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Oraasjenue

Baenenue

Tema 1.BBeneHue.MaremMaTMKka B HayKe M IPAKTUYECKOW JAESITEIbOCTU.LEIM U 3aJauu
M3y4eHHUs MaTeMaTUKM B yupexaeHusax CII1O.

Tema 2. Pa3zBuTre DOHATHSA O YHUCIIE.

Tema 1.1. llenwie u parmoOHAIbHBIC YUCIIA.

Tema 1.2. JletictButensHble uncna.JIeHcTBYS HAJT IEMCTBUTEIbHBIMA YUCIAMU.

Tema 1.3. IIpubmmwkennple 3HaudeHus. [lorpemHoOCTH TPHOIMIKEHHBIX BBIYUCICHUN.
JleiicTBusI Ha MPUOJIMKEHHBIMU YHCIIAMHU.

Tema 1.4. KommnekcHsie yncna. AnreOpandeckast popma KoMIiekcHoro yucna Jleictus ¢
KOMILJIEKCHBIMU YHCJIaMHU

Tema 3. OCHOBBI TPUTOHOMETPHH.

Tema 3.1. Pannannas mepa yria. BpamarenbHoe JBUKEHHE.

Tema 3.2. Onpenenenuie CUHyca, KOCUHYCa, TAHT€HCA U KOTAHI'€HCa yTJa.

Tema 3.3. OCHOBHBIE TPUTOHOMETPUUYECKUE TOXKAECTBA. DOPMYIIbI CIIOKEHUSI.

Tema 3.4. CuHyc, KOCHMHYC M TaHI€HC JBOWHOTO U TIOJOBHMHHOIO YIJIOB, (OPMYJIBI
IIPUBEICHUSI.

Tema 3.5. Tpuronomerpudeckue GyHKIMH, UX TpaUKH U CBOHCTBA

Tema 3.6. OGpaTHbIe TPUTOHOMETpHUECKHE (PYHKIIMHU, UX CBOMCTBA U TpadUKH.

Tema 3.7. TpUroHOMETPUUYECKNE YPABHEHUS.

Tema 3.8. Tpuronomerpuueckas (popMa KOMIUIEKCHOTO 4ducia. JIeHCTBUS C KOMIUIEKCHBIMU
YHCIaMU B TPUTOHOMETPHYECKOH hopme.

Tema 4. KopHu, crenenu.

Tema 4.1. CTeneHb ¢ pallMOHATBHBIM U I€UCTBUTEIIHLHBIM MTOKA3aTEISIMU.

Tema 4.2. ApudpmeTnueckuil KOpeHb HaTypaIbHON CTETICHU.

Tema 4.3. Penienue nppanyoHaabHbIX YPABHEHU 1 HEPABEHCTB.

Tema 5. IlokazatenbHas u norapupmMudeckas GyHKIUN

Tema 5.1.11okazarenbHas ¢pyHkuus.Ee cBoiicTBa u rpaduk

Tema 5.2. Jlorapumsi.

Tema 5.3. Jlorapupmuueckast GyHKIUS

Tema 5.4.Penienue noka3aTelbHbIX U JIOrapu(MUYECKUX YPaBHEHUH, CUCTEM ypaBHEHUN

Tema 5.5.Penienne noka3aTeabHBIX U JOTapU(MUYECKUX HEPABEHCTB.

Tema 6. IIpousBoaHas.

Tema 6.1. DyHKIIMU, UX CBOMCTBA U TpauKH (IOBTOPEHHE).

Tema 6.2. TlocnenoBatensHOCTH. [Ipenen mocienoBaTebHOCTH, Mpeae (yHKIUN

Tema 6.3. TlponsBoaHas, €EreOMETPUICCKUN M (PU3HUECKHIA CMBICI.

Tema 6.4. [IlpuMeHeHnEe MPOU3BOTHOM K UCCIICTOBAHHUIO (DYHKITHIA.

Tema 6.5. Bropas mpou3BogHas, €€ TeOMETPHICCKUN U (U3HMUESCKUI CMBICIL.

Tema 7. IIpsiMbI€ U INIOCKOCTH B IIPOCTPAHCTBE.

Tema 7.1. AKCMOMBI CTCPCOMCTPHUU U HpOCTeI\/'II_HI/IG CIICACTBUA U3 HUX.

Tema 7.2. [TapamienbHOCTh IPSIMOM U INTIOCKOCTH, MApauIeIbHOCTh MJIOCKOCTEH.

[TapannensHoe POSKTUPOBAHUE U €T0 CBOMCTBA. M300pakeHne MPOCTPAHCTBEHHBIX (PHUTYD
HAa TJIOCKOCTH (IOMOJHUTENbHBIN MaTepHan)

Tema 7.3. lleprieHAuKyISIPHOCTD MPSMOM U TUIOCKOCTH.

Tema 7.4. llepieHAVKYSIP U HAKJIOHHAS.




Tema 7.5. Yron Mexay NpsIMON U TNIOCKOCThI0. OpTOrOHAIBLHOE MTPOEKTHPOBAHMUE.

Tema 7.6. JIByrpaHHBIM yroi. Yroa Mexay IDIOCKOCTAMU. IlepneHauKynsipHOCTh
IJIOCKOCTEM.

Paznen 8. KoopinHaThl 1 BEKTOPHI.

Tema 8.1. Bextopsl. JleiictBus Haj BekTtopamu. basuc Ha mmockoct. [IpsmoyronbHas
CUCTEMa KOOp/IMHAT.

Tema 8.2. PaccTosiHME MEXTy TOUKAMH.

Tema 8.3. JIuneliHble oNepalliy HaJl BEKTOPaMHU.

Pa3nen 9. MHororpaHHuky.

Tema 9.1. MuororpanHuku. [IpaBuinbHbIe MHOTOTPAaHHUKH U X CBOWCTBA.

Tema 9.2. Ilpusma u ee CBOMCTBA.

Tema 9.3. [lapannenenuren 1 €€ CBOMCTBA.

Tema 9.4. Ilupamuna. [IpaBuiibHas nupamMuja. Y cedeHHas nupamuaa. Tetpasap.

Tema 9.5. Ceuenust KyOa, IpU3Mbl U TUPAMHU/IBL.

Tema 9.6. 1lpaBuibHbIE MHOTOTPAHHUKH.

Tewma 10. Tena BpaiieHuss ¥ MOBEPXHOCTHU TEJ BPAILLICHHUS.

Tema 10.1. lnnmuHap, KOHYC U UX CBOMCTBA.

Tema 10.2. ap u cdepa, ux ceyeHus. KacareapHas mI0cKoCTh K chepe.

Tema 11.2neMeHTb KOMOMHATOPHUKH.

Tema 11.1. OcHOBHBIEC TOHATUS KOMOMHATOPUKHU

Tema 11.2. ®opmyna OmHoma Hpiorona. CBoiicTBa OMHOMHAIBHBIX KO3(h(UIIMEHTOB.
Tpeyronpnuk [Tackasns

Tema 12. [lepBooOpa3Hast 1 HHTETpa

Tema 12.1.

Tema 12.2.

Tema 13. 3mepeHust B rTeOMETPUH.

Tema 13.1. O6wem u ero usmepenue. MurerpaipHas popmyina oobema.

ITonobdue gpuryp

Temal4.OneMeHThI TEOpUN BEPOATHOCTEN U MATEMATUUYECKON CTaTUCTUKU (TIPOJIOJIKEHHE)

Tema 14.1. luckpeTHast ciyyaiiHas BeJIMYMHA U €€ XapaKTEPUCTUKU

Tema 14.2. IlpencraBnenne qaHHBIX (TAOJUIIBI, AUATPAMMBI, TPadUKH )

ypaBHCHI/Iﬂ 1 HCPAaBCHCTBA

Crincok sureparypbl




BBenenue

OBnageHne mpaKTUIECKU 0001 COBpeMEHHOM mpodeccueit TpeOyeT onpeeIeHHbIX
MaTeMaTHueckux 3HaHuil. [IpeacraBinenue o poiau MaTeMaTHKU B COBPEMEHHOM MHpE,
MaTeMaTHYECKUE 3HAHUS CTaJTH HEOOXOAMMBIM KOMIIOHEHTOM O0MIeH Ky nbTypsl. Jlis
caMmopean3alui, BO3MOKHOCTH YCIEIIHON AEATEIbHOCTH B MH()OPMAIIMOHHOM MHpe TpedyeTcst
MpoYHasi MaTeMaTH4YecKasl MOAr0ToBKa. MareMaTrueckoe o0pa3oBaHUE BKIIIOYAET B ceOsl OBIIA/ICHUE
CHCTEMON MaTeMaTHYECKUX 3HAHUM, YMEHUI U HaBBIKOB, JTAIOIIMX MIPEJICTABICHUE O MPEeIMETe
MaTeMaTHKH, O MATEMAaTHIECKON CHMBOJIMKE, CTICIUAIEHBIX MATEMAaTHIECKUX IPUEMax, METOJaxX
MBILICHUS.

Hacrosmmii KOHCHIEKT JIEKIMM MpeaHa3HayeH sl CTyAeHToB crnenuanbHocTH 38.02.01
«OKOHOMHUKA W OyXrajaTepckuil y4yer (IO oTpacisMm)». Y4eOHbIH Marepuan 4y€TKO JO3MPOBaH IO
OJTHOMY WJIM HECKOJBKHUM 3aHATHSAM. Takoe TOCTPOCHHE IOMOTaeT CTyIEHTaM HW3ydaThb MHOTHE
BOIPOCHI CAMOCTOATENIBHO, OCOOEHHO €CJIM CTYAEHTOM HPOIMYIIEHO KaKoe-IMOO KOHKPETHOE 3aHATHE
WIIH TeMa.

KoncrnekT nekuuii conepKuT HeoOXOAUMBIM MaTepHral 0 BCEM paszienaM Kypca
MaTeMaTHKH: Pa3Butne nousTust o uncie; OCHOBBI TpUroHOMETpuH; KOpHH, CTETIeH! U J0Tapu(MBbI;
@OyHKIMH, UX cBoWcTBa U rpaduky; CTeneHHble, IoKa3aTelbHble, Jorapu(pMUUECKue 1
TpuroHoMmerpudeckue GyHkun; Hauamo MateMaTndeckoro aHaimsa; Y paBHEHUS M HEPABEHCTBA,
[TpsiMble u mIIOCKOCTH B IpocTpaHcTBe; KoopauHatel 1 BeKTOpbl; MHOTOIpaHHUKH; DJIE€MEHTHI
TEOPHH BEPOSTHOCTH U MATEMATHYECKOW CTATUCTHKH, KOTOPBIE OOBIYHO M3YyYAIOTCS CTyIEHTaMHU Ha
IIEPBOM Kypce.

W3noxeHne TEOpEeTHYECKOro Marephaja [0 HEKOTOPBIM TEMaM  COIMPOBOXKIACTCS
paccMOTpeHHeM IPHUMEPOB M 3a/ad, BEAETCS Ha JOCTYIMHOM, IO BO3MOXXHOCTH CTPOIOM SI3bIKE.
[TocoOue MOMOXKET CTyJeHTaM OCBOMTH | Kypc MaTeMaTHKH, TOATOTOBUTHCS K CAade 3a4eTOB U
HK3aMEHOB [0 MATEMAaTHUYECKUM JUCLUITIIMHAM.



Mamemamuxa 6 HayKe, NPAKMUYECKOU 0esAMeAbHOCHU.

MaremaTnka — HayKa O KOJIMYECTBEHHBIX OTHOLICHUSIX U IPOCTPAHCTBEHHBIX (hopMax
JIEUCTBUTEIIBHOTO MHUpA.

Ponb MaTeMaTHKU B COBpEMEHHOW HayKe MOCTOSTHHO BO3pacTaeT. ITO CBA3AHHO C TeM, 4To 6e3
pa3pabOTKH ¥ UCTIOJIb30BAHUSI MaTEMAaTUYECKUX HAyK ObLIO ObI, HAIPUMEP, HEBO3MOXKHO HU OCBOCHHE
KOCMOCAQ, HU CO3/aHUE 3JIEKTPOHHO-BBIUMCIUTENbHBIX MAIINH, HAILIEIINX IPUMEHEHHUE B CaMBbIX
Pa3ITUYHBIX 00JIACTAX YETOBEYECKOM JCSITEIILHOCTH.

Martematuka nmpeAcTaBiseT co00i OCHOBY (yHIaMEHTAILHBIX UCCICIOBAHHUIA B €CTECTBEHHBIX
¥ TYMaHHTApHBIX Haykax. MaTemMaTH4ecKre Ueu U METOIbI IPOHUKAIOT B YIIPABJICHUE BEChMa
CJIO)KHBIMU M OOJIBIITMMH CUCTEMaMU Pa3HON MPUPOIBL: MOJIETaAMU KOCMHUYECKHUX KOpaOJei,
OTPACIISIMU MTPOMBIIIIICHHOCTH, PA00TOM OOMTUPHBIX TPAHCTIOPTHBIX CUCTEM U JAPYTHX BHJIOB
JIeATeIbHOCTH. B MaTeMaTHKe BO3HUKAIOT HOBBIE TEOPUH B OTBET HA 3aIIPOCHI IPAKTUKU U
BHYTPEHHETO Pa3BHUTHsI cCaMOi MaTeMaTHKU. [Ipunoxenus: pa3mudHbIX 00JacTeil MaTEMaTUKH CTAlTN
HEOTHEMJIEMOH YacThIO0 HAYKH, B TOM YHCIe: GUINKU, XUMHUU, T€OJIOTHH, OMOJIOTHH, METUITIHBI,
JUHTBUCTUKH, SKOHOMUKH, COIIUOJIOTHH U JIP.

MaremMartuka UrpaeT BaKHYIO POJIb B €CTECTBEHHOHAYYHbBIX, MH)XEHEPHO-TEXHUUECKUX U
TyMaHUTAPHBIX UccaenoBanusax. OHa crana Jyisi MHOTUX OTpaciieid 3HaHW HE TOJIBKO OpYJIUEM
KOJIMYECTBEHHOTO pacyuera, HO TAKXKE METOJIOM TOYHOTO UCCIIEI0OBAHUS U CPEJICTBOM IIPEIEIbHO
4eTKOM (hOPMYTUPOBKHU MOHATHH U TipoOsieM. be3 coBpeMeHHO# MaTEMaTHKH C €€ Pa3BUTHIM
JIOTUYECKUM M BBIYMCITUTENLHBIM aniapaToM ObUT ObI HEBO3ZMOXKEH MPOTPECC B PA3IMYHBIX 00IACTAX
YEJIOBEYECKON JIEATEIbHOCTH.

MaremMatuka sIBJISI€TCS HE TOJIbKO MOUTHBIM CPEJCTBOM PEIICHUS MPUKIIAIHBIX 3a/1a4 U
YHUBEPCAIBHBIM SI36IKOM HAayKH, HO TAKXKE M DJIEMEHTOM 00Iel KyIbTyphl. J[eicTBUTENBHO,
MaTeMaTHKa MPOHUKAET BO Bce Cephl YeTOBEUSCKOH AeaTeIbHOCTH. TpyIHO Ha3BaTh XOTsI ObI OJMH
paszien HayKu WIH KaKyro-Tu00 nmpodeCcCHOHAIBHYIO 001aCcTh, IIe HE MPUCYTCTBOBaja OBl MaTeMaTHKa
win e€ MeTobl. [ToaToMy HE0OX0IMMOCTh MATEMATHYECKOTO O0PAa30BaHUS JIsl YCIICIITHOTO
(hopMHUpPOBaHMSI TUYHOCTH HE BHI3BIBACT COMHECHUIA.

1. Ilenu u 3a0auu uzyueHus MamemamuKku 8 yupescoeHusIx cpeonezo npogheccuoHaIbHo20
oopazoseanus:

» (hopMUpOBaHHE NPEACTABICHUN O MAaTEMaTHKE KaK YHUBEPCAILHOM SI3bIKE HAYyKH, CPEIICTBE
MOJIETTUPOBAHUS SBJICHUM U MPOLECCOB, 00 UIESIX U METOJaX MaTEMaTHKHU;

» Pa3BUTHE JIOTUYECKOTO MBIIIJICHHUS, IPOCTPAHCTBEHHOTO BOOOPaKEHHSI, ITOPUTMUIECKOI
KYJbTYPbl, KpUTHYHOCTH MBIIIICHUS Ha YPOBHE, HEOOXOIUMOM I Oy myieit
podecCHOHANBHOM NesTENIHOCTH, IS MIPOOJIKEHHSI 00pa3oBaHus U caMo00pa3oBaHMUS;

» OBJIaJICHUE MAaTEeMAaTHICCKUMU 3HAHUSMHU U YMEHUSMH, HCOOXOIMMBIMH B TIOBCETHCBHOW KU3HH,
JUTSL U3YYECHHS CMEKHBIX €CTECTBEHHOHAYYHBIX TUCIIUIUINH HA 6a30BOM YPOBHE U JUCIUILTUH
Mpo¢eCCUOHAIBHOTO IHKJIA, JJIS TIOTyYeHHsI 00pa30BaHus B 001acTsIX, HE TPEOYIOMUX
yriIyOnEHHON MaTeMaTH4ecKoil MOArOTOBKH;

» BOCITUTAHHE CPEJICTBAMH MAaTEMATHKH KYJIbTYPbI TIHWYHOCTH, TOHUMAHHS 3HAYUMOCTH
MaTEeMAaTUKU JJI1 HAyYHO-TEXHUYECKOTO Mporpecca, OTHOIICHHS K MaTEMAaTHUKE KaK K 4acTH
o011eyenoBeYecKoil KyJIbTyphl Yepe3 3HAKOMCTBO C UICTOPUEN pa3BUTHUSI MaTEMaTHUKH,
ABOJIIOLMEN MATEMATUYECKUX UJEH.



Tema 1. PazBuTHe noHATHA 0 YHCJIE
Tema 1.1 Lesible 1 pauMoOHAJbHBIE YHCIA

OnpedeneHnue u ceoticmea HAMypalbHblX U Yyeavlx yucen. Payuonanvuvle yucna u eco
ceolicmaa.

Ymemus: BRINOMHATH apuMeTHUECKIE IEHCTBUS HAJl YMCIaMH, PEIIaTh 3aJauH.
3namy: onpeniesIeHUE U CBOMCTBA HATYPATbHBIX U LEBIX YUCEII, PAIlMOHAIbHBIC YHUCIIA U UX
CBOMCTBA.

Onpenenenue. Hamypansvnvie uucna — 510 uncna Buga N={1, 2, 3, ...,}. HatypanpHble uncna
MOSIBUJINCH B CBA3HM C HEOOXOIUMOCTBIO MOJICUeTa MPEAMETOB.

Onpenenenne. HarypanpHble uuciia, 4ucia, IPOTHBOIOJIOKHBIE HAaTypaJbHBIM, U HYyJb
COCTABIISIIOT MHOMCECMEO L yenblx uuce.

Ceolicmea HAMYPAILHBIX U UEbIX YUCEL:

1) a+b=b+a - nepeMeCTUTENbHBII 3aKOH CIOKEHUS;

2) a+(b+c)=(a+b)+c - coueraTenbHBII 3aKOH CIIOKEHHUS;

3) a*b=b*a -mepemMecTUTENLHBIN 3aKOH YMHOKCHUS;

4) a*(b*c)=(a*b)*c - coueraTenbHbIN 3aKOH YMHOKEHUS;

5) a*(b+c) =ab+ac - pacnpenenUTebHbIN 3aKOH YMHOKEHHS OTHOCUTENIBHO CIO0KEHHUS.

n
Onpenenenue. Payuonanwvhsle yucna — 3710 4ncia, MpecTaBUMbIe B BUae Apodbu — ., rae /71 -
n

oejao€ 4uciio, a n- HaTypaJIbHOC YHUCIIO. I[J'IH 0003HaYEeHHS pallOHAJIBHBIX YHCCII HUCIIOJIb3YCTCA

natuHcKas OykBa €2 . Bce HaTypalibHBIE U LEJIbIe YHCTIa — pallioHaIbHbIE.
2 11
Ay

HpI/IMCpBI PaluOHAJIbHBIX YHUCCII: 3 -

1 .
5
Ceoiicmea PauvuonaibrHblx 4uceil.

1) a+b=b+a;

2) a+(b+c)=(a+b)+c;

3) a+0=a;

4) a+(-a)=0;

5) a*b=b*a;

6) a*(b*c)=(a*b)*c,

7) a*(b+c)=ab+ac;

8) a*l =a;

9) a*i =1; rne a #0;
a

10) a*0 =0.

Tema 1.2. [leilicTBUTeIbHBbIE YHcIa./J[eCTBUS HAX IeHCTBUTEILHBIMH YHUCJIAMU.
Onpedenenue oeticmeumentvix yucel. ppayuonaivhole yucia.

Ymemo: BHINOTHATH apu(MeTHUECKUE NCHCTBUS HAJ| YUCIIaMU, pellaTh 3aJauu.
3nams: ONpeNeIIeHNE U CBOWCTBA JEMCTBUTEIBHBIX YHUCENl, UPPALIMOHAIBHBIX YHCEIL.

Omnpenenenue. /Jeiicmeumenvusie uucaa (6eujecmeeHHtvle) — 4rciia, KOTOPbIEe MPUMEHSIOTCS
JUIT W3MEPEHUsT HENpPEepPhIBHBIX BEIWYHMH. MHOXECTBO JIEWCTBHTEIBHBIX 4YHCET 0003HAYaeTCs
JATUHCKOW  OyKBOM R . [JleWicTBUTENbHBIE 4YHCIA BKIOYAIOT B ce0s paluOHAJbHBIE U
vppauuoHaiabHble uncia. HMppayuonanvHusie wucia — 4uUCiia, KOTOPbIE MOJYYalOTCS B PE3yJbTaTe
BBITIOJIHEHMSI PA3JIMYHBIX OMNEpaldid C pPAlHOHAIBHBIMU YHUCIAMH (H-p, HW3BJICUYEHHE KOPHS,

7



BBIUUCIICHHE JIOTapU()MOB), HO TIPH ITOM HE SBISIFOTCS pallMoOHAIBLHBIMU. [IpuMephl HppalmoHatbHBIX
uncen: V2: +/3: JZ.
JIro6oe neiicTBUTENFHOE YHCI0 MOXHO OTOOPa3UTh Ha YMCIOBOH MPSIMOH.
* r— ~—>
-3 2 V2 -1 -05 0 05 1 V2 2 3
Bwvieoo: ]lnsg TEpeUHCIICHHBIX  BBIIMIE MHOXECTB YHMCEN  CIHPAaBEMJIMBO  CIHEAYIOLIEE
BBICKA3bIBAHUE!
N c /Z Q < R,
TO €CTh, MHOKECTBO HaTypaJbHBIX YMCEN BXOAUT BO MHOKECTBO ILIEJIBIX YHMCEN. MHOXKECTBO ILIEJIbIX
YHUCCII BXOAUT BO MHOKCCTBO PAllMOHAJIBHBIX YHCCII. A MHOECTBO palMOHAJIBHBIX YHUCCII BXOAUT BO
MHOXECTBO JI€UCTBUTEIIbHBIX YHCEIL.

Mooynb Oeiicmeumensvnozo uucna X obosHavaercs |-x| wu ompemensercs Tak ke, Kak W
MOJ1yJIb PallMOHAIBHOIO YHCIIA!

~ = {T T,
Ceoiicmea modyneit:

D) |af =Va~,

2) |a| =0 = a =0;

3) la| =o:
4) lal = af
5) |a ~b| =|a‘ -‘b;
6) ‘at|2 :az;
al _la|
7) 5 |b b =0;

8) |a + b{ S‘a‘ +|b;
9) |a - b| =|a|- |b|
Konmponvnvie 6onpocwi
1. Onpenenenuie 1 CBOMCTBA HATYPATIbHBIX U LEIBIX YHCEIL.
2. PanmmoHanbHBIC YHCIa U €T0 CBOMCTBA.
3. UppanmonanbHble yncia.
Tema 1.3. [IpubaukeHHbIe 3HAYEHUSA. AGCOTIOTHAS U OTHOCHTEIbHAS MOTPEIIHOCTH.

Hpuéﬂu.?fceHHble SHAYEHUA. Hozpeumocmb npu6ﬂu:)fceHuﬂ. Abconromnas u omuocumenvHas
noecpewHocmu npu6ﬂu9fcemm u ux epanuybsl. Yucna 6EPHbIE, COMHUMENbHbLE, CMPO2O 6EPHDbLE U
3Hadawue.

Ymems: HaxoauTh IPUOIMIKEHHBIC 3HAYEHUS BEJIMYUH U TIOTPEIIHOCTEH BHIYMCICHUM, IPUMEHSATD
MPAKTHYECKHUE MPUEMbI TPUOIKEHHBIX BBIYUCIICHUH.

3namv: TpUOIMIKEHHBIC 3HAYCHUS, TOTPEITHOCTh MPUOIMKEHUSI, a0COIIOTHAS U OTHOCUTEIbHAS
MOTPEIIHOCTH MPUOIMKEHUS U UX TPaHUIbI, YHCIIa BEPHBIE, COMHUTEIbHBIC, CTPOTO BEPHBIE U
3Hayallue.

L.Ilpubnustcennoe 3nHauenue eenuuunvl. AobconomuHas nOZPEMHOCMb RNPUOTUNHCEHUS.
I'panuya adconromuoi nozpewtnocmu.

[lycth pe3yabpTaT M3MEPEHUs] WM BBIYMCICHUS BEIMYMHBI X ¢ HEKOTOPOH TOYHOCTBIO paBEH
a . Torna d Ha3bIBAeTCs NPUOIUICEHHBIM 3HaAUeHuem (WU npubnudcenuem) Bennuunbel X . [Ipuuem,
ecnu ¢ =X,T0 O Ha3bIBACTCA NPUOIUNCEHHBIM 3HAUEeHUeM ¢ Hedocmamkom (WIH NpudIudceruem
CHU3Y), a eclnu @ =X, T0 { Ha3bIBaCTCA NPUOIUICEHHBIM 3HAYEHUeM ¢ uzbvimkom (WU
npubOIUdICeHUEM C8EPX)Y) BETNUUHBI X .

Omnpenenenue. Pa3sHOCTh TOYHOrO M MNPHUONMKEHHOTO 3HAYEHUH BEJIWYMHBI HA3bIBACTCS
nOZPEUHOCIbIO NPUOIUICEHUA .



Tak, ecnm X - TouHOe 3HaueHwe, (- NPUOIMIKEHHOE 3HAU€HUE, TO pasHocTh X~ d -
HOTPEIIHOCTb MpubimkeHus. Eciau ee 0603HauuM yepe3 AX. TO NOIYyYUM
X =a + Ax,

T.€. ICTUHHOE 3HaYE€HUE PAaBHO CyMMe NPHUOIMKEHHOT0 3HAUEHHsI ¥ OTPEIIHOCTH PUOIMKEHUS.

Mozynb pa3HOCTH TOYHOTO M MPHOIMKEHHOTO 3HAYCHHI BEJTMYUHBI HA3bIBACTCS AOCOIIOMHOL
nOZPEUHOCIbIO NPUOIUICEHUA .

CremoBaTenbHo, €cid  Ax =x- d - TOIrPElHOCTh NPHONMKEHUs, To |Ax| =
a0COJIIOTHASI TOTPELTHOCTD MPUOIMKEHHUS.

Bo MHOrMX NpakTHYeCKH BaXXHBIX CIy4asX HeNIb3sd HaWTH aOCOJIOTHYIO MOTPEIIHOCTD
NpUOJMKEHUST M3-32 TOTO, YTO HEU3BECTHO TOYHOE 3HadyeHue BeIMUYMHBI. OIHAKO MOXHO yKa3aTb
MOJIO’KUTENBHOE YHUCIIO0, O0JIbIIE KOTOPOTO 3Ta a0COIIOTHAS MTOTPEIIHOCTD ObITh HE MOJKET.

Onpeaenenue. JI1000e MOJOKUTETBHOE YUCIO, KOTOpOE OOJbIIE HIM PAaBHO aOCOIIOTHOM
MOTPEITHOCTH, Ha3bIBACTCS ZPAHUYCH AOCOIIOMHO NOZPEUIHOCU.

CrnenoBarenbHO, eciu X - TOYHOE 3HaueHue, ¢ - MPUOIMKEHHOE 3Hau€HHUe, TO Pa3HOCTb
Ax =x- a - TOTPElIHOCTh NPUONMKEHUs, TO JI000€ YHUCIO /2, yIOBJIETBOPSIOLIEE HEPABEHCTBY
|Ax| =7. gBnsercs rpaHuIEl aOCONIOTHON MOTPEITHOCTH. B 3TOM cllydae TOBOPAT, YTO BEIMYHHA X
MpUOIMKEHHO ¢ TOYHOCTBIO 10 /2 paBHa d , ¥ MUIIYT

X &d ¢ TOYHOCTBIO 10 A

WM X =a *h. 3anuch x =a *=h o03Ha4YaeT, YTO HCTUHHOE 3HAYEHHUE BEJIUYUHBI X
3aKJIFOYCHO MEXKJY TPaHUIlaMu a - hu a + 1, 1. ¢.

a-h=<x=<a+h

Ecmu u3BecTHO, 4TO { sIBisIeTCSl NMPHUONMKEHHBIM 3HAYEHHWEM BENUYMHBI X, U TpeOyercs
OIpENIeIUTh T'PaHUIly aOCOJIOTHOM MOIPEIIHOCTH 3TOr0 MPHOIMKEHHOTO 3HAY€HUs, TO 3Ty 3ajady
00b19HO POpMYTHPYIOT Tak: «ONpeaenuTh (HAWTH) TOYHOCTh MPUOIMIKCHHOTO PaBeHCTBA X ~d »,

2.0mnocumenvnan nozpewtnocms. I panuya omuocumenvHoil nozpeutHocmu.

Omnpenenenue: OTHOIICHHE aOCOMIOTHOW TOTPEIIHOCTH TPUONIKEHUS K  MOIYJIIIO
PUOJIMKEHHOTO 3HaYE€HUs1 BEIMYMHBI Ha3bIBACTCS OMHOCUMENbHOI ROZPEUIHOCMbIO TIPUOIINKEHUS.

CrnenoBarenbHO, ecnii X - TOYHOE 3HaueHue, d - MpUOIIKEHHOE 3HaUeHHE, TO OTHOILICHHE

Ax] _

@l la|

X - C{‘ -

X - CI|

SIBJIIETCSI OTHOCUTEILHOM MOTPEIIHOCTHIO PUOIHKEHUSI.

OTHOCHTENBHYIO TOTPEMIHOCTD YAaCTO BBIPAXAIOT B IPOLIECHTAX.

B ornuume oT aOCOMIOTHOM TMOTPENTHOCTH, KOTOpas 4daile BCEero ObIBaeT pa3sMEepHOH
BEJIMYMHOM, OTHOCUTENIbHAS TIOTPEIIHOCTD SBJISIETCS Oe3pa3sMepHON BETUYHHOM.

Onpenesienue. JIro60€ MOIOKHUTEIBHOE YNCI0, KOTOPOE OOJIBIIIE WJIM PAaBHO OTHOCHUTEIHHOM
IIOTPELIHOCTH, HA3bIBACTCS CPAHUYCI OMHOCUMENbHOU NOZPEUIHOCHU.

CnenoBatenbHO, e€clid  AXx - TMOTPEemIHOCTh MNPUONMKEHHs, TO Jboe uHucio O,
YAOBJIETBOPSIOLIEE HEPABEHCTBY
A

jal

SBIIIETCS TPaHMIIEW OTHOCHUTENBHOW MOrpeurHocTd. B wacTHocTH, ecnu /2 - TpaHuna aOCOIIOTHOM

MIOTPELIHOCTH, TO YHUCIIO
5=t
]

ABIISICTCA TpaHMULIE OTHOCUTEIBHOM MOrpeIHOCTH NpuomwkeHus . Ortciofa, 3Has TPaHULY
OTHOCHUTEJIbHOM MOTrPEIIHOCTH, MOKHO HalTH rpaHuIly aOCOIOTHOM MOTPEIIHOCTH
h =0 —|cz‘.

3.Oxpyznenue u nozpeutHoCHy OKpy2i1eHus.

Omnpenenenue. AOCONIOTHAs NOTIPEIIHOCTb, JOIyCKaeMmas IpPHU OKPYIJIEHUWH, Ha3bIBAETCS
OUUOKOIL OKPY2/IeHUSL.

CyIecTBYIOT TP CIIOCOOa OKPYIJICHUS MOJOKUTEIbHBIX JECATUYHBIX APOOEil: OKpyriieHHe ¢
HEJ0CTaTKOM, OKPYIJIEHHE C U30BITKOM U OKPYTJIEHHE C HAMMEHbIIEH OUIMOKOM.



Okpyenenue ¢ Hedocmamkom 1O €JUHUI] IO HEKOTOPOTO pa3psia COCTOUT B OTOPAChIBAHHU
eIMHHUI] BCEX MJIAJIINX pa3psaoB. [Ipu TakoM OKpyriaeHnu Bce MUGPHI IECATUYHON IpOoOH 10 JAaHHOTO
paspsaa BKIIOUYUTEITHFHO HE MEHSIOTCS, a (Pl MIaIIIAX pa3psioB 3aMEHSIOTCS HysiMyA. Hampumep,
ecmu X =23,467, TO OKPYIJICHHS C HEJOCTaTKOM JI0 COTBIX, JECSTBHIX, CIUHHUI], JIECSITKOB
COOTBETCTBEHHO PaBHBI
23,46; 23.4; 23;20.

OmuoOKM OKPYTIICHUS COOTBETCTBEHHO PABHBI
0,007; 0,067; 0,467; 3,467.

Okpyenenue ¢ u36bimkoM 1O €IUHHUI[ HEKOTOPOTO pa3psAla OTIMYAETCS OT OKPYIJICHUS C
HEJIOCTaTKOM TEeM, YTO YMCIIO €ANHHII JaHHOTO pa3psijia YBEINYNBACTCS HA CIUHHUILY.

Hanpuwmep, ecmu x =23,467,10 oKkpyriieHHE ¢ M30BITKOM JO COTBIX, JECSATHIX, CIUHHMII, JECATKOB
COOTBETCTBEHHO PABHBI

23,47; 23,5; 24; 30.

OuOKM OKPYTICHUS] COOTBETCTBEHHO PaBHBI

0,003; 0,033; 0,533; 6,533.

CaMbIM  pacHpOCTpPaHEHHBIM  OKPYTJICHHEM  SIBIISIETCS.  OKpyeleHue ¢  HaumeHvluell

nozpeuinocmuio. OHO IPOU3BOJUTCS 10 CIEAYIOIINM IIPABUIIAM:

1) EnusuIel Mmaammx paspsgoB 0TOpachIBarOTCS;

2)4nca0 eqUHMLL TAHHOTO pa3psa He MEHSETCs, €Cliu cieayromas mudpa TaHHOH qpoOu MeHbIIe
5, ¥ yBenM4MBaeTCs Ha €AMHUILY, €CIIH CIeAyIomas nrudpa OobIle Wi paBHa 5.

Hanpumep, ecnmu x =23,467,10 OKpyIJICHHS C HAaUMEHBINCH MOTPEIIHOCTHIO IO COTBHIX,
JIECATHIX, €ITUHUI] M JECATKOB COOTBETCTBEHHO PAaBHBI
23,47; 23,5; 23; 20.

OuOKy OKPYTICHUS] COOTBETCTBEHHO PaBHBI
0,003; 0,033; 0,467; 3,467.

KonmponvHuvle 6onpocwl

1. ITpubnmxeHHbIE 3HAUCHUSL.

2. [lorpemHocTh NPUOINKEHUS.

3. AOcomoTHast U OTHOCUTEIbHAS TOTPELIHOCTH MPUOIMKEHNUS U UX TPAHUIIBL.
4. Yucna BepHbIe, COMHUTEIbHBIE, CTPOTO BEPHBIE U 3HAYAIIIHE.

Tema 1.4. KoMILJIeKCHBIE YHCJIA

OnpedeﬂeHue KOMNJIEKCHO2O0 HYUcia, norAaAmue paseHcmeda u oeticmeaus CloNCeHUs. U YMHOIMCEHUA
KOMNJIEKCHbIX YUcell, MOdleb U apeymennt KOMnjieKCcHo2o 4uciua.

Ymems: BEINOTHATH HeﬁCTBHH HaJ KOMIIJNICKCHBIMHA YHCJIaMHU a aJIFe6paI/I‘IeCKOI>’I (I)OpMe
Buame: ONpCACIICHUC KOMIUICKCHOI'O YMUCJia, TIOHATHEC PaBCHCTBA U JIEHUCTBUS CIIOKSHUS U YMHOKCHUA
KOMIIIICKCHBIX YHUCCII U JCIICHHUA KOMIIJICKCHBIX YHCCII.

Kak M3BECTHO M3 LIKOJLHOTO Kypca, ypaBHEHHE BUAA x° + g =() He MMeeT JIeHCTBUTENbHBIX
KOpHEH, HO CyIIECTBYeT HEOOXOIUMOCTb PEIIaTh YpaBHEHHs TaKOro Buza. /i 3Toro npuaymani Tak
Ha3bIBAEMBIE «KOMIUIEKCHBIE YHCIIAY.

s omnpeneneHHs KOMIUIEKCHBIX YHCEN CHayajda BBEIEM HEKOTOPBIM CHMBOJ I, KOTOPBIH
HAa30BEM MHUMOU eOuHuyeli. ITOMY CUMBOJIY NPHUIIACHIBAETCS CBOWCTBO YAOBJIETBOPATh YPaBHEHUIO

x2+1=0: 2 +1=0,wm > =-1; i=+/- 1. Ipu s1oMm

.1 .3 2. . .4 3. .5 .
=i, =i i =-0,0 =00 =107 =i,

Komnaexcuvim yuciom z Ha3blBaeTcs BeIpakeHue Zz =d +ib, rue a u b — nelicTBUTENbHBIE

yucia. [Ipu 3TOM 4ucino a Ha3bIBaeTcs deticmeumenvHoll yacmoio unucna z (a = Re z), a b — mHumotl
yacmoio (b = Im z).
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Ecimu a =Re z =0, To uncno z Oyaer 94ucTOo MHUMBIM, eciii b = Im z = (), TO uncio z Oyaer
JICUCTBUTEIBLHBIM.
Yucna z =a +ib u Z =a - ib Ha3bIBAIOTCH KOMNIACKCHO-CONPAICEHHBIMU.

JIBa KOMIUIEKCHBIX 4YHucla Z; =, +ib1 U zZ, =d, +ib2 Ha3bIBAIOTCS PaBHBIMH, €CIIU

COOTBCTCTBCHHO pPaBHBI UX HeﬁCTBHTeHBHBIe N MHUMBIC 4aCTH: al :az; bl :b29

MHOX€ECTBO KOMIIJIEKCHBIX YHMCEII — HEYIIOPSAIOYEHHOE MHOXKECTBO, T.€. U3 JBYX KOMIUIEKCHBIX
4ucell HeNb3s yKa3aTh NOCIEeayIoniee U npeasiayniee. Mexny AByMs KOMIZIEKCHBIMH YUCIIAMU HENb3S
NOCTAaBUTh 3HAKW HEPABCHCTBA > UJIM <.

KoMIiekcHoe 4Mciio paBHO HYJIIO, €CJIM COOTBETCTBEHHO DPABHBI HYJIO JCUCTBUTENBbHAS H
munMas gacti: @ =b =0.

ﬂeﬁcmeuﬂ HAO KOMNJICKCHbIMU YUCAAMU.
1) z =z, £z, =(a, +ib) X(a, +ib,) =(a, *a,) +i(b, +b,)

2) z =z,z, =(a, +ib,)(a, +ib,) =a,a, +iab, +iba, +i’bb, =(a,a, - bb,) +i(ab, +ba,)

3) z _h _arib

— =X +1) wm
zZ, a,+ib,

_(a, +ib )a, - ib,) _(aya, +bb,) +i(ayb, - a\b,) _aa, +bb,  .ayb - ab,

(a, +ib,)(a, - ib,) al +b? ai +b? ai +b?

Konmponvhnvie sonpocwi

1. Onpenenenne KOMIUIEKCHOTO YHCIIa

2. Ilonarue paBeHCTBA

3. JlelicTBYS HaJl KOMIUICKCHBIMU YHCIAMU

Tema 3. OCHOBBI TPUTOHOMETPUH

Tema 3.1. Pagunannas mepa yria. BpamarenbHoe 1BH:KeHHe.
Eounuunas okpyscrnocmo. Yeon 6 o0un paouan. Ilogopom mouku 60Kpye Ha4ania KOOPOUHAm.
Ymemsv: HaxX0qUTH KOOpAWHATHI TOUKU U YIJIOB.
3nams.: eMUHUYHYIO OKPYKHOCTh, YTOJI B OJJUH pajuaH, (GopMyIibl iepexojia OT paJuaH K rpajaycam u

OT I'paAyCoOB K paJuaHaM, MOBOPOT TOYKH BOKPYT Ha4YaJla KOOPpAHUHAT.

Onpenenenune: LlenTpanbHblil yrod, ONUPAIOIINNCS Ha AyTY, IJIMHA KOTOPOMl paBHA paauycy
OKpPYXHOCTH, Ha3bIBaeTCs yriioM B 1 paauas.
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I'paaycnasi mepa yraa B 1 pagnan paBHa:

Tak kak nyra JnuHoN 77 R (IOJIyOKpY’KHOCTB), CTATMBAET LEHTpalbHbIN yroua B 180°, To qyra
InuHOM R, cTsaruBaer yron B/ pa3 MEHbIIH, T.€.

L _(130)
pas = | —

N naob6opor

Tak kak /7 =3,14, 10 1 pag = 57,3°
Ecnu yron conepuT a paauaH, TO €ro rpaaycHas Mepa paBHa

_(130 )
apas = - a

U naoGopor

OOBI4HO MK 0003HAUEHUN MEPHI YIJIa B paiaHaX HAaMMEHOBAaHHE «Paj» OITyCKAIOT.
Hanpumep, 360° =277 pan, nuiyt 360° = 277

B Tabnuie yka3ansl Hanboee 4acTo BCTPEYarolrecs yIJibl B IPaJyCHOI ¥ painaHHoil Mepe.

['pamychl 0 30 60 180

Panuranst 0 7T

N
N[N (S

7z 7~
6 3

Pannannas mepa yria ynoOHa JUIsl BBIYHCICHUS JIUHBI TyTH OKPY>XKHOCTH. Tak kak yroin B 1
paauaH CTATMBAET AYTy, JUIMHA KOTOPOU paBHA paguycy R, TO yroia B ¢ paj CTATUBAET Ayry JUIMHOU
| =a ‘R
Ocobenno mpocToit B (hopmysia UMEeT B ciaydae, korna R =1. Torga nnmvHa qyru paBHa
BEJIMYMHE [IEHTPATBHOTO yTJia, CTATMBAEMOT0 3TOW AYToi, B paauaHax, T.e. [ =«.
[Tnomanp KpyroBoro cekropa paauyca R, oOpazoBanHoro yriom B & pal, paBHa
2
S :R— a
2
Iloeopom mouku 60Kpyz Hauana KOOpOuHam

12



PaccMoTpuM Ha KOOpAMHATHOM IUIOCKOCTH OKPYXHOCTh paauyca | c LEHTpoM B Haudaje
kKoopauHat. Ee Ha3pIBalOT €JUHUYHON OKPYKHOCThIO. BBeneM moHsATHE MOBOPOTa TOUKU €AMHUYHOM
OKPY’KHOCTH BOKPYT Hayajla KOOpJAUHAT Ha yroil ¢ pax, rae & - modoe IeHCTBUTENBHOE YHCIIO.

1. Iycte a>0. IIpeanonoxum, 4To TOYKA, ABUrasiCh 10 €AUHUYHON OKPYKHOCTH OT TOUKU P mpotus
4acOBOM CTPEJIKH, MPoLUIa MyTh JUIMHOM o (puc. 1). KoHeunyto Touky mytu o6o3HauuM M.
B sToM ciyuae 6ynem roBoputh, 4To Touka M mosydeHa U3 Touku P OBOpoTOM BOKpYT Hayaja

KOOpJMHAT Ha YTOJl 0. paJHaH.
2. Ilyctb 0<0. B 3TOM ciyyae MOBOPOT Ha yroJj o paJdaH O3HAYaeT, YTO JBUKEHHUE COBEPIIAIOCH 110

YacoOBOM CTPEIIKE U TOYKA NPOIILIa My Th JUIMHHOM || (puc. 2).
[ToBopoT Ha 0 paj 0O3HAYAET, YTO TOUKA OCTAETCS Ha MECTE.

[Tpumepsr:

1) ITpu moBopote Touku P(1;0) Ha yromn( % )(puc. 3) monyuaercs Touka M ¢ koopauHatamu (0;1).
2) Ilpu noBopote Touku P(1;0) na yromn(- % ) (puc. 3) momygaetcst Touka N(0;-1).

3) Ilpu noBoporte Touku P(1;0) Ha yron( 37” ) (puc. 4) nonyuaercs Touka K(0;-1).

4) Ilpu noBopore Touku P(1;0) Ha yron(-77 ) (puc. 4) nomydaercs Touka JI(-1;0).

17 £
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= Vegio)
: 5

T |i4s v
5 | e
180+

Puc.3 Puc.4

HpI/IBe,[[eM Ta6J'II/II_Iy MMOBOPOTOB HA HCKOTOPBIC YTJIbI, BEIPAKCHHBIC
13
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B paJMaHHON U rpagycHoil Mepax (puc. 5). OtmeTum, uro npu nosopote Touku P(1;0) Ha 360°, Touka
BO3BpAIllaeTCs Ha MEepBOHAaYaIbHOE TONIOkKEeHUE (cM. Tabmuity). [Ipu moBopore Touku Ha -360°, oHa

TAKKC BO3BPAIIACTCA B IICPBOHAYAJILHOC ITOJIOKCHHC.

Puc. 5
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Tema 3.2. Onpeoenenue cunyca, Kocunyca, manzenca u KomaHnzenca yaid.
Onpedenenus cunyca, KOCUHYCA, MAH2EHCA U KOMAH2EHCA YUCIA. SHAKU CUHYCA U KOCUHYCA.

Ymems: HaxXOAWUThb 3HAYCHUS TPUTOHOMCTPHUYCCKUX BBIpa)KeHHﬁ, OMpECACIIATh 3HAKOB YHCCII

S e, COSw, fgam, oign

Buame: OMpEaACICHUS CMHYCa, KOCUHYCA, TAHI'CHCA U KOTAHI'CHCA YHCJIda, 3HAKH CUHYCa U KOCHHYCaA.

Onpenenenune 1. Cunycom yrna & A
Ha3bIBAETCS OpP/IMHATA TOYKH, MOTYUYECHHON %
noBopoToM ToukH (1;0) Bokpyr Hauana
KOOpAUHAT Ha yroia & .O0o3Havaercs sina |~ N
Onpenenenune 2. Kocunycom yriia &
HazbIBaeTCs adcuucca TOUKH, MOJTy4eHHON
noBopoToM ToukH (1;0) Bokpyr Hauana m/ \“ .
KoopauHat Ha yron ¢ .O6o3nagaetcst COS X 0(0; 0) | cosa | P(1;0) s

B stux OIPECACIICHUAX YI'OJI MOXKCET BBIPAXKATHCA KaK B I'pa/lyCax, TaKk U B paJAlaHaXx.

Omnpenesenune 3. TanreHcoM yria X Ha3bIBa€TCS OTHOIICHUE CHHYca yrila X K €ro KOCHUHYCY
(o603HauvaeTcs I ).
sin @

Takum oOpazom fga =
cosa

Onpenenenne 4. Koranrencom yria (¥ Ha3bplBaeTCsi OTHOIICHHE KOCHMHYyca yrina (' K €ro CHHYCY
(0bo3HauaeTcs C1& %),

coso

Takum oOpazom cigar =—,
sin o

ITpuBeneM TabauIly YacTO BCTPEUAIOUINXCS 3HAUYEHUM CHUHYyCa, KOCUHYCa, TAHI'€HCA U KOTaHT'€HCA.

Tpagycur | 0% 30° | 45°% | 60° | 20° [ 180° | 270° | 3&0°
3
Paguage | 0 z z A e il 25T
) 4 3 2 2
Dyuxnua
. 0 l E E 1 0 -1 0
Sit1cy 2 P P
cosct 1 1’@ E l 0 -1 0 1
2 2 2
toct 0 ?E 1 |3 -] 0 - 0
ctgcr - | B 1 g 0 - 0 -
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3HaueHus KOCHHYCAa M1 CMHYCA HA OKPY’KHOCTH.

v yA YA

+ | + = | 9 K+
g

>y

Y
&
=Y

)
- —_ - -+ k e

Jnaxu cusyca Juanu Kecunyca 3uany maHeeHcd
U KOMaHeeHc

Koumponvnuvie 6onpocwl
1. EnMH4Has OKPYKHOCTb.

2. Yroi B OUH pajJiiaH.
3. IToBOpOT TOYKHU BOKPYT Ha4aljia KOOP/IMHAT.

4. OnpeneneHus: CHHyca, KOCHHYCa, TAHT€HCAa U KOTAHT€HCa YHUCIIa.
5. 3HaKW CHUHYCa M KOCHUHYCA.
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Tema 3.3, 3.4. OcHOBHbIE TPUTOHOMETPUYECKHUE TOXKAECTBA. DPMYJIbI CI0KEHUS

3asucumocms medHcoy CuUHycom, KOCUHYCOM, MAHSEHCOM U KOMAHSEHCOM 0OHO20 U MO20 JHCe
yena. Popmynvl CIOAHCEHUA.

Ymemns: ipeoOpa3oBbIBaTh NPOCTENIINE TPUTOHOMETPUUECKUE BBIPAXKEHNUS, BBIUUCIIATH C TIOMOLIBIO
(bopMyIIBI CIIOKEHHUS.

33Hamp: 3aBUCUMOCTb MEXAY CUHYCOM, KOCHHYCOM, TAHT€HCOM U KOTAHT€HCOM OJIHOTO M TOT'O K€
yriaa, GOpMyJIbl CIOKEHHS.

OcHogHOe mpu2oHOMEempuUYecKoe moxcoecmeo:
2 s 2 _
cos”“ a+sin- a =1

3asucumocmo MexHcoy CUHYCOM U KOCUHYCOM:

2 -2
cos & =H=/l-sin” «

-2 2
sin~ ¢ =+=/1- cos™ «

lga cliga =1

1
— ctg’a+1=———

tgta+1= —
cos” « sin” &

Cunyc, Kocunyc, manzenc y2noe (- <) u O,
cos(- &) =cosa

sin(- &) =- sin«
tg(-a) =-tgex
ctg(-ax) =-ctga

Dopmynsl cnodicenusn
OcHOBOI1 17151 BRIBOJIAa OCTATBHBIX (DOPMYII SABIISIFOTCS (hOPMYJIbL CLOHCEHUA:
cos(a + ) =cosacos ff +sinasin ff
cos(a - ) =cosacos - sinasin
sin(ex + ) =sin @ cos  + cosasin ff
sin(x - ff) =sinacos - cosasin fB
tga +tgf;
1- tgaagp
Konmponvnvie sonpocwi
1. 3aBUCUMOCTh MEXKy CHHYCOM, KOCHHYCOM.

2. 3aBUCHUMOCTb M€Ky TAHT€HCOM U KOTAHI'€HCOM OJHOT'O M TOTO € yria.
3. ®opMyIIbI CIIOKEHHUS.

igla+ ) =

Tema 3.5. CuHyc, KOCMHYC M TAaHT€HC ABOMHOIO yrJia.
CuHyc, KOCHHYC ¥ TAHT'€HC IIOJIOBUHHOIO yIJIa
®opMyJibl IPUBeIEHUS

Bv1600 popmyn cunyca u kocunyca 06otino2o yana, ucnonvsys gopmyast croxcenus. Haxoorcoenus
NOJOBUHHO20 Veld NO U38ECIMHbIM 3HAYEHUAM KOCUHYca u cunyca. Ilpumenenue popmyn npugedeHus.

