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MeTtoauueckue PpEeKOMEHIAIMHA IS IPOBEACHUS IPAKTHYCCKHX pPadoT 110
yueoHor gucnumumiae EH.00.01 Marematnka mis  crnenmansHocTH  38.02.01
DKOHOMUKA M OyXTaJlTepCKuil yueT (Mo oTpacisaM), IpeaHa3HAUYCHBI ISl 3aKPETUICHHS
3HAHWH 110 U3y4aeMOMY MaTepuainy U GOPMHUPOBAHHUIO YMEHUH, a TAKXKE I IPOBEPKH
YCBOCHUS TEOPETHUECKOT0 MaTepHalia 1 yMEHHUH PeIiaTh pa3IMYHbIC MATEMAaTHUCCKHEC

3aJ1a4ui.
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O0J1acTh NpUMEHEeHUsI METOAMYECKUX YKA3aHU I

MeTtonuueckue ykazaHUs JUIsl BBIOJIHEHHS MPAKTHUYECKUX pabOT SBISIOTCS
4acCThIO IPUMEPHON OCHOBHOM MpodecCHOHATIBHOM 00pa3oBaTeILHON MPOTrpaMMbl B
cootBercTBHU ¢ PI'OC mo cnemmanbHOocTH CIIO 15.02.12 MoOHTAaXK, TEXHHYECKOE
00C/Iy’)KHBAaHHUE U PEMOHT NPOMBIIIJIEHHOT0 000pyA0BaHus (110 OTPACJIAM).

Hean u 3a1a4n MeTOAUYECKUX YKA3AHU /151 BBINIOJIHEHUS] TPAKTHYECKHUX

paoor:
B pe3ynbraTe ocBoeHUs yueOHOM TUCHUIUIMHBI 00yUYatOIIUNCS T0KEH YMETh:
- BBITIOJIHSATH OIEpalMy HaJl MaTPULAMH U PEIIAaTh CUCTEMbI JIMHEWHBIX YPaBHEHUH;
- pelaTh 3a7a4u, UCIOJb3ys YPaBHEHUS MPSMbIX U KPUBBIX BTOPOrO MOPsi/IKa Ha
IUIOCKOCTH;
- IPUMEHSITh METO/IbI TP PEepeHIInaTIbHOTO U UHTETPAIbHOTO UCUUCIICHHUS;
- pewiath U@ depeHuraIbHble ypaBHEHUS;
- TI0JIb30BATHCA MOHATUSIMA TEOPUU KOMIUIEKCHBIX YUCEIL.
B pe3ynbrare ocBoeHUs yueOHOM TUCIMITIMHBI 00YYarOIIUIACS JOMKEH 3HATD.
- OCHOBBI MATEMAaTHUECKOTO aHAIIN3a, TMHEHHOW areOphl M aHATUTUIECKON
TE€OMETPUHU;
- OCHOBBI U (D PepeHIInaTbHOrO U UHTErPATbHOTO UCUUCIICHHUS;
- OCHOBBI TEOPUHU KOMIUIEKCHBIX YUCEIL.
®opmupyemMble KOMIIETEHIIUH

OK 2. OcymecTBisiTh NOWCK, aHajdu3 M UWHTEpHpeTanvio uHdopmaruy,
HEOOXOIMMOM JIJ1s1 BHITTOJTHEHUS 3a7a4 MPOo(EeCCUOHATBHOM e TEIbHOCTH.

OK 4. PaboTtath B KOJUIEKTUBE 1 KOMaH/E, 3 (HEKTUBHO B3aMOJICHCTBOBATH C
KOJJIETaMH, PYKOBOJICTBOM, KJIUEHTaMHU.

OK S. OcymecTBiasiTh YCTHYHO M DMCbMEHHYIO KOMMYHMKALIMIO Ha
rocyJlapcTBeHHOM si3blke Poccuiickoit dexeparuu ¢ yd4eToM OCOOEHHOCTEH
COLIMAJIBHOTO U KYJIBTYPHOTO KOHTEKCTA.

OK 8. Hcnonb3oBaTh cpenctBa (pU3MUYECKON KyIbTYPHI JUISI COXPAHEHHS U
YKpEIUIEHHS 3I0POBbs B IIpoliecce NpodhecCHOHaIbHOU ASSTENbHOCTH U MO AJIEPKAHUS
HEOOXOMMOT0 YPOBHS (PU3MUECKOM MOArOTOBIEHHOCTH.

IIK 1.1. O6pabaTheiBaTh NEPBUYHBIC OYXTAITEPCKUE TOKYMEHTHI.

IIK 1.2. Pa3pabarbiBaTh M COIJacOBBIBaTh C PYKOBOACTBOM OpraHU3alMU
pabounii aaH cyeToB OyXTraJlTepCKOro yueTa OpraHu3aluu.

K 1.3. IlpoBoauTh y4Ye€T JEHEXHBIX CPEACTB, OGOPMIIATH JCHEKHbIE U
KaCCOBBIE JJOKYMEHTBI.

K 1.4. ®opmupoBaTh OyXrajrepcKkue IMPOBOJKH IO YYETy aKTHBOB
OpraHu3alMKi Ha OCHOBE padOYero miaHa CYeTOB OyXrajaTepCcKOro y4yera.

MK 2.1. ®opmupoBath OyXTaJTepCKUE€ MPOBOJAKA TO Y4YETy HCTOYHHKOB
AKTUBOB OPraHMU3AIlMU HA OCHOBE pabOyYero IiaHa C4eToB OyXTaJITEpPCKOro y4dera.

IIK 2.2. BpIOJHATE INOPYYEHHS PYKOBOJACTBA B COCTABE KOMMCCHM IO
WHBEHTApU3ALMU aKTUBOB B MECTaX UX XPAaHEHUS.

IHK 2.3. IIpoBoauTh NOATOTOBKY K HWHBEHTapU3allMM W  NPOBEPKY
JIEHCTBUTEILHOTO COOTBETCTBUSA (DAaKTHUUECKUX JAHHBIX WHBEHTAPU3AINH JaHHBIM
ydera.



IIK 2.4. OTtpaxkaTh B OyXTraJITepCKUX MPOBOJKAX 3a4YET U CIIMCAHUE HEAOCTaYu
IEHHOCTEH (peryaupoBaTh HHBEHTapHU3AIMOHHBIC pPAa3HUIBI) [0 pe3yJibTaTaM
VHBEHTAPU3ALUY.

IIK 2.5. [IpoBoauTh mpoleaypbl HHBEHTapU3allui (PMHAHCOBBIX 00s13aTEIHCTB
OpraHHU3alnH.

K 3.1. ®opmupoBaTh OyXraaTe€pcKhe€ MPOBOJKH IO HAYUCICHUIO U
IEPEYUCIICHUIO HAJIOTOB U COOPOB B OI0OKETHI pa3IUUYHbIX YPOBHEM.

K 3.2. OdopmisATh MaTeXHbIE JOKYMEHTBHI JJI1 MEPEUYHUCIICHUsS HaJIOroB U
cOOpoB B OIOJKET, KOHTPOJUPOBATH HMX MPOXOXKIEHHE IO PacCUETHO-KACCOBBIM
OaHKOBCKHUM OIEpaIUsIM.

K 3.3. ®opmupoBaTh OyXraaTepcKhe MPOBOJKH IO HAYUCICHUIO U
MEPEUUCIICHUIO CTPAXOBBIX B3HOCOB BO BHEOIO/IXKETHBIE (POH/IBI U HAJIOTOBBIE OPTaHBbI.

IIK 3.4. OdopmiaATh IIATEKHBIE JOKYMEHTHl Ha MEPEUYHUCIECHUE CTPAXOBBIX
B3HOCOB BO BHEOIOJKETHbIE (POHIBI M HAJIOrOBBIE OPraHbl, KOHTPOJIUPOBATH HX
IPOXOK/ICHUE IO PaCYETHO-KACCOBBIM OAHKOBCKUM OTIEPALIHSIM.

IIK 4.1. OTpaxkaTh HapacTarollMM UTOIOM Ha CYeTax OyXrajaTepCKOoro ydera
UMYIIECTBEHHOE M (DMHAHCOBOE IMOJIOKEHUE OpPraHU3alliy, ONPEAEIsTh Pe3yJIbTaThl
XO3SIMCTBEHHOW IEATEIBHOCTH 3a OTYETHBIN IEPUOJ.

K 4.2. CocraBmare Gopmbl OyxranTepckoi (PpUHAHCOBOW) OTYETHOCTU B
YCTaHOBJICHHBIE 3aKOHOJATEIBCTBOM CPOKH.

IIK 4.3. CoctaBisiTh (0OTUYETHI) M HATOTOBBIE ACKIapalliy 10 HajoraMm u coopam
B OIOJKET, YUMThIBas OTMEHEHHBIN enuHbIA conuanbHbii Hamor (ECH), ortueTs 1o
CTPaxOBbIM B3HOCaM B IOCYJapCTBEHHbIE BHEOIOKETHBIE (POHIBI, a TaKxke (HOPMbI
CTaTUCTUYECKON OTYETHOCTH B YCTAHOBJIEHHBIE 3aKOHOIATEILCTBOM CPOKH.

K 4.4. IlpoBoauTh KOHTPOJb W aHAIW3 HUH(OpManuu 00 aKTHUBax U
(pMHAHCOBOM MOJIOKEHUU OPTaHU3AlINH, €€ MIIATEKECITIOCOOHOCTH U IOXOTHOCTH.



Pexomenayemoe KOJIMYECTBO YaCOB HA OCBOEHHME padoyeil mporpaMMbl y4eOHOM

AUCHUNJIMHBI:
Bcero 72 waca, camocrositenbHas paborta 2 wyaca, KoHcyidbTanuu 4 yaca,

ay/IUTOpHAas Harpy3ka 66 4yacoB, U3 HUX: JIEKIIMOHHBIE 3aHATUSA 32 yaca, IPaKTHYECKHE

3aHgaTHuA 34 4gaca.

Ilepeyenb npakTHyecKnx padoT

No Tema HasBanue paboThl
. Omnepanuu Hag MaTpuliaMu. Berarcnenue
1. | Jluneiinas anre6pa patl /i MatpHil
OTIpEJICTUTENICH BTOPOTO U TPETHETO MOPSIIKA.
. Pemenue cucrem ypaBHeHUU o (popmyiam
2. | Jluneiinas anrebpa yP bopmy
Kpamepa u merogom ["aycca.
JlercTBUS HaJl KOMIUIEKCHBIMU YHUCJIaMH B
3. | KommekcHble ynciia .
pPa3TUYHON 3aMHCH.
IIpenen ¢pynkuuu. [Ipon3BoaHas CoxKHOU
4 Auddepenunancroe q)pHKHI/IjIP yI/ICCJIe,IIOBEHI/Ie (GYHKIIUHU C TTIOMOIIBIO
" | mcunucnenue Y o Y
MIPOU3BOAHON U MTOCTpOEHHUE TpaduKa.
Bropas npousBonnas. [{uddepennnan. Pemenne
Huddepenuuanbaoe past ip HMubdep
S. MPUKIIAIHBIX 337124 C UCTIOIH30BaHUEM DJIEMEHTOB
WCUYHUCIICHHE
niddepeHInaTbHOr0 HCYUCICHUS.
HNuTerpansHoe
6. PaznuuHbie METOTBI HHTETPUPOBAHMSI.
HCUYHUCIICHHE
Brrauciienre HeonpeaeIeHHOTO HHTETpasa.
HNuTerpansHoe
7. BriuncnieHne onpeneneHHoro MHTerpana.
HCUYHUCIICHHE .
Boluncnenue miomajien miockux guryp.
3 HNudbdepenunansupie Juddepennnanbupie ypaBHEHUsI TIEPBOTO
ypaBHEHUS NopsiIKa.
9 HNuddepennnansubie Judbdepennnanbupie ypaBHEHUsI BTOPOTO
" | ypaBHEHUS NopsLAKa.
10. | Paner HccnegoBanne YMCIOBBIX PSIOB.
11. | YuciieHHbIE METOIbI HaxosaeHnre npou3BOAHON YHCJICHHBIM METOIOM.
Yucnennoe peurenue quddepeHnnaibHoro
12. | YucneHHble METOIBI p A pepern
ypaBHEHUSI.
. | OcHoBHBIE (hopMyIibI KOMOMHATOpUKHU. Pelienne
13. | Teopust BeposATHOCTEMN
3a/1ay.
. | Kimaccuueckoe onpeneneHre BEpOsITHOCTH.
14. | Teopus BeposiTHOCTEH
Pewenue 3amay.
15. | Teopust BeposiTHOCTEH | BbhlunciaeHrue BEpOSITHOCTEH CIIOKHBIX COOBITUH.
16. | Teopus BeposiTHOCTEH | BhlunciaeHne YMCIOBBIX XapaKTEPUCTUK BIOOPKHU.
17. | Teopus BepositHocTedl | [TocTpoeHHe MOMUTrOHa, TUCTOIPAMMBI.




IIpakTnyeckas padora Ne 1
no teme «Onepauuu HaJg MaTpuuamMu. Boluuciienue onpeaenuresieid BTOPOro u

TPETHero MopsaaIKa.»
Ienb: Hay4YNUTHCS BBIUUCIAT ONPEAECIUTENN BTOPOTO U TPETHErO NOPsIKa.
Bpemst BoinosiHenus 90 MunyT

MarepuajibHoe o0ecnevyeHmne
1. TeopeTnueckue cBeieHus
2.3aanue
3.JIuct A 4
4. KanpKynsTopbl
Iopsinok BeINMOJIHEHUsI padOTHI
1.M3yunth 3ananue
2. 3y4nTh TEOPETUYECKHUE CBEACHUS
3. Boemonauts 1 0hopMUTE padoTy
4.1Toka3aTpk pe3yJbTaThl IPENOAABATEIIO
JlomamiHee 3a1aHue
1.IToAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Xoxa padoTbl
Teopernueckue cBeIeHUA
Omnpenenenne. Marpuueir pazmepa MxN, rae M- YUCIO CTPOK, N- YHUCIO
CTOJIOLIOB, HA3bIBAETCS TAOJIMIIA YUCEN, PACIIONIOKEHHBIX B ONPENEIEHHOM MOPSJIKE.
OTH 4YKucia Ha3bIBAIOTCS JJIEMEHTaMH MaTpulbl. MecTo KaXIoro 3JIeMeHTa
OJIHO3HAYHO OIpPEAEIIAETCS HOMEPOM CTPOKH U CTOJIOIA, HA MEPECEYEHUN KOTOPBIX OH
HaXOJUTCS. DJIEMEHTHl MAaTPHUII 0003HAYAIOTCS djj, TAE I- HOMEP CTPOKH, a J- HOMEp
cToJIOIIA.

ay 4y ... 4y,

Buabsl maTpuig

Martpuia MOXKeT COCTOSITh KaK U3 OAHOW CTPOKHU, TaK U U3 OJHOro crondua. Boobuie
rOBOpsI, MaTPHIIA MOXKET COCTOATH JaX€ U3 OJTHOIO AJIEMEHTA.

Onpenenenne. Ecnu yncno cToaOIOB MaTpullbl paBHO YHCIY CTPOK (m=n), TO
MaTpHIa Ha3bIBAETCSl KBAJAPATHO.

Onpeaenenne. MaTtpuna Buaa:

1 O 0
0 1 0

= E’
0 0 .. 1

HA3bIBACTCS eAUHUYHON MATPULICH.



Omnpeaesenne. Ecnu ann = aym , TO MaTpUIla HA3bIBAETCA CUMMETPHYECKOM.

2 1 5
[Tpumep. 1 3 6 |- CHUMMCTpHYECKas MaTpula
5 6 4
a, 0 0
Onpenenenne. Kpagparnas MaTpuia Buaa 0 an . 0 Ha3bIBACTCS
0 O a

AMATOHAJIBLHOM MaTPUILICH.

JedcTBUsA ¢ MATPULIAMU

CJ10:keHHe ¥ BBIYMTAHME MAaTPHUI] CBOJUTCS K COOTBETCTBYIOIIUM OIEpaIisM Hal
ux sneMeHTaMu. CamMbIM TJIaBHBIM CBOMCTBOM ATHUX OIE€pAIUi SABJISETCS TO, YTO OHU
onpeodesieHbl MmoJibKo 01 Mampuy 00UHAK08020 pazmepa. Takum o0pazoMm,
BO3MOYKHO OIPEICIUTh ONEPaAlUM CIIOKEHUS U BBIYUTAHUS MATPHUIL;

CymMoii (Pa3HOCTBIO) MATpPHUIL SIBJIIETCS MATPUIA, SJIEMEHTAMH KOTOPOU SIBJISIIOTCS
COOTBETCTBEHHO CyMMa (Pa3HOCTb) 3JIEMEHTOB UCXOAHBIX MATPHII.

Cij = ajj £ bij

C=A+B=B+A.

Onepanusi yMHO:KeHHMsl (JieJieHrsl) MaTpHUIllbl JIIOOOr0 pa3Mepa Ha MPOU3BOILHOE
YUCJIO CBOJUTCS K YMHOXEHHUIO (JAECIEHUI0) Ka)KIOTO 3JIEMEHTa MAaTpHUIlbl Ha 3TO
YUCJIO.

oa, oa, .. oa,
od = oa, Od, .. 0d,,
oa, od,, .. Od,,

o (A+B) =0A £ oB
A(otp) = aA £ BA

1 2 3 1 3 4
Ipumep. Janb matpunist A= |2 1 4|;B=1|5 7 8|, naiitu 2A + B.
3 23 1 2
2 4 6 3 7 10
2A=4 2 8], 2A+B=19 9 16
6 4 6 7 6 10

IIpousBenenuem matpuir A-B = C; Ha3pIBaeTCsI MaTpuIia, 3JIEMEHTHI KOTOPO MOTYT
ObITh BBIYUCIICHBI 10 CleaytommM Gopmynam: ¢, = a, -b,;

k=1
N3 mpuBeieHHOro omnpeieNieHus BUAHO, UTO ONEepalis YMHOKEHUS MATPHUII

olpeziesieHa TOIbKO JIsl MAaTPHLL, YMCJI0 CTOJIOLOB NEePBOii U3 KOTOPBIX PABHO
YHCJLYy CTPOK BTOPOM.



Omnpenenenne. Marprny B Ha3pIBalOT TPAHCIIOHMPOBAHHOM MaTpULEH A, a
nepexoz oT A x B TpaHCIIOHMpOBaHUEM, €CIIM 3JIEMEHTHI KaXKI0M CTPOKH MATPULIBI
A 3anucarb B TOM K€ OPSAJIKE B CTOJIOLBI MaTpHIlbl B.

a4y ay, dy Ay
A= Ay Ay e Ay, |, B=AT= a, dy
aml am2 amn aln aZn
APYTHUMH CIIOBaMH, Dji = aj.
1 0 3
Ipumep. J[lanet Matpunst A=|2 4 1(,B
1 -4 2
A"B+acC.

I 2 1 I 2 1 1
AT=10 4 —4|; AB=|0 4 —4|3]|=
31 2 31 2 2

~2 9) (-2 7
aC=|4|; A™B+oaC=|4 |+ 4 |=]|38
2 10 2 12

1-1+2-3+1-2 9
0-1+4-3-4.2| = 4 |;

3-1+1-3+2-2

Ipumep. Haiitu npoussenenne matpun A = (4 | uB=(2 4 1).

1 1.2 1-4 11} (2 4
AB=|4[-2 4 1)=|4.2 4.4 4.1|=|8 16
3 3.2 3.4 3.1) (6 12

3

1

4.

3

1
BA=(2 4 1)|4|=21+44+13=2+16+3=21.
3

Ipumep. Haiitu npoussenenne marpun A=(1 2), B= G 2]

AB= (1 2)-@ 2J:(3+10 4+12)= (13 16).

Onpez(e.]mTe.JIeM BTOPOro mopsaaxa HAa3BIBACTCA YHCIIO, KOTOPOC IIOCTABJIICHO B

a,
COOTBETCTBHUE TaOIUIbI KOPPUIUEHTOB

by

a, b,

Mo ClIeyIOUIEMY MPaBUITY: MPOU3BEACHHE 10 TJIABHOW JUaroHaiau Oepercs co
3HAKOM ILTIOC, 110 APYTrol JUAroHajau cO 3HAKOM MHUHYC.



a, b
: "= albz — azbl

a, >

H“I/IMCQI BBIYHCJIIUTB OIIPCACIIMTCIIbL BTOPOTO ITOPAAKA

2 4
1) =2-2-3.4=4-12=-8
3 2
-1 -2
2) 3 ‘:—1-1—3-(—2):—1+6:5

OHpeI[eJII/ITeJIeM TPETHEro NOpPAAKa Ha3bIBACTCA YUCIIO, KOTOPOC IIOCTAaBJICHO B
COOTBETCTBHUE TAOIUIHI KOIPPHUIIMESHTOB 10 CICAYIOIIEMY MTPaBUITY:

a b ¢

a, b, c,|=ab,c;+a,byc,+abc,—a,b,c,—ab,c,—a,bc,

a; by ¢

910 OIIPCACICHUC OIIPCACIUTCIIA HAIJIAAHO MOXHO IIPCACTABUTh CICAYIOIINUM

obpazom:
b, ¢
b, ¢,
by ¢

DTO mpaBWiia Ha3bIBaKOT eule «lIpaBuino TpeyroapHuKa»
IIpumep. BerancanTe onpeaenurenb TPETHETO MOPsSIKa

3 2 1

2 4 5|=3-4-3+2-2-1+1-2-5-1-4-1-2-2-3-3-2-5=
1 2 3

=36+4+10—-4-12-30=4

Cucremoil JTMHENHBIX ajredpanyecKuX ypaBHeHHU M, COAECPKAILLEH m YpaBHEHUN U
1 HEU3BECTHBIX, HA3BIBAECTCSI CUCTEMA BUA!

ai1xX1 + a12X9 + .-+ AinXn = bl

az1X1 + Ay7XH + -+ AoynXn = bz

Am1Xy + Xy + o QX = by
rie uucia aij , 1 = I,m, | =1,n Ha3pIBatOTCA KOA(MPHUIIMEHTAMU CUCTEMBI, Yrcia b —
cBoOoaHBIME uneHamu. [loanexar HaX0XKACHUIO YUCTA X,,.



3neck A — maTpuna Ko3(PpQPUIIUEHTOB CUCTEMBI, Ha3bIBAEMasi OCHOBHOU MAMpPUYel:

a1 ai; Ain
dz1 Q22 ... A2
A=
AGm1 Am2 - Qmn
X1
X2
X = — BEKTOp — CT0JI6€el] U3 HEU3BECTHBIX X;
xn
by
b,
B = — BEKTOp — CT0J16€el] U3 CBOGO/IHbIX YIEHOB b;
bm

[Ipoussenenne matpui A * X onpezaeneHo, Tak Kak B MaTpuiie A CTOJ01IOB CTOJIBKO
e, CKOJIbKO CTPOK B MaTtpule X (7 WTyK).

Pacwiupennoii MaTpyIIeH CUCTEMbI Ha3bIBAETCA MATPUIIA A CUCTEMBI, IONOMTHEHHAS
CTOJ01I0M CBOOOIHBIX YJICHOB

ay; Qi .. Qip by
- _[ax az .. azy by
A=

aml amZ amn bm

Pewenuem cucmemvl Ha3bIBACTCS 1 3HAUCHUN HEU3BECTHBIX X1 =C1, X2 =C2, ...,
Xp = Cp, IPU MOACTAHOBKE KOTOPBIX BCC YPABHCHHA CUCTCMBI 06pa1ua}0TC$[ B BCPHBIMHU

paBeHCTBa. Besikoe pelreHne CHCTEMbI MOYKHO 3aIlicaTh B BUJIC MATPHIIBI-CTOI01Ia
€1

Cucrema ypaBHCHHI Ha3bIBACTCS COBMECHIHOU, €CITA OHA MMEET XOTs OBl OJHO
pelleHre, U HecO6MeCmUMOl, eCI OHA HE UMEET HU OJTHOTO PEIICHHS.

CoBMecTHas cuCcTeMa Ha3bIBACTCS 0NpedeiéHHOU, €CITN OHA UMEET €TMHCTBEHHOE
pelieHue, U HeonpeoeléHHoll, €ClId OHa UMEET OoJiee 0JHOro pemieHus. B mociegneM
cly4ae Kaxaoe e€ pelleHHe Ha3bIBaeTCsl YACMHbIM — peuileHueM CHUCTEMBI.
COBOKYITHOCTB BCEX YAaCTHBIX PEIICHUI HA3bIBACTCS 0OWUM peLleHUeM.

Pewumb cucmemy — 3T0 3HAUUT BBISICHUTH, COBMECTHA OHA MJIM HECOBMecTHA. Eciu
CHUCTEMa COBMECTHA, HalTH €€ 00l1ee perieHue.

JIBe crcTeMbl Ha3bIBAIOTCS 2K8UBAIEHMHbIMYU (PABHOCUIIBHBIMU ), €CITH OHU UMEIOT
OJIHO M TO ke oOmiee permieHue. JIpyrumMu cIioBaMu, CUCTEMbl SKBUBAJIECHTHBI, €CIIH
Ka)X/10€ pelIeHNe OAHON U3 HUX SIBIISIETCS pEIICHHEM JPYTroi, 1 Ha000pOT.

DOKBUBAJICHTHBIE CHCTEMBbI TMOIYYalOTCs, B YAaCTHOCTH, TPHU IJIeMEHMAPHbIX
npeodpa308anuUsAX CUCTEMBI MPU YCIOBUH, YTO TIPEOOPA30BAHUS BBIMOIHSIIOTCS JIUIIb
HaJl CTPOKaMH MaTPHIIHIL.



Cucrema JUHEHHBIX YpaBHEHHMI HA3bIBAETCS OOHOPOOHOU, €CIH BCE CBOOOJIHBIE

YJICHBI PaBHBI HYJIIO!
a11x1 + a12x2 + -4 alnxn = 0
OI[HOpOI[Haﬂ CHUCTEMa BCceraa COBMECTHA, TaK KaK X1 =— X2 = ... = X, — O ABJISICTCA
pPCHICHUCM CHCTCMEIL. STO PCHICHUC HA3bIBACTCA HYJ/1e6biM NN MPUBUATbHHIM.
2x1 —x, =0
1 2

Ilpumep 4.3. PemuTh cucteM

p p y x1 + 3x2 = 7

Pentenne: A= ﬁ _31| =7+0, A= |g _31| =7, A,= ﬁ g =14

7 14
3Ha‘II/IT,x1=;=1, x2=7=2

IMIpasuno Kpamepa

Teopema. Cucmema u3z N ypagnenuti ¢ N Heus8eCMHbIMU
a,x, +a,x, +..+a,,x, =b,
Ay X, +ayx, +..+a,x, =b,

a,x, +a,x,+..+a,x, =b

nn"n n

8 ciayuae, eciu onpeoeiumendb MAampuybl CUCMEMbl HE paABeH HYI0, UMeem
eOUHCMBEHHOE peulenHue U MO peuleHue Haxo0Uumcs no Gopmyniam:
Xi = Ai/A, 2oe

A = det A a A — onpederumeny mampuyst, noay4aemou u3 Mampuybl CUCMEMbl
3amenotl cmoabya J cmondbyom c60600mbIxX unenos by
CyTb Memooda I'aycca 3axito4aeTcs B MOCIEI0BATEILHOM UCKIFOUEHU T
HEU3BECTHBIX.

PaccmoTpum cucteMy JTMHEHHBIX YPAaBHEHUN:

a, x, +a,x, +..+a,x, =b,
Ay X, +ayx,+..+a,x, =b,

a, x, +a,,x,+..+a, x, =b

mn n m

Paznenum 06e yactu 1-To ypaBHeHUs Ha ap1 # 0, 3aTeM:

1) yMHOKHM Ha a1 U BBIYTEM U3 BTOPOTO YPaBHEHUS

2) YMHOKHUM Ha a31 U BBIUTEM U3 TPETHErO YPABHEHHUS U T.J.
[Tonyunm:

X, +dyx, +..+d, x, =d,

1n"¥n

d,x, +d.x;+...+d, x =d ;
272 23°Y3 2n"¥n 2 , TIe dl] = alJ/alll J - 2, 3, ceey n+1

d
dij = aij — aiath i=23 ..,n j=2,3, ..,ntl

X, +d, s +..+d, x, =d,

m2



Jlanee moBTOPSIEM 3TH K€ ACUCTBUS U1l BTOPOrO YPABHEHHS CUCTEMBI, IOTOM — JUIS
TPETBHETO U T.JI.

K sneMeHnTapHbIM peoOpa3oBaHUsIM OTHOCATCS:

1) IlpubGaBnenue k 06€MM YACTSAM OJIHOTO YpaBHEHHUS COOTBETCTBYIOIIMX YacTeu
JIPYroro, yMHOEHHBIX Ha OJTHO U TO K€ YHCJIO, HE PABHOE HYJIIO.

2) TlepecTaHoBKa ypaBHCHHI MECTaMH.

3) VYnaneHue U3 CHCTEMbI YPaBHCHHUH, SBISIOIIUXCS TOXKICCTBAMH JJISI BCEX X.
3aganus 1A NPoBeJeHUs NMPAKTUHYECKON padoThl

1.BpIUMCANTE ONpEeNEenuTeN BTOPOro MopsiIKa:

K, ) 1

- 2+ 1 5
1) A= " "2 , 2)A=| 3 5 ,3)A= 9% k,-64°¢
K, K, 3.x, 6 (0,5)73 \/4_2

2.BBpIUACIUTD OMPEICIUTENN TPETHETO MOPSIKA!

-1 3k, 2 3k, 4 -5 1 -2 x,-x,
DA=|2 8 «,|, 2)A=|8 Tk,-2 -2/, 3 A=3 x, -5
1 1 2 2 -1 8 2 K, 5
3.Pemuth cucremy ypaBHeHuit merogoMm Kpamepa, caenaTh IpoBEpKY:
2X+y+3z2=17, 2X—-y+22=3, X-y+2=12, 2X—Yy+3z=-4,
1.2x+3y+z=1 2iX+Yy+22=-4, 34X+2y+472=06, 4{x+3y+3z=11
3X+2y+12=06. 4X+Yy+4z=-3. 5x+y+2z=3. X—2y+2z=-1.
3Xx—-2y+4z=12, |[8x+3y—-6z=-4, [4x+y-3z=09, 2X+3y+4z =33,
543X+4y—-22=6, 6:X+Yy—-2=2, TaX+y—2=-2, 847X -5y =24,
2X—-y—72=-9. 4x+y—-3z=-5. 8x+3y—-6z=12. 4x+11z = 39.
2X+3y+4z =12, X+4y—27=6, 3X—-2y+4z =21, 3x—-2y -5z =5,
947x-5y+2=-33, 1045y+4z=-20, 1143x+4y—-2z2=9, 1242x+3y—-4z =12,
4X+z=-1. 3X—2y+5z =-22. 2x—-y—-1z=10. X—-2y+3z=-1
4x+y+4z =19, 2x—Yy+2z=0, 2X—y+22=8, 2X—y—-32=-9,
13:42x—y+2z=11, 14:4x+y+4z=6, 154x+y+2z=11 16<x+5y+2z=20,
X+Yy+2z=8. X+Yy+2z=4. 4dx+y+4z7 =22, 3X+4y+2z=15.
2x—-y—-3z=0, —-3X+5y+6z=-8, X+Yy+z=-4, X-y+z=-11,
1793x+4y+2z2=1 18:3x+Yy+2z=-4, 194-3x+5y+62=36, 20:5x+Yy+2z=38,
X+5y+z=-3. X—4y -2z =-9. X—4y-2z=19. X+2y+4z =16.
3X—-y+z=9, 2X+3y+z2=4, 2X+3y+1z=12, X—2y+3z=14,
2135x+y+22=11 2292Xx+y+32=0, 2342X+Yy+3z=16, 24:2x+3y—4z=-16,
X+2y+4z=19. 3X+2y+z=1. 3X+2y+z=8. 3x—2y—-5z=-8.




3X+4y—-2z=11, X+5y—-6z=-15, 4x -y =-6,
25:2x—-y—-272=4, 263X+ y+4z =13, 2743x+2y+52 =-14,
3Xx-2y+4z=11. 2x—-3y+z=09. X—-3y+4z=-19.
5x+2y—4z =-16, X+4y—z=-9, TX+4y—1z =13,
284X +3z =—6, 294X -y +52=-2, 3043x+2y+3z =3,
2x—-3y+z=09. 3y—7z=-6. 2x -3y +z=-10.
Bapuanm | «, k, | Bapuanm | «x, K, Bapuanm Ky K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KOHTpOJILHbIe BOIIPOCHI:

Uto Ha3bIBaeTCS ONpEIeNUTEIEM MaTPUILbI?

Kak BbrunciuTh onpeaeanTesb BTOPOro nopsijaka’?

Kakue cnocoObl BEIYMCIEHUST ONPEACIUTENSI TPETHETO MOPSAKA BaM U3BECTHBI?
[Iepeuncnure CBOMCTBA ONMPEICITUTEIICH.

Chopmynupyiite Teopemy Kpamepa.

Anroput™ npuMeHeHus metoaa ["aycca.

OTBeThI
Bapua 1 3aganne 2 3a1aHne Bapua | 1 3amaHue 2 3aJaHue
HT 1 2 3|1 2 3 HT 11231 2 3
1. - 6 - - - |12 | 16. - 163 - |-89] -100 | 10
1 18 |84 | 220 | 7 1 24 9
5 0 6 4
2. - -63 - - | -68 | 55 | 17. - | - |68 |-72| -68 |45
3 24 | 63 4 | 65
2 4 0
3. - 6 - - | 237 | 26 | 18. -1 4| - |-b2] 232 |60
3 18 |10 | 2 1 1 11
9 0| 4 0 6
4 - -71 |-20| - | -68 | 63 | 19 1 - 114 -9 -68 | 59
45 6 79| 0




5. - -219 | - | - 12118 | 20. - 114 - |-64| -220 | 90
2 18 (94| 2 | 5 16 |11
4 0 0 6
6. - | -373 |-52| - | 402 | 14 | 21. 0| - |12 ]-21| 8092 | 85
4 20 8 | 5 92
0 5
7. 4 | -229 | 14 | - |130|-23 | 22. 2 | - |76 |-24| 2500 | 9
0 0 19| 8 9 130
2
8. - | 162 - | - - | 28 | 23. 4123120 |-16| 1308 | -
3 371131220 | 6 5|1 |4 85
0 2 | 8
9. 4 | -87 | 39|27 ]| -68 |-65| 24. 3| - |26 -68 | -9
8 6 2 83| 8
10. 4| -8 | 33|18 -68 |-35] 25. 0| - |12 |-20| 10628 | 90
0 2 60
0
11. 1] -304 |14 | - | 250 |-68 | 26. - 115 - -220 | 17
0 0 24| O 2| 8 24|10 2
0 4
12. - | -223 |-52| - | 130 | 91 | 27. 2| - |76 |-18| 1308 | 27
2 36| 8 0|22
0 7
13. 3| 156 | 20 | -8 | 452 | -27 | 28. 1122| - |-73| 1212 | 12
9 4 419 |11 3
6
14, 63 26 | 31| - |45 29. 8| - | - [-29)| 4028 | -
8 100 0|37|14 12
9 10 5
15. 4 | -377 | 76 | - | 402 |-15] 30. 3|65 |33 |46 | -100 | 55
0 26 | 8 0 2
BApUAHT 1 2 3 4 3)
A 12,36,24,1 | -6,12,18,2 -12,36,24,- | 8,-8,28,4 -60,0,240,-
2 12 300
X, Y, 2 3,2,1 -2,3,-1/3 3,-2,1 -1, 35, 05/0,-3,5
BapHUaHT 6 7 8 9 10
A -1,-1,-6,-5 |1,3,-6,-1 61,- 96,96,0,-
122,244,61 | 480




-261, -

1827,
1305, -261
X,Y,Z 1,6,5 3,-6,-1 7,51 -2,4,1 1,0,-5
BapHUaHT 11 12 13 14 15
A -60,- 58,174,116,0 |-6,-6,6,-24 |6,0,12,6 -6,-6,-12,-
300,60,-60 24
X,Y,Z 5-1,1 3,2,0 1,-1,4 0,2,1 1,2,4
BApUAHT 16 17 18 19 20
A 44 - -44,-44 44,-44 | -49,49, - 49,-109,- 27,0,270,-
44,176,44 245,294 651,782 27
X,Y,Z -1,4,1 1,-1,1 -1,5,-6 -109/49, - 0,10, -1
93/7, 782/49
BapHUaHT 21 22 23 24 25
A 27,9,- 12,-12,24,0 12,- -58,- -60,-180,-
60,156 12,36,60 58,116,-174 | 60,-60
X,Y,Z 1/3,- -1,2,0 -1,3,5 1,-2,3 3,1,1
20/9,52/9
BapHUaHT 26 27 28 29 30
A 104,208,- | 99,-99,198,- |67,-150,- 92,-92, - 102,0,306,-
104, 208 297 329,-84 184, 0 102
X,Y,Z 2,-1,2 -1, 2, -3 -150/67, -1,-2,0 0.3 -1
-329/67, Y

-84/67




IIpakTHyeckas padora Ne 2

no teme «Pemenune maTpuuHbix ypapHennid, CJIAY MaTpu4HBIM METOTOM).
Ieb: HayYUTHCS BEIYUCIISITE MUHOPBI, alreOpandecKkre JOMOJIHEHUS, HAXOIUTh

oOpaTHbIE MAaTPHIIbI, peliaTh IPoCcTeie MmaTpuunbie ypaBuenus, CJIAY

MaTPUYHBIM METOIOM.

Bpems BbinosHenus 90 MunyT
MarepuajbHoe o0ecnieyenmne

1. TeopeTtnueckue cBeICHUS

2.3ananue

3.JIuct A4

4. KanpKynsTopbl

Iopsinok BbIMOIHEHHS PadOTHI
1.13yunts 3ananue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUS

3. Bemonuuts 1 opopMHUTH paboTy
4.I1oka3aTp pe3yJbTaThl MPEIOIaBaATEIIO
JlomamiHee 3a1anue

1.IToAroToBUTH OTBETHI HA KOHTPOJIBHBIE BOITPOCHI
Xoxa padoTbl

Teopernyeckue cBeIeHUs

Munopom HEKOTOPOrO DBJIEMEHTA @jj ONPEHCIUTENA 71-20 TOPSALKA HA3bIBACTCS
J

onpeaenuTenb n — 1-To nopsiaka, MoJy4YeHHbIN U3 UCXOJHOTO MyTEM BbIUEPKUBAHUS

CTPOKM M CTOJOLIa, HA MEPECEYEHHH KOTOPBIX HAXOJIUTCA BBIOPAHHBIMA AJIEMEHT.

