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Meroandeckue peKOMEHAAIMU JUIsl TIPOBENCHUS TMPAKTHYECKUX pPAbOT 1Mo
yueoHor guctummHe EH.01 Marematuka s cnenuansHoctn  38.02.01
JKOHOMHKA W OyXrajrepckuid y4er (10 OTpPACAsiM) MpEeAHA3HAYCHBI IS
3aKpeIICHUs] 3HAaHUM 110 M3y4aeMOMYy MaTepuaiy | (pOpMHUPOBAHUIO YMEHHH, a
TaKKe Il IPOBEPKU YCBOEHHUS TEOPETUUYECKOrO0 Marepualia U YMEHUH peliaTh
pa3IMvyHble MATEMATUYECKUE 3a]IaUU.

Pazpaboranu:

[Tpenomasarens [TIK BI'TY W.I1. TTapdpEnona

MeTonnueckas pa3paboTka pacCMOTpeHa 0100peHa MPEeIMETHON KOMUCCUEN

«MaremMaTrdecKnX U OOIUX €CTECTBEHHO HAYYHBIX JUCITUTUTHHY
[TIporokos Ne 1 ot «30» aBrycra 2021 r.

[Ipencenarens JI.A JlazapeBa

O0J1acTh NpUMEHEHNS METOANYECKUX YKA3AHU I



Meroanueckue yKa3zaHUs ISl BBITIOJTHEHUS MPAKTUYECKUX PAOOT SBISIOTCS
YaCThIO MPUMEPHOM OCHOBHOM MpoheCCUOHAIBHONW 00pa30BaTeIbHON MTPOTrPaMMBbl
B cootrBerctBUU ¢ PI'OC mo cneunmamsHoctH CIIO 15.02.14 «OcHamenue
cpeACTBAMHU ABTOMATH3AIlUM TEXHOJOTHYECKHUX INPOIEecCOB M MPOU3BOJCTB
(o orpacasm)».

1.2. lleab U UIaHUpPYeMBbIE Pe3yJabTAThI OCBOEHHS IUCIUIJINHBI:

Koo Ymenus 3Hanus

1K,

OK

OK 1 BrinosHATh onepanyuu Haz OCHOBBI MATEMaTHYECKOTO

OK 2 MaTpUIIaMU U peliaTh CUCTEMBI | aHaIM3a, JMHEHMHOU anreOpsl U
JIMHEWHBIX YPaBHEHUH AHAJIMTUYECKON T€OMETPUH
Pewars 3amaun, ucnonb3ys OcHoBBI U] pepeHInanIbHOrO U
YPAaBHEHHUS IPSIMBIX U KPUBBIX MHTETPAJIbHOTO UCUUCIICHHUS
BTOPOTO IOPSIAKA HA OCHOBBI TEOPUH KOMIUIEKCHBIX
IJIOCKOCTH qucen

[IpumeHsITh METOIBI
muddepeHnnanTsHOTO U
MHTErPAIbHOTO UCYUCIICHHUS
Pemars nuddepennmanbabie
ypaBHEHUS

[Tonp30BaThCS MOHITUSMHU
TEOPUU KOMIUIEKCHBIX YHCEN

1.3. PeKomeHAyemoe KO/IMYECTBO 4acOB Ha OCBOoeHUe paboueit nporpammbl

y4yebHOM AUCLUNAUHDI:

MaKCMManbHOM yuebHoM Harpy3Kmn oby4yatouierocsa 70 4yacos, B TOM Yuce:
06A3aTeNbHON ayaAUTOPHOM y4ebHOM Harpy3Kmn obyyarouwerocs 64 yaca;
npakTuyeckme pabotbl 30 yacos
camocTtoAaTenbHOM paboTbl obyyatroweroca 4 yaca.

NMEPEYEHb NMPAKTUYECKUX PABOT



1 [encTBms C KOMNAEKCHbIMM Yucnamu B anrebpanyeckon popme

2 [encTBMA C KOMNIEKCHBIMM YUCAAMW B TPUTOHOMETPUYECKON popme

3 dneMeHTbl BEKTOPHOW anrebpbl BoluncneHue npeaenos

4 NccnepoBaHue GyHKUMM Ha HENPEPBLIBHOCTb. Knaccndurkauma Touek
pa3pbiBa

5 HaxoxaeHne npon3BoaHbIX CNOXKHbBIX QYHKLNM

6 YpaBHeHWEe KacaTeNbHOW U HOpManu

7 MNonHoe nccnepgosBaHme PpyHKLUMKU. NocTpoeHmerpaduKa

8 BbluncneHme nepsoobpasHoM n onpeaeneHHbix MHTerpanos. Pmsnyeckoe u
reoMeTpuYecKkoe NPUAOKEHNE NHTETPANOB

9 AnddepeHumpoBaHmne PyHKUMIM ABYX NepemMeHHbIX. MccnegoBaHme GpyHKLUMM
ABYX NEPEMEHHbIX Ha 3KCTPEMYM

10 | BoluncneHne aBOMHbIX MHTErpanos. [pakTnyeckoenpmmeHeHune 4BONHbIX
WMHTErpanos.

11 UccnepoBaHme panoB Ha CXOAMMOCTb

12 Pewenune gudpdepeHumanbHbIX ypaBHEHUN

13 | AdenctBMA C MaTpuLaMK

14 BbluncneHne onpegenntenen matpuuy,

15 HaxoxaeHne obpaTtHOM maTpuubl. PelleHne npocTenwmx maTpUYHbIX
YPaBHEHUN

16 PeweHune cnctem NnMHeNHbIX ypaBHeEHMN No dopmynam Kpamepa um ¢
NOMOLLbIO 06paTHOM MaTpULLbI

17 PelweHune cnctem NMHENHbIX ypaBHEHMN meToAoMm aycca




18 | SnemeHTbl BEKTOPHOM anrebpbl
19 CocTaB/ieHMe ypaBHEHMA NPAMON Ha NJIOCKOCTU. YIon mexay NpsimbiMun
20 CocTaB/ieHMe ypaBHEHWNI KPUBbLIX BTOPOro nopaaka (OKpY*KHOCTU, 3NUNCA,

runepbonbl, napabonbl)

IIpakTnueckast padora Ne 1 mo reme
«/JleMCTBHUS CKOMILIEKCHBIMHU YHUCJIAMHM B ajiredpanyeckoit popme




Ilesb: HAyYUTH BBITOIHATH AEUCTBUSA C KOMIUIEKCHBIMU YUCIIAMU B
anreOpanyeckoit popme
Bpemsa BbinonHeHna 90 mMUHYT

MaTtepuanbHoe obecneueHume
1.TeopeTnyeckune ceegeHmA

2.3apaHue

3./lInctA4

4.KanbKynatopel

MNopsapok BbinoNAHeHUA paboTbl
1.M3yunTb 3agaHue

2. N3yumnTb TeopeTnyecKkmne ceeaeHunn

3. BbinonHUTL 1 odopmMUTb paboTy
4.MoKasaTb pe3ynbTaTbl NpenogaBaTesnto
AomaliHee 3agaHue

1.MoAaroToBUTL OTBETLI HA KOHTPO/IbHbIE BOMNPOCHI

Teopernyeckue cBeeHUs

Onpenenenue. KOMIUIEKCHBIM YHMCJIOM ZHA3BIBACTCS BBIPAXKEHUE z=a+ib ,
rae au b — NeUCTBUTENbHBIC YUCTA, [ — MHUMAs €IUHUIIA, KOTOPasl ONpeaeseTcs
COOTHOIIEHHUEM: /* = —1; I= \/—_1.

[Ipu 3TOM UKCIIO @ Ha3bIBACTCA AeHCTBUTENbHOM YacThIO uncha z (a = Rez), a
b- muumoii yacteio (b = Imz).

Ecimu a =Rez =0, 1o 4ncio z OyAeT 4YMCTO MHUMBIM, eciid b = Imz = (), To
YUCIIO z OyeT JEHCTBUTEIHHBIM.

Onpenenenne. Yucna z=a+i/h WU Z=a—ib HA3BIBAIOTCI KOMILUIEKCHO —
CONPSKEHHBIMH.
Omnpenenenue. /[Ba KOMIUIEKCHBIX YMCIA z =a, +1b, U z = a, +1b, HA3bIBAIOTCSA
PaBHBIMU, €CJIM COOTBETCTBEHHO PABHBI UX AEUCTBUTEIIBHBIE U MHUMBIC YACTH:

a, = a,, b =b;
Onpenenenne. KOMIIEKCHOE YMCIO paBHO HYJO, €CIM COOTBETCTBEHHO PAaBHBI
HYJIFO JCUCTBUTENIbHAS U MHAMAs YacCTH.

a=b=0.

JeiicTBUSI HAl KOMILIEKCHBIMH YHUCJIAMHU B ajireopandeckoit popme.



OCHOBHBIE JIEUCTBUSI C KOMIUIEKCHBIMH YHUCJIAMH BBITEKAIOT U3 IECHCTBUU C
MHOTOYJIEHAMU.

Cio:keHue 1 BLIYUTaAHHE

PaccMoTpuM Ba KOMIUIEKCHBIX YKCIIA, 3aJaHHBIX B 00IIIeM BUACZ; =a;+1b;;
zy=ay+ibyTornaz = z; + z, = (a; + ib;)(a, +ib,) = (a; + a,) +i(b; £ b,) =
atib

MoxHO chopMyIUpPOBATh MPABUIIO CIIOKEHUSI U BRIUUTAHUS KOMIUICKCHBIX YHCET:

IIPU CIOXKEHUM (BBIYMTAHNHN) KOMIUIEKCHBIX YMCEJl COOTBETCTBEHHO CKJIAJbIBAIOTCS
(BBIUMTAIOTCS ) UX ACUCTBUTEIBHBIE U MHUMBIE YACTH.

YMHOKeHne
z=zlzz=(a1+ib1)(a2+ib2) =a1a2+ia1b2+ib1a2+izb1b2=a+ib
Z:Z122:(211az—b1b2)+ i (a1b2+b1a2)

( T.e. MOXHO TOBOPUTb,  YTO MEPEMHOXKAIOTCS KOMIUIEKCHbIEUNCIA Kak

MHOTOYIEHBI, YYUTHIBasg, 4YTo i = -1). 3HAYUT,4TOOBI IMEPEMHONKHUTHL B

KOMIUIEKCHBIX YHCJIa HEOOXOAUMO MEPEMHOXKUTh UX KaK MHOTOWJICHBI, YIUTHIBAS,
2 _

gro1~ = -1.

Jenenne

HpI/I BBIITOJJHCHHH ACJIICHUA KOMIIJICKCHBIX YHUCCI ITOJBb3YIOTCA NCKYCCTBCHHBIM
HpI/IéMOMI YUCJIUTCJIb U 3HAMCHATCJIb I[p06I/I YMHOJKAarOT Ha YUCJIO, KOMILJICKCHO -
COIIPSAKCHHOC 3HAMCHATCIIIO I[pO6I/I, M IOCTYHArT AAJICC TAK, KaK 1 IIPU
YMHOKCHHNH KOMIIJICKCHBIX YHUCCJI.

Ipumep.
71= S-i;
22:—2+3i;
z _ 5-i _ (5-i)*(=2-3) =—10+2i—15i+3i2:—13—131’:_1_1,
z, —2+43i (=2+3i)*(-2-3i) 4-9;* 13

3ajaHns NPaKTHYECKON PadoThI

1./laHBI KOMIUIEKCHBIE YUCIIA BBIYUCIUTD Y Z = 2, + Z,. 2, — 2,5 Z, " Z,}
9
l.z,=5-1; z,=1+3i 16.z, =5+1; z,=1-2i

2.z, =3-4i; z,=1+i 17.z, =3+i; z,=5-2i



3.z, =1-5i; z,=1+4 18.z, =1-5i; z,=1+3i

4.z, =143i; z,=T-i 19.z, =5-i; z,=1+3i
5.z, =1-i; z,=T+3i 20.z, =1+3i; z,=-2+5i
6.z, =1-1; z,=5-4i 21.z, =3+4i; z,=-2+i
7.z, =3+4i; z,=-2+i 22.z,=5-2i; z,=-2+i
8.z, =—1; z,=T+4i 23.z,=T7-2i; z,=5+3i
9.2, =6-5i; z,=1+i 24. 2, =7-3i; z,=-1+4
10. z, =—=1+5i; z,=2-5i 25.z,=-2+3i; z,=5-4i
11.z,=5-7i; z,=1-3i 26.z,=-3+2i; z,=6+5i
12. 2z, =-3-2i; z,=-1+Ti 27z, ==1+T7i; z,=4-5i
13.2, =5+2i; z,=2-i 28.z, =4+5i; z,=1-2i
14.z, =1+5i; z,=2-3i 29.z,=-1+3i; z,=6-35i
15.z, =1-4i; z,=1+2i 30.z, =-3-2i; z,=4+3i

2. BoImoaHUTE AEUCTBUS HAJ KOMIUIEKCHBIMH YHCIIaMU B anreOpandeckoit popme

H11)21) 11_+2"i —(%—%ij;

2)12)22)—2?:\/? ).

1_ N\ 20
3)13)23)(4) i,
141
4)14)24) 12200420 _ o
2+1

5)15)25)2(11*—5‘5)—(1+i\5);
—1

6)16)26)#—(0,1 ~030):

1+3i



2(1-iv3)
N17)2T7) ——"2;
N7)27) i3 -i)
8)18)28)w_2i19;
—-3—i
9) 19)29) (L+1¥3)" +2"_‘5/§)2 ;
l

10)2030) 40" g2y,
1

KoHTposbHBIE BONIPOCHI

1. YUto Takoe KOMILJIEKCHOE YUCIIO: JEHUCTBUTENbHAS YaCTh YUCIa, MHUMAs
4yacTh yuciua’?

Urto Takoe MHUMas euHuLAa?

Kakwue uncia Ha3pIBalOTCA CONPSKEHHBIMU?

Kaxk mpencTaBuTh KOMITJIEKCHOE YHCIIO TpadudecKu?

Urto Takoe MoAyJb yncina’?

YTto Takoe apryMeHT yucia’?

CKOJIbKO MOXET OBITh MOJYJIEH U apTyMEHTOB Yy KOMIUJIEKCHOTO yuciia?
Kak HaiiTu aprymeHT uncna?

Kak HaiiTi cymMMy, pa3HOCTb, IPOU3BEACHNE, YACTHOE KOMITJICKCHBIX YHCEN

i AN

IIpakTnueckasi padora Ne 2 mo teme
«JleMcTBHS HA/I KOMIUIEKCHBIMH YUCJIAMH B TPUTOHOMeTpHUYecKoii ¢opme»
lesb: HAYYUTH BBITIOJHATH ACHCTBUS C KOMIUIEKCHBIMU YUCIIAMU B

TPUTOHOMETpHUUECKOU (hopme
Bpema BbinonHeHna 90 mMUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckmne ceegeHuA

2.3apgaHue

3./lnuctA4

4.KanbKynatopol

MopAaaoK BbinoNAHEHUA PaboTbl
1.M3yunTb 3agaHue

2. I3yunTb TeopeTnyeckme ceeseHunA

3. BbinonHUTL 1 odopmMUTb paboTy
4.[ToKas3aTb pe3y/bTaTbl NpenoaasaTento
AomauwHee 3agaHune

1.MoAaroToBUTbL OTBETLI HA KOHTPOIbHbIE BOMPOChHI



TeopeTnyeckue ceegeHusn

I'eomeTpuueckoe H300pakeHue KOMIJIEKCHBIX YHCEJI.

[ToHATHE KOMILJIEKCHOTO YUCJIa UMEET F€OMETPUUYECKOE UCTOJIKOBAHUE.
MHOKeCTBO KOMITJIEKCHBIX YUCEN SIBJIACTCS PACIIMPEHUEM MHOXKECTBA
JEUCTBUTEIBHBIX YHUCEII 32 CUET BKJIFOUEHUSI MHOYKECTBA MHUMBIX YHUCE.
KomMriekcHpIe 4rciia BKITFOYAIOT B c€0s1 BCe MHOXKECTBA YHUCEIT, KOTOPBIC
u3ydyaluch panee. Tak HaTypalbHBIE, 1IeJIble, pallMOHAIbHbIE, UPPALIMOHATbHBIE,
JEHUCTBUTENBHBIC YKCIa SIBISIOTCS, BOOOIIE TOBOPS, YACTHBIMU CIy4YasiMU
KOMIUIEKCHBIX YHCEl.

Ecnu nmo6oe neiicTBUTENBHOE YHCIIO MOXKET OBITh TEOMETPUUYECKU MPECTABICHO B
BHJI€ TOYKH HA YUCIIOBOU MPSAMOU, TO KOMIUIEKCHOE YUCJIO MPEICTABIISIETCS
TOUYKOM Ha MJIOCKOCTH, KOOPAUHATAMU KOTOPOU OYJIyT COOTBETCTBEHHO
JNEUCTBUTEIbHA U MHUMAsl 4aCTH KOMIUJIEKCHOTO uncina. [Ipu atom
TOPU30HTAJIbHAS OCh OYAET SIBISTHCS ACHCTBUTEIBHOM YUCIOBOM OCBIO, a
BEPTUKAJIbHASL - MHUMOMU OCBIO.

A(a, b)

0 a X

Takum oOpazom, Ha ocu OX pacronararoTcsi 1eHCTBUTEIbHBIE YUCTa, a HA OCH
OY — 4ucTo MHUMBIE.

C nmoMo1ibio o I00HOTO TE€OMETPUUECKOTO MPECTABICHUS MOKHO

MIPEACTABIISITH YKCIA B TAK Ha3bIBAEMOUW TPUTOHOMETPUUECKOU Popme.

Tpuronomerpuyeckasi popma ymcJia.

N3 reomeTprueckux cooOpaKeHU BUTHO, UTO a = rcos@; b= rsing. Tormaa
KOMIUIEKCHOE YUCJI0 MOKHO IIPEACTABUTh B BUJIE:

z=a+1b=rcosQ+ irsin@ = r(cosQ + 71sin Q)

Takas gopma 3amucu Ha3bIBAa€TCS TPUTOHOMETPHYECKOi (popmoii 3anucu

KOMILICKCHOI'0O YucCJja.



HpI/I 9TOM BCJIMYMHA » HAa3bIBACTCA MOAYJEM KOMIIIICKCHOI'O 4YHCIa, a YIrolJl

HAKJIOHA (¢ - aPTYMEHTOM KOMIIJICKCHOI'O YHCJIA.
r= |z|, o= Argz.

W3 reomeTprueckux cooOpaxeHUi BUTHO:
. b
r=|a+1b| =va’+b*; ¢= Argz= arctg—;
a

OueBUAHO, YTO KOMIUIEKCHO — COMPSIKEHHBIEC YUCIa UMEIOT OJIMHAKOBBIE MOYJIU
Y IIPOTUBOIIOJIOKHBIE APTYMEHTBHI.
[4=1%  Argz=-Argz
JleficTBUS ¢ KOMIUIEKCHBIMH YUCIAMHU B TPUTOHOMETPUIECKOH (hopMme.
Z =r,(cosQ, +1sinQ,), z =1,(cosQ, +1sin@,).
YMHOXKEHUEe z= z 2z, = 1,5,(cos(p, +¢,) + 7sin(@, + ¢, ))
B ciiyyae KOMIJIEKCHO — CONPSIKEHHBIX YNCEIT:
z=(a+ib(a-ib)=a’>+b" = |2f2 = |E|2
Jlenenue z= - i(cos((pl —,)+ 1sin(p, —9,))
ZER )
Bo3Benenue B creneHb
N3 onepanum yMHOKEHUS KOMILUIEKCHBIX YHCEI CIIEAYET, UTO
7 = zz=r’(cos 2@ + 7sin 2¢)
B o6miem citydae noayyum:
Z" = r"(cos ng + 71sin ny) ,
1€ 71 — LEJ0E MOJ0KUTEITBHOE YHCIIO.
D10 BhIpakeHue HazbiBaeTcs gopmysioii Myaspa. (AGpaxam ne Myasp (1667 —
1754) — aHrnuiickuii MaTeMaTHK).

H3Bieuenue KOPHA U3 KOMIUVIEKCHOI'0O YucCJia

W z= Vr(cos @+ 1sin @) = p(cos\y + 7sin )
BO3BOI[}I B CTCIICHD, ITOJIYUHUM:

p"(cos my + 1sin my) = r(cos @ + 7sin @)



Orciona: p=%r;, my=¢+2nk; keZ

@ = {/I’(COS (ORS 7sin (p) = W(COSM + isin M{j
n

n

Takum o0Opa3oM, KOpeHb n —OW CTENEHM M3 KOMIUIEKCHOTO YHCIIa HUMEET 7
pa3IMYHbIX 3HAYCHUI.3aJaHUs NJIA PAKTHYECKOl padoThI

3ananue. BeIMoIHUTE OEWCTBUS C JAHHBIMU KOMILIEKCHBIMH :
1) Z1+72; 71-72; 71-72,71:72

1. z; = 8(cos 55° +5in55°), z, = 2(cos5° + sin 5°),

2. z; = 5(cos 48° +5in48%), z, = 2(cos 12° + sin 12°),
3. z; = 3(cos 70° +5in 70°), z, = 2(cos20° + sin 20°),
4. z; = 10(cos 105° + sin 105%), z, = 2(cos 15° + sin 159),
5. z; = 12(cos 145° 4 sin 145%), 2z, = 2(cos5° + sin 5°),
6. z; = 7(cos 255° + sin255°), z, = 2(cos15° + sin 15°),
7. z; = 9(cos 168° + sin 168°), z, = 2(cos 12° + sin 12°),
8. z; = 6(cos 40° + sin40°), z, = 2(cos20° + sin 20°),
9. z; = 3(cos 40° + sin40°), z, = 2(cos5° + sin5°),
10. z; = 10(cos75° +sin75%), z, = 2(cos 15° + sin 15°),

11. z; = 9(cos 123° +sin123%), z, = 2(cos12° + sin 12°),
12. z; = 5(cos160° + sin 160°), z, = 2(cos20° + sin 20°)
13. z; = 3(cos235° +sin235%), z, = 2(cos5° + sin59),
14. z; = 4(cos30° +5in30°), z, = 2(cos15° + sin 15°),
15. z; = 2(cos 258° + sin 258°), 2z, = 2(cos 12° + sin 12°),
16. z; = 7(cos 115° +sin115°), z, = 2(cos 20° + sin 20°),
17. z; = 14(cos310° + sin310°), z, = 2(cos5° + sin5°),
18. z; = 8(cos45° +sin45%), z, = 2(cos 15° + sin 15),

19. z; = 6(cos 213° +5in 213%), 2z, = 2(cos12° + sin 129),
20. z; = 9(cos70° +sin70°), z, = 2(cos20° + sin 20°),

21. z; = 4(cos40° + sin40°%), z, = 2(cos5° + sin 59),

22. z; = 6(cos300° +5in300°), z, = 2(cos15° + sin 15°),
23. z; = 3(cos33° +5in33%), 2z, = 2(cos12° + sin 129),

24. z; = 5(cos 250° + 5in 250°), 2z, = 2(cos20° + sin 20°),
25. z; = 8(cos85° +5in85°%), z, = 2(cos5° + sin5°),

26. z; = 10(cos165° +sin 165°), z, = 2(cos 15° + sin1 5°),
27. z; = 9(cos48° +5in48), z, = 2(cos12° + sin 129),

28. z; = 5(cos 100° + s5in 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos 175° + sin175°), z, = 2(cos5° + sin 5°),

30. z; = 16(cos120° +5in 120°), z, = 2(cos 15° + sin 15),

’



2.BBINMONMHUTE AEUCTBUS HAJT KOMIUIEKCHBIMU YUCIAMU B TPUTOHOMETPUUYECKOM

dbopwme.

R i
1+1i

1_ . -6
2,12,22. !
22

1+\/§i]6

3,13.23.

1-i

0.5—0,54/3i
0,543 —0,5i

4,14,24.

5.15,25. (2+412if

T

6,16,26.3/—1+1i

717,27, ()3 -i)-1+7))

\/§+ Z'le

8,18,28.

2

9,19,29.

2\/5—21'}3
J3+i

10,2030 (-3-+3if

3.BBINIOHUTH I[CﬁCTBPIH HaJd KOMIIJICKCHBIMHU YUCJIaMH B TpHFOHOMeTqu€CKOﬁ

dbopme:
Diz;  2) 23
l. z, =144, z, =—3 +i;

6. z, =1-~3i,z, =2+2i;

2. lel—i,zzz—\/g—i; 7. 21:—1+\/§i,22:—2—2i;

3

1
3. z,=—1+i,z2, =+ 8. z,=—1-+/3i, z, =—2+2i;

1 3

4. z,=-1-1i, z, 25— 5

5. z, =1++/3i, z, =2-2i;

KoHTpoJibHBIE BOPOCHI

=

CTENEHD?

i 9. z]:\/§+i,22=—%—£i;

2

1
10. z :\/g—i,z =—+—:1I;
1 2757,

Urto Takoe TpuroHomeTpuueckas GopMa 3anucu KOMIUIEKCHOTO uKciia?

Kaxk nepeBectu 4nciio B TpUrOHOMETPUYECKYIO (hopmy?

Kax naiiTu npousBeieHue, 4aCTHOE YHUCeIl B TPUTOHOMETpUUYecKon hopme?
Kak HailTu BO3BECTHM 4YHCIO B TPUTOHOMETPUYECKON (opmMe B LEnyro

5. Kak HaillTh KOpEeHb N-HOM CTENEHUW W3 YHCiIa B TPUTOHOMETPUYECKOU

dbopme?



MpakTnueckana pabora Ne 3
Tema « BoruuciieHue npeaeaoBy»
[eab: HAYYUTHCA BBIYUCIATh NPEIEIIbI, PACKPBIBAT HEONPEAECICHHOCTH.
Bpemsa BbinonHeHUAa 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHusA

2.3agaHue

3./lnuctA4

4.KanbKynatopobl

MNopAaaoK BbinoNAHEHUA PaboTbl
1.M3yunTb 3agaHune

2. U3yunTb TEOpPETMYECKME CBEAEHMUA

3. BbINO/IHUTL M 0POPMUTL paboTy
4.MMoKkas3aTb pe3y/bTaTbl NpenoaasaTento
AomaliHee 3agaHue

1.MoAarotoBUTb OTBETHI HA KOHTPO/IbHbIE BONPOCHI
Xoa padoTnI

Teopernueckne nMoJI0KeHsI
[lepemenHas u npeaen — 3T0 OCHOBHBIE OHATUS MAaTEMATUYECKOTO aHaIu3a.

JlocTaTOYHO HAIIOMHUTH, YTO KJIFOYEBBIM CJIOBOM B OIPEJIEICHUSX TaKUX
W3BECTHBIX CO IIKOJIBI TOHSATUM KaK MPOU3BOAHAS U UHTETPAJ SBJISECTCS CIOBO
npezen.

IIpeaea pyHKkuuu B TOYKe.

y f(x)

A ++e

A-¢ e

0 a-Aaa+ Ax




[Tycts pynkuus f(x) onpezeneHa B HEKOTOPOM OKPECTHOCTH TOUYKHU X = a (T.€. B
caMoii TOUKe X = a (PyHKLHS MOXKET OBITh U HE OTIPE/ICIICHA)

Onpenenenune. Ynciio A Ha3biBaeTcs mpeneaoM ¢yHkuuu f(X) mpu x—a, ecinu
115 mro6oro €>0 cymiecTByeT Takoe uncyio A>0, 94To 171 BCeX X TaKHUX, YTO
0 <|x - a| <ABepno Hepasenctso | f(x) - Al <e.

To xe onpeneneHne MOXKET ObITh 3aMTUCAHO B JPYTOM BUJIE:
Ecnu a - A<x<a + A, X#a, TO BEpHO HEpaBeHCTBO A - e<f(X) <A +&.

3anuck npenena GyHKIIUA B TOUKE: lim £(x) = A

Onpenenenue, Ecnu f(x) A, pu X — a TOJABKO MpH X<a, TO lim (%)= 4 -

Ha3zbIBaeTcs nmpeaeaom ¢yHkiuu f(X) B Touke X = a cjieBa, a eciu f(x) —A, npu x

— a TONBKO IpPH X>a, TO lim f(x)= A Ha3bIBacTCs NpeleIoM dbyukuu f(x) B
x—a+

TOYKC X = a ClipaBa.

f(

[IpuBeeHHOE BBIIIE OMpPEEeIEHUEe OTHOCUTCS K cliydaro, korjaa ¢yHkiusa f(x)
HE OIpEeJeJIeHa B CaMOW TOYKE X = a, HO OINpeJeeHa B HEKOTOPOU CKOJIb YTOJAHO
MaJIOW OKPECTHOCTH 3TON TOUKH.

IIpenensr Ay u A, Ha3pIBalOTCS TakKe OAHOCTOPOHHHMMM IpeAe aMHu
¢ynkun f(x) B Touke X = a. Takxe roBopAT, 4To A — KOHEYHbIH mpee
bynkun f(x).

IIpenes ¢pyHKUMU NPHU CTPEMJIEHNH APryMeHTa K 0€CKOHEYHOCTH.

Onpenenenue. Yncno A Ha3biBaeTcs mpeaesoM GyHkiuu f(X) mpu x—»oo, eciu
st moboro yucia €0 cyiecTByeT Takoe yucio M>0, uto /it Bcex X, |x|>M
BBIITOJIHAETCS. HEPABEHCTBO



|A- flx|<e

[Ipu sToM mpeamnonaraercs, 4ro QyHkuus f(x) ompenereHa B OKPECTHOCTU
OECKOHEYHOCTH.
3anuceIBaKoT: lim f(x) = A AHaIOTMYHO  MOXXHO  ONpPENEIUTh  MPEIEIbl

X—>00

lim A(x) = A 14 1oooro x>M u

X—>+00

lim A(x) = A 174 1oooro x<M.

X—>—0

OcHoBHBIE TEOpeMBbI 0 Mpeaesiax.

Teopema 1.1im C= C, rae C = const.

X—a

Crnenytolye TeopeMbl CIpaBeIMBbI IIPU MPeAnojoxeHud, 4ro Gyuknuu f(x) u
g(X) UMEIOT KOHEUHBIE MTPEENbI IPU X—>a.

Teopema 2. lgral( X+ g(x) = lgral f(x)* lgl}g(X)

Teopema 3. lim[ A()- g(x)]=lim £(x)-lim g(x)

CaeacrBue. IXI_I;H C- f(x)= Cl}gn (%)

lim A%
Teopema 4.1im 9 _ x2d pH lim g(x) =0
x—a g(X) E_l;l;l g(X) x—>a

Teopema 5.Ecau f(x)>0 6bauzu mouku x = a u lim f(x) = A, mo A>0.

AHaJloruyHo onpesensercs 3Hak npeaena npu f(x) <0, f(x) > 0, f(x) < 0.

Teopema 6.Eciu g(x) <f(x) <u(x) 6bausu mouku x = a u lim g(x) = limu(x) = A, mo u

Iim = A.

X—a

Onpenenenue. Oynknus f(x) Ha3bIBaeTCs OrPpaHUMYEHHOM BOJIM3M TOYKU X = a,
eCIIM CYIIECTBYET TaKoe 4icio M>0, uto | f(x)|<M B6mH3n ToukH X = a.

Teopema 7.Ecau ¢hyuxyus f(x) umeem KoHeuHwlll npeden npu X —d, mo oHa
ocpaHudena 601u3u mouku x = a.becKoHe4Ho manbie GpyHKUUM.

Onpenenenue. Dynkmus f(X) Ha3pIBaeTCs 0ECKOHEYHO MAJIOH TIpU X—a, TIe a

MOJKET OBITh YMCJIOM MJIM OJHOM M3 BEJIMYMH 00, +00 UJIH -00, €CIIH lim A(x)=0.

X—a

CroiicTBa 0€CKOHEYHO MAJIbIX (PYHKIIUIA:



1) Cymma ¢puKcHpOBaHHOTO YHciia OECKOHEYHO MajblX (PYHKIMH MPU X—>a TOXKE
OeckoHeUHO Majiasi PyHKIUS MpU X—>a.

2) [IpousBeaenne (HUKCUPOBAHHOTO 4YHCIa OECKOHEYHO MalbIX (YHKUIUN Mpu
X—>a TOKe OECKOHEUHO Majiasi PYHKIUS MpU X—a.

3) IlpousBeneHue OeckoHEYHO MayioW (GYHKIMH Ha (DYHKIHIO, OTpaHUYCHHYIO
BOJIM3U TOYKH X = a ABJIAETCS] OECKOHEUHO Maiol (DYHKIIHEH mpu X—>a.

4) YactHoe OT JefieHUss OECKOHEYHO Majoll (YyHKIIMKM Ha (QYHKIHIO, Tpeae
KOTOPOIi HE paBEeH HYIIIO €CTh BEIMYMHA OECKOHEYHO MaJasl.

BeckoneuHo 0osbiue GyHKIMU U UX CBSA3b ¢ 0€CKOHEYHO MAJIbIMH.

Omnpenenenue. OyHKIMSA HA3bIBACTCS 0€CKOHEYHO OOJIBIIOM MpHU X—>a, TAE a

— YHCJIO0 WM OJHA W3 BEJIIMYMH 00, +00 MJIM -00, €CIIM lim f(x) = A, IJie A — YUCIO

Xx—a
HJIM OJHA U3 BEJIMYHH 00, +00 HJIU -00,

CBs13b OECKOHEUHO OOJIBIIUX U OECKOHEUHO MaJIbIX (PYHKIIMM OCYIIIECTBIISCTCS B
COOTBETCTBHUU CO CIIEAYIOLIEH TEOPEMOM.

Teopema.Ecnu f(x) >0 npu x—a (eciu x—»o0 ) u He oopawaemcs 8 Hoib, Mo

y= -
S (x)
e5x
IIpumep. Haiitn npenen lim
=087 x
Tak kak tg5x ~ 5x wm sin7x ~ 7x mpu x — 0, TO, 3aMeHUB (QyHKUUHU

SKBMBAJIEHTHBLIMHA OECKOHEUYHO MaJIbIMH, IMOJIYHYHUM:

lim {gSX_l 5X 5
~038in7x X—>07X 7

3

IMpumep. Haittu npenen lim
x>0 ] —Cosx |

2
X X
Tax Kak 1 — cosx = 2sin’ = ~2| = | npu x—0, T0 lim——— = lim-— = lim2x=0.
2 2 x>0]—-cosx 0 X x>0

2

fgx _ . X
Osz2 X—>0X2

IIpumep. Haittu npenen lim = oo,

Eciu o u B - OeckoHeUHO Mamble MpU X—>a, pudeM [ - OECKOHEYHO Maias
Ooyiee BBICOKOTO TMOpsAKa, 4eM o, TO Y = o + [ - OeckoHe4yHO Majas,
DKBUBAJICHTHAS O. OTO MOXHO JI0Ka3aTh  CICAYIOIIUM  PaBEHCTBOM

hm1=um@+ﬁsz

X—a a X—a a

Toraa roBopsT, 4ToO O - IJIaBHASl YaCTh OECKOHEYHO Mol (QyHKIUH Y.



IMpumep. DyHKuMs X +X — OeCKOHEUHO Manas npu Xx—>0, X — IJaBHas 4acTh

510} QyHKIMU. YTOOBI OKA3aTh 3TO, 3AMUIIEM O = X2, B = X, TOr/1a

2 2

.X . X +x
lim— =0, lim
=0 x x—0 X

=lim(x+1)=1.

HexoTopsle 3amMeuaTesbHbIE Npeeabl.

. o . P(x -
IlepBblii 3amMeyaTeIbHBIN Ipeae. hm% , Tae P(x) = apx™ + a;x™! +.. +a,,
X—>0 X

Q(x) = bex™ + b1Xm-1 +...Tby - MHOTOWICHBI.

a a a a
X'(ay+—L+..+—2 a,+—t+..+-2
P(X)_ ( 0 X Xn) _Xu—m 0 X XH
- b b,. b b
A X"(by+—++..+2 by+—++..+2
X X x"
a, a,
a0+—+...+; 2
li - ==L
52 b, b
by+—+..+2
X

0, mpp n<m

Hroro: limM= )

, IIpH n=m
o O X) b,

©, #OpH n>m

sin x
=1

Bropoii 3aMeuyaTenbHbIN Npeaet. lim

x—0 X

. . . IR
Tperuii 3aMeuyaTeIbLHBIN Npeae)I. hm(l + —j =e

X—0 X

YacTto ecnu HEMOCPEICTBEHHOE HaXOXKACHHE Tpeiesia Kakoi — 6o GpyHkuuu
NPEICTABISAETCS CI0KHBIM, TO MOKHO ITyTeM MpeoOpa3oBaHus PyHKIIUU CBECTH
3a7a4y K HaX0X/IEHUIO 3aMeYaTeNIbHBIX MPEIETIOB.

KpOMe TPECX, N3JIOKCHHBIX BBIIIC, IIPCACIOB MOYKHO 3allMCaTh CJICAYIOIOINC
ITOJIC3HBIC HA ITPAKTUKEC COOTHOIICHU !

limM =1 lim a -1 =Ina; limw
x—0 X x—0 X x—0 X

=m

IIpumep. Haiitu npenei.

lim— =lim—=
08N nx 0 nx

tgmx mx m
n

IMpumep. Haittu npexnen.



lim 19x— 1gx, _ lim sin(x— x;) ~ lim sin(x— X, ) Mim 1 1. 1 1

5 x—x, % (X—X)COSXCOSX, % X—X, % COSXCOS X, cos’ x, cos’ x,

IMpumep. Haiitu npenen.

2 .
i ———=sin(z/4 - x) .
. sinx—cosx . J2 . —sin(z/4-x) 1
lim —— = lim = lim =—
x—>rl4 7Z'—4X x—r/4 7Z'—4X x—r/4 2\/5(72-/4_/‘,) 2\/5

IMpumep. Haittu npexnen.

y=rn/2-x Iy ' .
lim <X _Jx—z/2-y im S22 D) sy 1
x->rl2 g —2Xx =0 2y =0 y 2
T—=2X=7mw—7m+2y
IIpumep. Haiitu npenen.
x+3 X3 y=x-1 y4 y 4
iml 23] Zhim X2 Sl botiml 254 Chiml i+ 2| dim| 14+ 2] =
x| x— 1 X—>0 X— 1 Y0 y Y0 y y—0l y
y—> ©
4z z 4
={z: Z}:nm(nlj :{nm(ulj ] =
4 Z—>0 Z Z—>0 Z
x?—6x+38

ITpumep. Haitu nnpenen  lim————.
P P P =2 x2 —8x+12

JIJI1 HaX0XACHUS ATOTO Mpejiesia pa3ioKuM Ha MHOXKHUTEIIN YHCIUTENb U
3HaAMEHATENb IaHHON APOOH.