Ymemw: ucnonb3oBaTh (QOpMyINBI JIBOMHOIO YyIJla, HMCIOJIB30BaTh (POPMYJIBI IOJIOBUHHOTO YIJa,
IPUMEHATD [P PEICHUH 3a]1a4 (POPMYJIbl IPUBEICHUSI.
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3uams: BeIBOA OPMYII CHHYCA U KOCHHYCA ABOMHOTO yTJIa, UCIIONIB3Ys (hOPMYIIbI CII0KEHHU,
HaXO0’KJEHUs IOJIOBUHHOIO YIJIa TI0 U3BECTHBIM 3HAaYEHUSM KOCHHYCA U CUHYca, IpUMEHEeHue Gpopmyii
IIPUBE/ICHUS.

Cunyc, Kocunyc u manzenc 060iHo20 y2nd.

sin2a =2sin acosa
cos2a =cos’ a - sin’ «
2tecx

tg2c =55

l-tg”x

CtuC, KOCUH)YC U mMAH2EHC NOJIO6UHHO020 y2iia

,a l+cosa
cos” — =———
2

,a 1-cosa
gl =—
2 l+cosa

Dopmynvl npugedenusn

ona cunyca:

| |
sin| —- o | =cos« sin| —+«a | =cosa
2 ’ 2 ’
sinlz - &) =sinc, sin(7 + &) =- sin a,
. |37 . |37
sin -a|=-cosa, sin| —+a | =- cosa,
2 2
onsa Kocunyca:
T . JT .
Ccos| —- ¢« | =sina cos| —+a | =-sinx
2 ’ 2 ’
coslz - &) =- cosa, coslz + ) =- cosa,
. T .
cos - a] =-sina, cos 7+0{ =sina,
0/11 MAH2EHCA U KOMAH2CHCA:
T _ T _
g 5+a =-cliga, ctg 5+a =-iga,
T
gl —-oa| =cgao, ctg[2— a| =iga,

. . b4
B nipaBoii wactu hopMyIIbl CTaBUTCS TOT 3HAK, KOTOPBIM UMEET JieBas 4acTh Npu ycinoBun 0 <« < 7

. T 3
Ecmu B neBoii yactu popmyIsl yroil paBeH > & unm B3 *a, TO CUHYC 3aMEHSETCS Ha KOCUHYC,

TaHIe€HC — Ha KOTaHT'€HC U Ha000poT. Eciu yroi paBeH 7 *¢ , To 3aMeHBI HE TPOUCXOIUT.

Cymma u paznocms cunycos. Cymma u pa3nocmos KOCUHYCOB.
a+f3 a-p
/ cos / ,
2
a-f3 a+f
p cos /
2
a+pf a-pf

cosa +cos 5 =2cos 5 oS,

sin « +sin £ =2sin

sin & - sin f =2sin
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cosa - cosfs :-2sina+/jsina- /)),
2
KoumponwbHule gonpocwl
1. BeiBoa hopmyin cuHyca v KOCUHYCa JBOMHOTO YIJIa, UCTIONB3YS (POPMYIIBI CIIOKEHUSI.
2. HaxoxaeHus 1moJoBUHHOTO yIila M0 U3BECTHBIM 3HAUYEHUSIM KOCHHYCa U CHHYCA.
3. [Ipumenenue chopmyn npugedeHnus.

Tema 3.5 .Tpuronomerpudeckue GyHKIUH.

Onpedenenue mpueoHOMempuyeckux QYHKYuil, c60UCmea mpuecoHOMempuyecKux
@DyHKyuil, epaguku mpucoHoMempuyeckux QyHKyul

Ymemu: ctpouTh raku TPUroHOMETPUUYECKUX (YHKIMH, ONMCHIBATh X CBOMCTB, IPUMEHSTh
CBOMCTBA IIPU PELICHUN YIIPAKHEHUI
3namu: onpeneneHusi TPUroHOMETPUYECKUX (QYHKIMN, CBOMCTBA TPUTOHOMETPUYECKUX (PYHKLUI

OYHKIMU y = Sin X, ¥ = COS X, y = tg X, y = ctg X HA3bIBAIOT TPUTOHOMETPUUECKIUMH (DYHKLIHSIMHU.

DyHKuus y = sin x.
CoiicTBa u rpaduk GyHKIMH y = sin x.
1) O6nacTh ornpee’aeHus - MHOKECTBO BCEX JICUCTBUTEIBHBIX YHCEIL.
2) ObnacTh 3HaUEHUM - oTpe3oK [ - 1; 1].
3) OyHKIMS MepUoOANIECKas; OCHOBHOM MEpUOJ] paBeH- 27.
4) ®yHKIMA HEUeTHAs .
5) ®yHKIMS BO3pacTaeT Ha MPOMEXYTKax [ -1/2 + 2nn; m/2 + 2nn] u yObIBaeT Ha
MIPOMEKYTKAX
[ /2 + 27n; 3n/2 + 2nn], n € Z.
I'padux GpyHkumu y = sin x n300pakeH Ha PUCYHKE.

) y=slnx
Tl

DyHKUMSA y = COS X

CaoiicTBa u rpaduk GyHKIMH y = COS X.

1) O6nacTh onpeneneHust PyHKIMU - MHOXKECTBO BCEX JIEHCTBUTENIbHBIX YHCEI.

2) Ob6nacTh 3Ha4eHUH - OTpe3okK [- 1; 1].

3) ®yHKIMS IepUOUYEcKasi C OCHOBHBIM IIEPUOIOM 27T

4) ®OyHKIMS YeTHAS.

5) ®yuknus yObIBaeT Ha MPOMEXKYTKaxX [27tn; T+ 2 n] 1 BO3pacTaeT Ha MPOMEKYTKaX
[-m+ 27tn; 2ntn], nnZ.

['padux pyHKIINN ¥ = cOS X U300paKeH Ha PUCYHKE.
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DyHknusa y = tg x.

CoiictBa u rpaduk QyHKIHH y = tg X.

1) O6nacts onpenenenus: x & n/2 + nk, ke Z.

2) O6nacTh 3HaYEHUH - BCS YMCIIOBAsI MpsMasi.

3) M- OCHOBHO#1 epro QyHKITUH.

4) OyHKIMS HEYEeTHAsL.

5) ®yHKuMA BO3pacTaeT Ha MPOMEXyTKax ( -m/2 +un;mw/2 +mn).
I'padux pyHkumm y = tg x n300pakeH Ha pUCYHKE.

Y y=tguw

|

.+

(}

.
-

b3 |

|
| |
| |
| |
| |
| |
| |
', '.
T F
| |
| |
| |
| |
| |
| |
| |

DyHKuus y = ctg x.

CgoiictBa 1 rpaduk GyHKIIUU y = Ctg X.
1) O6nacte onpenenenust pyHkun: x & /2 +nk, ke Z.
2) O6nacTh 3HaUeHUH (DYHKIMH - BCSI YUCIIOBAs TIPSMasi.
3) ®yHKUMA EpUOJUYECKasi C OCHOBHBIM IIEPUOJIOM Tt
4) OyHKIMS HEYETHAS.
5) ®ynknus y = ctg x yObIBaeT Ha MPOMEXyTKax (7mn;m+mn).
I'padux pynkmmm y = ctg x n300pakeH Ha PUCYHKE.

¥ |
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Tema 3.6. O0OpaTHble TPUTOHOMeTpHYecKHe PYHKIIUM, UX
CBOMCTBaM rpapuku.

Onpeodenenue 0bpamuvix mpueoHOMempudeckux QyHKyul, ceoucmaa
MPUSOHOMEMPULECKUX DYHKYUL, 2paPUKU MPULOHOMEMPULECKUX (YHKYULL

Ymemsb: cTpouTh rauKe OOPATHBIX TPUTOHOMETPHUYECKUX (DYHKIIUH, OMTUCHIBATH UX CBOICTB,
NPUMEHATh CBOWCTBA MPH PELICHUH YIIPaKHEHUH

3uamy: onpeneneHuss oOpPaTHBIX TPUTOHOMETPUUYECKUX (YHKINH, CBOHCTBAa 0OpPAaTHBIX
TPUTOHOMETPHUYECKUX (DyHKIUIA

OOpatHble TpuroHoMeTpruieckue GpyHKInuU (apKCHHYC, apKKOCHHYC,
ApKTAHTEHC M apKKOTAHTEHC) SIBJISIFOTCS OCHOBHBIM 3JIEMEHTapHBIM
¢ynksiMu. YacTo u3-3a mpucTaBku "apk" oOpaTHBIE TPUTOHOMETPHUECKHE
¢yHKIMM Ha3bBaOT apKkpyHKIpsiMuA. Ceiiuac MBI pacCMOTPHUM UX rpaduKu
¥ TIEPEYHCIIUM CBOMCTBA.

DyHKIHS AaPKCUHYC Y =arcsinx

N3006pa3um rpaduk yHKITMH apKCUHYC:

NIy

Ll

CBoiicTBa (PyHKIMH apKCHHYC V =arcsin x
1.06nacte onpeneneHus — oTpe3ok [-1;1].
g JZ'}

2. MHO€eCTBO 3Ha4YE€HUMN — OTPE30K 5,5

3. OdyHKIWs ¥ =arcsinx po3pacraer.
4. dyHKIMS ¥ =arcsin x gpiseTcsl HEYETHOM, TaK KakK
arcsin(- x) =- arcsin x ,
@OyHKIMA apKKOCHHYc V —arccosx
I'padux QpyHKIUN apKKOCUHYC UMEET BUJI:
Y

k3

)

CBoiicTBa QpyHKIHM apKKOCHHYC ) —arcCoSx
1.06nacte onpeneneHus — oTpe3ok [-1;1].
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2. MHO»XeCTBO 3HaY€HUN — OTPE30K {O;Jr J .
3. @yHkwms Y =arcCosx yQpipaer.

DyHKIMSA APKTAHTEHC VY =—aICIgx

I'padux pyHKIMU apKTaHTEHC UMEET BUJI:
z[Y

2

x

T

2

CaoiicTBa QyHKIMHU V =arcigx,
1.006macTh onpeeneHnss — MHOKECTBO BCEX JICHCTBUTEIBHBIX YHCEL.
M
272

2. MHOk€eCTBO 3HAaYEHU — UHTEPBAII

3. OdyHkIuMs VY =arcigx pospacraer.
4. OyHKIMS Y =arcigx gBusieTcsl HEUYSTHOM, TaK Kak
arctg (- x) =- arctgx ,

DOYyHKUHUSA APKKOTAHTeHC VY —aI'cregx |
N300pa3um rpaduk GyHKIIMN apKKOTAHTEHC!

CaoiictBa QyHKIHMH V =arccigx,
1.06nacTe onpeaeneHnss — MHOKECTBO BCEX JAEMCTBUTEIbHBIX YUCEIL.

2. MHOXeCTBO 3HaYEHUN — UHTEPBAI (0:72) |
3. OdyHKIus VY =arccigx yopiBaeT Ha BCel 00JaCcTH ONpEIe/ICHHUSI.

Koumponvnuvie 6onpocwl
1. Onpenenenus GyHKIMA, UX CBOHCTBA U TpaduKy.

2. IIpeoOpa3zoBanus rpaduKoB.
3. [MapasnnenbHbI EPEHOC, CHMMETPUSI OTHOCUTEIBHO OCEH KOOPAMWHAT U CUMMETPUSI OTHOCHTEIIBHO

HayaJla KOOPJAMHAT, CUMMETpPHUS OTHOCUTENIBHO NPSIMOM y=X, PACTSKEHMsI M CXKaTUE BAOJIb OCEH

KOOpAUHAT.

Tema 3.7. Tpuronomerpuveckue ypaBHeHHA

IIpocmetiuiue mpuecoHomempuyeckue ypasHeHus UOa Cosx = a,sinx = a, igx = a,cigx =a, Memoosl
peulenus mpueoHOMempuyecKux ypasHeHuil

Ymems: pemiate ypaBHEHUE BUAA: COSY = @, SInx = a, Igx = a,cigx =a
3nams: onpeneneHns apkCuHyca, apKKOCUHYCa, apKTaHI€HCa; YaCTHBIE CIIyyau TPUTOHOMETPUYECKHUX

YpaBHEHU, OCHOBHBIE METO/Ibl PEIICHUS TPUTOHOMETPUUYECKUX YPaBHEHHIA.

Ypasnenue COSX =a,
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ApkkocunycoM umcaa <« <[- 1:1]1 HaseiBaercs Takoe umcino <« <[0:7], xocuHyc
KOTOPOTO paBeH a: AIl'CCOSd =« ecnu COSU =d n 0 <a =<x.
Bce kopuu ypaBaenust COSX =d , rae |«| =1, MOXHO HAXOAUTH 110 HOPMYJIE

x =Harccosa +2om,n€ 2

arccos(- @) =7 - arccosa - 3ta (QopMyaa TO3BOJSIET HAXOAUTh 3HAYCHUS APKKOCHHYCOB
OTPHUIATEIbHBIX YHCE YEPE3 3HAYECHUSA apKKOCHHYCOB I0JIOKUTEIBbHBIX YUCEN.
Yacmmuvie cnyuau:

T
cosx =0, x =5+m’z,n€Z
cosx =1, x =2m.ne L
cosx =-1,x=7+2m.ne”’

Ypasnenue sinx =a.

Jr I
Apkcunycom unciaa @ < [- 1:1] nHaspiBaercs Takoe 4uciIo « € [- 5;5], CHHYC KOTOPOTO

paB€H a: arcsina =« , €ClIi SIna =a u - E <o SE'

Bce kopHu ypaBHenus sinx =a , rae |<| =1, MOXHO HAXOAUTH 1O GopMyIIe
x =(-1)" arcsina +m,n € 7 .

arcsin(- @) =- arcsina - sta GopmyJia MO3BOJSIET HAXOJUTh 3HAYCHHSI aAPKCHHYCOB OTPHUIIATEIIBHBIX
YHCEJI Yepe3 3HAYCHUs] apKCHHYCOB ITOJIOKUTEIBHBIX YHCEII.

Yacmuvie cnyuau:
sin x :()’ X =m.ne Z

. T
sinx =1, x :5'*'2717’[,7162

sinx =-1 x:-§+2ﬂn,n€Z

5

Ypasnenue 18X =a,

Jr T
ApPKCHHYCOM 4YHcJIa @ € R Ha3plBaeTCs TaKkoe 4HCIO « € [- 5;5], TAHT'€HC KOTOPOTO

et — _ b T
paBeH q: @ Clga =a ecnu 1€* =a gy - > <a SE.
Bce KopHM ypaBHEHUs Sinx =a , e ¢ € R, MOXHO HaXOAUTh 110 GopMyJie

X =arctga +m,n € £

arctg(- a) =- arciga - sta QopMyJa MO3BOJSIET HAXOJUTH 3HAYECHHS APKCHHYCOB OTPHUIIATENHHBIX
YHCEJI Yepe3 3HAaYCHUs] apKCHHYCOB ITOJIOKUTEIBHBIX YHCEI.

Tpuzonomempuueckue ypasHenus
1. YpaBHEeHHS, CBOSAIINECS K KBAJAPATHBIM.
2. VpaBHeHus asinx +bcosx =c.
3. YpaBHeHus, peraeMble pa3IoKeHHEM JIEBOW YaCTH Ha MHOKUTEIH.

Konmponwvnvie sonpocwi

1. YpaBHeHHs BUIa cosx = a.
2. YpaBHeHus Bua sin x =a
3. YpaBHeHus Buaa igx = a.
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Tema 4. Kopuu, crenenu

Tema 4.1.CTenenb ¢ pallHOHAJIBHBIM U 1eHCTBUTEIbHBIM IOKA3aTeJISIMH.

Onpedenenue u ceoticmea cmenenetl ¢ pAyuOHAIbHbIM U C 0eUCMBUMENbHbIM NOKA3AMENAMU.

Ymemuw: pemats 3a1aun Ha TeMy: «CTENeHb ¢ palliOHATBHBIM U IEHCTBUTEIBHBIM MOKA3aTEeIAMMIY).
3nams: onpeaeNeHrne U CBOMCTBA CTENEHEN ¢ PallMOHAJIBHBIM U C J€MCTBUTEIbHBIM [TOKA3aTEISIMHU.

Cmenens C PAUUOHAIbHbIM ROKA3amejiem.

m
Ecmu n — HATypaJIbHOC YMUCJI0, M — HCJIOC YHUCJIO U YaCTHOC —— SABJACTCA LECJIIBIM YUCIIOM, TO
n

npu ¢>0 crpaBeUIMBO PaBEHCTBO

m
n m

a :al‘l .
m

[onp3ysich popmyJIoit 4/, m — ,», CTCIIEHb C PALHOHATBHBIM [IOKA3aTEIEM MOKHO

NPEJCTaBUTh B BHJIE KOPHS U HA0OOPOT.

m  mk
Tak kak — :—k ,TIe n U k - HaTypaJbHBIC YUCIIA, M — IEI0e YUCIIO, TO MpH JTF0O0M a>0.
n n

m mk
a" =a nk
MoxHo IIOKa3aTb, 4YTO BCC CBOMCTBA CTEIEHH C HaTypaJIbHBIM IIOKa3aTCJIEM BCPHbI JIA
CTCIICHH C .HIO6BIM paLII/IOHaJILHbIM IIOKA3aTCJIEM U ITOJOXKUTCIIbHBIM OCHOBAHUCM.
A MMEHHO, IS JTFOOBIX pallMOHATIBHBIX YUCE P U U JII0OBIX ¢ > 0,5 > 0 BepHBI paBeHCTBA:
l. a’a’” =a’"

P4 p-q

2. a’:a' =a
3. (a/’)‘/ :a/"/
4. (ab)’ =a’b”
5. E q :ap

b b’

OTH CBOMCTBA MOJIy4arOTCs U3 CBONCTB KOPHEH.

Cmenenbs c oeilicmeumeibHbIM NOKA3AMeNem.

[lpu mobom x€ R u mobom a>0 creneHb «* SBIAETCS TOJIOKUTEIHHBIM
JIEUCTBUTENBHBIM YHUCIIOM: ¢* >0 npu x € R ,a >0,

Ecnu ocnoBanue crenenu a=0, To creneds O ONPEEsitOT TONIBKO IpH x > 0 ¥ CUUTAIOT, UTO
0" =0 mpu x > 0. IIpu x <0 BeIpakeHUE HE UMEET CMBICIIA.

[Ipu TakoM ompeneNeHWr CTETEeHH C JACHUCTBUTEIBHBIM TOKAa3aTeIeM  COXPAHSIOTCS BCE
M3BECTHBIE CBOMCTBA CTENIEHH C pallMOHAIBHBIM ITOKA3aTEIEeM.

st moGoro a >1 u moboro x >0 unucno o™ Ooneiie 1,1.e. ¢ >1 mpu a >1,x >0,
Teopema: Ilycts a >1 u x, <x,.Torma ¢" <q"™.

Cneocmeue 1. Ilycts 0 <a <1 u x; <x,.Torma ¢" >q".

Creocmsue 2. Ilyctb a >0,a #0,4" =q* . Torga x, =x,.

Cneocmeue 3. ITycrs 0 <x, <x,. Torma, eciu » >0, 10 x,” <x,”,aecmu P<0,10 x,” >x,”.

Takum 00pa3omM, TIpH BO3BEJACHUHM HEPABEHCTBA C MOJOKUTEIHLHON JIEBOW M TMOJIOKHUTEIHHOU
MPAaBOM YacCTAMHU B MOJIOKUTEIBHYIO CTENEHb 3HAK HEPABEHCTBA HE MEHSETCS, a IPU BO3BEIACHUU B
OTPHUIATEIBHYIO CTEIEHb 3HAK HEPABEHCTBA MEHAETCS HA MPOTUBOIIOI0KHBIM.
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Konmponvrvie sonpocwi
1. Onpenenenue u CBOMCTBA CTENIEHEN C pallMOHAIBHBIM MOKA3aTEIIMU.
2. OnpenieneHre U CBOMCTBA CTENIEHEN C IEMCTBUTEIbHBIM MOKA3aTEISIMH.

Tema 4.2. ApupmMeTnyecKuii KOpeHb HATYPAJIbHOM CTENeHM.

Onpeodenenue u ceolicmea apu@dmemuiecKko2o KOpHs HAMypaibHOU CmeneHu.

Ymemy: pemats 3a1aun Ha TeMy: « ApuMETHIECKUI KOPEHb HATYPAIIBHON CTEIICHM»
3nams: onpeieNeHrne U CBOMCTBA apu(PMETHUECKOTO KOPHS HATYpPaIbHOM CTEeTIeHU

Onpenenenue:  Apugmemuueckum  KOpHeM  HATypalbHOM  cTemeHW  n =2  u3
HEOTPULIATEIBHOIO YHCIIA @ HA3bIBAETCS HEOTPULIATEIBHOE YUCIIO, 11-asl CTENIEHb KOTOPOIO PaBHA d.

Apudmerndeckuil KOpeHb #-OM CTENEeHH U3 4Yucia a oOo3Havyaercs Tak: A/a . Hucmo a

Ha3bIBACTCS MOJAKOPEHHBIM BbIpakeHueM. Eciu n=2, To BMecTO i/a NHIIYT ~a . Apudmernueckuit

KOPEHb BTOPOH CTENEHW HA3BIBAIOT TAK)XKE KBAJPATHBIM KOPHEM, a KOpPEHb TPEThEH CTENeHW —
KyOndeckuM KopHeM. JIeHCTBHE TOCPEICTBOM KOTOPOTO OTBHICKUBAETCS KOpPEHb 71-OW CTEICHH,
Ha3bIBACTCS U3GNeUeHUeM KOPHA N-Oli CcmeneHu. JTO JEUCTBHE SBISIETCS OOpaTHBIM JCHCTBHIO
BO3BE/ICHUS B /-0 CTCIICHb.

ApudmMeTndecknii KOpPeHb  n-OM CTENeHW o00JiaJaeT CICAyIONMMH CBOHCTBAMH: €CITH
a =0,b >0 g n,m — HATypaJIbHbIC YUCIIA, IpHYeM 77 =2,m =2 10

1. 4ab =x/a¥/b
2 e =de
s T
(Wa)" =Aa"
4. &a)="a

OTmeTHM, 9TO B CBOMCTBE | YHCIO b MOXKET TaKKe OBITh PABHBIM HYJIIO; B CBOHCTBE 3 YHCIIO M
MO3KET OBITh 1IeNIbIM, eciu a>0.

KoumponwbHuvle gonpocwl
1.0Onpenenenue apupMeTHIECKOrO KOPHS HATYypaJIbHOW CTETICHH.
2.CBolicTBa apu(METHUECKOTO KOPHSI HATYPaJIbHOM CTETICHH.

Tema 4.3. UppaumnonajibHble ypaBHEHHS] U HEPABEHCTBA
MemoOsi pewieHus uppayuoHaIbHLIX YPAGHeUll U HEPABEHCME

Ymems: pemiate OCHOBHBIE BUJIbI HPPALIMOHATBHBIX YPABHEHUN
3Hamy: onpelieNIeHue UPPALMOHATIBLHOTO YPaBHEHHS, OCHOBHBIE METO/IbI UX PELICHUS

YpaBHeHHe, coJiepKalee MepeMeHHyYI0 0] 3HAKOM KOPHSI, Ha3bIBACTCS UPPAUUOHATILHBIM.

Pentenne mppannoHaabHOTO ypaBHEHHsSI OCHOBAaHO Ha MpeoOpa30BaHUM €ro K paroHAILHOMY
YPaBHEHHIO, YTO JOCTUTAETCS BO3BEICHHWEM OOCHMX €ro 4acTeil B OAHY U Ty XKe CTCNEeHb (MHOTIA
HECKOJIBKO pa3).

[Tpu BO3BencHNM 00EWX YacTel MPPANMOHAIBHOTO YPABHCHHS B UYETHYIO CTCTICHD MOJIYdYaeTCs
ypaBHEHHE, SBIISIONIEECS CIICICTBHEM UCXOTHOTO. Y PaBHEHUIO-CIICACTBUIO yIOBJIETBOPSIIOT BCE KOPHU
HCXOJHOTO YpaBHEHUS, HO MOTYT IOSBUTHCS M KOPHH, KOTOPBIE HE SBISIOTCS KOPHSMHU HCXOJHOTO
ypaBHEHHS («ITOCTOPOHHUE» KOPHH). UTOOBI BBISIBUTH «IIOCTOPOHHHUE» KOPHH, BCE HAWICHHBIC KOPHU
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YPaBHEHHUS-CJIC/ICTBUSL TIPOBEPSIOT TOJCTAHOBKOW B UCXOJHOE YpPaBHEHUE M «IIOCTOPOHHHE» KOPHU
OTOpachIBaIoOT.

HcxonHoe WppannoHaIbHOE ypaBHEHHE PABHOCHIIBHO CMEIIAHHOM CHCTEME, COCTOAIIeH U3
YPaBHEHHS-CIICJICTBHS W  OTPAaHWYCHHI, ONPEACISIeMbIX O00JAacThIO  JIOMyCTUMBIX  3HAYCHUH
MEPeMEeHHON. B 3TOM ciydae «IOCTOpOHHHE» KOPHU HE OYyIyT BXOIUTH B OOJIACTH JIOMYCTUMBIX
3HAYCHUH MIEPEMEHHOW | MPOBEPSTh UX MOJCTAHOBKOW B UCXOJTHOE YPaBHEHUE HE TPEOYeTCs.

[Tpu BO3BeCHNH O0EUX YACTEH UPPAIMOHATBHOTO YPABHCHHS B HEYCTHYIO CTEIICHB MOTy4aeTCs
ypaBHEHHE, PABHOCHIBHOE HCXOHOMY.

HNppaunonajbHblie HEPABEHCTBA ¢ OJIHOM MepeMeHHOM.

PemeHne wnppanvoOHaIBbHOTO HEPABEHCTBA C OAHOW IEPEMEHHOM CBOAMTCS K PELICHHUIO
PaBHOCHJIBHOM €My CHCTEMBl PallMOHAJIbHBIX HEPABEHCTB WJIM COBOKYITHOCTH CHUCTEM PallMOHAIBHBIX
HEPaBEHCTB.

OTH CUCTEMBI PEIIAIOTCS NPU HAJOKEHUM OTPAaHUYEHUI HA MEPEMEHHYIO0 U BO3BEIEHHM 00enx
4acTel HEPABEHCTBA B OJIHY U Ty K€ CTEIICHb.

KonmponvHuvle 6onpocwl

1. OcHOBHBIE IPUEMBI HX pEIICHUs (pa3iokKeHNUe Ha MHOXKUTEIHN, BBEIEHUE HOBBIX HEU3BECTHBIX,
[I0JICTAHOBKA, rpa)MuecKUil METON).

2. M3o0paxeHne Ha KOOPAMHATHOHN IJIOCKOCTH MHOXECTBA PELICHNUH YpaBHEHUH C IBYMs
MIEPEMEHHBIMU U UX CUCTEM.

3. M3o06paxeHue Ha KOOPAMHATHOM MJIOCKOCTH MHOXKECTBA PEIICHUI HEPABEHCTB C IBYMS
MIEPEMEHHBIMU U UX CUCTEM.

Tema 4.3. Jlorapudmebl.

Onpeoenenue nozapugma nonroxcumenvroeo yucia. Ceoticmea nozapughmos. /lecamuynvie u
HamypaibHbvle 102apugmol.

Ymempo: BBIYUCISTD JOTapUQPMBI.
3nams: OnpenencHue morapudma moyoxureapHoro yucia. CroiictBa morapudmos. JlecaTnaapie U
HATypaJbHbIC JIOTaPUPMBI.

Omnpenesenue: JlorapudmMom IMOTOKUTETLHOTO YKclIa b 1o ocHOBaHUIO a (taea >0,a #0)
Ha3bIBACTCS MOKA3aTeb CTENEHU, B KOTOPYIO HAJI0 BO3BECTH YUCIIO d, YTOOBI MOITYYUTH YHUCIIO b.
Jlorapu¢m yucia b Mo OCHOBaHHIO @ 0003HAYAETCS CUMBOJIOM: 10g, b

Eciu a>0,a #0, b>0, o log, bmo omnpenencHuio ecTh MOKa3arellb CTENEHH, B KOTOPYIO
HaJI0 BO3BECTH YHUCJIO @, YTOOBI OJYy4YHTh unciio b. [ToaToMy paBeHCTBO

alog“b =h

€CTb TOKACCTBO, KOTOPOC HA3BIBAOT OCHO6HbIM JZOZClpuquull€CKuM MoAHCOeCmeoM.

JleiicTBUSI HAXOXKIEHUS JIoTapu(Ma YnCiIa Ha3bIBAIOT 102APUPMUPOBAHUEM.

Ceonicmea nozapughmos.
ITyctb @ >0,a #0,6>0,¢ >0 r- moboe AEHCTBUTEIBHOE YHCII0. TOrIa CripaBeIiTuBLI
dbopmybL:
1. log,(bc) =log,b+log, c,
2- ]Og(l - :1Og[l b - log(l C’
3. log,b" =rlog,b,

4. PaBHBIM MOJOXKUTEIbHBIM YHCIIaM COOTBETCTBYIOT U paBHbIC Jorapudmsl ,T.e. eciau b, =b,,
TO loga bl :loga bZ B
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5. log,1=0,
6. log,a =1,

Jlecamuynvle u hamypanvHule 102apughmol.

Hns  norapudMOB YHCENT COCTABJICHBI CIICIHMANBbHBIE TaOMHIBI(TA0JUIBI  JIOTapU(pMOB).
JlorapuMpl BBIYUCISIOT TaKkKe C MOMOIIBI0 MUKPOKAIBKYJIsATOpa. M1 B TOM, U B JAPYyroMm ciydae
HAXOJSATCS TOJIKO JIECATHYHBIC WU HATypallbHbIC JIOTapU(MBI.

Onpenenenue: /Jecamuynvim 102apugmom 4ucia Ha3bIBAIOT JIOTapU(M TOTO YMCIIAa IO OCHOBAHHUIO
10 u mumyt 125 Bmecro log,, b.

Onpenenenue: HamypanbHulm 102apugmMom wucia Ha3bIBaIOT JIOTapuM 3TOTO YUCIIA IO OCHOBAHUIO
e, TJie e — UPPAIHOHATIBHOE YHCII0, TPUOImKeHHO paBHoe 2,7. [Ipu sTtom numryt Inbd Bmecto log,. b,

Dopmyna nepexoda om n02apu@dma no 0OHOMY OCHOBAHUIO K JLO2APUPMY O Opy2oMmYy
OCHOBAHUIO: log, b :M,
log.a
e0e a>0,a #1,b >0,c >0,c #1
KonmponvHule 6onpocwi
1. Onpenenenwue orapudma MoOJTOKUTEITLHOTO YUCIIA.
2. CaoiicTBa norapudmMoB.

3. JlecATHYHBIC U HATypaJIbHBIE JTOTaPU(PMBI.
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Tema 5. Iloka3areabHasi ¥ Jorapupmuyeckas

Tema 5.1. [lokazarenbnas pynkuus. Ee cBoiictBa u rpadpuk

Onpedenenue, ceoticmea u epapux NOKA3amenvbHol QYHKYUY, ux npumeHeHue npu peueHun
VIPANCHEeHUU

Ymemw: ctpouth rpadukum  moka3aTeNbHBIX (YHKLHMH, ONMUCHIBATH UX CBOMCTBA, NPUMEHSTH
CBOMCTBA IIPU PEIICHNUN YIPAKHEHUN

3uamye: onpeneneHue GyHKINHU, €€ CBOWCTBA U I'paUKH.

[TokazatenpHas GpyHkums 3agaetcs hopmyinoit y =a',tnea>0ua # 1.

[Tepeuncnum cBoiicTBa GyHKUMU y = a* pu a > 1.

1) OGnacTh onpeneneHus GyHKIUU - BCSI YUCIOBAs TpsiMast.

2) Obnactb 3HaueHUH QyHKIUH - TpoMexyToK (0; + o).

3) OyHKUIUS HE SBISICTCS HU Y€THOM, HU HEYETHOW. DTO CIIETyeT U3 TOTO, UTO0 @ “#a ' ua ™ # - a.
4) OyHKIMS BO3pacTaeT Ha BCEH YMCIOBOM NPSAMOM.

I'padux Gynkum y = @ npu @ > 1 BBITISIANT TaK, Kak MOKa3aHO HA PHCYHKE.

OTmMeTruMm, 4TO 3Ta PYHKIUS HPUHUMAET JIIOObIE MOJI0KUTEIbHbBIE 3HAUCHUS.

y=a%; a=>{

_—-"/I

CaoiictBa ¢pyHkuuu y =a npu 0 <a <1.

1) OGnacTs onpenenenus GyHKINUA - BCSI YUCIOBAs TpsiMast.

2) O6nacte 3HavyeHwii - (0; + o).

3) ®yHKUMS HE ABISETCS HU YETHOM, HU HEYETHOM.

4) ®yHkuus yObIBaeT Ha BCEH YMCIOBOM MPSIMON.

I'paduk pynkuuu y = a* npu 0 < a < | BBINISAIUT TaK, KaK MOKAa3aHO HA PUCYHKE.
OTmeTuMm, 4TO 3Ta PYHKUUS NIPUHUMAET JIFOObIE MOJIOKUTEbHbIC 3HAUCHUSL.

Yi

! waq

7] X

KoumponvHuvle gonpocwl
1.OnpeneneHue noka3areabHONPYHKINT
2. CpoiicTBa nokaszaTesIbHON (DYHKITH
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Tema 5.2. Jlorapudmesl.

Onpeoenenue nocapugpma . Ceoticmsa no2apugmos. Jlecamuunvie U HAMypaibHble
Joeapughmol.

Ymemu: BBIUUCHATD JOrapuQpMBbl.
3uamy: onpeneneHue Jorapugma MmoJIoKUTEIHHOTO YMCIIa, CBOMCTBA JOTapru(MOB,IECATUIHBIC U
HaTypajbHbIE JOTapUPMBbI.

Omnpeaenenue: JlorapudmMom MoaoKUTEIBHOrO uucia b mo ocHoBaHuto a (raea >0,a #0)
Ha3bIBACTCS ITOKA3aTENb CTETIEHH, B KOTOPYIO HAJI0 BO3BECTH YHCIIO @, YTOOBI IMOIyYUTh YUCIIO b.
Jlorapudm uucia b 1o 0OCHOBaHUIO a 0003HAYaeTCsI CUMBOJIOM: 10g, b

Ecmu a>0,a #0, b>0, o log, bno omnpeneneHuo ecTh MOKa3arellb CTEICHU, B KOTOPYIO
HaJ10 BO3BECTH YHUCIIO @, YTOOBI MOJIy4UTh yucio b. [Io3ToMy paBeHCTBO

alog“h =h

€CTh TOX/IECTBO, KOTOPOE HA3BIBAIOT OCHOBHBIM JIO2APUPMUYECKUM MOHCOECTNEOM.
JeiicTBus Hax0XAeHUs JoraprudMa duciia Ha3bIBAIOT J102apUPMUPOBAHUEM.

Ceonicmea nozapughmos.
ITyctb @ >0,a #0,6>0,c¢ >0 r- moboe AeHCTBUTEIBHOE YKCI0. TOrIa CripaBeIyIuBLI
dbopmybL:
7. log,(bc) =log, b+log, c,

8- ]Og(l :log[l b - log(l C’

c

9. log,b" =rlog,b,

10. PaBHBIM MOJIOKUTEIBLHBIM YHCIAM COOTBETCTBYIOT M PaBHBIC JIorapuMsl ,T.€. ecnu b, =b,
T0 log, b, =log, b,,

11. log,1 =0,

12. log, a =1,

Jecamuunvle u namypanvhbie 102apugpmol.

st morapuMOB  UYHCENI COCTABJICHBI CIICUATbHBIC TAOMUIBI(TAOMUIBI  JToTapr(MOB).
Jlorapudmbl BBIYUCIAIOT TaKke C MOMOIIBI0O MUKPOKAIbKyJsATOpa. M B TOM, U B APyrom ciydae
HAXOJATCS TOJIBKO JIECATHUYHBIC MU HAaTypallbHbIE JIOTapU(MBI.
Onpenenenue: /Jecamuynvim 1o2apug)mom duciia Ha3bIBAIOT JOrapudM 3TOro Yucia Mo OCHOBAHUIO
10 u mumyt 12/ Bmecto log, &.
Onpenenenue: HamypanbHulm 102apugmMom wucia Ha3bIBaIOT JIOTapuM 3TOTO YUCIIA IO OCHOBAHUIO
e, TJIe e — UpPALMOHATIBHOE YUCITO, TPUOIMmKeHHO paBHOE 2,7. [Ipu atom numyt Ind BMmecto log, b .
Dopmyna nepexooa om no2apupma no 00HOMY OCHOBAHUIO K 102APUPMY NO OPY2OMY
OCHOBAHUIO: log, b —log.b ,
log.a
20e a>0,a #1,b>0,¢>0,¢c #1,
KoumponvHule gonpocwl
1. Onpenenenue norapudma MOIOKUTEIBHOTO YHCTIA.
2. CBoiicTBa JorapumMoB.
3. JlecaiTuuHbIE U HATYpaJIbHBIE JTOTAPUPMBIL.
Tema 5.3. Jlorapupmuyeckasi yHKUus.
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Onpeoenenue nocapugmuueckoni pynxyuu . Ceoticmea u epaghuxu rocapu@dmuueckon pyHxkyuu

Ymemow: crpouth rpadpuku  jgorapupmMuueckux (YHKLUMH, OMMCHIBaTh UX CBOWCTBA, NPUMEHSTH
CBOMCTBA IIPU PELICHNUN YIIPAKHEHUN
3uamo: onpeneneHue QyHKINHU, €€ CBOWCTBA U IpadUKH.

Jlorapudmmueckas pynkuus y = log, x o6agaer cneayomyuMu CBOHCTBAMU:
1) O6nacte onpeaenenus - (0; + o).
2) O6nactb 3HaYEHUH - ( - 00; + 0)
3) OyHKIWS HU YeTHasl, HU HeYeTHasI.

4) ®yukuus Bo3pactaeT Ha mpoMexyTtke (0; + co) mpu a > 1, yoriBaet Ha (0; + o) mpu 0 < a < 1.
I'paduk dynxmuum y = log, x MOkeT OBITH MONy4deH U3 rpaduka GyHKIMH Y = @' C MOMOIIBIO
npeoOpa3oBaHUsl CHMMETPUHN OTHOCUTEIBHO MPSIMOU y = X.

Ha pucynke a) moctpoen rpaduk sorapudmudeckoit GyHkmuu 1 a > 1, a Ha pucyske 0) - 1ia 0 < a
<.

YA 1"1h

a) & ¥ dag, i Oat<t)
®yuknusa y =In x.

Cpenu mokazaTenbHbIX QYHKIHHA y = g, TIe a > 1, 0coObIil HHTEpeC T MaTeMaTUKH U ee
MIPUIIOKEHUH TIpe/icTaBiIsieT GYHKIHS, o0agaronias e yoM CBOMCTBOM: KacaTelbHas K rpaduky
¢ynkuuu B Touke (0; 1) oOpasyer ¢ ockio x yrou 45°. OcHoBaHME a TakOW (PYHKUIUH ax MPHHATO
0003HaUaTh OYKBOH e, T. €. y = ¢'. [loacunrano, uto e = 2, 7182818284590..., 1 ycTaHOBJIEHO, YTO € —
upparuonanbHoe yrcio. JlorapupMudeckyro QyHKIHIO, 0OpaTHYIO MOKazaTelbHONH (QyHKIMU y = €,
T. €. pynkuuto y = log, x, mpuHsATO 0003HauaTh y = In x (In umraercs "HaTypanabHBIN NOTapupm").
I'padux Gyskimm y = In x n300pakeH Ha pUCYHKE.

KoumponvbHuvie 6onpocwl
1.0npenencHue norapu@MuIecKor (QyHKITUH.
2. CpoiictBa norapuMu4eckux QyHKIHH.

Tema 5.4. Pemienue nokasareJIbHbIX U JJOrapu(pMHYeCKUX YpaBHEHHUI, CHCTeM YPaBHeHMIl

OcHosHble npuembl Ux peweHus: (Paznodxicenue Ha MHOXCUMeNnU, 66e0eHUe HOBbIX HeU38eCHbIX,
noocmanosKa, epaguueckuti memoo). Mcnonvzosamnue ceoticmes u epagurxos YyHKyuti npu peueHuu .

YMemb: pelaTh NoKa3aTeiabHble U JJorapuMudeckue ypaBHeHUs

3Hamb: OCHOBHBIE IPHUEMBl MX pelIeHHs (pas3joKEHHWE Ha MHOXUTENIH, BBEJCHHE HOBBIX
HEHM3BECTHBIX, MOACTAHOBKA, I'pa)MuecKuil MEeTOM), MCIIOIb30BaHUE CBOMCTB M TpaduKOB (DyHKIMHA
IIPU PELICHUN YpPaBHEHUM.
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IlokazamenvHnule ypasnenus
Pewenune noxazamenvnuvix ypasnenuii 4acto CBOAUTCS K PEIICHUIO YPABHEHUS
a,\' :ah ,
rae @ > 0,a #1,x - geu3BecTHOE. DTO ypaBHCHUE PEIIACTCS C IOMOIIBIO CBOWCTBA CTEIICHU: CTCTICHH C
OJIMHAKOBBIM OCHOBaHHeM ¢ > 0,a #1 paBHBI TOJIBKO TOI'/Ia, KOTJa PaBHBI UX MOKa3aTelu.

Tema 5.4. Pemienne noka3sate/jibHbIX H JIOrapu(pMuuecKUX HEPABEHCTB

Pemenue noxkazamenvHulx HepageHcms 9acTO CBOJUTCS K PELICHUIO HEPAaBEHCTBA

a*>a"wm a* <a”.

OTH HEpaBeHCTBA pEHIAIOTCS C TOMOINBIO CBOWCTBA BO3PACTaHHUS WM  YOBIBAHHS
NoKa3aTelabHOM  (QyHKIMM: Juis Bo3pacTalomeil (QyHKouM OonblieMy 3HAuYCHHIO  (DYHKIIUH
COOTBETCTBYeT OoJblliee 3HAYCHUE apryMEHTa, a Il yObIBaroIied (yHKIUH OOJbIIEMY 3HAYCHHUIO
(YHKLINU COOTBETCTBYET MEHbBIIIEE 3HAaUEHUE apTyMEHTa.
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Tema 6. IIponsBoaHas
Tema 6.1 @yukyuu ux ceoiicmea u cpaguxku (noemopenue)
Dnemenmapuvie yHKYUU, UX CEOUCMBA U 2PAPUKU

Ymemsb: cTpouTh rpaduKu 3JIEMEHTAPHBIX (QYHKIUI, OMUCHIBATH CBOWCTBA (PYHKITUIA.
3namo: onpenencHus QyHKIHN, X CBOHCTBA U rpaduKu

HaszoBem ynopsoouennoti napoii (X.») IByXdJIEMEHTHOE MHOXECTBO {X.V}, B KOTOPOM
DJIEMEHT X HAXOJWTCS Ha MEPBOM MECTE, a DJIEMEHT ) — Ha BTOPOM. DIJIEMEHT X Ha3bIBACTCS Nepeoll
KOOpOuHamou yNOpsSAOYCHHON Tapbl, a dJIEMEHT Y — mopoll Koopounamot. JIBe ymnopsaoueHHbIC
Taphbl PaBHbI, KOTJIa COBIANAIOT UX KoopauHatel: (X,y) =(u,v) < x =u,y =v,

Dynkyueli f Ha3BIBAETCA MHOKECTBO YIIOPAIOYEHHBIX Tap uucen (X,)), takux, 4to x € X,
Y €Y gy KaxaoMmy djeMeHTy X € X CTaBUTCS B COOTBETCTBHE CIMHCTBEHHBIA 3JeMeHT » € Y.
Ob6o3nauenue: f: X — Y. MHOXecTBO X Ha3bIBaeTCs 00.1acmuio onpedeneHuss GyHKINU f, a MHOKECTBO
Y — obaacmoio 3uavenuti. O603Ha4aroT: Dy u E;. Ecniu sicHO, Kakue MHOKeCTBa X M ¥ UMEIOTCS B BHILY,
1o umryt V =./(X). DeMeHT X Ha3bIBACTCS ap2ymeHmom, a y — suavenuem QyHKIUH f.

Cnocooul 3a0anusa ynkyuu.
CylecTByeT HECKOJIBKO CITOCO0O0B 3a1aHusl (PyHKIIHH.

1. Tabauunoi. Wicmonmp3yercss TorAa, Korga oONacTh OINpPENEeNeHUs] COCTOUT U3 KOHEYHOTO
MHOKecTBa ymces. Torma uis 3amanHuss (QYHKIMH TPOIIE BCEro yKaszaTh TaOJHILy, COJCPIKAIIYFO
3HAYEHHs apryMEHTa W COOTBETCTBYIONIME 3HaueHus (yHkumu. Hampumep, tabnmia orapudmos.
JIpyruM MpUMEpOM MOTYT ObITh TaOJHMIIBI, COAEPIKAIIME TaHHBIC O YUCIC JKUTEJICH, HACENSIONINX
3eMHOM IIap B OTJCIbHBIC T'O/Ibl, PACIIUCAHHUS JIBUKCHUS [TOC3/I0B U T.II.

2. Ananumuyeckuu. Tlpy aHAIMTHYECKOM crioco0e 3aaanusi (pyHKIMS MOKET ObITh 3ajaHa s6HO,
KOI'JIa IaHO BBIPaXKEHME Y yepes X, T.€. popmyina umeer Bun ¥ =/ (X), meseno, Korma x u y CBSI3aHbl
MexIy coboii ypaBHenueMm Buma £7(x,v) =0; napamempuuecku, xorma COOTBETCTBYIOUIHE JPYT
JPYTY 3HAYCHUS X U ) BRIPAKCHBI YePe3 TPEThIO MEPEMEHHYIO BEJIMUUHY f, HA3bIBACMYIO NAPAMENPOM.

3. Jloeuuyeckuii. Ecnu GyHKIMST ONMUCHIBACTCS MPABUIIOM €€ COCTABJICHHs, Hampumep, (QyHKIU
Hupuxie: f(x)= 1, ecnu x — parpionanbHoe; f{x)= 0, eciu x — UpparmOHATLHOE.

4. [paguueckuii. CocTouT B H300paXeHUU cpaguxa (yukyuu — MHOXKeCTBa Touek (X,)7)
IUTOCKOCTH, aOCIIMCChI KOTOPBIX €CTh 3HAUCHHS apryMEHTa X, a OPAWHATHI — COOTBETCTBYIOIINE UM
sHadenns Qynkuuu YV =/ (X). TlpenmymecTBoM rpadUYecKOro 3aJaHHs SBIAETCS €TI0
HArJISJHOCTh, HEJOCTATKOM — €r0 HETOYHOCTD.

I'pagpuk ¢pynkyuu
I'paguxom pynkyuu (B IEKapTOBOH MNPSMOYTOJIBHOW CHCTEME KOOPIWHAT) Ha3bIBAIOT
reOMEeTPUYECKOE MECTO TOYEK, a0CHUCCHI KOTOPBIX SBISIOTCS 3HAYCHUSIMH HE3aBUCUMOM ITEPEMEHHOMH,
a OPAMHATHI — COOTBETCTBYIOIIMMH 3HAYCHUSIMH (DYHKIIHU.

Ceouicmea pynxkyuii
IToa ocHOBHEIMH cBoiicTBaMu QyHKIMU V =/ (X) GyaeM HOHMMATE CIEIYIOIIKE:

1. yuemnocmo, neuemnocmo. ®ynxuus ¥V =/ (X) HaspBaeTCsa yemHol, €CIM I MHOOBIX 3HAYECHMIA
x u3 obnactu onpenenenus J (- X) =/ (xX) u nevemnoii, ecmm S (- x) =- f(x). B npotuBHOM cllyuae
Gynkuus V =/ (X) maswBaercsa ¢hynxyueii obwezco suda. I'paduk 4eTHONH (QyHKIUM CHMMETPUYEH
OTHOCHTEJILHO OCH OpAMHAT (Hampumep, rpaduk GyHKIMU » =x°), a rpaduK HeuyeTHOH (YHKIMU
CHMMMETPUYEH OTHOCHUTEILHO Havyaja KoopauHaT (Hanpumep, rpaduk GyHkuun » =x°). Ilostomy mis
4eTHOW (DYHKIMM JTOCTATOYHO CTPOUTH JIMIIb MPaBYH MOJOBUHY rpaduka (x >0 ), seBas mojoBHHA
ero (x <0) sBrseTcs 3epKABHBIM OTPAXXCHUEM IPaBOM OTHOCHTEIHHO ocH (Oy. UTOOBI MOCTPOUTH
rpaduKk HEYETHOW (DYHKIUHU, TOCTATOYHO H300pa3uTh IMpaByr MoyioBuHy ero (x =0); neBas
nonoBuHa rpaduka (x <0 ) momyyaercst B pe3ysbTaTe MoBOpoTa mpaBoit Ha 180°.
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2. monomonnocms. Ecnm pns moObIX 3HaYeHMH X,X, € X U3 HepaBeHCTBA X <X,

BLITEKAET HEPABEHCTBO:

1) f(x)<f(x,), To GyHKIHS HA3BIBACTCS 803pACMAIOWell;

2) f(x) =f(x,), To QyHKUMA HA3BIBAETCS HeyObisaiowell,

3) f(x)>f(x,), To QyHKUMS HA3BIBAETCS yObIEaIOWeLL;

4) f(x)) =f(x,), To QyHKIMS HA3BIBAETCI HEB03pACMAlOUlel.
Bospacraromue, HeBoO3pacTarolmue, yObIBAOIIME W HEyObIBAIOINME (YHKIMM HA MHOXKECTBE X
HA3bIBAIOTCS MOHOMOHHLIMY HA DTOM MHOXKECTBE, a BO3DPACTAIOIIME M YOBIBAIONIME — CIMPO20
MonomonnbimMy  VIHTEpBalbl, B KOTOPbIX (YHKIMS MOHOTOHHA, HA3BIBAIOTCS UHMEPEALAMU
MOHOMOHHOCIU.

3. oepanuuennocms. OyHKIUS HA3BIBACTCA O2PAHUYEHHOL HA TPOMEXKYTKE X, €CIH CYIIECTBYET
TaKoe MOJOKHUTeIbHOe yncio M >0, gyro |/ (x) < M| gnus moboro x € X .

4. nepuoduunocms. @yHxkums Y =/ (X) HaswpBaeTca nepuoduueckol, €CIU  CyMIECTBYET
HOJNOKUTENbHOE umciao 7 Takoe, yro J(x+7)=7(x). HauMmeHbllee 4HUCIO C TAaKUM CBOWCTBOM
HaspIBaeTcs nepuodom QyHKmuM. I MOCTpoeHHs rpaduka MEPHOIMIECKON (YHKIMH JOCTATOYHO
1300pa3UTh €ro0 Ha OTPE3Ke, IJIMHA KOTOPOTO paBHA IMEPUOLY, a 3aTeM MOCTPOMTH IEPHOAMYECKOE
PO0KEeHNE TpaduKa.

Oopamnaa pynkyusn

[lycts 3amana ¢yuknous Y =/(x) ¢ o6macteio ompeneneHus D W MHOXKECTBOM
sHayenuit E. Ecnm kaxjgomy 3HaueHuio Y € £ COOTBETCTBYET €IWHCTBEHHOE 3HaueHHUE
x€ D, 10 onpenenena ¢ynkuus X =¢(») ¢ o6nacTbi0 omnpenencHus E W MHOXKECTBOM
snavenuit D. Takas pynkuus ¢()) maswiBaercs obpamuoii k pynkuuu f(X) u 3anucwiBaercs
B Buae: x =¢(v) =/""'(»). llpo pyuxnuu ¥ =/(x) u X =@()) roBopsaT, 4T0 OHH SBISIOTCA
B3aUMHO oOpaTHbIMH. ['paduku B3auMHO OOpaTHBIX (YHKIHMI CHMMETPUYHBI OTHOCUTEIIHHO
OUCCEKTPUCHI IEPBOTO U TPETHETO KOOPAUHATHBIX YTIIOB.

