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1. [TacmopT KOMILJIEKTAa KOHTPOJbHO-U3MEPHUTEIbHBIX MATEPHAJIOB
B pesynbTaTe ocBoeHUS y4eOHOM AUCIUTITMHBI «Mamemamuka» 00ydaromuics

noipkeH obnagaTte npeaycmorpeHHbiMu  PI'OC mo cnerumansHoctu CIIO 15.02.14
OcHalnleHue cpeacTBaMH ABTOMATH3AUMH TEXHOJOTHYECKHUX TMPOIECCOB H
NpOoM3BOACTB (M0 OTPACJSIM)CIICAYIOIIUMHA YMEHUSMH, 3HAHUSAMH, KOTOPBIC
bopMHPYIOT TPOPECCHOHATBHYIO KOMITCTCHIIUIO, M OOIIIMMH KOMIICTCHITUSIMH

Ymenus (Y):

VY 1 - BBIIONHATH ONEpaluy HaJ MaTpUUaMU M peniaTb CHUCTEMbI JIMHEWHBIX
YPaBHEHU;

V2 - peuiatb 3aaadu, HCIIOJIB3YA YPABHCHHUA IIPAMBIX WM KPHBBIX BTOPOI'O
IopsaaKa Ha IIJIOCKOCTH,

VY 3 - npuMeHATh MeTo1bl AUPPEPEeHINATBHOTO U UHTEIPATIbHOIO UCUUCIICHUS
GyHKUMIA ¢ OTHOU IIEPEMEHHOW;

VY 4- npumeHsaTh MeTOBI T (PEepeHIINATIBHOTO U UHTETPAIBHOTO UCUUCIICHUS
(yHKUMIA HECKOJBKHX IEPEMEHHBIX;

V¥ 5 - pemath nuddepeHnranbable ypaBHEHHUS;
VY 6 - 0JIb30BaTHCS MOHATUSIMU TEOPUU PSIIOB.

V¥ 7- n0J1b30BaThCS HOHATUAMH TEOPUU KOMIUJIEKCHBIX YUCET;
3nanusa (3):

3 1- OCHOBBI MAaTEMaTHUYECKOTO aHAJIN3a, TIMHEWHOMN anreOphl U
AHAJINTUYECKOU TEOMETPUH;

3 2- ocHOBBI TU(PPEepEeHITNATBHOTO U UHTETPATTLHOTO UCYUCIICHUS PYHKITUHN C
OJIHOM NIEPEMEHHON;

3 3- ocHOBBI 1U(PPEepEeHIINATBHOTO U UHTETPATILHOTO UCYUCIICHUS] PYHKIUHN C
JIBYMSI IEPEMEHHBIMU;

3 4-0CHOBBI TEOPUH PAZIOB.

3 5- OCHOBBI TEOPUHU KOMIUIEKCHBIX YUCEN;

OK 1 BoiOupats ciocoObl perieHus 3aaad npodeccuoHaIbHON 1eaTebHOCTH
MPUMEHUTENBHO K Pa3IMYHBIM KOHTEKCTaM

OK2 OcymecTBisTh TMOWUCK, aHAIW3 © HWHTEpHpeTanuio uH(opmaIuu,

HEO0OXOIMMOM JIJIs1 BBITIOTHEHUS 3a7a4 Mpo(ecCuOHATBHOM NeATEIbHOCTH



OK 9 Hcnonp3oBaTh MHPOPMAIMOHHBIE TEXHOJOTHH B MpOodecCHOHAIbHOU
JEeSATEIbHOCTH

OK 10ITonb30BaTHCS npodeccuoHaIbHON JTOKYMEHTAaIEH Ha
roCyJapCTBEHHOM M MHOCTPAHHOM SA3bIKaX

OCHAIIEHUE CPEACTBAMM aBTOMaTHU3aluu TexHojaorunueckux npoieccon(I1K)

I[IK 1.3 IlpoBoguTh BHUPTyaJbHOE TECTHPOBAHHWE pPa3padOTaHHON MOJEIU
AJIEMEHTOB CHCTEM aBTOMATU3AIMU /I OIEHKU (DYHKIIMOHAIBHOCTH KOMIIOHEHTOB

[IK 1.4 ®opmupoBaTh MakeT TEXHUUYECKOU JOKYMEHTAIIUU Ha pa3pabOTaHHYIO
MO/IEJIb 3JIEMEHTOB CHCTEM aBTOMaTH3alUU

[IK 2.3 TIpoBOaUTHh UCHBITAHUS MOJEIU 3JIIEMEHTOB CUCTEM aBTOMATH3allMH B
peanbHBIX YCIOBUSX C IIEJIbIO MOJTBEPKICHUS PadOTOCIOCOOHOCTH U BO3MOXKHOMU
ONTUMU3ALUU

I[IK 4.3 OpranuzoBbiBaTh pabOThl IO YCTPAHEHHUIO HEIMOJ]AJ0K, OTKAa30B
000pyZOBaHUS U PEMOHTY CUCTEM B PAMKAaX CBOEH KOMIETEHIIUN

dopmon aTTeCTalluH 1o yueOHoU JUCLUIIIIMHE ABJISIETCS
i pepeHInpOBAaHHBIN 3aYeT.



2. Pe3yabTaThl 0OCBOEHUSI YUeOHOM THCHMILIMHBI, NOAJIeKAINE POBEPKe

2.1.

B pesymprare arrecraniuu 1O y4eOHOW UCHUIUIMHE OCYIIECTBISICTCS

KOMIUUIEKCHAsl TPOBEpPKA CIHEAYIOIINX YMEHUA W 3HAHUM, a TaKXke JIUHAMHUKA

dbopMupoBaHUs OOIIX KOMIETEHITHIA:

Pe3yabrarhl 00yuyeHus:
YMEHUs1, 3HAaHUSA U 001Iue
KOMIIETeHIIUH

IMoxa3aTenun oleHKH
pe3yJbTaTa

®opma
KOHTPOJISA U
OLICHUBAHUA

YMmeTh:

Y I - BeITIONHATH oniepanuu
HaJl MaTPpUIIAMU U pelIaTh
CUCTEMBI JIMHEHUHBIX
YpaBHEHUM.

OK 2. OpraHnn3oBbIBaTh
COOCTBEHHYIO JICSITEIILHOCTD,
BBIOMPATH TUIIOBBIE METOIBI U
CIOCOOBI BBIOJTHEHUS
npodeCCUOHANIBHBIX 3a/1ad,
OIICHWBATh UX
3(PEKTUBHOCTH U KAaYE€CTBO.

- BelmostHeHNne nericTBUN Ha
MaTpUIlAMU: CII0KEHUE,
BBIUUTAHWE, YMHOKEHUE,
YMHOKEHUE MaTPHIIbI Ha
YUCIIO

-Beluncienue onpenenuTenei
- Pentenue cucteM JIMHEHHBIX
YPaBHEHU METOJOM
0OpaTHOM MaTPHUIIBI

- Pemienue cuctem JTUHEHHBIX
ypaBHEHUH 10 popmysiaMm
Kpamepa

- Pemenue cuctem TUHEHHBIX
ypaBHeHU metogoM ["aycca.

YcrHbIN O1poc,
CaMOCTOSITEIIbHbIE
paboTHI;
IPAKTHYECKHE
paboThI, SK3aMeH

Y 2 - pemats 3a1a4u,
UCTIOJNB3YS YPaBHCHUSI
NPSIMBIX W KPUBBIX BTOPOTO
TOPSI/IKA Ha TUIOCKOCTH.

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICITEIbHOCTD,
BBIOMPATH TUTIOBBIC METOIBI U
CIIOCOOBI BBITTOJTHEHHUS
poheCCHOHANIBHBIX 3a/1ad,
OIICHMBATh UX

3 PEeKTUBHOCTHU KAYECTBO.

- BrimostHeHNE elicTBUN HaJl
BEKTOPaMHU: CJIOKCHUE U
BbIYMTAHUE BEKTOPOB,
YMHOXEHHUE BEKTOpPa Ha YUCIIO
- Haxoxpaenue ckamsapHoro,
BEKTOPHOI'O U CMEIIAHHOTO
MIPOU3BEICHUS BEKTOPOB

- CocraBlieHHE YpaBHEHUI
MPSIMBIX U KPUBBIX 2 MOPSJIKA,
UX TTIOCTPOEHUE

YcrHbli ompoc,
CaMOCTOSITEIIbHBIC
paboTHI;
NPaKTUYECKHE
paboThI




¥ 3 - npuUMEHATHh METOIbI
nuddepeHIanTbHOro U
UHTErpajJbHOTO UCUUCIICHUN
TSt PYHKITUH C OJTHOM
IIEPEMEHHOU

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICATEIIHHOCTD,
BBIOMPATH TUIIOBBIE METOJIBI
CIIOCOOBI BBITOJTHEHUS
po()eCCUOHANIBHBIX 3a7ad,
OIICHUBATh UX
3(PEeKTUBHOCTH U KAa4E€CTBO.

-Beruncnenue npegena
(GYHKIIMH B TOYKE U B
OECKOHEUYHOCTH

- UccnenoBanue GyHKIIMH HA
HEIPEPHIBHOCTDH B TOYKE
-OnpezeneHue BUI0B TOYEK

pa3pbiBa- Haxoxnenue
MPOU3BOIHON (HYHKITUU-
Haxoxieaue npousBogHoOM
CIIO’)KHOU (PYHKIIUHM-
[IpumeHenue mpaBuia
Jlonurans Jyist BBIYUCICHUS
IIPENEIIOB

-Pa3noxenne aneMeHTapHbIX
¢bynkuuii B pan Teitnopa u
MPUMEHEHUE JJI1 HAXO0XKICHUS
IIpEeEeIIOB-
Jlorapudmuueckoe
nuddepeHurpoBaHue -
HccnenoBanue GpyHKLINU C
MTOMOILBIO MPOXU3BOTHOU U
nocTpoeHue rpapu

- Haxoxxnenue
HEOMpeAeICHHBIX UHTETPAJIOB
(HemocpeACTBEHHOE
UHTETPUPOBAHUE ,
WHTETPUPOBAHUE
MOJCTAaHOBKOM ,
WHTETPUPOBAHUE T10 YACTSIM )
-UnTerpupoBanue GyHKIUH,
COZEpIKAIMX KBaAPaTHBIN
TpEXWIeH -
NuTerpupoBanue
paIMOHAIBHBIX (PYHKITUH

- UnrerpupoBanue

palMOHAJIbHBIX APOOEH-
WNuterpuposanue
TPUTOHOMETPUUECKHUX
bynkuunii-MHTErpripOBanue
UPPALMOHATIbHBIX (PYHKIIHIA-

YcTHBIN Oompoc,
CaMOCTOSTCIIHLHBIC
paboTHI;
MPAKTUYECKUE
paboThI, SK3aMeH




Brrancnenme onpeaeneHHbIX
uHTEeTpasioB-HecoOCTBEHHBIS
UHTETpaJIbl-Beranciienne
miomazei Guryp ¢ mOMOIILIO
OIPE/ICIIEHHOTO NHTETpaa-
Jnmuna nyru-dusndeckoe
TPUJIOKEHHE OIIPEICIICHHOTO
UHTErpajia

Y 4- npUMEHATH METO/IbI
nuddepeHIanTbHOro U
UHTErPaJIbHOTO UCUUCIICHUN
TSt PYHKITUN HECKOIBKUX
ePEeMEHHBIX

OK 2. OpraHnn3oBbIBaTh
COOCTBEHHYIO JICSITEIILHOCTD,
BBIOMPATH TUTIOBBIE METOIbI U
CIIOCOOBI BBIOJTHEHUS
npodeCCUOHANIBHBIX 3a/1a4,
OIICHWBATH UX
3(PEKTUBHOCTH U KAa4E€CTBO.

-IIpou3BOIUTH BHIUUCICHUE
npenenoB GyHKIUNA ¢ ABYMS
nepeMEHHBIMU
-Haxox1eHne 4acTbix

MpOU3BOJIHBIX -HaxoxaeHue
YaCThIX MPOU3BOAHBIX
BBICIIIUX TTOPSIIKOB-
[IprMeHeHnE TOTHOTO
nuddepennmana k
MPUOJINKEHHBIM
BblUMCIeHUAM-HaxoxaeHne
nudpepeHnnanoB BhICIINX
nopsakoB-Haxoxnenue
ITPOU3BOJTHOM CII0KHOU
¢bynkunn-Haxoxnenue
sKCcTpeMyMa QyHKLIHUH JBYX
nepeMeHHbIX-Bhiuncnenne
JIBOMHOTO UHTErpaja B
JIEKapTOBBIX KOOPANHATAX-
Brruncnenue 1BOMHOIO
WHTErpajia B MOJISIPHBIX
KoopauHatax-IIpumenenue
JIIBOMHOTO UHTETpaJia IJIst
BBIYMCJICHUA 00beMa Tela,
IO TUIOCKOU (DUTYPHI,
MacChbl HEOHOPOIHOU
TIJIACTUHBI

YcrHbIN o1poc,
CaMOCTOSITCIIbHBIC
paboTHI;
IPAKTHYECKHE
paboThI




Y § - pemars
nuddepeHianbHbIe
ypaBHEHUS

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JI€ITEIIbHOCTD,
BBIOMPATH TUIIOBBIE METOIbI U
CIOCOOBI BBITTOJTHEHUS
npodeccruoHanbHbIX 3a/1a4,
OIICHUBATH UX

3¢ (PEeKTUBHOCTHY KavueCTBO.

-Pewienue
nuddepeHanTbHbIX
ypaBHEHUH NIEPBOTO MOPSAKA
-Pemenne

nuddepeHanTbHbIX
YPaBHEHUH NIEPBOTO MOPAAKA
C pa3aEIAIOIMMUCS
NepeMeHHbIMU-PeleHue
OJTHOPOJHBIX
nuddepeHanbHbIX
YpaBHEHUI NIEPBOTO MOPSAAKA-
Pemenue nuHENHbIX
YPaBHEHUH NEPBOTO MOPAAKA-
Pemenue quddepeHumanbHbIx
YPaBHEHHUI BBICHIETO
nopsiaka-Pemenne ypaBHeHn
, JOITYCKAIOIINX TOHUKEHUE
nopsiaka-Pemenue JIOAY
BTOPOTO MOPSAKA C
MOCTOSIHHBIMU

ko3 purmentamu- Perenue
JIHJTY BTOpOTO nopsaka ¢
MOCTOSIHHBIMU

ko3 dunmeHTaMu 1 mpaBou
YaCThIO CIEHNAIIBHOTO BUAA

YcTHBIN Oompoc,
CaMOCTOSTCIIHLHBIC
paboTHI;
MPAKTUYECKUE
paboThI, SK3aMeH

Y 6 -- 10JIb30BaATHCS
MTOHATUSMHU TEOPUH PSIOB.

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSITEIIHLHOCTD,
BBIOHPATh TUITIOBBIC METOJIBI U
CIIOCOOBI BBITTOJTHEHHUS
poheCCHOHANIBHBIX 3a/1a4,
OIICHMBATh UX

3 PEKTUBHOCTHU KAYECTBO.

-BBINIONMHATE HCClieI0BaHUE
PSAI0B HA CXOAMMOCTb-
Haxoauts pagunyc
CXOJIMMOCTH , 001aCTh
CXOJIUMOCTH -BBINOIHITH
pasnokeHue PyHKIi B
CTEIICHHBIC PSIJIbI

Y cTHBIN onpoc,
CaMOCTOSITCIIbHBIC
paboTHI;
IPAKTUYCCKUE
paboThI




Y 7 - nonp30BaThCA
MOHSATUSMHU TEOPUU
KOMIIICKCHBIX YHCEJI,

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JI€ITEIIbHOCTD,
BBIOMPATH TUIIOBBIE METOIbI U
CIOCOOBI BBITTOJTHEHUS
npodeccruoHanbHbIX 3a/1a4,
OIICHUBATH UX

3¢ (PEeKTUBHOCTHY KavueCTBO.

- [Ipou3BoAUTH NEHUCTBUS C
KOMIUIEKCHBIMH YHCJIAMH B
anreOpanyecKom,
TPUTOHOMETPUYECKOM,
MoKa3aTeJIbHON (hopmax-
OcyniecTBIATh
rE€OMETPUUECKYIO
WHTEPIPETALAIO
KOMILIEKCHOT'O YHCIa -
[lepeBoIUTH KOMITJIEKCHBIE
4KCIa U3 OJJHON POpMBI B
npyryto-Pemars ypaBHEHUA
Ha MHOKE€CTBE KOMILJIEKCHBIX
qucen

YcTHBIN Oompoc,
CaMOCTOSTCIIHLHBIC
paboTHI;
MPAKTUYECKUE
paboThI, SK3aMeH

3HaTh:

31- OCHOBBI MATEMATUYECKOTO
aHaIu3a, JMHEWHON anreopbl
Y aHAJIMTUYECKON T€OMETpUH;

OK 1. [Tornmats cynHoCTh
Y COIMAJIbHYIO 3HAYUMOCTh
cBoeit Oyaymei mpodeccun,
IPOSIBJISITH K HEW YCTOWYMBBIN
UHTEpEC.

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSITEIILHOCTD,
BBIOMPATH TUTIOBBIE METOIBI U
CIOCOOBI BBITTOJTHEHUS
npodeCCUOHANIBHBIX 3a/1ad,
OIICHUBATh UX
3 PEKTUBHOCTH U KAa4E€CTBO.

Bocnpon3BoauTe anropuTMbl
PELIEHUS] CUCTEM JIMHEUHBIX
YPaBHEHUN METOJOM
oOpaTHOW MaTpuIbl, 110
dbopmynam Kpamepa, Metogom
I'aycca

- BocipousBoaute
CkansipHoe, BEKTOPHOE U
CMELIaHHOE MTPOU3BEICHUS
BEKTOPOB
- OnpenensaTh ypaBHEHUS

KPUBBIX BTOPOI'O MOPSIAKA

YcrHbIl o1poc,
CaMOCTOSITENIbHBIC
padoThI;
IPAKTHYECKUE
paboThI, SK3aMeH




32- 0CHOBBI
nuddepeHIanTbHOro U
UHTErpajJbHOTO UCUUCIICHUS
GYHKIIUN ¢ OJTHON
IIEPEMEHHOM.

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICATEIIHHOCTD,
BBIOMPATH TUTIOBHIE METO/IBI U
CIIOCOOBI BBITOJTHEHUS
po()eCCUOHANIBHBIX 3a7ad,
OIICHUBATh UX
3(PEeKTUBHOCTH U KAa4E€CTBO.

- Bocripon3BoauTe METO/bI
BBIUHCIIEHUS TIPEIEIIOB,
3aMeyaTelIbHbIE MPEIEIIbl-
KnaccuduumpoBatb TOUKH
pa3pbiBa QyHKIIUU-
Bocnpownssoauts nmpasuiia
muddepeHIMPOBaHUS U
IIPOU3BOJHBIE OCHOBHBIX
3JIEMEHTapHbIX (PYHKIUH,
CIIOKHBIX (hYKITHIi-
BocnpousBoauts anropurm
MOCTPOEHUS rpaUKOB
(GYHKLIHIA ¢ TOMOILBIO
npousBoaHOM- Ha3biBaTh
TaOJINYHBIE UHTETPAJIBI
-Pemars MHTETpansl METOIOM
3aMEHBI [IEPEMEHHOM,
MHTETPUPOBAHUEM [10YACTIM-
Hcnonp30BaTh MPUIIOKEHUE
OIPEETICHHOI0 UHTErpasia K
BBIYHCJICHUIO TUIOMIAEN
MI0CKUX (puryp, 00beMoB Tel
BpallleHus1, MyTH,
MIPOMAEHHOTO TOUYKOMN

YcTHBIN Oompoc,
CaMOCTOSTCIILHBIC
paboTHI;
MPAKTUYECKUE
paboThI, SK3aMeH

10



33 — 0CHOBBI
nuddepeHIanTbHOro U
UHTErPabHOTO
UCUYHCTEHUADYHKITUN
HECKOJIbKHUX MEPEMEHHBIX

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICATEIIHHOCTD,
BBIOMPATH TUIIOBBIE METOJIBI
CIIOCOOBI BBITOJTHEHUS
po()eCCUOHANIBHBIX 3a7ad,
OIICHUBATh UX
3(PEeKTUBHOCTH U KAa4E€CTBO.

- Haxoauts o6nacthb
omnpeeneHus GyHKIUN ABYX
MIEPEMEHHBIX
-BocnpounsBoauTts npasuia
HAXOXKJEHUS YaCTHBIX
MPOU3BOIHBIX (PYHKIIHI C
JBYMS IEPEMEHHBIMU-
Bocnpon3BoauTe anroputm
HaxO0XJICHUS SKCTpEMyMa
GyHKIUYU ¢ ABYMS
MIEpEMEHHBIMU-
BocnpouszBoauts cBOMCTBA
JIBOMHBIX UHTETPAJIOB U
IIpaBUjia UXBBIYUCIICHUS

34-0cHOBBI TEOPUM PSA0OB

OK 2. Oprann3oBbIBaTh
COOCTBEHHYIO JICSITEIILHOCTD,
BBIOMPATH TUTIOBBIE METOIBI U
CIIOCOOBI BBITTOJTHEHUS
npodeCCUOHANIBHBIX 3a/1ad,
OIICHUBATH UX

() PEKTUBHOCTH U KAYE€CTBO.

-Paznuuate paael no gpopmyse
o011ero uieHa-
Bocnpowns3BoauTe pu3HaKu
CXOJUMOCTH PSI0B

Y CTHBINM onpoc,

CaMOCTOATCIIbHBIC

padoThI;
IPAKTHYECKHE
paboThI, SK3aMeH

11



35 - ocHOBBI TEOpUU - [IpencraBnsats YcTHBIN Oompoc,
KOMIUICKCHBIX YHCEIT KOMILUIEKCHOTO YHMCJia B CaMOCTOATCJIBHBIC
paboTHI;
IIPAKTUYECKUE
paboThI, DK3aMeH

anreOpanyecKom,
OK 2. Oprann3oBbIBaTh

CO6CTB€HHYIO ACATCIIBHOCTD,

BBI6I/IpaTI> TUITIOBBIC METOAbI 1
CIIOCOOBI BBITIOIHEHUS BBITTIOJIHATH HeﬁCTBHH B HUX.

TPUTOHOMETPUYECKOM,
MoKa3aTesbHON hopmax,

npodecCHuOHaIbHBIX 3aj1a4,
OIIEHUBATh UX
yhheKTUBHOCTE U KAYECTRO

3. Ouenka ocBOeHHS Y4eOHOM AUCHUIINHBI
3.1. ®opMbI U MEeTOAbI OLICHUBAHUS
[IpenMeToM OLEHKHM CIyKaT yMeHUs WU 3HaHwus, npexycMmorperasie @I'OC no

TUCUUIUIMHE  «Mamemamuk», HalpaBieHHble Ha (QOpMUpOBaHHE OOIIMX H
1po(heCcCUOHATIBHBIX KOMIIETEHLIUH.

OueHka OCBOCHUS JUCHUIUIMHBI «Mamemamuxa» BKJIIOYAET TEKYIIUH
KOHTPOJIb YCIIEBAEMOCTH,  IMPOMEKYTOUYHYIO aTTECTallMil0 B BHJEC HSK3aMeEHa.
[IpoBenenHue TeKyIero KOHTPOJIS yCIEBAEMOCTH OCYIIECTBISETCS B (JOPME YCTHBIX
OIIPOCOB, MMCbMEHHBIX 3aJaHUI (CaMOCTOSITENIbHbIE pa0OThI, TECTHI), MPAKTUYECKUX
pabot. Jns atux nenedt GopMUpyroTCsi POHMIBI OIEHOYHBIX CPEICTB, BKIIOYAIOIIHE
TUTIOBBIE 3a/IaHUs, TECTbl U METOJbl KOHTPOJS, MO3BOJISIOIINE OIIEHWUTh 3HAHUS,
YMEHUS U YPOBEHb MPUOOPETEHHBIX KOMITETCHIIHH.
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3aganus 1Jid OLEHKN OCBOCHUSA TUCIHHUILINHEI

JIeMEeHTHI JIMHEHHOH aJredpbl
IIpakTn4yeckas padora Ne 1

Tema «Pemenue cuctem NTMHEHHBIX YpaBHeHUH 110 hopmynam Kpamepa.Pemenue
cucTeMypaBHeHU MetosioM ["aycca» Heab: HayuuTbCAd BBIYUCIATH
ONPENEIIUTEIIUTENIN 2- TO U TPETHETO MOPAJIKA, PEIIATh CUCTEMBI JIMHEHHBIX YPABHEHUN C
MTOMOIIIBIO OTIpeAenuTeneit , MetooM ['aycca, popMUpoBaHUE BEIYUCIUTEIHHBIX
HaBBIKOB.3aJaHUs

—K 2+K ot 52
1 2 A
1.BprancnuTh onpenenuTeny BTOPOro nopsaka: 1) A= . 2)A=| 3 :
Ky K, 5 3.x, 6
1
A= 9% k,-64°
(05)° a2
2.Bp4HCINTE ONPENEITUTENN TPETHETO NOPSAIKA:
-1 3k, 2 3k, 4 -5 1 -2 x-x,
DA=[2 8 «,|, 2A=|8 Tk,-2 -2, 3)A=[3 x, -5
1 1 2 2 -1 8 2 K, 5
3..Pemuts cucremy ypaBHeHUN MeTo1oM Kpamepa, caenatb IpoBEPKY:
2X+y+3z=1, 2X—-y+27=3, X-y+z=12, |2x-y+3z=-4, |[3x-2y+4z=12,

1.2x+3y+2=1  25X+y+2z2=-4, 3:X+2y+42=6,4.X+3y+32=11, 543x+4y—-2z=6,

3X+2y+z=6. AXx+y+4z=-3. 5x+y+2z=3. |X=-2y+2z=-7. |2X-y-71=-9.
8x+3y—-6z=-4, [4x+y-3z=9, 2X+3y+4z=33, |[2x+3y+4z=12,
6sX+y—2=2, TiX+y—7=-2, 8. 7x—5y =24, 947X—-5y+2z=-33,

4x+y—-3z=-5. 8x+3y—-6z=12. |4x+11z =230. AX+272=—-1.

X+4y—27=06, 3X—2y+4z =21, 3x—2y-5z=5, 4x+y+4z =19,

1045y +4z =-20, 11.3x+4y—-22=9, 12:2x+3y—-4z=12,13.2x-y+2z =11,
3Xx—2y+5z =-22. 2x—-y—-2z=10. X—2y+3z=-1. X+Yy+2z=8.

2X—-y+2z=0, 2X—Yy+22=8, 2X—-Yy—-3z=-9, 2Xx—-y-32=0,
144X+ y+4z2=6, 15 X+y+2z=11, 16:<x+5y+z2=20, 1743x+4y+2z=1,
X+y+2z=4. 4x+y+4z=22. 3x+4y+2z=15. X+5y+z=-3.
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—3X+5y+6z=-8, 3X+Yy+z=-4, X—-y+z=-1], 3X-y+2=9,
18.43x+y+z =4, 194-3x+5y+62=36, 20.45X+Yy+2z=8, 21:5x+Yy+2z=11

X—4y -2z =-9. X—4y -2z =109. X+2y+4z=16. X+2y+4z=19.
2X+3y+2=4, 2x+3y+12=12, X—2y+3z=14,
22.92X+Yy+32=0, 2332x+y+32=16, 2442x+3y—-4z=-16,
3X+2y+z=1 3X+2y+1z=8. 3Xx—2y-5z=-8.
3x+4y-2z =11, X+5y -6z =-15, 4x -y = -6,
2542Xx—-y—-17=4, 263X+ y+4z =13, 2753X+2y+5z2 =-14,
3x—-2y+4z=11. 2X—-3y+z=0. X—3y+4z=-109.
5x+2y -4z =-16, X+4y—z=-9, IX+4y—-2=13
284X +3z =6, 29:4Xx—-y+52=-2, 3043x+2y+3z=3,
2x-3y+12=09. 3y—-7z=-6. 2x -3y +z=-10.
Bapuanm | «x, x, | Bapuamm | «x, K, Bapuanm K, K,
1 3 -2 11 4 -1 21 -2 4
2 4 1 12 5 1 22 1 3
3 3 -4 13 2 0 23 -3 2
4 2 1 14 -2 1 24 -4 -1
5 3 -3 15 2 -2 25 -1 5
6 1 5 16 0 7 26 4 -2
7 -2 3 17 -1 4 27 -1 3
8 6 -2 18 -3 3 28 2 -3
9 -6 1 19 -4 1 29 -2 5
10 -5 1 20 0 8 30 -5 -1

KoHTpoJibHBIE BONIPOCHI:

1. Yrto Ha3wpIBaeTCs ONpeaeauTeIeM MaTPHUILIbI?
2. Kak BpIUMCIUTH ONpeeanuTeb BTOPOTO MopsiaKa?
3. Kakue criocoObl BEIYUCEHUS ONPEASTUTENS TPETHEro MOPsIKa BaM U3BECTHBI?
4. Tlepeuuncnute CBONCTBA ONpeaeauTeNeH.
5. Chopmymupyiite Teopemy Kpamepa.
6.Anroput™M npuMeHeHHs meToaa ['aycca.
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IIpakTHyeckas padora Ne 2
Tema: Pemenue matpuunbix ypaBHeHU, CJIAY MaTpUYHBIM METOIOM.

Henb: HAYYUTHCS BBIYUCIIATH MUHOPBI, aIre0pandecKue JOMOJTHEHHS, ONPEACIIUTENN
YETBEPTOTO MOPSIAKOB , HAXOAUTH OOpaTHBIEC MATPHUIIBI ,peIIaTh MPOCTEUIITNE MATPUYHBIE
ypaBHeHus, CJIAY MaTpU4HBIM METOJIOM .

3ananme 1
2 11 x 1 -2 1 «k,
Jlausl onpepenurenu: 1) A = 1 23 A= -2 3 Kk 2
pen : e, 2 1 S P

1) HaiiTu MUHOpBI M anreOpandecKkue TONOIHEHHUS JIIEMEHTOB i3, dy,

2) BBIYHMCINTD ONpeaeanTeNd, pa3aoKuB UX 10 dJIEMEHTaM a) I-0i CTpOoKH, 0) J-ro

cronbua
Bapuanr | «, K, i j | Bapmanr | «, K, [ ]
1 3 -2 1 2 16 4 -1 2 1
2 4 1 2 1 17 5 1 1 2
3 3 -4 1 3 18 2 0 3 1
4 2 1 3 4 19 -2 1 4 3
5 3 -3 4 1 20 2 -2 1 4
6 1 5 2 2 21 0 7 2 2
7 -2 3 1 4 22 -1 4 4 1
8 6 -2 4 3 23 -3 3 3 4
9 -6 1 2 1 24 -4 1 1 2
10 -5 1 1 1 25 0 8 1 1
11 -2 4 3 2 26 4 -2 2 3
12 1 3 4 3 27 -1 3 3 4
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13 -3 2 2 4 28 2 -3 4
14 -4 -1 1 2 29 -2 ) 2
15 -1 5 3 1 30 -5 -1 1
kK, -2 -1
3ananue 2. Jlana matpunia 4A=|2 1 2 |. Halitu
3 -k,
a)A™ unpoeepums, umo A-A7 = A" A=E
6) A+ A"
Bapuanm Ky K, Bapuanm K, K,
1 3 -2 16 4 -1
2 4 1 17 5 1
3 3 -4 18 2 0
4 2 1 19 -2 1
5 3 -3 20 2 -2
6 1 5 21 0 7
7 -2 3 22 -1 4
6 -2 23 -3 3
9 -6 1 24 -4 1
10 -5 1 25 0 8
11 -2 4 26 4 -2
12 1 3 27 -1 3
13 -3 2 28 2 -3
14 -4 -1 29 -2 5
15 -1 S) 30 -5 -1

16



3aganue 3

1. Pemuts
METOJIOM);

2X+y+3z2=17,
1.142x+3y+z=1,
3X+2y+2=6

2X—Yy+3z=-4,
1.4.x+3y+3z=11
X—2y+27=-1.

4x+y—-32=09,
175X+y—-2=-2,
8x+3y -6z =12.

X+4y—17 =6,
1.10+5y + 4z = -20,
3X—-2y+5z2 =-22.

4x+y+4z =19,
1.1342x-y+2z =11,
X+y+2z=8.

2x—-y—-3z=-9,
1.16<x+5y+2z =20,
3X+4y+2z =15.

3X+y+z=-4,
1.194-3x+5y +6z = 36,
X—4y—-2z=19.

2X+3y+z2=4
1.22:2x+y+3z=0,
X+2y+z=1

1.2.

1.5.

1.8.

1.11.

1.14.

1.17.

1.20.

1.23.

2X—y+27 =3,
X+Yy+22=-4,
4X+y+4z=-3.

3X—-2y+4z =12,
3X+4y—-2z =6,
2X—-y—2=-9.

2X+3y+4z =33,
7X—5y =24,
4x +11z = 39.

3x—-2y+4z=21,
3x+4y—-2z=9,
2x-y-z=10.

2X—-y+22=0
4X+y+4z =6,
X+Yy+2z=4.
2x-y-32=0,
3X+4y+2z=1
X+5y+z=-3.

X—-y+z=-11
5X+y+2z=8,
X+2y+4z=16.

2X+3y+2=12,
2X+Yy+3z =16,
3X+2y+z=8

1.3.

1.6.

1.9.

CHUCTEMbl YPaBHEHHH C IOMOIIBI0 OOpaTHONM MaTpHIlbl (MaTPUYHBIM

X—-y+z=12,
X+2y+4z7=56
5Xx+y+2z=3.

8x+3y -6z =-4,
X+y—2=2,
4x+y—-3z=-5.

2x+3y+4z =12,
7X—-5y+z=-33
4X+z2=—1.

1.12.

1.15.

1.18.

1.21.

1.24.

3x—2y -5z =5,
2x+3y—4z =12,
X—2y+3z=-1.

2X—Yy+22 =8,
X+y+2z=11,
AX+Yy+4z =22

—-3X+5y+6z=-8,
3X+Yy+z=-4,
X—4y-2z =-9.

3X—-y+z=09,
5x+y+2z=11,
X+2y+4z=19.

X—2y+3z =14,
2X+3y —4z =-16,
3x—2y-5z=-8.
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3x+4y-2z=11, X+5y—-6z=-15, 4x -y = -6,
1.2542x-y -7 =4, 1.2643x+y+4z =13, 1.27<3x+2y+5z =-14,
3x—-2y+4z =11 2x—-3y+z2=9. X—3y+4z=-19.
S5X+2y -4z =-16, X+4y—-z=-9, TX+4y—-1z=13
1.284x+ 3z =-6, 1.2944x—-y+52 =-2, 1.3043x+ 2y +3z =3,
2x—3y+z=09. 3y—-7z=-6. 2x —3y +z = —10.

KOHTpOJIBHLIe BOIIPOCHI

UTto Ha3bIBAETCSI MUHOPOM?

Yro HazpIBaeTCA aNredpanyeckuM JONOJHEHUEM 3JIEMEHTA MAaTPULIbI?
Kak pa3noxuTe onpeaenuTens Mo 3JeMEHTaM CTOJIONA WU CTPOKHU?
Kakast MaTpuiia Ha3pIBa€TCsl HEBBIPOXKICHHON?

TpaHCcIIOHUPOBAaHHAS MaTPULLA.

Kakas Matpuna Ha3piBaeTCsi 0OpaTHOM 10 OTHOUIEHUIO K TAHHOM?
KakoB nops10K BEIYKMCIIEHUS 0OpaTHON MaTpHIIbI?

AJITOPUTM pELICHUS TPOCTENIIETO MATPUYHOTO YPABHEHHS

O~NOOTh W

Tect mo Teme «JIuHeitHasi aaredopa»

24 10, (20 5) (-2 5
%) [—12 —30) )(—10 —15)0)(—10 —3]

4 1
1. Ecnu matpuna 4 =( ) 3], TO MaTpuua 54 UMeeT BUA:

1 0 4 2 1 -1
2. Ecmn matpunsiA=| 3 1 2| u B=|3 0 1 |, romMarpuna 24+ B ¥MeeT BUL:
-4 1 2 5 2 -3
4 1 7 -4 1 -7 -1 8 4
a)|9 25/ b9 1 5| ¢)|-31-2
-3 41 -3 1 2 4 1 0
4 1 7
3. s matpunibl A4=| 9 2 5| yKa3zarh CyMMY 3JIEMEHTOB, PACIOJIOKEHHBIX HA
-3 4 2
TJIaBHOM JUAroHau
a) 6 b)10¢c) 8
4 1 7
4. Ins matpunibl A=| 9 2 5| ykazaTb CyMMY 3JIEMEHTOB, PAaCOJIO)KEHHBIX Ha
-3 4 2

BCIIOMOTaTeJIbHOMI JuaroHali



) 6 b) 10 c) 8
5. Ilpu ymMHOXkeHUU MaTpullbl 4 Ha MaTtpully B J0mkHO co0I0AaThCS YCIOBHE:

a) YHUCJO CTPOK MaTpullbl 4 PaBHO YKCIYy CTPOK MaTpuilsl B

b) gucio ctpok MaTpuIbl 4 PaBHO YKCIY CTOJIOIOB MAaTpUllbl B

C) YHCJIO CTOJIOIOB MaTPHII A paBHO YUCITY CTPOK MaTpuilbl B
6. KBagpatHas MaTpuua Ha3bIBa€TCA OUACOHATLHOU, €CTU:

a) 2JIEMEHTHI, JIKAIlME Ha [IABHOW JUArOHAJIU PABHBI HYIIIO

b) a1eMeHTsI, He JeKalIre Ha TJIABHOW JHUArOHAIA PABHBI HYITIO

a) 2JIEMEHTHI, JIeKalllhe Ha MOOOYHOM IMaroHaJld paBHbl HYJIIO

1 4 5
7. Ilpn xakoM 3HaUeHUH & ompenenutens 0 4 2 |paBeH HYNIO?
0 0 2a-

a)2 b)0,5¢) — 2
8. Eciu moMeHsTh MecTaMu JIB€ CTPOKH (JIBa CTOJIOA) KBAIpaTHON MaTPHIIbI, TO
OIpeeIUTENb:
a) HE U3MEHUTCS
b) craHeT paBHBIM HYIIIO
C) IOMEHSIET 3HaK
-1 2 0
9. Uemy paBeH MUHOp As,, onpenenutens |3 7 -17
5 4 2
ay4 b)) O c) 11
-1 2 0
10. Yemy paBeH MUHOpP s, ompenenurens (3 7 -17?
5 4 2
a) 4 b) -2 c¢) 011. Yemy paBHO anreOpanveckoe A0MOJTHEHUE
-1 2 0
4, onpenenurens |3 7 -17?
5 4 2
a) -4 Db)o c) -1112. Yemy paBHO anredpandeckoe JOMOJHEHUE 4,
-12 0
onpenenurens |3 7 -17
S 4 2
a) 4 b) -2 c¢) 013. YUemy paBeH IIaBHBIN OIIPEICTUTEIH
3Xx—y=5
CHUCTEMBI YPABHEHUN {—2X+Yy+2=0
2X—Yy+4z=15
a) -5 b) 6 c)5

2 0 1 2
14. Ecnu matpuusl A4 :(3 4J u D :( 5 0], TO omnpeenuTeNb Mmatpullbl 4-D paBeH:
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a) -32b) 32 c) -1615. Haiitu MUHOp 115 2JIEMEHTA  ,, OIPENEIUTENS

-3 -2 1 0
2 -2 1 4
A=
4 0 -1 2
3 1 -1 4
a)?2 b)20 c) —2016. HaiiTu anrebpanueckoe NOMOJIHEHHE ISl JIEMEHTA 4 ,

-3 -2 1 O

2 -2 1 4
OIIPEICITUTEIISI, MUHOD JIJIS DJICMECHTA a 32 A = 40 L )
4

3 1 -1
a)2 b)20 c)-20a)-8 06)8 B)-5

-4 0 1
17. Haiitu anrebpandeckoe JOMOJHEHHUE IJIs dJIEMEHTa d ,3 onpeAenuTenss A=2 -1 3
3 2 2
a) -8 b)8 c¢)-5
CamocrosiTeibHas padoTa
Bapuanr 1
2 30 -1 0 3
1. Haittu matpuiry C=A+3B, eciu A=|-2 1 8|, B=| 2 4 1
2 1 30
-1 3 9
OtBer: C=| 4 13 11
5 13 3

2. Pemuthb cucteMy JIMHEHMHBIX YPABHEHHU METOJIOM OOpAaTHON MaTPHIIHI.
3. Pemmuts cuctemy JIMHEMHBIX ypaBHEeHH 110 hopmynam Kpamepa.
4. Pemmth cucTeMy JIMHEHHBIX ypaBHEHHM MeTo0M ["aycca.

X +2X, — X3 =1,
2%, — X, + X3 =95,
33X, +2X, + X, =7.

OtgeT: (2;0;1)

Bapuanr 2

2 30 -1

1. Haiitu matpuiyy C=2A-B, ecru A=|-2 1 8|, B=| 2
2 4 1

w ~ O
[ V)



5 6 -3
OtmBer: C=|-6 -2 15
3 5 6

2. Pemmth cucteMy TUHEHHBIX YPaBHEHHM METOIOM OOpaTHOM MaTPHIIBI.

3. Pemmth cuctemy TMHEWHBIX ypaBHEeHHH 110 hopmynaam Kpamepa.
4. Pemmmth cucTeMy JIMHENHBIX ypaBHEHHUI MeTo0oM ["aycca.

X, — X, +2X; =2,

X, +2X, = X3 =7,

2X, + X, —=3%X; =5.

Otsert: (1;3;0)

Bapuanr 3
2 30 -1 0 3
1. Haittu matpury C=3A+B, eciu A=|-2 1 8|, B=| 2 4 1
2 1 30
5 9 3
Oter: C=|-4 7 25
7 15 9

2. PemmTh cucteMy TUHEHHBIX YPaBHEHHM METOJIOM OOpaTHOM MaTPHIIBI.

3. Pemmth cucteMy MTMHEHHBIX ypaBHEeHHH 110 hopmyaam Kpamepa.
4. Pemmmth cucTeMy JIMHEHHBIX ypaBHEHHI MeTooM ["aycca.

X, +3X, —2X, =4,

X, +4X, = X3 =1,

2X, + X, + X5 =3.

Otset: (0;2;1)

Bapuanr 4
2 30 -1 0 3
1. Haiitu matpurry C=A-4B,ecru A=|-2 1 8|, B=| 2 4 1
2 4 1 30
6 3 -12
OteBer: C=|-10 -15 4
-2 -8 3

2. PemmTh cucteMy JTUHEHHBIX YpaBHEHHM METOI0M OOpaTHOM MaTPHIIbL.

3. Pemmts cucreMy nuMHEHHBIX ypaBHeHMI 10 Gpopmynam Kpamepa.
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4. PemuTh CUCTEMY JIMHEHHBIX ypaBHEHUHN MeTo0M [aycca.
X, +2X, = X3 =3,
X, +3X, + X; =6,
2X, — X, + X3 =4,

OtBet: (2;1;1)

Bapuanrt 5
2 30 -1 0 3
1. Haittu matpunty C=4A-B, eciu A=|-2 1 8|, B=|2 4 1
2 4 1 30
9 12 -3
Oter: C=|-10 0 31
7 13 12

2. PemmTh cucteMy TUHEHHBIX YPaBHEHHM METOIOM OOpaTHOM MaTPHIIBI.
3. Pemmth cucteMy TMHEHHBIX ypaBHEeHHH 110 hopmynaam Kpamepa.
4. Pemmmth cucTeMy JIMHENHBIX ypaBHEHH MeToaoM ["aycca.
X + X, =3%X; =2,
X, +2X, + X3 =3,
3X%, + 7X, + X3 =10.

Otset: (1;1;0)

Bapuanr 6
2 30 -1 0 3
1. Haiitu matpurry C=A+2B,ecim A=|-2 1 8|, B=| 2 4 1]|.
2 4 3 1 30
0 3 6
OtBer: C=(2 9 10
4 10 3

2. PemmmTh cucteMy TUHEHHBIX YPaBHEHHM METOI0M OOpaTHOM MaTPHIIbL.
3. Pemmts cucreMy nuHEHHBIX ypaBHeHMI 10 Gopmynam Kpamepa.
4. Pemmth cucTeMy JIMHENHBIX ypaBHEHHUI MeToaoM ["aycca.
X +X, + X5 =3,
2% — X, + X3 =1,
2% +3X, =X, =1.

DJIeMEeHThI AHAJINUTUYECKOI TeOMeTPUM
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YcrHbli onpoc

1. Yrto Ha3bIBaeTCsI BEKTOPOM?
2. Kakue BEeKTOpHI Ha3bIBAIOTCS KOJUTHHEAPHBIMHU?

3. Uro Ha3bIBaeTCS KOOPJAMHATAMU BEKTOpa?

4. Kax HaillTH KOOpIUHATHI BEKTOPA, 33JaHHOTO JIBYMS TOUKaAMU?
5. Kak HaifTu JJIMHY BEKTOpa, 3aJaHHOTO CBOMMHU KOOpAMHATAMHU?
6
7
8
Q.
1

. 3anumuTe GOpMyIIbl AEJIEHUS OTPE3Ka B JAHHOM OTHOIIEHUH.
. JlaTb omnpeneneHne NpoeKIuy BEKTOpa Ha OCh U MIEPEUYHCIUTh €€ CBOMCTBA.
. JlaTh onpesenenne CKalIsIpHOTrO MPOU3BEIEHHSI BEKTOPOB.
JlaTb onpeiesieHne BEKTOPHOIO IIPOU3BEIEHUSI BEKTOPOB.
0./laTb onpeneneHne CMEIIAaHHOTO POU3BEIEHHUS BEKTOPOB.

HCJIL: HpOBepHTI) 3HaHHWA 1 YMCHUS 110 HAXOXKICHUIO: KOOPAHWHAT BCKTOPA, onepam/lﬁ
HaJl BCKTOpaMH, MOAYJII BEKTOPA U CKAJLIPHOI'O IIPOU3BCACHNA, BEKTOPHOI'O

IIpakTnueckas padora Ne 3 o reme

«J1IeMEHTbI BEKTOPHOHM aJIredpbi»

IMPOU3BCACHHA, CMCIIAHHOTO IIPOU3BCIACHUA.

3aganus

1. ITo koopaunatam Touek A, B u C s yka3aHHBIX BEKTOPOB HAWTH:

a) KoopauHaTel BEKTOPOB a = AB, b=BC, c=AC, d =BA, p=CA
b) Monynb BekTOpa i =3d+4&—d
c) CkansipHOE NMPOU3BEJICHHE BEKTOPOB a 1 D;
d) Ipoekmwuro BekTOpa ¢ Ha BekTop d;
e) Koopauuatel Touku M, Jensiei OTpe30K P B OTHOIICHUU ¢

Koopannarel

a p
BapuanThi Koopaunarel | KoopauHarsl roukn C

TOYKH A TOukH B a ¥

1. (-2,1.3) (3.-6.2) (-5.-3.-1) 1 3
2. (1.3.6) (-3.4. -5) (1.-7.2) 1 2
3. (7.2.1) (5.1.-2) (-3.4.5) 2 1
4, (3.5.4) (-2, 7, -5) (6.-2.1) 3 2
5. (5.3.2) (2.-5.1) (-7.4,-3) 2 3
6. (11,1, 2) (-3,3,4) (-4,-2,7) 1 2
1. (9.5.3) (-3.2.1) (4,-7.4) 3 1
8. (7.2.1) (3.-5.6) (-4.3.-4) 3 2
9. (1,2.3) (-5.3.-1) (-6.4.5) 2 1
10. (-2,5.1) (3.2.-7) (4,-3.2) 4 1
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11. (3.1, 2) (-4, 3. -1) (2.3.4) 2 1
12. (3.-1.2) (-2.4,1) (4,-5,.-1) 1 3
13. (4,5, 1) (1,3.1) (-3,.-6.7) 3 4
14, (1,-3.1) (-2, -4, 3) (0,-2,3) 2 3
15. (5.7, -2) (-3.1,3) (1,-4,6) 4 3
16. (-1.4,3) (3.2, -4) (-2,-7,1) 1 3
17. (5.4,1) (-3.5,2) (2,-1,3) 3 1
18. (2,-1,4) (-3.0.-2) (4,5, -3) 2 1
19. (-1,1,2) (2,-3,-5) (-6.3.-1) 1 2
20. (1.3.4) (-2,5,0) (3.-2, -4) 2 3
21. (1.-1,1) (-5,-3,1) (2,-1,0) 3 2
22. (3.1.2) (-7, -2, -4) (-4,0,3) 2 1
23. (-3.0.1) (2,.7,-3) (-4, 3.5) 1 3
24, (5.1, 2) (-2, 1, -3) (4,-3.5) 2 3
25. (0,2, -3) (4, -3, -2) (-5, -4,0) 1 2
206. (3.-1,2) (-2,3,1) (4, -5, -3) 3 4
217. (5.3.1) (-1, 2, -3) (3.-4,2) 1 2
28. (3.1, -3) (-2,4,1) (1,-2,5) 3 4
29. (6.1, -3) (-3.2.1) (-1.-3.4) 4 3
30. (4.2, 3) (-3.1,-8) (2,-4,5) 3 2
3ananue 2
1. Jlanbl BexTOpHI @, b 1 ¢. HeoOxoammo:
a) BBIYUCIIUTH CMEIIAHHOE MTPOU3BEJICHUE TPEX BEKTOPOB;
0) HaliTU MOAYJIb BEKTOPHOTO MPOU3BEACHHUS;
B) BBIYHCIIUTH CKAISIPHOE TIPOU3BEICHHE IBYX BEKTOPOB;
T') IPOBEPUTH, OYAYT JIM KOJTMHEAPHBI UJIM OPTOTOHAIIBHEI JIBa BEKTOPA;
1) MPOBEPUTH, OYAYT JIM KOMIUIAHAPHBI TPU BEKTOPA.
Bapua | BekTopsbl Cwmemranno | Moayns | Ckansapu | Komun | Komrumanapao
HT e oe e CTb BEKTOPOB
BEKTOPH
IPOU3BEICH MPOU3BE | apHBI
POU3BE
ue hi§ WM
o TepIICH.T
K
BEKTOPO
B
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a=2i-3j+k,
b= j+4k,
c=51+2j-3k

a,3b,c

3a,2c

a,2b,3c

a=3i+4j+Kk,
b=i-2j+7k,
c=-3i—6]j+21K

5a,2b,c

4b,2c

a,c

2a,—3b,c

a=2i—4j-2k,
b =7i+3]j,
c=3i+5j-7k

a,2b,3c

3a,-7¢

—2a,c

a,c

3a,2b,3c

a=-7i+2k,
b=2i-6]j+4k,
c=i—-j+2k

a,—2b,—7c

4h,3¢c

2a,—7c

2a,4b,3¢c

a=-4i+2j-k,
b=3i+5j -2k,
c=J+5k

a, 6b,3c

a,2b

a,b

a,6b,3c

a=3i-2j+Kk,
b=2j-3k,
c=-3i+2j-k

a,—3b, 2c

5a,3c

—2a,4b

a,C

5a,4b,3c

a=i-j+3k,
b =2i+3]j -5k,
c=7i+2]+4k

7a,—4b,2c

3a, 5¢

2b,4c

7a,2b,5c

a=4i+2]j- 3k
b=2i+Kk,
c=-12i-6j+9K

2a, 3b, c

4a,3b

a,C

2a,3b,—4c

a=—i+b5k,
b=-3i+2j+2k,
c=-2i-4j+k

3a,—4b,2c

7a,—3c

2b,3a

8,C

7a,2b,—3c

10

a=6i—-4j+6k,
b=9i-6j+9k,
c=i-8k

2a,—4b,3c

3b,-9c

3a,-5c¢

a,b

3a,—4b,—9c

11

a=51—3j+4k,
b=2i—4j-2k,
c=3i+5j-7k

a,—4b,2c

—2b,4c

—-3a,6¢c

a,—2b,6¢c
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12 a=-4i+3j-7k, | —2a,b-2c | 4b7c | 5a-3b b,c —2a,4b,7¢C
b=4i+6]-2k,
c=6i+9j—-3k

13 a=-51+2j-2k, | 2a,4b,—5¢c —3b,11c | 8a,—6¢ a,C 8a,—3b11c
b =7i - 5k,
c=2i+3j-2k

14 a=-4i-6j+2k, | 5a,7b,2c —4blla | 3a,-7c a,b 3a,7b,—2c
b=2i+3j—k,
c=-i+5j-3k

15 a=-4i+2j-3k, | 5a,—b,3c —7a,4c | 3a,9 a,C 3a,—9b,4c
b=-3j+5k,
c=6i+6j—4k

16 a=-3i+8]j, 4a,—6b,5¢ —7a,9c | 3b,-8c b,c 4a,—6b,9c
b =2i+3j -2k
c=8i+12j-8k

17 a=2i—-4j-2k, | 7a,5b,—c —5a,4b | 3b,-8c a, c 7a,5b,—c
b = -9i + 2k,
c=3i+5j-7k

18 a=9i-3j+k, 2a,— 7b,3c —6a,4c | 5b,7a b,c 2a,—7b,4c
b=3i-15j + 21k,
c=i-5j+k

19 a=-2i+4j-3k, | a,—6b,2c —-8b,5¢ —9a,7c a,b a,—6b,5c
b=5i+ j-2k,
c=Ti+4j-k

20 a=-9i+4j-5k, —6b,7¢ 9a,4c b,c —2a,7b,4c
b=i-2]+4k,
c=-5i+10j 20k —2a&7b5c

21 a=2i—7j+5k, | —3a,6b,—c 5b,3c 7a,—4b b,c 7a,—4b,3c
b=-i+3j—-6k,
c=3i+2j-4k

22 a=7i—-4j-5k, | 3a,—7b,2c 2b,6¢ —4a,-5¢ | &,C —4a,2b,6¢
b=i-11j+ 3k,
c=5i+5j+3k
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a=4i-6j-2k,
b=-2i+3]j+k,
c=3i—-5j+7k

6a,3b,8c

—7b,6a

—5a, 4c

a,b

—5a,3b,4c

24

a=3i—j+2k,
b=-i+5j—-4k,
c=6i—-2j+4k

4a,—7h,—-2c

6a,—4c

—2a,5b

6a,— 7b,— 2c

25

a=-3i—j—5k,
b=2i—4j+8k,
c=3i+7j-k

2a,—b,3c

—9a,4c

5b,-6¢

2a,5b,—6¢

26

a=-3i+2j+7k,
b =i-5k,
c=6i+4j—-k

—2a,b,7c

5a,—2c

3b,c

—2a,3b,7c

27

a=3i—j+5kK,
b=2i-4j+6k,
C=i-2j+3k

—3a,4b,-5c

6b,3¢c

a,4c

—3a,4b,-5c

28

a=4i—5)— 4k,
b=5i-j,
c=2i+4j-3k

a,7b,—2c

—5a,4b

8c,—3a

a,C

—3a,4b,8c

29

a =—-9i + 4k,
b=2i-4j+6k,
c=3i-6j+9k

3a,—5b,—4c

6b,2¢

—2a,8c

3a,6b,—4c

30

a=5-6j—Kk,
b=4i+8j-7k,
c=3j—-4k

5a,3b,—4c

4b, a

7a,— 2c

a,b

5a,4b,—2c

KoHTpoJibHBIE BONIPOCHI

CoOoNOOITRWODE

UYto Ha3bIBA€TCSI BEKTOPOM?
Kakue BeKTOpbI Ha3bIBAIOTCS KOJJIMHEAPHBIMU?
Uto Ha3bIBaeTCs KOOpJAMHATAMU BEKTOpa?
Kak HaliTh KOOpAMHATHI BEKTOPA, 3aJJaHHOTO JBYMS TOUKaMu?
Kak nHaliTu 1yinHy BEKTOpa, 33IaHHOTO0 CBOMMH KOOpAUHATAMU?
3anummre GopmMyIibl IeIeHNs OTPe3Ka B TAHHOM OTHOIIECHUH.
Kak HaiiTu ckanspHoe Ipou3BeIeHUE BEKTOPOB?
Kaxk HailT BEKTOpHOE TPOU3BEACHUE BEKTOPOB?
Kak HailTu cMelaHHoe TPOU3BEICHUE BEKTOPOB?
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IIpakTn4yeckas padora Ne 4 «IIpsimast TUHUD)

Llejb: HAYYUTHCS COCTABIATH YPABHEHUE MPAMBIX, HAXOAUTH YTOJI MEXIY
IIPSAMBIMHU,BBIIIOJIHATh [IOCTPOEHUS.

3aganune

1. Janel BepmuHbl Tpeyroabuuka ABC: 4(x,,y,) B(x,,y,). C(x,,y,) HanTH:

a) ypaBHEeHUE CTOpOHbI AB;

0) ypaBHeHue BoicoThl CH;

B) ypaBHEHHE MeIuaHbl AM;

r) ypaBHeHue ouccekTpucsl BC;

1) Touky N nepeceuenuss Meauanbl AM u BeicoThl CH;

€) ypaBHEHHUE NPSIMOH, poxoasie uepe3 BepiinHy C napaenbHo ctopoHe AB;

x)yros mexay npsmbimu AB u AC.

Bapuanrel | A(x,, ) B(x,,v,) | Clxs,v3)
1 A(24) BB 1 |C(0,7)
2 A(-3,-2) |B(14,4) |C(6,38)
3 A(L7) | B(3,- |C(1 3)

1)
4 A(1,0) | B(-1,4) | C(9,5)
5 AL-2) BT 1) |CG7)
6 A(2-3) |B(1,6) |C(6 1)
7 A(-42) | B(-6, |C(6.2)
6)
8 A4 -3) |B(7.3) |C(I10)
9 A(4.- |B(®.2) |C@3.38)
4),
10 A(-3,3) |[BG.-7) |CT7)

28



11 A(1,-6) | BB, [C(303)
4)
12 A(-4,2) |B(,-6) [C(2,6)
13 A(-52) | B(,- [C(5,7)
4)
14 A4, -4) |B(6,2) |C(1,8)
15 A(-3,8) |B(-6,2) |C(0,5)
16 A(6,-9) |B(10,- [C(-4, 1)
1)
17 A4, 1) [B(3-1)|C(7,-3)
18 A (-4, 2) |B(6,-4) | C(4,10)
19 A3,-1) |B(11,3) [C(-6,2)
20 A(-7,-2) |B(-7, 4) | C (5,-5)
21 A(-1,-4) [B(9, 6) |C(-5,4)
22 A(10,-2) [B(4,-5) |C(-3,1)
23 A(-3,-1) |B(-4,-5) [ C (8, 1)
24 A(-2,-6) |B(-3,5) |C(4,0)
25 A(-7,-2) |B(3,-8) |C (-4,6)
26 A0,2) |B(7,- [C@3,2)
4)
27 A(7,0) [B(1,4) |C(-8,-4)
28 A(1,-3) [B(0,7) [C(2 4
29 A(-5,1) [B(8,-2) [C(,4)
30 A(2,5) |B(-3,1) | C(0,4)

KoHTposbHBIE BONIPOCHI

1. 3anummre ypaBHEHUs OCEl KOOPAUHAT.
2. OO61ee ypaBHEHUE NPSIMOH.

3. YcnoBue napaiienbHOCTH U IEPICHAUKYISIPHOCTH MPSIMBIX.

29



3anuiuTe ypaBHEHUS MPSIMBIX, TapAJJIEIbHBIX OCIM KOOPAUHAT.
Cdopmynupyiite ycioBue napayiebHOCTH IPSIMbIX.
Chopmynupyiite ycinoBue neprneHIuKyIIPHOCTU MPSMBIX.

Kak HaiiTi yroa Mexay npsmMbiMu?

Kak HaliTu paccrosiHue Mexay npsMbIMu?

o ~NOOA

JlonmoJiHUTEILHBIE 3aIaHUSA
2. Pemiuth ciaeaymwouye 3a1a4mn

2.1. Haiitn ypaBHEHUME NIPSAMOU, TPOXOJAILEH YEPE3 TOUKY NIEPECECUEHUS PSIMBIX
3X-2y-7=0 ux+3y-6=0 u oTcekaroniei Ha 0cu aOCIHICC OTPE30K, PABHBIH 3.

Omeem X =3

2.2. Hatitu ipoekiuro Touku A(-8, 12) Ha mpsiMyto, MPOXoIsIIyIo yepe3 Touku B(2, -
u

C(-5,1) Omeem : A (—12,5)

2.3. Nausl ae BepuiuHbl TpeyroibHuka ABC: A(-4, 4), B(4, -12) u Touxa M(4, 2)
nepeceyenus ero BoicoT. Hantu Bepmmny C. Omeem :C (8,4)

2.4.HaiiTn ypaBHEHUE MPSAMO, OTCEKAIOIIEH Ha OCH OPJANHAT OTPE30K, PABHBIN 2, U
MPOXOISIICH TTapalIeIbHO MPSAMOH 2y - X = 3. Omeem :x—2y +4=0

2.5. HailiTu ypaBHEeHHE NPSMOM, IPOXo el yepe3 Touky A(2, -3) 1 TOuky
nepeceyeHus NpsIMbIX 2X -y =5uX+y = 1. Omeem :x =2

2.6. Jloxazatp, uto ueTbipexyroipbHuk ABCD - Tpanenus, eciiu A(3, 6), B(5, 2), C(-
1, -3), D(5,5).

2.7. 3ancath ypaBHEHUE IPSIMOM, Mpoxoasiei yepe3 Touky A(3, 1)
nepreHaukynsapHo k npsmoit BC, ecnmu B(2, 5), C(1, 0). Omeem :x+5y—-8=0

2.8. Haittu ypaBHeHuUe TIpsiMOii, MpoxXosiieit uepe3 Touky A(-2, 1) mapanienbHo
npsimoii MN, ecian M(-3, -2), N(1, 6). Omeem :2x—y+5=0
2.9. Haiitu TOuKy, cuMMeTpruHyto Touke M(2, -1) oTHOcUTENbHO NpSIMOi X - 2y + 3
4 23

=0. O M| —=i—
meem 1( : 5]

2.10. Haiitu Touky O niepeceuenus auaronainei yereipexyroyibHuka ABCD, eciou A(-

1,-3), B3, 5), C(5,2), D(3, -5). Omeem :MO(s: %j
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2.11. Yepes Touky nepecedueHus npsiMoeix 6x - 4y + 5 =0, 2x+ Sy + 8 = 0 npoBectu
PSIMYI0, TApAJUIETBHYIO OCH a0CLUCC. Omeem :y = —1

2.12. 3BectHbI ypaBHeHUs cTOpoHbI AB Tpeyronbanka ABC 4x + y = 12, ero BbICOT
BH 5x - 4y = 12 u AMX + y = 6. HaiiTu ypaBHeHHUs IBYX JPYTUX CTOPOH TPEYroIbHUKA
ABC. Omeem:7x—7y—-16=0; 4x+5y—28=0

2.13. lans! 1Be BepimHbl Tpeyroibanka ABC: A(-6, 2), B(2, -2) u Touka
nepecedenus ero Beicot H(1,2). Haittu koopauHaTsl Touku M nepeceuenust croponsl AC
u BbicoTbl BH. Omesem :M (E6_2j

17 17

2.14. Haiitu ypaBHeHUs BBICOT TpeyroibHuka ABC, mpoxoasimux yepe3 BepIHbl A

u B, eciiu A(-4, 2), B(3, -5), C(5, 0). Omeem :7x+5y+2=0; 9x+ 2y —28 =0

2.15. BelyucauTh KOOPAUHATHI TOUKHU NIEPECECUEHNUS IEPIIEHANKYIISPOB,
IIPOBEJEHHBIX YE€PE3 CEPEANHBI CTOPOH TPEYTOJIbHUKA, BEPIIMHAMU KOTOPOTO CIIy’KaT

touku A(2, 3), B(0, -3), C(6,3). Omeem :M (3—%}

2.16. CocTaBuTh ypaBHEHHE BBICOTHI, IPOBEAECHHOM YEPE3 BEPIINHY A TPEyTrOJbHHUKA
ABC, 3nas ypaBHeHus ero ctopoH: AB -2x-y-3=0,AC-x+5y-7=0,BC-3x-2y+
13 =0. Omeem :2x+3y—7=0;

2.17. an tpeyronpuuk ¢ BepmmHamu A(3, 1), B(-3, -1) u C(5, -12). Haittu
ypaBHEHUE U BBIUMUCIUTH JJIMHY €T0 MEJUaHbl, TPOBEACHHON 13 BepirHbI C.
54

V17

2.18. CocTaBuTh ypaBHEHHE NPSIMOil, MPOXOASIICH Yepe3 Hayalo KOOPAUHAT U TOUKY

Omeem :2X+y+2=0;, d= ~131
nepeceyeHus NpsmeixX 2X + 5y - 8 =0 u 2x + 3y +4 =0. Omeem :6x +11y = 0;

2.19. Halitu ypaBHEHUS IEPIIEHIUKYJIAPOB K npsiMoit 3X + 5y - 15 = 0, npoBeAeHHBIX
yepe3 TOUKU MEPECCUCHUS JaHHOW NPSIMOU C OCSIMUA KOOPJIUHAT.
Omeem :5x —3y —25=0; 5x+3y+9=0;

2.20. Jlansl ypaBHEHUSI CTOPOH YEThIpeXyroyibHUKa: X -y =0,x +3y=0,x-y-4 =
0, 3x +y-12 = 0. HaliTu ypaBHEHHUsI €r0 JUArOHANCH. Omeem : y =0; x =3

2.21. CocraButh ypaBHeHus meauansl CM u BeicoTel CK Tpeyronsanka ABC, eciin
A(4, 6), B(-4, 0), C(-1, -4). Omeem:7x—y+3=0-CM; 4x+3y+16=0—-CK
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2.22. Yepes Touky P(5, 2) npoBecTH npsiMyto: a) OTCEKAIOIIYIO0 PaBHBIE OTPE3KU Ha
ocsiX KoopauHart; 0) napaienbuyto ocu Ox; B) mapasienbhyto ocu Oy.
Omeem :X+y—-7=0;, y=2; x=5

2.23. 3anucath ypaBHEHUE NPSIMOM, Tpoxoasien yepe3 Touky A(-2, 3) u
cocTanJstoliei ¢ ocbto Ox yroi: a) 45°, 6) 90°, B) 0°.
Omeem :X—Y+5=0-CM; x+2=0;y—-3=0

2.24. Kakyto opaunary umeet Touka C, Jiexanias Ha OJJHOM npsaMoi ¢ Toukamu A(-
6, -6) u B(3, -1) u umeromas abcuuccy, paBHYIO 3?7 Omeem:y =9

2.25. Yepes Touky nepecedyeHus npsiMoeix 2x - Sy - 1 =0 u x + 4y - 7= 0 npoBectu
IPSIMYIO, ACISILIYI0 OTPE30K Mex Iy Toukamu A(4, -3) u B(-1, 2) B oTHomeHun = 2/ 3.
Omeem :2X—Yy —5=0;

2.26. I3BecTHBI ypaBHEHHUS JIBYX CTOPOH pomba 2x -5y -1 =0u2x-5y-34=0 u
YpPaBHEHME OJTHOM U3 €r0 quaroHaineu X + 3y - 6 = 0. Haiitu ypaBHEHUE BTOpOI
Auaro”Halau. Omeem :3X — Yy — 23 =0;

2.277. Hanitu Touky E nepeceuenns Meauas TpeyroibHUKa, BEPIIMHAMA KOTOPOTO
sisitorest Toukn A(3,1), B(7, 5) u C(5, -3). Omesem :E(3;1)

2.28. 3anucath ypaBHEHUS NPSIMBIX, IPOXOAAIIUX yepe3 Touky A(-1, 1) mox yriaom
45° k npstmot 2X + 3y = 6. Omeem :x—5y+6=0; 5x+y+4=0

2.29. Jlansl ypaBHeHUs BbICOT TpeyroibHuka ABC 2x -3y +1=0,x+2y+1=0mu
KOOpAWHATHI ero BepunHbl A(2, 3). Halitu ypaBHenust cropon AB u AC TpeyroibHUKa.
Omeem :2Xx—y—-1=0—- AB; 3x+2y-12=0-AC

2.30. lansl ypaBHEHUS JBYX CTOPOH napamienorpamma x -2y =0,x-y-1=0wu
TOYKa NepeceueHus ero nuaronaneid M(3, -1). Halitu ypaBHeHUs ABYX APYTHX CTOPOH.
Omeem . X—y—7=0; x—-2y-10=0

IIpakTnueckas padora Ne 5 o reme
«KpuBble BTOPOro nopsiaKa»

Iean: [IpoBepuTh ypOBEHD YCBOSHUS MaTepHalia IO COCTABIICHUIO YPaBHCHUH KPUBBIX
BTOPOTO MOPsiAKa (OKPYKHOCTH, AJUTUTICA, TapabOIIbl, TUIIEPOOITHI .

3aganus

1. CocTaBUTH KAHOHMYECKHE YPABHEHHU:
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a) ayurica; 0) runep6oJibl; B) mapabossl (A, B - Touku, nexaniue Ha KpuBoi, F -

dokyc, a - 6obIias (AeHCTBUTENbHASN) TOIYOCh, D - Maiast (MHUMAs) TOJIYOCh, € -
IKCIEHTPUCUTET, Y=*KX - YpaBHEHHSI aCUMIITOT THIepOobl, D - mupekTprca KpuBoi, 2¢

- (okycHOe paccTosiHEE).

Bapuanr DJLIIMIIC I'mnep6oaa ITapa0oaa
1. b =15, F(-10, 0) a=13, ¢=14/13 D:x=-4
2. b=2,F(4+2,0) a=7,¢&=85/7 D:x=5
3. A3, 0), B2, +5/3) |k=3/4,e=5/4 Diy=-2
4. |e=.R21/5,A(-5,0) |A(:/30,3),B(45,3/2) |D:ry=1
5. 2a=22,e= 5711 | k=2/3,2c= 10,13 ock cummerpun OX 1
A(27,9).
6. b=.15,e=10/25 |[k=3/4,2a=16 och cummeTprd OX U
A(4, -8).
7. a=4,F=(3,0) b = 2./10, F(-11, 0) D: X =-2
8. b=4,F=(90) a=5,e=7/5 D:x=6
9. A0, +3), B(:f14/3 | k=+21/10,6=11/10 D:y=-4
1)
10. £=17/8, A(8,0) A@, -.3/5),B(413/5,6) | D:y=4
11. 2a=24,g=22/6 | k=.2/3,2c=10 ock cummeTpun OX 1
A(-7,-7).
12. b=2,e=5429/28 |k=12/13,2a=26 ock cummeTpun OX 1
A(-5, 15).
13. a=0,F(-4,0) b=3,F(7,0) D:x=-7
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14  [b=7,F(,0) a=11,c=12/11 D:x=10
15. A(-.f17/3, 113), k=1/2,e= /5,2 D:y=-1
B(~21/2, 1/2);
16.  [e=3/5, A0, 98) A(6,0),B(-22, 1) |D:y=9
17. 2a=22,e=10/11 | k= .11/5,2c=12 ock cummetpun OX 1
A(-7, 5).
18. b=35,e=12/13 k=1/3,2a=6 ocb cummetpun Oy u
A(-9, 6).
19. | a=9, F(7,0) b =6, F(12, 0) D:x=-1/4
20. b=5, F(-10, 0) a=9,e=4/3 D:x=12
21. | A(0,-2), B(+15/2, | k= 2410/, 6=11/9 D:y=5
1)
22. e=2/3, A(-6, 0) A(+3,0), B(+20/3, 2) D:y=1
23. 2a=50,£=3/5 k= .2814,2c =30 ock cummeTpun Oy u
A4, 1).
24, b=2.15,e=7/8 k=15/6,2a=12 ock cummerpun Oy u
A(-2, 3./2).
25. | a=13,F(-5,0) b = 44, F(-7, 0) D: x = -3/8
26. | b=7, F(13,0) b =4, F(-11, 0) D:x =13
27. A(-3,0), B(1, 4403 | k= .2/3,e=15/3 D:y=4
)
28.  |e=5/6,A0, +11) |A(32/3,1),B(47,0) D:y=-3
29. 2a=30,e=17/15 | k= .17/8,2c=18 ock cummerpun Oy u

A4, -10)
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30

b=22,e=7/9

k=.2/2,2a=12

ochk cummetpun Oy u
A(-45, 15).

2. 3anucarpb YPABHC€HHE OKPYKHOCTH, HpOXOIlﬂIlIeﬁ qyepe3 YKasaHHbIC TOYKHA U

HMeEIIel HeHTP B TOUKe A.

2.1. Bepumnsl runep6onst 12x? - 13y? = 156, A(0, -2).

2.2. Bepmmnsl runep6oist 4x2 — 9y? = 36, A(0, 4).

2.3. ®okycsl runepbonst 24y? — 25x? = 600, A(0, -8).

2.4.0(0, 0), A - Bepmuna mapaGonsl y? = 3(X - 4).

2.5. ®oxkycel smmnca 9x? + 25y? = 1, A(0, 6).

2.6. JleBniii pokyc runepGonst 3x> —4y? = 12, A(0, -3).

2.7. ®oxkycel ammmnca 3X? + 4y? = 12, A - ero BepXHsis BepLIMHA.

2.8. Bepmmny rumepOonsr  x2 - 16y? = 64, A(0, -2).

2.9. ®okycsl runepbonst 4x? - 5y% = 80, A(0, -4).

2.10.
2.11.
2.12.
2.13.
2.14.
2.15.
2.16.
2.17.
2.18.
2.19.

0O(0, 0), A - Bepmna mapabonsl  y? = - (x +5)/2.
[Ipassiii Goxyc >mmmnca 33x% + 49y? = 1617, A(1, 7).

JleBniii pokyc runep6onsl 32 - 5y% = 30, A(0, 6).

®oxycel smmmnca 16X? - 41y? = 656, A - ero HIKHSS BEPIINHA.

Bepmuny runep6onst 2X2 - 9y? = 18, A(0, 4).

doxycel runepoonsl 5X2 - 11y? = 55, A(0, 5).

B(1, 4), A - BepiumnHa napa6ossl y> = (x - 4)/3.

JleBbit Qoxyc smmnca 3x? + 7y? = 21, A(-1, -3).

JleByto BepmmHy runep6omsl 5x2 — 9y? = 45, A(0, -6).

®oxycel smmmnca 24x? — 25y = 600, A - ero BepxHss BEpIIMHA.
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2.20. IIpaByro BepiuuHy runep6ost 3X? - 16y? - 48, A(L, 3).
2.21. JleBslii pokyc runepbonsl 7X% - 9y? = 63, A(-1, -2).

2.22. B(2, -5), A - Bepimuna napadonsl x2 = -2(y + 1).

2.23. Ipassiii Gokyc smmrca X2 + 4y? = 12, A(2, -7).

2.24. llpasyro BepiuuHy runep6onst 40x? - 81y? = 3240, A(-2, 5).
2.25. ®okycel smmmrca X2 + 10y? = 90, A - ero HHXKHSS BEpPLIMHA.
2.26. IIpaByro BepiuuHy runep6ost 3X? - 25y? = 75, A(-5, -2).
2.27. ®okycsl runepboinsl 4X? - 5y% = 20, A(0, -6).

2.28. B(3, 4), A - Bepmmna mapabonsl y? = (x + 7)/4.

2.29. Jlesslii poxyc smmmmca 13x2 + 49y? = 837, A(1, 8).

2.30. Ipassiii hoxyc rumepbonsl S7X2 - 64y? = 3648, A(2, 8).
KonTpoabHbIE BONPOCHI

3anuirTe KAHOHUYECKOE YPaBHEHUE JUIHIICA.
3anuimTe KAHOHUYECKOE YPaBHEHUE TUTIEPOOJIHI.
3anuimTe KAaHOHMYECKOE YpaBHEHHE NapadoIIbl.
UTto Ha3bIBAETCS SKCIETPUCUTETOM AJLIuIica’?
3anuimuTe ypaBHEHUS! aCUMIITOT TUTIEPOOITHI.

AR

CamocrosiTeibHas padoTa no reme «Bekropbi»

Bapuanr 1
JlaHBI BEKTOPHI &(9;—2;1) U 6(4;3;0) (st Ne 1-5).

Haiitu 3.6 .(Omeem: 24)

L 24
Haiitu (aAb).O | =
( ) TBECT (5\/%J

Haiitu a?.(Omeem.: 86)
Haiitu ‘6‘ (Omeem: 5)

AN o o

. HaiitTm  koopauHaTel BEKTOPOB c=a+b , d=a-b
c(1311), d(5;-511), f(—27:6,0))

f=-33 (Omsem:

6. B npsMoyroibHO# JaekapToBOM cucTeMe KoopawHarT mnoctpouth Toukn A (0; 0),
B (3; -4), C (-3; 4). Onpenenuts pacctosiuue Mmexay Toukamu A u B, Bu C, Au C.(Omesem:

|AB| =5, |BC|=10,|AC|=5)
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Bapuanr 2
JlaHBI BEKTOPHI &(—3;2;1) 1 6(3;0;4) (mms Ne 1-5).

Haiitu a.b .(Omeem:-5)
Haiitu (ﬁ Ab ).(Omeem: \/— )
Haiitu a*.(Omeem: 14)
Haiitu ‘b‘.(Omeem. 5)

Haiith KOOpIMHATBI BEKTOPOB c=a+b , d=a-b |, f=-3a (Omeem:
c(O 2;5), d(—6;2;,-3), f(9,—6,—3))

6. B mpsaMoyroipHO# gekapToBod cucteMe KoopauHart moctpouth Touku A (0; 0),
C (-3;4), D (-2; 2) E (10; -3). Onpenenuts paccrosinue Mexay ToukaMu Cu D, Au D, D u
E.. (Omsem:|CD|=+5, |AD|=2v/2,|DE| =13)

TecT ni1s1 caMmoKOHTPOJIsI O TeMe «BexkTopHast ajnredopa»

AN A

1. JlaHBI BEKTOPBI G =(2;4;1) H¢ =(1;2;0). HaliT KOOpIMHATEI CyMMBI BEKTOPOB.
a) (3;6;1) b)(0;6;1) c¢) (L21)

2. JlaHBI BEKTOPHI & =(2;4;1) Hc =(1;2;0) HaliTh KOOpJUHATHI Pa3HOCTH BEKTOPOB.
a) (3;6;1) b)(0;6;1) c¢) (L2:1)

3. Jlanst Bexropsr @ =(241) ¢ =L20) Hajirn koopauHaTsl BekTopa @+ 2C
a) (=381 b)(481) c) 121

4. HailTu KOOpAMHATBI BEKTOpPA AB, €CIIU A (2; 4; —6) U B (2; —4; 8)
a) (0;—4;7)b) (2, —4;2)c) (0; 4 —7)

5. Haiitn nnuHy BekTopa i (—1; 2; —2)

a) 4 b)3 ¢)1

6. Haiitu wmny Bexropa AB,ecn 4531 y B(45-1)

D3 b2 ol
7. YCIOBHE KOJUIMHEapPHOCTH BeKTOpoB @ (i vi5 21) b (%7 71 2,) MMeeT BUJI:
Xl yl Zl
a) XX, + V1Y, +2,2, =0b) X, X, =y, =2,2, C) — =—=_—=m

X2 Y. 2,

8. YKaKHTE BEKTOP, KOIUIMHEAPHbIH BekTopy (2 —3 —1)
a)b (6;,-9,-3) b)b(812-4) c)b(-46,-2)

9. HaiiT cKamsIpHOE IIPOM3BEICHAE BEKTOPOB & (4; —3;1) u b (5, -2, -3)
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a) 3 b) 12 c) 23

10.HaiiTi KOOpAHHATEI BEKTOpa d = — i+3 ] +5k
a) (L -3 -5b)(-1-35)¢) (-1 35)

11.VcnoBue nepneHAMKyISpHOCTH BEKTOPOB G(x,; y,; z,) U b(xz; Vo 22) MMEET BUJ:

X Y4
a) XX, + Y Y, +2,Z, =0Db) X\ X, =Y1Y, = 2,2, C)_ =—==—=mM

X2 Y. 2,

12.1Tpn xaxoM 3HaueHuH M BEKTOpHI 4 (1; 3; —2) U b (— L m; 4) BEKTOPBI
MIEPIICHIUKYISIPHBI?

a) 5 b)3 ¢) -3

13.BepimnHaMu TpeyrojabHHUKA CIIy:KaT TOYKU A (10; —2;8), B (8;0;7) U C (10; 2; 8).
Haiitn nimunay ctoponsr AB .

a) 4 b)3 ¢ 1

14.BepmimHaMu TpeyrojbHHUKA CIIy’KaT TOYKU A (10; —2;8), B (8;0;7) U C (10; 2; 8).
Haiitn nimuny ctoponsr AC .

a) 4 b) 3 c) 1

15.Haiiti KOOpauHaATHI BEKTOPA Zi+5, ecnu d = 37+2]7—5|Z u a-= —27+3J7+4IZ
a) 1,5 -1 b)(5 -1 -9) c) (-1 35)

16.HaiiTin KOOpAMHATEI BEKTOpa i-b, ecom @=31+2j-5k wu d=-2i+3]+4k
a) (1,5 -1)b) (5, -1 —9) ¢) (-1 3;5)

17 Haiiti yroi Mexmay BeKTopamu ¢ (2; 2; —1) H b (— 3, 6; 6)
a) 45° b) 60° c) 90°

18. Tamer roukn  4(3:5:6) u B(5~10), Hajiru KOOP/MHATHI cepeiuHbl oTpe3ka 4B
a)(4,2,3) b)(5-2,2) c)(—4; 2,-3)

TECT IIO TEME «YPABHEHME IIPSIMO»

1. OGmiee ypaBHEHHE TIPSMOI UMEET BUJI:

— X—X
a) y—y, =k(x—x,)b) =% _ L ¢) Ax+By+C=02. HeobOxoaumoe u JOCTaTOYHOE

Yo=Y Xy, =X

k k
1 2
YCIIOBUEC TAPAIICIIbHOCTHU ITPAMBIX C YTIJTIOBBIMU KOB(I)(l)I/IL[I/IeHTaMI/I nu a) k1 = k2
b) k, -k, =—1 c) k,+k, =0

38



3. HCO6XO,Z[I/IMO€ 1 JO0CTAaTOYHOC YCIOBUE NEPICHAUKYIIAPHOCTH IPAMBIX C YITIOBBIMHA

k
KO3 hUIHECHTAMH u o
a) k, =k, b) k, -k, =—1 c) k, +k, =0

kl

4. VkaxuTe ypaBHEHHE NPAMOM MapauiebHoil Y =X +6

a) y=—5x b) 10 x—y+12=0 ¢) 10 x—2y+8=0
5. Bribepute ypaBHEHNE, OMUCHIBAIOIICE MPSIMYIO, U300PKCHHYIO HAa PUCYHKE

VoA

/_2 0 X

X
a) —2x+3y=0 b) 3" _—y2 =1¢) iz + % =16.YKaxxuTe ypaBHEHHE MPSIMOit

TepHeHANKYIApHOH TpsiMoit Y = 9X+6 4 y:—%x b) 10 x—y+12=0 ¢) 10 x—2y +8=0

7.CocTaBUTh ypaBHEHHE NPSIMOM, MPOXOAAIIECH Yepe3 Hayano KOOPAMHAT, €CIIH €€

k=5 a) 5x+ y=0 a) x+5y=0c) 5x— y=0

7 x—3y+21=0

yII0BOM K0P HUITUEHT

8.YkazaTph TOUKY, IPUHAIICIKAITYIO MPSIMOU a) A(4;13) b) A(3;14)

c) A(—4;13)9. CocTtaBUTh ypaBHEHME MNPSIMOM, IPOXOISIIEH Yepe3 Hauaao KOOpAUHAT U
obpasyroreii c ockto @* yrom 45.a) x—y=0b) x+y=0¢c) x—y +1=010.

CocTaBuUTh ypaBHEHHUE MPSAMOM, MPOXOAIIECH Yepe3 TOUKY (5 -1) u umeromeit

k=3

yTJI0BOM KO3 DUITUEHT .a) 3x—y=0a)3x+y-16=0¢c) 3x—y-16=0

Tect mo reme «KpuBble BTOPOro mopsiaika»

1. YpaBHeHuE AuIUICcCa UMEET BUI:
2 2 2 2

X X
a __y_:1b)?+y—2=10) y2 =2 px

a’ b? b

2. YpaBHeHue runepOoibpl UMEeeT BUJI:
2 2 2 2
x>y ¥y
Vgt D tipTloyi-ee

3. YpaBHeHue napabosibl UMEET BU/I:
2 2 2 2

W Xy
a)g_b_2:1b)?+b_2:1c) y2 =2px
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4. Haittu paamyc okpyxHocTH X +Y° +4y—=5=0
a) 7 b3 ¢)5

2 2
X
LY

5. Uemy paBHa 6oIbIIas MOTyoCh dmmumnca 36 25
a) 6 b)1l ¢)5

6. HaiiTu sKClieHTpUCHTET Jummnca - + ==

a) 6b)0,3c) 0,7

Xy

7. Yemy paBHa JeiicTBUTENbHAS OCh rumepOonsl 04 25
a) 6 b)18 ¢) 5

2 2

XYy

8. Haiitu okcnentpucurer rumepbomsr - 29 11
3 6
140 2¢c) 2
a) 14 b) c c) 5

2 2

Xy

9. 3anmcarth ypaBHEHHS aCHMITOT rumepbonsr 144 256

a) yzi%x b) y:i%x Cc) y=x3x

10.3amucaTh ypaBHeHHE MapaboIibl C BEPIIMHON B HaUajae KOOPAWHAT, eciiu ee (pokyc

HAXOJHUTCS B TOUKe F (30)
a) y’=2xb) y?=12xc) y=12x?

11.JTns rumepGombr 16%° — 9y =144 gajity paccrostHne MEXIy (QOKyCaMH.
a) 6 b) 10 ¢)5

12.HaifTy KOOpJMHATEI IIEHTPa OKpy)KHOCTH X +Y° —8x—10y -8 =0
a) (45)b) (54)c) (25)

13.HaifT KOOpAMHATEI PANYC OKPYKHOCTH X +Y° —8Xx —10y —8 =0
a) 6b) 10¢) 7

IIpeneJibl 1 HeNMPEePbLIBHOCTH
YcTHBI onipoc

1. Maiite onpenenenus npejena pyHKIIUN B TOUKE.
2. CdhopmynrpoBaTh CBOWCTBA MPEJICIIOB
3. Kakwue Tumbl HeonpeaeneHHOCTEeW BaM U3BECTHBI?



©CoN o g &

Kak n306aBUTHCS 0 HEOTIPEIETICHHOCTH

?

o|o

Yemy paBHO 3HaUeHUE Tipenesa GyHKIIUN TPU HEOTIPEACICHHOCTH

Cdopmynupyiite nepBblii 1 BTOpON 3aMeydaTeIbHbIN MPEeIbl.
Yemy paBHa HEONPEACIECHHOCTh BUJA ¢” ?
Yemy paBHaA HEONPEACIEHHOCTh BUIA O-c ?

IIpakTuyeckas padora Ne 6 o reme

ue.l'l]): HpOBepI/ITB YMCHHA 1 HABBIKU CTYACHTOB B BBIYUCIICHUU IIPCACIOB, pACKPBITUA

HGOHpGIIGJIGHHOCTGﬁ.

3aganus

«Bbrunciienue npeaej0B»

1.HaiiTn yka3zaHHbIe npeiebl.

2
. —5Sx+6
1.1. lm i—x omge'm:1
i3 pt = 122420
. b4x—x
1.3. # omeem . — —
¥=3 o xt = 7 27
15 1 2x? —Tx+4 omeem :nem

r—1 x2—5x+6 peuteHust

It 4 2x-1
1.7. %om@em:i
=l 2t 9
x4+ 2x -1
1.9. lm 2 omeem . ——

-l xf 4 x 42

3 —
111, fim 2 =5 omeem 22

1t 4 x—6

x4 =16

1.13. lim ——— om@em:§
=4t 4 x =20 9

. 3xi-Tx-6
1.15. ].1.'['1'1 xz—x Omgem:l
¥=3 Pxt =TT+ 5

2 —_—
117, fim 22 AL
el 3xt b x-2 5

E R
19 fy X X H2x

)
=0 ot +x

Co2xtox—1

14 - - omeem.—

=13xt -2

omeem :1

3

124 x—x° omeem nem
1.6. - -

K3 x3 - 27 pewenus

2
—dx-5
18 xz—‘-JfOl’}’l6811’l:E
Pl gyt —2x -3 4
o3k 11z +6
1.10. lim Lomeem 1

3 2xt = 5x—3

2
1.12. fm x—_x;?

¥—=-1 I3 +

o dxt +11x-3

omeem . —1

1.14. ——————— omeem :=—

r=ed oxd 4 0x—3

C dxi+Tx-2

116 g ——— omeem:%

22 3x% +8x +4

2 —dx-5

r-13x% 4 05— 2

1.18.

omeem .0

Yemy paBHO 3HaueHUE npeena GyHKIUN TPU HEONIPEACICHHOCTH % ?

09
C
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. Txt+4x-3
1.19. lm xg—xomgem:l
¥==l Dx® 4 ax 41
2—
1.21. ].11'11 womgem:_i
=1 x4 3x—10 7
o —Sxt411x-2
1.23. ].11'11 xg * Omgem:_g
=1 Iyt —x-10 11
_ 3xt—bx—45
1.25. ].11'11 xg—xomgem:ﬁ
P 2xt —3x-35 17
2— —
1.27. ].11'11 M Omgem:i
=i 2t +11x4 5 3
C 3xi-2x-40
1.29. ].11'11 xg—x Omgem:g
=4t —Ex—4 5

2. HaiiTu yka3zaHHble npeaesibl

. 2%t +11x415 1
2.1. —— - omeem.——
¥==3 Ixf 4 0x-12 13
£
. —3x+2
2.3. lin xg—x omeem 0
=gt —dx 43
4 2
. — 2 +x+1
2.5, lim #omeemio
¥l o +1
x—x43 5
2.7. — - omeem .
¥=2 5xf 489y —1 23
2
-1
2.9. 7 omeem . — 2

-1 x% +3x +2

o 4x +19x-5

2.11. lm g—omeem:Z
=8 2xt +11x 45 3
. i _2x+1

2.13. lim xz—x omeem 0
=12yt —TTx+5
9 417x-2

2.15. ]Ji'ﬂ xg—xomgem:g
=zt tix 2

P a2

217, fm 4x 22;{ +5ox omeem:E

=0 Sy 40 7

1.20. lim

o 3x? =3x+2 omeem :nem

x4 xz —x—-12 pewenus

2
o Ax* +x -5 omeem inem

1.22. tim 22 752
w2l p* D4+ 1 pewenus
2 —_— —_—
1.24. ]Jﬂ]. xgﬂ—xm Omgem:i
=7 Dxt — 9y —035 19
2 )
1.26. tim 4}; +3x+15 omeem :nem
¥=-3 2 fx — 27 pewenus
2x* +15x-8
1.28. ]JI'ﬂ xg—x Omgem:g
¥ eyt PO 48 23
2x* +5x-3
1.30. lm == T227 2 et

=3 3x% +10x+3

o 2x% 4+5x—10 omeem :nem

2.2. lin -
x—1 -1 peuternus
2 )
24 lm 3x° +2x+1 omeem :uem

=1 x3 — 8

peuteHus

T e )
26. lim 2x° = 3x—1 omeem nem

r—1 x“ -1 peutenus

2 }
28 lm 2:!: + 2% omeem :nem
¥==2 x* +dx+ 4 pewenus
_2x'+7x-4
2.10. lim Jr3—xomeem:—i
e S s | 16
3 2
—x*+x-1
2.12. lim Jr:,;x—xomeem:—
LT S o £ 2
3
-8
2.14. lim :,x—omeem:—12
=2 0t —0x+10
. 2 4+x-2  omeem:nem
2.16. fim —~ TF72
#=l x* —x* — x4+ 1 pewenusn
_dxt—5x% 41
2.18. ]J.t'ﬂl% omeem 3
= x =
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2 _ . N
219, fm 3x" +5x—1 omeem nem 290, i x x—30 11

3 3 omeem .— —
v2i xt —Sx+6 pewenus ¥==5 33 1125 75
2 3
X +3r-28 o 8x-1
221 litn —X 3 il 07/}13@}/}1:E 222 lim ;: omeem .6
L e 48 =1t — 174
) )
. +3x— 28 . a3xt 411z 410
223 litn % omgem:E_ 224 lirny ‘:—x omeem 0
=t xt — Ay 4 ¥-d oxt _hx414
] ]
. —4 . x4+
225 lirn —zx onflgen/l:i 226 litrn —;.' il omeem .0
=2 3x + x—10 11 =04xd —5x+1
_2xt-11x-6 . fyox-24
227 lin J;—x o}nge}n:E 228 limn XE—X omeem 0
=l Syt — 20x+12 16 it 2t +10x+ 18
3 3
| —2x-4 _ 64
229 ].11'11 Z—x 0}/}166711:—E 230 ]Jﬂl ;f— omeem .—
=2 —T1lx+18 7 Rt s =X —4 29

3. HaiiTu yka3zaHHble npeaesibl

T P . 42 +7x
ST = 32 o TS
2x+5x —x 2x’=dx* +5
T A R o Tx -2t 4 dx
33 Im o 34 I =
x4+ 2x +1 2x0+5
X2 —Ax 428k o A3 4+ 10x+3
35 I A 36. Im — e o 5
x4+ Ex +x -1 2x +5x-3
3.7 ]J.m—3x4+x2+x 38 ]J.m2x2+?x+3
C e gt 32 e gt _3p 44
i 3_ g2
3.9 im x2+3x+1 3.10. fim x 33:!: +10
e 3xt 4 x5 e Pxt 4 2x+1
311, fm Ax 455 -7 312, fm Izt +2x+1
T we 257 —x 410 R I, P
313 ]J.m3x2+2x+9 314 ]J.m3x2+5x—?
T e Dxf o x 44 T e 30 x4
3 _ 2
3.15. fim 22 F7T72 3.16. fim X ¥OT
e Syt —x—4 =0E—-3x-9x
4_ 3 2 _
3.17. lm 3x —6x"+2 3.18. fim 8x"+dx-35

eyt pdx-3

to dx? — 334 2
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3.19. lm

CoBxt—d4xt43
B PN |

7x° +dx

3.21. lim

3.23. lim

R ST

C2x4Txt-2
e Gx0 —dx+3

x—2x% 455

3.25. lim

3.27. lim

e 24 3x° +xt

455t =37
ey’ 4 6x+8

4x* = 2x+1

3.29. lim

pow Dyt 43 42

At —dx+ 2

3.20. lim

e fx° +5x +1

1+4x -

3.22. lim

oz + 3x% + 2x°

Ix+14x°

3.24. lim

3.26. lim

3.28. lim

3.30. lim

4. HaiiTu ykazaHHbIe NpeaeJibl

-2z +4d

4.1. lim

4.3. lim

ree 37 40— 1

e 2t 357 +1

Izt +T7x—4

x4+ Tx-1

4.5. lim

4.11.

r=w 3xt 4 Ox 45

6 o2
47 fim 3;{3 Sxt 42
Foe 2x7 +4x-5

2
49 fim Tt +ohx+9

e 14+ d4x—x°

e 2xt 4 5x+7

e 3xt 02 4 g

o 5xT =30 47

4.13. lim

rw Dxt 4 3x% 4]

2xf +3x 45

4.15. lm

rew 3xt _dx 41

11x% +3x

4.17. lm

P Dx - 2x 1

4.2. lim

e 1+ 2x+7x°

Coaxt-oxio7
e PR PN
Csx = Tx 43
e 24 2x—x°

Y el |

T i

o oaxt4ox-5
e 230 +x+7

&
3xr—x

4.4. lim

4.6.

re g — Dx 45

- 2t +7x% +4

ree b 5x—1

x +5x —dx

4.8. lim

4.10. lim

4.12. lim

4.14.

ive 3t 11— 7

oAt 4t -6
re 2x* 4+ 3z +1

L AR 4+4xt - T7x

e x4 7x-3

2_
lirn Sx 3x-i;1
x4+ 2x—x

C bxi—S5x+2

4.16. lm

v 4x® 4 2x—1

Sx% +3x45

4.18. lm

i 4y —2x% +1



4.19.