X —6x+8=0; =8+ 12=0;
D=36-32=4 D =64 48 = 16;
X =(6+2)/2=4; X1 = (8+4)/2=6;
xX2=(6-2)/2=2; X2 =(8—4)/2=2;
Torma lim & =D& =9 _j;,x=4 2 1

=2 (x=2)(x—6) =2x—6 4 2

2 _ 2
IMpumep. Havitu npexneir. lim lbxta® fl-xe

3 JOMHOXHUM YUCIIUTEIIb U
x—0 x —x

3HaMCHATCJIb ,Z[pO6I/I Ha COIIPSZKEHHOC BBIPAXXCHUC!

. I+x+x" —1+x—x’ . 2x
lim = lim =
0 x(x—l)(\/1+x+x2 +\/1—x+x2) 0 x(x—l)(\/1+x+x2 +\/1—x+x2)




e 2 —_
—1-(141)

IMpumep. Haittu npexnen.

. X2—5X+6_ B o g (x=2)(x-3) 3-2 1
=3 =1 =56 = (r-(x 3)}_133(X—3)(x+3)_3+3_6

o . X —6xX +11x-6
IIpumep. Haiitn npenen lim .
-1 X —3x+2

Pa3n0KxuM 4MCIHMTENb ¥ 3HAMEHATEN b Ha MHOKUTEIH.
X-3x+2=Cx-1x-2)
X —6x*+1Ix—6=(x—-1kx—-2)(x—3), TK.

xX—6x*+11x—-6 x-1
x> —x>x*>-5x+6

-5x2+11x
- 5x% + 5%
6x - 6
6x - 6
0
x2—5x+6=(x-2)x-3)
Torma lim (x=D(x=2)(x=3) =-2
ol (x=1)(x-2)
Ipumep. Haiitu npenen.
2sin 2a+2h cos— —2sin(a+ h)
lim sin(a+2h)—2sin(a+ h)+sina _ lim 2 2 _ lim 2sin(a + h)(cosh—1) _
h—0 ]12 A0 ]12 A0 [12

)
- 2lbin(}sin(a+]1)-lim25m—(b/2): 2sina-(~1/2) = —sin a

>0 4(h/2)?

3agaHus NpakTHYeCcKoil padoThl

1.HaiiTn yka3aHHbIe Npeaesabl.

2 3 a2
. —ax+6 . —x 42
1.1. i—xomsem:l 1.2. lim WOmeemzl
=3 xt = 12x+ 20 8 =0 xt
C b+x-xt 5 Co2xt—x-1
1.3. lim ——— omeem:—— 1.4. ———— omeem : =
=3 oxt =27 27 =l E3xt —x— 5



Sx? _Fx 4 d omeem nem

124 x— x* omeem :nem

1.5, bm — = 1.6. lim
=1 x4 _ 5y 4§ peuwenus ¥=3 3 97 peweHus
3t 42x-1 —4x-5
1.7. lim %omeem:— 1.8. xj il omeem:E
=l 20t -1 9 ¥l oyt — Dy — 4
1 _ 7
1.9. lim w omeem:—i 1.10. lin szﬂ omeem :1
¥l xt 4 x+2 3 ¥ Uxt —-5x-3
N 2
1.11.]1'111;:—8oma’em:2 1.12. ]jmx3—x20meem:—l
=it x—6 =eloxt 41
2 2 —
1.13. lin ;—16 omeem:§ 1.14. lin WOmeem:E
=t x—-20 9 Ll Sl S 4
T4 2 _
1.15. lim —3;{2 7r6 omeem:l 1.16. lim —4;{2 tix- e omeem :—
¥ axt =TTx 43 =3 3yt +8x+4
2 _ T 4.
1.17. tm WOmeem:— 1.18. %omeemﬂ
==l Bt -2 =l Dx— 2
2 - 2 _ omeem :Hem
1.19. tin w omeem :1 1.20. lin w
R i L | B4 10 peuleHnus
2_ 2 — 5 omeem ‘Hem
1.21. ]jmzjr;ﬂonwem:—l 1.22. 111114};-'_—;{5
=3 ox® +3x—10 7 vl xf — Px 41 pewenus
1.23. lin ng Fllx—2 omeem :—— 1.24. lin xgﬁ—xM omeem:2
=2 3xf —x—10 1 =T 0yt —89x-35 19
2 g 2 omeem :Hem
1.25. lin w omeem:ﬁ 1.26. lim w
¥ Pyt 3y — 35 17 i3 oyt —fx— 277 peulenHus
T 2 _
1.27. lin M ome;em'i 1.28. tim w omeem:H
=i 0xt+11x4 5 =8t 4 PAx 48
2 a p _
1.29. tim w meem'2 1.30. lin w omeem : —
e I 7 5 =2 3t 4 102+ 3 8

2. HaiiTu ykazaHHbIe npe/ieibl

2.1, fim X FIAHD
¥==3 x4+ hx-—12

2.3. lim

Co2xt +11x+15 1
omeem .—

2 —3x42

5 omeem 0
—4x+3

=1 ¥

2x2 15510 omeem :Hem

2.2, fin 222
¥+l -1 peuiernus
~ 2x? L 2x 41 omeem :nem
2.4, tm = 22T
¥ ¥ -8 petuerus



4 _ 2 2 _ 2y _1 omeem :Hem
2.5. lim w omeem :0 2.6. lim w
-1 41 ¥l ¥t =1 peuiernus
1 2 .
x4 3 +2x omeem :nem
2.7. xj—x omeem:i 2.8. lim ;—x
#=d Gyt 4+ 3x—3 23 ¥=-2 x* 4+ dx+ 4 pewenus
. -1 o2t 7x—4 3
2.9. lim ————— omeem:—2 2.10. lim —————— omsem :——
L i i o e A e | 16
3 B i 2 B
2.11. tm w omeemzl 2.12. lim w omeemzl
== 0xt +11x+5 3 =2l 7 42 2
2 —2x+1 -3
2.13. lim ————— omeem:0 2.14. lim ———— omeem :—12
=10t x4 5 =2 0yt —9x 410
o Oxt417x-2 19 _ ©4+x—2 omeem:Hem
215 a];i’flg 7 omeem .— 216 h:—r}llf
T +2x 2 & —x" —x+1 pewenus
3 o2 4 o2
2.17. tm 4x 22;: *ox omeem :— 2.18. lim w omeem 3
=0 3xf 4+ 7x 7 =zt -1
2 — 1 omeem :Hem 2_
2.19. fim 25 2771 2.20. im X239 o gem:— 1L
¥=3 x? _Sx 46 peuenus re=S kT 4125 75
2 _ EN
2.21. fim & +33x 28 omeem:H 2.22. 8; omeem :6
=4 ¥ — 6 48 P12 _1;'14
1 B 1
2.23. lim = -I;Bx 28 meem:E 2.24. lim womeemﬂ
=t xt —dx 4 ot oyt —Sx+ 14
2 3
. —4 . x4
2.25. tm ;:— omeem:i 2.26. lim # omeem 0
=293 + x =10 11 =04 prd —Hx 41
. 2zt -11x-46 fp2x-24
2.27. L J;—x om@em:E 2.28. lim XE—X omeem :0
=6 Gpd _ Dx+12 16 ¥=f 2r® 4 155+ 18
a—2x—4 10 . x*— 64
2.29. lim —_— omeem :-—— 2.30. ————— omesem :——
=2t —11x+18 ¥t Tyt P-4 29

3. HajiTu yka3aHHbIe NpeeJibl

3 o2
31 fim 3x3 5x2+2
¥w Dt 4 0xt — %

4 oo
3_3_]@%
¥eoxt +dx” 41

3.4, lm

4x° +7x
ww Qx® — 4x* 45

3.2, lim

Tx0—2xt +4x
2z 45

bl =]



- dxt 4 28x

3.5 lim ——
e G 48 4+ x—1
37 fim it bt x
ke Y430
—x¥ 4341
3.9.]Jﬂ1 32—
L S s S
311, fim 4x% +5x =7
C e 2xt x4+ 10
313, Ixt 42 +9
T e 227 x4 4
315, 2xt 4 Tx-2
T e 3ty 4
317, Ixt—ext 42
BRI S P
CoBxt—4xt+3
3.19. tim 22— 72
I Pl |
) Txd+dx
321 lm
i S T o S
3193 ot 4 Txt -2
T w627 —dx 43
395 tm x—2x% +5¢°
T e 2437 4ot
45zt -3
3.27. tim 22
e o A+ 8
329, fim 4x° = 2x+1

rw Dxd 4 3t 42

3.6, Ixt +10x+3
e 2x 4523
38 x4 Tx+3
B e P R
o= Ex 410
3.10. m =2 T~
wew P 4 U]
gt +x+d
3.12. ]JI'ﬂ #
et I Sl e
o 3x 4 5x-7
314, fm = 22
L Sl S |
. 18x* +5x
3.16. tim ———~—_
=08 3x— 9
318, i 8x' +dx—5
C et _3x42
o Exf—dx+ 2
3.20. im ————=
Gx* +5x+1
) 1+4x—x*
3.22. tm ——
L e S e S
394, 3x +14x°
T wee 4 2x+ 721
CoExt oot
3.26. lm = —
2xT +E3x+5
398, i 520 —Tx +3
e 24 2x-x
330, Sx = 3x+1

e 3xd 4 x5

4. HaiiTn ykazaHHbIe NpeaeJibl

= 2x+4

4.1. lim

4.3.

= 2xt 1350 41

- Ixi+Tx—4

rw—e x4 2x—1

4.2. lim

o Zxt42x-5
e Dx? 4 x+7

&
Ax—x

4.4. lim

L iy L



pxt 4+ Tx-1 2t +7xt +4

4.5 fm 2 T2 4.6. lim ==
¥e 3xT +2x 45 ¥ x4+ 5x-1
6 _ o 1 7 2_
47t 3):3 Srt 42 48 fim x ;l—ﬂx 4x
¥ 2xt +4x-5 ¥oe Bxt +11x -7
C Txi 45549 R T A Ny
4-9. ]Jﬂl —3 4-10- ].1.'['.[1 2—
e (4 dx—x ¥ x4+ 3x+1
2 3 2
4.11. fin 22 F21HT 4.12. fim X AT 272
Yw 3xT —2xT +x vw Axt +Tx -3
Sx0 —3x0 47 Sx = 3x+1
413, tim 2= 2 T 4,14, tim 22 227
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3 a
4.17. fin X 3T 4.18. fig SX FITED
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S.HaiiTu ykazaHHbIe npeaeJibl

a _ 2_
5.1. fim —2""3 +3’; g 52, fim —3’1 Txte
wow fxt — 220 +1 L A
53 h.m?f—zx+4 54 oxt - x+7

APy Doy | r=—e 3t — 520 110



4 —2xt +x

5.5. lm .
rm Ayt — x
57t Sxt—Sx 42

A T

P a2
590 fm 2% : axt 4+ 2%
4+ 7x+1

F=rm

Tx +6xt -2

5.11. lim

2xt +6x+1

F=rm

5.13. fm — 3%
B T

5.15. fim — 27
i 2 —3x+4x

517, fim — 27
i 3% 4+ 250 41

firn Sxr4+3

ey Axd

5.19.
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521, tim 25 2% +3

N Al PRy
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5.23.
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595 lim w
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7 3
¥ow oyl =3y —dx

5.27.
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5.12. lim
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5.24. lim
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6. HaiiTn ykazaHHbIe npeaeJibl

v 4 0x 45

Tx+4
r=—e 3x% — Gx 41

2 —_— — —_—
6.1. lim — rx-12 omeem :7 6.2. lim wfx-l;lE A - x omeem:—ﬁ
=3 -2 - Jd—x =4 x4+ 2x-8 48
6.3. lm \."x+2l1[]—\."4—x omeem:—ﬂ 6.4. lim - —jx— r+5 omeem :—
=i 2xt—-x-21 91 o xt—x— 10
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=l 3xt —dx 41 0 =2 - x - x4
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=3 Dxt —TIx—15 286 L] x4 +8x+15
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sin 3x k x* tg (kx +3x) x*

D.lim———, 2) lim————, 3)lim>——"—,

) =0 (k +2)x ) 0 sin* 5 x )HO 5x

2 lim(1+£j 5 lim sin kx —sin 5x , 6) lim cos2x — cos kx
X—®© X x>0 ]OC x—0 X

KoHTposbHBIE BONIPOCHI

1. JlaitTe onpenenenus npeaesina GyHKIIUA B TOUKE.
2. Kakue Tunsl HEONpeaeIeHHOCTEN BaM U3BECTHBI?

09
3. Kax u36aBUTHCS O HEONPEIEIEHHOCTH o
C
4 Yemy paBHO 3HaYEHHE TIperesa QYHKIMH IIPA HEONPEIEIEHHOCTH 0 ?

0
5.Yemy paBHO 3HaUYeHHE Tpeeaa PyHKIUN TPU HEONPEAEICHHOCTH — ?
C

6. 3anucaTh 3aMevaTeIbHbIE PEIEIbI.

IIpakTHuyeckas padora Ne 4 mo reme

Tema «MccienoBanue GyHKIUN HA HeNMPepbIBHOCTH. Kitaccupukanmus Touek
pa3pbiBa»

Heab: Hay4YuThCS BBIUUCIATH UCCIENOBATH (PYHKIIUIO HA HEMPEPHIBHOCTD,
KJIacCU(UIIMPOBATH TOUYKHU PAa3pbIBA .

Teoperuyeckue MoJa0KeHUS

HenpepbIBHOCTH (DYHKIIUM U €€ pa3pbIBbI.

Onpenenenue. Pynkuus f(x), onpenenseHHast B OKPECTHOCTU HEKOTOPOI TOUKH Xo,
Ha3bIBACTCsl HEMPEPBLIBHOM B TOUYKE X, €CIIM MPee] PYHKINU U €€ 3HAaUCHUE B
JTOU TOYKE PABHBI, T.C.

lim A(x) = f(x,)
X=X
Tot ke (hakT MOXKHO 3amucath nHave: lim f(x) = f(lim x)
X=X X=X
Onpenenenue. Ecou ¢pynkuus f(x) onpeaeneHa B HEKOTOPOM OKPECTHOCTH TOYKHU
X0, HO HE SBJSETCS HENpPEephIBHOM B CaMOM TOYKE Xo, TO OHA Ha3bIBaeTcCA

pa3pbIBHOM (QyHKIIMEH, a TOUKA Xo — TOYKOM pa3pbiBa.

[Ipumep HenpepbIBHON (DYHKITUU:



f(X0)+8
f(xo)
f(X())-S /

0] Xo-AXoXotAX

[Tpumep pa3pbiBHON HyHKINU:

f(X0)+8
f(xq)
f(x0)-€

\x
SRV VU I VR S IS
>

CBoiicTBa HenpepbIBHbIX QPYHKIMI.

1) Cymma, pa3HOCTb M MPOU3BEJCHUE HEMPEPHIBHBIX B TOYKE Xo (PYHKIUN —
ecTh QYHKIIHUS, HETIPEPHIBHASL B TOUKE Xo.

RICY

2) YacTHOoe ABYX HENPEPbIBHBIX (QYHKIUN — €CTh HempepbIBHAs (PYHKITUS

IIPYU YCJIOBHH, UYTO g(X) HE paBHA HYJIIO B TOUYKE Xo.

3) Cyneprio3unusi HenpepbIBHBIX (PYHKIUN — €CTh HENPEpbIBHAS (QYHKIUS.
OTO CBOMCTBO MOXET OBITh 3alIMCAHO CIEAYIOIIUM 00pa3oM:

Ecmu u = f(x), v = g(x) — HenpepbIBHbIE (HYHKIIUU B TOUKE X = Xo, TO (QYHKIUSI
v = g(f(x)) — To’xe HenpephIBHAsT PYHKIIMS B 3TOM TOUKE.

Touku paspbiBa U UX KJIaccuPpuKanms.

Paccmotpum HekoTopyro pyHKumio f(x), HEMPEPHIBHYIO B OKPECTHOCTU TOUYKH
X0, 332 MCKJIIOYECHUEM MOXET OBbITh CaMOW 3TOM Touku. M3 ompeneneHus TOUYKH
pa3pbiBa PYHKIMU CIEAYET, YTO X = X( SABJSETCS TOUKON pa3phiBa, €Ciik (yHKIIHS

HE OMpPEJEIICHA B 3TOM TOUKE, UJIM HE SIBIISIETCS B HEW HENPEPHIBHOM.



Crnenyer OTMETUTH TaKXKe, 9TO HEMPEPHIBHOCTh YHKIIUHA MOXKET OBITh
oaHocTtopoHHeH. [ToscHUM ATO clieyomuM 00pa3oMm.

Ecnu onHOCTOpOHHME mpenen (CM. BBILIE) lim Ax)= f(x) , TO byHKIHSA

Ha3bIBACTCS HENPEPBIBHOU CIIPABA.

Xo

Ecnu omgHocTOpOoHHMM Tipenen (CM. BBIIIE) lim (%)= fx) , TO byHKIMISA

Ha3bIBACTCS HETIPEPHIBHOM CJIeBa.
Onpenenenue. Touka X Ha3pIBaeTCA TOUKOM pa3pbiBa ¢yukiuu f(x), ecnu f(x)
HE OIpe/ieieHa B TOUKE Xo UM HE SIBJISIETCS HEMPEPHIBHOM B ATOM TOUYKE.
Onpeneaenune. Touka Xy Ha3bIBAETCS TOYKOM pa3pbiBa 1- ro poaa, eciv B 3TOi
Touke QpyHKuus f(X) UMeeT KOHEUHbIe, HO HE paBHBIE APYT APYTY JIEBbIN U MPABBIM
Ipeiebl.

lim Ax# lim AX

X% +0 x> %-0
Jl7is BBITIOJIHEHUSI YCIIOBUW 3TOTO OIpeneieHus] He Tpedyercs, 4ToObl (PyHKIMA
ObLTa ompenesieHa B TOYKE X = Xo, JOCTATOUYHO TOTO, YTO OHA OIpeEeieHa CeBa U
CIpaBa OT Hee.

W3 ompenenenuss MOXHO cliefaTh BBIBOJ, YTO B TOYKE pa3pbiBa 1 — ro pojaa
GyHKUIHST MOXET HMMETh TOJbKO KOHEUYHBIM CKadyoK. B HEKOTOphIX YacTHBIX
cllydasix TOUKY pa3pbiBa 1 — ro pojia eiie MHOTAa Ha3bIBAIOT YCTPAHUMOM TOUYKON
paspbiBa, HO MOJAPOOHEE 00 AITOM MOTOBOPUM HUKE.

Onpenenenue. Touka Xy Ha3bIBACTCSI TOYKOM pa3pbiBa 2 — ro pojaa, €Civ B 3TOU
touke QyHkIusa f(X) HE UMeeT XOTa Obl OJTHOTO M3 OJIHOCTOPOHHUX IPEJETIOB WU
XO0TsI ObI OJTUH U3 HUX OECKOHEUEH.

Ipumep. Oyuxuua Hupuxne (Jupuxie Ilerep I'ycraB(1805-1859) — Hemeuxuit

MaTeMaTHK, 4jieH- koppecnonaeHT [lerepOyprckoit AH 1837T)

1, Xx— paunoHa/bHOE 49HCIIO

am:{

0, X— HppauHoHa/IbHOE YHCIIO

HE SIBJISIETCS HETIPEPHIBHOM B JIIO00M TOUKE Xo.



Mpumep. Oyukmus f(x) = 1 yimeer B Touxe X0 = 0 TouKy pa3peiBa 2 — ro poja,
X

T.K. lim0 f(x) =+400; lim f(x) =—o.

x—>0+ x—0-0

-10

sin x

Mpumep.f(x) =

X
®yHKUMSA HE ompeneneHa B Touke X = (0, HO UMEEeT B HEH KOHEYHBIN Mpeaen

lin% f(x)=1, T.e. B Touke X = 0 QyHKIUS UMEET TOUKY pa3pbiBa 1 — ro poma. Ito —

yCTpaHuUMasi TOYKa pa3pbiBa, T.K. €CIIU JOONPENEIUTh (PYHKIIUIO:

sin x
=7 x
I, mpm x=0

mprg x#0

I'paduk sTo0it PpyHKIMM:




D

-1
Orta yHKIMs Takxke o003Havaercs sign(x) — 3Hak x. B Touke x = 0 pyHKUHMS HE
onpeneneHa. T.K. JeBbI W TpaBblil npenensbl (YHKIMH Pa3IuyHbl, TO TOYKA
paspbeiBa — 1 — ro poaa. Ecnu goonpenenuts QyHKIHio B Touke X = (), MOJOKHUB
f(0) = 1, To ¢yukuus OyAeT HempepbiBHA cripaBa, ecid nojgoxuts f(0) = -1, To
byHkuus OyAeT HENPEepHIBHOM ClieBa, €Clv MOJO0XKUTh f(X) paBHOE KakoMmy- OO
YHCITy, OTAMYHOMY OT 1 unu —1, To pyHKIMs He OyneT HepepbIBHA HU ClIeBa, HU
CIpaBa, HO BO BCEX CIyyasix TEM He MeHee OyJeT UMeTh B Touke X = 0 pa3pbiB 1 —
ro poja. B atom npumMepe Touka paspbia | —ro pojia He SBISETCA YCTPAHUMOM.
Taxum 06pazom, Jij1st TOTO, 4TOOBI TOUKA pa3phiBa 1 — ro poja Oblia
yCTPaHUMOM, HE00XO0JUMO, YTOOBI OJTHOCTOPOHHUE MPEAEIIbI ClIpaBa U clieBa
OBLIIM KOHEYHBI U paBHBL, @ (YHKLHUS OblUIa OBl B 3TOM TOYKE HE ONPEIEIEHA.
IIpumep. MccrnenoBaTh Ha HENPEPHIBHOCTh (YHKLIUIO M ONPEAEIUTHh TUIl TOYEK

pa3pbiBa, €CJIKM OHU CCThb.
x+4, x<-1
Ax)=4x +2, -1<x<1
2X, x>1

lim A9 =3 lim Ax)=3
lim A% =3 lim Ax=2

x—>-1+0

B TOUKe X = -1 (hyHKIUS HEMpephIBHA B TOUKe X = | Touka paspeiBa 1 —ro

pona

K’




IIpumep. VccienoBaTs Ha HEMPEPHIBHOCTh (DYHKITAIO U OTIPEIEITUTH THIT TOUYEK
pas3pbIBa, €CJIU OHU €CTh.
cosx, x<0
f(x)=4x"+1, 0<x<l
X, x2>1
i, () =1 lim, 7(3) =2
lim f(x)=1 lirlnof(x) =1

x—>0+0

B Touke X = 0 ¢hyHKIHUS HETpephIBHA, B TOUKE X = 1 Touka pa3pbiBa 1 —ro pona

~_ . 1

-TC -1t/ 0 1 X




4.4.10. T ab/mmia 95 PHEATEHTHEIX 0ECK DHEYHO MATBIX.

SOECh ME C MOMOI[BE paccMoTpeHHEE B4.4.7 npegenos cocTaBHM TabNHIY SEEHEBAT M THEX
EM dyuxnHE H BRINMIIEM CIEOYICUIHE HS HIM BHpAKEeHHA OIA CIAEHLY JacTel (OHH ToOUépKEYTE).

DHEHBANEHTHGCTE TpHX—) Tnaemas gacte mpu x—0
1 sinx ~x 1. sinx = x+oix)
2. 1-cosx~x12 2. 1-cosx =x?‘£+o(x2):>cos x= 1—x2f2+0(x2)
Jtgxx 3. tg x =x+tolx)
4 arcsinx ~x 4. arcsin x =x+oix)
3. arctgx ~x 5. arctz x =x+olx)
fa-lexlnae-1-x 6. d—1=xln atolx)=a" = 1+xln atolx)

£ =1 =xto(x) )= &" = 1+ x +o(x)

T log, (1+x) ~x logae; In{l+x) ~x 7. logs (1+x) =x logaetoix); In( 1+ = x+oix)

B (lHx)*1~ax 8. (14x)*- 1 = axto(x)= (I+x) =1 + a x+olx)

9 shx~x 9. shx =x+oix)

10 chx - 1~x*2 10.chx - I=x¥2tolx)= chx = 1 +aP24gicd) |
125x

IMpumep. Haittu npegen lim—
08N 7 x

Tak kak tg5x ~ 5x um sin7x ~ 7x mpu x — 0, TO, 3aMeHMB (DYHKIUHU

SKBHBAJICHTHBLIMHA OECKOHEUYHO MaJIbIMH, IMOJYHYHUM:

lim-22% 2% 22
~0sin7x ~07x 7

3

IIpumep. Haiitn npenen lim .
x>0] —cosx

2
Tak kak 1 — cosx = 2sin’ =~ 2| = | mpu x—0, T0 limL = limi =1lim2x=0.
2 2 x>0]—cosx 0 i x>0

2

o . . X
IIpumep. Haiitu npenen lim— =lim—- = o0,
x>0 g1n x>0 XZ




3agaHus NpakTHYeCcKoil padoThl

3aganue 1.Haiitu npenensl, UCTIONb3ys SKBUBAJICHTHBIE OECKOHEUHO MaJIble
byHKIUH.

2 . in 5
2.1. lim M omeem:—g 2.2, tim 0T eem 2
=0 53 fy 5 x—=0 gggx
: 3
2.3, fim 2 i omeem :— 2.4, lin j—l omeem :—
=0 folx =l 20
2.5. lim %gﬁx 2.6. lim M omeem:3
=0 23’ — 3:,[— x—=0 EX 2
2.7, lim 22 0% omeem:é 2.8. lim M omeem 3
w0 gpciglx 2 =0 gin 2x
ix i —
2.9, fim 2 ! omeem:g 2.10. lim M omeem :1
=0 foix 3 ¥=3 xt —Lx 46

2.11. lim cos3x —cosx omeem :—?2 2.12. lim 1= cosbx omeeng

¥—=0 2;_.;2 ¥=0 4:&’2
. . it 4
2.13.1lm M omeem:E 2.14. lin aosm ax omeem:i
0 In{ 1+ 2x) 2 =0 fohy 5
Sx _
2.15. lim E. ! omeeem:é 2.16. lim .Qg(j_+2) omeem:—l
=0 gin 2x 2 i 4
. i . i 2
2.17. lin Sm(;—_'_z) omeem:i 2.18. timn e o % omeem:l
=2 xT 48 12 =0 fodx 2
3 _
2.19.1im Rl omeem :48 2.20. tm cos2x ;OSATX omeem 2
=4 fg(x—q.) ¥=1 3.7:
3
2.21.tm M omeem :2 2.22. tn arcigdx omeem :é
=0 Ex ¥—=0 fgzx 2
. Sl Sx 3 . AfCEN BX
2.23.1m ——== omeem = 2.24. litn ——— " omeem :2
=0 In{1+2x) 2 =0 fedx
Sx
2.25 lim £ ! omeem:é 2.26. lim M ome;em:i
w0 fely 2 =0 ain 2x 2
2.27 .tim M omefem:L 2.28. lm M

=3 J’f3 — 27 27 K= }[2 —25



2.29. lim ﬂ omeem 1

=0 2

3aganue 2. VccienoBaTh naHHble PyHKINN HA HEMPEPBHIBHOCTH U MMOCTPOUTH UX

rpaduKHu.

2.1. f(x)=

23, f(x)=

2.5. f(x)=

2.7. f(x)=

2.9. f(x)=

X

x+4,x<-1,

x*+2,-1<x<]1,

2x,x >1.

x+2,x<-1
xM—l<x<1

—-x+3,x>1

—-2(x+1),x<-1

(x+1)°~1<x<0

x,x20

x*+1Lx<l1
2x,1<x<3

x+2,x>3

AVl=x,x<0
0,0<x<2
x=2,x>2

sinx,x <0

2.11. f(x)=4x0<x<2

23.13. f(x)=

2.15. f(x) =

0,x>2

x—1,x<0
X’ 0<x<?2
2x,x2=22

-x,x<0

x+1L,x>2

x*+10<x<2

2.30. fim 2157

=0 gn 3x

eem . —

x+1,x<0
2.2, f(x)=4(x+1)>*,0<x<2
—x+4,x>2

—x,x<0
24, f(x)={-(x-1D*0<x<2

x—3,x>2

—-x,x<0
2.6, f(x)=<x*,0<x<2
x+Lx>2

x—3,x<0
2.8. f(x)=<x+10<x<4
3+x,x>4

2x7,x<0
2.10. f(x)=<x0<x<1

2+ x,x>1

T
Cosx,x < —
2

2.12. f(x)= Q%<x<ﬂ

2,x2>2rx

x+1,x<0
2.14. f(x)={x"-10<x<1

—x,x2>1

x+3,x<0
2.16. f(x)={1,0<x<2

x2—2x>2



x—1,x<0
2.17. f(x)=<sinx,0<x<rx

3, x>

Lx<0
2.19. f(x)=420<x<2

x+3,x>2

3x+4,x<-1
221, f(x)=4x"-2-1<x<2

x,x=2

x—1lx<l1
2.23. f(x)={x>+21<x<2
—2x,x>2

X, x <=2
2.25. f(x)={-x+1,-2<x<1

xX=1Lx>1

0,x<-1
2.27. f(x)=4x"-1,-1<x<2
2x,x > 2

2,x<—1
2.29. f(x)={1-x~1<x<1

Inx,x>1

3aganue 3. MccienoBaTh naHHble PYHKIIMU HA HEMPEPHIBHOCTh B YKa3aHHBIX

TOYKax

1

3.1, f(x)=22+1, x =3, x,=4

3.2. f(x)=5"%—-1, x,=3, x,=4

x+7

33, f(x)=

, X =2,x,=3
X —

34. f(x)=

X —
, X =-2, x,=-3
X+

2.18.

2.20.

2.22.

2.24.

2.26.

2.28.

2.30

fx)=

fx) =

fx)=

fx)=

fx)=

fx)=

- )=

—x+Lx<-1
x*+1-1<x<2

2x,x>2

—x+2,x<=-2
x’,—2<x<l1

2,x>1

x,x<1
(x-2)*1<x<3
—x+6,x2>3

X, x<-1
x—1,-1<x<3

—x+5x>3

x+3,x<0
—x*+40<x<2
x—2,x>2

-Lx<0
cosx,0<x<rx

l-x,x>rx

-x,x<0
0<x<2

x+4,x>2



1
35, f(x)=4>"+2, x, =3, x,=2

1
3.6. f(x)=9>*, x, =0, x,=2

1
3.7. f(x)=2"°+1, x,=5 x,=4

3.8. f(x)=5"* -1, x, =3, x,=4

1

39. f(x)=6"3+3, x,=3, x,=4

1
3.10. f(x)=75"+1, x,=5, x,=4

3.11.

3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

4.22.

x-3

f(x):x+4: x1:—5, X2:—4
x+5

f(x):x_2: x1:3, x2:2

2

fx) =57, x =3, x,=4

2

f@)=4"-3, x =1 x,=2
S

f(x)=2""-1, x =0, x,=1
4

f(x)=82-1, x, =2, x,=3
4

f(x)=5">*+1, x, =2, x,=3
3x

O

, X, =5 x,=4
x—4 ! :

2
xl’ x =1 x,=2

fx)=

2
X

3

fx)=2"24+1, x,=-2, x,=-1

3

X :4§+2, x, =2, x,=3
S(x) | 2

2
f(x)=3"*"-2, x,=-1, x,=0



3

3.23. f(x)=5""*+1, x, =-5 x,=-4

—4
3.24. f(x):;CJrz, X =-2, x,=-1
325, f)=""% -3 x -2
o Tx+3 T

3.26. f(x):x+5 x, =3, x,=4

x-3

4

3.27. f(x)=3""+1, x, =1, x, =

4
3.28. f(x):xfs, X, =-5, x, =4

2

3.29. f(x)=6**, x, =3, x,=4

3.30. f(x)z”é, X, =2, x,=3

X —

KonTpoabHBIE BONIPOCHI
1.Kakue BennunHbI HA3bIBAIOT OECKOHEYHO MAJIBIMU OJTHOTO MOPSAIKA MAJIOCTH?
2. Kakue BeTMYMHBI HA3bIBAIOT SKBUBAJICHTHHIMU OECKOHEYHO MaJIbIMU ?

3. Kakas ¢yHKIMS Ha3bIBA€TCSI HEMPEPHIBHOM B TOUKE?
4.CKOJBbKO U3BECTHO BaM TOYEK pa3pbiBa GYHKIINH, KaKue?

IIpakTuuyeckasi padbora Ne 5 mo reme
Tema «HaxoxkaeHue nNpou3BOAHOM CJI0KHOU PyHKIIMH »

Heab: HayduThCS HAXOIUTH MPOU3BOIHBIC SJIEMEHTAPHBIX U CIOKHBIX (DYHKITUH.
Bpems BbinosiHeHnA 90 MUHYT

MaTtepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHUA
2.3apaHue

3./luctA4

4.KanbKynatopbl

MopAAoK BbINOAHEHUA PaboTbl
1.M3yunTb 3agaHune



2. 13yunTb TeOpeTHUYecKme ceeaeHuns

3. BbinonHUTL 1 odopmMUTb paboTy

4.lToKa3aTb pe3y/bTaTbl NpenoaasaTento
AdomalwHee 3agaHue

1.MoAarotoBUTb OTBETHI HA KOHTPO/IbHbIE BONPOCHI
Xoa padoTnI

Kpatkue TeopeTrudeckue cBeieHUS.
Ilpouseoonan hynkuuu, ee 2eomempuueckuii u pu3uYeCKuil CMoicil.

Onpenenenue.llpousBoaHoii GpyHKIUU f(X) B TOUKE X = Xo Ha3bIBaeTCs Ipenesn

OTHOIICHUS MPUPALICHHUS GYHKIIMHU B 3TON TOYKE K MPUPALIEHUIO apTyMEHTa, €CJIU
OH CYLIECTBYET.

£(x) = lim f(x+Ax)— f(x)

Ax—0 AXx

f(xo) Aff(xp+AX) — _—— )
yd

[lycte f(x) ompeneineHa Ha HEKOTOpoM mpoMexyTke (a, b). Torma zgf = %F—
X
TAHIeHC yTJIa HakJioHa cekyiei MP k rpaduky GyHKIHH.

Af

lim e f'(x,) =tga =K — reOMeTPUYECKHUA CMBICJI IPOU3BOIHOM
Ax—0

i€ Ol - YTOJI HaKJIOHA KacaTelbHOU K Tpaduky GyHKIUH f(Xx) B TOUke (Xo, f(X0)).
K —yrnoBoii ko3 puineHT kacaTenbHOM.

VYTr0oa MexXIy KpUBBIMU MOXKET OBbITh OIpENEIeH KaK yroyl MeXay KacaTelbHbIMHU,
POBEJCHHBIMU K 3TUM KPUBBIM B KaKOH- JINOO TOUKE.

YpaBHeHHe KacaTeJbHON K KPUBOH y— y, = (x,))(x— x,)

YpaBHeHUEe HOPMAJIU K KPUBOH y— y, = — (x—x,).

_L
f(x)



dakTryecku Mpon3BoAHAs GYHKIIUN MTOKA3BIBAET KaK U3MEHSIETCS (DYHKITUS TIPH
W3MEHEeHUH nepeMeHHON. DU3nYecKuii cMbICJ MPou3BOAHON PpyHkumuf(t), rue t-
BpeMs, a f(t)- 3aKoH ABMKEHUS (M3MEHEHUSI KOOPAUHAT) — M2CHOBEHHAA CKOPOCHb
osurcenuna. CoOTBETCTBEHHO, BTOpasi MPOU3BOAHAS (QYHKIIMU- CKOPOCTh
U3MEHEHUS CKOPOCTH, T.€. ycKkopeHue.Ocrnosnwvle npasuia ouggepenyuposanus.

O6o3HauuM f(x) = u, g(x) = v- pynkuuu, tuddhepeHnrpyemMpie B TOUKE X.
) (uxv)'=usv’

2) (uv)'=uv’'+u'v

!

3)(3) _Yv=Vu ,ecmu v 0
v v

IIpon3BoaAHBLIE OCHOBHLIX DJIEMEHTAPHLIX (DVHKIIHNIA.

!

HC" =0; 9) (sin x) =cos x
2)(x™) = mx"™"; 10) (cos X)’ = —sin x
! 1 , 1
=—F= 11 -
°) (\/}) 24x ) (th) cos® x
N1 C
Hl=) == 12 __
) (X) X ) (Ctgx) sin? x
! , 1
5)le") =¢ 13) (arcsin x) =
) ) ) forsinaof =
6) (3)()’ =a‘lna 14) (arccosx)' _
1-x
1 .
7)(In x) = 15) (arctgx) =T
C .1
8) (log, x) = ‘Ina 16) (arcctgx) =

IIpou3zeoonan cnoxcnou gpynkyuu.

Ilycmo y = f(x); u = g(x), npuyem obracmev 3HaYeHUli GYHKYUU U 8X00UM 8
obnacme onpeodeneHus QyHKyuuf.

Tozoa y'=f'u)-u



Jozapugpmuueckoe oughgpepenuuposanue.

In x, >0
Pacemorpum QyHKIMIO y=In[x = {lz(ix)npi;,: x<0’

Torma (In| x| )= i, T.K. (Inx) :i; (In(-x))’ = (_;‘)’ :i_

o " f(x)
YyuThiBas MOJy4EHHBIA PE3YNIBTAT, MOKHO 3alMCaTh (ln| f(x)|) T
X
f(x) . .
OTtHomieHne —— Ha3bIBaeTCs Jorapudpmuueckoi npou3BoaHoi Gyukiun f(x).

(%)

Crioco6 orapupmuyeckoro 1uddepeHunpoBaHus COCTOUT B TOM, YTO CHaJasa
HAXOAAT JIOrapu(MUYECKYI0 MPOM3BOAHYIO (YHKIMH, a 3aT€M IMPOU3BOAHYIO
camoii pyHKUMHU 1o hopmyIie

£(x) = (In| A(x)

) (%)

Croco6 norapupmuueckoro audpdepeHIupoBaHus yIo0HO TNPUMEHSTh s
HAXOXKJCHHS MPOU3BOJHBIX CIOXXHBIX, 0COOEHHO MOKa3aTeNbHBIX (DYHKIUH, IS
KOTOPBIX HEMOCPEICTBEHHOE BBIYMCIEHHE IPOU3BOJHON C HCIIOJIb30BaHUEM
npaBu AU epeHIIMPOBAHHS IPEACTABISIECTCS TPYIOSMKUM.