O06o3HavaeTcs mij.
a1 Q12 413
Tak ecnu A= Q21 A2 Az3|, TOMq = [

azr azs]
)
az1 dzz dzz

Ma, = |
azp; dzs 32

aiq
azq

a3
azs

Aﬂzeﬁpauuecmtm 0OnoJIHeHuem >JIEeMEHTa aij OLPCHCIINTEIII HAa3bIBACTCA €I'o
MHWHOD, B3SThI CO 3HAKOM «IUIC», CCIIN CYMMaA | + j — 4€THOE q1CJIOo, 1 CO 3HAKOM

«MHHYC», €CJIH 3Ta cymMMma HeuéTHas. O6o3Hadaercs Ajj: Ajj= (-1)'*) * m;;

Tak, A11 = +m11, Az = -m3p,

Ceoticmeo («Pa3znoxenue omnpenenuTens IO 3JIEMEHTaM HEKOTOPOIro psay).
Onpenenurens paBeH CyMME MPOU3BEACHHUM 3JIEMEHTOB HEKOTOPOro psaa Ha

COOTBCTCTBYIOIIUC UM aﬂre6pa1/1qec1<lxle JOITOJIHCHU .

[IpowmrocTpupyeM W OJHOBPEMEHHO JOKaXXEM CBOMCTBO 7 Ha MpUMEpe

omnpeaenuTens 3-ero nopsjaka. B aTom ciaydae cBOMCTBO 7 03Ha4aeT, YTo
a1 Q12 Q13
A= (A21 Q22 Q3| =aq1 * A11 + aqp * A1 + 443 x A13
azi1 A3z 0asz3
B camom pnene, umeem

A1 ¥ A1+ a4 ¥ A a3 x A3 ==a *azz a23| a (_|a21

11 * A11 12 * A12 13 * A13 1% g,,  dss 12 Qa1
Az1 Q22|

Q3 ** |as,  asyl = a11(az2a33 — Az3037) — A12(a21a33 — Az3a31) +

a;3(az1as; — azya3;) =

az3
ass



= (4107033 — Q1103303 — Q12051033 + Q12023032 + A1303103; — A13072037 = A

CBOWMCTBO COACPKUT B ceO€ COCOO BBIUYMCIICHUS OTPEICTUTENCH BRICOKUX

HOPSIAKOB.
IIpuMmep. Brruncinre onpenenurTens MaTPULIBL

3 5 7 8

-1 7 0 1

0 5 3 2

1 -1 7 4

Pemenue: /{51 paznokeHus onpeneanTesns oObIYHO BBIOMPAIOT TOT Psifl, T1I€ €CTh
HyJIEBBIE 3JIEMEHTBI, T.K. COOTBETCTBYIOILME UM CJlaraeéMble B pa3jioKeHuu OyayT

PaBHBI HYJIIO.
3 5

S0 e 5 7 8 5 7 8 5 7 8
0532=3*5 3 2|+1x|5 3 21+0x|7 0 1| —1=*
1 -1 7 a -1 7 4 -1 7 4 -1 7 4

5 7 8

7 0 1{=3* 7 *3 x4+ (-1)*0*x2+5*7x1-(=1) =3 *

5 3 2
1-7%7+2-5x0*4)+ 5«34+ (—1)*x7*2+5x%7x
8-(—-1)*3*8-5*x7x4-5x7x2)-(5*x0*x2+7xx1xx5+4+7 %

3x8-5*x0*x8-3x1x5-7x%7x%2)=122

Ceoticmeo. CyMMa MPOU3BEICHUN JICMEHTOB KaKOro- JHO0 psaa ONpeae/uTeNs Ha
anreOpanvecKue JTOMOJHEHHS] COOTBETCTBYIONIUX ASJIEMEHTOB MapaUIeIbHOTO psija
paBHA HYJIIO.

Tak, Hannpumep, a11d21 + a12d2 + ai13A23 = 0

Haxo:xnenune o0paTHoii MATPUIIBI.

all alz nnn aln

a21 azz e a2n
Ilycts A — KBajgpaTHas MaTpuLa #-ro nopsaaka A =

an1 QAp2 e Apm

KBagpaTHas maTtpuna A Ha3bIBAECTCS HEBbIPONHCOEHHOU, €CIV ONPEACINUTENb A =
det A ne paBen nHymo: A = det A = 0. B nporuBHOM citydae (A = 0) marpuma A
HA3bIBACTCS 8bIPOIHCOCHHOIL.

Marpuuei, corwsnoii K mampuye A, Ha3bpIBACTCA MaTPULIA

All A21 Anl
4 = A, Ap . Ay
A4, A, .. A4,
rae Ajj — anreOpanyeckoe [JONOJHEHUE 3JIEMEHTa aij JaHHOM MaTpuubl A (OHO

OTIpe/IeIIAETCS TaK )K€, KaK U alredpandeckoe JOMOIHEHUE 3JIEMEHTa ONPEISITUTENS).
Marpuna A™ HasbiBaeTcs 00pammuoii MaTpuIie A, €CIU BBINOJIHSIETCS YCIOBUE

A*Al=Al*A=E,

rae E — equnu4nas MaTpuia Toro xe nopsaka, uto u Marpuna A. Marpuna A umeer

T€ YK€ pa3Mepbl, 4YTO U Marpuna A.



N =

OoOparTHast maTpuua.
Teopema Bcsakas HegblpodicOenHas mampuya umeem oOpammuyro.

4t A 1 1 (ﬁu ﬁ21 ﬁ31>
= yT. €. = *| A1z 22 32
detA detA Ay Aps Ass
Ot™meTuM ceoiicmea 0OpaTHON MaTpPULIBL:
det (A1) =1/det A;
(A*B)t=B1* Al
(A= (A"

IMpumep. Haiitu A, ecnn A= (_21 i)

Pemenue: 1) Haxoqum det A: detA = _21 il =2+3=5+%0
2) HaXOI[I/IM A*Z A11: 1, A21 = -3, A12 =- (-1) = 1, A22 = 2,
nosromy A* = (1 _3)

1 2
3) Haxo I/IMA'l'A_l_l(l _3)— 1/5 _3/5
& ' T s5\1 2/ 1/5 2/5
[TpoBepka:
A*z_lK_(z 3)*(1/5 —3/5)_(2/5+3/5 —6/5+6/5)__(1 0)
~\-1 1/ \1/5 2/5/) \-1/5+1/5 3/5+2/5/) \0 1

=F
Ipumep. OmnpenenuTh Npyu KaKWX 3HAYCHHUSX O CYIIECTBYET MaTpuliia, oOpaTHas

JTaHHOM
1 -2 2
A= (a 3 0)
2 1 1

Pemenue: Bceskas HeBBIpOXKIEHHass Marpuila uMeeT oOparHyro. Haiiném
ONPEACIIUTENb MAaTPUIBI A

1 -2 2
AM=|la 3 0/=3-0+ 20-12-0 4+ 2a = 4a-9
2 1 1
Ecmu 40 /9 = 0, v. o = 9/4,/ro AA = 0, T.e. MmaTpuia A HEBBIPOXKICHHAS, UMEET

oOpaTHyI0.
IIpumep. [TokazaTs, uro MaTpuia A sBisieTcst oopatHoi st B, ecnu

1 1 1 3 -3 1
A=|1 2 3)|,B=|-3 5 =2
1 3 6 1 -2 1
Pemenue: Haiiném npousseaenne matui A u B:
1 1 1 3 -3 1
A«B={1 2 3]*|-3 5 =2
1 3 6 1 -2 1
3—3+1 -3+4+5-2 1-2+1 1 0 0
=|13-6+3 -3+10—-6 1-4+3|==({0 1 0)=E
3—-9+6 —-3+15-12 1-6+6 0 0 1
Ananoruyno B * A = E, cnegoBarensHo, MmaTpuna A ssisierca oopatHoit aiis B.



[TycTh naHa cucrema 7 JIMHEHHBIX YPaBHEHHUN C 71 HEM3BECTHBIMU
a11x1 + a12x2 + -+ alnxn = b1
a21x1 + azzxz + + aann == b2
Ap1X1 + AppXy + - AppXy = by
WU B MatpuuHoi popme A * X = B.

OcHoBHas MaTtpuna A Takod cucTeMbl KBaJpaTHasd. OnpenenuTesb 3TOM MaTPULIbI
all Er) aln

A=

Api - Qpn
Ha3bIBACTCS onpedenumenem cucmemvl. ECIH ONpeNeTUTeNlb CUCTEMBI OTIHYCH OT

HYJI, TO CUCTEMa HA3bIBAETCS HEBbIPOHCOEHHOU.

Haiiném pemenne nanHoOM CUCTEMBI ypaBHEHUH B cirydae A # 0.

VMHO)UB 006¢ yacTu ypaBHeHus A * X = B cnepa Ha Mmatpuny AL, momyunm A * A
* X =A"1*B. ITockonbky AT * A=EuE*X=X,10 X=A'*B.

OTbIcKanue pemieHus: cCucTemMsbl 1o dopmyse (4.1) Ha3BIBAIOT MaAMpuuHbiM CHOCOOOM
pEIIeHUs] CUCTEMBI.

3anaHus 1J15 BHINOJHEHUS NMPAKTHYECKO padoThl

3ananue 1
2 1 1 «k 1 -2 1 «k,
Jlanbl onpenenurenu: 1) A = 1 23 2)A= "2 3 2 :
Kk, 2 1 1 -3 -2 4
-2 1 3 -3 1 2 3 4

1) HaiiTu MUHOPBI M anreOpanyeckue JONOIHEHHUS SIEMEHTOB Uiy, dy,

2) BBIYHCIUTH ONPENCIUTENH, Pa3I0KUB UX IO dJIEMEHTaM a) I-0i CTPOKH, 0) J-T0
cTONIO1a

Bapuanrt K, K, I ] Bapuanrt K, K, i ]
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
13 -3 2 2 4 28 2 -3 4 2




14 -4 -1 1 2 29 -2 5 2
15 -1 5 3 1 30 -5 -1 1
k, —2 -1
3ananme 2. Jlana matpuna A= 2 1 2 |. Haiitu
3 -k, 4
a)A™ unposepumo, umo A-At= A" A=E
6) A+ A7
Bapuanm Ky K, Bapuanm Ky K,
1 3 -2 16 4 -1
2 4 1 17 5 1
3 3 -4 18 2
4 2 1 19 -2 1
5 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
8 6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 5 30 -5 -1
3ananme 3
1. PemmTh cucteMbl ypaBHEHHUH € TIOMOIIBIO OOpaTHOM MaTPHIIBl (MATPUYHBIM
METOJIOM).
2X+y+3z=7, 2X—-y+22=3, X—-y+1z=12,
1.142x+3y+z=1, 1.2X+Yy+22 =4, 1.34x+2y+4z =6,
3X+2y+2=6. AX+Yy+4z=-3. 5X+y+2z=3.
2X—-Yy+3z=-4, 3X—-2y+4z=12, 8x+3y—-6z=-4,
145x+3y+3z=11, 1.543x+4y -2z =6, 16:5x+y—-2=2,
X—2y+2z=-17. 2X—-y—-z=-9. 4x+y -3z =-5.
4x+y—-3z=09, 2X+3y+4z =33, 2X+3y+4z =12,
174x+y—-2=-2, 1.8.7Xx—-5y =24, 1.947x-5y+2z=-33,
8x+3y—-6z=12. 4x +11z = 39. 4x+z7=—1.




X+4y—1z=6, 3x—2y+4z =21, 3x—2y -5z =5,
1.1045y +4z =-20, 1.11:3x+4y—-2z=9, 1.12:2x+3y -4z =12,
3Xx—2y+5z=-22. 2x—-y—-1z=10. X—2y+3z=-1.
4x+y+4z =109, 2x—y+2z2=0, 2X—Yy+22 =38,
1.1342x—-y+2z =11, 1.14:4Xx+y+4z =6, 1155 x+y+2z =11,
X+Yy+2z=8. X+Yy+2z=4. AX+y+4z =22
2Xx—y-3z=-9, 2x—-y—-32=0, —-3x+5y+6z=-§,
1.16<x+5y+2z =20, 1.17:3x+4y+2z2 =1, 1.18<3X+ y+2z =4,
3X+4y+2z=15. X+5y+z=-3. X—4y -2z =-9.
3X+y+2z=-4, X—-y+z=-11, 3X—y+2z2=09,
1.194—-3x+5y+6z =36, 1.2045x+y+2z =38, 1.215x+y+2z=11,
X—4y -2z =19. X+2y+4z =16. X+2y+4z=19.
2X+3y+1z =4, 2X+3y+z=12, X—2y+3z =14,
1.22:2x+y+32=0, 1.23:2x+ Yy +3z =16, 1.24:2x +3y -4z =-16,
3X+2y+z=1. 3X+2y+z=8. 3Xx—-2y-5z=-8.
3x+4y—-2z =11, X+5y—6z =-15, 4X —y = -6,
1.2542x—-y—2z=4, 1.2643x+Yy+4z =13, 1.2743x+ 2y +5z = -14,
3x—-2y+4z=11. 2X—-3y+2=09. X—3y+4z =-19.
5X+2y -4z =-16, X+4y—-z=-9, 7X+4y—-27=13,
1.28: X+ 3z = -6, 1.29:54xX—-y+5z2=-2, 1.3043x+2y+3z2=3,
2Xx—-3y+z=09. 3y—-7z=-6. 2x -3y +z=-10.
OTBeTBI
3ananue 1
BapuaHT | Miz | My | Aiz | Ay A | BapuanT | Miz | My | Aiz | Ay A
1. -72 | 52 | 72 | 52 | 58 | 16. 33 15 | 33 | -15 | 24
50 | -30 | -50 | 30 | 160 25| 65 | 25 | -65 | 175
2 9 15 | -9 | -15 | 18 | 17. 27 | 26 | -27 | 26 | 14
-15 | 55 | -15 | -55 | 145 50 | -15 | -50 | -15 | 160
3 14 | -88 | -14 | 88 82 18. -19 5 -19 | -5 47
50 | 40 | 50 | 40 | 180 -12 | 60 | -12 | -60 | 120
4 -19 6 |-19| 6 26 | 19. 15 | -33 | -15 | 33 | 42
-19 | 10 | 19 | 10 | 115 2 | -15 | 2 15 | 55
5 7 10 | -7 | -10 | 70 | 20. -72 1 24 | 72 | 24 | 89
-11 | 75 | <11 | 75 | 170 50 10 | -50 | 10 | 130
6 36 | 54 | -36 | 54 | -90 | 21. 35 | 25 | -35 | 25 -
200
5 5 -5 5 | 100 15 | 15 | -15 | 15 | 115




7. 93 -6 93 -6 | -72 | 22. 74 | -10 | -74 | 10 -
106
50 | 10 | 50 | 10 | 85 10 | 40 | -10 | -40 | 100
8. 46 | -58 | -46 | 58 | -20 | 23. 44 | -6 | -44 | -6 | -86
-8 | -30 8 30 | 250 -33 | 10 | -33 | 10 | 80
9. -61 | -35 | 61 | 35 | 58 | 24. 27 | -73 | -27 | -73 | 50
-15 | 55 | 15 | -B5 | -5 50 | -15 | 50 | -15 | 25
10. 27 | -30 | -27 | 30 | 54 | 25. 258 | -5 |-258| 5 -
239
50 | 55 | -5- | -55 | 10 50 | 20 | -50 | -20 | 120
11. -39 | -78 | -39 | -78 - 26. -54 | -54 | 54 | 54 | 27
129
-40 0 40 0 | 100 -30 | -30 | 30 | -30 | 190
12. 21 | 12 | -21 | -12 | -30 | 27. 34| -6 | -34 | -6 | -58
7 -5 -7 5 | 100 -33 | 10 | -33 | 10 | 90
13. -40 0 40 0 -20 | 28. -13 | -115| 13 |-115] 110
-10 | 10 | 10 | 10 | 60 -11 | -35 | 11 | -35 | 135
14. -39 | -19 | -39 | -19 | 200 | 29. 21 | -15 | 21 | 15 -
186
50 | -25 | -50 | -25 | -25 5 35 -5 | -35 | 115
15. -34 | -10 | -34 | 10 - 30. -39 | -42 | -39 | 42 | 222
154
-47 | 35 | -47 | -35 | 110 50 | -25 | -50 | 25 | -50
3aganue 2
1 2 3 4 5
0 6 -3 6 9 -3 4 -4 3 6 9 -3 2 -5 3
%[—2 15 —a] ﬁ—‘_[—z 15 —a] ig[ 2 -15 8 7‘][—2 11 -6 I]:[ 2 -15 B]
1 -12 7 “l.5 3 7 5 18 -7)| " \-5 _4 ¢ 3 15 -7
6 7 8 9 10
14 13 -3 ~10 -11 3 0 6 -3 -6 -9 3 -6 -9 3
3—‘][—2 7 —4] ‘[ 2 5 —2] %[—2 27 -14 —‘[ 2 21 -10 ﬁ[ 2 17 —a]
-13 -1 5 Lo 12 -2 1 —18 10 s 12 2 L5 11 1
11 12 13 14 15
-12 -12 3 10 11 -3 -8 -10 3 -2 -7 3 14 13 -3
1[2 5 —2] n—‘g[—z 7 -4 i[z 9 -4 ;[2 13 —ﬁ] ; | c.]
11 14 -2)| V-9 -3 5 7 12 -1 1 2 0 ~13 -11 3




16 17 19
2 7 -3 6 4 8 -6 -9 3 0 6 -3
‘[—2 19 —m] —‘[—2 23 [—2 11 1[ 2 5 —2] -2 11 —5]
3 39 5 3
-1 -10 8 -5 -1 -3 -6 6 5 8 -2 1 -10 6
21 22 24
18 15 -3 12 ~10 -11 -6 -9 3 20 16 -3
[-2 3 -2] %[-2 ?[ 2 ]—‘5[ 2 13 -5] -2 3 -2
-17 -6 4 ~11 -10 3 9 5 10 0 -19 -6 4
26 27 29
0 6 -3 10 11 2 -5 -14 -13 3 -2 -7 3
é[—z 19 —m] é[—z -1 0 2 —-11 6 ‘[ 2 5 -2 2 17 —8]
1 -14 8 -9 -9 3 -3 12 13 16 -2 1 1 1

KoHTpoJIbHBIE BONIPOCHI
Uto Ha3pIBAETCA MUHOPOM?

YTto Ha3bIBaCTCA aJIFGGPaI/I‘-IeCKI/IM JOITIOJIHCHUECM JJICMCHTA ManI/II_[BI?

Kak Pa3JI0KUTH ONPCACIUTCIIb I10 JICMCHTAM CTOJI6II3. NI CTpOKI/I?

Kakast maTpuiia Ha3bpIBa€TCsl HEBBIPOKACHHOM ?
TpancnnoHMpOBaHHAsA MATPULIA.

Kaxkas MaTpHlla Ha3bIBACTCA O6paTHOﬁ I10 OTHOIICHHIO K IIaHHOﬁ?

KakoB nopsi1ok BIYMCIIEHHS] OOpaTHOW MaTPHUIIbI?

AJITOPUTM pPELICHUS TPOCTENIIETO0 MATPUYHOTO YPABHEHUS
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1.M3yunth 3ananue
2. 3yunTh TEOpETUYECKUE CBEICHHUS
3. Bomonauth 1 0OpMHUTH paboOTy
4.1Toka3aTph pe3yJabTaThl IPENOAABATEIIO
JlomamiHee 3a1aHue
1.ITIoAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
Teoperuueckue cBeieHHs

Omnpenenenne. KoMmiekCHbIM YHMCJIOM Z Ha3bIBAETCS BBIPAXKEHUE z = a+ib, TOE

a u b — pgeiicTBuTenbHBIC YHCNA, | — MHUMAas €AWHMIIA, KOTOpas OMpEaCIsIeTCs
COOTHOIIEHUEM: > =—1; i=~/—1.

[Tpu 3TOM YHMCIIO A Ha3BIBAETCS AeHCTBUTENbHON YacThIo uncia Z (& = Re z), a b-
MHauUMoIi yacteio (b = Im 2).

Ecimm a =Re z =0, To uuncio z Oyxer yrcto MHUMBIM, ecii b = Im z = 0, To uncio
Z OyJeT ICHUCTBUTEIIBHBIM.
Omnpenenenne. Yucina z=a+ib W ZzZ=a—ib HA3bIBAIOTCS KOMILUIEKCHO —
CONPSIKEeHHBIMMU.
Onpenenenne. J[Ba KOMIUICKCHBIX 4YHCIa z, =a, +ib, U z, =a, +ib, Ha3bBIBAIOTCS
PaBHBIMHU, €CJIM COOTBETCTBEHHO PaBHbI UX JICUCTBUTEIbHBIC I MHUMbIC YACTH:

a, =a,; b, =b,;
Onpenesnenne. KoMIIeKCHOE YMCIO PABHO HYJIIO, €CJIM COOTBETCTBEHHO PABHBI HYJIIO
NIEMCTBUTEIbHAS U MHUMAs YacCTH.
a=b=0.

JeiicTBUSI HAX KOMILIEKCHBIMY YHCJIAMU B ajireOpandeckoi popme.
OCHOBHBIE IEUCTBUS C KOMIUIEKCHBIMH YHUCJIAMH BBITEKAIOT U3 NEHUCTBUU C
MHOTOYJIEHAMU.



Cio:keHue H BbIYHTAHHE
PaccMoTpuM iBa KOMILIEKCHBIX YKC/Ia, 3aIaHHBIX B 00IIeM BHJIE Z; = ay+iby;

Z,=ay+ib,, Torga
z=2z 2z, =(a; +iby)(a, +iby) = (a; £ a,) +i(by £ b)) =axib

MoxHO chopMyJIMPOBATH MIPABUIIO CIIOKEHUSI W BHIYUTAHUS KOMIUICKCHBIX YHCEII:
IIPU CJI0KEHUM (BHIYMTAHUH ) KOMIUIEKCHBIX YHCEJI COOTBETCTBEHHO CKJIABIBAIOTCS
(BBIYMTAIOTCS) MX IEMCTBUTEIBLHBIE U MHUMbBIC YaCTH.

YMHOxEHNE

z=2122=(a1+ib1)(a2+ib2) =a1a2+ia1b2+ib1a2+i2b1b2=a+ib
z:zlzzz(alag-b1b2)+ I (a1b2+b1a2)

( T.C. MOXHO I'OBOPHUTH, 4YTO IEPEMHOKAIOTCA KOMIIJICKCHBIC YHMCJIa KaK MHOT'OYJICHBI,

YUUTHIBas, 4TO i2 = -1). 3HauuT, 4TOOBI MEPEMHOMHUTH JBa KOMIUIEKCHBIX YMCIIA

HEOOXOIMMO NEPEMHOKHTH MX KaK MHOTOUJIEHBI, yUUTHIBAs, UTO i = -1,
Henenne

[Ipu BBINOJIHEHUH JEIEHNS] KOMIUIEKCHBIX YHCEII ITOJIb3YKOTCS UCKYCCTBEHHBIM
IpUEMOM: YUCIUTEINb U 3HAMEHATEIb ApOOH YMHOXKAIOT Ha YUCIIO, KOMILJIEKCHO -
CONPSKEHHOE 3HAMEHATEI0 Ipo0u, U MOCTYNAKOT Jajlee TaK, Kak U P YMHOXEHUHU
KOMIIJIEKCHBIX YHCEIL.

IIpumep.
Z1= 5-1;
2,=-2+3i,
2, _ 5-i _ (5-i)*(-2-3i) :—1O+2i—15i+3i2:—13—13i:_1_i
z, —2+3i (-2+3i)*(-2-3i) 4-9j? 13

3agaHus NpakTHYecKOH padoThI

1./laHbl KOMIIJIEKCHBIEC YHCJIa BBIYUCIUTh YZ=2+2,: 2,2, 2,2, :—1
1.2, =5-1; z,=1+3i 16.z, =5+1; z,=1-2i 2
2.2, =3-4i; z,=1+Ii 17. 2, =3+1; z,=5-2i

3.2, =1-5i; z,=1+4i 18.z, =1-5i; z,=1+3i

4.2, =1+3i;, z,=7-i 19.z, =5-1i; z,=1+3i

5.2, =1-1; z,=7+3i 20.z, =1+3i; 2z, =-2+05i

6.2, =1-1; z,=5-4i 21.2, =3+4i;, z,=-2+i

7.2, =3+41;, z,=-2+I 22.2,=5-2I;, z,=-2+Ii

8.2,=-1; z,=7+4i 23.2,=7-2i; 7,=5+3i

9.2, =6-51;, z,=1+i 24.2, =7-31; z,=-1+4i



Nk WDN

10. z, =-1+5i; z,=2-5i 25.2, =-2+3i; z,=5-4i

11.z, =5-71; z,=1-3i 26.z, =-3+2i; z,=6+5i
12. 2, =-3-2i; z,=-1+T7i 27.z, =-1+T7i; z,=4-5i
13.2, =5+2i; z,=2-i 28.z,=4+5i; z,=1-2i

14.z, =1+51;, z,=2-3i 29.2,=-1+3i; z,=6-5i
15.z, =1-4i; z,=1+2i 30.2,=-83-2I; z,=4+3i

2. BBIMOIHUTE TEUCTBUS HaJl KOMIUICKCHBIMHA YHCIIAMH B ajredpandeckoit hopme

111)21) - L+i (g-g j

2(1—iJ§)_

1+i43

3)13)23) (EJ i

) Q-20042)
2+i ’

2)12)22)

4)14)24

5)15)25) w—(lﬂﬁ);

6)16)26) 2*') ~(01-0,3i);
2(1—i 3)
ey 2
8)18)28) W—Zi”;
9) 19)29)%;
10)20)30) (4;”2 _8(2-i");

KonTposbHbIe BONPOCHI

YT0 Takoe KOMIIEKCHOE YHCIIO: JIEUCTBUTENIbHAS YAaCTh YUCIIA, MHUMAas 4YacTh
yucna?

YTo Takoe MHUMasl €IMHULIA?

Kaxkue ynciia Ha3pIBarOTCsl CONPSIKEHHBIMU ?

Kaxk npenctaBuTh KOMIUIEKCHOE YUCIIO rpaduyecku?

Uto Takoe MoayJb yucua’?

Yrto Takoe apryMeHT uucia’?

CKOJIBKO MOXET ObITh MOZYJIEH U apIYMEHTOB Y KOMIUIEKCHOTO ynciia?

Kaxk naiitn apryMeHT uucna?

Kax HaiiTu cymmy, pa3HOCTh, IPOU3BEICHHE, YACTHOE KOMIUIEKCHBIX YHCEN

Teoperuueckue cBeeHHs
I'eomeTprueckoe n300pa:keHne KOMIJIEKCHBIX YHCeJI.



[ToHsiTHE KOMIUIEKCHOTO YHCJIa HUMEET T'€OMETPUYECKOE HMCTOJIKOBAHHE.
MHOXECTBO  KOMIUIGKCHBIX ~ YHCEN  SIBISETCS  PACIIMPEHHEM  MHOXKECTBa
JICHUCTBUTENBHBIX YHCEN 3a CYeT BKIIOYCHUS MHOXKECTBA MHHUMBIX YHCETL.
KomMmmuiekcHble uncia BKIOYAIOT B c€0s1 BCE MHOXKECTBA YHCEJl, KOTOPbIE U3Y4YaJIUCh
panee. Tak  HaTypaJbHble, IeNble, paAlMOHANbHBIC,  HPpPAIHOHAIbHBIC,
JICHCTBUTENbHBIE 4YHCJIa SBJSIOTCSA, BOOOINE TOBOPS, YACTHBIMU CIIy4asMHu
KOMIUTIEKCHBIX YHCEl.

Eciu mrob6oe  neHCTBUTENbHOE YHCIO MOXKET OBITh T'e€OMETPUYECKU
OpPEJCTaBICHO B BUJE TOYKM HA YMCIOBOW MpPSIMOW, TO KOMILJIEKCHOE YHCIO
OpeCTaBIsIeTCsT TOYKOM HAa  IUIOCKOCTH, KOOpJAMHATAMHU  KOTOpPOW  OyayT
COOTBETCTBEHHO JAEMCTBUTEIbHAS U MHUMAs 4aCTU KOMIUIEKCHOTO uucna. [Ipu stom
TOPU30HTANIbHAS OCh OyAeT SBJISATHCS JEHCTBUTENBHOM YHCIOBOM OCHIO, a
BEPTHUKAJIbHAS - MHUMOM OCBIO.

y

0 a X

Takum 00pa3zom, Ha ocu OX pacrnosiaratroTcsi A€MCTBUTENbHBIE YKciia, a Ha ocu OY
— YHCTO MHUMBIE.
C noMomibo No100HOr0 reOMETPUUECKOTO MPEACTABICHHUS MOKHO IPEICTABISATh
qrclia B TaK Ha3bIBAEMOW TPUTOHOMETPUYECKOM (popme.
Tpuronomerpuueckasi popma yucJjia.

N3 reomeTpuueckux cooOpakeHui BUIHO, UTO a =rcos¢p;, b=rsine. Torma

KOMIUIEKCHOE YUCJIO MOYKHO ITPEACTABUTH B BUJIE:

z=a+ib=rcos@+irsin @ =r(cos@+isin Q)

Takas gopma 3anucu Ha3pIBAaeTCsl TPUTOHOMETPHYECKoil (popmoii 3anucu
KOMILJIEKCHOI'0 YHCJIa.

IIpn 3TOM BenmuuuHa I' HA3bIBAE€TCSI MOAYJIE€M KOMILIEKCHOTO YUCIIa, 4 YIOJI HAKJIOHA

- APryMmeéHTOM KOMIIJICKCHOT'O YK CJIA.

r:|z; o=Argz.

N3 reomeTprdeckux cooOpaxeHnil BUIHO:

r:|a+ib|:\/a2 +b%; (p:Argz:arctgé;
a



O‘-IeBI/II[HO, YTO KOMIIJICKCHO — COIIPSI’KCHHBIC HHCJIa UMCHOT OJAWMHAKOBBIC MOAYJIN U

IIPOTHUBOIIOJOKHBIC apI'yYMCHTEIL.

|z| = |2; Argz=—Argz.

JleHcTBUS ¢ KOMIUIEKCHBIMU YMCIIaMU B TPUTOHOMETPUYECKON PopMme.
z, =r(cos@, +ising,), z, =r,(cos@, +isin@,).
YMHOKeHHe z = z,z, = 1,1, (cos(Q, + ¢,) +isin(e, +¢,))

B ciiyyae KOMIUIEKCHO — CONPS)KEHHBIX YUCE:
zZ=(a+ib)a—ib)y=a*+b* = =|z[".
Jlenenne z =" ="\ (cos(@, —0,)+isin(¢, ~©,))
Z, n
Bo3Benenue B cTeneHb
W3 onepanuy yMHOKEHUSI KOMIUIEKCHBIX YHCEII CIELYET, 4TO
2% = zz = r*(cos2¢ +isin 2¢)
B o6miem cityvae noayuum:
z" =r"(cosn@ +isin ne),
r7ie N — Leoe MOJI0KUTEIbHOE YUCIIO.
310 BEIpakeHHE Ha3bIBaeTCs hopmyJioii Myaspa. (Abdpaxam ae Myasp (1667 —1754)
— QHIJIMICKHUIT MaTEMATHK).

H3BieueHue KOPHHA U3 KOMIUICKCHOI'O YHC/IAa

8z = (/r(cosq)+z'sin @) = p(cos\y +isin y)
Bo3Bojis B cTeneHsp, MOJIy4nuMm:
p"(cosny +isin ny) = r(cose + isin @)

Orcrona: p='{/;; ny = ¢+ 2mk; keZ.

8z = 2[r(cos@+isin @) = W(coswﬂsmwj
n

n

Taxum oOpa3om, KOpeHb N —OI1 CTENEHU U3 KOMIUIEKCHOTO YHCia UMEET N pa3InyHbIX
3HaYeHUU.3aIaHus VI IPAKTHYECKON padoThl
3aganme. BpIOIHUTE NEHCTBUS ¢ JAHHBIMA KOMIUIEKCHBIMH :

1) Z1+72; 71-72; 71-72,71:72

1. z; = 8(cos 55° +5in55°), z, = 2(cos 5° + sin 5°),
2. z; = 5(cos 48° + 5in48°), z, = 2(cos 12° + sin 129),



z; = 3(cos 70° +sin70°), 2z, = 2(cos20° + sin 20°),

z; = 10(cos 105° + sin 105°), z, = 2(cos 15° + sin 15°),
z; = 12(cos 145° + sin 145°), z, = 2(cos 5° + sin 5°),

z; = 7(cos 255° + sin 255%), z, = 2(cos15° + sin 15°),
z; = 9(cos 168° + sin 168°), z, = 2(cos 12° + sin 12°),
z; = 6(cos 40° + sin40°), z, = 2(cos 20° + sin 20°),

9. z; = 3(cos40° + sin40°), z, = 2(cos5° + sin5°),

10. z; = 10(cos 75° +sin75°), z, = 2(cos 15° + sin 15°),

© N oo ow

11. z; = 9(cos 123° +5in 123%), 2z, = 2(cos 12° + sin 12°),
12. z; = 5(cos 160° + sin 160°), 2z, = 2(cos 20° + sin 20°),
13. z; = 3(cos 235° + sin 235%), z, = 2(cos5° + sin5°),

14. z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

15. z; = 2(cos 258° + sin 258°), 2z, = 2(cos12° + sin 12°),
16. z; = 7(cos 115° +sin115°), 2z, = 2(cos 20° + sin 20°),
17. z; = 14(cos 310° + sin310°), z, = 2(cos5° + sin 5°),
18. z; = 8(cos45° +sin45°), z, = 2(cos 15° + sin 15°),

19. z; = 6(cos 213° +5in213°), z, = 2(cos 12° + sin 12°),
20. z; = 9(cos70° +s5in70°), z, = 2(cos 20° + sin 20°),

21. z; = 4(cos40° + sin40°), z, = 2(cos5° + sin 5°),

22. z; = 6(cos300° +s5in300°), z, = 2(cos15° + sin 15°),
23. z; = 3(cos33° +5in33°), z, = 2(cos12° + sin 12°),

24. z; = 5(cos 250° + sin 250°), 2z, = 2(cos 20° + sin 20°),
25. z; = 8(cos85° +5in85°), z, = 2(cos5° + sin 5°),

26. z; = 10(cos 165° +sin 165°), 2z, = 2(cos 15° + sin1 5°),
27. z; = 9(cos 48° + sin48°), z, = 2(cos 12° + sin 12°),

28. z; = 5(cos100° + sin 100°), z, = 2(cos 20° + sin 20°),
29. z; = 4(cos175° +5in175°), z, = 2(cos5° + sin 5°),

30. z; = 16(cos120° +sin120°), 2z, = 2(cos 15° + sin 15°),
2. BommomtHATH eHCcTBUS HAJl KOMIUIEKCHBIMU YUCJIAMHA B TPUTOHOMETPHUIECKOM
dopmMe, pe3yibTaT 3aKcaTh B TPUTOHOMETPUYIECKOH, aareOpandeckoi u
nokaszaresibHOU popme

1,11,21.% 616,26.3—1+1
=+ 1

212,20 (Lje 747,27, (3 -i)-1+1)f

-2-2i

12
313.23, (11*/_'j 8,18,28. (‘E;'J

05— o&ﬂj 2@—2ij3
05\/_ 0,5i V3 +i

5,15,25. (2 + V12| 10,20,30. (-3 /3if

414,24, ( 9.19,29. (



3.3anucaTh KOMIUJIEKCHOE YHCIIO B TPUTOHOMETPUYECKOM U alireOpanyeckoi hopme
27 /3. —7l4.
1. 14e ) 6. 4e :

5 0erl6. 7 co— 1716,
3. (2/3)e2A/3, 8. (2/5)e27 /4.
5. e_5””6; 10. 2,2e_3”i/4;

4.BoinoaHuTh AerctBusi. Pe3ynbraT 3anucarh Bo Beex hopmax.
(5+3i)(5+3i") . 60
. ~ ; 6. ((—/3+i)/2)%;
V2(cos225° +isin 225°)
(3+2i)*(2-3i").
1+2i*
(2+i)° :
" 2i(cos(37/4) +isin(37/4))’

4. (1-iV3)/2)°%; 9. -8-8V3i;

N

7. (2/1-iv3));

8. ((V3+i)/2)%;

5. \-1+iV3; 10. V7 -4iV2;
5.. BeIMOMHUT IEUCTBUSA, UCTIOIB3YSI TPUTOHOMETPUUECKYIO hOopMYy:
1. (1+1ij[—£+@j; 6. 3{cos(—£)+isin(—ﬁ)}+(3+\/§i);
4 4 6 6 8 8
2. (1+iv3)(=2-2i/3); 7. _1+i‘/§;
A+iv3)( iv3) NG
27y
3. (1+1)(3+3i3); g I+
' ! ! \/Eem'/s’
-3_3V3,
4. (6 + 2i/3)(=3 - 3i); 9 2 2 .
(6+2V3)(-3-3) 4- 43
5. (5+5i)(cos15° +isin15°); 10. (%—i%}es’”"‘

6.BBITIOTHUTH JCUCTBUS HaJl KOMIIEKCHBIMM YMCJIAMH B TPUTOHOMETPUYECKOM
dbopwme:
D3z 2) z3;

1.z, =1+i, 2, =—J/3+i; 6. z,=1-+3i, 2, =2+2i;

2. 7,=1-i,2, =—/3-i; 7. 7, =-1++/3i, 2, =—2-2i;

3. 212—1+i722=%+§i; 8.z, =-1-3i,z, =—2+2i;
1 3 J3

4. z,=-1-i,z,==——1; 9. 21:\/§+i,22:—£——i;
2 2 2 2



9.

NGO~ WDE

z, =1++/3i, z, =2-2i; 10. 21=\/§—i,22:%+§i;

KoHTpoJibHBIE BONIPOCHI

Uto Takoe TpuroHoMerpuueckas hopma 3anucy KOMIUIEKCHOTO Ynciia?

Kaxk nepeBecty yuciao B TPUTOHOMETPUUYECKYIO (hopmy?

Kaxk HaiiTi mpousBeieHre, YaCTHOE YHCel B TPUTOHOMETpHIECKOH hopme?

Kaxk HaiiTi BO3BECTH YUCJIO B TPUTOHOMETPUUYECKOU opMe B IETYIO CTETICHB?

Kak HaiiTi KOpeHb N-HOM CTEIEHU M3 YKCIIa B TPUTOHOMETpHUYecKor popme?
®dopmyna Ditnepa

Kax mpencTaBuTh KOMIUIEKCHOE YHCIIO B MTOKa3aTeabHON Gopme?

Kaxk cBsi3anbl TpUroHOMeTpuYecKas U rokazareiabHas (JOpPMbI 3alHCH KOMIUIEKCHBIX
yucen?

