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Pa3IMYHBIC MATCMATUYCCKUC 3a1a4YN.
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[TpoTtokon Ne 9 ot «29» anpens 2022 r.

IIpencenarens JI.A JlazapeBa




Oo6sacTh NpUMEHEHUS METOAUYECKUX YKAZAHUI

Metoanueckue ykazaHus JJis BBIMOJHEHUS MPAKTHUECKUX pabOT SBISIOTCS
94acThIO0 MMPUMEPHON OCHOBHOUM TpodeccrHoHaIbHOM 00pa30oBaTEIbHOM MPOTPaMMBI B
cootrBeTcTBUM ¢ PI'OC mo cnemuanbHocTH CIIO 15.02.12 MoHTaXK, TEXHHYECKOE
00CJIy’KUBaHUE ¥ PEMOHT NPOMBIIIJIEHHOT0 000pyA0BaHus (110 0TPACIAM).

Heau 1 3a1a4M MeTOAMYECKUX YKA3aAHUI /151 BHITIOJIHEHUS MPAKTHYECKUX

paodor:
B pe3ynbrate ocBoeHUs y4eOHON NUCHUIIIMHBI 00yUYaOIIUNCS JOKEH YMETh:
- BBITIOJIHATH ONEpPaliy HaJl MATPUIIAMU U PEIlIaTh CUCTEMBI JIMHEUHBIX YPABHEHHUI;
- pemaTh 3aJja4M, UCTI0JIb3Ysl YPAaBHEHUS NIPSIMBIX U KPUBBIX BTOPOTO MOPsAJIKA HA
IUIOCKOCTH;
- IPUMEHSATh METO bl TU(PPEPEHINATIEHOTO U MHTEIPAIbHOTO HCYHUCIICHUS;
- pemiath quddepeHuanbHbIe ypaBHEHNS;
- IIOJIB30BATHCS MOHATUAMHU TEOPUH KOMILJIEKCHBIX YHACE.
B pesynbTaTe ocBoeHUSs y4EOHOU JUCHUILIUHBI 00YUYaOIIUIACS T0JKEH 3HATh:
- OCHOBBI MAaTEMaTUYECKOI0 aHAIN3a, TUHEUHON anreOphl U aHATTMTUYECKON
reOMETPHH;
- OCHOBBI TU(PEPEHIHATTBHOIO U UHTErPATIbHOI0 UCUHUCIICHUS;
- OCHOBBI TEOPUH KOMIUIEKCHBIX YHCE.
®opmupyemMble KOMIIETEHIIUH

OK 2. OcyumecTBisiTh MNOWUCK, aHAJIM3 M HMHTEpPIpeTanuo HHGOpMaIH,
HE0OXOAMMOM ISl BBIMOJTHEHUS 3a/1a4 NPOo(eCCUOHATBHOMN IEATETbHOCTH.

OK 4. PaboraTh B KOJJIEKTUBE U KOMaH €, 3(PPEKTUBHO B3aUMOJEHCTBOBATH C
KOJUIETaMH, PyKOBOJICTBOM, KJIUEHTAMH.

OK 5. OcywmecTBisiTh YCTHYHO W TNHCBMEHHYK) KOMMYHHUKAIIMIO Ha
roCyJapCTBEHHOM si3blke Poccuiickoit denepanui ¢ y4yeToM OCOOCHHOCTEH
COI[MAJIBHOTO U KYJIbTYPHOTO KOHTEKCTA.

OK 8. lcnonb3oBaTh cpenactBa (HU3MYECKON KyIbTYypbl JJII COXPAaHEHUS U
YKpeIJIeHUsI 3JI0pOBbsS B  Ipolecce MNpoPecCUOHAIbHON  ACSITEIbHOCTH U
NoJIIepKaHUsl HEOOXOAMMOT0 YPOBHS (PU3NUECKON MOATOTOBICHHOCTH.

IIK 1.1. O6pabatbiBaTh NIEPBUYHBIE OYXTaNTEPCKUE JOKYMEHTHI.

IIK 1.2. Pa3pabGarbiBaTh U COIJIAacoOBBIBATH C PYKOBOJCTBOM OpTraHU3ALMH
pabounii MmiIaH cueToB OYXTaJITEPCKOro yueTa OpraHu3aluu.

MK 1.3. [IpoBoauth yyeT IEHEXKHBIX CPEACTB, OPOPMISATH JEHEKHBIE U
KAaCCOBbIE JOKYMEHTBI.

MK 1.4. dopmupoBarh OyxraaTepckue MPOBOJKH 10 Yy4YeTy aKTHBOB
OpraHu3allid Ha OCHOBE paboyero MjiaHa CYeTOB OyXrajaTepCcKoro y4era.

MK 2.1. ®opmupoBarh OyXrajarepckue NPOBOAKUA MO YYETy HCTOYHUKOB
aKTHBOB OpPraHU3aIlMU HAa OCHOBE paboyYero riaHa cueToB OyXTaJITePCKOro y4deTa.

IIK 2.2. BpINoJgHAT NOPYYEHUS PYKOBOJCTBA B COCTABE KOMHUCCHH IO
WHBEHTapU3allMU aKTUBOB B MECTaX X XPaHEHUS.

IIK 2.3. IIpoBoguTh NOATOTOBKY K WHBEHTApU3alMU U MPOBEPKY
JNEHCTBUTEIBHOIO COOTBETCTBUSl (PAKTUYECKHUX JAHHBIX WHBEHTApU3alUH JTAHHBIM
y4era.



IIK 2.4. OtpaxaTh B OyXTraaTEepCKUX MPOBOJIKAX 3a4eT U CIIMCAHWE HEIOCTAUH
LEHHOCTEN (peryaupoBaTb HMHBEHTApPU3ALUMOHHBIE pPAa3HULBI) [0 pe3yJibTaTaM
MHBEHTAPU3ALIIH.

IIK 2.5. [IpoBoauThk npoueaypbl HHBEHTapU3alMi (PUHAHCOBBIX 0053aTENIbCTB
OpraHu3aluu.

IIK 3.1. ®dopmupoBarh OyxXrajrepckue TMPOBOAKU IO HAYUCICHUIO U
MEPEUHCIICHUIO HAJIOTOB U COOPOB B OIOKETHI Pa3IUYHbIX YPOBHEH.

MK 3.2. OpopMisTh IUIATEKHBIE JOKYMEHTBI JJisi TIEPEUMCIICHUSI HAJIOrOB U
cOOpOB B OIOJKET, KOHTPOJUPOBATh HX MPOXOXKACHHE IO PacUueTHO-KaCCOBBIM
OAHKOBCKHM OIEpaIUsIM.

MK 3.3. ®dopmupoBarh OyXraaTepckue MPOBOJKU [0 HAYHUCICHUIO H
NEPEYUCIICHUI0 CTPaXxOBbIX B3HOCOB BO BHEOIOJKETHbIE (DOHABI U HAJOrOBBIE
OpraHsl.

MK 3.4. OdopMisaTh MIaTeXKHbIE JOKYMEHTHl Ha TEPEUMCICHUE CTPaxXOBBIX
B3HOCOB BO BHEOIOJDKETHBIC (DOHIBI M HAJIOTOBBIE OpPraHbl, KOHTPOJIUPOBATH HX
MIPOXO0’KJICHUE IO PaCYETHO-KACCOBBIM OAHKOBCKUM ONEPALIHSIM.

IIK 4.1. OTpaxxaTh HapacTalOUIMM UTOTOM Ha cUeTax OyXrajaTepCKOro ydera
MMYIIECTBEHHOE U (DMHAHCOBOE IMOJIOKEHUE OPTraHHU3aluu, ONPENEIATh PE3yabTaThl
XO35IUCTBEHHOU JAEATENBLHOCTH 33 OTYETHBIN IEPUO/IL.

IIK 4.2. CocraBnars ¢opmbl Oyxranrepckoi ((puHAHCOBOW) OTYETHOCTH B
YCTAHOBJIEHHBIE 3AKOHOIATEIILCTBOM CPOKH.

MK 4.3. CocraBnsath (OTYETH) M HAJIOTOBBIE JACKJIApallud IO HAJIOram H
coopam B OMO/KET, YUYMTHIBas OTMEHEHHBIM enuHbIi comnuanbHbiii Hajmor (ECH),
OTYETHl IO CTPAXOBBIM B3HOCAM B TOCYJapCTBEHHbIE BHEOIO/DKETHbIE (DOHIBI, a
TaKkXke (POpPMBI CTATUCTUUYECKOW OTYETHOCTH B YCTAHOBJIEHHBIE 3aKOHOJIATEIIbCTBOM
CPOKH.

IIK 4.4. IlpoBoauTh KOHTPOJAh W aHaidu3 uHGOpManuu 00 aKkTUBaX U
(bMHaHCOBOM TOJIOKEHUHM OPTaHU3aLMH, €€ TIATEXKECITOCOOHOCTH U I0XOJHOCTH.



Pexomenayemoe KOJIMY€CTBO YaCOB HA 0CBOEHME Padoyeil MporpaMmMbl yueOHOoi
TUCHMUILTAHBI:
Bcero 72 waca, camocTtosiTenbHas pabota 2 dYaca, KOHCyIbTaluu 4 dYaca,

ayIuTOpHas Harpy3ka 66 4acoB, W3 HHUX: JEKIHMOHHble 3aHATHS 32 uaca,

IIpaKTUYECKUE 3aHATHS 34 yaca.

IlepeyeHb npakTHYecKuX padoT

Ne Tema HasBanue paGoThI
. Onepauuu Haa MaTpuliamu. Beruucienue
1. | Jlunetinas anre6pa P  Matp
onpeieNIuTeNeld BTOPOTO U TPETHETO NOPSIKA.
. Pemenune cucrem ypaBHeHuu o popmysiam
2. | Jluneiinas anrebpa yp opmy
Kpamepa u merogom ["aycca.
JleficTBUS HAJl KOMIUIEKCHBIMU YUCJIaMU B
3. | KoMmuiekcHbie uncna .
Pa3IMYHOM 3aIUCH.
IIpenen pyuxiuu. IIpoussoanast CiioxHOHU
4 HAubgepenmansioe q)pHKuHE) yI/ICCJIe,ZLOBEHI/IG (GYHKIHUU C TOMOIIBIO
" | AICUHCJIEHUE Y . Y
IPOU3BOIHON U MOCTPOEHUE Tpaduka.
Bropas npousBogHas. Jupdepenunan. Pemenune
Huddepennmansaoe past b Aubdep
5. MPUKJIAJIHBIX 33124 C UCIIOJIb30BAHUEM 3JIEMEHTOB
HCUYUCIICHUE
i pepeHInaTbHOTO UCYUCIICHHUSL.
HNHTterpanpHOE
6. Pa3nuuHbie METOIbI MHTETPUPOBAHUS.
HCYHUCIICHUE
Brluncnenue HeonpeeeHHOro HHTerpasa.
HNHTterpanpHOE
7. BeluncneHne onpeaeneHHoro HHTerpaia.
HCYUCIICHUE .
Brluucnenue mioniaien miockux Quryp.
2 Juddepennnanbubie HuddepennnanbHbie ypaBHEHUS IEPBOTO
" | ypaBHEHUs MOPsAJIKA.
9 Huddepenunanbabie Juddepennnanbabie ypaBHEHUS BTOPOTO
" | ypaBHEHUS MOPSAJIKA.
10. | Pager HccneqoBaHnne 4nCIOBBIX PSAAOB.
11. | YnucneHHbIE METO/IbI HaxosieHue npon3BoIHON YUCICHHBIM METOJIOM.
Uucnennoe pemenue auppepeHuaibHOro
12. | YncneHHBIE METOBI p Anhepenn
YpaBHEHHUS.
. | OcHoBHBIE (pOpMyIIBI KOMOMHATOPUKH. Pemenue
13. | Teopus BeposTHOCTEMN
3ajad4.
. | Kimaccuueckoe onpeneneHrne BEpOSITHOCTH.
14. | Teopust BeposiTHOCTEMN
Pewmenne 3anau.
15. | Teopus BepossTHOCTeH | BerumnciaeHne BepOSTHOCTEH CIIOKHBIX COOBITHH.
16. | Teopus BeposTHOCTEH | BhlunciaeHne YUCIOBBIX XapaKTEPUCTUK BEIOOPKH.
17. | Teopust BepositHocTed | ITocTpoeHHE MOJIUTrOHA, THCTOTPAMMBI.




IlpakTnyeckas padora Ne 1
1o teme «Onepauuu HaJ MaTpuaMu. Beryuciienue onpeaeauresed BTOPOro u

TPEThero MopsaKa.»
Leb: HayYUTHCS BBIYUCIATH ONPEIEINUTEIN BTOPOTO U TPETHETO MOPSIKA.
Bpems BbinosiHenus 90 MuHyT

MarepuajbHoe o0ecnieuyeHme
1. TeopeTnueckue cBeeHUS
2.3amanue
3.JIuct A 4
4 KanbKyJIsaTOpbI
ITopsiiok BeINOJTHEHUS] padOTHI
1.M3yunts 3amanue
2. I3y4nTh TEOPETUYECKHUE CBEACHUS
3. Bomonauth 1 0OpMHUTH paboTy
4.1Toka3aTpe pe3yapTaThl IPENOAABATEIIO
JlomaiHee 3a1aHue
1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Xoxa padoTbl
Teopernyeckue cBeaeHUs
Onpeneaenne. Marpune pazmepa mXn, rjie m- YUCIO CTPOK, N- YHUCIO
CTOJIOLIOB, HA3bIBAETCS TA0JIMILIA YUCEII, PACHIOJO0KEHHBIX B ONPEACICHHOM IOPSIKE.
DT 4Yuclia Ha3bpIBAlOTCA 3JIEMEHTaMU MaTpHIibl. MecTo KaXaoro 3JeMeHTa
OJIHO3HAYHO OMPEEISIETCS HOMEPOM CTPOKH M CTOJIOLA, HA MEPEeCeYEHUN KOTOPBIX
OH HaXOAMUTCS. DJEMEHThl MaTpUllbl 0003HAYAIOTCS ajj, TJ€ 1- HOMEp CTPOKH, a j-
HOMED cTOJOLA.

a4y ... Gy

a a a

21 22 2n

A= aml

Buabl maTpuig

Martpuiia MOXKET COCTOSITh KaK U3 OJIHOM CTPOKH, TaK M U3 OJHOTrO cTosbia. Booobie
TOBOPsI, MATPUILIA MOMKET COCTOATH JAXKE U3 OJHOIO JIEMEHTA.

Omnpenenenue. Ecnm yuciao cronbmoB MaTtpuilbl paBHO YHCIY CTPOK (mM=n), TO
MAaTpPUIIA HA3bIBAETCS KBAJAPATHOM.

Onpenesenune. Marpuna Buja:

m3 " mn

0
1 .. 0
0 0 .. 1

HA3bIBACTCS €AMHUYHON MATPULIeH.



Onpeneaenue. Ecnu a,,,» = dnm , TO MaTpHUILIA HA3BIBACTCS CHMMETPHYECKOI.

2 15
1 36
IIpumep. > 6 4 - CHAMMETpHUYECKass MaTpULIA
a, 0 .. 0
0 a, 0
0
0 0 .. a
Onpeneaenue. KagpatHas Matpuiia BUia "|  Ha3pIBaeTCs

AMATOHAJIbHOM MATPUILICH.

JleiicTBUS C MATPUIIAMU

CJo:keHHe U BBIYUTAHME MATPUI] CBOJUTCS K COOTBETCTBYIOLIUM OIEpalldsiM HaJ
ux 3neMeHTaMu. CaMbIM TJIaBHBIM CBOMCTBOM 3THX OIEpalUi sSIBISETCS TO, YTO OHU
onpeodeieHbl noabKo 01 Mampuy 00UHAK08020 pazmepa. Takum oOpazom,
BO3MOKHO OIPEJIEIUTh ONIEpaIliy CJI0KEHUS U BBIYUTAHUSI MATPUIL;

CyMMoii (pa3HOCTBIO) MATPUIL SBJISICTCS MAaTPHUIIA, SJIEMEHTAMH KOTOPOM SIBJISIFOTCSI
COOTBETCTBEHHO CyMMa (pa3HOCTb) 3JIEMEHTOB UCXOAHBIX MATpPHIL.

Cij = aij = b

C=A+B=B+A.

Onepanysi yMHO:KeHHsl (JeJieHMs1) MaTpHIlbl JI0OOOTO pa3Mepa Ha MPOU3BOJIBHOE
YHUCJIO CBOJUTCS K YMHOXKEHHIO (JEJEHHMIO) KaXKJIOro 3JeMeHTa MaTpHIbl Ha 3TO
YHCIIO.

aA=| % Ay ada, ,
aa,, @a., .. aa

o (A+B) =0A = oB
A(axp)=aA + BA

1 23 1 3 4
2 1 4 57 8
Ipumep. lanb MaTpuiisl A = 323 ; B= 124 , Halitu 2A + B.
2 46 3 7 10
4 2 8 9 9 16
A= (046 , )A+B= |/ 6 10

IMpousBenenuem mMatpuil A - B = C; Ha3pIBaeTCs MaTpHIIA, 3JIEMEHTHI KOTOPOU

n
Cyi= 2 by
MOTYT OBITh BEIYHUCIIEHBI MO CIEAYIOMUM (popmyiam: k=1
3 IMPUBCACHHOI'O OIIPCACICHUA BUAHO, YTO OIICPAlUA YMHOXKCHUSA MATPULL
onpeesieHa TOIbKO JJIsl MAaTPULl, YMCJI0 CTOJI0OB NEePBOM U3 KOTOPHIX PABHO
YHCJIY CTPOK BTOPOIi.



Omnpenenenune. Marpuily B Ha3bIBalOT TPAHCIIOHUPOBAHHOM MaTpulieh A, a
nepexo oT A k B TpaHCIIOHMpPOBaHUEM, €CIIHA 3JIEMEHTBI KaXKJI0H CTPOKH MATPHULIBI
A 3anucaTh B TOM € NOPAJIKE B CTOJIOLBI MAaTPUIIbI B.

ay G e gy ay Gy e Gy
ay; Ay a4y, a, a4y )
a a ... a a, a, .. a
— ml m2 mn . — T 1n 2n mn .
A= ; B=A= ;

JAPYTUMHU CIIOBaMH, bj; = aj.

1 0 3 1 -1
2 4 1 2
Ipumep. Jlanbl MaTpuIlpr A = 1 -4 2 ,B= 2 ,C= ' i aneno o =2.
Haiitu A"B+aC.
1 2 1 12 1 1 1-1+2:3+1:2 9
0 4 -4 0 4 -4 0-1+4-3—4-2 4
AT= 31 2] . g 31 2] 12) - |31+13+2:2] _ 110/ .
-2 9 -2 7
4 4 4 8

Ipumep. Haiitu npoussenenue Matpuiy A = 3 uB= 2 4 L .

1 12 14 11} 2 4 1
4 42 44 41|58 16 4
A= 3] . 241 - 32 34 31/ 16 12 3
1
4
BA= 24 1 . Bl =2.1+4.4+1.3=2+16+3=2L.

3 4)

Hpumep. Haiitu npoussenenne Marpun A= 1 2| ,B= (5 6
(3 4

AB = 12 . 156

Oﬂpe}IeJII/ITeJIeM BTOPOro mnopsiika Ha3bIBACTCA YHCIIO, KOTOPOC IIOCTABJICHO B

_ [3+10 4+12] = (13 16/

COOTBETCTBHE TAOIUIIHI KOADPHUITUESHTOB



10 CIEAYIOLIEMY MpaBUily: MPOU3BEICHUE 10 TJIABHOM AMAaroHanu OepeTcs co
3HAKOM ILIIOC, 110 JPYTrOi JUAroHalld CO 3HAKOM MHHYC.

2 =ab, —ab;

H[!HMC[}: BBIYHCIINTD OIIPCACIINTCIIb BTOPOI'O ITOPSAAKA

2 4l=22-3.4=4-12=-8
) 3 2

1 T2=m11-3(-2)=-146=5
2) 3 1

OnpegennTeeM TPETHEro MOPSAKA Ha3bIBAETCS YUCIIO, KOTOPOE IIOCTABJIEHO B
COOTBETCTBUE TAOIHIBI KOA(P(UIMEHTOB 10 CIELYIOIEMY IIPABUILY:

al bl Cl

la, b, c=a,b,c;*a,bye+asbic,~azb,c,~a,bye,—ayb calignlis i
b

a c

3 73 "3

910 OIIPCACICHUC OIIPCACIIUTCIIA HAIJIAAHO MOKHO IIPCACTABUTDL CIICAYIOIIMUM

obOpazom:

OTo0 npaBuiia Ha3bIBatOT elie «IIpaBuso TpeyronbHUKa

Ipumep. BeraucinTe onpeaennuTens TPETHEro MopsIKa

3 2 1
2 4 5|=3-43+2:2:1+1-2:5-1:41-2-2:3-3-2:5=
1 2 3

=36+4+10—-4-12-30=4
CucreMoil JIMHEHHBIX AJIreOpanvdecKuX YPaBHEHH M, COJICpKaIle m ypaBHEHUN U
7 HEU3BECTHBIX, HA3bIBACTCS CUCTEMA BUJA!

a, x,+a,x,+...+a, x,=b,
a, X,+ay,X,+...+a, x,=b,



rjae uacha a; , i = I,m , j =1,n Ha3pIBatOTCA KO3(PHUIIMESHTAMH CHCTEMBI, Yucia bi —
cBOOOAHBIMH WwieHaMH. [TosiesxaT HaX0XKIEHUIO YHCIIA X
3necy A — maTpuna Ko3pUIIUEHTOB CUCTEMBI, Ha3bIBAEMasi OCHOBHOU MaAMpUuyel:

an 6112 aln
A=|921 Gy a,,

aml am2 amn

Xy

X

X =| “2|—8ekmop —cmonbey U3 Heu38eCMHbIX X i

X

n
bl
b
B=| "2 |- eekmop —cmonbey u3 c60600HbIX U1eHO8 b ;

b

m
[IpousBenenue marpun A * X onpeneneHo, Tak Kak B MaTpUIe A cTONOLOB CTOJIBKO
e, CKOJIbKO CTPOK B MaTpuile X (7 WTYK).

Pacwupennoii  matpuneii  CHUCTEMbl  Ha3bIBae€TCSd MaTpuila A CHCTEMBI,
JIOTIOJTHEHHAS CTOJIOIIOM CBOOOHBIX YJICHOB

a, a, ... a, b
A=l Gy o Gy, b,
a,, 4d,, ... a. b,

Pewenuem cucmemor Ha3bIBaeTCs 1 3HAYEHUN HEU3BECTHBIX X; = C;, X2 = C2, ... ,
X» = C, , TIPU TIOJICTAHOBKE KOTOPBIX BCE YpaBHEHHUS CHUCTEMbI OOpAaIIAIOTCS B
BEPHBIMH PaBEHCTBA. BesKkoe perieHrue CHCTeMbl MOYKHO 3aliucaTh B BUJIE MaTPHIIbI-
cToJIOIa

Cuctema ypaBHEHUM HA3bIBACTCS CO8MECHMHOU, €CIIM OHA UMEeT XOTs OBl OJIHO
pEIIECHUE, U HECO8MECMUMOIL, €CIT OHA HE UMEET HUA OJIHOTO PEIICHHUS.

CoBMecTHas cHUCTEMa Ha3bIBACTCSl onpedeséHHOl, €CIIM OHAa UMEET €IMHCTBEHHOE
pelIeHne, U HeonpeoelénHol, eClii OHA UMeeT OoJiee OAHOro penieHus. B nmociennem
CIydae KaxJoe €€ peIIeHWEe Ha3bIBACTCS UYACMHbIM  peuieHuem CHUCTEMBL.
COBOKYITHOCTh BCEX YACTHBIX PEILICHHUI HA3bIBACTCS 00WUM peuLeHUeM.

Pewums cucmemy — 3TO 3HAYUT BBIACHUTH, COBMECTHA OHA WJIA HECOBMECTHA.
Ecnu cucrema coBmecTHa, HailTH €€ o011iee pelieHue.

JIBe cuCTeMbl Ha3bIBAIOTCS IKGUBALECHMHbIMU (PABHOCUJIBHBIMHU), €CJIM OHU
UMEIOT OJTHO U TO K€ oOIee perieHue. JpyrumMmu cioBaMu, CHCTEMbl DKBUBAJICHTHBI,
€CJIM KaXXJI0€ PeIIeHUE OJTHOM U3 HUX SBIIACTCS PEIICHUEM IPYroi, 1 Ha000poT.



OKBHUBAQJICHTHBIE CHUCTEMBI IMOJIy4alOTCS, B YACTHOCTH, MPH 3IEMEHMAPHbIX
npeobpazo6anusx CUCTEMBI IPU YCIOBUH, YTO MPEOOPA30BAHMSI BBIMOIHIIOTCS JHUILb
HaJ CTPOKAMH MaTPHIIbL.

Cucrema TUHEHHBIX ypaBHEHHWI HA3BIBAETCS 0OHOPOOHOU, €CIH BCE CBOOOHBIE
YJICHBI PaBHBI HYIIIO:

a; x,+a,x,+...+a;, x,=0

A, X+ 0,5 X+...0,,X,=0

OnHOopoaHas CHUCTEMA BCET/Ia COBMECTHA, TAK KaK X; = X» = ... = X, = () sBIAETCA
pelIeHUeM CUCTEMBI. JTO PEIICHUE HA3BIBACTCS HYN1e8bIM U MPUBUATLHBIM.
2x,—x,=0

Ilpumep 4.3. Pemiuth cucremy

x,+3x,=7

_.0 -1
=6
7 3

2 0
17

2 -1
. = =/#
Pemenne: & ‘1 3‘ 770,84 ’

‘:7,A2_

‘ 14¢

7 14
3HauuT, X1=;=1,x2:7:2

Ipasuiao Kpamepa
Teopema. Cucmema uz n ypasnenuii ¢ n Heu38eCmMHbIMU

IRl

6 clayuae, eciu oOnpeoeiumesb MAmpuybl CUCHEMbl He paseH HYIo, umeem
eOUHCMBEHHOE peuleHue U MO pelueHue Haxooumcs no Qopmyiam:
xi = A/A, 2oe

= det A, a Ai — onpederumenb Mampuysl, NOIYYAEMOU U3 MAMPUYLL CUCTEMbL
3amenoti cmoaobya J cmonbyom c60600HbIX Uienos b,
Cytb mMemooa I'aycca 3axiro4acTcs B IOCICI0BATSIIBHOM HCKITFOUCHHH
HEU3BECTHBIX.

PaccMmoTtpum cuctemy NTMHEWHBIX YPABHEHUM:
|

TR

ki

Pa3znenum o6e yactu 1-ro ypaBHeHus Ha a;; # 0, 3aTem:

1) yMHOXHM Ha a;; ¥ BBIYTEM U3 BTOPOT0 YPaBHEHHUS

2) yMHOXHM Ha a3; ¥ BBIYTEM U3 TPETHETO YPABHEHUS U T.JI.
[Homyunm:
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| ,rned; =ay/a;n, j=2, 3, ..., ntl.
d,'j: a,j—aud]j 1= 2, 3, e, 1Y ] = 2, 3, vee n+l1.

Jlajiee TOBTOpSIEM 3TH K€ JIEUCTBUS JUIsl BTOPOTO YPAaBHEHUS! CUCTEMBI, [IOTOM — JUIS
TPETHETO U T.JI.

K sanemenTapHbIM 1peoOpa30BaHUSIM OTHOCSTCS:

1) IlpubaBnenue Kk 00E€MM YACTAM OJHOTO YPaBHEHHUSI COOTBETCTBYIOIIMX YacTei
JIPYroro, yMHOKEHHbBIX Ha OJHO U TO K€ YUCIIO, HE PaBHOE HYJIIO.

2) IlepectaHoBKa ypaBHEHUI MECTaMHu.

3) VYnpaneHue u3 cUCTEMbl YPaBHEHHH, SIBISIFOIIUXCS TOXKAESCTBAMU JJIS BCEX X.
3ajanus 11 MPOBeeHUSI MPAKTHYECKOM PadoThI

1.BpI4uCANTS ONpEAEIIUTENN BTOPOIO MOpsIIKa:

—K, 2+K B :
1)a="" 70 2)a=73 Y 9%k, 64"

K 'K 5 3)A=] 3 - |

3K, 6 05 V4

2.BBIYHCINTE ONPEAETUTENN TPETHETO MOPSIAKA:

-1 3k, 2 3k, 4 -3 1 -2 kK
)a=[2 8 «xl, 2)4=]8 7x-2 -2/,3)4=8 x -5

1 1 2 2 -1 8 2 K, 5

3.Pemnts cuctemy ypaBHeHuM MeToa0M Kpamepa, caenatb NpoBEPKY:

e R R




Rl S

Bapuan K, K, Bapuanm | x, K, Bapuanm K, K,
m
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KoHTpoJsbHBIE BONIPOCHI:

Uto Ha3bIBACTCS ONMPEACTUTEIIEM MATPUILIBI?
Kak BbrYuciauTh onpenenuTenb BTOPOro nopsiaka?
Kakue criocoObl BBIYUCIEHUS ONPEICIUTENSI TPETHETO OPSAIKA BAM U3BECTHBI?
[Iepeunciure CBOKMCTBA ONPEICIIUTEIICH.
Chopmynupyiite Teopemy Kpamepa.
Anroputm npuMmeHeHusa metoja ["aycca.
OTtBeTbI

Bapua 1 3apanue 2 3aj1aHne Bapua | | 3aganue 2 3aj1aHne

HT 1 2 311 2 3 HT 12 3|1 2

l. - 6 - - - |12 ] 1. - 163 - [-89] -100




1 18 | 84 | 220 | 7 1 24 9
5 0 6 4
2. - -63 - - | -68 | 55 | 2. - - |68 [-72| -68 |45
3 24 | 63 4 |65
2 4 0
3. - 6 - - | 237 26 | 3. -1 4| - [-52| 232 |60
3 18 | 10| 2 1 1 11
9 0| 4 0 6
4. - -71 | -20| - | -68 | 63 | 4. 1| -114|-9 -68 | 59
1 45 6179 0
6
3. - | =219 - - (121 ] 18 | 5. - 14 - |-64| -220 | 90
2 18 194 | 2 5 1|6 |11
4 0 0 6
6. - | =373 |52 - [402| 14 | 6. 0| - |12 |-21| 8092 | 85
4 20| 8 5 92
0 5
7. 41 -229 | 14| - | 130|-23| 7. 2| - 176 1-24] 2500 | 9
0 0 [19] 8 9130
2
8. - 162 - - - | 28 | 8. 4123120 |-16| 1308 | -
3 37 | 13 1220 | 6 5111 4 85
0 2 | 8
9. 4| -87 |39 27| -68|-65|09. 31 -126(09 -68 | -9
8 6 2183 8
10. 4| -8 |33 ] 18| -68|-35| 10. 0| - |12 |-20| 10628 | 90
0 2 60
0
1. 1| -304 | 14| - | 250 |-68 | I1. - 15 - - -220 | 17
0 0 (24| 0 218124110 2
0 4 1 2
12. - | =223 |52 - 130 ] 91 | 12. 2| - [76]-18] 1308 | 27
2 36 | 8 0|22
0 7
13. 3 156 | 20 | -8 | 452 | -27 | 13. 1|22 - [-73] 1212 | 12
9 4 419 |11 3
6
14. 1 63 26 (31 - |45 14 81 - | - |-29| 4028 | -
6 8 100 01|37 14 12




910 5
15. =377 | 76 | - | 402 | -15| 15. 3165|3346 | -100 |55
26 | 8 0 2
BapHUaHT 1 2 3 4 5
A 12,36,24,12 | -6,12,18,2 -12,36,24,- | 8,-8,28,4 -60,0,240,-
12 300
X,Y,Z 3,2,1 -2,3,-1/3 3,-2,1 -1, 3,5, 0,5 1(0,-3,5
BapUAHT 6 7 8 9 10
A -1,-1,-6,-5 | 1,3,-6,-1 -261, - 61,- 96,96,0,-
1827, 1305, | 122,244,61 | 480
-261
X,Y,Z 1,6,5 3,-6,-1 7,5,1 -2,4,1 1,0,-5
BAPHUAHT 11 12 13 14 15
A -60,- 58,174,116,0 |-6,-6,6,-24 |6,0,12,6 -6,-6,-12,-
300,60,-60 24
X,Y,Z 5, -1,1 3,2,0 1,-1,4 0,2,1 1,2,4
BAPUAHT 16 17 18 19 20
A 44, - -44,-44,44,-44 | -49,49, - 49,-109,- 27,0,270,-
44,176,44 245,294 651,782 27
X,Y,Z -1,4, 1 IL,-1,1 -1,5,-6 -109/49, - 0, 10, -1
93/7, 782/49
BapUaHT 21 22 23 24 25
A 27,9,- 12,-12,24,0 12,- -58,-58,116,- | -60,-180,-
60,156 12,36,60 174 60,-60
X, Y, Z 1/3,- -1,2,0 -1,3,5 1,-2,3 3, 1,1
20/9,52/9
BAPUAHT 26 27 28 29 30
A 104,208,- | 99,-99,198,- 67,-150,- 92,-92, - 102,0,306,-
104, 208 297 329,-84 184, 0 102
X,V,Z 2,-1,2 -1,2,-3 -150/67, -1,-2,0 0.3 -1
-329/67, o
-84/67




IIpakTHyeckas padora Ne 2

no teme «Pemenne MmaTpu4HbIiX ypaBHennii, CJ;IAY MaTpuuHbIM METOIOM.
eab: HAYYNUTHCS BBIYUCIISITh MUHOPHI, anTreOpanvecKkue JOMOTHEHHS, HAXOAUTh
oOpaTHbIE MAaTpPULIbl, pelIaTh NPOCTEilIe MaTpuyHble ypaBHeHus1, CJIAY
MAaTpPUYHBIM METOJIOM.
Bpems Boinosinenust 90 MUHyT
MarepuajbHoe o0ecnieuyeHmne
1. TeopeTnueckue cBeeHUS
2.3ananue
3.JIuct A4
4 KanbKyJSaTOpbI
Iopsinok BeINOIHEHNsI padoThI
1.3yuuts 3aganue
2. I3y4nTh TEOPETUUECKHUE CBEACHUS
3. BeinonauTh ¥ 0(hOPMUTH paboOTy
4.I1oka3aTp pe3yJbTaThl IPENOAABATEIIO
JlomaniHee 3a1aHue
1.IToaroToBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
Xoxa padoTbI
Teopernveckue cBeaeHMU

Munopom HEKOTOPOrO 3JIEMEHTA a; ONPEACIHTENS n-20 TOPSIKAa HA3bIBACTCS
OnpenenuTenp 1 — 1-ro mopsiaKa, MOJIYYEHHbIH U3 UCXOQHOTO MyTEM BBIYEPKUBAHUS
CTPOKH W CTOJIOLIa, HA TIEPECEUCHUHU KOTOPBHIX HAXOJUTCS BBHIOPAHHBIA DJIEMEHT.
OO6o3Hauaercs m;.

ay 4y Ay

Tak ecru A= a, a a,,|,mom;,=

a a a a
22 23 — |11 13
22 ,m 327

a; 4z dxy

az dss ay; Ay

Anzebpauueckum oOononHeHuem dJICMEHTA a; ONPEICIHUTENS HAa3bIBACTCS €ro
MHUHOD, B3STBIH CO 3HAKOM «ILTIOCY», €CITH CyMMa i + j — 4€THOE YHCIIO, ¥ CO 3HAKOM
«MHHYC», €CIIM 3Ta cyMMa HeuéTHas. O6o3Hauaercsa Aj: A= (-1)'" * m;

Tak, A1 = +my;, An=-ms3,
Ceoucmeo («Pa3noxenue omnpenenutens IO 3JIEMEHTaM HEKOTOPOTO psiaay).
OnpenenuTtens paBeH CyMME TMPOUW3BEICHUN JIIEMEHTOB HEKOTOPOTO psia Ha
COOTBETCTBYIOIIHNE UM alTreOpanvecKue JOMOTHEHUS.
[IpowmmrocTpupyeM W OJHOBPEMEHHO JOKaXeM CBOWCTBO 7 Ha TIpUMEpe
onpeaenuTens 3-ero nopsaka. B aTom ciydae CBOWCTBO 7 O3HAYAET, UTO

all alZ al3
A=lay a, au[=a;*A;+ap*A,+az*xA;,

a; A3 dg
B camowm niene, umeem
ay dy
a31 a33

— a, dp;
a*A+ap*Ap+agxAp=oa;* ta,* —
d;, dg

60y Ay, Ay3—=041Ay3 A3 —A150y, A3+ A1, Ay A3+ 01305, A3 — A130,,03, = A




CBOICTBO COEPKUT B ce€O€ CIOCOO BBIYUCIICHUS OMPEIEITUTENEH BRICOKUX
MOPSIJIKOB.
IIpuMmep. Beraucioure onpeaennuTess MaTPULBI

3 5 7 8
-1 7 01
0 5 3 2
1 -1 7 4

Pemenue: J1y1s paznoskeHus onpeaenuTesns 00bIYHO BHIOUPAIOT TOT Psifl, TA€ €CTh
HYJIEBBIE DJIEMEHTHI, T.K. COOTBETCTBYIOIIIME UM CJIaraeMblie B Pa3jioKeHUu Oy1yT
PaBHBI HYJIIO.