IlIpoussoonan nokazamenvno- cmenennoii Qynxyuu. OyHKIUS Ha3BIBACTCS

MOKa3aTeJIbHOM, €CJIM HE3aBUCHUMAsl [IEPEMEHHAsI BXOAUT B IIOKA3aTelb CTENEHU, U
CTEIIEHHOM, €CIIM IepEMEHHAs! SIBIISIETCS OCHOBAHUEM. Eciu )ke M1 OCHOBaHUE U
NoKa3aTelb CTENEHH 3aBUCAT OT IEPEMEHHOM, To Takast pyHKLuA OyaeT
IIOKA3aTEJIbHO — CTEIIEHHOMU.

[Tycts u = f(x) (f(x)>0)u v = g(x) — byHKIMH, UMEIOLTUE MPOU3BOIHBIE B

TOYKCE X.

Haiinem npousBoanyto Gpynkiuu y = u'. Jlorapudpmupys, noaydum:

Iny = vinu
X: Vinu+ v
y u

y = uv(vi-i- V‘lnuj

u

!

(UV) =w''u+u"Vinu



IIpumep. Haiitn npon3BogHy0 QyHKIMHA £(x) = (xX° +3x) """,
[To momy4yeHHO# BbITIe (OPMYJIE MOIYyUaeM: u= X +3x V= XCOS X,
[TpousBoaHbIC ITUX PYHKIUHN: 1 =2x+3; V =cos x— xsin x;

OKOHYaTEeJIbHO:
£(x) = xcos x- (X +3x) " (2x+3) + (¥ +3x)**(cos x— xsin x)In(xX* +3x)

o . 1
IIpumep. Haiitn mipow3BOAHYIO (QYHKIIUU y = cosxsin x + Ecosz x .CHauana

1. 1,
npeoOpa3yeM JaHHYIO PYHKIHUIO: y= S sin 2x+ Seos” x

y' = %2 cos2x + %2 cos x(—sinx) = cos2x —sinxcosx. llpumep.Halitn mpou3BOIHYIO

X
byHKIIUU y= St
}/_(2X6*2 +X2xe" )X+ -2 X’ 2xe” 425" +2xe" +2x¢" —2xe"
- (X +1) N (X +1)? -
B 2X€X2(X4 +1+x°)
(B +1)?

3aganme 1.Hautn npousBoaHbie GQyHKIMH

B1 Y=x>-5x%+11, Y=x’ctgx B16 V=x>-5x?+1, Y=x’ctgx

V=IO v AT E V=IO TS

Y=e ™" Inx, Y=(cosx — 1)2* Y=e =" Inx, Y=(x — 1)2*
B2 Y=2x3-x*+1, Y=xtgx B17 Y=2x3-x>+17, Y=x’tgx
Y=artgx’ Y=3 2 —3 Y=artgx ’ Y=3 2 —3

4x
Y=in——, Y=(sinx — 2)3* Y=ln=— , Y=(Inx + 8)**

x+1 x+1

B3 Y=7x3+3x%-2, Y=xarctgx B18 Y=7x3+3x%-2, Y=xarctgx
Y=x+5 1 Y=x+5 1

Inx’ = (2x+11)5 Inx’  (2x+11)5

Y=sin3(4x? + g -1 Y=sin3(4x? + g -1



Y=(5x + 4)*
B4 Y=-3x3+5x*-81, Y=2xsinx

Y=—-y=x2 -3

sinx

_ X oy _ 23\3x
Y=cos —Y (tgx —3)

B5 Y=7x%-3x2+32 Y=x3arcsinx

_ 2 _COSX
T(3-6x)%"  3x

Y=In(x — x? — 6)
Y=(cosx + 4)*

B6 Y=-x>+3x3-11, Y=3x’ctgx

YO Y 37y
Y=e3** In2x
Y=(7x + 6)**

B7 Y=3x*-6x2+19, Y=x3sinx
tgx Y=1/2x3 —

-e‘lenx, Y=(3x + 1)%

B8 Y=-4X5+9X*-12, Y=xtgx

v=3/3x + 6

arcctgx
6x

Y=

v=2"""Inx, Y=(sinx — 4)*
B9 Y=5x*-2x3+65,Y=x?arcsinx

Y=—>— v=¥x2 -5

(6x—4)3’
Y=32"In Y=(cosx + 1)%*

B10 Y=-2x%-3x2+19, Y=x?ctgx

Y=(Inx — 2)%*
B19Y=-3x3+5x*-81, Y=2xsinx
Y=——, Y=\x2 — 3
sinx
Y=cos =, Y=(Inx + 9)5%
x+1

B20 Y=7x%-3x*+3,Y=x3arcsinx

2 COSX
(3 6x)6’ 3x

Y=In(x — x? — 6)
Y=(tgx + 2)*

B21 V=-x>+3x3-11,Y=3x%ctgx

Y 37y
Y=e3*"In2x
Y=(tgx — 6)**

B22 Y=3x*6x%+1, Y=x3sinx

t‘gx Y=V2x3 —

—e‘lenx,Y=(tgx + 3)5*
B23 Y=-4X®+9X2-12,Y=x3tgx

Y=13x+ 6

arcctgx
6x

Y=
Y=2"*"Inx, Y=(cosx + 3)*
B24 Y=5x*-2x3+65, Y=x?arcsinx

Y=— > v=/xZ — 5

(6x—4)3’

Y=32"Inx, Y=(sinx + 2)8*

B25 Y=-2x°%-3x%+1, Y=x?ctgx



V=0 v AT

Y=e2** Inx,Y=(3x — 1)*

B11 Y=8x*-6X>+1,Y=2x3arccosx

tgx 9

Yo ooy

Y=4"""Inx, Y=(9x + 3)**

B12 Y=3X?+11x3-87,Y=3x3ctgx

cosx -3

Y 2x ' =(4x+9)5

Y=56"Inx, Y=(cosx — 2)3*
B13 Y=x>+9X?-51, Y=x?arcsinx

Y=—"v=3/8x3 — 3

cosx

Y=e2%" Inx, Y=(8x — 2)*

B14 Y=3x7-9X3+11, Y=5x3tgx

Y=—22_ y=3/2x% — 6

arcsinx’

Y=e3%’ Inx, Y=(tgx — 3)%*

B15 Y=x>-8X?+16, Y=4x’ctgx

_actgx ., 9
3x ' (2x—15)%

Y

Y=62%"Inx, Y=(lnx + 2)5*

V=IO v TS

Y=e2** Inx, Y=(sinx — 1)3*

B26 Y=8x*-6X>+1, Y=2x3arccosx

tgx 9

T5x’ | (6x—5)*

Y=4""Inx, Y=(sinx + 5)**

B27 Y=3X?+11x3-87, Y=3x3ctgx

coSx -3

Y 2x ' =(4x+9)5

Y=56"Inx,Y=(sinx — 2)2*
B28 Y=x>+9X2-51, Y=x?arcsinx

y=—" y=1/8x3 -3

cosx

Y=e2* Inx,Y=(cosx + 6)5*

B29 Y=3x7-9X3+11, Y=5xtgx

VLSV 5

arcsinx’

Y=e3% Inx, Y=(sinx + 2)3*

B30 Y=x>-8X?+16, Y=4x’ctgx

_actgx |, 9
3x ' (2x—-15)¢

Y

Y=62* Inx,Y=(sinx — 6)5*

2.Haitt mipow3BOgHBIE (PYHKITHH.

a — MOPSIAKOBBIA HOMEP B ’KYypHAaJe

l.y=ax" —%Jr\“/x“ﬁ —ax+aly= 2(/(ax2 —3ax+5)’ -
X

. a
(x + a)‘k4

3.y =tg“(x+a)-arccosax’ 4.y = arcsin” ax -log_ (x — a)



S.y= a -ctgax’ 6.y = ctg’ax - arctg x*
2 2
vax® —3ax+5a lg(ax” —2ax +3a)
7.y = — 8.y= g >
e arcctg”ax

KoHTpoJsibHBIE BONIPOCHI

1.ChopMynupoBTh onpeiesieHre NpOoru3BOIHOM, MpaBuia AudPepeHImpoBaHus.
2.3HaTh TaOIUITy TPOU3BOIHBIX SJIEMEHTAPHBIX (VYHKITHA.

3.ChopmynrpoBaTh MPABUIIO HAXOXKICHHS IIPOU3BOTHOM CIIOKHOU (PYHKITHH.

IIpakTuueckasi padbora Ne 7 mo reme«McciienoBanusi QyHKIMA U OCTPOECHUE
rpaguxa»

Iesb: HAy4IUTHCS HCCIENOBATH GYHKIIMIO U 110 Pe3yJIbTaTaM HUCCIICIOBAHUS
CTPOUTH TpaduK.

Bpemsa BbinonHeHnAa 90 MUHYT

MaTtepuanbHoe obecneueHue

1.TeopeTnyeckune ceegeHuA

2.3apaHue

3.JlIuctA4

4.KanbKynatopel

MopsapokK BbinoNHeHUA paboTbl

1.3yunTb 3agaHune

2. N3yuunTb TeopeTnyecKkmne ceeseHunsn

3. BbINO/HUTL M 0PpOpPMUTL paboTy

4.MoKa3aTb pe3yabTaTbl NpenogasaTesnto

DomawHee 3apaHue

1.MoaroToBUTb OTBETbI HA KOHTPOJIbHbIE BOMPOCHI
TeopeTnuyeckue csegeHus.

Cxema uccneoosanusn yukuyuil

1) O6nacth cymecTBoOBaHUS QYHKITUH.
DTO TMOHATHE BKIIOYAET B ce0s M 00JAcCTh 3HAUYCHUH W OOJACTh OMpPEICICHUS
byHKIUY.

2) Toukwu pazpsiBa. (Eciu oHM UMEIOTCH).

3) HuTepBaiisl Bo3pacTaHus U yObBIBaHUSI.

4) Todkn MakCUMyMa U MUHHUMYMa.

5) MakcumanabHO€ M MUHUMAaJbHOE 3HAadeHHE (PYHKIIMU Ha ee o0jacTu

orpesiesieHusI.



6) O6sacTu BBIMYKJIOCTH U BOTHYTOCTH.
7) Touku neperuda.(Eciu onn numeroTcs).
8) Acumnrotsl.(Eciiu onu umerorcs).

9) Iloctpoenue rpaduxa.

IIpumep. Mccnenosars QyHKIUIO y= U TIOCTPOUTH €€ rpaduk.

X
x -1
Haxomum o6nacte cymiectBoBanus (yHKiuu. OueBUIHO, YTO 00.1aCMbIO
onpedenenus GyHKIHAA SBISIETCS 001acTh (-00; -1) U (-1; 1) LU (1; ).
B cBoro ouepens, BUgHO, uyTO mpsimble X = 1, X = -1 sBistoTcs
BEPMUKANbHBIMU ACUMNIMOMAMU KPUBOH.
Obnacmyio 3nHavenuti TaHHOW (DYHKITUU SIBISETCS HHTEPBA (-00; 00),
Touxkamu paspviea pyHKUNU ABIASIOTCA TOUKA X = 1, x =-1.
Haxonum xkpumuueckue mouku.
3 (X -D-2x-x 3x'-3x-2x' x'-3x
x-n (=) (X1

Kputnueckue touku: x = 0; x=-43:x=+3; x=-1; x=1.

Haiinem npousBoanyto GyHKIUY y =

Haxogum mnpoMexyTku eo3pacmanusi W yovieanus QyHkuuu. s sToro
oTIpesiesisieM 3HaKH MPOU3BOIHON PYHKIIMU HA TIPOMEKYTKAX.

-0<xX< -4/3, y"> 0, QyHKIMs Bo3pacTaeT -+/3<x<-1,  y'<O0, QyHKIus
yObIBaeT

-1 <x<0, y'<0, pynkuus yosiBaer 0 <x<1, y'<0, QyHkuus
yOBIBaeT

1 <x<4/3, y'<0, (GyHKIHS yObIBAaET ~/3 <X<00, y'>0, ¢yHKus
BO3pPAacTaeT

BujHO, 4TO TOYKAa X = - +/3 sBIAETCS TOUKOHW MaxcumyMd, a TOU4Ka X = +/3
ABIIACTCA TOYKON Munumyma. 3HaueHus QyHKIUU B 3TUX TOYKAX paBHBI

COOTBETCTBEHHO 3+/3/2 1 -3+/3/2.

Haiinem BTOpYI0 MpOM3BOIHYIO (DYHKIIHH
, (4x -6x)(x 1) - (x' =3 )Ax(x" -1) (4x* —6x)(x* —=2x7 +1)— (x* =3x7)(4x’ —4x) _
- (-’ i (" =D* )
B 4x —8X +4x —6X +12x —6x—4X +4x +12x —12x 3
- (X -1)° -
L 2X 44X —6x_ 2x(x* +2X =3) _2x(X +3)(X —1) _2x(X +3)
e N e e
OrnpenenuM BBITYKJIOCTh U BOTHYTOCTh KPUBOM HA IPOMEXKYTKAX.
~0<x< -+/3, y'<0, KpuBasg BRIMyKIast -+3<x<-1, y"<0, KpuBas BBITyKJIas
-1 <x<0, y'">0, xpuBas BorHytas 0 <x<1, y''< 0, xkpuBas BBITyKJIas
1 <x<+/3, y">0, kpuBagBorHyras +3<x<ow, y"'>0, KpHBas BOTHyTas
Haxonum npomexyTku eospacmanus M yovieanus QyHkuuu. s 3toro
onpeensieM 3HaKU MPOU3BOIHON (QYHKIIUU HAa TPOMEKYTKAX.




~0<x< -+/3, y™>0, byHKIUA Bo3pacTaeT -+43<x<-1,  y'<0, dyHKIHA

yOBIBaeT

-1 <x<0, y'<0, ¢ynkuus yobiBaer 0 <x<1I, y'<0, ¢pyHKIMSA
yObIBaeT

1 <x<4/3, y'< 0, (yHKIUS yObIBAET /3 <x<o0, y'>0, dyHKIUA
BO3pacTaer

BuIHO, YTO TOUKA X = -~/3 SBJIAETCS TOUKON MAKCUMYMA, A TOUKA X = /3
SBJIIETCS] TOUKOU MuHUMyMa. 3HauyeHus: PyHKIIMU B 3TUX TOUYKaX PaBHbI

COOTBETCTBEHHO 3+/3/2 1 -34/3 /2.
IIpo BepTHKaNIBbHBIE acumnmomsi ObUIO yKE CKa3aHO BbIlle. Teneps HaleM

. X . 1
HAKJIOHHblE acumnmomeul. k= lim =lim =1
X—>00 -1 X—>00 1
X
. x’ . xP—=x+x
b =1lim 5 —x |=lm 5 =
x—o| x° — X—>00 X _1
=lim—; =lim—X*—=0
x—0 x —1 X—>00 1 1
X2

Htoro, ypaBHEHNE HAKIIOHHOW aCUMIITOTBI — Y = X.

Crpoum epagpux HyHKIMH:

p

3apanue 1.MccrnenoBars GyHKIHIO 110 TIPEAIOKEHHON CXEME U IIOCTPOUTH €€

rpaduk:

1. Haiitu obnacte onpeneneHus: GyHKINU.



2. UccnenoBaTh HA YETHOCTh U HEYETHOCTb.

3. UccnenoBaTh Ha IEPUOAUYHOCTD.

4. HaiiTu cTaMOHapHbIE W KPUTUYECKHUE TOUKHU IIEPBOTO POAA.

5. HaiiTu npoMeKyTKH BO3pacTaHus U yObIBaHUS (DYHKLIUU, SKCTPEMYM.
6. Halitn cranmoHapHble M KPUTHYECKHE TOUKU BTOPOTO POJA.

7. HaiiTu mpoMeXXyTKH BBIMTYKJIOCTH (DYHKIIMH, TOYKHU Teperuoa.

8. HaliTu acuMInToThI (BEpTUKAIBHBIE, TOPU3OHTAIBHBIE, HAKJIOHHBIE).
9. Haittu Touku nepeceuenus rpaduka pyHKINUN C OCAMU KOOPJUHAT.
10.Haiit 1OTIOTHUTEIBHEBIE TOUKH.

11. o pe3ynbTaTam UcCieI0BaHUs MOCTPOUTD Ipa@uK QYHKIIUH.

2_5._ e 2 .
Bl.a)y=x(2x); 6) y =———— B16. a) y= X% - 12x%.0x+1;
x3
O)y=x3+1
S — 1., 1. 13

Blajy=xvl-x 0y B17. a)y=3% *3% 2x-1;6)y=x -2
_X +2x—8

x+3
B3.a)y=x-arctgx; 06)y= 1ia_yz_av, 1 X
PR B18.a)y=3" ¥ "3 *3. Gy=x7-3

x—1

8 x2+3x—10 ) =-X?+ 3X*40x:
B4.a) y:4_x2; 6)y= xfg B19. a)y ox;
xi-1
0)y=3x +5
. 5 : _1.x

B5.a)y=/17; 6)y= B20.a) y=x’-20x ; 0)y lx2
x%—4x—12

x+3

x? x24+4x-12 2—1

B6.a) y=——; 6)y=——— B2L a)y=x>+15x2-x-250 0)y= -



x2—x-20

B7.a) y :x2i16; 0)y= x+2
)ﬁ x2+x-20

B8.a) y=e+; 0)y= —

2_2x—15
BY.2) y=r3 O y=—0,
B10. a) y =2x-x?% 0)y=
x2+2x—15

x—1
b —2x

Bll.a)y=X*-3x*+4; 6) y=x7-2

B12. a)y: -X%+3x%-2 ; 6)y:
X3
X7-1
Bl3.a)y=x*-l2x+6; g)y :sz+4

B14. a)y=X®+ 9x* + 24x + 12

X3
0)y=6x- + 16

B15. a)y:—.¥3 +3x%-2 ;
X3
X2-1

0)y=

KoHTpoJbHBIE BOIIPOCHI:

B22.

B23.

B24.

B25.

B26.

B27.

B28.

B29.

B30.

X

x2+9

a)y=3\/x +2;

0)y=

a) y=x>-4x ; 0)y= 3x+§+5
. 3. _xz—Zx—8
a)y=3x-x; 0)y= —
a)y = 2/3x3-2x=1; 0) y=-x2):9
1—x?
a) y=2x*-x"; 0)y=
a)y=2x>-8; 0)y =5
a)y = x*-8x*43 ; 0)y= le_l
_ 3 6) v = x%+3x-10
a) y _4——x2’ ) y= x+3
:xz—Zx—S

a)y =xv4 —x; 0) y

x+3

1.Yto Takoe obmacTs onpenencHus: GyHKIUn?
2.Kakue QpyHKIIMU HA3bIBAIOTCS YETHBIMU , HECUETHBIMU, OOIIETO BUj1a?

3.Buabl Touek pa3pbiBa.
4.Yto0 Takoe Hynu GyHKIUN?

5.Kak onpenenuTs NpOMEKYTKH BBITYKJIOCTH?

6.Bunber acuMmnTor.




Tema «PelwweHue cMcTeM IMHENHDbIX ypaBHeHUM no ¢opmynam Kpamepa m
meTtogom lFaycca»

U,El'lb:HayLWITbCFI BbIYNCNATb ONPEAENUTEN TN BTOPOIO U TPETbETO NopAaLKa

MartepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHuUA

2.3apaHue

3./lInctA4

4.KanbKynatopel

MopAaAaoK BbiNOAHEHUA paboTbl
1.M3yuntb 3apaHue

2. I3yunTb TeopeTnyeckme ceeLeHunaA

3. BbINO/MHUTL M 0pOpMUTL paboTy
4.MoKasaTb pe3ynbTaTbl NpenogaBaTento
AdomawHee 3apgaHue

1.MoAarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Xoa pabortbi

TeopeTnyeckue ceegeHusA

IIpakTHyeckas padora Ne 8 mo reme

Tema «BbluuciieHne nepBoodpasHoi 1 onpeaeJeHHbIX HHTErpajioB.
duznyecKoe U reoMeTpuIecKoe NPUJI0KEeHUEe HHTErPaJIoB)

[lenb: mpoBepUTh YMEHHUE BHIYUCIICHUS ONPEACICHHBIX HHTETPAJIOB, HAX0XKICHUE
IUTOIIAIEN.

Bpema BbinonHeHUA 90 MUHYT

MarepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHuA

2.3apaHuve

3./lIuctA4

4.KanbKynatopbl

MopaaoK BbinONIHEHUA PaboTbI
1.3yunTb 3agaHune

2. N3yumnTb TeopeTnyecKkne ceeaeHunn

3. BbINO/IHUTL M 0POPMUTL paboTy
4.[ToKa3aTb pe3y/abTaTbl NpenoaasaTento
JomawHee 3apaHue

1.MoarotoBUTb OTBETbI HA KOHTPO/1IbHbIE BOMPOChHI



Teopernueckue cBeIeHUs

Onpeoenennslii unmezpa.

[Tycts Ha oTpeske [a, b] 3amana HenpepriBHas PyHKus f(X).

0| axbx

O6o3HauuM m ¥ M HauMeHblllee W HauOoJbIlee 3HauYeHHE (DYHKIUU Ha
oTpe3ke [a, b]
Pa3obneM 0Tpe30k [a, b] Ha yacTu (He 00s3aTEIBLHO OJIMHAKOBHIE) N TOUKAMHU.
Xo<X1<Xo< ... <Xp
Torma x; — X0 = AXy, X2 — X1 = AXp, ... ,Xn— Xp.1 = AXp;
Ha kaxmoM M3 TOJNy4eHHBIX OTPE3KOB HaileM HauMeHblee W HauOoJblliee
3Ha4YeHUEe (PYHKIIUHU.

[Xo, Xl] —> my, Ml; [Xl, Xz] —> My, Mz; - [Xn_l, Xn] —> My, M,.

CocTaBUM CyMMBI:

Sn=mAXx; + mAx, + ... tTmAX,= ZmI‘AX/

=1

Su=MAX| + MoAxs + ... + MaAXo = 3 MAx,
=1

CymMMa S Ha3blBAaeTCsd HMKHel MHTerpajbHOIl CyMMOIi, a cyMMa S — BepxHeii
HHTErpajbHON CYMMOM.
T.x. m<M;, 10S5:<Sn, a mb-—a)<S5<S<M(b-a)

BHyTpH KaXI0r0 0Tpe3Ka BEIOEPEM HEKOTOPYIO TOUKY E.
Xo<€1<X1, X1<€<X2, ... , Xp-1<€<Xj.



Haiinem 3HaueHus (GyHKIMH B ATUX TOYKaX W COCTaBUM BBIPAXKEHHUE, KOTOPOE
Ha3bIBAETCS MHTErpajbHoOi cymMmoii s pynkuun f(x) Ha oTpeske [a, b].

S =f(e)AX; + f(E2)AXs + ... + fE)AXn = > fe,)Ax,
=1

Torna moxxHO 3amucathb: mAx;<f(&) Ax;<M;Ax;

CrnenmoBatenbHo, ) mAx, <Y f(e;)Ax; < Y MAx,

=1 =1 i=1

S <8 <8

['eomeTpuyeckn 5TO TPEACTaBISIETCS CIEAYIOIUM 00pa3oM: rpaduk
¢ynkiun f(x) orpaHuueH cBepXy OIMCAaHHOW JIOMaHOW JIMHUEH, a CHU3Yy —
BIIMCAaHHOM JIOMAaHOM.

O6o3HaunM maxAx; — HauOONBIIUN OTPE30K pazOueHus, a mindx; —
HauMmeHblnid. Eciim maxAx;— 0, To0 4nuciao oTpe3koB pa3OueHus orpeska [a, b]
CTPEMUTCS K OECKOHEUHOCTH.

Ecmu §,=) fle,)Ax;, T0 _lim

max Ax;—0

i f(e;)Ax; = S.
=1

=1

Onpenenenue: Ecou npu 006X pa3doueHusx oTpeska [a, b] Takux, aro maxAx;—

n
(0 W TpOU3BOJBLHOM BBIOOpE TOYEK € HHTErpajbHas cymma S, = Z 1(g,)Ax;
=1
CTPEMUTCS K MpeAety S, KOTOPhIH HAa3bIBACTCS ONPEACIICHHBIM HHTErpajioM oT f(X)
Ha OTpe3ke [a, b].

b
O06o3HaueHHE : I AX)dx

a — HIDKHUH Tipenient, b — BepXHUi npejien, X — epeMeHHas MHTErpupoBanud, [a, b
— OTPE30K UHTETPUPOBAHHSI.

Onpenenenne: Eciu s ¢ynkumm  f(x)  cymectByer  mpezen
b

lim Z 1(g,)Ax, = I f(x)dx, TO PYHKIIUSI Ha3bIBA€TCSI HHTETPUPYEMOIl Ha OTpPE3Ke
=1

max Ax;—0

[a, b].

a

max Ax;—0

n b
Taxoke BepHBI yTBEPXKICHUA: lim Y mAx, = j Ax)dx
=1 a
n b
lim > MAx, = [ f(x)dx
1

max Ax;—0
a



Teopema: Eciu dynkuus f(x) HempepsiBHA Ha oTpe3ke [a, b], To oHa
WHTETpUpyeMa Ha 3TOM OTpE3Ke.

CBolicTBa onpeASICHHOTO MHTErpaa.

1) JIZAf(X)dX= Aj: A(x)dx,

2) [(£x* £Gdx=] f(x)dxt [ £(xdx

a

3) j f(x)dx=0

b b
4) Ecnm f(x) <¢(x) Ha oTpe3ke [a, b] a<b, TOJ. A(x)dx< J.(p(X) dx

5) JAnst mpou3BOJIBHBIX YKCEN a, b, C CIIpaBeIJIMBO PAaBEHCTRO:
b c

j AX)dx= j f(x)dx+f AX)dx

PaSYMCCTCH, 9TO PAaBCHCTBO BLIIIOJIHACTCA, C€CIIN CYHICCTBYCT Ka}KIIBIfI n3
BXOAIINUX B HCTO MHTCTPAJIOB.

6) JIZ f(x)dx= —JH. f(x)dx

Buviuucnenue onpeodenennozo unmezpana.

b
IlycTte B mHTETrpase _[f(x)a’x HIOKHUM TIpenied a = const, a BepXHHUH mpenen b

a

HU3MCHSCTCA. O‘-IeBI/II[HO, 9TO €CJIHU U3MCHACTCA BerHI/Iﬁ npeaci, ToO USMCHACTCA U
S3HAYCHHUC MHTCIpalia.

O603HaUUM If(t)dt = @®(x). Haitnem npousBoaHyr (yHkiun D(X) Mo

MIEPEMEHHOMY BEPXHEMY MPEIECITY X.
d X
E{ fHdt= f(x)

AHAJIOTUYHYI0 TEOPEMY MOKHO JOKa3aTh I Ciydas IEepEMEHHOTO
HWDKHETO Ipeena.

Teopema: Jlns Bcskoit ¢ynukiuu f(x), HempepblBHOM Ha oTpeske [a, b,
CYLIECTBYeT Ha 3TOM OTpe3Ke MepBOoOOpa3Has, a 3HAYMUT, CYLIECTBYET
HEOTpeIeICHHBIA HHTETPaJl.

Teopema: (Teopema HrtoToHa — JleiiOHumIa)



Ecmm ¢ynkmus F(x) — kakas- nubo mepBooOpasHasi OT HENMPEPHIBHOM
byukiuu f(x), T0

if(X)dx =F(b)-F(a)

ATO BBIpaXXCHHE U3BECTHO 101 Ha3BaHueM (opmyisl HeroToHa — Jleitbnawma.

b
Nuorna npumensior o6o3nadenue F(b) — F(a) = F(x)| .

dopmyna Herorona — JleitOHuna mnpenacraBiaser coOod OOHMH MOAXO0d K
HaXOXJCHUIO OIPEJICICHHBIX UHTETPAJIOB.

Uto kacaeTcs NMPUEMOB BBIYUCICHUS OMNPEACICHHBIX MHTETPAIoOB, TO OHHU
MIPAKTUYECKA HUYEM HE OTIMYAIOTCA OT BCEX TEX MPUEMOB U METOJOB, KOTOPBIE
OBLITM pacCMOTPEHBI BHIIIE TIPU HAXOXKIEHUN HEOTIPEICTICHHBIX HHTETPAJIOB.

To4HO Tak k€ MPUMEHSIOTCSI METO/Ibl TOJACTAHOBKH (3aMEHbI IEPEMEHHOM ),
METOJl HHTCTPUPOBAHHUS TI0 YaCTSIM, T€ )K€ MPUEMbI HAXOXKISHUS IIEPBOOOPA3HBIX
JUIST TPUTOHOMETPUYECKUX, HUPPALNUOHATIBHBIX W TPAHCIEHACHTHBIX (YHKIIHM.
OCOoOEHHOCTBIO SABIISACTCS TOJBKO TO, UYTO MPH NMPUMEHEHUU ATUX IPHUEMOB HAJ0
pacmnpocTpaHsTh MPeoOpa3zoBaHUe HE TOJHKO Ha MOJBIHTErPAIbHYIO (QYHKIIUIO, HO
M Ha Mpelesibl MHTErPUPOBAHUS. 3aMEHsAS] TMEPEMEHHYIO WHTEIPUPOBAHMS, HE
3a0BITh U3MEHUTH COOTBETCTBEHHO MPEJICIbl MHTETPUPOBAHUS.

3amena neépemeHHblX.
b

Ilycte 3aman uHTETpan _[f(x)dx, rae f(x) — HenpepwsiBHasS (QyHKIUA Ha

oTpe3ke [a, b].

BBeneM HOBYIO TEpEMEHHYIO B COOTBETCTBUHU C HOpMYIIOit X = ¢(t).
Torma ecin

Do) =a, oB)=b

2) @(t) u ¢@'(t) HEIPEepBIBHBI HA OTpe3Ke [, ]

3) f(p(t)) onpenenena Ha oTpeske [, B], TO
b

B
| fndx=] flo(lp'(9dt

a

B p
Torna I Ap(d]e'(Hdt= Flo(9]| = Flo(B)]- Flg(a)] = F(b) ~ F(a)

IIpumep.
1 :Sint; n/2 n/2 n/2
I\/I—dexz o = J-\ll—sin2 tcos tdt = _[cosz ta’tzl J-(1+cos2t)dt:
0 oa=0;p=m/2 0 0 2

1 1. i A T
=—|t+—sin2¢|| =—+—sinw=—.
2 2 o 4 4 4




[Ipu 3ameHe IepeMeHHOW B OTMPECICHHOM HHTETpaje CIeIyeT MOMHUTH O
TOM, 4YTO BBOAMMAas (yHKIHUS (B PAaCCMOTPEHHOM IMpuMepe 3TO (GYHKIHUS Sin)
JoJhKHA OBITh HETMpEephIBHA HAa OTPE3KE MHTETPHpPOBaHUSA. B MPOTHBHOM ciydae
dbopmanbHOe TpuMeHeHue GOopMYJIbl TPUBOIUT K a0Cypay.

[Tpumep.

n n
I dx=x|=m , ¢ JpYrodi CTOPOHBI, €CIH HPUMEHHTh TPHUIOHOMETPUYECKYIO
0 0

IIOJICTAHOBKY,
T T n 0
0 o sin” x+cos” x v cos” x(1+1g” x) o 1+

T.e. nBa crnocoba HaXOXKJEHUS HHTErpaja AT pa3iMyHble pPe3ylbTaTbl. IDTO
IPOM30ILIO M3-3a TOTO, YTO HE OBLI YUYTEH TOT (DAaKT, UYTO BBEACHHAs NIEPEMEHHAs
tgXx MMeeT Ha OTpe3Ke MHTErpupoBaHUs pa3pbiB (B Touke x = 7/2). [loaromy B
JAHHOM ClIy4ae Takas MOJCTaHOBKAa HenmpuMmeHuma. lIpu 3aMeHe nepeMeHHOH B
ONpPEEIICHHOM MHTErpaje CleAyeT BHHMMATEIbHO CJIEAWTH 3a BBINOJIHEHUEM
NIEPEYUCIICHHBIX BBIIIE YCIOBUII.

HNuTerpupoBanue no 4acrsam.

Ecnu ¢pynkuun u = @(x) 1 v = y(X) HENpephIBHBI Ha OTpe3Ke [a, b], a Takxke
HENPEPBhIBHBI Ha ATOM OTpPE3KE HUX MPOU3BOJHBIC, TO CHpaBeInBa (GopMmyla

HHTCTPUPOBAHUSA 110 YACTAM:
b

p b
Iua’v= lIVI —Ivdu.
a a  a

BeiBon 910t (dopmysibl  aOCONIOTHO aHAJOTUYEH BBIBOAY (HOPMYIIBI
WHTETPUPOBAHUS TI0 YaCTSIM JJIsI HEOMPEAEIICHHOTO HWHTETpaia, KOTOPBIA ObLI

BeChMa MOJPOOHO PACCMOTPEH BBIIIE, TTOITOMY 3/1€Ch IPUBOJIUTH €TI0 HET CMBICIA.

[Inomanes KpHBOJUHEHHOM Tpamneluuu, OrPaHMYECHHOM HENPEepbhIBHOM KPHUBOH
V=f(x), IByMs HNPSIMBIMH X=a U X=b M OCbIO0 a0CIHCC, BBIYUCIIICTCS C IOMOIIBIO
OIPEICTICHHOT0 UHTErpasia 1o Gpopmysiam:

#

ba ) S
‘Y R B, fim=fk)=2 ey
: W ?rl_=f1(x)._g= jﬂ(x)‘k‘jf;(x)ﬁ

sy ®




21
fx)F0=>x=c '

8= 45, - [r6Mee| oM

fx)0=>x=c

S=5,+5, = [flhte+

o

IIpumep 4: Bpraucaure miomas GUrypbl, OrpaHUYEHHON JTMHUSIMA y = — x> —2x+3,

OCSIMU KOOpJMHAT U MpsAMon x=2.

Pemenne: [loctponmaansele mMHAN

Y=0

Haiinem Touku nepecedenus rpaduka GyHKIHU ¢ Ockio OX: y =—x*—2x+3,

—x2—2x+3=0, .x1:13 x2:_3




1 P 3 3
S=I(—x2—2x+3)dx—j(—x2—2x+3)dx:(—%—x2+3x) +(—%—x2+3x) =
1

0

=_l_1+3_(_§_4+6)+(_l_1+3)=§+£+§=£=4(K6.ed.)
3 3 3 3 3 3 3

3ajaHns NpakKTHYECKON PadOTHIBBIUNUCINTE ONPEICICHHBIN HHTETPall

1.
0 2 % 3 r
a)I(3x —Zx}ix a)_[ dx a)_[(4x3 —3x2}lx
! 0cos’ —x |
1. o 11. 21.
b)J- cosxdx ; b)J dx
16 b)[(1-x)* dx tJx+3
2
1 3. z
2 9
a)J-(xz a x}lx a) J.cos—xdx )J.(2 cos 3x Jx
. 12. 0 22. o
S 6dx 4 X 2 X
b “J/()COS s b)jl(1+5)8dx b)!(l—a)“dx
3 . g
a) J;3COSXdX a)_[(3x2 —2x)ix Q)T(IOSSIH 6x)dx
3. 13. Zm 23. 0
. 1
b)j (1- §)4 dx 2 JE sin xdx b)[(7-5x)dx
0 -1

4 3
a)J. S—dx
0 COS” X

a)i!: (3 sin%xjdx

i
24. ! cos’ 2x

4. 14,
b)j(l +§)de b)[ (1-2x)"dx b) j (4x* + 6x)dx
a)'!(4x +2X)jx i 36COS2X}JIX a)j(5x4 —6x2)7lx
5. 1 3dx 15. o 25. 1
B[ T j b)[ Bx—5dx
0 cos (5—?) JG-x ) 1



T

a)j. (4cos2x Mx

b " J9x —1dx

a)| (6 sin 2x )dx

b3 -2x)"dx

N
— C—y 10 N\N'—.N

5 J- xdx
0 1—)C2
e 2
3 J-ln xd
X
0
A J- xdx
Se(x +4)°
5. 1 xdx

cos xdx

a)

b (1-2x)*dx

=
[e)}
D Sy 0 o'—,oxm

N
~
“L&
=

=
~
R — L) S 0 | Y

cos” 2x

b (3 —x*)dx

a)| (2 sin x)x

B[ (x* +1)dx

=
g’
O oy o'—.N\N

sin xdx

a)
19.

b (7-2x)"dx

R — ) O o | Yy

a)J: (x3 - x)ix

I1/3
b) [3sin3xdx

0

20.

2.

1
11.J.x3\/4+5x4dx
0

12.J.1+lnxdx

2l

14, jln(3x 1)
3 3x-1

2/3
5. | 3/In(2 - 3x) .

2-3x

0

[V,

N
~
NL

=

I‘\)'—'o O N o [y

S x

)
o

b) | (x° =3x%)

a) | (2sin x )ix

27.

N sy

b (% - x%)dx

a)j(3 x*+ 4x3}ix
28. |

b) j
I1/4

cosdx dr

a) j‘(2x3 - 2x)2’x

2
[1/6

29.
b) j

0

4dx
cos? 2x

xdx
22.
'!-\/4—)62
¢ xldx
23. | —
'[\/16x4+

x2dx

2 I%/(x +8)*

/6

25j

cos3x

§/(1—-sin3x)’



10.

10.

;'—.»—-
@ S

=
I

%)

=
EN
S

{98}
[
(%)

416-x%)°

Sl V[ = OV Ok O
=
8l
=

dx
(x=1D(x+2)

dx
(x+D(x-2)

W — N B ——

Jl' (2x + 3)dx
y (x— 3)3

19.

20.

dx
(x* +2)dx

xt +3x -1

13. g
(x+1)

xdx

x> +3x+2

(x2 +3)dx

3

14.

S — — O — w'—,. w N'—.‘ w

15.

G ©—o
=
IS % |
=
(38
|
(@)
=

16.

—
=
ES
+
=
8]

=
3
&

17.

—_
|
=
N

18.
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19.

RUJ
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-1

V33 2
2" +4
20. [ —— "
o X=X +x+l

(x=1>(x+1)

(x> +D(x-1)

dx

5 2

27.J'x—dx
1 431(x° = 1)
1/2

28

26. T d

SaN4x+3

dx

! (2x —1)*

1
29.Ix3v4+5x4dx
0

* sin xdx

22 Ncos? x

30.

S

21.

=
S5}
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=
|
[S—
N

dx

22| ———
(x+D(x* +4)

xP—x+2

—dx
x*=5x?+4

23.

24. xdx

25.

—e— 0 A — 0 NE—— O O A ——

26.I x4l
1
27.

28.

x*—6x>+16-6



11

1.2

1.3

1.4

1.5
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X dx
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1.11

b) 2 cos xdx

3
x dx

N
~

S~ Oy
—_—
(@)
=
S
+
—_—

1.12

S
~
o'—.ﬁ‘
=
[\
(V)]
|
98]
=
[\
&

4
a)j3xVx2—7dx




3
2.1 j xIn(x —)dx

2

0
2.2 sze_X/zdx
-2
/2

2.3 J.xcos xdx
0

/2

2.4 Ixz sin xdx
0

1/2
2.5 J.arccos 2xdx
-1/2

2.