Kaxk HaiiTi mpou3BeIcHHE, YaCTHOE YHCEIT B IIOKa3aTeIbHOU (hopme?

10.Kak HaliTu BO3BECTH YMCJIIO B MOKA3aTENbHOU (POpME B IIEITYIO CTETICHb?
11.Kak HailTu KOpeHb N-HOM CTEMEHU U3 YKCia B TOKa3aTeabHON hopme?



IIpakTnyeckas padora Ne 4

no teme «Haxoxaenue npousBoaAHON C10KHOU PyHKUMH. ['eomeTpuyeckuit u
(usnyeckuii CMbICJ MPOU3BOIHOMN
Heab: HayuyuThCsd HAXOXKIUTH MPOU3BOIHBIE JIEMEHTAPHBIX U CIOKHBIX (QYHKIUI.
Bpems BoinmosiHenuss 90 MuHyT

MarepuajibHoe o0ecnevyeHmne

1. TeopeTnueckue cBeieHus

2.3aanue

3.JIuct A 4

4. KanpKynsTopbl

Iopsinok BeINMOJIHEHUsI padOTHI
1.M3yunth 3ananue

2. 3y4nTh TEOPETUYECKHUE CBEACHUS

3. Bemoaauts 1 opopmMuTh padoTy
4.ITokazaTp pe3yJbTaThl MPENO1aBaATEIIO
JlomamiHee 3a1aHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Xoa padoTbl

KpaTkue TeopeTnyeckune cBeIeHusl.
Ipoussoonas ynkyuu, ee zeomempuueckuil u u3uuecKuil cCMoici.
Onpenenenne. IpousBoanoii ¢pyukimu f(X) B Touke X = Xo Ha3bIBACTCA Mpee

OTHOLUEHUS IpUpameHus: GyHKIHUU B 3TOM TOUKE K IPUPALIEHUIO apTyMEHTA, €CJIA OH
CYILLECTBYET.

oy o LA~ £(0)
F'@) = lim FEEEE

Af

[Tycts f(X) onpenencHa Ha HEKOTOpOM TMpoMexyTke (a, b). Torma 1gf = ~; ~ TaHIeHe

yTJia HakJIoHa cekyuieid MP k rpaduky pyHkIuu.

. Af . .
|Im0A— = f'(X,) =tga =K — TeOMeTPHYECKHH CMBICJI IPOU3BOIHOHU
AX—> X

]I OL - YIoJl HaKJIOHA KacaTeabHO! K rpaduky ¢pyHkmuu f(X) B Touke (Xo, f(Xo)).



K —yrmoBoit k03¢ duiineHT kacareabHO.
YToa Mexay KpPUBBIMH MOXKET OBITh ONpENIETeH KaK yroj MEXAy KacaTeIbHbIMHU,
IPOBEICHHBIMHU K TUM KPUBBIM B KaKOii- JINOO TOUKE.
YpaBHeHHne KacaTeJbHON K KPUBOH y— y, = f'(x,)(x—x,)
1
(x—x,).
f'(x0)

dakTuyecky Npou3BoAHas (YHKIHUH MOKA3bIBAET KaK U3MEHsAETCA (PYHKIMS pU

YpaBHeHUe HOPMAJIM K KPUBOH y —y, = —

VU3MEHEHUHU NIEPEMEHHOM.

dusuveckuii cMbic npousBoanoi pynxunun f(t), rae t- Bpems, a f(t)- 3akon
TBYDKEHUS (M3MEHEHUS KOOPINHAT) — MCHOBEHHAA CKOPOCHb

osuicenun. COOTBETCTBEHHO, BTOpasi IPOU3BOAHAS (PYHKIIMU- CKOPOCTh U3MEHEHUS
CKOPOCTH, T.€. yCKOPeHUe.

OcHoenvle npasuna ougghepenyuposanus.

O603naunm f(x) = u, g(X) = v- bysakum, muddepeHIrpyeMbie B TOUKE X.

1) (uztv)'=u’+v’

2) (Uuv)'=uv’+u’v

2 9

3)@ _ VYU v 20
\% \%

IIpou3BoaHbIE OCHOBHBIX 3JIeMEHTAPHbIX (DYHKIIMIA.

HC' =0; 9) (sinx) =cosx
2)(x™)" = mx™1; 10) (cosx)’ = —sin x
ol ,
3 = 11 -
) Gf;) 2\[; ) @gx) o5
N1 -
|- == 12 _
) (’Cj x? ) (etox) sin? x
5) (ex ), =e 13) (arcsin x)’ _ !
1-x*
! , 1
6) (ax) =a'Ina 14) (arccosx) = -
1-x°
7)(in x)' 1 15) (arctgx), _ -
X 1+x
’ ’ 1
8)(bgax)—-xma 16) @nx%y)._—l+x2

Ilpou3sseoonasn cnosxcnou pynkyuu.
Ilycmo y = (X); u = g(X), npuuem obnacmo 3nauenuti Gynkyuu U 6xooum 6 obnacmeo
onpeoenenus pynxyuu f.
Tocoa y' = f'(u)-u’
Jozapugpmuuecxoe oughghepenyuposanue.



Inx, npu x>0
Paccmorpum QyHKIMIO p = In|x| = (o), npu x <0’
(=x)" _1
X

Torza (Inlx|)y=1, 1.x. (In x) L (nwy =
X X

S
f@

Ha3bIBaeTCs Jorapugpmudeckoii mpousBoaHoii pyukiuu f(X).

!
YuuThIBas MOJIYYEHHBIN PE3YJIBTAT, MOKHO 3alMCATh (]n| f (x)|) =

S'(x)

(x)

OTHOIlIEHUE

Cnoco0 Jorapugmuydeckoro guddepeHIupoBaHus COCTOUT B TOM, YTO CHauaja
HAXOJAT Jorapu(MUUYECKYIO0 MPOU3BOAHYIO (QYHKIIUHU, a 3aT€M MPOU3BOJAHYIO CaMOn

dbyHkiuu o hopmyie

f'() = (| f )" f(x

Cnoco0 norapupmuueckoro auddepeHIupoBanus yA0OHO MPUMEHSTh IS
HAXOXKJCHUSI TPOU3BOAHBIX CIIOXKHBIX, OCOOCHHO IOKA3aTeNbHBIX (PYHKIUH, IS
KOTOPBIX HEMOCPEICTBEHHOE BBIUMCIICHHUE MPOU3BOJHON C MCIOJIb30BAaHUEM IPaBHII
mudpepeHIUpOBaHUS IPEACTABISICTCS TPYAOCMKHUM.

Ilpou3eoonan nokazamenvHo- cmeneHHol yHKYuU.

OyHKITNS Ha3bIBACTCS MOKA3aTEILHOM, €CITM HE3aBHCHMasl TTIepEeMEHHast BXOJIHT B
TIOKa3aTellb CTENEeH!, U CTETICHHOM, €CJTM IIEpEeMEHHAs SBJISETCS OCHOBaHMeM. Eciu
K€ ¥ OCHOBAaHHE U TTOKa3aTeNlb CTETICHU 3aBUCAT OT MIEPEMEHHOM, TO Takas (PyHKITUs
OyzleT MoKa3aTrebHO — CTETIEHHOM.

ITycts U = f(X) (f(X)>0)u v = g(X) — byHKIIMN, IMEFOIIE TPOU3BOIHBIC B TOUKE
X.
Haiinem npousBoanyto ¢ysakiun Y = UY. Jlorapudmupysi, moaydum:
Iny = vinu
)

u
— =v'lhu+v—
y u

y' :uv(vu—+v'lnuj
u

!

(uv )' =vu""'u'+u"v'Inu

IIpumep. Haiitu npon3Bomuyro QyHKIMH f(x) = (x* +3x) ",

[To momyueHHO¥ BBIIIE (HOPMYJTIE MOTYyYaEM: u = x° +3X;  V=XCOSX;
[Tpou3BogHbIC STUX QYHKITUN: u' =2x+3; V' =cosx —xsin x;
OKOHYaTENbHO:

f'(x) = xcosx-(x* +3x)" " (2x +3) + (x> +3x)" " (cosx — xsin x) In(x* + 3x)



IIpumep. Haiitu

. 1. 1 2
npeodpasyem JaHHYIO PYHKIUIO: y = S sin 2x + S c0s” x

y' = %2005 2X +%2cos X(—=sin x) = cos 2x —sin xcos x. _IIpumep.

2 x?

X
byHKIUU y = =

+1°

;o (2xex2 +x22xe” YxZ+1)— (2)c)xzex2 B 2x’e” +2x%e" +2xe” +2x%e" —2x

. 1
OPOU3BOJHYI0  (DYHKIIMM Yy = COSXSin X + Ecos2 X

3 x?

e

(x* +1)°
B 2xe” (x* +1+x%)
(x* +1)°

(x* +1)°

3ananue 1.Hantu npousBoanbie GpyHKIUi

B1 Y=x%-5x%+11, Y=x2ctgx
_arctgx _3/3
Y= o Y=Vx3+5

Y=e‘x2lnx, Y=(cosx —

1)2x

B2 V=2x3-x+1, Y=x°tgx

_artgx \,_3/—3
Y= py Y=Vx 3
Y=in—=—, Y=(sinx — 2)3*
x+1

B3 Y=7x3+3x2-2, V=xarctgx
Y_x+5 _ 1

Tinx' 0 (2x+11)5
Y=sin3(4x? + g -1
Y=(5x + 4)**

B4 V=-3x3+5x*-81, Y=2xsinx
Y=—"1/Y=Vx2 -3

sinx
- X v= _ 3x
Y=cos x+1,Y (tgx —3)
B5 V=7x5-3x?+32
V=x3arcsinx
2 _cosx
T (3-6x)8"  3x
Y=In (x — x? — 6)
Y=(cosx + 4)*
B6 Y=-x>+3x3-11, V=3x°ctgx
Y=aT‘CCOSX Y=5/x2 — 3

3x
Y=e3*"In2x

B16 Y=x°-5x>+1, V=x°ctgx
_arctgx _3/3
Y= P Y=Vx3+5
Y=e*’Inx, Y=(x — 1)%*

B17 Y=2x3-x*+17, Y=x°tgx
_artgx _3/7
Y= ptt Y=Vx 3
Y=in—=— , Y=(lnx + 8)%*
x+1
B18 V=7x3+3x?-2, Y=xarctgx

Y:)IC:;’ :(2x+111)5
Y=sin3(4x? + g -1
Y=(lnx — 2)%*
B19V=-3x3+5x*-81, Y=2xsinx
Y=—-,Y=Vx2 =3

sinx’
Y=cos =, Y=(lnx + 9)5%
x+1
B20 Y=7x5-
3X%+3,V=x3arcsinx
_ 2 _cosx
(3—6x)6 ' 3x
Y=In (x — x? — 6)
Y=(tgx + 2)*
B21 Y=-x>+3x3-11,V=3x?ctgx

Y:arccosx’ Yzm

3x
Y=e3*"In2x

.CHauaina

Havtu npousBogHyro



Y=(7x + 6)%
B7 Y=3x*-6x?+19, Y=x3sinx
thj—;‘, Y=V2x3 -6

Y=e*’Inx, Y=(3x + 1)%*
B8 V=-4X5+9X2-12, V=x3tgx
Y:arcctgx Y:3 /—3x + 6

6x
Y:2‘lenx, Y=(sinx —
4)*
B9 YV=5x*-2x3+65,V=x?arcsinx
Y=—— Y=x2—5

(6x—4)3’
Y=32""In Y=(cosx +
1)2x

B10 Y=-2x5-3x?+19, Y=x%ctgx
Yzarctgx Y=3/x3 + 5

X

Y=e2**Inx, Y=(3x — 1)*

B11 Y=8x*-
6X5+1,V=2x3arccosx

tgx 9
\(:—g—’ =
5x (6x—5)*

Y=4""Inx, Y=(9x +
3)4x
B12 V=3X?+11x3-

87,Y=3x3ctgx
_cosx ,_ -3
Y= 2x ' (4x+9)5

Y=56"Inx, Y=(cosx —
2)3x
B13 Y=x>+9X?-51,
V=xZarcsinx

Y=—_v=3/8x3-3

cosx’

Y=e2*’Inx, Y=(8x — 2)*

B14 Y=3x"-9X3+11, Y=5x3tgx

Y=(tgx — 6)**

B22 YV=3x*-6x%+1, Y=x5sinx
thf—;‘, Y=32x3 - 6
Y=e**Inx,Y=(tgx + 3)3*

B23 y=-4X6+9X2-12,Y=X3th

_arcctgx ,_3
Y——6x ,Y=\3x+6

Y:Z‘lenx, Y=(cosx +

3)6x
B24 Y=5x*-2x3+65,
y=x2arcsinx
__ 5 =Y v
Y=t Y= =5
Y=32%"Inx, Y=(sinx +
2)8x
B25 Y=-2x8-3x?+1, Y=x2ctgx
VECL VR
Y=e2**Inx, Y=(sinx —
1)3x

B26 V=8x*-6X°+1,
Y=2x3arccosx

tgx 9
\(:—g—’ =
5x (6x—5)%*

Y=4‘x2lnx, Y=(sinx +
5)4x
B27 Y=3X?+11x3-87,

V=3x3ctgx
_cosx ,_ -3
Y= 2x ' (4x+9)5

Y=5*"nx, Y=(sinx —
2)2x
B28 Y=x°+9X?-51,
Y=x?arcsinx

Y=—" Y=8x3-3

CcoSXx
Y=e2** Inx,Y=(cosx +
6)6x

B29 V=3x"-9X3+11, Y=5x%tgx



y=—2_ vy=V2x*—6 y=—2_ v=2x*—6

arcsinx’ arcsinx’

Y=e3*’Inx, Y=(tgx — Y=e3*’Inx, Y=(sinx +
3)2x Z)Sx
B15 Y=x°-8X2+16, Y=4x2ctgx B30 Y=x°-8X?+16, Y=4xctgx
Y_actgx _ 9 Y_actgx _ 9
~ 3x ' (2x-15)¢ ~ 3x ' (2x-15)¢
Y=62*"Inx, Y=(Inx + 2)5* Y=62*"Inx,Y=(sinx —
6)6x

2.Halitn mpom3BojiHBIC (DYHKITHH.
a — MOPSIAKOBBLIA HOMEP B ’KYpHaJe

l.y=ax" —%+“\/X‘”6 —ax+a 2.y=2‘{/(axz—3a)c—i-5)3 -
X

4
(x+a)™
3.y =tg“(x+a)-arccosax’* 4.y =arcsin’ ax-log, (x—a)

5.y= a™ ctgax® 6.y =ctg’ax- arctg\/x_“

vax? —3ax +5a

7.y = 8.y

lg(ax® — 2ax + 3a)
¢ - 2
g* arcctg“ax
KoHTpoJibHBIE BOIPOCHI
1.ChopmynupoBTh OrpeesieHne Mpou3BOAHON, TpaBuia nudepeHITnpoBaHus.
2.3HaTh TabJIUIly TPOU3BOIHBIX SJIEMEHTAPHBIX QYHKIIUH.
3.ChopmynupoBaTh IPaBUIIO HAXOXKIECHUS TPOU3BOTHOM CIOKHOU (PYHKIUU.

Teopernueckue cBeIeHUSA

Xoxa padoTbl

Omnpenenenne GyHKIUM IBYX NepeMeHHbIX

Ecnu kaxnoii nape ( X;y) 3Ha4YeHUI ABYX HE3aBUCUMBIX APYT OT JIpyTa MEPEMEHHBIX
BEJIMYMH X U y U3 HEKOTOPOTO MHOXeCTBa D COOTBETCTBYET €IMHCTBEHHOE 3HAUYECHUE
BEJIMYNHBI, TO TOBOPAT, YTO Z €CTh (DYHKIIHS IBYX HE3aBUCHUMBIX IEPEMEHHBIX X U Y,
omnpeelieHHas Ha MHOecTBe D.

O6o3Hauaercs: z=f(x;y) win z=z(X;y).

Hamnpumep, S=ab, S=S(a;b)- byukuuu npyx nepemennsix; V=abc, V=V(a,b.c) —
GyHKIUS TpeX MEPEMEHHBIX;

Cnoco0bl1 3a1aHust yHKIMA HECKOJIbKUX NePeMeHHbIX

UtoObl 3a1aTh GYHKIHIO IBYX (TpeX) MEPEMEHHBIX, HY’)KHO YKa3aTh CII0C00, C
OMOILBIO KOTOPOTO JIs1 KayKI0M mapsel (TPOMKM) 3HaYEHUN apryMEHTOB MOKHO
HaWTH COOTBETCTBYIOIIEE 3HaUeHne PpyHkiuu. Hanbomee yacto pyHKIMs 3a1aeTCs
AHAJIMTUYECKH - 3TO SIBHOE 3aJjaHue (PYHKIMU UM HESIBHOE 3aJJaHUE

YacTHble NPOU3BOJAHBIE NIEPBOr0 MOPSAKA

[TycTp GyHKUIMS IBYX TepeMeHHbIX Z = f(X, y) onpeaeneHa B HEKOTOPOl OKPECTHOCTH
Touku M(X, y) eBkimmoBa npoctpanctBa E2. YactHas npousBoaHas Gyukmmm z = f(x,
y) TO0 apryMeHTy X SBISETCA OOBIKHOBEHHON MPOM3BOAHONW (GYHKIIMH OJIHOMN
MEePEMEHHON X MPU (PUKCUPOBAHHOM 3HAYEHUU MEPEMEHHOMN Y 1 0003HAYAETCS KaK



1)

2)
3)
4)
5)
6)
7)
8)
9)

= Y g

AHanoruyHeIM 00pa3oM ompeesseTcss yacTHas npousBoaHas ¢yHkuuu f(x, y) mo
NepeMeHHON y B Touke M, o60o3Hauaemas Kak

ﬁ ﬁ = _f'

gy oy VTV
OyHKIMA, UMEIOIasl YaCTHBIE MPOU3BOHBIE, Ha3bIBaeTCs NUPHepeHIIUPYEMO.
CoBepiieHHO aHAJIOTMYHO OMPEIENAIOTCS YacTHBIE MPOU3BOJAHBIE (DYHKIMN Tpex u
Oosnee nepeMeHHbIX. YacTHas Npou3BOAHAS (PYHKIMM HECKOJBKUX IEPEMEHHBIX
XapaKTEPHU3yeT CKOPOCTh €€ U3MEHEHHU S 110 TAHHOW KOOpAUHATE NMpU (PUKCUPOBAHHBIX
3HAYEHUSX JPYTMX KOOPAHUHAT.
Teopernyeckue cBeIeHM .

Cxema uccneoosanusn ynkyuil
O6nacth cyniecTBOBaHUSA (DYHKIIHH.
OTO NOHATHE BKJIIOYAaET B ce0s M 00JacTh 3HAYEHUH M 00JacTh ONpeaesieHus
byHKIINN.
Touku pa3psiBa. (Eciiu oHM UMeErOTCS ).
WuTepBanbl Bo3pacTaHUs U YOBIBaHUS.
Touku MakcUMyMa U MUHUMYMa.
MaxkcuManbHOE 1 MUHUMAIIbHOE 3HauUeHue (QYyHKIIUH Ha €€ 001acTH ONpeaeTICHusI.
O651acT BBITYKIOCTU U BOTHYTOCTH.
Touku neperu6a.(Ecnu onn umerorcs).
Acumntotsl.(Eciiv oHu umerotcs).
[TocTpoenue rpaduka.

Ipumep. Nccnenoats GyHKIHIO y = T | IOCTPOHTE ee rpaduk.

X2 —
Haxomaum ob6nacts cymectBoBanus GyHKIIUU. OUYEBUIHO, UTO 001ACMbIO ONpedeneHus
byHKIMH sBiseTcs 00aacThb (-o0; -1) U (-1; 1) U (1; «).

B cBoro ouepenp, BUIHO, 9TO IpsiMbIEe X = 1, X = -1 SBISIOTCS 8epmMuKaibHbIMU
acumnmomamu KpuBOH.

Obnacmwio 3nauenutl TaHHOW (QYHKIIUU SBJISCTCS HHTEPBAI (-00; o).
Toukamu paspvieéa GyHKIHH ABISIOTCSA TOYKA X = 1, x = -1.
Haxomum kpumuueckue mouxu.

o ;o 3xP(xP =D =2x-x> 3x*-3x*-2x" x*-3x°

Haitnem npousBoHyo QyHKINH )’ = —— = —— =
(x” -1 (x” -1 (x" -1

Kputnueckue touku: X = 0; X = -3ix=43: x=-1; x=1.

Haxoaum npoMexyTku 6o3pacmanus 1 yovieanus GyHkuuu. s aToro onpezaenseM
3HAKH MPOU3BOIHON (PYHKIIMH HA TIPOMEKYTKAX.
-0 < X < -+/3, Y’ >0, GpyHKIMS BO3pacTaeT
-3 <x<-1, y' <0, ¢pyHkuus yobiBaet
-1<x<0, y' <0, dyHkius yopiBaeT
0<x<1, y' <0, dyHkuusa yobiBaeT



1<x<43, y' <0, ¢yHkuus yobiBaeT

V3 <x<o, Yy >0, ¢yHKIMS BO3pACTAET
BujHo, 9TO TOUKA X = -+/3 ABJIAETCA TOUKOM MAKCUMyMd, a TOUKA X = +/3 ABISETCS
TOUKOU MuHuMyMa. 3HadeHNs (YHKIUU B ITHX TOYKAX PaBHBI COOTBETCTBEHHO

332 u-3312.

Haiinem BTOpyI0 Npon3BOAHYIO QYyHKIUN
,(4x —6x)(x” 1) = (x* =37 )dx(x? -1) (4x® —6x)(x* —2x +1) — (x* —3x*)(4x° —4x) _
. - ) (¢ -’ i
4x" —8x° +4x’ —6x° +12x° —6x —4x” +4x° +12x° —12x°

(x* =1)°
B 2x° +4x° —6x B 2x(x* +2x* =3) B 2x(x* +3)(x* =1) B 2x(x* +3)
e e L S ) L e ) S
OmnpenenuM BBITYKIOCTh U BOTHYTOCTh KPUBOW Ha TPOMEKYTKaX.
-0 < X < -4/3, y" <0, KpuBas BRIMyKIass -+/3 <X < -1,
y'" <0, xpuBas BbITyKJIas
-1<x<0, Yy">0, kpuBasg Boraytas 0<X<1,
y"" <0, KpuBas BBITYyKJIas
1<x<3, y'>0, xpuBagBorayras 3 <X <o,
y'" >0, kpuBas BOrHyTas
Haxonum mnpomexyTku eospacmanusi M yowvieanus GyHkuud. g sToro
ompeesieM 3HaKu MPOU3BOIHON (DYHKIIMHA HA TPOMEKYTKAX.
-0 < X < -+/3, Y’ >0, GpyHKIMS BO3pacTaeT
-3 <x<-1, y’' <0, ¢yHkiusa yobiBaeT

-1 <x<0, y' <0, dyHkuus yoblBaeT
0<x<1], y' <0, QyHkuus yobiBaer
1<x<43, y' <0, ¢yHkus yosiBaeT
V3 <X <o, y' >0, QyHKus Bo3pacTaet

BHIHO, YTO TOUKA X = -+/3 SBIACTCS TOUKOH MAKCUMYMA, A TOYKA X = /3
ABIIAETCS TOUKOH Munumyma. 3HaueHus QYHKIUH B 3TUX TOUKAX PABHBI
COOTBETCTBEHHO 3+/3/2 1 -3+/3 /2.

[Ipo BepTUKaNbHBIE acumnmomsi ObUIO yKE CKa3aHo BbllIe. Teneps HalieM
. x? . 1
HAKJIOHHblE acumnmombl. k = lim = lim =1

X—0 X2 -1 X—>0 1

Hroro, s s 3 YPaBHEHUE HAKIIOHHOMU
b:Iim( 2X _szlim[x _ZX +Xj— ACHUMIITOTBI — Y = X.
Crpoum o X -1 oo Xt -1 epagux GyHKINU:
1
=lim ——=Im—*—-=0
X—0 X< — X—»00 1



\ 3apanue 1.MccnenoBars GyHKIHIO 110
\ ‘ NpeI0KEHHONU CXEeME U MOCTPOUTH €€ rpaduK:

\ 1. Haiitu obiacth onpeneneHus GyHKIIHH.
\ 2. UccrmenoBaTh Ha YETHOCTh M HCUETHOCTb.

\ 3. UccnenoBars Ha NEPUOIUYHOCTb.

T 4. HaiiTi cTaniMmoHapHbIC U KPUTHYCCKHUE TOUKU

l
\ Kl
\ \' IIEPBOTO poOJIa.

5. Haiit mpoMexyTKH BO3pacTaHUs U YObIBaAHHS
(YHKLIHH, SKCTPEMYM.
6. Haittu ctanmoHapHble M1 KpUTUUYECKUE TOYKHA BTOPOTO pOAa.
7. HaliTu mpOoMEeKyTKH BBITYKIOCTH (PYHKIIUHU, TOUKHU Meperuoa.
8. HaiiTu acumMnToTsl (BepTHKaJIbHbIE, TOPU30HTAIIbHBIE, HAKIIOHHBIE).
9. Haiitu Touku nepeceuenus rpaduka GyHKIMH C OCSIMUA KOOPJIUHAT.
10.Haiith 1OIIOJIHUTEILHBIE TOYKH.
11. ITo pe3ynbTaTaM UCCIEIOBAHUS IOCTPOUTH IPaPuK PYHKITHH.

Bl.a)y=x%2-x)’;, 0)y :XZ;Z—X_S B16. a) y= X% - 12x% gx+1:

+1 x?
O)y=xz+1

= — Y 1 - 1 -z xs

B2.a)y=xvl-x B17. a)y=3" t3% -2x-1; 6)y=x —2
_ X“+2x-8

6) Y= x+3
B3.a)y=x - arctgx ; 1ea_yz_gy.1 x3

%2 —3x—10 B18. a) y=3 | A+ 3; 6)y:_1.;= _3
Oy=

8 243x-10 =—X%+ 3X*40x:
Bia)y—7 o y——>- B ?)y ] ox;
0)y=3x + 5
4

B5.a)y= /? : B20. a) y= x>-20x ; 0) y=1—

2_4x—12
Y= s

2 2 _ 2
B6.a) y=——; 6)y= "o B2l a)y=x*+15x>x-250 6)y=—
B22.a)y=Vx+2; 6)y—— -
X x2—x—20 X“+

B7.a) y :x2+16; 0)y= X+2



2

X 20
B8.a) y=e+; 6)y= X :izzo
-*. _ x*-2x-15
B9.a) y =7 6)y =
B10. a) y =2x-x%;
_ x%+2x-15
6) y= x—1
5 —2x
Bll, a)y:k_E _3‘.:: +4 ; 6) y:ﬁ
B12. a)y=—X% +3x% -2 ;
x3
O)y=x7-1

X

=x*-l2x+6 -
B13. a)y ; =12

0)y=

Bl4. a)y=x®+9x* + 24x + 12
X2
0)y=6x- + 18
B15. a)y=—X® +3x7-2 ;
X3
O)y=x%-1
KoHTposbHbIE BONPOCHI:

1.Yto Takoe 06sacTh onpeneneHus GyHKIUu?

B23.

B24.

B25S.

B26.

B27.

B28.

B29.

B30.

a) y=x2-4x ; 0)y= 3x+§+5
x%2—-2x—8

a)y=3xx’; 0 y=—/

a)y = 2/3x3-2x=1; 0) y=-X2)ig
A2 A _1-x?

a) y= 2x°-x"; 0)y= .

a)y=2x"8; 0)y =5

a)y = x*-8x%+3 ; 0)y= le_l
_ 3 6) v = x%+3x—10

a) y 4—x2’ ) Y= x+3

x%2-2x—8
a)y=xv4 —x; 0) y= —

2.Kakue (hyHKIIMY Ha3bIBAIOTCS YETHBIMU , HEYETHBIMH, 00111eT0 BUIa?

3.Buael TOUeK pas3phiBa.
4.Yto Takoe Hynmu pyHKUIUN?

5.Kak onpenenuTs NpOMEXYTKH BBITYKIOCTH?

6.Buapr acuMnTor.



IIpakTuyeckas padora Ne 5

no reme «Bropas npoussoanas. Iudpdepenunan. Pemrenne npukiIagHbIx 3a1a4

C HCIO0JIb30BaHUEM 2JIEMEHTOB IU(epeHIHATBHOI0 HCYHCTICHUS»
Heab: HayuyuThCs HAXOXKIUTh MPOU3BOAHBIE JIEMEHTAPHBIX U CJIOKHBIX (QYHKIUI.
Bpems BoinmosiHenuss 90 MuHyT

MarepuajibHoe o0ecnevyeHmne

1. TeopeTnueckue cBeieHus

2.3aanue

3.JIuct A 4

4. KanpKynsTopbl

Iopsinok BeINMOJIHEHUsI padOTHI
1.M3yunth 3ananue

2. 3y4nTh TEOPETUYECKHUE CBEACHUS

3. Bomonauth 1 0OpMHUTH paboOTy
4.ITokazaTp pe3yJbTaThl MPENO1aBaATEIIO
JlomamiHee 3a1aHue

1.IIoAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
Xoa padoTbl

KpaTkue TeopeTH4ecKue CBeIEHUSI.

z=22y" +3x+5y -7

Ipumep: — (hyHKIHMS IBYX IEPEMEHHBIX.

o m 2 .
MHOI A UCMOMB3YIOT 3aIuch 7 o) =25y +3x+3y =7 Tarsre perpeuarorcs 3aqaHus
9
r7ie BMECTO OYKBBI Z HCIIONB3yeTcs OykBa ¥ .
Haiitu YacTHbIE MPOU3BO/IHbIE MepPBOro U BTOPOT0 mopsiAKa

a2 3 4 _
dyHKIMA z=2x°v +3x +0v -7

CHauaJia HaiieM 4YaCTHBIC POM3BOAHBIC ITEPBOTO Topsiika. VX agse.
Oo0o3HauYeHHUA:

%8

¥ A
o

— qacTHasAa HpOI/I3BOI[Ha$I 110 «CHUKC»
z! 5,
Y U %} — YaCTHasi HpOI/I3BOI[Ha$I 110 <<I/IrpeI<>>

r
Haynem ¢ “* . Korma Mbl HAXOAMM YACTHYI0 NPOM3BOAHYIO IO «HKC», TO

nepeMeHHasi ¥ CYMTAETCS KOHCTAHTOM (MOCTOSTHHBIM YHCJIOM).
mo I . r NE

Z, =022 +3x +5y =) =2y (xT +30x), H (5, =) =

= 2y3-2x+3-4x3+U—UT4xy‘3 +12°

KoMMmeHTapuu K BBIIIOJIHEHHBIM IEUCTBUSAM:

(1) IlepBoe, uTO MBI [ellaeéM TMPU HAXOXKIECHUM YACTHOM MPOU3BOJHOU —
3aKJII0YaeM BCH (PYHKIMIO B CKOOKH MOJI IITPUX € MOJACTPOYHBIM HHIAEKCOM.

(2) Ucnonssyem npasuia xudepermupopanms &YV = EV (Lu)'=Cu" g
MPOCTOTO MpHUMEpPA, Kak ATOT, 00a IMpaBuja BIIOJHE MOXKHO NMPUMEHUTh HA OJHOM
mare. OOparuTe BHHMaHHWE Ha [EPBOE cjaraeMoe: TaK Kak - CYHTAETCH



KOHCTaHTOﬁ, a .]'llOﬁle KOHCTAHTY MOKHO BBIHECTHM 3a 3HaAK l'lpOI/l3BOIlHOI71,

3 3
To ¥ MBI BBIHOCUM 3a CKOOKH. TO ecTh B JaHHOW CHTyallMd - HHYEM HE JIy4Ile
0GbI4HOro uncia. Temepb MOCMOTPHM Ha TPEThe claraeMoe - : 31ech, Ha0GOpOT,

BBIHOCHUTH Heuero. Tak kak KOHCTaHTa, TO 2 TOXC KOHCTaHTa, 1 B 9TOM CMBICJIC
OHa HUYCM HC JIy4UlIC IMOCJICIHCTO CJIaracMoro — «CCMCpKn».

r_ Hul -1
(3) Ucnonb3yem TaOIMIHBIC IPOU3BOIHBIC C) =0y &)=n"

f
(4) Tenmeps “». Koraa Mbl HAXOAMM YACTHYI0 NPOM3BOIHYIO MO «HIPEK», TO

nepeMeHHasi ¥ CYUTAETCH KOHCTAHTON (MOCTOSIHHBIM YHCJIOM).
(1} (2]
z, = (2x%° +3x +5y =71, = 227 07Y, + (3aY), + 500, - (7)), =

=2xt A H0+5. 1-0=6x%" +5
(1) Ucnonb3yem Te xe npasuiia quddepeHupoBaHus
2 o
IIEPBOM CJIAra€MOM BBIHOCHMM KOHCTAHTY * 3a 3HAaK TMPOW3BOJHOH, BO BTOPOM

mtwvi'=u'tv" (Tl =Cuf B

4

CJIaraeMOM HMYETO BHIHECTH HEJNb3S OCKOIBKY % — yiKe KOHCTAaHTA.
(2) Ucnonp3zyeM TabnuIly MPOU3BOAHBIM JJIEMEHTApHBIX (GyHKIUH. MbICJIeHHO
noMeHsieM B Ta0JIulIle BCe «MKChI» Ha «MTPeKn». B yacTHOCTH, NCTIONB3yEeMbIE HAMH

(bopMyIIBI BBITJISIIST TaK: ©) =0y O =n" Wrak, yacTHbIE MPOU3BOIHBIE IEPBOTO
IOPsJIKA HAaWJIEHbI

[TonBenem wTOr, 4yeM XK€ OTIMYACTCA HAXOXKIACHHE YAaCTHBIX HPOU3BOJHBIX OT
HAXOXKJEHUS «OOBIYHBIX» MTPOU3BOAHBIX (YHKIIUU OJHOU TTEPEMEHHOM:

r

1) Korma MbI HaX0AUM YACTHYIO POM3BOAHYIO **, mepeMeHHasi * CYMTaeTCsi
KOHCTAHTOM.

f

2) Koraga Mbl HAX0AUM YACTHYI0 MPOU3BOJIHYIO Z-”, nepeMeHHasi ¥ CYHUTAETCS
KOHCTAHTOM.

3) IlpaBuiia u TaGJIMIIa MPOU3BOAHBIX YJIEMEHTAPHBIX PYHKIMI ClIpaBeJINBbI
1 NPHMEHUMBI 1JIs1 J1I000i nepemennoii (%, » 1n0o Kakoii-HHOYAb APYroii), mo
KOTOpO# Beaercs Au(ppepeHIMPOBAHKE.

[ITar Bropon. Haxoaum yacTHbIE TPOM3BOIHBIE BTOPOro nopsaka. Mx yeTsipe.

O0o3HauYeHUs:

Fz
" 2
i WK o — BTOpAs IPOM3BOIHAS 1o «HKC»
&z
zy &
w WIN —~ BTOpAs IPOM3BOIHAS 1o «HTPEK»
&z
z ey
W WK — cMewanHas NPOU3BOAHAS «HKC 1o UIPEK»

Az

i

z
» wmn P — cvewannas IIPOU3BOJIHAS KUTPEK I10 UKCH
B mnoHATMM BTOPOM NPOM3BOAHOM HET HHUYETO CIOXKHOro. ['0BOpsS MpOCThIM
A3BIKOM, BTOPasi MPOU3BOIHAS — 3TO MPOU3BOAHAA OT NePBOH MPOU3BOIHOIM.



YacTtHbie MIPOU3BO/THBIC MEepPBOrO nopsJiKa:

Cnayvana HaeM CMEIIaHHbIC MIPOU3BOJHBIC:
zl, = (z0), = (4 +12x7), = 40", +(1227), = 4x - 3y" + 0 = 121/

E

f
Kaxk BuauTe, Bc€ mpocTo: 6epemM 4acTHYIO MPOU3BOJHYI0 “* U auddepeHIpyem ee
CIIC pa3, HO B JAHHOM CJIy4ac — YK€ IO «KUI'PCK».

AHaJIOTHYHO:
zh = (), = (6x'y" +5), = 60 (x" ), + (5, = 6" - 2x+0=121"

B nmnpakTMyeckux mNpuMepax MOKHO OPHEHTHPOBATBLCS Ha cjeaylouiee

PaBEHCTBO:
fo_
Zay = 2,'“,_':,r

Takum 006pa3om, yepe3 CMEIIaHHbIE TTPOU3BOIHBIE BTOPOTO TOPSAJIKA OYEHb YI00HO
POBEPUTH, & MPABUIILHO JIM MbI HAIIUIA YaCTHBIC IPOU3BOIHBIC MIEPBOTO MOPSIKA.
HaxoauMm BTOpYI0 MPOU3BOAHYIO IO «UKCH.

2t =4x +12x°

Huxakux nzobperenuit, oepem u quddepeHnupyeM e€ 1mo «MKey» emie

pas:
z = (200 = (4x” +12x7), =4)y* (0% +12(x°), =47 - 1+12 - 3x% = 4y” + 36"
AHaJIOru4HoO:

28, = (z)), = (6x°y" +5), = 62 (1), +(5), = 62 2y + 0 =122y

I "
=
CHC}IyCT OTMCTHUTDB, YTO IIPU HAXOXKICHHUU Z“, » HY>KHO IIPOABUTH HOBBINICHHOC

BHUMAHHC, TAdK KaK HUKAKUX YyACCHBIX PABCHCTB AJIA UX ITPOBCPKU HC CYHICCTBYCT.
HpI/IMepBI HaXOXICHUA YaCTHBIX IMPONU3BOAHBIX IICPBOIo ImopsaaKa.
IIpumep 1. z = z° - 2zy + 2°.

Pewmenue. duddepenuupyem ¢ysnkuuio z = f(X, y) cHavana mo X, moJaras y
(UKCHPOBAHHOMN BETMYMHOM, TOTOM MOBTOPSIEM 3TY K€ MPOLIETYpPY, MEHSS POJU X U
y. [lonyuaem

dz i

= 0p — Dy, o = 4y — 2o
dx -2y thy dy -2z
dz y iz r
Npumep 2. z = arctery, — — ——o o e —
g : E2¥, dr 1+ (zy)* Sy 1+ (zy)?
IIpamep 3. u = ye¥* + In(z? — 2y + z).

Pemenne. YacTHbIE TPOU3BOIHBIC 3TON (DYHKIIMU TPEX MEPEMEHHBIX BBIPAKAIOTCS
clenyomuMu (popmyiaMu:

u 2r i . 2
3= 3 s oo = (L +yz)e — —— '
dr x?-2y+2 dy T =2y + z
i 2002 |
=yelt f —
8z Y 22—y 42

3agaHus NpakTH4ecKoH padoThI
1. Haiit 1 mOCTPOUTH 00JACTh ONPEACIICHUSI CIIOKHON (DYHKITHH.



