxX (7mn;m+nn).
I'padux dyHakmmm y = ctg x n300paxeH Ha pUCYHKE.

¥ |

20



Tema 3.6. OOpaTHble TPUTOHOMeTPHUYECKHEe PYyHKIMH, UX
cBoiicTBau rpaguku.

Onpedenenue 06pamublx MpuUeoOHOMempu4ecKux QyHKyuil, ceolucmea
MPULOHOMEMPUYECKUX DYHKYUU, 2pahuKu mpucoHOMempuiecKux QyHKyuil

Ymemyw: crponth rapuku 0OpaTHBIX TPUTOHOMETPUYECKUX (DYHKIUI, ONMMUCHIBATH UX CBOWCTB,
IIPUMEHATH CBOWCTBA IIPU PELICHUU YIPAKHEHUN

3uamyu: onpeneneHuss oOpaTHBIX TPUTOHOMETPUUYECKUX (YHKIIMH, CBOMCTBA OOPATHBIX
TPUTOHOMETPHUECKUX (PYHKIIUH

OO6parHble TpUroHoMeTprUeckue GyHKIIUH (apPKCUHYC, apKKOCHHYC,
ApKTAHT€HC M apKKOTAHI'CHC) SIBJIAIOTCS OCHOBHBIM 3JIEMEHTapHBIM
dbyakumsivMu. Yacto u3-3a mpuctaBku "apk' oOpaTHBIE TPUTOHOMETPUUIECKHE
¢byHkunu Ha3bpBalOT apKkpyHKIMsIMH. Ceifuac MbI pacCCMOTPUM UX rpaduku
Y MIEpEUYNCIIUM CBOMCTBA.

DyHKIMS APKCHHYC y = arcsin x

N306pa3um rpadguk GyHKIUN apKCUHYC:
Y

NIy

NIy

CpoiicTBa QyHKIIUM aPKCHHYC ) = arcsin x
1.06nacte onpeneneHus — oTpe3ok [-1;1].

. T
2. MHO»X€CTBO 3HaYE€HUN — OTPE3OK | ——;— |.
22
3. @yHKIHUS y = arcsin X BO3paCTaerT.
4. OyHKIMs y = arcsin X SIBJISIETCS HEYETHOM, TaK Kak
arcsin(—x) = —arcsin x .
DYHKIHUA APKKOCHHYC y = arccosx

I'paduk GpyHKINN apKKOCHHYC UMEET BU/I:
Y

nt

)

CBolicTBa QyHKIMH APKKOCHHYC ) = arccos x
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1.06nacTe onpeneneHus — oTpe3ok [-1;1].
2. MHO€eCTBO 3HaYEHUI — OTPE30K [0;7:].
3. @yHKIHs y = arccosx yObIBaer.

DYHKIUA APKTAHTEHC Y = arctgx.

I'paduk pyHKIIMM apKTAaHT€HC UMEET BUJI:
Y
T

2

T

CaoiictBa (QyHKUMH y = arcigx.
1.06nacThb onpesienieHus — MHOKECTBO BCEX JEHCTBUTENbHBIX YHCET.

. T
2. MHO€eCTBO 3Ha4E€HUI — HHTEpBAJ (— E’Ej .

3. OyHKUHUS y = arctgx BO3PACTAET.
4. OyHKuus y = arctgx SABIAETCS HEYETHOM, TaK KaK

arctg(—x) = —arctgx .

DyHKIMSA APKKOTAHTEHC ) = arcrcgx .
N3o6pa3um rpaduk GyHKINMH apKKOTAHTE€HC!

CaoiictBa QyHKUMHU y = arcctgx .
1.06macThb onpesienieHuss — MHOKECTBO BCEX JEHCTBUTENbHBIX YHCET.
2. MHO€eCTBO 3HaYECHUI — HHTEPBAJI (0;7[).

3. @yHKms y = arcctgx yObIBaeT Ha BCEl 00IacTH ONpeaeTeHusI.

Konmponvhuvle 6onpocsi
1. Onpenenenust GyHKUUN, X CBOHCTBA U TPaQUKH.

2. IIpeobpazoBanus rpaduKoB.
3. ITapannenbHblil IEPEHOC, CUMMETPHUS OTHOCUTEIBHO OCEW KOOpAMHAT U CUMMETPHUSI OTHOCUTEIBHO

Hayaja KOOpAMHAT, CUMMETPHsI OTHOCHTEIBHO MPSMON y=X, pacTsHKEHUS U CKaTHe BIOJIb oOcei
KOOpJMHAT.

Tema 3.7. Tpuronomerpuyeckue ypaBHeHUs

IIpocmetiwue mpueconomempuyeckue ypasHenus 6U0ad cosx = a, sinx = a, 1gx = a, ctgx = a, Memoobvl

peuterus mpueoHOMempu4ecKux ypasHeHuil

Ymemuw: pemate ypaBHEHUE BUAA: cosx = a, Sinx = a, 1gx = a,ctgx = a
3Hamy: onpeneneHus apKCUHYca, apKKOCHHYCA, apKTaHT'€HCa; YACTHBIE CIIydad TPUTOHOMETPHUUECKHUX

YPaBHEHUI, OCHOBHBIE METO/Ibl PEIICHUS TPUTOHOMETPUUECKUX YPABHEHUN.
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Ypasnuenue cosx = a.

ApkkocuHycoM umcaa a €[—1;1] HazpiBaeTcs Takoe uyucio « €[0;7], KOCHHYC KOTOpPOIo
paBeH a: arccosa =a ,ecnm cosa =a u 0<a <r.

Bce xopHM ypaBHEHHs COSX = a, TIe |a| <1, MO’XXHO HaXxOAHTh O popMyIIe

x =*arccosa+2m,ne 7.
arccos(—a) = 7 —arccosa - 9ta (¢GopMyia TMO3BOJSCT HAXOIWTh 3HAYCHHUS ApPKKOCHHYCOB

OTPHULIATENIbHBIX YMCEN Yepe3 3HAUCHUS apKKOCUHYCOB MOJIOKUTEIIbHBIX YHCET.
Yacmmusie cnyuau:

T
cosx =0, x:E+7m,neZ

cosx=1, x=2mne”
cosx=—-1, x=x+2m,ne”

Ypasnenue sinx =a.

T
ApkcuHycoM 4ncia a € [—1;1] Ha3pIBaeTCs Takoe YUCIO & € [——;—]|, CHHYC KOTOPOTO PaBeH

. . T T
a. arcsina=a,e€Clii sSmax=a U —— <o < —.

2
Bce kopHM ypaBHEHMS sinx = a , T1e |a| <1, MOXXHO HaxXOIUTh 1O (hopmyIe

x=(-1)"arcsina+m,ne Z.

arcsin(—a) = —arcsina - 3Ta (opmMmysa MO3BOJIAET HAXOAUTh 3HAYCHHS] apKCUHYCOB OTPHUIATEIbHBIX

YHCell Yepe3 3HAUCHUS apKCHHYCOB IMOJIOKHUTEIIBHBIX YHCEIT.
Yacmmuvie cuyyau:
sinx=0, x=m,ne”Z

. V4
sinx=1, x:3+27m,neZ

) V4
sinx =-1, x=—3+2ﬂn,neZ

Ypasuenue tgx = a.

T
APKCHHYCOM 4YHMCJIA a € R Ha3bIBAETCS TAKOE YUCIO « € [——;—], TAHT€HC KOTOPOr'0 PaBeH

V4 V4
a. arctga = o, €CIu g =a 1 —ESaSE.

Bce xopHu ypaBHEHUd sinx =a, TA€ @ € R, MOXHO HaXOUTh 10 popmyJie

x=arctga+m,ne”Z .

arctg(—a) = —arctga - 3Ta GopMylia TO3BOJSET HAXOAUTh 3HAYCHHUS APKCHHYCOB OTPHIIATEIBHBIX
YHUCeN Yepe3 3HAaUCHHS apKCUHYCOB MOJIOKUTENbHBIX YHCET.

Tpuzonomempuueckue ypasHenus
1. YpaBHeHus, cBOAAIIMECS K KBAIPATHBIM.
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2. YpaBHeHus asinx+bcosx =c.
3. YpaBHEHUS, pelIaeMble pa3I0KEeHUEM JIEBOM YaCTH HA MHOKUTEIIH.

Konmponvuvie 6onpocei

1. YpaBHEHUs BUJA cosx = a.
2. YpaBHEHMsI BUJA sin x = a
3. YpaBHeHHUs BHJA fgx = a.

24



Tema 4. Kopumn, crenenu

Tema 4.1.CTeneHb ¢ panMOHAJBHBIM U AeHCTBUTEJBHBIM NTOKA3aTEJSIMU.

Onpe()eﬂenue U ceolCcmea cmenene C payuUOHATIbHBIM U C oelicmeumenbHbIM HOKA3AMEIAMIU.

Ymemw. pemiath 3aaun Ha TeMy: «CTENEHb ¢ pallMOHAIBHBIM U ACHCTBUTEIBHBIM [TOKA3aTEISIMI.
3Hamu: onpeneneHre U CBOMCTBA CTENEHEN ¢ PallMOHAIBHBIM U C ACHCTBUTEIBHBIM MOKA3aTEISIMU.

Cmenens C payUOHAIbBHBIM ROKA3amesiem.

m
Ecimu n — HaTypaJbHOC YHUCJIO, M — HEJI0C YUCIIO U YaCTHOC — SABJIACTCA LECJIIBIM YUCIIOM, TO
n

npu @>0 cripaBeIMBO PaBEHCTBO
m
a =a".
ﬂ
[Monw3ysicy popmymnoii Va” =a™, cTeneHb ¢ paluOHAIBHBIM ITOKA3aTEeIEM MOXKHO
NPEJCTaBUTh B BUJIE KOPHS U HA0OOPOT.
m  mk
Tak kak — =——, rzie n U k - HaTypaJbHbIE YUCIIA, M — LEJI0€ YUCIIO0, TO IpH J1todoM a>0.
non

m mk
a =a nk
MOoXHO TMOKa3aTh, YTO BCE CBOWMCTBA CTCICHH C HATYypaJbHBIM IOKA3aTeIeM BEPHBI JIJIS
CTETICHU C JIFOOBIM PAIlMOHAIBHBIM ITOKA3aTENIEM H MOJOKUTESILHBIM OCHOBAHUEM.
A MMEHHO, JJ1s1 JIIOOBIX pallMOHAIBHBIX YKCE P U U JTI00bIX a > 0,h > 0 BepHbBI paBEeHCTBA:
1. a’a’ =a’™
2 a’:qf =gl
3. (a?)! =a"

4. (ab)’ =a’b”

q
a) _a’
b b”
OTH CBOWCTBA MOJIYYalOTCA U3 CBOMCTB KOPHEH.

Cmenens c oelicmeumenbHbiM HOKA3AMEeM.

[Tpu mr060M x € R n moboM a >0 cTeneHb a” SBISAETCS MOJIOKUTENbHBIM JIEHCTBUTEIBHBIM
guciaom: a* >0 npu xe R,a>0.
Ecnu ocnoBanue crenenu a=0, To crenens 0 onpenensior TONbKO npu x > 0 U CUUTAIOT, YTO

0" =0 mpu x > 0. I[Ipu x <0 BBIpa)KEHHE HE UMEET CMBICIIA.
[Ipu TakoM omIpeneNeHnH CTENeHH C JEeHCTBUTENIbHBIM IIOKa3aTelieM COXPaHSIOTCS BCe
U3BECTHHIE CBOIICTBA CTEIICHU C pallMOHAJIBHBIM IMOKA3aTCIICM.

st mo6oro a >1 u mobdoro x > 0 yucno a* Gonpmie 1,1.e. @¢* >1 mpu a>1,x>0.
Teopema: Ilyctb a>1 u x, <x,.Torma a™ <a™.
Cneocmeue 1. Ilyctb 0 <a <1 u x, <x,.Torma a™ >a™.

X —

Cneocmeue 2. Ilyctb a >0,a#0,a" =a™ . Torga x, =x,.
Creocmesue 3. Ilycts 0<x, <x,. Torma, ecnu p >0, 10 x,” <x,”, a ecnu p <0, TO

P p
x5 >x,.
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Takum 00pa3om, TPy BO3BEACHUU HEPABEHCTBA C IMOJIOKHUTEIHHOU JICBOW M TOJIOXKHUTEIBHON
npaBoﬁ JaCTsAMU B MNOJOXUTCIIbHYIO CTCIICHb 3HAK HCPABCHCTBA HC MCHSCTCHA, a IIPHU BO3BCACHUHN B
OTpPULATENIbHYIO CTETIEHb 3HAK HEPABEHCTBA MEHSETCSI Ha TPOTHUBOMOIOKHBIM.

Konmponvhnwvie 6onpocwi
1. Onpenenenue u CBOMCTBA CTENEHEN C pallMOHAIbHBIM IIOKA3aTEISIMH.
2. OnpeneneHue U CBOMCTBA CTENEHEN C IEUCTBUTEIbHBIM MOKA3aTESIMH.

Tema 4.2. ApudMeTnyecknii KOpeHb HATYPAJIbLHON CTENEeHH.
Onpeodenenue u ceolicmea apu@memuuecko2o KOpHsa HamypaibHOU CeneHu.

Ymems: pemats 3a1aun Ha TeMy: «ApUPMETHUECKUI KOPEHb HATYPAIBHOW CTETICHM
3nams: onpenieNieHne U CBOMCTBA apru(PMETHUECKOTO KOPHSI HATYPAITbHON CTETICHH

Onpenenenne:  Apupmemuueckum  KopHem  HATYpaIbHOM  CTETIEHM n>2 W3
HCOTPUIATCIIbHOTO YHCJIa @ HA3bIBACTCA HCOTPULATCIILHOC YHUCIIO, 11-ad CTCIICHb KOTOPOI'0 paBHA a.

Apudmernueckuil KOpeHb n-0 CTENEeHW M3 uHucia a obo3Havaercss Tak: Ya. YUucno a

Ha3bIBAETCS TIOJKOPEHHBIM BhIpakeHUueM. Eciu n=2, To BMECTO i/a mUIIyT Ja. ApudmMeTnieckuii
KOpPEHb BTOPOM CTENEHU HAa3bIBAIOT TAKXKE KBAJAPATHBIM KOPHEM, a KOpPEHb TPEThEH CTENEHU —
KyOnueckuM KopHeM. JlelicTBHE TOCPEACTBOM KOTOPOTO OTHICKMBAETCS KOPEHb #-OM CTENeHW,
HA3bIBACTCS U3GNEUEHUEM KOPHS N-OU cmeneru. ITO JICUCTBUE SBISETCS OOpaTHBIM JEHCTBUIO
BO3BEICHUS B 11-10 CTEIICHb.

Apudmerndeckuii KOpeHb  7-0M CTENEHW o00JaJaeT CIASAYIOINIMMH CBOWCTBAMHU: €CITH
a>0,b>0 un,m— HaTypaJbHBIC YUCIA, IPUYEM 11 > 2,m > 2, TO

1. %ab =%ailb
) a Aa
nl— —

b b

3. Wa)"=4%a"
4. (WWa)="a
OTtMeTuM, 4TO B CBOMCTBE 1 4MCIIO b MOXKET Tak)Ke OBITh PaBHBIM HYIIIO; B CBOWCTBE 3 YHCIIO M
MOJKET OBITE LIENBIM, ecau a>0.

Koumponvnvie sonpocwi
1.Onpenenenue apuGMeTHIECKOTO KOPHS HATYypaIbHOM CTETICHH.
2.CBoiicTBa apu(pMETHIECKOTO KOPHSI HATypaJbHON CTEIICHH.

Tema 4.3. UppannoHajbHble yPABHEHHS M HEPABEHCTBA
Memoobl pewienus uppayuoHaIbHuIX YpasHeuti U HepaseHcme

Ymemuw: pemiaTe OCHOBHBIE BUJIbI HPPALIMOHAIBHBIX YPABHEHUN
3Hampy: onpeneaeHue NPpaluoOHaIbHOTO YPABHEHN S, OCHOBHBIE METO/IbI UX PELICHUS

YpaBHeHUe, coaepxaliee MepeMeHHYIO 0] 3HAKOM KOPHsI, Ha3bIBACTCS UPPAUUOHATILHBIM.

Pemenne mppalimoHaILHOTO YpaBHEHHUsT OCHOBAaHO Ha MPEOOpa30BaHHUU €T0 K PAMOHATBHOMY
YPaBHEHHIO, YTO JTOCTUTACTCS BO3BEICHUEM OOCHX €ro 4acTeil B OJHY M Ty K€ CTCNEeHb (MHOT/a
HECKOJIBKO pa3).
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[Tpu BO3BeneHNN 00€rX YacTel MPPAlMOHAIBHOIO YpPaBHEHHS B UYETHYIO CTENEHb IMOJIydaeTcs
YpaBHCHUC, ABJIAIOMICCCA CICACTBUCM UCXOJHOTO. YPaBHeHI/IIO-CJIe,Z[CTBI/IIO YAOBJICTBOPAIKOT BCC KOPHU
UCXOJHOIO ypaBHEHHS, HO MOTYT IOSIBUTHCS M KOPHHU, KOTOpPBIE HE SBIIAIOTCS KOPHSIMH HCXOIHOTO
ypaBHEHHSI («IIOCTOPOHHUE» KOPHH). UTOOBI BBISIBUTH «IIOCTOPOHHHUEY» KOPHH, BCE HalICHHbIE KOPHH
YpaBHEHHUS-CIIEJICTBUS MPOBEPSIOT MOJICTAHOBKOM B HMCXOJHOE YpaBHEHHE U «IIOCTOPOHHHUE» KOPHHU
0TOpachIBaIOT.

HNcxonHoe uppaimoHaibHOE YpPaBHEHHE PABHOCUIIBHO CMEIIAHHOW CHCTEME, COCTOSIIEH W3
YPAaBHEHHS-CIEJCTBUS M  OIPAaHUYEHHUM, ONpeAeNsieMbIX O0JIaCThI0 JONMYCTHUMBIX  3HAuYCHHH
nepeMeHHoil. B 3ToM ciydyae «mmocTopoHHHE» KOpHU He OyayT BXOJIUTH B 00JIACTh JOMYCTUMBIX
3HAYCHUI MIEPEMEHHON | MPOBEPSATH WX TOJICTAHOBKOM B HICXOHOE YpaBHEHHUE HE TpeOyeTCs.

[Ipu Bo3BeneHNM 00EUX YacTel HPPALMOHAIBHOTO YPaBHEHUS B HEUETHYIO CTEIICHD IOTy4aeTCs
ypaBHEHHE, PaBHOCWJIBHOE HCXOIHOMY.

HppaunoHajbHbIe HEPABEHCTBA C OIHOM NepeMeHHOM.

Pemienne wMppanMoHAJIBHOIO HEPAaBEHCTBA C OJHOM IIEPEMEHHOM CBOJUTCA K PELICHUIO
PaBHOCWJIBHOM €My CHCTEMBI PAallMOHAJIBHBIX HEPABEHCTB WM COBOKYIHOCTH CHUCTEM PallMOHAIBHBIX
HEPaBEHCTB.

OTH cuCTeMBl PEeUIaloTCs MPU HAI0KEHUM OIpaHMYEHHMH Ha NEPEMEHHYIO M BO3BEJICHHM 00enx
YaCTEH HEPABEHCTBA B OJ[HY U TY 7K€ CTEIICHb.

Koumponvnvie sonpocwi

1. OcHOBHBIE PUEMBI UX pelIeHHs (pa3I0KeHNe Ha MHOKUTEH, BBE/ICHUE HOBBIX HEU3BECTHBIX,
MOJICTAHOBKA, TPaQUIECKHUl METO).

2. N3obpaxeHune Ha KOOPUHATHOM TUIOCKOCTA MHOKECTBA PEIICHUN YPaBHEHUH C IBYMS
MNEPCMCHHBIMU U UX CUCTCM.

3. M3o0pakeHne Ha KOOPAMHATHOM ITIOCKOCTH MHOKECTBA PEIICHU HEPABEHCTB C JABYMS
MNEPCMCHHBIMU U UX CUCTCM.

Tema 4.3. Jlorapu¢msl.

Onpeoenenue nozapugpma nonrodxcumenvrozo dyucaa. Ceoticmea nozapugmos. /lecamuynvle u
Hamypanvhvie 102apugmul.

Ymemb: BBIYUCIATH JTOTapH(PMBI.
3nams: Onpenenenue norapupma MoIoKUTeIbHOro yncia. CpolictBa jgorapudmos. JlecaTtnunsie u
HaTypaJbHbIC JOTapUPMBI.

Omnpenenenne: JlorapudmMoM MOTOXKUTENBHOTO Yncia b mo ocHoBaHuio a (tnea >0,a#0)
HA3BIBACTCS IOKA3aTelNb CTEIICHH, B KOTOPYIO HAJI0 BO3BECTH YUCIIO d, 9YTOOBI MOTYYUTh YUCIO b.
Jlorapugm uncna b no ocHOBaHHIO a 0003Ha4aeTcs cUMBoJIoOM: log, b.

Ecin a>0,a#0, b>0, To log, bno onpeneneHuIo ecTh MOKa3aTelb CTENEHH, B KOTOPYIO

Haa0 BO3BECTH YUCIIO a, qT06BI IMOJIYYHUTH YHUCIIO b HOSTOMy PaBCHCTBO
log, b
a™” =b

€CTh TOXK/IECTBO, KOTOPOE HA3BIBAIOT OCHOBHLIM JI02APUDMUYECKUM MOHCOECHBOM.
JleiicTBUS HaXOXKIEHUS JIoTapr(Ma Yncia Ha3blBAIOT J102ApUPMUPOBAHUEM.

Ceoiicmea nozapugpmos.
ITycts a >0,a#0,b>0,c>0,r- moboe ACHCTBUTETHLHOE YUCIIO. TOrma CripaBe/INBEI

bopMyIIBI:
1. log,(bc)=1log, b+log,c,
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2. loga(é) =log,b—log,c,
c

3. log,b" =rlog,b,
PaBHBIM MOJI0KUTENBHBIM YHCIIAM COOTBETCTBYIOT M PaBHbIE JIorapudmsl ,T.€. eciu b, = b, , TO
log, b, =log, b,,

5. log,1=0,

6. log,a=1.

Jlecamuunvie u namypanvnsle 102apumol.

Jnst norapudMOB UHCET COCTABJICHBI CICIHAIBbHBIC TaOIUIBI(TAOIUIBI JIOTapu(MOB).
Jlorapudmpl BBIYUCIAIOT TaKXKe C MOMOIIBI0 MHUKpPOKaJIbKynsTopa. M1 B TOM, M B APYyroMm ciydae
HAXOJATCS TOJIBKO JICCATHYHBIC HITM HaTypallbHBIC JIOTapH(MBI.

Onpenenenne: /Jecamuunviym 102apu@mMom yucia Ha3bIBAIOT JOTapH(pM 3TOr0 YHCIa M0 OCHOBAHHUIO
10 n mumyt 1gb Bmecto log,, b.

Onpenenenne: Hamypanvnoim no2apugmom yucia Ha3bIBAIOT JOrapu(M 3TOro YUCIia 0 OCHOBAHUIO
e, T1IE e — UppaIlOHAIbHOE YUCII0, NPUOIIKEHHO paBHOe 2,7. [Ipu aTom mumryt Inb Bmecto log, b .

Dopmyna nepexoda om 102apu@dma no 00HOMY OCHOBAHUIO K 102APUPMY RO OPY2OMY

log b
OCHOBAHUIO: log, b= ﬁ,

log,. a
20e a>0,a#1,b>0,c>0,c#1.

Koumponvnvie sonpocwi

1. Onpenenenne noraprudma MoJ0KUTEIBHOTO YUCIIA.
2. CpoiicTa norapuQmos.

3. JlecaTruyHbBIC U HATYpATbHBIC JOTapU(MBEIL.
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Tema 5. Iloka3zareabHas u Jorapupmuyeckas

Tema 5.1. Iloka3atenbHas pynkuus. Ee cBoiicTBa n rpagpuk

Onpedenenue, ceoticmea u epagux NOKA3amenbHOU QYHKYUU, Ux NPUMeHeHUue NPy peueHuu
VIPAHCHEHUU

Ymems: crpouth rpaduxu MOKa3aTeNbHBIX (DYHKIIMIA, ONMUCHIBATH MX CBOWCTBA, NPHUMEHSTH
CBOICTBA MPU PEUICHUH YITPAXKHEHUH
3uamy: onpeneneHue GyHKINHU, €€ CBOWCTBA U IPaUKH.

[TokazaTenpHas GhyHKIM 3a0aeTcs hopmynoit y=a*,taea>0ua # 1.

[epeuncaum cBoiicTBa GyHKIMU y = @ ipu a > 1.

1) OGnacth onpeneneHuss GYHKIUH - BCS YUCIOBAs TIpsiMast.

2) O6nactp 3HaueHUH QyHKIUH - TpoMexyTok (0; + o).

3) OyHKIHUS HE SBISICTCS HU YETHOM, HU HEYETHOW. DTO CIEYEeT U3 TOTO, UTo a “#a* ua * # - a'.
4) @yHKIMA BO3pACTAET HA BCEW YMCIOBOU MTPSIMOH.

I'padux byakmmm y = ¢* npu a > 1 BRIMISAUT TaK, Kak MOKa3aHO HA PUCYHKE.

OtmeTHMm, 9TO 3Ta PYHKIHST TPUHUMAET JIFOOBIE MOIOKUTEIbHBIC 3HAUCHUSI.

y=a*; a=>{

——-‘/I

CgoiictBa ¢pynkuuu y = a* npu 0 <a < 1.

1) OGnacth onpeneneHus GYHKIUH - BCS YUCIOBAs IIpsiMast.

2) OGnacTh 3HaueHui - (0; + ).

3) OyHKIUS HE SBISICTCS HU YETHOW, HU HEYETHOM.

4) OyHKIUs yOBIBACT HA BCEW YMCIOBOM MPSIMOM.

I'padux dyaknum y = a* npu 0 < @ < 1 BBRITTIAINT Tak, KaK MOKa3aHO HA PUCYHKE.
OtmeTnMm, 9TO 3Ta PYHKIHS IPUHUMAET JTFOOBIE TTOJOKUTEIBHBIC 3HAYCHUS.

Yi

Koumponvnvie sonpocwi
1.OnpeneneHue nokazareabHON(DYHKITUN
2. CpoiicTBa oKa3aTeabHON QYHKIIUU
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Tema 5.2. Jlorapugmel.

Onpeoenenue nozapugpma . Ceoticmsa noeapugpmos. [ecamuunvie u Hamypaivhvle
Jnozapughmol.

Ymemb: BBIYUCIATH JTOTapH(PMBI.
3nams: onpeneneHue Joraprudma MmoIoKUTEIHLHOTO YHCIa, CBOWCTBA JIOrapu(MOB,IECITUUHBIC U
HaTypabHbIC JOTapUPMBI.

Omnpenenenne: JlorapuMom MOJOKHUTEIBHOTO YHcia b mo ocHoBaHuUio a (raea >0,a#0)
Ha3bIBACTCS MOKA3aTelNb CTENEeHH, B KOTOPYIO HaJI0 BO3BECTH YHUCIIO d, YTOOBI MOJYYUTH YUCIO b.
Jlorapu¢m uncna b mo oCHOBaHUIO @ 0003Ha4aeTcs CUMBOJIOM: log, b.

Eciu a>0,a#0, b>0, To log, 1o ompeneneHuIo ecTh MOKa3aTelb CTENEHH, B KOTOPYIO
HAaJI0 BO3BECTH YHUCIIO @, YTOOBI MOIYUUTH yuciio b. [ToaToMy paBeHCTBO

log, b
a>" =b

€CTb TOXKAECTBO, KOTOPOE HA3BIBAIOT OCHOBHBIM JI02APUPMULECKUM MOHCOECTEOM.
JleiicTBHS HAXOXKIEHUS JIoTaprdMa YnciIa Ha3bIBAIOT 102APUPMUPOBAHUEM.

Ceoiticmea nozapughmos.
IMycte a >0,a #0,b>0,c >0, r- moboe neicTBUTENBbHOE Ynci0. Torna cpaBeIiBbI
bopmybL:
7. log,(bc)=1log,b+log,c,

8. logu(éJ =log,b-log,c,
c

9. log,b" =rlog,b,

10. PaBHBIM NOJ0KUTEIBHBIM YHUCIIaM COOTBETCTBYIOT U PaBHBIE JOorapudmel ,1.€. eciu b, = b,, TO
log, b, =log, b,

11. log,1=0,

12. log,a=1.

Jlecamuunvie u namypanvnsle 102apudmol.

Jnst norapudMoOB UHCET COCTABJICHBI CICHHAIBbHBIC TaOIUIBI(TAOIUIBI JIOTapu(MOB).
Jlorapumpl BBIYUCIAIOT TaKXKe C MOMOIIBI0 MHUKPOKaJIbKynsTopa. M1 B TOM, M B APYyroMm ciy4ae
HAXOJATCS TOJIBKO JICCATHYHBIC HITM HaTypallbHBIC JIOTapH(MBEI.

Onpenenenue: /Jecamuunviyv 102apu@mMom yucia Ha3bIBAIOT JOTapH(pM 3TOr0 YHCIa M0 OCHOBAHHUIO
10 m mumyt 1gb Bmecto log,, b.

Onpenenenne: Hamypanvnoim no2apugmom yucia Ha3bIBAIOT JOrapu(M 3TOro YUCIIa 0 OCHOBAHUIO
e, T1IE e — UppaIlMOHAIBHOE YHUCII0, NPUOIIKEHHO paBHOe 2,7. [Ipu aTtom mumyt Inb Bmecto log, b .

Dopmyna nepexooa om 102apu@dma no 00HOMY OCHOBAHUIO K 102APUPMY RO OPY2OMY

log b
OCHOBAHUIO: log, b= &,
log,.a

e0e a>0,a#1,b>0,c>0,c#1.

Koumponvnvie sonpocwi

1. Onpenenenue noraprudma MoJ0KUTEIBHOTO YUCIIA.
2. CpoiicTa norapu@mos.

3. JlecaTUYHBIC U HaTypAJIbHBIC JTOTaPU(PMBEI.
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Tema 5.3. Jlorapupmuyeckas pyHkums.
Onpedenenue nocapugpmuuecxoui pynkyuu . Ceoticmea u epapuxu rocapugpmuveckou hynKyuu

Ymemuw: crpouts rpaduxu norapumuyeckux (yHKIUH, OMUCHIBATh MX CBOMCTBA, MPUMEHSTH
CBOMCTBA IIPU PELICHUH YIIPAKHEHUI
3namo: onpenencHue GyHKIIUU, €€ CBONCTBA U TpaPUKH.

Jlorapudmuaeckas pyukmus y = log, x ob1agaeT caeayrNMMu CBONCTBAMU:
1) O6nacts onpenenenus - (0; + o).
2) O6nacTh 3HAYCHHH - ( - 00; + o0)
3) OyHKUMS HU YETHAs, HU HEYETHAsI.

4) dynkmus Bo3pactaeT Ha poMexyTke (0; + o) nmpu a > 1, yosiBaer Ha (0; + o) mpu 0 <a < 1.
I'padux dyaxum y = log, x MOxeT ObITh MONMy4deH M3 Tpaduka GYHKIMH Y = @' C MOMOIIBIO
npeoOpa3oBaHus CUMMETPUN OTHOCUTENIBHO MPSMOIL y = X.

Ha pucynke a) noctpoen rpaduk norapudmudeckoit pynkuuu s a > 1, a Ha pucynke 0) - 111 0 < a
<l1.

¥i 1"1l.

@) &) ¥ elogy i (eg-<t)
®ynkuuda y = In x.

Cpenu mokaszatenbHbIX QYHKIHMH y = a*, Tie a > 1, 0ocoObIit MHTEepeC NI MaTeMaTUKH U ee
MPWIOKEHUH Mpe/icTaBiIseT GyHKIIHS, 00afaronas cieIyolluM CBOUCTBOM: KacaTelnbHas K rpaduxy
¢ynkunu B Touke (0; 1) oOpasyer ¢ ocbto x yrom 45°. OcHoBaHMEe a TakoW (YHKIMH aX HPUHITO
0003HavaTh OYKBOH e, T. €. y = €*. [lomcunrano, uro e = 2, 7182818284590..., u ycTaHOBIEHO, YTO € —
uppanuoHaibHoe uucio. Jlorapupmuyeckyio GyHKIHIO, 00OpaTHYIO MOKa3aTeNbHON (QYHKIUHU y = €,
T. €. dyHKIU©O y = loge x, mpuHATO 0003Ha4atTh y = In x (In uuraercs "HarypanbHbINA JOTapudm").
I'padux ¢pynkuuum y = In x n300pakeH Ha pUCYHKE.

Konmponvuvie sonpocwi
1.Onpenenenue norapupmMuveckoil (QyHKIUU.
2. CpoiictBa norapu(Mu4eckux GyHKIUH.

Tema 5.4. Pemienne nokasareJbHbIX U JIOrapu(pMuYecKHX ypaBHeHHUI, CHCTeM YPaBHEHHU I

OchosHble npuemvl Ux peuleHus (PaznodxiceHue Ha MHOMCUMENU, 66e0eHUe HOBbIX HEU3BECIHbIX,
noocmanoska, epaguueckuit memoo). Mcnonvzosanue c8olcmas u epaghuxos GyHkyull npu peuteHuu .

yMemby: peuiaTh MoKa3aTeabHbIe U JorapuMUYecKue ypaBHEHH

3Hamb: OCHOBHBIE TIpUEMbl WX peuieHus (pa3loXKeHHe Ha MHOXXUTEIH, BBEIECHHE HOBBIX
HEW3BECTHBIX, IMOJCTAaHOBKA, IPapUUYECKUN METO[), UCIOJIb30BAaHWE CBOWCTB M TpadukoB (QyHKIUH
IIPU PELLICHUN YpPaBHEHUM.
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Ilokazamenvuuie YpaeHeéHUusn
Pemenne nokaszamenvhoix ypaeﬂeﬂuﬁ YacTO CBOAUTCA K PCIICHUIO YPaBHCHUA

a*=a’,
rae a > 0,a # 1,x - Heu3BeCTHOE. DTO YPaBHEHHUE PEIIACTCS C TOMOIIBIO CBOMCTBA CTECIICHHU: CTCIICHH C
OJIMHAKOBBIM OCHOBaHHMEeM a > 0,a # 1 paBHBI TOJIBKO TOT/Ia, KOTJIa PaBHBI KX TTOKA3aTeIIH.

Tema 5.4. Penienue noka3zateJbHbIX U JIOrapu(pMUYeCKHX HEPaAaBEHCTB

Penrenue noxazamenvHvlx HepageHcms 9acTo CBOJUTCS K PEIICHUIO HEPaBEHCTBA

a*>a"wm a* <a’.

OTH HEpaBeHCTBAa pEMIAIOTCS C IOMOMIBIO CBOWCTBA BO3pAcTaHUs WM YOBIBaHUS
NoKa3aTeabHONM (QYHKIMH: [UIs Bo3pacTaromied (QyHKIuUM OonblIeMy 3HA4YEHUIO (YHKLIHU
COOTBETCTBYET OOJbIllee 3HAUEHWE apryMEHTa, a JJis yObIBaromield (DyHKIUU OOJbIIeMy 3HAUYCHUIO
(YHKLINU COOTBETCTBYET MEHBIIIEE 3HAUEHUE apTyMEHTA.
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Tema 6. IIpousBoanas
Tema 6.1 @yukyuu ux ceoiicmea u zpaguxu (noemopenue)
OnemenmapHule hyHKyuU, ux c60tcmea u cpagpuxu

Ymems: cTpouTh rpaduku 3eMeHTapHbIX (YHKINN, ONUCHIBATh CBOMCTBA (DYHKIIUH.
3namu: onpeneneHus GyHKIHN, UX CBOWCTBA U TpauKH

Hazosem ynopsdouennoti napoti (X,)) IBYyX3JIEMEHTHOE MHOXECTBO {X,V}, B KOTOPOM

AJIEMEHT X HaXOAMTCS Ha TIEPBOM MECTE, a JJIEMEHT )y — Ha BTOPOM. DJIEMEHT X Ha3bIBACTCS Nepeoll
KOOpOuUHamotl ynopsiIOYEHHON Maphl, a 3JIEMEHT y — 68Mmopoli KoopouHamotu. J|Be ymnopsiJoueHHbIe
Tapbl paBHbI, KOTJIa COBNAIAIOT UX KoopauHatel: (X,)) = (U, V) &S X =u,y =V.

@ynkyueil f HA3BIBAETCS MHOKECTBO YIIOPSAMOYEHHBIX map uucen (X, )), Takux, uto X € X,
y €Y wu kakmomy snementy X € X CTaBUTCS B COOTBETCTBHE €IMHCTBEHHBIN 3ieMeHT ) €Y .

Ob6o3nauenue: f: X — Y. MHOxecTBO X Ha3zbIBaeTcs oOiacmovio onpedeneruss GyHKINH f, 8 MHOKECTBO
Y — obnacmoio 3nauenuii. O603navaroT: Dru Er. Ecnu sicHO, Kakue MHOXKeCTBa X U Y UMEIOTCS B BHILY,

To Muryt y = f(X). DIEMEHT X Ha3bIBAETCS ap2yMeHmoM, &y — 3HaueHuem QyHKIuH f.

Cnocoowl 3a0anun gynkyuu.
CymiecTByeT HECKOJIBKO CIIOCOO0B 3a7aHus (QYHKIIUH.

1. Tabauunsiti. Vicmonme3yercs Torja, Korja o00JIaCTh OMPENETCHUS COCTOUT M3 KOHEYHOTO
MHOXKeCTBa uucen. Torma s 3agaHuss (YHKIMH TPOIIE BCETO yKa3aTh TaOJHIly, COICPIKAIIYIO
3HAYEHHUs apryMeHTa M COOTBETCTBYIOIIME 3HaueHus (QyHkuuu. Hampumep, tabnuua jgorapudmos.
JlpyruM mpuMepoM MOTYT OBITh TaONUIIBI, COAEpIKAIIME TAaHHBIC O YHUCIE >KUTEJCH, HACENSIONUX
3€MHOMH I1ap B OTAENIbHbIE FOJIbl, PACTIMCAHUS JBUKEHHSI TI0€3/I0B U T.II.

2. Ananumuuecku. [lpu aHanuTHueckoMm crocoOe 3aganusi QYHKIHS MOXET OBITh 3aJaHa s6HO,
KOT/Ia JJaHO BBIPAXKECHHUE ) uepe3 x, T.e. hopmyna umeeT BUA y = f(X), Hes6HO, KOTNa X U ) CBSI3aHBI

Mexay co0oil ypaBHeHueM Buaa F(x,y)=0; napamempuuecku, KOTJa COOTBETCTBYIOIINE APYT IPYTY
3HAYCHUS X U Y BBIPAKCHBI Uepe3 TPETHIO IEPEMEHHYIO BEJTUUHHY f, HA3bIBAEMYIO nApAMEMPOM.

3. Jlocuueckuu. Ecnu ¢GyHKIMS ONUCBIBAETCS MPABHIJIOM €€ COCTABJICHUS, Hampumep, (QyHKIUS
Hupuxne: f(x)= 1, ecnu x — panmoHanbHoOE; f{x)= 0, eciu x — UppalMOHATILHOE.

4. I'paguueckuii. CocTouT B U300paKeHUH cpagura (ynkyuu — MHOKecTBa TO4eK (X, ))
IUIOCKOCTH, a0CIHUCChI KOTOPBIX €CTh 3HAUCHHS apryMEHTa X, a OPJUHATBl — COOTBETCTBYIOIUE MM
snauenns ¢Qynkmuun V= f(X). IlpenMymecTBOM TpadUUECKOTO 3aJaHus ABISETCS €TO

HarjiIagHOCTh, HEAOCTATKOM — €0 HETOYHOCTb.

I'pagpux ¢hynxyuu
I'pagpukom @ynkyuu (B ACKApTOBOM MPSAMOYTOJHHOM CHUCTEME KOOPJWHAT) HAa3bIBAIOT
TE€OMETPUUYECKOE MECTO TOUYEK, a0CIIUCCHI KOTOPBIX SIBJISIFOTCS] 3HAYCHUSIMHA HE3aBHCHUMOUN TIEPEMEHHOM,
a OpJIMHATHI — COOTBETCTBYIOIIMMH 3HAUYCHUSAMH () YHKIIHH.

Ceoticmea pynkyuit
[lox ocHOBHBIMHE cBolicTBamu QyHku ) = f(X) GyaeM MOHUMATE CIEMYFOIIHE:

1. uemnocmo, newemnocmo. ®ynxuuss ¥ = f(X) HasbIBaeTCS wemnotl, €CIU IS THOOBIX 3HAYECHHUIT

x mu3 obnactu onpenenenus f(—x)= f(x) u nevemnoiu, ecru f(—x)=—f(x). B nporusHOM
cnyuae Qynkums Y = f(x) naswBaercs @ymkyueii obweco euda. I'paduk veTHON (yHKIMH

2
CUMMETPHUYEH OTHOCHUTEIBHO OCH OpAMHAT (Hampumep, rpadux ¢(yHKnum y =Xx"), a rpadux
HEUYETHOW (PYHKIIMM CUMMETPUYCH OTHOCUTEIHHO Hayana KoopAwHAT (Harmpumep, rpaduk (yHKIUN

33



y= x? ). TlosToMy ansi yeTHOM (DYHKUMM JOCTaTOYHO CTPOUTH JIMIIL MPaBYIO IMOJIOBUHY rpaduka
(x=>0), neBas nonosuna ero (X < () sBusercs 3epKatbHBIM OTPAKEHUEM IIPABOM OTHOCUTENLHO OCH
Oy. Utob6sl mocTpouTh TpaduK HEYETHOW (YHKIIMH, JOCTATOYHO M300pa3uTh MPaBYIO MOJIOBUHY €T0
(x > 0); neBast nonosuna rpapuka (x < 0) monyyaercs B pesynbrare moBopora npasoit Ha 180°.

2. monomounnocms. Ecnum 1nns m00BIX 3HA4eHUH X, X, € X wu3 HepaBeHcTBa X <X,

BBITEKACT HEPABEHCTBO:
a) f(x)<f(x,), To QyHKIHSA HA3BIBAETCA 603pacmaroujel;

6) f(x;)< f(x,), 10 dyHKUMS HA3BIBACTCS HeyObleaiOWel;
B) f(x;)> f(x,), o dynkuus Ha3zsIBaeTCS yobi6aiowell;

r) f(x)= f(x,), T0 yHKUUS HA3BIBACTCS HEBO3PACMAIOWElL.

Bo3spacraromue, HeBo3pacTaromye, yOBIBaIOIIME W HEyObIBaromue (YHKIMM Ha MHOXECTBE X
Ha3bIBAIOTCS MOHOMOHHLIMY HA STOM MHOMKECTBE, a BO3pacTalollie U YObIBAlOIIUE — CMpPoco
MmoHomonHbiMu  VIHTEpBalibl, B KOTOpPbIX (YHKUHS MOHOTOHHA, HAa3bIBAIOTCA UHMEPBANaAMU
MOHOMOHHOCTU.

3. oepanuuennocms. OYHKUHS HA3BIBACTCS O2PAHUYEHHOU HA TPOMEXYTKE X, €CIIM CYIIECTBYET

Takoe nonoxurensroe uncino M > 0, uro ‘ f(x)y<M ‘ st ioboro X € X .

4. nepuoduunocme. Oyukuus Y = f(X) HasbiBaeTCs nepuoOuueckor, €CIM  CyIECTBYET

nonoxutenbHoe uncao I takoe, uto f(x+7) = f(x). HaumeHnsiee 9ucio ¢ TakuM CBOKCTBOM

Ha3bIBaeTCs nepuodom GyHkuuu. s moctpoeHus rpaduika mepuoanyeckod (QYHKIMH JTOCTATOYHO
n300pa3uTh €ro Ha OTpe3Ke, JJMHA KOTOPOTO paBHA MEPHOAY, a 3aTeM IMOCTPOUTH MEPHOAMUYECKOE
MIPOAOIDKEHHE TpaduKa.

Oopamnas ¢pynkuyusn
[ycts 3amana ¢yaxkuus y = f(X) ¢ o6nacteio omnpemenenus D U MHOXKECTBOM

3HaveHuit E. Ecnm kaxaoMy 3HauYeHHIO ) € £/ COOTBETCTBYyeT €AMHCTBCHHOE 3HAUYCHHE
xeD, 1o onpenenena ¢ynkuus X =@(y) ¢ obnacteio ompeneneHus E M MHOKECTBOM

snauenuit D. Takas Gpyukuus @(y) HaszeiBaetTcs obpamnuoti K pynkuuu f(X) u 3anuceiBaercs

-1
B Buge: x=@(y)=f (). llpo dyaxknun y = f(x) u x=¢(y) rosopsar, 4ro oHH
ABIAIOTCS B3aUMHO oOOpaTHbIMU. ['paduku B3auMHO OOpaTHBIX (QYHKUUH CHMMETPHUYHBI
OTHOCHTEIBHO OMCCEKTPHCHI IEPBOTO M TPETHETO KOOPAUHATHBIX YTJIOB.

