MHUHUCTEPCTBO OBPA30OBAHUSA U HAYKHU PO
®I'BOY BO «bpsHCcKHl roCy1apCTBEHHBIN TEXHUUECKUN YHUBEPCUTETY

(BI'TY)

INomrexuunueckuit komtemk (IIK BI'TY)

YTBEPXIAIKO

e ~\ Pextop ®I'6OY BO BI'TY
NOKYMEHT NOAMMCAH

3MEKTPOHHOM NOAMUCHIO O.H. ®enonnn

«20» ampens 2023 r.

CepTudukar: 00DF212636081B4F2FEC2C849AFF43F11D
Bnapeneu: ®epgoHnH Oner Hukonaesny
Dencteutenen: ¢ 27.07.2023 po 19.10.2024

\ MeToanyeckue peKOMEAIANNM AJIsl IPOBEACHUS JeKIMI
10 y4eOHOM AUCIUTIUHE
I11.01 MaremaTuka

CnenuaibHOCTB: 38.02.01 DxoHOMHKA B OyXrajaTepcKuii
yuer (1o oTpacjsim)
YpoBeHb 00pa3oBaHus BBITYCKHHUKA:  CpeHee TpodeccuoHanbHOe 00pa3oBaHue

(CITIO)
[Iporpamma moaroToBKM
CIIELIMAJIMCTA CPEIHETO 3BEHA
(TIICC3): bazoas
[IpucBanBaemasi KBaMpUKaLU: byxranrep
dopma 00yueHus: Ounas

Cpok nonyuenus CIIO no IIIICC3: 2 roga 10 mecsies

YpoBens o0pa3zoBaHus,
HEOOXOMMBIN JUTSI pUeMa Ha

ob0yuenwue mo [MIICC3: OCHOBHOE 00111ee 00pa3oBaHme
I'on npuema Ha oOydeHue Ha 1-i 2023
Kypc:

bpsack 2023



MeTtoandeckue peKoMeH1aluu
JUIs TIpoBeeHUs Jiekiuid 1o ydeOHou aucrurmrae I1/[.01 Marematuka s

cnenranbHOCTH 38.02.01 DxoHOMHMKA U OyXTanTepcKuil yueT (110 oTpacysiM)

NpeAHa3HAYeHbl I 3aKpeIUICeHUs 3HaHUM 10 HM3y4aeMOMYy MaTepuany u
(GopMUPOBAaHUIO YMEHHUH, a TaKXkKe 7151 TPOBEPKU YCBOCHUSI TEOPETUYECKOTO MaTepraia

Y YMEHUU pelIaTh Pa3jInuyHbIE MATEMATUYECKUE 3a1a4U.

Pazpabotan(un):

IIpenonasarens [IK BI'TY [Tapdhénosa N.I1., XommeBuukona O.A.

Meroauueckas pa3pabOTKa pacCMOTpeHa OJ00peHa TMPEeIMETHOW KOMHCCHEH
«MaTeMaTH4eCcKuX 1 OOIIMX €CTECTBCHHO HAYYHBIX JTUCIUILTIHH
[Tporoxon Ne 9 ot «20» anpens 2023 .

IIpencenarens JI.A JlazapeBa




OrJasBJienue

BBenenue

Tema 1.BBeneHue.MareMaTuka B HAayKe M IPAKTUUYECKOW JAESITENbOCTU.LENM U 3ajauu
n3ydeHuss MmateMaTtukM B yupexaeHusx CII1O.

Tema 2. Pa3zButre NOHATUSA O YHCIIE.

Tema 1.1. llensle n palOHAIBHBIE YUCIIA.

Tema 1.2. JleiicTBuTenbHbIC yncia./lelicTBUS Ha NEHCTBUTEIbHBIMU YU CIIAMH.

Tewma 1.3. IIpubnuxennsie 3HaueHusd. [lorpenHoctu npubinKeHHbIX BbrancaeHui. Jlelictrus
HaJ NPUOIHKEHHBIMU YHCIAMHU.

Tema 1.4. KommuekcHble yncia. Anredpanueckas popma KOMILIEKCHOTO yncna JledcTBus ¢
KOMIUIEKCHBIMU YHCJIAMU

Tema 3. OCHOBBI TPUTOHOMETPHH.

Tema 3.1. Pannannas mepa yria. BpamarenbHoe 1BHKEHHE.

Tema 3.2. OnpeﬂeneHHe CHUHYCa, KOCMHYCAa, TAHT'CHCA U KOTAHI'CHCA YTJIA.

Tema 3.3. OCHOBHBIE TPUTOHOMETPUUYECKHE TOXKAECTBA. DOPMYJIIBI CIIOKEHUS.

Tema 3.4. CuHyc, KOCMHYC W TaHT€HC [JBONHOIO U TIOJIOBUHHOTO YIJIOB, (OPMYJIbI
IIPUBEACHMUSI.

Tema 3.5. TpuronomeTrpuueckue GyHKINHU, UX IpadUKU U CBOMCTBA

Tema 3.6. OOpaTHbIe TPUTOHOMETPUYECKHE (QYHKIINU, UX CBOMCTBA U TPaUKH.

Tema 3.7. TpUroHOMETpUUECKUE YPABHEHHUS.

Tema 3.8.Tpuronomerpudeckas (popma KOMIUIEKCHOTO uucliia. J[eMCTBUS C KOMIUIEKCHBIMHU
YHCIIaMU B TPUTOHOMETPUUIECKOH popme.

Tema 4. KopHu, crenenu.

Tema 4.1. CteneHb ¢ pallMOHAIBHBIM U IEHCTBUTENIBHBIM ITOKa3aTEISMU.

Tema 4.2. Apudmerndecknil KOpeHb HATYpPAILHOW CTETICHH.

Tema 4.3. Pemienue uppalioOHaJIbHBIX YPABHEHU U HEPABEHCTB.

Tema 5. TlokazarenbHas u norapudmuueckas GyHKIUN

Tema 5.1.11oka3zarenbHas ¢pynkuus.Ee cBoiicTBa u rpaduk

Tema 5.2. Jlorapudmel.

Tema 5.3. Jlorapupmuueckast yHKIUS

Tema 5.4.Penienne moka3aTelbHBIX U JOTapUIMUUECKIX YPAaBHEHUH, CUCTEM YPaBHCHHIN

Tema 5.5.PenieHne noka3aTenbHbBIX U JIOrapu(MUIECKUX HEPABEHCTB.

Tema 6. IIpousBogHasi.

Tema 6.1. DyHKIIMU, NX CBOMUCTBA U TpauKu (TIOBTOPEHUE).

Tema 6.2. IlocnenoBatenbHocTH. IIpenen nocnenoBaTenbHOCTH, Ipeaen (pyHKIUN

Tema 6.3. IIponsBoHast, €EreOMETPHUCCKUN M PU3MUECKHIT CMBICIL.

Tema 6.4. IlpuMeHEeHHE MPOU3BOIHOMN K MCCIAEAOBAHUIO (DYHKITHIA.

Tema 6.5. BTopas mpou3Bo/iHas, €€ TeOMETPUUYECKUH U (PU3UUECKUI CMBICIT.

Tema 7. IIpsmble U IIJIOCKOCTH B IPOCTPAHCTBE.

Tema 7.1. AKCMOMBI CTEPEOMETPHUH U ITPOCTEHIIINE CIECTBUS U3 HUX.

Tema 7.2. IlapaninensHOCTh MPSIMON M TUIOCKOCTH, TMTAPAJUIETBHOCTD IIIOCKOCTEH.

[TapamiensHOE TPOSKTUPOBAHKUE M €TO CBOMCTBA. M300parkeHne MpOCTPAaHCTBEHHBIX (PHUTYD
Ha MJIOCKOCTH (JIONOJHUTEIBHBIN MaTepualt)

Tema 7.3. TlepneHANKYISIPHOCT IPSIMOU U TIIOCKOCTH.

Tema 7.4. IlepneHAUKYISP U HAKIIOHHAS.




Tema 7.5. Yron Mexay NpsMON U MIOCKOCTbI0. OpTOroHaNbHOE MPOSKTUPOBAHME.

Tema 7.6. [IByrpanHbIil yroyi. YTroi Mex1y INIocKocTsIMU. [leprneHnuKyIspHOCTh IOCKOCTEH.

Paznen 8. KoopauHaThl 1 BEKTOPHI.

Tema 8.1. Bexrtopwl. [lelictBus Han Bektopamu. basuc Ha muiockoctu. IlpsimoyrosbHas
CHUCTEMa KOOPAMHAT.

Tema 8.2. PaccTosiHUE MEXAY TOUKAMH.

Tema 8.3. Jluneiinpie onepanuy HaJl BEKTOPAMHU.

Paznen 9. MHOrOrpaHHUKH.

Tema 9.1. Muororpanuuku. [IpaBuiibHbIE MHOTOTPAHHUKH U UX CBOMCTBA.

Tema 9.2. Tlpuzma u ee CBOMCTBA.

Tema 9.3. Ilapannenenurnes v ee CBOMCTBA.

Tema 9.4. Ilupamuna. IlpaBuiibHas nupamuja. YceueHHas nupamuaa. Tetpasap.

Tema 9.5. Ceuenus KyOa, IPpU3Mbl U TUPAMHUIBL.

Tema 9.6. IlpaBUIIBHBIE MHOTOI'PAHHUKH.

Tema 10. Tena BpailleHUsT ¥ TOBEPXHOCTH TEJ BpaICHUS.

Tema 10.1. [lunuuap, KOHYC U UX CBOICTBA.

Tema 10.2. ap u cdepa, ux ceyenusi. KacarenbHas mIockocTs K chepe.

Tema 11.251eMeHTBI KOMOMHATOPHKH.

Tema 11.1. OcHOBHBIE TOHATHSI KOMOWHATOPUKHU

Tema 11.2. ®opmyna Ounoma Hpiorona. CBoiicTBa OWHOMHAIBHBIX KOI(P(DHUIIUCHTOB.
Tpeyrosnbauk Ilackas

Tema 12. [lepBooOpa3Hasi u UHTETpa

Tema 12.1.

Tema 12.2.

Tema 13. U3mepeHus B reoMeTpuu.

Tewma 13.1. O6wvem u ero usmepenue. MiHTerpansHas gopmyna odobema.

ITonobue guryp

Temal4.OnemMeHTbI TEOpUM BEPOSATHOCTEN U MAaTEMaTUYECKON CTATUCTUKHU (IIPOAOKEHNUE)

Tema 14.1. JIuckpetHas ciydailHasi BEJIMUMHA U €€ XapaKTEPUCTUKHU

Tema 14.2. IlpencraBieHue qaHHBIX (TaOJMIIBI, TUArpaMMBbI, TpadUKH)

ypaBHeHI/IH 1 HCPABCHCTBA

Crnucoxk nurepaTypsl




BBenenue

OBnazeHre MpakTUYECKH JII000H COBpeMEeHHOM npodeccueit TpedyeT onpeneseHHbIX
MaTeMaTU4eCKuX 3HaHui. [IpeacraBnenue o poiau MaTeMaTUKA B COBPEMEHHOM MHPE,
MaTeMaTHYECKHE 3HAHUS CTaH HEOOXOIUMBIM KOMIIOHEHTOM 00TIIel Ky nbTypbl. J{is
camopeanu3aliy, BO3MOXHOCTH YCIEITHOMN IeATeTbHOCTH B HHPOPMAITMOHHOM MHpE TpedyeTcs
MPOYHAs MaTeMaTH4YeCcKas MOJroTOBKa. MareMaTndeckoe oOpa3oBaHUE BKIIFOYAET B Ce0s OBJIAJICHHC
CUCTEeMON MaTeMAaTUYECKUX 3HAHUM, YMEHHI U HABBIKOB, JAIOIIMX MPEICTABICHHUE O MIPEIMETE
MaTeMaTHKH, O MaTeMaTHYECKON CUMBOJIMKE, CIIEIIMAIbHBIX MAaTEMAaTUYECKUX MPUEeMax, MeToax
MBIILICHHSL.

Hacrosimuii KOHCHEKT JIGKIIUH TMpeaHa3HaueH i CTyaeHTOB crenuambHocTr 38.02.01
«IKOHOMHUKA ¥ OYXTaNTEPCKUid y4eT (110 OTPaCIsiM)». Y 4eOHBIN MaTeprai 4€TKO JO3UPOBAH MO OTHOMY
WIM HECKOJbKUM 3aHATHSAM. Takoe MOCTpoeHHEe MOMOraeT CTyAeHTaM H3ydaTh MHOTHE BOMPOCHI
CaMOCTOSITENIEHO, 0COOEHHO €CJIH CTYICHTOM IMPOIYIICHO KaKoe-In00 KOHKPETHOE 3aHATHE WIH TEMA.

KoHcmekT ekiuii coiepKUT HeOOXOIUMBIN MaTepuall o BCEM pas3zieiiaM Kypca
MaTeMaTuKu: PasButue nmoustus o uncie; OCHOBBI TpUroHOMETpruH; KopHU, CTENEeHU U TOTapu(MBbI;
OyHKIMU, UX cBOMCTBa U rpaduku; CTeneHHbIe, TOKa3aTeNbHbIe, JorapupMuueckue u
TpuroHoMmerpudeckrne Gpynknun; Hawamo MaTemMaTHUeCcKOro aHAIM3a; Y paBHEHUS M HEPAaBEHCTBA;
[Ipsimble U TIIOCKOCTH B IpocTpaHcTBe; KoopauHaThl U BEKTOPbl; MHOTOIpaHHUKH; DJIEMEHTHI
TEOPUHU BEPOSATHOCTH U MATEMATHUECKON CTATUCTUKH, KOTOPhIE OOBIYHO U3YYAIOTCS CTYACHTAMH Ha
MIePBOM Kypce.

W3nokeHne TEOPETHYECKOro MaTepuana 10 HEKOTOPBIM TEMaM  COIPOBOXKIAETCS
paccMOTpeHHeM MPUMEPOB U 3aj1a4, BeJIETCS Ha JOCTYITHOM, IT0 BO3MOKHOCTH CTpOroM si3bike. [Tocobue
MTOMOYXET CTYJICHTaM OCBOWTH | Kypc MaTeMaTHKH, MOATOTOBUTHCS K Ca4e 3a4€TOB M IK3aMECHOB TI0
MaTeMaTHYECKUM TUCIUILTNHAM.



Mamemamuka 6 Hayke, npaKmuyeckoul 0esameabHOCHU.

MartemaTHKa — HayKa O KOJHMYECTBEHHBIX OTHOMICHUSIX U IPOCTPAHCTBEHHBIX (hopMax
JNEUCTBUTEILHOTO MUpA.

Ponps maTeMaTuki B COBpEeMEHHOM HayKe MOCTOSTHHO BO3PAcTaeT. DTO CBSI3aHHO C TEM, 4TO 0€3
pa3paboOTKH U HCTIONH30BAHMS MATEMAaTUYECKUX HAYK ObUIO Obl, HAPUMED, HEBO3MOKHO HU OCBOCHHE
KOCMOCAa, HU CO3/IaHUE JIEKTPOHHO-BBIYMCIUTEIbHBIX MAIIMH, HAICAIINX IPUMEHEHHUE B CAMBIX
Pa3TUYHBIX 00JACTIX YeNTOBEUYECKON IS TeTbHOCTH.

Maremartuka npeacTaBiIsSeT co00i OCHOBY (PYHIaMEHTAJIbHBIX UCCIICIOBAHUN B €CTECTBEHHBIX
Y TYMaHUTApHBIX HayKax. MareMaTuuecKue U1 U METObl IPOHUKAIOT B YIIPABJIECHUE BECbMa
CJIO’KHBIMH ¥ OOJIBIIMMH CUCTEMaMHU Pa3HOUN MPUPOBL: MOJIETAMH KOCMUYECKUX KOpabiei,
OTpacJISIMH MIPOMBIIIJIEHHOCTH, pa00TO# OOIIMPHBIX TPAHCTIOPTHBIX CUCTEM H IPYTUX BUIOB
JEeATENbHOCTU. B MaTeMaTHke BO3HUKAIOT HOBBIE TEOPUH B OTBET HA 3aIIPOCHI MPAKTUKHU U
BHYTPEHHETO Pa3BUTHUS caMoil MaTeMaTuku. [IpuoskeHus: pa3nuyHbIX 001acTeld MaTeMaTUKH CTal
HEOTHEMJIEMOM YaCThIO HAYKH, B TOM YHUCIIE: (U3UKU, XUMHUH, T€0JIOTUH, OUOTIOTHH, METUITUHBI,
JIMHTBUCTUKH, SKOHOMUKH, COLIUOJIOTUH U Ap.

MaremaTrKa UrpaeT BaKHYIO pOJib B €CTECTBEHHOHAYYHBIX, MHKEHEPHO-TEXHUYECKHUX U
TyMaHUTapHbIX HccienoBanuax. OHa cTana Jyisi MHOTHUX OTpacieil 3HaHUW HE TOJIBKO OpYyIueM
KOJIMYECTBEHHOT'O PacyeTa, HO TaKyK€ METOJIOM TOYHOI'O UCCIEA0BaHUS U CPEICTBOM IIPEAEIIBHO
4eTKOU (POPMYITHPOBKU MOHATHN U TIpoOIIeM. be3 coBpeMEeHHOI MaTeMaTHUKH C €€ Pa3BUTHIM
JIOTUYECKUM U BBIYMCIIUTENIbHBIM aIapaToM ObL1 Obl HEBO3ZMOXKEH MIPOrPECC B PA3IUYHBIX 00J1aCTAX
YEJI0BEYECKOMN JAEATEIbHOCTH.

MareMaTturKa SBISE€TCS HE TOJIBKO MOILIHBIM CPEJICTBOM PEIICHMS MPUKIAIHBIX 3a4a4 U
YHHUBEPCATbHBIM SI36IKOM HAYKH, HO TAKXKE€ U JIEMEHTOM OOIIeH KyJIbTyphl. J|eCTBUTENBHO,
MaTeMaTHKa IPOHUKAET BO Bce chephl UeT0BeUeCKOM AedaTeabHOoCTU. TpynHO Ha3BaTh XOTs Obl OJIMH
pa3eN HayKu WK KaKyro-Tu00 mpoeCCUOHATBHYI0 00J1aCTh, TJIe He IPUCYTCTBOBAA OB MAaTeMaTHKA
win e€ Metoibl. [loaToMy HE0OX0IUMOCTh MATEMATHUECKOT0 00pa30BaHUsl JIJIsl YCIEIIIHOTO
(hopMUPOBaHUS TUIHOCTH HE BHI3BIBACT COMHCHHA.

1. Ienu u 3a0auu uzyyenusa mamemMamuku ¢ yupesHcoeHUsx cpeoHezo npogheccuonanbHozo
oopazoeanus:

» (hopMupoBaHHE MPEICTABICHUN O MATEMAaTHKE KaK YHUBEPCAIBHOM SI3bIKE HAYKH, CPEJICTBE
MOJICTTUPOBAHUS SBJICHHUIA U TIPOIECCOB, 00 UAESIX U METOAAX MaTCMATHKH;

» pa3BUTHE JIOTHYECKOTO MBIIUIEHHS, IPOCTPAHCTBEHHOTO BOOOPaKEHUS, AITOPUTMUIECKOH
KYJBTYpPbI, KPUTUIHOCTH MBIIICHUSI HA YPOBHE, HEOOXO0IMMOM [Tl Oyaymiei
npodeccHoHaIbHOM e TENbHOCTH, I MPOJOJIKEHHSI 00pa30BaHus U cCaMO00pa30BaHUS;

» OBJIQJICHHE MAaTeMAaTHUYECKUMHU 3HAHUSIMHU U YMEHUSIMHU, HEOOXOMMBIMU B TIOBCETHEBHOM KHU3HH,
JUTSL U3yYEHUS] CMEKHBIX €CTECTBEHHOHAYYHBIX TUCIUIUIMH Ha 0a30BOM YPOBHE U JUCIMIUIAH
po(heCCHOHALHOTO IHUKJIA, JIJIsl TOTyYeHUs] 00pa30BaHUs B 00JIACTAX, HE TPEOYIOIINX
yriayOnéHHON MaTeMaTUYECKOM MOATOTOBKH;

» BOCITUTaHHUE CPEACTBAMH MAaTEMATUKU KYJIbTYPbl TUYHOCTH, TOHUMAHUS 3HAYMMOCTH
MaTEeMaTHKH JJIsl HAyYHO-TEXHUYECKOTO MPOrpecca, OTHOIICHUS K MaTeMaTHKE KaK K YaCTH
o011e4eoBeuecKoi KyJIbTypbl Uepe3 3HAKOMCTBO C UICTOPHEH pa3BUTUSI MaTEMAaTHKH,
3BOIIOIHUEH MaTeMaTHIECKUX UACH.



Tema 1. PazBuTHe NOHATHS O YMCIIE
Tema 1.1 Llesable u panMoOHAJIBHBIE YHCIA

Onpeodenenue u ceouUcmea HAMyPAIbHBIX U Yeavlx Yucen. Payuonanvhvle yucia u e2o
ceoticmaa.

Ymems: BRINOMHATD apuMETHUCCKUE ACHCTBUS HAJ YMCIIAMHU, PEIIATh 3aa9H.
3Hamy: onpe/ieNIeHe U CBOMCTBA HATYPAJIbHBIX U LIEbIX YUCEN, pallMOHATIbHBIE YUCTIA U UX
CBOMCTBA.

Onpenenenue. Hamypanvusie yucna — >to uucna suga N={1, 2, 3, ...,}. HarypansHbie uncna
MOSIBUJIMCH B CBSI3U C HEOOXOIMMOCTBIO TIOJICUETa IPEIMETOB.
Onpenenenne. HaTypanbHble 4uciia, 4Mciia, TPOTHBOMOJIOXKHBIC HAaTypallbHBIM, W HYJb

COCTABIISIOT MHOMCECHE0 L Uensblx yuceii.

Csolicmea HaAMYpPaIbHLIX U UEIBIX YUCET.

1) a+b=Db+a - mepeMecTHTEIBHBIH 3aKOH CITOKCHHUS,

2) a+(b+c)=(a+b)+c - couyeraTenbHbII 3aKOH CIIOKEHUS;

3) a*b=Db*a - mepemecTUTENBHBIN 3aKOH YMHOKEHHUS,

4) a*(b*c)=(a*b)*c - coueraTenbHBIl 3aKOH YMHOKEHHS;

5) a*(b+c)=ab+ac - pacnpenenuTeNbHbINA 3aKOH YMHOXECHHUSI OTHOCUTEIILHO CIIOKEHUSI.

m
Onpenenenue. PayuonansHsle yucia — 3TO YUCIA, MPEACTaBUMbIE B BUAE Apodu —, rae M -
n

IeJI0€ 4YHCJI0, a N- HATypaJIbHOC 4YHCIIO. I[J'If[ 0003HaYEHHS paluOHAJIBHBIX YHCCII HCIIOJIb3YCTCA

natuHckas OykBa Q. Bce HaTypasbHbIE U IIeNble UHCiIa — palliOHaIbHBIE.
2. 11
[Tpumepsl pariMoOHABHBIX YU CEIT: 37 T3

Cesoiicmea PAUUOHATIBHBIX HUCEIL.
1) a+b=b+a;

2) a+(b+c)=(a+b)+c;

3) a+0=a;

4) a+(-a)=0;

5 a*b=b*a;

6) a*(b*c)=(a*b)*c;

7) a*(b+c)=ab+ac;

8) a*l=a;

1
9) a*~=1rnec a=0;
a
10) a*0=0.
Tema 1.2. [leiicTBuTe/IbHBIE Yncia./{eliCTBUA HAJI 1eHCTBUTEIbHBIMH YHCJIAMH.

Onpedenenue oeticmeumennvix uucen. UppayuonansbHule yucia.

Ymems: BBIIOIHATH apH(bMeTquCKHG IlGﬁCTBHSI Haa 4YrucjiaMu, pCliaTh 3a1a4u.
3uame: OIIPEaACIICHUEC U CBOMCTBaA HeﬁCTBHTeHBHLIX YUCCII, ppalnOHAJIbHBIX YK CCII.

Onpenenenue. /JeiicmeumenvHble uucaa (6euwiecmeerHtple) — 9ncia, KOTOPhIE TPUMEHSIIOTCS

TUTSI I3MEPEHHS HETIPEPBIBHBIX BETMYMH. MHOKECTBO ICHCTBUTEIBHBIX YMCET 0003HAYACTCS TATHHCKOM
OykBoii R . JleficTBUTEIbHBIC YHCIIA BKIIOYAIOT B Ce0sl pallMOHAJIbHBIE M WPpPAIMOHATIBHBIC YHUCIIA.
7



Hppayuonanvnvie yucna — 4ucia, KOTOpble IMOIYYarOTCSl B PE3yJIbTAaTe BBINOJHEHUS PAa3IUYHBIX
orepanuil ¢ palMoHaIbHBIMU YHCIaMU (H-p, U3BJICYCHUE KOPHSI, BBIYMCIECHUE JIOTapu(MOB), HO TpU

3TOM HE SIBJISIOTCS palMoOHaIbHBIMU. [IprMepbl HppallMOHAIbHBIX YUCEIT: J2; 33 7.
JIro6oe AeicTBUTETHHOE YHCIIO MOKHO OTOOpPA3UTh HA YUCIOBOM MPSAMON.

—_—r— ' 0 *r— *r—>
-3 2 Y2 -1 -05 0 05 1 v2 2 3 x
B bl80()2 I[J'I}I Hepe‘{I/ICHeHHLIX BBIINIIC MHOKCCTB UHUCCJI CHpaBeI[J'II/IBO CJ'IGI[YIOH.[CC BBICKA3bIBAHHUC:
NcZcQcR,

TO €CTb, MHOKCCTBO HATypPaJIbHBIX YHUCCJI BXOAUT BO MHOXKCCTBO ILECJbIX YUCCII. MHOXECTBO OCJIBIX
YHUCECII BXOAUT BO MHOXXECTBO pallMOHAJIBHBIX YHUCEIIL. A MHOXECTBO palrOHAJIBHBIX YHUCCTT BXOAUT BO
MHO>KECTBO HCﬁCTBHTCHLHHX YHUCCII.

Mooynb oeiicmeumenvhozo yucaa X 0003HaA4YaECTCS |x| U ONIpEENseTCs TaK Ke, KaK U MOIYJIb

paoOHAaJIBbHOI'O YHUCia:
X, x>0,

|X|: —X,x<0.

Ceoiicmea mooyneit:.
1) |a|= Ja? |

2) |aj=0<=a=0;

3) |a|=0;

4) |al=|-af

5) [a-b|=al-[bf
6) |a|2=a2;

7) a_Bly

bl |o|

8) |a+b|<|a|+|o]
9) |a—b|=la]—]|b].

Konmponvhvie éonpocui

1. Onpenenenuie U CBOWCTBA HATYPAIBHBIX U IICJIBIX YHCET.
2. ParimoHansHbBIe Ynciia U €ro CBOMCTBA.

3. UppamnmonayibHbIE YHCIIA.

Tema 1.3. IlpudiaunxeHHble 3HaYeHUsI. AGCOJTIOTHAS U OTHOCHTEIbHAsI MOTPEIHOCTH.

Ipubnusicennvie 3navenus. Iloepewnocms npubaudicenus. A6conomuas u OMHOCUMENbHAS
nozpewHocmuy npudIUNMCeHUs U ux epanuysl. ducna eepuvie, COMHUmMeNbHbIE, CMPO20 BEPHBIE U
3Havawue.

Ymems.: Haxo0AUTH NPUOIMIKEHHBIE 3HAUEHUS BEJIMYUH U TOTPEIIHOCTEH BHIUMCIICHU, TPUMEHSATh
MPAKTUYECKHIE TPUEMBI IPUOJINKESHHBIX BHIYUCICHUH.

3namu: TpUOIMIKEHHBIE 3HAUEHUS, TOTPELIHOCTh NPUOJINKEHNS, Aa0COIIOTHASI U OTHOCUTEINIbHAS
MOTPEIIHOCTH MPUOIMKEHNS U UX TPAHULIBI, YKCIIa BEPHBIE, COMHUTENIbHBIE, CTPOrO BEPHBIE U
3HaYallue.

1.IlIpubnusricennoe 3HaueHue eenudyuHvl. AOCONIOMHAA RNOZPEUIHOCIb RNPUOTUNHCEHUA.
I'panuuya adbconromnoii nocpeutHocmu.
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[TycTh pe3ysbTaT U3MEepPEHUS WIIM BEIUMCIICHHS BEJIMYUHBI X ¢ HEKOTOPOI TOYHOCTBIO PABEH a .
Torna anHaswIBaeTCs npubnudsiceHHviM 3HaveHuem (AT npubaudicenuem) BeTHIUHbl X . [Ipuuem, ecnn
a <X, TO @& Ha3bIBACTCS MPUOTUNCEHHBIM 3HAUEHUeM ¢ Hedocmamkom (WIA npubaudiceHuem CHu3y), a

€CII & > X, TO @ Ha3bIBACTCS NPUOIUNCEHHBIM 3HAYEHUEM C U30bImKoM (WA NPUOIUdICEHUEM CEEPX))

BEJINYMHEI X .
Onpenesnenne. Pa3sHOCTh TOYHOrO M TPHOMIKEHHOTO 3HAYEHMH BEIMUYMHBI HA3BIBACTCS
NOZPEUIHOCHbIO NPUBTUNCEHUAL.
Tak, ecnu X- TOYHOE 3HAYEHWE, a- NMPUOIMKEHHOE 3HAYEHHE, TO Pa3HOCTh X—a -
HOrPENIHOCTh pUbKeHus. Eciu ee 0603HaunM yepe3 AX, TO MOIYUHM
X=a+ AX,
T.C. MCTUHHOC 3HAYCHUC PABHO CYMMC HpI/I6HI/I)KeHHOFO 3HAYCHHA U IOIPCIIHOCTHU HpI/I6JII/I)KeHI/Iﬂ.
Mo1yJib Pa3HOCTH TOUHOTO M MPUOIMKEHHOTO 3HAUCHHUIT BEIMUMHE! HA3bIBACTCS AOCOIIOMHOIL
NOZPeUHOCIbIO NPUBTUNCEHUAL.
Cr1e/10BaTeNBHO, eCTi AX = X —a - IIOrPeHOCTh HpubmKenns, To |Ax| =[x —a| - abcomorHas

MOrpCuIHOCTb HpI/I6HI/DKCHI/ISI.

Bo MHOrMX MNpaKTUYEeCKH BaXKHBIX CIIyYasX HeENb3ss HAHTH aOCOJIOTHYIO MMOTPEIIHOCTh
HpI/I6JII/DKeHI/ISI Hn3-3a TOIr0o, 4TO HCHU3BCCTHO TOYHOC 3HAUYCHUC BCIIMYUHBI. O,[[HaKO MOKHO YKa3aTb
MOJIOKUTEIBHOE YHCII0, OOJIBIIIE KOTOPOTO 3Ta a0COIOTHASI IOTPEITHOCTD OBITh HE MOYKET.

Onpenenenue. Jro0oe MONOKHUTETFHOE YHUCIIO, KOTOPOE OOJBINE WM PABHO aOCOIIOTHOM
MOTPEITHOCTH, HA3bIBACTCS 2PAHUUEH AOCOTIOMHOI NOZPEUHOCHU.

CrnenoBaTenbHO, €CIM X - TOYHOE 3HAYCHHE, a- MPUOJIDKCHHOE 3HAaYeHHe, TO Pa3HOCTh
AX=X—a - MOTpeuIHOCTh MPHONMKEHUsI, TO JIF000e 4yuciao h, yIoBIETBOPSIOIICE HEPABEHCTBY

|AX| <h, sBisercs rpaHuIel aOCOTIOTHOW MOTPEHIHOCTH. B 3TOM ciydae roBOpAT, YTO BEIMYMHA X

NpUOIIIKEHHO C TOYHOCTBIO 10 h paBHA &, ¥ MUIIYT

X & @ ¢ TOYHOCThIO 10 h

win X =a+th. 3amuce X =a=+h o3HayaeT, 4TO UCTUHHOE 3HAYCHHE BEIMYUHBI X 3aKJIFOYCHO
MeXay rpanuiniaMa a—hwu a+h, 1. e.

a-h<x<a+h.

Ecnu u3BecTHO, YTO asBiseTCs NPUOJMKEHHBIM 3HAUYCHHEM BEJIMYMHBI X, U Tpeldyercs
OIIPENIeIUTh TPAHMILy AOCOIIOTHOHN MOTPEIIHOCTH 3TOr0 MPHOIMKEHHOTO 3HAYEHHsS, TO 3Ty 3aaady
00BIYHO GOpMYIUPYIOT Tak: «OnpeaenuTs (HAWTH) TOUHOCTh NPUOIMKEHHOTO PaBEHCTBA X ~ a ».

2.0muocumensnasn nozpewinocme. I panuya omuocumensvnoil nozpeuwtnocmu.

Omnpenenenne: OtHOUIEHHE aOCOMIOTHOM TOTPEITHOCTH MNPUONIDKEHHS K  MOJYJIIO
IPUOIMKEHHOTO 3HAYCHHS BEJIMUUHBI Ha3bIBACTCS OMHOCUMENbHOU HOZPEUIHOCHbIO TIPUOTKEHUS.

CrnenoBatenbHO, €CIM X - TOYHOE 3HAYEHHE, a - MPUOIMKEHHOE 3HaYE€HUE, TO OTHOILLIECHHUE

|AX  [x—a

AW
SBJISICTCSI OTHOCUTEJIBHOM MOTPEIIHOCTHIO MPUOIMKEHHS.

OTHOCHTENIBHYIO MIOIPEIIHOCT YAaCTO BBIPAXKAOT B IPOLIEHTAX.

B otnnume ot abcoMOTHON MOTPEIIHOCTH, KOTOPas Yalle BCEro ObIBaeT pa3MepHON BETUUNHOMN,
OTHOCHUTEJIbHAS MOTPEIIHOCTS SIBJIAETCS O0e3pa3MepHON BETUYMHOM.

Onpenenenue. JIro60e MOTOKUTEIBHOE YUCIO, KOTOpOE OOJIbIIE MU PABHO OTHOCHTEIBHOM
MIOTPELIHOCTH, Ha3bIBACTCSI SPAHUNEI OMHOCUMENbHOU NOZPEUIHOCIU.

CnenoBaTtenbHO, eciaM  AX- TOTPEIIHOCTh NPUONMKEHUs, TO Jr0boe 4YHucio o,
YAOBJIETBOPSIOIIEE HEPABEHCTBY

jax
— <0,
&
SBIISICTCSI TPAHUIIEW OTHOCUTENBLHOW morpemHoctd. B wactHoctH, ecimu h- rpanumna aGcomroTHOM
MIOTPEIIHOCTH, TO YHCIIO
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SIBIIICTCSI TPAHMIICH OTHOCHTEIBHOW TOIPEIHOCTH mpuOmmkenus a. OTcioma, 3Has TPaHHUILY
OTHOCUTEJILHOM MOTPEIIHOCTH, MOKHO HAWTHU TPaHUIly a0COIFOTHOU MOTPEITHOCTH:
h=5-|a.

3.0kpyanenue u nozpeuwtHocnms OKpy2ieHus.

OnpenesieHue. AOCONIOTHAS TOTPENIHOCTD, JOMyCKaeMas TMPH OKPYTJICHHH, Ha3bIBACTCS
OMWUOKOU OKpY2lleHUA.

CyIeCTBYIOT TPU CIIOCO0a OKPYTJICHUS MOJIOKUTEIBHBIX JECATHYHBIX IPOOCH: OKPYTIICHUE C
HEJIO0CTATKOM, OKPYTJICHHE C M30BITKOM M OKPYTJICHHE C HANMCHBIICH OITHOKOM.

Oxpyenenue ¢ Hedocmamkom JO €IUHMII 10 HEKOTOPOTO pa3psja COCTOMT B OTOpachIBAaHHU
SIMHUI] BCEX MIIQIIINX pa3psaaoB. [Ipu TakoM OKpyTIIeHHH BCe MUMPHI ASCATUUHOMN APOOHU 0 TaHHOTO
pas3psiia BKJIFOUUTEIILHO HE MCHSIOTCS, a HU(PPhI MIAIIINX Pa3psa0B 3aMeHIOTCS HyIssMu. Hanpumep,
ecom X =23,467, TO OKpYIJIEHHS C HEIOCTATKOM JIO0 COTBIX, JECATHIX, CIAWHHIL, JECATKOB

COOTBETCTBEHHO PABHBI
23,46; 23,4; 23; 20.
OumrOKy OKPYTIICHUS! COOTBETCTBECHHO PaBHbI
0,007; 0,067; 0,467; 3,467.
Okpyznenue ¢ u30bimkoM IO EOVHUIl HEKOTOPOTO pas3psaa OTIMYAeTCs OT OKPYIJICHUS C
HEJOCTaTKOM TeM, YTO YHCJIO SIUHUI JAHHOTO pa3psia YBEIMUMBACTCS HA CAUHHUILY.
Hanpumep, eciiu X = 23,467, T0 OKpyriieHHE C W30BITKOM JIO COTHIX, JECATBIX, CIUHHUI, JCCSITKOB

COOTBETCTBEHHO PaBHbI
23,47; 23,5; 24; 30.
OmuOKku OKPYTJIEHHS COOTBETCTBEHHO PaBHbBI
0,003; 0,033; 0,533; 6,533.
CaMbIM  pacHpOCTpaHEHHBIM  OKpPYTJICHHEM  SIBIISICTCSI  OKpy2leHue ¢  HAuMeHvluell
noepeuwinocmuio. OHO IPOU3ZBOJUTCS 110 CIETYIOIIUM ITPaBUIIaM:
1) EnuHMIBI MIaIIIAX PA3psiioB OTOPACHIBAIOTCS;
2)4uUCIIO eIMHUIL IAHHOTO pa3psaa He MEHSIETCS, €CIH cieayomias nudpa 1aHHOM ApoOH MEHBIIIE 5,
Y YBEJIMYMBACTCS HAa EAMHMUILY, €CIIU cieayromas nudpa Ooblie Uiy paBHa 5.
Hampumep, eciu X = 23,467, T0 OKpYIJICHHS C HaWMEHBILIEH NOTPEIIHOCTBIO 10 COTHIX,

ACCATBIX, CAUMHUL 1 JCCATKOB COOTBETCTBCHHO PAaBHLBI
23,47; 23,5; 23; 20.

Ommbku OKPYTJICHUA COOTBETCTBCHHO PAaBHBI

0,003; 0,033; 0,467; 3,467.

Konmponvhuvle 6onpocwi

1. [IpuGnm>xeHHbIE 3HAYCHHUS.

2. [TorpenrHOCTh MPUOITHNKCHHSL.

3. AGcomtoTHas M OTHOCUTENbHAS MOTPEITHOCTH MPUOIUKEHUS U UX TPAHUIIBIL.
4. Yucna BEepHBIC, COMHUTEIIBHBIC, CTPOTO BEPHBIC M 3HAYAIIIHC.

Tema 1.4. KoMmmiekcHbIe 4YACIa

Onpedeﬂeﬁue KOMNJIEKCHO20 YUCld, NOHAmMuUe pasencmeda u 0eticmeus CLONCEeHUs. U YMHOINCEHUA
KOMNJIEKCHbIX YUcell, Man]Zb u apcymenm KOMNIEeKCHOo20 4ucia.

Ymemo: BBITIONHATH A€MCTBUSA HaJ KOMILJICKCHBIMHM YHCIIAMH a aJIre6paI/1quK0171 (1)opMe

3uame: OIpEACIICHNEC KOMIIJICKCHOTO YHCJIa, ITIOHATUC paBEHCTBA U JIEHCTBHS CIIOKCHUS U YMHOXKCHUA
KOMIIJICKCHBIX YHUCCJI U ACJICHUA KOMIIJICKCHBIX YHUCCII.
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Kak 1M3BECTHO U3 LIKOIBHOIO Kypca, ypaBHEHHUE BUAA x%+a=0 ue umeer NEHCTBUTEIBHBIX
KOpHEH, HO CyILECTBYET HEOOXOIUMOCTh PElIaTh ypaBHEHHsI TAKOro BUJA. [y aToro npuaymany Tak
Ha3bIBAEMBIE «KOMIUIEKCHBIE YHACTIAY.

Jlns ompeneneHUs] KOMIUIEKCHBIX YHCENI CHayala BBEIEM HEKOTOPBIA CHMBOJ I, KOTOPBI
HA30BeM MHUMOU eOunuyeli. ITOMy CUMBOJIY HPUIHUCHIBACTCS CBOMCTBO YAOBJIETBOPSATH YPaBHEHHUIO

x> +1=0:i? +1=0, wm i2=-1 i=+-1 IIpu 5TOM

1 _: :3_:2 = 4 _ =3 5 -
F=L1I"=1"-1=—1,1"=1"-1=11" =1,

Komnnexcnvim uuciom 7 HaseiBaeTcs Belpakenne Z=a+ 10, rne a u b — neiicrBurensusie
yucia. [Ipy 3ToM 4KcIo a Ha3bIBaCTCs deticmeumenvHoll yacmoio uucna Z (a = Re z), a b — muumoi
yacmoio (b = 1m 2).

Ecmu a =Re z =0, 10 uncno z 6yaer yucto MHUMBIM, eciii b = Im z = 0, To uucno z Oyxer
JIEUCTBUTEIILHBIM.

Yucna Z =a+1b u Z = a — ibnaswBatorcs komnrexcrno-conpsacennvimu.

JIBa KOMIUICKCHBIX 4YMcCla Z; =3a +ib1 u zZ,=a4a, +ib2 Ha3bIBAIOTCS PAaBHBIMHU, €CIU

COOTBETCTBECHHO PAaBHbI UX JECHCTBUTEIbHBIE U MHUMBIE YaCTH: &) = A, bl = bz;

MHOeCTBO KOMIUIEKCHBIX YUCEI — HEYNOPSAI0YEHHOE MHOKECTBO, T.€. U3 ABYX KOMIUICKCHBIX
YUCeJl HEJIb34 YKa3aTh MOCIEAYIOLIEE U Npeablayiee. Mexay AByMsi KOMIUIEKCHBIMU YUCIIAMH HEb35I
IMOCTAaBUTh 3HAKW HEPABEHCTBA > WU <.

KomrmekcHoe 4ucino paBHO HYJIIO, €CJIM COOTBETCTBEHHO PaBHbI HYJIO JICMCTBUTENbHAS W
munmast gacta: a =0 =0.

Jeticmeus Ha0 KOMNIEKCHbIMU YUCIAMU.
1) z=2*tz,=(a +ib)x(a, +ib,)=(a, £a,)+i(b, £b,)

2) z=127, =(a, +1b))(a, +ib,) =a,a, +iab, +iba, + izblb2 =(a,a, —bb,) +i(ab, +ba,)
3) z 4 b

- =X+ iy 1500071
z, a,+ib,
_ (& +ib)(a, —ib,)) _ (aa, +bb,) +i(ab —ab,) _aa, +bb, b a,b, —a,b,
(a, +ib,)(a, —ib,) aj +b; aj +bj aj +b;

Konmponvhuvle 6onpocoi

1. Omnpenenenre KOMIJIEKCHOTO YUCIIa

2. IlonsiTre paBeHCTBA

3. JleficTBHSI HaJl KOMIUIEKCHBIMU YHCIIaMHU

Tema 3. OCHOBBI TPUTOHOMETPUH
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Tema 3.1. Paagnannas mepa yria. BpamareiabHoe 1BH:KeHHe.
Eounuunas oxpyoscnocmo. Yeon 6 ooun paduan. Ilosopom mouku 60Kpy2 Ha4aia KoopouHam.
Ymems: HAXOOUTh KOOPJAWHATHI TOYKU U YTIIOB.
3Hamoe: eMUHUYHYIO OKPYKHOCTB, YTOJI B OJUH pajuaH, GopMyIIsl Iepexo/ia OT paaraH K rpajaycam

OT I'payCOB K pailuaHaM, IMOBOPOT TOYKH BOKPYI Ha4YaJla KOOPpAUHAT.

Onpenenenne: LleHTpanpHblid yroi1, onuparouuiics Ha AyTy, AJMHA KOTOPOH paBHA PainyCy
OKpPY’KHOCTH, Ha3bIBaeTCs yrioM B | panuas.

I'panycnasi mepa yrJia B 1 paguan paBHa:

Tak xak gyra jmHoi 7 R (OMyOKpy>KHOCTb), CTATMBAeT LIEHTpasbHbIN yroa B 180°, To nyra
JIUIMHOM R, CTATMBAET yroy B pa3 MEHBILINM, T.€.

1 _ (130)
pang = p
N nao6opot
o T
~ 180"

Tak kak 7 = 3,14, To 1 paxg =57,3°
Ecim yros comepkut a pajuaH, TO €ro rpaaycHas Mepa paBHa

180
ora=(20-)

N nao6opot

a m
i =——-apaqg
180 *°F
OObIYHO MK 0003HAYEHUH MEPHI YIiia B paJiiaHaX HAMMEHOBAHUE «Paj» OIyCKAIOT.

Hanpumep, 360° =2 7 pan, numyt 360° =2

B tabnune ykazansl Han0oJiee 4acTo BCTpEUAIOIIECs YIJIbl B IPAAyCHON M paJlMaHHOM Mepe.

['pamycel 0 30 45 60 90 180
Panuanel 0 z z T T s
6 4 3 2
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Paguannas mepa yria yaoOHa A BBIYMCICHUS JAJIMHBI IyTH OKPY>KHOCTH. Tak kKak yroa B 1
paauaH CTATUBAET IyTy, JUIMHA KOTOPOW paBHa paauycy R, To yron B @ paj CTArUBaeT Ayry JIMHON

l=c-R
Oco0OenHo mpocToii Bua (hopMyna uMeeT B ciydae, korga R =1. Torna anuxa nyru paBHa
BEJIMYMHE IIEHTPAIBHOTO yTIJIa, CTATUBAEMOT0 ATOM IyTroi, B paananax, T.e. | =« .
[Tnomane kpyroBoro cexkropa paauyca R, o0pa3zoBaHHOTO yIJIOM B & pajl, paBHA
R 2
S=—u«
2

Ilosopom mouku 60Kpyz nauana Koopounam

PaccMoTpuM Ha KOOpPJIMHATHOM IJIOCKOCTH OKPYXHOCTh paauyca | ¢ IeHTpoM B Hauale
KoopauHat. Ee Ha3pIBalOT €JUHUYHON OKPYKHOCTBIO. BBeleM MOHATHE MOBOPOTA TOYKU €IUHUYHOMN
OKpY’KHOCTH BOKPYT' Hadajia KOOpJMHAT Ha yroJl @ paf, Ile o - Jito0oe AeHCTBUTEIBHOE YUCIIO.

1. Ilycts 0>0. IIpennonoxuM, 4To TOYKa, IBUrasCh MO EAMHUYHON OKPYKHOCTHU OT TOUKH P mpotus
4acOBOM CTpEJKH, Mpoluia nyTh JIUHOU a (puc. 1). Koneunyto Touky mytu o6o3Hauum M.

B sTOM ciyuae 6yieM roBopuTh, YTO ToUka M mosydeHa u3 Touku P ToBOpoTOM BOKpYT Hauana
KOOPJMHAT HA yIoJl 0. paJuaH.

2. ITycts 0<0. B aTOM cityyae mOBOPOT Ha Yol ¢ paiiaH 03HA4aeT, YTO JIBUKEHUE COBEPILAJIOCH 110
4acOBOM CTpEJIKE U TOYKa MPOLLIA IIyTh JUIMHHON |a| (puc. 2).

HOBOpOT Ha 0 paa 03Ha4acT, YTO TOYKA OCTACTCA Ha MCCTC.

[Tpumepsi:

1) TIlpu noBoporte Touku P(1;0) Ha yron(% )(puc. 3) momyvaercs Touka M ¢ koopaunatamu (0;1).
2) Ilpu nosopore Touku P(1;0) Ha yron(-% ) (puc. 3) monyuaercst Touka N(0;-1).

3) Ilpu noBopote Touku P(1;0) Ha yron( 377[ ) (puc. 4) monyuaercs Touka K(0;-1).

4) Ilpu nmoopote Touku P(1;0) Ha yrou(- 7 ) (puc. 4) momyqaercs touka JI(-1;0).

v e ' Fl“

o ! X
o<l

M
. a>0 /_ _
t.l pff-,-ﬂL PI’I.J.'JJ__
| | | x \

Puc.1 Puc.2
Yi ¥
M{0;1)

o
. ~% P;0)_ LE;00 /7 %ﬂ”ﬂ}
e y x

K(0;-1)

W
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Puc.3

%30k
A0k
Bl
B+~
@}aw
&S
@,.,,m

Puc.4

[IpuBenem TabauIly HOBOPOTOB Ha HEKOTOPHIE YTJIbI, BEIPA)KEHHBIE
B paJiMaHHOW M rpagycHoi Mepax (puc. 5). OTmerum, 4TO NpHU
noBopore Touku P(1;0) ma 360°, TOouka BO3BpamaeTcs Ha
NepBOHAYAIBHOE MOJIOKeHUe (cM. Tabmwuiy). [Ipu moBopoTe TOUKH

Ha -360°, oHa Tak)Ke BO3BpAIAETCs B IEPBOHAYAIBHOE MOJI0KEHUE.

Puc. 5
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Tema 3.2. Onpeodenenue cunyca, Kocunyca, manzenca u KOmaHzeHca y2id.
Onpeoenenus cunyca, KOCUHyca, MaH2eHca U KOMAan2eHca Yucad. 3HaKku CUHyca u KOCUHyca.
Ymemsb: HaXOAUTh 3HAYEHUS] TPUTOHOMETPUUYECKUX BBIPAKEHU, ONPEIeIsITh 3HAKOB YUCE
sina, cosa, tga, ctgo

3nameo: OomnpeacJICHUA CUHYCa, KOCMHYCa, TAHI'CHCA U KOTAHI'CHCA YK CJid, 3HAKU CMHYCa U KOCUHYCA.

Omnpenenenne 1. Cunycom yria o A
Ha3bIBAETCS OpAMHATA TOYKH, MOTYYECHHON 4
noBopoToM ToukH (1;0) Bokpyr Hauana
KOOpAMHAT Ha yroll « .O0o3Havaercs Sinae | 77 TN
Omnpeneaenne 2. KocuHycom yrna o
Ha3bIBaeTCs adcUucca TOUYKH, MOTYYSHHOM .
noBopotoM ToukH (1;0) Bokpyr Hayana ﬁx/\a
KOOpJAMHAT Ha yroi o .O6o3HavaeTcst COS 0(0;0) | cosa | P(1;0)

B atux OMpPCACICHUAX YTOJI MOKET BbIPAXKATHCA KaK B I'palyCax, TaK U B paaraHax.

Onpenenenne 3. TanreHcoM yriaa Ha3bIBaeTCs OTHOIICHHUE CHUHYCa yria ¢ K €ro KOCHHYCY
(obo3Hauaercsatga ).

sin
cosa

Omnpenenenne 4. KoTaHreHCOM yriaq Ha3bIBaeTCsl OTHOILICHHE KOCHHYCa yrila & K €ro CHHYCY
(o6o3Hauaercs ctgar ).

Takum ob6pazom tga =

Takum obpazom Ctga = Cf)Sa
SN
[IpuBeneM TaOIMIly YaCTO BCTPEUAIOIIUXCS 3HAUCHU CHHYCa, KOCHHYCa, TAHT€HCA U KOTaHTeHca.
Tpagycer | 0% | 30° | 45°% | 60° | 20° | 180° | 270° | 3&0°
3
Paguagm | 0 z il z z T i 2
& 4 3 2 2
Tyurnua
. 0 l E £ 1 0 -1 0
1 o P o
1
COSK 1 E E — 0 -1 0 1
2 2 Z
tact 0 ?E 1 |43 - 0 - 0
ctgct - | 43 1 g 0 - 0 -
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3HayeHusn KOCHMHYCA U CHHYCA HA OKPY/KHOCTH.

yi ¥ h
i i + e +
0 X 0 X
- — - +
JInaxu cusyca Jvanu wecunyca

Koumponvnvie sonpocsi
1. EnunnyHast OKpyKHOCTb.

2. YTOJ B OJWH paJIuaH.
3. [ToBopoT TOUKM BOKPYT Hauajga KOOPJIUHAT.

4. OnpeneneHus CUHyca, KOCUHYyCa, TAHT'€HCa U KOTaHI'€HCa YHUCIIa.
5. 3HaKu CHHYyca U KOCHHYcCA.

YA

T

oS |

Q,_

uawu manseHca
U KOIMOaMECHC D
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Tema 3.3, 3.4. OcHOBHBIE TPUTOHOMETPHYECKHE TOKAeCTBA. PPMYJIBI CI0KEHHS

3asucumocms medncOy CUHYCOM, KOCUHYCOM, MAH2EHCOM U KOMAH2EHCOM 0OHO20 U MO20 Jice
vena. Dopmynvl crodicerus.
Ymemw: npeobpa3oBbIBATh MPOCTEUIIINE TPUTOHOMETPUUECKUE BBIPAKEHNUS, BBIUUCISTH C TOMOLIBIO
(bOpMyJIBI CIIOKEHHUS.
33namyb: 3aBUCHUMOCTb MEKAY CUHYCOM, KOCUHYCOM, TAHT'€HCOM U KOTAaHI'€HCOM OJJHOT'O U TOTO e
yria, GopMyJibl CIIOKEHHS.