Onpenenenne 1. Ocnosnbimu 3r1emeHmaphvimMu  (QYHKYuAMU HA3BIBAIOTCS CIIETYOIIHE
byHKIIH:
a) nocmosnnas pysxuus f(x) =c¢, ¢ € R;
0) cmenennas GyHkus f(x) =x“,rae o — 1000€ ACHCTBUTEIHHOE YHCIIO;
B) noxazamenvnas GyHkuus f(x) =a*, toe @ >0,a #1;
r) n10eapugpmuueckas pyuxuus v =log, x, rge a > 0.a #1;
1) mpueoHomempuyeckue QyHKIUH Y =SIN X,y =COS X,y =IgX,y =cCIgX;
€) obpamuuvle mpuecoHomempuieckue GyHKIMH ¥ =arcsin x, y =arccosx, ¥ =drcigx, y =arccigx.

PaccMOTpHM OCHOBHBIE CBOMCTBA U TPAaMKKA OCHOBHBIX DJICMEHTAPHBIX ()YHKITHIA.
a) nocmoannas pynxuus f(x) =c¢, ¢ € R.

OGmacts  ompenenenus (- oo+0),  f(X) =¢  HeBo3pacTalOmas ¢ HeyOBIBAIOLIAS,
nepuoAnYecKkas, He uMeroulas HauMeHbliero nepuoaa. I['padux ¢ynkouu VYV —C- npsmas,
napauienibHast ocu OX, orcekaromias or ocu OV 0Tpe30K BeIHIuHOU C-

Yi
y=>4
b
y=0
[7] X
y=-2
—2
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0) cmenennas pyuxuus f(x) =x“. Ecnu mokazatens =/ - HaTypaJdbHOE YUCIIO, TO CTCICHb x
ompenenena i oboro x € R, cnepoBatensHo, D(y) =R. Ecmn @ =-n,n € N, 10 CTeNeHHas
byHKIIMS ¥ =x" ompeaeneHa Juis moboro X € R, x #0.

Ecnu o siBisiercst [poOHBIM YHCIIOM, TO 00J1aCTh ONPEIEICHUs CTENCHHON (YHKIIUU ¥ =X COBMAAaeT
C MHOKECTBOM JCHCTBUTEIBHBIX 3HAYECHUN X , JUIsl KOTOPBIX Y IPUHUMAET TAKKE NEHCTBUTEIIbHBIE
3Hagenns. Hanpumep, GpyHkums v =+/x onpenenena npu X =0, ¢ynkuus y =i/x ompeneneHa npu
mo0oM nedcTBUTeNbHOM X U T.A. Ecnm ¢ - uppanuoHalbHOE YHCIO, TO CTeneHHas (QyHKIus
f(x) =x“ onpeneneHa g BCEX HEOTPUIATEIbHBIX ACHCTBUTEIbHBIX 3HAYCHUN X.

Cmenennana ynKyusa ¢ HAMypaIbHLIM NOKA3AMeENEM.

Oyukius y = X", TIe n - HATypaJIbHOE YHCJIO0, HA3bIBACTCS CTEICHHOW (PYHKIMEH ¢ HATypajlbHBIM
MOKa3aTeJIeM.

[Tpu n = 1 momydaeM HyHKITHIO ¥ = X.

[Ipu n = 2 moay4yaeM GyHKIHUIO y = X7,

Dynkuus y = x>
I[lepeurcnum cBOMCTBA PYHKIUHU Y = X°.

1) O6nacte onpeneneHusi GyHKIMH - BCSI YMCTIOBAsT IPSIMasi.

2) y = x* - uetnas Qpynkuys (f (- x) = (- x)*=x"=f(x)).

3) Ha npomexytke [0; + o) ¢pynkmus Bo3zpactaeT eciu 0 <x, <x,,TO xl2 < x22 , @ 9TO ¥ O3Haydaer
BO3pacTaHue QyHKIUN).

4) Ha npomexyTtke ( - © ; 0] ¢ynkuus yosiBaer ( ecnu X, <x, <0, 1o xlz > xzz , @ 9TO U O3HAYaAET

yObIBaHUE (PYHKIIUH).
I'paduxom pyHKmuu y = x> ABjgeTca napadosa (cM. puc)

v
2
y=x%

-—F —Z2—7 O r 2 3 -

[Ipu n = 3 nony4yaeM QyHKIHIO y = X°.
dyukuus y = x°
[Tepeunciaum cBOHCTBA (PYHKIUHU Y = X°.
1) O6mactpb onpeeaeHus byHKIUNA - BCsI YHUCIIOBAs npsiMasi.
2) y = x° - nedetnas pynkuys (f' (- x) = (- x)’= - x* = - f(x))
3) dynkums y = x° BO3pacTaeT Ha BCEH YHMCIOBOM IPSAMOIA.
I'paduk GpyHKIME y = X° n300pakeH Ha pucyHKe. OH Ha3bIBAETCS KYyOMYeCKOi mapadoioii.
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Yo

Qa-..
L
X

[TycTh 1 - IPOU3BOIBLHOE YETHOE HATYPAIBHOE YUCIIO, Oombiiee AByX: n =4, 6, §, ... . B aToM
cayyae GyHKIUS y = x" 00JamaeT TEMHU XK€ CBOMCTBaMH, 4To M (yHKums y = x°. ['paduk Taxoii
(GyHKIMKM HAOMHUHAET Mapaboiy y = x°, TOJbKO BETBU rpaduka npH |x| > 1 TeM Kpyue UayT BBEPX, UM
OombIe n, a p |x| < 1 Tem "TecHee MpWKUMAIOTCA" K OCH X, 4YeM OoJIbIle 7. (puUC. a).

il ) v ﬁ}

AN

[lycTh n - IPOU3BOIBHOE HEYETHOE YHUCIO, Oombiiee Tpex: n = 5, 7, 9, ... . B aToM ciydae
GyHkuus y = x" 00NamaeT TeMHU Ke CBOMCTBaMH, 4To M (QyHKIMsA y = x°. ['paduk Takoi (yHKIun
HallOMHHAeT KyOudeckyro mapabosry (TOJIBKO BETBU TIpaduka TeM Kpyue HIyT BBEpX, BHM3, 4YeM
oonbie n) (puc. 6). OTMeTuM Takke, yTo Ha npomexyTke (0; 1) rpaduk creneHHOW QYHKIMH Y =
X" TeM MeJJIeHHee OTIANSETCsl OT OCH X C POCTOM X, 4eM OOJIbIIE 7.

Cmenennas ynKyua c yenvim ompuyamenbHvlM nOKa3amesem.
Paccmotpum dyHkIMIO y =X ", /1€ 7 - HaTypaJIbHOE YUCIIO.
[Ipu n = 1 monyuaem y =x ' umu y = 1/x. CBolicTBa 3TN ()yHKIIUH PACCMOTPEHDI BHIIIE.
[TycTh n - HEYeTHOE Yucio, Oomblee eAuHUIBL, 1 =3, 5, 7, ...
B atom ciiywae ¢yHkmmst y = x ™ 0061agaeT B OCHOBHOM T€MH K€ CBOMCTBaMH, uTo M GyHKIHS y = 1/x.
I'padux bysxkoum y =x ™ (n =3, 5, 7, ...) HanomuHaeT rpaduk GyHkmun y = 1/x (puc. a).

| — Y e ¥
{E-HESTMHIE) (i = semrwie )
i I
R X  -1d| X
a) ),

[lycTh n - YeTHOE Yucio, HarpuUMep n = 2.

[TepeyncianM HEKOTOPbIE CBOMCTBA QYHKIMK y =X 7, T. €. QpyHKuun y = 1/x°.
1) ®ynkuus onpeaeneHa mpu Beex x # 0
2) y =1/x* - uetHast QpyHKIHS.
3) y = 1/x* yowiBaer Ha (0; + 00) u Bo3pacraer Ha ( - o0; 0).
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Temu ke cBoiicTBaMH 00J1a/1a10T JIOOBbIe (PYHKUIMHU BHJIA Y = X " IIPH YETHOM N, OOJIBILIEM JIBYX.
I'paduk pynkuun y = 1/x* n300paxkeH Ha pUCYHKe 0. AHAJIOTMYHBIN BH UMeET TpapuK QYHKIUH y =

x " ecmmn=4,6, ..
1
2

DOyHKUUA y =x

[lepeuncaum cBoHCTBA PyHKIUHM v =+/x

1) O6macTs onpeenenus - 1yd [0; + o0). DTO cIeayeT U3 TOTo, 4TO BhIpaXKeHHe YX ONpesIeeHo INMb
npu X > 0.

2) ®yHKIMSA » =+/x HM YeTHA, HY HEYETHA.

3) ®ynkuus v =~/x BospacTaer Ha syue [0; + o0).

I'paduk GyHKIME » =+/x N300pakeH Ha PHUCYHKE a.

¥
[ yavE ¥i :
2 2 y=vx _
/ /
al 1 ¥ X gi 8 X
a) 3)
1
DyHKUMA y —x3

TepeunciyuM cBOMCTBA GyHKIMH y =3/ x

1) OGnacTs onpeneneHus GyHKIUN - BCS YUCIOBAs TpsiMast.
2) OyHKUUS y =3/x HeueTHa.

3) dynkmus y =3/x Bo3pacTaeT Ha BCeil YMCIOBOI MPAMOIL.
['padux pyskum y =3/ x n300pakeH Ha pUCyHKe O.

1
DOyHKUMSA y =x*
Tpu "eTHOM 1 GyHKIHS » =4/x 06JajaeT TeMH *ke CBOHCTBaMH, 4TO U GyHKIMs ¥ =%/x , 1
rpauK ee HAIOMUHAET TpapuK QyHKIMH v =4/x .
IIpu HeuetHoM n GyHKuus vy =4/x 00Ta/aeT TeMH ke CBOWCTBAMH, UTO byHKIUSA ¥y =3/x , U

rpaduK ee HanmoMuHaeT rpaduk GyHKIMH ¥ =3/x .

y=\x (n- Hevemnor)
X

CreneHHast QyHKIMA C NOJIOKUTEIbHBIM IPOOHBIM MOKa3aTeJIeM.

PaccmoTpum QyHKIUIO Y = X', T1I€ 7 - HOJO0XKHUTEIbHAs HECOKpaTUMasi 1po0b.
[TepeuncianM HEKOTOPHIE CBOMCTBA 3TOM (HYHKIIHH.

1) O6nacts onpeaenenus - ayd [0; + o).

2) ®@yHKIMS HA YETHAs, HU HeueTHasl.

3) ®yukuus y = x" Bo3pactaet Ha [0; + o).

Ha pucynke a nzo0paxen rpapux GyHKImU y = x> .
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¥i, 1=K ¥i ¥i
3"1, 2
Yk
! f y=x"
s
/ y=K
7| X & ! x o / X
a) d) 0)
KonmponvHule 6onpocwi
OyHKIWH.
OO6nacthb ornpeesieHuss © MHOXKECTBO 3HaUYEHUH.
I'padux bysKIHIH.

[Toctpoenue rpadukoB GyHKIHIA, 3aJaHHBIX PA3THYHBIMHU CIIOCOOAMHU.
CpoiicTBa QyHKITUH.
OO6patHbie HyHKIHH.

AN

Tema 6.2 IlocaegoBareabHocTH. [lpenena nociaenoBarebHOCTH, peaes GyHKIUN

Ilocneoosamenvrocmu. Cnocobsi 3a0anust u C8OLCMEA YUCTOBbIX NOCLEO08AMENbHOCMELL.
Ilonsamue o npedene nocredosamenvrocmu. Cyujecmeoganue npeoena MOHOMOHHOU 02PAHUYEHHOU
nocnedosamenvrocmu. Cymmuposarue nociedo8amenbHoCmel.

Ymems: BoruncisaTh npeaci YHUCIIOBOM MOCJICAOBATCIIBHOCTH, BBIYUCIIATH IIPEACTT (I)YHKLII/II/I

Buame. noCJICaA0BAaTCIbHOCTH, CITOCOOBI 3aJaHuA H CBOMCTBA YHCJIOBBIX HOCJIC)IOBaTCJIBHOCTeﬁ,
MNOHATHE O MNPCACIIC IMOCICAOBATCIBHOCTH, CYIICCTBOBAHUC IIPCACIIa MOHOTOHHOM OFpaHI/I‘ICHHOI}’I
MMoCJICA0BATCIIBHOCTH, CYMMUHPOBAHUC IMOCJIEIOBATEILHOCTEIA.

Ecnu kaxkaoMy HaTypalbHOMY YHCILy A TIOCTABIEHO B COOTBETCTBUE BEILECTBEHHOE YHCIIO X,
TO FOBOPAT, YTO 331aHA NOC1€008AMENbHOCb

— 1
XpsXgse oo Xy = X, 5.
Yucna X;,X,,...,X, Ha3bIBAIOTCA 21emenmamu (YreHamu) TOCIEA0BATEIbHOCTH, CHMBOI
1x,} — obwum snemenmom (wreHom), a n —HOMEPOM IEMEHTA.

JIJ1s1 TOCIIEIOBATENBHOCTEN MOKHO ONPENEINTH CIEAYIOLINE ONnepayul:
1) YMHOXEHHE MOCIEN0BATENLHOCTH Ha YUCIIO Mm: M “{X, | ={mX, |, T.e. MX,MX,,...
2) Crnoxenue (BBIYUTAHUE) MOCIENOBATENBHOCTEN: X, | £y, } ={x, £y,}.
3) IIpousBeneHue nocien0BaTeIbHOCTEM: {xn} {yn} Z{xn -y,,}.
[V ‘ xl? : — xl?
4) YacTHoe mocnenosaTenbHocTel: —— =1~ mpu {y, } #0.

‘\yﬂj n

Ozpanuuennvle u HeOZpaHUUEHHbIE NOCNEO06AMETbHOCHIU.
[TocnenoBaTeNnbHOCTh 1Y, )  HA3BIBAETCA OZPAHUMEHHOU C6epXy, €Cld i Jo0oro n
CYILIECTBYET Takoe uucio M, uto X, <M
I[ToceI0BaTENBHOCT X, | HA3BIBAETCSA 02PAHUYCHHOL CHU3Y, €CITA IJIs JIFOOOTO /1 CYNIECTBYET
TaKoe YUCJIO m, UTO X, =M,
IToceI0BaTeNbHOCTh 1, | HA3bIBAETCH 02PAHUYCHHOU, €CIM OHA OrPAaHMYEHa U CBEPXY H

CHU3Y, T.€. CyIECTBYIOT TaKue uncina M u m, 4to Jyis TIF060ro 72 BepHo HepaBeHCTBO: M <X, <M
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IIpenen mocjie10BaTEILHOCTH.

Yucno @ HasbIBaeTCA  npedenom  TOCIENOBATENBHOCTH 41X, ), ecind Ui J1oboro
HOJOXHUTENbHOTO & >0 cymecTByeT Takod Homep N, uTo A BceX 7> N BBINOJHAETCS YCIOBHUE:
x,,- a| < £. Dro 3anmuckBaeTCs:

limx, =a

n— oo

B 5TOM ciydae roBOPSAT, Y4TO MOCIEN0BATENBHOCT X, | CX0OUMCA K @ IPH N—0,

Ocnoenvle ceoiicmea cxoaﬂmuxc;l nocneoosamesibHOCHeEll.
1. CXOI[SIH.[&HCH MOCJICA0BATCIIBHOCTDL OI'PaHUYCHA.

2. HYCTI) 51_)1’1; 'xl’l —a , /}Lnl Yn =b , TOTrJa ’}Lrg(x11 iyn) —a ib’ ;Ln;(xn 'yn) =a 'b,
. X a
lim| 2| =2 (b 20)
n— oo y” b

3. Ecimn iirgxn :a, il_)nlzn =ad y A1 BCEX 71 BBIINOJIHAIOTCSA HEPABCHCTBA X, =y, =z,, TO
limy, =a

n— oo

4. Eeom UM X, =a y nocnenoparensrocts {V, } — OrpaHMYEHHAs, TO rlll_)ngo(xn V,) =0,

n— oo

IIpenen ¢pyHKUHMHN B TOUYKE.
[Mycts ¢ynxmus ./ (X) ompeneneHa B HEKOTOPOH OKPECTHOCTH TOukH X = (T.e. B caMmoii
Touke X —d (hyHKIHS MOKET OBITh U HE OIIPE/ICICHA)
Yucno A wHaseiBaercs npedeiom ¢ynkmun J(X) mpu x—a, ecnm mia moboro £ >0

cymectByeT Takoe umcno A >0, uro mms Bcex x Takux, uyro 0 <|x- @ |<A BepHO HepaBeHCTBO
‘f(X) - A‘ < £ . B stom ciydae mumryt: 1M/ (X) =4
X—da
Ecmu f(x)— A, npu x—a tonsko mpu X <d, 10 xljg?of (x) =4, _ gaspisaeres npederom

dyuximn  f(X) B Touke X =d cresa, a ecnm f(X)— A, npum x—a Tomeko mpu X >d, TO

lim x) =4 =
m of (x) 2 HasbIBacTCs npeodeiom HyHKIUH f(x) B TouUKe X =01 cnpasa.
[Ipenensl A; u A, Ha3BIBAIOTCS TAKKe oOHOcmoponnumu npederamu Gynkuun J (X) B Touke

X =a . Taxxe roBopsrt, 4t A — Koneunwiii npeden pynkuuu J (x).

Ocnosnvle meopemot 0 npedenax.
1 limC =C

X—a

Teopema ,rae C = const.

Clieyiolye TeopeMbl CIPAaBeTHBEI IPH Tpeanosoxkenny, uto dyukmun f () u g(x)
MMEFOT KOHEUHBIE TIPEIENbI IPH X—d.

Teopema 2. M| /(x) £g(x)] =lim /(x) lim g(x)

Teopema 3. 1ML/ (x) -g()] =lim £ (x) -lim g(x)
Caeacrsue. ]YTZC f(x)=C 1131] f(x)
' f(X) llm f(X)

Teopema 4. lim ==
—ag(x)  limg(x)

npH lim g(x) #0

X—da

Beckoneuno manbie GyHKIUH.
®ynkuus /(X) HaswbBaeTCs OeckoneunHo Manot TPH X—d, TAE d MOXKET ObITh YMCIOM HIIH

OJIHO¥ M3 BEJIMUMH 00, +00 HJIN —00, €CIIN }CI_IE S(x) =0
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Ceoiicmea 6eckoneuHo manvix YyHKyuii:

1) CymMma GpUKCHPOBAHHOTO YKCJIa OECKOHEYHO MaJbIX (PYHKIIUH MPHU X—a TOKe OECKOHEYHO Mastast
byHKUIUSA TpU X—a.

2) IlpousBenenue puKCHPOBaAaHHOTO YKCIIa OECKOHEUHO MaJbIX (DYHKIMI P X—a ToKe OECKOHEUYHO
Masiasi GyHKIHUS TIpU X—d.

3) IlpousBeneHue 6ecKOHEUHO Majol (PyHKIMU HA (YHKIHUIO, OTPAHMYCHHYIO BOJIW3H TOUKH X —d
SBIISIETCS] OECKOHEYHO MAJION (YHKIIHEH P X—d.

4) YactHoe OT AeyieHnst 0ECKOHEYHO Maioi (PyHKIMH Ha (YHKIIMIO, TIPeIesl KOTOPOU HE paBeH HYJIIO
€CTh BeINYMHA OECKOHEYHO Maiasl.

becxkoneuno oonvuue hynkyuu u ux céa3v ¢ 0eCKOHEUHO MAIbIMU.
OYHKIHS HA3BIBACTCSA OECKOHEeUHO OONbUOU TIPU X—a, TAE a — YUCIIO WIW OJIHA U3 BEJIMYUH O,

+00 MIIK —00, €CIIA 152 S(x) =4 , T1e A — 9KiCII0 WK OfHA U3 BEJIUYUH 00, +00 HUJIH —0,

CBs13p O€CKOHEYHO OOJIBIINX U OECKOHEUHO MaJIbIX (DYHKIUH OCYIIECTBISETCS B COOTBETCTBUU
CO CHEAYIOLIEN TEOPEMOM.
Teopema 5. Ecu /(x) = 0 mpu x—a (ecnm x—0o0) ¥ HE 00PAILAETCS B HOJb, TO
1

o7

y:

Cpagnenue 6eckoneunHo mManvlx GYHKYU.
[ycte @ (x), F(x) n M(X) — GeckoHeuHo Majble GyHKmun mpu X = (. DTu GECKOHEUHO
MaJible (PYHKIIMA MOXKHO CPaBHMBATh MO OBICTPOTE UX yObIBAHUS, T.€. IO OBICTPOTE UX CTPEMIICHUS K
HYJIIO.

Ecmm lim (x

x=a [F(x)
nopsoka, ueM pynxmus (x)
a(x) _

=4, A#0, A=const 1o (x) n F(X) Ha3BIBAIOTCA OECKOHEUHO MATLIMU

=0, to ¢Qynkuus (X) Ha3BIBAETCI HECKOHEUHO MOl 6oNee 6bICOKO20

Ecmu lim

=a f(x)

00H020 NOPAOKA.

Ecmm lim a(x)
x—a )(X

Manvimu. 3aUCHIBAIOT O ~ f3.
Beckoneuno Manas GpyHkius (X) HaspBaeTCs HECKOHEUHO Mol Nopaoka k OTHOCHTENBHO
a(x)

Geckoneuro manoi Gyrkimm S(x) , ecan npenen 1im L 5 (o) =4 #0,

=L 1o pynkunn @(x) u (X)) Ha3BIBAKOTCS IKEUBAIEHMHBIMU OECKOHEUHO

OpHako ciemyeT OTMETHUTh, YTO HE BCE OCCKOHEYHO Mayble (YHKIIMH MOKHO CpPaBHUBATH
a(x)

F(x)

Mexay coboi. Hanpumep, eciu oTHoLIeHUE HE UMeeT Ipeiena, TO PYHKIUA HECPABHUMBI.
Ceoiicmea IK6UEANEHMHBIX OECKOHEUHO MATIbIX.
. a(xX
lim (x) =1
x—a a(x)

1) a~a,

2)Ecmu a~puf~y 10 aa~y, \:Hf}y((x)) Hn; %% =11=1

£F(x) o
3) Ecnn o~ 3, 10 B~ @, | im () =lim a(x)
£ (x)
a(x) m & (x) . a(x) . oy(x)
4)Ecmn a~ai n u lim =k ton 1 =k wnu =lim———
) tuf~fra i A(x) Yﬂ,/)l(x) Ha/J(x) voa B (x)
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CBoiicTBO 4) 0COOEHHO Ba)XHO Ha MPAKTUKE, T.K. OHO (PAKTMYECKH O3HAYAeT, YTO Mpeaes
OTHOIIECHHS OECKOHEYHO MaJIbIX HE MEHSETCS IIPU 3aMEHE MX Ha SKBUBAJEHTHbIE OECKOHEYHO MaJlbIe.
OTOoT (akT AaeT BO3MOKHOCTH TPH HAXOXKICHUU TIPENENIOB 3aMEHATh OCCKOHEYHO Malble Ha
HKBUBAJIIEHTHBIE UM (DYHKIIMHU, YTO MOXKET CHJIBHO YIPOCTUTh BHIYHUCIIEHUE NPEIENIOB.

3ameuaTebHbIE npeaeabl

Ilepewtii 3ameuamenvhbslii npeoen
[Ipenen oTHOLIEHNs cCHHYCAa OECKOHEUHO MaJoOi AyTH K caMO Iyre, BHIpaKCHHOM B pajnaHax,
HA3bIBACTCSI NEPBbIM 3aMeyamenbHbiM npedeiom. ITOT Mpesiesl paBeH eANHHULIE.
. sinx . b
lim =] HIIN lim — =1
>0 X x=0s8in x

Bmopoit 3ameuamenvusiii npeden

X

1+—
x

Iim

X— o0

—e

1 . .
rae ¢ ~2,71828.... Ecniu — =a, 10 @ — 0 u BTOpOW 3aMeyaTesbHbIA MPeae] MOXHO 3alucaTh B
X
BUJIE!
1
lim(1+a)e =e
a—0
Kpome Tpex, HM3II0KEHHBIX BBIIIE, MPEAETIOB MOXHO 3amKcaTh CIEIYIONIHE IOJIe3HbIe Ha
NPaKTHKE COOTHOIICHUS:
. In(1+x 1+x)" -1
lim In+x) =1 d+)

. a .
: Iim =Ina; lim———— =m.
=0 X -0 x x—0 X

KOHmpOﬂbele 80NpocCsHl

1. ITocenoBaTenbHOCTH.

2. CriocoOblI 3a/1aHUS U CBOMCTBA YMCIIOBBIX TOCIIEI0BATEIbLHOCTEH.

3. IlonsTue o mpezaene nocien0BaTeIbHOCTH.

4. CyuiecTBOBaHME Mpejieia MOHOTOHHOM OrpaHMYE€HHOM MOCIIEI0BATEIbHOCTH.
5. CyMMHpoOBaHHUE MOCIIEI0BATEILHOCTEH.

Tema 6.3. IIpousBoanasi QyHKIUH, ee reOMeTPUYECKHH U GU3NUECKHH CMBICJI

Onpeodenenue npouz8ooHol QYHKYUU, ee 2eoMempudecKull U uzuieckuti CMulcll, ypasHeHue
KacamenbHoU K 2papuKxy QyHKyuu, npasuia HaxoxcoeHus NPpou38oo0HblX, maoIuya npou3B00HbIX
NEMEHMAPHBIX PYHKYULL, NPOU3BOOHASL CLONCHOU QYHKYUU

Ymems: HaX0AUTh NPOU3BOIHBIE JIEMEHTAPHBIX U CIOKHBIX (DYHKLUH, MUCaTh ypaBHEHHUE
KacaTelbHOU K rpaduKy QYHKIHH, IPUMEHATh T€OMETPHUUECKUN U (U3UUECKUIN CMBICI TPOU3BOIHOM
IIPY PELIECHUN 3a7a4
3nams . nipaBuia nupdepeHpoBanus, Ta0INIly IPOU3BOAHBIX FJIEMEHTAPHBIX (PYHKIIUH, ypAaBHEHUE
KacaTeJIbHOH, MPaBUJIO HAX0XKICHHUS IPOUXBOJIHOM CI0XKHOM PyHKIMH

[lycts x; U X, — 3HaueHWs aprymenta, a V; =f(x)) u », =f(Xx;) — coorBercTByMOIIHE
3Hauenuss Qynkiauu V =/ (X). PasHocts AX =X, - X, HaswbBaeTCs npupaujeHuem apeymenma, a
pasuocts Ay =y, -y =f(x;) - f(x)) — npupawenuem @ynkyuu na orpeske [x;, x, |

IIpouseoonou pyuxumu /(X) B Touke X =X, Ha3bIBAETCS MPEJAET OTHOLICHHUS MPUPALIECHHUS
(GyHKIMK B 3TO# TOUKE K MPUPAILEHHIO apTyMEHTa, KOT/Ia MOCIIEIHEE CTPEMHUTCS K HYJIIO.
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/%) = lim

Ax— 0

T'eomempuueckuit cmoici.

IpousBomHas ¢yakuuu Y =/ (x) B
TOYKE Xo paBHA YIJIOBOMY KO3(PUIUEHTY
KacaTelnbHOH K Trpaduky QYHKIHMH B TOYKE
Myxy. f(x)), e [(x)=igar, tne o —
yroJl HakJiOHa KacarelbHOW K Tpaduky
byskuan v =/ (x) B Touke M.

['eomeTpuyeckuii CMBICT TPOU3BOJHOM
COCTOUT B TOM, YTO 3HAa4YEHUE MPOU3BOIHOU
GyHKIIMM B TOYKE  PaBHO  YIJIOBOMY
KO3 QHIMEHTy KacaTelbHOM K  Tpaduky
(GYHKIIMH B 3TOH TOUKE.

Y- f(xo) :f’(xo)(x_ xo) -

YpaBHCHUC KacaTeJIbHOM.

X

fx+Ax) - f(x)
Ax
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Du3suueckuil CMbICIL.

[peanonoxum, 9to GpyHkmus S =5(f) ONUCHIBAET 3aKOH JBUKEHUS MATEPUAIBHOM TOUKH MO
IpAMON JuHuM, T.e. S =S(Z) — myTh, NPONIEHHBINA 3TON TOUKOM OT Hayasia oTcyera 3a Bpems ¢ Torma
3a Bpems f) npoigeH myte S =S(Zy), a 3a Bpemsa f; — myTh S =s5(Z;). 3a IPOMEKYTOK BPEMEHH
At =t - t, Touka npoliner oTpe3ok mytu As =s(t, +At)- s(,).

s(to) s{to + At)
As

OcHoBHbIE TpaBuJIa TU(pPepeHIPOBAHUS.
OGosnaunm U =u(x), v =v(x) g w =w(xX) — pynkuun, udpepeHmpyembIe B TOUKE X.

1) C' =0, rae C — nocrosiHHAas BEJIMYUHA. u 1.

- 8) [] -1,
2) x =1 C C
3) w+v-w) =u'+v'-w oy c
4) (u V)Y =uv+uy’ 9) [J =- =V

v v

5) (i v -w) =uvw+uv'w+uvw’ 10) Ecm v =v(u), u =u(x), re.
6) (Cu) =C v =vlu()], o vi(x) =viw) u(x) -

MIPOU3BOIHAS CIIOKHOU (PYHKIIHUH.

2

7) [”J MY VH eemmv # 0
A% VvV

Tabdauua npou3BOAHBIX.

1) (x”)' =nx""!
2 (W) =1
, 2~/ x
oy - &
4) (e‘) =e”
5) (a“) =a" lna
6) (lnx) =
7) (log, x) = !
xlna

9) (COSX)’ =-sinx
10) (tgx)’ =
cos” x
11) (ctgx) =- _12
sin” x
12) (arcsinx)’ S
1- x?
13) (arccosx)’ =- !
1- x*
14) (arctgx) = 5
1+x
15) (arccrgy) =- 1 5
I+x

16) Iycts u =u(x), v =v(x), Torma

) '—1 4 o r
(u‘) =v-u" u+u’ v -Inu



Konmponvnvie 6onpocwi
1.ITonsATHE O MPON3BOAHOMN PYHKIMH, €€ TeOMETPUUECKUN U (PU3UMUECKUI CMBICI.
2.YpaBHEeHHE KacaTeIbHOU K rpa@uKy QpyHKIHH.

Tema 6.4. [IpumeHeHue NPOU3BOIHOM K HCCIeA0BAHNIO PyHKIMMH.

Tpumenenue npouzeo0HOl K ROCMpoeHuio epaguxos yukyuil. Bospacmanue u yovieanue
@dynxyuu. Ixcmpemymol hyHKyuu.

Ymems: HAXOOUTH TPOMEKYTKH BO3pACTaHUsS U yObIBaHH. HaXoIUTh TOUKH SKCTpEeMyMa.
3nams: IlpuMeHeHne TPOU3BOIHON K MOCTpOeHUIO rpadukoB ¢yHKumil. Bo3pactanue n yObiBaHue
byHKIHU. DKCTPEMYMBI (QYHKITHH.

YcioBusi Bo3pacTanus v yObIBaHUs (PYHKIHIA.

Teopema 1. st Toro uro6bl nuddepenumnpyemas na unrepsane (¢.5) pynkuus /(x) Gbuia
neybuisaroweii (Hegospacmarowell) Ha STOM HHTEpBase, HEOOXOAUMO U JOCTATOYHO, 4T06bl f (X) =0
(/(x) <0) nns Bcex X € (a,b) .

Teopema 2. Ecim dymxmmsa f(X) nudpdepenuupyema Ha maTepane (a.5) u f(x)>0 (
f'(x)<0) g Becex X € (a.b), 1o sta byHkms 6o3pacmaem (y6visaem) Ha uutepane (¢, H) |

Touku 3KkcTpemyma.

Toukn MakcuMyMa 1 MEHUMYMa (OYHKIUH Ha3bIBAIOTCS MOUYKAMU IKCMPEMYMA.

Teopema 3. (neobxooumoe ycnosue cywecmeosanus sxcmpemyma) BEcon gynxmus /(X)) B
TOUKE Xo MIMEET DKCTPEMyM, TO Npou3BoHas f (X)) oGpaiaercs B Hy/Ib HIH HE CYIIECTBYET.

Cneocmeue. ObpatHoe yTBepxAeHHE HeBepHO. Eciau mpousBogHas (yHKIMM B HEKOTOPOU
TOYKE PaBHA HYJIIO, TO ATO €I[e HE 3HAYUT, YTO B 3TOM TOUKE (PYHKLHUSI UMEET SKCTPEMYM.

Kpumuueckumu mouxamu QyHKIMHA HA3bIBAIOTCS TOYKH, B KOTOPBIX MPOU3BOAHAS (PYHKIMH HE
CYLIECTBYET WJIM PaBHA HYIIIO.

Teopema 4. (Oocmamounoe ycinosue cywecmeoganus skcmpemyma) Ecnu npu nepexoze uepes
KPUTHYECKYIO TOUKY Xo CIIeBa HAPaBo Mpou3BoaHas GyHkuuu f (X) MeHseT 3HAK ¢ “+” Ha “—, TO B
Touke Xo Gynximsa S (X) umeer maxcumym, a €civ NMPOM3BOAHAS MEHSET 3HaK ¢ “— Ha “+” — TO
(GYHKIHST IMEET MUHUMYM.

Ilpasuna naxoixcoenusn IKCmpemymos ynkuuu.
1) Haiitu mpou3BoAHYIO QYHKITHH.
2) HaiiTi kpuTHYECKHE TOUYKU (QYHKIINH.
3) HccnenoBaTh 3HaK MPOM3BOAHON B MPOMEXKYTKaxX, HA KOTOpPbIE HailleHHbIE KPUTHUECKUE
TOYKH JIJSIT 00JIaCTh ONpeieIeHUs (PYHKITUH.
4) OmnpenenuTs CyIIeCTBOBAaHHE MAaKCUMyMOB U MUHUMYMOB M HAWTH 3HaueHWE (PyHKIUU B
ATHUX TOYKaX.
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Cxema ucciaenopanust pyHkomi

[Ipouecc wuccrnenoBanusi (YHKIMH COCTOUT W3 HECKOJbKUX JTamoB. s Haumbosee
MIOJTHOTO TIPE/ICTaBJICHUs] O TMOBeJeHHMM (QYHKIMU M XapakTepe ee rpaduka HeoOXOoIuMOo
OTBICKaTh:
1) OGnacte cymecTBoBaHUS (QYHKIUHU (3TO TOHSATHE BKIIOYAET B ceOsl M 00JacTh 3HAYCHUH, U
o0macTh onpeneneHus: QyHKIINN).
2) UccnenoBaTh (hyHKIMIO HA YETHOCTh U IEPUOTUYHOCTb.
3) KoopnunaTtel TOYek mnepeceueHus rpaguka (QyHKIUH C OCAMH KOOpPAMHAT (€CIH OHHU
HMEIOTCS).
4) NnTepBaiibl BO3pacTaHus U yObIBaHUSI.
5) Toukn MakCUMyMa 1 MUHHUMYyMa.
6) [TocTpoenue rpaduka.

Konmponvnuvie 6onpocwi

1. YcnoBus Bo3pacTaHus U yObIBaHUS (PYHKIIUI.
2. Touku ’kcTpemMyma.

3. IlpaBuiia HaXOXKACHUS SKCTPEMYMOB (DYHKIIHH.
4. Cxema uccnefoBanus QpyHKUU.

Tema 6.5. Bropas npon3BoaHas, ee reoMeTpuuyeckuii 1 Gu3nyecKuii CMbICJI.
Bmopas npoussoonas, ee ceomempuyeckuil u QuauuecKuli CMoiCL.
Ymems: HaxXOOUTh MPOMEXYTKH BO3pacTaHUs M YObIBaHMS (DYHKUUH HCIOIb3Ysl BTOPYIO

IMPONU3BOAHYIO. HaXO)II/ITB TOYKH 3KCTPEMYyMa.
Buame: HpI/IMCHeHI/Ie BTOpOI>’I HpOI/I3BO,Z[HOI71 K HaXO0XICHUA [IPOMEIKYTKOB MOHOTOHHOCTH.

Iycte ¢ynkums /(X)) — nuddepenuupyeMa Ha HEKOTOPOM HMHTepBaie. Torja,
i depeHuupys €€, IoNyYaeM MEPBYIO IPOU3BOIHYIO
= () _df (x)

Ecnu HaiiT mpom3BogHyi0 oT (yHKmME f (X), TONYUHM 6mopyio npouseoomyio
pynxmun S (x) .

y = =W f(")

d’y _d(dy
dx®  dx | dx
DTOT IPOLIECC MOXKHO MPOAOHKUTH U J1ajiee, HaXOs IPOU3BOIHbBIC CTEIICHU 7.
d'y _d|d"y

dx"  dx| dx"!

re. v =) wm

Hccnedosanue ynkuuu na sxcmpemym ¢ HOMOouibio npou3600Holl 6Mopozo nopaoKa.
Teopema 5. Ecniu [ (x) =0, 10 Qpynkumsa f(X) B Touke xo UMEET Maxcumym, e€CIH

£ (x0) <0 u murumym, ecmm f(x,) >0,
Ecmu f (x;) =0, To xapakTep KpUTHYECKO} TOUKM HeM3BecTeH. [l ero ompeencHus
TpebyeTcs fanbHelilee nccileI0BaHMue.
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BeinmykiocTh ¥ BOTHYTOCTH KpuBOii. Touku nepernoa.

Kpusas obpaiena svinykiocmsio ésepx Ha untepsane (<.D) | ecnu Bee ee TOUKH JekKaT
HUKe JII000M ee KacaTeslbHON Ha 3ToM uHTepBasie. KpuBas, oOpallieHHas BBITYKJIOCTbIO BBEPX,
Ha3BIBAETCS 6bINYKAOU, & KPUBAs, 0OPALIEHHAs BBIMTYKIOCTBIO BHHU3 — HA3bIBAETCS 602HYMOIL.

Teopema 6. Eciu pynxius ./ (X) umeer na untepsane (&.5) Bropyro nmpousBoaHyrO
S (x)>0 (f(x,)<0) BO BCex TOUKAX JAHHOTO MHTEpBana, TO rpaduK (YHKIHH MMeeT Ha
(a.b) BRIMYKIOCTB, HANIPABIEHHYIO 6HU3 (66€pX).

Touka, OTHENAMOMAs BBIMYKIY) YacTh KPUBOW OT BOTHYTOM, HA3bIBAETCH MOYKOLL
nepezuba. Toukamu niepernda MOTYT CIY>KHThb TOJIBKO Kpumuueckue mouku 6mopozo pood, T.e.
TOUKH, B KOTOPBIX BTOpPAsi IIPOM3BOAHAS / (X) oOpamaeTcs B HONb WM HE CYIIECTBYET.

Teopema 7. Tlycts kpuBas ompenenserca ypasHeHuem Y =/ (x). Ecmu Bropas
npomsoxHas / (x) =0 wmm He cymecTBYeT M NIpH Iepexoje depe3 Touky X =x, [ (x)
MEHSIET 3HAK, TO TOYKA KPUBOM ¢ a0CIMCCOM X =X SIBJIAETCSA TOUKOM Meperuoa.

Ilpasuna naxoicoenus mouek nepezuoa.
1) Haiitu BTOpYyI0 IPOM3BOAHYIO (PYHKIIHH.
2) HaiiTi kpuTHUYECKHE TOYKH BTOPOTO pOJa.
3) HccnenoBarh 3HaK BTOPOM MPOM3BOAHOM B MPOMEXKYTKaX, Ha KOTOpbIE HalJICHHbIE
KPUTUYECKHE TOYKH JIEJIAT 001acTh onpeaeneHus QyHKIHUH.
4) Onpenenutb TOYKU Nepernda v HaWTH 3HaUYeHNE (PYHKIIMH B ITHUX TOYKaX.

KonmponvHule 6onpocwi

1.UccnenoBanue GyHKIMHU HAa SKCTPEMYM C IMIOMOIIBIO TPOU3BOIHON BTOPOTO MOPSIKA.
2.BbIyKJI0CTh M BOTHYTOCTh KpuBOW. Touku neperuda.

3.IlpaBuia HaXOX/A€HUS TOUEK Meperuda.
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Tema 7. [IpsiMble U IVIOCKOCTH B IPOCTPAHCTBE

Tema 7.1. AKCHOMBI CTEpEOMETPUM M MPOCTeMIINe CIeCTBUS U3 HUX.
OcHosnvie nouamus. Akcuomvt cmepeomempuu. Cnedcmeus u3 aKCUom.

Ymems: mpuMeHSTh aKCHOMBI CTEPEOMETPUU TIPH PEIICHUU 3a]1a4.
3nams: OCHOBHBIE TOHATHA. AKCHOMBI crepeoMeTpuu. CrenctBusi U3 akcuoMm. OCHOBHBIE
MOHATHUSL. AKCHOMBI CTEPEOMETPHH.

1. OcHosnbie nouamus. Akcuomvl cmepeomempuu.

Onpeoenenue. CTepeoMeTpHE Ha3bIBACTCA pa3lie]l T€OMETPUH, B KOTOPOM H3YYarOTCs
Gburypsl, pactojoKeHHbIe B MpocTpaHcTBe. OCHOBHBIMH MOHITHSIMH CTCPEOMETPUU SIBIISTFOTCS
TOYKa, PsIMasi M IJIOCKOCTb.

CnoBo «CTEpeOMETpusl» MPOUCXOJUT OT TPEUYECKUX CIIOB «OTEPEOC» — OOBEMHBIMH,
MIPOCTPAHCTBEHHBIN U «UETPEO» — UIMEPSTh.
1. [IpencraBienue o MIIOCKOCTU JaeT IJ1aJKasi IOBEPXHOCTh CTOJIA WJIN CTEHBI.

[110CKOCTh Kak FeOMETPUUYECKYIO (DUTYPY CIeIyeT MPEACTaBIATh ce0e MPOCTHPAIOIIEHCS
HEOTPAHUYEHHO BO BCE CTOPOHBI.

Ha pucyHkax IJIOCKOCTH M300pakaloTcs B BUJE MapajuiesiorpaMMa WIH B BUJE IPOU3BOJILHON
obsacTi 1 0003Ha4YarOTCA rpeyeckuMu OykBamu o, 3, Y 1 T.1. Touku A u B nexar B miockoctu
B (utockocTh B MPOXOAMT uyepe3 ATU TOUKH), a Toukd M, N, P He mexar B 3TOH MIOCKOCTH.

KopoTko 310 3anuceiBaioT Tak: A € 3, BEP, Mgg Negp Pgg

Puc. 1. a)

[IpocTpaHCTBO COCTOUT U3 OECKOHEUYHOTO MHOXKECTBA ToueK. JIroOoe MHOKECTBO TOYEK
MPOCTPAHCTBA  HA3bIBACTCS  NPOCTPAHCTBEHHOW  ¢urypoir wm  TeiaoMm. [Ipumepamu
MMPOCTPAHCTBCHHBIX (bl/Ipr SABJIIFOTCA TOYKaA, HpsAsMasds MU IJIOCKOCTb. HpHMBIe U IINIOCKOCTHU
COCTOSIT M3 OECKOHEYHOTO MHOMKECTBAa TOUYEK IPOCTPAHCTBA M HE COBIAJAIOT CO BCEM
MIPOCTPAHCTBOM.

CdopmynmpyeM OCHOBHbIE aKCHOMBI cTepeoMeTpuu. HamomMHHMM, akCHOMBI — 3TO
YTBCPIKACHUA, IPUHUMACMBIC 663 J0Ka3aTeJIbCTBA. AKCHOMEI TCOMCTPHUU BLIPAKAKOT OCHOBHBIC
CBOWCTBA HEOMPEALIAEMbIX MTOHATHI: TOUEK, IPSMBIX U TIIIOCKOCTEN.

AKCUOMBI:
1) UYepe3s mo6ble ABE pa3IuUHbIE TOYKU IPOXOAUT €IUHCTBEHHAS MpsMasi.
2) Ecnm nBe pasnvuHble TOYKHM NPSAMOM IPUHAJJIEKAT B
IJIOCKOCTH, TO BCE€ TOYKH MPSIMON MpHHALIEKAT DSTOU
IJIOCKOCTH. -
14
Puc. 2
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3) Uepe3 moOble TpU TOYKM, HE JIEKalIMEe Ha OJHOU B,

MIPSAMOM, MPOXOJUT OJTHA U TOJIBKO OJ[HA MIOCKOCTb. A
L]
o C
/4
Puc. 3.
4) Ecaum paBe pas3inyHble IJIOCKOCTH HMEIOT OOIIyIO
TOYKY, TO OHA UMEIOT OOIIYIO MPSAMYIO. #
oL
[ 4
Puc. 4.

2. Ilpocmeuwue cnedcmsus uz akCUOM CmepeomMempuu.

W3 nepBoii akCHOMBI CIIETyET, YTO JBE Pa3IU4HbIC MPSAMBIE B MPOCTPAHCTBE WIIM HE UMEIOT
HU OJTHOM 0011IeH TOYKH, WJIM UMEIOT TOJIBKO OJHY OOIIYIO TOUKY.

[Ipsimble, UMEIOIINE TOIBKO OJTHY OOIIYIO TOUKY, HA3bIBAIOTCS MEPECEKAIOIIUMUCS.

W3 BTOpOI1 aKCHOMBI CIEAYET, YTO MpsAMas U IIOCKOCTh B IPOCTPAHCTBE WM HE UMEIOT HU
OJTHOM 0011Iel TOYKH, WJIK UMEIOT TOJIBKO OJTHY OOIIYIO TOUKY, UM, HAKOHEI, BCE TOUKU MPSIMOM
SBJIAIOTCSA TOUKAMHU IIJIOCKOCTH.

Ecnu mpsiMmasi ¥ MJIOCKOCTh MMEIOT TOJBKO OJHY OOIIYI0 TOYKY, TO TOBOPST, YTO OHU
IIEPECEKAOTCSL.

Ecamn Bce TOUKM mpsIMOM SIBISIOTCS TOYKAMU IUIOCKOCTH, TO TOBOPST, YTO MpsMasi JIEKUT B
IUIOCKOCTH (ITPUHAJUIEKUT IUNIOCKOCTH) MIIM YTO IUIOCKOCTh IMPOXOJUT Yepe3 MPSIMYIO.

Teopema I. Yepe3 mpsAMyr0 W HE MNPUHAISKANYIO €M TOUYKY MPOXOAUT E€IUHCTBEHHAs
IIJIOCKOCTb.

Jloxazamenvcmeo:

IlycTe 3amansl npsivass ¢ 1 He NpUHAJIEKAIIAS € TOUKa
A (puc. 5). Ha npsimoii @ Bo3bMeM Kakue-HUOYb ABE TOUKU
Cu D. Tlo akcuome 3 uepe3 Tpu Touku A4, C, D
MPOXOIUT €IMHCTBEHHAs IUIOCKOCTh; 0003HauuMm ee X. Ilo Puc. 5.
aKCUOMeE 2 BCE TOUKHU
npsMoil ¢ TpUHAAJIEkKAT IVIOCKOCTH K.

CrnenoBarenbHO, INIOCKOCTh (Y TNPOXOAUT yepe3 mpsaMmyro @ u Touky -A./lpyroii takoi
IUIOCKOCTH HET, TaK Kak Jto0asi MIOCKOCTh, MPOXojdiias 4yepe3 mpsamyo d U Touky -4,
npoxoauT vepe3 Toukn C', L. A, He nexamue Ha OJHOW MPSMOM, U TIOATOMY COBIAIAET C
IUIOCKOCTBIO X.

Teopema 2. Yepes aBe nepeceKaronecs npsMble MPOXOJNUT €AUHCTBEHHAs INIOCKOCTb.

loxazamenvcmeo:

[Iycte mpsmbie d u b nepecekarorcss B Touke A (puc. 6). Ha mpsmeix d u b
BO3bMEM Kakue-HHOyab Touku P u /N , ortnuuHble oT Touku A7 . Torna yepes Tpu Touku £7,
N U M npoxoguT €IWHCTBEHHas IUIOCKOCTh . B cuily akcuombl 2 IUIOCKOCTb HPOXOAUT
yepe3 JaHHbIe psiMble & U b .

W3 nocneaHux AByX akCHOM M TeopeMbl | cleqyeT, 4To JB€ pa3IndHble MJIOCKOCTU WIN
HE UMEIOT HU OJHOU
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o011elt TOUKH, WK UMEIOT OOIIYIO MPSAMYIO U APYTHX OOIIUX TOYEK HE UMEIOT.
JlBe  pasznuuHble  IUIOCKOCTH,  UMEIOIMe  OOlIyr0  MpsMYyI0,  Ha3bIBAIOTCS
NEePECEKarOIIUMUCS.

Puc.6 Obwas npsamas nazvieaemcs npsamou nepeceuerus Smux nioCKocmel.
KonmponvHuvle 6onpocwi

1. OcHOBHBIE TTIOHITHS.
2. AKCHOMBI CTEPEOMETPHH.
3. CneacTBUA U3 aKCHOM.

Tema 7.2. [lapanjiesbHOCTH NPSAMOM U MJIOCKOCTH, MAPAJJIETbHOCTD IJIOCKOCTE.

Onpeoenenue napannenvnocmu npsamou u niockocmu. Ilpusnax napannensnocmu
npamou u naockocmu. Ilapannenvnocms nnockocmeu. Ceoucmea napanieibHvlx NI0CKOCMEN.

Ymems: npuMeHsATh NPU3HAKY NAPAIJIEIBHOCTU NMPSMOM U TUIOCKOCTH TPH PELISHUU 3a]1ay.
3nams: OmnpenesieHUe MapajuIeIbHOCTH MNPSIMON M TUIOCKOCTH. [IpH3HaK mapamienbHOCTH
npsiMoit ¥ riockocTu. [lapannensHocTh mockocTeil. CBOMCTBA MapalieNbHbBIX INIOCKOCTEH.

ITapaniejibHbIe IPAAMBIE B IPOCTPAHCTBE
JIBe mpsiMble B IPOCTPAHCTBE HA3BIBAKOTCS NMapaJliIeIbHBIMM, €CJIM OHU JIEKAT B OJHOU
IIJIOCKOCTH U HE NIEPECEKAOTC.

Teopema o napannenbHbIX NPAMBIX.
Yepes mo0yr0 TOUKY MPOCTPAHCTBA, HE JICXKAILYIO HA JAHHOW TPSMOMA, TIPOXOIUT MPSIMas,
napajiesibHasi JaHHOM, ¥ IPUTOM TOJIBKO OJTHA.

b o

A

Puc. 1.

JlemMma o MmepeCeYCHUHU IMJIOCKOCTH NMapalJI€JIbHBIMU IIPAMBIMHA.

Ecnu oxgna w3 JIBYX mapajuiebHBIX b i
MPSIMBIX MEPECEKAET JAHHYIO MJIOCKOCTh, TO

A JOpyras mOpsiMasg = IEPECEeKaeT  ITy \ lM

IUIOCKOCTD. |

1

o L

l\

Puc.2.

Teopema o Tpex NpsIMBIX B IPOCTPAHCTBeE.
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Ecim nBe mpsiMble mapaliesibHbI
TpETbEel MpAMON, TO OHHM MapaICIbHBI
(ectu al||cu b| e, To a| b).

Puc. 3

[MapaneJbHOCTH NPSAMON M MJIOCKOCTH

HpHMaSI 1 INIOCKOCTDH HA3bIBAKOTCA napaiejlibHbiMu, CCJIM OHU HC UMCIOT 06HII/IX TOYCK.