Onpeneaenne 1. Ocnosnbimu 3r1emenmapuviMu  QYHKYUAMU HA3BIBAIOTCA CIEIYIOUINE

byHKIMU:
a) nocmosinnas yakuus f(x)=c, c € R;

0) cmenennasn pyakuusa f(x) = x“, vae o — mo0oe JeHCTBUTENEHOE YUCIIO;

B) nokasamenvuas pyakuust f(x)=a", tne a >0,a #1;

r) n102apugmuyeckas pynkuus y =log, x, rae a > 0,a #1;

1) mpuconomempuyeckue QYHKIIMA ) = Sin X, y = COS X, y = IgX, Y = CIgX;

€) obpamuvie mpucoHomempuyeckue QYHKIUU y = arcsin x, y = arccosx, y = arctgx, y = arcctgx.

PaccmoTpuM OCHOBHBIEC CBOWCTBA M Tpa)KM OCHOBHBIX 3JIEMEHTAPHBIX (DYHKITHIA.
a) nocmosinnas pyukuus f(x)=c, c € R.

Obnacte  omnpeneneHUs (— oo;+oo), f(x)=c HeBo3pacTamomas U HeEyOBIBaIOIIas,
nepuojuYeckas, He HMelollas HauMeHbllero mnepuona. [paduk ¢(yHKIMM y =c- mOpsaMad,
napajuiensHas ocu Ox, oTcekaromas oT ocu (Jy OTpe30K BEIMYHHOU C.
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Yi
y=>4
b
y=0
I7] X
y=-2
-2

0) cmenennas Qynkums f(x)=x“. Ecnm mokazatenb o =n - HaTypaJbHOE YHCIO, TO CTEICHb
x" onmpenenena s moboro x € R, cnenosarensHo, D(y)=R. Ecnmu o =-n,n € N, TO creneHHas
¢byHkus y = x " omnpeneneHa s ao6oro x € R, x # 0.

Ecnu o sBisieTcst ApoOHBIM YKCIIOM, TO 00J1aCTh ONPEeICHUs CTEIEHHONH QYHKIIMU y = x“ COBMagaer
C MHOXXECTBOM JEHCTBUTENbHBIX 3HAUYEHUU X, JJISI KOTOPBIX ) TMPUHUMAET TaKXKe JEHCTBUTEIbHBIC

3Hauenus. Hanpumep, GyHKus y = +/x onpeznenena npu x >0, QyHKIMA y =3/x oOmpejeeHa npu
moboMm JneiictBuTenbHOM XU T.A. Eciim @ - WppanuoHaiIbHOE YHCIO, TO CTENEHHas (YHKIHA
f(x)=x“ onpeneneHa i BCEX HEOTPULATESIBHBIX JCHCTBUTEILHBIX 3HAYCHUN X.

Cmenennasn ([)ymaquﬂ C HamypaibHbIM noKazameJiiem.

n

@OyHkius y = x", A€ 1 - HaTypaJbHOE YHCIIO, HA3bIBACTCS CTENEHHON (YHKIMEH ¢ HaTypalbHBIM

IIOKa3aTcCJICM.

[Tpu n = 1 monyyaem QyHKIHIO } = X.

IIpu n = 2 nony4yaeMm GYHKIHUIO y = x°.

dyukuus y = x2.

ITepeuncium cBOiCTBA (YHKIUHK Y = X°.

1) OGnacTh onpenencHust GYHKIMH - BCS YACTIOBAs TIPsIMasi.

2) y = x? - yetnas pynkuus (f (- x) = (- x)*> =x* = f(x)).

3) Ha nmpomexytke [0; + o) ¢pyHkuus Bo3pactaer eciu 0 <x, < x,,TO xl2 < xzz, a 3TO U O3HAYaeT
BO3pacTanue PyHKIUN).

4) Ha npomexytke ( - o ; 0] ¢pynkuus yosiBaer ( ecmu x, < x, <0, TO xl2 > x22 , @ 9TO U O03HA4aeT
yObIBaHUE QYHKIIUHN).

I'padukom GpyHKIMK y = X* sBNIsETCS Mapaboaa (CM. puc)

¥

y=x%

-3 —Z2—7 O ¥ 2 F a

IIpu n = 3 nony4yaem GYHKIHUIO y = x°.
DOyHkuus y = x°
Iepeuncnum cBoiCTBa (PYHKIUHU y = x°.
1) O6nactpb ompeeIeHUs byHKIMA - BCS YUCIIOBaS psiMasi.
2)y = x> - meuernas pynkimsa (f (- x) = (- x)°=-x* =- £ (x))
35



3) dynkus y = x° BO3pacTaeT Ha Beil YHCII0BOM MPSIMOIA.
I'paduk GyHKIME y = X° H300pakeH Ha pucyHke. OH Ha3bIBaeTCs KyOMuecKoii mapadoJioii.

yma ¥

q"\-
-
1

[TycTh n - MPOU3BOIBLHOE YETHOE HATYpAIbHOE YHCIIO, OoJbiiee ABYX: n = 4, 6, §, ... . B aTom
cnydae GyHKIHS y = x" 00IIafiaeT TeMH ke cBoicTBamM, uTo M (yHkumus y = x°. I'paduk Takoit
GyHKIIMM HamoMKHAET mapabony y = x°, TONbKO BeTBH rpaduka mpH x| > 1 Tem Kpyde MIyT BBEpX,
yeM Oosblie 7, a Ipu x| < 1 TeM "TecHee mprXUMarOTCA" K OCH X, YeM OOJIbIIIe /1. (PHC. a).

ﬂ',j Vv 'ﬁ)

-1

AN

[Iycth n - TpOM3BOIBLHOE HEUETHOE YMCIO, Oombinee Tpex: n = 5, 7, 9, ... . B aTom ciydae
yHKIHA y = x" 061agaeT TEMH ke CBOWCTBaMH, 4To M (yHKIMA y = x°. I'paduk Takoi QyHKIMH
HarlOMUHaeT KyOM4ecKyio mapabony (TOJIBKO BETBU Tpaduka TeM Kpyde UAYT BBEpX, BHU3, YeM
oompiie n) (puc. 6). OTMeTuM Takxke, 4to Ha npomexytke (0; 1) rpaduk creneHHOW GyHKIMH Y =
X" TeM MeJICHHEE OTHASAETCS OT OCH X C POCTOM X, YeM OOJIbIIIE 7.

Cmenennasa Qyynkyus c yeavim ompuyameiabHbvlM ROKa3amenem.
PaccmoTpum dyHKIHIO ¥y = X ", TII€ 72 - HATYPAJIBHOE YHCIIO.
Ipu n = 1 momyyaem y = x ' unm y = 1/x. CBoiicTBa 3T0i (yHKIIMH PACCMOTPEHBI BBIIIE.
[TycTh n - HEYeTHOE uncio, Oonbiiee equHuIbl, n =3, 5,7, ...
B sTom citydae ¢pynkimst y = x " o0nagaeT B OCHOBHOM TE€MHU K€ CBOMCTBaMU, uTo U QyHKIMS y = 1/x.
I'paduk pyakmuu y =x " (n=3, 5, 7, ...) HanomuHaet rpaduk Gyakmuu y = 1/x (puc. a).

¥ y=a g —
= Hewamuoe) (e = wEmrvige)

L]
-
=
-
L]
.
™

a) )]

[TycTthb n - yeTHOE YKCIO, HanpUMeEp 1 = 2.
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[TepeunciM HEKOTOPBIE CBOICTBA (QYHKIMHU ¥ = X 2, T. e. QyHKIMH y = 1/x2.
1) ®yHkuus onpeneneHa npu Beex x # 0
2) y =1/x? - yeTHas HyHKIHSL.
3) y = 1/x* youBaeT Ha (0; + o) 1 Bo3pacTaer Ha ( - 0; 0).
Temu xe cBoiicTBaMu 00J1a1at0T JTt00bIE GYHKIIUU BHIA Y = X ' TIPH YETHOM N, OOJIBIIIEM JBYX.
I'paduk Gynkuun y = 1/x> n300paxed Ha pucyHKe 6. AHANOTMYHBINA BU UMeeT rpauk QpyHKIUN y =
x " ecmun=4,6, ...
1
@OyHkmus y = x?

[lepeuncnum cBoicTBa GYHKIIUU Y = /X

1) O6nacTh onpeneneHns - nyd [0; + o). DTo cIeAyeT U3 TOro, YTO BhIpaKEHHE YX OIpenesIeHO JIHIITb
npu x > 0.

2) OyHKIUA y = Jx mn YEeTHA, HY HEUETHA.
3) Oyukuus y = Jx Bo3pacraet Ha jyue [0; + o).
I'paduk pynkuuu y = Jx M300pakeH Ha PUCYHKE a.

y
J y=VE 4 :
2 2 y=V¥ _
/ /
gl 1 g g1 3 X
a) 2)

1
DOyHkIMsA y = x3.

[lepeuncnum cBOMCTBAa PYHKIUU Y = VYx
1) Obnacte onpeneneHus: GyHKIIUH - BCSI YUCIIOBAsH MPSIMAsL.
2) OyHKIUSA y = /x neuerna.

3) @yHKuMsA y = Ux BO3pAacTaeT Ha BCEH YUCIIOBOU NPSMOMN.

I'padux pyHkuum y = Ux n300pakeH Ha pUCYHKeE 0.

1

DOyHKIUA )y = X~
[Tpu yetHoM n GyHKIUSA y = 4/x obnamaer Temu xe CBOICTBaMH, YTO U QPYHKUIUSA ) = 1fx , U
rpaduk ee HaOMUHAeT rpaduK GyHKIUU Y = 2x .
[Ipu HeweTHOM 1 QyHKUUA y = 4/x o6nagaet Temu xe CBOHCTBaMH, UTO M byHkuus y = Yx,u

rpaduk ee HaOMUHAeET rpapuK GyHKIUU Y = Vx.

y=VE (n-vemwoe) / Y=V (11- sevemuon)

o| 1 X =7__4m X

a) 9)

Crenennasi pyHKIMS € IOJIOKATEIbHBIM JPOOHBIM MOKa3aTeIeM.
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Paccmotpum dyHKIUIO ¥ = X', T1IE 7 - OJTOXKUTEIbHAS HECOKpaTUMasi APO0b.
[Tepeurciium HEKOTOPBIE CBOMCTBA 3TON (DYHKITHH.

1) O6nacts onpeneneHus - ayd [0; + ).

2) OyHKIMS HU Y€THASI, HU HEUETHA.

3) ®ynkuus y = x” Bo3pacraeT Ha [0; + 0).

Ha pucynke a n306pakeH rpaguk GpyHKIHN y = x>
15
Yi y =X :'I'rlr ¥i
3
Ya=i 1
Y=k
: 1 y=x""
JLE
! y=&
7 Ty & ! x @0 7 X
a) d) )]
Koumponvhvie sonpocwi
DyHKIHH.
OO6nacth onpeeieHrs: 1 MHOYKECTBO 3HAUCHHM.
I'padux GpyHkunu.

[TocTpoenue rpadukoB QyHKIUH, 3aJaHHBIX PA3TUYHBIMH CIIOCOOAMHU.
CaoiicTBa (yHKIHH.
OO6parnble QyHKIHH.

S

Tema 6.2 IlocaienoBareasHocTu. Ilpenes nmocaenoBaTeJIbHOCTH, Npeaes] PyHKIHA

Ilocneoosamenvrocmu. Cnocodwl 3a0anus u c80UCMBA YUCTIO8bIX NOCIE008AMENbHOCTEN.
Ilonsamue o npedene nocnedosamenvrocmu. Cyujecmeosanue npeoena MOHOMOHHOU 02PAHUYEHHOL

noc1e008amenbHOCmi. CyMMupoeaHue nocne008amelbHOCmell.

Ymems: BBIMUCTATH TPEIEN YUCIOBOM MOCIEI0BATEILHOCTH, BEIYUCISTH MTPpeaen PYHKIIHH.
3uameb: TOCIEOOBATENLHOCTH, CIOCOOBI 3aJaHHs W CBOMCTBA YHCJIOBBIX ITOCJIEIOBATEIBHOCTEH,
MOHSATUE O TMpeAesie MOCIEI0BATEIbHOCTH, CYIIECTBOBAHUE Npelesia MOHOTOHHOM OrpaHMYE€HHOU

MoCJICA0BATCIIBHOCTH, CYMMHPOBAHUC HOCHCHOB&TGHBHOCTeﬁ.

Ecmm KaXXI0MY HaTypaJbHOMY YHUCIY 7 IIOCTABJICHO B COOTBETCTBUC BCUHICCTBCHHOC YHCIIO X,

TO T'OBOPAT, UTO 3aJlaHa nOCﬂedoeameﬂbHocmb
Xi5Xy5ee0s X, ={X,}.
Yucna X;,X5,...,X,

{x,} — obwum snemenmom (unenom), a n —Homepom FEMEHTA.
st mocnenoBaTeIbHOCTEW MOXKHO ONPEACIIUTD CAEAYIOIINE Onepayuu:

1) VMHOXEHHE OCIeOBATEIBHOCTH Ha YHCIO m: M - {X, } = {mXx, }, T.e. mX,,mx,,...

2) Cnoxenne (BbrunTanue) nocneposarensuocreit: {x, } +{y }={x, £y, }.

3) Ilpoussenenue nocnenoBarensHocreit: {x, §-{y,}=1{x, - y,}.

) _ | %,

4) YactHOE mOCiIe10BaTeIbHOCTEH: { =< —
Yul

mpu {y,} #0.

n

Ozpanuyennvle u HeOZPAHUYEHHbBLE NOC1E006AMEIbHOCTU.
I[locrenoBaTeNbHOCTE  {X, | HA3bIBACTCS OZPAHUYEHHOU C6epXy, €CIH IS

CyILlecTBYeT TaKoe 4ucio M, uro x, < M .

Ha3bIBAKOTCA OdJiemMeHmamu (UJZéHaMM) IIOCJICA0OBAaTCIbHOCTH, CHMBOJI

JIr000ro n
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Iocie10BaTeIBHOCTD {X, } HA3BIBACTCS 02PAHUUECHHOU CHU3Y, SCIH JUISL JIE00O0TO 1 CYIECTBYET
TaKO€ YUCJIO M, 9TO X, = M.
TTocien0BaTeNbHOCTE {X, } HA3BIBACTCA OZDAHUYEHHOU, CCIM OHA OIPAHMYCHA U CBEPXY U

CHH3Y, T.€. CYLIECTBYIOT TaKHe yncia M u m, 4To [Is 11060ro n BepHO HepaBeHCTBO: M < X, < M .

IIpenen mocjie10BaTeILHOCTH.

Yucino a  HashIBACTCS  npedenom  TOCICAOBaTeNBHOCTH  {X,}, ecimu s J06oro
nosoxurensioro & >0 cymectByer Takoit Homep N, uto st Becex 7> N BBINOJHSETCS YCIOBHE:
‘xn—a‘ < &. DTO 3anuChIBAETC:

limx, =a.
n—»0

B 5TOM Cily4ae rOBOPSAT, YTO MOCISAOBATEIBHOCTD {X, } CX00umcs K a Ipu n—»o.

OcHo6Hble C6OUICM A CXOOAUUXCA ROCTIE008AMETbHOCHCHL.
1. Cxopnsdiasics nMociaea0BaTeIbHOCTh OTPaHUYEHA.

2. Oyere limx,=a, lmy,=5b, rtorma lim(x,ty,)=axb, lim(x,-y,)=a-b,
n—>0 n—oo

n—»0 n—»0
lim| 22 =2 (b#0).
n—o| y b
3. Eemn limx, =a, limz, =a u mis Bcex n BBINONHSIOTCS HepaseHcTBA X, <), < Z,, TO
n—»ao0 n—>0
limy, =a.

n—»0
4. Ecnu li_r)rolo X, = @ ¥ IOCIEN0BATENBHOCTD { ), } — OrpaHNYCHHAs!, TO li_r)rolo (x,-y,)=0.
n n

IIpenen ¢pyHKkuuu B TOUKE.
[ycts Qpynkumus f(X) ompeneneHa B HEKOTOPOI OKPECTHOCTH TOYKH X = d (T.€. B caMoii

TOYKE X = @ (QYHKIUS MOXET ObITh U HE OIpe/ieIcHa)
Yucno A maseiBaetcss npederom Qynkman  f(X) mpu x—a, ecim gns modoro £ >0

cymectByer Takoe yncno A >0, uro mnsa Beex x takmx, uro 0 <|x —a|< A BepHO HepaBeHCTBO
‘f(x) - A‘ < & . Boarom cnywae mamyrt: lim f(x) = 4
xX—a
Ecin f(x) = A, npux—a tonskompu X < a, 1o lim f(x) = A, — nassiBaercs npedenom
x—>a—0
dynxmmn  f(Xx) B Touke X =a cnesa, a ecnmu f(x) — A, npu x—a TONBKO HpU X > d, TO

lim f(x)= A, naswBaercs npedenom dyuxunn f(X) B TOUKE X = a cnpasa.
x—a+0

[penenst A1 u A2 Ha3BIBAIOTCS TaKKe 00HOCMOporHumu npederavu Gyaxuuu f(X) B Touke

X = a . Taxxe roBopAT, uto A — Koneunvii npeden Gpyukuuu f(X).

OcHoenvle meopemul 0 npeodenax.

Teopema 1. lim C = C, tue C = const.
xX—a

Creyronme TeOpeMbl CIpaBeIMBLl NPU Tpeanonokenun, 4ro gynkmmu [ (x) m g(x)
MMEIOT KOHEUHBIE PEIEIbl TPU X—>.
Teopema 2. lim[ f(x) + g(x)]= lim £ (x) + lim g(x)
x—a x—a x—a

Teopema 3. lim[ f(x)- g(x)]=1lim f(x)-lim g(x)
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Caencreue. limC- f(x)=C-lim f(x)

xX—a

f(x) lim f(x)

xX—>a

Teopema 4. lim : mpu lim g(x) # 0
wag(x) limg(x) = e
xX—a

beckoHeyHO MaJible QyHKIMH.
®ynkuus  f(X) HaswbBaeTCs Heckoneuno Manoti P X—>d, TAE d MOKET OBITH YHCIOM WA

OJTHOM M3 BEJMUHUH 00, +00 mim —oo, ecm lim f(x) = 0.
xX—>a

Ceoilicmea 0ecKOHEUHO MATBIX PYHKYUIL:

1) Cymma ¢puKCHpOBaHHOTO YKclia OECKOHEUYHO MaJbIX (DYHKIMA TIPH X—>a TOKEe OCCKOHEYHO Maast
GyHKIMS TPU X—>d.

2) IIpousBeneHue GUKCUPOBAHHOTO YKCIa OECKOHEYHO MaJbIX (PYHKIUI MPH X—>a TOXKe OECKOHEYHO
Masasi QyHKIUS TpU X—>d.

3) IlpousBenenue GeckOHEUHO Mo (HYHKIMM Ha (QYHKIMIO, OTPAaHUYEHHYIO BOJIU3U TOUKH X = d
SBJISICTCS] OECKOHEYHO MaJiol (PyHKITUEH TIPH X—>d.

4) UYactHoe oT neneHust 6eckoHEeYHO Maoi (GyHKIMK Ha (QYHKIMIO, TIPeIeT KOTOPO He paBeH HYIIO
€CTh BEIMYMHA OECKOHEYHO MaJtasl.

beckoneuno donvumue ynkyuu u ux c6a3v ¢ 6€CKOHEUHO MAbIMU.
@DyHKIUS Ha3bIBACTCS OeCKOHEeuHO O6ObuloU TIPU X—>a, TI€ @ — YNCIIO WX OJIHA U3 BEJINYHH 00,

+oo myn —o0, eciu 1im f(x) = A, rae A — 9uceno uin ojiHa U3 BEIHYKH 00, +00 HITH —o0.
xXx—>a

CBs13b OECKOHEYHO OONBIINX U OECKOHEUHO MaNBIX (DYHKIIMKI OCYIIECTBIISIETCS B COOTBETCTBUH
CO CJIEAYIOUIEN TEOPEMOM.
Teopema 5. Ecn f(x) = 0 npu x—a (ecnm x—00) 1 He 06paIaeTcs B HOMb, TO

y=— o

J ()

Cpasnenue 6ecKkoHeuHo Manvix YyHKyuil.
Hycrs a(x), F(x) u y(x) — Geckoneuno maibie QYHKIME MpU X —> d . ITH GECKOHETHO

Majbie (DYHKIIMM MOXKHO CPaBHHUBATh 1O OBICTPOTE MX YOBIBaHMS, T.€. IO OBICTPOTE UX CTPEMIICHUS K

HYJIIO.
. a(x
Ecomu lim (x)

x—a IB(x)

=0, to pynxkuus a(X) HasblBaeTCsa Heckoneuno manoi bonee 6bICOKO20

nopsoka, ueM Qpyukuus [F(x).

Ecmn lim a(x)
x—a ﬂ(x)

=A, A#0, A=const, to a(x) u B(X) HaspBaoTCS Heckoneuno

MANLIMU 00HO20 NOPAOKA.

. a(x)
Ecou lim
x—a ﬂ(x)

=1,10 pynkuun a(x) u S(X) HazbIBAIOTCA dKEUEANCHMHBIMU OECKOHEUHO

Manvimu. 3aUCHIBAIOT & ~ f3.
Beckoneuno manast GpyHkuus ¢(X) Ha3bIBAETCA HECKOHEUHO MANOU NOPAOKA k OTHOCHTEIBHO

. a\xX
Geckoneuno manoii Gpyukunn [F(X), ecnu npenen llmk(—) =A4A+0.
x—a ﬁ ( x)
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OpHako cieayeT OTMETUTh, YTO HE Bce OECKOHEYHO Majible (DYHKIMH MOXKHO CPaBHUBAThH
a(x)

Mexay coboit. Hammpumep, eciin oTHOIIEHHE HE UMEET IpeJieNia, TO PYHKIUU HECPABHUMBI.

(x)

Ceoiicmea IK8UBAICHMHBIX OECKOHEUHO MATIbIX.

) a~a, | lim a(x) =1
x—a a(x)

a(x) _ . fa(x) px)

2)Ecm a~ pBufB~yp,10 a~y | lIim——==1lim| — - ——= |=1-1=1
ay(x) - fx) y(x)

3) Ecn a~ S, 10 f~ 0, }CIE; ggx; B )lcl—m a(lx)

B (x)

4)Ecmu a~ o u B~ Bim lim——— o(x) =k,rou iIm——= @ (x) =k wm lim alx )—1 (%)
x—a ﬂ(x) x—a 181 (x) x—a ﬂ(x) x—a ﬂl (x)
CBoiicTBO 4) 0COOCHHO Ba)XXHO Ha TPAKTUKE, T.K. OHO (DaKTUYECKH O3HAYACT, YTO MPEJEI
OTHONICHUS OECKOHEYHO MAJIbIX HE MEHSETCS MPH 3aMEHE MX Ha DKBHBAJICHTHBIC OECKOHEYHO MaJIbIe.
OTOoT (aKT AaeT BO3MOXKHOCTh TNPH HAXOXKICHHH TPEACTIOB 3aMCHATh OECKOHEYHO Maible Ha
SKBHUBAJICHTHBIC UM ()YHKITUH, YTO MOXKET CHIIBHO YIIPOCTUThH BBIUYUCIICHHUE TIPEICIIOB.

3amMeuaTejibHbIE npeaejabl

Ilepeuvlit 3ameuamenvhulii npeoden
[Ipenen oTHOIIEHHS CHHYCa OECKOHEYHO MaJIOW IYTH K CaMOM JIyTe, BRIPKEHHOHN B pajlaHax,
Ha3bIBACTCS NEPBbIM 3aMeyamenbHuiM npedenom. ITOT Ipee paBeH eIUHULIC.

. sinx )
lim =1 Win lim——=1
x—>0 Xx x—>0SIn x
Bmopoii 3ameuamenvusiii npeoen
X
lim|1+—| =e
x—>0 X
rne e~ 2,71828.... Ecou —=a, 10 & —> 0 u BTOpOii 3aMedaTeNnbHbIN Npeae] MOKHO 3alKicaTh B
X

BUJIE:
1
lim(l1+a)« =e
a—0
KpOMe TPEX, H3JIOKCHHBIX BbBIIIC, MPCACIOB MOKHO 3alucCaTh CICAYIOINHUC IIOJIC3HBIC Ha
IMPAKTUKE COOTHOLICHMUS:
. In(1+x .a -1 . (I+x)" -1
hmﬁzl; Iim—— =Ina; th:
x—0 X x—>0 Xx x—0 X

Konmponvrvie 6onpocwi
1. ITocnemoBaTeILHOCTH.
2. Crioco0BbI 3a4aHUs ¥ CBOMCTBA YMCIIOBBIX IIOCJIEA0BATEIHHOCTEM.
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3. [lonsATHe 0 mpenesne nocaeaoBaTeIbHOCTH.
4. CyuiecTBoBaHUE Mpejiesia MOHOTOHHOM OMPaHUYEHHOM MOCIEA0BATEIbHOCTH.
5. CyMMHpOBaHHUE MOCIEA0BATEILHOCTEH.

Tema 6.3. [IpousBoanas pyHKIUN, ee TeOMeTPUYECKHA U (PU3NUECKHIT CMBICT

Onpeodenenue npouzso0HOU QyHKYUU, ee 2eoMeMPUdecKull U Gu3UYecKutl CMblCIL, YPAGHEHUe
KacamenvHou K epagpuxy yHKyul, npasuia HaxodcoeHus NPoUu3B00HbIX, MAadIUYA NPOU3BOOHBIX
SNIEMEHMAPHBIX QYHKYULL, NPOU3BOOHASL CLONCHOU (PYHKYUU

Ymems: HaXOAUTH POU3BOIHBIE JIEMEHTAPHBIX U CI0XKHBIX (YHKLUH, TUCaTh ypaBHEHUE
KacaTeNnbHOU K TpauKy QyHKIHHU, TPUMEHATh T€OMETPUYECKUMA U (PU3UUECKUN CMBICT IPOU3BOTHOM
IIPY PEIICHUN 3a1a4
3namu:nipaBuna qudepeHpoBaHus, TAOIUIly TPOU3BOIHBIX 3JIEMEHTAPHBIX (PYHKIIUH, YpaBHECHHE
KacaTelIbHOW, TTPaBUJIO0 HaX0XKICHUSI IIPOUXBOHOMN CIIOKHON (YHKIIUN

Ilyctb X1 M x2 — 3HaYeHus aprymenra, a ¥, = f(x;) u ¥, = f(x,) — coorBercrByIomue
sHauennss Gpynkuun ) = f(X). PasHocts AX = X, — X, Ha3bIBACTCS Npupawjenuem apeymenmd, a
pasuocts Ay =y, — y; = f(x,) — f(x;) — npupawenuem ¢pynxyuu na orpeske [x,, X, |

Ilpoussoonoii Gyukuun f(X) B TOUKke X = X, Ha3bIBACTCS IIPELEN OTHOLICHHUS IPHPALICHHS
(yHKIMY B 5TOI TOUKE K IMPUPAIIEHUIO apTyMEHTA, KOT/Ia MOCIEIHEE CTPEMUTCS K HYJIIO.

f,(x):Aligof(x-i_AAx)z_f(X)

I'eomempuueckuii cmoici.

[poussognas ¢ynkmun )y = f(X) B
TOYKE X0 paBHa YriaoBoMy Kod(dduiueHty
KacaTenbHOW K TpaduKy (QYHKIMU B TOUKE

My(xy, f(x)), Te. f'(xy)=tga, rne a-
yroJl HakJIOHAa KacaTeabHOM K rpaduky
ynkunu y = f(x) B TOuke Mo.

['eomeTpuueckuii CMbICT MTPOU3BOAHOMU
COCTOMT B TOM, UYTO 3HAa4YeHHE MPOM3BOIHOMN
GYHKIIMM B~ TOYKE  PaBHO  YIJIOBOMY
kod(puimeHTy KacareabHOH K  rpaduKy
(GyHKINHU B 3TOM TOUKE.

y=f(x)) = f"(x)x—x,) -

YpaBHEHHUE KacaTeIbHOM.

)

My

X
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Du3uuecKuil cCMuic.
[Ipeanonoxum, 9To QYHKIHUSI § = S(t) OTIMCHIBACT 3aKOH JIBF)KCHHSI MaTepUATbHON TOYKHU 110

IpsAMOii uHnH, T.€. § = §(f) — MyTh, NPOHICHHBIN 3TOM TOYKOH OT Hayana OTcYeTa 3a Bpems £. Torma
3a Bpems fo mpoiineH myts S = S(Z,), a 3a Bpems f1 — myTh S = S(f,). 3a MPOMEKYTOK BpeMeHN

At =t, —t, Touka npoiiner orpe3ok mytu As = s5(t, + At) —s(¢,).

s(tg) s{to + At)
As

OcHoBHblIe npaBujia 1uddepeHIpoBaHus.
O6osnaunm U =u(x), v=v(x) u w=w(x) — pynkuun, mudpepeHnupyeMbIe B TOUKE X.

1) C' =0, rae C — moCTOSHHAS BEIUUMHA. 5 ' 1
) ¥ =1 J H "
3) (u+v-—w) =u"+v'—w ¢ , ¢
4 (u-v) =uv+uw' C ,
' ’ ’ ' 9) — | ==V
5) (u-v-w) =uvw+u'w+uvw v V2
6) (C-u)=C-u' 10) Ecu  v=v(u), u=u(x), e
y Uy — v v=v[u(x)], o vi(x)=v'(u) u'(x) -
D|l—1| = 3 ,ecnmu v #0 MIPOM3BOHAS CIIOKHOUN (YHKIIUH.
v v
Tabanna npou3BoOIHBIX.
1) (x”) = nx""! 12) (arcsin x) :;2
' 1 l-x
(5 L i
24x 13) (arccosx) =——
' 1-x?
3) 1 =—— ' 1
X X2 14) (arctgx) = 3
’ 1+x
4) (ex) =e" ' 1
' 15) (arcctgx) = —1 3
5 1l =ag*1 + X
) <a ' « ne 16) Ilycts u =u(x), v=v(x), torma
| = '
6 (Inx) x (uv) =v-u" u' +u’ v - Inu
7 (log, ) =—
xlna
8) (sinx) =cosx
9) (cosx) =-—sinx
10) (rgx) =—
cos” x
' 1
11) (crgx) =———
sin” x
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Koumponvhvie 6onpocwi
1.ITonaTue o mpou3BOgHON (HYHKIINH, €€ TEOMETPUUECKUI U (PU3NIECKUNA CMBICIT.
2.YpaBHEHHE KacaTeIbHOU K TpaduKy QyHKIIUH.

Tema 6.4. [IppMeHeHHe NPOM3BOIHOM K HCCICAOBAHUIO PYyHKIMH.

Ilpumenenue npousso0Hol K nocmpoeHuro epagurxos pyuxyui. Bospacmanue u yovieanue
dynkyuu. Ixcmpemymvl QyHKYUU.

Ymemsb: HaxoaquTh MPOMEXKYTKH BO3pacTaHUs M yObIBaHUA. HaxoauTh TOUKHM 3KCTpeMyMa.
3namo: TlpuMeHeHHE TPOU3BOAHON K MOCTpPOeHUIO TpadukoB GpyHkiuid. Bo3pacranue u yObiBaHHE

GyHKIHU. DKCTPEMYMBbI (QYHKIIHH.

YcioBusi Bo3pacTanus ¥ yObIBaHUS (PYHKIHIA.
Teopema 1. JIns Toro uto6sl nuddepentmpyemas na unrepsane (a,b) dynxkuns f(x) Owbuta

Heyovlsaowell (Heso3pacmarowell) Ha STOM HWHTEpBaje, HEOOXOAMMO M JIOCTATOYHO, YTOOBI
f'(x)>0 (f'(x)<0) ana eex x € (a,b).

Teopema 2. Ecin dynxius f(x) nuddepenuupyema na unrepsate (a,b) u f'(x)>0
(f'(x) <0) ana seex x € (a,b), To 31a hynxius sospacmaem (y6oisaem) na untepsane (a,b).

Touku 3KcTPpEMyMa.
Touku MakcuMyma 1 MUHUMYMa (DYHKIIMH HA3BIBAIOTCS MOYKAMU IKCIMPeMyMd.
Teopema 3. (neobxooumoe ycnosue cywecmeosanus skempemyma) Ecm Gpynkums f(x) B

!
TOYKE X0 IMEET IKCTPEMyM, TO pousBoaHas f (X)) oOpamaercs B HyJb WM HE CYLIECTBYET.

Cnedcmeue. ObpaTHOE yTBepkIeHHE HeBepHO. Eciu mpousBogHass (QYHKIMH B HEKOTOPOH
TOYKE paBHA HYIIIO, TO 3TO €IIe HE 3HAYUT, YTO B 3TOW TOUKE (PYHKIIUS UMEET SKCTPEMYM.

Kpumuueckumu mouxamu QyHKIIUN HA3BIBAIOTCS TOUKH, B KOTOPBIX MPOU3BOAHASA (DYHKIIMH HE
CYIIECTBYET WJIA PaBHA HYIIIO.

Teopema 4. (Oocmamounoe ycnogue cywecmseoganusi skcmpemyma) Ecnm nipu nepexojie uepes

, TOB

(113

!
KPHTUYECKYIO TOUKY X0 CJIEBa HANMpPaBo npousBoanas pynkiuu f (X) MeHseT 3HaK ¢ “+” Ha
Touke xo pynkmus f(X) WMeer maxcumym, a ecau MPOM3BOIAHAS MEHSET 3HAK ¢ “— Ha “+” — ToO
(GyHKIMS UMeeT MuHuMyM.

Ilpaguna naxoicoenusn IKCmMpemymos YyHKyuu.
1) Haiitu mpou3BogHYyIO QyHKIIUH.
2) HaiiTu kpuTHYECKUE TOUKU (QYHKINU.
3) HccnenmoBarh 3HaK MPOWU3BOJHON B MPOMEXKYTKAX, Ha KOTOpPHIC HAWJICHHBIE KPUTHYCCKUE
TOYKH JIJST 00JIaCTh OpeeneHus )yHKIINH.
4) Omnpenenuth CylieCTBOBaHHE MAaKCUMYMOB M MUHHMYMOB M HalTH 3HaueHHE (YHKIMHU B
ITHX TOYKAX.
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Cxema ucciaenoBanusi GyHKumi

[Tpouecc uccrnenoBanusi (YHKIMH COCTOMT M3 HECKOJNbKMX JTamoB. s Haubonee
IOJTHOTO TIPEJICTaBJICHUS] O TMOBeNeHUH (YHKIMM M XapakTepe ee rpaduka HeoO0X0auMo
OTBICKATh:
1) O6nacte cymecTBoBaHUS QYHKIUHU (3TO MOHITHE BKIIOYAET B ce0si U 001IacTh 3HAYCHUIA, U
obsacTh onpeneneHus QyHKIINM).
2) UccnenoBath (hyHKIMIO Ha YETHOCTh M IEPUOIUIHOCTb.
3) KoopauHatel Todek mepeceueHus Trpaduka (YHKIMH C OCSIMH KOOpPAWHAT (€CIM OHHU
UMEIOTCS).
4) aTepBaiibl BO3pacTaHus U YOBIBaHHS.
5) Touku MmakcuMyma U MUHUMYyMa.
6) [Toctpoenue rpaduka.

Koumponvhwvie 6onpocoi

1. YcnoBus Bo3pacTaHus U YObIBaHHS (DYHKITHIA.
2. Touku skcTpemyma.

3. IlpaBuiia HaXOXKICHUS SKCTPEMYMOB (DYHKITUH.
4. Cxema uccrnenoBanusi GyHKHUH.

Tema 6.5. Bropasi npou3BojHasi, ee reoMeTpUYecKuil U (PU3NYECKUl CMbICJI.
Bmopas npouzeoonas, ee ceomempuueckuil u puzuueckull CMbIcCIlL.

Ymemsv: HaXoguTh MPOMEXKYTKH BO3pacTaHUs U yObIBaHMS (DYHKUMH HCIOJB3YS BTOPYIO
IPOU3BOAHYIO. HaxoauTh TOUKHU 3KCTpEMyMa.
3nams: [IpuMeHeHrne BTOpOM MPOU3BOAHON K HAXOXKIEHUS MPOMEKYTKOB MOHOTOHHOCTH.

[ycte ¢ymkums  f(X) — auddepeHmupyema Ha HEKOTOPOM HHTEpBajie. Torna,
nuddepeHIupys ee, mojydaeM MepByI0 MPOU3BOIHYIO

Y = f(x)—M

Eciu Haiitu npowssomnyto oT dynkiuu [ (X), TONydUM 6mopyio npouseoonyio
Gysxumn f(x).

y= i =I0

d? d d
1.e. ¥' =(y") nm g} 4
dx dx\dx
DTOT HPOIECC MOXKHO HPOJIOJKHUTH U Jajiee, HaX0Isd IPOU3BOIHBIE CTENEHH 7.
di’l d dn 1

dx" dx abc”1

Hccneoosanue pynkyuu na Ikcmpemym ¢ nOMowibio npou3800HOU 6MOpPo20 NOPAOKA.
Teopema 5. Ecmu f'(x) =0, 1o ¢pynkums f(x) B Touke xo UMeeT Maxcumym, eciu

f"(x0) <0 umunumym, ecnm f"(x,) > 0.
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Ecmn f"(x,) =0, To xapakrep kpuTHUeCKOii TOUKN HEM3BECTEH. JIJIs1 €ro OmpeseseH s
TpebyeTcs nanbHelIee uccea0Banue.

BeinmykiocTh M BOrHyTOCTH KpUBOii. Touku nepernda.
Kpupas oGparuena svinykiocmoio 6eepx Ha uarepsane (a,b), ecnm Bce ee TOUKM jexkar
HIDKE JTI000M ee KacaTelbHOW Ha 3TOM MHTepBaje. KpuBas, oOpaiieHHasi BHITYKJIOCTBIO BBEPX,
Ha3bIBACTCS 8bINYKIIOL, A KpUBasi, OOpaIleHHAs BHITYKIOCTHIO BHU3 — HA3bIBACTCS 8OCHYMOU.
Teopema 6. Eciu pynxuus f (x) umeer na unrepsaie (a,b) BTopyro npousBoaHyo u

f"(x)>0 (f"(xy) <0) BO BCex TouKax JaHHOTO MHTepBaia, TO rpaQuK (yHKIHMH NMEET Ha
(a,b) BBHIMYKIIOCTB, HATIPABIEHHYIO 6HU3 (66€pX).

Touka, oTmensiomas BBIMYKJIYI YacTh KPUBOW OT BOTHYTOH, Ha3bIBACTCS MOUYKOU
nepezuba. ToukamMu 1eperuba MOTYT CIYXKUThb TOJBKO KpUmuyeckue mouku 6mopozo pood, T.e.
TOYKH, B KOTOPBIX BTOpas MpousBoanas f (X) obpaiaeTcs B HONb UK HE CYIIECTBYET.

Teopema 7. Tlycte kpuBas ompenensercs ypasHenwem ) = f(x). Ecimu Bropas
npomsBomnas f(x) =0 wm He CymecTBYeT M IIpH mepexofie 4epe3 TOUKy X =X, f(X)

MEHSET 3HaK, TO TOUKa KPUBOM ¢ abCLUCCOi X = X, ABJIAETCA TOUKOM nepernoa.

Ilpasuna naxosrcoenus mouex nepezuoa.
1) HaiiTu BTOpyI0 MpOU3BOAHYIO (DYHKITHH.
2) HaiiTu kpuTHYECKHE TOYKU BTOPOTO POAa.
3) HccnenmoBarh 3HaK BTOPOM MPOW3BOJHON B MPOMEXKYTKaX, HA KOTOPHIC HAWJICHHBIC
KPUTUYECKHE TOYKH JICIAT 001acTh onpeencHust () yHKIHH.
4) OnpenenuTh TOYKH Mepernda U HAMTH 3HaYeHUE PYHKIIUU B TUX TOUYKAX.

Koumponvnvie sonpocwi

1.MccnenoBanre GyHKIIMM Ha SKCTPEMYM C TTOMOIIIBIO TPOU3BOIHOM BTOPOTO TOPSIIKA.
2.BBIMyKJI0CTh ¥ BOTHYTOCTh KpuBO. Touku neperuoa.

3.IIpaBuiia HaxOXIEHUS TOYEK Teperuoa.
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Tema 7. [IpsiMble U JIOCKOCTH B IPOCTPAHCTBE

Tema 7.1. AKCMOMBI CTEPEOMETPHUHU M NPOCTeiue CaeACTBUS U3 HUX.
OcHnognvle nouamus. Axkcuomvl cmepeomempuu. Cnedcmeus u3 aKkCuom.

Ymems: IpUMEHATh aKCHOMBI CTEPEOMETPUH NIPH PELLICHUU 3a]1au.
3nams: OcHOBHBIE TNOHSATHUS. AKcHOMBI ctepeomerpun. CnenctBus u3 akcuoMm. OCHOBHbIE
HOHATHUS. AKCHOMBI CTEPEOMETPHH.

1. OcHosHvie nouamus. Akcuomsl cmepeomempuu.

Onpeoenenue. CTepeoMeTpUEl Ha3bIBAa€TCsS pas3iel TI'E€OMETPUM, B KOTOPOM H3y4daroTCs
(Gurypsl, pacrnoyio)keHHble B IpocTpaHcTBE. OCHOBHBIMU MOHATUAMU CTEPEOMETPUN SIBIISIOTCS
TOYKa, MPsMast U TNIOCKOCTb.

CII0BO «CTEpPEOMETpHUs» TPOUCXOJUT OT TPEUECKHX CIIOB «OTEPEOCG» — OOBEMHBIN,
MPOCTPAHCTBEHHBIN U «UETPEO» — U3MEPSTh.
1. [IpencraBneHue o MIOCKOCTH Ja€T Ii1agKasi HOBEPXHOCTh CTOJA WM CTeHbI. [lnockocTh

KaK FeOMETPHUECKYIO (pUTypy ClieyeT MPeCTaBIATh ce0e MPOCTUPAIOLIeHCs HeOrpaHHUYECHHO
BO BCE CTOPOHBI.

Ha pucyHkax MmioCcKOCTH W300pakaloTCsl B BHJIE TMapajuiesiorpaMMa WM B BHJIE TIPOU3BOJILHOMN
oOiacti U 0003HAYAIOTCS TPeUECKUMH OykBamu @, 3, Y 1 T.A4. Toukn A u B nexar B ruiockoctu
B (TmmockocTh B MPOXOIUT Yepe3 3TU TOUYkH), a Toukd M, N, P He nexaTr B 9TOH IIOCKOCTH.

Kopotko 310 3anmceiBaroT Tak: A € 3, BER, Mgg Ngg Fgg

Puc. 1. a)

ITpocTpaHCTBO COCTOMT M3 OECKOHEUHOTO MHOKECTBA TOuYeK. JIF000e MHOKECTBO TOUEK
IOPOCTPAHCTBAa  HA3bIBAC€TCA  IMPOCTPAHCTBEHHOW  ¢urypoidr wmmum  TenoM. [Ipumepamu
IPOCTPAHCTBEHHBIX (UTYp SBISIOTCA TOYKa, HpsAMas M IUIOCKOCTb. [IpsiMble M IIIOCKOCTH
COCTOAT W3 OECKOHEYHOT0 MHOXECTBAa TOYEK IPOCTPAHCTBA W HE COBIAAAIOT CO BCEM
IIPOCTPAHCTBOM.

CdhopmynupyeM OCHOBHBIE aKCHOMBI CTepeoMeTpuu. HamomMHHMM, akCHOMBI — 3TO
YTBEPXKJCHMsI, IPUHUMAaeMble 0e3 0Ka3aTeabCTBa. AKCMOMBI T€OMETPHH BBIPAXKalOT OCHOBHBIE
CBOMCTBA HEONIPEAECISIEMBIX IIOHATUI: TOYEK, IPSAMBIX U INIOCKOCTEM.

AKCHOMBI:

1) Yepe3 moOble ABE pa3InYHbIC TOUKHA MPOXOAUT €AUHCTBEHHAS MpsMast.

2) Ecimu nBe pa3nuuHble TOYKM NPSIMOM TPUHAIJICKAT B
IUIOCKOCTH, TO BCE TOYKH NPSIMOM IPUHAMIEKAT OTOU
IJIOCKOCTH. A

Puc. 2
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3) Yepe3 mioOble TpU TOUYKH, HE JieXkKallde Ha OMHOU
IPSIMOM, TPOXOJUT OFHA M TOJIKO OJ[HA TUIOCKOCTb.

B,

A

oL
X

Puc. 3.
4) Ecnm nBe pa3iuuHbIE TJIOCKOCTH HMEIOT OOIIyIO
TOYKY, TO OHH UMEIOT OOIIYI0 MPSAMYIO.