Ocnosnoe mpuzoHomempuiueckoe moxcoecmeo:

cos’a+sin“a =1
3a8ucuM0cmb Meafcdy CtuCOM 1/} KOCtuCOM.'

cos’ @ =++4/1-sin’a
sin? o = +yJ/1-cos’ «

tga -ctga =1

1
tg’a+1=———, ctg’a +1=—
cos’ a sin’ o

Cunyc, kocunyc, manzenc y2noe (—o) u o .
cos(—a) = cosa
sin(—a) =-sina
tg(—a) =tga
ctg(—a) = —ctga
Dopmynbl C0NHCEHUA

OCHOBOI1 17151 BBIBO/Ia OCTAJIBHBIX (POPMYIT SBIISIOTCS hOPMYIIbL CLOMHCEHUA:
cos(a + ) = cosa cos S +sin asin

cos(a — f) =cosa cos f —sin asin
sin(a + ) =sin a cos S+ cosasin
sin(a — ) =sin e cos f —cosasin S
tg(a+ f) = ga+1gf
1-tgatgp
Konmponvnvie sonpocwi
1. 3aBHCUMOCTb MEXKIY CUHYCOM, KOCUHYCOM.

2. 3aBUCUMOCTH MEX/Ty TAHT€HCOM U KOTaHT€HCOM OJIHOTO M TOTO K€ yTJIa.
3. ®opMyIIBI CIIOKEHUSI.

Tema 3.5. CuHyc, KOCMHYC H TAHT'€HC /IBOI{HOIO yrJia.
CuHyc, KOCHHYC M TAHT'€HC NT0JIOBUHHOIO YIJIa

DopMyJIbl IPUBEICHUA

Bv1600 ghopmyn cunyca u kocunyca 0801iH020 y2aa, UCNOab3ysa Gopmynsl crodxcenus. Haxoocoenus
NOJOBUHHO20 V2lia NO U38ECMHBIM 3HAYEHUAM KOCUHyca u cunyca. Ilpumenenue ¢oopmyn npugedenus.

Ymemw: wucnonb3oBath (GOpMyJbl JBOWHOTO yria, HCMIOIb30BaTh ()OPMYJbI MOJOBHHHOIO VTIIa,
MPUMEHSITh IIPU PEUICHUN 33]1a4 POPMYJIIbI TPUBEICHHUS.
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3namu: BBIBOA (hOPMYJI CHHYCA U KOCHHYCA JABOMHOIO YIJIa, HCIOJIB3Ys (POPMYJIBI CIOKEHNS,
HaXO0KJICHHS MTOJIOBUHHOTO yTJIa [0 W3BECTHBIM 3HAUEHUSIM KOCUHYCa U CUHYCa, TpUMEHEHHE (HOopMyJT
MIPUBEICHHUS.

Cunyc, KocuHyc u manzeHc 080IUHO20 y2na.

sin 2¢ = 2sin ¢ COSax
cos2a =cos’ a —sin’ «

CtuC, KOCUH)YC U MAHZECHC NOJIOBUHHO020 y2/ia
2 _1+cosa
2 2
. ,a 1-cosa
sin? = =——"--"-
2 2
oy _1-cosa

2  1+cosa

Cos

Dopmynvt npugedenus

onsa cunyca:
(7 (7
sin| = —a |=cosa, sinf =+a |=cosa,
2 2
sin(z —a)=sina, sin(z7+a)=-sina,
SIn£7—aj——cosa, sm( aj —COS« .
onsa Kocunyca:
7
COS(E — J =sina, cos( + aj =-sina,
cos(z —a)=—cosa, cos(z +a)=—cose,

cos[3 j =-Sin«, cos( aj =sSina.
2 2

0/11 MAH2EeHCA U KOMAHZEHCA:

tg(%+aj:—ctga, Ctg[ +aj:—tga
tg(%—aj=0tga, Ctg(%—a]=tga.

o o T
B IMpaBOH 4YaCTU (I)OpMy.TILI CTAaBUTCA TOT 3HAK, KOTOPBIM UMECT JICBAA YaCTh IIPHU YCIIOBUU O<ac< E

o V4 3
Ecnu B neBoit yactu GpopmMyJibl yron paBeH Eia WA > + @, TO CHHYC 3aMEHSETCS Ha KOCHHYC,

TaHI'CHC — Ha KOTAHI'CHC 1 HaO60pOT. Ecmm YT'OoJI paB€H 7T ta , TO 3aMCHBbI HC ITPOUCXOIUT.

Cymma u paznocmp cunycos. Cymma u pazHocmo KOCUHYCOB.
a+ o—
ﬂ COoS 'B )
2 2

sin a +sin g = 2sin

18



—F s @t P

sin o —sin S = 2sin a2

2
COSa+COSﬂ:2COSa;ﬁCOSa;ﬁ,
cosa—cos,B:—Zsina;ﬂsina;ﬂ.

Koumponvnvie éonpocwi

1. BeiBoa hopMyJ1 cuHyca U KOCUHYCa ABOMHOTO YIJIa, UCHIOJB3Ys (POPMYJIbI CIIOKEHHUSI.
2. Haxo>eHus IOJIOBUHHOT'O YIJIa IO U3BECTHBIM 3HAaYEHUSM KOCHHYCa U CUHYCA.

3. Ilpumenenne GopMyIT IPUBEICHHS.

Tema 3.5 .TpuronHomerpuyeckue GyHKIHMH.

Onpedenenue mpueconomempuyeckux QYHKYuil, cOUCMEA MPUSOHOMEMPULECKUX
@yHKYUl, epaghuru mpueoHoMempuyecKux QyHKyul

Ymemos: cTpouTh raQ KM TPUTOHOMETPUUECKUX (DYHKIIMNA, OMUCHIBATh X CBOMCTB, IPUMEHSTh
CBOICTBA MPU PEUICHUH YIIPAKHEHUI

3namu: onpeneneHusl TPUrOHOMETPUUECKUX (PYHKIMN, CBOMCTBA TPUTOHOMETPUIECKUX (PYHKLIUI
Gynkuuu Y = Sin x, y = COS x, y =g x, y = Ctg X HA3BIBAIOT TPUTOHOMETPHUYCCKUMHU (DYHKIMSIMU.

@OyHkmus y = Sin x.

CaoiictBa u rpaduk GyHKIHH Y = SiN x.

1) ObnacTe onpeneneHus - MHOKECTBO BCEX JAEHCTBUTEIbHBIX YUCEN.

2) O6aacTp 3Ha4YeHuH - oTpe3ok [ - 1; 1].

3) OdysKIMA epUoANYecKast; OCHOBHON MEPHOJ] paBeH- 27.

4) OyHKIMSA HEYETHAS .

5) ®dyHKIMA BO3pacTaeT Ha MPOMEXyTKax [ -n/2 + 2nn; m/2 + 2nn] u yObIBaeT Ha
IPOMEXKYTKAX

[ ©/2 + 27n; 3n/2 + 27n], n € Z.

I'padux GpyHKInU y = SiN x H300pakeH HAa PUCYHKE.

i y=sinx
11

DdyHKuus y = COS X

CgoiicTBa 1 rpaduk GyHKIIMH ) = COS X.
1) O6nacts onpeneneHus: GyHKIIUHN - MHOKECTBO BCEX JCHCTBUTEIBHBIX YUCEIL.
2) O6aacTh 3HaUeHui - oTpe3ok [- 1; 1].
3) ®yHKuMA nepuogudecKasl ¢ OCHOBHBIM IIEPUOJIOM 2T.
4) dyHKIMSA YeTHAS.
5) ®yukuus yobpIBaeT Ha MPOMEXKYTKaX [27n; 1+ 2 n] 1 Bo3pacTaeT Ha MPOMEKYTKAX
[-nt+ 27n; 27n], nnZ.
I'paduk GpyHKINE Y = COS X N300pa’keH Ha PUCYHKE.
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11

dyukuud y = tg x.

CgoiictBa u rpaduk pyHKIMH ¥ = g X.

1) O6nacts onpenenenus: X& n/2 + nk, ke Z.
2) OGnacTb 3HAYEHUH - BCS UUCIIOBAsH MPsiMast.
3) - ocHOBHO# mepuo] GyHKIIUH.

4) OyHKIMS HEUETHAs.

5) ®yHKIIMS BO3pacTaeT Ha MPOMEXYTKax ( -1/2 +wn;m/2 +mn).

I'padux dpynkuum y = tg x n3o0pakeH Ha pUCYHKE.
Yy y=tgu

|

X

i

(}

.
-

=4
b3 |

3

|
| |
| |
| |
| |
| |
| |
', '.
T T
| |
| |
| |
| |
| |
| |
| |

®ynknusa y = ctg x.

CgoiictBa u rpaduk pyHkmm y = ctg x.
1) O6nacte onpeneneHust GyHkuu: X & n/2 +nk, ke Z.
2) Obnactb 3HaYCHUH (PYHKLUH - BCS YUCIIOBAS TIPSMast.
3) OyHKIMS IeproAnYecKasi ¢ OCHOBHBIM MIEPUOJIOM T.
4) OyHKIMS HEYeTHasl.
5) dyukims y = Ctg x yObIBacT Ha MPOMEKYTKaxX (7tn;m+7n).
I'padux ¢pynkunm y = Ctg x n300pa>keH Ha pUCYHKE.

v
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Tema 3.6. O0paTHble TPUTrOHOMeTpHYeckHe QYHKIIUM, UX
cBoiicTBan rpapuku.

Onpeodenenue 06pamuvlx MpUOHOMempu4eckux QyHKyul, ceoucmasa
MPULOHOMEMPULECKUX DYHKYUL, 2paAPUKU MPUSOHOMEMPUYECKUX PYHKYUL

Ymemsw: cTpouTth raguKu 0OpaTHBIX TPUTOHOMETPHUUECKUX (DYHKIIHIA, OMTUCHIBATH UX CBOMCTB,
NPUMEHSATh CBOMCTBA MPH PELICHUH yIPaKHEHUH

3uamy: onpeneneHusi 00paTHBIX TPUTOHOMETPHUECKUX (DYHKIIMNA, CBOHCTBA OOpPATHBIX
TPUTOHOMETPUUYECKUX (QYHKIUN

OOpatHble TpUroHOMeTpUdeckre QPyHKIHU (APKCUHYC, ApKKOCHHYC,
ApPKTaHTE€HC U apKKOTAHIEHC) SIBJISIOTCSI OCHOBHBIM 3JIEMEHTAPHBIM
¢ynkuusamu. Yacto n3-3a npucTaBku "apk'" oOpaTHbIE TPUTOHOMETPUUYECKHE
GbyHKIMHN Ha3bIBAIOT apKpyHKuuaMu. Celyac Mbl pacCMOTPUM UX IpaduKu
Y TIEPEYMCIINM CBOMCTBA.

DyHKIUS apKCUHYC Y = arcsin X

N300pa3um rpaduk GyHKIMH apKCUHYC:

CaoiicTBa QyHKIIMH apKCHHYC Y = arcsin X
1.006nacth onpenenenus — orpe3ok [-1;1].

2. MHO>XeCTBO 3HaYEHUH — OTPE30K [— z. %} .
3. dyHKIws Y = arcsin X Bo3pacTtaer.
4, dyHKIUs Y = arcsin X siBasieTCss HEYETHOM, TaK Kak
arcsin(—x) = —arcsin x.
DOyHKIUSA APKKOCHHYC Y = arccos X

I'paduk QpyHKIIMM apKKOCHHYC UMEET BU:
Y

kLS

)

CaoiicTBa QyHKIMH aPKKOCHHYC Y = arccosX
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1.006nacth onpenenenus — orpe3ok [-1;1].
2. MHOX€eCTBO 3HaUCHUHN — OTPE30K [0; 7[].
3. @yHKIMs Y = arcCoSX yObIBaer.

DyHKIUA APKTAHTeHC Y = arctgx.

I'paduk pyHKIMM apKTaHT€HC UMEET BU/L:
z]Y

2

2
CaoiictBa pyHkumuu Yy = arctgx.

1.06nacTh onpeneneHuss — MHOKECTBO BCEX JCHCTBUTEIBHBIX YHCEN.

. T
2. MHOeCTBO 3HaU€HUIN — HHTEPBAJ (— o Ej .

3. @yHKIHMA Y = arctgx Bo3pacraer.
4, dyHKIUA Y = arctgx sBIsETCs HEYSTHOM, Tak Kak arctg(—X) = —arctgx

DyHKIUA APKKOTAHIeHC Y = arcrcgx .

N306pa3um rpaduk GyHKIMHM apKKOTAaHTeHC!

CaoiicTBa (l)yHKﬁnn y = arcctgx.
1.0O6macTp onpeneneHnss — MHOKECTBO BCEX JICHCTBUTEIBHBIX YUCET.
2. MHOXeCTBO 3HAUYCHHUI — HHTEpPBAJI (0; 7r).

3. @ynkius y = arcctgx yObIBaeT Ha Bcel 00J1aCTH ONpeAeIeHHUS.

Konmponvnvie 6onpocwi
1. Onpenenenus GyHKUUHN, X CBOMCTBA U I'paUKH.
2. IIpeoGpa3oBanus rpadukos.

3. [MapamnensHBIH IEpeHOC, CHMMETPHUSI OTHOCUTEIHFHO OCeH KOOPIWHAT M CUMMETPHSI OTHOCHTEIIBHO
Hayajga KOOpPJIMHAT, CUMMETPUsS OTHOCUTEIBHO IPIMOM Y=X, PACTSKCHUS M CKaTUE BJOJIb OCEH

KOOpPJIMHAT.

Tema 3.7. Tpuronomerpuyeckne ypaBHeHUust

IIpocmetiwue mpuecoHomempuueckue ypagrHenus 6uda cosx = a,sinx = a,tgx = a, ctgx = a, Memoosl

peutenuss mpueoHOMempuyecKux ypasHeHut

Ymemw: peliath ypaBHEHHE BUAA: COSX = a,SiNX = a,tgx = a,ctgx = a

3namy: onpeneNieHrs apKCUHYCa, apKKOCHHYCA, apKTAHT€HCA; YACTHBIE CIIydau TPUTOHOMETPUUECKUX

YpaBHEHMIA, OCHOBHBIE METO/IbI PEHICHHUSI TPUTOHOMETPUUYECKUX YPaBHEHHIA.



Ypasenenue cosx =a.

ApkkocunycoMm yucaa a€[-11] maseBaercs takoe uucio « €[0;7], KocuHyc KOTOPOTO
paBeH a. arccosa=a ,eciii COSax =a u 0<a <r.
Bce kopHUM ypaBHEHHsT COS X = @, T/e |a| <1, MOXHO HaXOJIUTh MO POpMYyJie

X =ztarccosa+2m,ne”Z .
arccos(—a) =7 —arccosa - 9ta (¢opMyla TMO3BOJISIET HAaXOJUTh 3HAYEHHS ApPKKOCHHYCOB

OTpULIATEIBHBIX YUCEN Yepe3 3HAUCHUS] ApKKOCUHYCOB MOJOKUTEIbHBIX YUCET.
Yacmmusie cayuau:

T
cosx =0, x:5+7zn,nez

cosx=1, x=2m,neZ
cosx=-1, X=rw+2m,ne’
Ypasenenue sinx =a.

T
ApkcuHycom unciaa a € [—11] HaspiBacTCs TaKOE YHCIO & € [_E ; E] , CHHYC KOTOPOTO paBeH

. . T T
a. arcsina=a,eciu SInx =a u ——SaSE.

Bce xopHu ypaBHeHus Sin X =a, rae |a| <1, MO>XXHO HAaXOAUTH 1O GopMyIIe

x=(-1)"arcsina+m,neZ.

arcsin(—a) = —arcsina - sta gopMmysa MO3BOJSET HAXOAUTh 3HAUCHUS aPKCHHYCOB OTPUIATEIBHBIX

YyHUCeN Yepe3 3HAaUCHHs] ApKCUHYCOB MOJIO0XKUTEIBHBIX YHCEIL.
Yacmmusie cayuau:
sinx=0, Xx=m,ne”Z

sinx=1, x=%+27zn,nez

sinx=-1, x:—%+27zn,nez

Ypagnenue tgx =a.

T
ApPKCHHYCOM 4HcJIa 8 € R Ha3pIBaeTCs TaKOE YUCIIO ¢ € [_E ; E] , TAHT€HC KOTOPOT'O PaBEH a:

T T
arctga=ca,ecim tga =a u —Eﬁasg.

Bce xopuu ypaBHeHus SinX =a, rae a € R, MOKHO HaXoIuTh 1o (popmyiie

X =arctga+m,neZ .

arctg(—a) = —arctga - sra Qopmysa MO3BOJSIET HAXOAWUTH 3HAYCHHS APKCHHYCOB OTPHIIATEIbHBIX
YHUCeN Yepe3 3HAUCHHS ApKCUHYCOB MOJIOKUTEITHHBIX YHCEIL.

Tpuzouomempuuecxue YpasHenusn
1. YpaBHeHHUs, CBOIAITUECS K KBAPATHBIM.
2. YpaBHeHus asin X+bcosx=c.
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3. YpaBHeHUsI, penaeMble pa3IoKEHUEM JICBOM YaCTU Ha MHOKHUTEIIH.

Konmponvnuvie 6onpocsi

1. VpaBHeHus BUJIa COSX = a.
2. YpaBHEeHHS BUA Sin X =a
3. YpaBHeHus BUIa tgx=a.
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Tema 4. KopHu, cTeneHu

Tema 4.1.CTeneHb ¢ pallMOHAJbLHBIM U J€CTBUTEJIbHBIM MOKA3aTEJISIMU.

OnpedeﬂeHue u ceolicmea cmenexell C payuoOHRAaAIbHBIM U C oelicmeumesbHbiM NOKA3AMeNSAMU.

Ymemuw: pemats 3a1aun Ha TeMmy: «CTeNeHb C pallMOHATIBLHBIM U ICHCTBUTEIBHBIM TTOKA3aTEISIMI.
3namu: onpenieNieHre U CBOMCTBA CTENEHEN ¢ PallMOHAIBHBIM U C JECHCTBUTEIBHBIM MOKA3aTEIISIMH.

Cmenenp C PAUUOHAIBHbIM ROKaA3amesiem.

m
Ecaun-— HAaTypaJIbHOE YHCJIO, M — E€JI0C YUCIO U YaCTHOC — SABJISICTCS LICJIBIM YUCIIOM, TO IIpHU
n

a>0 crpaBeIMBO PaBEHCTBO
m
va™ =an.
m

[Mone3ysick Gopmystoit Va™ =a", cTeneHs ¢ paloHATBHBIM TTOKa3aTeIeM MOKHO
MIPEICTaBUTh B BUJE KOPHS U HA00OPOT.

m  mk
Tak kak — = PR rae N u K - HaTypaibHbIe YUCa, M — [eJI0e YHUCIIO0, TO TpH JrodoM a@>0.
n

LN
a n — a nk
MoxHo IIOKa3aThb, YTO BCEC CBOMCTBA CTEIICHU C HAaTypaJIbHBIM IMOKA3aTCJIEM BCPHBI IJId CTCTICHU
C JIOOBIM palliOHAJIBHBIM IIOKAa3aTCJIEM U ITOJOKHUTCIbHBIM OCHOBAHHUEM.
A uMeHHo, 1St TF00BIX palMOHATBHBIX nces P u ( u moosix @ > 0,b > 0 BepHsI paBencTBa:

1. afPa%=af"

2. aP:a%=af"
3. (@af)*=aP
4. (ab)’ =a’b’

o

a)! a’
&) -5

OTH CBOWCTBA MOJIYYarOTCs U3 CBOMCTB KOPHEH.

Cmenens c oelicmeumenbHbiM NOKA3AMENeM.

IIpu m060M X € R 1 mo6om a >0 cremnedb a* SABISETCS MONOKUTENBHBIM A€HCTBUTEILHBIM
yucinom: a* >0 mpu xeR,a>0.
Ecnu ocnoBanue crenenn a=0, To crenenb 0% onpenensror Toabko npu X >0 ¥ CUMTAOT, YTO

0" =0 mpu x> 0. IIpu X <0 BeIpaKEHHE HE UMEET CMBICIIA.
IIpy TakoM oOmIpENENEHUH CTENEHU C JEHCTBUTEJIBHBIM IIOKA3aTEIEM  COXPaHSIOTCS BCE
U3BECTHBIE CBOMCTBA CTENEHU C PAllMOHAIIBHBIM [TOKa3aTeNeM.

Jns moGoro a >1 u mo6oro X >0 uucno a* Goneine 1,r.e. a* >1 npu a>1,x>0.
Teopema: Tlycth a>1u X <X,.Torma a* <a*.

Creocmeue 1. Tlycts 0<a<lwu X; <X,.Torma a* >a*.

Creocmeue 2. Tlycts a>0,a#0,a* =a™. Toraa X, = X,.

Cneocmeue 3. Tlyets 0 < X, < X,. Torna, eciu p >0, 10 X" <X,”,aecim p<0,10 X" > X,"
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Takum 00pa3om, IpU BO3BEACHUU HEPABEHCTBA C TMOJIOKHUTEIHHOU JIEBOM M TOJOKUTEIHHOMN
MPaBOM YacCTAMH B MOJIOKHUTEIBbHYIO CTEIIEHb 3HAK HEPABEHCTBA HE MEHSETCS, a IPU BO3BEJACHUU B
OTPHIIATEIBHYIO CTENEHb 3HAK HEPABEHCTBA MEHSAETCSI HA MTPOTUBOIOIOKHBIMN.

Konmponvnvie sonpocwi
1. Omnpenenenue 1 CBOMCTBA CTENEHEH ¢ palliOHAIbHBIM MOKa3aTESIMH.
2. OmpenienieHre U CBOMCTBA CTETICHEH ¢ CHCTBUTEIBHBIM ITOKA3aTEIISIMHU.

Tema 4.2. ApudpmeTndecknii KOpeHb HATYPAJIbHOMN CTENEHH.
Onpeoenenue u ceolicmea apugpmemuiecko2o KOpHs HamypaibHoll CIMeneHu.

Ymemuw: pemats 3a1auu Ha TeMy: «ApudMeTHuecKuil KOPeHb HATYPATbHON CTETICHNY
3namu: onpeneneHne U CBOMCTBA apu(METUUECKOT0 KOPHSI HATYpaIbHOU CTETICHH

Onpenenenne: Apugmemuueckum KopHem HaATYpaIbHOM CTENIEHU N > 2 U3 HEOTPULIATEIHHOTO
YHUCJIa g HAa3bIBAETCSI HEOTPULATEIBHOE YUCIIO, N-asi CTENEHb KOTOPOTO PaBHA d.

Apudmernueckuii KOpeHb N-OH CTeeHH W3 4Huciaa a oOoO3HadaeTrcs Tak: va. Yucno a

Ha3bIBAETCS MOJKOPEHHBIM BbIpakeHHEM. Eciu N=2, To BMecTO 3a MUY T Ja. Apudmernuecknit
KOpPEHb BTOpPOM CTENEHW HAa3bIBAIOT TAKXKE KBAJpPaTHBIM KOPHEM, a KOpPEHb TPEThEH CTENEHU —
KyOuueckuM KopHeM. JleHcTBHE NOCPEICTBOM KOTOPOI'O OTBICKMBAETCS KOPEHb N-OH CTENeHH,
Ha3bIBACTCS U361eUeHUeM KOpHa N-0u cmenenu. ITO JECUCTBHE SBISETCS OOpaTHBIM JEHCTBUIO
BO3BEZICHUS B N-10 CTETICHb.

ApudpmeTnueckuii KOpeHb  N-0il cTemeHu o0iagaeT CIACAYIOLUMU CBOWCTBAMU: €CIIU
a>0,b >0 un,m — HaTypaibHbIC YKCIA, TPHYEM N >2,M> 2, TO

1. Yab =%a¥b
a_Va
(Va)"

3. a)" =Va
4. (WWa)="a
OtmMeTtuMm, 9TO B CBOMCTBE 1 unciio b MOXeT Takke ObITh PAaBHBIM HYJIIO; B CBOMCTBE 3 YKCIO M
MOJKET OBITE LIeNBIM, ecian a>0.

m

Konmponvhuvie 6onpocwi
1.0npenenenne apupmMeTHIECKOro KOpHs HaTypaTbHON CTETICHH.
2.CBoiicTBa apu(pMETHUECKOro KOPHS HATypaJbHON CTENECHH.

Tema 4.3. UppanuoHajibHble ypaBHEeHHUsI H HEPABEHCTBA
Memoobl pewenus uppayuoHaIbHbIX YpasHeull U HepaseHCcms

Ymemn: peuraTb OCHOBHBIC BUJIbI UPPALMOHAJIBHBIX ypaBHeHI/IfI
Buame: OIPECACICHUEC UPPALUOHATIBHOI'O0 YPaBHCHM A, OCHOBHBIC MCTOAbI UX PCIICHUA

YpaBHeHUe, coaeprKalee MepeMeHHYI0 M0/ 3HAKOM KOPHSI, Ha3bIBACTCS UPPAUUOHATILHBIM.

Pemienne mppalimoHansHOTO ypaBHEHHsT OCHOBAaHO HAa MPEOOpPa30OBaHUU €r0 K PalMOHATHLHOMY
YPaBHEHMIO, YTO JOCTUTAETCS BO3BEACHHEM O0EMX €ro dacteil B OJHY M Ty K€ CTENeHb (MHOrJa
HECKOJIBKO pa3).
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[Ipu Bo3BeneHUMN 00eMX yacTel MppPalMOHATIBHOIO YPaBHEHHUS B YETHYIO CTENEHb IMOJIy4aeTcs
YPaBHEHUE, SBJISIOUIEECS CIEICTBUEM UCXOAHOIO. Y pPaBHEHUIO-CIIEACTBHIO YA OBIETBOPSIOT BCE KOPHU
HCXOJHOTO ypaBHEHHUS, HO MOTYT MOSBUTHCS U KOPHHU, KOTOpPbIE HE SIBISIFOTCS KOPHSIMH HCXOJHOTO
ypaBHEHHS («IOCTOPOHHUE» KOPHM). UTOOBI BBIABUTH «IIOCTOPOHHHME» KOPHHU, BCE HAalJICHHbIE KOPHU
YPaBHEHUSI-CIIEICTBUS MIPOBEPSAIOT MOJICTAHOBKOW B HMCXOJHOE YpaBHEHHE U «IIOCTOPOHHHE» KOPHU
0TOpachIBaIOT.

HcxonHoe wppalMOHaIbHOE YpPaBHEHHE DPAaBHOCWIBHO CMELIAHHOM CHCTEME, COCTOSINEH W3
YPaBHEHMS-CIIECTBHS M OTpaHUUYEHHM, ONpeiesieMbIX 001aCThIO JOMTyCTUMBIX 3HAaUEHUH IEpEMEHHOI.
B s3tom ciydyae «mocTopoHHHE» KOpHM HE OyAyT BXOAUTh B 00JIACTh AONMYCTHMBIX 3HA4YE€HUUN
NEPEMEHHON U MPOBEPATH UX MOJACTAHOBKOH B HCXOAHOE YpaBHEHHUE HE TpeOyeTcsl.

[Ipu Bo3BeEeHNM 00enX YacTel HPPAlMOHATIBLHOIO YPaBHEHHS B HEUETHYIO CTEIIEHb MOJTy4aeTcs
YPaBHEHUE, PaBHOCUJIBHOE UCXOJHOMY.

HppanuoHajibHble HEPABEHCTBA € OJHOM MEPEMEHHOM.

Pemienne wuppanuMoOHAIBHOIO HEpPABEHCTBA C OJHOM TNEPEMEHHOM CBOJMTCS K PELICHHUIO
PABHOCUIIBHOM €My CUCTEMBI pallMOHAJIBHBIX HEPABEHCTB MIIM COBOKYITHOCTH CUCTEM PaLlMOHAIBHBIX
HEPABEHCTB.

OTH CUCTEMBI PEUIAIOTCS MPU HAJIOKEHUH OTPaHUYCHUN Ha MEPEeMEHHYI0 U BO3BEACHUU 00EHX
4acTel HEPABCHCTBA B OJIHY U Ty JK€ CTCIICHb.

Koumponvnvie sonpocwi

1. OcHoBHBIE IPHEMBI UX pelIeHUs (Pa3JIoKeHHE Ha MHOKUTEIH, BBEJICHIE HOBBIX HEM3BECTHBIX,
MOACTAaHOBKA, TpapuecKuit METON).

2. M3ob6paxeHue Ha KOOPAMHATHOM MJIOCKOCTH MHOXKECTBA PEIICHUH YpaBHEHUH C IBYyMs
IIEPEMEHHBIMU U UX CHCTEM.

3. M3obpaxeHnue Ha KOOPAMHATHOM IJIOCKOCTH MHOXKECTBA PELICHUN HEPABEHCTB C IBYMsI
IIEPEMEHHBIMU U UX CHCTEM.

Tema 4.3. Jlorapudpmbl.

Onpeodenenue nocapugma nonosxcumenvrozo yucia. Ceoticmaa noeapughmos. ecamuunvie u
HamypaivHvle 102apughmoi.

Ymemu: BbIUNCHATH TOTaPUPMBI.
3namv: OnpeneneHue jorapudma moaoxkuTeabHoro yncna. Cpoiictsa norapu@mos. JlecaTuunble u
HaTypaJbHbIE JIOTapU(MBI.

Onpenesienne: Jlorapudmom MOIOKUTEIBHOTO uncia b mo ocuHoBanuio a (rnea>0,a=0)
HAa3bIBACTCH MMOKA3aTCJIb CTCIICHH, B KOTOPYIO HA10 BO3BCCTHU YUCIIO 4, 4TOOBI MMOJIYy4YHTb YHCJIO b
Jlorapudm uucia b mo ocHoBanuio a o6o3Havaercst cumposioM: log, b.

Ecmn a>0,a#=0, b>0, to log a b o OIIPEIICIICHUIO €CTh II0KA3aTe/Ib CTCIICHU, B KOTOPYIO HaJ0

BO3BCCTH YHCJIO A, YTOOBI MOJIYYHUTb YHUCJIIO b. HOBTOMy PaBCHCTBO
aIoga b — b
€CTb TOKACCTBO, KOTOPOC HA3BIBAXOT OCHOBHbIM ]lOZClpblquUU@CKMM MOoXNCOeCmEoM.

JleiicTBHsI HAXOXKIEHUS JIoraprudMa YnciIa Ha3bIBAIOT J102APUPMUPOBAHUEM.

Ceonicmea nozapughmos.
Ilycte a>0,a#0,b>0,c>0,r- moboe HelcTBUTENHLHOE YKCI0. TOr/Ia ClIpaBeIIuBEI

bopmybL:
1. log,(bc)=1log,b+log,cC,
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2. Mga(%):Jogab—Jogac,

3. log,b" =rlog,b,

4. PaBHBIM MOJIOKUTEJIHFHBIM YHCIIAM COOTBETCTBYIOT U paBHBIE JIOTapu(Msl ,T.e. ecian b, =h,, To
log, b, =log,b,,

5. log,1=0,

6. log,a=1.

Jlecamuunvie u hamypanvHule 102apumol.

Jnst  morapuMOB UHMCENl COCTAaBJICHBI CHEIHAaJIbHBIE TAOMUIBI(TAOIUIBI  JIOTAapH(PMOB).
Jlorapu¢msl BBIYUCIAIOT TAKKE C IMOMOIIBIO MUKPOKaIbKyJsATOpa. M1 B TOM, U B Jpyrom ciydae
HAaXOJATCS TOJIBKO JIECATHYHBIE WM HaTypaJIbHbIE JIOTapu(MBbI.

Onpenenenue: [Jecamuunsvim 102apugmMom 4ucia Ha3bIBatOT JIOTapu(M 3TOro 4ncia 1o ocHoBaHuo 10
u mumyT Igb Bmecto log b

Onpenenenne: Hamypanonvim nocapugmom uucia Ha3pIBalOT JOrapu(m 3TOTro YKciia 0 OCHOBAHUIO
e, TIe € — UPPAIMOHAILHOE YUCIIO, MpubmKkeHHo paBHoe 2,7. [Ipu atom mumryt Inb Bmecto log, b.

Dopmyna nepexooa om 102apuhma no 0OHOMY OCHOBAHUIO K T02APUPMY HO OpYeoM)

OCHOBAHUIO: log,b=—""—,

20e a>0,a#1b>0,c>0,c=1.

Konmponvhule 6onpocoi

1. Onpenenenue norapudma MONIOKUATEILHOTO YHCTIA.
2. CpoiicTBa l0orapu(moBs.

3. JlecsTHUHBIC ¥ HATYpaJIbHBIE JIOTAPU(DMBL.
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Tema S. Iloka3aTeabHas M Jorapupmuyeckas

Tema 5.1. Iloka3zareabHas gynkuus. Ee cBoiicTBa u rpagux

Onpedenenue, ceotlicmea u epapuk NOKA3amenbHol QYHKYUU, Ux npUMeHeHue npu peueHuu
VNPAHCHEHUU

Ymemuw: cTpouTh TpaduKM MMOKa3aTeNbHBIX (PYHKIIHIA, ONMCHIBATH UX CBOMCTBA, IPUMEHSITH CBOMCTBA
MpY PEUICHUH YTIPA)KHEHUH
3nams: onpeneneHue GyHKINH, €€ CBOMCTBA U TpadUKH.

[TokazarenpHas GyHKIMs 3amaetcs hopmymoit y = a*,tnea>0ua # 1.

[lepeuncnum cBoiicTBa GyHKIMHU ¥ = a* ipu a > 1.

1) O6nacTe onpeneneHust GYHKIMH - BCSI YUCTIOBAs TIpsiMast.

2) Obnactb 3HaYeHUH PYHKIUH - TPOMEKYTOK (0; + 0).

3) OyHKIUS HE SBISIETCS HA YETHOM, HU HEYETHOW. DTO CIAEAYET U3 TOTO, UTo a *#a*ua ™ # - a*.
4) ®yHKIMS BO3pacTaeT Ha BCEM YMCIIOBON MPSIMO.

I'paduk pynkuuu y = a* npu a > 1 BRIMJISANUT Tak, Kak MOKa3aHO Ha PUCYHKE.

OtmeTnM, 9TO 3Ta QYHKIUS TPUHUMAET JIFOOBIC MMOJIOKHUTEIHHBIC 3HAYCHHUS.

Yi

y=a*; a>1

—/,

CaoiictBa pyHkmu y = a*npu 0 <a < 1.

1) O6nacte onpeneneHust GyHKIUH - BCS YUCIOBAs MPsMasi.

2) O6nacte 3Ha4eHni - (0; + o).

3) @yHKUMS HE SBISETCS HU YETHOM, HU HEUETHOM.

4) ®yukus yopIBaeT Ha BCEH YHUCIOBOM NPSIMOM.

I'paduk pynkuuu y = ¢ npu 0 < g < 1 BBIMISAUT TaK, Kak MOKa3aHO Ha PUCYHKE.
OtmeTruM, 4TO 3Ta GYyHKIUS MPUHUMAET JTIOOBIE TIOJIOKUTEIIbHBIC 3HAUYCHUS.

-~

Konmponvhnsie sonpocoi
1.0Omnpenenenue noka3aTeabHOUPYHKIIMU
2. CpoiicTBa noka3aTeabHON QyHKIUH
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Tema 5.2. Jlorapugmsl.

Onpeoenenue nocapughma . Ceoticmsa nozapugmos. /lecamuunvlie u HamypaivHole
J02apu@moi.

Ymemu: BBIUNCHATH TOTaPUPMBIL.
3uamy: onpenenenue gorapudma rMoyI0KUTEITLHOI0 YHUCIa, CBOUCTBA JIOrapu(MOB,IECATUYHbBIE U
HaTypaJbHbIE JIOTapU(PMBI.

Onpenenenne: Jlorapupmom monoxuTeapbHOro uncia b mo ocHoBanuto a (raea>0,a=0)
Ha3bIBaeTCs TI0KA3aTelb CTENICHH, B KOTOPYIO HaI0 BO3BECTH YUCIIO @, YTOOBI MTOIYYUTD YUCIO D.
Jlorapudm uucna b no ocHoBaHuIO a 0603Ha4aeTcst cumBosiom: log, b.

Eciu a>0,a#0, b>0, to log, b mo onpexnesnennto ecth mokasarenb CTEIEHH, B KOTOPYIO HAJI0

BO3BCCTH YHCJIO 4, YTOOBI MOJIYYUTb YHUCJIO b. HOBTOMy PaBCHCTBO
a.Iogab — b
€CTb TOKACCTBO, KOTOPOC HA3BIBAOT OCHOBHbIM JZOZClpuquM'{eCKuM MoANCOECMBOM.

JlelicTBUS HaXOXIEHUS Jiorapru(dMa JYuclia Ha3bIBAIOT J102APUPMUPOBAHUEM.

Ceonicmea nozapughmoe.
ITycts a>0,a#0,b>0,c>0, r- moboe neiictBurenbpHOE yrciao. Torma crpaBeTHBbI

bopmybL:
7. log,(bc)=log, b+log,cC,

8. Mga(%):Jogab—Jogac,

9. log,b" =rlog,b,

10. PaBHBIM MOJIOKATEALHBIM YHCIAM COOTBCTCTBYIOT U pABHBIC J'IOFapI/ICI)MbI ,T.C. €CIIN b1 = b2 , TO
log, b, =log, b,

11. log,1=0,

12. log,a=1.

Jlecamuunvie u namypanvnvle a02apumol.

Jnst norapuMOB YHCET COCTABJICHBI CICIHMAJIbHBIE TaOMHUIBI(TA0IUIBI  JOoTapu(MOB).
Jlorapudmpl BBIYHCISIOT TaKXKe C TMOMOIIBI0 MUKPOKAIbKyJIsATOpa. I B TOM, U B JOpPYyroM cliiydae
HAXOJATCS TOJIBKO JICCATHYHBIC MITH HATypaJIbHBIE JTOTapU(pMBI.

Onpenenenue: /Jecamuynvim 102apugmMom 4ucaia Ha3bIBAIOT JIOTapH (M 3TOT0 YKcIIa o ocHoBaHHo 10
u iyt lgb Bmecro log,, b.

Onpenenenne: HamypanoHvim nocapugmom uucia Ha3bIBaIOT Jorapudm 3TOTro 4Kcia Mo OCHOBAHUIO
e, T/Ie € — UPPAIMOHAILHOE YHCITO, MpubMmKeHHo pasHoe 2,7. [Ipu stom mumryt Inb Bmecto log, b.

Dopmyna nepexoda om 102apu@ma no 00HOMY OCHOBAHUIO K 102aPUDMY RO OpPY2OMY

OCHOBAHUIO: log, b=—"",

20e a>0,a#1b>0,c>0,c=1.

Konmponvhuvie 6onpocsi

1. Onpenenenue oraprudma Mog0KUTESITLHOTO YHUCIIA.
2. CpoiicTBa Jiorapu(MoB.

3. lecaTuunblie 1 HaTypaibHBIC JOTAPU(MEI.
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Tema 5.3. Jlorapudmuyeckast GpyHKIus.
Onpeoenenue nocapugpmuueckou pynxyuu . Ceoticmsa u epaguru no2apu@muueckon pyHkyuu

Ymemuw: ctpouth rpaduxu aorapumuueckux (yHKIUH, ONMUCHIBATH UX CBOMCTBA, MPUMEHSATH
CBOWCTBA MPH PEIIEHUH yIpakKHEHHUH
3namo: onpenencaue QYHKINH, €€ CBONCTBA U IPa(UKH.

Jlorapupmmyeckas pyHKps y = |0ga X 006mamaer cieryronMi CBOHCTBaMU:
1) O6nacte onpenenenus - (0; + o).
2) O6nacTh 3HaYEHHH - ( - 00; + 0)
3) ®yHKUMA HU YETHas, HU HeUeTHasl.

4) @ynkius Bo3pactaeT Ha mpomexyTke (0; + o) mpu a > 1, yosiBaet Ha (0; + o) pu 0 < a < 1.
I'paduk dyakumu y = 10ga X MOKeT ObITh MOJy4YeH U3 rpaduka QyHKIMU Y = @' C TOMOIIBIO
npeoOpa3zoBaHUs CUMMETPUU OTHOCUTENIBHO MPSMOH ¥ = X.

Ha pucysnke a) noctpoen rpaduk sorapupmudeckoit GyHkuuu s a > 1, a Ha pucynke 0) - st 0 <a <
1.

YA Yﬁt

n/l % 7 1\7

a) ) y riogy x(G<a<l)

®yuxnus y = In x.

Cpenu mokazatenbHbIX QYHKIUH y = @¥, rae a > 1, 0coOBIl MHTEpeC NI MaTEeMaTHKU U €
MIPWIOKEHUH TpecTaBisieT GyHKIMs, o0naiaomas cieIyoliM CBOUCTBOM: KacaTelbHas K rpaduky
¢ynkuuu B touke (0; 1) oOpasyer ¢ ocbio x yrom 45°. OcHoBaHME a TakoW (YHKIHMH aX MPHUHITO
0003Ha4aTh OYKBOH ¢, T. €. y = €*. [loncuntano, uro e = 2, 7182818284590..., u ycTaHOBIIEHO, YTO € —
uppalmonansHoe 9rcio. Jlorapupmudeckyro QyHKIHIO, 00paTHYIO MOKa3aTeIbHON (QYHKIIUH ) = €7, T.
e. byukuuio y = 10g. X, mpunsTo 0603Ha4ath y = Inx (In unraercs "Hatypanbusiii Jorapupm"). I'paduk
¢bynkimn y = In x n300pakeH Ha PUCYHKE.

Koumponvnvie éonpocsi
1.0Onpenenenue norapu@mMudeckol QyHKITUH.
2. CpoiicTBa sorapuMuIecKux (yHKINH.

Tema 5.4. Pemmienue noka3zareJbHbIX H JIOTapu(pMUUecKUX YPaBHEHHUI, CUCTeM YPaBHEeHM I

OcHognbie npuemsl UX peuteHust (PaznodxtceHue Ha MHOXCUMENnU, 66e0eHUe HOBbIX HeU3BECHUIX,
noocmanoska, epaguueckuti memood). Mcnonvzosanue ceoticms u epaghuxos hynkyul npu peutenuu .

yMemby: peuiaTh MoKa3aTeIbHbIe U JIOrapu(MUIECKUE YPaBHEHUS

3Hamb: OCHOBHBIC TIPUEMBI UX PEIICHHUS (Pa3IoKeHHE Ha MHOXKHUTEIN, BBEJICHUE HOBBIX HCM3BECTHBIX,
MOJICTAaHOBKA, TpadUYeCKUii METOM), UCIOIb30BaHUE CBOMCTB W TpadukoB (QYHKIMI MPH PEIICHUU
YpaBHEHU.

31



Ilokazamenovnoie ypaenenun
Pemenue noxazamenvivix ypaenenuﬁ 4aCTO CBOAUTCA K pCIICHUIO YPAaBHCHUA
X b
a =a ,
rac a > 0, a# 1, X - HEU3BECTHOE. DTO YPAaBHCHHUEC pE€HIACTCA C MTOMOIIBIO CBOMCTBA CTEIIEHU: CTEIIEHU C
OJWHAKOBBIM OCHOBAaHUEM a > O, a=1l PaBHBI TOJIBKO TOT'ZId, KOT'la PABHBI UX IMOKA3aTCJIH.

Tema 5.4. PemieHue noka3zareJIibHbIX U JIOTapu(pMHUYEeCKHX HEPABEHCTB

Pemenne noxasamenvhvix nepaseHcme 4acTo CBOIUTCS K PEIICHHIO HEPABEHCTBA

a*>a’uwm a* <a.

OTH HEpaBEHCTBA PEIIAIOTCS C TOMOIIBIO CBOMCTBA BO3PACTAHUS MITH YOBIBAHUS ITOKA3aTEIbHON
¢GbyHKIMU: A7 Bo3pacTarouie (yHKIMU OOJNbIIeMYy 3HAYeHHIO (YHKIIMH COOTBETCTBYET OOJIbIlee
3HAYEHHE apryMeHTa, a Uil yObIBaromeld (QyHKIUH OONbIIEeMy 3HAYCHUIO (PYHKIIMH COOTBETCTBYET
MeHbIIIee 3HaUCHHE apTyMEHTA.
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Tema 6. IIpousBoaHast

Tema 6.1 @ynukyuu ux ceoiicmea u zpagpuxu (noemopenue)
Onemenmapuvie QhyHkyuu, ux coucmea u epaguxu

Ymemuw: cTpouTh rpaduKu dIeMEeHTapHBIX (PYHKINN, ONMCHIBATh CBOMCTBA (DYyHKITUH.
3namu: omnpenenenus GyHKIHI, UX CBONCTBA U TpaPuKU

; oo s (6 Y) {xy}

a30BEM YNopsA0OYeHHOU napou JIBYX3JIEMEHTHOE MHOXKECTBO , B KOTOpOM
3JIEMEHT X HAaXOAMUTCS Ha MEPBOM MECTE, a DJIEMEHT Y — Ha BTOPOM. DJIEMEHT X Ha3bIBACTCA nepsou
KOOpOuHamou yrnopsI09eHHON TIaphl, a JJIEMEHT Y — 6mopotl Koopouramou. JIBe ynopsioueHHbIC TTaphl

paBHBI, KOTAa COBNAAAIOT UX KOOPAUHATHL: (X’ y) - (U,V) < X=U,Yy= V.

. X
@Dynxyueu f Ha3pIBACTCS MHOXECTBO YIOPSIOYSHHBIX AP YHCEI (x,y) , Takux, uto X € X :

erl

eY .
y M KaxaoMy sneMeHty X € X craBuTcs B COOTBETCTBHE €IMHCTBEHHBII JIEMEHT
O6o3nauenue: f: X — Y. MuoxecTBO X HasbIBaeTcs obnacmvio onpedenenus GyHkimu f, a MHOKECTBO
Y — obaacmoio 3navenuti. O603uHa4ar0T: Df u Ef. Ecniu sicHo, kKakue MHOkecTBa X U Y UMEIOTCS B BULY,

= f (X
TO IMULIYT y ( ) . DJIEMEHT X Ha3bIBAETCS ap2ymenmom, a 'y — snauenuem Qyukim f.

Cnocooul 3a0anusa gynkyuu.
CyI1ecTByeT HECKOJIBKO CIIOCO00B 3aaHusl (PYHKIIHH.

1. Tabruynoui. Vicnonw3yercss Torna, Korga oO0JacTh OMNpPENENeHUs COCTOMT W3 KOHEYHOTO
MHOXKECTBa YHucel. Torma g 3adaHus (QYHKIMH TPOIINE BCEro yKa3aTh TaOJMIy, COCpPIKAIIYIO
3HAUEHUS apTyMEHTAa M COOTBETCTBYIOIIME 3HAauYeHUs (pyHkumu. Hampumep, Tabmumna norapudmos.
JIpyrumM TpUMEpOM MOTYT OBITh TaOJMIIBI, COAEPIKAIME NaHHBIC O YHCIIC JKUTEICH, HaCeNSIOIINX
3eMHOH IIIap B OTACIBHBIC TOJIbI, PACTIMCAHUS JBUKCHHUS ITOC3/I0B U T.II.

2. Ananumuyeckuiu. [Tpu aHanuTHueckoM criocoOe 3axaHus (QyHKIHS MOXKET ObITh 3aJaHa sGHO,

KOI'Jla JaHO BBIpaKEHHE ) uepe3 X, T.e. popMmyjia UMEET BUJ y=1(x) ; Hes8HO, KOTJA X U Y CBSI3aHbI

F(x,y)=0.

MeKy co00# ypaBHEHHEM BHjIA ; napamempuyecku, Korjaa COOTBETCTBYIOIIHE APYT APYTY
3HAYCHUS X M ) BBIPAXKEHBI YePe3 TPEThIO IEPEMEHHYO BEJIMUUHY t, HA3bIBACMYIO NAPAMEMPOM.

3. Jloeuueckuii. Ecnn QyHKIUsS ONMKMCHIBAETCS MPABHIOM €€ COCTABJIEHHS, HAampumep, (QpyHKIHS
Hupuxie: f(X)= 1, eciu X — panuonansroe; f(X)= 0, ecu X — uppanmroHaaIbHOE.

. X
4. I'paduueckuui. CocToUT B HU300paXeHUU ecpaguka @yHKyuu — MHOKECTBA TOUEK (x,y)
TUIOCKOCTH, a0CIHCCHI KOTOPBIX €CTh 3HAYCHHS apryMeHTa X, a OpPIWHATHl — COOTBETCTBYIOIIUE UM

= f (X
3HaueHus (pyHKUUU y () [IpeumymecTBOM rpaduyeckoro 3aJaHus SBISETCA €ro

HarjiaiagJHOCThb, HCAOCTATKOM — €TI0 HCTOYHOCTbD.

I'pagpuk pynkyuu
I'pagpukom ynkyuu (B 1eKapTOBOM MNPSIMOYIOJIbHOM CHCTEME KOOPJIMHAT) HAa3bIBaIOT
reOMETPUIECKOE MECTO TOUYEK, a0CIIMCCHI KOTOPBIX SBJISIFOTCS 3HAYCHUSIMUA HE3aBUCHMOI ITePEeMEHHOM,
a OpJIMHAThI — COOTBETCTBYIOIIMMU 3HAUEHUSIMH (DYHKIIUH.

Ceoticmea ¢pynxyuii
y y = f(x) :
[Tox ocHOBHBIMU cBOWCTBaMU (HYHKITUU OyaeM MoHUMAaTh CIEAYIOIIHUE:

= f(X . .
1. uemnocmy, Heuemnocms. OyHKIUSA y ( ) Ha3BLIBAETCS YemHou, €CIN I JIIOOBIX 3HAUYEHUH

x u3 obyactu OnpeCaACIICHUA f(_X) - f(X) n He'-tel’l’lHOIZ, €Clin f(—X) - _f (X) B IMPOTHBHOM

ciaydae (yHKIHS y=1(x) Ha3bIBaeTCs @yHKyueti obwezco 6uda. I'paduk dYeTHOW (QyHKIMH
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2
=X o
CUMMETPUYECH OTHOCUTENILHO OCH OpAMHAT (HarpuMep, rpapuk GyHKIMNA y ), a rpaduK HEYETHOM
y=x’
(GYHKIIMM CHMMETPHYEH OTHOCHTEIBHO Hadasla KOOpAWHAT (Hampumep, rpapuk (yHKIUH )-
TTo>TOMY JUIs1 4eTHO# (hyHKIMM JOCTATOYHO CTPOUTH JIUIIb IIPAaBYI0 TIONOBUHY rpaduka (X 20 ), IeBast
nonosusa ero (X< 0 ) SBJSIETCSl 3€PKaJbHBIM OTPa)KEHHEM IpaBod OTHOcUTENbHO ocu (Oy. UTOOBI
TIOCTPOMTB IpadiK HEUETHOH (DYHKIIHH, JOCTATOYHO H306PA3UTh IIPABYIO MONOBHHY ero ( X 20 ); neBast

nonoBuHa rpaduka (X < 0) MOJIy4JaeTcCsl B pe3ysibTaTe MoBopoTa mpanoii Ha 180°.
2. monomontocms. Ecaum nmisg A00BIX 3HAYEHUH X1, X5 € X u3 HepaBeHCTBA X; < X,

BBITEKACT HEPABEHCTBO:
a) f(x)<f(x,), To byHkuus Ha3bIBACTCS go3pacmarowel,

6) f(x)<f(X,), o dynkuus naseiaercs neybvisarowei;
B) f(x)> f(X,), ro dynkuus naseiBaercs yowisaroweti;
r) f(x)=f(X,), 1o dynkuns nassiBaeres nesospacmaroweii.

Bospacratone, HeBo3pacTawooiue, yOblBaromue U HeyObIBarouie (QYHKIMM Ha MHOXECTBE X
Ha3bIBAIOTCA MOHOMOHHbIMU HA 3TOM MHOXKECTBE, a BO3pacTalollde U YOBIBAIOIIUE — CMPO2o
MoHomonHeimMu  VIHTEpBanmbpl, B KOTOPBIX (DYHKIMSI MOHOTOHHA, HAa3bIBAIOTCA UHMEPBANaMU
MOHOMOHHOCIU.

3. oepanuuennocmsb. OYHKIMS HA3BIBACTCA OZPAHUYEHHOU HA TIPOMEXKYTKe X, €CIH CYIIECTBYET

Takoe nonoxkuTtensHoe wucno M > 0, 4To ‘f (x) < |\/|‘ mst mo6oro X € X .