(o))

2
[ (=D nxdx
1

0
2.7 Ixe_zxdx
I/

2

2.8 jxexdx
—12/3
29 [ Z-dx

_i3€

lnx

210]

\/; In xdx

arctg\/;dx

O e O C— — NN

(x+2) cos%dx

/8
Ixzsin Axdx
0

x*1n xdx

2
J
j (x+1)Inxdx

1

jarctg(2x ~3)dx

3/2
/2

J.(x + 3)sin xdx
0
In2

Jxe‘xdx

0

0
J.(x —2)e *3dx

. , | J~ 10xdx
a)j3ln xdx a)J-(4x3 +1)5x2dx 0 4 (16 x°
19 x2 1.19 z
b '(|)‘5 ;_f; b)'[ “H J;sm(3x——J
9
[ dx 7 cos3x p 2d
) d x“dx
¢ !3 2-4x a)l ¢/(1-sin3x)’ ) ! N
1.10 % 1.20 5 oy
cos xdx b xax b)[e* xd
b)'([ (8 —sin x) )'!.(XZ +1)5 '(‘:e -

j- (3—x)e"dx

—_—

arcsin(l — x)dx

=
)

)

1
arctg —dx
X

xIn(1 - x)dx

Le—o e,

sin x

e’ cos xdx

(2x+3)e"dx

o Lo o=y

J.(x +1)e dx
1/2
Iarccos 2xdx

-1/2

xarctgxdx

In(3x + 2)dx

—_e 0 O —

3agaHus npakTudeckoii padorbiHaiiTu miomans GUrypsl, orpaHUIUYEHHOM
JAHHBIMU JIMHUSMHU
3amanue 1

1,11,21.y =8x—x* —7 ¥ OCBIO OX



2,1222.y=x*-1,y=0,x=0
3,13,23.y =x* -3x -4 u ocero OX
4,14,24.y> =4x u x> =4y

5,15,25.y =5x—x*>+6 u ocero OX
6,16,26. y=x, y=x",x=-1,x=0
7,17,27. y=x"-6x+8 uocero OX
8,18,28. y=x" U y=x+2

9,19,29 y=x>—-4x-5 moceo OX
10,20,30.  y = 6x—3x’ u ocvio OX
3ananue 2

1L1121.y=x>+2 my=2x+22,1222.y=x*u y=2-x*
3,1323.xy=6 1 y+x-7=0 4,1424.y=2", y=2x-x",x=0,x=1

515.25.y=lnx,x=e,y=0  6,1626.y="+ x=1y=x-17,17,27.
X

y=x"+x, y=1-x*,x=0,x=1 §,1828.y=x",x=2 9,19,29.
y=cosx ,Xx=0,x=2m,y=010,20,30.y = /x, y =2, x = 0 3aganue 3

1,1121x—y+3=0, x+y—1=0,y=0
2,12222x —3y+6=0,y=0u x=3
3,13,23. y=x"-2x+3u y=3x-1
4,1424. x—y+2=0,y=0,x=-1,x=2
5,15,25. y?=4x,x=1wn ocsro OX
6,16,36. y=x’my=-3x

7,17,37. x—y+3=0,x+y—-1=0,y=0
8,18,28. x*=3ym y=x

9,19.29. x—y-2=0, x+y+1=0,y=0
10,20,30. y?=9x, x =3 u ocbro OX



KoHTposbHBIE BONIPOCHI

1.YTo Ha3bIBAIOT OMPECIIEHHBIM UHTErpajIoM GyHKIUH f(x)?

2.B 4eM coCTOUT reoMeTPUUECKUI CMBICIT ONPEIETICHHOTO HHTerpaia?
3.ChopmynupyiiTe HEOOXOAMMOE YCIOBHE HHTETPUPYEMOCTH (QYHKITUH f(X) HA
oTpeske [a,b].

4.ChopmynupyiiTe HEOOXOIUMOE B TOCTATOYHOE YCIOBHUS HHTETPUPYEMOCTH
dbynkiun f{x) Ha oTpe3ke [a, b].

5.3anummTe CBOMCTBA ONPECICHHOT0 HHTErpalia.

63amummute popmyny Herotona-Jlerioama.

7Pacckaxute 00 OCHOBHBIX METOJIaX MHTETPUPOBAHUS ONPEICICHHOTO
UHTETpaa.

8.Ut0 Takoe KpUBOJMHENHASA Tpanenus?

9.®opmyna Herotona-Jleitbuuiia

10.I'paduku sneMeHTapHBIX (PYHKIIHIA.

11. Pa3nmuuHbie BUABI TUIOCKUX (PUTYp U CTTOCOOBI BEIYUCICHUS WX TUIOIAICH.

IIpakTuyeckasi padbora 9 o reme
«Haxoxaenue 4yacTHbIX NPou3BOAHBbIX. [losHbIN nuddepeHuna»

[lenb: mpoBepUTh YMEHUE HAXOUTh U CTPOUTH 00JIACTh ONPEEICHUS CIOXKHOM
(GyHKUIMU, HAXOIUTh YaCTHbIE TPOU3BOIHBIE.

Bpemsa BbinonHeHna 90 MUHYT

MartepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHuA

2.3agaHue

3./luctA4

4.KanbKynatopol

MopAaAaoK BbiNOAHEHUA PaboTbl

1.M3yunTb 3agaHune

2. U3yunTb TEeOpETMYECKME CBEAEHUA

3. BbINO/IHUTL M 0POPMUTL paboTy
4.MNoKa3aTb pe3ynbTaTbl NpPenoaasaTento
AomaliHee 3agaHue

1.MoAarotoBUTb OTBETHI HA KOHTPO/IbHbIE BONPOCHI
TeopeTnyeckue ceegeHun

Xoa padoTnl

Onpenenenue PyHKIUM ABYX NEPeMEHHbIX



Ecnu xaxnoi nape ( X;y) 3HaueHUM JBYX HE3aBUCUMBIX JAPYT OT Jpyra
MIEPEMEHHBIX BEJIMYMH X U Y U3 HEKOTOPOTO MHO)kecTBa D cOOTBETCTBYET
€IMHCTBEHHOE 3HAYEHUE BEJIMYUHBI, TO TOBOPST, UTO Z €CTh (PYHKUHUS JBYX
HE3aBUCHMBIX [IEPEMEHHBIX X U Yy, OIIPEAEIICHHAs Ha MHO)KeCTBE D.
Oo6o3Hauaercs: z=f(x;y) unu z=z(X;y).

Hampumep, S=ab, S=S(a;b)- dynkuuu nsyx nepemennsix; V=abc, V=V(a,b.c) —
(GYHKIUS TpeX MepeMEeHHbIX;

Cnoco0b1 3a1anns yHKIMA HECKOJIBKHUX MepPeMeHHbIX

UtoOsI 3a1aTh QYHKIIMIO IBYX (TpEX) MEPEMEHHBIX, HY>)KHO yKa3aTh CII0C00, C
MTOMOIIIBIO KOTOPOTO JIJIsI KaXKI0M maphl (TPOMKK) 3HAUYEHUN apTyMEHTOB MOKHO
HaWTH COOTBETCTBYIOIIEE 3HaueHue Ppynkiuu. Hanbomnee yacto pyHKIMS 3a1aeTCs
aHAJTUTUYECKH - ATO SIBHOE 3aJaHre (PYHKIIMU UM HESIBHOE 3a/IaHUE

YacTHble NPOU3BOJAHBIE NIEPBOI0 MOPSAAKA

[Tycte ¢yHknus nByX nepeMmeHHbix z = f(x, y) ompeaeineHa B HEKOTOPOH
OKpecTHOCTH TOouku M(X, y) eBkiumoBa mnpocTtpanctBa E2. YactHas
npou3BojiHas GyHKIMU z = f(X, y) MO0 apryMeHTy X SIBJISIETCS OOBIKHOBEHHOM
POU3BOJAHON (PYHKIIMU OJHOW MEPEMEHHOW X MpU (PUKCHPOBAHHOM 3HAYEHUU
NEPEMEHHOH Y 1 0003HauaeTCs Kak

dz af , "
ﬁ‘ Ea Zrs f.t'

AHaNOTUYHBIM 00pa3oM OMpeneNsieTcs yacTHas npou3BojHas Gyukiuu f(x, y)
10 IEpEMEHHOMN Yy B Touke M, 0603HauaeMast Kak

dz df ]
re
dy Oy

OyHKIMS, UMEIOIAast YaCTHBIE MPOU3BOIHBIC, Ha3bIBaeTCs U hepeHITUPYyEMOii.

CoBepIlIeHHO aHAJIOTUYHO OMNPEIENSIIOTCS YacTHble NPOU3BOAHBIE (DYHKUIUN
Tpex u Oosiee mnepemMeHHbIX. YacTHass mpou3BoAHAs (YHKUMU HECKOJIbKUX
IIEPEMEHHBIX XapaKTEPU3yeT CKOPOCTh €€ M3MEHEHMs 10 JaHHOW KOOpAUHATE
py PUKCUPOBAHHBIX 3HAYCHUSIX JPYTUX KOOPAHHAT.

z=2xy +3x4+5v-7

IIpumep: — (yHKUUA IBYX MIEPEMEHHBIX.

P _
WMuorna wucnosib3yroT 3amuch Slry)=2xy +3x+5y -7

3a1aHus, TJI€ BMECTO OYKBBI £ HCIOJb3YyeTCs OykBa & .

Takke BCTpeyaroTCs



Hajitu  4yacrHble NPOM3BOJHbIE IMEPBOr0 W  BTOPOr0  MOPSIKA
QyHKIHIH z=2x +3x  + 5y -7

CHauana HaﬁﬂCM YAaCTHBIC ITPOU3BOIHBIC IICPBOI'O IIOPAAKA. Nx ABC.

O003HaYeHHUA:

P|®

¥ 128)0%1
ez

— qaCcTHasda IMpOU3BOAHAA 110 «HKC»

r il
%y P — yacTHAs NPOM3BOJIHAS MO KHTPEK»

f
Haunem ¢ ». Korma Mbl HAXOAMM YACTHYIO NMPOU3BOJAHYI MO «HKC», TO
nepeMeHHasi » CYUTAETCH KOHCTAHTOI (IIOCTOAHHBIM YHCJIOM).

P 4 B3 2 + =
Zy =22y +3x +5y =T = 27 (27 +3(x7), + (50, - (7, =

(4]
=2y 224345 +0-0=4n" +122°
KoMMeHTapuu K BBINIOJIHEHHBIM JICVCTBHSIM:

(1) IlepBoe, uTo MBI JelaeM NpPU HAXOXKACHUM YACTHOW MPOU3BOJHON —
3aKJIF0YaeM BCHO QYHKIIMIO B CKOOKH IO IITPHUX € MOJACTPOYHBIM HHAEKCOM.

(2) Ucnons3yeM mpasmia muddepenimpoanms ¥ Tv)=u'tyt (Cu)'=Cu"

Jlyist mpocToro mpumepa, Kak 3ToT, 00a mpaBuja BIOJHE MOKHO MPUMEHUTH HA
oxHoM miare. OOpaTuTe BHUMAaHUE Ha TIEPBOE CllaraeMoe: Tak Kak @ CYHTaeTcsl
KOHCTAHTOM, a JTI00yI0 KOHCTAHTY MOKHO BBIHECTH 32 3HAK NPOU3BOJIHOI,

3 3
TO ¥ MBI BEBIHOCHM 32 CKOOKHU. TO €CTh B TaHHOU CUTyalluu” HUYEM HE JTydIle
00brgHOr0 umcia. Temepp MOCMOTPHM Ha TpeThe cliaraeMoe -¥ : 31ech,

HaO60p0T, BBIHOCUTH Hedero. Tak kak + KOHCTaHTa, TO 2 TOXXC KOHCTAaHTa, U
B 3TOM CMBICJIC OHAa HUYCM HEC JIYHUIIC ITOCJICAHECTO CJIAaracMoro — «CECMCPKMN».

r_ Byt n-1
(3) Ucnonb3yeM TaGnuunble mponsBoxusie =) =0 g (XY =nxT

r
(4) Tenepn %, Korga Mbl HAXOAMM YACTHYIO NPOU3BOJAHYIO 110 «HI'PEK»,
TO MEPEMEHHASl * CYUTACTCH KOHCTAHTOM (IIOCTOAHHBIM YHUCJIOM).
f (x4 32 45y =T Tz M+ 3N 500, = (T =
Zy= el y x Y p Tk y Ay Yy -
=2x" 3P+ 045 1-0=6x"y" +5

(1) Hcmome3yem Te ke mupaswia gupdepenuupopanms & TN =u'Ey’

(Ca)f = Casf

2

. 4
HpOI/ISBOI[HOI/I, BO BTOpOM cJJaracMoM HHMYECTO BBIHCCTHU HCJIB3i HOCKOHBKy 3x —
YKC KOHCTAaHTaA.

2
B IIEpBOM CJIaracMOM BBIHOCMM KOHCTAaHTy # 3a 3HakK

(2) Hcnonezyem TaOIUILYy IIPOU3BOIHBIM IIEMEHTAPHBIX
¢byskiuii. MbIC/IeHHO TOMeHsieM B Ta0JiMle BCe «UKChD» HA «Urpekm». B



r_ Mt n-1
YACTHOCTH, HCIIONB3yeMble HaMH GOpMyIbl BRICISAT Tak: (&) =0 gy 070 =y
Wrak, yacTHBIE NPOU3BOAHBIE IIEPBOTO MOPSAIKA HANICHBI

[TonBenem uTOr, 4YeM K€ OTIMYAETCS] HaX0KJACHUE YACTHBIX MPOU3BOAHBIX OT
HAXO0XXJICHUS «OOBIYHBIX)» MTPOU3BOIHBIX (DYHKIIUU OJTHOM IMEPEMEHHOM:

1) Korna MBI HAXO0AUM YACTHYIO MPOU3BOIHYIO ¥
, IepeMeHHas1 ¥ cYHTaeTcsl KOHCTAHTOIA.

2) Kornma MBI HAXO0AUM YaCTHYIO MPOU3BOAHYI0 ¥
, IepeMeHHas1 ¥ CYUTAETCS] KOHCTAHTOI.

3) IlpaBwia u Ta0aMUa NPOU3BOAHBIX 3JEMEHTAPHbIX (QyHKIU
CIpaBeUIMBLI H MPUMEHNMBI JIJIsl JII000i mepeMeHHoi (%, Y a1H00 KaKoii-
HUOYAb APYroi), M0 KOTOpoii Bexercs AuddepeHupoBanue.

[ITar Bropou. Haxoaum wyacTHbIE IPOU3BOJAHBIE BTOPOro mnopsaka. Hx
YeThIpE.

O003HaYeHHUA:
&z
L ]
Lo WA ox — BTOpas MPOU3BOTHAS o KHUKC»
Fz
z" 2
» WIIH dy — BTOpas IPOU3BOTHAS o KHUTPEK»
Fz
z" .
w WA v — CMewanHas PoON3BOIHAS «HUKC 10 UTPEK»
2z

"
z
W WU Yx _ cmeutanras Iporn3BOaHAA «UI'PCK IO UKCH»

B nmossTMM BTOPOU NPOM3BOAHOM HET HUYETO CIIOKHOrO. ['0BOpsI mpoCThIM
A3BIKOM, BTOPasi NPOU3BOJAHAS — 3TO NPOM3BOAHAS OT NEPBOii IPOM3BOIHOM.

YacTHbIC ITPONU3BOJHBIC IICpPBOIO mopsaaKa:
zb = 4xy +12x°
z),= 6x°3" + 3

CHayaina H&I‘x’II[GM CMCIIAHHBIC IMPONU3BOIHBIC:

zh = (z0), = (dny’ +12x7), = 4x(7°), + (12x7), = 4x . 3y + 0 =12/

r
Kak Bumure, BCE mpocTo: OepeM YaCTHYIO IPOU3BOIHYIO “* W

g depeHIupyeM ee ele pa3, HO B JAHHOM CIIydae — YK€ M0 «UTPEK».

AHaJIOrMYHO:
z2h = (20 = (62 + 5, = 657 () + (5, = 67 2x+0=12n"

B npakTuyeckux mpuMepax MOKHO OPHEHTHPOBATHLCS Ha CJeayloliee
PaBEHCTBO:

KK
T = I



Takum oOpazom, depe3 CMelIaHHbIe MPOU3BOAHBIC BTOPOTO TMOPSAKA OYEHb
yIO0OHO TMPOBEPUTh, a MPABWIBHO JM Mbl HAIUIM YaCTHBIE MPOU3BOJHBIE
MIEPBOTO MOPSJIKA.

Haxonum BTOPYIO NPOU3BOIHYIO IO «HAKCH.

zl = dxy +12x°

Huxkakux n3zobperenuit, oepem u quddepeHnupyem e€ mo «MKe»

elle pas:
zp = (200 = (d4xy? +12x7), =457 (2 +12(27), = 47 1412 3x" = 4y° 4+ 36x7

AHanoru4yso:
2t = (231, = (6x°y" +5), = 627 (6), +(5), = 6x° - 2y + 0= 122"y

i Zﬁ'
CremyeT  OTMETHTH, 4YTO TPH  HAXOXKACHHH “® »  HYXHO

IPOSIBUTH NOBBINICHHOE BHUMAaHME, TaK KaK HUKAKUX YYyJECHBIX PABEHCTB IS
UX MPOBEPKH HE CYLIECTBYET.

HpI/IMepBI HaXOXJICHUA YaCTHBIX IMPOU3BOAHBIX IepBOro IopsAaKa.
IIpumep 1. z = z° — 2y + 2y°.

Pemenne. Jluddepenmpyem dynkmuio z = f(x, y) cHadayia mo X, moJarasi y
(UKCUPOBAHHOW BEIMYMHOMN, MOTOM TOBTOPSEM OTYy K€ MTPOLEIypY, MEHSSI
ponu X u'y. [lomyuaem

u:'i::_q 9 tz )
f,jm—..x - 24, E = 4y — 2.

iz '
lipmuep 2. z = arctg 2y, 5z = '1?'?#3? 3 1+ (zy)”

w | ke
2]

Ilpamep 3. u = ye¥* +In(z® — 2y + z).

Pemenue. YacTHble TPOU3ZBOAHBIE A3TOM (PYHKIMU TpeX MEPEMEHHBIX
BBIPAXKAIOTCS CIECAYIOMUMU (OPMYJIaMU:

HaXOI[I/IM YAaCTHBIC ITPOU3BOAHBIC BTOPOT'O ITOPAAKA. Nx YCThIPC.

O06o3HaveHus:
Fz
" 2
Z WITH o — BTOpAas TPOU3BOTHAS o KHKC»
&z
z0 2
w YITH o — BTOpAst IPOU3BO IHAS 1o «HTPEK»
&z
zn e
? WM ¥ _CMewannas MPOM3BOMHAS — «HKC O HIPEK»
Fz

"
z
U Yx _ cmeulanras Ipou3BOJHAA «UI'PCK IO HKCH



B nmossTHM BTOpOW NPOM3BOAHOM HET HUYETO CIOKHOro. ['0BOpst mpoCThIM
A3BIKOM, BTOPasi NPOM3BOJAHAS — 3TO NPOM3BOIHAS OT NEPBOH NPOU3BOIHOM.

YacrtHbie IIPOU3BOJAHBIC epBOro nopsiaka:
=dxy +122°

Cnauasa HailieM CMelIaHHbIE TPOU3BOIHbIE:
20, = (z0), = (4x7 +12x7), = 4x(y"), +(122°), = 4x - 3y" + 0 = 121/

Zr

Kak Bugute, BCcE mnpocto: OepeM YACTHYIO MPOU3BOJHYIO “* U

auddepeHMpyeM ee elie pa3, HO B JaHHOM CIIy4ae — YK€ IO «UTPEK».

AHaJIOTUYHO:
2zl = (20 = (65" +5), = 657 () +(5), = 6p° - 2x +0= 121y

B npakTHyeckux mpuMepax MOKHO OPMEHTHPOBATHCH HA CjeAyHoLee

PABCHCTBO:
K
En, = Z;I-w

Takum oOpa3zoM, yepe3 CMENIaHHbIE MPOU3BOJHBIE BTOPOrO0 MOpSAJIKA OYEHb
yA00HO MPOBEPUTH, a MPABWIBHO JM Mbl HAILIM YaCTHBIE IPOU3BOJHBIE
MIepBOIO MOPsIKA.

Haxoaum BTOpYIO MPOU3BOIHYIO O «HKCH.

r_ 3
Hukakux u300perenuii, bepem “» = 4x +12x

elie pas:
Zh = (20 = (dx” +12x7), =4y (2L +12(x°), = 47 - 1+12 - 32" = 4y” + 36"

u nuddepeHmpyem e€ 1mo «MKC

AHaJIOTrMYHO:
28 =(2y), = (6x°y" +5), =6x" ("), +(5), = 61" 2y +0=12x"y
.
CJ'IC,Z[yCT OTMCTUTD, YTO IIPHU HAXOXKXACHUU Za ) z”’ HYKHO
HpOHBI/ITB IIOBBINICHHOC BHUMAHHUEC, TAK KAK HUKAKUX I-Iy,Z(eCHI:.IX paBeHCTB JJIA
UX IIPOBEPKU HE CYIIECTBYET.

Anzopumm uccnedosanusn Gynkyuu 08yx nepemeHHbviX Ha IKCMPEMym

OyHKIMA z = f(X,)) IMEeT MaKCUMYM B Touke Mo(X0;Yo), eciu f(Xo;y0) > f(x;y) mis
BCEX TOYEK (X;y), TOCTATOYHO OJU3KUX K TOUKE (X0;y0) U OTIIMYHBIX OT HEE.
OyHKIMSA z = f(X,)) *UMEeeT MUHUMYM B Touke M(Xo;Yo), eciu f(Xo;y0) < f(x;y) mst
BCEX TOYEK (X;y), JOCTATOYHO OJIM3KHUX K TOUKE (X0;y0) ¥ OTIUYHBIX OT HEE.
MakcuMyM 1 MUHUMYM (DYHKIIMH Ha3bIBAIOTCSA IKCTPEeMYMaMH (DYHKIHH.
HccnenoBanre GyHKITUU ABYX MEPEMEHHBIX HA KCTPEMYM MPOBOISAT 1O
CJICIYIOLLIEU CXEME.

1. Haxonst yacTHble TPOU3BOJIHBIC dz/dx v dz/dy.

2. Pemarot cucTeMy ypaBHEHUM:



http://math.semestr.ru/math/derivatives.php

¥ TaKUM 00pa30M HAXOMSIT KPUTHUECKUE TOUKH (PYHKITUH.
3. HaxonsT yacTHbIE TPOU3BO/IHBIE BTOPOTO MOPSIAKA:

Fz Az 3%z
& oy oyt

4. BeIUMCIISIOT 3HAYSHUS dTHX YaCTHBIX IMPOU3BOJHBIX BTOPOTO IMOPAJAKA B Ka)KI[Oﬁ

13 HAlJIEHHBIX B 1.2 KPUTHYECKUX TOUKaX M(Xo;Yo).

B
ax" ), axey J ., i,

5. JlenaroT BBIBOJI O HAJIMYUU IKCTPEMYMOB:
a) ectu AC —B?>>0u A4 < 0, To B Touke M MUMeETC MAKCUMYM;
6) ecrt AC —B?>0wu 4 > 0, 10 B Touke M UMeeTCI MUHUMYM;

B) eciiu AC — B? <0, TO 9KCTpeMyMa HET;
r) ecin AC — B? = 0, T0 BOIIPOC 0 HAIMYHUH SKCTPEMYMa OCTAETCH OTKPBITHIM;

IIpuMeps! ucciiegoBaHus QYHKIMHA IBYX NIEPEMEHHBIX HA JKCTPEMYM.
IIpumep Nel. UccnenoBath Ha SKCTpeMyM (YHKIIMIO

z=x3 + 3 xy 2 —15x-12 y.

Pemenne.

1) Haitnem yacTHbIC TPOU3BOIHBIE:

bz

= =3x* +3y* —15,
&
bz

=6xy—12y,

2) Toraa cucrema /sl OTBICKAHUS CTAlIMOHAPHBIX TOUEK UMEET BU
2
12 +y —5=0
xy—-2=0

PemnB cucrtemy, moiayduMm 4eThIpe CTAIMOHAPHBIE TOUKHU:
Pi(1,2), P2(2,1), P3(-1,-2), P4(-2,-1). Halinem npousBoaHbie 2-T0 MOpsIKa

Bzz 622 622

B By BSxdy

Y COCTaBUM JUCKPUMUHAHT AAB-C? st kaxmoi CTAllMOHAPHOU TOYKH.




1) dns touku Pi(1,2) A=36-144<0, B P;(1,2) sxcTpeMyMa HeT.

2) Jns touku Py(-1,-2), A =144 — 36 >0, A>0, B P»(2,1)dyHKkius umeer
MHUHUMYM, Zmin = -28

3) Hnst Touxu P3(-1,-2), A = 36-144 <0, B P3(-1,-2) sakcTpemyma Her.

4) Jlnsa touku P4(-2,-1), A=144 — 36 >0, A<O B P4(-2,-1) PyHk1us umeer
MaKCUMYM Zmax=28

ITpumep Ne2. Haiitu HauGosbllee ¥ HAMMEHbIIEE 3Ha9eH st QYHKIUM Z = X* +
4Xy — y* — 6X — 2y B TPEYTOJILHUKE, OIPAHUYEHHOM OCSIMH KOOPAMHAT U PAMON
2x +3y—-6=0.

Pewenue.

Haiinem kpuTndeckue TOUKH JIOKAIbHOIO SKCTPEMyMa BHYTPHU YKa3aHHOU
00J1acTH ¥ 3HaYeHusl TaHHOW QyHKIMH Z = f(X,y) B 3TUX Toukax. Tak

oz & L oy

5~ y-6 o =4x—-2y—2
KaK ox ) , TO CUCTEMA JI1 OTBICKAHUA
KPUTUYCCKUX TOUCK UMECT BU/

X+2y-3=0 x=1

2x-y-1=0~ |¥=1
Touka Py(1;1) Haxonutcst BHYyTpH obnactu, mpuueM z(Py) = -4. Vccnemyem
¢dbynkuio z Ha rpanue oonactu. Ha otpeske OA umeem : y=0, z = {(x;0) i

2100=x* - 6x, te® €3], o =26 ¢°,(3)=0; ¢3)=13:0)=9. Ha
orpeske OB umeem: x=0. z=f(0;y) nnmu z=gx(y)=-y*-2y,

e YEGZE 200 =-2y-2% £ (D=0 -1€[0:2] y, o

y:Z—gI: z =_f[x;2—gx)
AB nmeem 3 3 WA
38

19 4 ,
zZ= X)=——x"+6x— X)=———x+6
g:i( ) 9 B:FHGIE[O;:{I; g:i( ) 9
27
r =0
;gs(—wj ’

[ZTJ_f(Z?_ZD)_ 7
£3l 19 19°19 19

Haiinem 3nauenus pynkiuu z B Toukax O, A u B. z(0) = 1(0,0) = 0; z(A) =
£(3;0) =-9, z(B) = f(0;2) = -8.
27 20

f(0:0), f(62), f(30), f(_:-). SN

CpaBHuBas 3HaYCHUS 19719
MIPUXOJIUM K BBIBOY:

HauOombiiee 3HadeHue zmax=0 B T. O(0,0);

HauMeHbIee 3HaueHue zmin=-9 B T. A(3,0).



dr 22 -2y+ 2 x?
du 200t | 1
9z Y° 2~ 2y+ 2

3agaHus NpakTHYecKoil padoThl

= 29+ 2

1. Haifti 1 mocTpouTh 00J1aCTh ONPEIETICHUS CI0KHON QYHKIIUU.

2. BblyncnuTh IPOU3BOAHYIO CIOXKHOW (QYHKIIUH.

B1 1.z=arcsin(1-x>y?)

2.a) z=ViInx %, x=e, y=1

6) u=x2-y*+3z%, x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx)
= X = =
2.3) z—,/xylnx, x=1, y=2

B)u=3x?%/2-
v2/2+4222,x=2/3,y=2,2=2/3

B3 1.z=,/Inx + Iny

2.a)z=x'—x"e V-1
xy

6)u=x3/2-y3/2+823,x=2,y=2,2=3/2

B4 1.2= /\/}—x+2

2.a)z=sinl/xeY,x=m/2,y=1

6)u=3/2x*+3y2-22?,
x=2,y=1/3,2=3/2

. x?
B5 1.z=arcsm;

2.a)z=arcg(x>-y)+1/,/xy

_Vx _ vz
6)u= y xX+\y

B16 1.z=|n§
2.a)z=(x2 + y2)*° 7’
6)u=x\/§-(z+v)\/z, x=1,y=1,z=-2
B17 1.z=Iny-Incosx

2.a)z= xsiny+x2, x=3,y=r/2

6)u=,/xy — V4 — z2,x=1,y=1,2=0

B18. 1.z=|nsinx-\/§
2.a)z=arcsin% - Inv, u=0, v=1
6)u=(x2+y*+22)%?, x=0,y=-3,2=4
B19. 1.z=In(y?/4-x?/9-1)
2.a)z=|n\/m+1/y,x=y=1/\/§

6)u=2/x+3/2y-
\6/4z,x=2/3,y=3/2,2=1/2

B20. 1.z=a rcsin%

2.3)z=InyVx ,x=1,y=3/5

6)u=3/x+4/y-1/V/6x,x=1,y=2,2=1//6



B6 1.z=arcos(2x-y) B21. 1.z=1+\/1 — (x — y)?

y
2.a)z=arccos;+e@, x=2,y=1 2.a)z=cos(1/y)-1/\/xy, x=1/2,

y=2/m
6)u=\/§x2-\/3—5-6\/§zz, x=1,y=2/3,2=1//6

6)u=x\/§-yzz,x=2,y= 1,z=-1

B7 1.2=\/In(2 — x — y), B22. 1.z=In(x%+y)
z %% 22 _ 2 ye1 u=
2.a)z=tgl/x.ex,x=1/m,y=0 2.a)z=e*" \/x% — y?, x=1,y=0
6)u= 6)U=Sin3—2, x=2,y=m,z=1

2./x + y+y.arctgz,x=1,y=1/3,z=1/\/€

B8 1.2=In- B23. 1.2=V1 — x2+/1 — 2

2.a)z=(x2 + y2)* ¥’ 2.a)z=yIn(x*-y?), x=2,y=1

6)u=x3/16+y?/9-

6)u=x\/y-(z+y)Wx, x=1,y=1,2=-2
\/; 2%/8,x=2,y=1/2,2=1/3

B9. 1.z=Iny-Incosx B24 1.Z=\/ln(2 —x—7y),

2.a)z= xsiny+x2, x=3,y=r/2

6)u=,/xy — V4 — z2,x=1,y=1,2=0

Yy
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1/6

B10. 1.z=Insinx-/y B25 1.z=arcos(2x-y)
y
2.a)z=arcsin% - Inv, u=0, v=1 2.a)z=arccos;+em, x=2,y=1
6)u=(x2+y*+z2)%?, x=0,y=-3,2=4 6)u=\/§x2-%-6\/§zz,

x=1,y=2/3,2=1//6
B11. 1.z=In(y*/4-x*/9-1) B26 1 7=arcsin®.
y

2.a)z=In/x2 + y2+1/y,x=y=1/v/2

6)u=2/x+3/2y-
[6 /4, 6)u=£— =
6/4z,x=2/3,y=3/2,2=1/2 vy xtyy

2.a)z=arcg(x>-y)+1/,/xy




_ Y
B12. 1.z—arcsmx B271. 7= \/; x4

2.a)z=Inyvx ,x=1,y=3/5
Jz=Iny v=3/ 2.a)z=sinl/xeY,x=m/2,y=1

6)u=3/x+4/y-1//6x,x=1,y=2,2=1/\/6 6)u=3/2x%+3y2-27

x=2,y=1/3,2=3/2

B13. 1.z=1+/1 — (x — y)? B28 1.z=,/Inx + Iny
= - = — i,x:e, =1
2.a)z=cos(1/y)-1/\/xy, x=1/2, 2.a)z—xyxy y
y=2/m

\/_ 6)u=x3/2-y3/2+823,x=2,y=2,2=3/2
6)u=x,/y-yz%,x=2,y=1,z=-1

B14. 1.z=In(x?+y) B2 9.z=In(y-Inx)

—px? 2 _ y2 y=1vy= = Y x= =
2.a)z=e”* \/x* — y?,x=1,y=0 2.3)z 1/xylnx, x=1, y=2
6)u=sin3—z, x=2,y=m,z=1 B)u=3x?%/2-

v2/2+4222,x=2/3,y=2,2=2/3
B15. 1.z=V1 — x2+,/1 — y2 B30 1.z=arcsin(1-x>-y?)
2_z=y|n(x2-y2)’ x=2,y=1 2.a) z=VInx %, x=e, y=1
u=x2/16+y%/9-z2/8,x=2,y=1/2,2=1/3 6) u=x2-

v2+322,x=1/2,y=1/2,2=1/2

3ananue 1.HaiiTn yacTHbIE NPOU3BOAHBIC BTOPOI0 MOPSAKA

B1z=x%y2-4x-5y B16z=x3-y3-3xy
B2 z=y?-x?+xy-2x-6y B17z=0,5xy+(47-x-y)(x/3+y/4)
B3 z=xy(1-x-y) B18. Z=x*+y?+xy-3x-6y

B4 z=yvx-y>-x+6y B19. z=xy*(1-x-y)



B5 z=e*/?(x+y?)

B6 z=x3-y3>-3xy

B7 z=0,5xy+(47-x-y)(x/3+y/4)
B8  z=x’+y’+xy-3x-6y

B9  z=xy?*(1-x-y)

B10 z=x3+y3-15xy
B11z=x%+y?+xy-4x-5y

B12 z=y?-x’+xy-2x-6y

B13  z=xy(1-x-y)

B14  z=y\/x-y>-y+6y

B15z=e*/%(x+y?)

B20. z=x3+y3-15xy

B21. z=3-2x?-xy-y?

B22. z=y?-xy-2
B23.z=x%+2xy-y?+4x
B24z=2x%+2xy-y?/2-4x
B25z=x2+xy-2

B26.  z=y?-2xy-x’+4y+1
B27.  z=1-2xy+2x?

B28.  z=4x+2y+4x*+y*+6
B29  z=x’+2xy-10

B30. z=x?+2xy-y2-4x

3ananme 2.UccienoBath 3aJaHHYI0 QYHKIMIO HA SKCTPEMYM

B1. z=12+2xy-x?
B2.z=5x2-3xy+y*+4
B3.z=4x%+9y?-4x-6y+3
B4.z=x2-2xy-y?+4x+1
B5.z=y2+2xy-x>-4y
B6.z2=x*+3y%+x-y
B7.z=x%y
B8.z=4-2x%-y?

B9.z=x%/2-xy

B16.z=x’+2xy-10
B17.z=4x+2y+4x*+y*+6
B18.z=1-2xy+2x?
B19.z=x%+2xy-y*+2x+2y
B20.z=y2-2xy-x*+4y+1
B21.z=x%+xy-2
B22.z=2x2+2xy-y%/2-4x
B23.z=x2+2xy-y?+4x

B24.z=3-2x?-xy-y?



B10.z=1+xy? B25.z=y>-xy-2

B11.z=4-2y*+x? B26.z=x%+y%+xy-4x-5y
B12.z=y’+2xy-x*-4y B27.z=y%-x*+xy-2Xx-6y
B13.z=x2-xy B28.z=x%+y%+xy-3x-6y
B14.z=xy(4-x-y) B29.z=x3-y3-3xy
B15.z=x%+2xy-y*-4x B30.z= x3+y3-15xy

KoHTposbHBIE BONIPOCHI:

1.ChopmynupoBath onpeaeneHue GyHKIUH C ABYMS IE€PEMEHHBIMHU.

2.Yto Ha3bIBaeTcst 00JaCThIO onpeeneHust GyHKIIUN HECKOIbKUX

MIEPEMEHHBIX ?

3.ChopmynupoBaTh IPaBUIIO HAXOKICHHSI POU3BOIHON (PYHKIIMHM HECKOIBKUX

NEPEMEHHBIX.

4.Yto Takoe nonHbi AuddepeHunan GyHKIMNA HECKOIbKUX EPEeMEHHBIX ?
5.ChopMynupoBaTh aIrOPUTM HaXO0XKACHUS SKCTpeMyMa (QyHKITUU

HECKOJIbKUX MEPEMEHHBIX
IIpakTnueckas padora Ne 10 mo reme
Tema «BbIluuc/ieHHe IBOMHBIX HHTETPAJIOB)

Iesab: TpoBEpUTH YMEHHUE BBIYUCIIATH JBOWHBIE HHTETPAJIbI B IEKAPTOBBIX
KOOpJAMHATaX

Bpems BbinosiHeHna 90 MUHYT

MarepuanbHoe obecneueHue
1.TeopeTnyeckue ceegeHmA
2.3apgaHue

3.JluctA4

4.KanbKynatopol

MopAaaoK BbinoNAHEHUsA PaboTbl
1.M3yunTb 3agaHue

2. I3yunTb TeopeTHyeckme ceeseHunA
3. BbinonHUTL 1 odopmUTb paboTy
4.MMoKkasaTb pe3ynbTaTbl NpenoaasaTento
DomaliHee 3apaHue



1.MoarotoBUTb OTBETHI HA KOHTPO/IbHblE€ BOMPOCHI

Teopernueckuii MmaTepuas

[TycTh B HEKOTOPOI OTpaHUUYECHHOM 3aMKHYTOM 00JIaCTH D TIIIOCKOCTH xOy 3ajiaHa
HenpepbiBHas QyHKUMsA z= f(P), rme Touka PeD . Pa3obbeM 3Ty 00J1acTh

MIPOU3BOJIbLHBIM 06pa30M Ha 7 YaCTUYHBIX MJIOCKHUX fA4YeeK §,,S,,..., S, , IMCIOIINEC

n?od

wiomamu AS,, AS,,..., AS B kaxmoit Takod suelike BbIOEpEM MO OJHOM

n
POU3BOJIBHON TOUKE P, P,,..., P, © BBIYUCIUM 3HaYeHUS QyHKIUU [ (P) BO B3ATbIX
Toukax. COCTaBUM TaK HAa3bIBAEMYIO UHMEZPANbHYI0 cymMmy (QyHKIUH [ (P) o

objactu D
S F(PIAS, = £(PIAS, + F(PAS, +...+ £(P,)AS, (1)

Heotinoim unmeepanom ot GyHKIMA f(P) mo obnact D Ha3bIBAETCS MpEE
WHTETPAIBHON CyMMBI (1) MpU CTpEeMJICHUH K HYJIIO HAHOOJBIIIETO U3 THAMETPOB
BCEX SYCEK JAHHOTO pa30ONCHMUS:

JJr(P)as = 1im if(P,»)ASi 2)

max d(S; )0

OcHOBHBIE CBOWCTBA NBOWHOI0 MHTETrpaua

1. JIBoitHON HHTErpan mo oo6JacTd D OT anreOpanuyeckod CyMMbl (YHKIUH
paBeH anreOpandecko CcymMMe [JABOMHBIX MWHTETPAJOB OT CJIaraeMbIX
GyHKIMI 110 3TOM ke 00JIacTH:

II[ﬁ(P)ifz(P)]dS :Ijﬁ(P)dSijjfz(P)dS-

2. TToCTOSTHHBIN MHOXHUTEb k MOXHO BBIHECTH 3a 3HAK ABOMHOIO MHTETpaja:

[k r(P)ds =k-[[ F(P)as.