HpI/I3HaK nmapauieJIbHOCTH l'[pﬂMOﬁ H IIJIOCKOCTH

Teopema. Ecnim mpsmas, He Jexamas B “
JAHHOM IIIOCKOCTH, IlapajljielbHa KaKOH- . -
HUOYIb  TpAMOM, Jexamed B ITOH K/' by
IUIOCKOCTH, TO OHa HapajuiejbHa JAaHHOMN /.f' 4
ILTOCKOCTH. v -
: Puc. 4.
Teopema. Eciau miockocTs npoxoauT
4yepe3 JaHHYH [psSIMYy0, MapajuleIbHYIO
JIpPYrol IUIOCKOCTH, W MEPECEKAeT ITy
IUIOCKOCTb, TO  JIMHUS  II€PECEUEHUS
IUIOCKOCTEW MapaljiesIibHa JaHHON IPSAMOM. &
Teopema. Ecim ogHa w3 1aByX
napajuyieJbHbIX  MPSAMBIX  HapajijiesibHa k!
JAHHOM IJIOCKOCTH, TO JApyras npsimasi 1uoo o
TaKKe IapajljielibHAa JIaHHOW IUIOCKOCTH,
00 JIEKUT B 3TOM IJIOCKOCTH.
i
Puc. 5
B3aunMHoe pacnoJioskeHne NPsIMbIX B IPOCTPAHCTBE
b a
4 ¢ b I
t
i
6/ o i b
a
Puc.6 Puc. 7 I
Puc. 8
Ilepecexaommuecst npsimblie: |[lapaniienbhubie mnpsiMbie: CKpenuBarounecs
JeXaT B OJHOM IJIOCKOCTH, |JIeKaT B OJHOM IUIOCKOCTH, | MPSIMbIe:
MMEIOT OJIHY OOIIYIO TOUKY |HE MMEIOT OOIIMX TOYeK (He | He  JieXaT B  OJHOMU
MIEPECEKAOTCS IUIOCKOCTH, HE HMEKT
o0mmx TOYEK (ue
MIEPECEKAIOTCS)
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IMapajuieJIbHOCTDH IUIOCKOCTENH
JIBE MIIOCKOCTH Ha3bIBAIOTCS NapajuIEIbHBIMHU, €CJIM OHU HE IIEPECEKAIOTCS, T.€. HE UMEIOT HU
oJTHOI oGeit Touxw. o || B.

p / 4

Puc. 9.

IIpu3zHak napaniejbHOCTH ABYX ILIOCKOCTEl
Teopema. Eciin 1Be nepecekaromuecs npsMble OJHOM MIIOCKOCTHU MAPaJIIEIbHbI ABYM
MepeceKarouMes MPSIMBIM JPYTO# TNIOCKOCTH , TO 3TH IJIOCKOCTHU MapasieiabHb.

Ecin al|a u b| b1, 10 o B. Puc. 10.

9
o b
CroiicTBa napa/uleJbHbIX IIOCKOCTEH.
1.
Ecmu o || B u oHM mepecekarTcs C Y, TO
all .
Ecnu nBe mapanienbHble IMIOCKOCTH
i nepeceyeHbl  TpeThed, TO JIMHUU  HX
B NepeceyeHMsl MapajiesbHBbI.

Y

2. Ecnm o || f 1 AB | CD, To AB = CD.OTpe3ky napasienbHEIX MpsAMBIX, 3aKTI0UeHHBIE
MEKAY NapaieIbHbIMU INIOCKOCTSMH, PaBHBI.
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crmnin

b

KoumponvHuvle 6onpocwl

1. Onpenenenne napayuieaIbHOCTH MPSIMON U TNIOCKOCTH.
2. [Tpu3Hak mapapaeabHOCTH MPSIMOM U TUIOCKOCTH.

3. ITapannenbHOCTh IIOCKOCTEM.

4. CpoiicTBa MapajyIeIbHbIX TIOCKOCTEH.

Tema 7.3. IlepnieHANKYJISIPHOCTD NPAMOM H IIJIOCKOCTH.

Onpeoenenue nepnenouKyiapHocmu npamotl u niockocmu. Ilpusnaxu
NepNeHOUKYIAPHOCIU NPAMOU U NIOCKOCTU.

Ymems: npuMensaTh NpU3HAKU NEPIEHIUKYJISIPHOCTH MPSIMON U INIOCKOCTH JUIsl PELICHUs 3a/a4.
3nams:  OmpeneneHue  NEPICHIUKYISIPHOCTH  OpsIMOM M IWIOCcKOCTH.  [lpu3naku
NEPIEHUKYJIIPHOCTU IIPSIMON U TJIOCKOCTH.

Onpenesienue
[Ipsmas, nepeceKaronas IJIOCKOCTb, a
Ha3bIBACTCS nepneHoOuKyIsIPHOU dTON
IJIOCKOCTH, €CJIM OHa MepHeHIUKYISIpHA /
KQKJIOM NPsSMOM, KOTOpasi JIEKUT B JAHHOU é. |
IJIOCKOCTH W TMPOXOAUT 4Yepe3 TOUKY i '
[IEPECEUCHMUS.

Puc. 1.
Teopema

IIpuznax nepneHouKyIapHOCmMY NPAMOU U NIOCKOCMU.

Ecnu npsmas, nepecekaromiasi IUIOCKOCTb,
MEPIECHANKYISIPHA JABYM NPSMBIM B 3TOM
IJIOCKOCTH, TPOXOIALIMM 4YEPE3 TOUKY
MEePECEUCHUS] JaHHOW MPSAMOU U IUIOCKOCTH,
TO OHA MEPIIECHIUKYIISIPHA TIIIOCKOCTH.
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Puc. 2.
a

/&
Jd l<b

Jlokazamenbcmeo: Puc. 3.

Az

[lyctsb a mpsimasi, nepHneHuKyIsipHas NpsiIMbIM b U ¢ B TuiockocTH < . Toraa npsiMas a
IIPOXOJUT Uepe3 TOUKy A mepeceueHus NpsMbIxX b u c. Jlokaxem, 4To mnpsmas a
MEPIECHINUKYIISIPHA IIJIOCKOCTH X .

IIpoBenemM NpOU3BONIBHYIO MPSMYIO X 4€pe3 TOUKY A B INIOCKOCTH (¥ ¥ MOKa)KEM, YTO OHA
NepneHuKyIsgpHa npsaMoii a. [IpoBeneM B IIIOCKOCTH X POU3BOJIBHYIO NIPSIMYIO, HE
MIPOXOALIYIO Yepe3 TOUKY A M nepeceKarollyto npsmsie b, ¢ u X. IlycTs ToukaMu nepeceueHus
oyayt B, Cu X.

OT10’kMM Ha TIPSMOM @ OT TOYKU A B pa3HbIE CTOPOHBI paBHBIE OTpe3ku AA| 1 AA,.
Tpeyronbhauk A ;CA, paBHOOeApEHHBIN, Tak Kak 0Tpe30K AC sBiIsIeTcs BHICOTOM 10 YCIOBHIO
TEOpeMbl U MeJMaHOH 10 mocTpoeHuto (AA;=AA;). 10 TOH ke MpUUrHEe TpeyroibHuK A BA,
TOXe paBHOOeapeHHbINH. CnenoBarenbHo, TpeyroasHuku A;BC u A,BC paBHbI 110 TpeM
CTOPOHAM.

N3 paBenctBa tpeyroasHukoB A;BC u A,BC cnenyet paBenctso yriioB A;BX u A,BX u,
CJIENOBATEIBLHO PAaBEHCTBO TPeyroiabHUKOB A BX n A,BX 1o 1ByM CTOpOHaM U yrity MEXIy
HuMu. 13 paBeHcTBa cTOpoH A X 1 A, X 3THX TPEyTrOJIbHUKOB 3aKIH0YAaEM, YTO TPEYTOJIbHUK
A, XA, paBHoGenpennsbiil. [ToaTomy ero menuana XA siBiseTcsi TakKe BBICOTOH. A 9TO U 3HAYUT,
4TO IpsMas X NepneHaAuKyispHa a. [lo onpenenenuto npsimast a neprneHIMKyIsipHa IUIOCKOCTH
& Teopema nokaszaHa.

Ceoticmea nepneHOUKYIApHbIX NPAMOU U NIOCKOCMIU.
Teopema 2
1 - oe. Cgoticmeo nepneHOUKyIAPHLIX NPAMOU U NIOCKOCU
Ecnu miockocTh nepneHauKyaspHa 0OaHON

13 JIBYX NapajulesIbHBIX IPSIMBIX, TO OHA
NEPIEeHIUKYIIApHA U IPYTOM.
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Puc. 4.
llokazamenvcmeo: llyctb @, m a,- 2 mnapamienpHble nOpsMble U (X TUIOCKOCTb,

NepHeHANKYIJISIpHasE NpaMond <, . JlokaxeM, 4TO 3Ta MIOCKOCTh MEPHEHANKYJSIPHA U MPSAMOMN
a, . IlpoBenem yepes TOUuKy -4, mepecedyeHus MpsIMOW @, C IJIOCKOCThIO (¥ IPOU3BOJIBHYIO
npsMyr0 X, B Iuiockoctu . IlpoBegem B miockoctd (X uepe3 TOuky -4, mepeceueHus
npsMo «a, ¢ npsamyro X,, TapauielibHy0 nOpsMod Xx,. Tak kak mnpsMas a,
MEPIEeHIUKYIApHA TUIOCKOCTH Y , TO MpsIMBIE &, W X, MEPHEeHIUKYISIpHBL. A 1Mo Teopeme 1
napajuieJbHbIE UM TIEPECEKAININeCs MpsSMbIe <, W X, TOXE MNEPHEHANKYJISPHBI. Takum
oOpa3om, mpsiMasl a, MEepHNEHAMKYJISpHA 000N mpsMoil X, B miuockoctu ¢ . A 310 ( mo
OIpe/IeNICHUI0 )3HAUUT, 4TO MpsiMasi ¢, NEpIEeHAUKYJIsApHa miockoctu & . Teopema noka3aHa.

Teopema
2 - oe. Ce01icme0 nepneHOUKYIAPHbIX NPAMOU U NIOCKOCIU.
JIBe mipsiMble, IEpIEHAUKYIISIPHBIE OHOW U TOM K€ MJIOCKOCTH, MapalieIbHBbI.

a \i
| _\B,
4 BT\
b b
Puc. 5
,ZZOKCZS’ameﬂbCWlGO.'

Ilycts @ u b - 2 npsiMble, NEepIEHAUKYISIpHbIE IUIOCKOCTH (X . JlomycTuM, 4TO
IpsiMbIE @ U b HE MapaljIeybHBbI.

BeiGepem Ha mpsimoii b Touky C, He nexalryro B miuockoctu . Ilposexem
yepe3 Touky C mpsMmyto b;, nmapamienbHyto npsimoi a. Ilpsimast b; mepneHauKysipHA
wiockocT & no Teopeme 2. Ilycth B u B, - Touku mepecedeHus mpsMbIX b u b; ¢
mwiockocThio & . Torpa npsimast BB, nepnenaukynspHa nepecekaromuMces IpsIMbIM b 1
b;. A 3T0 HEBO3MOXHO. MBI IPUIIUIK K IPOTUBOpeUHIo. TeopeMa 1oKa3aHa.

KOHmpOﬂbele B80NpPOCyHI

1.0Onpenenenue nepneHIUKYIIPHOCTH MPSAMOU U IIIOCKOCTH.
2. Ilpu3Haky NEepIEeHANKYISIPHOCTH MPSIMON U TUIOCKOCTH
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Tema 7.4. IlepnieHAUKYJISAP U HAKJIOHHAS.

Onpedenenus nepneHOuKyIsApa U HaKIOHHOU. Ymeepicoenus 0Jist NepneHOuUKyIApa u
HAKJIOHHOU, NPOBEOEHHbIX Yepe3 0OHY MOUKY K 00HOU niockocmu. Teopema o mpex
nepneHOUKyIApax.

Ymemwb: npUMEHATh olNpeAesieHUs] U TEOPEMBI MPU PEIICHUH 3a/1a4.

3nams. onpeneneHns NEPIEHINKYIISIpa U HAKIIOHHOW, TBEPKIACHUS U1 IEPIIEHANKYJISpA U
HAKJIOHHOM, MPOBEIEHHBIX Yepe3 OJIHY TOUKY K OJHOM INIOCKOCTH, TEOpEMa O Tpex
NEepIEHINKYIIIpax

[lycTh naHbl MIIOCKOCTh M HE JIeKallasi Ha Hell ToukKa.

Ilepnenoukynapom, onyuieHHbIM U3 JaHHOM TOYKU Ha JAHHYIO MJIIOCKOCTb, Ha3bIBACTCS
OTPE30K, COCIMHSIONINN TaHHYIO TOYKY C TOYKOH MJIOCKOCTH M JISKAIIUN Ha TTPSIMOM,
nepneHANKYIsIpHON miockocT. KoHel 3Toro oTpeska, jexaiiuid B II0CKOCTH,

HA3bIBACTCSI OCHOBAHUEM NEPNEHOUKYTIADA.

Ha pucynke 1 u3 Touku 4 npoBEeAECHBI K IMIIOCKOCTH X A
nepneHAuKysip AB u nakionHasi AC. Touka B - ocHOBaHHE
MeprneHanKyiasipa, Touka C - OCHOBaHHWE HakKJIOHHOH, BC -

MPOEKLUSA HaxiaoHHOU AC Ha IUIOCKOCTh (X . f,/ c L/EJ B /
ol

Puc.1

Haxnonnoit, npoBeIeHHON U3 JaHHOW TOYKM K JAHHOW IUIOCKOCTH, HA3bIBAETCS JHO00
OTPE30K, COCJIMHAIONIMI JaHHYI0 TOYKY C TOYKOM IUIOCKOCTH, HE SBJISIOLIUNCA
NEePICHANKYISIPOM K Iockocth.  KoHernp — oTpe3ka,  jJexamuid B IUIOCKOCTH,
Ha3bIBAETCSI OCHOBAHUEM HAKIOHHOU.

OTpe30K, COCAUHSIIONTUN OCHOBAHHS TEPIICHAUKYJISIpAa U HAKJIOHHOW, MPOBEACHHBIX W3
OJIHOM U TOM K€ TOYKH, HA3bIBACTCS MPOEKUUell HAKIOHHOU.

Tak kak B npsAMOyroiabHOM TpeyronbHuke ABC karer AB Menbuie runorenyssl AC, TO
CIPaBEAIMBO CIEAYIOIIEe YTBEPXKICHHUE: NEPNEeHOUKYAAD, ONYWEHHbIU U3 MOYKU HA NIOCKOCMb,
MeHble 110001 HAKIOHHOU, NPOBEOEHHOU U3 MOLL JHce MOYKU K IMOU NIOCKOCIU.

Jns mepneHAuMKylspa W HAKJIOHHBIX, IPOBEICHHBIX Yepe3 OJIHy TOYKYy K OJHOU
TJIOCKOCTH, CIIPABE/IJTUBEI CJICTYIONTNE YTBEPKICHHUS:

1) neprieHANKYISAp MEHbIIIE JTI000I HAKIOHHOM;

2) HaKJIOHHBIE paBHBI TOT/Ia ¥ TOJILKO TOT/1a, KOT/Ia PaBHBI UX MPOEKIINH;

3) oJlHa HAKJIOHHAsI MEHbIIIE APYTrOl HAKJIOHHOW TOTJa U TOJBKO TOTJAA, KOr/a MPOEKIUs
MIEpBOM HAKJIOHHOW MEHbIIIE MPOEKIINN BTOPOU HAKIIOHHOM.

JnuHa mneprneHauKymspa, ONYIIEHHOr0 M3 TOYKHM A Ha IUIOCKOCTh X, Ha3bIBaeTCs
paccmoanuem om mouku A 00 naockocmu. PacctosiHue OT TOUKH, JIeXkKallel B TNIOCKOCTH
JI0 TTIOCKOCTH ¥ CUUTAETCs] pABHBIM HYJIIO.

B cnyudae, xorja npsimas nmapaJijielibHa MIIOCKOCTH, PacCTOSIHUE OT MPOU3BOJILHON TOUKH
IIPSIMOM JI0 IJIOCKOCTH HA3bIBAECTCS PACCMOAHUEM MeHCOY RPAMOI U NA0cKocmbio. PaccTosiHue
MEXy TePECeKAOITUMUCS MPSMOM U TUIOCKOCTHIO PaBHO HYJIIO.

MoxHO J0Ka3aTh, YTO €CJIM JBE IUIOCKOCTH MapajyieidbHbl, TO BCE TOYKH OJHOMI
IUIOCKOCTH  PaBHOYAAJIEHBl OT Jpyrom Iuiockoctu. Iloatomy paccmoanuem meswcdy
napannenbHblMu NJA0CKOCMAMU HA3BIBAETCS PACCTOSIHUE OT MPOU3BOJIBHOW TOYKU OJHOM M3
HHUX JI0 IPYTOM.

Paccmoanuem medxncoy cKpeuwyuearouyumuca npAMbIMY Ha3bIBA€TCSl PACCTOSHUE MEXTY



napajijiCJIbHBIMU IJIOCKOCTAMHU, B KOTOPBIX JICKAT 3TU IIPAMBIC.

Teopema o Tpex nepneHIUKyAspax.

Teopema. llpsamasi, mnpoBeneHHas B IUIOCKOCTH Yepe3 OCHOBAHME HAKIOHHOM,
NEPIEHIUKYJIApHA 3TOM HAKIOHHOW TOTAa M TOJBKO TOIZA, KOTJa OHA IMEpPIEHAMKYJSIpHA
MIPOEKIUY HAKIIOHHOM.

Jdoxa3arenbcTBO:

[IycTth AB - nepnenauKysip mIockoctTu ¢ , AC - HaKJIOHHAs U ¢ - IpsAMast B
IUIOCKOCTH ¢ , mpoxosuiast uepe3 ocHoBanue C (puc. 2). [Iposenem npsamyro CA;,
napajuieabHy0 npsmMoit AB. OHa nepneHauKysipHa Iockoctn & . IIpoBeneM yepes
npsmeie AB u CA; mnockocts /. Ilpsimas ¢ nepneHaukysipHa npsamoit CA;. Ecnu ona
nepneHANKysipHa npssMoi CB, To OHA NMEPIEHANKYIISIPHA TUIOCKOCTH /7, a 3HA4YUT, U
npsimont AC.

Ananornuno. Ecnau mnpsimas ¢ nepneHaukyisipHa HakioHHOW AC To  oHa, Oyayuu
neprneHauKyisapHa u npsamoit CA, mneprneHauKyJIspHa IUIOCKOCTH /A, a 3HA4MUT, U HPOEKIUU
HakJoHHOH CB.

Teopema nokasana.

Puc. 2

KoumponvHuvie éonpocwl

1.0npenenenus nepneHANKYIsApa U HAKJIOHHOM.

2. YTBepkaeHUs 1S NepIEeHANKYJIIpa U HAKJIIOHHOM, IPOBEICHHBIX Yepe3 0/IHY TOUKY K OJJHOU
TJIOCKOCTH.

3. Teopema 0 Tpex NepHeHIUKYISIpax.



Tema 7.5. Yroj Mekay npsiMmoi M mjI0CKOCTbIO.

Yeon meacoy npamoii u nnockocmoio. llpoexyus mouku u npoexyusi npamou. Ceovicmea
npoexyuu npamuix. [lpoexyus gueypol. [Inowadv npoexkyuu MHO20Y20bHUKA.

Ymems: ipoekTUpOBaTh (UTYpBl; HAXOAUTH IJIOLIAb MPOEKIIUH MHOTOYTOJIbHHUKA.
3uams: Yronm Mexzay npsSMod M IUlocKocTbio. [Ipoekumst Toukn u mpoekuus npsmoi. CsoiicTBa
npoekuy npsiMbIix. [Ipoekuus ¢purypsl. [Inomans npoeKuy MHOTOyTrOJIbHUKA.
YroJa mexkay NpsiMoii M IJIOCKOCTHIO.
[lycts MN - HakIIOHHAs, IPOBEACHHAA U3 TOYKKU M K 1uiockoctu &, a M | N - ee mpoekius Ha
wiockocts J (puc.l). Torma yrom MNM, - HazpBaetrcs yziaom mexucoy npamou MN u

naockocmuto . TakuMm 00pa3oM ompenenseTcs yroia MexIy NpsSMOi U INIOCKOCTbIO, TiepeceKaroleit

3Ty NPSIMYIO U HE NEPIEHAUKYISIPHON EH.
¥roA MexAy NpAMOoH M MADCHOCTEID

arl/

Puc.1.
Omnpenesienue.

Yroa mexay NpAMoi U INIOCKOCTBIO, NIEPECEKAIOIIEH 3Ty NPSAMYIO U HE IEPIEHAUKYJIIPHON K
HEH, - 3TO YroJI MeKy NPSMOM U €€ IIPOEKIUEN Ha 3Ty IUIOCKOCTb.

Omnpenenenue yria MeXAy IPSIMON U INIOCKOCTBIO MO3BOJISAET 3aKI0YUTh, YTO YTOJI MEXKY NMPSAMOM
U IUIOCKOCTBIO IPEACTaBISET COOOW Yron Mexay JBYMs NEPECEKAIIIMMHUCA MPSIMBIMU: CaMOU
IPSIMOM U €€ MPOEKUUEN Ha IUIOCKOCTh. Cen0BaTeNbHO, YIoad MEXIY NPSMON M IJIOCKOCTBIO €CTh
OCTpBIH YIOJL.

Vron Mexay MepreH UKy ISPHBIMUA MPSIMON M TUIOCKOCTHIO CUMTAIOT paBHBIM 90° | a yroi
MEXIy MapajuleIbHBIMU TPSAMON U IUIOCKOCTBIO JIMOO HE OINpPENeNsioT BOBCE, JIMOO CUHUTAIOT
paBHbIM O .

Tema 7.6. IByrpannblii yroJi. Yroa mexay miockocravu. [lepnenaukyasspHocTs
IIOCKOCTEH.

Onpedenenue 08yepanno2o yena. Buowvl osyepannozo yena. Onpeodenenue yena mexcoy
nepecexarowumucs niockocmamu. Onpeoenenue nepneHOUKyIapHocmu niockocmeu. Ilpusnaxu
NepReHOUKVIAAPHOCIU 08YX NIOCKOCMEL.

Ymemu: pemiath 3a71aun Ha IBYTPAHHBIC YTJIbL.
3uamy: onpeneneHne IBYTrpaHHOTO yIiia
Onpenenenue. J[ByrpaHHbIM YIJIOM Ha3biBaeTcs Qurypa, oOpa3oBaHHAs MPSMOM a U JBYyMS
MOJTYTUTOCKOCTSIMU ¢ 00IIel TpaHuIleH a, ¥ He PUHAICKAIIUMHI OHOH IIIOCKOCTH.
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i a - pedbpo IBYTPaHHOIO yTJa, MOJYIUIOCKOCTH - TPaHH €ro.

ia
puc. 1
Yron AOB - nuHelHBIM yroa naByrpaHHoro yria. UtoObsl ero
IIOCTPOUTH, HY>KHO BBIOpaTh MPOU3BOJIbHYIO Touky O Ha pebpe, a nyun OA
1 OB 10mKHBI OBITh IEPIEHIUKYIISIPHBI K pedpy.
4
i
puc. 2

Onpenenenue. I'pagycHoll Mepol JBYTpaHHOIO yria Ha3bIBaeTCs TpajyCcHas Mepa JiroOoro
ero JTMHEWHBIX YIJIOB.

JIByrpaHHBIN YroJl Ha3bIBACTCS MPSIMBIM (OCTPBIM, TYIIBIM),
eciu oH paBeH 90° (menbiie 90°, 6omnbire 90°).

[lycts ¢ - TOT U3 YIIIOB, KOTOPHIH HE MPEBOCXOIMT JIFOOOr0 M3
TPEX OCTAIBbHBIX YITIOB. TOrma yroia Mexay IepeCceKarOlUMUC
mIockocTsME paBeH §. (0°<$=90°)

puc. 3

us3

Omnpenenenue. /[Be nepecekaroniyiecs IUIOCKOCTH HAa3bIBAIOTCS MEPIEHANUKYJISAPHBIMH, €CIU

YIoJI MEXAY HUMU paBeH 90°.

IIpu3Hak neprneHIUKYJSIPHOCTH ABYX IIOCKOCTEIA.

Ecnu omna w3 nByx IuiockocTed (=) TPOXOJIUT dYepe3
npsamMyro (a), TEepNeHIUKYISAPHYK Apyrod miockoctu (B), To
TaKUe MJIOCKOCTU NePICHIUKY IS PHBI.

puc. 4
B ; L IIpsiMmOyroJibHbIH napasienenunen. [Tapannenenunen
Pyt 0 HA3bIBACTCSI NPSIMOYTOJIBHBIM, €clii ero OOKOBble pedpa
1
: I'.I NEPNCHAUKYJIAPHBI K OCHOBAaHUSAM, a@ OCHOBAHUA MNPCACTABIISAIOT
! ~
P €000 MPSMOYTOJIHHHUKH.
1
= I [
-~ T
Adﬁ =+
puc. 5
CsoiicTBa.

1. B npsiMmoyroipHOM napajuiesienure/ie Bce MecTh IpaHeil MpeCTaBIsAI0T cO00M NPSIMOYTOJbHUKH.

2. Bce nByrpaHHbIe YIIIBI IPSMOYTOJIBLHOTO MAPAILISIICTIUATIC A SIBISTFOTCS IPSMBIMH

3. KBazpar nuaronaiv npsiMoyroJIbHOTO HapajuiesienuIela paBeH CyMMe KBaJpaToB TPEX ero
U3MEPEHUM.

KoumponvHule gonpocwl

1. Onpenenenuie IBYrpaHHOIO yIJia.

2. OmnpeneneHue yria MexIy MepecekaroMMHCs MTOCKOCTIMHU.

4. OnpeneneHue NepreHIMKyISIpHOCTH M10ckocTeil. [Ipu3Haku nepneHIuKyasspHOCTH  IIOCKOCTEM.
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Tema 8. KoopanHaThl 1 BEKTOPHI.

Tema 8.1. BekTopsbl. [leiictBust Haa Bektopamu. basuc Ha niockoctu. [IpsimoyrosibHasi cucrema
KOOpAMHAT.

Ionamue eexmopa. /leticmeusi nao éekmopamu. baszuc na nrockocmu. Ceoticmea 6ekmopos.
IIpsimoyzonvras cucmema KOOPOUHAmM 6 NPOCMPAHCHEe.

Ymems: BBIIONHATH NEWCTBUS HAJl BEKTOPAMH.
3namy: llonstue BekTopa. [elictBus Haa Bekropamu. basuc Ha miockoctH. CBONCTBa BEKTOPOB.
[IpsmoyronbHas cucTeMa KOOPAUWHAT B IPOCTPAHCTBE.

[TonsATHE BEKTOpaA B CTEPEOMETPHUH BBOJUTCS TAK K€, KaK U B IJIAHUMETPHH.

Paccmotpum  ynopsimouenHyto mnapy (4, B) HecoBmajaromux Touek. OHa ompenenser
HamnpaBJIeHHBbIH OTpe30ok ¢ HayanoM 4 u koHioMm B (puc. 1). C momomsto mapel (4, B) 3aganum
npeoOpa3oBanue npocTpaHcTBa. Kaxmoil Touke M moctaBUM B COOTBETCTBHE TOUYKY N, KOTOpas
MOJIyYUTCS B PE3YJIBTATE CIACAYIOUIETO MOCTPOCHHUS.

[IpunsB Touky M 3a Hayano, MPOBOAUM JIyd 71, COHANpPaBJIEHHBIN C TydoM AB (puc.2). Ha myue
m MMeeTCsl eJIMHCTBeHHAsI Touka N, ynanenHas ot M Ha paccrosiHue |14|. I10 mocTpoeHne 3amaer
npeoOpa3oBaHUe MPOCTPAHCTBA, 0TOOpaXKaroIIero Touky M Ha Touky N.

N

A A

Puc. 1. Puc. 2.

Onpenenenue. Bexmopom (napainenvhuvim nepeHocom), onpeoensemvim napou (4, B)
Heco8naodarwux moyex, Hazvleaemcs npeoopasoeane nNPoOCMpancmed, npu KOMopom Kaxicods moyka
M omobpascaemcs na maxyio mouxy N, umo nyu MN conanpaenen ¢ aywom AB u paccmosnue |MN|
paeno paccmosnuio |-15] .

BekTop, 3amannbli mapoil (4, B) HeCOBHAJAIOMIUX TOYEK, 0003HAYAETCS CHMBOJIOM 473 .
Hanpasienue, onpenensieMoe ydoM AB, Ha3bIBaeTCs Hanpasienuem 6eKkmopa AR , & PacCTOSHHE
| 45| - Onunoil 6exkmopa AR .

YcnoBuMmces, yTo Nro0asi mapa COBMAJAONINX TOYEK 3a/1aeT TOKIECTBEHHOE MpeoOpa3oBaHUE,
KOTOpO€ MBI Oy/JIeM Ha3bIBaTh TENEPb HY/ne6biM GeKmopom. JIJIMHa HYyJIEBOTO BEKTOpa paBHA HYIIIO,
MOHSITHE HAIPaBJICHUs Ui HEero He BBoauTcs. HyneBoil BekTop, 3aannbIi mapoii (A, A), 0603HavaroT
CHMBOJIOM 4 4 .

[IpUMEHSIOTCS ¥ MHBIE 0003HAYEHUS: <. 5., ... - BEKTOpBL; |<<| wim @ - njmHa BeKTOpa

c: O - HyJIEBOMH BEKTOP.

Kaxxnpiii BEKTOp, OTIUYHBIN OT HYJIEBOTO, BIOJHE XapaKTEPHU3yeTCs CBOMM HAIPABJICHUEM H

IMHOM. T109TOMY, €CiM HEHYJIEBBIE BEKTOPBI < M /> COHAIPABIEHBI M MMEIOT PABHBIE JUTMHBI, TO OTH

BEKTODPHI PaBHBI (COBNANAIOT): ¢ =h.

JeiicTBHSA HAl BEKTOPaAMH.
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Yno6Hee Bcero paboTaTth ¢ BEKTOpaMH B IPSIMOYTOJIBHON CHUCTEME KOOPJIWHAT — TOW CaMoii,
B KOTOpoil pucyeM rpadpuku ¢yHkiuil. Kaxxaol Touke B cUCTEME KOOpPJIUHAT COOTBETCTBYIOT [Ba
qucia — €€ KOOpIMHATHI NOXHY, abcuucca Y OpJIMHATA.
Bexkrop Taxke 3amaeTcs AByMs KoopauHatamu: @(x,; v, )

31ech B CKOOKAx 3amucanbl KOOPIHMHATHI BEKTOpA « — T10 X U 110 ).

Haxomsrcs onn IIpOCTO: KOOpAWHATA KOHIIA BEKTOpAa MUHYC KOOpAWHATA €T0 Ha4daja.

B E(xﬂ— X, Vg V)

L

0 X
Cnoosicenue 6ekmopos

I[J'IH CJIO0KCHUS BEKTOPOB €CTh ABA crioco0a.

1. IpaBuno mapamtenorpamMa. YToObl CIIOKUTH BEKTOPBI « U /A , TIOMENIAEM Hadaua 00OMX B OIHY
Touky. JlocTpamBaeM [0 mapaieiorpaMma U U3 TOW K€  TOYKM  MPOBOAMM  JAHAroHajlb
napajenorpaMma. 1o u OyIeT CyMMa BEKTOPOB < U 5 .

e,
b .-

a = b

,d""’ L. Cal "'.-

Ca

b

2. Bropoii crioco0 CloKeHUs: BEKTOPOB — MPABHIIO TPEYTOJIbHKUKA. BO3bMEM T€ K€ BEKTOPHl < U 5 .
K KoHIly mepBoro BekTopa NpUCTPOUM Hauyajiao BTOPOro. Temepb COeIMHUM Haydajo MEpPBOTO U KOHEI
BTOPOTO. DTO M €CTh CyMMa BEKTOPOB « U 5 .

el
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ITo ToMy e mpaBuily MOKHO CJIOKHTh M HECKOJIBKO BEKTOPOB. IIpucTpanBaeM uX OJIMH 3a IpYTUM,
a 3aTeM COEAMHAEM HAa4allo IEPBOT0 ¢ KOHIOM IIOCIEIHETO.

D
C——~_E AF-AB+BC+CD+DE+EF

B S F

_—

o

A

[IpencraswTe, uTo BB MaeTe U3 myHkTa A B myHKT B, 3 B B C, u3 C B D, 3atem B E u B F. Koneunsrit
pe3yJIbTaT 3TUX AEUCTBUM — TmiepemMenieHue u3 A B F.

IIpu crnoxkennn BeKTOpoB (X, ;¥ )u b(x,;y,) ModydaeMm:

c=a+b
c=(x, +x,)+(y, +y,)

Bovtuumanue 6E€KmMopoe

BekTop - ¢ HamnpaBiieH MPOTUBOIOJIOKHO BEKTOPY < . JIJIMHBI BEKTOPOB < U - ¢ PABHBI.

— —
o

Tenepp MOHATHO, YTO TAKOE BBIYUTAHHE BEKTOPOB. PA3HOCTH BEKTOPOB « U < — 3TO CyMMa BEKTOpPa
2 M BEKTOPa - ¢ .

E-E"=(?—(—Fj —- |

a-¢
Ymnoorcenue 6eKmopa Ha 4ucio

[Ipy YMHOXEHHH BEKTOpPA ¢ Ha YKCIIO k MONYYaeTCsl BEKTOP, JJIMHA KOTOPOTO B k pa3 OTIMYACTCS
OT JUHHBI ¢ . OH COHAIPABIEH C BEKTOPOM < , €CIH k GOJIBIIE HYJIs, M HATIPABIEH IPOTHBOIOIOKHO
« , €CIU k MEHbIIIe HyJIs.

q/ 3.:/{).5.:?/ /-.:? 3a J -0,3a

ba3uc na nnockocmu.
Omnpenenenue.
1) ba3ucoM B MPOCTPAHCTBE HA3BIBAIOTCS JIOObIE 3 HEKOMIUIAHAPHBIX BEKTOpa, B3STHIE B
OIPEIEIEHHOM TOPSIJIKE.
2) Bba3ucoM Ha IJIOCKOCTH HAa3bIBAIOTCS JIOObIE 2 HEKOJUIMHEApHBbIE BEKTOPHI, B3SITHIC B
OIPEICIEHHOM TOPSIJIKE.
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3)ba3ucom Ha npsiMoii Ha3bIBaeTCs J1t000I HEHYJIEBOM BEKTOP.

BekTopbl Ha3bIBAIOTCS KOMNAAHAPHBIMU, €CTTA OHU MapaJUICIbHBI OHOM U TOM K€ IUIOCKOCTH. Takum
00pa3oM, BEKTOPHI Ha3bIBAIOTCA KOMIUIAHAPHBIMU, €CJIM PaBHbIE UM BEKTOPHI, OTIOKEHHBIE OT OJTHOM
TOYKH, JCKAT B OJHOM IIJIOCKOCTH.
B npoTuBHOM Cityyae BEKTOPBI Ha3bIBAIOTCA HEKOMNAAHAPHBIMU.

JIroOble TpU HEKOMIUIAaHAPHBIX BEKTOPA B MPOCTPAHCTBE, B3ATHIC B OMPEICICHHOM IOPSIKE,
Ha3bIBAOTCS OA3UCOM.

2, ,8,,&
Onpenenenne. Ecmu 1792 %2 .

- 0a3uc B MPOCTPAHCTBE U , TO uicna a, b U g - Ha3bIBAIOTCA

KOMIIOHEHTAMHU MJIH KOOPAMHATAMH BEKTOpPA & B oTOM Gasuce.
B cBs31 ¢ 3TUM MOKHO 3amucaTh CIEAYIONIME CBOMCTBA:
- paBHBIe BGKTOpI:I HMCHOT OJMHAKOBBIC KOOpI[I/IHaTBI,
- MIPU YMHOXKEHHUHU BEKTOpA Ha YKCIIO €T0 KOMIIOHEHTHI TOXKE YMHOXKAIOTCS Ha 3TO YHCIIO,

AB _ (Ad)e + (A e; +(An) e

HpI/I CJIIOXKCHHH BeKTOpOB CKJIaJII)IBaIOTCH HUX COOTBETCTBYIOIIUC KOMIIOHCHTHI.

a =a,e, +()!7€7 +a,ey; a =0 e + [, e, + /3 eg,

31

B @+ 8o+ + 8oy + (@ + B)e,

Ilpamoyzonvnan (0ekapmogan) cucmema KOOpOUHam 6 NPOCMPAHCMEe.

Ilpamoyzonvnas cucmema Koopouwam 6 npocmpancmee — o0Opa3yercs TpeMs B3alMHO
nepnenaukyasapabiva ocsamu koopaunaar X, OY u O Z . Ocu xoopamnat nepecexarorcst B Touxe (J
, KOTOpasi Ha3bIBaeTCsl Ha4aJloM KOOPJMHAT, Ha Ka)JI0H OCH BBIOPAHO MOJIOKUTEIbHOE HaIlpaBJICHUE,
yKa3aHHOE CTpelIkaMu, M €AMHUIA M3MEPEHUs OTPEe3KOB Ha ocAX. EAuHUIBI M3MepeHHs OObIYHO

omanakoBsl uis Beex oceit. X — ock abemee, OY — ock oprumar, O Z — ock anmmikar,
12
D

<>

Puc. 2
Tonoxenne Touku A B mpocTpancTBe omnpeensercs Tpems koopauHatamu &, ¥ u z. Koopaunara T
pasna umne orpeska (JB, koopmunara ¥ — mmne otpeska (€', koopannara z — mmmHe oTpeska
() Dg Boibpannbix emunuiax usmepenns. Otpeskn (M5, OCu (O Donpenensiores miockocTsaM,
npoBeAEHHBIME 13 ToukH ~Amapamtensno miockoctsam ¥ (2, X O Zu X OY coorsercrseno.
KoopauHara T'Ha3bIBacTCs abeiuccoit Touku A,
koopmHata ¥ — opaunatoii Toukn A,
KOOPIHMHATA Z — AMIUIMKATOM TOYKH .
CHMBOJIMYECKH ITO 3aMHCHIBAIOT TAK:

Az, y, 2)
A=(z, y, z)

NN HpI/IBﬂSI)IBaIOT 3aIIUCh KOOpI[I/IHaT K KOHerTHOfI TOYKC C IIOMOIIIBKO MHACKCA:
Ta, Ya, Z4

nJIn

U T. II
Ka)KI[aH OCb paCcCMATpUBACTCA KaK YHCJIOBAd MpiamMaid, T. €. UMCCT IMOJOXUTCIIBbHOC HAIIpaBJICHUC, a4
TOYKaM, JIC)KAIIUM Ha OTPHUIATCIIBHOM JIYUC MMPHUIMCBIBAIOTCA OTPULATCIIBHBIC 3HAYCHHUA KOOPAWHATEI
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(paccrosiHue Gepercst co 3HaKoM MuHYyC). To ecTh, eciu 6bl, HanpUMep, Touka |3 Texana He Kak Ha
pucynke — Ha nyde (JX,| a ma ero mponmomxenuu B oGpatHyro cropony ot Touku (J (Ha
orpuniarensroit wactu ocu (JX), To abcumcca Troukm A Geuta e oTpuuaTenbHON (MHHYC
paccrosumto (JI3). Ananoruano u 115 IByX APYruxX ocei.

Konmponvnwvie sonpocwi

1. [TonsaTue BexTOpA.

2. JleicTBUs HAJ BEKTOpAMHU.

3. ba3uc Ha miockocTH.

4. CBOIICTBa BEKTOPOB.

5. IlpsimoyronpHast cucTeMa KOOPJIUHAT B TPOCTPAHCTBE.

Tema 8.2. PaccTosinue Mexay TOUKaMU.

Dopmyna paccmosHus mexncoy 08yMs MOYKAMU. YpaeHenus cghepbl, RIOCKOCMU U NPAMOII.
Koopounamei cepedunvt ompesxa.

Ymems: HaXOUTH pacCTOSHUE MEX]TY IBYMSI TOUKaMU; COCTaBISATh YpaBHEHHUE C(Pephl, MIIOCKOCTH U
IPSIMOM; HAXOAUTh KOOPJIAMHATHI CEPEUHBI OTPE3KA.

3nams. popmymna pacCTOSHUS MEXIY ABYMs TOUYKaMU, ypaBHEHUS cepbl, IITOCKOCTH U MPSMOii,
KOOPJIMHATHI CEPEUHBI OTPE3KA.

IIyctb A 1 B - 1B€ TOYKH TJIOCKOCTH, KOOPAMHATHI KOTOPBIX B ICKAPTOBOM CUCTEME
koopauHat: (x,;3,) u (x,;¥,), TOrIa

AB = J':xz - xﬂl + (- .}'131.
VYkazanHas opmyiia, o CyImecTBy, sBisiercs Teopemoit [udaropa, 3anmcanHoit B KOOpIUHATHOM
dopme. B camom nene, mycts 4, u B, -- COOTBETCTBEHHO MpOoeKInu Touek A u B Ha ock abcrucce,
M - npoekuus A Ha nipsimyto BB, .

Nmeem: AB -- runoTeHy3a MpsiMOYTOJIBHOTO TPEYTrobHUKA ¢ KareTamMu AM u BM, Ho AM = A,
B, =|x, - x,| . Touno tax xe BM =|y, - v,|.

CnenmoBarensHO,

AB® =AM’ + BM? =(x, - x,)> +(y, - »,)° u dopMyna qokazaHa.
Konmponvhuvle 6onpocwl

1.®opMyia paccTOSTHUS MEXKIY TBYMS TOUKAMHU.

2. YpaBHeHus cdepsl, IIIOCKOCTH U MPSMOH.

3. KoopauHatsl cepeivHbl OTPE3Ka.

Tema 8.3. JInneiinble onepanuu HaJ BeKTOPaMH.

Bexmopul. Mooyas éexmopa. Pasencmeo eéexmopos. Crnodcenue 6ekmopos. Y mHooicenue
sekmopa Ha uucino. Paznoowcenus 6ekmopa no HanpasieHusM. Y2on mexncoy 08yms 6eKmMopamu.
IIpoexyus eéexmopa na ocvb. Koopounamul éexmopa. Cxkaniprnoe npousseoeHiie 6eKmopos.

Ymemu: HaxouTh MOYJIb BEKTOPA; BBITIOIHITH JIMHEWHbBIE ONIEPALIMH HAJl BEKTOPAMU;

Boruncnsath ckansipHoe Mpou3BeACHHE BEKTOPOB.

3Hamu: BEKTOPHI, MOJIyJIb BEKTOPA, PABEHCTBO BEKTOPOB, CIIOKEHUE BEKTOPOB, YMHOKEHUE BEKTOpa
Ha YKCJI0, PA3JIOKEHUS BEKTOPA 10 HANPaBICHUSIM, YTOJI MEXAY ABYMS BEKTOpPaMH, MIPOEKIINS BEKTOpa
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Ha OCb, KOOPAWHATHI BECKTOPA,CKAJIAPHOC IMTPOU3BCACHUC BEKTOPOB.

Ceoticmea 6ekmopos.
JlBa BexkTOpa M b HA3BIBAIOTCS KOJUTMHEAPHBIMU, €CITU OHHU PACIOJIOXKEHBI Ha
napajuieNIbHBIX MPSMbBIX WIH HA OJHOM MPSIMOHA.

HyseBoii BekTop O KOJIUIMHEApeH JTI000MY BEKTODY.
Teopema 1. JIBa HEHYJIEBBIX BEKTOPA < M A KOJUIMHEapHBI, U KOrJja OHM IPONOPLIHOHAIBHEI T.€.

b =k: .,k — cramsp.

a

Tpu BekTOpa o ,b ,c, Ha3bBIBAIOTCA KOMIUIAHAPHBIMU, €CJIM OHU IAPAJJIEIbHBI HEKOTOPOU
IJTOCKOCTH WJIM JIEXKAT B HEU.

A,

Teopema 2. Tpu HeHyJEBBIX BEKTOpA « ,b ,c , KOMIUIAHApHBI, U KOIJa OJMH M3 HUX SBISETCS
TUHEWHON KOMOHMHAIIMEH ABYX NAPYTHUX, T.C.

¢ =k, +1,k [l — ckanspsl.

Monynb BeKTOpa — 3T0 JIMHA oTpe3ka AB.
4B =[x, - x)” + (v, - v
IIpoexyus eexmopa Ha ocv.

Teopema 3. Ilpoexius BeKTOpa Ha OCh (HampaBlIeHHAs MpsiMasi) [ paBHA MPOU3BEICHUIO JJTUHBI
BEKTOpa Ha KOCHMHYC YIJIa MEXK]ly HalpaBJICHHUEM BEKTOPa U HAMPABIEHUEM OCH, T.€.
np,l =axcosala=D(a,l).
Cransapnvim npouséedenuem IBYX HEHYIEBBIX BEKTOPOB « M A . W Ha3bIBAETCA YHUCIIO,
paBHOE MIPOU3BEJCHUIO JITTUH 3THUX BEKTOPOB HA KOCUHYC yTila MEX1y HUMU:
a b :|a| -‘b‘(cosé,b)-
KoumponvHuvie onpocwl
1. BekTopsl.
2. Monynb BEKTOpA.
3. PaBeHCTBO BEKTOPOB.
4. CnoxeHue BEKTOPOB.
5. YMHOXeHHE BEKTOpa Ha YHCIIO.
6. PaznoxeHus BEKTOpa 10 HAIIPaBJICHUSM.
7. Yroa Mexay AByMs BEKTOPaMH.
8. Ilpoekius BEKTOpa Ha OCh.
9. KoopauHatsl BEKTOpA.
10. CkanspHoe npon3BeIEHUE BEKTOPOB.
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Tema 9. MHOrOrpaHHUKH

Tema 9.1. MHororpannuku. IlpaBuibHbIe MHOTOTPAHHMKH M X CBOKCTBA.

Onpedenenus HympeHHel mouKy, OMKpblNo20 MHOJCECMEa, 001ACmU, SPAHUYHOU MOYKU,
02PAHUYEHHO20 MHOJICECMBA, 2E0MEMPUUECKO20 Meld, MHO2OSPAHHUKA, 2PAHU, pebpa, 6epullHbL,
OUA2OHANU MHO202PAHHUKA, BbINYKI020 U NPAGUILHO20 MHO202PAHHUKOS. Paseepmka.

Ymems: npUMeHATh TEOPETUUECKHUE 3HAHUS TP PELICHUH 3a/1ay.

3namu: omnpeneneHusi BHYTPEHHEH TOYKH, OTKPBITOTO MHOXKECTBa, OOJACTH, TPAHUYHOW TOYKH,
OTPAaHMYEHHOTO MHOKECTBA, T'€OMETPUYECKOTO Tela, MHOTOIPAaHHUKA, TpaHH, pedpa, BEpIIHHEI,
JIMaroHaJId MHOTOTPAHHKKA, BBITTYKJIOTO M MPABWJILHOIO MHOTOTPAaHHUKOB, Pa3BepTKa.

MHoror PaHHUKH, B HN3BCCTHOM CMBICIJIC, SABIIACTCA MMPOCTPAHCTBCHHBIM aHaJIoromMm
MHOI'OYT'OJIbHHKA. Tem He MCHEC, i1 CTpOro €ro OInpeaAcIICHHUA HaM HOHa}IO6$ITC$I HECKOJIBKO
BCIIOMOIaTE€IbHBIX ITIOHSATHIA.
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B mKonbHBIX yuyeOHMKaX TIe€OMETPUM MHOTOTpaHHMKaMH OOBIYHO HAa3bIBAlOTCS TeJa,
MIOBEPXHOCTU KOTOPBIX COCTOAT W3 KOHEYHOIO 4YHCIa MHOTOYTOJIBHMKOB, HAa3bIBAEMBIX I'PaHSMU
MHoOrorpaHHvka. CTOpPOHBI M BEpIIMHBI 3THUX MHOIOYTOJIBHMKOB Ha3bIBAIOTCS COOTBETCTBEHHO
peOpaMu U BepIIMHAMH MHOTOTPaHHHKA.

IIpasunvHrvle MHO202PAHHUKU

BBIHYKHBIﬁ MHOTI'OIpaHHUK HAa3bIBACTCA IMPABUJIBHBIM, CCJIM €TI0 TI'paHsAMHU SABJIAKOTCA PAaBHBIC
MMpaBUJIbHBIC MHOI'OYT'OJIbHUKH, U BCC MHOI'OI'PAHHBIC YIJIbI PABHLI.

PaccMOTpUM BO3MOJKHBIE ITPaBUIIBHBIE MHOTOIPAHHUKU U IIPEXIE BCEro T€ U3 HUX, IPAHAMU
KOTOPBIX SIBJSIFOTCS  NPaBHJIBHBIE TPEYroJbHUKHA. Hambonee TMpOCTBIM TaKUM MPAaBUIBHBIM
MHOTOTPaHHMKOM SBJIIETCSI TPEYroJIbHasg MUPAMMIA, TPaHSIMH KOTOPOM SIBISIOTCS IpaBUIJIbHbBIE
TpeyroiabHuKH (puc. 1). B kaxxnoii ee BepumHe cXOAUTCS MO TpU IpaHu. VIMes Bcero 4eTbipe rpaHy,
3TOT MHOTOTPAaHHUK HA3bIBACTCSA TAKXKE MPABWIBHBIM TETPaj’ApOM, WIM IPOCTO TETPa’ApOM, YTO B
IIEPEBOJIE C IPEUYECKOTO S3bIKA 03HAYAET YETHIPEXTPAHHUK.

&
Puc.1. Puc.2. Puc.3.

MHOTOrpaHHHK, TPAaHSIMHU KOTOPOTO SIBIISIOTCS MPABUIBHBIE TPEYTOJBHUKH, U B KaXIOH
BEpIINHE CXOJUTCS YEThIpe IpaHH, N300pakeH Ha pucyHkKe 2. ETo MmoBepXHOCTh COCTOMT U3 BOCHBMH
MPaBUJIBHBIX TPEYTOJILHUKOB, TO3TOMY OH Ha3bIBA€TCSI OKTAdIPOM.

MHOTOTpaHHHK, B KaXJIOW BEPIIMHE KOTOPOTO CXOJMTCS IATh MPAaBUIBHBIX TPEYTOJbHHUKOB,
n300pakeH Ha puUCyHKEe 3. Ero moBEepXHOCTh COCTOUT W3 JBAANATHA TMPABHIBHBIX TPEYTOJHLHUKOB,
MMO3TOMY OH Ha3bIBAETCS HKOCAIPOM.

3amMeTuM, 4TO MOCKOJIbKY B BEPIIMHAX BBITYKJIOIO MHOTOIPAHHUKA HE MOXKET CXOIUTHCS OoJiee
MATH TPABWIBHBIX TPEYTOJIBHUKOB, TO JIPYTHX MPABWIBHBIX MHOTOTPAHHHUKOB, TPaHSIMH KOTOPBIX
SIBJISIFOTCSL IPABUITbHBIE TPEYTOJIBLHUKH, HE CYIIECTBYET.

AHAJIOTHYHO, TTIOCKOJIPKY B BEPIIMHAX BBIMTYKJIOTO MHOTOTPAHHHKA MOYET CXOJUTHCS TOJIBKO

TpH KBajapaTa, To, Kpome KyOa (puc. 4), Ipyrux NpaBUIbHBIX MHOIOIPAaHHUKOB, Y KOTOPBIX TPaHsIMHU
ABIISIIOTCSL KBaJpaThl He cymecTByeT. KyO umMeeT miecTb IrpaHedl M MOATOMY Ha3bIBaeTCs TaKkKe

TeKCadIPOM.
' Ry,
|
1
|
|
|
I

Puc.4. Puc.5.

MHOFOFpaHHI/IK, TpaHAMHU KOTOPOT'O ABJIANOTCA IPABUIIBHBIC ITATUYTOJIbHUKH, U B K&)I(}IOﬁ
BCPIIMHE CXOAUTCA TpU I'PAHU, I/1306pa)KeH Ha PUCYHKC 5. Ero MOBCPXHOCTb COCTOUT U3 ABCHAALATU
MMPaBUJIBHBIX IMIATUYTOJBHUKOB, ITIO3TOMY OH HA3bIBACTCA AOJCKA3APOM.
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PaccmoTpuMm mOHSITHE TIPaBUIIBHOTO MHOTOTPAHHHMKA C TOYKM 3pPEHUS TOIOJOTHU HAYKH,
u3y4Jarlen cBoicBa GUryp, He 3aBUCALINX OT pPa3NIU4HbIX Aeopmaliuii 6e3 pa3peiBoB. C 3TON TOUKH
3peHUs, HAPUMED, BCE TPEYTOJIbHUKH SKBUBAJICHTHBI, TAK KaK OJIMH TPEYTOJHLHUK BCET/Ia MOXKET OBITh
MOJTy4eH M3 JIO0ro JPYroro COOTBETCTBYIOIIMM C)KaTHEM WM PacTsHKEHHEM CTOpoH. Boobiie Bce
MHOTOYTOJBHUKH C OJJMHAKOBBIM YHCIIOM CTOPOH YKBUBAJICHTHBI MO TOU ke MPUUNHE.