= f X o
4. nepuoduynocme. DyHKIUA y (x) Ha3bIBACTCS NEepPUOOUUECKOl, €CIU CYLIECTBYeT

MMOJIOKUTENBbHOE YHUCI0 1 Takoe, 4YTo f(X+T) - f(X)' Hanmenslliee 4mciio ¢ TaKMM CBOMCTBOM
Ha3bIBaeTCs nepuodom GyHKiuu. st mocTpoeHus rpaduka NepuoandecKoil (pyHKIMU TOCTATOYHO
M300pa3uTh €ro Ha OTPE3Ke, JJIMHA KOTOPOIro paBHA IMEPHUOAY, a 3aTeM IOCTPOHTH MEPUOIHYECKOE
MIPOJIOJKCHHE TpaduKa.

Oopamnasn pynkuyus
y="f(x) ;
[Tycth 3amana GpyHKIUA c 0o06nacThi0 onpeaesieHus D 1 MHOKECTBOM 3HAUYCHHUH
yekE xeD
E. Ecium xaxjaomy 3Ha4eHUIO COOTBETCTBYET E€IMHCTBEHHOE 3HAYCHHUE , TO
X= o
omnpeneneHa GyHKIHSA o(y) cobnacTpio onipeaeneHust £ u MHOKecTBOM 3HaueHui D. Takas

(byHKI_[I/ISI ¢(y) Ha3bIBaCTCA 06pamH0ﬁ K (bYHKI_II/II/I f(X) H 3aIllUCBIBACTCA B BHAC!

— _ f§1 — —
x=op(y)=1 (y) IIpo ¢yHnkIUH y=1(x) u X (y) TOBOPST, YTO OHU SBISIIOTCS
B3aUMHO o00paTHbIMH. ['paduky B3aMMHO OOpaTHBIX (YHKIUH CHMMETPUYHBI OTHOCHTEIIBHO
OHCCEKTPHCHI IEPBOTO M TPETHETO KOOPAMHATHBIX YTJIOB.

Omnpenenenne 1. OcHoeénbimu 3I1eMeHmMapHbLIMU  QYHKUUAMU HA3BIBAIOTCA CJEAYIOLIUE

byHKIMN:
a) nocmosnnas Gpyaknus f(X)=c, ceR;

0) cmenennas pyuxuus f(X) = X“, rae o — m000€e AEHCTBUTENBHOE YHCIIO;

B) nokazamenvias Gpynxuus f(x)=a’, rne a>0,a =1

r) 102apugmuyeckas dyuxuus Yy =1og, X, rne a >0,a =1,

1) mpuzonomempuueckue GyHKIun Y = Sin X,y = COSX, y =tgx, y = ctgx;

€) obpamuvle mpuconomempuyeckue GyHKIUK Y = arcsin X, y = arccosx, y = arctgx, y = arcctgx

PaccMOTpHM OCHOBHBIE CBOMCTBA U Tpad)UKU OCHOBHBIX JIEMEHTAPHBIX (DYHKIIHIA.
a) nocmosnnas pynxmus f(X)=c, ceR.
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OO6nacte  ompeneneHus (— oo;+oo), f(X)=Cc HeBo3pacraromias u HeEyOBIBaroIIasl,
NEpUOIMYecKas, HE WMEIoIIas HauMeHbllero mepuoga. [paduk ¢GyHKIMH Y =C- mpsmas,
napayienbHas ocu OX, orcekaromiast oT ocu Oy 0Tpe30k BETUIHHOH C.

yﬁ"
y=>5
b
y=0
[7 X
y=-2
=2

0) cmenennas pyukuus f(x) = X“. Eciom mokasaTens a =N - HaTypaJbHOE YKMCJIO, TO CTENEHL X'
ompenenena s moboro X € R, cnenoBarensHo, D(Yy)=R. Ecim a¢=-n,ne N, To cremenHas

Gyukuus y = X" omnpenenena s aoboro X € R, x = 0.

Ecnu a sBasieTcss ApoOHBIM YHCIIOM, TO 001aCTh OMPEACIICHHUS CTENEHHOM QYyHKIMKU Y = X“ coBMazaer
C MHOXECTBOM JICUCTBUTENIbHBIX 3HAUYEHUU X, JUISl KOTOPBIX Y TPUHUMAET TaKKe JEeUCTBUTEIbHbIE

3HavyeHus. Hampumep, GyHkumsa y = Jx ompeneneHa npu X >0, Qynkuus y = 3/x oIpeziesieHa npu
ar000M JEHCTBUTENPHOM XU T.O. EcmM « - WppanuoHaIbHOE YHCIIO, TO CTENEHHAs (QYHKIHS
f(X) = x“ ompeneneHa I BCEX HEOTPHUIATEIBHBIX IEHCTBUTEIBHBIX 3HAYCHUH X.

Cmenennasn yHKyusa ¢ HAMypaibHLIM ROKA3AMeNeM.

Oyukiusa y = x", T N - HaTypaJdbHOE YMCIIO, HA3bIBAETCS CTEMEHHOW (DYHKIIMEH C HATypalbHBIM
MOKa3aTeseM.
[Tpu n = 1 mony4yaem GpyHKIHIO Y = X.

Tpu n = 2 nomydaeM GyHKIHIO ¥ = X7,

®yuknus y = x°.

TepeunciuM cBOHCTBA QYHKIHH p = X2,

1) O6nacte onpenencHust GyHKIMH - BCS YUCIOBAsI MpsMasi.

2) y = x? - vetHas dynxmus (f (- x) = (- x)? = x2 = (x)).

3) Ha mpomexytke [0; + ) ¢ynkuus Bospactaer ecnu 0< X, <X, ,T0 X12 < X22, a 9TO U O3HAYaeT
BO3pacTaHue (PyHKIUN).

4) Ha npomexytke ( - o ; 0] ¢ynkuus yosiBaer ( ecim X, < X, <0, 10O X12 > X22, a 3TO ¥ O3HAYAET

yObIBaHUE QYHKIINHN).

I'paduxom GpyHKIHH y = X?

sBisieTCs mapadoJsa (cM. puc)

YA
g
y=x%

-3 —Z2—7 0 ’ e =¥ x

Tpu n = 3 nomydaem GyHKIMIO ¥ = X°.
®yukuus y = x°
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TlepeuncianM cBOICTBA QYHKIHH y = X°.

1) Obnactpb OIIpe/IeNICHUS byHKIIN - BCs YHUCJIOBAs npsimasi.
2) y = x° - euernas opynxmms (f (-x) = (-x)°=-x* = -1 (x))

3) @ynkus y = x° Bo3pacTaeT Ha BCEl YHCIOBOM MPAMOIA.

I'padux GpyHKIMH ¥ = x° n300pakeH Ha pucyHke. OH Ha3bIBaeTCA KyGHUeckoii mapaboJioii.

yax¥

~

[TycTh N - mpOM3BOIBHOE YETHOE HATYpaIbHOE YMCIO, OoJbiee AByxX: N =4, 6, §, ... . B aToM
ciydae GyHKIHMS y = X" 0671a/]aeT TEMH ke CBOMCTBAMH, UTO U GYHKIHSA ¥ = x°. I paduK Tako# ByHKIMH
HAMIOMMHAET Mapaboiry y = x%, TOJIbKO BeTBU rpaduka mpu |X| > 1 TeM Kpyde HAYT BBEPX, 4eM OOIbIIe
n, a pu [X| < 1 Tem "TecHee nmpuxKUMarOTCS" K OCH X, 4eM OoJbIie N. (puc. a).

) v o) AJ

S

[Tycth N - mpon3BOIBHOE HEYETHOE YHcio, Oosbmee Tpex: N =5, 7, 9, ... . B atom cimyuae
dyHkIms y = x" 06l1aaeT TeMH ke CBOMCTBAMH, uTO M (GyHKIMA y = x°. I'padux Takoil QyHKIHHM
HATNlOMUHAET KyOHMYecKyro mapadoiy (TOJIBKO BETBH TpaduKa TeM Kpyde UAyT BBEPX, BHU3, UeM OOJIbIIe
n) (puc. 6). OTmMeTrM TakXke, uto Ha HpoMmexyTke (0; 1) rpaduk creneHHOW (yHKIHH Y = x" TeM
MeJICHHEE OTAANSETCS OT OCH X C POCTOM X, 4YeM OoJbIe N.

Cmenennasa QyHKyusa ¢ yeavim ompuyamenbHblM nNOKa3amesem.
PaccmoTpum pyHKIuio y = x ", A€ N - HATYpaIbHOE YHCIIO.
Ipu n = 1 monmygaem y = x ! umm y = 1/x. CBo¥icTBa 3T0i QYHKIIMH PACCMOTPEHBI BHIIIIE.
ITycTh N - HedyeTHOE Yncio, Oombiee equHULBL, N=3,5,7, ...
B atom ciiydae ¢yHkuums y = x " 061agaeT B OCHOBHOM TEMH XK€ CBOMCTBAMH, YTO U QyHKIHUS y = 1/x.
I'paduk dpyskipm y =x " (n=3, 5, 7, ...) HanomuHaeT rpaduk GpyHkuuu y = 1/x (puc. a).
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5 ) _X Y
. e
(o-nevamuoe)

y ax"
(rr = wemwoe)

a) %)

[TycTs N - yeTHOE YMCII0, HarIpuMep N = 2.

x

[lepeyncIuM HEKOTOpbIe CBOMCTBA (BYHKIUHU y = X 2, T. €. (pyHKIuU y = 1/x°,

1) ®ynkuus onpeaeneHa npu Beex X # 0
2) y =1/x? - ueTHas GyHKIHS.
3) y = 1/x? yowBaeT Ha (0; + o) 1 Bo3pacTaer Ha ( - ©; 0).

Temu ke cBOMCTBAMHU 001a4at0T Jr00bIe QYHKIMY BUAA Y = X ' IIPY YETHOM N, OOJIBIIEM JBYX.
Y y 5 Y

I'padux yrkmmn y = 1/x2 m306paeH Ha pUCYHKe 6. AHAOTHYHBINA BHJ UMeeT rpauK GYyHKIMH Y =

x M ecimn=4,6, ..
1

DyHKuua Yy = X2

[Tepeuncnaum cBoiicTBa GyHKIUU Y = Jx

1) O61acTh onpenenenns - ay4 [0; + o). DTo CIeyeT U3 TOTo, YTO BhIpakeHHe YX OIpeiesIeHO JINIITb

npu x > 0.

2) OyHKIMsA Y = VX Hu uerHa, Hu HeweTHa.

3) @yHkuusa y = Jx BO3pacTaet Ha Jjyue [0; + 00).
I'padux pyHkImm Yy = Jx M300pakeH Ha PUCYHKE a.

y) 5 y
y=V&

[
<
bl |
[
~

a) 9)

1
Dyukuus Y = X3,

[lepeuncnum cBoicTBa QYHKIMH Y = 3/x
1) OGnactp onpeneneHus: GyHKLUUH - BCSA YUCIIOBAs! MpsiMast.
2) ©@yHkuus Yy = 3/X HeuerHa.

3) ®yukuusa y = 3/x BO3pAacTaeT Ha BCEU YMCIOBOU MPSMOM.

I'paduk pyHkumn y = 3/x n300pakeH Ha PUCYHKE O.

1
dyukmusa Yy = X*.

[Ipu yetHOM N PyHKIUSA Y = /X obnamaer Temu ke CBOWCTBaMH, YTO U QYHKIHSA Y = 2/x , U

rpaduk ee HaroMuHaeT rpaduk GyHKIMH Y = 2x .
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[Tpu HeueTHOM N PYHKIUSA Y = %/X o6Gnazaer Temu JKe CBOHCTBAMH, UTO I Gynkums y =3/X , u

rpaduk ee HaIOMUHAET IrpapuK QYHKIUN Y = Ix.

y=Yx (11~ Hevemuoe)
X

CreneHHasi pYyHKIHS C MOJ0KUTETbHBIM JIPOOHBIM MOKa3aTeI€eM.

PaccmoTpuM dyHKIuio y = x', rae I - HoJ0KUTelbHAs HEeCOKpaTUMas ApoOb.
[lepeurcaM HEKOTOpPBIE CBOMCTBA ATOM (PyHKITUH.

1) O6nacte onpenenenus - ny4 [0; + o).

2) OyHKIMS HU YETHAsI, HU HEYETHAs.

3) ®yukuus y = x" Bo3pacraet Ha [0; + ).

Ha pucyHKe a m306paxeH rpaguk QyHKIHH y = x2° |

.5

Yi YA YA

|
)
-~
B
=)
e
e |

Konmponvhnvie 6onpocwi
OyHKIUN.
OO6nacTb onpeseneHnss 1 MHOKECTBO 3HAUCHUI.
I'paduk PyHkuuu.
[Toctpoenue rpadukoB QyHKIHUII, 3aJaHHBIX Pa3TUYHBIMU CIIOCOOAMH.
CBoiicTBa QyHKIIIH.
OO6patHble QyHKIHH.

Surwh P

Tema 6.2 IlocienoBarensHocTH. [Ipenen nociaenoBaTeIbHOCTH, Mpeae GyHKIHUH

Tocreoosamenvnocmu. Cnocobwl 3a0anHus U C80UCMEA YUCA0BbIX NOCAEO08AMENbHOCHEN.
Tonsimue o npedene nocnedosamenvrocmu. Cyuecmeosanue npeoeia MOHOMOHHOU O2PAHUYEHHOU
nocneoosamenvrocmu. CyMmmuposanue nocied08ameibHOCmell.

Ymemw: BbIUMCIATE NpeeN YUCIOBOM MOCIIE0BATEIbHOCTH, BEIYUCIATD MTpeien PYHKIMH.

3name: MOCHENOBATEIBHOCTH, CHOCOOBI 3aJaHMsl M CBOMCTBA YHCIOBBIX IOCIIEIO0BATEILHOCTEH,
MOHATUE O Tpefesie IMOCIEeI0BaTEIbHOCTH, CYIIECTBOBAHUE IIpeJea MOHOTOHHOW OrpaHUYEHHOU
IIOCJIEJ0BATEIbHOCTH, CYMMHUPOBAHME MTOCIEA0BATEILHOCTEN.

Ecan KaXXA0MYy HaTypaJlbHOMY YHMCJIIy N IIOCTAaBJICHO B COOTBETCTBHUEC BEIICCTBEHHOEC YUCIIO Xn, TO
TrOBOPAT, YTO 3aZlaHa nocae008amenbHOCmb

Xy Xo oo Xy = X}
Yucna X, X,,..., X,, Ha3BIBAKOTCS d/IeMEHMAMU (wrenamu) mocne10BaTEIBHOCTH, CHMBOJI {Xn}

— 0bwum snemenmonm (4ieHom), a N —HOMEPOM DIEMEHTA.
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Jlnst nocies1oBaTeNbHOCTEH MOKHO ONPEETUT CIETYIONUE Onepayuu:
1) YmuoxeHue nocnenosarensroctu Ha uncao m: M-{X }={mx,}, r.e. mx;,mx,,...

2) Cnoxenne (Bbranranne) nocnenosarensuocreit: {X }+{y, }={X, £ v, }-

3) Mpowussenenne nocnenosarensuocreit: {X, }-{y }={X, - Y, }-

) _ | %

4) YacTHOE TIOCIEN0BATENBHOCTEN: ﬁ =s— ¢+ mpu{y, }#0.
Yn n

OzpaHuueHHble U HeozpanuiuerHnole nocneodoseamenbHOCmU.
IlocneqoBaTenbHOCTH {Xn} Ha3bIBACTCsA 02paHu’4€HH01j ceepxy, €CI NJid m000ro N CYHICCTBYCT

takoe uncno M, aro X, <M.

ocnenosarensHocts {X, } Ha3bIBAETCS 02panuuennol CHU3Y, ECI JUIS JTFO6OTO N CYIIECTBYET
Takoe 9ucao M, yro X, = M.

IocnenoBatensHOCTs {X} Has3bIBAETCS OzpanuueHnol, €CIU OHA OTPAHMYEHA M CBEPXY M

CHH3Y, T.€. CYIECTBYIOT Takie yncia M 1 m, 4to 1ist roGoro N BepHo HepaseHeTBo: M X, <M .

Hpene.ﬂ nmocjie10BaTeJiIbHOCTH.
Ywucio a Ha3eIBaeTCS npedeﬂOM IIOCICA0BATCIIBHOCTHU {Xn} , €CJIN JJIsA JIFOOOTO TTOJI0KUTEIHHOTO

>0 cymecTtByeT Takoit Homep N, uto mis Bcex N > N Bemonusercs YCJIOBUE: \xn—a\ <é&. Oro

3allUCBhIBACTCA:
limx, =a.
nN—0

B stom ClIy4dac roBopsAT, 4TO IIOCICA0BATCIIBHOCTD {Xn} CXOOUMCA K a IpHu N—>0,

OcHogHble CBOTICMEA CXOOAUUXCA NOCIE008AMETIbHOCEIL.
1. Cxopsmiasics mociie10BaTeIbHOCTh OIPaHUYCHA.
2. Myers limx, =a, limy,=b, rorma lim(x,ty,)=a£b, Ilim(x, -y,)=a-b,
n—oo n—oo

n—o0 n—oo
lim| 2o :% (b+0).

n—oo yn

3. Ecoim lim X,=4a, lim Z,=a u and BceX N BBINONHAIOTCA HepaBeHCTBA X, <Y, <Z,, TO

N—o0 n—oo
limy, =a.
n—oo
4. Ecmm lim X, = @ u nocnenosarensnocts {Y, } — orpannuennas, o lim(x, -y,)=0.
N—o0 n—o0

IIpenen pyHKuHMH B TOUYKE.
Hycts pynxmus T (X) onpenenena B HekoToOpoii okpecTHOCTH ToukH X = @ (T.€. B CAMO#i TOUKe
X =a ¢yHKIUSI MOXKET OBITh U HE OTNpe/IesIcHa)
Yncno A HaswiBaetcs npedenom dyakmun T (X) mpu x—a, ecmu s mo6oro £ > 0 cymectsyer

takoe uncino A >0, uto as Beex x Takux, uro 0 <| X —a|< A Bepro HepaBencTBO ‘ f(x)— A‘ <eg.

B stom ciyyae mumryt: lim f(x) = A

X—a

Ecmu f(X) > A npux—a tomskompu X <a, 1o lim f(X) = A — naseiBaercs npederom
x—a-0

byHKIIUN f(X) B Touke X=a crega, a e€cCiu f(X) - A2 IpU X—>a TOJBKO Ipu X > a, TO

lim f(x)= A, uassiBaetcs npedenom GpyHKUMH f (X) B Touke X =a cnpasa.
x—a+0
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Ipenenst A1 u A2 Ha3BIBAIOTCA TakKe 00HOCmoponHumu npederamu dynaxmuu T (X) B Touxe

X = &. Takxke TOBOPAT, uTo A — Koneunwiii npeden pyakmun T (X).

Ocnosnvle meopemot 0 npedenax.
Teopema 1. limC =C , rae C = const.

X—a
Creyronue TeopeMbl CPaBeTHBbI IpH npenonoxenuu, uto pyukmun f (X) u g(X) umeror

KOHCYHBIC IPCACIIbI IIPpU X—>a.
Teopema 2. lim[  (x) £ g(x)]= lim f (x) £ limg(x)
X—>a X—a X—a

Teopewa 3. lim[ f (x)- g(0] = lim f () - limg(x)

Caencreue. [IMC - f(x)=C-lim f (x)
X—a

X—a
Teopema 4. lim = X248 mpu limg(x) =0
3900 limg()
X—a

BeckoHeuHo MaJible QyHKIMH.
®ynxuus | (X) wmaseiBaercs 6eckoneuno manoii pu x—>a, TAE @ MOXKET ObITh HUCIOM WITH

OHO# M3 BeMM4HH o, +oo wmu —oo, ecmm 1imM f(X) =0,
X—a

Ceoiicmea 6ecKOHeUHO MANbIX YyHKUUIL:

1) Cymma (pUKCHPOBAHHOTO YHCiIa OECKOHEYHO MaJbIX (DYHKIUH MPU X—>a TOXEe OCCKOHEYHO Majast
byHKIHS PU X—>a.

2) TIlpousseneHre GUKCHPOBAHHOTO YHCIIa OSCKOHEUHO MaJbIX (QYHKIHIA IPU X—>@ TOXKE OECKOHEYHO
Masiasi QyHKIUS IPU X—>d.

3) Ilpoussenenne GeCKOHEYHO Maoil QyHKIMH Ha (YHKIHIO, OFpaHUYECHHYO0 BOIU3M Toukn X = a
ABIISIETCS] OECKOHEYHO MaJIol (yHKLUEH MpH x—>a.

4) YacTHOe OT AelicHUs OECKOHEYHO Masio GyHKIMKM Ha QYHKIHIO, PEIe KOTOPOH HE PaBEeH HYIIIO
€CTh BEJIMYMHA OECKOHEYHO MaJasl.

beckoneuno 6onvumue hynkyuu u ux c6:a3v ¢ 0€CKOHEYHO MATBIMU.
OYHKINS HA3bIBAETCS O@CKOHEUHO O0IbUOl TIPU X—>a, TAE @ — YUCII0 WX OJHA U3 BEJIUYHUH O,

+00 mym —oo0, ecrm 1M (X) = A, rie 4 — vmciio um ofHa U3 BeMUMH 00, +00 KM —o0.
X—a

CBs3b 0€CKOHEYHO OOJIBIINX U OECKOHEUHO MaNIbIX (DYHKIMN OCYIIECTBIISETCS B COOTBETCTBHH
CO CJIeAYIOIIEH TEOPEMOH.
Teopema 5. Ecmn T (X) — O npu x—a (ecim x—0) 1 He 06paiaercs B HOJb, TO

T

Cpagnenue 6ecKoHeUHO MAnbIX PYHKUUIL.

Hycts a(X), B(X) u y(X) — 6eckoneuno maneie ¢pyHxuuy mpu X —> &. DT GECKOHEUHO
Mauible ()YHKIIMA MOYKHO CPaBHUBATh MO OBICTPOTE UX yOBIBaHUSA, T.€. IO OBICTPOTE MX CTPEMJICHHUS K
HYIJIIO.

o a(X) .
Ecmu !(I_fgm =0, 1o dynxmmsa «(X) HasweBaeTcs Geckomeuno manoii Gonee 6bLCOKO20

nopsaoka, aem yuxmus S(X) .
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X
Ecm lim—-% ( )

x—a [3(X)

=A A=0, A=const, o a(X) u F(X) masbBarorcs beckoneuno

MALIMU 00HO20 NOPAOKA.

Eciu lim——= ( )

=1,10 ¢pynxkuuu a(X) u F(X) HaswBarOTCA dKEUEANEHMHBIMU GECKOHEUHO
X—a ﬂ ()()

Mmanvimu. 3alUCHIBAOT @ ~ L.
Beckoneuno manas ¢yukuus o (X) HasbiBaeTcs Heckoneurno manoii nopsaoka K OTHOCUTENHHO

. a(X
6eckoneuno mManoi pynkuuu [(X) , ecmu npenen lim # =A=0.
X

~2 7 (X)
OnHako ciegyeT OTMETHTD, YTO HEe BCE OECKOHEYHO Masible (PYHKIIMH MOXHO CPAaBHUBATH MEXTY
a(x)
B(x)

co0oil. Hammpumep, ecnu oTHOIIEHHE HE UMEeT Npesena, To GYHKIMH HeCPaBHUMBI.

Ceoiicmea IK6UGAICHMHBIX 0ECKOHEUHO MAJIbLX.

Da~a|lim—= a(x) =1
x—a ot (X)

a(X) _yiml ) A ) 114

2)Ecm o~ fu B~ y, 10 a~ 5, | lim——~
xay(x) x-a S(x) y(x)

3) Eciu @~ S, 10 B~ «, )I(m gEX; X;a Olg-X) =1

4)Ecnm a~ aau S~ fm lim——= a(x) =k, tomn |ima1—(x) =K wm lim——= a(x) =lim——= al(x)

x—a [F(X) x—a ﬂl(x) x>a F(X) x-a ﬂl(x)
CBoiicTBO 4) 0COOEGHHO Ba)XHO Ha MPAKTHKE, T.K. OHO ()AaKTUYECKH O3HAYaeT, 4YTO Mpele

OTHOIIICHUsI OECKOHEYHO MAJIbIX HE MEHSETCS MPHU 3aMEHE MX Ha YKBUBAJICHTHBIC OECKOHEYHO MaJIbIe.

OT1oT (haKT JaeT BO3MOXKHOCTh IPU HAXOXKIACHUHM IMPENEJIOB 3aMEHATh OECKOHEYHO Malble Ha

SKBHUBAJICHTHBIC UM (YHKITUH, YTO MOKET CHIIBHO YITPOCTUTH BBIYUCIICHUE TIPEICIIOB.

3ameuaTebHbIE npeaejabl

Ilepewtit 3ameuamenvhslii npeoen
[Tpenen oTHOIIEHUsI cHHYca OECKOHEYHO MaJIol AYTH K caMOil Ayre, BBIpaKEHHOM B paguaHax,
HA3bIBACTCS NEPBbIM 3aMe4amebHblM npedeiom. ITOT MPEAEI paBeH EAUHUIIE.
. sin X . X
lim—— =1 WIH lim—— =1
x—>0 X x—0SIN X

Bmopoit 3ameuamenvuuiit npeden

X
Iim(1+ E) =e
X—>0 X

rne €~ 2,71828.... Ecru — =, 10 o —> 0 u BTOpOii 3aMeUaTebHbIN MpeIen MOKHO 3aIicaTh B
X

BUJC:
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1
lim(l+a)e =€
a—0
KpOMC TPEX, H3JIOKCHHBIX BBIIIC, MPCACIOB MOKHO 3allUMCaThb CJICAYIOMHE IIOJIC3HBIC Ha
HpaKTI/IKe COOTHONIICHMUS .
. In(L+x . a¥-1 @A+ -1
|Im¥=1; Iim———=Ina; |ImL=m
x—0 X x—0 X x—0 X

Konmponvnvie 6onpocsi

1. IlocnemoBaTeILHOCTH.

2. CnocoObI 3a1aHus ¥ CBOMCTBA YMCIIOBBIX ITOCIIEN0BATEIbHOCTEN.

3. [lonsiTHe 0 mpeaene MOCIeI0BATEIHBHOCTH.

4. CymiecTBOBaHHE Mpe/iesia MOHOTOHHOM OTpaHMYEHHOMN TTOCIIeIOBATEILHOCTH.
5. CymmHpoBaHUE MOCIIEI0BATEIBHOCTEH.

Tema 6.3. Ilpon3Boanasi PyHKIMH, ee reoMeTPpUUECKHIT U PU3NYECKHI CMBICJI

Onpeoenenue npou3eoo0HoU DYHKYUU, ee 2e0MempUudecKutl U puuiecKutl CMulcll, ypasHeHue
KacamenvHo K epaguxy QyHKyuY, npasua HaxoxcoeHus npousgooHsbix, madauya npou3eo0HbIX
NeMEeHMAPHbIX QYHKYULL, NPOUIBOOHAS CILONCHOU DYHKYUU

Ymemsb: HaXxoqUTH POU3BOJIHBIE SJIEMEHTAPHBIX U CIIOKHBIX (DYHKIUH, MHCAaTh ypaBHEHUE
KacaTeapbHOU K rpaduky QyHKINH, MPUMEHSITh T€OMETPUICCKUI 1 (PU3UIECKHI CMBICIT TIPOU3BOIHON
P PEILLICHUHU 3a7a4
3namu:ipaBuina qudGepeHIMPOBaHus, TAOIUILY IPOU3BOJHBIX AIEMEHTAPHBIX (DYHKIINU, YPaBHEHUE
KacaTeJIbHOU, MPAaBUIIO0 HAXOXKACHHSI IIPOUXBOIHOM CIIOKHOM (PyHKINN

ITyctb X1 ¥ X2 — 3HAYEHMsA apryMeHTa, a Y, = f(Xl) ny,= f(XZ) — COOTBETCTBYIOIIHE
3HaueHus: QyHKuuu Y = f(X). Pasnocts AX = X, — X; Ha3bIBACTCS npupauwjenuem apeymeHma, a
passocth AY = Yo =Y, = f (Xz) —f (Xl) — npupawienuem QyHKyuu Ha oTpe3Ke [Xl, XZ]

Tpoussoonoti dyuxrmn T (X) B Touke X = Xo Ha3bIBACTCS MPEJE] OTHOUICHUS IPUPAIICHHS

(GYHKIUH B 3TOM TOUKE K MPUPALIEHUIO apTyMEHTa, KOI1a MOCIeAHEEe CTPEMUTCS K HYJIIO.

f(x+Ax)— f(X)

f'(x) = lim
AX—0 AX
I'eomempuueckuit cmuica.
Ipomsomnas dymxmmu Y = F(X) B y—f(%)=F'(X)(X=X,) -
TOYKE Xo paBHA YIJIOBOMY KO3(p(DUIMEHTY ypaBHEHHE KacaTeJIbHOM.
KacaTeabHOW K rpaguky (yHKUMHM B TOYKE
M (Xq, T (%)), Te. T/(X,) =tgex, rae a - y

yroia HakJIOHa KacaTenpHOM K rpaduky
dynxmun Y = T (X) B Touke Mo.
I'eoMeTpruecknii CMBICT TPOU3BOIHOM

COCTOUT B TOM, YTO 3HAa4€HHUE IPOU3BOJHON My
GyHKIMM B TOYKE  PaBHO  YIVIOBOMY o

o ] HA
KodQQUIMEHTY KacaTedbHOH K  rpaduky

(GYHKIIUH B 3TOM TOUKe.
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Du3uueckuil cMuvica.
[Ipennonoxum, uto GyHKIUS S = S(t) OMMCHIBAET 3aKOH JBM)KEHUSI MAaT€pUATIbHON TOUKH IO

npsimoii muann, T.e. S = S(t) — myTh, MpoiieHHEI 9TOH TouKoi OT Hauana oTcueTa 3a BpeMs t. Torma
3a Bpems to mpoiineH myte S = S(to), a 3a Bpems t1 — mytb S = S(tl). 3a IMpOMEXYTOK BPEMEHH

At =t; —t, Touxa npoiiner otpesok mytn AS = S(t, + At) —s(t,).

s(to) s(to + At)
As

OcHoBHble npaBuia 1uddepeHupoBaHu.
0O603maunm U =U(X), V=V(X) u W= W(X) — pysxuun, nuddepenmmpyembie B TOUKE X.

1) C' =0, rae C — nocrosiHHAs BEITHYHHA. y ' 1
2) X'=1 8) (—j =—u’
3) (U+v—-w)'=u"+v'-w C ’ C
4) (U-v)' =uv+uv 9 cy C v
5) (U-V-W) =Uu'VW+Uuv'w+ uvw’ v) V2
6) (C-u)'=C-U’ 10) Ecm  v=V(u), u=u(x), re.
U U — VU v =V[u(x)], To V'(x) =Vv'(u)-u’(x) -
7) V =——F——,ecau V=0 HPOMU3BOHAS CIOKHOW (QYHKIUH.
v
Tadiauua npou3BOAHBIX.

1) (X”) =nx"" 12) (arcsinx) = _

f 1 1—x?
2) (\/;) =——Fr ' 1

2NX 13) (arccosx) = ————

' 1_ XZ

(33 o
X X 14) (arctgx) =——

' 1+x
4 (ex) =e” '

: 15) (arcctgx) = —

)
X X + x°
5) (a =a"lna
16) Mycts U =U(X), Vv=V(X), Torma

’ 1 '
6) (Inx) T x (UV) =v-u'"-u+u v Inu
' 1
7) (log, X) =———
) (og, xf =L
8) (sinx) =cosx
9) (cosx) =—sinx
10) (tgx) =—;
cos’ X
' 1
11) (ctgx) =—
) (ctox) sin® x
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KoumponbHule 6onpocwi
1.ITonsTe 0 MPOU3BOIHON PYHKIIMH, €€ TEOMETPUUECKUN 1 PUIUIECKHUI CMBICIL.
2.YpaBHEHHE KacaTelbHOU K rpaduKy QyHKIHH.

Tema 6.4. [IpumeHeHue NPOU3BOIHON K MCCICAOBAHUIO (PYHKIIUH.

Ipumenenue npouszso0HOU K NOCMPOeHUI0 epaguxos ynxyuil. Bospacmanue u yowvisanue
dyukyuu. Ixcmpemymol QyHKYUU.

Ymemwb: HaXoAUTH IPOMEKYTKH BO3pacTaHMs U yObIBaHUsA. HaxoauTh TOUkH S3KCTpeMyMa.
3namu: IlpuMeHeHHe MPOU3BOAHON K MOCTpoeHuUIo rpadukoB ¢yHkuuid. Bo3pacranue n yObiBaHue
GyHKIUH. DKCTPEMYMBbI (PYHKIIHU.

YcaoBust Bo3pacTaHus U yObIBaHUS (PyHKIMIA.
Teopema 1. JTns Toro uro6s! nuddepenmupyemas va unreppane (@,0) ¢ynxmus f(X) Gbuma

neybwleaiouetl (Heeospacmaiouyeti) Ha STOM UHTEpBaje, HEOOXOAUMO U focTaTouHo, utods '(X) >0
(f'(X) <0) anascex X €(a,b).
Teopema 2. Eciv dynxuus T (X) muddepenumpyema na unrepsane (8,b) u f'(x) >0 (
f'(X) <0) nnsa Beex X € (a,b), To 312 hynxuus eospacmaem (v6vieaem) na unrepsane (a,0).

Touku 3KcTpemMyma.
Touku MakcuMyMa M1 MUHUMYyMa (YHKITUH HA3bIBAIOTCS MOUKAMU IKCIMPEMyMd.
Teopema 3. (neobxooumoe yciosue cywecmsosanus sxcmpemyma) Ecmn dynxmus T (X) B

'
TOYKEC X0 UMCCT 3KCTPEMYM, TO IPOU3BOJHAA f (XO) 06pa1uaeTcsl B HYJIb WJIK HC CYHICCTBYCT.

Cneocmeue. O6paTHOE yTBEep)KAeHHE HeBepHO. Ecnu mpousBojgHas GYHKIUH B HEKOTOPOM
TOYKE paBHA HYJIIO, TO 3TO €IIle HE 3HAYUT, YTO B 3TOU TOUKE (PYHKIHS UMEET SKCTPEMYM.

Kpumuyeckumu mouxkamu QyHKIMH Ha3bIBAIOTCS TOYKH, B KOTOPBIX MPOU3BOAHAS QYHKIMH HE
CYILLIECTBYET WM paBHA HYJIIO.

Teopema 4. (docmamounoe ycrosue cywecmeosanus sxkcmpemyma) Eciu mpu nepexoe depes

(113

!
KPUTHYECKYIO TOUKY Xo clieBa HarpaBo npoussoanas Gynkuun f'(X) menser 3nak ¢ “+” na “—, T0 B

touke xo pynkmus T (X) mMeer maxcumym, a ecinu TpomM3BOIHAS MEHSAET 3HAK ¢ “— Ha “+” — TO

GYHKITUS UMEET MUHUMYM.

Ilpasuna naxoscoenusn IKcmpemymos hynkyuu.
1) Haiitu mpou3BOAHYIO (QYHKIIHH.
2) Haiiti KpUTHYECKHE TOYKH QYHKITUH.
3) MHccnenoBarh 3HaK MPOHM3BOIHOM B MPOMEXKYTKAX, HA KOTOPbIC HAWJCHHBIC KPUTHUCCKUE
TOYKH JICJIAT 00JIaCTh ONpeiesieHus PyHKITHH.
4) OrmpenenuTth CyIMECTBOBAHHEC MAaKCUMyMOB U MHHMMYMOB M HaWTH 3HaueHHE (QYHKIUH B
ITUX TOYKaX.
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Cxema ucciaenoBanusi GpyHkuuii

[Ipomniecc wmccnemoBaHusi (QYHKUIMH COCTOMT W3 HECKOJNBKHMX dTamoB. Jlns Hambonee
MOJTHOTO IIPEJICTABJICHHS O MOBEACHUH (GYHKIIMH U XapakTepe ee rpadrka HeoOX0JUMO OThICKATh:
1) OGnacte cymiectBoBaHus (QYHKIMH (3TO MOHATHE BKJIIOYACT B ce0s U 00JIACTh 3HAYCHHM, U
obsacTh onpeneneHus QyHKIIH).
2) UccrnienoBath GYHKIMIO HA YETHOCTh U TIEPHOAUYHOCTb.
3) Koopaunatsl To4yek nepecedeHust rpaduka GyHKIIMU ¢ OCIMH KOOPIUHAT (€CITM OHU UMEIOTCS ).
4) VHTepBalibl BO3pacTaHus U yOBIBAHUSL.
5) Touku MakCUMyMa U MUHUMYMa.
6) ITocTpoenue rpaduka.

Konmponvhule 6onpocel

1. YcnoBus Bo3pacTanus M yObIBaHHS (DYHKITHIA.
2. Touku ’KCcTpEeMyMa.

3. IlpaBuia HaXOXKICHHUS SKCTPEMYMOB (PYHKIIUH.
4. Cxema uccrienoBanus GyHKHUU.

Tema 6.5. Bropasi npon3BoaHas, ee reoMeTpu4ecKuii 1 pu3nuecKuii CMbICJI.
Bmopas npoussoonas, ee ceomempuieckui u puzuuecKuil CMuiCIL.
Ymems: HaXoIUTh MPOMEKYTKH BO3pacTaHUs W yObIBaHMSA (YHKIUU HCIIONB3YS BTOPYIO

pou3BOAHYI0. HaxoauTh TOUKHM 3KCTpeMyMma.
3namy: [IpuMeHeHne BTOPO MPOU3BOIHOMN K HAXOXKIEHUS MPOMEXYTKOB MOHOTOHHOCTH.

Iycts ¢ymkmus T (X) — auddepenmmpyema Ha HekoTopoM uHTepBame. Torna,
muddepeHrpys ee, MoyJaeM MepByI0 IPOU3BOIHYIO
df (x
y! — f !(X) — ( )
dx

Ecnu maiitu npowssomnyio ot ¢ynkmuu f'(X), nomyuum emopyio npoussoouyio
dysxmm T (X).

d?f(x
y!!: f”(x): g )
dx
d? d(d
T.C. y” = (y')' WA —Z =— &y
dx= dx\.dx
DTOT NpoLecc MOKHO MPOJOHKUTH U Jlajiee, HaX0as MPOU3BOAHBIE CTENEHH N.
d n y B d d n—ly

dx"  dx| dx"?

Hccneoosanue pynkyuu na skcmpemym ¢ ROMOULbI0 RPOU3B00HOI 6MOPO20 NOPAOKA.
!
Teopema 5. Ecru f'(X) =0, 1o ¢pynxmma f(X) B Touke xo umeer maxcumym, ecnn

f"(Xo) <O uyurumym, ecm (%) >0.
Ecmu f”(X,) =0, 1o xapakrep kputnueckoii Touku HenssecteH. [list €ro ONpeeNeHus

TpeOyeTcs nanbHelIIee HecieI0BaHHe.
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BoinykJjocTh 1 BOrHYTOCTH KpuBOi. Touku nmeperuda.
Kpusas obpaiiena guinykiocmuio ééepx Ha unrepsane (a,0), ecnu Bee ee Toukn nexar
HIKe JII000M ee KacaTelnbHOW Ha 3TOM MHTepBaie. KpuBas, oOpaieHHas: BHITYKIOCTBIO BBEPX,
Ha3bIBAETCS 8bINYKIION, a KpUBas, OOpallleHHas BBITYKIOCThIO BHU3 — HA3bIBACTCSI 8OCHYMOLL.
Teopema 6. Ecnmu Qpynkuus f (X) HMEET Ha MHTEpBAJIC (a, b) BTOPYIO IIPOU3BOIHYIO U

f"(x) >0 (f"(X,) <0) Bo Bcex TouKax AaHHOrO MHTEpBana, TO rpaduk QyHKIMK UMeEET Ha
(a,b) BemykiocTs, HanpaBnennyIo sHU3 (88€pX).

Touka, oTmensomas BBIMYKIYI0 YacTh KPHUBOW OT BOTHYTOW, HAa3bIBACTCS MOUKOU
nepecuba. Toukamu nepernda MOTyT CIYXHUTb TOJIBKO KpUmuyeckue moyku 6mopo2o pood, T.€.

TOUKH, B KOTOpBIX BTopas npoussoanas f"(X) obpamaercs B HOMb WM HE CyLIECTBYET.
Teopema 7. TIycts xpusas ompenenserca ypasHenmem Y = f(X). Ecim Bropas
npomssopnas f"(X) =0 wm we cymectsyer n npn nepexone uepes Touxy X=X, f"(X)

MEHSET 3HaK, TO TOYKa KPUBOM ¢ abCcuuccor X = X, ABIAETCSA TOUKOH mepernoa.

Ilpasuna naxoixicoenus mouex nepezuoa.
1) Haiitu BTOpYIO MPOM3BOAHYIO (DYHKIIHH.
2) HaiiTi KpUTHYECKHE TOYKH BTOPOTO POJA.
3) HccnemoBaTh 3HaK BTOPO# MPOU3BOMHON B MPOMEKYTKAX, Ha KOTOPBIC Hai/ICHHbIC
KPUTUYECKHUE TOUYKH ACISIT 001aCTh ONpeAesieHus QyHKIIUU.
4) OrmpenenuTh TOYKHU Mepernda u HalTH 3HaueHUe QPYHKIMH B 9TUX TOYKAX.

Konumponvnule 6onpocwl

1.UccnenoBanue GpyHKIMHM HA SKCTPEMYM € IOMOIIBIO IPOU3BOHON BTOPOTO MOPSIKA.
2.BBINyKI0CTh U BOTHYTOCTh KpUBOM. Touku neperuda.

3.IlpaBuina HaXOXKEHHS TOUEK Heperuoa.
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Tema 7. IlpsimMble ¥ IJIOCKOCTH B IIPOCTPAHCTBE

Tema 7.1. AKcHOMBI cTEepeOMeTPHUH M NMPOCTEHIINE CJICACTBUS U3 HUX.
Ocnoenble nousmus. Axcuomol cmepeomempuu. Cneocmeus uz akcuom.

Ymemsb: nIpUMEHATH aKCHOMBI CTEPEOMETPHUH IIPU PELICHNN 3a]1a4.
3nams: OcHOBHbIE TOHATHA. AKCHOMBI cTepeomeTpuu. CrenctBus u3 akcuoM. OCHOBHBIE
MOHSTHSI. AKCHOMBI CTEPEOMETPHH.

1. Ocnosnbie norsamus. Axcuomol cmepeomempuu.

Onpeodenenue. CrepeoMeTpueil Ha3bIBA€TCA pa3fei TEOMETPUH, B KOTOPOM HM3y4YarOTCS
(Gurypsl, pacnoyioKeHHbIE B MpocTpaHCTBE. OCHOBHBIMU MOHITHIMH CTEPEOMETPUU SIBISIOTCS
TOYKa, MpsaMas U MJIOCKOCTb.

CnoBO «CTEepeoMeTpUs» MPOUCXOIUT OT TPEUYECKUX CIIOB «OTEPEOG» — OOBEMHBIMH,
MPOCTPAHCTBEHHBIN U «UETPED» — UBMEPSTH.
1. [IpencraBieHue 0O MIOCKOCTH AET IIaAKasi HOBEPXHOCTh CTOJIA WU

cteHbl. [ImockocTh Kak reoMeTpudeckyio Gpurypy cieayer npeacTaBiiTh
ce0e mpocTuparolIeiics HeOrpaHMUEHHO BO BCE CTOPOHBI.

Ha pucyHkax miockocTy H300pa)karoTcs B BUJIE MapajlieiorpaMMa UiTh B BHJIE
MPOU3BOJILHOM 00J1aCTH M 0003HAYAIOTCS TPEUSCKUMHU OyKBamH o, 3, Y ¥ T.1.
Touku A u B nexat B minockocT# 3 (III0CKOCTH B IPOXOAUT Yepe3 3TH TOUYKN),
a Touku M, N, P He nexxaT B 3T0H mI10cKocTH. KOPOTKO 3TO 3aMUCHIBAIOT TaK:

AEB,BEB,M'Eﬁ’ Ngg Pgg

Puc. 1. a)

[IpocTpaHCTBO COCTOUT M3 OECKOHEUHOTO0 MHOXeCTBa To4eK. JIroboe MHOKECTBO TOYEK
MPOCTPAHCTBA  HA3bIBaeTCsl  MPOCTPAaHCTBEHHON  durypoit wmm  Temom. [lpumepamu
MIPOCTPAHCTBEHHBIX QUTYD SABISAIOTCSA TOUKA, IPsIMAsi U IIIOCKOCTh. [IpsiMble U MJIOCKOCTU COCTOAT
13 0ECKOHEYHOTO MHOXECTBA TOUEK MPOCTPAHCTBA U HE COBIAJIAIOT CO BCEM MPOCTPAHCTBOM.

ChopmynupyeM OCHOBHBIE AaKCHOMBI CcTepeoMeTpuu. HamomMHHM, akCHOMBI — 3TO
YTBEP)KICHHS, IPUHUMAaeMble 0e3 JoKa3aTeiabcTBa. AKCHOMBI T€OMETPUN BBIPAXKAIOT OCHOBHBIC
CBOICTBA HEOIPEIETAEMBIX MMOHIATHI: TOYEK, MPSAMBIX U IJIOCKOCTEM.

AKCHUOMBIL:
1) UYepes nro0bie BE pa3IMIHbIC TOUYKH MPOXOAUT STUHCTBEHHAS MTPSIMasl.
2) Ecnm nBe pasziuyHbE TOYKHM NPSMOM IPHHAJJIEKAT B
IUIOCKOCTH, TO BCE€ TOYKMA NPSMOW MPUHAIJIEKAT ITOMN
IIJIOCKOCTH. a 4
Puc. 2
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3) Uepe3 mo0ble TpW TOYKH, HE JIeXKallue Ha OIHOU B,

MPSIMOM, IPOXOJUT OJIHA U TOJIBKO OJIHA IUIOCKOCTb. Y
(]
o
4
Puc. 3.
4) Ecnu nBe pa3auvHbIe TIIOCKOCTH UMEIOT OOIIYIO TOUKY,
TO OHU UMEIOT OOIIYIO IPSIMYIO. #
d
(2
Puc. 4.

2. Ilpocmetiwue creocmsus U3 aKcuom cmepeomempuu.

W3 mepBoii aKCHOMBI CIIEIYET, YTO JIBE pa3JIMUHBIC MPSMBIE B IPOCTPAHCTBE UM HE UMEIOT HU
OJTHO¥ 00IIel TOUKH, MIIM UMEIOT TOJIBKO OHY OOIIYIO TOUKY.

[IpsiMbIe, UMETOIINE TOJIBKO OHY OOIIYIO TOYKY, HAa3bIBAIOTCS IEPECEKAIOIIUMUCS.

W3 BTOpOI aKCHOMBI CIIEAYET, YTO MpsSMasi U IJIOCKOCTh B MPOCTPAHCTBE WM HE UMEIOT HU
OJTHOY OOIIEH TOYKH, MM UMEIOT TOJIBKO OJHY OOIIYIO TOUKY, WJIM, HAKOHEII, BCE TOUKH MPSIMOM
SIBIISIFOTCSL TOYKAMU TTIOCKOCTH.

Ecim mpsiMasi ¥ TUIOCKOCTh MMEIOT TOJBKO OAHY OOIIYI0 TOYKY, TO TOBOPST, YTO OHH
MePECEeKalOTCs.

Ecim Bce TOUKM MpSAMOIl SBIISIOTCS TOYKAMH TUIOCKOCTH, TO TOBOPAT, YTO MpPSIMast JICKUT B
TUTOCKOCTH (TIPUHAJICKHT TIOCKOCTH ) WITH YTO TUIOCKOCTh MPOXOHT Yepe3 MPIMYIO.

Teopema 1. Yepe3 mpsiMyl0 W HE TNPHUHAICKANIYIO €d TOYKY MPOXOAHWT EAMHCTBEHHAS
TUIOCKOCTb.

Hoxazamenvcmeo:

Ilycte 3amanbl npsiMas au He NMpHHAJIeKAIAs el TouKa
A (puc. 5). Ha mpsimoii @ BO3bMeM KaKHe-HUOY/Ab JIBE TOUKH
Cu D. Ilo akcuome 3 uepes tpu roukun A, C, D mpoxomur
€IMHCTBCHHAS INIOCKOCTH, 0003HaunM ee «. Ilo akcmome 2
BCE TOYKH
NpsMOI & MpPUHAAIEXKAT MIIOCKOCTH .

CrnenoBarenbHO, MJIOCKOCTh « MPOXOJUT depe3 MpsAMyro a u Touky A.Jlpyroil Takoi
TUTIOCKOCTH HET, TaK KakK JIt00ast INIOCKOCTh, TPOXO/SIIAs Yepe3 MPsMYI0 8 U TOUKY A, IPOXOIUT

yepe3 Touku C, D, A, He nexaiue Ha 0JHON NPSAMOH, U TOITOMY COBIAJIAET C IUIOCKOCTBIO .

Teopema 2. Uepes nBe nepeceKaromuecs NpsiMble MPOXOIUT €IMHCTBEHHAS MJIOCKOCTb.
Jloxazamenvcmeo:
[Tycte ipsiMble @ 1 b mepecekarotcst B Touke M (puc. 6). Ha npsiMbix a u b Bo3pMeM
kakue-HuOyab Toukd P u N, oriamunbie ot Toukn M. Torma yepe3 tpu Toukn P, N u M

MIPOXOJIUT €IUHCTBEHHAS IJIOCKOCTh . B CHIIy akCMOMBI 2 MJIOCKOCTh MPOXOJUT Yepe3 JaHHBIC
npsiMbie & u b.

W3 nocnegHUX IByX aKCHOM U TEOPEMBI | cieayeT, 4To JBe pa3IudHbIe II0OCKOCTH UIH HE
HWMEIOT HU OJTHOU

oO01el TOUKH, WJIM UMEIOT OOIIYIO MPSIMYIO B IPYTUX OOIIUX TOYEK HE UMEIOT.

JIBe pa3nuy4HbIe MJIOCKOCTH, UMEIOIINE OOIIYIO IPSIMYI0, Ha3bIBAIOTCS IIEPECEKAIOIIUMHUCS.
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¢ Puc.6 Obwasn npamas naszvieaemcs npsamoti nepecedeHusi IMux ni0CKOCMell.
Konmponvnwvie 6onpocoi

1. OcHOBHBIE TOHATHS.
2. AKCUOMBI CTEPEOMETPHH.
3. CencTBus U3 aKCHOM.

Tema 7.2. [lapaniiesibHOCTH NPSIMOH U MJIOCKOCTH, MAPAJJIETbHOCTD IJIOCKOCTE.

Onpedenenue napanieibHocmu npsamou u niockocmu. Ilpusnax napainensnocmu
npamou u niockocmu. Ilapannensnocms niockocmeti. Ceoticmea napaiieibHulX NIOCKOCHE.

Ymems: IMPUMCHATH MPHU3HAKU MaPaAJUICIIBHOCTHU HpHMOﬁ U MJIOCKOCTH IIpU PCUHICHUM 3a1aY.
3namv: OmnpeneneHue NapayIeIbBHOCTH NpsAMOW U MUIOocKoCTH. Ilpu3Hak mnapamenbHOCTH
npsiMoii 1 tiockocTH. [lapamnenbHocTs mockocteil. CBOMCTBA MapaiebHbIX IIOCKOCTEH.

Hapa.]'l.]'[e.]'lbﬂble NMPAMBIE€ B IIPOCTPAHCTBE
I[Be IIPAMBIC B IIPOCTPAHCTBE HA3bIBAOTCA MAPAJLJICJAbHBIMU, CCIIM OHU JIC)KAT B OHHOI;'I
IIJIOCKOCTH U HC NIEPCCCKAIOTCA.

Teopema o napannenvHbIX NPAMBIX.
Yepes m00yI0 TOUKY IPOCTPAHCTBA, HE JIEKAIYI0 HA JAHHOW MPSIMOIi, IPOXOAUT Mpsimas,
napasuiebHas JaHHOW, ¥ IPUTOM TOJIBKO OJIHA.

b o)

A

Puc. 1.

JlemMa o NEPEeCCYHCHUH MJIOCKOCTH MapajajeJbHbIMHU NPAMbIMHA.

Ecnu onHa w3 aByX MapajulesIbHBIX A a
IPSAMBIX [IEPECEKAECT JaHHYIO MIOCKOCTh, TO
U Apyras npsiMasi IEPECEKaeT dTY IUIOCKOCTb. \ l A
L1
A
1
o L
l\
Puc.2.

Teopema 0 Tpex NpsAMBIX B IPOCTPAHCTBE.
Ecnn nBe npsmble IapajuielbHbI
TpETbel NPSMOM, TO OHU NapajlIeIbHbI (€CIH

allcub//c,toall b).
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Puc. 3

IMapajuteJibHOCTH NPAMOM M TVIOCKOCTH

HpSIMaSI U IJIOCKOCTDb HA3bIBAKOTCA napaiieéilbHbimMu, CCJIIM OHU HC UMCIOT 06H.II/IX TOYCK.