_31 3 3 ? 5 7 8 5 7 8 5 7 8 5 7 8
o s 3 2:3>x< 5 3 2|+1%|5 3 2[+0%| 7 0 1|—1*[7 0 1|=3%(7*3%4+(—1)%0%2A
1 -1 7 4 -1 7 4 -1 7 4 -1 7 4 5 3 2

Cesoticmeo. Cymma NMpOU3BEJEHUN 3JI€MEHTOB KaKoro- Ju0o psja ONpeleauTeNs Ha
anreOpanyeckre JIOMOJHEHUS COOTBETCTBYIOIIMX AJIEMEHTOB MapajuieIbHOrO psja
paBHA HYJIIO.

TaK, HaIIpHUMCEp, a]]A2] + CljzAgz + Cl13A23 =

HaxoxxaeHue 00paTHOM MATPHIIBI.

a, 4a, ... 4,

_|a a .. a
ITycts A — KBajipaTHas MaTpuiia n-ro mopsaka A= 21 % 2
a, d, ... 4.

KBangpaTHas maTpuiia A Ha3bIBA€TCSI HEBLIPOHCOECHHOM, CIU ONPEACIUTENb A =
det A ue paBen Hymo: A = det A = 0. B npotuBHOoM ciiydae (A = 0) marpuiia A
Ha3bIBAETCS GbIPOIHCOCHHOIL.

Marpunei, corwsnoii K mampuye A, Ha3pIBACTCS MaTpPULA

Ay, Ay ... A,
Ay Gy e G| ai Ay Ay A,
A=|%2 9 - dp
A, A, ... A,
Ay, Gy oo Ay,
rae Aj — anreOpanyeckoe JOINOJHEHHE dJeMEHTa «; NaHHOW maTpuilbl A (OHO

OTIpEJIEIISIETCS TaK ke, KaK U alNre0pandeckoe TOMOTHEHUE AIEMEHTA OMPEACIIUTEN).
Matpuia A Ha3bIBaeTCS 06panmmoil MaTpULE A, €CIIM BBIIOIHIETCS yCIOBHE

A*A'=AT*A=E,
rae E — ennmHuyHas marpuna Toro ke mnopsaka, 4ro u marpuna A. Martpuna Al
HMMEET T€ K€ pa3Mephl, YTO U MaTpula A.
OoOparTHast maTpuna.
Teopema Bcaxas nesvipoosxcoennas mampuya umeem oOpammuyio.

X All A21 A31

-4 m.eA =——x*A. A, A
detA’ det A 12 22 32
A13 A23 A33

1

-1



p—

OtmeTuM ceoticmea 0OOpPaTHONW MaTPHIIHI:

. det (A =1/detA;
2. (A*B)'=B"* A",

. (AHT =AY,
Ilpumep. Haiitu A™', eciiu A= (_21 i’)
Pemenwne: 1) Haxomum det A: det A= _2 ?‘=2+3=5¢0
2) HaXO,Z[I/IM A*: A11 = 1, A21 = -3, Alz = - (-1) = 1, Azz = 2,
i1 =3
mostomy A=\, 3)
1 =3
4oa21(1 =3)_|5 5
Haxomum A™': A 5(1 ’ ) 12
5 5
IIpoBepxka:
Aeaiz| 2 3),[1/5 —3/5\_( 2/5+3/5 —6/5+6/5|_.(1 0|_p
-1 1) \1/5 2/5 —1/5+1/5 3/5+2/5 01

Ipumep. Omnpenenuts Npu KakUMX 3HAYEHHUSX O CYLIECTBYET MaTpHIa, oOpaTHas

TAHHOU
1 -2 2
A=la 3 0
2 1 1

Pemenue: Bcesikas HeBbIpoXkACHHas MaTpula uMmeeT oOpartHyto. Haiiném
ONPEAECTUTENb MAaTPULIbI A

1 -2 2
AA=|la 3 0/=3-0+20-12-0+2a=4a-9
2 1 1
Ecmu 40 —/9 = 0, €. o = 9/4,/T0 AA = 0, T.e. MaTpuia A HEBBIPOKICHHAS, UMEET
oOpaTHy1o.
IIpumep. [TokazaTs, uro MaTpuia A gBisercs oOpatHoi st B, ecnu
1 11 3 -3 1
A=|1 2 3|,B=|-3 5 =2
1 3 6 1 -2 1

Pemenue: Haiiném npoussenenue Matui A u B:
1 1 1 3 -3 1 3—3+1 —3+45—2 1-2+1 1 00
A*¥B={1 2 3|*{-3 5 —-2|=|3-6+3 —-3+10—-6 1—-4+3|=¢|0 1 O|=E
1 3 6 1 -2 1 3—9+6 —3+15—-12 1—-6+6 0 0 1
Amnanoruudo B * A = E, cnenoBarenpHo, MaTpuiia A siBiseTcss oopaTtHoi s B.
Ilycts naHa cucrema n JIMHEMHBIX YPAaBHEHUN C 71 HEU3BECTHBIMU
a, x,+a,x,+...+a,,x,=b,
@y X +Ap Xy +...+ 0y, X, =D,

WM B MaTpuuHoil opme A * X = B.
OcHoBHas MaTpulia A Takoi cucTeMbl KBagpaTHas. OnpenenuTens 3TOH MaTPULIbI



a, ... a
A= ..
yy ... Ay

n

Ha3bIBACTCA onpeodenumenem cucmemvl. ECU OnpenennuTenb CUCTEMbl OTIUYEH OT
HYJISI, TO CUCTEMa HAa3bIBAETCS HEGbIPOIHCOCHHOU.

Haiiném penreHre 1aHHOW CUCTEMBI ypaBHEHUH B citydae A # 0.

VMHOkHB 06¢ yacTh ypaBHeHus A * X = B cneBa Ha marpumy A, monyunm A * A
* X =A"*B. Ilockomeky A" * A=EnE*X=X,10 X=A"*B,

OTpickanue pernieHus: cucteMsl o Gpopmysie (4.1) Ha3BIBAIOT MaAMpuUuHbIM CHOCOOOM
PELICHUS CUCTEMBI.

3ajanus 1Jis BBINOJHEHUS MPAKTHYECKOH padoThI

3apanme 1
2 11 K 1 -2 1 K
I)A: 1 2 3 5|’ 2)A2|_2 3 K1 2‘,
3k, 2.1 4 1 -3 -2 4
JlaHBI OIpEIEUTENN: -2 13 -3 1 2 3 4

a., a
o 3 2.
1) HaiiTit MUHODBI 1 ainreOpandyecKue JOMOJIHEHHS DIICMEHTOB j

2) BouucauTh ONpeaenuTeNd, Pa3ioK1UB X 10 SJIEMEHTaM a) 1-0i CTPOKH, 0) j-TO
cToJiOla

Bapuanr Ky K, i j Bapuanr Ky K, i i
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 | 24 -4 | 1 2

10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2
14 -4 -1 1 2 29 -2 5 2 1
15 -1 5 3 1 30 -5 -1 1 3
kK, —2 -1
A=l2 1 2

3aganme 2. Jlana maTpuna 2 . Haiitn



a)A~" u nposepums , umo A-A™'= ATLA=E

6) A+A™!
Bapuanm K, K, Bapuanm K,
1 3 -2 16 4 1
2 4 | 17 5 1
3 3 -4 18 2 0
4 2 | 19 -2 1
5 3 -3 20 2 2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 | 24 -4 1
10 -5 | 25 0 8
11 -2 4 26 4 2
12 1 3 27 -1 3
13 -3 2 28 2 3
14 -4 -1 29 -2 5
15 -1 5 30 -5 1
3aganue 3

1. PemuTh cuCTEMBI ypaBHEHUH C IOMOIIbIO 00pAaTHOW MaTPUIbI (MATPHUUYHBIM
METOJIOM).

eyl el




3aganmue 1

BapHaH Mi3 sz Aig Azj PHaAH M sz A A A

1 72 | 52 | 72 | 52 | 58 | 6. 33 | 15 | 33 15 | 24
50 | -30 | -50 | 30 | 160 251 65 | 25 | -65 | 175

3 9 15 -9 15 | 18 | 18 -27 | 26 27 | 26 | 14
-15 | 55 | -15 | -55 | 145 50 | -15 | -50 | -15 | 160

5. 14 | -88 | -14 | 88 | 82 | 20. -19 5 -19 | -5 | 47
50 | 40 | 50 | 40 | 180 -12 | 60 | -12 | -60 | 120

7 19 6 19 6 26 | 22. 15 33 15 33 | 42

-19 | 10 19 10 | 115 -2 | -15 2 15 | 55

9 7 10 -7 10 | 70 | 24. 72024 | 72 | 24 | 89
-1 75 | -11 | 75 | 170 50 10 | -50 | 10 | 130
11. 36 | 54 | 36 | 54 | 90 | 26. 35 | 25 | 35 | 25 |-200
5 5 -5 5 100 15 15 | -15 | 15 | 115
13. 93 -6 93 -6 | -72 | 28. 74 | -10 | -74 | 10 |-106
50 10 | 50 10 | &5 10 | 40 | -10 | -40 | 100

15. 46 | -58 | -46 | 58 | -20 | 30. 44 | -6 | 44 | -6 | -86




-8 -30 8 30 | 250 -33 10 | -33 10 80
17. -61 | -35 61 35 58 32. 27 | 273 | 27 | -73 | 50
-15 55 15 -55 -5 50 | -15 50 | -15 | 25
19. 27 | 230 | -27 | 30 54 34, 258 | -5 |-258| 5 |-239
50 55 -5- | -55 10 50 20 | -50 | -20 | 120
21. -39 | 78 | -39 | <78 | -129| 36. -54 | -54 | 54 54 27
-40 0 40 0 100 -30 | <30 | 30 | -30 | 190
23. 21 12 | -21 | -12 | -30 | 38. -34 -6 -34 -6 | -58
7 -5 -7 5 100 -33 10 | -33 10 90
25. -40 0 40 0 -20 | 40. -13 | -115| 13 |-115]| 110
-10 10 10 10 60 -11 | -35 11 -35 | 135
27. -39 | -19 | -39 | -19 | 200 | 42. 21 | -15 | 21 15 |-186
50 25 | =50 | -25 | -25 5 35 -5 -35 | 115
29. 34 | -10 | -34 10 | -154 | 44. -39 | 42 | -39 | 42 | 222
-47 | 35 -47 | -35 | 110 50 | 25 | -50 | 25 | -50
3aganue 2
_1[ '32 155 —g] 2 . 3 4 5
3 - — _ —
1 1 =12 7 2—1?[—2 15 —8] 1 ;- _; g] _1[_52 lgl _2] _1[ 3 _155 g]
-5 -3 7 518 -7) |5 46|73 15 _7
6 7 8 9 10
14 13 -3 ~10 -11 3 0 6 -3 —6 -9 3 6 -9 3
a| 27 —4] —1[ 5 -2] —1[-2 27 —14] }[ 2 21 -10 7—1[ 2 17 —a]
-13 -1 517 g g2 )|y Zis w0 ) |[TUs 12 2 ) s 1
11 12 13 14 15
~12 -12 3 10 11 -3 -8 -10 3 -2 -7 3 14 13 -3
;[ 2 5 _2] 2—13[—2 7 —4] 1—13[ 2 9 —4] —;[2 13 —5] 12 -1 o0
11 14 -2 -9 -3 5 7 12 -1 1 2 0 ~-13 -11 3
16 17 18 19 20
2 7 -3 6 9 -3 4 8 -3 —6 -9 3 0 6 -3
—[—2 19 —m] 3—;[—2 23 —12] Ll-2 11 —ﬁ] -1[ 2 5 —2] —;[—2 11 —ﬁ]
-1 -10 8 -5 -1 9 -3 -6 6 5 8 -2 1 -10 6
21 22 23 24 25
18 15 -3 12 12 -3 ~10 -11 3 -6 -9 3 20 16 -3
2—11[—2 3 —2] -;[—2 -1 .:.] —1[2 9 —4]1—15[2 13 —t’:] 2—13[—2 3 -2
~17 -6 4 ~11 -10 3 9 15 -1 5 10 0 ~19 -6 4
26 27 28 29 30




|

0 6

-2 19

_3 10 11 -3
—m] é[—z -1 0
1 -14 &8

-9 -9 3

|

2
2
-3

-5
-11
12

3
]
-6

|

1
11

-14 -13 3
2 5 -2
13 16 -2

-2 -7 3
2 17 -8

KonTpoJsbHbIe BOonpochl
Yo Ha3bIBaETCSI MUHOPOM?

Yto Ha3bIBaeTCs aJIF€6paI/I‘{€CKI/IM JOITOJIHCHUCM 3JICMCHTA ManI/IHLI?

Kak pa3noxuTh onpeaenuTelpb 1Mo 3JIeMEeHTaM CTOJIO0a U CTPOKU?

Kakast maTpuiia Ha3bIBa€TCs HEBBIPOKIECHHOM ?
TpaHciOHMpPOBaHHAs MATPULA.

Kaxkast MmaTpuiia Ha3bIiBaeTCs 00paTHOM MO OTHOIIEHUIO K TAHHOW ?
KakoB mops10k BIUUCICHNS 00paTHON MaTpUIIbI?
AJITOPUTM pELIEHUS TPOCTEUIIETO MATPUYHOTO YPaBHEHUS




IlpakTnyeckas padora Ne 3
no teme «JlelicTBUS HAJl KOMILIEKCHBIMH YHMCJIAMH B ajiredpanyeckoii gopme»
Iesib: HAYYUTH BBIMOJIHATH IEUCTBUS C KOMIUIEKCHBIMH YHCIIaMH B alre0panyecKoi
bopme
Bpems BpinmosiHenuss 90 MuUHYT

MarepuajnbHoe o0ecnieuyeHmne

1. TeopeTnueckue cBeeHUS

2.3ananue

3.JIuct A 4

4 KanbKyJIsaTOpbI

IHopsinok BeIMOIHEHNsI padOThI
1.A3yunts 3amanue

2. I3y4nTh TEOPETUUYECKHUE CBEACHUS

3. Bomonauth 1 0OpMHUTH paboTy
4.11oka3aTp pe3yJIbTaThl IPEMOAABATEIIO
JlomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeaeHMs

Onpenenenne. KoMIIEKCHBIM YHCJIOM 7 Ha3bIBaeTCs BhIpaskenue Z =4+ rpe

aunb - ,Z[ef;ICTBHTeHI;-HI)Ie qHuciia, I — MHUMasg CANHHIIA, KOTOpasa OIIPCACIIACTCA

cootsomenmem: | =L i =- 1.

[Ipu 3TOM 4KCIIO @ Ha3bIBAECTCS AEHCTBHUTEJbHON YacThIO uncia z (@ = Re z), a
b- mauMoi yacTeio (b = Im z).

Ecmu a =Re z =0, T0 4ncino z 6yaeT 4ucTo MHUMBIM, €Ciii b = Im z = (), TO YHUCIIO
z OyJleT IeUCTBUTEIbHBIM.
Onpenenenne. Yucna Z=a+ib  y  Z =a-ibyaspBaloTcsi KOMILUIEKCHO —
CONPAKEHHBIMM.

z, =a, +ib, z, =a, +ib,

Omnpenenenue. /[Ba KOMIUIEKCHBIX YHCIIA u Ha3bIBAIOTCS
PaBHBIMH, €CJIM COOTBETCTBEHHO PaBHBI UX JIECTBUTEIbHBIE U MHUMBIE YaCTH:
a, =a,; b, =b,;
Onpenenenne. KOMIUIEKCHOE YHCIIO PABHO HYJIO, €CIM COOTBETCTBEHHO PAaBHBI
HYJIIO JEUCTBUTENbHAS U MHUMAs YacCTH.
a =b =0.

JeiicTBMSI HAl KOMIJIEKCHBIMM YHCJIaMU B ajireOpanyeckoii ¢popme.
OCHOBHBIE JIEUCTBUA C KOMIUIEKCHBIMH YUCJIAMU BBITEKAIOT U3 JIEUCTBUU C
MHOTOYIECHAMHU.



Cioxenue U BLIYUTAHHE
PaccmoTprM 1Ba KOMIUIEKCHBIX YHCIIA, 3aIaHHBIX B O0IIEM BHJIE Z; =a;+ib;;

Z,=a,t1b,, TOoraa
z=z,+z,=|a,+ib,|(a,+ib,=(a,xa,|+i|b, £b,|=axib

MoxHO chOopMYyIUPOBATH MPABUIIO CIOKEHUS U BBIYMTAHUS KOMIUICKCHBIX YHCEIT:
IIPH CJIOKEHUH (BBIYMTAHHUH ) KOMILIEKCHBIX YMCEJ COOTBETCTBEHHO CKJIQIBIBAIOTCSI
(BBIUMTAIOTCS) X JEHCTBUTEIBHBIC 1 MHUMBIC YaCTH.

YMHOKxEHME

z=2122=(a1+ib1)(a2+ib2) =a1a2+ialb2+ib1a2+i2b1b2=a+ib
z=zlzz=(a1a2—b1b2)+ i (a1b2+b1az)

( T.e. MOKHO TOBOPUTb, YTO NEPEMHOMKAIOTCS KOMILIEKCHBIE YUCIIa KaK MHOTOUJIEHBI,
YUYMTBIBAsA, 4TO i° = -1). 3HAUUT, Y4TOOBI IEPEMHOXKMTH JBA KOMIUIEKCHBIX YHCIIA
HEOOXOAMMO MEPEMHOKHUTE MX KaK MHOTOYIEHBI, yUUTBIBAs, 4TO i° = -1.

Jlesienue

[Ipu BBINOTHEHUU AEJIEHUS] KOMIUIEKCHBIX YHCEIT MOJIb3YIOTCSl HCKYCCTBEHHBIM
NpUEMOM: YUCIUTENb U 3HAMEHATENb IPOOU YMHOXKAIOT Ha YMCII0, KOMILIEKCHO -
COTPSDKEHHOE 3HAMEHATENI0 IPO0H, M MOCTYNAIOT Jajiee Tak, Kak U P YMHOKEHUHU
KOMILIEKCHBIX YHCEIL.

Hpumep.
1= 5-1,
Z2:-2+3i;

z _ 5-i _ (5-0*(-2-3) _-10+2i-15i+3° -13-13i _

z, -2+3i (-2+30)%(-2-3i) 4- 9;? 13

3ajaHus NpaKTH4eCKOH PadoThI

21" 25 Zy "2y,

1.JlaHbI KOMILIEKCHBIE YMCIIa BBIYMCIUT y 2 ~ 21+ 22 %2
l.z, =5-14; z, =1+3i 16. z, =5+1i; Z;:l' 2i

2.z, =3-4i; z, =1+i 17.z, =3+i; z, =5-12i

3.z, =1-5i; z, =1+4i 18.z, =1-5i; z, =1+3i

4.z, =1+3i; z, =T7-1i 19.z, =5-1i; z, =1+3i

5.z, =1-i; z, =7+3i 20.z, =1+43i; z, =-2+5i

6.z, =1-i; z, =5-4i 21.z, =3+4i; z, =-2+i

7.z, =3+4i; z, =-2+i 22.z, =5-2i; z, =-2+i

8.z, =-1i; =z, =T7T+4i 23.z, =7-2i; z, =5+3i

9.z, =6-5i; z, =1+i 24.z, =7-3i; z, =-1+4i
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10.z, =-145i; z, =2-5i 25.z, =-2+3i; z, =5-4i

1.z, =5-7i; z, =1-3i 26.z, =-3+2i; z, =6+5i

12.z, =-3-2i; z, =-1+T7i 27.z, =-1+7i; z, =4-5i

13.2, =5+2i; z,=2-i 28.z, =4+5i; z,=1-2i

14.z, =1+5i; z, =2-3i 29.z, =-1+43i; z, =6-5i

15.z, =1-4i; =z, =1+2i 30.z, =-3-2i; z, =4+3i

2. BeIMOJIHUTE ACUCTBUS HaJ KOMILJIEKCHBIMU YKCIIaMU B alnredpandeckoit opme
1+i [i_ 2.,

1)11)21)1— 2 |5 5)

2(1- if3) |
2)12)22) 1+iv3
- ’ +i';
1+

(1 20)(142) o,
4)14)24) 2+

A1 41,
5)15)25) - i

3)13)23)

ﬂ- (0,1- 0,30);
6)16)26) 1+3i

2(1- iV3)
NI7)27) (3-0)

(- 30)A+30) 0.
8)18)28) - 3-i ’
(1+iV3)°

9)19)29) 2°
4= g oy,

10)20)30) i
KOHTpOJ]bHLIe BOIIPOCHI

. UTo Takoe KOMIUIEKCHOE YUCJIO: JEUCTBUTEIbHAS YaCTh YMC/ia, MHUMAs 4YacTh
yucna?

UTto Takoe MHUMAsI eIMHUIIA?

Kaxkue urcna Ha3pIBalOTCS CONMPSIAKEHHBIMU?

Kak npenactaBUTh KOMIUIEKCHOE YHUCIIO TpaduyecKu?

Yro Takoe MoyIb yncia?

Yro Takoe aprymMeHT uucia’?

CKOJIBKO MOKET OBITh MOJIYJIEH U aprYMEHTOB y KOMIUIEKCHOTO 4Kciia’?

Kak Haiitn aprymeHT uucna?

Kak HaiiTu cymmy, pa3HOCTb, IPOU3BEJICHHE, YACTHOE KOMIUIEKCHBIX YHCEI

TeopeTnveckue cBeaeHUA



I'eomeTpuyeckoe n300pakeHue KOMIJIEKCHBIX YHCeEJ.

[IoHsTHE KOMIUIEKCHOIO 4YHCJIA HMEET TE€OMETPUYECKOE HCTOJIKOBAHHUE.
MHOXECTBO  KOMIUIEKCHBIX  YHCENI  SIBIIETCA  PACIIMPEHUEM  MHOXECTBA
JNEUCTBUTEIIBHBIX YHCEII 3a CYET BKIYEHHS MHOXKECTBA MHHUMBIX YHUCEIL.
KommiekcHble yncia BKIIOYAOT B ¢€0sl BCE MHOXKECTBA YMCEI, KOTOPhIE U3ydaIIUCh
panee. Tak  HarypanbHble, LE€JbIe, palUUMOHAIBHBIE,  HPPALUOHAIBHBIC,
NEUCTBUTENIbHBIE 4YHCJa SIBISIOTCS, BOOOIE TOBOPS, YACTHBIMU CIIy4asiMH
KOMIUIEKCHBIX YHUCE.

Ecniu mio0oe  n[eWCTBUTENBHOE YHCIO MOMXET OBITh  TeOMETPUUYECKH
OPEACTaBICHO B BHUJE€ TOYKM HA YHUCIOBOM MPAMOM, TO KOMILIEKCHOE YHCIO
NPEJICTABIsAETCA TOYKOM HAa  IUIOCKOCTH, KOOpAMHATAMH  KOTOpPOM  OyayT
COOTBETCTBEHHO JICMCTBUTEIbHAS 1 MHUMAsl 4YaCTU KOMIUIEKCHOro uncna. [Ipu stom
TOPU3OHTAIbHAS OCh OyJET SABIATHCS JICUCTBUTEIBHONW UHCIOBOM OChIO, a
BEPTUKAIbHASA - MHUMOW OCBIO.

y

X

Takum obOpazom, Ha ocu OX pacmosararoTcs JEHCTBUTEIBHBIC YHCIIA, @ HA OCH
OY — 4ucTO MHUMBIE.
C noMo1p0 No100HOT0 FrEOMETPUIYECKOTO MPE/ICTABICHUS MOXKHO ITPEACTABISATh
yucia B TaK Ha3bIBAEMOU TPUTOHOMETPUYECKOU PopMme.
Tpuronomerpuyeckasi gopma 4ucJia.

A3 reOMETPHUYECKUX COOOPaXKEHHH BHHO, yto @ =7 0S¥ b =rsing Topjg
KOMIUIEKCHOE YUCJIO MOYKHO IIPEJCTABUTH B BUJIE:
z =a+ib =rcosqg+irsin ¢ =r(cos ¢ +isin @)
Takas popma 3anucu Ha3bIBa€TCSI TPUTOHOMETPHUYECKOi (popMoii 3anucu
KOMIIJIEKCHOI'0 YHCJIa.
IIpu 5TOM BenMuMHA ¥ HA3BIBAETCA MOAYJIEM KOMIUIEKCHOI'O YHCJIA, @ YIOJI HaKJIOHA
¢ - apPryMeHTOM KOMIUIEKCHOT'O YUCJIA.

r :|Z

;g =Argz
N3 reomerpuueckux cooOpakeHu BUAHO:

r =|a +ib| =vJa’ +b*; @=Argz :arctgé;
a



O‘-ICBI/II[HO, 4TO KOMIINICKCHO — COIIPSKCHHBIC 4YHCJIa KMCIOT OJMHAKOBBIC MOIYJIN U

IMPOTHUBOIIOJIOKHBIC apI'YMCHTBI.

|z| =|E; Argz =- Arg z.

JlelcTBHS ¢ KOMILIEKCHBIMU YHCIaMH B TPUTOHOMETPUUECKOH (hopMe.
zy =ri(cosq, +isin,) z, =r,(Cos@, +isin@,).

2
YMHOKeHHe Z —%1Z22 =hh (cos(q, +@,) +isin(@; +¢,))

B ciydae KOMILIEKCHO — COTIPSYKEHHBIX YUCET:
2z =(a+ib)a- ib) =a* +b* =|z" =[z[".
z ==L =2 (cos(, - @) +isin(@, - ¢,)
Jlesienue L N
Bo3Benenue B cTeneHb
s orrcpan YMHOKCHHUA KOMINIICKCHBIX YHUCCII CJICAYCT, UYTO
z? =zz =r*(cos 2¢ +isin 2¢)
B o01em ciydae nmomy4yum:

n

z" =r"(cos ng +isin nep)
M

i€ 7 — LEJI0E MOJ0KUTEIBHOE YUCIIO.
D10 BBIpaKeHHE Ha3biBaeTcs ¢opmyJioii Myaspa. (AbGpaxam ae Myasp (1667 —
1754) — aHrnuiickuii MaTeMaTHK).

H3BIeyenune KOPHHA U3 KOMILUICKCHOI'0O YA CJIa
iz :§/r(coscp +isin @) =p(cosy +isiny)

BOSBOI[SI B CTCIICHDL, IMOJIYYUM:

p" (cos m +isin m) =r(cos g +isin @)

Orcrona: P =</7; mp =q + 27tk; keZ.

- 2 ) 2
(/_ZK/I"(COSCP+Z'SII’ICP) :’{/; COSM+iSIHM
n n

Takum oOpa3oMm, KOpeHb 7 —OH CTENEHM M3 KOMIUIEKCHOIO YHCJIa HMEET #
pa3IUYHBIX 3HaYCHU.3aJaHus I NPAKTHYECKOH padoThl

3aganue. BeINOIHUTE NEHCTBUSA ¢ JaHHBIMA KOMIUIEKCHBIMY :

1) Z1+722; Z1-72; Z172,71:72

1. z; = 8(cos 55° +sin 55°), z, = 2(cos 5° + sin 5°),
2. z; = 5(cos48° + sin48°), z, = 2(cos 12° + sin 129),
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10.

11.

12.
13.
14.
15.
16.
17
18.
19:
20.
21.
22;
23,
24,
25,

26.

27.
28.
29.
30.

2.

z; = 3(cos 70° + sin 70°), z, = 2(cos20° + sin 20°),
z; = 10(cos 105° + sin 105%), z, = 2(cos 15° + sin 15°),
z; = 12(cos 145° + sin 145°), z, = 2(cos5° + sin 59),
z; = 7(cos 255° + sin255°), z, = 2(cos15° + sin 15°),
z; = 9(cos 168° +5in 168°), z, = 2(cos12° + sin 12°),
z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),
z; = 3(cos40° +sin40°), z, = 2(cos5° + sin 5°),

z; = 10(cos 75° + sin 75°%), z, = 2(cos 15° + sin 15°),
z; = 9(cos 123° + sin 123°), 2z, = 2(cos 12° + sin 129),

z; = 5(cos 160° + sin 160°), z, = 2(cos20° + sin 20°),

z; = 3(cos 235° + sin 235%), z, = 2(cos5° + sin59),

z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

z; = 2(cos 258° + sin 258°), 2z, = 2(cos12° + sin 12°),

z; = 7(cos 115° + 5in 115°), z, = 2(cos 20° + sin 20°),

z; = 14(cos 310° + sin 310°), z, = 2(cos 5° + sin 5?),

z; = 8(cos 45° +5in45%), z, = 2(cos 15° + sin 15%),

z; = 6(cos 213° +5in 213%), z, = 2(cos 12° + sin 12°),

z; = 9(cos 70° +s5in 70°), z, = 2(cos 20° + sin 20°),

z; = 4(cos 40° + sin40°), z, = 2(cos5° + sin 59),

z; = 6(cos300° +sin300°), 2z, = 2(cos15° + sin 15°),

z; = 3(cos 33° +5in33%), z, = 2(cos12° + sin12°),

z; = 5(cos 250° + s5in 250°), z, = 2(cos 20° + sin 20°),

z; = 8(cos85° +sin85%), z, = 2(cos5° + sin 59),

z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin15%),

z; = 9(cos 48° + 5in48°), z, = 2(cos12° + sin 129),

z; = 5(cos 100° +sin 100°), z, = 2(cos20° + sin 20°),

z; = 4(cos 175° +sin 175°), z, = 2(cos5° + sin 5°),

z; = 16(cos 120° + sin120%), z, = 2(cos 15° + sin 15°),

Bremoaauts I[GIZCTBHSI HaJg KOMIIJICKCHBIMHU 4YHUCJIaMHU B TpHFOHOMGTpH‘ICCKOfI

dbopMe, pe3ynbTaT 3anucaTh B TPUTOHOMETPUUIECKOM, anredpandeckoi u
MokaszaTeabHou hopme

i-1
1,11»21-171. 6,16,26. 3/~ 1+i
1-i |°
2,12,22. T—Zz] 7,17,27. ((ﬁ- i)(- 1+i))4
6 . 12
31323, | LF3 81828, Y3+
1- i 2
4 3
d1a0a | 057 0550 01020, | 232
0,5v3 - 0,5i V3 +i

515.25. (0 +y12i) 10.2030. - 3- 3i)



3.3amucaTh KOMIJIEKCHOE YHCIIO B TPUTOHOMETPUYECKOH U anredpandeckon popme

7il6. -7 /6

2. 25 7. %€ ;
3. (2/3)e T3, g (2/5)e>7/4;

4 373, o, 80776,
e' 5.7[1/6; 10. 2,26- 3.7[1/4;

4.BBITIOTHUTE AehcTBHS. Pe3ynbrar 3anmucarh Bo BceX Gopmax.
(5+3i)(5+3i")

| V2(cos225" +isin225°)’ 6. (-3+0)/2)%;
(3+2i)*(2- 3i%)
2. 1420 7 Q2/1- i3));
2 +i)° .
3 2i(cos(3m/4) +isin(3m/4))’ 3 (/3 +i)/2)%;
4 (- i3)/2)% 9. V- 8- 83i;

5 - 1+iy3; 10. N7~ 4iv/2;

5.. BBINOMHUTH AEHCTBUS, UCIIOJIb3YsI TPUTOHOMETPUUECKYIO (hOpMY:

1) ~2 i il 2
—+—i||l-—+—; 3 - ) Hisin(- 3+,
REPARS o |t *330)
l+i£’
5 (+i3)(-2- 2i3); 7. 2 2
3 (1+0)(3+3iV3); 3. V2
-3 33,
2 2 .
4 (6+2i3)(-3- 3i); 9. 443
Q-lﬁ e-3ﬂi/4
5 (5+5i)(cos15" +isinl5"); 10. 2 2

6.BBITIOTHUTE EHCTBUS HAa/l KOMIUIEKCHBIMU YUCJIAMHU B TPUTOHOMETPUYECKOM
dhopwme:
5[, . 5.
1) Zy, 2) Zy,
1. 4 =1+, z, Z-\/§+i; 6. Zi Zl-\/gi,zz =2+ 2i;
2.z =1-1i, z, :-ﬁ- i 7.z =-l+\/§i,z2 =-2-2i;
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=-1+i, z, :%+£i

3. 2 ; 8 % Z-I—\/gi,zz =-2+2i;

z, =-1-1,z, =—-£i; z, =3 +1, z, 2—1- ﬁi;
4., 2 2 9 2 2

_ 1,3

5 5 =eE 2 =20 20 o, A TVITER

KonTpoJsbHbIe BOonpochl

Yro Takoe TpuroHoMeTpudeckas (popma 3anucu KOMILUIEKCHOTO yucia?

Kak nepeBecT 4ncino B TpUrOHOMETPUYECKYI0 (hopmy?

Kak naiiTu npousBeieHre, YaCTHOE YMCel B TPUTOHOMETpUYECKOH dhopme?

Kaxk HaifTii BO3BECTH YHCIIO B TPUTOHOMETPUUICSCKON (pOopMeE B IIEITYIO CTEIICHb?

Kak HaliTu KOpeHb N-HOW CTETICHH U3 YKCIia B TPUTOHOMETpUUEcKor hopme?
®opmyna Ditnepa

Kak npenctaBuTh KOMILIEKCHOE YHCIIO B MOKAa3aTeIbHOU opme?

Kaxk cBsizanbl TpUroHoMeTpuyeckas U MnokazareibHasi (JOPMBbI 3aHCH KOMILIEKCHBIX
qucen?

Kaxk HaifTu nmpousBe/ieHre, YaCTHOE Yhcell B oKa3aTelIbHOU Gopme?

10.Kak HaliTh BO3BECTH YUCIIO B OKA3aTEIbHON (popME B LIENYIO CTENEHB?
11.Kak HaliTH KOpEHb N-HOM CTENEHH U3 YUCIla B ITOKa3aTeapHol hopme?



IlpakTHyeckas padora Ne 4
no teme «HaxoxaeHue nNpou3BOAHOM C10KHOU PyHKUUM. ['eomeTpudeckui u
(pusuyeckuii cCMbBICT NPOU3BOAHOM»

Henb: HayyuThCS HAXOXKIUTH MPOU3BOJHBIE JIEMEHTAPHBIX U CIOKHBIX (DYHKIIHIA.
Bpems BbinmosiHenuss 90 MuUHYT

MarepuajbHoe o0ecnieuyeHme

1. TeopeTnueckue cBeieHNs

2.3amanue

3.JIuct A 4

4 KanbKyJIsaTOpbI

IHopsinok BeIMOIHEHNsI padoThI
1.M3yunts 3amanue

2. I3y4nTh TEOPETUYECKHUE CBEACHUS

3. Bomonauth 1 0OpMHUTH paboTy
4.11oka3aTp pe3yJbTaThl IPEMOAABATEIIO
JlomaiHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Xoxa padoTbl

KpaTtkue TeopeTnueckue cBeIeHUsI.

Ilpouseoonan ghynkyuu, ee 2eomempuueckuil u puzuueckuil cmoici.
Onpenenenue. IlpousBoanoii ¢byHKuUU f(X) B TOUKE X = Xo Ha3bIBaeTCs Mpeiael
OTHOIIICHUS MpHUpaIIeHHs] QYHKIIUU B 3TOW TOYKE K MPUPAIICHUIO apTyMEHTa, €CIU
OH CYIIECTBYET.

f'(x)= lim f(x+Ax)—f(x)

Ax >0 Ax

_A4f
Ilycte f(x) ompeneneHa Ha HEKOTOPOM NpoMexyTke (a, b). Torma Ax
TaHIeHC yIJIa HakjJoHa cekymieid MP k rpaduky QyHKInH.
lim A—f:f'(xo):tga
x>0 AX =K — FeOMeTPUYeCKHI CMBbICJI IPOU3BOJTHOMI

TJIe Ol - YTOJI HaKJIOHA KacaTeabHOU K rpaduky QyHKIUH f(X) B TOUKE (Xo, f(X0)).