MHoOrorpaHHUK Ha3bIBACTCS 6bINYKAbIM, €CIH OH SIBISIETCSA BBIMYKIION (UTYpOH, T.e. BMECTE C
JOOBIMU ABYMSI CBOUMHU TOUYKAMH COJICPYKHUT U COSIUHSIONIUNA UX OTPE30K

r)

Puc. 1 A

CaoiicTBO 1. B BBINyKJIOM MHOTOTpaHHUKE BCE TPAHU SBJISIOTCS BBITYKJIBIMU

MHOTOYT'OJIbHUKAMHU.
CBoiicTBO 2. BBIMyKITBIIE MHOTOIPAaHHUK MOKET OBITH COCTABJIEH M3 MUPAMUJ ¢ 00IIen
BEPLIMHOM, OCHOBaHMsI KOTOPBIX 00pa3yloT IOBEPXHOCTh MHOTOTPAHHUKA.
CpolicTBO 3. BBINYKIJIBIII MHOTOTPAHHUK JIEKHUT MO OJHY CTOPOHY OT IJIOCKOCTH Ka)KAOU
CBOEH IpaHu.

KoumponwHule 6onpocwi
1.0OnpeneneHusi BHYTPEHHEH TOYKH, OTKPHITOTO MHOXECTBa, O0JAacTH, TPAaHUYHOU TOYKH,
OTPaHMYEHHOTO MHOKECTBA, I'€OMETPUYECKOTO Tela, MHOIOIPAaHHUKA, TpaHH, pedpa, BEpIIMHBI,
JAraroHajyu MHOIOrpaHHHKa, BBIITYKJIOTO U NPaBUJIIbHOTO MHOT'OTPAHHHUKOB.
2. Pa3BepTka.

Tema 9.2. IIpusma u ee cBoiicTBa.

Onpeoenenue npusmsi, 8b1COMbl NPU3MbL, Oua2oHanu npusmul. Ceoticmea npu3mbi.
H3o06padicenue npuzmvl u nocmpoenue ee cevenus. llpamwas npuzma. Ilpasunvnas npusma.

Ymemo: IpUMEHATH TEOPETUYECKUE 3HAHUS IIPU PELICHUN 3a/1ay.
3name: ONpENCIIEHUE IPU3MBI, BBICOTBI TIPU3MBI, JUArOHAJIM TPU3MBI, CBOHCTBA IIPU3MBI,
n300pakeHne MPU3MBI M IOCTPOCHUE €€ CeUEHUs, psiMast MpU3Ma, PaBUIbHAS PU3Ma.

[Tpusma (ot ap.-rped. mpicpo (JIaT. prisma) «HEe4YTO OTHHJIEHHOE») - MHOTOTPaHHHUK, IBE TPaHU
KOTOPOTO SIBJIIIOTCSI KOHI'PYSHTHBIMM (PaBHBIMH) MHOTOYTOJIbBHUKAMHU, JIEKAIIUMH B MapajlIelIbHbIX
IUIOCKOCTSIX, @ OCTaJbHbIE T'PaHU - MapajuleJorpaMMaMM, UMEIOIIMMHU OOIIHWEe CTOPOHBI C ITHMHU
MHOIOyrojpHUKamMu. Winu (paBHOCHIBHO) - 3TO MHOTOIpaHHHMK, B OCHOBAaHHUSIX KOTOPOTO JIE€KaT
paBHBIE MHOTOYTOJIbHUKH, & OOKOBBIE TPaHH - MapajlIeIOrpaMMBbl.
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HazBanue

Onpenenenue

O0o03HaYeHNA
Ha YePTEeIKE

Yeprex

OcHoBaHus

JlBe rpanu,
SBJISIFOLIUECS
KOHIPYHTHBIMH
MHOT'OyTOJIbHUKAaMH,
JEKAIUMU B
apauIeIbHBIX
IJIOCKOCTSIX.

ABCDE,

bokoBsle rpanu

Bce rpanu, kxpome
ocHoBanuil. Kaxnas
OOKOBas rpaHb
00s13aTeIIbHO
SIBIISIETCS
napajuieJorpaMMoM.

ABLK,
BCML,
CDNM,
DEPN,
EAKP

bokoBasg
MMOBEPXHOCTH

O0BennHEHNE
OOKOBBIX T'paHei.

Tlonuas
IIOBEPXHOCTh

O0BenuHEHNE
OCHOBaHUM U
OOKOBOI
MTOBEPXHOCTH.

BbokoBsie pedpa

OO01me cTOpOHbI
OOKOBBIX I'paHeH.

AK,BL.CN,
DM ,EP

Bricora

OTtpe3oxk,
COEAUHSIONIU I
TUIOCKOCTH, B
KOTOPBIX JIeKAT
OCHOBAHUS MPU3MBbI
"
MEePIEeHIUKYIIPHBINA
STUM TUIOCKOCTSIM.

KR

Jlmaronanb

Otpe3ok,
COCIUHSIONINI JIBE
BEPUINHBI IPU3MBI,
HE MPUHAIJICKAIINE
OJIHOM TPaHM.

BP

JwnaronanbHas
IJIOCKOCTD

IInockocTh,
MPOXOASIIAs uepes
MepEeCEKArOIINECS
JHaroHaib
OCHOBAHUS N
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0okoBOE pedpo
MPU3MBI.

JunaronansHoe
CCUYCHUE

Ilepeceuenue
MIPU3MBI U
OUaroHaJIbLHOU
IJIOCKOCTU. B
cedyeHuu oOpasyercs
napajiejaorpamm, B
TOM YHCJIE €r0
YacTHBIE CITy4Yau —
pomo,
MPSIMOYTOJIbHUK,
KBaJIpar.

EBLP

[TepnenaukynsipHOE
(opTaroHangbHOE)
CeueHHe

Ilepeceyenue
MIPU3MBI U
IJIOCKOCTH,
MEPIEHANKYISIPHON
ee OOKOBOMY peOpy.

Ceoticmea npusmul

1. OcHOoBaHMs TPU3MBI SIBJSIOTCS PABHBIMA MHOTOYTOJIbHUKAMH.
2. BokoBbIe rpaHy MPU3MBI SBIIAIOTCS MapaljiesiorpaMMamH.

3 BoxoBble peOpa mpuU3Mbl apauIeIbHbl U PABHBI.

4. O0BEM NIPU3MBI paBEH MPOU3BEACHUIO €€ BHICOTHI Ha IJIOMIAh OCHOBaHUs: V =S -h

5. Ilnomane TMOJHON MOBEPXHOCTH NPU3MBI paBHA CyMMe IUIomiagu e€ OOKOBOW IMOBEPXHOCTH U
YABOCHHOM IIOIAAX OCHOBAHHUS.

6.ITnomans 60KOBOI MOBEPXHOCTH MPOU3BOIBHOM NpU3MbLS =P -/ ;e P - mepuMeTp
MEePIEHANKYISIPHOTO ceueHus, [ - nimHa OOKOBOro pedpa.

7. ITnomank 6OKOBOM MOBEPXHOCTH MPSAMOU MPU3MBI S =P -/, rae P - mepuMeTp OCHOBAHUS TPU3MBI,

h - BBICOTA TIPU3MBI.

8. IlepneHUKYISIpHOE CEUEHHE MEPIEHAUKYIISIPHO KO BCEM OOKOBBIM p&OpaM MpU3MBI.
9. Yrubl NEpHEHANKYJISIPHOTO CEYEHUS - 3TO JIMHEMHBIE YIJIbI IBYTPAaHHBIX YTJIOB MPH

COOTBETCTBYIOIINX OOKOBBIX pEOpax.
10. IMepnenauKyIsIpHOE CEYCHHUE TIEPIICHAUKYJIIIPHO KO BCEM OOKOBBIM TPaHSIM.

KoumponwbHule 6onpocwl

1. Onpenenenne Npu3Msl, BEICOTHI IPU3MBI, JUArOHAIN IPU3MBI.
2. CBoiiCTBa MPU3MBI.
3. 300paxkeHre Npu3Mbl U TIOCTPOCHUE €€ CEUCHHUS.

4. ITpssmast npusMma. [IpaBunbHas npusma.

Tema 9.3. [lapaisiesienunen u ee CBoiicTBA.

Onpeodenenue napannenenuneoa. Ceolicmea napaiienenuneda ¢ ookazameivcmeamu. Kyo.

Ymems: ipuMeHsITh TeOpEeTUUECKHE 3HAHUS TP PEIICHUU 3a]1ay.
3nams. onpeneneHre napauieNenuneia, CBOMCTBa MapajuieNienumnena, n300paxenne
napajuiesienunesia u IoCTPOSHUE €€ CEUCHHUS.

Ilapannenenunedom Ha3bIBAaeTCs MPU3Ma, OCHOBAHUEM KOTOPOH CIIYKHUT MapajijieIorpamMM.
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[TapamnenorpaMmebl, U3 KOTOPBIX COCTaBJIEH MapajulelieNUIe]l, Ha3bIBAIOTCS €r0 IPaHsIMU, UX
CTOPOHbI — pebpamy, a BEPIIMHBI MAPAICIOIPAMMOB — 6GepuiuHamu Tapaienenunena. Y
napajuiejenunea Bce rpaHd — MapauieorpaMMBl.

[Tapannenenunenpl, Kak ¥ BCIKUE IPU3MBI, MOTYT OBITh npsMble U HAKIIOHHbIE.

OOBIYHO BBIJIEISIFOT KAaKUE-HUOYIb JIB€ TPOTHBOIIOJIOKHBIE TPaHM M HA3BIBAIOT HX
OCHOBaHUSIMH, a OCTaJbHbIE TpaHU — OOKOBBIMM TpaHsAMH Hapajienenunena. Pebpa
napajuieNienure/ia, He MPUHAANISKAIUE OCHOBAHUIM, Ha3bIBalOT OOKOBBIMHU peOpaMHU.

JIBe rpaHu mnapamenenuiena, uMmerone oodmiee pedpo, Ha3bIBAIOTCS CMEXKHBIMH, a He
UMEIOIIIE 00IUX pedep — MPOTHBOIOIOKHBIMHU.

OTpe30oK, COeAUHSIIONIMIA JBE€ BEPLIMHBI, HE MPHUHAJJICKAIINE OJHOM TpaHH, HAa3bIBAETCS
JIMaroHaJIbIO MapasuielienuIea.

IIpamou napannenenuned, y KOTOPOTO OCHOBaHHEM SIBIIETCS MPSMOYTOJIBHUK, Ha3bIBACTCA
MPSMOYTOJIBHBIM ~ TApaJICJICNUIeIOM. Y MPSAMOYTOJIbHOTO —Mapajuiejienunesa BCE TpaHd —
PSIMOYTOJIbHUKH.

JUTMHBI He mapauieNbHBIX pedep MPAMOYTOJIBHOTO Tapajuielenuiea Ha3bIBAIOTCS €ro
JUHEHHBIMU pa3MepaMu (M3MEpEeHUsMHU). Y MPsSMOYTOJbHOIO MapajieNienurena TPU JIMHEHHBIX
pa3mepa.

Ceoticmea napannenenuneda:
1. [IpoTHBOMOJNIOKHBIE TPAHU MTApAJUIEIEIIUIICIA PABHBI U MapaliieIbHBbI.
2. Bce deThlpe quaroHaiu napajulefienurea nepecekaroTcss B OJHOW TOUKE M JITSATCS 3TOM TOYKOM
MOTIOJIaM.
3. bokoBbIe rpaHu IPSIMOTO Mapajuieenune1a — IPIMOYTOJIbHUKH.
4. KBaapar auaroHaJii TPsIMOYTOJIbHOTO TNapajUIeJIeUIela PaBEeH CyMME€ KBaJpaTOB TPEX €ro
W3MEPEHU.
KoumponvHuvie onpocwl
1. Onpenenenue napasnienenuiena.
2. CBoiicTBa napajienenumnesa ¢ 10Kka3aTeabCTBAMHU.
3. Ky6.

Tema 9.4. Ilmpamuna. [IpaBuiabHasi nupaMuaa. Y cedennasi nupamuaa. Terpasap.

Onpeodenenusi nupamuobl u €20 OCHOGHbIX dlleMeHmos. Y ceuennas nupamuoa. Ilpasunvhast
nupamuoa. Tempasop.

Ymemu: npuMeHsTh TEOPETUUECKHUE 3HAHUS TPU PEILICHUHU 3a/1a4.
3nams. onpeneneHrs MUupaMuIibl U €r0 OCHOBHBIX 3JIEMEHTOB, yCeUeHHasl MUpaMuia, MpaBuiibHas
MpaMuJa, TETpadJIp.

Hupamuoa
Paccmorpum mHOTOYrOdabHUK A, A,..... A, W TOYKy P, He JeXKallyl0 B IJIOCKOCTH 3TOTO
MHOroyrosbHHKa. COeqUHUB TOYKY P OTpe3kaMH C BEpHIIMHAMH MHOTOYTOJBHUKA, IONYYHM N
TpeyroabHUKoB (puc.l.): £PA,A,, PA, A;.,..PA A,
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AT puel.

MHOrOrpaHHHK, COCTAaBIEHHBIH W3 n - yronbHuka 4,, A,.....4, W n TPeyroJbHUKOB
PA, A, ,PA,A4;,..PA,A, | Ha3piBaeTcs nupamudou. Muoroyronbauk <,,A,..... A, Ha3bpIBaeTCs
OCHOBaHHeM, a Tpeyroybuuku 4, 4,, PA,As,...PA A, - boxosvimu epansimu upamusl. Touka P —
BEPIIMHON TUpaMuisl, a oTpe3ku F£A4,.PA,...PA, - ee Ookosvimu peopamu. Ilupamugy c
ocHoBaHueM A, A,..... A, wu BepmmHOil P oGo3nauator Tak: £24,A4,...4, - u Ha3pIBAIOT N —
YTOJIBHON MUPAMUION.

Ha pucynke 2 m300pa)ke€Hbl YeThIPEXyToJibHas W ILIECTUYTOJbHAs NHpaMHJIbL. SICHO, 4TO
TpEyToJIbHAs MUPaMUJA — 3TO Mempasop.

R B

Asz

Aj
Aa

1'14 A 1 Aa

Puc.2.
[TepnenauKysip, MPOBEIECHHBIN U3 BEPIIWHBI MUPAMUIBI K TFIOCKOCTH OCHOBAHMSI, HA3bIBACTCS
BbIcOoTOM nMupamuabl. Ha (puc 1) orpezok PH sBisieTcs BbICOTON NUpaMuIbI.
[Imomaapio MOJHOM MOBEPXHOCTH MUPAMHUIbI HA3bIBAETCS CyMMa IUIOIIAJIEH BCEX €€ IpaHei
(T.e. ocHOBaHMS W OOKOBBIX TpaHeil), a IUIOIAAbI0 OOKOBOH MOBEPXHOCTH MHUPAMHUABI — CyMMa
ioniaaer ee OOKOBBIX TpaHei. OUEBUAHO, S, =S + S0 .
Ilpasunvuaa nupamuoa

[Tupamuia Ha3bIBAETCS MPABUIILHOU, €CITH
1) ee ocHOBaHHE — MPABHILHBIA MHOTOYTOJIBHUK;
2) ee BBICOTa — OTPE30K, COCTUHSAIONINI BEPIIUHY TUPAMUJBI C €€ IIEHTPOM.

OpHMM U3 IPUMEPOB IPABUILHOW NMHUPAMUJIbI SIBISIFOTCSI ETUIIETCKUE MUPAMUAbL. ITO
YETBIPEXYTOJIbHBIE TUPAMUIBI.

Ceoticmea npasuibHOU NUPAMUOBL.

Bce 6okoBble pebpa mpaBUIIbHOM MUpaMUIbl paBHbI, @ OOKOBbBIE TPaHHU SIBJIAIOTCS paBHBIMU
paBHOOEIPEHHBIMU TPEYTOJIbHUKAMHU.

I[OKEB&TCJ'IBCTBO JaHHBIX (baKTOB IIpOBOAUTCA YCTHO!
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1. JlroGoe 6GokoBOE peOpO MPENCTaBISET COO0M TMIIOTEHY3Y MPSIMOYTOJIBHOTO TPEYTOIBHUKA, OJHUM
KaTETOM KOTOPOTO CIIYKHT BBICOTA MTUPAMU/BI, & IPYTUM — PAJHyC OIIMCAHHOW OKOJIO OCHOBAHHUS
OKPYKHOCTH. OTtH MMPAMOYTOJIbHBIC TPCYT'OJIBHUKU paBHBI. CJIGI[OB&TGJH)HO, PaBHBI UX TUIIOTCHY3bI.

2. Tak xak O0KOBBIE peOpa MpaBUILHON MUPaMUIbI PABHBI, TO €€ OOKOBbIE I'PaHH - paBHOOEIpPEHHBIE
TpeyronbHUKH. Tak kak A4, . A, ...., A, - IpaBUIBHBIII MHOTOYTOJIEHUK, TO OCHOBAHHS ATHUX
TPEYTOJILHUKOB TAaKXKe paBHBI APYT Ipyry. 3HAYUT, OOKOBbIE TPAaHU PABHBI (II0 TPEM CTOPOHAM).

Anoghema.

Anodema — BpicoTa O0OKOBOM IpaHy MPAaBUILHOM MUpaMU/IbI, IPOBEICHHAS U3 €€ BEPIIUHBI.
JlaHHBIH TepMUH ynotpeOuiseTcst U MPaBUIbLHON MUPaMUIBI, XOTS y HEPABUIBHON MUPaMUIbI
TaK>K€ MOTYT OBITh PaBHBI BEICOTHI OOKOBBIX I'PaHEH.

Teopema: I1nonags OOKOBOH MOBEPXHOCTH MPABUIHLHON MUPaMHUIBI PaBHA TIOJIOBUHE
NPOM3BEICHUS MIEPUMETPA CHOBAHUS Ha anodemy.

Jlokazamenvcmeo

bokoBble TpaHM MpaBWIBHON NHpaMUABl — paBHbIE pPABHOOEAPEHHBIE TPEYTOJbHUKH,
OCHOBAaHMS KOTOPBIX — CTOPOHBI OCHOBaHMS NHPAMHJbI, a BBICOTHI paBHBI anodeme. Ilmomans S
OOKOBOIl MOBEPXHOCTH MUPAMMJIBI paBHA CyMMeE MpPOM3BEICHUII CTOPOH OCHOBAHHS Ha MOJIOBUHY
anopemsl d. BeiHocst MHOXuTens 0,5d 3a CKOOKHM, MOJyYUM B CKOOKaX CyMMY CTOPOH OCHOBaHHS
MUPAaMHUJEL, T.€. ero nepumMerp. Teopema nokasasa.

Yceuennan nupamuoa

Yceuennoii nupamuooii Ha3pIBaeTCd MHOTOTPAaHHUK, Y KOTOPOT'O BEPIINHAMU CIIy’KaT BEPIIUHBI
OCHOBAHMS U BEPLIMHBI €€ CEYEHUs IUIOCKOCThIO, MapajuleIbHON OCHOBAHUIO.

Ceoticmea yceueHHOU NUpamuobl.

1. OcHOBaHMSI yCEUSHHOM MUPaMUIbl — MO000HBIE MHOTOYTOJIBHHUKH.
2. BOKOBBIE rpaHN YCEUEHHON TUPaMUbl — TpPaNeluu.
3. bokoBbie pebpa MpaBUIBHON yCEUESHHOW MUPAMHU/IBI PABHBI U OJIMHAKOBO HAKIIOHEHBI K OCHOBAHUIO
MTUPAMHU/IBI.
4. BokoBbIE TpaHU MPaBUIBHONW YCEUCHHOM MUPaMUIbl — PaBHbIE MEXly OO0 paBHOOEpPEHHbIE
Tpaneuuy U OJJUHAKOBO HAKJIOHEHBI K OCHOBAHUIO MTUPAMHU/IBL.
5. JIByrpaHHbIE YTIIbI IPU OOKOBBIX peOpax MpaBUILHON yCEUEHHOW MUPAMHUIBI PABHBI.

Inowaowv nosepxnocmu u 06vEM yceuenHou NUPaAMuobl

[lycTh CH__ gpicora YCEUEHHOW MUPaAMU/IbI, Pry Py MEepUMETPbl OCHOBAaHUH yCEUEHHOMN
MUPAMHU/IBI, 51y 52— mnomann ocHoBaHuUiA YCEUEHHOU MUPaAMU/IBI, S6ox— mromae 60KOBOM
MOBEPXHOCTU YCEUCHHOU MUPAMU/IBI, Snonn— mowans MOIHON MOBEPXHOCTU YCEUCHHON MUPaMUJIbL,
V' o6bem yCeueHHOW nupamubl. Torja UMEIOT MECTO CIEAYIOLINE COOTHOIIECHHUS:

Snﬂﬂn - Sl + 52 + Sﬁnx

1 .
V = SCH(S1 4 82+ V/515)
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Ecau Bce ABYTPAHHBIC YTIJIBI IIPU OCHOBAHUU ycequHoﬁ IMUpaMHuJbl paBHbI '-f, a BBICOTBI BCEX

GOKOBBIX IPaHeil HPaMH/IBI PABHBI /'60x | TO

1
Seox = ;lipl + P ) hgox
51 — Sq
Stox = 151~ Sl .
cos (3

CI/IMMeTpI/II/I B Ryﬁe, B Iapajuiejienmineac, B IpusmMe U mupamMmuae.

(OononHumenvHwlll Mamepuan)

Ilocmpoenue cummempuii 6 Kybe, 8 napaiieirenunede, 8 npusme u nupamuoe.

Cummempusn Kyoa

1.LlenTp cumMmmMmeTpun — LEHTpP KyOa (TOUKa MepecevyeHus AuaroHaneit kyoa) (puc. 4).

L

E
[
B
3
3

2.II10CKOCTH CHMMETPHUH: TPH IIOCKOCTH CHMMETPHUH, MPOXOISIINE Yepe3 CePEeIUHBI MapauIeTbHbIX
pebep; mecTh MIOCKOCTEH CHMMETPHH, MPOXOIAIINE Yepe3 MPOTHBOJIKAIIHE pedpa (puc. 5).

| ' 7
1 E 1
T E T
- “7 i I |
: | E I :
1 |
AT P D R I Dl s
i {/‘;
. !
I ) ;
I / \ :
f’ ‘_N_ _——— ;— ,r“ LB - - [R—
- ‘ - ,“-‘- - !
1. Ocu cuMMeTpHH: TPU OCH CUMMETPHUH, MPOXOIAIINE Yepe3 IICHTPBI MPOTUBOJICKAIIUX TPaHEi;

YETBIPE OCH CUMMETPUHU, TPOXOAAIINEC YCPE3 IMTPOTHUBOJICIKAIINEC BEPIIHUHBI; HICCTH oceit CUMMCTpPHH,

MPOXOIAIINE Yepe3 CepeIMHbI MPOTUBOJIESKAIIHNX pedep (puc. 6).
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Cummempus npamoy2016H020 napaniieienuneod

1. IlenTp cCUMMETpUH — TOYKA MEPECEUCHUSI AUArOHAJICH MPSMOYTOJBHOTO Tapauienenumneaa (puc.
7).

2. IT10CKOCTH CHMMETPHH: TPU IUIOCKOCTH CUMMETPHH, ITPOXOIAIINE Yepe3 CepeIuHbI MapalIeIbHbIX
pebep (puc. 8).

Y mm -
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Yo e e -
o - — m—————— =

.

1
I
I|
™y

Y

3. Ocu CUMMETPHUH: TPU OCU CUMMETPHUH, TPOXOIAIINE YePE3 TOUKHU MEPECCUCHUS JUArOHAIeH
IIPOTUBOJIEKAILUX IpaHe (puc. 9).

Cummempus npamoi npusmol

[T10CcKOCTh CUMMETPUH, IPOXOAAIIA Yepe3 cepequHbl O0KOBBIX pedep (puc. 11).

Cummempusi NpasuUIbHOU NPUZMbL

1. [leHTp CUMMETpPHUU MPU YETHOM YHCJIE CTOPOH OCHOBAHUS — TOUYKA MEPECEUCHUS AHaroHaei
MpaBUJILHOM MpU3MBI (puC. 12)
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2. [TnockocTH CUMMETPHM: IUIOCKOCTh, NMPOXOASIIas yepe3 cepeAnHbl OOKOBBIX pebep; mpu

YEeTHOM 4YHCJIE CTOPOH OCHOBAHHUS — IIJIOCKOCTH, MPOXOASIINE Yepe3 MpOTUBOJIEKale pedpa (puc.
13).

1
’

3. Ocu cUMMETpHH: MPU YETHOM YHCJIE CTOPOH OCHOBAHMS — OCh CHUMMETPHH, MPOXOJAIIast
yepe3 LEHTPbl OCHOBAHUN, U OCM CUMMETPHH, MPOXOASIINE Yepe3 TOUKU MEPECcCeueHUs TuaroHanein
MIPOTHUBOJICKAIINX OOKOBBIX TpaHeit (puc. 14).

Cummempun npaguibHOU NUPAMUObL
1. [110CKOCTH CUMMETpPUHU: MPU YETHOM YHCJIE CTOPOH OCHOBAHUS — IUIOCKOCTH, MPOXOASIINE
yepe3 NpoTHUBOJIeXkale OOKOBbIe pedpa; U MIIOCKOCTH, MPOXOIAIINE Yepe3 MeIUaHbl, IPOBEJCHHBIE K
OCHOBAHHIO MTPOTUBOJICKAIINX OOKOBBIX IrpaHeit (puc. 15).

2.

4yepe3 BEpIIMHY IPaBUIbHONW MUPAMU/Ibl U LIEHTP OCHOBaHUs (puc. 16).
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Tema 9.5. Ceyenusi Ky0a, npu3Mbl 1 MUPAMHUABI.
Ceuenus Kyba, npusmsl u NUPAMUObL.

Ymemou: cTpouTh ceueHus Ky0a, MpU3Mbl U MUPAMUIBI.
3uams: Ceuenus Kyoa, IpU3Mbl U TUPAMUIbI

Ceuenue npus3mol
1. CecucHue NIpU3Mbl  INIOCKOCTBIO, napannenLHOﬁ OCHOBaHHIO. B cedeHun 06pa3yeTc;1
MHOTI'OYT'OJIbHHK, paBHBIfI MHOTI'OYT'OJIBHUKY, JIC)KAIIEMY B OCHOBAaHWH.

2. CeueHue npU3Mbl IUIOCKOCTBIO, IPOXOASIIEH Yepe3 [Ba HE COCEAHMX OOKOBBIX pedpa. B ceuenun
oOpasyercs mapajuierorpamm. Takoe ceueHHe Ha3bIBaeTCs [MAroHaJbHBIM CEUeHHEM MNpHu3Mbl. B
HEKOTOPBIX CITydasix MOXET MoIydaTbcs poMO, MPSMOYTOJIbHUK WIIM KBaAparT.

PaccmoTpenune nmpaBuiIbHOM NPHU3MBI BO3MOKHO TOJIBKO ITOCIIE€ BBEACHUS MMOHATUS NMPABUIBHBIN
MHOTOYroJbHUK. OJHAKO C INpaBWIBHON TPEYTrOJbHOM MPU3MOM MOKHO IO3HAKOMMTBH YYalllUXCS
ropaslo pasblie. A C TNPAaBWIBHOM YETHIPEXYIOJbHOM NPHU3MOM MBI 3HAKOMBI €Il M3 Kypca
MaTeMaTHKH 5—6-X KJIaccoB, TaK KaK OHA IpPEJCTaBIIseT cOOOW MPAMOYTOJBHBIN Mapajuleienunes ¢
KBaJpaTaMi B OCHOBaHMsX. [IpaBuibHas mnpu3ma — mpsMas MPU3Ma, OCHOBAaHUAMHM KOTOPOM
SBJISIOTCS IIPABUIIBHBIE MHOTOYTOJIBHUKHU.

Ceoticmea npasuibHOU NPU3MbL

1. OcHoBaHMsI MpaBUIBHON NPU3MBI SBJISIOTCS NPABUIBHBIMA MHOTOYTOJIbHUKAMHU.
2. BokoBbIe rpaHy MPaBUJIBHOMN MPU3MBI SBJISIOTCS PaBHBIMHU MPSIMOYTOJbHUKAMHU.
3. bokoBble peOpa MpaBUILHOM MPU3MBbI PABHBI.

Ceuenue npasunvhoit npu3Mbl
1. Cedenne mpaBWIBHOW MPHU3MBI TUIOCKOCTHIO, MapajuIeIbHOW OCHOBaHUWIO. B ceuenun obpasyercs
MIPAaBUWIbHBI MHOT'OYT'OJIbHUK, PAaBHBI MHOT'OYT'OJIBHUKY, JIEKALIEMY B OCHOBaHUHU.

2. CeueHue NpaBUIIbHON NMPHU3MBI IIOCKOCTBIO, MTPOXOASAIIEH Uuepe3 ABa He COCETHUX OOKOBBIX pelpa.
B ceuenun obpazyercst npsAMOYTroJbHUK. B HEKOTOPBIX ciiydasix MOXKET 00pa30BaThCs KBAJIpar.

N3 xypca mareMaTuku 5—6-X KJIacCOB y4alllMecsl YK€ 3HaKOMbI C ONMCAaHUEM MUpaMHIbL. A
MMEHHO: MHMpaMHJIa — MHOIOIPaHHUK, IOBEPXHOCTb KOTOPOI'O COCTOMT M3 MHOIOYIOJIBHUKAQ,
HA3bIBAEMOTO0 OCHOBAaHHEM MHpaMUAbl, M TPEYroJbHUKOB C OOIIel BEepIIMHOW, Ha3bIBaEMbIX
OOKOBBIMHU TPaHSIMU MUPAMUABI. 3HAKOMCTBO C MPABWJIBHOM MUpaMHUIONH BO3MOXKHO TOJBKO IOCIHE
M3Yy4YEeHUs MOHATHS NPABUIBHBIM MHOTOYTOJIBHUK. OJTHAKO C MPaBWIBHOW TPEYTOJIBHOW M IPABUIBHOU
YETHIPEXYTOJIbHON NMUPaMHUI0M MOXHO NO3HAKOMMTbH y4YalIUXCs 3HAYUTENbHO paHblie. lIpaBuinbHas
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MUpaMua — MAPaMHIa, B OCHOBAHHH KOTOPOW JICKUT MPABUIBHBIA MHOTOYTOJIBHUK M BCE OOKOBBIC
pebpa paBHEI.

Ceoticmea npasuibHOU NUPAMUOLL

lo. OcHOBaHME MPABUIBLHON MUPAMHUILI — MPABUIbHBI MHOTOYTOJIbHUK.
20. BoKOBBIE T'paHU PABHILHONW MUPAMUIBI — PaBHOOCPEHHBIC TPEYTOILHUKH.
30. bokoBsle pedpa npaBUIbLHON MHUPAMUIBI PABHBI.

Ceuenue npasunbHoOl RUPAMUObL
1. Cedyenne nmpaBUILHONM MHPAMUIBI TIOCKOCTHIO, TIApAJICIbHON OCHOBaHMIO. B cedennu oOpasyercs
MPaBUIIbHBIN MHOTOYTOJILHUK, [TOI00HBIN MHOTOYTOJILHUKY, JIEXKAIIEMy B OCHOBaHHH.

2. CeyeHue TpPaBUIBLHOW MHPaMUIBI TIIOCKOCTBIO, MPOXOISIIEH uepe3 J1Ba HE COCEOHHX OOKOBBIX
pebpa. B ceuenum oOpasyeTcsi paBHOOSAPEHHBIM TPEYroJbHUK. B HEKOTOPHIX CIydasx MOMKET
00pa3oBaThCsl paBHOCTOPOHHUHN TPEYTOJIbHUK.

C HEKOTOpPBIMH MpPAaBWIBHBIMH MHOTOIDAaHHUKAMH Y4YaIUECS YK€ BCTPEYAINUCh. IJTO
TpeyrojbHasi nuUpaMpga M KyO. ['paHaMM TpeyroapbHOM NHpaMuAbl SBIAIOTCS INPAaBUIbHBIC
TPEYrojabHUKU. E€ Ha3pIBalOT NPaBHIBHBIM TETPA’APOM, YTO B IIEPEBOAE C TPEUYECKOr0 O3HAYaeT
yeTbIpexrpaHHuK. Ky0 mmeer miecte rpaHeil, mo3ToMy Ha3blBaeTCs MPAaBUIBHBIM IeKca’apoM (To-
IPEYecKU «reKca» O3HadaeT MIecTh). PaccMoTpeHne npaBUiIbHBIX MHOIOIPAaHHUKOB CJIelyeT HauuHaTh
C TEeX U3 HUX, TIPaHAMU KOTOPBIX SIBISAIOTCA IpPaBWIbHbIE TPEYroJbHUKU. OIUH M3 TaKuX
MHOTOTPaHHHMKOB YYaIIUMCSl YK€ 3HAKOM — 3TO IPaBWIbHBIA TeTpadap. pyroii MHOrorpaHHUK,
IpaHsMU KOTOPOTO SBJIIOTCS IIPaBUIIbHBIE TPEYTOJIBHUKH, N300pakeH Ha pUCYHKE 1.

Ero moBepXHOCTh COCTOMT W3 BOCHMH IMPAaBHJIBHBIX TPEYTrOJbHUKOB, IMOSTOMY €ro Ha3bIBAIOT
NPaBUIBHBIM OKTa3/IPOM («(OKTa» — BOCEMb).

W Tperwii MHOTOTpaHHHMK, TPaHSIMH KOTOPOTO SBISIOTCS TPABWIBHBIE TPEYTOJIBHUKA — 3TO
NpaBWIBHBII UKOCAdp (KMKOCa» — JIBAALATh). Ero MoBepXHOCTh COCTOMT W3 JBAJATH MPAaBUIBHBIX
TPEYroJabHUKOB (puc. 2).

MHororpaHHuK, rpaHsMu KOTOPOTO SBISIOTCS KBaApaThl — 3TO KyO. YYaliuMcs OH XOPOIIO 3HAKOM.
MHororpaHHuK, rpaHIMH KOTOPOTO SIBJISIFOTCS] MPaBUJIbHBIE MATHYTOJbHUKH, N300paKeH HA PUCYHKE
3.

<>

Ero moBepxHOCTh COCTOMT W3 ABEHAIATH MPABUJIBHBIX ISITHYTOJBHUKOB, MTO3TOMY €r0 HAa3bIBAIOT
MPaBUJIBHBIM JI0JEKa3IPOM («IA0/1e» — JBEHAALATD).
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Konmponvhuvie 6onpocwi
1. Ceuenus xyo0a.

2. CeueHus pu3M.

3. Ceuenust nupaMupl.

Tema 9.6. IIpaBujibHbIe MHOTOTPAHHUKH.

Ilpeocmasnenue o NpagUIbHLIX MHO202PAHHUKAX (Mempas’op, Ky, okmasop, 000eKa’sop u UKocalop).

Ymems: IPUMEHATH TEOPETHUECKUE 3HAHUS TIPU PEIICHUH 3a/1a4 Ha IaHHYIO TEMY.
3namu: mpencTaBICHUE O MPABHIBHBIX MHOTOTPAHHUKAX (TeTpa’ap, KyO, OKTadap, NOJIEKa’ap H
HUKOCadIP).

Onpedenenue npasuibHO20 MHO202PAHHUKA.
MHOTOrpaHHMK Ha3bIBAETCS MPABWIBHBIM, €CIIA: OH BBINYKIIBINA; BCE €r0 IPAHU — PaBHBIE APYT
JpyTy HpaBUIIbHbIE MHOTOYT'OJIBHUKH; B KaXJIOM €ro BEpIIMHE CXOAMTCS OJMHAKOBOE YHCIIO pedep;
BCE €r0 JIBYTPAHHBIC YIJIbI PABHBI.

Teopema: CymecTByeT MATh pPa3IUYHBIX (C TOYHOCTHIO JO TMOA00MS) THUIIOB TPABHIBHBIX
MHOTOTPAaHHHUKOB: TMPAaBUJIBHBIA TETpadAp, MNPaBUIbHBIA Tekcadp (Ky0), MpaBHIBHBIN OKTa’ap,

IIPaBUJIBHBIN TOAEKA3P U IPABUIIBHBIN UKOCAP.

Tabmuua 1. HekoTopsie CBOKWCTBA MPaBHIBHBIX MHOTOTPAHHUKOB MTPHUBE/ICHBI B CIEIYIOIIEH TabauIle.

Bun rpanu ITnockuit Bun CymMmma B P I Hazsanue
yTOJI IIpH MHOTOTPaHHOTO ITOCKHX MHOTOTpaHHHKa
BEPLIMHE | YIVIA IPH BEPIIUHE | YIJIOB IIPU
BEpILIMHE
[IpaBunsHbd | 60° 3-rpaHHbBIN 180° 4 6 4 [TpaBuibHBIM
TPEYTOJILHUK TeTpa’ap
[IpaBunbHed | 60° 4-rpaHHbIN 240° 6 12 8 [IpaBunbHBINA
TPEYTOJIbHUK OKTa’ap
[IpaBunsHbd | 60° S-rpaHHbII 300° 12 30 20 [TpaBubHBIM
TPEYTOJILHUK HUKOCa3p
Ksagpar 90° 3-rpaHHbIA 270° 8 12 6 [IpaBunbHBINA
rexcasap (ky0)
[IpaBunpabi | 108° 3-rpaHHbBIN 324° 20 30 12 [TpaBuibHBIM
TPEYTOJILHUK JoeKadip

PaCCMOTpI/IM BHUJIbI MHOT'OT'PaAHHHUKOB:

[IpaBunbHBIN TETPAd AP [IpaBHUIBHBIN OKTAd1p
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[IpaBuUnbHBIN UKOCAAP [TpaBunbHEI rekcasap (Kyo)

A

[IpaBunbHBIN qOAEKAd D

Tabnuna 2. ®opmMybl a5 HAX0XKIEHUS 00BEMOB MPaBUIIBHBIX MHOTOIPAaHHUKOB.
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Bug mu OrorpaHHHuKa

Obbem MHOTOrpaHHHKa

[NpaeunkHEIl TETpa3LpP

a*[2

12
[NpaeunsHLIA OKTa34P ﬂE‘\E
3
[NpaevneHEIR MKoCa3ap a2t
MNpaeuneHEll rekcasgp (kyb) 5a%3 + ﬁ]
12
MNpaBnnbHbIR Jogekasnp 2115+ ?£'|
4

Konmponvnvie sonpocwi
1. Te%paaz[p
2. Ky
2. OkTanp
. lexann
5. ﬁxocaaﬁ
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Tema 10. Tesra BpauieHusi ¥ NOBEPXHOCTH TeJI BpallleHUsI.
Tema 10.1. {uuHap, KOHYC U UX CBOMCTBA.

Onpeodenenus yununopa, kouyca u ux snemenmos. Ceotlicmea yununopa u konyca. Ceuenus
YUNUHOPA U KOHYCA NAOCKOCHIAMU.

Ymems: mpuMeHATh TEOpETHUECKNE 3HAHUS IIPU PEIICHNUH 3a/1a4 Ha JaHHYIO TEMY.
3nams. onpeneneHns LIUINHIPA, KOHyCa U UX 3JIEMEHTOB, CBOMCTBA LMJIMH]PA U KOHYCAa, CEUEHUs
LUJIMHAPA U KOHYCA INIOCKOCTIAMH

[{unuaapuyeckass MOBEPXHOCTH oOpa3yerca mnpu jABWwxkeHuu mnpsmoil (AB, puc.l),
COXpaHSIIONIeH CBOE HAMpaBlIEHHE U Tepecekaroleiics ¢ 3agaHHoi nuHuer (kpuBoil) MN. Jlunawus
MN HassBaeTcs Hamnpasisironied. [IpsMble, COOTBETCTBYIOIIME PA3IMUHBIM IOJIOKEHUAM IIPSAMOMN
AB mpu eé aBmwkenun (A’B’, A”B” u T.4., puc.2), Ha3pIBatOTCS 00pa3yONIMMH HWIHHIPHYECKON

!,/E

! T
Puc.1. Puc.2

Lununop. Teno, orpaHNuEHHOE IUIUHIPUYECKON TOBEPXHOCTHIO C 3aMKHYTON HalpaBIISIONICH
U JABYMs MapajulebHBIMU IJIOCKOCTSIMHU, Ha3blBaeTCsd UWIMHIAPOM (puc.2). YacTu 3TuUX MmiIocKocTei
(ABCDEFG wu abcdefg) Ha3piBaioTCs OCHOBAaHUSAMH LWIMHIpA. PaccTosHue MexIy OCHOBaHMSAMHU
(KM, puc.2) — Beicota nunuaApa. Lumuaap — npsiMoid, ecau ero oOpasyromuye MeprneHInKYISIPHBI
OCHOBaHUIO; B NPOTUBHOM CIy4yae LWIMHJIP — HAKJIOHHBIN. [{MnMHIp Ha3bIBaeTCsl KPYroBBbIM, €CIU
€ro OCHOBaHME — Kpyr. Eciam umunuHap sBISETCS OJHOBPEMEHHO U TMPSAMBIM, U KPYTOBBIM, TO OH
Ha3bIBaeTCs KpyTibM. [Ipu3ma sBisSeTcs YacTHBIM CllyyaeM IInHApa(rnouemy?).

[Munuaapuueckrue cedeHus OOKOBOW MOBEPXHOCTU Kpyrooro nuiuHzapa (puc.3). CedeHus,
napajjielibHble OCHOBAaHHMIO - KpPyrH Toro ke paauyca. CedeHusi, mapaijeinbHble 00pa3yolM
HWIMHApA - napbl napamienbHbiX npsaMbix  (AB || CD). Ceuenusi, KoTopble HE NapauiedbHbl HH
OCHOBaHHUIO, HM 00Pa3yIOLINM - SJUIUIICHI.

i

A E

E

Inowaowv 60x0601 nNosepxHOCMU YUTUHOPA
[Tnomane OOKOBOW TOBEPXHOCTH IIWIIMHIpPA paBHA IMPOU3BEACHUIO BHICOTHI IMIUHApPA HA JUIUHY
OKPY>KHOCTH OCHOBaHHUSI.
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®opmyiia 171 BBIYUCICHUS OOKOBOM IOBEPXHOCTH LIMIMHAPA!
S, =27RhA,

rae R - paanyc OKpy>KHOCTH OCHOBAaHHUS, / - BBICOTa LIMJIMH/IPA.

[TonHas momaas MOBEPXHOCTH IMIJIMHIPA PaBHA CyMMe OOKOBOM MOBEPXHOCTH IMJIMHIPA U JBONHOM
IJIOIIAJN OCHOBAHUS LIUIUHAIPA.

(I)OpMyJ'Ia JJIA BBIYUCIICHUA OJIHOM rjaom@anay NMOBCPXHOCTH NUIIUHAPA:
S =2aRh+2aR7,

ook

riae R - paauyc OKpy>KHOCTH OCHOBaHUS, /4 - BBICOTa LIMJIUH/IPA.

Konnueckasi moBepxXHOCTh 0Opa3yeTcsi mpH IBkeHHH npsMoi (AB, puc.l), npoxossiei Bcé
BpEMs 4Yepe3 HEMOJBMKHYIO TOUKY (S), M mepecekaromied 3a AaHHyO JUHHIO MN, Ha3plBaeMylo
HamnpasJisitoniet. I[IpsiMble, COOTBETCTBYIOIIME pPa3IUYHBIM MOJIOXKEHUSIM mpsamorl  AB mnpu eé
newkeHun (A’B’, A”B” u T.71.), Ha3pIBalOTCs 00pa3yOIIUMH KOHHYECKOH MOBEPXHOCTH; TOUKa S — eé
BepinHOi. KoHHMuYeckas MOBEPXHOCTh COCTOMT U3 JIByX YacTeil: OJlHAa OMHCHIBAETCS JYy4OM SA,
apyras — ero npogobkeHneM SB. OObIUHO B KauecTBE KOHMYECKOW MOBEPXHOCTH PacCMaTPUBAIOT
OIHY U3 €€ YacTeu.

B” B

5

Puc.1 Puc.2
KoHnyc — 310 T€no, orpaHMYEHHOE OJHOW M3 4YacTed KOHMYECKOH MOBEPXHOCTU C 3aMKHYTOMN
HaIpPAaBJISIONIEH U MEepeceKaroNell KOHNYECKY MTOBEPXHOCTh MIOCKOCTHIO (ABCDEF, puc.2),

HE mpoxojsuieil yepe3 BepinHy S. YacTh 3TOM MIOCKOCTH, PACIONOKEHHON BHYTPH KOHMUYECKOU
MOBEPXHOCTH, Ha3bIBAETCS OCHOBaHUEM KoHyca. [lepnienaukynsp SO, OnyleHHbIN U3 BEPIIUHBI S HA
OCHOBaHHE, HA3bIBAETCS BHICOTOU KOHYca. [Iupamuza sBisieTcsl YaCTHBIM CiIyyaeM KOHyca (rmouemy?).
Konyc Ha3zpiBaeTcsi KpyroBbIM, €CIM €ro OCHOBaHHEM siBisieTcst kpyr. IIpsmas SO, coenussromas
BEpUIMHY KOHYCa C IIEHTPOM OCHOBAaHUSsI, HAa3bIBAE€TCA OChIO KOHyca. Eciii BbICOTa KPYroBOro KoHyca
COBIAJAET C €r0 OChI0, TO TAKOM KOHYC Ha3bIBACTCS KPY2/IbIM.

Konunueckue ceuenus. CedeHus KpyroBoro KoHyca, mapajuleJbHble €r0 OCHOBAHHUIO - KPYTH.
Ceuenue, nepecekarolee TOJbKO OAHY 4acTb KPYroBOIO KOHyCa M HE IapajuieIbHOE HU OJHOW €ro
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obpasyromeit - aurc (puc.3). CedeHue, nepecekaromiee TOJbKO OJHY YacTh KPYroBOrO KOHyca U
napajulebHOe OJHOHM M3 ero oOpasyromux - mapabona (puc.4). Cedenue, nepecekaromee 00e 4acTH
KpyroBoro KoHyca, B 00IIeM cilydae siBIsieTcsl runepOoiioil, cocTosliel u3 aByx BeTBeil (puc.5).B
YaCTHOCTH, €CJIM ITO CEYEHHE NMPOXOJUT Yepe3 OCh KOHyCa, TO TOIydYaeM Iapy IMepeceKarolIXCs
HpsIMBIX (0Opa3yroIMX KOHYca).

M e e m e ——————————

Konnueckue cedeHus npeaAcCTaBIAOT 6OJ'II>HIOI>'I HHTCPEC KaK B TCOPCTUUCCKOM, TaK U B
MPaKTUYECKOM OTHOIICHUHU. Tak, OHM IMIHUPOKO HUCHOJIB3YIOTCSA B TEXHUKE (IJUIMNTHUYECKUE 3yOUaThie
Koséca, mapaboJInYecKue MPOKEKTOPhl U AHTEHHBI); IJIAHETHI U HEKOTOPbIE KOMETHI JBUXKYTCS IO
IUTUIITAYECKAM OpOMTaM; HEKOTOPbIE KOMETHI JIBHXKYTCS O 1MapabOMYeCKUM U THUIEPOOINISCKHM
opOuTam.

Inowaodws 60x0601 NosepxHOCMU KOHYCA

[Tnomans OOKOBOW TMOBEPXHOCTM KOHYCa paBHAa IIPOU3BEIEHUIO 4YHCIAa T Ha paanyc
OKPYXHOCTH OCHOBAHUS M Ha JUIMHY 00pa3yolleil KoHyca.

jdz

dopmyna mionaau 60KOBOM MOBEPXHOCTH KOHYyca: S, :% a

>

TJie 7 - paAnyC OKPY>KHOCTH OCHOBaHWsI, / - ITMHA 00pa3yrolieil KoHyca.

360r
2 =——a .o =
180 ° !

Sﬁwc = .717"1

[Imomaar MOJHOM MOBEPXHOCTH KOHYCa paBHA CyMME IUIOLIAJEH OCHOBAaHUSA KOHYCa M €ro
00K0BOiI1 MoBepxHOCTH. OCHOBaHHEM KOHYCa SIBISIETCS KPYT.

dopmyia mIonaau MOJTHOW MOBEPXHOCTH KOHYCA:
S =aRl+aR?,

r7ie 7 - paAuyc OKpPY>KHOCTH OCHOBaHHUs, /- IJMHA 00pa3yloliel KoHyca.

OoK

KonumponvHuvie 6onpocwl

1. Onpenenenust HMJIMHAPA, KOHYCA U UX 3JIEMEHTOB.
2. CBoiicTBa HWIMHIPA U KOHYCA.

3. Ceuenust HIMIUHAPA U KOHYCA IIIOCKOCTSAMHU.

Tema 10.2.11ap u cdepa, nx ceuenns. KacarenbHasi IIOCKOCTH K cepe.
Onpedenenus wapa, cpepvl u ux snemenmos. Bnucannas u onucannasn cepwvi. Ceuenus

wapa u cghepol. Kacamenvuas niockocms k cghepe.

Ymems: npUMEHATh TEOPETUYECKHUE 3HAHUS IIPU PEIICHNH 3a/1a4 Ha JAHHYIO TEMY.
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3namy: onpeneneHus mapa, chepsl U X IEMEHTOB, ONMCAHHAs U OMHCaHHas c(hepbl, CEYCHHUS Imapa
u cdepsl, KacaTeabHas TNIOCKOCTh K cdepe.

Cdepuueckasi MOBEpXHOCTh — 3TO TEOMETPUUECKOE MECTO TOUEK (T.e. MHOXKECTBO BCEX TOYEK)
B IIPOCTPAHCTBE, PAaBHOYJAIEHHBIX OT OJHOM Touku O, KOTOpas Ha3bIBa€TCs LIEHTPOM CPEepUUYECKON
noBepxHocTH (puc.l). Pannyc AO u nuamerp AB ompeznensitorcs Tak xe, Kak U B OKPY>KHOCTH.

Puc.1 Puc.2

[ap (cdepa) - 3TO TENO, OrpaHUUeHHOE CHEPUIECKON TOBEPXHOCTHIO. MOXKHO MOIYyYUTh IHap,
Bpalas MoJyKpyr (WM Kpyr) BOKpYr nuamerpa. Bcee ruiockue cedeHus mapa — kpyru (puc.l).
HaunOonpmmii Kpyr J€XKHUT B CEUCHHHM, MPOXOISIIEM Yepe3 IEHTP Iapa, U Ha3bIBAeTCA OOJIBIIMM
kpyroM. Ero paanyc paBeH paauycy mapa. JIlroObie Ba 00dbIINX Kpyra IHepecekaroTcs o AUaMETpy
mapa (AB, puc.2). OToT nuamerp ABISETCA M AMAMETPOM IepeceKaroIuxcs OonbImx Kpyros. Yepes
JIB€ TOUYKH C(PepruuecKoil MOBEPXHOCTH, PACIIOIOKEHHbIE Ha KOHIIAX oHOro nquamerpa (A u B, puc.2),
MOKHO TIPOBECTH OECUMCIIEHHOE MHOXXECTBO OosbmMX KpyroB. Hampumep, yepe3 momroca 3emin
MO’KHO IIPOBECTU OECKOHEYHOE YHCIIO MEPHINAHOB.

O0BéM mapa B MoJdTOpa pasa MeHbIIe 00bEMa OMUCAHHOTO BOKPYT HEero muiuHiapa (puc.3), a
IIOBEPXHOCTh IlIapa B IOJITOpA pa3a MEHbIIE IOJHOW MOBEPXHOCTH TOrO K€ LMIMHIpa (Teopema
Apxumena):

Puc.3
3neck Smapa U V mapa - COOTBETCTBEHHO IMOBEPXHOCTh U 00BEM I1apa;
Stun u Vuun - mosHasi TOBEPXHOCTh M 00BEM ONMMCAHHOTO IMJIMHIPA.