IIpu3Hak napajieIbHOCTH NPAMOM U IVIOCKOCTH

Teopema. Eciu mnpsimasg, He Jexaimias B ¢
JJAHHOM IUIOCKOCTH, IapajulejibHa KaKOM- . -
HUOYAb  TPSIMOM,  JIeXameir B ATOH y: R
IJIOCKOCTH, TO OHA TNapajUiejbHa JaHHOMN Y o
MJIOCKOCTH. o -
b g Puc. 4.
Teopema. Eciii mI0CcKOCTh MPOXOIUT
yepe3 JIaHHYI0 NpSIMyl0, MapalieIbHyIo
Ipyrod IUIOCKOCTH, U TIE€pPeceKaeTr AITy
IJIOCKOCTh, TO  JIMHUS  TEpPECEUYCHHs 3
IJTIOCKOCTEH napasuiesibHa JaHHOW MPSMOM.
Teopema. Ecnu ogHa wu3  AByX A
MapajuieNibHbIX ~ MOPSIMBIX  [apajuielbHa o
JAHHOU IIOCKOCTH, TO Apyras mpsmas JIndo
TaKKe NapajUieJbHa JIaHHOW IUIOCKOCTH,
100 JIEKUT B 3TOM MIOCKOCTH.
B
Puc. 5
B3aumHoe pacnoJio:keHue NPpsiMbIX B IPOCTPAHCTBE
b a
¢ ¢ b I
t
4/ i b
o
Puc.6 Puc. 7 i
Puc. 8
Ilepecexaromuecs npsimble: |[lapanensHble mnpsivbie: CKpelmMBaOIIMecs
Je)KaT B OJHOM IUIOCKOCTH, |JIEKAaT B OJAHOM IUIOCKOCTH, | MPAMbIe:
UMEIOT OJIHY OOIIYI0 TOYKY  |HE MMEIOT OoOIuX Touek (He | He  JeXaT B OJHOU
MepeCceKarnTCs IUIOCKOCTH, HE HUMEIT
0o0mux TOYEK (me
HIEPECEKALOTCS)
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I[MapaaieabHOCTb IJIOCKOCTEH
JIBe MIOCKOCTH Ha3bIBAIOTCS NapaiedbHbIMHU, €CIIM OHH He TIePEeCeKaloTCs, T.€. He UMEIOT HU
ofiHOM 001mel Touku. o // P.

B / 4

Puc. 9.

IIpu3zHak napaniejbLHOCTH ABYX ILIOCKOCTEl
Teopema. Eciu 1Be nepeceKaronImecs npsMble OJJHOM IITIOCKOCTH NapaJuIeIbHbI JBYM
MepeCceKaIOINMCS MPSMBIM IPYTOl IIOCKOCTH , TO 3TH IJIOCKOCTH MapauIeIbHBL.

Eciua // aimb /| b1, 10 o // B. Puc. 10.
ty

b,

L

CpoiicTBa napajieJibHbIX INI0CKOCTEI].

Ecnu o // P 1 oHU IepecekaoTes ¢ Y, TO

allb.

- Eciou JBe napajulelbHble ILIOCKOCTH
nmepeceueHbl  TPeThel, TO IMHUM  HX
& HepPECcEUeHH s apalIeIbHBbL.
o
Y

2.Ecmia// pu AB// CD, To AB = CD.OTpe3ku napamielibHbIX IPSMBIX, 3aKII0UYEHHBIE
MCKAY napauICJIbHBIMHA INIOCKOCTSAMM, PABHBI.
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1

KOHmpOJleble B80NpPOCHI

1. Onpenenenne napamieabHOCTH NPSIMOM U MJIOCKOCTH.
2. [Ipu3Hak mapauieIbHOCTH MPSIMON U TUIOCKOCTH.

3. IapannenbHOCTh TIOCKOCTEH.

4. CpoiicTBa napasuieNbHbIX MIIOCKOCTEH.

Tema 7.3. IllepnieHaAMKYJISAPHOCTH NPAMOI U IJIOCKOCTH.

Onpeoenenue nepneHOUKyIapHocmuy npamotl u niockocmu. 1lpusnaxu
NepneHOUKYIAPHOCMU NPAMOU U NIOCKOCTU.

Ymems: IpUMEHATh NPU3HAKU NEPIEHANKYISIPHOCTH MPSMOM U MJIOCKOCTH AJI pEeUIECHUs 3a1ad.
3name:  OmnpeneneHue  MEPHEHIUKYISIPHOCTH — HpsiMOM M miiockoctu.  [IpusHaku
MEePHIEHIUKYIIPHOCTH MPSMOM U TUIOCKOCTH.

Onpenesienne
[Ipsamas, IepeCeKaroIIast IUIOCKOCTb, a
Ha3bIBACTCS nepneHOUKVISAPHOU dTOU
IJIOCKOCTH, €CJIM OHa TMEepIeHIUKYJIsIpHa /
KaXJI0W MpsAMOM, KOTopasi JIEKUT B JaHHOUN é, |
IUIOCKOCTH ¥ TPOXOJUT dYepe3 TOYKY i '
repeceueHusl.

Puc. 1.
Teopema

IIpusnak nepneHOuKyIapHoCcmuy nPAMOU U NIOCKOCHU.

Ecin mpsimasi, mepecekaromasi IIOCKOCTb,
MEPHeHIUKYJISIpHA JIBYM MpPSIMBIM B ATOU
IUIOCKOCTH, TPOXOMISIIIAM 9epe3 TOUKY
MepeceueHus JaHHOM MPSMON U TUIOCKOCTH,
TO OHA MEePIEHINKYJISIPHA IJIOCKOCTH.
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Puc. 2.
a

/e
Jd >I<b

Puc. 3.
Jlokazamenvbcmeo:

Az

[TycTpb a npsiMasi, mepreHIUuKyIIsIpHas TpsMbIM D 1 C B Tutockoctu « . Toraa mpsimast a
MPOXOJIHUT Yepe3 TOUKY A mepecedeHus npsMbix b u C. Jlokaxkem, 4to npsmast a
NEPIEHINKYIISIPHA IUIOCKOCTH ¢ .

[IpoBeneM npon3BOIBHYIO MIPSMYIO X YEPE3 TOUKY A B INIOCKOCTU (¢ U IOKa)KEM, YTO OHA
NepHeHIuKyIsipHa IpsaMoi a. [IpoBeneM B IIIOCKOCTH & IPOU3BOJIbHYIO MIPSIMYIO, HE
MPOXO/IAIIYI0 Yepe3 TOUKY A U mepecekarolnyro npsmbie b, ¢ u x. [TycTh TOukaMu nepecedeHus
oynyt B, Cu X.

OT1510’kMM Ha TIPSIMOM @ OT TOYKU A B pa3Hble CTOPOHBI paBHbIe O0Tpe3ku AA1 1 AAo.
Tpeyronsauk A1CA2 paBHOOEIpEHHBIH, Tak Kak 0Tpe30K AC sBISETCs BBICOTON MO YCIOBUIO
TEOpeMBbI U MeANaHO! 1o mocTpoeHuIo (AA1=AA?). IO TOM ke MpUYNHE TpeyroJbHUK A1BA2
TOXe paBHOOenpeHHbIH. CienoBarenbHo, TpeyroasHUKH A1BC n A2BC paBHBI 1o Tpem
CTOPOHaM.

N3 paBenctBa TpeyronbHukoB A1BC u A2BC cnenyer pasenctso yrios A1BX u A2BX u,
CJIEZIOBATENIbHO PABEHCTBO TpeyTrodbHUKOB A1BX 1 A2BX no IByM CTOpOHAM M yIily MEXIY
HuMu. 13 paBeHcTBa cTOpoH A1X U A2X 3TUX TPEYTrOJIbHUKOB 3aKI0YaeM, YTO TPEYTOJIbHUK
A1XA2 paBHoOenpenHsbIit. [loaTomy ero mennana XA sSBISETCS TaK)Ke BBICOTOM. A 3TO U
3HAUUT, YTO IpsiMasi X NepneHauKysapHa a. [lo onpenenenuto npsiMas a NeEpNEeHIUKYJIIpHA
miockoctH €. TeopeMa noka3aHa.

Ceoticmea nepnenouKyIAPHbIX NPAMOU U NIOCKOCHU.
Teopema 2
1 - oe. Cesoticmeo nepneHOUKYIAPHLIX NPAMOT U NIOCKOCIU
Ecnu ninockocTh nepneHauKyJIspHa OJJTHON

13 IBYyX MapajiebHbIX IPSIMBIX, TO OHA
MEePHEeHIUKYJISIPHA U IPYTOil.
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Puc. 4.
Hoxazamenvcmeo: Ilyctb a;, W a,- 2 napajulelbHbIE MpPSIMble H & IJIOCKOCTb,

NEePIEeHANKYIISIpHAst IpsAMON @, . JloKa)xeM, 4TO 3Ta IUIOCKOCTh MEPIEeHANKYIISIpHA U MPSIMOR d,, .
[MpoBenem uepe3 Touky A, mepecedeHus NPsSMON d, C IUIOCKOCTBIO & POU3BOJILHYIO MPSIMYFO
X, B INIOCKOCTH « . [IpoBeZieM B INIOCKOCTH « 4epe3 TOUKy A, ImepecedeHus NpsMoi a, ¢ o
IpSIMYIO X, HapajIeNbHYIO MPsIMOH X, . Tak Kak npsimast a1 epneHuKyJIsipHa MI0CKOCTUH & , TO
npsiMble @, U X; NEPHEHAUKYJApHBL. A 1o TeopeMe | mapajiesibHble UM IEPECEKaroluecs
IpsIMbIE d, U X, TOXE NepHEHANKYJIApHBL. Takum o0pa3oM, psiMas az NepIeHAUKYIIpHA 0001

psIMOH X, B INIOCKOCTH ¢ . A 3TO ( 10 OPEJICNICHUIO )3HAUUT, YTO NpsiMasi d, MepHeHIUKYIIIpHa

IIJIOCKOCTH & . TeopeMa JOKa3aHa.

Teopema
2 - oe. Ceo1icmeo nepneHOUKYISAPHbIX NPAMOU U NIOCKOCHIU.
JIBe npsiMble, IEPIICHIUKYJIIPHBIE OJHOU U TOM K€ IJIOCKOCTH, I1apaJuICIIbHBbI.

a
C
| BDEI
d . I
|b bl
Puc. 5
ﬂOKdemeﬂbchO.'

ITycts @ u b - 2 npsmble, TEPIEHANKYIAPHBIC TUIOCKOCTH ¢ . JIOMyCcTHM, YTO
npsiMbie a U b He mapasuieNbHBL.

Bribepem Ha mpsimoii b Touky C, He nexariyto B Iuiockoctu « . [IpoBeaem depes
touky C npsimyto b1, mapamnensHyo npsimoit a. [Ipsimas b1 neprienaukysipHa miockocTu
o 1o Teopeme 2. [Tyctp B u B1 - Touku nepeceueHus npsmbix b u b1 ¢ miockocThio o .
Torma mpsimas BB1 mepnenaukyisipHa mepecekaromumces npsMbiM b u b1, A ato
HEBO3MOKHO. MBI IpUIIIIN K IPOTUBOpedHto. Teopema nokasaHa.

Koumponvhnsie sonpocwi

1.0npenenenue nepneHANKYJIIPHOCTH MPSAMOM U MIIOCKOCTH.
2. [Ipu3HaKy NEPIEeHANKYISIPHOCTH MPSIMOU M TUIOCKOCTH

54


http://schools.keldysh.ru/sch1905/Geom_perpendikularnost/прямойплоскости.htm
http://schools.keldysh.ru/sch1905/Geom_perpendikularnost/prpl.htm
http://schools.keldysh.ru/sch1905/Geom_perpendikularnost/prpl.htm

Tema 7.4. IlepnieHANKYJISIP U HAKJIOHHAS.

Onpeodenenus nepneHOUKYIApa U HAKIOHHOU. YmeepoicoeHnus: 011 RepneHOUKYIapa u
HAKJIOHHOU, NPOBEOEHHbIX Yepe3 00HY MOYKY K 00HOU niockocmu. Teopema o mpex
NepneHoOUKyIApax.

Ymemwb: npuMeHATH OIpeAesieHus U TEOPEMBI IIPU PELICHUH 3a/1a4.

3namu: onpenieneHns NepueHIUKYJIIIpa U HAKIIOHHOW, TBEP KICHUS VISl IePIeHAUKYIIApa U
HAKJIOHHOM, IPOBE/ICHHBIX Yepe3 OJHY TOUKY K OJHOU IJIOCKOCTH, TEOpPEMa O TPeEX
HepIeHANKYIsIpax

[TycTh naHbl IIOCKOCTH U HE JIeXKAIllasi Ha Hell TouKa.

Ilepnenoukynapom, onyieHHbIM U3 JaHHOM TOYKHU Ha JAHHYIO MJIOCKOCTb, HA3bIBACTCS
OTPE30K, COSTUHSIONINI TaHHYIO TOUYKY C TOYKOH IJIOCKOCTH U JIeXkKaIlIui Ha MPSMOi,
MEePIEHANKYISPHOM IIIOCKOCTH. KOHEl 3Toro oTpeska, jJexanui B INIOCKOCTH,

Ha3bIBACTCSl OCHOBAHUEM NEPNEeHOUKYIADA.

Ha pucynke 1 u3 Touku 4 mpoBeaeHBI K INIOCKOCTU

A
o TMepneHauKysap AB u HaxsionHas AC. Touxka B - A
OCHOBaHME  MEpHeHAuKyyspa, Touka C-  OCHOBaHUE /
HakJI0HHOH, BC - nmpoekuus Hak10HHOU AC Ha MJIOCKOCTh « . - M B
Jol
Puc.1

Haxnonnoiu, npoBeICHHON M3 JAHHOW TOYKH K JAHHOM TUIOCKOCTH, Ha3bIBACTCS JIIOOOH
OTPE30K, COCTUHSAIOIINN JaHHYIO TOUKY C TOYKOM TIOCKOCTH, HE SIBISIFOIIUNCS IEPIEHAUKYIIPOM
K mockoctu. KoHen oTpeska, jiexaiiuil B IIIOCKOCTH, HAa3bIBAETCSI OCHOBAHUEM HAKIIOHHOU.

OTpe30K, COeUHSIOMNN OCHOBAHUS MEPIEHAMKYIsIpa U HAaKIOHHOM, MPOBEACHHBIX U3
OJTHOM M TOM K€ TOYKH, HA3bIBACTCS MPOEKUUell HAKIOHHOU.

Tak xak B npsamoyroibHOM TpeyroisHuke ABC kater AB menbine runotenyssl AC, To
CIPaBEJIMBO CJENYIOIIEE YTBEPKICHUE: NePREeHOUKYIAD, ONYUIeHHBIU U3 MOYKU HA NIOCKOCMb,
MeHbule 110001 HAKIOHHOU, NPOBEOeHHOU U3 MO JHce MOYKU K IMOL NIOCKOCHU.

Jns nmepneHAMKYJSpa M HAKJIOHHBIX, MPOBEACHHBIX 4Yepe3 OJHY TOYKY K OJHOM
IJIOCKOCTH, CIIPaBEJINBHI CIEAYIOINE YTBEP)KIACHU:

1) neprneHauKyIsip MEHbILIE JTF000N HAKJIOHHOM;

2) HaKJIOHHbIE PaBHBI TOTJa U TOJBKO TOT/1A, KOT/1a PaBHbI UX MPOEKIINY;

3) ogHa HAKJIOHHAs MEHbILE IPYroil HAKIOHHOW TOrZa M TOJBKO TOINa, KOraa MpOoeKLus
[IEpBOM HAKIIOHHOW MEHBbIIIE IPOCKLIUN BTOPOU HAKIIOHHOM.

JnuHa mnepneHauKysipa, OIMYIIEHHOTO M3 TOYKM A Ha IJIOCKOCTh (', Ha3bIBaeTCs
paccmoanuem om mouku A 00 naockocmu. PaccTossHUE OT TOYKH, JIeXKaIEH B MJIOCKOCTU « ,
710 IIJIOCKOCTH ' CUMTAETCS PaBHBIM HYIIIO.

B cnygae, xorna npsiMas napasuieibHa IUIOCKOCTH, PACCTOSIHUE OT IIPOM3BOJIBHON TOYKH
MPSIMOM 10 TJTIOCKOCTU HA3bIBACTCS PACCHOAHUEM MEHCOY NPAMOIL U haocKkocmulo. PaccTosiHue
MEX1y IEPECEKAIOIIUMHUCS IPSIMON U INIOCKOCTBIO PABHO HYJIIO.

Mo>xHO 10Ka3aTh, YTO €CJIH JBE IJIOCKOCTH MapaljIesIbHbI, TO BCE TOUKHU OJJTHOM INIOCKOCTH
paBHOYJAJIEHbl OT Apyrod miockoctu. lloaToMy paccmoanuem medxcdy napannenvHvimu
N10CKOCMAMU HA3BIBACTCS PACCTOSHUE OT MPOU3BOJILHOM TOUKU OJTHOM U3 HUX JIO IPYTOM.

Paccmoanuem medxncoy cKpeuwyugarouyumuca npamplmu Ha3bIBacTCsl pAaCCTOSHUE MEXTY
napaijiesIbHBIMU IJIOCKOCTSMHU, B KOTOPBIX JIEXKAT ITH MPSMBIE.
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Teopema o Tpex nepneHIuKYyJIsipax.

Teopema. Illpsimas, mnpoBENEHHAasT B IUIOCKOCTH YEpe3 OCHOBAaHHWE HAKIOHHOM,
NEepHNEHAUKYJSIpHA 3TOM HAKIOHHOM TOrJa M TOJBKO TOrJa, KOIZAa OHA IEpPHEeHAUKYJSIpHA
MIPOCKLUU HAKIIOHHOM.

Jloka3zaTeabCcTBO:

[TycTts AB - nepnieHauKymsip IOCKOCTH ¢ , AC - HaKJIOHHAS U C - IpsiMasi B
IJIOCKOCTH « , Mpoxoasimas yepe3 ocHoBanue C (puc. 2). Ilposeaem npsamyro CA1,
napajijiesibHyto npsimMoit AB. OHa nepneHAuKyIsipHa IUIOCKOCTH « . [IpoBeneM uepes
npsimbie AB u CA1 mnockocth [ . [Ipsimast ¢ nepnennukysipHa npsmoit CA1. Ecnm ona
nepreHAuKysipHa npsimoit CB, To OHa epIeHIMKYIIIpHA TUIOCKOCTH [, a 3HAYuT, U
npsamoit AC.

Amnanornyno. Ecnmu mnpsimas ¢ neprnenaukyisipHa  HakioHHOH AC To  oHa, Oyayum
nepreHaAnKyisipa 1 npsmMoit CA1 MeprneHAuKyIsIpHa IIOCKOCTH [, a 3HAYHUT, W TPOCKIHH

HakJoHHO# CB.
Teopema nokaszaHa.

Puc. 2

Konmponvhule 6onpocol

1.0mnpeencHus MEPIEHANKYIISpa U HAKITOHHOM.

2. YTBepKIeHHS JUIs ePIICHINKYIISIpa U HAKIIOHHOM, TIPOBEIEHHBIX Yepe3 OJTHY TOUKY K OJTHOU
TUTOCKOCTH.

3. Teopema o Tpex MepIeHANKYIpax.
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Tema 7.5. Yroa me:kay npsiMmoi M IJIOCKOCTHIO.

Yeon meocoy npamoii u nnockocmoro. Ilpoexyus mouxu u npoexyus npsamou. Ceoticmsa
npoexyuu npsmulx. IIpoexyus gueypol. [lnowads npoexyuu MHO20Y 20 bHUKA.

Ymems: npoexTupoBaTh (UIypbl; HAXOAUTH IJIOLIA/(b TPOESKIIMA MHOTOYTOJIbHHUKA.
3nams: Yron Mexny mnpsMod W miockocThio. IIpoekuus Touku u mpoekuus npsamoil. CBoicTBa
npoeKuu npsiMbIxX. [Ipoexuus ¢purypsl. [Inomans npoekinu MHOTOYTOJIbHUKA.
YroJa mekay NpsiMol M INIOCKOCTHIO.
ITycte MN - HakioHHas, mpoBeaeHHast U3 Touku M k miockoctn y, a M|N - ee mpoekuus Ha

wiockocts ¥ (puc.l). Torna yron MNM, - HasbiBaetcs yenom mexncdy npamou MN u naockocmuio
y . TakuM 00pazoM omnpeaesnsieTcsi yroyl Mexy IpsMON U INIOCKOCThIO, IEpPEeCcEKatomIel ATy MPsIMYI0 U

HE MEPHEHAUKYJIISIPHON €H.
¥roaA MexAy NpAMON M MADCHOCTEID

Puc.1.
Omnpenenenne.

Yroa mMexay npsiMoil U IJIOCKOCTBIO, NIEPECEKAIONICH 3Ty NPAMYIO U HE MEPHEHIUKYISIPHOU K
HEW, - 3TO YroJI MEXKy IIPSIMOU U €€ ITPOCKUUEN Ha ITY IIJIOCKOCTb.

OnpeneneHue yria Mexay NpsAMOU U IJIOCKOCTBIO MO3BOJISET 3aKI0YUTh, YTO YTOJI MEXKY IPSIMOM
U IUIOCKOCTBIO IPEACTABISAET COOOM Yrosl Mexay JIByMs HNEPECEKAOIMMUCA OPSIMbIMU: CaMOU
MpsIMOM U €€ MPOEKUUEeN Ha MI0CKOCTh. Cle10BaTeNIbHO, YTOJI MEXY IPSIMOM U IMIIOCKOCTBIO €CTh
OCTPBIIA YTOJI.

VYron Mexay neprneHIuKyIIpHbIMHA MPSAMOM M IUIOCKOCTBIO CUMTArOT paBHbIM 90°, a yron
MEXIy MapaUieIbHBIMH TPSIMOW U IUIOCKOCTHIO JIMOO HE OMpPENemsioT BOBCE, JTHOO CUYUTAIOT
paBHbIM 0°,

Tema 7.6. [IByrpanHblil yroJ. YroJ Mexay miockoctaMu. [lepneHauky/JasipHOCTD
IVIOCKOCTEH.

Onpeoenenue 08yepanno2o yena. Buowl 0gyepannozo yena. Onpeoenenue yaia mMexicoy
nepecexarowumucs niockocmsamu. Onpeoenerue nepneHouKyIapHocmu niockocmeil. Ilpusnaxu
NepneHOUKYIAPHOCIU O8YX NIOCKOCME.

Ymems: pemaTh 3a1a4u Ha IByTPAHHBIC YTIIbL.
3unamu: onpenenenue IByrpaHHOro yriia
Onpenenenue. J[ByrpaHHbIM yIiIOM Ha3blBaeTCsl Qurypa, oOpa3oBaHHAs MPSMOW a M JIByMs
MOJTYTIIOCKOCTSIMU C OOIIeH IpaHUIeH a, M He PUHAJICKAIIUMHU OJHOHN IIIOCKOCTH.
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4 a - pedpo IBYrpaHHOrO yria, HOJIYIUIOCKOCTH - TPaHH €ro.

puc. 1
Yron AOB - nuHeiHbIi yron aByrpaHHoro yria. YrtoOsl ero
MIOCTPOUTD, HY>KHO BBHIOpaTh MPOU3BONIbHYIO TOUKy O Ha pebpe, a 1yun OA
1 OB 10mKHBI ObITh MEPIEHIUKYIISIPHBI K pEOpY.
4
i
puc. 2

Omnpenenenne. ['pagycHoit Mepoit IBYTpaHHOTO YT HA3BIBAETCS IPAyCHAs Mepa JTF000T0 U3 €ro
JINHEMHBIX YIJIOB.

JIByrpaHHbIN yroy Ha3bIBaeTCs MPSIMBIM (OCTPBIM, TYIIBIM),
eciu oH paseH 90° (mensbiie 90°, 6ombire 90°).

[yctb ¢ - TOT U3 YIJIOB, KOTOPBIA He MPEBOCXOAUT JIFOOOro U3
TpEX OCTaNbHBIX yrioB. Toraa yrom Mexay HepeceKarolmuMUCs
nnockocTsamu paseH ¢, (0°<$=90°)

puc. 3

Omnpenenenne. /[Be nepecexarommecs IOCKOCTA HA3BIBAIOTCS TIEPIICHIUKYIIPHBIMU, €CJIA yTOJI
MeEKIy HUMH paBeH 90°.

IMpu3Hak nepneHTUKYJISIPHOCTH JABYX MJIOCKOCTEN.

Ecnu omna w3 AByX IUIOCKOCTEH (=) MPOXOAUT Yepe3
pSMYIO (@), IePIICHIUKYJIAPHYIO IPYro# MIocKocTH (k), TO Takue
TUTIOCKOCTH TEPIICHIUKY IS PHBI.

puc. 4
B ; Ci IIpsamoyroubublii  mapaJjuieiaenunea. [Tapamienenunen
gt 0 Ha3bIBaCTCS NPSIMOYTOJIBHBIM, €CIM €ro OOKOBBIE pedpa
1
P NEPIEHANKYISAPHBl K OCHOBAaHUSM, @ OCHOBaHHS MPEJCTABISIOT
! v
Pt co00#1 MPAMOYTOIBLHUKH.
1
BL4 ] c
- e
.ﬂ-.d” =
puc. 5
CBoiicTBa.

1. B npssMOyrospHOM Hapasesenue/ie Bce MecTh IpaHeil MpeCTaBIsA0T COO0H NPSIMOYTOIbHUKH.

2. Bce nByrpaHHbI€ YTIIbI IPSIMOYTOJIBHOTO TApalJIeNIeIUIIe A SIBISIOTCS MPSIMBIMH

3. KBagpaT nuarosany npsiMoyrojbHOIo napajuleenuIeia paBeH CyMMe KBaIpaToB TPEX €ro

U3MEPEHUM.

Koumponvnvie éonpocwi

1. Onpenenenuie IBYyrpaHHOTO YTIJIa.

2. OnpeneneHue yria Meay MNepeceKaroluMKCcs IOCKOCTAMHU.

4. OnpeneneHue NepneHAUKYIIPHOCTH MockocTel. I [pu3Haku nepneHaANKyISpHOCTH  IJIOCKOCTEH.
58



Tema 8. KoopanHatbl 4 BEKTOPBI.

Tema 8.1. BexkTopsl. [deiictBust Hax BekTopamu. basuc Ha niiockoctu. IlpsimoyrosibHas cucrema
KOOP/AWHAT.

Ilonamue sexmopa. /leticmeusi nao éexkmopamu. bazuc na nrockocmu. Ceoticmea 6eKmopos.
IIpamoyzonvuas cucmema KoopouHam 8 NPOCMpaHcmae.

Ymemuw: BbINOTHATH EUCTBUS HAJl BEKTOPaMH.
3namu: Tlonstue BektTopa. [leiicTtBus Haj BekTopamu. basuc Ha miockoctu. CBOMCTBAa BEKTOPOB.
[IpsimoyrosbpHas cucreMa KOOpAMHAT B IPOCTPAHCTBE.

[TonsiTue BEeKTOpa B CTEPEOMETPUH BBOJUTCS TAK )K€, KaK U B IUNITAHUMETPHH.

Paccmotpum ynopsaodennyio mnapy (A, B) HecoBmagarommx Ttouek. OHa ompenenser
HaIpaBJICHHbIH 0Tpe30K ¢ HadajgoM A u koHuom B (puc. 1). C nmomompio napsl (A, B) 3amagum
npeobOpazoBanue npoctpancTBa. Kaxmoil Touke M mocrtaBuM B coorBeTcTBHE TOUKy N, KoTopas
HOJIyYHUTCS B PE3YJIbTATE CIIETYIOIIEro OCTPOCHUS.

[TpunsB Touky M 3a Hauano, MPOBOAKM JIyd M, cOHarnpaBieHHbIH ¢ 1ydoMm AB (puc.2). Ha myue

M uMeeTcs1 €AUMHCTBEHHAsA TOYKa N, YAaJICHHasA OT M na pacCTOSAHHUEC |AB| . 910 IOCTPOCHHUC 3a1acCT

npeoOpazoBaHUe MPOCTPAHCTBA, 0OTOOpaxkatomero Touky M Ha Touky N.

N

A A

Puc. 1. Puc. 2.

Onpenenenue. Bexmopom (napanienvhvim neperocom), onpeodensiemvim napoi (A, B)
Heco8naoaowux modex, Hazvleaemcs npeobpazoeane nPoCmMpancmed, NPu KOMopoM Kaxcoas moika

M omobpasxcaemcs na maxyro mouky N, umo n1yy MN conanpasnen ¢ nyvom AB u paccmosanue ||\/|N|

PABHO PACCMOSHUIO |AB| .

Bexrop, 3amanneni mapoit (A, B) HecoBmamarommx Touek, oOo3Hadaercss cumBosiom AB.

Hampasiienune, onpenensemoe ryaom AB, HaswiBaeTcs Hanpaesnenuem sexkmopa AB | a pacctosiHue |AB|

- Onunou eexmopa AB .

YcnoBumcs, 94To M00ast mapa COBIMAAAIONIMX TOYEK 3aJaeT TOXKICCTBEHHOE Mpeodpa3oBaHue,
KOTOpO€ MbI OyJileM Ha3bIBaThb TEIEPb H)/IE8bIM 6eKMOopoM. J|IMHa HyJIEBOTO BEKTOpa paBHA HYIIIO,
MOHSITHE HAIpaBJIEHUs JUIsl HETO He BBoAUTCA. HyneBoit BekTop, 3aaanHbiii mapoit (A, A), 0603Ha4daroT

cuMBoioM AA.

—

[IpuMeHsIIOTCS U WHbIe 0003HaueHus: @, b, C...- BeKTOpBI; a‘ WM a - niuHa Bekrtopa a; 0 -

HYJIEBOW BEKTOP.

59



Kaan)m BCKTOp, OTIIMYHEBIA OT HYJ'IGBOFO BIIOJTHEC XapaKTCPHU3YCTCA CBOUM HAIPABJICHUEM U
,Z[J'II/IHOI/I H03TOMy, €Clin HeHyneBHe BCKTOpPHL A U b COHaIIpaBJICHbI 1 UMCIOT PAaBHBLIC JJIMHBI, TO 3THU

BEKTOPHI paBHBI (COBIAAIOT): a=bh.

JeiicTBUS HAJl BEKTOPAMM.
YnobHee Bcero paboTaTh C BEKTOPAMU B MPSIMOYTOJILHON CHCTEME KOOPJWHAT — TOW CaMOM,
B KOoTOpoil pucyeMm rpaduku ¢yHkimii. Kaxmoil Touke B CUCTEME KOOPAWHAT COOTBETCTBYIOT JIBa

yyciaa — €€ KOOPIHMHATHI moxuy, abcucca U OpAMHATA.
BexTop Takke 3amaercs AByMsi KOOpIUHATaMH: a(X,;Y,)

37ech B CKOOKax 3alKcaHbl KOOPIAWHATHI BEKTOpa 8 — MO X U 110 Y.

Haxopagrcs onun IIPpOCTO: KOOPpAWHATA KOHIId BEKTOPAa MUHYC KOOpAHWHATA €TI0 HavaJia.

B zﬁr_ﬁrﬂ— X Vg ¥,/

0 X
Chnoosicenue 6ekmopos

JUi1st cllo’KeHUsI BEKTOPOB €CTh JIBa croco0a.

1. TlpaBuiio mapamtenorpamMa. UToObI CIOXKUTH BEKTOphl au D, momeriaeM Hadaia 0O0OHX B OJIHY
TOYKy. JlocTpaumBaeM 110 nmapajuieorpaMmMa Y M3 TOM )K€  TOYKM  IPOBOAMM  JUAroHAalb

napasuiesiorpaMma. 9To u OyIeT CyMMa BEKTOPOB au b .
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2. BTopoii coco0 ciokeHHss BEKTOPOB — IMPABUIIO TPEyrojbHUKa. Bo3bMeM Te sxe BeKTOpsl au b .
K xoHIly mepBoro BekTopa MpUCTPOUM Ha4ajo BTOPOro. Temepb COSAMHUM HAyallo TIEPBOrO U KOHEIl
BTOPOr0. JTO M €CTh CyMMa BEeKTOpOB au b .

b

.-—'/
%

L C

[To Tomy e mpaBUITy MOKHO CIOKHUTH M HECKOJBKO BEKTOpPOB. [IpucTpanBaeM uX OAWH 3a IPYTUM,
a 3aTEM COEMHIEM HayaJlo MIEPBOTO C KOHIIOM MOCJIEIHETO.

D
C— E  AF-AB+BC+CD+DE+EF
/‘ﬁf
A

[IpencraBbre, uTo BBI HaeTe U3 MyHkTa A B myHKT B, 3 B B C, u3 C B D, 3ateMm B E u B F. Koneunsrit
pe3yabTaT 3TUX JeicTBUM — nepemenienue u3 A B F.

I[Tpu cnoxenun BeKTopoB a(X,;Y,)H B(Xb; Y, ) HOJTy4aeM:
c=a+b
=Xy + %)+ (Yo +Yp)

Botuumanue 6EKmMopoeé

—_— —_—

BGKTOP — C HAITpaBJICH IMPOTHUBOIIOJIIOKHO BCKTOPY C . I[J'II/IHBI BCKTOPOB CHU — C paBHBI.

zf/ /-z-*

Tenepb IIOHATHO, YTO TaAKOC€ BBIYUTAHHUC BCKTOPOB. Paznocth BEKTOPOB d M ¢ — 3TO CyMMa BEKTOpa a

—_—

" BCKTOpa —C.

H'E”’:(?_(—Fj - |

oY)
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Ymuoocenue 6eKmopa Ha 4ucio

HpI/I y'MHO)KeHI/II/I BCKTOpa aHa YHuCJI0 kHOJ'Iy‘-IaCTCH BCKTOp, MJIMHA KOTOPOIr'o B kpa3 OTJ'II/I‘-IaCTCSI

ot auHe a. OH COHAIPABIICH C BEKTOPOM a, ecmu K Gorbiue HYJIs, U HATIPABJICH MPOTUBOIIOIOKHO a
, €CIT K MEHBIIIe HYJIS.

p A
= - -‘f - - — -y
u/ 2a/ 05a/ /— a /r -3a ¢ -0.3a
/ !
4
/
¥
Bba3uc na nnockocmu.
Omnpenesenne.

1) Ba3ucoM B NPOCTPAHCTBE HA3BIBAIOTCS JIOOBIC 3 HEKOMIUIAHAPHBIX BEKTOPA, B3SITHIC B
OIIPEACIIEHHOM IOPAJIKE.

2) ba3mcoM Ha IJIOCKOCTH HAa3bIBAIOTCS JIIOObIC 2 HEKOJUIMHEApPHBIC BEKTOPHI, B3STHIC B
OIIPEACIIEHHOM IOPSJIKE.

3)ba3ucoM Ha MMPSIMOI Ha3bIBACTCs JIF000H HEHYJIEBOM BEKTOD.

BekTopsl Ha3bIBAIOTCS KOMUAAHAPHBIMU, €CITA OHH TTapaJUICTbHBI OHOM M TOU e IJTOCKOCTH. Takum
00pa3oM, BEKTOPHI HAa3bIBAIOTCS KOMIUTAHAPHBIMU, €CITU PAaBHBIE UM BEKTOPBI, OTIOKEHHBIE OT OJHON
TOYKH, JIeKAT B OJTHOM INIOCKOCTH.
B npoTuBHOM cityyae BEKTOPBI Ha3bIBAIOTCS HEKOMNAAHAPHLIMU.

JItoOble TpU HEKOMIUIAHAPHBIX BEKTOpa B MPOCTPAHCTBE, B3STHIE B OMNPEIEICHHOM MOPSIKE,
Ha3BLIBAIOTCS 0a3ucom.

2180,

_—

Onpenenenne. Ecnu - Oasmc B mpoctpanctBe ©OM | To uncna a, b U g - Ha3BIBAIOTCS

KOMIIOHEHTAMM MJIH KOOPIMHATAMM BEKTOpa ¢ B 5TOM 6asHce.
B cBsi3u ¢ 3TUM MO’KHO 3amucaTh CleIyIoNe CBOMCTBA:
- paBHBIE BEKTOPBI UMEIOT OJJMHAKOBBIE KOOPAMHATHI,
- IIPU YMHOKE€HUH BEKTOpA HA YHMCIIO €r0 KOMIIOHEHTBI TOKE€ YMHOXKAIOTCSI Ha 3TO YUCIIO,

25 = (Aa)e, +(A8) &; + () 2,
- HpI/I CJ'IO)KCHI/II/I BeKTOpOB CKJIaI[BIBaIOTCSI HX COOTBCTCTBYIOIIIUC KOMIIOHCHTEI.

a=ae +a,6, +a.e,; a= e, + 5,8, +S.6,

4B (@t Ble +(a + B +(a + &e,

Ilpamoyzonvuaa (0ekapmoesasn) cucmema KOOpoOuHam é NPOCMpPaHcmee.

IIpamoyzonvuas cucmema Koopounam 6 npocmpancmee — oOpa3yeTrcs TpeMs B3auMHO
neprenaukysapabivMa ocsvu koopauaar (X, OYu O Z . Ocu xoopaunat nepecexarores B Touxe (J
, KOTOpasi Ha3bIBaeTCsl HA4aJloM KOOPJMHAT, HA Ka)XJI0H OCH BBIOPAHO MOJOKUTEIHLHOE HaIpaBIICHNUE,
YKa3aHHOE CTpeJIKaMHu, M CIUHUIA MU3MEPECHHS OTPE3KOB HA OCAX. EIUHUIBI M3MEpEeHUs: OOBIYHO
onmHakoBbl 115 Beex oceit. (DX — ock abemmee, (JY — ock opmunar, O Z — ock anmmukar.
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http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%BE%D1%80%D0%B4%D0%B8%D0%BD%D0%B0%D1%82
http://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%8C_%D0%B0%D0%BF%D0%BF%D0%BB%D0%B8%D0%BA%D0%B0%D1%82

» X
=
Puc. 2
Honoxenue Touku A B mpocTpancTBe onpenensercs Tpems koopaunatamu X, ¥ u z. Koopaunara &
pasna mmane otpeska (B, koopaunara ¥ — mmne otpeska (JC', koopaunara 2 — jumHe oTpeska
O Dsg Bri6pannbix eqununax usmepenus. Otpeskn (B, OChwu O Donpenensrores nnockoctsimu,
npoBenéHHBIME u3 Touku ~Anapanrensro miockocram Y O Z, X O Zu X OY coorserctsenno.

KoopaunaTa THa3pBaeTcs abCuccoi Touku A,

KoopauHata ¥ — opaunaroii Toukn A,

KOOp/IMHATA Z — aMIUINKaTOoM Touky .
CHMBOIMYECKH ITO 3aIHCHIBAIOT TaK:

Alx, y, z)
WIN

A=(z, y, z)
WJIA TIPUBS3BIBAIOT 3aIMCh KOOPIMHAT K KOHKPETHON TOYKE ¢ TOMOIIBIO MHJIEKCA!

Ta, Ya, 24
T I
Kaxnast ock paccmarpuBaeTcs Kak 4YHCIOBas MpsMasi, T. €. UMEET IOJIOKHUTEIFHOE HalpaBlIeHHE, a
TOYKaM, JISKAIIUM Ha OTPUIATEIFHOM JIyde MPUIMTUCHIBAIOTCS OTPHUIIATEIbHBIC 3HAUCHUSI KOOPIUHATHI
(paccrostaMe Gepercs co 3HakoM MuHYC). To ecTh, ecu 651, HampuMmep, Touka [3 nexana He Kak Ha
pucynke — na nyde (J X | a na ero npogomkenuu B 06patHyio cropory ot touxu (J (Ha oTprnaTensHOi
qacta oc (J.X), 1o aGemmcca Troukn A Gputa 6B oTpHUATENBHON (MHHYC PACCTOSHHUIO
AHAIIOTUYHO U JJIS IBYX JPYTUX OCEH.

Konmponvhuvie 6onpocwi

1. TTonsiTue BexTOpA.

2. JleicTBHsI HaJl BEKTOPAMHU.

3. basuc nHa miockocTu.

4. CBoiiCcTBa BEKTOPOB.

5. [IpsimoyronbHas cucteMa KOOPAUHAT B IPOCTPAHCTBE.

Tema 8.2. PaccTosiHue Mexky TOUKAMHU.

Dopmyna paccmoanus medxtcoy 08yms moukamu. Ypasuenus cghepul, nR10CKOCMU U NPAMOU.
Koopounamer cepeounvt ompeska.

Ymemub: HaXOAUTH PaCCTOSIHUE MEXK/TY IBYMSI TOUKaMU; COCTABIIATh ypaBHEHUE Cepbl, IIIOCKOCTH U
MPSIMOM; HAXOJIUTh KOOPAMHATHI CEPEIMHBI OTPE3Ka.

3nams: GopMyiia pacCTOSIHUSI MEKAY ABYMS TOUKAMM, ypaBHEHUS c(epbl, TNIOCKOCTH U IPSIMOH,
KOOpJMHATBI CEPEANHBI OTPE3KA.

[Tyctb A u B - 1Be TOYKH IIOCKOCTH, KOOPAUHATHI KOTOPBIX B IEKAPTOBO# CUCTEME
koopauHat: (X;;Y,) u (X,;Y,), Toraa
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2 2
AB = J(xz —xy) + (v — ¥
VkasaHHas GopMyJIa, [0 CYLIECTBY, ABIseTcs TeopeMoii [Tndaropa, 3anucaHHOi B KOOPAMHATHOM

¢dopme. B camom nene, nycte A u B, -- cooTBeTcTBEHHO npoekiuu Touek A u B Ha ock abcuuce, M -

npoekuus A Ha npsimyro BB, .

Nwmeem: AB -- runoteHy3a npsiMOyroJIbHOTO TpeyroyibHuka ¢ karetamu AM u BM, no AM = A

B, :|x2 —x1| .Touno Tak ke BM = |Yz - y1|'
CrnenoBaTeibHO,

AB? = AM? +BM? = (X, —X,)* + (Y, — ¥,)* u dopmyna noka3aHa.
Konmponvhuvle éonpocel

1.dopmyna paccTOSIHUS MEXIY ABYMS TOYKaMHU.

2. YpaBHeHHs c(hepbl, IUIOCKOCTH U MPSIMOIA.

3. KoopauHatel cepenHbl OTpesKa.

Tema 8.3. J/IuHeliHble Onepanvu HAl BEKTOPAMHU.

Bexmopul. Mooynw éexmopa. Pasencmeso eekmopos. Cnosicenue 6eKkmopos. Y mHodcenue
gexmopa Ha yucno. Paznodcenus: 6ekmopa no HanpagieHusam. Y201 mexncoy 08yMs 6eKmMopamu.
IIpoexyus eexmopa na ocs. Koopounamul sexkmopa. CxanapHoe npoussedenue 6eKmopos.

Ymems: HaXOAUTh MOAYJ b BEKTOPA; BBIIOJIHATh IMHEWHBIE ONEPALUU HAJl BEKTOPAMU;

BbruncnsaTe ckaisipHOe IPOU3BEEHUE BEKTOPOB.

3namu: BEKTOPBI, MO/1yJIb BEKTOpa, PABEHCTBO BEKTOPOB, CI0KEHUE BEKTOPOB, YMHOKEHHE BEKTOpa
Ha YUCJIO0, PA3JI0KEHHS BEKTOpA M0 HAIIPABJICHUIM, YTOJI MEKIY ABYMs BEKTOPaMH, IPOEKIIHs BEKTOpa
Ha OCh, KOOPAMHATHI BEKTOPA,CKaIIpHOE IPOU3BECHNE BEKTOPOB.

Cesoticmea 6ekmopoe.

JIBa BekTOpa a1 b Ha3bpIBAIOTCS KOJUIMHEAPHBIMU, €CIIM OHH PACIIOJIOKECHBI Ha MapalIeIbHbBIX
MIPSAMBIX WM HA OJHOU IIPSIMOM.

HyneBoii Bektop 0 koyutrHEAapeH JIF0OOMY BEKTOPY.
Teopema 1. ]IBa HeHyIEeBBIX BeKTOpa a ¥ b KosutiHeapHsl, U KOT/1a OHH MTPOTIOPIIHOHAIBHBI T.€.

b= K,k — ckamsp.

—

Tpu Bektopaa,b,c, Ha3pBalOTCS KOMIUIAHAPHBIMHU, €CIIM OHM MapaJUIeIbHBI HEKOTOPOU
IUIOCKOCTH WJIU JIEXKAT B HEH.

—

Teopema 2. Tpu HeHyJIEeBBIX BekTOpa a,b , ¢, kommanapusl, U Korja 0IMH U3 HUX SIBISCTCS JIMHEHHON
KOMOHMHAaIMeH IByX APYTHUX, T.€.

c=k, + IB,k | — cxassipsr.
Mogayiib BeKTOpa — 3TO JATHHA 0Tpe3ka AB.
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|AB| = (X, = X,)? + (Y, — V1)? -

HpO@KI/;Z/l}Z 6eKnopa Ha oce.

Teopema 3. TIpoekiusi BEKTOpa Ha OCh (HampaBiieHHas npsiMasi) | paBHa MPOU3BECHUIO JTUHBI
BEKTOpa Ha KOCHHYC yTja MeXAy HalpaBjIeHHEM BEKTOpa M HAIPaBICHUEM OCH, T.€.

np;l = axcosa?azf)(a, ).

Cranapuvim npouseedeHuem IByX HEHYJIEBBIX BEKTOPOB au D . M Ha3bIBaeTCS YHCIIO, PABHOE
IIPOU3BEICHUIO JUIMH 3TUX BEKTOPOB HAa KOCUHYC YIJla MEXAY HUMMU:
ab=|d- ‘5‘(00551,5).
Konmponvhvie éonpocwi
. Bekropsl.
. Monyne BekTOpa.
. PaBeHCTBO BEKTOPOB.
. CnoxeHue BEKTOPOB.
. YMHOXEHHE BEKTOpa HA YUCIIO.
. PaznoxeHus BeKTopa 1o HanpaBiIeHUSIM.
. YT01 MeXIy ABYMsI BEKTOpaMH.
. [Ipoexnnss BEKTOpa Ha OCk.
. Koopaunatsl BexTopa.
10. CkansipHOE NMPOM3BEACHNUE BEKTOPOB.

OO ~NOoO Ol WN -
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Tema 9. MHOrorpaHHuKn
Tema 9.1. Muororpanuuxku. [IpaBuiibHble MHOTOTPAHHMKHU M UX CBOMCTBA.

Onpeoenenus 6HympeHHel MOYKU, OMKPBIMO20 MHOMCeCmaea, 0b1acmu, 2panuyHol MoyKu,
02PAHUYEHHO20 MHOJNCECMEA, 2eOMEMPULECKO20 Meld, MHO20SPAHHUKA, 2PAHU, pedpa, 6epuiUHbL,
OUAOHANIU MHO202PAHHUKA, 8bINYKI020 U NPABUTLHO20 MHO202PAHHUKO08. Paseepmka.

Ymemsb: npuMeHsTh TeOpEeTUUECKHUE 3HAHUS TP PEUICHUH 3a/1a4.

3namy: omnpeneneHus: BHYTPEHHEW TOYKH, OTKPHITOIO MHOXECTBAa, 00JIACTH, TPaHUYHOW TOYKH,
OTPaHUYEHHOTO MHOKECTBA, I'€OMETPHUYECKOTO Teja, MHOTOTpPaHHUKA, TpaHH, peldpa, BEPIIUHBI,
JMaroHaJId MHOTOTPaHHUKA, BBITTYKJIOTO M MPABUIILHOTO MHOTOTPAaHHUKOB, pa3BepTKa.

MHor OI'PaHHHUKH, B H3BCCTHOM CMBICJIC, ABJIACTCA MMPOCTPaHCTBCHHBIM aHaJIOI'OM
MHOTI'OYT'OJIbHUKA. Tem He MCHCC, JIA CTpOro €ro OInpecAcJICHUA HaM HOHaI[06SITC$I HECKOJIBKO
BCIIOMOTaTENIbHBIX TTOHSTHIA.

B mxompHEBIX yq€6HHKaX TCOMCTPpUHN MHOI'OrpaHHUKaAMU OOBIYHO HA3BIBAIOTCS TCIa,
IMOBCPXHOCTU KOTOPBIX COCTOAT M3 KOHCYHOI'O 4YHCJIa MHOI'OYI'OJIbHHKOB, HA3bI-BACMBIX I'PAaHAMH
MHOIr'OrpaHHUKa. CTOpOHBI 1 BEPIIHUHBI 3TUX MHOTOYTOJIbHUKOB HAa3bIBAKOTCA COOTBECTCTBCHHO pe6paMH
" BCpHIMHAMH MHOTOTpaHHUKA.

Hpaeuﬂbele MHO20CPDAHHUKU

BBIHYKHBIfI MHOI'OIrpaHHUK HAa3bIBACTCA IMPABUJIBHBIM, C€CJIM €ro IrpaHsAMH ABJIAIOTCS PAaBHBIC
MpaBUJIbHBIC MHOTOYT'OJIBHUKH, U BCC MHOT'OTPAHHBIC YTJIbI PABHEI.

PaccmoTpuM BO3MOKHBIE MPABUIIbHBIE MHOTOTPAHHUKH M MIPEX]IE BCEro T€ U3 HUX, T'PAHIMHU
KOTOpBIX SIBJISIIOTCA TMpaBWIIbHBIE TpeyroibHUKU. Haubosiee mNpoOCThIM TakKUM MPaBUIBHBIM
MHOT'OI'paHHUKOM ABJIICTCA TPCYroJibHasA IUpaMuid, T'paHAMU KOTOpOfI ABJISIFOTCA  TPaBUJIbHBIC
TpeyroiasHuku (puc. 1). B xaxmoil ee BepumHe CXOIUTCS MO Tpu rpaHu. MIMes Bcero yeTeipe TpaHw,
OTOT MHOIOIpaHHHUK HA3bIBAETCA TAKXKE MPABWIBHBIM TETPAdApPOM, WU IIPOCTO TETPadApOM, YTO B
MIEpPEeBO/IE C IPEUECKOro S3bIKa 03HAYAET YEThIpEXTPaHHHUK.
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Puc.1. Puc.2. Puc.3.

MHOrorpaHHHMK, TpaHsAMH KOTOPOrO SBJISIOTCSA IPABWIBHBIC TPEYTOJIbHHKH, M B KaKIOM
BEPIIMHE CXOJUTCS YeThIpe TpaHu, n300pakeH Ha pucyHke 2. Ero moBepXHOCTh COCTOHMT W3 BOCHMHU
IIPABHIIbHBIX TPEYTOJIBHUKOB, TO3TOMY OH HAa3bIBACTCS OKTA3IPOM.

MHOFOFpaHHI/IK, B Ka)KﬂOﬁ BepHH/IHC KOTOpOFO CXOOUTCA IIATh HpaBI/IJII)HI)IX TPGYFOJII)HI/IKOB,
n300paxkeH Ha pucyHke 3. Ero moBepXHOCTh COCTOMT W3 JBAJIATH MPABUIBHBIX TPEYTOJIBHUKOB,
MMO3TOMY OH Ha3bIBACTCS UKOCAIPOM.

3amMeTuM, 4TO MOCKOJIbKY B BEPIIMHAX BBIMTYKJIOI0 MHOTOTPAaHHUKA HE MOYKET CXOJUThLCS OoJee
AT NPAaBWIBHBIX TPEYTOJIBHUKOB, TO APYIMX I[PABUIBHBIX MHOIOTPAHHUKOB, T'PAaHSAMHU KOTOPBIX
SIBJISIFOTCS MPABUJIbHBIC TPEYTOJBHUKH, HE CYIIECTBYET.

AHaJ’IOFI/ILIHO, HOCKOJIBKy B BepIHI/IHaX BI)IHYKJ'IOFO MHOFOFpaHHI/IKa MOXET CXOOAUTHCS TOJIBKO

TpH KBajpaTa, To, Kpome KyOa (puc. 4), Ipyrux MpaBUIbHBIX MHOTOTPAHHUKOB, Y KOTOPBIX TPAHSIMH
SBIIAIOTCS KBajapaThl He cyuiecTByeT. KyO uMeer miecTh IpaHell M HOSTOMY Ha3bIBa€TCs TaKXKe

TeKCadIpoOM.
' oy,
|
|
I
|
|
|

Puc.4. Puc.5.

MHOTrorpaHHUK, TPaHSAMH KOTOPOTO SIBJISIFOTCS IMPABWIBHBIC MSATUYTONBHUKH, U B KaKIOU
BEPIIUHE CXOAMTCS TPH T'PpaHU, W300pakeH Ha pUCYHKe 5. Ero mMOBEpXHOCTh COCTOUT U3 JBEHAIIATH
MPABWIBHBIX MSTHYTOJIFHUKOB, TIO9TOMY OH Ha3bIBAETCS JIOACKADIPOM.