D

3. OO0nacTh MHTErPUPOBAHUS JIBOWHOIO MHTErpalia MOXHO pa30oUTh Ha YacTH,
TO €CTh €CJIi 00JIaCTh D COCTOUT U3 JIBYX HemepeceKaromuxcs odnacten D,

u D,, To

”f(P)dS = ”f(P)dS+”f(P)dS.

IIpumepbl



x2+4

3
o 1
3aganme 1: Beruncinuth MOBTOPHBINA HHTErPall _[ dx j —dy.

1 2 X

Pemienue: BerunciauM cHadalia BHYTPEHHUM MHTETpajl MO NEPEMEHHON y , CUMTAs

X IIOCTOAHHBIM:

3aganme 2: BpiunciauTh ABOHHOW MHTErpal ”(x-l—y)dxdy 1mo objactu D ,
D

OTPAHUYEHHOU NPSIMBIMU x =2, x=6, y=1 U y=4.

Pemenmne: OO6nacth D SIBISETCS MPOCTOM OTHOCUTEIBHO Oceil Ox U Oy (puc.

1), IMOOTOMY JIA BBIYMCJICHUA MHTCIpajlia MOXKXHO HCIIOJIb30BaTh JIIO6y}O

3 Gopmyn ” f(x, y)dxdy = I dxj £(x, y)dy WM

d b
” f(x, y)dxdy = jdyj f(x, y)dx . CHayana BHIMMCINM JBOMHON HMHTErpan
D c a

6 4
mo mepBoil  Qopmyie: ”(x + y)dxdy = j dxj (x+y)dy . Boruncius
D 2

1

BHYTPEHHMM MHTErpaJl IO MEPEMEHHOM y MNPHU INOCTOSIHHOM X ,

HaXOJIUM

1

h HE 1 1
J. (x+y)dy = {xy + y?} = (4x+8)- (x + 5} =3x +?5 . TlogcTaBuB 3TO BBIPAXKEHHE BO
1

y ; 15 3x7 15 |6
BHEIIIHUU UHTETPaJI, IIOJYUYUM I 3x+? dx = 7+?x =78.
) 2

Tenepr  BBIUMCIUM  JABOMHOW  HMHTETpaJl 1O  BTOpoH  dopmyre

4 6
” (x + y)dxdy = '[ dyj (x + y)dx : Haiinem BHYTPEHHHIA MHTETPAL:
1 2

D



6 2
j(x+y)dx={%+xy}6:(18+6y)—(2+2y):4y+16 . Jlamee HailimeM BHEIIHWH
2

2

4 4
UHTETpa: I(4x +16)dy = [2 o+ 16y] 78, TO €CTh TIOJYYHIIH TOT YK€ OTBET.
1 1

Teopernveckuii cBegeHUs

[Inomwanes S muIOCKOKW oOmacTh D B MNPSAMOYTOJbHBIX KOOPAMHATAX
BBIYHCIIACTCS 110 (hOpMyIIe

S = [[ dxdy; (1)

a B MIOJISIPHBIX KOOpPJIMHATAX — 10 opmyIie

S = ”rdrd(p. (2)

O0beM IMIMHAPUYECKOTO TeJa, OTPAHMYEHHOTO CBEPXY IOBEPXHOCTHIO
z=f(x,y) , cHU3y O00maCTbIO z=0 W COOKY MPAMOM LUIMHIPUYECKOM

TIOBEPXHOCTBIO, BBIPE3AIONMIEN Ha IUIOCKOCTH xOy (z=0) obmacte D (puc. 1),

BbIYHCIIAETCS 110 (hopMyIie

v = [ zdxdy (3)

z= (s v)




IIpumepbl

3aganme: Bpluucaure 00beM TeNa, OrPaHUYEHHOIO MOBEPXHOCTSIMU
z=2x+1,x=0, y=4, y=x".

Pemenue: Teno, orpaHUYEHHOE 3aJAHHBIMU ITOBEPXHOCTAMH, ITPEICTABIISIET
co00il BEepTUKANBHBIA MapabONIUYECKUN IWIMHIDP, PACIOJIOKEHHBIH B TMEPBOM
oktanTte. CBepxy TeJl0 OrpaHUYEHO IUIOCKOCTBIO z=2x+1 , COOKy
napaboIMYECKUM WINHAPOM y = x’ M IUNIOCKOCTAMU x =0 U y = 4. Haiinem Touku
y=x

Takum o06paszom,
y=4

nepecedeHuss mapaboyibl y=x’ W MPSIMOU y =4 : {
TIOJYYUM OJIHY TOUKY IepeceueHus M(2; 4).

3HaueHue x=-2 He paccMaTpuBacM, TaK KaK HUJIMHAP PacCIlOJOXCH B
IICPBOM OKTaHTE. OO6macTe D 3anumeM B BHUJC CHUCTCMBI HCPABCHCTB 0<x<2m

x*<y<4.
CornacHo ¢opmyie (3), moaydum
4

V= ”zdxdy = _z[dxj(2x+l)dy = j[2xy+y] ' dx = j(8x+4—2x3 —xz)dx = 13%(Ky6. en.)
D 0 0 ¥

x? 0

3apanme 1. Beruucnurs nHTErpan no odiaactu D, orpaHMYEeHHON YKa3aHHBIMU

JTIMHHSAMH.
B1f[ y*cosxydxdy B16f[ yzcos%dx dy

D D

D:x =0,y = \[m/2y=x/2 D:x =0,y = \/m/2; y=x/2

B2ff 3yzsin%dx dy B17[f (18x*y? + 32x°y®) dx dy
D D



D:x =0,y =./4m/3; y=2x/3

B 3[[(3x2y? + 4xy) dx dy:
D

D:x=1 y=—/x;y=x?
B4[[(27x?y? + 12xy) dx dy
D

D:x =1,y = —{x; y=x?
B5ffyzsin%dxdy

D

D:x =0,y = /m; y=x

B6 /[ 4y?sin2xy dx dy

D

D:x =0,y =+v2m; y=2x
B7([ 4y?sinxy dx dy

D

D:x =0,y =m/2; y=x

B8[[ (49x2y? + 28xy) dx dy
D

D:x=1,y=—-3x; y=x?
B9 [[(9x%y? + 48x3y3) dx dy

D

B18[[(9x%y? + 2xy) dx dy

D

D:x=1; y =+x; y=—x3

B 19 [[(18x2%y? + 8xy) dx dy
D

D:x =1,y = Vx; y=—x?
BZOffyZe_iTydxdy

D

D:x =0,y = 4; y=2x

B21[(27x2y* + 12xy) dx dy

D

D:x =1,y = —/x; y=x3
B22([(9x%y? + 8xy) dx dy

D

D:x =1,y = Vx; y=—x3

B 23([ y?cosxy dx dy

D

D:x =0,y =+/m; y=x

B 24[(18x2y? + 32x3y3) dx dy

D



D:x =1,y =/x; y=—x?

B10 [ yze_% dx dy
D

D:x =0,y =2;y=x

B11[[(36x%y? + 96x3y3) dx dy
D

D:x=1y=3x; y=—x3

B 12ﬂyzsin%dx dy

D

D:x =0,y =+/m; y=x/2
B13[[(12x%y? + 16x3y3) dx dy

DD:x =1,y = —/x; y=x?

Bl4ﬂyze_%dxdy
D

D:x =0,y =2;y=x/2
Blefyzcos%dxdy
D

D:x =0,y =+v2m; y=2x

D:x=1,y=3x; y=—x?

B 25([(18x2%y? + 32x3y3) dx dy
D

D:x =1,y = —/x; y=x3

BZfoyZe_xz_ydxdy

D

D:x =0,y =1;y=x/2

B 27([ y?cosxy dx dy

D

D:x =0,y =+/m; y=2x

B 28/ (18x2y? + 24xy) dx dy

DD:x = 1;y = —3/x; y=x3

B29[(9x%y? + 12xy) dx dy

D

D:x =1;y =+x; y=—x?
B 30/[ y?cosxy dx dy

D

D:x =0,y =.m/4;y=x



3amaua 2. I3MeHUTH NOPAIOK HHTETPUPOBAHUSL.

0 0 0 1 0 2 0
21 [dy | fax+[dy [ fax. 22 [dv | fax+[dv [ fax.
_ -1 -y 0 -y 1 -y

V2 h?
1 N2y
27. [dy | fdx+jdyjfdx 2.8, jdyjfdx+jdyjfdx
2 0
1 2 0 2 3 0 0
29. [dx | fay+[ax[fdy2ro [ax [ fav+ [ax [ sy
2 0 10 2 4—y? -3 4—x*-2
1 1 e 1 13y 22—y
z.n.jdxj fdy+jdx jfdy. 212, [dy [ f dx+[dy [ f dx.
01—y 1 Inx 0 0 1 0
7/4  siny 7/2  cosy -1 0 0 0
2.13. jdyjfdx+jdyjfdx.. 214 [dx [ fdy+[dx[ fdy.
0 /4 0 2 —(2+x) -1 ¥
1y e 1 1 0 2 0
2.15. jdyjfdx+jdyjfdx. 216. [dy [ fdx+[dy [ fdx.
0 0 1 Iy N 1 =2y

2-y

2.17. jdyifdx+fdy i fdx. 218 jdyjfdx+jdyjfdx

L2 0



3 0
z.19.jdx j fdy+

S

dx T fdy.2.20.]1dy j‘ fdx+j‘dy}fdx.
Nax? -1 3

0 Jau2o -2 H2+y)
I e 1 I o A
221. [dy| f de+[dy | f dx. 222, [dx[ fdy+[dx | fdy.
0 0 1 Iny 0 0 1 0
2.23. jdei_dey+Idxc] £ dy 224 jdy i fdx+idy dex
/4 0 _\/ﬁ 1 y
> 242 2 a2
205 [dx[ f dy+[dx | fdy. 226 [dx [ fdy+[dx [ fdy
0 NE) 0

2.27. jdx j‘ f dy+jdx
0 —x

dey. 228 jdxjfdy+jdxj fdy.
1 —J2-x 0

Loy a2 R 2 Jix
2.29. jdyjfdx+jdy j fdx. 230 jdxjfdy+jdxj fdy.
0 0 1 0 0 0 1 0

3agaua 3. Be4ucianTs.

” 12x y +16x° y dxdy; J‘J. 9x y +48x° y dxdy;
32. D

D:x=1y= x,y——\/;. D:x=1,y=\/;,y:—x2.

” 36x y2 96)c3y3 dxdy H 18x y +32x° y dxdy;
33. » 34. b

D:x=1,y=x/;,y=—x3. D:x=1,y=x,y=—\/;.



” 27x Y’ +48xy° dxdy;

D:x=1ly=x ,y——\/;.

” 18x y* +32x7y° dxdy;

D:x=1y=x ,y——\/;.

” (4xy +3x7y’ )dxdy;
D

D: x=1,y=x2,y=—\/;.

” 8xy +9x°y’ dxdy;
3.11.

D: x=1,y=3/;,y=—x3.

” 12xy +27x°y° dxdy;
3.13.

D: x=1,y=x2,y=—3/;.

s ”(—xy+—x y jdxdy;

D:x=1y=x, y=—/x.

”(24xy —48x7y° )dxdy;
3.17. b

D: x=1,y=x2,y=—\/;.

” 4xy +16x°y° dxdy;
3.19.

D: x=1,y=3/;,y=—x3.

J‘J. 18x y* +32x7y° dxdy;

D: x-l,y—\/_,y——xz.

H 27x y* +48xy° dxdy

D: x—l,y—x/_,y——x3.

H 12xy +9x°y° dxdy;
3.10. p

D: x=1,y=\/;,y=—x2.

H 24xy +18x7y° dxdy;
3.12. p

D: x=1,y=x3,y=—3/;.

J‘J. 8xy +18x°y’ dxdy;
3.14.

D: x=1,y=3/;,y=—x2.

- H(—xy+9x y jdxdy;

D: x—l,yzx/;,yz—f.

J‘J. 6xy +24x°y’ dxdy;
3.18.

D: x=1,y=\/;,y=—x2.

” 4xy +16x°y° dxdy;
3.20.

D: x=1,y=x3,y=—i/;.



[ (44xy +16x°y* ) dxdys [[(4xy+1762)* sy

321. p 322. p
D:x=1,y=x2,y=—i/;. D:x=1,y=i/;,y=—x3.
” xy—4x’y dxdy, ”(4xy+176x3 y )dxdy;

3.23. 324. »
D:x=1,y=x3,y=—\/;. D:x=1,y=\/;,y=—x3.
”(6x yﬁdxdy; H(9x2y2 +25x4y4)dxdy;

3.25. 3.26. p
D:x:I,y:xz,yz—x/;. D:le,y:\/;,y:—xz.
I I£3x y4jdxdy; J[(9x7y2 +25x*y* )y

3.27. 3.28. »
D:x:l)y:%/;,y:—x?’. D:XZI,yZX3,y=—2/;.
”(54)62)/2 +150x4y4)dxdy; J‘J. xy —9x°y dxdy,

3.29. p 3.30.
D:x=1,y=x2,y=—i/;. D:x=1,y=3/;,y=—x2

3ajaHud NPaKTHYeCKOH PadOThI

3aganue 1.Haiitu momans Gurypsl, OrpaHiYeHHON JAHHBIMU JTUHUSMU

Bl. y2- 2y+x?=0, y2-4y+x*=0 B 16.y%- 4y+x%=0, y*- 8y+x*>=0
X X

y=7 v =V3x V=7 v =0

B2.y%- 6y+x%=0, y*- 8y+x*=0 B 17.y% 2y+x%=0, y*- 4y+x*>=0

x = =
y—ﬁ, y —\/§x y=X, x=0



B 3. yz_ 8y+x2=0’ y2_ 1Oy+x2=0 B 18.y2- 4y+x2=0, y2_ 8y+x2=0

yz%’ y =\/§x Y=X, x=0
B 4.y?- 4y+x=0, y?- 6y+x*=0 B19. y2- 2y+x?=0, y- 10y+x*>=0
y=X, x=0 y=0vy =\/§X
B 5.y2- 6y+x?=0, y?- 10y+x%=0 B 20. y2- 2y+x%=0, y*-4y+x>=0
=X, X= =X y=
y=X, x=0 y=7 ¥ =V3x
B 6.y?- 8y+x?=0, y>- 10y+x%=0 B 21. y2- 2y+x2=0, y*>-6y+x>=0
X
<0y =V3x =5,y
B 7.y?- 4y+x=0, y>- 6y+x*=0 B 22.y%- 2y+x%=0, y*>-8y+x*=0
X

<0y =Vx =,y =
B 8.y?- 2y+x2=0, y>- 6y+x*=0 B 23.y%- 2y+x%=0, y*- 6y+x*=0

X X
y=7v=0 y=7v=0
B 9. y%- 2y+x?=0, y*>-10y+x%=0 B 24.y%- 2y+x%=0, y*- 6y+x*>=0

X X
V=275 v =V3x V=75 v =0
B 10.y%- 4y+x?=0, y>-10y+x?=0 B 25.y%- 6y+x%=0, y>-2y+x*=0
yz%’ y =\/§x y=X, x=0
B 11.y%- 4y+x%=0, y>-2y+x*=0 B 26. y*- 4y+x%=0, y?*- 2y+x*=0
y=Xx, x=0 x=0, y =v3x
B 12.y%- 6y+x%=0, y*-8y+x*=0 B 27. y2- 4y+x’=0, y2-8y+x*=0

y=% x=0 x=0, y=V/3x



B 13.

y=X, x=0

B 14.y*- 4y+x%=0, y?- 8y+x*=0

x=0y

B15y?

=X
y_\/gr

x=0

y>- 4y+x?=0, y>-8y+x*=0

=/3x

- 2y+x2=0, y*>-6y+x*=0

B 28.y%- 4y+x%=0, y*>-8y+x*=0
X

y="75 v =V3x

B 29.y%- 4y+x%=0, y*>-6y+x*=0
X

y="75 v =V3x

B 30.y%- 6y+x%=0, y*>-10y+x%=0

X
y="75 ¥ =V3x

3aganue 2.Beruuciuth mwiomans (GUrypsl, OrpaHUuYE€HHON JTUHHUSIMH B
IPSAMOYTOJIBHON CHCTEME KOOPAUHAT.

A2 R = 5
1'.}',_4 x53x ¥ n,_}" n. Izqyz, I:J"’_;Izz
9) 2.1’=x2; 2x+2y-3=0 17. 9 _
3 p-2x=0 y=x% x=1 2
R A _2 ' 19 ¥=2" y=2x-x";0=x=2
4, .}"E—JC:_}’—;C:J’— JC. 2O‘y=arg5mx;ﬂ¢_:y¢_:ﬂ-;xz_yn‘
5. 77 =%yt =damd 7] V=arecoss; y 20; x>0
2 2 : :
y=(x-4; y=16-x _
. _ C o o x=arcsmy;ﬂ¢_:x¢_:£;y:_>u
7. ¥y =x+1;, y = cosx, y—ﬂ. 22. 9
2 : 73 X =arccosy; y 20; x<0
=—X, y=smx, y=0 : :
8. 7 : y:EgE.},:ﬁ.Izn
9 4y=8x—x2;4y=x+ﬁ' 24. 2 )
10 y=¢s y=¢"; x=3 25 ¥=~lx-1 y=p-2
. ' R 2
11 ¥=2"; 2x+3y =8, x=0, y=0 26, X=php x=4-y"
g7 X=Imy; y £7.29; x20
12, ¥y =hx y=-1 x=3 8. y=x2+4x;x—y+4:ﬂ.
=0, x+y=7 o R
13. . _u‘- oo g y=x"34y=x" c=12
14 ‘I:I",_ :I_}',_ ; L—4a4= . 30 J}:xz-l-l'};:s_xz
2 2 . E
15. x+2y°=0; x+3y :1-
16. 3,
3aganue 3
Boluncnure  00beMbl  Tell, OrpPaHUYEHHBIX  33JaHHBIMU  TOBEPXHOCTSIMU

(IOTIOTHUTETBLHOE 3a/IaHKE)

1)z=6, y=x>, y=4, x=0, z=0;



2) z=3—-x—y, x=0, y=x"+1, y=2, z=0;

3) z=4x+1, y=x>, x=0, y=4, z=0;

4) z=d-x>, x+y-4=0,x=0, y=0, 2=0;

5)z=2-x, y°=9x, y=3x>, z=0.
KoHTpoJibHBIE BONIPOCHI:

1.Yt0 Ha3pIBa€TCA MHTETPANBHON CyMMOM QyHKIMK f(x, y) B obnactu D ?2.[Taiite

OTpeJieJICHUE IBOMHOTO HHTETpaa.

3.1lepeunciute OCHOBHBIE CBOMCTBA JJBOMHOTO MHTErpasa.

4. Kakue ciy4an pacrojoXXeHus 00J1acTh D OTHOCUTEIBHO OCeld KOOpAMHAT
BO3HHMKAIOT TIPW BBIYUCICHUH JIBOWHBIX WHTErpayioB? 3amumure GHOPMYIbI
BBIYMCJICHUS IBOMHBIX MHTETPAIOB JJI KAX0T0 U3 3TUX CITy4acB.

5.Kakue uHTerpaibl Ha3bIBAIOTCS TOBTOPHBIMU WM IBYKPATHBIMU?

6.ITo kakoit hhopmysie BEIYUCIACTCS IUIOMIAIb TNIOCKON 00JIaCTH B MPSIMOYTOIBHBIX
KoOopAuHaTax?

7. Tlo xakoii (opmysie BBIYMCISIETCS IUIOMIAAb IUIOCKOM OOJacTH B TOJSPHBIX
KOOpAUHaTax?

8. Ilo kakolt hopMysie HaXOaUTCS O0BEM TeJla, OTPAHUYECHHOTO MOBEPXHOCTIMU?

IIpakTnueckas padora Ne 11
Tema «HUccienoBanue YMCJA0BBIX PATOB HA CXOAUMOCTh)
esab: HAyYUTHCS UCCIIEIOBATh YHACIOBBIE PSIAbI HA CXOAUMOCH
Bpemsa BbinonHeHna 90 mMUHYT

MaTtepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHun

2.3apaHue

3.JluctA4

4.KanbKynatopol

MopsapoK BbinoNHeHMA paboTbl
1.M3yunTb 3agaHue

2. I3yunTb TeopeTnyeckme ceeseHunA

3. BbinonHUTL 1 odopMUTb paboTy
4.loKa3aTb pe3yabTaTbl NpenoaasaTesio
JomawHee 3apaHue

1.MMoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Teoperuyeckue cBeIeHU



Omnpenenenue. CymMMa 4YJIEHOB OECKOHEYHOW YHMCIOBOW TOCIEAOBATEIIBHOCTH

U, 1,,...,U,,... HA36IBAETCS YHCITOBLIM PSIIOM.
Uttt =D,
n=1

[Tpu sToM uymcna u,,u,,... OyneM Ha3bIBaTh WICHAMHU psAa, a U, — OOIIMM YJICHOM

psana.

Onpenenenne. CyMMBL S, = u, +u, +...+u, = Y u;, n =1, 2, ... Ha3BIBAIOTCS
k=1

YaCTHBIMH (YACTHYHBIMH) CYMMAaMM PSA.

Takum  oOpa3oM, BO3MOXHO paccMaTpuBaTh  IOCIEI0BATEILHOCTU
YaCTUYHBIX CYMM psiga Sy, S, ...,8, ...

Onpenenenne. Pan u +u, +..+u,+..=) u, Ha3bIBAETCA CXOASIIUMCSH, ECIIH
n=1

CXOOUTCA MOCICAOBATCIIBHOCTD €T0 YaCTHBIX CYMM. CyMMa cxoafaIerocd psaaa —
npeacia nocjacaJ0BaATCIbHOCTH €TI0 YaCTHBIX CYMM.

limS, =S, S= iun.

n=1

Onpenenenune. Eciu MNoCJICA0BATCIbHOCTE YaCTHBIX CYMM psda pacXOodJUuTCAd, T.C.
HC HMCECT Mpcacia, HWINM HUMECT OCCKOHEUHBIN npeaci, TO psad HA3bIBACTCA

pacxoaamuMcHd 1 €EMY HE CTaBAT B COOTBETCTBHUC HUKaKOM CYMMBEIL.

Ceoiicmea paooe.
1) CxoauMOCTh WM PacXOJUMOCTh psa HE HAPYIIUTCS €CIIM W3MEHHTD,

OTOPOCHUTH WM JOOABUTHh KOHEUHOE YHCIIO YJICHOB PSI/IA.

2) PaccMoTpuM JiBa psiga » u, U Y Cu,, rae C — HOCTOSHHOE YHCIIO.

Teopema.Eciu pao ) u, cxooumcs u e2o0 cymma pasua S, mo pao Y. Cu, mojice

cxooumcsi, u e2o cymma pasrua CS. (C#0)

3) PaccmorpuMm jBa psma » w, U Y v, . CyMMO#i WM Pa3sHOCTBIO 3THX
psIOB OyJeT Ha3bIBATLCSA PAX Y (u,+v,), TE SIEMEHTHI IONYYEHbI B PE3yJIbTaTe

CJIOKCHUA (BLI‘-II/ITaHI/Iﬂ) HNCXOOHBIX 3JICMCHTOB C OAMHAKOBBIMHU HOMCPAMU.

Teopema.Lcau padvl Y u, u ). v, CXO0AMCA U UX CYMMbL PAGHbL COOMEEMCIMBEHHO

Su 6, mo pao Y (u,+v,) modxce cxooumes u e2o cymma pasna S + o.



Z(un+vn)=ZuH+ZVn=S+G

Paznocmu 06yx cxooawuxcs psioos maxaice 6yoem cxo0auumcst psiooM.
Cymma cxoosauezocs u pacxoosiue2ocs psaoos 6yoem pacxoosaumumcst psoom.
O cymme 08YX pacxo0auuxcs psioos 0ouieco YymeepicoeHus: Coelams Helb3s.

HpI/I HU3Yy4YCHUHN PAAOB pPCIIalOT B OCHOBHOM JABC 3aJadu: HCCICOOBAHHUC Ha
CXOOAUMOCTDb U HAXOKJACHHUC CYMMEI PsJa.

1) Ecnu psan Z”n CXOJIUTCSI, TO HEOOXOAMMO, YTOOBI OOILIUNA WICH U, CTPEMUJICA K
Hymo. OJIHaKO, 3TO YCIIOBUE HE SBIIIETCS JIOCTATOYHBIM. MOYKHO TOBOPUTH TOJIHKO
0 TOM, YTO €CJIM OOIIMI YJI€H HE CTPEMHUTCS K HYJIO, TO PSII TOYHO PACXOIUTCA.

o o |
Haan/IMep, TaK Ha3bIBACMbIM I'APpMOHHWYCCKHUH PAA Z— SBJIIACTCS paCXoaAlInuMCH,

n=l1

XOT4A €T0 06H1Hﬁ 9JICH U CTPEMUTCA K HYJIHO.

IIpumep. NccnenoBarh CXOAUMOCTD psijia %+ % + % .+ P +...
H_
o ) ) 1 1 o
Haiigem lim 3 = hm—1 =3 #0 - HEOOXOIUMBIA MPHU3HAK CXOJAUMOCTH HE
11—>0 H J— n—>0
n

BBINOJIHAETCS, 3HAUYUT PsiJ PACXOAUTCH.
2) Ecnu psii cXoauTCsl, TO MOCIEA0BATEIbHOCTD €r0 YaCTHBIX CYMM OTpaHUYEHa.
OpnHako, 3TOT MPU3HAK TAKXKE HE SIBJISAETCS JOCTATOYHBIM.

Hanpumep, psax 1-1+1-1+1-1+ ... +(-1)™'+... pacxogurca, T.K. PacXomMTCs
MOCIIEIOBATENBHOCTD €I0 YaCTHBIX CYMM B CUJIY TOTO, YTO

n

{O, 7IpH  9€T HbIX 11

I, npm Hewer HBIX n

O,Z[HaKO, IIpH 3TOM IMOCJIACAOBATCIBbHOCTL YaCTHBIX CYMM OI'paHH4YCHA, T.K.

SH

<2 mpu 11000M 7.

Paovt c neompuyamenvHbIMU YSIEHAMU.
[Ipy u3ydeHWH 3HAKOMOCTOSHHBIX PSJIOB OrPAHUYMMCS PACCMOTPEHUEM

pPSANOB C HEOTPULATEIBHBIMHA YIEHAMH, T.K. IIPU MIPOCTOM YMHOKEHUHM Ha —1 w3
ATUX PSIOB MOKHO ITOJYYHTh PSABI C OTPULATEIBHBIMU YIECHAMU.

Teopema./[1a cxooumocmu psaoa Y u, C HEOMPUYATNETLHBIMU — HUIeHAMU

HeobX00UMO U 00CMAMOYHO, YMoObl YACMHbIE CYMMbL PAOA ObLIU 0CPAHUYEHDYL.



HDI/IBHaK CpaBHCHUS PAAOB C HCOTPHULIATCIbHBIMHW YJICHAMM.

ITycTh naHbl [Ba psina Y u, U )V, TPH Uy, V0.

Teopema. Ecimn u,<v, npu ma000M 7, TO W3 CXOAUMOCTH Dsiaa ZVH cienyer

CXOIMMOCTh Psfia Y u

psgad v,.

a W3 PacXoJIMMOCTH Psiia Y. u, CIeIyeT PacXoJUMOCTh

n o

IIpumep. lMccienoBare Ha CXOOUMOCTb P 1 + L 4+t L +..

In2 In3 Inn

1 1
T.k. —>—.a TapMOHUYECKHIA PSIIT z PaCXOIUTCSI, TO PACXOAUTCS U P 21
nn I] nn

IIpumep. McciienoBate Ha CXOAUMOCTD Psilt Z —

T.x.

> <2Ln , a pia zzin cxomutcss ( Kak yObIBarolias reoMeTpuueckas
n

> 1
TIPOTPECCHs), TO P Y —— TOXKE CXOIUTCHL.

n=1

Takxke UCnoJIb3yeTcs CAEAYIOMNT TPU3HAK CXOAUMOCTH
. u
Teopema.Eciu u, >0, v,>0 u cywecmgyem npeoen lim—==h, 20e h — yucro,
n—>0 I/H
omauyHOe Om Hyas, MO pAObl Y u, U Y v, 6e0ym OOUHAKOBO 6 CMbICIe
CX00UMOCU.
Ilpu3snax /lanamoepa.
(°Kan Jlepon JamamOep (1717 — 1783) — ppaHniry3ckuii MaTeMaTHK)
Ecnu 0ns psada ) u, ¢ NONOACUMENbHOIMU HIEHAMY CYUWecmeyem maxoe

Hucuio q<1, umo 051 6cex 00CMAmMOYHO DOILUIUX N BLINOJHACTCSL HepaseHCcmeo

u
—L < g,mo pso Y u, CXOOUMCS, ecau Jce Osi Bcex O0CMAMOUHO OOTbUIUX I

n

u
bINOIHACMCA YCN06Ue —L > 1,m0 pa0 Y u, pacxooumcs.
u n

n

Ilpeoenvuwiii npusnax /lanamoepa.
[IpenensHbIi mpu3Hak [lamamOepa sBIS€TCS CIEICTBUEM W3 MPUBEICHHOTO

BbIIIEe Tpu3HaKa Jlamambepa.



Ecnu cywecmeyem npeden lim—=4 Do _ =p, mo npu p< 1 psao cxooumcs, a npu p> 1 —

n—»w u

pCZCXOOMI’I’ZC}Z. Ecnu P = ], mo Ha eonpoc o CXOOUMOCIU OMEEMUMb HEJlb3Sl.

7|
HEI/IMCQ. OHpC,Z[CJ'II/ITB CXOANMOCTD piaaa 22—"
n=1

n - H+|1§ lim Pt _ m(11+11)2 n+1 __n 1
2" ey ﬂ—>°° 2™ n 2n 2 2

BriBoa: psin cxogurcs.

IIpumep. OnpenenuTs CXOAUMOCTD psaa 1+ 11' + % o+ l' +..
n

!
u :i; u,, = 1 ; lim 221 = lim—2— = lim 1 =0<1
(n+1)!" woe gy o= (pn+1)! o= p+]

BriBoa: psin cxomgurcs.

Ilpuznax Kowu. (padukanvnulit npu3nax)
Ecnu 0ns pada Y u, ¢ HeOMPUYAMETbHLIMU YIEHAMU CYWeCmEyen MaKoe 4ucio

q<1, umo 015l 8cex O0CMAMOYHO DOJILUIUX N BLINOJHSIEMCSL HepasenHcmeoiju, < q,

mo ps0 Zun CXO0UMCS, ecau xHce O 6cex 00CMAMOYHO OOIbUIUX N GbINOJHAECA

Hepagsencmeosju, >1,mo pso Y u, pacxoOumcs.

Caencreue. Eciu cymectyer mpesen limz/u, =p, To mpu p<l psaa cxomurcs, a

npu p>1 pan pacxoguTcs.

20" +1
Ipumep. OnpenenuTs CXOAUMOCTD psifia Z ﬁ
n +

2+—

1
2
lim4/u, —hmzﬂ *l =lim a :%<1
n—->0 n—>0 311 +5 11—)003 5 3
T

n

BriBoa: psin cxogurcs.

IIpumep. OnpenenuTs CXOAUMOCTD psiaa Z(l +lj .
n

n=1



limg/u, = 1im[1 +lj =1.
n—>0 n—>0 n

T.e. npu3nak Komm He naer oTBETa Ha BONPOC O CXOAMMOCTH psana. [IpoBepum
BBIIIOJIHEHHE HEOOXOAUMBIX yCIIOBUM cxoaumocTu. Kak Obl10 cKa3aHo BbILIE, €CIIU
PSII CXOUTCS, TO OOIIUI YJIEH PsAJia CTPEMUTCS K HYJIIO.

limu, :lim(l+lj =e#0,

n—>0 11—>0 n

TaKHM o6pa30M, H€06XOI[I/IMOC YCIIOBHEC CXOJUMOCTH HC BBIIIOJHACTCS, 3HAYUT,
PAAPACXOOAUTCA.

Humezpanvnwtit npusnax Kowu.
Ecnu  @(x) — Henpepvisnas nonoscumenvHas @yukyus, yoolearowjas Ha

npomedcymre [1;0), mo pao @(l) + ¢o2) + ..+ em) + .. = i(p(ﬂ) u

n=1

HecoOCmBeH bl UHmMe2pall J.q)(X)dX O0OUHAKOBBL 8 CMbICIIE CXOOUMOCIUL.
1

I1 Pan 1 ! I ! >1 <1
pumep. Psg +2—a+3—a+...+n—a+... cxonurcs nipu o>1 u pacxomutca o<l T.K.
o o ©dx
COOTBETCTBYIOIIMN HECOOCTBEHHBIN HWHTETpaj I — cxomutrcs npu o>l wm
X
1

=1
pacxoautcs a<l. Psn Z—a Ha3bIBACTCS 00IErapMOHMYECKHUM PSIJIOM.

n=1

CaencrBue. Ecnu f(x) u ¢(x) — HenpepbiBHbIe (QYHKIIMKM Ha uHTEepBaie (a, b] u

lim @

b b
ool ):b, h#0, TO UHTETrPaAJIbI jf(x)a’x 154 I@(x)dx BEyT ceOs OJIMHAKOBO B
Xx—a+ (p X A p

CMBICJIC CXOOUMOCTH.

3nakonepemennule paosl. (3naxouepeoyrujuecs pAaobvt).
3HaKo4YepeYIOIINICS Psii MOXKHO 3aIMCaTh B BUJIE:

u—u, +u—u, +. (D) 4
rone u, >0, n=123,.. Ilpusnax Jlenonuua.
n

Ecnu y suaxouepeoyrowezocs psoa u, —u, +u, —u, +...+ (=1)""u, +... abcoromnuvle
BEUYUHDBL U; YOBIGAIOM U, > U, > U, > ... U 0OWULL YleH CIPeMUmcs K Hyawo u, — 0,

Mo psi0 CX0OUMCHL.



Abconromuan u yciosHaa cxooumocms pAaooe.
PaccMOTpUM HEKOTOPBIM 3HAKONEPEMEHHBIM psif (C WiIeHaMH MPOU3BOJIBHBIX

3HAKOB) 4, + u, +...+ un+...:iun (1)
n=1
U PSiJl, COCTABJIEHHBIN U3 a0COMIOTHBIX BEJIMYMH 4jeHOB psiaa (1):
AR AR VA ENE Y '8 (2)
n=1

Teopema.l13 cxooumocmu psida (2) credyem cxooumocms psoa (1).
Omnpenesienue. Psp ZU” Ha3bIBaCTCA A0COJIOTHO CXOASIMIUMCS, €CJIU CXOJIUTCS
psan ).

O‘ICBI/II[HO, qTO 4 3HAKOIIOCTOAHHBIX PAOdOB IIOHATHA CXOOAUMOCTH H

UII

a0COJIFOTHOM CXOANMMOCTH COBIIAAArOT.

Onpeneenue. Psan Z 1, Ha3bIBACTCS YCJIOBHO CXOAAMIMMCH, €CCJIM OH CXOAUTCA,

a pan Y |u,| pacxomurcs. Ipusnaxu Janamoepa u Kowu ona

3HaK0nepemeHHblxpﬂ003.

IIycts ) u, - 3HaKONEepeMenHbId psj. IIpu3nak JlanamGepa. Eciu cymectByer

npeaen lim{ 22 = p, To mpu p<I psn > u, Gyaer aGCOIIOTHO CXOIAIIMMCS, @ IPU
n—o uﬂ

p>1 psa Oynet pacxomsaummcs. [Ipu p=1 mpu3Hak He 1aeT OTBETA O CXOUMOCTHU
psna.

Hpmsnak Komm. Ecim cymecrtByer npenen lim/lu,|=p, T0o mpu p<l psx ) u,

Oyzaet aOCcoOTHO cxoadmumMmcs, a npu p>1 psn Oyner pacxomsaummes. [lpu p=1
IPU3HAK HE J1aeT OTBETa O CXOAMMOCTH pPsila.

Ceolicmea adcoOmMHO cX00AWUXCA PAOOE.
1) Teopema,Jna abcomomuoti cxooumocmu paoa Y u, HeOOXOOUMO U

00Cmamo4Ho, 4moodvl e20 MOIICHO OblI0 NPeoCmasums 8 8ude PA3HOCMU 08YX
CX00AUWUXCA PAOOE C HEOMPUYAMETILHBIMU YTEHAMU.

CaeacrBue. YCI0BHO CXOAAIMIMICS P ABISETCS PA3HOCTBIO ABYX PACXOIAIIUXCS
PSAIOB C HEOTPULATEIBHBIMA CTPEMLIUMUCA K HYJIIO YWICHAMMU.

2) B cxopsmemcs psne nrobas rpynnupoBKa YJICHOB psijia, HE U3MEHSIONas MX
MOPSAKA, COXPAHSET CXOJAUMOCTh U BEIIMUUHY psija.



3) Ecnu psn cxoautcs abCOMOTHO, TO PSiAL, TMTOJYUYEHHBIN U3 HETO 000
NIEPECTAaHOBKOM UJIEHOB, TAKXKE a0COJIFOTHO CXOJIUTCS U UMEET Ty KE CYMMY.

[lepecTaHOBKOM YJIEHOB YCIOBHO CXOJSILETOCA Psa MOXKHO MOJYYUTh YCIIOBHO
CXOISLIMUCA P, UMEIMMA o0yl Hamepen 3aJaHHyl0 CYMMY, M JIaxe
PaCXOIAILIHANCS PSAL.

4) Teopema.lIpu 1060t epynnuposke YieHo8 abCONOMHO CX00aue20cs paoa (npu
9MOM HUCTIO 2PYNR MOodcem Obimb KAK KOHeUHbIM, MAK U OeCKOHeYHbIM U HYUCTO
YeHO8 8 2pynne Modicem Obimb KAk KOHEUHbIM, MAaK U OECKOHEUHbIM) NOYYaemcs
CXO0AWUILCS PAO, CYMMA KOMOPO20 PABHA CYMME UCXOOHO20 PAOd.