4.21.

4.23. lim

- x4+ 5% =13

pew Dyt 7

- 2x —dx® +3

pew Dyt 47

Cosxt—2xt 43
psw Dy 43y 7

o o3xt4+ox -8

4.25. lim

4.27. lim

4.29. lim

rew 3% _Ax 45

75 —2x+4

pew 2yt x5

ree Ixt x4

2xd +10x—11

2
4.20. tm 3xt +4x =7

A T |

2
4.22. fm 2x* =Tx+1

i .

P, .2
4.24. tim M
e s F i ol

4.96. It 42x-4
B P P |

4.28. tm X
¥ Bxf 4 x—10

4.30 ]jm?x3+3x—4
T wow 23— S5x 41

5.HajiTn ykazaHHbIe NpeeJibl

oxl +3x-5

5.1. lim

5.3. lim

5.5.

5.7. lim

5.9. lim

5.11.

e Pxt — 220 +1

o Txt-3x+4
ww 3z = 2x 41

i 4x* —2xt +x

¥ 3}:3_}:

Co2xtosx42

rw x4 3t g

Coext ot 4 ox

N N P

3

firn Tx0 +6xt —x

e 230 +6x+1

735t

5.13. lim

5.15. lim

5.17. lim

pww Dyt 4 3xt 5

2x+7
N . P

10x-7
e 3xt 4+ 227 +1

o 3x—Tx+2
5.2 fim = — "<
e A e
) 2xf —x+7
o4 I o e i10
2x —=5x* +10
5 6. fim Izt - 2x+1
w3yt 4055
C axf—dx+2
08 I s
dx*+2x-5
Izt —Tx+5
510t
dx" —E3x7 42
512 fim 4-3x— 25
T rsw 3t 45y
Ay P
514, m — -~ —°
L IS e b e o |
516, fim 2xt —3x+1
T ww 7x45
5.18. fim X 3%

P | 23 + 35

o AxT45x% -3

45



5.19.

i Sx43

3 )
e oyt =yt —x

2xd —G5x+3

5.21. lim

5.23.

5.25. lim

5.27. lm

Y

firn 3x+1

vy — 5x 4y

4x% —10x+7

3
e S T

2x—13

7 5
e xt —3x —4x

x —81

5.29. lim

wow 3yt p Ay 42

5.20. fm —o2 *2T_
S S

5.22. fm 2 %
¥ oyt A — 6

5.24. lm

5.26.

¥

lirmy

3zt

ox’

+5x

3
- X

2— x—3x?

x =16

2xt —3x+1

3 E
eyt 4y

5.28. lm

5.30. lim

6. HaiiTu yka3aHHbIe Npeaeibl

6.2.

2+x 12
6.1. lim ~ omeem .7
¥—=3 |' |'4_x
6.3. lim Vr 10— 4 -x omeem:—ﬂ
=3 oxt—x—21 91

6.5. lim
6.7. lim

6.9. lim

6.11.

6.13. hfﬂm—qm omeem .3

6.15. lim

6.17.

I 2x—ax+d

=1 3x —dx+1

Ixf +4x+1

=L fr+3- 543

8 2y —T7x-15

o ira-n

w0 xﬂ +1-1

3x

Ao+ -2
x—>1 || —x =3

firn NEx-3-2
= e =3

Jex+l—afx+6 ,

5
omeem.z—o 6.6.

omeem: 2+/2 6.8. lin

Vi1

meem . ——

286

omeem 2

omeem . ——

omeem . —
2

2xt —3x+1
N

Tx+4
wse 3% — Sx+1

lim

Jr 412 =4 -

X .
omeem . ———

¥—=—4

6.4. lim

2 +2x-8 48

Ae— & —afx+6 1

7 omeem .—
=2yt —x-—6
2
. x=3x42
litry Omeem:—\/é
=1 05— x— x4+
2x —Ox+4

omeem:.— 1

=S - - =3

6.10. lm

K

6.12. lim

x—}IZI

6.14. ]

6.16.

6.18. lim

¥—3

V317 -axt12 L N2
s x?4+8x+15 '
I 1
omeem .——
1z 7
’~.|'2.7C+ -3 m2\/§
ol — '\I'I'_
q.'x+ -3 3
omeem:—

—1- 2
JAx-3-3 1
g—omeem:g

22 _
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~u'5x+ -4

619 omeem .—
H3 x +2x 14 64
2
. 4 -2
6.21. tim L omeem 2
0 xt 16 -4
o oAf2x+T =5
6-23. ].11'1'1 x— Omgem:__
-39 3_,_"!; 5
3 —
6.25. i = 2" peem:—5 6.26.
LEEITC S
Nx+20-4 +20—4
6.27. fim Y% omeem ——
H"‘ x +r54 384
o W8+ x-3
6.29. lim j—x ome‘em:i
=0 x4y 16

7/.HaiiTn ykazaHHbIe NpeaeJibl

7.1. L

7.3.

7.5.

7.7, 1

7.9. 1

7.13. 1

7.109.

‘44

6.20. fim =" % emi- &
x=0 ix 12
6.22. lim 3x omeem_.
N N .

. 2-
6.24. ]lﬂ'l —’IJII; Omgem:_§
=4 . 6x+1-5 24

J14+3x% -1

3
T omeem )

litmy

3
=0 xT4x

3 -2
0.28. lim omeem .
Hl q.'B +x-3
6.30. lim ————— davl-s omeem —

=2 X _8

7.6.

A

74,1 1] " e
(5
[

1

10
V10 -3
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7.21. 1

7.23. 1

7.25.

1.27.

7.29. 1

Otser: e

8. HaiiTu yka3zaHHbIe npeaesibl

¥+l
8.1. hm(f]x:?] Ortser: 0
=l G
ix
8.3. ]jm(;HJ Ortser: 0
W= X -
Sx+83"
8.5. & [ 2] OTBeT: o©
b xr—-
8.7. (2x+11] OtBeT: ©
X
r+3
8.9. (2 4} OtBeT: 0
x—
+3
8.11. hm(ijrj] OTtBeT:
= x
8.13. tim (;:‘1] Otser: 0
¥—r— x
Sx
8.15. lim [;‘j] Otser: 0
¥—r—o x
ix
8.17. ]jm(;__l_fm] Oteer: 0
¥—rm x

] OtBeT: ¢ 71.22.

]_ Ortser: €°27.26.
]_ OtBeT: € 7.28.

3=3x
] Otser: ¢ 27.30. 1

. 1__ 3x
hm[ x] Otser: ¢ °
2—x

2%
7.24. lim [3x+4J OtgerT: ¢ 83
K= Tx
+1
fitn (Bx +4 Otset: e 183
w3+ 5

8.2. lim (EXHJ OtBeT; ©

¥ —

o ox=1y
8.4. lin Otser: 0
¥l x4+ ]

Ix
8.14. tim ( “35] Otger: 0

-1
8.16. limn [3;:—4] OtBerT: o

8.18. fim [
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aw 5%
8.19. lim [ 3] Otsert: 0 8.20. 1 [6x+5] OtBeT: ®©
¥l 3x—1 ¥=wi x—10
4x Ix
8.21. [3x+?] OTtBeT: © 8.22. & [ 1 ] Otsert: 0
p-eh x4 4 vy dx +5
ax ax
8.23. [5x_?] OTtBeT: © 8.24. [3—4:{] OTtBeT: ©
¥—— x +6 K= 2— x
—x T
8.25. 1 [1—2:{] Otsert: 0 8.26. 1 [4+3x] OTtBeT: ©
Pl 3— % po—wh S+x
C(3x-1Y o 1=x YT
8.27. lim OtBeT: © 8.28. lim OtBeT: 0
rowh x4+ 5 rowl 4 —10x
ax 3x
8.29. lim ( 3+x] OtseT: 0 8.30. lim ( s ] Otsert: 0
ro Qx— 4 S
9.HajiTu yka3zaHHbIe Npe/eJibl
Hairtu npenensr.
k — nopsiokoswiti nomep 6 scypuane
2 2
1).lim sin 3x 2) lim 3)lim tg (kxe +3x) X |
x>0 (k+ 2)x 7 xo0sin?Bx | a0 5X
4 fim (1+ kj 5) lim sin kx—sin 5x 6) lim cos 2x — cos kx
X—>00 X x—0 X x—0 X

KoHTpoJsbHBIE BONIPOCHI
1. Jlatite onpenesncHus npeaena GyHKIIMNA B TOUKE.

2. Kaxkue Tumbl HeonpeaeIeHHOCTEH BaM U3BECTHBI?

3. Kak n36aBuThCs 0 HEONPEAECTEHHOCTH 0r

4.Yemy paBHO 3HaueHUE Tpejaea GyHKIUH PU HEONPEAEICHHOCTH % ?

5.Uemy paBHO 3HaueHUE npenena GyHKIUN TPU HEOTIPEACICHHOCTH 09
C

6. 3amucarh 3aMedaTeNIbHbIC IPE/ICIIbI.

IIpakTnueckas padora Ne 6 o reme

«IIpenen ¢pynkuuu. HenpeposiBHoCTh pyHKuuH. Touku paspbiBa»



Heab: Hay4UTbCS BBIYUCIATH IMPEEIIbI,UCCIENOBATH (YHKIIMIO HA HETTPEPHIBHOCTD,
KJIACCU(PUIIMPOBATH TOUKHU pa3pbiBa, CTPOUTH Tpaduku QyHKIUHA.

3ananme 1.Haiftu npezaesnsl, HCHONB3Ys SKBUBAJICHTHBIE OECKOHEYHO MaJible (YyHKIIUU.

2 .
2.1, lm M omeem:—§ 2.2, lim m ome;emi§
=20 o O 5 x>0 gggx
. sin 7x 7 - 1
2.3. lm omeem . — 2.4, tm ————— omeem .=
=0 fedx 2 =0 420 x
. arctgbx . arcsin 2x
2.5. lim — 2.6. lim ———"" omeem:=
LS s =0 2x
2.7. lin s o om@em:E 2.8. lim Momeem:—
=0 grefolx =0 Zx
Ix :
: -1 : -
2.9, lim 2 omeem . — 2.10. lim —s;n(x &) omeem :1
=0 falx ¥=3 xt = 0x 46

2.11. lm M omeem — 2 2.12. lim ﬂ omgem:%

=0 2:,[—2 =0 4:,[—
. arctgdx 3 . arcsmn dx 4
213 ].11'11 —_— omeem .— 214 ]Ji'ﬂ —_— omeem .—
=0 0nl 14+ 2x) 2 =0 iy
27 —1 fglx+72
2.15. ]Jm omes'em:E 2.16. lm g(x ) omgem:—l
=0 ain Zx 2 2yt -4
217 fin SEEXE) o em L 218, fim XX om: L
==l ot 4 R 12 x—=0 £g4x 2
- —
2.19. tim ﬂ omeem 48 2.20. lim cos2x 2!:054): omeem .2
=4 ﬁg(x—f—'l) x—=0 B
3
2.21. tim M omeem .2 2.22. lim arctgrx omeem . —
¥—=0 Dy ¥—=0 gggx 2
. it 3x 3 arcsin Bx
2.23. im —— =" omeem:> 2.24. lim —— " omgem 2
=0 0nl 14+ 22 2 w0 fedy
et 1 .
2.25. lim ¢ omes'em:E 2.26. lim M om@em:ﬂ
=0 fodx 2 =0 gin 2x 2
2.27. fim SHI=3) em: L 2.28. i E51Y)

:r—>3 x3 — 27 ‘27 ¥4 x - 25



2.29. lim ﬂ omeem 1

¥—=0 2):2

2.30. fim 2T mmg

¥=0 op 3x

3aganue 2. VccienoBaTh naHHble (PYHKIIUK HA HEPEPBHIBHOCTD U MTOCTPOUTD UX TPaPUKH.

X+4,x< -1,
2.1, f(X)=x*>+2,-1<x<1,
2X, X >1.

X+2,x<-1
2.3. f(x)=x*"-1<x<1
—X+3,x>1

-2(x+1),x<-1
25. f(x)=¢(x+1)°-1<x<0
X, x>0

x?+1,x<1
2.7. f(x)=42x1<x<3
X+2,X>3

V1-X%X,Xx<0
2.9. f(x)={00<x<2
X—2,X>2

sin x,x<0
2.11. f(x)=x,0<x<2
0,x>2

Xx-1,x<0
23.13. f(x)=4x*0<x<2
2X,X>2

-X,Xx<0
2.15. f(x)=4x*+1,0<x<?2
X+1,x>2

X+1,x<0
2.2. T(X)=4(x+1)?,0<x<2
—X+4,X>2

—-X,X<0
24, f(x)={-(x-1*0<x<2
X—3,Xx=>2

-X,X<0
2.6. f(xX)={x*0<x<2
X+1,Xx>2

X—3,x<0
2.8. f(X)={x+10<x<4
3+X,X>4

2x% x<0
2.10. f(x)={x0<x<1
2+ X, x>1

V/a
COSX, X < —
2

2.12. f(x)= Q%<x<n

2, X>1

X+1,x<0
2.14. f(x)=4x*-10<x<1
-X,x=>1

X+3,x<0

2.16. f(x)=410<x<2
x2—2x>2
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X-1x<0 X+l x<-1

2.17. f(x)=1<sinx,0<x<rx 2.18. f(x)=<x"+1-1<x<2
3IX=>rx 2X, X > 2
1,x<0 —X+2,X<-2

2.19. f(x)=42,0<x<2 2.20. f(x)=4x*-2<x<1
X+3,x>2 2,x>1
3X+4,x<-1 X, Xx<1

221, f(X)=x>-2,-1<x<2 222, f(X)=4(x-2)°1<x<3
X, X >2 —X+6,x>3
x-1x<1 X3, x< -1

2.23. f(x)=4x>+21<x<2 2.24. f(x)={x-1-1<x<3
—2X,X>2 -X+5x>3
X, X <=2 X+3,x<0

2.25. f(x)=4-x+1,-2<x<1 2.26. f(x)=4-x"+40<x<?2
x> -1x>1 X—-2,x22
0,x<-1 -1,x<0

2.27. f(X)={x"-1-1<x<2 2.28. f(x)=1cosx,0<x<7x
2X, X > 2 1-xX,x>rx
2,x<-1 -XX<0

2.29. f(x)=41-x,-1<x<1 2.30. f(x)={x*0<x<2
Inx,x>1 X+4,X>2

3apanme 3. NccnenoBarh naHHble GYHKIUU HAa HEMTPEPHIBHOCTD B YKA3aHHBIX TOYKAX

1

3.1 f()=2x3+1 x,=3 x,=4

1
3.2. f(x)=5*% -1 x, =3 x,=4

33.fu)=x+7, X, =2, X, =3
X_

34 f(x =X—_5, X, ==2, X, =-3
=13 * 2

1

3.5. f(x)=43*+2, X, =3, X, =2



1
3.6. f(x)=92*, x,=0, x,=2

1

3.7. f(x)=2*5+1, x, =5 x,=4

1
3.8. f(x)=5*4-1 x, =3 x,=4

1

3.9. f(x)=6*2+3, x =3 X,=4

1

3.10. f(x)=75*+1, x, =5, x,=4

3.11. f(x)::;i, X, =5, X, = —4

3.12. f(x):iig, X, =3, X, =2

2
3.13. f(x)=5"3, x =3 x,=4

2

3.14. f(x)=4-3, x =1 x,=2

5
3.15. f(x)=2¥*-1, x, =0, x,=1

4

3.16. f(x)=8*2-1, x =2, X,=3

4

3.17. f(x)=5"*+1, x =2 x,=3

3.18. f(x)-

3x

X—4'

3.19. f(x)zxzle, X, =1, X, =2

3

3.20. f(x)=2"2+1 x,=-2, x,=-1

3

3.21. f(x)=4*2+2, x =2 x,=3

2

4.22. f(x)=3*1-2, x =-1 x,=0

3

3.23. f(x)=5**+1, x =-5 X, =-4



X—4
X+2'

3.24. f(x) =

X, =-2, X, =-1

3.25. f(x):x_4, X, =3, X, =2

3.26. f(x)=§i:, X =3, X, =4

4

3.27. f(x)=3"+1 x, =1 x,=2

3.28. f(x):XA:‘S, X, =-5, X, =—4

2

3.29. f(x)=6%*, x, =3 x,=4

3.30. f(x)::j;, X, =2, X, =3

KoHnTpoJibHBIE BOIPOCHI
1.Kakue BennyrHbI Ha3bIBAlOT 0ECKOHEYHO MAJIBIMU OJTHOTO MOPSIKA MAJIOCTU?
2. Kakue BeInunHbBI Ha3bIBAIOT DKBUBAJIEHTHLIMHU O€CKOHEYHO MAJILIMU ?

3. Kakas pyHKIMs Ha3pIBaeTCA HEMPEPHIBHOW B TOUYKE?
4.CKOJBKO U3BECTHO BaM TOYEK pa3pbiBa (PYHKIIUHU, KaKHe?

CamocrosiTeabHas padora Ne 1
Bapuanr 1

1. Beraucnuth npenen GyHKIUU:
2
. X° -9
im ————.
-3 X° —8X+15
2. Bpraucauts nipeaen GyHKIHH:

. X+5
lim .
x->2 3X — 6

3. Beraucaute nipeaen GyHKIUM:
. sin17x
lim — .
x->0 gin 12x

4. Beraucnuth nipenen GyHKIINN:

lim (1+ Z)s .
X—>00 X



Bapuanr 2

1. Beraucnuth npeaen GyHKIum:

. X2+x-20
jim =X~
x4 x°-16

2. Bwraucouts npenen GyHKIUU:

. 3X+6
lim .
x>2 2X — 4

3. Boraucaute npegen GyHKIHUM:

sin 7X
im = .
x=0 gjn 13X

4. BpryuciauTh npeaen GyHKINM:

lim (1+ E] ‘
X—00 X

Bapuanr 3

1. Beruucnuth npenen GyHKIUU:

. x*-49
I|m 2—
x->7 X° -5x—14

2. Bpraucauts nipeaen GyHKIHM:

X244
lim )
-3 2X -6

3. Beraucauts nipegen GyHKIMM:

. sin 9x
lim = .
x—=0 sin 4X

4. BpryuciauTh npeaen GyHKINM:

lim (1+ Ej >
X—00 X

Bapuanr 4

1. Beraucnuth npenen GyHKIUU:

. X2-12x+35
jim 2 — =0
X—5 X _25

2. Bwraucauts npenen GyHKIUU:

x? -1
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3. Beraucaute nipegen GpyHKIUM:

. sin 8x
lim — .
x=0 gjn 19X

4. Beraucnuth nipenent GyHKIAN:

2X
lim (1+ ﬂj .
X—o0 X

Bapuanr S

1. Beraucnuth npenen GyHKIUU:

. x?-3x-18
lim B —
x>6  x* —36

2. Bwraucauts npenen GyHKITUU:

. 2X—-3
lim .
x—4 3x —12

3. Beraucauts npeaen GyHKIHM:

| sin 5x
x—0 gin 14 x

4. BpraucauTh npeaen GyHKIHIH:

3x
lim (1+ EJ .
X—0 X

Bapuanr 6

1. Beruucnuth npenen GyHKIUU:

x? 81
m——
x>9 x° —11x+18

2. Bpraucauts nipeaen GyHKIHH:

3x-5
im .
x—>6 2x —12

3. Bwraucauts npenen GyHKIUN:

sin 19x
im = .
x=0 sjn 3X

4. Beraucnuth mipenen GyHKIINN:

2X
lim (1+ Ej .
X—0 X

CamocrosiTeibHas padora Ne2

Bapuanr 1
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WccnenoBath GyHKIUIO f (X) = ! va HETPEPBIBHOCTb B TOUKE x, =0 -
X

Bapuanr 2

npu  X#0

2

X )

HccnenoBaTh GyHKIHIO f(X) ={ Ha HENPEPBIBHOCTD B TOUKE x, = 0
1

npu X=0
Bapuanr 3

HccnenoBaTh PyHKIUIO f (x) = x> HA HEIPEPBIBHOCTD B TOUKE x, = O .
Bapuanr 4

Uccnenosats Gyrkuuio f(x) = x 3 Ha HENPEPBIBHOCTE B TOUKE x, — 0 .

Bapuanr 5
3
x>, x<0
Hccnenosats pynkimo f(x) = v x> @ HEIPEPHIBHOCTE B TOUKE x, =0
Bapuanr 6
—5x, x <0
HccnenoBare yHkmo f(x) = +2 3 > ( a HENPEPHIBHOCTS B TOUKE x, =0

IonsiTe NpOU3BOAHOM M ee reoMeTpuYecKkuil cMbici.updepenunan pyHkumuu
YcTHBI onipoc

1.YTo Ha3pIBaeTCS MPOU3BOIHON (DYHKITUN?

2.Chopmynupyiite npaBuia 1updepeHupoBaHus ?

3.Kakasa @yHKIus Ha3bIBa€TCS CIOKHOM?

3. ChopmynupyiiTe NpaBUIIO HAXOXKICHUS TPOU3BOIHON CIIOKHOU (PYHKIIUH.

4. YUto HazwiBaeTcs nuddeperiuanom GyHKIuu?

5.Kaxk naiitu mpousBoaHbIe U UG HEepeHITUATbI BRICIITNX MOPSIIKOB?

6.11paBuiio Jlonurans.

7.Y4t0 Takoe 3KcTpeMyM QYyHKIUN?

8. Uto Takoe TOUKU nepernda , THTEPBaJIbl BHITYKJIOCTH ,BOTHYTOCTH?
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9.Kak HaliTh aCUMIITOTHI ?
10.Paccka3ath 001IyIO CXEMY HCCIICIOBAHUS (DYHKITHH.

IIpakTnueckas padora Ne 7 no reme «Haxokaenue npou3BoIHOM CI0KHOM
¢ynkuuu. I'eomerpudeckunii cMbICJ NPou3BoAHOM. AudPpepenuunan pyHkuum»

«Bbruncienue IMPOU3BOJAHBIX>»

He.]'lbi HpOBCpHTB 3HaHUA 1 YMCHUS 110 HAXOXKIACHUIO ITPOU3BOAHBIX 3JICMCHTAPHBIX U

CIIOXKHBIX (DYHKIIHIA.

3ananue 1.Hautn npousBoaHbIe PyHKITHIA

B1 Y=x>-5x*+11

B16 Y=x>-5x?+11

Y=x’ctgx Y=x’ctgx
Yzarcxtgx Y=arcxtgx
y=\x3 +5 y=x3+5

Y=e ™" Inx Y=e =" Inx

Y=(cosx — 1)%*

B2 Y=2x3-x*+17

B17 Y=2x3-x*+17

Y=xtgx Y=xtgx
_artgx _artgx
B 4x B 4x
Y={x2 — 3 Y=x2 — 3
Y=in = Y=in =
x+1 x+1

B3 Y=7x3+3x%-2

Y=xarctgx

xX+5
Y=

Inx

1
(2x+11)°

Y=sin3(4x? + E —1)

B18 Y=7x3+3x2%-2

Y=xarctgx

x+5
Y=

Inx

1
(2x+11)°

Y=sin3(4x? + g —1)
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B4 Y=-3x3+5x*-81

Y=2xsinx

X

" sinx
Y=Vx2 =3

X
Y=cos —
x+1

B5 Y=7x%-3x?+32
Y=x3arcsinx

2
T (3-6x)6

_cosx

3x
Y=In(x — x2? — 6)

B6 Y=-x>+3x3-11
Y=3x%ctgx

_arccosx

Y

3x

y=x2 -3
Y=e3% In2x

B7 Y=3x*-6x*+19
Y=x3sinx

tgx
Y=—"—
3x

Y=12x3 -6
Y=e % Inx

B8 Y=-4X®+9X?-12
Y=x3tgx

_arcctgx

Y

6x

B19Y=-3x3+5x*-81

Y=2xsinx

X

" sinx
Y=Vx2 =3

X
Y=cos —
x+1

B20 Y=7x%-3x%+32

Y=x3arcsinx

2
T (3-6x)6

cosx
Y=

3x

Y=In(x — x2 — 6)

B21 Y=-x>+3x3-11

Y=3x%ctgx

_arccosx

Y

3x

Y={/x2 -3
Y=e3*" In2x

B22 Y=3x*-6x2+19
Y=x3sinx

tgx
Y=
3x

Y=12x3 -6
Y=e % Inx

B23 Y=-4X%+9X%-12
Y=x3tgx

_arcctgx

Y

6x
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v=3/3x + 6
Y=2"%"Inx
B9 Y=5x*-2x3+65

Y=x?arcsinx

I
T (6x—4)3

Y=x2 -5

Y=32%"Inx

B10 Y=-2x°-3x*+19

Y=x’ctgx

_arctgx

Y

X
Y=Vx3 +5
Y=e2%* Inx
B11 Y=8x*6X°+1

Y=2x3arccosx

y=t9%
5x
9
T (6x—=5)*
Y=4"%*Inx

B12 Y=3X*+11x3-87

Y=3x3ctgx

CoSsx

2x

_ -3
(4x+9)5

Y=56%" Inx

Y=3/3x + 6
Y=2"%"Inx
B24 Y=5x*-2x3+65

Y=x?arcsinx

I
T (6x—4)3

Y=3x2 -5

Y=32%"Inx

B25 Y=-2x°-3x*+19

Y=x2ctgx

_arctgx

Y

X
Y=Vx3 +5
Y=e2** Inx
B26 Y=8x*-6X"+1

Y=2x3arccosx

y=t9%
5x
9
T (6x—=5)*
Y=4=%"Inx

B27 Y=3X*+11x3-87

Y=3x3ctgx

Cosx

2x

-3
Y_(4x+9)5

Y=56%"Inx
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B13 Y=x>+9X>-51

Y=x?arcsinx

X

_COSX
Y=1/8x3 -3

2
Y=e%*"Inx

B14 Y=3x"-9X3+11

Y=5x3tgx

2x

" arcsinx
Y=32x%* — 6

3
Y=e3*"Inx

B15 Y=x>-8X*+16

Y=4x2ctgx

_actgx
3x

9
(2x—15)%

Y=62*"Inx

B28 Y=x>+9X?-51

Y=x?arcsinx

X

_COSX
Y=18x3 -3

2
Y=e%*"Inx

B29 Y=3x"-9X3+11

Y=5x3tgx

2x

" arcsinx
Y=32x%* — 6

3
Y=e3*" Inx

B30 Y=x>-8X?+16

Y=4x2ctgx

_actgx

3x

9
(2x—15)®

Y=62*"Inx

KoHTpoJibHbIE BOIIPOCHI

1.ChopMynupoBTh ompeiesICHIE POU3BOIHOM, paBuia qudGepeHITupoBaHUs.
2.3HaTh TaOJIUIly TPOU3BOIHBIX YJIEMEHTAPHBIX QYHKIIUH.

3.ChopmynupoBaTh TpaBUIIO HAXOXKICHUS TPOU3BOHOM CIOKHOU (PYHKIIUH.

IpakTnueckas padora Ne 8 mo reme«ccinenopannss (PpyHKUMH ¥ OCTPOEHUE
rpapuka»

Heab: HayuyuThCs HCCAEAOBATH (PYHKIUIO U IO Pe3yJabTaTaM UCCIEI0BAaHUS CTPOUTD
rpaduxk.

3ananue 1.MccrnenoBars GyHKIUIO M0 MPEAJIOKEHHON CXEME U IMTOCTPOUTH €€ TpaduK:

1.Haiitu o6macth onpenenenus QyHKITUH.
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2.HCCJ’ICI[OB3TB Ha 4YCTHOCTDb U HCUCTHOCTD.

3. UccnenoBaTh Ha IEPUOAUIHOCTD.

4. Haiitu CTADMOHAPHBIC W KPUTHUYCCKUC TOYKHU IICPBOTO poaa.

5.Haiiti mpomexxyTku Bo3pacTaHusi U yObIBaHUS (DYHKIIUU, SKCTPEMYM.

6.Haiitu cranmoHapHble M KPUTHYECKUE TOUYKH BTOPOTO POJA.

7. HaiiTi mpoMeKyTKH BBITYKJIOCTH (DYHKIIMH, TOUKH MIeperuoa.

8. HaliTu acuMnToThl (BepTUKAIbHBIE, TOPU30HTAIIbHBIE, HAKIIOHHBIE).

9.Haiitu Touku nepeceueHus rpapuka GyHKIIMU C OCIMH KOOPAUHAT.

10.HaiiTi 1ONOJTHUTEIILHBIE TOYKH.

11. ITo pe3ynbpTaTaM UCCIIEIOBAHUS TOCTPOUTH rpaduK QYHKIUU.

Bl.a)y=x%2-x)%

B2.a)y=xv1 —x;

B3.a)y=x-arctgx;

B4.a)y= 8

4—x2’

B5.a)y= ’?

2
x“—-2x—8
6)y=—2°
) y x+1
2
X“+2x—8
6) y=———
x+3
2
x“-3x—10
6)y=>"
)Yy=—17
_x2+3x-10
- x+3
2
X“—4x-12
6)y=——""
) y x+3

B16. a)y=X?-12x% .gx+1;

x®

6)y=xz+1
1.1, x3
B17. a)y=3" T2 -2x-1; 6)y=x =2

X3 -1
6)y=3x + 5

B20. a) y= x>-20x ; 6) y=1-);i2
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X xZ+4x—12

B6.a) y=——; 6)y-=

x-3
B7. ) = 6) - x2—x—20
ay= 2+16 LA
BS. a) % 6)y = x2+x-20
ay=e T x-2
X x2-2x-15
B9.a) y =— 6)y = —
2 [—
B10. a) y =2x-x%; 6)y = X +X2_X1 15
b —a2x
B11.a)y=X*-3X"+4.6) y=x7-2
.9 . Xx=
B12.a)y="X? T3X*-2. g)y=x=z-1
=x*-12x+6 . -
B13. a)y ;6)y= X2+4

B14. a)y=x? +9x% + 24x + 12

-

X+
6)y=6x- + 16

x®

B15.a)y="X*t3X*-2. g)y=x7-1

B21.

B22.

B23.

B24.

B25.

B26.

B27.

B28.

B29.

B30.

2_
a)y=x*+15x*-x-250 6)y=—

aly=1x + 2;

a) y=x*-4x;

a)y=3x-x3

a)y = 2/3x3-2x=1;

a) y= 2x%-x*

a)y=2x>8;

a)y = x*-8x%+3 ;

3
a)y=—;

a)y=xv4 —x;

1

6)y=

2+9
3
6) y = 3x+—+5

x2—2x—8
+1

6)y=

6) y=-

x2+9

6)y=—

6)y=—m

6)y=

_X2+3X—10

x+3

x2—2x—8
+3

6) y=—
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KoHTpoJbHBIE BONIPOCHI:

1.Yto Takoe o0macTh onpeaeneHus GyHKITAN?

2.Kakne QpyHKITMY Ha3bIBAIOTCS] YETHBIMU , HEUETHBIMH, O0IIeTo BUa?
3.Buabl Touek paspeoiBa.

4.Yt1o Takoe HyIu (QyHKITUN?

5.Kaxk onpenenuTh NpOMEXYyTKH BBITYKJIOCTH?

6.Buapr acuMmTor.

CamocrosiTenbHas padora Ne 1

Bapuanr 1

1.Haitt npoussoanyio pyrkuun y=sin®(4x3 — 2).

2. HaiiTu npou3BoOIHYIO TPETHEro mopsaka GpyHkuuu y=3X*+C0S5X.

3.Be1ynuciauTh IMpCaciibl, MCIIOJIB3YyA IIPABUJIO Jlonnrans:

X T Sinx 1

m( — ), lim(

i
x—>§ ctgx 2cosx x-0" X

Bapuanr 2
1.Haiitu npoussonnyro Gpynkuun y=cos*(6x? + 9).
2. HaiiTy IpOou3BOJHYIO TPETHETO MOpsAaKa pyHKImH Y=3X>-Sin3X.

3.BoruncnuTh npesensl, ucnoib3ys mnpasuiio Jlonmurans:
x* i
)lcierlOZeW ,a>0; chiir(l)(cosx)xz
Bapuanr 3
1.Haitt mpoussoanyto ¢pyrkuun y=tg®(3x* — 13).
2. HaiiT MpOu3BOJHYIO TPETHETO MOpsiaKa GpyHKIuH Yy=4%3-e%,

3.BblunciuTh mpeaensl, UCHoab3ys mpaBuio Jlonurans:

1 _ tgx — 1
0); lim

; 11
x-m/4

lim(— —
xl—r>r11(lnx X —

)

sindx

Bapuanr 4



1.Haiitu npoussoanyro gpynxuun y =ctg*(5x3 + 6).

2. Haiity IpOM3BOJHYIO TPETHETO MOpsiaKa GpyHKIuH Y=5X*- COS4X.

3.BeIynuciauThb IpCaciibl, HUCIIOJIB3Ys IIPABUIIO Jlonurans:

X
lim(1—-x)tg—; lim(a* —1),a >0
x—1 2 X—0

CamocrosiTeibHast padoTa Ne 2

Bapuanr 1

1
1.HaiiTi obnacte onpeaeneHust PyHKIUHN y= — .
pea Gynkunn y N
2. Haiitu o6sacth 3HaueHn PyHKIMU y=3sinx+4cosx.
3. Haiitu npoMexyTku BospacTanus (QyHKun Y=9X+3x2-X3,

4. HaiiTu cTalluOHapHbIE TOUKU (PYHKIUU y=X+COSX.

Bapuanr 2

o 1
1.Haiiti o06acTh OIIPCACIICHUA (bYHKHI/II/I y= —3+2 = -
v X—Xx

2. Haiitu obmacte 3HaueHni QpyHkmnn y=>5sinx-12Cc0SX.
3. Haiitu npoMexyTky yObiBanust (GpyHKIuM y=-18x+1,5x2+x3,
4. Haiitu cTanimoHapHbIC TOYKH (DYHKIMH y=X- SINX .

Bapuanr 3

1
V7x=10—-x2

1.Haiitu o6nacts onpeneneHus QyHKIUN y=
2. Haiitu o6nacth 3HaueHnt PyHKuu y=12sinx+5cosx.
3. Haiitu npoMexyTku yobiBanust QyHKumu Y=-6X-0,5x>+1/3x°,

4. HaliTu cTanimoHapHble TOYKH (PyHKIMU y=X+ Sinx .

Bapuanr 4

. 1
1.Haiitu obnacts onpeneneHuss QyHKIUHN y= -
X —X

2. Haiitu o6nactb 3HaueHnt PyHKuu y=4sinx-3C0OSX.
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3. Haiitu npoMexyTku yobiBanus Qynkuun y=-10x+3,5x-1/3x5,

4. HaiiTi cTalliOHapHbIC TOYKH (YHKIUH y=X- COSX.

CamocrosiTenbHas padora Ne 3

Bapuanr 1

1.0npenenuTh CKOPOCTh TOYKH, ABKYIIEHCS 110 IPAMOM 1o 3akoHyX(t)=1/3t3-5t2,

2. Touka JBUKETCA MO MPSAMOI 10 3aKoHY s(t)=2t%-3t-1.0mpeneanTh MTHOBEHHYIO
CKOpOCTB ITpH t=2.

3.0npenenurs yCKOPEHHe TOUKH, JBIKyIIeics no 3akony s(t)=t3-5t2,

4.Teno maccoit m nBrokeTcs 1o 3akoHy X(t)=3c0s3zt. OnpeneauTs CHIy ,ICHCTBYIONTYIO
Ha TEJIO B MOMEHT BpemeHu t=1/3.

Bapuanr 2

1. Onpenenurs CKOPOCTH TOYKH, ABUKYILIEHCS MO IpAMOii 1o 3akony X(t)=1/2t2-4t.
2. Touka ABUKETCA 110 TIPAMOIL 110 3aKoHy s(t)=4t2-5t+7.OnpenenuTs MTHOBEHHYIO
CKOpOCTB IpH t=2.

3.0mnpenennTs yCKOpEeHUe TOUKH, JBHKYILEHCS Mo 3aKoHy s(t)=2t2-t3,

4.Teno maccoit M aBrKkeTcs 1o 3akony X(t)=-2sin2xt. OnpeneanTts CUily, IeHCTBYIOIIYIO
Ha TEJIO B MOMEHT BpemeHu t=1/4.

Bapuanr 3

1. OnpenenuTs CKOPOCTH TOYKH, JBHKYIIEHCS 10 IPAMOM 1Mo 3aKony X(t)=3t3+2t2,
2. Touka ABMXKETCS I10 IPAMOi 110 3aKoHy S(t)=-t*+10t-7.Onpenenurs MrHOBEHHYIO
CKOpOCTb IipH t=1.

3.0mpenenuTh yCKOpEeHUEe TOUKH, JBHKYILEHCS 1o 3akoHy s(t)=1/3t3-6t.

4.Teno maccoit m aBrKkeTcs 1o 3akony X(t)=-2sindnt. Onpeneiants Cuily, IEHCTBYIOIIYIO
Ha TeJI0 B MOMEHT BpeMeHu t=1/8.

Bapuanr 4

1. Onpenenirs CKOPOCTh TOYKH, ABUKYIIEHCS MO IpAMOii 110 3akony X(t)=2t3+1/4t2,
2. Touka ABUKETC 110 PAMOIL 110 3aKoHy s(t)=3t+2t-1.0npenenuTs MTrHOBEHHYIO
CKOPOCTH TIpH t=3.

3.0npenenuTs yCKOPEHHE TOUKH, JBIKYLIECs 0 3aKoHYy s(t)=t*-t.
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4.Teno maccoit m aBrokeTcs 1o 3akony X(t)=-3cos2nt. OnpenenuTs Cuily, IeHCTBYIOIIYIO
Ha TEJI0 B MOMEHT BpeMeHu t=1/8.

JAunddepenunanbHoe ncuuciaenue GyHKIUIA HECKOJIBKHUX MepeMEeHHbIX
YcrHbli onpoc
1.Kakas @yHkius Ha3bpiBaeTCs (PYHKITUEH HECKOIBKUX IEPEMEHHBIX ?
2.Yto0 Takoe obsacTe onpeaeacHuss GyHKIUU HECKOJIbKUX MePEMEHHBIX?
3.YUTo0 Takoe 4acTHbIE MPOU3BOIHBI?
4. ChopmyaupyiTe IpaBrI0 HAXOKISHUS MPOU3BOIHOMN CIOKHON (DYHKITUMH HECKOIBKUX
MIEPEMEHHBIX.
5. Yro Ha3biBaeTcs MONHBIM quddepeHiranom (QyHKIIUU HECKOIBKUX TIEPEMEHHBIX ?
6.Kak naiitu mpousBoaHbie U Au(depeHITnanbl BHICIINX MOPSAKOB?
7.YT0 Takoe 3KCTpeMyM (PYHKIIUM HECKOJIbKUX MEPEMEHHBIX?
IIpakTnyeckast padora 9 mo reme

«Haxoxaenne 4acTHbIX NPOU3BOAHBIX. [losHbii nuddepenumnan»

[{enb: mpoBepUTh YMEHUE HAXOJUTh U CTPOUTH OOJIACTh ONPEACICHHS CII0KHONU (PYHKIINH,
HaXOJUThb YaCTHBIE IIPOU3BOHBIE.

3aganuda:

1. HaiiTu 1 mOCTPOUTH 00JIACThH ONpe/iesIeHUs] CJI0KHON (PYHKIIMU.
2. BbIYHCIUTH NPOU3BOIHYIO CJIOKHON PyHKIIUH.

B1 1.z=arcsin(1-x2-y?) B16 1.z=|n§

= X = =
2.a) z=VInx o X=e,y 1 2.a)z=(x2 n yZ)xZ_yz

—v2_y,2 2 — — —
6) u=x*-y*+3z%, x=1/2,y=1/2,2=1/2 6)u=x\/§-(z+y)\/§, x=1,y=1,2=-2
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B2 1.z=In(y-Inx)

= J—, = =
2.3) z—,/xylnx, x=1, y=2

B)u=3x?/2-
v2/2+22%,x=2/3,y=2,2=2/3

B3 1.z=,/Inx + Iny

2 .a ) Z:xyir)(:e/ y=1
xy

6)u=x3/2-y3/2+82%,x=2,y=2,2=3/2

B4 1.z= \/;—x+2

2.a)z=sin1/xeY,x=m/2,y=1
6)u=3/2x%+3y2-272?,
x=2,y=1/3,2=3/2

. x2
B5 1.z=arcsm7

2.a)z=arcg(x>-y*)+1/,/xy

_Vx _ _yz
6)u= Yy xHy

B6 1.z=arcos(2x-y)

2.3)z=a rccos§+e\/ﬁ, x=2,y=1

6)u=\/§x2-%-6\/§zz, x=1,y=2/3,2=1/6

B7 1.Z=\/ln(2 —-X =),

y
2.a)z=tgl/x.ex,x=1/m,y=0

6)u=
2./x + y+y.arctgz,x=1,y=1/3,2=1//6

17 1.z=Iny-Incosx
2.a)z= xsiny+x%, x=3,y=n/2

6)u=,/xy — V4 — 22 x=1,y=1,2=0

B18. 1.z=|nsinx-\/§
2.a)z=arcsin% - Inv, u=0, v=1
6)u=(x2+y*+22)%?, x=0,y=-3,2=4
B19. 1.z=In(y?/4-x*/9-1)
2.a)z=|n\/m+1/y,x=y=1/\/7

6)u=2/x+3/2y-
\6/4z,x=2/3,y=3/2,2=1/2

B20. 1.z=arcsin%

2.3)z=Inyvx ,x=1,y=3/5

6)u=3/x+4/y-1/V/6x,x=1,y=2,2=1//6

B21. 1.z=1+,/1 — (x — ¥)2

2.a)z=cos(1/y)-1/\/x_, X=11/2,
y=2/m

6)u=xﬁ-yzz,x=2,y=1,z=-1
B22. 1.z=In(x?+y)

2.a)z=e*" \[x2 — y?2, x=1,y=0

=gj l = = =
6)u—smxz,x 2,y=m,z=1



B8 1.z=In>
y
2.a)z=(x2 + y2)¥*v°
6)u=x\/§-(z+y)\/§, x=1,y=1,z=-2
B9. 1.z=Iny-Incosx

2.a)z= xsiny+x2, x=3,y=11/2

6)u=,/xy — V4 — 22 x=1,y=1,2=0

B10. 1.z=Insinx-,/y
2.a)z=arcsin% - Inv, u=0, v=1
6)u=(x>+y?+z2)%?, x=0,y=-3,2=4
B11. 1.z=In(y?/4-x?/9-1)
2.a)z=|n\/m+1/y,x=y=1/\/§
6)u=2/x+3/2y-/6/42,x=2/3,y=3/2,2=1/2

B12. 1.z=arcsin§

2.a)z=Inyvx ,x=1,y=3/5

6)u=3/x+4/y-1/\/6x,x=1,y=2,2=1//6

B13. 1.z=1+/1 — (x — y)2

2.a)z=cos(1/y)-1/\/x_, X=Tt/2,
y=2/m

6)u=x\/§-yzz,x=2,y=1,z=-1

B23. 1.z=V1 — x2+,/1 — y?2
2.a)z=yIn(x2-y?), x=2,y=1

6)u=x3/16+y?*/9-
2%/8,x=2,y=1/2,2=1/3

B24 1.7=\/In(2 — x — y),

Yy
2.a)z=tgl/x.ex,x=1/m,y=0

6)u= 2,/x + y+y.arctgz,
x=1,y=1/3,2=1//6

B25 1.z=arcos(2x-y)
2.a)z=a rccos§+em, x=2,y=1

6)u=\/7x2-%-6\/722, x=1,y=2/3,2=1/\/6

2
B26 1.z=a rcsin%

2.a)z=arcg(x>-y?)+1/,/xy

_Vx _ yz
6)u—y =

B271.z= |,\/y —x + 2

2.a)z=sin1/xeY,x=m/2,y=1

6)u=3/2x*+3y2-22,
x=2,y=1/3,2=3/2

B28 1.z=,/Inx + Iny

2.a)z=xV—x"e ¥=1
xy

6)u=x3/2-y3/2+82%,x=2,y=2,2=3/2

69



B14. 1.z=In(x?+y)

2.a)z=e"2\/x2 — y?,x=1,y=0

=gj l = = =
6)u—smxz,x 2,y=m,z=1

B15. 1.z=V1 — x2+,/1 — y2
2.z=yIn(x*-y?), x=2,y=1

u=x3/16+y?/9-22/8,x=2,y=1/2,2=1/3

KOHTpOJ]LHLIe BOIIPOCHI:

B2 9.z=In(y-Inx)

= X = =
2.a) z—,/xylnx, x=1, y=2

B)u=3x?%/2-
v2/2+22%,x=2/3,y=2,2=2/3

B30 1.z=arcsin(1-x*-y?)
2.a) z=Vinx %, x=e, y=1

6) u=x2-y*+3z%, x=1/2,y=1/2,2=1/2

1.ChopmynupoBats ornpeaesieHne GyHKIMU C IBYMs IEPEMEHHBIMU.
2.Yt0 Ha3pIBaeTCs 001acThIO onpenenaeHus: (QyHKIMU HECKOJIBKUX MEPEMEHHBIX ?
3.ChopmynupoBaTh IpaBUIO HAXOXKACHUS POU3BOIHON (PYHKIIMHU HECKOIBKUX

IICPCMCHHBIX.

4.Yto Takoe nonHbi Auddepennan GyHKIUA HECKOIbKUX MEPEMEHHBIX ?

IpakTnueckas padora 10 mo reme «IreTpeMyM (PYHKIUH ABYX MEPEMEHHbBIX)

Heanb: npoBepuTh yMEHHUE HCCIIETOBATH (DYHKIIUIO HA SKCTPEMYM.

3ananue 1.HaiiTu YacTHbIEe MPOU3BOJAHBIE BTOPOI0 NMOPAIKA

B1z=x%y*-4x-5y
B2 z=y?-x?+xy-2x-6y
B3 z=xy(1-x-y)
B4 z=y\/x-y>-x+6y
B5 z=e*/?(x+y?)
B6 z=x3-y3-3xy

B7 z=0,5xy+(47-x-y)(x/3+y/4)

B16z=x3-y3-3xy
B17z=0,5xy+(47-x-y)(x/3+y/4)
B18. Z=x’+y*+xy-3x-6y

B19. z=xy?*(1-x-y)

B20. z=x3+y3-15xy

B21. z=3-2x?-xy-y?

B22. z=y%-xy-2
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B8  z=x’+y’+xy-3x-6y
B9  z=xy%(1-x-y)

B10 z=x3+y3-15xy
B11z=x?+y%+xy-4x-5y
B12 z=y?-Xx’+xy-2x-6y
B13  z=xy(1-x-y)

B14  z=yvx-y?-y+6y

B15z=e*/%(x+y?)

B23.z=x%+2xy-y?+4x
B24z=2x>+2xy-y?*/2-4x
B25z=x%+xy-2

B26.  z=y-2xy-x’+4y+1
B27.  z=1-2xy+2x?

B28. z=4x+2y+4x*+y*+6
B29  z=x’+2xy-10

B30. z=x%+2xy-y?>-4x

3ananue 2.UccienoBarh 3aJaHHYI0 (PYHKIIUIO HA SKCTPEMYM

B1. z=12+2xy-x?
B2.z=5x2-3xy+y*+4
B3.z=4x*+9y?-4x-6y+3
B4.z=x2-2xy-y*+4x+1
B5.z=y%+2xy-x2>-4y
B6.z=x*+3y%+x-y
B7.z2=x%y
B8.z=4-2x>-y?
B9.z=x?/2-xy

B10.z=1+xy>

B16.z=x%*+2xy-10
B17.z=4x+2y+4x%*+y*+6
B18.2=1-2xy+2x2
B19.z=x%+2Xxy-y*+2x+2y
B20.z=y?-2xy-x*+4y+1
B21.z=x*+xy-2
B22.7=2x%*+2xy-y%/2-4x
B23.z=x%+2xy-y?+4x
B24.7=3-2x?-xy-y>

B25.z=y?-xy-2
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B11.z=4-2y*+x?
B12.z=y?+2xy-x*-4y
B13.z=x?-xy

B14.z=xy(4-x-y)

B15.z=x2+2xy-y?-4x

KoHTpoJibHBIE BOIPOCHI

B26.z=x%+y’+xy-4x-5y
B27.z=y?-x*+xy-2x-6y
B28.z=x>+y?+xy-3x-6y

B29.z=x3-y3-3xy

B30.z= x3+y3-15xy

1.ChopmynrpoBaTh anrOPUTM HAXOKACHUS IKCTpeMyMa (PYHKITUU HECKOIBKUX

MIEPEMEHHBIX

CamocrosiTenbHas padora Nel

Haiitu nonneie nuddepennmans GyHKIMMA

Bapmanr 1.

a)  Z=X24Xy-2
0) Z=yVx-y*-x+6y

Bapuanr 2.

a) z=x3-y3-3xy
0) z=x%2-xy
Bapuanr 3.

a)  z=yVx-y’-y+6y
0) Z =X*+y*+xy-3x-6y

Bapuanr 4.

a) z=xy(1-x-y)
6)z =x>+2xy-10
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HuTerpanbHoe ucumcieHue PyHKUUN OHOM NepeMeHHOU

YcrHbli onpoc

1.Yto Ha3bIBaeTcs nepBooOpa3Hoi (GyHKIHUH?

2.YT10 Ha3bIBAETCS HEONPEAEIEHHBIM UHTErPAIIOM?

3.CBolicTBa HEONPEAECICHHBIX UHTETPATIOB?

4. Tabnuua HeoIpe1eIeHHbIX HHTETPaIOB .

5. MHTerpupoBanue mMOACTAHOBKOM M IO YaCTSM.

6.1uTerpupoBanue parmoHaIbHBIX IpoOel. B ueM cyTh MeTO1a HEOTpEIeICHHBIX
kodhpurrieHTOB?

7.lHTerprpoBaHre TPUTOHOMETPUUYECKUX BBIPAKECHUM.

8. IHTerpupoBaHue UppalOHATIBbHBIX BBIPAKEHUH.

9.3amaun, NpUBOIAIIME K MOHSATHIO OMPEICICHHOTO UHTErpaa.

10. Yto Ha3pIBaeTCA ONPENEIEHHBIM HHTETPATIOM?

11.CgoiictBa onpezaenenHoro uarerpana. ®opmyna Herotona-JleliOnuna.
12.Yt0 Takoe HECOOCTBEHHBIN UHTETPaN?

13.Kakue cyiecTByrOT METO bl NPUOJIMKEHHOTO BEIYMCIICHUS OTIPEICIICHHBIX
UHTErpajoB?

IIpakTnueckas padora Ne 11 mo reme

«Bbruncienue HEONPECACJICHHBIX HHTECIPAJI0OB»

He.m;: IMPOBCPUTH YMCHHEC HAXOAUTHb HCOIIPECACIICHHBIC MHTCTPAJIbl UCIIOJIb3YA MCTOAbI
HCTIOCPCACTBCHHOI'O HHTCIPHUPOBAHUA, HHTCI'PUPOBAHHC HOI[CT&HOBKOﬁ H I10 4aCTsIM.



3auaHne 1.Haiitu HCOIIPEACIICHHBIC MHTCTPAJIbl HCIIOJB3YSA METOA HEIIOCPECACTBCHHOI'O

UHTETPUPOBAHUS
B1.[(5cosx — 3x?+1/x)dx B16.[ (cosx + 2x3+1/x)dx
x5 —ox5—
Bz_f3x8x++x4dx B17. fwdx
B3.[(6%3% — 4)dx B18.[(2*5* + 8) dx
1
B4 f(cosz W)dx BI19. J‘(smzx m)dx
BS'f 1+16x2 BZOf1+4x2
B6. [ (6sinx + 4x3 — i) dx B21.[(—2sinx + 6x* — i) dx
9_9a7 6 -
B7fx 3§7+2x dx B22. f6x +2x7-7x3 dx
BS.[(7%2%* + 5) dx 523/f(3x67x —3)dx
1 1
BS. f(1+x2 smzx) dx B24f(1+x2 smzx) dx
B10..[ —= W B25. [ m
B11.[(9cosx + 2x3+1/x)dx B26. .[(3sinx — 6x2+1/x)dx
- _
B12. fmdx B27. fwdx
B13..[(9%23* — 6) dx B28.[(8%3* + 3) dx
1 1
B14. J‘(smzx V1-x2 Ydx B23. f(cos 2x  V1-x2 )dx
dx
B1S.J 1+64x2 B30. f9+4 2

3ananue 2.BeIyuciuTh HEONPEICICHHBIE MHTETPAJIbl C TOMOIIBIO 3aME€HbI IEPEMEHHOM

sinx

B1 a)f —dx b) [(x> + 3)® x*dx B16a)

BZa)f B8a)[(2x7 + 4)3x® dxB8

— dxb) [ cos*xsinx dx

6)[ x%cos(x> +7) dx

x * 4\5 ,3
B3a)f —— _7dx6f(1 + x*)° x3 dx

3)° X2 dx B18.a) [ zzf



3x?
2x3+3

dx 6)f sin®xcosx dx

B4 a)f

B5.a)[(2x3 — 5)®x% dxB5.

6) [ x3sin(x* — 3) dx

X2

B6a)[ ——

X2
2x3+1

B7a)[ dx

6) [ xcos(x? + 3) dx
B8a) [(2x7 + 4)%x® dxB8
6)[ x*cos(x>®+ 7) dx

3x4

B9 a)f —~—dx

6) [(3 +x*)°x3dx
B10a)[(2 — 4x3)°x? dx

6)[ x*cos(x®> + 1) dx

sinx

Blla)f dx6)[(3 + x°)® x* dx

cos3x

X3
7x*+1

B12.a)/ dx6) [ sinxcosx* dx

3
B13a) a)fX:—”dx

6)[(1—3x3)%x*dx

dx 6)[ x3cos(x* + 5) dx

B19a)[(—4x3 + 2)°x? dx

6)[ x*cos(x®> + 1) dx

B20a) [

sinx

cos3x

dx

b) [ (x> + 3)® x*dx

B21a) [

B22a)[

3
7x4—1

X3

x%+7

dx6) [ sinxcos*x dx

dx

6/(1—3x3)°x%dx

B23.a)

B24a)[

3x?
2x3+3

X2

4x3-1

dx 6)[ sin®xcosx dx

dx

6)[ x3cos(x* + 5) dx

B25a) [ (5 — 2x3)°x? dx

6) [ x3sin(x* — 3) dx

B26 a)f

B27a) [

B28a)[

X3

3x2

2x3+43

3x*
2x5-3

x*+7

dx6)[(1 —3x3)6x* dx
dx6)[ sin®xcosx dx

dx6) [(3 +x*)°x3 dx
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B10a) [ (5 — 2x3)°x? dx6) [ x3sin(x* —

3)dx

KOHTpOJILHLIe BOIIPOCHI:

1.Tabnuiia UHTETpasoB .

sinx

B29 a) [ ———dx6)[(3 + x°)°x* dx

B30a)

2. B yem cyTh MeToaa 1o6aBouHOro Kod3dduimueHta’?

3 .MeTo/ MOACTaHOBKHU.

4.MeTtoa MHTETPUPOBAHMS IO YACTSIM.

IIpakTnueckas padora Nel2 nmo reme

«MHTerpupoBanue palMOHAIBLHBIX APO0ei»

Heanb: mpoBepUTh YMEHNUE UHTETPUPOBATH PAIIMOHAIIBHBIE APOOH

3aganue . Haittu unTerpanst

X—6
a)f (x+1D)(x+2)(x+3)

x3—6x2+13x—6
(x+2)(x—2)3

B1 6) [

P+ 4x 4 4x + 2
|7

2( Y2 x
1+x)2X"+x+1)

3x—4
a)[ (x;(—1) dx

x3+6x2+13x+9
6) [ —————

B2 (x+1)(x+2)3

23+ 7> +7x—1

(2 +x)2(X* + 2x + 2)

a)f 5x—=2

x—1)(x—2)(x—3) dx

x3—6x%+11x—10
(x+2)(x—2)3

B3 6) [

2x—5
a)[ ———
(x+1)(x+2)X
x3+6x*+13x+8
X(x+2)3

B 16 6) [—————dx

X3+ 4x> +3x+2
(1+x)2(x*+1)

a)f 4x—3

X(x—2)(x—3) x

x34+6x%414x+10
) [

B17 (x+1)(x+2)3

2x3 +4x* +2x—1 p
T+x202 +2x+2)

6x—1
A e oemn @

x34+6x2+11x+7

B18 6) f (x+1)(x+2)3
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)f x>+ 6x* +9x+ 6
X+ D2 +x+1)

7x
a)f (x—3)(x—42)(x-5) dx

6) f 2x3+6x2 +7x+6d

B4 X(x+1)3

3x3+6x>+5x—1
(14 X)2(X? + 2)

Ox+2
A oeea %X

)fx 3_6x%2+13x— 7d

BS ) (—2)?

x3 4+ 6x*+8x+8
(2 +x)2(x%2 + 4)

—4x—5

a)/ (+2) (x+3) (x+4) dx

x3—6x%+10x—10
B6 6) f (x+1)(x—2)3

j 2x3 — 4x* — 6x — 12
) (—14+x)2%(x*+4x+5)

—6x—7

a)/ (x+4) (x+5) (x+6) dx

3x3+9x%2+10x+2

B7 6) f (x—=1)(x+1)3

j x3 + 2x% + 10x
) T 0ree —x+ D)

—8x—9

a)/ (+6)(x+7) (x+8) dx

23 +6X%+7x+4
B8 O

f2x3 +11x% + 16x + 10
* ] @202 + 2x+ 3)

10x+3
A oommos 9*

3 2
B 19 )J-x +6x“+10x+10

(x—1)(x+2)3
x3+9x% + 21x + 21
)| TBTOE 3

—5x—6
a)f (x+3)(x+4)(x+5) dx

dx

x3—6x%+13x—8
B 20 6) f X(X 2)3 d

fx3 +5x* + 12x + 4
)| G o+ 4

—7x—8
A oo 9

x3—6x%+14x—8
B2t O e &

—3x3 + 13x% — 13x + 11
6) (=2 +x)?(x* —x+1)

3 )f —9x—10 x
(x+7) (x+8) (x+9)

) fx +x+2

B 22 (x+ 2)x3

3x3 + 46 + x
(—1+x)2(x%2 +9) g

)f —-11x—12
A 9+ 10) (et 11)

23 +x+1
) f (x+1)x3

B 23
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4x3 4+ 24x% 4+ 20x — 28
B+x)2(*+x+1)

)f —-10x—-11
(x+8)(x+9)(x+10)

2x3+6x2+7x
) f x=2)(+12)3

j‘ X3 +x+1
6)(ﬁ+x+nuﬂ+n

B9

a)f —-12x-13

x+10)(x+11)(x+12)

3+6x°2+4x+24
6) [ ———s

B 10 (x=2)(x+2)3

j 2x3 +4x% + 2x + 2
X+ 1+X)2 +x+2)

)f —14x—-15
(x+8)(x+9)(x+10)

x3+6x%+18x—4
N e veren

B11 (x—=2)(x+2)3

)] 4x° + 4 + 3x
A+x)2+x+1)

a)f —13x=5

x+3)(x—2)(x+1)

x3—6x%+14x—4
6) [ —

B12 (x+2)(x—2)3

j 233 +1—x
X+ D0 —x+1)

f 23 +3x* + 3x + 2
1+ +x+1)

)f —13x—-14

X+9)(x+10)(x+11) x

2x3+6x%+5x
) J

B24 (x+2)(x+1)3

)j‘ X3+ 4x* +4x + 2
(14 x)26% + x + 1)

—15x—16
)f x+7)(x+8)(x+9)

) f 2x3+6x%+5x+4
(x—=2)(x+1)3

f X +x+3
°) (1+x)02 +x+1)

B 25

a)f —11x-3 dx

X(x+1)(x—2)

3+6x%+14x+4
N e veeren

B26 (x=2)(x+2)3

f 3x3 + 4x% + 6x
QC+x)0E+x+1)

a)f —-7x+1

(x—6)(x+7)(x—8)

) f x3+6x2+10x+12
(x—=2)(x+2)3

f X +x*+1
2 1+x)X% —x+1)

B 27

78



a)f —-9x—1

(x—3)(x+4)(x-5)

2x3—6x2+7x—4
6) | =

B13 (x=2)(x-1)3

—3x+5
Sl ryromryromeyliy

x3+6x%+15x+2
6)f (x—2)(x+2)3 d

23 +2x+1

3)_[ B +x+1
1+x)2+x+1)

a)f —5x+3

*x—9)(x—2)(x—11)

x34+6x2—10x+52
(x—=2)(x+2)3

dx

B 14 6) [

X+ —x+1)

a)f x+9

x—1)(x+2)(x—1) dx

2x3 —6x2 +7x
)f(x+2)(x 1)3

4 + x

)f X3 +2x%+x+1
1+ x4+ x+1)

a)f —Xx+7

x+1)(x+2)(x+3)

X3 4+6x%2+4x+24
6) [~

B15 (x+2)(x—2)3

C+x)0E+x+2)

8x+1
A hosome 9*

x3—6x%+13x—6
)f (x+2)(x—2)3

3x3 + 7x> +12x+ 6

j 23+ 2x% +2x+ 1
X +Hx+ D2 +1)

KoHTpOJIbHBIE BOIIPOCHI:

O +x+3)(2 +2x+3)

1.B yem cyTh MeTO1a HEOTpeneNeHHbIX KOADPUITUEHTOR?

IpakTnueckast padora Ne 13 o reme

«AHTerppoBaHue TPUrOHOMETPUYECCKUX (PYHKIUI M HPPALMOHAIBbHBIX

BbIPAKEHUID)

He.m;: IMPOBCPUTH YMCHHUC HAXOAUTDH HCOIIPCACIICHHBIC NMHTCTPAJIbl TPUT'OHOMCTPHUYICCKHUX

(GYHKUMNA U MPPALIMOHATIBHBIX BBIPAKEHUIA.

3aganme 1.Haittu unrerpaisl

j dx
X+ %2

B1 [ cosxcos3x dx

5 Zf X+3/x2+6\/idx

X(1-3VX)

X342 — x> dx
f cos8xsinbx dx
2-X

+X
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j sinxsin5x dx

f \/idX
1+

j sin”x dx

VXdx
X— /%%

j‘ dx
1 — sinx

in%2x dx

B3

B4 |

VXdx

VX dx
-

B 6 cos®2xdx

J‘VX+2dx
X

B7J- dx

3+5co0sx

B8f X dx
VX +1

j dx
5 — 3cosx

Xdx
Bg f V2X+3

j sin*3x dx

(WX+1+1)dx

B10 I VIHX+1

j sin2xsin6x dx

dx
B 18f V(X=1)3(x-2)

f sin®x dx
COSX

dx
B19 f3w/(x—1)3(x+1)
fsinzxcos3 xdx
B20[ —
(1-X) [(1=X?)
f dx
cos*x
dx
B21 | VEVETS
jsiansin6x dx
dx
B 22 f _—
x11 /(1+x4)
J sin3x dx
2 4+ cos3x
B 23 f )2 =

f(cosx + 5)4 sinxdx

B24[ X>/(1+X3)2dx
j‘ctgxdx

sin?x

stf 7=

—x3

f cosx dx
5 —
Vsinx
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f cosx dx
1 + cosx
(X -1)dx

B1l =

jcos3xdx
B 12 X3V 1+ X2dx

j cosbxcos3x dx

X ) 3
fmde 13 sin®xcos? xdx

B14[ J#(H)
j cos*x dx
B 15 [—=
(1-X) [ (1=-X?)
j sin*x dx

KoHTpoJsbHBIE BONIPOCHI:

BZGfﬁ(1+\/§)3dx

J sin3x dx
2 4+ cos3x

B 27 [x* = 4x% dx
f dx
cos2x(2tgx+1)

dx
B 28f V1-2x—x2

j cos6xcos4x dx
(VX+1 +1)dx
V1+X+1

f,/Ztgx+1 dx

cosZx

B29.[

(X-=1)dx
V2X-1

B30.

f cosx dx
V2sinx+3

1.CopmynupoBaTh paBuiia HaAX0XKICHUS HHTETPAJIOB UPPALIMOHAIBHBIX BBIPAKEHUH.

2. ChopmynupoBaTh MpaBuiia HAXOXKJICHUS HHTETPAJIOB TPUTOHOMETPUIECKUX.

IIpakTnueckas padora Ne 14 mo reme

«Bbruncijienue ONPEICJICHHBIX HHTEIPaJJI0B»

HGHBZ IMPOBCPUTH YMCHUC BBIYHUCIICHUSA OIIPCACICHHBIX HHTCTPAJIOB .

3ananue 1.HaiiTu uHTErpasibI
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B1

B2

B3

B4

B5

B6

B7

B8

B9

B10

B11

B12

fz X3 dx
0 x2+4

foz In(x? + 4) dx

IZZandx
1 X2

1.3
J,x%arctgx dx

1/2

j 2 arcsin2x dx
0

J-Z dx

0 Vicxz—ax
fozn cos3x/4 dx
foe 2 sin(Inx) dx

f(z) 2arctgx/2 dx

3 15xdx

0 */(5x+1)3+4/5x+1

/2

f cos?x dx
0

/4

j tg?x dx

0

B 16

B17

B 18

B 19

B 20

B21 [

B22

B 23

B 24

B 25

B 26

B 27

f02 xe ¥ dx

f02 V4 — x2 dx

[ In(x + 1) dx
JZ, In(x + 2) 3x%dx

f0n/4 sin®3 xdx

dx
V1-x2-2x

fozn cos3x/4 dx
foe 2 sin(Inx) dx

f(z) 2arctgx/2 dx

3 15xdx

0 */(5x+1)3+%/5x+1

/2
fo/ cos?x

/4

f tg?x dx

0
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B13 B 28 f:/z cos?xsin? xdx
/2

j cos?xsin? xdx

0

Bl4f14v% B 29 ffﬁ)‘%
B 157 Ll VX —Tdx
x B 30 j -
/ X
3anaqa 2. BI)ILII/ICJ'II/ITB OIIPCACIICHHBIC MHTCT'PAJIbI.
2.1. T (X® +5x + 6) cos 2xdX. 2.2. T(x2 — 4)cos3xdx.
e 2
2.3. jl(x2 +4x+3)cos xdx. 2.4, T(x+2)2 cos 3xdx.
el -2
25, T (x2 +7X +12)cos xdx. 2.6. T(sz +AX+ 7)cos 2XaX.
“a 0
2.7. T(9x2 +9x +11)cos3xdx. 2.8. ]5(8x2 +16Xx +17)cos4xdx.
0 0
2.9, 2f(3x2 +5)cos 2xdX. 2.10. T(sz —15)0053xdx.
0 0
2.11. 2f(3—7x2)coszxdx. 2.12. T(1—8x2)0034xdx.
0] 0
2.13. T(x2 +2X +1)sin 3xdx. 2.14. _?f(x2 - 3x)sin 2 xdX.

-1 0
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2.15. T(x2 —3X+ 2)sin xdX.

2.17. J‘(x2 +6X+ 9)sin 2xdX.

-3

T

2
2.19. .[1 5x? smxdx.
0

2.21. jxlnz xdXx.

8

J-In xdx

1

3

2.25. J‘(x—l)3 In*(x —1)dx.
2
2

2.27. I(x+1)2 In?(x+1)dx.
0

X
2.29. fxze 2 dx.
-1

T

2
2.16. j x —5x+6 sin 3xdx.
0

2.18. (x2 +17,5)sin 2xdX.

Ot— Y

2.20. T(3x — X2 )sin 2xdx.

4

N

e

In? xdx
2.22. )
"

1

2.24. f(x +1)In*(x+1)dx.

0

0
2.26. j(x+ 2)’ In?(x+2)dx.

-1

e
2.28. I\/an2 xdXx.
1

2.30. fxz e3> dx.

KonTtpoabHble Bonpochl: 1.UTo Takoe onpeaeaeHHbIN

unrerpan?2.ChopmynnpoBaTh OCHOBHBIC MPaBUJia BBIYUCICHUS

OIIPCACIICHHBIX UHTCI'PAJIOB.

CamocrosiTeibHas padora
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1 BapuanT 2 BapHaHT 3 BapuaHT

1 2 3
_[(4x3 +3x% + 6x)dx .f(6x2 —4x% + 7x —9)dx J'(Sx4 +5x° —7x —3)dx
0 0 0

K T i
1J‘-2 dx i dx j* 4dx
» c0s” 3X 3 €os” X ¢ sin ? X
"
T K2 r
2 2 3
j cos xdx jcos xdx j sin xdx
2 0 0
6
0 0 0

j(xs +2x)dx I(Zx —x%)dx I(Bx — x?)dx

sin 4xdx | cos4xdx | cos2xdx

O t— [N
O e |
ot— |y

SF Adx f dx fdx
25+ %% 116+ % 11+x°

5

i(3—2x)3dx j(a—x)“dx i(4—3x)3dx

1 1 1
jezxdx I(x3 —2)°-3x%dx j(2x3 +1)* - x?dx
0 0 0

1 1 1
I arcsin xadx J' arccos xdx J'xarctgxdx
0 0 0

™
Lo oxdx Lo
[xe dxj —— [ xe™dx
) 7 sin?x {

6

IpakTnueckast padora Ne 15 mo reme
«BpruauciieHue miomaaen »
eb: npoBeprUTh YMEHHUE BBIYUCIIATH IIJIOMIAINA C IIOMOIIBIO OINpeeIeHHBIX HHTErPaioB

3ananue. Haiitu miiomaas Gpurypsel, OrpaHu4eHHOM JAHHBIMH JTUHUAMHA
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B1.y?- 2y+x?=0, y2-4y+x?=0

X
V=75 ¥ =V3x

B2. y?- 6y+x2=0, y>- 8y+x*=0

X
y_ﬁl y _\/§X

B 3. y2- 8y+x%=0, y*- 10y+x>=0

X
y=75 v =V3x

B4. y2- 4y+x*=0, y*- 6y+x?=0

y=X, x=0

B5. y* 6y+x’=0, y*>- 10y+x*=0

y=X, x=0

B6. y2 8y+x’=0, y%- 10y+x*=0

x=0vy =/3x

B7. vy 4y+x*=0, y*- 6y+x*=0

x=0vy =/3x

B 8. y?- 2y+x°=0, y*- 6y+x?*=0

X
y_\/_§) y= 0

B16.  y2 4y+x’=0, y*- 8y+x*=0

X
y_ﬁr y= 0

B17. y?- 2y+x?>=0, y*- 4y+x*=0

y=X, x=0

B 18. y2- 4y+x°=0, y*- 8y+x*=0y= x, x=0

B 19. y2- 2y+x%=0, y*- 10y+x?=0

y=0y =v/3x

B 20. y2- 2y+x?=0, y>-4y+x>=0

X
V=75 =v/3x

B21. y2 2y+x?=0, y2-6y+x*=0

X
V=75 =v/3x

B 22.y%- 2y+x°=0, y>-8y+x*=0

X
y_\/_gl Yy _\/§X

B 23.y?- 2y+x°=0, y?- 6y+x>=0

X
y_\/_gl y= 0
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B O. y2- 2y+x°=0, y?-10y+x>=0

X
y=7 ¥ =V3x

B 10. y?- 4y+x?*=0, y2-10y+x*=0
X
V=75 v =V3x
B11. vy% 4y+x?=0, y>-2y+x?=0

y=X, x=0

B12. yZ- 6y+x2=0, y>-8y+x*=0

y=X, x=0

B 13. y2- 4y+x%=0, y*-8y+x>=0

y=X, x=0

B 14. y2- 4y+x°=0, y*- 8y+x°>=0

x=0vy =/3x

B 15.y?- 2y+x°=0, y>- 6y+x>=0

X
y_\/_§) X= O

KoHTpoJibHBIE BONIPOCHI

B 24. vy% 2y+x?’=0, y?*- 6y+x*=0

X
y_ﬁl Y= 0

B 25. y% 6y+x>=0, y>-2y+x?=0
y=X, x=0
B 26.y%- 4y+x°=0, y?- 2y+x>=0

x=0, vy =/3x

B 27. y2- Ay+x2=0, y*-8y+x*=0

x=0, y =1/3x

B28.  y2- 4y+x’=0, y%-8y+x*=0

X
V=75 =v/3x

B 29. y2- 4y+x%=0, y>-6y+x>=0

X
V=75 =v/3x

B 30. y2- 6y+x%=0, y*>-10y+x%=0

X
V=75 =v/3x
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1.Paznuynble BUABI TUIOCKUX (PUTYP U CLIOCOOBI BRIYUCIICHUS UX TJIOMIAICH.

IpakTnueckast padora Ne 16 mo reme
«ITpubauKeHHOE BbIYMCJ/IEHHE OTIPe/leIeHHBIX HHTErPAJIOB)

Llenb: IpOBEpUTH YMEHHE BBIUUCIIATH OINPEIeIIeHHbBIC HHTETPAIbI 110 (OpMyIaM
PsIMOYTOJIBHUKOB, Tpaneuui, napado.

3aganue. BeraucauTh NpuOImKeHHOE 3HAUCHUE HHTErpajla METOJIOM MIPSMOYTOJILHUKOB,
Tpanenuii, MetogoM CUMIICOHA, B34B 1=10, TO4HOCTH BEMucaeHui 107

Bl [V16—X*dx B16. [0 % dx

Inx

B2. [0 X9 —X?dx B17. [ V4 —xXdx

B3. ['V)X®+9dx B18.  [/*\/1—011sin?x dx
3 x? 2 1+x+x2
B 11. J; = dx B 19. I = dx
22 X2 - L
B 5. fﬁ\/—x—‘*Z dx B 20. fO 3+2cosx

B6. [ V8X—Xtdx B21. [ X® —8dx

4. . 4 2
B7. [, X*sinxdx B 22. Jy e dx
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B 8.

B 9.

B 10.

B 11.

B12.

B 13.

B 14.

B 15.

KoHTposbHBIE BONPOCHI:

1.B yem cyTh MeTO/1a IPSMOYTOJIBHUKOB?
2. B uem cyTh MeTO1a Tpanenuii?
3.. B gem cyTh MeToaa mapaboin?

CamocrosiTtenbHas padora Ne 1.

f01\/4 + X% dx

2 1
Jo i 0x

foz VX + X* dx

3 X
| e dx
1 2
Jo ¥1—X*dx
f01 1+ X*dx

11In(1+x)
X
fO 1+X? d

/3
fo/ cos3x dx

Bapuanr 1.

B 23.

B 24.

B 25.

B 26.

B 27.

B 28.

B 29.

B 30.

[7VX =X dx

foz V3 —2X*dx

[ V4 +2xt dx

fl In(2+x)
0 1-x3

dx

/4 .
fo/ sin®x dx

f: X3cosx dx

3

3 X
J; e 0

f01\/2 + 4X* dx
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1.BpIuncIIATE HEONIPEICICHHBIE UHTETPAJIBI

a) [ SN b) [ (x> +3)6x*dx, B)(4-3x)e 3 dx

cos3x

2.BpraucnuTh wiomaabs GUrypsl, orpaHudeHHoON TuHusAMU. ClenaTh 4epTex.

V=6/x ny=-x+7.
3.BrrancanTh HECOOCTBEHHBIN MHTETPAJ WX JOKA3aTh €r0 PACXOIUMOCTh
foo dx

e x(Inx)3’

Bapuanr 2.

1 .Berunciauts HCOIIPCACICHHBIC HHTCTPAJIbI

a)fl_x;C4 dx; b)[ cos*xsinxdx, B)(1-6X)e** dx

2.BeraucnuTh wion@aabs GUrypsl, orpaHudeHHoM TuHusAMU. ClenaTh 4epTex.

1 1
V=EX2 u FEXJrl.

3.BeancinTh HECOOCTBEHHBIM MHTETPAJ WIH J10Ka3aTh €r0 PaCX0JIUMOCTh
J-OO X dX
0 (x+2)3°

Bapuanr 3.

1.BbraucinuTh HEONPEAEICHHBIE HHTETPAJIbI

a) [ x37 dx; b)f(1—3x3)°x?dx, B)2-9X)e > dx

x*+

2.BpraucnuTh iomaab GUrypsl, orpaHu4eHHON TuHUAMA. CenaTh 4YepTex.

V=4/ X 1 y=x+5.

3.BeaucianTh HECOOCTBEHHBIN HHTCI'paJ WK JOKa3aThb €TI0 paCXoAUMOCTb

0 2
J, xe* dx.
Bapuanr 4.

1.BeraucinuTh HEONPEAeIICHHbIE HHTETPAIIbI

a) [ 3 dx; b)[sin®xcosxdx, B)(5x-2)e3* dx

2x3+3

2.BpruucnuTh Wiomaab GUrypsl, orpaHudeHHON TuHUAMU. ClenaTh 4YepTex.
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1
YZEX2 u y=4-x
3.BbruncnuTh HECOOCTBEHHBIN MHTErPajl MU J10Ka3aTh €ro PacXoJIUMOCTb
0 2
[ x%*a* dx.
0
HNuTterpajibHoe HcYUCIeHHE (PYHKIMH HECKOJLKHUX NepeMEeHHbIX
YcrHbli onpoc

1. 3agaumn, npuUBOASIIME K MOHITUIO TBOWHOTO MHTErpaJia.

2.YT10 Ha3bIBACTCS JBOMHBIM UHTETPATIOM?

3.CBoiicTBa ABOMHOTO MHTETpAJIA.

4 BpIuKcCiieHHE IBOMHBIX MHTETPAJIOB B ICKAPTOBBIX KOOPAUHATAX.
5. BelunciieHue JBOMHBIX UHTETPAJIOB B MOJAPHBIX KOOpJWHATaX.

IpakTnyeckast padora Ne 17 o reme
«Bbrunc/ieHue ABOMHBIX HHTErPAJIOB B 1€KAPTOBBIX KOOPAUHATAX)

HCJIL: IIPOBCPUTH YMCHUC BBIYHCIIATD I[BOﬁHBIG HHTCI'PAJIbl B ICKAPTOBBIX KOOPpAWHATAX

3ananme 1. Beraucnuts uaTerpan no odiaactu D, orpaHMueHHON YKa3aHHBIMU JTUHUSIMU.

B1J[ y*cosxy dxdy B16([ yzcos%dx dy

D D

D:x =0,y =./m/2y=x/2 D:x=0,y=\/7t_/2;y=x/2
B2ff 3yzsin%dx dy B17[[(18x2y? + 32x3y3) dx dy
D D

oy — 3% y=y3
D:x =0,y = ./4m/3; y=2x/3 Dix=1y=—Vx; y=x
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B3[[(3x%y? + 4xy) dx dy:
D

D:x=1 y=—/x;y=x?

B4[[(27x?y? + 12xy) dx dy

D

D:x =1,y = —{x; y=x?

BSffyzsin%dxdy
D

D:x =0,y = Vr; y=x

B6[[ 4y?sin2xy dx dy
D

D:x =0,y =+V2m; y=2x

B7[[ 4y?sinxy dx dy
D

D:x =0,y =m/2;y=x

B18[[(9x?y? + 2xy) dx dy
D

D:x=1; y =+x; y=—x3

B 19 [[(18x%y?% + 8xy) dx dy

D

D:x =1,y = Yx; y=—x?

B20([ yze_X‘Ty dx dy
D

D:x =0,y = 4; y=2x

B21[(27x%y?* + 12xy) dx dy

D

D:x =1,y = —/x; y=x3

B22[[(9x%y? + 8xy) dx dy

D

D:x =1,y = Vx; y=—x3
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B8[[(49x%y? + 28xy) dx dy

D
D:x=1y=—-Vx; y=x?

B9

ﬂ (9x2y? + 48x3y3) dx dy

D:x =1,y =+/x; y=—x?

B10[ yze_xzr_y dx dy

D
D:x =0,y =2;y=x
B11[[(36x%y? + 96x3y3) dx dy

D

D:x=1,y=13x; y=—x3

B23([ y%cosxy dxdy

D

D:x =0,y =+/m; y=x

B 24 [ (18x2y? + 32x3y3) dx dy

D

D:x=1,y=3x; y=—x?

B 25([(18x2%y? + 32x3y3) dx dy
D

D:x =1,y = —/x; y=x3

B26f yze_xz_y dx dy
D

D:x =0,y =1;y=x/2
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B12ff yzsin%dx dy
D

D:x =0,y =+/m; y=x/2

B13 [ (12x%y? + 16x3y3) dx dy
D

D:x =1,y = —/x; y=x?

B14/[ y2e s dx dy
D

D:x =0,y =2;y=x/2

B 15ffyzcos%dx dy
D

D:x =0,y =+2m; y=2x

B 27/ y*cosxy dx dy

D

D:x =0,y =+/m; y=2x

B 28/ (18x2y? + 24xy) dx dy

D

Dix=1y=—-3x y=x*

B29[(9x%y? + 12xy) dx dy

D

D:x =1y =+x; y=—x?

B30[[ y%cosxy dx dy

D

D:x =0,y =mn/4;y=x

3amava 2. VI3MeHUTH NMOPSAIOK UHTETPUPOBAHUSI.
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2 2y —y
1oy N
23[dyjfdx+jdyj f dx

0 0 1 0

-1 0 0 0
2.5, jdx j fdy+jdxjfdy

- _W -1 x

-1 N2y -y

2.11. jdxj fdy+jdxjfdy

1-x2 Inx

/4 siny /2 cosy

2.13. jdyjfdx+jdyjfdx..

/4

1y e 1
2.15. _([dy_([ f dx+_!dy_[ f dx.

Iny

2.17. _[dyjfdx+jdyj f dx.

2-y?

1 0 V2 0
22 [dy [ fdx+ [dy [ fdx.
0o —Jy 1 -y
1 Wy 2 2-y
24. [dy [ f dx+[dy [ fdx
0 0 1 0
J/J_ arcsin y arccosy

2.6. jdyj fdx+jdyj f dx

0

2.8. jdy} f dx+jdy_l.|‘nyf dx 2.9.
0 -1

2.10. I dx
-2

jt—.o
N

—\4-x

2.12. l'dy.([ f dx+jdy ?[yf dx.

-1 0
2.14. jdx j
- 2

f dy+idxi f dy.
2 —(2+x -1 ¥x

)

1 0 2 0
216. [dy [ fdx+[dy [ f dx
0 -y I

1 y? 22—y
2.18.£dy£f dx+!dy_([ f dx.
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NE) 0

2.19.jdx f fdy+jdx j f dy .2.20. jdyj fdx+idyifdx.

0 4-x%-2 —\4- X2

2.21. jdyjf dx+jdyj f dx.

1 Iny

/4 sinx /2 cosx

2.23. jdxjfdy+jdxjfdy.

/4 0

225, j[dxxf f dy+jdx2jx f dy.
0 0 1 0

2

2.27. jdxj f dy+[dx f fdy.

N =
y N
229.jdyjy fdyj f ox.
0 0 0

3agaua 3. BeIUuCInTE.

_U 12x y* +16x°y° dxdy;

D: x=1 y=x, y——\/§.

. H (36x%y* —96x°y* ) dxdy;

D: x=1y=%x, y=—x%

-2 —(2+y) -1 3y

X2 2-x2

1 J2
2.22.£dx.c[f dy+!dx [ fady.

0

2.24 _fdy } fdx+}dyjfdx
2 _-y2 -1
N 2 \ax?

226.jdx j fdy+jdxj f dy
0 0 Ng) 0

N

1 x 2
2.28.£dx£f dy+Jl‘dx ! fdy.

J2-x

1 Jx 2
2.30.£dx_£fdy+_l[dx£ fd

_U 9x y* +48x°y° dxdy;

D: x=1 y=+/X, y=—X2.

” 18x y* +32x°%y° dxdy;

D: x=1Ly=x%y= —3x.
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“ 27x y* +48x°y° dxdy;

D: x=1, y_x , y_—\/;.

” 18x y* +32x°%y° dxdy;

D: x_l,y_x , y_—\/;.

_U Axy + 3x°y? dxdy;

D: x=1 y=x, y=—\/§.

8 9 dd;
311” Xy + xy xdy

D:x=1y=3%x, y=—x%.

12 27 dd;
313” Xy + xy xdy

D: x=1 y=x°, y=—§/§.

215 ”( xy+—x y jdxdy;

D: x=1 y=x y:—\/;.

. ” 24Xy — 48x3y3)dxdy

D: x=1 y=x, y=—\/§.

4 16 dd;
319” Xy + xy xdy

D:x=1 y=3%x, y=—x%.

” 18x y* +32x°y° dxdy;

D: x=1 y=%x, y=—x%

ﬂ 27x y* +48x°y° dxdy;

D: x=1 y=+x, y=—x.

12 9 dd;
310” Xy + xy xdy

D: x=1 y=+X, y=—x2.

24 18 dd;
312” Xy + xy xdy

D:x=1y=x%y=-%Xx

8 18 dd;
314” Xy + xy xdy

D: x=1 y=3%x, y=—x2.

216 ”( Xy +9x°y jdxdy;

D: x=1 y=+x, y=—%°.

6 24 dd;
318” Xy + xy xdy

D: x=1 y=+X, y=-X2.

4 16 dd;
320” Xy + xy xdy

D:x=1y=x%y=-%Xx.
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44 16 dxdy;
o ” Xy + xy)xy

D: x=1 y=x3 y=-Xx.

4x%y® ) dxd
323ﬂxy x’y* ) dxdy;

D:x=1y=x%y=-Jx

295 H(6x y? +—x y jdxdy;

D: x=1 y=Xx> y=—\/§.

o oy S

D: x=1, y=\/§, y=-x°

X'y dedy;

" j] (54x%y” +150x"y* ) dxdy;
3.

D: x=1 y=x% y=-%Xx.

KoHTpoJsbHBIE BONIPOCHI:

1.Kakoii nHTerpan Ha3bIBa€TCSA MOBTOPHBIM ?
2.YT0 Ha3bIBaeTCs 001aCThIO HMHTETPUPOBAHUS?

3.Kak HaiiTi 00J1aCTh UHTErPUPOBAHUSA?

4 176 dxdy;
322” Xy + xy)xy

D:x=1 y=3%x, y=—x%.

o ” 4xy +176x°y° ) dxdy;

D: x=1 y=+x, y=—%.

326I 9x +25x4y4)dxdy;

D: x=1 y=+X, y=-X2

92 25 dxdy:;
3.28H x2y? + 25x*y )xy

D: x=1 y=x% y=-¥x.

9 dd
330J'J'xy Xy xy

D: x=1 y=3x, y=-x2

IIpakTuyeckas padora Ne 18 no Tteme

«Bbrunciienue Z[BOﬁHI)IX HHTETPaJIoB B IMMOJIAPHBIX KOOPpAMHATAX»

eab: mpoBEepUTh YMEHHUE BBIYUCIIATH JBOMHBIE HHTETPAJIbI B MOJSIPHBIX
KoopJuHaTax3aganue. BbruncauTs uHTErpasa mo odjacru D, 3axaHHoii cucTeMoi

HEPaBEHCTB:
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- I/1306pa?>I/ITB 0o01acTh B HCKapTOBOﬁ CUCTEME KOOPAWHAT,

- BBIYUCJIIUTb MHTCTPAJ, IICPEXOJA K MMOJIPHBIM KOOPANHATAM.

B1f[ /16 — x2 —y2dxdy
D
x?+y? <4

x=20,y<0

1
D

D.{4Sx2+yzs9
L y=20x=20

108

D

D_{13x2+y239;
' x<0

1

D

D_{x2+y2S3;
' y<0

B5.[f arctgidx dy

D

B16[ /x% + y?dxdy

D

D_{x2+y2S9
"Ww=0x=0

1
B 17.ff \/ﬁ dx dy

D

D_{x2+yZS9;
' 0<y

B18.[[(x —y)dxdy

D

o. {2Sx2+y2S4;
' 0<y

B19.[ /16 — x2 — y2 dx dy
D

D.{x2+y2S4;
' 0<x

B 20. ffx—lze%dx dy
D
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D_{x2+y2S4;
' y=0

1
D

D_{x2+y2S2;
L y*<o0

B7.ff;—zdxdy

D

{x2+y2S9;
D:
y=0

BS.[[ 16 —x2 —y2dx dy

D_{4Sx2+y2S9;
' 0<y

B 10.[[ Iny16 — x2 — y2dx dy
D

D_{4§x2+y2s9;
' y=0

D_{le2+y2S4;
' 0<y

1
D

D_{x2+y234;
' y=0

B22 [ arctg%dx dy

D

D_{x2+yZS4;
' 0<y

BZ3.ff:—2dxdy
D

0<y;
D:{ 2 2
16 <x*+y* <25

1

{ y=0;x=0;

D 2<x?+y?<4

xz
BZS.ff;dxdy
D

D_{ y=0;
x2+y?2<9

100



B11. [[(x —y)dxdy

D

D_{ZSx2+y2S4:
" y=20x=20

B12.[[(9 — x* —y*)dxdy

B13.[[ In\/16 — x2 — y2 dx dy
D

D_{4§x2+yzs9;
' y=0

BZG.ffJ%dxdy D

{ x = 0;
1<x?2+y2<4
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3aganme 2. Beruucnuth 1BOMHON MHTErpa, Mepers K MOJSIPHBIM KOOPAUHATAM.

[ ey

1. «,l'i—x —y T D:x2+_y2=4;y20.
Hq.'x + 32 dxdy

2. D rae .
f 2
3. D H L+x* t dxdy HeD:x2+y2=1ﬁ;xEU;yEﬂ_
d:::ciy
J

4 D.[25 - x* —y rHeD:x2+y2=25;x2ﬂ;yEﬂ
[[fx? + y* dcdy N T

5. D YIS
g{1+x2+y2}dxdy 2 .

[[5dxdy 32
. D )

[[3dxdy 32
9. D R Vi (i
10 'Igdxdy rie e xg +_;|;':J'I =49, yiﬂ

11. Hddxdy re D: x? +y =4x; y =0

H*g x? -7 dxdy : x? -9, x =0 yz0

12. rae

13. dexd_}’ GD: x +_]f2+2x=u-

14. H dxdy e It x +y =23, x=0; y =0

Hq.'x + dm?y

15. D:x2+y2=4y.

X1+ el
16. 'g( }’] y’rHeD:x2+y2=ﬁx_

2 2
KT+ elaced
17. 'Ig{ y°) y’ FHeD:{x+1}2+y2=1.

2 2
LY+ !
18. g{ y°) y’rﬂeD:[x—1]2+y2=1.

2 2
10+ A
10. LJ‘ ) y’rHeD:x2+{y+2)2=4
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[[1-x?% — y*dxdy
. D ,
[[Jx? + y? duddy
. D ,
l.2, .2
. g Y dxdy’ e D x2+y2+ﬁx=ﬂ_
2, .2
X0+ yodxd
.g Y y,rHeD:x2+y2—lﬂy=ﬂ_

F
arcte = dxdy
24.1_! T rHeD:x2+y2=1.

- 4 _
20 rz[e‘D'x + ¥ —Zx.

21 rﬂeﬂ:x2+y2+4y=ﬂ.

22

23

y
arcte L dxdy
25.g X rz[eD:xz-"yz:g.

¥
arcte < did
ZGE gx _}’, FHGD:IE+J}2=15.

xedxd
27_g y’rﬂeﬂ:x2+y2=lﬁ_

xedxd
28.1-!' y,rz[eﬂ:xz"'yz:zy.

[[ yddxdy
20. D

[[ ydxdy
0. D

e e x2+_}’2=1ﬁ.

9

e D x2+y2=4x_

b

Konrpoabnsbie Bonpocsi: 1.ChopmynupoBath alropuT™ nepexoa oT AeKapTOBBIX
KOOPJIMHAT K MOJISIPHBIM KOOPJIMHATAM.

IIpakTnueckas padora Ne 19 o reme

«BblunciieHne mJIoMmAAe ¢ MOMOIIbI0 JBOMHBIX HHTETPAJIOB»

He.]'ll): IMPOBCPUTH YMCHHUC BBIYHUCIIATH INIOIIAAM C IIOMOIIBIO I[BOﬁHI)IX HHTCI'PAJIOB .