Puc. 4.

2. Ilpocmetiwue cnedcmasus u3 akCuom cmepeomempuu.

W3 nepBoif akCMOMBI CIEAYET, YTO JABE PA3IMYHbIC NPSIMbIE B MPOCTPAHCTBE WIIA HE UMEIOT
HU OJTHOM 0011el TOUKH, UM UMEIOT TOJIBKO OJHY OOIIYIO TOUKY.

[IpsiMble, UMerOIIME TOJIBKO OJHY OOIIYIO TOUKY, Ha3bIBAIOTCS MEPECEKAIOIIMMUCS.

W3 BTOpOI1 aKCHOMBI CIEAYET, 4TO IpsiMasi U IUIOCKOCTh B IMPOCTPAHCTBE WJIM HE UMEIOT HU
OJTHOM 0011l TOYKH, I UMEIOT TOJIBKO OJIHY OOIIYIO TOUKY, WJIM, HAKOHEI], BCE TOUKH MPSMON
ABJISIFOTCSA TOYKAMU MIJIOCKOCTH.

Ecnmu mpsiMmasi ¥ MJIOCKOCTh HMMEIOT TOJIBKO OJHY OOIIYI0 TOYKY, TO TOBOPST, YTO OHH
MIEPECEKAIOTCS.

Ecnu Bce TOUku mpsiMO#l SIBISIFOTCSL TOYKAMH TUIOCKOCTH, TO TOBOPST, YTO MpsiMas JICKUT B
IUIOCKOCTH (MIPUHAJICKUT TUIOCKOCTH) MIIM YTO TUIOCKOCTh MPOXOAUT Yepe3 MPsIMYyIo.

Teopema 1. Yepe3 mpsMyr0 U HE NPUHAMIEKAIYI0 €l TOUKY IPOXOJUT €IMHCTBEHHAs
IIJIOCKOCTb.

Joxazamenvcmeo:

IlycTh 3amaHbl TipsiMas @ M HE TIPUHAJIEkKAIAsd €l TouKa
A (puc. 5). Ha mpsimoli @ BO3bMEM KaKHe-HUOYIb ABE TOUYKH
Cu D. Ilo akcuome 3 uepes3 Tpu Touku A, C, D npoxoaut
€IMHCTBEHHAS IIOCKOCTH, 0003HauuM ee ¢. Ilo akcuome 2 Puc. 5.
BCE TOUYKHU
NpsIMOM a TpUHAAJIEkKAT IUIOCKOCTH .

CrnepnoBarenbHO, MIOCKOCTh ¢ TPOXOAUT 4Yepe3 MpsAMyH a MU Touky A.Jlpyroil Takoi
IUIOCKOCTH HET, TaK Kak J00as IUIOCKOCTh, MPOXOAAIIas uepe3 MNpAMYyld a U TOUKY
A, nmpoxoaut uepe3 Toukun C, D, A,He Jexaine Ha OJHOW MPSAMOW, U MO3TOMY COBIIAJIAET C

IUIOCKOCTBIO .
Teopema 2. Uepes nBe nepecekaromuecs mpsMble MPOXOIUT €AMHCTBEHHAS IJTIOCKOCTD.

Loxazamenvcmeo:

Ilycts nmpsimble @ u b nepecekarorcst B Touke M (puc. 6). Ha npsimbIx @ u b Bo3pbMeM
Kakue-HuOyap Touku P u N, omiuuHble oT Touku M. Torpma uepe3 Tpu Touku P, N u
M TIpoXOIWUT €OUHCTBEHHAsl IUIOCKOCTh «.B cuily akcnomsl 2 IUIOCKOCTh HPOXOAMUT uepe3
JTAaHHBIE TpsIMbIe @ U b .
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W3 nocneqHux IBYX aKCHMOM U TeOpeMbl | cienyer, 4yTo JIBe pa3iHyHble MIIOCKOCTH WU
HE UMEIOT HU OTHOH

o011Iel TOUKH, WIK UMEIOT OOIIYIO MPSAMYIO U APYTUX OOIIUX TOUEK HE UMEIOT.

JIBe  paznuyHBle  IIJIOCKOCTH,  HMMEIONIME  OOIIyl0  HpsAMYIO,  Ha3bIBAIOTCA
HepeceKaroIUMUCS.

Puc.6 Obwasn npamas nasvieaemcs npsamoti nepecedenus 3mux nioCKoOCmell.
Koumponvnvie sonpocwi

1. OcHOBHBIE TOHATHS.
2. AKCMOMBI CTEPEOMETPHH.
3. CineacTBus U3 aKCHOM.

Tema 7.2. IlapanjiesilbHOCTH NPSAMOM U MJIOCKOCTH, MAPAJIETbHOCTD MJIOCKOCTEM.

Onpeoenenue napannenviocmu npsamou u niockocmu. Ilpuznax napannensnocmu
npamou u nnockocmu. Ilapannenvnocms nnockocmeu. Ceoucmea napaiiebublix nI0CKOCHEN.

Ymems: IpUMEHSTh IPU3HAKY NTAPAIITIEIIBHOCTH MIPSIMON U IVIOCKOCTH IIPH PEIIEHUH 3a]au.
3nams: OmnpenesieHUEe MapaIEIbHOCTA MOPsIMOM M TUIOCKOCTH. [IpH3HaK mapaiaeabHOCTH
npsiMoi M rtockocTu. IlapamiensHocTh miockocTeil. CBOMCTBA MapalIeNbHbIX INIOCKOCTEH.

IMapanienbHble NpsiMble B POCTPAHCTBE
JIBe mpsiMble B TPOCTPAHCTBE HA3bIBAIOTCA MAPaJIeJIbHBIMM, €CIIM OHHU JIEXKAT B OJHOU
IUIOCKOCTH M HE IIEPECEKAIOTCSL.

Teopema o napannenbHbIX NPAMbBIX.
Yepes mo0yr0 TOUKY MPOCTPAHCTBA, HE JISKAITYIO Ha JAaHHOW MPSAMOMN, TPOXOIUT MPsMas,
napajjiciibHad ,Z[aHHOI\/'I, U IPUTOM TOJIBKO OJIHA.

b o
M
14
Puc. 1.
JlemMa 0 mepece4eHUH MJIOCKOCTH NAapa/IeIbHBIMH IPAMBIMH.
Ecnn onHa w3 IByX MapasulelIbHBIX b o

HNPSIMBIX IIEPECEKACT JaHHYIO IIIOCKOCTh, TO
u  Jpyrasg 1npsMas — IEpeceKacT - 3Ty \ 1M
IJIOCKOCTb.

Teopema o Tpex NPSIMBIX B MPOCTPAHCTBeE.
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Ecnmu 1Be 1mpsMble  MapasulelIbHbI
TPETbEel MpsIMO, TO OHM MapAJIICIbHbI

(ecnm a”/cn b/c, 10 a/b). b e

Puc. 3

IHapanieJbHOCTh NPAMON U IJIOCKOCTH
[TpsiMas ¥ MIOCKOCTh HA3bIBAIOTCS NAPALIEIbHBIMU, ECIIT OHU HE UMEIOT OOIIUX TOUEK.

IIpu3Hak nmapajjieJibHOCTH NPAMO M IJIOCKOCTH
Teopema. Ecinu npsmas, He jexamas B
JTAaHHOW IUIOCKOCTH, TMapajijiebHa KaKOW-
HUOYIb  TIpsAMOM, JieXamied B 3TOM £ s
IUIOCKOCTH, TO OHa MapajuleJbHa JaHHOU r /

IIJIOCKOCTH. v 4
F: 4 Puc. 4.

Teopema. Eciiu 110CKOCTh MPOXOIUT
yepe3 JaHHYI MpSIMYI0, HapajuielabHYIO
JIpYyrod TIUIOCKOCTH, M TIEPECEKaeT 3Ty 3
IJIOCKOCTh, TO  JIMHUSA  IE€PECEUEHHUS
IIJIOCKOCTEN MapajuiesIbHa JaHHON IIPSIMO.

Teopema. Ecnu oxHa wu3  OByXx
napauieIbHbIX MIPSIMBIX napajuieiabHa
JTAHHOMW TTOCKOCTH, TO ApyTras mpsMas JTu0o
TaKKe TapaUiebHa JaHHOW TUIOCKOCTH,
71100 JIEKUT B 3TOH INIOCKOCTH. B

Puc. 5

B3anMHoe pacnosio:keHue NPsAMbIX B IPOCTPAHCTBE

bC 4. b EIJ’
:'

b

Puc.6 Puc. 7 I
Puc. 8

Ilepecexkarommecs: npsimblie: |[lapasuienbHble  npsimble: CKpelyBaomuecs
JeXar B OJHOM IUJIOCKOCTH, |JIeKaT B OJHOW IUIOCKOCTH, | MPsSIMbIe:

UMEIOT OJIHY OOIIYIO TOUKY HE MMEIOT OOIMX TOYeK (He | He  JieKaT B OJHOM
nepeceKaroTcs IUIOCKOCTH, HE  HUMEIOT
[0]0)i1170:¢ TOYEK (ue

TIePECEKAFOTCS )
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IMapanieJbHOCTD IIOCKOCTEH
JIBe MI0CKOCTH Ha3bIBAIOTCS MapaJlIeIbHBIMU, €CIIM OHU HE NIEPECEKAI0TCs, T.€. HE UMEIOT HU

OJIHOM 00IIeN TOUKH. o/ .

B/ 4

Puc. 9.

IIpu3Hak nmapaJjjieJibHOCTH JABYX IJIOCKOCTel
Teopema. Eciiu 1Be nepecekaromuecs npsimMble OAHOM INIOCKOCTH NapalIeIbHbI IBYM
HePECEeKArOIUMCS MPSMBIM JAPYroM MIIOCKOCTH , TO 3TU MNIOCKOCTH MapajlIeNIbHBIL.

Ecmu a/ai u b/ b1, 0 0/B. Puc. 10.
iy
B b,
a
o b

CBoiicTBa mapajiebHbBIX IIOCKOCTEI].

Ecnu o3 1 OHH mepeceKaroTes ¢ ¥, TO

a/b.
: Ecmu 1Be mapaienbHble INIOCKOCTH
B IIEPECEUEHbl  TPEThEH, TO JIMHMU HX
TIEPECEUEHHUS NaPaIICIIbHEL
o
"

2. Eciin /B u AB7CD, o AB = CD.OTpe3ku napauieibHbIX IPAMBIX, 3aKIF0YEHHBIE
MCKAY NnapajlyiCJIbHBIMHA IIJIOCKOCTSAMU, PABHBI.
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KoumponwHuie onpocwl

1. Onpenenenue napayuieIbHOCTH MPSMON U IJIOCKOCTH.
2. [Ipu3Hak nmapanienbHOCTH NPAMOU U MJIIOCKOCTH.

3. ITapamienbHOCTh MIIOCKOCTEM.

4. CpoiicTBa napajuieIbHBIX IIOCKOCTEH.

Tema 7.3. IlepneHAUKYJISIPHOCTD NPSIMO M IJIOCKOCTH.

Onpeoenenue nepnenoukyiapHocmu npamou u niockocmu. Ilpusnaxu
NePneHOUKYIAPHOCIU NPAMOU U NIOCKOCMU.

Ymems: MPUMCHATH IMPU3HAKH NICPIICHAUKYISAPHOCTU HpHMOﬁ U IUIOCKOCTHU IJid pCHICHUS 3a1a4.
3nams:  OmnpenesnieHWE  NEPHEHAMKYISIPHOCTH  NpsIMOM M TUIOCKOCTH.  [Ipu3Haku
NEPIEHAUKYJIIPHOCTH IIPSIMOM U INIOCKOCTH.

Omnpenenenue
[Ipsamasi, nepecexaronias IIOCKOCTb, a
Ha3bIBAETCS NepHneHOUK)IAPHOL ITOU
IJIOCKOCTH, €CIIM OHAa TNEepPHEHIUKYJIsSIpHA /
KaXJIO0U MPsAMOM, KOTOpas JIEXKUT B JTAHHOU 4 >|
IJIOCKOCTH U TMPOXOJUT Yepe3 TOUKY fd '
MEPECECUCHMUS.

Puc. 1.
Teopema

IIpusnak nepneHOUKYIAPHOCMU NPAMOU U NIOCKOCTU.
Ecin mnpsmas, nepecekaromas IUIOCKOCTb,
NEPIEHAUKYJIAPHA JABYM IpPSMBIM B 3TOH
IUIOCKOCTH, IPOXOJAIIMM 4Y€pe3 TOUYKY
[IEPECCUCHUS JAHHOU MPSMOMN U IUIOCKOCTH,

TO OHA MEPIEHANKYIISIPHA MIIIOCKOCTH.
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Puc. 2.
1]

/G
Jd >I<b

A2

fwﬁ X ’&/
Y

A

ﬂoxaaamexzbcmeos

Puc. 3.

[Tycthb a npsimast, epHeHAuKYIsIpHas IpsIMBbIM b U ¢ B TUIOCKOCTH ¢ . Toraa mpsimast a
MIPOXOJUT uepe3 TOUKY A nepecedeHus NpsaMbIxX b u c. Jlokaxem, yTo mpsimast a
NEePHEHAUKYIISIPHA IIJIOCKOCTH (X .

[IpoBenem npou3BOJIBHYIO MPAMYIO X Yepe3 TOUKY A B IDIOCKOCTH ¢ ¥ IOKAX€EM, YTO OHA
NepHEeHAUKYIIsSIpHA IpsMOH a. [IpoBesieM B IIIOCKOCTH ¢ TPOU3BOJIBHYIO NIPSIMYIO, HE
MPOXOJAIIYIO Yepe3 TOUKY A U IepeceKarolyro npsmele b, ¢ u x. [lycts Toukamu nepeceueHust
oynyr B, Cu X.

OT10XUM Ha MPSIMOM @ OT TOYKU A B pa3HbIE€ CTOPOHBI paBHbIEC OTpe3kn AA1 1 AA».
Tpeyronsauk A1CA2 paBHOOEIPEHHBIH, Tak Kak 0Tpe30K AC SBJISIETCS BBICOTOM MO YCIOBHIO
TEOpEMBbI U MeMaHo# 1o mocTpoeHnio (AA1=AA>). o TOH ke MpuuruHe TPeyroabHuK A1BA>
TOXe paBHOOenpeHHbIi. CienoBarenbHo, TpeyroibHukn A1BC u A2BC paBHBI 110 Tpem
CTOPOHaM.

N3 paBenctsa tpeyronbsaukoB A1BC u A2BC cnenyet paBenctBo yriioB Ai1BX n AoBX u,
CJIeI0BATEIbHO PAaBEHCTBO TpeyrodbHUKOB A1BX 1 A2BX 1o n1Bym CTOpoHaMm U yriy MExIy
HuMU. 13 paBeHcTBa cTOpOH A1X U A2X 3THX TPEYTrOJIbHUKOB 3aKI0YaeM, YTO TPEYTOJIbHUK
A1XA> paBHOOenpenHbIi. [loaToMy ero meanana XA sSBIsS€TCS TakKe BBICOTOM. A 3TO U
3HAUUT, 4TO NpsiMast X NepneHauKyIsapHa a. [lo onpenenenuro npsiMas a neprneHAUKyIsIpHa
mockoctu & . Teopema noka3aHa.

Ceoticmea nepneHOUKYIApHbIX NPAMOU U NIOCKOCHU.
Teopema 2
1 - oe. Cgoticmgo nepnenOuKyIapHuIX NPAMOU U NIOCKOCMU
Ecnu minockocTh nepneHauKyIsspHa OJHOM

U3 IBYX MapajUICNIbHBIX IPSIMBIX, TO OHa
NEPIEHAUKYJIAPHA U JPYTOM.

53



Puc. 4.
Hoxaszamenvcmeo: Ilycte a, M a,- 2 napanjenbHble NpPsAMbIE M O INIOCKOCTb,

NEepHIEHANKYIIApHas NpsIMOH a, . JlokakeM, 4TO 3Ta INIOCKOCTh NEPIEHIUKYIIAPHA U MIPSIMOH a, .
ITpoBenem uepes Touky A, mepeceueHus NPsIMON a, C INIOCKOCTBIO ¢ IPOU3BOJIBHYIO MPSIMYIO
X, B Iuockoctd « . IIpoBeneM B IIIOCKOCTH « uepe3 TOUKY A, NepecedeHus npsMol a, ¢
O TIPSIMYIO X, IApAJUIEIbHYIO IPSMON X, . Tak Kak mpsMas a; NEepIeHAUKYIsIpHA IJIOCKOCTU « ,
TO MpsIMBIE @, U X, NEPHEHAUKYISAPHBL. A MO Teopeme | mapajsenbHble UM MEePECEKAIONUECs
npsMbIE @, U X, TOXE NEpHEHIUKYIApHbL. TakuM oOpa3oM, mpsiMas ay NEplIEHAUKYISIpHA

ar000i mpsAMON X, B MJIOCKOCTH « . A 3T0 ( IO ONPENENEHUI0 )3HAYUT, YTO IpsAMas da,

NEPIEHIUKYIIpHA INIOCKOCTH ¢ . Teopema noka3aHa.

Teopema
2 - oe. Ceoticmeo nepneHOUKYIAPHbIX NPAMOU U NIOCKOCTU.
JIBe npsiMble, NEPIEHIUKYJISIPHBIE OJTHOM U TOM K€ TIIOCKOCTH, MapaJlIeIbHBbI.

a \i
| B,an
4. 51 D
b by
Puc. 5
,ZZOKCZS’GWI@JZbCWl@O.’

Ilycth a u b - 2 npsiMble, TEPICHANKYISAPHBIC TJIOCKOCTH « . JlOMyCcTUM, 9TO
npsiMble a U b He apaijieNbHBbI.

Bri6epem Ha mpsimoit b Touky C, He Jexaimiyro B Tuiockoctd « . IIpoeagem
yepe3 Touky C mpsimyto b;, mapajienbHyio npsmoi a. [lpsimas b; nepneHAuKynspHa
MIOCKOCTH « o Teopeme 2. Ilycte B u B; - TOYKM mepecedeHus MpsMbiXx b U b; ¢
IUIOCKOCTRIO ¢ . Torna npsimast BB1 meprnenaukymsipHa nepecekaromuMcs IpsiMbIM b U
bi. A 3T0 HEBO3MOXXHO. MBI IPUILITH K TpoTUBOpeunto. Teopema noka3aHa.

KOHmpOJZbele 680Nnpocsl

1.Onpenenenue nepneHANKYISIPHOCTH MPSIMOU U MIIOCKOCTH.
2. Ilpu3Haky nepneH uKyJISpHOCTH PSIMON U TUNIOCKOCTH
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Tema 7.4. IlepnieHAuKYJIAP M HAKJIOHHAS.

Onpeodenenus nepneHOuKyIsApa U HAaKIOHHOU. Ymeepaicoenus OJisi NepReHOUKyIapa u
HAaKIOHHOU, NPOBEOEHHbIX Yepe3 0OHY MOUKY K 00HOU naockocmu. Teopema o mpex
NepneHOUKyIApax.

Ymems: npuMeHATH ONpeereHusl U TEOPEMBI IPU PELICHUH 3a/1a4.

3nams: onpeneneHns NepHeHINKYIspa U HAKIOHHOM, TBEPKIACHUS 71 IEPIEHANKYIIApA U
HAaKJIOHHOM, POBEJICHHBIX Y€PE3 OJIHY TOUKY K OJJHOM IIOCKOCTH, TEOPEMA O TPEX
NEPIEHUKYIIIpax

[IycTh 1aHbl INIOCKOCTH M HE JIeXkKalas Ha HEN TOYKaA.

Ilepnenoukynapom, onynieHHbIM U3 JaHHOW TOYKU Ha JAHHYIO TUIOCKOCTbh, Ha3bIBAETCS
OTPE30K, COCIUHAIOIINI JaHHYIO TOUYKY C TOYKOH IIJIOCKOCTH U JIeXKAIWM Ha PAMOH,
MEePHIEeHANKYIISIPHON T10cKocTH. KoHel 3Toro oTpeska, jaexaniui B mIOCKOCTH,

HA3bIBACTCSI OCHOBAHUEM NEPNEHOUK)YAPA.

Ha pucynke 1 n3 Touku 4 nIpoBeNEHBI K IIOCKOCTU

A
O TIepHEHAUKYISIp AB n HaksoHHast AC. Touka B - A
OCHOBaHME  IepHeHauKyasgpa, Touka C-  OCHOBaHHE
HakJIOHHOM, BC - mpoekuus HaKkJIOHHON AC Ha TIOCKOCTh « . J,/ z A,JJ B
i
Puc.1

Haknonnoii, TpoBeICHHON W3 JaHHON TOYKU K JAHHOW TUIOCKOCTH, Ha3bIBAETCS JIIOOO0M
OTPE30K, COCOUHSIONMKA JaHHYI0O TOYKY C TOYKOW IIJIOCKOCTH, HE  SBISIOUIUKACS
NEPNEeHIUKYIApoM K  Mmiuockoctu.  Konen — orpe3ka,  jexamiMii B IUIOCKOCTH,
Ha3bIBAECTCSI OCHOBAHUEM HAKIOHHOU.

OTpe30K, COeNUHAIOMNN OCHOBAaHUS NEPIEHAUKYJSApa U HAKJIOHHOM, MPOBENECHHBIX U3
OJIHOM M TOM 7K€ TOUKH, HA3BIBACTCS MPOEeKuuell HAKIOHHOU.

Tak xak B npsAMoyroiabHoM TpeyronbHuke A8C karer AB Menbuie runorenys3sl AC, TO
CIPaBEIIMBO CJIEAYIOIIEE YTBEPXKICHUE: NePneHOUKYIAD, ONYUWEHHbIU U3 MOYKU HA NIAOCKOCHIb,
MeHbue 110001 HAKIOHHOLL, NPOBEOEeHHOU U3 MOl Jice MOYKU K IMOU NIOCKOCIU.

Jns mepneHAMKyJspa W HaKJIOHHBIX, IPOBENCHHBIX 4Ye€pe3 OJHY TOYKY K OJHOHI
IUIOCKOCTH, CITPaBEAJIUBBI CIEAYIOLINE YTBEPKACHU:

1) meprieHIUKYISp MEHBIIE JTI000H HAKIIOHHOM;

2) HaKJIOHHBIE PaBHBI TOT/IA U TOJIBKO TOT/A, KOTJa PaBHBI UX MPOEKIIUH;

3) oqHa HaKJIOHHAs MEHbIIIE APYroi HAKJIOHHOM TOrJa M TOJBKO TOT/A, KOTAa MPOEKIUs
[IEPBOM HAKJIOHHOW MEHBbIIIE ITPOCKIUU BTOPOU HAKJIIOHHOM.

JUlMHa NepneHIuKylspa, OINYIIEHHOIO U3 TOYKM A Ha IJIOCKOCTh «f, HAa3bIBAETCS
paccmoanuem om mouku A 00 naockocmu. PacCTosHUE OT TOUKH, JieXkKalllel B IUIOCKOCTH « ,
710 IIJIOCKOCTU ¢! CUMTAETCSI PABHBIM HYIIIO.

B cnyuae, xorna npsiMas napajienbHa IJIOCKOCTH, PACCTOSTHUE OT NPOU3BOJILHOM TOUKH
PSIMOM 70 INTIOCKOCTH HA3bIBAECTCS PACCHOAHUEM MENHCOY NPAMOIL U naocKocmbio. PacctosiHue
MEXy MEPECEKAIOIMMUCS IPSIMOH U INIOCKOCTBIO PAaBHO HYIIIO.

MoxHO 10Ka3aTh, YTO €CIM JBE IUIOCKOCTH MapajuleibHbl, TO BCE TOYKH OJHOH
IUIOCKOCTH  paBHOYAAQJIEHbl OT Jpyroid IulockocTH. Iloatomy paccmoanuem medncoy
napanienbHblMu NAOCKOCMAMU HA3bIBAECTCS PACCTOSHUE OT IMPOU3BOJIBHOM TOYKH OJIHOM W3
HUX 10 IPYTOM.

Paccmoanuem merncoy cKkpeujuearouumMuca npAMsIMU Ha3bIBAC€TCS PACCTOSIHUE MEXKTY
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napajiC/IbHbIMU IJIIOCKOCTSAMHU, B KOTOPBIX JICIKAT OTU IIPAMBIC.

Teopema o Tpex nepneHINKYJIsApax.

Teopema. llpsamasi, mnpoBencHHas B IUIOCKOCTH Yepe3 OCHOBAHUE HAKIOHHOM,
NEPIEHIUKYJIApPHA 3TOM HAKIOHHOW TOrJa M TOJIBKO TOrAa, KOIZla OHAa MEpIEeHIUKYIIpHa
MPOEKIIMU HAKJIOHHOM.

Jdoka3aTenbcTBO:

[lycts AB - nepneHauKymIsp miockoctd o , AC - HaKJIOHHAA U ¢ - IpsiMast B
IUIOCKOCTH & , Tpoxosiias uepe3 ocHoBanue C (puc. 2). [Ipoenem npsamyro CA;,
napajuienbHyo npsimoil 4AB. OHa nepneHAuKyIsipHa MI0CKOCTH « . [IpoBeneM yepes
npsimble AB n CA; miiockocts [ . Ipsmas ¢ nepnenaukynsapHa npssmoit CA;. Ecin ona
neprneHauKynsapHa npsmoit CB, To oHa NepreHANKYIspHa MJI0OCKOCTU [, a 3Ha4YuT, U
npsimoit AC.

Amnanornyno. Ecnum mnpsimas ¢ nepnennukynsipaa HakioHHOH AC To  oHa, Oynyuun
neprneHauKkyiasapHa u npsaMoil CA; nepneHIuKyisipHa IUIOCKOCTH /3, a 3HAa4MT, U IPOEKLUUU
HakJIOHHOH CB.

Teopema nokazaHa.

Puc. 2

KoumponwHuie onpocwl

1.Onpenenenus nepneHANKYIspa U HaKJIOHHOM.

2. YTBepxKIaeHUs )il NEPHEHAUKYISApA U HAKIIOHHOM, TPOBEJICHHBIX YEPE3 OJHY TOUKY K OJHOMI
IJIOCKOCTH.

3. TeopeMa o Tpex nepreHIUKYIISIpax.
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Tema 7.5. Yroa mexkay npsiMmoi v mJjI0CKOCTbIO.

Yeon meoncoy npamoii u nnockocmoro. Ilpoexyus mouku u npoexyus npamou. Ceoticmaa
npoexyuu npamuix. Ilpoexyus ueypel. [lnowads npoekyuu MHO20Y20IbHUKA.

Ymemyw: npoekTupoBaTh (HUTYpPHI; HAXOJUTH IUIOLIA/b IPOCKIIMH MHOTOYTOJIbHUKA.
3uame: YTOI MEXIYy NPAMOM M TUIOCKOCThIO. IIpoexkumsi Touku U mpoeknusa npsmoil. CpoiicTBa
npoekuu npsmMeix. [Ipoekuus ¢purypsl. [lnomanas npoekinu MHOTOYTOJIbHUKA.
Yroua Mexay npsiMoil ¥ IJII0CKOCTHIO.
Ilycte MN - HakjOHHasA, MpoBeAeHHas U3 ToYku M Kk miockoctu y, a M|N - ee nmpoekuus Ha

wiockocTs ¥ (puc.l). Torna yron MNM, - Ha3bIBaeTcs yenom mexncoy npamou MN u niaockocmuvio
y. Takum 00pazom onpezensieTcs yrojl MexIy MpsiIMOi U MII0CKOCTBIO, MIEPEeCceKaloIel 3Ty NpsAMYIO U

HE NEPIEHANKYJIAPHOH €.
¥roA MexAy NnpAMoH M NADCKOCThH

Puc.1.
Omnpenenenne.

Yroa mMexay nNpsiMoil M IJIOCKOCTHIO, ITEPECEKAIOIIECH 3Ty NPSIMYIO M HE MEPIEHIUKYIIPHOU K
HEH, - 5TO YroJl MeXAy NPsSMOU U €€ IIPOEKIUEH Ha 3Ty IUIOCKOCTb.

Onpenenenne yriia MexXay NpAMON U IJIOCKOCTBIO MO3BOJIAET 3aKIIIOUNTh, YTO YTOJI MEXIY IPSIMOI
U IUJIOCKOCTBIO MPEICTABISAET COOOW Yrod MEexAy JBYMs NEPECeKaroIMMUCS MPSMBIMHU: CaMOU
IpsIMOM U €€ IMPOEKIMeN Ha II0CKOCTh. Cle10BaTENbHO, YroJl MEKAY NPSIMOM M IJIOCKOCTBIO €CTh
OCTPBIA YTOJL

Yrosm Mexay NEepHeHIUKYISAPHBIMU MPSIMOM YU INIOCKOCTBIO CUMTAIOT paBHBIM 90°, a yrou

MEXIy MapauleIbHBIME NPSMONW U TUIOCKOCTBIO JMOO HE OMpPEIeNsioT BOBCE, JHOO CUUTAIOT

paBHbIM 0°.

Tema 7.6. IByrpanHbli yroJ. Yroj Me:xay miockocTaMu. [lepneHauKkyJasipHOCTD
IIOCKOCTEi.

Onpedenenue 08yepannoeo yena. Buovl 0eyepannoeo yena. Onpeodenenue yena meicoy
nepecexarowumucs niockocmamu. Onpedenenue nepneHOUKyIapHocmu niockocmei. Ipusnaxku
NePReHOUKYIAPHOCIU O8YX NIOCKOCTEL.

Ymems: pemats 3aa4n Ha ABYTPAHHBIC YTIIBL.
3namu: onpeneneHue IByrpaHHOTO yIiia

Onpenenenue. J[ByrpaHHbIM yIjoM Ha3biBaeTcs Qurypa, oOpasoBaHHas MPSMOW a M JIByMs
MOJTYTIJIOCKOCTSIMU C OOITEH TpaHUIIeH a, U He IPUHAIICKAIITMMH OJTHOM TIIOCKOCTH.
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i a - pedpo ABYTPaHHOTO YIJIa, MOIYIIOCKOCTH - TPaHHU €ro.

A
|
puc. 1
Yron AOB - nuHEWHBIH yroia IBYrpaHHoro yria. YtoOwbl ero
MOCTPOUTD, HY)KHO BBIOpaTh Mpou3BOiIbHYIO TOUKy O Ha pedpe, a myun OA
1 OB 1oyokHBI OBITH IEPIEHIUKYISIPHBI K PEOpY.
i
i
puc. 2

Onpenenenne. ['panycHoil Mepoil IBYrpaHHOTO yIijla Ha3bIBaeTCs IpadycHas Mepa Jr0oro u3
€ro JIMHEHHBIX YIJIOB.

JIByrpaHHBIN yTOJI Ha3bIBACTCS MPSIMBIM (OCTPBIM, TYIIBIM),
ecnu oH paBeH 90° (mensbire 90°, Gonbiie 90°).

[Tycts ¢ - TOT U3 YIIIOB, KOTOPHI He MPEBOCXOAUT JTIOO0r0 M3
TpEX OCTAIbHBIX YIJVIOB. Toraa yron Mexay NepeceKarolMMUCs
mockocTsamu paseH $. (0°<$=9(0°)

puc. 3

Omnpenenenne. /[Be nepecekarouyecs: MIOCKOCTU HA3bIBAIOTCS MEPIEHIUKYISIPHBIMH, €CIIN
yToJ MeX1y HUMHU paBeH 90°.
[Ipu3HaKk nepneHAUKYJISIPHOCTH ABYX MJIOCKOCTEI.

Ecim omna w3 AByx 1wiockoctei ( ) MPOXOAMT 4Yepe3
npsMyto (a), TepHeHIUKYISIpHYI0 Apyrod miockoctd (B), TO
TaKue INIOCKOCTH IEPIIEHIUKYIISPHEL.

puc. 4
B ; L IIpsaMoyroabHblii  mapasuienenunen. [lapannenenunen
Pyt 4 Ha3bIBACTCSl MPSIMOYTOJBHBIM, €CIM €ro OOKOBble pedpa
A MEPIEHANKYISIPHBI K OCHOBAaHUSIM, @ OCHOBAaHUS IPEICTABISIOT
| v
! i co00# MPSAMOYTOJIEHUKHY.
=T o
- Ty
.ﬂ.dn =T
puc. 5
CBoiicTBa.

1. B npssMoyroasHOM napalijieienuneie BCe MeCTh TpaHeil IPEeICTaBISIOT COO0H MPSIMOYTOJILHUKH.

2. Bce aByrpaHHble YIUIbl IPSMOYTOJIBHOTO MMapaljIesIeUIIea SIBISIOTCS PSIMBIMU

3. KBagpar quaroHanu nmpsiMOyroJIbHOTO IapajuieieuIIe1a paBeH CyMME KBAaIpaTOB TPEX €ro

U3MEPECHUM.

Konmponvnvie 6onpocwi

1. Onpenenenuie JByrpaHHOIO yria.

2. OnpeneneHue yriia Mexay MepeceKaroUMUCS MITOCKOCTIMU.

4. OnpeneneHue NepueHANKYISPHOCTH MIockocTel. I Ipu3sHaky neprneHauKyaspHOCTH  IIIOCKOCTEH.
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Tema 8. KoopauHaThl 4 BEKTOPHI.

Tema 8.1. BexkTopsl. eiictBusi Hax BekTopamu. ba3uc Ha miockoctu. IlpsimoyrosibHasi cucrema
KOOP/AUHAT.

Ilonamue sexmopa. [leticmeus nao éekmopamu. basuc na nrockocmu. Ceoiicmea 6eKmopos.
IIpamoyzonvras cucmema KoOpOuUHam 6 NPOCMpaHcmae.

Ymemuw: BBINOMHATD NENCTBUA HaJ BEKTOPaMHU.
3nams: Ilonstue BekTopa. JlelicTBua Hax BekTopamu. basuc Ha muiockoctH. CBOMCTBa BEKTOPOB.
[IpsimoyronbHas cucTeMa KOOPAUHAT B IIPOCTPAHCTBE.

[TonsiTre BeKTOpa B CTEPEOMETPUH BBOJUTCS TaK K€, KaK U B IUIAHUMETPHH.

Paccmotpum  ymopsimodeHnyio napy (4, B) HecoBmamamomux Touyek. OHa ompenensier
HaIlpaBJIEHHBIN OTPE30K ¢ HadaioM A W KoHIoM B (puc. 1). C momomipio napsl (4, B) 3amagum
npeoOpa3oBanue npocTpaHcTBa. Kaxmoil Touke M mocTaBUM B COOTBETCTBHE TOUKY N, KOTOpas
MOJIYYUTCS B pe3yJIbTaTe CIAEAYIOIIEro MOCTPOSHUSI.

[TpunsB Touky M 3a Havajo, MPOBOAMM Jy4 /1, COHANpPABIECHHBIN ¢ TydoM AB (puc.2). Ha nyue

m UMeEEeTCsl €IMHCTBEHHas Touka N, ynajneHHas oT M Ha pacCTOsSHUE |AB|. OTO MOCTPOCHUE 3a]1aeT

npeoOpa3oBaHuE MPOCTPAHCTBA, OTOOPaXKAIOIIEro TOUKY M Ha TOUKy N.

N

A A
Puc. 1. Puc. 2.

Onpenenenue. Bexmopom (napannenvHvim nepenocom), onpeoensemvim napou (A, B)
Heco8naoaruux modex, Ha3vléaemcs npeobpaso8anue NpoCMpaHcmad, Npu KOMopoM Kaxcods moixka
M omobpasxcaemcs na maxyro mouxy N, umo nyy MN comanpasnen c ayuom AB u paccmosHue

|MN | PABHO paCCMOAHUIO |AB| .

—_—

Bekrop, 3amannbiii mapoil (4, B) HECOBMAAAOIUX TOYEK, 0003HAYaeTCsl CHUMBOJIOM AB.

—_

Hanpasnenue, onpenensemoe aydoM AB, Ha3bIBA€TCs Hanpasnienuem eekmopa AB, a pacctosHue
|AB| - 0n1uHou eekmopa AB .

VYcnoBumes, 4To r00as mapa COBHAJAIOIIMX TOUYEK 33aJaeT TOXKIECTBEHHOE NpeoOpa3oBaHUE,
KOTOpOE€ MbI OyZeM Ha3bIBaTh TEIEPb H)/IE8bIM 6eKMOpOM. JlMMHa HYIIEBOTO BEKTOpa paBHA HYIIIO,
MOHSATHE HAIIPABICHUS Ul HETO He BBoAUTCS. HyneBoii BekTop, 3aaanHbli napoii (A, A), 0603HavaoT

—_—

CHUMBOJIOM AA.

—

[IpumensitoTcs ¥ UHBIE 0003HAYEHUS: @, b, C...- BEKTOPBI;

—

Cl‘ WM a - OAJIMHa BEKTOpa a, 0 -

HYJIEBOH BEKTOP.
Kaxxapiii BEKTOp, OTJIMYHBIN OT HYJIEBOTO, BIIOJIHE XapaKTEPU3yeTCs CBOMM HAlpPaBICHUEM M

muHOH. [ToaTomy, ecnu HEHyeBbIE BEKTOPBl @ U b COHAIIpaBJIEHbl U UMEIOT PAaBHBIE JAJIMHBL, TO 9TH
BEKTOPHI paBHBI (COBNAAAIOT): a = b.
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JleHcTBHSA HA/l BEKTOPAMHU.
VY nobHee Bcero paboTaTth ¢ BEKTOpaMH B MPSIMOYTOJIBLHON CHCTEME KOOpIWHAT — TOW CaMOH,
B KOTOpoil pucyeMm rpaduku ¢yHkiui. Kaxmoli Touke B CUCTEME KOOPIMHAT COOTBETCTBYIOT [IBa

qrcia — €e KOOpAMHATHI 0 X | , abcrucca W OpJIMHATa.
BexkTop Taxke 3amaercst 1ByMsi KOOpAUHATaMu: a(x,;y,)

3nech B CKOOKax 3amucaHbl KOOPIWHATHI BEKTOpA @ — T10 X U T10 ).

Haxonsrcs oHu MMpoCTO: KOOPpAMHATA KOHIIA BEKTOpAa MUHYC KOOpAWHATA €TI0 Havajia.

B JIB’-[{.‘I.'B— X, Vg ¥,/

L

lal =4x2+y?
[4] “].ﬂ

0 X

Cnooscenue 6EKmMopoeé

JUi1st croskeHust BEKTOPOB €CTh JIBa CIOCco0a.

1. IlpaBuno mapasmienorpaMma. UToObl CIIOKUTH BEKTOPHI @ U b, MOMEIIaeM Hadaia O0OMX B OJHY
Touky. JlocTpauBaem 110 mapaijienorpamMma M M3 TOW K€  TOYKM  IPOBOAMM  JIMAroHaib

napajuienorpamma. 9T1o u 6yieT cyMMa BEKTOpOB au b .

=
= —

"

=

2. Bropoii croco6 ciokeHus BEKTOPOB — IMPABUJIO TPEYTrojbHUKA. Bo3bMeM Te ke BEeKTOpHl a | b .
K xoHIy mepBoro BekTopa MpucTporM Hadajio BTOPOro. Temepb COeIMHUM Hayanao MEpPBOrO U KOHEI

BTOPOT0. DTO U €CTh CyMMa BEKTOPOB au b .
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b

- o ‘
/"-’/-.-:'-rﬂ
o C

[To Tomy e MpaBUIy MOKHO CIOKHUTh U HECKOJBKO BEKTOpPOB. IIpucTpanBaeM uX OAWH 3a APYTHM,
a 3aTeM COeJMHSIEM Hayaso MepBOTO C KOHIIOM MOCIEIHETO.

D
C——~_E AF-AB+BC+CD+DE+EF
B S F
_-’f;f
A

IIpencraBbTe, uToO BB HaeTe U3 nyHkTa A B nyHKT B, u3 B B C, u3 C B D, 3arem B E u B F. Koneunsrit
pe3yabTaT 3TUX JeicTBU — nepemMenenue u3 A B F.

ITpu cnoxeHnun BEKTOPOB d(x,;y, )H b (x,;y,) monydaem:
c=d+b
c=(x,+x,)+(, +)

Botuumanue B6EKMOpoe

—_— —_—

Bekrop — c HanpaBileH NPOTUBOIIOIOKHO BEKTOPY ¢ . JIJIMHBI BEKTOPOB €U — C PABHBI.

- -

Tenepb MOHATHO, YTO TAKOE BHIYMTAHHE BEKTOPOB. Pa3HOCTh BEKTOPOB @ U ¢— 3TO CyMMa BEKTOpa

—_

a v BCKTOpa —cC.
H—E“P=(_}"’—r"_(—:,} — \

a-¢
Ymnoowcenue 6eéKmopa Ha 4ucio

[Ipu yMHOXXEHMM BEKTOpa a Ha YUCIIO k MOJIydaeTcsl BEKTOp, JUIMHA KOTOPOTO B k pa3 OTJIMYaeTCs

oT JuIMHbI a . OH COHANpaBJIeH C BEKTOPOM a, €CIIU k OOJbIIE HyJs, M HAPABICH HPOTHBOIIOIOKHO
a, ecnu k MEHbIIIE HYIIS.
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ba3uc na nanockocmu.

Omnpenenenne.

1) ba3ducoM B mpOCTpPaHCTBE HA3BIBAIOTCS JIIOObIE 3 HEKOMIUIAHAPHBIX BEKTOpA, B3STHIC B
OIIPEAEIEHHOM IOPSIJIKE.

2) ba3ucoM Ha TJIOCKOCTH HAa3bIBAIOTCA JIIOOBIE 2 HEKOJJTMHEApPHBIE BEKTOPHI, B3SATHIE B
OIPEACIIEHHOM IOPSIJIKE.

3)ba3ucoM Ha mpsIMOii Ha3bIBACTCS JIFOOOW HEHYJIEBOM BEKTOP.

BekTopbl Ha3bIBAIOTCS KOMNIAHAPHBIMU, €CTTA OHU TApAJUICIbHBI OHOM M TOW k€ TMIIOCKOCTU. Takum
O6p2130M, BGKTOpBI Ha3bIBAKOTCSA KOMH.HaHapHBIMI/I, €CJlIn paBHBIe 15001 BGKTOpBI, OTJIOXCHHBIC OT OZ[HOﬁ
TOYKH, JIEIKAT B OJHOU INIOCKOCTH.
B npoTuBHOM ciyyae BEKTOpPbI HA3bIBAIOTCSI HEKOMNAAHAPHLIMU.

JItoOble TpU HEKOMIUTAHAPHBIX BEKTOpPa B MPOCTPAHCTBE, B3SATHIE B ONPEICICHHOM IOPSIKE,
Ha3bLIBAIOTCS 0A3UCOM.

F1.89,9

—_—

Omnpenenenne. Ecnu - 6a3uc B mpocTtpanctBe ©OM , TO uucna a, b U g - Ha3bIBAIOTCA

KOMIOHEHTAMH HJIM KOOPAMHATAMH BEKTOpa & B 9TOM baswce.
B cBs3U ¢ 3TUM MOKHO 3amucaTh ClIeAYyIOIMe CBOMCTBA:
- paBHBIG BGKTOpBI UMCHOT OAMHAKOBBIC KOOpI[I/IHaTI:I,
- MIPU YMHOXXEHUY BEKTOpA Ha YKCIIO €r0 KOMIIOHEHTHI TOYKE YMHOXKAIOTCS Ha 3TO YHCIIO,

15— (Ade, +(A8) e, +(A) ey
- IIPpU CIIO0KEHUHN BEKTOPOB CKIAABIBAIOTCA UX COOTBETCTBYIOIIME KOMIIOHCHTHI.

a=ae ta,e, +ae;; a=pe+pe, + fe;

g+ b=+ 8l tia+ &ley Ha +&le;

Ilpamoyzonvnan (Oekapmoeas) cucmema KOOPOUHAN 6 NPOCMPAHCHIEGe.

IIpamoyzonvuas cucmema Koopouwam 6 npocmpancmee — 00pa3yeTcss TpeMs B3aUMHO
neprenaukyasapuabivu ocsamu koopauuaar (X, OY u O Z. Ocu xoopmunar nepecexatorcest B Touxe (J
, KOTOpasi Ha3bIBaeTCsl Ha4aJloM KOOPJMHAT, Ha KaX/JI0i OCH BBIOPAHO MOJIOKUTEIBHOE HANpaBJICHUE,
YKa3aHHOE CTpENKaMH, W €IUHUIA MU3MEPEHHs] OTPE3KOB Ha OCAX. EMuHUIBI M3MepeHUs OOBIYHO

OJIMHAKOBEI /I BCEX OCEM. OX —ocp abciucc, OY — oce OpJIMHAT, ()7 — och anmumkar.
'z

» X

:rl ]

Puc. 2

Honoxenue Toukn A B OPOCTPAHCTBE ONPEACIACTCS TpeMs KoopAuHaTamu I, Yuz. Koopaunara
paBHa JJIMHE OTpPE3Ka OB, KoopJauHarta Y — nnune OTpE3Ka OC, KoopAuHara Z — JJIMHE OTPe3Ka
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http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%B1%D1%81%D1%86%D0%B8%D1%81%D1%81
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%BE%D1%80%D0%B4%D0%B8%D0%BD%D0%B0%D1%82
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82
http://commons.wikimedia.org/wiki/File:Descartes_system_3D.png?uselang=ru
http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Descartes_system_3D.png

O Dg ei6pannbix equannax usmepenns. Orpeskn OB, OCwu O Donpenensrores mmockoctsamu,
poBeEHHBIME 13 ToukH Anmapamtensro mnockocram Y (124, X O Zu X OY coorsercrrenno.