Yacmu wapa. Yacte mapa (cdepbl), oTcekaemast OT Hero Kakoi-nmubo miockocteio (ABC, puc.4),
HasbIBaeTcs 1apoBbiM (cepuyeckum) cermeHToM. Kpyr ABC Ha3biBaeTcsi OCHOBaHHEM IIAPOBOTO
cermMenTa. Otpe3ok MN nepnenaukymsapa, nposeaeHHoro u3 neHrpa N kpyra ABC no nepecedenust
co chepruvecKoil TMOBEPXHOCTHIO, HA3bIBACTCS BHICOTOM ITApOBOTO cerMeHTa. Touka M HasbIBaeTcs
BEPIIMHON LIaPOBOTO CETMEHTA.
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Puc.4
Yacte cdepbl, 3aKmouéHHas MexXAy IByMms napaiensHbiMu 1wiockoctssiMd ABC u DEF,

MepeceKarouMU  CPepUUYecKyr0 MOBEpXHOCTh (puc.4), Ha3bIBaeTCs IIAPOBBIM CIIOEM; KpHUBas
MMOBEPXHOCTh IIAPOBOrO CJIOSl Ha3bIBaeTcs mapoBbiM mosicom (3onoi). Kpyru ABC u DEF —
OCHOBaHUs mapoBoro mnosca. Pacctosnue NK Mexay OoCHOBaHHSIMHU LIAPOBOTO MOsCa — €r0 BBICOTA.
Yacte mapa, orpaHMyYeHHas KPHBOH MOBEPXHOCTHIO cdepuueckoro cermenta (AMCB, puc4) u
KoHH4Yeckor moBepxHocThi0o OABC, ocHOoBaHHMeM KOTOpo# ciyxkuT ocHoBaHue cermeHTta (ABC), a
BEPIINHOMN — 1ieHTp 1mapa O, Ha3bIBAETCs IIAPOBBIM CEKTOPOM.

Ypasnenue cghepo
B npsimoyrospHO# cucteme koopauHaT ypaBHeHHe cepsl paanyca R ¢ nentpom C(X,-Vo. 2o ) UMEET

B (¥- X0)" +(y- y) +(z- z,)" =R".
Kacamenvnas nnockocms K cpepe

[Tnockocts, uMermas co cgepoil TONBKO OAHY
o0LIYI0 TOYKY, HA3bIBAETCSl KacaTeNbHOM IJIOCKOCTHIO K
cdepe, a ux oOmas TOYKA HA3bIBACTCS TOYKOW KacaHUs
MJIOCKOCTH M CEPBHI.

Ha pucynke mimockocte ¢ - kacaTenbHas K cdepe c
uentpom O, A — Touka kacanus. KacarenbHasi I0CKOCTb
K chepe obnamaer CBONWCTBOM, aHAJIIOTHMYHBIM CBOMCTBY
KacaTelbHOM K  OKpPY>KHOCTH. (OHO BBIPAXKEHO B
cleayrouen TeopemMe:

Teopema: Pamuyc cdeppl, NpPOBENCHHBIM B TOYKY KacaHus cQepbl H IUIOCKOCTH,
MEPIEHIUKYJISAPEH K KacaTeIbHOM MIIOCKOCTH.

Lokaszamenvcmeo:
PaccmoTtpum mockocth |, kacarortyrocst cepsl ¢ ieatpoM O B Touke A. Jlokakem, uto paguyc OA
SIBIIICTCS HAKIIOHHON K TUIOCKOCTH (X , U, CIENIOBATENbHO, PACCTOSIHUE OT cephbl A0 MIOCKOCTH
MeHbIe paauyca cdepbl. [loaToMy cdepa U IIOCKOCTH IMepecekaroTcss Mo OkKpykHocTh. Ho 3rto
MPOTUBOPEUYUT TOMY, YTO TUIOCKOCTh (¥ - KacatenbHas, T.e. cepa U MIOCKOCTh Y HMEIOT TOJIBKO
onHy oOuryto Touky. [lonyyeHHOe mpoTHBOpeuHe T0Kas3bIBaeT, uTo paguyc OA MepneHAUuKYISIpeH K
miockoctu & . Teopema JoKa3aHa.

Teopema: Ecnu paauyc chepbl NepreHANKYIISIPeH K IIOCKOCTH, IPOXOIAIIeH Yepe3 ero KoHell,
nesaiei Ha cepe, To 3Ta IIIOCKOCTh SBJISETCS KacaTelabHOH K cdepe.

Lokasamenvcmeo:

W3 ycnoBuss TeopeMBl CIELyeT, YTO JAaHHBIA pajuyC ABIACTCA IEPHEHAUKYISPOM,
IPOBEICHHBIM M3 IIEHTpa cdephl K TaHHOH 1uiockocTH. [losToMy paccTosiHue oT meHTpa chepsl 10
IUIOCKOCTH PaBHO Paguycy c(epsbl, U, cae10BaTelnbHO, chepa U IIIOCKOCTh UMEIOT OAHY OOLIYIO TOUKY.
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DTO 03HAYAET, UTO JIaHHAsI TUNIOCKOCTH SABJISIETCS KacaTeabHOM K cepe. Teopema gokazaHa.
Inowaow cghepoi
3a mrom@ane cdepsl TpPUMEM TpeAeT IOCIeNOBATEIbHOCTH IUIOMANCH TOBEPXHOCTEH
OTHMCAHHBIX OKOJO c(pepbl MHOTOTPAHHUKOB MPU CTPEMIICHUHU K HYJIO HAMOOIBIIET0 pazMepa Kaxaoi
IpaHu.

[Tmomians chepol: S =42R°.

KoumponvbHuvie 6onpocwl

1. Ompenenenus mapa, chepbl U UX JJIEMEHTOB.
2. BrumcanHas u onucaHHas cepsl.

3. CeueHus mapa u chepsbl.

4. KacatenbHas IJIOCKOCTh K cdepe.
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Paznen 11. DinieMeHTbl KOMOMHATOPUKHA W TEOPUH BEPOSATHOCTEMH

Tema 11.1. DjieMeHTHI KOMOMHATOPUKH.

OcHogHble noHsmus K0M6uHam0puKu: pasmewerust, nepecmano6Ku, CO4emanusl.

3namwb. OCHOBHBIC ITIOHITHUS KOMGI/IHaTOpI/IKI/II pasMeiCHus, NIEPCCTAaHOBKH, COUCTAHM.
Ymemn: HOACYUTBIBATH YHCJIa paSMeIHeHHﬁ, MEPECTAaHOBOK, COUYeTaHMUH.

Kombunamopuxa — paszien MaTeMaTUKU, B KOTOPOM M3Yy4aroTcs 3aJlaud BEIOOpA 3JIEMEHTOB U3
3aJaHHOTO0 MHOXECTBA U PacOJIOKEHUS UX B IPYIIIBI 10 33JaHHBIM IIPaBUJIaM, B YaCTHOCTH 3aJjauu O
[OJCUeTe YHCIa KOMOMHAnuMil (BBIOOPOK), MOJYy4aeMbIX HU3 3JIEMEHTOB 3aJaHHOIO KOHEYHOIo
MHOXecTBa. Eciy M3 HEKOTOpOro KOJIMYEeCTBA 3JEMEHTOB, PA3IMYHBIX MEXIy COOOH, COCTaBIATH
pasinyHble KOMOMHALIMKU, TO CPEJX HUX MOXHO BBIIEIUTh TPU TUMA KOMOMHAIMM, HOCAIUX oOliee
Ha3BaHUE — COEAMHEHUS.

PaccmoTpum noapoOHee 3TH COeTUHEHU:

1) Ecnu B HEKOTOPOM MHOXECTBE d,d,,...,d, TEPECTaBIATh MECTAMH DJIEMEHTBI, OCTaBJISA
HEU3MEHHBIM HMX KOJHYECTBO, TO Ka)KJas IOJIydeHHas TakKUM OO0pa3oM KOMOWHAIMS Ha3bIBAETCS
nepecranoBkoii. O0Iee YUCI0 MEPECTAHOBOK M3 M DJIEMEHTOB 0003HadaeTcs P, v BRIYHCISETCS 1O
dbopmyre:

P =m!

2) Ecnu coctaBnsiTh M3 m Pa3lUYHBIX AJIEMEHTOB TPYIIIBI 10 # AJIEMEHTOB B KaXIO#, pacmoiaras
B3STHIC DJIEMEHTBHI B pa3NuYHOM Topsake. [lomydwBiimecs npu 3TOM KOMOHWHAIIMK HA3bIBAIOTCS
pa3MellleHUusIMH U3 71 BJIeMEHTOB Mo n. OOIee YHCIO TaKUX pa3MENICHHH pPacCUUTHIBACTCS IO
dbopmyre:

m!

A =m(m-1)(m=-2)..(m- (n-1)) =

m

(m-n)!”

[TepecTaHOBKH SIBJISIFOTCSI YACTHBIM CIIy4aeM pPa3MElICHUN.

3) Ecniu 13 m 31eMEHTOB COCTaBIISATh TPYIIIBI IO 72 3JIEMEHTOB B Ka) /10, He oOpalas BHUMaHUs Ha
MOPSIJIOK JIEMEHTOB B TPYIIIE, TO MOJYYUBIIHECS MTPH 3TOM KOMOMHAIIUK HAa3bIBAIOTCS COYETAHHUSIMHU
U3 m 3JeMEHTOB 1o 1. O01ee YHCI0 COYeTaHu HaXOAUTCs TI0 hopMmyJie:

m!

[ — m

" PP nlm-n)!

n-—m-n

4) Taxxe OAHMM W3 BapHAHTOB KOMOWHAIMIl SIBISIOTCS MNEPECTAHOBKHM € MOBTOPSIIOIIUMUCS
jieMeHTamMu. Eciiu cpeam m >71€MEHTOB HMMEETCS /1, OJIMHAKOBBIX JJIEMEHTOB OJHOTO THIIA, 1,
OJIMHAKOBBIX 3JIEMEHTOB APYroro TUIMA U T.[., TO IPU MNEPECTAHOBKE ITUX 3JIEMEHTOB BCEBO3MOKHBIMU

croco0amMu MmosrydaeM KOMOMHAIINHU, KOJTMYECTBO KOTOPBIX ONpeaesieTcs o Gpopmyiie:
P m!

m j—

P (m,m,,..m,) = =
(s, )
" PP _..P m!m,)..m,!

moms Ty,

5) Ecnu nipu BEIOOpKE m 3JEMEHTOB U3 71 3JIEMEHTHI BO3BPAIIAIOTCS 00PAaTHO W YIOPSAOYHUBAIOTCS, TO
TOBOPST, YTO 3TO Pa3MelleHHus ¢ MOBTOPeHUAMHU. Pa3menieHus ¢ moBTOPEHUSIMU MOTYT OTIMYATHCS
JIpyr OT Apyra 3JE€MEHTaMH, UX IOPSAKOM M KOJWYECTBOM IOBTOPEHUH IEMEHTOB. UMCIIO BCex

Pa3MEIEHUI U3 71 JIIEMEHTOB T10 711 C TIOBTOPEHUAMHU 0003HAYaETCsI CUMBOJIOM 4 M BBIYUCISETCS IO

dbopmyre:
m o o___.m
A" =n".
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6) Eciiu npu BbIOOpKE m 3IIEMEHTOB M3 1 3JIEMEHTHI BO3BpaIIatOTCsl 0OpaTHO 0€3 MOCIEAYIOLIEro
YIOPSIOYMBAHUSA, TO TOBOPAT, YTO 3TO COYETAHUSI C MOBTOPeHUsIMH. YUCII0 BCeX COUYETaHUH U3 n

AJIEMEHTOB TIO 71 C TIOBTOPEHUSIMH 0003HAYAETCSI CHMBOJIOM ]\7, " W BBIUUCISETCS 10 opMmyIie:

T __ vm
N =C

n+m-1

KoumponwbHule gonpocwl
1. Onpenenenne KOMOMHATOPUKHY.
2. DneMeHThl KOMOMHATOPHKH.

Tema 11.2. ®opmyia 6unoma Herorona. CBoiicTBa OMHOMHAIBHBIX KO3(PPUIIMEHTOB.
Tpeyroasnuxk Iackans.

Dopmyna bunoma Hetomona. Ceoticmea bunomuanvulx kosgpuyuenmos. Tpeyeonvruk Ilackans.
3uamy: popmyna 6maoma HeioToHa, CBOMCTBa OMHOMHATIBHBIX KO3(DPHUIIMEHTOB, TPEYTOIbHUK
[Tackans.

Ymems: Boruncasats OunoMm HeroToHa.

bunom Hetomona. 31o hopmyia, mpeIcTaBisIFONIas BeIpakeHue (a +b)" TpH MOJ0KUTETEHOM
[IEJIOM N B BUJE MHOTOYJICHA:

1 2
(a+b)?=a”+C a® 1p+C a" 232 +
H H
3 n-1
+C a® 3R+ 40 gkl 4pn,
¥ H

3aM€TI/IM, 4TO CyMMa MoKa3aTeliell CTerneHe 111 a u b mocrosHHA U paBHa n.

1z 3 n—1
Yucnma » » n " Ha3bIBAIOTCS OMHOMHAIBHBIMH KO PHUIIMEHTAMH.
WX MOKHO BBIYHCIIHUTH, IPUMEHSS TOJIBKO CIOKEHHE, €CITU TI0Ih30BATHCS CIEAYIOMIEH CXEMO.
B BepxHeil cTpoke nuiieM /Be eqUHUIBL. Bee mocienyromme cTpoKH HAauMHAIOTCS U 3aKaHYHBAIOTCS

CZII/IHI/IIIef/'I. HpOMe)KYTO‘-IHBIe Yucia B 9TUX CTPOKAX MOJIy4aroTCAd CYMMHUPOBAHUEM COCCIHUX YHUCCIT U3
Hpezlbmymeﬁ CTPOKH. OTa cxeMa Ha3bIBaeTCs TPCYT'OJIbHUKOM ITackans:

[TepBas cTpoka B 3TOH TabyUIEe COAEPKUT OMHOMUANIbHBIE KO3 pumeHTs! 1yis n = 1; BTOpas - A n
=2; Tpeths - st n =3 u T.1. [loaTomy, ecnu HE0OX0AMMO, HATTPUMED, PA3TIOKHUTh BhIPAKEHHUE:

.
(a+b)",
MBI MOKEM MOJYUYUTh PE3YJIbTAT MOMCHTAJIbHO, HUCITIOJIb3Y A Ta6J'II/II_IyZ
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7 T = B 512 meatnd L oaea it 105 =16 7
(a+b) =a +Ta b+2lab +33a b +33ab™+2lab +Tab +b
CBoiicTBa OMHOMHAIBHBIX KO3 (UIIUEHTOB.

1. Cymma ko3 dunrenToB pasznoxenus (a +5b) " paBHa 2”.

st noka3aTenbCcTBa JOCTaTOYHO MOJIOKUTh a = b = 1. Toraa B mpaBoil yacTu pa3ioxeHus: OnHOMa
HeroToHa MbI OyzieM UMeTh CyMMy OMHOMHMAIbHBIX K03()(PULIMEHTOB, a clieBa:
(1+13"=2".

2. KoapuumeHTs! uieHoB, paBHOYJAIEHHBIX OT KOHIIOB PA3JI0’KEHHS, PABHBI.

OTO CBOMCTBO CIIeay€CT U3 COOTHOLICHUS:

H H

3. Cymma k03¢ pUIIMeHTOB YETHBIX YWICHOB PA3JIOKEHHUS paBHA CyMMe KO3((UITMEHTOB HEYETHBIX
YJICHOB PA3JIOKEHNUS; KaKAask U3 HUX PaBHA
zn-l,

Tt 6 (1-1)"=0"=05 5
JI0Ka3aTeNbCTBAa BOCIOIb3yeMCsl OMHOMOM: JIECh YETHBIC YWICHBI
UMEIOT 3HaK « +)» , a HEUETHBIE - « - ». Tak Kak B pe3yJybTaTe paszinoxkeHus noiayyaercs 0, To

ClIeZIOBAaTENbHO, CYMMBI MX OMHOMHUANBHBIX KO3()(DUIIMEHTOB paBHBI MEXTy OO0, MOITOMY Kaxaas

13r=07"=0,

W3 HUX paBHa! (1- YTO U TPEOOBAJIOCH JOKA3aTh.

Konmponvhuie 6onpocoi

1. ®opmyna 6mHOMa HploTOHA.

2. CoiicTBa OMHOMHUAIBHBIX KO((UIIMEHTOB.
3. Tpeyronpnuk ITackas.

Tema 11.3.91eMeHTBI TCOPUH BEPOSITHOCTEN H MATEMATHYECKON CTATHCTHKH.

Cobvimue. Beposimnocms cobbimusi, cloxiceHue u YMHONCEHUE 8ePOSMHOCEIL.
Ilpeocmasnenue 0anuvix, 2eHepaIbHAsL COBOKYNHOCMb, 8blOOPKA, cCpedHee apupmemuieckoe,
MeouaHa.

3nams. coObITHE, BEPOSITHOCTH COOBITHS, CIIOKEHNE M YMHOKEHUE BEPOSATHOCTEHN, IPEICTaBICHUE
JTAHHBIX, TeHepaJIbHasi COBOKYITHOCTh, BBIOOPKA, CpeaHee apupMeTUIecKoe, MeJaHa.
Ymems: pemiats 3a1auu 10 TEOPUN BEPOATHOCTU U MATEMATUYECKOM CTaTUCTHKHU.

Cnyuaiinvle codvimusa ux 6epoasmHocmu
Onvimom, unu ucnvlmanuem, Ha3bIBaIOT BCSIKOE OCYIIECTBICHHUE OMPEIEICHHOTO KOMIUIEKCa YCIOBHMA
WM JEHUCTBUH, IPU KOTOPHIX HAOIIOIAETCSl COOTBETCTBYIOIIEE SIBJICHHUE.
Cobvimuem Ha3pIBaeTCs BCAKUN (DaKT, KOTOPBIA MOXET MPOU30MTH WIM HE TPOMU3OHTH B
pe3yJibTaTe OIBITA.
Ilpumep 1. TlogOpacbiBaHWE€ MOHETHI — OTBIT, MCXOJ. BrimazgeHue repba wim muppsl —

COOBITHE. 3,[[6CB U B JajdbHEHIIeM npeamnoJjaraeM, 4Yro Iaa€HHUE MOHCTBI Ha pe6p0 HEC
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paccMaTpuBaeTcs, TaK Kak 3TO HEYCTOWYMBOE COCTOSHUE paBHOBECHs, a H3ydaeMas MOHETa
JIOCTaTOYHO TOHKaS.

Onemenmapnvimu  ucxooamu (cobdvimusmu) (V) ONbITa HA3BIBAIOTCSA TaKHE PE3YyJbTaThl OIIBITA,
KOTOpbIE B3aMMHO MCKJIIOYAOT APYT JIpyra U B pe3yJbTaTe OIbITa MPOUCXOIUT OJTHO U3 ATUX COOBITHH,
TaK)Ke KaKoBO Obl HU OBLIO COOBITHE A, IO HACTYNUBIIEMY 3JIEMEHTAPHOMY MCXOJy MOKHO CYAMTbH O
TOM, MPOUCXOUT UM HE MPOUCXOIUT 3TO COOBITHE.

COBOKYIHOCTb BCEX 3JIEMEHTApHBIX HCXOJOB OINbITA HA3bIBACTCS NPOCMPAHCMBOM NEeMEHMAPHBIX
cobvimuii. O6o3Havaercs €2.

Bce coObiTus (s1BieHUs) IEHCTBUTENBHOCTH MOXKHO MOAPA3EINTh Ha TPU BUA: JTOCTOBEPHBIE,
HEBO3MOJKHBIE U CITy4aiHbIE.

CoObITHE Ha3bIBACTCA 00CMOGEPHBIM, €CIIA OHO 00sI3aTENbHO MPOU30MAET B YCIOBUAX TAHHOTO
OIIBITA.

CoObITHE HA3BIBACTCS HEBO3MONCHLIM, €CII OHO B YCJOBHUSX JIAaHHOTO OIBITa 3aBEIOMO HE
MPOUBOUJIET.

CoObITHE Ha3BIBACTCS CIVUAUHbIM, €CIIU OHO MOXET JMOO0 MPOU30MTH, THOO0 HE MPOU30UTH B
JTAHHOM OIIBITE.

CoOBITHSI Ha3BIBAIOTCS PABHOBO3MONMCHLIMU, €CITH UMEIOTCS OCHOBAHMS CUUTATh, YTO HU OIHO
U3 3TUX COOBITHI He sBJsieTcs 0oJiee BO3MOKHBIM, YeM JIF000€ Jpyroe 13 HUX.

JIBa COOBITHS Ha3bIBAIOTCS NPOMUBONONONCHBIMUA, €CIU TPU HACTYIUIEHMM OJHOTO W3 HHUX,
BTOpOE COOBITHE HE mpoucxoaut. Eciam coObiTme 0003HA4€HO A, TO HPOTHBOIOJOKHOE €My
0003HAYAOT 4 .

B orHomenun apyr apyra coObITHSI TakKe UMEIOT OCOOEHHOCTH, T.€. B OJJHOM cilyyae coObITHe A
MOJKET ITPOU30MTH COBMECTHO C COOBITUEM B, B IpyrOM — HET.

CoObITUSI HA3BIBAIOTCA COBMECMHbIMU B JAHHOM OIIBITE, €CIU MOSBICHHE OJHOTO U3 HUX HE
UCKJIIOYAEeT MOSIBJICHUE JPYTHX.

CoObITHSI Ha3BIBAIOTCS HECOBMECMHbIMU, €CIHM TOSIBICHWE OJIHOTO M3 HUX MCKIIIOYAeT MOSBIICHUE
JIpyTHUX.

Ecnu nr060e u3 coOBITHH NMPOMCXOAUT HE3aBUCHUMO OT pealMu3alldu 000N KOMOMWHAIMH
JIpYTuX COOBITHUH, TO OHU HA3bIBAIOTCS HE3A8UCUMbBIMU 8 CO80KYNHOCMU. ECIN MOsSBIEHUE OAHOTO U3
COOBITHI BIMSET Ha BOBMOXKHOCTb MOSIBJICHUS IPYTOro, OHU Ha3bIBAIOTCA 3A68UCUMbBLMU.

Heckonbko coObITHI B JAHHOM OIIBITE 00PA3yIOT HOAHYIO 2pynny coObimuil, €CIIA B PE3yJbTaTe
OIbITa 0053aTENTLHO MPOU30UAET XOTs Obl 0/1HO M3 HUX. Eciu coObITHs, 00pa3yrolyie MojJHyo rpymiy,
HECOBMECTHBI, TO IOSIBJICHUE OJHOTO U TOJBKO OJHOIO U3 HUX SIBISETCS JTOCTOBEPHBIM COOBITHEM.
JIBa  HeEcOBMECTHBIX  COOBbITHS, oOpa3ymolmue TOJHYI0  Tpymnmy  COOBITUH,  SBISIOTCA

npomueonol0HCHbIMU.
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Knaccuueckoe onpedenenue eepoamnocmu codvimus

CymecTByeT TpPOCTOM Crmoco0 OmpeneseHUsT BEPOSTHOCTH COOBITHS, OCHOBAaHHBIM Ha
PaBHOBO3MOKHOCTH JTFOOOTO U3 KOHEYHOTO YHCIIa HCXOJIOB OTbITA.
[Tycte mpoBoauTCS OMBIT ¢ /1 HWCXOIaMHU, KOTOPBIE MOXHO MPEACTABUTh B BUJAE MOJTHOW TPYIIIBI
HECOBMECTHBIX PABHOBO3MOJKHBIX COOBITMH. Takue HCXOIbl HAa3BIBAIOTCS CAVYAAMU, WAHCAMU,
anemernmapuvimu coovimuamu, (V). CaMm onbIT Ha3bIBaeTcs kiuaccuyeckum. [Ipo Takoil OnbIT roBOPSIT,
YTO OH CBOJIUTCS K CXEME CITy4aeB.
Cnyuaii (U Ha3bIBACTCS O1A20NPUAMHBIM UTU OA2ONPUAMCEYIOWUM COOBITUIO A, €CIIM OH IPUBOJIUT
K HACTYIUICHUIO COOBITHUS A.
Beposmnocmuio coovimus A HazbIBaeTCsl MaTeMaTU4ecKas OLIEHKa BO3MOYKHOCTH MOSIBICHHUS 3TOTO
COOBITHSA B PE3yJIbTATE OIBITA.
BeposiTHOCTh CcOOBITHS 4 paBHAa OTHONICHUIO YHCIA, ONArOMPHUITCTBYIONINX COOBITUIO A HCXOJIIOB
OmbITa K OOIIEMy YHUCIYy IMOMApHO HECOBMECTHBIX HMCXOJIOB OMBITA, OOPA3yIONIMX IOJHYIO TPYIITY

COOBITHIA.
Py =", (1)
n

®opmymna (1) siBAsIETCS KIaccuyeckol ¢opmynou ONpeneIeHrs BEPOITHOCTH COOBITHS.
O4eBHIIHO, YTO BEPOSAMHOCMbL OO0CMOBEPHO20 COObIMUs PpaBHA CIUHULE, a BepPOAMHOCHb
He8O03MOJICHO20_— PaBHA HYIIO. TakuM 00pazoMm, 3HAYEHHE BEPOSTHOCTH JHOOOTO COOBITUS — €CTh
MI0JIO’KUTENBHOE YHUCIIO, 3aKJIFOUEHHOE MEX1Y HYJIEM U €UHULIEH.
0 <P(A4) <1. )

[ToHsiTHE BEPOSITHOCTU MO3BOJISET aTh HOBBIE ONPEACICHUS JUIsl PAa3HBIX BUAOB COOBITHI. A
UMEHHO, COObITHE B Ha3bIBACTCS He3a8UCUMbBIM OT COOBITHSI A, €Clii BEPOSITHOCTh COOBITHS B He
3aBHCUT OT TOTO, MPOU30ILIO0 cOObITHE A UK He mpousonuio. CoObiTHe B Ha3pIBaeTCs 3aBUCHMBIM OT
COOBITHSI A, €CIIU BEPOATHOCTh COOBITUS B 3aBUCUT OT TOT'0, IPOHU30LLIO WM HE MPOU30ILIO COObITHE
A.

Teopemvt ymHodCceHUA U CTI0MHCEHUA 8EPOAMHOCHENL
CoObiTust A ¥ B HA3BIBAKOTCS pasHbIMU, €CITH OCYIIECTBICHUE COOBITHS A BIEUET 32 COOOM
ocyl1uecTBieHHe coObITus B 1 Ha000poT.
Cymmotui nByX coObITHH A 1 B Ha3bIBatOT cOObITHE C=A+B, coCTOSIIee B TIOSBICHUU COOBITUS A, UITN
coObITUA B, uinu o6oux 3Tux coobituil. [lo-gpyromy, mnosiBieHue XoTst Obl OJHOTO COOBITHS.
Teopema 1 (cnoswcenus geposmuocmeti). BeposTHOCT, CyMMBI IByX HECOBMECTHBIX COOBITHI paBHA
CYMMe€ BEPOSITHOCTEH STUX COOBITHIA.
P(A+ B) =P(A)+ P(B)

Creocmeue 1: Eciu cobbitust A, , A, ..., A, 00pa3yioT MOIHYO TPYIITy HECOBMECTHBIX COOBITHIA, TO

CyMMa ux BepOHTHOCTCﬁ paBHa CAUHULIC:
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S P(4) =1,

Teopema 2. BeposTHOCTD MOSIBIICHHS XOTsI OBl OJTHOTO M3 JIBYX COBMECTHBIX COOBITHH paBHA CyMMeE
BEPOSATHOCTEH ATUX COOBITHUI 0€3 BEPOSATHOCTH UX COBMECTHOTO MOSIBIICHHS:
P(A+B) =P(A)+ P(B)- P(AB).
Teopema 3. (Ymnoorcenus eepoamuocmeti). BeposTHOCTb NPOU3BENCHUS ABYX COOBITHI (COBMECTHOTO
MOSIBJICHHSI 3THX COOBITHIA) paBHA MPOU3BEICHUIO BEPOSATHOCTH OJHOTO U3 HUX Ha YCIIOBHYIO
BEPOSATHOCTH JPYTOr0, BEIUUCIICHHYIO IIPH YCIOBUH, YTO TIEPBOE COOBITHE YK€ HACTYIIHIIO.
P(AB) =P(A)P(B/ A) =P(A)P,(B).
Takske MOXKHO 3aIIHUCaTh:
P(AB) =P(A)P(B/ A) =P(B)P(A/B) =P(B)P,(A).

Eciu coObitus HezaBucumele, To £(B8/ A) =P(B)  u reopeMa yMHOKEHHUS BEPOATHOCTEH IIPUHAMAET
BHJI:

P(AB) =P(A)P(B)
Ecnu B pe3ysbTare UCIIBITAHUS MOXKET HOSBUTHCS 1 COOBITHH, HE3aBUCHUMBIX B COBOKYITHOCTH, TO
8EPOSIMHOCMb NOSIBAEHUSA XOMsL Obl 00HO20 U3 HUX paBHA

P(A)=1-q4q,..q,.

3nech cobbITHE A 0003HAYAET HACTYIIEHHE XOTA OBl OMHOIO U3 coOBITUI I, ¢ BEpoATHOCTAMU

HACTYIUIEHUS P;,a ¢, =|- P, — BEPOATHOCTB IPOTHBOIOIOKHBIX COOBITHH A, , A, ..., A, .

Tema 12. [lepBooOpa3Has U HHTErpas

Tema 12.1. [lepBooOpa3Hasi U MHTErpaJl.

llepsoobpasnas. Ilpasuna naxoocoenus nepgooodpasnvix. Tabnuya unmezpanos
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Vmemb: HaXOIWUTH HEOTPEICICHHBIC HHTETPAIBI PA3TMYHBIMU METOIaMHU

3name: onpeieNcHIE MEPBOOOPA3HON; TIPABIIIA HAXOXKICHUS TIEPBOOOPA3HBIX, OMIPEICIICHHIE
HEOIPE/ICIEHHOTO MHTErpalia M ero CBOWCTBA, TAOJIHITy HHTETPAJIOB, METOIBI HAXOXKICHUS
MHTETPAJIOB.

®dynxius £ (X) maseBaercs nepsoobpasnoii gynxyueii pynkuuu S (x) mHa otpeske [a,b],
eClu B JII000H TOYKE 3TOr0 OTPE3Ka BEPHO PABEHCTBO:

Fi(x)=/(x).

Hamo otMeTuTh, 94TO MepBOOOPA3HBIX 711 OAHOM M TOM ke (DYHKIIMH MOKET OBITh OECKOHEUHO

MHOro. OnHM OyQyT omiMyatbecs Jpyr OT Jpyra Ha HEKOTOpOe TIIOCTOSHHOE YHCIOo, T.€.
£ (x) =1 (x) +C.

Heonpeoenennvim unmeepanom pynakmun J (X) HaspIBaeTcs COBOKYIHOCTH IEPBOOOPA3HBIX
(yHKIIUI, KOTOPBIE OIPEIEIEHbl COOTHOLIEHUEM:
F(x)+ C.
BamuceiBator: [/ (X)dx =F(x) + Ciznecs [ — 3Hak wmmterpama, Jf(X) — nopblHTerpanbHas
ynkuus, J (X) dx — mOABIHTErPaTLHOE BBHIPAKEHHE.

Briuucnenue 3aJIaHHOU

unmezpupoeaHuem.

HCOMPECACIICHHOT'O HHTCIrpaia oT (bYHKI_II/II/I Ha3bIBACTCA

Cesoiicmea HeonpeodeneHHbIX UHMEZPanoe

1. [Ipou3BoHAs OT HEOTIPEACICHHOTO HHTETPaJIa paBHA MOABIHTETPAILHON (DYHKITHH.
(freoa) = +0) =10
2. IuddepeHunan OT HEOMPeAEICHHOIO HHTerpajla paBeH MOABIHTErPAIbHOMY BBIPAKEHUIO.
d\ [f(x)dx) = £ (x)dx;

3. Heonpenenennsiit uaTerpai ot quddepeHnnana HeKoTopoi GyHKIIMHU paBeH 3TON (QYHKINH C
TOYHOCTBIO J10 IIOCTOSIHHOT'O CJIaraéMoro.

J"dF(x) =F(x)+C;

4. lHaTerpan oT CyMMbl WM Pa3sHOCTH ABYX U Oosiee (yHKIMH paBeH CyMMeE UM Pa3HOCTH MHTETPajioB
OT 3TuX (pyHKUUN

J‘(u +v- w)dx = J'udx + J'vdx - fwa’x;
5. IloCTOSHHBIM MHOKUTEIbL MOKHO BEIHOCHUTH 3a 3HAK HHTCIrpaJia

JC - fx)dx =C - [f(x)dx;

Ne WNurerpan 3HaueHue Ne WNurerpan 3HaueHue
1 fdx C 1 J. dx arcsinx + C =
1- x2 =- arccosx + C
2 Jx"dx " +C,n#-1 12 J”L L9 c
n+l ’ x’-a’ 2a |x+a
3 ch In|x| + C 13 f% ln‘x + \.fm‘ +C
x X~ *a
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X dx
a . X
4 a”dx —+C 14 arcsin— + C
J Ina J a’- x° a
< R dx 1 X4
5 Jetdx e +C 15 ‘ria2+x2 —arcig —
. 1 x
6 sin xdx —cosx+C 16 - dx Injtg =+ C
J‘ * f51nx g 2
7 fcosxdx sinx+C 17 J" 1 dx Inftg L sc
. cos x
8 J‘% dx tgx +C 18 ftgxdx - In|cos x|+ C
Cos”™ x
9 %dx -cigx+C 19 fctgxdx In[sin x| + C
sin” x
dx arctgx + C = dx 1 x
S —1 +C
10 J‘]+x2 =- arcctgx + C 20 'rx(a— x) a na— X

Tabnuma uHTErpaIoB

MeToabl HAX0KIEHUS HHTErpajioB

Cnocod noacTaHOBKH (3aMeHbI NlepeMeHHbIX).

Ecin tpeGyercss Haiitu uuterpan [/ (X)dx,| HO CIOXKHO OTBICKATH NEPBOOOPA3HYIO, TO
MHOTJIA C TOMOLIBIO 3aMeHbl X =¢X(7) n dx =@ (1)dt MOXKHO IOIYyYHTE:

[ 0dx = [ (@) (Hdt

HuTerpupoBaHue mo 4acTsiM.
BcenomuuMm dopmyity npon3BOAHON PON3BEACHHS:
(uv) =uv+uv’
r7e u ¥ v — HeKoTopble QyHKIMHK OT x. B nuddepennuansHoit popme:
d(uv) =vdu + udv
[Ipounrerpuposas, nony4yaem: [d(uv) = [vdu + fudv, a B COOTBETCTBHY ¢ IPHBEICHHBIMUA
BBIIIIE CBOMCTBAMHU HEOTPEACTICHHOTO HHTETpaa;

uv = J'vdu + fudv WA J'udv =uv - J'vdu ;

[onyunnu Gopmyily MHTETpUPOBAHUS IO YACTSAM, KOTOpas MO3BOJISET HAXOJIUTh MHTErpPajbl
MHOTHUX 3JIEMEHTAPHBIX (YHKITHIA.

[Ipu wucnosp3oBaHMKM METOAA IO YacTsIM 3a u Oepercs Takas (yHKIOHsS, KOTOpas MpH
T epeHIIMPOBaHUHN YIPOILAETCA, a 32 dv — Ta 4acTh MOJBIHTETPAIbHOTO BBIPAXKEHUS, HHTETpall OT
KOTOPOM M3BECTEH MJIM MOXKET OBbITh Hali/IEH.

Bonpiiyto 4yacTe HHTETpalioB, BEIYUCISIEMBIX [0 YACTSIM, MOXKHO Pa30UTh HA TPU TPYIIIHL:
1. Wnrerpamsl Buia J'P(x)arctgxdx , J'P(x)arcctgxdx , J'P(x) In xdx J'P(x) arcsin xdx

fP (x)arccosxdx | rae P(x) — MHOTOWICH. J{yisl MX BBIYKMCIICHHS CICIYET 3a U MPUHUMATh OJHY U3
BbIIIEyKa3aHHbIX QyHKIUH, a dv = P(x)dx.
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2. Unterpansl Bupa [P(x)e“dx, [P(x)sinaxdx, [P(x)cosaxdx, rae P(x)— MHOTOYIEH, a a —
HEKOTOpOoe Yncio. Jmst uX BeIUMCICHHS CleqyeT npusth u =P(x), a dv = e“dx, dv = sinaxdx, dv =
cosaxdx.

Kax BuanHo, mociemoBarenbHOe NpUMEHEHHE (OPMYJIbl WHTETPUPOBAHUSL IO YACTSAM TO3BOJISIET
MOCTETIEHHO YIPOCTUTh (PYHKIIMIO U IPUBECTH UHTETPaN K TAOIUYHOMY.

ax

3. Unrerpansl Buga [e™ cosbxdx, f[e™ sinbxdx,rne a u b — HEKOTOpbIEe YHMCIA. DTU HHTETPAIIBI

BBIYUCIIAIOTCA IBYKPATHBIM MHTCIPHUPOBAHUEM 110 YaCTIM.

KoumponvHuvie onpocwl
1. [TepBooOpaznas.
2. IlpaBuiia HaXOXJIEHUSI IEPBOOOPA3HBIX.
3. Onpenenenue HeONpeAeIEHHOTO HHTErpaa.
4. CBoiCcTBa HEONPEIEIEHHOTO HHTErpaa.
5. MeTo1bl MHTETPUPOBAHUS.

Tema 12.2. OnpenesieHHbIH HHTETPAJI  €r0 NPUMEHEHHe

Buviuucnenue onpedenennvix unmeepanoe ¢ nomowwto popmynvt Heromona-Jleiionuya.
Haxooicoenue nnowaoeti ghuyp.

Ymems: BBMUCHATH  ONpENENCHHBIE HHTErpajibl ¢ MoMolibio ¢opmynsl Herotona-JleliOnuna,
BBIUUCIIATh IIJIOLIAb KPUBOJIMHEHHON Tpanenuu, Guryp, orpaHuueHHbIX 33 JaHHBIMU JTMHUAMHU.

3namp: anTOPUTM BBIYMCICHUS OIPENEICHHBIX HHTErPAJIOB C IMOMOIIbI0 (opmynsl HproToHa-
JleliOHM1, METO/bl BBIYUCICHHS OIPENEIECHHBIX HHTETPajoB AJITOPUTM BBIYMCIECHUS IUIOLIAEH

duryp.

[Mycts pynxuusa f (X) onpenenena na orpeske [@,H]. Pazoosem otpesok [@,H] nan
MPOU3BOJIBHBIX YACTEW TOUKAMU d =X, <X <X, <...<Xx;; <x; <...<X, =b. Ha xaxxaom

U3 YACTHYHBIX OTPE3KOB BBHIOEPEM MPOU3BOJIBLHO MO OJHOM Touke: ¢ €a, x| ], ¢, €[x),x,],

s Cn = [in— 1 ’b] .
A Y
fle - T
y=f(x) / \
S 7%
f(cl) _ Z
a A NN xl 'xil—l ”///' b {
C, X, C, C, ”
Puc. 1
BeeneMm o6o3HaueHus: Ax, =x, - a, Ax, =x, - x|, ..., Ax, =b- x,_,.

n
CocraBuM cymmy: O =D, f ’(Cl)Ax[, KOTOpasi Ha3bIBACTCS UHMESPANbHOU CYMMOU (HYHKIUU
i=

J(x) na orpeske [a,b].
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T'eomempuueckuii cmoicn o: Kaxnoe ciaraeMoe MHTErPajJbHOW CyMMBI NPEACTaBIsAET cOOO0M
IWIOMIaAb NPSAMOYIOJbHHKA C OCHOBaHMEM AX; W BbicOTOM f(C;), MOKPHITOrO MITPUXOBKOW Ha
PHUCYHKE.

O6o3Hauum vepe3 A = max(Ax;), i = 1, 2, -+, n — IIUHY HAKOOJBIIETO YaCTUYHOTO OTPE3Ka.
Bennuunny A mHOTIa HA3BIBAIOT napamempom pazouenus.

PaccmoTpum miporiecc, Mpu KOTOPOM YHCJIO TOYEK pa3OMEHHs HEOTPaHUYEHHO BO3pacTacT
TakuM 00pa3oM, 4TO BETUYHHA A CTPEMUTCS K HYJIIO.

Ecnu cymecTByet npejien UHTErpabHOM CyMMBI 1 :EB})U , TO OH Ha3bIBACTCS ONpeOesieHHbIM
unmezpanom ot dyaxumn f(x) na orpeske [@.b] n oGosnagaercs

1 Z[iff(x)dx

B srom ciyuae (ynxuus ./ (X) HaseiBaercs unmezpupyemoti na ompeske |a.b]. Uucno a
HA3BIBAETCS HUICHUM NPeOeioM UHMEeZPUPOaHLs, a YUCIO b — 6epXHUM npedenom UHMe2puposaHus.

Eciu Takoii mpeen CyIecTBYeT, TO OH He 3aBUCHT OT MepBOHAYAILHOTO Pa3OMeHHs OTpe3Ka
[a@.b] u BIGOpa Touek c,. U3 onpeneneHus onpeeeHHOr0 UHTErpana ciepyeT, 4To ero BeIHYHHa
3aBUCHUT TOJBKO OT BHAa GyHkiuu Jf (X) u or umcen a u b. CnenoBatensHo, ecau 3amansl J (X) u
npejiesbl MHTErPUPOBAHUS, TO MHTErpall ONpeieseTcs OJHO3HAYHO U MPECTABIAET COO0M HEKOTOPOe
YUCIIO.

Ay

Puc. 2

Feomempuuecxuﬁ CMbBICI onpedeﬂeuuoeo unmezpaia: Econ f(x) >0 Ha OTpPE3KE [a:b], TO
b

ornpezeNeHHbIA HHTEerpall jf (x)dx reOMETPUUYECKHU MPEJICTaBISIET COO0H TUIOMIa b KPUBOJIMHEIHHON
a

Tpanenuu — GUryphl, OrpaHUdeHHOM muausamu v =/ (X), X =a, x =b, y =0,

YTa b
b X
Eciu /(x) <0 ma otpeske [@.b], 10 S =- ff(x)dx.
! y=f(x)
Puc. 3
Ceoiicmea onpedesiennozo unmezpana
b a
1. ff(x)dx =- jf(x)dx;
a b
2. [/ (x)dx =0

a
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3. Ecm ¢ €[a,b], 10 [}f(x)dx Zif(x)dx +/}f(x)dx;

a a c

b

4. f{f(x) + g(x)}dx Z?f(x)dx + [jg(x)dx;

Q

b b
5. jkf(x)dx =kjf(x)dx , TJI€ k — IPOM3BOJILHOE YUCIIO.
®opmy.a Herorona-JleiioHnna

Ecmun ¢ynxmus ./ (X) menpepeisHa Ha otpeske [a@.b] um Qynkuma £(x) sgsnsercsa ee
TIEpBOOOPA3HOI Ha STOM OTPE3KE, TO UMEET MecTo hopmyna Hotomona-Jletibnuya

1 e =FP =F(b)- Fla)

a b

TO €CTh OINPEAEICHHBIN UHTErpall paBeH Pa3HOCTH 3HAYEHUI MEepBOOOPA3HON MPU BEPXHEM M HHKHEM
Ipeienax NHTErPUpOBaHUS

3amMeHa nepeMeHHbIX B ONpeIeIeHHOM HHTerpase
b

Ilycrs 3agan unterpan [/ (x)dx, rue /' (¥) — HenpepbiBHas pyHKLys Ha oTpeske [, D].

BBejieM HOBYIO IEPEMEHHYIO B COOTBETCTBHH ¢ popmynoit ¥ =¢X(?) . Torma eciu:
1) ¢(@) =a, () =b;
2) @(¢) u @'(¢) HenpepsIBHBI Ha oTpeske [, F];
3) /(@(1)) onpenenena na otpeske [, A1,

TO
b Y4
[F(x)dx = [flepO)]g (H)dt

Ota dopMmyIa Ha3bIBACTCS YOPMYNIOU 3aMeHbl NepEeMEHHOU 8 ONpedesleHHOM unmezpaie.

3ameuanue. Ecnu TIpU BBIYMCIEHUM HEONPEJEICHHOTO MHTErpaja C IOMOIIbIO 3aMEHbI
MEPEMEHHOI clieyeT OT HOBOM IMEpPEeMEHHOH ¢ BO3BpallaThCcsl K CTApod IMEPEeMEHHON X, TO MpH

BBIUNCIICHUU OIIPEIETIEHHOTO UHTETpaja 3TOTO ZIeN1aTh HEHYKHO, T.K.
¥ Vi
[fleOlg (Hde =Fle0)]] =FLlg(M]- Flg(a)] =F(b)- F(a)

21

HNHTerpupoBanue mo 4acrsim.

Ecin gpynkmun # =u(x) g v =v(X) menpepblBHbI Ha oTpe3ke [, ], a Takike HepePHIBHBI
Ha TOM OTPE3KE UX TIPOM3BO/IHBIE, TO CIIPABEINBa (POpPMyJIa:
b b

b
fudv Zuv‘ - J"vdu.
a a

a
KOTOpasi Ha3bIBACTCS YOPMYIOU UHMESPUPOBAHUS NO YACMAM 8 ONPeOdesieHHOM UHmezpaie.

Taxxe IIpH BBIYUCJIICHUH OIIPCACIICHHOI'O MHTEI'paia UCIIOJIb3YIOTCA CICAYIOIINC IIpaBUJIa:
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Ecin /(X)) —nevernas, o [/(x)dx =0, ecnu nevernas, [/ (x)dx =2 [f(x)dx
-a 0

-d

I'eomeTpryecKkue NpUI0KeHHUs ONIPeAeIEHHOT0 HHTerpaJa.
Inowaos nnockoit gpuzypel.

1) [l1omanas KpUMBOJMHENHOM Tpanenuu, orpaHM4eHHoN kpuBoit ¥ =/ (X), npameimu X =d wu
b
x =b n orpesxom [@, D], Beraucnsercs no popmyne S = [f (x)dx

a

Ecnu rpaduk pacrnonoxer Huxe ocu Ox, T.e. J (X) < 0, To momanp uMeeT 3HaK “—, eciau rpadux
b b b
pacnonoxeH Boie ock Ox, T.e. ./ (X) >0, To mIomans uMeeT 3HaK “+.

YA

0l g — b x>

Takum oOpa3om, I HAXOXKICHUS CyMMapPHOU IJIOMIA/IM UCTIONIb3YyeTCs opMyIia
b
S =] [ (x)dx].
a

2) [lnomans (Gurypsl, orpaHM4eHHON KpuBbIMH Vi =/f1(xX) u ¥, =/,(x) ( Ji(x) =< fZ(X)) u
npssMbiMu X =d u X =b , HaxoaAUTCS 10 PopMyIie

b
S = [ fo(x)- f(x)]dx

3) Ecnu kpuBas 3ajaHa IapaMeTpH4ecKuMHU ypaBHeHMsamMu X =x(7) u ¥ =»(7), 1o miomanm

KPHUBOJIMHEWHOMN Tpamelyy, OrpaHu4YeHHON 3TOW KpUBOHW, MpsiMbiMH X —d W X =b u OTpe3KOM
1

[a.b], Bhpaxaercs dopmynoit S = [V(1)x(1)dt, rne i w t, onpenensiorcs w3 ypasHeHmil
[I

a=x(t;) ub=x(,).

KoumponvHuvle 6onpocwl

1. Onpenenenue onpeaeaeHHOr0 HHTETpaa.

2. CBoiicTBa ONpeeIEHHOT0 UHTErpaa.

5. Beruncnenue onpeeneHHbIX HHTErpalioB ¢ momoisio Gopmyssl Herorona-Jleitbnuma.

4. MeTtonbl HaXOXKICHUS OTPEICIIEHHBIX HHTETPAJIOB.

5.0npeneneHue KpUBOJIMHEHHON TpaIey.

6. AIITOpUTM HAaXOXICHUS TUIOMIAIU (GUTYpBI, OTPAaHUUYEHHOHN 33/1aHHBIMU JINHUSIMH.
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Tema 13 .U3mepenusi B reoMeTpHu.

Tema 13.1. O6beMm u ero usmepenne. Unrerpanbuas gpopmyJia oobema.

Ilonusmue obwvema u ezo ceovicmea. Unmeepanvruas goopmyna oovema. Popmynvl 0ovema
KyOa, npsamoy20ibH020 napaiieienunedd, NPusmbl, YUiuHOpPA.
Dopmynvl 06vema nupamuosl u Konyca. Popmynvl niowWaou nosepxXHocmel YUIUHOPA U KOHycd.
Dopmynvl ob6vema wapa u niowaou cgepul.

Ymems: BIYUCIATE 00BEM MHOTOIPAHHUKOB U 00BEM ILIAapa; BEIUYMCIIATH IUIOLIA/(b TOBEPXHOCTEH
IWJIUHAPA U KOHYCa U ChEpHI.
3namy: oHsTHE 00BEMA U €T0 CBOWMCTBA, MHTETpabHAA (hopMyia oobema, (opMyssl o0beMa Kyoa,
IPSMOYTOJIBHOTO MapajuIeNenuieia, IPU3MbI, IHIHHIPA, GOPMYIIBl 00beMa MUpaMuIbl M KOHYCa,
(dbopMyIIBI IIIOLIAIM TOBEPXHOCTEH HMIIMHAPA U KOHYca, popMyIibl 00beMa 11apa U IUIOIAAN Chepsl.

Tena paBHoBenukue. IIpocTpaHcTBO, 3aHMMaeMoe KaKMM-HHOYIb TEJIOM, WM BMECTUMOCTh
ATOro Tejla Ha3. ero o0beMoM. MoryT ObITh Takue Tejla, KOTOpble UMEIOT OJUHAKOBBIA 00BbEM, HO
pa3IMYHBIA BUJ, TAK YTO XOTSA OHU U 3aHUMAIOT OJJMHAKOBOE IIPOCTPAHCTBO, HO HEJIb3sl BIOKUTH OJJHO
TEJO B Ipyroe Tak, YToObl OHM COBMECTHIINCh. Bo3bMeM Harip. J1Be MpsiMble TpeyrojibHble Ipu3mMbl AB
u EF (puc.l.), KOTOpBIX OCHOBAaHUS U BBICOTHI PAaBHbI;

NZRN P

A E

Puc.1

Puc.2.

MBI MO>KEM TNPHCTAaBUTH ATU MPHU3MBI OJIHY K JPYTO# Tak, uTo oOpa3yercs onHa nmpusma MN (puc.2.),
KOTOpOIl OCHOBAaHHE TO K€ CaMoO€, a BBICOTA BJBOE OOJbILIE; MOXKEM TAaKKE COCTaBUTh M3 HHUX
napayutenenunen KL; o6vem mapamnenenunena. Oyaer, o4eBHIHO, paBeH o0beMy mpu3mbl MN, Tak
Kak 00a 3TH Teja COCTOAT M3 OJHUX M TeX K€ NPU3M; HO MapajuleienuIiesl, KOHEYHO, HE MOXKET
COBMECTUThCS ¢ Mpu3Moi. Tena, uMerolue paBHbI 00beM, Ha3. PAaBHOBEIUKUMU.

Eounuya ona usmepenus 06vemos.