K —yrnoBoii koappuiimeHT KacaTeabHOM.
YTronm MeXIy KPUBBIMU MOXKET OBITh OINPEACIICH KaK YroJl MEXIy KacaTelbHBIMHU,
MIPOBEICHHBIMU K TUM KPUBBIM B KaKOH- TNOO TOYKE.

YpaBHeHHe KacaTelbHOll K kpuBoii ¥~ Vo= (%) (x=x,)

Y=Yo=— ( X—X o)
YpaBHeHne HOPMAJIH K KPUBOii f (%)

dakTryecku Mpou3BoAHas GyHKIUU MMOKA3bIBACT KaK U3MEHSETCS (DYHKIIHS MpU
U3MEHEHUHU IIEPEMEHHOM.
du3nyeckuii cMbicJ Npou3BoaHoil pynknuu f(t), rae t- Bpems, a f(t)- 3akon
JIBUKEHUS (MI3MEHEHUS KOOPJUHAT) — MZHOBEHHAA CKOPOCHb
osucenusn. COOTBETCTBEHHO, BTOPast MPOU3BOIHAS (DYHKIIUU- CKOPOCTh U3MEHEHUS
CKOPOCTH, T.€. yCKOpEHUe.
OcHnognule npaguna ouggepenyuposanusi.
O603HaunM f(x) = u, g(x) = v- pyHKuuu, AupdepeHunpyemble B TOUKE X.
Du=v) =u"=v’
Dw-v)' =u-v+tu-v
| _uv-vu

v ,ecan v # 0

HQOI/IC}BOQHI)IC OCHOBHBIX 3JIEMEHTAPHBIX !l!yHK!!Hﬁ.

u
v

3)

9) 'sin x| =cos x

HC =0;
2)(x™)" = mx™"; 10) (\COSX) =—sinx
(\/;)’:L_ (th)': 12

3) 2Vx 11) cos’x
1)_ 1 o
Yl 2 ctgx | =—
4 X ¥ 12) 00 sinx
' |arcsinx| =
s lel=¢ 13) 1-2
x|'_ x larccos x| =— 1
6) (a ):a Ina 11—
[lnx]':l larctgx| =——
7) X 15) 14X
log, x|'= ol
8) (ogax Tna 16 \arcctgx| ——

IIpouseoonasn cnosxcnoit pynkyuu.
Ilycmo y = f(x); u = g(x), npuuem obracmo 3uauenuil GyHKYUU U 6Xo0um 6 061acmo

onpedenenusi pynkyuu f.



Toz20a y=f(u)u
Jozapugpmuueckoe ougppghepenyuposanue.

y=hjyi=l

Ik, mpu 0L

\

PaccMmoTpum pyHKIHIO

L =l (o=l

Torma (Inlx|)= * |1k X X X
Inff () =)
YuutsiBas MOJYYEHHBIW PE3yJIbTAT, MOKHO 3aIMCaTh f(x)

f (x)
Otnomenne f(X) HaspiBaercs Jorapudgmudeckoii mpousBoaHoi Gpyukiuu f(x).
Cnoco6 Jorapupmudeckoro nugepeHupoBaHus COCTOUT B TOM, YTO CHaydasa

HaXOoJIT JIOrapu(MHUUECKYIO MPOU3BOJIHYIO (hDYHKIIMH, a 3aT€M IPOU3BOIHYIO CaMOM
dbyHKIIMU 110 hopmyJie

f (x)=(In]f(x]1)-f(x)
Cnoco6 morapudmuueckoro auddepeHIupoBaHuss yJI00HO TPUMEHITh s
HAXOXICHUS TPOU3BOJHBIX CIIOKHBIX, OCOOCHHO MOKa3aTeAbHBIX (YHKIMM, I
KOTOPBIX HETOCPEJACTBEHHOE BBIUYMCICHUE MPOU3BOJHON C MCIIOJIH30BAHUEM IPABUI
nuddepeHIpoBaHus IPEACTABIACTCS TPYI0EMKUM.

Ilpou3seoonan noxazamenvHo- cmeneHHol QYHKYuU.

DyHKIMS HA3bIBACTCS MMOKA3ATEIHHOM, €CITM He3aBUCHMas TIEPEMEHHAS BXOIUT B
MOKa3aTellb CTEMEeHU, U CTETICHHOM, €CT TIEpeMEeHHas SBJSETCS OCHOBaHUeM. Ecnun
K€ ¥ OCHOBAHHWE W TIOKA3aTellb CTEIIEHU 3aBUCST OT NMEPEMEHHOM, TO Takas (PyHKITUS
OyJleT Mmoka3aTesIbHO — CTENIEHHOM.

[Tycts u = f(x) (f(x)>0)u v = g(x) — QyHKIMH, UMEIOIINE MPOU3BOJHLIC B
TOYKE X.
Haiinem npousBoanyto Gynkimu y = u'. Jlorapudmupys, moxydum:

Iny = vinu
, u
Y=y nu+vd
y u
" u ’
y=u'|v—+vinu
u

W =’ v Tnu
IIpumep. Haiitu npou3BoaHyo GyHKIUN f(x)=(x"+3x)""

— 2 . — .
[To nonmydenHo# BeIie Gpopmyiie momydaem: U=X +3X; V=XC0SX,

[TpousBoaHbIe 3TUX QyHKIMI: U =2X+3; vV =C0SX—Xsinx;



OKOHYATENBHO:

f(x)=xcosx-(xX*+3x )1 (2x43)+(x*+3x)*“* (cos x—xsin x ) In(x*+3 x)

. 1
y=C0S X sin x+§ cos”x

IIpumep. Haiitu npousBoaHyro  (QyHKIUH .CHavana
y:lsin2 x+lc052x
npeodpaszyeM NaHHYI0 (QyHKIIHUIO: 2 2

y':%2c052x+%2cosx(—sinx):c052x—sinxcosx.

2 2 2 2 2 2 2 2 2 2
(2xe +x72xe" ) (X +1)—(2x)x7e" _2x%e  +2x°e  +2xe" +2x°e" —2x°e" _

Hpumep. Haiitu npou3BOIHYIO

2

:xzex
byHKIUH X' +1
_(x2+1)2
C2xe (x* 4142
(x2+1)2

<)<2+1)2

3ananue 1.Hantn npousBoanbie GpyHKIMiA

B1 V=x’-5x’+11, Y=x’ctgx

arctgx —
Y=Tg, Y=¥x+5

Y=e *Inx, Y=(cosx—1)**
B2 V=2x’-x+1, V=xtgx

_argx «, 35 =
Y= Ax ,Y=Vx"-3

:1 —X =( qj — 3x
Y=Y (sinx—2)

B3 Y=7x*+3x*-2, Y=xarctgx
_x+5 o 1
Y=k C(2x+11)°

Y=sin’(4 x2+§ -1)

Y=(5x+4)""
B4 V=-3x’+5x*-81, Y=2xsinx
_ X 42,
~ sinx Y=Vx'-3

N A 3x
Y=cos—~ 1,Y—(tgx—3)
B5 V=7x°-3x?+32 VY=x’arcsinx

2 COSX
Y_(3—6x)6’ -~ 3x
Y=In (x—x’-6)

Y=(cosx+4)"
B6 Y=-x+3x’-11, VY=3x’ctgx

B16 V=x"-5x*+1, Y=x’ctgx
Y= y={+s

Y=¢*Inx, Y=(x—1)*
B17 V=2x’-x*+17, V=x"tgx

_artgx 35—
Y="" ,Y=Vx"—3

:l L — 2x
Y=ln—— | Y=(Inx+8)

B18 V=7x*+3x>-2, Y=xarctgx
_x+5 o 1
Y= C(2x+11)

Y=sin’(4 x2+§ —1)

Y=(Inx—2)**
B19Y=-3x’+5x"-81, Y=2xsinx

V=" y=¥¥_3
Sinx

—cos X y=— 5
Y=cos ", Y=(Inx+9)
B20 V=7x°-3x*+3,Y=x’arcsinx

2 Cosx
(3-6x)°7"  3x
Y=In (x—x*-6)
Y=(tgx+2)"
B21 V=-x’+3x’-11,YV=3x’ctgx

Y:



y—arecosx arccosx
3x

Y=¢>1n2x

Y=(7x+6)*

B7 V=3x"-6x’+19, Y=x’sinx
Y= tgx . Y={2x"—6

Yze ‘Inx, Y=(3x+ 1)9"
B8 Y=-4X+9X>-12, V=x’tgx

_arcctgx e
Y_—6x , Y=V3x+6

Y=2""Inx, Y=(sinx—4)"
B9 V=5x*-2x’+65,Y=x*arcsinx
_L _5 2 -
Y_(GX—4)3, Y_\/X _5
Y=3*"In ,Y=(cosx+1)**

CY=Ux-3

B10 Y=-2x°-3x’+19, szzctgx
V= arctgx Y—\/
Y=e¢"Inx, Y=(3x—1)"

B11 YV=8x*-
6X°+1,Y=2x*arccosx

X
5x’ Y (6x—5)"

Y=4"Inx, Y=(9x+3)""
B12 V=3X*+11x>-
87,Y=3x’ctgx

cosx -3

Y=0x Y (axsop

Y=5%Inx, Y=(cosx —2}"*
B13 V=x’+9X?*-51,
Y=X2arcsinx

Y= COSX ’Y_\/8
Y=e""Inx, Y=(8x—2)"

Y:

B14 Y=3x"-9X’+11, V=5x’tgx

2x —
—. Y=2x"—6
arcsinx

Y=¢*"Inx,Y=(tgx —3)**
B15 Y=x’-8X*+16, V=4x’ctgx

yarccosx
3x

Y=¢"1n2x

Y=(tgx—6)*"

B22 V=3x*-6x*+1, V=x’sinx
Y=22, Y={2:"—6

Yze lnx,YZ(tgx +3)°
B23 V=-4X°+9X>-12,Y=x’tgx

arcct
Y=""¢ qrectgx , Y=U3x+6

Y=2""Inx, Y=(cosx+3)**
B24 Y=5X4-2X3+65,
Y=x’arcsinx

,Y=Vx*-3

Y= Y={x*-5

5
(6x—4)"
Y=3"Inx, Y=(sinx+2)*
B25 YV=-2x-3x’+1, Y=x’ctgx

V= arctgx Y\/ A

X
Y=¢"Inx, Y=(sinx—1)**
B26 V=8x*-6X’+1,
V=2x’arccosx
tgx
Y:E?—X’Y:(Gx—5)4
Y=4"Inx,Y=(sinx+5)""
B27 V=3X’+11x°-87,
V=3x’ctgx
cosx -3
Y=0x > Y (4xsoF
Y=5%*Inx, Y=(sinx—2)**
B28 Y=X5+9X2-51 V=x*arcsinx

~ cosx Y={8x'-3
Y=e*" lnx,YZ(cosx+6)6X

B29 V=3x"-9X’+11, V=5x’tgx

2x —
—. Y=V2x"—6
arcsinx

Y=¢*"Inx, Y=(sinx+2)**
B30 Y=x-8X*+16, Y=4x’ctgx




_actgx 9 _actgx , 9
Y=Y (2x—15)° Y=Y (2x—15)°
Y=62"Inx,Y=(Inx+2)** Y=6"Inx,Y=(sinx—6)*"

2.Halitu mpou3BojiHbIE (DYHKIUU.

a — MOPAAKOBBIA HOMEP B sKypHaJse

1. y=a x"=L+x" " —ax+a 2. y="%(ax*-3ax+5) ——2 g
X [X+a)a
3. y=tg"(x+a)-arccos ax’ 4. y=arcsin’ax-log,(x—a)

5. y:a"‘4-ctg o’ 6. y:ctgzax-arctg@
vax’—3ax+5a g y_lg(ax2—2ax+3a)

6

7.y= >
e arcctg” ax

KoHTpoJsibHbIE BONPOCHI

1.ChopmynupoBTh OnpeiesieHue Mpou3BOIHOMN, TpaBmiIa TudPepeHIIMPOBaAHNUS.
2.3HaTh TaOJIUIly TPOU3BOIHBIX dJIEMEHTAPHBIX (QYHKIIUH.

3.ChopmynupoBaTh MPaBUIO HAXOXKICHUS IIPONU3BOTHON CIIOKHOU (DYHKITHH.

TeopeTnveckue cBeaeHUA
Xoa padoTbi
Onpenenenue pyHKIMHU ABYX epeMeHHbIX
Ecnu xaxaoi nape ( X;y) 3Ha4YCHUH IByX HE3aBHUCHUMBIX IPYT OT JIpyra MepeMeHHBIX
BEJIMYMH X U y U3 HEKOTOPOTO MHOXecTBa D COOTBETCTBYET €IMHCTBEHHOE 3HAUCHHE
BEJIMYMHBI, TO TOBOPSAT, YTO Z €CTh (DYHKIIHS IBYX HE3aBHCHMBIX IIEPEMECHHBIX X U Y,
ornpejencHHas Ha MHOecTBe D.
O6o3Hauaercs: z=f(x;y) wiu z=z(X;y).
Hampumep, S=ab, S=S(a;b)- dbynkuun 18yx nepemennnix; V=abc, V=V(a,b.c) —
(GyHKIUS TpEX MEPEMEHHBIX;
Cnoco0bl 3a1aHust PyHKUMIT HECKOJBKHX NepeMeHHbIX
Urto0OnI 3a1aTh PYHKIUIO ABYX (TpeX) MEPEMEHHBIX, HY’)KHO YKa3aTh CIIOCO0, C
MIOMOIIIBI0 KOTOPOTO VISl KXK/I0M Maphl (TPOMKHM) 3HAYEHU apTyMEHTOB MOKHO
HAWTH COOTBETCTBYIONIee 3HaueHue ¢pyHkiun. Hanbomnee yacto QyHKIuMsS 3a7aeTcs
aHAJIMTUYECKH - ITO SIBHOE 3a/1aHne (QYHKIIUN WU HESIBHOE 3a/IJaHUE
YacTHble NPOU3BOAHBIE IEPBOT0 MOPSIAKA
[lycte ¢yHkuus nByx mnepeMmeHHblx z = f(X, y) ompeneneHa B HEKOTOPOH
OKpecTHOCTH TO4YkM M(X, y) eBkiauaoBa mpoctpanctBa E2. YacTHas mpou3BogHas
¢ynkuun z = f(X, y) mo aprymeHty X sBisieTcsi OObBIKHOBEHHOM IIPOW3BOJIHOMN
(GyHKUUMU OJHOW MEepeMEeHHOW X MpH (UKCHUPOBAHHOM 3HAUYEHUU NMEPEMEHHOU y U
0003HavaeTcs KaK
= L4
AHasloru4HbpIM 00pa3oM ompenenseTcs JacTHas mnpousBoaHas QyHkuum f(x, y) mo
IepEMEHHON y B TOUKe M, o003HayaeMast Kak
d: dof .
v ooy v



1)

2)

4)
S)
6)
7)
8)
9)

DyHKIUS, UMEIOIAsl YaCTHBIC TPOU3BOAHBIC, HA3bIBaeTCA UMD PepeHITNPYEMOiA.
CoBepIIeHHO aHAJOTUYHO OMPENEISIOTCS YaCTHBIC MPOW3BOAHBIC (DYHKIHMA TpeX U
Oonee mepemeHHBIX. YacTHas TpoW3BOAHAS (YHKIIMH HECKOJBKUX TEPEMEHHBIX
XapaKTEPU3yeT CKOPOCTh €€ HW3MEHEHHs [0 JaHHOM KOOpAMHATE IIpU
(bUKCUPOBAHHBIX 3HAUCHUSIX JIPYTHX KOOPJUHAT.

Teoperuyeckue cBeeHUs.

Cxema uccneoosanusn gynkuyui
Oo6unactpb cyniecTBoBaHUS (DYHKIIMH.
OTO MOHATHE BKJIOYAET B ceOs M 00JlacTh 3HAYEHMM M 00JIacTh ONpeneNeHus
GbyHKIUH.
Touku paspeiBa. (Ecnu onn umerorcs).
WNuTepBansl Bo3pacTaHus U yObIBaHMUS.
Touku MakcuMyma 1 MUHUMYMa.
MaxkcumanbHOE 1 MUHUMAJIbHOE 3HaUYeHUE (DYHKIIMM Ha €€ 00JIaCTH OIpeIeTICHHMS.
OO6nacTH BBITYKJIOCTH U BOTHYTOCTH.
Touku nepern6a.(Eciau onn umerorcs).
Acumnrotsl.(Eciu oHu nMeroTes).
[TocTpoenue rpaduxka.

3
X

IIpumep. UccnenoBats GyHKIINIO T U TIOCTPOUTH ee rpaduk.
Haxonum oOnacte cymiectBoBaHusi GyHKUMA. OUYEBUAHO, UYTO  001ACMbIO
onpeoenenuss GyHKIUU ABIETCS 00macThb (-00; -1) U (-1; 1) U (1; o).

B cBowo ouepenp, BuAHO, 4TO mpsmbele X = 1, x = -1 gBusAoTCA
BEPMUKAILHLIMU ACUMNIMOMAMU KPUBOM.

Obnacmvio 3uauenuti TaHHOU PYHKIHUU SIBJSETCS UHTEPBA (-00; o0).
Touxamu pazpviea PyHKIUU ABISAIOTCS TOUKA X = 1, X = -1.
Haxogum kpumuueckue mouxu.

_ 3x2(x2—1)—2x-x3: 3x'=3x*—2x" _x*-3x*

HaiieM mpou3BoaHyo QyHKIHUHI (x*=1)? (x*—1F (x*=1)

Kputnueckue Touku: x = 0; X = - \/E ;X = 3 ;x=-1; x=1.

Haxomum mnpomexyTku eospacmanusi U yowvieanus (pynkuuu. Jns storo
oTpeseNsieM 3HaKi MPOU3BOIHON QYHKIIMK HA TPOMEKYTKAX.

;0 <x<- V3 |y >0, pyHKIHUSA BO3pACTACT

S 3 <x< -1, y <0, ¢ysxuus yObiBaeT

-1 <x <0, y <0, ¢dyHkius yObBaeT
0<x<I1, y <0, ¢dyHkus yObiBacT
l<x< V3, y <0, ¢yHKIus yosBaeT

3 <x< 0, y >0, ¢ynkuus BozpacTaer -
BH/IHO, 9TO TOYKAa X = - V3  SBISETCS TOYKOM MAKCUMYyMd, a TOYKA X = V3
ABJISIETCS. TOUKOM MuHumyma. 3HadeHHus: GyHKIUU B 3TUX TOYKaX paBHBI

COOTBETCTBEHHO 3 \/3 2u-3 \/3 /2.



Haiinem BTOpYyI0 Mpon3BOaHYIO QYHKIIUN

C(4X-6x) (-1 (x"=3x0)4x(X 1) (4x’—6x)(x*—2x"+1)—(x"=3x%)(4x°~4x) _
B (xz—l)4 B (x2—1)4 -
_4x7—8x5+4x3—6x5+12x3—6x—4x7+4x5+12x5—12x3_

- (x2—1)4 -

C2x5+4x°—6x _2x(x*+2x°=3) _2x(x*+3)(x*—1)_2x(x*+3)

- (x2—1)4 - (x2—1)4 - (x2—1)4 _(x2—1)3

OmnpenenuM BBIMTYKJIOCTh U BOTHYTOCTh KPUBOM Ha MPOMEKYTKaX.

;o<x<- V3 |y’ <0, kpuBas BeImyKmas - V3 <x<-I,
y' " <0, KpuBas BBIMYyKJIas

-1<x<0, vy’ >0, kpuBas Boraytas 0 <x <1,

y " <0, xpuBas BbIIyKIas

l<x< 13 , y' >0, KkpuBas BOrHyTas 3 <x < oo,
y' " >0, KpuBas BOTHyTas

Haxomum mnpoMexyTku eospacmarnusi u yowviganusi pyHkuuu. s 3Toro
onpejielIsseM 3HAKU MPOM3BOAHOM (yHKIIUK HA IPOMEKYTKAX.

;0 <x<- V3 |y >0, pyHKIHUS BO3pACTACT

_3 < x<-1, y <0, ¢pyHkus yosiBaet

-1 <x<0, y <0, dyHKIus yObBacT
0<x<l1, y <0, dbyHkuus yObiBaeT
1<x< 3, y <0, ¢yHKIUSA yObIBaCT
3 <x< o, y >0, dynkuus Bo3pacraer
BH/IHO, YTO TOUKA X = - V3  SBISETCS TOUKOM MAKCUMYMA, & TOUKA X = 13

ABJIIETCS TOUKON MuHuMyma. 3HadyeHus: GyHKIHMH B 3TUX TOYKAX PaBHBI

COOTBETCTBEHHO 3 \/3 /2u-3 \/3 /2.

[Tpo BepTuKaNbHbBIE acumnmomsl OBUIO YK€ CKa3aHO BhIIIE. Teneph HalineM
2
. X . 1
k=1im =lim =1;
x30 X —1 x20 1 1
2

HAKJIOHHbBLE ACUMNIOMbL. X
Hroro, e FERNE R YPaBHEHUE HAKIIOHHOU
b =lim| ——- x| =lim| ————— | =acUMNOTOTHLI — y = X.
e B 1 X— © x - 1 .
Crpoum epaghux GyHKUUU:
1
3 X :
=lim—; = X =0
X o x© |- 1 X—> 1 1
x> 3ananue 1.McciaenoBath

(GYHKIHMIO 110 IPEATIOKEHHON CXeME U IIOCTPOUTD €€

- ) : rpaduk:
. 1. Haiitu obnacte onpeneneHus: GyHKIUU.
2. UccnenoBaTh Ha 4€THOCTh M HEUETHOCTD.




. HCCH@I{OB&TB Ha ICPUOANYIHOCTD.

O 0 3 O i b W

10.Haiit TOIIOIHUTEILHBIE TOYKH.

. Haiitu cranmoHapHble U KPUTHYECKUE TOUKHA HEPBOTO POJIA.

. Haliti mpomexyTku Bo3pacTanusi U yObIBaHUA (DYHKLINHU, SKCTPEMYM.
. Haiitu ctanmonapHble M1 KpUTUYECKUE TOUYKU BTOPOTO POJIA.

. Halitu mpoMexyTKH BBITYKJIOCTH (PYHKIIMU, TOUKHU Ieperuoa.

. Halitu acuMnroTsl (BepTUKAJIbHBIE, TOPU30HTAIIbHBIE, HAKJIOHHBIE).

. Haiitu Touku nepeceuenus rpaguka QyHKIIMU C OCIMU KOOPAHUHAT.

11. To pe3ynbpTaTam UcCieI0BaHUS MOCTPOUTD FpaPuK QyHKIIUH.

2
) 2. :X —2x—8
Bl.a)y=x(2-x); 0)y el
B2.a)y =xJ1—x;
_x2+2x—8
0) y= x+3
B3.a) y =x - arctgx ;
*—3x-10
Oy="T
8 _x'+3x-10
B4.a)y—4_x2, 0)y= +3
BS5. a)yz\/l;x :
‘—4x-12
6)y=""n
2
p— X —
B6.2) y =77 0)y
X +4x—12
x—3
X . X =x-20
B7.a) y= 2116’ 6)y——x_|_2
X o X+x—20
B8a) y—e4, 6)Y—T
X
B9.a) y=_7; 0)y=

B16. a) y=X* - 12x%x% - 12x% 9x+1;
X3 X3
O)y=x*+1x32+1

-3 -2 -3 1 -2
B17. ayy=3" tzV 3t T3t ok,

x*  x?
O)y=x —2x —2
lyvioxroavsoivioxrogn s
B18. a) y=3— - ~tt3zt ATt 43
X3
; 0)y= X3-3
B19. a)y= —X® +3X740x;
xi-1
0)y= 3Xx +5

4
B20. a) y=x’-20x ; 0) y=1-"2

2
B21. a)y=x’+15x’-x-250 6)y=X—1
N X
B22. a)y=tx+2;  0O)y= 219
B23.a) y=x-4x;  6)y=3x+o+5
2
B24. a) y = 3x-x’ ; 0)y _x—2x-8

x+1



x—2x—15

x+4
_ 2.
B10.a) y =2x-x% B25. a)y = 2/3x’2x=1; 6)y="35
6)y= M )
y x—1
_ : -3 _ : -3 _|_ . — 2
BIl. a)y YT B26. ) y=2xPxt 6)y=+*
b —2x "
6) y= Xi-4
B12. a)y= —0x-8 : ==
~x% +3x%-2 Py TR YT
x2
0)y= Xi-1
B13. a)y= B28. a)y = x*-8x™+3 ; 0)y="_
" ) X
xi-lax+6 . 0)y= P+
Bl4. a)y= B29. a) v ——— 6)y = X +3x=10
x¥+oxi+ 24x+ 12 )y 4-x" )y x+3
x3
6)y= 6x-+ 18
B15. a)y= e _xX'—2x-8
—x? +3x% -2 PI0- @y = R
x3
6)y= TE-1

KoHTpoJsbHBIE BONIPOCHI:

1.YTo Takoe obsacth onpeaeacHus GyHKIUu?

2.Kakue (pyHKIIMY Ha3bIBAIOTCS YETHBIMU , HEYETHBIMU, 00111eT0 BUa?
3.Buael TOUeK pa3phbiBa.

4.Yto Takoe HyIu GyHKIUU?

5.Kak onpenenuTs NpoMeKyTKH BBITYKIOCTU?

6.Bunpl acCHMIITOT.



IlpakTHyeckas padora Ne 5
no teme «Bropas npousBoaHas. {uddepenunan. Permienune npukIagHbIxX 3a1a4
C HCI0JIb30BAHMEM 3JIEMEHTOB MG depeHUHATBHOT0 HCHUCTCHUS»

Henb: HayyuThCS HAXOXKIUTH MPOU3BOJHBIE JIEMEHTAPHBIX U CIOKHBIX (DYHKIIHIA.
Bpems BbinmosiHenuss 90 MuUHYT

MarepuajbHoe o0ecnieuyeHme

1. TeopeTnueckue cBeieHNs

2.3amanue

3.JIuct A 4

4 KanbKyJIsaTOpbI

IHopsinok BeIMOIHEHNsI padoThI
1.M3yunts 3amanue

2. I3y4nTh TEOPETUYECKHUE CBEACHUS

3. Bomonauth 1 0OpMHUTH paboTy
4.11oka3aTp pe3yJbTaThl IPEMOAABATEIIO
JlomaiHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Xoxa padoTbl

KpaTkue TeopeTnueckue cBeeHusl.

3
Ipumep: £ = 27 y+itdy-To GYHKIHS ABYX MEPEMEHHBIX.

Coa_nod 3
WMHorma HMCOOJB3YIOT — 3allMCh JEy) =2y +3x+39 -7 Takxe BCTPEYAIOTCS
3a[]aHus, TJIe BMECTO OYKBBI Z UCHONB3yeTCs OyKBa L.
Haiitu YacTHbIE NMPOM3BOJAHBIE nepBoro 7 BTOpPOro nopsiaka
2.3 4
CHauana HaiiieM YaCTHBIC PON3BOHBIC IEPBOTO MOpsiKa. Vx aBe.
Oo0o3HaueHus:
i -
¥ WA O — JacTHas TIPOU3BOIHAS 1o HKC»

ez

Z

¢ -
z.]" 501041 ‘%"? — daCTHas IMPOU3BOJHAs IO «KUI'PCK»

f
Haunem c Ei‘:’. Korna Mbl HaxoAuM YaCTHYH MNPOU3BOAHYIO II0 «HKC», TO

IlepEBMeHHaﬂ .:I"?C‘ll/lTaeTCﬂ KOHCTaHTOﬁ (HOCTOHHHLIM ‘{I/ICJIOM).
9] 2} 3
zt=(2x° " +32 +5y =T = 27 () + 3N + (50, — (T, =

4

=2y3-2x+3-4x3+ﬂ—[3!4xy3 +122°

KoMmeHTapuu K BBIITOJTHEHHBIM JEUCTBHSIM:

(1) IlepBoe, yTOo MBI JeflaéM TIpM HAXOXKJICHUHW YAaCTHOM IPOM3BOAHON —
3aKJTI09aeM BCK (PYHKITHIO B CKOOKH MO IITPUX € MOJACTPOYHBIM HHAEKCOM.

(2) Ucnonbzyem mnpasmwia aupGepeHnpoBaHms (Hivjrzuri'”r, (Cu)'=C", Jlist

MPOCTOr0 MpUMEpa, Kak ATOT, 00a MpaBuUia BIOJHE MOXKHO MPUMEHHUTh Ha OJHOM
mare. OOpaTuTe BHUMaHHME Ha TIEpPBOE ClaraeMoe: TaK Kak ¥ cunraercs



]
KOHCTAHTOM, a JTI00YI0 KOHCTAHTY MOKHO BBIHECTH 32 3HAK MPOU3BOIHOI, TO .V
3
MBI BBIHOCHM 3a CKOOKH. TO €CTh B JaHHON CHTyaluu.Y HHYEM HE JIydiine 0OBIYHOTO

yucia. Tenepp MOCMOTPUM Ha TPEThE ClIaracMoe 5y, 371eCh, HA00OPOT, BHIHOCHUTH

Heuero. Tak KaK..:I"?KOHCTaHTa, TO 5.:"'?— TOXE KOHCTaHTa, U B OTOM CMBICJIC OHa
HHUYCM HC JIy4lIC ITOCIACAHCTO CJIaracMoro — « CCMCpKu».

P _ Eat 8-l
(3) Ucnosnp3yeM TabuyHbIC POU3BOIHBIC Y =0y (x) =mx™
r

(4) Tenepn £y, Korza Mbl HaX0QHUM YACTHYK0 NPOU3BOAHYI0 MO «HUIPEK», TO

nepeMeHHasi L CUMTAETCSH KOHCTAHTOH (IIOCTOSIHHBIM YHCJIOM).
(4

(1]
zy= (22" +3x* 5y =70, = 220 (), + (3xYY, + 500, - (7)), =
=220 3P 4045 1-0=62%" 45 o r r
(1) Uctionb3yeM Te ke npabuia qudhepeHupoBatms wiv)'=u'ty , (Cu)'=Cu' g
IIEpBOM CllaracMoM BbBIHOCHM KOHCTAHTY A 4 3a 3HaK HpOHBBOJlHOfI, BO BTOPOM

4
CJIaraeMOM HHYETO BHIHECTH HEJb3s IOCKOJIBKY 53X — yiKe KOHCTaHTa.
(2) Ucnonb3yem Tabiauily TPOM3BOMHBIM 3JIEMEHTapHBIX (GyHKIUNA. MBbICTEHHO
NOMeHsieM B Ta0/MIle BCe «MKChbD> HA «HMIPeKw». B 4acTHOCTH, HCHOJIb3yeMbIe

HaMH (OPMYJIBI BBITJISIAT TaK: (C)r =DH(.J’x:'r:HJ’H_II/ITaK, YaCTHBIC TPOU3BOJIHBIE
MEPBOro MOPSAKA HAUICHBI

[TonBeneM uTOr, 4eM K€ OTIMYAETCS HAXOXKJICHUE YACTHBIX IMPOU3BOJHBIX OT
HaXO0XJICHUS «OOBIYHBIX» MTPOU3BOHBIX (QYHKIIMU oz[HOrp“I MIEPEMEHHOM

Z

1) Koraga Mbl HAaX0AMM YacCTHYI0 NPOM3BOIHYIO <%, IePEeMEHHAs ¥ cunraercs

KOHCTAHTOM.
r

2) Koraga mbl HaX0AUM YACTHYI0 NMPOU3BOIHYIO EJJ, nepeMeHHas i cuMTaeTcs
KOHCTAHTOM.

3) HpaBuaa u TaduMua MNPOU3BOAHBIX JJIEMEHTAPHBIX (QYHKUIUM
CIpaBelJIMBbl M NPHMEHMMbI AJs JI060ii mepemennoii (&, ¥ au6o kakoii-
HUOYAb IPYroi), Mo KOTOPoii BeaercH nuddepeHuupoBaHue.

[Tar BrOpoil. Haxonum 4acTHbIE POM3BOAHBIE BTOPOIO nopsiaka. Mx uereipe.

O6o3HaueHus:

2
o'z
z" 7
w WM ox° — BTOpAs MIPOU3BO/THAS 1o KHAKC»
Fz
u 3
£ e
I — BTOpAs MTPOU3BO/THAS 15(0) CHTPEK»
Fz
1)
=z ey
¥ W — cMeulanHas IPOU3BOIHASL KHUKC 1o UTPEK»
8z
1)
=

» unn 0% — cyewannas TPON3BOIHAS KHIPEK 10 HKCH»
B mnossATMM BTOpPON NPOM3BOAHOM HET HHUYETO CIOXKHOIro. ['0BOps IpPOCTHIM
SI3bIKOM, BTOPasi IPOU3BOJAHASA — 3TO IPOM3BOJAHAA OT NEPBOil NPOU3BOIHOM.



YacTtHbie MIPOM3BOJIHBIC TIEPBOTO MopsiJIKa:

=dnf +125°

f
5
t
Y

= 6x° yﬂ +5
Cuauaina Haﬁ,ZICM CMCHIAHHEIC IMPOU3BOAHBIC:
75, = (2))}, = (4xy’ +125), = 420", +(12x°), = 4x- 3" + 0= 12"

f

Zy n muddepeHIIpyeM

Kak Bumurte, Bc€ mpocTo: 6epeM YacTHYIO MPOU3BOIHYIO
€€ eIlle pa3, HO B JIJAaHHOM CIIy4ae — Y¥K€E 0 «ATPEK».
AHaIOTUYHO;

28 = (20, = (65" +5), = 6" (x") + (5), =6)" - 2x+0=122"
B npakruyeckux mnpuMepax MOKHO OPHMEHTHPOBATHLCH Ha cleayloliee
PABEHCTBO:
EH}, = E}w
Takum o00pa3om, uepe3 CMEIIaHHbIE TPOW3BOJHBIE BTOPOTO TMOPSAKA OYEHD
y,Z[OGHO IIPOBCPUTH, a4 IIPABUJIBHO JIK MbI HAIIJIKM YA4CTHBIC ITPOM3BOIAHBIC IICPBOI'O
opsiaxa.

HaxonuM BTOPYIO NPOU3BOJHYIO IO «UKCH.

P 3
Hukakux u3o0perenuit, 6epem 2r = 4@; tlary, i depeHuupyem e€ 1o «HUKC» ere
pas:

28 =(2) = 4y +120°7) =4y (2 +12(x°)] = 4y 14123 = 4y + 36x°

HAHanoqug):z - ) :
zy =(z,), = (627" +35), =b6x°(y"), +(5), = 6" 2y +”U = 1"2;{ v

Z
CnezxyeT OTMCTUTDB, 4YTO IIPHU HAXOXKIACHHUU E:‘:‘.‘:’, M HY>XHO IIPOSBUTH IOBBIINECHHOE

BHHUMAaHHE, TaK KaK HUKAKUX YyJECHBIX PABEHCTB IS UX TPOBEPKH HE CYIIECTBYET.

[Ipumepsl ~ HaXOXKACHHS ~ YaCTHBIX  TMPOM3BOJHBIX  TMEPBOIO NopsJIKa.
Ipumep 1. z = z° — 2zy + 2y°.

Pemenne. JIudpdepennupyem dynkuuio z = f(x, y) cHavyajia mo X, mosaras y

(UKCUPOBAHHOMN BEJIMYMHOM, TOTOM MOBTOPSIEM 3TY K€ MPOUEAYPY, MEHSS POIH X U

y. [lonyuaem

rﬂz_q 3 iz 4 5
e o y — 2z.

iz y dz Y

CPEUCp 2. £ = AL M o = T oo By 1T (P

IIpamep 3. u = ye¥* +In(z? — 2y + z).