Koopaunara d'Ha3bsiBaeTCsi aOCIMCCON TOYKH .—1,

koopuHaTta ¥ — opaunatoii Toukn A,

KOOD/IMHATA Z — ANIUINKaToi Touky .
CHUMBOJMYECKH ATO 3aMHUCHIBAIOT TaK:

‘_1(:1: y Y, 2 )
WIH

A=(z, y, z)
WUTH TIPUBSI3BIBAIOT 3aMKUCh KOOPJAMHAT K KOHKPETHOW TOUKE C TTIOMOIIbIO MHJIEKCA:

T4, Ya, 24
U T. I
Kaxgas och paccmaTrpuBaeTcsi Kak 4HMCIOBas mpsiMasi, T. €. UMEET IMOJIOKHUTEIbHOE HaIpaBlieHUE, a
TOYKaM, JISKAIIUM Ha OTPUIIATEITHHOM JIyde MPUITHMCHIBAIOTCS OTPULIATEIbHBIC 3HAYCHUS KOOPAMHATHI
(paccrosiHue Gepercst co 3HaKoM MHHYC). To ecTb, eciu Obl, HampuMep, Touka [3 nexana He Kak Ha
pucynke — Ha nyde (DX, a ma ero mpomomkeHunm B obpatnyio cropoHy or Toukn (J (ma
orpunarenbHoit wactu ocu (JX), To aGemmeca rroukn A Gbuta 6Bl oTpumATENBHOM (MHHYC
paccrosumio (J3). Ananoriuno u 115 ABYX APYTUX OCEH.

Koumponvnvie sonpocsi

1. TTonsiTue BekTOpa.

2. JleiicTBHsI HaJl BEKTOPAaMHU.

3. ba3uc Ha nI0CKOCTH.

4. CBoiicTBa BEKTOPOB.

5. IlpsimoyroibHast cucTeMa KOOpJIMHAT B MMPOCTPAHCTBE.

Tema 8.2. PaccTosiHue MeKIY TOUKAMM.

Dopmyna paccmosiHusi mexncoy 08yMsi MOYKAMU. YpasHeHust cghepol, RIOCKOCMU U NPAMOI.
Koopounamer cepedunvr ompeska.

Ymemb: HaXOOUTH PACCTOSHUE MEXKY IByMsI TOUKAMH; COCTABIISTh YpaBHEHHE C(Epbl, IUIOCKOCTH U
IIPSIMON; HAXOJUTh KOOPAUHATBI CEPEUHBI OTPE3Ka.

3uamu: GopMyna pacCTOSHUS MEXKAY IBYMs TOUKaMH, YpaBHEHHs c(hepbl, MJIOCKOCTH U MPSIMOH,
KOOpPJMHATBI CEPEIUHBI OTPE3KA.

Ilyctb A 1 B - 1B€ TOUKM IJIOCKOCTH, KOOPAUHATHI KOTOPHIX B IEKAPTOBOM CHCTEME
KoopauHat: (x,;y,) u (x,;y,), TOorna

:Il

2
AB = J(xz —xy) (- »
VYkazanHas popmyIia, 1o CyIecTBy, sBisercs Teopemoii [Tudaropa, 3anucaHHoi B KOOPJMHATHON
dopme. B camom gene, mycts 4, u B, -- COOTBETCTBEHHO IpoeKuuu Touek A u B Ha ock abcuucc, M -

npoekuus 4 Ha npsamyro BB, .

Nmeem: AB -- THIOTEHY3a MPSIMOYTOJILHOTO TPEYTroJibHUKA ¢ KateTamMu AM u BM, no AM =
A, B, =|x2 —xl|.T0qH0 Tak ke BM =|y2 —y1|.

CrnenoBaTeibHO,

AB® = AM* + BM* = (x, —x,)> +(y, —¥,)° u popMyJa Joka3aHa.
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http://ru.wikipedia.org/wiki/%D0%90%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82%D0%B0
http://ru.wikipedia.org/wiki/%D0%A7%D0%B8%D1%81%D0%BB%D0%BE%D0%B2%D0%B0%D1%8F_%D0%BF%D1%80%D1%8F%D0%BC%D0%B0%D1%8F

KoumponwHuie 6onpocwl

1.®@opMyia paccTOSTHUS MEXKIY IBYMS TOUKAMHU.
2. YpaBHeHus cdepsl, IIIOCKOCTH B MPSIMOH.

3. KoopauHats!l cepeiMHbI OTPE3Ka.

Tema 8.3. JInuHelinbIe onepanuyu HAJ BEKTOPAMH.

Bexmopul. Mooynv éexkmopa. Pasencmeo eekmopos. Cnoswcenue 6ekmopos. Y muoowcenue
eexmopa Ha yucno. Paznoowcenus 6ekmopa no HanpasieHuam. Y2on mexncoy 08yms 6eKmMopamu.
IIpoexyus eexmopa na ocv. Koopounamul eéexkmopa. CkanapHoe npousseoenue 6eKmopos.

Ymemsb: HaxoaquTh MOy Ib BEKTOPA; BHIMOIHATH JTUHEIHBIE ONEepalii HaJl BEKTOPaMu;

BoerancnsaTe cKansipHOe MPOU3BEICHIE BEKTOPOB.

3nams: BEKTOPBI, MOJIYJIb BEKTOPA, PABEHCTBO BEKTOPOB, CII0KEHHE BEKTOPOB, YMHOKEHHE BEKTOpa
Ha YKCJI0, PA3JIOKEHUS BEKTOPA 110 HAPABICHUSAM, YTOJI MEXAY ABYMS BEKTOPaMHU, MPOEKIIHS BEKTOpa
Ha 0Ch, KOOPAMHATHI BEKTOPA,CKAISIPHOE MTPOU3BEICHNE BEKTOPOB.

Ceoticmea 6ekmopos.

JlBa Bexktopa au b Ha3bIBAIOTCA KOJUIMHEApHBIMM, €CIM OHHM pPAaCIOJIOXKEHBl Ha
NapaJuIeIbHBIX MIPSAMBIX WU HA OJTHOM IIPSIMOM.

Hymneoii Bektop 0 KouMHEApEH JTH000MY BEKTODPY.
Teopema 1. ]IBa HEHYNEBBIX BEKTOpa a U b KoJuIMHEapHBI, U KOrJa OHU IPONOPLIUOHAIBHBI T.€.

b= k, ,k — cxansp.

- -

Tpu BekTopaa,b,c, Ha3BIBAIOTCA KOMIUIAHAPHBIMH, €CJIM OHH IapauIeIbHBI HEKOTOPOM
IJIOCKOCTH WJIM JIEXKAT B HEU.

- - A

Teopema 2. Tpu HeHyNIeBBIX BeKTOpa a,b,c, xomruiaHapuel, U Korga OuH W3 HHX SIBISETCA
JTUHEHHON KOMOWHANMEH ABYX IPYTHX, T.C.

E =k, +ll;,k,l— CKaJISIPBI.

Monynb BekTOpa — 3TO AJIMHA oTpe3ka AB.

4B| = J(xr, —x)7 + (1, —1)* .
HpOéKI/;u}l eeKmopa HA OCb.

Teopema 3. IIpoekiusi BeKTOpa Ha OCh (HaIlpaBlIeHHas MpsiMasi) / paBHa POU3BEACHUIO JITUHBI
BEKTOPAa Ha KOCHHYC YIJIa MEX/y HallpaBJICHUEM BEKTOpA U HAIIPaBICHUEM OCH, T.€.

np.l =axcosa?a= B(;, 1).
CkanspHolm npoussedeHuem IByX HEHYJICBBIX BEKTOPOB au b. W HasbIBacTCSA YKCII0, PABHOE
MMPOU3BCACHUIO JJIMH 3TUX BCKTOPOB HA KOCUHYC yIJia MCIKAY HUMMU:
ab= |ﬁ| . ‘5‘(00557,5).
Konmponvhule 6onpocwi

1. BexTopsl.
2. Monynb BekTopa.
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3. PaBeHCTBO BEKTOPOB.
4. Cno)xeHue BEKTOpPOB.
5. YMHOXeHHE BEKTOpa Ha YUCIIO.

6. PaznoxeHus: BEKTOpa M0 HAIIPABJICHUSIM.

7. Yron Mexay IByMsl BEKTOPaMHU.

8. Ilpoekiust BEKTOpa Ha OCh.

9. KoopauHaTsl BEKTOpA.

10. CkanspHOe IpOU3BEICHUE BEKTOPOB.
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Tema 9. MHOTrOrpaHHUKH
Tema 9.1. MHororpannuku. IIpaBuibHbIe MHOTOTPAHHMKH M HX CBOHCTBA.

Onpedenenus eHympeHHel mouKU, OMKPbINO20 MHOMCECMEd, 001acmu, SPAHUYHOU MOYKU,
02PAHUYEHHO20 MHONCECMBA, 20MEMPUYECKO20 Mmeld, MHO20SPAHHUKA, 2PaHU, pedpa, epuittbl,
OUA2OHANU MHO202PAHHUKA, 8bINYKI020 U NPABUTLHO20 MHO202paHHuKos8. Pazeepmxa.

Ymems: npuMeHATh TEOpETUYECKUE 3HAHUS TIPU PELICHUU 3a/a4.

3uamu: onpeneneHuss BHYTPEHHEH TOYKH, OTKPBITOIO MHOXECTBA, OOJIACTH, TPAaHUYHOM TOYKH,
OTPaHUYEHHOTO MHOXKECTBA, T'€OMETPUYECKOr0 Tejla, MHOTOTPaHHUKA, TpaHH, pedpa, BEpIIMHBI,
JIMaroHaI¥ MHOTOIPaHHMKA, BBIITYKJIOrO M IPaBUJIBHOIO MHOIOI'PaHHUKOB, Pa3BEepPTKa.

MHOrorpaHHuKd, B  H3BECTHOM CMBICIIE, SBJIAETCS  IPOCTPAHCTBEHHBIM  aHAJIOIOM
MHOIOyrojbHHKa. TeM He MeHee, [UId CTPOro €ro ONpeIeseHHs HaM MOHAJ00STCd HECKOJBKO
BCIIOMOTI'aTEJIbHBIX IIOHATHM.

B mKonpHBIX y4eOHMKaX TIEOMETPUH MHOTOTPAaHHMKAMU OOBIYHO HA3bIBAIOTCA Tela,
MIOBEPXHOCTU KOTOPBIX COCTOSAT M3 KOHEYHOI'O YHUCJIA MHOTIOYTIOJBHUKOB, Ha3bl-Ba€MbIX TI'DAHIMU
MHOrorpaHHuka. CTOpPOHBI M BEpIIMHBI JTUX MHOTOYTIOJIBHMKOB HAa3bIBAlOTCA COOTBETCTBECHHO
pebpaMu U BepIIMHAMH MHOTOTPAHHUKA.

IIpasunbHvie MHO202paAHHUKU

BI)IHYKJIBIﬁ MHOI'OIrpaHHUK HAa3bIBACTCA IMPAaBHUIIBHBIM, €CJIW €TI0 I'paHAMHU ABJIIAIOTCA pPaBHBIC
MMpaBUJIbHBIC MHOT'OYT'OJIBHUKH, U BCC MHOT'OI'PAHHBIC YTJIbI paBHBI.

PaccmoTpuM BO3MOKHBIE TTPABHJIBHbIE MHOTOTPAHHUKHM M TMPEXAE BCEro T€ U3 HUX, TPaHIMHU
KOTOPBIX SIBIISIIOTCS  NPABWJIBHBIE TPEyroJibHUKU. Hamboiiee MPOCTBIM TaKUM TPABUIBHBIM
MHOTOTPaHHUKOM SBIIIETCS TpPEYroJibHas MUpaMuaa, TPaHsIMH KOTOPOW SBJISIOTCS IpaBUIIbHBIC
TpeyroibHUKU (puc. 1). B xaxaoil ee BepuInHe CXOIUTCA MO TpU IpaHu. ViMest Bcero 4eTwipe TpaHu,
3TOT MHOTOTPAaHHUK HA3bIBACTCS TAK)XKE MPABUWIIBHBIM TETPA’APOM, UM MPOCTO TETPa’APOM, YTO B
MEePEBOJIE C IPEUECKOrO SI3bIKA 03HAYAET YEThIPEXTPAHHUK.

Puc.1. Puc.2. Puc.3.

MHOrorpanHuK, rpaHsiMHd KOTOPOTO SIBIJISIIOTCS NPAaBWIBHBIE TPEYIOJbHUKH, U B KaXKIOH
BEPIIMHE CXOJUTCS YEThIpe IpaHH, N300pakeH Ha pucyHKe 2. ETo MoBepXHOCTh COCTOMT W3 BOCHMHU
HpaBI/IJII:HI:IX TPCYIrOJIbHUKOB, IIOOTOMY OH HA3bIBACTCA OKTA3POM.

MHororpaHHuk, B KaKI0W BEpPIINHE KOTOPOTO CXOJIUTCS MATh MPaBUIBHBIX TPEYTOJbHUKOB,
u300pakeH Ha pHucyHKe 3. Ero moBepXHOCTh COCTOMT M3 JBAALATH IMPABUIBHBIX TPEYroJIbHHUKOB,
MTO3TOMY OH Ha3bIBAETCSI HKOCAdIPOM.

3aMeTI/IM, YTO IIOCKOJIbKY B BCPIIMHAX BBIITYKJIOI'O MHOI'OI'paHHUKA HEC MOXKCT CXOJUTHCA 60.]166

AT TPAaBWIBHBIX TPEYTOJbHUKOB, TO APYTUX MPABUIBHBIX MHOTOTPAHHUKOB, T'PAHSIMU KOTOPBIX
SIBJISIIOTCS PABUIIbHBIE TPEYTOJIBHUKH, HE CYIIIECTBYET.
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AHaJIOTMYHO, TOCKOJIBKY B BEPIIMHAX BBITYKJIOTO MHOIOTPAHHUKA MOYKET CXOIUTHCS TOJIBKO
TPH KBajpaTa, To, kpome Kyba (puc. 4), Ipyrux MpaBHIbHBIX MHOTOTPAHHUKOB, Y KOTOPBIX TPAHSIMH
ABIIAIOTCA KBaJpaTbl He cymiectByeT. KyO mMeer miecTh rpaHeil M MOITOMY HAa3bIBAE€TCA TaKxkKe

TCKCA3APOM.
' N
|
1
|
I
!
|

Puc.4. Puc.5.

MHOrorpaHHMK, TPaHSIMU KOTOPOTO SIBJISIOTCS MPAaBUJIbHBIE NATHYTOJBHUKH, U B KaKIOU
BEpIIMHE CXOAUTCS TP T'PaHU, N300paXkeH Ha puUCyHKe 5. Ero moBepXHOCTh COCTOMT W3 JABEHAIATH
NPaBUIBHBIX MSATHYTOJEHUKOB, TO3TOMY OH Ha3bIBACTCS 10/I€KAIAPOM.

PaccMoTpuM mMOHSTHE MPAaBUIBHOTO MHOTOTPAaHHHWKA C TOYKHM 3PEHUS TOIMOJIOTHH HAyKH,
u3yyaromien cBoiicBa Gpuryp, He 3aBUCALINX OT pa3IMYHBIX Jedopmanuii 6e3 pa3peiBoB. C 3TON TOUKH
3pEHUs], HAlPHIMEP, BCE TPEYTOJIbHUKH SKBUBAJICHTHBI, TaK KaK OWH TPEYTOJIBHHUK BCETAAa MOXKET OBITh
NOJIy4eH M3 JII000r0 JAPYroro COOTBETCTBYIOIIMM CXXAaTHEM WIIHM PacTsDKEHHEM CTOpoH. BooOmie Bce
MHOTOYTOJIFHUKH C OINHAKOBBIM YHCIIOM CTOPOH 3KBHBAJICHTHBI 110 TOH K€ IPUYHHE.

MHOTOrpaHHUK Ha3bIBACTCS 8bINYKIbIM, €CIIU OH SIBISETCS BBIMYKIIONW (UTYpOi, T.e. BMECTE C
T00BIMH IBYMSI CBOMMHU TOYKAaMH COJCP)KUT U COSTUHSIONINHA UX OTPE30K

—

—

r)

Puc. 1 A

CgoiicTBO 1. B BBIMYKJI0M MHOTOTPAHHUKE BCE TPAHU SIBJISIIOTCS BBITYKIIBIMU
MHOTOYTOJIbHUKaMHU.
CBO#CTBO 2. BBIMyKIIbIi MHOTOTPAaHHUK MOKET OBITH COCTABJICH M3 TUPAMUJ C OOIIIEH
BEPIIHHOM, OCHOBaHUS KOTOPHIX 00pa3yrOT MOBEPXHOCTh MHOTOTPaHHUKA.
CgoiicTBO 3. BBINyKIIbIA MHOTOTPAaHHUK JIEKUT MO OJHY CTOPOHY OT IUIOCKOCTH KaxIo0il
CBOEH I'PaHH.

Koumponvnvie sonpocwi
1.OnpeneneHusi BHYTPEHHEW TOYKH, OTKPBITOTO MHOXKECTBa, OOJacTH, TPAaHUYHOM TOYKH,
OTPAaHMYEHHOTO MHOXKECTBA, T'€OMETPHYECKOro Tella, MHOTOTpaHHWKA, TpaHu, pedpa, BEpIIHHBI,
JUaroHaJId MHOTOTPaHHUKA, BHIITYKJIOTO U MPaBUILHOTO MHOTOIPaHHUKOB.
2. Pa3Beprka.

67



Tema 9.2. IIpu3ma u ee cBoiicTBa.

Onpeoenenue npusmsi, 8b1cOmMbl NpusMul, ouazonanu npusmul. Ceoticmea npusmbi.
H3o06pasicenue npusmvl u nocmpoenue ee cevenus. Ilpsamwas npuzma. Ilpasunvhas npusma.

Ymemy: npuMEHATh TEOPETUUECKUE 3HAHUS IIPU PELICHUHN 3a/1a4.
3namb: ONpENCIIEHUE IPU3MBI, BBICOTBI IPU3MBI, [IUArOHaJIM IIPU3MBI, CBONCTBA IIPU3MBI,
n300pakeHe MPU3MbI U IOCTPOCHHE €€ CeUEHUs, psiMast Tpu3Ma, IpaBUiIbHAs IPU3Ma.

[Tpusma (ot nmp.-rped. mpicpo (JaT. prisma) «HEYTO OTIHIJICHHOE») - MHOTOTPaHHHUK, JIBE TPaHU
KOTOPOTO SBJISIIOTCS KOHIPYIHTHBIMHU (PaBHBIMHU) MHOTOYTOJbHUKAMHU, JICKAIIUMHU B NapaJlIeIbHBIX
IUTOCKOCTSIX, @ OCTajJbHBIC TPaHW - MapaUIeNIOTpaMMaMH, MMEIONIMMH OOIIUE CTOPOHBI C ATHMHU
MHOTOyTroJdbHUKaMu. WMiu (paBHOCWIIBHO) - 3TO MHOTOIPAaHHHMK, B OCHOBAHHSX KOTOPOTO JIeKaT
paBHBIE MHOTOYTOJIBHUKH, @ OOKOBBIEC TPaHH - TTApAIIICITIOTPAMMBI.

O6o3Hauenus | Yeprex
Ha YepTeKe

Ha3zBanue Omnpenenenue

OcHoBanus JIBe rpanu, ABCDE,
SIBJISTFOIITCCST
KOHTPYSHTHBIMU
MHOTOYTOJIbHUKAMH,
JISKAIMH B
napajuieIbHbIX

IIJIOCKOCTAX.

BokoBbIe rpanun Bce rpanu, kpome ABLK,
ocuoBanmii. Kaxxnas | BCML ,
OOKOBas TPaHb CDNM,
00s13aTeNbHO DEPN,
SIBJISIETCS EAKP

1apajuIeIOrPaMMOM.

BoxoBas
IIOBEPXHOCTh

O0BeanHEHNE
OOKOBBIX I'paHEil.

IMonuas
IIOBEPXHOCTh

O0BeanHEHNE
OCHOBaHUM U
OOKOBOI
MTOBEPXHOCTH.

BbokoBsie pedpa

OO6mme CTOpOHBI
OOKOBBIX I'paHEil.

AK,BL.CN,
DM ,EP

Bricora

OTtpe3ok,
COETUHSIIOIINI
IIOCKOCTH, B
KOTOPBIX JICIKAT

KR
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OCHOBAHUS IPU3MBI
u
MEepIEeHANKYISPHBIN
STUM IIJIOCKOCTSIM.

Junaronanb

OTtpe3soxk,
COCITUHSIIONINI IBE
BEPILIHUHBI IPU3MBI,
HEC anHannemamHe
OJIHOM I'paHu.

BP

JnaronanbHas
MJIOCKOCTh

IInockocTh,
MpoXosuIas uepes
MepeceKaroInecs
JaroHalib
OCHOBAHUS U
0oKoBOE pedpo
TIPU3MBI.

JnaronaiabHOE
ceyeHue

[Tepeceuenne
MIPU3MBI U
TUaroHaJILHOU
IJI0CKOCTH. B
CEYCHHH 00pa3yeTcs
napajiesorpamm, B
TOM YHCJIE €ro
YacCTHBIE CITy4yad —
pomo,
MPSIMOYTOJIbHUK,
KBaJpar.

EBLP

[IepnieHquKyIsIpHOE
(opTaroHangbHOE)
CEUeHUE

Ilepeceyenue
IPU3MBI U
IIJIOCKOCTH,

MEePIEeHANKYIISIPHOMN
ee O0OKOBOMY pedpy.

Ceoticmea npuzmol

1. OcHOBaHMsI IPU3MBI SIBJISIFOTCSI PABHBIMM MHOTOYT'OJIbHUKAMH.

2. BokoOBBIE rpaHu IPU3MBI SABJISIOTCS NapajuIeIorpaMMaMHu.

3 BokoBbie pedpa mpuU3Mbl apauIeIbHbI U PABHBI.

4. O0BEM MPU3MEBI paBEH MPOU3BEICHUIO €€ BBICOTHI Ha TUIOMIAL OCHOBaHUS: V =S - h

5. Ilnomane TOJMHOM MOBEPXHOCTH MPU3MBI paBHa CyMME IUIOIAAM €€ OOKOBOM MOBEPXHOCTH M
YABOCHHOM IIJIOIIAIA OCHOBAHUS.

6.ITnomans 60k0BOM MOBEPXHOCTU MPOU3BOIBHON pU3MBLS = P -/, r1e P - mepumMerp
NEepIEHINKYIISIPHOTO ceueHus, / - niauHa 60KOBOro pedpa.

7. Inomaas 60KOBOM MOBEPXHOCTH NPAMOM Npu3Mbl S = P-h , e P - nepuMeTp OCHOBaHUS IPU3MBI,
h - BRICOTA IPU3MBI.

8. IlepnieHAUKYISIPHOE CEUEHUE MEPIEHIUKYISPHO KO BCeM OOKOBBIM PEOPaM MPU3MBI.

9. Vsl nepneH uKyIspHOTO CEYEHUS - 3TO JUHEHHBIE YIUIBl ABYTPAHHBIX YTJIOB IIPU
COOTBETCTBYIOIIUX OOKOBBIX pEOpax.

10. TlepnenaAuKYISIpHOE CEYCHHE MIEPIICHIUKYIISIPHO KO BCEM OOKOBBIM I'PAHSIM.

KoumponwHuie sonpocwl
1. Onpenenenue NpuU3Msbl, BEICOTHI IPU3MBbI, TUATOHAIN TPU3MBI.
2. CBOWCTBA MPU3MBL.
3. M300paxeHne Npu3Mbl U IOCTPOCHUE €€ CEUCHUSI.
4. ITpsimas mpusma. [IpaBuiibHas mpusma.
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Tema 9.3. Ilapanienenunen u ee CBOMCTBA.
Onpeoenenue napannenenuneda. Ceolicmsea napaiieienuneda ¢ doxazameivcmseamu. Kyo.
Ymems: IpuMEHSITh TEOPETUUECKUE 3HAHUS TP PEIIICHUH 3a]1a4.
3namu: onpenereHue napauieNenuneia, CBoMCTBa mapaiesienunesa, n300pakeHue

napauicjicnuicaa 1 moCTpoOCHUC €€ CCUYCHU .

Ilapannenenunedom Ha3bIBa€TCs MPU3Ma, OCHOBAHUEM KOTOPOU CIYXKUT MapajljieiorpaMm.
1

A
B
[TapanmnenorpamMmsl, U3 KOTOPBIX COCTaBJICH NapauUICICIUIIECH, HA3BIBAIOTCS €ro IpaHsIMH, UX
CTOPOHBl — peOpamu, a BEPUIMHBI MapajuleJOrpaMMOB — @epuiuHamu Tapanienenumnena. Y

napajuienenunesa Bce rpaHyu — MapajuieJorpaMMBl.

[Mapannenenunenpl, Kak U BCSIKUE MIPU3MBI, MOTYT OBITh npsimble U HAKILOHHbIE.

OOBIYHO BBIACNAIOT KaKWe-HUOyOb JIB€ TMPOTUBOINOJIOXKHBIE TpaHHM M Ha3bIBAIOT MX
OCHOBaHUSIMH, a OCTajbHBIE TpaHW — OOKOBBIMH TpaHSMU mapauienenunena. PeOpa
napasuiesienune1a, He MpuHaANeKalue OCHOBAaHUSAM, Ha3bIBAIOT OOKOBBIMU peOpamH.

JIBe TpaHu mapajienenurena, UMeronme oobimee pedpo, HA3BIBAIOTCS CMEXHBIMHU, a HE
UMEIOIIHE O0IIHX pedep — MPOTHUBOTOIOKHBIMH.

OTpe30ok, COECOUHSAIONIMKM JBE BEPIIMHBI, HE MPUHAJIEKAIIUE OJHOM TpaHH, HaA3bIBAETCA
JMaroHAIIBIO MapaJulelIeuIe 1a.

Ilpsmou napannenenuned, y KOTOPOTO OCHOBAaHUEM SIBISIETCS MPSIMOYTOJNBHHK, Ha3bIBACTCS
NPSMOYTOJIBHBIM ~ NAapaJIeenune oM. Y MNpSAMOYTOJbHOTO Mapajulelieluinea BCEe TpaHu —
NPSMOYTOJIbHUKHU.

JUIMHBI He mapauielbHBIX pedep MNPSMOYTOJbHOTO MapajljieNienueaa Ha3bIBAlOTCS €ro
JUHEUHBIMU pa3MepaMu (M3MEpEeHUsIMHU). Y MPSIMOYTOJIbHOTO Mapajulesienuneaa TPU JTUHEHHBIX
pasmepa.

Ceoticmea napannenenuneda:
1. [IpoTHBOMNOJIOKHBIE TPAHU MTAPATUIEIEIINIIEIA PABHBI U MTAPAJIEIbHBI.
2. Bce yeTblpe nuaroHany napajuiesienuneaa nepecekaoTcs B OAHOM TOYKE M ACNATCS 3TOM TOUYKOM
MOTIOJIAM.
3. BokoBbI€ rpanu MpAMOro napasuiesenuneia — MpSIMOYTOJIbHUKH.
4. KBagpar auaroHanu MpsMOYTOJIBHOIO IapajuleNielIiIlela pPaBeH CyMMe KBaJpaTOB TpEX €ro
U3MEPECHUM.
Konumponvnwvie sonpocwi
1. Onpenenenue napasmienenuena.
2. CpoiicTBa napajuieienumnesa ¢ 10Kka3aTelbCTBaMU.
3. Ky0.

Tema 9.4. Ilupamuna. [lIpaBuiabHass nupamuaa. Y ceyenHas nupamuaa. Terpasap.

Onpeoenenus nupamuowvl U e20 0CHOBHBIX dleMeHmos. Y ceuennas nupamuoa. Ilpasunvuas
nupamuoa. Tempasop.

Ymemo: IpUMEHATh TEOPETUUECKUE 3HAHUS IIPU PELICHUHU 3aa4.
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3nams: onpeneneHns MupaMHibl U €r0 OCHOBHBIX AJIEMEHTOB, YCEUE€HHasl MUPaMU/ia, MpaBUjIbHAas
UpaMKJIa, TETPadIp.

Hupamuoa
Paccmorpum MHOrOyromeHuk A;,4,,..,A, W TOU4Ky P, HE JEKallyl0 B IIJIOCKOCTH 3TOTO
MHOroyrojbHuka. CoeIUHHB TOYKY P OoTpe3KamMH C BEpIIMHAMHU MHOTOYTOJbHUKA, IMOIYYUM n
TpeyronbHUKoB (puc.l.): PA A,,PA,A,,...PA, A, .

A,
A Ay

puc.1.

MHOrorpaHHMK, COCTaBJI€HHBIM M3 N - YronbHuKaA,,A,,..,A, ¥ n TPeyroabHUKOB
PAA,,PA, A;,..PA A, HaseiBacTca  nupamuodou. MuoroyroneHuk A, A4,,...,A, Ha3bIBaeTCA
OCHOBaHMEM, a TpeyronbHUku PA A,,PA,A,,...PA A, - 6okoebimu epansamu nupamuisl. Touka P —
BEPIINHON MUpaMUIbl, a 0Tpe3ku PA,, PA,,...PA, - ee bokosvimu pebpamu. IlupaMmuny ¢ OCHOBaHHEM
A4, 4,,...,A, nsepmmnHoi P o603HavatoT Tak: PA A,...A, - 1 Ha3bIBAIOT N — YTOJIbHOI MUPaMHION.

Ha pucynke 2 wn300pakeHbl 4YETHIPEXYrojbHAsi M HIECTUYrOJIbHAasg MUPaMUIbL. SICHO, 4YTO
TpEyrojibHasi MUpaMua — 3T0 mempasop.

A

[lepnienauKynsp, IpOBEACHHBIA U3 BEPIIMHBI MUPAMH/IbI K INIOCKOCTH OCHOBAHUS, HAa3bIBACTCS
BbIcoTOM nupamuasl. Ha (puc 1) orpezox PH sBisieTcs BeIcOTON UpamMubI.

[Tmomaapio MOJHOM MOBEPXHOCTH MUPAMHUJIbI HA3bIBACTCS CyMMa IUIONMIAACH BCEX €€ rpaHei
(T.e. OCHOBaHHMS M OOKOBBIX TpaHEl), a IUIONIAJbI0 OOKOBOW IMOBEPXHOCTH MHUPAMHUILI — CymMMa

miomaneil ee 60koBeIx rpanei. OuesunHo, S, =S, +S,.,..
Ilpasunvuas nupamuoa

IInpamuia Ha3bIBaeTCS MPABUIIBHOU, €CIIU
1) ee ocHOBaHME — PaBUIIbHBIM MHOTOYT'OJIbHUK;
2) ee BbICOTa — OTPE30K, COEIUHSIONINN BEPLUIMHY MUPAMU/IbI C €€ LIEHTPOM.

OaHuM 13 IpUMEpPOB NPaBUIBHON MUPAMHUJIBI SIBJISIOTCS €TUNIETCKUE TUPAMUABL. JTO
YETBIPEXYTOJIbHbIE TUPAMU/IBL.

Ceoticmea npasuibHOU NUPamuobl.
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Bce 60koBbIe pebpa mpaBHIIbHOM MUpaMUAbl paBHbI, @ OOKOBbBIE TPaHH SIBISIOTCS] pABHBIMU
paBHOOEIPEHHBIMU TPEYTOJIbHUKAMH.

Jloka3aTenbCcTBO JaHHBIX (DAaKTOB MPOBOAUTCS YCTHO:

1. Jlro6oe 60k0BOE pedpO MpeCcTaBIsAeT COOON THIIOTEHY3Y MPSAMOYTOJIBHOTO TPEYTOJIbHUKA, OJTHUM
KAaTeTOM KOTOPOI'O CIIy’KUT BbICOTA TUPAMU/BIL, & APYTUM — PAJIUYC OIIMCAHHON OKOJIO OCHOBAaHMS
OKPY>KHOCTH. DTH IPSIMOYTOJIbHBIE TPEYTOJbHUKHU paBHBI. ClieZI0BaTEIbHO, PABHBI UX THIIOTCHY3BI.

2. Tak xak 00kOBBIE peOpa MPaBUIHLHON MHUPAMHJIBI PaBHBI, TO €€ OOKOBBIC TPaHU - PAaBHOOEIPECHHBIE

TpeyroiabHuku. Tak kak 4, 4,,..., A, - NpaBUIbHBIA MHOTOYrOJIbHHK, TO OCHOBAHHS ITHX

n

TPEYroJbHUKOB TAKXKE PaBHBI APYT APYTy. 3HAYUT, OOKOBBIC TPAHU PAaBHBI (IO TPEM CTOPOHAM).
Anoghema.

Amnodema — BeicoTa OOKOBOM TpaHU NMPABUIILHON MTUPAMUIBI, TPOBEICHHAS U3 €€ BEPIIHHBI.
JlaHHBII TEpMUH YHIOTpPEOIIeTCs I PABUIBHON MUPAMUIBI, XOTS y HEMPABUIbHOM MUPAMUIbI
TaKXe MOT'YT OBbITh PaBHBI BBICOTbI OOKOBBIX I'PaHEH.

Teopema: T1nomaas OOKOBOI MOBEPXHOCTH NMPABUILHON MHPAMHJIBI PaBHA TIOJIOBUHE
IPOM3BEACHUS MIEPUMETPA CHOBAHUS Ha anoemy.

Jokazamenbcmeo

bokoBbIe TpaHM NPaBWIBHONH NHUPAaMHIBl — paBHBIE pPaBHOOEAPEHHBIE TPEYrOJIbHUKH,
OCHOBAaHMS KOTOPBIX — CTOPOHBI OCHOBAaHHS MUPAMUIBI, @ BBICOTHI paBHBI amodeme. [lmomans S
OOKOBOI MOBEPXHOCTH NMHPAMUABI PaBHA CyMME MPOM3BEICHHWH CTOPOH OCHOBAHHUS HA IOJIOBUHY
anogemsl d. BeiHocs mHOoxutens 0,54 3a ckoOKM, TOJTYYUM B CKOOKAax CyMMY CTOPOH OCHOBAaHUS
NHpaMHUIbI, T.€. €r0 IepuMeTp. Teopema JokaszaHa.

Yceuennasn nupamuoa

Yceuennou nupamudoii Ha3pIBaeTCS MHOTOIPAaHHHK, Y KOTOPOT'O BEPUIMHAMU CITY’KaT BEPIIUHBI
OCHOBAHHUS U BEPIIMHBI €€ CEYEHHUs IUIOCKOCTBIO, MapajlIeIbHON OCHOBAHUIO.

Ceoticmea yceuenHoU NUPAMUoblL.

1. OcHOBaHMsI yCEUEHHOI MUpaMUIbl — M0100HBIE MHOTOYTOJILHUKH.
2. bOKOBBIE IpaHU YCEUEHHON MUPaMUJIbl — TPAICIUH.
3. bokoBbIe pedpa MpaBUIBHON YCEUSHHON MUPaMUIbI PABHBI 1 OJJUHAKOBO HAKJIOHEHBI K OCHOBAHHUIO
APaMUJBL.
4. BoxoBbIe rpaHu MPABUIIBHOM YCEUEHHOM MUpaMuIbl — paBHBIE MEXy cO00H paBHOOEIpEHHBIE
Tpaneuuy U OJJMHAKOBO HAKJIOHEHBI K OCHOBAHUIO MTUPAMHU/IBI.
5. JIByrpaHHbie yriibl Ipy OOKOBBIX pedpax MpaBUILHON YCEUeHHON MUPaMHJIbI PABHBI.

IInowaows nosepxnocmu u 06vEM YCceueHHOU NUPAMUObL

IIycte CH__ gpicora YCEYEHHOU IMUPaMHU/IBI, PryPa_ IIEPUMETPBI OCHOBAaHUMN YCEUEHHOU
NUPaMHUJBI, Siy Sz IJIOIIAA OCHOBAHUM YCEUEHHOW MUPaMU/IbI, Stox ILIOI[A b OOKOBOM
MOBEPXHOCTHU YCEUEHHOU MUPaMU/IbI, Snonn— TJTONIAb MTOJTHON MOBEPXHOCTH YCEYEHHOM MUPAMUIBI,
Vo o6pem YCE€YEHHOU NMUpaMubl. Toraa UMEIOT MECTO CIAEAYIOIINE COOTHOLIEHHUS:

Snﬂm—l == Sl + SZ + Sﬁm:
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1 .
V = SCH(S1 4 82+ v/519)

Eclii Bee IBYTPaHHbIE YIJIBI IPH OCHOBAHHMH YCEUEHHOMN ITHPAMUIBI PABHEI | a BEICOTHI BCEX
OOKOBBIX I'paHel TUPAMUIBI PABHBI hgox | 1o

1
Seox = EEFI + Pa ) hgox
51 — 59
Sﬁ-.’m. - | | .
cos (3

CumMeTpuH B Ky0e, B mapaJjuiejienuneae, B mpu3Me U MApaMue.
(OononnumenvHwlil Mamepuan)

Ilocmpoenue cummempuii 6 Kybe, 8 napaiienenunede, 8 npuzme u nUpamuoe.

Cummempus Kyoa

1.IleaTp cumMMeTpun — HEHTP KyOa (TOUKa MepecedeHus TuaroHaneit kyoa) (puc. 4).

2.I110CKOCTH CHMMETPHUH: TPH TUIOCKOCTH CUMMETPHH, TIPOXOISIINE Yepe3 CEPEANHBI MapalIeIbHBIX
pebep; ImecTh IIOCKOCTEH CUMMETPHH, MTPOXOIAIINE Yepe3 MPOTUBOJISKaIIe pedpa (puc. 5).

/; ' 7
1

AN

i
I
I ). N\
I / \ ;
’{r—\——; ;.— ,,“wu - - e = -
L A _,(
1. Ocu cUMMETpUH: TPU OCH CUMMETPUH, IPOXOASAIINE YEPE3 LIEHTPHI MPOTUBOJIEKAIIUX TPAHEH;

YCTBIPC OCHU CUMMCTPHHU, IPOXOAAINUC UCPEC3 MPOTUBOJICIKAINUC BCPIHINHDBI, IICCTh ocent CUMMCTPUU,
MIPOXOJISIIHE Yepe3 CePeAMHBI TPOTHBOJICKAITNX pedep (puc. 6).
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Cummempusn npamoy201bH020 napaineienuneoa

1. IleHTp cuMMETpUN — TOYKa MEPECEUEHUs] TUaroHajel MpsMOYrojJbHOr0 Napajulienenunena (puc.
7).

E e m

2. IInockocTH CUMMETPHUH: TPU INIOCKOCTH CUMMETPHUH, POXOASIINE YEPE3 CEPEANHBI MapaIJIEIIbHbBIX
pebep (puc. 8).

I

I

]

|
4-4F-
. - L 4

fmmmfp e e e -
"--_.————--

I I

3. Ocu cUMMETPHUH: TPU OCH CUMMETPHUH, IPOXOSIINE YEPE3 TOUKH IIEPECEUEHUS TUArOHATIEH
MIPOTHBOJICKAITNX TpaHeit (puc. 9).

Cummempus npamoil npuzmol

[T10ocKOCTh CUMMETPHH, MPOXOIAIIAs Yepe3 cepeIMHbI O0KOBBIX pedep (puc. 11).

Cummempusi npasuibHOU NPU3MBL
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1. [lenTp cuMMETpUU TIPU YETHOM YHCIIE CTOPOH OCHOBAHUSI — TOYKA MEPECEUCHUs JuaroHaien
IIPaBWJIBHOM Npu3MslI (puc. 12)

i
1
T - 1
. " 1
| L |
1 ‘-l ) I
. s :
[ “' ]
! z! A !
A
- \ - =
\ r'r v //
2. HHOCKOCTI/I CI/IMMeTpI/II/I: IIJIOCKOCTbD, HpOXO,Z[HU_[aH qepe:& CepeﬂI/IHbI 6OKOBBIX pe6ep, HpI/I
YETHOM YHCIIE CTOPOH OCHOBAHUS — IIJIOCKOCTH, IPOXOIAIIUE YEPE3 IPOTHBOIEKALIME pebpa (puc.
13).
§<_M_7 "
!
- '
- : I
!
; 1
1 1
i 1
5 1
o - b ’lw.
& e ’-’-/“}4
3. OCI/I CI/IMMeTpI/II/I: HpI/I YECTHOM YHUCIIC CTOpOH OCHOBAaHHUs — OCbHb CI/IMMeTpI/II/I, l'IpOXOI[SIH_Iaﬂ

yepes3 LEHTPbl OCHOBAHMM, U OCH CHUMMETPUH, IPOXOASAIINE Yepe3 TOYKU IIEPECEUCHUs TUaroHaJIeu
MIPOTHUBOJICKAIINX OOKOBBIX IrpaHeit (puc. 14).

Cummempusn npasuibHOl RUPAMUOBL
1. [TocKOoCTH CHMMETPHH: TIPU YETHOM YHCJIE CTOPOH OCHOBAHHS — IUIOCKOCTH, TPOXOJISIINE
4yepe3 MPOTHBOJISKAIUE OOKOBBIE pedpa; U MIOCKOCTH, MPOXOISIINE Yepe3 MEeIUaHbl, IPOBEICHHBIC K
OCHOBAHUIO MPOTHBOJICKANTNX OOKOBBIX rpaHeit (puc. 15).
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2. Ocb cUMMETpHH: ITPU YETHOM YHCIIE CTOPOH OCHOBAHUSA — OCh CUMMETPHUH, TPOXOASILAs
Yyepe3 BEpUIMHY NPaBHJILHONW MUPAaMUIbI U IIGHTP OCHOBaHUs (puc. 16).

Tema 9.5. Ceuenus ky0a, npu3sMbl 1 MUPAMUIbI.
Ceuenus Kyba, npuzmsl U RUPAMUODBL.

Vmemuw: cTpouTh cedeHus KyOa, IPU3MBbI U THPAMUIbI.
3namu: Cevenus Kyba, MpU3MBbl U TUPAMUIBI

Ceuenue npuszmol
1. CeueHue TPHU3MBI IUIOCKOCTHIO, TApaICIbHOM OCHOBaHWIO. B cedeHum oOpasyercs
MHOI'OYTOJIbHUK, PaBHBI MHOTOYTOJIBHUKY, JIEKAILLEMY B OCHOBAHUH.

2. CedeHune NpU3MBI MJIOCKOCTBIO, IPOXOAALICH Yepe3 /1Ba HE coceHUX OOKOBBIX pebpa. B ceuenun
oOpa3yercs mapaienorpaMMm. Takoe cedyeHHe Ha3bIBAaeTCsl AMAaroHaJbHbIM CEYeHHEM MNpu3Mbl. B
HEKOTOPBIX CIIydasx MOXET MOIy4aTbcs pOMO, MPSIMOYTOILHUK UITH KBAJpAaT.

PaccmoTpenune npaBUiIbHONM MPU3MBI BO3MOKHO TOJIBKO IOCIE BBEACHUS MOHATHUS IPABUIIBHBIN
MHOIOYrojibHUK. OJHAKO C IpaBWIbHON TPEYroJbHOW MNPU3MOM MOXKHO ITO3HAKOMUTH YydalluXcs
ropa3io paHeplie. A ¢ TPaBWIbHON YETHIPEXYTOJbHOM MNPU3MOW MbI 3HAKOMBI €II€ M3 Kypca
MaTeMaTHKU 5—6-X KIAcCOB, TaK KaK OHA MPEACTaBILeT cO00 MPSIMOYTOJIbHBIN MapayjieNenure]] ¢
KBaJpaTaMH B OCHOBaHMAX. lIpaBuimpHas npusma — mpsmas NPU3Ma, OCHOBAHUSMH KOTOPOU
SIBJIIFOTCSI IPABUJIbHBIE MHOTOYTOJIbHUKH.

Ceoticmea npasuivbHoU npu3mbl

1. OcHoBaHMs TPABUIILHOM MPU3MBI SBJISIOTCS MTPABUILHBIMH MHOTOYTOJIbHUKAMHU.
2. BoKoBBIE TpaHK MPABUWIILHON MPU3MBI SBJISIFOTCS PABHBIMU IPSMOYTOTbHUKAMH.
3. bokoBble pedpa MpaBUILHOM MPU3MBI PABHBI.