2. BwraucianTh mpou3BOIHYIO CIOKHON (QYHKITHU.
B1 1.z=arcsin(1-x2-y?) B16 1.z=In>
y

= Y = =
2.a) z=ViInx o x=e,y=1 2.2)2=(x? + y?) ¥’

0) U=x?-y?+327, 5)U= 1 e o
u=x/y-(z+y)Vx, x=1,y=1,z=-2
x=1/2,y=1/2,2=1/2 ) \/}( Y) Y
B2 1.z=In(y-Inx) B17 1.z=Iny-Incosx
= Z = - . = 1 + 2 = —
2.a) z=\/xy |nx,x 1,y=2 2.a)z= xsiny+x4, Xx=3,y=n/2

B)U=3X?/2- 6)u=,/xy —
y2[2+272,x=2/3,y=2,2=2/3 V4 — z2 x=1,y=1,z=0
B3 1.z=,/Inx + Iny B18. 1.Z:Insinx-\/§
2.a)z:xyi’xze’ y=1 2.a)z=arcsin% - Inv, u=0, v=1

xy
6)U=x3/2-y3/2+823 x=2,y=2,2=3/2 O)U=(x*+y*+2%)¥?, x=0,y=-

3,2=4
B19. 1.z=In(y?/4-x?/9-1)

B4 1.z= —x+2 /
Jy—x 2.a)z=Iny/x2 + y2+1ly,x=y=1n2

2.a)z=sinl/xeY x=n/2,y=1 6)U=2/x+3/2y-
0)u=3/2x?+3y2-222, _ 3 _
\6/4z,x=2/3,y=3/2,2=1/2
x=2,y=113,2=3/2 /42 X=213y
B5 1.z:arcsinxy—2 B20. 1.z:arcsin§
2.a)z=arcg(x>-y?2)+1/\/xy 2.2)z=Inyv/x x=1,y=3/5
Vi yz 0)u=3/x+4ly-
OU=T ~ 1W6x,x=1,y=2,2=1/6
B6 1.z=arcos(2x-y) B21. 1.z=1+/1 — (x — y)?
2.a)z=arccos§+e VY, x=2,y=1 2.a)z=cos(Lly)-1/,/xy, x=n/2,
6)u:\/§x2-%-6x/§zz, y=2/n
x=1,y=2/3,2=1/6 O)u=x/y-yz* x=2y=1,2=-1
B7 1.Z=/In(2 — x — y), B22. 1.z=In(x*+y)
2.a)Z:tgllx.e%,X=1/7t,y=O 2.a)z=e™ Jx* — y?, x=1y=0

—eind e e o
6)u= 2,/x + y+y.arctgz, O)u=sinz, x=2,y=m,z=1

x=1,y=1/3,2=1/6
B8 1.2=In- B23. 1.2=V1 — x2+/1 — 2
2.a)z=(x? + y2)** ¥’ 2.2)z=yIn(x?-y?), x=2,y=1

) o 6)u:x3/16+y2/9-
6)u_x\/§ (Z+y)\/}, X_lsy_l’z_ 2 22/8,X=2,y=1/212:1/3




B9. 1.z=Iny-Incosx B24 1.Z:\/ln(2 —x—y),
2.a)z= xsiny+x?, x=3,y=mn/2

Yy
2.a)z=tgl/X.ex,x=1/m,y=0
o)u=,/xy — V4 — z2 x=1,y=1,z=0 2710 Y

o0)u= 2,/x + y+y.arctgz,
x=1,y=1/3,z=16
B10. 1.z=Insinx-/y B25 1.z=arcos(2x-y)
2.a)z:arcsin% - Inv, u=0, v=1 2-3)Z=ar0005§+e\/x_y, x=2,y=1
6)u=(x>+y?*+72)32, x=0,y=-3,z=4 6)u:\/§x2-%-6\/§zz,
x=1,y=2/3,z=16
B11. 1.z=In(y%/4-x2/9-1) B26 1.z=arcsin’;—2

2.2)z=Iny/x2 + y2+1ly,x=y=1~2

= 2_y/2
6)u=2/x+3/2y- 2.a)z=arcg(x*-y?)+1/y/xy
_vx yz
V 6/42,x=213,y=3/2,2=1/2 o=~

B12. 1.z=arcsin”
2.a)z=Iny+/x ,x=1,y=3/5
0)u=3/x+4/y-
1W6x,x=1,y=2,2=1/6

B271z= |\/y —x+2
2.a)z=sinl/xeY x=n/2,y=1
0)u=3/2x?+3y2-22?,
x=2,y=1/3,z=3/2

B13. 1.z=1+/1 — (x — y)2 B28 1.z=/Inx + Iny

2.a)z=cos(1/y)-1/\/xy, x=n/2, 2,a)z:xy$'><-er y=1

y=2/n G)U=x3/2-
6)u=x,/y-yz? x=2,y=1,z=-1 y3/2+823 x=2,y=2,2=312
B14. 1.z=In(x?+y) B2 9.z=In(y-Inx)
2.a)z=e*"\[x2 — y2, x=1,y=0 2.a) Z=W In%, x=1, y=2
6)u=siné, x=2,y=m,z=1 B)U=3X?%/2-
y2[2+22%,x=2/3,y=2,2=2/3

B15. 1.2=V1 — x2+/1 — y2 B30 1.z=arcsin(1-x*-y?)
2.2=yIn(x%y?), x=2,y=1 2.a) z=VInx % x=e, y=1
u=x3/16+y?/9-z%/8,x=2,y=1/2,z=1/3 6) U=x2-y2+3z72,

x=1/2,y=1/2,2=1/2
KoHTpoJibHBIE BONIPOCHI:

1.ChopmynupoBaTs onpeeneHne pyHKIUHU C IByMs IEPEMEHHBIMU.

2.Yro Ha3zpiBaeTcs 00JaCThIO ONpeaAeaeHUs] GYHKIIMH HECKOJIbKUX MEPEMEHHbIX ?
3.ChopmynupoBaTh IPaBUIIO HAXOXKIESHUS TPOU3BOTHON (DYHKIIMN HECKOJIBKUX
EpPEMEHHBIX.

4.Yto Takoe noaHbii auddepeniman GyHKIMU HECKOJIBKUX EPEMEHHBIX ?



IIpakTnueckas pacora Ne 6

no teme «PenieHue npakTUYeCKUX 3a/1a4 ¢ IPUMeHEeHMeM HUHTErPaJioB)
Heab: npoBepuTh YMEHUE HAXOAUTh HEOMPEICIICHHBIEC U ONPEEICHHbIE NHTErPaIbl
HCII0JIb3YSl METObI HEMOCPEICTBEHHOTO MHTETPUPOBAHU S, UHTETPUPOBAHUE
IMOJACTAHOBKOM M IO YaCTSIM.
Bpems BbinosiHeHuss 90 MUHYT

MarepuajbHoe obecnedyeHmne

1. TeopeTtnueckue cBeICHUS

2.3ananue

3.JIuct A 4

4. KanbKynsiTopbl

Iopsinok BbIMOIHEHHSI PadOTHI
1.3yunts 3amanue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUS

3. Bommonuuts 1 0OpMHUTH paboTy
4.1Tokazarp pe3yabTaThl IPENO1aBATEIIO
JlomamiHee 3a1anue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOITPOCHI
Xoxa padoTbl

Teoperuueckue cBeeHHs

f(z)

Onpenenenue Ilycthb -- (byHKIIMS, 3aJaHHAs HA O0BETMHEHUH UHTEPBAJIOB

f(z)

BelllecTBeHHOM ocu. Habop Bcex mepBooOpa3HbIX IS Ha3bIBaETCS

f(=) J f(z)d=

HeonpeoenéHHbIM UHMe2Paniom OT u o003Hayvaercs . Onepauus

flz)

HAXOXKJCHUS HEOMPEICIEHHOTO HHTETPAJIA 110 3a]aHHON (QYHKITUN HA3bIBAETCS
unmezpuposaruem ol GyHKIUH; HAUTHU HEONIpeeIEHHBIN HHTErPaJl O3HAYACT

f(z)

npounmezpuposamsy Nanuyro QyHkuuio. OyHKIUS , 3aIFCaHHas TTOCJIe 3HAKa
UHTerpasia (Wi, Kak 4acTo TOBOPAT, 700 3HAKOM MHTErpaja), Ha3bIBaeTCsI
nooviHmezpanvhou gyuxkyueti. CorjaacHO JOKa3aHHBIM BBIIIE TEOPEMaM O BUIE

f(z)
epBOOOPa3HBIX, HEOMPEIECAEHHBIN UHTETPAN OT (PYHKITUN COCTOUT U3 (DYHKIIHIA
F(I:J-l—Cf F(I:J f{I:J
BHUA , T1Ie -- Kakasg-1bo puKcupoBaHHas IEPBOOOpA3HAs st ,a

C -- BeJIM4YHHA, ITIOCTOSITHHAA Ha KAXIOM U3 HCIICPCCCKAIOMINXCA NHTCPBAJIOB, HA

f(=)

KOTOPBIX 3a/1aHa QyHKIIHS . [ToaToMy MOKHO HamucaTh Takyto Gopmyiy:



fﬂ:] dz — F(z) + C.

Tabauua MHTErpaJioB JIeMeHTAPHBIX (PYHKIIUIA

1 _[D'afx:=C 11 _[l::h:r,afx:=shx+C'
2| Jrdc=+C 12 [Z - cthx+C
sh*x .
+1
3 J_xma&:=x'1 rC 13 J'd; =thx+¢
a+1 (m=-1), ch
4 1 g 14 ! & 1™
S = [Z =]+ C dx = Y SRS
Ix .[x fe| . Ix2+a2 Ix2+a2 g e
5 . _a 15 x 1 }L‘“
_a* S L +C
J'aafx: ]na+C’_ .[xz_az da |xta
J'exa&:=€x+c
6 _[Sinxtfx:—msx"'cl 16 IL=Mcgm£+C=—arccos£+C
az_x o o
7 Ic@sxdx=sﬁ1x+ﬂ'. 17 e +dx2 + |+ C

IL=
xl'x2+cz
8 J'd;: =-ctgx +C 18 _I'f\fx2+cxdx=£xl'x2+c~:+%]n‘x+w,n‘x2+cx‘

s < x . 2

9 dx 19 2
[——=tgx+C quaz—xzdx=%afa2—x2 +%arn:sin Xic

il

10 _[shxdx:=|::hx+C. 20 Ia&: =]ntg£+C'
SN X 2 .
j- o =]n’!gx+ﬂ2‘+(?
CoOSX 2

3aMeHa mepeMeHHOI B HeONPeAeJEHHOM MHTerpaJe
(MHTEerpUpoOBaHMe NMOACTAHOBKOI).
IIyctb [ £ (x)de = Flx) +C Torna [ £ @(x)e (x)yde = F(2(x)) + C 3nech t(X) -

muddepennpyemasi MOHOTOHHAS (YHKITHS.



IIpn pemennn 3a1a4 3aMeHy IIEPEMEHHOW MOKHO BBIITOJIHUTD JIBYMSI
CIOCOOAMHU.
1. Ecnu B moJbIHTErpaibHOM (PYHKIMU y1aéTcs cpa3zy 3aMeTUTh 00a

comHoxuTens, u f(t(X)), u * (x) 10 3amena NEPEMEHHOM OCYIIECTBIISIETCS

[IOJIBEICHUEM MHOKUTEIIS £(x) oz 3Hak quddepeHimana: t(x)dx = dt

, 1 3a71a4a
CBOJMTCS K BBIYMCIICHUIO HHTETpaa [ (e)dr Hampumep,
sin X —zin xdx dicosx Feid
[t e = [22% g = - _ - deosx) i
COEX LOEX CosX  (3a7a4ya CBeJIeHA K BRIYMCICHUIO = £ |

rae t=cos x) = "I 1eosx|*C Guanoruuno naxomures uuterpan or X );

sit1 x — r,SE ¢ . — ¢ .
e cosxdx = [¢7""dsin x (3a1a4a cBesieHa K BEIYHCIIEHUIO [ede , Te t = sin x)

- esinx e
. B 0onee cloKHBIX 3agadax orncpanusd IIOABCACHUA 110/ 3HAK
I[I/I(l)(bepeHHI/Iaﬂa MOJKCT BBIIOJHATHCA HECKOJIBKO Pa3:

'['_ﬁ_,as'l.fu:u:tgs.!c2 arcctg4x2 Ldr _

I+x (camoe HeMpUATHOE B MOJIBIHTETPATbHON (PYHKITNY -
nsATas CTENeHb apKKOTAHTE€H A MOJT 3HAKOM 3KCITOHEHTBI; €CIU JaJibllie He HalaETCs
mupdepenunan 3Toi GyHKIMHU, TO HHTErpaj, BO3SMOKHO, B3SITh BOOOIIE HE YAACTC;
B TO XK€ BPEMs CIIEAYIOIMN MHOXKHUTEND (arcctg? X%) - mpou3BoaHas (¢ TOYHOCTHIO 110
MOCTOSTHHOT'O MHOXHUTEJS) CTENEHHON (QYyHKUINHU; 3aT€M CIIEYIOT TPOU3BOIHbIE
(OISATH C TOYHOCTBIO JI0 MOCTOSHHBIX MHOKHUTENEH) QyHKIMIA arcctg X2 u X2 1o
CBOUM apryMeHTaM)

1 5.2 1 1 )
= —_[ear':':tg * aru:u:tg4 x* (Zxdc) = —_[ear':':tg * aru:u:tg4 x* dc® =
2 1+x* 2 1+ x*
2
1 5.2 — 1 ]
= ——_[em':tg * arcct54 :JL:2 = ——_[em':tgs * a:rcl:tg'i1 xzd arcctz xE =
2 1+ x4 2

5.2 5.2 5.2
—%Iem“g * l(551ru::u::tg4 xzdarcctgx2)=—%_[em“g * l(.lcfarlz:t:tgj x2j=—1—1|:|em':tg * 10

2. 3aMeHy IEpEeMEHHOU MOKHO OCYILIECTBIATH (POPMaTbHBIM CBEICHUEM

it X
MOBIHTErPATBHOTO BHIPAKEHHS K HOBOi lepemenHoit. Tak, B J€ 05 *% yveer

CMBICJI MIEPEHTH K IIepeMEHHOM (c1eaTh MOJACTaHOBKY) t = Sin X. Beipaxkaem Bce
MHOKHUTEU MTOABIHTETPAJIbHOTO BBIPAXKEHUS Yepe3 NEPEMEHHYIO

x=arcsmx;dx=L2;cosx=w{l—sm2x =«f1—r2
1-¢

st x =
.  pesymbrate J€  CosXdx

= _[et 1-22 —‘ﬂ

=_[etd£=et +C =
1- ¢

(BOSBp&HIaGMC}I K I/ICXOILHOI?I HepeMeHHOﬁ)
_ _sihx
=€ +C . I[pyme IIPUMCPEIL:

dx

IJx—Sﬂ+

3

Vx=5) [ToxpiaTerpanbHas GyHKIUS COMCPIKUAT JIBA MHOXKHUTEISI, HA OJWH
U3 KOTOPBIX HE SIBJISETCS IPOU3BOJIHON APYroro, MO3TOMY MOJBOJUTE UX O] 3HAK
nuddepennmana 6ecrosnes3no. [lonerTaeMcest BBECTH HOBYIO ITIEPEMEHHYIO, TaKYIO,



x-5=4 6.1:—5;

x =t +5;t£:c=6£jd.t _

dx
Ifx 501+ 3% - 5)

LITO61:I KOPHH U3BJICKIIUCH!:
68 dt tdt (£5 +1-Dde _

=§ =f
£il+e4) J'1t2+1 / £+l

—E[J'tﬂ - ] (¢ —arctg £)+ C = 6/x =5 - arctg§fx -5 )+ C

£ +1 Paccmorpum

Jda® - x' (unTerpan Nel9 u3 Tadu.). 31ech MOABIHTErpaTbHas (QYHKIMSA COCTOMT
U3 €IMHCTBEHHOI'O MHOXHUTEJISI; MOYKHO OIISITh IOIBITATHCS CAENIATH TAKYIO 3aMEHY
nepeMEHHOM, YTOObI KOpeHb U3BIEKCA. CTPYKTypa MOJKOPEHHOTO BBIPAXKEHUS
II0JICKA3bIBACT OTY 3aMEHY: *= asin ¢ (mnu X =ecost a>0):

X =5 £ dx = acos (4t

-,|' —x? —aw'l—sm E=@rcost

WMHTETpaly OT KBaJpara KocuHyca. IIpu uHTerpupoBaHnum 4ETHBIX CTENIEHEN CUHYCA U

j'a—xaf): —aj'cosrdr

. MnTerpan ceéncs k

2 2
KOCHHYCa 9acTO MPUMEHSIOTCs (hOPMYIIbI, BRIpakatolue it~ £y Cos™ Zyepes

.9 1-cos2é 5 1+ cos2f
sm- = ——— cos T S ——

KOCHHYC JJBOMHOTO yTJa: 2 2, [TosTomy
azjcoszt'dr=a2_[# ——Udt+_[|::052£d.r:| ; [r+ _[cosE.t d,Er]
i ¥ =£; cosE=
=£[r+lsin 2:]+C=£[r+lsin 2:]+C=£(r+smrcosr)+c= “ =
2 2 2 2 2

f 2 2
l-sinlg=2% 7%
it

2
= %arn:sin x +%xm,|'a2 —.:vr,2 +

il

[Tpumepsr: 1.

t=x+fxltoz-x=+x?to-x)? =x? + g
dx £ - £ -
I—dx=i2—2tx+x2=x2+m;x= m;w,ﬂx2+m=£— > =]n|1E|+C=]n‘x+'\|'x2+m

2f 2F

2 2
o 5t
= Lide = 5 o
of 2f

a1 EaE_ (x+e)—(x-a) -
2 sz—az 2a° x2 - - 2a (x +a)(x —a) '[[ x+a]ﬂk




dix — ) Jd(x+a:) [h1|x |-l |x +al+C = 1]11

_[ x—a
Ea x-a x+a 2 2

+C

x+ua
Humezpuposanue no uacmsanm.

HNuTerpupoBanue o 4acTam - NpUEM, KOTOPBIM IPUMEHSETCS ITOYTH TaK XKe
4acTo, Kak 1 3aMeHa nepeMenHoi. ITycts U(X) u V(X) - yHKINH, HMEFoIIHe
HEIPEPHIBHBIC YaCTHBIC TPOM3BOAHbIE. Torma mo hopmyne nuddepeHITupOoBaHMS

= udv =dur)

npoussenenus d(Uv) = udv + v-du “v . axomum

HeonpenenEHHbIC NHTETPAIIBI IJ11 00€UX YacTel STOTO paBeHCTBA (TP ATOM
_[d(uv} =y + C).
Iu e = — _[v .7

Orta dopMyiia U HazbIBaeTCs (HOPMYIIONH HHTETPUPOBAHUS 1O YacTsaM. HacTo ee
3aIMCHIBAIOT B IPOU3BOAHBIX (AV = Vv’+dx , du = u’-dx):
Iu-vh&: =uv—Iv u'd

[Tpumepsr:
i = x, dv = sin xdx;
J‘xsin xdx = , =x(—cosx) —\I‘(—cosxja&: =-xcosx +sin x+ ¢
di = dx v =J'sm xdx = —cosx
=In x; dr =dx; e
_[]nxdr,= g =xh1x—_[x—=x]nx—_[dx:=x]nx—x+(?
= v=x x
x

CDOpMy.TIa HHTCTPUPOBAHUS 110 HACTAM MOKCT IIPUMCHATHCA HCOIHOKPATHO. HpI/I
HAJIMYMM HEOOJBIIOr0 OIIbITa B IMPOCTBIX HMHTCrpajlax HET HGO6XOI[I/IMOCTI/I

BBINTKACHIBATH IPOMEKYTOUHBIC BBIKIAAKU (U = ..., dV = ...), MOXKHO Cpa3y MPUMECHSThH
Gopmyiy, pe/ICTaBUB UHTErpa B BHJIE Ju: dv ;
j'exxEtfr = J'x3 (e™dx) = J'xEdex - x'e —j'extbcg = x°e® —J'e 3xlde = xoe® 3_[.1:2 (e¥dx) =
=x3€x—3]'x2t£ex—xe —3(.1: —J'e .af:c:2 =xe —3(x e~ —J'e 2xex) =

~3x%e® + ﬁj'xaiex = x'e® - 3xte* + fixe™ - J'exdh:) = x ¥ - 3x’e® +6xe® - 6J'exafx =
= x7e® - 3x%e® + fxe® 63x+C=ex(x3 —3x2+6x—6}+cl
[TpuBenénHbIC MPUMEPHI MOKA3bIBAIOT, U KaKUX (DYHKIIHA HAJI0 IIPUMCHSITh
(WJIM MOMBITAThCSI TPUMEHUTH) POPMYITy HHTETPUPOBAHUS IO YACTSIM:
IPH(x) ‘cosax - de ’ IPH(x)'siIlmr dx ’ J'PH (x) e du , T71e Pn(X) -
u=F,(x), dv = cosemdx ’

I/IHTerpaJILI BUa

MHOTOWIEH N-0i cTeneHu. Tak, ais [ Pu(x) cosax dx

= (P (x)Vex = Py (x)ex, v = (sin eex) [ & "

[Po(x) cosax dx = Py (x) (sin ax)/@~1/a[ Py (x) sineax dx p PE3yJILTATE MBI

HMCEEM

MOJIYYMJIM UHTETPAJ TOrO 7K€ THIA C MHOTOYIEHOM CTEIEHH Ha €IMHUILY MEHBIIIE.
ITocne N-kpaTHOro NpUMEHEHUsI POPMYJIbI CTENEHb MHOTOWIEHA YMEHBIIUTCS 10



HYyJIs1, T.C. MHOI'OYJICH ITPCBPATUTCA B ITIOCTOAHHYTO, 1 MHTCTpPaJI CBGI[éTC)I K
Ta0JIUYHOMY.

HHTerpansl [Pt} fx) dx e ). TpaHCLEHAEHTHAS (QYHKIUS, UMEIOLIAs
JIPOOHO-PALMOHANIBHYIO HIIH APOOHO-MppaloHaibHy0 mpousBoaayo (In X, arctg X,
arcctg X, arcsin x, arcos X). B arom ciydae umeet cMbIci B3sTh U = f(X), dv =

Pn(X)dX, miis TOr0, 4TOOBI B MHTETpaIe [rdu yuactBoBaia He f(X), a e€ npousBoaHas.

[Tpumep:
i = arcsin x. dv = xdx, 5 ¢ dy Iaff.
X = gin = cog
_[x'arcsmx'fix:= ax x? =x—art:sinx— G
"ﬁﬁﬁ;":? 2 5.f] - x 2 «fl x? =cost
-x

2 2 7 )
x—arcsﬁlx—ljsmztdx=x—arcsﬁ1x—lj(l—cosﬁxjdx=x—arcsmx—l -2 2 +(C =
2 2 2 4 o 4 2

2 . 3 ) ~
x ) £ sm fcosk x . arcsin x x+1-x
—arcsm x——+——  +¢=_—arcan x — + +

4 2 4 4

JU1st HEKOTOPBIX (DYHKLIMM IPUMEHSETCA IPUEM “CBEJICHUS MHTErpajia K
camoMy ce0e”. C IOMOIIbI0 MHTETPUPOBAHMSI 110 YACTAM (BO3MOXKHO,
HEOJHOKPATHOI'0) MHTETpaj BhIPAXKAETCS Yepe3 TAKOW K€ UHTErpaj; B pe3yJibTare
IIOJIy4aeTCsl YPaBHEHUE OTHOCUTEIBHO 3TOr0 MHTErpalia, pemias KOTopoe, HaXOAuM
3HaueHue uHrerpaina. [Ipumepsr:

2
. F=|vea® —x"dx .
Haittn I (3T0o mnTerpan Nel9 u3 Tad.a. 10.3.HeonpeaeséHHbIX
HHTEerpaJsioB; B peAblayleM naparpade Mbl BHIYUCIUIA 3TOT UHTETPpall C IOMOIIBIO
TPUTOHOMETPUYECKON MOJACTAHOBKH X = &8ifl 2),

w = ﬂz—xz;dv = dx, 3 3
I=.|'"n,|'f£2—x2dr= xdx =x fzz—x2+[—xd‘ = x az—xz—j—x d =
du:—ﬁ;v = x ﬂ2_x2 ﬂ2_x2
2 - X

= Xla (d —xj d dx = xja’ - x* +
7= [ U—dx -

=x a - x? J-“-.,II -x afx:+a2.|' 2

. X
-F+a® arcsm —
B pe3yjabTare I HMCKOMOI'O I/IHTeraHa MBI HOJ’IyIII/IJII/I ypaBHeHI/Ie

=X ﬂ, 2
I| _x L

X
I =x+a®-x%-7T+a* arcsin =
t

. x
2f = xw,n'az -x? +.|:Js2 arcain — + €

pemas KOTopoe, IMoIydaem i (xoHctanta C MOSIBUJIACH
BCIIEICTBHE TOT'0, YTO HHTErpasbl 4 B IpaBoil U JIEBOM YaCTIX ypaBHEHUS OIPEIEICHEI

2
I=lx~..|'a2 —x? +%arcsin £+('J'

C TOYHOCTBIO JO MPOU3BOJIBHON TMOCTOSIHHOW) U 2 «



C

(KoHCTaHTa 2 nepeobo3HaueHa qyepes O).
CBenenne mHTErpajga K caMoMy ce0e — caMblil MPOCTON CIOCOO HAXOXKIICHUS

iy ax -
e coshxdx ™ an bxdx =
YaCTO BCTPEYAIOIINXCS WHTETPAlIOB BHUJIA I u I (CZRiET),

Hanpuwmep,
= coshx, dv = ePelx
I=.I-,g'“ coshr dx = = s C05§x+bleﬂxsﬁ1ﬁx'dr=
= —psin b,y =™ fa “ @
i =sin bx, dy = e®dx e B|e™ b
= = coshx+—| —:sm bx——_[eﬂxcasbx'tfx: =
=hcoshrede, vy =™ fa = | & -
22 ax 2
= _—coshx + s b ——F
@ ct @”  Wrak, mocne IByKpaTHOTO UHTETPUPOBAHUS IO YACTIM
ax a% 2
-] . )
IF=—rcosde+ smbx——zf
MOJIy4CHO YPaBHEHUE OTHOCHUTENBHO f : @ a @ | pellcHue
eﬂx
f =ﬁ[a|:c}s.bx +bsin bx |+ C
KOTOPOT'O a” +h

[Ipu HaXOXAEHNUU 3TH UHTETPATIOB HE MPUHIIUITHAIBHO, TIOJIOKUM JIM MBI U = COS
bx, dv = e dx nau u = e, dv = c0S bX dX; Ba)HO TOJBKO IMPU BTOPOM MPHUMEHEHHUN
(opMyJIbI MHTETPUPOBAHUS 10 YACTSAM 3arOHATH O/ 3HAK AU depeHrana pyHKIUIO
TOTO K€ THIIA, YTO U MPH MEPBOM (TI0Ka3aTEIbHYIO HJIM TPUTOHOMETPUYECKYIO).

Emé onun Bug Qopmyi, KOTOpble OOBIYHO MOJYYAIOTCS € TOMOUIBIO
UHTETPUPOBAHUS IO YaCTAM, M HCIOJB3YIOTCA JUUIsl HAXOXKJIEHUS WHTErpajoB -
PeKYpPpPeHTHbIe COOTHOmeHMs. Ecinu nonpiHTErpangbHas (QYHKIOUS 3aBUCUT OT
HEKOTOPOro napameTrpa N, U MOJIy4YEeHO COOTHOLIEHUE, KOTOPOE BBIPAXKAET MHTErpall
yepe3 aHAJOTUYHBII MHTErpajl ¢ MEHBIIMM 3HA4€HHEM N, TO 3TO COOTHOILIEHHE U
Ha3bIBACTCS PEKYypPPEHTHBIM COOTHOIIICHUEM. [Tpumepsr:

£, = _[n::os" x ' dx
[IpencraBuM  MOABIHTETPAIBHYIO  (DYHKIIMIO B BHUIE

- _ -2 A _ -3 n-2 :
cos®x = cos® % xcogd x = COS x (l-sm* x)=rcos X —sin X cCos XS X . pyrerpan

OT TIEPBOrO CJIATa€MOT0 aHAJOTUYEH MCXOJIHOMY C 3HAYEHHEM IapaMeTpa N Ha JiBe
€UHUIIBl MEHBIIIe;, K HWHTErpajly OT BTOPOrO CJIaraéMoro MPUMEHHUM (QOpMYyITy
WHTETPUPOBAHUS T10 YACTSM:

=smx;dv=cos"_2xsﬁ1xdx;
_ "o, - n-2 ., N n-2 : - _ -
¥ i —In:os xdx Ic:os xdx Ismxcos x sin xdx cos® Ly
=cosxedo,yr=——;
n-1
cos® 1 x cos® 1 x sin xcos® | x 1
=f, x| —— +I -——|cosxde =S, 5 + - _[c-::lsx"'afx:=
n-1 H- -1 n-1
. -1 . -1 _ ; n-1
sinxcos " x 1 sinx cos X n-1 S X oS X
=f, g+ *__ f =;~(l+—)l 3 S i L Sl S Sl
L -1 a1 ® a1 Rl 1 -1 R P



=Icosx'¢£x =amn x +¢

Tenepsp, 3Has ’
1+cos2x 1 St 2x
IE—J'n:os x dv = I—dx=_ x + +C
2 2 MBI MOXKEeM BBIIHUCATh
_ 3-1 . 2
I3=Ic053x'dr=331fl+smxcgs T o fgin o+ EEY Ty
_ - 4-1 5
14=‘[C054x'dx=4 112+smx|::os x_3 l[2x+sm2x) Si1 X 008 L
4 4 4 4 4 :
_ - 5-1 . 4
Ij:ICOij'dr=5 1I3+Smxl::os x=i l(zsmx+smxcoszx:|+—smxms x+C’
) > = < 5 U T.JI.
3ananus npakTudeckoi padorsl HalitTu HeonpeaenéHHbIE HHTETPaJIbI
1.
1.1, [x°(3x+1) dx L11. [4x(4x+2) dx 1.21. [3Jx(2-3x) dx
2 _9y3 7 3 4 g6
12 [-2/x(d-3xdx 112 [X K 24 120, [ B3 20X,
X X
l 4 1
3 y4__8y" 4 a4 4 307w
) R 8 i R [h— £OX i 1.23, judx
X X
1 3 1 3 3 2 \/_ \/_
4 _x7T —x3 4 _ y5 4 y3 32 4[5
1.4.Iudx 1.14. Iudx 24-I x? +4/x \/;dx
X X

5/y2 3/y2
15-J.\/X_+\/:—_2\/;dx

1.6. ;dx

V3-x?

3
1.7.I1+X2dx

1
1.8.J{ex +2X— 4* +3x2jdx;

19JZCOS x+5
cos? x

l.10.j§§/F—6005 xdx

1
2.2, | ———=dx
J\/9x2 +3

3\/x_+2\/x——
X

1.15. j

3
1.16. | ——dx
J V4 —-4x?

1.17. dex
25+ X

2
1.18..|'[3+8eX +5%—x 3de;
X

2c0s’ x—4
L8[ e

l.ZO.IEsin X+ de
2.

2.11. j

1
———dX
vV5x% +3
V4-Tx?

2.12.[

1.25.[ 24«

V1-x?

1.26. 4dx

VX2 +4

1.27. 42dx
2+3X

=3
1.28.[ 2sin"x+3
sin? x

2
1_29..[1+3cos de
cos? x

1.30.[ (1 x)2—/x Jix

! dx
-2

1
dx
243



1
23, 5 3™

9
2 e
1
2.5..[de

1
2.6. j7x2 —

3
2.7. J'm dx

1
2.8. '[5X2 O

1
29. '[5X2 —

1
2.10. | mdx
dx
- I(2x +18/In2(2x +1)
dx
2 J.(x+1)3\/ln2(x +1)
33| o

(1—xR/In?(1-x)

J5 1
mdx 2.23.Imdx
1 1
s dx 2.24. [ e dx
1 1
X 2.25. j4x2_3dx
1 2
mdx 2.26. j4+3X2 dx
1 2
- X 2.27.jmdx
J2 1
Ny dx 2.28. [ yaE
‘/ZE dx 2.29. [ 1
2x° =17 8x° —
1 1
g 2.30.Imdx
3.
7
341 | o 321 | I"(x=7) g
(1—x){In*(1-x) (x=7)
5
3.12. jV'” x4 3.22.]'“ (x=8) g
(x—8)
6
3.13. jV'” 2X 3.23.]'” (x+9) 5,
(x+9)
3.14. | dx 3.24, IB—“%
(x+18/In (x+1) (3x+5)
3.15. jV'” 6+x) 3.25. jﬂdx
(3x+1)
3
316, J-\/In x+4 3.26._[ dx2
(x+1)In?(x+1)
dx dx
3.17. 3.27.
I (x+2)/In (x+2) J.(X—3)|r‘4(>(—3)
w/In l+x dx
3.18. 28.
P 38 [ a3
In 1—x) dx
3.19. | .y dx 3'29'J(x—4)ln5(x—4)



3.10. j%/ln X — 5

4.1.Isin 4 2x - cos 2xdx

4.2.J.cos7 2X-sin 2xdx

4.3.J'sin3 4x - cos 4xdx

44-[ cost
sin 2x

45J-sm3x
cos* 3x

46J' SInX

/cos x

47J- smx
COSX

48J- COS X
3- smx

4.9.[ sin X

\/COSX+3

410j—fﬂl—dx

$/cosx +1

51[ mag3x
1+9x?

£ jw/arctg X
53 I,/arctg X

5.4. J‘\/ arcsin x ix

\/_
arccos x
5.5.
‘[ 1+ X3

56, jarccos 3x

V1-9x?

57 J-arccos X

V1-9x2

320.I“F(X_5)dx

X —5)

COS X

w/ sin X — 4

4.121- sin 5x I

1/ €0S5x
4.13..[3\/cos 2X -sin 2xdx

4.14.Isin ®5x - cos5xdx

411[

4.151 COS5x I

vsin®5x
4.16.I\/cos7x -sin 7xdx

4.17. | /cos® 2x - sin 2xdx
K

cos6x
sin’
sin 4x

3/cos 4x

cos6x
sin®

418]

419j

420]

5.

arctg 3xOI 520,

511[

6
5-12-j arccos’ 3x dx
1+9x2

arcsin 2x

V1-4x?

arcsin* x
i
arccos4x
V1-16x?
arccos’ x

N

arcctg*5x
1+ 25%°

513j

514j

515] dx 23.

51&[ dx

511] dx

dx
(x+5)In®(x +5)

330j

sm 3X

4 21J.cos 3x

coS 4x
sin®

4.23. | /cos® 2x - sin 2xdx
K

sin 5x
cos” 5x
sin 4x

{cos? 4x

4.26.Isin ®3x - cos3xdx

422]

424j dx

425[

4.27.Isin 48x - cos8xdx

4.28.Isin > 4x - cos 4xdx

sin 2x

Ycos? 2x

cos6x

vsin?® 6x

429]

430j

dx
1+ X )\/arctgx

521j

dx
S'ZZ'I 1+ x2 Erctg5x
523j
V-

594, I,/ rcthx

arcsm X

«/arccosZ
V1-4x?

dx

525[

5.26.
I\/ (L—25x? arcsin 5x

arctg 3x dx

527[



58 Iarctg 2x
1+4x°

arcsin 2x
5.9.
I\/1 4%*

arccos’ 2X

V1—4x?

510]

71.[ sin xdx
1+ cos? x

12}?/1+2x2dx
73],/1 4x

7.4.I (8x +5)dx

X
7.5. dx
J.\/1+ X2

sin \/;
76] J;‘“

arcsin 5x

V1-25x%°

518j

1
5.19. dx
J-il+ x? Jarctg®x
1
5.20. dx
J.il+ x? Jarctg ' x
6

6.1 [~ X idx

2X+3

euj Zm

5x2

614j

1-2x

V3x% +

2x3

Jax

3x+4 dx

615j

616[

617j

5x+2

Nranriy

619[ -

618j

de

3X+2

V2x% -

ezoj

7.
7.11.Isin2 X - COS Xdx

Illji/?—szdx

7.13. 4dx

3(2+5x)

7.14.[ 2(3x - 5) dx

715j

XZ
dx
N2+ X3

7.16.j x? cos(4— x® fix

arccos’ 7x

V1-49x?
520, Iw/arctg X

arctg *8x
5.30.]’1+64X2

512]

dx

2x+3

621[

3x1

623j

2x+5

VEx? +1

2x4

624I

625[

2x-1

V5 —3x?

3x3

Ny

626I

627j

7.21._[xzsin x3dx

122]1/1—4x3dx

7.23. 4dx

3/(@-6x)y

7.24.[3(5x—8)'dx

725j

X3
dx
N2 -x*

7.26.j x? cos(x® +5 Hix



7.7.jx3sin 3x“dx

78]- sin 2x
1- cost

7.9.j 2x° +1 x2dx

7.10. JCOS\/_

1.Ix0056xdx

2.[ xsin (x—5)dx
3.j arcsin 3x dx

4.j arctg 8xdx
S.I xsin (x —2)dx

G.J.arcsin 8x dx
7.jxsin (x+3)dx
8.I X c0s (X +4)dx
9. j arccos7x dx

10.[ In (2x—4)dx

7.17.J'x2 sin 2x3dx

7.18. [ (2x* +1) xdx

7.19.J'e’3X2+l - xdx

8

11.J.xcos(x —7)dx

12.[In (x+12)dx
13.j (x—4)e* dx
14..|‘xe‘6X dx

15.J. arctg 7xdx

1.16.j arcsin 5x dx

1.17.In (x—7)dx

1.18.fxcos(x +6)dx

1.19.j arctg %dx

1.20. In (x+8)dx

7_27J- sin 3x I

2+ C0S 3X

728j3x J x2dx

7.29.IeX3+1 -x%dx
7.30.f e
.oU. m X

1.21.Iarctg gdx

22.Iarcsin5dx

5
23._[ arccos2x dx
1.24.[In(2x—1)dx
1.25.[In (2x +3)dx

1.26.J' arccos— dx
5
1.27._[arctg X dx
4
. X
1.28.Iarcsm—dx
7
1.29.J' arctg 6x dx

1.30.I arccosg dx

2. Haiimu unmezpan I (rex +x)e** dx, TI€ K — HOPAJAKOBBIA HOMEDP B XKypHAJIE
3. Hatimu unmezpan J' (kx —4)sin kxdx , Tjie K — HOPSAIKOBBIA HOMEDP B KypHAJIE

KoHTpoJibHbIEC BOIPOCHI:

1.Tabnuiia UHTErPaJIOB .