Pemenue. YacTHble MPOU3BOHBIE ATOM (QYHKIHUU TPEX MEPEMEHHBIX BBIPAKAIOTCS
cieayrmmumMu GopMynamu:

i 2x u i 2
e =1+ yz)e¥ - ——
Or =x2-2y4+7 8y x? — 2y + z
I‘:i_u — I":!‘,F-!l""’ _‘ 1
iz L& 2 — 2y + 2

3aaHus NpakTH4ecKo padoThI



B1 1.z=arcsin(1-x*-y?)
2.a) z=¢m%, x=e, y=1

0) u=x>-y*+37%, x=1/2,y=1/2,2=1/2

B2 1.z=In(y-Inx)
2.a) z=Vxy ln%, x=1, y=2

B)u=3x"/2-
y*2+22* x=2/3,y=2,2=2/3

B3 1.z=VInx+Iny 2.a)z=xyi
Xy

x=e, y=1

O)u=x"/2-y’/2+82° x=2,y=2,7=3/2
B4 1 .Z=\/\/;—x+ 2
2.a)z=sinl/xe’,x=n/2,y=1
0)u=3/2x*+3y2-227,
x=2,y=1/3,2=3/2

2
B51 .z=arcsinxy

2.a)z=arcg(x>-y*)+1/Vxy
_Vx__yz
6)11— y o+ \/;

B6 1.z=arcos(2x-y)

2.a)z=arccos%+e‘@, x=2,y=1

6)u=\/§x2-%-6¢§zz, x=1,y=2/3,z=1/
V6
B7 1.Z=VIn(2—x~y),
2.a)z=tgl/x.,x,x=1/m,y=0
0)us2+/x+y+y.arctgz,
x=1,y=1/3,z=1/\/6

B8 1 .z=lni
y

2 2
X—y

2.a)2=(x2+ yz)
6)u=x+ y-(z+y)x, x=1,y=1,z=-2
B9. 1.z=Iny-Incosx
2.a)z= xsiny+x%, x=3,y=n/2

1. Haiftu u mocTpouTh 00JaCTh OTMPEETICHUS CIOKHON PYHKITUH.
2. BpaucauTh TPOU3BOIHYIO CIOKHOU (DYHKITHH.

B16 1.z=In>
Yy

2.a)z=(x*+y*)"
0)u=x+ y-(z+y)Wx, x=1,y=1,z=-2
B17 1.z=Iny-Incosx
2.a)z= xsiny+x°, x=3,y=n/2
O)u=xy — Va—272x=1 ,y=1,2=0

B18. 1.z=Insinx-Vy
2.a)z=arcsin% - Inv, u=0, v=1

o) u=(x*+y*+z*)*?, x=0,y=-3,z=4
B19. 1.z=In(y*/4-x*/9-1)
2.a)z=Iny x>+ y*+1/y,x=y=1/2
0)u=2/x+3/2y-V6/4z
Xx=2/3,y=3/2,z=1/2
Y
X
2.a)z=InyVx ,x=1,y=3/5
6)u=3/x+4/y-1/16
x,x=1,y=2,z=1/\/6
B21. 1.z=1+/1—(x—y}
2.a)z=cos(1/y)-1/xy, x=n/2,
y=2/m

B20. 1.z=arcsin

0)u=xv y-yz>,x=2,y=1,z=-1

B22. 1.z=In(x*ty)
2.2)z=e" Vx’—y?, x=1,y=0

6)u=siné, x=2,y=n,z=1

B23. 1.z=/1-x*+/1—y?
2.a)z=yln(x*-y?), x=2,y=1
0)u=x’/16+y*/9-
7*/8,x=2,y=1/2,z=1/3
B24 1.Z=/In(2—x—y),

2.a)z=tg1/x.e3v?,x=1/n,y=0



6)u=Vxy — Va—z2,x=1,y=1,2=0

B10. 1.z=Insinx-Vy
2.a)z=arcsin% - Inv, u=0, v=1

O u=(x+y*+z*)*?, x=0,y=-3,z=4

B11. 1.z=In(y*/4-x*/9-1)
2.a)z=InV x>+ y*+1/y,x=y=1/\2
0)u=2/x+3/2y-V6/4z
x=2/3,y=3/2,z=1/2

J

X

2.a)z=InyVx ,x=1,y=3/5
6)u=3/x+4/y-1/V6x,x=1,y=2,z=1/

B12. 1.z=arcsin

V6
B13. 1.Z=1+\/1—(x—y)2
2.a)z=cos(1/y)-1xy, x=n/2, y=2/n
0)u=xv y-yz>,x=2,y=1,z=-1

B14. 1.z=In(x*ty)
2.2)z=e" Vx*—y?, x=1,y=0

Y

6)u=sm;,

x=2,y=m,z=1

B15. 1.z=/1-x*+/1—y?
2.z=yIn(x*-y?), x=2,y=1
u=x"/16+y*/9-2%/8,x=2,y=1/2,2=1/3

KoHTpoJsbHbIE BONIPOCHI:

0)ui2Vx+y+y.arctgz,
x=1,y=1/3,z=1/\/6
B25 1.z=arcos(2x-y)
2.a)z=arccos%+e@, x=2,y=1

3
0)u=y 2x2—6—6\/ 272, x=1,y=2/3,z=1/
V6
2
B26 1.z=arcsinX7

2.a)z=arcg(x>-y*)+1/\/xy
X yz
= T
B27 1.z=/Vy—x+2
2.a)z=sinl/xe’ ,x=m/2,y=1
0)u=3/2x>+3y2-27?,
x=2,y=1/3,2z=3/2

B28 1.z=VInx+Iny

x=¢, y=1

2.a)z=xy$
0)u=x’/2-y’/2+82’ x=2,y=2,z=3/2
B2 9.z=In(y-Inx)
2.2) z=xy In’, x=1, y=2
B)u=3x%/2-
y2+272%,x=2/3,y=2,z=2/3
B30 1.z=arcsin(1-x*-y?)
2.a) Z:Jlnx%, x=e, y=1
0) u=x*-y*+32’,
x=1/2,y=1/2,2=1/2

1.ChopmynupoBath onpeaeneHne GyHKIUHA C IBYMs IEPEMEHHBIMHU.
2.Yto Ha3biBaeTcs 001acThiO onpeeiaeHus: GyHKIUHA HECKOJIbKUX MEPEMEHHBIX ?
3.CpopmynupoBaTh NpaBUIIO HAXOKIECHUSI IPOU3BOIHON (PYHKIIMHM HECKOIBKUX

IICPCMCHHBIX.

4.Yto Takoe nmoyHbIN AuddepeHuan GyHKIUN HECKOIbKUX EPEMEHHBIX ?



IlpakTHyeckas padora Ne 6
no Teme «Penrenne NnpakTH4YeCKUX 32/1a4 ¢ MPUMEHEHHEM HHTETPAIOB»

Ileab: mpoBeprUTh YMEHUE HAXOAUTH HEONIPEIEICHHBIE U ONIPEACIICHHBIE HHTETPAJIbI
WCIIOJIb3Ys METOIBI HEMTOCPEACTBEHHOTO HHTErPUPOBAHUS, UHTETPUPOBAHUE
ITOJCTAHOBKOW M IO YaCTsIM.

Bpems BbinmosiHenuss 90 MuUHYT

MarepuajbHoe o0ecneuyeHmne

1. TeopeTnueckue cBeeHUS

2.3ananue

3.JIuct A 4

4 KanbKyJISaTOpbI

IHopsaok BeINOJHEHUsSI padOTHI
1.A3yunth 3amanue

2. I3y4nTh TEOPETUUECKHUE CBEACHUS

3. Bomonuuts 1 oopMHUTH paboTy
4.1Toka3aTpe pe3yapTaThl IPENOAABATEIIO
JlomaiHee 3a1aHue

1.IToaroToBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
Xoa padoTbl

TeopeTnveckue cBeaeHU

fz)

Omnpenenenue IlycTh -- hyHKIWMS, 3a7aHHAS HA O0BETMHCHUY HHTEPBAJIOB

f(z)

BCIHGCTBGHHOfI OoCH. Ha6op BCCX HGpBOO6p33HBIX JJIA Ha3bIBaACTCA

f(=) J flz)dz

HeonpeoenéHHbIM UHMe2Paiom OT U 0003HaYaeTCs . Onepanus

f(z)

HaxO0>XJICHUSI HEONPeAeIEHHOTO HHTerpaia Mo 3aJaHHON (QyHKIIUN Ha3bIBACTCS
unmezpuposaruem 3To PyHKIMU; HAUTH HEONPEAEIEHHBIA HHTErPal O3HAYAET

f(=)

npounmezpuposams N1aHHYI0 QyHKINI0. OyHKINS , 3aIlMCaHHas MOCJE 3HaKa
UHTErpasia (Uim, Kak 4acTo TOBOPSIT, 700 3HAKOM MHTETpasa), Ha3bIBaeTCs
noosvinmezpanvrol ynxkyueti.  COrIaCHO JTOKa3aHHBIM BBIIIE TEOPEMaM O BUJIE

f(z)

nepBOOOPa3HbIX, HEONPEIEAEHHBIM UHTErPATl OT PYHKIIUU COCTOUT U3 (PyHKIMI

F(I]-I—C F(I] f{z]
BUJIA , TJIe -- Kakas-1100 (PUKCUPOBAaHHAS MIEPBOOOpa3Has IS ,a

C -- BeIM4YUHA, IIOCTOSTHHAA HA KaXKJIO0M U3 HCIICPCCCKAIOIINXCA NHTCPBAJIOB, HA

flz)
KOTOPBIX 3a/1aHa (YHKITUS . [ToaToMy MOXHO HamucaTh Takyro GopMyIty:



ff[;r]ri;r

=F(I:J-I—C.

Tabjnua MHTErpaoB 3J1eMEeHTAPHBIX (PYHKIMH

1 _[D'.ti):=C' 11 _[chx:ix:=shx+(?
2 Jllde=x+C 12 [ d;r o hxtC
sh* x .
l:t.+1 dx
3 [x'dx =X —+C 13 [z ~thx+C
o+l (z=-1), ch® x
4 1 dx 14 1 dx 1 x
—de=—=hkx|+C de = = —arcte — +
frde=[Z wmpleC ok e AR
5 . a* 15 dx 1, |x-a
=% —In +
jatde =2sC = "
J'exaf):=ex+(?
6 ’[smxa&:=—cosx+C‘ 16 I —arcsm£+C——arccos£+C
[ 2 b
7 Icosxdx=si11x+ﬂ" 17 J« nle +dx? +al+ e
8 j‘ > =_,:tgx+c 18 J-»-.fx2+.jgafx;=§m'x2+cx +%]n‘x+a\|'x2+cx 4
st “x
9 I 19 ) —— &® x
Icoszx g x I -Xx dx:—— i - X +?ar|:sm—+(?
e
10 _[shxafx=chx+(?- 20 [- N
s x 2
i _ ’!gx+?rf2‘+c
COS X

3amena HepeMeHHOﬁ B HEOHpeI[eJIéHHOM HHTETrpaJje

(MHTerpupoOBaHHUe MOJACTAHOBKOM).

TTycts [ £x)de = Flx)+C o [FEEN(x)de = FEx)+C 37000 £(x) -

muddepennmpyemMasi MOHOTOHHAST (DYHKIIHSL.

IIpu peuiennn 3a1a4 3aMEHy IMEPEMEHHON MOXHO BBITIOJIHUTD JBYMSI



criocodammu.
1. Eciii B mosiIHTErpaibHONM (DYHKIIMU YIAETCS cpasy 3aMETHTh 00a

coMHOXHUTENS, U flt(x)), u * (x) , TO 3aMeHa MePEMEHHOM OCYIIECTBIISICTCS

noxsenennem muoxkutens £ ) oy suak quppepenumana; £ X =y agnaua
CBOJIUTCS K BBIUUCIIEHUIO HHTErpaja [ f @ Hamnpumep,

st X - sin xdx dicosx ddt

Cos X COS X cosX  (3a/a4a CBeJIeHa K BBIYMCICHUIO ~ £ | Ijie

= - +
t=cosx) = I [eosx[*C apanornuno naxogutes unterpan ot 8 X);
it X _ 5% g - - ¢ .
Je T eosxdx = [e7dH0 X = (55 19ua cBesena k Bbraucienmio J€ % rae ¢ = sin x)
- Esi.nx +
. B Goutee clnokHBIX 3aa4ax oneparys MoABeISHHUs M0/1 3HaK

muddepeHrana MOKET BBIIOJIHATHCS HECKOJIBKO pa3:

Jea.rcctgs x2 arcctg4x2 de: _

1+x (camoe HEenmpUATHOE B MOJIBIHTETPATLHONU (PYHKIIUH -
nsiTasi CTENeHb APKKOTAHIEHCA T10]1 3HAKOM SKCITOHEHTBI; €CITU JaJibllie He HaaETCs
muddepeniman 3Toi GyHKIMHA, TO HHTETPal, BO3MOXKHO, B3ITh BOOOIIIE HE yAacTCs;
B TO K€ BPEMsI CIIE YOI MHOXHUTEND (arcctg”’ x°) - mpousBoaHas (¢ TOY4HOCTBIO 10
MOCTOSTHHOT'O MHOHUTEJISI) CTENIEHHON (yHKIIUU; 3aTEM CIICTYIOT IPOU3BOTHbBIE
(OIATH C TOUHOCTBIO [0 MOCTOSHHBIX MHOKUTENEH) QyHKIMI arcctg X° M X° 110 CBOMM

apryMeHTam)
1 5.2 1 1 5.2
= —_[em':tg ¥ arcctg 4 x? (Zxebe) = —_[em':tg * arn::n:tg4 x? dc? =
2 1+x? 2 1+ x4
1 5,2 ~ dx? 1 2
= ——Iemmg * art:t:tg'4 :Jc2 — = ——Jem':tgs * arcctg4 xzd arccte xz =
2 1+ x4 2
1 5.2 1 5.2 1 5. 2
= —E_[em'ﬂg " (Sarcctg ? x darcetg x %) = —ﬁ_[em'ﬂg *“(darcete” x2) = _ﬁearcctg ot

2. 3aMeHy IepeMEHHOW MOKHO OCYIIIECTBIISATh (DOpMaTbHBIM CBEICHUEM

sit1 x
MO/IBIHTErPATILHOTO BHIP@KEHNS K HOBOH nepemenHoit. Tak, B J€ %% yyeer

CMBICJI IEPEUTH K MEPpEeMEHHOM (clienaTh MoJICTAaHOBKY) ¢ = sin X. BeipaxkaeM Bce
MHOKHTEJTH TIOJIBIHTETPATbHOTO BRIPAKEHUS Yepe3 TIEPEMECHHYIO 7:

. pe .
X = arcsin £, dx = —— cosx =w{1—sm2x =~J{1—.¢2
1-2 : J¢
; B pe3yJbTaTe

=_[etx|'1—£2 —‘ﬁ - =_[etd_t =gl +C =

1-t¢ (BO3BpallaeMcs K MCXOJHOM MepeMeHHON )

SE s xd =

_ S X
=&

*+C | Jlpyrue npuMepsi:
[ dx
Jx -5+

3/

Vx =5) [ToapiaTerpanbHas PyHKITUS CONEPIKUT IBA MHOXKUTENS, HU OJUH
13 KOTOPBIX HE SBJISAETCS MIPOU3BOJTHON APYTrOro, MOATOMY MOJABOIUTE WX MO 3HAK
muddepeniuana 6ecnone3no. [lonpiTaemMcs BBECTU HOBYIO IEPEMEHHYI0, TAKYIO,



& _x—5=£6;1=6x—5;
Iﬂfx—5(1+3{fx—5) x =% + 5 d = 687de| _

YTOOBI KOPHH U3BJICKIIUCH:

I5

62 dt £t (£ +1- Dt _

X 6
£+ IE1 / £+

] 6t —arctg £)+ C = 6(«! -5- arctga\,r)

i 6[_[‘1; II +1
I"I,IIHE - x%dx

N3 CAMHCTBCHHOI'O MHOXKHTCIIA; MOKHO OITATH IMONBITATHECA CACIIATh TaKYIO 3aMCHY

PaccmoTrpum

(uaTerpan Nel9 u3 TadJ.). 31ech NoAbIHTETpaIbHAsS (PYHKIHUS COCTOUT

NIEPEMEHHOM, YTOOBI KOPEeHb M3BJIEKC. CTPYKTypa IMOJKOPSHHOTO BBIPAKCHUS
O/ICKA3bIBAET OTY 3aMEHy: X = @i t(yyy x =acost a>U):

x =gsin £ dx =acos idE
J'"n,l'ag —xidx = =g J'l:o-s £t
-,|' - x? —an,l'l—sm £ =cacosi

MHTETpaly OT KBaJpara KocuHyca. [Ipyu nHTerpupoBaHuy YETHBIX CTENIEHEN CHHYCA U
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Humezpuposanue no wacmsanm.

WNHTerpupoBaHue MO 4acTsAM - IPUEM, KOTOPBIA TPUMEHSETCS ITOYTH TaK Ke
4acTo, Kak 1 3aMeHa nepemMeHHou. [1ycTs u(x) u v(x) - GyHKIIUN, UMEIoIIue
HEIpepbIBHBIE YaCTHBIE TPOU3BoAHbIE. Toraa no popmysne auddepeHIupoBaHus

npomssenenus d(uv) = udv + vidu = * dv =d(uv) —v dit oy onmm HEOIPEEIEHHBIE
MHTErPabl Ul 00EUX YacTel 3TOr0 paBeHCTBa (P TOM Jdwe) =uv+C ):
Iu -dv =uv — Iv d+

Ota opmysa u Ha3bIBaeTcs (pOpMyIIoi HHTETPUPOBAHUS 10 YacTsM. YacTto ee
3aMUCBHIBAIOT B TPOU3BOJHBIX (dv = v’+dx , du = w’-dx):

Iu-v’dx mv—lv-u’dy{:

[Tpumepsr:
Z=x, dr = sn xde,
J‘xsin xdx = _ =x(—cosx) —I(—cosx)dr =-xcosx+snx+C
diz =dxe v =J'51n xdx = —cosx
=lhx.dv =dx; e
_[]nxafx:= e =x]nx—_[x—=x]nx—_[dx=xh1x—x+(?
=—,v=x x
x

dopMysia UHTETPUPOBAHMS MO YACTSIM MOXKET MPUMEHSTHCS HEOIHOKPATHO.
[Ipn Hamuuuu HEOOJBIIOTO OMBITA B MPOCTBIX HMHTETpaAiax HET HEOOXOJIUMOCTH
BBINIMCHIBATH IPOMEKYTOUHBIE BBIKIAIKH (# = ..., dv = ...), MOXKHO Cpa3y NPUMEHSATH

bopmyy, PENCTABHB MHTErpa B BI/II[C Judv
J'e * x3d = J'x (e™dx) = J'xgdlex = x’e —J'exafx:E = x’e® —J'e 3xldx = x'e —3]':':2 (e*dx) =
= x'e® SJ'xzaiex = x'e® 3(.1: —Iexafxzz) = x’ —3(1: —J'e 2xdx) =
= x?e® - 3xfe® + ijdex = xte¥ —3xe® + bixe™ — J'exa&:] = x?e® - 3x%e® + 6xe® - Sj'exafr =
= x’e® - 3x%e® +6xe” - 6eF +C=ex(x ~3x? +6x — &) +C'.

[TpuBenéHHBIC MPUMEPHI MOKA3BIBAOT, I KAKUX (QYHKIUK HA0 TPUMEHSITh
(I/IJII/I ITOIIBITAaThCA HpI/IMCHI/ITB) (bOpMy.]Iy HHTCIPUPOBAHUA 110 HaACTAM:

WHTerpaisl Bua [Py(x) cosax dx ’ [Py (x) sin ax - dx ’ [ £ (x] a® dx ,T1e Pa(x) -

MHOTOYJIEH n-0i1 ctenienu. Tak, s [Pulx) cosan e oo = By (x). dv = cos oy ,
dit = (P, (x))'dx = Py_y (x)dle, v = (sin ax)/a

_[PH (x) cosem de =P, (x) (s ax)/a —lfa_[PH_l (x) s am e el . B pesyubTare Ml



MOJIYYHJIA UHTETPAJl TOTO JK€ TUIIA C MHOTOWICHOM CTENIEHU Ha €IMHUITY MEHBIIIE.
[Tocne n-xkpatHOTO IPUMEHEHUS (POPMYIIBI CTETICHh MHOTOWIEHA YMEHBIITUTCS J10
HYJIS, T.€. MHOTOYJICH TIPEBPATUTCS B TIOCTOSTHHYIO, U MHTETPA CBEAETCS K
TaOJIUYHOMY.

WHTerpans [Pal) fix) e e £ TPAHCIEHICHTHAS ()YHKIMS, UMEIOIIAs
JIpOOHO-PAITMOHAIBHYIO WU APOOHO-UPpaMOHATBHYO TTpon3BoaHyIo (In x, arctg X,
arcctg x, arcsin x, arcos x). B aTom cityuae umeet cMmbIci B34Th # = f(x), dv = P.(x)dx,

vl .
JUISL TOTO, YTOOBI B HHTETpaJIe J ydacTtBoBaJia He f(x), a €€ mpousBoHas. [Tpumep:

i = arcsin x; dv = xdx;
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JI71st HeKOTOPBIX (QYHKLMI IPUMEHAETCA MPUEM “CBEJIEHUS UHTErpasa K

camomy cebe”. C moMOoILbIO HHTETPUPOBAHMS IO YACTSIM (BO3MOXKHO,
HEOJIHOKPATHOT'0) MHTETpaJl BhIpaKaeTcsl 4epe3 TaKOM e UHTErpaj; B pe3ysibTare
IOJIy4YaeTCsl ypaBHEHHE OTHOCUTENIBHO 3TOT0 MHTETPajia, peliast KOTOpoe, HaX0 UM
3HauyeHue uHrerpana. [Ipumepsi:

I=_|.w'a2 - x% dx

HHTErpaioB; B [IPpCAbIAYIHIEM Haparpa(be MbI BBIYUCIIUIIN 3TOT UHTCTPAJI C IIOMOIIBIO

Haiitu (ato unTerpan Nel9 uz tada. 10.3.HeonpeaeéHHbIX

TPUTOHOMETPUUECKOU MOJCTAHOBKU * = @sin ¢ ).
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BCJICJICTBHE TOrO, YTO HHTErpaasl fB MpaBoil W JIEBOW 4YaCTIX ypaBHCHHS
OIIPEIEIIEHBI c TOYHOCTBIO 110 MIPOU3BOJILHOU MIOCTOSTHHOM ) u
2
1 a . X <
T=—xva-x? +—arcsin =+ C —
@  (koHCTaHTa < mepeobo3nauena  uepes ).

CBenieHue MHTErpaja K caMoMy cebe — caMblii MMPOCTOM CMOCO0 HAXOXKJICHUS

ax oax -
e coshrdx e ain Axede =
YacTO BCTPCYAIOIIMXCS HHTETPAJIOB BHJA I u I () CeiEs )y

Hanpuwmep,
= cosdx, dv = e®dx
I=Ie”cosbx'dx= = &% 3 +£J @5 o B e =
= —psm bxde, v =™ ja . bosax a_.l-e St X
i =sin b, dv =e®dx 2 bl 2% F]
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=hroshrde,y =eia = il & =
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= —coshx+ st Be —— F
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22 ax 2
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X
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I=ﬁ[acosbx +bsin bx |+ C
peIIcHUE KOTOPOTO a” +b

[Ipu HaxOXJIEHWW 3TU MHTETPATIOB HE MPUHIUIIUAIBLHO, TIOJOXHUM JH MBI U =
cos bx, dv = e” dx vim u = e*, dv = cos bx dx; BaXXHO TOJBKO IPU BTOPOM
OpUMEHEeHUH (GOpMyJNibl HMHTErPUPOBAHUSA IO 4YacTsIM 3aroHATh MOJ  3HaK
muddepeninana GyHKIMIO TOTO )K€ THIA, YTO M MPH MEPBOM (ITOKA3aTEIbHYIO WA
TPUTOHOMETPHYECKYIO).

Emé€ omun Bua Qopmyi, KOTOpble OOBIYHO MOJYYAKOTCS C IOMOIIBIO
WHTETPUPOBAHUS IO YaCTAM, W HCIOJB3YIOTCA JUISl HAXOXKIEHUS HHTETPaloB -
pPeKyppeHTHbIe CcOOTHOIeHus1. Eciam momsiHTerpanbHas (QYHKIOHS 3aBUCUT OT
HEKOTOPOTO TMapaMeTpa M, U TOJyUYeHO COOTHOIIEHUE, KOTOPOE BhIpaKaeT MHTETPAll
Yyepe3 aHaJOTHUYHBI MHTETpajl ¢ MEHBIIMM 3HAUYE€HHUEM M, TO 3TO COOTHOIICHHE U
Ha3bIBACTCSI PEKypPPEHTHBIM COOTHOIIICHUEM. [Tpumepsr:

I, = Icos" x dx
. IlpencraBumM  MOABIHTETPANIBHYIO  (QYHKIHIO B BHIE

- _ n-2 2 _ -2 . - n-2 :
L e x'(l-san* x)=cos X — 5 X Cos XS X pyrerpal

OT IIEPBOr0 CJIAra€MOT0 aHAJOTMYEH MCXOJHOMY C 3HAUYECHHEM MapaMeTpa n Ha JIBE
CAVHUIIBI MEHBINE, K WHTETpajly OT BTOPOTO CIaraéMoro mnpuMeHuM (opmyiry

HHTCTPUPOBAHMA 110 YaCTAM:
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2. Haiimu unmecpan j(;cx +x) e dx .
, TJIe K — MOPSIIKOBBIM HOMEP B )KypHAaJIe

3. Hatimu unmezpan J'(loc - 4)sin kx dx o
, TIC K — IOPAAKOBbBIM HOMCP B )KYpPHAJIC

KonTpoabHbIe BONPOCHI:

1.Tabnuia uHTETpasoB .

2. B yem cyTh MeToaa fo6aBouHOrO KO3 duimenta?
3.MeTo/1 MoJICTAHOBKH.

4. Metoa UHTETPUPOBAHHUS IO YACTSIM.



IIpakTuuyeckas padora Ne 7
1o TeMe «Bplunc/ieHHe HeonpeaeJeHHOr0 HHTerpasia. Beruuciaenue
onpeaeJIeHHOr0 HHTerpaja. Boeryuciaenue miomaaei miockux puryp»
Henab: npoBepuTh yMeHue pemath AUQdhepeHInaibHble ypaBHEHUS IEPBOTO
MOPSIAKA C PA3/ICIICHHBIMU U Pa3ACIISIIOIIMMUCS TEPEMEHHBIMH.
Bpems BbinmosiHenuss 90 MuUHYT

MarepuajbHoe o0ecneuyeHmne

1. TeopeTnueckue cBeeHUS

2.3ananue

3.JIuct A 4

4 KanbKyJISaTOpbI

IHopsinok BeINOIHEHNsI padoThI
1.A3yunth 3amanue

2. I3y4nTh TEOPETUUECKHUE CBEACHUS

3. Bomonuuts 1 oopMHUTH paboTy
4.I1oka3ath pe3yJbTaThl IPENOJABATEIIO
JlomaiHee 3a1aHue

1.IToaroToBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
Teoperuyecknii MaTepuall

Onpeoenennslii unmezpa.
[TycTh Ha oTpeske [a, b] 3amana HenpeprpiBHas GyHKIUA f(X).

y

M

O0o3HaunM m W M HauMeHbllee W HaWOOJIbIIEE 3HAUYCHHE (1)YHKHI/IH Ha

oTpe3ke [a, b]
Pazo0bem oTpe3ok [a, b] Ha yacTu (He 005A3aTENBHO OJIMHAKOBBIC) N TOYKAMH.
Xo<X1<Xx<...<ZXp

Torma X1 — Xo = AX1, Xo — X1 = AXa, ... ,Xn— Xn1 = AXp;

Ha kxax oM u3 1moyuyeHHbIX OTPE3KOB HaljileM HauMEHbIIIee U HauOOoJIbIlIee 3HAUCHHE
GbyHKIUH.

[Xo0, X1] = my, My; [X1, X2] @ mp, Ma; ... [Xn1, Xa] = My, M.

CocTaBUM CyMMBI:



n

ZmAx.

§n = mAX; + mAX; + ... tTmAX,= =

n

. X
S =MAX; + MuAX; + ... + MLAX, = =

Cymma S paspiBaeTCs HIKHEl MHTErpajbHOl CyMMON, a cyMmma S — BepxHei

HHTETrPAJIbHON CyMMOIi.

Tkm<M,102,<5, a mb-a)<2,<5,<Mb-a)
BHyTpu Kkaxxaoro otpeska BbIOEpeM HEKOTOPYIO TOUKY €.

Xo < €1 <Xi, X1<e< Xz, ... ,Xpl <€ <X
Halinem 3HaueHus (QyHKIMU B 3THUX TOYKAX M COCTABUM BBIPAXEHHE, KOTOPOE
Ha3bIBAETCS MHTErpajabLHOM cymMmoii s Gynkuuu f(x) Ha oTpeske [a, b].

D [(e)Ax,
Sn = f(S])AX] + f(ﬁz)AXz + ...+ f(En)AXn = =
Torma MoxHo 3ammcaTh: mAx; < f(€,)Ax; < MAx;
D mAx, <Y f(e,)Ax, <3 M Ax,
i=

CnenoBarenbHoO, = =

S, <S, <S,
['eoMeTpuuecku 3TO MPEACTABISETCS CIEIYIONUM 00pa3om: rpaduk QyHKIIHH
f(x) orpanuueH cBepxXy OMNMHCAaHHOW JIOMaHOW JWMHUEH, a CHHU3Yy — BIIMCAHHOUN
JIOMaHOM.
O6o3HaunM maxAx; — HaUOONBIIMK OTPE30K pa3zOueHHs, a minAx; —

HauMeHbIui. Ecnu maxAx,— (0, To 4uciao OTpe3KoB pa3dueHusi orpe3ka [a, b]
CTPEMHUTCS K OECKOHEYHOCTH.

Sn :Zzl'f(si)Axi ma}lg‘,lﬂO%'f(si)Axi :S'

Ecau i , TO

Omnpenenenue: Eciu npu mro0bIx pa3OueHusx oTpeska [a, b] takux, uro maxAx— 0
Sn :Zf(ei)Axi

Y TIPOU3BOJIBHOM BBIOOpPE TOYEK €; MHTETpaIbHas CyMMa i= CTPEMHTCSI K

npejaeny S, KOTOPBI Ha3bIBA€TCs ONpPECIICHHBIM UHTErpasioM oT f(X) Ha oTpeske [a,
b].

b
ff (x)dx.
O6o3HaueHue : «
a — HIDKHUM nipefien, b — BepXHUil peies, X — nepeMeHHasi UHTerpupoBaHus, [a, b] —
OTPE30K UHTETPUPOBAHMUS.
Onpenenenne: Ecim jgns dyskuum  f(x)  cymiecTByer — mpenen
b

lim Y f(e,)Ax, = [f(x)dx,

max Ax;— 0%
i=

b].

TO (PYHKIMS Ha3bIBACTCSI HHTETPUPYEMOii Ha OTpeE3Ke [a,

n

b
ma)!iAIinlaol_Z:l'miAxi = J.f(X)dx

Taxoxe BepHBI YTBEPKICHHUS:



1

2)

3)

4)

im ¥ M Ay, = [£ (0

max Ax;— 0 i

Teopema: Eciu ¢ynkuus f(x) HenpepbiBHA Ha oTpe3ke [a, b], To oHa
MHTETPUPYEMA Ha ITOM OTPE3KE.
CBOJiCTBA ONPEAEIIEHHOI0 UHTErpaa.

}Af(x)dx ZA}f(x)dx;
JUh ) =2 (e = [f; (o) = [, (x)dx
aff (x)dx =0

b b

J'f (x)dx < fcp(x)dx
Ecnu f(x) < @(x) Ha oTpeske [a, b] a<b, o< a

5) Js1st npou3BOIBHBIX YKCE &, b, C CIIPaBEIMBO PABEHCTBO:

[/ (s = [+ [ (s

PaBYMeeTCH, 9TO PAaBCHCTBO BBIIOIHACTCA, C€CJIU CYIICCTBYCT Kﬂ)I(I[I)Iﬁ nus3
BXOOJAMIMX B HCTO MHTCTPAJIOB.

b a
ff (x)dx =- ff (x)dx
6) a b
Buviuucnenue onpeOeﬂermozo unmezpana.

b

[F)dx
IIycte B uHTETpasie « HIDKHUM TIpefienn a = const, a BepXHUM Tmpeaen b
n3MeHsiercs. O4eBUAHO, YTO €CJIM U3MEHSIETCS BEPXHUU Mpenaes, TO U3MEHSETCS U
3HAYCHUE UHTETpaJIa.

X

J‘ f(0)dt
O603HaunM @ = ®(x). Haiinem mnpousBoanyo ¢yHkuuu D(x) 1o
NEPEeMEHHOMY BEPXHEMY TMPEEIy X.

d” _
Eaff (B)dt =1 (x)

AHAJIOTHYHYIO TEOpEeMy MOXKHO JIOKa3aTh JJIA CIydas TIEPEeMEHHOTO HIDKHETO
npesena.

Teopema: [Ins Bcskoit ¢ynkiuu f(x), HempepslBHOM Ha oTpe3ke [a, b],
CYLIECTBYeT Ha OTOM OTpe3Ke IMepBooOpa3Has, a 3HAYMUT, CYIIECTBYET
HEOIIPEICJICHHBIN UHTETPAIL.

Teopema: (Teopema HrtoTona — JleitOnura)

Ecmu ¢ynkiusa F(x) — kakas- nubo mepBooOpazHasi OT HEMPEPhIBHON (QYyHKIIMH
f(x), To



[f(dx =F(b)- F(a)

a

ATO BBIPAKEHHUE U3BECTHO 10/ HazBaHueM (popmyiisl HetoToHa — JleitbHua.
b

Nuoraa npumenstot obo3nauenue F(b) — F(a) = F(x) « .
®dopmyna HeroTona — JleliOHuma mnpeacraBiaser co0oit oOmui MOAX0d K
HAXO0KJICHUIO ONIPEACIICHHBIX NHTETPAJIOB.

Uto kacaercsi MPUEMOB BBIUMCIICHUS ONPEACIICHHBIX HMHTETPAjOB, TO OHHU
[IPAKTUYECKM HUYEM HE OTJIMYAKOTCA OT BCEX TE€X IPUEMOB U METOHOB, KOTOPBIE
OBLITM pacCMOTPEHBI BHIIIE MPU HAXOXKJIECHUU HEONPEICTICHHBIX HHTETPAJIOB.

TodHO Tak K€ MPUMEHSIIOTCSI METOJbI MOJCTAHOBKHU (3aMEHbI MEPEMEHHOMN),
METO/ HHTETPUPOBAHUS TIO YACTSIM, T€ K€ PUEMbI HAXOXK/ICHUS TEPBOOOPA3HBIX IS
TPUTOHOMETPHYECKNX,  HUPPANMOHATBHBIX W TPAHCHEHACHTHBIX  (DYHKIIHIA.
OcCoOEHHOCTBIO SIBIIIETCSI TOJIBKO TO, YTO NPU MPUMEHEHHHM 3THX MPUEMOB HAJ0
pacrpoCTpaHsITh MPeoOpa30BaHUE HE TOJBKO HA MOJBIHTErPATbHYIO (QYHKIUIO, HO U
Ha Tpejeibl UHTETPUPOBAHUS. 3aMEHssl TEPEMEHHYI0 MHTErPUPOBaHUsI, HE 3a0bITh
W3MEHUTh COOTBETCTBEHHO MPEIEIIbl NHTETPUPOBAHUS.
3amena nepemeHHbIX.

b
J' f(x)dx
[TycTh 3amaH uHTErpas « , Tre f(x) — HenpepbIBHAsT QYHKIIHS HA OTPE3Ke
[a, b].
BBenem HOBYIO TEpEMEHHYIO B COOTBETCTBUU € (HOpMyIIoit X = (t).
Torma ecnu

Do) =a, @p)=b
2) (t) m @’ (t) HeTIpepBIBHBI HA OTpe3Ke [, ]
3) f(gp(t)) onpenenena Ha oTpeske [a, 3], TO

b B
[f(dx = [fTe(olo ()

B B

[floOle )dt =Fle@)]] =Flo@)]- Flo(a)] =F(b)- F(a)

Torga « *
[Ipumep.
1 X :Sint; /2 /2 1 /2
f«/l- x*dx = = f«/l- sin’ ¢ costdt = fcos2 tdt =— f(l+cos2t)dt =
; a=0;p=mn/2 5 p 2
1. /2 1. T
=—|t+—=sin2¢ | =—+—sing =—.
2 . 4 4 4

[Ipn 3ameHe mMEepeMEeHHOM B ONpPENENEHHOM HHTErpalie CIeIyeT MOMHHUTH O
TOM, 4TO BBOJIUMAs GyHKIHUA (B paCCMOTPEHHOM MpUMepe 3TO GYHKIHMS Sin) JOJKHA
ObITh HEMpEpPbIBHA HA OTPE3KE MHTErpupoBaHus. B mpoTuBHOM ciyudae GopmanbHOE
IpUMEHEeHUe GopMyJIbl IPUBOJIUT K aOCypLy.