Ceuenue npasunvhoii nPUIMblL
1. Cedenne MpaBWIBHOW MPHU3MBI IMJIOCKOCTHIO, MApAJICIbHOM OCHOBaHWIO. B ceduennn oOpasyetcs
IIPaBUJIbHBII MHOTOYT'OJIBHUK, PABHBIM MHOT'OYT'OJIBHUKY, JIEXKAIEMy B OCHOBAaHUH.

2. CeueHne MPaBUIbHON MPU3MBI IFIOCKOCTHIO, MPOXOAIIEH Yepe3 Ba HE COCEAHUX OOKOBBIX pedpa.
B ceyenun obpazyercst npsMOYTroJbHUK. B HEKOTOPBIX cllydasix MOXKET 00pa30BaThCs KBaAparT.

N3 xypca maremMaTuku 5—6-X KJIACCOB ydYalllUeCs YK€ 3HAKOMBI C OMMCAHMEM MUpaMHUIbL. A
HMCHHO: TIHUpaMuJia — MHOT'OTpaHHUK, HNOBCPXHOCTb KOTOPOro COCTOUT H3 MHOI'OYroJIibHHUKA,
HA3bIBAEMOTO0 OCHOBAaHMEM MHPAMHUJAbI, M TPEYroJbHUKOB C OOILIEH BEpIIMHOW, Ha3bIBAEMBIX
OOKOBBIMU TPAHSAMH NMHPAMUIbI. 3HAKOMCTBO C MPABUIBHOM MUPAMUAO0N BO3MOXKHO TOJBKO IOCIIE
M3YUYEHUS MMOHATUSA MPABUIbHBIA MHOTOYTOJbHUK. OQHAKO C MPAaBHJIBHON TPEYTOJIbHON U MPABUIBHOMN
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YEeTHIPEXYTOJbHOW MUPAMHUION MOKHO TIO3HAKOMHTH yYalllUXCs 3HAYMTENBHO paHbiie. [IpaBuibHas
nupamMuia — MUPaMUa, B OCHOBAaHUHM KOTOPOH JISKUT MPaBHIBHBIA MHOTOYTOJIBHUK U BCE OOKOBBIE
pebpa paBHEI.

Ceoticmea npasuivbHoU NUpamuobl

lo. OcHoBaHME NPABUIBHON MUPAMUBI — MPABHIBHBIIT MHOTOYTOJIbHUK.
20. bokoBbIe TpaHM IPABUILHON MUPAMUIbI — PAaBHOOEIPEHHBIE TPEYTOIbHUKH.
30. bokoBble pebpa mpaBUILHON MUPAMHUIBI PABHBI.

Ceuenue npaguibHoOl RUPAMUOBL
1. Ceuenure mpaBUILHOM MTUPaAMUIBI TIIOCKOCTHIO, MapalieIbHON OCHOBaHUIO. B ceueHun obpasyetcs
NPaBUIBHBIN MHOTOYTOJIBHUK, TIOJOOHBII MHOTOYTOJILHUKY, JIeXKaIlleMy B OCHOBaHMH.

2. CeueHue NpaBWIBHOW MHpPaMHIIBI IIOCKOCTBIO, MPOXOJAIICH yepe3 JIBa HE COCETHHX OOKOBBIX
pebpa. B cedenum oOpa3yercsi paBHOOCAPEHHBIH TPEYrOJbHUK. B HEKOTOPBIX CIydasX MOXKET
00pa30BaThCsl PABHOCTOPOHHUHN TPEYrOJIbHUK.

C HEKOTOpbIMM TpPaBUJIBHBIMA MHOTOTPAaHHMKAMHU Yy4YalllUeCs YK€ BCTPEYAIUCh. ITO
TpeyrojipHas mnupamujga Hu KyO. I'paHsiMu TpeyronbHON mnHMpamMuIbl SBISIOTCS INpPaBUIbHBIE
TPEyroJbHUKHA. Ee Ha3bIBalOT NPAaBWIBHBIM TETPAj’ApOM, YTO B IIEPEBOJE C I'PEYECKOro O3HAYaeT
yeTblpexrpaHHuK. Ky0 mMmeer mects rpaHeil, mo3TOMY Ha3bIBae€TCs MPABHIBHBIM TIeKcasapoM (I10-
IPEYECKU «TEKCa» 03HAYaeT IIECTh). PaccMOTpeHNe NpaBUIbHBIX MHOTOTPAHHUKOB CJIEYyET HaUYMHATh
C TEX W3 HHUX, TPaHAMHM KOTOPBIX SBIISIFOTCS IIPaBHIbHBIE TPEYroiabHUKUA. OAMH W3 Takux
MHOT'OI'PAHHUKOB y4alllUMCs YK€ 3HAKOM — 3TO IpPaBUIBHBIA TeTpasap. Apyrod MHOIOrpaHHUK,
IpaHsIMH KOTOPOTO SIBJISIFOTCS IPAaBUJIbHBIE TPEYTOJIBHUKHU, U300paXKeH Ha pUCYHKe 1.

Ero mnoBepXHOCTh COCTOMT M3 BOCBMH MpPaBWIBHBIX TPEYTOJBHUKOB, IMO3TOMY €ro Ha3bIBAIOT
MPaBUIILHBIM OKTa3IPOM («OKTa» — BOCEMB ).

W Ttperuit MHOTOTpaHHUK, TPaHSIMH KOTOPOTO SIBJISIOTCS TPABUIBHBIE TPEYrOJbHUKH — 3TO
NPaBUIBHBIN UKOCadAp («MKOCa» — NBaNaTh). ETo MOBEPXHOCTh COCTOMT M3 JBAALATH MPABUIBHBIX
TPEYroJIbHUKOB (puc. 2).

MHororpaHHuK, rpaHsIMu KOTOPOTO SIBJISIFOTCS. KBapaThl — 3TO KyO. YYaluMcsl OH XOpOIIO 3HAKOM.
MHoOrorpaHHyK, rpaHsIMH KOTOPOTO SIBJISIOTCS NPaBUIIbHbBIE MATHYTOJBHUKH, H300paKEH HA PUCYHKE

3.
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Ero moBepxHOCTh COCTOMUT W3 ABEHAMALATH MPABUIBHBIX MATHYTOJBHUKOB, MOTOMY €r0 Ha3bIBAIOT
MPABUIILHBIM JTOJACKAIPOM («I0Je» — ABEHAALATS).

Koumponvnvie sonpocwi
1. Ceuenus xyba.

2. CevyeHHs TPU3M.

3. CeueHust nUupaMu/ibl.

Tema 9.6. IIpaBuIbHbIEe MHOTOTPAHHUKH.

Ilpeocmasnenue o npaguiIbHbIX MHO20ZPAHHUKAX (Mempasop, Kyb, 0KMasop, 000eKa’op u uKkoca’op).

Ymemb: IPUMEHATH TEOPETHUECKUE 3HAHUS TIPY PEIICHUH 3a/1a4 Ha IaHHYIO TEMY.
3namy: TpencTaBlieHHE O MPABMWIBHBIX MHOTOTPAHHUKAX (TeTpadap, KyO, OKTa’Ap, NOJCKa’ap U
HUKOCadIP).

Onpeodenenue npaguibHO20 MHO202PAHHUKA.
MHororpaHHMK Ha3bIBa€TCsl IPAaBUIIbHBIM, €CJIM: OH BBIITYKJIbIM; BCE €r0 I'PpaHu — PaBHBIE IPYT
JIpyTy MpaBUIbHbIE MHOTOYTOJILHUKH; B KaX/0M €ro BepIIMHE CXOAMUTCS OJMHAKOBOE YHCIO pedep;
BCE €T0 JIBYI'PaHHBIE YIJIbl PABHBI.

Teopema: CymecTByeT MSATh Pa3IUYHBIX (C TOYHOCTBIO IO TMOAOOMS) THIIOB TPABHIBHBIX
MHOTOTPAaHHHUKOB: TPAaBUJIBHBIN TETpad’ap, MpPaBUIIBHBIN Trekcadap (Ky0), TpaBUIIBHBIN OKTa’p,

IIPaBUJIBHBIN TOAEKAdP U NIPABUIIBHBINA UKOCAYP.

Tabmuua 1. HekoTopbie CBOWCTBA NMPaBHJIBHBIX MHOTOTPAHHUKOB NPUBEICHBI B CIEAYIOIIEH Ta0uuIe.

Bun rpanu ITnockuit Bupg CymmMma B P Tr Hassanune
yroja npu MHOTOI'paHHOT'O IINIOCKUX MHOT'OI'paHHUKA
BEpIIMHE | yIJa IpU BEpIIMHE | YIJIOB IIpH
BCPLINHC
IIpaBunbHel | 60° 3-rpaHHbBIN 180° 4 6 4 [IpaBunbHBIH
TPEYTOIBHHUK TETpadap
IIpaBunpHEI | 60° 4-rpaHHBIN 240° 6 12 8 [TpaBUILHBIIA
TPEYTOJIbHHUK OKTadIp
IIpaBunbHel | 60° S5-rpaHHBIN 300° 12 30 20 [IpaBunbHBIH
TPEYTOIBHHUK HKOCadIp
Ksamgpar 90° 3-rpaHHBIN 270° 8 12 6 [TpaBUILHBIIA
rekcasap (ky0)
IIpaBunbeblit | 108° 3-rpaHHbBIN 324° 20 30 12 [IpaBunbHBIH
TPEYTOIBHHUK JOJIEKadap

PaccmoTpuM BubI MHOTOTPAaHHHUKOB:

[IpaBuibHBIN TETpAdAP [IpaBuIBbHBIN OKTA3 P
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[IpaBunpHbBINA HKOCASIP [IpaBunbHbIH Tekcadap (Ky0)

e

[IpaBuibHBIN q0AEKASIP

TaGJ'II/II_Ia 2. (DOpMy.]'IBI JJIA HAXOKACHUA 00BbEMOB MMpaBUJILHBIX MHOTOTPAHHUKOB.
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Bug mHororpaHHuKa Obbem MHOrOrpaHHHKa
MNpaEvneHEI TeTpasgp .:13»\;@
12
[NpaBunbHLIR oKTa3ap GEE\E
3
MNpaeuneHEIR MKoCazap at
MpaewneHeli rekcasgp (kyb) 5a3|i3+ ,‘E]
12
MNpaeuneHEIl gogekasgp 215+ ?ﬁ]
4

Konmponvnsie 6onpocwi
1. Terpasn
2. Ky6p P

3. OkTarap
4. exasap
5. Uxocann
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Tema 10. Tesia BpaueHusi 1 NOBEPXHOCTH TeJl BPALIEHUS.
Tema 10.1. llnamuaap, KOHYC U X CBOlicTBA.

Onpeoenenus yurunopa, kouwyca u ux s1emenmos. Ceoticmsa yuiunopa u konyca. Cevenus
YUTUHOPA U KOHYCA NIOCKOCHISMU.

Ymems: npuMeHsTh TEOpETUUECKIE 3HAHUS MPU PEUICHUH 3a/1a4 Ha JaHHYIO TEMY.
3Hamy: onpeneneHus UMIUHAPA, KOHYCa U UX 3JIEMEHTOB, CBOMCTBA IMIMHAPA U KOHYCA, CEUCHUS
WIMH]IpA U KOHYCa IUIOCKOCTSIMU

[Hunuuaapudeckass TOBEPXHOCTh oOpasyercss mpu JnBwkeHun Tmpsmoit (AB, pwuc.l),
COXpaHSIIONICH CBOE HAIpaBlIEHWE W TepeceKarolieiics ¢ 3amaHHou nuHuel (kpuoil) MN. Jlunus
MN Ha3biBaeTCsi Hampapisitomiei. [IpsiMble, COOTBETCTBYIOIIUE PA3TUYHBIM MOJOKEHUAM MPSIMOUN
AB mipu eé¢ mnBmxenuu (A’B’, A”B” u T1.1., puc.2), Ha3pIBalOTCA 0O0pPa3yIOIUMHU IVIIHMHIPHYECKOMN

!,lﬂ

3 F
Puc.1. Puc.2

Lununop. Teno, orpaHUnYeHHOE IMINHAPUIECKON MOBEPXHOCTHIO C 3aMKHYTOM HaIlpaBIIsIOLIeH
U JIByMs MapajulebHBIMH IIOCKOCTSMHU, Ha3bIBaeTCs LUIUHAPOM (puc.2). YacTu 3THX IUIOCKOCTEH
(ABCDEFG wu abcdefg) Ha3pIBalOTCSI OCHOBaHMSIMH LUIHHApA. PaccTosiHMEe MEXAy OCHOBaHUSMHU
(KM, puc.2) — Beicota nmiuHapa. wmHap — npsaMo#, eciin ero o0pa3yromiue MepreHIUKYISPHbI
OCHOBaHHIO; B MPOTUBHOM CJy4yae HMWIMHIAP — HAKIOHHBIA. [[MIMHAP HA3BIBAETCS KPYTrOBBIM, €CIIU
€ro OCHOBaHME — Kpyr. Ecnu UuauHAp sBIsSETCS OAHOBPEMEHHO M NPSMBIM, U KPYTOBBIM, TO OH
Ha3bIBACTCs KPYTIbIM. [Ipr3Ma sSBIsSETCS YaCTHBIM ClTydaeM IIHHpa(rodeMy?).

Hunuaapudeckue cedeHUs: OOKOBOM MOBEPXHOCTH KpyroBoro muiuHapa (puc.3). Cedenus,
napajuiebHbIe OCHOBAaHHWIO - KPYTH TOro ke paauyca. CeueHus, mapajuielibHbIE OO0pa3yrOIIUM
MUIUHApPA - Mapel napawieabHbix npsaMbeix  (AB || CD). Cedenus, KoTopble HE MapauielbHbBl HU
OCHOBaHUIO, HU 00PA3yIOIIUM - SJUIUATICHI.

w

A E

E

IInowaows 60xo0601 nosepxHocmu YUIUHOpa
[Mnomane GOKOBOI MOBEPXHOCTH LWJIMHIpPA pPaBHA MPOM3BEICHUIO BBICOTHI IWIMHIpA HA JIIUHY
OKPY>KHOCTH OCHOBaHHUSI.
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®opmyrna 11 BEIYUCIeHHsT O0KOBOM MOBEPXHOCTH LIMIMHAPA:
S, =27Rh,

riae R - paauyc OKpy>KHOCTH OCHOBAaHHUS, /1 - BBICOTA LIUJIUH/PA.

[ToHas TTOMIA L TIOBEPXHOCTH IIMJIMH]IPA PaBHA CyMMe OOKOBOM IMOBEPXHOCTH ITMJIMH/IPA U TBOMHON
IJiomaan OCHOBAHU S I_II/IJII/IH,Z[pa.

dopmyia A7 BHIYUCICHUS OTHOM IO TTOBEPXHOCTH LIWIMHIPA!
_ 2
Ssc =27Rh+27R",
rze R - paanyc OKpYKHOCTH OCHOBaHHS, /1 - BBICOTA IIMITMHJIPA.

Konnueckast moBepXHOCTh 00pasyeTcst pu ABMXKeHUU npsimoit (AB, puc.1), mpoxopsmieit Bcé
BpEMs uYepe3 HEMOJBMKHYIO TOUKY (S), M mepecekaromiei 3a JaHHyro JuHU0 MN, Ha3bplBaeMylo
HamnpasJsitome. I[IpsiMble, COOTBETCTBYIOIIME pa3JIMYHBIM TOJOKEHHUSIM TmpsiMmoil  AB npu eé
neuxeHnn (A’B’, A”B” u T.11.), Ha3bIBaIOTCS 00pa3yIONIMMI KOHUYECKOW MMOBEPXHOCTH;, TOUKa S — €€
BepiminHOW. KoHMYeckass MOBEPXHOCTh COCTOMUT M3 JIBYX YacCTEW: OJHa OMHUCHIBAECTCS Jy4OM SA,
npyras — ero npoaobkeHneM SB. OObIMHO B KayecTBE KOHUYECKOHW MOBEPXHOCTH PACCMATPUBAIOT
OIHY U3 €€ YacCTeu.

B B

5

Puc.1 Puc.2
Konyc — 3T0 Teno, orpaHM4eHHOE OJHOM M3 YacTe KOHMYECKON MOBEPXHOCTH C 3aMKHYTOU
HaIpAaBJISIONIEH U MEePECEeKaroIe KOHNYECKYIO0 TOBEPXHOCTh MIIOCKOCTHIO (ABCDEF, puc.2),

HE mpoxojsuielt yepe3 BepiinHy S. YacTh 3TOM IJIOCKOCTH, PaclojiOKEHHOM BHYTPH KOHUYECKOH
MMOBEPXHOCTH, HA3bIBAETC OCHOBaHHEM KoHyca. [lepnenaukymnsp SO, onylieHHbIA U3 BEPIIMHBI S Ha
OCHOBaHHWE, HA3bIBAETCS BBICOTOM KoHyca. [Iupamuaa SBISETCS YaCTHBIM CydaeMm KoHyca (rmodemy?).
Konyc Ha3bpIBaeTcsi KpyroBbIM, €CIM €ro OCHOBaHHMeM siBisieTcst kpyr. IIpsmas SO, coenussromias
BEpIIMHY KOHYCa C IIEHTPOM OCHOBaHUSsI, HAa3bIBAE€TCS OChIO KOHYca. Eciu BricOTa KpyroBoro KoHyca
COBIIAJAET C €r0 OChIO, TO TAKOW KOHYC HA3bIBAECTCS KPY2IbIM.

Konnyeckue ceuenusi. CedyeHHs] KpYroBOro KOHyca, MapalijiefibHble €r0 OCHOBaHUIO - KPYTH.
Ceuenue, nepecekaroliee ToJIbKO OJHY YacThb KpPyrOBOIO KOHyCa M HE NapajlIeIbHOE HU OJHOM €ro
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obpasytomei - amurc (puc.3). CedeHue, mepecekaronee TOJbKO OJHY 4YacTh KPYroBOTO KOHycCa U
napajjieibHOe OJHOM U3 ero oOpasyromux - nmapabona (puc.4). Ceuenue, nepecekatomiee ode gactu
KPYTroBOTO KOHYCa, B OOIIEM cllydae sIBISETCS TUIepOosIoi, cocTosme u3 AByX BeTBeil (puc.5).B
YaCTHOCTH, €CIIM 3TO CEUCHHE NMPOXOJUT Yepe3 OCh KOHYCa, TO MOJYy4aeM Mapy IepeceKaroInuXcs
NpsMBIX (00pa3yromux KOHyca).

N e mm e ————————

Konnueckue cedeHus TPEACTABISAIOT OONBIIOW HHTEPEC KaK B TEOPETHYECKOM, TaK WU B
MPAKTUYCCKOM OTHOUICHHWH. TaK, OHU HIMPOKO HCIIOJIB3YIOTCA B TCXHUKC (3JIJII/IHTI/I‘-IGCKI/IG 3y6anble
Kosiéca, MapabOJMYECKUe TPOKEKTOPHI W AHTCHHBI); TUTAHETHI M HEKOTOPBIE KOMETHI JIBUKYTCS TI0
SIUTMIITUYECKUM OpOUTaM; HEKOTOPBIE KOMEThI ABIIKYTCS IO MapabOIMYeCKHM M TUIEPOOTUUYECKUM
opOuTaMm.

IInowaos 60oxo601l nogepxHocmu KOHyca

[Tnomans OOKOBOM TMOBEPXHOCTH KOHYCAa paBHA TPOM3BEACHUIO YWCIA T HA PaaAUYC
OKPY’KHOCTH OCHOBAHUS M Ha IJIMHY 00pa3yroleil KoHyca.

7[[2

®opmyna miomaay 60KOBOM IOBEPXHOCTH KOHyca: S, = %a

b

r7ie ¥ - paAnyc OKPYKHOCTH OCHOBaHMs, / - IJIMHa 00pa3ylolieil KoHyca.

7l 360r
2mr=—a,a = .
180 [

S

[Imomaae MoJsHOM MOBEPXHOCTHM KOHYCAa paBHA CyMME IUIOLIAJECH OCHOBAaHHMS KOHYcCAa U €ro
60K0BOI oBepXHOCTU. OCHOBAHUEM KOHYCA SIBISIETCS KPYT.

=7l

00K

dopMmya mIonaay MOJIHOW OBEPXHOCTH KOHYCA:
S_ =Rl +aR?,
IZie 7 - paAuyC OKPYKHOCTH OCHOBaHMsI, /- AJIMHA 00pasyrollel KoHyca.

6ok

Konmponvhuvie 6onpocwi

1. Onpenenenust LUIMHAPA, KOHYCA U UX 3JIEMEHTOB.
2. CpoiicTBa HWJIMHAPA U KOHYCA.

3. CeueHust HMIMHAPA ¥ KOHYCA INIOCKOCTSAMH.

Tema 10.2.111ap u cdepa, ux cevenus. KacarenbHas mjIockocTsb K chepe.

Onpedenenus wapa, cgepbvl u ux snemenmos. Bnucannas u onucannas cghepol. Ceuenus
wapa u cpepol. Kacamenvrasn niockocmo K cghepe.
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Vmemsb: IPUMEHSATH TEOPETHYECKNE 3HAHUS ITPH PEIICHUHN 33/1a4 Ha JJAHHYIO TEMY.
3uamu: onpeneneHus mapa, chepbl U X JIEMEHTOB, ONMCAHHAS U OMHMCaHHast c(epbl, CEUeHUS 1apa
u cdepsl, KacaTellbHas TUIOCKOCTD K cdepe.

Cdepuueckasi MOBEpPXHOCTh — 3TO TEOMETPHUIECKOE MECTO TOYEK (T.€. MHOKECTBO BCEX TOUEK)
B MIPOCTPAHCTBE, PABHOYJAIEHHBIX OT OoJHOU Touku O, KOTOpas Ha3bIBaeTCs LEHTPOM chepuyecKon
noBepxHoctH (puc.l). Pagnyc AO u nuamerp AB onpenensroTcst Tak e, Kak B B OKPYKHOCTH.

Puc.1 Puc.2

[ap (cdepa) - 3TO TENO, OrpaHUYCHHOE C(HepHUECKO MTOBEPXHOCTHIO. MOXKHO MOTYYHTH 1Iap,
BpaIias TMOJYKpyr (WM Kpyr) BOKpPYr nuamerpa. Bce mutockue cedeHust mapa — kpyru (puc.l).
Haubonpmmii Kpyr JIeXKHT B CEYEHUH, MPOXOAAIIEM 4Yepe3 LEHTP MIapa, W Ha3bIBAaeTCA OOJIBLINM
kpyrom. Ero paanyc paBeH paguycy mapa. JIroOsle 1Ba OOJBIIMX Kpyra MEepeceKaroTcs 1o TUaMeTpy
mapa (AB, puc.2). OToT AUaMeTp SBIAETCS U TUAMETPOM IEpeceKaronInXcsi 00X Kpyros. Yepes
JIBE TOYKU CHEPUIECKON TOBEPXHOCTH, PACTIONOKEHHBIC Ha KOHIIAX oJHOTO nuamerpa (A u B, puc.2),
MOYKHO TPOBECTH OECUMCIIEHHOE MHOXKECTBO OOibIIMX KpyroB. Hampumep, uepe3 momioca 3emiu
MOYKHO IIPOBECTU OECKOHEYHOE YNCIIO MEPHIUAHOB.

O0BEM mapa B mosiTopa pasa MeHbIIe 00bEMa OMUCAHHOTO BOKPYT HEro nuinHapa (puc.3), a
IIOBEPXHOCTh IlIapa B IOJITOpa pa3a MEHbILIE IOJHOM MOBEPXHOCTH TOrO ke IWINHApa (TeopeMa
Apxumena):

Puc.3
3nech Smapa u V mapa - COOTBETCTBEHHO IMMOBEPXHOCTh M O0BEM I1apa;
Suun u Viun - moiHasi MOBEPXHOCTh U 00BEM OMKMCAHHOTO MUIUH/IPA.

Yacmu wapa. Yacte mapa (chepsl), oTcekaemas OT Hero kakou-nmmbo miockocteio (ABC, puc.4),
Ha3bIBaeTCs mapoBbIM (cepuueckum) cermenToM. Kpyr ABC Ha3bIBaeTCsl OCHOBaHHEM IIApOBOTO
cermenTta. Otpe3ok MN nepnenaukyssipa, nposegeHHoro u3 neHtpa N kpyra ABC no nepeceuenus
co chepudeckoll MOBEPXHOCTHIO, HA3bIBAETCS BHICOTOM MIAPOBOTO cerMeHTa. Touka M Has3bIBaeTcs
BEPIIMHON I1APOBOT'O CETMEHTA.
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Puc.4
Yacte cdeppl, 3aki0u€HHAs MEXIy IByMs mapamuienbHbiMu muiockocTsmu ABC u DEF,

nepecekarIuMiu  cPeprudecKyl0 TOBEpXHOCTh (puc.4), Ha3bIBae€TCS MIAPOBBIM CIIOEM; KpUBas
MOBEPXHOCTh MIAPOBOTO CJIOsI Ha3bIBaeTcs mmapoBbiM mosicom (3oHoi). Kpyru ABC u DEF -
OCHOBaHMS 1IapoBoro mnosica. Paccrosune NK Mexay OCHOBaHMSIMH IIapOBOTO IOsiCA — €ro BBICOTA.
Yactp mrapa, orpaHuyeHHas KpPUBOM MOBEPXHOCTHIO cepuueckoro cermenra (AMCB, puc.4) u
KoHuYeckol moBepxHOocThi0 OABC, ocHOBaHHMeM KOTOpOH ciyxut ocHoBanme cermeHTa (ABC), a
BEPIINHON — LEHTp mapa O, Ha3bIBA€TCS MIAPOBBIM CEKTOPOM.

Ypaenenue cgepvr
B npsimoyronbHoM cucTeMe KoopAnHAT ypaBHeHHe cdepsl paauyca R ¢ nentpom C(x,, v, ,z, ) IMEET

2 2 2 2
BUI (X —x0)" +(y—y,) +(z—2,)" =R".
Kacamenvnasa nnockocms K cghepe

[Tnockocte, uMeromas co cdepoil TONbKO OAHY
oO0I1yI0 TOYKY, Ha3bIBA€TCs KACATEIbHOW IUIOCKOCTBIO K
cdepe, a ux oOuiass Touka Ha3bIBACTCS TOUKOM KacaHUs
MJIOCKOCTH M CEPBHI.

Ha pucynke mnockocTh « - KacareinbHas K cdepe ¢
nenrpom O, A — Touka kacanus. KacarenbHasi IJI0CKOCTh
K cdepe oOmamaeT CBONCTBOM, aHAJIOTUYHBIM CBOHCTBY
KacaTelIbHOW K OKpPYKHOCTH. OHO BBIpaXEHO B
CIEAYIOLIEH TEOpEME:

Teopema: Pagmyc cdepbl, NpPOBEAEHHBIH B TOYKY KacaHuUsd c(epbl H IUIOCKOCTH,
NEePHEHANKYIISIPEH K KacaTeIbHOM MIOCKOCTH.

Jokazamenvcmeo.
PaccmoTtpum miiockocTh « , kacatourytocs cepsl ¢ nentpoM O B Touke A. [lokaxem, uto paauyc OA
SIBJISIETCS. HAKJIOHHOM K IJIOCKOCTH « , W, CIEIOBaTENbHO, PACCTOSHHUE OT CQEpPHI 10 MIOCKOCTH «
MeHbIe paauyca cdepbl. [loaToMy cdepa M MIOCKOCTh MEPEceKaroTcsl Mo OKpyxkHocTH. Ho 3T0
MPOTUBOPEUYUT TOMY, YTO IUIOCKOCTh ¢ - KacareibHas, T.e. cdepa U IIOCKOCTb & HMEIOT TOJIbKO
onHy o0mryto Touky. IlomydeHHOE MPOTHUBOpEUUE OKa3bIBaeT, uTo paanyc OA meprneHAuKYISIpeH K
IUIOCKOCTH ¢« . Teopema J10Ka3aHa.

Teopema: Ecnu paguyc chepbl NEpISHANKYISPEH K MIIOCKOCTH, IPOXOISIIEH Yepe3 ero KOHell,
Jexaineit Ha cdepe, To 3Ta MIIOCKOCTh SBJSETCS KacaTelabHOH K cdepe.

Hoxazamenvcmeo:

W3 ycrnoBus TeOpeMbl CIEAyeT, YTO JaHHBIH paauyc SIBISETCS MNEPIEHAUKYISIPOM,
IPOBEJCHHBIM U3 LEHTpa cepbl K JaHHOHW mIockocT. [loaToMy paccrosHue oT 1eHTpa chepsl 10
IUIOCKOCTH PaBHO paguycy cepsbl, U, cae0BaTeIbHo, cepa U INIOCKOCTh UMEIOT OJIHY OOIIYIO TOUKY.
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DTO 03HAYAET, UYTO JIaHHAsI TUIOCKOCTD SABJISIETCS KacaTenbHOM K chepe. Teopema moka3aHa.
Inowaow cghepovi
3a miomaap cdeppl MpUMEM TMpeAes IMOCIEeI0BAaTeIbHOCTH TUIOMIAJCH IMOBEPXHOCTEH
OIHMCAHHBIX OKOJIO chepbl MHOTOTPAHHUKOB MIPHU CTPEMIICHUU K HYIIO HAMOOJBIIEro pazMepa Kaxiaou
TpaHu.

[nomans chepsr: S = 42R” .

Koumponvnvie sonpocwi

1. Onpenenenus mapa, chepsl U UX DIEMEHTOB.
2. BrnucanHas u onucaHHas cepsl.

3. Ceuenus mapa u cepsbl.

4. KacarenpHasl IIIOCKOCTH K cepe.
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Paznen 11. DiieMeHTHI KOMOMHATOPUKHA M TEOPHH BEPOATHOCTEH
Tema 11.1. DjieMeHTHI KOMOMHATOPUKH.

OcHosnvle nousimus KOM6uHam0puKu: pasmewenusd, nepecmaHo6Ku, CO4emaHusl.

3Hamb: OCHOBHBIC MOHATHUS KOMOMHATOPUKH: pa3MEIIICHHUS, IIEPECTAHOBKH, COYCTAHUSI.
Ymems: moncunThHIBaTH YKCIa Pa3MEIICHUI, IEPECTAHOBOK, COUETAHUM.

Komoéunamopuka — paznien MaTeMaTuky, B KOTOPOM U3y4aroTCs 33/1a4H BBIOOPA JIEMEHTOB U3
3aJaHHOT'O MHOXKECTBA U PACIOJIOKECHUS UX B IPYIIIBI 10 3aJaHHBIM IIPAaBUJIAM, B YACTHOCTH 3a/1a4H O
NOJCUeTe YMCIa KOMOMHAUMK (BBIOOPOK), MOJIY4YaeMbIX W3 DJIEMEHTOB 33JaHHOTO KOHEYHOTO
MHOXecTBa. Ecii M3 HEKOTOPOro KOJIMYECTBA 3JIEMEHTOB, PA3JIMYHBIX MEXAy COOOH, COCTaBIATh
pa3nuyHble KOMOWHAIMK, TO CPeId HUX MOXKHO BBIACTUTH TPU THIIAa KOMOMHAIMI, HOCSIIUX oOliee
Ha3BAHHUE — COCIMHCHUS.

PaccmoTpuM noapoOHee 3TH CoeTMHEHHUS:

1) Eciim B HEKOTOPOM MHOXECTBE d,,d,,...,d, TEPECTABIIATh MECTAMU DJIEMEHTBI, OCTABIA

m
HEM3MEHHBIM HMX KOJIMYECTBO, TO KaKJas TOJy4YeHHass TaKMM OO0pa3oM KOMOWHAIWS Ha3bIBACTCS
nepectaHoBKoi. OO0IIee YMCIIO MEPECTAaHOBOK M3 71 3JIEMEHTOB 0003Ha4aeTcst P, U BBIYMCISIETCS 110
dbopmyre:
P =m!

2) Ecam cocTaBisTh U3 m Pa3IMYHBIX DJIEMEHTOB TPYIIIIBI 1O 7 3JIEMEHTOB B KaXKJIOH, pacrojaras
B3STHIC DJIEMCHTHI B Pa3U4YHOM mopsjake. [lonmyduBiivecs Npu 3TOM KOMOWHAIMHM Ha3bIBAIOTCS
pa3sMeleHusAIMH U3 /m DJIeMEHTOB 1o n. OOIIee YMCIIO TaKUX pPa3MENICHUH pPaCcCUYUTBHIBACTCS I10
bopmyre:

m!

A =m(m-1)(m-2)..(m—(n-1))=———.
(m—n)!
IlepecTaHOBKM SBJIAIOTCS YACTHBIM CIIy4aeM Pa3MEICHUH.
3) Ecnu 13 m 311eMEHTOB COCTaBIISATH TPYIIIBI TI0 72 SJIEMEHTOB B KaXKIOW, HE oOpalas BHUMAaHHS Ha
MOPSAOK AJIEMEHTOB B IPYIIE, TO MOJYyYUBIIMECS IPU 3TOM KOMOMHAIIMY HA3bIBAIOTCS COYeTAHUSIMU
U3 m 3JeMEHTOB 1o 1. Ob11ee YMCI0 COYeTaHui HaxoquTcs o hopmyrie:

" _ P, _ m!

" PP . nl(m—n)!
4) Taxxe OZHMM U3 BApUAHTOB KOMOMHALUN SBIAIOTCS NEPECTAHOBKHM € TOBTOPSIIOIIUMUCS
anemMeHTaMHu. Eciom cpeam m 3I€MEHTOB MMEETCSl /1, OJWHAKOBBIX DJIEMEHTOB OJHOIO THIIA, 112

OIWHAKOBBIX 3JICMCHTOB APYTOT'O THUIIA U T.A., TO IPU NCPECTAHOBKC 3TUX 3JICMCHTOB BCCBO3MOKXHBIMU
croco0aMu MoydaeM KOMOWHAIIMH, KOJTUYECTBO KOTOPBIX OMpeneseTcs mo GopmMye:
P m!

P (m.,m,,.m )= o =
15 My, T, :
me PP .P  m'm!.m!

momy T my

5) Ecnu ipu BBIOOPKE m 3IIEMEHTOB U3 71 3JIEMEHTHI BO3BPALAIOTCS O0paTHO U YIOPSIOUYUBAIOTCS, TO
TOBOPAT, YTO 3TO Pa3MelIeHHUs ¢ MOBTOPeHUsIMU. PasMenienus: ¢ MOBTOPEHUSIMA MOTYT OTJIMYaThCS
Ipyr OT Apyra 2J€MEHTaMH, UX IMOPSAAKOM M KOJIMYECTBOM IIOBTOPEHHUM 3JIEMEHTOB. UHCIIO BCex

pa3MeIleHuil U3 1 2JIEMEHTOB 110 7 ¢ TIOBTOPEHUSAMU 0003HAYAETCsl CUMBOJIOM A" M BBIYUCIIAETCS 110

bopmye:

m o__ _m
A" =n".
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6) Ecnu mpu BBIOOpKE m 3JIEMEHTOB W3 7 DJIEMEHTHI BO3BPAIAIOTCS OOpaTHO 0€3 MOCIEaYIOIIEeTro
YIOPSA0OYMBAHUS, TO TOBOPSAT, YTO 3TO COYETAHUS € MOBTOPEeHUSIMH. YHCIO BCEX COYECTAaHUU W3 N

9JICMCHTOB I10 m C TIOBTOPCHUAMU 0003HaYaeTCss CUMBOJIOM ]\7:1 W BBIYUCIIACTCA 110 (bOpMy.HGI

N =cr

n+m-—1
.

Koumponvnvie sonpocwi
1. Onpenenenre KOMOMHATOPUKH.
2. DneMeHTHl KOMOMHATOPUKH.

Tema 11.2. ®opmyna 6mnoma HeroTrona. CBoiicTBa 0HHOMHANBHBIX KO3((UIIHEHTOB.
Tpeyroabuuk IackaJs.

Dopmyna bunoma Hetomona. Ceoticmea bunomuanvHulx koagguyuenmos. Tpeyeonvnux Ilackans.
3namo: popmyna 6mHOMa HproTOHA, CBOMCTBA OMHOMHUANTBHBIX KOA((PHUIIMEHTOB, TPEYTOIHBHUK

[Tackans.
Ymems: Beruncisite OiHOM HproToHA.

bunom Hvtomona. 910 popmyna, mpeacTaBisronias BelpakeHne (a +b)" mpu MoNoKUTETHHOM
[IEIOM N B BHJIE MHOTOWICHA!

1 2
(a+B)"=a’+C a® 1 +C a® 2 b2 +
H H
3 n-1
+C @3R3+ v gk lean,
M M

3aMeTHM, 4TO CyMMa IoKa3aTesel cTernenei st @ U b TOCTOSHHA U PaBHA A.

1 2 3 n—1
&

Uucma *» n n n Ha3bIBAIOTCSI OMHOMHUATBHBIMH KO3(PHHUITMEHTAMH.

MX MOXXHO BBIYHMCIINTH, IPUMEHSS TOJIBKO CI0KEHHUE, €CIIN MOJIb30BATHCS CIEIYIONIEH CXEMOM.
B BepxHel cTpoke numeM JBe eIUMHULBL. Bce mocienyromme CTpOKH HAaUMHAKOTCS U 3aKaHYMBAKOTCS
enuuuiei. [I[poMexxyTouHbIe YKCIa B 3TUX CTPOKAX MOJIYYalOTCs CYMMHUPOBAHUEM COCEIHUX YUCET U3
NpeAbIayIIeld CTPOKU. JTa cxema Ha3bIBaeTcs TpeyroibHukoM [lackans:

[lepBas cTpoxka B 3TOM TabnMIIEe COACPKUT OMHOMHUATBbHBIE KOA(PGUIMEHTH! A 1 = 1; BTOpas - i n
=2; Tpeths - s n =3 u 1.1. [loaToMy, ecnin He0OXOAMMO, HAIIPUMEP, PA3JIOKHUThH BEIPAKECHUE:

(a+b)’,
MBI MO>KEM TOJIYYUTh PE3YJIbTAT MOMEHTAIBHO, UCTIONb3Ys TaOJIUILy:
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7 T a6 A IS I P 205 =6 7
(a+b) =a +Tab+2lab” +35a’b"+353a’b” +2lab +7ab” +b
CgoiicTBa OMHOMHAIBHBIX KOA(DDHUITEHTOB.
1. Cymma ko3 dunrienToB paznoxenus (a +b)"paBHa 2".

Jlyist moka3aTenbCcTBa JOCTATOYHO MONOXKUTh @ = b = 1. Toraa B mpaBoii 4acTH pa3ioxkeHus OMHOMA
HrroToHa MBI OyZ1eM UMETh CyMMY OMHOMHAJIBHBIX KO3 (UIIMEHTOB, a CJIeBa:
(1+13"=2"

2. KoaddunmeHTs! 4ieHOB, paBHOYAAIEHHBIX OT KOHIIOB Pa3JI0KEeHHUs, PaBHBI.

DTO CBOMCTBO CIEAYET U3 COOTHOILICHHUS:

" H

3. Cymma k03 (HUIMEHTOB YETHBIX WICHOB PA3JIOKCHUS paBHA CyMMe KO3 ((OUIIMEHTOB HEUETHBIX
YJICHOB Pa3NIOKEHUS; KOKIas U3 HUX PaBHA
an-1

s 6 (1-1)"=0"=04 5
JI0Ka3aTelIbCcTBa BOCTIOb3yeMCsl OMHOMOM: JIeCh YETHBIC WICHBI
UMEIOT 3HaK « +)» , a HEUETHBIE - « - ». Tak Kak B pe3ynabTaTe paszioxkeHus nomayyaercs 0, To

CJIEZIOBATENIbHO, CYMMBI UX OMHOMHAJIBHBIX KOA(Q(PHUIIMEHTOB paBHBI MEXKIY COOOH, MO3TOMY KaXKaas

1yn=0m=0

U3 HUX paBHa! (1- 4TO ¥ TPeOOBAJIOCH JI0KA3aTh.

KonmponvHnuvle 6onpocwl

1. ®opmyna Ounoma HeroToHa.

2. CgoiicTBa OMHOMHAIBHBIX KOA()PHUITMESHTOB.
3. Tpeyronpuuk Ilackars.

Tema 11.3.9/1eMeHTBI TEOPUHU BEPOSTHOCTEH M MATEMATHYECKON CTATHCTUKH.

Cobvimue. Beposmuocms cobbimusi, crodicenue u yMHONCEHUe 8ePOSMHOCEIL.
Ilpeocmasnenue 0anubiX, 2eHEPAbHASL COBOKYNHOCHIb, 8bI00PKA, CpeoHee apugmemuyeckoe,
Meouaua.

3nams: coObITHE, BEPOSITHOCTH COOBITHS, CII0KEHUE U YMHOKEHHE BEPOSATHOCTEH, ITpe/ICTaBICHHE
JTAHHBIX, TeHepaJIbHAsi COBOKYITHOCTh, BEIOOpPKA, CpeaHee apu(pMETHIECKOe, METUAHA.
Ymemu: pemats 3aaun 0 TEOPUU BEPOITHOCTH U MATEMAaTUYECKOM CTaTHCTUKH.

Cryuaiinvle codblmusa ux éeposasmuocmu
Onvimom, unu ucnvimaHuem, Ha3bIBalOT BCIKOE OCYILECTBICHUE OMPEEIEHHOI0 KOMIUIEKCA YCIOBUN
WM JEHCTBUI, IPU KOTOPHIX HAOII01a€TCsl COOTBETCTBYIOIIEE SIBJICHHUE.
Cobvimuem Ha3bIBACTCS BCSAKHN (DAKT, KOTOPBIH MOXKET MPOU3OUTH WJIM HE TPOU3OUTH B
pe3yabTare OIbITa.
Ilpumep 1. TlopOpacbiBaHME MOHETHI — OIBIT, MCXOJ. Brimamenue rep6a wim mudpel —

coOpiTHe. 37ech W B JaNbHEHIEM TMpeamnojiaracM, 4YTO IIaJlcHHe MOHEThI Ha pedpo He
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paccMarpuBaeTcs, TaK Kak 3TO HEYCTOMYMBOE COCTOSHME paBHOBECHS, a H3ydyaemass MOHETa
JIOCTAaTOYHO TOHKAsI.
OnemenmapHvimu ucxooamu (cobvimusamuy) () ONbITA HA3BIBAIOTCS TaKUE PE3YJIbTAThI OINbITAa, KOTOPHIE
B3aMMHO MCKJIIOYAIOT JIPYT APyra U B Pe3yNbTaTe OIMbITa MPOUCXOIUT OJHO U3 ITHX COOBITUH, TAKKE
KaKoBO Obl HU OBLIO COOBITHE A, IO HACTYMHUBIIEMY 3JIEMEHTAPHOMY HUCXOJy MOXHO CYAMTH O TOM,
MPOUCXOIUT UM HE MIPOUCXOTUT 3TO COOBITHE.
COBOKYIHOCTh BCEX 3JEMEHTAPHBIX HMCXOJOB ONBITA HA3BIBAECTCA HPOCMPAHCMBOM 31EMEHMAPHBIX
cobvimuii. O6o3Havaercs 2.

Bce cobObiTust (sSBaeHMsI) NEHCTBUTEIBLHOCTH MOYKHO TIOPA3AeTUTh Ha TPU BHUJIA: TOCTOBEPHEIE,
HEBO3MOJKHBIE U CIIy4ailHBbIE.

CoObITHE Ha3bIBa€TCS 00CMOBEPHBIM, ECITH OHO 0053aTeIbHO MPOU30UIET B YCIOBUIX TAHHOTO
OTIBITA.

CoObITHE HA3bIBACTCS HEB03MOMNCHBIM, €CIIM OHO B YCIOBHSIX JAHHOTO OIBITA 3aBEJJIOMO HE
MIPOU3OUIET.

CoObITHE HA3BIBACTCA CIYYAUHBIM, €CITM OHO MOXKET JIMOO MPOU30MTH, MO0 HE MPOU3ONTH B
JTAHHOM OTIBITE.

CoObITUSI Ha3BIBAIOTCS PABHOBO3MONCHHIMU, €CITU UMEIOTCSI OCHOBaHHS CUUTATh, YTO HU OJTHO
U3 OTUX COOBITHIA HE SBISIETCS 00Jiee BO3MOKHBIM, YeM JIF000€ IPYroe U3 HUX.

JIBa COOBITHS HA3BIBAIOTCS HPOMUBONOJIONCHHIMH, €CIIA TPU HACTYIUIEHUH OIHOTO W3 HHX,

BTOpO€ cOOBITHE HE Tpoucxoaut. Ecnm coObiTHe 0003HAYEHO A, TO MPOTHBOMOJIOXKHOE EMY

0603HAYAIOT A .

B otHomenun apyr apyra coOBITHS TakKe MMEIOT OCOOCHHOCTH, T.€. B OJHOM Ciiy4dae coObITHEe A
MO>KET TPOU30UTH COBMECTHO C COOBITHEM B, B IPyroM — HeT.

CoObITHs HA3BIBAIOTCS COBMECmHbIMU B JAHHOM OIIBITE, €CJIM TIOSBICHHWE OJHOTO W3 HHUX HE
UCKJTIOYAEeT MOSBICHHUE JPYTUX.