PaccMoTpuM TOHSTHE TPaBUIBHOTO MHOTOTPAaHHHWKAa C TOYKH 3pPEHHS TOIOJIOTUH HAyKH,
M3y4Yaromiei cBolicBa GuUryp, He 3aBUCSINUX OT Pa3INUHbIX nedopmanmii 6e3 pa3psiBoB. C 3TOH TOUKH
3peHWs, HAIIPUMEp, BCE TPEYTOJIbHUKH SKBUBAJICHTHBI, TAaK KaK OJIMH TPEYTOJBHHUK BCET/Ia MOXKET OBITh
MOJTy4eH W3 J00O0r0 JAPYroro COOTBETCTBYIOIIMM C)KaTHEM HIIM pacTshDKeHHEM CTOpoH. BooOmie Bce
MHOTOYTOJILHUKH C OJIMHAKOBBIM YHCIIOM CTOPOH YKBUBAJICHTHBI 110 TOH YK€ MPUYNHE.

MHOTrorpaHHUK HAa3bIBACTCS GbINYKIbIM, €CITU OH SIBISIETCS BBITYKJIONW (DUTYPOM, T.e. BMECTE C
TOOBIMH IByMSI CBOMMH TOYKAMH COJICPIKUT U COSAMHSIONINI UX OTPE30K
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Puc. 1 A)

CBolicTBO 1. B BBIMYKJIOM MHOTOTPAaHHUKE BCE TPaHU SBJISIIOTCS BBITYKJIBIMUA
MHOT'OYT'OJIbHUKaMHU.
CBOMCTBO 2. BBIMyKIIBIHi MHOTOTpaHHUK MOXET OBITH COCTABJICH M3 TUPAMUJ C OOIIICH
BEPIIMHOM, OCHOBAHHS KOTOPBIX 00Pa3yroT MOBEPXHOCTh MHOTOTPaHHUKA.
CgoiicTBO 3. BBINTyKJIbIit MHOTOI'PaHHUK JICIKUT MO OJHY CTOPOHY OT MJIOCKOCTH Ka)KJI0M CBOEH
rpaHu.

Konumponvhuvie 6onpocwi
1.0npenencHuss BHYTPEHHEH TOYKH, OTKPBITOTO MHOXECTBa, 00JacTH, TPAaHUYHOH TOYKH,
OTPAaHMYEHHOTO MHOKECTBA, T'€OMETPHYECKOTO Tea, MHOTOTPAaHHWKA, TpaHH, pedpa, BEPIIUHBI,
JMaroHaJI MHOTOTPaHHHKA, BBITYKJIOTO ¥ MPABUIBHOTO MHOTOTPAHHUKOB.
2. PaszBeprka.

Tema 9.2. IIpu3ma u ee cBoiicTBa.

Onpedenenue npuzmvl, 8b1cOMbl NPU3MbL, OuazoHanu npusmsl. Ceolicmea npu3mol.
Hzo6pasicenue npusmvl u nocmpoenue ee cevenust. [lpamas npusma. [lpasunvras npusma.

Ymems: IpUMEHATH TECOPETUYECKUE 3HAHUS IIPU PELLECHUN 3a/1a4.
3namy: onpeieNieHne NPU3MBbl, BBICOTHI TPU3MBL, THArOHAJIH TPU3MBbI, CBOWCTBA MPU3MBbI, H300pakeHNE
IIPU3MBI U IIOCTPOCHUE €€ CEYCHU, IIpsiMast IIPU3Ma, IIpaBUjIbHAs [IPU3MA.

[Tpusma (ot ap.-rped. mpicpo (J1aT. prisma) «HEYTO OTIHIIEHHOE») - MHOTOTPAHHUK, JIBE TPaHU
KOTOpOTO SBJIIOTCSI KOHIPYIHTHBIMU (paBHBIMU) MHOTOYTOJIBHUKaMHU, JIEKAIIUMHU B MapaiiesIbHbIX
IUIOCKOCTSIX, @ OCTaJbHBIC TPaHMU - MapayielorpaMMaMi, HUMEIOIUMH OOIIUE CTOPOHBI C 3TUMHU
MHOTOYTOJIbHUKaMHU. u (paBHOCUIIBHO) - 3TO MHOTOI'PAaHHUK, B OCHOBAHMSIX KOTOPOTI'O JIEKAT paBHbIE
MHOT'OYTOJIbHUKH, a2 OOKOBBIE TPaHH - TapaJuIeIOrPaMMBbI.
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HasBanue

Onpenenenue

O003HaueHUA
Ha YepTEeKe

Yeprex

OcHOBaHUS

[Be rpanu,
ABJISIOLIUECS
KOHI'PYJHTHBIMU
MHOI'OYT'OJIbHUKaMH,
JIEKAUMU B
IapajuIeIbHbIX
IUIOCKOCTSIX.

ABCDE,

boxoBbie rpanu

Bce rpanu, kpome
ocHoBanui. Kaxmas
OOKOBas TpaHb
00s13aTeIbHO
ABIISIETCS
napauieIorpaMMOM.

ABLK,
BCML,
CDNM,
DEPN,
EAKP

bokosas
TOBEPXHOCTh

O0benuHeHne
OOKOBBIX TPaHEH.

IloxHasa
TMOBEPXHOCTH

OO0ObeauHEHNE
OCHOBAaHHUI 1
00KOBOI1
MIOBEPXHOCTH.

bokoBrie pedpa

OO01m1re CTOPOHBI
OOKOBBIX I'paHeN.

AK,BL,CN,
DM ,EP

Bricora

OTtpe3ok,
COEIUHSIONINN
IUIOCKOCTH, B
KOTOPBIX JIeXkKaT
OCHOBaHUS MTPU3MBI
u
NEPIEHAUKYIISIPHBIN
3TUM IIJIOCKOCTSIM.

KR

Jnaronanp

OTtpe3ok,
COCJTUHSIONINH JIBE
BEPUINHBI IPU3MBI,
HE NMPUHAJICKAIINE
OJHOM TPaHM.

BP

JunaronanbHas
IJIOCKOCTh

IInockocTh,
MPOXOIsIIas yepes
repeceKarumecs
JHaroHajb
OCHOBaHMS U
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6okoBoe pedpo
PU3MBIL.

JnaronanbHOE
ceyeHue

Ilepeceuenne
MIPU3MBI U
IUaroHajJbHOU
IJIOCKOCTH. B
ceueHuu obpasyercs
napasienorpamm, B
TOM YHCJIE €r0
YacTHBIE CITy4an —
pomo,
MPSIMOYTOJIbHUK,
KBaJIpart.

EBLP

[NeprienaukynsipHOE
(opTaroHanbHOE)
CeueHHe

[Tepeceuenue
MIPU3MBI U
IJIOCKOCTH,
NEePIEHIUKYIISIPHON
ee O0KOBOMY pebpy.

Ceovicmea npuzmbi

1. OcHoBaHus IMPU3MBI ABJIAIOTCA paBHBIMHY MHOT'OYT'OJIbHUKAMMU.
2. bokoBbIe I'paHU IIPU3MBI ABJIAIOTCA IIapajiCjiorpaMMaMu.

3 BoxoBeie pedpa mpu3Mbl TapauIeTbLHBI U PABHEI.

4. O06bEM npU3MBbI PaBEH NPOU3BEACHUIO €€ BBICOTHI Ha IUIOMAAb OCHOBaHMs: V =S -h

5. Ilnomanp MOTHON MOBEPXHOCTH MPU3MBI paBHA CyMMe IUIOIAAM €€ OOKOBOH IMOBEPXHOCTH U
YABOCHHOM ILIOIAAN OCHOBAHMS.

6.ITnomans 60KOBOM MOBEPXHOCTH MPOU3BOIBHOM npu3mbl S = P - | ,rae P - mepumerp
NEePICHIUKYIPHOTO ceueHus, | - umHa 6okoBoro pedpa.

7. Ilnomaab 60KOBOM MOBEPXHOCTH NMpsiMON Npu3Mbl S = P-h, rne P - mepumeTp ocHOBaHUS PU3MBIL,

h - BeIcOTa IMPU3MBI.

8. IlepneHIUKyIIpHOE CEYCHHE TIEPIICHIUKYIISIPHO KO BCEM OOKOBBIM PEOPAM MPU3MBIL.
9. Yrisl nepneHauKyIIpHOTO CEYEHUS - 9TO JIMHEHHbIE YTJIbl IBYTPaHHBIX YTJIOB PU

COOTBETCTBYIOIIUX OOKOBBIX pEOpax.
10. [eprieHAUKYIAPHOE CEUSHHE NMEPIICHANKYIISIPHO KO BCeM OOKOBBIM I'PAHSIM.

KOHmpOJZbele 60NnpoCsHL

1. Onpenenenne MpU3MBbL, BBICOTHI TPU3MBIL, IUATOHAIH PU3MBI.
2. CBoiicTBa MPU3MBIL.

3. N3o0paxkeHne mpu3Mbl U TIOCTPOCHUE €€ CCUCHHS.
4. Ilpsimas npusma. [IpaBuibHast npusma.

Tema 9.3. Ilapajuienenumnea u ee CBOMCTBA.

Onpeoenenue napannenenuneda. Ceolicmea napaiieienuneda ¢ doxazameavcmeamu. Kyo.

Ymemn: MNPUMCHATH TCOPCTUYCCKUC 3HAHUA TIPU PCUHICHUHA 3a1aY.
3name: OIIPCACIICHUC ITapaJUICICIIUIICIA, CBOMCTBaA MnapajuiiCiciuicaa, I/1306pa>KeHI/Ie
nmapajurejacnuicaa u moCTpoOCHUEC €€ CCUCHUA.

Ilapannenenunedom Ha3bIBAETCS IPU3Ma, OCHOBAHUEM KOTOPOU CIIy?KHUT MapalIeIOrPaMM.
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[TapannenorpaMMsbl, U3 KOTOPBIX COCTaBJICH NapajuiefieNuIe]], Ha3bIBalOTCA €ro TPaHsIMH, UX
CTOPOHBI — peOpam¥, a BEPIIMHBI TApaUIETOTPaMMOB — @epuiuHamy Tapaienenunena. Y
napasieNienuneia Bce rpaHu — MapasuieIorpaMMEl.

[Tapannenenurenpl, Kak ¥ BCIKUAE MTPU3MBI, MOTYT OBITh npsimble U HAKIOHHbIE.

OOBIYHO BBIJCNAIOT KaKue-HUOyAb JBE MPOTHUBOMOJOXKHBIE TpaHH U Ha3bIBAIOT MX
OCHOBAaHUSIMH, a OCTAJIbHBIE T'PaHl — OOKOBBIMU I'paHsIMU Mmapasuienenumnena. Pebpa nmapamienenumnesa,
HE TPUHAJJIeKAIINEe OCHOBAHUSM, HA3bIBAIOT OOKOBBIMH peOpaMu.

JIBe rpanu napauienenuieaa, iMeroIne oomiee peopo, Ha3bIBAIOTCSI CMEXHBIMH, 4 HE UMEIOIIIHE
00X pedep — MPOTUBOIOIOKHBIMH.

OTpe30K, COCAMHSIONIMN JIBE€ BEPIIMHBI, HE NpPUHAJJICKAIIME OJHOW T'paHM, HA3bIBACTCS
JIMAroHAJIbIO MapasuielienuIe 1a.

IIpamoii napannenenuned, y KOTOPOTO OCHOBAaHHUEM SIBJSICTCS MPSIMOYTOJBHUK, HA3bIBACTCS
NPSIMOYTOJIBHBIM ~ MApaJUIeNIenune oM. Y MPSIMOYroJbHOTO Mapajulelienunea BCE€ TpPaHu —
MIPSMOYTOJTHHUKH.

JUMHBI HE mapaienbHBIX pebep MNPSMOYroIbHOTO MapajUleNienunea Ha3bIBAIOTCS €ro
JUHEWHBIMU pa3MepamMu (M3MEpPEHHUsIMHU). Y TPSIMOYTOJBHOTO TapajulesieuIea TPU JIHHEHHBIX
pasmepa.

Ceoticmea napannenenuneoa:
1. [IpoTHUBOMON0KHBIE TPAHU MAapalIeNCIUIE[a PABHBI U MapalIeIbHBI.
2. Bce yeThlpe nmuaroHaiy mapauielieluIe/ia MepeceKaroTCs B OJHOW TOYKE U JIETSATCS TOW TOUYKOH
TOTIOJIaM.
3. BokoBbIE rpaHu MPSAMOTO MapasijIeNIeIHIIe/1a — MPSIMOYTOJIbHUKH.
4. KBagpar auaroHaigu MpsSIMOYTOJIBHOTO TMapajuiefieluIie/]a paBeH CyMMe KBaJpaToB TpeX €ro
HU3MEpPEHUI.
KonmponvHnvie 6onpocwi
1. Onpeaenenuie napajuieenuIe/a.
2. ColicTBa napajuielieue/ia ¢ JJ0Ka3aTeIbCTBaMHU.

3. Kyb.
Tema 9.4. Ilupamupa. [llpaBunbHasi nupamMuaa. YcedeHHas nupamuaa. TeTpasap.

Onpeodenenus nupamuobvl U €20 OCHOBHBIX deMeHmos. Yceuennas nupamuoa. [lpasuivras
nupamuoa. Tempasop.

Ymems: IpUMEHSTh TEOPETUYECKHE 3HAHUS TIPU PEIICHUH 3a/ad.
3Hamy: onpeneneHns MUPaMUJIbl U €T0 OCHOBHBIX 3JIEMEHTOB, YCEUEHHAs MMpaMU/ia, IpaBUIIbHAS
UpamMuia, TETpa’ip.

Hupamuoa
Paccmorpum MHoroyromeHuk A, A,,...,A, u Touky P, He nexaimryo B IUIOCKOCTH 3TOTO

MHOroyronpHuka. CoeIuHMB TOYKy P oOTpe3kamMu ¢ BepUIMHAMM MHOTOYTOJIBHHMKA, MOIy4uM N
tpeyroasHukoB (puc.l.): PA/A,, PA,A,,..PA A .
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A,
As puc.l.

MHoOrorpaHHuK, COCTaBICHHBIH u3 N - yroiabHuka A, A,,..,A, U N TPeyroJbHUKOB
PAA,,PA,A,,..PA A, Ha3bBacTcs  nupamudou. MuoroyronmeHuk A, A,,..,A, Ha3bBaercs
ocHoBaHueM, a TpeyronbHuku PA A, ,PA,A,,..PA A - 6okosvimu epansamu nupamuasl. Touka P —
BepLIMHOM nupamuibl, a otpesku PA,, PA,,..PA, - ee 6okosvimu pebpamu. IlupamMuay ¢ oCHOBaHHEM
A, A,,... A, uBepuuHoii P 000o3Hauaror Tak: PA A,...A, - 1 Ha3bIBalOT N — YrOJIBbHON MUPAMUIOM.

Ha pucynke 2 m300paskeHBI YETHIPEXYTOJNbHAs WM IIECTHYTOJIbHAS MUPaMUABL. SICHO, YTO
TpeyTroJibHasi MUpaMuIa — 3TO mempasop.

5

Asz
Az

A
Puc.2.

[leprienauKynsp, NPOBEACHHbIN U3 BEPIIMHBI MUPAMU/BI K INIOCKOCTH OCHOBAHUS, HAa3bIBACTCS
BbIcoToM nupamuabl. Ha (puc 1) orpezok PH siBisieTcss BBICOTON UpaMUIbI.

[Tnomanpo MOJHON MOBEPXHOCTH MHUPAMUIbl HA3bIBACTCS CyMMa IUIOILAAEH BCeX ee IpaHei
(T.e. ocHOBaHMS M OOKOBBIX TpaHEil), a IUIOMAJbI0 OOKOBOW IMOBEPXHOCTH MHUPAMUIBI — CyMMa
IoIazeH ee O0KOBBIX rpaHeil. OueBUIAHO, S =S_ +8S

noam ook ocn'*
Ilpasunvnaa nupamuoa
[Mupamuia Ha3bIBaeTCs MPABUIILHOMU, €CIIn
1) ee ocHOBaHUE — IPABUJIbHBIM MHOTOYTOJIbHUK;

2) ee BBICOTA — OTPE30K, COCAUHSIONINN BEPIIMHY MUPAMUIBI C €€ LIEHTPOM.

OpHMM M3 IPUMEPOB NIPABUIBHON NUPaMUABI SIBJISIOTCS €TUIIETCKUE TUPAMUJBL. JTO
YETBIPEXYTOJIbHBIE TUPAMUJIBL.

Ceoticmea npasuibHOU NUPAMUObI.

Bce 60koBbIe pebpa nmpaBWIIbHON THPAMHUIbI PABHBI, @ OOKOBBIC TPAHHU SBISIIOTCS PABHBIMU
paBHOOEIPEHHBIMU TPEYTOJIbHUKAMH.

Jloka3aTenbCcTBO TaHHBIX (DaKTOB IPOBOJUTCS YCTHO:
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1. JIro60e GokoBoe pedpo mpeacTaBiIsieT coO0l TMIOTEHY3Y IPSIMOYTOJIBHOTO TPEYTOJIbHUKA, OJTHUM
KaTeTOM KOTOPOT'O CIYXHT BbICOTAa MUPAMU/IbL, a IPYTHM — paJinyC OMMCAHHON OKOJIO OCHOBAaHUS
OKPY’KHOCTH. Ot MMPpAMOYTOJIBHBIC TPCYT'OJIbHUKU PABHBI. CJ'IGI[OBaTeJ'II)HO, PaBHBI UX TUIIOTCHY3bI.

2. Tak xak 60KoBBIe peOpa MPaBUIBLHON MUPAMU/IBI PABHBL, TO €€ OOKOBBIE T'PaHH - PaBHOOEIPEHHBIC
TpeyronbHuky. Tak kak A, A, ..., A, - NIPaBUIbHBII MHOTOYTOJIBHUK, TO OCHOBAHUS 3THX

TPEYTOJILHUKOB TAKXKE PaBHBI IPYT IPYTy. 3HAYUT, OOKOBBIC TPAHU PABHBI (TIO TPEM CTOPOHAM).
Anoghema.

Anogema — BbicoTa O0KOBOI rpaHH MPaBUJIbHOM NMUpPaMU/bl, IPOBEICHHAS U3 €€ BEPIIUHBI.
JlaHHBIN TEPMUH YIOTPEOIIeTCs U1 MPAaBUIbHOM MUPaMUIbI, XOTS Y HEMPaBUIbHOM MUPAMUJIbI
TaK)X€ MOTYT OBITh PaBHBI BEICOTHI OOKOBBIX TPaHEH.

Teopema: I1nomanb 60KOBOM NOBEPXHOCTH MPAaBUILHONW MUPAMM/IbI paBHA IIOJIOBUHE
IIPOM3BEICHUS IEpUMETpa CHOBAHUS Ha anodemy.

Jlokazamenvcmeo

BoxoBbIe rpaHy TPaBUIBHOM MUPAMUIBI — paBHBIE PaBHOOEIPEHHBIE TPEYTOJIbHUKH, OCHOBAHUS
KOTOPBIX — CTOPOHBI OCHOBaHUS MUPAaMUABI, a BBICOTHI paBHBI amnodeme. Ilmomans S GokoBOIA
HOBEPXHOCTU NMUPAMHUIBI PaBHA CyMME IIPOM3BEICHUI CTOPOH OCHOBAHHMS Ha IOJIOBUHY arodemsl d.
Beinocst MmEO)uUTENb 0,50 32 CKOOKH, TONyYHM B CKOOKAax CyMMY CTOPOH OCHOBAHUS ITUPAMHIBL, T.C.
ero nepumetp. Teopema okazaHa.

Yceuennan nupamuoa

Yceuennou nupamuooti Ha3pIBa€TCA MHOTOIPaHHMK, Y KOTOPOI'O BEPLUIMHAMU CITy’KaT BEPIIUHbI
OCHOBAHHS U BEPIINHBI €€ CEYEHUs TIOCKOCThIO, NTapajlieIbHON OCHOBAHMIO.

Ceoticmea yceueHHOU NUpamuobl.

1. OcHOBaHUS yCEYSHHOM MUPaMUIbl — MOI00HBIE MHOTOYTOJIBHHUKH.
2. BokoBbI€ I'paHU yCEUEHHOM MUPAMUIbI — TPANCIUH.
3. bokoBbIe peOpa MpaBUIBHON yCEeUeHHON MMPaMHIbI PABHBI U OJJUHAKOBO HAKIIOHEHBI K OCHOBAHHUIO
MUPAMHUIBI.
4. BokoBbI€ rpaHM MTPaBUIIBHON YCEUEHHON MHUPaMUIbl — pPaBHBIE MEXy COOOM paBHOOEAPEHHBIE
Tpanelyy U 0JIMHAKOBO HAKJIIOHEHBI K OCHOBAHHUIO MUPAMU/IbI.
5. JIByrpansble yrisl Ipu OOKOBBIX peOpax MpaBUIBLHON YCEUEHHOW MHUPaMHUJIBI PABHBI.

1Inowaows nosepxnocmu u 00EM yceueHHOU NUPamudsl

[Tycthb CH__ gpicora YCEUECHHOW MUpaMU/IbI, Pry Py MEepUMETPHI OCHOBAHUIN YCEUEHHOU
UpaMUIbI, S1y Sz IUIOIIa OCHOBAHHMM YCEUEHHON TUPaMU/Ibl, Stox IO s OOKOBOM
MMOBEPXHOCTH YCEUCHHOU MUPAMU/IBI, Snomn— IJTIOIIab MTOJTHON MOBEPXHOCTH YCEYEHHON TUPAMHU/IbI,
V _ o6mem YCEUEHHOU NupaMupl. Toraa MMerT MECTO CIAEAYIOIINE COOTHOLLIEHUS

Snl.’m:l-l = 51 + 52 + Sl.’i-m:

1 —_—
V= gCHlZSl + Sg + ".,.-’rSngj
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Eciu BCe IBYTPAHHbIE YIIIbI IPH OCHOBAHHH YCEUCHHON MMPAMHU/IBI PABHBI /7| 2 BEICOTHI BCEX
GOKOBBIX IPaHEH HPAMHIEI PABHBI /160 | TO

1
Seox = ;':Pl + Fo ) hgox
51 — Sq
Stox = 151 — 5| .
cos 7

CumMeTpun B Ky0e, B mapaJjJiejienumnesne, B Ipu3Me U MUpaMue.
(Oononnumenvrwllli Mamepua)

Ilocmpoenue cummempuii 6 Kybe, 6 napaienenuneoe, 8 npusme u nupamuoe.

Cummempusn Kyoa

1.IlenTp cummeTpun — EHTp KyOa (Touka rnepecedeHus Auaronaiei kyoa) (puc. 4).
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2.1I1ocKOCTH CUMMETPUU: TPU TUIOCKOCTH CUMMETPHUH, MPOXOSILNE Yepe3 CEPEANHBI MMapaieIbHbIX

pebep; 1mecTh MIOCKOCTEH CUMMETPHH, IPOXOIAIINE Yepe3 MPOTUBOJISKaIINEe pedpa (puc. 5).
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1. Ocu CUMMETPHUH: TPU OCH CUMMETPHH, TIPOXOJISIINEC Yepe3 IEHTPHI MPOTHBOJICIKAIINX I'PaHEH;

YCTBIPC OCH CUMMCTPHHU, NPOXOAAIIUC UCPE3 IIPOTHUBOJICIKAIIUC BCPUINHBI; ICCTh ocet CUMMCTpPUU,

MIPOXOSAIINE Yepe3 CepearHbI MPOTUBOJIEKAIINX pedep (puc. 6).




Cummempun npaAMoy201bH020 napaiienenuneoa

1. LeHTp cUMMETpUHN — TOYKA NIEPECCUCHHSI TUaroHaJIel MPsIMOYToJIbHOTO Mapasuienenumnesaa (puc. 7).

§
\l
fy

2. [InockocTH CUMMETPHUH: TPU MIIOCKOCTH CUMMETPHH, MPOXOASIINE Yepe3 CepeaUHbI MapauIeTbHbIX
pebep (puc. 8).
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3. Ocu CUMMETPHH: TP OCH CHMMETPHH, IPOXOISIINE Yepe3 TOUKH IePECeUCHHs JUaroHanen
MIPOTHBOJIEXkKAIMX T'paHeit (puc. 9).

Cummempus npaAmMoil npu3mol

[TnockoCTh CUMMETPUH, MPOXOSINAs Yepe3 CepeIMHbI O0KOBBIX pedep (puc. 11).

_-_.'l.-__
|
|

1

Cummempus npasuUILHOU NPUMbL

1. [leHTp cMMMETpUHU IIPU YETHOM UYHCIIE CTOPOH OCHOBAHUS — TOYKA MEPECEUYEHUs AUaroHajlen
MPaBUIILHOM MpU3MBI (pucC. 12)
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2. [T10CKOCTH CUMMETPHUH: THIOCKOCTD, TPOXOIAIIAs Yepe3 CepeIuHBI OOKOBBIX pedep; P YETHOM
4Hclie CTOPOH OCHOBaHUSI — TUIOCKOCTH, MIPOXOIAIINE Yepe3 MPOoTUBOIEKaIIue pedpa (puc. 13).
e
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3. Ocu CUMMETPHH: TIPY YETHOM YHUCIIE CTOPOH OCHOBAaHUSI — OCh CHMMETPHUH, TPOXOIAIIAs Yepe3
IIEHTPBl OCHOBAHWM, W OCH CHMMETPHH, MPOXOJAIINE Yepe3 TOYKM TEepeceueHUs JTUaroHajen
MIPOTHBOJICKAIINX OOKOBBIX I'paHei (puc. 14).

Cummempus npaguibHOU RUPAMUOBL
1. [110CKOCTH CUMMETpPUM: MPU YETHOM YHUCJIE CTOPOH OCHOBAHMSI — IUIOCKOCTH, MPOXOISLINE
yepe3 MpoTUBOJIEKale OOKOBbIE pedpa; U INIOCKOCTH, MPOXOIAIINE Yepe3 MeIUaHbl, IPOBEICHHbBIE K
OCHOBAHUIO MTPOTUBOJICKAIIUX OOKOBBIX rpaHeil (puc. 15).

2. Ocp cuMMeETpUU: IPU YETHOM YHCJIE CTOPOH OCHOBAHMSI — OCh CUMMETPHUH, IPOXOASILAs
4yepe3 BepUINHY IPaBUILHON MUPaMHJIbI U LEHTP OCHOBaHuUs (puc. 16).
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Tema 9.5. Ceuenusi Ky0a, Npu3Mbl 1 TUPAMH/BI.
Ceuenus Kyba, npusmol U NUPAMUOBL.

Ymems: cTpouthb ceyenus Ky0a, MIpU3Mbl U MUPAMUIBL.
3nams.: CedeHus KyOa, IPU3MbI U TUPAMU/IBI

Ceuenue npusmol
1. Cedenue npu3Mbl MJIOCKOCTHIO, TApaJIeIbHOH OCHOBaHUIO. B ceueHnu obpa3yercsi MHOIOyTroJbHHUK,
PaBHBIN MHOTOYTOJIBHUKY, JIEKAILEMY B OCHOBAHUH.

2. Ceuenue mpU3MBbl TJIOCKOCTHIO, TIPOXOISINEH Yyepe3 Ba HEe COCeAHUX OOKOBBIX peOpa. B ceuenun
oOpa3yercs mapajiesorpaMM. Takoe CeYeHHe Ha3bIBaeTCsl JAMArOHAIbHBIM CEUEHHUEM MpHU3MBL B
HEKOTOPBIX CIIydasX MOKET MOJIy4yaThCsl poMO, IPSIMOYTOJIBHUK MU KBaJpaT.

PaccMmoTtpenune npaBUiIbHON IPU3MbI BO3MOXKHO TOJBKO ITOCIJIE€ BBEJAEHUS IMOHATHS PABUIBHBIN
MHOTOYyrojbHuK. OJHAaKO ¢ INpaBUIBHOM TPEYrOJbHOW NPU3MOM MOXKHO IO3HAKOMUTH YyYalUXCs
ropaszio paHblIe. A ¢ IPABUIBHOM YETHIPEXYTOJIBHON MPHU3MOM MBI 3HAKOMBI €111€ U3 Kypca MaTeMaTUKN
5—6-X KJaccoB, TaKk Kak OHA MpeACTaBIsgeT co00il MPsIMOYTOJbHBIN Mapajuieenune] ¢ KBaJpaTaMu B
ocHoBaHUsX. [IpaBuibHas npu3mMa — npsimMasi Mpu3Ma, OCHOBAHUSIMU KOTOPOM SIBIISIFOTCS ITPABUJIBHBIE
MHOT'OYT'OJIbHUKH.

Ceoticmea npasuibHOU NPU3MbL

1. OcHoBaHMsI PABUIBHON MPU3MBI SBJISIOTCS IPABHIBHBIMH MHOTOYTOJIbHUKAaMHU.
2. BoKOBBIE TpaHH IPABIIILHOM MTPU3MBI SBJISIFOTCS PAaBHBIMH NPSMOYTOJIBHUKAMH.
3. bokoBbIe peOpa MpaBUIBHOM MPU3MBbI PABHBI.

Ceuenue npasunvHoil npu3mol
1. Ceyenue mpaBWIBHOW MPHU3MBI MJIOCKOCTHIO, MapalieIbHOWM OCHOBaHMIO. B cedueHnnm oOpasyercs
IIPaBUJIbHBIM MHOTOYT'OJIBHUK, PABHBIA MHOTOYTOJIBHUKY, JIEXKALIEMY B OCHOBAaHHH.

2. Ceuenue NpaBUIBHOM MPU3MBI INIOCKOCTHIO, MPOXOIAIIEH Yepe3 1Ba HE COCEIHUX OOKOBBIX pedpa.
B cedenun obpazyercst npsMOYTOJIbHUK. B HEKOTOPBIX Cilydasix MOXKET 00pa3oBaThCsl KBaJparT.

N3 xypca mMaTeMaTHKH 5—6-X KJIacCOB ydalluecs YK€ 3HAKOMbI C OMMCAaHUEM IHpaMHibl. A
MMEHHO: THpaMuJa — MHOTOIPAaHHUK, IOBEPXHOCTh KOTOPOTO COCTOMT U3 MHOI'OYTOJIbHHKA,
Ha3bIBAEMOI0 OCHOBAaHHEM IMPaMHU/JIbl, U TPEYTOJbHUKOB C 00IEH BEPIINHON, Ha3bIBAEMbIX OOKOBBIMU
IpaHAMHM NUPaMHUIbl. 3HAKOMCTBO C IPAaBWIBHON NHUpPaMUAONH BO3MOYKHO TOJIBKO IOCIE H3yYEHUs
MOHATHS TPABUIBHBIA MHOTOYrojibHUK. OJHAKO ¢ MPaBWIBHOM TPEYroJbHOM M MNpPaBUIbHOU
YEeTBIPEXYTOJIbHOM MUPaMUI0N MOXHO MO3HAKOMHUTH y4dalllUXCs 3HAYUTENbHO panbuie. [IpaBuiibHas
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nupaMuja — nupamMuja, B OCHOBaAaHUU KOTOpOﬁ JICKUT HpaBHHBHLIfI MHOT'OYT'OJIbHUK U BCC OOKOBBIE
peOpa paBHBI.

Cesoticmea npagunbHot nNUpamuosl

lo. OcHOBaHKE NPAaBWIBHOWM NMUPaMUIbl — MPABUIbHBIA MHOTOYT OJIbHUK.
20. bokoBble TpaHu NPaBUILHON MUPAMHUJIbl — PaBHOOEIPEHHbIE TPEYTOJIBHUKH.
30. bokoBble pebpa npaBUILHON MUPaMHJIbI PABHBI.

Ceuenue npaguibHoil RUpamuovl
1. CeueHnne paBUILHOM MUPAMHUIBI TNIOCKOCTHIO, TTApaIeIbHON OCHOBaHUIO. B cedeHnn obpaszyetcst
MIPABWJIbHBIN MHOTOYTOJILHUK, TTOJI0OHBIN MHOTOYTOJIFHUKY, JIEKAIIEMYy B OCHOBAHHU.

2. CeueHne NpaBUIIbHON MUPAMHUIBI IIIOCKOCTHIO, TPOXOASIICH uepes ABa He COCETHIX OOKOBBIX pedpa.
B ceuenun obpazyercsi paBHOOEIPEHHBII TPEYroJbHUK. B HEKOTOPBIX clyyasix MOXKET 00pa30BaThCs
PaBHOCTOPOHHUN TPEYTOJIbHUK.

C HEKOTOpbIMM MPABUJIBHBIMU MHOIOTPAaHHMKAMHU YyyallMecsd YXKE BCTPEYAIUCh. ITO
TpeyrojpHasi mnupamuga © Ky0. ['paHsMu TpeyrosbHONM NUPaMUIBl SBISIOTCS TPaBUIbHBIC
TPEYrojabHUKU. E€ Ha3bIBalOT NpPaBUIBHBIM TETPA’APOM, YTO B IEPEBOJAE C I'PEUYECKOr0 O3HAYAET
yeTbipexrpaHHuk. Ky0 mMmeer miectb rpaHeii, MOSTOMY Ha3bIBA€TCS MPaBHIIBHBIM TeKcaj’JIpoM (IIo-
I'PEUYECKU «T'€KCa» O3HAYaeT LIECTh). PaccMOTpeHne MpaBUIIbHBIX MHOTOI'PAHHUKOB CIIEAYET HAUMHATh
C TeX W3 HHUX, TPAaHSIMHU KOTOPBIX SBISAIOTCS IpPaBUJIbHBIE TPEyroapHUKH. OAMH U3 TakKux
MHOTOTPAaHHUKOB Y4YalllUMCSl YK€ 3HAKOM — 3TO NPaBUIIbHBIA TeTpa’ap. /[[pyroii MHOrOrpaHHUK,
IPaHAMU KOTOPOTO SIBJISIOTCS MPaBUIIbHBIE TPEYTOJIbHUKH, H300pakeH Ha PUCYHKeE 1.

Ero moBepxXHOCTh COCTOMT W3 BOCBMH TIPABHJIBHBIX TPEYTOJBHUKOB, IO3TOMY €ro Ha3bIBAIOT
MPaBUIIBHBIM OKTa3/IPOM («OKTa» — BOCEMb).

W Ttpermii MHOTOTpaHHHUK, TPaHSIMH KOTOPOTO SIBIITIOTCS TPAaBHJIBHBIC TPEYTrOJBHUKH — 3TO
NIPAaBUJIBHBIN UKOCA3Ap («MKOCa» — ABaaNaTh). Ero moBepXHOCTh COCTOUT M3 ABAJLATH MPABUIIBHBIX
TPEYroJbHUKOB (puC. 2).

MHororpaHHMK, rpaHIMU KOTOPOTO SIBIISIFOTCS KBaApaThl — 3TO Ky0. YUalluMCsi OH XOPOIIO 3HAKOM.
MHororpaHHHK, I'paHIMU KOTOPOT'O SIBJISIFOTCS TPaBUJIbHBIE MIATUYTOJIBHUKH, 1300pakeH Ha PUCYHKeE 3.

<>

Ero moBepXxHOCTh COCTOMT W3 JABEHAIIATH MPABWIBHBIX MATUYTOJIHHUKOB, MOXTOMY €TI0 HAa3bIBAIOT
MPaBUIILHBIM TOJEKAdIPOM («I01e» — JABEHAIIATS).
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Konmponvhuvle 6onpocoi
1. Ceuenus kyo0a.

2. CeveHus Ipu3M.

3. CeueHus nUpaMHIbI.

Tema 9.6. IlpaBu/ibHbIe MHOTOIPAHHUKH.

IIpeocmasnenue o npaguIbHLIX MHO202PAHHUKAX (Mempal’op, Kyo, okmasaop, 000eKa’op u UKocasop).

Ymems: IpUMEHATH TEOPETUYECKHE 3HAHNUS IIPU PEIICHUH 3a7a4 Ha JaHHYIO TEMY.

3namy: TpencTaBIEHUE O MPABUIBHBIX MHOTOTPaHHMKAX (TeTpa’ap, KyO, OKTasip, MOJEKa’Jp U

HUKOCadIP).

Onpeodenenue npaguibHO20 MHO20SPAHHUKA.

MHOrorpaHHuK Ha3bIBa€TCS MPABUIIBHBIM, €CJIU: OH BBIIYKJIbII; BCE €r0 T'PAHU — PAaBHBIE APYT
JIpYTy NMPaBUWIbHBIE MHOTOYTOJIBHUKH; B KXKIOW €0 BEPITMHE CXOIUTCS OJJMHAKOBOE YHCIIO pedep; Bce
€ro JABYT'PaHHbIC YIJIbl PABHBI.

Teopema:

CymiecTByeT MsTh pPa3dUYHBIX (C TOYHOCTBIO O TOA00MS) THUIOB MPAaBHIBHBIX

MHOTOTPaHHUKOB: TPAaBWJIBHBIA TETPadp, MPABWIBHBIA Tekcadap (Ky0), TpaBUWIBHBIA OKTadIp,
MPaBUWIbHBIN TOJIEKA3p U PABUIbHBIA HKOCA3IP.

Tabnuua 1. HexkoTopblie CBOWCTBA MPAaBUIBHBIX MHOT'OIPAaHHUKOB IPHUBECHBI B CISAYIONIEH Ta0HIe.

Buna rpanun ITnockuit Bun CymmMma B P T HasBanne
yroJ npu MHOTOI'paHHOI'O IIJIOCKHUX MHOTOI'paHHUKaA
BEPUIMHE | YIJIa [IPU BEPIIMHE | YIJIOB [PH
BEpIIKHE
[IpaBunbHabd | 60° 3-rpaHHBIN 180° 4 6 4 [IpaBunbHBIH
TPEYTOJIbHUK TETpadap
[IpaBunenbid | 60° 4-rpaHHBINA 240° 6 12 8 [IpaBunbHBIN
TPEYTOJIbHUK OKTadp
[IpaBunbnabld | 60° 5-rpannsrit 300° 12 30 20 [IpaBuibHBIH
TPEYTOJIbHUK HKOCadIp
Ksanpar 90° 3-rpaHHBIN 270° 8 12 6 IIpaBunpHBIN
rexcaxap (ky0)
IIpaBunbabni | 108° 3-rpaHHbIN 324° 20 30 12 [IpaBmibHBIH
TPEYTOJIbHUK JoJeKa’Ip

PaccMoTpuM BUIBI MHOTOTPAaHHUKOB:

[IpaBuibHBII TETpad AP

[TpaBWIBHBIN OKTa3Ip
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[TpaBUIBHBIN HKOCAYAP [TpaBunbHEII rekca’ap (kyo0)

o e

[IpaBunbHBI OoAEKA AP

Tabnuua 2. @opmysasl A1 HAX0XKAEHUS 00BEMOB NPaBUIIbHBIX MHOTOIPAaHHUKOB.
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Bun MHOTOrpaHHuKa

Obbem MHOrorpaHHHKa

[MpaewneHEI TETpa3LP

a’f2

12
MpaeuneHLIf oKTa34P 43%@
3
MNpaeuneHEIR MKoCazap at
MpaewneHeli rekcasgp (kyb) 5ﬂ3[3+ ﬁ]
12
MNpaeuneHEIl gogekasgp 215+ ?ﬁ]
4

Konmponvhuvle 6onpocwi
1. Telépaanp

2. Ky

3. Okrasap

4. Jlexanna
5. l%lcocaalz)[
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Tema 10. Tesia BpanieHusi ¥ NOBEPXHOCTH TeJl BpalleHUsI.
Tema 10.1. {uuHAP, KOHYC U UX CBOMCTBA.

Onpeoenenus yununopa, koumyca u ux snemenmos. Ceoticmsa yurunopa u konyca. Cevenus
YUIUHOPA U KOHYCA NAOCKOCMAMU.

Ymems: IpUMEHATH TECOPETUYECKUE 3HAHUS IIPU PELLICHUU 3a1a4 HAa JaHHYIO TEMY.
3Hamb. onpeneacHus NUINHAPA, KOHyca U UX 2JIEMEHTOB, CBOMCTBA IUIMHIPA U KOHYCA, CEYECHHUS
LUJIUHAPA U KOHYCA IJIOCKOCTAMHU

[Munuuapudeckass MOBEPXHOCTh oOpasyercss mpu JBwkeHuH npsmod (AB, puc.l),
COXpaHSIONICH CBOE HAIIPABJICHHUE U TIEPECeKaoIIecs ¢ 3amanHoi nauer (kpuBoi) MN. Jlmams MN
Ha3bIBAeTCs HanpasisAwoomend. [Ipsmble, COOTBETCTBYIOIINE Pa3IUYHbBIM IOJOKEHUAM NpsAMoil AB npu
e€ npwkennn (A’B’, A”B” u T.1., puc.2), Ha3bIBaIOTCA 00Pa3yONIMMU MIJIHHIPHIECKON TOBEPXHOCTH.

1]
ﬁ' |

Puc.1. Puc.2

Lununop. Teno, orpaHUYeHHOE WINHIAPUIECKON MOBEPXHOCTHIO C 3aMKHYTON HaIpaBIIsoIEH
U JIByMs MapajuleJbHbIMM IUIOCKOCTSMH, Ha3bIBaeTCs LMIMHAPOM (puc.2). YacTu 3THX MIOCKOCTEH
(ABCDEFG u abcdefg) na3piBaroTcst ocHOBaHUSIMU LMIuHApa. PaccrosiHue Mexny ocHoBaHuaMHu (KM,
puc.2) — BbicOTa wuiuHApa. L{umuHAp — mpsMoil, eciau ero oOpasyrollue MNepHeHANKYIISIPHBI
OCHOBAHHIO; B IPOTHBHOM CJIy4ae IMJIMHIP — HaKJIOHHBIN. L{MauHIp Ha3bIBaeTCSl KPYTOBBIM, €CIIH €T0
OCHOBaHHUE — KpyT. Eciin nninuHp sBIIseTCsl 0THOBPEMEHHO U MPSIMBIM, U KPYTOBBIM, TO OH Ha3bIBa€TCs
KpyribiM. [Ipu3ma sBIsieTCS 4aCTHBIM CITydaeM IHITHHapa(mouemy?).

[{unuHapuueckue ceyeHuss OOKOBOM MOBEPXHOCTH KpyroBoro nuwimuzapa (puc.3). CedeHus,
napajuleibHble OCHOBAaHUIO - KPYrM TOro e paamyca. CeueHus, napajulelbHble 00pa3yroIuM
WIMHApa - napbl napaiensHblX OpsAMbiX  (AB || CD). Ceuenus, KoTopble HE MapajjiebHbl HU
OCHOBAHHUIO, HU 00PA3yIOLIHUM - SJUIUICH.

E

Inowaow 6oxo6o0t nosepxHocmu YuruHopa
[Tnomanps OGOKOBOI TMOBEPXHOCTH LWIMHIPA pPaBHA MPOU3BEJCHHUIO BHICOTHI IMIMHIpPAa HA ATUHY
OKPYKHOCTH OCHOBAHHUS.

qDopMlea JJIS1 BBIYUCIICHUA OOKOBOM MOBCPXHOCTU HUIJIMHAPA:
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S, = 27Rh,

6ok
rac R = pa)lI/ch Opr)KHOCTI/I OCHOBAHHMHAI, h - BBICOTA LII/IJII/IHl[pa.

IlonHas miomanp IMMOBCPXHOCTU NUIIMHAPA paBHA CYMMC OOKOBOM MOBCPXHOCTHU NWINHAPA U JBOMHOM
IIomaan OCHOBaHHMA HUJIMHIPA.

(DopMyna JJIs1 BBIYUCJIICHU S OJIHOU IIomaau MOBEPXHOCTH NHUIIMHAPA:
S, =2mRh+2mR?,

rac R - paanycC OKpYKHOCTU OCHOBAHUA, h - BeIcOTa HUJIMHApA.

Konnueckas moBepxHOCTh 00pa3yeTcs pu ABMKeHUH TpsiMoit (AB, puc.l), npoxonsmieit Bcé
BpeMsl 4epe3 HEMOJBIKHYIO TOUKy (S), W mepecekaromie 3a naHHyro JuHU0O MN, Ha3biBaeMyro
Hanpasistroe. [IpsiMble, COOTBETCTBYIOIIME PA3IMYHBIM MOJIOKEHUAM NpsiMoi AB nipu €€ aBm>xeHnn
(A’B’, A”B” u T.1.), Ha3bIBalOTCS 00pa3yOIMMH KOHUYECKOM MOBEPXHOCTH; TOUKA S — €€ BEPILINHOM.
Konnueckass mOBEpXHOCTh COCTOUT M3 JIBYX 4acTei: OJHA ONMCHIBAETCS JIydoM SA, npyras — €ro
npoaokeHreM SB. OObIUHO B KaUeCTBE KOHUYECKOM IMTOBEPXHOCTH PACCMATPUBAIOT OJTHY U3 €€ YaCTeH.
>

B” E

Puc.1 Puc.2
Konyc — 310 Teno, orpaHMYe€HHOE OAHOM M3 YacTell KOHMYECKOM MOBEPXHOCTU C 3aMKHYTOH
HANPABJISAIOLIEH U NEPECEKAIOIIEH KOHUYECKYIO TOBEPXHOCTD MIIIOCKOCTHIO (ABCDEF, puc.2), ne

NpoXoJsiiel yepe3 BepuimHy S. YacTh 3TOM IJIOCKOCTH, PACHOJIOKEHHOW BHYTPH KOHUYECKOM
MMOBEPXHOCTHU, Ha3bIBAETCS OCHOBaHHEM KoHyca. [lepnenaukysip SO, onyiieHHbIN U3 BEPIIMHBL S Ha
OCHOBaHUE, HA3bIBAETCs BBICOTOM KOHYyca. [lupamua sBisieTcss 4acTHBIM Cllyd4aeM KoHyca (rmouemy?).
Konyc nHazbiBaeTcss KpyroBbIM, €clu €ro ocHoBaHUeM siBisieTcsi kpyr. [Ipsmas SO, coenussromnias
BEpIIMHY KOHYyCa C LIEHTPOM OCHOBaHUS, Ha3bIBae€TCs OChbIO KOoHyca. Eciu BbicoTa KpyroBoro KoHyca
COBIIAJIa€T C €T0 OChIO, TO TAKOM KOHYC Ha3bIBACTCS KPY2bIM.

Konnueckue ceyenns. CedeHUs: KpyroBoro KOHyca, MapajiebHbIE er0 OCHOBAHHIO - KPYTH.
CeueHue, nepecekaroliee TOJIbKO OJHY YacTh KPYroBOIo KOHyca M HE MapajuleIbHOE HU OJHON ero
oOpasyromieit - amurc (puc.3). CeueHnue, mepecekaroniee TOJbKO OJHY YacTh KPYrOBOTO KOHycCa M
napasuieNbHOe OAHOHM U3 ero oOpasyronmx - napabdona (puc.4). Ceuenue, nepecekaromiee ooe yactu

83



KpyroBOro KOHyca, B OOIIEM Ciy4yae SIBIseTCS TUIepOosoi, cocTosme u3 AByX BeTBeil (puc.5).B
YaCTHOCTH, €CIIM 3TO CEYEHHME MPOXOAMT Yepe3 OChb KOHYCa, TO IMOJIydyaeM Iapy IMepeceKarolIuxcs
MpsIMBIX (00pa3yroLuX KOHYCA).

M e mm e ————————

Konuueckue cedenus OpeaAcCTaBIAIOT 0O0JIBIIION HHTECPCC KaK B TCOPETHUYCCKOM, TaK H B
MPAKTUYECKOM OTHOIICHHH. TakK, OHU IIHPOKO HCIOIB3YIOTCS B TEXHHUKE (DIUTHINTUYECKUE 3yOdaThie
Koji€ca, nmapabonruecKkue MPOKEKTOPbl M AHTEHHBI); IJIAHEThl U HEKOTOPBhIE KOMETHI ABMKYTCS IO
AJUTUITHYECKUM OpOUTaM; HEKOTOPBIE KOMETHI ABMXKYTCS MO MapaboIMYecKUM M TUMEPOOTHUECKUM
opOuTam.

IInowaos 60x0601 nosepxHocmu KOHyca

[Tnomans 60KOBOI MOBEPXHOCTH KOHYCa paBHA MPOU3BEICHUIO YHCIIA T HA PAANYC OKPYKHOCTH
OCHOBAHHMS U Ha JUIMHY o0Opa3yrollel KoHyca.

7Z'|2

®opmyia momaau 60KOBON MOBEPXHOCTH KOHyca: S, = 360

rae I - paIuyc OKpY»KHOCTH OCHOBaHUS, | - uinHa 00pasyromieii KoHyca.

pil 360r
2r=—a,a=——.
180 |

S, =l
[Imomaap MOJHOM MOBEPXHOCTH KOHYCAa paBHAa CyMME IUIOLIAIEH OCHOBAaHHUS KOHYca U €ro

OOKOBOI IOBCPXHOCTH. OcHoBaHUEM KOHYCa SABJISICTCA KPYT.

dopmyJia MIOIa U MOJTHONW TOBEPXHOCTH KOHYyCA!
S_ =mRIl+R?,
rjae I - paguyc OKpY>KHOCTH OCHOBaHus, | - muHa oOpasyroiiei KoHyca.

60K

Konmponvnuvie 6onpocwi
1. Onpenenenus NUIMHAPA, KOHYCa U UX 3JIEMEHTOB.
2. CpoiicTBa MWIMHAPA U KOHYyCA.
3. CeveHus UIUHIPA U KOHYCA IUIOCKOCTSAMHU.
Tema 10.2.111ap u cdepa, ux ceuenns. KacarenbHas miI0CKOCTh K cepe.
Onpeoenenus wapa, cgpepbvl u ux snemenmos. Bnucannas u onucannas cghepwi. Cevenus

wapa u cghepvi. Kacamenvnas niockocms k cghepe.

Ymems: IpuMeHATh TEOPETUYECKHE 3HAHUS IIPU PEIICHHUH 3a1a4 Ha JaHHYIO TEMY.
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3nams: onpeneneHus mapa, chepbl U UX JIEMEHTOB, ONIMCAHHAs U ONHUCAaHHAs cepbl, CEUeHUs I1apa
u cepsl, KacaTelabHas IIOCKOCTh K cdepe.

Cdeprueckast mOBEpXHOCTh — 3TO TEOMETPUUECKOE MECTO TOUEK (T.€. MHOYKECTBO BCEX TOUEK) B
MIPOCTPAHCTBE, PAaBHOYJAIEHHBIX OT OJHOM Touku O, KOTOpas Ha3bIBae€TCs LIEHTPOM CepUuecKoit
nosepxHocTH (puc.l). Pannyc AO u nuametp AB ompenenstorcs Tak ke, Kak U B OKPY>KHOCTH.

Puc.1 Puc.2

lap (ctepa) - 37O TENO, OTPaHUUCHHOE CPHEPUUECKON TTOBEPXHOCTHIO. MOXKHO MOJIYYUTD MIap,
Bpamas Mmojykpyr (WJIM Kpyr) BOKpYyr auamerpa. Bce ruockue ceuenust miapa — kpyru (puc.l).
Haubonpmmii Kpyr JIeXKUT B CEUYEHUH, MPOXOJAIIEM dYepe3 HEHTP IIapa, M Ha3bIBaeTCs OOJBIINM
kpyroM. Ero paauyc paBeH paguycy mapa. JIroOble 1Ba G0JbIINX Kpyra MEepPeceKaroTcs Mo JuaMeTpy
mapa (AB, puc.2). DTOT AMaMeTp SBIAETCS U TUAMETPOM IEPeCceKaoNINXcsi OOIbIINX KpyroB. Yepes
JIBE TOYKU CPepuuecKoi MOBEPXHOCTH, PACIIONOKEHHbIe Ha KOHIIAaX ofHOro auametpa (A u B, puc.2),
MOKHO TIPOBECTH OECUMCICHHOE MHOXECTBO OOJbIIMX KpyroB. Hampumep, depes3 momoca 3emiu
MO’KHO IPOBECTH OECKOHEUHOE YHCII0 MEPUANAHOB.

O0BéM mapa B IOATOpa paza MEHbIE 00bEMA ONMMCAHHOTO BOKPYT HEro IIuHApa (puc.3), a
MOBEPXHOCTh IIapa B IOJTOpa pa3a MEHbIIE IMOJHOW MOBEPXHOCTH TOTO XK€ IWIMHApa (Teopema

Apxumena):
2
oy wapa =— N yun -
3
2
Vwapa = Vuu.u
3

Puc.3
3nece Smrapa u V mapa - COOTBETCTBEHHO IMOBEPXHOCTh U 00BEM Iapa;
Suun u Viun - noiHasi IOBEPXHOCTh U 00BEM ONMMCAHHOTO LUIUHAPA.