IIpumep.



T 7
fdx =x | =n
0 ® , C Jpyrol CTOpPOHBI, €CIH NPUMEHUTh TPUTOHOMETPUUYECKYIO
MOJICTAHOBKY,
kil i kil 0

= [ dx _r dx poy =4 = dt

Jo2 2 Jcos? x(1 2 & J 1+42

g Jsin” x+cos” x  gcos” x(1+1g°x) JL+1¢

=0

T.e. ABa cmocoba HaxOXJIEHUs HWHTErpajga JalT pa3judyHble pe3yJbTaTbl. ITO
MIPOU30IILIO U3-3a TOTO, YTO HE OBUI YUTEH TOT (DaKT, YTO BBEACHHAs MEpeMEHHasl tgx
MMEET Ha OTPE3Ke MHTETPUpOBaHUs pa3phiB (B Touke X = 71/2). [losToMy B maHHOM
cllyyae Takasi TOJCTaHOBKAa HenpumeHuMma. Ilpu 3ameHe mnepeMeHHOW B
ONPEICICHHOM HHTErpajie ClieAyeT BHUMATEIBHO CIEIUTh 3a BBHIIOJIHEHUEM
MEPEUYUCIICHHBIX BBIIIE YCIOBUH.
NuTerpupoBanue no 4actsam.

Eciu ¢ynkiuu u = @(x) 1 v = (X) HEpepbIBHBI Ha OTpe3ke [a, b], a Takxe
HETPEpPhIBHBI HA H3TOM OTpE3Ke HX MPOU3BOJAHBIC, TO CcHpaBeyiBa (opMmyia
WHTETPUPOBAHUS 110 YACTSM:

b b b
fua’v =uv| - fvdu.
a a a

BoiBon oT0oit  popmynsl  aOCOMIOTHO aHAJIOTMYEH BBIBOAY  (POpMyJbI
MHTErPUPOBAHUS 10 YACTSIM JJI1 HEONPEAEIEHHOTO MHTErpaja, KOTOPbIi ObLT BECbMa
HOJPOOHO PACCMOTPEH BBIIIE, IOITOMY 3[ECh IIPUBOAUTD €r0 HET CMBICIIA.
3ajaHus npakTHYecKoH padoTbl BBIYMCINTE ONpENEICHHbIA HHTETPa

2
a) [———dx 2
a) f(3x* - 2xkax Joo L @) flax’ - 32 kix
1 2 i
211 3 4
COS X dx
b) dx b) [(1- x)*dx b) e
1. Hf 6 1. zf 21, 5[‘”*3
3 1
- *eos!. 20053
a) [\x” - xkdx a) |cos—xdx a) \\2cos3xJdx
} fors f
I1/6 4 2
6d
by [ ——— b) f(1+f)8dx b) - X4
2, -1 €COST2X 2. a1 2 2 8 2
B .
a) |3cos xdx 3 12
,,f‘; a) [(3x* - 2kix a) [(108sin 6x)dx
2 2 0
2 x I1/2 1
b) f(l- 5)4dx b) [3sinxdx b)_ 11(7- 5x)dx

3. ¢ 13. -1z 23.



2
a) [(4x’ + 2x)dx
f

m
b) f 3dx .

0 cos (= -
5. (2 3)

4
a) J(4cos2x)dx
0
oD f«/9x- 1dx

a)ﬂﬂ6 sin 2x)dx
b) f(3- 2x)* dx

T

3
5
a) [———dx
§Jcos” x

1
b
)_35- 3x

2
a) [(x* - x* +3)dx
f

2
b) 62x+3 d.x
J

2
a) [(x* - x° +2)dx
J

1
b) [5+ 7 dx
10. 9

V3

J'x%/l +x2dx
0

a)J[3sinlx dx
5 2

b) }(1 - 2x)*dx
4. 1

T

4
a) J(36 cos 2x)dx
0

. 2dx
f(3 X)

b)
15.

16.

b) f(3- x*)dx
17. 2

T

2
a) (2 sin x)dx
!

b) [(x* +1)dx
18. ¢

T

3
a) [sin xdx
!

b) [(7- 2x)*dx
19. 3

2

a) fx’ - x)dx
f
/3

b) J?sin 3xdx
20. 0

2.

1
fx3 N4 +5x*dx

11. 0

24.

25.

26.

27.

28.

29.

§
-[os 2x

0

b) J'(4x + 6x)dx

2
a) J(Sx4 - 6x2)dx

b) f«/Sx- Sdx

a) ﬂ2 sin x)dx
b) f(%- x%)dx

3
a) (3 x* +4x3)dx
f

I1/8
b) f

[1/4

4
COS4ax dx

3
a) (2x° - 2x)dx
f

b)nf 4dx
¢ cos® 2x




10.

f\/lxd_x ]J+)lcnxdx
X 12. 1
‘In? g IL dx
Jox 13,6 2-4x
Of xdx ! In(3x D,
o (x7 +4)° 14173 3x-1
(eI,
m s 0 23
" sin xdx
ﬁ[ﬂ 16, =2\ cos’ x
Loxtdx fodx
'[1 x> 17'1/'1;91'2)6
' 10xdx V4 dx
fm 18, OL I-dx
x’dx ‘l+nx
J\/(x“ +4) 19, lﬁde
I
2 xdx ve dx
J\W 20. Ifxxll- In*x
3.
IJSx4x+ 3:c1 +1dx 3J. cix
; 113G D (x+])
Poxt-5x7 43 > (x% +2)dx
de’“ L Jore e
3 1 -
Fon® F <x++3)16) o
2 13. 0
3 dx : xdx
2J.xz(x-l) 14 fx2+3x+2
' idy Y (x? +3)dx
-'1[3’"'2 1. Jx3-x2-6x
J3x2 -3|-2x 3dx \‘F} 4dx :
g x-x 16, 1X *+x
Y xdx }oxdx
1;[(x- 1)’ 7 Jl— x*
J. X L dx
J- D(x+2) g fxt-1

V2

dx
J.x

20, PN4- X

x’dx
23. 6[\/16)6 +1
' xPdx
6[3 (x3 +8)4

/6

24,
cos3x

25, Jl%”/(l- sin 3x)°
J. dx

26 aN4x+3
Sf xdx

97 1 V31(x* - 1)

1/2 dx
J(Zx- )2

1
J'x3 N4 +5x dx

29.0

28.

J} sin xdx
/2

30. = COS X

. dx
21. !xz(x' D
2‘. dx
Jr+1)(x? +4)
9

22.

23.

f
24 i!x3 = 6.x2 +16' 6




1.1

1.2

1.3

1.4

1.5

1.6

1.7

} dx xdx
9, s +Dx-2) 9. % -1
' (2x +3)dx B g "
10 ¢ (x-3)° 20 Ofx3-x2+x+1
4.
2 L2
6x"dx
3 a
a) 1+ x’dx )_!(x3- 5/
0 T
2 4
b) J(z- x)’ dx b) fﬁ cos xdx
0 1.11 o
. .odx . 3
Ny X ax
3 3_ X 3 a) _
) VG- ) 0'[\/16x4 +1
2 cos xdx - 2
b) — b) fx«/ZS- 3x“dx
0(3'Sln.X) 1.12 0
a) T dx a) 1Jﬁx3\/4+5x4abc
_1/3«3/1+3x b
2 2 2
2% +1)dx x- Dex
b) b)j( 3
P INE I
1 3
a) [ d a) f6x3(3x4- 1) dx
s N3 4x 0
xdx ' xPdx
b b) f——
oo 114 0V8-7X 1.24
"
x"dx 1
a)éL 1- 5 a) J(2x3 +1)
x 0
2. Cosxdyx L xldx
b) b) fF—
Of(s- sin x)’ 115 5r%/9+2x3
4/3 1/2
dx xdx
a) | —— a) | -—
3/‘£X2 +1 6[ 1- x*
N 0 Jx
b) [xV1+x?dx b) dx
of 1.16 !‘Vx' !
-3
dx ! 4
a) F—=— a) [le* - 1) e“dx
J«/ZS +3x 6[(
/6 COS3X 1/4

b) | —=d
) 5[\6/(1- sin 3x)’ )

dx
b) [
117 o N1-4x

0 5_2x2+3

dx
30,1 (027

4
a) JPx\/ x* - 7dx
22

2
b) |2sin xdx
1.21 5I2

a)lf dx
1/29«/1- 2x
2 cos xdx
J(8- 7sin x)*

2 xdx

“ J\/4- x’

b)
1.22

¢ dx
b) [
123 ) ;rx«/1+lnx

0
dx
a):lf 4x*-9

b)}q/(2x+1)3dx

1

1/4 dx
N
) 6[«3/1- 4x
5
b)J(4- x)’ dx
125 4

1/2
dx

2 Of (2x- 1)

2
‘SIn° x

b)J5
1.26 !

dx

X

dx

N
b) 1J(x3 - 4
127 6




1.8

1.9

1.10

a)zf X dx
Jalxt +4

2
b) |3cos2xdx
F

e 2
a)Jsln Y dx
1

X
1
x*dx

b (-2
)5[\5/8- 7x°
'odx

a)J3«/2- 4x

cos xdx

b%&S-ﬁnxV

2.1

2.2

23

24

2.5

2.6

2.7

2.8

2.9

2.10

0
J. dx
s V4x+3

4
b) 10xdx

73/(16- x*)’

a)

1.18

1
a) (4x° +1)5x2dx
f

1
2 x4
b) [x“e" "dx

1.19 ©

/6
i cos3x

——d
“ Of?/(l- sin 3x)’ )

B30 xdx

b
120)ﬁf+ﬂ5

8
a) f\/x +1dx
3
. xdx
b) [——
S
10xdx
aJ;a6-x63
0

1.28

3
b) |sin
]
1.29 °

3x- ﬂ}
2

}x In(x - 1)dx

2
0
J'xze"”/zdx
-2

x/2
fx cos xdx
0

x/2
2 .
fx sin xdx
0

1/2

farccos 2 xdx
-1/2

2

f(x - 1)In xdx
1

0

fxe'zxdx
-1/2

2
fxexdx
1

-2/3

f ef" dx

-1/3

1.2
X

2
X

dx

1

KoHTpoJsibHbIE BONPOCHI

5.

f\/; In xdx

1

1

farctg Vxdx
0

f(x +2)cos = dx
g 2

/8

fxz sin 4xdx
0

2
flen xdx
1

f(x +1)In xdx
1

2
farctg (2x - 3)dx

3/2

T/2

J'(x +3)sin xdx
0

In2

“x
Ger X

0
f(x - e dx
-3

3Jﬂ(3 - x)e'dx

1

farcsin(l - x)dx
1/2
B
farctg —dx
; x

Ofx In(1- x)dx

ENE

fesm" cos xdx
0

0
j(2x +3)e "dx
-1

0
J'(x +1)e > dx
-1
1/2

arccos 2xdx
-1/2
1

fxarctgxdx
0

2
Jln(3x +2)dx
1



1.Yto Ha3BIBAIOT ONPEAEICHHBIM HHTETrpAIOM (QyHKIHH f(X)?
2.B yeM cOCTOUT reOMETPUUECKUN CMBICIT OIIPEICIICHHOTO UHTErpasia?
3.ChopmynupyiiTe HEOOXOAUMOE YCIOBHUE UHTETPUPYEMOCTH GYHKINH f{x) Ha
oTpeske [a,b].
4.Chopmynupyiite HEOOXOAMMOE U JOCTATOYHOE YCIOBUSI HHTETPUPYEMOCTH
¢bynkuuu f(x) Ha oTpeske [a, b].
5.3anummTe CBOMCTBA ONMPEAEICHHOTO UHTErpaa.
63anummute popmyny HerotoHa-JIeouua.
7PacckaxuTte 00 OCHOBHBIX METOJIaX MHTETPUPOBAHUS ONPECICHHOTO HHTErpaa.



IIpakTuuyeckas padora Ne 8
no teme «/AuddepenunanbHbie ypaBHeHUs] NEPBOr0 MOPSIAKA
Heab: mpoBepuTh yMeHue pemarh quddepeHIranbHble ypaBHEHUS IEPBOTO
MOPSIAKA C PA3IECIICHHBIMY U Pa3ACISIIOIIIMUCS IEPEMEHHBIMU.
Bpems BpinmosiHenuss 90 MuUHYT

MarepuajnbHoe o0ecnieuyeHmne

1. TeopeTnueckue cBeieHUs

2.3amanue

3.JIuct A 4

4 KanbKyJIsaTOpbI

IHopsinok BeIMOIHEHNsI padOThI
1.A3yunts 3amanue

2. I3y4nTh TEOPETUUYECKHUE CBEACHUS

3. Bomonauth 1 0OpMHUTH paboTy
4.11oka3aTp pe3yJIbTaThl IPEMOAABATEIIO
JlomaiHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernueckuii MaTepuaJl

Juggepenyuanouviv  ypasnenuem Ha3bIBACTCA YpaBHEHUE, CBS3bIBAIOIIEE
MEXIy COOOH HE3aBUCHUMYIO TEPEMEHHYIO X , HUCKOMYH (YHKIHIO Y H ee
IPOU3BOIHbIE WK TUDPepeHIIrabI.

CumBonuyecku qudpepeHnnanbHoe YpaBHEHHUE 3aUChIBACTCS TaK:

Flx,y,y|=0 _ Flx,y, y'I=0 , Flx,y,y,y ..y"=0

HuddepeHnnanbHoe ypaBHEHUE HA3bIBACTCS 0ObIKHOBEHHbIM, €CITU UCKOMast
(GYHKIIHS 3aBUCUT OT OJHOTO HE3aBUCUMOTO ITEPEMEHHOTO.

llopsoxkom nuddepeHInanbHOTO YpaBHEHHUST HA3bIBACTCS TMOPSIOK CTaplien
npou3BoiHOM (Win nuddepeniana), BXo el B JaHHOE YpaBHEHHUE.

Pewenuem (unu uumeepanom) nuddepeHIHaIbHOTO YPaBHEHHS Ha3bIBACTCS
Takas QyHKIIMA, KOTOpasi 00paIaeT 3To ypaBHEHUE B TOKIECTBO.

Oowum  pewenuem (Umu  obwum unmeepaiom) muddepeHInanTLHOTO
YpaBHEHUSI HA3bIBAETCS TAaKOE€ PEIIeHHE, B KOTOPOE BXOJHUT CTOJIBKO HE3aBHUCHUMBIX
MPOU3BOJIBHBIX TIOCTOSIHHBIX, KaKOB TOPSANOK ypaBHeHUs. Tak, oOmiee perieHue
b depeHIMaIbHOTO ypaBHEHUS TIEPBOTO MOPSAKA COACPKUT OJHY MPOU3BOIHHYIO
MOCTOSTHHY1O.

Yacmuvim pewenuem nuddepeHIIaTbHOTO YpaBHEHHS Ha3bIBACTCS PELICHHE,
MOJIYYCHHOE M3 OOIIEr0 MpU Pa3IMYHBIX YHCIOBBIX 3HAYEHUSX IMPOU3BOJIBHBIX
MTOCTOSTHHBIX. 3HAYCHHSI IPOU3BOJIBHBIX TTOCTOSHHBIX HAXOJATCS TP OMPEIeICHHBIX
HaYaJIbHBIX 3HAYCHUSAX apTYMEHTA U (DYHKITHH.

Juggepenyuanvuviv ypasuenuem nepeoco nopsioka Ha3bIBaeTCs ypaBHEHUE, B
KOTOpPOE BXOJSAT MPOU3BOAHbBIE (MiH qudPepeHiinanbl) He BhIIIe MepBOro MopsaKa.



Pemenue:

3axanmue 2:

Pemnenmne:

Juggepenyuanvuviv  ypasnenuem ¢ - pazoensiOWUMUcs — nepemMeHHbIMU
HA3bIBACTCS YPaBHEHUE BUJIA

d |
=flxl¢ly]
X
JIist pelieHus 3TOro ypaBHEHUs HY)KHO CHaJasa pa3eiauTh IEPEMEHHBIE:

d_y: x|dx
oLyl flx

a 3aTeM MPOUHTETPUPOBATH 00€ YACTHU MOJYYEHHOI'O PABEHCTBA:

& _
fcb(yl J e

Hpumepsi
3amanue 1: Haiinute obuiee penieHne ypaBHEHHS x| 1+y?| dx= ydy

xdx=2Y dy

2
Pa3jie/uB epeMeHHbIE, HIMEEM 1+y® . Mnterpupyem obe yacTy Mory4eHHOro
ypaBHEHUS:
_ () X _1 1
xdx= | === L =ZIn|1+y*+=InC
.[ f1+y2; 22n( }’)zn

Tak kak IIPOU3BOJIbHAA IIOCTOAHHAA C MOJKCT IIPpUHUMATb JIOOBIC YKCIIOBBIC

3HaYeHMs, TO U YA0OCTBAa JalbHEHINMX IpeoOpasoBaHmii Bmecto C MBI

1
pnc *—In| 147
HaIucalim . [loTeHuMpys nocaeaHee paBeHCTBO, Moayuum X =1 y
OT0 U ecTh 00I1Iee PelIeHUE TaHHOTO YPaBHEHHS.
Haiith uwactHoe pemenme ypashenms S0 tdt+ds=0  yropperBopsiomee
=
HayalbLHBIM yCIOBHAM $=4  mpu 3
ds
tg t dt+—=0
PasznenuB nepeMeHHblE, HMeEEM § . IIpounrerpupyem o00e yactu

MOJIyYEHHOTO YPaBHEHUS:

ds
tgtdt+| —=InC
fg fs . —Incost+Ins=InC

>

Wmu Ins=InC+Incost s=C cost

Oto oO0mee pelieHWe MaHHOTO ypaBHEHHsS. JIIs HaxOXIeHUs 3HAYCHUS

HpOHSBOJ’ILHOﬁ IIOCTOSIHHOM C moaACTaBUM 3HA4YCHUA 3 151 s=4 B

4=C cos &
3

BBIPAKCHHUC JIJIA O6IHCFO peUuiCHuA:



CrnenmoBarenbHO, HMCKOMOE YaCTHOE pEIICHHE, YIOBJIETBOPSIONIEE YKa3aHHBIM

HAYaJIbHBIM YCJIOBMSM, UMeeT BUj S—8C0St

3aaHuA NpaKTHYeCKOH padoThI

3ananue 1.Haiitu oOiee perenue ypaBHeHHi a), 0).

3ananue 2.HaiiTn yacTHOE pellieHHe YPAaBHEHUS € Pa3ICIAIOIIMMUCS IEPEMEHHBIMU

B1.1. a)x’dx=3 y’dy
0)y(1+x)dx+x(1—y|dy=0
2.y*dx=e *dy; y=1npux=0

1
B2. 1.a)ﬁdy=%dx

0)y’dx+(x—2)dy=0

2.%dx=%dy,y:2npux:0
y X

B3 1l.a)/xdx=Vydy
6)(1+y*)dx—xdy=0
2.[1+y|dx=(1-x|dy,
y=3npux=-—2
B4. 1.a)(3x°—2x)dx=dy
0) -(2xy+3y)dx+x’dy=0
2.ydx=xdy,y=6npux=2

BS. 1.a)(4x—3)dx=dy

d
6) (Xy+x)£=

2x—1_dx _
e —dy,y—OnpUX—S

B6. 1.a)xdx=dy
0) 2(xy+y)dx=xdy
2.(y+1)dx—(1—-x)dy=0,
y=1npux=0
B7.1.a)x’dx=3 y’dy
0)y(1+x)dx+x(1—y|dy=0
2.y*dx=e *dy; y=1npux=0

1 3
—dy=—=d
B8.la)\/; y \/} X
0)y’dx+(x—2)dy=0

B16.1.a)x°dx =3 y’dy
6)y(1+x)dx+x(1—y)dy=0
2.dx=e “dy; y=1npux=0

1
B17. l.a)ﬁd)’:%ydx

0)y’dx+(x—2)dy=0

2.dx=édy,y=2npux:0

B18. 1.a)Vxdx=vydy
6)(1+y*)dx—xdy=0
2.[1+y|dx=[1-x|dy,
y=3npux=-—2
B19. 1.a)(3x°—2x)dx=dy
0) -(2xy+3y)dx+x*dy=0
2.ydx=xdy,y=6npux=2

B20. 1.a)(4x—3)dx=dy

d
6) (Xy+x)£=

2x—1_dx _ _
T —dy,y—OnpUX—S

B21.1.a)xdx=dy
0) 2(xy+y)dx=xdy
2.(y+1)dx—(1—x)dy=0,
y=1npux=0
B22.1.a)x°dx =3 y’dy
0)y(1+x)dx+x(1—y|dy=0
2.y*dx=e *dy; y=1npux=0

1 3
L y=-=14
B23. 1.a) e y X
0)ydx+(x—2)dy=0



2.%dx=%dy,y=2npux=0 2_%dx:%dy,y:2npux:0
y X y X

B9. 1.a)Vxdx=1ydy B24.1.a)Vxdx=+ydy
6)(1+y?)dx—Vxdy=0 6)(1+y*)dx—xdy=0
2.[1+y|dx=[1-x|dy, 2.[1+y|dx=(1—x|dy,
y=3npux=-—2 y=3npux=-—2
B10 1.a)(3x°—2x)dx=dy B25.1.a)(3x*—2x)dx=dy
0) -(2xy+3y)dx+x*dy=0 0) -(2xy+3y)dx+x*dy=0
2.ydx=xdy,y=6npux=2 2. ydx=xdy,y=6npux=2
B11.1.a)(4x—3)dx=dy B26.1.a)(4x—3)dx=dy
6) (xy ), 6) (xy ), =
.2;:1123—;,y=0npux=5 .2;:1122—;,y=0npux=5
B12.1.a)xdx=dy B27. 1.a)xdx=dy
0) 2(xy+y)dx=xdy 0) 2(xy+y)dx=xdy
2.(y+1)dx—(1—x)dy=0, 2.(y+1)dx—(1—x)dy=0,
y=1npux=0 y=1npux=0
B13.1.a)x*dx=3y’dy B28.1.a)x*dx =3 y’dy
0)y(1+x)dx+x(1—y|dy=0 0)y(1+x)dx+x[1—y|dy=0
2.y*dx=e *dy; 2.y*dx=e *dy;y=1npux=0
y=1npux=0
Bl4. 1.a)—dy=—=dx B29. 1.a) = dy=—=dx
x 7y Vx 7y
0)y’dx+(x—2)dy=0 0)y’dx+(x—2)dy=0
2.%dx=%dy,y:2npux=0 2.%dx:%dy,y:2npux:0
y X y X
B15.1.a)Vxdx=1ydy B30.1.a)Vxdx=1ydy
6)(1+y?)dx—xdy=0 6)(1+y*)dx—xdy=0
2.[1+y|dx=(1—x|dy, 2.[1+yldx=(1—x|dy,
y=3npux=-2 y=3npux=-2

KoHnTposbHBIE BONPOCHI:

. Kakoe ypaBHenue HazpiBaeTcs auddepeHIuanbHbIM?

. Urto Ha3pIBaeTcs penieHueM audhepeHmaibHOro ypaBHeH s ?

. Kaxkoe pemenne nuddepeHnmaisHOTO YpaBHEHHS Ha3bIBACTCS 00ITHM ?

. Kakoe pemenne muddepeHnnansHOTO ypaBHEHHS HA3bIBAETCS YACTHBIM?

. Kakne muddepennmanpapie ypaBHEHHS HA3bIBAIOTCS YPAaBHEHUSMU TIEPBOTO
nopsijaka’?

. Kakue  muddepeHnmanbHble  ypaBHEHHS  HA3bIBAIOTCS  YPAaBHCHHSIMH — C
pa3AeHSIONMMHUCS IEPEMEHHBIMU ?



IlpakTHyeckas padora Ne 9
no teme «/AudpdepenunanbHbie ypaBHeHHs] BTOPOT0 MOPAIKA»
Heab: HAYYUTHCS peIIATh JUHEHHBIE OJJHOPOAHBIE YPABHEHUS BTOPOIO MOPSIIKA C
NOCTOSIHHBIMU KO3()pUIIMEHTaMuU
Bpems BpinmosiHenuss 90 MuUHYT

MarepuajnbHoe o0ecnieuyeHmne
1. TeopeTnueckue cBeieHUs
2.3amanue
3.JIuct A 4
4 KanbKyJIsaTOpbI
IHopsinok BeIMOIHEHNsI padOThI
1.A3yunts 3amanue
2. I3y4nTh TEOPETUUYECKHUE CBEACHUS
3. Bomonauth 1 0OpMHUTH paboTy
4.11oka3aTp pe3yJIbTaThl IPEMOAABATEIIO
JlomaiHee 3a1aHue
1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeaeHMs
VYpaBHeHue, conepkaiiee MNpou3BOAHbIE (WM AuddepeHanbl) HE BbIIIE

BTOPOTO TOPSIJIKA, HA3BIBACTCS OuUhepeHyuaibrbvim ypasHeruem 6mopoco nopsoxd.
B o0miem Bujie ypaBHEHHE BTOPOTO MOPSIIKA 3aMCHIBACTCS CICIYIOINUM 00pa3oM:

dy_ dy
dXZ_f X, .y’ dX

O6mee pemenue aud@PepeHInaTbHOIO YypaBHEHUS BTOPOTO  MOpsAKa
COJICPKUT JIBE MPOU3BOJILHBIC MOCTOSHHBIC.

Jlunetinvlm 00HOPOOHBIM OUPDePEeHYUAIbHBIM YPABHEHUEM BMOPO20 NOPAOKA
C NOCMOSHHBIMU KO3 uyuenmamu Ha3bIBA€TCS YpaBHEHUE BHUJIA:
2
dy, d
—>+tp—+qy =0

det DT (M)

rne P m 49 -TOCTOSIHHBIC BEJIUYUHEIL.

Jns  oTeickaHust  oOmero  pemieHus  ypaBHeHuss (1)  cocraBisercs
Xapakmepucmuieckoe ypasHenue

r’+pr+g=0 , 2)
dy &
KOTOpoe Toiy4yaercs u3 ypaBHeHus (1) 3ameHoit dx’ , & g Yy Ha

COOTBETCTBYIOIIIME CTCIICHA © , IpU4YeM cama QyHKIUS Y 3aMEHSICTCS SAUHHIICH.
Torga obmee pemenue auddepennuansHoro ypaBHeHus (1) ctpoutcs B

r r

3aBUCUMOCTH OT KOpHEM | M ! XapaKTepUCTHYECKOro ypaBHeHus (2). 3mech

BO3MOKHBI TpH CiIIy4as.



Pemnenmne:

3axanmue 2:

Pemnenmne:

r I

I cnyuai#i: Kopuu 't um '? - JEHCTBUTENIbHBIE W pa3iauyHbie. B sToM
cirydae ob1iee pemieHue ypapHeHus (1) umeer Bua

T‘]X r2x
y=C,e +C,e (3)
Il cnyuaii: Kopum "' wm " - nefictBuTenbHble m paBHble: 11277
Toraa oGmiee pemenue ypaBHeHus (1) 3aMChIBAETCS TaK:
r.
y=(C1+C2x)-eX ' (4)
Mlcnyuaii: Kopum ' u " - komruiekcHo — conpsukennpe;: 1=9+F 1
r=a=F1 B yrom ciaydae oOmiee penieHue ypaBHeHus (1) 3amuceiBaercs
CJIeIyIOIUM 00pa3oM:
y:eax-(ClcosBx+Czsinﬁx) (5)
IIpumepbi

2
4y _ 7% 410y=0
3aganme 1: Pemmte ypapaenme: dx°  dX

COCTaBUM XapaKTEPUCTUUECKOE yPABHEHHE W HaiifieM ero KopHu: o —7r+10=0

Orcioma crnemyer, uro 12 , ! »=° | Tak Kak KOPHU XapaKTEPUCTUUYECKOTO

ypaBHEHUS JCHCTBUTEIbHBIE W  pas3Hble, TO OOIIee peleHrue JaHHOTO
auddepeHInanbHOr0  ypaBHEHHS corjacHo  Qopmyne (3) 3amumiercs Tak:

2 5
y=C,e"+C,e’"

2
d—y—Sd—y:() d—y:—l

o dx? dx =1 dx
b
Haiitn yacTHOE perieHue ypaBHEHUS ecnu Y 51 npu
x=0

2 _
CocTaBUM XapakTEPUCTUUECKOE ABHCHHE r'=5r=0 | Pemas ero, mojay4um
9 9

ri=0 , =5 | Tak kak KOPHM XapAKTEPUCTUYECKOTO YPAaBHEHUS JICVCTBUTEIbHBIC

U pa3nuyHble, TO olmiee perieHne IupdepeHIINaTbHOTO ypaBHEHUSI HWMEET BHUJI:

0. 5
y=C,e “+C,e™"

_ 5x
.10 ecth  Y=C1*Cre

I[J'ISI HaXO0XIACHUA HCKOMOI'O YaCTHOI'O PpCHICHUA HYXHO OIIPCACINTL 3HAYCHUA

HOCTOSIHHBIX C, U G . IlloncraBuB B o0Iiee pelieHue 3HAaYCHUsST X =0 yu y=1
MOJTyYUM 1=C,+C,
[Iponuddepennripoas 001Iee pelIeHHE W MOJACTaBHB B IOJYYEHHOE BBIPAKEHUE
sgauenust X=0 y X , UMEEM dx , OTCIOJIa CJIEAYET, YTO U2
1
C=-+ C=1-C,=1-|-1 =5
N3 nanHOTO BBIpaKEHUS HAXOUM: 5 | 5/ 5
6 1 5x
=———e
Y7575

Takum 00pa3oM, KCKOMOE YaCTHOE PEIICHHE UMEET BUJL



Pelienue:

3ananue 4:

Perienue:

2
d—¥—8d—y+16y:0
3aganme 3: Pemnts ypaBuenne dx X

. 2 _
CocTaBuM XapaKTEPUCTUYECKOE ypaBHEHHE M Haiijgem ero kopuu: I —8r+16=0 |
r=rn=4 XapaKkTepuCTUYECKOE ypaBHEHHE WMEET pPaBHBbIC JCHCTBUTEIbHBIC
KOPHH; MO3TOMY  coriacHo  ¢opmyne (4) oOmiee pemieHue  AaHHOTO

_ L oAx
}IH(bq)epeHHI/IaHBHOFO ypaBHeHI/IH 3aIIUCBIBACTCA B BUJIC y_(C1+C2X) e

Haiiure yacTHOe peuleHue ypaBHeHus Y +8y +16y=0  ecom Y=1 yu y=1
npu X=0

Tak Kkak XapakTepUCTHYECKOE ypaBHeHHE *+8r+16=0  pmeer paBHbIE
NEUCTBHUTEIIFHBIE  KOPHH N=n="4 | 10  obumee pelIeHue  JIaHHOTO
nudhepeHIraIbHOTO ypaBHEHUS 3aIMChIBACTCS B BHIIC

yZ(C1+C2x)-6_4)(=C1e_4x+C2 xe ¥

Huddepenuupys oOdiiee penieHue, UMeemM
y=—4C,e *'+C,e " ~4C,xe”

4x

[ToxcraBuB HayaabHBIC JAHHBIE B BBIPAXKEHUE Ui Y W Y , MOJYYUM CHUCTEMY
YpaBHEHUI

1=Ce"+C 00000 1=

004} , OTKYyIa Cl:l C,=5 .

u 2

_ —4x —4x
CnenoBaTenbHO, HCKOMOE YaCTHOE pellieHre uMeeT Bua  Y=¢€ +xe

3aganus npakTH4YecKoi padoTbl
3apanusa Pemuth oqHOpOAHBIE THHEMHBIE AU (DepeHInaIbHbIe YPAaBHEHUSI BTOPOTO

HOpﬂI[Ka. B HYHKTe a) HaﬁTI/I YJaCTHOC pemeHI/Ie HpI/I 3aJaHHbIX HA4YaJIbHBIX yCHOBI/IHX
f /
y(.?(-'lil) =Yoo ¥ (0)= Y
L / 0 gn
110, Y -2y=0 y0)=1 y0)=3 5y +12y +36y=0
i
B) 4_}? + 9_}’ =10

oy ;
212,23 ~ 2y -8y =0 y(0)=1 y0)=1
6)yff_6yf+9yzﬂ B)yH—Sy’r+17y:U

b j
3.13.2) ) -4y +3y=0 y0)=06 ¥(0)=10
6 +8y +16y=0 43" -203"+ 25y =0

i ! /
4140y ~7y +0y=0 y0)=2 y(0)=-1
6)yﬂ+10y’r+25y=0 B)y’r’r+2y’r+5y=0



i /
5,15.a)2.}ir +J’I‘J’=U g(ﬂ)=} ¥ (0)=-1
54y -4y +y=0 3" -2y +10y=0

oo ,r
6,16. a)2y +3y =0 y0)=1 vy (0)=4
oy 14y +49y=0 3" +dy=0

. /
17012y 3y =0 y(0)=2 y(0)=2
6)9}};{_6});"'}”:[] B)Syﬂ—ﬁy’r+5y=0

0o ,r
8,18.2) ) ;6}’ J;SJ’:U Hy(ﬂ)jl y (0)=—4
616y +8y +y=0 ¥y -6y +13y=0

0o /
9,19. a) ) :U’ ‘f)’=0 J:;(ﬂ)z%r ¥ (0)=-3
6)163; t24y +9y=0,y -4y +13y=0

i / /
10,20. a)Jir ‘BJ’Jr t2y=0 , y0)=1 y0)=6
59y +6y +y=0,y +9y=0
KounTpoJsbHbIe Bonpocsl
1./laiite onpenenenue quddepeHnanTbHOr0 ypaBHEHUS.
2.YT0 Ha3bIBatOT OpsAaKOM TudpepeHnanbHOTO ypaBHEHUS ?
3.JaiiTe onpenenenue od1iero pemeHus AuddepeHnaibHOr0 YpaBHEHUS.
4.Yto Ha3bIBatOT ycnoBusiMu Komm?
5.Yto Ha3zbIBaroT 3agauei Komm?
6.JlaiiTe onpezenenne 4acTHOTo pemieHus quddepeHnnaaTbHOT0 YPaBHEHHMS.
7.Kaxue ypaBHeHus HazbiBatoTcs nuddepeHmanbasiMu ypasHeHussMu 11 mopsiaka?
8.IloHATHE XapaKTEPUCTUUECKOTO YPABHEHUS.
9.00111€€ pelieHre ypaBHEHUS XapaKTepUCTUUECKOTO YPaBHEHHUS.



IpakTnyeckas padora Ne 10
no Teme «McciieoBaHue YUCJIOBBIX PSI0B HA CXOIUMOCTD)

Ieib: HAyYUTHCS UCCIENOBATH YUCIOBBIE PSAIBI HA CXOAUMOCTD
Bpems BbinmosiHenuss 90 MuHYT

MarepuajbHoe odecnieyeHue

1. TeopeTnueckue cBeeHUS

2.3aganue

3.JIuct A 4

4 KanbKyJIaTOpBI

IHopsinok BeINOIHEHNsI padOThI
1.3yuuts 3amaHue

2. I3y4uTh TEOPETUUYECKHE CBEICHUS

3. Bomonauth 1 0OpMHUTH paboTy
4.1TokazaTh pe3yabTaThl IPENOAaBaATEIIO
JlomaniHee 3a1aHue

1.IIoAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernueckne cBeieHU

Omnpenenenne. CymMma uJeHOB OECKOHEUHOM YHCIIOBOM MOCIEIOBATEIbHOCTU

Uisthy e gaspIBaeTCS YMCIOBBIM PSIIOM.

U+, b, F =D U,
=l
[Tpu stom umcna “i-¥2»-
psina.

OyJleM Ha3pIBaTh WICHAMH PAla, a U, — OOIIMM WICHOM

n
S, =u, tu, +..+u, :Zuk
Omnpeneaenne. CyMMbI k= n = [, 2, ... Ha3bIBAIOTCS

YACTHBIMHU (YACTHYHBIMH) CyMMAaMH PSIJIA.