CoObITuSI Ha3bIBAIOTCS HECO8MECMHbIMU, €CIU TOSBIECHHUE OAHOIO U3 HUX HCKIIOYAeT MOSBJICHHE
JPYTHUX.

Ecnmu mo6oe u3 cOOBITHIA TPOUCXOAWT HE3aBUCMMO OT pealu3aiud Jiro00i KoMOWHAINH
JpYrux COOBITUHM, TO OHU HA3bIBAIOTCS HE3ABUCUMBIMU 8 CO8OKYNHOcmuU. Eciy mosiBleHHe OIHOTO U3
COOBITHI BITUSET HA BOBMOKHOCTD TOSIBJICHUS APYTOT0, OHU HA3bIBAIOTCS 3A8UCUMbBIMU.

Heckonbko coOBITHI B TaHHOM OIIBITE 00Pa3YIOT NOIHYI0 epynny cobbimuii, €CA B Pe3yJIbTaTe
OTIBITA 0053aTENBHO MPOU30MIET X0Ts ObI 0HO U3 HUX. Ecniu coObITHS, 00pa3yromnye NoJHyI0 TPYIIy,
HECOBMECTHBI, TO MOSBIEHUE OJJHOTO U TOJIBKO OJJHOTO U3 HUX SIBISIETCS JOCTOBEPHBIM cOOBITHEM. [[Ba
HECOBMECTHBIX COOBITHS, 00pa3yIoNIHe MOJHYIO TPYIIITY COOBITUMN, SIBISIOTCS NPOMUBONOTIONCHBIMU.

Knaccuueckoe onpeOeﬂeHue eeposimHocmu cobobimus
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CymiecTByeT MmpOCTOH CHoOcOO ONpeeNeHusl BEPOSTHOCTH COOBITHS, OCHOBAaHHBIM Ha
PaBHOBO3MOKHOCTH JIFOOOTO U3 KOHEYHOT'O YHCIIA MICXO/I0B OIIBITA.
[TycTh TIPOBOIUTCS OMBIT C /1 HMCXOJAMH, KOTOPBIE MOXKHO TPEACTaBUTh B BUJE TOJHOW TPYIIIIBI
HECOBMECTHBIX PAaBHOBO3MOXHBIX COOBITHI. Takue HCXONbl HA3BIBAIOTCS CAYYAAMU, UWAHCAMU,
anemenmapuvimu coovimusmu, (@ ). CaMm ONBIT Ha3bIBaeTCs Kraccudeckum. [Ipo Takol ONBIT FTOBOPSIT,
YTO OH CBOJMTCS K CXEME CITy4aeB.
Crnyyall @ Ha3bIBaCTCS 01A2ONPUAMHBIM UNU OIALONPUAIMCIEYIOUUM COOBITHIO A, €CITU OH MPUBOIUT
K HaCTYIUICHUIO COOBITUS A.
Beposmuocmuio cobvimusi A Ha3pIBaeTCS MaTeMaTHUYECKash OICHKA BO3MOXKHOCTH TOSIBICHHS 3TOTO
COOBITHUS B pE3yJbTATE OIBITA.
BeposTHOCTh cOOBITHSI 4 paBHA OTHOIICHHWIO YHCIA, OJAarONpHSATCTBYIOIIUX COOBITHIO A HCXOIOB
OMbITa K OOIIEMYy YHCITy IMOIApHO HECOBMECTHBIX HCXOJOB OIBITA, OOPA3YIONIMX IMOJHYI TPYIITY

COOBITUH.
m
pay=" (1)
n

®dopmymna (1) siBAsIETCS KIaccuueckol popmynoul ONpeACIICHUs] BEPOITHOCTH COOBITHS.
O4eBUIHO, YTO 6EPOAMHOCHbL OOCMOBEPHO20 COObIMUSL PaBHA CAWHUIE, a B6EPOAMHOCHb
HeB803MOJCHO20_— paBHA HymO. TakuM o0pa3oM, 3HAYEHHE BEPOSTHOCTHU JIHOOOTO COOBITUS — €CTh
MOJIOKUTEIBHOE YHCIIO, 3aKIIFOUEHHOE MEX1Y HYJIEM U €TUHUIICH.
0<P(A)<L]. (2)

[ToHsiTHE BEpOSATHOCTH TMO3BOJSET AaTh HOBbIE ONpPEAETCHUS Ul Pa3HbIX BUAOB COOBITHI. A
UMEHHO, COOBITHE B Ha3bIBACTCS He3d8UCUMbBIM OT COOBITHS A, €ClU BEpOSTHOCTb COOBITUS B He
3aBHCHUT OT TOTO, MPOU3OIILIO coObITHE A MK He npou3onuio. CoObiTHe B Ha3bIBACTCS 3aBUCHMBIM OT
COOBITUS A, €CTM BEPOSITHOCTD COOBITHS B 3aBHCUT OT TOTO, IPOU30ILIO UM HE MPOU30ILIO COObITHE
A.

Teopembl yMHOMCEHUA U CTI0HCEHUA 6EPOAMHOCH Tl

CoObiTus A 1 B Ha3bIBAIOTCS PABHBIMU, €CITH OCYIIECTBICHUE COOBITHS A BIIEUeT 3a cO00i
ocymecTBieHre coOpITusi B 1 Ha000poT.
Cymmoti nByX coObITHI A 1 B Ha3wiBatoT coObiTue C=A+B, cocrosiiee B OSIBJICHUU COOBITUS A, WITN
coObITHA B, min 000ux 3TUX coObITHid. [To-1pyroMy, mosiBiieHHe XOTs ObI OTHOTO COOBITHS.
Teopema 1 (cnoxcenus eepoamuocmeii). BeposTHOCTb CyMMBI IByX HECOBMECTHBIX COOBITHI paBHA

CyMMe€ BEpPOSITHOCTEH 3TUX COOBITUH.
P(A+ B)=P(A)+ P(B).
Cneocmeue 1: Eciu cobbitus A, A, ,..., A, 06pasyioT HOIHYIO IPYyIITy HECOBMECTHBIX COOBITHIL, TO

CyMMa UX BEPOSTHOCTEH paBHA €AUHULIE:
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Y P(4)=1.

Teopema 2. BeposITHOCTh MOSBJICHHSI XOTs1 OBbI OJTHOTO U3 IByX COBMECTHBIX COOBITHI paBHA CyMME
BEPOSATHOCTEH ITUX COOBITHI 0€3 BEPOATHOCTH UX COBMECTHOTO MOSBICHUS:

P(A+ B) = P(A)+ P(B)— P(4B).

Teopema 3. (Ymnoorcenus eeposmuocmeti). BeposTHOCTb TPOU3BEICHUS IBYX COOBITHM (COBMECTHOTO

IOABJICHUSA 3THUX COGBITI/II\/'I) paBHaA MTPOU3BCACHUIO BEPOATHOCTHU OAHOI'O U3 HUX HA YCJIOBHYIO

BEPOSTHOCTH JPYrOro, BEIYMCIEHHYIO TIPU YCIOBUHM, YTO MIEPBOE COOBITUE yXKE HACTYIIUIIO.
P(AB)=P(A)P(B/ A)= P(A)P,(B).
Takxe MOXKHO 3aIIUCaTh:
P(AB)=P(A)P(B/A)= P(B)P(A/B)=P(B)P,(A4).
Ecnu cobbitus nezapucumeie, 10 P(B/ A) = P(B), u TeopemMa yMHOKEHHS BEPOATHOCTEH
IIPUHUMAET BUL;
P(AB) = P(A)P(B)
Eciu B pe3ynbTaTe HCIIBITAHKS MOYKET MOSBUTLCS 1 COOBITHI, HE3aBUCUMBIX B COBOKYITHOCTH, TO

GepO}ll’l’IHOCl’l’lb NOABIEHUA XOMA 5bl OC)HOZO N3 HUX paBHa
P(A)=1-q4q,..q,.

3nech coobiTHe 4 0003HAYAET HACTYIUICHUE XOTSI ObI OHOTO M3 COOBITUI Ai C BEPOATHOCTSIMH

HACTYIUICHUs. P, a ¢, = | — p, — BEpOATHOCTH IPOTHBOMOIOKHBIX coObITHil A, 4, ,..., 4 .

n
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Tema 12. IlepBooOpa3Hasi 1 HHTerpaJl

Tema 12.1. [lepBooOpa3Hasi 1 MHTerpaJ.

Ilepsoobpasnas. Ilpasuna naxoxcoenus nepsoobpasnuix. Tabiuya unmezpanos

Ymemwb: HAXOAUTH HEONpEAEIEHHbBIE HHTErPalbl Pa3INYHBIMUA METOJAMU

3namu: onpeneneHne NepBooOpa3HON; MpaBUIa HAXOKICHNUS IEPBOOOPA3HBIX, ONPEACICHHIE
HEOTpeeNIEHHOT0 UHTErpaia U ero CBOMCTBAa, TAOIUIy HHTETPAJIOB, METOIbI HAX 0K ACHHUS
MHTErPaJioB.

Oyukuus F(x) naseBaercs nepsoodpasnoi ¢yuxyue dynxuun f(X) na orpeske [a,b],
eclu B J1I000i TOYKE 3TOr0 OTPE3Ka BEPHO PaBEHCTRBO:

F'(x)=f(x).

Hamo ormeTuTh, 4TO IEpBOOOPA3HBIX AJISI OTHON U TOU K€ (YHKIIUH MOKET OBITh OECKOHEUHO
MHOro. OHH OyayT OTIMYaThCA Jpyr OT Jpyra Ha HEKOTOpPOE TIOCTOSHHOE 4YHUCHO, T.C.

F(x)=F(x)+C.

Heonpedenennvim unmezparom Gyakuun f (X) Ha3bIBa€TCS COBOKYITHOCTB TEPBOOOPA3ZHBIX
G yHKIM, KOTOpbIE ONPEIETIEHbl COOTHOIIICHUEM:

Flx)+ C.
3auCHIBAOT: I f(x)dx=F(x)+ C;3necs I — 3mak wHTerpana, f(X) — mNoBIHTErpanbHas
dynakums, f(X) dx — moaBIHTErpabHOE BHIPAYKEHHE.

Boluncnenne  HeomlpeneleHHOro  MHTErpaja OT  3aJaHHOM  (QYHKIUMM  Ha3bIBaeTCs
UHMe2PUPOBaAHUEM.

Ceoiicmea neonpeodenenHbIX UHMEZPAaios

1. IlpousBoHAs OT HEONPEAEIIEHHOTO MHTETpala paBHA MOABIHTETPATBHON (PYHKITUH.

([ f(r)dx) = (F(x) +CY = £(x);
2. uddepenmman oT HEONMPEASICHHOTO HHTETpaia PaBEeH MOABIHTETPAITBHOMY BBIPAKECHHUIO.
d(] £ (x)dx)= f(x)dx;

3. Heonpenenennsrit maTerpai ot quddepennuana HeKoTopoi (pyHKIIUU paBeH 3TOH QYHKIINH C
TOYHOCTBIO /IO TIOCTOSTHHOTO CJIaraeMoro.

[dF(x)=F(x)+C;

4. HTerpan oT CyMMBI HJIM Pa3HOCTH JIBYX U OoJiee GyHKIIMI paBeH CyMMe HJIH Pa3HOCTH MHTETPAJIOB
OT ATUX (PYHKITUI

I(u +v—w)dx = judx + Ivdx — dex;
5. IlocTOSIHHBIN MHOKUATETh MOKHO BBIHOCHTH 3a 3HAK MHTErpasia

[C- f(x)dx=C- f(x)dx;
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Tabnuia HHTETPaIoB

Ne Huterpain 3HaueHue Ne WHuTerpan 3HaueHue
dx arcsinx + C =
1 Jdx x+C |
1—x? =—arccosx + C
i dx 1. |x—a
2 x"dx +C,n#-1 | 12 —In +C
I n+l1 ! J.xz—az 2a |x+a
dx
3 ax ln‘x‘+C 13 j— ln‘x+\/x2 +a|l+C
X Vx*ta
x a’ dx .X
4 Ia dx —+C 14 j — arcsin—+ C
Ina a — a
. dx 1 X
5 _[e dx e +C 15 I PR —arctg—+C
a” +x a a
6 Isinxdx —cosx+C 16 I _1 dx lntgz +C
sin x 2
7 jcosxdx sinx+C 17 I ! dx In tg[£+£) +C
CcoS X 2 4
8 f 12 dx tgx+C 18 Itgxdx —Injcos x|+ C
COS X
9 J . 12 dx —ctgx+C 19 _[ ctgxdx 1n‘sin x‘ +C
sin” x
arctgx + C = dx 1
10 [ dx - = 20 | ~In—>—{+C
1+x = —arcctgx + C x(a—x) a |la—x

MeToabl HAXO0KICHUS HHTErpajaoB

Cnoco6 moacTaHOBKH (3aMeHbI NlepeMEeHHbIX).

Ecnu tpeOyercs HaliTu uHTErpa j f(x)dx, o cnoxHo oThICKaTh MEPBOOOPA3HYIO, TO MHOTIA

¢ nomorko 3amenbl X = @(1) u dx = @'(t)dt moxHO nonydnTH:

[ f)dx =] f(p)e'(t)dt

Bcnomuanm dopmyny mpou3BOIHON MPOU3BEACHUS:

HNHTerpupoBanue mo 4acTsim.

(wv) =u'v+uw'

re u u v — HeKoTopeie pyHkuu ot x. B muddepennmansroii popme:

d(uv) =vdu + udv
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[IpoMHTErpUpPOBaB, MOTyIAEM: J d(uv) = Ivdu + Iudv, a B COOTBETCTBMH C IIPUBEIECHHBIMH

BBIIIC CBOﬁCTBaMH Heonpe;[eneHHoro I/IHTeraHa:
uv=jvdu+fudv 170101 Jud\/:uv—jvdu;
[Monyunnu GopMyiry MHTErpUPOBAHUS TI0 YACTAM, KOTOpPAsl MO3BOJIIET HAXOJUTh WHTETPAITBI

MHOTHX 3JIEMEHTapHBIX (YHKIUH.

[Ipu wucnosp3oBaHMM MeETOAA MO dYacTAIM 3a u Oepercsa Takas GYHKIOHSA, KOTopas MpH
TuQepeHIIMPOBAHNN YIPOIIAETCA, a 32 dV — Ta 4acTh MOJBIHTETPAJIHLHOTO BBIPAXKEHHSI, HHTETPAI OT
KOTOPOW M3BECTEH WJIM MOXKET OBITh HaWJICH.

Bosblnyio 4acTh HHTErpajioB, BEIUMCIIAEMBIX 110 YACTSIM, MOXHO pa3OUTh HA TP TPYIIIIbL:
1. Unrerpansl Buja .[ P(x)arctgxdx, .[ P(x)arcctgxdx, .[ P(x)Inxdx, .[ P(x)arcsin xdx,

I P(x)arccosxdx, rne P(x) — mEorounen. [l UX BBIMUCIEHHUS CIEAYET 3a U IPHHUMATH OJHY W3

BBIIIICYKA3aHHBIX QYHKIUH, a dv = P(x)dXx.

2. Unrerpansl Buaa _[ P(x)e™dx, jP(x) sin axdx , J‘P(x) cosaxdx, tne P(x) — MHOTO4JIEH, & a —

HEKOTOpoe uucio. JIJiss uX BBIYUCICHUS CleayeT mpusath u =P(x), a dv = e™dx, dv = sinaxdx, dv =
cosaxdx.

Kak BuaHo, mocnenoBarenbHOE NpUMEHEHHE (GOPMYIbl HHTETPUPOBAHUS IO YACTSAM IO3BOJISIET
MOCTETNIEHHO YIPOCTUTH (DYHKIMIO M IPUBECTH UHTETPAJ K TAOIIUIHOMY.

3. Unrerpansl Bujaa _[ e™ cosbxdx, J‘eax sinbxdx, rne a u b — HEKOTOpPBIE YKMCIA. DTH MHTETPAIIBI
BBIYMCIIIOTCS JABYKPATHBIM MHTETPHPOBAHUEM T10 YaCTSIM.

Koumponvnvie sonpocwi
1. [TepBooOpazHasi.
2. IlpaBuiia HAXOXKAECHUS IEPBOOOPA3HBIX.
3. OnpenaeneHne HEONPEAEIEHHOIO HHTErpaia.
4. CBolicTBa HEOIPEACIEHHOI0 UHTETpalIa.
5. MeToibl MHTETPUPOBAHMUSI.

Tema 12.2. OnpenesieHHbI HHTErPaJ U €ro NpUMeHeHH e

Boviuucnenue onpedenennvix unmezpanos ¢ nomouvio gpopmynst Heromona-Jleubnuya.
Haxooicoenue nnowaoeii ghucyp.

Ymems: BBMHCIATH  ONpeNeNeHHBbIE HMHTErpanbl ¢ momouibio ¢opmynsl HproTona-JleiiOnuna,
BBIUUCIIATH IIJIOIIAb KPUBOJIMHEHHON Tpaneuuu, (uryp, OorpaHUuEHHbIX 3aJaHHBIMU JTMHUAMU.

3namv:  anTOPUTM BBIYMCIICHUS OIPENENICHHBIX WHTErpajioB ¢ momouibio (opmynsl HeioToHa-
JleiiOHML, METO/bl BBIYUCIEHHS ONPEAEICHHBIX MHTErpajloB AJITOPUTM BBIYMCICHMS IUIOINAACH

buryp.

[Mycte pynxumns f(x) onpenenena na orpeske [a,b]. Pazobbem otpesok [a,b] Ha n mpousBoNbHBIX

gacTeil Todkamu d = X, < X, <X, <...<X,; <X; <...<Xx, =b. Ha kaxaom
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M3 YaCTHYHBIX OTPE3KOB BBIOEPEM IIPOU3BOIBHO MO OHOM Touke: ¢; € [a,X; ], ¢, €[X,X,],

., ¢, €[x,_,,b].

fle)
fie))

o)

a ‘&\‘ ‘x2 xn—l /b {

1 X G C

n
Beenem o6osnavenus: Ax, =x; —a, Ax, =x, = x,, ..., Ax, =b—x,_,.

n
CocraBuM cymmy: O = Z f (cl. )Axl- , KOTOpasi Ha3bIBACTCS UHMESPANbHOU CYMMOU QYHKINN
i=1
f(x) naorpesxke [a,b].

TI'eomempuueckuii cmoicn 0. Kaxaoe ciiaraeMoe MHTETPAIBHOW CYMMBI MPEACTABISET COO0M
IUIOIA/b HPSIMOYrOJbHUKA ¢ OCHOBaHWeM AX; u BbICOTOH f(C;), MOKPHITOrO IITPUXOBKOI Ha
pHUCYHKE.

O6o03Haunm vepe3 A = max(Ax;), i = 1, 2, ..., n — JJIMHY HAaUOOJBIIIEr0 YaCTUYHOTO OTpE3Ka.

Bennunny A MHOT1a HA3BIBAIOT HAPAMEMPOM PA3OUCHUSL.

Paccmotpum mporiecc, mpu KOTOPOM YHCIO TOYEK pazOMeHUss HEOTPAHHYEHHO BO3PACTAET
TakuM 00pa3oM, 4TO BETUYMHA A CTPEMHUTCS K HYIIIO.

Ecmu CylIECTBYET Mpeaci HHTeraHbHOﬁ CYMMBI [=limo , TO OH Ha3bIBACTCs
A0

onpedenennbim unmezpaiom ot GyHkuu f (x) na otpeske [a,b] u o6o3nauaercs

]:.?f(x)dx

B atom cnyuae Gpynxius f(X) naswBaercs ummezpupyemoii na ompeske [a,b]. Yncno a
HA3BIBACTCS HUNICHUM NPEOeoM UHME2PUPOSAHLs, a YUCIIO b — 6epxHuM npedenom unmezpupoeanusl.

Eciu Takol Tmpeen CyIecTByeT, TO OH He 3aBHCUT OT NEPBOHAYAILHOIO pa3OMeHHs OTpe3Ka
[a,b] wn BrIGOpa TOYEK c;. U3 Ompeenenus OnpeneNeHHoro MHTerpana CIeayeT, YTO €ro BEIMYMHA
3aBMCHT TONBKO OT Buaa Gynkuun f(X) u or uucen a u b. CnenosarensHo, ecnu 3ananbl f(X) u

IpeJiebl MHTETPUPOBaHUS, TO HHTETPAJI ONpeAeseTcs] OJHO3HAUHO U MPEICTaBIseT CO00H HEKOTOpoe
YUCIIO.
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T'eomempuueckuit cmvici onpedeeHHO20 UHmMe2paid.

Ecmu f(x) >0 mna orpeske [a,b], To ompenenennbiii
vt N\

b

UHTErpal j f (x)dx T€OMETPUYECKH  IIPEICTABIAET
a

co0oi miomaae KpPUBOJIMHEHHON Tpamenuu — (QUrypsl,

4 p X orpanndenHod ymmmamu V= f(x), x=a, x=0b,
> y=0.
A

a b,

. >

Ecmu f(x) <0 ua orpeske [a,b], 10 S = —ff(x)dx. ~ % X

y=fx)
Ceoiicmea onpedenennozo unmezpana
b a
L[ f(x)de =] f(x)dx;

a b

2. Tf(x)dx=0;

3. Ecmu c €la,b], o Iff(x)dx = Tf(x)dx+ljjf(x)dx;

..h
Q =

[f(X)+g(X)]dx=if(X)dX+ig(x)dx;

(9]
IS A

b
kf (x)dx =k[f (x)dx , T1I€ k — IPOU3BOJILHOE YHCIIO.

®opmyaa Heworona-JleiilOHuma

Ecnmu ynkums  f(x) wenpepbiBHa Ha otpeske [a,b] u dynxuus F(Xx) sBusercs ee
nepBOOOpa3HON Ha ATOM OTPE3KE, TO UMEET MeCTO gopmyna Hvromona-Jletibnuya

if(x)dx = F(x){z :F(b)— F(a),

TO €CTh ONpPE/ICICHHBIM UHTErpall paBeH pa3HOCTH 3HAYEHUH NEepPBOOOPA3HOM MPU BEPXHEM M HUKHEM
Ipeienax UHTETPUPOBaHUS

3ameHa nepeMeHHBIX B ONpeJe/IeHHOM HHTerpaJje

b
[TycTh 3a1aH MHTETpa _[ f(x)dx, rne f(x) — uenpepwiBHas dynkuus Ha orpeske [a,b].
a

BBeneM HOBYIO IIEPEMEHHYIO B COOTBETCTBIH ¢ (popmyioit X = @(¢) . Torna eciu:

D ola)=a, p(f)=Db;
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2) @(t) u @'(t) menpepriBHb! Ha oTpeske [, [];

3) f ((o(t)) ompejelnena Ha otpeske [, ],

TO

b A
[ f()dx = [ flo)]e' ()t

Ota popmyia Ha3BIBACTCS hOPMYIOU 3aMeHbl NEPEMEHHOU 8 ONPEeOeleHHOM UHmezpaie.

Jameyanue. Eciy TpyU BBIYUCICHWN HEOINPEACICHHOIO HHTETpalla C IOMOIIBIO 3aMEHBI
[IEPEMEHHOM CJeAyeT OT HOBOM IIEPEMEHHOM f BO3BpAILATBCA K CTAPOM IEPEMEHHOM X, TO IIpU
BBIYNCIICHUH OIIPEACIEHHOTO MHTETpaa 9TOTO JeNIaTh HEHYXKHO, T.K.

s s
[ flo@)p' (1)de = Flp®)]| = Flp(B)]- Flp(a)]=F(b) — F(a)

HNHTerpupoBanue mo 4acTsim.
Ecmn ¢yrkumn # =u(x) u v = v(X) HenpepbIBHBI Ha oTpe3ke [d,b], a Takke HenpephIBHBI
Ha OTOM OTPE3KE MX MMPOU3BOJHBIE, TO CIPABEIIMBa (POPMYIIa:
b b b
Iudv = uv‘ — Jvdu.
a a

a
KOTOpAas Ha3bLIBACTCA qbopmyﬂoﬁ UHmMezcpupoeaHusl no 4acmsim 6 OI’lpeaeJZeHHOM unmeecpaie.

Tak>ke npu BEIUMCICHUH OMPEEIIEHHOT0 HHTErpajia UCTIONIb3YIOTCS CIEAYIONUE MpaBua;

Ecmu f(x) — HeuerHas, To I f(x)dx =0, ecnu neuernas, J- f(x)dx = ZJ‘ f(x)dx

—a —a 0

I'eomeTpuyeckne MPUJIOKEHHS ONIPeIeJIeHHOT0 HHTerpaJa.
ITnowaow nnockoii ghuzypet.

a) [lomaas KPUBOJIMHENHOW Tpaleuy, OrpaHMYeHHoi KpuBoi y = f(X), npaMeIME X =d u
b

x =b wu orpeskom [a,b], Beruaucnsercs o gpopmyne S = J- f(x)dx
a

(1313

Ecnu rpaduk pacnonoxkeHn Hmxke ocu Ox, T.€. X) <0, To miIoniaab UMeET 3HAK eciu rpaduk
2 b 2
pacnionoxen Beime ocu Ox, T.e. f(X) > 0, To muomaas UMeeT 3HaK “+”.

y

ol |a \—/ b X

Taxum oOpa3oM, ISt HaXOXKJICHHS] CyMMapHOH IO HCIIONIb3yeTcs: hopmya

S:jzf(x)dx.
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0) [lnowaas Gurypsl, orpanuueHHol kpusbiv ), = f1(X) u ¥, = f,(x) ( fi(x) < £, (x)) u
npsAMBIME X = d U X = b, Haxomutes no dhopmyie

b
S =[[f,(x) = fi(x)]ax

B) Ecnu kpuBas 3a1aHa nmapameTpudecKumu ypaBHeHusmu X = X(¢) u y = y(¢), 10 mwiomans

KPMBOJIMHENHOM Tparennn, OrpaHuYeHHON JTOM KPUBOH, NPSAMBIME X =d W X =b u oTpe3kom
5

o ! o

[a,b], Bepaxaercs dopmymoit S = j y()x'(t)dt, rne 1 m © ompemensroTcs W3 ypaBHEHWUM
4

a=x(t,)nb=x(1,).

Koumponvnvie sonpocwi

1. Onpenenenrie onpenesieHHOro HHTerpana.

2. CBolicTBa ONpeAEIEHHOr0 HHTErpasa.

5. Beruucnenue onpeenieHHbIX HHTErPaIoB ¢ moMolsio Gpopmyinel HetoTona-JleiioHuma.

4. MeTtonibl HaxOXAECHUS ONPEEICHHBIX HHTETPAJIOB.

5.0npeneneHue KpUBOJIMHENHON TpaIeIuy.

6. AITOpUTM HAaXOXAEHUS IIoa Iy GUTyphl, OrpAaHUUECHHOHN 33/1aHHBIMU JIMHUSIMH.

99



Tema 13 .U3MepeHusi B reOMeTPHH.
Tema 13.1. O6bem u ero usmepenne. Unrerpanbuas gopmyiia oobema.

Ilonamue obvema u ezo ceoticmea. Mnmezpanonasn popmyna obvema. Dopmynvl ob6vema
KyOa, npsamoy2oibH020 napaiieienunedd, npusmbl, YUIuHOpa.
Dopmynvl 06vema nupamudsl u Konyca. PLopmynvl niowaou no8epxHocmel YUIUHOpa u KoHycd.
Dopmynvl 0b6vema wapa u niowaou cgepoi.

Ymems.: BEIUMCIATHE 00bEM MHOTOTPAaHHHKOB U 00bEM IlIapa; BEIYUCIISATH TUIOMAIb TOBEPXHOCTEH
IIMHPpA U KOHYCa U CQephl.
3namu: IOHsATHE 00BbEMA U €r0 CBOWCTBA, MHTETpasibHas hopmyna o0bema, GopMyisl 00bema Kyoa,
MPSIMOYTOJIBHOTO TIapaJuIeyIen e 1a, IPU3Mbl, IIUHAPA, GOpMYIsl 00beMa MUPAMHUIBI U KOHYCA,
(GhOpMYJIBI IIJIOIIAIN TTOBEPXHOCTEH MMIMHIPA U KOHYCa, (OpMYJIbl 00beMa I1apa U TUIomaau chephl.

Tena paBHoBenukue. [IpocTpaHcTBO, 3aHMMaeMoe KaKMM-HHOYAb TEJIOM, WJIM BMECTUMOCTH
3TOTO Tejia Ha3. ero o0beMoM. MoryT ObITh Takue Tejia, KOTOpble MMEIOT OJAMHAKOBBIA 00BEM, HO
Pa3IUYHBINA BUJ, TaK YTO XOTS OHU M 3aHUMAIOT OJJMHAKOBOE MPOCTPAHCTBO, HO HEIb35 BIOXKUTH OJTHO
TEJIO B IPYrO€ TakK, YTOOBI OHU COBMECTHIINCH. Bo3bMeM Harmp. /Be MpsiMble TpeyroybHble Mpu3mMbl AB
u EF (puc.l.), KOTOpBIX OCHOBaHUSI M BBICOTHI PABHBI;

e

A E

Puc.1
Puc.2.
MBI MO’KEM MPHUCTAaBUTH 3TU NMPHU3MBI OIHY K JIPyroii Tak, 4ro oOpaszyercs ofHa npuzma MN (puc.2.),
KOTOPOH OCHOBAaHHME TO K€ CamMoOe, a BBICOTAa BJBOE OOJIBLIE; MOXEM TaKKE COCTaBUTh M3 HHX
napamenenunen KL; o6bem napamnenenunena. Oyner, 04eBUIHO, paBeH 00beMy mpusMbel MN, Tak
Kak 00a 3TH Tejla COCTOAT W3 OAHUX M TeX K€ MPHU3M; HO Hapajuiesienune]l, KOHEYHO, HE MOXET
COBMECTHTbCS ¢ pu3Moit. Tena, umeroniue paBHbIil 00beM, Ha3. PaBHOBEITUKUMH.
Eounuya ona usmepenus o6vemos.

W3meputs 00beM KaKOro-HMOYAb  Tela,  3HAYUT  HAWTH, CKOJBKO Pa3 B HEM MOXKET
MOMECTUTLCA ~ APYroe Tejao, o00beM KOTOPOro MPUHHUMAETCS 3a CAMHUIly. Takod eguHUIEH
CIIY’)KUT KyO, KOTOPOTO KakJ0e pedpo = JTMHEWHOH enuHHIe, HANp., CaXEHH, apIIMHy U T. MOJ.
Takum  oOpa3om, ompenenuts 00bEM WM BMECTMMOCTh KOMHAThl 3HAUUT Y3HaTh, CKOJIBKO
IIOMECTHTCS B HeW KyOMYecKMX cax., KyO. apul u T. moa. J{ist aToro Hamo Obl MOCTaBUTH B
KOMHAT€ OJIHY KyO. CaK. WJIHM OJUH KYO. apIll. psIOM C 3TOW €UHUIICH TTOCTaBUTh JPYrOi TaKoH KyO,
OTOM TpeTWdl M T. J., TIOKa BCI KOMHaTa He HamoiHutcs. Ho Takoe m3mepenue Oyaer u
HEYZ00HO, M BeCbMa MPOJIOJKUTENBHO; MBI IIOKaXEM ceifuac, KakuM o0O0pa3oM MOXHO H3MepATh
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00BEMBI TEJI, HE TTOMEIIas B HUX Ky0. Mep.

Cesoticmso 06vemo8:

1. PaBHBIC Tena UMEIOT paBHBIE OOBEMBI.

2. Ecnu Teno cocTaBieHO U3 HECKOIBKUX TEN, TO €r0 00beM paBeH CyMMe 00bEMOB ITHX Tell.

Ob6vem npamoy201bHo20 napanienenuneod.

Wtak, 4To0 onpenenuts 00beM NPSIMOYTOJIBHOTO Iapajulelenunesa, Haao U3MEPUTh OJHON U
TOM ke JIMHEHHOH eauHuLeil Tpu pedpa ero, BHIXOASIINE U3 O0IIei BEpIINHBI, U OJYYSHHBIC YHCIIa
IIEPEMHOXKHUTh;, IPOU3BEICHUE IOKAXKET, CKOJBKO COACPKHUTCSI B TIap-I€ COOTBETCTBYIOIIUX
KyOn4eckux eIuHMI. B mpsmMoyroisHOM napaiienenunene Tpu pedpa, uaynye u3 OJHON BEpIIHHBL,
Ha3bIBACTCS] U3MEPEHUSIMH 3TOTO MapaJuIeenuIe/1a; MO3TOMY IpeAblayIlee IPpaBuio 00 onpeaeIeHun
00beMa KOpoUe BBIPAXKAIOT Tak: 00BEM MPSIMOYrOJIbHOIO Mapajljiesenuneaa Mpou3BEIeHNIO TPEX €ro
U3MEPECHUM.

MoXHO cKa3aThb Takke, 4TO O0BEM MPSAMOYTOJIBHOTO Mapajulelenunesa MNPOU3BEIECHUIO
IJIOLIAY €r0 OCHOBAHUS Ha BBICOTY.

E

. 7

T C i -~ i
_:;:.‘T;‘,.:;'_'_t;::f.‘;/ D

A B

Cneocmeue 1. O6beM MPSAMOYTOJIBHOTO MapaljIeNIeNUIea PABeH POU3BEACHHIO TUIOIIA U OCHOBAHUS
Ha BBICOTY.

V=Sh,
rac S— momanab OCHOBAHNA, h — BBICOTA MapaJlJICIICTIUIICIA.
Crneocmsue 2.00beM  TpSIMOH MpPU3MBI, OCHOBAaHHUEM KOTOPOM SBISETCS NPSAMOYTOJbHBIN
TPCYIrOJIbHUK, paBCH IMPOU3BCACHUTIO TJIOIIAAN OCHOBAHH HA BBICOTY.
V=S8ch

Obvem nupamuowi.

Besikas mupamuna cocraBiseT 1/3 mpu3Mbl TOTO K€ OCHOBAHUS U TOU K€ BBICOTHL. UTOOBI IPOBEPHUTH
9TO, BO3BMEM SIIMK A, UMEIOIMK  BUA  mpus3Mbl (puc.3.), u nupamuay B, BHyTpu MycTyio;
OCHOBaHHUE e€ Takoe ke, KaK y MPU3MbI, U BBICOTA TaKas K€, HACHIIIIEM B HEE MECKY WM HaJIbeM
BOJIBI (IIJIs1 ATOTO, pa3yMeeTcs, €¢ HaJlo OOCpHYTh BEPIIMHOW BHU3) TakK, 4TOOBI HAMOJHUTH  €€;
MOTOM BBUIBEM 3Ty BOJY B MPU3MY; 3aT€M  OISITh HATIOJHUM MUPAMHIY U ONSATH  BBUIBEM; MBI
YBUAMM, YTO HAJO TPU pa3a MepeuTh BOAY U3 MHUPaMUIbl B NPU3MY - U TOTJa TOJIBKO MpU3Ma
HanoHuTCs. [loatoMy 0b6vem nupamuovi=1/3 npoussedenuss niowjaou eé 0CHO8AHUS HA GbLLCOM).

V:lg.h
3

Obvem yceueHHOU nupamudbl, BRICOTa KOTOPOH paBHA /, a TUIOIIAT OCHOBAaHWUN paBHBI S H
S, BBIUUCISETCS 10 hopmyIe

V=%h(S+S1+1/S-S1)
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Puc.3.
Obvem yununopa.

[{unuHAp MOXHO CUMTATh 3a MPU3MY, Y KOTOPOH B OCHOBAaHWHM HE MHOTOYTOJBHUK, a KPYT;
CJIeZIOBaTeNIbHO, 00BEM HUJIMHIpPA OMPEIEIIIETCS TOYHO TaK XKe, KaKk U 00beM MPHU3MBIL; T.€. 00beM =
MIPOM3BEICHUIO TIJIOIAM OCHOBAHUS Ha BBICOTY.

V=S -h

Obvem kouyca.
KoHyc MOXHO  cuuTaTh 3a MPaBWIBHYIO MUPaMHIYy, Y KOTOPOHl B OCHOBAaHWU KpYT, a HE
MHOTOYTOJIBHUK; TIOATOMY 00BheM KOHYCa ONPEENISIeTCS TaK JKe, KaKk B 00beM MUPaMHUIBI; T.€. 00beM =
OJIHOM TPETH MPOU3BEACHHUSI IJIOMIAN OCHOBAHUS HA BBICOTY.

V=1S-h
3

Obvem yceuenno2o KOHyca, BBICOTa KOTOPOH paBHA /1, a IUIOIIAU OCHOBAHUM paBHBI S U S,
BBIUKCISIETCS 110 opMyIie
1
V==h(S§+S§ +S-S,).
3

Obvem wapa.

[ToBepxHOCTh IIapa MOXKHO CYHMTATh COCTOSIICH W3 UYpe3BbIYAHHO OOJIBIIOrO KOJIMYECTBA
BECbMa MaJbIX IJIOCKUX (PUTyp, HAINp. TPEYroJbHUKOB; €CIM MBICICHHO COEIUHUM BEPIIUHBI ITHX
TPEYroJIbHUKOB C IIEHTPOM IlIapa, TO MOJYYUM MHOXECTBO IMHPAMHUJl, KOTOpPbIE BCE€ BMECTE U
COCTaBJISIIOT O0BEM IIapa; BCE AT MUpPaM. UMEIOT OJHY BBICOTY, UMEHHO paJnyC Liapa, a OCHOBAHUS
WX COCTaBISIOT MOBEPXHOCTH Imapa. Ho d4ToOBl HalTH 00BEM NUPAMUIBI, TOJDKHO TUIOMIAAL €&
OCHOBaHHUsl YMHOXUTh Ha 1/3 BBICOTHI; clie0BAaTEIbHO, MbI HaileM CyMMy O0OBEMOB BCeX MHUpPaMUI,
Wi 00bEeM Iapa, e YMHOKHM CYMMY BCEX OCHOBAaHMIA MITM TIOBEPXHOCTH IIapa, Ha TPETh paauyca.
Hrak, 00beM 1mapa = MOBEPXHOCTH IIapa, YMHOKCHHOW Ha TPETh paanyca.

=2

3

Koumponvnvie sonpocwi
1. [TonsiTe o6beMa 1 €ro CBOMCTBA.
2. UnterpanbHas ¢popmyrna o0bema.
3. ®opmyisl o0beMa KyOa, IpSIMOYTOJIbHOTO Mapajuieenurneia, MPpU3Mbl, HIUIHHAPA.
4. ®opMyIbl 00beMa TUPAMHUJIBI U KOHYCA.
5. ®opMyibl IJIONIAAM TOBEPXHOCTEN HIMJIMHAPA U KOHYCA.
6. ®opmynsl 00bEMa IIapa U TIIOMAAN CEpHI.
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IHoxoOue Tes1 (IOMOJHUTENbHBIA MaTEPHUAJI)

Jea mena nooooOHbL, €CITA OJTHO W3 HUX MOXKET OBITh MOIYYEHO U3 APYroro MyTEM YBEINYCHUS
(MM yMEHBIIIEHUS) BCEX €T0 JIMHEHHBIX Pa3MEPOB B OJJTHOM U TOM K€ OTHOIIEHUU. ABTOMOOHIIb U €ro
Mozenb — MmojoOHbIe Tema. J[Ba Tenma (urypsl) 3epKaJlbHO MOJOOHBI, €CIM OJHO W3 HHUX IOJ00HO
3epKalIbHOMY OTpaxkeHHIo Ipyroro. Hampumep, kaptuHa u e€ (oTOoHEraTHB 3epKajJbHO MOAOOHBI IPYT
Apyry.

B momoOHBIX UM 3epKadbHO MOMOOHBIX (DUTypax BCE COOTBETCTBEHHBIC YTIIBI (JTMHEHHBIE H
JIBYTPaHHBIC) PABHBI.

B momoOHBIX Teax MHOTOTPAHHBIC W TEIIECHBIC YTIIBI PaBHBI; B 3€PKAbHO MOMOOHBIX Telax
OHHM 3€pKAIIbHO PABHBI.

Ecu o0sa mempasopa (06e mpeyeonvHble  nupamuovl) HUMEIOT  COOTBETCTBEHHO
IPONOPLUHOHATIBHBIE PEOpa (MJIM COOTBETCTBEHHO MOI00HBIE TPaHU), TO OHU MOJOOHBI WM 3€PKAJIHHO
noao0Hbl. Hampumep, ecnu rpaHu mepBOM MUPaMHUABI BABOE OOJBIIE, YEM Yy BTOPOW, TO BBICOTHI,
anodembl, paguyc OMKMCAHHOTO Kpyra MEpBOW MUPaMUIbI TaKXKe BIBOE OOJbIIE, YeM y BTOpOH. JTa
TeopeMa He UMEET MecTa JIJIi MHOTOTPAaHHUKOB C OOJIBIIMM YHCIIOM rpaHeit. [Ipeanonoxum, 9to Mbl
coenquHWIHA Bce pEOpa Kyba B ero BepIIMHAX MOCPEICTBOM IIAPHUPOB; TOTAA MBI MOXEM W3MEHHUTH
dopmy 3T0it PUTYpBI, HE pacTITruBas €€ CTEPKHHU, U IMOJYYUTh U3 HAYaJIHHOTO Ky0a MmapasuieenuIe.

Jlee npasunvhvie npusmbl uiu nupamudsbl ¢ OJUHAKOBBIM YHCIOM TpaHeW MOJOOHBI, €CIU
pamuychl X OCHOBaHWH IMPOMOPIIMOHAIBHBI UX BBICOTaM. JIBa KpPyTibIX HWIMHIpPA WX KOHYcCa
MOI00HBI, €CTTU PANyChl UX OCHOBAHUH MPOMOPIIMOHATBHBI MX BBHICOTAM.

Ecnu 0os6a u b6onee men nooobHsi, TO TIOMIATN BCEX COOTBETCTBYIONIUX IUIOCKMX M KPHBBIX
MOBEPXHOCTEH ITUX TeJl MPOMOPIIUOHATBHBI KBaIpaTaM JTIOOBIX COOTBETCTBYIOIUX OTPE3KOB.

Ecnu o06a u 6onee men nooobmvl, TO HX OO0BEMBI, a TakKe OOBEMBEI JIOOBIX HX
COOTBETCTBYIOIIUX YaCTEH, MPOMOPIHOHATBHBI KyOaM JTFOOBIX COOTBETCTBYIOIINX OTPE3KOB.
I[Ipuwmep. Yamka guamerpoM 8 cMm u BeicoToM 10 cM Bmemaer 0.5 nutpa Boawl. Kakux pazmepon
JOJKHA OBITH MO00HAS Yalllka, BMeIaroias 4 JJuTpa BoIbI?

Pemenwue.llockombky 4Yamku — mMOMOOHBIC NHMJIMHIAPHI, TO OTHONICHWE WX OOBEMOB paBHO
OTHOIICHHUIO KyOOB COOTBETCTBYIOIIMX OTPE3KOB ( B HAIIEM CIy4ae — BBICOT M JUAMETPOB YAIIEK ).
CrnenmoBarenbHO, BRICOTA /i HOBOU YaIlIKW HAXOAWUTCS U3 OTHOIICHUS:

(h/10)°= 4/05. Toecte h>=8-10°, otryna k=20 cu:

AHAITOTHYHO, O3 JHaMeTpa d TIONT M

(d/8)°=4/05. Toects d° =8-8°, omeyma d=16cm .
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Tema 14. DiieMeHTHI TEOPUHU BEPOSITHOCTE 1 MATEMATHYECKOM CTATHCTUKH
(mpoxoJskeHue)

Tema 14.1. luckpeTHble c1ydaiiHble BeJTUYHMHbBI

Tlousamue ouckpemuou CayuaiHol 6eludUnbl. 3aKOH pacnpeodenenusi OUCKPeMmHOU CIY4atiHOU
genuyunsl. Beposmnocmv Ouckpemmuou cay4yaiHou eeauyunsl. Xapakmepucmuku OUCKpemHoU
CYYAUHOU BETUYUHBL

Ymemsb HaxoMUTh BEPOSATHOCTD AUCKPETHOM CIy4allHOW BETMUYUHBI 110 (hopmyine bepHynu, HaxoauTh
€€ XapaKTePUCTUKHU.
3Hams:onpeaeneHne JUCKPETHON ClIydyailHOW BEJTMYMHBI,3aK0H €€ PacipeaeeHUs U XapaKTEPUCTUKY

3axon pacnpedenenus ciyyaHou 8e1UYUHBL

Cayuaunoii éenuuunou (c.B) X Ha3pIBaeTCsA BEIUYMHA, KOTOPas B pe3y/bTaTe ONbITA MOXKET
IPUHUMATBH TO UM MHOE 3HAYEHUE, IIPUUYEM 3apaHEE U3BECTHO KAaKOE UMEHHO.
CrnyuailiHble BEJTMUYUHBI MOXHO pa3fesuTh Ha JIB€ KATErOPUH: IUCKPETHbIE U HEMPEPHIBHEIE.