2. B uem cyTh MeTOo1a 100aBOYHOTO KO3 duiimenta’?
3.MeTo OICTAaHOBKH.

4.MeTo MHTETPUPOBAHUS TIO YACTSIM.



IIpakTHyeckas padora Ne 7
1o TeMe «Bblunci/ieHHe HeonpeaeJIeHHOr0 HHTerpaia. Beruuciaenune
OIpee/IeHHOr0 MHTerpaJja. Boryuciaenue miomajaei nNJoCKux puryp»
Henab: mpoBepuTh yMeHUE pemiaTh 1uddepeHaibHbe ypaBHEHHs IEPBOTO
NOPsJIKA C Pa3JACICHHBIMU U Pa3IeIOIUMUCS [IEPEMEHHBIMH.
Bpems BbinosiHeHuss 90 MUHYT

MarepuajbHoe obecnedyeHmne

1. TeopeTnueckre cBeIeHUSA

2.3ananue

3.JIuct A 4

4. KanbKynsiTopbl

Iopsinok BbIMOIHEHHSI PadOTHI
1.3yunth 3amanue

2. I3y4nTh TEOPETUYECKHUE CBEICHHUS

3. Bemonuute 1 opopMUTH paboTy
4.1Tokazarp pe3yabTaThl IPENOIaBATEIIO
JlomamiHee 3a1anue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOITPOCHI
Teopernyecknii MaTepuall

Onpeodenennvliit unmezpa.
[Tycth Ha oTpeske [a, b] 3agana HenpepwiBHast pyHkmmst f(X).

y

M

O603HauniM M 1 M HanMeHbITIee U HanOoJIbIee 3HAYCHHE (DYHKITMH Ha OTPE3KE

[a, b]

Pazo6nem orpe3ok [a, b] Ha gacTu (He 00s3aTeIbHO OMHAKOBBIE) N TOYKAMHU.
Xo < X1 < Xo<...<Xj

Torma X1 — Xo = AX1, X2 — X1 = AX2, ... . Xn— Xn1 = AXp;

Ha Ka’XJ/IOM 13 ITIOJIYYCHHBIX OTPC3KOB HaﬁHeM HauMEHbBIIIEE U HauOOJIbIIce 3HAUCHHUE

byHKINN.
[Xo, X1] = My, Mgy [X1, Xo] = M2, Ma; ... [Xn1, Xa] = Mn, M.
CocTaBuM CyMMBI:



Sn = MiAX + MAXy + ... +MyAX, = Zm Ax,

En = M1AX; + MoAX, + ... + ML AX, = ZM Ax;

i=1
CyMMa S Ha3bIBaeTcsd HHMKHell MHTerpajbHOii cymMMOii, a cymMma S — BepxHeii
UHTErpajibHOH CYMMOIi.
Tk M<M,T0S,<Sp, a mMb-a)<85,<S,<M(b-a)
BHyTpH Ka)xg0ro oTpe3ka BbIOEpEM HEKOTOPYIO TOUKY €.
Xo<e€1 <Xz, Xg<e< X, ... ,Xp1<¢€<X.
Haiinem 3HaueHuss (yHKOMM B 3TUX TOYKaX M COCTAaBUM BBIpAXKEHHE, KOTOPOE
Ha3bIBACTCSl HHTErpabHoil cymmoii i Gynkiuu f(X) Ha oTpeske [, b].

Sp = f(al)Axl + f(Sz)AXz + ...+ f(Sn)AXn Zf(a )Ax,

Toraa mosxHO 3anmucath: MiAX; <f(&)Ax; <M;Ax;

Ciie10BaTeNbHO, Zrn Ax, < z f(g)Ax, < ZM Ax,

i=1
S <8 <S,
["'eomeTpruyecKn 3TO MPEACTABISAETCS CIEYOMUM 00pa3oM: rpaduk GpyHKIUU
f(X) orpann4eH cBepXy OMUCAHHOW JIOMAHOU JTMHHUEH, a CHI3Y — BIUCAHHOW JIOMaHOM.
O0o3HaunM MaxAX; — HauOOJBIIMK OTPe30K pa3dueHus, a MinAx;, —
HauMmeHbIm. Eciim maxAaxi— 0, To 4uciio oTpe3koB pa3OueHus orpeska [a, b]
CTPEMUTCS K OECKOHEYHOCTH.

Eean 5, =3 /()4 ;10 _lin 3 /(z)Ax, =S,

Omnpenenenne: Eciu mpu mo0bIX pa3oueHusx oTpeska [a, b] Takux, yro maxAx;— 0

¥ TIPOU3BOJIBHOM BBIOOPE TOYEK € UHTETPAIbHASI CyMMa S, = Z f(g;)Ax; CTpEMUTCS K
i=l1

npezeny S, KOTOpbIid Ha3bIBaeTCs olpeneieHHbiM nHTerpasiom ot f(X) Ha oTpeske [a,

b].
O06o3HaueHHeE : I f(x)dkx.

a — HWKHUU nipenen, b — BepxHumii pesen, X — IepeMeHHas MHTerpupoBanus, [a, b] —
OTPE30K MHTETPUPOBAHUS.
Onpenenenne: Ecmu  mis ¢ynxkumun  f(X)  cymectByer  mpenen

Z f(g,)Ax; = j f(x)dx, TO QyHKIIHS HA3bIBACTCS MHTErPUPYEMOil Ha OTpeE3Ke [a,

max Ax; »0
b].

b
Taxxe BEpHbI yTBEPKIACHUA. lim Zm Ax, j S (x)dx

max Ax; >0

m,sz:jﬂmu

max Ax; -0



1)
2)
3)

4)

Teopema: Ecimm ¢yakmus f(X) HempepbiBHa Ha otpe3ke [a, D], To oHa
HMHTErpUpyeMa Ha 3TOM OTpPE3Ke.
CBO#CTBA ONPEICTICHHOTO UHTETPAa.

lef(x)dx = Aj £ (x)dx;
()£ e = [ £ () + [ £, ()l
j f(x)dx=0

Ecmu f(X) < ¢(X) Ha otpeske [a, b] a<b, To .[ f(x)dx < .[ o(x)dx

5) J1ist mpou3BOJIBHBIX YKCEN @, b, C cripaBeIsIiBO paBEHCTBO:
b c b
If(x)dx = ‘[f(x)dx + J.f(x)dx

Pa3zymeercs, 5TO paBEHCTBO BBINOJIHAETCSA, €CIIM CYIIECTBYET KaXKIbIA M3
BXOJSIIUX B HErO UHTETPAJIOB.

6) | /() =~ ()

Buiuucnenue onpeOeﬂenuozo unmezpaina.
b

[lycte B wuHTETpane J. f(x)dx HWKHUW Tipenen a = CONSt, a BepxHuil mnpemen b

a

HU3MCHACTCA. O‘ICBI/II[HO, qTO €CJIM U3MCHACTCA BerHI/II\/,I npeaci, ToO U3SMCHACTCA U
3HA4YCHUC MHTCI'paJia.

O603HaYNM I f(@)dt = d(x). Haiinem npousBognyto (yHkiuun D(x) mo

IIePEMCHHOMY BEpXHEMY NpPEACITY X.
d X
- j f@dt = f(x)

AHAJIOTHYHYIO TEOPEMY MOYKHO JIOKa3aTh JUISl CIIydas MIEPEMEHHOTO HUKHETO
npesena.

Teopema: Jlns Beskoi ¢yukmum f(X), HempepwiBHONW Ha oTpeske [a, b,
CYIIECTBYeT Ha JTOM OTpe3Ke TMepBOOOpa3Has, a 3HAYUT, CYIIECTBYET
HEOIPEICIICHHBI UHTETPAIL

Teopema: (Teopema HproToHa — JleiiOnumIa)

Ecim dynkmumst F(X) — xakas- mu60 mepBooOpasHasi OT HENPEPhIBHOW (YHKITHH
f(x), To

b
[ £()dx = F(b) - F(a)
2

ATO BhIpaXXEHUE U3BECTHO MO/ HazBaHueM Gopmyisl HetoToHna — JleliOHuiia.

b
Wnorna npumenstot obosznauenue F(b) — F(a) = F(X)| .



®opmyna HeroToHa — JleliOHuIIa TpeAcTaBIsgeT co00M 00 NOAX0 ] K HAXOXKIECHUIO
OTIpeICIICHHBIX HHTETPAJIOB.

Yro kacaeTcsi TPHEMOB BBIUYMCICHUS ONPEICICHHBIX WHTErPaJioB, TO OHU
MPAKTUYECKHA HUYEM HE OTJIMYAIOTCS OT BCEX TE€X MPUEMOB U METOJI0B, KOTOPBIE ObLIN
PacCMOTPEHBI BHIIIIE ITPU HAXOXKICHUHU HEOIPEICIICHHBIX HHTETPAJIOB.

TouHo Tak Xe MPUMEHSIOTCS METOJBI MOJACTAHOBKHU (3aMEHBI MEPEMEHHON),
METOJI HHTETPUPOBAHUS TI0 YACTSM, TE€ KE MIPUEMbI HAXO0KICHUS TEPBOOOPA3HBIX IS
TPUTOHOMETPHYECKHUX,  HPPANMOHATBHBIX W TPAHCHEHIACHTHBIX  (DYHKIIHMA.
OCOOEHHOCTBIO SIBISIETCS TOJBKO TO, YTO MPU MPUMEHEHHUU ATHUX MPUEMOB HAJO
pactpocTpaHsATh IpeoOpa30BaHUE HE TOJBKO Ha MOABIHTETPATbHYIO (PYHKIHMIO, HO U
Ha TIpeNesbl UHTETPUPOBAHUS. 3aMEHSS MEePEMEHHYI0 WHTETPUPOBAHUS, HE 3a0BITH
MU3MEHHUTh COOTBETCTBEHHO TIPE/IEITBl HHTETPUPOBAHHSI.
3amena nepemennpix.

b
[TycTs 3aman uHTErpan I f(x)dx, rae f(X) — HenpepbIBHAS (PYHKIIHS Ha OTPE3KE

[a, b].
BBeneM HOBYIO IEPEMEHHYIO B COOTBETCTBUU ¢ popmyJoit X = @(t).
Torna ecom

Dola) =a, ¢B)=b
2) o(t) u ¢'(t) HenpepbIBHBI Ha oTpe3ke [, P
3) f(p(t)) onpenenena Ha orpeske [a, B], TO

b B
[ £ @dx = [ flo@]e'()dr

b p
Torna f fTo01e'()dt = Flo(0)]| = FleB)] - Fle(o)] = F(b) - F(a)

[Tpumep.
1 x:Sint; n/2 n/2 17[/2
j\/I—xzdx: = I\/I—smztcostdt: Icosztdt:— I(l+cos2t)dt:
0 a=0;p=m/2 0 0 2
1 1 R | o
=—|t+—sin2t|| =—+—-sinmw=—.
22 . 4 4 4

[Ipu 3aMeHe IepeMEeHHOM B OMPEICTICHHOM HHTETPAJIC CIIETYET IOMHUTD O TOM,
4T0 BBOAMMAs (QYyHKIHUsS (B pPACCMOTPEHHOM MpUMEpe 3TO QYHKIHS SIN) 10JKHa ObITH
HEMpEephIBHA HA OTPE3Ke HHTETPUPOBaHHA. B mpoTuBHOM ciydae (opMaibHOE
npuMeHeHue GOopMyJIbl MPUBOIUT K abCypay.

[Tpumep.
n b
Idx =X | =n , C JPYrod CTOPOHBI, €CJIU NPUMEHUTb TPUTOHOMETPUUECKYIO
0 0
IIOJICTAaHOBKY,
T T dx T dx ¢ dt

sinx+cos’x ¢ cos’ x(1+1g°x) 1+¢°

0 0 0 0

T.e. nBa cmocoba HaxXOXIEHUS WHTETpajia JAl0T pa3IMyHble PE3yNbTaThl. ITO
IIPOU3OIILIIO U3-3a TOTO, YTO HE ObLT YUTEH TOT (haKT, UTO BBEJIEHHAs MepeMeHHas tgX



UMEET Ha OTPe3Ke MHTErpupoBaHus pa3phiB (B Touke X = m/2). [loaTomy B gaHHOM
ClIy4ae Takas I0JCTaHOBKa HenpuMeHuMa. [ Ipu 3ameHe nepeMeHHOi B ONpeeIEeHHOM
UHTErpaje cieayeT BHUMATEIbHO CIEIUTH 3@ BBIIOJHEHUEM MEPEUUCICHHBIX BBIIIE
YCIIOBUH.

HNuTerpupoBanue no 4acram.

Ecmu ¢pynkumu U = @(X) 1 V = y(X) HEnpepbIBHBI Ha OTpe3ke [a, b], a Taxxke
HENpPEepBhIBHBl Ha 3TOM OTpPE3Ke HX IMPOU3BOJHBIC, TO CcIlpaBedsiuBa GopMmya
UHTErPUPOBAHUS 10 YACTAM:

b » b
Iudv = uv| —Jvdu.
a a a

BeiBon aTolt  dopmynibl  aOCOJIIOTHO aHAJOTUYEH BBIBOLY  (OPMYJIbI
UHTETPUPOBAHUS IO YACTSIM JIJIsl HEOIIPEIETICHHOIO HHTErpaia, KOTOphIA ObLI BeCbMa
NOJAPOOHO PACCMOTPEH BBIIIIE, TOATOMY 3/1€Ch IPUBOAUTH €T0 HET CMbICIA.

3anaHus npakTuyeckoi padboTbl BEIYMCINTE ONpeaeIeHHbI HHTErpa

1.
2 2 2
a)[ (3x? - 2xJix )| a)[ (4x® —3x7 pix
L g, "Cos = 21 |
b) [ “2% dx ; b) [
56 b)_[(l—x)“dx ' x+3
1 E 3
2 9
a)jz(x2 J‘ os—xdx a) j (2cos3x)dx
e ey 0 22. s .
b)—rJl./s cos’ 2x b)J;(1+§)8dX b)'([ (1—5)4dx
: 3 :
I?)COS xdx a)I(3x2 - ZX)jX )I(logsm 6x)jx
,% 13. 2n/2 23. 0
) -1
a j- dx a)]z(3sin lxjdx a)j‘ 4 dx
5 P cos?x 1, 0 2 o4, C0S%2X
1
b)j(ug)sdx b)! (1-2x)"dx b) [ (4x* + 6x)dx
-1 -2
2 V4
. x
a)!(4x +2xJi jl' (36cos 2x)dx a)JZ'(Sx“ — 62 Hix
5. 1 3dx 15. o 25. 1
b) [ —— 3 "JBx-5
Ocosz()z(—l;[) J‘ b)j1 8x —5dx
2



H
6. a)£(4cos 2x )dx

b) [ /ox —1dx

10. j
4-3x
b)js dx
0
3
1 fx31+x2dx
0
1/2
) J~ xdx
0 :I.—X2
e 2
3 Jln Xd
X
0
n J~ xdx
Sy (X2 +4)°
1
xdx
5 I4 2\5
0 (16+X)
1
6 j dx

a) | cos xdx

b)| (1-2x)*dx

[EEN
IS
N0 Oty

36

5 dx
cos” 2X

[
~
)
~

W ot

O
~

(3-x2)dx

a) [ (2 sin x)dx

18.
b)| (x* +1)dx

a)|sin xdx

19.
b)

N W O [ OB O |y o

(7 —2x)"dx

a)i(x3 — xpix

I1/3
b) j 3sin 3xdx
0

20.

2.

J
0
12.Jl' . dx
1
|
0

13 dx
32 —4x
1
14, jln(Sx—l) dx
3x-1

1/3

2/3 _
15, I%/In(Z 3x) y

2—-3Xx

0
]’- sin xdx

212 A Cos? x

16.

(6]
o
X

QD
—

N
o
Lo o[yl

L,

>
N

>

(=)
~

(x* —3x%)

a) [ (2sin x)dx

217.

O w0 [ N

b)[ (X?—%)dx

a)J%(B X2 + 4x® Hix
s

b) |

[1/4

a) j‘(ZX3 — 2x i

[1/6
4dx
b) [ ——
y COS” 2X

28.
cos4x

dx

29.

30.

C0S3X

S
T




1 4
X dx
7. 17.
'([31—X5 1'/[29‘\/1 2X
g i 10xdx 18 l"[" dx
 o4as-x) o V1-4x
2 e
9. J- x3dx 19, J-1+Inx ix
0 X4+4 1 X
1
2 Je
0. | xdx 20. jL
o V1— X2 1 Xv/1—1In? x
3.
1 4 2 3
O Rt SR RS-
o X +1 > (X=1)°(x+1)
3 4 2 5 2
5 IZX 25x +3dx 12.I (x° +2)dx
2 x“ -1 > (X5 +1)(x=1)
3 1 .4 3
3 ,[ 2x+2 dx 13. J~x +3x2 1dX
> X“(x-1) oy (x+1)
3 1
dx xdx
4 J.xz(x—l) 1 J.xz +3X+2
2 0
1 5 10 2
5. y dy 15 (3X +23)dx
LYy+2 s X7 — X" —6X
3 2 _ J3
6. st ':ZX 3d 16. I 4dx :
S X —X 1 X+ X
1/2 3 7
7. de3 17. | X d’i
72 (x=1) > 1—X
5 3
s [ % g [
2 (X=1D(x+2) > X -1
4 0
9 I dx 19. J- >;dx
5 (X+1D)(x-2) Ix -1
V313 2
10 j(2X+3)dX 20. J 32x2+4
(x—3)° 0 X =X X+l
4.
3 2 6x%dx
a) f x3/1+ x2dx a)_jl(xg “sf
1.1 0 1.11

dx

5 2

97 .[ X“dx
14/31(x° —1)
1/2 dX
. (2x-1)?

28.

1

29._[x3\/4+5x4dx

0

T sin xdx

72 A/COS? X

30.

21.

5

J

4

2
22, [
0(x+1)(x +4)
j~ 2—x+2
> x* —5x? +4
6
J
4

23.

24. 3
x®—6x>+16-6

26. jx—”dx

27.
28.

29.

0
30. j
1

4
a) _[BX\/X2 —7dx
242
121 ,
2
b)jZSin xdx
0



1.2

1.3

14

1.5

1.6

1.7

1.8

1.9

e
b)JxS\/1+ x2 dx

J‘\/25+3x

716

C0S3X

| Ty

ghr
o

o0
ol

)| 3cos 2xdx

n? x
x2dx
8 7x3

I a)j dx
a
11 VlGx +1 122 Zzgl_zx
b)jxv25 3x%dx {_ Ccosxdx
b)J. (8—7sin x)’
0
1 2 ydx
a)jx3v4+5x4dx a).[\/4—2
1.13 g( | 123 VX
X —1)dx  dx
b) b
! )!x1+MX
el AR ¢ dx
a)J'6x (3x —1) dx a)-[4x2—9
0 -1
1.14 . 2 1.24 )
X ax 3
b b 2Xx+1) dx
e [ (ex+1)
1 1/4 dX
)I(Zx +1) x%dx a)jE
NV1-4
115 y 125 ° X
X"0x 3
b b)| (4 —x) dx
)!WM ){( )
a)m xdx a)lj'z dx
116 ©° VX 126 © -0
9 e 2
b)J‘ Jx dx b)J-SIn X4
2 VX-=1 1 X
h X 4 x i dX
aﬂ@ —Qedx aﬂ
117 ° 127 oVATX
) 1/4 dx ) 1
b bY[(x* -4
)£31—4x )g& ﬁx
0 dX 8\/_
a a 1d
)_33|;4\/4x+3 )J; X
118 128
b)j 10xdx b)J xdx
2 4/a6—x?)’ b (x2-1)
t 10xdx
1 a
a)J.(4x3 +1f x2dx )!)- 1(6-x%)°
119 ) 129 =
b) [ x%e*dx b) sin(3x—£j
! Jn{3x=3
9



1.10

QD
N
o
X

w
N
|
SN
>

cos xdx

O
~

OV [N O e

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

2.10

(8—sin x)’

jxln(x—l)dx

0
Ixze‘x’zdx
-2

wl2
Ixcosxdx
0

12
Ixzsin xdx
0

1/2

J' arccos2xdx
-1/2

i(x—l) In xdx

0
I xe ¥ dx
-1/2

2
j xe*dx
1

-2/3
X

3x

dx

-1/3 €

€ 1A 2
In® x
Izdx
X
1

KoHTpoJibHBIE BONIPOCHI

1.YUto Ha3BIBAIOT ONpeeIICHHBIM HHTErpasioM (yHkiuu f(X)?

2.B 4yeM cOCTOUT reOMETPUUECKUM CMBICI ONTPEACICHHOTO HHTErpaia?
3.ChopmyaupyiiTe HEOOXOAUMOE YCIOBUE HHTErpupyeMocTu GyHKiuu f(X) Ha
otpeske [a,b].
4.ChopmynupyiiTe HEOOXOTUMOE U JOCTATOYHOE YCIOBHUS HHTETPUPYEMOCTH
dbynkiuu f(X) Ha oTpeske [a, b].
5.3anuiinTe CBOMCTBA ONPEAEICHHOTO HHTETpaa.
63anummte popmyny HeroTona-Jleitonuiia.

7Pacckaxkute 00 OCHOBHBIX METOAaX UHTEIPUPOBAHUS OMPEICIICHHOTO HHTErpaia.

1.30

Jx In xdx

arctg Jxdx

Oty O b e @

(x+2) cosg dx

7l8
szsin 4xdx
0

2

I x%In xdx

1

I (x+1) In xdx
1

2

I arctg (2x — 3)dx
3/2

72

I(x + 3)sin xdx
0

In2

_[ xe *dx
0

0
'|'(x—2)e‘x’3dx
3

a)

b)

!
|

x2dx

V31(x* -1)

2
e xdx

i(3— x)e*dx

1
_[arcsin(l— x)dx
1/2

g

j arctg —dx
] X

0

j x In(1— x)dx

sin x

e>"* cos xdx

e O OO0 |y

(2x+3)e"dx

LN

o

J'(x +1)e **dx
e

1/2
_farccostdx
-1/2

1
j xarctgxdx
0

2
[In(3x+2)dx
1



IIpakTHyeckas padora Ne 8
no teme «AuddepeHuuanbHbie ypaBHEHUS MEPBOT0 MOPSIAKA»
Heab: npoBeputh ymMeHue pemath AuddepeHuaibHble ypaBHEHUS IEPBOTO
NIOPSIAKA C Pa3/ICJICHHBIMU U PA3ACIIIOIMMHUCS IEPEMEHHBIMH.
Bpems BbinosiHenuss 90 MuHyT

MarepuajnbHoe odecneyeHmne

1. TeopeTuueckue cBEACHUS

2.3ananue

3.Juct A 4

4. KanpKynsTopbl

Iopsaiok BoINOJTHEHUS] PAa0OTHI
1.M3yunth 3amanue

2. I3y4nTh TEOPETHIECKHUE CBEIACHUS

3. Bomonauth 1 0OpMHUTH paboOTy
4.ITokazarb pe3yabTaThl IPENO1ABATEIIO
JlomamiHee 3a1aHue

1.IToaroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIPOCHI
Teoperuueckuii MaTepual

Huggepenyuanvnviv  ypasHenuem Ha3bIBACTCS YypaBHEHUE, CBS3bIBAIOIICE
MEXITy CcO000H HE3aBUCUMYIO TIEPEMEHHYI0 X , HCKOMYI0 QYHKIHIO y H €¢
MPOU3BOJIHBIC WU AUDPepeHInabI.

CumBonnuecku nmuddepeHiraibHoe ypaBHEHHE 3aTUChIBAETCS TaK:

F(x,y,y)=0, F(x,y,y")=0, F(x, y, ¥, y"...y")=0.

HuddepennnanbHoe ypaBHEHHE Ha3bIBACTCA 0ObIKHOGEHHLIM, €CIIA HWCKOMas
(bYHKIIUS 3aBUCUT OT OJHOTO HE3aBUCUMOT'O NTEPEMEHHOTO.

llopsaoxom nuddepeHInanIbHOr0 YpaBHEHUS HA3bIBACTCS TOPSAOK CTapIiei
npousBoaHON (Wm quddepennmana), BXOAAIEeH B JaHHOE YpaBHEHHE.

Pewenuem (unmu ummeepanom) nuddepeHInaTbHOTO ypaBHEHUST HA3bIBACTCS
Takas QyHKUHUSA, KOTOpasi 00paIlaeT 3TO ypaBHEHUE B TOKIECTBO.

Obwum peweruem (M oouwum unmezpaiom) madOepeHINaATBLHOTO YPaBHEHUS
Ha3bIBACTCS TAKOE PEIICHKE, B KOTOPOE BXOUT CTOJIHKO HE3aBUCUMBIX IMPOU3BOJILHBIX
MIOCTOSIHHBIX, KAKOB TIOPSAJIOK ypaBHeHUs. Tak, obmiee pernenne nuddepeHnnaibHOro
ypaBHEHUS IEPBOTO MOPSAIKA COACPIKUT OJHY ITPOU3BOJIBHYIO MOCTOSTHHYIO.

Yacmuvim pewenuem TAPQHEPEHIINATHHOTO ypaBHEHUSI HA3bIBACTCS PEIICHNUE,
MOJIYYeHHOE M3 OOIIEro MpU PA3NMYHBIX YHCIOBBIX 3HAYEHUSX MPOU3BOJIBHBIX
MIOCTOSIHHBIX. 3HAYCHHS MMPOU3BOJIBHBIX TTOCTOSHHBIX HAXOJSATCS TPHU OINPEIACIICHHBIX
HAYaJIbHBIX 3HAYCHUSX apTyMEHTa U (DYHKIIHH.

Jugppepenyuanvrviv ypasuenuem nepeoco nopsoxka Ha3bIBae€TCsS ypaBHEHUE, B
KOTOPOE BXOJAT MPOU3BOAHBIC (MK AU epeHInanbl) He BBIIIE IEPBOTO MOPSIKA.

Jugpepenyuanvrvim  ypasHenuem ¢ - pasoesOUWUMUCA — NePeMeHHbIMU
Ha3bIBACTCS YpaBHEHUE BUIA



Pemenue:

3ananme 2:

Pemienne:

Y100 0ly),

dx
JI71s1 pelenys 3TOro ypaBHEHHs HYXKHO CHa4aja Pa3fAenTh EPEMEHHBIE:
d
Yt (x)x,
o(y)

d 3aTCM IIPOUHTCIPUPOBATH 00¢ yacTtu IMOJIYYCHHOI'O paBCHCTBA:

Iizjf(x)dx.

o(y)

ITpumepsi
3apanue 1: Haitnute oOuee pernieHue ypaBHEHUS X - (1+ yz)dx = ydy .
PaznenuB nepeMeHHbie, uMeeM Xxdx = 1yiyz . MaTerpupyem 06€ 9acTH MOITYyYEHHOTO

+y
ypaBHEHUS:

2
J'xdx:jiyz; X—:lln(1+y2)+llnc.
1+y 2 2 2

Tak kak mTpou3BOJbHASI TMOCTOSIHHAs C MOXET NPUHUMATH JIOObIE YHUCIOBBIC
3HAYEHHUs], TO U1 yA00CTBa NambHEHIINX npeodpa3oBanuii BMecTo C Mbl HalMCcaau

%In C . [Torenmupyst mocienHee paBeHCTBO, MOJIyYUM X* = In [C -(1+ y? )]

OTO0 U ecTh 001Iee pelIeHUE JAHHOTO YPaBHEHUS.
Haiitn yacTHOE peleHre ypaBHEHUS s-tgtdt +ds =0, YAOBIETBOPSAIOLIEE HAYaIbHBIM

YCJIOBUSIM S=4 IIpH t = %

PaznenuB mnepemeHHbIE, HMEEM tgtdt+§:0 . IIpounterpupyem o0e HacTH
S

IMOJIYYCHHOI'O YPAaBHCHHUA!

jtgtdt+jﬁzlnc; —Incost +Ins=1InC,
s

Nmn Ins=InC +Incost, s=Ccost.
DT10 o0111ee perieHre JaHHOTO YpaBHeHUS. J[J19 Hax 0K IeHUS 3HaUYEHUS TPOU3BOJILHOM

V) T
NOCTOSIHHOM C IIOACTAaBUM 3HAUYCHUS t:§ U s=4 B BBIPpAXKCHUC JJIA O6H_[€FO

peuenus: 4=C cos(%), W 4 = % , OTKyna C =8.

CrenoBarenbHO, HCKOMOE YaCTHOE PEIIEHUE, YJIOBJIECTBOPAIONIEE YKa3aHHbBIM
HayaJbHbIM yCJIOBHSM, UMEET BUJ S =8COSt .

3ajaHus NpakTuyecKkou padoThl

3apanue 1.Haiitu oO1iee perneHne ypaBHEeHHUH a), 0).

3amanme 2.HailTu yacTHOE pelIeHNE YPABHEHUS C PA3ACIISIOMIMMUCS IEPEMEHHBIMU



B1.1. a)x? dx = 3y?dy
0)y(1+x)dx + x(1 —y)dy =0
2y*dx =eXdy; y=1npux=0

1 3
B2. 13)3 dy = ﬁdx
0)y?dx + (x—2)dy =0
1 1
Z?dx = X—zdy,y =2npux =20

B3 l.ay/xdx = \/;/dy
6)(1+y?)dx —Vxdy = 0
2(14+y)dx =1 —x)dy,
y=3 npux=—2
B4. 1.a)(3x? — 2x)dx = dy
6) -(2xy+3y)dx + x*dy = 0
2ydx =xdy,y=6n0pux =2

BS. l.a)(4x—3)dx = dy
0) (xy+x)z—;=l

2x-1 _ dx
“y+1 dy’

y=0npux=>5

B6. l.a)xdx = dy
0) 2(xy+y)dx = xdy
2.(y+1)dx—(1—-x)dy =0,
y=1npux=20
B7.1.a)x%? dx = 3y? dy
O)y(1+x)dx + x(1 —y)dy =0
2y*dx =e*dy; y=1npux =0
1 3
B8.1a)ﬁ dy = ﬁ
0)y?dx + (x —2)dy =0
Z.S%dx = Xlzdy,y =2npux =0

BY. Layxdx =, /ydy
6)(1+y?)dx —Vxdy = 0
2(14+y)dx =1 —x)dy,
y=30pux = —2

dx

B16.1.a)x* dx = 3y*dy
0)y(1+x)dx + x(1 —y)dy =0
2.dx=e*dy; y=1npux=0

B17. l.a)% dy = %dx

0)y?dx + (x —2)dy =0
1
2.dx =X—2dy,y= 2npux =0

B18. Layxdx = \/ydy
6)(1+y?)dx —vxdy =0
2(1+y)dx =1 —x)dy,
y=3npux = -2
B19. 1.a)(3x? — 2x)dx = dy
0) -2xy+3y)dx + x*dy = 0
2ydx =xdy,y=6npux =2

B20. 1.a)(4x — 3)dx = dy
6) (xy+) =1

2x—-1 _dx
“y+1 dy’

y=0npux=>5

B21.1.a)xdx = dy
0) 2(xy+y)dx = xdy
2.y + 1) dx — (1 —x)dy = 0,
y=1lnpux=20
B22.1.a)x? dx = 3y%dy
0)y(1+x)dx + x(1 —y)dy =0
2y*dx =e*dy; y=1npux =
0
B23. l.a)% dy = %dx
X y
O)y?dx + (x—2)dy =0
2.yi2dx = Xizdy,y =2npux =0
B24.l.ayxdx = \[ydy
6)(1+y?)dx —vVxdy = 0

2(14+y)dx =1 —x)dy,
y=3npux=—2



SoukrwnE

B10 1.a)(3x* —2x)dx =dy
6) -2xy+3y)dx + x> dy = 0
2ydx =xdy,y=6n0pux =2
Bll.1.a)(4x—3)dx = dy
dx
0) (Xy+x)a=l
2x—-1 d_x
y+1 dy’
B12.1.a)xdx = dy
0) 2(xyt+y)dx = xdy
2.(y+1)dx—(1—-x)dy =0,
y=1npux=20
B13.1.a)x? dx = 3y* dy
0)y(1+x)dx + x(1 —y)dy =0

y=0npux=>5

2.y%dx = e *dy;
y=1lnpux=20
1 3
B14. la)ﬁ dy = ﬁdx

0)y?dx + (x —2)dy =0

2.}%dx =Xizdy,y= 2upux =0

B15.1.an/xdx = ﬁdy

6)(1+y?)dx —Vxdy =0
2.(1+y)dx = (1 —x)dy,
y=3npux =—2

KoHTpoJsibHBIE BONPOCHI:

B25.1.a)(3x? — 2x)dx = dy
0) -(2xy+3y)dx + x> dy = 0
2.ydx =xdy,y=6npux =2
B26.1.a)(4x — 3)dx = dy
dx
0) (XerX)E:l
2x—1 d_x
T y+1 dy’
B27. l.a)xdx = dy
0) 2(xyty)dx = xdy
2.(y+1)dx—(1-x)dy =0,
y=1npux=20
B28.1.a)x%* dx = 3y*dy
0)y(1+x)dx + x(1 —y)dy =0
2y?dx =eXdy; y=1npux =

y=0npux=>5

0
1 3
B29. 18.)\/—i dy = E
O)y?dx + (x—2)dy =0
2.yi2dx = Xlzdy,y =2npux=20
B30.l.a)Vxdx = \/ydy

6)(1+y?)dx — Vxdy = 0
2.(1+y)dx = (1 —x)dy,
y=3npux = —2

dx

Kaxkoe ypaBHeHue Ha3biBaeTcs qudpepeHImanbHbpM?

UYro Ha3bIBaeTCs peneHneM JudepeHInanbHOr0 ypaBHEHUs?

Kakoe pemenne nuddepeHimanbHOro ypaBHEeHUs Ha3bIBaeTCs 00Ium?
Kaxoe pemenue nuddepeHmaisHOro ypaBHEHHs HA3bIBAETCS YaCTHHIM?
Kakue nuddepeHnmanpaple ypaBHEHUS Ha3bIBAIOTCS YPaBHEHUSAMH TIEPBOTO MOPsIIKa?

Kakue  muddepenunanbubie
pa3AeISIIOUIMMHUCS IEPEMEHHBIMU?

YpaBHEHHUS

Ha3bIBAIOTCA YPaBHCHHUAMU



IIpakTHyeckas padora Ne 9
no reme «/AuddepeHunanbabie ypaBHEeHUS BTOPOr0 MOPSAKA»
eb: Hay4yuTHCS pelIaTh JUHEHHBIE OJTHOPOIHBIC YPABHEHUS BTOPOTO MOPSJIKA C
MOCTOSIHHBIMU KO3 pHIteHTaMu
Bpems BbinosiHenuss 90 MuHyT

MarepuajnbHoe odecneyeHmne
1. TeopeTnueckue cBeieHHs
2.3anaHue
3.Juct A 4
4. KanpKynsTopbl
Iopsinok BeINOJIHEeHNsI padOThI
1.M3yunth 3ananue
2. 3y4uTh TEOPETUUYECKUE CBEICHUS
3. Bomonauth 1 0OpMHUTH paboOTy
4.1Toka3aTph pe3yJabTaThl IPENOAABATEIIO
JlomamiHee 3a1aHue
1.IToAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teoperuueckue cBeieHHs
VYpaBHeHue, conaepxkaliee Mpou3BOJHbIE (WU AuddepeHIuanbl) HE BBIIIE

BTOPOTO MOPSIAKA, HA3bIBACTCS OuUghhepenyuanvHblmM ypagHeHuem 6mopoco nopsoka.
B o6miem Bujie ypaBHEHHE BTOPOTO MOPSIIKA 3aMMCHIBACTCA CIACAYIOIMUM 00pa3oM:

%
—=f| Xy, = .
dx? y dx

O6miee pemenne qudGepeHIaTBHOTO YPaBHEHHS BTOPOTO MOPSAKA COIEPIKUAT
JIBE TIPOU3BOJIBHBIC TTOCTOSTHHBIC.
Jlunetinvim 00HOPOOHbIM QUG hepenyuarbHbIM YpasHeHuem 8mopo2o NopsoOKa ¢

HOCMOAHHBIMU KO3 Puyuenmamuy Ha3bIBa€TCA ypaBHEHUE BUIA:
2
%+ p%+qy=0, 1)
TJ€ p U ( - HTOCTOSTHHBIC BEJIMYUHBI.
Hnst  oteickanus  oOmero  pemenuss ypaBHeHus (1)  cocraBnsercs
XapakxmepucmuuecKkoe ypagHeHue
r’+pr+q=0, (2)

. d? d
KOTOpPOE ToJay4aercs u3 ypaBaenus (1) sameHoii _y’ Y oy y Ha COOTBETCTBYIOIIHUE
dx? ' dx

CTCIICHU I, IIpUYCM CaMa q)YHKHI/IH y 3aMCHIACTCA C,Z[I/IHI/Iﬂeﬁ.

Torna oOmee pemenue auddepeHunaibHOro ypaBHeHus (1) crpoutcs B
3aBUCHUMOCTH OT KOpPHEH I, W [, XapaKTepuCTUUeCcKOoro ypaBHeHus (2). 3aech

BO3MOKHBI TPU CITy4asl.
| cnyuaii: Kopau r, u r, - nelicTBUTENbHbIE U pa3iuyHbie. B 3TOM ciydae

obmiee pemenue ypaBHeHus (1) umeet Bu



y=Ce™ +C,e™. (3)
Il cnyuaii: Kopuu r, u r, - nedcTBuTenbHbIE U paBHbIE: I, =T, =r . Torma
obmee pemenne ypaBHeHus (1) 3amucpiBaeTCs Tak:
y=(C, +C,x)-e™. (4)

Il cnyuati: Kopau r, ¥ r, - KOMIUIGKCHO — CONpPSOKEHHBIE: I, =a+ -1,

r,=a—-f£-i . B sroM cnydae oOmiee pemieHue ypaBHeHus (1) 3amuchiBaeTCs
CIeAYIOIUM 00pa3oMm:
y =e™ -(C, cos fx+C, sin fX). (5)
IHpumepsl

2

3ananue 1: Peminth ypaBHEHUE: 3 3’ - Yg—y +10y =0.
X X

Pemienne: CocTaBUM XapaKTepUCTUYECKOE YpaBHEHHME M HAWJEM €ro KOpHHU: r>—7r+10=0 .
Orcrona cnemyer, uto 1, =2, r, =5. Tak Kak KOPHU XapaKTEPUCTUYECKOTO YpaBHEHUS
NEUCTBUTENbHBIE M pa3Hble, TO 0O0Ilee penieHrue AAHHOro AUQEepeHIINaIbHOTO
ypaBHEHus coriacHo dopmyiie (3) 3anuimiercs Tak: y =C,e* +C,e.