3ananue. Haiitu miomaab Gpurypel, OrpaHu4eHHOM JAHHBIMU JJUHUAMU

Bl.y?- 2y+x?=0, y>-4y+x>=0 B 16.y%- 4y+x?=0, y*- 8y+x*=0

X X
V=7 ¥ =/3x y=7,y=0
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B2.y%- 6y+x%=0, y*- 8y+x*=0 B 17.y%- 2y+x%=0, y*- 4y+x*>=0

y:j—? y :\/gx Y= X, x=0

B 3. y*- 8y+x°=0, y*>- 10y+x*=0 B 18.y>- 4y+x%=0, y>- 8y+x*=0

yz%’ y =\/§X Y=X, x=0

B 4.y*- 4y+x*=0, y*- 6y+x’=0 B19.  y?- 2y+x°=0, y* 10y+x°=0

V=X, x=0 y:O y :\/§x

B 5.y?- 6y+x°=0, y2- 10y+x*=0 B 20.y%- 2y+x%=0, y*-4y+x*=0

= =0 :i =

y=X X y V3’ Yy \/§X

B 6.y>- 8y+x?=0, y2- 10y+x*=0 B 21.y%- 2y+x%=0, y*>-6y+x*=0

X
x=0y =v/3x y=75 v =V3x
B 7.y*- 4y+x?=0, y*- 6y+x*=0 B 22.y?- 2y+x%=0, y2-8y+x=0
X

x=0vy =v/3x y—\/—g, y =/3x

B 8.y?- 2y+x2=0, y?- 6y+x*=0 B 23.y%- 2y+x%=0, y*- 6y+x*=0
X X

y=7v=0 y=75v=0
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B 9. y2- 2y+x%=0, y>-10y+x?=0 B 24.y>- 2y+x%=0, y%- 6y+x?=0

X X
y_ﬁl Yy _\/§X y_ﬁl y= 0
B 10.y>- 4y+x%=0, y2-10y+x*=0 B 25.y>- 6y+x%=0, y2-2y+x=0
y=\7—§, y =V/3x y=X, x=0
B 11.y?- 4y+x%=0, y>-2y+x>=0 B 26. y*- 4y+x°=0, y>- 2y+x°>=0
y=X, x=0 x=0, y =v3x
B 12.y?- 6y+x%=0, y2-8y+x*=0 B 27. y?- 4y+x?=0, y>-8y+x*=0
y=X, x=0 x=0, y=v3x
B 13. y2- 4y+x?=0, y2-8y+x*=0 B 28.y%- 4y+x%=0, y*>-8y+x*=0
=x x=0 =X v=
Y= X, X V4 V3’ y \/§X
B 14.y%- 4y+x%=0, y*- 8y+x*=0 B 29.y%- 4y+x%=0, y*>-6y+x*=0

x=0'y =v/3x V=75 ¥ =V3x
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B15y2- 2y+x?=0, y2-6y+x*=0

X
y_\/_gr X= 0

B 30.y%- 6y+x%=0, y>-10y+x*=0

X
V=75 =v/3x

3ananme 2.Bprunciuth 1uiomaab (GUIyphbl, OrpaHUYEHHOW JIUHUSMHU B MPSMOYTOJIbHOU

CUCTCMC KOOpAHUHAT.

1. y=4—x2;3x—y=0; yzﬂ.

2y=x2; 2x+2y-3=0

2.
3 y—2x=ﬂ;y=x2;x=1_
4 y=xTyy=x y=2x
5. yzzx; 3y2=4x—4.
6. ¥y=(x—-4?% y=16-x"
7 y=x+l, y=cosx y=0
2 :

y=—x y=smx, y=0

8. x

9. 4_)f=8x—x2; 4y =x+6

10. y=e'; y=e", x=3

11, »=2";2x+3y =8 x20; y20 26,
217.
28.
29.
30.

12, y=lnx; y=-1, x=3
13, =6 x4y =7

14. =4 x-y=0,x-4=0

15. x+2y2=ﬂ;x+3y2=1_
R I
16. 3.

KoHTpoJibHBIE BONIPOCHI:

1.AJITOpUTM HAXOXKJICHUS YaCTH MOBEPXHOCTH S, MPOEKTUpPYIOLIelcs Ha o0aacTh D.

CamocrosiTeibHas padora

Bapuasnr 1.

117G vy, N
1). & D —kpyr * -

SRR

17.
18.

19.
20.
21.

22.
23.

24
25

.
9’ _
y=lnx; x+y=1 y=1

x=4y2;x= r=2

y=2% p=2x-x%; 0<x<2
y=aresing, 0<y<a, x20
y =arccosxy, v 20, x 20

. i3
X = arcsm y, ﬂixii; ¥y 20

X =arccosy; vy 20, x<0
y=fg;—:; y=3; x20
y=ax-1 y=h-2|

, x=4-y°

A=Y

X=Imy; y £7.29; x20

y=x2+4x; x-y+4=0
y=x2; 4y=x2; c=i2_

y=x2+1; yzi*!—x2

D — nomykxpyr
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x5+ dve,

P

2). & D —1 yeTBepTh Kpyra ﬁ by,
B e 2). & D — kpyroBoii cekTop
ey Sl ey s DEpail
Bapwuasnr 3. Bapuant 4.
117G yyaeay. , .
1). & D — xpyroBoii cekTop 1 Q S, yhebedy, D
Mty Ed ey Sxf3xzd ). © A . — KpYFOBOC KOJIbHO
S e A Ol K
ﬁ;%E‘ ﬁf4?%=
o % - 5 2). #F 7Y 71 D — nonykpyr
2. : D —xpyrosoe xornbIio Y202l
Ev 2ixy iy 24
Bapuanrt 3. BapuaHnrt 6.
. . 1170 Yyabvad 2 s
j. Flx yieboa), 1). % D — kpyr * +y = 23
1). = D — xpyroBoe KoJIbIIO

> 3. ., >
Lo R e S L

. 2). & D — kpyroBoit
ﬁ (" + 073y cexrop ¥ T¥ =i
z D — xpy N
L | yETx:}f'i:qELx?:D
2
Bapuanr 7. Bapuasnr 8.
. 1170 yyaivay,
j' F o Vi, st 1). & D — xpyroBoii cexTop
1). & D —momykpyr * ¥ =7, 24y 200s ¥ =1
1 E ﬂ ] ]
g v Ix
e i R 2). j;“f P 1ﬂrx{:iy:D—Konbuo
2). © ,D—xpyr * ¥ = :

tpi=l oxr ey =16
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JAudpepenunanbHbie ypaBHEeHHS.

VY CTHBIN OITPOC MO TEME:

1.3agauu, npuBoasime K 1udhepeHInaTIbHBIM YPABHEHUSIM.

2.Kakue ypaBHEeHUs HA3bIBAIOTCS AU hepeHITnaTbHBIMUA?

3.Pemenue nudepeHnnanbHOTO ypaBHEHHUS.

4. luddepennmanpHoe ypaBHEHHE TIEPBOTO MOPsIKa.

5. 3agaua Komm.

6. IuddepenunanpsHoe ypaBHEHHUE MIEPBOTO NOPAJIKA C Pa3IESIOMIUMUCS TEPEMEHHBIMHU.

7. Jluneitnoe muddepeHnraibHOe ypaBHEHHE IEPBOTO MOPSIIKA
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8. OgHopoanoe auddepeHImaaTsHOe YpaBHEHNE TTEPBOTO TOPSIKA.
9. lnddepeHimaibHbie ypaBHEHHS BBICIINX MOPSIKOB. PenieHre ypaBHEHHS.

10. JIuneitabie ogHOpOoIHBIE MU depeHIIMaTbHBIE YPAaBHEHUS BTOPOTO TOPSIIKA C
MOCTOSTHHBIMU KO3 (HUITMEHTAMH.

11. JIuneitasle HeoqHOpOIHBIE MU (DEepeHINATBFHBIE YPABHEHUS BTOPOTO MOPSIIKA C
MIOCTOSTHHBIMU KO3 (HUITMEHTAMH.

IIpakTuyeckas padora Ne 20 nmo teme
«IuddepeHuuajbHbie YpABHEHUS NIEPBOI0 NOPAAKA»
Heanb: npoBepuTh yMeHHUE periaTh AUQHepeHIranbHble YpaBHEHUS IEPBOTO MOPSIIKA C
Pa3ACIICHHBIMU U PA3AEIAIOIUMUCS IEPEMEHHBIMHU.
3amanue 1.Haiitu oOuiee perenue ypaBHeHHi a), 0).
3apanme 2.HaiiTn yacTHOE pelIeHUE YPaBHEHMS C pa3IeIOIIUMHUCS [IEPEMEHHBIMU

Bl.1.a)x*> dx = 3y?dy B16.1.a)x* dx = 3y? dy
6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0

2.y¢dx=edy; y=1npux =0 2.dx =e*dy; y=1npux =0

B2. 1.a)% dy = %dx B17. 1.a)% dy = %/dx

6)y’dx + (x—2)dy =0 6)y’dx + (x—2)dy =0
2.yi2dx=)%dy,y=2npux=0 2.dx=)%dy,y=2npux=0
B31l.a)Vxdx = +/ydy B18.1.a)Vxdx = \/ydy
6)(1+y?)dx —Vxdy = 0 6)(1+y?)dx —Vxdy = 0
21 +y)dx=(1—-x)dy, 2.1 +y)dx =1 —-x)dy,

y= 3 npux=-—2 y =3 npux = —2
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B4. 1.a)(3x* — 2x)dx = dy B19. 1.a)(3x? — 2x)dx = dy

6) -(2xy+3y)dx + x* dy = 0 6) -(2xy+3y)dx + x*dy = 0
2.ydx =xdy,y = 6 npux = 2 2.ydx =xdy,y = 6 npux = 2
B5.1.a)(4x — 3)dx = dy B20. 1.a)(4x—3)dx =dy
dx dx

6) (XV"'X)E‘l 6) (xy+x)E—1

2x—1 dx 2x—1 dx

L 4y y=0npux =5 L T 4 y=0npux =5
B6. 1l.a)xdx = dy B21.1.a)xdx = dy
6) 2(xy+y)dx = xdy 6) 2(xy+y)dx = xdy2.(y +

1) dx - (1—x)dy = 0,
2.(y+ 1) dx — (1 —x)dy = 0, Jdx = (1 =0 dy

=1npux =0
y=1npux=20 y P
3. .xv2y/ = x3 43
3..xvy =x3+ 3 vy Y

4.xy/+y =x+1 Axyley =xil
B7.1.a)x* dx = 3y* dy B22.1.a)x* dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0
2.y2dx =e™dy; y=1npux =0 2.y2dx =e™dy; y=1npux =0
B8.1.a)% dy = %dx BZ3.1.a)% dy = %dx

6)y’dx + (x—2)dy =0 6)y’dx + (x —2)dy =0
2.yl2dx=)%dy,y=2npux=0 2.ylzdx=)%dy,y=2npux=0

B9. 1.a}Vxdx = +/ydy B24.1.a)\Vxdx = \/ydy
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6)(1+y2)dx — Vxdy = 0 6)(1+y2)dx — Vxdy = 0

2.(1+y)dx =1 -x)dy, 2.(1+y)dx=(1-x)dy,
y =3 npux = —2 y =3 npux =—2
B10 1.a)(3x% — 2x) dx = dy B25.1.a)(3x%? — 2x) dx = dy
6) -(2xy+3y)dx + x> dy = 0 6) -(2xy+3y)dx + x*dy = 0
2.ydx =xdy,y = 6 npux = 2 2.ydx =xdy,y = 6 npux = 2
B1l.1.a)(4x—3)dx =dy B26.1.a)(4x —3)dx =dy
dx dx
6) (xy+x)E-1 0) (xy+x)E—1
2x—1 dx _ _ 2x—-1 d_x _ _
Seaialrg y=0npux =5 el y=0npux =5
B12.1.a)xdx = dy B27.1.a)xdx = dy
6) 2(xy+y)dx = xdy2.(y + 6) 2(xy+y)dx = xdy2.(y +
Ddx—(1—-x)dy =0, Ddx—(1-x)dy =0,
y=1npux=20 y=1npux=20
B13.1.a)x?* dx = 3y% dy B28.1.a)x% dx = 3y* dy
6)y(1+x)dx + x(1 —y)dy =0 6)y(1+x)dx + x(1 —y)dy =0
2.y*dx = e dy; 2.y%dx =e™dy; y=1npux=0
y=1npux=20
1 3 1 3
Bl4.1.a)$( dy = de B29. 1.a)$ dy = de
6)y’dx + (x—2)dy =0 6)y’dx + (x—2)dy =0

1 1 1 1
2.y—2dx=;dy,y=2npux=0 2.y—2dx=;dy,y=2npux=0
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B15.1.a)Vxdx = \/ydy B30.1.a)Vxdx = \/ydy

6)(1+y?)dx —Vxdy = 0 6)(1+y?)dx —Vxdy = 0
2.(1+y)dx=(1—-x)dy, 2.(1+y)dx=(1—-x)dy,
y =3 npux = —2 y =3 npux = —2

KOHTpOJIBHBIE BONPOCHI:

1.Kaxoe ypaBHeHue Ha3biBaeTcs TudhepeHaibHbIM?

2. Yto Ha3biBaeTCs 001UM pelieHreM audepeHnaibHOT0 ypaBHEHUS ?
3.YUt0 Ha3bIBAETCS YACTHBIM peleHneM AuddepeHunanbHOro ypaBHEHHS ?

4. Ilousitue I[I/I(l)(l)epeHI_[I/IaHBHBIX ypaBHeHI/Iﬁ C pasaCJICHHBIMU U pasaCAIOIMIUMHACA
NCPEMCHHBIMMU.

IpakTnueckast padora Ne 21 o reme
«OnHopoanbie MU PepeHINATBHbIC YPABHEHHS NEPBOr0 MOPAIKA

Heanb: HayuyuThCA pemIaTh OJHOPOAHBIE AU depeHIInanbHbIe YpaBHEHUS IEPBOTO
MopsiJIKa.
3apanme. Pemuth oqHOpoaHOE mudpepeHnnanbHoe ypaBHEHUE.

Bl.xy+y? — (2x% + xy)y/=0 B16.xy+y? — (2x% + xy)y’/=0
B2.(x-y)dx+xdy=0 B17. (x-y)dx+xdy=0

B3 (x?- xy)dy-y? dx=0 B18.(x?- xy)dy-y? dx=0
Ba.xy2y/ = x3 + 3 B19.xy%y/ = x3 +y?

BS. (.x-y)ydx = x* dy B20.(x-y)y dx = x* dy
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B6.xy%y/ = x° + 3

B7.xy+y? — (2x% + xy)y/=0

B8.(x-y)dx+xdy=0

B9. (x*-.xy)dy-y? dx=0

B10.xy%y/ = x° + y°

B11. (x-y)ydx = x* dy

B12.xy%y/ = x® + y?

B13.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2.y*dx = e ™ dy;

y=1npux=20

3.xy+y? — (2x% + xy)y/=0

4.xy'- xy = (1+x2)e*

B14.(x-y)dx+xdy=0

B15. (x2-.xy)dy-y? dx=0

B21.xy%y/ = x3 + 3

B22. xy+y? — (2x? + xy)y/=0

B23. (x-y)dx+xdy=0

B24.(x?-.xy)dy-y? dx=0

B25.xy%y/ = x° + )3

B26. (x-y)ydx = x*dy

B27.xyYy/ = x3 + y°

B28.1.a)x* dx = 3y* dy

6)y(1+x)dx + x(1 —y)dy =0

2.y%dx =e™dy; y=1npux =0

3.xy+y? — (2x% + xy)y/=0

4.xy/- xy = (1+x?)e*

B29. (x-y)dx+xdy=0

B30.(x?-.xy)dy-y? dx=0
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KOHTpOJH)HLIC BOIIPOCHI:

1. Kakoe ypaBHEHHE HA3BIBAETCS OAHOPOAHBIM YPABHEHUEM MEPBOTO MOPSAKA

IIpakTuyeckas padora Ne 22 no teme

«Onnopoanbie TuddepeHuNATbHbIE YPABHEHNS EPBOT0 MOPAIKA)

Ieab: HayuynuThCS peliaTh JUHEHHBIE AUPPEpEHLINATbHbIE YPAaBHEHUS IEPBOTO MOPSAKA.
3aganue. Peuth nuneitHoe nuddepenimanbHoe ypaBHEHHE.

B1.xy’- xy = (1+x%)e*
B2.y/+2 xy = x3
B3(1+x2)y/-xy =2x

B4.xy/+y =x+1

B5. 2 _ Y=
dx X
B6.y/+y =x+1

B7.xy’- xy = (1+x%)e*
B8.y/+2 xy = X3

B9. (1+x%)y/-xy =2x
B10.xy/+y =x+1
B11.YY Y =«

dx  x

B12.xy/+y =x+1
B13.xy’- xy = (1+x?)e
B14.y/+2 xy = X3

B15.(1+x%)y/-xy =2x

B16.xy’- xy = (1+x?)e*
B17.y/+2 xy = x3
B18.(1+x%)y/-xy =2x
B19.xy/+y =x+1
B20.2 — Y = x

dx  x
B21.xy/+y =x+1
B22.xy’- xy = (1+x?)e*
B23.y/+2 xy = x3
B24. (1+x?)y/-xy =2x
B25.xy/+y =x+1
B26.2 — % = x
B27.xy/+y =x+1
B28.xy’- xy = (1+x?)e
B29. y/+2 xy = x3

B30.(1+x%)y/-xy =2x

3apava 2. Haiitn pemenue 3anaun Komm.
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41 y'—y/x=x% y@)=0.
y'—yctgx =2xsinx, y(z/2)=0.

4.2.

, 1 .
43.Y -I-yCOSXZESInZX, Y(O)ZO- 44. y'+ytgx=cos’x, y(z/4)=1/2.

15y -— =X +2x y(-1)=3/2.46. y’—ﬁyzex(xﬂ), y(0)=1.

X+ 2

4.7.y' Y XSin X, y(fj =1.
X 2

' y 2
_— y 1 :1.
49.Y'+ =X y(1)

48. y'+X =sinx, y(z) 1
X r

4.10. y'+ 2X y=
o 1+x2 7 1+x%

416. Y+ % =3x, y(1)=1.

y(1)=1.

X
7Y =1

4.18. Y +

4.20. y'+2xy =-2x°, y(1)=e™.

4.22. y'+xy=—x°, y(0)=3.



2 2
" y=e'(x+1), y(0)=1. 424
4.23. Y X+1y e*(x+1)", y(0) 404

Y+ 2Xy = xe ™ sinx, y(0)=1.

425 y' - 2y/(x+1)=(x+1)’, y(0)=1/2. 426,
y'—ycosx=—sin2x, y(0)=3.

, In x
4.27. y' —4xy =—4x°, y(0)=-1/2. 4.28. Y —%:—7, y()=1.

429. y'=3xy =x*(1+x°)/3, y(0)=0. 4230,

y'—ycosx=sin2x, y(0)=-1.

431l y'—y/x=-2/x*, y(1)=1.

KOHTpOJIBHBIE BONPOCHI:
1. Kakoe ypaBHEHHE HA3BIBAETCS JTMHEWHBIM YPAaBHEHUEM IIEPBOIO MOPsIKA?

IIpakTuyeckas padora Ne 23 no Teme
«Au¢ppepeHuanbHbie YypaBHEHUsS] BTOPOr0 NMOPSAKA.
JIuHelHbIe OTHOPOAHBbIC YPABHEHHUS BTOPOT0 MOPSAKA C MOCTOSAHHBIMH
Ko3(puuueHTamm»
Iesb: HAyYnTHCS pelIaTh JIUHENHBIE OJTHOPOIHBIE YPABHEHUSI BTOPOTO MOPAIKA C
MOCTOSIHHBIMU KO3 pUIIMeHTaMu

Pemnte ogHOpOiHBIE TMHEHHBIE AU(depeHInaTbHbIe YpaBHEHUS BTOPOTo nopsiaka. B
MYHKTE a) HANTU YaCTHOE PEILICHUE MPH 33JaHHBIX HAYAIbHBIX YCIOBHIX

¥xo) =¥, y’r(ﬂ)=yg.
i ! /
110.2) Y T =0 y©0)=1 y'©)=3
6) y"+123" +36y =0

i
B) 4y +9_}’=D
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i ! _ _ ; _

2,12. a) 3y -2y -8y=0 y(0)=1 3 (0)=1
6) J*’H—ﬁyf+9y=[]
g ¥ 8y +17y=0

i i _ B ; ~
313.0) 0 1Y =0 y@®=6 y'(©=10

6) y'+8y'+16y=0
5 49" 209"+ 25y =0

i ! _ _ i _
4140y 7Y TOr=0 y@=2 y(©=-1

i /
6) Yy +10y +25y=0

i !
B) ¥ +2_}’ +5_}’=ﬂ

if ; B _ o
515.a) 27 ¥ =7 =0 y@=1 y(0)=-1

5 4y -4y +y=0

B) y'-2y"+10y=0

54" ‘- ~ po

6.16.a) =7 TV =0 y0)=1 y ©0)=4
5 ¥ 14y + 49y =0
» yff+4y=D

i ' _ ; _
717.9) 128 T3V =0 y@=2 y(©=2

6) 9y" -63"+y=0
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) 59" -6y +5y=0

o f _ _ ! - _

6)1ﬁyﬂ+83f+gf=ﬂ
) y'-6y'+13y=0
"_ay'-sy=0 ©=2 3'(0)=-3
163" +243" +9y =0
6) tVY T LAY +Iy=

i !
B)y -4y +13y =0

i f _ _ f _

6)9yﬂ+6yf+y=ﬂ

i
B)y +9y=0
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CamocrosiTesibHast padoTa
1 Bapuanr.

Onpenenuts BUa AuQdepeHnaibHOr0 ypaBHEeHUs, HaWTH ero o0liee pelieHue, a rie
yKa3aHO YaCTHOE pelIeHUE:

1) y =x-2
2) (Gx-4)y =y
o 1=-2
3) y= ¥
y
4) Y —2xy=xe";

5) y =§ {9(1)=2}, mocTpouTs HHTErPANBHYIO KPUBYIO.

2 BapuaHT.

OHpGIIeJII/ITL BU I[I/I(i)(bepeHI_[I/IaHBHOFO YPaBHCHHA, HaAWTH €r0 o6mee PCUICHUC, a4 T'AC
YKa3aHO 4aCTHOC PCIICHUC!

1) y —4y=8xe";

2) y =2x-3;
3 _ Yy .
) y 5 _ 2 b
4) yy =8x-3;
1
5 y= AL {H(1)=0}, MMOCTPOUTH UHTETPATBHYIO KPUBYIO.
X

IpakTnueckasi padora Ne 24 o reme
«J/InHeliHbIEe HEOAHOPO/IHbIC YPABHEHHUS BTOPOI0 MOPSIAKA »
Hesb: HAyuynTHCS pelIaTh JIUHEWHBIE HEOJTHOPOAHBIE YPABHEHHSI BTOPOTO MOPSIIKA.

Bapuanr 1

1. Haittu oOiee pemenue nuddepeHnaIbHOr0 YpaBHEHUS:

Q) (1 -2y = xy

6)y” — 4y’ + 3y = e>*
2. Haiitu pemenne nuddepeHImanbHOro ypaBHEHUs, yI0OBIETBOPSIONIEE HAaYaTIbHBIM
YCIIOBUSIM:

a)y” + 4y — 12y = 8sin 2x; y(0) =0, y(0)=0

6) y» — 8y’ + 16y = e**; y(0)=0, y(0)=1
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Bapuant 2

1. Hatitu obmiee pemenne qudpepeHnnanTsHOTO ypaBHEHUS:

a) 2yy" + () + () =0

0)y” — 6y + 9y =e*
2. Haiitu pemenne nuddepeHInaaIsHOro ypaBHEHUS, YIOBICTBOPSIOIICe HAYaIbHBIM
YCIIOBUSIM:

4 1
a)y"— 6y +9y =x*—x+3; y©0) =3, y(0) =
0)y”+4y —5y =8cosx; y(0)=0, y(0)=0
Bapwuant 3

1. Haiitu ob1ee pemenue quddepeHIanIbsHOr0 ypaBHEHHUS:
a) y” + y'tgx = sin 2x
0)y” + 7y + 12y = sinx
2. Haiitu pemenue nudpepeHuanbHOro ypaBHEHUs, yI0BIETBOPSIIONIEE HaYaIbHBIM

YCJ'IOBI/ISIMZ
a)y” +4y =e y(0)=0, »(0)=0
0)2y"+y —y =2e*; y(0)=0, »(0)=0

Bapuant 4

1. Haittu oOiiee pemienue nuddepeHnabHOTO YpaBHEHUS:
1
)y +-y =x?
0)y” + y = cos 2x
2. Haiitu pemenue nuddepeHnanbHoro ypaBHeHuUs, yI0BIETBOPSIIONIEE HAYallbHbIM

YCIIOBUSIM:
a)y” — 2y’ + 5y = xe®%; y(0) =1, »(0)=0
0) y» — 2y’ — 3y = 2x; y(0)=0, y(0)=0

Bapuant 5

1. Haiitu obmiee pemenne qudpepeHnnansHOT0 ypaBHEHUS:

)1+ () +yy =0

0)y” — 4y’ + 8y = sin 2x
2. Haiitu pemenne nudepeHInanbHOT0 ypaBHEHUS, yIOBICTBOPSIONICE HaYaIbHBIM
YCIIOBHUSIM:

a)y” + 5y + 6y =12cos 2x; y(0)=1 y(0)=3

0) y» — 6y’ + 9y = —12x; y(0)=0, y(0)=0
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Bapuant 6

1. Hatitu obmiee pemenne nudpepeHnnanTsHOTO ypaBHEHUS:
a) y(1+y)=5yy*=0

o)y’ +y —2y=e”
2. Haiitu pemenue quddepeHuaibHOro ypaBHEHUS, YIOBICTBOPSIIONIESE HaualbHBIM

YCIIOBHAM:
a) y» — 5y + 6y = (12x = 7)e™; y(0) =0, y()=0
0) y” +y = sin3x; y(0) =0, y(0) =1

Bapuant 7

1. Haittu oOiiee pemienue nuddepeHnalbHOTO YpaBHEHUS:
a) xy” + 2y =x3

6)y” — 4y’ — 5y = x?
2. Haiitu pemenue nuddepeHImanbHOro ypaBHEHUs, yI0BIETBOPSIONIEE HaYaIbHBIM

YCIIOBUSIM:
a)y” — 4y + 13y = 26x + 5; y(0) =1, y(0)=0

0) y» + 4y = x; y(0)=1, y»y(0)=1
Bapuant 8

1. Haiitu obiiee pemenne qudpepeHnnansHoro ypaBHEHUS:
a) y'tgy = 2(y)*

0)y” —y =2(1—x)
2. Haiitu pemenue nuddepeHiuanbHoro ypaBHEHuUs, yI0BIETBOPSIIONIEE HaYaIbHBIM

YCIIOBUSIM:
a) y” — 4y = 6x% + 1; y(0) =2, y(0) =3
0)y” — 2y’ +y = cosx; y(0)=0, y(0)=1

KoHTponpHbIE BOITPOCHI
1. Anroputm penieHus JMHEWHOTO HEOJHOPOAHOIO YPABHEHHSI BTOPOTO MOPSIAKA.
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Teopus psagoB

IIpakTuyeckasi padbora Ne 25 mo reme
«HUcenenoBanne YUCI0BBIX PAIOB HA CXOAUMOCTb)»

HCHL: HAaYIUTBHCA UCCIICA0OBATh YU CJIOBBIC PAABLI HA CXOAUMOCH

BbinucaTtb Tpu NepBbIX YNeHa psga HanTU TPETbI0 YaCTUYHY CyMMY

- A H
o 2 Ot ]
111a) #=17° 2/, 6) n=1 7
s n-1
5 n=w  dpd
-1
2,12a) #=1% (n 1)'; 5) }2=1(?14+4)2
S +2 .
% 3" Pﬂim|smﬂ|
/
313a) »=1(2 =35} 5 ™1 03
— 2n
: 2 ”g‘x‘cmszﬂ
_1H- !
a14q) n=1(RHL)L 5 7 A
— +1
it 3';|€ H=nm 7
—1Rrfn+l).
5,150 n=17%/(7F1), 6) #=1n? +1
= 2
M=o
5 n-+1 nmw
6.16a) *1n-3" . 6 n=1n-inn
MEj‘:.z;*HEHE pmo
7,17 a) #=1 32"‘2_1 : — 2
' ’ 6) »=11+&""
=cn A K
k= .l - .
5 277 A ”é"”smdl -
_ /
n=e(2n)! Fe——
2
919a) 717! )7 w=1305,2 .
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#r2nlin+1)}/

10,20a) #=1 {28}/

M=°‘°1+r:?-:::3'2 il

6) #=1 A

IIpakTuyeckasi padbora Ne 26 mo reme «O0J1aCTh CXOAMMOCTH CTEIIEHHOTO PSIAA»
Heab: HAy4YUTHCS UCCIIEI0BaTh CTEIICHHBIE PSAJIBI HA CXOJIUMOCH

2. UccnenoBath psa Ha aOCOTIOTHYIO U YCIIOBHYIO CXOIUMOCTD

1. a) Z ((;l]-) " . g_l_nz C)i (_ 1)n+1 1

3n-2)V' 50n+5 ~ (n+1)-3"

OB Vg s
a a)nzl (2(;?;)” ; b)Zz rf_llr? n ; C)g(— 1) 6an :
5. a);%; b)g%; c)g(—l)” . iﬁ
IO e Y U
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8. a) Eﬁ
= nl

3

o0 n )

PR
n:12n

b)i (_1)n : (n!)2 :

n=1 (Zn)'

D" .
)zzn(n +1)

10. m}:—ﬁ

= n!

n=w@ g

L) a2l

ntml b

. a) n= 15?12\/_

#
-5

1
2: = )

a) " h/_(ﬂ +1)>
5" 5"

Z # 2
.a) n=12 (H +1);

”Eﬁﬂﬁzﬂ-xﬂ
. a) n=1{n+5} .
e .:.:.3?3+1 o
. a) 52.’3 1 .F'E. .
D 53?@ l_xn

Z 2 #
.a) n=1{nr" +n) -2 :

o 3.!'232+1xn

Z—
.a) n=1H" [/?1 +1)

R T2 gy oA

Z n=3
.a) n=13 (?1—3);

C)Z n+5

n=co3

Haiitu o6nacth CXOAMMOCTH U IIPOBCPUTH CXOANMOCTDb Ha I'PAHHUIAX KMHTCPBAJIA:

H(x_l)ﬂ

6) w1577 (n+1)
noe 50 3 )

Z

6) wstn® +1)277 -

p=w
Z

3.’2_1H[/I_ 2).’2

6) #n=1

n;(ﬂ? +2)57 (x-1)"

(2n—1)4""1

6) #n=1

(2n? +3 )2

?EI'(SHE +2)fx—2)"

6) #n=1

n=m
Z

(n® +13%
ind )z -1

6) n=1

2?2"‘3 3( )

Zl
6)

37?4 5)

H=m23.’3+1ﬂz(vx _ 1).’3

Z
6) #n=1

327 1 n? 1

2 2 4o ) x—1)

i
6) n=1

(2 +1)5%772
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n=w  phxt X EURT LI ST Pl

10 a) HE:IW; 6) | (5};12 +1)43H—1

IIpakTuyeckas padora Ne 27 no teme
«Pa3j1o:keHMi QPYHKIUNA B CTEIICHHON Psia»
IpakTnueckast padora Ne 27 o reme
HAYYUTHCS PACKIaAbIBaTh (YHKIIUU B CTETICHHOU PSif

TecT mo TeMe «Paabl»

1 BApUAHT.

3aganue 1.YUeTBepThlil uileH psaaa Z )' paBeH:
e 12n 1
1o plpo
a) 5 9 7 7
2
Bamanue 2. Pam cosx+ 2 X 4 cos’ + cos +  SIBIISIETCHL. ..
6 24

A. CTeneHHbIM

b. OyHKUHOHAIBHBIM

B. 3nakouepenyromumcs
I. 3H21KOHOJIO)KI/IT€JILHI>IM

3ananue 3. [lan psin Z I/ICHOHBBYH HEO00XOIMMOE YCIIOBUE CXOJAUMOCTH psijia,

caenaiTe BbIBOJ
A. psa pacxogutcs
b. psan cxogutes
B. Henb3s onpenenuTh CXOAUTCS WU PACXOIUTCS Pl
I'. npyrou orBer
3ananue 4.Psn Z[lj HCCJIE0OBAIM HA CXOAMMOCTH TTO Tpu3HaKy Ko, BBIYUCIHIN Tpeae

k=lmzfa, = % Torga MOHO cenath BHIBOJ, UTO ...

s
A. JlaHHBIN pag CXOAUTCS

b. JlanHbI psij pacxoauTcs

B. JlaHHBII psii MOKET KaK CXOIUTHCA TaK U PACXOJIUTHCA.
I'. J1aHHBIN psif HE CYLIECTBYET

3ananue 5. Haiinure cymmy pazaa i[%}

n=1
1. 1
2. -1
3. 05
4. -0,5
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3aganue 6. YCTaHOBUTE MEXKY PSAOM M €r0 Ha3BaHHEM.

Hassanue Psan
1. Paxg ¢ monoXKUTEIBLHBIMHA A1, 1 101
YJICHAMHU 273 4’5
2. 3HAKOYePELYIOMIHIICS b. x+x?2+x®+x*+x°%+...
Sz B. 1+2+3+4+5+6+...
3. CTemneHHOM psix I'. cosx+cos® x+cos® x +cos* X +...
4. OYHKIMOHAIBHBINA Pl

3a11aHHe 7. YCTaHOBUTE COOTBETCTBHUE MCXKAY YUCJIIOBBIM PAJIOM U €T'O O6HH/IM YJICHOM 4,

Psin OOGIuii wieH psja d,
1' 1_'_14_1_'_1_'_ A' an:i
2 4 6 8 n+2
2' 1+E+£+1+ b. -
5 7 " 2n
3.1,1.1.1 B. -t
37579 2n+1
4. 1,111, Io-_t
3'2'5"6 2n-1
2BapHaHT
3aganue 1.UeTBepThlii uneH paaa Z(— 1" paBeH:
3n+1

a)l 6) t B L )t
13 13
3amanue 2. Psan 1+%x+%x2 +%x3 +.... SABIISIETCA

A. 3HaKouepeayroIMCs

b. ®yHKUHOHAIBHBIM

B. Crenennbpim

I'. 3HaKOMONOKUTETBHBIM.
2n+1

-1

3aganue 3. Jlan psan Z . Ucnionp3yst HEe0OX01MMOE yCIIOBHE CXOJIMMOCTH psiia

clienaiTe BBIBOJY

A) psia cxoaures

b) psin pacxonutcst

B) Henb3s onpeAenuTh CXOMUTCS UITU PACXOAUTCS PSTT
') npyroii oTBeT.

3ananue 4. Psan 25 MCCJIeI0BANIM Ha CXOJIMMOCTH MO Mpu3HaKy JlamamOepa, BEIYUCTUIN
n=1 n

Ipenel g _ jim & _g. TOrma MoXKHO caenars BbIBOJ, YTO. .

n—w a

A. JlaHHBIN pag CXOAUTCS

b. JlaHHBIH psia pacXOaUTCS

B. JlanHBIN psii MOKET KaK CXOAUTHCSA TaK U PACXOIUTHCH.
I'. J1aHHBIN psig HE CYLIECTBYET

3aganue 5. Haitgute cymmy psina: Z(loj
n=1
Al
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b. 0,1

B. 0,9

r. t

9
3aganue 6. YCTaHOBUTE MEXKY PSIJOM M €r0 Ha3BaHHUEM.
Ha3Banue Psn

1. Paxg ¢ monoXKUTEIbLHBIMHA A. sin x+sin? x+sin®x+sin* x +...
YJICHAMH b. 1+2x+3x% +4x°+...

2. 3HaKo4epeayIoIUcs p t,1t. 1.1 1.
s 2 4 8 16 32

3. CTereHHO psi I'' 1-2+3-4+5-6+...

4. DOYyHKIMOHAIBHBIN Pl

3a,ZIHI/Ie 7. YCTaHOBUTE COOTBETCTBUE MCKAY YUCJIOBBIM PAIOM U €TO0 O6HII/IM YICHOM 4,

Psin OO0muuit uneH psiaa 4,
1. i, 1.1, 1, A. anzi
2 4 6 8 n+2
2' 1+1+1+i B' an:i
2 4 8 16 2n
3. ,,1,1. 1 B. _1
4 9 16 2
4 1 1 1 1 T. 1
325" 6" =
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OcHoBbBI TCOPHUHA KOMINICKCHBIX YHUCEJI

IpakTnueckast padora Ne 28 o reme
«JleMCTBHS HA/l KOMIUIEKCHBIMH YMCJIAMH B ajiredpanuyeckoii popme»

He.]'lb: HAaY4YUTb BBIIIOJIHATH I[CﬁCTBH)I C KOMIINICKCHBIMH YN CJIaMH B aﬂre6panqe<:1<0171

dbopme

BapuanTt Nel

1. BeimosHUTE AeMCTBUS B anredpanyeckou ¢popme.
Z1=2-Ti, Z2=3+5i.Haiitu: Z1+Z22;Z71-22;71-72, 7Z1:72
Bapuant Ne2

1. BeimosHuTh AecTBUS B anredpanyeckout popme.
Z1=3+4i, Z2=-1-2i.Havitn:Z1+Z2; Z1-72; 71:72,71-72
Bapuant Ne3

1. BeimosHuTth AecTBUs B anredpanyeckout popme.
Z1=3-4i, Z2=2+5i Havitu: Z1+Z2; Z1-7Z2; Z1-Z2,71:Z2.
Bapuant Ned

1. BeimosHuTth aecTBUs B anredpanyeckout popme.
Z1=3-2i, Z2=-3+5i.Havitu: Z1+Z2; Z1-72; 71:72,71-72
Bapuant Ne5

1. BeimosHuTh AecTBUs B anredpanyeckout popme.
Z1=2-51, Z2=2+4i Havitu: Z1+Z2; Z1-72; Z1-Z2,71:Z2.
Bapuant Ne6

1. BeimonHuTh eCcTBUA B asireOpandeckon popme.
Z1=1+2i, Z2=-5-2i.Haiitu: Z1+Z22; Z1-Z2; Z1:Z2,71-72
Bapuant Ne7

1. BeimosHuTh AecTBUs B anredpanyeckout popme.

Z1=2-6i, Z2=3+4i.Haiitu: Z1+72; 71-72; 71-72,71:72 .
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Bapuant Ne8

1. BeimosHUTE AeMCTBUS B ainredpandeckoit hopme.
Z1=1+2i, Z2=-1-7iHaiitu: Z1+Z2; Z1-Z2; Z1:Z2,71-Z2
BapuanT Ne9

1. BeimosHUTE AeMCTBUS B anredpanyeckou ¢popme.
Z1=2-4i, Z2=3+2i.Haiitu: Z1+Z2; Z1-22; Z1Z-2,71:Z2 .
BapuanT Nel0

1. BeimosHUTE AeMCTBUS B anredpanyueckou ¢popme.
Z1=1-2i, Z2=-1-3i.Haittu:Z1+22; Z1-Z2; Z1:Z2,7-1Z2
Bapuant Nel 1

1. BoimonHuTh 1elcTBUS B anredpanydeckon hopme.

Z1=1+7i, Z2=2+2i.Haiitu: Z1+72; Z1-72; Z17-2,71:72

Bapuant Nel2

1. BeimosHuTh AeMcTBUS B anrebpandeckoi popme.
Z1=3+i, Z2=-1-2i.Haitn:Z1+Z2; Z1-72; Z1:22, 72172
BapuanTt Nel3

1. BeimosHuTh AeMcTBUS B anrebpanyeckon ¢popme.
Z1=1-4\, Z2=-2+51.Havitu: Z1+Z2; Z1-72; 7Z1-72,71:7Z2.
BapuanTt Nel4

1. BeimosHuTh AeMcTBUS B anrebpanyeckou ¢popme.
Z1=3+2i, Z2=-3+2i.Haiitn:Z1+722; Z1-7Z2; Z1:Z2,717Z-2
BapuanTt Nel5

1. BeimonmHuTh IeHCTBUS B anreOpandeckon Gpopme.
Z1=3-5i, Z2=2+4i Haittu: Z1+Z2; Z1-7Z2; Z1Z-2,Z1:Z2.

BapuanTt Nel6
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1. BoimonauTh NEelcTBHS B anredpandeckon hopme.
Z1=-1+3i, Z2=-5-3i.Haiitn: Z1+Z22; Z1-72; Z1:Z2,Z1Z-2
Bapuant Nel7

1. BeimosHUTE A€MCTBUS B ainredpandeckoit hopme.
Z1=2-61, Z2=3+4i Haiitu: Z1+Z2; Z1-7Z2; Z1Z2-,Z1:Z2 .
Bapuant Nel8

1. BeinmosHUTE AeMCTBUS B anredpanyeckou ¢popme.

Z1=1+2i, Z2=-1-Ti.Hantu:Z1+22; Z1-22; Z1:72,717-2

Bapuant Nel9

1. BoimonHuTh 1elcTBUS B anredpanydeckon hopme.
Z1=1-4i, Z2=3+4i Havitu: Z1+Z2; Z1-7Z2; Z1Z-2,71:Z2 .
Bapuant Ne20

1. BoimonHuTh 1elcTBUS B aredpandeckon hopme.
Z1=-1-2i, Z2=2-3i.Haiitu: Z1+Z2; Z1-7Z2; Z1.Z2,7Z1Z-2
Bapuant Ne21

1. BeimosHuTth aecTBUs B anredpanyeckout popme.
Z1=2-i, Z2=3-5i.Haiitu: Z1+72; Z1-72; Z172,-7Z1.7Z2
Bapuant Ne22

1. BeimosHuth aecTBUs B anredpanyeckout popme.
Z1=3+4i, Z2=-1+2i.Haittu:Z1+22; Z1-Z2; Z1.Z2,717Z-2
Bapuant Ne23

1. BeimosHuTh AecTBUs B anredpanyeckout popme.
Z1=3-i, Z2=2+5i.Haiitu: Z1+Z2; Z1-Z2; Z1Z-2,7Z1.Z2.
BapuanT Ne24

1. BeimonHuTh eCcTBUA B asireOpandeckon Gopme.
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Z1=3+2i, Z2=-3+\.Havitu: Z1+Z2; Z1-Z2; 71:72,717-2
Bapuant Ne25

1. BoimonauTh NEelcTBHS B aredpandeckon hopme.
Z1=2-3i, Z2=1+4iHaittu: Z1+Z2; Z1-22; Z1-Z22,7Z1:Z2.
Bapuant Ne26

1. BoimomauTh NelicTBHS B anredpandeckoi popme.
Z1=1+2i, Z2=-2-2i.Havitu: Z1+Z2; Z1-Z2; Z1:72,717Z2-
Bapuant Ne27

1. BeimosHuTh AecTBUs B anredpanyeckout popme.
Z1=2-51, Z2=2+4i Haiitu: Z1+Z2; Z1-7Z2; Z1Z-2,721:Z2 .
Bapuant Ne28

1. BoimonHuTh 1elcTBUS B aredpandeckon hopme.
Z1=1+2i, Z2=-1-4i.Haiwmn:Z1+2271-72; 71:72,71-7Z2
BapuanT Ne29

1. BeimosHuTh AeMcTBUS B anrebpandeckoit popme.
Z1=2-4i, Z2=-3+5i.Haiitu: Z1+22; Z1-Z2; Z17-2,71:72
Bapuant Ne30

1. BeimosHuTh AeMcTBUS B anrebpanyeckon ¢popme.
Z1=3+i, Z2=-3-2i.Haiitu: Z1-22; Z1+72; 71:72,71-Z2
KoHTpoJIbHBIE BONIPOCHI:

1. Yto Ha3bIBaeTCSI MHUMOM €UHULICH?

2.CBOMCTBO MHUMOMU €IUHHUILILI.

2.IIpaBuiio BO3BEACHUSI MHUMOW €IMHUIIBI B HATYPAJIBHYIO CTEIECHB 1.

3.[JaTp onpeneneHne KOMIUIEKCHOTO yKciia?

4.JIeiicTBUS C KOMIUIEKCHBIMH YHUCIIaMU B ajreOpandeckoit popme.
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IpakTnueckast padora Ne 29 o reme
«/leficTBUSA HAl KOMILUIEKCHBIMHU YUCJIAMUA B TPUTOHOMETPHUYECKOU U
NoKa3zareJbHOu ¢opMax»
Ilesb: HaAyYUTH BBIIOIHATH ACHCTBUS C KOMIUIEKCHBIMU YUCIIAMU B

TPUTOHOMETPUUECKON U MOKa3aTelbHON hopmax3aganue. BoIMOTHUTE ASHCTBUS €

JaHHBIMH KOMIIJICKCHBIMH

Z1

1::
2
3
4
5.
6
7
8
9

72

z; = 8(cos 55° +5in 55°), z, = 2(cos5° + sin 5°),

.z = 5(cos 48° +sin48°), z, = 2(cos 12° + sin 12°),
. 23 = 3(cos 70° + sin 70°), z, = 2(cos20° + sin 20°),
. z; = 10(cos 105° + sin 105°), z, = 2(cos 15° + sin 15°),

z; = 12(cos 145° + sin 145%), z, = 2(cos 5° + sin 5°),

. z; = 7(cos 255° + sin 255°), z, = 2(cos15° + sin 15°),
. z; = 9(cos 168° +5in 168°), z, = 2(cos 12° + sin 12°),
. z; = 6(cos 40° + sin40°), z, = 2(cos20° + sin 20°),

. 2y = 3(cos 40° +sin40°), 2z, = 2(cos5° + sin5°),

10. z; = 10(cos75° +sin75°), 2z, = 2(cos 15° + sin 15°),

11
12.
13.
14.
15.
16.
17.
18.
19.
20.
21;
22;
23:
24.
25;
26.
27.
28.
29,
30.

z; = 9(cos 123° + sin 123%), z, = 2(cos 12° + sin 12°),
z; = 5(cos 160° + sin 160°), z, = 2(cos 20° + sin 20°),
z; = 3(cos 235° + sin 235°), z, = 2(cos5° + sin 5°),

z; = 4(cos 30° +sin30°), z, = 2(cos15° + sin 15°),

z; = 2(cos 258° + sin 258°), z, = 2(cos 12° + sin 12°),
z; = 7(cos 115° + sin 115°), z, = 2(cos 20° + sin 20°),
z; = 14(cos 310° + sin310°), 2z, = 2(cos 5° + sin 5°),
z; = 8(cos45° +sin45°), z, = 2(cos 15° + sin 15°),

z; = 6(cos 213° +5in 213°), z, = 2(cos12° + sin 129),
z; = 9(cos 70° +5in 70%), z, = 2(cos20° + sin 20°),

z; = 4(cos 40° + sin40°), z, = 2(cos5° + sin 5°),

z; = 6(cos300° +s5in300°), z, = 2(cos15° + sin 15°),
z; = 3(cos 33° +5in33°), 2z, = 2(cos12° + sin 12°),

z; = 5(cos 250° +sin 250°), z, = 2(cos 20° + sin 20°),
z; = 8(cos 85° +5in85°), 2z, = 2(cos5° + sin 5°),

z; = 10(cos 165° + sin 165°), z, = 2(cos 15° + sin1 5°),
z; = 9(cos 48° + 5in48°), z, = 2(cos12° + sin 12°),

z; = 5(cos 100° + sin 100°), z, = 2(cos 20° + sin 20°),
z; = 4(cos 175° +s5in175°), z, = 2(cos5° + sin 5°),

z; = 16(cos 120° + sin 120°), z, = 2(cos 15° + sin 15°),

1) Z1+22; Z1-72; Z1-Z2,

KoHTpoIpHBIE BOITPOCHI

IIpakTuyeckas padora Ne 30 mo teme
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«Pemenue ypaBHeHI/Ii/i HAa MHOKECTBC KOMIIJICKCHBIX YHUCED>
He.m;: HAay4YUTb pCIIaTh YPABHCHUA Ha MHOKCCTBC KOMITIJIICKCHBIX YHCCJI

3amaua 1
PemuTh KBajipaTHOE YpaBHCHHE:
I.x2-2x+17=0

22x24+2x+1=0
3.4x%-4x+17=0
4X%+6x +25=0
5.4x%2-20x+29=0
6.9x%-6x+2=0
7.X2-4x+29=0
8.2x°-2x +5=0
94x°>+4x+5=0
10.X2-4x+13=0
I.9x?-6x +17=0
12.4x%-12x+25=0
13.X°+4x+5=0
142x>—10x+17=0
15.x>-6x+13=0
16.x>+6x+18=0
17. x> -4x +40=0
18.4x%-12x+13=0
19.2x2+6x+5=0
20x2-2x+5=0
21.9x%-6x+10=0
222x%+6x+5=0
23.X°2+6x+13=0
24.2x%- 6x+17=0
25.9x%-6x +2=0
26.x2-6x+10=0
27.x%+2x+26=0
282x2+6x+9=0
292x>+10x+13=0
30.x°-6x+34=0

133



CamMocTofTeJIbHAsl padoTa
BAPUAHT 1

1. JlaHBI KOMIUIEKCHBIC YHCNa: Z1=2-
3i, z2,=2i+3, z3=3-2I.
Breruucnure: a)z; + z,; 0) z1 + z3;

B) Z] —Zy, T)Zy—Z3; N)Z1"Zp; ©)
Zg ) Zz.
2. Beramcmure: (2-1)(2 +1) - (3 - 20)

+7.

3. Hantun dYacTHOE KOMIUIEKCHBIX
gncen: a)r;  6) —t_; B) >l
i 2+i 2+2i

4. HM300pa3uTh HA KOOPAUHATHOU
IJIOCKOCTH U MPEACTABUTH
CJIEIYIOIINE KOMIUIEKCHBIE YHCIIA B
TPUTOHOMETPHUYECKOU (popme:

a) -3; 0) -I; B) 1 +
i; r)—1+ ivV3.
5. Haititu xoopauHaTel TOuku M,

n300paxkaroniel KOMIUIEKCHOE YUCIIO:

7= 5+i —2+i _
2—i 3-2i
6. Pemurte ypaBHEHHs] B KOMIUIEKCHBIX
YHUCIax:
a) x> —4x + 8 =0; 0)

x°+ix+6=0.

BAPUAHT 2
JlaHbl KOMIUIEKCHBIC Yncha: z; = 2 +

i,22=3i+1,23=_2_i.

Beruucnure: a)z; + z,; 0) zq + Z3;

B) Zy — Zy; T)Zp — Z3;

n) Zy " Zy; €)Z3 " Zy.

Beramcnmure: (3+1)(3-1)-(6+2i) +

7.

Hairtn YacTHOE KOMIUIEKCHBIX
1 1 -

qucesn: a) = 0) Pt B) 23—+2Ii .

N300pa3uth Ha KOOPIUHATHOMN
IIJIOCKOCTH U IIPCACTABUTDH
CJICAYIOINC KOMIIJICKCHBIC YHUCJIa B
TPUTOHOMETpUUYECKON (hopme:

a) -4: 6)i; B) 1-i; r)—V/3+
L.

Haittu  xoopaunatel Touku M,
M300paxaronieil KOMIIEKCHOE YUCIIO:
_2-30 . 6i—4
T 2i+1 i+2°

Pemnte ypaBHEHHsS B KOMIUIEKCHBIX
qyucliiax:

a) x2—8x+17=0; ©6)
x%+ix+ 20 =0.

Tect mo teme « KoMILIEKCHBIEC YHUCJIA»

Bapuanr |

Al. Jlausl KoMmuekcHble uncna Z =2+31,2,=3-1. Torga Z -,

a)

v

a) 9+7i
b) 6-7i
c) 2-3i
d) 4+6i
A2. N3o0pakeHrne KOMIUJIEKCHOTO YKcia z=1-3i UMeeT BUJ]
A
y
. >
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v

b) d)

A3. Eciii z=4+i, TO CONPSDKEHHOE €My YHCJIO z PaBHO

a) 1+4i
b) 5+i
c) 4-i
d) 1-4i
A4.Ecmu 2,=1+31,2,=2-31, 10 2, +,

a) 2+3i
b) 3-i
c) 3
d) 3+6i
AS. JIaHO KOMIUTEKCHOE YHCIIO Z =4—3i, TO €r0 MOAYJIb PAaBEH

a) 8
b) 16
c) -5
d) 5

A6. Moayib KOMITJIEKCHOTO YUCHa =2, a apTyMEHT ¢ = % . Torma B TpUroHOMETPUUYECKON

dhopmMe KOMIUIEKCHOE YUCII0 UMEET BU/T

d) 2(cos——i-sin—
) ( 1 l)
b 2(sin—=—i-cos—
) ( 1 1)
C) 2(cos—+i-sin—
) ( 1 l)

. T . T
d) Z(sz+ i -cosz)
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. . z
B1. Jlanb! KoMIulekcHble yncna Z; =1461,z, =3+31 . Hajiqure —-
ZZ

C1. Pemure ypaBHeHHEX?-6X+25=0

Z,+42

5.
C2. Beruucnute 2, €CIN z, =5-2i;z, = 2—6i

Bapuanr 1l

IIpu BhInoTHeHnH 3agaHuii Al - A8 He00X0AMMO MPOCTABUTH HOMeEP
BAPUAHTA O0TBETA, KOTOPbIH COOTBETCTBYET HOMePY BbIOpaHHOro Bamu
oTBETA

Al. JIanb! koMIuIekcHsle uncna Z =1+51,2, =3-4i . Torna 7,2,

a) 15+8i
b) 23+11i
c) 23-3i
d) 20+6i
A2. N300pakeHre KOMILIEKCHOTO YHcia Zz = 2+ 3i UMeeT BH/]I

a)
Y A
> 0 2
0 2
-3
Yy
B) y A rH) 3
: 2
-3 0 g 0 g
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A3. Eciu z=2+3i, TO CONpsHKEHHOE €My YHCIIO z PABHO

a) 2-3i
b) 3+2i
c) 3-2i
d) 4+6i
A4.Ecmu 2, =3+1,2,=4+2i 10 2, +1,

a) 7+3i
b) 4+6i
c) 7-3i
d) 4-6i

AS. JIaHO KOMIUTIEKCHOE YHCIIO Z=12+5i, TO €ro MOAYJb PaBEH

a) 2
b) 5

c) V12
d) 13

A6. Moaysib KOMIIJIEKCHOTO YUCHa =3, a apTyMEHT ¢ = % . Toraa B TPUrOHOMETPHUYECKOMN

(bOpMC KOMIIJICKCHOC YU CJIO NMCCT BH /]

a) 3(cos%—i-sin%)
b) 3(sin%+i-cos%)
C) 3(cos%+i-sin%)
d) 3(sin%—i-cos%)

. . . Z
B1. Jlanb! koMIuiekcHble yncna Z =2-41,2, =3+61 . Hajiqure —-
Z2

C1. Penmre ypaBHeHHEX?-4X+29=0

5-Z,+47
C2. Borunciure %, €CIU 7, =4+i;2, = 2+3i
1

Bapuant |11
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Al. JIanbl KoMIIekcHble yncna Z =2+4i,2, =1+3i. Torma -2,

a) 8+6i
b) -10+10i
c) 4-3i
d) -2+8i
A2. N3o0pakeHne KOMILIEKCHOTO YHUCIa Z=—2+iUMeeT BU]I
a) Yy A
Y A C)
\ > 2 X
0 X )
-2
y
A
Y A
11
b) . d) >
0
- > -2 X
2 0
X

A3. Ecnmi z=3+5i, TO CONPSDKEHHOE €My YHCIIO z PaBHO

a) -3+5i
b) 3-5i
c) 5-3i
d) -5+3i
A4.Ecm 2,=3-51,2,=4+2i 10 2,+12,

a) 7-i

b) 5+3i
c) 5-2i
d) 7-3i

AS. JlaHO KOMIUIEKCHOE YHCIIO Z =2+ 3i, TO €r0 MOAYJIb PaBEH
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a) 4

b) V13
c) 5
d) 9
a) ;
A6. MoJ1ylib KOMIUIEKCHOTO YHCIIa =4, a apTyMeHT ¢ = % . Toraa B TPUrOHOMETPHUYECKOMN

q)opMe KOMIIJICKCHOC YU CJIO UMCCT BH /I

a) 4(cos%+ i -sin%)
b)Mﬁn%+Lam%)
C)4@n%—ham%)
d)4@m%—bﬁng)

: . . z
B2. JlaHbl KOMILIEKCHBIE yncna Z =2-31,Z, =4+1 . Haiigure —-
Z 2

C1. Petmure ypaBHenueX? -4x+13=0

Z,+47,

5.
C2. Beruncnnre , €CIIN z, =3+5i;z, =6—2i

Bapuant IV
Al. JIanb! KoMIIeKcHbIe yncna Z =1+2i,2,=3-4i. Torna -2,

a) 3+6i
b) 3-8i
c) 11+2i
d) 4-2i

A2. N300pakeHre KOMIJIEKCHOTO Yucia Z=1-2i UMEET BUy ,

Y A 2

a)

v
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b) d)

A3. Ecnmi z=5-2i, TO CONpsSHKCHHOE €My YHUCIIO 7
paBHO

a) 5+2i
b) 2-5i
c) 2-5i
d) 1+6i
A4.Ecmm 2,=2-31,2,=4+51 10 2, +2,

a) 4+6i
b) 6+2i
c) 4-3i
d) 6-2i

AS5. JlaHO KOMIUIEKCHOE ynciio Z =4+ 2451, 10 ero MOJYJIb PaBEH
a) 10
b) 8
c) 6
d) -6

A6. Moyl KOMIIJIEKCHOTO Yucia =4, a apTyMeHT ¢ = % . Toraa B TPUrOHOMETPHUYECKOMN

dhopmMe KOMIUIEKCHOE YUCII0O UMEET BU/T
a) 4(sin%— i -cos%)
b) 4(cos%+ i -sing)
c) 4(cos%—i -sin%)
d) 4(sin%+ i -cos%)

] . . 7
B2. Jlansl KoMIulekcHble uncna Z =3-1,2,=4+31 . Haiinure —-

2
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C1. Petmre ypaBHenue2,5x%+x+1=0

5-Z,+47
C2. Borunciure # , €CIIN 7, =1+2i;z, =3—4i
1
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Jlekuus Ne 1. Marpuusbl. [leiicTBUS ¢ MATPUIIAMH.
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1.1 OcHoBHBIEC MOHATHA.

Mampuyeri Ha3bpIBaeTCsl NPSIMOYrojibHas TaOJMIAa YHUCEN, cojAepiKamias m CTPOK OJUHAKOBOM

JUTMHBI(UIU 1 CTOJIOLIOB OAMHAKOBOM JUIMHBI). MaTpulia 3anuchiBaeTCs BUE:

a;;, Qi .. Qqn
Ao Ay; Ay .. Qo
Am1 Az o Omn
WK, COKpaInénno, A = (aij), rae i =1, m (t.e. i = 1,2,3,...,m) — Homep cTpokw, j = L,n (1.e. j = 1,2,3,...,n)

— HOMEp cToJIoIA.

Marpuia A Ha3bIBalOT MaTPHUIICH pazmepa m X n U MUIIYT A, x ». UUcIa aij,COCTABISIFONINE MATPUILY
Ha3bIBAIOTCS €€ dneMeHmamu. DIEMEHTHI, CTOSAIINE Ha JWAroHald, UAYIIeH U3 BEPXHEro JICBOTO yria,
00pa3yIoT 21asHy10 OUALOHAD.

Marpuiibl pagrvt mescoy cofoil, eciu paBHbI BCE COOTBETCTBYIOIIHME 3JICMEHTBI THX MaTpHII, T.C.

A =B, ecmaij=bij, tnei=1m, j=1,n.

Marpuna, y KOTOpoi 4MCIIO CTPOK PaBHO YHCIY CTOJOLIOB, Ha3bIBacTCS Keadpamuoii. KBagpaTHyro
MaTpHUIly pa3Mepa 7 X 7 Ha3bIBAIOT MAaTpULECH 1-TO nopaodKa.

KBaznparHasi MaTpuiia, y KOTOPOHM BCe JJIEMEHTBI, KPOME 3JICMEHTOB [IABHOH JIMarOHalIH, PaBHbI HYJTIO,
Ha3bIBACTCS OUAZOHAILHOIL.

JluaroHanpHasi MaTpuia, y KOTOPOW K&Kl DSJIEMEHT TJIAaBHOW JHaroHajll paBeH eIUHHMIIE,

Ha3bIBaeTcs edunuunou. O6o3Havaercs 6ykBoii E.

Ilpumep 1.1
1 0 O

Ez.z3 =10 1 O |eauHuyHas mMaTpuia 3-To NOpsIKa.
0 0 1

KBa]lpaTHafl MaTpuia Ha3bIBACTCA mpeyzoﬂbnoﬁ, €CJIn BCC JJICMCHTBI, PACIIOJIOKCHHBIC IO OAHY
CTOPOHY OT rJ1aBHOM AuaroHajiv, paBHbI HYJIIO.

Marpuua, Bce 3JIeMEHTbl KOTOPO paBHBI HYJIO, Ha3blBaeTcs Hyneeoil. O6o03Havyaercss OykBoil O.

HMmeert Bun:
0 0 0
0= 0 O 0
0 0 .0

B matpuunom ncuncienun matpunsl O u E urparot pons yncen 0 u 1 B apudmeruxe.
Marpuia, cojepxariasi OJUH CTOJOEL WM OJHY CTPOKY, Ha3bIBaeTCs 6eKmopom (WIH BEKTOP-

CTOJN0E1, MM BEKTOP-CTPOKAa COOTBETCTBEHHO). VX BU:
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A= B=(b; by, .. by)
am
Matpuua pasmepa 1 x 1, cocrosiias U3 0JTHOTO YUCIIa, OTOKIECTBIIAETCSA C 3TUM UYHUCIOM, T.€. (5)1x1
€CThb 5.
Marpuna, nojaydyeHHass M3 JaHHOW 3aMEHOM KaXJIoW €€ CTPOKM CTOJOLOM C TeM K€ HOMEPOM,

Ha3bIBAETCSA MaTpHlell mpancnonuposannoii x nannoii. O6o3navaercs Al

TaKecnnAz(é i),TOAT=(; Z),eanAz((l)),ToAT=(1 0)

TpaHCHOHMPOBAHHAS MaTPHIIA 00IaaeT ceaylomuM coiictBoM: (AT) = A.
1.2. [lelicTBUS HAJ MATPUIIAMH.

Caoxenne:
Omneparusi CI0KEHHsI MATPHIL BBOJUTCS TOJIBKO ISl MATPHII OJTMHAKOBBIX Pa3MEPOB.
Cymmott 08yx mampuy Amxn= (@ij) 1 By xn = (Dij) HazpiBaercs matpuna Cmxn= (Cij) Takas, uto cij= aijt bij (i

=1,m, j =1,n). 3anuceiBator C = A + B.

Ilpumep 1.2. (i _53 2)"‘(_32 _35 _4_1)=(g 8 I(})

AHAJIOTUYHO ONPEICIISICTCS PAZHOCHb MAMPUY.
YMHOKXeHHe HAa YUCJI0:
Ipouszsedenuem mampuyvt Amxn = (aij) Ha uucno KaaspiBaercs matpuna B .x, = (bjj) Takas, ato bij = k*ajj (i

=1,m,j=1,n). 3anucvisarom B =Kk * A.

0 -1 2

3 4 5 0_24)

Ilpumep 1.3. A = ( 6 8 10

),k=2,A*k=(

Martpuna — A = (-1) * A Ha3bIBaeTCS npOmMuUBONOL0NHCHOL MATPHIIE A.
Pasnocte maTpun A — B MoxkHO onpenenuts Tak: A — B = A + (-B).

Onepaunn CJIOKCHUA MaTpUIl U YMHOXCHUS MaTpHUIIbl HA YU CIIO 06J'IaJIaIOT CICAYIOIMMHA cBoliCcmeamu.

1. A+B=B+A; 5.1*A=A;

2. A+(B+C)=(A+B)+C; 6.0* (A+B)=0A + aB;
3. A+O=A; 7.(a+P)* A=0A + BB;
4. A-A=0; 8.a* (BA) = (ap) * A,

I'ne A, B, C — Matpurisl, o 1 f — gucna.
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DJleMeHTapHble NPpeo0pa3oBaHusi MATPHUIL:
DnemenmapHuiMu npeoopazo8anuaAMU MAMPUY AGIAIOMCA:
e [lepecraHoBka MecTaMu JIBYX MapaljIeIbHbBIX PSAIOB MAaTPHUIIbI;
e VYMHOXXEHHE BCEX 3JIEMEHTOB Psiia MATPHULIbI HA YUCIIO, OTIINYHOE OT HYJIS;
e [IpubaBiieHre KO BCEM 3JIEMEHTAM psijia MaTPULBI COOTBETCTBYIOIIMX AJIEMEHTOB MapayljieNbHOTO
psna, yMHOKEHHBIX HAa OJIHO U TO K€ YHCIIO.
J1Be MaTpuLibl A 1 B Ha3pIBatoTCs SKBUBAJIEHTHBIMU, €CJIM OIHA U3 HUX IIOJIYYaeTCsl U3 IPYroii ¢ IOMOILBIO
aJIEeMEHTapHBIX peodpa3oBaHuid. 3anuckiBaeTcst A ~ B.
[Ipu nmomo1u 3eMeHTapHBIX MpeoOpa3zoBaHuil TH00YI0 MAaTPUILY MOXKHO IPUBECTU K MaTpHUIIe, Y KOTOPOU
B HauaJie TJIaBHOM AMAroHau CTOSIT HOIPSII HECKOJIBKO €IMHUIL, 4 BCE OCTAIbHbBIE AJIEMEHThI PABHBI HYIIIO.

Takyro MaTpully Ha3bIBAIOT KAHOHUYECKOU, HAIIPUMED

S OO
S O RO
SR OO
o O OO

Ilpumep 1.4. IlpuBecTy K KAHOHUYECKOMY BUY MaTPUILY

2 3 1 2
A=10 0 -1 1
4 0 5 1

Pemenue: BeimonHss SJICMCHTApPHBIC HpeO6paSOBaHI/I$I, nojrygyacm

2 3 1 2 1 3 2 2 1 3 2 2 1 0 0 0
0 2 -1 1|~{-1 2 0 1|~{0 5 2 3 ]~10 5 2 3 |~
4 0 5 1 5 0 4 1 0 -15 -6 -9 0 -15 -6 -9

1 0 0 0 1 0 0 O 1 0 0 O
0 1 1 1 ]~{0 1.1 1|~({0 1 0 O
0 -3 -3 -3 0 0 0 O 0 0 0 O

Hp0n3Be}1e}me MaTpui:

Omneparusi YMHOXKEHUSI JIByX MATpPUIl BBOJUTCS TOJBKO JJIsl CIIydasi, KOTJla YHCJIO CTOJOIIOB TMEPBO

MaTpHIIbl PABHO YHCIY CTPOK BTOPOIl MaTpPHUIIBI.

[TpousBenennemM MaTpuilbl A, x,= (aij) Ha MaTpuiy B, x, = (bjx) Ha3bBaercs marpuna Cp xp = (Cjk) TaKas,
91O Cik= air™ D1k+ a2 * bk + ...+ ainbnk , e 1 = 1,m, k = 1,p,

T.e nsnmement i-ii ctpoku u K-ro crombma matpuiel npousBeneHus C paBeH CyMMeE MPOU3BEICHHIA
3JIEMEHTOB I-i CTPOKH MaTpHUIIbI A Ha COOTBETCTBYIOIIHKE dIeMeHThI K-T0 cTonbia marpuiisl B. [Toaydyenue
AJIEMEHTA Cij CXEMaTUIHO M300paXkaeTcs TakK

e o o o o o
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° j o o o
o o o : o o 0 0o o
Ecnu marpuiiel A 1 B kBazpaTtHble 0JHOTO pasmepa, To npousBeneHuss AB u BA Bcerna cymiectByror.

Jlerko mokazate, uto A * E=E * A = A, rne A — kBagparHas Mmarpuua, E — eqMHnYHas MaTpuiia Toro xe

pasmepa.

Ilpumep 1.5

b b
aj; A12 Qi3 bll b12 _ (Q11b11 + ay2b31 + ag3b3y  agybiy + aq3byp + ag3bs;
*1 D2 22

1
Q21 Q22 QA3 b b Az1b11 + Qz2b21 + Az3b31  Az1b13 + Agby; + Ag3bs;
31 D3y

_(1 2 1 _(1 3 %
Ilpumep 1.6. A = (3 1 0) ,B= ( 1 2) . Torna npousBenenue A * B He onpeneneno,Tak Kak 4nucio

cTosioroB Matpuilkl A(3) He coBmamaer ¢ 4uciaoM cTpok Marpuilel B(2). Ilpum 3TOoM ompeneneHo
npousBeieHue B X A, KOTOpoe CYMTAIOT CIEAYIOIIUM 00pa3oM:

R NOH RGO RO

Matpuubl A u B Ha3bIBatoTCs nepecTaHOBOYHBIMHU, ecii AB = BA.
YMHOXKEHHEe MaTpull 001aJaeT CIeAYIOUMMU CBOMCTBAMHU:

1. A*B*C)=(A*B) *C; 3.(A+B)*C=AC + BC;

2. A*(B+C)=AB+ AC; 4. o(AB) = (0A)B,

Ecnu, koHEUHO, HalMcaHHbIE CYMMBI M TPOU3BECHUS MATPUL] UMEIOT CMBICIL.
JUig onepanuy TpaHCIIOHUPOBAHUS BEPHBI CBOICTBA:

1. (A+B)T=AT+BT 2. (AB)T=BT* AT,

BOITPOCHI J1JIs1 CAMOITPOBEPKH

1. Yro Ha3wiBaeTCs MaTpuUlieh?
Kakue MaTpuiibl Ha3bIBatOTCS paBHBIMU?
Kakas marpuna Ha3piBaeTcs eAMHUYHON?
Kakas marpuna Ha3pIBaeTCsl TPAHCIIOHUPOBAHHOW K JaHHON?
Kakue n1eficTBUS MOYKHO BBIIIOJIHATE HaJl MaTpULIaMu ?
[lepeuuncnure sreMeHTapHbIe MpeoOpa3zoBaHUs MaTPHLL.

Bcerna v BBIMOJIHUMO I€MCTBUE YMHOKEHUS JBYX MATPUIL?

© N o g B~ WD

HCpC‘-II/ICJ'II/ITe CBOﬁCTBa, KOTOPbBIMU 06nanaeT YMHOKCHHUEC MATPHII.

Jlexkuus Ne 2. Onpenenurenu.

2.1. OcHOBHBIC MOHATHS.

146



KBaznparHoli maTpuiie A mopsijika # MOKHO CONOCTaBUTh yrcio detA (wim |A|, mim A), Ha3pIBaeMoe ee
OIIpEIETIUTENIEM, CIIEAYIOIUM 00pa3oM:

1. n=1.A=(a1);det A =a.

a1 4p a1 Qg
2.n=2A=( )'detA=| |=a * 0yy — A0
) Ay Gyy) Ay gy 11 22 12021
a1 Q12 Qg3 a1 412 Qg3
3. n= 3,A =| a2 az; as ,detA = |A21 az, az3| = ai10a,,033 + a12073031 +
asz; dszz; dsz az1 dszz dsz

1Ta21032013 — A31A22013 — A21012033 — A32023011

Onpenenurens MaTpullbl A Takke Ha3blBalOT €€ JeTepMHHAHTOM. [IpaBuiio BbIUKCICHHS
JNeTepMUHAHTA U1 MaTpUIbl opsiaka N sSBJIsSETCs JOBOJBHO CIOKHBIM JJIsl BOCIIPHUATHS U IPUMEHEHHUS.
OnHaKo U3BECTHBI METO/IbI, TO3BOJISIONINE PEATH30BATH BHIYUCICHUE ONPEACIUTENCH BEICOKUX MOPSIKOB
Ha OCHOBE OMpeIeauTeNe HU3MuX nopsankoB. OJQMH U3 METOJOB OCHOBAaH Ha CBOMCTBE Pa3sIOKCHUS
OTPENICTUTENSI TI0 dJIEMEHTaM HEKOTOporo psaa. [Ipum 3ToM 3amMeTuM, 4TO ONpPENeTUTENN HEBBICOKUX
nopsakoB(1,2,3) sxenareabHO YMETh BBIYUCIISATH COTJIACHO OIPEIEICHHIO.

Breruucnenue OIIPECACIINTCIIA 2-ro nopAaaKa UWITHOCTPUPYCTCA CXEMOM:

NN VA

Ilpumep 2.1. Haiitn onpenenuTenn MaTpuULl (E _3> u (

cosa  sin a)
6

—sina cosa
Peluchue: |§ _63| —24+6—5%(=3) =12 — (—=15) = 27

cosa sina .
. | = cos?a + sina =1
—sina cosa
[Tpu BbIUKCICHUH OMpEAeNUTeNs 3-T0 MOpsAaKa YIOOHO MOJB30BaThCS MPABUIOM TPEYTrOJbHUKOB (MU
Capproca), KOTOpoe CUMBOJIMYECKHA MOYKHO 3aIucaTh TakK:

Ilpumep 2.2. BpaucauTh ONPEIEIUTENb MATPULIBI

5 -2 1
A=13 1 -4
6 0 -3

Pemienue:
det A=5%1%(-3)+(-2)*(-4)*6+3*0*1-6*1*1-3*(-2)*(-3)-0*(-4)*5=-15++48-6
~18=48-39=09.
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2.2. CBoiicTBa onpeaeuTeJiei.

Cdhopmynupyem OCHOBHBIE CBOMCTBa ONpEACIUTEICH, MPHUCYIIHE OMPEICIUTENIEM BCEX IMOPSIKOB,
HEKOTOPBIC U3 ITHX CBOMCTB MOSICHUM HA ONPEICIUTENSIX 3-TO MOPSIIKA.
Cesoticmso 1(«PaBHONIPaBHOCTh CTPOK U CTOJOLOBY»). Omnpenenurens HE U3MEHUTCS, €CIH €ro CTPOKHU

3aMEHUTH CTOJIOLAMU, U HA0OOPOT.

a1 412 Qg3 ay;; Q1 dAsg

a1 G121  |911 Q21
Nupivu cnoBamu, Gy, Gyl ~ lay, apyl’ A1 Az Q3| =[A12 Q22 A3z
az; dszp dAsz a;3 dz3 dszz

B manpHelinieM CTpOKU U CTOJIOIBI OyIeM IPOCTO HA3bIBATh PSAaMHU OMPEICITUTES.

Csoticmso 2. Ilpu iepecTaHOBKE IBYX HapaJlIeNIbHBIX PSAOB ONPEISIUTENb MEHSET 3HAK.

Ceoticmeo 3. OnpenenuTelb, UMEIOIIHH 1Ba OJJUHAKOBBIX PAJla, PAaBEH HYJIO.

Cesoticmeo 4. O01mMIA MHOXKUTENb 3JIEMEHTOB KaKOro-1u00 psiia ONpeaeauTeliss MOXKHO BBIHECTH 3a 3HAK
OTIPEICITUTEIIS.

N3 cBoiictB 3 m 4 cremyer, 4YTO €CIM BCE DJIIEMEHTHI HEKOTOPOTO psijia MPOIMOPIHAOHATBHEI

COOTBETCTBYIOILIMM 3JIEMEHTaM NapajuIeIbHOrO psifa, TO TAKOM ONpeAeIUTeNlb PABEH HYIIIO.

a1 p) a3 a1 Q412 Qg3
NeiictButensuo, |k *a;; k*a;; k*xagz|=kx[a1 a1z ai3|=k*x0=0
asz; as; ass az1 dszp dsz

Csoticmeo 5. Ecnu smeMeHTBl Kakoro-au0o psia OmpelenuTeNsl MPEACTaBIAI0T COOOH CyMMBI JIBYX

CJIara€MbIX, TO OIIPCACIINTECIIb MOKCT OBITh PAa3JI0KECH HAa CYMMY IBYX COOTBETCTBYIOIIHUX OHpeHeHHTCHeﬁ.

a1 Q12 Q3+Db a1 A1z Qi3 a;; a5, b
Hampuwmep, [@z1  Gz; Gpz3+¢| = [A21 G2z Q3|+ [az; az ¢
az; Az azz3+d az1 Az aszzl lazy; az, d

Csoticmso 6 («dneMeHTapHble peoOpa3oBaHus onpeaeauTess»). OnpeaenuTenb He U3MEHUTCS, €ClIi K
3JIEMEHTaM OJIHOTO psijia MPUOaBUTh COOTBETCTBYIOIIHNE 3JIEMEHTHI IApaUIEIbHOTO psila YMHOXKEHHBIE Ha

JIF000€ YHCIIO.

a1 A1z 413 a1 Q2 Az tk*agp
Ipumep 2.3. Jlokazatb, uto A= [Az1 Q22 Q3| = |ay; App A3tk *ay,
31 dszz dsz as, dzp; a4z + k * A3y

Pewenue: /[lefictBuTenbHO, CIIOIB3Ys CBOWCTBA 5, 4 U 3, MONy4UM

a;1 a3 kxagp a;; Q12 Q33 a1 Q12 Qg3
Ay1 Qyp k*xay| =21 QA Qx|+ kx| QA Ap=A+k+x0=A
az, a3y k*as az; Adzz 04z az; Aazz Az

JanpHelme CBOMCTBA OMPEIETUTENICH CBSI3aHbI C TIOHITHAMU MUHOPA U aITreO0pandeckoro JOMOTHEHUS.
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Munopom HEKOTOPOTO JIEMEHTA aijONIPEACIIUTENS 1-20 TOPsAKA HA3bIBAETCS ONpenenuTens n — 1-ro
HOpsi/IKa, TIOJTYYEHHBIH U3 HCXOJHOTO MyTEM BBIYEPKHUBAHUS CTPOKU M CTOJIOIA, HA IEPECEUEHUN KOTOPBIX
HAXOJUTCS BbIOpaHHBIH neMeHT. O003HavYaeTcs mij.

ai;; A1z diz
Tak ecniu A= |Az1  Qz2  Qz3|, TOMqq =[

az, a23]
)
asz; dszz dsz

ajq a13|
asz; dsz

Mgy = |
32 a1 dzz

Anzebpauueckum OononHeHuem >IEMEHTA @ijOTIPENICIUTENS HA3bIBACTCA €ro MHUHOp, B3SATHIH CO
3HAKOM «IUTIOCY», €CIIM CyMMa | + J— 4€THOE YHCIIO, U CO 3HAKOM «MHHYCY», €CJIM 3Ta CyMMa Heu&THasl.
O603Hauaercs Aijj: Aij= (-1)' ™ * mijj,

Tak, A11 = +ma1, As2 = -m32.

Ceoticmeo 7 («Pa3nokeHue ompenenuress MO JIEMEHTaM HEKOTOporo psaa»). Ompenenurenb paBeH
CyMME TIPOM3BEIEHHUI JIIEMEHTOB HEKOTOPOTO psila Ha COOTBETCTBYIOIIME WM anreOpanyecKue
JIOTIOJTHEHHSL.

[IponmmocTpupyeM U OJTHOBPEMEHHO JOKaXEM CBOMCTBO 7 Ha MpUMepe onpenenuTens 3-ero nopsaka. B

ATOM CJIy4ae CBOMCTBO 7 O3HAYAET, UTO
a1 Q412 Qg3
A: a21 a’22 a’23 = a11 * All + a12 * A12 + a13 * A13
asz; da4s; dss
B camom jnene, mmeem
a1 dzs
asz; dsz

ap; dzs
asz; dsz

Aq1 *Ag1 + Ay x Ay +ag3 % Ag3 == ayqq * |+a12*(—| |)+a13*

Az1 Q22| _ _
las, as,| = a11(A22a33 — A23032) — A12(A21a33 — A23a31) + A13(A21a32 — A22a31) =
= Q11032033 — Q1103032 — Q12021033 + Q12023037 + 413021032 — Q13052037 = A
CBolicTBO 7 cOIEPKUT B cebe criocod BEIYUCICHUS OIpeienTeNeil BBICOKUX MOPSIIKOB.

Ilpumep 2.4. Bpruncnute onpenenuTens MaTpULb

3 5 7 8
-1 7 01
0 5 3 2
1 -1 7 4

Pemienue: I[J'ISI Pa3JI0KCHUA OIPCACITUTCIIA 0OBIYHO BBI6I/IpaIOT TOT pAA, TAC €CTh HYJICBBIC 3JICMCHTHI, T.K.

COOTBCTCTBYIOIIHUEC UM CJIAra€MbIC B Pa3JIOKCHUHN 6y,E[YT PaBHBI HYJIIO.

0t 3 2=3* 5 3 2|+1%|5 3 2/+0«|7 0 1|—-1=|7 0 1|=
1 -1 7 4 -1 7 4 -1 7 4 -1 7 4 5 3 2
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=3« (7%x3 %44+ (=1)*x0*x2+5%7%1-(=1)*x3x1-7x7%2-5x0x4)+ (5

* 3% 4+ (1) *x7*2+5%«7%8-(-1)*3*x8-5%7x%4-5x%7
*2)-(5*0*x2+7*1*5+7*3«8-5+«0+x8-3%1%x5-7x%7
* 2) = 122

Cesoticmeo 8. Cymma MpoU3BEACHUN 3JIEMEHTOB KaKoro- JM0O0 psijia ONpeaesuTess Ha anredpandyeckue

AOIMOJIHEHHNA COOTBETCTBYIOIIMX 3JICMCHTOB IAapalJICJIbHOI'O psAda paBHA HYJIIIO.

Tax, nanpumep, a11d21 + a12d22 + a13A23 =0

BOITPOCHI JJIs1 CAMOIIPOBEPKH

1.

2
3
4.
5

Cdopmynupyiite npaBuiIo BBIYUCICHUS ONPENEIUTENS BTOPOro MOpsiAKa.
CdopmynupyiiTe nmpaBuIa BEIMUCICHUS OMPEACTUTEIS TPETHEro MOPSIKA.
Ilepeuncinre CBOMCTBA ONPEACIIUTEIICH.

Jaiite onpeneneHre MUHOPAa HEKOTOPOTO 3JEMEHTa ONpPeAETUTENs.

I[aﬁTe OIIpCACIICHUC anre6panqec1<oro JOIIOJIHCHHA 3JIECMCHTA OIIPCACIUTCIIA.
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Jlexkuus Ne 3. Haxoxaenue o0paTHOl MaTPpHUIIbI.

OcHoBHBIE MOHATHUS.

ITycth A — KBajipaTHas MaTpuULA #-T'O NOPSAIKA

a1 Qg Ain

a1 Qp; aon
A=

Ap1 Anz - Qum

KBanpaTtHast MaTpuIia A Ha3bIBACTCS HEBbIPOIHCOCHH O, eciin onpenenuTenbA = det A He paBeH HyIIIO:
A=detA=0.B IZIpOTI/IBHOM ciydae (A = 0) maTpuiia A Ha3bIBACTCS GbIPOHCOCHHOIL.

Marpuiieii, coro3noii k mampuye A, Ha3bIBaeTCs MaTpUlla

A, A4, ... A,
S = Ay Ay o Ay
4, A, .. A4,

rze Aijj — aaredpanyeckoe JONOJHEHHE 3JIeMEHTa aijlaHHON MaTpullbl A (OHO ONpeseNsieTcs Tak XKe, Kak U
asireOpanyecKoe JI0MOJTHEHUE 3IEMEHTa ONPEAETUTENS).
1 .
Matpuna A™ Ha3bIBaeTCs 0Opamuoil MaTpHIe A, €ClIi BBIIOJIHSIETCS YCIOBUE
A*Al=A1*A=E,
rzie E — e;uHuYHas MaTpuIIa TOTO e MopsIKa, 4To U MaTpuna A. Marpuna A™ umeer Te %e pasmepsl, 4to

u Matpuna A.
Oo6parnass maTpuua.

Teopema 3.1. Besaxas Hegvipodicoennas mampuya umeem oopammyio.

[TpoBeném nokazaTenbCTBO AJIA ciydas MaTpulilbl 3-ro nmopsiaka. [lycts

ay1 Aq2 Qg3
A=|0az1 QAz; a3z ], npuuemdetd =0
asz; d4s; dss

CocTaBuM COIO3HYIO MaTpUIly

Ay Ay Ay
4 = A12 Azz Aaz
Az Ay Ay

Y HalIEM Tpou3BeeHUE MaTpUIl A 1 A”:
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ai; A1z Q13 A1 Ay Ags
AxA* = ayq1 QA (A3 | * A21 Azz A23 =

azy Gzz dszz Az1 Azp; Azz
11411 + 12412 + 443413 ... A11431 + a1243; + ag3433
= | az1411 + az2412 + z3413 ... Q1431 + Az243; + Ax3433 | =
a31411 + azpA1, + az3413 .. A31431 + azpAs; + az3dss

detA4 0 0 1 0 O
= 0 detA 0 =detAd*{0 1 0O)detd=*E, T.e. AxA* ==detA=E
0 0 detA4 0 0 1

371eCh MbI UCIIOJIB30BAIM CBOMCTBA 7 U 8 ONPEICTUTEIICH.
AHaOrn4Ho yoexaaemcs, 4To
A"* A=det A *E.
PaBenctsa (3.2) u (3.3) nepenuiiem B BUIC
A*(A/detA)=E u (A"/detA)* A=E.
CpaBHHBas MOJyYEHHBIE pe3yIbTaThl ¢ onpeneneHueM (3.1), momydaem
e ment =g (10 1 )
detA’ det A Ay Ays Ay

OTmeruMm ceoticmea 0OpaTHON MaTPHIIBL:
1. det(AY)=1/detA;
2. (A*B)1=B1*A"
3. (AHT=A")?,

Hpumep 3.1. Haiitu A, eciu A= (_21 i)

Pemrenue: 1) Haxogum det A: det A = |_21 il =243=5%0

2) Haxomum A™: Au=1, A1 = -3, A1z = - (-1) = 1, A2 =2, mosromy A* = G _23)

1. -3
3) Haxommm A1 A7 = %(i —23) _ (1/5 i /5>
/5 /5

IIposepxka:

A*A‘1=(2 3)*(1/5 —3/5)_(2/5+3/5 —6/5+6/5>=(1 0)=E

-1 1 /5 2/5/) \-1/5+1/5 3/5+2/5 0 1

Ilpumep 3.2. OnipenenuTh, MpHU KaKUX 3HAUYCHHUSIX O CYIIECTBYET MaTpHlla, 0OpaTHas JaHHOM.
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1 -2 2
A=la 3 0
2 1 1

Pemenue: Besikas HeBbIpokIeHHAs MaTpulia uMeeT oOpaTtHyto. Haiiném onpenenurens MaTpuils A:

1 -2 2
AA = 3 0/=3-0+ 20-12-0 + 2a = 4a-9
2 1 1

Ecimu 40— 9 A0, T.e. a7~ 9/4, T0 AA # 0, T.e. MaTpulia A HEBBIPOXKICHHASI, UMEET OOPATHYIO.

Ilpumep 3.3. Ilokazarp, yTo MaTpuiia A siBisieTcs ooparHo it B, ecim

1 11 3 -3 1
A= (1 2 3>,B = (—3 5 —2)
1 3 6 1 -2 1

Pemenne: Haitném npousseaenue matui A u B:

1 11 3 -3 1 3-3+1 -3+5-2 1-2+1 1 0 O
A*B=(1 2 3)*(—3 5 —2>= 3—-6+3 -3+10—-6 1-4+3]==|0 1 O
1 3 6 1 -2 1 3-9+6 —-3+15-12 1-6+6 0 0 1

=E

Amnanorununo B * A = E. CiienoBarensHo, MaTpuiia A sBisieTcst oopaTHoit 1yist B.
3.3.  Panr maTpuusl (caMoOCTOSTeIbHOE U3yUeHHe)

Paccmotpum matpuiy A pazmepa m X n.

a;;  Aag Ain
az1 App Azn
A=| azy das; a3n
am1 amZ amn

Beigenum B Hell k CTPOK M K cTONOWHOB (k < Min(m,n)). 3 3neMeHTOB, CTOSIIMX HA MEPECeUCHUU
BBIJICJIEHHBIX CTPOK M CTOJIOIIOB, COCTaBUM OIIpeNeNIUTENb K-TO TOpsjka. Bce Takue ompenenutenu
Ha3BIBAIOTCS MUHOpAMU 2MOU mampuysbl. B Marpuie A TYHKTHPOM BBIJIEIIEH MUHOp 2-TO TOPSIKA.
(3ameTuM, YTO TaKUX MHUHOPOB MOXXHO coctaButh C*,, * C*,mrtyk, rne C*, = n!/ / k!/(n — k)! — uucno
COYeTaHuil U3 1 3JIEMEHTOB IO K.)

HauGonpmmii 3 mopsaKoB MUHOPOB JaHHOW MATPHIIBI, OTIUYHBIX OT HYJS, HA3bIBACTCS PAH2OM
mampuywt. O603Ha4aercs I, r(A) mim rangA.

OueBunHO, yTo 0 <1 < min(m;n), rae Min (M;N) — MEHbIIIEE U3 YKCEN M U M.
MHuHOp, MOPSIOK KOTOPOTO ONPEeNsieT PaHT MaTPHIbl, Ha3bIBACTCS 0a3MCHBIM. Y MaTpPHUIBI MOXKET

OBITH HECKOJIBKO 0a3MCHBIX MUHOPOB.

Ilpumep 3.4. HaiiTu paHr MaTpuIbL:
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2 0 4 O
A=13 0 6 0
1 0 -3 0

Pemenue: Bce muHops! 3-ro nopsiaka paBHsl Hy 0. EcTb MUHOD 2-r0 mopsiika, OTINYHBINA OT HYyIs 3 6

= -15|# 0. 3nauwur, r(A) = 2. ba3ucHbIii MUHOpP CTOHT Ha TiepecedeHH 2 U 3
1 -3
ctpoku ¢ 1 u 3 cronbuamu.
OtmeTum ceoiicmea panea mampuybl:
1. Ilpu TpaHCIIOHHPOBAaHUU MATPHUILIBI €€ PAHT HE MEHSETCS.

2. Ecnu BBIYEpKHYTH U3 MATPHIIBI HYJIEBOH Psill, TO paHT MaTPHUIIbl HE N3MEHHUTCH.

3. Panr MaTpulbl HC U3MCHACTCS IIPU JIEMCHTAPHBIX Hp606pa30BaHI/I${X MaTpHUlBbI.

Panr xanonnueckou MaTpulbl paB€H YUCITYy CAUHUIl Ha riaBHOM auaroHanu. Ha aToM oCHOBaH OJUH W3

CII0COOOB BBIUMCIIEHHS pAaHI'a MAaTPULIBI.

Ilpumep 3.5. Haiitu panr Matpuisl

UCIIONB3YS pe3yibTaThl mpumepa 1.4.

1 0 0 O
Pemenue: B npumepe 1.4 nokazano,uto A~({0 1 0 0
0 0 0 O

1 0 0 O

To ectb A~(O 1 0 0)

Takum oOpa3om, panr maTpulibl A paBeH I'(A) = 2.
BOITPOCHI JIs1 CAMOITPOBEPKH
1. Kakas kBajpaTHast MaTpUILa Ha3bIBAETCS HEBBIPOXKJICHHOH (BBIPOKICHHOI)?
Kakas matpuia Ha3pIBaeTcsi 0OpaTHOM TaHHOM?

JIrobas mu mMaTpuIla UMeeT 00paTHYIO?

[Tepeuncnure cBOMCTBa 0OPaTHOM MaTPUILBL.

2
3
4. Kak npoBepuTh, NpaBUIbHO JIM HaliJleHa 0OpaTHas MaTpuia?
5
6. UYro Ha3pIBaeTCS pAaHrOM MaTpPULIbI?

7

Ilepeuncinre CBOMCTBA paHra MaTpUILIbI?

154



Jleknus Ne 4. CucreMbl JIMHEHHBIX YPAaBHEHHIA.

OcHoBHBIC TOHATHS.

Cucmemou JuHelHbIX aneeopaudecKux ypasHeHutl, COAEpKalleil m ypaBHEHUN U n HEU3BECTHBIX,
Ha3bIBACTCS CUCTEMA BUJIA:
a11X1 + Aq2x5 + -+ agpx, = by
Ap1X1 + AppXy + -+ AypXxy = by
Am1X1 + AmaXy + - AmpXy = by
rJie Yucna gij , i = 1,m, j =1,n Ha3bIBArOTCS KOd(hBUILIEHTAME CHCTEMBI, YHCiIa bi — CBOGOIHBIMH WICHAMI.

HO,I[J'IG}KaT HaXO0XJICHHUIO YHCJIa Xp.

Takyro cucteMy ya00HO 3alKChIBaTh B KOMIAKTHOWU Mampuunoit popme | A * X =B.

3neck A — MaTpuia Ko3pUIIMEHTOB CUCTEMBI, Ha3bIBACMasi OCHOBHOU MAMpPUuyel.

a11 a12 e aln
az1 Q22 ... d2p
A=A=
Am1i Amz - Qmn
X1
X2
X = — BEKTOp — CTOJI6el] U3 HEU3BECTHBIX X;
xn
b,
b,
B = — BEKTOp — CToJI6el] U3 CBOOOHbBIX YJIEHOB b
b

[TpousBenenue matpuil A * X ornpeneneHo, Tak Kak B MaTpUIle A CTOJIOIIOB CTOJBKO K€, CKOJIBKO CTPOK B
Matpuue X (7 mWTyK).

PacmupeHHoﬁ ManHI.IefI CUCTCMbI HA3bIBACTCA MATpHUILla A CHUCTCMBI, OOIIOJIHCHHAasA CTOJ'I6I_IOM

CBOOOHBIX YJIEHOB

a1 Az . Qi by
A= Az1 Q2 - Qo by
Am1i Amz - Omn  bm
Pewenuem cucmemsvr Ha3pIBaeTCS n 3HAYEHWNW HEU3BECTHBIX X1 = C1, X2 = €2, ... , Xn = Cn, TIPH

MMOACTAHOBKE KOTOPBIX BCC YPAaBHCHUSA CHUCTCMBIL o6pa111a10Tc;1 B BCPHBIMU PABCHCTBA. Bceskoe pelIcHuC

CHUCTCMBI MOXXHO 3a11MCaThb B BUJC ManI/ILIBI-CTOJ'I6I_[a
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CucreMa ypaBHEHUU Ha3bIBACTCS COBMECHIHOIU, €CIIM OHAa WMEEeT XOTS Obl OJHO pelIeHue, U
Hecoemecmumoil, €CIIi OHA HE UMEET HU OJTHOTO PEILICHHUS.

CoBMecTHasi CHUCTEMa HA3bIBACTCSl ONpPeOenéHHOl, €CIM OHAa HMMEET CAMHCTBEHHOE pEIICHHE, W
HeonpeoenénHoll, eCIu OHA MMEeT 0oJiee OJHOTO pelieHus. B mociaeaHem ciydae Kaxaoe e€ penieHue
HA3BIBACTCS YacmHuuviM peuieruem cucteMbl. COBOKYITHOCTh BCEX YAaCTHBIX PEIICHHUN HA3bIBACTCS 0OWUM
peuieHuem.

Pewwums cucmemy — 3TO 3HAUUT BBISICHUTH, COBMECTHAa OHa WJIM HecoBMecTHa. Ecim cucrema
COBMECTHA, HalTH e€ olI1ee penieHue.

JIBe crucTeMbl Ha3bIBAIOTCS 9KGUBAIeHMHbIMU (PABHOCUIILHBIMH ), €CJIM OHU UMEIOT OJHO | TO JK€ o0I1Iee
pemeHHe. I[pyrI/IMI/I CJIOBaMH, CUCTCEMBbI 3KBHUBAJICHTHBI, €CJIM KaXKI0€ pemeHI/Ie OI[HOﬁ N3 HUX SBJISICTCS
pelieHueM Apyrou, 1 Ha00opoT.