Yacmu wapa. Yacts mapa (cdepbl), oTcekaemass 0T HEro Kakou-in6o ruiockocthio (ABC, puc.4),
Ha3bIBaeTCcsl MAapoBbiM (cepuuecknm) cermeHToM. Kpyr ABC Ha3biBaeTCsi OCHOBAaHHEM IIApOBOTO
cermenTa. Otpezok MN nepnenaukyssipa, npoBeneHHoro u3 neHtpa N kpyra ABC no nepeceueHus
co ceprudecKor MOBEPXHOCTHIO, HA3BIBACTCS BBICOTOM MIApOBOrO cermMeHTa. Touka M Ha3bIBaeTCs
BEPILIMHON IAPOBOr0 CETMEHTA.
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Puc.4
Yacte cdepsl, 3akimouéHHas MexAy AByMs mapasuienbHbiMu 1mockoctsmMu ABC u DEF,

MEePECeKAOIMMU  CPEPUUECKYI0 TOBEPXHOCTh (puc.4), HaA3bIBA€TCA IIIAPOBBIM CIIOEM; KpHBas
MIOBEPXHOCTH LIIAPOBOTI'0 CJI051 Ha3bIBaeTcs M1apoBbIM nosicoM (30Hoi). Kpyru ABC u DEF — ocHoBanus
mapoBoro nosica. Paccrosane NK mMexny 0oCHOBaHMSIMM IIapOBOTO IOsiCa — €ro BeICOTA. HacTh miapa,
OrpaHMYEHHas KPUBON MOBEPXHOCThIO cdepuueckoro cermeHra (AMCB, puc.4) u KOHHYECKOMH
noBepxHocThi0 OABC, ocHoBaHHEM KOTOpOH ciy:KuUT ocHoBaHHe cermeHTa (ABC), a BepummHON —
neHTp mapa O, Ha3pIBae€TCs LIAPOBBIM CEKTOPOM.

Ypasnenue cgepor
B npsiMmoyrospHOI crcTeMe KOOpAMHAT ypaBHEHHE cdepsl paauyca R ¢ nentpom C(X,, Y,, Z, ) uMeeT

BUI (X — X0)2 +(y— y0)2 +(z— 20)2 =R>.
Kacamenvnaa nnockocms K cpepe

[InockocTe, uMeromas co c@epoil TOJbBKO OIHY
OO0IIyI0 TOYKY, Ha3bIBaeTCAd KacaTeNbHOW IIOCKOCTBIO K
chepe, a ux oOmas TOYKa HA3BIBAETCS TOYKOW KaCaHUS
TUIOCKOCTH U C(hephl.

Ha pucynke mnockocTs « - KacarenpHas K cdepe ¢
neatpom O, A — Touka kacanus. KacarenpHast TIIOCKOCTh
K cdepe obOnanaer CBOWCTBOM, aHAJIOTMYHBIM CBOWCTBY
KacaTeJbHOW K OKpPYKHOCTH. OHO BBIpa)XEHO B
CIeNyIoIIel TeopeMe:

Teopema: Pammyc cdepsl, TpPOBEACHHBIM B TOYKYy KacaHus cQepbl H TUIOCKOCTH,
MEPIEeHIUKYIISIPEH K KacaTeIbHOU TUIOCKOCTH.

Hokaszamenvcmeo:
PaccMoTpuM miockocTs ¢ , Kacarornytocs cepst ¢ ieHTpom O B Touke A. [Jokaxem, uto pagunyc OA
SBJIICTCS HAKJIOHHOW K IJIOCKOCTH « , W, CIEIOBaTENbHO, PACCTOSHUE OT cepbl M0 TUIOCKOCTH o
MeHbIe paguyca cdepsl. [losTomy cdepa W MIOCKOCTh TEpeceKaroTcsl Mo OKpyx)Hoctd. Ho 3to
MIPOTUBOPEUYHUT TOMY, YTO IUIOCKOCTh ¢ - KacaTellbHas, T.€. cepa U IIIOCKOCTh @ UMEIOT TOJIBKO OJHY
obmryro Touky. [lomydeHHoe mTpoTHBOpeuHe AoKas3biBaeT, 4Tto paauyc OA mepneHAMKYIsSpeH K
mwiockoctu « . Teopema qoka3aHa.

Teopema: Ecnu paguyc chepbl NepueHIUKYIISAPEH K IIIOCKOCTH, IPOXOAAIIeH Yepe3 ero KoHell,
nexaliei Ha cepe, TO 3Ta IIIOCKOCTb SABISETCS KacaTeJIbHOU K cdepe.

Lokaszamenvcmeo:

W3 ycaoBHs TEOPEMBI CIENYET, UTO JAHHBIM PaJUyC SABIAETCS IEPIEHANKYIIIPOM, IPOBEIEHHBIM
U3 neHTpa chepsl K JaHHOH miockocTh. [1oaToMy paccTosiHUE OT LeHTpa cephl 10 TIOCKOCTH PaBHO
panuycy chepsl, 1, clieJ0BaTeNIbHO, chepa 1 INIOCKOCTh UMEIOT OJIHY OOILYI0 TOUKY. DTO O3HA4YaeT, YTo
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JaHHas IJTOCKOCTH SIBJISIETCSl KacaTelbHOM K cepe. Teopema nokazaHa.
Inowaow cghepwvi
3a mmomanb cdepbl TpUMEM MpeneN IOCIeAOBATENFHOCTH IUIOMANCH TOBEPXHOCTEH
OIMCAHHBIX OKOJIO C(hepbl MHOTOTPAHHUKOB MIPU CTPEMJICHUH K HYJIIO HAauOOJIBIIErO pa3Mepa Kaxkaoh
IpaHu.

[Tnomank chepsr: S = 47R%.

Konmponvhuvle 6onpocoi

1. Onpenenenus mapa, chepsl U UX JIEMEHTOB.
2. BriucanHas u onucaHHasi chepsl.

3. Ceuenus mapa u chepsl.

4. KacarenpHasl IIIOCKOCTH K cdepe.
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Pazjnen 11. DineMeHTHI KOMOMHATOPUKU M TEOPUM BEPOSITHOCTEH
Tema 11.1. DjieMeHTHI KOMOMHATOPUKH.

Ocnosnvle nousmus KOM6uHam0puKM.' pasmewyernust, nepecnanoBKu, Co4YemaHusl.

3nameb: OCHOBHBIC TTOHATHS KOM6I/IHaTOpI/IKI/IZ pPasMCIICHUA, IICPECCTAHOBKH, COUYCTAHUAA.
Ymems: mogcunThIBaTH YMCIIa pa3MCHIeHI/II71, NEpCCTaHOBOK, COYCTaHUH.

Kombunamopuxa — pas3en MaTeMaTuKd, B KOTOPOM H3y4aroTCs 3a/1a4d BBIOOPA HIIEMEHTOB U3
3aJJaHHOTO MHOXECTBA U PACIOJIOXKCHHUS UX B TPYIIIBI MO 33JAHHBIM TPAaBUJIaM, B YACTHOCTH 33/1a4H O
MoJICYeTe 4YHclia KOMOWHAIM (BBIOOPOK), TOMYyYaeMBIX W3 DJIEMEHTOB 3aJaHHOTO KOHEYHOTO
MHOXecTBa. EciiM M3 HEKOTOPOro KOJIHMYECTBA JJIEMEHTOB, PA3JIMYHBIX MEXIy COOOM, COCTaBIAThH
pa3inyHble KOMOWHAIIUM, TO CPEU HUX MOXKHO BBIJICTUTH TPU THIA KOMOWHAIIMN, HOCAIIUX OOIee
Ha3BaHUE — COCIMHEHMUS.

Paccmotpum nmoapoOHEe 3TH coeAMHEHUS:

1) Ecnu B HEKOTOPOM MHOXECTBE a,a,,...,d,, IEPECTABIATb MECTaMH DJIEMEHTBI, OCTaBJIsSA

m
HEHM3MEHHBIM HX KOJIMYECTBO, TO KaXKJas MOJy4eHHass TakuM oOpa3oM KOMOHMHAIMS HAa3bIBAETCS
nepectanoBkoii. O01Iee YMCIIO IEPECTAHOBOK U3 M JIEMEHTOB 0003HavaeTcsi Pm 1 BeUMCIseTCS 10
bopmye:
P, =m!
2) Ecnu cocTaBisiTh U3 m pa3IudHbIX 3JIEMEHTOB IPYIIILI 110 N 3JIEMEHTOB B KAXKIOW, pacrojaras B3sTble
9MIEMEHTbl B pa3nuyHoM mopsake. [lomyuuBiimecs mnpu 3TOM  KOMOMHAIIMM — HA3bIBAIOTCS
pa3MelleHusIMH W3 m 3JeMeHTOB 1o 7. OOIIee 4MciIo TakuX pPa3sMENICHHH PAaCCUUTHIBACTCS TI0
bopmye:
m!
A =m(m-)(m-2)..(m-(n-1)) =——.
(m—n)!
[lepecTaHOBKHU SIBIISIIOTCS YACTHBIM CITydaeM pa3MelleHUH.
3) Eciii u3 m 31eMEHTOB COCTABIIATH TPYMIIBI IO 72 3JIEMEHTOB B Ka)X/I0M, He oOpaliasi BHUMaHUs Ha
MOPSAZIOK AJIIEMEHTOB B IPYIIIIE, TO MOJIYYUBIIHECS IPU STOM KOMOMHALIMY HA3bIBAIOTCS COYeTAHUAMH
U3 m 3JeMEHTOB 10 7. O0IIee YUCIIO COUYETaHNH HaxXOuTCs 1o (hopMmyIe:
n P, ml
" PP _. nl(m-n)!
4) Taxxe OJHUM U3 BAPUAHTOB KOMOWHAIIUU SIBISIOTCS NEPECTAHOBKH C TMOBTOPSIOIIUMUCS
nemeHTamMu. Eciu cpeau m 31eMeHTOB MMeeTcss M, OJMHAKOBBIX 3JIEMEHTOB OJHOIO THIIA, M2

OJTMHAKOBBIX DIIEMEHTOB JIPYrOro THIA U T.J., TO IPH MEPECTAHOBKE ITUX JIEMEHTOB BCEBO3MOKHBIMHU
criocobamu Mmoyry4aeM KOMOWHAIINH, KOJTHYECTBO KOTOPBIX ONpeaensieTcs o Gopmye:

P m!

P.(m,m,,..m)= m - .
Pmlez...Pmk m.!m,l.m,!

5) Ecniu ipu BEIOOpKE M 37IEMEHTOB U3 N 3JIEMEHTHI BO3BPALIAIOTCS 0OPaTHO U YNOPSAI0YUBAIOTCSA, TO
TOBOPAT, YTO 3TO pa3MelleHHus ¢ MOBTOPeHUsIMU. PasMeneHus ¢ MOBTOPEHUSIMU MOTYT OTJIMYATHCS
Apyr OT Apyra 3JIE€MEHTaMM, UX IOPSAKOM M KOJUYECTBOM IOBTOPEHUM 3JIEMEHTOB. UMCIIO BCEX

pa3MelIeHnit 3 N AIEMEHTOB 10 M ¢ TOBTOPEHUAMH 0003HAYaeTCS CUMBOJIOM AT U BBIYHCIISAETCS 110
dbopmyre:
A'=n".

88



6) Eciu npu BbIOOpKE M 3JIEMEHTOB M3 N 3JIEMEHTHI BO3BpALIAlOTCS 00paTHO 0e3 MOCIEAYIOIIEro
YHOPSAOYMBAHUS, TO TOBOPSAT, YTO 3TO COYETAHHS € NMOBTOPeHMAMM. YHCI0 BCEX codeTaHUU U3 N
3JIEMEHTOB IO M € IIOBTOPSHUSIMU 0003Ha4aeTcst cUMBOJIOM N, M BEIMHCISIETCS 110 hOpMyJIe:
~m _ ~m
Nn - Cn+m—l .

Konmponvhuvle 6onpocwi
1. Onpenenenrne KOMOMHATOPUKH.
2. DJeMeHThl KOMOWHATOPHKH.

Tema 11.2. ®opmyna 6unoma Herorona. CBoiicTBa 0MHOMHAJIBHBIX KO()(PUIIHEHTOB.
Tpeyroasnuk Ilackans.

Dopmyna bunoma Hotomona. Ceoticmea dOunomuanvhvix ko3gpuyuenmos. Tpeyeonvnux Ilackans.
3namu: popmyna 6maoma HetoToHa, CBOMCTBa OMHOMHUAIBHBIX KO PHUIIMEHTOB, TPEYTOIbHUK

Ilackang.
Ymems: sprunciares OuaoM Herotona.

Bunom Hetomona. D10 GopMyia, peacTaBisiomas Beipaxkenne (a+b)" npu nonoxurensaom
LIEJIOM N B BUJE MHOTOWJICHA:

1 2
(a+8)"=a®+C a® 1p+0C a® 2 52 +
H H
3 n-—1
+C a7 3p3 + 40 abnlipr,
H H

3ameTuM, 9TO CyMMa MokasaTesieii crerneneit st @ U b mocrosHHA ¥ paBHA N.

1 2 3 n-1
R

Yucma » » 1 n Ha3bIBAIOTCS OMHOMHAILHBIME KOA(PPHUIIMEHTAMH.

Hx MOXHO BBIYUCIIUTh, IPUMCHSIA TOJBKO CJIOXKCHHUEC, €CIIU ITOJIb30BATHCA CJ'ICI[YIOHIGI\/'I CXEMOI1.
B BerHefI CTPOKC MUIIECM IABC CAUHUIILIL. Bce nocJCAyromue CTpOKM HAYMHAKOTCA U 3aKaHYNBAIOTCSA
CHHHHHGﬁ. HpOMe)KYTO'-IHI)IC YHucCiia B OTUX CTPOKAX MOJYyHAIOTCAd CYMMHUPOBAHUEM COCCAHUX YUCEI U3
npezu;mymeﬁ CTPOKH. OTa cxema Ha3bIBaeTCs TPCYTOJIbBHUKOM ITackams:

[lepBas cTpoka B 3TO TabnHIle COACPKUT OMHOMUANbHBIE KO3 PuumeHTs! 1t N = 1; BTOpas - s N
=2; tperhs - s N =3 u 1.4. [loaToMy, eciin He0OOXOIMMO, HAIPUMED, PA3T0KUTH BEIPAKCHHUE:

(a+b)’,

MBI MOKEM MOJYUYUTh PE3YJIbTAT MOMCHTAJIbHO, UCITIOJIb3Y S Ta6J'II/II_Iy2
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7 7, -6 532 aeatnd | oaeaind 135 =16 7
(a+b) =a +T7ab+2lab +353a’b +35ab” +2lah +Tab” +b
CBoiicTBa OMHOMHATIBHBIX KO3()(PUIIMEHTOB.

1. Cymma kodhduimentos paznoxenus (a+b)"pasma 2".

Jliist TOKa3aTeNIbCTBA TOCTATOYHO MOIOKHUTh a = b = 1. Toraa B mpaBoii yacTH pa3iioKeHHs OMHOMA

Hrrorona MeI 6yz(eM HMCETb CYMMY 6I/IHOMI/IaJ'IBHBIX KOB(I)(I)I/ILII/ICHTOB, a CJIEBa:
(1+1)r=2"

2. KoadpunmenTs! 4ieHOB, paBHOYJATEHHBIX OT KOHIIOB Pa3NIO’KEHUS, PaBHBI.
3TO CBOWCTBO cleAyeT U3 COOTHOLICHHUS:

L] H

3. Cymma k03¢ (HUIMEHTOB YETHBIX WICHOB PA3JIOKEHHUS paBHA CyMMe KO3 (OUIIMEHTOB HEYETHBIX
YJICHOB Pa3JIOKCHUS;, KaKIasi U3 HUX paBHA

gn-1

5 (1-1)"=07=03,00p ua
I[J'IH A0Ka3aTCJIbCTBa BOCIIOJIB3YyEMCA OMHOMOM: JECh YCTHBIC YJICHBI
UMEIOT 3HaK « t»,a HEYETHBIC - « - ». Tak Kak B PE3YJIbTATC PA3JIOKCHUS MTOJIYyUaCTCA 0, TO

CJIEI0OBATENIbHO, CyMMbI UX OMHOMHUAIBHBIX KO3()PUIIMEHTOB paBHBI MEXIY COOOM, MOITOMY KaxKaas

1yr=0n=0

W3 HUX paBHA: (1- YTO U TPEOOBAIOCH TOKA3aTh.

Konmponvhuvie éonpocwi

1. ®opmyna 6unoma HeroToHAa.

2. CpolicTBa OMHOMHAIBHBIX KO3 PHUITUCHTOB.
3. Tpeyronbuuk [Tackans.

Tema 11.3.9;1eMeHTHI TEOPUHU BEePOSATHOCTEH U MATEMATHYECKOH CTATHCTHKH.

Cobvimue. Bepoamnocmb codbimus, ciodxicenue u YMHONCEHUe 8ePOSAMHOCHEIL.
Ilpeocmasnenue 0aunnvix, ceHepatvbHaAsi COBOKYNHOCb, 8blOOPKA, cpedHee apupmemuyeckoe,
Meouama.

3namu: coObITHE, BEPOSITHOCTD COOBITHS, CII0KEHNUE M YMHOKEHUE BEPOSITHOCTEH, ITPEJICTABICHUE

JaHHBIX, FeHepabHasi COBOKYITHOCTh, BHIOOpKA, cpeHee apudmMeTnyeckoe, MeIMaHa.
Ymems: pemiate 3a1a4u 10 TEOPUU BEPOSITHOCTH U MATEMATHUECKOM CTAaTUCTUKHU.

Cnyuaiinsle codbvimus ux 6epoamuocmu

Ol’lblmOM, uiu ucnvlmaHuem, Ha3bIBarOT BCAKOC OCYIHICCTBJICHUC ONPCACIICHHOIO KOMIIJICKCA yCJIOBI/Iﬁ

WIN ACUCTBUI, IPU KOTOPBIX HAOIIO1aeTCS COOTBETCTBYIOILEE SIBICHUE.

Cobvimuem Ha3bIBACTCA BCAKHHM (DAaKT, KOTOPHIA MOXKET MPOW30WTH WU HE TMPOU30UTH B

pe3ysbTare OIbITA.
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Ilpumep 1. IlonGpacbiBaHUE MOHETHI — ONBIT, UCXO/I. Brimagenue repba mim nudpsl — COOBITHE.
31eck U B ajbHEHIIEM MPEAToiaraeM, 4ro MmajJeHrue MOHETHI Ha peOpo HE paccMaTpUBAETCS, TAK KaK
9TO HEYCTOMYHMBOE COCTOSIHUE PABHOBECHS, a N3y4aeMasi MOHETA JOCTATOYHO TOHKAS.
OnemenmapHvimu ucxooamu (cobbimusmuy) (0 ONBITA HA3BIBAIOTCS TAKUE PE3YJIbTATHI OIbITA, KOTOPHIE
B3aMMHO MCKJIIOYAIOT JIPYT ApPYyra U B pe3yJbTaTe OIbITAa MPOUCXOAUT OJHO M3 3THUX COOBITHIM, TaKkkKe
KaKoBO Obl HU OBLIO COOBITHE A, M0 HACTYNHBILEMY 3JI€MEHTAPHOMY HCXOJIY MOXKHO CYIUTh O TOM,
MIPOUCXOIUT UM HE IIPOUCXOAUT ITO COOBITHE.

COBOKYMHOCTh BCEX 3JEMEHTAPHBIX HCXOJOB OINbITA HA3BIBAETCS NPOCMPAHCMBOM D]1eMEeHMAPHbIX
cobvimuii. O603nagaetcs 2.

Bce coObITus (siBeHUS) NEUCTBUTEIBHOCTH MOYKHO MOAPA3IE€IUTh Ha TPU BUJIA: JOCTOBEPHBIE,
HEBO3MOXHBIE U CITyyaiiHbIe.

CoObITHE Ha3bIBAETCS 0OCHMOBEPHLIM, €CIU OHO 0053aTENIbHO MPOU30MIET B YCIOBUIX JAHHOTO
OTIbITA.

CoObITHE HA3BIBACTCS HEBO3MOMCHHIM, €CIIM OHO B YCIOBHSIX ITAHHOTO OIBITA 3aBEJJOMO HE
MIPOU30MUIET.

CoObITHE Ha3bIBAETCS CAYYAUHBIM, €CITM OHO MOXET JM00 MPOU30UTH, JM00 HE MPOU30HTH B
JTAHHOM OTIBITE.

CoOBbITHsI HA3BIBAIOTCS PABHOBO3MONMCHBIMIUL, €CITA UMEIOTCS OCHOBAHUS CYMTATh, YTO HA OJTHO M3
3THX COOBITUI He ABIsiEeTCA 00JIee BO3MOXKHBIM, YeM J1I000€ Ipyroe u3 HUX.

JlBa COOBITUSI HA3bIBAIOTCSA MPOMUBONONONCHLIMY, €CIU TPU HACTYIUIEHUH OJHOTO M3 HHX,

BTOpOE coObITHE HEe porcxoauT. Eciu codbiTie 0003HaueHo A, TO IPOTHBOIIOIOKHOE eMy 0003HAYAIOT

A.

B oTHomeHuM pyr npyra coObITHS TakKKe MMEIOT OCOOCHHOCTH, T.€. B OJJHOM ciydae coObitue A
MOJKET ITPOU30MTU COBMECTHO C COOBITHEM B, B IpyroM — HET.

CoOBITHS Ha3BIBAIOTCS COBMECHHbIMYU B TAHHOM OIBITE, €CIIH TOSBICHHE OHOTO M3 HUX HE HCKITIOYaeT
TOSIBIICHUE IPYTHX.

CoObITHsI Ha3BIBAIOTCS HECOBMECMHbIMU, €CII TIOSBICHUE OJHOTO W3 HUX HMCKIIOYAeT MOsBICHHUE
OPYTHX.

Ecnu mo6oe 13 coObITHII MPOUCXOANT HE3ABUCUMO OT peasIn3aliy JIF000i KOMOMHAIINY JPYTUX
COOBITHH, TO OHH HA3bIBAIOTCS HE3ABUCUMBIMU 8 CO80KYNHOCMU. ECan MOsSBICHNE OHOTO U3 COOBITHH
BJIMSICT HA BO3MOXHOCTB NOSIBICHUS APYTOT0, OHU HA3BIBAIOTCS 3A6UCUMBIMUL.

Heckonbko coObITUI B JTaHHOM OIBITE 00Pa3yIOT NOIHYIO epynny coObimuil, €Clli B pe3yJIbTaTe
OIbITa 0053aTENIFHO MPOU30UAET XOTS ObI 0JJHO U3 HUX. Ecin coObITHs, 00pasyromnye NoIHyo TpyIy,
HECOBMECTHBI, TO TIOSIBIIEHHE OJJHOTO U TOJIBKO OJTHOTO M3 HUX SIBIISIETCS JIOCTOBEPHBIM COObITHEM. [[Ba

HECOBMECTHBIX COOBITHS, 00pa3yIoIIie MOITHYIO TPYIITY COOBITUH, SIBISIOTCS NPOMUBONOJIOHCHBIMU.
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Knaccuueckoe onpedenenue eeposmuocmu coovimus

CymecTByeT MNpocTOd CHoco0 OIpeneseHusl BEPOATHOCTH COOBITHS, OCHOBAHHBIA Ha
PaBHOBO3MOXKHOCTH JFOO0T0 M3 KOHEYHOT'O YKCIIa UCXO/I0B OMbITA.
[Tycte mpoBomuTCST OMBIT ¢ N WCXOMAaMH, KOTOPBIE MOKHO TIPEICTABUTH B BHUJIE IOJHOW TPYIIIBI
HECOBMECTHBIX PABHOBO3MOXHBIX COObITHH. Takue HCXOIbl HA3BIBAIOTCA CAVYAAMU, WAHCAMU,
anemenmapuvimu codovimusamu, (@ ). Cam OnbIT Ha3bIBaeTCS Kiaccuyeckum. IIpo Takoi OMBIT TOBOPST,
9TO OH CBOJMTCS K CXEME CITy4aeB.
Cryvaii @ Ha3bIBaeTCs 0.1A2ONPUAMHBIM ULU OIALONPUAMCINEYIOUWUM COOBITHIO A, €CIIU OH MPUBOAUT
K HACTYIIJICHUIO COOBITHS A.
Beposmnocmvio cobbimus A Ha3bIBaeTCSl MaTeMaTUYeCKas OICHKA BO3MOYKHOCTH TMOSIBICHHS TOTO
COOBITHS B pe3yJIbTaTe OIbITA.
BeposiTHOCTh cOOBITUSI 4 paBHAa OTHOLICHHIO YMCIA, OJaronpHATCTBYIOIIUX COOBITHIO A HCXO/I0B
OIbITa K OOIIEMYy YHCIIy IMONApHO HECOBMECTHBIX HCXOAOB ONbITa, 00pa3yloOIIMX MOJHYI TIpyIMIy

COOBITHH.
m
P(A) = P 1)

dopmyna (1) sBisieTcst kraccuuecko ¢hopmynoi ONpeIeIeHNs BEPOITHOCTH COOBITHSI.
OueBUAHO, YTO 6EPOAMHOCHb OOCHOBEPHO20 COObIMUS PpaBHA €IWHUIE, a B6epOSMHOCHIb
HeBO3MOJICHO20_— paBHA HYIO. TakuM 00pa3oM, 3HAUYEHHUE BEPOSITHOCTH JHOOOrO COOBITHS — €CTh
MOJIOKUTEIBHOE YHCIIO, 3aAKIIOUEHHOE MEXKAY HYJIEM U eIUHULIEH.
0<P(A)<1. 0]

[TonsiTHEe BEpOATHOCTH TMO3BOJIACT JaTh HOBBIC OMPECICHUS ISl Pa3HBIX BUIOB COOBITHH. A
HUMEHHO, coObITHE B Ha3bIBaeTcs Hezasucumbim OT COOBITHSL A, €clTi BEpOATHOCTb cOOBITUS B He 3aBUCUT
OT TOT0, MPOHU301LTO0 coObITHE A U He mpou3omnuio. CoobiTue B Ha3pIBaeTCst 3aBUCUMBIM OT COOBITHS
A, ecrii BEpOSATHOCTH COOBITHS B 3aBHCHUT OT TOT0, MPOU3OIIIO WU HE MMPOU30IILIO COOBITHE A.

Teopembl ymHodcenus u cioxnceHus 6epoamnocmeil

CoObiTust A 1 B Ha3bIBAIOTCS PAGHbLIMU, €CITA OCYIIECTBICHUE COOBITHS A BIICYET 32 COOOH
ocyIecTBieHHe coObIThst B 11 Ha000pOT.
Cymmou nByx coObITUi A 1 B Ha3biBatoT coobiTue C=A+B, cocrosiiee B mosiBIeHUN COOBITUS A, UITN
coObITHS B, Mk 000uX 3TUX cOOBITUH. [10-npyroMy, mosiBIeHHE XOTs OBl OJTHOTO COOBITHSI.
Teopema 1 (croocenus seposmuocmett). BEpoSTHOCTb CyMMBI IBYX HECOBMECTHBIX COOBITHI paBHA

CyMME BEpOSITHOCTEH 3TUX COOBITHIA.
P(A+B)=P(A)+P(B).
Cneocmeue 1: Ecnu cobbitust A, A, ,..., A 00pasyioT HOIHYIO rPyIITy HECOBMECTHBIX COOBITHIL, TO

CyMMa Uux BCpOﬂTHOCTCfI PaBHaA CIMHMUIIC:
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gP(A)ﬂ.

Teopema 2. BeposTHOCTD MOSIBIEHUSI XOTs ObI OTHOTO U3 IByX COBMECTHBIX COOBITUI paBHA CyMMe

BepOﬁTHOCTefI 9THUX COOBITHI 0€3 BCPOATHOCTU UX COBMCCTHOT'O IMOABJICHU:

P(A+B)=P(A)+ P(B)—-P(AB).

Teopema 3. (Ymuoorcenus sepossmuocmeti). BeposTHOCTb TPOU3BEICHHUS ABYX COOBITUH (COBMECTHOTO

IIOABJICHHUA 3THUX CO6BITI/II71) paBHA NPOU3BCACHUIO BEPOATHOCTH OJHOI'O N3 HUX HA YCIIOBHYHO

BEPOATHOCTH PYTrOro, BHIYUCIICHHYIO IIPH YCIIOBHH, YTO MEPBOE COOBITHE yrKe HACTYITHIIO.
P(AB) =P(A)P(B/A)=P(A)P,(B).
Taxxe MOXHO 3aIIHCaTh:
P(AB) = P(A)P(B/A) =P(B)P(A/B)=P(B)P,(A).
Ecnu cobwitus nesapucumbie, 10 P(B/ A) = P(B), u Teopema ymuosxkenus BeposTHocTei
IPUHMMAET BUJL;:
P(AB) = P(A)P(B)
Eciu B pe3yJIbTaTe UCIIBITAHUS MOKET MOSBUTHCA N COOBITHIA, HE3aBUCHMBIX B COBOKYITHOCTH, TO

6EPOAMHOCNb NOABNEHUA XOMA 6bl 001—1020 N3 HUX paBHa
P(A) =1- q.9,--9,-

3neck coObITHE A 0003HAYACT HACTYIICHUE XOTS OBl OHOTO U3 COOBITUH A C BepOATHOCTAMH

HacTymieHus [, a Q, =1— P, — BepOSTHOCTH MPOTUBOIOIOKHBIX COOBITHIA Al, Az’---’An-
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Tema 12. IlepBooOpa3Hasi 1 HHTErpaJ

Tema 12.1. IlepBooOpa3Hasi 1 HHTErpaJI.

Ilepsoobpasnas. Ilpasuna naxodcoenus nepeoobpasnvix. Tabauya unmezpanos

Ymems.: HaXOIUTH HEOTPEICICHHBIC HHTETPAJIBI PA3THUYHBIMU METOIAMHU

3unamu: onpeneneHne NepBOOOPA3HOIL; TPaBUIIa HAXOXKICHHS MIEPBOOOPA3HBIX, OMPEeIICHUE
HEOIPE/ICIICHHOT0 UHTErpajia U ero CBOWCTBA, TAOJUIy HHTETPAJIOB, METO bl HAXOXKICHUS
WHTETPAJIOB.

®yukuus F (X) nasbiBaetcs nepsoobpasnoii hyuxyueni dynxuun T (X) ma orpeske [a,b],
€CITH B JII000H TOYKE 3TOr0 OTPe3Ka BEPHO PaBEHCTBO:

F'(x)=f(x).

Hazno otMeTuTh, 4T0 IEpBOOOPA3HBIX IJIsi OHOM U TOH ke (PYHKIIMH MOXKET OBITh OECKOHEYHO
MHOro. OnHu OyayT oOTIMuYaTbCsl Jpyr OT Jpyra Ha HEKOTOpOe IOCTOSHHOE 4YHCIO, T.€.

F(X)=F,(X)+C.

Heonpedenennvim unmezparon dynakmmn f (X) HaseBaeTcss cOBOKYIMHOCTH I1epBOOGPA3HBIX
(GyHKIMH, KOTOpBIE OMPEIEIeHbI COOTHOIICHUEM:

F(x) + C.
3anuceIBaIoOT: j f (X)dX =F (X) + C;3nech I — 3HAK HHTETpaa, f (X) — NOABLIHTErpajibHas
dynxmus, f(X) dx — moxsHTerpansHOE BRIpaKeHHeE.

Brruncienue HCOMPCACICHHOT'O HHTCIrpajia oT 3aJlaHHOM (byHKI_[I/II/I Ha3bIBaACTCA
UHmezcpupoeaHuem.

Cesoiicmea neonpeoenennplx UHMeZpaios

1. [Ipon3BogHast OT HEONMpPEAENEHHOT0 UHTErpajia paBHa MOBIHTErPAIbHON (QYHKIIUH.

(] f ()dx) = (F(x)+C) = f(x);
2. [luddepeHnnan oT HEONpPEAeICHHOTO HHTETpasla paBeH MOABIHTEIPATbHOMY BBIPAKECHHUIO.
d([ f (x)dx)= f (x)dx;

3. Heompenenennsnii naTerpat ot nuddepeHimaia HeKoTopoi (YyHKITUU paBeH 3TOW (HYHKITUH C
TOYHOCTBIO J10 TOCTOSIHHOT'O CJIaraeMoro.

[dF (x)=F(x) +C;

4. laTerpan oT CyMMBI HJTH Pa3HOCTH IBYX H 0ojiee QYHKIHMIA paBeH CyMME HITH Pa3HOCTH WHTETPAJIOB
OT 3TUX (PyHKIHI

[(u+v—w)dx = [udx + [vdx — [ wadx;
5. HOCTOHHHBIﬁ MHO>XXHUTEJIb MOKHO BBIHOCHUTH 3a 3HAK I/IHTerpaJIa

[C- f(x)dx=C-[ f(x)dx;
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Tabnuna uHTErpaIoB

No WNuTterpan 3HayeHue No Nurterpan 3HayeHue
. i o " I dx arcsinx +C =
« .
V1-x? = —arccosx +C
n+l X 1,|x-a
2 [x"dx X iCn=-1 |12 I% —In +C
n+1 X —a 2a |x+a
dx
3 dx In[x +C 13 fﬁ In‘x+\/ X’ J_ra‘+C
X X“+a
X dx . X
4 [a*dx 2 ic 14 fﬁ arcsin—+C
Ina a“—x a
X . dx 1 X
5 [e*dx X 1 C 15 Ia2+x2 aarctgg+C
. 1 X
6 [ sin xdx —cosx+C 16 jﬁdx Inttg 7| +C
. 1 X
7 ICOSXdX sinx+C 17 j@dx Intg[5+zj +C
8 [ 12 dx tgx + C 18 [tgxdx —Inlcos x|+ C
COS™ X
9 j _ 12 dx —ctgx +C 19 jctgxdx Insin x|+ C
sin® x
10 j ax arctgx+ C = 20 j ax lInL +C
1+ X2 = —arcctgx + C x(a-x) a |a-x

MeToabl HAXO0KIECHUS HHTErpajioB

Cnoco0 noacTaHoBKH (3aMeHbI epeMeHHBbIX).

Ecim TpebyeTcs HaliTH HHTerpa j f (X)dX, HO cnO)HO OTBICKATH TEPBOOOPA3HYIO, TO HHOTAA

¢ nomoisio 3amenst X = @(t) u dx = ¢’ (t)dt moxno nomyuurs:

J £ ()dx =] T (p()@'(t)clt

BcenomanM dopmyity Tpou3BOJHON MPOU3BEIECHUS:

HNuTerpupoBanme no 4acTsaM.

(uv) =u'v+uv

rae U u V — HekoTopsle pyHkImu ot x. B mudpepennmansroit hopme:

d(uv) =vdu + udv
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[TIpouHTErpupoBaB, MOIy4acM: jd (UV) = IVdU + judv , @ B COOTBETCTBUU C IPUBEIACHHBIMUA

BBIIIIC CBOﬁCTBaMH HeOHpeHeHeHHOFO I/IHTeraJIa:
uv:fvdu +judv WK judv:uv—jvdu;
[Monyunnu GopMysly MHTEMPHUPOBAHUA IO YaCTAM, KOTOPas MO3BOJISAET HAXOAMTH MHTErPabl
MHOTHUX DJIEMEHTAPHBIX (PYHKIIUHA.

[lpy wcnonp30BaHMM MeTOJNA IO 4YacTsM 3a U Oepercs Takas (yHKIOUs, KOTopas IIpH
muddepeHpoBaHny ynpomiaercs, a 3a dv — Ta 4acTh MOJBIHTEIPAILHOTO BBIPAKEHHSI, HHTETPAJI OT
KOTOPOW M3BECTEH WIJIM MOXKET OBITh HalICH.

BonbIryto 4acTh HHTETPaioB, BBIYMCIISIEMBIX T10 YaCTSIM, MOKHO pa30HTh HA TPH TPYIIIIbL:
1. Mmrerpamst Buna | P(X)arctgxdx , [P(x)arcctgxdx, [P(x)Inxdx, [P(x)arcsin xdx,

IP(X) arccos xdx , rue P(x) — mHOrowieH. [lyiss ux BbIYMCICHHS CIEAyeT 3a U MPUHUMATH OJHY W3

BhILIICyKa3aHHBIX QyHKIHMH, a dv = P(x)dX.

2. Nurerpansl Bujga J’P(x)ea"dx, JP(X) sin axdx , J.P(X) cosaxdx, rae P(x) — MHorouseH, a a —

HekoTopoe unciio. Jims ux BbIUMCIEHHs ciexyeT npusth U =P(X), a dv = e¥dx, dv = sinaxdx, dv =
cosaxdx.

Kak BuzaHO, mocnenoBaTenbHOE NpUMEHEHHE (OpPMYJIbl HWHTETPUPOBAHUS IO YaCTAM [O3BOJISET
MIOCTETIEHHO YIPOCTUTh (PYHKIMIO U IPUBECTH UHTErPajl K TAOJIMYHOMY.

3. NuTerpansl Buga J‘eax COSbXdX, J‘eax sin bXdX, rmeaub— HEKOTOpbIE YHUCIIA. DTH UHTETpabl
BBIYMCIIIIOTCS IBYKPATHBIM MHTETPUPOBAHUEM 10 YACTSIM.

Koumponvnuvie 6onpocsi
1. ITepBoobpa3zHas.
2. TlpaBuiia HAXOXKICHUS TIEPBOOOPA3HBIX.
3. OnpeneneHue HeONpPeeNIEHHOIO HHTErpaa.
4. CBoiiCTBa HEONPEICIICHHOT O MHTETpaa.
5. MeTo/1bl UHTETPUPOBAHMUSL.

Tema 12.2. OnpeneieHHbIN HHTErpaj U ero NPpUMeHeHne

Buviyucnenue onpedenennvix unmezpanos ¢ nomowvio opmynst Heromona-Jletionuya.
Haxoorcoenue niowadeti gpueyp.

Ymems: BBUMCHATH  ONpEAENCHHbIE MHTErpaysbl ¢ mnomoibio (Gopmynsl Herotona-JleiiOHuna,
BBIYUCIIATH IUIOMIAh KPUBOJIMHEHHOM Tpameunu, Guryp, orpaHi4eHHBIX 3alaHHBIMH JTHMHUSMHU.

3namy.  anrOpPUTM BBIYMCICHUS OIPENCIIEHHBIX HHTErpajoB c mnomouibio (opmynasl HeroToHa-
JIeiiOHMII, METO/IBI BHIYHCIICHHUS ONPEICIICHHBIX HHTETPAJIOB aITOPUTM BBIYUCICHUS TUTOMAeH Guryp.

[Tycte byHKIHS f (X) omnpezeseHa Ha OTPE3Ke [a, b] . Pazobpem oTpesok [a, b] Ha N MPOU3BOJIBHBIX
gacTel ToukaMu ad = Xy < X; <X, <...< X4 <X; <...<X, =h. Ha xaxxnom

96



3 YaCTUYHBIX OTPE3KOB BbIGEpEeM MPOU3BOIBHO 10 ofHoll Touke: C; €[, %], C, €[X, X, ],
. C, €[X,_4,b].

fle,)
fie).

a /\‘ Xy X1 /b )i

1 X G c

Beenem o6osHaueHus: AX; =X —a, AXy =Xy — X, ...y AX, ==X, ;.

n
CocraBum cymmy: & = Y. T (C; )AX; , kotopas massBactest unmeapanbholi cymmoii GyHkimn
i=1
f (X) ma orpesxe [a,b].
Teomempuueckuii cmoicn o: Kaxioe ciaraeMoe HHTETpaTbHOR CyMMBI TIPEJICTABIsAET COBOit
IIoIWaAs mpsAMoyronbHuka ¢ ocHosanmeM AX; u Boicotoit f(C;), mokpsrroro wrrpuxoskoii Ha
PHCYHKe.

O6o3HaunMm vepe3 A = max(Axi), i =1, 2, ..., N — IMHY HaAKOOJIBIIEr0 YaCTHYHOTO OTPE3Ka.
Benuunny A WHOT/1a Ha3bIBAIOT NAPAMEMPOM PA3OUCHUSL.

PaccmoTpum mporiecc, pu KOTOPOM YUCIIO TOUEK pa30MEeHUsT HEOTPAHUYCHHO BO3PACTAET TAKUM
00pa3oM, 9To BeIMYMHA A CTPEMUTCS K HYJIIO.

Eciu cymectByet npenen naTerpansroii cymmel | = liM o, To o HassBaetcs onpedenennvim
A—0

unmezpanom ot pynkuuu | (X) na orpeske [a,D] n o603Hauaercs

I:Tf(x)dx

B ostom ciyuae dynkims T (X) waseaerca ummespupyemoii na ompeske [@,b]. Uucno a
HA3BIBACTCS HUNCHUM NPEOeNOM UHMeZPUPOBAnUsl, a YUCIIO D — epXHUM npedeiom uHmezpuposaHusl.

Ecnu Tako# npenen cyIecTByeT, TO OH HE 3aBUCHUT OT IIEPBOHAYAIBHOTO Pa3OUEHHs OTpe3Ka
[a,b] u BEIGOpa Touek Ci. 3 onpenenenns onpeaeneHHOr0 MHTErpajia CIEAYeT, YTO ero BelMuMHA
3aBuCUT Tonbko oT Buaa pynkmun f (X) u or umcen a u b. Cnemoparensuo, ecm 3aganer 1 (X) u

Ipeieibl UHTETPUPOBAHUS, TO MHTETPAJl ONPEAEIIAeTCS OJJHO3HAUHO U MIPEICTaBIsIeT COO0H HEKOTOpOe
YUCIIO.
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I'eomempuueckuii cmvicn onpeodeneHno2o unmezpaa.
Ecmu f(X) >0 ma orpeske [a,b], o ompenenenusrit

N\ b
UHTETpaI j f(X)dX T€OMETPUUYECKH MPEACTABISAET COOO0M

a

y=f(x)

IUIOINAJb  KPUBOJMHEWHOW Tpameuuu —  (QUrypsl,
a b X OrPAaHWYEHHOW JMHUAMH Y = f (X) , X=a, X=b,
> y=0.
YA
a b

) |
Ecmn f(X) <0 na orpeske [@,b], 70 S =—[ f(x)dx. -

a

y=f(x)

Ceoiicmea onpeodenennozo unmezpania

3. Eem ce[ab], o [ F(x)dx =] f (x)dx+ [ f (x)dx:

a

b b b
4. J[F()+g(x)x= | f (x)dx+ [ g(x)ax;
b b
5. [kf (X)dX =k[ f (X)dX, e K — mpou3BonbHOE YUCIO.

®opmy.a Heworona-JIeiioHuna

Ecmu ynkmus f(X) HETIIpEephIBHA HAa OTPE3KE [a,b] U QyHKIUSA F(X) SIBIIIETCS €€

MepBOOOPA3HON Ha 3TOM OTpPE3KE, TO UMEET MecTo popmyna Hviomona-Jletionuya
b
b
[ f(x)dx=F(x). =F(b)- F(a),
a

TO €CTh OIPE/AENICHHBI UHTErpaj PaBeH pa3HOCTH 3HaYEHUI NepBo0Opa3HOil Mpy BEPXHEM M HIKHEM
Ipeenax UHTErPUPOBaHUS

3aMeHa nepeMeHHBbIX B ONPe/ie ICHHOM HHTerpaJie
b
[Tyctb 3aman uHTErpan J. f(x)dx, roe f(X) — menpepsiBHas ¢ymkims Ha otpeske [a,b].
a
BBeieM HOBYIO IIepeMeHHYI0 B cooTBeTcTBHH ¢ hopmynoii X = @(t) . Torma ecimm:
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1) p(a)=a, p(B)=b;
2) go(t) 5 (p'(t) HETIPEPBIBHBI HA OTPE3KE [06 ) ,B]

3) f(p(t)) onpenenena na otpeske [, A,

TO

b A
J £ ()dx = [ flp®]¢'(t)dt

Ota GopMyIa Ha3bIBAETCS YOPMYIOU 3aMeHbl NEPEMEHHOL 8 ONPeOeNeHHOM UHmezpaie.

3ameuanue. Eciau Tpu BBIYUCIEHUU HEONPENEICHHOIO HUHTErpaja C IOMOILBIO 3aMEHbI
IIEPEMEHHON CIleAyeT OT HOBOM IIEpeMEHHOM ! BO3BpallaTbcs K CTApOM INEPEMEHHOM X, TO IIpHU
BBIYHCIICHUH ONPEJIETIEHHOT O HHTErpajia 3TOTO JIeJIaTh HEHYKHO, T.K.

g g
| fle®]¢' (M)dt=Flp®)]] = Fle(8)]- Flp(a)]l=F(b) - F(a)

HNuTerpupoBanue mo 4acram.

Ecmu dynkmun U = U(X) uv= V(X) HEIPEPBIBHBI HA OTPE3KE [a, b] , @ TAK)KE HENpPEPBIBHBI
Ha 5TOM OTpe3Ke UX MPOU3BOIHBIE, TO CIIpaBeIMBa hopMya:

b b b
judv =uv| - jvdu.
a a a

KOTOpasi Ha3bIBACTCS YOpMYIOL UHIMESPUPOBAHUS NO YACMAM 8 ONpedesleHHOM unmezpaie.

Taxoxe IIpU BBIYUCIICHUUN ONPCACIICHHOTO HHTCTPAJIa UCIIOJIB3YIOTC CICAYIOIIUC ITpaBUJIa:

a a a
Ecin f(X) — meuernas, o I f (X)dx =0, ecnu neuernas, I f(x)dx = ZI f (x)dx
—a -a 0

I'eomeTpryeckue NpUJI0KEHHS ONpeeJIeHHOI0 HHTEerpaJa.
Inowaow nnockoit gpuzypel.

a) Tnomaae KpuBOMMHEHHOH Tpanenuy, orpanmdenHoi kpuoit Y = T (X), npameivu X =a u
b

X=Dbn OTPE3KOM [a, b] , BBIUMCJIAETCS 110 hopMyne S = J- f (X)dX
a

(1313

Ecnu rpaduk pacnonoxker Huke ocu Ox, T.e. f(X) <0, To muomans umeer 3HaK “—, ecim rpaduk
pacmionoxen Beimre ocu Ox, T.e. T (X) >0, To mromams nMeer 3HaK “+”.

y

0l {a \—/ Ih X

Takum o0pa3om, I HaXOXKISHUS CYMMapHOW TUTOIIAIN UCTIONb3yeTcs (popmyiia
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S:Tf(x)dx.

0) Ilnowans durypsl, orpannuennoit kpusbivu Y, = f(X) u y, = f,(X) (fl(X) <f, (X)) u

npsMbIMA X =aA U X = b, maxomurcs mo dbopmyne
b
S = [[,00 - f.()]dx
a

B) Ecnu kxpuBas 3anaHa mapamerpudeckumu ypasaerusmu X = X(t) u Yy = y(t), o miomans

KPUBOIMHEHHOM Tpameluy, orpaHIdeHHOM 9Tol KpUBOH, mpsiMbiMu X =@ 1 X =D u otpeskom [a, b]
tZ

, BBIpaxkaeTcs GopMynoi S = jy(t)x’(t)dt , e t1 u t2 onpenensores u3 ypasnennit & = X(t;) u
tl

b=x(t,).

Konmponvhuvie 6onpocsi

1. Onpenenenue onpeaeneHHOro0 UHTErpaa.

2. CBoiicTBa OIpeIeNIEHHOr0 HHTErpaa.

5. Berancnenue onpeeIeHHBIX HHTETPaIoB ¢ TOMOIIBI0 Gopmyisl HetoroHa-JIeliOHMIA.

4. MeTtonbl HaXOXKJEHHs ONpPEIEeICHHBIX HHTETPaJOB.

5.0mnpenenenue KpUBOIMHEHHOM Tpareluu.

6. AITOpUTM HAaXOXAEHUS IUIOAaAN GUTyphl, OrPaHUUEHHOH 3a/1aHHBIMU JIUHUSMHU.

100



Tema 13 .U3mepenusi B reoMeTpHu.
Tema 13.1. O0bem u ero usmepenune. Uurerpanbnas popmyJia oobema.

Ilousmue obwvema u ezo ceoticmsa. Unmeepanvruasn ghopmyna oovema. @opmynvl 0ovema
Ky0a, npsamoy201bH020 napanienenuneod, nPpusmbl, YUiuHopa.
Dopmynvl 06vema nupamuost u KoHyca. Popmynvl niowaou nosepxXHoCcmell YUIUHOpa u KOHycd.
Dopmynvl 0b6vema wapa u niowaou cgepol.

Ymemo: BBIUUCIATH 00BEM MHOTOTPAHHUKOB U 00BbEM I1apa; BHIYUCIIATH TUIONIAb TOBEPXHOCTEH
UWIMHJpA U KOHYca U chepBl.
3namy: oHsITHE 00BEMA U €T0 CBOWCTBA, MHTErpaiibHast popmynia oobeMa, (hopMyisl o0beMa Kyoa,
MPSIMOYTOJIBHOTO MapaijieNienune1a, Ipu3Mbl, HUIUHAPA, GOpMYIIbl 00beMa MUPaMHJIbI U KOHYCA,
(bopMyJIBI TITOMIAIM TOBEPXHOCTEH HMIMHIpPA U KOHYca, GopMyJIbl 00beMa mapa 1 Iiomaan chepsl.

Tena paBHoBenukue. [IpocTpaHcTBO, 3aHMMaeMoOe KaKUM-HUOYIb TEJOM, WIM BMECTUMOCTh
3TOrO Teja Ha3. ero o0beMoM. MoryT ObITh Takue Tena, KOTOpble MMEIT OJUHAKOBBIM 00BEM, HO
Pa3IUYHbIN BUJ, TaK 4TO XOTS OHM U 3aHUMAIOT OJJMHAKOBOE MPOCTPAHCTBO, HO HEJIB3sI BIOXKUTH OJJHO
TEJO B IPYroe Tak, 4TOObl OHU COBMECTHIINCH. Bo3bMeM Hamp. /iBe mpsiMble TpeyroJbHble Npu3Mbl AB
u EF (puc.l.), KOTOpBIX OCHOBaHUs U BHICOTHI PABHBI,

v N

A E

Puc.1
Puc.2.
MBI MOYKEM MPHUCTABHUTH 3TU MPU3MBI OJIHY K JPYToil Tak, 4To oOpa3yercs oxHa npusma MN (puc.2.),
KOTOpPOH OCHOBAaHHME TO JK€ CaMO€, a BBICOTAa BJIBOE OOJIbIIE; MOXEM TAaK)XE COCTAaBUTb M3 HHUX
napayenenunesn KL; o0bem napamienenunena. Oyaer, 0O4eBUIHO, paBeH 00beMy mpu3mMbl MN, Tak kak
o0a 3TH Tela COCTOSAT M3 OJHUX M TeX JK€ IMPH3M; HO Mapajuiesenuresl, KOHEYHO, HE MOXKET
COBMECTUTBCA ¢ Ipu3Moi. Tena, uMeronne paBHbI 00bEM, Ha3. PABHOBEIUKUMHU.
Eounuya onsa usmepenus 06vemos.

U3meputh 00beM Kakoro-HuOynb — Tejla,  3HAYUT  HAWTHU, CKOJIBKO pa3 B HEM MOXET
MIOMECTUTBCSA JPyroe Teno, 00beM KOTOPOro MpUHUMAETCs 3a €IMHUIy. Takod eauHuLEH CIyKUT
KyO, KOTOpPOro KaXkq0€ peOpo = JTWHEWHOW eIWHHUIIe, Hamp., CaKEHU, apIIuHy W T. TojA. Takum
o0pa3oM, oIpeneauTh 00BEM WM BMECTUMOCTh KOMHAThI 3HAUUT Y3HATh, CKOJIBKO TOMECTHTCS B
Hel KyOMuYeckux cax., KyO. apul u T. moa. Jlnsg 3Toro Hajo Obl HOCTaBUTh B KOMHATe OJIHY KYO.
CaX. WJIM OJUH KyO. apil. psoM ¢ 3TOW €JMHMLIEH MOCTaBUTh APYrol Takoi KyO, HOTOM TpPEeTUH U T.
N., TIOKa BCS KOMHaTa He HanojHuTcs. Ho Takoe m3mepeHue OyaeT u HeynoOHO, U BecbMa
MPOJOJDKUTEIBHO; MBI TIOKKEM ceidac, KakuM oOpa3oM MOXKHO H3MEpSTh 0OBbEMBbI Tel, He
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romeniasi B Hux Kyo. mMep.

Cesoticmseo 06bemo8:

1. PaBHbIE Tena UMEIOT paBHbIE OOBEMBI.

2. Ecny Teo cocTaBIeHO U3 HECKOJIBKHX TEJ, TO €ro 00beM paBeH cyMMe 00BEMOB 3TUX TEJl.

O6vem npamoy20abHo20 napaiieienuneoa.