5) Ecam pamel > u, m D v, CXOHATCA aOCONIOTHO M HX CYMMbl DaBHBI

n=1 n=1

COOTBETCTBEHHO SU G, TO Psii, COCTaBICHHBIM K3 BCEX MPOW3BEICHUIN BHUJA
uv,, Lk=1L12,. B3ITBIX B KAKOM yI'OJHO IIOPSJKE, TAKKE CXOOUTCS a0COJIFOTHO U

€ro cymma paBHa S-0 - IPOU3BEJICHUIO CYMM MEPEMHOKAEMBIX PSIJIOB.

Ecnm xe npou3BOIWTH IEPEMHOKEHHE YCIOBHO CXOASAIIMXCS pPANOB, TO B
pe3yabpTaTe MOYKHO ITOIYYUTh PACXOAAIMNCA PAL.

3agaHus NpakTHYeCcKoil padoThl

1.Brinucars Tpu NEPBBIX WICHA psifa HAUTH TPEThIO YACTUYHYIO CYMMY

e M
Hz 2 ”Eﬂfﬂn
1,11,21 a) #=17"%7 6) n=l 7
£ n-1
: 5 e
Z1nlfn—1)) —4 3
2.12009) #7117 (=1}, 5 ml(nt +4)?
ce qHt2 |
" 3" H=°°|3mf1|
3,1323a) n=1{2 =31, 5 #L
‘e ZEH ”=°°r:.:332 )
~n- } >
41424 a) n=17-(R+1)]. 5 " U’
S|
& 3?2 »=c #

5,15252) n=17/{R+1).



o 2
?

6,1626a) *"1nn-3" .

n= .:02.’3"'2 2

2 2n-1
7,1727a) #=1 3 :

PE='I'23M -5t
2 2
8,18.28 a) %=1 (2n)!.

n== ()

2
9,199 a) 2-1{7/)

22®pifn+1)!

102030 a) #=1 {27}/

”=°°1+r:.:332n
Z —_

6) #=1 i

2.UccnenoBath Ha CXOIMMOCTb, TPUMEHSISI HEOOXOIUMBINM MPU3HAK CXOTUMOCTU

111,21 a)z

=4n+5

2,12,22. a)z

n—l

-1

5n% +1

5,15,525. )Z

=’ +2n

6,16,26. a)z

7,17,27. a)z

8,18,28. a

9,19,29. a)z

10,20,30. a)z

=i 2n l

n+l

n—1

0

1
D Dy

Tn+1

n—Il

2n?
n—1

n—1

3.MccrnenoBath Ha CXOUMOCTh, HCTIONB3Y Mpu3HaK Jlamambepa

n—l

= 2n—1
2,12,22. @)Y - 7,17,27. a)z
3]

n—1

6,16.26. )3 VU ”“)

n—1



3,13,23. 8,18,28. 3
a)nz_:] a)nz_:]n n+1)
1 n
4,14,24. — 9,19,29.
a)nz—ln a),,z_“l n+1)

10,20,30. a)zs—

n—l n—1

KoHTpoabHBIE BONIPOCHI

OnpeneneHue 4YUCIOBOTO psija.

CBoiicTBa U BUBI PAJIOB.

Onpenenenue CyMMBbl psija.

HeoOxoaumblii mpu3HaK CXOAUMOCTH.

[Tpusnaku cpaBHeHus, npusHaku Jlanamo6epa u Komu.

DR WN -

IIpakTn4yeckas padora Ne 20
Tema «Pemenne nudgepeHuuaabHbIX YPAaBHEHHID)
Heab: mpoBepuTh yMeHuUE pemath 1udepeHiaibable ypaBHEHHsI IEPBOTO
MOPSAKA C PA3IEIICHHBIMU U PA3AEIAIOIUMUCS ITIEPEMEHHBIMMU.
Bpems BbinosiHeHna 90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckme ceegeHuUA

2.3apgaHue

3./luctA4

4.KanbKynatopobl

MopAaaoK BbinoNAHEHUA PaboTbl
1.M3yunTb 3apaHue

2. 13yunTb TeopeTHUyecKme ceeaeHuns

3. BbinonHUTe 1 odopmMUTb paboTy
4.lMloKa3aTb pe3y/sbTaTbl NpenoaasaTento
AomalwHee 3agaHue

1.MoAroToBUTbL OTBETLI HA KOHTPObHbIE BOMPOChHI

Teopernuecknii MaTepuall

Huggepenyuanvuvim ypasnenuem Ha3bIBaeTCs ypaBHEHHE, CBS3bIBAIOIIEE
MEXIy COOOW HE3aBUCHUMYIO MEPEMEHHYI0 X , HMCKOMYIO (YHKIUIO y U €€

IPOU3BOIHBIC WK TUDPepeHITHAITEI.

CumBonmyecku qudpepeHnnanbHoe ypaBHEHHUE 3alIMChIBACTCS TaK:



F(x, v, y’): 0, F(x, v, y"): 0, F(x, vy, y",...,y("))= 0.

HuddepenunanbHoe ypaBHEHHE HA3bIBAETCS 0ObIKHOBEHHBIM, €CIN UCKOMAs
(GyHKUHS 3aBUCUT OT OJJHOTO HE3aBUCUMOTO IEPEMEHHOTO.

Tlopsiokom nuddepeHImanb-HOT0 YpaBHEHUS HA3BIBACTCS MOPSAOK CTAPIIICH
npou3BoiHOM (Mu audepeniuana), BXoAAIIeH B JaHHOE YpaBHEHUE.

Pewenuem (umm unmezpanom) nuddepeHnnaaT-HOTO YpaBHEHHUS Ha3bIBACTCS
Takas QyHKIHMS, KOTOpasi 00palliaeT 3To ypaBHEHUE B TOXK]IECTBO.

Oowum pewenuem (W obwum unmeepaiom) auphepeHITUATHFHOTO
ypaBHEHHUS Ha3bIBACTCS TaKOE PEIICHHE, B KOTOPOE BXOJUT CTOJHKO HE3aBHCHMBIX
IPOM3BOJILHBIX TIOCTOSIHHBIX, KAKOB TOPSIOK ypaBHEHHs. Tak, oOIiee perieHue
T QepeHIIMaTbHOTO  ypaBHEHHMsT  HEPBOTO  TOPSIKA  COACPIKUT  OJIHY
IPOM3BOJILHYIO TTOCTOSIHHYIO.

Yacmuoim  pewenuem  auddepeHInaIbHOr0  ypaBHEHHS  Ha3bIBaeTCA
pelieHne, MOJIy4YeHHOE€ U3 OOIIero Mpu pa3IMYHBIX YHKCIOBBIX 3HAYEHUSIX
MPOU3BOJIBHBIX MOCTOSHHBIX. 3HAYEHHUS MPOU3BOJIBHBIX TMOCTOSHHBIX HAXOJIATCS
IIPY OTIPEACIICHHBIX HaYaJIbHBIX 3HAUCHUAX apTyMeHTa U (QyHKIIUH.

Jugppepenyuanvnviv ~ ypasneHuem — nepeoz2o  nopsidka  Ha3bIBACTCSA
ypaBHEHUE, B KOTOPOE BXOJISAT MPOW3BOMAHBIC (WU nudQepeHranb) He BHIIIIe
MIEPBOTO TIOPS/IKA.

Huppepenyuanouviv  ypasHenuem ¢ pasoenssiOWUMUCA NepeMeHHbIMU
Ha3bIBAETCS YPAaBHEHUE BUJIA

L 1)),

I[J'I}I pPCIICHUA 5TOT0 YPABHCHUA HYKHO CHa4daJId pa3aCiinTh IICPCMCHHBIC!

a 3aTeEM HpOI/IHTCFpI/IPOBaTB 066 qyacTu l'IOJ'Iy‘IGHHOI‘O paBCHCTBaZ
dy
— = | f(x)dx .
J o(y) J

Ipumepsi

3aganue 1: Haiigute obiiee penieHre ypaBHEHUS x - (1 + yz)dx = ydy .



Pemenue:

3ajnanme 2:

Pemenue:

d
PaznenuB nepemeHHbIe, UMEEM xdx :y_yz. HuTerpupyem obe vactu

I+y
MOJIy4YE€HHOTO YPaBHEHHUS:
d 2
J.xdx:J.y—yz; x—=lln(1+y2)+llnc.
I+y 2 2 2

Tak kak Hpou3BOJIbHAS MOCTOSHHAs C MOXET IPUHUMATh JHOObIE
YHICIIOBBIC 3HAYCHHUSI, TO JJIsl y100CTBA AalbHEHIINUX MpeoOpa3oBaHui

1
BMECTO C MBI Hamucamt —InC. IToTeHnupys nociexHee PaBeHCTBO,
nomyaum x> =In|C-(1+?)).
DTO M eCTh 00l1Iee pElIEHNE JaHHOIO yPaBHEHHS.

Haitu YacTHOE  pEUIeHUEe  YPABHEHUS  s-tgtdt+ds=0

T
YAOBJICTBOPAIOIICC HAYAJIbHBIM YCIOBUSAM § = 4 Inpha ¢t =—.

ds
PaznenuB mepeMeHHbIC, UMeeM fgtdt+— =0 . [IpouHTEerpupyeM o6e
s

4JaCTH IMOJYYCHHOI'O YPAaBHCHUS:

jtgtdz+j§=1nc; —Incost+Ins=InC,
S

Nmu Ins=1InC +1Incost, s =Ccost.

Oto o0mee pemeHue JaHHOTO ypaBHEHHA. [l HaxoKIeHUs

v v T
3HAQYCHHUS IIPOU3BOJIBHOU NMOCTOSIHHOM C IOJICTaBUM 3HAYCHHS tzg
V4 C
U s =4 B BbIpakeHUe AJs o01ero pemeHus: 4 = Ccos| — |, WK 4 =
otkyna C =8.

CnenmoBarenbHO, HCKOMOE YACTHOE pEIICHHUE, YIOBIETBOPSIOIICE
yKa3aHHBIM HauaJIbHBIM YCJIOBHSIM, HMEET BUJI s = 8cost .

3agaHus NpaKkTHYeCKoil padoThl

3apanue 1.Haiitu oO1miee pernenue ypaBHeHHi a), 0).

3ananme 2.Haiitu yacTHOE peleHre ypaBHEHUS C pa3IesOIUMHUCS
epeMEHHBIMU



B1.1. a)x* dx = 3y% dy

6)y(1+x)dx + x(1 —y)dy =0

2.y2dx = e dy; y=1npux =0

B2. 1.a)% dy = %dx

6)y’dx + (x—2)dy =0

1 1
2.y—2dx = X—zdy,y =2 npux =0

B3l.a}Vxdx =+ydy

6)(1+y?)dx —Vxdy = 0

2.(1+y)dx = (1 —x)dy,
y= 3 npux=—2

B4. 1.a)(3x* — 2x) dx = dy

6) -(2xy+3y)dx + x> dy = 0

2.ydx = xdy,y = 6 npux = 2

B5.1.a)(4x—3)dx = dy

6) (xy+x)3—i=1

2x—1 dx
L 4y y=0npux=>5

B6. 1.a)xdx = dy

6) 2(xy+y)dx = xdy

2.(y+1)dx—(1—-x)dy =0,
y=1npux =20

B7.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2.y2dx =e™dy; y=1npux =0

B16.1.a)x* dx = 3y% dy
6)y(1+x)dx + x(1 —y)dy =0
2.dx =e™dy; y=1npux =20

B17. 1.a)% dy = %dx

6)y’dx + (x—2)dy =0

1
2.dx=x—2dy,y: 2 npux =0

B18.1.a)Vxdx = +/ydy

6)(1+y?)dx —Vxdy = 0
2.(1+y)dx = (1 —x)dy,

y = 3 npux = —2

B19. 1.a)(3x* — 2x) dx = dy

6) -(2xy+3y)dx + x*dy = 0
2.ydx = xdy,y = 6 npux = 2
B20. 1.a)(4x—3)dx =dy

6) (xy+x)3—;=1

2x—1 dx
Seaiaont y=0npux =5

B21.1.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0,

y=1npux=20

B22.1.a)x* dx = 3y% dy
6)y(1+x)dx + x(1 —y)dy =0

2.y2dx =e™dy; y=1npux =0



BS.l.a)%(dy _ %dx

6)y’dx + (x—2)dy =0

1 1
2.y—2dx = X—zdy,y =2 npux =0

B9. l.axdx = +/ydy

6)(1+y?)dx —Vxdy = 0
2.(1+y)dx =1 —x)dy,

y = 3 npux = —2

B10 1.a)(3x* — 2x) dx = dy

6) -(2xy+3y)dx + x*dy = 0
2.ydx = xdy,y = 6 npux = 2
B11.1.a)(4x —3)dx = dy

6) (xy+x)3—;=1

2x—1 dx
Seaiaont y=0npux =5

Bl12.1.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0,

y=1npux=20
B13.1.a)x* dx = 3y% dy
6)y(1+x)dx + x(1 —y)dy =0
2.y%dx = e *dy;
y=1npux=20

B14.1.a)% dy = %dx

6)y’dx + (x —2)dy =0

B23.1.a)% dy = %dx

6)y’dx + (x—2)dy =0

1 1
2.y—2dx = X—zdy,y =2 npux =0

B24.1.a)Vxdx = +/ydy

6)(1+y?)dx —Vxdy = 0
2.(1+y)dx =1 —x)dy,

y = 3 npux = —2

B25.1.a)(3x*> — 2x) dx = dy

6) -(2xy+3y)dx + x*dy = 0
2.ydx = xdy,y = 6 npux = 2
B26.1.a)(4x — 3)dx = dy

6) (xy+x)3—;=1

2x—1 dx
Seaiaont y=0npux =5

B27.1.a)xdx = dy

6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0,

y=1npux=20
B28.1.a)x* dx = 3y% dy
6)y(1+x)dx + x(1 —y)dy =0

2.y2dx =e™dy; y=1npux =0

B29. l.a)\/i;dy _ %dx

6)y’dx + (x —2)dy =0



1 1 1 1
2.y—2dx=X—2dy,y:2npux=0 2.y—2dx=X—2dy,y:2npux=0

B15.1.a0Vxdx = +/ydy B30.1.a)}Vxdx =y dy

6)(1+y?)dx —xdy = 0 6)(1+y?)dx —Vxdy = 0

2.(1+y)dx = (1 —x)dy, 2.(1+y)dx =1 —x)dy,
y = 3 npux = —2 y = 3 npux = —2

KoHTpoJsibHBIE BONPOCHI:

Kaxkoe ypaBHeHue Ha3biBaeTcs nudpepeHraibHbM?

Urto Ha3biBaeTcs perieHueM AuddhepeHnanbHOro ypaBHeHus?

Kakoe pemenue quddepeHnanibHOro ypaBHEeHUS Ha3bIBA€TCS 00ITUM ?

Kakoe pemenue auddepeHuaibHOro ypaBHeHUsI Ha3bIBAETCS YaACTHBIM?
Kakne muddepeHnmnansaple ypaBHEHUS HA3bIBAIOTCSA YPaBHEHUSMH TICPBOTO
nopsijaka?

Kakune muddepenimanbabie ypaBHEHUS HA3bIBAIOTCS  YPAaBHEHUSIMH  C
pa3eSIOMUMUCS TIEPEMEHHBIMU ?

Nk

?\

MpakTnueckana pabora Ne 14.
Tema « BbluucneHue onpegenutenein»
Lenb:Hay4YnTbCABLIYUCAATL ONpeaenmnTein BTOPOro U TpeTbero NopaaKa,
Bpems BbInoNHEHNA90 MUHYT

MartepuanbHoe obecneueHnel. TeopeTnyeckne ceeaeHmn
2.3apgaHue

3.JluctA4

4.KanbKynatopol

MopAaaoK BbinoNHEHUA PaboTbl

1.M3yunTb 3apaHue

2. I3yunTb TeopeTnyeckme ceeseHunA

3. BbinonHUTL 1 odopmMUTb paboTy

4.loKa3aTb pe3ynbTaTbl NpenogasaTesnto
DomauwiHee 3agaHue

1.MoaroToBUTb OTBETbI HA KOHTPOJIbHbIE BOMPOCHI
Xopa pabortbi



TeopeTnyeckue ceegeHusn

Onpenenenne.Marpumeii pasMepa mxn, IJie M- YHUCIO CTPOK, N- YUCIIO
CTOJIOIIOB, HAa3bIBaCTCS TaOMWIlA 4YHCEJ, PACIOJIOKEHHBIX B OINPEACICHHOM
MOpsIiIKE. DTH YHWCIA HAa3bIBAIOTCA JJIEMEHTAMH MATPHUIlBl. MeCTO Ka)XIo0ro
DJIEMEHTa OJHO3HAYHO OIpEAeTseTCS HOMEpPOM CTPOKM | CTOJOIa, Ha
nepecedyeHN KOTOPhIX OH HAaXOAUTCS. DJIEMEHThl MaTpULIbl 0003HAYAIOTCA ajj, TAE
1- HOMEp CTPOKH, a j- HOMEP CTOJOIIA.

Buabsl maTpuig

Martpuiia MOXKET COCTOSITh KaK M3 OJHOM CTPOKH, TaK M U3 OAHOrO CTOJOIIA.
Boo011ie roBopsi, MaTpHila MOXKET COCTOSATh Ja)ke U3 OJTHOTO AJIEMEHTA.
Onpenenenue.Ecnu uncno cronlioB MaTpullbl paBHO YUCIY CTPOK (m=n), TO
MaTpHIla Ha3bIBAETCS KBAaAPATHOM.

Onpeneaenue. Matpuna Bujaa:

0 .. 0

01 .. 0
=E,

0 0 1

HA3bIBACTCACAUHUYHON MATPULICH.
Onpeneaenue. Ecnu a,,, = dum, TO MaTpULla HA3bIBAETCSA

215
cumMmerpuyeckoi.lIpumep.| 1 3 6 |- cCHUMMETpUYECKAs
5 6 4
a, 0 0
0 a, ..
MarpunaOnpeneaenune.KBagparaas matpuna Buia 0 Ha3bIBACTCS
0 O a

AMATOHAJIBHOM MaTPULIEH.

HeiicTtBus ¢ maTpuuaMuCJrioskeHue M BbIYUTAHUE MATPUIL CBOJUTCS K
COOTBETCTBYIOIIMM ONEpaIusM Haja ux djaeMeHTaMu. CaMbIM IJIaBHBIM CBOMCTBOM
ATUX OTEPAINil BISIETCS TO, YTO OHU OHPEOEIeHbl MOJbKO OJ151 MAMPUY
00UHAK08020 pazmepa. Takum 00pazoM, BO3MOXKHO OIPEEIUTh ONiepaluu
CJIO’KEHUS U BBIYUTAHUSI MATPHIL;

CymMoii  (pa3HOCTBbIO) MaTpHI[ SBJSIETCS MaTpHIla, JJIEMEHTAMH KOTOPOU
SIBJISIFOTCSI COOTBETCTBEHHO CyMMa (pa3HOCTh) JIEMEHTOB MCXOAHBIX MAaTPHII.

Cij = aijirbij



C=A+B=B+A.

Onepaiusi yMHOKeHUs (JeJIeHHs1) MaTpULIbI JIIOOOro pa3Mepa Ha MPOU3BOJILHOE
YUCJIO CBOJUTCSA K YMHOXEHHUIO (JICJIEHUIO) KaXKJ0r0 3JIEMEHTa MaTpPHUIbl Ha 3TO
YUCJIO.

oaa,, oa, .. oa,,
od, da, .. oa
21 22 2
oaA= “
aa, oa,, .. oa,

o (A+B) =0 A taoB

2 3 1 3 4
A(axp) = aA tpAllpumep. Jansl matpuubt A= |2 1 4|;B=1|5 7 8|, HaliTh
3 23 1 2 4
2A + B.
2 4 6 3 10
2A=14 2 8], 2A+B=1]9 9 16/.
6 4 6 7 6 10

IIpoussenenuem mMatpun A-B = C;Ha3zbIBaeTCAMAaTPULIA, IIEMEHTBI KOTOPOI
MOTYT OBITh BBIYHCICHBI 110 CIEAYIOMUM hopMynam: ¢; = »_ a, - b, U3
k=1

MIPUBEICHHOTO ONPEIEIECHNS BUIHO, YTO ONEpalvsl YMHOKEHHUSI MaTPULL
ONpeeIeHA TOJIBKO 171 MATPULL, YHCJIO0 CTOJIOLOB MEePBOii U3 KOTOPBIX PABHO
4HuCIy CTPOK BTOpoi.Onpenesnenne. Marpuily B Ha3biBaroT
TPAHCIIOHMPOBAHHOM MaTpulieil A, a iepexo1 oT A K B TpaHcnioHUpOBaHueEM,
€CJIM DJIEMEHTBI KaXKJI0M CTPOKU MaTpULbl A 3alMCaTh B TOM K€ MOPSIKE B
CTOJIOIBI MaTpULIbI B.

4, a4y a, a;  ay a1
A= a4y a3, B=AT= 4, 4p am
2 2
aml a1272 amn alu aZn amn
JIPYTMMHM CJI0BaMH, bji = aj;.
1 0 3 1 -1
IIpumep. /[ansl matpuubl A =2 4 1|, B=|3|,C=]| 2 | u yucio o = 2.
1 -4 2 2 1

Haiitu ATB+aC.



1 2 1 1 2 1)(1 1-142-3+1-2 9
AT=10 4 -4|; A™B=|0 4 —4|-|3|=]0-1+4-3-4.2|=| 4 |;
2

2 31 2 3-1+1-3+2-2 10
-2 9 -2 7
aC=| 4 |; A™B+aC=|4 |+| 4 |=| 8 |.IIpumep. Haiitu mpousseneHue
2 10 2 12

1 1 12 1.4 1-1) (2 4 1
Matpui A= 4| uB=(2 4 1) AB=|4|-(2 4 1)=|4.2 4.4 4.1|=|8 16 4
3 3 3.2 3.4 31) (6 12 3

1
BA=(2 4 1)|4]|=21+44+13=2+16+3=21.
3

4
Ipumep. Haiitu npousseaenne marpuiy A=(1 2), B = @ 6]

3

AB= (1 2)-[5 g=(3+10 4+12)= (13 16).

OHpeﬂeJIl/lTe.]IeM BTOPOro mopsiaka Ha3bIBACTCsA 4YHUCJIO, KOTOPOC IMOCTABJICHO B

a, bl

COOTBETCTBHUE TaOIMIIBI KOAPOUITUEHTOB 5
82 2

[0 CJIEAYIOIIEMY IPaBHIIy: MPOU3BEACHUE 0 TJIABHOM AMaroHanu Oepercs
CO 3HAKOM IUTIOC, IO APYTO¥ THaroHaJvd cO 3HaKOM MUHYC.
31 bl

= a1b2 — a2b1
a, b2

H[)I/IMel) BBIYHCJIIUTD OIIPCACIINTCIIb BTOPOTO ITOPAJIKA

2 4

1) =2.2-3.4=4-12=-38
32
-1 -2

2) X ‘=—1-1—3-(—2)=—1+6=5

OHpeIleJIl/ITeJIeM TPETHEro NMOpPpAAKaA HA3bIBACTCA YN CII0, KOTOPOC IIOCTABJICHO B
COOTBETCTBHE Ta0IUIIEI KOI(P(PUILHMEHTOB 10 CIIELYIOIEMY TIPABUILY:

a b ¢

a, b, o|=abc+abq+abe-abq-abce -abe

a, b, ¢



910 OIIpCACIICHUC  ONPCACIUTCIIA  HANIAAHO  MOKHO  IPCACTABUTH

CJIEYIOIUM 00pa3oM:

b ¢
b, ¢
b, ¢

OT0 npaBuiia Ha3bIBAOT ele «IIpaBuio TpeyroJbHUKa»
IpuMepBrIurCINTD ONPEIEIUTENb TPETHETO MOPSIKA

3 2 1
2 4 5=343+221+1-2-5-1-4-1-2.2.3-3.2. 5=
1 2

= 36+4+10-4-12-30=4

3ananus 119 NpoBeAeHUs MPAKTHYECKO padoThI

1.BeruncanTh onpeaenuTenu BTOpOro nopsiaKa:

—K 2+x 5 : 0.5 6
DAa=| 2, A= 3 , HA=| 97 K,64°
Kiky 3 3k, 6 (05 4
2.BpI4uCIuTh ONpEeeanTeNN TPETHErO MOPsIIKa:
-1 3k, 2 3k, 4 -5 I -2 «k, -k,
DA=|2 8 k|, 2)A=|8 Tk,-2 -2, 3)A=3 «k, -5
1 1 2 2 -1 8 2 K, 5
Bapuanm | «, k, | Bapuanm | « K, Bapuanm K, K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 | 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2




8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KoHTpo/bHBIE BONIPOCHI:

1. Yrto Ha3bIBaeTCS ONPENCIUTEIEM MATPULIBI?

2. Kaxk BBIYMCIHTB ONPEAEIIUTEIb BTOPOIO MOpsiIKa?

3. Kakue crnocoObl BEIUKCICHHS ONPEASTUTENS TPETHETO MOPSAKA BaM
W3BECTHBI?

4. Tlepeuucnute CBOWCTBA ONPEACIIUTEIEN.

IIpakTuyeckas padora Ne 15 -16-17

Tema«Haxoxxaenne o0paTHoii MaTpuubl. PelieHne MaTpUMYHBIX yPaBHEHHUID)
Heab: HayduTHCS BBIUUCIATH MUHOPBI, aIreOpandecKkue JOMOJIHEHUS,
OTPE/ICIIUTENIM YETBEPTOIrO MOPSJIKOB , HAXOJIUTh 0OpaTHBIC MaTPUIIHI ,pelIaTh
MPOCTEUIIINE MATPUYHBIE YPABHECHUS

Bpemsa BbinonHeHnAa 90 MUHYT

MartepuanbHoe obecneueHue

1.TeopeTnyeckune ceegeHuA

2.3apaHue

3./luctA4

4.KanbKynatopol

MopsapokK BbinoNAHeHUA paboTbl

1.M3yunTb 3apaHune

2. U3yunTb TEeOpeTUYECKME CBeAEHUA

3. BbinonHUTL 1 odopmuUTb paboTy

4.[ToKa3aTb pe3y/bTaTbl NpenoaasaTento

AdomauwHee 3agaHue

1.MoAaroToBUTL OTBETLI HA KOHTPO/IbHbIE BOMNPOCHI

Xoa padoTnl

Teopernyeckue cBeaeHUs

CucreMoii TMHEHHBIX aJIreOpandecKuX ypaBHEeHUM, COJICpKaILC m ypaBHEHUM
Y 11 HEU3BECTHBIX, Ha3bIBACTCS CUCTEMA BU/IA:

a11x1 + alzxz + -4 alnxn = b1
a21x1 + azzxz + -+ aann == bz

Am1X1 T ApaXy + o App Xy = bm




rae uucna a;, i = I,m, j =1,n Ha3bIBalOTCS KO3()(HUIMEHTaMU CUCTEMBI, YnCIIa b —
CcBOOOHBIMU usieHaMU. [loanexaT HaX0KACHUIO YUCIIA X,,.
3nech A — maTpunia Kod(phUIMEHTOB CUCTEMBbI, Ha3bIBAEMasi OCHOBHOU MAMPUYEL:

a11 a12 nnn aln
a21 a22 XY aZn
A=
Am1 Amz - Qmn
X1
X2
X = — 6EKMOp — CMONOEYUIHEUZEECIHBLXX;
xn
b
b,
B = — 6eKMop — CMoAbeYu3C60000HbIXUILEHOBD;
by,

[TpousBenenne Marpuiy A * X omnpejieieHo, Tak Kak B Marpuie A CTOJOIOB
CTOJIBKO K€, CKOJIBKO CTPOK B MaTpuIie X (7 MTYK).

Pacwupennoti MaTpulleil CHUCTEMbI Ha3bIBaeTCd MaTpuna A CHCTEMSI,
JIOMOJIHEHHAs CTOJIOIIOM CBOOOIHBIX YWICHOB

ai1 Qg2 a1, by
r_| Q21 Q2 azn by
A=

An1i Az - Amn bm

Pewenuem cucmemovr HazpIBaeTCs 1 3HAUCHHUN HEU3BECTHBIX X; = C;, X2 = C2,
wee , Xn = Cn, TIPU TIOJICTAHOBKE KOTOPBIX BCE YPABHEHUS CUCTEMBI OOpAIIaroTCs B
BEpHBIMU PaBEHCTBA. BcsAkoe pelleHHe CUCTeMbl MOXHO 3alucaTth B BHUJIE

MaTpHIIbI-CTOJIOA

Cucrema ypaBHEHHMI HA3bIBACTCSI COBMECHHOI, €CIIH OHA UMEET XOTsI OBbI OJTHO
pellieHue, U HeCO8MeCHUMOIL, €CIT OHA HE UMEET HU OJTHOTO PEIICHHUS.

CoBmecTHasi cucTeMa Ha3bIBACTCS  ONPEOeNéHHOU, €CI OHa HMEET
CAMHCTBEHHOE pEUICHUE, U HeonpeoeléHHOU, €Ci OHa HMeeT Oojee OJIHOTO
pemieHuss. B mocinegHem ciydae Kaxaoe €€ pPENICHUE Ha3bIBACTCA YACMHbIM
peuwseruem cucteMbl. COBOKYITHOCTh BCEX YACTHBIX PEIICHUI HA3bIBACTCS 0OWUM
peuleHuem.

Pewums cucmemy — 3T0 3HAUNT BBISICHUTH, COBMECTHA OHA WJIM HECOBMECTHA.
Ecnu cucrema coBMecTHa, HalTH €€ olliee perieHue.

JIBe cucTemMbl Ha3bIBAIOTCS IKGUBANEHMHbIMYU (PABHOCWIBHBIMM), €CIIM OHU
UMEIOT OJIHO U TO K€ ofmiee pemenue. JpyrumMu CiloBaMH, CHUCTEMBI



HKBUBAJICHTHBI, €CITH KAXI0€ PEIICHUE OJHON U3 HUX SBISICTCS PEIICHUEM JIPYTOMH,
1 Ha0OOpOT.

OKBUBAJICHTHBIE CUCTEMBI TMOJY4YalOTCs, B YACTHOCTH, TPU I1eMEeHMAPHbIX
npeobpa3oeanusx CHUCTEMbl NPU YCIOBUHM, YTO MPEOOpPa30BaHUS BBITOIHIIOTCA
JMIIb HAJl CTPOKAMU MaTPHIIBIL.

CucreMa JTMHEWMHBIX YpaBHEHUHN HA3bIBACTCS 0OHOPOOHOU, €CIIA BCE CBOOOHBIC
YJICHBI PaBHBI HYJIIO:

Ag1X1 + A%, + -+ agpx, =0

A1 X1 + ApaXy + - QnXy = 0
OpnHopoiHasi cucTemMa BCErjia COBMECTHA, TaK KaK X; = X2 = ... = X, = () ABusieTCs
PEIICHUEM CUCTEMBI. DTO PEIICHUE HA3bIBACTCS H)/1e8blM VIIH MPUBUATbHBIM.

2x1_XZ=0

Ilpumep 4.3. Pemiuth cucremy {x 43y =7
1 2 =

2 -1 0 -1y _ 12 0f_
PeIJ_IeHI/Ie.A—|1 3|—7¢0,A1:|7 3|_7, A2—|1 )| =14
3Ha‘-II/IT,x1=Z=1, x2=—14=2

7 7

IIpaBuio Kpamepa

Teopema.Cucmema u3z n ypagnenuti ¢ n Heu38eCmHbvIMU
a x +a,x,+..+a,x =b
a, X +a,X +..+a,x =b,

8 cny4vae, ecau onpedesumesns Mampuybl cucmemMbl He PaseH Hyqaw, umeem
eo0UHCmMeeHHoe peuweHue U 3mo peweHue Haxooumcs rno popmynam:
xi = A/A, 20e

A =detA, a Ai—onpedenumens mampuubl, noayyaemoli u3 mampuusl cucmemsl
3ameHol cmonbua J cmonbyom ceo0b00HbIX YsieHos b,
CyTb memoOda laycca 3aKkntoyaeTca B N0C/ie40BaTE/IbHOM UCKAKOYEHUMN
HEW3BECTHbIX.

PaccmoTpmm cUCTeMy IMHENHbIX YPaBHEHUN:

a X, +a,x,+..+a,x,=b
a, X +a,x +..+a,x =b
a X +a,x,+..+a, x =

m2 m

Pasgennm obe yactu 1-ro ypaBHeHUsA Ha a11# 0, 3aTem:
1) YMHOWM Ha az1 U BblYTEM M3 BTOPOrO ypaBHEHUA
2) YMHOXMM Ha a31 M BblYTEM U3 TPETLEIO YPaBHEHMA U T.A4,



Mony4um:

X +d,x, +.+d,x, =d,

10 n

d.x,+d.x,+..+d, x =d .
2% 234 2n%n 2 I'p,edljzalj/allf j=2,3, .., n+tl.

d,x, +d

n3

+..+d, x,=d,

dij= aj— aildlj =23, ..,n; j=2; 3, .., n+l

[anee noBTOpAem 3TW e AeNCTBMA ONA BTOPOro YpaBHEHWUA CUCTEMbl, NOTOM —
ANA TpeTbero u T.A4.
K sneMeHTapHbIM PeoOpa30BaHUSIM OTHOCSTCS:
1) IlpubaBnenue k 00€UM YACTSAM OJHOTO YPaBHEHHS COOTBETCTBYIOIIMX YacTel
JIPYroro, yMHOXEHHBIX Ha OJTHO U TO 7K€ YKCIJIO, HE PABHOE HYIIIO.
2) IlepectanoBka ypaBHEHUI MECTaMH.
3) YnpaneHue u3 cUCTEMbl ypaBHEHUH, SIBISIOUIUXCS TOXKIECTBAMU ISl BCEX X.
Munopom HEKOTOPOro 3JIEMEHTA a;ONPEACIUTENS Nn-20 MOPSAKAa HAa3bIBACTCA
ONpeAeNuTellb n — 1-ro TOpsAKa, TMOJYYEHHbIH U3 MCXOJHOr0 MyTEM
BBIYEPKUBAHUSA CTPOKHM H CTOJOIA, HA TEPECeUEeHUH KOTOPHIX HAXOIUTCSA
BbIOpaHHBIN 51eMeHT. O003HavaeTcs m;;.
A1 Q12 Qg3
TaxecnulA= |Gz1 QA  Q3|,momqq = [
az; dzz 0az3

az; azs]
)

aiq a13|
aszp; dss

Moy = |
32 a1 dzs

Anzedpauueckum Oononnenuem >IEMEHTA @;ONPEIEIUTENS HA3bIBAETCSA €ro
MUHOD, B3TbII CO 3HAKOM «IUTKOCY», €CJIM CyMMa i + j— 4€THOE YHUCIIO, U CO 3HAKOM
«MHHYC», ECITH 3Ta cyMMa HedéTHas. O6o3Havaercs A A= (-1)1 * my;

Tak, Ay = +m;;, Ay =-ms3.
Ceoticmeo(«Pa3noxxeHne ONpeNenuTeNis MO 3JIEMEHTaM HEKOTOPOro psiaay).
Onpenenurens paBeH CyMME MPOM3BEACHHUIM 3JIEMEHTOB HEKOTOPOro psjga Ha
COOTBETCTBYIOIIIKE UM allreOpandecKue JOMOTHEHHUS.
[IpomiurocTpupyeM ¥ OJHOBPEMEHHO [JOKA)KEM CBOWCTBO 7/ Ha IIpUMeEpe
omnpeaenuTens 3-ero nopsjaka. B 3ToM ciaydae cBOMCTBO 7 03HAYAET, YTO

A1 Qg2 Qg3

A= (A21 Gz Q3| =aqaq, *Aj1 +aqp * Ay + a3 x Aq3
az; dzz Az

B camom ACJIC, UMECM aqq * A11 + aqp * AlZ + a3z * A13 ==aq1 *
|a22 a23| 4o % (_ |a21 a23|) . a1 a22| = 011 (yplias —
a3z Q433 12 a3z Qsz3 13 dz; 04z 113%22733

Ap3037) — A12(Ap1033 — Ap3a31) + A13(Az1a3; — Ap2031) =
= 011032033 — Q11033032 — Q12071033 T A120,303; + 013071037 — A1307031
=A

CBOMCTBO COZIEPXKUT B ceOe CIIOCOO BHIYUCIICHHUS ONPECIINTENEH BHICOKIX
HOPSIKOB.



IIpuMmep Brranciure onpenenurens MaTpULbL

3 5 7 8
-1 7 0 1
0 5 3 2
1 -1 7 4

Pemenue: [{nst paznoxxeHus onpeaenuTesis 0ObIYHO BIOUPAIOT TOT Psifl, I[/I€ €CTh

HYJIEBBIE 3JIEMEHTBHI, T.K. COOTBETCTBYIOIIINE UM CJIaraeMbl€ B Pa3JIOKEHUU OYyT
3 5 7 8

_ 0 1 5 7 8 5 7 8
PaBHBI HYIIIO. =3%|5 3 2|+1x|5 3 2|+0=x
> 32 -1 7 4 -1 7 4
1 -1 7 4
5 7 8 5 7 8
7 0 1{—1%[7 0 1|=3* (7 *3 %4+ (-1)*0x2+5=%7 x
-1 7 4 5 3 2

1-(D) *3*x1-7%7x2-5x0x4)+ 53«4+ (—1)=*7*
2+5%x7%8-(-1)*3«8-5x7*4-5%x7%2)-(5%0x*2+
71 *54+7x3*x8-5x0+x8-3x1x5-7%73x%2)=122
Cesoticmeo . Cymma MpOU3BEJICHUN 3JI€MEHTOB KaKOro- JIM0O ps/ia OMpeeTuTes
Ha ajredpanyeckue JOMOJHEHUSI COOTBETCTBYIOIIMX 3JIEMEHTOB MapaijIelbHOIO
psizia paBHa HYJIIO.

Tak, Hanpumep, a; Az + appAz + ajzAz; =0

Haxo:xneHue o0paTHO MaTpHULbL.

a1 Az - Qip

Az1 Qz2 .. Qo
[Tycts A — kBagpaTHas MaTpuua n-ro nopsakad =

An1 Qn2 - Qupm

KBanparnas maTpuiia A Ha3bIBa€TCS HEBbIPOHCOCHHOU, €CITV ONIPECIUTENBA =
det A He paBeH Hymo: A = det A = 0. B npotuBHOoM ciyudae (A = 0) maTpuna A
HA3bIBACTCS GbIPOHCOCHHOIL.