DOKBUBAJICHTHBIE CUCTEMBI MIOYYaIOTCS, B YACTHOCTH, MIPHU 2IeMEeHMAPHbIX NPeoOdpaA308aHUAX CUCTEMBbI
IIPU YCIIOBUH, YTO MPEOOPa30BaHUS BBHITIOIHSAIOTCS JIMIB HAJl CTPOKAMH MaTPHUIIBI.

CucreMa JIMHEWHBIX ypaBHEHUH HA3BIBACTCS 0OHOPOOHOU, €CITU BCE CBOOOTHBIC WICHBI PAaBHBI HYIIIO:

A1X1 + Ay2x + -+ agpxy, =0
Am1X1 + ApaXy + - QX = 0
OnHOpoaHAs CHCTeMa BCETla COBMECTHA, TaK KaK X1 = X2 = ... = X, = 0 ABJIAETCS pelIeHueM CUCTEMBI. DTO

pELLIEHUE HA3bIBACTCSA H)1€6bIM YWIIA MPUSUATLHBIM.
Pemenue cucrem JIMHEHBIX YPABHEHHUI.

Teopema Kponekepa-Kanesin:
IlycTh naHa npou3BOJIbHASA CUCTEMA M JIMHEWHBIX YPAaBHEHUU C 77 HEU3BECTHBIMU
A11%1 + AipXp + -+ ApXn = by
Ap1X1 + AppXy + +++ + AypXy = by
Am1X1 + AmaXz + ** A Xn = by
HcuepnbiBaroninii OTBET Ha BOIPOC O COBMECTUMOCTHU 3TOU cUcTeMBbI 1a€T meopema Kponexepa-Kanennu.
Teopema 4.1. Cucmema nuHelinbiX aneedpauyeckux ypasHeHull COBMeCcmua mozoa U moabko mozod, K020d
Ppame pacuupeHHo Mampuybl CUCIEMbl PABEH PAH2Y OCHOBHOU MAMpUybi.

[Tpumem e€ 6e3 1oka3aTeabCTBA.

[IpaBuna NpakTUYECKOTO PA3BICKAHUS BCEX PEIIEHUH COBMECTHOM CHCTEMBI JIMHEHMHBIX YpaBHEHUH
BBITEKAIOT U3 CIECIYIOIINUX TEOPEM.
Teopema 4.2. Ecnu pame coemecmHOU cucmemvl PAGEH YUCTY HEU3BECMHbIX, MO cucmema umeem

eOUHCMBEHHOE peuteHue.
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Teopema 4.3. Eciu pamne coémecmHuol cucmembl MeHbUe YUCAA HEU38eCMHbIX, MO Cucmema umeem

becuucnieHHoe MHOMCECME0 peueHUl.

IIpaBniio pemieHUs MPOU3BOJIbHOM CHCTEMBbI JIMHEHHBIX YPABHEHHH.

1. HaiiTu paHrm OCHOBHOM M pacHIMpeHHOW Mmartpull cuctembl. Ecmu r(A) # r(A), To cucrema
HECOBMECTHA.  _

2. Ecim r(A) = r(A) = r, cucrema coBMmecTHa. Haiftm kakoii-nmuOo Oa3ucCHBIA MHHOP TOpsaka I
(HarIOMUHAHKWE: MUHOp, TOPSIOK KOTOPOTO OMPEACNSeT PAaHT MATPHIIBI, HA3BIBACTCS Oa3HCHBIM).
B3sate I ypaBHeHui, u3 KOI(PPHUIMEHTOB KOTOPHIX COCTAaBJIEH Oa3UCHBIK MUHOp (OCTalIbHBIC
ypaBHeHUs OTOpocuTh). HewsBecTHble, KOA(h(GUIUEHTH KOTOPHIX BXOASAT B Oa3HMCHBI MHUHOD,
Ha3bIBAIOT 21A6HbLIMIU W OCTABIIAIOT CJIEBA, @ OCTAILHBIC 72 — THEM3BECTHBIX HA3BIBAIOT C80O0OHBIMU U
MIEPEHOCHT B MPABbIC YaCTH YPABHCHUIA.

3. Haiitu BbIpaykeHUs TTIaBHBIX HEM3BECTHBIX uepe3 cBoOoaHbIe. [lonydeHo obiiee peiieHue CUCTEMBI.

4. TlpunaBas CcBOOOJHBIM HEU3BECTHBIM IPOU3BOJbHBIC 3HAUCHUS, MOIYYUM COOTBETCTBYIOIIHE
3HAUCHUS TJIABHBIX HEHM3BECTHBIX. TakMM OOpa3oM MOXHO HAWTH YACTHBIE DPEHICHUS HCXOIHON
CHUCTEMBI YPaBHECHHM.

Ilpumep 4.1. ViccnenoBaTh Ha COBMECTHOCTh CUCTEMY

{ x+y=1
3x+3y=-2
PemeHHe;A=(; ;) rA) =1, A:@ é _12) r(A) =2(a= |§ _12|¢0)

Taxum o6pazom, 1(A) # r(A), cinenoBarenbHO, CHCTEMa HECOBMECTHA.
Ilpumep 4.2. Perminth cuctemy

x1—2X2+X3+X4=1
X1 — 2Xy +x3— x4 =—1
X1 —2x; +x3+x, =3

Pemenne: r(A) ;t_r(/T) = 2. bepém 1Ba MepBBIX ypaBHEHHUS:

{x1_2x2+X3+X4=1 {x3+X4=1—xl+2x2

X1 — 2Xy + X3 — x4 = =1 X3 — X4 =—1—x1 +2x,

_ 1 1 _ _ 1—x1+2x2 1|_ _ 1 1—x1+2X2 o
A_|1 —1|_ 2#0, A= —1—x+2x, -1 = 20 =4, 8= |4 —1—x; +2x,| 2

CrnenoBartenbHo, x3 = -x1 + 2x2, x4 = 1 — oOmiee pemenue. [lonoxus, Harpumep, x1 = 0, x2 = 0, mony4aem

OJIHO M3 YaCTHBIX pernenuii: x1 = 0, x2 = 0, x3= 0, x4 = 1.

4.3. Pemenune HeBbIPOKAEHHBIX JUHEHHBIX CHCTEM.

HYCTB JlaHa CUCTeMa 71 IMHEHHBIX ypaBHeHI/Iﬁ C n HCU3BCCTHBIMU
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allxl + a12x2 + -+ alnxn = bl
az1Xq + AyyX, + -+ AoynXp = bz
An1Xy + ApoXy + + AppXp = by
WM B MaTpuaHoi popme A * X = B.
OcHoBHas MaTpuIa A Takoil cucteMbl KBajipaTHas. OnpeaeauTenb TO MaTPUILIbI

all e aln
A=
Ani - Qpn

Ha3bIBACTCS onpedenrumenem cucmemvl. ECIu onpenenurens CUCTEMbl OTIMYEH OT HYJs, TO CHCTEMa
Ha3bIBACTCS HEGLIPOIHCOCHHOU.

Haiiném penienue qaHHON CUCTEMBI ypaBHEHUM B ciiydae A # 0.

YMHOXHB 00e uacTu ypaBHeHus A * X = B crneBa Ha Matpumy A7, momyunm AT * A * X = A1 * B,
Hockonsky A1 * A=EuE*X=X,10 X=A1*B,

OTbIcKaHMe peleHus cucTeMsl o popmyie (4.1) Ha3bIBAIOT MAMPUUHBIM CHOCOOOM PEIIEHUS CUCTEMBI.

Matpuunoe paBeHCTBO (4.1) 3anuiiem B Buje

X1 a4 Qz1 ... Qpq bl

X2 | _1f Gz Qa2 - Gnz | b,

O BN [ L

Xn Ain Oz o Opg b,
X1 (ay1by + az1by + -+ + apyby) /A
x eoe

Toects | 2 | = (@12b1 + azzby + -+ + Anzbyz) /A

Xn (ainby + azpby + -+ appby) /A

Ortcrona cineayer, 4To

x1= (Auib1 + A21iby + ... +4,b,) /A,

xl’l = (Alnb1+A2nb2 + cen +Annbn) /A .

Ho A11b1 + Aoibo + ... + A,/b1 ecTh pasnokenue onpeaeauTens

by a;; .. an

b, a e a
A= |72 22 2n

bn anz ann

0 3JIEMEHTaM TiepBoro croibna. OnpenenuTess Ai MONTyYaeTcs W3 ONpeAeTuTeTst A myTéM 3aMeHBI
MepBOTO CTOJIOIA KO PHUITMEHTOB CTOIOIIOM U3 CBOOOTHBIX WICHOB.

Urak, x1 = A1/A.

AnanornvHo: x2 = A2/ A, e A2 oirydeH u3 A myTéM 3aMeHbI BTOPOTO CTOJIONA KO GHUIIMEHTOB CTOJIOIIOM

13 CBOOOMHEBIX YIEHOB, X3 = A3 /A, ..., xn = An/A.

DopmyItel Xi=Ai/A 1= 171
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Ha3bIBalOTCS ghopmynamu Kpamepa.
I/ITaK, HCBBIPOXKJACHHAA CHUCTEMaA n JIMHENHBIX ypaBHeHI/Iﬁ C n HEU3BCCTHBIMHU HMECT C€ANMHCTBCHHOC

pEIICHUE, KOTOPOE MOXKET ObITh HAMACHO MAaTPUYHBIM criocoOoMm (4.1) mudo o dpopmynam Kpamepa (4.2).

le_szo

Ilpumep 4.3. Pemiutb cucteMy {xl +3x,=7

5 =7¢0,A1=|2 _31|=7, A2=i 2|=14

Pemenne: A= |i

7 14
3HauuT,X; =-=1, x, =—=2
’ 7 7

BOITPOCHI 1JIs1 CAMOITPOBEPKH

Kakoii BuIl ©MeeT cucTemMa JTMHEHHBIX aIreOpanuecKux ypaBHCHUN?

Kak 3amucarh cucteMy JTMHEHHBIX allreOpanvecKux ypaBHEHHI B MaTprUuHOU (opme?
Cdopmynupyiite Teopemy Kponekepa-Kanemmu.

Kaxas cucrema ypaBHEHU HA3bIBAETCSI COBMECTHOM (HECOBMECTHOM)?

UTo 3HAYUT PEIIUTh CUCTEMY JIMHEHHBIX alreOpandeckux ypaBHEHUN?

o o~ w D E

Chopmynupyiite mnpaBuiga peleHUs IPOM3BOJBHONW CHUCTEMbl JIMHEHHBIX anredpanyeckux
YpaBHEHUM.
7. Cdopmynupyiite npaBuia pemeHus CUCTEM C TIOMOIIBIO 0OPaTHON MaTpPHUIIBL.

8. CdopmynupyiiTe mpaBuiia perieHus cucteM MeTojoM onpenenurens (hopmynsl Kpamepa).
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Jlekuus Ne S, Ilpsimasi IMHUA HA JIOCKOCTH.

B 3TOI NEKUMM Mbl NPUCTYNAEM K PACCMOTPEHUIO aHANUTUYECKOM reoMeTpun, KoTopasa N3ydYaeT CBOMCTBA
reomeTpuyeckux uryp cpeacrtsamm anrebpbl Ha OCHOBE MeToAa KOOPAMHAT. JaHHbIA MeTo NO3BONSET
KaXKO0M TOYKe NNOCKOCTU NOCTaBUTb B COOTBETCTBME YNOPALOHEHHYHO TPOMKY Ymcen. OCHOBHbIM
MHCTPYMEHTOM MeToZa KOOPAMHAT CAYXKUT CUCTEMA KOOPAUHAT. B 3ToM nekuum mbl byaem paccmaTpmBaTh
TONbKO NPAMOYFO/IbHYHO, N AEKAPTOBY, CUCTEMY KOOPAMHAT. PAacCMOTPUM, KaK MOYKHO 334aTb NPOCTENLLYIO
durypy — npAamyto Ha NAOCKOCTH.

5.1. YpaBHeHue npsAMoOi HA NJIOCKOCTH.

Omnpenenenue. Jlro06as npsimas Ha IIIOCKOCTH MOKET OBITh 33/1aHA YPABHEHUEM IIEPBOT0 MOPSIKA
Ax+By+C=0,

TIpHYeM TIOCTOSHHBIE A, B He paBHBI HyJIO OJHOBpeMeHHO, T.e. A2 + B%# 0. DTo ypaBHeHME TepBOro
HOpsJIKa HA3bIBAIOT 00IMM ypaBHeHHeEM IPSIMOii.
B 3aBMCMMOCTM OT 3HaUEHMI NOCTOAHHbIX A,B 1 C BO3MOXKHbI CieytoLme YacTHble CayYau:
- C=0,A#0,B#0—npsamas npoxoIuT 4epe3 Ha4aji0 KOOPIUHAT
- A=0,B#0,C=0{By+ C = 0}- npsamas napauieabaa ocu Ox
- B=0,A#0,C=0{Ax+ C =0} - npsamas napamuieasHa ocu Oy
- B=C=0, A #0—npsamas coBmagaet ¢ ocbto Oy
- A=C=0,B#0-mnpsamas coBmagaet ¢ ocbto Ox

ypaBHeHme I'IpFIMOﬁ MOXKeT bbITb npeagcrasaneHo B pas3/IMdMHOM BUAeE B 3aBUCUMOCTU OT KaKUX — nbo 3a4aHHbIX
Ha4a/ibHbIX YC!'IOBMVI.

5.2. YpaBHeHue npsAMoii 110 TOYKe U BEKTOPY HOPMAJIH.

Omnpenenenue. B nexapToBoii NpsMOYyroiabHON CUCTEME KOOPIMHAT BEKTOP ¢ KOMIOHEHTaMu (A, B)
NEPIEHIUKYIIPEH NPAMOH , 3a1aHHON ypaBHeHHeM AXx + By + C = 0.

Ipumep. Haiitu ypaBHeHHE NPsIMOiA, Tpoxoasmiel yepe3 Touky A(1, 2) neprneHIuKyIsIpHO BEKTOPY 7
(3,-1).

Coctasum npu A =3 n B = -1 ypaBHeHue npamoii: 3x —y + C = 0. [na HaxoxKaeHua koapouumnenta C noactasum
B NOJIy4EHHOE BblpaXKeHMe KoopaMHaTbl 3a4aHHOM TOUKM A.

[Tomygaem: 3 — 2 + C =0, cnemoBatenbro C = -1.

Htoro: nckomoe ypaBuenue: 3x —y—1=0.
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5.3. YpaBHeHuHe NPSIMOii, IPOXosileil Yepe3 ABe TOYKH.

[Tycte Ha 1uTOCKOCTH 3agaHbl aBe Touku Mi(X1, Y1) u Ma(X2, Y2), Torma ypaBHEHHE MPSIMOIA,
NPOXOJIAICH Yepe3 3TU TOUKH:

X=X — Y-y,
X, =X Yo=Y,

Ecnn Kakoli- (60 M3 3HaMeHaTelen PaBeH HyAto, cneayeT NPUPaBHATL HYJII0 COOTBETCTBYHOLWMIA YNCAUTED.

3anncaHHoe BbilWe YpaBHEHWE NPAMON yNpoLLaeTcs:

Yo=Y
Y=N" :#(x_xl)
Xy =X

€CJIN X1 # X2 U X = X1, €CIINX1 = X2.

Yo= W _ .
“=—"— = K Ha3bIBACTCS YIJI0BbIM KO3 (PUIIMEHTOM IIPSIMOIA.
X, —X

2 1

Jpo6b

IIpumep. Haiitu ypaBHeHue npsiMoi, mpoxoasiieit uepe3 Touku A(1, 2) u B(3, 4).

ITpumMeHss 3anMcaHHYIO BbIlE (GOPMYITY, OTyYaeM:

4-2
-2= x—1
y PR
y—2=x-1
x—y+1=0

5.4. YpaBHeHue npAMOH 110 TOYKe H YIIIOBOMY KO3(PUIIHEHTY.

Eciu obmiee ypaBaenue npsimoii Ax + By + C = 0 mpuBecTH K BUIY:

__ 4. C
Y B B
A C
u 0003HAUUTHh — B k;: — 5 b; me. y=Kkx+b , TO TOJIy4eHHOE YypaBHEHHE HAa3bIBACTCS

YpPaBHeHHEM NPSIMOii ¢ YIJI0BbIM K03 punmentom K.

5.5. YpaBHeHHe NpsAMOM 110 TOYKE M HANIPABJIAIOLIEMY BEKTOpY.

Ilo ananoruu c IIYHKTOM, paCCMAaTpUBAIOIIIUM YPABHCHUEC HpﬂMOﬁ Yepe3 BEKTOP HOPMAJIX MOKHO BBECTH 3a/IaHNC l'IpSIMOfI

Yyepe3 TOUYKY M HalpaBJISIIOLIMK BEKTOP MPSIMOM.

Onpenenenne. Kaxaplii HeHynaeBoil BekTop a (01, 02), KOMIIOHEHTBI KOTOPOTO Y/OBJIETBOPSIOT

yciosrio Ao + Boz = 0 Ha3bIBaeTcsl HAPABIISIFOIIUM BEKTOPOM IPSIMOU
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Ax+By+C=0.

Ipumep. Haiitu ypaBHeHue psMOii ¢ HapaBsiFoIM BeKTopoM d (1, -1) u mpoxosineit uepe3 Touky
A(l, 2).

VYpaBHeHue uckKoMOW mpsMmon Oynem wuckath B Bume: AX + By + C = 0. B coorBerctBumu ¢
orpeneneHueM, Ko3QPHUIMEHTHI JOJDKHBI YAOBICTBOPSITH YCIOBUSM:

1.A+(-1)-B=0,T.e. A=B.
Torna ypaBaenue npsimoit umeet Bua: AX + Ay +C =0, mm X +y + C/A=0.
npu X = 1, y =2 nonygaem C/A = -3, T.e. UICKOMOE ypaBHEHHE:

x+y-3=0
5.6. YpaBHeHue npsAAMON B 0Tpe3Kax.

Ecmn B obwmem ypaBHenuu npsimoil Ax + By + C = 0 C # 0, 70, pazaenuB Ha —C, NOIy4YHM:

—éx—E =1 WiIn
Cy

C
f.,.le,rﬂe
a b
az—g, b=—g
A B

['eomeTpuyeckuit cMbIC KO3()PHUIHEHTOB B TOM, 4TO KOA(PGDUIIUEHT a ABISETCS KOOPIAUHATOU TOUKU
nepeceveHust mpssMoii ¢ ocbro OX, a b — koopauHaTO# TOuKH MepeceueHus mpsmoii ¢ ocwio Oy.

IIpumep. 3anano oOuiee ypaBHeHue npsimoid X —y + 1 = 0. HaliTu ypaBHeHue 3Toii IpsIMOM B OTpE3Kax.

C= ,_%+%=1, a=-1, b=1.

5.7. HopmajibHOe ypaBHeHH e NIPSAMON.

1

VA? + B?

Ecnu 06e ywactu ypaBHenuss Ax + By + C = 0 pa3genuts Ha 4ucio (==t , KoTopoe

Ha3bIBACTCA HOpMI/lplelIleM MHOKUTEJIEM, TO HOJ'Iy'-II/IM
Xcoso +ysing-p=0-—
HOPMaJIbHOE YpaBHEHHUE MPSIMOM.
3HaK = HOPMUPYIOLLLETO MHOXUTENA HaZ0 BbIOUPaTb TaK, 4Tobbl L-C < 0.

p — JUITMHA MEepHeHANKYISpa, ONYIIEHHOr0 U3 Hayala KOOPAMHAT Ha MPSAMYI0, a @ - yroj, oOpa3oBaHHBIN

OTUM NEPNCHAUKYIAPOM C IMOJIOKHUTECIbHBIM HAIIPABJICHUEM OCHU Ox.
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IIpumep. lano obuee ypaBHeHue npsimoit 12x — Sy — 65 = 0. TpeOyeTcst HanucaTh pa3jIMYHbIC TUITBI

YPaBHEHUH 3TOU MPSAMOH.

YpaBHEHUE 3TOU NPSIMOM B OTPE3KaX:
il + Y _ 1
(65/12) (-13)

ypaBHEHHUE ITOU MPSMOH C YIIIOBBIM KO PHUIIMEHTOM: (1eTTuM Ha 5)

y =2x—§ =2x—13.
5 5 5
HOpPMaJbHOE YPaBHEHHUE MIPSMON:
! 1 2x—iy—szo; cosp = 12/13; sing = -5/13; p = 5.

Y irrs 1B 13013

Crnemyer OTMETHUTb, UTO HE KXKIYIO MPSIMYIO MOKHO IIPEJCTaBUTh YPABHEHHEM B OTpE3Kax, HallpuMep,
IIPsIMBIE, ITapajuIeIbHbBIE OCSAM WIH IIPOXOIALINE Yepe3 Hayalo KOOPAUHAT.
IIpumep. Ilpsmas oTcekaeT Ha KOOPAUMHATHBIX OCAX PaBHBIE MOJOXKUTENIbHbIE OTpe3kH. COCTaBUTH

ypaBHEHHe MPSAMOM, €CiTH IIIOMAlb TPEyrolbHUKA, 00pa30BaHHOTO YTUMH OTPE3KAMHU PaBHA § CM?.

YpaBHeHHUe mpsMOii HMeeT BUI: = + 2 =1, a=b=1; ab/2=38; a=4;-4.

a

a = -4 He MOAXOAUT MO YCIOBUIO 3aJIa4H.

Utoro: %+%=1 wmx+y—-4=0.

IIpumep. CoctraBuTh ypaBHEHHE NPSIMOIL, mpoxoasiiel yepe3 Touky A(-2, -3) 1 Hadano KOOpIUHAaT.

X—Xx -
YpaBHeHUE MPSMON UMEET BHI: Lo STH ,rmex1= y1=0; X2=-2;y2=-3.
Xy =X V™
x-0 _»-0 : S 3x—2y=0.
—2-0 -3-0 —2 -3

Jast camocTosiTeIbHOTO pemennsi: CoOCTaBUTh YPaBHEHUS MPSAMBIX, POXOIANINX Yepe3 Touky M(-3,
-4) 1 mapajiIeNIbHbIX OCSIM KOOPJIMHAT.

Otser: {X+3=0; y+4=0}.
5.8. Yroa mexay npsiMbIMU HA TJIOCKOCTH.

Omnpenenenune. Eciu 3amanbl ae npsmbie Y = Kix + b1, y = kox + b2, To octpsrit yron mexay stumu
NPSIMBIMU OYZIET ONPEICIIATHCS KaK

kz _kl

] e
8 ki,

JIBe mpsiMbie napaJuieJibHbI, ecian K1 = K.

163



JIBe mpsiMble MePNeHIHKYISPHBI, ecau K1 = -1/Ka.
Teopema.llpamvie Ax + By + C = 0 u Aix + Biy + C1 = 0 napannenvhul, K020a nponopyUOHaLbHYL

koagpuyuenmot A1 = AA, B1 = AB. Eciu ewe u C1 = AC, mo npsmvie cognaoaiom.

KoopanHaTsl TOYKH NepecedeHUs ABYX NPSIMbIX HAXOAATCSA KaK pellieHue CHCTeMbl ABYX YPaBHeHUH.

5.9. YpaBHeHune npsimoii, Npoxoasiieil yepe3 JaHHYI0 TOUYKY MePHEeHAUKYJISAPHO TaHHOK
NPAMON.

Onpenesenue. [Ipsmas, mpoxoasias depe3 Touky Mi(X1, y1) ¥ epHeHANKY/SIpHAst K npsiMoit y = KX

+ b nmpeacrasiseTcs ypaBHEHHEM:

1
Y= :_z(x_xl)

5.10. PaccTosinue OT TOYKH 10 MPSIMOM.

Ecnu 3a0ana mouxa M(xo, yo), mo paccmosnue do npsamoti Ax + By + C =0 onpedensemcs kaxk

|Ax0 + By, + C|
d= :
VA® +B?

IIpumep. OnpenenuTs yroia MeXIy NpsAMbIMU: Y = -3X + 7; Yy = 2X + 1.

2-(3)
Ki=-3; ka=2 tgp= |———=|=1; ¢ =n/4
1 2 go ‘1_(_3)2 Q=T

IIpumep. Ilokazats, yto npsimbie 3x — Sy + 7 =0 u 10x + 6y — 3 = 0 nepreHAUKYISIPHBI.
Haxomum: k1 = 3/5, k2 =-5/3, kikz = -1, ciienoBatenbHO, npsiMble MEPICHANKYISPHBL.
Ilpumep. [lanbr Bepmmubl TpeyronbHuka A(0; 1), B(6; 5), C(12; -1). Haiitu ypaBHEHHE BBICOTHI,

IpoBeJeHHON U3 BepInHbI C.

Haxonum ypaBHeHue ctopoHsl AB: x-0_y-l x_ yT—l ; 4X = By — 6;

2

6-0 5-1 6
-0 2
2x -3y +3=0; y:§x+l.
Hckomoe ypaBHeHue BhICOTHI uMeeT BuI: AX + By + C=0 mwmu y = kx + Db.

_ 3 _ 3
k=— 3 Tormay = — 5% +b . T.x. BBICOTA TPOXOAUT Yepe3 Touky C, TO €€ KOOPAUHATHI yIOBICTBOPSIOT

JTAaHHOMY YPaBHEHUIO: — 1 = —%12 +b,0tkyna b =17. Uroro: y = —%x +17.

Otsert: 3X + 2y — 34 = 0.
JI1s1 caMOoCTOSITeJILHOTO pereHus: J[aHbl CTOPOHBI TpeyrojabHuKa X +Y —6 =0,

3X -5y + 15 =0, 5x — 3y — 14 = 0. CocTtaBUTh ypaBHEHHUS €TO BHICOT.
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Yxa3zanue: CHauana cielyeT HalTH KOOpAWHATHI BEPIIMH TPEYTOJIbHMKA, KaK TOUEK IEPECEUEHUS

CTOPOH, 3aTE€M BOCIIOJIb30BaThCI METOIOM, PACCMOTPEHHOM B IIPEAbIAYIIIEM IIPUMEPE.
OtBer: { X—y=0;5x+3y-26=0; 3x + 5y — 26 = 0}.
BOITPOCHI AJisA CAMOITPOBEPKH

© © N o 0 &

[laiite onpeneneHue ypaBHEHUs! JINHUXA HA IIJIOCKOCTH.

Hanummure obiiee ypaBHEHHE IPAMOIA.

VKaXuTe pas3iauuHbIC ClOy4dad [IOJOXKEHUS MPSAMOM OTHOCHUTENBHO OCEH KOOPAMHAT U
COOTBETCTBYIOILME UM YPaBHEHHUS.

Kak npoBepuTsb, JIEKUT JIM JaHHAs TOYKA HA JIaHHOM MpsMOit?

UTto Ha3bIBaeTCs YIJI0OM HaKJIOHA NPSAMOM?

Yrto Ha3bIBaeTCS YIIOBBIM KO3()(OUIIMEHTOM MPSIMOM, KAKOB €ro FreOMeTPUYECKUNA CMbICIT?

YemMy paBeH yrioBoi KodQGUIUEHT NpsAMoii, napauieabHo ocu OX?

Hanmmnre ypaBHeHUE npsiMoid, MPOXOAALIEH Yepe3 TaHHYIO TOUYKY B JAHHOM HAIIPABIICHUH.

Hanumure ypaBHeHue npsMoil, IpoXoAsiliel yepes ABe JaHHbIE TOUKHU, 0011ee ypaBHEHUE TPSIMOH.

. Hannmmure ¢opmyny TaHreHca yria Mexay IByMsl IPSIMbIMH.
11.
12.
13.
14.

Chopmynupyiite ycioBus napaiaeabHOCTH U HEPIEHAUKYIAPHOCTH ABYX MPSIMBIX.

Kak onpenenauts TOUKy nepecedeHust IByX MpsIMbIX?

B uem cocTout reomMeTpuuecKuii CMbICI HEPABEHCTBA NIEPBOM CTENEHHU C ABYMSI HEU3BECTHBIMU?
B 4eM COCTOMT reOMETpUYECKHMI CMBICI CHCTEMBl HEPABEHCTB IEPBOM CTENEHH C JBYMs

HEU3BECTHBIMU?
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Jlekuust Ne 6. KpuBbie BTOpOro nopsiaka.

KpMBaH BTOPOTro nNopAakKa MoxKeT ObITh 3a/laHa YpaBHEHHUEM

Ax? +2Bxy + Cy? + 2Dx + 2Ey + F = 0.

CyLwiecTByeT cucTeMa KoopanHaT (He 0b6A3aTeNbHO AeKapToBa NPAMOYTo/ibHaA), B KOTOPOW AaHHOE ypaBHEHMe
MOXeT BbITb NPeACTaBfeHO B 0AHOM M3 BUAOB, NPUBEAEHHbIX HUXKeE.

2 2

oy
1) —+°5 =1 - ypaBHenne smmnca.
a b
2 2
x y (13 2
2) — +°5 =-1 - ypaBnenue “mHnMOr0” 31ummNCa.
a b
22
X
3 - b_2 =1 - ypaBHenue runep6ombL.
a

4) a?x? — c%y? = 0 — ypaBHeHHUE JBYX HEPECEKAIOIIUXCS MPAMBIX.

5) y? = 2pX — ypaBHeHHeE TapaboJIBL.

6) y?—a?=0— ypaBHEHHUE ABYX NAPAIIETbHBIX IPAMBIX.

7) y?+a?=0 - ypaBHeHHE ABYX “MHUMBIX MapajIeNbHBIX HPIMBIX.
8) y? =0 - mapa COBIAJAIOMIHX MIPSMBIX.

9) (x—a)?+ (y—b)? = R? — ypaBHeHHE OKPYKHOCTH.

6.1. OKpY>KHOCTb.

Onpenenenve. OKPYyHCHOCMbIO Ha3bIBAETCA MHOKECTBO TOYEK IMJIOCKOCTH,

paBHOYAAJIEHHbIX OT JAHHOM TOYKH (YeHmpa).

B okpy:xHOCTH (X - a)% + (y - b)2 = RZ neHTp uMeeT KoopAHUHATHI (a; b).
IIpumep. Haiitu koopAuHATBI IEHTPA U PAINYC OKPYKHOCTH, €CIIM €€ YPAaBHEHHE 3a7aHO B BUJIE:
2x2 +2y? —8x +5y -4 =0.

ANAa HaxoXAeHMA KOOPAMHAT LeHTpa U pagmyca OKPY*KHOCTU AaHHOEe YypaBHEHMe HEO6XOAMMO npumBecTu K
BMAy, YKad3aHHOMY Bblille B n.o. [na aToro Bbigennm nonHble KBagpaTbl:

X2 +y?—4x+25y-2=0
X? —4x +4 -4 +y? + 25y + 25/16 — 25/16 -2 =0
(Xx—2)2+ (y+5/4)?-25/16-6=0
(X —2)% + (y + 5/4)> = 121/16
Orcrona naxoaum O(2; -5/4); R =11/4.

6.2. Dmtunc.
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Onpeneﬂemfle. Onauncom HA3BIBACTCSA MHOXKECTBO TOUCK IJIOCKOCTH, CyMMa paCCTOSIHI/Iﬁ KOTOPBIX OO
JABYX JaHHBIX TOYCK, HAa3bIBACMBIX ¢0KyCClMu, €CTh BCJIMYMHA ITOCTOSHHAsA, paBHasd 2a.

ypaBHEHMe A1/1MNCa MMeET BUA:

Onpenenenue. @oKycamMu Ha3bIBAIOTCS TaKHE JIBE TOUKH, CyMMa PACCTOSHUN OT KOTOPBIX JI0 JH000M

TOYKH SJUIUIICA €CTh ITOCTOAHHAA BCJINYMWHA.

y

F1 X

F1, F2— dokycer. F1=(c; 0); Fo(-c; 0)
C — MMOJIOBUHA PACCTOSHHS MEX 1y (hOKycamu;
a — 00JIbIIAs [TOJIYOCh;
b — maas mosyocs.
Teopema.DokycrHoe paccmosiHue u noiyoCcu dIIUNCA CEA3AHbL COOMHOUCHUCM.
a?=h?+c%

Joka3arenbcTBo: B ciydae, ecnu Touka M HaXOQUTCS Ha MEPECEYEHUU JIIIUIICA C BEPTUKAIbHOU

0CbI0, I1 + 2 = 24/b% +¢° (o Teopeme I[Mudaropa). B coyuae, ecniu Touka M HaXOaUTCs Ha IEpeCeUECHUN
JJUIAIICA ¢ TOPU3O0HTAIBHOM OCBIO, 1 + 2 = a — C + a + €. T.k. mo omnpenencHuro cymma I + r2 —
MOCTOSIHHAS BEJIMYMHA, TO , IPUPABHUBASL, TOJIyYaeM:
a?=Db?+c?
r+r;=2a.
Onpenenenne. @opMa >IIIMIICA ONPENEISIETCS XapAKTEPUCTUKOM, KOTOpask ABJISETCS OTHOIICHHEM
(boKyCcHOTO paccTosiHUS K O0JIbIIIEH OCH M Ha3bIBAETCS IKCHEHTPUCUTETOM.
E=c/a.
Tk.c<a,toe<l.
Onpenenenune. Bennunna K = b/a Ha3piBaeTcss k03P GuuHEHTOM CKATHSA dJUTHICA, a BenmuunHa 1 — K
= (a — b)/a Ha3pIBaeTCs cxkaTHEM DILTHIICA.
Ko>((pUIIHenT cxaThs 1 SKCIEHTPHCUTET CBA3aHBI COOTHONIeHNeM: K2 = 1 — €2,

Ecaima=b (c =0, e =0, ¢pokychl CIMBAKTCSH), TO HJIJIHIIC MPEBPALIAETCH B OKPYKHOCTb.
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2 2
1 1
Ecnu nns Toukun M(X1, y1) BBIIOJIHAETCS YCIOBHE: —5 T b_2 <1, To ona HaxomUTCS BHYTpH 3JUIUIICA, A
a

2 2
1 1
€CJlIn 2 + 7 >1 , TO TOYKa HAaXOAUTCs BHE 3JIJIUIICA.

C 2IIMIICOM CBSI3aHBI JIBE MPSIMbIEC, HA3bIBaCMbIC AUPEKTPUcaMu. VX ypaBHeHUS:
X = ale; x=-ale.
Teopema,/[11 moeo, umobdvl mouxa Jnexcara Ha 3Jaunce, HeoOXo0uMo U OOCMAMOYHO, YMOObl
OmHOUleHUe paccmosiHusi 00 PoKyca K paccmosHuro 00 cOOmMeemcmeyowel OUPeKmpucsl paeHsIOCh
IKCYeHmpucumemy e.

IIpumep. CocTaBuTh ypaBHEHHE MPSMOH, MPOXOAIIEH depe3 JEBbI (POKYC U HUIKHIOI BEPIIHHY
2 2
Xy
SJUIMIICA, 33JaHHOTO YPABHEHUEM: 1.

25716

1) KoopauHathl HIXKHE#H BepuHbL: X = 0; y? = 16; y = -4,

2) Koopmuaats! neBoro okyca: ¢ = a2 —b?>=25-16=9; ¢=3; F»(-3;0).
3) VYpaBHeHue NpsAMoM, MPOXOIAIIEH Yepe3 IBE TOUKH:

x——O:y_+4; L:y_M; 4x=-3y—12; 4x+3y+12=0
3.0 0+4 -3 4

Ipumep. CoctaButh ypaBHEHHE dutnIica, eciu ero ¢pokycel F1(0; 0), F2(1; 1), 6onbinas och paBHa 2.

2 2
r .y
YpaBHEHUE DIIIMIICA UMEET BUI: — T

b

=1. Paccrosuue Mexny Gpokycamu:

IS

2c = \/(1—0)2 +(1-0)? =+/2, Taxum o6pasom, a2 — b = c2 =¥

110 ycioBuo 2a = 2, ciexosarensHo a =1, b= Va’ —¢> =41-1/2 = J2/2.

2 2
X

Hroro: —-
1

+—=1.
1/2

6.3. T'unepbona.

Omnpenesenue.l' nnep00J10ii Ha3bpIBa€TCd MHOMKECTBO TOYEK IUIOCKOCTH, I KOTOPBIX MOAYJb
pPa3HOCTH PACCTOSHUH OT JABYX JAHHBIX TOYEK, Ha3bIBa€MbIX (POKYCaMM €CTh BEIMUYMHA IOCTOSHHAS,
paBHas 2a, MEHbIIast paCCTOSIHUA MEXTY (POKyCaMH.

ITo onpenenenuto Iri—r2l=2a. F1, Fa— doxychl rurrepoosl. F1F2 = 2¢.
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M(X, y)

N
2

o o |
T
=

F2

/ .
Bribepem Ha runep6osie mpon3BoIbHYI0 TOUKY M(X, y). Torna:

4 =J(x+¢)’ +y?
n=x=0+y’

\/(x+c)2 +y2 —\/(x—c)2 +y2 =2a
(x+c)2 +y2 =4a* +4aw/(x—c)2 +y2 +()c—c)2 +y2
da(x—c)* +y* =—4a’ +4xc

2 2 2.2 4 2 2.2
a’(x—c)' +a’y" =a -2a’xc+x’c

a’x’ =2a’xc+a’c* +a’y* =a' -2a’xc+x’c’
a’x’ +a’c’ +a’y* —a' —x’c’ =0
—x’ (¢’ =a’)+a’ (¢’ —a*)+a’y =0
x2(02 _az)_azyz 202(02 _az)
0603HaunM c? — a® = b? (reoMeTpHUUECKH 7Ta BETNYNHA — MEHbIITAs MOTYOCh)

212 2.2 2.2
ab”=bx"-a’y

|
=<,
l

[TonyunnrkaHoHUYeCKOe YpaBHeHHe TUIep0oJIbl.
anep6ona CUMMCETpUYHA OTHOCHUTCIIBHO CECPCAUHBI OTPE3Ka, COCANHAIOMICTO q)OKyCI)I 1 OTHOCHUTCIIBHO
0Ceil KOOpJMHAT.

Ocb 2a Ha3bIBaETCA €CTBUTEIbHOM 0CHI0O THIIEP0OJIbI.

Ocb 2b Ha3bIBaeTCSI MHUMOIi OCHIO THIIEPGOJIBI.

169



b
FI/Inep6ona HMEECT ABC aCUMIITOTBI, YPABHECHU KOTOPBIX y = + — x.

N}

C
Onpezle.ﬂelme. OTHOILIEHUE ¢ = — > 1 Ha3BIBaeTCI IKCHCHTPUCUTETOM FI/IHep6OJ'IbI, rgme ¢ —
a

TIOJIOBMHA PACCTOSHAS MeX Ly OKYCaMH, a — IeHCTBUTENIBHAS [OTYOCh.
C yueTom TOr0, uTo ¢ — 2% = b2

2 2 2 2
, ¢ a +b” b
e =—=— = —
(12 (12 (12

Ecnmua=Dhb,e= /2, To rumep0osia Ha3pIBacTCS pABHOOOYHOM (PABHOCTOPOHHEI).
Onpenenenue. JIBe mpsmble, NEPICHIUKYIAPHbIE JIEHCTBUTENBHOM OCH THUOEPOONBl U

pacCIIoOJIOKCHHBIC CUMMCTPHUYHO OTHOCHUTCIIbHO IICHTPAa Ha PacCCTOSHHUH a/e oT HCTO, HA3BIBAIOTCA

a
AUpeKTpucamMu runepOonsl. UX ypaBHeHHS: x = +—.
e

Teopema.Eciu r — paccmosinue om npousgonvhou mouxku M eunepbonvt 00 kakozo- 1ubo goxyca, d —
paccmosinue om motl JHce Mo4Ku 00 COOMEemcmayoujels 3momy Goxycy oupekmpucwl, mo omuouterue rld
— 6eUYUHA NOCMOAHHAS, PAGHAS IKCYECHMPUCUMEM).

Ipumep. Haiitu ypaBHeHue rtunepOONbl, BepmUHBI U (POKYCHl KOTOPOH HAXOmATCS B

2 2
X

COOTBCTCTBYIOIIMX BCPLIMHAX U (bOKyCEIX SJIJIUIICA ? +—=1 .

5
Tt smmunica: €2 = a2 — b2,

Jlns runep6onsi: ¢ = a2 + b?,

ooy

—
T
N,

/
AN

V8 V8

2 2

X
VYpaBHeHHe runepOobl: —— — =
3 5
Ipumep. CocTaBUTh ypaBHEHHE THIIEPOOIIBI, €CITH €€ SKCIIEHTPUCHTET paBeH 2, a GOKYCHI COBIAIAI0T
2 2
X
¢ hoxycamu >utnIICa C ypaBHEHHEM 55 + K} =1.
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Haxomum dokycHoe pacctosinue ¢ = 25 — 9 = 16.

Jnarunep6onsr: ¢2 = a2 + b? = 16, e=cla=2: c=2a: =42 @2=4
b?=16 -4 =12.
2
X
UTtoro: VEETE | - uckomoe ypaBuenue runep6obL.

6.4. Iapabomna.

Omnpenesienue.llapa6o.10ii Ha3bIBACTCSI MHOKECTBO TOUEK MIJIOCKOCTH, KaXKAasi U3 KOTOPBIX HAXOUTCS
Ha OJJMHAKOBOM PACCTOSIHMH OT JaHHOW TOYKH, Ha3bIBa€MOI (POKYCOM, U OT IaHHOM MPsIMOiA, Ha3bIBAEMOM
TUPEKTPUCON U He mpoxoadiei yepe3 Gokyc.

Pacnosioxum Hayano KoopAMHaT nocepeanHe mexay GoKycom 1 ANPEKTPUCOMN.

y
A M(x, v)

p/2 P

Benuuuna p (paccrosiHue ot Gokyca A0 AMPEKTPUCH) Ha3bIBACTCS MapaMeTpoM napaboibl. BeiBenem
KaHOHUYECKOE ypaBHEHHE 1apadoibl.
W13 reomerpuueckux cootnomrenuit: AM = MF; AM =X + p/2;
MF? = y2 + (x — p/2)?
(x+p/2)> =y* + (x — p/2)?

X2 +Xp + p?l4 = y? + X% — xp + p?/4

y? = 2pX
VYpaBHEHUE TUPEKTPUCHL: X = -Pp/2.
Ipumep. Ha mapa6ore y? = 8x HaifT TOUKY, pacCTOSHHE KOTOPOH OT JUPEKTPHCHI PABHO 4.
N3 ypaBHeHWA napabonbl nosyyaem, 4to p = 4.
r =X+ p/2 = 4; cnenoBaTenbHO:

X =2; y>=16; y=+4. Vckomslie Touku: M1(2; 4), M2(2; -4).
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Mpumep. [lana napa6ona y>= 6x. CocTaBUTh ypaBHEHHUE €€ TUPEKTPUCH M HAHTH ee POKYC.

CpaBHMBas JaHHOE YpaBHEHUE C KAHOHMUYECKUM ypaBHEHHEM Mapaloibl, BUIUM, 4TO 2p=6, p = 3. Tak

KaK ypaBHEHHE AMPEKTPUCHl MMEET ypaBHEHUE X = —g, a ¢GoKyc — KOOpIUHATHI % u 0, To nus

3 3
paccMaTpuBaeMoro Ciyyas HONy4nM ypaBHEHHE IMPEKTPUCHL X = — 2 U ¢okyc F(E; 0).

Omeem:x = — %, FG; O).

BOITPOCHI JJIs1 CAMOIIPOBEPKH

O N o g B~ w DB

10.
11.
12.
13.

14.

[aiite onpeneneHne JIMHUU BTOPOTO MOPSAIKA.

Kakue nuHuu BTOpOro nopsijika Bl 3Haere?

BoiBeniute ypaBHEHUE OKPYKHOCTH C LIEHTPOM B Touke C(1;2) u paauycom R = 4.

Haiite onpenenenue 3mica.

Kakyto popmy umeer smmmrc? YKaxuTe Ha PUCYHKE U HA30BUTE €0 OCHOBHEIC 3JICMCHTEI.

Uro npencTaBiisieT co00ii AIUTUIIC, €CITU eTo MOTyOCH PaBHBI?

Jaiite onpenenenre napadobl.

Kakyio ¢opmy umeer mapabona, onpenensemas ypaBHeHueMm y? = 2px, wi x2 = 2gy? Kak
BIIUSIIOT TIApaMETPHI p U g Ha hopMy 1mapadoIibl?

Uro npencrapisieT coboit Ha rpaduke B cucteMe koopauHaT OXymHHUS, 3a/1aHHAST YPABHCHUEM Y =
ax? + bx + ¢?

Maiite onpeneneHue runepOoIIbl.

Kakyro ¢hopmy nmeer runepbosa? YKaxuTe Ha pUCYHKE U Ha30BUTE €€ OCHOBHBIE DJIEMEHTHI.
Hanwumure ypaBHEHUsI aCHMIITOT THIIEPOOJIHI.

Hanummre ypaBHeHHE pPaBHOCTOPOHHEH THMEpOOJbl, aCHMOTOTaMH KOTOPOH SBISIOTCA OCH
KOOpAMHAT.

[IpuBenuTe TpUMEPHl HUCIMOJIB30BAHUSA YpPAaBHEHUW JIMHUI BTOPOTO TOpSAJKA IJs W3YYEHUS

KOHKPETHBIX 3aBUCUMOCTEHN.
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Jleknus Ne 8. Ilpenen pynkumu.

I'IepemeHHaﬂ M npegen —3T1o OCHOBHbIE NOHATUA MAaTEMATUYECKOIO aHa/n3a. LOCTaTOYHO HANOMHMUTb, YTO
K/1to4eBbIM CZ10BOM B onpeaeneHnAxX TakKnx N3BeCTtHbIX CO LWKObI NOHATUM KaK npon3BoaHaA U UHTerpan
ABNIAETCA CNOBO npeaen.

8.1. Ilpeaen pyHKIUM B TOUKE.

y f(x)
A+ 1 _
A — !
A-g R
0! a- Aaa + Ax

[Tycte ¢ynkus f(X) onpeneneHa B HEKOTOPOi OKPECTHOCTH TOYKH X = a (T.. B CAMOM TOYKE X = a
(GyHKIMS MOXKET OBITh U HE OIpeJIeIeHa)

Onpenenenne. Yucno A HaszbiBaeTcs mpeaesom ¢yakuun f(X) mpu x—a, ecnu s modoro >0
CylIEeCTBYeT Takoe 4nucio A>0, 4yTo AJs BCeX X TaKHX, UTO

0<[x-al<A

BEPHO HEPaBEHCTBO | f(x) - Al <e.

To ke onpeaeneHve MOXeT bbITb 3aNMCaHo B APYrom BuAe:
Ecnu a - A<x<a + A, X#a, To BepHO HepaBeHCTBO A - e<f(X) <A + ¢.

3anuck npenena GyHKIUU B Touke: lim f(x) = 4
Xx—a
Onpenenenune. Eciau f(X) A1 ipu X — a TOJIBKO MpH X<a, To  lim . f(x) = A, - Ha3pIBaeTCS MpeaeaIoM
X—>a—
¢yukuuu f(X) B Touke X = a caeBa, a ecnu f(X) >A2 npu X — a TOJIBKO MpH X>a, TO ]jmo f(x)=4,
xX—>a+!

Ha3bIBaeTCs mpeaesomM ¢pyukipn f(X) B Touke X = a cpasa.
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f(x)

[IpuBeneHHOE BBIIIE ONPECICHUE OTHOCUTCS K Citydaro, koraa ¢pyukius f(X) He onpesenena B camoi

TOYKE X = @, HO OIIPEJ/IeJIeHa B HEKOTOPOM CKOJIb YTOJHO MaJOi OKPECTHOCTU 3TOM TOUKH.

[penenst A1 u A2 Ha3bIBAIOTCS TAK)KE OTHOCTOPOHHUMH mpeneaamu ¢yHkimu f(X) B Touke x = a.

Takoke roBopsT, uT0 A — KOHeuHbIii npeaesa Gyukiuu f(X).

8.2. [Ipenen pyHKIMM TP CTPEMIICHUHU apryMEHTa K O€CKOHEYHOCTH.

Onpenesienue. Yucno A HasbiBaeTcs npeaesioM Gyukuuu f(X) mpu x—00, ecitu as1st Jiro60ro uncia £>0

CYLICCTBYCT TAKOC YHCJIO M>0, YTO IJIA BCEX X, | X| >M BbIIOIHSIETCS HCPAaBCHCTBO

[A-f(x)<e

[pu 3ToM npenmnonaraercs, uro ¢pyukius f(X) onpenencHa B OKpeCTHOCTH OECKOHEUHOCTH.

3aIchIBaIOT:

lim f(x)= 4.

I'padruecku MOKHO MPEICTaBUTh:
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AHaJOTUYHO MOXHO OMPEICNUTh penensl m f(x) = A4 mnst moboro x>M u
X—>+00

lim f(x)= A s moboro x<M.

X—>—00
8.3. OcHOBHBIE TeopeMbI 0 MpeaeJiax.

Teopema 1.1m C = C, rae C = const.

x—a
Crenyrolye TeOPeMbI CIIPABETUBLI PH IPENOIoKeH! , uTo GpyHkiuu f(X) u g(X) UMEroT KOHEYHbIC
HpeIeNbl IPU X—>a.

Teopema 2.1im (f(x) £ g(x)) = lim f(x) £lim g(x)
JlokazarenbcTBO 3TON TE€OpEeMBbl OYAET NPUBEICHO HUXKE.
Teopema 3.m|[ £ (x)- g(x)] = im £(x)-fm g(x)

Caeacrsue. lvlr_)rh C-f(x)=C- ]3r_)rL f(x)

i SO _ Eglf (x)
e g(x)  lm g(x)

Teopema 4. mpu lim g(x) =0

Teopema 5.Ecau f(x)>0 66nuzu mouku x = a u im f(x)= A, mo A>0.

Ananorn4so onpenensercs 3Hak npenena mpu f(x) <0, f(x) > 0, f(x) < 0.

Teopema 6.Eciu g(X) <f(x) <u(x) 66ausu mouku x = au lm g(x) =lim u(x) =4, mou lim = 4.

xX—a
Onpenenenue. Oynkuus f(X) Ha3piBacTCs OrpaHWYEeHHON BOJIU3M TOYKU X = a, €CJIH CYIIECTBYET

Takoe urcio M>0, uro | f(x)| <M BGmm3m ToUKH X = a.

Teopema 7.Eciu ¢hynxyus T(X) umeem xoneunwiti npeden npu x—a, mo oHa 0epaHuyena 601u3u mo4Ku

X = a.
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JHokasareabcro. [Tycts m f(x) = 4, T.e. | f(x)- A| < &, Torma

@) =]7(x) = A+ A4 <|f(x) - 4 +| 4| um
f(x)|<e+|4

, T.C.

S| <M, rieM=¢+ |Al

Teopema okaszaHa.
8.4. beckoHe4YHO MaJible (PyHKIIHH.

Onpenenenune. Oynxius f(X) Ha3pIBacTCS 0€CKOHEYHO MAJIOH TIPU X—>a, IJIe @ MOXKET ObITh YUCIIOM

WJIH OJTHOM M3 BEJIMYUH 00, +00 WK -0, ecau im f(x) =0.
xX—a

CBoiicTBa 0€CKOHEYHO MAJIBIX (DYHKIUI:

1)

2)

3)

4)

Cymma (UKCHPOBAHHOTO 4Kcia OECKOHEYHO MallbiX (DYHKUMN MpU X—>a TOKEe OECKOHEYHO Majas
GyHKIUS IpU X—>a.

[TpousBeneHne (HUKCUPOBAHHOTO YHUCIA OECKOHEYHO MaJIbIX (DYHKIMI NpU X—>a TOKE OCCKOHEYHO
Masiasi QyHKIUS TIPU X—>a.

[IpousBeneHne OCCKOHEYHO MalloW (YHKIMU Ha (DYHKIMIO, OTPaHUYCHHYIO BOJIHM3M TOYKH X = a
SIBIISICTCSL OECKOHEUHO MaJIoi (pyHKIMEH mpu X—>a.

YacTtHoe oT AeneHus: 0eCKOHEYHO Mamoi (YHKITUHU Ha PYHKIIHIO, TIpe/ie] KOTOPOM He paBeH HYIIIO €CTh

BEJIMYMHA OCCKOHEUHO MaJlas.

8.5. beckoHeuHo 0o/bIIMEe PYHKIIUM U UX CBSI3b C 0€CKOHEYHO MAJIbIMH.

OHpE)_’[eHeHI/Ie.QYHKHI/IH Ha3bIBacTCsS 0€CKOHEYHO 00JIbIIoi Inpu X—a, ra¢ a — 4YucCJIio Uik OaHa U3

BEJTUYNH 00, +00 WK -00, eclii lim f(x) = A, T7ie A — YUCII0 WK OJHA W3 BEJTUYHH 00, +00 HIIH -00.
x—a

CBs13b O€CKOHEYHO OOJBIINX M OECKOHEYHO MaJIbIX (DYHKIUH OCYIIECTBISETCS B COOTBETCTBUHU CO
CIIEIYIOIIEH TEOPEMOH.

Teopema.Ecau f(X) >0 npu x—a (eciu x—»c0) u ne obpawaemcst 6 Holb, Mo

i

8.6. CpaBHEeHHE OECKOHEUHO MaJIbIX (DYHKIIMH.

MycTb a(x), B(x) n y(x) — beckoHeuHO Mmanble PyHKUMM NpU X —> a. Byaem 0603HayaTb 3TV GyHKUMU o, B 1 Y
COOTBETCTBEHHO. T BECKOHEYHO Masible GYHKLMMN MOXKHO CPaBHMBaTb Mo 6bicTpoTe UX yBbiBaHMA, T.€. NO
BbICTPOTE UX CTPEMIEHNA K HYIO.
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Hanpuwmep, pynkmus f(X) = x'° crpemurcs x nymo 6sicTpee, yem Gpynxius f(X) = X.

.a
Onpenenenne. Eciu m E =0, To pynKIM O HA3BIBacTCA GECKOHEUHO MaJoii 6oJiee BHLICOKOIO
xX—>a

nopsiaka, yeM QyHKus 3.

.a
Onpenenenne. Ecmu im — =4, A#0, A=const 10 o u p Ha3pIBaIOTCA GECKOHEYHO MAILIMH

X—a

OTHOI'0 MopsAaAKa.

Onpenenenne. Ecniu im — =1, 1o ¢ynkiuu o u B Has3pBaIOTCS IKBUBAJEHTHBIMH 0ECKOHEUHO
x—>a IB
MaJbIMHU. 3aIUCHIBAIOT O ~ [3.

Mpumep. CpaBuum Geckonedno manble mpu Xx—0 dynxrmu f(X) = x° u f(x) = x.
10
lim = = lim x° =0

X—a X xX—a

T.e. pynkmus f(x) = x1° — 6eckoneuyno manas 6onee BrICOKOTO mopsaka, geM f(X) = X.

Omnpenenenne. beckoneyHo Mamas (QYHKIUS O Ha3bIBACTCI O0€CKOHEYHO MAJION mMopsaKa

. a
KoTHOCHTENBEHO OECKOHEUHO MAJIOH (I)YHKI_[I/II/I B, CCJIM IIPCAcCII lim ~—« KOHCYCH H OTJIMYCH OT HYJIA.
x—a

OI[HaKO CJICAYCT OTMCTUTHL, YTO HE BCC OCCKOHEYHO MaJjblie (I)YHKLII/II/I MOKHO CPAaBHUBATHb MCIKIY

a
co001. HaanMep, €CJIM OTHOIICHHUE ~—° HC UMCCT IIPpEaAciia, TO (I)YHKI_II/II/I HECpAaBHHUMBIL.

) .o .. Xxsinx
Mpumep. Ecin o =xsinx, f=x, 1o npu x—0 Im —=Ilm ——=1 1e. pynxuus o -
x—0 ﬂ -0 x
0EeCKOHEUHO MaJlasi MOpsi/iKa 2 OTHOCUTENBHO (PYHKIUH f3.
1 . a
Ipumep. Ecmu o = xsin—, pB=x, 1o npu x—0 hH%E HE CYUIeCTBYeT, T.e. QyHKIus o U 3
X X

HECPABHUMBI.
CBOCTBa SKBUBAJIEHTHBIX OECKOHEYHO MAJIbIX.
.
1) a~a, Im —=1

xX—a (04

2)Ecrmo~Buf~y,toa~y, im & = tim a p
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3)Ecmma~ B, 0B ~ 0, ﬁmﬁzﬁmizl

x—a oy x—a O

B
4)Ecim o~ oy u P~ [31H||m——k rou lim & =k wmm lim & =lim &
IB x»aﬁl xaaﬂ xaaﬂ

. a . o .
CreacTBue: a)ecnuo ~oy U Im—=k towu lim — =lim —

x—a ﬁ x—a ﬂ x—a ,B

. (04
6) ecmu B ~ B u Im — .y , TO im & = im <
x—a IB x—a ﬂ x—a ﬂl
CBOICTBO 4 0COBEHHO Ba)KHO Ha NPaKTUKeE, T.K. OHO GAKTUUYECKM O3HAYaET, YTO Npeaes OTHOLIEHMUSA
BECKOHEUYHO MasiblX HE MEHAETCA NPU 3aMEHE UX Ha SKBMBA/IEHTHblE BECKOHEYHO Manble. ITOT GpaKT AaeT
BO3MOHOCTb MPU HaXx0XAEHMM NPEAeNoB 3aMeHATb 6ECKOHEUYHO Ma/ible Ha 3KBMBA/IEHTHbIE UM GYHKLMK, YTO

MOXET CU/IbHO YNPOCTUTb BblHNCNIEHUNE NpedeNOB.

tg5x

IIpumep. Haiitu npenen lim
x-0sin 7x

Tak kak tg5x ~ 5X u SIN7X ~ 7X nipu X — 0, TO, 3aMEHHUB (PYHKIMH SKBUBAJICHTHBIMU OCCKOHEYHO MAJILIMHU,

TIOJTYYHM:
i 855 55
x=>0sm 7x 0 7x 7
¥3
pumep. Haiiti npegen Im ———
P P P x>01—COSX
x x\ x° x°
Tak kak 1 —C0OSX = 2sin* = ~ 2| = | 1pu x—0, To lim ——— =1lim —-=1lim 2x =0
2 2 x—0 1 COS X x>0 x x—0
2

Mpumep. Haitty npenen fim —& = fim —- = oo,
x—0 Sm x x—0 X

Ecnu o u B - GeckoHeuHO Malible TPH X—>a, IpUYeM 3 - 0eCKOHEUHO Matasi 60J1ee BBICOKOTO MOpsaKa,
YeM oL, TO Y = ol + 3 - GECKOHEUHO MaJiasi, )KBUBAJIEHTHAs 0. DTO MOKHO J10Ka3aTh CJIEAYIOLUM PaBEHCTBOM

im Z = im[1+ 2 | =1,

xX—a (04 xX—a (04

Torna roBopsT, 4To O - IJIABHAsl YaCTh OECKOHEYHO MaJIol (PyHKIIUH Y.

Mpumep. dyuknus x> +x — 6eckoHeuHO Maas mpu X—>0, X — [IaBHAs YacTh dToi GyHKIMH. UTOOH!

IIOKa3aTh 3TO, 3allMIIEM Ol = X2, B =X, Torga

2 2

im 2= =0, fim XX~ jim (x+1) =1.

x=0 ¥ x—0 X x—0
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8.7. HexoTopsle 3aMedaTenbHbIE PEEbL.

. . . P(x) i 1
IepBblii 3aMeuaTebHBII Mpeget. Im , tae P(x) = aox" + arx™™* +.. .+ap,

= O(x)

Q(X) = box™ + b1Xm-1 +...+bm - MHOrOUIIEHBL.

a a a a
x"(ay + ..+ 1) ay+—+..+—2
P('x) — X xn :xn—m X xn
b b b b
o) x"(by + T+t ) by + 4.+
m m
X X X X

a a
ay+—+..+2

lIm X X' _ 4
X—>0 b1 bm bO
by +—+..+
m
X X

0, npu n<m

. P(x a
HUroro: lim P _ -2, npu n=m
== 0(x) | by
©, npu n>m
. " . sin x
Bropoii 3ameuareJbHbIN npeaet. im =1
x—0 X

. . . 1Y
Tpernii 3ameyaTe/bHBIN npeaesa. im (1 +—| =e

X—>0 X

YacTo ecnm HenocpeACTBEHHOE HaxoXaeHWe npeagena Kakol — nmbo (I)YHKLI,MM npeacTtaBnAeTCca C/I0OXKHbIM, TO

MOXHO nNyTem npeo6pa303aHMﬂ d)yHKLI,MM CBECTU 3a4a4y K HaXOXAEHUNIO 3amedaTe/IbHbIX Npeaesos.

Kpome Tpex, N3N0XKeHHbIX Bbllle, NpeaesioB MOXKHO 3anucaTb cegytowme nosesHble Ha NpakTuKe

COOTHOWeEHUA:

. In(1+ .a -1 . (I+x)" -1
]]Inuzl, hrna—:]na’ l]rn&:m
x—0 X -0 x x—0 X
Ipumep. Haiitu npenen.
iy 8MX o mx _m

x>0 sin nx 0 px n

Ipumep. Haiitu npenen.

2 2
=X X=X, ¥2% (X —X,)COSXCOSX, *2% X—X, *>% COSXCOSX, cos” x, ©€OS”X,

limtgx—tgxozlim sin( x —x,) :ﬁmsm(x—xo).]jm 1 1. 1

IIpumep. Haiitu npenen.

2
——sin(7/4-
Sin X —COS X ) 2 (7 *)
_— = l]m = ==
x>rl4 g —4x x>z /4 T —4x x—>w/4 D) /2(7z/4—x) 2.2

—sin(z/4-x) 1
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IIpumep. Haiitu npenen.

y=r/2-x Iy . |
fm SOS¥ _ x=z/2—y llrncos(7r ») i SRy 1
x->rl2 g —2x y=0 2y 0y 2
T=2x=nm—-m+2y
Ipumep. Haiitu nipenen.
x+3 x+3 y:X—l y+4 y 4
m{% 3) _mn(*4+4] Ay boim| 2] Cim14 2] cim[1+ 2] =
e | X0 x—1 Y0 y Yoo y Y0 y
Yy
1 4z 1 z 4
= Z:X}:h‘m(l+—j = 1im(1+—j =e'
4 Z—®0 Z Z—>0 Z

I Hai im X2 —6x+8
Humep. aAuTHUu 1peacia - - _.
PHMCEP P -2 X2 —8x+12

[NA HaxoKAeHWA 3TOro Npegena PasoKMM Ha MHOXKUTENIM YNCAUTENb U 3HaMeHaTe b JaHHOW Apo6bu.

X2 —6x+8=0:; x> —8x+ 12 =0;

D=36-32=4; D =64 —48 = 16;

X1=(6+2)/2=4; X1=(8+4)/2=6;

X2=(6-2)2=2; X2=(8-4)2=2;
Torna lim (x=2)(x-4) . x—4:g:1
-2 (x-2)(x-6) *»2x-6 4 2

Ipumep. Haiitu npenen.

. \/1+x+x —\/1 X + X?
|| JOMHO>XXHUM YUCIUTCIIb U 3HAMCHATCIIb ,Z[p06I/I Ha COHpH)KeHHOG

x—0 X —X

1+ X+ %> =1+ x-Xx° 2X _
BBIpaXKEHHUE: lim = lim

D0 (X —D)(W1+ X+ X2 +V1—X+X) O x(X D1+ X+ X ++/1— x+x)

—_— 2 —
o141

IIpumep. Haiitu npenen.

2 3) 3-2 1
_{ —5x+6=(x-2)(x- 3)} 3?; 3;$+3§ 3+3 6

x=5x+6

x—3 x2 _9

- - hmx —6x>+11x-6
HMe aI/ITI/IH (1 (S]] .
P o e i x2=3x+2

Pa3noxnm uncantenb n 3HameHaTelb Ha MHOXKUTEN.
X2 —3x+2=(X-1)(x-2)
X3 —6x% + 11X — 6 = (X — 1)(X — 2)(x — 3), T.K.
180



x2—6x>+11x—-6 x-1
x3—x?x>—-5x + 6
-Bx7+ 11x
- 5x% + 5x
- bx-6
6X - 6
0 -
x?—5x+6=(x—2)(x—3)

i G-DE=D(x-3) _
= (e =D(x-2)

Torna

IIpumep. Haiitu npenen.

2sin 2a+2h cosz—h—2sin(a+h)
]jmsm(a+2h)—2sm(a+h)+sma:hm 2 ) :]jm251n(a+h)(cosh—1):

h—0 h? h—0 Ve h—0 h?

— 1 2
— 2lim sin( a + /) fm —250_1/2) (hz/z) -
0 -0 4(h/2)

2sina-(—-1/2)=—-sina

I[.TIH CaMOCTOATEJIBHOIO PEIICHUSA

4 2
0 lim2x3 +2x2 +5x 6:oo
oo x4+ 2x +Tx—1

(2x° +4x+5)(x*> +x+1)
o (x4 2)(x* +2x° +7x% +x—1)

2)

i ¥ = 7x+10 3
o2 x* —8x+12 4

im Nd+x+x? =2 _ 1

3)

4) -
x> x+1 4
. Al+xsnx-1 1

DI )

6) 3

X
Im — =
=031+ x -1
2_ _ 2
lim\/l+x+x2 \/7+2x X
X2 x°=2x

) P =2x* —4x+8
8) l]l'n 4 3 2
=23y —16x" +24x" —16

7)

V7
4

- HE OTIpEe/IeIICH.
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BOITPOCHI JIA CAMOITPOBEPKH

Jaiite onpenenenue npeaena GyHKIUN TOUKE.

Maiite onpenenenue npenena GyHKIUNA Ha OECKOHEYHOCTH.

w Nn e

Urto Takoe OAHOCTOPOHHUE TIPEIEbl (YHKITUU?

CdopmynupyiiTe OCHOBHBIE TEOPEMBI O TIpeenax QyHKIUH.

Urto Takoe nepBblif, BTOPOI U TPETUM 3aMeUaTeNIbHbIE IPEAEIIbI?
MatiTe onpeneneHrue 6€CKOHEYHO MaJIol (PyHKITHH.

ChopmynupyiiTe OCHOBHBIC CBOMCTBA 0€CKOHEUHO MAJIBIX (PYHKITUH.

CdopmynupyiiTe MIPUHITUI SKBUBAICHTHOCTH OECKOHEUHO MAaJIbIX (DYHKITHIA.

© © N o 0 &

Haiite onpeneneHne 6€CKOHEYHO OOIBIION (PYHKIHH.
10. ChopmynupyiiTe OCHOBHBIE CBOMCTBA OECKOHEYHO OONBIINX (PYHKIIUH.

11. B uem 3akitoyaetcst CBsi3b OECKOHEYHO OONBIINX U OECKOHEYHO MabIX (DYHKIUNA?
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Jlekuus Ne 9. HenpepbIBHOCTH ()YHKIIUM U €€ Pa3pbIBbI.

9.1. HenpepbIBHOCTH (DYHKLHU B TOUKE.

Onpenenenune. Oynkius f(X), ompeneneHHas B OKPECTHOCTH HEKOTOPOH TOYKH Xo, Ha3bIBACTCS

HeNnpepbIBHOI B TOYKE X0, €CIIM Npeie] QyHKIUK U €€ 3Ha4YCHUE B 9TOH TOYKE PaBHE, T.€.
im f(x) = f(x,)
X=X,
Tot xe dakT MOkKHO 3anucarh HHave: him f(x) = f(lm x)
X=X, X—>Xg
Omnpenenenne. Eciu dynkmus f(X) onpeneneHa B HeKOTOpOi OKPECTHOCTH TOUYKHU Xo, HO HE SIBIACTCS

HENpPEPHIBHON B CAMOM TOUKE X0, TO OHA Ha3bIBAETCS pa3phIBHOM (YHKIUEH, a TOUKA X0 — TOUKOM pa3phiBa.

[Tpumep HenpepbIBHOMN (PYHKIINH:

f(xo0)+e
f(Xo)
f(xo)-¢ /

0 [xo-A¥ixo+AX

Mpumep paspbiBHON GYHKUMK:

f(xo)+e
f(Xo)
f(Xo)-¢

N

Onpenenenne. @Oynkums f(X) Ha3pBaeTCs HENPEpbIBHOM B TOYKE X0, €CIH JUIA JIFOOOTO
MOJIOKUTENbHOrO yncia €>0 cymectByeT Takoe uuciao A>0, 4to Juisi JIOOBIX X, YAOBIETBOPSIOLINX

YCIIOBHIO

|x—x0|<A
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BEPHO HEPABEHCTBO | JS(x)=f(x, )| <E.

Onpenenenne. Oynkius f(X) Ha3pIBacTCS HENMPEPBIBHOM B TOYKE X = X0, €CIIH MPHPALICHUE QYHKIHH
B TOYKE X0 ABJISAETCS OECKOHEUHO MaJIO BETMUUHOM.
f(x) = f(x0) + a(x)

rae ox) — 6ECKOHEYHO Masias IPU X—>Xo.
9.2. CBoiicTBa HeNPepPbIBHBIX (PyHKIMIA.

1) CymMa, pa3HOCTh M TPOU3BEICHHE HEMPEPHIBHBIX B TOYKE Xo (QYHKIMHA — eCThb (DyHKIMS,
HETIpEephIBHAS B TOUKE XO0.

f(x)

(x)

2) YactHOE ABYX HETPEPHIBHBIX (DYHKIIHNA — €CTb HelpepbIBHAsL (PYHKIHS TIPU YCIOBUH, 4TO J(X)

HE PaBHA HYJIIO B TOUKE Xo.
3) Cynepnosunuma HenpepbIBHbIX GYHKLMIA — eCTb HenpepbIBHas GyHKLMA.
DTO CBOMCTBO MOKET OBITh 3aIMCAHO CJIEIYIONIUM 00pa3oM:
Eciu u = f(X), v = g(X) — HempepbiBHbIE GYHKIMH B TOUKE X = Xo, TO (pyHkius V = g(f(x)) — Toxe
HernpepbiBHast QYHKIIMA B OTOM TOUKE.

CI'IpaBe,CI,}'IMBOCTb npmeeaeHHbIX Bblle CBOMCTB MOXHO Nerko AOKa3aTb, NCMO/ZIb3yA TEOPEMbI O nNpeaenax.

9.3. HenpepbIBHOCTH HEKOTOPBIX JJIEMEHTAPHBIX QyHKIUH.

1) @ynkius f(x) = C, C = const — HenpepbiBHast HYHKIIUS HA BCEH 00IaCTH ONpeIe/ICHHS.

-1
a,x"+ax" +..+a

n

box" +bx"" +..+b,

2) ParmonaneHas QyHKIus f(x) = HEIpEPBIBHA JUUIS BCEX 3HAYEHUN X, KPOME

TeX, IPU KOTOPBIX 3HAMEHATEh 00paIaeTcs B HOJIb. TakuM 00pa3om, GyHKIIMS 3TOTO BUAA HEMPEPhIBHA

Ha Bceil 00J1acT oIpeeeHHusl.

3) TpuroHomerpuieckre GyHKIMN HENPEPHIBHBI Ha CBOEH 00JIaCTH ONpeeIIeHusI.

JlokazkeM cBoiicTBO 3 uisi PyHKIHH Y = SINX.

3anunieM npupaiienne GyHkimu Ay = sin(X + AX) — SinX, win nocje npeodpa3oBaHuUs:

Ay = 2cos[x + gjsm A
2 2

m Ay = 2£m0(cos(x + %) sin gj =0

Ax—0 2
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Ax
JIeliCTBUTEILHO, MMEETCS TMpeaesl MPOM3BEACHUS IBYX (YHKIUH COS x+7 51 sin%. [Ipu sTom

GyHKIMS KOCUHYC — orpaHnyeHHas pyHkuus npu Ax—0 cos[x + %) <l,aTk.

. . Ax o
npezen GYHKIUU CUHYC lim sin — = 0, TO OHa siBisieTcst OeckoHeyHo Maior ipu Ax—0.
Ax—0 2

Takum o00pazoMm, uMeeTCs NPOU3BEIECHUE OrpaHHUUYEHHOW QYHKIHM Ha OECKOHEYHO Malylo,
CJIEZIOBAaTENIbHO 3TO Tpou3BeneHue, T.e. ¢GyHkuus Ay — OeckoHeuHO Manas. B cooTBeTcTBHM C
PAcCCMOTPEHHBIMHU BBIIIE OMpENe/ICHUIMH, QYHKIHMS y = SINX — HempepbiBHas (QYHKIUSA IS JIEOO0To0
3HaYeHUS X = Xo U3 00JacTH OmpeneneHus, T.K. ee MPUpPALICHHE B 3TOH TOUKEe — OECKOHEYHO Masas
BEIUYMHA.

AHANOrMYHO MOXKHO A0Ka3aTb HENpPepbIBHOCTb OCTAa/IbHbIX TOUTOHOMETPUYECKUX (IDYHKLLMVI Ha Bceli obnactn
onpeneneHnA.

Booble cheagyeTt 3amMeTuTb, YTO BCE OCHOBHbIE 3/1IeMeHTapHble GYHKLMWN HeNpepbIiBHbI HA Bcel cBoen obaactu
onpeaeneHus.

9.4. Touku pa3pbiBa U UX KIacCU(pUKAIIHS.

Paccmorpum HekoTopyro ¢yHkiuioo f(X), HempephIBHYIO B OKPECTHOCTH TOYKH X0, 38 HCKIFOUCHHUEM
MOET OBITh caMOil 3Tol ToukHu. M3 onpeaenenust TOUYKU pa3pbiBa QYHKIHUH CIEAYET, YTO X = X SBJISETCA
TOYKOM pa3pbiBa, €M (PYHKIUS HE OMpeiesieHa B TOM TOUYKE, WM HE SBISICTCS B HEH HEMPEPHIBHOM.

CneayeT OTMETUTb TaK¥Ke, YTO HEMpPepbIBHOCTb GYHKLMN MOKET BbiTb 04HOCTOPOHHEN. MoACHUM 3TO
cnegyowmm obpasom.

Ecnu ogHocTopoHHMit ipeaen (cM. Bie) Lm . f(x) = f(x,), To pyHKIUSA HA3bIBAETCS HEMPEPHIBHON
X—>Xx+

crpasa.

185



Ecnu ogrHOCTOpOHHMIA TIpenen (cM. Beime) lim , f(x) = f(x,), T0o pyHKIHUS HA3bIBAECTCS HENPEPHIBHON
xX—>x—

CJICBA.

X0

Onpenenenne. Touka Xo Ha3pIBaeTCS TOUKOM pa3pbiBa Gyukiuu f(X), ecnu f(X) He ompenenena B
TOYKE X0 MJIU HE SBIISECTCSA HENIPEPBIBHOU B 3TOM TOUKE.
Onpenenenne. Touka Xo Ha3bIBaeTCS TOYKOI pa3pbiBa 1- ro poaa, eciu B 3710t Touke QpyHkims F(X)

HMECT KOHCUYHBIC, HO HC PABHLIC APYT APYI'y JIEBBIN U HpaBBIﬁ npeaciibl.
Im f(x)= lm f(x)
x—>xy+0 x—>xy—0

JUjis1 BBITIOJTHEHMSI YCIIOBHIA TOTO OIpenesieHusl He Tpedyercs, uroObl GyHKIMs OblIa onpeaeeHa B
TOYKE X = X0, IOCTATOYHO TOT'O, YTO OHA OTIpEJIeJICHa CJIeBa U CIIpaBa OT Hee.

W3 onpeneneHust MOXHO CAENaTh BBIBOA, YTO B TOUKE pa3pbiBa | — ro poxa QyHKIHS MOXKET UMETh
TOJBKO KOHEUHBIH CKAa4OK. B HEKOTOpBIX YAaCTHBIX CIydasX TOYKY pa3pbiBa | — ro poja eme WHOTAA
Ha3bIBAIOT YCTPAHMMOI TOUKOH pa3pbiBa, HO MOAPOOHEE 00 ITOM ITOTOBOPHM HHUXKE.

Onpenesienne. Toyka Xo Ha3bIBACTCS TOYKOH pa3pbiBa 2 — ro pojaa, eciu B 3Toit Touke ¢pyHkius f(X)
HE UMeEET XOTs Obl OIHOTO U3 OJTHOCTOPOHHUX MPEIENIOB WIM XOTs Obl OIUH U3 HUX OECKOHEYEH.

Ipumep. Oynxuus Hupuxine (Jupuxne Ilerep 'ycraB(1805-1859) — Hemenkuili MaTeMaTuk, 4iieH-
koppecnonieHT [lerepoyprekoit AH 1837r)

X — PAYUOHATbHOE YUCTIO

1,
f(x) =

0, x—uppayuonanvroe yucno

HE SIBJISIETCS HENIPEPHIBHON B JTF000M TOUKE Xo.

Ipumep. Oyukius f(x) = L imeer B Touxe xo0 = 0 Touky paspbiBa 2 — ro poja, T.K.
X

i f(x) =+ lm f(x)=o.

x—>0+0
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“10

sin x

Mpumep.f(x) =

X

@yHKIUA HE onpeiereHa B Touke X = 0, HO uMeeT B Hell KoHeuHbId npeaen m f(x) =1, T.e. B Touke X
x—=0

= 0 ¢yHKUMA WMEeT TOUYKy paspeiBa 1| — ro poma. DTO — yCTpaHMMas TOYKa pa3pbiBa, T.K. €CIU

JOOTIPENICTATh (PYHKIINIO:

sin x
f)y=9 x~’
1, npu x=0

npu x#0

I'paduk sToit pyHkuMU:

~ SN

TN V. ' t vf\vf\w =
-0.2

Ipumep.f(x) = ﬁ:{

-1, npu x<O0
y
14
0 X
-1
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Ora QyHkIusa TaKke obo3HauaeTcs SigN(X) — 3Hak X. B Touke x = 0 ¢yHkuus He onpezencHa. T.k.
JIeBBIA W TIPaBBIN TIpeenbl GYHKIIMU Pa3IUYHbI, TO TOYKa pa3pbiBa — 1 — ro poga. Eciau moonpenenutsb
byuknuio B Touke X = 0, momokuB f(0) = 1, To pyHkums Oymer HenmpepbIBHA CripaBa, eciu moaokuTh f(0)
= -1, T0 ¢yHKIMS OyaeT HENpepbIBHOW CiieBa, eciu MoJoXHuTh f(X) paBHOE Kakomy- JHOO 4YHCIy,
otnuyHOMY OT | mnm —1, To QyHKIUS HE OyJEeT HEeMpephIBHA HU CIIEBa, HU CIPaBa, HO BO BCEX CIydasx
TeM He MeHee OyaeT uMmeTh B Touke X = 0 pa3pbiB | — ro poaa. B aTom nmpumepe Touka paspeiBa 1 — ro
poAa He ABJISIETCS YCTPAaHUMOM.

Takum oOpazom, i TOro, YTOOBI TOUKA pa3pbiBa 1 — ro poaa OblIa yCTpaHUMOM, HEOOXOAUMO, YTOOBI
OJIHOCTOPOHHUE MPEJIEIIbI CTIpaBa U clieBa ObUIM KOHEYHBI U PaBHBI, a (YHKIUSA Obula OBl B 3TON TOUYKE
HE OIpeieTieHa.

9.5. HenpepbIBHOCTH (DYyHKIIMM HA HHTEPBAJIC U HA OTPE3KE.

Onpenesenne. Oynknus f(X) HaspiBacTcs HeNmpepbIBHON HAa WHTepBajie (O0TpPe3Ke), €CiId OHA
HEIpepbIBHA B JII000H TOUKEe MHTEpBaJia (0Tpe3Ka).

[Ipu 5TOM HE TpedyeTcs HenPepPHIBHOCTH (PYHKIIUHM HA KOHIIAX OTPEe3Ka WM HHTEpBaja, HeoOXxoauma
TOJIBKO OJTHOCTOPOHHSSI HEIIPEPBIBHOCTh HAa KOHLIAX OTPE3Ka WM MHTEPBAJIA.

CBoiicTBa (hyHKLMI, HENPEPBHIBHBIX HA OTPE3KE.

CeoiictBo 1: (Ilepsast Teopema Beitepmirpacca (Beiiepuirpacc Kapn (1815-1897)- Hemerkwuii
Marematuk)). OyHKIus, HelpephIBHAs HAa OTPe3Ke, OrpaHUueHa Ha 3TOM OTpe3Ke, T.e. Ha oTpeske [a, D]
BhINOJHSETCS yeinoBue —M<F(X) <M.

Jloka3aTenbCcTBO 3TOrO CBOMCTBA OCHOBAaHO Ha TOM, 4YTO (YHKIMS, HENpephIBHAass B TOYKE Xo,
OrpaHUYCHA B HEKOTOPOI €¢ OKPECTHOCTH, a €ClIU pa3duBath OTpe3oK [a, b] Ha GeckoHevYHOe KOINYECTBO
OTPE3KOB, KOTOPBIE “CTATUBAIOTCS” K TOUKE X0, TO 00pazyeTcss HEKOTOpasi OKPECTHOCTh TOUYKH Xo.

CoiictBo 2: DyHKIUS, HENpEpbIBHAsS Ha OTpe3ke [a, D], mpuHMMaeT Ha HeM HauboJjblee U
HaMMEHBIIIee 3HAYCHUSI.

T.e. cylecTBYIOT Takue 3HaYCHUS X1 U X2, uTo f(X1) = m, f(X2) = M, npuyem

m<f(x) <M

OtmeTuM 3TH HauOOINbIINE M HAMMEHbIINE 3HAYeHUs (YHKIUS MOXKET MPUHUMATh Ha OTPE3Ke U
HecKoJIbKO pa3 (Hampumep — f(X) = sinx).

PazHocTh MeXIy HamOONBIINM W HaWMEHBIINM 3HaueHHEeM (YHKIMH Ha OTpe3Ke Ha3bIBACTCS
KoJe0anneM (QyHKIIMU Ha OTPE3KE.

CsoiictBo 3: (Btopas teopema bombiiano — Komn). ®@yHkius, HemnpepbsiBHas Ha oTpeske [a, b],
IPUHUMAET Ha 3TOM OTPE3KE BCE 3HAUECHUS MEXKAY JABYMsI IPOU3BOJIbHBIMU BEIUYHMHAMU.

CsoiictBo 4: Eciiu pynkimst f(X) HenmpepbIBHA B TOUKE X = X0, TO CYIIECTBYET HEKOTOPAst OKPECTHOCTh

TOUYKH X0, B KOTOPOH (PYHKIIMSI COXpaHSET 3HAK.
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CeoiicTBo 5: (IlepBas Teopema bonbiiano (1781-1848) — Komm). Ecnu ¢pynknus f(X)- HenpepbiBHas
Ha oTpe3ke [a, b] 1 nMeeT Ha KOHIIaX OTpe3Ka 3HAUCHHUS IPOTHBOIOIOKHBIX 3HAKOB, TO CYIIECTBYET TaKast
TOYKa BHYTpPHU 3TOr0 oTpeska, rae f(x) = 0.

T.e. ecam sign(f(a)) = sign(f(b)), Todxo: f(xo) = 0.

Onpenenenne. Oynkuus f(X) Ha3pIBacTCS paBHOMEPHO HeNMpepPbIBHOM Ha oTpeske [a, b], ecnu s
aro6oro £>0 cymectByet A>0 Takoe, 4TO A1 JTI00BIX Touek X1€[a,b] u X2e[a,b] Takux, uro

| x2 —x1] <A

BEPHO HEPABEHCTBO | f(x2) — f(x1) | <e

OTnn4Yme paBHOMEPHOI HENPEPbIBHOCTU OT “06bIYHOM” B TOM, UTO A/1a 110OOro € CYLLEeCTBYET CBOE A, He
3aBucsALLEee OT X, a Npn “0bblyHON” HeNpepbIBHOCTM A 3aBUCUT OT € U X.

CroiictBo 6: Teopema Kanropa (Kantop I'eopr (1845-1918)- nemerkuii matemaTHk). DyHKIHS,
HENPepBIBHAS HA OTPE3Ke, PABHOMEPHO HENPEepPhIBHA HA HEM.

(BTO CBOMCTBO CIIpaBCAJIMBO TOJIBKO JJIA OTPE3KOB, 4 HE JIsI MHTCPBAJIOB U HOJIYI/IHTepBaJ'IOB.)

IIpumep. y = sin 1
X

1 - \
N ~
= \
o.[$| |- —~——
: \\\~
-3 -2 -1 - 1 2 3
_\\\ i A :
\\ 3
~
N

-1

1
@yHKIUsA y =sin = HempepblBHA Ha uHTepBase (0, a), HO He SBJIAETCS HAa HEM DPABHOMEPHO
X

HETIPEPBIBHOM, T.K. CyIIeCTBYeT Takoe 4mcio A>(0 Takoe, YTO CYHIECTBYIOT 3HAYECHUsI X1 M X2 TaKWe,
aro| f(x1) — f(x2) | >¢, € - moGoe umcIo IpH YeI0BHM, YTO X1 U X2 GIM3KH K HYIIIO.

CaoiicTBo 7: Ecnu pynkuus f(X) onpenenena, MOHOTOHHA M HETIPEPHIBHA HA HEKOTOPOM IPOMEXKYTKE,
TO ¥ oOpartHas eit pyHkuus x = g(Yy) Toxe 0OJ/HO3HAYHA, MOHOTOHHA M HETIPEPHIBHA.

Ipumep. VccnenoBars Ha HEMPEPHIBHOCTH (DYHKITMIO W OTPEIETUTh THIT TOYEK Pa3pbiBa, €CIM OHU
€CTb.

x+4, x<-1
f(x)=4x*+2, —1<x<1

2x, x2>1

lim (=3 im /(x)=3
fm f()=3 lim_ f(x)=2
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B TOUKE X = -1 yHKIMSI HEnpepbIBHA

NN

B TOUKe X = | Touka paspsiBa 1 —ro pona

/4"1;1

e B

IIpumep. VccrnenoBare Ha HENPEPHIBHOCTh (DYHKIUIO U ONPEIEIIUTh TUI TOYEK pa3pbiBa, €CIU OHU

CCThb.

I, F00=L fin, 1) =2

Ilmof(x):lxlirﬂof(x)zl

X—0+

B Touke X = 0 (yHKIUS HETpepbIBHA, B TOUKE X = |1 Toyka pa3peiBa 1 —ro poja

COS X,
f(x)=<x*+1, 0<x<l1

N
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N o a A w D Pe

BOITPOCHI JIA CAMOITPOBEPKH

Jaiite onpenenenre HENPEPHIBHOCTH (PYHKIIMU B TOUKE.

[TpuBenute npumepsl GyHKINUNA HENPEPHIBHBIX B TOUKE.

Jaiite onpenenenre HEMPEePHIBHOCTH (PYHKIIMK HA HHTEPBAJIC.

Urto Takoe Touka pa3psiBa? Touku pazpbiBa IEPBOTO U BTOPOIO PoJia.
[IpuBenuTe mpuMeEpPHI TOUEK pa3pbiBa MEPBOTO U BTOPOrO Poja.
ChopmynupyiiTe OCHOBHBIC CBOMCTBA HEMIPEPBHIBHBIX (DYHKIIHIA.

[TpuBenuTe mpuMepsl HEMPEPHIBHOCTHU dJIEMEHTAPHBIX (DYHKIUH.
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IIpakTH4yeckas padora Ne2.

Tema: Onpenenenrie HENMPEPHIBHOCTU (DYHKIIMH, TOUEK pa3pbiBa PYHKIUU.

He.]'lb: Pa3BuBath u COBCPIICHCTBOBATb YMCHHUC OIIPCACIIATH HCIIPCPBIBHOCTD Q)YHKHI/II/I,
HaxXoAWTh TOUYKHU paspbiBa CIJYHKHI/II/I, 3aKPCIIMTh HABBIK BbBIYHUCICHHA IIPCACIIOB C
IIOMOIIBIO (1)OpMy.TI IICPBOI'0 U BTOPOI'0 3aMCYATCIIBHBIX IIPCACIIOB.

Oolecneyenne NpaKTHYECKON padOThI:
TeopeTndeckuii MaTepual METOANYECKON PEKOMEHIAINU K MPAKTUYECKOU padoTe.
VYuebnuk. boromono H.B. «Marematuka». — M.: [Ipoda, 2006.

I/IHI[I/IBHI[yaJ'II)HBIG KapTO4YKH C BAPpHUAHTOM HpaKTH‘IGCKOﬁ pa6OTBI.

Teopernyecknii MaTepuaJl, IPUMeEPbI HA ONPeAe/IeHUE HENIPEPbIBHOCTH (PYHKIUH,

Onpeoenenue nenpepvliéHocmu Yynkuuu
flz) (;)
Omnpenesenne Ilycts QyHKUIHS OIpeIeJICHa HA HEKOTOPOM MHTEPBAJIE ,

Ig flz)

JUIS KOTOPOrO  -- BHYTpPEHHsAS Touka. DyHKIUA HA3BIBACTCS HENPEPbIGHOU 68 MOYKe

Ig f(z) T — Ig flza)
, €CJIN CyHIeCTByeT HpeI[eJI HpI/I Hu 9TOT HpeI[eJI paBeH 3HAYCHULIO , TO

€CTh

lim f(z) = f(zd).

I—T0

f(=) [za;b)
[Tycts yHKIuSA ONpEle/IeHa Ha HEKOTOPOM IIOJyMHTEpBaJe , A

Ig . f {I] .
KOTOpOFO -- JICBbIM KOHCII. CDYHKHI/IH Ha3bIBACTCA Henpepbl@HOM Cnpaea 6

Ig f[I} r —* Iﬂ+
mouyke  , €CIOHM CYIIECTBYET Ipene pu M STOT Ipejel paBeH

f{Iu:'.l

3HAa4YCHHUIO , TO €CTh

im f(z)= f(za).

T—Tn+

f(z) (@ zq]
[TycTh, HaKOHEN, QYHKIUS oIpeziesieHa Ha HEKOTOPOM IOJIyMHTEpBaJe :

Ig . f (I} .
JJIA KOTOpOFO - HpaBHH KOHCII. (DYHKHI/IH Ha3bIBACTCs HenpepvleHoUu cieeda 6
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Ig f{I] Ir —* Ig—
mouke , C€CJIM CyHICCTBYCT IIPCACII Ipu N 3TOT IMPCAC]I pPaBCH

f{Iu}

3HAa4YCHHIO , TO CCTh

im f(z)= f(za).

IT—+T0—

N3 TeopeMbl 0 CBSI3M ABYCTOPOHHETO Mpejena ¢ OJHOCTOPOHHUMU (Teopema 2.1)
cpa3y clle[lyeT, KaK Y»Xe€ OTMEYaJloCh B IJaBe 2, YTO MMEET MECTO Cleayloliee
peaIoKEeHHE.

f (I :J Ig
Ipenno:xenne : DPyuxyus mo2oa u moibko mo20a HenpepovleHa 8 mouke

Iy
KOZ@CZ OHA HENpEPvIBHA 6 MOYKe cnpaea u cnesa, mo ecniob KOZ()(I 6blNOJIHEHbI

cedyrwue yCciosus:

f (I ] Ig
]) QbyHKZ/ﬂ/lﬂ OnpedeﬂeHa 6 mouke U 68 HeKkomopou OKpecmHocmu 3nou
mouKu,

Im f(z)= f(ze—)

2) cywecmsyem npeoes 3HaveHul Yyukyuu ciega: =0 ;

Im f(z)= f(za+)

3) cywecmgyem npeoen 3HaveHull (yrKyuu cnpaga: =0 :

4) amu 06a npedena cosnadarom mexcoy codool u co 3HaveHuem QyHKYuu ¢ mouxe

Zo, f(zo=) = flaot) = f(za)

f(Iu:J

Puc.®yHK1us HenpepbIBHA: IIPEEIIb CIEBA U CIIpaBa COBIIAAAIOT C

193



Ig o o
Touka , B KOTOpOH (PyHKIIMSI HETIPEPHIBHA, HA3bIBACTCS TOUKOI HENMPEPHIBHOCTH

f(z)
byHKIAH ; TaK 7K€ ONPENEISIOTCS TOUYKHA HEMTPEPBIBHOCTH CJIEBA U CIPaBa.
j((I}: |I| IEI:D Ej{lﬂf{:}:ﬂ,,dﬂ:ﬂ
Hpumep 1 Ilycts 51 . Torma 17}
£(0)=va=0 7
. OTH 3HAYEHUS COBMAIAIOT, 3HAYUT, PYHKIUSI =~ HEMpPEephIBHA B TOUKE
Iu == D’
- — {2yt
F(&) = /T = ()} =0 )
(Oynkms -- JJIeMEHTapHas (PyHKIHS; -- Touka eé
D(f)=R
00J1acTH onpeneneHus . Bce aneMeHTapHbie ()yHKIIMH HEMPEPBIBHBI BO BCEX
BHYTPEHHHUX TOYKaX CBOMX 00JIacTel ONpeie]ICHus, B TOM YKCIie U 9Ta. Tak 4To B 3TOM
f(z) y y y
MpuMepe MOXKHO ObLIO OBl 3aMEHUTH T000M BreMeHTapHOM (yHKUueH, a
1g =10 o o . ’D(f }
-- 000 BHYTpEHHEH TOUYKOH 00JacTH , ¥ BBIBOJI OCTajcsi Obl TeM
xe.)
sin
mpu r # 0
f(z) = —— TPz #D;
1, mpu z =0 Tg =0
IIpumep 2 PaccmoTpum QyHKIHIO U TOUKY
sinz
X =
r#0 . . f(z) T
[Ipu byHkus 3agaéTcst popMyon , IPU 3TOM HUMEEM
sinz
lim f(z) = lim =1
z—] r—0 I . o
(mepBbIi 3aMedaTeNbHbIN Npeen). DTO 3HaUeHHUE COBIAIACT C
FlOy=1 lim f(z) = F(0) =1
TE€M, KOTOPOE 33aJ1aHO IIpU z = 0! . Urak, =9 , 4TO O3HAYaAEeT
Ig — D’

HEIMPEPBBIHOCTh QYHKUUUA ~ TPH

TeMm, KTO BHUMATEIbHO U3YYMJI JAaHHOE B riaBe 2 oluiee nmoHATHe 0asbl Mpenena,
MO>KHO MPEJIOKUTh MTPOAYMAaTh U 1I0Ka3aTh CIENYIOIIEe YTBEPKICHHE:

Onpeodenenue mouex paspuvlea

Jaaum Tenepb onpeneaeHrue ToUueK pa3pbiBa (QyHKIIMH.