. d’y _dy dy
3apanue 2: Haiith yacTHOE pelieHre ypaBHEHUS o 5d— =0,ecmm y=11 o —-1 npu x=0.
X X X

Pemienne: CocTaBUM XapakTEPUCTUUYECKOE ypaBHEHHE r’ —5r =0. Pemas ero, momyuum, r, =0,
r,=5. Tak Kak KOpPHHM XapaKTEPUCTUYECKOIO YypaBHEHHUS JEUCTBUTEIbHBIE W
pazinuHble, TO oOmiee perieHue auddepeHInaTbHOTO ypaBHEHUS HUMEET BUJI:
y=C,e" +C,e”*, To ecTh y =C, +C,e*.

JIns HaAXOXKIEHHUS HMCKOMOIO YaCTHOIO PELIEHUS HYXHO OIpEIeTuTh 3HAYCHUS
noctosHHbIX C, u C,. [logcTaBuB B o01iee perieHue 3HaueHust X =0 U y =1, MOJy4uM
1=C, +C,.
[Iponuddepeniuporas obIiee pelieHrue U MOACTABUB B IMOJYYEHHOE BbIPAKCHHE
d d
3HaUYCHUS X=0 u d—y:—l, HUMEEM d—y =5C,e”, orcoma crenyer, uto —1=5C,. U3
X X
1 1) 6
JITAaHHOT'O BBIPAKCHUS HAXOAuM: C, = _E’ C,=1-C,=1- _E = E'
6 1

Takum 06pa3oM, HCKOMOE YaCTHOE PEIICHUE UMEET BUJ Y = s

d?y _ody
3ananue 3: Pemnte ypaBHeHne —--8—=+16y=0.

dx dx

Pemienne: CocTaBUM XapaKTEpUCTUUYECKOE YPAaBHEHHME W HAWIEM €ro KOpHHU: r’ —8r+16=0,

n=r,= 4. XapaKTepI/ICTI/I‘IGCKOG YPaBHCHUC UMCCT PABHBIC ,ZIGﬁCTBHTGJIBHBI@ KOPHH;

no3TomMy corjacHo (opmyne (4) oOmiee pemieHue gaHHOrO auddepeHITnaTbHOrO
yPaBHEHHS 3alUChIBaeTcs B Buae Yy = (C, +C,x)-e*,



3ananue 4: Haiigure yacTHOE pelICHUE YPABHEHUS y” +8y' +16y =0, €Clu y=1 1 y' =1 npu x=0

Pemnenune:

Tak Kak XapakTepUCTUYECKOE YypaBHEHHE r’+8r+16=0 WMEEeT paBHBIC
NEUCTBUTENIbHBIE KOPHU I, =f,=-4 , TO 0OIIee pelmeHne JaHHOTO
mudepeHnanTbsHOTO YpaBHEHHS 3alTMCHIBACTCS B BHJIC
y=(C, +C,x)-e™ =Ce™ +C,xe™**,
Huddepenuupys odiiee pemneHue, UMeeM
y'=-4C.e™ +C,e™ —4C,xe™.

HOI[CTaBI/IB Ha4aJIbHBIC JaHHBIC B BBIPAKCHUC JISI Yy H y' , HHOJIy4UM CHUCTEMY

ypPaBHEHUU
1=C,e’+C,-0-¢° 1=C

! 2 , WM { : , orkyma C,=1 um C,=5 .
1=-4C.e’+C,e° -4C,-0-€° 1=-4C, +C,

CrnemoBareabHO, HCKOMOE YaCTHOE PEIIEHUE UMEET BHI Y = e +5xe ™",

3ajaHus NpakTH4ecKou padoThI
3aganusa Pemnth oqHOpOAHBIE NHHEIHBIE U (DepeHnanbHble YpaBHEHUSI BTOPOrO

nopsika. B nmyHkTe a) HATH YacTHOE pEelIeHUE PH 33JJaHHBIX HaYaJIbHBIX YCIOBHSIX

Y =Yy ¥ O=y

0. Y FY =0 @1 Y O=3 oy 12y 4365 -0
B) 4y”+9y=ﬂ

2,12. a) 39" -2y -8y =0 y0)=1 y'©)=1
6 y”—ﬁy’r+9y=[} » yﬂ—SyulTy:[)

3,13. a) y'-4y'+3y=0 y©) =6 ¥'(0)=10
5 ¥ vey 6y =0 4y’ -20y'+ 255 -0

4,14. a) y' =7y 6y =0 y@=2 y'©)=-1
6) yﬂ+lﬂy’r+25y={} 5) JJ’H+2y’r+5y=[}

5,15. a) 2y 43 -y =0 y©) =1 y'(0)=-1
6) 43" 43"+ y=0 B) -2y 410y =0

6,16. a) 29" +5y'=0 y0)=1 3y’ (=4
5) vy’ -14y" 149y =0 ) v ay=0

12y"+355'=0  yo)=2 y©)=2

7,17. a)



8,18. a) y'-6y'+8y=0 y©0=2 y'(0)=—4
6) 16y"+8y +y=0 ) -6y +13y=0
9,19, a) y'-ay' =5y =0 y@=2 3y (©=-3
5) 16v"+249 +9y=0 ) y'—ay'+13y=0
10,20. a) -3y +2y=0 y(@=1 3'©)=6

6) Qyﬂ+6y’r+ y=0 B) yﬂ+ 9y =0
KoHTpoJibHBbIE BONPOCHI
1.JlaiiTe onpenenenue nudhepeHInaIbHOTO YpaBHEHUS.
2.YUTo Ha3bIBatOT MopsAAKOM qudpepeHInanbHOro ypaBHEHUS ?
3.JaiiTe onpenenenue oo1iero pemeHus AuddepeHnaIbHOr0 ypaBHEHHUS.
4.Yto Ha3piBatoT ycioBusamMu Komm?
5.Yto0 Ha3pIBaroT 3amaueii Komm?
6./laliTe onpenenenre 4acTHOTo pemeHus qudPpepeHInanTbHOr0 ypaBHEHMS.
7.Kakue ypaBHeHUs Ha3bIBAIOTCS Au(depeHImaibubMu ypaBHenusamu 11 mopsiaka?
8.IloHsITHE XapaKTEPUCTUUYECKOIO YPaBHEHUSI.
9.00111€€ peleHre YpaBHEHUS XapaKTepUCTUUECKOTO YpaBHEHHUS.



IIpakTnyeckas padoora Ne 10

no teme «HccaenoBanue YUCIOBBIX PSIJIOB HA CXOAUMOCTD
Heab: HAyuYUTHCS UCCIEAOBATH YUCIOBBIE PSI/Ibl HA CXOAUMOCTD
Bpems BbinosiHeHusi 90 MUHYT

MarepuanbHoe obecneuyeHmne

1. TeopeTnueckue CBEICHUS

2.3aganue

3.JIuct A 4

4. KanbKynsiTopbl

IMopsinok BbINOJHEHUS] padOTHI
1.3yunts 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHUS

3. Bomonuute 1 0opMuTh paboTy
4.1Tokazarp pe3yabTaThl IPENOaBATEIIO
JlomamiHee 3a1anue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeeHI

Omnpenenenne. CymMMa uYJe€HOB OECKOHEYHOM YHMCIOBOM TOCIEIOBATEIIBHOCTH

U Uys..osld, ... HA3BIBAETCH YHCJIOBBIM PSIZIOM.
Uy ¥ Uy U, =D,
n=1

[Tpu TOoM uncna u,,u,,... 0yeM Ha3bIBaTh WICHAMH PAJIa, a Uy — OOLTUM YJICHOM PsIa.

Onpenenenne. CyMMBI S, =u, +u, +...+u, = Y u, , n = 1, 2, .. Ha3bpIBAlOTCA
k=1

YaCTHBIMHU (YACTHYHBIMH) CYMMAaMHU PSJIa.
Takum 00pa3oM, BO3MOKHO pacCMaTpUBATh MOCIEAOBATEILHOCTH YACTUYHBIX
CyMM psiga Si, Sy, ..., Sy, ...

Omnpenegaenne. Psan w +u, +..4+u, +..= Zu Ha3bIBACTCS CXOASIIUMCSH, €CIIN
n=1

CXOOUTCA MOCICAOBATCIBHOCTDL CI'0 YaCTHBIX CYMM. CyMMa cxoadmerocs psjaa —
mpcacia moCjaca0BaTCIbHOCTH €TI0 YaCTHBIX CYMM.

limS, =S8, Sziun.
n=1

Onpenesienne. Eciny nociae10BaTeIbHOCTh YaCTHBIX CYMM Psiia PACXOAUTCS, T.€. HE

HMCCT TIIpcaciia, HWIM HMCCT OCCKOHEYHBIH npeacii, TO pgad Ha3bIBACTCA
pacxoaamuMcHa 1 €My HC CTaBAT B COOTBETCTBUC HUKaKOM CYMMBEI.

Ceoiicmea ps0oe.
1) CXoauMOCTh WM PaCXOJUMOCTh psiia HE HAPYLIUTCSA €CIIHM W3MCHHTD,

OTOPOCUTDH WJIU I0OABUTh KOHEYHOE YHCIIO WICHOB psijia.
2) Paccmotpum zBa psna Y u, U » Cu, , rae C — MHOCTOSHHOE YUCIIO.



Teopema. Ecnu pad ) u, cxooumcsa u e2o cymma pasua S, mo pao Y Cu, mogice

cxooumest, u eco cymma paena CS. (C =0)
3) PaccmotpuM 1Ba paga » u, U Y v, . CyMMO#i UM pa3sHOCTBIO THX PAZOB

OyneT Ha3bIBAaThCA PAN D (u, +v,), TJIe SIEMEHTHI TIONYYEHBI B PE3yIbTaTe CIOKEHH

(BBIUMTAHUSA) UCXOAHBIX 3JIEMEHTOB C OJJUHAKOBBIMU HOMEPAMH.
Teopema. Eciu psdet D u, u v, CXOOAMCA U UX CYMMbL PASHBI COOMBEMCMEEHHO S

u o, mo pso Y (u, £v,) moogkce cXo0umcs u e2o cymma pagua S + o.

Z(un +vn)=Zun +Zvn =S+o

Paznocms 08yx cxoosuwuxcs paoos makace 6yoem cxo0aumumcsi psoom.
Cymma cxooawe2ocs u pacxoosaue2ocs psaoos 6yoem pacxooauumcs paoom.
O cymme 08yX pacxooauuxcs psoog 00ue2o YmeepHcoeHus: COelams Hellb3sl.

[Ipu n3yueHnu ps10B peniatoT B OCHOBHOM JBE 3a/1a4M: HCCIIEJOBAHUE HA CXOAUMOCTb
U HaXO0XJAEHUE CYMMBI psija.
1) Ecmu psin ) u, CXOIUTCA, TO HEOOXOMMMO, YTOOB! OOMIMIl WiIeH Uy CTPEMHUICS K

HYJIIO. OI[HaKO, 9TO YCJIIOBHUC HC ABJIICTCA NOCTATOYHBIM. Mo:xHO T'OBOPHUTH TOJIBKO O
TOM, YTO €CJId OOIIMHA WIEH HE CTPEMHUTCS K HYJIO, TO P TOYHO PACXOIUTCS.
. . <
Hanpumep, Tak Ha3bIBaeMblii TapMOHMYECKMH DS » — SBISICTCS PACXOISIIMMCS,

n=1

XOTSI €ro OOIIMI YJIEH U CTPEMUTCS K HYJIIO.

IIpumep. MccnenoBatbk CXOIUMOCTD psijia %+ % + % +.o.+ 1 +...
n J—
o ) . 1 1 o
Haiinem lim P =lim —= § #0 - HEOOXOIUMBIM MpPHU3HAK CXOJIUMOCTH HE
n—»0 n p— n—>0

n
BBITIOJTHSIETCSI, 3HAUUT PSIJ] PACXOIUTCS.
2) Ecam psit cXOuTCs, TO MTOCIIEI0BATEILHOCTh €r0 YaCTHBIX CYMM OTpaHUYCHA.
OnHako, 3TOT MPU3HAK TAKXKE HE SBISICTCS TOCTATOYHBIM.
Hanpumep, pax 1-1+1-1+1-1+ ... +(-1)™+... pacxomuTcs, T.K. pacxomurcs
MIOCJICIOBATEILHOCTD €T0 YaCTHBIX CyMM B CHJTY TOTO, UTO

s _{0, npu  YemuviX n

1, npu  He4eniHolx n

OI[HaKO, IIpyu 3TOM IIOCICAOBATCIBHOCTL YaCTHBIX CYMM OI'paHHM4YCHA, T.K.

Sn

<2 mpH J1irodoM N.

Psowl ¢ HeompuuamelbHbIMU YileHamu.
HpI/I HN3Yy4YCHUHU 3HAKOIIOCTOAHHBIX PAJOB OTPAHUYUMCA PACCMOTPCHUCM PAI0B

C HCOTPHUIATCIIbBHBIMU YJICHAMH, T.K. IIPHU IIPOCTOM YMHOXCHHUH Ha —1 u3 3THX pPAIdOB
MOKHO ITOJYYHUTH pAAbI C OTPHUIATCIIbHBIMHA YJICHAMMU.



Teopema. /[na cxooumocmu paoa ) u, C HEOMPUYAMENbHBIMU YLEHAMU He0OX00UMO

U 00CMAamoyHo, 4moobL YaCmHble CYMMbL psi0a ObLIU O2PAHUYEHbL.
ITpusHaK cpaBHEHUS PAJOB C HEOTPUIIATENbHBIMH YICHAMMU.

ITycT maHbI 1Ba psAa » u, W Y v, HPH Up, Vo =>0.
Teopema. Ecim U, < Vv, pu gr000M N, TO U3 CXOJAUMOCTH psiia Z"n clenayer
CXOJMMOCTb Psifa » u

dv,.
1

IIpumep. HMccienoBate Ha CXOAUMOCTD Psif b + 1 +o+—...
In2 In3 Inn

a U3 pacxoJqUMOCTH psijia Zu CIEyeT pacXoJAUMOCTh psijia

n o

1 | o 1 1
T.k. > @ TAPMOHMMECKHH Al > — pacxomuTcs, TO PACXOAUTCS U P Zln_
n n n n

=1
Ipumep. MccrnenoBarh Ha CXOJUMOCTb PAL e
n=1 1

T.k.

<

n 2n’

1
5 apsam Y, o cxoauTcs ( Kak yObIBaroIIasi FeOMETpUYECcKas Iporpeccus),
n

21
TO PAL ZT TOXE CXOIUTCH.
n=1 N

Takxe UCTONB3yeTCs CAEAYIOUUNA MPU3HAK CXOIUMOCTH

Teopema. Eciu u, >0, v, >0 u cywecmsyem npeoei lim“ =#, 20e h — wucno,

n—0 vn
OMAUYHOE OM HYISA, MO POl Y u, U Y v, 6e0ym 00UHAKOBO 8 CMbLCIE CXOOUMOCIIL.
Ilpusnak /lanamoepa.

(OKan Jlepon [amamb6ep (1717 — 1783) — ppaHIry3ckuii MaTEMaTHK)
Ecnu 0na paoa Y u, ¢ NOLOACUMENbHOIMY YIEHAMU CYUECTNEYerm MAKOe YUCIO

q<l, umo 0Jisi 6cex 00CMAmMoOyHo 00bUUX N BbINOJIHAEMCA HepaeeHCcmeo

u
—L < g, mo pso Z”n CXOOUMCA, eciu ce OISl 6cex 00CMAaAmoyHo Oobuux N
u

n

u
BbINOAHACTCA YC06Ue —- > 1, MO pad Y u, PAcxoOumcs..
u

n

Ilpeoenvnurii npusnax /lanamoepa.
[Ipenenbubli mpu3Hak JlamamOepa sIBISIETCS CEICTBHEM W3 MPUBEICHHOTO

BBIIIIE TTpu3HaKa JlamamoOepa.

Ecnu cywecmseyem npeoen lim 21 = p, mo npu p < I pao cxooumcs, a npu p > 1 —

n—>ow un
pacxodumc;z. Ecnu P = ], mo Ha eonpoc o CXOOUMOCMU OMBEMUMb HElb3S.

> 7
HEHMCE. OHpeI[CJ'H/ITB CXOOUMOCTDB psga z > .
n=1




n _n+1 1imu”—” (n+1)2" n+1= ;=l<l

u =— u = —
n 211 ’ n+l 2n+l ’ N0 un n—)oo 2n+1 2n 2 2

BriBox: psanx cxonures.

Ipumep. Onpenenuts CXOOAUMOCTD psaa 1+ 11' + 21' +ot 1' +..
n:

!
u :l; u,, = ! :lim 2 = fim " = lim ! =0<1
n! (n+1) ooy e (n41) e p+]

BriBon: psan cxogurest.

Ilpusnaxk Kowu. (paduxkanvHwlii npU3HaK)
Ecnu 0ns pada Y u, ¢ HeOMPUYaAmenbHbIMu WieHamy cywecmeyem maxoe uucio <1,

ymo 0115 8cex 00CMamoyHo OOIbLUWUX N BLINOTHAENC HePABEeHCMBO iu, < q,
Mo pao Y u, CXOOUMcs, eciu dce 0l 6cex OOCMAMOUHO 0ObWUX N GbINOTHAEMCH
Hepasencmeo ifu, =1, mo pao Y u, pacxooumcs.

CaencrBue. Ecnu cymiecTByeT npenen limzju, =p, TO npu p<l psaa cXoauTcs, a npu

p>1 psia pacXoIuTCA.

+1
IIpumep. OnpeaenuTs CXOAUMOCTD psja 2[3 > 5)
_+_

2 2+—
lim gfu, =lim 22— g 1 2
n—»o n—»o 3 4+ 5 n~>003+i 3
2

n
BriBox: psanx cxogurest.

IIpumep. OnpenenuTb CXOAUMOCTD psa Z(l + l) .
n

n=1

1
lim#/u, =lm|1+—|=1.
n—>00 " }'I*)OO( nj

T.e. mpu3nak Komm He pmaer orBera Ha BOIPOC O CXOAMMOCTH psna. [IpoBepum
BBITIOJTHEHHNE HEOOXOAUMBIX YCIOBUM cXOauMocTU. Kak ObUIO CKa3aHO BBIIIE, €CIH

PAIl CXOAUTCS, TO OOIIUI YIICH psijia CTPEMUTCS K HYJIIO.

n—>0 n—>00

limu, =M(l+lj =e#0,
n

TakuM 00pa3oM, HEOOXOUMOE YCIOBUE CXOIUMOCTH HE BBIMOJIHSIETCH,
3HAYHT,
P PaCXOIUTCA.

Humezpanvnwiit npuznax Kowu.



Ecnu ¢(x) — nenpepuignasn nonoscumenvras @yHkyus, yovlearoujas Ha NPOMeNCymKe

[1;0), mo pso (1) + @(2) + ..+ ¢(n) + ... = i(p(n) U HecoOCMBEHHbIU UHMeZPAIl

n=1

I @(x)dx 0OUHAKOBBL 8 CMbICIE CXOOUMOCTII.
1

IIp p. Psax 1 ! I ! >1 <1
HNMCD. AL +2—a+3—a+...+n—a+... CXOOUTCA HpI/I (04 n paCXOI[I/ITCH o1l T.K.
o o T dx
COOTBETCTBYIOIIMI HECOOCTBEHHBIN MHTETpall I — cxoaMrces mpu o>1 u pacxoaures
X
1

=1
o<l. Pan Z—a Ha3bIBACTCS 00IErapMOHUYECKUM PSIOM.

n=1

CaenctBue. Ecnu f(X) u ¢(x) — HenpepbiBHBIE QyHKIMU Ha uHTepBajie (a, D] u
ALY

x—a+0 (p(x)

b b
=h, h#0, TO HUHTETpaJbl J f(x)dx n j(p(x)dx BeIyT ce0s OJWHAKOBO B

CMBICJIC CXOONMOCTH.

3nakonepemennuvie paovl. (3Haxouepeoyrouuecs paonl).
3HaKouYepeAYOUIUNCS Pl MOYKHO 3aIlKcaTh B BUJE:

U, —u, +uy —u, o+ (D)"u,
roe u, >0, n=123,..

Ilpusznax Jlenonuya.
Ecnu y 3sunaxouepeoyrowezocsa pada u, —u, +u, —u, +...+(=1)""u, +... abcorromuovie

senuyunsl Ui yObl8arom u, > u, > u, > ... U 0OWULl YieH CmpemMumcs K Hyuo u, — 0, mo

pA0 cxooumcsi.

Abconromuan u yciosHas cxooumocms pAaooe.
PaccMoTpuM HEKOTOPBIM 3HAKONEPEMEHHBIN PsiA (C 4YJe€HaMH MPOU3BOIBHBIX

3HAKOB) Uy +uy +... U, +...= D U, (1)
n=1

U psijl, COCTaBJICHHBINA U3 a0CONIOTHBIX BEIUYHH 4ieHOB psna (1):

(2)

Teopema. /13 cxooumocmu psoa (2) cnedyem cxooumocmo psoa (1).
Onpenenenne. Psn > u, HasbiBaeTcs aGCOTIOTHO CXOASLIMMCS, CCIIH CXOIUTCS Psif

2

O‘IGBI/IIIHO, 49TO AJIA 3HAKOIIOCTOSHHBIX PAAOB INOHATHUA CXOJUMOCTHU H a0COJIFOTHOM
CXOJUMOCTH COBIIaJarOT.

u

n

[+ + ot [+ = S

n=l1

u

nl*

Onpenenenne. Psiy ) u, Ha3bIBACTCS YCIOBHO CXONSIIMMCS, SCIIH OH CXOIUTCS, a

psa Y,

Ilpusnaku /lanamoepa u Kowu 01s 3naxkonepemennsvix psaooe.

u,| pacXxoJauTCA.



IlycTts » u, - 3HAKOIEPEMEHHEIH PALL.

un+1

IIpusnak Jlanamoepa. Eciu cyuiectByet npeaen lim =p, To ipu p<I psix Zu
n—>0 u

Oynet abCOMI0THO cxoAsIMMces, a ripu p>1 psn Oyaet pacxomsumumest. [lpu p=1
NIpHU3HAK HE JIaeT OTBETA O CXOJMUMOCTH Psi/Ia.

Ipusnak Komu. Ecnu cymectsyer npenen lim4/lu,| = p, To mpu p<1 psn Z”n Oyner

a0COJIIOTHO cXoAsIMMcst, a ipu p>1 psan Oyaet pacxonsmmumces. [lpu p=1 npusnak He
JTAET OTBETA O CXOAUMOCTH psAJa.

Ceoiicmea adcorOmHO CX00AUWUXCA PAOOB.
1) Teopema. /Jna abcontomHoi cxooumocmu paoa ) u, HeobX00UMOo U 00CMAMO4HO,

umobbL €20 MONCHO ObLIO NPEOCMABUMb 8 BUOe PAZHOCHU 08YX CXOOAUUXCS PAO0S C

HeompuyamenbHbIMU YleHAMU.

CaeacrBue. YCIOBHO CXOJSLIMNCS sl SBISIETCS Pa3HOCTBIO JABYX PACXOASIIMXCA

PSAZIOB C HEOTPHUIATEIHPHBIMUA CTPEMSIIIUMUCS K HYJTIO WICHAMHU.

2) B cxomsmemcst psige mro0asi TpyIIMpOBKA YICHOB psAlla, HE W3MEHSIONIAs HMX

MOPSIJIKa, COXPAHSET CXOAUMOCTh U BEJTUYHHY Psa.

3) Ecnu psan cxoautcst abCOMOTHO, TO Psifl, MOTYUYEHHBIN U3 HETO JTH000M

NIEPECTAHOBKOM YJICHOB, TAKXKE a0COFOTHO CXOAMTCS M HMEET TY K€ CyMMY.

[TepecTaHOBKOW YJIEHOB YCJIOBHO CXOJISIIETOCS psfa MOXXHO TOJYYUTH YCIOBHO

CXOJSLIUNCSA psAll, UMEIIUNA JoOyI0 Hamepeln 3aJaHHyl0 CyMMy, M Jaxe

pacxXoasAIIuncCs pA.

4) Teopema. [Ipu 11060t epynnuposke uieHos abCoIomHO cx00saue2ocs paoa (npu

IMOM HYUCTIO 2PYNI MOdHCem ObIMb KAK KOHEUHbIM, MAK U OECKOHEUHbIM U YUCTIO YIeHO8

8 epynne Modcem OblMb KAK KOHEUHbIM, MAK U OECKOHEeUHbIM) NOYUaAemcs

CXOOAWUICS PO, CYMMA KOMOPO20 PABHA CYMMeE UCXOOH020 PAod.

5) Ecnu psinbt i“ u ivn CXOJSATCSL AOCOTIOTHO U UX CYMMBI PaBHBI COOTBETCTBEHHO
n=1 n=1

S ¥ G, TO psj, COCTABJICHHBIA U3 BCEX MPOU3ZBEICHUM BUIA u,v,, ik =12,... B3ITHIX B

KaKOM YTOJIHO TIOPSAKE, TaKXKe CXOAUTCS aOCOJMIOTHO M €ro CymMma paBHa S-O -
IIPOM3BEICHUIO CYMM MEPEMHOKAEMBIX PSJIOB.

Ecnu sxe mpon3BOUTh IEPEMHOKEHNE YCIIOBHO CXOISAIIUXCS PSIIOB, TO B PE3yJIbTATE
MO>KHO TIOJTYIUTh PACXOISIIANCS PS/.

3anaHus NpaKTHYeCKOM PadoThI

1.BeImucath TpH MEPBBIX YiICHA Psijia HAUTH TPEThIO YACTHYHYIO CYMMY

n=w 9% 2-®nn
Z R

1L1121a) n=17-Al. 6) »=1 %




B = 5?2_1

Z ;
21220q) #o1RT (1)L

s 3)2+2

3,13,23a) #= H/H 5)1.
B = 22?3

414240) n=17 (1)1,

M=o 3."3"’1

5.15052) n=17/(n+1).

i

H= X
6,1626a) " 13

7,17,27 a) #=1

?3%‘3023'}2 !
8,18.28 a) %=1 (2n)! .

nze (o))

2
9.19.29 a) #=1(7!)
REOp i n+1))

102030 a) #=1 (21}

Z.HCCHGILOBaTB Ha CXOOAUMOCTD, ITPUMCHA HCO6XOI[HMBII>1 IMPpU3HAK CXOAUMOCTHU

2

11121. a
)Z‘l n+5

212,22. a)z

-1

3n +1
n+2

—4n% +1
41424. a)y —————
); n®-5n

5n% +1
515,525. a
)nz_:l 42n

313.23. a )Z

H=w B

)ml?l +1

H=m 1

6) a=1F - InR

6) w11+ .
”E”:rmdl P
6) #=1 2-?1‘\./}_1

}EED

n= H'{_ COTH

*‘3“1‘1+r:.:::32 23

6) #=1 1

n—l '

717,27, a)y
. 1n+1

8,18,28. a)z \/_
1N

919,29. a)z .
+

10,20,30. a)z 2n’ ~
n—1

3.MccrnenoBaTh Ha CXOIMMOCTb, UCTIONB3YS pu3HaK JlamambOepa

111,21, a)i—

n —l

6,16,26. a)iw
n=1



agbrwnE

212,22 a)zzr/'_—g)l 717,27, a)iln%

313,23. a)Z 8,18,28. a)zn(:ll)

414,24, )210” 9,19,29. a)i—
| o =(2n+1)

10,20,30. a)> =
n=1 N

KoHTpoJibHBIE BONIPOCHI

Ornpenenenre YucIoBOro psa.

CBolicTBa U BUJIBI PSIOB.

Onpenenenre CyMMBI psija.

Heo6xoaumplii mpu3HaK CXOIUMOCTH.

[IpusHaku cpaBHeHus, npusHaku Janambepa u Komm.



IIpakTuyeckas padora Ne 11

no teme «Haxo:kneHue npou3BOAHONH YHUCIEHHBIM METOIOM.»
Ieab: HayuuThCs peliath OJHOPOIHbIE AU PepeHInanbHbIe YpaBHEHUS TIEPBOTO
nopsiaKa.
Bpems BoinosiHenuss 90 MuHyT
MarepuajnbHoe odecneyeHmne
1. TeopeTnueckue cBeieHus
2.3aanue
3.Juct A 4
4. KanpKynsTopbl
Iopsinok BeINOJIHEeHNsI padOThI
1.1M3yunth 3ananue
2. I3y4uTh TEOPETUYECKUE CBEICHUS
3. BomonauTth 1 0hOpMHUTH paboTy
4.1Toxa3aTh pe3yJIbTaThl IPENOAABATEIIO
JlomamiHee 3a1aHue
1.ITIoAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI
Teopernueckue cBeeHUsI.

Onpenenenne. Dynkius f(X, Y) Ha3bIBaeTCs OAHOPOIAHOW N — ro W3MepeHUs:
OTHOCHUTEJIBHO CBOMX APryMEHTOB X U Yy, €CIIH Il J000ro 3HaueHus napamerpa t

(Kpome HYJIsI) BBIMOJIHSIETCS] TOXIECTBO:
S e, y) =1"f(x, ).
Ipumep. SBnsgercs jau oTHOPOAHON QYHKIUA f(x,V) = x> +3x°y?
fx,t0) = (tx)’ +3(tx)’ty =% +3°x°y =2 (X> +3x°y) =1 f(x, )
Taxum obpazom, hynkius f(X, ) sBiIseTCS OMHOPOAHOM 3- TO TOPSAIKA.
Omnpenenenune. Jlubdepennuansioe ypaBHeHUE BUAa )’ = f(x,y) Ha3bIBAETCS

OHOPOAHBIM, ecH ero mpaas 4acth f(X, Y) ecTh ogHOpOAHAS QYHKIHS HYJIEBOTO
M3MEPEHUS] OTHOCUTENILHO CBOMX apryMEHTOB.
JIroboe ypaBHEHHME BUIA P(x,y)dx + O(x,y)dy =0 SBISIETCS OJHOPOJHBIM, €CIU
dynkuuu P(X, y) 1 Q(X, Y) — oqHOpOoaHbIE QYHKIIMH OTMHAKOBOTO H3MEPEHHUSI.
Pemenue 1106010 OHOPOIHOTO YpaBHEHHS OCHOBAHO Ha MPHUBEICHUM 3TOTO
yYpaBHEHUS K YPABHEHHUIO C Pa3AeIIIONIUMUCS TIEPEMEHHBIMU.
PaccmoTpum oHOpOIHOE YpaBHEHUE )’ = f(x, V).

T.k. dynkiwms f(X, y) — oqHOpOAHAS HYJICBOIO U3MEPEHUS, TO MOXKHO 3aliCaTh:
Sf(x,) = f(x, ).

o 1
T.x. mapametp t BooO111€ TOBOPS MPOU3BOIBHBIN, MPEINOJIOKHUM, UTO ¢ = —. [lomydaem:
X

f(x,y) = f(l,lj
X



HpaBaﬂ 4acCTb MOJYYCHHOI'O paBCHCTBA 3aBUCHUT (I)aKTI/I‘-IeCKI/I TOJIBKO OT OAHOI'O

aprymeHTa u = Y , T.€. f(x,y)= (p(zj =o(u);
X X
Ucxonnoe quddepeHimaibHoe ypaBHEHHE TAKUM 00pa3oM MOXHO 3aIUCaTh B BUJIE:
y'=ou)
Jlanee 3amensiem Y = UX,
, u)—u
Vi=ux+ux' ux+ux'=o0@); u'x+u=o); u':—q)( ) ;
X

TakuM 00pa3oM, TMOJYYWIH YpPaBHEHHE C Ppa3JeiIOIIHUMUCT TNEPEMEHHBIMU
OTHOCHUTEJIbHO HEU3BECTHON (QYHKIMH U.

du dx du  cdx

-[ ou)—u x

Jlanee, 3aMEHHUB BCIIOMOraTeIbHYIO (PYHKIMIO U Ha €€ BBIPAXKEHHE Yepe3 X U y

_ = +C;
ou)—u x

U HaWJs MHTErpajbl, MOIYyYUM OOlIee pelieHre OJHOPOAHOro IuddepeHnrnaibHOro
ypaBHEHUSL.

IIpumep. Pemnts ypaBHeHuE ' = Z(ln 2y lj :

X X
BBenem BcriomorarenbHy0 (GyHKIHUIO U.

u:Z; yv=ux; y =ux+u,
X
OTtMetruM, 9TO BBeACHHAS HaMu (yHKOHMS U BCETa MOJIOKHUTEIbHA, T.K. B

IPOTUBHOM CJIydae TepseT CMBICT HCXOgHOe nuddepeHnraibHoe ypaBHEHHE,

comepsamiee nu =2
X

IToxacraBisieM B HCXOQHOE YPaBHEHUE:

ux+u=u(lnu+1); ux+u=ulhu+u;, ux=ulnu;

. du dx du dx
Paznensem nepeMeHHbIE: =—; I —
ulmu x

Wurerpupys, nomydaeM: Injlnu|=Inx|+C; Inu=Cx; u=e®;

b

ulnu X

[lepexoas oT BcmomoraTeabHOM (PYHKIIMU 00paTHO K (QYHKIMH Y, TIOJlydaeM oOIiee
peleHue: y = xe.
Ypasnuenusn, npueooawuecsa k 00nHopooHvIM.

Kpome ypaBHEHUI, ONIMCAHHBIX BBILIE, CYLIECTBYET KJIACC YPAaBHEHUN, KOTOPBIE
C TIOMOIIBIO OMPEIETICHHBIX MOJACTAHOBOK MOTYT NMPUBEIEHBI K OJTHOPOIHBIM.

OTO ypaBHEHHMS BUja y' = f (M]

a,x+by+c

a b

Ecim  onpenenurens 5
a, b

#0, TO TIEPEMEHHbIE MOTYT OBITh pa3JeiCHbI

MOJCTAaHOBKOM



X=u-+a; y=v+[;

. |lax+by+c=0
IJie O U 3 - pelIeHUs CUCTEMbl YPaBHEHUI
ax+by+c, =0

IIpumep. Peminth ypaBHEHUE (x —2y +3)dy + (2x+ y —1)dx = 0.

[Monay4yaem (x—2y+3)d—y:—2x—y+l; ﬂ:M;
dx dx x-2y+3
Haxonum 3HaueHune onpenenurens - _2‘:4+1:5¢0.
. |[—2x—y+1=0 [|y=1-2x x=-1/5
Pemaem cucremy ypaBHEeHHI ; ; ;
x—2y+3=0 x—2+4x+3=0 |y=7/5

IIpuMeHseM MOACTAHOBKY x =u —1/5; y =v+7/5; B UCXOJHOE YPaBHEHHUE:
(u—-1/5-2v—-14/5+3)dv+QRu—-2/5+v+7/5-1)du = 0;
dv._2u+v _ 2+v/u

(u—2v)dv + (2u +v)du = 0; — = = ;
du 2v-u 2v/u-1

1%
3aMeHsIeM NIEPEMEHHYI0 — =/, v=uf;, V' ={u+t; IpU IOJCTAHOBKE B BBIPAYKEHUE,
u

3alIMCAHHOE BBIIIE, UMEEM: tu+t= 22+ tl
t_
. dt 2+t 24t-2t2+t 20 +t—t%)
Pa3nensiem mepemMeHHbIe. —u = —t= - :
du 2t —1 2t—1 2t—1
du 1 1-2¢ . I I (1- 2t)dz
u 2 1+t- 1+7—

—%In‘lﬂ —tz‘ = In|u| +InC, In‘1+t—t2‘ =-2 In|Clu|

G, G
—2, 1+t—t¢ =—2,
u

1n\1+z—r2\=1n

[lepexoaum Teneps K NEPBOHAYAIBHON (YHKUIMU Yy U IEPEMEHHOM X.

(=Y =2 775 Sy 7; u=x+1/5;
u x+1/5 5x+1

Lv=T [Sy 7) 25C,
Sx+1 Sx+1 (5x+1)
Gx+1)*+By-7(Gx+1)—-(5y-7)> =25C,
25x% +10x +1+25xy +5y —35x—7-25y> + 70y — 49 = 25C,
25x% —=25x+25xy+ 75y —25y° =25C, +49—1+7

55
¥ —x+xy+3 =C,+—=0C;
y+3y -y’ 5

Hroro, BeIpaskeHUe x” —x+xy+3y—y”> = C SBISETCS OOIIUM HHTETPAIOM HCXOIHOTO

nuddepeHIanTbHOr0 YpaBHEHUS.



, ax+by +c
B cimywae ecim B MCXOIHOM ypaBHEHMM Buaa y'=f|————
ax+by+c,

a
OIpeIeIUTEND
a b

‘ =0, TO MepEMEHHbIE MOTYT OBITh pa3/ieJeHbl MOJCTAHOBKON

ax+by =t.
IIpumep. Pemiuth ypaBHEHUE 2(x + y)dy + (3x +3y —1)dx = 0.
dy —3x-3y+1_ 3x+3y-1

[Tonyuaem 2(x+ y)Z—y =-3x-3y+1;
X

dx 2x+2y 2x+2y
Haxonum 3HaueHune onpenenurens - _2 ‘ =—6+6=0;
I dy t'
PHUMEHSACM ITOJACTAHOBKY 3x+3y =1. o = 3" L;
X

HOI[CTaBJ'DIeM 9TO BBIPAXKCHHUC B MCXOAHOC YPABHCHHUC!
t 3(t-1)

3 1:_2—1; 2t(t'=3)=-9t+9; 2tt'=6t-9t+9; 2ut'=-3t+9,
Paznensem nepemeHHbI€! dt = dx; Ldt = —de;
-3t+9 t-3 2
j(l+ijdt:—§jdx; t+3|n|t—3|:—§x+C1
t-3 2 2

Jlanee Bo3BpalaemMcs K epBOHAYAILHON (GYHKIIUU Y ¥ TIEPEMEHHOH X.
2x+2y+2IP(x+y-1)|=-x+Cy;
3x+2y+2In3+2Injx+y-1=C,;

3x+2y+2hfx+y-1=C;

TakKUM 00pa3oM, Mbl MOJYYHJIA OOIIMUA MHTErpajl UCXOTHOro Iu@depeHInaibHOro
ypaBHEHMUSL.
3aaHus NpakTH4ecKko padoThl

3aganue. Pemnth oqHOpoaHOE MuddepeHInansHoe ypaBHEHKE.

Bl. xy+y? — (2x% + xy)y’/=0 B16. xy+y? — (2x? + xy)y’=0
B2. (x-y)dx+xdy=0 B17. (x-y)dxtxdy=0

B3 (x?- xy)dy-y? dx=0 B18. (x?- xy)dy-y* dx=0

B4. xy%y/ =x3+y? B19. xy%y/ =x3+y?