Marpunei, corw3noii kK mampuye A, Ha3pIBa€TCS MaTpUIlA

4, 4, ... A4,
. |4y, Ay .. A
A = 12 22 n2
4, 4, ... A4,

rae Ajj — anreOpandyeckoe JONOJHEHUE JJIEMEHTa g;AaHHOM MaTpulbl A (OHO

ompeneNseTcss TaK JKe, Kak ¢ anredpanmdeckoe JIOMOJIHCHHWE DSJIEMEHTa
ONIPEICIIUTEIA).

Martpuna A Ha3bIBaeTCs 06pammoil MaTpuLe A, €CIIM BBIIOIHIETCS YCIOBHE
A*Al=AT*A=E,
rae E — enuHmunas MaTpuia TOro Ke Imopsiaka, yTo U marpuna A. Matpuna A’
MMEET Te K€ pa3Mephbl, UTO U MaTpula A.
OoOpaTHas maTpuua.

Teopema Bcsaxas nesvipodxcoennas mampuya umeem oo6pammuyio.



. A* ) 1 <A11 Ay Az
A" = ,m.e.A” = x| A1, Ayy Aszp
det A det A
) T\ 4y A
OtmeTuM ceoticmea 0OpaTHOW MAaTPULIBL:
1. det (A1) =1/detA,;
2. (A*B)y'=B!1* Al
3. (AHT=(AT.
N 1 _(2 3
IIpumepHaiitu A, eciiu A (_ 1 1)
Pemenue: 1) Haxoguwm det A: detA = |_21 i =2+4+3=5=%0

2) Haxomum A™: Aj1=1, Ay =-3, A =-(-1)=1, Ay, =2, nostomy A* =

(1 _23)3) Haxomm A A71 = 1(1 —3) _ (1/ 5 _3/5>

1 5\1 2 1/5 2/5

ITpoBepka:
L (2 3\ (1/5 =3/5\ (2/5+3/5 —6/5+6/5
A*Al_(—1 1)*<1/5 2/5)‘(—1/5+1/5 3/5+2/5)

3 Y-

IpumepOnpenenuTs, NpU KaKUX 3HAYCHUSIX O CYIIECTBYET Marpulia, oOpaTHas

JTaHHOU
1 -2 2
A= (a 3 0)
2 1 1

Pemenne: Bceskas HeBbIpOXKIEHHas MaTpuiia umeeT oOparHyto. Haiiném
OIpeAeNUTENb MaTPULIbl A:

1 -2 2
AM=|la 3 0/=3-0+ 20-12-0 + 20 = 4a-9
2 1 1
Ecm 40 -9 =0, 1.€. o = 9/4, 10 AA = 0, T.e. MaTpuiia A HEBBIPOKICHHAS, UMEET

oOpaTHYIO.
IIpumepllokazate, uTo MaTpuiia A sBisieTcss oOpatHoit 1 B, ecnu

1 11 3 -3 1
A=<1 2 3>,B=(—3 5 —2>
1 3 6 1 -2 1
Pemenue: Haiiném npoussenenue matuil A u B:
1 1 1 3 -3 1
A*B=<1 2 3)*(—3 5 —2)
1 3 6 1 -2 1
3—-3+1 -3+5-2 1-2+1 1 0 O
=<3—6+3 —-3+10-6 1—4+3>==<0 1 0)=E
3—-9+6 —-3+15—-12 1-6+6 0 0 1
Amnanoruuno B * A = E. CnegoBarensHo, MaTpulia A siBisieTcst o0patHoit 1yist B.



[TycTh naHa cuctema n TMHEWHBIX YPaBHEHUH C 71 HEU3BECTHBIMU
a11x1 + a12x2 + + alnxn = bl
a21x1 + azzxz + o + aann == b2
Ap1X1 + AppXy + - AppXy = by
uiau B MatpuuHoi popme A * X = B.

OcHoBHast MaTpulia A Takoi cucTeMbl KBajpaTHasi. OnpeaenuTesib 3TOM MaTpULIbl
A1 - Qun

A=
An1 - Qnn

Ha3bIBACTCS onpeodeaumenem cucmemvl. ECIN ONpenenuTellb CUCTEMbI OTJIMYEH OT
HYJIS, TO CUCTEMA HA3bIBACTCS HEBbIPOIHCOEHHOLL.
Haliném pelieHne 1aHHOM cUCTEMBbI ypaBHEHUH B cirydae A # 0.
VMHOKHB 00€ yactu ypaBHeHus A * X = B cnesa Ha Marpuiy A, monyuum A
*A*X=A"*B. lockombky A’ * A=EuE* X=X, 10 X=A"*B.
OTtbickanue pemieHus cuctembl 1o (opmyne (4.1) Ha3BIBAIOT MaAMPUUHBIM
Cnoco6oM PEIeHUsI CUCTEMBI.
3ajanus 1JIs BbINOJHEHHUS MPAKTUYECKOH padoThI

3aganue 1
2 11 x 1 -2 1 «k,
Janel onpenenurenu: 1) A = 235 2)A= -2 3 x 2
pen : “he, 21 4 =l 3 5 4

1) HaiiTi MUHODBI U AITeOpanyECKKUE TOMOIHEHUS JIEMEHTOB d;3, dy,

2) BBIYUCIUTB ONPEACIUTENH, PA3JIOKUB UX IO AJIEMEHTaM a) 1-0i CTPOKH, O)
J-To cToJIOIa

Bapuanr | «, K, i j | Bapuaur | « K, i i
1 3 -2 | 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2




7 -2 3 1 4 22 -1 4 4
8 6 -2 4 3 23 -3 3 3
9 -6 1 2 24 -4 | 1
10 -5 1 | 25 0 8 1
11 -2 4 3 2 26 4 -2 2
12 1 3 4 3 27 -1 3 3
13 -3 2 2 4 28 2 -3 4
14 -4 -1 1 2 29 -2 5 2
15 -1 5 3 30 -5 -1 1
kK, -2 -1
3aganme 2. Jlana maTpuna A=| 2 1 2 |. Haiitn
3 -k, 4
a)A™" unposepumo, umo A-A" = A" -A=E
6)A+ A"
Bapuanm K, K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 | 17 5 1
3 3 -4 18 2 0
4 2 1 19 -2 1
5 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8




11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
3aganue 3
1. Pemmnth cucTeMbl ypaBHEHHH C TTIOMOIIBIO OOPAaTHONW MaTPHIIBI
(MaTpUYHBIM METOJIOM).
2x+y+3z=7, 2x—y+2z=3, 3x-y+z=12,
[.142x+3y+z=1, 124x+y+2z=-4, 1.34x+2y+4z=6,
3x+2y+z=6. 4x+y+4z=-3. Sx+y+2z=3.
2x—y+3z=-4, 3x-2y+4z=12, 8x+3y—6z=-4,
14<x+3y+3z=1], 1.543x+4y -2z =6, 1.6x+y—z=2,
x=2y+2z=-7. 2x—y—z=-9. 4x+y—-3z=-5.
4x+y—-3z=09, 2x+3y+4z =33, 2x+3y+4z=12,
1.74x+y—z=-2, 1.847x—5y =24, 1.947x—-5y+ 2z =-33,
8x+3y—-6z=12. 4x+11z =309. 4x+z=-7.
x+4y—z=6, 3x-2y+4z=21, 3x-2y—-5z=35,
1.1045y + 4z = -20, 1.1153x+4y-2z=09, 1.1242x+3y -4z =12,
3x=2y+5z=-22. 2x—y—-z=10. x=2y+3z=-1.
4x+y+4z=19, 2x—-y+2z=0, 2x—y+2z =38,
1.1342x—y+2z=11, 1.144x+y+4z =06, 1.15{x+y+2z =11,
X+y+2z=8. x+y+2z=4. 4x+y+4z =22
2x—y—-3z=-9, 2x—y—-3z=0, —3x+5y+6z=-8,
1.16.4x+5y + z = 20, 1.1743x+4y+2z =1, 1.1843x+ y+z=-4,
3x+4y+2z=15. x+5y+z=-3. x—4y-2z=-9.
3x+y+z=-4, 3x—y+z=-11, 3x—y+z=9,
1.194-3x+5y + 6z =36, 1.2045x+y+22z=8, 1.2145x+y+2z=1],
x—4y-2z=109. x+2y+4z=16. x+2y+4z=19.




2x+3y+z=4, 2x+3y+z=12,
1.2242x+y+3z=0, 1.2342x+ y+3z =16,
3x+2y+z=1. 3x+2y+z=8.

3x+4y-2z=11,

x+5y—-6z=-15,

1.2592x—y—z=4, 1.2643x+y+4z =13,
3x-2y+4z=11. 2x-3y+z=9.
Sx+2y—-4z=-16, x+4y—z=-9,

1.284x+3z=-6, 1.2944x -y +5z =-2,
2x-3y+z=09. 3y—T7z=-6.

KoHTpoJibHBIE BONIPOCHI

e R

Yto Ha3kIBaeTCs MI/IHOPOM?

Kakast MaTpuiia Ha3bIBa€TCsl HEBBIPOKIECHHOM?
TpaHcrIOHMPOBaHHAS MAaTPHULLA.
Kakas matpuiia Ha3biBaeTCsi OOpPaTHOM 1O OTHOILIEHHUIO K JaHHOU?
KakoB nmopsi/1ok BEIUMCIEHHSI 0OpaTHOW MaTPUILIbI?

ANTOPUTM pELIEHUs IPOCTENIIET0 MAaTPUYHOTO YPABHEHHUSI

IIpakTnueckas padora Ne 18 mo reme

1.24.

1.27.

1.30.

«JJIeMeHTBI BeKTOPHO ajiredpbn»

x—2y+3z=14,
2x+3y -4z =-16,
3x-2y—-5z=-8.

4x -y =-6,
3x+2y+5z=-14,
x=3y+4z=-19.
Tx+4y—z=13,
3x+2y+3z=3,
2x -3y +z=-10.

Yrto Ha3bIBaeTCs alreOpanyeckKuM JIOMOJHEHUEM 3JIeMEHTa MaTPUILIbI?
Kax pa3ioxxuTh onpeneauTeNb M0 AIEeMEHTaM CTOJI011a UITU CTPOKU?

He.]'lb: HpOBCpI/ITI) 3HaHUA 1 YMCHUS 110 HAXOXKACHHUIO: KOOPpAWHAT BCKTOPA,

onepaunﬁ HaJd BCKTOpaMH, MOAYJISI BCKTOPA U CKAJIIPHOI'O ITPOU3BCACHUA,

BCKTOPHOI'O IIPOU3BCACHUS, CMCHIAHHOI'O ITPOU3BCACHU.

Bpems BbinonHeHUA

90 MUHYT

MartepuanbHoe obecneyeHue
1.TeopeTnyeckune ceegeHuA
2.3apaHue

3.JluctA4

4.KanbKynatopel

NopapoK BbiNoNHeHUA PaboTbl
1.3yunTb 3agaHune

2. U3yunTb TeOpeTMYeCKme cBeaeHumsA
3. BbINO/HUTL M 0PpOpPMUTL paboTy



4.MloKa3aTb pe3ynbTaTbl NpenogasaTesnto
AdomawHee 3apgaHue
1.MoarotoBUTb OTBETbI HA KOHTPO/IbHbIE BOMPOCHI
Xopa pabortbi
TeopeTnyeckune ceegeHusn

BeKTopHOe npousseaeHne BEKTOPOB.

Omnpenenenue.BeKTopHBIM NPOU3BeAeHNEM BEKTOPOB U b HA3bIBACTCS

BEKTOP ¢, YIOBJIETBOPSIONIUN CIAEAYIOIIUM YCIOBUSIM:

—

1) |e| =|a| ‘E‘ sin @, TJI€ 0 - YTOJI MEXKY BEKTOpAMH M b, sinp>0; 0<¢p<r

2) BEKTOpP ¢ OpPTOrOHAJIEH BEKTOpaM au b

3) @, bu ¢ 00pa3ylOT MPaBYIO TPOIKY BeKTOpoB.O603HAUAETCS: ¢ =4 x b

wim  ¢=[abl.
axh

CBoiicTBa BEeKTOPHOI0 POU3Be/IeHUS BEKTOPOB:

) .
E.-lF —
)

(=]
x
2|

5) Ecu 3a1aHBI BEKTOPBI 4 (Xa, Va, Zo) U b (X, Vb, Z5) B 1EKAPTOBOI

IPSIMOYTOJBHOM CHCTEME KOOPAUHAT C €IMHMYHBIMU BEKTOPAMH 1, /, k , TO

I 7k
ixb= X, Yy, Zz
X Vo 5

6) FCOMCTpI/I‘{CCKI/IM CMBICJIOM BECKTOPHOTO IIPOU3BCACHHA BCKTOPOB ABJISACTCA

—

n0WA0b NAPAINE102PAMMA, TIOCTPOCHHOTO HA BEKTOpaxX au b .

7) MexaHn4ecKuid CMBICI BEKTOPHOIO npousBesieHud . [lycTh Touka A

TBEPAOTIO TCJIa 3aKPCILJICHA, 4 B €I'0 TOYKC B IMPHUIIOKECHA CHJIa F. Torma



BO3HUKAET BpauaTeabHblii MOMEHT M (MOMeHT cuiibl). [1o onpenenenuto
MOMEHT CHJIbI OTHOCHTENILHO TOYKH A HaXOIUTCS 10 GopMyJie M = ABx F -
BEKTOPHOE TPOM3BEIECHHUE BEKTOPOB AB W F

IIpuiio:keHHsI BEKTOPHOIO NPOU3BEACHUSI BEKTOPOB.
Yemanoenenue konnuneapnocmu eexkmopos:
Ecmu a||b, T0 ax b=0 (1 HA060pPOT ), T.€.
i j k

0y Oy O,
by by b

]

:ﬂ“ﬁ‘r ?: .illirzﬂ.—'2 ﬂ:ﬁ-&”ﬂ.
'

by b

axb=

Haxootcoenue nnowadu napannenozpamma u mpey2oabHuKa.

COrJ1acHO OIpe/IeNeHHI0 BEKTOPHOTO IIPOM3BEICHHS BEKTOPOB a U b

axb =|d| ~‘E‘singp , T.e. Smap.= ‘szl?‘ ¥ 3HAYMWT, STpeyr.=1/2*‘szl§‘
Ilpumep. Haiiti BEKTOPHOE IIPOM3BEIEHUE BEKTOPOB 4 =27 +5/ + k1
b=1+2j-3k.

22(23 59 1)9 52(1,2, '3)

2 5 L -
+ 2:—171+7]—k.

IIpumep. Beraucnuts miomans TpeyroibHUKa ¢ BepimmHamu  A(2, 2, 2),

B4, 0, 3), C(0, 1, 0).

AC = (0-21-2:0-2) = (-2-1:-2)

AB = (4-2:0-23-2) = (2:-2:)
I k

— B} —2 -2
ACx AB=|-2 -1 -2/=71

A | -
+k‘ 2‘ =i1(-1-4)— j(-2+4)+

+ k(4+2)=-5 -2 +6k.



‘AC><A4=J25+4+36 = /65. S, =@(eﬂ2).
Ipumep. Haiitn nomaae napauiesorpaMmma, HOCTPOEHHOTO HA BEKTOPax
a+3b; 3a+b,ecnn |d=|b=1; " b=30"
(3+3b)x(3d+b)=3dxa+axb+9bxa+3bxb=-bxd+9bxa=8bxa
§=8b]4sin30" = 4 (ex?).

Cmewannoe npou3ee0enue 6EKmMopoe.

Omnpeaesienne.CMeIIaHHBIM NPOU3BEICHHEM BEKTOPOB 4 b 1 ¢

5

Ha3bIBAETCSI YUCJIO, PABHOE CKAJISPHOMY IPOU3BEIAECHUIO BEKTOpa & HAa BEKTOP,

PaBHBII BEKTOPHOMY TTPOU3BEIEHNIO BEKTOPOB b U ¢.
O6o3Hauaercs 4-b-¢umu (4, b,¢).

CMelIaHHOE MPOU3BEIECHUE 4-b- ¢ 0 MOAYII0 PaBHO 00beMy Hapaslelenuesa,

IIOCTPOECHHOTO HAa BEKTOpax 4, b u ¢, T.e. V :‘Ez-l; -E‘

Ceoiicmea cmeutanno2o nPou36e0eHUs:

1.CMetianHO€ MpOU3BEICHUE PABHO HYJIIO, €CIIM:a) XOTh OJIMH U3 BEKTOPOB
paBeH HYJIII0;0) 1Ba U3 BEKTOPOB KOJUTMHEAPHBIS;B) BEKTOPHI KOMIUTAHAPHEI.

y (ax b )-c=a- (Z; XC)=C- (l; X d) CMEIIaHHOE TPOU3BEJICHUE HE MEHSIETCS MpH
LUKJIMYECKOMN MEPECTAaHOBKE BEKTOPOB,;

3 (ax b )-c=a- (5 XC) CMEIIaHHOE€ TMPOU3BEJAECHHWE HE MEHSETCA IIpH
MePECTAaHOBKE 3HAKOB BEKTOPHOT'O U CKAJSIPHOTO YMHOXKEHMUS.

4 (d,b,¢)=(b,¢,3) = (¢,4,b) = ~(b,4,¢) = ~(¢,b,d) = ~(4,¢,b)

5 (Ad, + ud,,b,¢) = A(a,,b,¢)+ u(d,, b,c)

6. O0beM TpeyroybHOM MUpaMubl, 00pa30BaHHON BEKTOpaMH 4, b U ¢, paBeH

%\(5 b.)

- AN 4
7.Ecmia = (x,¥,%), b=(%,5,2), 5=(X3a}’3a23),T0(5,5,5)= X N 4
5 ) 4

8. Gb¢ = —dch =—bac =¢ba - CMELIaHHOE INPOU3BEICHME MEHAET 3HAK Ha

MPOTUBOIIOJIOXKHBI TP TIEpEMEHE MECT JIFOOBIX  JBYX  BEKTOPOB-
COMHOXXUTEJIEN

9. Ecmu abé >0, To d,b,¢ - mpaBas TPOlika



Ipumep. oxazate, uto Touku A(5; 7; 2), B(3; 1; -1), C(9; 4; -4), D(1; 5; 0)
JIekKaT B OJHOM TIOCKOCTH.

AB=(-2;-6)])
Haiinem koopanHaTBI BEKTOPOB: AC= (4;-3;-2)
AD = (—4:-22)
Haiinem cmelianHoe MpOU3BEICHUE TTOTYUYEHHBIX BEKTOPOB:
-2 -6 1| -2 -6 1] 0 -6 1

AB-AC-AD=|4 -3 -2=|0 -15 0=0 -15 0=0,
-4 -2 2010 10 O (0 10 O

Takum 00pa3om, TOJYyYECHHBIE BBIIIE BEKTOPHI KOMIUIAHAPHBI, CIIEOBATEIHHO
touku A, B, C u D nexxat B 0qHOM MIOCKOCTH.

IIpumep. Haiitu 00beM nMpaMuIbl U JIMHY BBICOTHI, OMYLIEHHOM Ha rpans BCD,
eciu BepuuHbl uMeroT koopaunatel A(0; 0; 1), B(2; 3; 5), C(6; 2; 3), D(3; 7; 2).

BA=(-2;-3;-4)
Haitnem koopiHATBI BEKTOPOB: BD= (1;4;-3)
BC= (4;-1;-2)
-2 -3 -4 |
=—=|1 4 —3=—(-2(-8-3)+3(-2+12)—4(-1-16)) =
O0BeM TUpaMuIbl 4 1 _» 6( ( )32 +12) ~ 4 )

_ %(22 +30+68) = 20(e)

Jns HaxoXkJAeHUs JJUMHBI BBICOTHI THUPAMHUJIBl HAWJEM CHayajda IUIOMIAlb
ocHoBauus BCD.

I J Kk
BDxBC=|1 4 =3|=7(-8-3)— j(-2+12)+ k(-1-16)=-117 10/ -17%.
4 -1 -2

‘E)qu =112 +10% +17% =/121+100+289 =+/510
Soen = 4/510/2 (ex?)



h J
Ta Ve Swh 3V 120 4510

A€
3 S. 510 17 (en)

3apaHuA npaKkTUyecKoi pabortbi

3aganus

1. ITo xoopauHaram Touek A, B u C 111 ykazaHHBIX BEKTOPOB HAWTH:

a) KoopauHaTbl BEKTOPOB a = AB, b= BC, c= AC,d = BA, p=CA

b) Moayns BekTopa & =3d+6—d
c) CkanmsipHOE NPOU3BENECHHUE BEKTOPOB a U b;
d) Ilpoekmuro BekTopa ¢ Ha BeKTOD d;

e) Koopaunatsl Touku M, nensimieil OTpe30K p B OTHOIIECHHUH g :

I

K K Koopaunarsl o
BapuanTor oopauHathbl | Koopannarsel roun C

TOYKH A Touku B o B
1. (-2.1.3) (3.-6.2) (-5.-3.-1) Ji 3
2. (1.3.6) (-3.4. -5) (1.-7.2) Ji 2
3. (7.2.1) (5.1.-2) (-3.4.5) 2 /
4. (3.5.4) (-2.7.-5) (6.-2.1) 3 2
5. (5.3.2) (2.-5.1) (-7.4.-3) 2 3
6. (113 132) (-39 334) (-49 '29 7) 1 2
1. (9.5.3) (-3.2.1) 4.-7.4) 3 1
8. (7.2. 1) (3.-5.6) (-4. 3. -4) 3 2
9. (1,2,3) (-5,3,-1) (-6,4,5) 2 1
10. (-2.5.1) 3.2.-7) (4.-3.2) 4 1
11. 3.1.2) (-4.3.-1) (2.3.4) 2 Ji
12. 3.-1.2) (-2.4.1) (4.-5.-1) yi 3
13. (4.5.1) (1.3. 1) (-3.-6.7) 3 4
14. (1.-3.1) (-2. -4, 3) (0.-2.3) 2 3
15. (5.7.-2) (-3.1.3) (1. -4, 6) 4 3
16. (-1.4.3) (3.2.-4) (-2.-7.1) / 3
17. (5.4. 1) (-3.5.2) (2.-1.3) 3 Ji
18. (2.-1.4) (-3.0.-2) (4.5.-3) 2 Ji
19. (-1.1.2) (2.-3.-5) (-6. 3. -1) / 2
20. (1.3.4) (-2.5.0) (3.-2.-4) 2 3
21. (1.-1.1) (-5.-3.1) (2.-1,0) 3 2
22. 3.1.2) (-7.-2.-4) (-4.0.3) 2 1
23. (-3.0.1) (2.7.-3) (-4.3.5) / 3
24. (5.1.2) (-2.1.-3) (4.-3.5) 2 3
25. (0.2.-3) (4.-3.-2) (-5.-4.0) / 2
26. 3.-1.2) (-2.3.1) (4.-5.-3) 3 4
27. (5.3. 1) (-1.2,-3) (3.-4.2) Ji 2
28. (3.1.-3) (-2.4.1) (1.-2.5) 3 4




29. (6.1.-3) (-3.2. 1) (-1.-3.4) 4 3
30. (4.2.3) (-3.1.-8) (2.-4.5) 3 2

3aganue 2

1.  Haubl BekTopshl a, b u ¢. Heobxoaumo:

a) BEIYMCIIUTH CMEIIaHHOE MTPOU3BEACHUE TPEX BEKTOPOB;

0) HAlTH MOAYJIb BEKTOPHOTO MTPOU3BEACHUS,

B) BBIUMCIIUTD CKAJISIPHOE MPOU3BEICHHUE IBYX BEKTOPOB,;

T') IPOBEPUTH, OYAYT JIM KOJTTUHEAPHBI UM OPTOTOHAIBHBI B BEKTOPA,;
1) MPOBEPUTH, OYAYT JIM KOMIUTAHAPHBI TPU BEKTOPA.

Bapua | Bextopsl Cmemanno | Mogyn | Ckamssp | Komumn | Kommianapa
HT € b HOCE € OCTb
BCKTOPOB
IMPpOU3BCALC | BEKTOP IMPpOU3BEC | apHBI
HHUC H I nim
HIepIcH
IPOU3B LK
e BEKTOP
OB
1 a=2i-3j+k, | a,3b,c 3a,2c¢ b,—4c ac a,2b,3c
b=j+4k,
c=5+2j-3k
2 a=3i+4j+k, | 5a,2b,c 4b,2 ¢ a,c b,c 2a,—3b,c
b=i-2j+7k,
c=-3i—-6j+2
3 a=2i—4j-2k,| a,2b3¢c 3a,—7e —2a,c a,c 3a,2b,3c
b=Ti+3j,
c=3i+5j-T7k
4 a=-Ti+2k, a,—2b,~7c 4b3c 2a,—7c b,c 2a,4b,3c
b=2i—-6j+4k,
c=i—j+2k
5 a=-4i+2j—k,| a, 6b,3¢c a,2b a,—4c a,b a,6b,3c
b=3i+5j-2k,
c=j+5k




a=3i-2j+k,
b=2j-3k,
c=-3i+2j—k

a,—3b, 2c

5a,3c

—2a,4b

5a,4b,3¢

a=i—j+3k,
b=2i+3j-5k,
c=Ti+2j+4k

Ta,—4b,2 ¢

3a, 5c

2b4c

7a,2b,5¢

a=4i+2j-3k,
b=2i+k,
c=-12i-6j+

2a, 3b, c

4a,3b

b,—4c

2a,3b,— 4c

a=—i+5k,
b=-3i+2j+2k
c=-2i-4j+k

3a,—4b,2c

7a,—3c

2b,3a

7a,2b,—3c

10

a=6i—4j+6k,
b=9i—6)+9%k,
c=1-8k

2a,—4b,3c

3b,—9¢

3a,—5c

a,b

3a,—4b,—9c

11

a=>5i—3j+4k,
b=2i—4j—2k,
c=3i+5j-Tk

a,—4b,2c

—2b,4c

—3a,6c

a,—2b,6¢

12

a=-4i+3j -7k
b=4i+6j—2k,
c=6i+9j-3k

—2a,b,—2c

4b,7 ¢

S5a,—3b

—2a,4b,7 ¢

13

a=-5i+2j-2K
b =7i -5k,
c=2i+3j-2k

2a,4b,—5c¢

—-3b,11c

8a,— 6¢

8a,-3b,11c

14

a=—4i—-6j+2k
b=2i+3j—k,
c=—i+5j-3k

5a,7b,2 ¢

—4b,11a

3a,—7c

a,b

3a,7b,—2c




15 a=-4i+2j-3kl 5a,—-b,3c —7a,4c | 3a,9b a,c 3a,—9b,4c
b=-3j+5k,
c=6i+6j—4k

16 a=-3i+8], 4a,—6b,5¢ —7a,9¢ | 3b,—8¢ b,c 4a,—6b,9c
b=2i+3j-2k,
c=8i+12j -8k

17 a=2i-4j-2k,| 7a,5b,—c —5a,4b | 3b,—8c a,c 7a,5b,—c
b=-9i+2k,
c=3i+5j-Tk

18 a=9i-3j+k, | 2a,—7b,3c —6a,4c | 5b,7a b,c 2a,—7b,4c
b=3i—15j+21K
c=i—-5j+k

19 a=-2i+4j-3kl a,—6b2c -8b,5¢ | —9a,7c a,b a,—6b,5c
b=5i+j-2k,
c=Ti+4j-k

20 a=-9i+4j-5k —6b,7c 9a,4c b,c —2a,7b,4c
b=i-2j+4k,
c=-5i+10j-9 ~2®7b3¢

21 a=2i—-7j+5k, | —3a,6b,—c 5b,3c 7a,—4b b,c 7a,—4b,3c
b=—-i+3j—-6k,
c=3i+2j—-4k

22 a=Ti—4j—-5k,| 3a,—7b,2¢c 2b,6¢ —4a,-5c | a,c —4a,2b,6¢c
b=i-11;+ 3k,
c=5i+5j+3k

23 a=4i—6j—-2k, | 6a,3b,8c —7b,6a | —5a, 4c a,b —5a,3b,4c
b=-2i+3j+k,

c=3i-5j+7k




24 a=3i—j+2k, | 4a,—7b,—2c | 6a,—4c | —2a,5b a,c 6a,—7b,—2c
b=—i+5j—4k,
c=6i—2j+4k

25 a=-3i—j—-5k, | 2a,-b,3¢c —9a,4c | 5b,—6¢ b,c 2a,5b,—6¢
b=2i—4;+8k,
c=3i+7j—k

26 a=-3i+2j+7k —2a,b,7c 5a,-2c¢ | 3b,c a,c —2a,3b,7c
b=i-5k,
c=6i+4j—k

27 a=3i—j+5k, | —3a,4b,~5c¢ | 6b,3¢c a,4c b,c —3a,4b,—5¢
b=2i—4;+6k,
c=i—-2j+3k

28 a=4i-5j—4k,| a,7b,-2c —5a,4b | 8¢, 3a a,c —3a,4b,8¢c
b=5i—j,
c=2i+4j-3k

29 a=-9i+4k, 3a,—5b,—4c | 6b,2¢c —2a,8¢c b,c 3a,6b,—4c
b=2i—-4j+6k,
c=3i—-6j+9%

30 a=5-6j—k, | 5a,3b,—4c 4b,a Ta,—2c a,b 5a,4b,—2c
b=4i+8j -7k,
c=3j-4k

KoHTposbHBIE BONIPOCHI

AN I

Uto Ha3bIBaeTCsI BEKTOPOM?

Kakue BeKTOphI Ha3bIBAIOTCS KOJUTMHEAPHBIMU?

UTto Ha3bIBaeTCSI KOOpAMHATAMH BEKTOpa?

Kak HaliTh KOOpAMHATHI BEKTOPA, 33JAHHOTO ABYMS TOUYKaMH?
Kak HaliTh ATMHY BEKTOpa, 3aIaHHOTO CBOUMHU KOOpAMHATAMU?
3amuimuTe GOpMyJIbI JEICHUs OTPE3Ka B TAHHOM OTHOIIICHUH.




7. Kak HaliTu CKaJIIpHOE MPOU3BEICHUE BEKTOPOB?
8. Kak HailTu BEKTOpHOE MPOU3BEAECHUE BEKTOPOB?
9. Kak HaliTu cMEIIaHHOE TPOU3BEACHUE BEKTOPOB?

IIpakTuyeckasi padbora Ne 19
Tema «CocTaBjieHue ypaBHeHHs MPSIMOM HA MJIOCKOCTH

Leib:HAYYNTHCS COCTABIATh YPABHEHUE MPAMBIX, HAXOAUTH YTOJI MEXIY
IIPSAMBIMHU, BBIIIOJIHATh [IOCTPOEHUS.

Bpems BbinosnHeHnA 90 MUHYT

MartepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHuUA

2.3apaHue

3./lnuctA4

4.KanbKynatopbl

MopapoK BbiNoNIHEHUA pPaboTbl
1.M3yuntb 3agaHune

2. I3yunTb TeOpeTHUYecKme ceedeHuns

3. BbINO/IHUTL M 0POPMUTL paboTy
4.MoKa3aTb pe3ynbTaTbl NpenoaasaTento
AdomauwHee 3apaHue

1.MoAarotoBUTb OTBETHI HA KOHTPO/IbHbIE BONPOCHI
Xopa pabortbi

Teopernyeckue cBeaeHUs

YpaBHeHHe NPSIMOM HA MJIOCKOCTH.

Onpenenenune. Jlrobas mnpsimas Ha MIOCKOCTH MOXKET OBITh 33JlaHa ypaBHEHHUEM
nepBoro nopsakaAx + By + C = 0,npuuyem nocrosiHHble A, B He paBHBI HyIIO
OZIHOBPEMEHHO, T.e. A% + B?# 0. D10 ypaBHEHHE MEPBOTO IOPAIKA HA3BIBAIOT
001IMM ypaBHEHHEM MPSIMOHM.
B 3aBucrMocTy o1 3Ha4eHH NOCTOSIHHBIX A,B 1 C BO3MOXKHBI ClIeIyIOLIIE
YaCTHBIC CIIy4au:
- C=0,A=#0,B#0—npsaMas npoXoJIUT 4epe3 HAYAIO KOOPIUHAT
- A=0,B#0,C#0 { By + C=0}- npsamas napamienabHa ocu Ox
- B=0,A#0,C#0 { Ax+ C=0} — npamas napaienbHa ocu Oy
- B=C=0, A #0—npamas conanaer ¢ ocsto Oy
- A=C=0,B#0—npamas coBnazaaer ¢ ocsto Ox
VYpaBHeHHE MPSMOI MOXKET OBITh MPECTABICHO B PA3IUYHOM BUJIC B
3aBUCUMOCTH OT KaKUX — JIMOO 3aJaHHBIX HAYaJIbHBIX YCIOBUH.
YpaBHeHUe IPIMOH 110 TOUYKE U BEKTOPY HOPMAJIH.



Omnpenenenue. B 1exapToBOM NPSIMOYTOJIBHOM CHUCTEME KOOPAMHAT BEKTOpP C
KoMnoHeHTaMu (A, B) neprneHaukymsipeH mpsMoi , 3aJJaHHON ypaBHeHUEeM AX +
By+C=0.

Ilpumep. Hailitu ypaBHeHue mnpsMol, mpoxojnsiier dyepe3 Touky A(l, 2)

NEPHEHANKYJIAPHO BeKTOpy (3, -1).
CoctaBum nipu A =3 u B = -1 ypaBHenue npsamoii: 3x —y + C = 0. [l

HaxoxaeHus kodpunuenta C MoACTaBUM B MOJTYYEHHOE BBIPAXKECHUE
KOOPJIMHATHI 33JaHHOUN TOUYKHU A.

[Toywaem: 3 —2 + C =0, cnegoBarenbHo C = -1.
Hroro: uckomoe ypaBuenue: 3x —y — 1 =0.

YpaBHeHue npsaMoii, npoxoasuiei yepes aBe To04Ku.Ilycts Ha miockocTu
3aJaHbl JIBE TOUKU M(X1, Y1) 1 Ma(X2, ¥2), TOTIa ypaBHEHUE MPSIMOM, MPOXOISIICH
qepe3 9TH TOUKH:

X-X _ Y-y

Xp =X Vo™ N

Ecnu xakoii- 1100 u3 3HaMeHaTesel paBeH HYIIO, CIEAYET MPUPABHATH HYJIIO
COOTBETCTBYIOLIUN YHCIUTED.

3anucaHHOE BBILIE YPABHEHHE MPSMOM yIIPOIIAETCS:

Y=
y-y =—"—"(x-x)
X =X

€CIM X # Xy U X = X1, €CIIUX| = X3.

HpoOb 22 = A = k yaswiBaercs YIJI0BBIM KO3 PUIUEHTOM IIPSIMOM.
X~ X

IIpumep. Haiitu ypaBHeHue npsimoii, npoxoasiient uepe3 Touku A(1, 2) u B(3, 4).
[Tpumensist 3anMcaHHyO BbIlIe (GOPMYITY, TOTyYaeM:
4-2
—2=""Z(x-1
y 3
y—2=x-1
x-y+1=0
YpaBHeHMe NPAMOI 110 TOYKE U YIJIOBOMY K03 uiHeHTy.
Ecnu obiiee ypaBuenue npsimoit Ax + By + C = 0 npuBecTH K BUAY:

y= —’—4X—£H 0003HAYUTH —% =k; —% =b; me. y=kx+b,TO MOTy4CHHOE

ypaBHEHUE HA3bIBACTCS YPABHEHUEM NMPSAMOH € YIJI0OBbIM K03 GUIIHEeHTOM



YpaBHeHMe IPAMOI 110 TOYKE U HANIPABJIAIOLIEMY BEKTOPY.

[Io aHanorum ¢ MyHKTOM, PACCMATPUBAIOIINM YPAaBHEHUE NPSMON 4epe3 BEKTOP
HOPMaJIM MO>KHO BBECTH 3aJaHHE MPSIMOUN Yepe3 TOUKY M HAIPaBJISAIOIINN BEKTOP
MIPSIMOM.

Onpenenenue. Kaxapiii HeHyneBol BeKTOp 4 (0, O12), KOMIOHEHTBI KOTOPOTO

yAOBIETBOPSIOT ycioBuio Aoy + Ba, = 0 Ha3biBaeTcsi HaNpaBIIAIOIMIMM BEKTOPOM
npsamMoitAx + By + C=0.

IIpumep. Haiitu ypaBHEHHE HpAMOW C HaNpaBIAIOIMM BeKTopoMm i (1, -1) m
npoxosien uepes Touky A(1, 2).

VYpaBHenune uckoMoi mpsimoi OyneM uckath B Buae: Ax + By + C = 0. B
COOTBETCTBUM C OIpeAesieHHeM, KOI(P(GUIMEHTbl JIOJKHBI  YAOBIETBOPSTH
ycnousim:1-A + (-1)-B=0, t.e. A=B.

Torna ypaBaenue npsimoit umeet Bua: Ax + Ay +C =0, wm x +y + C/A = 0.

npu x = 1, y = 2 nonygaem C/A = -3, T.e. ICKOMOE ypaBHEHHUE:

x+y-3=0
YpaBHeHue NPSIMOi B 0TPe3Kax

Ecau B 0o6miem ypaBHeHuu npsmoit Ax + By + C =0 C # 0, To, pa3aenuB Ha —

C HOquHM'—éX—Ey—l W
’ S C

X J
—+==1,11¢e

a b
a:—g, b:_£
A B

["'eomeTpuueckuit cMbIc KOAQPUIIMEHTOB B TOM, YTO KO3(D(DUILIUEHT a ABIAeTCS
KOOPAMHATON TOUYKH MepecedeHus: npsiMoi ¢ ocbio OX, a b — KOOpJMHATON TOUKHU
nepecedyeHus npsiMou ¢ ocbio Oy.

IIpumep. 3agano obuiee ypaBHeHue npsmoit X —y + 1 = 0. Haiftu ypaBHeHue
JTOU MPSIMOM B OTPE3Kax.

C=1,—%+%=1, a=-1, b=1.

HopManbHoe ypaBHeHUEe IPSIMOM.

Ecin o6Ge wactu ypaBHenus Ax + By + C = 0 paszgenurp Ha 4YHUCIO

1
M =t—————, KOTOPOC HA3bIBACTCS HOPMUPYIOLIEM MHOKHUTEJIEM, TO ITOJIYUYHUM

VA + B



Xcos@ + ysing - p = 0 —~HopmanbHoOe ypaBHEeHNE NPAMON.