Takum 00pa3oM, BO3MOKHO pacCMaTPHBATh MOCIEI0BATEILHOCTH YAaCTHYHBIX
cymm psga Si, S, ...,S, ...

Uy o, + =D,
Onpeneaenue. Psn n=l Ha3bIBACTCS CXOASIIMMCSH, €CJIHN
CXOJIUTCS TMOCIEOBATENILHOCTh €r0 4acTHhIX cymMmM. CyMMa cxoasilerocsi psjaa —

mpeaci nNocJICJ0BATCIAbHOCTH €TI0 YaCTHBIX CyMM.

limS, =S, S Ziun.
n=

Omnpenenenune. Ecny nmocienoBaTeabHOCTh YACTHBIX CYMM psila pacXOJUTC, T.€. HE

MMEeT Tmpenenia, WIM UMeeT OECKOHEYHBIM mpenes, TO psAl Ha3bIBACTCA
pacxoasilMMcs ¥ €My HE CTaBsSIT B COOTBETCTBUE HUKAKOW CYMMBL.

Ceoiicmea psaooe.
1) CxomguMoCTh WM PacXOJUMOCTh psJia HE HAPYIIUTCS €CIU U3MEHUTb,

OTOPOCHUTH UJTK JJOOABUTH KOHEYHOE YHCIIO WICHOB psJia.



2) PaccmoTpum aBa psiga 2, 151 2 Cu, , rie C — MOCTOSTHHOE YHCIIO.

Teopema. Eciu pso 2, cxooumces u e2o cymma pasua S, mo pso 2 Cu, mooice
cxooumcs, u e2o cymma pasna CS. (C # 0)

u 1% o
3) Paccmotpum niBa psna 2, 151 2 . CyMMoi1 WK pa3HOCTBIO 3TUX PSAOB

+v,)

u
6yz[eT Ha3bIBATLCA PAL Z ( " , TAC JICMCHTHI ITOJIYUYCHBI B PC3YJIbTATC CIIOKCHUS

(BBIUMTAHUS) UCXOJAHBIX AJIEMEHTOB C OJJUHAKOBBIMU HOMEPAMHU.
Dty 2V
Teopema. Eciu psiowvi " U " CXOOAMCS U UX CYMMbL PAGHBL COOMBEMCMEEHHO S

u =*v
u o, mo pso 2w, %v,) mogice cXxooumcs u e2o cymma paeua S + O.
Z(un +v) :Zun +Zvn =S+0

Paznocmo 08yx cxooawuxcs psoos maxace 6yoem cxo0auumcst psroom.
Cymma cxo0awe2ocs u pacxoosauje2ocs psaoos 6yoem pacxoosauumcs psoom.
O cymme 08YX pacxoosauuxcs psioos 0o6ueco ymeepicoeHus: Coelams Helb3s.

HpI/I HN3yUCHHUN pPAAOB pPCIIarOT B OCHOBHOM JBC 3aJadu: HCCIICAOBAHUC Ha
CXOJUMOCTDb U HAXOXKACHHUC CYMMBLI psa.

1) Ecnu psn 2, CXOJUTCS, TO HEOOXOAMMO, YTOOBl OOLIUHN YJI€H U, CTPEMHIICS K

HyJ110. OJTHAKO, 3TO YCIIOBHE HE SIBISETCA JOCTATOUYHBIM. MOYKHO TOBOPUTH TOJBKO O

TOM, YTO €CJId OOIIMU YIEH HE CTPEMUTCS K HYJI0, TO Psi TOYHO PACXOAMUTCS.
y!

Hanpumep, Tak Ha3pIBaeMbIii TAPMOHWYCCKUHU psim = ' gBIsIeTCS pacXOIsAIIMMCS,

XOTS €r0 OOIINIA WIEH U CTPEMUTCS K HYJIIO.

123, +n
Ipumep. MccnenoBars CXoauMoCTh psima 2 5 8 3n-1
lim =lim ; zl #0
o 3p -] nw3_l
Haiinem n - HEOOXOIWMBIM TPHU3HAK CXOJMMOCTH HE

BBITIOTHSIETCS, 3HAYUT Psii PACXOIUTCHL.
2) Ecnu psii cXOAUTCs, TO MOCTIE0BATEILHOCTD €T0 YaCTHBIX CYMM OTpaHUYEHa.
OnHako, 3TOT MPU3HAK TAKXKE HE SIBISETCS 1OCTATOYHBIM.
Hanpumep, pax 1-1+1-1+1-1+ ... +(-1)"'+... pacxomurcs, T.K. pPacXOmUTCH
MOCJIEA0BATEILHOCTh €r0 YaCTHBIX CYMM B CHJTy TOTO, YTO
g = 0, npu uyemmuvix n
! _{1, npu  HeuemHvlx n

OpnHako, IpU 3TOM IMOCJEAOBATEIBHOCTh YAaCTHBIX CyMM OIPaHMYEHA, T.K.

S

n

2
pu J1I000M 7.
Psovt c neompuyamenvHviMuU YleHAMU.



[Ipu M3ydeHnn 3HAKOMOCTOSIHHBIX PSIIOB OTPAHUYHUMCS PACCMOTPEHUEM PSIOB
C HEOTPULATEIIbHBIMU WICHAMH, T.K. IIPA IPOCTOM YMHOXEHHHU HA —| U3 3TUX PAJIOB
MOYKHO TOJIYYUTh PS/Ibl C OTPULIATEIbHBIMU YICHAMM.

u
Teopema. /[ cxooumocmu psoa 2, ¢ HeompuyamenbHblMU Y1eHAMU He0OX00UMO
U 00CMamo4Ho, Ymoobbl Yacmmuble CyMMbl psoa ObLiU 02PAHUYEHbL.

[Ipu3HaK CpaBHEHUS PSJIOB C HEOTPUIIATCILHBIMU WICHAMH.

u \%
[TycTh manbl ABa psina Z 7| Z " TIPH Uy, Vy = 0.
Teopema. Ecot u, < v, 11 §) Z Vn
p . n < V, TIpH JIOOOM #, TO W3 CXOAUMOCTH psiia ClemyeT

CXOJMMOCTb pszia 2 U , @ U3 PacXOAMMOCTH psijia Z U CIIEIyET PacXoUMOCTh psijia
2
1 1 1

L — ..
IIpumep. MccnenoBars Ha CXOAUMOCTE psix In2  In3 Inn

1 1 1 1

T.x. Inn  n_ arapmonuueckuii paa ~ 7 pacxOIMTCs, TO PACXOJUTCS U psijy — Inn
i' 1
Ipumep. MccaenoBaTh Ha CXOAUMOCTD psif = 12

1 1 1

< — _

Tx. n2" 2" a pan 2" cxomurcs ( Kak yObIBaroIas reoMeTpUYecKas
< |

n
nporpeccust), To psix = 2" Toxe CXOmUTCAL.

TakKe UCIoJIb3yeTcsl CIEAYOIINN TPU3HAK CXOIUMOCTH

un

lim =h
R

> > -
u, >0, v, >0, cywecmayem npeoei n, 20e h — uucno,

Teopema. Eciu

u %
OMIUYHOE OM HYs, MO Psobl Z "oy Z " 6e0ym 0OUHAKOBO 8 CMBLCILE CXOOUMOCIU.

Ilpusznax /lanamoepa.
(Kan Jlepon Hamambep (1717 — 1783) — ppaHiry3ckuit MaTeMaTHK)

u
Ecnu ons pﬂda Z " C NOJIOAHCUMENbHbIMU YIeHAMU cyujecmeyem maxKoe 4ucio
C]<1, umo 0Jisl 6cex OOCMAmMoOyYHO OONbULUX N 6bINOAHACICS HepaeeHcmeo

un+l
— <
u e Z, u,
" mo psio cxooumcsi, eciu xHce 01 6cex 00CMAmMoyHO DOILULUX N

u
Zntl >1,

u Z u,
BbINOJIHAIEMCS YCao8uUe " mo psio0 pacxooumcs.

Ilpeodenvuwrii npusnax /lanamoepa.
[Ipenenbubiii npusHak /lanambepa sBisieTcsl CIEICTBUEM W3 NPHUBEACHHOIO

BbIIIIE npu3Haka JlanamOepa.



u,,
lim L =p
n— oo u

Ecnu cywecmeyem npeden , mo npu p < I psao cxooumcs, a npu p > 1 —

pacxoaumc;z. Ecnu P = [, mo Ha 6onpoc o CXOOUMOCMU OMBEMUMb HElb3Sl.

o0

Zl’l

Ipumep. OnpeeTnTh CXOAUMOCTb psiaa = 2 .
1+ !
+1 : +1)2"  n+l P
u, = & 5o Uy :n 1 5 hmun_ = m(n +1) —n = n =<1
2/1 2/1 n— o un n— oo 2n 2]’[ 2 2

BriBo: psan cxoaurcs.

Ipumep. OnpenenuTs CXouMocTs psiza 1! 2! 7!
1 1 . . ! . 1

U, =— U,y = 5 lim Yoo =lim " =lim =0<1
n! (n+D)° ey, e (n+]) ep+]

BriBoa: psa cxomurcs.
Ilpusnaxk Kowu. (paouxanvHwlii npU3HaK)

u
U Ol 2/ 2/ 1l
Ecnu ona paoa Z " C HeompuyamelbHblMU YjleHAMU cyuwecmeyent makoe 4Yucio
fu, <q
q<1, umo 0715 6cex 00CMAmMoO4HO OONLUIUX N BbINOTIHAEMCS Hepaserncmeo § s

u
mo ps0 Z " CXOOUMCA, eclu xHce Ol 6cex O0CMAMOUHO OONbUUX N EbINOJIHAEMCA

Hu, =1 u
Hepagencmeo V" T mo psaod 2, pacxooumcs.

lim%/u, =p
CaencrBue. Ecnu cyuiecTByeT npeaen = , To Tipu P<1 psAx cxoautcs, a npu

p>1 psig pacxoguTcs.

i 41
2

IIpumep. OnpeneauTs CXOAUMOCTb psjga " 3n"+5

+1 2+ L2 o)
hm\/_ —hm =lim—"% =<1
n— oo n— 3n + 5 n— 00 5 3

3+
n
BBIBOJ: psiJl CXOAUTCS.
Z 1+ 1

Ipumep. Onpenenuts CXOAUMOCTD psia = n

1+l =1.

n

lim #/u, =lim

n— oo n— oo

T.e. mpuznak Komin He gaer oTBeTa Ha BOMNPOC O CXOAMMOCTH psaa. I[IpoBepum
BBITIOJTHEHUE HEOOXOJAMMBIX YCIIOBHH cxoauMocTH. Kak ObLIO CKa3aHO BHINIE, €CIIU
PSAI CXOIUTCS, TO OO YIICH PsiJia CTPEMUTCS K HYJIIO.



=e #0
b

TaKHUM 06pa30M, HCO6XOI[I/IMOC YCIOBHC CXOOAUMOCTHU HC BBIIIOJIIHACTCA,

1+l
n

limu, =lim

n— o n— 0

3HAYUT,
pAl pacxXoauTCs.

Hnmezpanvnutit npuznax Kowu.
Ecnu @(x) — nenpepulenas nonoscumenvuas QyHkyus, yovleaowas Ha npoMeicymie

¥ 4(n)

[1;00), mo pso (1) + ¢2) + ...+ @) + ... = »= U HecoOCMBEHHbIU UHmMe2Pall
fcp(x)dx
i O0OUHAKOBBL 8 CMbIC]IE CXOOUMOCHU.
1
—F—— L — 4
[pumep. Pag 27 3 n cxoautes mpu o>1 u pacxoaures o<1 T.K.

“ dx

a

COOTBETCTBYIOIIHMI HECOOCTBEHHBIN MHTETpaAl | *  CXOAMUTCS NpU 0>1 U pacxoauTCst

“ |

a<1.Psx """ HasbBACTCS 0GIIErapMOHHYECKHM PSIOM.
CaencrBue. Eciin f(x) u ¢(x) — HenpepbiBHbIE (YHKIIMM Ha HUHTEepBasie (a, b] u

tim L9 = 20, [feydx - folx)dx

x— a+0 (P(X)
TO I/IHTer‘paJIBI a u BC,ZIYT Ce65{ OJIUHAKOBO B

CMBICIIE CXOJIMMOCTH.
3nakonepemennvie paosl. (3HaKouepedyrouuecs paovt).
3HaKoYEepEeAYIOUIUICS Pl MOXKHO 3aIKcaTh B BUAE:
U -y g - u, (-1, +

e u, >0, n=123,..
Ilpusnax Jlenonuua.

“uy tuy - ou, A+ (- D,
Ecnmu y 3uaxouepedyiowezoca psaoa M2 TH T D", abcontomuule

>u, >uy > u,— 0

U 00wl YNeH CMpemMumcs K Hyar , Mo

genuyunsl u; yovisaiom
pA0 cxooumcsi.

Abcontomuasn u ycioeHas cxooumocmsy psaooe.
PaccMOTpuM HEKOTOpPBIN 3HAKONIEPEMEHHBIN psl (C WieHaMH MPOU3BOJIBHBIX

uy Fu, Fotu, =D,
3HAKOB) n= (1)
U psiJl, COCTABJICHHBIN U3 a0COTIOTHBIX BEJIMYMH ujieHOB psaa (1):



@)

Teopema. /3 cxooumocmu psoa (2) cnedyem cxooumocmo psoa (1).

o | + oy | + ..+

ul’l

u
Onpenenenune. Psna Z " Ha3bIBAETCSI A0COJIOTHO CXOASAIIUMCS, €CIIA CXOJIUTCS PSIJI
2|

O‘I@BI/II[HO, qTO JJIs1 3HAKOIIOCTOAHHBIX PAJAOB IHOHATHUA CXOAUMOCTH U a0COJIIOTHOM
CXOOUMOCTH COBIIAOAIOT.

u

Onpenenenue. Psan 2u, Ha3bIBACTCSA YCJIOBHO CXOAALIUMCSH, €CJIM OH CXOIUTCS, a
u

pAn 2

Ilpusnaku /lanamoepa u Kowiu 015 3HaxkonepemeHHbIX pAO0E.

n

pacxoauTc.

u o
ITycth 2t 3HAKOIIEPEMEHHBIN PSI.

lim [

n— o

=p

Ipusnak /lanaméepa. Ecinu cymectByer npeaen " , To Ipu P<1 psix 2,
OyneT abCoMOTHO cXoAsammmMes, a pu P>1 psag Oyaet pacxonsamumces. [pu p=1
NPU3HAK HE JACT OTBETa O CXOAMMOCTH psifa.

lim 7
Hpusnak Kommn. Ecnu cymectByer mpemen -
Oyner aOCONOTHO cxondiuMmcd, a npu p>1 psa Oyner pacxopsmmmcs. [lpu p=1

u,| =p

, To ipu P<l psn 2,

IIPU3HAK HE JIaeT OTBETA O CXOJMMOCTH Psjia.
Ceoiicmea adconrOmHO CX00AMUXCA PAOOE.

1) Teopema. /{15 abcorromuoti cxooumocmu psaoa 2, HeobX00UMO U OOCMAMOYHO,
UmoobbL €20 MONCHO ObLIO NPeOCMaA8UmMb 8 UOE PAZHOCMU 08YX CXOOAUUXCSL P00 C
HeompuyamenbHblMU 4ieHAMU.

CaencrBue. YCIOBHO CXOJSIIUICS PsIT SBISIETCS PAa3HOCTBIO JIBYX PACXOJSIIUXCS
PSZIOB C HEOTPUIIATEIIBHBIMU CTPEMSIIIUIMUCS K HYJTIO WICHAMH.

2) B cxomsmemcs psime mro0asi TPYNIIAPOBKA WICHOB psija, HE HM3MEHSIONIAS WX
MOPSIZIKA, COXPAHSIET CXOAUMOCTh U BETTUYHHY Psa.

3) Ecnu psig cxoautest abCOMOTHO, TO Psifl, MOTYUYEHHBIM U3 HETO JIF0OO0M
MEPECTAHOBKOM YJICHOB, TAKXKE a0COTIOTHO CXOAMUTCS H UMEET TY K€ CYMMY.
[TepecTaHOBKON YJICHOB YCIIOBHO CXOJSIIETOCS Psija MOXKHO IOJIYYUTH YCJIOBHO
CXOJIIMICS psA, HUMEIOMUKA JIo0yI Hamepea 3aJaHHyl0 CYMMY, W JIaxe
PACXOSIIUICS PAI.

4) Teopema. IIpu nt0boil epynnuposke 4ieHo8 abCcoIomHo cxo0sawe2ocs psaoa (npu
IMOM UYUCTIO 2PYNN MOdCem OblMb KAK KOHEUHbIM, MAK U OeCKOHEeUHbIM U YUCO
YIeHO8 8 epynne Modcem Obimb KAK KOHEYHbIM, MAK U OeCKOHeUHblM) NOLyYaemcs
CXO0AWULICA PO, CYMMA KOMOPO2O PABHA CYMMe UCXOOHO20 psoa.



o0

Su, 3,

5) Ecom psgsr 2 w4 CXOHATCA aOCONIOTHO M HX CYMMBI pPaBHBI
COOTBETCTBEHHO S U O, TO pAl, COCTABJICHHBIM M3 BCEX IMPOU3BEACHUN BHUIA

UV, LE =12 pag1ix B KAKOM YTOHO MOPSIKE, TAKKE CXOUTCS aGCOTIOTHO U €ro

CyMMa paBHa S - O - IPOU3BEACHUIO CYyMM IIEPEMHOKAEMBIX PSIIOB.
Ecnm e npon3BoNTh NEPEMHOKEHUE YCIOBHO CXOIAIINXCS PAIOB, TO B PE3YJIbTATE
MOYHO TOJIYYUTh PACXOIAIIANCS PSIA.
3aaHus NpaKTHYeCKOH padoThI
1.Beinucath Tpu NMEpBBIX WICHA PAJla HANTH TPETHIO YACTUYHYIO CYMMY

”E’DEHH
1,1121a) n=17-R1 5) n=1 7
n=co n-1
. = no= 4
S1rc-fn—1)! R
212220 #7177 (n=1)), ) amt{n* +4)°
ceo qut2 |
”Z 3" n=wlsin gl
~ (n—5)1
31323 0) n=1{R =31, 5+ 3
= 2
! 2 ”E’DGGSEH
~n- /
414240) nm17o(RFL 5 7 A’
e ontl
P 37 n=m g
~ nl
5,1525a) n=17/ (R +L) 6) n=1r° +1
= ne+1 N
il Py
6,1626a) * 13" 5 a-17tlnn
—wmartd 2
ok 2n-1 =
pa— l?z_
7,1727a) #=1 3 : ) ilte™
B
H=wm A = .
2 r o "‘E””.s*.::ﬂ4 )
- f
8.18.28a) n=1(22)1 6 w1 2nafn
== 2p ) pze ]

2
90,1929 ) #=1{7 )7, 5) w13 . cosn



Breplin+1))

10,20,30 a) #=1 (2n)! .

M=‘°°‘1+r:?c:s.sr2 4

6) #2=1 i

2. I/ICCHCI[OBaTB Ha CXOOAUMOCTD, ITPUMCHA HGO6XO,Z[HMI)II>1 IMPpU3HAK CXOAUMOCTHU

1,11,21. a)Z

n— dn+5

212,22, a) Y —"
=10n-1

«3n +1
3,13,23. a

Z— Sn+2
4,14,24. a)Zw

= N -5nm
515525, @) 320+

=n+2n

61626 0 37

7,17,27. a)f

=1

8,18,28. )

Do

9,19,29. a
)nz_'ﬂn +1

2

10,20,30. a)Z

n— n_l

3.MccrnenoBaTh Ha CXOAUMOCTb, UCTIONB3YS pu3HaK Jlamambepa

1,11,21. a)23”

n—ln

< 2n-1
212,22,
“%2:. (ﬁ)”

2

3,13,23. a)Z

n—

4,14,24. a)ZlO

n—= n

n—

KonTpoJibHBIE BONIPOCHI

Ornpenenenue YuciIoBOTo psiaa.

CBolicTBa 1 BUIBI PSIIOB.

Ornpenenenue cyMMBbl psija.

6,16,26.

= (n+1)!
23
n—
=1
717,27, a) ) —
g n

8,18,28. a)Z

,,_,nn+1)

0
91929. )y — _
a),%(z +1)!

10,20,30. a)Z >

Heo6xonumplii mpru3HaK CXOJUMOCTH.

. Ilpu3naku cpaBHeHus1, npu3Haku Janamo6epa u Komm.



IlpakTnyeckas pagora Ne 11
no teMe «Haxoxaenue nNpon3BoIHONM YUCIACHHBIM METOA0M.)
Heab: HayuyuThCS pemaTb OAHOPOHBIE AU(depeHInaIbHbIe ypaBHEHUS TIEPBOTO
MOPSAKA.
Bpems BpinmosiHenuss 90 MuUHYT

MarepuajnbHoe o0ecnieuyeHmne

1. TeopeTnueckue cBeeHUS

2.3ananue

3.JIuct A 4

4 KanbKyJIsaTOpbI

IHopsinok BeIMOIHEHNsI padOThI
1.3yuuts 3amanue

2. I3y4nTh TEOPETUUYECKHUE CBEACHUS

3. BommonauTh 11 0hOpMHUTH paboTy
4.11oka3aTp pe3yJIbTaThl IPEMOAABATEIIO
JlomaniHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeaeHMsI.

Omnpenenenne. Dynkuus f(X, y) Ha3bpIBaeTCs OAHOPOAHON N — ro HU3MepPeHUs

OTHOCUTEIBHO CBOMX apryMEHTOB X M Yy, €CIH JUIs JII00Oro 3HayeHus: mapaMmerpa t
(kxpoMe HyJIs1) BBITTOTHSETCS TOKIECTBO:

flex,ty)=t"f(x,y).
Ipumep. SBnsgercs U 0OIHOPOIHON QYHKIUS f(x,y)=x"+3x"y?
ftx,ty)=(tx)+3(x ) ty=£ x°+3x° y=>(x’+3x° y )=t°f (x, y)
akuM oOpa3zom, pyHkuus f(X, y) sBisieTcs OAHOPOAHOU 3- TO mopsaKa.
T op by f(x, y) pojHo# 3 p

Onpenenenne. uddepennnansaoe ypapuenne una Y =f(X,¥) HazpiBaetcs
OJHOPOAHBIM, €CJIH €ro mnpasas 4acTh f(X, y) €cTb 0OIHOPOJHAs (PYHKIUS HYJEBOIO
M3MEPEHHS] OTHOCUTEIHHO CBOMX apTyMEHTOB.

JTio6oe ypasHenue Buga  P(%,y)dx+Q(x,y)dy=0  gpngercs onnopomHbIM, eciu
dbyukuu P(x, y) u Q(x, y) — OMHOPOAHBIC (PYHKIIUU OJUHAKOBOTO U3MEPECHUSI.
Pemenue 1:0060ro 0JHOPOJHOTO ypaBHEHHUsS OCHOBAHO Ha MPUBEICHUM 3TOrO
YPaBHEHHUS K YPABHEHHUIO C Pa3AeISIOIUMUCS IEPEMEHHBIMH.
Paccmorpum onHOpOHOE ypaBHEHHE Y =f(x,y).
T.x. pynkuus f(x, y) — onHOpOAHAS HYJIEBOTO U3MEPEHHSI, TO MOXKHO 3aIHCaTh:

flety)=f(x,y).

> | =

T.x. mapamerp t BoOOLIE TOBOPS MNPOM3BOJBHBIN, MPEANOJIONKHM, YTO
[Tonyuaem:

f(w)zf(l,f)



[IpaBass 9yacTh TOJYYEHHOTO PABEHCTBA 3aBUCUT (HAKTUYECKH TOJIBKO OT

u= f(x,y)=6|2|=6(u);
OJIHOTO apryMeHTa X |, T.e. X
Hcxonnoe muddepeHiyan-Hoe ypaBHEHHE TAKUM 00pa30M MOXKHO 3aIliCaTh B BUJIE:
y=¢(u)
Jlanee 3amensiemM y = ux,
_9(u)-u

y’:uvx+uxv . UX+UX:¢(u); ux+u:¢(u); U_T,

TaKHM o6pa30M, MOJYYHJIN YPABHCHUC C PpPasaCiAIOmMuUMUCA TICPECMCHHBIMU
OTHOCHUTEJIBbHO HEU3BECTHOM (bYHKHI/II/I u.

du  _dx du  _rdx ..
o(u)-u x’ fd)(u)—u_f x+C’

Jlanee, 3aMeHUB BCIIOMOTATEIbHYIO (DYHKIIMIO U Ha €€ BBHIPAKEHUE Yepe3 X U Y
Y HaWJs WHTETpajbl, MOJIYyYUM 00Iee pPeleHne OJHOPOIHOTO MU PepeHIaTbHOTO

ypaBHEHHSL.
y= YimL+1
ITpumep. Pemuts ypaBHEHNUE X\ X

BBeneMm BcriomoratenbHyo GyHKIHIO U.
= l . . . r
=<, y=ux; y=ux+u
X
OTtMeTM, 4TO BBEJEHHAs HaMu (PYHKUUS u BCerja MOJIOKUTENbHA, T.K. B
MPOTUBHOM CJIyyae TEPSIET CMBICT HMCXOAHOE U epeHnaTbHOe YpaBHEHHE,

Inu=InY
cojiepakaree X
[ToxcraBnsiem B HCXOJTHOE YPaBHEHHUE:
ux+u=u(lnu+1); ux+u=ulnu+u; ux=ulnu;
_du _dx. fd_u: fd_x,.
X

- )
Pa3nenseM nepemennpre:  Ulnu - x < ulnu

— . _ .o Gx,
WHTErpUpysl, MOIy9aeMm: In|Inu[=In|x[+C; nu=Cx; u=e";
[lepexons oT BcioMoraTenbHON (YHKIIMH OOpaTHO K (PYHKIMH Y, MOIydaeM oo1ee

pelIeHue: y:XQCX-

Ypasuenusn, npueooawiuecsa k 00nopoonvim.

KpoMe ypaBHEHMil, ONHCAHHBIX BBIIIE, CYIIECTBYET KJIACC YpPaBHEHHI,
KOTOpbIE C TIOMOUIBIO OINpPEAECIEHHBIX IOJCTAHOBOK MOTYT TIPUBEIEHBI K
OJTHOPOJHBIM.
ax+by+c
a,x+b y+c,

y=f

DTO ypaBHEHHUs BUAA



a;
Ecnu onpenenurens
IMOICTAaHOBKOU

1 TO TIICPEMCHHBIC MOTI'YT OBITH Pa3acCICHBI

x=u+a; y=v+f;

atye=lill

I7ie O ¥ [} - pellieHHs] CACTEMbl YPAaBHEHHUM |

Mpumep. Pemuts ypasuenue (X—2y+3)dy+(2x+y—1)dx=0.

dy dy —2x—y+1
(x—2y+3)—:—2x—y+1; =
2 ‘;|:4+1=5¢0

Haxoaum 3HaueHue onpeaenuTens .

—2x—y+1=046660
[IpuMensieM MOACTaHOBKY x=u=1/5; y=v+7/5; g ucxomnoe YpaBHEHHE:
(u—1/5-2v—14/5+3)dv+(2u—2/5+v+7/5—-1)du=0;

dv_2u+v _ 2+vlu |
du 2v—u 2viu—1’

Pemaem cucremy ypaBHEHUI

(u=2v)dv+(2u+v )du=0;

\% ' '
=t, v=ut;, v=tu+t;

3aMeHseM NepeMennyo U IIPH TIOJICTAHOBKE B
v 2+t
tu+t=
BBIP@KEHHE, 3AMIMCAHHOE BBILIE, HMEEM: 2t-1
2
dt _ 2+t C24t=2t%+t_ 2(14t—t")
PasnensieM mepemennple: du  2t—1 2t—1 2t—1

du_ 1 1-2t 4. j@z_lf(l_zt)dt;
u 2 1+t—t? u 279 1+t—t?

—%ln|1+t—t2|:ln|u|+lnC1 In|1+t—t}|==2In|C,ul

C2 2
1n|1+t—t2|:1n|F|; L+t —t’=—;

u
[Tepexoaum Teneps K MEpBOHAYATILHOU PYHKIMH Y U IEPEMEHHOM X.
_Vv_y=7I5_5y-7

= ; u=x+1/5;
u x+1/5 5x+1
1157 [5y=7P G
5x+1 | 5x+1) (5x+1f’

(5x+1)°+(5y—7)(5x+1)=(5y—-7)*=25C,
25X’ +10x+1+25xy+5 y—35x—7—25 y*+70 y—49=25C,
25 x*—25 x+25 xy+ 75y —25 y°=25C,+49—1+7



x—x+xy+3y y =C,+—=C;

225

2 2_
Utoro, Belpaxenne X —X+xy+3y—y"=C  gpngerca oOmmM HHTErpanoM
UCXOJIHOTO AU((HepeHInanbHOr0 ypaBHEHHU.

_ .| ax+by+c
=1 a,x+b, y+
1 X701 Y76
B cimyuae ecnM B HMCXOAHOM YDPaBHEHHMH BMJA
.
onpeaenurens 1l TO IIEPEMEHHBIE MOTYT OBITH Pa3/IeJeHbI II0CTAHOBKOM
ax+by=t.
Ipumep. Petnts ypasuenne 2(X+y)dy+(3x+3y—1)dx=0.

2(x+y)d—y:—3x—3y+1; dy _—3x=3y+1__3x+3y 1’_

Tonydaem dx dx 2x+2y 2x+2y
3 73)=—g+6=0;
HaxoauM 3HaueHue onpegenurens 2 2
dy_t .

T[IpuMeHsieM MOACTaHOBKYy SX+3)y=L. dx 3
[ToacTaBiseM 3TO BBIPAKEHHE B UCXOJHOE YPaBHEHHE:

t 3(t—1) , , ,

5—1:— T 2t(t —3)=—9t+9; 2tt =6t—9t+9; 2tt =—3t+9;

2 ge=dx; —de=—Sdx;
Paznensem nepeMeHHHe' —3t+9 t—3 2
f 1+— dt———fd t+3ln\t—3|:—§x+c1
2

Jlanee Bo3BpalaeMcs K nepBOHa4YaIbHON GYHKIUU Y ¥ IEPEMEHHOH X.
2x+2y+2In[3(x+y—1)|=—x+C,;
3x+2y+2In3+21n|x+y-1|=C,

3x+2y+2ln|x+ y-1]=C
TakKuM 00pa3oM, MbI MOJYYWIM OOIIUN HMHTErpaj MUCXOAHOTO auddepeHInanTbHOro

ypaBHEHUSI.
3ajaHnsi NPaKTHYECKOM PadoThI

3aganue. Pemuth ogHOpoaHoe auddepeHmaibHOe ypaBHEHHUE.
Bl. xy+y’—(2x*+xy)y'=0 B16. xy+y’—(2x*+xy)y‘=0

B2. (x-y)dx+xdy=0 B17. (x-y)dx+xdy=0



B3 (x’- xy)dy-y’dx=0 B18. (x*- xy)dy-y’dx=0

B4. xy’y'=x’+y’ B19. xy’y‘=x’+y’

B5. (.x-yéydx=x’dy B20. (x-yi ydx=x"dy
B6. xy’y‘=x’+y’ B21. xy’y'=x’+y’

B7. xy+y’—(2x’+xy)y'=0 B22. xy+y’—(2x’+xy)y'=0
B8. (x-y)dx+xdy=0 B23. (x-y)dx-+xdy=0
B9. (x*-.xy)dy-y*dx=0 B24. (x*-.xy)dy-y’dx=0
B10. xy’y‘=x’+y’ B25. xy*y'=x’+y’

B11. (x-yi ydx=x"dy B26. (x-yiydx=xdy
B12. xy’y'=x’+y’ B27. xy’y'=x’+y’

B13. 4.xy-xy = (1+x%)e* B28. 4.xy- xy = (1+x?)e*
B14. (x-y)dx+xdy=0 B29. (x-y)dx+xdy=0
B15. (x*-.xy)dy-y*dx=0 B30. (x*-.xy)dy-y*dx=0

KoHTpoisibHBIE BOMPOCHL:
1. Kakoe ypaBHeHHE HA3bIBAETCSI OJHOPOIHBIM YPABHEHUEM MEPBOTO MOPSAKA U €T0
peueHue?



IlpakTnyeckas pagora Ne 12
no teme «HYucaennoe peureHue 1u@ppepeHHAIbHOr0 YPaBHEHUD)
Leab: HayunuThCS pemiaTh JUHEHHbIE AU PepeHLInaIbHbIe YPaBHEHUS TIEPBOTO
MOPSAKA.
Bpems BpinmosiHenuss 90 MuUHYT

MarepuajnbHoe o0ecnieuyeHmne

1. TeopeTnueckue cBeieHUs

2.3amanue

3.JIuct A 4

4 KanbKyJIsaTOpbI

IHopsinok BeIMOIHEHNsI padOThI
1.A3yunts 3amanue

2. I3y4nTh TEOPETUUYECKHUE CBEACHUS

3. Bomonauth 1 0OpMHUTH paboTy
4.11oka3aTp pe3yJIbTaThl IPEMOAABATEIIO
JlomaiHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeJIeHUs
Omnpenenenue. /luddepennmansaoe ypaBHEHNE HA3bIBACTCS JTUHEHHBIM
OTHOCHUTEIFHO HEM3BECTHON (PYHKIIMH U €€ MPOU3BOJIHOM, €CITH OHO MOXKET OBITh
3aMKMCAaHO B BUJIE:

y'+ P(x)y =0(x),
IIpU 3TOM, €CJH IpaBasg 4acTb (J(x) paBHA HYJIIO, TO TAKOE YPaBHEHHE Ha3bIBAETCS
JMHEHHbIM OJHOPOAHBIM Iu(ddepeHInaNIbHbBIM YPaBHEHUEM, €CIIM TpaBas 4acTb
Q(x) He paBHa HYJIO, TO TAKOE YpPaBHEHHUE HA3bIBACTCS JIMHEHHBIM HEOIHOPOIHbIM
b depeHInaIbHbBIM YPAaBHEHUEM.
P(x) u Q(x)- byHKUIMU HEMIPEPHIBHBIE HA HEKOTOPOM MPOMEXYyTKe a < X < b.
Jluneiinvle 00HopooHbvle Ouhepenyuanvrvle ypasHeHus. Paccmotpum
METO/Ibl HAXO0XJACHHS OOIIET0 PEIICHUs TUHEHHOTO OJTHOPOTHOTO
muddepeHImaIbHOr0 YpaBHEHUS IEPBOTO MOpsiiKa BUIa

y'+P(x)y =0

His storo Tuma auddepeHInaNibHbIX ypaBHEHUN paslieJieHue TMEePEMEHHBIX He

MPEICTABISET CI0KHOCTEH.

Y _. P(x)dx
y

In|y| =- J'P(x)dx+ln|C

ln|%| =- [P(x)dx,

_ - fP(x)dx
OO011ee pelieHue: y =Ce

Jluneiinvie neoonopoouvie ougghepenyuanvuvie ypasHenus.



s WHTErpupoBaHUs JIMHEHHBIX HEOJHOPOAHBIX YypaBHeHuil (Q(x)#0)
MIPUMEHSIIOTCSI B OCHOBHOM J1Ba MeToj1a: MeTo 1 bepHyiu u meron Jlarpanxa.
Memoo bepuynnu.
(k06 bepnymnu (1654-1705) — mBeliapckuii MaTeMaTHK. )

CYTL MCTOJa 3aKJ/III04YacTCsa B TOM, UYTO HCKOMasid ®YHKHHH MpeaACTaBJICTCA B

BHUJIE MIPOU3BEACHUS JIBYX byHKIUH y =uv,
, dv du
Y =u —+vy —
[Tpu 3TOM OYEBHUIHO, YTO dx dx - muddepeHnupoBaHue IO YACTIM.
[TogcTaBiisist B ICXOHOE YpaBHEHHUE, TIOJTyIaeM:
dv du
Uu—+v—+ P(x)uv =0(x
PR (Xuv =0(x)
d d
ey L P(x)u | =0(x)
dx dx

Jlanee cnemyeT BakHOE 3aMeyaHUE — T.K. NEpBOHaudainbHas (yHKIMsS ObLTa
MpEACTaBIICHa HaMH B BUJE MPOUZBEIACHUS, TO KaXKABIA W3 COMHOXHUTEICH,
BXOJSIIAX B 3TO TPOU3BEACHHE, MOXET OBITh MPOU3BOJLHBIM, BBIOPAHHBIM TIO
HaIleMy YCMOTPEHHUIO.