BS. (x-y)ydx = x*dy B20. (x-y)ydx = x* dy



B6. xyy/ =x3+y3 B21. xy%y/ =x3 +y°3

B7. xy+y? — (2x% + xy)y’=0 B22. xy+y? — (2x? + xy)y/=0
BS8. (x-y)dx+xdy=0 B23. (x-y)dx+xdy=0

BY. (x2-.xy)dy-y? dx=0 B24. (x?-.xy)dy-y?* dx=0
B10. xy%y/ =x3+y?3 B25. xy%y/ =x3 +y3

B11. (x-y)y dx = x*dy B26. (x-y)ydx = x*dy

B12. xy%y/ =x° +y° B27. xyy/ =x3 +y°

B13. 4.xy- xy = (1+x?)e* B28. 4.xy/- xy = (1+x?)e*

B14. (x-y)dxtxdy=0 B29. (x-y)dxtxdy=0

B15. (x%-.xy)dy-y? dx=0 B30. (x?-.xy)dy-y? dx=0

KoOHTpOJIbHBIE BOMPOCHI:
1. Kakoe ypaBHEHHE Ha3bIBAETCS OJTHOPOIHBIM YPaBHEHHUEM MIEPBOTO TOPSIKA U €TO
peleHue?



IIpakTnyeckas padora Ne 12

no reme «HYucjaenHoe pemenue 1u@pPpepeHunaIbHOT0 YPaAaBHEHH D)
eanb: HayuuThCs peliath JUHEHHBIC TuddepeHirnaibHble YpaBHEHUS IEPBOTO
nopsiaKa.
Bpems BbinosiHenuss 90 MuHyT
MarepuajnbHoe odecneyeHmne
1. TeopeTnueckue cBeieHus
2.3aanue
3.Juct A 4
4. KanpKynsTopbl
Iopsinok BeINOJIHEeHNsI padOThI
1.M3yunth 3ananue
2. I3y4uTh TEOPETUYECKUE CBEICHUS
3. Bomonauth 1 0OpMHUTH paboOTy
4.1Toka3aTph pe3yJabTaThl IPENOAABATEIIO
JlomamiHee 3a1aHue
1.ITIoAroTOBUTH OTBETHI HA KOHTPOJIbHBIE BOIPOCHI

TeopeTuueckue cBegeHUs
Onpenenenne. luddepenninaibHoe ypaBHEHUE HA3bIBACTCS JIMHEHHBIM

OTHOCUTETHFHO HEM3BECTHON (DYHKIIMU U €€ TIPOU3BOTHOM, €CIIM OHO MOXKET OBITh
3aMMcaHo B BUJIE:

Y'+P(x)y = Q0(x),
IpU 3TOM, ecjiM TpaBas 4acTb Q(X) paBHA HyIIO, TO TAaKOC ypaBHEHHE HA3bIBACTCS
JMHEIHBIM OTHOPOAHBIM JH(GEpPEHIIMATHHBIM YPaBHEHUEM, €CIIA TIpaBas YacThb
Q(X) He paBHa HYJIIO, TO TAKOE YpaBHCHUE HA3BIBACTCS JIMHEHHBIM HEOTHOPOIHBIM
muddepeHranbHbIM YPaBHCHUEM.
P(x) u Q(X)- dbyHKIMK HETPEPHIBHBIE HA HEKOTOPOM MTPOMEXKYTKe a < X < b.
Jluneiinvie 00HopooHvle Oughpepenyuanvrnovie ypagnenus. Paccmorpum
METO/1bl HaXO0KAEHUs OOLIEro PelIeHUs! IMHEHHOTO OJTHOPOIHOTO
mudepeHnnanbHOr0 ypaBHEHHS TIEPBOTO MOPSIKA BHIA

y'+P(x)y=0.

Hnst sroro tumna audepeHIuanbHbIX YpPaBHEHUN pa3elieHUe NEPEeMEHHBIX He

IPEACTABISET CIOKHOCTEM.

& =—P(x)dx
y

In[y{ = [ P(x)dkx + In|C

5

OO6miee penieHue: y=Ce
Jluneiinvie HeoOHopoOHbie Oudghepenyuanvrvle ypasHeHusl.



JInst WHTErpupoBaHMsI JMHEWHBIX HEOMHOPOMHBIX ypaBHeHHH (Q(X)=0)
IPUMEHSIOTCSI B OCHOBHOM JIBa MeToia: Meto bepHymnu u meron Jlarpanxa.

Memoo bepuynnu.
(Ax00 bepuymau (1654-1705) — mBeiapckuii MaTeMaTHK. )

CyTp MeTOlla 3aKJIF0YAETCsl B TOM, YTO MCKOMas (DyHKLHMs MPEACTaBISIETCS B
BUJIC TPOU3BEACHUA ABYX QYHKIUN y =uv. IIpn

dv du
3TOM OYEBUJHO, YTO ' =u- =TV b depeHurpoBaHuE IO YACTSM.
X

[ToncraBiisisi B UCXOAHOE YPaBHEHHE, MOJTyYaeM:

u ? + vZ— + P(x)uv = Q(x)

u ? + v(;{—z + P(x)uJ =0(x)

X

Jlanee cinegyer BaXHOE 3aMeyaHUE — T.K. MEepBOHayaibHas (yHKUHA ObuLIa
[IPEICTABICHA HAMU B BUJIE TIPOU3BEACHUS, TO KAXAbI U3 COMHOKUATENEH, BXOIAIUX
B 3TO IMPOU3BEIECHUE, MOXKET OBbITh MPOU3BOJIBHBIM, BBIOPAHHBIM IO HAaIIEeMy
YCMOTPEHUIO.

Hampumep,  ¢yHkumss  y=2x’ MOXKeT ObITh  MpeJCTaBlicHa  Kak
y=1-2x"; y=2-x7;
y=2x-Xx; U T.II.

Takum 006pa3oMm, MOXKHO OJHY W3 COCTaBIISIONIMX IMpOHU3Be/eHUE (PYHKIUN

du
BbIOpATh TaK, YTO BHIPAKCHHE - P(x)u=0
x

Takum o00Opa3oM, BO3MOXKHO TMOJYYUTh (QYHKIHUIO U, MPOMHTETPUPOBAB,
MOJIy4EHHOE COOTHOLIEHUE KaK OJHOPOJHOE Iu(QepeHlralbHOEe ypaBHEHHUE IO

OITMCAHHOU BEIIIIE CXEME:

du _ —P(x)dx; == —I P(x)dx;  Infu|= —J. P(x)dx;

u
—| P(x)dx
ln|Cl|+1n|u|:—jP(x)dx; u=ce V", c=1/c;
]_—[HH HaXO0XICHU BTOpOfI HEU3BECTHOU (I)YHKHHI/I V IIOJCTAaBHM IIOYYCHHOC

dv du
BBIpOKEHUE 11 (YHKIMH U B HCXOJHOE YypaBHEHUE ud—+v d—+P(x)u =0(x) ¢
X X

Y4C€TOM TOI'O, YTO BBIPAKCHHC, CTOAIICC B c1<061<ax, PaBHO HYIIIO.

=0(x);  Cdv=0(x)e

-[Peoas dv dv | P

Ce

WNuTerpupys, MoxeM HaﬁTI/I GyHKITHUIO V:

Cv= J‘Q(x)ejp(t)dvd +C,; = —JQ( )e

P(x)dx .
] i C,:



T.e. OblIa IMOJIyd€Ha BTOpPass COCTaBJANOIIAA IMPOMU3BCACHUA y =uv, KOTOPOC U

ompeaesieT HCKOMYIO (DyHKITHIO.
[ToacTapiss MOMyYCHHBIC 3HAUCHHUS, TOJIyYacM:

y=uv= Ceijpmdx é(j Q(X)efp(x)dxdx + Czj

OxoHYaTEeJbHO MoJy4YaeM (hopmyny:

y= o rms ( J Q(x)eI PO e+ Czj, C; - MpOU3BOJILHBIN KO()(HUILIUEHT.

OTO COOTHOILIEHHUE MOMKET CUUTAThCSl PEIIEHUEM HEOJAHOPOAHOIO JIMHEHHOro
U pepeHInanbHOro ypaBHeHHsl B 001IEM BUJE MO crioco0y bepHyiiu.

Memoo Jlazpanoica.
( JTapramx XKoszed JIyu (1736-1813) - dbpanmy3ckuit MaTeMaTHK, mpe3. bepanHckoi

AH, mou. . ITet. AH (1776)).

Metoa Jlarpan:ka pelieHus: HEOJHOPOIHBIX JIMHEHHBIX AUPPEpEeHIINATbHBIX

YPaBHEHMM €11€ HA3bIBAIOT METOOM BapHAIlUM NPOU3BOJIbHON MOCTOSIHHOM.
y'+P(x)y =Q(x)

[lepBbIil Iar JAHHOTO METOJ]a COCTOUT B OTOpAChIBAHUU IIPABOM YAaCTU ypaBHEHUS U
3aMEHe €€ HyJIeM
y'+P(x)y=0
Jlanee HaXOAUTCS pEeUIEHUE MOMYYHUBILIETOCS OJJHOPOAHOrO TP PEepeHIINATBHOTO
YPaBHEHUS:

7J. P(x)dx

y=Ce
Jj1g TOro, YTOOBI HAUTH COOTBETCTBYIOIIEE PEIIEHNE HEOJHOPOIHOTO
mudpepeHInanbHOro ypaBHeHusl, Oy/1eM CUUTaTh NOCTOSHHYIO C1 HEKOTOPOit
byHKIIHEH OT X.
Toraa no npaBunam nuddepeHpoBaHUs NPOU3BEACHUS (PYHKIMM MOJTydaeM:
)= dy _ dC,(x) efj‘P(x)dx (=P(x)):

dx dx
[ToacTaBisieM NOMyYEHHOE COOTHOIIEHHE B HCXOAHOE YPABHEHUE
dC, (X)ef...P(x)dx

+Cy (e 17

7J‘P(x)dx 7J‘P(x)dx

: ¢ @Pwe " 1 P e T = 000
X
T~ o

N3 storo ypaBHeHus onpenenuM nepeMeHHyio Gyukiuio Ci(x):
4, (x) = 0(el "

HNnTerpupys, nonyyaem:

C - J‘Q(x)eIP(x)dx

HOI[CTEIBJ'IHSI 9TO 3HAYCHHUC B UCXOIHOC YPABHCHHUC, I10JIYyHACM!

dx+ C;



)= e—jp(x)dx“Q(x)ejp(x)dxdx N Cj .

Takum 00pazoM, Mbl MHOJYYHJIM PE3YJbTaT, MOJTHOCTHIO COBMAJAIOLIUNA C
pe3yJIbTaToM pacuera o Metony bepryim.
[Ipu BbIOOpE MeTona penieHus JUHEHMHBIX Au(@depeHIraIbHbIX YpaBHEHUN

ClIelyeT PYKOBOJICTBOBATHCS MPOCTOTOW HMHTETPUPOBAHUS (PYHKIMU, BXOASIIUX B
MCXOJIHBIN UHTETPAIL
Jlanee paccMOTpUM MPUMEPHI pelIeHUs Pa3IndIHbIX U PepeHITNATBHBIX YPABHCHUM

pa3iINYHbIMHA METOAAMH U CPABHHUM PE3YJIbTAThI.
1

Ipumep. Penmts ypaBHeHHE x*y' + y = ax’e”.
1 1

. 4 _
CHauvaja nmpuBeIeM JaHHOE YPaBHEHUE K CTaHAapTHOMY BUAY: »' + y=ae.

1

1
[TpuMeHUM MosTy4eHHYO BbIlIe GopMyily: P=—; QO =ae*;

X
1

- de l —dx
)’:ej)‘2 (Iaexesz dx+CJ

v :ei[.[ae’l‘e’l‘dx+C] = eiqadx+C)

1

y= e;(ax+ O).

3ananue. Pemuth nuHeliHoe quddepeHnuaibHoe ypaBHEHHE.

B1.xy- xy = (1+x?)e* B16. xy'- xy = (1+x%)e*
B2. y+2 xy=x° B17. y+2xy=x°
B3 (1+x?)y-xy =2x B18. (1+x?)y-xy =2x
B4. xy+y =x+1 B19. xy'+y =x+1
Bs. ¥ _Y_y B20. 2 ¥

dx X dx X
B6. y+y=x+l B21. xy+y =x+1
B7. xy-xy=(1+x?)e* B22. xy- xy = (1+x?)¢e*
B8. y+2xy=x8 B23. y+2xy=x°
BY9. (1+x%)y’-xy =2x B24. (1+x?)y-xy =2x
B10. xy'+y =x+1 B25. xyH+y=x+1
BI1.Z2 Y =x B26. X -Y=x

dx X dx X

B12. xy'+y =x+1 B27. xyH+y=x+1
B13. xy'- xy = (1+x?)e* B28. xy'- xy = (1+x?)e*
B14. y+2xy=x° B29. y+2xy=x3

B15. (1+x?)y’-xy =2x B30. (1+x%)y’-xy =2x



3apaua 2. Haiitu pemenue 3anauu Ko,
41,y -y/x=x* y@)=0. 4.2,
y'—yctgx=2xsinx, y(z/2)=0.

4.3. y’+ycosx:%sin2x, y(0)=0. 4.4
y'+ytgx=cos’x, y(rz/4)=1/2.

[ y 2
45 Yy ———— =X+ 2X, -1)=3/2.4.6.
y X+ 2 y( ) /

1
L y—e*(x+1), v(0)=1.
y'-——y=e"(x+1), y(0)

e,

4.7. y’—lzxsinx, y(zjﬂ. 4.8, y’+X=sinx, y(;z)zl.
X 2 X T
’ y 2
4.9. - =x°, y(1)=1. 4.10.
y +2x X y( )
2X 2X° 2
! = , 0 = —
Y T1ex y(0) 3
4.11. y’—2X2_5y:5, y(2)=4. 4.12. y'+X=X—+1eX, y(1)=e.
X X X
, Y In x ,y 12
413y —==-2——, y(1)=1. 414. y'—==-—, y(1)=4.
= ="2=- ¥y V=2 =" YO
415. y'+=y=x’, y(1)=-5/6. 4.16 y’+X:3x, y(1)=1
X
,  2Xy ) o 1-
417 y'——=—=1+x%, y(1)=3. 418 y'+ y=1 y(1)=1
1+ X
l 3y 2 ' 3
419. y'+—==—, y(1)=1. 420. y'+2xy =-2x°, y(1)=
X X
, Xy X 2 ) 3
4.21. =—, O)=—. 4.22. Yy +Xy=-X, 0) =3.
y+2(1—x2) , y(0) 2 y'+xy y(0)



2 2
423y ———y=¢* 1), 0)=1.
y-2yoe e, ¥

424y +2xy = xe ™ sinx, y(0)=1.

4.25. y'—2y/(x+1):(x+1)3, y(0)=1/2.
4.26. y'—ycosx=-sin2x, y(0)=3.

427,y —4xy =-4x°, y(0)=-1/2. 4.28. y'—%:—InTX, y(@) =1.

4.29. y’—3x2y:x2(1+ x3)/3, y(0)=0.
4.30. y'—ycosx=sin2x, y(0)=-1.

KoHnTpoJibHBIE BONPOCHI:

1. Kakoe ypaBHeHMEe Ha3bIBaCTCs JIMHEWHBIM YPaBHEHHEM MEPBOTO MopsiaKa?
2.Kakoe ypaBHeHHE Ha3bIBaeTcs nudepeHuanbHbIM ypaBHEHHEM.

3.Yrto Ha3biBaeTcs penieHueM audhepeHIuaibHOro ypaBHEeHUS.

4.06m1ee pemenue AupPepeHImaILHOro ypaBHEeHHUS.

5.Hammucarp o6mmii Bua quddepeHnnanbHoro ypaBHeHus 1-ro mopsiaka ¢
pa3lIEeNSAIOIMMHUCS IEPEMEHHBIMHU.

6.3agaya Komm.

7.KakoB 001uit BUJT 0IHOPOHOTO Au(depeHIInaIbHOr0 ypaBHeHus 1-ro nopsiaka?
8.ANTOPUTM pelIeHus OAHOPOIHOTO AN dHepeHInaTbHOr0 YpaBHEHUSI IEPBOTO
nopsiKa.



IIpakTnueckas padora Ne 13
no teme «OcHOBHBbIE (hopMYJibl KOMOMHATOPUKH. Pemenne 3axau»
Ileab: HAYYUTHCS HAXOIUTH BEPOSATHOCTH COOBITHH.
Bpems BbinosiHeHusi 90 MUHYT

MarepuanbHoe obecneueHmne

1. TeopeTnueckue CBEICHUSA

2.3aganue

3.JIuct A 4

4. KanbKynsiTopbl

Ilopsiiok BbINOJTHEHUS] PA0OTHI
1.3yunts 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHUS

3. Bemonuuth 1 0opMuUThH paboTy
4.1Toka3aTh pe3yJbTaThl IPENOAaABATETIO
JlomamiHee 3a1anue

1.IToaroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeeHUs

3amaya 1. B rpynne 30 ctynentoB. HeoOxonumo BbIOpaTh CTapoCTy, 3aMECTUTENS
cTapocThl ¥ mpodopra. CKOJIbKO CYIIECTBYET CIIOCOOOB ATO CAETATh?

Pemenue. CrapocToii MOKeT ObITh BbIOpaH J1t000# 13 30 CTyA€HTOB, 3aMECTUTENIEM -
1000# 13 octaBmxcs 29, a npodoprom — 11000 U3 octaBmuxcs 28 CTyJEHTOB, T.€.
n1=30, n2=29, n3=28. Ilo npaBmity ymMHOXXeHHUs oO1iee uncio N crnoco0oB BbIOOpa
CTapoCTHI, ero 3amectutens u npodopra paBHo  N=n1xn2xn3=30x29x28=24360.
3anaua 2. J/[Ba nouytanboHa M0JKHBI pazHectd 10 nucem no 10 agpecam. CkoibKuMH
croco0aMu OHM MOTYT paclpeiesuTb padoTy?

Pewenue. IlepBoe nuceMo uMeet nl=2 anpTepHATUBBI — TUOO €r0 OTHOCHT K a/IpecaTry
NEPBBIM MOYTANbOH, JHMOO BTOPOM. [l BTOpOro mucbMa Takke ecTb n2=2
anpTEpHATUBBl U T.n., T.e. nl=n2=...=nl10=2. CnenoBarenbHO, B CHIIy IpaBHJIa
YMHOXEHHUSI 00Illee YHCIO CHOCO0OB paclpeleieHnid MNUCeM MEXAYy JABYyMs
OYTaJILOHAMH PABHO

N =nn,..n, =2x2x..x2 =2 =1024
10 dac .

3amaua 3. B smmke 100 meraneit, u3 Hux 30 — meraneir 1-ro copra, 50 — 2-ro,
octajbHble — 3-T0. CKOJBKO CYIIECTBYET CIIOCOOOB HM3BICUYCHHUS U3 SIIIUKA OJHOU
netanu 1-ro uau 2-ro copra?
Pemenue. [erans 1-ro copra MoxeT ObITh u3BiIeueHa n1=30 cnocobamu, 2-To copra
—n2=50 cnocobamu. [1o nmpaBuiry cymmsl cyniectByeT N=n1+n2=30+50=80 cnoco6oB
U3BJICYEHUSI OAHON Aetanu 1-ro uinm 2-ro copra.
3anaya 5. Ilopsanok BRICTYIUJIEHUS! 7 YYAaCTHUKOB KOHKYpPCA ONPEEISETCS KpeOruem.
CKOJIbKO pa3IMYHBIX BAPUAHTOB JKEPEOBEBKH MPU STOM BO3MOXKHO?
Pemenune. Kaxnpiii BapuaHT sxepeObEBKH OTIMYAETCS TOIBKO MOPSIIKOM YYaCTHUKOB

KOHKYpCa, T.€. SIBJISIETCS NIEPECTAHOBKOM W3 7 3JIEMEHTOB. MIX 4ncino paBHO
P, =T=1x2x3x4x5x6x7=5040.



3amaya 6. B xonkypce mo 5 HoMuHanusM y4acTtBYOT 10 kuHO(pUIBEMOB. CKOJIBKO
CYIIECTBYET BAPUAHTOB pACHPENEICHUS TMPHU30B, €CIU IO BCEM HOMHHAIUIM
YCTaHOBJICHBI PA3JIMYHbIE TPEMUH?

Pemenne. Kaxnpiii u3 BapuaHTOB paclpenereHus TMPHU30B MPEACTaBIACT COOOM
koMOuHanuwo 5 ¢uabmoB u3 10, OTAMYAIONIyIOCS OT JIPYTMX KOMOWHALUN, Kak
COCTaBOM, TaK M UX MOPAAKOM. Tak Kak KakKIbplid (PUIbM MOXKET MOJyUYUTh MPHU3bI KaK
0 OJHOM, TaK W MO HECKOJIbKUM HOMHUHAIUSM, TO OAHHU U T€ K€ (PUIbMBI MOTYT
noBTOPATHCS. [103TOMy YHMCHO TakuX KOMOMHANU{ paBHO 4YUCIY pPa3MEUIEHUN C

AR5 _115 _
noBTropeHussmMu u3 10 sy1emMenToB 1o 3: N = A, =10" =10000Q

3agaua 7. B maxMaTHOM TypHHUpE y4acTBYIOT 16 yenoBek. CKOIbKO MapTUH JOJHKHO
OBITH CBHITPAHO B TYPHHUPE, €CIIM MEXKAY JIFOOBIMH ABYMsI yUaCTHHUKAMU JOJIKHA OBITh
ChITPaHa OJIHA MapTus?

Pemenne. Kaxxnass maptus urpaercs ABymMs YYaCTHHKaMH U3 16 M oTiM4aercs OT

JIPYTHUX TOJIBKO COCTABOM Iap yYaCTHUKOB, T.€. IPEACTABIIAET COOON coueTaHus u3 16
16! 15x16
; = =120.

51IeMeHTOB 110 2. VX umcio papo 14120 1x2
3amauya 8. B ycioBusx 3agaun 6 ONPENENUTh, CKOJBKO CYHIECTBYET BAPHUAHTOB
pacrpeneneHust Mpu30B, €CJIM [0 BCEM HOMMHAIUMAM YCTAHOBJIEHBI OJIMHAKOBBIC
npu3bI?
Pemenne. Ecnmu mo kakmoW HOMHUHAUWKM YCTAHOBJIEHBI OJWHAKOBBIE MPHU3BI, TO
NOpsIOK (GUIHBMOB B KOMOMHAIIMY 5 TIPU30B 3HAUYCHUS] HE UMEET, U YUCJIO BAPUAHTOB
OpeacTaBisieT coO00M YMCIO coueTaHWd ¢ MOBTOpeHHsMU uU3 10 sneMeHToB 1o 5,
ompenensieMmoe mo hopmyrie

6150 _C L =C = 10x11x12x13x14 2000,

Ix2x3x4x%x5

3anaua 9. CaoBHUK JOJIKEH B TEUEHUU TPEX JHEU MocaauThb 6 nepeBbeB. CKOIBKUMU
croco0aMu OH MOJKET PACTPEIEIUTh MO JHSAM paloTy, eciii OyJeT caxkaTh HE MeHee
OJHOTO JIEpEBa B ICHb?
Pemenne. [Tpeanonoxum, 4To CaIOBHUK CAKAET JIEPEBBS B PAJl, U MOKET IPUHUMATD
pa3JIMuHbIe pEIIeHUs OTHOCUTEIBLHO TOTO, IOCJIe KaKoro IO CYeTy JepeBa
OCTAaHOBUTHCS B TIEPBBIN JICHD U TTOCIIC KAKOTO — BO BTOPOU. Takum 006pa3oM, MOKHO
IpeACTaBUTh celde, YTO JepeBbsl pa3leieHbl IBYMs NEPErOpoJKaMH, Kakaas U3
KOTOPBIX MOXKET CTOSITh Ha OJHOM W3 5 MecT (Mexay aepeBbsimu). Ileperopoaku
JIOJKHBI CTOSITH TaM T10 OJTHOM, TOCKOJBKY MHAY€E B KAKON-TO IEHb HE OYyI€T MOCaKEHO
HU OJHOro JnepeBa. Takum o00pa3oMm, Hajo BBIOpaTh 2 3yemeHTa U3 5 (0e3
CZ=10

noBTopeHuii). CieaoBaTeNbHO, YUCIIO CTIOCOO0B
3amaya 10. CKoJBKO CYIIECTBYET YETBHIPEX3HAYHBIX YHCEl (BO3MOXKHO,
HAYMHAIOLIUXCS C HYJIs), CyMMa LU(]p KOTOPbIX paBHa 57

Pemenue. IlpeactaBuMm uucio 5 B BUIAE CYMMBbI TOCIIENOBATENbHBIX EIUHUII,
pa3lleNIeHHbIX Ha TPYIIbl NEperopoaxkamu (Kaxzias rpynmna B cyMMe oOpa3yer
ouepennyto uugpy uucna). [lousTHo, 4ro Takux neperopojok nonaaoodurcs 3. Mecr
JUTSI TIEPETOPOIOK uMeeTcst 6 (10 BceX eIMHUIL, MeXAy HUMHU U Tiociie). Kaxmoe mecto
MOKET 3aHMMAaTh OJHA MJIM HECKOJIBKO MEPEropoioK (B MOCIEIHEM CIIydae MEXIY
HUMH HET €MHULL, 1 COOTBETCTBYIOIIAsi CyMMa paBHa HYJII0). PaccMoTpuM 3TH MecTa



B KaUeCTBE JIEMEHTOB MHOXeCTBA. TakuM 00pa3om, HaJl0 BeIOpaTh 3 aemMeHTa u3 6

(C HOBTOpGHI/IHMI/I). CHCI[OB&TGHI)HO, HNCKOMOC KOJINYCCTBO YUCeCJI
—3 8x7x6
Ces = C; =— =h6.

1x2x3

3amaya 11. CkonbkuMH crioco0aMu MOKHO pa3OUTh TPYIIy U3 25 CTYJIEHTOB HA TpU
noarpynmsl A, Bu C o 6, 9 u 10 yesnoBex cOOTBETCTBEHHO?
Pemenue. 3aecy n=25, k=3, n1=6, n2=9, n3=10. Cormacuo popmyie, 4UCI0 TaKUX

|
N, (6,9,10) = >

pa3OueHuii paBHO 61910

3amada 12. CKOJIBKO CYIIECTBYET CEMU3HAYHBIX YHUCEII, COCTOAMMX U3 1udp 4, 5 u 6,
B KOTOPBIX udpa 4 moBTopsiercs 3 pasa, a nudpsr 5 u 6 — o 2 pasza?

Pemenne. Kaxmgoe ceMu3HAyHOE YMCIO OTJIMYACTCS OT JPYyroro MOPSAKOM
cieaoBaHus HUPp, Ipu 3TOM PaKTUUECKU BCE CEMb MECT B 3TOM UHCJIE ACIATCSA HA TPU
TPYIIBL: HA OJTHA MeCTa CTaBUTCS mudpa «4», Ha Apyrue mecta — mudpa «5», a Ha
TpeThu MecTa — nudpa «6». Takum oOpa3zoM, MHOXKECTBO COCTOUT U3 7 DJIEMEHTOB
(n=7), npuueM n1=3, n2=2, n3=2, u, caeg0BaTEIbLHO, KOJTUYECTBO TAKUX YUCEI PABHO

N,(3;2;2) =

o
312!



IlpakTHyeckas padora Ne 14
no teme «Kiaccuueckoe onpenesienne BeposiTHOCTH. Penienue 3a1a4 Ha
HAXO0K/IeHNe BEPOSITHOCTH
Heab: HAyuYUTHCS HAXOAUTH BEPOSATHOCTH COOBITHIA.
Bpems BbinosiHenuss 90 MuHyT

MarepuajnbHoe odecneyeHmne

1. TeopeTnueckue cBeieHus

2.3anaHue

3.Juct A 4

4. KanpKynsTopbl

Iopsinok BeINOJIHEeHNsI padOThI

1.M3yunth 3ananue

2. 3y4uTh TEOPETUUYECKUE CBEICHUS

3. Bomonauth 1 0OpMHUTH paboOTy

4.1Toka3aTph pe3yJabTaThl IPENOAABATEIIO
JlomamiHee 3a1aHue

1.IToAroTOBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teoperuueckue cBeieHHs

Knaccuueckasi BepossTHOCTHAsE MoJesib. ['eoMeTpu4eckasi BepOSITHOCTD

3amaua 1. B smuke 5 anenscuHoB U 4 sa610ka. Haynauy BeiOupatotrcs 3 ¢ppykra.
KaxoBa BeposiTHOCTD, 4TO BCE TpU (HPYKTa — areabCUHbI?

Pemenue. DneMeHTapHBIMHU UCXOAAMHU 37ECH SBJSIOTCS HAOOPHI, BKIIIOUAOIIKE 3
dpykra. [lockonbKy opsiiok PpykToB Oe3pasnudeH, OyeM CUuTaTh UX BHIOOD
HEYINOPAA0UYCHHBIM (1 0ecrioBTOPHBIM). OOI1Iee YUCIIO AIIEMEHTAPHBIX UCXO0B
n=[0) PaBHO YHCITy CIIOCOOOB BRIOpaTh 3 (pyKTa U3 9, T.€. YMCITy COUYCTAaHUHN C; :

q 6 m=|A 6 6opa 3
HUCII0 JIaFOHpI/IHT CTBYIOHII/IX HUCXO0O0B paBHO III/ICJ'Iy CIIOCOOOB BbI opa

3
areJabCUHOB U3 UMEIOIIUXCS S, T.€. ¢ . Torna nckomast BEpOATHOCTD
5l
C. m
P(A)= =5 = £ _012
A=~
3i6!

3anava 2. [IpenonaBareip npeajiaraeT KaxaoMy U3 TPEX CTYIEHTOB 3ayMaTh
mo60e uncio ot 1 qo 10. Cuurasi, 4T0 BBIOOpP KAXKIBIM U3 CTYACHTOB JIFOOOTO YHCIIa
U3 33/IaHHBIX PABHOBO3MOKEH, HAUTU BEPOSITHOCTh TOTO, YTO Y KOIO-TO U3 HUX
3alyMaHHbIE YHCIIA COBOAIYT.

Pemenue. Brauane noacunraem ofiiee KoJinuecTBO UCX00B. [lepBblil U3 CTyI€HTOB
BbIOMpaeT 0aHO U3 10 uyncen u umeer n1=10 BO3MOKHOCTEHN, BTOPOH TOXKE UMEET
n2=10 BO3MO>KHOCTEH, HAKOHEI, TPETUM Takxe uMmeeT n3=10 Bo3moxxHOCTEN. B cuiy
npaBuiia YMHOXKEHHs o0lLee Yuciio cnocoooB paBHo: n=nlxn2xn3=103 = 1000, T.e.
BCE MpocTpaHCcTBO coaepkUT 1000 aneMeHTapHBIX UCXOAO0B. 151 BBIUUCICHUS
BEPOSITHOCTU COOBITHSA A yAOOHO MEPENTH K MPOTHUBOMOI0KHOMY COOBITHIO, T.€.
MOJICUMUTATh KOJIMYECTBO TEX CIIy4YaeB, KOTJa BCE TP CTYAECHTA 33 {yMbIBAIOT pa3HbIE



yucina. [lepBbiii u3 HUX no-npexHemy umeer ml=10 cnoco0oB BeIOOpa yKcCIIA.
Brtopoii ctyzieHT umeeT Tenepp Juiib m2=9 BO3MOKHOCTEH, TOCKOJIbKY MY
OPUXOIUTCS 3a00TUTHCS O TOM, YTOOBI €r0 YKCIIO HE COBMAJIO C 33yMaHHBIM YUCJIOM
IEPBOIo CTyJIeHTa. TpeTuil CTyIeHT emle Oosiee orpaHUyeH B BBIOOpE — y HEro BCETO
m3=8 Bo3moxxkHOCcTeH. [loaTOMY 00I11I€€ UnCIIO KOMOUHAITUH 3aTyMaHHBIX YUCE, B
KOTOPBIX HET coBmnajeHuit, paHo m=10-9-8=720. CnyuaeB, B KOTOPHIX €CTh
coBmajienus, ocraercs 280. CiemoBaTenbHO, NCKOMAasi BEPOATHOCTh paBHA
P=280/1000= 0,28.

3anmaua 3. Haiitu BeposSITHOCTH TOTO, YTO B §-3HAYHOM YHUCIIE POBHO 4 UDPHI
COBIAJAIOT, @ OCTaJIbHbIC PA3JIUYHBIL.

Pemenne. CobbiTHE A={BOCEMU3HAYHOE YUCIIO COACPKUT 4 OTUHAKOBBIC ITUDPHI}.
W3 ycnoBust 3a1a4m ClieIyeT, YTO B YUCJIE MATh Pa3IMUHbIX IU(pP, OJTHA U3 HUX
noBTopsieTcs. Yucio cnocoOoB e€ BbIOOpa paBHO YUCTY CIIOCOOOB BHIOOpA OJTHOM
udpst u3 10 mudp. Ota mudpa 3aanMaet Jr00be 4 MecTa B UUCIe, YTO BO3MOXKHO

4
cienaTh ¢ Crocodamu, Tak Kak MOpsJIOK 37ech He BakeH. OcTtaBiuecs 4 Mecta
3aHUMAIOT PA3INYHbIC ITU(PHI U3 HEUCTIOIb30BAHHBIX JCBSATH, M TaK KaK YUCIIO

3aBHCHT OT MOPSJIKA PACIOIOKEHUS LIUPP, TO YUCIIO CIIOCOOOB BBIOOpA UETHIpEX
4
UG p paBHO YUCITY pa3MEIIeHUN 4 Torna uncrno 0JIaroNpUATCTBYIOIIMX UCXO0B

N 4 44
[ A=10C 49 Beero ske crmoco6oB cocTapmeHus 8-3HATHBIX THCEN pasHo |Q2|=108.

Hckomas BEpOSTHOCTH paBHA
A| 10CiA; 8 9 1

p_lAl_10G:A _ 8 9 1 ;001168

Q] 10° 44 5 10
3anaua 4. lllects KIMEHTOB ciydaiiHbIM 00pa3oM oOpamatores B 5 dupm. Haiitu
BEPOSITHOCTh TOTO, YTO XOTSA OBl B OAHY (PUPMY HUKTO HE OOpaTUTCSL.
Pemenne. PaccMoTpuM pOTHBOIIONOKHOE COOBITHE A, COCTOSIIEE B TOM, YTO B
KOKIYI0 U3 5 hupm oOpaTHiics KJIMEHT, TOTJa B KaKyH0-TO U3 HUX 00paTHUIINCh 2
KJIMEHTA, a B OCTaJbHbIE 4 (DUPMBI — 110 OJTHOMY KJIMEHTY. Takux BO3MOXKHOCTEH

_ .6l
|Al=5x N, (21111) = =L
MMMI2! - OG1iee KOMUYECTBO CIIOCOOOB PACIIPENEIUTh 6 KIMEHTOB
— 5.60 1
_ 6 P(A)=———- = =0,1152
o 5 pupmam Q=5 Orcrona Rl 5° . CiienoBaTensHo,

P(A4)=1-P(4)=083848

3anaya 5. [1ycte B ypHe umeercst N mapoB, u3 HuX M 6enbix 1 N-M uepnbix. U3
YPHBI U3BJIEKAETCs h mapoB. HaliT BEpOATHOCTH TOTO, UTO CPEJIM HUX OKAXKETCS
POBHO m OEJIBIX MIAPOB.

Pemenne. Tak kak mopsI0K 2JIEMEHTOB 371€Ch HECYILIECTBEHEH, TO YHUCIIO BCEX

BO3MOXHBIX HA00pOB 00beMa n U3 N AJIEeMEHTOB PaBHO YHUCITY COYCTAHUI =

Uucio ucnpITaHui, KOTOpbIE OJIArONPUSITCTBYIOT COOBITHIO A — "m OeJbIX IapoB, N—

m n-m
m 4YepHbIX', paBHO CuCrm , U, CJI€IOBATENIbHO, HICKOMasi BEPOSITHOCTh paBHa P(A)=
CvCyvy

Cy



3anauda 6. Touky Haymady Opocusid Ha oTpe3ok [0; 2]. KakoBa BeposSITHOCTH €€
nornaaanus B orpe3ok [0,5; 1,4]?

Pemenue. 3,[[6CI> IMPOCTPAHCTBO JICMCHTAPHBIX HCXOJ0B BECh OTPC30K Q=[02] ,a

MHOXKCCTBO 6HaFOHpI/I}ITCTBYIOHII/IX HCXO0A0B A=[0514] , IIpX 9TOM IJIMHBI 3TUX

OTPE3KOB PABHBI 1(©)=2 4 I(A) =09 ¢oorBercTBEHHO. [Toatomy

P(A) _IA) _09_ 445

Q) 2 .
3anava 7 (3amaya o Bctpeue). [[Ba nmuna A u B yclioBUIMCh BCTPETUTHCS B
onpeaeeHHoM mecte Mexay 12 u 13 vacamu. [Ipumenmnii nepBeIM KIAET APYroro B
TeuyeHnH 20 MUHYT, IOCJIE Yero yXoauT. YeMy paBHA BEPOATHOCTb BCTPEUH JIULL A U
B, ecim mpuxoa Ka)10ro U3 HUX MOXKET MPOU30MTH Hayjauy B TEYEHUHU YKA3aHHOIO
yaca ¥ MOMEHTHI IIPUX0/1a HE3aBUCHUMBI?
Pemenne. O603HauMM MOMEHT Mpuxoja jaura A depes X u uia B — gepes y. s
TOTO, YTOOBI BCTPEYA MPOU3O0IILIA, HEOOXOAUMO U JOCTATOYHO, YTOOBI | X-y | <20.
N300pa3um X 1 y Kak KOOpJMHATHI HA MJIOCKOCTH, B KAYECTBE €AMHUIIBI MaclITadba
BbIOEpEM MUHYTY. BCEBO3MOMXKHBIE HCXO/AbI TPEICTABIIAIOTCS TOUKAMH KBaJIpaTa co
cTOpoHOH 60, a 6J1aroNpUATCTBYIONIME BCTPEUE PacloiaraloTcs B 3alITPUXOBAHHON
oOnactu. Mickomasi BEpOsITHOCTh paBHA OTHOILIEHHUIO TUIOMIA/IN 3aIITPUXOBAHHOM
durypsl (puc. 2.1) x wtomniaau Beero kBanapara: P(A) = (602—402)/602 = 5/9.

K
\\

y

60

A\

20 60 X

Puc. 2.1.

OcHoBHbBIE (DOPMYJIBI TEOPHH BEPOSTHOCTEN

3aoaua 1. B smuke 10 kpacHbIX U 5 CHHUX MYTroBUL. BeiHMMarOTCA Haygady ABe
nyroBullbl. KakoBa BEpOSITHOCTb, YTO IIYTOBUIIBI OYAYT OJJHOLIBETHBIMU ?