T flz)

a ~
Omnpenesienne Touka — Ha3bIBaeTCS MOYKOU paspviéa GyHKUUU , €CJIM OHa

Ig
omrpcaciicHa B HCKOTOPOU ITPOKOJIOTON OKPECTHOCTHU TOYKH (TO CCTb OIIPECACIICHA Ha
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Ig o o o
HeKOTOpOM I/IHTCpBaJ'Ie, JJIA KOTOpOI‘O CJ'IY)KI/IT BHYTpeHHeI/I TOYKOH, HO B CaAMOH TOYKEC
Ig o
, BOBMO>XHO, HC onpeﬂeneHa) M BBIITIOJIHACTCSA XOTs 6BI OJIHO U3 CJ'ICI[yIOIHI/IX YCJ'IOBI/II/II

Im f(z)
1) He cymiecTByeT npejena ciaea * 0~ ;
Im f(z)
2) He CyIIeCTBYET Mpejelia cupapa *— =0+ ,
f(zo—) = lLm f(z) flzot) = lm f(z)
3) mpexaensl cieBa T U CIIpaBa TTo+ CYILIECTBYIOT,
f[Iu—] # f{Iu-l-]_
HO HE paBHBbI APYT APYIY: ;
f(zo—) = lLm f(z) flzot) = lm f(z)
4) mpenensl clieBa R U cIIpaBa Tzot CYILIECTBYIOT
flzo—) = flzat)
Y paBHBI APYT OPYry: , HO HE COBMAJAIOT CO 3HAUCHUEM (DYHKIIMH B
2 f(za) # f(z0—) = f(zat) f(z) Ta
TOYKE , AU QYHKIIMS HE ONpEAEICHa B TOUKE
I
Ecnu umeer mecto nmubo citydaii 3, mubo cirydaii 4, To TOUKa pa3pbiBa ® HasbIBaeTCA

o Ig
MOYKOU paspsléa nepeoco poda, a nopeacHUuE (QYHKIMU B OKPECTHOCTH TOYKH

Ig
Ha3bIBACTCS pA3PbI6OM NEPB020 pooa B TOUKE  ; B cllydae 4 TOUKa pa3phiBa MEPBOTO
POJ1a Ha3BIBACTCS YCMPAHUMOU MOYKOU pa3psiéad, a pa3pbiB PYHKITUU B ATOU TOUKE --
VYCMPAHUMBIM PA3PbIBOM.

Ecnu sxe umeet mecto nbo ciaydaid 1, 1o ciyyait 2 (1100 U TOT U APYToOi cpazy),
Ig o
TO TOYKA pa3phlBa  HA3BIBACTCS MOYKOU paA3pvbléd 6MOpo20 pood, a TIOBEACHUE
o Ig
(YHKIMH B OKPECTHOCTH ITOU TOUKH -- pa3puléoM 8mMopo20 pood B TOUKE

f (I :J Ig
Utak, eciiu pyHKIIHSA MMEET pa3phIB IEPBOTO POJIa B TOYKE  , TO CYHIECTBYIOT,

f[Iu—] f[Iu-l-]

KaK 4acTO TOBOPSAT, 3HaUeHUs PyHKIMM "Ha Oeperax paspbiBa': 51 , HO
Ig o
TOYKAa  HE SBJISIETCS TOUYKON HEMPEPBIBHOCTH.

¥k

Sixgth --------- ﬂ)
Fx) \“

0 X x
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Iy
-- TOUKa pEBpBIBa HepBOFO poz[a

Ig
Ecnu 3HaueHus Ha Oeperax paspbiBa pasHble, TO 3HAUCHHE (PYHKIIMH B TOUKE
. Ig
MOET OBbITh JIOOBIM (WJIM BOOOIIE OTCYTCTBOBaTh), BCE paBHO  OyJeT aBaTh
pa3pbIB mepBoro pona. Ecnu ske 3HaueHus: Ha Oeperax paspbiBa COBIAIAIOT, TO JAJIS
HaJINYMS pa3pblBa HYKHO, YTOOBI JINOO 3THU COBNAJAIOLINE 3HAYEHUS OBLIM OTINYHBI
Ig o
OT 3HaYeHUs] (QPYHKIHUM B TOUKE , JIMOO (PyHKUHMSA B ITOW TOUKE ObliIa BOBCE HE
omnpeneneHa. Eciu B 3TOM cilydae nepeonpeneianTb (Uiu JA00NpeAeaInTh) GyHKIUIO
f(z) zq flzo) = f(zo—) = f(zat) 3
B TOYKE , TOJIOXKUB , TO TIOJTy4YeHHass U3MEHEHHAS
Ig Ig
¢GyHKIUs OyAET y)Ke HEelpepbIBHA B TOUKE U Pa3pbIB B TOUKE  HCYE3HET; OTCIOJA
Y Ha3BaHUE TaKOr'O pa3phiBa -- YCTPAHUMBIH.

y A
e P
0 xp ;

Ig
-- TOYKa YCTPAHUMOI'O pa3pbiBa

Hakonen, k pa3pbiBaM BTOPOr0O pojia, Kak BUAHO U3 OMPEAEICHUSI, OTHOCSITCS BCE

pa3peIBbl, KOTOPBIE HE IPUHAMLICKAT K pa3pblBaM IEPBOTO pOJAa; HEKOTOpHIE W3
Iy
BO3MOXXHBIX CHOCO6OB IMOBCIACHU S (I)YHKI_II/II/I B OerCTHOCTI/I TOYKU , IOC

MIPOMCXOAUT Pa3pbiB BTOPOIO pOJa, MPEICTABICHBI HA CIEAYIOIIEM PUCYHKE.

y & y y &

¥=fix)

\

=
=
=
e
=
v
=]
[ad
=
e

Ig
-- TOYKa pa3pbiBa BTOPOro pojaa. Hekotopsie BO3MOKHbIE BApPHUAHTHI
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I it

‘f(I} 2 —x

Ipumep 3 Paccmotpum QyHKIIHIO , IS KOTOPOM

D(fy={reR:z*—z#0}=(—00:0)U (0:1) U (1: +00).

@yHKIMSA UMEET pas3pbIBbI IIpU z = 00U nipu = = 1. HerpyaHo Buaers, yto npu

] 1 el r < Duruwz > 1
— 2 _ 1y — ) ;
st 2y ) =S ) {_1: ceut z < 0
BrToukax z=0u z=1

GyHKIHS UMEET HeYCTPaHUMbIE Pa3phIBbI IEPBOTO pojia. B Touke z = 0umeeM:

Im f(z)= lim 1=1; lim f(z)= lim (-1)=-1

T—0— T—— " oz—04 T—04

(3HayeHus Ha Kpasix pa3biBa CYyILIECTBYIOT, HO HE COBIAJAIOT); B TOUKE z = 1 --

Im f(z)= lim (-1)=—-1; lim f(z)= lIm 1=1

T—1— T—1— L ox—14 z—14+

(CHOBa IIpCacibl CJICBA U CIIpaBa CYIICCTBYIOT, HO HC COBHaI[aIOT).

y A
: B |J:’:E - J:'|
1 =
— Lg———
| >
1 l—!
TE—T
y= Té—7
I'paduk pyHKIMH
1
flz) = -
Ipumep 4 DyHkums MMeeT Npu z = 0pa3pbiB BTOPOro poja, TaK Kak
f(z) — +oo r— 0+ flz)— —o0 z — 0—
npu u npu
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flz) =

Puc.3.6.I'padux GpyHkimm

Ipumep 5 Dynkius

f(z) = +oo r— 0+ z — 0—
pu v 1IpH

Ilepeviii 3ameyamenvubli npeden pagex 1 :

sinz
lim

x— i I

=1.

BI’)’ZOpbl]l/l 3amedameilbHbIM npedeﬂom Ha3bIBACTCA IIPCACI

1
T

UMECT IpU = = 0pa3pbiB BTOPOIo poaa, TakK Kak
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e = lim (l-l—l) }
n—oo T2

Yucino e, 3aJaHHOE 3TUM MPEAEIOM, UTPAET OUYEHb OOJIBIIYIO POJIb KaK B
MaTEMaTUYECKOM aHalIu3e, TaK U B JPYrUX pazjenax MareMaTuku. Yucino edacto

Ha3bIBAKOT OCHOBAHUEM HAMYPAlIbHbLX JZOZCZpMd)MOG.

Bmopoii 3ameuamenvusiii npeden cyujecmeyem. Eeo 3nauenue e -- 4ucio, rexcaujee

mexncoy 2 u 3.

bonee HOI[pO6HOC HN3YUYCHHC YHUCJIa eIIOKA3bIBACT, YTO & -- HPPAIUOHAIBHOC YHCJIO,

HCCKOJIBKO IICPBBIX ACCATHYHBIX 3HAKOB KOTOPOI'O TaKOBLI:

e = 2,7182818285...
2z41
im (I t 1)
z—oo |\ T+ 3

3IICCI> OCHOBAHHUC CTCIICHHU UMCCT IIPCACII

IIpumep 6. Haiiném npenen

im

271+ 1 = 00

a ITOKa3aTciib CTCIICHU

CBEJICHUS KO BTOPOMY 3aMeuaTeIbHOMY IpeAeIly, 4TO B mpeabayuiemM npumepe. s
Hayaja HalJIEéM, 4TO CIEAYET B3ATh 32 OECKOHEUHO MaJIylo BEIUUYMHY . [Tockombky

r+1 o 14+3% 140
= lim z — =1
:'—m-a.r-l—g I—rm1+% 1+D

14+ o
OCHOBAaHUE CTENEHHU CTPEMUTCS K 1, TO OHO paBHO ,Te a — 0(cMm. Teopemy 2.4).
3HaAUUT,
r+1 r+1—x—23 —2
0 = — 1 = = .
r+3 r+3 r+3

. [IoaTOMYy MOKHO IPUMEHSATH TOT KE MPUEM

Teneps mpeodpazyem (QyHKIHIO, CTOAIIYIO MO]T 3HAKOM Ipeena:

2241 _ =2
im (I—I_l) = lim (1-|— 2)
z—oo \ x4+ 3 F - r+3

=2 .
=43

(2241)
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http://elib.ispu.ru/library/math/sem1/kiselev1/node16.html#lim_inf

(1-|— r:z]%

Bripakenue, crosiee B KBaIpaTHBIX CKOOKaxX, UMEET BUJT

naopm o — 0

CTPEMUTCS K YUCITy e(ITO BTOPOM 3aMedaTelIbHbIN IIPpesen), a Mpeell MoKa3aTels

CTeNeHU MbI HAaiJIEM OTIEJILHO:

— 744
]ij=—2]jm T

T—o0 r+3 :‘—ml—l—%

[TosToMy

fim (1+ O =[] ]3130[[1+x}%]3 = ¢

fim (1+i]§ =[1*|=tim
¥ x

1 —
]im{?x—ﬂﬁ:[1""]=]jm{1+2x—4}m'ﬁz]jmg =1,

=1 ¥

r=1 4{x+3)

]im(x_i_BJHE=[“’]=]J'm(x_1+4}x+3=]jm[1+iJ4 -

=l o —1 ¥ r—1 ¥ r—1

240
2Ry
1+0
4
4x+12
=lme ™! =g*
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Meroanueckne peKOMEHIalUK K MpakTHieckoit padore Nel

«Bpruncnenue npenenoB GyHKIHUM
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[IpaxTuueckas padora Ne 1.

Tema: Beraucnenue npenenoB GyHKITHI.

Lenb: [IpoBepka ycBOeHUS 3HAHUHN O BBIYMCICHUIO MTPEAEIIOB (PYHKINI ¢ TOMOIIBIO PACKPBITHS
HeonpeaenéHHocTel. IIoBTOpUTh 1 cuCTEeMaTU3UpOBaTh 3HAHUS 110 JAHHOHU TEME.

ObecneueHne MPaKTHYECKONW PaOOTHI:

Teopernueckuii Marepuan METOJUUECKON PEKOMEHIALMH K TPaKTUUECKON paboTe.

VYueonuk. boromosnos H.B. «Maremaruka». — M.: JIpoda, 2006.

WuauBuayanbHbIe KAPTOUKH ¢ BAPUAHTOM MPAKTHUECKOH pabOTHI.

Teopetnuecknii MaTepua, IPUMEPHI BBIYMCIECHUS IPEIENIOB.

Omnpenenenne npenena.Yucno b — npenen Gyukimu f(X) mpu X ctpemsimemMces K @, ecliu JUIst KakI0ro
IIOJIO’KUTEIBHOIO YKcia [ [IMOKHO yKa3aTh TaKO€ IOJOKUTENBHON YACIIO [, 4TO Ui BCEX X, OTIIMYHBIX
OT @ ¥ yJIOBJIETBOPSIOIIUX HEPABEHCTBY |X-a|<[], nmeeT MecTo HepaBeHCTBO [f(X)-b|<[1[]

O6o3nauenue npenena. Eciu b ects npenen dynknuu f(X) mpu X ctpemsiiemcs K a, TO 3alHChIBAIOT
3TO TaK:

lim f(x)=#.

T—a

Omnpenenenue HenpepbiBHOM GyHkunu. Oynkius f(X) HenpepbiBHA B TOUKE @, €CIH
lim f(x)= fia).

r—

Brraucnenue npenenoB GyHKINH OCHOBaHO HA IPUMEHEHUH CIIEIYIOIIUX OCHOBHBIX TEOPEM:

TEOPEMA 1.Ilpeaen cymMbl ABYX (PYHKIIHI MPHU X CTPEMSIILIEMCS K 8 paBEH CyMMe IPeJIeIOB ITHUX
(GyHKIM, TO ecTh

lim (f(x)+ g(x))= lim f(x)+ lim g(x).
X—ua X—a r—a
TEOPEMA 2.Ilpeaen npousBeneHus AByX (GYHKIIMI MPU X CTpEMSIIEMCS K 8 pPaBEeH MPOU3BEACHUIO
MPEIEIOB ATUX (DYHKIUH, TO €CTh

lim{ f(x)g(x))= lim f(x)- lim g(x).
I = i—=a
TEOPEMA 3.1Ipenen yactHOTo ABYX (DYHKIMI IpH X CTpeMsIIeMCsl K & paBEeH YaCTHOMY NpEIEToB,
€CJIM IIpeies 3HaMEHATENs OTIMYEH OT HYJIA, TO €CTh

s W

lim = — , ecmd limg(x)=0
x—a g(x) limgix) x—>a
X
U paBeH TUTIOC (MUHYC) OECKOHEYHOCTH, €CTU TIpeies 3HaMeHartens 0, a mpeesn YuCaIuTeNsl KOHEYEeH U
OTJIMYEH OT HYJIS.

BbIUNCJIEHME HECJIOXHBIX I[TPEJIEJIOB

[Ipumep 1.
lim(x +3)= lim x + lim 3=7+3=10.
x—7 =7 =7
Kommenmapuii. 3necw O6bl1a ucmonb3oBaHa TEOPEMA O MPEAEITIE CYMMBL.
[Tpumep 2.
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lim(3x + 2) 11H1(3.X)+ lim2 lim3-limx+2

lim 3x+2 _ x—1 x—1 _x=1l  a—l _
—12x—7  lim(2x - ?) llm(2x)+ llm( 7y lim2-limx—7
x—>1 x—>1 x—>1 x—>1 r—>1
32 s s,
2.1-7

Kommenmapuii. Ha mepBoM 1mare Obuia mpuMeHeHa TEOPEMA O TPEJACTIEC YaCTHOI'O, TaK KaK
npejies 3HaMeHaTelsl He paBeH Hyro. Ha BTopoM 1miare ucmosbs3oBajiack TEOPEMA O IIPEJIETIE CYMMBI

JUTSL YUCITUTENS M 3HaMeHarens apoou. [loce Opi1a mpumeHena TEOpPEMaA O MPEIAECIIC NPOU3BEACHUS.

[Ipumep 3. Haiitu npenen

xl-4
llm
=7 X — 2
3HaMCHaTCJ'Ib U YUCIIUTCIIb I[pO6I/I HpI/I X CTpeMHH_IeMCH K 2 CTpeMHTCH K Hy.]'IIO, HOBTOMy TGO[zeMa (0]

npcaciic 4aCTHOI'O 31eCh HEIPUMEHHUMA. B takux CJIydadX HYXHO IIOIIBITATHCA YIIPOCTUTH I[p06b.

Hmeem
2
—4_G-2)E+2) L,
x-2 x-2

D10 peoOpa3oBaHUE CIIPABEUIMBO MPU BCEX 3HAUCHUSX X, OTIIMYHBIX OT 2, TO3TOMY B COOTBETCTBUH
C OIIPEACIICHUEM TIpeJIeIa MOKEM HAIUCATh

>

. x°—4 x—2ix+2
lim ——= ( X )— lim(x +2)= lim x+ lim 2=
=2 X—=2 x—}z x—2 =2 =2 Py
=2+2=4

BBIUMCJIEHUE [PEJIEJIOB C [TOMOILBIO TEOPEMBI O IIEPBOM 3AMEYATEJIbHOM
[IPEJIEJIE
[Tpumep 1.

. te(x . [ sin(x 1 . sin(x 1
llmg():hm ()- = lim ()1 — =
=0 X =00 X cos(x)) =0 X x—=0c08(X)

1 1
=1.—=1.-=1.
lim cos(x) 1
x—=0
i , eciu k=m
0
. B(n)
= 0, eciru k<m
hmaq o N
o0 - SgN b—° eciu k>m
0

IIpumep.. Haiitn npenemnsl:

Sn+n*—-3n’+2 . n-5n°+4

a) lim ., 6) lIm

n—o 47’13 +n+5 n—»o nS +3
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n*+n+1

B) Inlm n>-2n*+5
Pemenmue.

. Sn+nt=3m+2 . =3n’ 3
a)lnl_)IoIol 4n’ +n+5 :1,11_%1 4n’ :_Z’
olim = = jm =2 o,

oo N°+3 noee N

. n*+n+l . n’

W M e g5 = im Ty ==

CrnenyeT oTMeTHTBh, uyTO (hopmybl (1.5) u (1.6) cipaBeyIUBBI HE TOJIBKO JUISI MHOTOWICHOB IIETI0M

o . 1
CTEINEHH, HO U JII1 MHOTOWICHOB JPOOHOM CTETIEHH, TaK KaK lim— =0 as nroboro a>0.

n—o N

Ilpumep . Haiitn npenenst.

. A1en® +1-Y8n* +5+n+4
Q) lIim—— =

e Un® +2 250 +7

) n++n®+1
o lm s
5.3n—1_7_5n+l

D Img sz a7

Pemenue:

a) B uucnurene Tpu ciaraeMbIX COOTBETCTBEHHO CTEIIEHU:

Nl

3
2

wlnN

1
u > CnenoBarennsHO,

1 3
3 i 16n°)% =2n?. A
CTCIICHb {HCIHTE PABHA — , A IIIABHBII WICH B HHCIHTENE paBen (16n°) N?. AHaJorny4Ho,

1 3
IIaBHbII WieH B 3Hamenarene — (25n°)2 = —5n2. Vimeem o dpopmymam (1.5) u (1.6):
3
2 lim 416n° +1-38n% +5+/n+4 lim 2n2 2
e An® 242503 47 e g
3
n+yn’+1 . n4 .

6) li - nt
Him s =~lim

3 n-1
5" (j -7.5
. 5.3 _7.5m S 35
B) [im = =

sl 8.5" +3.4" _IH'ED ") 8
5" 8+3-42-[5j

n—1 n
. (3 . (4
vk lim(5) =0 » lim|3) =0

3IleCL TaKXe MOKHO OBLIO HUCITOJIb30BaTh nacro, 4ToO IJIaBHBIN YJIeH 3TO CTapIJ_II/Iﬁ yneH. Umeem:
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I- 5_3n—1_7.5n+l_|- _7_5n+1__§
IM g5 342 ~ M~ g

Ipumep 1.4. (HeompeaeneHHOCTH oo — oo )

2) im®n* +7* +1-¥n’ =n* +1), 6) [imn(n® +1+n)

n—>0 n—>—00

Pemrenue. [11st 130aBIEHHUS OT HEOMIPEICIIEHHOCTH oo — oo 3JIECH CIIEIYET H30aBUTHCS OT
UPPAIMOHATBLHOCTH B YHCIUTEIIC, YMHOKUB M Pa3/ICINB JaHHOE BHIPAKCHHUE HA COOTBETCTBYIOIIEE
COIPSDKEHHOE BBIPAYKCHHE.

a) Ucnonb3yem hopmyy

n n n-1 n-2 n-372 n-2 n—-1
a'-b"=(a-b)(a" +a""b+a""b +.4ab" " +b")

s nanHOTO NMpUMeEpa

515 _ 4, 3 272 3, g4
a-b=@@-b(a" +ab+ab +ab” +b")
Nwmeem:

a) [im &n® +n*+1-¥n°—n* +1) =

n—o0

. @t - ot )Rt D) Y0P 0t 1P (-0t +1) +
N Ir!m E{/(n5 +n* +1)* +§/(n5 +n* +1)°%(n°—n*+1) +5\/(n5 +n* +)*(n° —n* +1)% +
+8/(°+n* +1)2(n° —n* +1)% +3/("° +n* +1)(n° —n* +1)* +3/(n° —n* +1)*)
+8/(° +n* +1)(n° —n* +1)° +§/(n° —n* +1)* B
o nP4nt+1-n°+nt-1
IR
0) Hamomunaem, uto Jn? = In| 1 mpi N—>—0n| = —n.

Nmeewm:

2 2
lim n(\/n2+1+n):|im—n(n +1-n ):"m—n ==
n——oo n——oo \/n2+l—n n——w0 1
In,/1+—= —n
n
n n 1

lim 1 =]lim 1 =-7.
! -n 1+72—l’l ! —n( 1+2+1j
I \"
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[Tpaktrueckas pabora Ne 8.

Tema: BoluncneHnue HeonpeeNEHHBIX NHTErPAIIOB METOJIOM BBEJECHUS HOBOU
IIEPEMEHHOM.

Llenn: ITpoBepuTh Ha IPAKTUKE 3HAHUE TOHATHS HEOMPEIEIEHHOTO UHTErpana,
YMEHUE BBIYHUCIIATH TAOMYHBIE HHTETPAJIbl, YMEHHE BBIUYUCIISATH HEOTIPEICIEHHBIN
MHTETPAJI METOJOM BBEJECHHS HOBOW MEPEMEHHOM.

ObecneyeHne MPakTUUECKOM pabOTHhI:

Teopernueckuii MaTepual METOJUYECKON peKOMEHIAIMH K PAKTUUYECKOM padoTe.

VYuebnuk. boromonoB H.B. «Maremartukay. — M.: [Ipoda, 2006.

WuauBryanbHble KAPTOUKHU C BAPUAHTOM ITPAKTUYECKON paOOTHI.

TeopeTnuecknit MaTepual U MPUMEPHI BEIYMCIICHUS] HEOPEACIEHHOIO UHTErpaja
METOJIOM BBEAECHHUSI HOBOW MEPEMEHHOM.

Heonpenen€uupiii HHTETpas U TaOJIMITA HEOTIPEACIEHHBIX HHTETPATIOB
flz)
Omnpenenenue Ilycthb -- (pyHKIIMS, 3a7]aHHAs HA OOBEMHEHUU UHTEPBAJIOB
flz)
BellecTBeHHOM ocu. Habop Bcex mepBooOpa3HbIX JIst HAa3bIBAETCS HEONPeOeIeHHbIM
f(=) J f(z)dz
uHmezpaiom ot 1 0003HAYaeTCs . Onteparust HaXOXKICHUS
flz)

HeonpeeIEHHOTO HHTETpasla 1Mo 3aJJaHHON QYHKIIUN HA3BIBACTCS UHMESPUPOBAHUEM
ATOM (PYHKITMH; HAUTH HEONPECIEHHBIA HHTErPal O3HAYAET NPOUHMESPUPOBAMb TAHHYIO
flz)
bynkuuro. OyHkims , 3aITMCaHHas MOCJIe 3HaKa MHTEerpasia (Miv, Kak 4acTo TOBOPSIT,
100 3HaKOM MHTETpaJia), Ha3bIBACTCS NOObIHMESPAIbHOU (YYHKYUE.
CornacHo 0Ka3aHHBIM BBIIIIE TEOPEMaM O BUJIE IEPBOOOPA3HBIX, HEOTPEIEIEHHBIN
f(z) y F(z)+C  Flz)
WHTETPaj OT QYHKINH COCTOUT U3 (PyHKITHI BUIA , THe -- Kakas-muoo
f(z)

(dbuKcUpoBaHHAs IEpPBOOOpaA3HAs IS ,a C -- BEJINUMHA, TOCTOSIHHAS HA KAXKJIOM U3
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f(z)
HETMEePECEKAIINXCS MHTEPBAJIOB, HA KOTOPHIX 3a7aHa (QyHKIIHS . [ToaTOMY MOXXHO
HaIMCcaTh Takyo Gopmyiy:

fﬂﬂa:p@ﬁx:
J flz)dz = {F(z) + C}

(Tounee ObLTO OBI , HO (purypHbie CKOOKH, 0003HAYAIOIITHE
y F(z)+C y
MHOKECTBO BceX (DYHKITHI BUAA , INCATh B JAHHOM CUTYaIllUH HE TIPUHSTO. )
[ fl(z)dz = F(z) +C
Wtak, nyist TOoro 4ToOBI T0Ka3aTh PABEHCTBO , IOCTaTOYHO
F(z) f(z) F(z) = f(z)
IPOBEPUTH, YTO -- IepBOOOpasHas 1Jis , TO €CTh 4TO :
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] _[D'::ﬁ:=C. 1 _[n::hxafr=shx+€l

1

: [rdc=x+C 21 Ish2x=_cmx+c

E Ixm"fx:f:Jrc(a#ﬂ). 31 Ic:;x_ﬂiﬁc

B e A P il i L SR

E erde=re s | Il

Ie"dx:=ex+c_

€ [sinxdc=-cosx+C 1 [ _msm5+c__mm£+c
6 \{7 a

i Joosxdx=sinx+C 1 e + %2+ + C

7 fﬁ

¢ | & =-cigx +C 1 I x2+c:edx:=£xl'x2+a +Eh‘1‘x+w’x2+ﬂ .
sin % x i 8 2 2
C dx 1 z
[—— =tgx+C 9 I a® —xlde =2 Ja? -x? + & aresin T
cos x . 2 2 L
] _[shxdx=chx+C_ 2 Ia&: =]ntg£+C'
0 0 sin x 2
J- dx _ ’tgx+?rf2‘+c
COSX 2

3aMeHa nepeMeHHOI B HeonpeaeJI6HHOM HHTerpaJe
(MHTErpMpoOBaHME NMOACTAHOBKOI).

ITycth [ £(x)de = Flx)+C Torna [ £ =)t (x)de = F(2(x)) + C 3mech t(X) -

muddepenunpyemas MOHOTOHHAs byHKUHS.
[Ipu pemiennn 3agay 3aMEHy NEPEMEHHOM MOXKHO BBIIIOJIHUTH JBYMS
CIIOCOOAMHU.
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1. Ecniu B moabiHTErpaibHON (yHKIHMU yaaércs cpasy 3aMeTHTh 00a
comuoxurens, u f(t(x)), u **) | 10 3aMeHa NepeMEHHON OCYIIECTBISETCS

noJBeNeHHEM MHOKATENs £ ) 1oy 3HaK nuddepenmana: * (x)de =dt ;i 3anaua
CBOJIUTCS K BBIYHCIICHHUIO UHTEerpaia [ £t : Hampuwmep,
st x - sih xdfx dicosx) ot
flo e = [ - [N AEED) =
COSX COS X COS X (3ajadya cBeJeHAa K BBIUYHUCICHUIO ~ £ |
rme t = cos x) - mleesx[+C (Guanormuno maxommres wmHTerpam or CEX )

it x _ r.fhx 7 . — ¢ ;
[ " cosxdx = [e"Vd s X = (3971500 cBesena k Bbramcnenmio J€ % | rpe t = sin X)
= Lfnx C

e . B OGomee cnoxHbBIX 3amavax omepanusd MOABENACHHS IOJ 3HAK

mxub@epeﬂunaﬂa MOJKCT BBIITOJIHATBCA HCCKOJIBKO pas:

dx =

1+ x* (camoe HenmpusSTHOE B MOJBIHTErpajibHOM (PyHKLIHU -
nsATasg CTENEHb apKKOTAaHI'€HCA MOJ] 3HAKOM 3KCIIOHEHTBI; €CIIU Jlajblle He HAaWaETCs
muddepennnan 3Toil PyHKIUU, TO HHTETPaJl, BO3MOXKHO, B35ITh BOOOIIIE HE YACTCS; B
TO K€ BpeMs CJIEMYIONHMi MHOKUTEND (arcctg?x?) - mpomsBoaHas (¢ TOYHOCTBIO JI0
MOCTOSIHHOTO MHOKHUTENIS1) CTENEHHOW (PYHKUMHU; 3aTE€M CIEAYIOT IPOU3BOIHbBIE
(OIATH ¢ TOYHOCTBIO 10 MOCTOSHHBIX MHOKHTENEH) QyHKIMIA arcctg X2 1 X2 10 CBOMM
aprymMeHTam)

Jeﬂl’ccth x? arcctg4 xi

2

5 1 1 5.2
=l_[em':tg * arn::n::1:g4:vn2 (2xd:c]=—_[em':tg * arn::n::1:g4:v¢2 dx’ =

2 1+x* 2 1+ x4

5.2 S W 1 2

=—lIeMCCtg * E1:r|::|::1:g'}'1:1r:2 — =——I€MCCthx art:t:tg'ﬂ:chlﬂ.'fart:t:tg.:vr:2 =

2 1+x4 2

5.2 1 5.2 1 5.2
=_%I€arcctg " (Sarcetg xldarcetg x2) =—ﬁ_[em':tg *“(darcetg” x2) =—ﬁem“tg R

2. 3aMeHy MepeMEHHONW MOYKHO OCYIIECTBISATh (DOPMaTbHBIM CBEICHUEM

sit1 x
MO/IBIHTErPATLHOTO BHIPAKEHHA K HOBOH repemennoil. Tak, B [€ %% pyeer embicn

NepelTH K IepeMEHHOH (CeNaTh MoACTaHOBKY) t = Sin X. BeipaskaeM Bce MHOXKHUTEITH
IIOABIHTETPAIIBHOTO BBIPAKEHHUS Yepe3 NEPEMEHHYIO

x=arcsmr;dr=L2;cosx=~fl—sm2x =w'r1—£2

sifl X =

1-1 . B pesynbrate J¢  cosxdx =

= _[et\u'l—rz L =_[etd.r =l +C =
1_ IE o o - gitL X + C
(BO3BpalllaemMcsi K HICXOJJHOM IEPEMEHHON) ~ € :
[pyrue npumepsl:
I dx
_ 3.
Vx=5(1+3x - 5) [ToxpiHTerpanbHas GyHKIUS COMEPIKUT JIBA MHOXKHUTEISI, HU OJWH U3

KOTOPBIX HC ABJIACTCA HpOHBBOI[HOﬁ Apyroro, mooToMy 1noJABOANUTL UX I1O/ 3HAK

nuddepennpana 6ecrione3Ho. [lonbITaeMcsi BBECTH HOBYIO TIEPEMEHHYIO, TaKyl0, UTOOBI
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x - 5—: =4

x =i +5-,.:£x=5z5d: _

x- o

dx
I;‘x 5(1+3fx - 5)

KOPHH H3BJICKIIUCH:
68 di
£il+ehy

‘5[Ifﬁ I3

£ +1-Ddt _
_I; I(g)

+1 =+

]= 6t —arcig£)+ C = 6/ =5 - arcig§fx =5 )+ C

£+ PaccMoTpuM

- x’dx (uaTerpan Nel9 u3 Tadu.). 3nech noAbIHTErpalibHAs PYHKIUS COCTOUT U3

€IMHCTBEHHOTO MHOKUTEJISI; MOKHO OISITh MOTBITAThCA ClIETaTh TAKYIO 3aMEHY
nepeMEHHOM, YTOOBI KOPEeHb U3BJIEKCS. CTPYKTypa MOJKOPEHHOTO BHIPAKEHUS
TIOJICKA3BIBAET 3Ty 3aMEHy: X= @sin ¢ (yqy X =acost a>0):

x =¢sin £ dx = acos idE

J' a’ - xidx = =azlcoszr'df.

. IHTerpan cBEncs K MHTErpaty

n'raz -xt = c.w'rl— sinc £ = @cost
OT KBaJIpdaTa KOCHHYCA. HpI/I HHTCI'PUPOBAHHNHA YETHBIX CTGHGHGI?I CHHYCa U KOCHMHYCa

.2 2 .
4acTO MPUMEHSAIOTCS (POPMYJIbI, BEIpAKAIOIIKME 1~ £y C03” £yepe3 KOCUHYC JBOMHOIO
. g 1-cos2f 7 1+ cos2e
sm- = ——— cosT S ——
yria: 2 2, [ToaTomy
1+cosle

az_[t:oszr.'dr.=a2_[ ;

2 2
dx=%Ud§+_[c:052rdf.]=%[t+éjc052r'd2r]=

nt=2;cost
ML T — COEE™
. 2 2 z

2
1. a 1. a :
= g+ —sin 26|+ C="|g+—sin 22|+ C ="t +sin tcost)+ C = =
2[ 2 ] 2[ 2 ] 2 Ja? - 52
Wl-sinfg="2% "%
[

2
= %arcsin x +%xw,|'a2 —x2 +

L

[Tpumepsr: 1.

r.=x+ﬂ,|'x2+U,;.t—x=x|'x2+w,;(f.—x)2 =x? +
dx £ - £ -
I—tfxz=r2—2£x+x2=x2+mx= Il;w'x2+w,=r— * =]n|r|+C=]n‘x+-,|'x2+m

2F 2F

e fta

, dt
2f o2

_[ o =L et E=i {x+a}—(x—a}dr=i 11 _
2 2 2 2 x-da xta

2 "x*-a 24 x“-a 2a” (x+a)x —a) 2t
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IR TE D) - (| x -]k v al) e C = ot

Ea x-da x+a oy 2

x+a

Humezpuposanue no wacmsm.

WHTEerpupoBaHue 1Mo 4acTsM - MPUEM, KOTOPBII IPUMEHSIETCS ITOYTH TaK XKe 4acTo,
KaK 1 3aMeHa nepeMeHHou. [Tycth U(X) 1 V(X) - pyHKIMH, UMEIOIIHE HEITPEPhIBHBIC
gyacTHbIe Ipon3BoHbIE. Toraa mo gopmyne nuddepernmposanus npousseneHus d(Uv) =
udy + yedy =¥ =dwv) —v dit Hayonum neonpeneéHHbIe MHTErPaIBL A1 06enX
JacTeil 9TOro paBeHCTBa (IPH STOM Jdwry =ur+C ):
Iu -dy =uv — Iv -du

Ota popmyiia 1 Ha3bIBaeTCs (HOPMYJIOW HHTETPUPOBAHUS 110 YacTsIM. YacTo ee
3aMMCBIBAIOT B Tipou3BoaHbIX (dv = Vv’-dX , du = u’-dx):

Iu-v’aﬁc :uv—Iv-u'dr

[Ipumepsr:
= x, dv = sn xdx,
J‘xsin xdx = _ =x(—cosxj—f{—msx]a&: =-xcosx+sinx+C
di = v =J‘sm xdx = —cosx
=ln x; dv =dx; e
_[hlxdx= e =x]nx—_[x—=xh1x—_[dx=x]nx—x+ﬂ'
= p=x x
x

dopmMysia UHTETPUPOBAHUS TI0 YACTSIM MOXKET MPUMEHSTHCS HEOIHOKPATHO.
HpI/I HAJIMYUU HEOOJIBIIOTO OIIbITA B IMPOCTBIX HWHTCIrpalax HCET HCO6XOI[I/IMOCTI/I
BBIIMCHIBATH IPOMEKYTOUHBIC BRIKIAAKHK (U= ..., dV=..), MO)KHO Cpa3y IPUMECHSThH
bopmyiy, NpeICTaBUB MHTErpal B BHJIE Ju: dv ;
J'exxgafx: = j'x3 (e™dx) = ngdex = xe —Iexdx:g = x7e* —J'e 3xide = x e* 3]'.1:2 (e¥dx) =

= x° x_3szdgx = x'e® 3(.1: —J'exaﬁcz = x’e* —3(.1: —J'e 2xdx) =

~3x%e® + rSJ'xdex = xle® - 3xte® + blxe™ - J'exdx:) = x'e® - 3x’e® +6xe® - rSJ'exdx: =
3

x ex—3x23x+6xex—63x+c=ex(x —3x? +tox —6) +C

[IpuBenEnnbie MpuMepsI MOKA3BIBAIOT, A1 KaKuX (GYHKUIUNA HAJ0 MPUMEHSTH (U1
HOTBITATHCSI IPUMEHUTD) (POPMYITYy HHTETPUPOBAHUS 110 YACTSM:

HuTerpans Buaa IPH(x:"':OS‘“"i’C, .[Pu(x:"smﬂ'd’c’ [P (x) ™

Pn(X) - MHOTOUIEH N-0#f cTenenu. Tak, s [ Pulx) cosem dt oy
=P, (x), dv =cosemedx du=(P,(x)Velx =P, (x)elx, v = (sin ex)/ &t

, T1e

, 1

_[PH (x) cosepc de =P, (x) (sin o)l — lfa_[PH —(x) sin eoe . B pesynbrare Mbl OTy4mIH
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HHTETpaJI TOro XK€ Tuiia ¢ MHOI'O4JICHOM CTCIICHH Ha CAMHUIY MCHBIIIC. ITocne N-KpaTHOTO
IIPUMCHCHUA q)OpMyJ'IBI CTCIICHb MHOI'O4YJI€HA YMCHBIIUTCSA JO HYJIA, T.C. MHOT'OYJICH
IMPEBPATUTCA B ITIOCTOAHHYIO, 1 HHTCTPAJI CBCI[éTCH K Ta6J'II/ILIHOMy.

Wurerpais [ By} £ix) e e 40 TpaHCIEHIEHTHAs (QYHKIHS, HMEIOIIast
JAPOOHO-paAIIMOHATBHYO WK APOOHO-HPpaIMOHATBHYIO ITpou3Bo Yo (In X, arctg X,
arcctg x, arcsin x, arcos X). B arom cirydae umeet cmbici B3aTh U = f(X), dv = Pn(X)dX, s

vl .
TOT0, YTOOBI B HHTETpaJIe I yuactBoBaa He f(X), a e€ npoussoanas. ITpumep:

i = arcsin X, dv = xdx,
w2 x = g £, dx:—u::osm’f.

) x .
_[x'arcsmx'fix:= d :Jr:2 = __—aftcsin X —

du=—2;'f’=? 2 21 - x? ‘h x? = cosz

2 2 3 .
x—arcsmx—ljsmzxdi=x—ar|::sinx—lj(l—EOSEI]dI=x—arcsﬁ1x—l - 2 +C =
2 2 2 4 2 4 o
x? . £ sin foosk x? . arcsin x  xnf1- x°
—atesin x - —+ ———— +C' = —aresin x - + +C

4 2 4 4

J171st HeKOTOPBIX (DYHKIIMM MPUMEHSIETCS PUEM ‘‘CBEJICHUSI MHTETpasia K CAMOMY
ce6e”. C moMOIIbI0 UHTETPUPOBAHUS 10 YACTSAM (BO3MOKHO, HEOJTHOKPATHOTO) UHTErpasl
BBIPAKAETCS YEPe3 TAaKOM K€ MHTErpall; B pe3yJIbTaTe MOJydaeTcs ypaBHEHUE
OTHOCUTEJBHO 3TOr0 MHTErpaja, pemas KOTopoe, HaX0AUM 3HaYeHUE UHTerpaa.

I=_|-"u,|'a2 —xdx

MHTErpaJioB; B MPEbIIyIIeM naparpade Mbl BBIYMUCIHIN 3TOT MHTETPAJT C TOMOLIBIO

[Ipumepsr:

Hairtn (ato nnterpan Nel9 u3 tadia. 10.3.Heonpeae e HHbIX

TPUTOHOMETPUYECKOU MOJCTAHOBKU X = asi ¢ ).

u = -a —xg;dv = dx;

E

I=I a’ —xde = xdx [T xva —x2+]ﬁ=x a —xt - [ ———dx=

2 2
=x'xa2—x2— @ —x)—a: de =x a —x +
o 147 =

7 . X
-F+a® arcsm —

=X ﬂ: 2
I| _x (43

B pe3yjbTare I HCKOMOI'O HMHTCrpajla Mbl HOJYYWIX YPAaBHCHHUC

= xja® - x? —I a’ - x* dx +a2.|'

. X
J=x+a®-x%-T+a* arcsin —
Py

. x
2f = X“\Illﬂ'.z —x° +as2 arcsin — + &

pemasi KOTopoe, MOoJydaem ¢  (koHcTaHTa C MOSIBUIACH
BCJICJICTBHE TOTO, YTO MHTETPAJIbl { B IPaBOW U JICBOW YaCTAX YPABHEHHUS OTPEACICHBI

213



1 ] 2 ﬂ,z

.X
f=—xa* —x* +—arcsin —+C
C TOYHOCTBIO O MPOU3BOJILHOW IOCTOSHHOW) | 2 2 @
C
(KoHCTaHTa 2 nepeo0o3HaueHa qyepes O).

CBGI[GHI/IC HHTCI'paJia K CaMOMY cebe — cambIi HpOCTOﬁ crmoco0 HaXO0XIACHUA

iax ax -
e coshxdx g™ sin dedx =
4acTO BCTPEUAIOIINXCS MHTErPajoB BHUAA I u I (@& = const ),

Hanpuwmep,
— . _ X
I=Ie”cosbx'afr= BeEET 1) S G = g™ P LBroex b B =
= —pzin bxde, v =™ fa TEOS x a—_l'e SifL A B
= o . = L% ax ax
- sin boc; dly = e el =€—|:c:~s.-ﬁ';u;:+E e—smbx—i_[eﬂxcosbx'dx: =
=hcoshrde,y =e® fa = al & =
ax ax 2
= coshx + sin b ——F
@ a @ Hrak, mociie ABYKPaTHOTO HMHTETPUPOBAHHS IO
22 ax 2
f=—rcoshx + smbx——zf
YacTsAM IMOJYYCHO ypaBHEHHE OTHOCHUTEIbHO I : @ @ @
a®* .
I=ﬁ[acosbx +hsin bx )+ C
pelienue KOTOpPOIO a” +h :

[Tpu HaxOXIEHUH ITH MHTETPAJIOB HE IPUHITUITHATIBHO, TIOJIOXKHM JIK MBI U = COS
bx, dv = e dx wim u = e*, dv = cos bx dx; BaxxHO TOJILKO IIPHU BTOPOM MPUMEHEHUH
(bopMyJIbl HHTETPUPOBAHHUS TI0 YACTSIM 3aTOHATH MOJT 3HAK JuddepeHirana GyHKIHO
TOTO YK€ THUIIA, YTO U IIPU TIEPBOM (ITOKA3aTECIbHYIO HIIH TPUTOHOMETPUUIECKYIO).

Emé€ omun Bua Gopmysn, KOTOpble OOBIYHO TMOJYYAOTCS € MOMOUIBIO
MHTETPUPOBAHUS IO YacTSAM, W HCHONB3YIOTCA [JIi HAXOXXIEHUS MHTErpajioB -
PeKyppeHTHbIe COOTHOmeHMss. Eciu mnoablHTErpajibHas (QYHKIUS 3aBUCUT OT
HEKOTOPOro napaMerpa N, ¥ MOJIy4eHO COOTHOLIEHHE, KOTOPOE BBIPa)KaeT MHTErPall
yepe3 aHaJOTMYHbIA MHTErpajl ¢ MEHbLIMM 3HAY€HHUEM N, TO 3TO COOTHOIIECHUE U
Ha3bIBAETCS PEKYPPEHTHBIM COOTHOILIEHHEM. ITpumepsr:

= H '
Iy = [eos™ x dx IlpencraBuM  NOABIHTErpalbHYl0  (QYHKIMIO B BHJIE

- _ n-2 2 _ n-2 . - r-2 .
cos®x = cos® % xcost x = COS x (1-zn® x) =cos X — s X cos XS X - pyrerpal

OT MEPBOI0 CIAaraeMoro aHaJOrMYeH MCXOAHOMY C 3HaYE€HHEM IapaMerpa N Ha JBe
€MHUIIBI MEHBIIE; K HHTETpagy OT BTOPOrO CJaraeMoro mnpuMeHuM Gopmyiy
WHTETPUPOBAHUS 110 YACTSIM:

2

=gin x; dv = cos® “ xsin xdx;
Iy = [eos™ x dbe = [cos™ * x dx - [ s "2 xsin xbe = -
w = [cos” x = |cos x 5N X COS xsin xdx = cos® ! x =
=cosxede,r=——00-—
-1

: u-1
=f, 7 -mnx _fos X +_[ .. cosx dx =1, 4 LHRXE0S X ! Icosx"'a&:=
n-1 n—1 rn-1 -1
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_ sinxcos® Tx 1 ﬁ 1 )' _ sinx cos® L x _n-1 sin x cos® L x
" T2 -1 LI S 2 -1 = T o 2 "
Temneps, 3Has 1y =Iﬂosx'dr=smx+c |
+ :
Iy =Ic052x'dm=jﬂdr =l y o+ 2x I
2 2 2 B MBI MOXEM BBINTUCATH
- : 3-1 . 2
IE=_[C053x'dx=3 lfl_l_smxms x=gsmx+smxcos X e
3 3 3 3 ;
- : 4-1 . 3
f4=‘rc054x-dx=4 lfz+smx|:os x=§ll(2x+sm2x;‘+smxcos X, c
4 4 4 4 4 :
- ; a-1 ) 4
fs =Icoij'¢£r = ° l‘r3 p DT EO8 X =i'l(25inx+sin :u:n:-::us2 x)+—smxcos x +
> > > < 5 n T.A.

MpakTuyeckas paborta Ne 16

Tema: BbluncneHue nHterpanos

OcCHOBHas uenb:

dopmupoBaHMe NpeacTaBNeHU O MOHATUM NepBoobpasHoON, HeonpeaeneHHOro WMHTEerpana,

onpeneneHHoro nHTerpana.

OBnageHue ymeHUem npumeHeHua nepBoobpasHoi GYHKLUMM NPU PeLeHUU BbIYUCIUTENbHbIX

3ajau.

M3yqe|-me AaHHOﬁ TeéMbl no3sonfAeT

-

CTyLeHTam OBNAZeTb KOHKPETHbIMWM MaTeMaTUYECKUMM 3HAHWAMKU, HeobXoaMMbIMK  aNn
NPUMEHEHUA B NPAKTUYECKON L[eATeNbHOCTU, A1A U3YYEHUA CMEXKHbIX OUCUMUMANH, Pa3BUTUA
YMCTBEHHbIX CMOCOBHOCTEN, ymMeHWe U3BNeKaTb Yy4yebHyto WHPOpMaLMIO Ha OCHOBe
COMOCTaBUTE/ILHOTO aHanM3a rPaduKoB, CaMOCTOATE/IbHO BbIMOHATL Pa3/iMyHble TBOPYECKME

paboTbl.

CTyZeHTbl AEMOHCTPUPYIOT TEOPETUYECKME U NPAKTUYECKME 3HaHUA No Teme «MepBoobpasHan u
WHTerpan». MoryT npueBecTu nNpumepbl, NoaobpaTb aprymeHTbl, cHOPMy/IMPOBaTL BbIBOAbI.
YMEIT COCTaBAATb TEKCT HAay4yHOro CTUAA. YmetoT GopmMpoBaTb BOMPOCHI, 3a4a4M, CO34aBaTb

npobaemHyto cMTyauuio

CTyaeHTbl CBOOOAHO NPUMEHAOT 3HAaHMA M yMeHuMAa no Teme «[lepBoobpasHaa U
WMHTerpan». YMewT nepegaBatb, MHOOPMAUMIO CXKATO, NONHO, BbIODOPOYHO. YMET 0O6BACHUTD
M3yYEHHbIe MONOMKEHMUA HA CaMOCTOATENIbHO MOAOOPAHHbIX KOHKPETHbIX Mpumepax. YmerwoT
y4yacTBOBaTb B AManore, MOHMMATb TOYKY 3peHuA cobecegHMKa, NpU3HaBaTb NPaBO Ha WHoe

MHeHue.
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Tema "lMepBoobpasHaa u uHTerpan" 3aBeplaeTcd Komnnekcom Y4yebHo-
TPEHUPOBOYHbIMbI TeCTOBbIMM 3agaHuamu EMNno paHHoO Teme (cm.
MpunoxkeHue 1).

YyebHana uenb:

+ MopMupoBaHUE NMPEICTABJICHUN O PA3JIMYHBIX TUIIAX TECTOBBIX 3aJIAHUH, KOTOPHIE
BKJIFOUYaroTcd B EI'D Mo maremaruke.

+ OBJlaleHNe HABBIKAMM M YMEHMSIMHU PEIICHUS 3aJaHUI PA3HOTO YPOBHS: TECTOBBIX
3aJIaHUl ¢ BBIOOPOM OTBETAa U KAYECTBEHHBIX TECTOBBIX 33JJaHUM C YHCIOBBIM OTBETOM.

+ Pa3BuTh TBOpYECKHE CIIOCOOHOCTM NPUMEHEHWs 3HAHUW W yMEHUH B pELICHUU
BapuaHToB EI'D nmo Mmaremaruke.

Il1an:
|. MeToandeckre yka3zaHus K BHIIOJHEHUIO TPAKTUUECKON pabOThI

1) TlepBooOpa3Hast M HEONPEICICHHBINA HHTETPAJ

2) TaOmuiia HHTETPajoB

3) Hekortopsie cBOICTBA HEONPECICHHOTO HHTETpaJia

4) VlHTerpupoBaHUEe METOIOM 3aMEHbBI IIEPEMEHON MIIH CIIOCOOOM TOJICTAHOBKH

5) MHTerpupoBaHue Mo YacTsIM

6) ParonansHbie Apobu. [IpocTeiiue parroHaibHbIe IPOOH U UX HHTETPUPOBAHUEC
7) NHTerpupoBaHUe palMoOHAIBHBIX Apo0Oei

8) WHrerpaiibl OT HpPpAIIMOHATBHBIX QYHKIHH

I1. [TpakTrueckas paboTa

I1l. Utor

X0/ YPOKA

|. MeToanueckue ykazaHusi K BbINIOJHEHUIO NPAKTHYECKOH padoThl

1) IlepBooOpa3Hasi U HeonpeaeJeHHbIN HHTErPaJl

Paccmorpum  3amauy: Jlana ¢Qynkmus  f(X);tpeOyercst HaliTh Takyo  (YHKIHEO
F(X),mpoussoanas koropoii pasna f(x),r.e. F (X)= f(x).

Onpenenenune: 1. dynknus F(X) HaspiBaeTcs nepBooOpasHoii ot ¢pyHkimu f(X) Ha oTpeske
[a,b], eciu BO Beex Toukax 3TOr0 OTpE3Ka BhINOIHsAETCS paBeHcTBO F'(X)= f(X).

Ipumep.Haiitu nepsoobpasznyto ot ¢ynkuuu f(X)=x?13 onpeneneHus nepBooOpasHOi
canenyer, uto pynkuua F(X)=x3/3 aensercsa nepBoodpasHoii, Tak Kak (x%/3)'= X2.
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Jlerxo BuzmeTh, uTO eciu i naHHON ¢yHkumu f(X) cymectByer nmepBooOpas3Has, TO 3Ta
nepBooOpa3Has He SBJISETCA €IUHCTBEHHON. Tak, B MpeAbIylleM MPUMEpPE MOXKHO ObLIO
B35Th B KaU€CTBE NMEPBOOOPA3HBIX CIEAYIONINE (PYyHKIUU:

x° x° x°
F(x)= 3 +1LF(x)= 3 7, wmu BooOme F(X) = ry +C (rme C- mpou3BOJIbHAS MMOCTOSHHAN),

X3 , ) . X3
TaK Kak (3 +C)"=Xx". C 1pyroii CTOpOHBI, MOXKHO J0Ka3aTh, YTO (HYHKIMSIMH BUIA §+ C

MCUEPIIBIBAIOTCA BCE MEPBOOOPA3HBIE OT (YHKIMH X° . DTO BBITEKAET M3 CIEMYIONIEH
TEOPEMBI.

Teopema. Eciiu F1 (X) u F2 (X)- 1Be mepBooOpasubie oT ¢pyHkiuu f(X) Ha orpeske [a,b], To
Pa3HOCTh MEXAY HUMH paBHA IIOCTOSTHHOMY YHCITY.

Joka3aTenbcTBo. B cuny onpenenenus nepBooOpa3Hoi uMeeM
F1'(x)=1(x), F2'(x)=f(x) 1)
[Tpu mroOoM 3HaYeHHMHU X Ha oTpeske [a,b].

O0o03HaUNM

F1(x)- F2(x) =0(x). ()

Torma Ha ocHoBanuu paBeHCTB (1) Oyaer F'1 (x)- F'2 (x)= f(X)- f(X)=0 wmu ¢'(X)=[ F'1 (x)-
F'> (x)]'=0 npu mr060M 3HaueHHH X Ha oTpeske [a,b]. Ho u3 paBenctra ¢'(x)=0 ciemxyer, 4To
¢(x) ecTb mocTosiHHAas. [leficTBUTENBHO, TPUMEHUM Teopemy Jlarpanxka kK GyHKIUU O(X),
KOTOpasi, OYEBUIHO, HenpepbiBHA U auddepeHimpyema Ha otpeske [a,b]. KakoBa Ob1 HU
ObLIa TOYKa X Ha oTpe3ke [4,b], Mbl uMeeM B cuty TeopeMbl Jlarpamka @(x)- ¢(a)= (x-a)
0'(z), tne a <z<X.Tak kak ©¢'(2)=0, 10 OX)- o¢(@)=0, wm ox)= o).
©)

Takum oOpazom, pyHKIHS G(X) B JII000H TOUKe X oTpe3ka [a,b] coxpanser 3naueHue ¢(a),
a 3TO 3HAYUT, 4TO (QYyHKIHS @(X) SBIAETCS MOCTOSHHOW Ha orpe3ke [a,b]. OOo3Hayas
nocTtostHHYyI0 ((a) uepe3 C, u3 paBeHcts (2) u (3) nmonyyaem F1(x)- F2(x) = C.

W3 noka3aHHO# TeopeMbl CeIyeT, 4To eciau s aanHou ¢yHkiuu f(X) HaiimeHna kakas-
HUOY b OJHa TiepBooOpasHas F(X), To mobas apyras nepoodpasnas mist f(X) umeer Bua
F(x)+ C, rne C = const/

Omnpenenenune 2. Ecnu pynkmus F(X) sBisercs nepoodpasnoit ast f(X), To BeIpaxkeHue
F(X)+ C nHa3bIBaeTcs HeompeaeiaeHHbIM uHTerpasiom oT ¢yHkiuu f(X) u oOo3Hayaercs
[f(X)dx.Taxum 06paszom 1o ompexnerernto, | f(x)dx= F(x)+ C, ecn F' (X)= f(x). [Ipu sToM
byuknuto f(X) HaspiBaroT moabIHTErpasbHOM ¢GyHkmer, f(X)dX- MmoabIHTErpaTbHBIM
BBIPA)KCHHEM, 3HAK |- 3HAKOM HHTErpaja.
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Takum oOpazom, HEOIPEACICHHBIM UHTETPa MPEICTABISIET CO00H ceMeNncTBO (DyHKITUM Y=
F(x)+ C.

C reoMeTrpuueckod TOYKM 3PEHUS HEONPEICNIECHHBI HMHTErpall  MpEACTaBIseT
COBOKYITHOCTb (CEMEICTBO) KPUBBIX, KK asi U3 KOTOPBIX MOJIy4aeTCsl IyTEM CABHUTa OIHOM
U3 KPHUBBIX NapaJlJIEIbHO CaMOM cebe BBEpPX WJIM BHU3, T. €. BA0JIb ocH Oy.

EcrecTBeHHO BO3HHMKaeT BOmpoc: M Beskod s QyHkouu  f(X) cymectByroT
nepBooOpa3Hbie( a 3HAYWT, U HEONpeneleHHbIM uHTerpan)? Oka3bIBaeTcs, 4TO Ha IS
BCSAKOM. 3aMeTuM, OJIHaKo, 0e3 JoKa3aTeabCcTBa, uTo eciau GyHkuus f(X) HempepsiBHA Ha
orpe3ke [a,b],ro0  mma 3TOM (YHKIMM CyIIeCTByeT IepBooOpa3Has (a 3HAYuT, H
HEeonpeeJICHHbI UHTErpall).

Haxoxaenue nepBooOpasHoi it ganHou (yHkimu f(X) Ha3pIBaeTCs MHTErPUPOBAHUEM
bynkiun f(X).

3amMeTuM CclIelyloulee: €CM MPOU3BOAHAS OT AJEMEHTapHOM (YHKIMHM BCErJa SIBISETCA
AJeMEHTapHOM (yHKIMEW, TO TmepBooOpa3Hass OT 3JIEeMEHTapHOW (QYHKIIMU MOXKET
0Ka3aThCs U HE MPEJCTABUMOM C MOMOIIbI0 KOHEYHOTO YKCIIA JIEMEHTAPHBIX (yHKUMA. 13
omnpeaeaeHus 2 CIeayeT:

1.IlpousBomHass OT HEONPENEJIEHHOI0 HMHTErpala paBHA IOJBIHTErPAIbHON (DYHKLUH,
1.e.ecau F (X)=f(X), To u

(I F()dx)= (F(x)+Cy=f(x). (4)

[locnennee paBEeHCTBO HYKHO MOHUMATh B TOM CMBICJIE, YTO MPOU3BOJHASA OT JIFOOOU
nepBOOOpa3HOil paBHA MOABIHTETPATILHON (DYHKILIHH.

2. JuddepeHunan OT HEONPEAEICHHOTO HWHTErpajla pPaBeH MOJbIHTErPATbHOMY
BBIPAXECHUIO:

d(Jf(x)dx)= f(x)dx. 5)
DT0 nony4yaeTcsl Ha OCHOBaHUHU (popMyisl (4).

3. Heonpenenennoro uHTerpai ot auddepeHnyana HEKOTOpOH (DYHKIMU paBeH ITOU
(GYHKIIUY TUTIOC POU3BOJIbHAS TOCTOSIHHAS:

JdF(x)= F(x)+C.

CrpaBesIMBOCTh TOCJIEHETO PABEHCTBA JIETKO NpOoBEepUTh JuddepeHunpoBaHueM
(muddepenimans oT 00eux yacteit paBeHcTBa paBHbI AF(X)).

2) Tabiuna UHTErpaJioB.

[Ipexxne yem MpUCTYNMUTHh K WU3JI0KEHUIO METOJ0B MHTETPUPOBAHUS, TIPUBEAEM TaOJIUILY
WHTErPAJIOB OT MPOCTEUIITUX (PYHKITUH.
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a

1. Ix”’dx=X +1

a+

+C (a #-1) .(Bnech u B mocaeayromux Gopmyiax moa C moHUMaeTCs

ITPOU3BOJIbHAA HOCTOSIHH&H.).

2. [%=in|q+C.

X

3. _[sin x-dx=—cosX+C

4. J'cosx-dx=sin x+C

5._[ d): =tgx+C .

COS™ X

6. -3 =—ctgx+C.
SIn © X

7. [tgx-dx=~In|cosx+C.

oo

. [ ctgx-dx =In[sin x/+C.

0. Iex .dx=e* +C.
a.X

10. jax-dx: +C
Ina

dx _
11. ~[1+x2 =arctgx+C.

11'._[ dx :larctgl+C.
a

a+x? a
1, a+Xx
12. [ =~ w8, .
Iaz—x2 2a |la—Xx
dx
13.I . 2=arcsinx+C.
—X

dx X
13'J.T=arcsin ~+C.
va® =X a
=In‘x+\/x2 +a’

+C.

dx
14, | ——
-[ [XZ iaZ
CnpaBennmmBocts  popmyn 7,8,11°,12,13'u 14 nerko ycTaHABIMBAETCS C TOMOIIBIO
nuddepeHupoBanus.

B ciyuae Gpopmymnbt 7 umeem (—h|cos X)) '=— —SINX _ox,
COS X

ClIeIOBATEIBHO, J'tgx- dx=—Injcosx/+C.
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B cityyae hopmynsr 8

(Injsin X|) "= S255X _ crgx,
Sin X

CJIeZIOBATEIIBHO, Ictgx -dx=In[sin x|+ C .

B cnyyae popmynsr 12

1, |la+x 1 11 1 1

(—=Ihl——=)'=—[nla+x - [a—x]'=— + - ,

2a |a-x 23[' =in Ja=x] 2alarx a—x a_x
dx 1 |a+X

CJ'IC):[OBaTeJ'H)HO,.[ ——=—h|—+C.
a’-x* 2a |a-—X

B ciydae dpopmyast 14

[ 1 X

(In‘x+ x*+a’|) = L+ )= 1

x+Vx?ta’ Jx2ta? Jx*ta’

CJIEO0BATEIIBHO, +C.

:In‘x+\/x24_ra2

J‘ dx
Jx?+a?
3)HekoTopble CBOICTBA HEONPeIeJeHHOI0 HHTErpaia

Teopema 1.HeonpeneneHHslid UHTErpaj OT AIreOpanyecKor CyMMBI ABYX WJIM HECKOJIbKHX
(yHKUMIA paBeH anreOpanvyeckoil CyMMe UX UHTETrpajioB:

j [f.(x)+ f,(x)]dx = j f,(x)dx + j f,(x)dx. (1)

W3 nokazarenbcTBa HAAEM ITPOU3BOIHBIE OT JIEBOW M MPABOM YaCTEW 3TOTO paBeHCTBa. Ha
OCHOBaHMWM paBeHcTBa (4) myHkTa Nel Haxoaum

(JIE00+ £,000d%)" = £,()+ F,(x),
(] £.09dx+ [ £,09dx)" = ([ £ 0)dx)"+ (] f,()dx)’ = £,() + £, (x).

Takum 006pa3om, MPOU3BOJIHBIE OT JIEBOM W MpaBoil yacTteil paBeHCTBa (1) paBHBI MEXIy
co0oM, T. €. MPOU3BOJIHASA OT JIFOOOW TIEPBOOOPA3HOM, CTOSIIIASA B JIEBOW YaCTU, PABHICTCS
IPOU3BOJHOM OT 1000 PYHKIMH, CTOSAUIEH B MpaBoi yacTh paBeHcTBa. Clieq0BaTENbHO
no teopeMe u3 nyHkta Nel mrobast ¢yHKIuUs, cTOsIIas B JEBOM 4dacTu paBeHCTBa (1),
OTJIMYAETCS OT 000N (PYHKIMHU, CTOSIIIECH B MpaBoi 4acTu paBeHcTBa(l), HA MOCTOSHHOE
ciaraemoe. B 3ToM cMbIciie M HyKHO OHUMAaTh paBeHCTBO (1).

Teopema 2. [TocTOSIHHBI MHOXHUTEIb MOXHO BBIHOCHUTH 3a 3HAK MHTErpajia, T. €. €ClH

a=const, To
(j af (x)dx = aj f (X)dx.

(2)

Jls moka3aTenbCcTBa paBeHCTBA (2) HaiiieM MPOU3BOIHbBIC OT JICBOU 1 MPABOl €ro YacTe:
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([ af (x)dx)’ = af (x), (a j f (x)dx)’ = a( j f (x)dx)’ = af (x).

[Ipou3BoiHBIC OT TIPaBOM W JIEBOW YacTEel paBHBI, CIeA0OBaTEIbLHO, KaK U B paBeHCTBE (1),
Pa3HOCTh ABYX JIOOBIX (YHKIIWMA, CTOSIIIMX CJI€Ba M CIpaBa, €CTh MOCTOSHHAsA. B aToMm
CMBICJIE U CJIEAYET MOHUMATh PAaBEHCTBO (2).

[Ipy BBIYMCICHUM HEOMPEICICHHBIX HWHTErPAJIOB OBIBAET TOJIE3HO HUMETh B BHUIY
cleIyIolue mpaBuia.

1).Ecnu

_[ f (xX)dx = F(x) + C,

TO

j f (ax)dx = iF (ax) +C. (3)
HetictBuTenpHo, 1uddepeHIpys JEBYIO U IPaBylO YaCTU paBeHCTBA (3) moaydnm
(_[ f (ax)dx)’ = f (ax), (% F(ax))’ = g(F(ax))'x = i F'(ax)a=F’'(ax) = f(ax). IIpou3BomHbIE  OT
IpaBOil U JIEBOM YacTell paBHbI, UTO U TPEOOBAIOCH JOKA3ATh.

2). Ecnu

j f(x)dx = F(x)+C,

TO

[ f(x+b)dx=F(x+b)+C. (4)

3. Ecin

[ feodx=F()+C,

TO

J'f(ax+b)dx=§F(ax+b)+C. (5)

PaBenctBa (4) u (5) nokaspiBaroTcsi nuddepeHnrpoBaHeM TPaBOM W JIEBOM dacTen
PaBEHCTB.

Ilpumep 1.
j(2x3 —3sin x+5/x)dx =I2x3dx—j3sin xdx+I5Jx_m< = ZJ' x3dx—3J'sin xdx + 5J' xM2dx =

l+1
X3+l X2
=2= —3(—cosx)+51
3+1 EH

+C=%X4+3COSX+%X\&+C.
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Ipumep 2.

— +x4/X)dx = 3jx1’3dx+ J'xl’zdx+J'x5’4dx 3~

+ +
—1+1 2—1+1 §+1
3 2 4

G 2

=g3\/x2 +\/;+gx2‘{/;+c.

Ilpumep 3.

j dx =In|x+3|+C.
X+3

Ilpumep 4.

jcos?xdx:%sin 7x+C

[Tpumep 5.

jsin( 2X —6)dx = —%cos(Zx—G) +C.

4)AHTerprpoBaHue MeTOI0M 3aMEHbI IIePeMEeHO| MJIM CII0CO00M MOCTAHOBKH

[Tycts TpeOyeTcss HaWTH HHTErpal _[ f(x)dx , TpUYEM HEMOCPEACTBEHHO MO00paTh
nepBooOpasnyro st f(X) MBI HE CMOXKEM , HO HaM U3BECTHO, YTO OHA CYIIECTBYET.

CI[CJ'I&GM 3aMCHY HepeMeHHOﬁ B IIOABIHTCTPAJIBHOM BBIPAKCHUHU, ITOJIOKHUB

x=o(t), (1)

rae ¢(t)-HempepniBHAsT (QYHKIUS C HEMPEPHIBHOW MPOWU3BOIHON, MMEIOIIas 0OpaTHYIO
¢ynknuto. Torma dx= ¢'(t)dt;mokaxkeM, 4TO B 3TOM Cilydae UMEET MECTO CIICAYIOIICe
PaBEHCTBO:

[ f(9dx = [ flo®le t)dt. ()

3nech NoJpa3yMeBaeTCs, YTO MOCIe UHTETPUPOBAHUS B ITPaBOil YaCTH paBEHCTBA BMECTO t
OyZeT MOJICTAaBJIEHO €ro BhIpayKEHUE Yepe3 X Ha OCHOBaHUM paBeHCTBa (1).

JI1st Toro 4yToObI YCTAaHOBUTH, YTO BBIPAXKEHUS, CTOSLIUE CIpaBa M CJIE€Ba, OJAMHAKOBHI B
YKa3aHHOM BBILIE CMBICIIE, HYXKHO JOKa3aTh, YTO MX MPOU3BOJHBIE MO X PABHBI MEXIY
coboii . HaxomuMm mpow3BOAHYIO OT JIEBOM 4YacTH : (I f (x)dx)’. = f(x). [IpaByro 4yacTb
paBeHcTBa (2) Oynmem muddepeHIMpoBaTh MO X Kak CIOKHYH (QyHKOMIO, Tae t-

MPOMEKYTOUHBIM apryMeHT. 3aBUCUMOCTh t OT X BbIpakaetcsi paBeHCTBOM (1), mpu 3TOM

d 1
j)t( ¢'(t) 1 1o npaBuity AuddepeHurpoBaHusi o0paTHON QPyHKIIUU o m

Takum 0O6pazom, umMeem
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( j flp®)]e'(t)dt), = ( f flp®)]e'(t)dt); % = f [qo(t)](/)’(t),i = flp®)]= f(x).
X @'(t)

CrnenoBatenbHO, MPOU3BOJIHBIE OT X OT IPABO 1 1 neBol yacTeil paBeHCTBA (2) paBHBI,
4TO U TPeOOBaAJIOCh JI0KA3aTh.

OyHKIUIO X=¢(t) CIeayeT BbIOMpaTh TaK, YTOOBI MOXHO OBUIO BBIYHUCIHUTH

HEOMpeACTICHHBIN UHTErpall, CTOSIIMNA B MPABOM YacTH paBeHCTBA (2).

3ameuanue. [lpu wuHTerpupoBaHMM HWHOTAA IelecooOpa3Hee MOAOMpPATh 3aMEHY
IIEPEMEHHOI HE B BUIE x = ¢(t), @ B BUIE t =y (x). [[pomiumocTpupyem 3T0 Ha npumepe.

HYCTI) HY’KHO BBIYUCIINTb HHTCTPAJI, I/IMCIOHII/Iﬁ BUJ

J-y/’(x)dx
w(x)

371ech y100HO TOJIOKHUTh
w(x)=t,

TOTaa yw'(x)dx =dt,

jw;f?))(()szj%ln|t|+C:In|¢//(x)|+C.

[IpuBegeM HECKOIBKO MPUMEPOB HA HHTEITPHUPOBAHKE C IIOMOIIBIO 3aMEHBI TIEPEMEHHBIX.
Ilpumep 1.
I Vsin x cos xdx = ? CrenmaeM moAcTaHoBKy t=Sinx; Tornma dt= cosxdX u, cieaoBarTesbHO,

2

3/
J'\/sin xcosxdx:jﬁdt :Itl’zdt :ZtT+C :gsin Y2x+C

Ilpumep 2.
ledXZ — 2 [lomaraem t=1+X2 ;TOr 1A dt=2xdXx u
+ X
[ L1 Lo =ity
1+x 27t 2 2
Ilpumep 3.
dx 1 dx
j Zxl g_fm.ﬂonaraeM t= g ; Torna dx=adt,

dx 1 ¢ adt 1, dt 1 1 X
——=—|—==|——==arctgt +C = —arctg—+C.
J-a2+x2 a® j1+t2 aJ‘1+t2 a g a g a

Hpumep 4. J' \/agx - . [Momaraem t =§ : Torma dx=adt,

e
2 a’ Ja-x/a)’
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_[ dx :lj' adt
JaZ-x2  a’1-t’

(mpeamosaraercs, uto a>0).

:j at _ arcsin t+C = arcsin ~+C
J1-t? a

B mpumepax 3 u 4 BwIgeneHbl GOpMyIibl, MPUBEACHHBIE B TaOIUIIC HHTETPAJIOB IO
Homepamu 11'u 13'(cm. Bbie, myHKT Ne2).

dx

29X _ 5 Tonaraem t=Inx; Torma dt = -,
X

TIpumep 5. [ (In x)* =
X
dx t* 1
Inx)’—==|t*dt=—+C==(Inx)*+C.
Jnxy?===[tdt="+C = (nx)

xdx
1+ x*

Ilpumep 6._[ —? IlonaraeM t = x?;Toraa dt= 2xdx,

xdx 1, dt 1 1
== = —arctgt+C = —arctgx® +C
J‘1+x“ 2-|.1th2 2 g 2 g

Merton 3aMeHBI NEPEMEHHBIX SIBISETCS OAHUM M3 OCHOBHBIX METOJOB BBIYMCIICHUS
HEOIIpe/IeNICHHBIX UHTErpajioB. Jlaxke B TeX ciaydasiX, KOIr/la Mbl HHTEIpUPYEM KaKUM -THO0
JPYTUM METOJOM, HAM YacTO MPUXOAUTCS B IPOMEKYTOUHBIX BBIUMCICHUSIX MPUOETaTh K
3aMEHE IIEPEMEHHBIX. Y CIIEX UHTEIPUPOBAHUA 3aBUCUT B 3HAUYUTEIIBHOW CTEIIEHU OT TOrO,
CyM€eM JIM MbI IT0100paTh TAKyl0 YAAUHYIO 3aMEHY MIEPEMEHHBIX, KOTOpas YIPOCTUIa Obl
naHHbIA UHTErpall. [1o cymecTBy roBops M3y4eHue METOIOB UHTETPUPOBAHUS CBOAUTCS K
BBISICHEHUIO TOTO, KaKyl0 HaJ0 CHEJIaTh 3aMEHY IIEPEMEHHOW IPHU TOM WM MHOM BHJE
MOJIBIHTErPAJILHOTO BBIPAKEHUSA. DTOMY MOCBSIIEHBI OOJIbIIAS YaCTh HACTOALLIETO MyHKTA.

S)UHTerpupoBaHme 1Mo 4acTsiM

[Tycts U n V nBe nuddepennupyembie GyHKIIUU OT X. Torna, Kak M3BeCTHO, nudepeniman
NpOM3BEACHUSA UV BBIYMCISIETCA 1O cheaytomield ¢opmynie :d(uv)=udv+vdu.OTcrona,

WHTETPUPYS, ITOTIydaeM UV = I udv + _[ vdu Ui
J.udv=uv—_|‘vdu. (1)

[Tocnennsis popmyrna HaszbiBaeTcs (popMysia MHTETPUPOBAHUS MO yacTsIM. Jta popmyna
Yamie BCEro IMPUMEHSETCd K MHTETPUPOBAHHMIO BBIPAXKEHUM KOTOPBIE MOYKHO TaK
NpEeJCTaBUTh B BUJIE TPOU3BEICHHS IBYX COMHOXHTEEH UK 0V, 4TOOBI OTHICKATH (DYHKITHFO
vio eé nuddepennuany dv U BeIYUCICHUS MHTErpaia _[vdu COCTaBIISJIA B COBOKYITHOCTHU

nad Jee MmpoCT 4eM Hell JICTBEHHOE BBIUMCJIICHHE WHTET udv . YMeHH
3aaqy OoJiee MPOCTyI0, YeM HEMOCPEeICTBEHHOE CJICHUE erpaia |udv. YmeHue

pa3duBaTh pa3yMHBIM 00Pa30M JIaHHOE MOJIBLIHTErPAIBHOE BBIPAXKEHUE HA MHOXKHUTEIN U U
dv BeIpabaThIBacTCs B MPOIECCE PEIICHMS 3a7aud, U MbI IIOKA)KEM Ha Psijie MPUMEPOB, Kak
9TO JIEJIAeTCs.

Ilpumep 1. '[xsin xdx = ? ITomoxkum U=X,dv=sinxdx;rorma du=dx,v= -cosx.CiemoBaTelbHO,
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Ixsin xdx=—xcosx+jcosxdx:—xcosx+sin x+C.

3ameuanme. [Ipu onpenenennu QyHkyu V 1o auddepennmany dv Mbl MOKeM OpaTh
JT100YI0 POU3BOJIBHYIO MTOCTOSIHHYIO, TaK KaK B KOHEUHBIN pe3yabTaT OHA HE BXOJAUT (YTO
JIETKO MPOBEPUTH, MOJICTaBUB B paBeHCTBO( 1) BMecTo V Bhipaxkenue V+C). [loatomy y006HO
CUMTATh ATY TIOCTOSTHHYIO PaBHOU HYITIO.

HpaBI/IJIO HHTCIPUPOBAHUA 110 YACTAM IMPUMCHACTCA BO MHOI'MX CJIydadX. TaK, HaIlpuMcEp,
HHTCTpAJIbl BUO4

ka sin axdx, j x¥ cos axdx, I x“e®dx, _[ xIn xdx,

HEKOTOpbIE HHTETpaJIbl, CcoJAepXkamiye oOpaTHble TPUTOHOMETpUYECKHe (QYHKIINH,
BBIYHCIIAIOTCS C TOMOIIBI0 HHTETPUPOBAHUS 110 YACTSIM.

Ilpumep 2.TpeOyeTcsi BBIYUCIHTH jarctgxdx . Tlomoxmum u= arctgx, dv=dx;rorma

du = iz ,v =x. ClieoBareisHo,
1+Xx
J'arctgxdx= xarctgx—j dez = xarctgx—1 In |1+ x*|+C.
1+x 2
IIpumep 3. TpeOyercs BBIYUCIUTD _[ xte*dx . Iomoxum U=X’,dv=e'dX; Torma

du = 2xdx,v=e*,

J'xzexdx = x’e* — 2_[ xe“dx .

[locneqnuii MHTETpan CHOBA MHTETPUPYEM IO YACTAM, M0J1aras
u, = X, du, =dx,dv, =e*dx,v, =e*. Torna

I xe*dx = xe* —J'exdx = xe* —e* +C . OkoHYaTeNhHO OyJeM UMETh
Ixzexdx = x%* —2(xe* —e*)+C =x’e* —2xe* +2e* +C =e*(x* —=2x+2)+C.

6) Paunonanbubie apodu. Ilpocreiimime panuoHadbHbIE JApO0OM M HX
HHTErPUPOBAHME

Kak Mbl yBUIUM HMXKE, AAJIEKO HE BCSKas 3JeMeHTapHas (yHKUHS HMEEeT HHTErpall,
BbIpaXKarouuiicss B sneMeHTapHbIX (QyHKIusAX. [IoaTOMy O4YeHb BaKHO BBIIEIUTH TaKHe
KJacChl (DYHKUMH , MHTErpajibl KOTOPBIX BBIPAKAIOTCA 4Yepe3 JIEMEHTapHbIE (YHKIUU.
[IpocTeiimM 13 3TUX KIACCOB SBJSETCS KIACC PAIIMOHATBHBIX (DYHKITHIA.

Bcesikyro paroHaIbHYO ()YHKIIHEO MOYKHO TIPEACTABUTh B BUJIC PAIlMOHAIBHOM JIPOOH, T. €.
B BUJIC OTHOILICHHS IBYX MHOTOYJICHOB:
Q(x)  Bx"+Bx"'+..+B,

f(x) AX +AX" . +A
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He orpanuuunBas oOITHOCTH pacCyXaeHus1, Oy1eM IpeanosaraTh, YT0 3TH MHOTOUYJICHBI HE
UMEIOT OOIIUX KOPHEH.

Ecnu creneHp ynciauTenss HUKe CTEIICHU 3HaMCHATCIIsA, TO ,ZIpO6I) Ha3bIBACTCA HpaBHHBHOﬁ,
B IIPOTHBHOM CJIy4dac I[p061> Ha3bIBACTCA HCHpaBHHBHOﬁ.

Ecnu npo6s HenpaBuibHas, TO, pa3elivB YNCIUTENb HAa 3HAMEHATEINb (10 IPABIITY I€TICHUS
MHOTOYJICHOB), MOKHO MPEACTaBUTHh JAaHHYIO JApoOb B BHJE CyMMbl MHOTOWIECHA U
HEKOTOPOM PAaBUIBHOM JpOoOu:

Q(X) =M (X)+ F(X) 1
f(x) f(x)

31ech M(X)-MHOTO4JIEH, a FEX; MpaBUJIbHAS APOOE.
X

Ilpumep.Ilycth nana HenmpaBuiIbHAs pallMOHATIbHASA JPOOh

x4 —3
X% +2x+1

Pa3genuB uncnuTenb Ha 3HAMEHATENb (110 IPABUILY JAEJIEHUS] MHOTOYJIEHOB), MOJYYUM

4
2x 3 %’ _ox43— 24x+6 _
X°+2x+1 X“+2x+1

Tak KaK MHTErpHUPOBAHME MHOTOYJIEHOB HE NPEACTABISACT 3aTPYJHEHHM, TO OCHOBHAs
TPYJAHOCTh IPU UHTETPUPOBAHUN PALIMOHAIIBHBIX IPpOOEH 3aKII0YAETCsl B MUHTETPUPOBAHUU
IPABWIBHBIX PALIMOHAIBHBIX JPOOEH.

Onpenenenue. [IpaBunbpHbIe paliioHaIBHBIE TPOOH BUIA

(2). 2 (K-memoe MooKUTEILHOE YUCIIO > 2
(x— a)
(3) _Ax-+ B  (KOpHM 3HAMEHATENA KOMILUIEKCHBIE, T.€. P _ . _ ).
xZ + px+q 4
4 Ax+ B K-mileqioe  MOJNIOKUTENBHOE YHUCIO =2 ;KOPHH 3HAMEHATEs
2

(x?% + px + )~
KOMILJIEKCHBIE), Ha3bIBaOTCA npocTeimmmu 1podsamu (1),(2),(3) u (4) tumnos.

WNuterpupoBanue mnpocrtemux apoodeit tuma (1),(2) u (3) He cocTaBisieT OOJIBIION
TPYAHOCTH, TOATOMY MBI IIPUBEIEM UX UHTETPUPOBAHUE 0€3 KAaKUX-JIM0O0 TOTIOJTHUTEIBHBIX
MTOSICHEHUM:

(1) J'Xf‘adx:AIn | x—a|+C

A
( -a)"

) k#
&JFC: A —+C
—k+1 (1-k)(x-a)

— = _dx= Aj(x a) dx=A
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Aox+ p)+(3—ﬂ

Ax+B 2 _A 2X+p __p dx i
G J.x2+px+quj X* + pX+( -[x +px+qd 2 )j—X2+px+q
_A|”|X2+DX+Q|+( —@) o :é|n|xz+pX+Q|+ZB_Ap arctg P Lc
=2 2 2.9 2 2
() +0-") “-p\dg-p
2 4

Bonee cnoKHbIX BbIMUCNEHWNI TPebyeT MHTEerpMpoBaHne npoctennx apoben (4) Tmna. MNycTb Ham AaH
WHTerpan Takoro Tmna:

Ax+B

e )
(4) '[(X2+ px+q)k
MNponsseaem npeobpasoBaHus:
A Ap
Ax+B §(2X+p)+(8_7) A 2X+ P Ap dx
| = [ o= e (B
(X" + px+0) (X" + px+0) 27 (X“+px+Q) 277 (X"+px+q)

MepBblit MHTErpan 6epertca NOACTaHOBKOM X% + px+0q=t,(2x+ p)dx=dt:

t—1k+1

2X+p dt - 1
dX: - dt—— C: C
| (x*+ px-+0)’ o K0+ g

BTopoit HTerpan- o603Ha4Mm ero yepes lg-3anuwem B Buae

| :J' dx :_[ dx dt
CIOCEpE)t T Py Py T Eem)
2

nonaran

2

x+£:t,dx:dt,q—|o—:m2
2 4

2
(N0 nNpeanonoKeHu KOPHM 3HaMeHaTeNa KOMIMIEKCHble, a Cc/neaoBaTesbHo, q—7>0 ). Odanee
nocTynaem ciaeayowmm obpasom:
dt 1 ¢ (t*+m®)—t° 1 dt 1 t?
Ik:_[ 2 2k:_2_[ 2, 2\k dt:_z_[ 2 __2_[ 2 dt.
(t°+m°) (t“+m°) m- ¥ (t (t

MNpeobpasyem mHTErpan:

tdt ¢ tetdt dt*+m?) 1
-[(t2+m2)k_~[(t2+m2) I(t2+m) 2(k - 1)-[td((t2+m2)k‘1)'
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NHTerpmpys no yactam, bygem numetb

J-tzdt 1 1 I dt 1.

E+m)* 2(k-1) . @ +m?) 2y m?)

MoacTaBnas 3TO BblpaxKeHue B paBeHCTBO (1), nonyuymm

dt
Ik :J.m:

R S N S S S
Tm?d (2 +m?) Tt m? 2(k-1) (t2+mH)Ft I (2 +m?)?
_ t N 2k -3 J‘ dt
2mA(k —D(t2 +m?H)* T 2mP(k =1 (t2+m?)< T

B npaBoM 4YaCTn COLOEPHKUTCA UHTErpan Toro e thna, 4To lk , HO NOKa3aTe/ib CTENEHN 3HAMEHATENA

NOAbIHTErpasbHON GYHKLMK Ha eauHuLy Huke (k —1) ;Takum obpasom, mbl Boipasuau |, yepes | K—1*

I'Ipo,a,omKaﬂ NAOTU TEM Ke NYTEM, AOM,CI,GM A0 N3BECTHOIo MHTErpana:

dt 1 t
I, =|——=—arctg—+C
! J.t2+m2 m 9

MoacTaBnas 3aTem BCOAY BMECTO t U m UX 3HAYEHUA, NONYYMM BblpParKeHMe MHTerpana (4) yepes x u
3a4aHHble umucna A, B, p,q.

7) WHTerpupoBaHUe pauMOHabHbIX gpobeit

Q(x) Q(x)
f(x) F(x)
AaHHan apobb HenpasubHas, TO Mbl NPEACTABAAEM €€ B BUAE CYMMbl MHOrousieHa M(x) 1 npaBubHOI
F(x)
f(x)

Apobei. Takum obpasom, MHTErPUPOBAHME BCAKOM pPaLMOHaANbHOM Ap0obKu CBOANTCA K MHTEFPUPOBAHULO

dx. Ecam

Myctb TpebyeTcA BbIMUCANTL UHTErpan OT paLMOHaNbHON Apobu ,m.e.uHmeepaﬂI

pauMoHanbHOM apobu . MocnepgHioto e npegctaBnaem no Gpopmyae B BUAE CYMMbl NPOCTENLLINX

MHOFO4Y/IEHA U HECKOJIbKUX NPOCTENLLINX apobei.

Bua npocterwnx apobeit onpepensetca KopHamu 3HameHaTtens f(x). 3aecb BO3MOXHbI creaytolime
cnyyam.

1.Cnyyaii.

KopHW 3HameHaTensa AenNCTBUTE/IbHBI U Pa3/INYHbI, T. €.

F(x)=(x-a)(x-b)...(x-d).

F(x
B aTtom cnyyae apobb fEXi passiaraeTca Ha npocTteiwmne apobu 1tuna:
F(x A B D
() __A .

= +..
f(x) x-a x-b x-d,

n Toraa
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j F(X)dX:I A dx+j B dx+...j b dx=Aln|x—a|+BIn|x—b|+...+ DIn|x—d|+C
f(x) X—a x—b x—d

2. Cnyyai.

KOpHVI 3HameHaTenAa AEI‘;iCTBMTeanbIe, npunyem HeKoTopble N3 HUX KPpaTHble:
F(X) = (x—a)“ (x=b)...(x—d)’.

F(x)
f(x)

B atom cnyyae apobb pasfiaraeTca Ha npocTteiwme gpobu 1m 2 TMNos.

Mpumep 1.

2x-1 2, x-2

dx 1J-(dx ZJ-dx 2de 1 1 1

X242
— —_— 7+7
x+1)% 9Yx+1 9

[ =+ -3|n|x+1|+3|n|x—2|+cz—
(x+1)°(x-2) (x+1)° 3 9

X2 2(x+)% 3(x+) 9 60+17 9 x4l

3. Cnyyaii.
Cpe,ﬂ,l/l KOpHe[/JI 3HaMmeHaTenAa eCtb KOMNNAEeKCHble HeI'IOBTOpﬂPOLIJ'MeCﬂ(T.e. paanw-lele):
f(X) = (X* + px+q)...(x° +Ix+5)(x—a)"...(x—d)’.

F(x)
f(x)

Mpumep 2.TpebyeTca BbIMUCIUTL MHTETPAN

B aTtom cnyyae apobb pasnaraeTca Ha npocTeiwue gpobu 1,2 n 3 Tmnos.

.Pasnoxmm nogblHTErpanbHyto gpobb Ha npocTelme:

J- Xdx
(X* +1)(x-1)

X Ax+B C
2 N v T
(x*+D(x-1) x"+1 x-1

CneposaTtenbHO,
X =(AX+B)(x-1)+C(x*+1) .
Monaras x=1, nonyuum 1=2C, C=S; nonaras x=0, nonyunm 0= -B+C, B=1/2.

MpupaBHMBasa KoadpuumeHTbl npu x2, nonyunm 0=A+C, oTkyaa A= - S. Takum obpasom,

Xx—1

X + X
X% +1 24 x-1

C+D)(x-1) 2

J- Xdx 1IX_1d l1¢d __1J~ Xdx 1J- dx 1, dx
2

+= +=
xX*+1 29 x*+1 2
=—1In|x2+1|+1arctgx+lln|x—1|+C

4 2 2

4. Cnyyan.

Cpeau KopHel 3HameHaTeNs eCTb KOMMJIEKCHbIE KpaTHbIE:

f(X)= (¢ + px+a)*..0¢ +Ix+5)" (x—a)“..(x—d)’.

+=Ih|—|+C
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F(x)
f(x)

Mpumep 3. TpebyeTcA BbIMUCAUTD UHTETPAN

B aTom cnyyae pasnoxeHue gpobu bynet coaepkaTb U npoctenume apobu 4 Tnna.

.[ x* +4x3 +11x° +12x+8dx
(X* +2x+3)%(x+1)

PeweHue. Pa3naraem apobb Ha npocTenwimne:

X' +4x°+11x* +12x+8  Ax+B . Ox+D E
(C+2x+3)%(x+1)  (X*+2x+3)* xX2+2x+3 x+1’

OTKYAa

X'+ 4% +11x% +12x +8 = (Ax+ B)(X+1) + (Cx+ D)(X* + 2x+3)(x+1) + E(X* + 2x+3)".

KombunHMpys yKasaHHble Bblle MeToabl onpeaenenunsa koapoumumeHTos, Haxognum A=1, B= - 1, C=0, D=0,
E=1.

Takum obpasom, nonydyaem

+In|x+1|+C

X' +4x% +11x% +12x +8 x—1 dx X+2 V2
J dx:j dx+I

X+1
=— ——arctg——
(X% +2x+3%)(x +1) (X% +2x+3)? x+1  2(x*+2x+3) 4 g J2

M3 BCero M3N10XKeHHOTro ceayeT, YTo MHTErpan oT 10601 paLmMoHanbHOM GYHKLMM MOXKET ObITb BbIparkeH
yepes anemeHTapHble GYHKLUN B KOHEYHOM BUAE, 3 UMEHHO:

1) yepes norapmdPmbl- B Cnyyanx npoctenwmx apobden 1 tmna;

2) yepes paLMoHaibHble GYHKUMU- B CyYae npocTenwmnx gpoben 2 Tuna

3) yepes iorapndmbl M apKTaHTEHCbI- B Cy4ae npocTteniumnx apobein 3 Tuna

4) yepes paunoHanbHble GYHKLUM U apPKTAHTEHCbI- B Cy4ae npocteniumnx apobei 4 tuna.

5) WHTerpanbl OT UppaLUoOHaNbHbIX GYyHKUMA

He oT BCAKOM MppaunoHanbHOW GYHKLMKN MHTErpan BblpaxkaeTca yepes anemeHTapHble GyHKumMKM. Ceiyac
Mbl PacCMOTPMM Te MppPauMOHanbHble GYHKUWUWU, MHTErpasbl OT KOTOPbIX C MOMOLLbIO MOACTaHOBOK
NPMBOAATCA K MHTErpanam oT PaLMOHaNbHbIX QYHKLMI U, C1ef0BaTeNlbHO, A0 KOHLA MHTETPUPYHOTCA.

1.PaccMoTpuM MHTErpan IR(X, x™" .. x"*)dx, rae R-paumoHanbHas GyHKLUMA CBOMX aprymMmeHToB 1).

o o k k-1
MycTb R-06wmit 3HameHaTenb apo6eit m/n,..r/s.Coenaem nogctaHosky X=1 ,dx =kt dt .Torpa
Kaxkaana ApobHasa cTeneHb X BblPa3nTCA Yepes Lenyto cTeneHb t 1, cnefoBaTeNbHO, NOAbIHTErpaabHan
dYHKUMA NpeobpasyeTca B paLMoHanbHyto GyHKUUIO OT t.
x"2dx

Mpumep 1.TpebyeTca BbIMUCAUTb UHTErPaN XST-I-l .
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PeweHune. O6WMA 3HameHaTenb papoben 1/2,3/4, ecTb 4; nostomy pAeslaem nNoACTaHOBKY

x=t* dx= 4t3dt; Toraa

1/2
j 3’4(1)(1 4I tt+1+30|t 4J

=4jt

2.PaccmoTpum Tenepb MHTErpan BmMaa

tZ
dt=
2+ J( t3+1)
3
4%——In|t 11+C=2 [x3’4—ln|x3’4+1|]+C.

ax+b)m,n ax+b

. rls dX
cx+d (cx+d) ]

RI.(

3TOT UHTEerpan CBOAUTCA K MHTErpasny oT paLMoHanbHON GpYHKLMM C NOMOLLbIO NOACTaHOBKM

ax+b i
cx+d

roe k- obwuin 3HameHaTenb apobein m/n,...r/s.

Mpumep 2. TpebyeTca BbIYNCANUTb UHTETPAN

[y

X

Pewenme. lenaem noacrarosky X+4=1°, x=t*—4,dx = 2tdt; roraa

Jx+d
J =

X

4
dt:2j(1+t2_4)dt:

/X 2
+C =24/X+4+2In +C.
l |\/74+2|

—2t+2|n|

INPUJIIOKEHHUE 1

Y4yeOHO-TPeHUPOBOYHbIE TecTOBBIE 3aganusa EI'D

TectoBbie 3amaHust 6a30BOro ypoBHs 4.