JIuckpeTHO# CiTy4aitHOM BEIMYMHOM (J1.C.B.) HA3bIBACTCs TaKas BEJIMYMHA, KOTOpas B
pe3yJIbTaTre OIbITa MOXKET IPUHUMATD ONPEEIIEHHbIE 3HAUEHUS C OIIPEIETICHHON BEPOSTHOCTHIO,
00pa3ylolye CueTHOE MHOXKECTBO (MHOXKECTBO, SJIEMEHTHI KOTOPOTO MOTYT OBITh 3aHYMEPOBAHBI).

Psoom pacnpeodenenus n.c.B. X Ha3pIBaeTCs TaOINIIAa COOTBETCTBUS 3HAYCHHUH CITyJaitHOM

BCJIIMYHUHBI U UX BCpOHTHOCTCfI.

Secs p = P(X =x); Y p, =1.
i=1

bunomunanouoni 3axon pacnpedenenuss CrnydaiiHas BeMMYMHA X  UMEET OUHOMUANbHOE
pacnpeoeneHue, €Clli OHa 03HaYaeT KOJIMYECTBO MOSIBICHUI cOObITHS A B 7 HE3aBUCHUMBIX OIBITAX.
BeposITHOCTB Kax10r0 3HAYSHHS 3TOH CIydyaifHOM BETUYMHBI MOXXHO HalTH 110 ¢opmyine bepHymu.

P(X =k)=P.(k)y=C‘p“q"™*,  k=012,..
Yucnoevle xapakmepucmuku OUCKPEMHbIX CYYAUHBIX 6CTUYUH
Mamemamuueckoe odxcuoanue 0.c.s.

[Ipu pemieHun MHOTMX 3amad ObBIBAa€T JOCTATOYHBIM 3HAHME HECKOJBKHX YHCIOBBIX
XapaKTEpUCTUK ClIydailHOM BenuuyuHbl. OIHOM M3 TaKMX BaXHEMIIMX YHUCIIOBBIX XapaKTEPUCTHUK
ABIIICTCS Mamemamuieckoe o0dcuoaHue, KOTOpPOe TMPUONMKEHHO paBHO CpeJHEMY 3HAUYEHHUIO

CIIy4aifHOM BEJIMYMHBI, BOKPYT KOTOPOTO IPYNIUPYIOTCS Bee €€ ocTajabHble 3HaueHus. Tak, Harnpumep,
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Ipu W3y4EHUH pACIpeNeTeHUs] HEKOTOPOro SKOHOMHYECKOTo IMoKaszareis padoTel ganHoro CMY
MPEXJI€ BCETO MHTEPECYIOTCS €r0 CPETHUM 3HAUCHHUEM.
Mamemamuyeckum  odxcuoaHuem  JITUCKPETHOM  CIydalHOM  BEJIIMUMHBI  HA3bIBACTCS  CymMMma
MIPOU3BEJCHUN BCEX BO3MOXKHBIX 3HAUYEHUM CIIy4YalHOW BEJIMYMHBI HA UX BEPOSITHOCTH:
n
M(X)=xp +2,p, +.+ 2,0, =2 %D,
i
Jucnepcus u cpeonee keadpamuueckoe OmKIOHeHUe
Ha mnpaktuke dacto TpeOyeTcs OILIEHHTh pacCessHUE BO3MOXKHBIX 3HAUCHHM CITydailHOM
BEJIMYMHBI BOKPYT €€ cpenHero 3HaueHus. Hanpumep, B apTuiepun BaKHO 3HATh, HACKOJIBKO KYYHO
JSATYT CHApSABI BOJIM3H 1ETTH, KOTOPast JOJIKHA ObITh MOpaXKeHa.
Jlucnepcueii (pacceusanuem) NTHCKPETHOW CIydalHOW BEJIMYMHBI HA3bIBAETCS MAaTEMAaTHYECKOE

OXXHNJaHHUE KBaJIpaTa OTKIIOHCHUSA cnyqaﬁHoﬁ BCIIMYHHBI OT €€ MAaTECMATUYCCKOT' O OKUJAaHU .
2
D(X)=M[X -M(X)].
JUist BBIYMCIICHUS IUCTIEPCUN YacTO ObIBAeT y100HO MOJIb30BaThCs CICAYIOLICH TEOPEMOIA:

Teopema. [ucnepcusi paBHa Pa3HOCTH MEXAY MaTeMaTHYECKUM OXXHAAHUEM KBaJpaTa CIy4yalHOU

BEJIMYMHBI X ¥ KBaJPAaTOM €€ MaTEMaTUIECKOIrO OKUJaHMS:
2 2
D(X)=M(X*)-[MX)].
Cpeonum xeadpamuieckum OmKIOHeHuemM CIydalHON BeNNYMHBI X Ha3bIBAE€TCs KBaJpaTHBIN

KOPEHb U3 TUCTICPCUH:
(X)) =D(X).

Tema 14.2. OcHOBHBIC MOHATUA MATEMATHYECKON CTATHCTHKH

Onpeodenenue mamemamuyeckou cmamucmuku. [lonsamue eenepanbHOU cOBOKYNHOCTIU.
Bapuayuonnwiii pad. @ynxkyuu pacnpedenenus. [Ipedcmasnenue 0anuvix (maoauysl, Ouazpammol,
epaghuxu, nOIUSOH, 2UCMOSPAMMA)

Ymemsb: IpeicTaBIATh TaHHBIE CTATUCTHYECKOTO PaCTIpeACTICHHS

3nams: OCHOBHBIE ITOHATHS MAaTEMATUUYECKON CTATUCTUKH

Mamemamuueckas cmamucmuka — pa3ien MaTeMaTHKH, B KOTOPOM H3Yy4arOTCsS METOHIbI cOopa,
cUcTeMaTH3alMid W OOpadOTKH pe3ysbTaTOB HAONIONEHUH MAaCCOBBIX CIYYaWHBIX SIBICHUHA IS
BBISIBJICHHUS CYIIECTBYIOIIUX 3aKOHOMEPHOCTEH.

1Ipeomemom mamemamuueckol cmamucmuky SBISETCS W3YYEHUE CIyYalHBIX BEJNIWYMH (WIH
CITy4alHBIX COOBITHIA, TTPOIIECCOB) MO pe3yJIbTaTaM HaOII0ICHUH.

I'enepanvHoii co80KYNHOCMbIO HA3BIBACTCS — COBOKYITHOCTh BCEX IMOMJICKAIINX M3YyYCHHUIO OOBEKTOB
HUJIM BO3MOXHBIX PE3YJIbTATOB BCCX MbBICIUMBIX HaGHwHeHHﬁ, MMPOU3BOAMUMBIX B HCU3MCHHBIX

YCJIOBUAX HAJl OJHUM 00BEKTOM. 3aqaCTon MMPOBOAUTL CIIJIOIITHOC O6CJIG,Z[OBaHI/Ie, KOTla U3y4aroTcsd
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BCE OOBEKTHI, TPYAHO WUJIHM JOPOT0, & MHOTAA U HEBO3MOXHO. B 3THX cilydasx HaWIydIIMM CIIOCOOOM
o0cIieZIoBaHUs SIBISIETCS BHIOOPOYHOE HAOJIOACHUE: BEIOMPAIOT U3 FeHEPATbHONW COBOKYIMHOCTH 4acCTh
ee 00BEKTOB («BBIOOPKY») U MOABEPTAIOT €€ U3YyUCHHUIO.

Buvibopounoii  cosoxynnocmouio  (6b100pKol) HA3BIBAIOT COBOKYITHOCTH OOBEKTOB, OTOOpPaHHBIX
cllyyailHBIM  00pa3oM M3 TIeHEepaJbHOM COBOKYNMHOCTH. bomee crporo: BbeIOOpKAa — 3TO
[IOCJIEIOBATEIBHOCTD X1, X2, ... X, HE3aBUCUMBIX OJMHAKOBO PACIPEACICHHBIX CIy4alHbIX BEJIWYUH,
pacupenciieHHe KaKI0M M3 KOTOPBIX COBIANAET C pPACHPENEIICHUEM TI€HEPAJbHON CIly4alHOU
BEJIMYMHBI.

Yuciio o0beKTOB (HAOMIOIEHU) B COBOKYITHOCTH, T€HEPAJbHOW WIJIM BBIOOPOYHOM, Ha3bIBACTCS €¢
06vemom; 0003HAYaETCsl COOTBETCTBEHHO uepe3 N u n. KoHkpeTHbIe 3HaUeHUs1 BBIOOPKH, TOJTY4YEHHBIE
B pe3yiabTare HaOMONeHUN (MCIBITaHWI), HAa3BIBAIOT peanusayuell GvlOOpKU W 0003HAYAIOT
CTPOYHBIMHU OYKBAMU X1, X2 ...Xp.

MeTo cTaTUCTUYECKOTO MCCIEAOBAaHUS, COCTOSIIIUNA B TOM, YTO HAa OCHOBE M3YYEHHsI BHIOOPOUHOMU
COBOKYITHOCTH JI€JIA€TCsl 3aKJIIOYCHHUE O BCEH MeHEepalIbHOM COBOKYITHOCTH, HA3bIBACTCS 86100POUHBIM.
Paznmuuarot BEIOOpKH C BO3BpalieHHeM (TIOBTOPHBIE) U 0e3 Bo3BparieHus (becroBTopHBIE). B mepBom
cllydae OTOOpaHHBI OOBEKT BO3BpAIllaeTCsi B T'eHEPAIbHYIO COBOKYITHOCTh MeEpe] H3BICUCHHEM
CIIEYIOIIEro; BO BTOPOM — He Bo3Bpamiaercsi. Ha mpakTuke daine HCHONb3yeTcsi OeCrOBTOpHAs

BBIOOpKA.

Cmamucmuyeckoe pacnpedenenue blOOPKU

Ilycts m3ywaercs HekoTopas ciydaiiHas BenuuumHa X. C 3TOH 1ienbl0 Haj ciaydaiHOU
BEJIMYMHON X NMPOU3BOAMTCS PsIJl HE3aBUCHMBIX OMBITOB (HalirogeHuil). B KaXkaoM M3 3THX OIBITOB
BeJIMYMHA X NPUHUMAET TO WIM MHOEe 3HadeHue. [lycTb OHa mpuHANA 11 pa3 3HAYEHUE X1, N2 pa3 —
3HAYCHHUE X2, ...,Mk Pa3 — 3HAUYCHHE X.. [Ipu 3TOM n1 + n2 +...+ ngp = n— 00bEM BBIOOPKH.

3HaAuUEHUs X1, X2 ...Xx HA3bIBAKOTCS apuanmamu Cay4ailHol BETUYHUHBI X.

Besi COBOKYNMHOCTH 3HAa4eHUH CIy4alHOM BenMUMHBI X MpeICcTaBisieT o000 MepBUYHBIN
CTATUCTUYECKUM MaTepuaj, KOTOPHIH TOMICKHUT JalbHEHIIeH o0padoTke, Tpexae BCEro —
YIOPSAA0YCHHUIO.

Omnepanus pacmoyiOKEHUs 3HAYCHUN CIydailHOW BeNMWYWHBI (MIpU3HAKa) MO HEYOBIBAHUIO
Ha3bIBACTCS PAHIICUPOBAHUEM CTATUCTUYECKUX JaHHBIX.

[Tonyyennas TakuM 00pa3oM MOCIEIOBATENBHOCTbD X1, X2 ...X; 3HAUYCHUN CITydalHOW BEIIMYHNHBI

X (rme x, <n, <...< X, ) Ha3bIBAETCA 6APUAYUOHHBIM PSOOM.

Yucna n;, MOKa3bIBAIOIIME, CKOJBKO pa3 BCTPEYAIOTCS BAPHAHTHI X; B psfe HAOIIOICHHIA,
Ha3bIBAIOTCS Yacmomamu, a OTHOIIEHUE UX K 00BEMY BBIOODKH — OMHOCUMENbHLIMU YACMOMAMU

.
(w;), T.e. w; = ;‘, e n= i n,.
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Cmamucmuyeckum pacnpeoeieHuem 6bl00pKu W CMAmucmuieckum psooM Ha3bIBAIOT
NepeueHb BapUaHT X; BAPUALIMOHHOIO PAJIa U COOTBETCTBYIOLIUX UM YacTOT #; WJIM OTHOCUTEIBHBIX
YacTOT W;.

3anuchIBaeTCsl CTAaTUCTUYECKOE paclpezeneHue B Buie Ta0nuibl. llepBas cTpoka comepKut

BapHaHThI, a BTOPast — UX YaCTOTHI 71; (WJIM OTHOCUTENIbHBIE YAaCTOTHI).

Omnupuueckas ghyHkyusa pacnpeoenenus

OngauM u3 croco0oB 00pabOTKKM BapUAIIMOHHOTO PsiJia SBISETCS MOCTPOSHUE IMITUPHICCKON
(GyHKLINU pacnpeaeIeHUs.

Omnupuueckoii (CTaATUCTUYECKOH) ¢hymryueii pacnpedenenus HaszpiBaerca (ynkumus F*(x),
ompeeNsomas OIS KaKIOr0  3HAYeHHUS X OTHOCHUTENBHYIO  YacTOTy  COOBITHS
(X < x}kF (x) =p"{X < x}.

Jlig HaX0XACHUS 3HAYeHU N SMIUPUUECKON (QYHKIIMU YI0OHO MOIb30BaThes (popMynoi
F(x) =2,
r7ie 7 — 00beM BBIOOPKH, 7 — YUCIIO HAOIIOIeHNH, MeHbITUX X (X € R).

OMnupudeckast QyHKIHsS 00J1a1aeT CIeIyIOIIMMHA CBONCTBAMHU:

1. 3navyeHust SMOIUPUIECKON QYHKITUN IPUHAIIICKUAT OTpe3Ky [0,1].

2. F*(x) — neyObIBaromas GyHKIHs.

3. Ecim x; — HauMeHblIas BapuaHTa, a X, - HauOonpmas, To F*(x;)=0 mpu

x=x,u F*(x,)= lopux > x.

Tonueon u cucmoepamma

Craructrdeckoe pacmpeneiieHne u3ooOpaxkaercst rpadudecku (11l HArIsAHOCTH) B BHJIE TaK
Ha3bIBAEMBIX NOIUCOHA T SUCOCPAMMUL.

Hucxkpemmnoe pacnpeoenenue npusnaxa X

[TonuroH, Kak MpPaBUIIO, CIYKUT I U300paKEHUSI TUCKPETHOTO (T.€. BAPUAHTHI OTINYAOTCS
Ha TIOCTOSIHHYIO BEJIIMYHMHY) CTAaTUCTHYECKOTO psiaa. [lonueonom yacmom HA3bIBAIOT JIOMaHYIO,
OTPE3KH KOTOPOU COEAUHSIOT TOUKH C KOOpJAWHATAMU (X1,11), (X2,12), ..., (Xk,k);

THonueonom omuocumenvbHuIX 4acmom Ha3bIBAIOT JIOMAHYIO, OTPE3KH KOTOPOH COEIUHSIOT
TOYKH ¢ KoopauHatamu (x1,w1), (x2,w2), ..., (Wk,pk), TOE X; - BApUAHTHI BEIOOPKU;

BapuaHTHI X; OTKIIQIBIBAIOTCS HAa OCH a0CIIUCC, & YaCTOTHI M, COOTBETCTBEHHO, OTHOCUTEIILHBIC
YacTOTHl — Ha OCH OpAMHAT. [I0OJIMIOH OTHOCHTENBHBIX YACTOT SIBJISIETCS CTATHCTUYECKUM aHAJIOTOM
MHOTOYTOJIbHUKA PacIpeIeTIeHUS.

Henpepuisnoe pacnpedenenue npusnaxa X
Jlnisi HempepBIBHO PACHPEENICHHOTO MpU3HaKa (T.e. BaApHAHTHI MOTYT OTJIMYATHCS OIMH OT

JIPYroro Ha CKOJIb YTOAHO Majyl0 BEJIWYHHY) MOXKHO MOCTPOUTH HOJUIOH YacTOT, B3SB CEPEIUHBI
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UHTEPBAJIOB B KayecTBE 3HAYCHHUU X1, X2,.....Xk.  bollee ymnoTpeOuTelbHA TaK Ha3blBaeMas
TUCTOIpaMMa.
l'ucmozepammori yacmom Ha3bIBAIOT CTYNEHYATYIO (QUTYPY, COCTOSIIYIO U3 MPSIMOYTOJbHUKOB,

n:
OCHOBAaHHUAMU KOTOPLIX CIIYXKAT YaCTUYHBIC MHTCPBAJIbI AJIMHbBI h, a BBICOTBI paBHbI OTHOIICHUIO ? —

IIJIOTHOCTH 4YaCTOThI.

. L
[Inomane 4YacTMUYHOTO i-r0 TMPSMOYTOJbHUKA paBHA hf =m; — CyMME€ YacTOT BapHaHT,

[IONABIIUH B - UHTEPBAI.
OueBUIHO, MIIOLIAIb TUCTOIPAMMBI YaCTOT paBHA CYMME BCEX 4acToT, T.e. 00beMy BBIOOPKHU.
T'ucmozpamma OmHOCUMENbHBIX YACMOM HA3BIBAIOT CTYNEHYATYI0 (GUIYpY, COCTOSILYIO H3
IPSAMOYTOJIbBHUKOB, OCHOBAaHUSIMH KOTOPBIX CIY’KAaT YaCTUYHbIE HHTEPBAJIbI JUINHBI /1, @ BBICOTHI PABHbI

W
OTHOIICHHUIO f — IINIOTHOCTHU OTHOCHUTCJIBHBIX YaCTOT.

; — CYMMC 4YacCTOT BapHaHT,

. Wy
[Imomaae 4acTUYHOrO i-ro MPAMOYrOJIbHUKA pPaBHA h?‘ =n,
MOTABIINH B i-i HHTEPBAJ.
OueBUAHO, IUIOWAAb THUCTOIPAMMBI OTHOCUTEIBbHBIX YacTOT paBHA CyMME€ BCEX
OTHOCHUTEIIBHBIX YacTOT, T.C. CAMHHIIC.
3amanueNel. [locTpouTh  MOJMWIOH  YacTOT MO  JAHHOMY  pPAaclpeieNieHHuI0  BBIOOPKHU:

Penrenue.

X |1 4 |5 |7 OTtmeruM Ha ocu abOcuucc BapuaHThl X;, a Ha OCH OpAWHAT —

n 120 (10 |14 |6 COOTBETCTBYIOIIME MM YaCTOTHI ™;, COCIWHUB TOYKU (X;7;) OTpe3KaMHu

MMPAMBIX, ITOJTYIUM WCKOMBIH ITOJIMTOH YacTOT.

L d
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3amanue Ne2. ITocTpouTh rUCTOrpaMMy YacTOT 110 JAHHOMY pacIipeielIeHUI0 BEIOOPKU 00beMa

n=100:

Houmep HacTHaHsIi HHTEpRAT Cwnia 9acToT BApHaHT IlnoTHOCTE 9acTOTRL
HHTEpEATa HHTEpEATa
1 Xy T Xppq LT N
h
1 1-5 10 2.5
2 39 20 3
3 9-13 30 12,5
4 13-17 12 3
3 17-21 i 2

Pewenue. TToctpoum Ha ocu abcuuce 3ajaHHbIE HHTEPBAIBI THHBI =4, [IpoBeaem Haa dSTUMU
WHTEpBaJaMHu OTPE3KH, MapajuiebHbIe OCH a0CIIUCC U HAXOAIIMECS OT Hee Ha PACCTOSHUSX, PaBHBIX

COOTBETCTBYIOLIUM IIJIOTHOCTSIM yacTtoT. Hanpumep, Hag unrepsaiom (1,5) moctpoum

= | 2

|
Lh

|

L J

OTpe3ok, mapaiyieNbHbII 0CH a0CIIUCC, Ha PACCTOSTHUU
Ty

h o4

['mcTorpamma 4actoT n3o0pakeHa Ha puc.

2,5,

Konmponvhuvie 6onpocwi
1. IlpencraBieHue TaHHBIX, TeHEpaIbHAsl COBOKYITHOCTb, BEIOOPKA, cpe/iHee apuMeTHIecKoe,
Me/liaHa.
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YpaBHeHHS U HEPABEHCTBA ( JONOJHUTENbHBIA MaTepUa)

PaBHOCH/IbHBIE yPABHEHHS M HEPaBeHCTBA.
Pagnocunvnvie ypaguenus.

YpaBHenud, UMewLMe OJHO U TOXe MHOXKeCTBO KOPHeH, Ha3bIBAlOTCSA PAaBHOCUJIBHBIMH.
Hanpumep, ypaBHeHust 4x-3=2x+3 u 2x=0 paBHOCWIbHBI, TaK KaK KaXXJO€ W3 HUX HMEET

TONBKO OJMH KOpeHb x=3. YpasHenus (x-2)(x+5)=0 u x° +3x —10 = 0 Tak)ke paBHOCHJIBHBI, TaK KaK
OHM MMEIOT OJIHH M T€ e KOPHU X, = 2,X, = —5. VpaBHenus 2x=4 u 3x’ =12 He PaBHOCUIIBHBI, TaK
KaK IIEpBOE€ MMEET KOPEHb X=2, a BTOPOE — KOPHH X, = 2,X, = —2. M3 onpeneneHus paBHOCUIBHOCTU

YPaBHEHUH CJIENYET, YTO JBa YPAaBHEHHs PABHOCHUIIBHBI, €CIIM KaXKIbI KOPEHb IIEPBOr0 YPAaBHEHUS
ABJIIETCS. KOPHEM BTOPOTO YpaBHEHHS U, HA00OPOT, KaXJblii KOPEHb BTOPOrO ypaBHEHUS SIBIISETCS
KOPHEM IIEPBOTO YPAaBHEHUS. YpagHeHus, He umeioujue KOpHel, maxiHce Cuumarom pagHOCUIbHbIMU.

N3 xypca 7 kiacca BbI 3HAa€TE, 9YTO MOXKHO CJENATh CICIYIONTHE TPeoOpa30BaHus YpaBHEHUN:

JT10001i unen ypagHeHuss MOXCHO NEPEHOCUMb U3 OOHOU Yacmu 6 Opy2yio, USMEHUE e20 3HAK HA
NPOMUBONOTIOHNCHBLI.

Obe yacmu ypasHeHUs MONCHO YMHONCUMb WU PA3OETUMb HA OOHO U MO JHce YUCTLO, He PABHOe
HYTTIO.

IIpu s>THX mnpeoOpa3zoBaHUAX MCXOJHOE YpaBHEHHE 3aMEHSETCS Ha PaBHOCHIIBHOE €My
ypaBHEHHE. 3aMETHM, YTO €CJIM HEKOTOpPOE BhIpa)KEHUE B JIEBOM YACTH WJIHM MPaBOW 4aCTU YpaBHEHHS
3aMCHUTb TOXIACCTBCHHO pPAaBHBIM C€MY BBIPpAXCHUCM, TO IMOJYYUTCId YPAaBHCHUC, PABHOCHUJIIBLHOC
ucxogHoMy. OHaKo HE MPH JII00OM NMpeoOpa3oBaHUK YpaBHEHUE 3aMEHSETCSl Ha paBHOCHIIBHOE.

Hampumep, mpu BO3BEICHHHM B KBajapaT OOCHMX YacTel YpaBHEHHS +/X =X —2 TOJXydaeTcs
ypaBHeHHe X =(x—2)°, He PABHOCHIBHOE HCXOJHOMY: IEPBOE YPaBHEHHME MMEET TOIbKO OJMH
KOpeHb x=4, a BTOpoe — nBa KOpHA X, =4,x, =1. B 3TOM cilydae BTOpO€ ypaBHEHHE HA3BIBAIOT

CJIEICTBHEM IEPBOTO YPABHEHHUSI.
Ecnu npu nepexode om 00n020 ypasHenus K OpyeOMy HOmMepu KOpHeU He NpOoucxooum, mo
8mopoe ypasHeHue HA3blearm ciedcmeuem nepeo2o ypaewenus. Muaue, eciu 6ce KOpHU NEPBO2O
VpasHeHusl AGNIAIOMCS KOPHAMU 8MOPO20 YPAGHEHUS, MO 8MOpoe YPAGHEHUE HA3bIBAEMCs Clle0CmaueMm
nepeoco YpasHeHUs.
U3 sToro onpeneneHus u onpeaeacHusl paBHOCHIBHOCTH YPaBHEHUH CIIEyeT, 4To:
1. ecnu Ba ypaBHEHUS PAaBHOCUJIBHBI, TO KaXKJ0€ U3 HUX SIBJISIETCS CIEICTBUEM JIPYTOTO;
2. ecnu KaxJo0e W3 JABYX YpPaBHEHHH SBISETCS CIEACTBUEM JAPYroro, To 3TH ypaBHEHUS
PaBHOCHUJIBHBI.
[Ipu pemieHur ypaBHEHU TJIaBHOE — HE MOTEPSITh KOPHHU, a HAJWYUE MOCTOPOHHHUX KOPHEU MOMKHO
YCTaHOBUTH MPOBEPKOid. [10aTOMY BakHO CIEAMTH 3a TEM, YTOOBI IIPHU NPEOOpPa3OBAaHUU YPABHEHHS
Ka)K0€ ClIeyIolllee ypaBHEHNE ObLIO CIEICTBUEM MPEIbITYIIETO.
x+1 4
x-2 x-1 (x-D(x-2)
YMHOXUB 00€ YacTu ypaBHEHHs Ha OOIIMIA 3HaMEHATeNlb BCeX Tpex aApodel, T.e. Ha (x—1)(x—2),

Ilpumep: Pemnthb ypaBHEHUE

nonydaem 2x(x —1)—(x +1)(x —2) =4 ,otkyna x* —x—2=0,x, =2,x, =—1.

IIposepka.

1) IIpu x=2 3HamMeHarenu AByX ApoOel ypaBHEHHS paBHBI HYNIO. [lo3TOMy Xx=2 HE SBISIETCS KOPHEM
JTAHHOTO YpaBHEHUSI.

2 2
2) [Ipu x=-1 neBas 4acTh ypaBHEHHUS paBHA 3 MpaBasi 4acTh paBHA 3

OtBet: x=-1.
3aMeTHM, 4TO Uil TPOBEPKU KOPHS x=-1 JOCTAaTOYHO YBHJETh, YTO 3HAMEHATENU IpoOel ypaBHEHUs
npu x= -1 He paBHBI HYJIO (€C/IM, KOHEUHO, NMPU PEIICHUH YPaBHEHUS HE JOMYyIIeHbI ommoOku). [Ipu
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2x _x+1_

eIICHUN 3a1a4n u3 aBHEHUS = MOJIY4EHO
P P x=2 x-1 (x-D(x-2) 7
ypaBHeHue 2x(x —1) - (x+1)(x -2) =4, KOTOpoO€e SIBIISACTCS CIIECTBUEM ypaBHEHUS
2x _xtl = 4 . Kopenp x, =2ypaBHeHus 2x(x—1)—(x+1)(x—2)=4 He saBugercs
x=2 x-1 (x-D(x-2)
2x  x+1 4

KOpPHEM YpaBHCHUSA Ero Ha3eiBaroT NnOCMOPOHHUM KOPDHEM.

x-2 x-1 (x-Dx-2)

Ilocmoponnue KopHu Mmo2ym ROAYYUMbCSA NPU YMHONCEHUU 0Oeux uacmell YpasHeHus Ha
gvipadicenue, cooepacaujee Heu38ecmHoe.

Ilomeps kopHeii modcem npouszoumu npu OeleHuu odeux yacmell ypasHeHus. Ha 8blpadiceHuUe,
cooepoicawjee Heueecmuoe.

Wtak, npu penieHN ypaBHEHUS MOKHO JIeNaTh TOJIbKO TaKHe MpeoOpa3oBaHus, MPU KOTOPHIX
HE MPOUCXOIUT MOTepHU KOpHEH. Eciiu npu 3TOM monyyaroTcs ypaBHEHHsS - CIEACTBUSL JAHHOTO, TO
HeoOXoarMa poBEepKa HAMICHHBIX KOPHEH.

Pasnocunvnvie nepagencmaa.

PaBHOCMIIBHOCTh HEPAaBEHCTB C HEM3BECTHBIM OIpenaesseTcss aHanoruyHo. HepaBeHcTBa,

MMEIOLINE OHO U TO )K€ MHOXKECTBO PELIEHHM, HAa3bIBAIOT PABHOCUTLHBIMU.

[Tpumep: Pemuth HEpaBEHCTBO 52— >1.

x +1
Tak kak x° +1>0 Tpu Bcex AEHCTBUTENBHBIX 3HAYEHHAX X, TO, YMHOKHB HEPABEHCTBO Ha X~ +1,
ToJydaeM HEpaBeHCTBO 5x —3 > x° +1, paBHOCHIbHOE JaHHOMY. Pelllast 3T0 HEpaBeHCTBO, HOyYaeM
¥ =5x+4<0,(x—1)(x—4)<0,0otkyma 1< x<4.

Pemienue cucreM ABYX JIMHEHBIX YPaBHEHUI ¢ IBYMS NepeMeHHbIMM.

Pewenue cucmem ypasnenuii ¢ nomowwto popmynvt Kpamepa.
Onpedenumensy 6mopozo nopsioka. Popmyna Kpavepa.

VYpaBHeHHe C ABYMsl NEPEeMEHHBIMH X W y 3amuceiBaorcs B Buae f(x,y)=0, roe f —
BBIPAKEHHUE C NIEPEMEHHBIMU X U y. PelleHreM Takoro ypaBHEHUsl HA3bIBAETCs YIOPSAJOUYEHHAs napa
gucen (x,,y,), IpU IHOIACTAaHOBKE KOTOPBIX B JAaHHOE YPaBHEHUE IIOJIy4aeTCs BEPHOE YHCIOBOE

paBeHCTBO f(x,,,)=0.
Cucrema ypaBHEHHH C IByMsI IEPEMEHHBIMH X M y B O0IIIEM BUJIE 3aITUCHIBACTCS TaK:

fx,y)=0

g(x,»)=0
PemienneM cucTembl ypaBHEHHMM HA3bIBACTCS YIOPSNOYCHHAs Iapa 4YUCEll, SBIIIOLIASACA pELICHUEM
KaXJ0r0 W3 YpaBHEHUW, BXOIAIIMX B cHUcTeMy. JIBe cuHCTeMbl ypaBHEHMH Ha3bIBAIOTCS
paBHOCI/IJII:HI:IMI/I, €CJIM MHO>KECTBaA pemeHHﬁ 9TUX CUCTEM COBIIAJAIOT.

Onpedenumens 6mopo2o nopsi0ka PaBeH TPOU3BEICHUIO JJIEMEHTOB, PACIOJIOKEHHBIX Ha
I‘JIaBHOI\/'I auaroHajaiu MI/IHyC HpOI/I3Be,Z[€HI/Ie DJICMCHTOB, paCHO.HO)KeHHBIX Ha HOHOHHHTCHBHOﬁ
JaruaroHalin. HJ’IH 0003HaUYeHUA OMMPECACIIUTEIA HUCIIOJB3YHOTCA BEPTUKAJIBHBIC YCPTOYKH U IIPOIHCHAA
oykBa A. T.e.

b
A =det(4) = “ b] =ab, —a,b,,

a, )
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HJIH, CXEMaTHYCCKH

" psIMOE TIPOU3BECHUE (TaBHas TUAroHasb)

nn

KOCO€ IIPOU3BeJeHUE (JOMOTHUTENbHAS AUAroHalb)

ax+by=c
o - 1 1 1
CucremMa ABYX JIMHEWHBIX YpaBHEHUU C ABYMS MEPEMEHHBIMU 5 " IpH YCIIOBUH,
a,x+b,y=c
2 2 2

4TO OHNpCACINUTEIIb CUCTEMBI OTJIMYHBIM OT HYJISA, UMCCT CAMHCTBCHHOC PCIICHUC, KOTOPOC HAXOJUTCA

¢ b a, ¢
Cz b2 Ax . az cz Ay
mo d¢opMynmaMm x=———=—;y=1———=—— 0OTH PaBCHCTBAa HA3bIBAIOTCSI (POopMyITaMHl
a b| A a, b| A
a, b, a, b,

Kpamepa.

Ecnu ke ompenenuTenh paBeH HYNIO, TO CHUCTEMa SBISIETCS, JTMOO HECOBMECTHOW (Korna
Ax # 0,Ay # 0), mubo Heonpenenennoi (korga Ax = Ay = 0). B mocnennem ciydae cuctema CBOJIUTCS
K OJJHOMY YPaBHEHHUIO, a IPYroe ABIAETCS CIEICTBUEM DTOIO YPaBHEHHUS.

Pemenue cucrem Tpex JTHHEHHbIX YPABHEHHH ¢ TPeMs IlepeMEeHHbIMU.

Pewenue cucmem ypasuenuii ¢ nomowwto popmyavt Kpamepa.
Onpedenumens mpemve2o nopsoka. Popmyna Kpamepa.

a;; 4y dps
IlycTs naHa KBaJpaTHAs MATPHIIA TpeThero mopsiaka A =| ay; a,, sy,
as) dzp dszg

Onpedenumens mpemve20 NOpsAOKa PaBeH TNPOU3BEICHHUIO 3JEMEHTOB, PACIOJIO0XKEHHBIX Ha
[JIaBHOM JHMaroHajqy IUTIOC JIBa TPOM3BEICHMSI DJIEMEHTOB, OTBEYAIOLIUX TPEYroJbHUKAM C
OCHOBAHUSIMU, MapajuleIbHBIMA  TJABHOM  JIMaroHalld; MHUHYC IPOU3BEJCHHUE DJIEMEHTOB,
pPAcrOJIOKEHHBIX Ha JIOTOJIHUTEIBHOW JUaroHalli W MHHYC JiBa TPOU3BEACHUS DJIEMEHTOB,
OTBEYAIOUIUX TPEYTrOJIbHUKAM C OCHOBAHUSAMH, MMAPAILIETbHBIMU JOMOIHUTEIIBHOW TUArOHAIIH.

a dyp 4
Ay Ay Ay3| = Ay Ayydss + ApyAy3dsyy + 430,03, — Ay30y03 — 4110303, — d1Hdy A3
a3 dz ds3

FCOMeTpI/I‘ICCKI/I 9TO BBITIIAJUT TaK:

"+" "n_mn

Cucrembl THHEHHBIX YPABHEHHUH.
Cucmema nunelnvix ypagHeHuil AMEET BUI:
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ay X, +ax, +...+a,x, =b,
Ay X| + Ay X, +...+ay, X, =b,,

(1)

A X+ aAppXy +...+a,,x, =b,.
3nech a; — KO3POUIMEHTHI NPU HEU3BECTHBIX, b; — CBOOOIHBIC HYJICHBI, a X; — HEU3BECTHEIC.
Ecnu Bce cBOOOMHBIC WIEHBI paBHBI HYJIIO, TO CHCTEMa HA3bIBAETCS OOHOPOOHOU, €CIU ke, XOTs Obl
OJIHO W3 HUX OTIUYHO OT HYJIS, TO HEOOHOPOOHOI.
Hcnons3ys moHATHE TPOU3BEICHUS MATPHIl, MOXKHO TiepenucaTth cuctemy (1) B Bune: AX = B,

al 1 alz see aln

dy1 Gy - Gy,
rne A= — MaTpuIla, cocTosmas u3 Kod((GUIIMEHTOB P HEM3BECTHBIX CUCTEMBI

a, 4, - a,,

(1), koTOpas Ha3BIBACTCS Mampuyel Cucmemul,

X b

X2 b,
X=|"7|,B=| "7 | — BEeKTOp-CTOJOIIBI, COCTABIICHHBIE COOTBETCTBEHHO M3 HEU3BECTHBIX X;

xl’l bm

1 U3 CBOOOIHBIX YIEHOB b;.

YnopsimoueHHasi COBOKYITHOCTh # BEIIECTBEHHBIX YHUCElN (Ci, C2,..., Cn) HA3BIBACTCS peuteHuem
cucmemut (1), ecmu B pe3yabTaTe MOJCTAHOBKH 3THX YHCE]I BMECTO COOTBETCTBYIOIIUX MEPEMEHHBIX
X1, X2,..., Xp KaXJ0O€ ypaBHEHUE CHUCTEMBI OOpaTUTCS B apuU(PMETHUECKOE TOXKIECTBO; IPYTUMHU

G

c .
cII0BaMH, eciu cymecTByer Bektop C = | 2 | Takoii, uto AC = B.

C}’l
a, a, ... a,, |b
* | ay Ay ... ay, |b
Marpuna 4 =| 21 722 2n |72 | 0Opa3oBaHHAs IIyTeM IPUIIKCHIBAHMS CIIpaBa K
Apui Ao --r Ay bm

MmaTpulie A cTondiia CBOOOIHBIX YWIEHOB, HA3BIBACTCS pACULUPEHHOL MaAMPUyel CUCTeMbl.
Cucrema (1), umeromiast Xotst ObI OJTHO pEIICHUE, HA3BIBACTCS COBMECMHOL, UMEIOIIAsi TOIHKO
OJIHO pelIeHHE onpedesieHHoll, UMEeIoIas 60oJiee OJTHOTO PEUIeHUs — HeonpeoeneHHOl, He UMEIoIIast HA
OJIHOTO PEUIEHUS — HECO8MECMHOLL.
Pewums cucmemy (1) — 3T0 3HAUUT yKa3aTh BCE MHOXKECTBO €€ PEIICHUN WIHM J0Ka3aTh €e
HECOBMECTHOCTb.
Ecnu nag cucremoii (1) BEIMOTHUTH KaKue-THOO0 U3 CIEAYIONIUX MPEOOPa30BAHMIA:
1) moMeHsTh MecTaMU ypaBHEHUS,
2) YMHOXHTH 00€ 4acTu JTF0O0TO ypaBHEHHUs CUCTEMBI Ha JIF000E HEe pPaBHOE HYJIO YHCIIO;
3) npubaBUTH K 00€UM YaCTAM OJHOTO U3 YPAaBHEHUU CUCTEMbI COOTBETCTBYIOIIME YACTH JIPYTOro
ypaBHEHHUS, YMHOKCHHBIE Ha TI000€ JEHCTBUTEIHLHOE YHUCIIO,
To cuctema (1) mepexoauT B pPaBHOCHIBHYIO €l cuctemy. IlepednciieHHbIe BBINIE MpeoOpa3oBaHUs
Ha3bIBAIOTCS  DJIEeMEHMAapHbiMU  npeobpazosanuamu  cucmemvl. B pe3ynbraTte 3JIeMEHTapHBIX
npeoOpa3oBaHUil MOXKET CIYYUTHCS, YTO B CHCTEME IIOSIBUTCS YypaBHEHHE, Bce KOA(P(UIIUEHTHI
KOTOPOTO paBHBI HyI0. Toraa, eciu u cBOOOTHBIN YICH 3TOTO ypaBHEHUS PaBeH HYIIO, TO YPaBHCHHE
CIPaBEJIIMBO MPH JIOOBIX X1, X2, ..., Xn U, CIIEOBATEIHHO, €M0 MOXKHO OTOpOCUTh. Ecnu ke cBOOOIHBIIH
YJICH HE PaBEH HYIIO, TO 3TO YPaBHEHHE HE YIOBJICTBOPSCTCS HUKAKUMHU 3HAYCHHUSIMH HEH3BECTHBIX,
CJIEIOBATENbHO, TMOJy4YeHHas CHUCTeMa SBIsIeTCS HECOBMECTHOW. Torja HEeCOBMECTHAa M HMCXOJHas
CUCTeMa.
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Teopema Kponexepa-Kanennu. (Jleononvo Kpouexep (1823-1891) nemeyxuti mamemamux)

Cucrema JTUHEHHBIX ypaBHEHMil COBMECTHA TOTJia M TONBLKO TOTJa, KOraa paHru Matpui] 4 u A
COBIAJAIOT.

PaccMOoTpuM CUCTEMBI JIMHEMHBIX YpaBHEHMM, B KOTOPBIX YHUCJIO YPABHEHUN DPAaBHO YUCIY
(
a; X, + apx, +...+a,x, =b

Ay X, +ayX, +...+a,,x, =b,
HEU3BECTHBIX . (2)

a,x, +a,x,+..+a,x, =b,

Takue CUCTEMBI PEMIAIOTCS OTHAM M3 CIEAYIOIIUX CIIOCOOO0B:
1) memooom Kpamepa;

2) memooom I aycca, ima MemoOom UCKTIOUEHUsL HeU3BECTHDIX;
3) mampuyunviM MemoooMm.

Meton Kpamepa.
(I'abpuenv Kpamep (1704 — 1752) weetiyapcxuti mamemamux)
JlaHHBIM MeTOa NMPUMEHWM TOJBKO B ciydae, eciu cuctema mmeer Bun (4). Kpome storo,
HEO00XO0UMO, YTOOBI OTIPEACTUTENIh MATPUIIBI CHCTEMBI He paBHsuIcs (.
det A=0;
Teopema. Eciu onpenenutens MaTPULIbI CUCTEMBI (4) OTJIIMYEH OT HYJs, TO 3Ta CUCTEMa UMEeT
€IMHCTBEHHOE pPelIeHHEe, KOTOpoe HaxoauTcs o ¢popmynam Kpamepa:

rae A = det 4, a A; — onpenienuTeNb MaTPULIBL, TOJTy4aeMON U3 MaTPULIBI CUCTEMBI 3aMEHOU CTOJIONA j
CTOJIOIIOM CBOOOAHBIX YJICHOB b,

ayy - Gy boayy ay,
A= Ay «on Gy Dy Gy oo @y,
Ay -r Qyy b, ayy ...a,

ap X, +ap X, +ap3x = b
Tak, HanpuMep, U1 CUCTEMBI U3 TPEX YPABHEHUM 4 Uy X| + Uyr Xy + Ap3 X3 = b2

a3 %) + a3y X, + as3x; = by

a ap a3 b a, ap a, b ap a,, ay b
A=|ay ay ay |5 Ai=|by ay ayl; A=lay by ayl; As=lay ay byl;
az) dzp dszg by as, as; ay; by ay; as; ay, by
A A A
x1=—L:  xp= —2: 3= —>.
A A A

PanmnoHabHbIe H MPPALMOHAJbHbIE YPABHEHMS.
OcHognble npuemsl ux peuieHus (PaznodtceHue Ha MHONCUMENU, 66e0eHUe HOBbIX HeU3BECHIHDIX,

noocmanosKa, epaguueckuii memoo). Mzoopasicenue Ha KOOPOUHAMHOU NAOCKOCMU MHONCECEA
peweHull ypagHeHull U HepaseHcme ¢ 08YMs NePEMEHHbIMU U UX CUCTEM.
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@ynkuns Buga P(x) = ayx, +ax, —1+a,x, =2+..+a,—x+a,,
rIe n — HaTypalbHOe, d,,d,,d,,...,d,— HEKOTOpble NEHCTBUTEIbHbIC YMCIIA, HA3BIBACTCS LIEJIOH
panroHaIbHON (PYHKITHEH.

VpaBuenue Buga P(x)= 0, roe P(x) — uenas panuoHanbHas (QYHKLIMSA, HA3bIBACTCSA IIEJBIM
palMOHAIbHBIM YPABHEHUEM.

R P P _
00 0. 0,

YpaBHeHue BUIa

b

rae P (x),P(x),....P (x),0,(x),0,(x),...,0, (x) — uenble pauuoHaIbHbIC (DYHKINU, HA3bIBACTCS
palnroHaIbHBIM YPABHEHUEM.

P
Pewenue payuonanvnoco ypasnenus (x) =0, 20e P(x) uQ(x)— muozounenvi(Q(x)=0),

O(x)
ceooumcs K peweHuro ypaeuenus P(x)= 0 u nposepke mozo, umo KopHu y0081emeopsiom yciosuio
0 (x) =0.
OcnogHbvle Memoobl peuieHus payuoHAaIbHbIX YPAGHEHULL.
1) Ilpocteitmme: pemarTcs TyTEM OOBIYHBIX YIOPOIICHUH — TMPUBEICHHE K OOIeMy

3HAMEHATEI0, IPUBE/IeHNE TI000HBIX YIEHOB U Tak nanee. KpaapaTHsle ypaBHeHus ax> + bx + ¢ = 0

—b++/b* —4dac

2a

PELIAIOTCS 10 BBIBEICHHOH HaMu popmyste X, , =

c
Taxxe ucrons3yercs teopema Buera: x, +x, =—, xx, =—
a

2) I'pynnupoBka: myTéM TpYNIUPOBKH CllaraeéMbIX, MNPUMEHEHHS (GOpMYT COKpauEHHOIO
YMHOXXEHUSI TPUBECTH (€CIM YAacTCsl) ypaBHEHHE K BHJY, KOT/Ia CJIeBa 3alHCAHO IPOU3BEICHHE
HECKOJIbKMX COMHOXUTEJIEH, a chopaBa — HOJb. 3aTe€M MPUPABHUBAEM K HYJIIO KaXAblM U3
COMHOKHTEJIICH.