W3meputh 00beM Kakoro-HMOyab — Tena,  3HAUYUT  HAWTH, CKOJBKO pa3 B HEM MOXKET
IIOMECTUTBCSA  Jpyroe Teno, OOBEM  KOTOPOro NMPUHUMAETCS 3a €OUHMIy. Takoi enuHULEH
CIly’)KUT  KyO, KOTOpPOTO Ka)KJoe pedpo = JMHEHHON eAWHUIle, Hamp., CaXEHHU, apUIMHy U T. MOJI.
Takum  oOpa3oMm, ompenenuTb 00bEM  WJIM BMECTUMOCTh KOMHATBl 3HAUUT Y3HATh, CKOJIBKO
IIOMECTUTCS B Hel KyOuueckux cax., KyO. apml u T. moA. Jlig storo Hago Obl MOCTaBUTH B
KOMHATe OJHY Ky0. Ca)X. WJIM OJMH KyO. apul. psiioM C 3TOW €AMHUIEH NMOCTaBUTh APYToW Takou
KyO, IOTOM TpeTHif U T. 1., TIOKa BCA KOMHaTa He HamomHuTcs. Ho Takoe n3Mepenue Oyner u
HEYJ00HO, ¥ BeCbMa MPOJODKUTENIBHO; MBI TIOKQ)XKEM celdac, KakuM o00pa3oM MOXHO H3MEpSTh
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00bEeMBI TeJI, HE TTOMeIIas B HUX Ky0. Mep.

Ceoticmeo 00vemos:

1. PaBHBIC TeNla IMEIOT PaBHBIC OOBEMBI.

2. Ecnu Teno cocTaBieHO U3 HECKOJIBKHUX TEJ, TO €ro 00beM paBeH CyMMe 00bEMOB 3TUX TeTl.

Obvem npamoy2on1bH020 napanieienuneod.

Htak, yTo6 onpenenutb 00bEM MPSIMOYTOJIBHOIO Mapauleienunea, HaJo U3MEPUTh OJTHOM U
TOW ke JIMHEHHOM eauHuIel Tpu pedpa ero, BBIXOJANINE U3 00LIel BEpILIMHbI, U MOJyYeHHbIE YHcia
[IEPEMHOKHUTh;, IPOU3BEICHHUE ITOKAXKET, CKOJIBKO COACPKUTCA B Map-A€ COOTBETCTBYIOLIUX
KyOH4ecKHX eIuHMI. B npsiMoyroisHOM mapasuienenumnesne Tpu pedpa, uaylue U3 0JHOW BEpIIMHBI,
Ha3bIBAETCS U3MEPEHHUSMHU 3TOTO MapajuleNIeNUIe1a; MOITOMY MPEABIIYIIEe IPAaBUIO 00 ONpeIeIICHUH
0o0beMa KOpoue BBIPAXKAIOT Tak: 00bEM HPSIMOYTOJIBHOTO Mapajuiesienuneia MPOU3BeICHUIO TPEX €ro
U3MEPEHUM.

MoXHO cka3aTh TakXke, 4TO OO0BEM MPSMOYTOJbHOIO MapajjieNienuneaa MPOU3BEICHUIO
IUIOLIAI €T0 OCHOBAHUS HA BBICOTY.

E

. 7

e 1]
__‘;?77;‘,.:;'_'__;;3."5/ D

A B

Cneocmeue 1. O6beM NMPSAMOYTOIBHOTO MapaljiesieNuIe1a paBeH MPOU3BEICHHUIO IO OCHOBAHUS
Ha BBICOTY.

V=Sh,
rze S — iomaab OCHOBaHUs, /1 — BBICOTA MapaJuIesenuIeaa.
Cneocmeue 2.00beM mpsMoit MPU3MBI, OCHOBaHHEM KOTOpPOM SBISETCS MPSAMOYTOJIbHBIN
TPEYTOJIbHUK, paBEH NMPOU3BEICHUIO TUIOIIAN OCHOBAHHSI HA BBICOTY.
V=S8 5c h

Obvem nupamuoswi.

Beskas mupamua  coctaBisiet 1/3 mpu3MbI TOTO e OCHOBAHHSI M TOH K€ BBICOTHI. UTOOBI IPOBEPHUTH
9TO, BO3BMEM SIMUK A, MMEIONMHA  BHI  Hpu3Mbl (puc.3.), U mupamuay B, BHyTpH mycTyro;
OCHOBaHHE e€ TaKoe ke, KaK y MPU3MBI, M BBICOTA TaKas Ke; HACHIIUIEM B HEE TIECKY WM HaIbeM
BOJIBI (IUIsI ATOTO, pa3yMeeTcs, €¢ HaJo OOCpPHYTh BEpPIIMHOW BHHM3) TakK, YTOOBI HAIOJHHUTH €€
MOTOM BBUIBEM OTY BOJY B MPHU3MY; 3aT€M  OIATh HAIOJHUM MHUPAMUIY W OMSTh  BBUTBEM; MBI
YBUJIUM, YTO HAJ0 TPU pa3a MepeiuTh BOJY U3 MUPaMUAbl B TPU3MY - U TOTJIa TOJIBKO MpHU3Ma
HanonmHUTCS. [ToaToMy 0b6vem nupamudvi=1/3 npoussedenus niowadu e€ 0CHOBAHUS HA BbLCOMY.

V :lS h
3

Obvem yceuennou nupamuosvl, BHICOTA KOTOPOW paBHA /i, a TUIOMAAM OCHOBAHHMM paBHBI S U
S, , BeruncinseTcs 1o hopmyie

v :%h(S +5,+S5))
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Puc.3.
Obvem yununopa.

[{unuHap MOXKHO CUUTATh 3a MPHU3MY, Y KOTOPOW B OCHOBaHMHM HE MHOTOYTOJIBHHK, a KpPYT;
CJIEJIOBATENIbHO, O0BEM LWIMHIPA OMPEILSIISICTCS TOYHO TaK e, KaKk U 00BEM MPHU3MEI; T.e. 00beM =
MIPOU3BENICHUIO IJIOLIA OCHOBAHHUS HA BBICOTY.

V=S -h
Obvem xomuyca.

Konyc MOXHO  cuuTaTh 3a MPAaBWIBHYIO MUPaMUAY, Y KOTOPOH B OCHOBaHHWH KpPYyT, a HE
MHOTOYTOJIBHUK; ITO3TOMY 00bEM KOHYCa ONpeAeNseTcs TakK ke, Kak 1 00beM MUPAMUIBL; T.€. 00beM =
OJTHOM TPEeTH NMPOU3BEACHHUS IIJIONIAJH OCHOBAHHUS HA BBICOTY.

v =Ls .

3

Obvem yceueHH020 KOHYca, BEICOTA KOTOPOU paBHA /1, a TUIONIAIM OCHOBAaHUM paBHBL S U S,

BBIUUCIISETCS 110 hopMyIie

V:%m5+&+¢ssg,

Obvem wapa.

[ToBepxHOCTh IIapa MOYKHO CYUTATh COCTOSALIEH M3 4Ype3BbIYaiHO OOJIBILIOTO0 KOJUYECTBA
BeChbMa MaJbIX IUIOCKUX (UTyp, HAIp. TPEYTrOJbHUKOB; €CIM MBICICHHO COEIMHHM BEPILIUHBI 3TUX
TPEYTrOJIBHUKOB C IEHTPOM Iapa, TO IIOJIyYMM MHOXECTBO IHpaMHUi, KOTOpPHIE BCE BMECTE M
COCTaBJIAIOT O0BEM ILApa; BCE ITH IMHpPaM. UMEIOT OJIHY BBICOTY, UMEHHO pajlyc Ilapa, a OCHOBaHUS
UX COCTaBISIOT MOBEPXHOCTh miapa. Ho 9ToObl HailTh 00BeM NHpaMHIBI, TODKHO IUIOMAAb €€
OCHOBaHMS YMHOXXUTh Ha 1/3 BBICOTHI; CII€JJOBATENIbHO, MBI HailieM CyMMy OOBEMOB BceX MUPaMUI,
WK 00bEM 11apa, eCIM YMHOKHUM CYMMY BCEX OCHOBAaHUI WM MMOBEPXHOCTH 11apa, HA TPETh pajauyca.
Htak, 00beM 11apa = MOBEPXHOCTH 1L1apa, yMHO)KEHHON Ha TPETh pajuyca.

=2
3

Konmponvnvie sonpocwi

1. [TonaTHe oObeMa 1 €ro CBOMCTRA.

2. UnrerpanbHas ¢popmyia oobeMa.

3. @opmynsl 06beMa Kyba, IpSIMOYTOJIBHOTO Mapaieienurea, MpU3Mbl, HUIHHIIpA.
4. ®opMyIibl 00beMa MTUPAMHUJIBI U KOHYCA.

5. ®opMyIbl TUIOMIAIM TOBEPXHOCTEH IUIUHAPA U KOHYyCA.

6. ®opmynel 00beMa TIapa u miomaau chepsl.

IMoxo0Oue Tes1 (IOMOJHUTENbHBIN MATEPHUAJT)
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ea mena nooooOHs1, €CTN OJTHO U3 HUX MOKET OBITh MOIYYEHO U3 APYTrOoro MyTéM yBEITUUEHUS
(WM yMEHBIIIEHUS ) BCEX €r0 JIMHEHHBIX pa3MEepOB B OJJHOM U TOM K€ OTHOIICHUU. ABTOMOOWIIb M €T0
Mofellb — MoAoOHbIe Tena. J[Ba Tenma (durypbl) 3epKaabHO TOJOOHBI, €CIU OJHO W3 HUX TOJ00HO
3epKaJIbHOMY OTpa)KeHHIO pyroro. Hampumep, kaptuHa u €€ (poToHETaTHB 3epKabHO MOJTOOHBI IPyT
Apyry.

B momoOHBIX W 3epKaJbHO TOJOOHBIX (UTYypax BCE COOTBETCTBEHHBIC YTl (JIMHEHHBIC U
JIByTpaHHbIC) PABHBI.

B 1momo0HBIX Temax MHOTOTpPaHHBIC W TEIIECHBIC YTIIbI PABHBI, B 3€PKAIILHO TOJOOHBIX TEJIax
OHHM 3epKaJIbHO PaBHBI.

Echu  0sa mempasopa (06e mpeyeonvHble  nupamuodvl) HUMEIOT  COOTBETCTBEHHO
MIPOMOPIMOHATIEHBIE pE&0pa (MJIM COOTBETCTBEHHO MOJI0OHBIE TPAaHU), TO OHHU MOJO00HBI MIIH 3epKabHO
nonoOHbl. Hampumep, ecnu rpaHu mepBOW MUpaMHABI BJIBOE OOJBINE, YeM Yy BTOPOH, TO BBICOTHI,
ano(emMbl, paguyc OMUCAaHHOTO Kpyra MepBOM MUpaMUIbl TaKKe BABOE OOIBIIE, YeM y BTOpOil. DTa
TeopeMa He UMEET MecTa JJIsi MHOTOTPAHHUKOB ¢ OOJBIINM YHCIOM TpaHel. [Ipeamnonoxum, 910 Mbl
COeMHIIIN Bce pEOpa KyOa B €ro BepUIMHAX MOCPEICTBOM IIAPHUPOB; TOTJIA MBI MOXKEM H3MEHHUTD
dbopMy 3T0i1 PUTyphI, HE pacTATHBas €€ CTePKHHU, U MOTYIUTh U3 HAYAIBHOTO Ky0a MmapayuiesIemume]I.

llée npasunvbHvle npuszmMbl ULU RUPAMUOLI C OJIWHAKOBBIM YHCJIOM TpaHeill MOJOOHBI, €ciH
paanychl WX OCHOBAHMI IMPOIMOPIHMOHAIBLHBI MX BhICOTaM. JIBa KPYIUIBIX HWIMHIpPA WU KOHYyCa
MOJI00HBI, €CTIU PAJNyChl UX OCHOBaHHH MPOMOPIIMOHAIBHBI KX BBICOTaM.

Ecnu 06a u b6onee men noodob6Hul, TO TJIOUIATU BCEX COOTBETCTBYIOUIMX IIOCKUX M KPHBBIX
MOBEPXHOCTEH 3TUX TeN MPONOPIIHOHATIBHBI KBaJIpaTaM JHOOBIX COOTBETCTBYIOLINX OTPE3KOB.

Eciu osa u 6Oonee men nooobuvl, TO UX OOBEMBI, a TakKe OOBEMBI JIFOOBIX HX
COOTBETCTBYIOIIUX YACTEH, MPOMOPLHUOHAIBEHBI Ky0aM JIF00ObIX COOTBETCTBYIOIINX OTPE3KOB.
I[Ipuwmep. Yamxka guamerpom 8 cm u BeicoTor 10 cm Bmemaer 0.5 nutpa Bojawl. Kakux pazmepos
JOJIKHA OBITH MOI00HAs Yalllka, BMelaromias 4 Jutpa Bob1?

Pemenwue.llockoabKy 4Yamku — MOJOOHBIC MHMJIUHAPBI, TO OTHOIIEHHE HX OOBEMOB pPAaBHO
OTHONICHHUIO KyOOB COOTBETCTBYIOIIMX OTPE3KOB ( B HAIllEeM CIy4yae — BBICOT U TUAMETPOB YallleK ).
CnenoBaTenbHO, BICOTA /1 HOBOM YallIKM HaXOJUTCSI U3 OTHOIIECHUS:

(h/10)°= 4/05. Toects h° =8 - 10°, oreyma h=20 cu:

AHATOTMHYHO, 1N OUaMeTpa ¢ TTONYHHM:

(d/8)°=4/05. Toects d° =8-8°, omyma d=16cm
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Tema 14. JjieMeHTBI TEOPUH BEPOATHOCTEH U MATEMATHYECKOM CTATUCTUKH
(mpoaoskeHue)

Tema 14.1. luckpeTHble ciIy4YaliHble BeJIHYHHbI

Tonamue ouckpemuoul cayuaiHou senututsbl. 3aKoH pacnpeodenenuusi OUCKPEeMHOU CIy4atiHol
senuyunbl. Beposmnocms ouckpemmoii ciyuaunou eeaudunvl. Xapaxmepucmuku OUCKpemHoll
CAVUAUHOU BEIUYUHDL

Ymems:HaxouTh BEPOATHOCTH JUCKPETHOM ciydaifHOM BelTW4YHMHbI 0 (opmyiie bepHyinu, HaxXoIUTh
€€ XapaKTEPUCTUKH.
3Hamy:onpeneneHne JUCKPETHOM CIIy4ailHOW BEJIMYMHBI,3aKOH €€ PaCIpeIeIeHUS U XapaKTEePUCTUKY

3axon pacnpedenenust cIyuaiHoOU 8eIUYUNbL

Cnyuaiinoti éenuyunoii (c.B) X Ha3pIBaeTCs BEIMYMHA, KOTOPAsi B pe3yibTaTe ONbITA MOXKET
IIPUHUMATh TO WM MHOE 3HAYEHHUE, IPUYEM 3apaHee U3BECTHO KaKOE HMEHHO.
CrnyuaiiHble BEJIMUNHBI MOXKHO Pa3/I€IUTh HA JBE KATETOPUU: JUCKPETHBIE U HENIPEPHIBHBIE.

JluckpeTHoil ciydaliHOM BETMYMHOM (J1.C.B.) HA3bIBAETCs TaKkasl BEJIMYMHA, KOTOpas B
pe3yJbTaTe OMbITa MOXKET IPUHUMATh OTpe/ieNICHHbIE 3HAYCHHSI C OIPEICIIEHHON BEPOSTHOCTHIO,
00pa3yole CYeTHOE MHOXKECTBO (MHOXKECTBO, JIEMEHTHI KOTOPOTO MOTYT OBbITh 3aHYMEPOBAaHbI).

Psoom pacnpedenenus n.c.B. X Ha3pIBaeTCs TaOJIUIIA COOTBETCTBUS 3HAUCHUM CTydaiiHON

BCJINYHHBI U UX BGpOHTHOCTeﬁ.

ey p, =P(X =2 Xp, =1,

i=l

Bunomunanvnoii 3akon pacnpedenenus CnydvaiiHas BenuynMHa X HUMEET OUHOMUATIbHOE
pacnpedeiieHue, €CIIA OHA 03HAYACT KOJIMYECTBO MOSBICHUN COOBITHS 4 B 7 HE3aBUCUMBIX OIBITAX.
BeposiTHOCTB Kak/10T0 3HAUEHUS STOM CIy4YailHON BEeIHMUMHBI MOKHO HaiiTu 1o gpopmyne beprymnu.

P(X =k) =P (k) =C!p"q"", k =0,1,2,...
Yucnoevle xapakmepucmuku OUCKPEMHbIX C1YYAUHBIX 6CTUYUH
Mamemamuueckoe odicudarue 0.c.8.

[Ipu pemieHMu MHOTHX 3a7a4 OBIBa€T JOCTATOYHBIM 3HAHUE HECKOJIBKUX YHCIOBBIX
XapaKTEePUCTUK CiIyyaliHOW BenuuuHbl. OAHOW M3 TaKUX BAXKHEHIIMX YHCIOBBIX XapaKTEPUCTHK
SBISICTCSL  Mamemamuieckoe 0dcuoanue, KOTOPOEe TMPHUOMMKEHHO pPaBHO CpEIHEMY 3HAUYCHUIO

CIIy4aiiHOM BEIMYUHBI, BOKPYT KOTOPOTrO FPYNIHUPYIOTCS BCe €€ OCTalbHbIe 3HaUeHUA. Tak, HanpuMmep,
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NP W3YyYEHUH PaCIpEeICHUs] HEKOTOPOTro SKOHOMHYECKOTO ToKasartens paboTel naHHoro CMY
MIPEKJIe BCEr0 MHTEPECYIOTCS €r0 CPETHUM 3HAUECHUEM.
Mamemamuueckum  odcuoaHuem  AUCKPETHOM  cioydyallHOW  BETMYMHBI  HAa3bIBACTCA  CymMMa

HpOI/IBBeI[eHI/Iﬁ BCE€X BO3MOXKHBIX 3HaquI/H‘/,I CﬂyqaﬁHOI‘/’I BCJIMYUHBI HA UX BepO}ITHOCTI/I:
1
M(X) :xlpl +x2p2 +"'+x/1p/1 :lepl'
=l

Hucnepcus u cpednee kéadpamuyueckoe OMKIOHEHUE

Ha IIPAaKTUKE 4YacCTO Tpe6yeTC$I OLICHUTL PACCCAHNUC BO3MOXKHBIX 3HAYEHUN CﬂyqaﬁHoﬁ
BEJIMYMHBI BOKPYT €€ cpeJHero 3HaueHus. Hanpumep, B apTHIUIEPUU BaXKHO 3HATh, HACKOJIBKO KY4HO
JSITYT CHAPSBI BOJIM3H 1IEJIH, KOTOPAsi J0JIKHA OBbITh MOPaKeHa.
Hucnepcueii  (pacceusanuem) ITUCKPETHOM CIy4alHON BEJIMYMHBI HA3bIBAETCS MAaTEMaTHUYECKOE
OKHNJaHUC KBaJIpaTa OTKIIOHCHUA cnyan?'IHOI‘/'I BCIIMYUHEBI OT €€ MAaTEMATHUYCCKOT'O OKHUIaHUS.

D(X) =M| X - M(X).

IL]'IH BBIYHCJIICHHUA JUCIICPCHU YaCTO 6BIB3.CT y,Z[O6HO I10JIB30BAaThHCA Cﬂeﬂymﬂleﬁ TeOpeMOﬁ:
TeOpeMa. I[I/ICHCPCI/DI paBHa PAa3sHOCTU MCKIAY MATCMATUYCCKUM OXKHUIAAHHUCM KBaApara CﬂyqaﬁHoﬁ

BEJIMYUHBI X U KBAJPATOM €€ MAaTEMaTUYECKOTO OKHUIAHHUS:
D(X) =M (X>)- [M(X))".
Cpeonum keaopamuuecKum OMKIOHeHUueM CIydYallHON BEIWYUHBI X HA3bIBACTCS KBAJpPAaTHBIN

KOpPCHb U3 JUCHICPCUU:

o(X) = D(X) .

Tema 14.2. OcHOBHBIC MOHATHS MATEMATHYECKON CTATUCTUKHU

Onpeodenenue mamemamuyeckou cmamucmuxu. [lonamue cenepanvbHoli cOBOKYNHOCMU.
Bapuayuonnuiii pso. @ynxyuu pacnpedenenus. [lpedcmasnenue OaHHbIX (MAOIUYDL, OUASPAMMDL,
epagpuxu, noaUSOH, SUCMOSPAMMA)

Ymemps: ipencTaBiasTh NaHHBIE CTATUCTUUYECKOTO PaCIIpeIeIeHUS

3nams. OCHOBHBIE MOHSATHUS MAaTEMAaTUYECKON CTATUCTUKHU

Mamemamuueckas cmamucmuxa — pa3iel MaTeMaTHKH, B KOTOPOM H3YYalOTCs METOIbI cOopa,
CHCTEMaTHU3allMd U OOpabOTKU pe3yJabTaTOB HAOMIOJCHUNH MAaCCOBBIX CIyYailHBIX SIBICHUH [UIs
BBISIBJIEHHS CYIIECTBYIOIINX 3aKOHOMEPHOCTEH.

_Ilpeomemom mamemamuyeckou cmamucmuku SBISETCS H3y4YEHUE CIyYalHBIX BEIMYUH (WU
CIIy4aifHbIX COOBITHIA, IPOIIECCOB) MO Pe3yJIbTaTaM HAOIIOACHUMA.

I'enepanvHoii co80KyNHOCMbIO HA3BIBAETCS — COBOKYITHOCTh BCEX MOJUIEKAIIUX M3YUYEHUIO OOBEKTOB
WIM BO3MOXHBIX PE3YyJbTaTOB BCEX MBICIUMBIX HAOJIOEHUH, NPOU3BOAUMBIX B HEU3MEHHBIX
YCIIOBUSX HaJ OJHUM OOBEKTOM. 3a4acTyro MPOBOAMTH CIUIOIIHOE OOCIIeJOBaHHE, KOT/Ia M3y4yaroTcCs

BCC 06’E>CKTBI, TPYAHO WUJIN OOPOro, a MHOTrAa U HCBO3MOKHO. B sTtux ClIydadx HauJIydliumM crocooom
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o0cie1oBaHus SBISIETCS BHIOOPOYHOE HAOJIOIeHUE: BEIOMPAIOT U3 TeHEPATbHON COBOKYITHOCTH YacTh
ee 00BEKTOB («BBIOOPKY») U MOABEPTAIOT €€ U3yUCHUIO.

Buvibopounoii  cosoxynnocmuio  (6b100pKOll) HA3BIBAIOT COBOKYITHOCTH OOBEKTOB, OTOOpPaHHBIX
CllyyailHBIM 00pa3oM W3 TEHEpaJbHOM COBOKyNHOCTH. boiee cTporo: BbiOOpka — 3TO
IIOCJIEIOBATEIBHOCTD X, X2, ... X, HE3aBUCUMBIX OJMHAKOBO PACIPEACIICHHBIX CIy4alHbIX BEIUYMH,
pacrpenieieHne KaxJ0ll M3 KOTOPBIX COBIANAECT C pPacHpeieieHUEM Te€HEepPaJbHOW CIydailHOMN
BEJIMYMHBI.

Yucno o0bexTOB (HAOIIOACHUI) B COBOKYIHOCTH, T'€HEPAJbHOM WM BBHIOOPOYHOM, HA3bIBAeTCS €€
06vemom; 0003HaYaETCsl COOTBETCTBEHHO uepe3 N u n. KoHKpeTHbIe 3HaueHUs] BBIOOPKH, IOJTyUYeHHBIE
B pe3yjbTare HaONONeHUN (WCIBITaHUMN), Ha3bIBAIOT peanusayueli 6vlOOpKU W 0003HAYAIOT
CTPOUYHBIMHU OYKBaMH Xi, X2 ...Xp.

MeTtoa CTaTUCTUYECKOTO HCCIEIOBAHUS, COCTOSIIMI B TOM, YTO HAa OCHOBE M3Y4YEHHs BBIOOPOUYHOM
COBOKYITHOCTH JIEJIaeTCsl 3aKII0YEHUE O BCEil TeHEepaIbHON COBOKYIMHOCTH, HA3BIBACTCS 6b100POUHBIM.
PasznuyaroT BEIOOpPKHU ¢ BO3BpallleHHEeM (TIOBTOpPHBIE) M 0e3 Bo3BpalleHus (OecrioBTopHbIe). B mepBom
cllyyae OTOOpaHHBIH OOBEKT BO3BPALIAECTCS B TE€HEPAIbHYI0 COBOKYIIHOCTh II€pe/l H3BJICUEHHEM
CIIEAYIOIIEr0; BO BTOPOM — HE Bo3Bpamiaercs. Ha mpakTuke daine HCHoib3yercs OecrnoBTOpHas

BBIOOpKA.

Cmamucmuyeckoe pacnpedeneHue blOOPKU

Ilyctp um3ywaercs HekoTopas ciydaiiHas BenuuuHa X. C 3TOH 1enplo Haj ciaydailHOU
BEJIMYMHON X TIPOU3ZBOAMTCS Psii HE3aBUCHMBIX ONMBITOB (HAOMIOMEHU). B KaXa0M M3 3TUX OMBITOB
BEIMYMHA X NPUHHUMAET TO WM MHOE 3HadeHue. IlycTe OHa mpuHsna n, pa3 3HA4EHHE X1, 12 Pa3 —
3HAYEHHE X7, ...,Mx Pa3 — 3HAYEHHE X.. [Ipu 3TOM 1) + n, +...+ 1y = n— 00BEM BBIOOPKH.

3HAYEHUS X, X> ...Xx Ha3bIBAIOTCS 8aApUaAHmMAMU CITy4aliHON BEJIUYUHBI X.

Best cOBOKYNMHOCTh 3HAU€HUN CiydalHOM BelMMYMHBI X MpeNCTaBiIsieT cOOOM NepBUYHBIN
CTaTUCTUYECKMH MaTepHual, KOTOpBIM MOAJEKUT JaiubHeimeill o0paboTke, mpexae BCEro —
YIOPSAIOYECHHUIO.

Omnepanyst pacroNioKeHUs] 3HAUYCHUH CIydyailHOH BenW4HMHBI (MIpHU3HAKA) MO HEyOBIBAHUIO
Ha3bIBACTCS PAHIICUPOBAHUEM CTATUCTUIECKUX JTAHHBIX.

[TomyueHnHast TakuM 00pa3oM TMOCIIEIOBATEILHOCTD X1, X2 ...X, 3HAUCHHH CITy4alHOW BETUYMHBI
X (rme X, =n, =... =X, ) Ha3bIBACTCS BAPUAYUOHHBIM PIOOM.
Uwucna n;, MOKa3bIBAIONIME, CKOJBKO pPa3 BCTPEYAIOTCS BapUAHTBI X; B psje HAOIIOJACHHM,

Ha3bIBAKOTCA Yacmomamu, a OTHOIICHUEC UX K 06'beMy BbI60pKI/I — OMHOCUMENIbHbIMU Yacmomamu (Wf

n
w, =— — Tk
), T.e. f n,rne”—zaq”a-
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Cmamucmuyueckum pacnpe()eﬂeHueM 6bl60pKu uim cmamucmu4ecKkum p}ZOOM Ha3bIBAIOT

HIepeYeHb BAPHUAHT X; BAPUALIMOHHOTO PSAJIa U COOTBETCTBYIOIIMX MM YaCTOT 7; MIIM OTHOCHUTENIbHBIX
yactoT W:.

3anuchIBaeTCsl CTaTUCTUYECKOE paclpesieieHue B BHJe Tabuuipsl. llepBas cTpoka COIEpkKHT

BapUaHTbI, 4 BTOpAA — UX YaCTOTHI #1; (I/IJ'II/I OTHOCHTCIIbHBIC IIaCTOTbI).

Omnupuueckas ¢hynkyusa pacnpeoenenus

OI[HI/IM H3 CII0CO00B 06pa6OTKI/I BapUAIIMOHHOI'O psAlda ABJCTCA ITOCTPOCHUC 3MHHqueCKOﬁ

GYHKIIUH pactpe/Ie/IeHusI.
&
Omnupuyeckoii (CTaTUCTHUECKON) ¢hyHKkyuell pacnpedenenuss Ha3bIBaeTCS (QYHKIUSI F (x:]’

omnpeaciaromas JIIA Kaxxa0ro 3HA4YCHUA X OTHOCHUTCIIbHYIO qacToTy COOBITHS

X <xkE (x)=p" X <x}

JList HaXOXACHUS 3HAYCHU I IMITUPUIECKON (DYHKITUHU YI00HO MOJIB30BaThes (hopMyon

Fpf(x) ==

b

r7ie n — 00beM BBIOOPKH, /1, — YUCIIO HAOTIOCHHIA, MEHBIITHX X (X = R).

DMnuprdeckas GyHKIUs 00J1aaeT CIeIyOMUMA CBOWCTBAMM:

L. 3pavenus SMIUPHUYECKON (PYHKIIMU NPUHAAISKUT oTpe3Ky [0,1].
2.F"(x) _ HeyObIBaromas pyHKIuUs.

= —
3. Ecnm % — HauMeHbluas BapuaHTa, a *k - HauOompwas, TO L () =10 npu

x=x; u F(x,)= L npu * = X

Tonueon u cucmoepamma

Craructuueckoe pacnpezeneHue uzoOpaxaercss rpaduyecku (A HArJSAHOCTH) B BUJAE TaK
Ha3bIBAEMBIX NOIUCOHA T 2UCTNOSDAMMDL.
Huckpemnoe pacnpedenenue npusnaxa X

[TonuroH, Kak MPaBHUIIO, CIYKUT JUI H300paKEHUS AUCKPETHOTO (T.€. BAPHAHTHI OTIMYAIOTCS
Ha TIOCTOSHHYIO BEJIWYHMHY) CTAaTHUCTUYECKOro psiaa. [llonueonom uacmom Ha3bIBAIOT JIOMaHYIO,
OTPE3KU KOTOPOU COEAMHSIOT TOUYKH C KOOpIAUHATAMHU (X1,11), (X2,12), ..., (Xi,7k);

Ilonueconom omuocumenvbHblX Yacmom HA3BIBAIOT JIOMAaHYIO, OTPE3KH KOTOPOW COEAMHSIOT

TOUYKH C KOOpIAUHATAMHU (X1,W1), (X2,W2), ..., (Wk,px), TH€ X; - BApUAHTHI BEIOOPKH;
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BapuaHTsl x; OTKJIaJpIBAIOTCS HA OCH aOCLUCC, a YaCTOThI M, COOTBETCTBEHHO, OTHOCUTEJIbHbIE
94acTOThl — Ha OCH OpJAuHAT. [10JTUrOH OTHOCUTENBHBIX YacTOT SIBJISIETCS CTATHCTUYECKHM aHAJIOrOM
MHOT'OYTOJIbHUKA paclpeaesICHHUs.

Henpepuignoe pacnpedenenue npuznaxa X
Jlnst HenmpephIBHO pacHpe/ieICeHHOTO MpU3HaKa (T.€. BapHaHThl MOTYT OTJIMYAThCS OJMH OT
JIPYroro Ha CKOJIb YTOAHO MaJyl0 BEJIUYHMHY) MOXHO IMOCTPOMUTH IOJIUTOH YacTOT, B3SB CEPEAMHBI
MHTEPBAJIOB B KAU€CTBE 3HAYCHUH X1, X»,....,X;. bojee ynorpeOuTenbHa Tak Ha3bIBaeMasi THCTOTpaMma.
T'ucmoepammoti wacmom Ha3bIBAIOT CTYNEHYATYIO (DUTYPY, COCTOSIIYIO U3 MPSIMOYTOJIbHUKOB,
B
OCHOBaHUSIMU KOTOPBIX CIyXaT YaCTUYHbIE MHTEPBaJbl AJUHBI /1, @ BHICOTHI PaBHBI OTHOIICHHUIO #” —
IUIOTHOCTb YacTOTBHI.

.
h==mn,
h L

IInomank 4YacTUYHOIO I-TO MMpAMOYTOJIbHUKA pPaBHA — CYMMC 4YaCTOT BapHaHT,

TOTABIINK B i-il HHTEPBAJ.
O4eBHUIHO, IJIOLIAAb TUCTOIPAMMBI YACTOT PaBHA CyMME BCEX 4acTOT, T.€. 00beMy BBIOOPKHU.
T'ucmoepamma omnocumenvubix yacmom Ha3bIBAIOT CTYNEHYATYIO (DUTYpPY, COCTOSIIYIO U3

MpAMOYT'OJIbHUKOB, OCHOBAHUAMMU KOTOPBIX CIIYXKAT HACTUYHBIC HHTCPBAJIbl AJTMHBI h, a BBICOTBI paBHbBI

Wi

OTHOIICHUIO #k — INIOTHOCTH OTHOCHTCIIBHBIX 4aCTOT.

. hei=n,
[Tnomanap YacTUYHOTO i-rO MPSMOYTOJbHUKA paBHA  k ! — CyMMe YacTOT BapHaHT,

IIOIABIIUH B I-i HUHTEPBAJL.

OdeBuaHO, IUIOMIAJb TUCTOTPAMMBI OTHOCHUTEJIBHBIX YacTOT paBHA CyMMeE BCEX
OTHOCHUTEJIbHBIX 4acTOT, T.€. €AUHUIIC.
3amaaneNel.  [loctpoWTh  MONMWIOH  YacTOT IO  JAHHOMY  pacHpelesieHHI0  BBIOOPKH:

Pemenne.

L1405 17 OrmernM Ha ocu alcuucc BapWaHThl X;, a Ha OCH OpJMHAT —

n |20 10 |14 |6

T

COOTBETCTBYIOUIME MM YaCTOTHI (FerT

i, COCIMHNUB TOYKHU i) OTpe3Kamu

MMPAMBIX, TTOJTYUIUM WCKOMBIN ITOJIMTOH YacTOT.
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v

3ananue Ne2. ITocTpouTh rHCTOrpaMMy 4acTOT MO JAHHOMY paclpeaeseHHI0 BEIOOPKH 00beMa

n=100:

Honep YacTH9HbIH HETEPEAT Cwnda 9acTOT BApHAHT IlnoTHOCTE 9ACTOTEHL
HHTEpEATa HHTEpBaTa
i X T Xigg n; n;
h
1 1-5 10 2.5
2 39 20 3
3 9-13 50 12,5
4 13-17 12 3
3 17-21 g 2

Pewenue. [loctponm Ha ocu abcuuce 3a/laHHble UHTEpBaJIbl AuHbL i=4. [IpoBenem Hax STUMU
MHTEpBaJIaMU OTPE3KH, NapajliesIbHble OCH a0CLUCC U HAaXOAAIIMecs OT Hee Ha PACCTOSHUAX, PAaBHBIX

COOTBCTCTBYIOIIHUM INNIOTHOCTAM 4YacCTOT. Haan/IMep, HaJa UHTCPBAJIOM (1,5) MOoCTpOUM

108



o]
]

]

L J

1 5 9 13 17 21

OTpe3ok, mapajuienbHbIH OCH a0CIUCC, HA PACCTOSTHAH

n;, 10

h 4

['mcTorpamma 4acToT n300pakeHa Ha pHC.

2,5,

KoumponvHule gonpocwl
1. IlpencraBieHue JaHHBIX, TCHEPAIbHAS COBOKYITHOCTH, BBIOOPKA, CpeAHEE apu(PMETHIECKOE,
MeHaHa.

YpaBHeHUs U HePaBEeHCTBA ( IOMOJHUTEIbHBIN MaTepra)

PaBHOCHIBHDBIE YPaBHECHUA U HEPABCHCTBA.
Paenocunbnbleypaenenuﬂ.

YDaBHeHI/IH, nuMemwIlIarue OOJHO Hu TO02Xe MHOXKEeCTBO KOpHefI, HaA3BIBAIOTCSA
PaBHOCHUJIEHBIMH.

Hanpumep, ypaBHeHust 4x-3=2x+3 u 2x=6 paBHOCWIbHBI, TaK KaK Ka)XJ0€ M3 HUX HMEET
TOJBKO OJMH KOpeHb x=3. YpaBHeHUA (x-2)(x+5)=0 1 x’ +3x- 10 =0 Takke paBHOCHIBHBI, TaK KaK
OHH MMEIOT OJIHU M T€ K€ KOpHH X, =2,x, =-5. YpaBHeHus 2x=4 u 3x> =12 He PaBHOCHJIbHBI, TaK
Kak MepBOe MMEET KOPEeHb X=2, a BTOpOe — KOpHU X, =2,X, =- 2. U3 onpeneneHus paBHOCHIBHOCTH
YpaBHEHHIA CIIEAyeT, YTO JBA YpaBHEHHS PABHOCHIBHBI, €CIH KaXIblii KOPEHb MEPBOTO YPABHEHUS
ABJISIETCS KOPHEM BTOPOTO ypaBHEHHUS M, HA0OOPOT, KaXJblii KOPEHb BTOPOrO ypaBHEHHUs SIBIISAETCS
KOPHEM IIE€PBOr0 YPaBHEHUS. YpasHeHus, He umeroujue KOpHel, Maxice Cuumarom pagHoCUIbHbIMU.

U3 kypca 7 kinacca Bbl 3Ha€Te, 4YTO MOKHO C/€JIaTh CIEAYIOLINE MpeoOpa3oBaHusl ypaBHEHU:

JI1060ii unen ypagHeHuss MOJICHO NEPEHOCUMb U3 OOHOU Yacmu 6 Opy2yio, U3MEHUE €20 3HAK Hd
NPOMUBONOLONCHDIL.

Obe uacmu ypagHeHus: MOJICHO YMHOICUMb UTU PA30EUMb HA OOHO U MO JiCe YUCLO, HE PAGHOE
HYJIIO.

109



[Ipu »THX npeoOpa3oBaHUSAX HCXOAHOE YpaBHEHHE 3aMEHSETCS Ha PaBHOCWIBHOE €My
ypaBHEHHE. 3aMETUM, YTO €CJIM HEKOTOPOE BBIPAKCHUE B JICBOW YaCTH WIIM MPABOM YaCcTH YpaBHEHHS
3aMEHUTh TOXKJECTBEHHO PaBHBIM €My BBIPQKCHHUEM, TO TOJYYUTCS YpaBHEHHUE, PaBHOCHIBHOE
ucxonHomy. OJHAaKO HE MpH JTFOOOM MTPeoOpPa30BaHNU YPaBHEHUE 3aMEHSETCS Ha paBHOCUIIBHOE.

Hanpumep, IIpu BO3BENEHUM B KBagpaT OOEMX YacCTel ypaBHEHUS ~/x =x- 2 MOJIydaercs
ypaBHeHHe X =(x- 2)?, He PaBHOCHIILHOE HMCXOJHOMY: ITIEPBOE YPABHEHHE HMEET TOJBKO OJMH
KOpeHb x=4, a BTOpoe — nBa KopHi X, =4,x, =l. B 3rom cimyuae BTOpOe ypaBHEHHE Ha3bIBAIOT
CIICZICTBUEM TIEPBOTO YPaBHCHHSI.

Ecnu npu nepexooe om oomozo ypasnenusi k Opyeomy nomepu KOpHeu He HpOUcxooum, mo
8MOpoe YpasHeHue HA3blealom CcledCmeuem nepeozo ypaenenus. Muaue, eciu 6ce KOpHU NepE8O20O
VPaBHeHUs ABNAIOMCA KOPHAMU 6MOPO20 YPAGHEHUS, MO 8MOPOe YPAGHEHUE HA3bIBACMCS Cle0CmaUuem
nep8oeco ypasHeHusl.

W3 sToro onpezeneHus 1 OnpeaesieH sl paBHOCHIBHOCTH YPaBHEHUH CIIEIyeT, UTo:

1. ecnu aBa ypaBHEHHS PABHOCHIIBHBI, TO KOXI0€ U3 HUX SIBIISICTCS CICICTBHEM JAPYTOro;

2. ecnM KaXJI0€ M3 IBYX YpaBHEHHI SIBJISETCS CIEICTBHEM JIPYTOro, TO 3TH YpaBHEHHUS

PaBHOCHIIBHBI.
[Tpu pemeHnn ypaBHEHUH TJIABHOE — HE TOTEPATh KOPHH, a HAMYHE TIOCTOPOHHHUX KOPHEH MOXKHO
YCTaHOBHTH TPOBEPKOH. [103TOMY BakHO CIICMTH 3a TeM, YTOOBI TPU MPEOOPA30BAHUN YPABHEHUS
KaXJ10€ CIeqyolee ypaBHEHHE ObLIO CIIEACTBUEM MPEIBIITYIIETO.
2x  x+1 4

IIpumep: Pemith ypaBHEHHE -2 x-1 (x-Dx-2)°
VMHOKUB 00€ YacTH ypaBHEHUS Ha OOIIMII 3HAMEHaTelb BCEX Tpex Apoleit, T.e. va (x- D(x- 2),

nomydaem 2x(x- 1) - (x+1)(x- 2) =4 orkyna x* - x- 2 =0,x, =2,x, =-1.
IIposepka.
1) IIpu x=2 3nameHarenu AByX JpoOeil ypaBHeHUs paBHBI HYJO. [loaToMy x=2 He sBIsETCS KOpHEM

JaHHOT'O YpaBHCHHUH.

2 2

2) Ilpu x=-1 neBas yacTh ypaBHEHHs paBHA 3 » IpaBas 4acTb paBHa —-.

Otser: x=-1.
3aMeTHM, 4TO Ui MPOBEPKU KOPHS Xx=-1 JOCTAaTOYHO YyBUJETh, YTO 3HAMEHATEIH ApoOel ypaBHEHUS
npu x= -1 He paBHBI HYIIO (€CJIHM, KOHEUHO, [IPU PEIICHUU YpaBHEHHs HE AOIYIIeHbl omuokn). [Ipu

2x x+1 4
pEllCHUM  3a]a4d = W3 ypaBHEHHs -2 x-1 (x- D(x- 2)loAyueHO  ypasienne
2x(x- D- (x+D(x- 2) =4, KOTOpO€ SIBJIAETCS CIICICTBHEM ypaBHEHHUS
2x x+1 4
. = =2 2 -1)- +1 -2)=4
-2 x-1 (x-Dx-2)° Kopenb x; =2 ypapuenus 2x(x - D)= (x+D(x - 2) HE ABJISETCA
2x x+1 4

KOpHEM YpaBHCHUA X Ero masmiBaror nOCMOPOHHUM KOPDHEM.

-2 x-1 (x-D)(x-2)°

Ilocmoponnue KOpHu MO2ym RNOIYYUMbCA NPU YMHOJCEHUU 0Deux yacmell YpaeHeHus Ha
svipadiceHue, cooepicaujee Heu38ecmHoe.

llomeps kopueil modicem npouzoumu npu OeieHuu obeux yacmei ypPasHeHUs Ha BbIPAdICeHUe,
codeparcawjee Heuzgecmuoe.

Wtak, npu perieHny ypaBHEHUSI MOXHO JeJIaTh TOJIBKO Takue MpeoOpa3oBaHUsl, IPU KOTOPBIX
HE NPOUCXOIUT IOTEPU KOPHEU. Eciu mpu 3TOM IOJIy4aroTCs ypaBHEHHUs - CIEACTBHS JAHHOIO, TO
HeoOXoJuMa MpoBepKa HalJJCHHbIX KOPHEIl.

Pasnocunvnvie nepasencmaea.

PaBHOCHIIBHOCTP HEpPABEHCTB € HEW3BECTHBIM OIpeessieTcss aHajnornyHo. HepaseHcTsa,
HMMEIOIIKE OHO U TO K€ MHOXECTBO PELICHUN, HAa3bIBAKOT PAGHOCUNbHBIMU.
5x-3

>1.

[Tpumep: Pemnth HEPABEHCTBO a1
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Tak kak x° +1>0 TpH BCEX ICHCTBUTEIBHBIX 3HAYECHHAX X, TO, YMHOXHMB HEPABEHCTBO Ha x° +1,
H0JIy4aeM HEPaBEHCTBO Sx - 3 > x” + 1, paBHOCHIbHOE JaHHOMY. Pelias 3T0 HEpaBEHCTBO, MOyYaeM
x? - 5x+4<0,(x- 1)(x-4)<0,orxyma | <x<4.

Pemenue cucrem ABYX JHMHEHHbIX ypaBHe}mﬁ C ABYMS NIEPEMECHHBIMU.

Pewenue cucmem ypasuenuii ¢ nomowwto popmynvt Kpamepa.
Onpeoenumens emopozo nopaoka. @opmyna Kpamepa.

VpaBHeHHE ¢ IByMs NEPEMEHHBIMM X M y 3amuchiBarorcs B Buge J(x,») =0, rme f —
BBIPAXKCHUC C IICPEMCHHBIMU X U Y. Pemenuem takoro YpPaBHCHHA HA3bIBACTCA YIOPAJOYCHHAA I1apa
uncen (Xy-,),), NPHU MOACTAaHOBKE KOTOPHIX B JAHHOE YPABHEHHWE IOJIYYaeTCs BEPHOE UYMCIOBOE

paBeHCTBO [ (X;,Y,) =0,

Cucrema ypaBHCHI/II}’I C ABYM: IICPECMCHHBIMU X U Y B O6H_ICM BHUJC 3aIIMChIBACTCSA TakK:
[ A . vy — O
T vy —oO

Pemienuem cucteMbl ypaBHEHUI Ha3bIBaeTCs YMOPSIOUYCHHAs Mapa YHCElN, SBJSIOIASACS peHIeHUEeM
KaXIOTO W3 YpaBHEHWH, BXOMIIUX B CHUCTeMy. JIBe CHCTEMBbl YypaBHEHHWHA Ha3bIBAOTCS
PaBHOCHIIHBIMH, €CJIM MHOXECTBA PELICHUH 3TUX CUCTEM COBIAJAIOT.

Onpedenumens 6mopoeo nopsodka PaBeH HPOWU3BEICHUIO 3JEMEHTOB, PACIIOIOXKEHHBIX Ha
IJIaBHOW JIMAaroHajld MMHYC TPOU3BEACHUE DJEMEHTOB, PACIHOJOXKEHHBIX Ha JIONOJHUTEIbHOM
muaroHand. [yt 0003HauEHHs ONPENeNUTENsT UCTIOIB3YIOTCS BEPTHKAIBHBIE YEPTOUYKH M TPOTHCHAS
oyksa A. T.e.

a, b
A =det(4) = =a,b, - a,b,,
a; 2
WIH, CXeMAaTUYECKU
"+"mpsiMoe Tpon3BEACHUE (rmaBHAs TUATOHATB)

"—"'kocoe mpousBeneHne (JAOMOTHUTENbHAS TUArOHAalb)

[cr, c + F2, 0 = .

Cucrema IBYX JIMHEHWHBIX yPaBHCHHH C JABYMS IEPEMEHHBIMH .. \ - , .. — .. TIpH
yCHOBI/H/I, 4yToO OHpe,[[eJII/ITeHL CUCTCMBI OTHHqHBIﬁ oT Hyﬂﬂ, NMECT CAUMHCTBCHHOC peH_ICHI/Ie, KOTOpOC
¢ b a, G
_Cz bz _AX _az C, _Ay
HaxoauTCs Mo (QopMyitam X =y ——— =—— ;¥ = =—— O3TH paBEHCTBAa HAa3bIBAIOTCS
a, b, A a, b, A
a, b, a, b,
dopmymnamu Kpamepa.

Ecnu ke ompenenurtens paBeH HYIO, TO CHUCTEMa SBISIETCS, JIMOO HECOBMECTHOW (Koraa
Ax #0,Ay #0), nubo HeonpeaeneHHo (koraa Ax =Ay =0). B nocienHeM ciydyae cucteMa CBOJIUTCS
K OJITHOMY YPaBHECHHIO, & APYTOE SIBJISICTCS CICICTBUEM ITOTO YPAaBHEHUSI.

Pemienne cucreM Tpex JIMHEHHBIX YPAaBHEHHUI ¢ TPpeMsI llepeMeHHbIMH.

Pewenue cucmem ypasnenuii ¢ nomowwto popmynvt Kpamepa.
Onpeodenumens mpemwvezo nopsoxa. Popmyna Kpamepa.
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ay dpp dig

IlycTe nana kBagpaTHas MaTpuLa TPETHETO MOPSIKA A= as; Ayy dyy

dz) dip di
Onpedenumens mpemve2o nopsaoka PABEH INPOM3BEINECHHIO DJIEMEHTOB, PACIONOKEHHBIX Ha
IJIaBHOM JIMAroHalW IUTIOC JIBA [POM3BEJEHHSA DJIEMEHTOB, OTBEYAIOIIUX TPEYTOJBHHUKAM C
OCHOBAHUAMH, TApAUIENbLHBIME  TJIABHOM  JWAroHald; MHHYC [POU3BEIEHUE  DIEMEHTOB,
PACIIONIOKEHHBIX Ha JOMOJHUTEIBHOM JHAarOHaJld W MHHYC JIBa [POU3BEICHUS DIEMEHTOB,

OTBEYAIOUINX TPEYTOJILHUKAM C OCHOBAHUSAMH, ApasIeIbHBIMU IOIOJHUTEILHON TUaroHau.

ay dy dyg
Cyy Uy Uoy| =AUy lyy + ) 0030y) + )3l A3y = 035505 = Ay a3y, = Ay sy
ay, Ay, d

L 3

5]

-
2

FGOMeTpI/I‘-IeCKI/I OTO BBIIIAAUT TaK:

"+H "n_n

Cucrembl THHEHBIX YPABHECHHI.
Cucmema nunetinbIX ypasHeHuii IMEeT BUJL:

ay X, +apx, +.+ay,x, =b,
Ay Xy FapXy *...+0d,,X, =D,

(1)

ey

x, =b,.

m

A, X +a,,x,+...+a

m mn

3neck a; — ko3 HUIMEHTHI IPU HEW3BECTHBIX, b; — CBOOOTHBIC YJICHBI, a X; — HEU3BECTHEHIE.
Ecnu Bce cBOOOAHBIC WI€HBI paBHBI HYJIO, TO CUCTEMa HA3bIBACTCS OOHOPOOHOU, €CIU Ke, XOTs Obl
OJTHO U3 HUX OTJIMYHO OT HYJISI, TO HEOOHOPOOHOILL.

Hcnonb3ys moHATHE IPOU3BEIACHUSI MaTPHUII, MOKHO Tiepenucath cuctemy (1) B Buae: AX = B,

ayp dp .- 4y,
—| 421 Ay .- Gy,
e A= MaTpuLa, COCTOSIIAs M3 KO3(PPHUIMEHTOB NpU HEU3BECTHBIX
a.. d a

ml m2 *** “mn

cucteMsl (1), KoTopasi Ha3bIBaeTCS Mampuyeu cucmembl,

X b
Xy b,

X=|"7|,B=| 2| — BeKTOp-CTOJOIBI, COCTABICHHBIC COOTBETCTBEHHO M3 HEM3BECTHBIX X; U
X b

n m
U3 CBOOOIHBIX YICHOB b;.
YropsimoueHHas COBOKYITHOCTh 7 BEIICCTBEHHBIX YHceN (Ci, Ca,..., C;) HA3BIBACTCS peuteHuem
cucmemwt (1), ecii B pe3yJbTaTe MOJACTAHOBKH 3THUX YHCEJI BMECTO COOTBETCTBYIOIIUX IMEPEMEHHBIX
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X1, X2,..., Xy KOKJIO€ YPABHEHHUE CUCTEMBI OOpPATUTCS B apU(PMETHUECKOE TOXKIAECTBO; APYTUMU CIIOBaMH,

G
¢y o
ecnu cyuiectByeT Bekrop C = | | Takoii, uto AC = B.
C”
ay @y ... @, | b
x _| @yy Ary ... Ay, | D
Matpuia A =] 2 T2 n |\ T2 oOpa3oBaHHas MyTeM TNPUITMCHIBAHMS CIpaBa K
aml amZ amn bm

Matpulie 4 cTondiia CBOOOIHBIX YICHOB, HA3BIBACTCS PACUUPEHHOU MaAMPUyel CUCeMbl.

Cucrema (1), umeromiast XoTst ObI OJTHO pPEIICHUE, HA3bIBAETCS COBMECMHOU, UMEIONIAsi TOIBKO
OJIHO PEIlEHUE onpeodeieHHolU, UMeIoIIas 00Jee OJHOTO PEUICHUS - HeonpedeieHHOU, He UMEIOIasl HU
OJIHOTO PEUICHHUS -~ HECOBMECHHOU.

Pewums cucmemy (1) — 3TO 3HAUUT yKa3aTh BCE MHOJKECTBO €€ PELICHHH WM OKa3aTh €e
HECOBMECTHOCTb.