Al. IlepBooOpa3Has anredopandeckux QGyHKIuii
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Al.1 Haitnure f(-2), ecomm f?(X) = 6x3 — 8x + 3, f(2) = 0.
A) 10 B) 12 C) -12 D) 18 E) -18

A1.2 HaiiuTe nepBooOpasHyio (pyHKIMH ¥ +2

2131x* 33 3 ExE]x Exlzxvf
A) E'\f'x_"'E'U'I—"'C B) E\I’X_+Ex +C C) 3\|r+4~,|"-+lf D) 3—\|"_+4-u'r_+ﬁ'
_,f'lix =i
A1.3 Haiinure Bce nepBooOpasHble A (PyHKIUN 4x
W 4 2
A) 2 +C B)3¥+C C) 3+x+C D) -2+ +C E) 6+ +C
A1.4 Haiinute neppooGpasuyro GpyHkmmro g 7 = 2 (2x+3)
},=(2x+5j’+c F=(21+5j’+c },=(2x+5j’+c
A) Y =(2x+5)°+C B) 3 C) 4 D) 5 E) Y

=4(2x+5)°+C

A1.5 Haiigure nepsooOpasnyro ¢pyukiuu f(x) = 8x3 — 5, rpaduk KOTOpoil IPOXOAUT Yepes

Touky M(1; 4).
1
A) 2x* —5x +7 B) 24x2+6  C) 2x*-5x D) 2x*—-5x+1 E) 4x*-5x+7

A1.6 Haiingute f(0), eciu £(x)=6x2-3x+5 u f(4)=130.
A) 6 B4 C) -4 D) -6 E) 8

Six)= 7
A1.7 Ins dyHKIMN (3-2x) , HaliiuTe IepBOoOOpa3Hyto, rpaduk KOTOPOM MPOXOIUT
1 1J
uepes TOUKy { %18
4 9 4 49 117 g 33 17

A) 3-2 16 B) -3-2xr 16 C) -3-2xr 18 D) 3-2x 18 E) 3-2r 18

1

fin=
A1.8 Haiinute nepBooOpasHyto GyHKIUU “r=2 | rpauk KOTOPOU MPOXOIUT uepes

Touky A(3; 5).
1

A) =244 B) 2+x-243  C) +»-2+43 D) 2+i-2+4  E) +i-2

+4
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A2. Bblyuc/ieHHe HHTErpajioB ajaredpanyeckux GpyHKIuM

ixldx
A2.1 Beruuciure: *

16 s
A 4 B)-4 C) 3 D)2 E) 3

1](3;;- 1) dr
A2.2 Brprumcaonre: @

| =

1
A) 3B 1C) -3 D)

(2x+1)" dx

'l_.l—iﬂ

A2.3 Breruuciaure:
1 2 1

A) ¢ B) * C) 1D) 3 E

(1+32)" dx

ey =2

A2.4 Beruuciure:

1
Ay 1B -1C ¢ D -2

v 1
3\5 + —] dx
A2.5 Beruuciaure 'L [ x

A) 45 B)52 C)54 D) 56

i

A2.6 Berunciaure 1v-r-1
1 { 2
A)1 B)yz C) 4 D)2 E) 3

Il x-u'r;.:ix

A2.7 Bpruucaure 1 .
A) 18 B) 9 C) 27 D) 63

®2x 1
—_- dx
A2.8 Brruuciure *{5 24x ]
A)7 B)Y8 C)10 D) 12

L | b

E) 60

E) 9+

E) 15
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A3. IlepBooOpa3Hasi TPUIOHOMETPUYECKUX PYyHKUMHI

A3.1 Jlns xakoit u3 cinenyromux Gyakimid, pyakmus F(X) = 3tgx + 5X + ¢ sBisiercst

epBOOOpa3HOit?
y=- : +5 y=—3 +5 y=——3 +3 y= : +5
A) sin’ x B) sinn x C) F=dctga+c D) cos’ x E) cos’ x
A3.2 Jlns kakoil u3 crenyromux $pyHnuil Gynxumst © =8+ gpngeres
epBoOOpa3HOit?
_ L _ __ _ 1
A) Slx)= sin’ x : B) £ cos x : C) £ cos x : D) (x) sin:Jr-l-2 E)
3= g2
St X
1
Flx)=c-cosx
A3.3 Ykaxure nepBooOpa3Hyro pyHKIIUN x
—l—sinx+C' —1—]— siny +C 1—]— sinx +C 1—+sinx+C —L]+sinx+ﬁ'
A) * B) * C) ~ D) - E)
A3.4 Haiizure nepsoo6pasuyto gynxuum: - ) = el
Fal | PaE | x1 x7 x1 ‘
A) ?+§cfg3x+ﬁ' B) ?—chg3x+ﬁ' C) ?—x—cfgx%f D) ?—x+cfgp:+lf E) ?+x—cfgpr+|f
= - 4.1:-:;5(21)
A3.5 Haiinute nepBooOpasHyo s QyHKIINH sSat(@n)
fg—x+C' cfﬁ+c
A) tgx+etgr+ B) tgr—ctgr+ O C) clgr —tgr+ D) cigx E) tgx
po L
A3.6 Ykaxwure nepBoo0pasHyo QyHKIUU sin23x+1)
1 1 1 1
A) —chg(3x+1)+ﬁ' B) chg(31+1:l+lf C) Efg(3x+1)+ﬁ' D)_Efg[3x+1)+ﬁ' E) —3::5(3x+1j+-5"
1
r=
cos’ [—+1]
A3.7 Vkaxure n1epBooOpasHyo QyHKIMH: 3
1 X X 1 X X ¥
—rg[—+1]+c 31‘g[—+1]+ﬁ' —fg[—+1]+£’ 31‘g[—+1]+ﬁ' g+
A) 373 B) 3 C) ICHR D) - 3 E) &3
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cosdx

A3.8 Haiinute nepooGpasyo yHKImIO 1uis GyHKimy 7 K = snx-coss

A) snx—cosx+C B) CthX+C C) COS2X-SinX+ CD) snly —cosx+C E) —sinx+cosx+C

15. HecoOcTBenHble nHTErpaJbl. HecoO0cTBeHHbIE HHTETPAJIbI IEPBOTO

Brite
poaa

OBLIT OTpeIeNIEH UHTETPal JAJisl OrPaHUYEHHBIX U 3aJJaHHBIX HA OTPAHUYEHHOM OTpPE3Ke
dbyHkiui. PacipocTpanuM MOHSTHE UHTErpajia Ha CIydau, KOTrAa OJTHO MU 00a 3TUX
YCIJIOBHSI HAPYIIAKOTCA.

Onpedenenue. Myers 7 ¥ 3anana na 6eckoHe4HOM MPOMeRyTKe %) i 151 BCSIKOTO

4 A
| F(x)dx lim | f(x)dx

Az cymecTByeT HHTErpaj @ Mpenen ™ a Ha3bIBaeTCst
HeCOOCTBEHHBIM HHTErPaJIoM NMEPBOIo poa (MHTErpPajioM Mo HeOrPAHUYEHHOMY

o 4

| F(x)dx lim | f(x)dx
NPOMEKYTKY) U 0003HAYAETCS * Ecan #7a CyLIeCTBYET U KOHEYEeH, TO
HeCOOCTBEHHbIl HMHTErpaJi MEPBOro Po/Ja HA3bIBAETCSI CXOASIIIIUMCS, €CJIU 7K€ OH He
CylIecTBYeT WJu paBeHBecKOHEYHOCTH, TO HeCOOCTBEHHBI HHTErpaJ MepBoro pojaa
Ha3bIBAETCSI PACXOASIIHMOCS.

Ipumepur.

w . 4
4z (4% _ _ fim |E=mn(mx1f)=mnﬂnﬂ—m1j=m.
Do Jox Aoy X A A=

1. Paccmotpum 1 * | Ilycts @=1.Torma ! 1

Takum 00pa3oM, pacCMOTPEHHBIN uHTErpan mpu «=1pacxoaurcs. [Tycts Tenepp &*1.

Torna

o 4 - o IpHa <],
|E= lirn |E= lirn x =9 1

cx Aoy #% Aol — mpHa =],

1 1 e -1
M MBI OKOHYATEJILHO MOJYYHIIH, YTO PACCMATPUBACMbBIN HHTETpal IpU & =1 pacXxoauTcs u

npu & *lcxoaurcs. Omom unmezpan 4acmo ucnoab3yemcsi 6 NPUHAaKe CPasHeHUs! 8
Kawecmee 3maioHHO20.
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e

x2 2542
2. BBISICHUM CXOJIMMOCTb UHTErpaia 1 A
< @x .4 dx 4 %

| ——=lm | ——=lm | —2

Unmeen |- Ixe 2 Aoy 2P -2xe 2 Aoy (x-D)F 4

= hm (arctglx- 1]||1 ]Jm {arctg(ﬂ—l]l arn::thI]l— -
Ao . CJ1e10BaTENBHO, MHTETPAl CXOAUTCS U €10

T
3HA4YCHHUC PABHO 4
[en) 2 [en)
—-x 2
| &~ dx= | xexpl—x")dx
3. BBISICHUTH CXOOUMOCTb UHTETpajna ! 1 . Ilo onpenenenuro
IIoJIyd4acM
= 2 4 2 A . _2 i . a4
| xe " drx=lim | xe " dx=lim (-1} e d(-x%)= = lm ~ Lo L g 1A oL
1 A Ao’ 274 A—en| 2 0 28 Aen g

-1
CrieZ10BaTeNbHO, MHTETPAN CXOUTCS U €r0 3HAYECHUE PABHO -2¢

I e
xfln x

4. ]lns uaTerpana ¢ UMEEM

III

dx .:i’lnx . .
= lim | = lim 2./In =lim (2ln 4- 2=
-xﬂ."ﬁ A—:m Jix A | Aam{ )=

CrnenoBaresibHO, MHTETPal PacXOQUTCH.

dx
2
- xln<x
5. Jlus uaTerpana ¢ 10 ONPEAECTICHUIO UMEEM

o0

- dx cf]nx
= lim
] iz A_>m ]112 m( ]nxJ

]

1
—+1 1
A—)tﬂ[ ]11A+]

CHC}IOB&TCHBHO, HHTCTpAT CXOAUTCA 1 €T0 3HAUYCHHEC PAaBHO 1.

“°
| e
6. BEISICHUTE CXOAMMOCTh MHTETPaja o =

[To onpenenenuto
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Ir4] A A
| e ®dx= lim | e ®dx=lim (- L) e ®di-a)= _ ¢ (_1 ) 1 _ 4
: oy Ao 'y - lm |- 2] )= fm

R|—

CHeI[OBaTeHBHO, HHTCTPAJI CXOOAUTCA U €TI0 3HAUYCHHC PAaBHO

3aoanue 2.4

Brrauciants HeCOOCTBEHHBIE HHTCTPAJIbI IICPBOTO poaa UKW NO0KA3aTh NX PACXOANUMOCTD.
= dx = dx = dx °I:' (x+ Ddx

| ———— | —— |
1 exln’x.o mflnx. g gxf+2x+10. 4 gxi+2x+10.

= dx

= dx
I—
5 ,ﬁJx+2.6_ 0.(x+ 117 _

1 1
Orsersr: 1.9 2. pacxoautcs; 3. & 3 3; 4. pacxoautces; 5. pacxoautes; 6. 2.
Hawm B nanpHeiemM noHagoOuTcs Cleayromuil BaXKHbIA Pe3yIIbTar.

Teopema 2.8. (Kpurepuit Komm). HecoOcTBEeHHBIN MHTETpalI IEPBOTO POJA CXOIUTCS
TOT/Ia ¥ TOJIBKO TOTJ1a, Kora st Besikoro €20 cymectByer 4AZ# Takoe, 4To IS BCeX

| fixdn <&
4.4, 2 A prinoHeHo HepaBeHCTBO M

Jloka3aTenbCTBO 3TOrO PE3yJIbTaTa OMYCTUM.

i Fd

Onpeodenenue. HecoOCTBEHHBII HHTErpaJl NePBOro pojaa ° Ha3bIBaeTCH

|7k

a0COJIIOTHO CXOaAIIMNMCH, €CJIN CXOAUTCH MHTEIrpaa @

OTMmeTuM, 4TO €ClIM HECOOCTBEHHBIN HHTErpall IEPBOT0 POJa CXOIUTCS aOCOTIOTHO, TO

i|f (@ldx

OH cxoauTcA. JJeMCTBUTENBHO, TOTAA ISl MUHTETpaja = BBINOJIHEH KpuTepu Ko,

2 2
| fizdd=| (| F(nd

ki) ki)

a B CWJIy CIIPaBEeJIMBOCTA HEPABEHCTBA , kputepuit Kol BbINOTHEH U

T Fixdx

JUISl MUHTErpana =
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OOpatHOE YyTBEpkKIAECHUE HEBEPHO.

I Fixdx

CXO,ZIHMOCTB HECOOCTBECHHOTO HHTCI'pajia — OIIPCACIIACTCA aHAJIOTUYHO.
HpennaraeTCﬂ mpoaciiaTh 3TO CaAMOCTOATCIIBHO.

(1]
| F(x0dx I Fixdx= I f (x)cfx+| Fixdx
I[J'ISI HECOOCTBEHHOI'O HHTCI'paJia —a MOKEM 3allnucatb —= n
Ha3BaTb 9TOT HHTCTPAJ CXOAAMMUMC, CCIIN CXOOATCA 063 cJlaraCMmhbIXx. ECHI/I XO0TA 6BI
1]
| fizx)dx

OJIMH U3 3TUX UHTETPAIIOB PACXOIUTCS, TO OyJIeM CUUTATh HHTErpajl —
pacxomsamumcs. B kauecTBe TOUKH < BEIOMPAIOT 00BIYHO 0.

xdx
Tlext
prnep PaCCMOTpI/IM I/IHTCFpEUI —o HO OHpGI[GHGHHIO CXOOUMOCTH I3TOIO HHTerpaHa
oJayJYaeM

IZI Ay

= xd _ - xd 4 xd

| il xz = lim al xz + lm | il xz =

w1t x Al—?'—mA 1+x* A—=+eg 1+
1oy 1 2, [

=3 litry ]n(x +1} +j tm  In{x® +1)
..'4.1—)—'3:' 1‘12—}+'Il I}

Tak kak 00a cnaraembIX pacxosiTcs, TO UICXOAHBIM UHTErpal pacxoauTcs. [lomyuaemas

IIPA 3TOM HEOIPEAEIIEHHOCTD @ — & 1Py pa3HbIX CKOPOCTAX CTPEMIICHUSA Ay -y Ak

= —nlp? _ N
+ 1aéT pasHble pesynbTarsl. B uactrocTh, ecan A4 = V2T 1 Ay =qn—1 g

1 1 7, .l
5, ]n(x +1) g lm nCx +1)L -
1 AE—H"I'

lim (nz—2lx)=1lm Z=1im Ll=-o
H =0

h—wo N h =0

t\_'l|l—~

=1
2

—_—— —_ — 2 —_—
Ecmm A =—+n-1 A =+2"-1 14 36comoTHO aHATOTMYHO MOKA3BIBAETCS, YTO ITOT

npezen papeH + . [lomoO6paB CKOPOCTH CTPEMIICHUS A g -y 4k +0MoxkHO
MOJIYYUTh B Mpejielie Jr00e 3apaHee 3aJJaHHOe YUCIIO OT — % 10 +@ .

C npyro# CTOpOHBI, TPU COTIIACOBAHHOM CTPEMIICHUHN BEPXHETO U HHXKHETO MPEEIIOB K
% MOYKEM 3aI1CaTh
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oo

A A
A . S ]jml]n(x2+1)‘A=

_'I:,‘:|1+:J';2 A—H-W_'A]_+ xg A=l

xdx

-1 fm (a(4? +1)-ln(42 4 1) =0

2 A—ten

9T0 Ja€T BO3MOXHOCTBb BBECTH HOBOC IIOHATHC.

| F(x)dx
Onpeodenenue.I'0BOPAT, 4TO HECOOCTBEHHBI HHTErPaJI MEPBOro poaa —~
CX0AUTCHA B CMBICJIC I'VIABHOI'O 3BHAYCHUA KOIIII/I, ecJin cymeCTByeT U KOHCYCH r[peue.ﬂ

A
im [ f(x)dx
A—>+GD_'A

PaCCMOTpeHHLIﬁ BBIIIC ITPUMCDP ITIOKA3bIBACT, YTO HECOOCTBEHHBIN HHTCI'pal IICPBOTO

| F(x)dx
pona - MOKET CXOAUTHLCSI B CMBICJIC I'JIABHOI'O 3HAUYCHM KOH_II/I U paCXOI[I/ITBCH B
O6I)I‘IHOM CMBICIJIC.

T Fixdx

OTMETHM HECKOJILKO CBOMCTB HECOOCTBEHHBIX MHTETPAJIOB MIEPBOIO poAa @

?f{x)cfx ?f{x)dx

1. Ecnu unTterpan = CXOAMTCS, TO JUIS BCIKOTO ¥ Z& yHTErpas * CXOIUTCA U

@ 8 @
| Fixidx= | Fixdx+ | Fixidx
a a A

| Fixdx | e Fixdx
2. Ecim HHTCI'pal @ CXOUTCA, TO CXOAUTCA UHTCTpal = n UMECT MECTO

Ta: F(xidx= a:? Fixidx
PaBEHCTBO 2 a

L]

| Fdx | g(ndx | (F(x)+ g(x)ddx
3. ECHI/I I/IHTerpaJII)I 2 n = CXOOATCsA, TO CXOOATCA I/IHTeraIIBI 2 n
HMCCT MCCTO paBCHCTBO

[(F ()% g(x)dx= | F(x)dx | glx)dx

[ [ [

OOpatHOe yTBEepKIEeHUE HEBEPHO, TO €CTh, €CIIM MHTETPaJl OT alre0pandeckoi CyMMBbI
GYHKINNA CXOUTCS, TO HHTETPAJIBI OT CIIAraeMbIX CXOAUTHCS He 00s3aHbl. Hampumep,
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Taxr Y dx D?(l l}f T dx

x x+l ix(x+1)

T x Cx+1
AHTETpaJIBl ! 1 1 pacxonsarcs, a uHTerpain !
IIOKa3aHO MO3JHEE, CXOAUTCSL.

, kak Oyzner

JI1st Ipyrux TUIOB HECOOCTBEHHBIX NHTErPAJIOB IEPBOT0 pOJa CBOMCTBA aHAJIOIMYHBI.

CX0auMOCTh HE BCEX HECOOCTBEHHBIX MHTETPAJIOB MIEPBOTO PO/Ia MIPOCTO BBISICHUTH 110
omnpeneneHnto. [103ToMy 4acTo UCHOJB3YIOT TaK Ha3bIBAEMbIC TPU3HAKH CPABHCHUS B
HEIpeaeTbHON 1 TpeaeabHOu Popmax.

Teopema 2.9. Tlycts nuist Besikoro *= 442 &) ByionHeHo HepaBeHCTBO @) =letx)

| glx)dx | fixdx
Tor):[a, CCJIM UHTCIpal =2 a0COJIFOTHO CXO0OUuTCA, TO HHTCIpall = a0COJIIOTHO

| F(xdx | g{x)dx
CXOJMTCS, a €CIIM UHTEerpall @ a0COJTIFOTHO PACXOJIUTCS, TO HHTETPAJ 2
a0COJIFOTHO PAaCXOUTCHI.

Hoxazamenvbcmeo. JIeHCTBUTEIBHO, B YCIOBHUSIX TCOPEMBI U Bcex AZ ¢ meeM
A A % A

| |7 (x)|dx = | |g(x)|dix I |g(x)|dx | | ixx
o o . TOFI[a, cCJIn I/IHTePpaJI a CXOOUTCA, TO ﬂ €CTb MOHOTOHHO
B03paCTaIOLHaSI OFpaHI/I‘{eHHaH CBerY (bYHKHI/UI OT A n H03TOMy nMeeT Hpe,[[eJI HpI/I

A

7k Jim ] /Cofix- oo
A—w  Ecnau uHTerpan ¢ PaCXOAUTCSI, TO 2
4
lim | |g(x)|dx=
A—:»mr-zlg(xj' =

U TI03TOMY

Teopema 2.10. Ecom ¥y 8% - GeckoHeuHO Malble B +® 0XHOTO IOPSIKA MAJIOCTH, TO

w

A L) S [ Fdr | g(xdx
ectp e &%) , TO MHTETpaJbl 2 U- 1100 00a abCOIIOTHO CXOISTCH,
1160 0062 aGCOIFOTHO PACXOISATCS.

D e @

=K
x—teo 2 X) x gix) | |

Jlokazamenvbcmeo. Tak Kak , TO . Bo3pMeMm
ornpeeneHuto npezena cymectyer # > UTakoe, uto 1t Bcex * * M BpIMOIHEHO

Sz

g(x)

lg@|£]- &) <[/ < ]+ e 15 nocnennero HEPABEHCTBA ¥ TeopeMbI 2.9 monydaem
YTBEPKIECHUE TEOPEMBI.

0<e<ld] 110

|ﬁf | -5
HEPABEHCTBO

< |K |+ g
d, CJICIOBAaTCIIbHO, 1 HCPABCHCTBO
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3ameuanue. Ilocne nzydyenust Teopemsol 2.10 MOKET CIIOKUTHCS BIIEUATIEHUE, YTO JJIS
CXOJMMOCTH HECOOCTBEHHOI'O MHTErpajia IEPBOro poja, B TOM YUCIIE U a0COJIIOTHOM,
HEOO0XOMMO, YTOOBI MOJBIHTErpaIbHas PYHKIHS Obls1a OECKOHEYHO MAJION Mpu X —*
To, 4TO 3TO HE TaK, MOKA3bIBACT claeAyronui mpumep [15].

BosbmeM ¢dyHKIIMIO, TpadK KOTOPOM COCTOUT U3 OTPE3KOB MPSAMBIX, COSTUHSIOIINX
| |

B-—, ] [F‘E + —, EI]
] ] —
TOYKH { 2 1) 2  #=LZ .. Fe agamurudeckoe BBIPOKCHHUE UMEET BH/T

Mr+l-m2" xe m—i,n}
| 2"
Fixi=a—2"x414m2", e PE,F‘E+1—M:L
2
|:|, X pg—i,pg+i:|
2" 2"

[Tnomazab, 3aKI0YCHHAS MEKIY TpaduKOM 3TON (PYHKIUHU K OCbi0 4 | paBHa cymme

n-—_11»0
=112

1
IUIOMIACH TPEYTOIBPHUKOB C BEPIITMHAMH B TOUKAX d il d , B

1
M m=142

Tak Kak IIomaab KaJa0ro Takoro TPEyrojabHUKA PaBHA Pé TO
[en)

| fixidx= l+—n’25 _2

; 4 1-05 4

1 ’ . 3aMeTHM, UYTO YCIIOBHE OTPAaHMUEHHOCTH QyHKIHH 7 X'

HECYILECTBEHHO, TaK KaK BEPIIMHBI TPEYTOJIbHUKOB MOXKHO B34Th, HAIIPUMEP, B TOYKAX
1 1
- 0 r+—— 100
AN lm,nl " r=12 .
) ) )

Ipumepot

ax

Y it x
| 2
1. BBIACHUTH CXOIMMOCTh UHTErpaia !

2+ s x < i | 2 dx
Tak kak | * 2 s Bcex X2l a uHTErpanl ! CXOIUTCS, TO U UCXOTHBIM

HHTCTPAI TOKE CXOIUTC.

1

- x4+l
2. BBISICHUTH CXOIMMOCTh UHTErpaia ! (x+1)

1
Haxo/s mopsiiok MaioCTH MOABIHTETPATbHON (DYHKIIMM OTHOCUTENBHO (DYHKIIHH *

IIOJTy4aeM
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0, ecmm e < 2,

=

=21 ecmea=2;
sz x(x+1)

oo, BCJH o > 2

1
Takum 00pa3om, MOPSAOK MAIOCTH MOJIBIHTETPATbHON PYHKIIMU OTHOCUTEIBHO * paBEeH

= dx

2 U TaK Kak 1 X CXO0OUuTCA, TO HCXOI[HBIfI HHTCTPAJT CXOOUTCA.

w

i 1
| ————dx
1 Dz + 2

3. BeIICHUTH CXOAUMOCTDb MHTCTpAJIa

L
Haxog mopsiiok MaJloCTH MOJBIHTETpAIbHON (DYHKIIMM OTHOCUTENIBHO (DYHKIIUH *

NoJIy4aem

0, ecrmiee <15
x

Wnm — = =
r=e (g Uiz + 2

l, ecrmiee=17%

co, eCcima =15,

1
Takum 006pa3om, MOPSIOK MAJIOCTH MOJIBIHTErPATFHON (PYHKIIMHM OTHOCHTEIIHHO * PaBEH
' dx
'35
1,5 tak kak !# "~ CXOAMTCSA, TO UCXOAHBIA HHTETPAJ CXOIUTCH.

1

_ dx
C(x+ 23 x+ 5
4. BBIICHUTBH CXOJIUMOCTh UHTErpajia !

1
Haxons nopsiiok MajioCTH NOABIHTETpaIbHON (DYHKIIMM OTHOCUTENBHO (DYHKILIMH *

MOJIy4aeM

i (x+ I35+ 5

1
Takum 00pa3om, MOPSAOK MAIOCTH TOJIBIHTETPATbHON PYHKIIMUM OTHOCUTEIBHO * paBEeH

4
3 U, cnenoBaTenbHO, HHTETPAJl CXOIUTCS.

09»‘.'x+2

-I X+ 4
S. BBIACHUTH CXOIUMOCTh UHTErpana !

ax
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1
Haxons mopsiiok MajgoCTH MOABIHTErpabHON (DYHKIIMM OTHOCUTENIBHO (PYHKIIUH *

IIOJTy4aeM

0, ecomiee <15,
]Jhlexﬂ: 1, ecmice= 15
sz g2y

o ECIH L = 15

1
Taxum oOpa3om, MOPSAIOK MATIOCTH MOABIHTETPAIbHON (PYHKIIMM OTHOCUTENIBHO * PaBEH

1,5 u, cnegoBaTeabHO, HHTETPAJl CXOAUTCS.

7 _"x3+2 dx

'I xz + 5
6. BpISICHUTE CXOOUMOCTDb MHTCTpAJIa 1
1
Haxo nopsiiok MaJloCTH HOJBIHTErPAIbHONU (PYHKIIMM OTHOCUTENIBHO (DYHKIIMH *
MOJTy4aeM

0, ecmmee <05
firn 250+ 2

= =+1 ecmoa=075
Ay xe 4 h
o eCImH e 0,5

2

1
Takum 00pa3om, MOPSAOK MAJIOCTH MOJIBIHTErPaIbHON PYHKIIMU OTHOCUTEIBHO * paBEH

0,5 u, cienoBaTesbHO, UHTErPal PaACXOIUTCH.

]

o4
le " dx . .
7. Unaterpan ! CXOJIUTCS, TAK KaK UMEET MECTO OIleHKa ¢ = =% s Bcex *=1 a
b b
o
. _ .2
| xe” " dx
uHTETrpa | , Kak OBLJIO MOKa3aHO paHee, CXOSIIUICS.
T dx 1 q
-I Ao x Jnx = i x
8. I/IHTeraJ'I g pacxoauTcCs, TaK KaKk UMEET MECTO OLICHKa 4 &A1 BCEX
ol? ax
xq.'ﬂi

) X
XZ€ a MHTEerpa ¢ , Kak ObUIO TIOKa3aHO paHee, PACXOINUTCS.

3aoanue 2.5

Hcnonp3ys npu3HaK CpaBHEHUS BBISICHUTH CXOJUMOCTb HECOOCTBEHHBIX MHTETPaJioB. B
OTBETE YKa3aHa CXOJIMMOCTb U MOPAJIOK MaJIOCTH MOJABIHTETPAIbHON (DYHKIIMH

1
OTHOCHUTCIIBHO *
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X

°-° _x+3 = Jx-1 _axel T«JX+2d Tw‘ = xarctox i
1 1

| | — 2
1. 1(3: + 10 x+ 2 ' '1x2+4m"'3_f—1 - 3, P - 4, \l'x +3 12+?~’2 Ax+ 2 . 6.
T x+ 2 dx
1(7x+ Ej{g*dxz +13
Otsetsl: 1. cxogures, £=17; 2. cxoqurcs, =13 ;

p=2
3. pacxomurcsi, &=1; 4. cxogurcsa, ®=15; 5 cxomurcs, = 3

=L
6. CXOIUTCS, :

| =1

16. HecoOcTBeHHBIE HHTETPAJIBI BTOPOTO pojia o=

Ecau /(@ HEOTpaHWYCHA Ha (@%) 10 0cOGEHHOCTb MOKET ObITh B Toukax % & pm

BHYTPEHHEHN TOUYKE 3TOT0 OTpe3Ka. MBI pacCMOTPHUM CiIy4ail C 0OCOOEHHOCTBIO B TOUKE
b

im f{x)=
Onpeodenenue. Myers ¥ 3anana Ha moayunrepsate (4% ()= HyCTb
A b-s
| Fixdx EI_‘I}'lU | Fixidx
aajee A5 Besikoro Y < 8 <& -4 cymecTByer HHTErpaa ° Ipenen 2

HA3bIBAETC HECOOCTBEHHLIM HHTErpajaomM BTOpOFO poaa (I/IHTerpa.HOM oT
s

_I Fixdx s.-}n I Fixdx
HeOrpaHM4YeHHO QyHKUuM) H o003HaAyaercss = Ecanu 2
CylIecTBYeT M KOHEYEH, TO HeCOOCTBEHHBI MHTErpajJ BTOPOro poja
HA3bIBACTCH CXOAALIMMCH, e€CIM xKe OH He cyuwecrByeraun paseH
0€CKOHEYHOCTH, TO HECOOCTBEHHBIH MHTErpajl BTOPOr0 PpPOAAa HA3bIBAETCH
pacxoasmuMmces.

AHanornyHo oNpeestoTCs HECOOCTBEHHBIE MHTErPAJIbl BTOPOrO POJIa B CIIy4asiX,
KOI/Ia MOJBIHTErpajgbHas PyHKIUs OECKOHEUHO OoJiblllas Ha HUXKHEM Mpejelie, BO

BHYTPEHHEW TOYKE OTpE3Ka (@8] pa BEPXHEM M HWKHEM IIPEAENaxX OJHOBPEMEHHO.
g ynoOcTBa M3M0KEHUsT MBI pacCMaTpUBaeM cllydail 0COOEHHOCTH Ha BEPXHEM
npenene. s octanbHbIX BAPUAHTOB MPEIIAracTCs MPOAENIaTh 3TO CAMOCTOSTEIBHO.

Ipumepeoi.
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1
E==]jm |E=

x g—0- X
3

1
dx I
1.  Paccmorpum  ©® . Ilycts @=1. Torma °©

lim (n ) =lim (ln1-ln &) = co .
207 e Takum 00pa3oM, pacCMOTPEHHBIA HWHTErpan npu &=1
pacxoautcs. [Tycts Teneps 2+# 1 Torma

1 1 - 1
sox . cdxn —
| 52 =tim | & = tim T r= o7 mmadl
Ux"‘ el | X r=0 1-& . oo mpH > 1,

W MBI OKOHYATENBHO MOJYYHIIH, YTO pacCMaTpUBACMbI WHTErpai mpu =& =l
cxomuTcss M mpu 21 pacxomuTcs. AHAJIOTWYHBIE BBIBOABI MOXHO CIENIaTh TIPO

E:'-.:fx 'El-cix

I |
HECOOCTBEHHBIEC MHTETPAJIBI 7 (x-a)” -7

R

(x—a) I(f:' e

: C A x—a)® “lh-x

HHmeepaJsz o 2 y ° UCnojb3yromcsa 6 NpPpusHakKe CpAaeHEeHUs 6
Kadecmee SnAalOHHbIX.

':" dx
Al x

X
2. B uHTerpaine ! HOJBIHTETpaNIbHAS (DYHKIMS UMEET 0COOEHHOCTh B TOYKE
E:. dx : E: dlnx
=1, o3TOMY jEln 80 Winx

2]
= lim 2+/In = lim (24/lne — 2, /Inf1 =2
& —0 x|1+5 5—}0( ( " 5)) .

CrnienoBatesibHO, MHTETPAJ CXOAUTCA U €r0 3HAUYCHHE PABHO 2.

ll. adx
SJ-lhx

3. B wunterpane 07 MOABIHTETpAJIbHAS (PYHKIHMS HMEeT OCOOCHHOCTh B
toukax =0y *=1  mosromy mHTEerpays pazdomBaeM Ha CyMMYy JBYX, Hampumep,
1
R T odx L
+ |

| = |
DxJ—]nx t,xwf—]nx %xm'—]nx

. Jlist MepPBOro u3 HHUX
0,5 0,5
R . < dinx . [15
| ————=lim | ——
g xd-lnx &0 ~/-lnx &0 ¢

= lm (~2.)-In05+ 2 -ln ) =-e
¢ =0 . CnenoBarenbHO, UHTETPAl PACXOAUTCS U OITOMY
MCXOJIHBIA UHTETPaJ TAKXKE PACXOAUTCS.
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1r
I‘g o
2

- X X
4. B unterpaie o MOJIBIHTETpAIbHAS (PYHKIHS HMEET OCOOEHHOCTh B TOUKE
r="0_nosTomy

lie lie
| ax _ lim dlnx mnE“iJ
p xnfx -0 ]112 S0t Inx

— =1
CXOOUTCA U €0 3HAYCHUC PABHO

Lie 11 CrnenoBarenbHO, UHTETpal
"l ha)”
]
1.

l'ci’x

A
5. BBIACHMM CXOMUMOCTh HHTerpana 2¥1=%"  TloapiHTerpanbHas GyHKIHS HMEeT
1
I‘ dx
S
0co0eHHOCTh B Touke * =1, [Tostomy 0¥l—%

= litn | ——==-= lim arcsin ;dn ]J.t'ﬂ (aru::sm(l &) — arcsin0) =%

r
CJIGIIOBEITGJIBHO, MHTErpaj CXOAUTCS MU €ro 3Ha4YCHUE paBHO < .

2
|
6. BeIICHUTH CXOJHUMOCTb UHTCrpaia !

ax
Jr-1

[MompiHTErpasIbHAS (PYHKIIMS UMEET 0COOCHHOCTh B Touke *=1. [To onpeneneHuro
uMeeM

2 2
ax . .:1'
=hm | ]Jm {2«4‘ 1y
L 6=l fp T Jx-1 |

2.,;1‘;;

7. BBIACHUTH CXOIMMOCTb UHTErpaia 1 {2-x

[ToxasiHTErpasibHas GyHKIUS UMEET OCOOCHHOCTD B Touke * = <. [To onpeaencHuio
uMeeM

3.:1'x

8. BBISICHUTH CXOAUMOCTH UHTETpalIa 1 Yi-x

[TogsiHTerpasibHas (GyHKIUS HMEET OCOOCHHOCTh B Touke *=2 . TlosTtomy
pa3OrBaeM MHTETpaJI Ha CyMMY JIBYX

246



3{1’;{ 2-r:I’Jr 3-r:fx

| = +1
T T T
iv2-x Alz-x gAf2-x . Ins mepBoro u3 HUX UMeeM

& =0

2 -8 PET

D dx - - cfx . 33 2‘ 3
|le——=ltn | =——==-lim —«,||2—x =z
13«;'2—;; =0 4 i (2 ( ) )1 2

AHajoruyHo AOKa3bIBACTCA CXOJHMMOCTL BTOPOro cjiaracmoro. CHCI{OB&TCJ’IBHO
HCXOI[HI)Iﬁ HHTCTPAI CXOOUTCH.

3aoanue 2.6

Hcnonb3yst ompeneieHne BBISCHUTH CXOJIMMOCTh HECOOCTBEHHBIX WHTETPAJIOB
BTOPOTO POJA.

2
& dx 1— e 1- dx 3 ax 5 ax 4 .:I’x

11;{«)"]1? znzjm 3|:|5.T5\I'r_ 4Dm 52# . 4,2 leg - 8.

nJ{B x}4 q|'x 30

4 5( 4 _33 44 3.3
Otsetsr: 1.3 ; 2. pacxoautcs; 3. (n0,5) 4, 2"‘@; 5. 3ﬁ; 6. 7 ‘JE); 7

pacxoaurcs; 8. pacxoauTcs; 9. pacxoaurcs.

AHanOTUYHO CITy4aro HECOOCTBEHHBIX MHTETPAJIOB IEPBOTO Pojia GOpMyIUPYIOTCS
U JoKa3biBaloTcs kputepuil Komn u mpu3Haku CpaBHEHHS /JII HECOOCTBEHHBIX
WUHTETPAJIOB BTOPOTO poAa.

Teopema 2.11.(Kputepuit Komm). HecoOCTBEHHBIN HHTErpan BTOPOro poja
CXOAMTCS TOTJIa M TOJBKO TOI/a, Koraa s Beskoro €20 cymectByer ¢ > U Takoe,

-

_i Findd < e

<
4,93 =6 BLITONHACTCS HEPABEHCTBO -

YTO JIJIsl BCEX
Jloka3aTenbCTBO ATOTO Pe3ysIbTaTa OIyCTUM.

Teopema 2.12. Ilycts miast BeSIKOro »-d=x<b BpIIoJHEHO HEPaBEHCTBO
& 2

| g{x)dx if (X)dx
0=fm=gln) Torma, ecmu wHTErpam = CXOAMTCS, TO HHTErpan =
A A

| Fi(xdx | g(x)edx
CXOOUTCA, a CCJIM UHTCI'pal =2 pacxoauTcCs, TO HHTCrpal = PacxoauTcs.

JlokazaTenbCTBO aHAJIOTHYHO CTy4Yar0 HECOOCTBEHHOTO MHTErpaja MepBoro poja.
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Teopema 2.13. Ecnun F®)y 8(%) - Geckoneuno Gomblime 0HOTO MOPSIKA POCTA, TO
A

g 3 _ 0o | F(xdx | glxdx
eCThb ”‘” glx) , TO UHTETpajibl @ U= 1100 00a cxomdrcs, au0o
00a pacxoasTcs.

JloKa3aTenbCTBO aHATOTMYHO CIY4Yar0 HECOOCTBEHHOI'O MHTErpaja NepBoro pojaa.
IIpumepsi

3 o

L= 3l 2
1. Jlns unterpana 2¥x= 2 V-2 MOJIBIHTETPANIbHAS (PYHKIIHSI UMEET OCOOEHHOCTh

B Toukax * =2y *=v3 Touxn x=*3p IPOMEKYTOK MHTETPUPOBAHUS HE BXOIIT.
|
[TosTOoMy, HaXOAsI MOPSAOK POCTA ATON (PYHKIIMU OTHOCUTEIILHO X~ < UMeeM

oo ecmmon <05
x-2* ]

, BCcImoe= 05

lirn
x—d Il'x_g.%h—xj 0, ecmic>0,5.

Takum 06pazom, MOpsiIOK pocTa paBeH 0,5 U UHTErpaj CXOIUTCS.

3 o

D7 3fy_ 2
2. B unrerpane 2¥*~1'N? =% nonpmrerpanshas GpyHKIUS UMEET OCOOEHHOCTD B

Toukax *=lpy =23 Toukwm *=lu *=-3 B MPOMEKYTOK HHTETPUPOBAHUS HE BXOJIST.
1

[TosToMy, Haxonas MOPSIOK pocTa 3TOHW (PYHKIMH OTHOCHTEIBHO I~ % , HMeeM

Nt
=5 i1 o2
1.
m, ECIHE < =,
= lim (3-n" = £ CIIH & 3
C aE Te—1.3z_..3 h 3 _’3’
a3 r-1- 35 -x 35+ x J_ J_ EEJ'.II/IEII::'E

1
Takum 006pa3om, MOPSIIOK pOCTa PAaBEH 3 W MHTETPA CXOAUTCS.

1
|
3. BeIsICHUM CXOJMMOCTh UHTETrpasia "

i X

&%

[MoapaTerpasibHast GpyHKIMS UMeeT 0cOOeHHOCTDh B Touke * =0 . Haxozs mopsaok
1
pocta 3TOM (QYHKIIMH OTHOCUTEIBHO X, UMEEM
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w, ecima <15,
. : a‘
fig ATy AT eomra= 15
5= 7;2 x—=0 ﬂ";f\ll?

0, ecmice =15

Takum 06pa3om, MOPSIIOK pocTa paBeH 1,5 U UHTErpaj pacXoaUTCH.

} 3ein x

4. B unterpaine ©

dx

MOJIBIHTETpaNbHAS (PYHKIUS UMEET OCOOCHHOCTh B TOUKE

1
r=0_ Haxozas mopsaok pocTta 3Tol (yHKIIMA OTHOCUTEIBHO * , UMEEM

2.

o, ECIHE < £

Henx x* . Henxox %

=T - = L, ecmia= £,
x=0 X =0 3 |'

Ax alx 0, ecm&rx::%.

2
Takum 0O6pazom, MOPsIAOK pocTa paBeH 3 M UHTerpal CXOUTCH.

1 5
| de
5. BeIsICHUM CXOJMMOCTh UHTETpasIa "

[ToapiHTerpasibHas GYHKIHS UMEET 0COOEHHOCTh B Touke *=U . Haxomas mopsmox
pocTta

1
DTOH q)YHKHI/II/I OTHOCHUTCIIbHO X ) UMEEM
co e o < 0,8,
5 i S
litr w= litn w= 1, ecmic =108,
x =0 x x =0 j-u';-ﬂ'lxdl

0, ecme > 05,

Takum 00pa3oM, MOPAIOK pocta paBeH -8 1 uHTErpan CXOQuTcs.

t'e:'“":—l
6. B wunrerpane 0

MOJBIHTErpagbHas (PYHKIUS MMEET OCOOCHHOCTH B

1
Ttouke *=U. Haxons mopsmok pocta 3Toil pyHKIIUK OTHOCUTEIBHO ¥, IMEEeM

G S o, BCIH o < 0,5,
]jm(é' 1)x=]jm(e 5-x%

=<1 ecma=05;
e x R 0, ecma > 0,5

Takum 00pa3oM, MOPAIAOK pocTa paBeH -2 1 uHTErpa; CXOJuTCs.

1
f dx
] -1
7. BBIACHUTH CXOAMMOCTb UHTErpajia ? Ja(x-1)
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[MompiaTerpasibHas (GyHKIMS UMeeT 0CcoOeHHOCTh B Toukax *=0 m x=1. OGe
BXOJIAT B MPOMEXKYTOK MHTErpupoBanus. PazOuBaem uHTErpai Ha 1Ba

1 0.5 1

. dx I dx

P ¥ _
AT g IR gedala)

IlepBblii U3 3TUX UHTETPAJIOB CXOIMUTCS, TAK KaK MOPSAIOK POCTA ITOABIHTETPAJIbHON

Gynkuuu npu * = 0 oTHOCHUTENBEHO % paBeH /i, a BTOPOH PACXOMHMTCA, TaK KakK
|

HOPSIIOK POCTA MOABIHTErPaIbHON (YHKIMU TpU * —* ! OTHOCHTEIbHO !-Z paBeH 1.

[ToaTOMY MHTETrpal paCXOAUTCS.

3aoanue 2.7

Hcnons3yss TeopeMy CpaBHEHHsI BBIACHHTh CXOJUMOCTb HECOOCTBEHHBIX
MHTErpajioB. B oTBeTe yka3aHbl: TOUKa, B KOTOPOH (PyHKIMsI OECKOHEUHO OOJIbIIAs;
HOPSAZOK POCTa MOJBIHTETPAIBHOW (YHKIIMM OTHOCHUTEIBHO MNPOOHOW (PYHKIMH;
CXOAUMOCTD.

2 750 2 3
: dx Tfsin“ x Tz Alm—x
| dx | === = dr

I -
1. 1d4-2 ¥x-1.000 * .30 %

% 2
&%

| adx ? dx
‘J{; ’6 153—?[3 : 7. i4~..llﬁ—x4;

2s
!
0

ll'—hl(“m)dx
4.0 Nr g

2 d 3 4

: Es ! adx : @x
| —/— | |
g 1432-2 .9 24x-2.%-x . 10, 2 fxr 2 As-x?

Omsersi: 1. =" CF%, *=2 D::%, cxomures; 2. *=0 fx=%, cxomuress; 3. . rx=%
B fx:é, cxonurest; 4. %=1 fk%, cxomurest; 5. =% @=1_ pacxomgures; 6. =2,
Eﬂ:é, cxomutes, 7. F= & Eﬂ:%, cxomures; 8. F=4 =%, cxomutes; 9. X=4 Eﬂ:%,
x=3 fx:i, cxomutes; 10, =3 Eﬂ:é_, CXOIUTCH,
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Tema: /InddepeHuuajbHbie ypABHEHUS.

AnddepeHumanbHbiM ypaBHEHMEM NEPBOro NOpsaAKa Ha3blBaeTCA YpaBHEHME,
CBA3bIBAOLLEE HE3ABMCUMYIO MEPEMEHHYIO X, LCKOMYIO PYyHKLMIO ¥(X) n ee

NPOWU3BOAHYIO ) , T.e. ypaBHEHUe Buaa

@ Flv oy y)=0mm y=r(xy),

rae f — pyHkums nByx nepeMeHHbIX, a F — QpyHKIIMOHAT OT TpeX MmepeMeHHBIX.

OO0muMm pemienuem augdepeHIHAILHOT0 YPAaBHEHU Ha3bIBACTCS Takas QyHKIU,
3 = y»(x), KOTOpas obpaimaeT ypaBHeHue (1) B TokAeCTBO, T.€.

F (x, y(x), y'(x))EO Wi y'(x)z f (x, y(x)).

Uto0s! pemuTh auddepeHmanbHoe ypaBHEHUE ero He00X0IMMO TPOUHTErPUPOBATH, HO
PEXJIe ero He0OXOAMMO UECHTU(DUIIUPOBATH (OMPEACIIUTH €T0 BUI) U IPEoOpa30BaTh.

Jludbdepennmansubie ypaBHEeHUS 1-TO TIOpsIKa, ONIPeIeICHHBIC BBIIIE, YI00HO
3aMUChIBATh B Cieaytolieit hopme:

(@) [ A1 ey )+ NGx )ty =0

Jlugppepenyuanvnuie ypasnenus c pa3zoenaoujumucs nepemeHHbIMu.

ITyCThb az(x,v) = u,(x)g,(3)> @ N(x,») =1, (x)e, (), TOTAA ypaBHEHHE (2) HA3BIBAETCA
arddepeHanbHBIM YPaBHEHUEM C Pa3/IeIAIONIMMUCA IIEPEMEHHBIMH U IIPUMET BHUL:

u, (x)gl (y)dx =u, (x)g2 (y)dy
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HYTGM ACJICHUA Ha IPOU3BCACHUC ,,, (x)g, () OHO HPUBOAMUTCA K CICAYIOIIECMY BUY:

u(x) &)
PSR IRE

OO1muMii UHTErpall STOr0 YpaBHEHUS UMEET BUJIL:

o

u;(x;dx+c

u (X

1. Pemnth nuddepeHunaibHble YPABHEHUSI ¢ PA3IEJIAIONIUMUCS NePEeMEHHbIMM
Henv: Hayuumocs naxooums oowee peutenue oup@epeHyuaibHo2o ypasHeHUs ¢
PA30eNAOWUMUC NEPEMEHHBIMU, UCHONb3YA 8 CB0ell pabome Memoovl
oughghepenyuanvbHo2o u UHMe2PAIbHO20 UCHUCTEHUSL.

1) (I+x)y +y=0

Pewenue: npusedem ypasnenue k 6uoy (1) (yuumoieas, umo y' = Z—y) :
X
(1 + x)ﬂ +y=0
dx

vdx + 1+ x)dy =0
B oannom ypasnenuu ul(x)=1, gl()’):ya “z(x):Hx» gz()’)zl

Pazoenss nepemeHHbsle, nojayvum.

dx _dy
I+x vy
Hnmeepupys, natidem oowutl unmezpan:
jﬂ _ JQ.
1+x y’
jd—y:Jd(1+X)+C;
y I+x
h1|y| =ln|1+x|+lnC;
In|y| = In|C - (1+x};
y=C (l + x)— obujee peuterue Oug. ypasHeHus
2) *xy'-l-l:(); 4) *y =1-x
Y ! .
" 5) Syy =1-2x,

3) *y = o 6) ylg-x=1,
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7) ysin®x=y; 8) y':y_z;

X

. Haiitu 4vactHOe pemieHue nu(ddepeHINAILHOI0 YPaBHEHNS, VIOBJIECTBOPHIOIIET 0

HAYaJIbHbIM VCJIOBUSAM, ¥ €r0 HHTErPAJIbHYI0O KPUBYIO.

Henw: Hayuumosca naxooums yacmuoe peuieHue OughghepeHyuaibHo20 ypasHeHus ¢
Pa30enaouWUMUC NePeMeHHbLMU, UCNOIb3YSL 8 C80EU pabome Memoovl
ougeperyuanbHo20 U UHMESPATLHO20 UCHUCIEHUS U CHPOUMb UHMEZPANbHYIO
KpU8yio 3mo20 peueHusl.

1) )y =x+2; y(0)=1.
Pewenue: Ilpusedem ypasnenue k uoy (1) u pazoenum nepemenuole:

Q:x+2
dx
dyz(x+2)dx.

Unmeepupys, Hatidem oowutl unmezpan:

J-dy :I(x+2)dx;
J.dy = '[xdx+j2dx;

2
y= % +2x + C — 0bwee pewenue oug. ypasHeHus.

T'k. y(0)=1, MO NOOCMABAS IMO HAYATbHOE YClo8Ue 8 obwee peuierHue oug.
ypasHenusi, Hatioem 3Hauernue C:

2
y(0)=%+2-0+C:1:>C:1.

3nauum uacmmuoe pewerue OaHHO20 OUQ. YPasHeHUsT UMeem 6UO:

2

X
=—+2x+1,

Y 2

Umobwl Hatimu uHmMe2panbHyio Kpugyro 0aHH020 Ough. YpasHeHus HyHCHO
2

X
nocmpoums 2pagpux e2o 4acmHo20 peuleHus, 8 Haulem ciyyae Smo y = EY +2x+1
(epaghux — napabona).

Haiioem koopounamet eepuiunvl napabo.ivl:

2
X, :—i:—i:—z, ¥, =ﬂ+2-(—2)+1=2—4+1=—1.
2a 2.1 2

2

I'pagux umeem cneoyrowuii 6uo:
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4 \\-_2_/{_1 0123 465 .
2) *y =2x {(2)=6};
3) *y =2x+4 {(0)=1}
4y y =3¢ Pli)=2}

>

Juneiinvie oupghepenyuanvuvie ypasnenusn 1-20 nopaoka.

JluneitnpiM nuddepeHIaibHbIM ypaBHEHHEM |-T0 MOpPsiKa Ha3bIBACTCS YpaBHEHUE

v+ plx)y = f(x)

riae P(x), f(X) — u3BecTHBIC PYHKIIHH.

JIuneitnoe nuddepeHranbHOe ypaBHEHUE HA3bIBAETCS OJHOPOAHBIM, €CIH f(x)—0, B
MPOTUBHOM CITy4ae OHO HEOJTHOPOJIHOE.

3. HaiiTu_o01uee pemenue JinHeiHOro auddgepeHHaAIbLHOIO YpaBHeHusi 1-ro
MOPSIIKA
Henv: Hayuumocs naxooums obwee peutenue tuHelnvix oughgpepenyuanbHuix
VpasHeHull, UCNOJIb3YSL 8 CB0oell pabome mMemoovl OuPghepeHyuatbHo2o u
UHMESPANTbHO20 UCHUCTEHUSL.

' 2
1) y -2xy=e
Pewenue: Obwee peuwierue HeOOHOPOOHO20 YPAGHEHUS MOICHO HALIMU
Memooom eapuayuu NOCHMOAHHOU.

e Paccmompum 00HOpOOHOE YpasHeHue

y =2xy=0, coomeememeyrowee danrnomy neodnopoonomy ypasnenuio. Imo
ypaeHeHue ¢ pazoenssiouuMUcs nepemMeHHbIMIU:
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J‘dyy = J‘2xdx

2
1n|y|:2x7+lnC
ln|y|—1nC:x2

ln‘l‘:x22>1=ex2 :>y:Ce"2.
C C

o Obwee peuternue HeOOHOPOOHO20 YPABHEHUS ULeM & ude y = C(x)ex2 (*) , e0e C(x) —
neuseecmuas pynkyus om x. Ipouzeoomnas y =C '(x)e“z + C(x)(e)‘2 ) = C'(x)e“2 + C(x)2xe“2.

Iloocmaensasn y u y'(; y —2xy=ex2 Hatidem C(x):

C'(x)ex2 + C(x)er)CZ - 2xC(x)e)‘2 —e" .

C (x)ex2 + C(x)(erx2 —2xe" ): e
C"(x)e‘2 ="

C'(x)=1= C(x)zJC(x)dxzjl~dx=x+C

TK. c(x)=x+cC, Mo noocmasisis e2o 6 (*) obwee peurernue HeOOHOPOOHO20
2
X
ypasnenus 6yoem )Y = (x + C)e , 20e C — nocmosiHHAas: UHMe2PUpPOBaAHUSL.
' 2 ,
2) *y +2xy=2xe " ; 4) *y +3L:(3—x)2.
— X
' 3
3) y -3x’y=xe";
4. Onpeneauts BUI JuddepeHuaJILHOr0 YPABHEHN, HAWTH ero oolee pemenue, a
rJ1e YKa3aHo YacTHOE pelieHue.

Henv: Hayuumucs onpedensimov 6uo oupgepeHyuaibHo2o ypasHeHus, Haxooums e2o
obujee u yacmuoe peuieHue.

1) *y +2y=e’;

2) *xyy =1-x%;

3) *x+xy=y {{I)=0

4) xy +4=y";

5) y'—2y:4x;

6) » +ycosx=cosx {y(0)=1};

7) *y = ﬁ {7(0)=4}, mocTpouTh MHTErpaIbHYIO KPHBYIO;
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8) *(2-3x)y =

9) ey(1+x2)dy—2x(1+ey)dx:0;
10) *y — ye* =2xe’ ;
1)y =37

12) *y o (1)

1+x

JAnddepenunanbHbie ypABHEHUS] B MeIUIIMHE U OMOJIOTHH.

1) JIuddepeHimaibible YpaBHEHHUS, BBIPAKAIOT COOTHOIICHHUS MEXKIY H3MEHCHUSIMHU
OCHOBHBIX TE€peMeHHbIX. [IpruMepoM OmMCaHUsI TEUEHHUS MPOIECCOB B CEPACYHO —
COCYJIUCTOM CUCTEME MOXKET CIIYKUTh HE3aBHCUMas MOJENb 3JaCTUYHOTO pe3epByapa
— nuHeHoe auddepeHmaIbHOoe YpaBHEHUE TUTIA:

rae nepemenHas P — MmrooBenHoe 3Hauenue AJl, koadgdunment R — oOuiee
COIPOTHBIICHUE KPOBECHOCHOTO pyciia TOKY KpoBH, KodpdurmeHT K — kodddurment
yrnpyrocTt aopthl, W(t) — 00beMHast MTHOBEHHAsI CKOPOCTh BEIOpOCA KPOBH M3 Cep/Ilia.

2) IuddepeHunanbHbIM YpaBHEHUEM OIMUCHIBAETCS Pa3jioKeHue OaKTepui,
paJIMOAKTUBHBIN pacna.
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JlomamiHee 3aaaHue:

Onpenenuts BUa AuQdepeHnaibHOr0 ypaBHEeHUs, HaWTH ero o0liee pelieHue, a rie
yKa3aHO YaCTHOE pelIeHUE:

1) (1+y2)dx+xydy: 0;

2) *y +y=e"cosyx;

3) *xy +y—e =0 {y(a)=b}

4) *y =10";

5) *y = yTH {»(1)=1}, mocrponts HHTErpaNBHYIO KPHBYIO.

6) y =" ~e'y;
7) *x(y' —y): (1+x2)ex;
8) J +c0sx =sin xCosX.

. 1-2x
9) *y = ;
y
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IIpoBepounas padora

Tema: AuddepeHunaibHbie YpABHCHHUS.

1 Bapuanr.

Onpenenuts BUI AU HepeHInaIbHOTO 2 BapuaHT.
ypaBHEHHUSI, HAUTHU €ro olliee penieHue, a
/i€ yKa3aHO YaCTHOE PEIlICHUE:

Omnpenenuts Bua aud GepeHnanTbLHOTO
ypaBHEHUSI, HATH €To o0IIee pelieHne, a
/i€ YKa3aHO YaCTHOE peIieHHE:

6) y=x-2
7) (3x—4)y' =y 6) y —4y=8xe™;
8) yv:1—2x; 7) y :2x—3;
\ 2 8) y' S 5
9) y -2xy=xe"; , 3x—2
, 9 =8x-3;
10) y = 4 (1)=2}, IIOCTPOUTH ) W ol
X 10) »y = rr- {y(l) = 0}, MTOCTPOUTH
HHTCTPATIbHYIO KPUBYIO. X

WHTETPAIbHYIO KPUBYIO.

JlomoJiHUTEILHOE 3a/]laHUE

Onpenenuts Bua AuddepeHInaIbHOr0 YpaBHEHUS, HAUTH ero 00111ee pelieHue:

1) 2xy1-y? =y'(l+x2>
2) y'+xexy:e(l_x)ex; 1) e_y(1+y'):l
2) (1+x2)y'—2xy:(1+x2)2;
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Jlexkmusa Ne 7. KommjiekcHbIe yHucia.

3HaKOMCTBO C KypCOM Mbl HauyHEM C HEKOTOPBIX MCTOPHYECKUX COOBITHH, KOTOpBIE
HOCTYKUJIM TNPUYMHOW NOSABICHMS HOBOIO, IOKa HeW3BecTHOro g Bac kmacca dumcen -
KOMIUIEKCHBIX.

B X Beke B Hramum ObUIM pacrpOCTpaHEHBl MaTEMAaTUYECKHE TYPHUPBI, Ha KOTOPBIX
YYaCTHUKH B IPUCYTCTBUM IMYOJUKHU M3JIarajy peleHus 3a1ad, MpeokKEeHHbIX paHee Kaka0My
ero npoTuBHUKOM. Kak n3BeCcTHO, B TO BpeMs 3TO OblII HE €AMHCTBEHHBII U3 BUJIOB TYPHUPOB - B
TE€ BpeMeHa COXPaHSUIMCH €lle BOGHHBIE TYPHUPBI, HA OJHOM U3 TaKUX TYPHUPOB B 1547 romy Obu1
CMepTeIbHO paHeH ¢paHiry3ckuii koposb ['enpux Banya. Utak, 12 ¢espans 1535 rona Mramumn
COCTOAJIOCH MaTeMaTUYeCKOe COpEeBHOBaHUE Mex 1y MaTematukamu Duope u Tapranseil. uope
ObLT yueHuKOM Tpodeccopa GonoHckoro yHuBepcutera, Cruunuona aeab Deppo (1456 -1526),
Hukkona Taprames (1500 - 1557) - mpenogaBarens MaTeMaTHKH. TapTaibs (3aMka) - €ro
npo3Buille (Hactosimas gamuiaus - DoHTaHA), .KOTOPOE OH IMOJYYWJ HU3-3a TOTO, YTO TOCIIE
BOCHHOI'0 PaHEHUs B TOPJO OH HE MOT CBAOOJHO pa3roBapuBaTh. TapTanbe ObUIO MPEATIOKEHO
pemmTh okono 30 anrebpanueckux ypaBHEHHil TpeTheil cTeneHn Buaa x°>+ax=b; a>0; b>0. B te
BpeMeHa He ObUIM M3BECTHHI 00mIMe POpPMYIIbl pEeIICHUsT YPaBHEHUH TPEThEel CTENEHH, II03TOMY
3a/1a4u, npeuiokeHHble Tapranbe, oka3ainch BecbMa cepbe3HbIMU .O1HaKO, Kak y3Han TapTaibs,
npodeccop nenbp Peppo ymen peuiarb HEKOTOPbIE YPAaBHEHMS YKa3aHHOTO BHJA. A MOCKOJBKY
3TU pelIeHUs] OBbUIM CPEeICTBOM KOHKYPEHTHOH OOphObI, mpodeccop He cTan myOIMKOBaTh
MOJIyUYE€HHBIE PE3yJbTaThl, HO COOOIIMI HMX CBOMM Yy4YEHUKaM, B UYHUCIIE KOTOPBIX HAXOAMJICS
®uope. 3a HeAeNIO 10 COpeBHOBaHUW TapTalibe yAaloCch HAUTH OOIIMI BUJ PEIICHUS DSTHUX
ypaBHeHMH U ¢ OjeckoM mobenuTh Ha TypHHpe. Tak uTto ke mpeanoxwi Tapramesa? Ecnu
JOMYCTUTh (TIPEMOI0XKUTD), YTO CYLIECTBYET HEKOTOpask MHUMas eIuHuIa (0003Ha4YUM ee i),
KBaJpaT KOTOPOii paBeH MUHYC 1, T.€.i%, TO MOKHO TOBOPHTH O UHCIIE PelleH il ypaBHeHus X + 1
=0, ux Oyzet 1aBa + i. Takum 00pa3oM, KJ1acc JHCTBUTEIBHBIX YUCE ObLI PacIIMpPEH BBEICHHEM
B HETO OJJHOTO JIEMEHTA - MHUMOW €MHHUIIBI, B PE3YJIbTATE YETO MOIYYHIN HOBBIN KJ1acc YUCe -
KOMILJIEKCHBIX, KOTOpBIE 0003Ha4at0T IaTHHCKOM OykBOil C. CeroiHs, KOrJja BO MHOTHX pa3zenax
MaTeMaTUKd M €€ [MPWIOKEHUH HEBO3MOXXHO OrPaHUYUTHCS PACCMOTPEHUEM  JIMIIb
JENCTBUTENbHBIX YHCEN, KOMIIJIEKCHBIE YHCIIa TIO3BOJISIOT PelllaTh MHOTHE CEPhE3HbIE 3a1a4u.

OpHomy M3 coznareneil nudepeHaTbHOr0 U UHTErPaIbHOTO MCYUCIIEHUH, HEMEIKOMY
mareMaTuky I'. JleiiGuuiy (1546 - 1715) npunamnexar Takue ciaoBa: «KoMIiekcHOe YuCIIo - 3TO
TOHKO€ M TOPa3UTEIbHOE CPEICTBO 60XKECTBEHHOIO JIyXa, MOUTH aM(puOus Mexay ObITueM U
HeObITHEMY. Ceifuac OT Bcel 3TOM MHCTUKHM HE OCTajach HUYEro, KpoMme, MoKaiayd, Ha3BaHMs

«MHUMBIEe ymcnay. Yxe Bo BpemeHa K. I'aycca (1777 - 1855) Owuio naHo reomerpuyeckoe
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MCTOJIKOBAaHNE KOMITJICKCHBIX YHCEN KaK TOYEK IJIOCKOCTH. TpyAaMH BBIIAIOIINXCSI MAaTEMAaTUKOB
XIX Beka O. Komm, B. Pumana, K. Beliepmrpacca Ha 6a3e KOMIIJIEKCHBIX YHCEIT ObLIO TIOCTPOCHA
OJlHA U3 CaMbIX KPAaCHUBBIX MAaTEeMAaTHYECKUX IAMCUUIUIMH - TEOpHs (YHKIUN KOMIUIEKCHOU
MIEpEMEHHOM.

PaCCMOTpVIM OCHOBHble onpeaeneHnAa 3aToro Knacca 4Ynmcen n BbIACHMM, Kak BbINOJTHAKOTCA ,ﬂ,eﬁCTBMﬂ
Had KOMMNAEKCHbIMU YNCNaMWN.

Onpenenenue. KOMINJIEKCHBIM YHCJIOM ZHA3bIBACTCS BBIPAKEHHE z=q+ib, TAc au b —

HeﬁCTBHTeHBHBIe qucia, | — MHHUMas €AuHHIa, KOTOopas OIpEACIACTCA COOTHOIICHHUEM:
2 . .
i=-1, i=+-1

[Tpu 5TOM YHKCIIO A Ha3BIBACTCS JAeHCTBUTEILHOM YacThio uncia Z (a2 = Rez), a b- mHuMmoii
gacteio(b = Imz).

Ecmu a =Rez =0, To ymcno z Oyaer yncto MHUMBIM, eciau b = Imz = 0, To uncio zZ Oyxaer
JICCTBUTEIIbHBIM.

Onpenenenue. Yucna z =a+ib U zZ = a —ib Ha3bIBaIOTCSI KOMIVIEKCHO — CONPSI>KeHHbIMH.

Omnpenenenne. J[Ba KOMIUIEKCHBIX YHMCIA = —g, +ib, U =z, =a, +ib, Ha3bIBAKOTCA
pPaBHBIMHU, €CJI COOTBETCTBEHHO PaBHBI UX JEHCTBUTENbHbIE U MHUMbBIC YaCTHU:

a, =a,; b, =b,;
Omnpenesienne. KoMmmiekcHOE YHUCIO PaBHO HYJIO, €CIIM COOTBETCTBEHHO PAaBHBI HYIIIO

I[eﬁCTBHTeHBHaﬂ 1 MHUMas 4acCTH.

7.1. QeiicTBUA HAZ KOMMNJIEKCHbIMM YUCAaMM B anrebpanyeckoin popme.

OCHOBHble AeNCTBUA C KOMMNEKCHBIMW YNCNaMU BbITEKAIOT U3 AEACTBUIN C MHOMOYAeHaMM.
CnoxeHue u BbluUTaHNE
PaccmoTpuM /1Ba KOMITJIEKCHBIX YHCIIA, 33/IaHHBIX B O0IIIEM BHJIE
z1=ar1+iby; zo=ax+iby
TOTAa
z=2z,+2z,=(ay +iby)(a, +ib,) = (a; +a,) +i(by £ b)) =azxib

Mo»KHO Cd)OpMYI'IVIpOBaTb npaBunI0 CNOKEHNUA U BbIYUTAHUA KOMNZIEKCHbIX YNCEN: NPU CNIOXKEHUN
(Bbl‘-IMTaHMM) KOMNZIEKCHbIX YNCeN COOTBETCTBEHHO CK/Z1adblBAOTCA (Bbl‘-IMTaIOTCFI) nx
,D,GVICTBVITEI'IbeIE N MHUMbIE YacCTHW.

YMHoKEHME
7=71Z,=(ar+ib1) (az+ib2) =a1ap+iarbo+ibiaz+ibiby=a+ib

7=21Z,=(a1a2-b1b2)+ i (a1b2+biaz)
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( T.€. MOYKHO TOBOPHUTB, UYTO MEPEMHOKAIOTCS KOMIUIEKCHBICUHCIIA KAK MHOTOYJICHBI, YIUTHIBAs,
uTO i% = -1). 3Ha4UT,4TOOBI IEPEMHOKHTH JBA KOMIUICKCHBIX YHCIIAa HEOOXOAUMO MEPEMHOKHUTH
AX KaK MHOTOWIECHBI, YYUTHIBAs, yroi? = -1.

Jenenue

Mpw BbINOAHEHMM AENEHUA KOMMIEKCHbIX YUCEN MONb3YIOTCA MCKYCCTBEHHbBIM MPUEMOM: YNCAUTEND
M 3HaMeHaTe/ b APOBU YMHOMKAKT Ha YMC/I0, KOMMIEKCHO - COMPAMKEHHOE 3HameHaTeto Apobu, n
NoCTyNatoT Aanee Tak, Kak 1 NPU YMHOXEHUN KOMIMIEKCHbIX YMcen.

IMpumep.
21= 5,
2,=-2+3i;
7 5-i _ (5-i)*(=2-3)) _-10+2i-15i+3i® -13-13i _ 1
z, —-2+3i (-2+3i)*(-2-3i) 4-9i? 13
BBeneHHble HaMM oOmepanuy CIOKEHUS U YMHOMKEHHUS KOMIUIEKCHBIX 4HCell 00janaroT
CBOWCTBaMH:

1) [TepemecTuTEILHOE CBOMCTBO:

21+27=27%173;

21%29=27*1a,

2) CouerarenbHOE CBOMCTBO:

(z1+22)+z3=21+(22+ 23)

(21*22)*23 = 21 *(22*23)

3) PacnpenenurenbHOe CBOMCTBO:

21%(22 + 25)= 71*22 + 2123

4) [1ns 11060r0 KOMITJIEKCHOTO YUCIIA CYIIECTBYET YUCIIO €My IPOTUBOMOIOKHOE, TaKOe, YTO Z +

(-2)=0.

Bo3Benenue B cTeneHb

CornacHo ornpeaeNneHUI0 CTENEHH YKciia, He0OX0UMO 3TO YUCIIO YMHOXKHUTH HA Ce€0s1 CTOJIBKO
pa3, KakoB MOKa3aTelb CTEIEHW YKCIIa. DTH MpaBUjia BaM U3BECTHBI U3 Kypca CpeaHEN IIKOJIbI.
OHM K€ OCTAOTCS CIPaBEIJIMBBIMU U JUIsI KOMIUIEKCHBIX yrcen. C OqHOM JIMIIb Pa3HUIIEH B TOM,
YTO OCHOBAHHUEM CTEIECHM 3/1€Ch BBICTYNIAET HE OJJHOUIEH, a ABYwWIeH. JlJis moka3aresen cTeneHu
2 u 3 cymecTBYIOT (hOpPMYIIbI, U3BECTHBIE BaM KaK JOPMYIIbI COKPAIIIEHHOTO YMHOKEHUS: KBapaT
CyMMBI (Pa3HOCTH); KyO CyMMBbI (pa3HOCTH); pa3HOCTh (CymMa) KyOoB. YOeaumcs, Kak MOKHO
BO3BOJIUTh KOMIUIEKCHOE YHCJIO B CTETICHb, MOJIB3YICh (DOPMYJIaMH COKPAIIIEHHOTO YMHOXKEHHUS.

HaitTn Ky6 pa3HOCTM KOMMNIEKCHOro Yncna:

(3-2i) = 33-3*32%2i+3*3*(2i)? — i*=27-54i+ 36i%- i3=-9-54i+i=-9-54i-i*i?=-9-54i+i=-9-53i
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[Ipu BBIMOJHEHUH ITOTO ACHCTBUS MBI Y4JId, YTO
i2=-1;
iB=i*i2=i*(-1) =-i

Ecnu e HaM HeoOX0auMo, HarpuMep, Haiftn (2+51)%, To CormacHo ompeneneHnio cTeneHu
MBI JIOJDKHBI 3Ty CKOOKY YMHOXHTbH camy Ha cedst 21 pa3, uyto odyenb Tpynoémko. Iloatomy
npuberaroT K Apyroil opme 3amucu 4uciaa — TPUTOHOMETPUYECKON M B HEW BBIMOIHSIOT 3TO
neiicteue. Ho 00 3ToM MBI TOTOBOPUM HEMHOTO TIO3KE.

N3BieyeHne KOPHS U3 KOMILIEKCHOTO Y CJIA

T. K. KOMILJIEKCHOE YHKCIIO0 B aliredpanyeckoii hopmenmeet Bu Zz=a+ib; To u3BiIEeKaTh U3 HETO
KOPEHb KaKoM - JIN0O CTENEHU Mbl HE MOXKEM, T.K. HEJIb351 U3BJI€Ub KOPEHD U3 CYMMBI.

Taxum 00pa3zom, MOBOS UTOT ACHCTBUSAM HaJl KOMIUIEKCHBIMU YHCIAMU B aIreOpandecKoi
dopme, 3akiaoyaeMm, YTO HU3BJIEKATh KOPEHb 17000l CTENEHW W3 KOMIUIEKCHBIX YHCEN B
anrebpandeckoil opme Henb3s; BO3BOJIUTH B JIIOOYIO CTENEHb MOXKHO, HO €CIH IMOKa3aTelb
crerieHu Ooipiie 3, TO palMOHAIbHEE MEPEBECTH YWCIO B TPUTOHOMETPHUYECKYIO (opMmMy u
BO3BOJIUTH B CTETEHb YHCIIO B 3TOU (hopme. Bce ocranbHbie ASWCTBUS BBITIOIHIIOTCS MO paHee
OTMEYECHHBIM MTPABUJIAM.

Beceays 0 KOMMNJIEKCHbIX YMUC/ax, HEOBXOAMMO OTMETUTb TAKOE BaXKHOE MOHATUE, KaK LLUKJANYHOCTb
MHUMOM eanHULbI. 3aKIH0YAETCSA OHO B C/IEAYIOLLEM:

i’= —1(onpenenenue);

B=i*i2=i (-1)=-i;
i = %2 =(-1)*(-1) =1;
iS=i*i=i*1=i.

7.2. FeomeTtpuyeckoe M306pamel-me KOMMNJZIeKCHbIX Yynucen.

MoHATME KOMNJIEKCHOIO YNC/1a MMEeEeT reoMeTpuyecKoe NCTo/IKoBaHMe. MHOXeCTBO KOMMJIEKCHbIX
Yncen ABnAeTCA paclwnpeHnem MHOKecCTBa AeﬁCTBMTEI'IbeIX YMCeN 3a CHET BKAKOYEHNA MHOXeCTBa
MHUMBbIX Yncen. KomnieKcHble YMCAa BKIOYAIOT B ceba Bce MHOXKeCTBa yucen, KOTopble U3y4vyaancb
paHee. Tak HaTypanbHble, Lenble, paumoHaabHble, MPPaLMOHaAbHble, AeﬁCTBMTEHbeIe Yyncna
ABNAIOTCA, BOO6LLI,e roeopA, 4aCTHbIMK CNy4aAMUN KOMNNEKCHbIX Ynucen.

Ecnu noboe lCl,el‘/JICTBl/ITeﬂbHOE YnUCI0 MOXKET BbITb reomeTpuyeckmn npeacrtassieHo B BUAE TOYKU Ha
4yncnosom I'IpFIMOVI, TO KOMNNIEKCHOE YNCN0 NpeacTtaBnAaeTcA TOYKOM Ha NIOCKOCTH, KOOpAunHaTamMm
KOTOpOVI 6y,a,yT COOTBETCTBEHHO AeﬁCTBMTeﬂbHaﬂ M MHMMAA YacTWU KOMNAEKCHOro Yncna. lNMpu atom
roOpn3oHTaIbHaA OCb 6yp,eT ABNATLCA AEVICTBMTEHbHOﬁ yncnosoi OCblO, @ BEPTUKA/IbHAA - MHUMOI
OCblO.
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A(a, b)

0 a X

TakuMm oOpazom, Ha ocu OX pacronararoTcsi 1eHCTBUTENbHBIC Yyucia, a Ha ocu OY — 9ucTo
MHUMBIC.

C nomoLLbto No406HOIro reoMeTpUYECKoro NpeacTaBAeHNA MOXKHO NpeacTaBAATb YACAa B TaK
Ha3blBAaeMOW TPUTOHOMETPUYECKOM dopme.

7.3. Tpuronomerpudeckas hopma gucna.

4 3 TCOMCTPUUICCKUX COO6pa)K€HHﬁ BHUAHO, YTO ¢ = rcos@; b =rsin @- TOFI[a KOMILIICKCHOC
YUCJIO MOXKHO MPEACTABUTL B BUJIC:
z=a+ib =rcos@+irsin ¢ = r(cos@+isin Q)
Takast popma 3amvcu Ha3pIBaeTCSI TPUTOHOMETPHYECKO (hOpMoii 3aNMCH KOMILIEKCHOTO
yucJia.
HpI/I 3TOM BEJIMYMHA I' Ha3bIBACTCA MOAYJ€M KOMIUICKCHOI'O 4uCjia, 4 YrojJl HakKJioHa ¢ -

APrymeaToOM KOMIIJICKCHOT'O YHCJIa.

r=\z

; p=Argz.
M3 reomeTpuryeckmx coobpakeHnit BUAHO:
. [ .2 b
r=|a+1b|= a’+b*; ¢o=Argz=arctg=;
a

O‘-IGBI/I)IHO, YTO KOMIIICKCHO — COIPsKCHHBIC 4YHUCIIa HWMCIOT OJJWHAKOBBIC MOAYJIHW H

IMPOTHUBOIIOJIOKHBIC APTYMCHTBI.

‘z‘ = ‘Z; Argz=—-Argz.

7.4. JIelicTBHS ¢ KOMIUIEKCHBIMH YUCIIAMH B TPHTOHOMETPHUYECKOH (hopme.

z, =r(cos, +isin ;)1 z, =r,(Cos®, +isin P,).
YMHOKeHue
z=2zz, = ”r(cos(P; +@,) +isin( P, +¢,))

B cnyyae KOMNIEKCHO — CONPAMKEHHbIX Yncen:
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Z=(a+ib)a—ib)=a’ +b*=|z|" =|2[".

Jenenne

zZ 7, L.
z=— =r—1(cos(<p1 —@,)+isin(@, —¢,))

Z, >
Bo3Benenue B cTeneHn

W3 onepaiin yMHOKEHHUSI KOMIUICKCHBIX YHUCEN CIEAYET, YTO
z* =22 =17 (cos 20 +isin 20)
B obmem cirygae moiryqnm:
z" =r"(cosng+isin ng)
rzie N — [eNoe MOJIOKUTEIILHOE YHUCIIO.
D10 BBIpaXKEHHE HasbiBacTcs (popmysioii Myaspa.(Abpaxam e Myasp (1667 — 1754) —

AHTTIMHACKUN MaTEMaTHK).

®opmyny MyaBpa MOMKHO UCMONb30BaATb A1 HAXOXKAEHUA TPUTOHOMETPUYECKMX YHKLUNIA
[OBOMHOTO, TOOMHOIO U T.4. YI/0B.

Ipumep. Haiiti hopmysl SIN2¢p u COS2¢.

PaccMOTpHM HEKOTOPOE KOMILIEKCHOE YUCIIO = = -(cos ¢ + i sin ).
. 2 _ 2 (cos 04 2 : )
Torna ¢ oguoli ctoponst Z =T (cos” @+ 2icospsin p—sin” ) .
2 2 .
TTo dopmyre Myaspa: Z =1"(c0s2¢+isin 2¢)
29+isin 20 =cos” p—sin’ -+ 2icos s
[MpupasuuBas, momydum COS Z( +1SM ZQ=COS" (@—Sm -+ 21CosPsm @
T.K. IBa KOMIUIEKCHBIX YKCIIa PABHbI, €CJIM PABHBI HX JICUCTBUTEIBHBIC H MHUMbIC YaCTH, TO
2 )
€0S2( =C0s" @—sin "
sin 2¢ = 2sin cos @
[Tosyunmnu u3BeCTHBIC (HOPMYIIBI IBOHHOTO yriia.

HN3Baeuenue KOPHS U3 KOMIIJICKCHOI'0 YMCJjIa

1z = Vr(coscpﬂ'sin ®) = p(cosy +isin )
BOSBO,I[}I B CTCIICHDb, ITOJIYUUM:

p"(cos my +isin ny) = r(cos @ +isin @)

Ochona:p=’{/;; ny=0+2nk; kel
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: 2 . 2
7 = 1frcos g isin ) = 47 cos 52 gy 02K
n n

Takum 00pa3oMm, KOpeHb N —OW CTETNCHH W3 KOMILIEKCHOTO YHCIa MMEET N pa3IuvHbBIX
3HAYEHUI.

7.5. Iloka3aTenpHast (hopMa KOMIUIEKCHOTO YHCIIA.

z, _ .
PaccmoTpuM nokasatensHyto GyHkimo W=€ Z=X+1y.

MoHO ToKa3ath, 4To (yHKIHS W MOKET OBITh 3aIlCaHa B BUJIE:

X+iy

w=e"" =¢"(cos y+isi )

JlaHHOE paBeHCTBO HA3bIBACTCS ypaBHEeHUEM JilJiepa.

ANnAa KomnneKkcHbIX Yncen 6yp,yT cnpaseagnnsebl cheagywouwme CBOMCTBa:

1) plth —plgh:

3) (e’)" =e™; rze m— uenoe uncro.

Ecnu B ypaBHEeHUM Diijiepa mokasareib CTENEHU MPUHAThH 32 YUCTO MHUMOE 4ucio (x=0), To

MOJIy4aeM:
iy _ .t
e’ =cosy+ismy
,ﬂ,ﬂﬂ KOMMNNIEKCHO — COMPAXEeHHOro Yncaa nosyvyaem:

e =cosy—isiny

M3 3Tnx ABYX YpaBHEHWIA NONYyYaEM:

eV +e™V

cosy=—"—
2

i eV —e™

smy=— .-—-—
2i

3TMMK bopMyIaMK NONb3YIOTCA AN HAXOXKAEHUA 3HAYEHUI CTeNneHel TPUTOHOMETPUYECKUX
bYHKLMI Yepes PYHKLMN KPaTHbIX YrI0B.

EcAv npeacTaBUTb KOMMNIEKCHOE YMC/I0 B TPUFOHOMETPUYECKON dopme:

z = r(cos ¢ + isin @)
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- 0 _ ot
u Bocnonb3yemcs Gopmystoii Ditnepa: € = COSQ+1SM @
zZ=re'”
[TosydeHHOE PaBEHCTBO U €CTh MOKa3aTeJbHast (opMa KOMIJIEKCHOTO YHCJIA.

PaccMOTpuM HECKOIIBKO TPUMEPOB IEUCTBUM C KOMIUIEKCHBIMU YHMCIIAMH.

7. . .
IIpumep. [anbl ABa KOMIUIEKCHBIX uucia z, =1——i; z, =—7 —2i. TpeOyetcs a) HaiiTu

4

-7

3HAUEHUE BBIPAKEHUS B anreOpandeckoi popme, 0) s yncna Z = 2- 2\/§l HalTH

-7-2i

TPUTOHOMETPHUECKYIO GopMy, HalTH z2°, HAliTH KOPHU ypaBHEHHS w* + = — O.

a) OueBHIHO, CIIPABEIMBO CIACIYIOIIEE MPeodpa3oBaHue:

L _( 2-7i j‘4_(—14—4ij“_16(—7—2ij“
721 | \Z14-4i 27 27
Haﬂee MMPOU3BOJAUM ACIICHUC IBYX KOMIIJICKCHBIX YHUCCII:

—7-2  (<7-20)2+7i) —14-49i-4i+14 53
2-7 (2-7i)2+T0) 4+49 53

—I.

[Tonyyaem 3HaYeHHUE 3aJaHHOTO BhIpaxkeHus: 16(-i)* = 16i* =16.
6) Uucno Z = 2- 2\/§i IPEJCTaBUM B BUJIE = = r(cos ¢ + i sin ¢), 1€

r=lz=v4+12 = 4; (p:arctggzarctg(_\/g):_wo

Torna zZ= 4(COS 600 - lS]ll 600) .

s HaxoxaeHus: = 2° Bocruib3yemcs popmynonr Myaspa.
2% =4%(c0s1200° —isin 1200”) = 4™ (cos(3- 2n+120°) —isin( 3- 2m +120°)) =
13 J

=4"(cos120° —isin 120°) = _420[E +7i -

Ecan w? +z=0,TO w=3/z

_ 0 _ 0
Yz = i/;(cos—(p +32nk +isin (p+32nkj = 3\/2(005 60 3+ 2k +isin 60 3+ 2nk} keZ.

BOITPOCHI 1JIs1 CAMOITPOBEPKH
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9.

Jaiite onpenesneHrne KOMIUIEKCHOTO YHCIa.

Kakue uncna KOMIIEKCHO-CONPSKEHHBIMU ?

Kakue koMIIeKCHbIE YuCIia Ha3bIBAIOTCS PaBHBIMU?

Kak reomerpuuecku n3o00paxaroTcs KOMIUIEKCHbIE ynca?

Kakue neficTBUs HaJ KOMIUIEKCHBIMU YMCIIaMU BBIIOJIHSIOTCS B anreOpandeckoit popme?
Jaiite onpeneneHne TPUroHOMETPUYECKON (POPMBI KOMITJIEKCHOTO YUCIIA.

Kakue neicTBHsl HajJl KOMIUICKCHBIMH YHMCJIAMH BBINOIHAIOTCA B TPUTOHOMETPUUYECKON
dbopme?

Kak ocymecTBisercs mepexoa OT 3alUCH KOMIUIEKCHOI'O 4HCJa, 3aJaHHOTO B
anredpanveckoi hopme, K ero TpuroHoMeTpudeckou hopme?

Kak 3anmcaTh KOMINIEKCHOE YHMCJIO B ITOKa3aTSIbHON (I)OpMC?

10. YTo Ha3bIBaeTCS TOXKAESCTBOM Dityiepa’?
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YIIPA’KHEHUA

1. TlocTpouTh Ha KOMILJIEKCHOM IIOCKOCTH BEKTOPHI, COOTBETCTBYIOIINE KOMIUIEKCHBIM YHCIIAM:

1.1. z = 3 + 41, 1.5. z = 4i;
1.2.z =3, 1.6. z = =3 — 4i,
1.3.z=-3; 1.7.z =3 —4i;

1.4. z = —4i, 1.8.z = =3 + 4i.

2. Haiitu neiicTBUTENbHBIC YMCIIA XU Y U3 YCIOBUS PAaBEHCTBA JBYX KOMIUIEKCHBIX YHCEI:

2.1. =2+ 5i — 3iy = 9i + 2x — 4y, 2.3.17 + 2ix + 3iy = 18i + 3x + 2y;
2.2.9 + 2ix + 4iy = 10i + 5x — 6y; 2.4.5x — 2y +ix + iy = 4 + 5i.

3. Haiitu mMoxynp, TaBHOE 3HAYEHHWE apryMEHTa W BCE 3HAYCHHS apryMEHTa KOMILJIEKCHBIX
YHCe:

3.1.z =3+ 4i, 3.5.z = 4i;
3.2.z=3; 3.6. z = =3 — 4i,
3.3.z=-3; 3.7.z =3 —4i,
3.4.z = —4i, 38.z=—-3 +4i.

4. Jlyis 3aJaHHBIX YMCENl HA30BUTE YUCIIA, COMPSHKEHHBIC U MIPOTUBOIIOIOKHBIC JAHHBIM:
41.z= -2+ 5i; 43.z=28;
4.2.z = -2; 4.4.z = —8i.

5. Jlama Touka, wuzoOpaxaromas uucino 3 —2i . Kakme uncma wu300paxkaroT TOUKH,
CUMMETPUYHBIE JIaHHOM OTHOCUTENbHO JAEHCTBUTEIBHONH OCH? MHHUMOH OCH; Hayaja
KOOpJAUHAT?

6. Uemy paBeH aprymeHt: 1) 4McTO MHUMOIO 4HMCla; 2) J000ro OTpULATEIBHOrO 4Yucia; 3)
J000T0 MOJIOKUTEIBHOTO uKcia; 4) Hynsa?

7. BBIYHCIUTH:

7.1. i6; 7.3. (—i)®
7.2.i%%; 7.4. (—i)7

8. BEIOIHUTE NEHCTBUA:

8.1. (—=2+5i)+ (—2—-75i); 84. (—2+5i)(—2—5i); 8.7. 4_“:;

82. (6+8)—(3—50); 85 (6+8i)(3—50): - :;l

8.3. —2i-5i; 8.6. = o

2i

9. IlpencraBuTh B TPUTOHOMETPHYECKOH (hopMe umca:

%1.2 9.3. -2 + 2V3i;
9.2. 61; 9.4.2 - 2i.

10. IIpencraBuTh B anredpandeckoid popme drcia:
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10.1.
10.2.

10.3.

10.4.

2(cos(2m) + i - sin(2m));

2(cos(0) + i - sin(0));
5((:05( )+l sm( ));

4(cos (— g) + 1 sin(— g)).

11. BreimoaauTe aeiCTBUA:

11.1. 2(cos( )+l sm( )) 3(cos( )+l 51n(2)),
11.2. 3(cos(£)+i-sin(§)) (cos( )+l sm( )),

11.3. 6(C05(4)+151n(4)) ; ;
11.9. V=1,
g e Drisin(E) 6
2(cos(~%)+isin( %))’ 11.10.97;
11.5. (cos(2m) + i - sin(2m))>3; 11.11.3i;
11.6. (cos( )+l sm( ))4‘ 11.12.V-2 + 2i.
11.7. (2 — 2i)%;
12. lpencraBuB uncna z; = 2iu z, = —3 + 4iB Moka3areabHOI (popme, BEIUNCIHTE:
12.1. z1zy; 12.4. 3z,
12.2. j—l; 12.5. (z))*%
12.3. 3\';2—; 12.6. (z,)*.
13. Pemute ypaBHECHUS:
13.1. x>+ 16 = 0;
13.2. x3 -8 =0;
13.3. x5+ 32 =0;
13.4. x> +x+1=0;
13.5. x* +x*+1=0;

228} isin(2)

13.6. x® — 28x3 + 27 = 0.

118. C- 2y,
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14. M300pa3uTh Ha KOMIUIEKCHOHM TJIOCKOCTH MHOECTBA TOYEK, YAOBJIECTBOPSIONIMX CIICTYIOIIHIM

YCIIOBHUSM:
14.1. |z| = 2;

14.2. argz = g;

143. 0<Imz < 1,5
14.4. Rez > 1,

14.5. i

37
T<argz< =
4 4

KOHTPOJIBHAA PABOTA
Bapuanr 1
1. Beraucinte (160 + 183,
8+2i,
2. Insuucna z = =

a. IOCTPOMTE TOYKHM HA KOOPAUHATHOM IUIOCKOCTH Z, —Z, Z,
b. malimure Re z; Im z;
C. HaiijuTe MOIYJb M apryMEHT YUCIIA Z,

d. 3anummTe YUCIO0 B TPUTOHOMETPHUYCCKOM U TIOKA3aTeIbHOM (hopMax.

o 5+2i 3—41i
3. Brmmonaure JOCUCTBUA. - — -
2-51 4+43i

4. Jlns uncna z = —1 + +/3i Haiigute z° B TPUrOHOMETPUUECKOH U MOKA3aTENBHOM GOpMAaX.

5. PemuTh ypaBHEeHHE HAa MHOKECTBE KOMILIEKCHBIX uncel: z°> — 27 = 0.

6. HaiimuTe neiicTBUTENbHBIC YHCIa XU Y TaK, YTOOBI BRIOIHSIIOCH PABEHCTBO: 3X — 2y + IX —
iy =4+ 5i.

7. M300pa3uTh Ha KOOPAMHATHOM IJIOCKOCTH MHOXXECTBO BCEX TOYEK Z, YJOBJIETBOPSIOIIMX

ycioBuio: |z| =9, Im z > 2.

Bapuanr 2
1. Beruucioure i201 + i18,
5+i
2. Jnsguucna z = —:
2+3i

a. TIOCTPOMTE TOYKU HAa KOOPJIWHATHOM IJIOCKOCTH Z, —Z, Z,

b. waiiqure Re z; Im z;

C. HaiIUTe MOIYJb M apTyMEHT YHUCIIA Z;

d. 3anmuIIMTe YKCIO B TPUTOHOMETPUIECKOM U TTOKa3aTebHOM (popmax.
443 5-4i

3. Brimonaure geicTBus: —— -,
3—41i 4+45i
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3 V3. o o
JUts ynucna z = e ?l Haiiaute z° B TPUTOHOMETPHUUYECKOM U MOKa3aTeabHOU hopMax.

PeluTh ypaBHEHHE HA MHOYKECTBE KOMILIEKCHBIX uucel: z5> — 1 = 0.

HaiinuTe neiicTBUTENbHBIC YKCIa XU Y TaK, YTOOBI BBIMOJHSIIOCH PABEHCTBO: 3X — 2y + ix +
iy =4 — 5.

N300pa3uTh Ha KOOPIMHATHOM IUIOCKOCTH MHOXECTBO BCEX TOYEK Z, YIOBJIETBOPSIOIIMX

ycioBuio: |z| = 16; Re z = 2.

BapuanT 3
Beraucnmre i3° + 36,
st wncna z = (3 — 4i) + (—2 + 5i):
a. MOCTPOMTE TOYKHU HAa KOOPIUHATHOM IJIOCKOCTH Z, —Z, Z,
b. waiinure Re z; Im z;
C. HaWAUTE MOAYJb U APT'YMEHT YHKCla Z;
d. 3anummTe YUCI0 B TPUTOHOMETPHUYCCKOM U TIOKA3aTeIbHOM (hopMax.
Bemonaure peiictust: (3 — 4i) - (3 + 4i).
Jlns yncna z = —1Haiigure z3 B TPUroHOMETPHYECKOH 1 NOKa3aTeNbHOM (hopMax.
PelmuTh ypaBHEHHE HA MHOYKECTBE KOMIUIEKCHBIX ducel: z2 — 4 = 0.
Haiinute neiicTBUTENbHBIC YKCIA XU Y TaK, YTOOBI BHIMOJIHSIOCH PABEHCTBO: (x +
V+x—y)i=1+1
N300pa3uth Ha KOOPAWHATHOW TJIOCKOCTH MHOXECTBO BCEX TOYEK Z, YAOBIETBOPSIOIIUX

ycrnosuio: |z| = 1.

Bapuanr 4

Boruncnure i1° + i1,
Jnst ancna z = (3 — 4i) — (2 — 5i):

a. TOCTPOMTE TOYKH HAa KOOPAMHATHOM IJIOCKOCTH Z, —Z, Z,

b. waiinure Re z; Im z;

C. HalauTe MOAYJIb U apryMEHT YKCIA Z;

d. 3anummTe YKUCIO B TPUTOHOMETPHUECKOM M TIOKA3aTEIBHOM (hopMax.
Beimonuute neiictust: (2 — 4i) - (2 + 4i).

Jlns uncna z = 1naiigure z3 B TpUrOHOMETpUYECKOl M OKa3aTeIbHOM GopMax.

PeluTh ypaBHEHHE HA MHOKECTBE KOMIUIEKCHBIX umcen: z2 — 1 = 0.
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6. HaiiguTe neiicTBUTENBHBIC YUCIA X U Y TaK, YTOOBI BHITIOJHSIIOCH PABEHCTBO:
(x+2y)+(x—2y)i=3-1.
7. W300pa3uTh Ha KOOPAMHATHOM IUIOCKOCTH MHO>KECTBO BCEX TOYEK Z, YJIOBJICTBOPSIOIINX

ycioBuio: |z| = 36.

3aI[aHI/I$I AJI1 CaMOCTOSATCIIBHOI'O PCIICHUA.

Haiitu o0mee pemenne nuddepeHuaIbHbIX YPABHEHHH, a T1e¢ YKA3aHO
YacTHOE pelleHue:

Yoo =0, y{1)=0:
X
2. (1 +e™ )yzdy =e'dx, y(O) =0,

3. l.:lny, y(2)=1;

Y
4, xJ1+y*dx+ yJ1+x*dy =0;
xd

5. Yy ydx =0;
JlI-y? A1=x

6. v = et y(O =0;

7. B Do )=t

8. y'coszx+y:tgx, y(O):O;

, X .
9. y + yzzarcsmx+x;
1-x

10. xy' -y= X COS X;
11.y cosx+y=1-sinx;
12. (1+x2)y' +y=arctg x.

KoHTpoJibHBIE BOIIPOCHI:

1. Yro HazweiBaeTcs nuddepeHianbHbIM YpaBHEHUEM IIEPBOTO TopsiaKa’?
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Yto HYKHO cAeNaTh, YTOOBI pemuTh Au(dhepeHInaIbHOE YpaBHEHHE.