3) IloncraHoBka: HIEM B YypaBHEHHU HEKOTOPOE IIOBTOPSIOIIEECS BBIPAKEHUE, KOTOPOE
0003HaUYUM HOBOW IEPEMEHHOW, TEM CaMbIM yIpolas BHUJ YpaBHEHHs. B HEKOTOpHIX ciydasx
OYEBHIHO YTO yI00HO 0003HaunTh. Hampumep, ypaBHeHHE

x*+x-5 3x x*+x-5
+— +4 =0, nerko pemaercs ¢ NIOMOMIbIO MOJACTAHOBKM ——— =1,,
X (x*+x-95) X
[OIy4aeM t+—+4=0
t

2_4 =t Torma

Wm: 21/ (x* — 4x + 10) — x2 + 4x = 6. 316Ch MOKHO CENaTh MOJCTAHOBKY X
21/(t+10)-t=6ur.m.

B Gonee crnoXHBIX clydasx IMOJCTAaHOBKA BHJIHA JUIIb TOCIE HECKOJIBKUX MpeoOpa3oBaHUIA.
Hanpumep, nano ypaBHeHue

(x2+2x)? = (x +1)* = 55.

Ilepenucap ero uHaue, a UMeHHO (X + 2X)> — (x> + 2x + 1) = 55, cpa3y yBUIUM MOJCTAHOBKY X’
+ 2x=t.

Umeem t> —t—56 =0, t; =— 7, t2 = 8. OcTanock pemuTs X° +2Xx =—7 u x> +2x =8.

B psine npyrux ciyyaeB ynoOHYIO MOACTaHOBKY JKeJaTelbHO 3HaTh “3apanee’. Hampumep

1) VpaBrenne (x + a)* + (x + b)* = ¢ cBoauTca k OGHMKBazpaTHOMY, eclM CJENaTh
MOJICTAHOBKY

x=t—(at+b)/2.

115



2) CuMMeTpuueckoe ypaBHeHHe (Bo3BpaTHoe) aox" + aix" ~ '+ ... + aix + a0 = 0
(k03 PUIHEHTHI WIEHOB, PABHOCTOSIINX OT KOHIIOB, PaBHBI) PEIIaeTCs C TTIOMOIIBIO MOJICTAHOBKH X +
1/x=t, ecnu n —4€THOE; €CITM N — HEYETHOE, TO YpaBHEHNE UMEET KOpeHb X = — 1.

3) VYpasaenne Buma (x + a)(x + b)(x + ¢)(x + d) = | cBoauTCS K KBagpaTHOMY, €CITU
a+tb=c+d wurnm

4) TlogOop: mpu peleHUH YpPaBHEHUH BBICIIMX CTENEHEW palMOHAIbHbIE KOPHU YpaBHEHHS

anXx" + an_1x" "'+ ...+ arx + ap = 0 ummem B BUIE p/q, TAC p — JENHUTENb a9,  — JACTUTEIb an,

P ¥ q B3aUMHO IIPOCTHL, peZ, qeN.

5) “HckyccTBO”, T.€. peliaTh NpUMEpP HECTAaHAAPTHO, MPUAYMaTh ‘“‘CBOM METOX , NOTaJaThCs
YTO-TO MPUOABUTH U OTHATH, BBIJICIHUTD MOJIHBIN KBaJpaT, Ha YTO-TO PAa3AECIUTh U YMHOXKUTH U T.1.

6) YpaBHEHMsI C MOJIyJEM: IIPU PELICHUH YpaBHEHHUI C MOJIYJEM HCIOJb3YETCS ONpeeIeHUe

f(x),ecauf (x) >0,
MOZYJISL U METOA UHTEpBAJIOB. HamomHuM, 4To | f (x)| =
— f(x),ecauf (x) < 0.
PanmonanbHble HepaBeHCTBA.
[Tycth f(x) — umncnoBas GyHKIMS OJHOTO WIIM HECKOJIBKUX MMEPEMEHHBIX (apryMEeHTOB). PemuTh
HEPaBEHCTBO
) <0 (f(x)>0) (1
— 9TO 3HAUUT HAWTH BCE 3HAUCHUS apryMeHTa (apryMeHTOB) (QYHKIMH f, TPH KOTOPBIX
HepaBeHCTBO (1) cipaBenmuBo. MHOXKECTBO BCEX 3HAYCHUU apryMeHTa (apryMeHTOB) GYHKIHH f, IPU
KOTOPBIX HepaBeHCTBO (1) cripaBeaAsinBO, Ha3bIBAETCS MHOKECTBOM PEIICHUH HEPABEHCTBA WIIHU IIPOCTO
pelIeHueM HepaBeHCTBA.

MHOK€eCTBO PEIICHUI HECTPOr0 HEPABEHCTBA

<0 (fx)20) 2)
npencTaBisier co00il oObenUHEHHE MHOXKECTBa pelieHWi HepaBeHCTBa (1) W MHOXeCTBa
pemenuit ypaBaenus f(x) = 0.

JIBa HEpaBEHCTBA CUUTAIOTCS YKBHBAJIGHTHBIMHU, €CJIM MHOKECTBA X PEIICHUI COBITAIAIOT.

[lon MHOXECTBOM JOMYCTHMBIX 3HAYEHHMH HEWU3BECTHBIX, BXOMSIIMX B HEPABEHCTBO,
MOHUMAIOT 00JIaCTh orpenencHust GyHkuuu f(x).

HepaBenctBa Buga (1) unm (2), coctaBieHHbIe IS pa3nU4HbIX (QYHKUHU fi(X), MOTYT OBITH
CBEJICHBI B CUCTEMY HEpaBEHCTB. PelnTh cUCTEMy HEPaBEHCTB — ATO 3HAUUT HAWTH MHOKECTBO BCEX
3HAUEHUU apryMeHToB (YHKIUHU fi(X), P KOTOPBIX CIPABEAJIMBHI BCE HEPABEHCTBA CHUCTEMBI
OJIHOBPEMEHHO.

["oBoOpSIT, UTO CHCTEMBI HEPABEHCTB YKBUBAJICHTHBI, €CJTM MHOYKECTBA X PELICHUI COBIAIAIOT.

CBoiicTBa pABHOCHJIbHBIX HEPABEHCTB.
[Ipy pemeHur HEPABEHCTB UCIOJIB3YIOT CBOWCTBA pPaBHOCWIBHOCTH. HepaBeHcTBa ¢ omHOU
MIEPEMEHHOM HAa3bIBAIOTCSI PABHOCHILHBIMHE, €CJTH MHOKECTBA UX PEIICHUN COBITAIAIOT.

Hanpumep, HepaBenctBa 3x > 6 U x — 2 > 0 UMEIOT OJIMHAKOBBIE MHOKECTBA PEIICHUU X E[2;
+00]. DTH HEPABEHCTBA — PABHOCUJIbLHBIE.

Hepapenctpa X > 0 u x> > 0 — HePaBHOCUIIBHBIE, TaK KaK PElIEHHe MEePBOr0 HEPABEHCTBA ECTh
MHOeCTBO X€[0; +o0], a penieHrne BTOPOro HEpaBEeHCTBA €CTh MHOXECTBO X €[-00; 0]U[0; +oo]. DT
MHO>KECTBA HE COBIAJAIOT.

[Ipu permeHnn HEPaBEHCTB BBIMOJHSIOTCS TOJBKO TaKHe MPEoOpa3oBaHMs, MPU KOTOPBIX
noJjiyyarotrcss OoJjiee MPOCTble PAaBHOCUIIbHBIE HEPABEHCTBA. JTH MPeoOpa3oBaHMsT BO3MOXKHBI IpPU
BBITIOJTHEHHUH CJICYIOIINX CBOMCTB PaBHOCHIIBHBIX HEPABEHCTB:

CgoiictBo 1. Eciii k 06enM 4acTsM HEpaBEHCTBA MPUOABUTh OJHO U TO K€ YHUCIO WJIIU OTHO U
TO JK€ BBIPAKEHUE, KOTOPOE HMEET CMBICA TPU BCEX 3HAYCHUSIX IEPEMEHHOW, TO MOJIYYHM
HEPAaBEHCTBO, PABHOCHIIBHOE IaHHOMY.

Hano. P(x) > Q(x) — HepaBeHCTBO, T(X) — BBbIpaXeHHE, KOTOPOEC HUMEET CMBICI TPU BCEX
JIEUCTBUTENIbHBIX 3HAYEHUSX X, XER.

Hoxka3zats. HepaBenctsa P(x) > Q(x) u P(x) + T(x) > Q(x) + T(x) — paBHOCHIILHEIE.
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HoxazarenbctBo. a) [IycTh pu X = a HepaBeHcTBO P(a) > Q(a) — BepHOE YMCIIOBOE PABEHCTBO, T.€. X
=a — OIHO U3 pelieHnu HepaBeHcTBa P(x) > Q(x), T(a) — 3nauenue T(x) mpu X =a.

ITo cBoiictBy umcioBbix HepaBeHcTB P(a) + T(a) > Q(a) + T(a) — BepHOe YHCIOBOE
HEPaBEHCTBO.

CrnenoBaTenbHO, X = a — OJTHO U3 pereHuil HepaBeHcTa P(x) + T(x) > Q(x) + T(x). [Toatomy,
€CJIM X =a eCTh PEIlCHHEe MEePBOTO HEPABEHCTBA, TO 3TO 3HAYEHUE €CTh TAKXKE PEIICHHE BTOPOTO
HEPaBEHCTBA.

0) [Iycth X = b — ogHO U3 pemennit HepaBeHcTBa P(x) + T(x) > Q(x) + T(x), T.e. P(b) + T(b) >
Q(b) + T(b) —BepHOE unciaoBoe HepaBeHCTBO. [1o cBoOCcTBY uncioBbIX HepaBeHCTB P(b) > Q(b) — Toxe
BEpPHOE YHCIIOBOE HEpaBeHCTBO. ClienoBaTensHo, X = b — penenune HepaBeHcTBa P(x) > Q(x).

Tak xak MHOKecCTBa perieHuii HepaBeHcTBa P(x) > Q(x) u P(x) + T(x) > > Qx) + T(x)
COBIIAJAIOT, TO 3TH HEPABEHCTBA PABHOCUJIHHBIE.

CaotictBo 2. Ecnu B HepaBeHCTBe J1t000€ ciiaraeMoe, KOTOpOe MMEET CMBICH MpU BeX XE€R,
NEPEeHECTH W3 OJHO YacTH B JPYTyI0 C TPOTHBOIOJIOXKHBIM 3HAKOM, TO TIOJIYYAM HEPaBEHCTBO,
PaBHOCHIILHO TaHHOMY.

Hano. P(x) + T(x) > Q(x) — HepaBeHCTBO, T(X) — cmaraemoe, KOTOpOE UMEET CMBICI TIPH BCEX

xeR.
Hoxka3zate. HepaBenctsa P(x) + T(x) > Q(x) u P(x) > Q(x) — T(x) — paBHOCUJIbHBIE.
HoxazarenbctBo. 1o cBoiicTBY 1 MOXHO K 00€MM YacTsAM HEpaBEHCTBA P(x) + T(x) > Q(x)

npubaButh cinaraemoe (-T(X)), Tak Kak 3TO cllaraeMo€ WMeEET CMBICI MpHU BceX Xe€R; momyunm
PaBHOCHIIBHOE HEPAaBEHCTBO:
P(x) + T(x) — T(x) > Q(x) — T(x), orcroma P(x) > Q(x) — T(x).

CsaotictBo 3. Ecniu 00e 9yacTn HepaBEHCTBA YMHOKHTH HA OJHO U TO K€ MOJOKUTEIBHOE YHUCIIO UM Ha
OIHO U TO >X€ BBIPAKEHHUE, IMOJIOKUTEIbHOE MPU BCEX 3HAYCHUSX IEPEMEHHOW, TO MOJIy4YUM
HEPABEHCTBO, PABHOCHIIBHOE TAHHOMY.

Hano. P(x) > Q(x) — HepaBeHCTBO (1),

T(x) >0, xeR,

P(x)-T(x) > Q(x)-T(x) — HepaBeHCTBO (2).

Hoxazats. HepaBenctsa (1) u (2) paBHOCHIIBHBIEC.

HoxazarenbctBo. [lycts pu x = a P(a) > Q(a) — BepHOE YHCIOBOE HEPABEHCTBO, T.€. X = a — OJHO U3
pemieHuyn nepBoro HepaBeHcTBa. T(a) — 3nauenue T(X) mpu x = a T(a) > 0.

ITo cBoiictBy umcioBeix HepaBeHCTB P(a)-T(a) > Q(a)T(a) — Toxke BepHOE YHCIIOBOE
HEPAaBEHCTBO, T.€. X = a —OJIHO W3 PEIICHUU TNEepBOro HepaBeHCTBA. CleNOBaTENbHO, €CIU X= a —
pelIeHre NepPBOro HEPaBEHCTBA, TO X = a — TAK)XKE PeIllIeHne BTOPOTO HEPABEHCTBRA.

[Tycts mpu x = b HepaBeHcTBo P(b)-T(b) > Q(b)-T(b) — BepHOE YHCIIOBOE HEPABEHCTBO, T.€. X =
b — 0J1HO U3 pelIeHUH BTOPOTO HEPABEHCTBA.

ITo cBoiicTBY uncinoBbix HepaBeHCTB P(b) > Q(b) — Toxke BepHOE YUCIOBOE HEPABEHCTBO, TaK
kak T(b) > 0. CnenoBarensHo, X = b — OHO U3 pEUICHUU TIEPBOTO HEPABEHCTBA.

[TockonmbKy MHOXECTBA pEIICHMH MEPBOTO W BTOPOTO HEPABEHCTB COBMAMAIOT, TO OHHU
PaBHOCHIIBHBIE.

CaoticTBo 4. Ecnu 00e yacTu HepaBeHCTBA YMHOXHUTh HA OJHO U TO K€ OTPUIIATEIHHOE YHCIIO
WIM Ha OJHO M TO K€ BhIpa)KEHHE, OTPHUIIATEIbHOE MPU BCEX 3HAYCHUSX MEPEMEHHOM, U W3MEHUTH
3HAaK HEPAaBEHCTBA Ha MPOTHBOIIOIOKHBIN, TO TOTYYHNM HEPABEHCTBO, PABHOCUILHOE TAHHOMY.

OTO CBOMCTBO JOKA3bIBAECTCS aHAJIOTUYHO 3 CBOWCTRBY.

AJsiredOpanyeckue HePpaBeHCTBA.
JIunelHbIMU (CTPOrMMU M HECTPOTMMU) HA3bIBAIOTCSI HEPABEHCTBA BUA
ax+b>0, ax+b<0,ax+b=>0,ax +b<0,a#0,
pELICHUSIMU KOTOPBIX OYIYT:
npua>0
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b b b b
xe(-3 5 0), xe(-0; -7 ), xe[ -7 0), xe(-0;-7 ],

npua<0
b b b b
xe(-00;-7 ), xe(-550), xe(-00; -2 ], xe[ -7 5 00).

KBanpaTtHeIMU (CTPOTMMH M HECTPOTUMH ) HA3bIBAIOTCSI HEPABEHCTBA BUIA
ax’>+bx +c¢>0, ax>+bx +¢<0,
ax’>+bx+c>0, ax’>+bx+c¢<0,
rze a, b, c — HEKOTOpbIe JecTBUTENbHBIC yncia U a # 0.
KBanparHoe HepaBeHCTBO ax> + bx + ¢ > 0 B 3aBMCUMOCTH OT 3HAUYEHUHU CBOMX KO3 (HIIMEHTOB a, b 1
C IMEET PeIICHHUS:
mpua>0uD=b’>—-4ac>0

b-4/D

x€( -o0; Ommoka! 3akaaaka He onpeaeseHa. 7 )U(ﬂ - o0

);
2a
npua>0uD <0 x-—moboe AeliCTBUTENHFHOE YUCIIO;

npua<0uD=>0

b+4D -b-4D
&( 2a > 2a );

X

npua<0uD<O0
X = (T. €. pelIeHUH HeT).
Pemienne HepaBeHCTBa ax’ + bx + ¢ < () CBOAWTCS K PEMICHHIO PACCMOTPEHHOTO HEPABEHCTBA, €CIH
00e yacTu HepaBEHCTBA YMHOXHUTH Ha (-1).
MeToa MHTEPBAJIOB.

[Tycth Pn(X) — MHOTOWIEH N-i CTENEHU C EHCTBUTEIBHBIMU KO PUITUEHTaMH, a Cl, C2, ... , Ci

— BCE JICHCTBUTENIbHBIC KOPHH MHOTOWIEHA C KpaTHOCTSAMH Ki, Ko, ... , ki cooTBEeTCTBEHHO, TprYemM
C1>C2 > ... > ¢i. MHOTOWIEH Py(X) MOXKHO MpECTaBUTh B BUJIC

Pu(x) = (x - c1) ¥'(x - c2) ¥ ... (x — ci)¥ Qm(x), (3)

rae MHOTOWIEH Qm(X) MEHCTBUTENBHBIX KOPHEH HE UMEET M JIMOO MOJIOKUTENCH, 00 OTpHIIaTeIIeH
npu Bcex X eR. TTonoxum st onpeaeneHHoctd, 9To Qm(x) > 0. Torma npu x > ¢1 Bce COMHOXHUTENH B
paznoxxenuu (3) monoxkutenbHbl U Py(x) > 0. Ecnim ¢i — kopeHp HedeTHoil kpartHocTH (ki —
HEYETHOE), TO MpH X€E(C2; C1) BCE COMHOXKUTENU B pasyiokeHUu (3), 3a HCKIIOYEHUEM IMEpPBOTO,
oJIOXKUTENBHBI M Py(X)<0. B aTOM ciyuae roBopsT, 4To MHOTOUIeH Ph(X) MEHsET 3HaK MIPH Mepexoie
4yepe3 KopeHb ci. Ecnu ke ¢1 — KopeHb 4eTHOU kpaTtHocTH (ki — YeTHoe), TO BCE COMHOXKUTENH (B
TOM YHKCJIE U TEPBBIN) IpH X €(C2; C1) MOJOKUTENBHBI U, clefAoBaTelbHO, Pn(x) > 0 npu xe(cz; c1). B
3TOM CJly4ae roBOpST, YTO MHOTOWIEH Pn(X) He MEHsIeT 3HaK MPU Mepexoie Yepe3 KOPEeHb Ci.

AHaJOTUYHBIM CIIOCOOOM, UCIIONB3Ys pasiiokeHue (3), HeTpyaHO yOeaUTCs, YTO TIPH MEePexoie
4yepe3 KOpeHb ¢» MHOTouwIeH Py(X) MeHseT 3Hak, eciu ko — HedeTHoe, U He MEHSET 3Haka, eciu ko —
yeTHOe. PaccMOTpeHHOE CBOMCTBO MHOTOYJICHOB HCIOJIB3YETCS JUIsl PEIICHUS HEPABEHCTB METOJIOM
UHTEpBAIOB. 111 TOro 4T0OBI HANTH BCE peIIeHUs

Py(x) > 0, 4

JOCTaTOYHO 3HATh BCE JCHCTBUTENbHBIE KOPHM MHOrowieHa P,(X) WX KpaTHOCTH U 3HaK

MHOTOWIeHa Pn(X) B TPOM3BOIBHO BRIOPAHHOM TOYKE, HE COBITAIAIONICH ¢ KOPHEM MHOTOYJICHA.
HepaBencTBa ¢ mapamerpamu.

HepasenctBa ¢ mapamerpamu SIBISIIOTCSI HauOoJjee TPYAHBIMU 33/JadyaMU Kypca 3JIeMEHTapHOU
MaTEeMAaTHKU. DTO OOBSCHSETCA TeM, YTO HMX PEHICHHs CJIEeIyeT MOJydaTh MpPU BCEX IOMYCTUMBIX
3HAYEHUSIX BXOJAIIUX B HUX ITapaMETPOB.

CucremMbl pallHOHAJILHBIX HEPABEHCTB.

[TycTh Hamo HaWTW YUCIIOBBIE 3HAYEHHS X, MPU KOTOPBIX MPEBPAIAIOTCS B BEPHbIE YHCIIOBBIC
HEPABEHCTBA OJHOBPEMEHHO HECKOJBKO PAIlMOHATHHBIX HEPABEHCTB. B Takux Ciiydasx TOBOPST, YTO
HAJI0 PELIUTh CUCTEMY PAllMOHAILHBIX HEPABEHCTB C OJJHUM HEU3BECTHBIM X.
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YroObl pelmuTh CUCTEMY PAlMOHAIBHBIX HEPAaBEHCTB, HAJ0 HAWTH BCE PEIIEHHUS KaKJOro
HepaBeHCTBA cUcTeMBbL. Torna obmas yacTh BceX HaiiIEHHBIX pEeIICHHUH U OyIeT peleHueM CUCTEMBI.

I'paduyeckoe penieHre HePaBeHCTB.
HepaBencta ¢ o/1HO uiu ABYyMsI IEPEMEHHBIMH MOXKHO pelaTh rpadu4ecKH.
HepaBeHcTBO ¢ omHOW mepeMeHON MOXXKHO 3amucath Tak: f(x) > g(x), rme f(x) m g(x) —
BBIpaXEHHUSI, COJIep Kalllie IEPEMEHHYIO.
[Toctpoum B 01HO# cucteme KoopauHar rpadpuku pynkuuii y = f(x) un  y=g(x).
Pemenve HepaBeHCTBAa €CTh MHOXKECTBO 3HAYCHUW TEPEMEHOW X, MPU KOTOPBIX Tpaduk (PyHKIUH
y=g(x), Tak kak f(x)>g(x).210 mokazaHo Ha pucyHkax 1 u 2.

y=8lx

v

Y =g[x]

v

L\

Pemenne HepaBeHcTBa ¢ AByMsa mnepeMeHHbIMH f(X,y)>0 ecTb MHOXECTBO TOYEK IUIOCKOCTH,
KOOpJMHATBI KOTOPBIX YAOBIETBOPSIOT ’TOMY HEPABEHCTBY.

HppanuoHnajbHble yPABHEHUS.

VpaBHeHuUe, coaeprKaniee NEPEMEHHYIO MOJT 3HAKOM KOPHSI, HA3bIBACTCS UPPAUUOHATbHBIM.

Pemienne mppaiyoHaJbHOTO YpaBHEHHUSI OCHOBAaHO Ha NMPeoOpa3oBaHMUU €r0 K PalMOHAIBHOMY
YpaBHEHHUIO, UYTO JOCTUTAETCS BO3BEJCHHEM O0€eHX €ro 4dacTeil B OAHY M Ty K€ CTeneHb (MHOoraa
HECKOJIBKO pa3).

[Tpu BO3BeneHNN 00€UX YacTel MPPAMOHAIBHOIO YPaBHEHHS B UYETHYIO CTENEHb IMOJIy4aeTcs
YpaBHEHHUE, SBJISIOLIEECS CIEACTBUEM UCXOJHOTO. Y PAaBHEHHUIO-CIIEACTBHUIO YIOBIETBOPAIOT BCE KOPHU
HCXOJIHOTO YPaBHEHMS, HO MOTYT IOSIBUTbCS M KOPHH, KOTOPBIE HE SABJIAIOTCA KOPHSIMU HCXOJHOTO
ypaBHEHHS («IIOCTOPOHHUE» KOPHH). UTOOBI BBISIBUTH «IIOCTOPOHHUEY» KOPHH, BCE HailIeHHbIE KOPHU
YPaBHEHUSA-CIEACTBUS MTPOBEPSIIOT MOJACTAHOBKOM B MCXOJHOE YPaBHEHHE U «IIOCTOPOHHHUE» KOPHHU
0TOpachIBaIOT.

HNcxonHoe uppalmoHaibHOE YpPaBHEHHE PABHOCWIBHO CMEIIAHHOM CHCTEME, COCTOSIEH W3
YPaBHEHHS-CIEJCTBUS M OrPAaHUYEHHUH, ONpeAessieMbIX O00JacTbi0 JOMYCTHMBIX  3HAUYCHHH
nepeMeHHoil. B 3ToM ciydyae «mmocTOpoHHHE» KOpHU He OyayT BXOJIUTh B 00JIACTh JOMYCTUMBIX
3HaYeHUU TIEPEMEHHOM U MPOBEPSTH UX MOJICTAHOBKOM B HCXO/IHOE ypaBHEHHE HE TpeOyeTcsl.

[Tpu Bo3BeaeHUM 00EMX YacTel UppaIliOHAIBLHOTO YPaBHEHHS B HEUETHYIO CTEIIEHb MOIy4aeTcs
YpaBHEHHUE, PAaBHOCWJIBHOE UCXOIHOMY.

HppanuoHajbHble HEPABEHCTBA € OHOM MePEeMEHHOM.
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Pemienne uppanuMoHaJIbHOTO HEPABEHCTBA C OJHOM MNEPEMEHHOW CBOAUTCA K PEHICHUIO
paBHOCHHBHOﬁ €My CUCTCMbI PAlIMOHAJIbHBIX HCPABCHCTB UJIM COBOKYITHOCTU CUCTCM pPAllMOHAJIbHBIX
HEPaBEHCTB.

OTH CHCTEMBI PeUIaloTCs MpHU HAIO0KEHUH OTpaHHYEHHI Ha TIEPEMEHHYIO M BO3BEJICHHH 00enX
yacTell HepaBeHCTBA B OIHY U TY )K€ CTEIECHb.

Iloka3aTenbHble 1 TPUTOHOMeTPHYECKHEe YPABHEHHS U HEPABEHCTBA.

OcHogHbie npuembl Ux peuteHus (pa3nodiceHue Ha MHONCUMeNuU, 86e0eHUe HOBbLX HeU3BECHIHDBIX,
noocmanos8Ka, epaguueckuii memoo). Mcnonvzosanue c80Ucme u epaghukos QyHKyuli npu peuleHuu
HepaseHcms. Memoo unmepeanos.

Ilokazamenvuvle ypasnenus u nepagencmaa.
Pemienue noxazamenvhvix ypasHenuil 4acTo CBOJAUTCS K PEIICHUIO YPaBHEHUS
a*=a’,
rae a > 0,a # 1,x - Heu3BeCTHOE. DTO YPaBHEHHUE PEIIACTCS ¢ MOMOILBIO CBOMCTBA CTENIEHH: CTEIICHU C
OJIMHAKOBBIM OCHOBaHHeM a > 0,a # 1 paBHBI TOJIBKO TOT/1a, KOTJa PaBHbI UX MTOKAa3aTelH.
Pemenuie noxazamenvHuix HepageHcme 4acTO CBOJUTCS K PELICHUIO HEPaBEHCTBA
a*>a"wm a* <a’.

OTH HepaBEeHCTBAa pEIIAIOTCA C TIOMOIIBIO CBOMCTBA BO3pacTaHUs WM  yObIBaHUS
NoKa3aTeabHOM (QYHKIMHM: [UIs Bo3pacTaromied (QyHKIUM OonblieMy 3HA4YEeHUIO (YHKLIUU
COOTBETCTBYET OOJbIliee 3HAUECHWE apryMEHTa, a s yObIBaromied (DyHKIMU OOJIbIIeMy 3HAYCHUIO
(YHKLINU COOTBETCTBYET MEHBIIIEE 3HAUEHUE apTyMEHTA.

Tpuzonomempuueckue ypagHeHus u HepageHcmeda.
1. YpaBHeHHUS, CBOJAIINECS K KBAIPATHBIM.
2. YpaBHeHus asinx+bcosx =c.
3. YpaBHeHUS, pelIaeMble pa3I0KEeHUEM JIEBOM YaCTH HA MHOKUTEIIH.

IIpuMeHeHne MaTeMaTHYECKUX METOJ0B /15l PellIeHHsl COepP KaTeIbHbIX 32124 U3 Pa3INYHbIX
o0JiacTell HAYKHM M IPAKTHKH (JOMOJHUTEIbHBIA MaTepuaJI)

IIpumenenue mamemamuyecKux memooos OJisl peueHUss COOePHCAMENbHBIX 3A0aY U3
PAa3IuyHbIX 0Oaacmetl HAYKY u npakmukuy. Mumepnpemayus pe3yibmama, yuem pedibHbix
ocpanudenul.

Pewumv mamemamuueckyto 3a0ayy — 3TO 3HAUUT HAMTU TaKylO MOCIEIOBATEILHOCTh OOIIMX
MOJIO)KEHUH MaTeMaTHKH, MPUMEHSAS KOTOpPbIE K YCIOBHSM 3aJaud IMOJy4aeM TO, 4TO Tpedyercs
HaWTHU — OTBET.

OcHo8HbIMU ~ MemOoOaMu peuleHus mMeKCmogulx 3aday SBIAIOTCA apudMeTHdecKuil u
anreOpanvyecKrii METoJI, a Tak e KOMOMHUPOBAaHHBIH.

Pewums 3a0auy apugpmemuueckum memooom — 3HAYAT HAUTH OTBET HA TpeOOBaHWE 3a/ayuu
MOCPEACTBOM BBHITIONHEHUS apu(PMEeTHYeCKUX ACUCTBUN HaJ JaHHBIMH B 3amade yuciamu. OpHy U
TYy’K€ 33/1a4y MOKHO PELINTh Pa3IU4YHbIMHU apupMeTHuecKuMu criocodamu. OHU OTIMYAIOTCS IPYT OT
Jpyra JIOTMKOHN PAacCyXIEHUN B IIPOLIECCE PEIICHUS 3a1a4u.

Pewums 3a0auy aneebpauueckum memooom — 3HAYUT HAUTH OTBET Ha TPeOOBaHHWE 3a/ayu
MyTEeM COCTaBIICHUSI W PEIICHUS YPAaBHEHUS WM CUCTEMbI YPaBHECHUH.

Texcmogule 3a0auu aneedpauyecKkum mMemooom peuwaiom no ciedyiowel cxeme:

1) BBIACIISIIOT BCIIMYHHBI, O KOTOPBIX UACT pC€Ub B TCKCTC 3adaydu, U YCTAHABJIMUBAIOT 3aBUCHUMOCTDH
MCXKIAY HUMU,
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2) BBOAAT MepeMeHHbIC (0003HaYaOT OyKBaMU HEM3BECTHBIC BEIIMUMHBI);

3) ¢ momouIbl0 BBEIEHHBIX NMEPEMEHHBIX U JAHHBIX 33/1a4M COCTABJISIIOT YpaBHEHHE WM CUCTEMY
ypaBHEHUM;

4) pemaroT OJIy4EeHHOE YPaBHEHHUE U CUCTEMY;

5) TpoBepsIOT HaiiIeHHbIE 3HAUEHUS TI0 YCIOBUIO 33J]a4l U 3allMChIBAIOT OTBET.

Kombunuposanneiti MeTon pelieHus BKIIOYaeT KaK apu(PMETHYeCKUdd, Tak M anreOpanyecKuit
CIOCOOBI pelIeHUSI.

B HauanpHOW mIKOJE 3amauu densim no Koauwecmey Oeticmeuii IPU PElICHUU Ha MPOCThIC U
cocTaBHbIE. 3a7aud, B KOTOPHIX JJISI OTBETAa HAa BOIPOC HYKHO BBINOJHUTH TOJIBKO OJHO JEUCTBHE,
Ha3bIBAIOT npocmuimuy. ECu AJig OTBETa Ha BOIIPOC 3a/1ayk HYXKHO BBITIOJHUTH ABa U Oosee neicTBHil,
TO TaKWe 3a/1a4M HA3bIBAIOT COCMABHBIMU.

CocraBHy10 33/1a4y, TEK ke KaK U MPOCTYI0, MOKHO PEIIMTh, UCIIOb3YS pPa3InyHbIE CIIOCOODI.

3aoaua. Peibak moviman 10 pe16. U3 aux 3 nema, 4 okyHs, ocTanbHbIe — MIYKH. CKOJBKO IIYK TOWMAIT

pb16ax?

Ipakmuueckuii cnoco6
- i = s

b603HaqHM Kaxayto pei0y kpyroM. Hapucyem 10 kpyroB u 0603Ha4nM NOWMaHHBIX PHIO.
J J J O O O O
Jliist oTBETa Ha BOMPOC 33J]a4d MOKHO HE BBIMOIHATH apu(METHUECKUE TEHCTBUS, TaK KaK KOJTUYECTBO
MOMMAaHHBIX IIyK COOTBETCTBYET He 0003HAYEHHBIM Kpyram — UX TpH.
Apugpmemuuecxuii cnocoo.
1) 3+4=7(p) — nmoiiMaHHBIE PHIOHI,
2) 10 —7 = 3(p) — noiiMaHHBIC IITYKH.
Anrebpanyeckuii crmocoo.
[TycThb x — moiiMaHHBIE MIyKU. TOT1a KOJTUYECTBO BCEX PHIO MOKHO 3amKcaTh BEIPAKEHUEM: 3 +
4 + x. Ilo ycnoBuio 3aaud M3BECTHO, UTO phiOak moiman Bcero 10 peid. 3Hauut: 3 + 4 + x = 10.

Pemms 3To YPaBHCHHUE, ITOJIYUHNM X = 3 ¥ TeM caMBbIM OTBETHM Ha BOITPOC 3aga4H.

I'paguueckuii cnocoo.

JIeu OKYHH ITYKH
I, -, r -
T S e e
L} L} L} L} L} L} L} L} L}

OTO0T cmocol, Tak e Kak W MPaKTHYECKHUH, MO3BOJAT OTBETHTh HA BONPOC 3aJau, HE BBIIOIHSAS
apu(METHUECKUX JICHCTBUIL.

B MaremaTtuke oOIIEIPUHATO CIEAYIOIIEE eJICHIE MPpollecca pelieHus 3a1ay:
1) aHanmu3 TekcTa 3a7a4d, CXeMaTHdecKas 3aIich 3a1a9u, UCCIICIOBAHNE 3a/1a9H;
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2) TOHUCK crocoba pereHus 3a/1a4i U COCTABJICHHE TIJIaHA PEIICHHS;
3) ocyuiecTBIEHUE HAWJIEHHOTO TUIaHa;

4) aHanW3 HAWJCHHOTO PEIICHUS 3aJ1a4uu, IPOBEPKA.

Memoovl noucka pewienus 3a0ayu MO*CHO HA36AMb Cledyowue:

1) Amnanm3: a) Korjga B pacCy)KICHHIX JBUTAIOTCS OT MCKOMBIX K JaHHBIM 33/1a4M; 0) KOTJa IeJoe
pacuwIEHSIOT Ha YacTH;

2) CuHres:

a) KOrja JIBUraloTCs OT AAHHBIX 3a/1a4M K HCKOMBIM;

0) KorJa JIEMEHTHI OOBETUHSIOT B IIEJI0€;

3) IlepedopmynupoBka 3agauu (4€TKO (POPMYIUPOBATH MPOMEKYTOUHBIE 3a/1aHUs, BO3HUKAIOIINE 110
XOJIy TIOMCKA PEIICHHUS);

4) WHIyKTUBHBIM METOJ PELICHUS 3a7a4d: Ha OCHOBE TOYHOI'O 4YEpPTEKa YCMOTPETh CBOMCTBA
(Gurypsl, cienarb BbIBOABI U JJOKA3aTh UX;

5) IlpumeHeHue aHAIOTUU (BCIIOMHUTH aHAJOTMYHYIO 337a4y);

6) IIpornosupoBaHue — IPEIBUACHUE TEX PE3YIbTATOB, K KOTOPBIM MOXET IPUBECTH MOKCK.

Paccmompum bonee noopobno npoyecc pewienus 3a0aqu:
3anaua Ha JBUKeHUe. Jloaka MmpoIia No TEYCHUIO PEKH PACCTOSHUE MEXITY JBYMs IIPUCTaHAMHU 3a 6
4y, a oOpaTHO — 3a 84. 3a CKOJBKO BPEMEHH MPOMIET pACCTOSHUE MEXKIY NPHUCTAHSAMH IUIOT,
MYIIEHHBIN 110 TEYEHUIO PEKU?

Ananuz 3adauu. B 3amade pedb UAET O IBYX OOBEKTax: Jogka W 1orT. Jlomka wumeer
COOCTBEHHYIO CKOPOCTh, @ IJIOT U peKa, I10 KOTOPOH IJIBIBYT JIOJKA U IUIOT, UMEET ONPECICHHYIO
CKOPOCTh TeueHMsI. IMEHHO 1T03TOMY JIOAKA COBEPIIAET MYTh 10 TEUEHUIO PEKU 3a MEHbIIEE BpeMs
(6u), uem mpotuB TeueHus (84). Ho 3Tm ckopocTu B 3amaue HE JIaHbBI, TaK K€ KaK HEU3BECTHO M
paccrosiHue MeXy npuctaHsiMu. OqHako TpeOyeTcsl HaWTH He 3T HEeU3BECTHBIE, a BPEMs, 32 KOTOpOe
IUIOT MPOIUIBIBET 3TO PACCTOSTHHE.

Cxemamuueckas 3anucho:

v
A

*: Mogka 6 y

B

« T R— et
Nogxa

[Touck cnocoba pemenus 3amaun. Hy)kHO HallTH BpeMs, 3a KOTOPOE IUIOT MPOILUILIBET PACCTOSTHUE
MEXIy npucTansiMu A u B. JIns Toro, 4To0b1 HAWTH 3TO BpeMs, HaJl0 3HATh pacCcTOsiHUE AB U CKOPOCTh
TeueHus: peku. O0a OHM HEW3BECTHBI, IOATOMY 0003HAYUM paccTosinue AB OykBoit S (KM),a CKOPOCTh
TeYeHHUsT @ KM/4.YUTOOBI CBS3aTh 3TH HEU3BECTHBHIC C JAHHBIMHU 3a/1a4M, HY)KHO 3HATh COOCTBEHHYIO
CKOpOCTh JToJKH. OHA TOKE HEW3BECTHA, MOJOXKUM, OHA paBHa }J km/4. OTClola BO3HHUKAET IUJIaH
pelIeHHUs, 3aKIIIOYAIONTUIICS B TOM, YTOOBI COCTAaBUTh CUCTEMY ypaBHEHUI OTHOCHUTEIHHO BBEICHHBIX
HEU3BECTHBIX.

OcymectBienue peuieHus 3aaayuu. [lycts paccrosinue paBHO S (KM), CKOPOCTh TEUEHHS PEKU a
KM/4, COOCTBEHHAasI CKOPOCTb JIOJKU V KM/4, a HCKOMOE BpeMsl IBUKEHHS TJIOTa PABHO X Y.

Torma ckopocTh JIOAKM NO TEYEHHIO peku paBHa (V+a) xkm/4. 3a 64 noxaka, Wi C ITOH
CKOPOCTBIO, Tiponuta pacctostaue B S (km). CiaenoBarensHo, 6 (V' + a) =S (1). IIpotuB Teuenus sta
JOJKA UAET cO CKOpocThio (V — a) KM/4 U JaHHBIM MyTh OHA MPOXOJUT 3a 8 4, moatomy &(V—a) =S
(2). IImoT, TBIBS CO CKOPOCTHIO TEUYEHUS PEKHM a KM/4, MPOIUIBLI paccTosHue S (kM) 3a X 9,
cienoBarenbHo, ax =S (3).
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[TomydeHHBIE ypaBHEHUS 00pa3ylOT CUCTEMY YpaBHEHUN OTHOCHUTEIBLHO HEM3BECTHHIX a, X, S, V. Tak
KaK TpGGyGTCH HaUTH JIUIIb X, TO OCTAJIbHLIC HCU3BCCTHLIC ITOCTAPACMCA UCKIIIOYUTD.

Jns storo u3 ypaBHenuit (1) u (2) naitnem: V + a=, V —a = . BounuTtas U3 nepBoro ypaBHEHHUs
BTOpOE, ostyuuM: 2a = — . OTcroga a =. [loacraBum HaliileHHOE BhIpaKeHUE B ypaBHeHHE (3): X
=. Otkyna x=48 .

IIpoBepka pemieHus. Mpl HallUIM, YTO TUIOT MPOIUIBIBET PACCTOSHHE MEXKIY NMPUCTaHAMH 3a 48 u.
CrnepnoBarenbHO, €r0 CKOPOCTh, paBHAas CKOPOCTU TEUYEHHS PEKH, paBHa . CKOpPOCTh K€ JIOIKH TIO
TEUCHUIO PEKH paBHA KM/4, a TPOTHUB TeUCHHS KM/4. JIjig TOro, 4ToOBI YyOIUTHCA B MPABHIHHOCTH
pelIeHusl, JOCTaTOYHO MPOBEPHUTH, OYAYT JI paBHBI COOCTBEHHBIE CKOPOCTH JIOKH, HailIeHHBIE IByMS
cnocobamu: + u  — . [IpousBenst BeIYMCIIEHUS, TIOJYYUM BEPHOE PABEHCTBO: = . 3HAYMT, 3ajaya
pCuICHa MpaBUJIbHO.

OTBeT: TIOT NPOIUIBIBET PACCTOSHUE MEXY IPUCTAHIMHU 3a 48 4acos.

AHanu3 pemieHus. Mbl CBENM PELICHUE 3TOM 3a/1aull K PELICHUIO0 CUCTEMbI TPEX YPaBHEHUH C
YeThIpbMs HeU3BECTHBIMU. OIHAKO HAWTH HAJ0 ObLIO OJHO Heu3BecTHOE. [103TOMy BO3HHMKAET MBICIb,
YTO JAHHOE PEUIEHUE HE CaMO€ y1ayHOe, XOTS U MpocToe. MOKHO MPEUI0KUTh IPYroe pelIeHHE.

3Had, 4TO JIOJAKa Nporuiblia pacctosiHne AB mo TeueHuro pexu 3a 64, a MpOTUB — 3a &4,
HaiiieM, 4yTo B 14 J1oAka, WA MO TEYEHHIO PEKU IMPOXOIUT YACThb 3TOTO PACCTOSIHUS, a MPOTUB
Te4eHHs. Torga pasHOCTb MEXIy HUIMH — M = €CThb YAABOCHHAs 4acThb pacCTOsAsHUA AB, nporsiBacMas
wiotoM 3a l4. 3Hauut. Ilmotr 3a 14 mporuibiBET 4YacTh paccTosiHus AB, cienoBarenbHO, Bce
paccrosinue AB oH nporuibiBeT 3a 48 .

[Ipu TakoM peleHNH HaM He MOHAJIO0OMIIOCh COCTABIATH CHUCTEMY ypaBHeHHMH. OnHAKO 3TO
pelIeHe CI0XKHEe MPUBEJCHHOTO BbILIE (HE BCSKHUI 10raaeTcsi HAWTH Pa3HOCTb CKOPOCTEH JIOAKH 110
TEUYEHUIO U MPOTUB TeueHHs pekH). Ho ecnu BB Tak M HE CMOTJIHM pa3o0paThCs C pelIeHHEM JaHHOU
3a[]a4M, WIK K€ y BaC IPOCTO HET HA 3TO BpeMs, a HAa HOCY €€ Kyda KOHTPOJBHBIX, TO BBl MOXKETE
3aKa3aTh pelIeHHe KOHTPOJIbHBIX Pa0OT Ha CHEIMAIbHBIX OUpIKaX.
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	Тема 3.6. Обратные тригонометрические функции, их свойстваи графики.
	Угол между прямой и плоскостью.
	Пусть  - наклонная, проведенная из точки M к плоскости , а  - ее проекция на плоскость  (рис.1). Тогда угол  - называется углом между прямой  и плоскостью . Таким образом определяется угол между прямой и плоскостью, пересекающей эту прямую и не перпен...
	Сложение векторов
	Вычитание векторов
	Умножение вектора на число
	Тема 14.2. Основные понятия математической статистики
	Статистическое распределение выборки
	Эмпирическая функция распределения
	Полигон и гистограмма
	Решение рационального уравнения , где   и— многочлены(Q(x)(0), сводится к решению уравнения  = 0 и проверке того, что корни удовлетворяют условию          Q (x) ( 0.
	Также используется теорема Виета:
	Рациональные неравенства.
	Свойства равносильных неравенств.

	При решении неравенств используют свойства равносильности. Неравенства с одной переменной называются равносильными, если множества их решении совпадают.
	Доказать. Неравенства P(x) + T(x) > Q(x) и P(x) > Q(x) – T(x) – равносильные.
	P(x) + T(x) – T(x) > Q(x) – T(x), отсюда P(x) > Q(x) – T(x).
	Дано. P(x) > Q(x) – неравенство (1),
	T(x) > 0, x(R,
	P(x)(T(x) > Q(x)(T(x) – неравенство (2).
	Доказать. Неравенства (1) и (2) равносильные.
	Это свойство доказывается аналогично 3 свойству.
	Алгебраические неравенства.

	Линейными (строгими и нестрогими) называются неравенства вида
	Квадратными (строгими и нестрогими) называются неравенства вида
	Метод интервалов.
	Неравенства с параметрами.

	Системы рациональных неравенств.
	Графическое решение неравенств.

	Неравенства с одной или двумя переменными можно решать графически.
	Решение неравенства с двумя переменными f(x,y)>0 есть множество точек плоскости, координаты которых удовлетворяют этому неравенству.
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