Htak, yToO omnpeneantb 00beM NPSMOYTOJIbHOTO Mapajliesenuresa, Haa0o U3MEPUTh OJHOW U
TOM ke TMHEeHHOM eauHuIEel Tpu pedpa ero, BHIXOAALINE U3 00IIei BEpIINHbI, U MOJIYYEeHHbIE YncIia
MIEPEMHOXKHTh; IPOU3BEICHUE [TOKAKET, CKOJIBKO COJEPIKUTCS B MMap-A€ COOTBETCTBYIOLIUX KyOUUECKUX
eauHull. B mpsmMoyronsHOM mapanienenurnesie Tpu pedpa, uayIye U3 OJHON BEepIIMHBI, Ha3bIBACTCS
U3MEPEHUSIMU JTOTO MapajuleseNnuIena; Mo3ToMy MpeablIyliee MpaBuiao 00 onpeaesneHun o0beMa
KOpouYe BBIPAXKAIOT TaK: 00BEM NPSIMOYTOJBHOTO Napajiesienunesa MPOU3BEACHUI0 TpeX €ro
U3MEPEHUM.

MoXHO cKa3zaThb Takke, 4YTo O0BEM MPSAMOYIOJBHOTO TMapajuleNienueaa MpOr3BEACHUIO
IUIONIAA €0 OCHOBAHUS Ha BBICOTY.

E

. e

' C ) . J
__‘;e.‘ﬁ:'_:;_-'_'__;;-?.";/ D

A B

Cneocmeue 1. O6beM NPSAMOYTOJIBLHOTO MapaliesienuIie/ia paBeH MPOU3BEACHHIO TUIOMIAIN OCHOBAHUS
Ha BBICOTY.
V=Sh,
rze S — IIouaab OCHOBaHUsl, N — BbICOTa Mapasuieienumnea.
Creocmsue 2.00beM NPSMON TTPU3MBI, OCHOBAHHEM KOTOPOH SBJISETCS MPSIMOYTOJIBHBINA TPEYTOJBHUK,
PaBEH MPOU3BEICHUIO TIOMIAAN OCHOBAHUS HA BBICOTY.
V =S, -h

Obvem nupamuowl.
Besikas mupamuga  cocraisieT 1/3 mpu3MBI TOTO e OCHOBAHUS U TOM JKE BBICOTHL. UTOOBI MPOBEPUTH
3TO, BO3bMEM AWK A, UMCIOIIMA BUJ TPHU3MEI (prc.3.), U mupamMuay B, BHyTpH mycTyr0; OCHOBaHUE
e€ TaKoe ke, KaK y MPU3MbI, U BBICOTA TaKas e; HACBIIJIEM B HEE MECKY UM HAJIbeM BOJIbI (111 3TOTO,
paszymeeTcsl, ee HaJjo OOEpHYTh BEpUIMHON BHU3) TakK, YTOOBI HAMIOJIHUTH €€; IMOTOM BBUIBEM ITY
BOJY B MPU3MY; 3aT€M OISTh HATIOJHUM MUPAMUIY H OISITh BBUIBEM; MBI YBUIMM, YTO HAJI0 TPU
pasa mepeiuTh BOJAY U3 NUPaMHUIbl B TMPU3MY - U TOT/A TOJIbKO Mpu3Ma HamoiaHutcd. [loatomy
06vem nupamudsvl=1/3 npouzsedenus niowaou eé 0CHOBAHUsS HA 8bICOMY.

v=1sh
3

Obvem yceueHHol nupamuosl, BEICOTa KOTOPOH paBHa h, a rutomanm ocHOBaHUM paBHEL S u S,

, BBIUHCIsiEeTCs 1o (hopmyie
Vv :%h(S +S,+4/S:S;)
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Puc.3.

Obvem yununopa.

Hunusap MOXKHO CUMTATh 3a MPU3MY, Y KOTOPOMl B OCHOBAaHMM HE MHOT'OYTOJIbHUK, & KpYT;
CJIEIOBATENIbHO, 00BEM IMIIMHJIPA OMPEICISIETCS TOYHO TaK K€, KaKk U 00BEM MPHU3MBI; T.e. 00bEM =
MIPOU3BEJICHUIO TUIONIAIM OCHOBAHHUS Ha BHICOTY.

V=S -h

Obvem Kkonyca.
KoHnyc MOXHO  cYHMTaTh 3a NMPAaBHIBHYI0 MUPAMHUIY, Y KOTOPOW B OCHOBaHHWH KPYT, a HE
MHOTOYTOJIEHUK; TIOATOMY 00BEM KOHYCa OIPEIEISIETCS TaK XKe, Kak U 00beM MUPAMUJIBI; T.€. 00beM =
OJTHOM TPEeTH MPOU3BEACHHUS ILIOMIAH OCHOBAHHUS HA BBICOTY.

V=1s.h
3

Obvem yceyennoeo KoHyca, BBICOTa KOTOpOH paBHa h, a muromann ocHOBaHUWil paBHBI S | S,
BBIYUCIIETCS 110 popmyIie

\Y :%h(S+Sl+,/S-Sl).

Obvem wapa.

[ToBepxHOCTh MIapa MOKHO CUMTATh COCTOSIIIEH W3 4Ype3BbIYAHHO OOJBIIOTO KOJIWYECTBA
BECbMa MaJIbIX IUIOCKUX (DUTYp, HAMpP. TPEYTrOJBHUKOB; €CIM MBICIICHHO COSIUHHM BEPIIMHBI 3THX
TPEYroJbHUKOB C ILIEHTPOM IIapa, TO MOJIYYHMM MHOKECTBO NHUpPaMHUJ, KOTOpbIE BCE BMECTE H
COCTaBJISIIOT 00BEM I1apa; BCE ITU MUPAM. UMEIOT OJHY BBICOTY, UMEHHO PaJNYC 1apa, a OCHOBAHUS UX
COCTaBIISIFOT MMOBEPXHOCTD 1Iapa. Ho uToObl HaliTH 00BeM MUPAMUIBI, TOJDKHO ILIONIAlb €€ OCHOBAHUS
YMHOXUTH Ha 1/3 BBICOTHI; CJIEIOBATEIBHO, MBI HAHJAEM CyMMYy OOBEMOB BCEX NMUPAMUJ, HIU 00BEM
apa, eciii yMHOKUM CyMMY BCEX OCHOBaHMIl MJIM MOBEPXHOCTB 1Iapa, Ha TPETh paauyca. Mrak, o0bem
apa = NOBEPXHOCTH Il1apa, YMHOKEHHOM Ha TPETh pajuyca.

V=f;zR3
3

Konmponvhuvie 6onpocsi

1. Ilonatue oObeMa U €ro CBOMCTBA.

2. UnrerpanbHas ¢popmyrna o0bema.

3. ®opmyiel 00BeMa KyOa, IPSMOYTOJIBHOTO TapajliesIeuIe 1a, IPU3Mbl, IIWITHHIPA.
4. ®opmyibl 00beMa MUPAMHUIBI U KOHYCA.

5. @opmyIbl TUTOMAAM TOBEPXHOCTEH MMIMHIPA U KOHYCA.

6. ®opmynel 06beMa TIapa M Iiomaan chepsl.
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IMoxo6ue e (10NMOJHUTEIBHBIN MaTEPHAaJI)

Jea mena nooodmwsl, €Cu OHO U3 HUX MOXKET OBITh MOIYYEHO U3 APYIroro MyTéM yBEIUYEHUS
(MM yMEHBILIEHUs) BCEX €ro JIMHEWHBIX pa3MepOB B OHOM M TOM K€ OTHOIICHUH. ABTOMOOWIIb U €ro
Mozenb — nojoOHble Tena. /[Ba Tena (¢urypsl) 3epKajbHO MOAOOHBI, €CJIM OJHO M3 HUX MOAOOHO
3epKaJbHOMY OTpaskeHHIo Apyroro. Hanpumep, kapTuHa U €€ (OTOHEraTuB 3epKajbHO MOJA00HBI IpYyT
ApyTY.

B 1nonoGHBIX M 3epKajbHO MOAOOHBIX (PUrypax BCe COOTBETCTBEHHBIE YIUIbI (JIMHEHHBbIE U
JByTpaHHbIE) PABHBI.

B nogo6HbIX Tenax MHOTOTPAaHHBIE U TEIECHBIE YTIIbl PABHBI; B 36pKaJIbHO OJOOHBIX TeJIaX OHU
3epKaJBHO PaBHBI.

Ecmu 0ea mempas’dpa (0se  mpeyeonvbHble  NUpamuobl) UMEIOT  COOTBETCTBEHHO
MPOMOPLUOHANIbHBIE pEOpa (UM COOTBETCTBEHHO MOAOOHBIE I'PAHM), TO OHU MOJAOO0HBI WU 3€pKaJIbHO
nonoOHbl. Hampumep, ecnu rpaHu mepBod NUpaMHUAbl BABOE OOJbIIE, Ye€M Y BTOPOW, TO BBICOTHI,
ano(eMbl, paguyc OMHMCAHHOTO Kpyra IepBOW MUpaMUABI TaKKe BIBOE OOJIbIIE, YeM y BTOPOH. JTa
TeOpeMa He UMEET MeCTa JJIsi MHOTOTPaHHUKOB ¢ OOJNBIIMM 4YHCIOM rpanei. [Ipennonaoxum, 4To Mbl
COCIMHMIIN Bce p&Opa KyOa B €ro BEpUIMHAX IOCPEICTBOM MIAPHHPOB; TOTJA MBI MOKEM HU3MEHHUTH
¢bopmy 3TOi PUrypsl, HE pacTATrUBas €€ CTEPKHHU, U MOTYYUTh U3 HAYAIBHOTO KyOa Mapasuieienumnet.

Hse npasunvnvle npusmbl unu NUpamMudsbl C OJAMHAKOBBIM UHCIOM TI'paHed MOAOOHBI, €ciu
pazuychl MX OCHOBAaHHUI MPOMOPIMOHAIBHBI MX BBICOTaM. JIBa KpPyIJibIX LWIMHApPA WM KOHYca
10100HBI, €CIIU PaInyChl UX OCHOBAHUH MIPONOPLUOHAIIBHBI UX BBICOTAM.

Ecnu 0sa u b6onee men nodo6Hwl, TO TUIOIAANA BCEX COOTBETCTBYIOIIMX IUIOCKUX M KPHBBIX
MIOBEPXHOCTEH 3TUX TeJl PONOPLUOHATIBHBI KBapaTaM JIFOObIX COOTBETCTBYIOLIMX OTPE3KOB.

Ecnu 0sa u bonee men no0oodHwl, TO UX 00BEMBI, a TAKKE 00BEMBI JTFOOBIX UX COOTBETCTBYIOIINX
qacTel, MPONOPIMOHAIBHBI Ky0aM JIF0OBIX COOTBETCTBYIOIIUX OTPE3KOB.

I[Ipumep. Yamka nuamerpom 8 cM u Bbicotoi 10 cm Bmemaer 0.5 nmutpa Bozasl. Kakux pazmepos
J0JKHA OBITh OZ00HAs Yalllka, BMelaromas 4 Jurpa Boabl?

Pemenue.llockonpKy 4Yamku — MOJ00HBIE HWIMHAPHI, TO OTHOIIEHHWE HX OOBEMOB pPAaBHO
OTHOLIEHHIO KyOOB COOTBETCTBYIOIIMX OTPE3KOB ( B HAIlIEM ClIydae — BBICOT U JMAaMETPOB YallIeK ).
CrejoBaTeIbHO, BBICOTAa N HOBOW YallKW HAXOAUTCS U3 OTHOIICHHS:

(h/10)°= 4/05. Toecte h°=8-10°, omxymna k=20 cu:

dHAIOTHHYHO, OIIAd OHMaMeTpa d TTOJIYHIIM

(d/8)°=4/05, Toece d° =8-8°, omyna d=16cu .
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Tema 14. JjieMeHTHI TEOPUH BEPOATHOCTEN U MATEMAaTHYECKON CTATUCTUKHU
(mpomosrkeHue)

Tema 14.1. /IuckpeTrHblie ciayyailHbie BeJIMYNHBI

Tousmue Ouckpemuou CIyuaiHoU 8eUutUHbl. 3aKOH pacnpeoenieHus OUCKPEMHOU CIY4UatiHol
senuuunsl. Bepossmnocms ouckpemmuoii ciyyaiiHotl eauyunsl. Xapakmepucmuku OUCKpemHou
CAYUAUHOU BETIUYUHDL

Ymems: HaX0qUTh BEPOSTHOCTH TUCKPETHON CIIyYallHON BETUYHHBI IO (popMyie bepHynn, HaX0IUTh
€€ XapaKTEePUCTUKH.
3uamoe:onpeaeaeHue TUCKPETHON CITy4YailHOM BEJTMYMHBI,3aK0H €€ PaclpeeCHUs U XapaKTEPUCTUKYU

3akon pacnpedenenus cryuatiHoU GeNUYUHDL

Cayuatinoti senuuunoti (¢.B) X Ha3bIBA€TCS BETUYMHA, KOTOPas B PE3yJIbTaTe OIBITA MOXKET
MPUHUMATD TO WM UHOE 3HAUYEHUE, IPUYEM 3apaHee U3BECTHO KaKOe UMEHHO.
Cry4daifHble BETMYUHBI MOXKHO Pa3/ICNIUTh HA JIBE KATETOPHUH: IUCKPETHBIC U HEMIPEPHIBHEIE.

JuckpeTHol ciyyaliHOM BeJIMUMHOM (J1.C.B.) HA3bIBAETCS TaKasl BEIMYMHA, KOTOpas B
pe3ynbTaTe OMbITa MOKET MPUHUMATD OTPE/IEICHHbIE 3HAUEHUS C OIpe/IeJICHHON BEPOSTHOCTHIO,
00pa3ymIire cCueTHOE MHOKECTBO (MHOXKECTBO, 3JIEMEHTHI KOTOPOT'O MOTYT OBITh 3aHyMEPOBAHbI).

Psoom pacnpeodenenus n.c.B. X Ha3pIBaeTCs TaOJIMIIA COOTBETCTBUS 3HAUCHHUM CITy4aitHON

BCINYHHBI U UX BepOHTHOCTeﬁ.

3necs P, = P(X =X,); i p, =1.

bunomunanousii 3axon pacnpeoenenus CnydailHass BenuuuHa X HUMEET OUHOMUATbHOE
pacnpedeneHue, €CIIA OHA 03HAYAET KOJIMYECTBO MOSIBICHUN COOBITHS 4 B N HE3aBUCUMBIX OIBITAX.
BeposaTHOCTB KaxkI0r0 3HAYCHHSI TOU CIy4YailHON BETMYMHBI MOKHO HalTH 10 popmyne beprymiu.

P(X =k)=P. (k) =C'p*q™, k=0412,.
Yucnoevie xapakmepucmuku OUCKPEMHBIX C/IYYATHBIX GETUYUH
Mamemamuueckoe oxcuoanue 0.c.8.

[Ipu pemieHnn MHOTHX 3aqady OBIBA€T JOCTATOYHBIM 3HAHUE HECKOJBKUX YHCIOBBIX
XapaKTEePUCTUK CIIy4YalHOW BeIMYMHBI. OZHOM M3 TAaKUX BAXKHEHIIUX YHUCIOBBIX XapaKTEPUCTUK
ABISICTCSL  MamemMamuyeckoe O0xcuoaHue, KOTOPOE TMPHOMMKEHHO paBHO CpeIHEMY 3HAYCHHIO

CIIy4allHOM BEJIUYMHBI, BOKPYT KOTOPOT'O IPYIIIUPYIOTCS BCE €€ OCTaJIbHbIC 3HaueHus. Tak, Hanpumep,
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IIPU U3YyYEHUHM paCIpeleleHUs HEKOTOpPOro KOHOMUYECKOro IMoka3arens paboTel naHHoro CMVY
IIPEKE BCETO MHTEPECYIOTCA €r0 CPEIHUM 3HAYCHHUEM.
Mamemamuueckum odxcudanuem TUCKPETHON cITydaifHOM BETMYMHBI HA3bIBAETCS CyMMa IPOU3BEICHUI

BCEX BO3MOKHBIX 3HAUCHUH cnyqaﬁHoﬁ BCJIMYHMHBI Ha UX BEPOATHOCTH:

M(X)=XPp, +X,p, +...+ XD, :Zn:Xi P;-

Jucnepcus u cpednee keadpamuieckoe omKiIOHeHUe
Ha mnpaktuke yacto TpeOyeTcsl OLCHHUTh pPACCESHHE BO3MOXHBIX 3HAUEHUN CIIydaifHON
BEJIMYUHBI BOKPYT €€ cpeaHero 3HadeHus. Hanpumep, B apTusuiepun BaKHO 3HaTh, HACKOJIBKO KYy4YHO
JSATYT CHapsAIbl BOJIU3U 1IeJIH, KOTOpast TOJIKHA ObITh MOpa)KeHa.
Jucnepcueii (pacceusanuem) NTHCKPETHOW CIyYalHOW BETWYMHBI HA3BIBACTCS MaTEMaTHYECKOE

O gaHUC KBaapaTa OTKJIOHCHHUA CJIy‘-IElfIHOfI BCIIMYHUHEBI OT €€ MAaTCMATHUYCCKOT'O OKUIAaHUS.
D(X)=M[X =M (X)].
Z[J'I}I BBIYHUCIICHUA JUCIICPCUH YaCTO OBIBacT y,HO6HO IIOJIB30BATHCA CJ'ICI[YIOIJ.[GI‘;I TeopeMoﬁ:

Teopema. [ucniepcus paBHa Pa3HOCTH MEXIYy MaTEeMaTHYCCKMM OXKMIAHHWEM KBaJpaTa CIy4aHOM

BEJINYUHBI X U KBaJAPATOM €€ MaTeMaTUYECKOIO 0KUIAHMS:
2 2
D(X)=M(X*)-[M(X)]"
Cpeonum xkeaopamuieckum omrioHeHueM CIydaifHONW BeJIWYMHBbI X Ha3bIBae€TCs KBaJApPaTHBIM

KOpPCHb U3 TUCIICPCHU:

o(X) = /D(X).

Tema 14.2. OcHOBHBIC MOHATHA MATEMATHYECKON CTATHCTHKH

Onpeodenenue mamemamuyeckou cmamucmuxu. [lonsimue eenepanbHOU COB0KYNHOCIU.
Bapuayuonnwiii pso. @ynkyuu pacnpedenenus. Ilpedcmasnenue 0anHblx (mabauysl, Ouazpammol,
epaghuxu, noIUSOH, eUCMOSPAMMA)

Vmemuw: IpeCTaBIATh JaHHBIE CTATUCTUYECKOTO pacTIpeIe/ICHHs

3namb: OCHOBHBIE TIOHSTHS MATEMATUYECKON CTaTHCTUKU

Mamemamuueckas cmamucmuxa — paszgen MaTeMaTHKH, B KOTOPOM H3ydaloTcs MeETOJIbl cOopa,
cUcTeMaTH3allud M OO0pabOTKM pe3ysbTaTOB HAOMIOJCHUNA MAacCOBBIX CIIyYalHBIX SIBICHHNA IS
BBISIBIICHUS! CYILECTBYIOLINX 3aKOHOMEPHOCTEA.

1Ipeomemom mamemamuyeckou CmMamucmuky SBISETCS W3y4EHHE CIyYailHBIX BEJWYMH (WM
CIIy4aiHbIX COOBITHI, IPOLIECCOB) M0 pe3ysbTaTaM HaOJI0IeHUI.

I'enepanvHoii co80KYNHOCMbIO HA3BIBAETCSI — COBOKYITHOCTh BCEX IMOJUIEKAIIUX U3YUYEHHIO OOBEKTOB
WJIA BO3MOXKHBIX PE3YyJIbTaTOB BCEX MBICIIMMBIX HAOJI0A€HUI, TPOU3BOJUMBIX B HEU3MEHHBIX YCIOBHIX

HaJl OJHUM OOBEKTOM. 3a4acTYIO MMPOBOIUTH CIUIONTHOE 00CIeIOBAaHUE, KOTIa U3YUYaloTCs BCe OOBEKTHI,
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TPYAHO WM JIOPOTO, @ MHOT/Ia U HEBO3MOXKHO. B 3THX cilydasx HAMIy4IIUM CrIocoO0M 00CIIe0BaHUs
ABIISICTCSI BBIOOPOYHOE HAOIIOACHUE: BHIOMPAIOT M3 TEHEPAJbHON COBOKYMHOCTH YacTh €€ OOBEKTOB
(«BBIOOPKY») U OJBEPralOT €€ U3YyUCHHMIO.

Buwibopounoui  coeokynnocmuio  (6b100pKOl) HA3BIBAIOT COBOKYITHOCTH OOBEKTOB, OTOOpPAHHBIX
CllydailHBIM 00pa3oM W3 TeHEepaJbHOW COBOKYNHOCTH. bojee crporo: BbIOOpKAa — 3TO
MOCJIE0BATENBHOCTD X1, X2, ... Xn HE3aBUCUMBIX OJJMHAKOBO PACIPEACIEHHBIX CIyYalHbIX BEJINYMH,
pacmpesielieHne KaxJI0M M3 KOTOPHIX COBMAJAeT C paclpeieieHUeM TIeHEepalbHON ciryyaitHON
BEJIMYMHBI.

Uucno oObekTOB (HaOMIOJEHUI) B COBOKYNHOCTH, T'€HEPAIbHON WM BBIOOPOYHOM, Ha3bIBaeTcs ee
ob6vemom; 0bo3HagaeTcsi coorBeTcTBEHHO uepe3 N u N. KoHkpeTHbIe 3HaUeHUsT BBIOOPKH, ITOTy9IeHHBIE
B pe3ylibTaTe HaOMIOACHUI (MCTIBITAaHUH ), HA3BIBAIOT peanuzayueti 6b100pKu U 0003HAYAIOT CTPOYHBIMU
OyKBaMHU X1, X2 ...Xn.

MeToa CTaTUCTHYECKOTO MCCIeIOBaHMs, COCTOSIINN B TOM, YTO Ha OCHOBE M3y4YCHHs BBIOOPOYHOMH
COBOKYITHOCTH JIEJIAETCs 3aKIIFOYCHHE O BCEH TeHEepaIbHOW COBOKYITHOCTH, Ha3bIBACTCS 8b100POUHBIM.
Pasnuyarot BEIOOpPKHU ¢ BO3BpalieHueM (MIOBTOPHBIE) U Oe3 Bo3BpaleHus (OecroBTopHbIe). B mepBom
cilyyae OTOOpaHHBIH OOBEKT BO3BpALACTCA B T'€HEPAJIbHYIO COBOKYIHOCTb Hepei] HU3BICUEHUEM
CJIEZYIOIIETO; BO BTOPOM — HE BO3BpamiaeTcs. Ha mpakTuke dbaiie HCHOJb3yercs OecIOBTOpHAs

BBIOOpKA.

Cmamucmuyeckoe pacnpeoesienue bl00pKU

ITycth n3yuaercst HekoTopas ciydaitHas BennunHa X. C 3Toil eNiblo HaJ CIy4YalHOW BEJTUYUHON
X MpOM3BOAUTCS Pl HE3aBUCUMBIX OMBITOB (HaOMOAeHU). B KaX/I0oM M3 3TUX ONMBITOB BeJIWYMHA X
IIPUHUMAET TO WM UHOE 3HaueHue. ITycTs oHa npuHsiIa N1 pa3 3Ha4eHHE X1, N2 pa3 — 3HAYEHUE X2, ...,Nk
pa3 — 3HaueHue x.. [Ipu 3Tom N1 + N2 +...+ Nk = N— 00bEeM BBIOOPKHU.

3HaYeHUs X1, X2 ...Xx HA3BIBAKOTCS 8apuanmamy CIydaliHOW BEJTMYUHBI X.

Bcest coBokynmHOCTh 3HayeHMM cilydallHOM BEIWYMHBI X MpEACTaBiIsieT COOOM NEpBUYHBIN
CTaTUCTHYECKUI MaTepuasl, KOTOPBIA TOMJIEKUT JaibHElIed o0paboTKe, Mpexae BCero —
YIOPSA0YEHHUIO.

Omnepanusi pacnojOXKeHUs 3HAYCHUH CllydyallHOM BeNWYMHBI (IIpU3HAKA) [0 HEyObIBAaHMIO
HAa3bIBACTCS PAHICUPOBAHUEM CTATUCTUYECKUX JAHHBIX.

[TomrydeHHas TaKUM 00pa30M MOCIIEOBATEILHOCTD X1, X2 ...Xn 3HAUCHUH CIIyYaifHON BEITMYHHBI

X (rme X, £n, <...< X, ) Ha3BIBACTCS 8APUAYUOHHBIM PAOOM.

Uucna Nj, moKa3bplBaroIMe, CKOJIBKO pa3 BCTPEYAIOTCS BAPUAHTBI Xi B Psijie HAOIIOACHMIA,
HAa3bIBAIOTCS YACMOMAMU, 3 OTHOLICHHE UX K 00beMY BBIOOPKU — omHocumenbHoiMu yacmomamu (wy),

_ M _ vk
T.e. W; = Tae n= YNy

107



Cmamucmuueckum pacnpeoenenuem 6bl00pKu WIN CMAmucmuideckum psoomM Ha3bIBAIOT
[IEpeueHb BapUaHT Xi BAPUALMOHHOIO Psiia U COOTBETCTBYIOUIMX UM YacTOT Nj WIK OTHOCUTEJIBHBIX
4acToT w;.

3anuchIBaeTCsl CTATUCTUYECKOE pacrpezesieHue B Buae Tabmuubl. [lepBas cTpoka conep:kut

BapHUaHThbI, a BTOpas — UX YaCTOThI Nj (I/I.HI/I OTHOCHUTCJIBHBIC I-Ia.CTOTBI).

Omnupuueckas yHkyus pacnpeoeneHusl

OnHuM 13 coco0oB 00pabOTKM BAPUAIIMOHHOTO Psijia SBISETCS MOCTPOCHUE SMIHPHYECKOM
(GyHKIMU pacnpe/esieHus.

Omnupuueckoti (CTATUCTHYECKOM) (ynryuell pacnpedenenus HaspiBaercs QyHkuus F*(x),
onpefensomas A KaxI0ro 3HAYE€HHMS X OTHOCUTEIBHYI 4acToTy cobbitus {X < x}:F,"(x) =
p{X < x}.

Jis HaXOXKAeHUS 3HAUeHUH SMITUPUUECKOi (pyHKIMH y100HO MosIb30BaThes (hopMyion
E,"(x) = %,
rje N — 00beM BBIOOPKH, Ny — YUCIIO HAOMOAeHHH, MeHbIHX X (X € R).

OmMnupuueckas GyHKIMs 001aaeT CaeayOUMMH CBOMCTBAMU:

1. 3HaYeHHs SMIUPUUECKON (PYHKITUU TPUHAIIEKUT oTpe3Ky [0,1].

2. F*(x) — neyOniBatomiast pyHKITHSL.

3. Eciu x; — HauMeHbIas BAPMAHTa, a Xy, - HanOoubmas, 1o F*(x;)) = 0mpux < x; u F*(xp) =

1npux > xp, .

Tlonueon u cucmoepamma

CraTucTudeckoe pacrpeneieHue n3oopaxkaercst rpaduuecku (Ui HAarIsiTHOCTH) B BHJE TaK
HA3BIBACMBIX NOIUCOHA U 2UCTOSPAMMbL.
Huckpemnoe pacnpedenenue npusnaxa X

[TonMroH, Kak MPaBUIIo, CAYKUT IS H300paKeHHsI JUCKPETHOTO (T.€. BAPHAHTHI OTIIMYAIOTCS Ha
MOCTOSIHHYIO BEJIMYMHY) CTATUCTUYECKOTrO psija. [loauconom uacmom Ha3bIBAIOT JOMAHYIO, OTPE3KH
KOTOPOHM COCMHSIOT TOUKH C KoopauHaTtamu (x1,N1), (X2,N2), ..., (Xk,Nk);

Tonueonom omuocumenbHbix 4acmom HA3BIBAIOT JOMAHYI0, OTPE3KH KOTOPOH COETHHSIOT
TOYKH C KOOpAMHATAMH (Xx1,W1), (X2,W2), ..., (Wk,Pk), TA€ Xi - BapHaHTHI BHIOOPKH;

BapuaHTbI Xj OTKJIaABIBAIOTCS HA OCH a0CIIMCC, @ YaCTOTHI M, COOTBETCTBEHHO, OTHOCHUTEILHBIE
YaCTOTHl — HA OCH OpaAuHAT. ITOJMIOH OTHOCHTENBHBIX YaCTOT SABJISETCS CTATHCTHYCCKMM AHAJIOTOM
MHOTOYTOJIbHHKA PACIIPEIeICHUS.

Henpepuvignoe pacnpedenenue npuznaxa X
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Jns HempephIBHO pacIpeeIeHHOT0 TMpU3HaKa (T.e. BapUAHTHI MOTYT OTIWYAThCA OJWH OT
JIPYroro Ha CKOJIb YTOAHO MaJIyI0 BEJIMYMHY) MOKHO MOCTPOUTH IMOJIMTOH YacTOT, B35IB CEPEIUHBI
MHTEPBAJIOB B KAU€CTBE 3HAYCHUH X1, X2,....,Xk. bojee ynoTpedurenbHa Tak Ha3bIBaeMasi THCTOrpamMma.

T'ucmoepammoti yacmom Ha3bIBAIOT CTYNEHYATYIO (PUTYPY, COCTOAILYIO U3 IPSIMOYTOJIbHUKOB,

n
OCHOBAHHUAMH KOTOPLBIX CIIYKAT YaCTUYHBIC MHTCPBAJIbI JJIMHBI h, a4 BBICOTBI PaBHBI OTHOIICHUIO # —

IUTOTHOCTH YaCTOTBI.

[Tmomiage 4YaCTHYHOTO I-rO MPSIMOYTOJNIbHMKA paBHa h % =n; — CyMME€ YacTOT BapHaHT,
MOMABIIHIA B I-if HHTEPBAJL.

O4eBuIHO, IJIOIIAIb TUCTOTPAMMBI YaCTOT paBHA CyMME BCEX YaCTOT, T.€. 00BEMY BBIOOPKH.

FucmoepaMMa OMmMHOCUmMEIbHbIX Yacmomn Ha3bIBAIOT CTYNCHYATYIO (1)I/II‘ypy, COCTOALIYIO U3

MMpAMOYTOJIbBHUKOB, OCHOBAHUSAMMU KOTOPBIX CIIYKAT YaCTUYHBIC UHTCPBAJIbI JJIMHBI h, a BBICOTBI paBHBI

Wi
OTHOILICHHIO # — INIOTHOCTHU OTHOCUTCIIBHBIX YaCTOT.

. Wi
[Tnomanps 4yacTUyHOro I-rO NPSMOYTOJIBHUKA paBHA h# =mn; — CyMM€ 4YacTOT BapHuaHT,

MOTIABIINH B I-if HHTEPBAJL.
OueBUAHO, TIUIOMIAJb TUCTOTPAMMBbI OTHOCHUTEJIbHBIX YacTOT paBHa CyMME BCEX
OTHOCHTEJIbHBIX YaCTOT, T.C. CIUHHUIIC.

3aganueNel. [TocTpouTh MOJIMTOH YaCTOT IO JAHHOMY PAaCTIpeIeICHUIO BBIOOPKH: Pemenue.

OrMeTyM Ha OCH 3.6CI_II/ICC BapHUaHThbI Xi a Ha OCHh opauHar -—
2

COOTBETCTBYIOIIIME UM YaCTOTHI M;, COCJUHHUB TOYKHU (X;,7M;) OTpe3KaMu

N, 12010 |14 |6 IPAMBIX, TIOJy9UM UCKOMBIH TIOJIMTOH YacTOT.

L 4
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3ananue Ne2. TIocTpouTh rUCTOrpaMMy 4acTOT 10 IaHHOMY paclpeesIeHUI0 BEIOOPKH 00beMa

n=100:

Homep UacTH9HEl HHTEPEAT CwnMa 9aCTOT BAPHAHT IlnoTHOCTE 9ACTOTE
HHTEpPEATA HHTEpPEATA
i Ly 7 Xipq L i
h
1 1-3 10 2.5
2 3-9 20 3
3 0-13 30 12,5
4 13-17 12 3
3 17-21 g 2

Pewenue. TloctpouM Ha ocu abCIUCC 3aJaHHbIe HHTEPBaibl AauHBI h=4. TIpoBeneM Hax dSTHMHU
WHTEpBaJaMU OTPE3KH, MapajuIeIbHbIE OCH a0CIMCC W HAXOSAIIUECS OT Hee Ha PACCTOSHUSX, PAaBHBIX

COOTBETCTBYIOIIMM IUIOTHOCTSM 4yacToT. Hanpumep, Hax untepsanom (1,5) moctpoum

= | 2

[
]

|

L J

1 5 9 13 17 21 X

OTpe30K, napajuieabHbI 0CH a0CIMCC, HA PACCTOSTHUH

nl-_10_

h 4 2.5
['mcrorpamMma 4acToT M300pakeHa Ha PHC.

Koumponvnvie éonpocwi
1. TlpencraBneHue AJaHHBIX, TeHEpaIbHAs COBOKYITHOCTbD, BEIOOPKA, cpeaHee apupMeTHIECKOE,
MeuaHa.
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YpaBHeHus1 n HepaBeHCTBA ( JOMOIHUTENIbHBIA MaTEpHa)

PaBHOCH/IbHBIE YPABHEHHS H HEPABEHCTBA.
Pagnocunvnvle ypaguenus.

YpaBHeHus, MMeIMe 0HO U TOXKEe MHOXXEeCTBO KOPHEH, Ha3bIBAalOTCH PAaBHOCUJIbHBIMU.
Hanpumep, ypaBHeHUs 4X-3=2X+3 1 2X=06 paBHOCUJIbHBI, TaK KaK Ka)K0€ U3 HUX UMEET TOIbKO

OJIMH KOpeHb X=3. VpaBreHus (X-2)(x+5)=0u x* + 3x —10 = 0 Taxxe paBHOCHIIbHBI, TAK KAK OHH HMEIOT
OJIHH M T€ e KOPHH X, = 2,X, =—5. Vpasuenus 2x=4 u 3X° =12 He paBHOCWJIbHBI, TAK KaK MEPBOE
UMeeT KOpeHb X=2, a BTOpoe — KOpHHU X, = 2,X, = —2. 13 onpezeneHusi paBHOCHJILHOCTH ypaBHEHHUN

CJIeJlyeT, YTO JBa YpaBHEHHS PaBHOCHWJIBHBI, €CIIM Ka)Iblil KOpPEHb MEPBOT0 YpaBHEHUS SIBISETCA
KOpPHEM BTOpPOTO YPaBHEHHUS M, HA00OPOT, KaKIbli KOPEHb BTOPOTO YPABHEHUS SBISETCS KOPHEM
MIEPBOTO YPaBHEHUS. YpasHeHus, He umeroujue KOpHell, MaKice Cuumarom pagHOCUNbHLIMU.

W3 kypca 7 ki1acca Bbl 3HAETe, YTO MOXKHO CENaTh CIEeAYIONIUe PeoOpa3oBaHusl ypaBHEHUI:

Jl0601i unen ypasHeHuss MONCHO NePeHOCUmsb U3 OOHOU YACmuU 6 Opy2yl0, USMEHUS €20 3HAK HA
NPOMUBONONONCHBIUL.

Obe uacmu ypasHeHusi MOXCHO YMHONCUMb UL PA30eIumsb Ha OOHO U MO Jice YUCTO, He PABHOe
HYTIO.

IIpu »THX npeoOpa3oBaHUAX HCXOJHOE YpaBHEHHE 3aMEHSETCSl Ha PAaBHOCWIIBHOE €My
ypaBHEHHE. 3aMETUM, YTO €CJIM HEKOTOPOE BBIPAKEHUE B JIEBOW YaCTH WUJIM MPaBOM YacTU ypaBHEHUS
3aMEHHUTh TOXKJIECTBEHHO PAaBHBIM €My BBIPRKEHHEM, TO TMOJYUYUTCS YpaBHEHHE, PaBHOCHIBLHOE
ucxoanomy. OHaKO HE MPH JFOO0M NMPeodpa30BaHUN YPAaBHEHUE 3aMEHSETCS] Ha PaBHOCUIIBHOE.

Hanpuwmep, npu Bo3BeeHHWH B KBaapaT 00enX dYacTeil ypaBHEHHS JX =x-2 M0JTy4aeTcs

2
ypaBHeHHe X = (X —2)°, He paBHOCHIILHOE HCXOHOMY: TIEPBOEC YPABHEHHE UMEET TOJIBKO OJJHH KOPEHb
X=4, a BTOpoe — J1Ba KopHs X; =4,X, =1. B 3TOM cityuae BTopoe ypaBHEHHE Ha3bIBaIOT CIIEJCTBUEM

IIEPBOTO YpaBHEHUS.

Ecnu npu nepexooe om 00moco ypasHenus Kk Opyeomy nomepu KOpHell He Npoucxooum, mo
e6mopoe ypaeHeHUe HAa3bledrom CﬂedcmeueM nepeoco ypasHeHUsl. HHalle, eCcjiu 6ce KOpHU nepeoco
YPABHEHUA AGNIAIOMCA KOPHAMU 6NM0OPO2O0 YPABHEHUA, MO 6MoOpoe YPAGHEHUE HA3bleAEeNCA CﬂedcmsueM
nepeoco ypasHeHus.

W3 storo OIIPCACIICHUSA U OMPCACIICHUSA PABHOCUIIBHOCTHU ypaBHeHI/Iﬁ CJICAyCT, 4YTO:

1. €CJIM IBa ypaBHeHI/Iﬂ paBHOCI/IJ'H)HI)I, TO KAaXXI0€ U3 HUX SABIIACTCA CJICACTBUEM I(perFO;
2. CCJIM KaXxI0€ U3 NBYX ypaBHeHI/Iﬁ ABJICTCA CJICACTBHUEM APYIroro, To 3TH YPaBHCHUA
PaBHOCWIILHEL.
HpI/I peuicHun ypaBHeHI/Iﬁ TJIaBHOC — HC MOTCPATH KOPHHU, 4 HAJIMYUC TTOCTOPOHHUX KOpHeﬁ MOXHO
YCTaHOBUTH MpoBepkoil. [losToMy BakHO ciieAuTh 3a TEM, YTOOBI IPU MPEeoOpa3OBaHUHU YPaBHEHUS
KaXXxZ10€ CJICAYIOICC YPaBHCHUC 6LIJ'IO CJICACTBHUEM IIPCABIAYUICTO.
22X x+1 4

x—2 x-1 (x-1(x-2)°

VMHOKUB 00€ 4acTH ypaBHEHHs Ha OOIIMI 3HaMEHATENlb BCEX Tpex japodeii, T.e. Ha (X—1)(x—2),
nonydaeM 2X(X —1) — (X +1)(x - 2) = 4 ,otkyna X° —Xx—2=0,X, = 2,X, = 1.

ITpoBepka.

1) Ilpu X=2 3HameHatenu AByX ApoOeil ypaBHEHHs paBHbI HYJIO0. [loaToMy X=2 He SBIIsS€TCS KOPHEM
JAHHOTO YPaBHEHHUS.

Ilpumep: Pemmts ypaBHEHUE

2 2
2) IIpu x=-1 neBas yacTb ypaBHEHHS paBHA 3 MpaBasi 4aCTh paBHa 3

Ortsert: X=-1.
3amMeTuM, 4TO N7 IPOBEPKHU KOPHS X=-1 TOCTATOYHO yBHJETh, UTO 3HAMEHATENH ApoOeil ypaBHEHUs
mpu X= -1 He paBHBI HYJIO (€CITM, KOHEYHO, TPU PEIICHUH YPAaBHEHHS HE JIOMYIICHBI omuoOku). [1pn
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2x  x+1
x—2 x-1 (x=-1D(x-2)
2x  x+1 4
Xx-2 x-1 (x=-1)(x-2)
Kopenbr X, =2ypaBHenus 2X(X—1)—(Xx+1)(x—2)=4 He sBIseTCS KOPHEM YpaBHCHHUS
2x  x+1 4
x—-2 x-1 (x=-D(x-2)
Tlocmoponnue KoOpHu MO2Ym NOAYUUMBCA NPU YMHONMCEHUU 00eux udacmetl YpaGHeHusi Hd
gbIpadicerue, cooepicaujee Heu38eCcmHoe.
Tlomeps xkopHel Modcem npousoumu npu OereHuy 06eux 4acmell ypagHeHus Ha 8blpadiceHue,
cooepaicaujee Heu38ecmHoe.
Wrak, npy pelicCHUN YPAaBHEHHS MOXKHO JeJaTh TOJBKO TaKUe MPeoOpa3oBaHus, MPU KOTOPHIX
HE MPOUCXOJHT IOTEpU KOpHEeH. Eciiu mpu 3TOM MoNy4aloTcss ypaBHEHUSI - CJIEJICTBHUS JTAHHOTO, TO
Heo0X01MMa MPOBEepKa HAMICHHBIX KOPHEH.
Pasnocunvuvie nepasencmea.
PaBHOCHMIIBHOCTh HEPABEHCTB C HEHM3BECTHBIM OIPEICISIeTCST aHaloruuHo. HepaBeHcTBa,

HMCIOIIMUEC OJHO M TO K€ MHOXKCECTBO peI.HeHPIfI, HAa3bIBAKOT PA6HOCUTIbHbIMU.

IIpumep: Pemuts HEPaBEHCTBO 5)2(—_i >1.
X"+

Tak kak X* +1>0 1pu BceX NeHCTBUTENBHBIX 3HAYEHHSX X, TO, YMHOXHB HEPAaBEHCTBO Ha X~ +1,

peuICHUH 3agauun nu3 YpaBHCHUA TMOJIYUCHO YpaBHCHHUC

2X(x—=1) — (x+1)(x —2) =4, KoTOpOE SIBIAETCS CICACTBUEM YPaBHEHUS

. Ero Ha3mIBaroT noOCmMOpPOHHUM KOPDHEM.

ToNydaeM HepaBeHCTBO 5X —3> X* +1, paBHOCHIBHOE JaHHOMY. Pelasi 5T HepaBEHCTBO, MOydYaeM
x> —5Xx+4<0,(x-1)(x—-4) <0, orkyna 1< x<4.

Pemenue cucreM AByX JIMHEHHBIX YPABHEHUI ¢ IByMS NepeMeHHbIMH.

Pewenue cucmem ypasnernuii ¢ nomowvio ¢hopmyawst Kpamepa.
Onpedenumensy émopozo nopsoka. Popmynra Kpamepa.

VYpaBHEeHHUE ¢ AByMsI IEpPEeMEHHBIMU X 1 Y 3anucbiBatorcs B Buae f(X,y) =0, rae f— BoipakeHue
C IEpEeMEHHBIMHE X U Y. PellleHreM Takoro ypaBHEHUsI Ha3bIBa€TCs yIIOpsIoYeHHas mapa ancei (X,, Y,)

, TIpU TOACTAHOBKE KOTOPBIX B JIAHHOE YPaBHEHHUE IIOJYYAETCSA BEPHOE YHUCIOBOE PABEHCTBO
f (XOv yo) =0.

Cucrema ypaBHEHUH ¢ IByMs IIEpEMEHHBIMU X U Y B 00I1IeM BU/JIE 3alIUChIBAETCS TaK:

f(x,y)=0

g(x,y)=0
Pemienuem cucrembl ypaBHEHUN HA3bIBACTCS YIIOPSAAOYECHHAs Mapa YMCEN, SBISIIOLIASACS PELICHUEM
Ka)XJI0r0 U3 YPAaBHEHUH, BXOJAIINX B CUCTEMY. J[BE CHCTEMBI ypABHEHUI HAa3bIBAKOTCS PABHOCUIIBHBIMU,
€CJIM MHOKECTBA PELIEHUN 3TUX CUCTEM COBIIAJIAOT.

Onpeodenumens 6mopo2o nopsi0ka PaBEH NPOU3BEIECHUIO 3JEMEHTOB, PACIOJIOKEHHBIX Ha
[JIaBHOW JIMAaroHAJIM MUHYC [POU3BEICHHUE BJEMEHTOB, PACIIOJIOKEHHBIX Ha JONOJHHUTEIbHON
nuaroHanu. [{nsg oGo3HaueHusl ONpENENUTeNs UCIONIb3YIOTCS BEpTUKAJIbHbIE YEPTOUKH U MPOIUCHAS
OykBa A. T.e.

b
A = det(A) =| | = @b —ab.

a, >
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N, CXeMaTH4CCKu

"+" mpsmoe npousBeacHUE (rmaBHas 1MaroHab)

KOCOE MTPOM3BEIICHUE (IOTIOJHUTEIIbHAS JUArOHAaJIb)

ax+by=c

o o 1 1 1

Cucrema ABYX JIMHEWHBIX YPAaBHEHUH C IByMsl IE€PEMEHHBIMU IpH yCIIOBHH,

a,Xx+h,y=c,

qTo onpenenmenb CHUCTCMBI OTHPI‘IHBIP'I oT HYJIA, UMEET CINHCTBCHHOC pemeHI/Ie, KOTOpOC HaXOOUTCA
Cl bl a1 Cl
c, b, Ax ) a, G, Ay

no d¢opmynamMm X=;———=—;yY=1——"=—O5TH PABEHCTBAa HAa3bIBAIOTCA (opMyaMu
a b| A a, b| A
a2 b2 aZ bZ

Kpamepa.
Ecnu xe ompenenurens paBeH HYNIO, TO CHUCTeMa SIBISIETCS, JIMOO HECOBMECTHOW (Korna
AX # 0,Ay # 0), mu6o Heonpenenennoi (koraa AX = Ay =0). B nocineasem cirydae cucTeMa CBOJIUTCS

K OJTHOMY YPaBHEHHIO, a IPYroe SABJISICTCS CJIEICTBUEM 3TOTO YPaBHEHUSI.
Pemenue cucrem Tpex JIMHEHHBIX YPABHEHUI ¢ TpeMsl IepeMeHHbIMHU.

Pewenue cucmem ypasnenuii ¢ nomowwto ghopmynvt Kpamepa.
Onpeodenumens mpemvezo nopsoxa. Popmynra Kpamepa.

A, A

IlycTb JaHa KBaJpaTHast MaTPHILA TpeThero mopsiaka A=| @y, Ay, 8yg

Az A3y sz
Onpe@eﬂumeﬂb mpenveco I’lOpﬂ@Ka PaBCH HpOI/IBBe,I[eHI/IIO 3JICMCHTOB, paCHOHOX(eHHLIX Ha
FHaBHOﬁ AnaroHajii INIFOC JABa HpOI/I3Be£[eHI/I$I 3JIEMCHTOB, OTBCYAIOIIUX TpeyFOJIbHI/IKaM C
OCHOBAHMUAMHU, HapaJ'IJ'IeJIBHHMI/I FJIaBHOP'I JuaroHaliu, MHHYC HpOI/I3Be,I[eHI/Ie DJICMCHTOB,

PaCIOJOKCHHBIX Ha HOHOHHHTGHBHOﬁ AvuaroHajiu M MHHYC JBa TIPOU3BCACHHUA JOJICMCHTOB,
OTBCHAOMIUX TPCYTr'OJIbHUKAM C OCHOBAHUAMU, ITaPAJUICIIbHBIMU HOHOHHHTGHBHOﬁ JuaroHajiau.

A Ay 43
Ay Ay Apz| = Ay18y833 t 4893831 + 438183y — Q4385837 — 81189383y — 8181833
Ay d3p dg3

FCOMCTpI/I‘-IGCKI/I 9TO BBIIJIIIUT TAK:

ll+ll "w_n

Cucrembl THHEHHBIX YPABHECHH.
Cucmema nunelinvix ypagHeHuii AMEET BUL:
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A X + A%, +...+ X, =Dy,

(1)
A X +a,X +...+ 8, X, =D
3nech aij — K03 GUIMEHTHI IPU HEU3BECTHBIX, Di — CBOOOAHBIC YICHBI, a Xj — Hen3BecTHbIC. Eciiu
BCC CBO6OI[HBI€ YJICHBI paBHBI HYJ'IIO, TO CUCTEMA HA3BIBACTCA odnopodyoﬁ, CCJIN XKC, XOTA 6BI OJHO U3

HUX OTJIUYHO OT HYJISl, TO HEOOHOPOOHOU.
Hcnonp3ys MOHSATHE MTPOU3BEACHUS MAaTPUIl, MOKHO niepenucath cucrteMy (1) B Bune: AX = B,

all a12 LN aln

a21 a22 e aZn

rac A = — MaTpuna, CoCTosAIas 13 KO3(I)(I)I/II_II/ICHTOB IIpU HCU3BCCTHBIX CUCTCMBbI

Ay Apo e Ao
(1), xoTopas Ha3BIBAETCS Mampuyell CUcmemst,

Xy by

x=| %

,B=| "2 | - BEKTOP-CTOJIOIbI, COCTABIICHHBIE COOTBETCTBEHHO U3 HEM3BECTHBIX Xj U

Xn bm
13 CBOOOJHBIX YIECHOB bj.

Ynopﬂ)queHHaﬂ COBOKYIMHOCTH N BCHICCTBCHHBIX YMCEI (Cl, Co,..., Cn) Ha3bIBACTCA peuueHuem
cucmemsi (1), ecru B pe3ynabTaTe MOACTAHOBKH 3TUX YHUCENI BMECTO COOTBETCTBYIOIINX MEPEMEHHBIX X1,

X2,..., Xn KQKJ0€ YpaBHEHHE CHUCTEMbI OOpaTUTCS B apu(METUUYECKOE TOXKJIECTBO; APYTUMHU CIOBAMH,
G

C .
eciu cymectByeT Bektop C = | "2 | Taxoii, uro AC = B.

Cn

Ay Ay ... A, |by

Ay, Ay ... Ay | Dy

*
Marpunia A = , oOpa3oBaHHasi NyTeM IPUINCHIBAHUS CIpaBa K

Ay Amp -+ 8y Dy
MaTpuie A cTonlia cBOOOIHBIX YWIEHOB, HA3bIBACTCS pACUUUPEHHOU MAMPUYel CUCTEeMb.
Cucrema (1), umeromast XoTst Obl OJTHO pEIlIEHUE, HA3bIBAETCS CO8MECMHO, UMEIOIIAsl TOJIBKO
OJTHO pEIlEHHE onpedeenHol, UMEoIas 0ojiee OHOTO PELICHUS! — HeonpeoeieHHol, He UMEIoIIast HU
OJIHOTO PEUICHUSI — HECOBMECMHOU.
Pewums cucmemy (1) — 3T0 3HAYMT yKa3zaTh BCE MHOXKECTBO €€ PCUICHUI WM JIOKa3aTh €€
HECOBMECTHOCTb.
Ecim vag cucremoii (1) BRIMOTHUTH KaKHE-TMOO0 U3 CIEAYIOMNX MPeoOpa3oBaHUM:
1) mOMEHsATh MECTaMH ypaBHEHUS;
2) YMHOXHTH 00€ 4acTH JIF00Oro ypaBHEHHS CUCTEMBI Ha JII000€ HE PABHOE HYIIIO YHCJIO;
3) npubaBUTH K 00EUM YaCTSIM OJTHOTO M3 YPaBHEHUI CUCTEMBI COOTBETCTBYIOILIHE YACTU JPYTOTO
YpaBHEHUsI, yMHO>KEHHbIE Ha JIF000€ JeHCTBUTEIBHOE YUCIIO,
To cucreMa (1) mepexoauT B paBHOCWIBbHYIO el cuctemy. llepeuncrnennsle BbllIe mpeoOpa3oBaHUs
Ha3bIBAIOTCA  2MEeMEHMApPHbIMU  Npeobpazosanusamu  cucmemvl. B pesynbTare 3ieMEHTapHBIX
npeoOpa3oBaHUN MOXKET CIY4YHMThCS, YTO B CHCTEME IMOSBHUTCS YypaBHEHHE, BCE KOA(PPHUIIMEHTHI
KOTOPOro paBHbI HyJt0. Torna, eciiu 1 cCBOOOAHBIN WIEH 3TOT0 YpaBHEHUS PABEH HYJIIO, TO YPABHEHUE
CHpPaBEJIUBO MIPH JHOOBIX X1, X2, ..., Xn U, CIEIOBATEIBHO, €0 MOXKHO 0TOpOCHTh. Eciu ke cBOOOTHBIH
YJIeH HE PAaBEH HYJII0, TO 3TO YpaBHEHHE HE YAOBJIETBOPSAETCSI HUKAKMMHU 3HAYEHUSIMH HEU3BECTHBIX,
CJIEZIOBATENIbHO, TMOJYYEHHAsh CHUCTEMa SIBJsIeTCS HecoBMecTHOM. Torga HecoBMecTHa M HMCXOJHAs
cucrema.
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Teopema Kpomnexepa-Kanennu. (Jleononwo Kponexep (1823-1891) nemeyxuii mamemamux)
CucTteMa JUHEHHBIX YpaBHEHMI COBMECTHA TOTJA M TOILKO TOrja, Korja panru matpuil A m A*
COBITA/IAIOT.

PaccMOTpUM CHCTEMbI JIMHEWHBIX YPaBHEHHH, B KOTOPBIX YHCIIO YpPaBHEHHH PABHO YHCITY

A X +8X, + o+ A X, =0
Ay X + 8%y +...+ 3y X, =D,
HEM3BECTHBIX . (2)

A X + 8%+ A, X, =Dy,

Taxue cucTeMBI PENIaloTCs OTHIM U3 CIEAYIOMINX CIIOCOOO0B!
1) memooom Kpamepa,

2) memooom ['aycca, N MemoOoM UCKIIOUEHUS] HEeU3BECTHBIX,
3) mampuunvim Memooom.