3HaK + HOPMHUPYIOIIET0 MHOKHUTEIS HaJl0 BRIOUpaTh Tak, 4To0bl W-C < 0.
p — INWHA IePIEHANKYIISIPa, OMYIIEHHOTO U3 Hayayla KOOPAWHAT Ha MPSIMYI0, a @ -
yroj, 00pa30BaHHBIN ATUM MEPHEHANKYIISIPOM C MOJOKUTEIHHBIM HAMPABICHUEM
ocu Ox.
IIpumep. Jlano o6miee ypaBHeHue mnpsimod 12x — S5y — 65 = 0. TpeOyercs

HaIMCaTh PA3JIMYHBIE TUIIBI YPABHEHUM YTOU NPSIMOM.

12 5
—x——y=1
o . .65 65
ypaBHEHUE 3TOM MPSAMOU B OTpPE3Kax:

2 o
(65/12) (-13)

ypaBHEHHUE 3TON NPSIMOH C YIIIOBBIM KO3 PULIMeHTOM: (IeuM Ha 5)

12 65 12
=—x——=—x—-13.
d 5 5 5
HOpMaJIbHOE YpaBHEHHUE MPSMOIA:
,u=; L Ex—i_y—5=0; cos@ = 12/13; sinp =-5/13; p = 5.

2 +(5° 13 13 13

Crnenyer OTMETHUTB, YTO HE KXKAYIO MPSMYIO MOKHO MPEACTABUTH YPABHEHUEM
B OTpE3KaX, HAPUMEp, MPSMbIE, NapajUIeIbHbIE OCAM WM IMPOXOMSIIUE Yepes3
Hayajo KOOPJAMHAT.
Hpumep. IlpsimMas oTcexkaer Ha KOOPAMHATHBIX OCAX PAaBHbBIC IOJOKUTEIbHBIC
oTpe3ku. CoCTaBUTh ypaBHEHHE MPAMOW, €CIU IUIOLAAb TpPEYroJbHUKA,
00pa30BaHHOIO STMMM OTPE3KaMHU paBHA § CM?.
Y

YpaBHeHHe NpsAMOii HMeeT BUI: —+2=1,a=b=1; ab2=8; a=4;-4.
a

a = -4 He MOAXOUT MO YCIOBHIO 3a/Ia4H.

Uroro: §+f:1 nmx+y—4=0.

IIpumep. CoctaBuTh ypaBHEHUE MPSIMOU, Mpoxosine yepe3 Touky A(-2, -3) u
Ha4yaJio KOOpJMHAT.

9 X— X —
YpaBHeHUE TIPAMOI UMEET BUI: Lo TN e = y1=0; xo=-2; y,=-3.

HL=X NN

x-0 = y—O ; i=l; 3X—2y=0.
-2-0 -=-3-0 -2 =3

YroJ Mexkay NpsiMbIMH HA TJIOCKOCTH.



Onpenenenune. Ecnu 3anansl n18e npsMeie y = kix + by, y = kox + by, TO ocTpblit
YroJI MEXY 3TUMHU MPSIMBIMU OYZET ONPEeISIThCS KaK

kz_kl
1+ & 4,

tga =

JIBe npsiMmblie mapaJieiabHbl, ecau ki = Ka.

/{Be npsiMble neprneHAuKyJIApHbI, ecan ki = -1/ks.

Teopema.llpsamuvie Ax + By + C = 0 u Aix + By + C; = 0 napannenvhsi, kocoa
nponopyuoHaibhsvl Koagguyuenmol A; = 1A, B; = AB. Eciu ewe u C; = AC, mo
npsmule Co8NA0aom.

KoopanHatbl TOYKM mnepecedeHHMsl IBYX NPSAMbIX HAXOAATCH KaK pellieHue
CHCTEMBI IBYX YPABHEHMUIA.

YpaBHeHue NpAMOi, IPOXOAsIIE Yepe3 JAHHYI0 TOYKY NePHeHANKYJISAPHO
nanHoi npsaimoit.Onpenenenue. [Ipsmas, mpoxozasiias yepes Touky Mi(Xi, yi1) u
MePIICHIUKYJISIpHAs K NMPAMON y = kX + b mipecTaBisieTcsi ypaBHEHUEM:

1
Y=y = _T((X_ X)

PaccrosiHue 0T TOYKH 10 NPSAMOI.

Ecnu 3a0ana mouxa M(xy, yyg), mo paccmosnue 0o npsmou Ax + By + C =0

|Ax, + By, + (|
A+ B

onpeoensemcs Kak d =

Ipumep. Onpenenuts yroja MeXAy NpsMbIMU: y = -3X +7; y=2x + 1.

2-(3)|_

270 @ = /4.
1-(-3)2 > P

K1:-3; k2:2 tg(p:‘
IIpumep. Iloka3ats, yto mpsimpie 3x — Sy + 7 = 0 u 10x + 6y — 3 =0
NEePTICHANKYJISIPHEI.

Haxommm: k; = 3/5, k, = -5/3, kik, = -1, cmenoBartenpHO, TpsSIMBIC
NePIEHANKYJISPHEI.
IIpumep. [aubl Bepmmnbl TpeyroibHuka A(0; 1), B(6; 5), C(12; -1). Haiitu

YPaBHEHUE BBICOTHI, IPOBEAEHHOMN U3 BepIIHHbI C.

Haxonum ypaBHeHue ctopoHsl AB: g—_g = ;/_—11; §= yT—l ;4x =6y —6; 2x —3y +

3=0; y=§x+l.



Hckomoe ypaBHeHue BbIcOThI nMeeT BuA: AX + By + C=0um y =kx + b.k =

3 _ 3
—5 Tormay = —oat b. T.x. BbICOTA TPOXOUT Yepe3 TOUKy C, TO ee KOOpANHATHI
YAOBJIETBOPSIOT TAHHOMY YPaBHEHUIO: —1 = —%12 +b,0Tkyna b= 17. Uroro:

3
=——x+17.
d 2
Otsert: 3x + 2y — 34 =0.
3ajaHus K NPpaKTH4eCKoi padore

1. lanbl BepuuHbl Tpeyroibuuka ABC: A(x,,y,), B(x,,y,). C(x,,y,) HaiiTu:

a) ypaBHEHHE CTOpOHBI AB;

0) ypaBHeHue BbicoThl CH;

B) ypaBHEHHE MeIHaHbl AM;

r) ypaBHeHue ouccekrpucsl BC;

1) Touky N nepeceuerus: Mearansl AM u Beicotsl CH;

€) ypaBHEHHUE MPSMOH, Mpoxo et uepes Bepuuay C mapaieIbHO CTOPOHE
AB;

xK)yron mexay npsmbiMu AB u AC.

Bapuantsel | 4(x,,,) B(x,,y,) | Clx;.3)
1 A(-2.4) |B@G.1) |Ca0,7)
2 A(-3,-2) |B(14.4) | C(6,8)
3 A(L7) |B@B.- |[CUL3)
1)
4 A(1.0) | B(-L4) | C(9.5)
5 A(L2) [B7.1) |CB.7)
6 A(2.-3) |B(1.6) |C( 1)
7 A(-4.2) | B(-6, |C(6,2)
6)




8 A(4,-3) [B(7,3) [C(,10)
9 A@4,- |B(B,2) |CG3.8)
4),
10 A(3,3) |BG,-7) |[C(T,7)
11 A(1,-6) | B3, |C(3,3)
4)
12 A(-4,2) |B(8,-6) |C(2,6)
13 A(-5,2) | B(0,- |C(5,7)
4)
14 A4, -4) |B(6,2) |C(-1,8)
15 A(:3,8) |B(-6,2) |C(0,-5)
16 A(6,-9) |B(10,- |[C(4,1)
1)
17 A@, 1) |B(3,-1)|C(7,-3)
18 A (-4, 2) |B(6,-4) |C (@4, 10)
19 A@3,-1) |B(11,3) [C(-6,2)
20 A(-7,-2) |[B(-7, 4 [C(,-5)
21 A(-1,-4) [B(9, 6) |C(-5,4)
22 A(10,-2) |[B@4,-5) [C(3,1)
23 A(-3,-1) |B(4,-5)|C (8, 1)
24 A (-2,-6) | B(3,5) |C(4,0)
25 A(-7,-2) |[B(3,-8) [C(4,6)
26 A(0,2) | B(-7,- |C(@3,2)
4)
27 A(7,0) |B(1,4) |C(8,-4)
28 A(1,-3) |B(0,7) |C(2 4




29 A(-5,1) [B(8,-2) |C(1,4)

30 A(2,5) |B(3,1) ] C(0,4

KoHTpobHBIE BONIPOCHI

3anuIunuTe ypaBHEHUS OCEN KOOPAUHAT.

Oo61iee ypaBHEHUE TIPSIMOA.

VYcnoBue napaieIbHOCTH U NEPIEHAUKYIIPHOCTH HPSIMBIX.
3anuIunuTe ypaBHEHUS NPSIMBIX, TapAJIIEIbHBIX OCSIM KOOPAUHAT.
Cdhopmynupyiite ycnoBue napauieabHOCTH MPSMBIX.
CdopmynupyiiTe yciaoBue NeprneHIuKyIIpHOCTH MPSMBbIX.

Kak HaiiTh yron Mexay npsMbIMH?

Kak HaiiTh paccTosHUE MEXKTY NPSIMBIMU?

A

JlonmoJTHUTEJIbHbIE 3a1aHUS
2. Pemnts caeayromme 3axa4u

2.1. Haiftn ypaBHEeHUE NPAMOM, MPOXOJIAILIEH Yepe3 TOUKY MepEeCcCeUCHUs
npsamMbeiXx 3x -2y -7=0 ux+3y-6=0u orcekaromieit Ha ocu abCIUCC OTPE30K,
paBHBIN 3. Omeem :x =3

2.2. Haittu npoekiuto Touku A(-8, 12) Ha npsMyro, TPOXOASIIYI0 Yepe3
touku B(2, -3) u

C(-5,1). Omeem :4,(~12,5)

2.3. Nansb! aBe BepiuHbl TpeyroiabHuka ABC: A(-4, 4), B(4, -12) u Touka
M(4, 2) nepeceuenus ero Boicot. Haiitu Bepumny C. Omsem :C(8,4)

2.4.HaiiTn ypaBHEHHE MIPAMOi, OTCEKAIOIICH Ha OCH OpJIMHAT OTPE3OK,
PaBHBIN 2, U TPOXOASIIEH MapauIeIbHO MPAMON 2y - X = 3. Omeem :x —2y +4 =0

2.5. Haiftu ypaBHeHUe NIpsIMOM, IPOXOo/siel yepe3 Touky A(2, -3) u Touky
nepecevyeHus NpsAMbIX 2X -y =5ux+y=1. Omeem:x =2

2.6. Jlokazatk, 4To ueTbipexyroibHuk ABCD - Tpanenus, ecnu A(3, 6), B(5,
2), C(-1, -3), D(5,5).

2.7. 3anucarh ypaBHEHUE IPSAMOU, TTpoxosiiei yepes Touky A(3, 1)
nepreHauKysspHo k npsimoit BC, ecu B(2, 5), C(1, 0). Omsem :x+5y—-8=0

2.8. HaliTu ypaBHEHHE NPSMOM, IpOoXosiei yepes Touky A(-2, 1)
napasuiesibHo npsamoit MN, eciiut M(-3, -2), N(1, 6). Omsem :2x—y+5=0



2.9. HaiiTu TOYKY, CAMMETPUYHYIO Touke M(2, -1) OTHOCUTENBHO NPAMOM X -

2y +3=0. Omsem :M{—%;?)

2.10. Haiitu Touky O nepeceuenust quarosasneil yetbipexyroiapauka ABCD,

ecnt A(-1, -3), B(3, 5), C(5,2), D(3, -5). Omeem :MO(3;%)

2.11. Yepe3s Touky nepeceueHus npsmbix 6x - 4y +5=0, 2x+ S5y +8 =0
IPOBECTH MPSAMYIO, MapalIeIbHYI0 OCH a0CIUCC. Omesem :y = —1

2.12. U3BectHbl ypaBHEHUS cTOpOHBI AB Tpeyronbauka ABC 4x +y =12,
ero BeicoT BH 5x - 4y = 12 u AMx + y = 6. Haiitu ypaBHEHUs JBYX IPYTrUX
cTopoH TpeyroiapHuka ABC. Omeem:7x—-7y—16=0; 4x+5y—28 =0

2.13. Jlansl n1Be BepunHbl TpeyroibHuka ABC: A(-6, 2), B(2, -2) u Touka
nepeceuenus ero BeicoT H(1,2). Halitu koopauHatsl Touku M niepeceueHust
10 62}

croponsl AC u BbicoTbl BH. Omeem : M (ﬁﬁ

2.14. Haiitu ypaBHeHus BbICOT TpeyroiabHuka ABC, npoxoasmux yepes
BepuHbl A u B, eciiu A(-4, 2), B(3, -5), C(5, 0).
Omeem :7Tx+5y+2=0;9x+2y—-28=0

2.15. BplUHMCAUTh KOOPAUHATHI TOUKU [IEPECEUECHHUS] IEPIICHINKYIISIPOB,
IIPOBEJCHHBIX YE€PE3 CEPEANHBI CTOPOH TPEYTOJIbHUKA, BEPIIMHAMU KOTOPOTO

cayxar tTouku A(2, 3), B(0, -3), C(6,3). Omsem :M(&—%j

2.16. CocTaBuTh YpaBHEHHE BBICOTHI, IPOBEICHHON Yepe3 BEPIIUHY A
tpeyrosbHuka ABC, 3Has ypaBHeHus ero ctopoH: AB -2x -y -3 =0, AC -x + 5y
-7=0,BC-3x-2y+13=0. Omgem :2x+3y -7 =0;

2.17. lan TpeyronbHukK ¢ BepmnHamu A(3, 1), B(-3, -1) u C(5, -12). Haiitu
YpaBHEHHUE U BBIYUCIHUTH JJIMHY €r0 MEUaHbI, TPOBEACHHOM U3 BepiinHbI C.
54
Omeem :2x+y+2=0, d=—~=13]1
V17
2.18. CocTaBuTh YpaBHECHHE MIPSAMOM, IPOXOAIICH YEpPE3 HAaYaI0 KOOPAUHAT
U TOYKY MepecedeHus nNpsambix 2X + 5y -8 =0u 2x +3y +4 =0.
Omeem :6x+11y = 0;



2.19. Haiitu ypaBHEHUs NEPIEHANKYISIPOB K npsamon 3x + Sy - 15 =0,

IMPOBCACHHBIX 9YCPEC3 TOUYKHU IMCPCCCUCHUA ,IIaHHOI\/'I HpHMOﬁ C OCsAMH KOOpAUHAT.
Omeem :5x —3y—25=0; 5x+3y+9=0;

2.20. [Janbl ypaBHEHHS] CTOPOH YETHIPEXYroiabHUKa: X -y =0, x + 3y =0, x -
y-4=0,3x+y- 12 =0. Halitu ypaBHEHUs €ro AMaroHaieil. Omsem:y =0; x =3

2.21. CoctaButh ypaBHeHus: Meauanbl CM u BeicoThl CK TpeyrosibHuKa
ABC, eciin A(4, 6), B(-4, 0), C(-1, -4).
Omeem :Tx—y+3=0-CM; 4x+3y+16=0-CK

2.22. Yepes Touky P(5, 2) npoBecTu npsiMyto: a) OTCEKAIOIIYIO PaBHBIC
OTPE3KH Ha OCSIX KOOPJIMHAT; 0) mapaienbHyto ocu OX; B) MapauieibHYI0 OCU
Oy. Omgem:x+y—-7=0; y=2; x=5

2.23. 3anucath ypaBHEHUE NPSIMOM, Tpoxoasien yepe3 Touky A(-2, 3) u
cocTaBisonel ¢ ocsto Ox yroi: a) 45°, 6) 90°, B) 0°.
Omeem:x—y+5=0-CM; x+2=0;, y—3=0

2.24. Kakyro opauHary umeet Touka C, Jiexaniasi Ha OJJHOM NpsIMOi ¢
toukamu A(- 6, -6) u B(3, -1) u umeromas abciuccy, paBuyto 3?7 Omesem: y =9

2.25. Yepes Touky nepecedeHus npsMbiX 2x - Sy - 1 =0ux+4y-7=0
MIPOBECTHU MPAMYIO, JCIISIIYI0 OTPE30K MeXK 1y Toukamu A(4, -3) u B(-1, 2) B
OoTHOIICHHH = 2 /3. Omsem :2x — y—=5=0;

2.26. VI3BecTHBI ypaBHEHHUS IBYX CTOPOH poM0Oa 2x -5y - 1 =0wu 2x - Sy - 34
= (0 u ypaBHEHHE OJHOU U3 ero auaroHaneut X + 3y - 6 = 0. Haiitu ypaBHeHuHe
BTOPOU JUATOHAIHU. Omeem :3x — y —23 = 0;

2.27. Haiitu Touky E nepeceuenus MeuaH TpEyrojbHUKA, BEPIIMHAMU
koToporo spustores Touku A(3,1), B(7, 5) u C(5, -3). Omsem :E(3;1)

2.28. 3anucath ypaBHEHUS NPSIMBIX, IPOXOIAIIMX yepe3 Touky A(-1, 1) mox
yraom 45° k npsamon 2X + 3y = 6. Omeem :x -5y +6=0; Sx+y+4=0

2.29. Jlanbl ypaBHEeHuUs BbICOT TpeyrojapHuka ABC 2x -3y +1=0,x+2y + 1
= 0 u koopauHaTHI ero BepmuHbl A(2, 3). Haittu ypaBaenus cropon AB u AC
TPEYrojabHHUKA. Omeem :2x —y—1=0—-AB; 3x+2y—-12=0-AC

2.30. [Janbl ypaBHEHHS JBYX CTOPOH MapaenorpammMa X -2y =0, x -y -1 =
0 u Touka nepecedeHus ero nuaronaneit M(3, -1). Halitu ypaBHeHHS ABYX JpyTrux
CTOPOH. Omeem :x—y—7=0; x—-2y—-10=0



IIpakTuyeckasi pabora Ne 20

Tema «CocrTaBijieHHe YpaBHeHHII KPUBBIX BTOPOIr0 MOPSAAKA (OKPYKHOCTH,
3JIIMIICA, THIIEP00JIbI, TaPadoJIbl)»

Lleab: mpoBepUTH YPOBEHb YCBOCHHSI MaTE€pHalia IO COCTABICHUIO ypaBHEHUI
KPHUBBIX BTOPOTO MOPsiiKa (OKPYKHOCTH, SJUIUIICA, TApaOOIIbl, TUIIEPOOIIbI).

Bpemsa BbinosiHeHnA 90 MUHYT

MartepuanbHoe obecneueHue
1.TeopeTnyeckune ceegeHuUA

2.3apaHue

3.JluctA4

4.KanbKynatopol

MopAaAaoK BbiNOAHEHUA PaboTbl
1.M3yunTb 3agaHune

2. I3yunTb TeopeTuyeckme ceeseHunA

3. BbINO/HUTL M 0PpOpPMUTL paboTy
4.[ToKa3aTb pe3ynbTaTbl NpenoaasaTento
AdomawHee 3apgaHue

1.MoAarotoBUTb OTBETHI HA KOHTPOJIbHbIE BOMPOCHI
Xoa pa6oTbl

Teopernueckne cBeieHUs
Kpusasi BTOporo nopsiika Mo:ker ObITh 32/1aHA YPaBHEHUEM

Ax? +2Bxy + Cy? + 2Dx + 2Ey + F = 0.

CymuiecTByeT cuctemMa KoopArHAT (He 00s13aTeNbHO JeKapTOBa MPSIMOYTOJIbHAS ),
B KOTOPOU JaHHOE YpaBHEHUE MOKET OBITh MPEICTABIICHO B OJTHOM U3 BHUJIOB,
MIPUBEJICHHBIX HUXKE.

1) §+§ =1 - ypaBHEHHE DJUIHIICA.



= -1 - ypaBHEHHUE “MHUMOTO”’ 3JIJIUIICA.

2) ﬁz+ﬁ

3
3) iz —% =1 - ypaBHEHHE TUIIEPOOJIBI.
a
4) a’x? — c*y* = 0 — ypaBHEHHE JIBYX IIEPECEKAIOIMUXCS IPSAMBIX.

5) y* = 2px — ypaBHEHHUE TapaboJIbL.
6) y? —a? = 0 — ypaBHEHHME JBYX MAPAIIENLHBIX PAMBIX.
7) y* + a’ = 0 — ypaBHEHHE IBYX “MHUMBIX” APAJIENbHBIX TPSIMBIX.
8) y*> =0 — mapa COBIANAIOIKX MPAMBIX.
9) (x —a)* + (y — b)> = R? — ypaBHEHUE OKPY>KHOCTH.
OKpy:KHOCTb.

Onpenenenue. OkpyscHOCMbI0 HA3bIBACTCA MHOYKECTBO TOUYEK TIOCKOCTH,
pPaBHOYJIaJIEHHBIX OT TaHHOM TOYKH (yeHmpa).
B okpyxHOCTH (X — a)* + (y — b)? = R%(1) eHTp MMeeT KoopauHaThI (a; b).
IIpumep. Haiitu KoOpAMHATHI LEHTpAa W PAIAAYC OKPYKHOCTH, €CIH €€

ypaBHEHHE 3aJIaHO B BUJIE:
2x2+2y* — 8x+ 5y -4 =0.

J{ns Hax 0K IeHUST KOOPAMHAT IIEHTPa U paJiyca OKPYKHOCTH JJAHHOE
ypaBHeHUE HeoOxoauMo TipuBecTd K Buay (1)1 3TOTO BBIIETUM TTOJTHBIE
KBa/IpaThl:

X2 +y?—4x+2,5y-2=0

x?—4x +4 -4 +y*+2,5y+25/16 -25/16 -2 =0
(x =272+ (y+5/42—-25/16-6=0
(x =2+ (y +5/4)y*=121/16
Otcroma Haxoaum O(2; -5/4); R=11/4.

DJLIINIC

Onpeueneﬂne. Onauncom HA3BIBACTCS MHOXKECTBO TOYEK IIOCKOCTH, CyMMa
paCCTO}IHI/Iﬁ KOTOPBIX A0 ABYX JaHHBIX TOYCK, HA3bIBACMBIX ¢OKyCCZMu, €CTh
BCIIMYMHA ITIOCTOsIHHAA, paBHasd 2a.

ypaBHeHI/IC OJIIIMIICA UMECT BU/:

Omnpenesienue. PoKycaMu Ha3bIBAIOTCS TAKUE JIBE TOUKH, CYMMa PACCTOSIHUI OT

KOTOPBIX J0 JF000M TOUYKH DJIIMIICA €CTh OCTOSHHAS BEIUYHMHA.

y

N




rieMr;

-a FIO Fz a X

Fi, F» — dokycer. F; =(c; 0); Fa(-c; 0)

C — TIOJIOBMHA PACCTOSHUS MeXy (pokycamu;

a — 00JIbILas MOJTYyOCh;

b — Manas moyyocs.

DOKYCHOE paccmosHue U NOLYOCU SIIUNCA CEA3aHbL cOomHouenuem a° = b’ + ¢,

Hoka3zareabcTBo: B ciydae, ecnu Touka M HaxoIWTCs Ha INEPECEUCHUH

SIUIAIICA C BEPTUKAILHOM OCBIO, 7} + 1, = 24/b° + ¢* (mo teopeme Iludaropa). B
cily4ae, eciii Touka M HaXoAWTCS Ha MEepPEeCceYEHUU JIUIUICA C TOPU30HTAIbHOU
ochlo, 7} + 12 =a—c + a + c¢. T.X. 10 onpeneNeHnto cymma r; + 7, — MOCTOSIHHAS
BEITUYNHA, TO , MPUPABHUBAS, TOTYYaEM:

a’=b>+c?

ry + ry = 2a.

Onpenenenne. PDopma »3yUTUIICA ONPEACIACTCS XapAKTCPUCTHKOW, KOTOpas
SIBJIICTCS OTHOIICHWEM (DOKYCHOTO PACCTOSHUS K OOJbIICH OCH W Ha3bIBaCTCS
IKCIHEHTPUCHTETOM.

e=c/aT.k.c<a,Toe<l.

IIpumep. CoctaBUTh ypaBHEHHE MPSMOM, MPOXOAAIIEH uepe3 JeBbl Qokyc u

);

X
HWXHIOIO BECPUIMHY JJIIHIICA, 3dJTAHHOT'O YPABHCHUCM: 2—5 + E =1

1) KoopauHaTel HYKHEH BepiuuHbL: X = 0; y* = 16; y = -4,
2) Koopaunarts! neBoro okyca: ¢>=a’>—-b>=25-16=9; ¢ =3; Fy(-3; 0).
3) VYpaBHeHue NpsMoii, MpoXosIiIeH yepes IBe TOUKHU:

x-0 =~y+4; i:y+4; 4X=—3_y—12; 4X+3y+12=0
~3-0 0+4 -3 4

IIpumep. CoctaBuTh ypaBHEHHE dIuuICca, eciu ero ¢okycel Fi(0; 0), Fo(1; 1),

OombIIast OCh paBHA 2.



yZ

X
VpaBHeHME >UIMIICA UMEET BUI: — + o 1. Paccrosnue mexay Gokycamu:
a

2¢ = 4/(1-0)* +(1-0)* =2, Taknm oGpazom, a*> — b* = 2 = ¥

10 YCIOBUIO 2a =2, ciefoBarelibHo a= 1, b= +a’ - ¢* =4/1-1/2 = V272
yZ

Hroro: iz+—:1
1 1/2

I'mnep06oJia.

Onpenenenue.l' mnep060Ji0if Ha3bIBa€TCI MHOMXKECTBO TOYEK IJIOCKOCTH, JUJIS
KOTOPBIX MOJYJIb Pa3HOCTU PACCTOSHUM OT JABYX JAHHBIX TOYEK, Ha3bIBAEMBIX
(oxkycamm ecTb BeIMUYMHA MTOCTOSIHHASI, paBHAsl 2a, MEHbIIIAsl PACCTOSTHUS MEXIY

dbokycamu.

ITo onpenenenuro |1, — 1, |=2a. Fi, F» — poxycel runepbonsl. FiF, = 2c.

N




X
= —iz =] KAHOHNY€ECKOoe YPaBHEHUEe THNePOoJIbl.
b

['unepOosia cUMMETpUYHA OTHOCHUTENIBHO CEPEeAMHbl OTpPE3Ka, COEAUHSIOLIETO
(hOKYCBI 1 OTHOCUTEIILHO OCEH KOOPIUHAT.

Ocb 2a Ha3bIBaeTCs 1eliCTBUTEIbHON 0ChI0 THIIEP00JIbI.

Ocb 2b Ha3pIBaeTCsi MHUMOI O0ChI0 THIIEPOO0JIbI.

2¢ — pokycHOe paccTosiHHE

DokycHoe paccmosanue u noayocu 2unepoo.ivl C8sa3anbl COOMHOULEHUEM

c=ad+ b

X

| o

['unep6oa nMeeT ABe aCUMIITOTHI, YPAaBHEHHSI KOTOPBIX y=+

C

OTHolIeHHE e=—>1 HA3bIBACTCS IKCHEHTPUCUTETOM THUIEPOONbI, TIE C —
a

MOJIOBUHA PACCTOSIHUS MEXy (oKycamu, a — JiecTBUTeNbHAs noiayock. Ilpumep.

Haiitn ypaBHeHue rumepOOsbl, BEpIIMHBI U (OKYCHl KOTOPOM HaxXoAsTcs B

y2

X
COOTBETCTBYIOIIMX BEPUIMHAX U (POKYCaxX dJUIUIICA St 5= 1.

Jns smnunca: ¢ = a2 — b2,

T runiepOonsl: ¢ = a’ + b2,

— B
N\

—
N
J

& &
Y 1.

VYpaBHeHUE runepooIb: é 5

IIpumep. CocTaBuTh ypaBHEHHE THIEPOOIIBI, €CIIU €€ HKCHEHTPUCUTET PaBeH 2, a

);

X
(b OKyCHI COBIMANAOT ¢ (HOKyCaMHU IJUIUATICA C YPABHEHUEM — + “— = |
25 9



Haxoaum (oxycHoe paccrosiHue ¢ =25 -9 = 16.
JusarunepOonst: ¢ =a> +b? =16, e=c/a=2;c=2a; c¢*=4a%, a’=4;
b =16-4=12.

Y

X
Hroro: T 1 - KICKOMO€ ypaBHEHUE TUIIEPOOJIBI.

ITapadoaa.

IIapa6oJi0ii Ha3bIBa€TCSI MHOXKECTBO TOUYEK IIOCKOCTH, Ka)KJIas U3 KOTOPBIX
HAXOJIUTCS Ha OJIMHAKOBOM PACCTOSIHUM OT JAaHHOW TOYKH, HAa3bIBAEMOU (POKYCOM,
U OT JaHHOM MpsIMO#, HA3bIBAEMOM JUPEKTPUCON U HE TIpoxXo el yepe3 pokyc.

Pacnonoxxum Hauaao KOOPAMHAT MOCEPEIUHE MEKTY (POKYCOM M JUPEKTPHUCOH.

A

p/2 p/

Benuunna p (paccrosHue oT Qokyca 0 JUPEKTPUCHI) Ha3bIBACTCS
napamMeTpoM napadosbl. BeiBeneM KaHOHUUECKOE ypaBHEHUE MapadoJIbl.
N3 reomerpuueckux cootHomenuii: AM = MF; AM = x + p/2;
MF? = y? + (x — p/2)?
(x+p/2) =y* + (x — p/2)’

X% +xp + p*4 =y* + x> — xp + p*/4

y* = 2px
YpaBHEHUE TUPEKTPHUCHL: X = -p/2.
Ilpumep. Ha napaGose y* = 8X HaWTH TOYKY, PAcCTOSHHE KOTOPOH OT

JTUPEKTPUCHI PaBHO 4.



W3 ypaBHeHus napaloibl moxyvdaem, 4to p = 4.
r =X + p/2 =4; cnenoBaTenbHO:
x=2; y*=16; y==4. Uckomsle Touku: M(2; 4), M,(2; -4).

Ilpumep. [lana mapaGona y* = 6x. CocTaBUTh ypaBHEHHE €€ JMPEKTPHUCHI U
HalTh ee GoKycC.

CpaBHuBas JaHHOE ypaBHEHHWE C KaHOHHYECKHM YpaBHCHHEM MapaboIibl,

BUJIUM, 4TO 2p=6, p = 3. Tak Kak ypaBHEHHE JUPEKTPHUCHI UMEET YPABHEHHE X =

P
— g, a (okyc — KOOpAMHATbI S U 0, TO s pacCMaTPUBAEMOTr0 CIIy4asi MOJIYyYUM

ypaBHEHUE AUPEKTPUCH] X = — % 1 GoKycC FG, 0).

Omeem:x = — %, FG, 0).

3agaHus NpakTHYeCcKoil padoThl
1. CocraBuTh KAHOHUYECKHE YPABHEHMS:

a) aiurica; 0) runep6oJibl; B) mapabossl (A, B - Touku, gexarniye Ha
KkpuBoii, F - pokyc, a - Oomnbinas (aeiicTBUTENbHAS ) TTOJTYOCh, b - Maiast (MHUMAs)
MOJTyOCh, € - OKCIIEHTPUCHUTET, y=+kX - ypaBHeHUsI acHUMNTOT runepOosl, D -
TUPEKTpUCca KPUBOM, 2¢ - POKYCHOE pAaCCTOSHHUE).

Bapuanr Jrmne I'mnep6osa ITapa6ona
l. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4
2. b=2,F(4+2,0) a=7,&e=4857 D:x=5
3. A(3,0),B(2, +5/3) | k=3/4,e=5/4 D:y=-2

4. e=21/5, A(-5,0) | A(430, 3), B(4+/6,3/2) | D:y=1

5. 2a=22,e= 5711 |k=2/3,2c=10,/13 ock cummerpur OX u
AQ27,9).

6. b=15,e=410/25 | k=3/4,2a=16 ock cummerpun Ox 1
A(4, -8).

7. a=4,F=(3,0) b= 2.f10, F(-11, 0) D:x=-2




8. b=4,F=(9,0) a=5,e=7/5 D:x=6
9. A0, 43), B(,14/3 | k= 21/10,e=11/10 D:y=-
1)
10. g=17/8, A(8,0) A3, -.3/5), B({13/5 D:y=4
,0)

11. 2a=24,e=422/6 |k=.2/3,2c=10 ock cummerpun OX u
A(-7, 7).

12. | b=2,e=1528/20 |k=12/13,2a=26 ochk cummerpun OX u
A(-5, 15).

13. | a=6, F(-4, 0) b=3,F(7,0) D:x=-7

14 |b=7FG,0) a=11,e=12/11 D: x = 10.

15. A(- 173, 1/3), k=1/2,e=.5/2 D:y=-1

B(+21/2, 1/2);

16. e=3/5,A(0, 8) A(+6,0),B(-242,1) |D:y=9

17. 2a=22,e=10/11 | k= .11/5,2c=12 ochk cummerpun OX u
A(-7, 5).

18. b=35e=12/13 k=1/3,2a=6 ocb cummetpun Oy u
A(-9, 6).

19. | a=9,F(7,0) b=6, F(12, 0) D:x—-1/4

20. |b=5, F(-10,0) |a=9,£=4/3 D:x=12

21, |A0,-2), B(+55/2, |k=2+10/%,e=11/9 Diy=>5

)]




22. [e=2/3,A(-6,0) [A(4%,0),B(/20/3,2) |D:y=1

23. 2a=150,e=3/5 k= 2814, 2¢=30 ock cummerpun Oy u
A, 1).

24. b=2./15,e=7/8 k=5/6,2a=12 ock cummeTpun Oy u
A(-2, 3./2).

25. | a=13, F(-5,0) b= 44, F(-7, 0) D:x = -3/8

26.  |b=7,F(13,0) b=4,F(-11,0) D:x =13

7. |AG,0.B(,  |k=Ji5.e= 455  |Diy-4

o)

28 |£=5/6,A(0,+11) |A(523,1),B(8,0) |Diy=-3

29. 2a=30,e=17/15 | k= .17/3,2c=18 ock cummerpun Oy u
A4, -10)

30 b= 242,e=7/9 k=42/2,2a=12 ock cummetpun Oy
u A(-45, 15).

2. 3anucatb ypaBHEeHHE OKPYKHOCTH, POXOAAIIECH Yepe3 YKa3aHHbIe TOYKH U
HMeloLIel HeHTP B TOYKe A.

2.1. Bepumnsl runepboinsr 12x% - 13y? = 156, A(0, -2).
2.2. Bepumnsl runepbons 4x% — 9y? = 36, A(0, 4).

2.3. ®okycel runepbonsl 24y* — 25x? = 600, A(0, -8).
2.4.0(0,0), A - BepminHa mapaboisibl y° = 3(x - 4).
2.5. ®okycel dmmrca 9x? + 25y? = 1, A(0, 6).

2.6. JleBbiii pokyc runep6oisl 3x* — 4y? = 12, A(0, -3).

2.7. ®oxycel ommrca 3x> + 4y? = 12, A - ero BepxHss BepIIMHA.




2.8. Bepunny runepbonsl  x? - 16y* = 64, A(0, -2).

2.9. ®okycel runepboisl 4x? - 5y* = 80, A(0, -4).

2.10.
2.11.
2.12.
2.13.
2.14.
2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.

2.22

2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.
2.30.

0(0, 0), A - BepimHa mapabonsl y* = - (x +5)/2.

IIpaseiii poxyc smmmnca 33x? + 49y = 1617, A(1, 7).

JleBnlit Qoxyc runepbomsl 3x° - 5y* = 30, A(0, 6).

dokycel dmmnca 16x? - 41y? = 656, A - ero HUXHSS BEPLIMHA.
Bepuiny runep6ous 2x? - 9y? = 18, A(0, 4).

doxychl runepoois 5x* - 11y? = 55, A(0, 5).

B(1, 4), A - BepmmHa napabousl y* = (x - 4)/3.

JleBnlit Qoxyc smmunca 3x* + 7y? = 21, A(-1, -3).

JleByto Bepmmny runep6oisl 5x2 — 9y? = 45, A(0, -6).

Doxychl dmmnca 24x* — 25y* = 600, A - ero BepxHsisi BEPIIMHA.
[IpaByio BepiuuHy runepoossl 3x2 - 16y* - 48, A(1, 3).

JleBblit oxyc runepbomsl 7x° - 9y? = 63, A(-1, -2).

.B(2, -5), A - Bepmna napa6onsr x> = -2(y + 1).

IIpaselii poxyc smmmnca x> + 4y? = 12, A(2, -7).

[IpaByro BepiuuHy runep6ossl 40x? - 81y* = 3240, A(-2, 5).
®oxycel dmmnca x* + 10y? = 90, A - ero HUKHsIA BEPIIUHA.
[IpaBy1o BepiuuHy runepoossl 3x? - 25y* =75, A(-5, -2).
dokycel runepboins 4x2 - 5y =20, A(0, -6).

B(3, 4), A - BepmmHa mapabonst y* = (x + 7)/4.

Jlesnlit poxyc smunca 13x* +49y? = 837, A(1, 8).

[Ipasblii Gpoxyc runepOoin 57x* - 64y? = 3648, A(2, 8).

KonTpoabHBIe BONIPOCHI

1. 3anummTe KaHOHUYECKOE YPABHEHHE SJUIMIICA.
2. 3anuiuuTe KAHOHUYECKOE YPAaBHEHHUE TUIIEPOOIIbI.



3. 3anummTe KAaHOHUYECKOE YpaBHEHHE Mapadoibl.
4. Yrto Ha3bpIBaeTCs SKCLETPUCUTETOM 3JUIHIICa?
5. 3anuimTe ypaBHEHMsI ACUMIITOT TUIEPOOJIBL.

IleyaTHbIe U31aHUA

1. I'puropreB B.II. Dnementsl Boiciiet MmateMatuku. —M.: OUL] «AkagemMusi»,
2019.

2. T'puropseB B.I1. COopHuK 3a7a4 1O BBICIICH MaTeMaTuke: Y4eb. mocooue
st cryaenToB yupexa. CIIO / B.UILI'puropwes, T.H.CabGypoBa. — M.:
N3parenbckuil neHTp «Akanemus», 2020. — 160 c.

3. Cenpix WU.YO., I'pebenmukoB 10.b., llleBeneB A.}FO. Martemartuka: y4eOHUK
u nipaktukyM Ui CI1O M.. U3narensctBo FOpaiit. 2019.-443 c.

JJIeKTPOHHBIE U31AHUA (3JIEKTPOHHBIE PeCyPChl):
http://school-collection.edu.ru/

. http://fcior.edu.ru/
http://college.ru/matematika/
http://www.mce.su
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http://www.exponenta.ru
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	Деление
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	D = 36 – 32 = 4;                    D = 64 – 48 = 16;
	Алгоритм исследования функции двух переменных на экстремум
	Задача 2. Изменить порядок интегрирования.
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