3. Kakoit Bua wumeer nuddepeHIMATIBHOE YpaBHEHUE C  Pa3lessIIOUIUMUCS

NePEMEHHBIMH.
Kakoe ypaBHeHue Ha3bIBaeTcs nudepeHnaibHbIM ypaBHeHHEM 1-ro nopsiaka?
Urto Takoe oO1iiee u yacTHoe pelieHne qudpepeHnanbHoro ypaBHeHUS.

o b

Jlexuus 1. YucnoBoit psig. OCHOBHBIE MOHATHS, CBOMCTBA CXOSAIINXCS

PAI0B. 3HAKOMOJIOKUTENbHBIE PsAbl. IHTerpansHbii mpusHak Komm

1.1. HekoTopble cBegeHMA 0 Nocnea0BaTeIbHOCTAX

MycTb Kaxkaomy 3HayeHnto N €N nocTaB/ieHo B cooTBeTCTBME (MO

onpeaenéxHHbIM NpaBuaam) onpeaenéHHoe AencTBMTeNbHOE YNCNo a €R; Toraa

MHOXeCTBO YNopAaA0YeHHbIX A4eACTBUTENbHbIX Yncen di, dy, d3, ... Ha3bIBaeTcA

4YMCNOBOM NOCNEA0BaATENbHOCTLIO M 0603HaYaeTcs {a }n _y, TAe dy — 06LWmMi1 uneH

1
nocneposaTtenbHOCTU. Hanpumep, nocnenosaTeibHOCTb 1; E . hmeet

L
‘5"

OOIH
-hll—\

. 1
obwmnmn uneH a, =—, rae N eN.
n

Onpeoenenue 1. IlocnenoBatrebHOCTh {an} Ha3bIBACTCS yOvlearoujell, eciv

a, >ay,1, VNEN, u sospacmaroweri, ecnu 8, < 8y,7, YN EN.
Onpeodenenue 2. IlocneqoBaTeabHOCTD {an } HA3bIBAETCA 02PAHUYEHHOU C8EpPX), ECIH
cymiecTByeT Takoe uncio M, M R, uto 8, <M, VN €N, u ozpanuuennoii cnusy,
eciu CyImecTByeT Takoe uucio M, M eR, urto a, 2 M, VneN.,

Onpeodenenue 3. IlocnenoBaTeIbHOCTD {an } Ha3bIBACTCS 02PAHUYEHHOU, ECITU OHA

OrpaHUYEeHa KaK CHU3Y, TaK U CBEPXY, T.€. CYIIEeCTBYET Takoe uncio M> 0

(M €R), uto Vn: ‘an‘S M.
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Onpeodenenue 4. Yncno a Ha3bIBaCTCS npeodesiom MoCleI0BaTeIbHOCTH {an },
€CJIH JIJIS1 JIF0OOr0 CKOJIb YTOAHO MAJIOTO MOJIOKUTEIBHOIO YUCHA €

Haiaércs Takoi Homep Ny € N, 3aBUCAIIMIA OT €, UTO JJI BCEX HATYpPaJIbHBIX YUCEI

N2N( BHIMOJIHACTCS HEPABEHCTBO

a, —a‘ <¢. Tormad = lim a, osnauaer,
N—o0

gro Ve>0 Iny=ngy(€) €N rtakoe, uro mrs Becex N=Ny, NEN: ‘an —a‘ <¢. Ilpn

3TOM T'OBOPST, YTO MOCIEI0BATEIBHOCTD {an } CXOIUTCS K YUCITYd.

[IpuBenEM HEKOTOPBIE CBOMCTBA CXOAALIMXCS OCIEA0BATEIBHOCTEN.

—Ecnu nocnegoBaTenbHOCTh UMEET NIPENIEIl, TO OH €IMHCTBEHEH.

—Ecnu nocnenoBatebHOCTh UMEET KOHEUHBIN MPEEN, TO 3Ta
IIOCJIEIOBATEIBbHOCTh OIPAHUYECHA.

—Ecnu nocnenoBarebHOCTh BO3pacTaeT (yObIBAE€T) U OTpaHUYEHA CBEPXY
(cHM3Y), TO OHA UMEET KOHEUHbIN MpEIell.

—Ecnu nocnenoBarenbHOCTh Bo3pacTaeT (YObIBaeT) U HE OTpaHUUYEHA CBEPXY

(cHM3Y), TO OHA UMECT OECKOHECUHBIH mpeaen + oo (— o0).

1.2. YucsioBoii psis. OCHOBHbIE MOHATHS TEOPUM YUCIOBBIX PAJOB:
CXO0AUMOCTb, PACX0AMMOCTb, CyMMa psaja. [Ipumepsbl

o0

MycTb 3aaHa beckoHeYHan nocne0BaTeNbHOCTb Yncen {a, f, a, eR.

Onpeodenenue 5. beckoneunbIM YUCIO8bIM PsIOOM HA3BIBAETCS BBIPAKCHHUE BUIA

o0
a;+a, +az+...+a, +..., o0o3HauaemMoe Kak Zan . YUucna ay, dy, Az, ...
n=1

HA3BIBAIOTCS WieHaMu (d/leMeHmami) Yucio8o2o psod.

Onpeodenenue 6. Cymma niepBbIX N YJICHOB PsJa HA3BIBACTCA N-1l YACMUYHOU CYMMOU

pﬂaa: Sn =d; +dy +a3 +...+4, _TomaSlzal,Sz =adj +dy, 83 =ad;t+ay +a3,... U T.1.

HonyqaeM MocCJICAOBATCIIbBHOCTD YaCTUIHBIX CYMM S]_; 82; 83; e {Sn }
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o0
Taxum 06pa30M, KaXXIOMYy YHUCJIOBOMY sy Zan MO>XHO IIOCTaBUTH B
n=1

n
Shi.Sh=>.a
COOTBETCTBHE ITOCIIENOBATEILHOCTD YaCTUYHBIX CYMM { n }: n = k-,

Onpeoenenue 7. Eciiu cyliecTByeT KOHEUHBIN WM OECKOHEUHBIN TIpeaes S

0

MOCJICA0BATCIIbHOCTH YACTUYHBIX CYMM {Sn }, TO OH Ha3bIBACTCA cyMMoﬁ p}lda Zan ,
n=1

o0
re. limS, =S=a +a,+az+...= ) a,.
N—00 =1
Ecnu S xoneuHo (S<o0), TO psii Ha3bIBACTCS CXOOAWUMCS, €CITU S= 00 UITU SHE
CYIIECTBYET, TO PSIJI HA3bIBACTCIAPACXOOAUUMCS N CYMMBI PSTHE HMEET.

WTak, ecnu gaH pag, To BCerga MOXKHO MOCTaBUTb BOMPOC, CXOAUTCA /M OH (MHbIMM

C/I0BaMMU, CYLLLECTBYET /I KOHEYHbIN Npeaen {Sn }) NN pacxogmrca?

MpuBesém npmmepbl UCCefoBaHMA pPALA HA CXOAMMOCTb U HaXOXOEHUA ero
CYMMblI.
- 1

lpumep 1. NccneposBaTb Ha CXO4MMOCTb PAL, — =
pUMep P né n(n+1)

HaWTK ero cymmy.
1 o
PeweHue. O603HaUMM ﬁ =a, — 0bwuin uneH paga. Torga YacTyHaa Cymma
n(n+

1 1 1 1 1 1
pagja S, =a, +a, +..+a, =—+—-+..+———.TakKak —————==————,T0
2 6 n(n+1) nn+1) n n+1

S, = BN I S D I S :1_L.Torp,a
2 2 3 n n+1 n+1

lim S, = lim (1—i) =1<oo, T.€. pA4 CXoaAnTCA N ero cymma S = 1.
n—oo n—oo n+1
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n 2.1 i: 4 1 ALA,
pumep . viccnegoBaTtb Ha CXOAMMOCTb pAL4, _— T T —
“an®+4n-3 5 21 45

HaWTK ero cymmy.

4 o
Pewerue. 0603HauMM —————=a, - 0bwuii uneH paga. Toraa,
4n“ +4n-3
4 4
YacTU4Has Ccymma paga S, = —+_—+..+ —————. Tak KaK
5 21 4n“ +4n-3

4 11
an’+4n—-3 2n-1 2n+3°

1 11 1 1 1 1 1 1
Sp=l1-=|+|=—-=|+|=—=|...+ - - - =
( 5) (3 7) (5 9) (2n—3 2n+1j (Zn—l 2n+3)

1 1 1 4 4dn+4

TO

—14+=— _ -~ , Toraa
3 2n+1 2n+3 3 (2n+1)(2n+3)
lim S, = lim [ £ 4n*+4 : 5=
— - =— , T.e. pAA CXOOMTCA U ero cymma S = — .
now " nox 3 (2n41)(2n+3)) 37 PHACOA Y 3

o0
Mpumep 3. iccnefosaTtb Ha CXOAMMOCTb PAL, Zn =1+2+3+...+n+....
n=1
PeweHue. 0603HauymMm ob6wnit uneH pagal =4d, . Toraa, 4acTMYHaA cymma paga

(n+1)n (n+1)n

S,=1+2+...4+n= , Im S, = lim

N—o0 N—o0

=400, T.e. CymMa psaaa

o0
S= Zn =100 n pag pacxoauTca.
n=1

Mpumep 4. ViccheaoBaTb Ha CXOAMMOCTb PsA, COCTaBAEHHbIN U3 Y1EHOB

reoMeTpMUYECKOMn Nporpeccun.
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PeweHue. TlycTb gaHa reomeTpuyeckas nporpeccusa b,bq,qu,bq?’,...,bq”_l, .., raeq-
2 3 1 < 1
3HameHaTenb nporpeccum. Pagb+bq+bg” +bg” +...+bg" ™ +...= qun_
n=1

Ha3blBaeTcA paoom ceomempuyeckoli npoepeccuu. O603HaUMM bq”_1 =a, - obwui

yneH paga. MNpu q =1n-4acTMYHan Cymma 3TOro psaa paBHa

g _b@-9")_ b bq’
" 1-q 1-q 1-q

PaccmMoTpuM YacTHble c/yyau.

—Ecoun \q\ <1l,70 lim S, = % , T.C. PAI CXOJIUTCSI.

n—o0 —dq

—Ecnu \q\ >1, T0 r!in S|, He CyIIeCTBYeT, T.€. OCIeI0BATENEHOCTD {Sn}
o0

PACXOINTCH, @ 3HAYAT PACXOAUTCS U UCCIENYEMBIN PsIi T€OMETPUYECKON

HPOTPECCHH.

—IIpn q =1 psa umeer BUx b+b+...+b+...=2b,Tor;[a Sn =nb, lim Sn =00
n=1 N—0

, T.€. PSII PACXOIATCS.
—IIpu b=1, gq=-1 pan umeer Bug b—b+b—-b+..., Torna $1=1 S, =0,
S3=154=0, .., Syn1=1 Sy, =0, r.e. npenena nocnenoparensHOCTH
{Sn}: 1,0,1,01,0,... e cymectpyer, a 3Ha4HT, HCKOMBIii PSI PACXOJUTCS.
TakMm 06pa3om, psg reOMeTPMYECKOM NPOrPeccMm CXOAMTCA TOrAA U TOJIbKO TOTAa,

Korga ‘q‘ < 1, B OCTaJIbHbIX C/y4aAx pAa4 pacxoaunTtca.

1.3. OCHOBHBbIE CBOMCTBA CXOASILUXCA PAJLOB,
He00X0AUMbIH MPU3HAK CXOAHUMOCTH

[00]
MycTb AaH YMcnoBOM pAaL, Zan . Chopmynmnpyem ero oCHOBHble CBOMCTBA.
n=1
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Ceoiicmeo 1. Ecniu cxoautcs psifi, TOTyYEHHBIN U3 JAHHOTO psiia OTOpachiBaHUEM
WIN IPUCOSAMHEHUEM KOHEYHOTO YHCIIa YWICHOB, TO CXOJUTCS U CaM JIaHHBIN psif, U
Ha000poT. HBIMU clTOBaMH, OTOpaChIBaHUE MU

MNPHUCOCANMHCHUC KOHCYHOTO YMCJIa YJICHOB psaa HC BIUACT HA CXOAUMOCTD psaa.

[e¢]

Jokazamenobcmao. lNycTb Sn —Y4aCTUYHaA cymma paaa Zan , Ck — CyMmMa k
n=1

OTOPOLLEHHbIX YNEHOB U Op_k — CYMMa YI€HOB PAAA, BXOAALMX BCYMMY S, U He
BXoAAwWmx B cymmyCy. Mpu oCTaTO4HO 6ONbLIOM N BCe OTOPOLLEHHbIE YieHbl ByayT

copepatbea B cymme O, T.e. Oy =Cy +6,_ (k — dukcposaHHoe unco,

Cy — const). Toraa, ecam cywecTsyeT fim o,_, , TO CYLLECTBYET U

n—oo

o0
lim S, = lim (C, +o,_), T-€. NCXOAHbIN pag, zan cxogmtca. M HaobopoT, ecnun
N—oo Nn—oo n:l

CyWecCTBYET |im S,,, TO CYWECTBYET U [im o,,_\, T-€. CXOAUTCA COCTaB/IEHHbIN pAaAa.

n—>oo n—oo

o0
AHanornyHo AO0Ka3biBaeTCA CXOAMMOCTb Mnpu ,u,o6aBneva| K pAaay Zan KOHEe4YHOoro
n=1

YUC/Nla YNEeHOB.

o0 o0
Ceoiicmeo 2. Ecnu cxonuTes psj Zan =S, T0 pan ZC ‘@, (C — xoHcTanTa)
n=1 n=1

TAKXKE CXOAUTCH, PUYEM €ro cymma paBHa C-S .

e8]
Jlokazamesnbcmeo. NMycTb S, —YacTMUHaA cymma pasa Zan , Oy = +a, +...+4a,,
n=1

o0
M S, —4YacTMyHaA cymma paga ZC ‘a,, S,=Ca; +Ca, +...+Ca,, . Torga
n=1

§=C(al+a2 +...+an):C'Sn.
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0]
OTCIOAa,ECﬂM cywiecrtesyert I|m Sn = S (pﬂp, Zan = S CXO,D,MTCH), TO cywlecrtesyert
Nn—o0 n=1

0
imS,=C-limS,=C-S,T.e.pan ZC -4, TaKXKe CXoamTCA.

N—oo N—oo n:l
0.0] 0 0]

Ceoiicmeo 3. Ecnu psnbl Zan u an CXOJISITCSL M UX CYMMBI paBHBI A U
n=1 n=1

BCOOTBeTCTBeHHo, TO UX MOXXHO IIOYWJICHHO CKJIaJbIBaTh (I/IJ'II/I BquI/ITaTL), HpI/ItIéM
o0

paabl Z(an + bn) TAKXKE€ CXOIATCA U UX CYMMBI PaBHBI S = Ai B .
n=1

Jokazamenscmso. Myctb A, By 1 S, —uactnuHble cymmbl 3Tvx pagos, Toraa

S,=(a, b)) +(a, £h)) +...+(a, £h,) = (a +a,+..+a,) (0, +b, +...4+b, ) =

=A £B,. Nepexoasa k npegeny npu N —> o, noayynm
limS, = lim(A, £B,)=IlimA, £ lim B, = A£B.
n—oo n—oo

n—o0 n—oo

[0 0]
Teopema 1 (Heobxod0umelii npusHak cxodumocmu psAacos). Nyctb paa, Zan
n=1

CXo4UTCA, Torga ero O6LI.I,I/1ﬁ yneHa,, CTpemMunTCca K 0 (I'IpM n— OO) I|m an = 0
Nn—o0

(obpaTHOE He Bceraa BepHoO).

o0
Jokazamesnbcmeo. TaK Kak pag, Zan CXO4UTCA U ero Cymma paBHa S, To A4nA ero
n=1

YaCTUYHBIX CYMM Sy, ;1 UMEIOT MeCTO paBeHCTBa &y = O, — Oy_1;

lima,=lim S, —1lim S, ; =S-S=0. Yo u tpebosanocs nokasats.
N—00 N—o0 N—o0

YcnoBue cxoammocTn, cbopmynmMpoBaHHoe B Teopeme 1, ABnsaeTca

H€O6XO0UMbIM, HO HE aOCmeO‘*IHbIM, T.€. NPpUN BbINOTHEHNWN YC/TOBUA an —0 pPAaa
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MOXKET PacxoAnTbcA. PaccmMoTpmMm Npumep Takoro paaa: Z \/— , rae \/_ =a,
obwuit uneH paga. Toraa lima, = = = lim —= =0. YactnyHaa cymma psaga mmeer
n—oo N—o0 \/—

1
OueBngHo, Ka)-l-(ﬂ,bIM YyneH 3Tomn CYMMbl > —

1
J_ f n Jn

,TOFAa OLLeHKa O, AaéT HepaBeHCTBO:

BUA S, =

Snz[ 1 + 1 + 1 +...+LJ=L=\/ﬁ—mo,cnep,osaTeano,
Jn Jn  Wn Jn) n

. : . 1
lim S, > lim Jn =, T.e. ucxoaHbIii pAaa pacxogutea, xota a8, =— —> 0.
n—0 n—o0 \/ﬁ

Cnedcmeue uz meopemul 1. Eciiu o0t wieH psana an (mpu N —> 00 ) HE CTPEMUTCS K

[e¢]

0, To psif Zan pacxoautes (0ocmamounsliil NPU3HAK PACXo0UMOCMU Psioa).

n=1
2n-1 1 3 5
lpumep 5. NccnepoBaTb Ha CXO4MMOCTb pPAL, Z — =—+—+—=+
= 2n 2 4 6
PeweHue. O603HauMm obWMIA YneH paga = a, . Tak Kak

: . 2n-1
lim a, = lim =

n—oo n—wo 2N N—co

lim (l—zij =1+0, TO U3 cneacTema Teopembl 1
n

cneagyet, vTto pAag pacxoguTcAa.

1 1 1
lMpumep 6. ViccnepoBaTb Ha CXO4UMOCTb PAS, Z — =1+ -+ +—+..

| 2 3 n

PeweHue. Obwmnii YneH paaa umeet Bua a, = H [aHHbIN pag Ha3blBaeTcA

rAapMOHUYECKNM, TaK KaK Ka)K,D,bIl‘;I €ro 4yaeH paseH cpegHemy rapMmoHmn4eCKkomy 4syx
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1 1( 1 1
coceaHUX: — =~ —+—J. Ol-IeBMLI,HO HEpPaBEHCTBO:

an 2[anl an+1
1 1 1 1 1 1 1 1
—+—+...+—>—+—+...+—=n-—=—.l-l/'IEHbIFapMOHM‘-IECKOI'O
n+l1 n+2 2n 2n 2n 2n 2n 2

n
psaa, HaunHaa c TpeTbero, ob6beanHum B rpynnol no 2, 4, 8, 16, ..., 2¥1yneHos B
Kaxgon rpynne. O4eBMAHO, CYMMA KaxKA0M rpynnbl MOXHO OLEHUTb

cnepyrowmmob asoN\'1+1>1- l+1+l+1>1- l 1
Y P '3 4 2’ 6 7 8 2’

+—+...+i>l ..., T.e.
2 5 2 9 10 16 2

1
KaxXdaA 13 3sSTuX CyMmm B OTAE/IbHOCTU 6onblie E . Takum o6pa30N\, ANA YHaCTUYHbIX

CYMM C HOMepamu N = 2% k =2,3,... BBINOAHAIOTCA HepaBeHCTBa:

84:1+£+1+1>1+1+l:1+2-1,
2 3 4 2 2 2
88:l+1+l+1+}+1+E+£>1+1+E+E:1+3 l )
6 7 8 2 2 2 2
1 2+k

32k >1+k E = T,T.e. YaCTUYHbIE CYMMbI rAPMOHNYECKOTIo pAda HEONPaAHNYEHHO

k
pacTyT ¢ ysennueHnem N=2" — 0 npu k — oo, 3HaumT, lim S K = Monyvaem,

Kk —o0

1

o0
YTO rapPMOHUYECKUIN pPALg, Z — pacxoauTca.
n=1

1.4. 3HaKonocToAHHDbIE PAAbI, PAAbI C NONOXUTENIbHbIMU Y1€HaMU

YcTaHOBIEHNE CXOAMMOCTU UIN PACXOAMMOCTU YNCNOBOTO PAaa —
OCHOBHO BOMPOC TEOPUM PAAOB; HAXOXKAEHNE CYMMbI pPsifa B Caydae ero
CXOAMMOCTM — BTOPOCTENeHHadA 3a4a4a. Bonpoc cxoanmocTn npolue Bcero

pewaeTca AnAa 3HAaKOMOCTOAHHbIX PAAO0B, KOrda BCe 4aeHbl pAaa 04HOro 3HakKa. Ana
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onpenenéHHocTM byaem paccMmaTpmBaTb PAAbl C NOAOKUTENbHbIMK (8, > 0) nanc

HeoTpuuaTenbHbiMK YneHamm (dy > 0). XapaKTepHbiM CBOMCTBOM TaKUX PAA0B

ABNAETCA MOHOTOHHOE BO3pPaCTaHue (He y6bIBaHMe) nocnenoBaTte/sibHOCTU

YaCTUYHbIX CYMM:

Ya,, 8,>0,S,=5,1+8,>5,4; $1<S;<S3<..<S,<....
n=1

Pag, ¢ NONoOXUTEeNbHbIMU YleHamMu Bcerga MMeeT CyMmmy; ecam 3Ta CyMMma

KOHEYHa, TO pAa CXoAUTCA.

BbiicCHEHME CXOAMMOCTU PALOB C MOJIOKUTE/IbHBIMU Y/IEHAaMM ONUPAETCA Ha
NPU3HAKN  CXOAMMOCTW, KOTOpble ABAAKTCA AMB60 Heobxoaumbimu, nMbO
[OCTaTOYHbIMUK, MO0 HEOBXOAUMbBIMMU U AOCTAaTOYHbIMWU. B 4YacTHOCTW, K TakMm
pAAaM NPUMEHUM NPUBEAEHHbIN Bbllle HEOOXOAMMBIN NPU3HAK CXOAMMOCTU PAAOB
(Teopema 1). CywiecTByeT Npu3HaK, ABAAKOWMNIACA HEOBXOAUMBIM U AOCTAaTOUYHbIM,

KOTOpPbIM YCTaHAB/IMBAETCA CAeAyoLWen TEOPEMOMN.

Teopema 2. ]Ins CXOIUMOCTH psia C TOJOXUTEILHBIMA YJEHAMH HE0OX00UMO
uoocmamoyHo, 9To0bl TOCIEIOBATEIHFHOCTD €T0 YACTUYHBIX CyMM ObLTa OTpaHHYCHA
CBEpXY.

Jlokazamenbscmeo (Heobxooumocms). MycTb psg, cxoamTes, Toraa
nocnenoBaTeNIbHOCTb €ro YacTUYHbIX CYMM CXOAWUTCA, @ 3HAYMT, OHa OrpaHW4YeHa

cBepxy.

Jlokazamenbcmeo (GocmamoyHocms). Tak KaK Moc/iefoBaTe/ibHOCTb YaCTUYHbIX
CYMM MOHOTOHHO BO3pacCTaeT M OrpaHMYeHa CBepxy, TO OHa WMeeT npeaen,

T.€.COOTBETCTBYIOWMI pAg, cxoauTca (Teopema Benepwtpacca gns YMCNoBbIX

nocneaoBaTtenbHocTel). Teopema AoKa3aHa.
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CnepyeT OTMETUTb, YTO HA NPaKTUKe 3TOT NPU3HAK TPYAHO MPUMEHUM, XOTA U

npeactasnneT coboi 60NbLLION TEOPETUUYECKNI UHTEpPEC.

[anee paccmaTpuBaloTCA HeKOTOpble TMPU3HAKM CXOOAMMOCTUM pPAJOB C
NONOXKUTENbHbIMN YNEHAMMN, yA06HbIe ANA NPakKTU4ECKOro npmmeHeHma, KoTopble
ABNAKOTCA TOJIbKO A0CTAaTOYHbIMU MNPU3HAKaMU (VIHTerpal'Ibellji n paﬂ,MKaﬂbelﬁ

npusHakmKolwmn, NpusHakM cpaBHeHUsA, Nnpm3HaKk danambepa).

1.5. UHTerpasibHbI Npu3HakKk Komu cxoaguMocTu psaaa
C MOJIOKUTE/IbHBIMHM YeHaMH

Teopema 3 (unmecpanvustii npuznax Kowu). 11ycts nan psn Zan , YJICHBI
n=1

KOTOPOTO YAOBJIETBOPSIOT TPEM YCIOBUSM:
a) &, >0, N21, r.e. ucxoHbIil psAA ¢ HOTOKUTETEHBIMY YICHAMIL

6) 4ieHsI Psa MOHOTOHHO YOBIBAIOT, T.e. & >dy >...>a,_¢>a, >...>0;

B) 001 WieH psina cTpemutes k mymo: 1M 3, =0,
N—o0

[IycTh cymiecTByeT HempepbIBHAS, MOHOTOHHO YOBIBaIOIasi, onpeaeiaeéHHas npu X >1

bynkums f(x), rakas aro f(U)=a;, f(2)=a,, ...; f(n)=a,, ..., Te.
+00
Za Z f (n). Torna,ecnu HecoOGCTBEHHBIIH HHTETpAT J- f dx CXOJUTCS, TO Pl
n=1 1

Zan TOXKE CXOIUTCH; €CIIU yKa321HHI>II71 MHTETrpaJl paCX0aUTCs, TO OTOT Psi
n=1

pacxoauTcs.
Jlokazamenbcmeo. U3 ycnosuii Teopemb! | (n)= a, >0 cnepyer f (X)> 0 npu x>1.
PaccMOTPMM KPUBOJIMHENHYIO TPANeL Mo, OrpaHUYEHHYIO IMHUAMK y = f (x), X =1,

X =N + 11 ocbio Ox(puc.1). Paso6bém otpesok [1;N +1]

toukamu X=K (k=1,2,...,n+1) PACCMOTPUM N KPUBOJUHENHbIX TPANeLUi.
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ALY

Puc. 1. Nnowanb KPUBOIMHENHOW TPaneymn

n3 reomeTpmyecKkoro cmbiCna UHTerpasaa naowanb KpMBOﬂMHeﬁHOVI
n+1

Tpaneuun S, = I f(x)dx. 3ameHMM 3Ty NaoWaab CYMMOM NAOWAAEN N
1

npamoyrosibHnMkKos c eaHUN4YHbIMMU OCHOBAHUAMMW:
S'=f(@)+f(2)+..+f(n), S"=f(2)+ f(3)+...+ f(n+1),

n+1 n+1 n+1

n n
npuuémS'= Y f(K)=> a, =S,,aS"= D> f(k)= D ay =D a—a =Sp,1—ay.
k=1 k=1 k=2 k=2 k=1

M3 rpadmka (puc. 1) cneayet: S"< S, <S8, e,

n+1

Sy > [f(x)dx>S,,—ag, Vn=12,...
1

PaccmoTtpum agBa cnyyas.
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+00
1) MycTb If(x)dx CXOANTCA, T.€. UMEET KOHEYHbIN npeaen
1

n+1 n+1

lim jf x)dx = jf(x)dx A. TaKKaKjf dx<J'f(x)dx A, To

nN—o0

(Spii—a) < [f()dx=A n Sp<[f(x)dx+a =A+a.
1 1

NTaK, 4yaCcTU4YHble cymmbl pAaaa orpaHmnyeHbl Vn eN, Torga no reopeme 2

(HEO6XO,£I,MMbIVI n ,D,OCTaTOHHbIVI NPU3HAK CXOAMMOCTU pAda C NONOKUTENTbHbIMUA

yneHamu) pag, Za CXOAMTCA, 3HAUYUT, CYLLLEeCTBYET |Im Sn+1 =S<ow,

n=1
+00 n+1
2) MycTb MHTerpan If(x)dx pacxoauTcs, T.e. If(x)dx HeorpaHWYeHHO BO3pacTaeT
1 1
n+1

npu N — oo, Toraa u3 HepaBeHcTBa Sy, > jf(x)dx cnepnyert, uto
1

nocneAoBaTeNbHOCTb {Sn} HeorpaHW4YeHHO BO3pacTaeT: S, —> ©, T.e. pag,

pacxogunTca. TeopeN\a AOKa3aHa.

3ameuaHue 1. Teopema OCTaéTcA BEPHOM U TOraa, Koraa eé ycnoBms BbINONHAKOTCS

He ANA BCeX YJIeHOB PAAa, a INLWLb HaYyMHas ¢ k-ro (n >k ), B Takom cnyyae

+o0
paccmatpusaetca unterpan [ f(x)dx
k

3ameyaHue 2. UHTerpanbHblii NpM3HaK Kolwu cywecTBeHHO obneryaet
nccnepoBaHMe CXO4MMOCTU PAAaA, TaK KaK NO3BONIAET CBECTU 3TOT BONPOC K
BbIACHEHWUIO CXOANMMOCTM MHTErpana oT yaa4yHo Nogo06paHHON COOTBETCTBYIOLLEN

(I)yHKLI,MVI f (x), YTO NErko BbINOJIHAETCA, MPUMEHAA MEeTOAbl MHTErpasibHOro

MCYUNCNEHUA.
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Jlexuus 2. [Ipyu3Haku CXOAUMOCTH PSZIOB C MTOJOXKUTEIBHBIMH YICHAMU:

NPU3HAKYU CpaBHEHUs, pu3HaK JlanmamOepa, pangukanbHblid npusHak Ko

2.1. Paapl Iupuxie u uX cXOAUMOCTb, TAPMOHUYECKAN P

1

o8]
Onpeodenenue 1. YncnoBoii psn Buaa Z —p HasbiBaetcs paoom upuxne c
n=1 N

1

o0]
nokasaresieM p, P €R. 3ameTum, 4To IpH p =1 MOIYYaeM psij Z — , KOTOpBII
n=1

Ha3bIBACTCA cAPMOHUUECKUM.

— 1
lpumep 1. Uccneposatb pag dupuxne Z —p Ha cX0AMMOCTb B 3aBUCMMOCTH OT p.
n=1 N

- 1

PeweHue. 1) B cnyyae, ecin p <0, YneHbl paaa Z 5 0bpasytoT HeybbiBatOLLYHO
n=1 N

nocneaoBaTeIbHOCTb, @ CaM PAA, PacXxoAnTca No HeobxoaMMOMy NPU3HAKY

CXOAMMOCTH ( lim a, #0)-
n—o0

2) B cnyyae p >0 4N8 UccnefoBaHUA CXOAMMOCTU PAAA UCNOb3yeMm

o . 1
MHTEerpanbHbI Npu3Hak Kowwn. Beeaém dyHkumio f (Xx) = 5 X >1, KoTopas
X

y40BNETBOPAET BCEM ycoBUAM Teopembl Kowu (Teopema 3, nekuums 1, pasg. 1.5):

npu p > OOHa HenpepbiBHa, NON0XKNTE/IbHAa U MOHOTOHHO Y6bIBaET,

1 y T1
f(n)= — =8, n >1. Bbl4MCANM HECOBCTBEHHbIN MHTErPaAN .f—pdx B ABYXCNy4asx
n 1 X

a) 0<p<1,6) p>1,T.e.korga p=1:

n
-p+l _ n—p+l 1 n1—p 1

o0 n
jx‘pdx: lim .[x‘pdx= lim > __T |z
1 n—0% na<><>—p+11 nswol—p+1 1-p) nooll-p p-1
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—-Ecim 0<p<1,1-p>0,T0 P 5w npu N — 00, Toraa

o0 1-p

_ . [n 1 o
J'x Pdx = lim | ——+—— |=w , cnefoBaTeNbHO, HECOBCTBEHHDINM MHTErpan
1 noo|ll-p p-1

pacxoanTca U pacxoamnTca MCXO[],HbIﬁ pAaAa.

—Ecom p>1,1-p<0, TO nl_p —0 npu N — o0, Toraa

< “p . 1 1 1 o
jx dx = lim + = <0, c/1egoBaTe/IbHO, HECOOCTBEHHbIM
1 n—oo np—l(l_ p) p-1 p-1

MHTErpasa cxoamtca n cxoamnTca MCXO[],HbIlZ pAaAa.

=1
3) B cnyyae p =1 MMeem rapMoHMYECKUit pag, z —, NA KOTOPOTO
n=1
TaKKe NPUMEHUM UHTErpasibHbIN NPU3HaK KoLwu, T.e. paccCMOTPUM UHTErpan
Tdx .. Tdx n\ .. .
=== lim j—: lim In|x”1 = lim(Inn—In1)= lim Inn =, cnegoBaTensHo,

1 X n—>oo1 X n—oo n—oo n—oo

HecobCTBEHHbIN UHTErpan pacxoanTtca, a 3HAYuT, FapMOHquCKMVI pAagpacxoaunTcAa.

o0
1
Bbi600: paa Aupuxne Z ) cxoguTca, ecnn p>1, U pacxoautcsa, ecam p<1.
n=1 N

2.2. le/l3HaKI/I CpaBHECHMHA pAAOB C NOJIOKUTE/IbHBIMUA YICHAMH
PaccmoTpum HeKoTopble MPU3HaKK, yCTaHaBAMBaAtoOLWME CXOAMMOCTb UK

PacxoanMOCTb pA40oB C NONOKUTENbHBIMU YNEHAMU I'IyTéM CpaBHEHNA UX CPAAAMMU,

CXOOAMMOCTb NN PAaCXOOMMOCTb KOTOPbIX U3BECTHA.

Teopema 1 (| npusnax cpasnenusn psaooe ¢ nonoxicumenvHolmu yienamu). 1lycto

o0 0
JTaHBI 2 psaa ¢ MOJIOKUTCIBHBIMU YWICHAMHA Zan u an .
n=1 n=1

Ecnu, HaunHas ¢ Hekotoporo HoMepa N, 1715 Bcex N> N BBIIOJIHAETCS HEPABEHCTBO

a, <b,, Torna
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o 0] 0.
1) U3 cxoauMOCTH psizia an CIIEAYET CXOAUMOCTBD Psaa Zan ,
n=1 n=1

o0

0
2) U3 pacXOAUMOCTH Psia Zia” cielyeT pacXoJUMOCTh Psiia Z;Lb” :
n= n=

Jokazamenbcmeo. Ha ocHoBaHMM TOro, 4To oT6pacbiBaHME KOHEYHOrO YMCNa
yneHos (cBolictBo 1, nekuma 1, pasa. 1.3) He BAMAET HA CXOAMMOCTb UK

PACXO4MMOCTb PAAA, MOMKHO CYUTATb, He HapyLLas OBLWHOCTH, 4To ycnosue &, <D,

0
BbINOAHEHO Ana Bcex N >1. Mycte A, - YacTnuHas cymma psaga Zak ,a By -

k=1
o0
YaCTUYHaA CyMMa pAaaa Zbk . Mo ycnosuio
k=1
A =a+a,+...+a,<b +b, +...+b, =B,
o0
1) Ecav pag, an CXOAMTCA, TO NOCAeA0BaTeNbHOCTb {Bn} orpaHuyeHa
n=1

CBEpPXy, a 3HAYUT, OrpaHn4eHa CBepxy n nocnenoB8aTte/ibHOCTb {An }

CnepoBatenbHo, no Teopeme 2 (nekums 1, pasa. 1.4) o Heobxoanmom u

o0

AO0CTATOYHOM YC/ZTOBUUN CXOOUMOCTU pALda C NONOHKUTENbHbIMUN YNEHAMU PAL Zan
n=1

CXO04OuUTCA, TaK KaK CyLlLeCcTBYET KOHEYHbIN npegen nocnegosatesibHOCTU {An }

0
2) Echm pag, Zan pacxoamTca, To Nocne[0BaTeNbHOCTb {An} He orpaHuYeHa,
n=1

d 3HA4YUT, HE OrpaHn4YeHa 1 NocnenoBsaTte/IbHOCTb {Bn } Torpa no Teopeme 2

o0
(nekums 1, pasa. 1.4) pag, an pacxoanutca. Teopema AoKa3aHa.
n=1

- 1 1 1
lMpumep 2. ViccnepoBatb Ha CXO4UMOCTb PAS, —=l+—=+—=+....
LR
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PeweHue. O603HauYnm 1 =b, . CpaBHUM pag, an C FaPMOHUYECKUM PAAOM

n
Jn r

o0 0

1.1 o
E —= E a,.Mpn n>2b, =—===—=a,, a TaK KaK rapMOHNYECKNIA pAL,
=N na1 n n

1
pacxoamTcs, TO PacxoauTca U pag, Z \/—

Omeem: pAag, Z \/— pacxoguTca.

=1 1 1
Mpumep 3. ViccneaoBaTtb Ha CXOAUMMOCTb PAS, Z n Y = =3 + 3 +

1 1
—+—+
24 64

PeweHue. 0603HauYnm ﬁ =a, . CpaBHUM AaHHbIV pAj Z ay C pAaom
: k=1

N

1 1 1 o
. §+4+§+_,_: i =1, KoTopbIN
2 —§+1

o0
reomeTpuyeckom nporpeccum by =>°
k=1 k=1

CXOAMUTCA, TaK Kak 3HamMmeHaTe/1b nporpeccumn (Q = —,TO nepsble YeHbl pAaa paBHbI, a

1

npn k>2, a < bk, 3HauUT, pAag Z
k=1

cxoamTca no | NpusHaKy cpaBHeEHUS.

1
Omesem: ps
pAa4 I(Z::l L

cxoaunTca.

Teopema 2 (npedenvHblii NPUSHAK CPABHEHUA PAOOB C NOTIONHCUMETTBHBIMU YWICHAMU).

JIaHLI 2 psiaa ¢ MOJOXKUTEIbHBIMH YICHAMU Zan u an U IIyCTh CYIICCTBYET
n=1 n=1

290



. a
lim 2 =C, C#0, C#00, TOr/ia 3TH JBa pAaa JUOO0 CXOIATCS, TUOO0 PaCXOAATCS

OJTHOBPEMEHHO.

[lokazamenscmeo. Tak Kak no ycnosuio &, >0, b, >0, Yn=1,2,3,... uc = lim 2—”,
N—o0 n

TO cornacHo ceounctey npegena C > 0. Mo ycnosuio C+#0, shaunut, C>0. Mo

onpegeneHunio npeaena ans scex € >0 cywecryeT okpecTHOocTb (C—¢, C +¢g)

ToukM C Takas, yto C—e>0 m cywecTByeT Takoe HaTypanbHoe Yncno N,

a
3aBucsALLee oT €, YTo Ana Bcex N> N BbINoONHAETCA HepaBeHcTBO C —g < b—“ <C+eg,
n

wmm (C—¢)b, <a, <(C+e)hy.

0 0
Ecnu pag Z bn CX0AaunTCA, TO CXOoAUTCA U paa Z bn (C "‘8) (CBOVICTBO 2,
n=N+1 n=N+1

nekums 1, pasg. 1.3), otkyga no | npu3sHaKy CpaBHEHUA PALOB caeayeT CXOAMMOCTb

o0
paga 2. an,Takkakd, <(C+e)by.
n=N+1

o0 o0
Ecnv ke pag, Z b, pacxoguTcs, To pacxogutca mpag, Y, 0, (C—¢), a Tak
n=N+1 n=N+1

0
KaK(C —S)bn <4dp, To No | NpM3HaKy cpaBHEHMA PAJOB PAL Z d, TaKkXe
n=N+1

pacxogunTca. TeopeN\a AOKa3aHa.

. a o
3ameyaHue. Ecan Iim -2 =C, C =0 nan C =00, TO NpeaenbHbin NPU3HAK He

Nn—o0 n

NPUMeEHUM (Teopema 2 B 3TUX C/Iy4anx He BepHa).

o0
1
lpumep 4. ccneposaTb Ha CXO4MMOCTb PAL, Z > -
= N°+3n
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1 o« 1
PeweHue. 0603HauMM ———— = a,, . PaccMoTpuM pag by => — .TaK KaK
n°+3n n=1 n=10
2
@, .. N
lim - = lim ——— =1 0 u #, To 3TV ABa pALa OAHOBPEMEHHO CXOATCA,

n>o b, n-eon®43n

o0
1
nnu pacxogAatca (tTeopema 2). NocKonbKy Z — —pa4, Ovpuxnec p=2>1
n=1 N

1
cxXoauTca, chepnoBaTesibHO, MCXOAHbIM pPAaa Z 2—3 TOXe cXoaAuTcAa.

1
Omeem: pAap, Zz—cxop,mcn.
= N°+3n

1

lpumep 5. NccnepoBaTb HA CXO4MMOCTb PAL, z | o

1
PeweHue. O603HaYnMM e =a, . PaccMoTpum rapmoHuYeckuin pag Zb Z o
nn n=1

o 1
KOTOpbI pacxoauTtca. Tak Kaka,, = o >=—=Dh,(n>Ihn vn=>2), Tono Teopeme 1
nn n

pag, Z— pacxoauTcs.
N=2 Inn

1
Omeem: pap, Z ﬁ pacxoguTca.

n=2
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2.3. IIpusHak Jasiam6epa cCX0AUMOCTH PAAOB C MOJIOKUTETbHbIMU
4/IeHaMH

Teopema 3 (npusnax /lanamoepa). I1yctb naH psii ¢ OJOKUTENBHBIMU YJIEHAMU

. . a
Y a, (a, >0), u cymecrByer koHeuHbIii penen lim <L — |

, TOTJa.

1) pan zan cxonures, eciu | <1,
n=1

Q0
2) pan Zan pacxoaures, eciou | >1,

n=1
3) ecnu | =1, To /U1 BBISICHEHHS CXOJIUMOCTH psijia pu3Hak Jlamambepa He
MIPUMEHUM.

an.
Jokazamenocmeo. 1) MycTb npegen lim =2+ =| cywecteyetn 0<1<1.
n—oo a

PaccmoTtpum uncno g Takoe, uto | < q<1. I3 onpeaeneHuna npegena cienyet, 4To

Ve=q-1>0 cywectByeT N(g) €N, HauMHaA C KOTOPOro vn=N = N(g)

—li<q-1,

;.
BbINOJIHAETCA HEPABEHCTBO |——

I—q< —l<q-1, 21— q< L < g. Takum obpasom, vn>N 2ns -+l o q, T.€.
n an an

Q41 < (-8 Bepémn = N, N+1, N+2,..., Toraa y,3 <(-ay, ay,, <Gay,; <d°ay,
3 k
aniz<(-ani2 <Qay, .., anik <gay.

0
3anuiwem UCXoaHbIN pAa, Zan (a, >0) B Buge:
n=1

Zan =atay,+...+ay +ayy t Ay T.... PacCMOTPUM HOBBINV pAA,
n=1

k 2 o
ZaN ‘0" =ay tqay +gq ay +.... 3TOT pag ecTb pAL reoMeTpMYeCcKon nporpeccum
k=0
C b1 =dN M 0< <1, KOTOPbIA CXOAUTCA, @ 3HAYUT, CXOAUTCA PAL,

ZaN+k =aN +aN+1+aN+2 +... , TAK KaK aN+k < qkaN (k Zl, 2, 3,) Ha
k=0
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OoCcHOBaHUK Teopembl 1. Pag ZaN+k Noay4YeH M3 UCXOAHOro Zan
k=0 n=1

oTbpacbiBaHMEM KOHEYHOTO YnCNa YieHoB di,ds,...,dN_1, TOF4Q pAg, Zan CXOAMTCA

n=1
0]

(cBonctBO 1, nekuma 1, pasa. 1.3). Takum obpa3om, UCXOAHbIN pAL, Zan cxoamTces,
n=1

. a
ecnn lim 2L | | <1. NepBas YacTb TeOpEMbl AOKa3aHa.
n—w ap
2) NycTtb ||m =] >1. PaccmoTpum 4ncno q Takoe, 4To | >q>1. e=1-q>0, U3
n—oo a

an+1

Ay
<l+g 2+l 5 g1,
an

an

a
onpegeneHuns npegena cnegyet:—e < L | <g,l—e< 5
an

Takum o6paszom, dp,1 >, >0 unpu N — © o06wKit uneH pagad, He cTpemunTCA K

0, T.€. pAag Zaﬂ pPacxoaunTca, TakK KakK He BbINOJIHAETCA HeO6XOAMMOe ycnosue
n=1

cxoamMmocTm paaa (teopema 1, nekums 1, pasa. 1.3). Bropas yactb Teopembl
AOKa3aHa.

an+1
3) Ecm =1 , lIm paBeH eanHunue Nan He CyLlecTByeT, B 3TOM

n—o a,

cnyyae ANA BbIACHEHUA CXOAMMOCTU pAaa NpusHak [anambepa He NPUMEHUM.

lMpumep 6. NccnepoBaTb HA CXO4MMOCTb PAL, Z g
n=1

- 1
PeweHue. 0603HauMm 1 — a ,a,> 0; Hangem a . CoctaBum npegen

o0 0 n+l = oned
. a n+1)-2" 1. n+1 1
| = lim ;“ = % > lim —— - = > <1, 1.e. no npusHaky Janambepa pag,
n—w a, n—o0 n N—>o0
cxoamTcs.
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= N
Omeem: pAag, Z 2—ncxop,mcn.

n=1
— N
lpumep 7. N\ccnepoBaTb HA CXO4MMOCTb pPAL, Z -
n=1
n! . (n+1)!
PeweHue. O603HaYnMm o = A3 > 0, Hanaem a, 4 = w Cocrasum npegen

. a _(n+DL5" . n(n+1)-5" . n+1
| = lim 2L = Jim %: lim ¥: lim —=w0>1,
n>wo @, now 5.l now 5N.5.pl n—

T.€. No npusHaky Jdanambepa pag pacxoamTcs.

= Nl
Omeem: pAap, Z — pacxogutea.
n=1

2.4. PaaguKa/ibHbIA NpU3HaK Koy cX0AMMOCTH pAJOB
C MOJIOKUTE/JIbHBIMH YJIeHaMH

Teopema 4 (paoukanvuwvtit npuznax Kowu). I1ycth nan psif ¢ NOJ0KUTETbHBIMA

o0
YJieHaMU Zan’ a, >0 u nycts cymectByer koneunsiit npegen lim Y/a, =1.Torna:
n=1 nN—o0

1) ecnu | <1, psan cxoauTcs,
2) ecnu | > 1, psan pacxoaurcs,
3) ecnmu | =1, TO AJIs BBISICHEHUS CXOJIUMOCTH Psiia paauKalbHbIN mpu3Hak Komm

HC IIPUMCHHM.

Jlokazamenscmso. 1) MycTb cywectayer lim Na, =1<1; tak kak 8, >0, 10 1 > 0.
n—oo

PaccmoTpmm uncno g Takoe, 4To | < q<1. U3 onpeaeneHua npeaena cnemyert, 4to

Ve=q—1>0 cywectByeT N =N(g) e N, HaunHana c kotoporo VN> N BbINOAHAETCA

HEepaBeHCTBO ‘Q/;n—|‘<q—|,l—q<fﬁ—l<q—l, nfa, <q, a,<q" Vn=N.

Pacnuwem ncxogHbIn pag,
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o0
DA, =ag+ay +...+ay +ay, +aysg e (1)
n=1

CocTaBMM HOBbIV pAAg,

o0
ZqN+k =CIN +qN+1+qN+2+.“ . (2)
k=0
Psap (2) npeacrasnseT coboit pag reoMeTpuYeckoim Nnporpeccmm

co3HameHaTtenem (: 0<q<1, T.e. 3TOT pAL CXOAMUTCA, @ 3HauuT, pag (1) cxoamTea

no | npusHaKy cpaBHeHUs paaos (Teopema 1 AaHHON nekuun).
2) NMycTb cywecteyet lim R/a,, =1>1. HaunHas c HekoToporo N =N()eN VN>N,
n—o0

D/an >1 = an >1, T.€. Ilm an * O, TOraa VICXOLI,HbIVI pAag pacxoanTca no
n—oo

HeobxoanMomy NpU3HaKy cxoanumocTtu (Teopema 1, nekums 1, pasa. 1.3).

3) Ecan lim Y/a,, =1 =1(nnu He cywiecTByeT), TO ANA BBIACHEHWUA CXOANUMOCTM PAAA
n—oo

PaAnKaNbHbIN NpU3HaK Kowwn He npumeHnM. Teopema oKasaHa.

o0 n
n
lMpumep 8. NccneposBaTb HA CXO4MMOCTb PAL, Z ( j
s \2n+1

n
n
PeweHue. O603Ha4YUM (Zn +1j =a,, a,>0. CoctaBum npegen:
N . n
| = lim Ya, =lim——==<1 t.e.no paaukanbHOMy Npu3HaKy Kowwu pag cxoguTcs.

n—o0 n—»2n+1 2

Omeem: pAag, i( n j” cxoamTca
—\2n+1
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Nekuyma 3. 3HaKkouepegyowmeca paabl. AGCONIOTHAA U YCNOBHAA

CXOAMMOCTb 3HaKONepeMeHHbIX PALOB

3.1. 3HaKouepepyowmeca pagbl. MpusHak JleibHuuya

[0 0]
< n-1
Onpeoenenue 1. Yncnosoii psan Z (D) "-ap=a—a, +ag—ag +...,
n=1

rae ap >0, maseBaeTcs snaxouepedyowumcapadom.

I[JIH YCTAHOBJICHUA CXOOAUMOCTH TAKHUX PAIOB CYHICCTBYCT I[OCT&TO“IHBIﬁ

MPU3HAK CXOJANUMOCTH, HAa3bIBAEMBIN MTPU3HAKOM JIeHOHMIA.

0
Teopema 1 (npusnax Jleiionuya). I1yctb 4uCI0BOU Pl ZUn YIAOBIIETBOPSIET
n=1

YCIOBHAM:

1) u,=p""1.a,, a, >0, T.c. 5TOT psiji 3HAKOUEPETyIOUIMICS;

n )
2) WiIeHbI 3TOrO psija MOHOTOHHO YOBIBAIOT MO a0COJIFOTHOW BEJTMUUHE:!

‘U1‘>‘U2‘>‘U3‘> T.C. an >an+l1 n:1,2,,

3) oOuuii uieH psaa a_crpemutcs k 0, T.e. lim a, =0,
N—o0

o0
Tornma psa Zun CXOIHUTCA U €ro CyMMma S< al-
n=1

Jokasamenscmeo. 1) CHayana pacCMOTPUM YaCTUYHYIO CyMmMy YETHOrO NopAaKa
Sp=Sy =y —ay, +a3—a, +...+dyy_1 — Ay M 3anNULLEM eé B BUAE:

Som =(8g —ay)+(ag—ay) +...+ (Ay_1 —8yp) . B cuny ycnosua 2) Teopemsi 1 see
BbIpaXKEHMA B CKOBKaX MONOMMTENbHBI, Toraa cymma Soy >0 u nocneposatensHocts

{SZm} MOHOTOHHO Bo3pactaeT: 0< Sy <5, <Sg<...<Sy <.,

Tenepb 3anuwem 3Ty CYMMY MHaYe:

Som =8 —(83—a3) — (85 —a5) —.... = (82 —@zp1) —A2p.
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B nocnegHem BblipaXKeHUM KaXKa0€e U3 BblParKeHU B CKOOKAX NONOXKMUTENBHO,
NO3TOMY S < 81, U3 Yero cnedyeT, YTo NOC/e0BaTeNIbHOCTb {Sn }= {SZm}
ABNAETCA OrPAaHMYEHHON, N TaK KaK OHA MOHOTOHHO BO3PacTaeT, TO OHa CXOAUTCA.

Apyrvmn cnoBamm cyuLectsyeT |Im Sp=1m S, =S, npuuem S<a.
—00 m—o0

2) PaccMOTpUM YaCTUYHYIO CYMMY HEYETHOro NopsaaKa

Sy =Somi = Som + 841, KOTOPAsA NONOKUTENbHA. MOXKHO NOKa3aTb, YTO
NOCAEA0BATENbHOCTb (o1 | MOHOTOHHO BO3PACTaeT, TaK Kak MOHOTOHHO
BO3pACTaeT NOC/EA0BATENLHOCTb {Som | M 8oy > 0. 3anuwem sbipaxenme ana
{Somi1) 8 BUAe: Somy1 =81 — (g —83) ...~ (8 — Byps1) , TaK KaK BCe BblpaKeHUs

B CKOBKaX MOMIOKUTENbHDI, TO Somyq < 81. Mo ycnosuto 3) Teopemsi 1 1M a, =0,
N—o0

torga M 8,51 =0, otkyaa
m—oo

lim S, = I|m (82m +a2m+1)— I|m SZm + lim a,,,; =S.
Mm—o0 M—0

UTak, npu Bcex n(uéTHbix mam Heuéthbix), M S, =S <@, cneposatenso,
n—o0

NCXOAHbIN paa, cxoautcs. Teopema AoKasaHa.

3ameyaHuel. Npu3Hak JIeMOHULA MOXKHO TaKXKe NPUMEHATb K PAAaM, ANSAKOTOPbIX
YCN0BUS TEOPEMbI BbINONHATCA C HeKoToporo Homepa N N.

3ameuaHue2. Ycnosue 2) Teopembl 1(npm3Hak J/1eMbHMUA) 0 MOHOTOHHOCTM YN1EHOB

pAaa CywecCTtBeHHO.

n-1
lpumep 1. ViccnepoBaTtb Ha CXOAMMOCTb pag, > ~——~ 5 (D" 1—%
n=1 n

01
PeweHue. O603Ha4YMM % =U,. K gaHHOMYy paay npyumeHum npusHak JlenbHuua.

MpoBepnMm BbINOJIHEHME YC/I0BUIM TeopeMbl 1: ycnosue 1) paa 3HakovepeayoLmMincs
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1 _
a, :H’ Up :(—1)n 1.an, a, >0;nyIOBVIe 2) BbINOJIHEHO: 1>%>%>%>...,

.1 o
ycnosue 3) Tak¥e BbinosiHeHo: lim ==0. Cl'lep,OBaTeanO, no NPuU3Haky fle146HMLl,a
n—oo N

[aHHbIN pAg, cxoauTcs, npuyem ero cymma o <ay =1,

o0 1 n-1
Omesem: pPAL, z ( ) cxoauTcAa.

3.2. 3HaKonepemeHHble pagbl. A6CONOTHAA U YCIOBHAA CXO4UMOCTb.

ﬂ,OCTaTO‘-IHbIﬁ NPU3HAK CXOAMMOCTU 3HaKOoNepemeHHbIX paAaos

Yncnosoi pag, Zun , Y1IEeHbl KOTOPOTO MMEIOT MPOU3BO/IbHbIE 3HaKM (+), (),
n=1

Ha3blBaeTCA 3HAKOIMNnepemMeHHbIM pﬂdom. PaccmoTpeHHble Bbllwe
3HaKo4epeayrouwmeca pagbl ABNAKOTCA HaCTHbIM CNlyd4aeM 3HaKonepemeHHOro paaa;
NMOHATHO, YTOHE BCAKUMN 3HaKOﬂepeMeHHbIIZ pPAA4 ABAAETCA 3HAKo4YepeagyroWwnmcCAa.

1 1 1 1 1 1 o
Hanpumep, pag l-——=—+—+—-———= ... — 3HAaKONEepPEeMEHHbII1, HO He

234567

ABNAIOLWMIACA 3HAKOYepeayoLWMmMCa PAAOM.

OTmeTum, 4YTo B 3HaKornepemeHHOM pAage 4n1eHoB KakK CO 3HaKOM (+), TaK U CO
3HaKOM (—) 6eckoHe4yHo mHoro. Ecam aTo He BbINOJ/THAETCA, Hanpumep, pad coaepxuTt
KOHEeYHOe YMUCNOo OTpULaTeIbHbIX 41€HOB, TO X MOXHO OT6pOCVITb M paCCMaTpumBaTb

pAaa, COCTaB/IEHHbIM TO/IbKO M3 NOJIOKUTE/IbHbIX YJ1eHOB, U HaO60pOT.
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0.0]
OnpeOeﬂeHue 1. Ecnu yucnoBont pAan Zun CXOIUTCS U €ro CyMMa paBHa S,
n=1

a yacTMYHAs cyMMa paBHa Sy, To I, =S — S, HaswIBaeTcsa ocmamkom psada, TPUIEM

lim r, = 1lim (S-S,)=S-S=0, r.e. ocrarok cxomsmerocs psima crpemurest k 0.
N—0 N—0

PaccmoTpum cxondimmics 3HaKOYEPEAYIOIIUNCS Pl KaK YaCTHBIN CIIydan
3HAKOIIEPEMEHHOTO PsAIa

e} e} o0

=y ()" 0 S=>u,=$
U, =) (1) " -a,, rae a, >0. 3ammmewm ero B Bune S= ) U, =S, +r,, Torga
n=1 n=1 n=1
10 npu3HaKy JleiiOHuna \rn\ = ‘S - Sn‘ <an,; Tak kakS, > S, 10 I >0, 1e.
OCTaTOK CXOJsIIerocs psaa crpeMurcs K 0.
J{1s1 3HaKOMIEPEMEHHBIX PSAA0B BBOJATCS MOHATUS a0COTIOTHOM U YCIOBHOM

CXOOHUMOCTH.

e8]
Onpeodenenue 2. Psin Zun HA3BIBACTCS CXOO0AUUMCS AOCOIIOMHO, €CITH CXOIUTCS
n=1

o0
psn, COCTAaBJIEHHBIN M3 A0COJIFOTHBIX BEJIUYUH €0 YJICHOB Z‘Un‘ .
n=1

[0 0] [0¢]
Onpeoenenue 3. ECy 4MCI0BOU Pl Zun CXOJUTCA, A P Z‘Un , COCTaBJICHHBIN

n=1 n=1
U3 a0COJIFOTHBIX BEJIMYUH €I0 YJICHOB, paCcXOaMTCs, TO UCXOIHBIN psa Ha3bIBACTCS

yenosno (Heabcomomuo) cxo0auumcst.

Teopema 2 (0ocmamounslii RPUZHAK CXOOUMOCHLU 3HAKONEPEMEHHBIX PAO0E).

Q0
3HaKOHepeMeHHLII71 psana Zuﬂ CXOJUTCH, HpI/IqéM a6COJ'IIOTHO, €CJIK CXOOUTCA PsIa,
n=1

o0
COCTABJIEHHBII U3 A0COJIIOTHBIX BEJIUYUH €0 YJIECHOB Z‘Un‘ .
n=1
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Llokazamenbcmeo. O603HaYMM Yepes Sn YaCTUYHYIO CYMMY pAaa Zun
n=1

S, =Uj +Uy +Uz +...+U,, d Hepes3 0 — YaCTUYHYIO CYMMY pAaa Z‘Un‘ :
n=1

O =|Ug|+|Uz| +|us|+...+|uy| . OBo3HauMM yepes S, cymmy Bcex monokUTENBHBIX
YNEHOB, a Yepes S, cymmy abCOMOTHBIX BEJIMUMH BCEX OTPULIATENBHDBIX YIEHOB,
BXOAALLMX B O, . OueBnaHo, uto S =S, -5, 6, =S,+S;.
Mo ycnoBuio Teopembi pAa, ), |Un| cxoauTcs, Toraa cyWwecTsyeT |im o, = o, ¥ TaK Kak
n=1 n—>oe
nocnefoBaTeNbHOCTb Oy = Oy + S — MOHOTOHHO BO3pacTalowas 1
HeoTpuuaTesbHas, To Oy <G. OyeBuaHo, Yto Sy <6, S; <0, Toraa
nocneposatensroctv {S } u {S!} aBnaioTca MOHOTOHHO BO3pacTatoLMMM U

H ! ! H " n
orpaHuYeHHbIMM, npuuem ux npegenst pasHol IM S, ="y lim Sy =S" Toraa
N—> N—0o0

lim Sn = lim (Sr’1 —S,’{) = lim S,g — lim S;{ =5'-S§"=8§, 3HAYUT, UCXOAHbIN

N—o0 N—o0 N—o0 N—o0
o0

3HaKonepeMeHHbIN pag, Zun cxoamTca u cxoautca abcontoTHo. Teopema
n=1

A0OKa3aHa.

3ameyaHue. Teopelv\a 2 [QET TONIbKO A0CTaTO4YHOe ycnosme CXognumocCTu

3HaKonepemeHHbIx paaoB. ObpaTHan Teopema HeBEpPHa, T.e. ec/n

3HaKOﬂepeMeHHbIVI pAaa Zun cXo4auTcAa, To He O6FI38TeJ'IbHO, YTO CXOA4UTCA pAAa,
n=1

COCTaB/IEHHbIN N3 Mmoayne Z‘Un‘ (OH MOXKeT bbITb KaK CXOAALLMMCS, TaK U
n=1

111 ( H"-t
pacxogawmmcea). Hanpumep, paag, 1_§+§_Z Z cXoAuTCA no
n=1
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nNpu3Haky JleibHuua (cm. npumep 1 gaHHON NeKuMmn), a pag, COCTaB/EHHbIN U3

= 1
abCONIOTHBIX BEZIMYMNH €ro YEHOB, Z — (rapmoHMYecKkuni pag) pacxoguTca.
n=1

-p".g"
Mpumep 2. NccnepoBaTb Ha YCIOBHYHO M aBCONOTHYHO CXOAMMOCTb pAf, Z = )n'
n=1 :

PeweHue. |El,aHHbIl‘;I PAO ABNAETCA 3HAKONEPEMEHHDIM, O6LLI,M1L/'I YJ1eH KOTOpPOro

n

-n".9n
%_un CocTaBum paAfa, M3 abCoNOTHbIX BENNYMH Z\un\— Z—n 7
n!
n=1 n=1

0603HaYUM:

o 8ni "
NPMMeHMM K Hemy npusHak [lanambepa. Coctasum npegen lim , FTAe a, =—

’

n—w ap n!

9n+1
a,,; = —— - [lpoBeaa npeobpasosaHusa, Nonyvaem

(n+D)!

an, 9"l 9".9.nl 9
lim —==lim ———=lim————= lim —— =0. Takum o6pasom, pag,
n—o0 an n—o (n _|_]_) 9" now n!.(n _|_]_) 9" noswon+l
Z\ n\— — CXOAMTCA, @ 3HAYMUT, UCXO4HbIN 3HAKOMEPEMEHHbIN pAg CXO04MTCA
abconoTHO.
_1)“ 9n

Omeem: pAap, ZT abCcoNoTHO cxoaUTCS.

n=1

(-1)"-Vn
Mpumep 3. UccnepoBaTb Ha abCOMOTHYIO U YC/IOBHYHO CXOAMMOCTb PAf, z Nl
n=1

PeweHue. A) Uccnepyem psg Ha abcontoTHyo cxogmmoctb. O603Haunm

)" -n

[ = Uy 1 coCTaBUM pas 13 abCoNOTHBIX BEMUMH &, =|u,|=——.
n+

n+1

o0

n
I'IonyqaeN\ pAaa Z‘Un‘ = Z — CNONOXKUTENTbHbIMU YNEHAMU, K KOTOPOMY
n=1 n=1

npUMeHAem NpeaenbHbIiM NPU3HAK CPpaBHEHUA pAAO0B (Teopema 2, Nekuus 2, pasa.
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o0 o0
n
2.2). lns cpaBHEHUs C psaom Zan = Z —1 PacCMOTPMM pAa, KOTOPbIN UMeeT
+
n=1 n=1

o0 o0
1
BUA, Z Z T ITOT pAag ABnaeTca pagom Aupuxne c nokasatenem p = E <1,

T.€. OH pacxoaunTcA. CoctaBnm un Bbl‘-IMC/'IVIMCﬂeAyI-OLLI,Mﬁ npeaen

8 _ i Ynovn

. ) 1
lim = = lim —— =1. TaK KaK npeaen cywecrsyeT, He paseH 0 1 He
n—wo b, n-ow n+l n—o

n

o0
paBeH oo, To 0ba paja Z a, u Z b, BeayT cebsa oamHakoBo. Takum 06pasom, pas,

n=1 n=1
Z‘ n‘ = Z —— PacxogMTCA, a 3HAYUT, UCXOAHbIN pPAg, He ABAAeTCA abCcoNtoTHO
CX04ALWMMCA.
y (-1)"-+n
B) Nlanee nccneayem ncxogHbln psag, Z— Ha YC/I0OBHYIO CXOAMMOCTb. 1114

+1

3TOro NPOBEPUM BbINOJIHEHME YC/I0BUI NpPU3HaKa JlenbHuua (Teopema 1, pasa. 3.1).

Jn

Ycnosue 1): U, = (—1)n -a,, rae a, =—1 > (0, T.e. 3TOT pAA 3HAKOYepeayOLWMNCA.
n+

[na npoBepKu ycnosmsa 2) 0 MOHOTOHHOM YbObIBaHUKM YNEHOB PAZa UCNOb3yeM

Jx

cnepyrowmii metog,. Paccmotpum BcnomoratenbHyto oyHkumio f(X) = i1’
X+

onpeaenennyio npu X € [0;+0) (byHkums Takosa, uto npu X =N umeem

Jn

f(n)= P =a, ). Ana nccnenosaHuna 3ToM GyHKLMM Ha MOHOTOHHOCTbHaAEM eé

2x T 1-x
(x+1)?  2J/x(x+1)?

npoussogHyto: f'(x) = . 91a npoussogHan T '(X) <O0npu

X
X >1. CnepoBatenbHo, pyHKumAa f(X) = i1 MOHOTOHHO ybbIBaeT NpU yKa3aHHbIX
X +
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n
3HaveHuax x. Monaraa X=n<n+1, nonysaem f(n)= PO a,>f(n+Y=a,,4,
n+

roe N =12,34,....310 0O3HayvaeT, YToyc/soBMe 2) BbINOAHEHO. A NpoBepPKU

1

ycnosua 3) Haxogum npeaenobuiero YaeHa a,: lima, = lim —= lim ———=0
N—o0 n—wo N+1 n—>oo\/ﬁ+ 1

Jn

, T.€. TpeTbe yC/0BMe BbINONHAETCA. TakKnm obpasom, 41A NCXOLHOTo pAaaa
BbINO/IHEHbI BCE YCNOBUA NPU3HaKa JlIembHuULa, T.e. OH CXO4MUTCA.

Omeem: pAaa YCNOBHO CXOAUTCA.

) (_1)n\/ﬁ
z_ll n+1

3.3. CBowcTBa a6CONOTHO M YCZIOBHO CXOAALLUXCA PALOB

o0
Ceoiicmeo 1. Ecnu psn Zun a0COIIOTHO CXOJIUTCS, TO OH a0COIFOTHO CXOJUTCS TIPU
n=1

100011 MepecTaHOBKE €T0 YJIEHOB, MPU TOM CyMMa psifia HE 3aBUCHUT OT TOpPSIKa

PacCIIONOKEHUS WICHOB. Eciin S’ — cyMMa BCEX €ro MOJIO0KHUTENbHBIX YIEHOB, 45" —
[00]
CyMMa BcexX a0COJIFOTHBIX BEJTMUMH OTPHUIATENbHBIX YIEHOB, TO CyMMa psjia Zun
n=1
paBHa S=S'—-S".

o0 o0
Ceoiicmeo 2. Ecnu psin Zun abcosmoTHO cxoautes u C = const, To psj ZC Uy,
n=1 n=1

TaK)ke a0COJIFOTHO CXOOUTCA.

[00] o0
Ceoiicmeo 3. Ecnu psjibl Zun u ZVn a0COJTFOTHO CXOJIATCS, TO PSIBI
n=1 n=1

0
> (U, £V,) Taxke aGCOTIOTHO CXOAATCH.
n=1
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Ceoiicmeo 4(meopema Pumana). Ecnv psin yCIIOBHO CXOJHUTCS, TO KaKOe OBl MBI HE
B3SUTH YUCIIO A, MOXKHO TEPECTaBUTh YWICHBI JAaHHOTO Psija TakK, 9TOObI €ro cymma
0Ka3ajgach B TOYHOCTH PaBHOM A; 60jIee TOro, MOXHO TaK

HIePECTABUTh WICHBI YCIOBHO CXOJISIIECTOCS Psia, 4TOOBI MOCIE 3TOr0 OH

PacxoauiIC:d.

Jlekuus 4. @yHKUMOHAJIbHbIE Psiabl. CTeneHHbIe psabl. Popmyia
Teisopa

4.1. ®yHKIMOHAJbHBIE PAIbI: OCHOBHbIE IOHATHS, 00J12CTh CXOAUMOCTH
Onpeoenenue 1. Pan, 4neHbl KOTOPOTO SIBIAIOTCA QYHKIUAMHU OJHOU HIIH
HECKOJIbKMX HE3aBUCUMBIX IIEPEMEHHBIX, ONPEACIEHHBIMA HA HEKOTOPOM

MHOKECTBE, HA3bIBAETCAQDVHKYUOHATLHBIM PAOOM.

o0
PaccMoTpuM (DyHKIMOHAIBHBIN P Z U, (X) = Uy (X) + Uy (X) +Ug(X) +...,
n=1

YJICHBI KOTOPOI'O ABJIAIOTCA (I)YHKI_[I/IHMI/I OIIHOI>'I HE3aBUCUMOU nepeMeHHoﬁ X. CYMMa

IEPBBIX N YIECHOB psAaa Sn (X) = Ul(X) + U, (X) +...+U, (X) SIBIISICTCS YaCTUYHOMN

CYMMOit JaHHOTO QYHKLHOHAIBHOTO psxa. O6mmii wien U, (X) ects pynkmms or x,

ornpeenéHHas B HEKOTOpoi o0macTu. PaccMoTpuM (pyHKITMOHATIBHBIN PsIi B TOUKE

0

X=Xy. Ecimu cOOTBETCTBYIOIIMI YUCIIOBOU PSIJ Zun (Xo) cxommuTes, T.e. CyIIeCTByeT
n=1

MpeJIeSl YACTUYHBIX CYMM 3TOTO psifa lim Sn (XO) = S(Xo) (rme S(XO) <® —cymma
N—o0

YHUCJIOBOTO Psifia), TO TOUKa X)HA3BIBACTCS MOUKOU cX00umocmu PyHKITMOHATBHOTO

o0 o0
psina Zun (X) . Ecau umcnoBoit s Zun (XO) pacxoauTcs, TO TOUKa Xy Ha3bIBACTCSA
n=1 n=1

mouKou pacxooumocmu (PyHKIIMOHATILHOTO ps/ia.
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0
Onpeoenenue 2. OGracmoio cxodumocmu GyHKUHOHATBHOTO psiga Y Uy (X)
n=1

Ha3bIBACTCS MHOXKECTBO BCEX TAKUX 3HAUCHHU X, IPU KOTOPHIX (DYHKIIMOHAIBHBIH
psin cxoautesi. O6IacTh CXOUMOCTH, COCTOAMIAS U3 BCEX TOUEK CXOMMOCTH,
o6o3Hayaercs D(x). OTmerum, uto D(x) <R.

DyHKIMOHANBHBINA PsIJT CXOAUTCS B 00JacT D(X), €CIIU AT JII000ro x € D(X) OH

CXOAMTCA KaK YUCIOBOM pAJl, IPU ITOM €r0 cyMMa OyAeT HEKOTOpoi (pyHKLMEN S(x)

. OTO Tak Ha3bIBaeMas npedenbHas yHKyus OCIeI0BaTEILHOCTH {S n(X)}:

lim S, (x) = S(X).
nN—o0
KaK HaXo4AUTb obnacTtb CXo04UMOCTHU (I)yHKLI,VIOHaﬂbHOI'O pAaa D(X)? MoKHO

0
MCNONb30BaATb MPU3HAK, aHANOTMYHbIN NpU3HaKy Janambepa. [na paaa Zun (x)
n=1

coCTaBasem Un+1(X) N paccmaTtpuaem npegen npn GUKCMpPOBaHHOM X:

Iim un+1(x)

:\I(X)\. Torga D(x) ABAAETCA peleHrem HEPAaBEHCTBA ‘I(X)‘ <1lmnu
n—oo| Uy (X

peweHnem ypaBHeHus \I(X)\ =1 (6epém ToNbKO Te pelleHUsA YypaBHEHMS, B

KOTOPbIX COOTBETCTBYHOLWLME YNCNOBbIE PAAbI CXOLI,FITCH).

00 n

X
Mpumep 1. Haiitn o61acTb cXoAMMOCTU pAga Z — .
n=1 n
n n+1

. CocTaBMM U BbIYUCAUM npeagen

X
PeweHue. O603HaUNM Uu,(X)=—, u X) =
n( ) n ’ n+1( ) n+1

n+1
~lu (X . X
lim Unsa (X)) _ lim

NN , TOrga obnactb CXOOMMOCTHU pPALa onpeaenaeTca
n—oo Un (X) n—olx' . (n _|_]_)

=|X

HepaBeHCTBOM ‘X‘ <1, xe(-11) v ypaBHeHnem ‘X‘ =1. Uccneayem AononHUTENbHO

CXO4MMOCTb NCXOAHOTO pAAda B TOYKAX, ABAAIOWMMUCA KOPHAMU YPaBHEHUA!
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1 . — 1
a) ecim x=1, U, (1) ==, To nonyyaercs pacxoaawmiica pag Z —;
n n=1

(-D)"

n

CXOAMTCA YCNOBHO (MO

(-D)" N
6) ecim x=-1, u,(-1) = , TO pag, z
n n=1

npusHaky JlenbHuua, npumep 1, nekuma 3, pasa. 3.1).

00 n

Takum obpasom, obnacTbexogMMocTm D(X) paga z — nmeet Bna: —1< x<1.

n=1

4.2. CTeneHHbIe PAAbl: OCHOBHBIE IIOHATHS, TeopeMa AGeJis
PaccmoTpuMm YacTHbIN cnyvait GyHKLMOHANbHOTO pAaa, Tak Ha3blBaeMbli

o0
cmenenHoii pad Y Uy (X), rae U, (X) = a, (X = Xp)" .
n=1

Onpeoenenue 3. Cmenennvim psioom Ha3pIBaeTCs (GYHKUIUOHAIBHBIA P BUIA
2 o0
8 +81(X—Xg) + 8 (X=Xg)" +.... ¥, (X=Xg)" +...= D 8, (x=%)",
n=0

rae dp, dq, dy, ... — MOCTOSIHHBIC YMCIIA, HA3bIBAEMbBIC KOdhhuyuenmamu psod.

CTeneHHOM pAg, ecTb «OECKOHEYHbIM MHOFOY/IEH», PAaCMOI0XKEHHbIN NO

o0
BO3pacTaloWMM CTEMEHAM (x— XO) . Ttoboi yncnoson psg, Zan aBnAeTca
n=1

YaCTHbIM CNy4aem cTeneHHoro paga npu X — Xg =1.
PaccmoTpmm YacTHbIM Cayvan cTeneHHoro paga npu Xg = 0:
. 2
n n o
Zanx =dgta X+a) X" +....+a,X +.... BbIACHMM, KaKol BUA UMeeT

n=0

ob61acTb CXOAMMOCTM AAHHOTO pAda D(x).
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o0
Teopema 1 (meopema Abensn). 1) Ecnu crenieHHOM psjt Z a, X" cxomures B Touke
n=0

X=a (OL * O) , TO OH a0COJIFOTHO CXOJUTCS MPHU BCAKOM X, JIJII KOTOPOTO CIIPaBEIJIMBO
HEPABEHCTBO ‘X‘ < ‘a‘.

2) Eciu ke cTeneHHOM psii pacXoauTes npu X = B, TO OH PACXOIUTCS MPHU BCSIKOM X,
JUTST KOTOPOTO ‘X‘ > ‘B‘ .

Jloxazamenvcmeo. 1) I1o ycnoBUIO CTETIEHHOM PsJT CXOAUTCS B TOUke X =0,

T. €.CXOIUTCS YUCIIOBOU PAL

S 2

Y an0" =ag +a+ae +..+ama” +.. (1)
n=0

H 110 HGO6XOIII/IMOMY IIPU3HAKY CXOOAUMOCTH €TO O6HH/II>1 YICH CTPCMUTCA K 0, T.C.

lim (anan) =0. CnenoBaTenbHO, CyIIECTBYET Takoe ynucio M >0, 4To Bce uiieHbl
n—oo

psiga OrpaHUYEHbl STUM YHUCJIOM: anan‘ <M, (vn=0,12,3,..).

PaccmoTpum Tenepb ntoboe x, AN KOTOPOro \X\ < ‘XO , N COCTaBUM psa, U3

o0
2
abCoNIOTHbIX BENNYNH: Z\an X" :\a0\+\a1x\+‘a2x ‘+....+ aan +....
n=0
3anuwem 3ToT psag, B APYromM BuAe: Tak Kaka # 0, To
0 n
X X
> lan x" :\a0\+\a1a\-—+‘a2a2‘-— +....+‘ana” A+ (2).
hr o o o
N3 HepaBeHCTBa ana”‘s M, n=0,1,2,3,... nonyyaem
20| <M, Jasa|<M, [a0%<M, ... T.e. pan
- X\ X x|° x|"
ZM(—) =M +M - |5 +M |5 +..+M- |5 +.. (3)
o \o o o o
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COCTOMT M3 Y/1IEeHOB, KOTOpPble 6oblle COOTBETCTBYOLWMX YNeHOoB psaaa (2). Pag,

n
o0

X o o o
ZM(—) npeacrasnAaeT cobow cxoaAawmnnca paa reomeTpnyeckom nporpeccun co
n=0 a

3HameHaTenNem g = ‘ﬁ , MPUYEM \q\ <1, taK KaK‘X‘ <‘a‘. CnepoBatenbHo, paa, (2)
o

o0

o n
cxoguTca npu ‘X‘ <‘a‘. Takum obpasom, cteneHHOM pag, Zanx abcontoTHO
n=0

cxoamuTces.

o0
2) NycTb pag, Zan X" pacxoguTca npu XZB, MHbIMM CNOBAMMN,
n=0

o0
pacxoamTca YNCNOBOM pAaa, Zaan . JoKaxem, yto ana ntoboro x (‘X‘ >‘B‘) pag
n=0

pacxoautca. [Joka3aTenbCTBO BEAETCA OT NPOTUBHOTO. yCcTb NpM HEKOTOPOM
buKcmpoBaHHOM Xq (‘Xl‘ >‘B‘ ) pAA cxoauMTCA, TOrAa OH CXOAUTCA NPU BCeX ‘X‘ < ‘Xl‘
(cm. nepByto YacTb AaHHOM TEOPEMbI), B YaCTHOCTU, NpU X=[3, 4YTO NPOTMBOPEYUUT

ycnosuto 2) Teopembl 1. Teopema goKasaHa.

Cneocmeue. Teopema AGens TO3BOJIIET CYJUTh O PACIIOJIOKEHUH TOYKH CXOIUMOCTH

CTCIICHHOTO psaa. Ecnu Touka X =a # 0 SBIsSETCS TOUKOM CXOAUMOCTH CTCIICHHOTO

psiaa, TO HHTEPBAJ (—‘a‘;‘a‘) 3alI0JIHEH TOYKAMU CXOJMMOCTH; €CIIU TOUKOU

PacXoJUMOCTH SIBJIIETCS TOUKa X = B , TO

OeCKOHEUYHbIE HHTEpBAIbI (—00;— ‘BD, (‘B‘,oo) 3aI10JIHEHBI TOYKAMHU PACXOIUMOCTH

(puc. 1).
S S
PACEOITHTCA : Pan cxoguTca ' PACKODHTCA
1 [ 1 1 1 .
—141 —|ex| 0 lex| &1 .

Puc. 1. UHTepBaabl CXO4MMOCTM U PACXOAMMOCTHM pASA
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MO>KHO NoKa3aTb, YTO cyuwecTByeT Takoe uncno R >0, yto npu Bcex
[00]
o n
\X\ <R (-R<x<R) creneHHol pag ZanX abconoTHO cxoauTCA, a Npu ‘X‘ >R -
n=0
pacxoautca. bygem cumtaTb, YTO €CM pAL CXOAUTCA TONIbKO B 0A4HOM Touke 0, TO
R =0, a ecnu pag cxoauTca Npum Bcex x e (—oo,+0), To R =00.

o0

n
OnpeOeJleHue 4. HHm€p6aJZOM CX00uUMocmu CTETIEHHOTO psna zan X' Ha3bIBaeTCHd
n=0

TaKOW MHTEPBAI (—R, R) , 4TO TIpH Bcex X € (—R, R) ATOT PsiJl CXOAUTCS U IPUTOM

a0OCOJIIOTHO, a JIJI BCEX X, JIEXKAIUX BHE 3TOr0 MHTEpBaa, psi pacxoaurcs. Yucio

R HazbIBaeTCs paduycom cxooumocmu CTETIIEHHOTO psijia.
3ameyaHue. Ha koHuax untepsana (—R, R) sonpoc o cxogumoct uau
PacXoAMMOCTH CTENEHHOTO PALA PeLlaeTcA OTAE/IbHO A1A KaXKA0ro KOHKPETHOro

paaa.

MNokaxkem oauH n3 cnocobos onpeaeneHna MHTepBasia U paagnyca CXoammocTtu

CTerneHHoro pAaaa.

[e¢]

o n
PaccmoTpum cteneHHOM pAag, ZanX n 0bo3Haumm a, X" = up.
n=0

CoctaBum pAag vu3 abCONOTHbBIX BE/IMYMH Er0 Y/1€HOB:

o0 o0
_ nl_ 2 n
D lug =D Janx —\a0\+\a1x\+‘a2x ‘+....+ an X" |+...
n=0 n=0
Y NPUMEHUM K HeMy NpusHak anambepa.
MycTb cylecTsyet
n+1
_u _lanagX _(la _la
lim 225 = fim |22 = dim | [P | =X lim 2 =]
n—w| Uy, N—o0 aan n—ol | ap n—w| ap
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roe

an+1

an

I = lim , 120,

N—o0

Mo npusHaky Janambepa pag cxoautcs, ecaum | \x\ <1, v pacxoauTca, ecaum | \x\ >1.

1
OTctoga pag cxoauTca npu ‘X‘ < K TOrAa MHTepPBas CXOAMMOCTHU: (_IE:I_L) Mpwu

un+1
Up

>1.

1 :
‘X‘ > I— pAL pacxogunTcCa, TaK Kak nl[)n
o

1

Mcnonb3ysa obo3HaveHne R =1 nony4um bopmyny ans onpeaeneHuns paanyca

CXOAMMOCTU CTENEHHOro pAaaa:

dn+1 — i

’

lim
n—ow an

rae a, 8py — KO3dPULMEHTbI CTeNeHHOro pAaa.

an+1
an

Ecnun okaxketca, uto npegen lim =1=0, To nonaraem R=oo0.

n—o

Ana onpeaeneHnNa MHTepBaaa U pagnyca CXoganmMmocCcTu CTeENEHHOIO pAaa TaKXKe

MOXHO UCNOJZIb30BATb pa,ﬂ,MKaﬂbelﬁ NMPU3HAK Kowwu, paganyc cxoanmoctum pAaga

onpeaensetca u3 cootHowenus lim 7fa,[==.
N—>o0 R

OnpedeneHue 5. 0606weHHbIMCMeneHHbIM PAOOM Ha3blBaeTCA PA4 BUAa

0

Zan (x— Xo)n. Ero Take Ha3bIBAlOT PAAOM MO CTEMEHAM (X - XO) .
n=0

[na Takoro psga UHTepBas CXOAUMOCTU UMEET BUA,: (Xo -R, Xy + R),rne R>0 -

paanyc cXoAMMOCTU.
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MoKa)kem, KaKk HaxoAuTca paguyc cxoanmmoctn ansa obobuieHHoro

cteneHHoro pAaaa.

u,, 0 (X = %)™ _la
jim |Uns2| _ fim [Bas2(X = %0) =[x = Xo|- im P22 = |x — xo| - 1 <1,
n—oo Un n—>oo‘ an(X_XO)n n—o| a,
1 a
T.e. [X—Xo|<R, rae = =1 = lim |24,
R n—ol a,

Ecam 1 =0, To R=00, n 06nactb cxoanmocTtu D(X) =R;ecmm =0, TO R=0u

o6nactb cxogumoct D(X) = {X, .

0 n
. (x+1)
Mpumep 2. Haiitn o61acTb cXoAMMOCTU pAga Z T .
n=1 N-
PeweHue. O603Haunm % =Uu, (X). CoctaBum npegen
n-
N+l ~n
.U q1(X . X+ -57.n ) n X +
lim n+1( ) — lim ‘ 1‘ — 1‘ ‘ 1‘
| Uy (X) | e (n +]_).5”+1.‘X+1‘n n—o 5(N +1) )

x+1
—<1,

Pewaem HEepPaBEHCTBO: X +1‘ < 5, cnenoBatesibHO, UHTEpPBAn

CXOANMMOCTU MMeeT BMA: —6 < X <4, npnyém R = 5. lonoNHUTENIbHO UCCaeayem
KOHLbl MHTEpPBasia CXOAMMOCTW:
a) x=4, u,(4) ==, nonyyaem pag Z , KOTOPbIN pacxoamnTcs;
n 1

_1)”

n
6) X=—-6, u,(-6) = (1) , NoNly4yaem psg, Z , KOTOpPbIN CXoAuTCA
n

ycnoBHO. Takum obpasom, 06/1acTb CXOAMMOCTHU: [—6;4), R=5.

Omeem: 0bnacTb CXOAUMOCTU [—6;4).
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o0
Mpumep 3. Pap Z (nX)" pacxogutca ans Beex x 0, Tak Kak (NX)" —> o0 npm
n=1

N — o0, pagnyc cxogumoctn R =0.

0 n

lpumep 4. Papg, Z F cxoauTces npm Bcex X €R, paauyc cxoagumoctn R =00,
n=1 '"

4.3. CBOMCTBA CTENEHHbIX PSAA0B

o0
o n
PaccmoTpum cteneHHOM pag, Zanx , Y KOTOPOro MHTepBaa CXoa4MmoCTu
n=0

(—R; R), TOrga Cymma CteneHHoro paga S(x) onpegeneHa anAa scexx e (—R;R) “

o0
n
MOHO 3anucaTb paBeHcTBo S(X) = ZanX .
n=0

[0 0]
4 Al n
Ceolicmeo 1. CteneHHoOM pag ZanX cxoauTca abcontoTHO B ItobomnpomerkyTke
n=0

[8;0] c(-R;R), nexawem 8 untepsane cxogmoctu, npuuém cymma creneHHoro

pAaga S(x) AsnAeTcA HenpepbiBHOM GyHKUMEN Npu Beex x <[a;b].

Ceoiicmeo 2. Ecnv otpesok [a;0] (-R;R), to crenenHoit pag moskHo

no4YneHHO UHTErpnpoOBaTb OT a A0 b, T.€. eCn

o0
S(X)= Y a X" =ag +aX+aX" +..., 10

n=0
b o b b b b
[S()dx= . janxndx=ja0dx+jalxdx+...+janxndx+....
a n=0a a a a

Mpw 3TOM pagnyc CXOAMMOCTU HE MEHAETCA:
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a

!
an+1

a,(n+2)
(n +1)an+1

R'= lim
N—o0

= lim
nN—oo

a
roe ap :n—il — KO3pPULUMEHTbI NPOUHTENPUPOBAHHOIO PAAA.

Ceolicmeo 3. Cymma cTeneHHoro paaa ectb pyHKLUMA, UMeoLWan BHYTPM MHTEpBana
CXOAMMOCTU NPOU3BOAHbIE Nt060ro nopaakKa. NpomnsBoaHble OT CYMMbl CTENEHHOTO
paga byayT cymmamm paaos, NoslyYeHHbIX U3 JaHHOMO CTeNeHHOro pPsa NoY/IeHHbIM
AnddepeHLMpoBaHMEM COOTBETCTBYIOLLEE YMUCIO Pa3, NPUYEM PaaMyCbl CXOAMMOCTH

TaKUX PAA0B ByAyT Te 3Ke, YTOo U Y UCXOHOro psaaa.
2 o0
Ecm S(X) =ag +aX+a,X" +...+a,X" +..= > a,-x",
n=0

o0

n-1 n-1

10 S'(X) =3 + 28X +...+na, X" +..= > n-a,-x" ",
n=1

S"(x)=2a, +6azx+...+n(n —1)anx”‘2 +... Z n-(n-1)-a, X2 ) ey UT.A.
n=2

4.4. ®opmya Tesiopa
PaccMOTpMM BayKHYHO 3aZa4y, KOTopas pellaeTca B TEOPUNPYHKLMOHANbHbBIX

PAAO0B: NO 3a4aHHON GYHKUNM HAUTU CXOAALMNCADYHKLMNOHANbHbIN pAA TOTO UK
MHOTO TMMNa, CYyMMa KOTOPOro B 061acTn CXOAMMOCTU paBHsAach bbl 3a4aHHOM
byHKUMN. TaKana 3a4a4a Ha3bIBAETCA pass1oxceHUemM pyHKUUU 8 ps0, Hanpumep,

CTeneHHoMn.

MycTb PyHKUMA y = f (X) onpeneneHa B HEKOTOPOM OKPECTHOCTM TOYKM

xo: U;(X,) = (X, =6, X, +9), roe >0, npuuém B 3TOM OKPECTHOCTU GYHKLMA UMEET

BCe Npon3BoaHble A0 (n+1)-ro nopaaka.

3adaya: NMNoabepéMm MHOFOUYNEH N-i CTENEHMU
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P.(X) =Co +C (X —Xg) +Co(X—Xg)2 +....+C,, (X—Xo)" N0 cTenenam (X —Xg) Tak,
4TO6bI B TOUKE Xo coBnaganu sHadeHus P, (X) u f (X), @ TaKXKe 3HaYeHNA nx
npoun3BoAHbIX 40 (N +1)-ro nopaaka BKAUYMTENBbHO. TOrga cdMTaem, YTo B
OKPECTHOCTM TOUKM Xo Takol MHorouneH P, (x) 6yaet npnbanXKaTb AaHHYIO

GYHKLUMIO C HEKOTOPOWM TOYHOCTLIO.

KoaddpuumeHtol mHorouneHa Cqy, Cq, Cy,..., C, ABNAOTCA HEONpeaeneHHbIMK

Ko3apdnumMeHTamm, KOTopble HEOBXOANMMO HANTU UCXOAA U3 CNeAYOLMNX YCTOBUIA:
f(X0) = Pa(Xo), T'(X0)=Pa(X), F"(X0) =Py (Xo), ..., T™(xg) =P{M(xq0).

[N HaxoXAeHUA 3TUX Ko3pPULUMEHTOB HANAEM NPOM3BOHbIE 10 N-TO NOPAAKa OT

Pn(x)f
P/(X) = ¢y +2C, (X —Xg) +3C5(X—Xg)? +....+NC, (X —Xo)" 7,

P/(X) =2C, +3-2-Ca(X—Xg) +....4n(N=1) ¢, (X — Xo)" 2,

PM(x)=n(n-1)(n-2)..3-2-1-c, =¢, -n!,
P(n+1) _
7 (X) =0, npn Bcex X €ER.

MoactasmMm B 3TU COOTHOLWEHUA X = Xy U NpUpaBHAEM f(k)(xo) = Pn(k)(xo) , rae

k=0123..n:
f(Xo)=Py(Xo)=Co, f'(Xg)=Pr(Xo)=C1, f"(Xo)="Py(X)=2C,,
f"(Xg) =Py (Xg) =2-3-C3, ... 10 (xg)=PM(x0)=c,-nl.

Haxoaum sbiparkeHuna ana Cqy, C, Cy,..., Cy, pewan nonyyeHHyto cucremy

YPaBHEHUN:
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f'(x0). . _ f"(x0) _ f7(%). .. _ f(x9)
2 77 2.3 3 n!

Co=F(Xo); c1="F'(X); C; =
Nonyuyaem obLyyto popmyny ana onpegeneHns KoapduumeHToB mHorouneHa Cy :

(k)
¢ = kfx) k=0123,.. ()

Torga MHOrouYNeH NPUMET caeayroWwmn BUA,:

§(M) n £ (k)
Pn(x): f(XO)+ f’(xo)(X—XO)-l-...-l- ( O) ()( X ) z f (XO)
k=0

(x=x0)".

3TOT MHOrOYNEH Ha3biBaeTcA MHo204YneHoM Telinopa ansa GyHKUMKN f(X)

f(k)(x )
TO Ha3bIBaOTCA KO3 puyueHmamu

Nno CTENEeHAM (X — Xo) ,Tae ¢ =
MHozo4neHa Teiinopa, kK =0,n.

Takum obpasom, ana Kaxkaon dyHKumn f(x), yaoBaeTsopsatoLemn

NOCTaB/IEHHbIM ycnoBmam npu X EUS(Xo), MOXHO HaNTU MHOro4neH Tennopa Pn (x)
(B TouKe xo GyHKUMA f (x) 1 MHorouneH P, (X) cosnapatot co ceomMmM
NPOU3BOAHbIMU A0 N-ro NOPAAKA).
PasHoctb f(X)—P,(X), 0603HaueHHyto uepes R, (X), HasbiBatoT ocmamouHbim
uneHom opmynbl Teinopa, KOTOpas UMeET BUA;:
“ (k)(Xo) K
F(X) =P (X) + R, (x) = Z (X=X)" + Ry (x) (5)
®opmyna (5) HasbiBaeTca popmynoli Telinopa 014 pyHKYuUU f(x) no

cmeneHAm (X — XO) nopsaaka n. OTMeTum, 4To

R, (Xo) = R)(Xg) = Ry (Xg) =...= R{™ (%) = 0.
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Be/sIMuMHa ocTaTouHOro YneHa dopmynbl Teitnopa R, (X) MTPaeT BaXKHYIO POJ/ib B

OLLeHKe TOYHOCTM NPUBANKEHMA 3aAaHHOM GYHKLMK MHOTrouYneHom Ternopa.

CYLLI,E‘CTByeT ABa BUAa OCTATOYHbIX Y/1EHOB.

1) OcTaTouHbIN YneH B popme MeaHo. Mpeobpasyem ocTaToUHbIM YneH popmy bl

Tennopa, NCNONb3yA HEKOTOPbIE NOHATUA U3 TEOPUM NPeaeoB.

a) PyHkumsa 0(X) HasbiBaeTca BeckoHeuHo manol npu X —> Xg, ecan lim a(x) =0.
X—>X,

6) beckoHeyHO Manasa GyHKUMS B(X) Ha3blBaeTcA 6eckoHeyHo manoi bonee

BbICOKOTO MOPAZAKA MaoCTU OTHOCUTENBHO BeckoHeuHo manoii dyHkummn 0(X) npw

. X
X —> Xp, ecnu cywecreyet lim &; =0 v 3anucbiBaeTca cneayowmm obpasom:
X—>X, 0(X

B=0(a) (4To uMTaeTcA TaK: «f3 ecTb 0 Manoe oT a).

Paccmotpum popmyny Teinnopa ana GyHKUMmM f(x) No cTeneHAm (x— XO)

n ¢ (k)
nopagka n: f(x)=P,(X)+R,(X) = Z f (o)

" (x— Xo)k + R, (X). OctatouHbIN
k=0 -

yneH B popmysie Tennopa MMeeT BUA; Rn (X) =f (X) - Pn (X) . N3 nocTtpoeHuns

MHorouneHa Teitnopa cneayet R (x,)=R!(x,)=R’(x,)=...=R"(x,) =0.Toraa
1
CORM . R R ROy
lim = lim == lim ———= lim ———=0, otkyga
X% (X=Xg)" X% n-(Xx=xp)" x=>% nk(x-Xg)"  x=x% N

OCTaTOYHbIN YneH ¢opmynbl Tennopa MOKHO 3anuncaTb B BUAE:

R, (X) =0((Xx — X5)"), T.e. Be/IMUMHA OCTaTOUHOrO YaeHa ecTb 6ECKOHEYHO Manas

6onee BbICOKOrO NOPAAKa ManocTi oTHocuTenbHo (X —Xq)" npu X — Xg.

dopmyna Teitnopa f(X)=P,(X)+R,(X), 8 kotopoit R, (x) =0((x — x5)"),

Ha3blBaeTca popmynoli Telinopa c o0cMamoyHbIM YsneHos 8 gpopme [leaHo.
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MocKoNbKy OCTaTOUHbIN YneH npu X — X AnAaetca 6€CKOHEYHO Manon BEINYMHON,

TO MOXHO CYMUTATb, YTO PA3HOCTb f (X) - Pn (X) becKoHe4yHO mana, T.e.

f(x) > P, (X).