Meton Kpamepa.
(I'abpuenv Kpamep (1704 — 1752) wgetiyapckuii mamemamux)
JlaHHBII MeTOa TMPUMEHUM TOJBKO B ciydae, eciu cuctema umeer Buj (4). Kpome storo,
HE00X0AMMO, YTOOBI OTPEICTUTEIb MATPHUIIBI CHCTEMBI He paBHsuIcs 0.
det A = 0;
Teopema. Ecnu onpeienTens MaTpULIbl CUCTEMBI (4) OTJIMYEH OT HYJISL, TO 3Ta CUCTEMA UMEET
€IMHCTBEHHOE pellieHre, KOTopoe HaxoauTcs 1o ¢popmynam Kpamepa:
=1y
A
rae A = det A, a Aj — onpeenuTe b MaTPHUIIBI, OTYYaeMON U3 MaTPHIbI CUCTEMbI 3aMEHO cTOJIONA |
CTOJIOIIOM CBOOOHBIX WICHOB Dj

Xj =

p .- &y DAy, A,
Ay .- Apjg by By .. A,
an1 a'nj—l bn a'nj+1

81X + 815X, +8ygXg =By
Tax, HanpuMeD, A1 CUCTEMBI M3 TPEX YPABHEHUH 4 Ay Xy + Ayp Xy + ApgXg = b2

Qg% + AgyXy + BgaXg =Dy

a;q Ay A3 b a, a; a;; by ag a; &, b
A=y Ay Ay | A= b, Ay Ayl; A= |8y D, Ayl As=|ay ay By
d3) Ay g3 b, a3 as; ay by as ay ag, b
A A A
X1= —L:  xo= —2; xz= —,
A A A

PannoHabHbIe H HPPALMOHATbHbIE YPABHEHHUS.
OcnogHvle npuembl ux peuwieHus (Paznodcenue Ha MHOMCUMENU, 66e0eHUe HOBbIX HEeU3BECHbIX,

noocmanoska, epaguueckuii memoo). Mzobpasicenue Ha KOOPOUHAMHOU NAOCKOCMU MHOXCECTNEA
peulenuli ypasHeHUull U HepageHcma ¢ 08YMsl NePeMeHHbIMU U UX CUCTEM.
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@ynkunms Buna P(X) = a X, + a,X, —1+a,x, —2+...+a, - x+a4a,,
rae N — HaTypanpHOe, d8,,8;,a,,...,8,— HEKOTOpble NEeHCTBUTEIbHBIC YHCIIA, HA3BIBACTCS LIEIOI
panroHanbHON QYHKIHUEH.

Vpasuenne Buma P(X)= 0, rmeP(X) — memas parnmonanbHas (QYHKIHSA, HA3BIBACTCSA LEJIBIM
paIMOHAILHBIM YPaBHEHUEM.

PO PO, P
QM QM QM

YpaBHeHue BUIa

rae P (X),P,(X),...,P,(x),Q,(X),Q,(X),...,Q, (X) — nensle panuoHansHble HYHKINHU, Ha3bIBACTCS

paluOHaJIbHBIM YPABHCHUCM.

Pewenue payuonanvho2o ypasnenus PO) 0, 20e  P(X) uQ(X)— muozounensi(Q(x)=0),

Q(x)
ceooumcst k peutenuio ypaenenuss P(X)= 0 u nposepxe mozo, umo KopHu y0081emeopsion yCiosuio
Q (x) =0.
OcHogHble MemoObl peueHUs. PAYUOHAIbHBIX YPABHEHULL.
1) Ilpocreiimme: pemaroTcss MyTEM OOBIYHBIX YIPOUIEHUWM — TpUBEJEHUE K oOLemMy

3HaAMCHATCIIIO, IIPUBCACHUC HO,I[O6HI>IX YJICHOB M TaK AaJICC. KBaI[paTHBIe YPaBHCHUA aX2 +bx+c=0

—b++/b?—4ac

2a

PELIAKOTCs M0 BHIBEICHHOM HaMK popmylie X, , =

C
Taxxe ucnonb3yercsa teopema Buera: X, + X, =—, XX, =—
a

2) I'pynmmpoBka: myTéM TPYNIUPOBKH CJaraeMbix, NPUMEHEHUS (OPMYJT COKpPAIEHHOTO
YMHOXXEHHSI TIPUBECTU (€CIM YJIAcTCs) YpaBHEHHE K BHJY, KOIJIa CJieBa 3allMCaHO MPOU3BEACHHUE
HECKOJIbKMX COMHOXHTEJICH, a copaBa — HOJb. 3aTeM IMPUPABHUBAEM K HYJIIO KaXAbId W3
COMHOKHUTEJICH.

3) IloncraHoBka: WIIEM B YPaBHCHHMH HEKOTOPOE IOBTOPSIONIEECS BBIPAKEHHE, KOTOpPOE
0003HaYUM HOBOHW IEPEMEHHOW, TEM CaMbIM YIpOUIas BUJA ypaBHEHHA. B HEKOTOPBIX Ciydasx
OUYEBUJHO YTO YI00HO 0003HaunTh. Hanpumep, ypaBHeHue

x> +Xx-5 3x X +x-5
+-— +4 =0, JNerko pemaercsi C HOMOIIBIO MOACTAHOBKH ——— =1, ,
X (X“+x-5) X
3
MoJTy4yaeM t+ T +4=0

Wma: 21/ (X2 —4x +10) - X? + 4X = 6. 31eCh MOXKHO CIEJaTh MOJICTAHOBKY x? — 4 =t. Torna
21/ (t+10)-t=6uT.1.

B Oosee CIOXHBIX Cilydasix TOJCTaHOBKA BHJIHA JIMIIbL TIOCJIE HECKOJBKHAX MPEoOpa3oBaHUil.
Hampumep, nano ypaBHeHHe

(X2 + 2x)? — (x +1)? = 55.

IlepenucaB ero uHaue, a uMeHHO (X2 + 2X)? — (X? + 2X + 1) = 55, cpa3y yBUANM MOJCTAHOBKY X’
+ 2x=t.

Nmeem t? —t —56 =0, t1 = — 7, t, = 8. OcTanock pemuTh X> +2X =7 u X>+2X =8,

B psne npyrux ciydaeB yao0HYyI0 IMOJCTAaHOBKY JKeJlaTeIbHO 3HATH ‘“‘3apanHee”. Hampumep

1) Vpasuenue (X + a)* + (X + b)* = ¢ cBoauTcs k OUKBajpaTHOMY, e€clU CHENATh
MOJICTAHOBKY
x=t—(a+h)/2.
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2) CumMeTpHUecKoe ypaBHeHHe (Bo3BpaTHoe) aoX" + aiX" ~ 1+ ... + aix + a = 0
(k03 pUIHEHTHI YJICHOB, PABHOCTOSIINX OT KOHIIOB, PABHBI) pElIaeTcs C TOMOIIbIO TTOJICTAHOBKHU X +
1/x =t ecnmun —uyérHoe; eciu N — HEYETHOE, TO YPAaBHCHUE UMEET KOPEeHb X = — 1.

3) VYpasuenue Buga (X +a)(X + b)(X + ¢)(x + d) = | cBoguTCs K KBaAPaTHOMY, ECITH a
+b=c+d urn

4) TlonOop: mpu peuieHUH ypaBHEHUW BBICHIMX CTEMEHEH pallMOHAIbHbIE KOPHH ypaBHEHUS

anX" + an_1X" "1+ ...+ aix + ap = 0 mmem B Buge P/, rae P — AETUTENH dg, (| — AEINUTENH an,

p u q B3auMHO npocTsl, PeZ, qeN.

5) “UckyccTBO”, T.€. peniaTh IpUMEp HECTAaHAAPTHO, IPUAYMATh “CBOM METOX”, AOTaAaThCsl YTO-
TO MPUOABUTH U OTHATH, BBIICITUTH IMOJHBIN KBAJpaT, HA YTO-TO Pa3/ICIUTh U YMHOXHTh U T.II.

6) YpaBHeHHsI C MOIyJIeM: MPH PEUICHUH YPaBHEHHH ¢ MOJYyJIEM HCIOIB3YETCs OIpe/elicHUe
f (X),ecauf (x) >0,
— T (x),ecmuf' (x) <O0.
PanuoHanbHbIEe HEPABEHCTBA.

ITycth f(X) — uncinoBast GyHKIUS OHOTO UIIH HECKOJbKHX MEPEMEHHBIX (apryMEeHTOB). PerinTh
HEPaBEHCTBO

MOJTyJIsSl 1 METOJ] HHTEpBajoB. HamoMHuM, 4To | f (X)| =

fx)<0 (f(x)>0) 1)

— 9TO 3HAYUT HAWTH BCe 3HAUYEHHUS aprymeHTta (apryMeHToB) (GYHKIMU f, NPU KOTOPBIX

HepaBeHCTBO (1) cipaBemyinBo. MHOXKECTBO BCEX 3HAUCHUHU apryMeHTa (apryMeHTOB) GyHKIUHU f, IPU

KOTOPBIX HepaBeHCTBO (1) cripaBeInBO, HA3bIBACTCS MHOXKECTBOM PEIICHUH HEPABEHCTBA WIIH MTPOCTO
pelIeHreM HEPABeHCTRA.

MHOK€eCTBO pEIIEHUI HECTPOIO HEPABEHCTBA

fx)<0 (f(x) 2 0) ()
IpeJicTaBIseT co00M 00beIMHEHNE MHOKECTBA pellieHUI HepaBeHCTBa (1) M MHOKECTBa peleHUI
ypaBHenus f(X) = 0.

JIBa HEpaBEeHCTBA CYUTAIOTCS SKBHUBAJICHTHBIMU, €CJIM MHOKECTBA X PEIICHUI COBMAIAIOT.

[Tox MHO>KECTBOM JOMYCTUMBIX 3HAUCHNH HEN3BECTHBIX, BXOAAIINX B HEPABEHCTBO, TOHUMAIOT
obnactb onpeaencHus Gpynkuuu f(X).

Hepasencta Buna (1) wim (2), cocTaBieHHbIC IS Pa3siuuHbIX QYHKIMA fi(X), MOTYT OBITH
CBEJ/ICHBI B CHCTEMY HEPaBEHCTB. PeluTh CUCTEMy HEpaBEHCTB — 3TO 3HAYUT HAUTH MHOXKECTBO BCEX
3HAYEHHH apryMeHTOB (QyHKiuH fi(X), IpU KOTOPBIX CIPABEIUIMBbI BCE HEPABEHCTBA CHUCTEMBI
OJTHOBPEMEHHO.

["OBOPSAT, UTO CHCTEMBI HEPABEHCTB YKBUBAJICHTHBI, €CJIM MHOXXECTBA MX PEUICHUN COBIAIAIOT.

CBojicTBa paBHOCHJIBbHBIX HEPABEHCTB.
[Ipu pemenrr HEPaBEHCTB UCIIOIB3YIOT CBOMCTBA PABHOCHIBHOCTH. HepaBeHCTBa ¢ 01HON TEpEMEHHON
Ha3bIBAIOTCS PABHOCHIBHBIMU, €CJIM MHOKECTBA MX PEIICHUU COBIA/IAIOT.

Hanpumep, HepaBeHcTBa 3X > 6 1 X — 2 > (0 UMEIOT OJIMHAKOBBIC MHOKECTBA PEIICHUH X €[2;
+00]. OTH HEpaBEHCTBA — PABHOCUJIbHBIE.

Hepasenctsa X > 0 u x2 > 0 — HepaBHOCHIBHbIE, TAK KAK PENICHHE TIEPBOr0 HEPABEHCTBA €CTh
MHOXKeCTBO X €[0; +00], a pelreHrne BTOPOro HEPaBEHCTBA €CTh MHOXKECTBO X € [-00; 0]U[0; +o0]. D1
MHOYECTBA HE COBIAJIAIOT.

[Ipu pemieHUH HEPABEHCTB BBIMOJHAIOTCS TOJBKO TaKHe MpPeoOpa3oBaHMs, MPH KOTOPHIX
noJjry4yaroTcst 0ojiee TPOCThIe PAaBHOCWIBHBIE HEPABEHCTBA. OJTH MPeoOpa3OBaHHsS BO3MOXKHBI TPHU
BBITIOJTHEHHUH CJIEAYIOLIUX CBOMCTB PaBHOCHIIBHBIX HEPABEHCTB:

CgoiictBo 1. Eciin k 06euM gacTsM HEpaBeHCTBA MPUOABUTH OJTHO M TO YK€ YHCIIO WM OJHO H
TO 7K€ BBIpaXKEHHE, KOTOPOE UMEET CMBICII PU BCEX 3HAUEHUSIX TIEPEMEHHOI, TO MOJIy4UM HEPABEHCTBO,
PaBHOCWIIBHOE JaHHOMY.

Hano. P(x) > Q(X) — mepaBeHcTBO, T(X) — BbIpakeHHE, KOTOPOE HMEET CMBICI IPH BCEX
NeHCTBUTENBHBIX 3HAYCHUSX X, XER.

Jokasate. HepaBenctBa P(x) > Q(X) u P(x) + T(x) > Q(X) + T(X) — paBHOCHJIbHBIE.
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JlokasarenbcTBo. a) [TycTs pu X = a HepaBeHCTBO P(a) > Q(a) — BepHOE YHCIIOBOE PABEHCTBO, T.€. X =a
— OJIHO U3 peleHnn HepaBeHcTBa P(x) > Q(X), T(a) — 3Hauenue T(X) npu x =a.

ITo cBoiicTBY uncioBbIX HepaBeHCTB P(a) + T(a) > Q(a) + T(a) — BepHOE YKCI0BOEC HEPABEHCTBO.

CrenoBaTenbHO, X = a — OJJHO U3 pelneHuil HepaBeHcTBa P(x) + T(x) > Q(X) + T(X). IToatomy,
€CIIM X =a eCTh PEIICHHE TEePBOr0 HEPABEHCTBA, TO ITO 3HAYCHHE €CTh TaKXKe PELICHHE BTOPOTO
HEPaBEHCTBA.

0) [Myctb x = b — oHO U3 pemenuii HepaBeHcTBa P(x) + T(x) > Q(X) + T(X), T.e. P(b) + T(b) >
Q(b) + T(b) —BepHoe uncnoBoe HepaBeHCTBO. [0 cBOICTBY umcioBbIX HepaBeHeTB P(b) > Q(b) — Toxe
BEPHOE YMCIIOBOC HepaBeHCTBO. ClieioBaTelibHO, X = b — pemenue HepaBeHcTBa P(X) > Q(X).

Tak kak MHOXeCTBa penieHui HepaBeHcTBa P(X) > Q(X) u P(X) + T(x) > > Q(x) + T(x)
COBIIAJIAIOT, TO 3TH HEPABESHCTBA PABHOCUIIBbHbIC.

CaoiictBo 2. Eciau B HepaBeHCTBE J1000€ ciaraeMoe, KOTOpOE MMEET CMbICI IpU BeX XeER,
MEPEeHECTH M3 OJHO YacTH B JPYIYK C IPOTHUBOMOJIOKHBIM 3HAKOM, TO IIOJIyYUM HEPaBEHCTBO,
PaBHOCHIJIBHO JaHHOMY.

Hano. P(X) + T(X) > Q(X) — nepaBenctBo, T(x) — ciaaraemMoe, KOTOpOE MMEET CMBICIT IIPH BCEX
xeR.
Hoxkazate. HepaBencta P(X) + T(X) > Q(X) u P(X) > Q(X) — T(X) — paBHOCHIIBHBIE.
JlokasarenbcTBo. I1o cBoiicTBY 1 MOXkHO K 00eum yacTsam HepaBeHcTtBa  P(X) + T(X) > Q(X) npubaButh
cnaraemoe (-T(X)), Tak KaK 3TO claraeMoe MMEET CMBICI MPH BCeX X €E€R; MoaydynM paBHOCHUIBLHOE

HEPAaBCHCTBO:
P(X) + T(X) — T(x) > Q(x) — T(X), orcroma P(x) > Q(x) — T(x).

CgoiictBo 3. Eciii 00e yacTi HEpaBEeHCTBA YMHOXKHUTh Ha OJTHO M TO K€ MOJIOKUTEIHHOE YHUCIIO WIIH HA
OHO W TO K€ BBIPAKCHHE, IOJIOKUTEIBHOE IMPHU BCEX 3HAYCHUSX MMEPEMEHHOH, TO IOJy4UM
HEPaBCHCTBO, PABHOCHJIBHOE JaHHOMY.

Hano. P(x) > Q(x) — nepaBenctro (1),

T(X) >0, xeR,

P(X)-T(x) > Q(X)-T(X) — nepaBeHcTBO (2).

Joka3zats. HepaBenctsa (1) u (2) paBHOCHIIBHEIE.

JlokasarenbeTBo. [lycth mpu x = a P(a) > Q(a) — BepHOE YHCII0BOE HEPABEHCTBO, T.€. X = a — OJJHO U3
pEeIICHNH epBOro HepaBeHcTBa. T(2) — 3Hauenue T(X) mpu x = a T(a) > 0.

[To cBoiictBy umcioBbix HepaBeHcTB P(a)-T(a) > Q(a) T(d) — Toke BepHOE YHCIOBOE
HEPaBeHCTBO, T.€. X = a —OJIHO W3 PEUICHUH MepBOro HepaBeHcTBa. CIen0OBaTENbHO, €CIIM X= a —
peleHre TEPBOTO HEPABEHCTRA, TO X = a — TAKIKE PEIICHHUE BTOPOTO HEPABEHCTBA.

[Tycts nipu x = b HepaBerctso P(b)-T(b) > Q(b)-T(b) — BepHOE uKCIOBOE HEPABEHCTBO, T.€. X =
b — oaHO M3 pelIeHu BTOPOTro HEPaBEHCTRA.

ITo cBoiicTBy urcinoBbix HepaBeHCTB P(D) > Q(b) — Toske BepHOE YMCIIOBOE HEPABEHCTBO, TAK KaK
T(b) > 0. CnenoBartensHO, X = b — 0JTHO U3 PEIICHNUU MIEPBOTO HEPABCHCTBA.

[TockoMbKY MHOXECTBA PEIICHHWH TEPBOrO W BTOPOrO HEPABCHCTB COBIAJAIOT, TO OHHU
PaBHOCHIIBHBIE.

CgoiictBo 4. Ecnii 00e yacT HepaBeHCTBAa YMHOKHUTH Ha OJTHO U TO K€ OTPUIATEIHFHOE YHCIIO WITH
Ha OJHO U TO JKC BBIPAXKCHHE, OTPHUIATEIHFHOE MPH BCEX 3HAYCHUSIX MMEPEMEHHOW, M M3MCHUTH 3HAK
HEPaBCHCTBA Ha MPOTHBOIOJIOXKHBIM, TO MOJYYHM HEPABEHCTBO, PABHOCHIILHOE TAHHOMY.

DTO CBOWCTBO J1I0KA3bIBAETCSl aHAJIOTUYHO 3 CBOMCTBY.

AJredpanyecKkne HepaBeHCTBA.
JIuHeHHBIMHU (CTPOTMMHU M HECTPOTUMH) HA3bIBAIOTCSI HEPABCHCTBA BUIA
ax+b>0, ax+b<0,ax+b>0,ax+b<0,a=0,
pEIICHUSIMH KOTOPBIX OYIYT:
npu a >0
b b b b
Xe(-a;oo),Xe(-oo; "3 ),Xe[-a;oo), Xe( -o0; "2

1,
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mpu a <0
xe( -oo; -Q)Xe( b oo)xe(-oo -9] xel - b oo).

KBaI[paTHBIMI/I (cTporuMu u HeCTpOFI/IMI/I) Ha3bIBAIOTCS HEPABEHCTBA BUA
ax?+bx+c>0, ax’ +bx +c <0,
ax?+bx+c>0, ax’ +bx +¢ <0,
raec a, b, C — HCKOTOpHBIC neficTBATENbHEIE uncia 1 a # 0.
KBanpaTHOe HEpaBEHCTBO ax? + bx + ¢ > 0 B 3aBHCHMOCTH OT 3HAYEHUH CBOUX K03 PUIMEHTOB a, b u
C MMEET PEIICHHUS:
mpua>0uD=b%-4ac>0

-b- 3[ b+\/_

xe( -oo; YI(————— ; 0);

npua>0uD<0 x —J'IIO6OC JENCTBUTEIIBHOE YUCIIO;
mpua<0uD=>0

-b+J5 b- @

mpu a < O nbD<0

X = (T. e. pelIeHUH HET).

Peenne HepaBeHcTBa ax? + bx + ¢ < 0 CBOAUTCS K PELIEHUIO PACCMOTPEHHOTO HEPABEHCTBA, ECIIN 00€
YaCTH HEPAaBCHCTBA YMHOXKHTH Ha (-1).

xe(

MeToa MHTEPBAJIOB.

[Tycth Pn(X) — MHOTOUIEH N-# CTENEHH C AeHCTBUTEIBHBIME KO3 GHUIeHTaMH, a C1, C2, ... , Ci

— BCE JICWCTBUTEIbHBIC KOPHH MHOTOWIECHA ¢ KpaTHOCTSAMHE K1, K2, ... , Ki COOTBeTCTBEHHO, MpryeM C1
> C2> ... > Ci. MHOrOWIeH Pn(X) MOKHO TIPE/ICTABHUTH B BUJIC

Pa(X) = (X - €1) **(x - €2) ... (x — ci) Qm(X), (3)

rae MEHOrowieH Qm(X) IefiCTBUTEIBHBIX KOPHEH He MMeeT U MO0 MOJIOKUTENCH, TH00 OTpHUIIaTeICH
npu Beex x€R. Tlonoxkum ams onpeaeneHHOCTH, 9T0 Qm(X) > 0. Toraa npu X > C1 BCE COMHOXHTEH B
pasnoxenud (3) monoxxutenbHbl U Pa(x) > 0. Eciiu ¢1— xopeHb HeueTHOM kpaTHOCTH (K1 — HedeTHoe),
TO TP X E€(C2; C1) BCE COMHOKHUTENU B pa3ioxkeHuH (3), 32 UCKIIOYEHHEM TEePBOTO, OJIOKUTENbHbI U
Pn(x)<0. B »aTOM ciydae TOBOPSIT, 4TO MHOTOWICH Pn(X) MEHSIET 3HaK IPH Mepexojie uepe3 KOPEHb C1.
Ecinu e ¢c1 — KopeHb 4eTHOH KpaTHOCTH (K1 — YeTHOE), TO Bce COMHOXHTEH (B TOM YKCJIC U IIEPBbIii)
npu X €(C2; C1) TMOJOKUTENBHBI H, CJEI0BaTeIbHO, Pn(X) > 0 mpu x€(C2; c1). B 3TOM ciiydyae roBopsrt,
YTO MHOTOUWICH Pn(X) HE MEHSET 3HAK MPH MEPEX0/Ie Yepe3 KOPEHb C1.

AHAJOTUYHBIM CIIOCOOOM, UCTOINB3Ys pasnoxkeHue (3), HeTpyaHO yOeauTcs, 4To MpU Mepexoie
4yepe3 KOpeHb ¢2 MHOrowieH Pn(X) MeHseT 3Hak, eciu Ko — HedeTHOe, U He MEHSeT 3Haka, eciu Ko —
yeTHoe. PaccMOTpeHHOE CBOMCTBO MHOTOWICHOB HCIONB3YETCS AJI PEIICHUs HEPABEHCTB METOJIOM
UHTEpBaJIOB. /{7151 TOro 4ToObI HATH BCE pelieHus

Pr(x) >0, (4)

JIOCTaTOYHO 3HATh BCE JACHCTBUTENIbHBbIE KOPHU MHOroujeHa Pn(X) MX KpaTHOCTH W 3HAK

MHOTOWIeHa Pn(X) B MPOU3BOIBHO BEIOPAHHOM TOYKE, HE COBIAIAIONIEH ¢ KOPHEM MHOTOWICHA.
HepaBencTBa ¢ mapamerpamu.

HepaBencTBa ¢ mapameTpamMu SIBISIIOTCS HanOojee TPYIHBIMHU 33aJadaMU Kypca 3JIeMEHTapHOM
MaTEeMaTHUKU. DTO OOBSICHIETCS TEM, YTO HMX PEHICHHs CJeIyeT MOJydaTh MPHU BCEX IOMYCTUMBIX
3HAUYCHUSIX BXOSIIUX B HUX MTapaMETPOB.

CucremMbl pallHOHATBHBIX HEPABEHCTB.

[IycTe Hamo HAWTH YKCIIOBBIC 3HAUEHUS X, MPU KOTOPBIX MPEBPAIIAIOTCS B BEPHBIC UHCIIOBBIC
HEpaBeHCTBAa OJHOBPEMEHHO HECKOJbKO PAllMOHAIBHBIX HEPAaBEHCTB. B Takux ciiydasx roBOpPST, YTO
HaJI0 PEIIUTh CUCTEMY PAIIMOHATIBLHBIX HEPABEHCTB C OJHUM HEU3BECTHBIM X.

UroObl pelmuTh CHCTEMY pAallMOHAIBHBIX HEPABEHCTB, HAO0 HAWTHU BCE PEIICHUS KaKIOTO
HEpaBEHCTBA CHCTEMBI. Toraa o0mas 4acTh BCeX HAWICHHBIX PEIICHUHA U OYICT PEIICHUEM CUCTEMBI.
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I'paduyeckoe peuieHne HepaBeHCTB.
HepaBeHcTBa ¢ OIHOM WK IBYMSI IEPEMEHHBIMU MOKHO PELIaTh rpaduuecKH.
HepaBeHcTBO ¢ 01HOM nIepeMeHoi MoKHO 3amucath Tak: f(X) > g(x), rae f(X) u g(X) — BeipaskeHus,
COJIepIKaIlne MEPEMEHHYIO.
[TocTpouM B 0HO# crcTeMe koopauHat rpaduku pyukuuit y = f(x) u  y=g(x).
Pemenune HepaBeHCTBA €CThb MHOXKECTBO 3HAYEHHM NEPEMEHOM X, MpU KOTOPBIX rpapuk (PyHKIMMA
y=0(X), Tak kak f(x)>g(x).9T0 mokazaHo Ha pucyHkax 1 u 2.

y =g[X] ]

L

Pemenue HEpaBCHCTBA C [ABYMSA ICPCMCHHBIMU f(X,y)>0 €CThb MHOXCCTBO TOYCK IIJIOCKOCTH,
KOOPAWHATBI KOTOPBIX YIOBJICTBOPAIOT 3TOMY HCPABCHCTBY.

HppaunuonajbHbie YyPABHEHHUSI.

VYpaBHeHue, coneprkallee mepeMeHHYI0 MMOJ1 3HAKOM KOPHSI, Ha3bIBACTCS UPPAUUOHAILHBIM.

Pemenue mppalimoHaIbHOTO YpaBHEHUS OCHOBAHO HA MPEOOpPA30BaHUU €r0 K PAIMOHATHLHOMY
YpaBHEHHUIO, YTO JIOCTHTaeTCs BO3BEIECHHEM OOEUX €ro 4acTel B OJHY U Ty K€ CTENeHb (MHOTIa
HECKOJIBKO pa3).

[Ipu BO3BemeHHMH 00X YacTe UpPpAIMOHATIBHOTO YPaBHEHUS B YETHYIO CTENEHb IMOJIy4aeTcs
ypaBHEHHE, SBISFOIIEECS CISICTBUEM UCXOIHOTO. Y paBHEHHIO-CIICICTBUIO YIOBIETBOPSIOT BCE KOPHH
HCXOJHOTO ypaBHEHHUS, HO MOTYT MOSBUTHCS U KOPHHU, KOTOPBIC HE SIBIISIOTCS KOPHAMH UCXOIHOTO
ypaBHEHHUS («IIOCTOPOHHUE» KOPHH). UTOOBI BBIABUTH «IIOCTOPOHHHUE» KOPHU, BCE HallIeHHbIE KOPHU
yYpaBHEHUS-CIE/ICTBUSL MPOBEPSIOT TMOJCTAHOBKOW B MCXOAHOE YpaBHEHUE M «IIOCTOPOHHHE» KOPHHU
0oTOpachIBaIOT.

HcxomHoe uppanuoHanbHOE YpaBHEHUE PABHOCUIBHO CMEIIAHHOW CHUCTEME, COCTOSIIEH u3
YpaBHEHUSI-CIICICTBHS M OTpaHUYCHUH, OTIpEIeISIEMbIX 00JIaCThIO TOIYCTUMBIX 3HAYCHUH TIepeMEHHOM.
B sTOM cCiiydae «mOCTOpOHHHE» KOpPHM HE OyAyT BXOIUTh B O0JIACTH JIOMYCTHMBIX 3HAYECHUH
MIEPEMEHHON W TPOBEPSTH UX MOJICTAHOBKOM B UCXO/IHOE ypaBHEHHE HE TpeOyeTcs.

[Ipu Bo3BeneHNH 00€UX YacTel PPALIOHAIILHOTO YPaBHEHHs B HEUETHYIO CTEIICHb MOMyYaeTcs
ypaBHEHHE, PABHOCHIBHOE HCXOTHOMY.

HNppaunoHajbHbie HEPaBEeHCTBA € OJIHOW MepPeMEeHHOM.
Pemienne wMppanuMoOHAIBHOIO HEPABEHCTBA C OJHOM IIEPEMEHHOM CBOJUTCA K PELICHUIO
PaBHOCWJIBHOM €My CUCTEMbI PALlMOHAJIBHBIX HEPABEHCTB MJIM COBOKYITHOCTH CHCTEM PallMOHAJIbHbBIX
HEPaBEHCTB.
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OTH CUCTEMEI pPEeIar0TCA MPHU HAJIOKCHUU OFpaHI/I‘-IeHI/Iﬁ Ha NMEPEMCHHYIO 1 BO3BCJACHUU o0enx
JacTei HCPABCHCTBA B O/IHY U TY K€ CTCIICHb.

IToka3aTenbHbIC 1 TPHTOHOMETPHYCCKHE YPABHCHHS M HEPABEHCTBA.

OcHogHble npuembl Ux peutenust (PaziodceHue Ha MHONCUmenu, 866edeHue HOBbIX HeU38eCMHbIX,
nooCcmanos8Ka, epaguueckutl memod). Mcnonvzosanue c80Ucme u epaghukos GyHKyull npu peuleHuu
HepagerHcms. Memoo unmepsanos.

Ilokazamenvnvle ypasnenusn u HepasenHcmaad.
Pemenue noxazamenvHvlx ypasHeruti 4acTo CBOAUTCS K PEIICHUIO YPABHEHHUS
a*=a°,
rae a> 0,a #1, X - Hem3BecTHOE. DTO YpaBHEHUE PEIIACTCs C TOMOIIBIO CBOMCTBA CTENIEHU: CTETICHHU C
OJTMHAKOBBIM OCHOBaHHMeM a > 0,8 # 1 paBHBI TOJIBKO TOT/Ia, KOT/Ia PaBHBI HX ITOKA3aTeIH.
Pemienue noxazamenvhvlx Hepagencme 4acTo CBOJIUTCS K PEIICHUIO HEPABEHCTBA
a*>a’wm a* <a’.

DTH HEpaBEHCTBA PEIIAIOTCS C TOMOIIHIO CBOMNCTBA BO3pACTAHUS MITH YOBIBAHHS TTOKA3aTEIIBHON
GyHKIMU: A7 Bo3pacTaronield (yHKIUU OOJNbIIeMYy 3HAYCHHIO (YHKIIMA COOTBETCTBYET OOJIbIIIee
3HAUEHUE apryMEHTa, a I yOBIBarOIIeH (YHKIMH OOJIbIIEMY 3HAYEHUIO (DYHKIUU COOTBETCTBYET
MeEHbIIIee 3HAUCHHE apTyMEHTA.

Tpuzonomempuueckue ypagnenus u HepageHcmead.
1. YpaBHEeHUs, CBOASIINECS K KBaIPATHBIM.
2. YpaBHeHHs asin Xx+bcosx=c.
3. YpaBHeHHsI, peraeMbie pa3ioKeHHEM JICBOM YaCTH Ha MHOXKUTEITH.

HpuMeHe}me MaATEMATHYCCKHUX METO/10B VI PEHICHUSA COACPKATECJIbHBIX 3a/1a41 U3 Ppa3/iHYHbIX
o0JiacTell HAYKHM M IPAKTHKH (JONOJHUTEIbHBIA MaTepua)

IIpumenenue mamemamuyecKux Memooo8 0/ peuletus CO0epHCamenbHblX 3a0ad U3
PAa3nuyHbIX obnacmeni HAyKU u npakmuxu. Mnmepnpemayusi pe3yismama, yuem peaibHblx
ocpanuyenu.

Pewumv mamemamuueckyto 3adauy — 3TO 3HAUUT HAUTU TaKylO MOCIEI0BATEILHOCTh OOIIUX
MOJIOKEHUH MaTeMaTUKH, IPUMEHS KOTOPbIE K YCIOBHSIM 33JJa4H MOJydyaeM To, YTO TpeOyeTcst HaluTu
— OTBeET.

OcHoBHbIMU MemooaMu  pelleHUus MmMeKCmosblx 3a0ay SBISAIOTCA apudmMeTndyeckuil u
anreOpanyecKuii METO, a TaK K€ KOMOMHUPOBAHHBIH.

Pewums 3a0auy apupmemuueckum memooom — 3HAYNUT HAWTH OTBET Ha TpeOOBaHUE 3aJ1auu
MTOCPEICTBOM BBITTOTHEHUS apU(PMETHUECKUX ACHCTBHIA HA/l JaHHBIMU B 3a/1a4e yrciaMu. OJHY U Tyke
3a/1a4y MO>KHO PELIUTh Pa3InYHbIMU apupMeTHUeCKUMHU crioco0amMu. OHM OTIIMYAIOTCS JPYT OT ApyTa
JIOTUKOM pacCyXACHUM B IPOLECCE PELICHU 3a0a4H.

Pewums 3a0auy aneebpauueckum memooom — 3HAUYAT HAWTH OTBET Ha TPEOOBaHHWE 3aJaduu
MyTE€M COCTABIICHUS W PEIICHUS YPABHEHHS UM CUCTEMbI YPaBHEHHH.

Texcmosbie 3a0auu aneedpauyeckum Memooom peularom no ciedyruell cxeme:

1) BBIIETSAIOT BETMYMHBI, O KOTOPBIX UJIET PEUb B TEKCTE 3a/1a4H, U YCTAHABIMBAIOT 3aBUCUMOCTH MEKTY
HUMU;

2)  BBOJMAT MepeMeHHbIC (0003HAYAIOT OYKBAMU HEH3BECTHBIC BEJTMYNHBI);

3)  c MOMOIIBIO0 BBEICHHBIX NMEPEMEHHBIX U JAHHBIX 33/1a4l COCTABJISAIOT YpaBHEHHUE WM CUCTEMY
YpPaBHEHHUH;
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4)  pemarT MOJyYeHHOE YPAaBHEHHUE WA CUCTEMY;
5) TpOBepSIOT HalIeHHbIE 3HAYEHUS TI0 YCIOBHIO 337]a4d U 3alMCHIBAIOT OTBET.

Kombunuposanmnwiii MeTo1 perieHus BKIOUAET Kak apu(PMETHUECKUN, TaK U allreOpandecKuii CriocoObl
peuieHusl.

B HauanpHOI mIKOJIE 3ama4M desim No KOJAUYecmsy Oelicmeuil TIPU PElIeHUU Ha MPOCThIe U
COCTaBHbIE. 3aJaul, B KOTOPBIX ISl OTBETa HAa BOMPOC HY’KHO BBINOJHUTH TOJBKO OAHO ACHCTBHUE,
Ha3bIBAIOT npocmuimu. Eciu 11 0TBETa Ha BOIIPOC 3a/1a4l HYXKHO BBITIOJHUTH /1Ba U OoJsiee NeHCTBUM,
TO TAKUE 33/1a4¥ Ha3bIBAIOT COCMABHbIMU.

CocTaBHy10 33/1a4y, TEK ke KaK U MPOCTYI0, MOKHO PEIIUTh, UCTIONb3Ysl pa3INYHbIE CIIOCOODI.

3aoaua. Peibak noitmain 10 pei0. U3 Hux 3 nema, 4 okyHs, ocTajibHble — IMyKHA. CKOJBKO HIYK TOWMa

pb16aK?

Ilpaxmuueckuu cno
- - -

(X

O0603HaunM Kaxayro pei0y kpyrom. Hapucyem 10 kpyroB u 0003Ha4MM MOMMaHHBIX PBIO.

JI J J O O O O
Jlnst oTBeTa Ha BOIIPOC 33a4d MO>KHO HE BBIIOJHATH apu(pMeTH4ecKHe AeHCTBU, TaK KaK KOJINYECTBO
MOWMaHHBIX IIYK COOTBETCTBYET HE 0003HAUEHHBIM KpyTraM — UX TPH.
Apupmemuueckuii cnocoo.
1) 3+4=7(p) — noiitmaHHbIE PHIOHI;
2) 10— 7 = 3(p) — noMMaHHbBIC MIYKH.
Anrebpanueckuii crocoO.

[TycTtp x — moliMaHHBIE IIyKH. TOr/a KOJINIECTBO BCEX PHIO MOXHO 3aIMCATh BBIPAKEHHEM: 3 +
4 + x. o ycioBuIO 331a4u U3BECTHO, UTO pbIOak nmoiimain Bcero 10 pei0. 3HauuT: 3 + 4 + x = 10. Peus
3TO ypaBHEHHUE, MOJIYYUM X = 3 ¥ TEM CaMbIM OTBETHM Ha BOMPOC 33Jauu.

I'paguueckuii cnocoo.

Jemu OKYHH LIYKH

OT10T CHOC06, TaK K€ KakK U HpaKTHqCCKHﬁ, IMMO3BOJIAT OTBCTUTHL HAa BOIIPOC 3adadu, HC BbLIIIOJIHAA
apuMeTUIECKUX JCHCTBUN.

B MaTemartuke oOImIEnpHUHATO ClIEAYIONIee AeTICHHE poliecca PEIIeHuUs 3a/1a4:

1) ananu3 Tekcrta 3agaun, CXeMaTH4YeCcKas 3aMuCh 3aJ]a4u, UCCIICIOBAHKE 331aUH;
2) TMOUCK crocoba pelieH s 3aJ1a4i U COCTABJICHUE TNIaHa PEIICHNS,

3) ocCyllecTBIEHUE HAlJIEHHOTO IJIaHa;

4) aHanM3 HAWJICHHOTO PEICHUS 3a]]a4d, POBEPKa.
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Memoovwl noucka PpeuLenus 3a0a4U MOICHO HA36AMb Cﬂedyiou;ue:

1)  Amnanus: a) Korja B pacCy>KJIEHUsIX JBUTalOTCA OT UCKOMBIX K JaHHBIM 33jJauu; 0) Korja Lesnoe
pacuICHAOT Ha YacTH;

2) Cunres:

a) KOTJa JIBUTal0TCs OT JIAHHBIX 33]1a4l K UICKOMBIM;

0) KorJa 3JIEeMEHTHl OOBEIUHAIOT B II€JIOE;

3) IMepedopmynupoBka 3aga4n (4eTKO GOPMYITHPOBATH MPOMEKYTOUHBIC 3aIaHUsI, BOSHUKAIOIINE O
XOJ1y IOMCKa PEILIEHUs);

4) WHoyKTUBHBIA METOJ PELIECHUs 33Jaud: Ha OCHOBE TOYHOI'O YEPTEKa YCMOTPETh CBOMCTBA
¢burypsl, cienaTh BbIBOJBI U I0KA3aTh UX;

5) IlpumeHeHHe aHANOTUHU (BCIIOMHUTH aHAJOTMYHYIO 3a71a4y);

6) IIporHo3upoBaHue — MPEIBHICHHUE TEX PE3YJILTATOB, K KOTOPHIM MOXET MPUBECTH MOUCK.

Paccmompum 6onee noopobro npoyecc peutenus 3a0aqu.:
3anava Ha ABMKeHHE. JIo/1Ka MPoIUIa MO TEYEHHUIO PEKU PACCTOSTHUE MEXKAY ABYMS IPUCTaHSAMU 3a 6 4,
a o0paTHO — 3a 84. 3a CKOJIBKO BPEMEHH MPOUJET PACCTOSHUE MEXIY MPUCTAHAMHM IUIOT, IyIICHHbIH
10 TCUCHHIO PEKU?

Ananusz 3a0auu. B 3a1aue peub UAET 0 IByX 00beKTax: J0Ka U I10T. JIogka uMeeT COOCTBEHHYIO
CKOpOCTb, a IJIOT U PEKa, MO KOTOPOU IUIBIBYT JIOAKA U IUIOT, UMEET ONPEIEIEHHYI0 CKOPOCTh TEUECHUS.
VIMeHHO MOATOMY JIOAKA COBEpPLIAET IMyTh IO TEUEHHUIO PEKHU 3a MEHblIee BpeMs (64), ueM MpPOTUB
tedyeHus (84). Ho 3Tu ckopocTH B 3a7aue He JaHbl, TaK )K€ KaK HEU3BECTHO U PACCTOSIHHE MEXKAY
npuctansiMu. OgHako TpeOyeTcsl HAal T He TU HEU3BECTHBIE, @ BPEMs, 32 KOTOPOE IIOT MPOIUIBIBET 3TO
paccTosiHue.

Cxemamuueckas 3anuco.:

v
F 5

*: Nlogka 6 ]

A
v
F 3

.................... J—
nogka

[Touck cnocoba pemenus 3anauu. Hy)kHO HaiiTH BpeMmsi, 32 KOTOPOE IIJIOT MPOIUIBIBET PACCTOSHUC
MeXIy npuctansiMu 4 u B. [y Toro, 4ToObl HAWTH 3TO BpeMsl, Ha/10 3HATh PACcCTOSHUE AB M CKOPOCTh
TeueHus peku. O0a OHU HEM3BECTHBI, IOATOMY 0003HAUNM paccTosiHue AB OykBo# S (KM),a CKOPOCTh
TedeHUs! a KM/4.YTOoOBI CBSA3aTh 3TH HEU3BECTHBIC C JIAHHBIMHU 3aJ]au, HYXHO 3HAaTh COOCTBEHHYIO
CKOpOCTh JIoAKU. OHa TOKe HEU3BECTHA, MOJIOKHUM, OHA paBHa V kM/4. OTcioma BO3HUKAET IUIaH
pelIeHNs, 3aKJIIOYAIOLIUIICS B TOM, YTOOBI COCTaBUTh CUCTEMY YPaBHEHUN OTHOCHUTEIBHO BBEJEHHBIX
HEU3BECTHBIX.

OcymecTtienue pemienus 3agadn. [Iycts paccTosiHue paBHO S (KM), CKOPOCTh TEUCHHS PEKH
KM/4, COOCTBEHHAsI CKOPOCTb JIOJKH V KM/4, a MICKOMOE BpeMsl ABM>KEHUS TJI0Ta PAaBHO X 4.

Torma CKOpPOCTh JIOAKH MO TEUEHHWIO pekd paBHa (V+a) km/4. 3a 64 noaka, uas C ITOH
CKOpOCTHIO, Mporuia paccrosaue B S (km). CaemoBarensto, 6 (V' + a) =S (1). IIpotus TeyeHus sta
JIOJIKA MJET CO CKOpOoCcThio (V —a) KM/4 U JaHHBIHM IMyTh OHA MPOXOAUT 3a 8 u, mostomy 8(V—-a)=S (2).

I110T, TUIBIBSI CO CKOPOCTBIO TEUEHHS PEKH @ KM/d, IPOTUTBLT paccTosHKE S (KM) 3a X 4, CJIe0BaTeNbHO,
ax =S (3).

HOJ'Iy‘IeHHBIe YpaBHCHUA o6pa3y}0T CUCTEMY ypaBHCHI/Iﬁ OTHOCHUTCJIbHO HCU3BCCTHLIX 4, X, S, V. Tak
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KakKk Tpe6yeTC5[ HAWUTH JIUIIH X, TO OCTAJIbHBIC HCU3BCCTHLIC ITOCTApACMCA UCKIIIOYHNTD.

Jig atoro u3 ypasHenuii (1) u (2) vaiinem: V+a=, V —a=. Bounuras u3 nepBoro ypaBHeHUs BTOPOE,
nosyynM: 2a = — . Orcrozna a = . [loncTaBum HaiieHHOe BbIpakeHHE B ypaBHeHHe (3): X =.
Otkyna x=48 .

[IpoBepka pemieHus. Mpl HalLIM, YTO IUIOT MPOIUIBIBET PACCTOSTHUE MEXKIY TMPUCTaHSMHU 3a 48 d.
CrnenoBaTeiabHO, €r0 CKOPOCTh, PaBHas CKOPOCTU TEUEHHsS pPEKH, paBHA . CKOPOCTh K€ JOJIKH IO
TEUEHHUIO PEKU paBHA KM/4, a IPOTUB T€UEHUS KM/4. J[Ji1 TOTO, YTOOBI YOSAUTHCS B MPABUILHOCTH
pelIeHns, JOCTaTOYHO MPOBEPUTH, OyAYT JIM PaBHBI COOCTBEHHBIE CKOPOCTH JIOAKH, HAWIEHHBIC IBYMS
cnocobamu: + u  — . [IpousBenst BeIYMCIIEHUS, TIOJYYUM BEPHOE PaBEHCTBO: = . 3HAYMUT, 3aj7aya
pelieHa NpaBUIbHO.

OtBeT: IWIOT MMPOIIIBIBET paCCTOAHNUEC MCIKIY ITPUCTAHAMU 3a 48 gacos.

Ananu3z penieHus. Mbl CBeIM pelIeHHne 3TOM 3a/lauM K PELICHHUI0 CUCTEMBI TPeX YpaBHEHMH C
YeThIPbMsI HeM3BeCTHBIMU. OIHAKO HalWTH HaJ0 OBLIO OHO Hen3BecTHOE. [103TOMy BO3HHKAET MBICIIb,
YTO JAHHOE PELIEHUE HE CaMOe y/IayHOe, XOTs U ITpocToe. MOKHO MPEAJIOKUTD APYTOE PELICHHE.

3Has, 4TO JIOJIKa MPOILUIbUIa paccTosiHue AB 1o TeueHuro pexu 3a 64, a IpoTUB — 3a 84, HAAEM,
410 B 14 J10/1Ka, IS TIO TEYEHHUIO PEKH MPOXOAUT YacTh 3TOI'0 PAaCCTOSHUA, a MPOTUB TeUeHus. Torna
Pa3HOCTh MEXJY HUMH — M = €CTb YIBOCHHas 4acTb paccTosiHuA AB, nporuibiBaemas miaotoM 3a 4.
3naunt. Ilnot 3a lu mporuisiBeTr wacTh paccrosiHus AB, cienoBaTenbHO, Bce paccTosHue AB on
MPOIUIBIBET 3a 48 4.

[Ipy TakoM pelIeHMH HaM He MOHAJ00MIOCh COCTaBIATh CUCTEMY ypaBHeHHH. OmHAKO 3TO
pelleHe CI0XKHEE IPUBEICHHOTO BbIIIE (HE BCAKMN JJOralaeTcs HAUTH Pa3HOCTh CKOPOCTEH JIOAKH 110
TEUYEHHUIO M MPOTHUB T€YeHUs1 peku). Ho ecau BBl Tak U HE CMOIJIM Pa300paThes C pelICHUuEM JTaHHON
3aJa4d, UM K€ y Bac MPOCTO HET Ha 3TO BPEMs, a Ha HOCY eIlI€ Kydya KOHTPOJIbHBIX, TO BBl MOXETE
3aKa3aTh PeuIeHne KOHTPOJIBHBIX pa0dOT Ha CHeIMaIbHBIX OUpIKaX.
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PEKOMEHIAYEMAS JIMTEPATYPA

OcHoBHas InTepaTypa
bawmarose M.M. Matematuka: anreOpa 1 Hadyajla MaTeMaTUYECKOTO aHAIM3a, TEOMETPHSI:
YUeOHHK TS CTYACHTOB MPO(ECCHOHAIBHBIX 00pa30BaTEIbHBIX OPTaHU3AIN, OCBAUBAIOIINX
npodeccun u cnenuanbroctu CI10. — M., 2017

bawmaros M. M Matematuka: anreOpa 1 Hayajla MAaTEMaTUYECKOTO aHaIN3a, FEOMETPUSL:
COopHuk 3a1a4 npouiIbHOM HarpaBieHHOCTH: y4e0. [locobue mis cTyneHToB npodeccHoHaTbHbBIX
00pa3oBaTeNIbHBIX OpraHu3aluid, ocBauBarmux npodeccuu u cneruansHoctu CI10. — M., 2017

bawmaros M.M. Marematuka: anreOpa v Hadyajla MAaTeMaTHYECKOTO aHAIM3a,
reoMeTpusi:3aJauHuK: y4ue0. mocodue I CTYJEHTOB MPO(EeCCHOHATEHBIX 00pa30BaTEIbHBIX
opranu3zanuii, ocsanBaroux npodeccun u cnenuansaoctu CI1O.- M., 41

bawmaxos M.M. Matematuka:anreOpa u Hadajia aHaJdnu3a, TeOMETPHUS: DJIEKTPOHHBIN yueo.-
MmeToz. Kommueke st cTy1eHTOB podeccoHaIbHBIX 00pa30BaTENIbHBIX OpraHU3aluil. 0CBAUBAOIINX
npodeccuu u cneunaiabHoctu CI10.-M.,2017

bawmakoe M.M. Matemartuka (6a30Bbiii ypoBeHs). 10 knacc. — M., 2014. bawmakos
M.H1. MatemaTtuka (0a30Bblil ypoBensb). 11 kinace. — M., 2018. bawmarose M.H.
Anrebpa u Havana aHanusa, reometpus. 10 kmace. — M., 2017.

bawmaxose M.H. Matematuka (6a30BbIif ypoBeHs). 10 kmacc. COopHUK 3a7a4: yued. mocoone. —
M., 2018.

bawmaxos M.M. Matematuka (0a30BbIif ypoBeHs). 11 kmacc. COopHUK 3a1a4: yueb. mocooue. —
M., 2019.

I'yces B.A., I pueopves C.I., Usoneuna C.B. MaTemaTuka: anrebpa 1 HayaJia aHaau3a
MaTeMaTHYECKOTO aHAIN3a, TEOMETPHUS: YUeOHHUK ISl CTYI€HTOB MPO(PECCUOHATBHBIX
00pa3oBaTeNIbHBIX OpraHU3alluid, OCBauBarIIKX mpodeccuu u cnenuaabaocT CI10.-2017.

Konseun FO.M., Tkauesa M.B, @edeposa H.E. u op. Matematuka: anredpa u Hayayia mMaTe-

MaTH4eCKOro aHanusza. AnreOpa U Hauajla MaTeMaTUYecKOro aHaan3a (0a30Bblil U yriyOIeHHbII
ypoBHH). 10 knacc / mox pea. A.b.Kuxdaenko. — M., 2018.

Konsieun IO.M., Tkauesa M.B., @edeposa H.E. u op. MatemaTuka: anreOpa v Hayaia Marte-

MaTHYECKOT0 aHamu3a. Anredpa 1 Havyaja MaTeMaTHYeCKOro aHanu3a (6a30BbIi U yriyOIeHHBIN
ypoBHH). 11 knacc / mox pea. A.b. X Kmwxuenko. — M., 2018.

Mopokosuu A.I'., Cmupnosa M.M. Matematuka: anredpa 1 Hauajaa MaTeMaTHYECKOTO aHAIIN3a;
reomeTpusl. (0a30BbIN ypoBeHb). M., MHemo3uHa, 2019 T.

JlonoTHUTeIbHbIE HCTOYHUKH

bawmaxos M.J. Matematuka: KH. JJIsl IperiojiaBaresisi: MeTo. nocooue. — M., 2019
bawmarkos M.U., [[vicanos I1I.1. MeTonudeckoe rmocooue s moaroroBku k EI'D. — M., 2018.
Bocomonos H.B. Coopuuk 3anay no matematuke (st CCY3oB) m., Hpoda,2017 .

HNHuTepHeT-pecypcesl
www.fcior.edu.ru (MuapopMannoHHbIe, TPEHUPOBOYHBIE U KOHTPOJIbHBIE MATEPUAIIBI)
www.school-collection.edu.ru (Equnas koyiekiun U poBbiX 00pa3oBaTeIbHBIX PECYPCOB)
http://www.mathnet.spb.ru
http://www.exponenta.ru/educat/class/class.asp
http://www.bymath.net/studyguide/tri/tri_topics.html
http://www.mathem.h1.ru/index.html
http://www.mathnet.spb.ru/
http://www.exponenta.ru/educat/class/class.asp
http://www.bymath.net/studyguide/tri/tri_topics.html
http://www.mathem.h1.ru/index.html
http://festival.1september.ru
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