2x*

Hampumep,  Gyskous YV~ MOXET  OBITh  MpeACTaBiIeHa  Kak
y=12x"; y=2-x%;
Yy =2x x5 T.IL

Takum 00pa3oM, MOXKHO OJIHY W3 COCTAaBJSIONMIUX TPOU3BEACHUE (YHKIIHA
du
—+P(x)u =
BLIOPATH TaK, YTO BBEIPAXKEHHUE X
Takum o00pa3oM, BO3MOXKHO TMOJYYUTh (DYHKIUIO #, TPOUHTETPUPOBAB,

MOJIYYCHHOE COOTHOIIIEHUE KaK OTHOpoAHOe muddepeHnnaTbHOe ypaBHEHHE 10
OITMCAHHOU BHIIIIE CXEME:

du _ ) au .
= P(x)dx; Jdu fP (x)dx; 1n|u fP (x)dx;

- [P(x)d
In[C,[ +Infu| =- [Pdr;  u=Ce I c=1/¢;;
I[J'IH HaXOXICHUA BTOpOﬁ HEU3BECTHOM (pYHKHI/II/I vV IIOACTABUM IIOYUCHHOC

dv
u—+v

BBIpOKEHHE NJis1 (PYHKIIMM # B HMCXOJHOE YpaBHEHUE dx
Y4E€TOM TOTO, YTO BRIpAKEHHUE, CTOSIIEE B CKOOKaX, paBHO HYJIIO.

=0(x)

du
—+ P(x)u
o (x)

C

Co fP(A)dx dv —0(); Cdv =0(x)e J'P(x)dv d:
VHTErpupys, MOKEM HalTH (byHKuH}o v
P(x)dr
Cy = fQ(X)e fP(x)dxdx +C, C fQ( )ef +C,



T.e. OblIa MOMyYeHa BTOpast COCTaBJISAIONIAs Mpou3BeaeHus ¥~

OTpeeNsieT HCKOMYIO (DyHKITHIO.

, KOTOpOE U

HOI[CTaBJ'DI?I ITOJIYHYCHHBIC 3HAYCHUS, IM0JYyHacCM:

foee

- [Py JPCodx

= dx+C,
C
OKOHYATENIbHO MoaydaeM GopMyJy:

b =e [Peodx [ fQ(x)e J'P(x)dxdx +C,

y =uv =Ce

, | Cs - mpon3BOIBHBINA KO DUITUEHT.

OTO COOTHOLIEHHE MOXET CYHUTATHhCA PEHICHHEM HEOJHOPOJHOTO JMHEHHOTO
g depeHunaIbHOro ypaBHeHHsI B 001IeM BUE 10 crioco0y bepHysum.

Memoo Jlazpanoica.
( JTapramx XKozed Jlyu (1736-1813) - ppaniry3ckuit maTemaruk, mpes. bepaunckoi

AH, nou. un. ITer. AH (1776)).

Merton Jlarpan:ka permieHus HEOJHOPOIHBIX JIMHEHHBIX AU PEepeHIInATHHBIX

ypaBHEHUH eIlle Ha3bIBAIOT METOJIOM BapHAIMHM MPOU3BOJILHOM MOCTOSIHHOIA.
Y+ P(x)y =0(x)

[IepBrIii Iar JaHHOTO METOAA COCTOUT B OTOpAChIBAaHHUH MPABOW YaCTH YPABHCHHUS U
3aMeHe €€ HyJIeM
y'+P(x)y =0
Jlanee HAXOAUTCS PEIICHUE MOTYIUBIIETOCS OJHOPOIHOTO UG PEPEHIINATHEHOTO

YpPaBHEHUSL:

y =C]e_ fP(x)dx

J1y1st TOrO, 4TOOBI HAWTH COOTBETCTBYIOIIEE PEIICHUE HEOAHOPOIHOTO

g depeHInaIbHOro ypaBHeH!s, Oy/1eM CUUTaTh NOCTOSAHHYI0 C; HEKOTOPOH
(byHKLHEH OT X.

Toraa no npaBuiam auddepeHIpoBaHns MPOU3BEACHNUs (DPYHKIUI MOTydaeM:
v :% - dcal’)fx) e I (- P(x));

[ToacTaBisieM NOJYyYEHHOE COOTHOIIEHHE B HCXOAHOE YPABHEHUE

(x)dx

+C,(x)e r

d(i}—(x)e' FOr_ e pee " + Peoc e " =00
X
e =owy

W3 sToro ypaBHEeHuUs onpeaenuM nepeMeHHyro QyHkuuoo Ci(X):
dC,(x) =0(x)e " ax,

HNurerpupys, nonydaem:

C, = [o(x)e FoO* e v

HOI[CT&BJI}IH 9TO 3HAYCHUC B UCXOOHOC YPABHCHUC, I10JIYyHACM!



y :e- fP(x)dx[ J.Q(X)e J‘P(x)dxdx L C

Takum o00pazoM, MBI TIOJYYMIIM PE3YyJbTaT, IMOJTHOCTHIO COBIAAIONIUNA C
pe3ynbTaTOM pacyera 1o meroay bepuymu.
[Tpu BBIOOpPE MeTOna pemieHus] JTUHEWHBIX Iu(hEepeHITNATBHBIX YPAaBHCHHMA

ClIeyeT PYKOBOACTBOBATHCA MPOCTOTON MHTETPUPOBAHUS (YHKIUH, BXOISAIIUX B
WCXOJHBIA HHTErPAI.

Jlasiee paccCMOTpUM MPUMEPHI PELICHUS pa3InYHbIX U PepeHInanbHbIX YPAaBHEHUN
pa3ITUYHBIMU METOJAAMU U CPAaBHUM PE3YJIbTaThlI.

1
2.7 2
X'y +y=ax-e*.

IIpumep. Pemnts ypaBHEHHE

] .
y +—y =ae”*.
CHauasna npuBeieM JaHHOE YpPaBHEHUE K CTaHAAPTHOMY BUIY: X
1 1
P=— 0=ae;
[IprMeHUM TOTyYEHHYIO BBIIIE (POPMYJTY: X
J'xl—zdx

- 1 J'idx
y =e fae*e “ dy+C

1

y=e

1 1

fae;e-;dx +C

1

=e;(fadx + C)

1

y =e;(ax +0O).

3ananue. Pemuth nunelinoe quddpepeHnuanbHoe ypaBHEHHE.

B1.xy- xy = (1+x%)¢e* B16. xy'- xy = (1+x%)e"
B2. y+2xy=x’ B17. y+2 xy=x’

B3 (1+x*¢y-xy =2x B18. (1+x*(y-xy =2x
B4. xy+y =x+1 B19. xy'+y =x+1

Bs. &L=y B20. &Y=

B6. y+y=x+1 B21. xy+y =x+1

B7. xy-xy=(1+x*)¢" B22. xy- xy = (1+x%)¢e*
B8. y+2xy=x’ B23. y+2xy=x’

BY9. (1+x*¢y-xy =2x B24. (1+x*0y'-xy =2x
B10. xy+y =x+1 B25. xy+y=x+1

Bi1. - Y=x B26. L-Y=x

B12. xy+y =x+1 B27. xy+y=x+1

B13. xy- xy = (1+x%)¢e* B28. xy- xy = (1+x%)e"

Bl14. y+2 xy =x’ B29. y+2xy=x’



B15. (1+x*¢y-xy =2x B30. (1+x*0y-xy =2x
3anauya 2. Haiitu pemenue 3anaun Koy,

41, Y= ylx=x y(1) =0. 42,

y'- yetgx =2xsinx, y(x/2) =0.

, 1 .
y +ycosx =—sin2x, y(0) =0.
4.3. 2 4

y'+ ytgx =cos’x, ylx/4) =1/2.

Y- —2—=x+2x, y(-1) =3/2.

45 x+2 4.6.
, 1 N
y - ——y=e"(x+1), y(0)=1.
x+1
, . T
y - z —Xxsimx, J’[E] =1 )/+Z =sinx, y(x) Zl.
4.7. X 438. X T
Y+ =x2, (1) =1
4.9. 2x 4.10.
2x 2x? 2
+ = , y(0)==
1+ x? 4 1+ x° 4 3
2x-5 +1
y _ )C2 y :5, y(z) :4_ y +X :x—ex’ y(l) —e
4.11 4.12. X X
In , 12
y - Z :_2_x’ y(l) f— y - Z - —3’ y(l) :4
4.13 X X 4.14. X
y +zy =X, y(l) =-5/6. y += =3x, y(1) =1
4.15 4.16 X
2 1-2
- 2 =rea?, (1) =3 yr—=y =1, y(1) =
4.17 1+x 4.18
, 3y 2
y = =— y(]): , _ .
4.19. x X 420 7 +2xy =-2x7, y(l) —C



’ 2
Y +%:§9 y(O) :E. ’ 3
421. 2= x 40 ¥ +xy=-x", y(0)=3.

4 2
y -~y =e(x+1)", y(0)=l.
4.23 x+1

424y'+2xy —xe' ¥ sinx, y(0) =I.

ans. V= 20/ +1) =(x+1)°, y(0) =1/2.

406 YV T YCOSX == sin2x, y(0) =3.

oY
-y =4, y(0) = Yoo = T =l
427, Y AW =4x, y(0) =-1/2. | .

g afe s )
429, Y T3V =X (1+x*) /3, y(0) =0.
430, V'~ yeosx =sin2x, y(0) =-1.

KoHnTpoJsibHBIE BONPOCHI:

1. Kakoe ypaBHeHHE Ha3bIBAECTCS JIMHEWHBIM YPAaBHEHHEM IIEPBOIO MOPSIIKA?
2.Kakoe ypaBHeHHEe Ha3bIBaeTCs AU((epeHInaTIbHbIM YPaBHEHUEM.

3.Uro Ha3bIBaeTcs peuieHueM AuQGhepeHIuanbHOro ypaBHEHU.

4.06mee peuienre nuddepeHnaibHOTO ypaBHEHUS.

5.Hanucatp o6muii Bua qudpepeHunanbHOro ypaBHeHHs 1-ro mopsiika ¢
pa3eNsaoIUMUCS TEPEMEHHBIMHU.

6.3agagya Komm.

7.KaxoB o6muit Bug ogHopogHOro quddepeHanbHoro ypaBHeHust 1-ro nopsiaka?
8.AJITOPUTM pelIeHust OAHOPOIHOrO UG HepeHIINATBLHOTO YPAaBHEHUS [IEPBOTO
HopsIZIKa.



IlpakTnyeckas padora Ne 13
1o teme «OcHoBHBIE GOpPMYJIbI KOMOMHATOPUKHU. Pelenue 3axau»
Henb: HAy4YnUTHCA HAXOAUTH BEPOSATHOCTH COOBITHIA.
Bpems BbinmosiHenuss 90 MuUHYT

MarepuajbHoe odecnieyeHue

1. TeopeTnueckue cBeeHUS

2.3aganue

3.JIuct A 4

4 KanbKyJIaTOpBI

IHopsinok BeIMOIHEHHsI padoThI
1.3yunuts 3amaHue

2. I3y4uTh TEOPETUYECKHE CBEICHUS

3. Bommonauth 1 0OpMHUTH paboTy
4.1TokazaTh pe3yabTaThl IPENOAaBaTEIIO
JlomaniHee 3a1aHue

1.IIoAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeIeHUs

3amaya 1. B rpynmne 30 crynentoB. Heo6xoaumMo BBIOpaTh CTapoCTy, 3aMECTHUTENS
ctapocThl 1 npodopra. CKOJIBKO CYIIECTBYET CIIOCOO0B 3TO CEaTh?

Pemenue. Crapoctoii MOXeT ObITh BbIOpaH J1t000M 13 30 CTyI€HTOB, 3aMECTUTEIIEM -
mo0oi U3 octaBiuxcs 29, a npodoprom — 1060 U3 ocTaBmuxcs 28 CTyAEHTOB, T.€.
nl1=30, n2=29, n3=28. Ilo npaBuiay yMHOkeHHUs oOiee yucio N crnocoOoB BbIOOpa
CTapOCTHlI, ero 3aMECTHUTENs U npodopra paBHO
N=n1Xn2Xn3=30Xx29Xx28=24360.

3anada 2. J[Ba noyTtanboHa JOJKHBI pasHecTu 10 nucem no 10 agpecam. CKoabKUMU
croco0amMu OHM MOTYT paclpenesuTh padboTy?

Pemenue. IlepBoe mucbmMo mMmeer nl=2 anbTepHATUBBI — JIMOO €ro OTHOCUT K
azpecaTy MepBbIA MOYTAILOH, W00 BTOPOM. JIjisi BTOpOro muchMa Takxke €CTh n2=2
albTepHATUBBI U T.A., T.e. nl=n2=...=nl10=2. CnenoBarenpbHO, B CHIy IpaBuia
YMHOXEHHUSI 00Illee YHCIO CIOCOOOB paclpefelieHud MUCEM MEXAy JBYMs
MOYTaJILOHAMU PABHO

N=nn,...n;=2X2X...x2=2"=1024
10 pa3 .

3agaya 3. B smuke 100 neraneit, uz Hux 30 — nperaneit 1-ro copra, 50 — 2-ro,
octaibHble — 3-r0. CKOJBKO CYLIECTBYET CIOCOOOB M3BJICUEHUS U3 SIIUKA OAHON
neranu 1-ro wium 2-ro copra?
Pemenue. [letans 1-ro copra MmoxeT ObITh u3BIeueHa n1=30 cmocobamu, 2-ro copra
— n2=50 cnocobamu. Ilo mnpaBuny cymmbl cymectByeT N=nl+n2=30+50=80
croco0OB U3BJICUEHUS OTHOM AeTanu 1-ro uinum 2-ro copra.
3anaua 5. Ilopsaok BhICTYIUIEHHS] 7 YYaCTHHKOB KOHKYpCa OINpPEAEINIeTCs KpeOrueM.
CKOJIBKO pa3Iu4HbIX BAPUAHTOB JKEPEOBEBKH MPU ITOM BO3MOXKHO?
Pemenue. Kaxxnplit BapuaHT %epeObeBKU OTINYAETCS TOJBKO MOPSIKOM YYACTHUKOB

KOHKYpCa, T.€. AABJIACTCS IIEPECTaHOBKOM U3 7 31eMeHTOB. X yucio paBHO
P_=71=1X2X3X4X5X6X7=5040.



3amaya 6. B xonkypce mo 5 HomuHaIusM y4dactByOT 10 kuHOGUIBEMOB. CKOJIBKO
CyLIECTBYET BAapUaHTOB pAaCIpEACICHUsA IPU30B, €CIM IO BCEM HOMHUHALUAM
YCTaHOBJICHBI PA3JIMYHbBIE IPEMUU?

Pemienne. Kaxaplii M3 BapuaHTOB paclpelefieHus] MPU30B MPENCTABISET COOOM
koMOuHanuwo 5 ¢uaeMoB u3 10, oTMYaroLlylocs OT APYrMX KOMOWHAIMH, Kak
COCTAaBOM, TaK M X MOPSAKOM. Tak Kak KaKIbli (UIBM MOXKET MOITYUYUTh MPU3bI KaKk
M0 OJHOM, TaK U MO HECKOJbKUM HOMHHAIMSM, TO OJHU U T€ K€ (PUIbMBI MOTYT
noBTOpAThCA. [l03TOMYy 4YHMCIIO TakMX KOMOMHAIMH pPaBHO YHUCITY pa3MElIeHH ¢

nosropenusmu u3 10 snementos mo 5: N =A},=10"=100000.

3amaya 7. B maxmaTHOM TypHHpe y4acTBYIOT 16 denoBek. CKOJNBKO MapTUi
JOJDKHO OBITH CHITPAHO B TYPHHUPE, €CIM MEXIy JIOOBIMH JBYMsI yYaCTHHUKaMU
J0J>KHA OBITH ChITPaHa OJIHA MapTUs?

Pemenne. Kaxnasg nmaptust urpaercs IByMsl y4acTHUKaMu n3 16 u ornmuaercs oOT

APYTUX TOJBKO COCTAaBOM Iap YYACTHHUKOB, T.€. MPEACTABIAET COOO COUYETaHUS U3

|
2 16! _15%16 _ .0

16 smeMeHTOB 10 2. VX uncno papao 14120 1x2
3agaua 8. B ycioBusax 3agaun 6 ONpENENnTh, CKOJBKO CYLIECTBYET BAapHUAaHTOB
pacnpeneneHuss NpHU30B, €CIU MO0 BCEM HOMMHALMSAM YCTAaHOBJIEHBI OJMHAKOBBIC
MpU3bI?
Pemenue. Eciu no Kaxa0il HOMHMHAIIMM YCTAHOBJIEHBI OJMHAKOBBIE MPHU3bI, TO
NopsAI0K PUIBMOB B KOMOWHAIIMM 5 MPU30B 3HAYEHUSI HE UMEET, U YUCIIO BAPUAHTOB
IpeJICTaBIsAeT CO0OM YHMCIIO codyeTaHuil ¢ moBTOpeHUs MU u3 10 snemeHTOB 1O 5,
omnpenensieMoe 1no hopmyie

o5 s -5 —10x11x12x13x14

10 10+5-1 14 1X2X3X4X5

3agaua 9. CanoBHUK JOJDKEH B TEUYEHMM TpeX JHEW mocaguTbh 6 JepEeBBEB.
CKOJIbKMMH CITOCOOaMHU OH MOXKET paclpeiesuTh MO0 JTHSAM paboTry, eciau Oyner
cakaTb HE MEHEE OJJHOTO JIepeBa B JICHb?
Pemenue. [Ipennonoxum, 4To CaAOBHHUK CaXaeT A€PEBbS B PAJl, U MOKET IPUHUMATh
pa3IUYHbIe PEIIeHUs OTHOCUTEIbHO TOro, IIOCJIe KaKoro 10 CYeTy JiepeBa
OCTaHOBUTHCS B MEPBBIN JIEHb U TOCIIE KAaKOTO — BO BTOpoil. Takum 0Opazom, MOKHO
NpeJICTaBUTh cebe, YTO JEpeBbsl pa3lieieHbl JIByMs MEpPEropojkaMu, Kaxjaas H3
KOTOPBIX MOXET CTOATh Ha OJHOM M3 5 MecT (Mexnay naepeBbsmu). lleperopoaku
JOJDKHBI CTOSITh TaM 10 OJHOM, IMOCKOJbKY HHA4€ B KAaKOM-TO JE€Hb HE OyJler
MOCaXXEHO HU OJHOTO JepeBa. Takum oOpa3oM, HaJ0 BbIOpaTh 2 3nemeHTa u3 5 (0e3

2
C2=10

=2002.

noBTopeHuit). CiaeaoBaTenbHO, YUCIO CIOCOO0B
3agaua 10. CkoJIbBKO CYHIECTBYET YETBIPEX3HAUHBIX 4Hcesl  (BO3MOXKHO,
HAYMHAIOIITUXCSI C HYJIS ), cyMMa ITu(dp KOTOPHIX paBHA 57?

Pemenne. IlpeactaBum yuciao 5 B BHUAE CYMMBI MOCIEIOBATEIbHBIX €IWHMII,
pa3eNIeHHBIX Ha TPYNNbl TNeperopoikamMu (Kakaas rpynmna B CyMMe o0O0pa3yer
ouepenHyto 1udpy yucia). [TIoHATHO, YTO TaKUX MEPEropoIok moHagooures 3. Mect
JUISL TIEPETOPOJIOK MMeeTcss 6 (10 BceX SAMHUIL, MEXAy HUMH U 1ocie). Kaxmoe
MECTO MOJKET 3aHHMAaTh OJIHA WUIM HECKOJBKO TIEPETOpPOJIOK (B IOCICIHEM Ciydae
MEXIy HUMHU HET €IUHUI], U COOTBETCTBYIOIIAs CyMMa paBHa HyJ0). Paccmorpum



ATH MECTa B Ka4yeCTBE JJIEMEHTOB MHOXKECTBA. TakuMm 00pa3omM, HaJAO0 BBHIOpaTh 3
sanemeHnta u3 6 (c moBropeHusiMu). CiaegoBaTEIbHO, UCKOMOE KOJIMYECTBO YHCEIN
szcg: 8X7X6 _
1X2X3

3amauda 11. CkoabKuMHU cIOCOOaMHM MOXHO Pa3OUTh TPYIITY U3 25 CTYJEHTOB Ha TPU
noarpynnsl A, Bu C no 6, 9 u 10 yernoBek cOOTBETCTBEHHO?
Pemenne. 3necy n=25, k=3, n1=6, n2=9, n3=10. CornacHo ¢opmyJie, YUCIO TaKUX

N25(6,9,10):25"—.
pa3OueHuii paBHO 619110/
3amaya 12. CKOJIBKO CYIIECTBYET CEMU3HAUHBIX YMCEN, COCTOSIIMX U3 1udp 4, 5 u 6,
B KOTOPBIX udpa 4 moBTopsiercs 3 pasa, a uudpsl S u 6 — o 2 pasza?
Pemienne. Kaxoe ceMHU3HAUYHOE UYHCIO OTJIMYAETCS OT JPYroro MopsIKOM
cienoBaHus UUQp, Opu 3TOM (PAKTHUYECKH BCE CEMb MECT B 3TOM YHUCJE ACNSITCS Ha
TpHU TPYNIBI: HA OJHU MECTa cTaBUTCS nudpa «4», Ha apyrue mecta — udpa «5», a
Ha TpeTbH MecTa — Hudpa «b6». Takum 00pa3oM, MHOKECTBO COCTOUT U3 7 JIEMEHTOB

(n=7), npuueM n1=3, n2=2, n3=2, u, cnea0BaTEIbHO, KOJUYECTBO TAKUX YHUCEII PABHO
I
N.(3;2;2)= Lo,
312121




IlpakTnyeckas pagora Ne 14
no teMe «Kinaccuyeckoe onpeaesenie BeposiTHOCTH. Perenue 3a1a4 Ha
HAXO0XK/IeHHE BEPOSATHOCTH
Henb: HAy4YUTHCA HAXOAUTh BEPOSATHOCTH COOBITHIA.
Bpems BpinmosiHenuss 90 MuUHYT

MarepuajnbHoe o0ecnieuyeHmne

1. TeopeTnueckue cBeieHUs

2.3amanue

3.JIuct A 4

4 KanbKyJIsaTOpbI

IHopsinok BeIMOIHEHNsI padOThI

1.A3yunts 3amanue

2. I3y4nTh TEOPETUUYECKHUE CBEACHUS

3. Bomonauth 1 0OpMHUTH paboTy

4.11oka3aTp pe3yJIbTaThl IPEMOAABATEIIO
JlomaiHee 3a1aHue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeaeHMs

Kuaccuueckasi BeposTHOCTHAas MoJesb. ['eoMeTpuyeckasi BEepOATHOCTD

3amava 1. B smuke 5 anenscuHoB U 4 s010ka. Haynauy BeiOuparorcs 3 gppykra.
KakoBa BepOSITHOCTb, YTO BCE TPU PPYKTa — all€IbCUHBI?

Pemenue. DnemMeHTapHBIMU UCXOJIaMHU 3/1€CH SIBIISIFOTCS HA0OPHI, BKIIIOYaroue 3
¢dpyxkra. [TockonbKy mopsiok GpyKTOB Oe3pazinueH, OyJeM CUYUTATh UX BHIOOD
HEYTOPsII0OYEHHBIM (M OeCrTOBTOPHBIM). OO0I11I€e YUCIIO AIIEMEHTAPHBIX UCXOI0B

n=[q]

3
PaBHO YKCTy cI0CO00B BHIOpaTh 3 GpyKkTa U3 9, T.€. YUCITy COUETaHUN Cy

m=|A|

Yucno 6;1aronpusTCTBYIONIUX UCXOI0B
3

paBHO yHCIly criocoO0B BbIOOpa 3

anejIbCMHOB M3 UMCIOIIUXCS 5, T.€. Cs . Torna nckoMasi BEpOATHOCTb
51!
cs 131
p(A)=—2=23" g 1
Cg 9!
316!

3amaua 2. IIpenomaBaTens mpeiaraeT KaxJaoMy U3 TPEX CTYJEHTOB 3aAyMaTh
mo6oe uncio ot 1 o 10. Cunrasi, 4To BHIOOpP KaXKIBIM U3 CTYJAEHTOB JIO00T0 YKciia
U3 3aJJaHHBIX PABHOBO3MOKEH, HAUTH BEPOSITHOCTh TOTO, YTO Y KOI'0O-TO U3 HUX
3alyMaHHbIEC YHCIIa COBMAIYT.

Pemenue. BHauane nojacunTaeM o0liee KOJIUYECTBO UCX0A0B. [1epBbIil U3 CTy1€HTOB
BbIOMpaeT oaHO U3 10 yucen u umeer nl=10 Bo3MoOxKHOCTEN, BTOPOIl TOKE UMEET
n2=10 BO3MOKXHOCTEMN, HAKOHEL, TPETUN Takxke uMmeet n3=10 Bo3mokHOCTEN. B cumy
npaBuiia YMHOXKEHHUS o011ee Yucio cnocoooB paBHoO: n=nlXn2XxXn3=103 = 1000,
T.€. Bc€ MpocTpaHcTBO coAepkuT 1000 3rmeMeHTapHbIX UCXOA0B. 7151 BBIYMCIEHUS
BEPOSITHOCTU COOBITUSI A yTOOHO MEPENTH K MIPOTUBOIIOIOKHOMY COOBITHIO, T.€.
MOACYUTATh KOJMYECTBO TEX CIIY4YaeB, KOT/Ia BCE TPH CTYJICHTA 3ayMbIBAIOT Pa3HbIC



yucia. [lepBeiil u3 HUX mo-npexxkaemy umeeT m1=10 cnoco6oB BeIOOpa yuCIa.
BTopoii cTyieHT UMeeT Teneps JIMIIb M2=9 BO3MOKHOCTEHN, TOCKOJIBKY EMY
MPUXOIAUTCS 3a00TUTHCSI O TOM, YTOOBI €r0 YHCIIO HE COBHAJIO C 33 yMAHHBIM YUCIOM
NEepBOro CTyJeHTa. TpeTuii CTyIeHT ene 00see OrpaHuYeH B BHIOOPE — y HETO BCETrO
m3=8 Bo3mokHocTel. [loaromy obmiee ynciao KoMOMHALMMA 3alyMaHHbIX YUCEN, B
KOTOPBIX HET coBnaaeHui, paBHo m=10-9 - 8=720. CiryyaeB, B KOTOPBIX €CTh
coBnajieHus, ocraercs 280. CnenoBaTenbHO, UCKOMasi BEPOSITHOCTh PaBHA
P=280/1000= 0,28.
3amaua 3. HaiiTu BeposSITHOCTH TOTO, YTO B 8-3HAYHOM YHKCIIE POBHO 4 U (PHI
COBIAJAIOT, & OCTAIbHBIE PA3JINYHBIL.
Pemenue. CoObiTHe A={BOCEMU3HAYHOE YHCIIO COJAEPKHUT 4 OJIMHAKOBBIE LU(DPHI}.
W3 ycnoBus 3ajauu CIIEAYET, YTO B YUCIIE MATh PAa3IMYHbIX HU(]p, OJHA U3 HUX
noBTopsieTcsa. Yucio cnocoOoB e€ BpIOOpa paBHO YKCITy ClIOCOOOB BBIOOpa OJTHOM
uudpst u3 10 mudp. Ita nudpa 3aHuMaert Jar00bie 4 MecTa B UUCIIE, YTO BO3ZMOKHO

4

caenats 8 criocoGamu, Tak Kak MOPSZIOK 371ech He BaxkeH. OcTaBiiuecs 4 Mecta
3aHUMAIOT Pa3INYHbIe ITU(GPHI U3 HEUCTIOIB30BAHHBIX JIEBSTH, M TaK KaK YHCIIO
3aBUCHUT OT MOPSIIKA PACIIONOKEHU U], TO YUCIO CITOCOOOB BEIOOPA YETHIPEX
4
1udp paBHO YKCITY pa3MEIICHUN Ay
|A|=10C; A;
HCXO0JI0B 879 Bcero ke crmocoO0B COCTaBIECHUS 8-3HAUHBIX YUCEN PABHO |
Q2|=108. VMickomasi BEpOsITHOCTb paBHa
4 4
_|A|_10CgAy 81 9! 1

1Al = 21 2_=0,021168
Q] 108 414151 10

. Torga yncio 0JaronpusTCTBYIOIUX

3anaua 4. lllects KIMEHTOB cily4yailHbIM 00pa3oM oOpamatores B 5 ¢pupm. Haiitu
BEPOSITHOCTh TOTO, YTO XOTA OBl B OJJHY (UPMY HUKTO HE OOpaTUTCS.

Pemenune. PaccMOTpUM MPOTHUBOTIONOKHOE COOBITHE A | cocrosiiee B TOM, 4TO B
KOKIYI0 U3 5 GUpM 00paTHiICs KIIMEHT, TOTJa B KaKyH-TO U3 HUX 00paTHIIHCh 2
KJIMCHTA, a B OCTAJIbHBIC 4 (DUPMBI — TI0 OJTHOMY KJIHMEHTY. TakuxX BO3MOKHOCTEH

— 56!

yA|:5><N6(2,1,1,1,1):ﬁ
HTINI2E  O6iee koaM4YecTBO CIIOCOOORB pacnpeaenuTs 6

560 1.
0f=5* P( )_—1,1,1,1,2,-5_0,1152
KJIMEHTOB 10 5 dhupmam . Orcrona ek

CrnenoBaTembHoO, P(A)=1-P(A)=0,8848

3amaua 5. [Tycts B ypHe umeetcs N mapos, u3 HuX M 6enbix 1 N-M depHbix. U3
YPHBI U3BJIEKaeTCs n mapoB. HaliT BEpOATHOCTH TOTO, YTO CPEIU HUX OKAXKETCS
POBHO m O€JIbIX IIAPOB.

Pemenne. Tak Kak MOPSIIOK JIEMEHTOB 3/1€Ch HECYIIECTBEHEH, TO YMCIIO BCEX

n
BO3MOXHBIX HA00OPOB 00beMa n 13 N 3JIEMEHTOB PaBHO YMCITY COYETAHUIM Cy
Yucio uCIbITaHUM, KOTOPBIE OJIArONPUATCTBYIOT COOBITHIO A — ""m OeNbIX I1apoB, n—
Cm Cn—m
m 4YepHbIX'", pABHO ~M ~N-M
m n—m
C'M CN -M

P(A= C»

, U, CJICAOBATCIIbHO, HCKOMAs BCPOATHOCTDL paBHaA



3anmaya 6. Touky Haygady Opocwnn Ha oTpe3ok [0; 2]. KakoBa BeposiTHOCTH €€
nornaaanus B otpe3ok [0,5; 1,4]?

Pemenue. 31ech MpoCTPaHCTBO AJIEMEHTAPHBIX UCXOJI0B BECH OTPE30K Q=[0; 2 ,a
MHO>KECTBO 0JIArONpUSITCTBYIOIINX UCXOJI0B A=[05; 14] , TIPYU 3TOM JTMHBI 3TUX

otpeskos pasubr [(2)=2 y 1(A)=09 coorsercTBenHO. [To3TOMY
p(a)=tA)_09 4 45
(Q) 2 .
3anmava 7 (3amava o BcTpeue). [IBa muna A u B yciioBUIMCh BCTPETUTHCS B
onpeneseHHOM MecTe Mexay 12 u 13 wacamu. [Ipumenmmii mepBsIM KJIE€T IPYroro B
TeuyeHnH 20 MUHYT, IIOCJIE YEro YXOAUT. YeMy paBHA BEPOSTHOCTb BCTPEUH JUL A U
B, eciin nmpuxox Ka)Xa0ro U3 HUX MOYKET NMPOU30UTH Haylauyy B TEYEHUN YKA3aHHOTO
yaca 1 MOMEHTBI [TPUX0/1a HE3aBUCUMBI?
Pemenne. O603HauuM MOMEHT mpuxoa juia A depe3 X v juia B — uepes y. s
TOT0, 9TOOBI BCTpEYa IPOM30IILIA, HEOOXOAUMO M JOCTATOYHO, 4T00kI | x-y | <20.
N300pa3um X 1 y Kak KOOpJUHATHI Ha MJIOCKOCTH, B KAU€CTBE €AMHMIIBI MaciiTadba
BbIOEpEM MHUHYTY. BCEBO3MOMXKHBIE HCXO/bI TPEICTABIIAIOTCS TOUKAMH KBaJIpaTa co
cTopoHo# 60, a 61aronpUATCTBYIONINE BCTPEUE PACIOIAraloTCs B 3allITPUXOBAHHOM
oOnacTu. Mickomasi BEpOSITHOCTh paBHA OTHOLLIEHHUIO IUTOIIA/IN 3aIITPUXOBAHHON
¢durypsl (puc. 2.1) k momaau Bcero kBajapara: P(A) = (602—402)/602 = 5/9.

”
0
¢ R
N\
20
NN
20 60 X
Puc. 2.1.

OcHoBHBIE (hopMYJIbI TEOPUH BEPOSITHOCTEH

3aoaua 1. B smuke 10 KpacHbIX U 5 CUHUX MYTOBULl. BEIHUMAIOTCS Hayady JIBE
nyroBulibl. KakoBa BepOsSITHOCTb, YTO IYTOBHIIbI OyAyT OJTHOI[BETHBIMU ?

Pewenue. CoobiTrie A={BbIHYTHI ITyTOBUIIBI OJHOTO I[BETA} MOKHO MPE/ICTABUTH B

A=A +A, A A

BHU/JIC CYMMBI , TJC COOBITHS IR | 2 Q3HavaroT BBI60p ITYT'OBHI]

KpaCHOI'O 1 CHMHETO IBETA COOTBCTCTBCHHO. BepO}ITHOCTB BBITAIIIUTH IBC KPACHBIC

IIyTOBHUIIBI paBHA , 4 BEPOATHOCTD BBITAIUTL JIBE CUHUC ITYT'OBHIIbI



P(AZ) 25
=
15 TaK KakK CO6I)ITI/IH I' T 2 HE MOFyT HpOI/I3OI/ITI/I O):[HOBpeMeHHO, TO B

CUILY TEOPEMBI CIIOKEHUS

R (1
ChtC 181 2131
P(A)=—% 5:2'8’,2‘3':0,524.
Cis 15!
2113!

3aoaua 2. Cpequ cotpyaHukoB hupMbl 28% 3HAIOT aHTIIUHCKUH s3bIK, 30% —
HeMenkui, 42% — QpaHIy3CKuil; aHTIMUCKUN U HeMEIKUi — 8%, aHTTTUHCKUNA U
bpany3ckuii — 10%, Hemenkuit u ¢ppaniy3ckuii — 5%, Bce Tpu s3b1ka — 3%. Halitu
BEPOSITHOCTh TOT'O, YTO CIIyYailHO BHIOPAHHBINA COTPYAHUK (PUPMBIL: a) 3HAET
AHTJIMACKUI WIIM HEMELKUI; 0) 3HaeT aHMIMICKUNA, HEMEUKHUI 1K (ppaHIly3CKUil; B)
HE 3HAET HU OJINH U3 MEePEUUCICHHBIX S3bIKOB.

Pewenue. O603naunM uepe3 A, B u C coObITHSI, 3aKITIOYAIONINAECS B TOM, YTO
CIIy4aitHO BHIOpAHHBIA COTPYAHUK (DUPMBI BIaIe€T aHTJIMUCKUM, HEMEITKAM WA
(bpaHITy3CKHUM COOTBETCTBEHHO. OYEBUIHO, JOIU COTPYTHUKOB (PUPMBI, BIAJACIOIITIX
TEMHU WU WHBIMH SI3BIKAMU, OTIPECISIFOT BEPOSITHOCTH ATUX coObITHi. [Tomydaem:

a) P(AUB)=P(A)+P(B) -P(AB)=0,28+0,3-0,08=0,5;

6) P(AUBUC)=P(A)+P(B)+P(C)-(P(AB)+P(AC)+P(BC))+P(ABC)=0,28+0,3+0,42-
-(0,08+0,1+0,05)+0,03=0,8;

B) 1-P(AUBUC)=0,2.

3aoaua 3. B cembe — nBoe neteit. KakoBa BEpOSTHOCTH, UTO CTapIIuil peOSHOK —
MaJb4HK, €CJIM U3BECTHO, YTO B CEMbE €CTh JIETH 000ero moia?