Pewenue. CobbiTie A={BBIHYTHI ITyTOBUIIBI OJTHOTO I[BETA} MOXKHO MPECTABUTH B

BUJIE CYMMBI A=A+A e cobbrrus A n A osmaaror BBIOOP MYTOBUIL KPACHOTO U
CUHETO IIBETa COOTBETCTBEHHO. BEPOATHOCTH BHITAIMTH JIBE KPACHBIC ITyTOBUIIBI

C2 CZ

P(A) =2 P(A) =2

15, @ BEPOSITHOCTH BBITAIIIUTH JBE CHHUE TTyTOBUIIHI 15

paBHaA . Tak



KaK COOBITHS Al )41 A2 HC MOT'YT HpOHSOﬁTH OJHOBPCMCHHO, TO B CUJIy TCOPCMBbI

CIIOKCHUA
10!+ 5l
Co+C 2181 213
P(A) = cz T =0,524.
13!

3aoaua 2. Cpenu coTpyIHUKOB (prpMbl 28% 3HAIOT aHTIUHCKUH s3bIK, 30% —
HeMelkuid, 42% — hpaHIy3CKU; aHTTIUUCKUA U HeMEKU — 8%, aHTTIMACKUN 1
bpanmy3ckuii — 10%, Hemenkuit u Gppanmy3ckuii — 5%, Bce Tpu s3bika — 3%. Halitu
BEPOSITHOCTh TOTO, UTO CIIy4ailHO BHIOPAHHBIA COTPYAHUK (DUPMBI: a) 3HAET
AHTTUICKUN WM HEMEIKUH; 0) 3HaeT aHTJTMICKUI, HEeMEUKHUIA Wi (PpaHIly3CKUM; B)
HE 3HAET HU OJIMH U3 IEPEUUCIICHHBIX SI3bIKOB.

Pewenue. O603naunm uepe3 A, B u C coObITHS, 3aKTI0OYAIONINECS B TOM, YTO
CITy4aiiHO BBIOpaHHBIA COTPYIHUK (DUPMBI BiIaJICCT aHTIIMHCKAM, HEMEITKHM HITH

b paHITy3cKHUM COOTBETCTBEHHO. OYEBHIHO, OJIU COTPYTHUKOB (DUPMBI, BIIACIONTUX
TEMH WJIM HHBIMH SI3BIKAMU, OTIPECIISIOT BEPOSATHOCTH 3TUX coObITHH. [Tomydaem:

a) P(AUB)=P(A)+P(B) —P(AB)=0,28+0,3-0,08=0,5;

6) P(AUBUC)=P(A)+P(B)+P(C)—(P(AB)+P(AC)+P(BC))+P(ABC)=0,28+0,3+0,42—
—(0,08+0,1+0,05)+0,03=0,8;

B) 1-P(AUBUC)=0,2.

3aodaua 3. B cembe — aBoe nerell. KakoBa BEpOATHOCTD, UTO CTapIInii peOCHOK —
MaJIbYUK, €CJIM U3BECTHO, UTO B CEMbE €CTh JIETU 000€ero 1osia?

Pewenue. Tlycts A={crapmmuii pebeHOK — ManbuuK }, B={B cembe ecTh netu 060ero
noja}. byaem cuMtarh, 4To poXKJI€HUE MAJIBYMKA U POKICHHUE JIEBOUYKH —
paBHOBEPOSTHBIE cOObITUA. ECiin pokaeHne Manpurka 0003HaunTh OyKkBOil M, a
pOXKJEHNE NEBOYKH — [, TO MPOCTPAHCTBO BCEX 3JIEMEHTAPHBIX UCXOJI0OB COCTOUT U3

YeThIpeX nap: Q= {MM, M, JIM UL } B stoMm npocTpancTBe nuiib aBa ucxona (M/1
u JIM) otBeuvatot coOwiTuto B. CoObiTrie AB 03Hauaet, 4To B ceMbe eCTh JIeTU
o6oero nosa. Crapimii pe0eHOK — MaJIbUUK, CIIEIOBATEIBHO, BTOPOH (MIIa Ui )
pebeHok — neBouka. Itomy coObiTuio AB oTBedaet oaun ncxon — MJI. Takum

obpasowm, |AB|=1, |B|=2 u
B

A 1
P(A| B):||T|:E:0,5.



3aoaua 4. Mactep, umes 10 neraneii, U3 KOTOPBIX 3 — HECTAaHJAPTHBIX, TPOBEPSIET
JIeTaly OJTHY 3a JIPYTOM, TIOKa eMy He MOomaieTcs cTanaapTHast. KakoBa BEepOSITHOCTB,
YTO OH IPOBEPUT POBHO JBE JCTAIIN?

Pewenue. CobpiTrie A={Mactep MpoBEpUJ POBHO JIBE JIETAJIM } O3HAYAET, YTO MPHU
TaKoU MpOBEpPKE MEepBast IeTallb OKa3ajlaCh HECTAHJAPTHOM, a BTOpasi — CTaHAapTHasl.

3HaywuT, A=Ak rre A1={ nepBast IeTallb OKa3ajach HECTAaHAAPTHOU | U A,
={BTOpas neraib — cTaHgapTHas } . O4eBUHO, UTO BEPOSTHOCTH COOBITHS A1 paBHA

P(A)=3/10, KpOME TOTO, P(ATA) =719 rak kax nepes B3ATHEM BTOPOI IeTalu y
MacTepa OCTajoch 9 neranen, n3 KOTOPBIX TOJIBKO 2 HECTaHAAPTHBIE U 7
cra”aapTHbIX. [1o Teopeme yMHOKEHUS

3

-—=71/30.
10

P(A)=P(AA,) =P(A)P(A, | A) =

|~

3aoaua 5. B onHom simyke 3 O6€NbIX U 5 YEpHBIX IIAPOB, B APYTOM SIIUKE — 6 OeNbIX
U 4 yepHbIX 11apa. HaliTu BepOSATHOCTH TOr0, YTO XOTS OBl U3 OJTHOTO SIIIUKA OyeT
BBIHYT O€IIBIi IIap, €ClIM U3 KaXKAO0TO SIIMKA BEIHYTO MO OAHOMY IIapy.

Pewenue. CobpiTie A={x0Ts1 ObI U3 OJIHOTO SIMKA BHIHYT OEJBIN 1Iap} MOKHO

IPENCTaBUTH B BUJE CYMMBI A=A+A e coberrus A u A osmauaror nosienenne
0eJioro mapa u3 MepBoro U BTOPOro SIIUKa COOTBETCTBEHHO. BeposTHOCTD

BBITAIIUTH O€JIBIN 1Iap U3 IEPBOro SIIMKA PaBHA P(A)=3/8 , @ BEPOSITHOCTh

BBITAIIUTH O€JIBbINA ap U3 BTOPOTO SUIUKA P(A,)=6/10 Kpowme Toro, B criry

P(AA,) = P(AJP(AZ)%-E 0

HesasucumocTd ™t 1 A nmeem: 10 40 | IIo Teopeme

CIIOXKEHUS ITOIyYaeM:
P(A)=P(A +A,)=P(A)+P(A)-P(AA,)=3/8+6/10-9/40=3/4

3aodaua 6. Tpu 5K3aMeHaTOpa IPUHUMAIOT 3K3aMEH 110 HEKOTOPOMY MPEAMETY Y
rpynibl B 30 4enoBeK, IpUYEeM NepBbIi ONpaIMBaeT 6 CTYI€HTOB, BTOPOl — 3
CTYJIEHTOB, a TpeTuil — 21 cryzeHTa (BbIOOp CTYyI€HTOB IPOU3BOAMUTCS CIIyHYaliHBIM
oOpa3om u3 criucka). OTHOLIEHHE TPEX IK3AMEHATOPOB K €1a00 MOATOTOBUBIIUMCS
Pa3JIMYHOE: IAHCHI TAKUX CTYJICHTOB CIATh 3K3aMEH y MEPBOTO MPENOAABATENS
paBubl 40%, y Broporo — Tosbko 10%, y Tperbero — 70%. Halitu BepoaTHOCTh
TOTO, YTO CJIa00 MOJArOTOBUBILMNACS CTYIE€HT CHACT 3K3aMEH.

Pewenue. O603Ha4NM qepes Hy, H,, Hy TUIOTE3bI, COCTOSIIME B TOM, YTO CJIa00
ITOJITOTOBUBIIMICS CTYJAEHT OTBEYAJI IEPBOMY, BTOPOMY U TPETHEMY DK3AMEHATOPY

cooTBeTCTBEHHO. I10 YCJIOBHIO 3a a9



P(H,)=6/30=0,2 P(H,)=3/30=01 P(H;)=21/30=0,7

[TycTth coObrTHe A={Ci1a00 MOATOTOBUBIIUNACS CTYACHT ClIajl 9K3aMeH . Torma cHoBa
B CHJTY YCIIOBHS 3a/1a4U

P(A|H,)=04 P(AlH,)=01 P(A| H3)=0,7.

[To ¢popmysne moTHON BEPOATHOCTH MOTydaeM:

P(A)=0,4-0,2+0,1-01+0,7-0,7=0,58

3aoaua 7. ®upma uMeeT TPU UCTOYHUKA MTOCTABKU KOMIUIEKTYIONUX — (hupMel A, B,
C. Ha nomo dupmer A npuxoautcs 50% o6miero oobema nocraBok, B —30% u C —
20%. V3 mpakTUKH1 U3BECTHO, YTO Cpeau NocTaBisieMblx pupmoit A neraneit 10%
OpakoBaHHBIX, pupmoit B — 5% u pupmoit C — 6%. KakoBa BeposSiTHOCTb, UTO B3sTas
HayTraj JIeTallb OKKETCS TOHOM ?

Pewenue. Ilycts coobiTue G — MosIBICHUE TOIHON JieTaiau. BeposTHOCTH TUIIOTE3 O
TOM, 4TO JieTallb nocrasyieHa pupmamu A, B, C, paBasl corBeTcTBeHHO P(A)=0,5,
P(B)=0,3, P(C)=0,2. YcnoBHbIC BEpOSITHOCTU MOSBICHUSI IPU ATOM T'OJIHOM JIeTalIn
pasubl P(GJA)=0,9, P(G|B)=0,95, P(G|C)=0,94 (xak BEpOSITHOCTH
IIPOTHUBOIIOJIOKHBIX COOBITUH K MOSBICHUIO OpakoBaHHOK). [To hopmyne momHo
BEPOSITHOCTH IMOJIYyYaAEM:

P(G)=0,5-0,9+0,3-0,95+0,2-0,94=0,923.

3adaua 8 (cM. 3aauy 6). [lycTh U3BECTHO, YTO CTYJICHT HE Cllall SK3aMEH, T.€.
MOJIYy4YUJI OLIEHKY «HEYAOBJIETBOPUTEIbHO». KoMy U3 Tpex mpenoaBareneit
BEPOSITHEE BCETO OH OTBEYAN?

Pewenue. BepoaTHOCTb NOTYYUTh «HEY]» pPaBHA P(A)=1-P(A)=1-058=0,42
TpeOyeTcst BBIYUCIUTD yCIOBHBIE BeposTHOCTHU. [1o popmynam Baiieca momydaem:

P(H,)-P(A|H,) _02:06

P(H,|A)= - — 0,285
P(A) 0,42 , W aHaJOTU4YHO,
P(H, |A) = 2209 0214 pH, | A)=2793 o5
0,42 0,42

Otcroga cienyer, 4To, BEPOSITHEE BCETO, C1a00 MOATOTOBUBIIMICS CTYACHT CAaBall
9K3aMEH TPEThEMY IK3aMEHATOPY.



IIpakTnyeckas padora Ne 15
1o TeMe «BblunciIeHHEe BEPOATHOCTEH CJIOKHBIX COOBITHID)
lesb: HAYYUTHCS HAXOJIUTH CIIyYAHBIEC BEJIMYUHBI.
Bpems BbinosiHeHusi 90 MUHYT

MarepuanbHoe obecneueHmne

1. TeopeTnueckue CBEICHUSA

2.3aganue

3.JIuct A 4

4. KanbKynsiTopbl

Ilopsiiok BbINOJTHEHUS] PA0OTHI

1.3yunts 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHUS

3. Bomonauts 1 0popMHUTH paboTy

4.1Toka3aTh pe3yJbTaThl IPENOAaABATETIO

JlomamiHee 3a1anue

1.IToaroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI

Teopernyeckue cBeeHUs

3agaya 1. B cBa3ke u3 3 KJIt0U€H TOJIBKO OJMH KJII0Y MOJAXOAUT K ABepu. Kitoun
nepeduparoT 10 TeX MOp, MOKa HE OTHIMIETCS MOIXO i Kitod. [locTpouTs 3akoH
pacrnpeeneHus s CIIy4aiiHOW BeTMYMHBI & — yucia ornpoOOBaHHbBIX KITFOUEH.
Pemenune. Ynucno onpoOOBaHHBIX KIIIOUEH MOXKET paBHATHCA 1, 2 win 3. Ecnu
UCIIBITAJIU TOJIBKO OJIMH KJIFOY, 3TO 03HAYAET, YTO ATOT MEPBBIM KIFOU Cpa3y MOJOIIEI

K JIBEPH, a BEPOSITHOCTh TAKOT'0 COOBITHS paBHa 1/3. MTak, P(¢=1)=1/3. Jlanee, ecnu
OnpOOOBAaHHBIX KJIFOYEH ObLIO 2, T.€. E=2, 3TO 3HAYMT, YTO MEPBBII KIIIOU HE
nooIIIeN, a BTOpoi — nojoiiell. BeposTHOCTh 3TOro coObiTust paBHa 2/3x1/2=1/3. To
€CTh, P(§=2)=1/3. Apanornuso BbrUKCIsCTCS BEPOSITHOCTD P(=3)=1/3.
pe3yibTaTe MoydaeTcs CASAYIOMMNA Pl pacTIpeIeICHHUS:

el1 ]2 3
ETRETREY
3 |3 |3

3amaua 2. [ToctpouTts GyHKIMIO pactpenenenus FE(X) mist cimyyaliHON BETUUUHBI &
u3 3a1a4u 1.

Pemenune. Cryuaiinast BemuurHa & IMEET TpU 3HaUeHU 1, 2, 3, KOTOpBIE ACNAT BCIO
YUCJIOBYIO OCh HAa YETBIPE IIPOMEKYTKA! (=), [1.2).[2.3).[3:+°)  Ecm x<1, T0
HEPaBEHCTBO <X HEBO3MOXKHO (JIeBee X HET 3HAUCHHH CIIy4ailHOW BETMYUHBI §) U
3HAYHT, JJIs Takoro X ¢pyHkuus FE(X)=0.

Ecnm 1<x<2, TOo HepaBEeHCTBO <X BO3MOKHO TOJIbKO e€ciu E=1, a BEpOSITHOCTD
TaKoro cOOBITUS paBHa 1/3, mOATOMY M1 TaKuX X (GYHKIUS pacupeneneHus
FE(X)=1/3.

Ecnu 2<x<3, HepaBeHCTBO <X O3Hay4aeT, yTo WM =1, uim =2, N03ToMy B 3TOM
cirydae BeposTHOCTh P(E<X)=P(§=1)+P(£=2)=2/3, T.e. F{(X)=2/3.



W, HakoHel, B ciaydyae X>3 HEpaBEHCTBO £<X BBINOIHAETCS AJI1 BCEX 3HAYECHUN
ciydaiiHon BenuunHbI &, moatomy P(E<x)=P({=1)+P(£=2)+P(£=3)=1, T.e. F§(X)=

Ntak, Mbl OIYYHIIA CIAEAYIONIYIO (PYHKIIHUIO:

0, Xx<1

1/3, 1<x<?2
F.(X) =

2/3, 2<x<3

1 X>3.

3anaya 3. COBMECTHBIN 3aKOH paclpeeieHus CIIyYailHbIX BEIUYHH & U M 3aaH C

[IOMOILIIO TAOJINI[BI

1 2
n
-1 1/16 3/16
0 1/16 3/16
1 1/8 3/8

=

BpruuciauTe 4acTHBIC 3aKOHBI pacipecaciICHUA COCTABIAIOINNX BCIINYNH E_> un.

OnpenennTp, 3aBUCUMBI JI1 OHH. BBIYUCINTE BEPOATHOCTH P(£+7> 2).
Pemenue. YactHoe pacnipenenenue s & MOIy4aeTcss CyMMUPOBAHUEM
BEPOSAATHOCTEW B CTPOKAX:
P(6=-1)=P(=-1n=1)+P(=-17=2)=1/16+3/16=1/4.

P(E=0)=P(§=0,7=1)+P(§=07=2)=1/16+3/16=1/4.
P(¢=1)=P(¢=1Ln=1)+P(=1n=2)=1/8+3/8=1/2

AHaJIOTUYHO IIOJIy4aeTCs 4aCTHOC paclpeaC/ICHUE NJI M.
P(p=1)=1/16+1/16+1/8=1/4.

P(7=2)=3/16+3/16+3/8=3/4

HOJ’IY‘ICHHBIC BCPOATHOCTHU MOKHO 3allMCaTb B TY K€ Ta6J'II/IHy HaIIpOTHB
COOTBCTCTBYIOIIUX 3HAUCHUH CJ'Iy‘-IElfIHBIX BCINYHH:

1 2 pé
n
-1 1/16 3/16 1/4
0 1/16 3/16 1/4
1 1/8 3/8 1/2
pn 1/4 3/4 1

Tenepsb OTBETUM Ha BOIIPOC O HE3aBUCUMOCTH CITy4alHbIX Be4uuH & u 1. C 310
LEJIBIO I KaXA0M KJIETKH COBMECTHOI'O PaClpeeIECHUs BBIUUCIUM IPOU3BEICHUE

PE=x)Plr=y;) (T.€. CyMM I10 COOTBETCTBYIOILEH CTPOKE U CTOJIOLY) U CPABHUM €T'0

P(§=Xi,7]:yj) - H
CO 3HAYEHHEM BEPOSITHOCTU B 9TOM KieTke. Hanpumep, B KieTke 115
3HayeHui E=—1 u =1 cTouT BepoATHOCTH 1/16, a mpon3BeeHNE COOTBETCTBYIOIIUX



YacTHBIX BeposiTHocTel 1/4x1/4 paBHo 1/16, T.e. coBnagaeT ¢ COBMECTHOM
BEPOSITHOCTBIO. DTO YCJIOBHE TAK 7K€ IPOBEPSIETCS B OCTABIIMXCSA IIATH KJIETKaX, U
OHO OKa3bIBaeTCsl BEpHBIM BO Bcex. Clie10BaTeNbHO, CTyYaiiHble BETUYUHBL & U 1)
HE3aBUCUMBI.

3ameTHM, 4TO eclid Obl Hallle YCIIOBUE HAPYLIANIOCh XOTs Obl B OJTHOM KJIETKE, TO
BEJIMYUHBI CIIEA0BAJIO Obl IPU3HATH 3aBUCUMBIMH.

>
I[J'I?I BBIYHCJICHUA BCPOATHOCTU P(f = 2) OTMCTHUM KIICTKHU, JISI KOTOPBIX

BBITOJHEHO ycitoBue ¢ *772 2 Takux KIETOK BCEro TPH, H COOTBETCTBYIOIINC
BEPOSITHOCTHU B 3TUX KJIeTKax paBHbl 1/8, 3/16, 3/8. Ux cymma paBna 11/16, 3To u

CCTb UCKOMas BEPOATHOCTD. Brruncienue ston BCPOATHOCTH MOKHO 3aIllMCaThb TaK:
P(E+7>2)=P(E=1n=1)+P(=07=2)+P((=17=2)=1/8+3/16+3/8=11/16.

3anmaua 4. [lycTs cmyuaitHas BenmudrHa & UMEET CIEAYIOIMNUMA 3aKOH PACTIPECIICHHUS:

e [-1]0 |2
P U |1 U
4 |4 |2

Berancnute MmaTeMaTtrueckoe oxxkunanne ME, nucnepcnio DE u
CpPEIHEKBAAPATUUECKOE OTKIIOHEHUE G.
Pemenue. 1o onpenenenro MaTeMaTUUYeCKOE OKUIAHUE & PaBHO

3
ME=>"xp; =-11/4+0-1/4+2-1/4=1/4
i=1

anee

3
ME? =3 x?p, =(-1)% 1/4+02-1/4+2% -1/4=5/4
i=1

a IIOTOMY
D& =Me? —(M&)? =5/4-1/16=19/16

CpenHee KBaIpaTUUECKOE OTKJIOHEHUE o=yD¢&= V1974 .
3amada 5. st mapbl CIy9aHBIX BEIMUUH U3 33/1a4U 3 BBIYMCITUTH M(sn)

M (&m) :inyj' P;

Pewenne. Bocnonb3yemcs ¢popmynoi . A IMEHHO, B KOXKJI01

KJIETKE TabJIHIIbI BBIIOIHACM YMHOKEHHE COOTBETCTBYIOMIMX 3HaueHni i u Vi |

pe3yJIbTaT YMHOKaeM Ha BEPOSITHOCTH Pij, U BCE 3TO CYMMHUPYEM IO BCEM KJIETKaM

Tabauiel. B utore momydaem:

M(én)=-1-1-1/16+(-1)-2-3/16+0-1-1/16+0-2-3/16+1-1-1/8+1-2-3/8 =

=-1/16-3/8+1/8+3/4=7/16.

3agaya 6. JIjis mapel CIyd4ailHbIX BEJIMYMH U3 3a/1a4i 3 BBIYUCIUTH KOBAPHUAIUIO

cov(ém).

Pemenune. B npenpiaymeii 3agade yxe ObUIO BEHIYUCICHO MATEMAaTHUECKOE OKHTaHUE
- . Ocranock BEIYUCIUTD 51 . Mcroib3yst Toy4YeHHBIE B pEIICHU T

MSn =19/16 MS M g y y D

3aJ1a4M 3 4acTHBIE 3aKOHBI PACIPEEIICHNUS, TIOTy4aeM
ME=-1-1/4+0-1/4+1-1/2=1/4. Mn=1-1/4+2-3/4=7/4.



Y 3HAYWT,
COV(£,7) = M (&) —M& My =7/16-1/4-7/4=0

Yero U CJIEI0OBAJI0 OXKUAATh BCIEICTBUE HE3aBUCUMOCTH CIIyYailHBIX BEITUYHH.
3amauva 7. Cnyuaiinbiit Bektop (&,m) npunumaet 3nauenus (0,0), (1,0), (-1,0), (0,1) u
(0,—1) paBHOBEpPOATHO. BBIUMCIHTE KOBApPHAIMIO CITyYalHBIX BETHYUH & U 1.
[TokazaTp, 4YTO OHU 3aBUCUMBI.

Pemenue. [Tockonsky P(§=0)=3/5, P(§=1)=1/5, P(§=—1)=1/5; P(n=0)=3/5,
P(m=1)=1/5, P(h=-1)=1/5, To M&=3/5x0+1/5x1+1/5x(—1)=0 u Mn=0;
M(EN)=0x0x1/5+1x0x1/5-1x0x1/5+0x1x1/5-0x1x1/5=0.

[Momyuaem cov(§,1n)=M(EN)-MEMN=0, u citydaiiHbie BEIIMIUHBI
HeKoppenupoBaHHbL. OqHAKO OHM 3aBUCHUMEL. [1ycTth E=1, Toraa ycimoBHas
BeposATHOCTH coObITHS {N=0} paBHa P(M=0|6=1)=1 u He paBHa O6e3yCIOBHOU
P(m=0)=3/5, unu BeposTHocTh {E=0,1=0} HE paBHA TPOU3BEICHUIO BEPOATHOCTEH:
P(£=0,n=0)=1/5#P(£=0)P(n=0)=9/25. CnenoBateinbHo, & 1 1) 3aBUCHUMBI.

3anava 8. Ciy4ailHble MpUpPAILEHUS LIEH aKIUil IBYX KOMIIAHUH 3a IEHb & U 1] UMEIOT
COBMECTHOE pacIipe/ieieHHe, 3aJaHHOe TabJIuIeil:

-1 +1
n
-1 0,3 0,2
+1 0,1 0,4

Haiitu xoaduruent koppensuu.
Pemenue.Ilpexnae Bcero Berancisiem MEn=0,3-0,2-0,1+0,4=0,4. [lanee nHaxoaum
YJaCTHBIC 3aKOHBI pactpeIesieHus & U 1):

-1 +1 pE
N
-1 0,3 0,2 0,5
+1 0,1 0,4 0,5
pn 0,4 0,6

Omnpenensem ME=0,5-0,5=0; Mn=0,6-0,4=0,2; D&=1; Dn=1-0,22=0,96;
cov(§,n)=0,4. ITonyyaem

0.4
— % £0,408
P J1,/0,96

3agaua 9. CiyyaliHble IpUpalleHus EH aKIUi IBYX KOMITAHUH 32 IEHb UMEIOT
mucniepcu DE=1 u Dn=2, a ko3 dunment ux xoppemnsuu p=0,7. Haiitu
JUCTIEPCHIO TTPUPAILEHUS [IEHbI MOPTQeEs U3 5 akiuil NepBoil KOMIAHUU U 3 aKIHii
BTOpPOM KOMITAHUU.

Pemenue. Mcrionp3ys cBoCTBa AUCIIEPCHH, KOBAPUALIMU U ONIPEAECIICHUE
kor(hUIIeHTa KOPPEISAIUH, MTOTyYaeM:

D(5¢+37) =5°DE+32Dn+2-5-3p/DED =25-1+9-2+30-0,7-1-4/2 » 72,7



3anauda 10. Pacnipenenenve q1ByMEpHOU CydailHOM BETMYMHBI 33]]JaHO TaOJIHIICH:

N\ 1 3 4 8

3 0,15 0,06 0,25 0,04

6 0,30 0,10 0,03 0,07
Haiitu yciioBHOE pacupeeeHue U yCIOBHOE MATEMATUIECKOE OXKMIAHUE 1| TIPH
£=1.

Pemenne. YciioBHOE MaTeEMaTUYECKOE OXKHUJAaHUC PAaBHO
M@#|&=x)= y1P§|;7(y1 | %)+ yngm(YZ %) _

W3 ycnoBus 3a1a4 HaIEeM pacIipe/ie/IeHUe COCTaBIISIONUX | U &
(mocnenHui cTos0el U MOCHEAHSISE CTPOKA TaOIHUIbI).

n\é 1 3 4 8 Py
3 0,15 0,06 0,25 0,04 0,50
6 0,30 0,10 0,03 0,07 0,50
pe 0,45 0,16 0,28 0,11 1

)+P(x,Y,)=015+0,30=0,45

[Tockombky Pe(4) =P, Y, , TO YCIIOBHBIE BEPOSTHOCTH

HaxoJATcd 1o popmysam

P(x,y,) 015 1
P = = = —
§II7(Y1 | Xl) Pg(x1) 045 3 |

P(x,y,) 030 _2
P.(x,) 045 3

Pgm(yz | Xl) =

1 2
M =1)=3-=4+6-—=5
(nl&=1) 3 3 .

a4 HCKOMOC€ YCJIOBHOC MAaTEMATHUUYCCKOC OKNAAHUE PABHO
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1o TeMe «BblunciieHHe YUCJIOBBIX XapPAKTEPUCTHK BbIOOPKH»
esb: Hay4YUuTHCSI HAXOUTh CIy4aliHbIE BEJIMUUHBI.
Bpems BbinosiHeHusi 90 MUHYT
MarepuanbHoe o0ecnieueHue
1. TeopeTnueckue CBEICHUSA
2.3aganue
3.JIuct A 4
4. KanbKynsiTopbl
Ilopsiiok BbINOJTHEHUS] PA0OTHI
1.3yunts 3amanue
2. I3y4uTh TEOPETUYECKHUE CBEICHUS
3. BemoaauTts 1 0ohopMuTh paboTy
4.1Toka3aTh pe3yJbTaThl IPENOAaABATETIO
JlomamiHee 3a1anue
1.IToaroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeIeHUA
Bb100pOYHBIM CpeIHUM Ha3bIBACTCS Cpe/lHEEe apu(PMETHUECKOe 3HAUCHUE BAPUAHT:

k
— 1
X =— E x,n,
n o

Bpi10opouHOii aucnepcuel Ha3bIBAETCS CpEIHEE 3HAYEHHE KBAJIPATOB OTKJIOHEHUS
BAPUAHT OT CPEIHErO:

1< o,
D, :_Z(xi —Xp)°m,
n“
i=1
Ecnu packpbITh CKOOKH, ITOTYYUTCS eIie ojiHa (popMyJia JUIsl BEIYUCICHUS TUCTICPCHH
2 2.
D, =x"—(x,)",
UToObl MOJIYYUTh XapaKTEPUCTUKY MEpbl pazdpoca ciIydailHOW BEIMYMHBI BOKPYT
BBEIOOPOYHOTO CPEAHETO, HMMEIONIYI0 Ty JK€ €IWHUIY HW3MEpPEHUs, W3BJICKAIOT

KBaJPaTHBIN KOPEHB U3 TUCIEPCUH.
BbIOOpOYHBIM CpeJHUM KBaJAPATHYECKHUM OTKJIOHEGHHMEM Ha3bIBAECTCS KOPEHb

KBAJIPATHBIA U3 TUCIIEPCUH: O-B — D B .

Pa3zmax BapbupoBaHus: R= Xax — Xmin .
HavajbHBIM MOMEHTOM I'-Tr0 MOPSAAKA - CPEAHEE 3HAUCHHUE [-bIX CTEIICHEN BapUAHT:

1k,
M, ==>xin;.
Ni=1

HeHTpaJILHbIM MOMEHTOM [-r0 mOpsiAKa Ha3bIBACTCA CPCAHCC 3HAYCHHC

. m, = 1i(x —X,)'N
OTKJIOHEHHUH B CTCIIECHU I OT CpeaHero: r ns i € i.

Mojoii Ha3bIBaeTCS BapraHTa, KOTOpast UMEET HauOOJIBIIYI0 YacTOTY.



MeauaHo# Ha3bIBAETCS BapUAHTA, KOTOpas JEIUT BapHalMOHHBIN A HA BE YaCTH,

PaBHBIE IO YUCITY BApUAHT.

JUIst HOpMaIbHOI'O PaCIpENCIICHAs CPEAHEES 3HAUSHUS, MOJIa, MEJUaHa COBIIAAAOT.
msy

AcMMMeTpHel Ha3bIBAIOT BEJIMYUHY PABHYIO: A, =—5
O

(51

[Ipenensl 3Hadenuii acummerpuud or —© g0 +oo . Ilpu A, =0 pacnpenenenue

CUMMETPHUYHO, B YACTHOCTH JJI1 HOPMAJIBHOTO PaCIPEACICHUS A4, =0.

Ecnu B BapuanimonHoM psiy npeo6iaiaroT BapuaHThl MEHbIIIE, YeM X, TO As < 0,1,
TO ecThb OyaeT HaOmojnaTbest Oosiee JUIMHHAS BETBb BiEeBO. IIpu mosjoxurenbHON
acuMMeTpuH - OoJiee JJIMHHAs BETBb BIPaBo. /[ HOpMaJbHOro pacnpenesieHus
As =0.  Takum o0pa3oM, aCUMMETPUM XapaKTEPU3YEeT MEPY CHUMMETPUUYHOCTH
SMIIMPUYECKON KPUBOM pPacCIpeeseHUsl OTHOCUTEIBHO CPEAHETO 3HAUEHUS.
AcUMMETpHUs XapaKTEpU3yeT MeEpPYy CHUMMETPUYHOCTH OMIIMPUYECKOW KPUBOH
pacrpeeneHnss OTHOCUTEIIBHO CPEIHErO 3HAYCHUS.
u»

JKCIECCOM HA3BIBAIOT BEIMUMHY paBHylo: £, =—( —
O

P
DKclecC MOKa3bIBAET CTENEHb KPYTOCTHM KPUBOWM paclpeliesieHUs] Mpu3Haka X IO
CPaBHEHMIO C KPYTOCThIO HOpMasibHOro pacrpenenenusa. Ecou Ex<0, To kpuas
pacmpenenieHrs IMeeT 0oJiee TIIOCKYI0 U MMUPOKYI0 BEPIIUHY, YeM MPU HOPMATHLHOM
pacnpenenenuu, ecnu Ex>0 kpuBas pacrpenenieHus uMeeT 00jiee OCTPYIO M y3KYIO

BEpIIMHY. 3HayeHUs DKcUecca  JIeKaT B IOJIYWHTEpBaJe [-3;+). st

HOpMansHoro pacnpenenenus £, =0
DKClIeCcC TOKa3blBAET CTENEHb OCTPOBEPIIEHHOCTH SMIMUPUYECKOM  KpPUBOU
pacnpeneneHus 0 CPaBHEHUIO ¢ HOPMaJIbHOM KPUBOM.



IIpakTuyeckas padora Ne 17
no teme «IlocTpoeHue MOJIUroHa, TKCTOHPAMMBD)
esb: Hay4YUuTHCSI HAXOUTh CIy4aliHbIE BEJIMUUHBI.
Bpems BbinosiHeHusi 90 MUHYT

MarepuanbHoe obecneueHmne

1. TeopeTnueckue CBEICHUSA

2.3aganue

3.JIuct A 4

4. KanbKynsiTopbl

Ilopsiiok BbINOJTHEHUS] PA0OTHI
1.3yunts 3amanue

2. I3y4uTh TEOPETUYECKHUE CBEICHUS

3. Bomonauts 1 0popMHUTH paboTy
4.1Toka3aTh pe3yJbTaThl IPENOAaABATETIO
JlomamiHee 3a1anue

1.IToaroToBUTH OTBETHI HA KOHTPOJIBHBIE BOIIPOCHI
Teopernyeckue cBeIeHUA

JIns  HarsIAHOCTH  CTPOAT  pa3iiMuHble rpadUKd  CTaTUCTHYECKOTO
pacnpenenenusi.  Hampumep, rpaduk  sMmoupuyeckol — QyHKIUU
pacnpenesieHusi, KpoMe TOro, MOJUIOH U THCTOTPaMMYy.

I10JIMTOHOM YACTOT HA3bIBAIOT JJOMAHHYIO, OTPE3KH, KOTOPOU COECIUHSIOT

TOYKH C KOOpJAMHATAMMU: (x;,n, ), (x,,n, ):"'J(xk)nk ).

JI71sl M3y4eHHs HENPEPBHIBHOTO IIPU3HAKA CTPOUTCS THCTOrpaMma. JIjist 5Toro
untepsan [a,b], rne a=min{ x; }, b=max{x; }  nemutcs ma meckombko
YaCTUYHBIX HMHTCPBAJIOB O)IHHaKOBOﬁ JJIMHBI h 3aTeM IMOACYUTHIBACTCA

YUCJIO BApHUaHT N;, ITIOIIABIINX B Kﬂ)KI[BIfI HHTCPBAJIL.

I'ucrorpamma — ¢urypa, cocrosimiasi U3 NpsiMOYTOJIbHUKOB, OCHOBAHUEM

n.

KOTOPBIX CJIYKAT YAaCTHYHBIC MHTCPBAJIbI JJIMHBI h , 4 BBICOTBI FI .

n;

h

Toraa muomanp i -ro NpsIMOYroJIbHUKA paBHA S; =h-——=n,, a IUIOIIAJb

k
BCeii ructorpaMmsi S = .S, =n, rae |- 06bem BBIGOpPKH.
i=1
AHAJIOTUYHO CTPOUTCS] TUCTOTPAMMa OTHOCHTEJIbHBIX 4acToT. [Ipu 3TOM

W;

B110JIb ocu OY OTKIIagbIBAIOTCS - Toraa miomaap i-ro npsIMOyroJbHUKA

w; o k
paBHa S; =/h- 5 W A miomab Bcel ructorpaMmbl S =2 S; =1,
i=1
AHaJIOTMYHBIM ~ CBOMCTBOM  HOPMHUPOBKM  00JIalaeT  IUJIOTHOCTh
pacrpeneneHuss BEpOsITHOCTEN. T. 0. THCTOrpaMmMa OTHOCUTEIBHBIX 4YaCTOT
CITY>KUT JIJIA OLICHKY BUJA TNIOTHOCTU BEPOSITHOCTH.
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Ilepeyenn pexoMeHyeMbIX YUeOHBIX U31aHUI, HHTEPHET-PECyPCOB,
JMOTOJIHUTEJIbHOM JIUTEPATYPbI

OCHOBHBbIC MCTOYHUKU:
1) I'puropeeB B.I1. «OnemenTs! Bhiciiel MaTemMaTikmny, 2019 OHIL «Axanemusy.
2) I'puropwes B.I1. «CoopHuK 3ama4 1o BeICIIe MaremaTukey, 2019 OHI]
«AxageMusy.
3) Omenbuenxo B. I1., Maremartuka: yueOHOe mocoodue / Omenbuenko B. I1.,
Kypb6atosa 3. B. -PoctoB u//l.: ®enukce, 2018.
4) boromosos H.B. [IpakTudeckue 3aHATHS 11O BBICIIEH MaTeMaTuke. - M.: Beiciiast
mkoJa, 2020.
5) IMogonbckuii B.A. u np. COOpHHK 3a7a4 110 MaTeMaTHKE JIJIsi TEXHUKYMOB. - M.:
Bricmras mikona, 2019.
6) Banymp M.U. u np. Matematrka J1j1si TCXHUKYMOB Ha 0a3e cpeHel MIKOJIbI: yueo.
noco0. - M.: Hayka, 2019.
7) Mamasa A.A. Matemaruka: yue6. - M.: DOPYM: UH®PA-M, 2018
Maremaruka Jyis TEXHUKYMOB. Anre0pa u Hauana aHanm3a: B 2-x gacTsix, yueO.
/Kauenosckuit M.U. u ap. nox pen. I'.H. fkosnesa. - M.: Hayka, 2018.
JdonoaHNTEIbHbIC HCTOYHUKH:
1)Briciias MaTemaTuka a1t skoHomuctoB. [lox pea. H. . Kpemepa. - M.: FOHUTH,
2019
2)Cniupuna M.C. [luckperHas matematuka: yueb. - M.: Axkanemus, 2020.
3)['onuaposa I'.A., Mouania A.A. DieMeHThI JUCKPETHON MaTeMaTUKH: yueo. 1moco0.-
M.: ®opym: UHOPA-M, 2019.
HNHTepHeT-pecypchl
1) www.fcior.edu.ru (MabopMaIimoHHbIe, TPEHUPOBOYHBIC U KOHTPOJIBHBIC
MaTepHrabl)
www.school-collection.edu.ru (Enunas koutekiun mudpoBbIX 00pa30BaTEIbHBIX
pecypcoB).
2) http://www.mathnet.spb.ru/
3) http://www.exponenta.ru/educat/class/class.asp
4) http://www.mathem.hl.ru/index.html

5) http://www.bymath.net/studyguide/tri/tri_topics.html
6) http://festival.1september.ru/
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