2) OCTaToOYHbIN YneH B hopme Jla2paHica. 3anuULLIem oCTaTOYHbIM YNeH B BUAE

(X XO)rH-l
R, (X) =——=—Q(X), rae Q(x) ectb HekoTOpaa GyHKLMA, NOANEKaLLAA

(n+1)!
onpeaeneHnto. MoxHo AokasaTb, yto Q(x) = f (n-+1) (&), roe ToukKa € 3aKknoueHa

MEXAY X U X0: & =xXg +0(X—Xy), 0<06<1,T.€. OCTAaTOUYHbIN YNEH UMeeT BUA;

(x= Xo)mrl (n+1) -
R, (X) = Tl f (&) . Torpa popmyna Teinnopa npumet Bup,

) R
f (XO) xo)k+—(x %) f(n+1)(§),K0Topbu71

(n+1)!

Ha3blBaeTca popmynoli Telinopa c o0CMAMOYHbIM Ys1eHOM 8 Ghopme Jla2paHH(a.

f(x)=P,(X)+R,(X)= z

PaccmoTpum YacTHble ciydan dopmynbl Telinopa.

— Ecnu B popmyne Teinopa c octaToMHbIM YneHOM B popme JlarpaHka
nonoxutb N =0, To nony4yaem ¢hopmMyanyKOHEYHO20 NMPUPAUEHUS:

f(X) = f(x0)+(Xx—X%o) f'(&) (Meopema Jlaepanra).

— Ecnv B dopmyne Teitnopa nonoxuts Xy =0, To nonyuum popmyny, kotopyto

Ha3blBalOT popmysoli MaknopeHa:

F(x)=1(0)+ X"+ Ry (x),

f(O) LN Sl (*)
2! o —

rAe OCTaTOUHbI YEeH MOXKHO 3anucaTb B popme MeaHo: R, (X) =o(x") nane

dopme JlarpaH:Ka:
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0% nit

R ()= (n+1)!

®opmyna MaknopeHa ABnAeTca pasnoxeHvem GyHKUMMU f(x) B BUAE

MHOro4,1eHa no cteneHAaAm X.

1
Mpumep 5. Paznoxuntb ¢pyHKuMo f (X) = — B BMAE MHOro4YsieHa TpeTbero
X2

nopAgKa no cTeneHAM (x — 2) € OCTaTOYHbIM Y1eHOM B Gopme JlarpaHiKa.
PeweHue. 3annwem dopmyny Tennopa gna dyHKumm f(x) B Touke Xg = 2B

BUAE MHOro4/eHa 3-ro NopsAAKa C OCTaTOYHbIM Y/ieHOM B popme JlarpaHiKa

f”

f(x)=f(2)+¥.(x_2) (2) L

(2) (=2 +Ry(x),

(4)
roe Rz (Xx) = % (X - 2)4.

Haxoanm npon3ssogHble HYXXHOrFro NnopAgKa B TOUKe X = 2:

1 1 2 ., 2 1
f=1z f(2)=z; 0=, F'@=-g=-7;
6 6 24 24 3 120
fﬂ — , fﬂ 2 fm — , fm 2 = =—= .I:un — )
() x* (2)= 16 8 ()= 5 (2) 32 4 (x) NG

f""(g)_1§—0 rne £=2+0(x-2), 0e(0;1),

MNonyyeHHble gaHHble NoacTaBasem B popmyny Tennopa
1 1 3 2 1 3
f(X)==4+| = |(Xx=2)+—(X=2) +| == |(Xx=2)° + R2(X) n BbluMCNAEM
()4[4j( )+ (x-2 [SJ( Y+ Ry(x)

(x— 2) 120 5-(x-2)°*

Ra0)= gG (2+6(x=2))°

, 0e€(0).
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1
MOXHO CKasaTb, YTO (I)yHI-(LI,I/IFl f (X) = 3aMeHAETCA MHOTo4YJ1eHOM C TOYHOCTbIO,
X

KOTOPYO MOKHO ONpPesenunTb, OLEHNB OCTaTOUHbIN YsieH popmynbl Telinopa

(x=2)* 120
Rg(X):T'&—G npu X—2.
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Jlexuus 5. Panwl Tennopa u Makiiopena

5.1. Paapl Teirsiopa u MaksiopeHa. YC/10BUsI CXOAUMOCTH
pAaoB Teisiopa K HCXO0AHOU QYHKIIUHA

MycTb pyHKUMA y = f (X) onpeaeseHa B HEKOTOPOMN OKPECTHOCTU TOYKMXo:
Ur(Xg)=(Xp —R, Xg+R), R>0 unwunmeet nponssogHblie ntoboro nopagka,

TOorga Ans aTtom GyHKUMM GOPMaibHO MOXKHO COCTaBUTb PAA, MO CTEMEHAM (x— Xo) :

f(X) ~ Co+Cq(X—Xg) + vt Co (X=Xg)" +.0o = Y € (X—Xo)¥,

f(k)(x )
rae ¢, :TO.
(k)( )
OnpedeneHue 1. O606WEHHBIN CTENEHHOW pAL, BUAA Z " X0 (X=X )
k=0 :

Ha3blBaeTca paoom Telnopa Ana GyHKUMKM f(x) NO CTENEHAM (X — XO) . Ecnn

z 180
o K

NonoXuTb Xy = O, TO NMNOJZIYy4UM pAaL, - X", KOTO bIMHOCUT Ha3BaHMe
0

padaMaknopeHa ana GyHKUMKM f (x) NO CTENEHAM X.
3adaya. MNyctb 3apaHa PyHKUMA f(x), BeckoHeuHo anddepeHumpyeman B

OKPECTHOCTM TOYKM Xo: (Xg — R, Xg + R), M NycTb Ans aToi GyHKUMUM COCTaBNEH pAL,

f () (x
Teitnopa no creneHam (X —Xp) : ZJ(X — Xo)k M €ero cymma paBHa S(x).

Echm nHtepBan (Xg —R, Xg +R), R>0 aBnaerca nHTepBasom cXo4MMOCTU JAHHOIO

pAAa C pagnycom CXOAMMOCTU R, TO MOXKHO 3anuMcaTb PaBeHCTBO:
© f (k) (X )
0 k
S(0)= 372 (x—%,)
o K

npuscex xe (Xg—R, X +R).
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BbIACHMM, NPU KaKMX YCNOBUAX TAaKOW CTEMEHHOM PAL MMEET CBOEN CYMMOW
dyHKUMIO f(X), T.e. Korga f(x) = S(x), NOCKOJIbKY CyLLeCTBYIOT GYHKUUK, ANA

KOTOpPbIX CyMMa pAga Tennopa He coBnagaeT ¢ AaHHOM QyHKUMEN.

1
Paccmotpum npumep. JaHa dyHKuma f(x) =<6 X x#0, KoTopas ABnsAeTcs
0, x=0

H6eckoHeuyHo guddepeHumnpyemoit VX € R. Bbluncamm npomssoaHble STON GyHKLMK
B Touke X=0:

1
a,=f(0)=0;a,= f'(0)=lime ¥ (ij:o;...; a, = f™M(0); a,,, = " (0)=0;...

x—0 )(3

Takmum ob6pasom, Bce BblYUCAEHHble KOadPUuumeHTbl psaa Tennopa—MaknopeHa ans
OaHHOM GYHKUMM paBHbl 0, NO3TOMY 3TOT pAg, CXOAUTCA Ha BCEN OCU, €ro Cymma
ToXAecTBeHHO paBHa 0: S(x) =0, ogHako f(x)=0 npu x=0 ( f(x) =0 TONbKO B
Haya/sie KoopAaMHarT).

MNyctb pag Tennopa Z (x— Xo)k MMmeeT MHTepBaN CXO4UMOCTU

k=0 k!

(X0 =R, Xp+R), roeR—paguyc cxogumocTtu. Toraa, ecnu
n

f &) (x
S, (X)= Z%(X — XO)k — YyacTMYHasA cymma 3Toro paga, To Ansa nboro
k=0 K

xe(xg—R, Xu+R) cywecrsyer r!i_rpoosn (X) =S(X). PaccmoTpum Teopemy, KoTopas

AAET ycnosuma Toro, 4to f (x) = S(x).

Teopema 1 (Heob6xo0umevlii u docmamoyHbIli NPU3HAK cxodumocmu pada Telinopa

S 8%
K ¢pyHKyuu f(x)). Ona Toro 4tobbl pag Tennopa Z—

> (X—X%0) =S(x),

vxeUR(Xg)=(Xg —R, Xg+R), umen ceoen cymmon dpyHKumMO f(x), T.€.

f (X) = S(X) , HE0H6XOANUMO N AOCTAaTOYHO, YTOObI
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ans scex X EUR(XO) CyLLecTBOBanN nNpeaen lim Rn (X) =0, rpe Rn(X) — OCTATOK
N—o0
psaga Tennopa.

Jokazamenbcmeso. 1) Heobxooumocme. MycTb GyHKUMA f(X) €CTb cymma paga

f &) (x
Telinopa Ha ykasaHHom npomexkyTke: f(X)= Z ( 0) (X — Xo)

k=0
f(X)=S,(X)+R,(X), rae S,(X) - yactnunas cymma paga Teitnopa, R, (X) -
ocTaToK paga Tennopa. U3 ycnosua cxogumoctu paga VxeUg(Xg) =(Xg — R, Xg+R)

cywectsyet npegen M S, (X) = S(X), u Tak kak S(x) = f (x), TO cywecTayeT
N—o0
npegen

lim R, (X) = Ilm( (x) =S, (x))= f(x)— lim S,(x) = f(x)-S(x) =0,

n—o0

T.e. Rn (X) —0 vxeU R (Xo) . HeobxoammocTb AoKasaHa.

2) AocmamoyHocme. MycTb cyuwiecTeyeT lim Rn (X) =0. Tak Kak dyHKUMA f(X)
N—o0

6eckoHeuHo anddeperumpyema npu Bcex X €Up (XO) , TO ANA HEE MMeeT MecTo

£ 0 (x)

T(X XO) + R, (X) ana scex

n
popmyna Teinopa f(x)= z
k=0

xe(Xg—R, Xg+R), roe Rn(X) — OCTATOYHbIM YneH popmynbl Ternnopa, KOTOPbIM
coBnagaeT c OCTaTKOM paaa Ternopa. Torga 4acTMyHaa CyMma COOTBETCTBYHOLLLETO

psana Tennopa umeet BuA;

(K)
S, (x) = zf 0 (xx) =1~ R (9.
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PaccmoTpum npegen Sy (X), KoTopbItt 0603HauUMM yepes S(x), yunTbIBad, 4TO

lim R, (x)=0: S(x)= lim S,(x) = lim (f(x)—=R,(x))= f(X), T.e. S(x) = f(x).
n—o0o n—o N—o0
|El,OCTaTO‘-IHOCTb AOKa3aHa.

3ameyaHue. Ecnn lim Rn (X) * O, TO cymma pAaga Tennopa MoXKeT He coBNagaThb
N—o0

C faHHON PyHKLMeER, T.e. S(X) =  (X), XOTA cam PAL MOXKET CXOAUTLCA K APYrou

bOYHKUNN.

Heobxogummoe 1 ocTaTo4HOE YC0BME CXOAMMOCTHM psaaa Telnopa K
MCXoA4HOM GYHKUMM HeyA0OHO A5 NPOBEPKM HA NPAKTUKE KOHKPETHbIX PSA0B;
cyuiecTBytoT 601ee NpocTble, XOTA U bonee XKECTKUE, AOCTAaTOUHbIE YCI0BUSA

pasnoxeHua PyHKUMK f(x) B paabl Teinopa-MaknopeHa. CHavana cbopmynnpyem

nemmy.

n

Jlemma. Ans ntoboro X €R cywecTtsyeT cnegyowmin npegen: lim i 0.
N—oo .

,ﬂOKa3ameﬂbcm60. PaCCN\OTpMN\ CTeneHHomn pAaa
o N 2 3 n n

X X X . X .
Z—:1+x+§+—+....+ﬁ+...,o6u1,vw1 4YJIeH KOTOPOro U, (X) = = . Haitaém

o Nt 3! n!

paanyc u 0b1acTb CXOAMMOCTM 3TOrO PAAa, UCMNONb3YA NPU3HAK

n+1
[Nanambepa. Boluncnsem npegen, yumtbisas, uto Uy 1 (X) = (n+1)! :
n+1
. |u X X .nl X
fim [Yn:O9) | =lim X =0
n—>wo| Uy (X) | noeo|(n+1)-x"| noeo(n+1
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T.e. paguyc cxogumocTtu paga R =oo. ChepgosatenbHO, pacCMOTPEHHbIN pAa,

cxoantca ansa scex X €ER, Torga no Heob6xoAMMOMY NPU3HAKY CXOAMMOCTU 06N

n n

X X
YneH paja u, (x)_——>0 n—o00,71e. lim — =0 ananoboro
n! n—oo Nl

X ER.

Teopema 2 (docmamoyHbie ycnosusa paznorcumocmu pyHkyuu f(x) e pad

Makanopena). MycTtb GyHKUMA f(x) onpeaeneHa n 6eckoHeuyHo guddepeHunpyema
Ha unTepsane (—8;a), > 0. Ecan cywectsyet Takoe umcno M >0, uto ans

Kagoro HaTypanbHoro N €N u scex X € (—8;8) sbinonHseTcA HepaBeHCTBO:
n
‘f ( )(X)‘ <M (370 03Hauaer, uTo NPom3BoAHbIe NOHOro NOpALKa OrpaHMUYEHbI

OAHVM U TEM }Ke YMC/IOM), TOoraa OCTaToK paaa MaknopeHa

© (k) LS
Rn(x): Z m

k=n+1 k!

(k)
f(X)=S(x) = Zf © ¢ wxe(-aa).

—0 npu N — 0, a 3HauuT,

JoKkazamesnocmeo. NNoKaKem, YTO OCTaTOK pAada MaKnopeHa CTPEMUTCA K HY IO NMpU

N — . 3anuwem ana dyHrumn f(X) dopmyny MaknopeHa c octaTouHbIM YneHom

(k) 0, f ()
B dopme MlarpanxKa: f(x)= Zf ©) XK+ R n(X), Z (0) =P, (Xx) -

ko K o K

FHE)

(hiD)! x"*1. OTmMeTUM, 4To YacTUUYHan cymma
n-+1)!

MHorouneH MaknopeHa, a R, (x) =

paaa Maknopera S, (X) cosnagaer cmHorouneHomMaknopena P, (X), a ocratok

pana ectb R, (X) . BbINOAHWM ero oLeHKy, MCMonb3ys YCA0BKA TEOPEeMbI 2 U

YUMUTbIBAA, UTO ‘f (n)(x)‘ <M pgnssecex X€(-a;a)
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n+1

|R (X)|:| £ (n+1) (&)-Xn+1|: |X|n+1
UL (et | (n+D)!

‘ (n+1)(é;)‘ (n+1)|

‘ ‘n+l

——— —>0npu N—> 0, Toraa lim Rn(X)ZO, VXE(—a;a),
(ﬂ —|—1)! N—

Mo nemme

CneposaTtenbHo, No Teopeme lo HE‘O6XOAMMOM N 0OCTAaTOYHOM NMPU3HaAKe

f90
cxoammoctu paga Teitnopa K ncxogHol dyHkumm nonyyaem f(X) = z k' :
k=0

Teopema goKa3zaHa.

5.2. Pa3zjio:keHre OCHOBHBIX 3JIECMEHTAPHBIX (DYHKIIUII B CTENEHHbIE PSAAbI

Mcrnonb3yem U3/1I0XKEeHHYIO Bbllle TeOPUIO ANA Pa3/10XKEeHNA OCHOBHbIX

3NeMeHTapHbIX GYHKLMI B CTeneHHble paabl. Jna pasnoxeHna GyHKuun f(x)
B CTENEHHOW PAA MO CTEMEHAM (x— Xo) MOHO PEKOMEHA0BATL CNeAyoLW M

NopAA0K AENCTBUIA:

1) Haxoaum npoussoaHble PyHKUMKM f(x) B Touke X = Xq:
f(M (%), ¥neN.
& £ (%)

2) Coctasnsem psag Teinnopa Z
n=0 n!

(x=%g)"

3) Haxogum nHTEpBan cxoAMMOCTM AaHHoro paga: (Xg —R, Xg+R), rae R—

paganyc CXoamnmocCTH.

4) Ncchepyem nosegeHne octaTKka psaa Rn (X) ANA Bcex
Xe(Xg—R, Xg+R).

Eciu okaxercs, yto lim R, (X) =0, 10 Ha ocuoBanuu TeopeM 1 u 2 nenaem BBIBO/I,
nN—oo

gro f(X)= Z (XO)(X Xo)" mpu Bcex Xxe(Xg—R, Xg+R).

B pesynbTare nonyuyaem popmyiy pasznoxeHus: GyHKIUHA B CTETIEHHON Psil.
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1
e PasnoxeHue B cteneHHol pag dyHKkumm T (X) = T x MMmeeT BuA;

i=1+x+x2+...= dYx" xe(-L1) (1)
1-x n=0

o 2 3
Bbi60d. PaccmoTpum psg, reomeTpudeckoit nporpeccumn 1+ X+ X+ X +..+ X" +...,

3HaMeHaTe b KOTOpOVI g=Xwu b]_ = 1 MOXHO NoKa3aTb, YTO UHTepBa

: 1
exogumoctu atoro paga (—11), R=1 u cymma atoro paga S(X) = T x (cymma paga

H6eckoHeYyHo ybbiBatoLWEN FEOMETPMUYECKON NPOrPEeCccUn BbluncaaeTca no popmyne

S(x) = 1b1 ). OueHMM OCTaToK paga:

Xn+1

1-x

Ry(X) =x" +x"2 4 =x" 1+ x+x2.)=

MNpu X€(-L1) R (x) >0, n = o, Toraa Ha ocHoBaHMM Teopemsi 1
PaCCMOTPEHHbIN PAL UMEET CBOEN CYMMOWN GYHKLMIO f (x) =1L.
—X

PasnoxeHue (1) umeet mecTo.

e PasnoxeHue B cTeneHHol pag dyHkummn f(X) =e* umeert Bua;

2 n o N

X X
ef=1+>+ "+ . +—+..= ) =, XER (2)
1 2 n! o n
] X & f0(0)
Bbigod. Ana paHHoi dyHKumum f(X) =e” 3anuwem pag MaknopeHa: o X,
n=0 :

Tak KaK pyHKUMA f (x) — BeckoHeuyHO guddepeHumpyema, TO BCe NPOU3BOAHbIE

cyuecTsytoT 1 pasHbl f'(x) = £"(x) =...= W (x) =e*,

Ynen.
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Haxoaum 31 nponssoaHble B Touke X =0; nonyuaem f (n)(O) =¢% =1 gna Beex

NEN, Toraa psa MaknopeHa npunobpeTtaeT BUA;:

2 X" X x* X"
Y=l o
—on 1 2 n!

70T pag cxoautca ans scex X ER.MoKaxKem, YTO Cymma 3TOro pAga pasBHa

f (X) =e*. dukcupyem HekoTopoe uncno @ ER 1 paccMOTPUM HEKOTOPbI OTPe3oK

XI<e®* =M pna no6oro N EN. B atom caydae no

[-a;a], Ha KoTopom ‘f(n)(x)‘ =le
Teopeme 24aHHbIN pag MaknopeHa 6yaeT CXOANTbCA Ha YKasaHHOM OTpesKe K

nexogHoit dyHkumm f(X) =e*. OTmeTm, uto ato BepHO Ana nto6oro

duKcmpoBaHHoro ymcna d €R. PasnorkeHue (2) umeet mecto npu Bcex X €R.

e PasfioeHue B CTeNeHHOM pag GyHKUMKU f (X) =sin X UMeeT BUA:
35 7
: x> x> X
Sinx=X——+ 5 ==+ —Z(
3 5 7 =~ (2n- 1)l
» £(n)
(O)Xn.

n=0 n!

Beigod. Ana dyHKumn f (x) =sin x 3anuwem pag MaknopeHa

Haxogum Bce npomsBogHble: f(x)=sinx, f'(X) =cosx=sin(x+g),
" H T H " H 1

f (x):5|n(x+2-§j:—smx, f (x)=sm(x+3~§j:—cosx, .

£ (x) =sin(x+ n g) Bbluncnaem atm npomnssogHble B Touke X = 0:

f(0)=0, f'(0)=1 f"(0)=0, f"(0)=-1, .., f(n)(0)=sinn-g.

NopactaBme 3TM 3HaYeHMA B pAg MaknopeHa, noayvyaem pas:
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X3 X5 X7 (_1 n—1X2n—1

o (¢ 1\yn-1,2n-1
SRRANE SRR +...:Z( 1) x
3 5 7 (2n—1)! ~(2n-1)!

[aHHbIl paacxoguTca npy ntobom X € (—00, + 00); MOKaXKeM, YTO OH CXOAUTCA K

dYHKLUMKN f () = sin x .CornacHo Teopeme 2 (NOCKONbKY

. T
sinf x+n-=
( 2)

YK€ YMcnom) AaHHbIN psaa MaKknopeHa byaeT cxoAnTbest K UCXOAHOMN GYHKLUM

-

<1=M, 1.e. Bce Npon3BOAHbIE OrPaHNYEHbI OAHUM U TEM

f (x) =sin x npu Bcex X €R. Taknum obpasom pasnoxkeHue (3)umeet mecTo.

e PasnoxeHwue B cTeneHHOM pag OyHKUMK f (X) = cosx UMEET BUA:

2 4 6 2n
X° X' X 1) x
CoOSX=1-—+"+—"—+ —Z( ) , X€ER (4)
2 41 6 o (2n)!
Bbigod. PaccmoTpum pasnorkeHue (3)
sinx = X )(3+X5 X7 Z( - X €R. M dd
=RA—— T — , . oan epeHunupyem
3 5 = (2n-1) POANIDPEPERTVDY

AAHHbIACTENEHHOM pAA; NONYYMBLUMINCA HOBbIM pag, OyaeT TakkKe CXoAnTbCA Npwm
Bcex X €R K PyHKLUM, KOTOpas paBHa NPoM3BOAHOM OT Sin X (cBoMcTBO 3, Nekumn 4,
pa3g.4.3), T.e.
2 4 6 n,2n
X© X X -1)"x
f(x)=(sinx)'=cosx=1-—+— +...+L
2 41 ¢ (2n)!

Takum obpasom, pasnoxeHue (4) UMeeT mecTo.

e PasnoxeHue B creneHHom pag dyHkumn f(X) = 1+ x)™ umeer sug;

L+x)" =1+ mx+ m(n;'—l) X% + m(m—ls)l(m—Z) X3 4. =

_ im(m—l)(m—Z)...(m—n+l) (5)

n=0 n!

x", x| <1
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Pasnokenue (5) npuBogutca 6e3 BbiBoga. OTMETUM, YTO OHO BEPHO Npu
¢urKcnpoBaHHoM M ER 1 Ha3bIBaeTcs BUHOMUGTbHBIM PAOOM.
Mpu HaTypanbHoM M EN 3TOT psa NpeacTaBaseT cCoboM KOHEYHYO CyMMY,

M3BECTHYIO KaK 6uHom HeromoHa:

A+x)" =1+Clx+C2x* +..+C"x™, meN.

Ansa Heuenbix m nmeet mecto dopmyna Teinopa:

m(m-—1)

L+ X)™ =1+ mx + > Xz+m+m(m—l)(m—2)...(m—n+1)xn

n!

+ R, (X).

Mpu N — 0 13 3Tol GopMynbl Noay4aem 6eCKoHeYHbI cTeneHHonpaa (5). Hagém
paanyc ero CXogMmocCTu, NpUMeHaAs Npu3Hak [Janambepa.YumTbiBas, 4to

_m(m—l)(m—2)...(m—n).xn+1 ! :m(m—l)(m—Z)...(m—n+1) N

= , , BbluMciaem
n+1 (n+1)! n nl
npegen:
_ _ _ 1 n+l i
lim Upsq (X) _ m(m—-1)(m—2)....m—-n)n! x |: lim m x :|x|,
n—o| Uy (X) | noomm-1)(m-2)..(m-n+1)(n+1D)!Ix"| noxfn+l

Torga npu \X‘ <1 pap cxoautca u ero paanyc cxogumoctu R=1, a uHtepsan

cxoammocTt (—1;1);MOXKHO NoKasaTb, YTO VX E(—]-;]-), lim R, (x)=0.

n—o0

WUTak, pasnoxkeHue (5) BepHo ans Bcex VX E(—l;l). B wacTHOm cny4ae, Koraa

m = —1, u3 pasnoxeHus (5) nonyyaem pag, :

LS Y B )" =Y
1+X ]

KOTOPbIN Npu ‘X‘ <1 abcontoTHO cxoamTca. ECnm B KaXKA0M YneHe paga 3aMeHnTb X

Ha (- x), To nonyyum pasnoxkexHue (1):
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1
1——1+x+x +.. Zx“ 1 oxe(-11).
e PasnorkeHue B cTeneHHoM pag GyHKLUK f(X)=|n (1+ X) MMeeT BMA;:

2X3 X4 n

In(1+x)—x—x7+?——+ Z( -t —, xe(-L1] ()

Bbigod. U3 pasnoxkeHus (5) buHommManbHoro paga npu m = —1 nosyyaem pag,

reoMeTPMUYECKOMN NPOrpPeccum co 3HamMeHaTelem @ = —

1 2 3 n-1 ,n-1 - n-1  n-1
—=1-X+X" =X+, 4D T X +..=> () X
Lix (-1) §=,( ) ,

KOTOPbIN CXOAUTCA NpU ‘X‘ <1, 1.e. 3TOT pAa MmeeT nHTepBan cxogmmocTtu (-1;1)

¢ pagmycom cxoammoctn R=1.

MonyueHHbIN psg nouneHHo unterpupyem Ha otpeske [0,X] c (=11),

ncnonb3ys cBorcTeo 3 (nekums 4,pa3a. 4.3); Npu 3TOM MHTEPBAN CXOAUMOCTH

COXPaHUTCA:

M8

T(—l)"—1 "It = i(—l)“—l L i(—l)”_l-x— - x—x—+%—x—+... = S(x) -
0

n=1 n=1 0 n=1

CyMMa MoJly4eHHOro pAja paBHa
S(x) :Tiz IntL+tHX = InL+ x|
o1+t 0

(am In(1+ x), Tak KaK‘X‘ <1).

x2 x% x4

Takum obpasom, In(1+ x) = x -5t ER +..., T.e. UMeeT MeCTO pa3/iokeHue

(6) npn X€ (—1;1) . Uccnepya cxognmocTb AaHHOIO paga B Touke X =1, nonydyaem
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_1 n-1

4yncnoBOM psas Z , KOTOpbI ycNoBHO cxoanTcs. Takum obpasom, o61acTb

n=1

CXOAMMOCTHU pAda B PasNoKeHuu (6) nmeet Bup, (—1§1], a paauyc cxogumoctn R=1.

e Pa3noseHue B cTeneHHon paa, GyHKUMN f(X) =arcty X umeer sua;

3 5 7 2n-1

arctg x = x—%+%——+ Z( )‘1 X 7 X<1 (7)

Bbi80o0. W3 pasnoxkeHusa (5) buHoMmnanbHoro paga npu m = —1 nonyyaem

Pa3NoXKeHune

1 2 3 n-1 .n-1 n-1 ,n-1
—=]1-X+ X" =X +..+(-1 - X +.= E -1 - X
1+X ( ) _ ( !

o 2 "
n3 KoToporo 3ameHoi X Ha X* BbITEKaeT caeayowmin pasa;:

1 _ _
2_1x+x4—x+ Z(l)1 2n

1+x n=1

o 2 o
cxogAwmmnca npu ‘X ‘<1,a MMEHHO, Npu \X\ < 1. Mony4yeHHbIN pag NOYNEHHO

MHTEerpnpyem Ha oTpeskKe [0, X] C (_1,1) , NCNONb3yA cBOMCTBO 3 (ﬂeKLI,I/Iﬂ 4, pa3a.
2n-1

2n-1

4.3); Npn 3TOM MHTEPBAN CXOANMOCTM COXPAHUTCA, 0603HAYUM =t:

2n-1

J'Z( 1) —l 2n Zdt Z( 1) n-1 J’t2n zdt—Z( 1) —1 X

on-l n-1_

Cymma nony4yeHHOro psaa
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X
S(x) = Jiz =arctgt]y =arctgx.
ol+t

3 5 7
X7 X7 X
Takum obpasom, arctgx=S(X) =X——+———+..., T.e. pa3noxkeHue (7)

3 5 7

MMeeT MecTo Nnpu \X‘ <1. Uccnepya pasnoxeHue (7) B Toukax x=-1un x=1,

n 1
noayyaem Asga yC/i0BHO CXOo4ALWNXCA YHNCNOBbIX pAaa Z(_]-) )

o1 n-1"

z< H"t.

| COOTBETCTBEHHO. Taknum obpasom, obnactb cxogmmocTu paaga (7)

ABNAETCAOTPE3KOM [-11], a paanyc cxoammocTtu R paseH 1.

e PasnoxeHwue B cteneHHoM pag GYHKUMK f (X) = arcsin X UMeeT BUA;:

n 2n+l
arcsinx =X+ 5 (2n—DH X xe(-11 (8)
o (2m o+l

1
Bbi800. VI3 pasnoxeHusa (5) bBuHommanbHoOro psga npy m :_E M npu 3ameHe X Ha

2 o
-X noayvyaem pa3sioKeHne B CTeNeEHHOU pPAL,:

1
- : .3.5....(2n— © (2n 1)
1-x?%) 2 ety L3ye, (185 -202]) x2”+...=ZM-x2”.
2" " 24 2.4.6-..-(2n) =20

MonyumsLIMIACA PAL CXOAMUTCA NPU \X‘ <1. 3707 pAg

NOYIEHHOMNPOMHTErPUPYEM Ha OTpE3KE [O, X] - (—1;1) , UCNoNb3ys CBOMCTBO 3

(nekuus 4, pa3a.4.3); npy 3TOM UHTEPBAJT CXOAUMOCTN COXPAHUTCA:

(2n-D1 2 @n-pn 2z o 2 18
JZ (2n) = 2 o) 2n+1 " "X o e 2

+..=S(X)-
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X
dt .
Cymma nosy4eHHoro paga S(x) =J'\/72 =arcsinx . Takum o6pasom,
1-t

0

. 1% 1-3:5-..-(2n-1) x>
arcSINX=X+—-—+...+ . +...
2 3 2:4-6-.-(2n) 2n+1

T.€. UMEeeT MecTo pa3noxeHue (8) Ha MHTepBane cxoaumoctn X € (-11).

B 3akntoueHmne gobaBum, YTO BCe NepPeYUC/IeHHbIe B pa3aene 5.2 pasnoxeHus

Ha3bIBAOT OCHOBHbLIMU PA3/I0HEHUAMU 3NEMEHTAPHbIX GYHKLMI B

CTENEeHHOW pAafA, KOTOPble UCNO/b3YHOTCA KaK 3Ta/IOHHbIe ANA Pa3/10XKeHUA
Apyrnx GyHKUmMn.

3apaHusa no teme «Pagbi»

BbipaxxeHue Bnaa

o0
Uy +Up +Ug +...+Up +... = DU,
i=1

roe — Ui uneHbl psga, Uy — n-0wvnn obwun yneH pspa, HasblBaeTcs

6eCKOHeYHbIM PSAOOM.

Ecnn uneHbl paga:

e 4YUcna, TO pAL Ha3bIBAETCA YUC/TO08bIM,
e YKMCna O4HOro 3HakKa, ToO pA4 Ha3blBae€TCA 3HAKOMNMOCMOAHHbIM,

e YUKCNa Pa3HbIX 3HAKOB, TO PAA4 Ha3blBae€TCA 3HAKONEPEMEHHbIM;

e NONOXWUTENbHbIE YNACNQA, TO PAL HA3bIBAETCA 3HAKOIMNO/TOMHUMEsTbHbIM,

e 4YMCNa, 3HAKM KOTOPbIX CTPOro YepeayoTcs, TO pAa, HasbiBaeTcA
3HaKo4YepeoyrouwumMcs;

e  (QYHKUMK, TO pAA Ha3bIBAaETCA YYyHKUYUOHAbHbLIM;
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e C(CTeneHun x, ToO pAL Ha3blBae€TCA CMerieHHbIM;

e TPUTOHOMETPUYECKUE (IDYHI-(LI,MVI, TO pAL HA3bIBAETCA mMpucoHOMeMpuU4YeCKuUmM.

1. YUucnosble paabl. Paabl ¢ NONOXUTENIbHbLIMU YlleHaMun
1.1. OCHOBHbIe MOHATUA YNCNOBOro psiga

YucnoebiMm psidoMm Ha3blBaeTCsl CyMMa Buaa

o0
_Zlui =Uj; +Uy +Ug +..+ Uy +...,(1)
1=

roe U; Ha3blBaeMble yneHamu psioa, obpasytoT

GeCcKoHeuHyonocnenoBaTenbHOCTb; YneH U, HasbiBaeTcs 06WUM YIIEHOM

psioa.
CyMMmbl:

Slzul,
82 =U1+U2,
832U1+U2 +U3,

Sn:U1+U2 +Uz +..+Up,,

COCTaBJ1€HHbIE N3 NepBbIX YJIEHOB pAda (1 ), Ha3bIBaAOTCA YaCmu4HbIMU

cyMmMamu 3moeo psida.

Kaxxgomy psily MOXHO COMOCTaBUTb  10c/ie008amesibHOCMb

yacmuyHbix cymm Sp{Sp}

Ecnn npn 6eckoHe4HOM BO3pacTaHUM HOMepa N YacTuyHas cymma
apa S, cTpemuTcs K npegeny S, To psig HasblBaeTcst CX00AUWUMCS, a
n

qucro S — cymMmoUl cxodsiueaocs psida, T.e.
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limS,=SW IimS, =u;+u, +ug+..+u, =S -
Nn—oo n—oo

OTa 3anncb paBHOCUIbHA 3anncu

o0
_Zlui =U; +Up +Uz+...+ Uy +... .
1=

Ecnu wyactmyHas cymma paga (1) npu  HeorpaHW4YeHHOM
BO3pacTaHMM N He UMEET KOHEYHOro npeaena (CTPEMUTCS K 4o UIN — oo

), TO TaKon pAg, HasblBaeTCHa pacxo0suUMCH.

3adaHue 1. HaiiTn 06WKiA YneH YNCNOBOTO pAaa:

1 2 3

1)l+3+§+_.. 6) —+—+—+...
3 4 5 4 5 6
2)E+i+i+... 7)§+§+g+
5 25 125 4 8
I I
3)1+i+i+... 8)£+i+i+
4 16 64 41 71 10!
4)£+Z+§+... 9)1+2+ﬂ+...
2 5 8 2 5 8
5)£+Z+§+... 10)1+§+9+...
4 6 8 4 6 8

1.2 Heo6xo0AMMbIN NPU3HaAK CXOAMMOCTHU psiga

o0
Pag Yu, MOXeT CXoOUTbCA TOJSIbKO Mpu YCHOBUW, 4TO €ro
n=1
OOLWMNYNEHNPN HEOrpaHNUYEHHOM YBESIMYEHMM HOMEpPAa N CTPEMUTCS
o0
KHYM:  lim u, =0 .ECAX limu, =0, TO pag Xu, pacxoauTca — 37O

n—o0 n—oo n=1

AOCTaTOYHbIN NPU3HaK pacxoanMMmoCTun pdaa.

3adaHue 2. NpoBepuTb BbINOJHEHNE HEOHXOAMMOIO YCN0BUA CXOAUMOCTU PAAA:
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)Y ——
n=110n~ +1

2) 3 1

n=1(2n+1)In?(n+1)

3) § In(4n+1)

n=1 2n +l

3

4y 3”
n=1n~ +10

© 12n
5 2
n:_’]_4n—1

10) §

© 2n
6% —

n=13n“ +8
7) - 1

n=1(12n +1)In? (5n +1)

* 4n-1
8) X
n=]_2n +1

o 5
9 3 4n

n—1n° +10

n=14n2 -1

1.3. JocTaTo4yHble NPU3HAKU CXOAMMOCTHU pAAA C NONOKUTE/IbHbIMU Y1eHaMMU.

I'lpu3HaKu Cpa8HeHus pﬂdOB C noJio)KumeJsibHbIMU 4Y71eHaMu

0 0
1-0 npusHak cpagHeHuA.lNycTb Y a, n Y b, — psiabl C MONOXUTENBHBIMU

Torpa:

n=1

uneHamu, npuuéma,, <b, ans Bcex HOMepoB N, HAa4YMHas C HEKOTOPOTO.

1) ecnu psig %bn CXOAUTCS, TO CXOAUTCH U psaa %an;

n=1

n=1

n=1

2) ecnv pag, Ean pacxoauTcs, TO pacxoauTcs u psaa %o;bn.

n=1

o0 0
2-U npusHak cpasHeHus. NycTb Ya, n Y b, —paabl C NONOXUTENbHBIMU

n=1

YyrieHaMu, I'Ipl/l‘-IéM cyuwiecrteyeT KOHEYHbIM U OTMINYHBIN OT HyInAa npeaen

) a
lim =,
n—w b,

OHOBPEMEHHO.

o0 (e8]
Torga psAgbl Zan n an cxogAaTtc4d nnn pacxogAarcad
n=1 n=1
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Psi0 Qupuxne

Pan 1+i+i+ +i+ roe p>0, HasbiBaeTca  psdom
2P 3P nP

Hupuxne.9ToT psiag cXoauTcst NpU p>1 U pacxoauTcs Npu O< p<1.
YacTHbIM cnyyaem psiga Oupuxne (Npy p =1) SBASIETCA rapMOHUYECKUI

1 1 1
A0 1+ =+=+..+=+... .
PAA 2 3 n

3adaHue 3.NccnepoBaTtb Ha CXOAMMOCTb MO NPU3HAKaM CPaBHEHUSA:

D DX
)Z4n +1 7) nwl%:ﬂ
3)HZO:‘Zn?—l s)gfffoln
)z4n+1001 9)222“2:

n=1

I7pu3HaK ,ﬂanaM6epa.Ech ana pdaga ¢ nNonoXuteribHbIMKU 4YileHaMin

o0
YUy =U;+Uy +U3z+...+Uy +Uyg +...(U, >0) BbINONHAETCA ycnosue
n=1
Uy
lim =L = |, TO pAn cxoauTca Npu | <1 1 pacxoauTcsa npu | >1.
n—oo Un

[Mpu3Hak Janambepa He gaét pelieHns, ecnu | =1. B aTom cnyyvae ans

nccneaoBaHus psiga NPUMEHSIOTCS ApYyrve NpusHaku,

3adaHue 3. VicchenoBaTb Ha CXOAMMOCTb NO Npu3HaKky Janambepa:
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o g 2 DL Gennn (2
1) 4 6)). (2n)

~ 3"n!

) 21.3-5---(2n+1)
wr} 4"n!

0 3n
10)% o

MHmeeparnbHbil npusHak Kowu.lyctb dyHkumna f(x) npm x
yAOBMNETBOPSET YCIOBUAM:

1) HenpepbIBHa,
2) noNoXunTeNbHa,

3) MOHOTOHHO ybbIBaeT.

Torpa uncnosou pag, Zun , rae U, =f(n),n 21 cxoguTca nnm pacxoamrca

n=1

+00
OJHOBPEMEHHO CO CXOAMMOCTbIO U/IN PACXOANUMOCTbIO MHTErpana J' f (x)dx.
1

3adaHue 4. ViccnepgoBaTb Ha CXOAMMOCTb MO MHTErpPasibHOMY NpPM3HaKy Kowm

cnepyoLmne paabi:
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=1
1)) 6)2

“n’+4

* 1
2))— >Z

~ninn n(n+1)
= Inn < 1
8
”,Z_; n? )nzl“(n+1)~/|n(n+1)
" Z 9)ilnz n
“n’+4 = N
)Zn 19 1O)z(n+1)(n+2)

2. 3HaKonepeMeHHble psaabl

2.1. NMoHsATHMe 3HaKonepeMeHHOoro psiaa

Yncnosom psaagly +Us +Ug +...+ U, +... Ha3bIBAaETCA 3HAKONEPEMEHHbIM,

ecnn cpegn ero 4YrieHoB WUMEKTCA KaK TMoNnoXuUTesibHble,
oTpuuaTtesribHble

Tak u
yucna.“vmcnosou pag
Ha3blBaeTCs 3Hako4YepedyrowuMmcs, ecnu niobble ABa cToswme psaom

YyrieHa MMeKT NMPOTUBOMNOJIOXKHbIE 3HAKWU.

Up —Uy +Uz —Ug +..+ (=)™ U +. =3 (=)™

nl
n=1

rae U, >0ana Bcex neN, T.e. psaa, NONoXuTernbHbIE U OTpULATENbHbIE

YrieHbl KOTOPOro crieaylT ApPYr 3a ApYrom noodepeaHo. Hanpumep,

1 1 1
1-—+=——+..,,

2 3 4
}_Z+§_ﬂ __+(_1)n+1,L+___,
1 3 5 7 2n-1
1_2 §—i+...+(—1)”+1-1+....
2 4 8 16 2n
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Ana 3HakouyepedylLlMXCs pPsOooB MMEeeT MEeCTO  A0CTaTOuYHbIN

NPU3HaK CXOOMMOCTU — Npu3Hak JlenbHumua.

2.2. NMpusHak JlenbHMua. A6ConTHasA U yCcrnoBHas CXOAUMOCTb
psaa

Teopema (npusHak JlelibHuya).3Hako4depeayoLWnNca psg CXoanTcs,
ecnu:

1) nocnepoBaTenbHOCTb abCOMIOTHLIX BEMWYMH YNIEHOB psiaa
MOHOTOHHO ybbIBaeT, T.e. Uy > Uy >...>Up...,

2) oBLLKiA YneH paaa CTPEMUTCS K HYMO: |im u,_, -[1pn 8TOM cymma S

Nn—oo

psiga ynosnetsopsieT HepaseHcTBam0 < S <Uj.

o0
[lycTb AaH 3HaKonepeMeHHbIN pss Zan , rae d, — Npou3BOJibHbIE
n=1

0
yucna (OencTBUTEmNbHbIE WM KOMIMMEKCHble). Ecnn  pag Z\an\ :

n=1
COCTaBMEHHbIN M3 abCONIOTHLIX BENWYMH €ro YNeHoB, CXOAUTCH, TO

o0
AaHHbIN psaa Zan Takke cxoautca.B aTom crnyyae 3HakonepemMeHHbIN
n=1

o0
paa Z a, HasbiBaeTcs abcosrmomHo cxodsauwjumes.CnenoBaTenbHO, eCrin
n=1

o0 0
Xe 3HaKornepeMeHHbINn pasa Zan cxoguTed, a pag Z\an\ pacxoguTcs, TO
n=1 n=1

o0
[aHHbIV P Y, an HAa3bIBAETCS YCIT08HO CXOOSUUMCS.
n=1
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Mpumep 1.MccnegoBaTtb Ha CcXoOAMMOCTb  psig Z( 1)

= 2[1

PeweHue. 1. VlccnenyeM Ha CXOAMMOCTb pAan Zan N3 abCONTHbIX
n=1

1
BEMNNYMH YIIEHOB OAHHOro psiaa: Z n —22\/— ) .CpaBHUM 3TOT psa C
n=1

900M Tak kak 2¥n-1<2n, 7o 1 > 1 nng Beex n.Ps
b nZl \/ﬁ 2Jn-1 2+n A a

Z— pacxognTCd, TaK KakK pacxogutcd pdn Z—(KaK psa Oupuxne
n=12\/ﬁ n=1 VN

- 1

Z—p npu p:% <1). 3HauuT, No 1-my NpM3HaKy CpaBHEHUS PacXoamuTCs v
n=1N

pﬂzzf 1

NTak, ucxodHbil psa He SBnsieTcs abConoTHO CXOASALLMMCS.

2. BbicHUM, cxoguTca NW OaHHbIA  3HAKo4YepeaywLwmncs psag,
NpUMeHsIs Npu3Hak JlenbHuua.

e [1poBepuM, BbINOMHAETCS N HEPABEHCTBO &, > ap 1 AN abCoNTHbIX

BeJIMYMNH 4YrneHoB aHHOro p4dana.:

1 1
= > =a )
"odn-1" 2dn+1-1

[laHHOe HEepaBEHCTBO OKBMBANEHTHO HepaseHctBy 24/n-1 <

24yn+1-1, koTopoeBepHo ans nwboro n=1,2....3HauunTt a, >a, ANa Bce

HomepoB N=1,2...

e Hangém npenen obuiero uneHa paga: lim a, = lim

=0.
n—>o0 N—>00 2\/_ +1
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Takum obpasom, AOnd OaHHOro 3Hakoyepegywuwerocs psga
BbIMNOSHEHbI 06a ycnoBus, cogepalimecs B npusHake JlembHuua, otkyaga
cnegyeT, 4TO WUCXOOHbIA pPsiA CXOAUTCS, OOQHAKO OH He sBnseTcs

abConTHO  cXoAsAlWMMCSsl, MO3TOMY  [AaHHbIA  psii CXOAUTCS

1
CXoanTCHd yCIoBHO.
\/ﬁ 1 a y

ycrnosHo.Omeem: psig Y (-1)" >
n=1

3adaHue 6. ViccnepoBaTb Ha abBCONOTHYIO U YCIOBHYHO CXOAMMOCTb PALbI:

~ 2"n “~nln“n
2) nﬁ; (r:zll”ln 7)2 (—12:3n

3. dyHKUMOHaNbHbIE pAAbI
3.1. NoHaTHne ¢pyHKUMOHaANbLHOro psaaa
Pan, yrieHamMmu KOTOPOro  SABNSAKTCA dYHKLUM oT X,

Ha3biBaeTCH d)yHKL(UOHa.I'IbeIMZ

o0
D Up(X)=ug(X) +Up(Xp) +..+Up(Xy) +... TlpupaBass x onpeneneHHoe
n=1

3HaYeHue X,, NoNy4YMM YUCNOBOW psa
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Uy (Xg) +Up(Xg) +... +Up (Xg) + ... KOTOPBIN MOXET BbITb KaK CXOOALLMMCS,
Tak U pacxogawmmcda.Ecnm nonyyeHHbIN YMCNIOBOW pAL CXOAWUTCH, TO
TOYKa X, Ha3sblBaAeTCH MOYKoU CxXO0UMocmu (PYHKUMOHANbHOro psaaa;
€CINN Xe psid PacxoauTca — mMoYkol pacxoOumMocmuddyHKLMOHANbHOro
psaa.CoBOKYNHOCTb YUCMNOBLIX 3HAYEHWW aprymeHTax, Mpu KOTOPbIX
OYHKUMOHAMNbHLIN ~ pag — CXOAUTCSH,  HasblBaeTcss  ero obsiacmeto

cxooumocmu.B obnactn cxoanmocTn (oyHKLUMOHAaNbHOro psiga ero cymma

ABNAETCA HEKOTOpPOM (PYHKUMEn OT x: s=5(x) .Onpegensierca oHa B

obnactu cxXoamnmMmocCTu paBeHCTBOM S(x) = lim S, (x) , rge
n—oo

Sp(X) =uy (X) + Uy (X) +... + U, (X) —yacTnuHas cymma paga.

3.2. CTteneHHble paabl

CmeneHHbIM psi0oM Ha3blBaeTCs psad Buaa:

2

0
Y apx" =ag +aX+aX” +..+apX" +....

n=0
Obnacmeio cxo0umMocmu CTENEHHOMo psiaa HasblBA€TCSA MHOXECTBO

BCEX 3HAYEHUMN NP KOTOPbIX AaHHbIN pAag cxoanTcA.

Uncno RHasbiBaeTcs paduycom €xoOuMOCmu CTENEHHOrO paAaa,
ecnu npu |x|<R psig cxoanTest v nputom abeonioTHo, a npu |x|>R psig

pacxoguTca.Paguyc  cxoguMMOCTVU Halaem, ncnonb3yst  NpuU3Hak

HNanambepa:

n-+1
8n1X

apx"

an

ani1

ani1
an

lim

=[x| lim
N—00

<1, |¥< lim
N—o0

nN—o0
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T.€. €CIN1 CTENEHHOWN psa CXOAUTCS MpU NMOObIX x, YAOBNETBOPSIOLNX

a
—| OTcloaa crneayer, 4To

AaHHOMY YCIOBUIO U pacxoanTca npu \x\ < lim "
n+1

N—0

an

ecrm cywecTteyeT npegen R=lim (a, #0,n=123,..) ;to paanyc

CXOAMMOCTM psga R paBeH aToMy npegeny M CTENEHHOW psag CXOaUTCS
np |[Y<R , Te. B npomexytke (-R,R) ,  KOTOp®bIii

Ha3bIBAETCS MMPOMEXYMKOM (UHMep8arioM) cxooumocmu.

Ecnn R=0, TO cTeNeHHOW psg CXOAUTCS B €QUHCTBEHHOW TOYKE X =0
.Ha koHuax npomexyTka psa MOXeT cxoauTbcsa (abContoTHO wunu

yCJ'IOBHO), HO MOXeT 1N pacCxXoanTbCA.

CXoaMMOCTb CTEMEHHOro psida npu x=R W x=-R uccrnegyetcs C

NOMOLLbIO Kakoro-nmbo m3 NMPM3HaKoB CXOOAMMOCTMW.

Mpumep 2. Hantm obnactb cxogumoctn psiga.PeweHue. Hangém

Z (x+1)"
pPaaMyc CXoAMMOCTY psia: )~
n:]_ n2
n n
Retim| Lo L[ gy D2 @22 24D,
n—>oon.2n_l (n+1).2n‘ n—oo n.2n_1 n—oo n.2" n—o0 n

CnepnoBaTernbHO, pAA CXOAUTCA NPU-2< x+1<2, T.e. Npu-3<x<1.Mpwu

(-9)"
n

0
X =-3umeem psa2- 2 , KOTOpbIN cxoauTCA No Npu3Haky JlenbHuua.
n=1

0 2n 0 l
Mpu x=1 umeem pacxogawmnca pag. . pE :Z-ZH .Omeem:
n=1N" n=1

06nacTbio CXOAMMOCTV WCXOOHOMO psifia SIBMSIeTCS MPOMEXYTOK [-3,1)

3adaHue 7. Hantn obnactb CXogMMOCTM CTENEHHOrO psiaa:
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n=1 n2n n=1 3nn‘\/ﬁ
2 (-D)"x"3" 2 (x+2)"n
)3 D )3 D)
=1 n = 4
2, x"2" 2 (2x+1)"
3)2 2 8)2( n )
n1 N n=1 3
= x"(n+1) = (x+1)%"
4 9)) =7
)nzzl: 4"n )HZ:;‘ 3"
© (X+1)n ® (X_2)2n+l
5 10
)nZ:; 2"Jn )nzzll 4"n
Omeembl:
n 2n (2n-1)! n n 3n
3a0aqHue 1.1) —,2) —,3) ——,4),5 , 6 ,7) —,
) n+2 ) 5N 4" 2n+2 ) n+3 ) on

n+1 n-1
2n 9) 2 10) 3 _
Bn+1)! 3n-1 2n+2

8)

3adaHue 2. 1) pa, 2) Aa, 3) Aa, 4) HeT, 5) HeT, 6) Aa, 7) Aa, 8) HeT, 9) HeT, 10) Aa.

3adaHue 3. 1)cxoauTtca , 2) pacxoauTtca, 3) pacxogutcsa, 4) pacxoauTtcs, 5)

cxoamuTces, 6) cxoauTtes, 7) pacxoautcs, 8) pacxoautcs, 9) cxoautea, 10) cxoauTcs.

3adaHue 4. 1) pacxogmutca, 2) cxoauTtcs, 3) cxoautea, 4) cxoauTces, 5) cxoanTes,

6) cxogutcsa, 7) cxoautea, 8) pacxoguTea, 9) cxoautcs, 10) pacxoauTes.
3adaHue 5. 1) pacxoautcs, 2) cxoauTea, 3) cxoautes, 4) pacxoanTtes, 5)
cxoamuTcesa, 6) pacxoauTtea, 7) cxogutesa, 8) pacxoanutca, 9) pacxoautcs, 10)

pacxoauTcs.

346



3adaHue 6. 1) abcontoTHO cxoaunTcs, 2) YCAOBHO €X0AuUTCA, 3) YCNIOBHO
cxoamutcesa, 4) ycnoBHo cxoauTea, 5) abcontoTHo cxoauTcs, 6) abcontoTHO cxoauTesa, 7)
abcontoTHO cxoanTcsa, 8) abcontoTHo cxoamTes, 9) ycnosHo cxoauTcea, 10) ycnoBHO

cxoaunTcea.

3a0anue 7. 1) (-2;2], 2) (_é ﬂ 3) [—% ﬂ 4) (-4;4), 5) [-3;1), 6) [-1;5], 7) (-

6:2), 8) (-21),9) [-v3-143-1), 10) (0;4).

Ilpakmuueckaa paboma Ne 11
Tema: KoMiuiekcHbIe Ynciaa U JeiiCTBUS C HUMU.
Hean: cdhopmupoBarh yMEHHE BBINONHATH apuUPMETUUECKUE JEHCTBUA C
KOMIUJIEKCHBIMH YK CJIaMU.
MeToanuyeckue yKa3aHus AJIS NPAKTHYECKO padoThI
Teopernueckne cBeleHUs K NPAKTHYECKOH padoTe

1. Ilonamue KomniekcHoz2o wucia
Komnnexcrhvimu yuciamu Ha3pIBaIOTCS YMCIIa BUaa

Z=X+1iy, (1.1)
rae X, Y — JIeHCTBUTCNbHBIC (BCINECTBEHHBIC) YHMCIIA, a YHCIO IOMpeaesieMoe

.2 - /_ o o
pasencTBoM i“=—1 (I = 1), HA3bIBA€TCA MHUMOUW €IUHULIEH.
Yucio X HaspIBaeTCsa Oelicmeumenvhou (8ewecmeennoll) uyacmopio KOMILUIEKCHOTO
yuciaa (MCMoyib3yeTcss 0003HaueHHe X =Rez ); y-MHMMOH 4acThiO KOMILIEKCHOTO

ancma z(Y =IM2).

Bripaxxenue (1.1) Ha3BIBAIOT aneedOpauneckol hopmoti 3anucu KOMNIeKCHO20
yucia.

Ecmu X=O, TO YHMCJIO Z HA3bIBAKOT YHMCTO MHHUMBIM; CCJIA y , TO IIOJIy4acTCs

BemecTBennoe uncno £ — X T 0=
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Z=X+1y  z=x-iy
u Ha3bIBAKOTCS COIPSKCHHBIMU.

JlBa KOMIUIEKCHBIX YHCIIa
Vcrions3ys (popMyITy pasHOCTH KBaIPATOB, OIY4aeM, 9To ZZ = X° + y2.
MOKHO J0Ka3aTh, YTO KOPHAMH KBAJPATHOTO YPABHEHWS C OTPUIATELHBIM
JIMCKPUMHUHAHTOM SIBJISIIOTCS JIBA COMPSKEHHBIX KOMIUIEKCHBIX YHCIIA.
2
IIpumep 1. Pemmts ypasuenne X~ —6X+18=0.

Pewenue. JIACKpUMUHAHT aHHOTO ypasHenus: D =(-6)"—4-1.18=36-72=-36
MEHBIIE HYJIS, HO TENEPh MBI MOKEM BOCIIOIb30BATHCS MHUMOM €IUHULICH:
. 6+/-36 6+36-V-1 6+6i
v 2 2 2
L=X+ly =X

,T.e. X =3+31; X,=3-3I,

+1 =
JIBa KOMIUIEKCHBIX YHCIIA Y2 PaBHBI IPYT APYTY, €CIIA X1 = X2

u N=Y2 ; KOMIUTEKCHOE YHCIIO Z CYNTAETCS PABHBIM HyImo, ecmm X =Y =0,

Bcesikoe KOMITIIEKCHOE YMCIIO MOKHO M300pa3HuTh Ha IUNIOCKOCTH, T.K. K&XKJIOMY Z

COOTBCTCTBYCT YIIOPAOOYCHHAA I1apa BCIICCTBCHHBIX YUCCII (X’y) .

'y

Miry) X

* Uucao z=0 cTaBUTCSA B COOTBETCTBUE HAYATTy
KOOPAMHATHOM IIOCKOCTHU. TaKyro INIOCKOCTh MBI B

najapHelIeM OyaeM Ha3bIBaTh KOMIUIEKCHOM TIJIOCKOCTBIO, OCh abCIucc—

NEWCTBUTEIBHOM, @ OCh OPAMHAT-MHUMOM OChIO0 KOMIUIEKCHOW INTIOCKOCTH.

[L2 .2 Z=X+I
Yucno V¥ *Y HaswBaeTcs MOmyneM KOMILUIEKCHOTO YUCIa Y u

00o03HavaeTcs i i VY

2. Tpuzonomempuueckasn popma KOMnIEKCHO20 YUCA
Tpueonomempuuecxasn gpopma komniekcnozo yucia. Kaxmaomy KOMIUIEKCHOMY
grcay Buzaa (1.1) MOXKHO TIOCTaBUTh B COOTBETCTBUE TOUKY M(X;Y) Ha 1eKapTOBOi
mIockocTy (mpu 3ToM Ha ocu Ox pacrnosiaratroTcsi BEIIECTBEHHbBIC YUCTIa

z = x+i0= X, a na ocn OY — umcto mummsie yncaa Z=0+1y =1y),
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Mooynem komniekcnoco uucia Ha30BeM JUIMHY OTpe3ka |OM| (uiaum
|z~

PaCCTOAHUC OT Ha4YaJla KOOPAHWHAT 10 TOYKHU M), T.C.

Argz

=Ar
KOMILJIEKCHOT'O YHCJIa ((p

2 2
Xy . AprymeHTOM

) Ha30BEM YIOJl, KOTOPBIA BEKTOP oOpa3zyet

C ITOJIOKUTENBHBIM HanpapiieHHueM oc Ox. ['TaBHOE 3HaUeHHE apryMeHTa, KOTOPOE,

KaK TIPaBUJIO, WCIOJB3YETCS TpHU %czmeCTZBJIeHHH JICHUCTBUI C KOMITJICKCHBIMU
YHCIIaMH, YAOBIETBOPSET YCIOBUIO pen :
[Tpu 5TOM BBIpaKEHHE BUAA
2= z|(cosp +ising) (1.2)
HA3bIBACTCS MPUSOHOMEMPUYECKOU POPMOU 3aNUCU KOMHIIIEKCHO20 YUCIA.
[Tpeobpazyem (1.1)

X : y X - y
N N I O N

U, cpaBHuBas c (1.2), momyyaeM, 4TO @—apryMeHT KOMILIEKCHOIO YHCIAZMOYKHO

Z=X+iy=4x>+y? = z|

HaWTH, PEIUB CUCTEMY

X
COSQ = ——— X
[y2 2 COSp =—
X y+ y WIIH Y |Z|(1.3)
. _ . Ly
e x% +y? RGTY

3amMeTHM, YTO MPU BHIOOpPE 3HAYEHUW @ W3 TOCJIEIAHET0 YpaBHEHHS HEOOXOIMMO
b
YUYUTBHIBATH 3HAKU X U Y.

X

. = o y
@—apryMEHT KOMIUIEKCHOTO YHCIaZMOKHO HalTh (popmyin COS ¢ o Sing = "

tgp = y Q= arctg(lj
(1.3) wiu B cuity TOTO, YTO X X/,

Ilpumep 2. 3anucath KOMIUIEKCHOE YHCJIO B TPUTOHOMETPHUUECKOM popme:

a) 6i; b)1-— l\/g, yKa3aTh MOJYJIb U apryMEHT KOMILJICKCHOTO YHCIIA.
Pewenue. a) 3aecs x=0, y=6 |z| = 6
[ToCKOMBbKY YHCIO OINCKUT Ha MONOKHUTEIbHOM momyocd Oy, TO 3HAaYEHHUE
/s . s . . TT
aprymeHTa ¢ = —, ModTOMy 60 = 6(cos; +isin 5)).

b) 3mech x=1, y=—+/3.
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Ilo ompenenenuto |Z|= \/12 + (—\/é)z =J4=2. JInsa ompeneseHus apryMeHTa

COSQp =
BOCIIOJIB3yeMCsl  (hOPMYJIOH:

o
[Tomyyaem, 4yt0o @ =argz= 3

&I\JIH

sing =
Tpuronomerpuueckass ¢opma 3aJJaHHOTO KOMIUIEKCHOTO YHCJIa HWMEeeT BHJI:
5 . . 5«
Z=2 COS— +1iSin— |.
3 3

Ilpumep 3. 3anucaTh B TPUTOHOMETPUUYECKOHN (hOpME KOMILIEKCHOE YUCIIO

z=-1+iy3 _
Pewenue. Halinem Moaysib 1 apryMeHT KOMIUIEKCHOT'O YUCIIA: ‘Z‘ =v1+3=2

COS§0=§’ Sin(p:X

Yron ¢ HaiiieM U3 COOTHOIIEHUI r r

-1 J3

COSp = P} SN @ = PR OueBunHo, Touka Z=—1+iv/3 Haxomures Bo BTOPOM

JeTBepTU: P =120° = %ﬂ .

. Torma momyanm

Ioncrasiss B hopmyiy (1.2) HaiineHHbIe I U ¢, uMeeM £ = Z(COSEE +isin g” j :

3. /leiicmeus Ha0 KOMRNIEKCHbIMU YUCIAMU
1) CymmanByx KOMILICKCHBIX yncen Z; = X + iyl uil,=X,+ iy2 OIpeaeIIsieTCA
corjacHo hopmyne Z; +1Z, = (X1 +X, )+ i(yl + yz).

2) Onepauus eévlMumanus KOMILICKCHBIX YMCEIT ONPECIACTCS KaK oneparus,

oOpatHas cioxxeHuro. KoMrmiiekcHoe uucio 2 =4~ %2 ecnu %2+ 2= 4 geusercs

Pa3HOCTBIO KOMIUIEKCHBIX YuCell Z1 U Zp. Torma £ = (Xl - X2)+ i(yl - yz).
Ipumep 4. Bemmoauuts aewictsus: a) (4+2i)+(1+5i); b) (3+5i)-(6+3i).
a)llo mpaBuiTy CIIOXKEHUSI KOMILJIEKCHBIX YUCEI OJTYYUM
(4+20)+(1+51)=(4+1)+(2+5) i=5+7i.

b) ITo mpaBwTy BEIYUTaHKS KOMILIEKCHBIX YHCEI TOIYYUM

(3+5i)-(6+3i)=(3-6)+(5-3)i=-3+2i.
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3) IlpouszeedenuenByx KOMILUIEKCHBIX YHCEIT A=RHN 2 =% +iy, omnpeensercs
: . . . "

o popmyne 72, = (Xl + Iyl)(XZ + |Y2): XX I X XY, +417Y Y, =

(X1X2 - y1Y2)+ i(lez + Xzyl)-B gactHocTH Z- 2 = (X +iy X —iy) = X* + y°.

MOo>XHO TIOJIy4UTh POPMYITYy YMHOKEHUSI KOMIUIEKCHBIX YHCEIl B
TPUTOHOMETpUUECKOU (hopme.

Umeem Z,Z, = 1, [cos(p, + ¢, ) +isin(o, + ¢, ).

IpumepS. BemosauTs aevictus:a) 2i-3i; b) (2-31)-(2+3i), ¢)(5-4i)-(3+2i).
a) 2i-3i=6i*=-6;

b) (2-3i)-(2+3i)=4-9i°=4+9=13;

c) (5-4i)-(3+2i)=(5-3-(-4)-2)+ i(5 2+3(-4)=23-2i.

MO>KHO BBITIOJIHUTH YMHOXEHUE 10 MPABUITY YMHOKEHHSI MHOTOYJICHOB:
(5-4i)-(3+2i)=15+10i-12 i +8=23-2i.

4) /lenenuexoMIUTEKCHBIX YHCEIT ONIPEEIASTCS KaK Oepalus, oOpaTHas

z
7=-L

YMHOKEHUIO, TO €CTh YHUCIIO %2 Ha3pIBACTCS YACTHBIM OT JCICHHS Z1 Ha Z2, €CIIH
Z _ XpHlyy (% +iy (o —iy,)

ZlZZZ'Z ) TOF}Ia 22 X2+iy2 (Xz +|y2XX2_|y2)

_ XX Y X =X Y, — %Y1y, (XX + YaY, ) Fi(= XY, + %, Ys)

2 2 2 >
X, +Y; X,” + Y,
Z, XX, + =X, Y, +X
OxonuarenpHo — = —-2 ylzlz +i 132/2 iyl _
22 X, Y, X, +Y,

B Tpuronomerpuueckoii popme:

z, T -
“L = Lcos(p, — @, )+isin (o, -, ).

2 2

Orepanyst JeJIeHNs BO3MOKHA TONbKO B cirydae, koraa Zp #0+10=0),

1 14 2-7i

’C 9 .
+i 7 1-i" 3+4i

o 2
Ilpumep 6.BBITOTHUTH ,HCI/ICTBI/ISIZCZ);;b) T

N yKa3aTb BCIICCTBCHHYIO W MHUMYIO YaCTU IMOJYHYCHHOI'O KOMIIJICKCHOTI'O
qucia.

Pewenue.
, 2 2i 2i 2.
a) Ymuoowcaem oenumoe u denumens Hai, noayuuM = = - = — = — L.
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b)yMHO)KaeM ACIIMMOC W ACIIUTCIbL HaAa  MHOXHUTCIID, COHpﬁI}KCHHHﬁ

1 1(1-1) 1-i 1-i 1 1i
CIUTCIIIO. = = = = —-———1.
a 1+ (A+i)(a-i) 1-i? 2 2 2

c)YMHOXaeM JeIMMO€ W JCJIHWTEb Ha MHOXMHTENb, CONPSKEHHBIN
1+ (1+0)(1+0)  142i+i% 20

= = = 1.
1-i (1-i)(1+0) 1—i? 2

JCIIUTECIIIO.

d)yMHO)KaeM ACJIIMMOC N ACJIIUTCIIb Ha MHOKHUTCIIb, COHpH)KCHHBII?I JCIIUTCIIIO.
_2-7i (2-7i)(3-4i) 6-8i—-21i+28i> 6-29i-28 -22-29i 22 29..

T 3+4i (3+40)(3-4i) 9-16i° 9+16 25 25 25
BCIIICCTBCHHaH " MHHMas 9aCTH paBHbI: Re z = —? y Imz = —% .

5) Boseeoenue 6 cmenenv u uzeneuenue Kopueti. ECIU KOMILICKCHOE YHCIIO
3ajaHo TpuroHomerpuueckoii dopmoit Z=Z[(COS@+iSiNg) | 1o cupasennusa
dbopmyna Myaspa

2" = z|" (cosng +isinng). (1.4)

6) Jns useneuwenus xopms N-ui cmenenu (N — 1enoe 4ucio, Oonpiiee 1) u3

KOMIUIEKCHOT'O YHCJIa, 3aJaHHOTO0 B TPUTOHOMETPHUYECKOH (opMe, MpUMEHSETCS
dbopmyiia, naromias N 3HAYSHUH 3TOTO KOPHS:

z, =Yz =1z |[COSL2k”+ isin LZK”), k=0,1,...,n-1.(1.5)
n n

Ipumep 7. Beraucmure: (—1+i)%3.

Pewenue. Ytobbl Bocmonb3oBathbes  popmynoid MyaBpa, HeoOX0aAMMO
IPEICTaBUTh KOMIUIEKCHOE YKCJI0 B TPUTOHOMETPUUYECKOHN Popme.

NmeeM: |Z|=\/(—1)2+f|.2 =«/§; cosp=-1/\2 u sinp=1/2,1e. @=3114

(Tak KaK COOTBETCTBYIOIIAS TOYKA JIGKUT BO BTOPOH werBeptH). CIeIOBATENBHO,
—1+i= \/E(cos%[ +isin 37”) u (-1+i)B =28 (coss'fw +isin 35?”) (B cuiy

397 T

(1.4)). YuurtsiBas, 4To e =107 _Z Y HUCIIOJIb3Ysl CBOMCTBA TPUTOHOMETPUUECKUX

GyHKIMH, moTydaeM:

N 7y visin(= T | = 1 iy _ea_sai.
(-1+1i) _64\/5(003( 4)+|S|n( 4)) 64\/§(ﬁ 'ﬁ) 64 — 64i
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Ilpumep 8. Bo3BecTu uucio Z= J3-is IISTYIO CTEIEHb.

Pewenue. Tlomyaum TpUroHoMeTpuiecKyro Gopmy 3amucu uucia Z.

T
r=+3+1=2, COSgo:?, sin ¢:_%.OTC}OI[3 (D__E’a

T .. T
7= Z{COS(— EJ +13In (— EH . Torma no popmyne MyaBpa noydnm:
7° =2, cos —En +isin —En =2 cos§7z—isin Ejz
6 6 6 6
=2(—cosz—isin zjz2{—£—i%=—2{£+i1}=—(\/§+i).
6 6 2 2 2 2

Hpumep 9. Berauciurs: 3—1.

Tpuronomerpudeckas ¢popma 3alaHHOTO YMCIIa UMeeT BUA —1=CoSz +isinz
(Iz]=1), moaromy B cumy (1.5)

Zy = %(cos—” +32k” +isin T8 +32k”j —cos” KT | iin P 2K =012

BrinuceiBaem TPHU HCKOMBIX KOPHA:

: /3
Zy =COS—+ISIN —=—+1—;
2
2 . T+ 2 ..
Z; =COS ISIn =CoSz +1sinz =-1;
m+dr 1 .3
Z, =CO0S +1sin =——1—
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1. MunMas equHuIa. Airedpanyeckas popMa KOMILIEKCHBIX YHCeJI.

Hepa3peH_II/IMOCTB YpaBHCHUA X2 + 1 =0 Ha MHOXECTBE JEUCTBUTEILHBIX YHCEN IIpuBCJIa K

BBEACHUIO TaK Ha3bIBa€MOM MHHMOM eIHHHIIbI I , T.C. MHHMOI'O (HpI/II[YMaHHOl"O) qucia,

o 2 _ 1
obmagaromiero ceoricteom: Im = —1,
Torga x*+ 1 =0 umeer asa pemenns: X; =1, X, =—1I,
Yucna, Buga bi, rme be R, — MEHMMas eqnHMIA, HA3BIBAIOT MHUMBIMH YHCIAMH.

Hampumep, 4i, —3i, 0,45i, \/EI , HT.IL
Yucna, Buna a + bi ,rme a,b € R, | — MHMMas eqMHNNA, HA3BIBAIOT KOMILJIEKCHBIMH YHCIAMM.

Hampumep, 5+4i, 7—3i, 25+ 45i, —2—\/§i , UT.L
dopma 3anucu Z=a+ bl Ha3bIBAETCA AJIredpanvecKoi.

A — neiictBuTenbHas yacth: Re(z) bi - MHHMas 4acth: Im(z)

Takast 3anMCh MO3BOJIAT 3alUCHIBATh HE TOJIBKO KOMIUIEKCHBIE YHCIIA, HO U YUCMO MHUMble U
Oeticmeumenvhbie, HaPUMeEp:

I,Cl,ei;ICTBVITeIIbeIe YyUucna MHMMbIe YyUucna
b=0 a=0

5+0i=5 O+ 4i =4i
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—J5+0i =-/5 0—7,8i =—7,8i

Bo MHOXecTBe KOMIUIEKCHBIX YMCENI HET IOHATHH ((60J'IBH_IC>>, «MEHBUIC), «IIOJIOXKUTCIIBHOC),
«OTPULATCIIBHOC).

Yuena 2, =8, +01 u 2, =8, + 0,1 naspisatorcs papubivm, ecrm & =8, u b =,

Yucna Zz=a-+biu —z=—a—Dbi Ha3pBaOTCS NPOTHBOMOIOKHBIMH.

Ypcma Z=a + b| u  Z=a— Dbl uassarorcs COMPSIKEHHBIMU.

1.1. PemeHue KBaJIPaTHHIX YPABHEHUH ¢ OTPULATEIbLHBIM JUCKPUMHHAHTOM

Pemennem KBaApaTHOr0 YpaBHCHHA C OTPULOATCIIBHBIM IUCKPUMHWHAHTOM BCCria 6yIIYT JBa
CONPAKCHHBIX KOMIIJICKCHBIX YHCJIA.

[Ipumep 1: pemnTh KBaipaTHOE YpaBHEHUE X2 +4x+29=0 .

Pemenue.

BI)I‘-II/ICJII/IM [[I/ICKpI/IMI/IHaHT

D=b?—-4ac=4?>-4-1-29=16-116=-100<0.

Hpe,I[CTaBJ'I}IeM OTPHULATCIIbHOC YU CJIO KaK IIPOU3BCACHUC (—1) U ITOJIOKHUTCIIBHOI'O YU CJIa U 3aMCHACM

2

(-Dmal
D=-100=-1-100 =i®-10°.
Haiinem VD =+/i?-10? =\/i_2-\/102 =1-10.
Haxoaum xopHM ypaBHEHUS:

~b+JD —4+i-10 -4 10i .
X, = = = +—=—-2+5I;

2a 2 2 2
. _—b-VD _-4-i10_ -4 10i _
2 2a 2 2 2

OTBeT: /1Ba CONPSUKEHHBIX KOMIUIEKCHBIX 9uCa: X = —2+91 u X, = —2-51,

—2—5i.

1.2. ApudmeTHyecKue onepanuu Ha/l KOMILUIEKCHBIMHM YUCJIAMHB
ajnredopanyecko gpopme

CywmaZ, +2, = (& +Dbji) +(a, +b,1) = (&, +a,) + (b, +b,)i
Pasnocts 2y — Z, = (8, + i) —(a, +b,i) = (8, —a,) + (B, —b,)i
Mpomssenenne Z; - Z, = (& +0i1) - (&, +0,1) = (3,3, —bb,) +(ab, +a,b)i

Z, Z,-1, (uncnuTens W 3HAMEHATENb yMHOXAIOT Ha  YHCIIO,
YactHoe — — — COMpPSDKEHHOE 3HAMEHATeNto, YTOoObl W30aBUTBCA OT
Zz Z2 . Z2 KOMILIEKCHOTO YKCTia B 3HAMEHATEIE)

P CKOMCHAYCTCA JIs1 YIIPOUICHUA BBIYHCIICHUI npu ACJICHUH, BBIBCCTU (bOpMy.l'Iy AJI1 YMHOXCHUA
JABYX COHp?I)KéHHI)IX KOMIIJICKCHBIX YHUCECII:
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z -z =(a+bi)-(a—bi)=a? -b%*=a? —b?-(-1) =a’ +b?

[Mpumep2. Beimonauth apudmeTnyeckue NEHCTBUS HAJl KOMIUICKCHBIMH YHCIAMHU z,=4+5 u
z,=6-9i.

Pemenue.

1) z,+2,=(4+5i)+(6-9i)=4+6+5i—9i =10—4i;

) 2,-2,=(4+5i)-(6—9i)=4—-6+5i +9i =—2+14i:

3) 2,-7, =(4+5i)-(6—9i)=24—36i +30i —45i> = 24— 6i —45-(~1) =69 —6i -

) 2, _A+5i _ (4+5i)-(6+9i) 24+36i+30i+9i® 15+66i 5+ 22i _5 22
z, 6-9i (6-9i)6+9i) 36+81 117 39 39 39°
Orser. 2, +2,=10—-4i; z,—2,=-2+14i; 2,-7,=69-6i; L_> .22
z, 39 39

1.3. HatypaabHasi cTenieHb MHHMOW eIMHHIIBI |

Haiinem nepBbiii 4eThIpe CTEICHH I:

=i, 2=l i =i%i=—Lli=i i =% =1 (-] =1

4
VuureiBas, uto |~ = 1, HalJIeM CTapIlne CTEICHU:

iI°=i*i=1i=i i°=i*.i?2=1-(-1)=-1,

-7 .4 - . . -8 -4 -4
i"=i"i*=1- ()=, iI=i"-i"=1-1=1
OueBHTHO, YTO BCE OCTATIBHBIC CTEIICHU | OYIIyT PaBHBI OTHOMY U3 MPE/IBLAYIIUX YEThIPEX 3HAUCHUH.

Yro ObI BO3BECTH iB HATYPAJbHYIO CTelNleHb, HA/I0 NMOKA3aTeJlb CTENEHH Pa3leauTh Ha 4, u
BO3BECTH B CTeNEHb, PABHYIO OCTATKY OT JI€JI€HUS.

-16 =11 =22 =37
[pumep 3: Haiitu | , | | |

Pemenue.

=16 =4-4+0 -0
17 =1 =1 =1

ill:i4-2+3=i3=_i’
i22=i4~5+2:i2:_1_
i37:i4-9+1:il:i.
Orger. i16:1, i11:_i i22:_1 =37

2. FeOMeTpnquKaﬂ HHTEepHpEeTAluA KOMILICKCHBIX YHCEJI

II10CKOCTb HA3bIBACTCS KOMILIEKCHOM, ecu KaxaoMy kommiekcromy umeny £ = X+1Y

CTaBUTCA B COOTBETCTBHUEC TOUKHU IINIOCKOCTHU C KOOpAWHATAMU Z(Xl y) , IpUYEM, OTO COOTBETCTBUEC
B3aMMHO-OJTHO3HauHOe (pHc. 1).
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Ocb OX HazpiBaeTcs AeHCTBUTENBHOW OCBIO, T. K. Ha HEW paclOJIOKEHBl TOYKH,

COOTBETCTBYIOIME YHCIIAM, y KOTOPEIX Y = 0.
Ocp OY HasbIBaeTCsi MHUMOI OCBIO, T. K. HA HEW Pacroj0XeHbl TOYKH, COOTBETCTBYIOIINE

grciam, y Kotopeix X = 0.
Takum 00pazoMm, 1000€ KOMIUIEKCHOE YHClio Z = a + bl MOXHO HM300pasuTh Ha IUIOCKOCTH

TOYKOM C KOOpJAMHATAMU (a, b), IPUYEM B3aMMHO OJJHO3HAYHO.

C kax10i TouKou Z(X, Y) KOMILJIEKCHOM TJIOCKOCTH CBSI3aH paouyc-6ekmop 3Tor Touku (puc. 1).

VA
O
(x.7)

2(x,) )

:I . T

0 % 0 X %
Pucynok 1

CloXeHHE U BBIYMTAHHE KOMILICKCHBIX YHCEJI MOXKHO BBIIOJIHHTH I10 I[MpaBUJy Hnapajuicjiiorpamma
(HpaBI/IHO CJIOKCHHNSA MW BBIYMTAHHA BCKTOpOB), KOTOPOC 3aKJIIOYaCTCA B CICAYIOLNIEM: HYXHO
MMOCTPOUTH NMapaJuICIIOrpaMM Ha BEKTOpPaAX, MOJYYCHHBIX ITPU r’COMCTPHUICCKOM IMPCACTABICHUU 3THUX
YHCCII. PGSYHBTaTy CYMMHPOBaHUA 6y,Z[CT COOTBCTCTBOBATH BCKTOp-AWAroHajab 9TOIO

mapajuicjiorpamma. HpI/I BBITIOJIHCHUU BbIYHUTAHUS HYKHO YUUTBIBATH, YTO PA3HOCTH Z]_I/I 22 6y,HCT

coorBercTBOBaTh cymme Z; u —Z,. Te Z;—Z, =1+ (— Z, )

[pumep 4. JTaHbl 1Ba KOMIUIEKCHBIX uucna: Z; = 1-51 u Z, = 2-3.
M306pa3suTh UX Ha KOMIUIEKCHOM MIIOCKOCTH M PE3YIBTAThI HX CJIOKEHUS M BHIYMTAHHS

(puc. 2).
Pemenue.

z,+2, = (1+5i)+(2-3i)=3+2i
Z,—2, = (145i)+(-2+3i)=-1+8i
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-1+8i 8

1450

-2+3i

Pucynok 2
Jlnuna I BekTopa, COOTBETCTBYIOIErO KOMIUIEKCHOMY 4YHCIy Z  Ha3bIBaeTCS MOILYJIeM

KOMIIIICKCHOI'O 4YHCJia Z u 0003HavaeTcs ‘Z‘

Yron (p , O6pa3OBaHHbII71 paanycC-BEKTOPOM C IMOJOXUTCIIbHBIM HAIIPABJICHUCM ocu OX y

Ha3bIBAETCSA APrYMEHTOM KOMILIEKCHOro uncia Z u 0603HavyaeTcs arg Z (puc. 3).

"

0 x = Relz) x

Pucynok 3

PaccmarpuBas Ha puc. 3 BBLACIECHHBIM NPSAMOYTOJBHBIN TPEYTOJBHHK, IMOTYyYaeM COOTHOILICHHS:

==y’

coswzi;singozl tggozl.

; ro ¥
X=T-C0SQ.y=r-sinp.x=y/tgp -Yy=X-10¢

358



Ipumep 5: 3amano komiuiekcHoe uncio Z =1—1 . Haiitu ‘Z‘ u arg Z .

Pemenue.
z=1—1i,3naunr, X = 1 y__l
2| =/ x* +y? \/ 2+ (-1f =2 A
X 1
COS(DZ—_—2
r T 0 1 X
=——=-45 -
. y 1 $:>¢ 4 ; O -7T/4 >
SNp=—=——7 '
r 2 ) PANG
S I
o T
Ortser: |Z|=\/§; argZ—gﬂ——Z (puc. 4) Pucynok 4

3. Tpuronomerpuuyeckass GopMaKOMILIEKCHOI0 YHCJIA

3ameHuB B anreOpanyeckord ¢opMe 3arucu KOMIUIEKCHOTO YHCIIa =X+ y| X uy
COOTHOIICHUSIMU X=r-cosp Yy=TI -Sin Q , TIOJTYYHM:
Z=X+Yi=r-cosp+r-sing-i=r(cosp+i-sing) . re rpuronomerpuucciyio
(GopMy 3anmcu KOMILIEKCHOTO YHCIIA.
Tpuronomerpuueckasi popma: £ = I’(COS(D +1-Sin ¢)

[Tpumep 6. [lepeBecTr B TPUTOHOMETPUYECKYIO (POPMY KOMILICKCHOE YUCIIO £ = \/§ +1,
Pemenue.

Z—\/_-l-i , 3HAYUT, X=\/§, y=1;

7| = x+y \/(\/_)2+12 V3+1=V4=2:
3

CoSp =
2 :>¢=E:30°

sin g =

,|< -s|><

Takum O6p330M, TPUTOHOMCTPUYICCKAA (bopMa JaHHOI'O KOMIIJICKCHOI'O YMCJjia UMECT BU:

z=r(cosp+i-sing)= 2(cos€+ i - sin Ej .

0] Z Z(COSE +1i-sin ”)
TBCT. = - N -
- 6 6 _
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[Ipumep 7. TlepeBectn B anreOpanveckyr0o (GopMy KOMIUIEKCHOE YHCIO, 3aJlaHHOE B

TPUTOHOMETpUUECKOi (opme Z = :I.O(COS:].50O +1-sin 1500),
Pewienue.

= 10(C0$1500 +1i-Sin 1500 ), 3HAYUT, r= 10 , 0= 1500 =

42

X = r-COSgo=10-COS%=10-[—£J=—5\/§

) . 5r 1
=r-sing=10-sih—=10-==5
y ¢ 6 2 .

Taxum obpazom, anredpandeckas popmMa JaHHOTO KOMILJIEKCHOTO YUCIIa HIMEET BHL:

Z=X+Yyi=-5J/3+5i.
Otser. Z=—-5+3+5i.

3.1. [leiicTBusI HaJl KOMILIEKCHBIMH YHCJIAMHU, 32JAHHBIMH B
TPUTOHOMeETpPUYecKoil opme

Ymuoxenne Z - Z, =1 - I, (COS((Dl + @, )+ i -sin ((01 + @, ))

Jeaenne 2 = L (cos(p, — p,)+i-sin (g, — 0, ))

Z, h

Bossenenne B crenens Z' =" (COS Nne+i-sinn (p) (popmyna Myaepa)

+27K . . @+27K
H3Biieyenne KOpHA n\E = Q/F (COSqDT +1-SIn (pT

) k=012,...,n-1

4. Iloxa3zaTenbHast (OPMAKOMILIICKCHOIO YHCJIA

B 1740 romy Jleomapn Diinep omyOmmkoBan (HopMyiy, CBS3BIBAIONIYI0 KOMIUICKCHYIO
HKCIIOHEHTY C TPUTOHOMETPHUECKUMHU (DYHKIIUSIMU:

|¢) . -
e = COS¢+ 1SIn ¢ _ @opmyna Diinepa.
Takum 00pa3oMm, ecii KOMIUIEKCHOE YHCIO 3aJaHO0 B TPUTOHOMETPHUYECKOH (opme

Z= r(COS¢+i -Sin (0), TO Ha OCHOBaHUH (OpMyIbl Diiepa, BBIpaKCHHE B CKOOKaxX MOXHO

3aMCHUTbL Ha TI0OKa3aTCJIbHOC BBIPAKCHUC. B PE3YIbTATC TIOJYUYUM IIOKA3aTCIbHYIO (I)OpMy
KOMIIJICKCHOI'O YHCJIia:

_ ip
IMoka3arenbHas ¢opma: Z=1T1-€
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4.1. leficTBUA HAJl KOMILIEKCHBIMHM YHUCJIAMU, 3JaHHBIMH B MIOKA3aTeJIbHOM
dopme.
i i
Mycrs 2, =6 €7 u Z,=1,-e%

YMHoxeHHEe Zl ’ 22 = rl . r2 . e'(¢’1+‘/’2)

4 _ I

gile=02)
Jenenne 22 r

N

n _ .n ing
Bo3Be/eHHe B CTeNleHb (Z) =r -€

i(/)+27zk
Vz=%r-e "
H3BJIeUeHHE KOPHS - k=0,1,2,...,n-1

[pumep 8. JlaHbl 1Ba KOMIUIEKCHBIX umcia £y u Z, .

. 1 I
Z, = 4(c051500 +i-sin 1500) z, = E(cos 90° +i-sin 90°)

[IpousBectu aeiictBus Z; - Z, |, 1 / Z, B TPUTOHOMETPMYECKOM M IOKA3aTeIbHON (opMe.
Pesynbrar 3anucats B anredpamyueckoit popme.

Pemenue.
0 0
U3 samucy wncen umeem: I =4, I, = 2 ¢, =150, ¢, =90"

Tpuronomerpuyeckas d)ODMaI

Z,-2, = r1~l’2(COS(gol+(02)+i-Sin(q01+¢)2))=4-

= 2(c0s240° + i -sin 240° )= 2[—%+ {—%N =-1-4/3i.

(cos(150° +90°)+i-sin (150° + 90°)) =

N~

z—l - %(COS((pl —,)+i-sin(p,—p,))=4: %(003(1500 —90°)+i-sin(150° —90° )) =
2 2

= 8(c0s60° +i-sin 60° ) = 8[%+§i] =4+4430.

IIokazaTenpHas d)ODMaZ

i150° Zl — Eei-QOO
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i 1 H 0 0 - 0
2,2, =1, -1, .el(colﬂoz) _ 4.2 . Qi150°+90°) _ 5qi2d0” _

2(cos240° + i -sin 240° )= 2 —%+i —? =-1-4/3i.

4 _Lgloe)_ g, L glsor-o0) _ goiee =8(c0s60° +i-5in 60° )=
z, I, 2

=8 %-F%i =4+ 443,

OTtBer. Zl-Zzz—l—\/§i , Z_1= +4\/_I.

Kak BuaHo wu3 mnpumepoB, mnoka3zatejbHasi (opMa YNpolaeT 3anuchb BbIYUCJIEHUHH, H
odopMileHHE pelIeHus Aej1aeT 6ojiee KOMIIAKTHBIM.

\L0
[pyumep 9. Bouruncauts (\/E —\/§|)1 )

Pemenue.
3anuiieM JaHHOE KOMILJIEKCHOE YKCIIO B TTOKa3aTesIbHOU (popme:

=+/2 —/2i, 3Ha4uT, X—\/E, y=—\/§;
2=\ +y =\V2f +(-2f =V2v2=Va-2,

y 2 0
tgp=2=_"2—-_1 —gp=arctg(-1) =-2 = —45
go = "2 @ =arctg(-1) = 2

Taxum oOpa3oM, nokaszaresnbHas GopMa JAHHOTO KOMIUIEKCHOTO YHCiIa UMEET BUJ:

z=re"’ = Ze{_i‘rJ .

Bbruucium Z

10 10 104 (_Z'mj
70 = %% =2

[TepeBeneM NoOTy4YEHHBINH pe3ynbTaT B ajdredpandeckyro Gopmy X+1y.
.( 5«x

10246 2 1024(003(— %) +i-sin (— %D ~1024(0+i-(~1)) = ~1024i
omer: (V22" =-1024i

4
[pumep 10. Haiitu Bce kopHu ypaBHeHus £ — 16=0

Pemenue.
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<0
amwmenm wuco 16 B noxasatenmsroii dopme: 16 =16€'° e r=16, ¢ =0°.
Torma

7=0/re n k=0,1,2,...,n-1
i0+27zk

z=%16=%416e * k=0,123
[Hn{k =0:

0
7, =4/16e * = 4¢° = 2(cos0+i-sin 0) = 2(1+i-0)=2
IIpH k=1:

.0+27

z,=416¢ 4 =2¢2 =2(cos§+i-sin g):z(o“ 1)=2i

Ipuk =2 :
.0+4r

z,=416€ * =267 =2(cosz+i-sinz)=2(—1+i-0)=—2
Hka =3.
.0+67 .37

z,=416¢ * =2¢? :2(00337”+i-sin 37”):2(0+i (-1))=-2i

Oreer. Z; = 2 Z, = 21

BuiBox:

e Auredpauueckasi popma ynoOHa MpH cI0KEHUU U BBIYUTAHUH,

o [loka3zareqbHass gopmMa ynoOHa TIpU YMHOKEHHH, ICICHHH, BO3BEJICHUU B CTEIICHD,
U3BJICYECHUU KOPHS;

e Tpuronomerpuueckas dbopma chaykuT s [epeBoja ToKa3aTedabHOW (opmbl B
areOpanvecKyio.
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5. 3agaum 11 CaMOCTOSAITEIbHOIO PelIeHUs!
1. Pemuth ypaBHEHHUE:

) XP+4x+29=0 ) X°+36=0

3 X —13x+48=0 5 X +6x+18=0
5 X +4=0 6 X +7x+20=0
2 X+7=0 g X +8=0

9 X' —2x+10=0 10 X°—2x+11=0

2. JlaHbl 1Ba KOMILIEKCHBIX uncia Ziu £,.

Hatitu 2, + 2, , 4, — 14, |, Z,-Z, , Zl/Z2

1) z,=2-8 2) 2,=1-2i 3) Z,=2-i
z,=3-2i z,=1+2i Z,=21-3
4) Z, =4+5i 5) z,=3 6) z,=3-4i
z,=6-9i z,=1-3i Z,=3+4i
/) 2, =3-5i 8) 7,=4 9) z, =2
2, =2i-4 z,=2i z,=1-I

3. BoIMOIHUTE ACHCTBUSA: ( )( )
@L+2i)2+i) __2+3 8r2)2-1)
D5 PG 2 Grae)

4. Bpryuciaurs:

] ] - 22 =37 ) ) : ]
1)|16 2)|11 3), 4)| 5)|14 6)|24 7)|34 8)|35

9) i +2-i1® 3.1 +5.i*® 19 i +i® +i¥ +i%*+i>

1) 1+ —4i¥ —i% +31® 19 i%+2-i®-3-i""+5.i*%®
2-3  1+i"

135 11 14) 23

5. I/I306pa3I/ITC Ha KOMIUIEKCHOM INIOCKOCTH YHCJIa
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1) z=3+2i 2)z=-4+3i 3)z=2 4) z =—6i

6. anano komuiekcHoe uucio Z . Haittu ‘Z‘ u arg Z :

) Z2=1+1 2 2=21 3 1=-2 4 1=- 3+1

7. TlepeBecTd B TPUTOHOMETPUYECKYIO U B TIOKA3aTENBHYIO (OPMY KOMILIEKCHOE YHCIIO
) Z=1-1 2) z=3+i 3 z=5 4 z=-4I
5) Z=—1+iv3 6) z=5-5i

8. IlepeBectu B anirebpandeckyro Gpopmy KOMIUIEKCHOE YHCIIO

2 =10(c0s150° + i -sin 150°)

9. Jlaubl 1Ba KOMIUICKCHBIX uncna £y u Z, . Haiitu 2y - Z, | Z; / Z,

. 1 .
1) 2, = 4(c031500 +i-sin 1500) 2) Z, = E(cos 90° +i -sin 90°)

10. BeImosHUTh NIEHCTBUS M pE3yabTAT NPEACTABUTH B alredpandeckoi hopme:
1) 6(c0s19° + i -sin 19°)- 8(cos31° + i - sin 31°). 2—14(00340" +i-sin 40°)
1/2(c0s210° +i-sin 210°)  2(cos72° +i-sin 72°)-3(cos 28° +i-sin 26°)
?) 1/4(cos150° +i-sin150°) 0.3(cos160° +i-sin 160°)

N 1 5 105 1261 o 276 :18¢!%
T . . T
0.2[0034 +1-sin 4)

7y @0+10i) ) [2cos60°+i-sin60° )] o) (cos120° +i-sin120°f
Yo 1 .V3Y) L-if-i
10) (\E—\/El)l 11) | 51— 12) = 7

2 2 2e"z

—1+i\@J6+£—1—i\@J6 _,

11. IIpoBepuTh paBEHCTBO ( 2 2

3 -
12. BBIYHCITHTH BCE 3HAYCHUs KOPHSI V27| 1 [OCTPOUTB HX FeOMETPHUYECKIE H300PaKeHNUs.

13. HaiiTn Bce KOpHH ypaBHEHHUS U IIOCTPOUTH X TEOMETPUIECKHE N300PaKEHHS.

) 2'-16=0; 2 z*-81=0
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