Pewenue. Ilyctb A={ctapmmuii pebeHOK — MaJIbuuK |, B={B ceMbe ecTb et 000ero
nosia}. bynem cuutaTh, 4TO pOXKICHHE MATbYUKA U POKICHUE JEBOYKH —
paBHOBEPOSITHBIE COOBITUS. Eciin pokaeHne Manpurka 0003HauYuTh OYKBOM M, a
pOKJIeHNE AEBOYKH — [], TO TPOCTPAHCTBO BCEX IIEMEHTAPHBIX UCXOI0B COCTOUT U3

YeThIPEX Map: Q= MM, MZ,IM , JI . B aToM mipocTpaHCTBE MG JBA UCXO/1a
(M u IM) otBeuarot cooniTHio B. CoObiTHe AB 03Ha4aeT, 4To B ceMbe €CTh AETH
ob6oero noja. Crapiuii pe0eHOK — MaJIbUHK, CJIEI0BATEIbHO, BTOPOH (MITaIIIN)
pebeHoK — AeBoYKa. DToMy coObITHIO AB oTBeuaet oaun ucxoa — MJI. Takum
obpazom, |AB|=1, |B|=2 u



3aoaua 4. Mactep, umes 10 neraneid, U3 KOTOPbIX 3 — HECTAHIAPTHBIX, IPOBEPSIET
JIeTaJIA OJIHY 3a JIPYTOM, MIOKa eMy He TIomaieTcs cTanaapTHas. KakoBa BEeposSTHOCTD,
9TO OH MPOBEPUT POBHO JBE JCTAIN?

Pewenue. CobbiTe A={MacTep NpoBEepUJI POBHO JIBE JIETAJN} 03HAYAET, UTO MPHU

TaKoOW MpOBEpKE NepBas JIeTallb OKa3alach HECTAaHAAPTHOM, a BTOpasi — CTaHIapTHAas.

A=A,A, A A

,rae 1 ={ mepBas AeTallb OKa3aJIaChb HECTAHIAPTHOM | U 2

3HaA4UT,
={BTOpas JieTaib — cTaHgapTHas }. O4eBUIHO, YTO BEPOSTHOCTh COOBITHS A| paBHA

P(A})=3/10, wpome toro, PlAalA)=7/9

, TaK KaK IIepca B3ATUCM BTOpOﬁ ACTalIN y
MacCTepa OCTAJIOCh 9 I[GT&J'IGﬁ, N3 KOTOPBIX TOJIBKO 2 HCCTAaHAAPTHBIC U 7
CTaHIapPTHBIX. IIo TCOPCMEC YMHOKCHHUA

P(A)=P(A,A,)=P(A,)P(A,|A,)= %:7/30.

S |w

3aoaua 5. B onHOM situke 3 O€NbIX U 5 YePHBIX MIAPOB, B IPYTOM SIIIUKE — 6 OeTbIxX
1 4 yepHbIX 1mapa. HaiiTu BepoSTHOCTH TOTO, YTO XOTS OBl U3 OJHOTO SIIIIUKA OYIeT
BBIHYT O€JIBIN IIap, €CIN U3 KKIOTO SAIIMKA BEIHYTO IO OJHOMY IIapy.

Pewenue. CobpiTe A={X0Ts ObI U3 OJTHOTO SINUKA BHIHYT OCJIBINA MIAP} MOXKHO

A=A+A A A

MMpcACTaBUTb B BUAC CYMMBbI 2 ,rae coOBITHS LI | 2 O03Ha4varoT

MOsIBJICHHE O€10T0 mapa U3 1IICPBOro U BTOPOro smruKa COOTBETCTBCHHO.

BeposiTHOCTH BRITAIIUTE OEJbIH IIap U3 MEPBOTO SLIMKA paBHA P(A,)=3/8
P(A,)=6/10

,a

BCPOSATHOCTDL BBITAIIUTH OcnbIi map U3 BTOPOTIO AlIHNKA . KpOMC TOro,

A A P(AlAz):P(Al)P(Az):%%:A%

B CHUTy HE3aBUCUMOCTH I W ‘2 uUMeeM: .Io
TEOpEME CIIOKEHHUS MOJTydaeM:

P(A)=P(A+A,)=P(A,}+P(A,)-P(A,A,)=3/8+6/10-9/40=3/4
3aodaua 6. Tpu >K3aMeHAaTOpa NPUHUMAIOT FK3aMEH 110 HEKOTOPOMY MPEAMETY Y
rpynmnsl B 30 4eaoBeK, IpUYeM MEpBbIN ONpaIinBaeT 6 CTyAeHTOB, BTOPO — 3
CTYJEHTOB, a TpeThil — 21 cTyneHTa (BbIOOp CTYAEHTOB IPOU3BOIUTCS CIyYallHbIM
oOpa3om u3 crrcka). OTHOIIEHHE TPEX IK3aMEHATOPOB K CJ1a00 MOATOTOBUBLINMCS
pa3IMyYHOE: IAHChl TAKUX CTYACHTOB CIaTh HK3aMEH y IMEPBOTO MPENno1aBaTes
paBHbI 40%, y BTOoporo — tosibko 10%, y Tperbero — 70%. Haiitu BeposiTHOCTB
TOT0, YTO CJ1a00 MOATOTOBUBIIUICS CTYACHT CAACT HK3aMEH.

Pewenue. O603nauuM yepes H,, 1y, H, TUIIOTE3bl, COCTOSIIIINE B TOM, YTO CJ1a00
MOJrOTOBUBIIUICS CTYAEHT OTBEYaJ NIEPBOMY, BTOPOMY U TPETHEMY dK3aMEHATOPY

COOTBETCTBEHHO. 110 YCJIIOBHIO 3aa491



P(H,)=6/30=0,2 P(H,)=3/30=0,1 P(H,)=21/30=0,7

> 3

ITycTh coObiTHE A={c1a00 MOATOTOBUBIIMIKCS CTYJICHT cliall 5k3aMeH }. Torna cHoBa
B CHJIy YCJIOBHS 3aJa4d

P(A|H,)=04 P(A|H,)=0,1 P(A|H,)=0,7

ITo ¢popMyie MOaHONM BEPOATHOCTH MOTYyYaEM:

P(A)=0,4-0,2+0,1-0,1+0,7-0,7=0,58

3aoaua 7. dupma nMeeT TpU UCTOYHUKA MMOCTABKH KOMIUIEKTYIOMINX — GupMbl A, B,
C. Ha gomto pupmbr A npuxoautcs 50% oOmero oobema nocraBok, B —30% u C —
20%. U3 mpakTuKu U3BECTHO, YTO CPEN MOCcTaBiIsgeMbIx ¢pupmoit A neraneit 10%
OpakoBaHHBIX, pupmoii B — 5% u dupmoii C — 6%. KakoBa BEpOATHOCTH, UTO B3sITas
HayTaJ AeTallb OKaKETCs TOTHOMN?

Pewenue. Ilyctb coobiTue G — NosIBICHUE TOAHON JeTaiu. BeposTHOCTH TUIoTes 0
TOM, YTO JieTajab ImoctaBiieHa pupmamu A, B, C, paBabsl cotBeTcTBeHHO P(A)=0,5,
P(B)=0,3, P(C)=0,2. YciioBHbIE BEPOATHOCTH MOSIBJICHUS [IPU 3TOM T'OJIHOM JI€TaIn
paBubl P(G|A)=0,9, P(G|B)=0,95, P(G|C)=0,94 (kak BeposITHOCTH
MIPOTUBOIMOJIOKHBIX COOBITUH K MOSIBJIEHUIO OpakoBaHHOM). [1o dhopmyie nomHo#
BEPOSITHOCTH TOTY4YaeM:

P(G)=0,5 - 0,9+0,3 - 0,95+0,2 - 0,94=0,923.

3aoaua 8 (cm. 3anauy 6). [TycTh U3BECTHO, UTO CTYJEHT HE CJajl DK3aMEH, T.€.
MOJIYYHJT OLIEHKY «HEYJOBJIETBOPUTENBHO». KoMy M3 Tpex nmpenojaBarenei
BEpPOSITHEE BCEr0 OH OTBEYal’

Pewenue. BeposTHOCTb TIONYYHUTh «HEY]» PaBHA P (A):l_P (A):1_0’58:0,42
TpeOyeTcst BBIUUCIUTD yClIOBHBIE BepoaATHOCTH. 1o popmynam baiteca nomydaem:

p(H,|K)= P(H,)P(A[H)) _0206_; o
! (A) 0’42 ’ , W aHaJIOTHU4HO,
0,109 0,703
P(H|A)=="2=0,214 P(H,|A)="22=05
( 2| ) 0,42 ’ ( 3| ) 0,42 ’

Otcrona cnenyer, 4To, BEpOsTHEE BCETO, C1a00 MOATOTOBUBIIMIICS CTYIEHT CAaBal
AK3aMEH TPEThEMY IK3aMEHATOPY.



IlpakTnuyeckas pagora Ne 15
1o Tteme «BbrunciieHue BepOSATHOCTEH CI0KHBIX COOBITHID)
Iesb: HAYYUTHCS HAXOIUTH CIIYYANHBIE BEJIMYUHBI.
Bpems BbinmosiHenuss 90 MuUHYT

MarepuajbHoe odecnieyeHue

1. TeopeTnueckue cBeeHUS

2.3amanue

3.JIuct A 4

4 KanbKyJIaTOpBI

IHopsinok BeIMOIHEHHsI padoThI

1.3yunuts 3amaHue

2. VI3y4nTh TEOPETHUYECKHE CBEICHMUS

3. Bommonauth 1 0OpMHUTH paboTy

4.1TokazaTh pe3yabTaThl IPENOAaBaTEIIO

JlomaniHee 3a1aHue

1.IIoAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeIeHUs

3agayva 1. B cBs3ke u3 3 Kirouen TOJIBKO OJWH KITHOU MOJAXOAUT K ABepu. Kimtoun
nepeduparoT 10 TeX MOp, MOKa HEe OTHIIIETCS nmoaxoaauuil kinod. [Toctpouts 3akon
pacnpezeneHus Al CIIy4aiiHON BEIMYMHBI & — Ynciaa OnmpOOOBaHHBIX KITIOYEH.
Pemenne. Yncno onpoOOBaHHBIX KIHOUEH MOXKET paBHATHCA 1, 2 uinu 3. Eciu
UCIIBITAIN TOJIBKO OJIMH KJIKOY, 3TO 03HAYAET, YTO ITOT MEPBBIA KITHOY Cpa3y MOAOLIEI
K JIBEPH, @ BEPOSTHOCTD TAaKoro coObiThs pasha 1/3. Urak, P(E=1)=1/3. Tanee,
€CJIM OMPOOOBAHHBIX KIIFOYEH OBLIO 2, T.€. =2, 3TO 3HAYUT, YTO MEPBBIN KIIOY HE
MOJI0IIIEN, @ BTOPOil — mojomien. BeposTHOCTB 3Toro cobbiTus paBHa 2/3%1/2=1/3. To
ects, P(§=2)=1/3. Ananoruuno seumcisercs sepostaocts P(§=3)=1/3. B
pe3ynbTaTe MOoIy4YaeTcs CAeAYIOIUN P paclipeieseHUs:

El1 |2 |3
Pl1/ |1/ |1/
3 (3 |3

3amaua 2. [Toctpouts pyHkIMIO pacupeneneHus FE(X) as ciaydaitHON BETHYUHBI §
13 3a7a4u 1.

Pemenne. CnyuaiiHas BemMuuHa § UMeET TpH 3HaUeHus 1, 2, 3, KOTOpHIE JIENST BCIO
YHCTIOBYTO OCh Ha YeThipe mpomexyTka: |~ 11[12),[23)[3,+%) | Ecmm x<1, o
HEPaBEHCTBO & <X HEBO3MOXHO (JIEBEE X HET 3HAUCHUI CITyYallHON BEJIUYHUHBI &) U
3HAYUT, I Takoro X pyukmus FE(x)=0.

Ecmu 1 <x<2, To HEpaBEHCTBO 5<X BO3MOXXHO TOJBKO €CITH =1, a BEpOSITHOCTb
TaKoro cOOBITHS paBHA 1/3, mOATOMY TS TaKUX X QYHKIIUS pacipeneeHus
FE(x)=1/3.

Ecmm 2<x<3, HepaBeHCTBO §<X 03HAYaeT, 4TO WK =1, wiu E=2, MO3TOMY B ATOM
cirydae BeposaTHOCTh P(E§<x)=P(E=1)+P(5=2)=2/3, 1.e. FE(x)=2/3.

W, HaKkoHeII, B cilydae X >3 HEpaBEHCTBO S <X BBITIOJHACTCS JIJIsl BCEX 3HAUCHUH
CIIy4aitHOM BeMUuHBI 5, modTomy P(5<x)=P(5=1)+P(E=2)+P(E=3)=1, 1.e. F§(X)=1.



Wtak, Mbl OTYYIIIH CIICITYIONMYIO (yHKIIHIO:

0, x<1
E (X): 1/3, 1<x<2
¢ 2/3, 2<x<3
1, x>3.

3amaua 3. COBMECTHBIN 3aKOH PACTIPEICIICHHSI CITyIailHBIX BEIMYHH & U 1] 33/1aH C
[IOMOIIBIO TAOIUIIBI

g 1 2

n

-1 1/16 3/16
0 1/16 3/16
1 1/8 3/8

Bpraucnuth 4acTHbBIE 3aKOHBI pacinpcaciaCHnA COCTABIAIOIINX BEJINYHNH E hn.

Ol‘[pCIleJII/ITL, 3aBUCHUMBI JIU OHU. BEIUUCINTD BCPOATHOCTD P (E+n22) .
Pemenne. YacTHoe pacnpeneneHue s § MOMydaeTcs CYMMHUPOBaHUEM
BEPOSITHOCTEN B CTPOKAX:
P(&=-1|=P|é=-1,n=1+P[E=—1,n=2|=1/16+3/16=1/4
P(&=0/=P|E=0,n=1|+P(E=0,n=2|=1/16+3/16=1/4 :
P(E=1/=P[é=1,n=1|+P|é=1,n=2|=1/8+3/8=1/2
AH&HOPHIIHO MOJIy4acTCA 4aCTHOC PACIIPCACICHUC IJIA 1.
P(n=1=1/16+1/16+1/8=1/4 .
P(n=2|=3/16+3/16+3/8=3/4

[TonydeHHble BEpOATHOCTH MOKHO 3alIMCATh B TY K€ TaOIUILy HAITPOTUB
COOTBETCTBYIOIIUX 3HAYEHUN CIIyYaHBIX BEJIWYMH:

b

g 1 2

v pg

-1 1/16 3/16 1/4
1/16 3/16 1/4

1 1/8 3/8 1/2

o 1/4 3/4 1

Tenepr 0TBETHM Ha BOMPOC O HE3ABUCUMOCTH CIIy4alHbIX BeanuuH & u 7). C 310
LEbIO ISl KaXKA0W KJIETKH COBMECTHOI'O pacipeiesICHUs] BBIYMCIUM MPOU3BE/ICHUE
P(E:Xi)P(”: Y J') (T.e. CyMM MO COOTBETCTBYIOIICH CTPOKE U CTOJIOIY) U CPaBHUM
€ro CO 3HaYCHUEM BEPOSITHOCTU P(E=xi,n=y 1') B 3TOM KieTke. Hanpumep, B KiieTke

it 3HaUeHn E=-1 1 =1 crouT BepoaTHOocTh 1/16, a mpousBeneHue
COOTBETCTBYIOIIMX YAaCTHBIX BeposiTHOCTEN 1/4%1/4 paBHo 1/16, T.e. coBnagaer ¢
COBMECTHOM BEPOSATHOCTHIO. DTO YCIOBUE TaK K€ MIPOBEPSAETCA B OCTABLIMXCS MSATH
KJIETKaX, 1 OHO OKa3bIBAETCS BEPHBIM BO Bcex. CneqoBaTeNbHO, CIyYaliHbIe
BEJIMYUHBI & U 1| HE3aBUCHMBI.



3aMeTHM, 4TO €ciii OBl Hallle YCIIOBUE HAPYIIAIOCh XOTS ObI B OJTHOM KJIETKE, TO
BEITMYMHBI CJIE0BAJIO OBl IPU3HATH 3aBUCUMBIMH.

I[J]ﬂ BBIYUCJICHHA BECPOATHOCTHU p [E+ 1722) OTMCTHUM KIJICTKHU, OJIs1 KOTOPBIX

BBINONHEHO yciaoBue $+1M122 | Takux KIETOK BCErO TPH, M COOTBETCTBYIOIINE

BEPOATHOCTH B 3TUX KJIeTKax paBHbl 1/8, 3/16, 3/8. Ux cymma paBna 11/16, 310 u

€CTh UCKOMasi BEPOATHOCTh. BrIuncieHne 3Toi BEpOSITHOCTH MOYKHO 3alHcaTh Tak:
P|é+n>2|=P(E=1,n=1+P[E=0,n=2|+P[E=1,n=2|=1/8+3/16+3/8=11/16.

3anaya 4. [1ycTh ciyvaitHas BeuunHa & UMEET CIeAyIONIUA 3aKOH paclipeiesieHUs:

S =110 |2
P [1/ |1/ |1/
4 |4 |2

Brerauciuth marematudeckoe oxuaanre Mg, qucnepeuro DE n
CPEHEKBAIPATHYECKOE OTKJIOHEHUE O.
Pemenue. ITo onpeneneHnio MaTeMaTHYECKOE OXKHMIaHHUE & PABHO
3
M&:Z; X, p;=—1-1/4+0-1/4+2-1/4=1/4
i=

Jlanee
3

ME=Y" x*p,=(—1)*1/4+0%1/4+2*1/4=5/4
i=1
a TIOTOMY
DE=ME* —(ME *=5/4—1/16=19/16

Cpennee KBaJIpaTU4E€CKOE OTKIOHEHUE 0=y DE :\/19/ 4
3agayva 5. JIy1st mapel CilydalHBIX BEJTMYUH U3 3aJ]a4d 3 BHIYHUCIUTH M (é&n)

M(&n)=2, xy,p;
L]

Pemenne. Bocrionbs3zyemcs dhopmyioi . A IMEHHO, B KaXXJ101

KJIETKE TaOIIHIIbI BBIIOIHACM YMHOXKCHHE COOTBETCTBYIOMIKX 3HAUeHUH i u Vi |

pe3ynbTaT YMHOKAeM Ha BEPOATHOCTH Pij, U BCE 3TO CYMMHPYEM TI0 BCEM KJIETKaM

Tabmmipl. B utore momygyaem:
M(&n)=-1-1-1/16+(—1)-2-3/16+0-1-1/16+0-2-3/16+1-1-1/8+1-2-3/8=
=—1/16-3/8+1/8+3/4=7/16.

3agava 6. s mapel CIy4aHbIX BEJIMYKMH U3 3a]1a4d 3 BBIYUCIUTH KOBAPHUALUIO

cov(E,n).

Pemenue. B mpeapiayieit 3aiaye yxe OblI0 BBIYUCIEHO MATEMATHYECKOE 0KUIaHHUE
M&n=19/16  Qcranocs oruncaurs ME u Mn Hcnonb3ys mogydyeHHbIE B

pENIeHUH 3a7a4i 3 YaCTHBIE 3aKOHBI PACTIPEICICHUS, MOTy4aeM
M{=-1-1/4+0-1/4+1-1/2=1/4 . Mn=1-1/4+2-3/4=7/4

Y 3HAYWT,
cov(&,n)=M(&n)—ME-Mn=7/16—1/4-7/4=0

Yero M ClIe0BaI0 0>KUIATh BCJIEACTBUE HE3ABUCUMOCTH CIIYYAMHBIX BEJIHYMH.



3amauda 7. Ciyqaitasiii BekTop (E,m) npuaumaet 3nadenus (0,0), (1,0), (—1,0), (0,1) u
(0,—1) paBHOBEPOATHO. BhIUncIuTh KOBapHAIUIO CTyYalHBIX BEJIMUWH & H 1).
[Toka3aTh, 4TO OHU 3aBUCUMBI.

Pemenue. ITockonbky P(§=0)=3/5, P(5=1)=1/5, P(E=1)=1/5; P(n=0)=3/5,
P(m=1)=1/5, P(=1)=1/5, To ME=3/5X0+1/5X1+1/5X(—1)=0 u Mn=0;
M(EN)=0X0X1/5+1X0X1/5-1X0X 1/5+0Xx1X1/5-0X1Xx1/5=0.

[Torygaem cov(E,1)=M(En)-MEMN=0, u ciry4aiiHbIC BETUINHBI
HeKoppenupoBaHHbl. OtHaKO OHU 3aBUCKUMEIL. [1ycTh E=1, ToT/Ia ycIoBHAS
BeposaTHOCTH coObITus {N=0} paBHa P(M=0|E=1)=1 u He paBHa O6e3yCIOBHOM
P(M=0)=3/5, unu BepositHOCTh {{=0,N=0} HE paBHA IPOU3BEACHUIO BEPOSITHOCTEH:
P(E=0,m=0)=1/5#P(E=0)P(m=0)=9/25. CnenoBaTenbHO, § U 1) 3aBUCUMBI.

3anmaya 8. Ciy4aifHble IPUPAIIECHUS [IEH aKIMi IBYX KOMIIAHUH 3a JIEHb S U 1] UMEIOT
COBMECTHOE pacIipe/iesieHue, 3aJaHHOE TaOIuIeH:

g -1 +1
n

-1 0,3 0,2
+1 0,1 0,4

Haiitu koadpuiieHT Koppensiuu.
Pemenue.ITpexe Bcero Beruuciasiem MEn=0,3-0,2-0,1+0,4=0,4. [lanee Haxoaum
YJaCTHBIC 3aKOHBI paclpeieeHus & u 1):

g -1 +1
v pE
-1 0,3 0,2 0,5
+1 0,1 0,4 0,5
PN 0.4 0,6

Omnpenensem ME=0,5-0,5=0; Mn=0,6-0,4=0,2; DE=1; Dn=1-0,22=0,96;
cov(§,m)=0,4. [Tomyuaem
04

p 140 96 0,408 |
3amada 9. CiyvaiiHble IPUPALLICHUS LEH aKIUK JBYX KOMIIAaHHM 3a IEHb UMEIOT
mucnepcur DE=1 u D=2, a ko3 durment ux xkoppemnsauu p=0,7. Haritn
JUCIEPCHIO TPUPALIEHUS UEHbI MOPTQENs U3 5 aKUuii NEPBO KOMIAHUU U 3 aKIIMii
BTOPOU KOMITaHHH.
Pemenue. Mcnonb3yst cBoiicTBa IUCTIEPCUN, KOBAPUALIMU U OTIPEIEIICHHE
Kod(pduLeHTa KOPPEIISIUH, TTOJTydaeM:

D(5&+3n)=5"DE&+3° Dy+2-5-3 pVDEY Dn=25-149-2+30-0,7-1+/2~72,7 |

3agaua 10. Pacnpenenenue IByMEpHOU CITy4ailHOM BETUYMHBI 33]]JaHO TAOJIUIICH:

N\ 1 3 4 8

3 0,15 0,06 0,25 0,04

6 0,30 0,10 0,03 0,07




Haiitu ycrnioBHOE pacnipesieieHne U yCIOBHOE MaTEMaTUYECKOE OKUIAaHUE 1) TIpU
E=1.
Pemenue. YciioBHOE MaTeMaTHYECKOE OKUJIAHUE PABHO
M(’?‘5:"1):}’1P§\q(Y1|X1)+Y2Pé\q(Y2‘x1) .
W3 ycrnoBus 3amaun HaiiieM pacrpesielieHue COCTaBIISIONMX 1 U §
(mocneaHui cTONOCI U TTOCIETHSSI CTPOKA TAOJIUIIbI).

N\E 1 3 4 8 Pn
3 0,15 0,06 0,25 0,04 0,50
6 0,30 0,10 0,03 0,07 0,50
PE 0,45 0,16 0,28 0,11 1

ITocKOIBKY Pé(Xl):P(Xl’Y1)+P(X1JY2):0,15"'0,30:0,45
HaxoAATCs 1o hopMmyiam
_Plx,y)_0,15_1

Péln(yllxl)_ PE(Xl) _0’45_5 Pé\n(y2|x1):

, TO YCIIOBHBIC BEPOSATHOCTH

P(x1,y,) _0,30_2
P(x,) 0,45 3

3 3

M(n|é=1)=31+6.-2=5

a ICKOMOE yCJIOBHOE MAaTeMaTHUECKOE 0KUJAHUE PABHO 3 3



IpakTnyeckas padora Ne 16
1o TeMe «BpIYHCIeHNe YHCT0BBIX XapaAKTePHUCTHK BIOOPKH»
Henb: HAy4YUTHCA HAXOAUTD CIy4YallHbIE BEJTUYHHBI.
Bpems BbinmosiHenuss 90 MuUHYT

MarepuajbHoe odecnieyeHue

1. TeopeTnueckue cBeeHUS

2.3aganue

3.JIuct A 4

4 KanbKyJIaTOpBI

IHopsinok BeIMOIHEHHsI padoThI

1.3yunuts 3amaHue

2. I3y4uTh TEOPETUYECKHE CBEICHUS

3. Bommonauth 1 0OpMHUTH paboTy

4.1TokazaTh pe3yabTaThl IPENOAaBaTEIIO
JlomaniHee 3a1aHue

1.IIoAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teoperuueckue cBeIeHUA

Bb100poYHBIM CpeHUM Ha3bIBAETCS cpeHee apu(MeTHYeCKoe 3HaUeHUE BapUaHT:

k
X—l E X.n
B . it
n -

Boi0opouHoii qucnepcue Ha3bIBAETCS CpeIHEE 3HAYCHHE KBAJPaTOB OTKIOHEHUS
BapUaHT OT CPEIHETO:

1 &
— s 2
DS_HZ (Xi XB) n;
i=1
Ecnu packpbITh CKOOKHU, TTOIYYHUTCS €l1e oHa ¢hopMyria i BHIYUCICHUS TUCTIEPCUU
— 2 (—)2.
D=x"—(x,);
UToOBl TONYYHUTHh XapaKTEPUCTHKY MEphl pa3dpoca CiydailHOW BETWYUHBI BOKPYT
BBIOOPOYHOTO CPEHEr0, HMMEIOIIYI0 Ty JK€ €IUHUIY HW3MEPEHUs, H3BICKAIOT

KBaJpaTHBIM KOPEHB U3 TUCIIEPCUMU.
Bp100pOYHBIM CpeIHUM KBaJAPAaTHYECKUM OTKJOHEHHEM HAa3bIBACTCd KOPEHBb

GB:\/DB

R: Xmax o Xmin

KBaJAPaTHBIA U3 JUCIIEPCUM:

Pa3max BapbupoBaHus: .
HayaJgbHBIM MOMEHTOM Y-ro0 MOPSAKA - CPEIHEE 3HAYCHUE TI-bIX CTENEHEU

1 k
— r
Mr_nzxini
BapHaHT: i=1
[leHTpaJbHBIM MOMEHTOM F-I0 TOPSAAKA HA3bIBACTCA CpPEIHEE 3HAUYCHUE

1 k
e _ v \r
) mr—nZ(xl. x,)n,
OTKJIOHCHHH B CTECIICHHU I' OT CPEIHETO: i=1 .
Mopoii Ha3bIBa€TCS BapHaHTa, KOTOpasi IMEET HauOOJIBIIYI0 YacTOTY.



MeauaHo# HA3bIBACTCA BApUAHTA, KOTOPAsl ICJIUT BAPUALMOHHBIN P HA JBE YaCTH,
PaBHBIE 110 YUCITYy BapUAHT.

I[J'I)I HOPMAJIBHOT'O pacClpcACICHUA CPCAHECC 3HAUCHUA, MOZId, MCIMAHA COBIIA/IarOT.

m
—_ 3
) A=
AcHMMeTpHeill Ha3bIBAIOT BEJIMUYMHY PABHYIO: e

HpeI[CJ'IBI 3HAQYCHUKU ACUMMCTPHUHU OT )

pacnpeneneHue CUMMETPUYHO, B YACTHOCTU Ui HOPMAJIbHOIO pacipeneieHus
A.=0.
Ecnu B apuamuonmom PAAY npeoOJiaialoT BapUaHThl MEHBIIIE, YeM X, TO A, <

0,1, To ectb Oynmer HaOmogaThcs OoJiee JJUHHAA BETBb BieBO. llpu
MOJIOKUTENbHON acCUMMETpPUH - OoJiee NJIMHHAS BETBb BIPaBo. [[Jisi HOpMaJIbHOTO
pacnupenenenuss A, =0. Takum o0Opa3oM, aCUMMETPUM XapaKTepHU3yeT Mepy
CUMMETPUYHOCTU AMIIMPUYECKON KPUBOM pacrlpeiesieHuss OTHOCUTEIBHO CPEIHETO
3HAYCHUS.

AcuMMeETpusi XapakTepuU3yeT MEPY CHMMETPUYHOCTH OSMIUPUYECKONM KpPHUBOM

pacinpcaciiCHuA OTHOCUTCIIbHO CPCAHCTO 3HAYCHU .

m,
EXZ —4 —3.
3KCII€CCOM Ha3bIBAIOT BCIIMYHNHY PABHYIO! 63

DKclecc MOKa3bIBAET CTENEHb KPYTOCTHM KPUBOWM paclpeneseHus IMpu3Haka X Mo
CPaBHEHHMIO C KPYTOCThIO HOpMallbHOrO pactnpenenenusa. Eciu Ex<0, To kpuBas
pacmpeneneHuss UMeeT 00see TUIOCKYIO U ITUPOKYI0 BEPIIMHY, YeM MTPU HOPMAITIEHOM
pacnpeneneHuu, ecin Ex>0 kpuBas pacnpeneneHuss UMeeT 00jee OCTPYIO U Y3KYIO

BEpUIMHY. 3HAYEHMsI DSKCLEcca  JIeKaT B MOJyWHTEpBaje [_3’ T0). Jst

E =0

HOPMAaJIbHOT'O paclpeiesieHuss = X :
DKclecC TMOKa3bIBAET CTENEHb OCTPOBEPIIEHHOCTH AMIIUPUYECKON  KPHUBOM
pacnpenesneHus o CpaBHEHUIO C HOPMaJIbHOW KPUBOM.



IpakTnyeckas padora Ne 17
no teme «IlocTpoeHue MOJIMIroHa, rHCTOHPAMMBbI»
Henb: HAy4YUTHCA HAXOAUTD CIy4YallHbIE BEJTUYHHBI.
Bpems BbinmosiHenuss 90 MuUHYT

MarepuajbHoe odecnieyeHue

1. TeopeTnueckue cBeeHUS

2.3aganue

3.JIuct A 4

4 KanbKyJIaTOpBI

IHopsinok BeIMOIHEHHsI padoThI
1.3yunuts 3amaHue

2. I3y4uTh TEOPETUYECKHE CBEICHUS

3. Bommonauth 1 0OpMHUTH paboTy
4.1TokazaTh pe3yabTaThl IPENOAaBaTEIIO
JlomaniHee 3a1aHue

1.IIoAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teoperuueckue cBeIeHUA

JIns  HarfsggHOCTH  CTPOSIT  pa3iuyHble TrpaduKd  CTATUCTUYECKOTO
pacupenenenus.  Hampumep, rpaduk  smmupuyeckod  (QyHKIIUU
pacnpeneneHus, KpoMe TOro, NOJIUrOH U TUCTOTPAMMY.

IToJUIroHOM YaCTOT HA3BIBAKOT JOMAHHYI0, OTPE3KHU, KOTOPON COEAUHSIOT

TOYKH C KOOPAHMHATAMHU: (Xl’ nl)’ (X2’ n2)""’(xk’ nk)'
JIns u3ydeHUs HENPEphIBHOTO TMPU3HAKA CTPOUTCS TUcTOrpamma. Jlis

DTOr0 HMHTEPBAI [a,b] , The a:min{xi}’ b:max{xi} , JEIIUTCSI Ha

HCCKOJIBKO YaCTUYHBIX HHTCPBAJIOB OHHHaKOBOﬁ JJITNHDBI h. 3arem
MMOACHYUTBIBACTCA YU CJIO BAPHUAHT 1;, IIOIIABIINX B Ka)KHBIﬁ HHTCPBAJI.

I'mcrorpamma — ¢urypa, coctosiias U3 nNpsMoyroibHUKOB, OCHOBaHUEM

n;

KOTOPBIX CIIYKAT YaCTUYHBLIC HHTCPBAJIbI AJINHbBI h , 4 BBICOTBI h

n.
, S,=h-—=n,
Torma mromans [ -ro OpSIMOYroJbHHKA paBHA h , a

k
S=).S.=n
IUIOMIAAb BCEU TUCTOTPAMMBI i=1 ,rne 1 - o0bem BBIOOPKH.
AHaJIOTUYHO CTPOUTCA THCTOI'PpaMMa OTHOCHUTEC/IbHBLIX YaCTOT. HpI/I 3TOM

w;

BIoJb ocu Oy  OTKIAAbIBAKOTCS h . Torma miomages i-ro

w.
S=h—=w, 5
pAMOYIOJbHUKA paBHA h . A Iomanae BCEH TUCTOIPAMMBI
k

S=) 5=1
i=1




AHQJIOTMYHBIM ~ CBOWCTBOM  HOPMHUPOBKM  00JaaeT  IUIOTHOCTH
pacnpeesieHus: BEpOATHOCTEN. T. 0. THCTOrpaMMa OTHOCUTEIIbHBIX YaCTOT
CITY>KUT I OLIEHKU BUJA TNIOTHOCTU BEPOSITHOCTH.

4

v |



Ilepeuennb pekoMeHayeMBbIX Y4eOHBIX U3IaHNI, HHTEPHET-PeCcypcoB,
JAOMOJIHUTEJIbHOM JINTePATYypPbl
OCHOBHbIC HCTOYHHKH:

1) I'puropseB B.I1. «Onements! Boicuiein Matematukny, 2019 OHLL «AxageMus».

2) I'puropreB B.I1. «CoopHuk 3a1a4 1o Bbicieil Marematuke», 2019 OHIL]
«AxameMusy.

3) Omenbuenko B. I1., Maremartuka: yue6Hoe nocooue / Omenbuenko B. I1.,
Kyp6artosa 2. B. -PoctoB u//l.: ®enukce, 2018.

4) boromonos H.B. IIpaktuueckue 3aHaTHs 10 BBICIICH MaTeMaTuke. - M.: Bricias
mkoJa, 2020.

5) lononsckuii B.A. u np. COOpHUK 3a/1a4 IO MATEMATHUKE JJI TEXHUKYMOB. - M.
Bricmras mkoma, 2019.

6) Banymp NL.U. u np. MaremaTtuka aj1si TEXHUKyMOB Ha 6a3e cpeiHel mKobl: y4eo.
moco06. - M.: Hayxka, 2019.

7) Hanasu A.A. Maremaruka: yue6. - M.: ®OPYM: UHOPA-M, 2018
Maremartuka Juig TEXHUKYMOB. AnreOpa u Havana aHaiuza: B 2-x gacTsx, yueo.
/Kauenosckuit M.1. u ap. nox pex. I'.H. Skosnesa. - M.: Hayka, 2018.
/lonoiHUTeIbHbIE HCTOYHUKH:

1)Briciiast matematuka asis skonomuctoB. [lox pen. H. 1. Kpemepa. - M.: KOHUTH,
2019

2)Cnupuna M.C. luckpernast marematuka: yueo. - M.: Akagemus, 2020.

3)['onuaposa ['.A., Mouanua A.A. DIeMeHThI JUCKPETHOW MaTeMaTHKH: y4el. moco0.-
M.: @opym: THOPA-M, 2019.

HNuTepHeT-pecypebl

1) www.fcior.edu.ru (MabOpMaIInOHHBIE, TPEHUPOBOYHBIC U KOHTPOJILHEIC
MaTepuabl)

www.school-collection.edu.ru (Equnas komiekuu nqudpoBsix 00pa3oBaTEIbHBIX
PECYpPCOB).

2) http://www.mathnet.spb.ru/

3) http://www.exponenta.ru/educat/class/class.asp

4) http://www.mathem.h1.ru/index.html

5) http://www.bymath.net/studyguide/tri/tri_topics.html
6) http://festival.1september.ru/
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	Интегрирование по частям.
	Разделяем переменные:
	Подставляем полученное соотношение в исходное уравнение
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