Ecnu nag cucremoii (1) BEIMOTHUTH Kakue-Iu00 U3 CIAEAYIOUINX MPpeoOpa3oBaHui:

1) momMeHsTh MecTaMU YpaBHEHUS;

2) YMHOXHTbH 00€ 4acTu Jr000Tr0 ypaBHEHHUSI CUCTEMBI Ha JII000€ HEe PaBHOE HYJIIIO YHCIIO;

3) npubaBUTH K 0OEUM YaCTSIM OJIHOTO U3 YPABHEHHM CHCTEMBI COOTBETCTBYIOIIUE YaCTH JIPYTOTO

ypaBHEHUS, YMHOXKCHHBIE Ha JTF000€ ACHCTBUTEIHHOE YHCIIO,

To cuctema (1) mepexoauT B paBHOCWIBbHYIO €i cucteMy. llepeuncieHnHbie BbIlIe MmMpeoOpa3oBaHMs
HA3BIBAIOTCSL  2IeMEHMAPHbIMU  NpeoOdpazosanusmu  cucmemsl. B pe3ynpTate dIeMEHTapHBIX
peoOpa3oBaHUil MOXKET CIYYUTHCS, YTO B CHCTEME IOSBUTCS ypaBHEHHE, Bce KOA(P(UIUEHTHI
KOTOPOTO paBHbI Hy 0. Torna, ecinu u CBOOOHBIN YJIEH STOTO YPaBHEHHsI paBEH HYIIIO, TO YpaBHEHHE
CHPaBEIMBO MPH JIOOBIX X1, X2, ..., X, U, CIIEOBATEIBHO, €r0 MOKHO OTOpocuTh. Ecin e cBoOoaHbII
YJIEH HE PaBEH HYJI0, TO 3TO YPAaBHEHHE HE YJOBJIETBOPSAETCA HUKAKMMH 3HAYEHUSMU HEU3BECTHBIX,
CJIEIOBATEIIbHO, TOJIyYCHHAs CHUCTEMa SBJISIETCS HECOBMECTHOM. Torma HecoBMECTHA M HMCXOIHAs
cucTema.

Teopema Kponekxepa-Kanennu. (Jleononvo Kpownexep (1823-1891) memeyxuii mamemamux)
Cucrema IMHEMHBIX YpaBHEHHMI COBMECTHA TOrJa U TOJLKO TOrna, Korma panrd marpun 4 m A
COBMAJIAIOT.

PaccmoTpuM cucTeMbl JIMHEWHBIX YPAaBHEHHMM, B KOTOPBIX YHCIIO YPAaBHEHHU pPaBHO YHUCIY
HEH3BECTHBIX

)
Takue CUCTEMBI PEIIAIOTCS OJTHUM M3 CICIYIOIIUX CIIOCOOO0B:
1) memooom Kpamepa;
2) memoodom I aycca, iima Memooom UCKIIOUeHUsl HeUZBECTHbLX;
3) MmampuunbiM MEemMOOOM.

Meton Kpamepa.
(l'abpuenv Kpamep (1704 — 1752) wesenyapckuii mamemamux)
JlaHHBIN MeTOJ MPUMEHHM TOJBKO B ciiyuae, ecnu cucreMa umeeT Bui (4). Kpome storo,
HE00XOAMMO, YTOOBI ONPECIUTENh MATPUIIBI CUCTEMBI He paBHsICS ().
det A # 0;
Teopema. Ecnu ornipefieiuTeNs MaTPUIbl CUCTEMBI (4) OTIMYEH OT HYJIS, TO 3Ta CUCTEMa UMEET
€IMHCTBEHHOE pellIeHne, KoTopoe HaxoauTes mo Gopmynam Kpamepa:

xX=—",

A
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rne A = det 4, a A; — onpenenuTens MaTPUIlBl, TOTYyYaeMOi U3 MaTPHUIIBI CUCTEMBI 3aMEHOM CTOoNONA j
CTOJI01I0M CBOOOIHBIX YJICHOB b;

ay - @y boag g . aq,
A = D21 e 2o by ay;y .. ay,
v
a;n anj— 1 bn anj+1 2
Tax, HalpuMmep, TS CHUCTEMBI u3 Tpex ypaBHEHUH
ay ayp dis b ap, ap ay by oap; ay, a;, b
A=|ay Ay Gy |; A= 1Dy ax axs|; A= lax by ars|; A= |as ax by,
ay, dsp, dizz by ay, ass as, by as; as, ay by
A A A,
X1=—;  Xa=—=; X3 = —=—.
A A A

PanmnoHanbHble H HPPALMOHATbHBIE YPABHEHHUS.

OcHosHble npuembl ux peweHus: (Paznodxtcenue Ha MHOXCUMeNnu, 66e0eHUe HOBbIX HeU38eCHbIX,
noocmaroska, epaguueckuit memoo). Mzoopasicernue Ha KOOPOUHAMHOU NIOCKOCIU MHONCECEA
peweHull YypagHeHull U HepageHcme ¢ 08YMs NePEMEHHbIMU U UX CUCTHEM.

(_DYHK]_H/I;[ BI/I,I[aP(x) =a,x, tax, - 1+ a,x, - 24 ...+ a,- x+a, ,
r7ie 1 — HATypajbHOE, d¢->d;,d5,...,d, — HEKOTOPBIE JAEUCTBUTEIbHBIC YHCIA, HA3bIBACTCS LIEION
panroHaIBHON QYHKIIUEH.

VpaBuenne Buma £(x)= 0, rme £7(x) — menas paunoHanbHas (GYHKIUSA, HA3BIBAETCS LETBIM
paHI/IOHaJ'H)HBIM ypaBHeHI/IeM.

R P, L RO
00 0. o,

YpaBHeHue BUAa

e B(xX),P(x),.,P,(x),0(x),0,(x),...,0,(x) — uensie pauroHaIbHbIe (GYHKINH,
Ha3bIBACTCS PAIlHOHAILHBIM YPAaBHEHUEM.
P(x
Pewenue payuonanvroco ypaenenus QEX; =0, 20e P(x) uQ(x)— mnozounenvi(Q(x) #0),

ceooumcs k peuwienuto ypasuenuss £(X) = 0 u nposepke mozo, umo KOpHU YOOBIEMEOPSION YCIOGUIO

0 (x) #0.

OcHognbie Memoovl peulenust payuoHAaIbHbIX YPAGHEHUII.

1) Ilpocteitmme: pemaroTcs MTyTéM OOBIYHBIX YIPOIICHWH — TMPHUBEACHHE K OO0IIeMy
3HAMEHATENI0, IPUBEICHUE MONOOHBIX YWIEHOB U Tak ganee. KpagpaTnele ypaBHeHus ax” + bx +¢ =0
o - b +b? - 4ac
peIIaloTCs 10 BBIBEIEHHOU HaMU popMmyne  x,, = 5
' a
-b c
Taxoke ucronp3yercs Teopema Buera: x, +x, =—, x;x, =—.

a

2) I'pynnupoBka: MyTéM TpYNIUPOBKU CIIAraeMbIX, MPUMEHEHHS (OPMyN COKpAIEHHOTO
YMHOXXEHUSI NpUBECTU (€CIM yAacTcs) ypaBHEHHE K BHJYy, KOIrJa cjeBa 3allMCaHO IPOU3BE/ECHHE
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HECKOJBKMX COMHOXHUTEJIEH, a chpaBa — HOJb. 3aTeéM MPHUPABHUBAEM K HYJIIO KaXKIbIA U3
COMHOKHTEJIICH.

3) IloacraHoBka: WIlleM B YPaBHEHHHM HEKOTOPOE TIOBTOPSIONIEECS BBIPAXKEHUE, KOTOPOE
0003HaYMM HOBOW TEPEMEHHOW, TeM caMbIM YyIpoIlas BHJ ypaBHEHHUS. B HEKOTOPHIX cClydasx
OYEBHJTHO YTO yI0OHO 0003HaunTh. Hanmpumep, ypaBHeHHE

x*+x-5 3x _ XX +x-5
+— +4 =0, jerxo peruaercsi ¢ MOMOIIBIO MOACTAHOBKH — =t,,
X (x*+x-95) X
noJyvyaeM t+—+4=0

t

WMnu: 21 / (x> — 4x + 10) — x> + 4x = 6. 371ech MOKHO CJ€NaTh NOACTAaHOBKY X — 4 = t. Toraa
21/(t+10)-t=6wurt.n.

B Oonee cnoXHBIX CiyyasX MOJCTAHOBKA BMJHA JIMIIb I1OCJE HECKOJBKUX IMPeoOpa3oBaHUU.
Hamnpumep, nano ypaBHeHue

(x* +2x)* — (x +1)* = 55.

I[Tepenucas ero uHaye, a UMeHHO (X°+ 2x)* — (x* + 2x + 1) = 55, cpa3y yBUIMM MOJICTAHOBKY X’
+ 2x=t.

Nmeem t* —t— 56 =0, t; =— 7, t, = 8. OcTanock pemurts x> +2x =—7 u x> +2x = 8.

B psine npyrux ciyyaeB yaoOHY0 MOACTaHOBKY JKeJIaTeNbHO 3HATh “3apaHee’. Hanpumep

1) Vpasuenue (x + a)' + (x + b)* = ¢ cBoguTca K OMKBagpaTHOMY, €CIH CHEJIaTh
IIOJICTAHOBKY

x=t—(a+b)/2.

2) CumMeTtpryeckoe ypaBHeHue (BOo3BpaTHOe) apx” + ax" '+ ... + ax + a = 0
(k03¢ (HUIMEHTHI YICHOB, PABHOCTOSIIUX OT KOHIIOB, PABHBI) PEUIAETCS C TIOMOIIBIO TIOJICTAHOBKH X +
1/x=t, ecnu n —4€THOE; €CIIU N — HEYETHOE, TO YPAaBHEHUE UMEET KOPEeHb X = — 1.

3) VYpaHenne Buga (x + a)(x + b)(x + ¢)(x + d) = | cBoauTCA K KBaIpaTHOMY, €CIIH

atb=c+d unrna.
4) IloxOop: mpu pelieHUH ypaBHEHMH BBICHIMX CTENEHEW palMOHalIbHbIE KOPHHU YPAaBHEHUS
X"+ a, x" '+ ...+ax+a,=0 umwem B BUIE P / q, TA€ p — ACIUTEIIb a9,  — ACIUTEIb ay,
P ¥ q B3aUMHO IPOCTHL, pEZ, qEN.
5) “HUckyccTBO”, T.€. pelath NpUMEp HECTaHJApTHO, MPUIyMaTh “‘CBOM MeToxa”, AOragarbcs
YTO-TO IPUOABUTH U OTHSATH, BHIJCJIUTh MOJHBIA KBaJIpaT, HAa YTO-TO Pa3/IEIUTh U YMHOXHTb U T.J.
6) YpaBHEeHHS ¢ MOJyJIeM: IpU PELICHUU ypaBHEHUN C MOJYJEM HCIOJb3YETCs OIpeJesieHue

P 3] — D e wre S (o)) = O
MOAYJIA U MCTOA MHTCPBAJIOB. HaHOMHI/IM, 4qTo |7 = {7 XY T ey =< O

PanmoHanbHble HEPABEHCTBA.
[Tyctp f(x) — uncnoBas GyHKIMS OJHOTO UM HECKOJBKHUX MEPEMEHHBIX (apryMeHTOB). PemuTh
HEpaBEHCTBO
fx) <0 (f(x) > 0) (1)
— 9TO 3HAYUT HAWTH BCE 3HAYCHMS apryMeHTa (apryMeHToB) (QYHKUMU f, TPU KOTOPBIX
HepaBeHCTBO (1) cpaBenmuBo. MHOKECTBO BCEX 3HAUCHHH apryMeHTa (apryMeHTOB) QyHKIUU f, IpU
KOTOPBIX HepaBeHCTBO (1) cripaBeasinBO, Ha3BIBAETCS MHOKECTBOM PEIICHUH HEPABEHCTBA WU MPOCTO
pelleHneM HepaBeHCTBA.

MHOK€ECTBO pelIEHUI HECTPOrO HEPABEHCTBA

fx) =0 (f(x) = 0) 2)
npencTaBisier coboil oObeqUHEHHE MHOXKECTBAa pelieHWi HepaBeHCTBa (1) W MHOXecTBa
pemenuii ypaBaenus f(x) = 0.

JIBa HEpaBEHCTBA CUUTAIOTCS SKBUBAJICHTHBIMU, €CIIM MHOYKECTBA MX PEIICHUI COBIAIAIOT.

[Ton MHOXECTBOM JONMYCTUMBIX 3HAUYEHUN HEU3BECTHBIX, BXOISAIIMX B HEPaBEHCTBO,
MOHUMAIOT 00JIACTh orpeneneHus] GyHKIuH f(x).

HepasenctBa Buma (1) umm (2), cocTaBieHHbIE I Pa3auYHBIX (QYHKIUUA fi(X), MOTYT OBITH
CBEJICHBI B CHICTEMY HEPaBEHCTB. PelmTh cucTeMy HEPABEHCTB — ITO 3HAYHUT HAWTH MHOXKECTBO BCEX
3HAUYCHUH apTyMEHTOB (QYHKIHMH fi(X), TIPH KOTOPBIX CHPABEIJIMBBI BCE HEPABEHCTBA CHCTEMBI
OJTHOBPEMEHHO.
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["OBOPSAT, UTO CHCTEMBI HEPABEHCTB YKBUBAJIICHTHBI, €CIIM MHOXKECTBA MX PELICHUI COBIAIAIOT.
CBoiicTBa PABHOCHJILHBIX HEPABEHCTB.
[Ipu pemeHMH HEPaBEHCTB HCIIONB3YIOT CBOWCTBAa pPAaBHOCHIBHOCTH. HepaBeHcTBa ¢  OJHOM
MIEPEMEHHOI Ha3bIBAIOTCSI PABHOCHIIBHBIMH, €CJIM MHOXKECTBA UX PEIICHUH COBMAIAIOT.

Hamnpumep, HepaBenctBa 3x > 6 u X — 2 > 0 UMEIOT OJIMHAKOBBIE MHOKECTBA PEIICHUH X E[2;
+00]. DTH HEepaBEHCTBA — PaBHOCHUIIBHBIE.

Hepasenctsa x > 0 u x*> > (0 — HEPaBHOCHIIbHBIE, TAK KaK PEIICHHUE TIEPBOTO HEPABEHCTBA €CTh
MHOeCTBO XE[0; +o0], a peleHne BTOpOro HEPABEHCTBA €CTh MHOXKECTBO XE[-00; 0]U[0; +oo]. DT
MHO€ECTBa HE COBIAAIOT.

[Ipu pemieHHHM HEPABEHCTB BBITIONHSAIOTCA TOJBKO TaKue MpeoOpa3oBaHUs, MPU KOTOPBIX
MoJy4aroTcss OoJjiee TMPOCThIE PaBHOCHIIBHBIE HEPABEHCTBA. OTH INPEOOpa30BaHUS BO3MOKHBI TIPH
BBITIOJTHEHUH CJIEAYIOUINX CBOMCTB PaBHOCHIIBHBIX HEPABEHCTB:

CoiictBo 1. Ecniu k 006enM 9acTsiM HepaBEeHCTBA MPUOABUTH OJTHO U TO K€ YHCIO WM OAHO U
TO JK€ BBIPAKEHHE, KOTOPOE HMEET CMBICI MpPU BCEX 3HAYCHHUSX IMEPEMEHHOH, TO MOIy4YuM
HEPaBEHCTBO, PABHOCHIIBHOE JJAHHOMY .

Hano. P(x) > Q(x) — HepaBeHCcTBO, T(X) — BBIpaKEHHE, KOTOPOE HMMEET CMBICI TPH BCEX
JNEUCTBUTEIILHBIX 3HAUCHUIX X, XER.

Joxazare. HepaBenctBa P(x) > Q(x) u P(x) + T(x) > Q(x) + T(X) — paBHOCHJIbHBIE.
HoxazarenbctBo. a) [lycTs mpu x = a HepaBeHCTBO P(a) > Q(a) — BepHOE YMCIIOBOE PaBEHCTBO, T.€. X
=a — OJIHO U3 penieHnn HepaBeHcTBa P(x) > Q(x), T(a) — 3nauenue T(x) npu x =a.

[To cBoiictBy umcnoBbix HepaBeHCTB P(a) + T(a) > Q(a) + T(a) — BepHOE YHUCIOBOE
HEPaBEHCTBO.

CnenoBatenbHO, X = a — OHO U3 pemeHuit HepaBeHcTBa P(x) + T(x) > Q(x) + T(x). [loatomy,
€ClIM X =a €CTh peIleHUE MEPBOr0 HEPaBEHCTBA, TO ATO 3HAUYEHHE €CTh TAKXKE PELICHHE BTOPOTO
HEpaBEHCTBA.

0) Ilyctb X = b — ogHO U3 pemenuii HepaBeHcTBa P(X) + T(X) > Q(x) + T(x), T.e. P(b) + T(b) >
Q(b) + T(b) —BepHoe uucnoBoe HepaBeHCTBO. 1o cBONCTBY uncioBEIX HepaBeHCTB P(b) > Q(b) — Toxke
BEpHOE YHCIIOBOE HepaBeHCTBO. CiienoBaTensHo, X = b — pernieHue HepaBeHcTBa P(x) > Q(X).

Tak kak MHOkecTBa perieHuid HepaBeHcTBa P(x) > Q(x) n P(x) + T(x) > > Q(x) + T(x)
COBIAJIAIOT, TO ATH HEPABEHCTBA PAaBHOCHUIILHBIE.

CpoiictBo 2. Eciiu B HepaBeHCTBe J000€ cilaraéMoe, KOTOpO€ MMEEeT CMBICI IpHU BeX XER,
MEPEHEeCTH W3 OJHO YacTU B JPYTYI0 C MPOTHUBOMOJOKHBIM 3HAKOM, TO TMOJIYYHUM HEPaBEHCTBO,
PaBHOCHIILHO JAHHOMY.

Hano. P(x) + T(x) > Q(x) — HepaBeHCTBO, T(X) — ciaraemoe, KOTOPOE€ UMEET CMBICT TTPH BCEX

x€R.
Joxazare. HepaBenctsa P(x) + T(x) > Q(x) u P(x) > Q(x) — T(X) — paBHOCHJIbHEIE.
Joka3zatenbctBo. [lo cBoiictBy 1 MOXXKHO K 00€MM 4acTsM HEpaBEHCTBA P(x) + T(x) > Q(x)

npubaButh ciaraemoe (-T(X)), Tak Kak 3TO cjaraeMoe MMEET CMBICH NMpH BceX XER; momyunm
PaBHOCHIILHOE HEPAaBEHCTBO:
P(x) + T(x) — T(x) > Q(x) — T(x), orcroma P(x) > Q(x) — T(x).

CgoiicTBo 3. Ecniu 00e yacTu HEpaBeHCTBA YMHOXKUTH Ha OJTHO U TO K€ TMOJOKUTEIbHOE YHCIIO WK Ha
OIHO W TO € BBIPAKEHHUE, TMOJIOKUTEIBHOE MPU BCEX 3HAUCHUSX TMEPEMEHHOH, TO TOIYYUM
HEPAaBEHCTBO, PABHOCWIILHOE IaHHOMY.

Hano. P(x) > Q(x) — HepaBeHcTBO (1),
T(x) > 0, x€R,
P(x)- T(x) > Q(x) - T(x) — HepaBeHCTBO (2).
Joxazate. HepaBencTra (1) u (2) paBHOCHIIbHBIE.
HoxazarensctBo. [lycts pu x = a P(a) > Q(a) — BepHOE YMCIIOBOE HEPABEHCTBO, T.€. X = a — OJTHO U3
perieHnu nepBoro HepaBeHcTBa. T(a) — 3nauenue T(X) mpu x = a T(a) > 0.

[To cBoiictBy umncnoBeix HepaBeHCTB P(a)-T(a) > Q(a)-T(a) — ToXe BepHOE YHUCIOBOE
HEPaBEHCTBO, T.€. X = a —OJHO W3 pPEUICHHM MEepBOTr0 HepaBeHcTBA. CleoBaTelabHO, €CIU X= a —
pelIeHre NepBOTro HEPABEHCTBA, TO X = a — TAK)KE PEUICHHE BTOPOTO HEPaBEHCTBA.
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[Tycts mpu x = b HepaBenctBo P(b) - T(b) > Q(b) - T(b) — BepHOE YKCIIOBOEC HEPABEHCTRBO, T.€. X
= b — 0JIHO U3 pEIICeHNH BTOPOTO HEPABEHCTBA.
[To croiicTBy umcnoBbix HepaBeHCTB P(b) > Q(b) — Toke BepHOE YMCIOBOE HEPAaBEHCTBO, TaK
kak T(b) > 0. CnemoBarensHO, X = b — 0JJHO U3 pEIICHUN TTEPBOTO HEPABEHCTBA.
ITockonpKy MHOXECTBa pPEIIEHWH IIEPBOIO M BTOPOrO HEPABEHCTB COBMAJAIOT, TO OHU
paBHOCUJIBHBIE.
CgroiictBo 4. Ecnn 006e yacTu HepaBEHCTBA YMHOKUTh Ha OJJHO U TO € OTPULIATEIbHOE YHUCIIO
WIK Ha OJIHO U TO XK€ BBIPAXXKEHHE, OTPUIIATEIbHOE MPHU BCEX 3HAUEHUSAX MEPEMEHHOMN, U U3MEHHUTH
3HaK HEpaBEHCTBA Ha MPOTHUBOIOJIOKHBIH, TO MOJIyYUM HEPABEHCTBO, PABHOCUIJIBHOE JIAHHOMY.
DTO CBOMCTBO JI0KA3bIBAETCS aHAJIOTUYHO 3 CBOMCTBY.

Anredpanyeckue HepaBeHCTBA.
JluneltHbIMU (CTPOTMMH M HECTPOTMMH ) HA3bIBAIOTCS HEPABEHCTBA BU/IA
ax+b>0, ax+b<0,axt+tb>0,ax+b <0,a#0,
pEIICHUSMU KOTOPBIX OyayT:
npu a>0
XE(-; 0 ), XE(-0; - ), XE[ -; ©), XE(-0; - |,

npua<0
XE(-0; - ), XE(-; o), xE(-0;- ], XE[ -; o).
KBagpaTHBIME (CTPOTUMH U HECTPOTMMH) HA3bIBAIOTCS HEPABEHCTBA BUA
ax’+bx+c>0, ax’+bx+c<0,
ax’+bx+c=>0, ax’+bx+c <0,
rae a, b, ¢ — HeKOTophIe AeHCTBUTENbHbIC Yncna 1 a # 0.
KBanpaTHoe HepaBeHCTBO ax” + bx + ¢ > 0 B 3aBUCMMOCTH OT 3HAYEHUH CBOMX KO3 PUIIMEHTOB a, b u
C IMEET peIICHHS:
npua>0uD=b>-4ac >0
bxb ;am ; 0);
npua>0uD <0 x — moboe IeHCTBUTENEHOE YUCIIO;
npua<0uD >0
xe( ;)
npua<0uD<0
X = @ (T. €. peuIeHHIi HET).
Pemenue HepaBeHcTBa ax’ + bx + ¢ < () CBOAUTCS K PEUIEHHIO PACCMOTPEHHOIO HEPABEHCTBA, €CITH
00e yacTu HEpaBeHCTBAa YMHOXKUTH Ha (-1).

XE( =03 )U(

MeToa MHTEPBAJIOB.

[Tyctb Pn(X) — MHOTOUJEH n-il CTENEeHH ¢ NEeHCTBUTENbHBIME KOd(h(GUIIMEHTaMH, a Ci, C, *** , Ci

— BCE JICUCTBUTEIbHBIC KOPHH MHOTOWICHA ¢ KpaTHOCTsAMU ki, ks, -+, Ki COOTBETCTBEHHO, ITPHYEM C|
> ¢y > -+ > ¢;. MHOTOWIEH Pn(x) MOJKHO IPEACTaBUThL B BUJIE

Py(x) = (x - c)M(x - €2)* -+ (x = )" Qu(X), 3)

rie MHOTOUIeH Qm(X) IeHCTBUTENBHBIX KOPHEH HE MMEEeT M MO0 MOJIOKUTENEH, 100 OTpHIIaTeIeH
npu Bcex XER. Tlonoxum i onpeneneHHocTy, 4To Qm(x) > 0. Toraa npu X > ¢; Bce COMHOXUTENIU B
paznoxenud (3) nmonoxurenabHbl U Py(x) > 0. Ecnu ¢; — xopeHb HeyeTHOi kpatHOCTH (k; — HeueTHOe),
TO IPU XE(C2; C1) BCE COMHOXKUTENH B pa3fiokeHuu (3), 3a UCKIIFOUEHUEM [IEPBOTr0, MOJIOKUTENIbHbI U
P.(x)<0. B aToM ciyuyae roBopsT, YTO MHOTOWIEH P,(X) MEHSET 3HaK MpH Mepexoje Yepe3 KOPEeHb Ci.
Ecim xe ¢, — kopeHb derHOW KpaTHOCTH (K; — dYeTHOE), TO BCE COMHOXXHTEIH (B TOM 4YHCIE U
MEPBBIN) MPHU XE(C2; €1) MOJOKUTENBHBI U, clieAoBaTeNnbHO, Pn(x) > 0 mpu XE(cy; ¢1). B aToM ciyuae
TOBOPST, YTO MHOTOWIEH P,(X) HEe MEHsET 3HaK MpH MEPEexXo/ie Yepe3 KOPEHb Ci.

AHaJOTHYHBIM CIIOCOOOM, UCTOJB3Ys pasnoxkeHue (3), HEeTpyAHO YOeAUTCs, YTO MPHU Mepexoe
gyepe3 KOPeHb ¢, MHOTOWIeH P, (X) MeHsieT 3Hak, eciu K, — HEYETHOE, U He MEHSET 3HaKa, eciid K, —
yeTHOe. PaccMOTpeHHOE CBOICTBO MHOTOUICHOB HCIONB3YETCs AJIS PELICHHs HEPaBEHCTB METOJIOM
MHTEpPBaJIOB. /{7151 TOro 4ToObI HAWTH BCE PELICHUS
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P.(x) >0, 4)

JIOCTaTOYHO 3HATh BCE JACMCTBUTEIbHBIE KOPHU MHOrowieHa P,(X) UX KpaTHOCTH W 3HaK
MHoOrowieHa P,(X) B Mpon3BOJIbHO BRIOPAHHOM TOUYKE, HE COBMAJAIONIEH ¢ KOPHEM MHOTOWICHA.

HepaBencTBa ¢ napamerpamu.

HepaBeHcTBa ¢ mapamerpamu SIBISIFOTCS HauOoJiee TPYAHBIMH 3a/ladaMH Kypca dJIEMEHTapHOM
MaTeMaTHKH. DTO OOBACHAETCS TeM, YTO UX PEIICHUs CleAyeT MOoJy4yaTh MPH BCEX TOMYCTHUMBIX
SHAYCHUAX BXOOANIUX B HUX ITAapaMETPOB.

CucremMbl palliOHAIbHBIX HEPABEHCTB.

IlycTp HamO HAWTH YUCIIOBBIE 3HAYEHUS X, IPH KOTOPBIX MPEBPAIAIOTCS B BEPHBIE YUCIIOBBIE
HEPaBEHCTBA OJHOBPEMEHHO HECKOJIBKO paIlMOHATIbHBIX HEPAaBEHCTB. B Takux cilydasx TOBOPAT, YTO
Haao pCHINTb CUCTEMY pallUOHAJIBHBIX HCPABECHCTB ¢ OJHUM HCU3BCCTHBIM X.

UroObl pemuTh CHUCTEMY pPAllMOHAIBHBIX HEPABEHCTB, HAM0 HAWTH BCE PEIICHUS KaXKIOTro
HEpaBeHCTBA cucTeMbl. Toraa ob1as 4acTe BceX HalJICHHBIX PEICHU U OyJeT pelIeHuEM CUCTEMBI.

I'padguueckoe pemeHne HepaBeHCTB.
HepaBeHcTBa ¢ 0JHOM MK IByMsI IEPEMEHHBIMU MOXKHO peIaTh rpaduyecKH.
HepaBeHncTBO ¢ ogHON mepeMeHoil MOkHO 3ammcath Tak: f(x) > g(x), rme f(x) m g(x) —
BBIPA)XKEHUS, COZIeprKalllie EPEMEHHYIO.
[Toctpoum B 01HOM cucTeMe KoopauHat rpaduku pyskimuii y = f(x) un  y = g(x).
Pemienne HepaBeHCTBAa €CTh MHOYKECTBO 3HAYCHMH INEPEMEHOW X, MPU KOTOPbIX rpaduk GyHKUMH
y=g(x), Tak kak f(x)>g(x).910 noka3ano Ha pucyHnkax 1 u 2.

JJOCKOCTH,

Pemenne HepaBeHCTBa C IBYMsl MEPEMCHHBIMEA(X,y)>) ecTb MHOKECTBO TOYE
KOOPJIMHATHI KOTOPHIX YJOBJIETBOPSIOT 3TOMY HEPRBEHCTRBY.

Ay

Yy =g[x|

L\

=

HppaunuonajbHbIe ypPABHEHUSI.

VYpaBHeHuUe, colieprkaliee MepeMeHHYI0 MO/ 3HAKOM KOPHsI, Ha3bIBACTCS UPPAUUOHAIbHBIM.

Pemenne uppanmoHaIbHOTO ypaBHEHUS OCHOBAHO Ha MPeoOpa3oBaHUM €ro K paloHATBHOMY
YPaBHEHHIO, YTO JIOCTUTAETCSI BO3BEICHHEM OOCHMX €ro 4YacTeil B OJHY U Ty JK€ CTeleHb (MHOTIa
HECKOJIBKO pa3).

[Ipu BO3BeneHHM OOCHMX YaCTeH MPPALMOHATBHOTO YPAaBHEHHS B YETHYIO CTENCHb MOJIYy4aeTcs
ypaBHEHHE, SBIISIONIEECS CIEICTBHEM UCXOTHOTO. Y paBHEHUIO-CIICACTBUIO yIOBIETBOPSIOT BCE KOPHU
HCXOJIHOTO YPaBHEHHUS, HO MOTYT IMOSBUTHCS M KOPHHU, KOTOPBIC HE SIBIISIOTCS KOPHSMHU HCXOJIHOTO
ypaBHEHHUS («IIOCTOPOHHUE» KOPHU). UTOOBI BBISIBUTH «IIOCTOPOHHUE» KOPHH, BCE HalJIeHHbIE KOPHU
YPaBHEHHSI-CIICJICTBHS TIPOBEPSIOT TOJCTAHOBKOW B MCXOJHOE YPABHEHUE U «IIOCTOPOHHHUE» KOPHHU
O0TOpachIBaIOT.

HcxonHoe WMppalrMoHaNbHOE ypaBHEHHE PABHOCWIIBHO CMEIIAHHON CHUCTEME, COCTOSIICH W3
YPaBHCHUA-CIICACTBUA n OFpElHI/I‘ICHHfI, OIpeaAcCIACMbIX 00JIaCThIO A0IYCTUMBIX 3HAYCHUN
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nepeMeHHoil. B 3ToMm ciydae «mocTopoHHHE» KOpHH HE OYyIyT BXOIWUTH B OOJNACTh JOIYCTUMBIX
3HAYEHUH MEepeMEHHONW | MPOBEPSTh UX MOJCTAHOBKOW B UCXOJIHOE YpaBHEHUE HE TpeOyeTcs.

[Ipu Bo3BeAEHNM 00EMX YACTEN MPPAIIMOHAIBHOIO YPABHEHHS B HEUETHYIO CTEIICHb MOJy4aeTCsl
YPaBHEHHE, PABHOCWIBHOE UCXOIHOMY.

HNppaunonajbHblie HEPABEHCTBA ¢ OJIHOM MepeMeHHOM.

PemeHne wnppanvoOHaIBbHOTO HEPABEHCTBA C OJHOW IEPEMEHHOM CBOAMTCS K PELICHHUIO
PaBHOCHJIBHOM €My CHCTEMBl PallMOHAJIbHBIX HEPABEHCTB WJIM COBOKYITHOCTH CHUCTEM PallMOHAIBHBIX
HEPaBEHCTB.

OTH CUCTEMBI PEIIAIOTCS IPU HAJOKEHUM OTPAaHUYEHUI Ha MEPEMEHHYIO U BO3BEIEHHM 00enx
4acTel HEPABEHCTBA B OJIHY U Ty JK€ CTEIICHb.

Iloka3zaTenbHble 1 TPUTOHOMETPHUYECCKHUE YPABHCHHUS H HEPABCHCTBA.

OcHosHble npuembl uUx peweHus: (Paznodxicenue Ha MHOXCUMeNU, 66e0eHUe HOBbIX HeU38eCHDbIX,
noocmarnoska, epagpuueckuii memoo). Mcnonvzosanue ceolicmes u epaghukos Qyukyuil npu peulenuu
HepaseHcme. Memoo unmepsanos.

IlokazamenvHole ypasnenus u HepageHcmed.
Pemenue noxazamenvhuvix ypasHenuil 9acTo CBOJNUTCS K PEIICHUIO YPABHEHUS
a* =a’,
rae @ > 0.a #1, x - geu3BecTHOE. DTO ypaBHEHUE PEIIACTCS C TOMOIIBIO CBOWCTBA CTEIICHU: CTETICHU C
OJIMHAKOBBIM OCHOBaHHEM ¢ > 0,a #1 paBHBI TOJIBKO TOT/Ia, KOT/Ia paBHBI UX MOKA3aTEIH.
Pemenue noxazamenvHulx HepaseHcme 4acTO CBOJUTCS K PELICHUIO HEPABEHCTBA
a* >a’wm a* <a’.

OTH HEpaBeHCTBA pELIAIOTCS C TIOMOILNBIO CBOMCTBA BO3pAaCTaHHUA WM  YObIBAaHHA
MOKa3aTeIbHOW  (PYHKIIMHU: 11 BO3pacTaromeid (QyHKIUHW OoJIbIIEeMy 3HAYCHUIO (YHKIIMH
COOTBETCTBYET Oouiblliee 3HAYCHHWE apryMeHTa, a Jjs yObIBarouied (QyHKIMHM OOJbIIEMY 3HAYECHHUIO
(GYHKIIMM COOTBETCTBYET MEHbIIIEE 3HAUEHHUE apryMeHTa.

Tpuzonomempuueckue ypasnenus u HepageHcmaad.
1. YpaBHeHus, cCBOISAIIMECS K KBAIPATHBIM.
2. YpaBHeHus asinx +bcosx =c.
3. YpaBHeHUsI, pelIaeMble pa30KEeHUEM JIEBOM YaCTH HA MHOYKUTEIIHU.

IIpumeneHre MaTeMaTHYECKHX METO0B ISl PellIeHHUs COJepPKaTeJbHbIX 32/1a4 U3 PAa3JIHYHbIX
o0JiacTeil HAYKH M NPAKTHKH (JOMOJHUTEIbHBINH MaTepuaJn)

Ilpumenenue mamemamuyecKux Memooog 0jisl peueHUsl COOePHCAMENbHbIX 3A0aY U3
PA3UUHbIX 0O1acmell HayKy u npakmuxu. Mumepnpemayus pe3yibmama, y4en peaibHblx
02panuyeHul.

Pewumv mamemamuueckyro 3adauy — 3T0 3HAUUT HAWTH TaKylO MOCIEIOBATEIBHOCTh OOIIMX
MOJIO)KEHUH MaTeMaTHKH, MPUMEHSS KOTOphIe K YCIOBHSM 3aJayd IMOJlydaeM ToO, YTO TpeOyercs
HaWTH — OTBET.

OcHOBHbIMU  MemOoOaMu  peuleHUus MeKCmosblX 3a0ad SBISIOTCS apuMETHUYEeCKHid U
anreOpandeckuii METo/, a Tak e KOMOMHUPOBAHHBIH.

Pewums 3a0auy apugpmemuueckum memooom — 3HAYNT HAWTHU OTBET Ha TPeOOBAHHE 3aTadyM
MOCPEACTBOM BBITIONHEHUS apu(pMeTHdecKuX NEHCTBUU HaJ NaHHBIMH B 3amade uuciamu. OmHy U
Ty’K€ 3a7]a4y MOKHO PELIUTh pa3IuuyHbIMU apudmeTndeckumu crocodamu. OHU OTIUYAIOTCS APYT OT
JIpyra JIOTUKOHM PacCy>KACHUN B IIPOLIECCE PELICHUS 3a1a4H.

Pewums 3a0auy ancebpauueckum memooom — 3HAYUT HAWTH OTBET Ha TpeOOBaHHE 3aJa4yu
MyTeM COCTABIICHUSI ¥ PEIICHHUsI YPaBHEHUS WM CUCTEMbl ypaBHEHUH.
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Texcmosbie 3a0auu aneebpauyeckum MemoooM peuarom no ciedyioujeli cxeme:

1) BBLAENSAIOT BENTUYMHBI, O KOTOPBIX HAET pedb B TEKCTE 3aJayd, M YCTAHABIMBAIOT 3aBUCHMOCTD
MEXTy HUMH,

2)  BBOIAT IepeMeHHbIC (0003HAYAOT OyKBaMU HEM3BECTHBIC BEIIMYMHEI);

3) ¢ MOMONIBIO BBEJCHHBIX MEPEMEHHBIX M JIAHHBIX 3a7a4d COCTaBISIOT YPaBHEHUE WIH CUCTEMY
YpaBHEHUH;

4)  pemaroT MOoJTy4YeHHOE YPABHEHHUE UM CUCTEMY;

5) TpoBepsIOT HalileHHBIE 3HAYEHUS 10 YCIOBUIO 33]a4d U 3aMUCHIBAIOT OTBET.

Kombunuposanusiti METOIl pPEUICHHs BKIIOYAeT Kak apu(MeTHUecKuil, Tak W anreOpandecKui
CIIOCOOBI PEIICHUSI.

B HavanbHON 1IKOJIE 3a/auu densim no Koaudecmey Oelcmeuti PU PEelIeHUH Ha TPOCThIE U
COCTaBHbIC. 3aJaud, B KOTOPBIX U OTBETA HAa BOMPOC HY)KHO BBITIOJIHUTH TOJBKO OJIHO JICHCTBHE,
Ha3bIBAIOT npocmuimu. ECIH UIst OTBETa Ha BOIIPOC 33/1a4H HY>KHO BBITIOJHHUTH JBa U 0ojee IeiCTBUi,
TO TaKWE 3aJ1a41 HA3bIBAIOT COCMABHBIMIL.

CocraBHy10 3a/1a4y, TEK kK€ KaK U MPOCTYI0, MOKHO PEIINTh, HCIIONB3Ysl pa3IMYHBIE CTIOCOOHI.

3aoaua. Pri6ak noiman 10 pe16. U3 Hux 3 nema, 4 oKyHs, ocTabHbIe — IMIyKH. CKOJIBKO IIyK MOWMAaT

pbIOaK?
Ipakmuyeckuti cnocob

( Jﬁ( g geees

O603Ha‘II/IM Kaxayto peiOy kpyroM. Hapucyem 10 kpyroB u 06003Ha4nM MOWMaHHBIX PHIO.
J J J O O O O
Jlyis oTBeTa Ha BONPOC 337aYM MOXKHO HE BBINIOJIHATH apu(MeTHuecKue AeHCTBHS, TaK KaK KOJIMYEeCTBO
MOWMaHHBIX HIYK COOTBETCTBYET HE 0003HAUYECHHBIM KpyTaM — UX TpH.
Apughmemuueckuii cnocoo.
1) 3+4=7(p) — noiimaHHbIe pHIOHI;
2) 10 -7 = 3(p) — noiiMaHHbIE LIYKH.
AnreGpanueckuii crocoo.
[TycTth x — moiiMaHHbIe OTyKH. Torma KOJIMYecTBO BCeX PHIO MOXKHO 3aIncaTh BRIpKEHHEM: 3 +
4 + x. Ilo ycrnoBuo 3a7jauu U3BECTHO, YTO pbIOak moiiman Bcero 10 pwi6. 3nauut: 3 + 4 + x = 10.
PemmB 3710 ypaBHEeHMe, TOJIy4UM X = 3 ¥ TEM CaAMbIM OTBETUM Ha BOIIPOC 3aJIa4H.

I'paguueckuii cnocoo.

Jemu OKyHH LIYKH
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DTOT cnocol, Tak XK€ KaK U MPaKTUYECKUM, MO3BOJIAT OTBETHTh Ha BOMPOC 3a/Jaud, HE BBITOIHSS
apru(PMETHICCKUX JACHCTBUH.

B maTtemaTrke OOIIENpUHSTO CIIEAyIOIIee JACJICHUE TPOoIiecca PeIICHHs 3a/1a4:

1) aHanm3 TekcTa 3a/auM, CXeMaTudecKast 3alnch 3a/1a49H, UCCIIEIOBAaHHE 3a/IauH;
2) TOMCK croco0a PelIeHHs 33a]aui U COCTABJICHUE TNIaHA PEIICHHS,

3) ocylecTBICHNE HAUJEHHOTO TUIaHA;

4) aHanM3 HaWJCHHOTO PEIICHUS 33a]]auH, IPOBEPKa.

Memooul noucka peutenus 3a0ayu MOXCHO HA36aAMb cledyloujue.

1) Amnanms: a) KOraa B pacCyXKJICHUSAX ABUTAIOTCS OT UCKOMBIX K JTAaHHBIM 3a7add; 0) KOrJa Ienoe
pacwIEHsSIOT Ha YacTH;

2) Cunres:

a) KOTJa JBUTAIOTCS OT IaHHBIX 33J]a4ul K UICKOMBIM;

0) Kor/1a IIEMEHTHI OOBEINHSIOT B 1IEJIOE;

3) IlepedopmynupoBka 3aaaun (4€TKO (popMyIUpoOBaTh MPOMEKYTOUHBIE 33JaHNUs, BOZHUKAIOLIUE TI0
XOJy ITOMCKa PELICHHUs);

4) VHayKTUBHBIA METOJ| pelleHMs 3a/JadM: Ha OCHOBE TOYHOTO 4epTeka YCMOTPETh CBOWCTBA
¢burypsl, crnenats BHIBOABI M JOKA3aTh UX;

5) IlpumeHeHue aHANOTUU (BCIIOMHUTH AHAJTOTMYHYIO 337a4y);

6) IlporHosupoBaHue — NpeABUAECHUE TEX PE3YIIbTATOB, K KOTOPHIM MOXKET IIPUBECTH MTOMCK.

Paccmompum 6onee noopobrno npoyecc pewrenus 3adavu:
3anava Ha JBWKeHHe. Jloaka mpouuia o TEYEHUIO PEKH PacCTOSTHUE MEXIY JBYMs MPUCTaHIMH 3a 6
4, a oOpaTHO — 3a 84. 3a CKOJBKO BPEMEHM MPOUAET PpACCTOSTHME MEXAYy HPUCTAHAMHU IIJIOT,
MyIICHHBIN 110 TEUSHUIO PEKU?

Ananuz 3a0auu. B 3amade peub upeT o ABYX oOObBekTax: Jojka M MmioT. Jlogka umeer
COOCTBEHHYIO CKOPOCTb, a IUIOT M peKa, IO KOTOPOH IUIBIBYT JIOJKA M IJIOT, MMEET OIpPEeIICHHYIO
CKOpOCTh Te€4eHHus. IMEHHO MO3TOMY JIOJIKa COBEpIIAET MyTh [0 TEUCHHUIO PEKH 32 MEHbIIee BpeMs
(64), yem mpotuB TeueHus (8u). Ho 3Tm cxopoctu B 3amaue HE JaHbl, TaK K€ KaK HEU3BECTHO U
paccrosiHUe MeXIy npucTaHsMu. OnHako TpedyeTcs HallTU He 3TU HEM3BECTHBIE, a BpeMs, 32 KOTOpoe
IUIOT HPOIUIBIBET 3TO PacCTOSHUE.

Cxemamuueckas 3anuco.:

v
F 3

: Mogka 6 y

F s
v
F 3

.................... J—
nogxa

[Touck cnocoba pemenus 3agaun. Hy>kHO HalTH Bpemsi, 32 KOTOPOE IJIOT MPOIUIBIBET PACCTOSIHUE
MEXIy npucTansiMu A u B. [l Toro, 4ToObI HAWTH 3TO BpeMs, HaJl0 3HATh pacCTOsIHUE AB U CKOPOCTh
TeueHus1 peku. O0a OHM HEW3BECTHBI, TIOATOMY 0003HAYMM paccTosiHue AB OykBoit S (KM),a CKOpPOCTh
TedeHUus! a KM/4.UToObI CBSA3aTh 3TH HEW3BECTHBIC C JAHHBIMH 33Ja4H, HY)KHO 3HAaTh COOCTBEHHYIO
CKOpOCTh JIoAKK. OHAa TOKE HEU3BECTHA, MOJIOKUM, OHA paBHa V km/4. OTciola BO3HHMKAeT IUJIaH
peleHHs, 3aKII0YAONINICA B TOM, YTOOBI COCTAaBUTh CUCTEMY YPAaBHEHHH OTHOCHUTEIHHO BBEIACHHBIX
HEU3BECTHBIX.

OcymiectBienue pemienus 3aaaud. [IycTs pacctosiHue paBHO S (KM), CKOPOCTh TEUCHUS PEKU d
KM/4, COOCTBEHHAsI CKOPOCTb JIOJKU V KM/4, a ICKOMOE BpeMsl IB>KEHUS TUI0Ta PABHO X 4.
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Torma CKOpOCTh JIOJKH TIO TeUEHHWIO peku paBHa (V+a) km/4. 3a 69 noaka, uas ¢ ITOU
CKOPOCTBIO, mporuia pacctossaue B S (km). CriemoBatenbHo, 6 (V + a) = § (1). IlpoTtuB TeyeHus 3ta
JIOJTKA UJIET CO CKOPOCThIO (V — a) KM/4 W TaHHBIA MyTh OHA MPOXOIUT 3a 8 4, moatomy 8(V-a) =S
(2). TImoT, TIBIBS CO CKOPOCTBIO TEYCHHS PEKH a KM/4, MPOIUIBLT paccTosHue S (KM) 3a X 4,
cienoBarenbHo, ax =S (3).

[TonmydyeHHble ypaBHEHHUsI 00pa3ylOT CUCTEMY ypaBHEHUN OTHOCHUTEIHHO HEM3BECTHHIX a, X, S, V. Tak
Kak TpeOyeTcsi HAWTH JIMIIb X, TO OCTAJIbHbIE HEU3BECTHBIC MMOCTAPAEMCS UCKITIOUHUTb.

[ns aroro u3 ypasHenuit (1) u (2) Haiinem: V +a =, V —a = . Bpluuras U3 nepBoro ypaBHEHHUs
BTOpOE, noyunuM: 2a = — . Orcroaa a =. [loacraBuM HaiiieHHOE BBIpaXkeHHE B ypaBHeHue (3): X
=. Otkyna x=48 .

IIpoBepka pemieHus. Mbl HalUIM, YTO IUIOT MPOIUIBIBET PACCTOSIHUE MEXKIY NMPUCTaHSIMH 3a 48 u.
CnenoBatenbHO, €ro CKOpPOCTh, paBHasi CKOPOCTH TEYEHHs peKH, paBHa . CKOPOCTb XK€ JIOAKHU IIO
TEUYEHUIO PEeKH paBHA KM/d, a MPOTHB T€YCHHUs KM/4. Jlisi TOro, 4T0OBI YOEIUThCS B MPAaBUIBHOCTH
peleHus, JOCTATOUYHO MTPOBEPUTH, OyIyT JIM PaBHBI COOCTBEHHbBIE CKOPOCTH JIOJKH, Hall/IEHHBIE ABYMS
cnocobamu: + u  — . IIpousBens BBIUMCIIECHHUS, IOJYyYUM BEPHOE PAaBEHCTBO: = . 3HAUUT, 3aJaya
pelIeHa IPaBUIIBHO.

OTBeT: mIoT IMPOIUIBIBET PACCTOAHUC MCIKAY IIPUCTAHAMU 3a 48 gacos.

AHanun3 peuieHus. Mbl CBeIM pelleHHe 3TOH 3aJaun K PELICHUI0 CUCTEMBbl TPeX YpaBHEHUH C
4eThIpbMS Hen3BecTHBIMU. OTHAKO HAWUTH HAJ0 ObLTO OJHO Hen3BecTHOE. [10ATOMY BO3HHKAET MBICIIb,
YTO JJaHHOE peIlIeHHe He CaMOe yAa4HOe, XOTS U PpocToe. MOKHO NPEIOKUTh IPYyTroe peleHue.

3Hasl, 4TO JIOJKa MpoIuiblia paccrosHue AB mo TeueHuto peku 3a 64, a mMpoTuB — 3a 84,
Haiiem, uro B 14 jojka, Mad MO TEUYEHHIO PEKM MPOXOJUT YacThb ATOTO PACCTOSHUS, a NPOTHUB
TedeHHs. Toraa pa3HOCTb MEXKJIYy HUMHU — U = €CTh YJIBOCHHAsl 4acTh paccTossHusa AB, npomnisiBaemas
wiotoM 3a l4. 3Haumt. Ilnot 3a lu mpombiBeT dYacTh paccrosHuss AB, crnenoBarenbHO, Bce
paccrosinue AB oH mporbiBeT 3a 48 4.

[Tpy TakoM pelieHMH HaM HE MOHAJ00MIOCh COCTaBIATh CUCTEMY ypaBHeHHH. OAHaKo 3TO
pellIeHne CI0XKHee MPUBEIECHHOIO BhIIIE (HE BCAKUM JIorafjaeTcs HalWTHU pa3HOCTh CKOPOCTEH JIOAKH 110
TEYEHUIO M NMPOTUB TeueHus peku). Ho eciau BBl Tak U He CMOIIN pa3o0paTbes C pelIeHUueM JTaHHOH
3aJa4M, WIM e Y Bac IPOCTO HET Ha 3TO BpeMs, a HAa HOCY €€ Kydya KOHTPOJIbHBIX, TO BBl MOXETE
3aKa3aTh PEUICHNEe KOHTPOJIbHBIX pabOT Ha CIEeUaIbHBIX OUpIKax.
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	Тема 3.6. Обратные тригонометрические функции, их свойстваи графики.
	Функция арксинус 
	Функция арккосинус 
	
	Функция арктангенс .
	Функция арккотангенс .
	Изобразим график функции арккотангенс:

	Угол между прямой и плоскостью.
	Пусть - наклонная, проведенная из точки M к плоскости , а - ее проекция на плоскость (рис.1). Тогда угол - называется углом между прямой и плоскостью . Таким образом определяется угол между прямой и плоскостью, пересекающей эту прямую и не перпендикулярной ей.
	
	Сложение векторов
	Вычитание векторов
	Умножение вектора на число
	Тема 14.2. Основные понятия математической статистики
	Статистическое распределение выборки
	Эмпирическая функция распределения
	Полигон и гистограмма
	Решение рационального уравнения , где и— многочлены(Q(x)0), сводится к решению уравнения = 0 и проверке того, что корни удовлетворяют условию Q (x)  0.
	Также используется теорема Виета:
	Рациональные неравенства.
	Свойства равносильных неравенств.

	При решении неравенств используют свойства равносильности. Неравенства с одной переменной называются равносильными, если множества их решении совпадают.
	Доказать. Неравенства P(x) + T(x) > Q(x) и P(x) > Q(x) – T(x) – равносильные.
	P(x) + T(x) – T(x) > Q(x) – T(x), отсюда P(x) > Q(x) – T(x).
	Дано. P(x) > Q(x) – неравенство (1),
	T(x) > 0, xR,
	P(x)T(x) > Q(x)T(x) – неравенство (2).
	Доказать. Неравенства (1) и (2) равносильные.
	Это свойство доказывается аналогично 3 свойству.
	Алгебраические неравенства.

	Линейными (строгими и нестрогими) называются неравенства вида
	Квадратными (строгими и нестрогими) называются неравенства вида
	Метод интервалов.
	Неравенства с параметрами.

	Системы рациональных неравенств.
	Графическое решение неравенств.

	Неравенства с одной или двумя переменными можно решать графически.
	Решение неравенства с двумя переменными f(x,y)>0 есть множество точек плоскости, координаты которых удовлетворяют этому неравенству.
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